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1. I

This note deals with the existence of solutions to the following hyperbolic differ-
ential inclusion (Darboux problem):

∂2u(x, y)
∂x∂y

∈ F(x, y,u(x, y)), (x, y) ∈ J × J, (1.1)

u(x, 0) = f (x), u(0, y) = g(y) (1.2)

whereJ = [0,T], F : J × J × � → 2� is a compact and convex valued multivalued
map andf , g : J→ �.

The method of upper and lower solutions has been successfully applied to study
the existence of multiple solutions for initial and boundary value problems of the first
and second order partial differential equations. This method has been used only in
the context of single-valued partial differential equations. We refer to the books by
Carl and Heikkilae [6], Heikkilae and Lakshmikantham [10], Ladde et al. [15], to the
papers by Agarwal [1], Agarwal and Sheng [2], Blakley and Pandit [5], Lakshmikan-
tham and Pandit [14], Pandit [18] and the references cited therein.

In this note we shall establish an existence result for the problem (1.1), (1.2).
Our approach is based on the existence of upper and lower solutions and on a fixed
point theorem for condensing multivalued maps due to Martelli [17]. Other existence
results for the Darboux problem for partial differential equations and inclusions by
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the aid of other tools can be found in the recent monograph by Kamont [12] and in
the papers [4, 7, 8, 13, 19].

2. P

In this section, we introduce notations, definitions, and preliminary facts from
multivalued analysis which are used throughout this paper. In the sequel, we set
J = J × J.

In what follows,C(J ,�) is the Banach space of continuous functions fromJ into
� with the norm‖z‖∞ := sup{|z(x, y)| : (x, y) ∈ J} for eachz ∈ C(J ,�).

The condition

u ≤ ū if and only if u(x, y) ≤ ū(x, y) for all (x, y) ∈ J
defines a partial ordering inC(J ,�). If u, u ∈ C(J ,�) andu ≤ u, we put

[u,u] = {u ∈ C(J ,�) : u ≤ u ≤ u}.
Let (X, | · |) be a Banach space. A multivalued mapG : X→ 2X is convex (closed)

valued if G(x) is convex (closed) for allx ∈ X. G is bounded on bounded sets if
G(B) =

⋃
x∈B G(x) is bounded inX for any bounded setB of X (i.e. supx∈B

{
sup{|y| :

y ∈ G(x)}} < ∞). G is called upper semicontinuous (u. s. c.) onX if for eachx∗ ∈ X
the setG(x∗) is a nonempty, closed subset ofX, and if for each open setB of X
containingG(x∗), there exists an open neighbourhoodV of x∗ such thatG(V) ⊆ B.G
is said to be completely continuous ifG(B) is relatively compact for every bounded
subsetB ⊆ X. If the multivalued mapG is completely continuous with nonempty
compact values, thenG is u. s. c. if and only ifG has a closed graph (i.e.xn →
x∗, yn→ y∗, yn ∈ G(xn) imply y∗ ∈ G(x∗)). G has a fixed point if there isx ∈ X such
thatx ∈ G(x).

In what follows,CC(X) denotes the set of all nonempty compact and convex sub-
sets ofX.

A multivalued mapG : J → CC(X) is said to be measurable if for eachw ∈ X the
functionY : J → � defined by

Y(x, y) = d(w,G(x, y)) = inf {|w − v| : v ∈ G(x, y)}
is measurable.

Definition 2.1. A multivalued mapF : J×�→ 2� is said to be anL1-Carath́eodory
map if

(i) (x, y) 7→ F(x, y,u) is measurable for eachu ∈ �;
(ii) u 7→ F(x, y, u) is upper semicontinuous for almost all (x, y) ∈ J ;
(iii) For eachk > 0, there existshk ∈ L1(J ,�+) such that

‖F(x, y,u)‖ = sup{|v| : v ∈ F(x, y,u)} ≤ hk(x, y)

for all |u| ≤ k and for almost all (x, y) ∈ J .
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An upper semi-continuous mapG : X → 2X is said to be condensing if for any
subsetB ⊆ X with α(B) , 0, we haveα(G(B)) < α(B), whereα denotes the Kura-
towski measure of noncompactness. For properties of the Kuratowski measure, we
refer to Banas and Goebel [3].

We remark that a completely continuous multivalued map is the easiest example of
a condensing map. For more details on multivalued maps see the books by Deimling
[9] and Hu and Papageorgiou [11].

Definition 2.2. By a solution of (1.1), (1.2) we mean a functionu(·, ·) ∈ C(J ,�)
such that there existsv ∈ L1(J ,�) for which we have

u(x, y) = f (x) + g(y) − f (0) +

∫ x

0

∫ y

0
v(t, s)dtds for each (x, y) ∈ J

and withv(t, s) ∈ F(t, s, u(t, s)) a. e. onJ .

Now, we introduce the concept of lower and upper solutions to (1.1), (1.2). It will
be the basic tool in the approach that follows.

Definition 2.3. A function u(·, ·) ∈ C(J ,�) is said to be a lower solution of (1.1),
(1.2) if there existsv1 ∈ L1(J ,�) such thatv1(t, s) ∈ F(t, s, u(t, s)) a. e. onJ , and
for which we have

u(x, y) ≤ f (x) + g(y) − f (0) +

∫ x

0

∫ y

0
v1(t, s)dtds for each (x, y) ∈ J .

A function u(·, ·) ∈ C(J ,�) is said to be an upper solution of (1.1), (1.2) if there
existsv2 ∈ L1(J ,�) such thatv2(t, s) ∈ F(t, s, u(t, s)) a. e. onJ , and for which we
have

u(x, y) ≥ f (x) + g(y) − f (0) +

∫ x

0

∫ y

0
v2(t, s)dtds for each (x, y) ∈ J .

For the multivalued mapF and for eachu ∈ C(J ,�) we defineS1
F,u by

S1
F,u = {v ∈ L1(J ,�) : v(t, s) ∈ F(t, s, u(t, s)) for a. e. (t, s) ∈ J}.

Our considerations are based on the following lemmas.

Lemma 2.4([16]). Let F be a multivalued map satisfying(H1) and letΓ be a linear
continuous mapping fromL1(J ,�) to C(J ,�), then the operator

Γ ◦ SF : C(J ,�)→ CC(C(J ,�)), u 7−→ (Γ ◦ SF)(u) := Γ(SF,u)

is a closed graph operator inC(J ,�) ×C(J ,�).

Lemma 2.5([17]). Let X be a Banach space andN : X→ CC(X) be an u. s. c. and
condensing map. If the set

Ω := {u ∈ X : λu ∈ N(u) for someλ > 1}
is bounded, thenN has a fixed point.
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We will need the following hypotheses:

(H1) F : J ×�→ CC(�) is anL1- Carath́eodory multivalued map.

(H2) there existu and u in C(J ,�) as lower and upper solutions, respectively,
to the problem (1.1), (1.2) such thatu ≤ u.

(H3) The functionsf , g : J→ � are continuous withf (0) = g(0).

3. M 

Now, we are able to state and prove our main theorem.

Theorem 3.1. Assume that hypotheses(H1)–(H3) hold. Then problem(1.1), (1.2)
has at least one solution onJ .
Proof. Let us transform problem (1.1), (1.2) into a fixed point problem. Consider the
following modified problem

∂2u(x, y)
∂x∂y

∈ F(x, y, (τu)(x, y)), (x, y) ∈ J (3.1)

u(x, 0) = f (x), u(0, y) = g(y) (3.2)

whereτ : C(J ,�)→ C(J ,�) is the truncation operator defined by

(τu)(x, y) =



u(x, y) if u(x, y) < u(x, y);

u(x, y) if u(x, y) ≤ u ≤ u(x, y);

u(x, y)) if u(x, y) < u(x, y).

Set
C0(J ,�) := {u ∈ C(J ,�) : u(x,0) = f (x), u(0, y) = g(y)}.

A solution to (3.1), (3.2) is a fixed point of the operatorN : C0(J ,�) → 2C0(J ,�)

defined by

N(u) :=
{
h ∈ C0(J ,�) : h(x, y) = f (x) + g(y) − f (0) +

∫ x

0

∫ y

0
v(t, s)dtds,

v ∈ S̃1
F,τu

}

where

S̃1
F,τu = {v ∈ S1

F,τu : v(t, s) ≥ v1(t, s) a. e. onA1 and v(t, s) ≤ v2(t, s) a. e. onA2},
S1

F,τu = {v ∈ L1(J ,�) : v(t, s) ∈ F(t, s, (τu)(t, s)) for a. e. (t, s) ∈ J},
A1 = {(t, s) ∈ J : u(t, s) < u(t, s) ≤ u(t, s)},
A2 = {(t, s) ∈ J : u(t, s) ≤ u(t, s) < u(t, s)}.

Remark3.2. (i) For everyu ∈ C(J ,�), the setS1
F,u is nonempty (see Lasota

and Opial [16]).
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(ii) For everyu ∈ C(J ,�), the setS̃1
F,τu is nonempty. Indeed, by (i) there exists

v ∈ S1
F,u. Setw = v1χA1 + v2χA2 + vχA3, where

A3 = {(t, s) ∈ J : u(t, s) ≤ u(t, s) ≤ u(t, s)}.
Then, by decomposability,w ∈ S̃1

F,τu.

We shall show thatN is a completely continuous multivalued map, u. s. c. with
convex closed values. The proof will be divided into several steps.

Remark3.3. It is clear that the fixed points ofN are solutions to (3.1), (3.2).

S 1: N(u) is convex for eachu ∈ C(J ,�).

Indeed, ifh1, h2 belong toN(u), then there existv1, v2 ∈ S̃F,τu such that for each
(x, y) ∈ J we have

hi(x, y) = f (x) + g(y) − f (0) +

∫ x

0

∫ y

0
vi(t, s)dtds, i = 1, 2.

Let 0≤ α ≤ 1. Then for each (x, y) ∈ J we have

(αh1 + (1− α)h2)(x, y) = f (x) + g(y) − f (0)

+

∫ x

0

∫ y

0
[αv1(t, s) + (1− α)v2(t, s)]ds.

SinceS̃F,τu is convex (becauseF has convex values), we haveαh1+ (1−α)h2 ∈ N(u).

S 2: N is bounded on bounded sets ofC(J ,�).

Indeed, it is enough to show that there exists a positive constantc such that for
eachh ∈ N(u),u ∈ Br = {u ∈ C(J ,�) : ‖u‖∞ ≤ r} one has‖h‖∞ ≤ c.

If h ∈ N(u), then there existsv ∈ S̃F,τu such that for each (x, y) ∈ J we have

h(x, y) = f (x) + g(y) − f (0) +

∫ x

0

∫ y

0
v(t, s)dtds.

By (H1) we have for each (x, y) ∈ J that

|h(x, y)| ≤ | f (x)| + |g(y)| + | f (0)| +
∫ x

0

∫ y

0
hr (t, s)dtds.

Then

‖h‖∞ ≤ ‖ f ‖∞ + ‖g‖∞ + | f (0)| +
∫ T

0

∫ T

0
hr (t, s)dtds= c.

S 3: N sends bounded sets ofC(J ,�) into equicontinuous sets.

Let (x1, y1), (x2, y2) ∈ J , x1 < x2, y1 < y2 andBr be a bounded set ofC(J ,�).
For eachu ∈ Br andh ∈ N(u), there existsv ∈ S̃F,τu such that

h(x, y) = f (x) + g(y) − f (0) +

∫ x

0

∫ y

0
v(t, s)dtds.
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Thus we obtain

|h(x2, y2) − h(x1, y1)| ≤ | f (x2) − f (x1)| + |g(y2) − g(y1)| +
∫ x2

x1

∫ y2

y1

|v(t, s)|dtds

≤ | f (x2) − f (x1)| + |g(y2) − g(y1)| +
∫ x2

x1

∫ y2

y1

hr (t, s)dtds.

As (x2, y2)→ (x1, y1), the right-hand side of the above inequality tends to zero.
Taking into account Step 2, Step 3, and the Arzelà–Ascoli theorem, we conclude

thatN is completely continuous and therefore a condensing multivalued map.

S 4: N has closed graph.

Let un → u∗, hn ∈ N(un), and hn → h∗. We shall prove thath∗ ∈ N(u∗). The
inclusionhn ∈ N(un) means that there existsvn ∈ S̃F,τun such that

hn(x, y) = f (x) + g(y) − f (0) +

∫ x

0

∫ y

0
vn(t, s)dtds, (x, y) ∈ J .

We must prove that there existsg∗ ∈ S̃F,τu∗ such that

h∗(x, y) = f (x) + g(y) − f (0) +

∫ x

0

∫ y

0
v∗(t, s)dtds, (x, y) ∈ J .

Now, we consider the linear continuous operatorΓ : L1(J ,�)→ C(J ,�),

v 7−→ Γ(v)(x, y) =

∫ x

0

∫ y

0
v(t, s)dtds, (x, y) ∈ J .

From Lemma 2.4, it follows thatΓ ◦ S̃F is a closed graph operator.
Clearly we have

‖(hn(x, y) − f (x) − g(y) + f (0))− (h∗(x, y) − f (x) − g(y) + f (0))‖∞ → 0

asn→ ∞. Moreover, from the definition ofΓ, we have

(hn(x, y) − f (x) − g(y) + f (0)) ∈ Γ(S̃F,τun).

Sinceun→ u∗, it follows from Lemma 2.4 that, for somev∗ ∈ S̃F,τu∗ ,

h∗(x, y) − f (x) − g(y) + f (0) =

∫ x

0

∫ y

0
v∗(t, s)dtds, (x, y) ∈ J .

S 5: The set

Ω := {u ∈ C(J ,�) : λu ∈ N(u) for some λ > 1}
is bounded.

Let u ∈ Ω. Thenλu ∈ N(u) for someλ > 1. Thus there existsv ∈ S̃F,τu such that

u(x, y) = λ−1 f (x) + λ−1g(y) − λ−1 f (0) + λ−1
∫ x

0

∫ y

0
v(t, s)dtds, (x, y) ∈ J .
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This implies that for each (x, y) ∈ J we have

|u(x, y)| ≤ | f (x)| + |g(y)| + | f (0)| +
∫ x

0

∫ y

0
|v(t, s)|dtds.

The definition ofτ implies that there existsφ ∈ L1(J ,�+) such that‖F(x, y, τu)‖ =

sup{|v| : v ∈ F(x, y, τu)} ≤ φ(x, y) for eachu ∈ C(J ,�). Thus we obtain

‖u‖∞ ≤ ‖ f ‖∞ + ‖g‖∞ + | f (0)| +
∫ T

0

∫ T

0
φ(t, s)dtds= K.

This shows thatΩ is bounded. SetX := C(J ,�). As a consequence of Lemma 2.5

we deduce thatN has a fixed point which is a solution of (3.1), (3.2) onJ .

S 6: The solutionu of (3.1), (3.2)satisfies the relations

u(x, y) ≤ u(x, y) ≤ u(x, y) for all (x, y) ∈ J .
Let u be a solution to (3.1), (3.2). We prove thatu(x, y) ≤ u(x, y) for all (x, y) ∈ J .

Let us suppose the contrary. Then there existx1, x2, y1, y2 ∈ J, x1 < x2, y1 < y2

such thatu(x1, y1) = u(x1, y1) andu(x, y) > u(x, y) for all (x, y) ∈ (x1, x2)× (y1, y2). In
view of the definition ofτ there existsv(·, ·) ∈ F(·, ·,u(·, ·)) a. e. onJ with v(x, y) ≥
v1(x, y) a. e. on (x1, x2) × (y1, y2) such that

u(x, y) = f (x) + g(y) − f (0) +

∫ x

0

∫ y

0
v(t, s)dtds, (x, y) ∈ (x1, x2) × (y1, y2).

Sinceu is a lower solution to (1.1), (1.2), then

u(x, y) ≤ f (x) + g(y) − f (0) +

∫ x

0

∫ y

0
v1(t, s)dtds (x, y) ∈ (x1, x2) × (y1, y2).

It follows from the factsu(x1, y1) = u(x1, y1), v(x, y) ≥ v1(x, y) that

u(x, y) ≤ u(x, y) for all (x, y) ∈ (x1, x2) × (y1, y2),

which is a contradiction sinceu(x, y) < u(x, y) for all (x, y) ∈ (x1, x2) × (y1, y2).
Consequently,u(x, y) ≤ u(x, y) for all (x, y) ∈ J .

Analogously, we can prove thatu(x, y) ≤ u(x, y) for all (x, y) ∈ J . This shows
that problem (3.1), (3.2) has a solution in the interval [u,u]. Sinceτ(u) = u for all
u ∈ [u,u], we see thatu is a solution to (1.1), (1.2). �
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1. I

We are interested in conditions sufficient for the unique solvability of then-dimen-
sional initial value problem of the form

u′(t) = (`u)(t) + f (t), t ∈ [a,b], (1.1)

u(τ) = c, (1.2)

where−∞ < a < b < +∞, u : [a,b] → �n, n ∈ �, for arbitraryc ∈ �n and
f ∈ L([a,b],�n). In (1.1),` : C([a,b],�n)→ L([a,b],�n) is a linear operator which
is assumed to be (~σ, τ)-positive in the following sense.

Definition 1.1. [1, 3] An operator` : C([a,b],�n) → L([a,b],�n) is said to be
(~σ, τ)-positivewith some~σ ∈ {−1,1}n andτ ∈ [a,b] if the relation

u(t) ≥~σ 0 for all t ∈ [a,b], (1.3)

implies that
(`u)(t) sign(t − τ) ≥~σ 0 for a. e.t ∈ [a,b].

Here, the symbol≥~σ stands for the partial ordering of the space�n generated by
the coneσ1�+ × σ2�+ × · · · × σn�+, i. e.,

�n 3 u = (uk)
n
k=1 ≥~σ 0 if, and only ifσkuk ≥ 0 for all k = 1,2, . . . ,n. (1.4)
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In a similar way, we define the corresponding strict inequality:

�n 3 u = (uk)
n
k=1 >~σ 0 if, and only ifσkuk > 0 for all k = 1,2, . . . ,n.

By a solution of problem (1.1), (1.2), as usual, an absolutely continuous function
u : [a, b] → �n is meant which possesses property (1.2) at the pointτ and satisfies
equation (1.1) almost everywhere on [a, b].

Remark1.2. As noted in [3], a (~σ, τ)-positive linear operator fromC([a, b],�n) to
L([a, b],�n) is always bounded.

For the Cauchy problem (1.1), (1.2), we obtain new versions of the general unique
solvability conditions established in [1, 3]. The main idea here, as the title of the
paper suggests, is to use certain “multistage iterations,” in terms of which the main
assumptions of the theorems are formulated.

2. U    (1.1), (1.2)

To formulate the theorems on the Cauchy problem (1.1), (1.2), we need to intro-
duce some auxiliary functions related to the homogeneous problem

u′(t) = (`u)(t), t ∈ [a, b], (2.1)

u(τ) = 0. (2.2)

2.1. Multistage iterations for the homogeneous problem.With the homogeneous
problem (2.1), (2.2), which corresponds, in a natural way, to the original Cauchy
problem (1.1), (1.2), we associate the sequence of functions{yk | k = 0, 1,2, . . . } ⊂
C([a,b],�n) determined by the recurrence relation

yk(t) :=
r∑

i=1

αi

∫ t

τ
(`yk−i)(s)ds, t ∈ [a, b], k ≥ r, (2.3)

whereα1, α2, . . . , αr are certain fixed non-negative constants.
Here,r ∈ � is fixed, andy0, y1, . . . , yr−1 are arbitrary absolutely continuous func-

tions from [a,b] to �n chosen so that

yk(t) ≥~σ 0, t ∈ [a, b], k = 0, 1, . . . , r − 1, (2.4)

and

yk(τ) = 0, k = 0,1, . . . , r − 1. (2.5)

Remark2.1. In the case wherer = 1 andα1 = 1, equality (2.3) takes the form

yk(t) =

∫ t

τ
(`yk−1)(s)ds, t ∈ [a,b], k ∈ �, (2.6)
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and thus coincides with the sequence used, e. g., in [1–3]. Formula (2.6) defines the
standard iteration sequence used in studies of the uniqueness of the trivial solution of
the integral functional equation

y(t) =

∫ t

τ
(`y)(s)ds, t ∈ [a, b],

which, obviously, is equivalent to the homogeneous problem (2.1), (2.2).

2.2. General theorems.The following general theorem on the solvability of prob-
lem (1.1), (1.2) is true.

Theorem 2.2. Let the operator̀ in equation(1.1) be (~σ, τ)-positive for some~σ ∈
{−1,1}n. Assume also that one can specify some integersr andm, m ≥ r ≥ 1, a real
number% ∈ (1,+∞), some constants{βk}mk=0 ⊂ [0,+∞) and {αi}ri=1 ⊂ [0,+∞), and
certain absolutely continuous vector-functionsy0, y1, . . . , yr−1 satisfying conditions
(2.4), (2.5), and the relation

r−1∑

k=0

βkyk(t) >~σ 0 for all t ∈ [a,b] \ {τ} (2.7)

such that the differential functional inequality

[ r−1∑

k=0

βky
′
k(t) +

m−1∑

k=0

( ∑

ν∈Tr,m(k)

βν+kαν − %βk

)
(`yk) (t)

− %βm (`ym) (t)

]
sign(t − τ) ≥~σ 0 (2.8)

is satisfied for almost everyt from [a,b], where, by definition,

Tr,m(k) :=
{
ν ∈ � | ν ≤ r ≤ ν + k ≤ m

}
(2.9)

for r ∈ �, m≥ r, andk = 0,1, . . . ,m− 1.
Then the Cauchy problem(1.1), (1.2) has a unique solutionu(·) for arbitrary

f ∈ L([a, b],�n) and c ∈ �n, and this solution is representable as the uniformly
convergent functional series

u(t) = f̃ (t) +

∫ t

τ
(` f̃ )(s)ds+

∫ t

τ
`

(∫ ·

τ
(` f̃ )(ξ)dξ

)
(s)ds+ . . . , t ∈ [a,b], (2.10)

where, by definition,

f̃ (t) := c +

∫ t

τ
f (s)ds, t ∈ [a, b]. (2.11)

Moreover, if the functionf and vectorc in (1.1), (1.2)satisfy the additional condi-
tion ∫ t

τ
f (s)ds≥~σ −c for all t ∈ [a,b], (2.12)
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then the unique solutionu(·) of this problem satisfies relation(1.3).

Remark2.3. It is not difficult to show that the setTr,m(k), wherek = 0,1, . . . ,m−
1, consists of those integersν which satisfy the inclusionν ∈ {r, r + 1, . . . ,m} ∩
{k + 1, k + 2, . . . , k + r} , or, in other words,

Tr,m(k) =
{
ν ∈ � | max{r, k + 1} ≤ ν ≤ min {m, k + r}} (2.13)

for k = 0,1, . . . ,m− 1. Therefore, the differential inequality (2.8) can be rewritten in
the form

[ r−1∑

k=0

βky
′
k(t) +

m−1∑

k=0

( min{m,k+r}∑

ν=max{r,k+1}
βν+kαν − %βk

)
(`yk) (t)

− %βm (`ym) (t)

]
sign(t − τ) ≥~σ 0.

It seems, however, that form (2.8) is more convenient for applications.
Note that, due to the inequalitym≥ r, for k = 0, 1,2, . . . ,m− 1, we have

max{r, k + 1} ≤ m, max{r, k + 1} ≤ k + r

and, hence, by (2.13), the setTr,m(k) is non-empty for anyk = 0, 1, . . . ,m− 1.

Remark2.4. Condition (2.7) implies, in particular, that

r−1∑

k=0

βk > 0, (2.14)

and, therefore, we can always take 1 for one of the non-negative coefficientsβ0, β1,
. . . , βr−1 in Theorem 2.2. It is handier, however, to keep all these coefficients unfixed.

Remark2.5. Theorem 2.2 implies, in particular, Theorem 1 from [1]. Both these
statements, as we shall see in Section 3, are implied by Theorem 1 from [3]. This
means that the theorems mentioned are, in fact, equivalent, although their correspond-
ing assumptions are rather different from one another.

Remark2.6. Similarly to [3], one can show that condition (2.8) is optimal in the sense
that the assertion of Theorem 2.2, generally speaking, is not true if (2.8) is assumed
with % = 1.

The assumptions of the following version of Theorem 2.2 are somewhat simpler.

Theorem 2.7. Let the operator̀ in equation(1.1) be (~σ, τ)-positive for some~σ ∈
{−1, 1}n. Assume also the existence of a natural numberr, real number% ∈ (1,+∞),
some non-negative constants{αi}ri=1 and {βk}rk=0, and certain absolutely continuous
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vector-functionsy0, y1, . . . , yr−1 satisfying conditions(2.4), (2.5), and(2.7)such that
the differential functional inequality


r−1∑

k=0

βky
′
k(t) +

r−1∑

k=0

(βrαr−k − %βk) (`yk) (t) − %βr (`yr ) (t)

 sign(t − τ) ≥~σ 0 (2.15)

is satisfied for almost everyt from [a,b].
Then the Cauchy problem(1.1), (1.2) has a unique solutionu(·) for arbitrary

f ∈ L([a, b],�n) and c ∈ �n, and this solution is representable as the uniformly
convergent functional series(2.10), wheref̃ is the function defined by equality(2.11).

Moreover, if the functionf and vectorc in (1.1), (1.2)satisfy the additional condi-
tion (2.12), then the unique solutionu(·) of this problem satisfies relation(1.3).

Note that the functionsy0, y1, . . . , yr−1 in Theorem 2.7 are givena priori, whereas
the functionyr is constructed according to formula (2.3):

yr (t) =

r∑

i=1

αi

∫ t

τ
(`yr−i)(s)ds, t ∈ [a,b].

2.3. Corollaries. Here, we present several corollaries derived from Theorems 2.2
and 2.7.

Corollary 2.8. Let the operator̀ in equation(1.1) be (~σ, τ)-positive for some~σ ∈
{−1,1}n. Assume also the existence of anr ∈ �, a real numberγ ∈ (1,+∞), some
non-negative constants{βk}r−1

k=0, and of certain absolutely continuous vector-functions
y0, y1, . . . , yr−1 satisfying conditions(2.4), (2.5), and (2.7) such that the differential
functional inequality


r−1∑

k=0

βky
′
k(t) − γ

r∑

i=1

βr−i

(
`

(∫ ·

τ
(lyr−i)(s)ds

))
(t)

 sign(t − τ) ≥~σ 0 (2.16)

holds for the functionsy0, y1, . . . , yr−1 at almost every pointt from [a, b].
Then the conclusion of Theorem 2.7 is true for problem(1.1), (1.2).

The conditions involving iteration sequences of type (2.3) admit different varia-
tions. For example, the following statement is true.

Corollary 2.9. Let the operator̀ in equation(1.1) be (~σ, τ)-positive for some~σ ∈
{−1,1}n. Assume that there exist certain absolutely continuous functionsy0, y1 :
[a,b] → �n satisfying the conditions

yk(t) >~σ 0 andyk(τ) = 0 for all t ∈ [a,b] \ {τ} , k = 0,1, (2.17)

and some constants% ∈ (1,+∞), m ∈ � (m ≥ 2), {α1, α2} ⊂ [0,+∞), α1α2 , 0, and
{β0, β1, β2, . . . , βm} ⊂ (0,+∞) such that

α1βk+1 + α2βk+2 = %βk, k = 1, 2, . . . ,m− 2, (2.18)
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for which the relation
[
β0y
′
0(t) + β1y

′
1(t) + (α2β2 − %β0) (`y0) (t)

+ (α1βm− %βm−1) (`ym−1) (t) − %βm (`ym) (t)
]
sign(t − τ) ≥~σ 0 (2.19)

holds for almost allt ∈ [a,b], where the functionsym−1 and ym are defined by the
recurrence relation

yk(t) := α1

∫ t

τ
(`yk−1)(s)ds+ α2

∫ t

τ
(`yk−2)(s)ds, t ∈ [a, b],

for k = 2, 3, . . . .,m.
Then the conclusion of Theorem 2.7 is true for problem(1.1), (1.2).

Remark2.10. As will be seen from the proof of Corollary 2.9, instead of (2.17), the
absolutely continuous functionsy0 andy1 can be assumed to be just non-negative in
the sense of relation≥~σ (see formula (1.4)) and such that

y0(τ) = y1(τ) = 0; y0(t) + y1(t) >~σ 0 for t ∈ [a,b] \ {τ} ,
i. e., one of these functions may vanish at points different fromτ whenever the other
one remains non-zero.

Corollary 2.11. If ` in equation(1.1) is (~σ, τ)-positive for some~σ ∈ {−1, 1}n and,
furthermore, one can specify some% ∈ (1,+∞), α ∈ (0, %), and certain absolutely
continuous vector-functionsz0, z1 : [a, b] → �n satisfying the conditions

zk(t) >~σ 0 andzk(τ) = 0 for all t ∈ [a, b] \ {τ} , k = 0,1, (2.20)

and, for almost everyt from [a,b], the inequality
[
z′0(t) + z′1(t) − (% − α) (`z0) (t) − α (`zm−1) (t) − % (`zm) (t)

]
sign(t − τ) ≥~σ 0, (2.21)

where thezm−1 andzm are the functions defined recursively by the relation

zk(t) := (% − α)
∫ t

τ
(`zk−1)(s)ds+ α

∫ t

τ
(`zk−2)(s)ds, t ∈ [a,b], (2.22)

for k = 2, 3, . . . ,m, then the assertion of Theorem 2.7 is true for problem(1.1), (1.2).

The following version of Corollary 2.11 is more similar to Theorem 3.1.

Corollary 2.12. If ` in equation(1.1) is (~σ, τ)-positive for some~σ ∈ {−1, 1}n and,
furthermore, there exist some% ∈ (1,+∞), α ∈ (0, %), and certain absolutely continu-
ous vector-functionsz0, z1 : [a,b] → �n satisfying conditions (2.20) and, for almost
everyt from [a,b], the inequality

[
z′0(t) + z′1(t) − (% − α) (`z0) (t) − α (`z1) (t) − % (`z2) (t)

]
sign(t − τ) ≥~σ 0,
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where

z2(t) := (% − α)
∫ t

τ
(`z1)(s)ds+ α

∫ t

τ
(`z0)(s)ds, t ∈ [a, b],

then the assertion of Theorem 2.7 is true for problem(1.1), (1.2).

For the equation with deviating argument

u′(t) =

N∑

j=1

P j (t) u
(
ω j(t)

)
+ f (t), t ∈ [a,b], (2.23)

where f ∈ L([a, b],�n), N ∈ �, {P j | j = 1, 2, . . . ,N} ⊂ L ([a,b],GLn (�)), and
ω j : [a,b] → [a, b], j = 1,2, . . . ,N, are measurable functions, one can establish,
e. g., the following statement.

Corollary 2.13. Assume that, for a certain~σ ∈ {−1,1}n, the functionsP j : [a,b] →
GLn(�) and ω j : [a,b] → [a,b], j = 1, 2, . . . ,N, in equation(2.23) satisfy the
inequalities

N∑

ν=1

Pν(t)~σ sign(t − τ) ≥~σ 0 for a. e.t ∈ [a,b] (2.24)

and, furthermore, the condition

r∑

i=1

βr−i

N∑

j=1

P j (t)
∫ ω j (t)

τ

N∑

ν=1

Pν (s) g |ων(s) − τ|qr−i ds· sign(t − τ)

≤~σ α
r−1∑

k=0

βkqk |t − τ|qk−1 g for a. e.t ∈ [a,b] (2.25)

holds with some{βk | k = 0,1, . . . , r−1} ⊂ [0,+∞), {qk | k = 0,1, . . . , r−1} ⊂ [1,+∞),
α ∈ (0,1), andg ∈ �n, g >~σ 0.

Then, for arbitraryf fromL([a,b],�n) andc∈�n, the initial value problem(2.23),
(1.2) has a unique solutionu(·), and this solution is representable as the uniformly
convergent series

u(t) = f̃ (t) +

N∑

k1=1

∫ t

τ
Pk1u(ξ1) f̃

(
ωk1(ξ1)

)
dξ1

+

N∑

k1=1

∫ t

τ
Pk1(ξ1)

∫ ωk1(ξ1)

τ

N∑

k2=1

Pk2(ξ2) f̃
(
ωk2(ξ2)

)
dξ2dξ1 + . . . , t ∈ [a,b],

with the functionf̃ : [a, b] → �n given by formula(2.11). Moreover, under the addi-
tional condition(2.12), the solution of problem(2.23), (1.2)satisfies inequality(1.3).



96 NATALIA DILNAYA AND ANDREI RONT Ó

3. P

We need the following theorem from [3].

Theorem 3.1. [3] Let us suppose that the linear operator` in equation(1.1) is (~σ, τ)-
positive for some~σ ∈ {−1, 1}n. Assume also that there exist a number% ∈ (1,+∞)
and an absolutely continuous functiony : [a, b] → �n such that

y(τ) = 0, (3.1)

y(t) >~σ 0 for all t ∈ [a,b] \ {τ} , (3.2)

and, furthermore, the functional differential inequality
[
y′(t) − % (`y) (t)

]
sign(t − τ) ≥~σ 0 (3.3)

is satisfied for almost everyt from [a,b].
Then the Cauchy problem(1.1), (1.2) is uniquely solvable for arbitraryc ∈ �n

and f ∈ L([a,b],�n). The unique solutionu(·) of problem(1.1), (1.2) is, moreover,
representable as the uniformly convergent functional series(2.10).

If, in addition, c and f satisfy condition(2.12), then the solutionu(·) mentioned
possesses property(1.3).

The idea of proof of the results stated in Sections 2.2 and 2.3 is to construct a
suitable solution of the differential inequality (3.3) by using some or other properties
of the “multistage” iteration sequence (2.3).

3.1. Proof of Theorem 2.2.Let us fix certain absolutely continuous vector-functions
{yk}r−1

k=0 : [a, b] → �n and construct the corresponding functions{yk}mk=r : [a,b] → �n

according to formula (2.3). We consider the case where

m≥ r. (3.4)

Introduce the function

y(t) :=
m∑

k=0

βkyk(t), t ∈ [a,b], (3.5)

with the coefficients{βk}mk=0 ⊂ [0,+∞) determined by the assumptions of the theorem.
Note that, in view of (2.4), assumption (2.7) implies that (2.14) holds.

Let us show that, under our assumptions, function (3.5) satisfies inequality (2.8).
Indeed, by virtue of (3.5), the corresponding function

w%,y := y′ − %`y (3.6)

has the form

w%,y =

m∑

k=0

βk

[
y′k − %`yk

]
,
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whence, by (3.4),

w%,y =

r−1∑

k=0

βk

[
y′k − %`yk

]
+

m∑

k=r

βk

[
y′k − %`yk

]

=

r−1∑

k=0

βky
′
k +

m∑

k=r

βky
′
k − %

m∑

k=0

βk`yk. (3.7)

Note that the first sum in (3.7) contains the given functionsy0, y1, . . . , yr−1 only.
In view of formula (2.3) for the functionsyr , yr+1, . . . , we have

y′k(t) :=
r∑

i=1

αi (`yk−i) (t), t ∈ [a,b], k ≥ r,

and, therefore, equality (3.7) can be brought to the form

w%,y =

r−1∑

k=0

βky
′
k +

m∑

k=r

βk

r∑

i=1

αi`yk−i − %
m∑

k=0

βk`yk. (3.8)

Now we need the following technical lemma.

Lemma 3.2. For arbitrary vectorsx0, x1, . . . , xm−1 from�n, the equality
m∑

k=r

βk

r∑

i=1

αi xk−i =

m−1∑

j=0

γ j x j (3.9)

holds, where the coefficientsγ0, γ1, . . . , γm−1 are given by the formulae

γk :=
∑

ν∈Tr,m(k)

βν+kαν, k = 0,1, . . . ,m− 1, (3.10)

and the setsTr,m(k), k = 0,1, . . . ,m− 1, are defined by equality(2.9).

Proof of Lemma 3.2.It is clear from the inequalities 1≤ i ≤ r ≤ k ≤ m that the
expression

m∑

k=r

βk

r∑

i=1

αi xk−i

is, in fact, a linear combination of the valuesx0, x1, . . . , xm−1. It therefore remains to
determine the corresponding coefficients.

Since equality (3.9) should be satisfied for arbitrary values ofx0, x1, . . . , xm−1, we
can put, in particular,

x j := δ j,s, j = 0,1, . . . ,m− 1,

wheres is an arbitrary integer between 0 andm−1, andδ j,s is the Kronecker symbol,

δ j,s =


1 for j = s

0 otherwise.
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In this case, (3.9) has the form
m∑

k=r

βk

r∑

i=1

αiδk−i,s = γs. (3.11)

It is easy to see that
r∑

i=1

αiδk−i,s =


αk−s if k− s ∈ {1,2, . . . , r}
0 if k− s < {1,2, . . . , r}

and, hence,
m∑

k=r

βk

r∑

i=1

αiδk−i,s =
∑

k : r≤k≤m and 1≤k−s≤r

βkαk−s. (3.12)

In view of (3.11), the change of variableν = k− sbrings (3.12) to the form
∑

ν : 1≤ν≤r≤ν+s≤m

βν+sαν = γs.

The last relation, according to the definition of the setsTr,m(s), s = 0,1, . . . ,m− 1,
can be rewritten as

∑
ν∈Tr,m(s) βν+sαν = γs, which is nothing but (3.10). This leads us

immediately to the required equality (3.9) for arbitraryx0, x1, . . . , xm−1. �

Returning now to expression (3.6), we conclude that, in view of Lemma 3.2, for-
mula (3.8) can be rewritten as

w%,y =

r−1∑

k=0

βky
′
k +

m−1∑

k=0

γk`yk − %
m∑

k=0

βk`yk

=

r−1∑

k=0

βky
′
k +

m−1∑

k=0

(γk − %βk) `yk − %βm`ym, (3.13)

whereγ0, γ1, . . . , γm−1 are given by relation (3.10). In view of (3.10), equality (3.13)
is equivalent to the relation

w%,y =

r−1∑

k=0

βky
′
k +

m−1∑

k=0


∑

ν∈Tr,m(k)

βν+kαν − %βk

 `yk − %βm`ym.

Therefore, assumption (2.8) guarantees that function (3.6) satisfies the condition

w%,y(t) sign(t − τ) ≥~σ 0 for a. e.t ∈ [a, b],

i. e., the functional differential inequality (3.3) holds for the functiony given by (3.5).
We have thus constructed a solution,y, of the differential inequality (3.3). It will

be possible to apply Theorem 3.1 if we show that, under our assumptions, the solution
mentioned possesses properties (3.1) and (3.2). We prove this by using the following
lemma.
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Lemma 3.3. Assume that the operator̀ : C([a, b],�n) → L([a,b],�n) is (~σ, τ)-
positive with respect to certain~σ ∈ {−1,1}n and τ ∈ [a,b]. Then, for arbitrary
continuous functions{yk}r−1

k=0 : [a, b] → �n satisfying conditions(2.4) and (2.5), the
corresponding functionsyr , yr+1, . . . defined by formulae(2.3)also satisfy condition
(2.4):

yk(t) ≥~σ 0, t ∈ [a,b], k ≥ r.

Moreover, each of these functions vanishes at the pointτ.

Proof of Lemma 3.3.The first assertion is derived from the definition of functions
(2.3) similarly to the proof of Lemma 1 from [1]. The important difference is that, in
our case, we need to make use of the non-negativeness of the coefficientsα1, α2, . . . , αr

in formula (2.3) for the functionsyr , yr+1, . . . . We omit the details here.
The property

yk(τ) = 0 for all k = 0, 1, 2, . . . ,m

is obvious from condition (2.5) and formula (2.3). �

Application of Lemma 3.3 allows us to claim that, in view of the (~σ, τ)-positiveness
of the operator̀ , the inequality

βkyk(t) ≥~σ 0, t ∈ [a,b], k = 0, 1, . . . ,m, (3.14)

is satisfied because allβk, k = 0,1, . . . ,m, are non-negative. It follows from (3.14)
that

m∑

k=0

βkyk(t) −
r−1∑

k=0

βkyk(t) =

m∑

k=r

βkyk(t) ≥~σ 0

and, hence,
m∑

k=0

βkyk(t) ≥~σ
r−1∑

k=0

βkyk(t) (3.15)

for everyt from [a,b].
Inequality (3.15) yields

y(t) =

m∑

k=0

βkyk(t) ≥~σ
r−1∑

k=0

βkyk(t), t ∈ [a,b],

whence, by virtue of assumption (2.7), we obtain

y(t) ≥~σ
r−1∑

k=0

βkyk(t) >~σ 0, t ∈ [a, b] \ {τ},

i. e.,y satisfies condition (3.2).
Thus, we have shown that function (3.5) satisfies the differential functional in-

equality (3.3) and possesses properties (3.1) and (3.2), i. e., the assumptions of The-
orem 3.1 are satisfied. Application of Theorem 3.1 leads us to the assertion re-
quired. �
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3.2. Proof of Theorem 2.7.To obtain the assertion of Theorem 2.7, it suffices to
apply Theorem 2.2 withm = r and take into account the equalities

Tr,r (k) =
{
r − k

}
, k = 0, 1, . . . , r − 1. (3.16)

3.3. Proof of Corollary 2.8. We shall apply Theorem 2.7. For this purpose, let us
put

% =
√
γ, βr = 1, (3.17)

and

yr (t) :=
√
γ

r∑

i=1

βr−i

∫ t

τ
(lyr−i)(s)ds, t ∈ [a,b].

This function, as is easy to see, coincides with the functionyr defined by formula
(2.3) where

αi = βr−i
√
γ, i = 1, 2, . . . , r. (3.18)

It remains to notice that, in view of (3.17) and (3.18), the relations

βrαr−k − %βk = 0, k = 0, 1, . . . , r − 1,

are true and, therefore, the corresponding differential inequality (2.15) takes the form


r−1∑

k=0

βky
′
k(t) − %βr (lyr )(t)

 sign(t − τ) ≥~σ 0.

Application of Theorem 2.7 completes the proof. �

3.4. Proof of Corollary 2.9. We shall show that, under the conditions assumed, the
differential inequality (2.8) is true and Theorem 2.2 is applicable.

For an arbitrary integerk such that 0≤ k ≤ m− 1, a numberν belongs to the set
T2,m(k) if, and only if eitherν = 1 orν = 2, i. e.,

m−1⋃

k=0

T2,m(k) ⊂ {
1, 2

}
.

Recall that, by assumption,m≥ 2.
More precisely, 1∈ T2,m(k) ⇔ 1 ≤ k ≤ m− 1 and 2∈ T2,m(k) ⇔ 0 ≤ k ≤ m− 2.

Thus, the setsT2,m(k), k = 0,1, . . . ,m− 1, have the following structure:

T2,m(k) =



{2} for k = 0,

{1,2} for k = 1,2, . . . ,m− 2,

{1} for k = m− 1.
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Therefore, with these values of the parameters, the differential inequality (2.8) of
Theorem 2.2 has the form

[
β0y
′
0(t) + β1y

′
1(t) + (α2β2 − %β0) (`y0) (t)

+

m−2∑

k=1

(α1βk+1 + α2βk+2 − %βk) (`yk) (t)

+ (α1βm− %βm−1) (`ym−1) (t) − %βm (`ym) (t)

]
sign(t − τ) ≥~σ 0. (3.19)

Recall that the numbersβ1, β2, . . . , βm, andα1, α2, by assumption, satisfy relations
(2.18).

It follows from (2.18) that the inner sum in (3.19) is equal to zero, i. e., in this
case, (2.8) coincides with (2.19). It now remains to apply Theorem 2.2, which leads
us immediately to the assertion desired. �

3.5. Proof of Corollary 2.11. First of all note that sequence (2.22) is a particular
case of (2.3) with a suitable choice of coefficients. More precisely,

zk = yk, k = 2,3, . . .

with y0 = z0, y1 = z1, r = 2, and

α2 = α, α1 = α. (3.20)

We can apply Corollary 2.9. Indeed, let us set

βk = β, k = 0, 1, . . . ,m,

whereβ is a certain positive constant. Since, by (3.20),α1 +α2 = %, it is obvious that
relations (2.18) are satisfied. Inequality (2.19) in our case has form (2.21). �

3.6. Proof of Corollary 2.12. It suffices to putm = 2 in Corollary 2.11. �

3.7. Proof of Corollary 2.13. Let us putγ = 1
α and, fork = 0,1, . . . , r − 1,

yk(t) = |t − τ|qk , t ∈ [a,b]. (3.21)

Functions (3.21), obviously, satisfy condition (2.7) with arbitrary non-negative con-
stantsβ0, β1, . . . , βr−1 such that

∑r−1
k=0 βk > 0.

By using the formulae

y′k(t) = qk |t − τ|qk−1 sign(t − τ) , t ∈ [a,b], k = 0, 1, . . . , r − 1,

it is easy to verify that, in this case, (2.25) coincides with inequality (2.16). The
(~σ, τ)-positiveness of the linear operator

C([a, b],�n) 3 u 7−→ `u :=
N∑

ν=1

Pν(·)u(ων(·)), t ∈ [a, b],
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under condition (2.24), is a consequence of Lemma 2 from [1]. Therefore, the re-
quired assertion follows from Corollary 2.8. �
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A. In this paper, by using the fuzzy propertyP, some characterisations and
properties of certain types of upper (lower) fuzzy continuous multifunctions in-
cluding upper (lower) fuzzy continuous, upper (lower) fuzzy almost continuous,
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1. I

It is well known that several types of fuzzy upper (lower) continuous multifunc-
tions are given in literature. By using propertyP, our main goal here is to give
some characterisations and properties of certain types of upper (lower) fuzzy contin-
uous multifunctions including upper (lower) fuzzy continuous, upper (lower) fuzzy
almost continuous, upper (lower) fuzzyc-continuous, upper (lower) fuzzy almost
c-continuous, upper (lower) fuzzyc∗-continuous, upper (lower) fuzzys-continuous,
upper (lower) fuzzy almosts-continuous, upper (lower) fuzzỳ-continuous, upper
(lower) fuzzy almost̀ -continuous functions.

Fuzzy sets on a universeX will be denoted by Greek letters asµ, ρ, η, etc. Fuzzy
points will be denoted byxε, yν, etc. For any fuzzy pointsxε and any fuzzy setµ, we
write xε ∈ µ iff ε ≤ µ(x). A fuzzy setxε is called quasi-coincident with a fuzzy set
ρ, denoted byxε q ρ, iff ε + ρ(x) > 1. A fuzzy setµ is called quasi-coincident with a
fuzzy setρ, denoted byµ q ρ, iff there exists ax ∈ X such thatµ(x)+ρ(x) > 1. In this
paper we use the concept of a fuzzy topological space as introduced by [1]. By int(µ),
cl(µ) and co(µ), we mean the interior ofµ, the closure ofµ, and the complement ofµ.

Let F : X → Y be a fuzzy multifunction from a fuzzy topological spaceX to a
fuzzy topological spaceY. For any fuzzy setµ ≤ X, F+(µ) andF−(µ) are defined
by F+(µ) = {x ∈ X : F(x) ≤ µ}, F−(µ) = {x ∈ X : F(x) q µ}. We know that
F−(co(β)) = co(F+(β)) for any fuzzy setβ ≤ Y [8].

c©2003 M U P
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2. F P- 

Definition 1. Let (X, τ) be a fuzzy topological space and letµ ≤ X be a fuzzy set.
Then it is said that

(i) µ is a fuzzyP-set ifµ possesses fuzzy propertyP,
(ii) µ has fuzzyP-complement if co(µ) possesses fuzzy propertyP.

The following definition of fuzzyP-continuity is considered for fuzzy multisetting
from [6] in the classical sense.

Definition 2. Let F : X→ Y be a fuzzy multifunction from a fuzzy topological space
(X, τ) to a fuzzy topological space (Y, υ). Then it is said thatF is fuzzy lower (upper)
P-continuous if for eachxε ∈ X and for each fuzzy setµ having aP-complement such
thatxε ∈ F−(µ) (xε ∈ F+(µ)), there exists an open fuzzy setρ containingxε such that
ρ ≤ F−(µ) (ρ ≤ F+(µ)).

The following table gives us the list of some types of lower (upper) fuzzyP-
continuous multifunctions with propertyP.

The definitions of lower (upper) fuzzyc-continuous, lower (upper) fuzzy almost
c-continuous, lower (upper) fuzzyc∗-continuous, lower (upper) fuzzys-continuous,
lower (upper) fuzzỳ -continuous and lower (upper) fuzzy almost`-continuous mul-
tifunctions are considered for fuzzy multisetting from [2, 3, 10, 4, 5] and [7], respec-
tively.

The definitions of lower (upper) fuzzy continuous and lower (upper) fuzzy almost
continuous multifunctions are considered from [8] and [9], respectively.

n◦ Fuzzy P-set Fuzzy lowerP-con. Fuzzy upperP-con.

1. f. closed f. l. con. f. u. con.
2. f. regular closed f. l. almost con. f. u. almost con.
3. f. closed compact f. l.c-con. f. u.c-con.
4. f. regular closed compact f. l. almostc-con. f. u. almostc-con.
5. f. closed countable compact f. l.c∗-con. f. u.c∗-con.
6. f. closed connected f. l.s-con. f. u.s-con.
7. f. regular closed connected f. l. almosts-con. f. u. almosts-con.
8. f. closed Lindel̈of f. l. ` -con. f. u.` -con.
9. f. regular closed Lindelöf f. l. almost`-con. f. u. almost̀ -con.

We know that a net (xαεα) in a fuzzy topological space (X, τ) is said to be eventually
in the fuzzy setµ ≤ X if there exists an indexα0 ∈ J such thatxαεα ∈ µ for all α ≥ α0.

The following theorem gives us some characterisation of fuzzy lower (upper)P-
continuous multifunctions.
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Theorem 1. Let F : X → Y be a fuzzy multifunction from a fuzzy topological space
(X, τ) to a fuzzy topological space(Y, υ). Then the following statements are equiva-
lent:

(i) F is a lower (upper) fuzzyP-continuous multifunction.
(ii) For eachxε ∈ X and for each fuzzy setµ having aP-complement such that

F(xε) q µ (F(xε) ≤ µ), there exists an open fuzzy setρ containingxε such
that if yβ ∈ ρ, thenF(yβ) q µ (F(yβ) ≤ µ).

(iii) F−(µ) (F+(µ)) is an open fuzzy set for any fuzzy setµ ≤ Y having a P-
complement.

(iv) F+(co(µ)) (F−(co(µ))) is a closed fuzzy set for any fuzzy setµ ≤ Y having a
P-complement.

(v) For eachxε ∈ X and for each net(xαεα) which converges toxε in X and for
each fuzzy setρ ≤ Y having aP-complement such thatxε ∈ F−(ρ) (xε ∈
F+(ρ)), the net(xαεα) is eventually inF−(ρ) (F+(ρ)).

Proof. (i)⇔(ii). This statement is obvious.
(i)⇔(iii). Let xε ∈ F−(µ) and letµ be a fuzzy set having aP-complement. From

(i), there exists an open fuzzy setρ containingxε such thatρ ≤ F−(µ). It follows that
xε ∈ int(F−(µ)) and (iii) holds.

The converse can be shown easily.
(iii)⇔(iv). SinceF−(co(µ)) = co(F+(µ)) andF+(co(µ)) = co(F−(µ)), the proof is

clear.
(i)⇒(v). Let xαεα be a net which converges toxε in X and letρ ≤ Y be any fuzzy set

having aP-complement such thatxε ∈ F−(ρ). SinceF is a lower fuzzyP-continuous
multifunction, it follows that there exists an open fuzzy setµ ≤ X containingxε such
thatµ ≤ F−(ρ). Sincexαεα converges toxε, it follows that there exists an indexα0 ∈ J
such thatxαεα ∈ µ for all α ≥ α0. From here, we obtain thatxαεα ∈ µ ≤ F−(ρ) for all
α ≥ α0. Thus, the net (xαεα) is eventually inF−(ρ).

(v)⇒(i). Suppose that (i) is not true. There exists a pointxε and a fuzzy setµ
having aP-complement withxε ∈ F−(µ) such thatρ 
 F−(µ) for each open fuzzy
set ρ ≤ X containingxε. Let xερ ∈ ρ and xερ < F−(µ) for each open fuzzy set
ρ ≤ X containingxε. Then for the neighbourhood net (xερ), xερ → xε, but (xερ) is
not eventually inF−(µ). This is a contradiction. Thus,F is a fuzzy lower (upper)
P-continuous multifunction.

The proof of the fuzzy upperP-continuity ofF is similar to that given above. �

Example.Let F : X → Y be a fuzzy multifunction from a fuzzy topological space
(X, τ) to a fuzzy topological space (Y, υ). Then the following statements are equivalent
to Theorem 1 when we take fuzzyP-set as fuzzy closed compact set:

(i) F is a lower (upper) fuzzyc-continuous multifunction,
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(ii) For eachxε ∈ X and for each fuzzy open setµ having a compact complement
such thatF(xε) q µ (F(xε) ≤ µ), there exists an open fuzzy setρ containing
xε such that ifyβ ∈ ρ, thenF(yβ) q µ (F(yβ) ≤ µ),

(iii) F−(µ) (F+(µ)) is an open fuzzy set for any fuzzy open setµ ≤ Y having a
compact complement,

(iv) F+(1 − µ) (F−(1 − µ)) is a closed fuzzy set for any fuzzy open setµ ≤ Y
having a compact complement,

(v) For eachxε ∈ X and for each net (xαεα) which converges toxε in X and for each
fuzzy open setρ ≤ Y having a compact complement such thatxε ∈ F−(ρ)
(xε ∈ F+(ρ)), the net (xαεα) is eventually inF−(ρ)(F+(ρ)).

Definition 3. Suppose that (X, τ), (Y, υ) and (Z, ω) are fuzzy topological spaces. If
F1 : X → Y andF2 : Y→ Z are fuzzy multifunctions, then the fuzzy multifunction
F2 ◦ F1 : X→ Z is defined by (F2 ◦ F1)(xε) = F2(F1(xε)).

Theorem 2. Let (X, τ), (Y, υ), (Z, ω) be fuzzy topological spaces and letF : X → Y
andG : Y → Z be fuzzy multifunctions. IfF : X → Y is an upper fuzzy continuous
multifunction andG : Y → Z is an upper fuzzyP-continuous multifunction, then
G ◦ F : X→ Z is an upper fuzzyP-continuous multifunction.

Proof. Let µ ≤ Z be any fuzzy set having aP-complement. From the definition of
G ◦ F, we have (G ◦ F)+(µ) = F+(G+(µ)). SinceG is an upper fuzzyP-continuous
multifunction, it follows thatG+(µ) is an open fuzzy set. SinceF is an upper fuzzy
continuous multifunction, it follows thatF+(G+(µ)) is an open fuzzy set. This shows
thatG ◦ F is an upper fuzzyP-continuous multifunction. �

Theorem 3. Let F : X → Y be a fuzzy multifunction from a fuzzy topological space
(X, τ) to a fuzzy topological space(Y, υ). If F is a lower (upper) fuzzyP-continuous
multifunction andµ ≤ X is a fuzzy set, then the restriction multifunctionF |µ: µ→ Y
is a lower (upper) fuzzyP-continuous multifunction.

Proof. Suppose thatβ ≤ Y is a fuzzy set having aP-complement. Letxε ∈ µ and let
xε ∈ F−|µ(β). SinceF is a lower fuzzyP-continuous multifunction, it follows that
there exists a fuzzy open setxε ∈ ρ such thatρ ≤ F−(β). From here we obtain that
xε ∈ ρ∧µ andρ∧µ ≤ F−|µ(β). Thus, we show that the restriction multifunctionF|µis
lower fuzzyP-continuous.

The proof of the fuzzy upperP-continuity ofF|µ is similar to the above. �

Theorem 4. Let f : X → Y be a fuzzy function from a fuzzy topological space
(X, τ) to a fuzzy topological space(Y, υ). Let {γα : α ∈ Φ} be an open cover of
X. If the restriction multifunctionFα = Fγα is a lower (upper) fuzzyP-continuous
multifunction for eachα ∈ Φ, thenF is lower (upper) fuzzyP-continuous.

Proof. Let µ ≤ Y be a fuzzy set having aP-complement. Since Fα is lower fuzzy
P-continuous for eachα, from Theorem 1,F−α (µ) ≤ intγα(F

−
α (µ)) and from here
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F−(µ)∧γα ≤ intγα(F
−1(µ)∧γα) andF−(µ)∧γα ≤ int(F−1(µ))∧γα. Since{γα : α ∈ Φ}

is an open cover ofX, it follows thatF−(µ) ≤ int(F−(µ)). Thus from Theorem 1, we
obtain thatF is a lower fuzzyP-continuous multifunction.

The proof of the fuzzy upperP-continuity ofF is similar to the above. �

Definition 4. Suppose thatF : X → Y is a fuzzy multifunction from a fuzzy
topological spaceX to a fuzzy topological spaceY. The fuzzy graph multifunction
GF : X→ X × Y of F is defined asGF(xε) = {xε} × F(xε) [8].

Theorem 5. Suppose that a finite product of fuzzyP-sets is a fuzzyP-set andX is a
fuzzyP-set. LetF : X → Y be a fuzzy multifunction from a fuzzy topological space
(X, τ) to a fuzzy topological space(Y, υ). If the graph function ofF is lower (upper)
fuzzyP-continuous, thenF is a lower (upper) fuzzyP-continuous multifunction.

Proof. For the fuzzy setsβ ≤ X, η ≤ Y , we take

(β × η)(z, y) =


0 if z < β
η(y) if z ∈ β.

Let xε ∈ X and letµ ≤ Y be a fuzzy set having aP-complement such thatxε ∈
F−(µ). We obtain thatxε ∈ G−F(X × µ). Since fuzzy graph multifunctionGF is
fuzzy lowerP-continuous andX is a fuzzyP-set, it follows that there exists an open
fuzzy setρ ≤ X containingxε such thatρ ≤ G−F(X × µ). From here, we obtain that
ρ ≤ F−(µ). Thus,F is a fuzzy lowerP-continuous multifunction.

The proof of the fuzzy upperP-continuity ofF is similar to the above. �

Theorem 6. Suppose that(X, τ) and(Xα, τα) are fuzzy topological spaces andXα is
a fuzzyP-set whereα ∈ J. Let F : X → ∏

α∈J Xα be a multifunction fromX to the
product space

∏
α∈J Xα and letPα :

∏
α∈J Xα → Xα be the projection multifunction

for eachα ∈ J which is defined byPα((xα)) = {xα} and let a product of fuzzyP-sets
be a fuzzyP-set. IfF is a fuzzy upperP-continuous multifunction, thenPα ◦ F is a
fuzzy upperP-continuous multifunction for eachα ∈ J.

Proof. Take anyα0 ∈ J. Let xε ∈ X and letµα0
≤ Xα0 be a fuzzy set having aP-

complement such thatxε ∈ (Pα0 ◦ F)+(µα0
). We know thatxε ∈ (Pα0 ◦ F)+(µα0

) =

F+(P+
α0

(µα0
)) = F+(µα0

×∏
α,α0

Xα). SinceF is a fuzzy upperP-continuous mul-
tifunction and a product of fuzzyP-sets is a fuzzyP-set, it follows that there ex-
ists an open fuzzy setρ ≤ X containingxε such thatρ ≤ F+

(
µα0
×∏

α,α0
Xα

)
=

F+(P+
α0

(µα0
)) = (Pα0◦F)+(µα0

). This shows thatPα0◦F is a fuzzy upperP-continuous
multifunction.

Thus we obtain thatPα ◦ F is a fuzzy upperP-continuous multifunction for each
α ∈ J. �

Theorem 7. Suppose that for eachα ∈ J, (Xα, τα), (Yα, υα) are fuzzy topological
spaces andYα possesses propertyP for eachα ∈ J. Let Fα : Xα → Yα be a
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multifunction for eachα ∈ J and letF :
∏

α∈J Xα →∏
α∈J Yα be defined byF((xα)) =∏

α∈J Fα(xα) from the product space
∏

α∈J Xα to the product space
∏

α∈J Yα. If F is
an upper fuzzyP-continuous multifunction and the product of fuzzyP-sets is a fuzzy
P-set, then eachFα is an upper fuzzyP-continuous multifunction for eachα ∈ J.

Proof. Let µα ≤ Yα be a fuzzy set having aP-complement. Thenµα ×
∏

α,β Yβ is
a fuzzy set having aP-complement. SinceF is an upper fuzzyP-continuous multi-
function, it follows thatF+(µα ×

∏
α,β Yβ) = F+(µα)×∏

α,β Xβ is an open fuzzy set.
Consequently, we obtain thatF+(µα) is an open fuzzy set. Thus, we show thatFα is
an upper fuzzyP-continuous multifunction. �

Theorem 8. Let F : X→ Y be a fuzzy function from a fuzzy topological space(X, τ)
to a fuzzy topological space(Y, υ). Suppose thatY has a base of neighbourhood
such that the complement of each fuzzy set of the base of neighbourhood is the finite
union ofP-sets. IfF is lower fuzzyP-continuous multifunction, thenF is lower fuzzy
continuous.

Proof. Let xε ∈ X and letµ be any fuzzy open set such thatxε ∈ F−(µ). Then there
exists a fuzzy pointyν ∈ µ such thatxε ∈ F−(yν). SinceY has a base of neigh-
bourhood such that the complement of each fuzzy set of the base of neighbourhood
is finite unions ofP-sets, it follows that there exists a neighbourhoodβ of yν such
that β ≤ µ and co(β) =

∨n
i=1 ηi where eachηi is a P-set. From here we obtain

thatβ =
∧n

i=1 co(ηi). Thenyν ∈ co(ηi) and xε ∈ F−(co(ηi)) for eachi = 1, 2, ..., n.
SinceF is a lower fuzzyP-continuous multifunction, it follows that there exists an
open setρi containingxε such thatρi ≤ F−(co(ηi)). We takeρ =

∧n
i=1 ρi , then

ρ =
∧n

i=1 ρi ≤
∧n

i=1 F−(co(ηi)) = F−(
∧n

i=1 co(ηi)) = F−(β) ≤ F−(µ). Thus, we obtain
thatF is a lower fuzzyP-continuous multifunction. �

Theorem 9. Suppose that(X1, τ1), (X2, τ2), (Y1, υ1) and(Y2, υ2) are fuzzy topological
spaces andF1 : X1 → Y1, F2 : X2 → Y2 are fuzzy multifunctions and suppose that
η × β is a fuzzyP-set iff η andβ are fuzzyP-sets for any fuzzy setsη ≤ Y1, β ≤ Y2.
Let F1 × F2 : X1 × X2 → Y1 × Y2 be a fuzzy multifunction which is defined by
(F1 × F2)(xε, yν) = F1(xε) × F2(yν). ThenF1 × F2 is an upper fuzzyP-continuous
multifunction iff F1 andF2 are upper fuzzyP-continuous multifunctions.

Proof. We know that (µ∗ × β∗)(xε, yν) = min{(µ∗(x), β∗(y)} for any fuzzy setsµ∗, β∗

and for any fuzzy pointsxε, yν.
Let µ × β ≤ Y1 × Y2 be a fuzzy set having aP-complement. We know that (F1 ×

F2)+(µ × β) = F+
1 (µ) × F+

2 (β) andρ × ξ is a fuzzyP-set iff ρ andξ are fuzzyP-sets
for any fuzzy setsρ ≤ Y1, ξ ≤ Y2. From Theorem 1, the proof is obtained. �

Theorem 10. Suppose that(X, τ), (Y, υ), (Z, ω) are fuzzy topological spaces andF1 :
X → Y, F2 : X → Z are fuzzy multifunctions and suppose thatη × β is a fuzzyP-set
iff η andβ are fuzyP-sets for any fuzzy setsη ≤ Y, β ≤ Z. Let F1 × F2 : X → Y × Z
be a fuzzy multifunction which is defined by(F1 × F2)(xε) = F1(xε) × F2(xε). Then
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F1 × F2 is an upper fuzzyP-continuous multifunction iff F1 and F2 are upper fuzzy
P-continuous multifunctions.

Proof. (⇒) Let xε ∈ X and letµ ≤ Y, β ≤ Z be fuzzy sets havingP-complements such
that xε ∈ F+

1 (µ) andxε ∈ F+
2 (β). Then we obtain thatF1(xε) ≤ µ andF2(xε) ≤ β and

from here,F1(xε)× F2(xε) = (F1× F2)(xε) ≤ µ× β. We havexε ∈ (F1× F2)+(µ× β).
SinceF1 × F2 is an upper fuzzyP-continuous multifunction, it follows that there
exists an open fuzzy setρ containingxε such thatρ ≤ (F1 × F2)+(µ × β). We obtain
that ρ ≤ F+

1 (µ) and ρ ≤ F+
2 (β). Thus we obtain thatF1 and F2 are upper fuzzy

P-continuous multifunctions.
(⇐) Let xε ∈ X and letµ × ρ ≤ Y × Z be a fuzzy set having aP-complement such

thatxε ∈ (F1 × F2)+(µ × ρ). We obtain that (F1 × F2)(xε) = F1(xε) × F2(xε) ≤ µ × ρ.
From here we haveF1(xε) ≤ µ andF2(xε) ≤ ρ and thenxε ∈ F+

1 (µ) andxε ∈ F+
2 (ρ).

SinceF1 andF2 are upper fuzzyP-continuous multifunctions, it follows that there
exist fuzzy open setsη containingxε andβ containingxε such thatη ≤ F+

1 (µ) and
β ≤ F+

2 (ρ). We takexε ∈ η∧β. Then we obtain thatη∧β ≤ F+
1 (µ) andη∧β ≤ F+

2 (ρ).
Hence we haveη ∧ β ≤ (F1 × F2)+(µ × ρ). Thus, we show thatF1 × F2 is an upper
fuzzy P-continuous multifunction. �
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[Received: June 10, 2003 and, in revised form, June 22, 2003]

A. A model of nonlinear diatomic lattice is studied. We suppose small
damping, small forcing and weak coupling between the lattices. We show the ex-
istence of breathers for undamped and unforced cases. The existence of chaos is
shown for damped and forced cases. For lattices with nonsmall parameters, the
existence of travelling waves is discussed.

Mathematics Subject Classification:Primary 34C25; Secondary 34C37, 37K60,
37L60

Keywords: Diatomic lattices, bifurcations, breathers, chaos

1. I

Let us consider a model of two one-dimensional interacting sublattices of harmoni-
cally coupled protons and heavy ions [11, 12, 15, 16]. It represents the Bernal-Flower
filaments in ice or more complex biological macromolecules in membranes, in which
only the degrees of freedom that contribute predominantly to proton mobility have
been conserved. In these systems, each proton lies between a pair of ‘oxygens.’ The
proton part of the Hamiltonian is

Hp =
∑

n

1
2

mu̇2
n + U(un) +

1
2

k1(un+1 − un)2 ,

whereun denotesthe displacement of thenth proton with respect to the center of the
oxygen pair andk1 is the coupling between neighboring protons. Furthermore,

U(u) = ξ0

(
1− u2/d2

0

)2

is the double-well potential with the potential barrierξ0, and 2d0 is the distance be-
tween its two minima. Finally,m is the mass of protons.

Similarly, the oxygen part of the Hamiltonian is

HO =
∑

n

1
2

M%̇2
n +

1
2

MΩ2
0%

2
n +

1
2

K1(%n+1 − %n)2 ,
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where%n is the displacement between two oxygens,M is the mass of oxygens,Ω0 is
the frequency of the optical mode andK1 is the harmonic coupling between neigh-
boring oxygens.

The last part in the Hamiltonian of the model arises from the dynamic interaction
between two sublattices and it is given by

Hint =
∑

n

χ%n
(
u2

n − d2
0
)
,

whereχ measures the strength of the coupling. The Hamiltonian of the model is the
sum of these three contributions

H = Hp + HO + Hint .

We are also interested in the influence of external field and damping. For the model
studied here, since a spatially homogeneous field is not coupled to the optical motion
%n of the oxygens, a force term has to be considered only in the equation of motion
of the protons.

Summarizing, we consider in this note the following coupled infinite chain of os-
cillators

ün + Γ1u̇n =
k1

m
(
un+1 − 2un + un−1

)
+

4ξ0

md2
0

un

1−
u2

n

d2
0



− 2
χ

m
%nun +

F
m
,

%̈n + Γ2%̇n =
K1

M
(%n+1 − 2%n + %n−1) −Ω2

0%n − χ

M
(
u2

n − d2
0
)
,

(1.1)

whereF is the external force on the protons andΓ1, Γ2 are the damping coefficients
for the proton and oxygen motions.

The contents of the paper is as follows. In Section 2, we study the weakly coupled
undamped and unforced chain (1.1), i. e., withΓ1 = Γ2 = 0, F = 0 and the cou-
pling parameters are small. We show under certain nonresonance conditions the ex-
istence of time periodic spatially localized solutions of (1.1), the so-called breathers
[5, 9, 14]. Section 3 is devoted to the case when (1.1) is weakly forced and weakly
damped with again weak coupling. By using a Melnikov method [10], we show un-
der certain conditions the existence of spatially localized Smale horseshoes in (1.1),
i. e., spatially localized chaos in (1.1). The localization of the Smale horseshoes is
not exponential as for the breathers. Section 4 deals with (1.1) when the involved
parameters are not small. The existence of travelling waves for (1.1) and also for its
continuum limit is discussed.

2. W     :    

We assume in this section thatΓ1 = Γ2 = F = 0, k1/m = εµ1, K1/M = εµ2,
−2χ/m = εµ3, −χ/M = εµ4 for a small parameterε and constantsµi , i = 1,2,3, 4.
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Hence (1.1) has the form

ün = εµ1 (un+1 − 2un + un−1) + a2un

(
d2

0 − u2
n

)
+ εµ3%nun ,

%̈n = εµ2
(
%n+1 − 2%n + %n−1

) −Ω2
0%n + εµ4

(
u2

n − d2
0

)
,

(2.1)

wherea2 =
4ξ0

md4
0
. Then forε = 0, we get from (2.1) the uncoupled system

ün = a2
(
d2

0 − u2
n

)
un, %̈n = −Ω2

0%n .

The equation

u̇ = v, v̇ = a2
(
d2

0 − u2
)
u (2.2)

has a hyperbolic equilibriumu = v = 0 and centersu = ±d0, v = 0 [17]. Furthermore,
equation (2.2) has two symmetric periodic solutions (γβ(t), γ̇β(t)) and (−γβ(t),−γ̇β(t))
around (±d0, 0) with periodsβ monotonically increasing from

√
2π

ad0
to +∞. They

accumulate on two symmetric homoclinic solutions (γ(t), γ̇(t)) and (−γ(t),−γ̇(t)) for

γ(t) =
√

2d0 sechad0t .

We assume thatγβ(t) andγ(t) are even functions. We are interested, in this section,
in spatially localized time periodic solutions of (2.1) which are called breathers. We
use the approach of [5, 9, 14]. For this reason, we take the exchangeun↔ un + d0 in
(2.1) to get

ün + a2un(un + d0)(un + 2d0)

−εµ1
(
un+1 − 2un + un−1

) − εµ3%n(un + d0) = 0 ,

%̈n + Ω2
0%n − εµ2

(
%n+1 − 2%n + %n−1

) − εµ4un(un + 2d0) = 0 .

(2.3)

Now we fix a constantτ > 1 and consider the Banach spaces

Xi =

{{(
un(t), %n(t)

)}
n∈� ∈ Ci(�,�)2� | un, %n are even,

β-periodic, and such that sup
n
τ|n|

(|un(·)|i + |%n(·)|i) < ∞
}
,

wherei = 0,2 and| · |i is the usual maximum norm onCi([0, β],�). The norm onXi

for x =
{(

un(t), %n(t)
)}

n∈� is defined as‖x‖ = supn τ
|n|(|un(·)|i + |%n(·)|i). The left-hand

side of (2.3) defines the mappingF : X2 × � → X0 with ε ∈ �. Hence (2.3) has the
form

F(x, ε) = 0 . (2.4)

We takex0 ∈ X2 with un = 0 for n , 0, u0 = γβ(t) − d0 and%n = 0 for anyn. Then
F(x0, 0) = 0. ClearlyF ∈ C∞(X2 × �,X0). We solve (2.4) by using the implicit
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function theorem. The linearizationDxF(x0,0) : X2→ X0 has the form
(
ün + 2a2d2

0un, %̈n + Ω2
0%n

)
, n , 0 ,

(
ü0 + a2(3γβ(t)

2 − d2
0)u0, %̈n + Ω2

0%n

)
.

The equation

v̈ + a2(3γβ(t)
2 − d2

0)v = 0

has the solutionsv1(t) = γ̇β(t) and v2(t) = Dβγβ(t). Functionv1(t) is odd andβ-
periodic, while functionv2(t) is even and satisfies the relationv2(t+β) = v2(t)− γ̇β(t+
β). Sinceγ̇β(t +β) , 0, the functionv2(t) is notβ-periodic. We note that the existence
of an even andβ-periodic solution of the equation

v̈ + a2(3γβ(t)
2 − d2

0)v = h(t) (2.5)

for an even andβ-periodic continuous functionh(t), is equivalent to the existence of
a solution of the following boundary value problem

v̈ + a2(3γβ(t)
2 − d2

0)v = h(t)

v̇(0) = v̇(β/2) = 0 .
(2.6)

Since the homogeneous problem of (2.6) withh(t) = 0 has the only zero solution,
we get that (2.6) is uniquely solvable. Consequently, (2.5) has a unique even and
β-periodic solution.

Furthermore, we can directly check that the equations

ü + 2a2d2
0u = h(t) ,

%̈ + Ω2
0% = h(t)

have unique even andβ-periodic solutions for any even andβ-periodic continuous
functionh(t) if the following nonresonance conditions hold

2
√

2

√
ξ0√

md0
β =
√

2ad0β , 2πk, Ω0β , 2πk (2.7)

for any k ∈ �. Consequently, we see thatDxF(x0, 0) : X2 → X0 is continuously
invertible if (2.7) hold. The implicit function theorem implies the following result.

Theorem 2.1. Let τ > 1 be given. If the conditions(2.7) hold, then the chain(2.1)
has aβ-periodic solution{(un(t), %n(t))}n∈� for anyε small such that

sup
t,n

(
|un(t) − d0| + |%n(t)|

)
τ|n| < ∞ .

Moreover, the relation%n(t) = O(ε) is true for anyn. Furthermore,un(t) = d0 + O(ε)
for n , 0 andu0(t) = γβ(t) + O(ε).
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Under assumptions of Theorem 2.1, we get more complicated dynamics of (2.1).
Namely, if we start fromx0 ∈ X2 such that%n = 0 for anyn, un = 0 for largen
while un = γβ(t) − d0 for several finite numbers ofn. Then we get for anyε small,
under conditions (2.7), the existence of multi-site breathers. Furthermore, if we take
an infinite number of excitations, i. e.,un = γβ(t)− d0 for infinite numbers ofn in the
above construction ofx0, then we can repeat the proof of Theorem 2.1 forτ = 1 to
getβ-periodic solutions of (2.1), which are not spatially localized. But they are near
to (γβ(t),0) in infinitely many modesn. Moreover, the same arguments hold when
we consider−d0 instead ofd0 in the above considerations, i. e., we take the exchange
un↔ un− d0 in (2.1). Furthermore, if (2.7) hold for someβ0, then (2.7) hold also for
anyβ near toβ0 and Theorem 2.1 can be applied uniformly for suchβ andε small.
In particular, we get under assumptions of Theorem 2.1 in (2.1) forε small infinitely
many 1-parametric families of breathers.

Finally, if we start fromx0 such that eitherun = −d0, %n = 0 or un = γβ(t) − d0

and%n = 0, then we considerF(x, ε) : X2 ×�→ X0 for τ = 1, and we can repeat the
proof of Theorem 2.1 to get the next result.

Theorem 2.2. If the conditions

Ω0β , 2πk for any k ∈ �
hold, then for anyE = {en}n∈� ∈ {0,1}� the chain(2.1) has aβ-periodic, in gen-
eral not localized spatially, solution{(un,E(t), %n,E(t))}n∈� for any ε small such that
%n,E(t) = O(ε) for anyn, andun,E(t) = O(ε) for nwithen = 1andun,E(t) = γβ(t)+O(ε)
for n with en = 0.

We also note that the above results can be extended to the case when for (2.3) the
elementx0 is such that%n = 0 for anyn, and eitherun(t) = γβ(t) − d0 or un = 0 or
un = −d0 or un = −2d0. Summarizing we see that the dynamics of (2.1) is rather
complicated forε , 0 small.

3. G   :    

We assume in this section thatΓ1 = εδ1, Γ2 = εδ2, F = ε f (t), k1/m = εµ1,
K1/M = εµ2, −2χ/m = εµ3, −χ/M = εµ4 for a small parameterε, constantsδ1 ≥ 0,
δ2 > 0, µi , i = 1,2, 3,4, and aC1-smoothT-periodic functionf (t). Hence (1.1) has
the form

ün + εδ1u̇n + a2un
(
u2

n − d2
0
)

= εµ1
(
un+1 − 2un + un−1

)

+ εµ3%nun + ε f (t) ,

%̈n + εδ2%̇n + Ω2
0%n = εµ2

(
%n+1 − 2%n + %n−1

)

+ εµ4(u2
n − d2

0) .

(3.1)
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We first consider the system

ü + εδ1u̇ + a2u
(
u2 − d2

0
)

= εµ3%u + ε f (t) ,

%̈ + εδ2%̇ + Ω2
0% = εµ4(u2 − d2

0) .
(3.2)

We make the change of variable%↔ % − εµ4d2
0

Ω2
0

in (3.2) to get

ü + εδ1u̇ + a2u
(
u2 − d2

0
)

= εµ3

% −
εµ4d2

0

Ω2
0

 u + ε f (t) ,

%̈ + εδ2%̇ + Ω2
0% = εµ4u2 .

To study a smallT-periodic solution of the above system, we take its equivalent form

ü + εδ1u̇ + a2u
(
u2 − d2

0
)

= εµ3


εµ4

Ωε

∫ t

−∞
e−εδ2(t−s)/2 sinΩε(t − s)u2(s) ds− εµ4d2

0

Ω2
0

 u + ε f (t), (3.3)

whereΩε =

√
Ω2

0 −
ε2δ2

2
4 and 0< ε < 2Ω0/δ2. Now it is not difficult to prove in (3.3)

by using the implicit function theorem the existence of a unique smallT-periodic
solutionuε(t) = O(ε), %ε(t) = O(ε) of (3.2). Then we make in (3.1) the change of
variablesun↔ un + uε, %n↔ %n + %ε to get the chain

u̇n = vn,

v̇n + εδ1vn − a2und2
0 + a2u3

n + 3a2u2
nuε + 3a2unu2

ε

= εµ1
(
un+1 − 2un + un−1

)
+ εµ3

(
%nun + %nuε + %εun

)
,

%̇n = ψn,

ψ̇n + εδ2ψn + Ω2
0%n = εµ2

(
%n+1 − 2%n + %n−1

)
+ εµ4(u2

n + 2uεun) .

(3.4)

We consider (3.4) as an ordinary differential equation in the Hilbert space

H :=
{
z = {(un, vn, %n, ψn)}n∈�

∣∣∣∣
∑

n∈�(u2
n + v2n + %2

n + ψ2
n) < ∞

}

with the norm‖z‖ =

√∑
n∈�(u2

n + v2n + %2
n + ψ2

n). The inhomogeneous linearization of
(3.4) atz = 0 has the form

u̇n = vn + hn1(t),

v̇n + εδ1vn + un(3a2u2
ε − a2d2

0 − εµ3%ε)

− εµ1
(
un+1 − 2un + un−1

) − εµ3%nuε = hn2(t) ,

%̇n = ψn + gn1(t),

ψ̇n + εδ2ψn + Ω2
0%n − εµ2

(
%n+1 − 2%n + %n−1

)

− 2εµ4uεun = gn2(t)

(3.5)
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with w(t) =
{
(hn1(t), hn2(t), gn1(t), gn2(t))

}
n∈� ∈ Cb(�,H), whereCb(�,H) is the Ba-

nach space of all bounded continuous functions from� to H with the norm|w| =

sup� ‖w(t)‖. We look for a solutionz ∈ Cb(�,H) of (3.4) for ε > 0 small. For this
reason, we consider the Hilbert spacesH2 := H1 × H1 and

H1 :=
{
{un}n∈�

∣∣∣∣
∑

n∈� u2
n < ∞

}

with the corresponding standard norms. We first study the equation

%̇ = ψ + g1

ψ̇ + εδ2ψ + Aε% = g2
(3.6)

on H2 for (g1, g2) ∈ Cb(�,H2). Here,

Aε% =
{
Ω2

0%n − εµ2(%n+1 − 2%n + %n−1)
}
n∈� .

Clearly Aε : H1 → H1 is symmetric and positive definite forε small. Then for any
smallε, there is a symmetric and positive definiteBε : H1→ H1 such that

B2
ε = Aε −

ε2δ2
2

4
I .

We take the operators cosBεt and sinBεt from H1 to H1. For any% ∈ H1, we consider
the function

φ(t) := |cosBεt%|2 + |sinBεt%|2 .
Then we have

φ̇(t) = −2 〈cosBεt%, Bε sinBεt%〉 + 2 〈sinBεt%, Bε cosBεt%〉 = 0 .

Hence
|cosBεt%|2 + |sinBεt%|2 = % ,

and then‖cosBεt‖ ≤ 1 and‖sinBεt‖ ≤ 1.
Now, the equation

%̇ = ψ

ψ̇ + εδ2ψ + Aε% = 0
(3.7)

has the form ¨% + εδ2%̇ + Aε% = 0 which has the general solution

e−εδ2t/2
[
cosBεt%1 + sinBεt%2

]

for %1,2 ∈ H1. Consequently, the fundamental solution of (3.7) has the form

Vε(t) = e−εδ2t/2Wε(t)

with uniformly boundedWε(t) for ε > 0 small. Thus, the only bounded solution of
(3.6) has the form

(%(t), ψ(t)) =

∫ t

−∞
e−εδ2(t−s)/2Wε(t − s)(g1(s), g2(s) ds.



118 MICHAL FEČKAN

Hence
|(%, ψ)| ≤ K1|(g1, g2)|/ε

for a constantK1 > 0 independent ofε > 0 small.
Furthermore, it is not difficult to see that the linear system

u̇n = vn + hn1(t)

v̇n + εδvn − a2d2
0un = hn2(t)

(3.8)

has a unique solution{(un(t), vn(t))}n∈� ∈ Cb(�,H2) such that

|{(un(t), vn(t))}n∈�| ≤ K2 |{(hn1(t),hn2(t))}n∈�|
for a constantK2 > 0 independent ofε > 0 small.

Now we return to (3.5). Summarizing the above arguments, we see, by using
the Banach contraction mapping principle forε > 0 small, that (3.5) has for any
w(t) ∈ Cb(�,H) a unique solutionz ∈ Cb(�,H) such that|z| ≤ K3|w|/ε for a constant
K3 > 0 independent ofε > 0 small. Since the system (3.5) isT-periodic, then we get
from the proof of Theorem 2.1 of [4, p. 288] that (3.5) has an exponential dichotomy
on� in the spaceH for anyε > 0 sufficiently small. Consequently, we get the next
result.

Theorem 3.1. TheT-periodic solutionun(t) = uε(t), %n(t) = %ε(t) ∀n ∈ � of (3.1) is
hyperbolic inH for anyε > 0 sufficiently small, i. e., the zero equilibrium of(3.4) in
H is hyperbolic.

Now we look for more complicated solutions of (3.1). For this reason, we shift in
(3.4) the timet ↔ t + α to get the system

u̇n = vn,

v̇n + εδ1vn − a2und2
0 + a2u3

n + 3a2u2
nuε(t + α)

+ 3a2unu2
ε(t + α) = εµ1

(
un+1 − 2un + un−1

)

+ εµ3
(
%nun + %nuε(t + α) + %ε(t + α)un

)
,

%̇n = ψn,

ψ̇n + εδ2ψn + Ω2
0%n = εµ2

(
%n+1 − 2%n + %n−1

)
+ εµ4(u2

n + 2uε(t + α)un) .

(3.9)

We look for a solution of (3.9) forε > 0 small such thatun ∼ 0, vn ∼ 0 for n , 0 and
u0 ∼ γ, v0 ∼ γ̇.

Let (%0, ψ0) = {(%0
n, ψ

0
n)}n∈� be the unique bounded solution of (3.6) forg1 = 0 and

g2 = {gn2}n∈� with gn2 = 0 for n , 0 and

g02 = εµ4

(
γ2 + 2uε(t + α)γ

)
.

Let us putu0
n = v0n = 0 for n , 0 andu0

0 = γ, v00 = γ̇. Now we make in (3.9) the
change of variablesun ↔ un + u0

n, vn ↔ vn + v0n, %n ↔ %n + %0
n, ψn ↔ ψn + ψ0

n to get,
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for n , 0, the system

u̇n = vn,

v̇n + εδ1vn − a2und2
0 + a2u3

n + 3a2u2
nuε(t + α) + 3a2unu2

ε(t + α)

= εµ1
(
un+1 + u0

n+1 − 2un + un−1 + u0
n−1

)

+ εµ3
(
(%n + %0

n)un + (%n + %0
n)uε(t + α)

+ %ε(t + α)un
)
,

%̇n = ψn,

ψ̇n + εδ2ψn + Ω2
0%n = εµ2

(
%n+1 − 2%n + %n−1

)

+ εµ4(u2
n + 2uε(t + α)un) .

(3.10)

For the moden = 0, we first note that the system

u̇0 = v0

v̇0 + a2(3γ2 − d2
0)u0 = h(t)

for h(t) ∈ Cb(�,�) has a solution (u0, v0) ∈ Cb(�,�2) (see [10]) if and only if

∫ ∞

−∞
h(t)γ̇(t) dt = 0,

and such a solution is unique if
∫ ∞
−∞ u0(t)γ̇(t) dt = 0. Consequently, for the mode

n = 0, we get from (3.9) the equations

u̇0 = v0,

v̇0 + a2(3γ2 − d2
0)u0 = h(t) − γ̇(t)

∫ ∞

−∞
h(t)γ̇(t) dt

/ ∫ ∞

−∞
γ̇(t)2 dt ,

∫ ∞

−∞
u0(t)γ̇(t) dt = 0 ,

%̇0 = ψ0,

ψ̇0 + εδ2ψ0 + Ω2
0%0 = εµ2

(
%1 − 2%0 + %−1

)

+εµ4(u2
0 + 2u0γ + 2uε(t + α)u0) ,

(3.11)

and
∫ ∞

−∞
h(t)γ̇(t) dt = 0 (3.12)
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for

h(t) = −a2(u3
0 + 3u2

0γ) − εδ1γ̇ − 3a2(u0 + γ)2uε(t + α) − εδ1v0

− 3a2(u0 + γ)u2
ε(t + α) + εµ1

(
u1 − 2(u0 + γ) + u−1

)

+ εµ3
(
(%0 + %0

0)(u0 + γ) + (%0 + %0
0)uε(t + α)

+ %ε(t + α)(u0 + γ)
)
. (3.13)

Now for ε > 0 small, we can solve (3.10) and (3.11) to get the solution

z =
{(

un(t), vn(t), %n(t), ψn(t)
)}

n∈� ∈ Cb(�,H)

such thatz = O(ε). Then we put thisz into (3.13) to get the functionhε,α ∈ Cb(�,�).
We notehε,α(t) = O(ε) uniformly for ε > 0 small andα, t ∈ �. Clearlyhε,α(t) is
T-periodic inα. Then from (3.12) we get the bifurcation equation

Q(ε, α) :=
1
ε

∫ ∞

−∞
hε,α(t)γ̇(t) dt = 0 . (3.14)

We need to study the limit ofhε,α(t) ast → 0. If we put

lim
ε→0

uε(t)/ε = w(t), lim
ε→0

%ε(t)ε = ζ(t),

then from (3.2) we get

ẅ − a2d2
0w = f (t), ζ̈ + Ω2

0ζ = −µ4d2
0 .

Henceζ = −µ4d2
0/Ω

2
0 and

w(t) = − 1
2ad0

∫ t

−∞
e−ad0(t−s) f (s) ds− 1

2ad0

∫ ∞

t
ead0(t−s) f (s) ds. (3.15)

It is clear thatw(t) is T-periodic. Furthermore, sinceγ(t) → 0 ast → ±∞ expo-
nentially, from the formula over (3.8) of the bounded solution of (3.6) we see that
limε→0(%0, ψ0)/ε = {(%0n, ψ0n)}n∈� with %0n = ψ0n = 0 for n , 0 and

%̈00 + Ω2
0%00 = µ4γ(t)2 ,

i. e.,

%00(t) =
µ4

Ω0

∫ t

−∞
sinΩ0(t − s)γ(s)2 ds.

Summarizing, from (3.13) we get

M(α) := Q(0, α) =

∫ ∞

−∞

[
− δ1γ̇(t) − 3a2γ(t)2w(t + α)

− 2µ1γ(t)
]
γ̇(t) dt = −4

3
δ1ad3

0 + a2
∫ ∞

−∞
γ(t)3ẇ(t + α) dt . (3.16)
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Clearly,M(α) is T-periodic. We note that similarly we can prove that

lim
ε→0

∂

∂α
Q(ε, α)/ε = M′(α)

uniformly for α ∈ �. Summarizing, we get the next result.

Theorem 3.2. Let M be given by(3.16). If there is a simple zeroα0 of M, i. e.,
M(α0) = 0 and M′(α0) , 0, then(3.1) has for anyε > 0 small a bounded solution
z(t) with smallun, %n for n , 0 and(u0, %0) near(γ(t − α0),0).

Now, it is not difficult to prove, as in the finite-dimensional case [10], that
(
z(t) −

{
(uε(t), u̇ε(t), %ε(t), %̇ε(t))

}
n∈�

)
→ 0

exponentially fast ast → ±∞ in H. Moreover, nearz(t), we can construct the Smale
horseshoe. Consequently, we get in this case chaos in (3.1) with corresponding in-
finitely many periodic orbits with arbitrarily large periods. This Smale horseshoe of
(3.1) is spatially localized but not exponentially as in breathers.

To be more concrete, we take

f (t) = Υ cosωt

for Υ > 0. Then (3.15) gives

w(t) = − Υ

ω2 + a2d2
0

cosωt ,

and the formula (3.16) has now the form

M(α) = −4
3
δ1ad3

0 +
ωΥπ

√
2

a
sech

ωπ

2ad0
sinωα .

Consequently, if

4
√

2δ1
√
ξ0d0 < 3

√
mωΥπ sech

ωπ

2ad0
, (3.17)

thenM(α) has a simple zero, so then (3.1) is chaotic for anyε > 0 small. We note
that the inequality (3.17) gives sufficient conditions between the magnitude of the
forcingΥ and the dampingδ1 in order to get chaos in (3.1) forε > 0 small. So chaos
is generated by the proton part of (3.1). Ifδ1 = 0, then (3.1) is always chaotic for
f (t) = Υ cosωt. Furthermore, iff (t) = 0, i. e., there is no forcing, then it is not
difficult to prove that (3.1) has no nonconstant periodic solutions in spaceH.

Finally, we note that similarly we can study the case when more than one modes
are excited. We do not carry out such computations here.
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4. C 

In this note, we have studied weakly coupled diatomoc lattices presented by model
(1.1). In the case where (1.1) is unforced and undamped, the existence of infin-
itely many time-periodic and spatially localized solutions (the so-called breathers)
has been shown. For small damping and forcing, we have proved the existence of
infinitely many spatially localized Smale horseshoes, i. e., the existence of chaos
in (1.1). The localization of the Smale horseshoes is not exponential as is the case
for breathers. The proofs of these results are based on the use of the implicit func-
tion theorem. This would allow us to establish profiles of these solutions by using
analytic-numeric methods as in [7].

For general ‘non-small’ parameters involved in (1.1), the study of dynamics of
(1.1) is rather difficult. The existence of travelling waves could give some answers.
There are two possibilities to handle this problem.

The first one is to consider directly in (1.1) travelling wave solutions

un(t) = φ(vt − n), %n(t) = ψ(vt − n)

to get the system

v2φ̈(t) + Γ1vφ̇(t) =
k1

m
(
φ(t + 1)− 2φ(t) + φ(t − 1)

)
+

4ξ0

md2
0

φ(t)

1−
φ2(t)

d2
0



− 2
χ

m
ψ(t)φ(t) +

F
m
,

v2ψ̈(t) + Γ2vψ̇(t) =
K1

M
(ψ(t + 1)− 2ψ(t) + ψ(t − 1))

−Ω2
0ψ(t) − χ

M
(
φ(t) − d2

0
)
,

(4.1)

where nowF is a constant external force. Equations of types similar to (4.1) are
studied in [6].

The second one is to take the continuum limit of (1.1) to obtain the partial differ-
ential equation

utt + Γ1ut =
k1

m
b2uxx +

4ξ0

md2
0

u

1−
u2

d2
0

 − 2
χ

m
%u +

F
m
,

%tt + Γ2%t =
K1

M
b2%xx−Ω2

0% −
χ

M
(u2 − d2

0) ,

(4.2)

where againF is a constant external force,x = bn is the continuum space variable
andb > 0 is the lattice spacing. The travelling wave solutions

u(x, t) = φ(vt − x), v(x, t) = ψ(vt − x)
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of (4.2) satisfy the system

φ̈

(
v2 − k1

m
b2

)
+ Γ1vφ̇ =

4ξ0

md2
0

φ

1−
φ2

d2
0

 − 2
χ

m
ψφ +

F
m
,

ψ̈
(
v2 − K1

M
b2

)
+ Γ2vψ̇ = −Ω2

0ψ −
χ

M
(φ2 − d2

0) .

(4.3)

System (4.3) is numerically studied in [11, 16]. System (4.1) was not yet investigated.
But for certain values of parameters in (4.1-4.3), the bifurcation methods as in this
paper can be applied to find analytically either periodic, homoclinic or heteroclinic
solutions of (4.1-4.3).

For instance, if

k1/m = K1/M and v2 ∼ K1b2/M ,

then by using the theory of singularly perturbed ordinary differential equations [3],
the dynamics of (4.3) is reduced to the system

Γ1vφ̇ =
4ξ0

md2
0

φ

1−
φ2

d2
0

 − 2
χ

m
ψφ +

F
m
,

Γ2vψ̇ = −Ω2
0ψ −

χ

M
(φ2 − d2

0)

(4.4)

for

v2 = K1b2/M.

System (4.4) admits the Lyapunov function

L(φ, ψ) =
ξ0

md2
0

1−
φ2

d2
0


2

− χ

M
ψ(φ2 − d2

0) −Ω2
0
ψ2

2
+

F
m
φ .

Hence the limit sets of (4.4) are its equilibria. In general they are hyperbolic. So for

v2 ∼ K1b2/M,

they persist in (4.3) and consequently, on bounded sets, these hyperbolic equilibria
are limit sets of (4.3).

Similarly, we can study the case

v2 ∼ K1b2/M when k1/m, K1/M .

This was numerically studied in [11]. The reduced system is now

φ̈

(
v2 − k1

m
b2

)
+ Γ1vφ̇ =

4ξ0

md2
0

φ

1−
φ2

d2
0

 − 2
χ

m
ψφ +

F
m
,

Γ2vψ̇ = −Ω2
0ψ −

χ

M
(φ2 − d2

0)

(4.5)
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for v2 = K1b2/M. According to [3], the dynamics of bounded solutions of (4.3) is
now approximated by (4.5). To study bounded solutions of (4.5), we consider its
equivalent form given by the inegro-differential equation

φ̈

(
v2 − k1

m
b2

)
+ Γ1vφ̇ =

4ξ0

md2
0

φ

1−
φ2

d2
0



+
2χ2

vMmΓ2
φ

∫ t

−∞
e−

Ω2
0(t−s)

Γ2v
(
φ(s)2 − d2

0
)
ds+

F
m
. (4.6)

Equation (4.6) can be studied similarly to (3.3) but we do not investigate it any further
in this note. We postpone this to another paper.
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A. A ratio-dependent predator-prey model is considered in which the preda-
tor growth rate depends on past quantities of the prey. Conditions for stability of an
equilibrium and its bifurcation are established when special parameters are taken
into account.
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1. I

In [15, 16, 24], a possible generalisation of the traditional Volterra predator-prey
system is considered,

Ṡ1 = S1 · α(S1) − S2 · V(S1),

Ṡ2 = S2 · K(S1)
(1.1)

where the dot means differentiation with respect to timet, S1(t) andS2(t) are the
quantities (or densities) of preys and predators, respectively. Here,

• α is smooth withα′(S1) < 0, S1 ≥ 0 andα(0) > 0 > lim
+∞ α;

• K andV are nonnegative and increasing, andK(0) = 0 = V(0).

If we replace the argument ofK and V by the ratio ofS1 and S2, then we ar-
rive at a ratio-dependent predator-prey system, which is capable of producing richer
and more reasonable or acceptable dynamics. The substantial difference from the
classical Kolmogorov model [15, 16] is due to the following two facts related to the
system:

(i) Equilibrium abundances are positively correlated along a gradient of enrich-
ment [1];

(ii) These models do not produce the so-called paradox of enrichment (see [11,
pp. 490, 502] and [17, p. 391]), more exactly, it either completely disappears
or enrichment is related to stability in a more complicated way [21].

c©2003 M U P

127

Doi: 10.18514/MMN.2003.63

http://dx.doi.org/10.18514/MMN.2003.63
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A simple ratio-dependent type mathematical model of two-species interaction was
first presented in [10, 19, 21].

Let us consider a model of ratio-dependent type which has the form

Ṡ1 = f1(S1,S2),

Ṡ2 = f2(S1,S2)
(1.2)

with the initial conditionsSi(0) > 0 (i ∈ {1, 2}), where

f1(S1,S2) :=


αS1

(
1− S1

K

)
− βS1S2

εS2+S1
if S2

1 + S2
2 > 0

0 if S1 = S2 = 0

and

f2(S1,S2) :=


−γS2 + δS1S2

εS2+S1
if S2

1 + S2
2 > 0

0 if S1 = S2 = 0.

Here,α > 0 is the intrinsic growth rate ofS1 in the absence of theS2-population
and without environmental limitation. In the absence of theS2-population, theS1-
population grows logistically to the carrying capacityK > 0; the functional response
of theS2-population is of Michaelis–Menten–Holling type with satiation coefficient
or conversion rateδ > 0. The specific mortality

E(S2) = −γS2 (1.3)

of theS2-population in the absence of theS1-population depends on the quantity of
S2. γ > 0 is the death rate of theS2-population.

If we take polar coordinatesx = r cosϕ, y = r sinϕ, then a routine calculation
shows thatfi ∈ C0(�2

+,�
)
, however, it is easy to see thatfi ∈ C1(�2

+,�
)

(i ∈ {1, 2}),
therefore solution of (1.2) with positive initial condition exists and is unique.

Let S1 · M1(S1,S2) := f1(S1,S2) and S2 · M2(S1,S2) := f2(S1,S2), then the
system (1.2) is written in the Kolmogorov form of

Ṡ =

(
S1 · M1(S)
S2 · M2(S)

)
(1.4)

(see [19]), which is useful since one can check the following two properties of this
system:

• M1 and M2 are smooth functions, therefore the positive quadrant of the
phase space [S1,S2] is an invariant region (see [22], pp. 198–203 and 230–
231);
• ∂M1

∂S2
(S1,S2) = − β

ε+S1
< 0 and∂M2

∂S1
(S1,S2) = − δε

(ε+S1)2 > 0 (S1,S2 > 0), i. e.,
in fact the system is a predator-prey system with preyS1 and predatorS2.

The ratio-dependent predator-prey model (1.2) has been studied by several au-
thors recently, and very rich dynamics has been observed. In [10] and later in [2],
the authors restricted their analysis to parameter values that ensure that the origin as
equilibrium behaves as a saddle point and they established conditions for persistence
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of the model, and showed the existence of eight qualitatively different types of sys-
tem behaviours realized for various parameter values. In [13] and later in [26] the
authors studied the analytical behaviour at the origin and showed that this equilib-
rium can be either a saddle point or an attractor of certain trajectories, and shown that
the origin is indeed a critical point of higher order. In [17] the global behaviour of
solutions was investigated and it was showed that if the positive equilibrium is locally
asymptotically stable, then the system does not have any nontrivial positive periodic
solutions.

Now we are going to show that with respect to certain circumstances this model
can have a periodic solution. This happens by incorporating a delay effect into the
systems. For the justification and biological relevance of the delay in ratio-dependent
systems see [6]. In [14] the most famous delay in the predator-equation was intro-
duced, i. e.,K

(
S1(t)
S2(t)

)
was replaced byK

(
S1(t−τ)
S2(t−τ)

)
. Starting from the evidence that in

such a system the present growth rate of a predator depends not only on the present
quantity of food but also on past quantities, we will introduce an infinite distributed
delay into the second equation of system (1.2) for prey density, i. e., we replaceS1

in the second equation by

R(t) :=
∫ t

−∞
S1(τ)ρ(t − τ)dτ, t ∈ [0,+∞), (1.5)

whereρ : �+
0 → �+

0 is the so-calleddensity functionsatisfying the relation
∫ +∞

0
ρ(s)ds= 1. (1.6)

Due to [5, 4, 7, 8, 18, 25], we assume that the influence of the past is fading away
exponentially, i. e.,ρ(t) := a · exp(−at) (a ∈ (0,+∞)) anda

∫ t

−∞ exp(−a(t − τ))dτ =

a
∫ +∞
0

exp(−as) ds = 1 hold. The smallera is, the longer the time interval is in the
past in which the values ofS1 are taken into account, i. e., 1/a is the “measure of the
influence of the past”.

Clearly, if γ < δ <
γβ
β−εα for γ > εα or δ > γ for γ ≤ εα, then (1.2) has three

equilibria, two on the boundary of the positive quadrant: (0,0)T , whose local stability
cannot be directly studied (the system cannot be linearised), (K, 0)T that is unstable
and a unique equilibrium with positive coordinates: (S1,S2)2 := K

αεδ (β(γ − δ) +

δεα)
(
1, δ−γ

γε

)T
which may or may not be stable. To study the local stability of

equilibrium (0, 0)T there are several ways, e. g. via introducing the new variable
S := S1/S2 or making a time scale changedt =: (εS2 + S1)dτ (cf. [17] and [26]).
First we give conditions for the asymptotic stability of the equilibrium of the delayed
system and show that under some conditions the increase of the delay1

a destabilises
the originally stable equilibrium by a Poincaré–Andronov–Hopf bifurcation (see [9]).
While the system without delay has no periodic solutions apart from the trivial one,
this one has.
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2. T   

We consider the model of predator-prey interaction with time delay which is given
by

Ṡ1 = αS1

(
1− S1

K

)
− βS1S2

εS2 + S1

Ṡ1 = −γS2 +
δRS2

εS2 + R

(2.1)

whereR is given by (1.5). Since

Ṙ(t) = a(S1(t) − R(t)) (t ∈ [0,+∞)),

we see that (2.1) is equivalent in its qualitative dynamical behaviour to the three
dimensional system of ordinary differential equations

Ṡ1 = αS1

(
1− S1

K

)
− βS1S2

εS2 + S1

Ṡ1 = −γS2 +
δRS2

εS2 + R
Ṙ = a(S1 − R)

(2.2)

on [0,∞) in the following sense (see also [7]). If (S1,S2) : [0,+∞) → �2 is the
solution of (2.1) corresponding to the continuous and bounded initial functionS̃1 :
(−∞,0] → � and the initial valueS0

2 := S2(0) (i. e.,S1(t) := S̃1(t) (t < 0)), then
(S1,S2,R) : [0,+∞) → �3 is the solution of (2.2) satisfying the initial conditions

S1(0) = S̃1(0), S2(0) = S0
2 andR(0) = R0 := a

∫ 0
−∞ S̃1(τ) exp(aτ) dτ and vice versa.

(Clearly, if the initial valuesS1(0), S0
2 andR0 related to system (2.2) are prescribed

then, the functionS̃1 is not uniquely determined.) There are seven parameters in
(2.2), thus if we introduce new variables and time with substitutions such as

S1 =: Ku, S2 =:
K
ε
v, R =: Kw, t =: ατ,

then (2.2) takes the following simpler, dimensionless form

u′ = u(u− 1)− buv
v + u

v′ = −cdv +
cvw
v + w

w′ = µ(u− w)

(2.3)

whereb := β
αε , c := δ

α , d := γ
δ andµ := a

α , and where the prime, this time, denotes
differentiation with respect to the variableτ. With these notations, if 0< d < 1 <
b < 1

1−d for b > 1 or if 0 < d < 1 for b ≤ 1, then system (2.3) has the following
equilibria: firstly, the origin, whose local stability cannot be directly investigated and
is of no interest, secondly, the points (1,0,1)T and the unique positive (u, v, w)T :=
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(
b(d − 1) + 1, 1−d

d (b(d − 1) + 1),b(d − 1) + 1
)T

, which represent the extinction state
of predator and the coexistence state of predator and prey, respectively.

In order to check the stability of the last two equilibria we linearise system (2.3)
at these points. The coefficient matrix is

A(u, v, w) :=



1− 2u− bv2

(v+u)2 − bu2

(v+u)2 0

0 cw2

(v+w)2 − cd cv2

(v+w)2

µ 0 −µ

 .

In particular,

A(1,0,1) =


−1 −b 0
0 c(1− d) 0
µ 0 −µ

 , A(u, v, w) =


ek− 1 −bd2 0

0 cdk ck2

µ 0 −µ

 ,

wheree := b(1 + d), k := 1− d, and the characteristic polynomials take the form

p101(λ) := λ3 + (1 + µ − c(1− d))λ2 + (µ − µc(1− d) − c(1− d))λ + µc(1− d)

and

puvw(λ) := λ3+(µ+cdk−ek+1)λ2+(cdk(µ+1)−ek(µ−cdk)+µ)λ+µcdk(ek+1+bdk).

Applying the Routh–Hurwitz criterion, we conclude that they are stable polyno-
mials if and only if the following inequalities hold:

1 + µ > c(1− d), (2.4a)

µ(1− c(1− d)) > c(1− d), (2.4b)

µc(1− d) > 0, (2.4c)

P101(µ) := (1− c(1− d))µ2 + (1− 4c(1− d) + c2(1− d))µ + c(1− d)(c− 1) > 0

and

µ + cdk+ 1 > ek (2.5a)

µ(cdk− ek+ 1) > −cdk(1− ek) (2.5b)

µcdk(ek+ 1 + bdk) > 0, (2.5c)

and

Puvw(µ) := (cdk− ek+ 1)µ2 + (cdk(cdk+ 2− 2ek− bdk)

+ ek(ek− 2) + 1))µ + cdk(1 + cdk(1 + ek) − ek) > 0. (2.5d)

If we assume that
1− ek> 0 (2.6a)

i. e.,
1

1− d
> b(1 + d), (2.6b)
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then (2.5a) and (2.5b) hold. Clearly, (2.5c) holds automatically, thus (2.5d) and (2.6a)
(resp. (2.6b)) atogether form a sufficient condition of asymptotic stability of the
equilibrium (u, v, w)T .

In view of (2.6a), the following three cases can be distinguished.

2.1. Caseek < 1. In this case the inequalities (2.5a-c) hold true. If

cdk(cdk+ 2− 2ek− bdk) + ek(ek− 2) + 1 ≥ 0, (2.7)

then (2.5d) holds for allµ and (u, v, w)T is asymptotically stable. If (2.7) does not
hold, then since the constant term of the quadratic polynomialPuvw is positive, this
polynomial has either no real roots or has two roots of the same sign. IfPuvw has no
real roots or has two negative roots, then (2.7) holds again for allµ and the equilib-
rium (u, v, w)T is asymptotically stable. IfPuvw has two positive roots, 0< µ1 < µ0,
say, then the equilibrium (u, v, w)T is asymptotically stable for large values ofµ, i. e.,
for small delays. Atµ0, the characteristic polynomialpuvw has the form

puvw(λ) ≡ (λ2 + cdk(µ0 + 1) − ek(µ0 − cdk) + µ0)(λ + µ0 + cdk − ek + 1),

and its roots are

λ0(µ0) = −µ0 − cdk+ ek− 1 < 0 and λ1,2(µ0) = ±iω,

where

ω :=
√

cdk(µ0 + 1)− ek(µ0 − cdk) + µ0.

A routine calculation shows that

d<(λ1(µ0))
dµ

= −
(
cdk(µ0 + 1)− ek(µ0 − cdk) + µ0 − 3ω2

) (
cdk(ek+ 1) + bdk− ω2

)
(
cdk(µ0 + 1)− ek(µ0 − cdk) + µ0 − 3ω2)2 + 4ω2(µ0 + cdk− ek+ 1)2

.

Example.Let b = 2.0000,d = 0.1000,c = 0.1000, then the expression on the left
hand side in (2.7) is negative,µ0 = 0.4319 andω = 0.5970, furthermore,

d<(λ1(µ0))
dµ

= −0.2187
2.5511

< 0,

therefore usingµ as bifurcation parameter, the equilibrium (u, v, w)T looses its stabil-
ity by a Poincaŕe-Andronov-Hopf bifurcation whenµ is decreased belowµ0, i. e., the
delay is increased, while the other equilibrium becomes asymptotically stable.
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2.2. Caseek = 1. In this case the inequalities (2.5a-c) hold true, (2.5d) is equivalent
to

Puvw(µ) := µ2 + dk(c− b)µ + 2cdk> 0. (2.8)

If c − d ≥ 0, then (2.8) holds for allµ and (u, v, w)T is asymptotically stable. If
c < d, then since the constant term of the quadratic polynomialPuvw is positive,
this polynomial has either no real roots or has two roots of the same sign. IfPuvw

has no real roots or has two negative roots, then (2.8) holds again for allµ and the
equilibrium (u, v, w)T is asymptotically stable. IfPuvw has two positive roots, 0<
µ1 < µ0, say, then the equilibrium (u, v, w)T is asymptotically stable for large values
of µ, i. e., for small delays. Atµ0 the characteristic polynomialpuvw has the form

puvw(λ) ≡ (λ2 + cdk(µ0 + 1)− (µ0 − cdk) + µ0) × (λ + µ0 + cdk),

whose roots are

λ0(µ0) = −µ0 − cdk< 0, and λ1,2(µ0) = ±iω,

whereω :=
√

2cdk(µ0 + 1). A routine calculation shows that

d<(λ1(µ0))
dµ

= −
ω2

(
3ω2 + cdk

(
4µ0 − 2cdk(1 + µ0) − 2− 3cd2k2

))
+ 2c2d2k2(2 + bdk)

(
2cdk(µ0 + 1)− 3ω2)2 + 4ω2(µ0 + cdk)2

.

Example.Let b = 0.999900000,c = 0.000000001, thend = 0.000050003 and (2.8)
is negative,µ0 = 0.00054791 andω = 0.999999998, furthermore,

d<(λ1(µ0))
dµ

= −0.031314697< 0,

therefore in this case the equilibrium (u, v, w)T looses its stability ifµ is decreased be-
low µ0. This loss of stability occurs again by a Poincaré-Andronov-Hopf bifurcation,
while the other equilibrium becomes asymptotically stable.

2.3. Caseek > 1. In this case (2.5a-b) are not satisfied automatically. If we assumed
thatcd > e, then (2.5a) would hold but we have no guarantee that (2.5b) will hold, so
it is not sure even for the valueµ (µ < µ0) that the polynomialpuvw(λ) is stable.
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A. This paper introduces an analytical technique to obtain the two-group
neutron flux distribution on a typical square cell in the symmetrical core of a pres-
surised water reactor, PWR. Mathematically, the flux distribution is a solution to
a system of fourth order homogeneous diffusion equations with irregular bound-
ary conditions in Cartesian and polar coordinates. The formulae for the solution,
obtained explicitly in terms of hypergeometric functions, are suitable for computer
programming leading to temperature distribution and thermal stress analysis on fuel
rod, etc. The proposed technique is capable of calculating the neutron flux at the
corners of the typical cell, where neither approximated equivalent cell methods nor
numerical methods succeeded. An actual condition of steady state critical reactors
is studied, and numerical results by the proposed technique are compared to those
of an approximated equivalent cylindrical cell technique.
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1. I

Many engineering applications are simulated mathematically as partial differential
equations with nonsmooth irregular boundary conditions, described geometrically by
a composite of different shapes such as triangles, rectangles, and circles [1–3], as
in the theory of elasticity [4–6] or in neutron diffusion [7, 8]. Most of the custom-
ary numerical methods such as finite difference, finite elements and nodal methods
fail at the corners as being singular points [9–12]. Also equivalent boundaries meth-
ods such as cylindrical [13] or hexagonal [14, 15] are affected by corners ignorance.
Approximate analytical methods obtain the solution as an infinite series [16], which
is exposed to round off and truncation errors, and require stability and convergence
investigation of the calculations.

One of the most powerful ways of treating multi-region reactors is by the group
diffusion method. In this method the energies of all the neutrons are divided into
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a number of energy groups. The neutrons within each group are then lumped to-
gether and their diffusion, scattering, absorption, and other interactions are described
in terms of suitably averaged diffusion coefficients and cross-sections, which are col-
lectively known as group constants.

The simplest group diffusion problem involves only one group of neutrons, which,
for simplicity, are assumed to be all thermal neutrons. A more accurate procedure,
particularly for thermal reactors, is to split the neutrons into two groups; in which
case, thermal neutrons are included in one group called the thermal or slow group, and
all the other neutrons are included in the fast group. This approach was utilised in [13]
assuming only one-dimensional composite problem. In this work, the approach used
in [13] is extended to two dimensions. Moreover, the fuel rod and the moderator are
treated as separate regions as will be indicated in the following section.

It must be emphasised that the two-group method is not an exact technique for han-
dling reactor criticality calculations [17]. Nevertheless, it does provide a relatively
simple way of obtaining reasonable estimates of the critical mass, flux distributions,
and so on.

2. P 

2.1. Governing equations.Consider a two-region thermal reactor consisting of ho-
mogeneous fuel rods submerged in moderator, which is divided into symmetrical
cells. Every cell is a fuel lump consisting of a rod with circular cross-section of ra-
diusa in a square moderator with side length 2b. Due to the symmetry of the system,
the cell can be divided into triangular regions and confine the solution to one single
triangle, sayOAB, as shown in Figure 1.

b a

O

B

A
C

b

x

y

F 1. PWR typical lattice.

The steady state diffusion equation for the fast neutron flux in the fuel regionφF
1 is

given by
−DF

1∇2φF
1 +

(
ΣF

a1 + ΣF
12

)
φF

1 − νΣF
f 1φ

F
1 − νΣF

f 2φ
F
2 = 0, (2.1)
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and that for the thermal fluxφF
2 in the fuel is described by

−DF
2∇2φF

2 + ΣF
a2φ

F
2 − ΣF

12φ
F
1 = 0. (2.2)

The diffusion equation for the fast neutron in the moderator regionφM
1 is

−DM
1 ∇2φM

1 +
(
ΣM

a1 + ΣM
12

)
φM

1 = 0, (2.3)

and for the thermal flux in the moderatorφM
2 is

−DM
2 ∇2φM

2 + ΣM
a2φ

M
2 − ΣM

12φ
M
1 = 0, (2.4)

where

• ∇2 is the Laplace operator,
• F andM stand for fuel and moderator, respectively,
• subscripts 1 and 2 stand for fast and thermal fluxes, respectively,
• DF

1 ,D
F
2 ,D

M
1 ,D

M
2 are diffusion coefficients for fuel and moderator in group

1 and 2, respectively,
• ΣF

a1,Σ
F
a2,Σ

M
a1,Σ

M
a2 are macroscopic absorption cross-sections,

• ΣF
12,Σ

M
12 are macroscopic slowing down cross-sections,

• ΣF
f 1,Σ

F
f 2 are macroscopic fission cross-sections,

• ν is the number of neutrons produced per fission.

The macroscopic cross-sections are assumed to be constants which characterise
the material properties of the fuel and the moderator.

Since all cells are identical in an infinite uniform lattice, there can be no net flow
of neutrons from one cell to another. It follows that the current density is zero along
the boundary of each cell, also both fast and thermal fluxes and currents must be
continuous at the fuel-moderator interface.

2.2. Boundary conditions. As mentioned in the previous section, both fast and ther-
mal fluxes and currents must be continuous at the fuel-moderator interface, therefore
the following conditions must be satisfied atr = a:

φF
1 = φM

1 , (2.5)

φF
2 = φM

2 , (2.6)

DF
1

∂φF
1

∂r
= DM

1

∂φM
1

∂r
, (2.7)

and

DF
2

∂φF
2

∂r
= DM

2

∂φM
2

∂r
. (2.8)

Likewise, the symmetrical conditions for the triangular regionOABin Figure 1 must
be satisfied as follows:
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(i) Along the liney = 0;

∂φi
j

∂y
= 0, i = F,M, and j = 1, 2 (2.9)

(ii) Along the linex = b;

∂φM
j

∂x
= 0, j = 1, 2 (2.10)

(iii) Along the liney = x, where 0≺ x ≺ b

∂φi
j

∂n
= 0, (2.11)

wheren is the outward normal to the liney = x.

The major difficulty of this problem is that criticality conditions yield some of
mathematical relations expressed in Cartesian coordinates and others expressed in
polar coordinates.

On the one hand, expressing the entire problem in polar coordinates introduces
some inaccuracy at the outer boundary of the moderator (atx = b), on the other hand,
a mathematical statement in the Cartesian coordinates introduces inaccuracy at the
interface of both the fuel and the moderator.

In the following section, these difficulties will be discussed in some detail in the
frame of the proposed solution approach.

3. A   

To find the fast and thermal fluxes which satisfy the criticality conditions of the
reactor, it is necessary to solve the two-group equations for fuel and moderator, in the
confined triangular region.

Beginning with the fuel, the coupled second-order differential equations (2.1) and
(2.2) are decoupled by solving equation (2.1) forφF

2 to get

φF
2 =

−1

νΣF
f 2

(
DF

1∇2φF
1 + ΣF

1φ
F
1

)
. (3.1)

Substituting this result into equation (2.2), one obtains a fourth-order equation for
φF

1 alone; namely,

τ f L
2
f 52 52φF

1 −
(
τ f − L2

f

)
52 φF

1 + (k∞ − 1) φF
1 = 0, (3.2)

where
ΣF

1 = −
(
ΣF

a1 + ΣF
12− νΣF

f 1

)
,

τ f =
DF

1

ΣF
1

, L2
f =

DF
2

ΣF
a2

, and k∞ =
ΣF

12νΣ
F
f 2

ΣF
1 ΣF

a2,
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Equation (3.2) is a fourth-order differential equation with constant coefficients and
can be factored to get (

∇2 − µ2
) (
∇2 − λ2

)
φF

1 = 0, (3.3)

where

µ2 =

(
τ f − L2

f

)
±

√(
τ f − L2

f

)2 − 4τ f L2
f (k∞ − 1)

2τ f L2
f

and

−λ2 = µ2 −
τ f − L2

f

τ f L2
f .

Equation (3.3) can be split into the following two equations
(
∇2 − µ2

)
X = 0 (3.4)

(
∇2 − λ2

)
Y = 0. (3.5)

The general solution forφF
1 is then a linear combination of the independent functions

X andY; namely
φF

1 = AX + CY, (3.6)

whereA andC are unknown constants. If the Laplace operator∇2 in Cartesian form
is used, then

X(x, y) = (coshαx) (coshαy) (3.7)

Y(x, y) = (coshβx) (coshβy) , (3.8)

where

α =
µ√
2
, and β =

λ√
2

Having the fast flux in the fuel been determined, the thermal fluxφF
2 can be found

from equation (3.1), in the form

φF
2 = AS1X + CS2Y (3.9)

where

S1 =
ΣF

12/Σ
F
a2

µ2L2
f − 1

and S2 =
ΣF

12/Σ
F
a2

λ2L2
f − 1

.

We now focus on the equations for fast neutron and thermal flux in the moderator.
Equation (2.3) may be written in the form

∇2φM
1 − k2

1Mφ
M
1 = 0, (3.10)

where

k2
1M =

ΣM
a1 + ΣM

12

DM
1

.
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In general, the solution to equation (3.10) will be indicated by

φM
1 = FZ1(x, y), (3.11)

whereF is an unknown constant, and

Z1(x, y) = (coshγ(b− x)) (coshγ(b− y)) , (3.12)

whereγ = kM
1 /
√

2. The thermal flux in the moderatorφM
2 can be found by assuming

a solution to equation (2.4) in the form

φM
2 = S3φ

M
1 + GZ2, (3.13)

whereG is an unknown constant and

S3 =
ΣM

12/D
M
2

k2
2M − k2

1M

, k2
2M =

ΣM
a2

DM
2

.

The functionZ2(x, y) is then the solution of the equation

∇2Z2 − k2
2MZ2 = 0, (3.14)

whose solution may be written in the form

Z2(x, y) = (coshω(b− x)) (coshω(b− y)) ,
whereω = kM

2 /
√

2.
The general solution which satisfies the symmetrical conditions (2.9) through (2.11),

for the fast and thermal fluxes in both the fuel and moderator displayed in equations
(3.6), (3.9), (3.11), and (3.13) can be conveniently written in the following matrix
form: 

φF
1

φF
2

φM
1

φM
2


=



1 1 0 0
S1 S2 0 0
0 0 1 0
0 0 S3 1





AX
CY
FZ1

GZ2


. (3.15)

To calculate the four unknownsA,C, F, andG, criticality of the reactor in equations
(2.5) through (2.8) is utilised.

In the preceding equations, the functionsX,Y,Z1,Z2, are transformed into polar
coordinates, then their magnitudes, and their partial derivatives are evaluated at the
fuel-moderator interface wherer = a.

Inserting the solutions of the fluxes, namely, equations (3.6), (3.9), (3.11), and
(3.13), into equations (2.5) through (2.8) gives the following set of equations:

AX + CY− FZ1 = 0, (3.16)

ADF
1
∂X
∂r

+ CDF
1
∂Y
∂r
− FDM

1
∂Z1

∂r
= 0, (3.17)

AS1X + CS2Y− FS3Z1 −GZ2 = 0, (3.18)

ADF
2 S1

∂X
∂r

+ CDF
2 S2

∂Y
∂r
− FDM

2 S3
∂Z1

∂r
−GDM

2
∂Z2

∂r
= 0. (3.19)
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In view of Cramer’s rule regarding linear, homogeneous algebraic equations, the de-
terminant of the coefficients multiplying the unknownsA,C, F, andG is zero, then

∣∣∣∣∣∣∣∣∣∣∣

X Y −Z1 0
DF

1
∂X
∂r DF

1
∂Y
∂r −DM

1
∂Z1
∂r 0

S1X S2Y −S3Z1 −Z2

DF
2 S1

∂X
∂r DF

2 S2
∂Y
∂r −DM

2 S3
∂Z1
∂r −DM

2
∂Z2
∂r

∣∣∣∣∣∣∣∣∣∣∣
= 0. (3.20)

Equation (3.20) provides a relation, admittedly a somewhat complicated one, which
must be satisfied if the reactor is to be critical. Criticality can be obtained by adjusting
either the physical properties or the size of the reactor in such a way that the critical
determinant given by (3.20) is precisely zero.

To find the fast and thermal fluxes it is necessary to determine the constantsA,C, F,
andG. It is not possible, however, to find the absolute values of all of these constants,
since it can be shown that if the determinant of the coefficients in equation (3.20) is
zero, as it must be for criticality, then these four equations are no longer independent.
Therefore it is possible to determine only three of the constants in terms ofA. Thus
the absolute value of the flux cannot be found from these equations. While it is
possible to specify the shape of the flux in a critical reactor, its magnitude depends
upon the operating power of the system and is not determined by the group equations.
To find the constantA it is necessary to compute the reactor powerP, where

P = κ

(
ΣF

f 1

∫

v
φF

1 dv + ΣF
f 2

∫

v
φF

2 dv

)
. (3.21)

It is found that

C =
AX
βY

(
DF

1κ − DM
1 ξ

)
, (3.22)

F =
AX
βZ1

(
DF

1κ − DM
1 ε

)
, (3.23)

and

G =
AX
βZ2

(
DF

1 (S2 − S3)κ + DF
1 (S2 − S3)ε + DM

1 (S1 − S2)ξ
)
, (3.24)

where

β = DM
1 ξ − DF

1 ε, κ =

∂X
∂r

X
, ξ =

∂Z1
∂r

Z1
, and ε =

∂Y
∂r

Y
.

All of the functions appearing in these equations are evaluated, at the fuel-moderator
interface atr = a, (note that, numerically, it is preferable to considerθ = 45◦) where

∂X
∂r

=
α

2
[F1 sinh(αrF1) + F2 sinh(αrF2)]

∂Y
∂r

=
β

2
[
F1 sinh(βrF1) + F2 sinh(βrF2)

]

∂Z1

∂r
=
γ

2
[−F1 sinh(γ(2b− rF1)) + F2 sinh(γrF2)

]
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∂Z2

∂r
=
ω

2
[−F1 sinh(ω(2b− rF1)) + F2 sinh(ωrF2)]

and,
F1 = sinθ + cosθ, F2 = sinθ − cosθ.

The solution written in the matrix form of equation (3.15) satisfies all conditions in
(2.5) through (2.11) on the triangle regionOAB, except only a part of condition (2.9)
at the moderator region (a ≤ x ≤ b). Along the sediment lineCA, the normal slopes
cannot be exactly determined but approximately


∂φM

1

∂y


a≤x≤b,
y=0

= −γF (coshγ(b− x)) (sinhγb) ≈ 0, (3.25)

also,

∂φM

2

∂y


a≤x≤b,
y=0

= −γS3F (coshγ(b− x)) (sinhγb)

− ωG (coshω(b− x)) (sinhωb) ≈ 0. (3.26)

0 0.2 0.4 0.6 0.8

0.9463

0.9464

0.9465

0.9466

0.9467

0.9468

0.9469

F 2. Fast flux distributions by the proposed and equivalent
cylinder techniques.

4. V

The problem considered in this paper was treated in [16], where an approximate
analytical solution was obtained. Another mathematical treatment based on an equiv-
alent cylindrical cell was introduced in [13]. The solution obtained using the ap-
proach proposed in this work was validated by comparing some numerical results
with solutions obtained by the above two methods.
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F 3. Fast flux distributions by the proposed and equivalent
cylinder techniques, at moderator region.

Firstly, the approximated equivalent cylindrical cell technique, which is used now
in reactors, is utilised to compare the numerical results of the obtained solution, as
well as to compare the stability and convergence of the solution.

Secondly, the approximate analytical solution is introduced to show what the pro-
posed solution is like in an explicit and simple form.

The approximate analytical and equivalent cylindrical cell solutions are highlighted
in the following subsections.

4.1. Equivalent cylindrical cell. In the equivalent cylindrical cell approach, the ac-
tual cell which consists of a cylindrical fuel rod surrounded by a square moderator is
replaced by a cylindrical cell of the same volume [13], see Figure 4.

x

y

R
a

F 4. Equivalent cylindrical cell.

The solution of the system of equations (2.1) to (2.4) with the critical conditions
(2.5) to (2.8), in piecewise cylindrical equivalent cell. The solution obtained may be
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recast into matrix form (3.15) as follows:

X = I0(µr) (4.1)

Y = I0(λr) (4.2)

Z1 = K1(k1mR)I0(k1mr) + I1(k1mR)K0(k1mr) (4.3)

Z2 = K1(k2mR)I0(k2mr) + I1(k2mR)K0(k2mr), (4.4)

whereR = 2b√
π
, andI0, I1, K0, andK1 are the Bessel functions.

4.2. Approximate analytical method. An approximate analytical method, which
uses polar coordinates centred at the centre of the cell, was used in [16] for solving
the system of equations given by (2.1) to (2.4). The solution is obtained as an infinite
series of products of pairs of functions such that, for every pair, one of the functions
depends solely on the angular variable while the other function depends on the radial
variable and on the two energy groups. The solution is summarised in the matrix
form (3.15) as

AX =

∞∑

k=0

cos 4kθ (akZ4k(B0r)) (4.5)

CY =

∞∑

k=0

cos 4kθ (bkZ4k(B1r)) (4.6)

FZ1 =

∞∑

k=0

cos 4kθ [ckW4k(B2r) + dkZ4k(B2r)] (4.7)

GZ2 =

∞∑

k=0

cos 4kθ
[
ekW4k(B3r) + fkZ4k(B3r)

]
, (4.8)

whereW4k,andZ4k are Bessel functions.
The coefficientsS1,S2,S3, ak, bk, ck,dk,ek, and fk are determined from the bound-

ary and critical conditions.
The results obtained from this solution are in an excellent agreement with our re-

sults. However, the solution form obtained using the proposed technique is expressed
in a simpler and explicit form.

Each of the three techniques introduced above has its own arbitrary constants. To
satisfy equivalence between two of them, arbitrary constants must be determined.
One of the assumptions is that, at the cell centre, the equivalent techniques should
have the same flux values.

Both the proposed technique and the equivalent cylindrical cell approach have the
same flux values at the cell centre as:[

φF
1

]
r=0

= A + C, (4.9)
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and
[
φF

2

]
r=0

= AS1 + CS2. (4.10)
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0.03
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F 5. Thermal flux distributions by the proposed and equivalent
cylinder techniques.
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F 6. Thermal flux distributions by the proposed and equivalent
cylinder techniques, at moderator region.

4.3. Study of a typical case.In a steady state symmetrical PWR typical lattice, two-
group constants are the following ones:
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DF
1 = 1.13, DF

2 = 0.519, DM
1 = 21.2, DM

2 = 1.71,
ΣF

a1 = 0.0309, ΣF
a2 = 0.283, ΣM

a1 = 0.000127, ΣM
a2 = 0.00432,

ΣF
12 = −0.00902, ΣM

12 = 0.0157, ΣF
f 1 = 0.0094, ΣF

f 2 = 0.211,
ν = 2.42, a = 0.4119, b = 0.6331.

As a consequence, the equations ofφF
1 , φM

1 ,φF
2 , andφF

2 for the proposed technique
become (roughly):

φF
1 = cosh(0.08x) cosh(0.08y) − 0.053 cosh(0.52x) cosh(0.52y), (4.11)

φM
1 = 0.95 cosh(0.019(0.6331− x)) cosh(0.019(0.6331− y)), (4.12)

φF
2 = −0.033 cosh(0.08x) cosh(0.08y) + 0.063 cosh(0.52x) cosh(0.52y), (4.13)

and

φM
2 = 4.87 cosh(0.019(0.6331− x)) cosh(0.019(0.6331− y))

− 4.84 cosh(0.036(0.6331− x)) cosh(0.036(0.6331− y)). (4.14)

The normal derivatives in equations (3.25) and (3.26) are of order less than 10−10.
The corresponding solution sets for the equivalent cylindrical cell approach are

φF
1 = I0(0.11r) − 0.053I0(0.73r), (4.15)

φM
1 = 0.01(K1(0.011)I0(0.016r) + I1(0.011)K0(0.016r)), (4.16)

φF
2 = −0.03I0(0.11r) + 0.06I0(0.73r), (4.17)

and

φM
2 = 0.056(K1(0.011)I0(0.016r) + I1(0.011)K0(0.016r))

− 0.1(K1(0.021)I0(0.029r) + I1(0.021)K0(0.029r)). (4.18)

The numerical results are showed on the figures enclosed.
Figures 2 and 5 show that both fast and thermal fluxes (φF

1 andφF
2 ) by the proposed

or equivalent cylindrical cell techniques have the same distribution in fuel region.
Figures 3 and 6 show that, in the moderator region, both fast and thermal fluxes

(φM
1 andφM

2 ) by equivalent cylindrical cell technique take middle positions between
θ = 0◦ andθ = 45◦.

Note1. The dashed line stands for the flux atθ = 0, and the continuous one stands
for the flux atθ = 45◦ by the proposed technique, while the thick line stands for the
flux by the equivalent cylindrical cell technique.

Figure 7 specifies the fast flux (φF
1 ) distribution over the typical cell by the pro-

posed technique, and Figure 8 specifies the fast flux distribution over the equivalent
cylindrical cell.

Figures 9 and 10, respectively, describe the thermal flux distribution of the typical
cell found by the proposed technique and the equivalent cylindrical cell.
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F 7. Fast flux distribution of the proposed technique.

Figures 11 and 12 show the variations of fast and thermal fluxes (φM
1 , φ

M
2 ), respec-

tively, against the angleθ, at different radii.
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F 8. Fast flux distribution of equivalent cylinder technique.

5. C

An analytical technique was introduced for solving the two-group neutron diffu-
sion equations in the critical reactor’s typical lattice. Mathematically, it is a solution
of the fourth order homogeneous diffusion equations with non-smooth (or irregular)
boundary conditions in both the Cartesian and polar coordinates. The solution was
obtained in the explicit form suitable for computer programming and other purposes
such as analysis of temperature distribution, thermal stress on fuel rod, etc. By using
this technique, one can compute the neutron flux at the corners of the typical cell, in
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F 10. Thermal flux distribution of equivalent cylinder technique.

which case neither approximate equivalent cell methods nor numerical methods suc-
ceed. The proposed technique also avoids round off and truncation errors analysis and
stability and convergence investigation in calculations, in which other approximate
analytical methods may fail.

Future work:

(i) Studying temperature distribution of PWR typical lattice and stress analysis
in fuel rod using the proposed technique.

(ii) Extending the proposed technique in three dimensions.
(iii) Studying flux distributions of non-symmetrical PWR typical lattice.
(iv) Treating the problem as a stochastic process, since the macroscopic cross-

sections are not constant but random variables.
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F 11. Variations of fast flux in moderator region against angle
θ, at different values ofr.

0 0.25 0.5 0.75 1 1.25 1.5

0.031

0 .0312

0.

.

0314

0.0316

r=0.45

r=0.5225

r=0.6331

F 12. Variations of thermal flux in moderator region against
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1. I

The infinite product of the form

π

2
=


limk→∞ 22

1·3 · 42

3·5 · · · · · (2k)2

(2k−1)·(2k+1)

limk→∞ 2 · 2·4
32 · 4·6

52 · · · · · (2k−2)·2k
(2k−1)2

(1)

is known as the Wallis formula (or product) [5]. This formula is the most remarkable
expression for the numberπ. The formula is proved in an elementary way on the
basis of recurrence formula of∫ sinα(t) dt.

In this paper we give a generalization and prove it similarly as in the original case.

2. T  

Theorem(Generalized Wallis formula). Let n> 0 be an arbitrary real number. Then

π̂(n)
2

=


limk→∞ 1

n

∏k
i=1

i2(n+1)2

i2(n+1)2−n2

limk→∞ n+1
n

∏k−1
i=1

i (i+1)(n+1)2

[(i+1)(n+1)−1][(i+1)(n+1)−n]

(2)

where

π̂(n) = 2 ·
π

n+1

sin π
n+1

. (2a)

In the case wheren = 1, (2) is the original Wallis formula (1).
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Proof. Consider the half-linear differential equation

y′′|y′|n−1 + yn∗ = 0, y = y(x), (−∞ < x < ∞), (3)

whereyn∗ = |y|n · signy, n > 0.
In [1] Elbert introduced the generalized sine functionSn(x) as the solution of the

differential equation (3) satisfying the initial conditionsy(0) = 0, y′(0) = 1. The
functionSn(x) is periodic with the period 2ˆπ, and

0 < Sn(x) < 1 for 0< x <
π̂

2
and

Sn

(
π̂

2

)
= 1, S′n

(
π̂

2

)
= 0.

It is proved that the generalized Pythagorean formula holds

|Sn(x)|n+1 + |S′n(x)|n+1 = 1. (4)

First we show the following simple integral formula
∫ π̂(n)

2

0
Sα

n(t) dt =
α − n
α

∫ π̂(n)
2

0
Sα−(n+1)

n (t) dt (α ≥ n + 1). (5)

From the differential equation (3), we have∫
Sn∗

n (t) dt = −1
n

S′n
∗

n + const. (6)

By partial integration we obtain from (6) and (4) that

∫ π̂(n)
2

0
Sα

n(t) dt =

∫ π̂(n)
2

0
Sα∗

n (t) Sα−n
n (t) dt =

=

∫ π̂(n)
2

0
Sα

n(t) dt =

∫ π̂(n)
2

0
Sα∗

n (t) Sα−n
n (t) dt =

=
α − n

n

∫ π̂(n)
2

0
Sα−(n+1)

n (t) dt +
α − n

n

∫ π̂(n)
2

0
Sα

n(t) dt. (7)

Rearranging (7) we obtain (5).
From (6), we get ∫ π̂(n)

2

0
Sn∗

n (t) dt =
1
n
. (8)

In the cases whereα = k(n+1) andα = k(n+ 1)+ n,(k = 1,2, . . . ), we obtain from
(5) the relations

∫ π̂(n)
2

0
Sk(n+1)

n (t) dt =
k− ν

k

∫ π̂(n)
2

0
S(k−1)(n+1)

n (t) dt (9)
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and ∫ π̂(n)
2

0
Sk(n+1)+n

n (t) dt =
k

k + ν

∫ π̂(n)
2

0
S(k−1)(n+1)+n

n (t) dt, (10)

whereν = n
n+1, ν ∈ (0,1).

Repeating (9) and (10) and using (8) we get
∫ π̂(n)

2

0
Sk(n+1)

n (t) dt =
π̂(n)

2

k∏

i=1

i − ν
i
, (k = 1, 2, . . . ) (11)

and ∫ π̂(n)
2

0
Sk(n+1)+n

n (t) dt =
1
n

k∏

i=1

i
i + ν

. (12)

In the case wheren = 1, formulas (11) and (12) are the well-known recurrence
formulas (k(n + 1) is the even,k(n + 1) + n is the odd equivalent of the index).

Since 0< Sn(x) < 1 on
(
0, π̂(n)

2

)
, we have

∫ π̂(n)
2

0
Sk(n+1)+n

n (t) dt <
∫ π̂(n)

2

0
Sk(n+1)

n (t) dt

<

∫ π̂(n)
2

0
S(k−1)(n+1)+n

n (t) dt (k = 1, 2, . . . ). (13)

By (11) and (12), formula (13) can be written in the form

Ak <
π̂(n)

2
< Bk (k = 1, 2, . . . ), (14)

where

Ak =
1
n

k∏

i=1

i2

i2 − ν2
(15)

and

Bk =
1
ν

k−1∏

i=1

i (i + 1)[
i + 1− ν

n

]
[i + 1− ν]

. (16)

Clearly,

Bk =
k + ν

k
Ak. (17)

The sequenceAk is strictly increasing because

i2(n + 1)2

i2(n + 1)2 − n2
> 1 (i = 1,2, . . . , k).

Hence, by (14), the limit limk→∞ Ak exists.
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The sequenceBk is strictly decreasing because

i (i + 1)[
i + 1− ν

n

]
[i + 1− ν]

=
i (i + 1)

i (i + 1) + ν2

n

< 1 (i = 1, 2, . . . , k− 1).

By (14), the limit limk→∞ Bk exists.
We estimate the difference ofBk andAk, (14) and (17)

0 < Bk − Ak =
ν

k
Ak <

ν

k
π̂(n)

2
. (18)

With increasingn, Bk−Ak can be diminished, soπ̂(n)
2 can be approximated with op-

tional accuracy with theAk, Bk sequence, that is

lim
k→∞

Ak =
π̂(n)

2
= lim

k→∞
Bk,

which proves our theorem. �

Remark.The integrals (11) and (12) may be computed by using the gamma-functions.

Second Proof.We take

I (n, α) =

∫ π̂(n)
2

0
Sα

n(t) dt. (19)

Considerϕn(t), the inverse function ofSn(t) . From (4),

dϕn(t)
dt

=
1

n+1√
1− tn+1

(0 5 t < 1). (20)

From (19), using the substitutionτ = Sn(t)n+1, we get

I (n, α) =
1

n + 1

∫ 1

0
τ
α−n
n+1 (1− τ)− 1

n+1 dτ. (21)

Consider the Euler first integral [2]

B(x, y) =

∫ 1

0
tx−1(1− t)y−1dt (22)

wherex, y are positive. This integral can be evaluated using gamma-function:

B(x, y) =
Γ(x)Γ(y)
Γ(x + y)

. (23)

In the right side of (20), there is the Euler first integral. Using (23), we get

I (n, α) =
1

n + 1

Γ
(
α+1
n+1

)
Γ
(

n
n+1

)

Γ
(
α

n+1

) (α > 0). (24)
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In the caseα = k(n + 1) + n, (k = 1,2, , ), we have

I (n, k(n + 1) + n) =
1

n + 1

Γ(k + 1)Γ
(

n
n+1

)

Γ
(
k + n

n+1

)
.

Using the elementary formula for the gamma-function

xΓ(x) = Γ(x + 1), (25)

we get

I (n, k(n + 1) + n) =
1
n

k∏

i=1

i
i + ν

,

which is equivalent to (12). Ifα = k(n + 1), applying (22), we obtain

I (n, k(n + 1)) =
Γ
(
k + 1

n+1

)
Γ
(

n
n+1

)

Γ(n + 1).
In view of (25), we have

I (n, k(n + 1)) =
1

n + 1
Γ

(
1

n + 1

)
Γ

( n
n + 1

) k∏

i=1

i − ν
i
. (26)

With the help of the Euler functional equation

Γ(x)Γ(1− x) =
π

sinπx
,

and (2a), we get
1

n + 1
Γ

( n
n + 1

)
Γ

( n
n + 1

)
=
π̂(n)

2
.

Substituting this into (26), we obtain (11). �
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[1] E, Á.: A half-linear second order differential equation. Qualitative theory of differential equa-
tions, Colloquia Math. Soc. J. Bolyai,30 (1979), 158–180
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1. T    :
 BSC- 

1.1. Introduction. It is well-known that equations like

ut + f (t, x; u,∇u) = 0 (0.1)

for u : �n × �+ → � with f : �+ × J(1)(�n) → � being some fixed mapping on
the jet-manifoldJ(1)(�n;�) are calledHamilton–Jacobi equations, and are related
to the motion of certain mechanical systems. As was shown earlier in [1–3], these
equations possess the stabilisation property ast → ∞, namely, a solution to (0.1) for
any Cachy datau|t=0+ = v from some appropriate class of functions tends to these
Cauchy data.
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In case the mappingf : J(1)(�n;�) → � is smooth and does not depend on
variables (t, x) ∈ �+ × �n and functionu : �n × �+ → �, S. Kruzhkov [8–9]
obtained the following analytical representation for the solution to (0.1) with the
smooth Cauchy datav : �n→ � :

u(x, t) = v(x− t∇ f (p0)) + t
[〈p0,∇ f (p0)〉 − f (p0)

]
, (0.2)

whereu|t=0+ = v and the functionp0 = ∇v (x− t∇ f (p0)) .
In this work, we develop the theory of equations like (0.1) for some special kinds

of mappingsf : J(1)(�n;�)→ �, namely,

ut + f (x; u,∇u) = 0 (0.3)

and demonstrate the inf-type extremality structure of their solutions which was first
observed by P. Lax (see [1]). In particular, we prove that this inf-type extremality
structure really gives rise to solutions of (0.3) for the Cauchy data from the class
BSC(�n) of convex lower semicontinuous functions on�n. In tparticular, for the
case where

f (x; u,∇u) :=
1
2
〈∇u,∇u〉 , u ∈ BSC(�n),

we prove in Section 1 the aforementioned Lax result and give its generalisation to a
wider class of Cauchy data.

In Section 2, we study the extremality structure of solutions to equations (0.3)
which reduce to a fixed point problem and show its well-posedness. Another gen-
eralisation considered in this work is related to a Hamilton-Jacobi equation (0.3) on
then-dimensional sphere�n. The corresponding inf-type extremality solution to this
Hamilton-Jacobi equation is proved to exist also for the BSC-class of functions on
�n.

1.2. Problem setting.The review article [1] devoted to viscosity solutions of first
and second order partial differential equations contains the following exact formula,
suggested by P. Lax,

u(x, t) = inf
y∈�n

{
v(y) +

1
2t
‖x− y‖2

}
, (1.1)

for the solutions to the Hamilton–Jacobi nonlinear partial differential equation:

∂u
∂t

+
1
2
‖∇u‖2 = 0, u|t=0+ = v, (1.2)

with Cauchy datav ∈ BSC(�n) being chosen as a properly convex and lower semi-
continuous function. Here,‖·‖ = 〈·, ·〉 is the usual norm in�n, n ∈ �, andt ∈ �+ is a
positive evolution parameter. It is also stated in [1] that there is no exact proof of the
Lax formula (1.1) based on general properties of the Hamilton-Jacobi equation (1.2).

The present section is devoted to such an exact proof of the Lax formula (1.1) and
to the study of some of its properties.



INF-TYPE EXTREMALITY SOLUTIONS OF HAMILTON–JACOBI EQUATIONS 159

1.3. Analysis of the Hamilton-Jacobi dynamics.Consider the following canonical
Hamiltonian system associated naturally [2] with (1.2):

dx
dt

=
∂H0

∂p
,

dp
dt

= −∂H0

∂x
, (2.1)

where the Hamiltonian functionH0 ∈ C2(T(�n);�) is

H0(x, p) =
1
2
‖p‖2 (2.2)

for (x, p) ∈ T∗(�n), T∗(�n) being the canonical phase space of coordinates. The
solution to (2.1) with Cauchy data at (x0, p0) ∈ T∗(�n) is given for all t ∈ �+ as
follows:

x = x0 + p0t, p = p0. (2.3)

Introduce now the so-called “action function”u : �n × �+ → � which can be
defined [2] locally as

du = −H0(x, p)dt + 〈p, dx〉 , (2.4)

where, by (2.3),p = (x− x0)/t, and letu|t=0+ = v ∈ BSC(�n). From (2.4) one obtains
immediately that

∂u
∂t

= −H0(x, p),
∂u
∂x

= p (2.5)

for all points (x, p) ∈ T∗(�n). Substituting (2.2) into (2.5), one gets the following.

Lemma 1.1. The action functionu : �n × �+ → � satisfies exactly the Hamilton-
Jacobi equation (1.2), that is

∂u
∂t

+
1
2
‖∇u‖2 = 0, u|t=0+ = v. (2.6)

Now we shall proceed to computing an expression for the action functionu :
�n ×�+ → �, defined by (2.4). From (2.4) one finds that

u(x, t) =

∫ t

0
dτ

(
du
dτ

)∣∣∣∣∣∣ x=x0+p0τ
p=p0

+ v(x0)|x=x0+p0t =

=

∫ t

0
dτ

(〈
p,

dx
dτ

〉
− H0(x, p)

) ∣∣∣∣∣ x=x0+p0τ
p=p0

+ v(x0)|x=x0+p0t =

=

(
1
2
‖p0‖2t + v(x0)

) ∣∣∣∣∣
x=x0+p0t

. (2.7)

Since, due to (2.5), at a fixedx ∈ �n, the function

∂u(x, t)
∂x

|t=0+ = p0(x), (2.8)
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is defined, wherep0 : �n → �n is some mapping naturally defined from (2.3), (2.8)
and (2.7), one arrives at the formula

u(x, t) = v (x− p0(x0)t) +
t
2
‖p0(x0)‖2. (2.9)

Here, for somex0 ∈ C(�n ×�+;�n), the equation

x0 = x− tp(x0)

holds, giving an unwieldy solution to the Hamilton-Jacobi equation (2.6). The ex-
pression (2.9) can be easily transformed into the following useful form:

u(x, t) = v(ξ) +
1
2t
‖x− ξ‖2, (2.10)

where the mappingξ : �n × �+ → �n is defined as a solution to the functional
equations

ξ(x, t) := x− tp0(ξ(x, t)), p0(x) :=
∂u(x, t)
∂x

∣∣∣∣∣
t=0+

(2.11)

for anyx ∈ �n, andt ∈ �+.
For the expression (2.10) to be interpreted more exactly, it is useful to recall that

Hamiltonian equations (2.1) are completely equivalent to the following shortened
extremal Lagrange action principle:

δũ[x0; x̃, t]
∣∣∣∣∣ x̃|τ=0+ =x0∈�n

x̃|τ=t=x∈�n

x̃∈C1(�+;�n)

= 0, ũ[x0; x̃, t] :=
∫ t

0
dτL0(x̃,

·
x̃) + v(x0), (2.12)

where, by definition, the Lagrangian function is

L0(x̃,
·
x̃) :=

〈
p,
·
x̃
〉 − H0(x̃, p)| ·

x̃=∂H0(x̃,p)/∂p
. (2.13)

Based on (2.4) and (2.13), one infers easily that the extremum expression

ũ(x, t) := inf x0∈�n

{
v(x0) +

1
2t
‖x− x0‖2

}

= v(ξ̃) +
1
2t

∥∥∥x− ξ̃
∥∥∥2

(2.14)

holds if it is assumed that the infimum in the parenthesis exists and is attained at a
unique pointx0 = ξ̃(x, t) for fixed x ∈ �n andt ∈ �+. For the above motivation to be
validated, we shall study in detail properties of the solutionξ̃ = ξ̃(x, t) to the extremal
problem (2.14) aiming to prove thatξ̃(x, t) = ξ(x, t) for anyx ∈ �n andt ∈ �+, where

ξ(x, t) := x− tp0(ξ(x, t)), p0(x) :=
∂u(x, t)
∂x

|t=0+ ,

as it was found in (2.11).
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1.4. Analysis of the extremality problem. Let us consider the problem (2.14) in
the case when a functionv : �n → � is properly convex and semicontinuous from
below, that isv ∈ BSC(�n). Then the following lemma (similar to lemma A5 in [1])
is true.

Lemma 1.2. There exists a unique solutionx0 = ξ̃(x, t) ∈ �n to the extremum prob-
lem(2.14)characterised by the inequality

1
t

〈
ξ̃ − x, ξ̃ − y

〉
≤ v(y) − v(ξ̃) (3.1)

for all y ∈ �n, t ∈ �+.

Proof. We first prove the inequality (3.1) assuming the existence of a solution to
(2.14). Let us take any

z = ξ̃ + ϑ(y − ξ̃) = ϑy + (1− ϑ)ξ̃,

whereϑ ∈ (0, 1). Then one easily obtains the inequality

v(ξ̃) +
1
2t
‖x− ξ̃‖2 ≤ v(ξ̃ + ϑ(y − ξ̃))

+
1
2t

〈
ξ̃ + ϑ(y − ξ̃) − x, ξ̃ + ϑ(y − ξ̃) − x

〉

≤ (1− ϑ)v(ξ̃) + ϑv(y) +
1
2t

〈
ξ̃ − x, ξ̃ − x

〉

+
1
t
ϑ
〈
ξ̃ − x, y − ξ̃

〉
+
ϑ2

2t

〈
y − ξ̃, y − ξ̃

〉
, (3.2)

whence we find that

v(ξ̃) − v(y) +
1
t

〈
ξ̃ − x, ξ̃ − y

〉
≤ ϑ

2t
‖y − ξ̃‖2, (3.3)

for any ϑ ∈ (0,1). Passing to the limit in (3.3) asϑ → 0, one gets exactly the
inequality (3.1).

Now we shall proceed to the proof of the existence of a solution to (2.4). We use a
standard minimizing sequenceξ̃ j ∈ �n, j ∈ �+, satisfying the inequality

v(ξ̃ j) +
1
2t

〈
ξ̃ j − x, ξ̃ j − x

〉
≤ ũ(x, t) +

1
j

(3.4)

for any j ∈ �+ and prove first that it is a Cauchy sequence.
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One deduces now that

‖ξ̃ j − ξ̃i‖2 = 2‖ξ̃ j − x‖2 + 2‖ξ̃i − x‖2 − 4

∥∥∥∥∥∥∥
ξ̃ j + ξ̃i

2
− x

∥∥∥∥∥∥∥

2

≤

≤ 4t

[
1
i

+
1
j

+ 2ũ(x, t) − v(ξ̃ j) − v(ξ̃ j)

]
+ 8t

v

ξ̃ j + ξ̃i

2

 − ũ(x, t)

 ≤

≤ 4t

(
1
i

+
1
j

)
, (3.5)

using inequalities (3.4) and the convexity ofv ∈ BSC(�n). Inequality (3.5) means
that for any fixedt ∈ �+, there exists the limit element limj→∞ ξ̃ j = ξ̃ ∈ �n, by
virtue of the completeness of the Euclidean space�n. On the other hand, the lower
semicontinuity ofv : �n→ � yields

ũ(x, t) ≤ v(ξ̃) +
1
2t
‖ξ̃ − x‖2

≤ lim inf
j→∞

(
v(ξ̃ j) +

1
2
‖ξ̃ j − x‖2

)
≤ ũ(x, t), (3.6)

which implies the following identity related to (2.14):

ũ(x, t) ≡ v(ξ̃) +
1
2t
‖ξ̃ − x‖2. (3.7)

The uniqueness of the solutionξ̃ ∈ �n of problem (2.14) for fixedx ∈ �n and
t ∈ �+ is proved as follows. If̃ξ1 andξ̃2 ∈ �n are two different solutions of (2.14),
then it follows from (3.1) that

v(ξ̃1) − v(ξ̃2) +
1
t

〈
ξ̃1 − x, ξ̃1 − ξ̃2

〉
≤ 0,

v(ξ̃2) − v(ξ̃1) +
1
t

〈
ξ̃2 − x, ξ̃2 − ξ̃1

〉
≤ 0,

(3.8)

for anyt ∈ �+. Summing inequalities (3.8), one gets readily that

1
t
‖ξ̃1 − ξ̃2‖ ≤ 0 (3.9)

for any t ∈ �+ and, hence,̃ξ1 ≡ ξ̃2. Thus, the solutioñξ : �n ×�+ → � of problem
(2.14) is unique. �

Now we shall investigate differential properties of the solutioñξ : �n ×�+ → �,
which will be used essentially in the main required equalityξ̃ = ξ, thus ensuring that
the extremum function ˜u : �n×�+ → � belongs to BSC(�n) and coincides with the
solutionũ : �n ×�+ → � of problem (1.2).

The following lemma is almost obvious from inequality (3.1).
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Lemma 1.3. The mappings̃Pt : �n → �n and (1 − P̃t) : �n → �n, where, by
definition,P̃tx := ξ̃(x, t) for anyt ∈ �+, are Lipschitzian, that is, for anyx, y ∈ �n

‖P̃tx− P̃ty‖ ≤ ‖x− y‖, ‖(1− P̃t)x− (1− P̃t)y‖ ≤ ‖x− y‖. (3.10)

Proof. From (3.1) one easily obtains

‖P̃tx− P̃ty‖2 + ‖(1− P̃t)x− (1− P̃t)y‖2 ≤ ‖x− y‖2, (3.11)

which yields inequalities (3.10). �

Consider now the minimum function ˜u : �n ×�+ → � for problem (2.14), which
is realized at a unique elementξ̃ = P̃t ∈ �n, t ∈ �+. We can formulate the following
useful lemma.

Lemma 1.4. The mapping̃ut : �n → �n defined as̃ut(x) := ũ(x, t) for any x ∈ �n,
with t ∈ �+ fixed, is convex and differentiable with respect tox ∈ �n, and satisfies
the equality

∇ũt(x) =
1
t

(
x− P̃t(x)

)
. (3.12)

Moreover, ast → 0+, for anyx ∈ �n the following limits exist:

lim
t→0+

ũt(x) = v(x), lim
t→0+

P̃t(x) = x. (3.13)

Proof. We first verify equalities (3.13) making use of the following Fenkhel charac-
terisation [3] of convex lower semicontinuous functions:A function f : �n → �

is convex and lower semicontinuous if it coincides with its second conjugate via a
Fenkhel function, that is f ∗∗(x) = f (x), x ∈ �N, where, by definition,

f ∗(p) := sup
x∈�n
{〈x, p〉 − f (x)} , (3.14)

for any f : �n→ � andp ∈ �n. Since (2.14) yields

ũ(x, t) ≤
{
v(y) +

1
2t
‖y − x‖2

}∣∣∣∣∣∣
y=x

= v(x)

for any x ∈ �n, t ∈ �, we get the following chain of inequalities using the semicon-
tinuity of the functionv : �n→ �:

1
2t

∥∥∥ξ̃(x, t) − x
∥∥∥2 ≤ v(x) + v∗(p) − 〈p, x〉 + 〈p, x− ξ(x, t)〉 ≤

≤ 1
4t

∥∥∥ξ̃(x, t) − x
∥∥∥2

+ v(x) + v∗(p) − 〈p, x〉 + t‖p‖2. (3.15)

Whence one arrives at the inequality
∥∥∥ξ̃(x, t) − x

∥∥∥2 ≤ 4t
(
v(x) + v∗(p) − 〈p, x〉 + t‖p‖2

)
, (3.16)

which means evidently that limt→0+ ξ̃(x, t) = x for all x ∈ �n.
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Note that this result can also be obtained by making use of inequality (3.1) and the
convexity of the functionv : �n→ �.

Since the functionv : �n → � is convex and lower semi-continuous, one can
write the following chain of inequalities:

ũ(x, t) ≤
{
v(y) + ‖x− y‖2 1

2t

} ∣∣∣∣
y=x

= v(x) ≤ lim inf
t→0+

v(ξ̃(x, t)) =

= lim inf
t→0+

{
ũ(x, t) − 1

2t
‖x− ξ̃‖2

}
≤ lim inf

t→0+
ũ(x, t). (3.17)

Thus, applying the lim supt→0+ operation to the left hand side of (3.17), one gets
easily that

lim sup
t→0+

ũ(x, t) ≤ ν(x) ≤ lim inf
t→0+

ũ(x, t),

hence the limit
lim
t→0+

ũ(x, t) = v(x)

exists. To prove now equality (3.12), we note that the inequality

ũ(x, t) − ũ(y, t) ≤
〈

1
t
(x− ξ̃(x, t)), x− y

〉
(3.18)

holds for anyx, y ∈ �n and fixedt ∈ �+. From (3.18) and (3.10), applying the change
of variablesx� y, one arrives at the following inequality:

ũ(x, t) − ũ(y, t) ≥
〈

1
t
(y − ξ̃(y, t)), x− y

〉
=

〈
1
t
(x− ξ̃(x, t)), x− y

〉
+

+

〈
1
t
(y − x + ξ̃(x, t) − ξ̃(y, t)), x− y

〉
=

〈
1
t
(x− ξ̃(x, t)), x− y

〉
+

+

〈
1
t
(1− P̃t)y − 1

t
(1− P̃t)x, x− y

〉
≥

〈
1
t
(x− P̃i x), x− y

〉
− 1

t
‖x− y‖2. (3.19)

It follows from (3.19) that, for allx, y ∈ �n andt ∈ �+,
∣∣∣∣ũ(x, t) − ũ(y, t) −

〈
1
t (1− P̃i)x, x− y

〉∣∣∣∣ ≤ 1
t
‖x− y‖2, (3.20)

that is,
1
t
(1− P̃t)x = ∇ũ(x, t),

which is the result desired. As a consequence of expressions (3.12) and (2.14), one
obtains the equality

lim
t→0+
∇ũ(x, t) = p̃0(x) ≡ x− ξ̃(x, t)

t
(3.21)

for all x ∈ �n and t ∈ �+, defining a certain function ˜p0 : �n → �n. The latter
proves exactly thatξ(x, t) ≡ ξ̃(x, t) andu(x, t) ≡ ũ(x, t) for all x ∈ �n, t ∈ �+ if only
one identifiesp0(x) = p̃0(x), x ∈ �n. �
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Summing up the results above, we obtain the following characterisation theorem.

Theorem 1.5. The solution of the extremum problem(2.14) realized at the point
ξ̃ = ξ̃(x, t) ∈ �n is a convex, lower semicontinuous functionũ : �n × �+ → �

coinciding exactly with expression(2.10) containing the vectorξ = ξ(x, t) ∈ �n

equal to the vector̃ξ = ξ̃(x, t) ∈ �n constructed above.

Having stated in Theorem 1.5 the identity between two expressions (2.10) and
(2.14), we obtain our ultimate theorem.

Theorem 1.6. The extremum Lax expression(1.1)solves the Hamilton–Jacobi equa-
tion (1.2) for the Cauchy data from the class of convex lower semicontinuous func-
tionsBSC(�n).

2. T     :
 BSC- 

2.1. A general description of results.This subsection deals with the study of the
validity of the Lax formula (1.1) of Section 1 for the solution to Hamilton-Jacobi
nonlinear partial differential equation (1.2), Section 1, with the Cauchy datav : �n→
� being a lower semicontinuous function which is not necessarily convex. We shall
prove that the Lax formula solves the Cauchy problem (1.2), Section 1, at any point
x ∈ �n andt ∈ �+ fixed, save for an exceptional set of pointsQ of theFδ type having
Lebesgue measure zero.

2.2. Problem setting and formulation of results.Suppose thatn ∈ �+ and define
BSC(�n) as the set of all lower semicontinuous functionsv : �n→ � for which

v−(y) = o(‖y‖2) (1.1)

as‖y‖ → ∞, wherev− := 1
2(|v| − v) andy ∈ �n. Let us putΛ := �n × �+ and let

Bloc(Λ) be the set of all locally bounded functionsu : Λ → �. Consider now the
following essentially nonlinear operator

u(x) := L(v)(x, t) = inf
y∈�n

{
v(y) +

1
2t
‖x− y‖2

}
(1.2)

from BSC(�n) toBloc(Λ), wherez := (x, t) ∈ Λ is an arbitrary point.

Remark2.1. It follows from (1.1) that

L(v)(z) ≤ v(0) +
‖x‖2
2t

, (1.3)

and therefore,L : BSC(�n)→ Bloc(Λ), that is operator (1.2) is well-defined.
Below we prove the Lax formula (1.1), Section 1, for the solution to the Hamilton-

Jacobi equation (1.2), Section 1, that is, the formulau(z) = L(v)(z) for almost allz ∈ Λ

does solve the Cauchy problem (1.2), Section 1. Namely, we develop a background
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for stating the Lax formula (1.1), Section 1, and prove the validity of Theorem 2.2
below.

Theorem 2.2. Let v ∈ BSC(�n) andu = L(v). Then:

(i) The functionu ∈ Bloc(Λ) ∩ Lip1,loc(Λ) and, for almost all(x, t) ∈ Λ, is
differentiable in the usual sense;

(ii) The set of points where the functionu : Λ → � is not differentiable is
contained in some exceptional setQ of typeFδ having Lebesgue measure
zero;

(iii) The derivatives∂u/∂t and∇u are continuous onΛ \ Q;
(iv) For all (x, t) ∈ Λ \ Q, the functionu : Λ → � solves the Cauchy problem

(1.2), Section 1;
(v) For all x ∈ �n, we havelimt→0+ u(x, t) = v(x).

2.3. Regularity properties of the operatorL. We divide ourproof of Theorem 2.2
into several steps and formulate some regularity lemmas.

Definition 2.3. For anyz ∈ Λ, we put

Az :=

{
y0 ∈ �n : ψ(z; y0) = inf

y∈�n
ψ(z; y)

}
, (2.1)

where

ψ(z; y) := v(y) +
‖x− y‖2

2t
, (2.2)

for z = (x, t) ∈ Λ, and, for arbitraryK ⊂ Λ, we set

A(K) :=
⋃

z∈KAz. (2.3)

Remark2.4. Sincev ∈ BSC(�n), we see that the mappingψz : �n 3 y 7→ ψ(z; y) ∈ �
is also lower semicontinuous and, hence, the setsAz, z ∈ ∆, are nonempty. In the
sequel, for the sake of convenience, we put

r(z; y) =
‖x− y‖2

2t
, (2.4)

wherey ∈ �n andz = (x, t) ∈ Λ.

Lemma 2.5. SupposeK is a nonempty compact subset ofΛ. ThenA(K) is nonempty
and compact in�n. In particular, for arbitraryz ∈ Λ, the setAz is compact.

Proof. Let us first prove that the setA(K) is bounded. In accordance with the notation
above, we have that, for allz ∈ Λ,

u(z) = inf
y∈�n

ψ(z; y). (2.5)

Thus, having taken into account (2.1) and (2.2), one gets that

A(K) =
{
y ∈ �n : ∃ z ∈ K ψ(z; y) = u(z)

}
. (2.6)
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From (2.6) one easily deduces that for anyy ∈ A(K)

inf
z∈K

ψ(z; y) ≤ sup
z∈K

u(z),

whence, by virtue of the local boundedness ofu : Λ→ � (see Remark 1.1), it follows
that there exists a constantc0 ∈ �+ such that, for anyy ∈ A(K),

inf
z∈K

ψ(z; y) ≤ c0. (2.7)

It is also evident that there exist constantsc1, c2 ∈ �+ such that

inf
z∈K

r(z; y) ≥ c1‖y‖2 − c2. (2.8)

From (2.7) and (2.8) it follows that for anyy ∈ A(K)

v(y) + c1 ‖y‖2 − c2 ≤ inf
z∈K
ψ(z; y) ≤ c0,

and therefore, for anyy ∈ A(K)

c1‖y‖2 − v−(y) ≤ c0 + c2. (2.9)

The last inequality, in view of condition (1.1), implies the boundedness of the set
A(K).

We shall now prove that the setA(K) is closed. Let a sequence{ym ∈ �n : m ∈
�+} ⊂ A(K) be convergent and ˜y := limm→∞ ym. From (2.5) and (2.6) we get that
there exists a sequence{zm ∈ K : m ∈ �+} such that, for anyy ∈ �n andm ∈ �+,

ψ(zm; ym) ≤ ψ(zm; y). (2.10)

Taking, if necessary, a suitable subsequence, we may assume that the sequence{zm ∈
K : m ∈ �+} is also convergent. Puttingz := limm→∞ zm and taking into account that
v ∈ BSC(�n), one concludes immediately that, for anyy ∈ �n,

ψ(z; y) = v(y) + r(z; y) ≤ lim
k→∞

ψ(zk, yk) ≤ lim
k→∞

ψ(zk, y) =

= v(y) + lim
k→∞

r(zk; y) = v(y) + r(z; y) + ψ(z; y).

Thus, for anyy ∈ �n, we haveψ(z; y) ≤ ψ(z; y), that is,y ∈ Az ⊂ A(K). Sincez ∈ K,
this proves the lemma. �

Lemma 2.6. The functionu : Λ→ � (2.5)belongs to the spaceLip1,loc(Λ) of locally
Lipschitzian functions.

Proof. Let us fix an arbitrary closed ballK ⊂ Λ and takez1, z2 ∈ K, y1 ∈ Az1, y2 ∈ Az2.
Then

u(z1) = v(y1) + r(z1; y1),

u(z2) = v(y2) + r(z2; y2),
(2.11)
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and, by the definition of infimum, we get

u(z1) ≤ v(y2) + r(z1; y2),

u(z2) ≤ v(y1) + r(z2; y1).
(2.12)

From (2.11) and (2.12) it follows immediately that

u(z1) − u(z2) ≤ r(z1; y2) − r(z2; y2),

u(z2) − u(z1) ≤ r(z2; y1) − r(z1; y1),

whence the inequality

|u(z1) − u(z2)| ≤ max
j=1,2
|r(z1; y1) − r(z2; y j)|

≤ sup
y∈A(K)

|r(z1; y) − r(z2; y)|. (2.13)

follows.
Sincer ∈ C∞(Λ×�n;�) andA(K) is compact by virtue of Lemma 1.1, we deduce

that there exists a constantc ∈ �+, depending only on the ballK, such that for any
z1, z2 ∈ K, y ∈ A(K) one has

|r(z1; y) − r(z2; y) ≤ c‖z1 − z2‖.
Thus, our lemma is proved. �

Lemma 2.7. For all x ∈ �n,

lim
t→0+

u(x, t) = v(x).

Proof. Take anyx ∈ �n, t1 ≤ t2 ∈ �+ andzj := (x, t j) ∈ Λ, j = 1,2. Then, for any
y ∈ �n, we haveψ(z1; y) ≥ ψ(z2; y) and, hence,

u(x, t1) ≥ u(x, t2) (2.14)

for anyx ∈ �n andt1 ≤ t2 ∈ �+. It is also evident that, for anyx ∈ �n andt ∈ �+,

u(x, t) ≤ v(x). (2.15)

Now, from (2.14) and (2.11), we easily get that for allx ∈ �n the limit v(x) =

limt→0+ u(x, t) exists and satisfies inequality

v(x) ≤ v(x). (2.16)

Let now x ∈ �n and a sequence{t j ∈ �+ : j ∈ �+} be convergent to zero. Put
zk := (x, tk) ∈ Λ, k ∈ �+ and choose a sequence{yk ∈ �n : k ∈ �+} with yk ∈ Azk,
k ∈ �+. Then evidently for allk ∈ �+, x ∈ �n

u(x, tk) = v(yk) + r(zk; yk). (2.17)

Using the same considerations as in Lemma 1.1 when proving the boundedness of
the setA(K), it easy to see that{yk ∈ �n : k ∈ �+} is also bounded. Passing to a
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subsequence if necessary, we may assume that the sequence{yk ∈ �n : k ∈ �+} is
convergent.

Put y := limk→∞ yk. Then, by virtue of the lower semicontinuity of the function
v ∈ BSC(�n), we obtain

lim
k→∞

v(yk) ≥ v(y). (2.18)

Hence the sequence{v(yk) : k ∈ �+} is bounded from below. As a result, using (2.17)
and (2.18), one arrives at the boundedness of the sequence{r(zk; yk) : k ∈ �+}, which
leads to the following limit relations:

‖x− y‖2 = lim
k→∞
‖x− yk‖2 = lim

k→∞
2tkr(zk; yk) = 0.

Thus it is evident thaty ≡ x ∈ �n. Due to (2.17), we see thatu(x, tk) ≥ v(yk) for any
x ∈ �n, tk ∈ �+ andyk ∈ Azk, k ∈ �+, and consequently, taking into account (2.14)
and the equalityy ≡ x ∈ �n, one gets the following limit relations:

v(x) = lim
k→∞

u(x, tk) ≥ lim
k→∞

v(yk) ≥ v(y) = v(x).

This obviously implies thatv(x) ≥ v(x) for any x ∈ �n. Thus, on account of (2.16),
the required assertion is proved. �

Lemma 2.8. Take{Km ⊂ Λ : m ∈ �+} as a sequence of embedded compact subsets
of Λ, where, for anym ∈ �+, Km ⊂ Km+1. Then

∞⋂

j=0

A(K j) = A


∞⋂

j=0

K j

 .

Proof. Let us setK :=
⋂∞

j=0K j andB :=
⋂∞

j=0 A(K j). It is evident that it is sufficient
to prove the inclusionB ⊂ A(K). By virtue of Lemma 1.1, the setB is compact.
Suppose also here thatB , ∅, and choosey ∈ B. Evidently there exists a sequence
{yk ∈ �n : k ∈ �+} such thaty := limk→∞ yk andym ∈ A(Km), m ∈ �+. It follows
from the consideration above that there exists a sequence{zm ∈ Km m ∈ �+} such that
ym ∈ Azm for anym ∈ �+. Clearly, the sequence may be assumed to be convergent.

Let limt→∞ zm = z; it is evident thatz ∈ K. Using Definition (2.2) and taking into
account the continuity of the mappingu : Λ→ �, one obtains

ψ(z; y) = v(y) + r(z; y) ≤ lim
m→∞ v(ym) + lim

m→∞ r(zm; ym) =

= lim
m→∞ψ(zm; ym) = lim

m→∞u(zm) = u(z),

which yields the equalityψ(z; y) = u(z) for z ∈ K, or y ∈ Az ⊂ A(K), thus proving the
lemma. �



170 N. K. PRYKARPATSKA, D. L. BLACKMORE, A. K. PRYKARPATSKY, AND M. PYTEL-KUDELA

2.4. Analysis of the exceptional setQ. Denote now by diamM the diameter of a
setM in a metrics space. Let us seta(z) := diamAz for anyz ∈ Λ and put

Q := {z ∈ Λ : a(z) > 0}. (3.1)

One of the crucial points in the proof of Theorem 2.2 is based on the following
statement.

Proposition 2.9. The setQ is a set of typeFδ, and it has Lebesgue measure zero.

The proof of Proposition 2.9 follows from the lemmas formulated and proved be-
low.

Denote by�n−1 the unit sphere in�n and forz ∈ Λ, e ∈ �n−1, put

Ae
z := {λ = 〈w,e〉 : w ∈ Az}, Ge := {x, t) ∈ Λ : 〈x, e〉 = 0}, (3.2)

and define, fore ∈ �n−1, the mapping

Λ 3 z 7−→ ae(z) := diamAe
z ∈ �+. (3.3)

In addition, for any fixede ∈ �n−1 andz ∈ Ge, we define the mappings

� 3 ξ 7−→ ce,z(ξ) = diamAe
z+(ξe,0) ∈ �+,

� 3 ξ 7−→ c+
e,z(ξ) = supAe

z+(ξe,0) ∈ �, (3.4)

� 3 ξ 7−→ c−e,z(ξ) = inf Ae
z+(ξe,0) ∈ �.

Lemma 2.10. The mappingsa, ae, ce,z, c+
e,z, and−c−e,z are upper semicontinuous for

anye ∈ �n−1 andz ∈ Ge.

Proof. Take, for instance, the mapping a:Λ → �+. For the other mappings, the
proof is completely similar.

Let {zm ∈ Λ : m ∈ �+} and limm→∞ zm = z ∈ Λ. Let us putK := {z} ∪ {zm :
m ∈ �+}. SinceK is compact, we see that, due to Lemma 1.1,A(K) is also compact.
Thus, for anym ∈ �+, a(zm) = diamAzm ≤ diamA(K) < ∞, whence it follows that
the sequence{a(zm) ∈ � : m ∈ �+} is bounded.

Put
α := lim

m→∞a(zm); (3.5)

then there exists a subsequence{zmp ∈ Λ : p ∈ �+} for which

α := lim
p→∞a(zmp) (3.6)

together with sequences{yp ∈ A(Kp) : p ∈ �+} and{ỹp ∈ A(Kp) : p ∈ �+, Kp :=
{z} ∪ {zmj : j = p,∞} satisfying for allp ∈ �+ the condition

a(zmp) = ‖yp − ỹp‖. (3.7)

It is evident that, without loss of generality, we may assume that the sequences{yp ∈
A(Kp) : p ∈ �+ and{ỹp ∈ A(Kp) : p ∈ �+} are convergent.
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Put y = limp→∞ yp and ỹ = limp→∞ ỹp. Then, taking into account Lemma 2.8,
one obtains thaty, ỹ ∈ ⋂∞

p=0 A(Kp) = A
(⋂∞

p=0 Kp
)

= Az. Having used relations
(3.5)–(3.7), one arrives at the relation

lim
m→∞a(zm) = lim

p→∞ ‖yp − ỹp‖ = ‖y − ỹ‖ ≤ diamAz = a(z),

which evidently proves the lemma. �

Let us now define, for an arbitrarye ∈ �n−1 (see (3.3)), the set

Qe := {z ∈ Λ : ae(z) > 0}. (3.8)

Lemma 2.11. The setsQ andQe are sets ofFδ type, that is, they are at most count-
able unions of closed sets in�n+1. In particular, the setsQ and Qe are Lebesgue
measurable.

Proof. We confine ourselves to the case of the setQ. The proof for the setQe is
completely similar.

The mappinga : Λ → �+ is upper semicontinuous, hence, the following sets are
closed for allm ∈ �+:

Qm =

{
(x, t) ∈ Λ : a(z) ≥ 1

m+ 1
, t ≥ 1

m+ 1

}
.

Now the obvious equalityQ =
⋃∞

m=0 Qm proves the lemma. �

Lemma 2.12. For arbitrary e ∈ �n−1, z ∈ Ge, the set

Pe,z := {ξ ∈ � : ce,z(ξ) , 0} (3.9)

is countable.

Proof. Fix e ∈ �n−1 andz = (x, t) ∈ Ge and put, for the sake of convenience,c(ξ) :=
ce,z(ξ) andc±(ξ) := c±e,z(ξ) for ξ ∈ �, andP := Pe,z. We also set, for anyξ ∈ �,
∆ξ := (c−(ξ), c+(ξ)).

It is evident that|∆ξ | = c+(ξ) − c−(ξ) = c(ξ) for anyξ ∈ �, where|∆ξ | = diam∆ξ,
andP = {ξ ∈ � : ∆ξ , ∅}. This means that the lemma follows if one proves that, for
anyξ , η ∈ �, we have∆ξ ∩ ∆η = ∅.

Putzξ := z+ (ξe, 0), zη = z+ (ηe, 0) andξ < η. Then for anyy ∈ �n

ψ(zη; y) − ψ(zξ; y) =
1
2t

(
‖x− y + ηe‖2 − ‖x− y + ξe‖2

)

=
1
2t

(η − ξ)(η + ξ − 2 〈y,e〉). (3.10)

Since the setAzξ is compact and

c+(ξ) = sup{〈y,e〉 : y ∈ Azξ },
it follows that there exists an elementy ∈ Azξ such that〈y,e〉 = c+(ξ).
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Put now
Eξ := {y ∈ �n : 〈y,e〉 < c+(ξ)}.

Sinceξ ∈ �n is fixed, it is easy to see that for ally ∈ Eξ

1
2t

(η − ξ)(η + ξ − 2 〈y,e〉) < 1
2t

(η − ξ)(η + ξ − 2 〈y,e〉), (3.11)

whence, by virtue of (3.10), (3.11) and the inequalityψ(zξ; y) ≥ ψ(zξ; y) valid for any
y ∈ �n, one obtains

ψ(zη; y) > ψ(zξ; y) +
1
2t

(η − ξ)(η + ξ − 2 〈y,e〉) = ψ(zη; y).

Thus, for anyξ < η, we haveAzη ⊂ �n \ Eξ, which results in the inequalityc−(η) ≥
c+(ξ). The latter is equivalent to the equality

∆ξ ∩ ∆η = ∅

for anyξ , η ∈ �, so the lemma is proved. �

Lemma 2.13. The setQ has zero Lebesgue measure.

Proof. Let e ∈ �n−1 andχQe be the characteristic function of the corresponding set
Qe. It follows from Lemma 2.11 that the functionχQe is locally integrable inΛ. Let
K0

e andK be compact sets inGe and�, respectively, and

Ke :=
{
z+ (ξe,0) ∈ �n+1 : z ∈ K0

e, ξ ∈ K
}
.

The Fubini theorem [5, 6] implies that∫

Ke

χQedµn+1 =

∫

K0
e

dµn(x)
∫

K
χQe(z+ (ξe,0))dµ1(ξ) (3.12)

for anye ∈ �n−1, whereµk is the Lebesgue measure in�k, k ∈ �+. It is now easy to
see that for arbitrarye ∈ �n−1, z ∈ Ge,{

ξ ∈ � : χQe(z+ (ξe, 0) , 0
}

=
{
ξ ∈ � : ce,z(ξ) , 0)

}
= Pe,z.

By virtue of Lemma 2.12, the setPe,z, at fixede ∈ �n−1, z ∈ Ge, is countable, and
therefore, forz ∈ Ge, we have∫

K
χQe(z+ (ξe,0))dµ1(ξ) = 0.

Hence, using (3.12) and the conditionχQe ≥ 0, one concludes that the functionχQe

is equal to zero almost everywhere onK. Taking into account the arbitrariness of the
compact setsK0

e andK, one easily gets thatχQe is equal to zero almost everywhere

onΛ. Fix now an arbitrary orthonormal basis
{
ej ∈ �n−1 : j = 1, n

}
in the space�n. It

is easy to see, by (3.1) and (3.8), thatQ =
⋃

j∈1,n Qej . By virtue of the results proved

above, each setQej , j = 1, n, is of zero Lebesgue measure and, hence, the setQ has
zero Lebesgue measure as well. This proves the lemma. �
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By using Lemmas 2.11 and 2.13, one readily obtains the proof of Proposition 2.9.

2.5. Analysis of the differential operator L. For Theorem 1.3 to be proved com-
pletely, we introduce a functionρ : Λ→ �n such that for anyz ∈ Λ

Λ 3 z :→ ρ(z) ∈ Az. (4.1)

The existence of such a function (4.1) follows from the axiom of choice [3].
Define the differential operator

Hu =
∂u
∂t

+
1
2
‖∇u‖2, (4.2)

where mappingu : Λ→ � is differentiable almost everywhere onΛ.

Lemma 2.14. A functionρ : Λ → �n satisfying condition(4.1) is continuous at all
pointsz ∈ Λ \ Q.

Proof. Takez ∈ Λ \ Q and choose a convergent sequence{zm ∈ Λ : m ∈ �+} such
that limm→∞ zm = z. Owing to Lemma 2.7, the sequence

{ρ(zm) ∈ �n : m ∈ �+}
is bounded.

Fix now an arbitrary convergent subsequence{ρ(zmk) ∈ �n : k ∈ �+} of the
sequence{ρ(zm) ∈ �n : m ∈ �+}. The lemma will be proved if we show that

lim
k→∞

ρ(zmk) = ρ(z). (4.3)

For anyy ∈ �n andk ∈ �+,

v(ρ(zmk)) + r(zmk; ρ(zmk)) ≤ v(y) + r(zmk; y), (4.4)

whence, passing to the limit ask→ ∞, one gets

v(y) + r(z; y) ≤ v(y) + r(z; y), (4.5)

where, by definition, limk→∞ ρ(zmk) = y. From (4.5) it follows thaty ∈ Az. Since
z ∈ Λ\Q and the setAz is a singleton, one concludes immediately thaty = ρ(z). Thus
the lemma is proved. �

Lemma 2.15. The functionu := L(v) is differentiable at all pointsz ∈ Λ \ Q and

(Hu)(z) = (Hr)(z; y)|y=ρ(z) = 0. (4.6)

Proof. Choosez ∈ Λ \ Q, e ∈ �n, and a sequence{τk ∈ �+ : k ∈ �+} convergent
to zero. Put alsozk := (z + τke) ∈ Λ, k ∈ �+. From the definition of the function
u = L(v) one obtains the inequalities

u(z) ≤ v(ρ(zk) + r(z; ρ(zk)),

u(zk) ≤ v(ρ(z) + r(zk; ρ(z))
(4.7)
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for all k ∈ �+. As a result of (4.7), having taken into account that, for allk ∈ �+,

u(z) = v(ρ(z) + r(z; ρ(z)),

u(zk) = v(ρ(zk) + r(zk; ρ(zk)),

one gets, also for allk ∈ �+, the following inequalities:

u(z+ τke) − u(z)
τk

≤ r(z+ τke; ρ(z)) − r(z; ρ(z))
τk

,

u(z+ τke) − u(z)
τk

≥ r(z+ τke; ρ(zk)) − r(z; ρ(zk))
τk

.

(4.8)

Lemma 2.14 now implies that limk→∞ ρ(zk) = ρ(z). Taking this into account and
passing in (4.8) to the limit whenk→ ∞, one arrives at the relation

lim
k→∞

u(z+ τke) − u(z)
τk

=
∂

∂τ
r(z+ τe; ρ(z)|τ=0. (4.9)

Since the right hand side of equality (4.9) is independent of the choice of the sequence
{τk ∈ �+ : k ∈ �+}, the mappingτ 7→ u(z + τe) is differentiable at zero, and the
equality

∂

∂τ
u(z+ τe)|τ=0 =

∂

∂τ
r(z+ τe; ρ(z)|τ=0

is true for allz ∈ Λ \ Q. Thus, we obtain the proof of the lemma. �

The final steps of proof of Theorem 2.2.It is now easy to complete the proof of The-
orem 1.2. The validity of (i) follows from Lemmas 2.6 and 2.15; (ii) follows from
Proposition 2.9 and Lemma 2.15; (iv) follows from Lemma 2.15; and (v) follows
from Lemma 2.15.

To prove statement (iii) of Theorem 2.2, we note that Lemma 2.15 implies that the
relation

∇u(z) = ∇r(z; y)|y=ρ(z), (4.10)

it true for all z ∈ Λ \ Q. From Lemma 2.14 (by the continuity of the mapping
ρ : Λ \ Q → �n) and (4.10) we now immediately obtain assertion (iii). Thus, the
theorem is proved completely. �

2.6. Generalizations of the inf-type Lax formula. There are many applications in
modern mathematical physics of the following nonlinear Hamilton-Jacobi type first
order partial differential equation:

∂u
∂t

+
1
2
‖∇u‖2 +

βu
2
‖x‖2 +

1
2
< Jx, x >= 0, (5.1)

wheret ∈ �+, β ∈ �+, andJ : �n → �n is a diagonal positive definite matrix, with
the Cauchy data

u|t=0+ = v ∈ BSC(�n). (5.2)

It is natural to seek for a generalisation of the Lax formula (0.1) to represent the
solution of the Cauchy problem (5.1), (5.2) by using the dynamical systems approach
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developed in Section 1 (see also [4, 7]). As a result of such an analysis, we obtain
an inf-type representation for problem (5.1), (5.2), which is described below. Some
related results concerning generalised solutions to Hamilton-Jacobi equations can be
also found in [8, 9].

Proposition 2.16.The Cauchy problem (5.1), (5.2) admits the following inf-type fixed
point problem representation:

u(x, t) = inf
y∈�n
{v(y) + Pu(x, t; y)}, (5.3)

where, by definition, for any(z; y) ∈ Λ ×�n the nonlocal functional

P(z; y) : BSC(�n;�) 3 u→ Pu(z; y) ∈ �
is given by

Pu(x, t; y) :=
1
4

d
dτ
‖α(τ|x, t; y)‖2

∣∣∣∣∣
t

0+
− β

16
(‖x‖4 − ‖y‖4), (5.4)

and the mappingα : �+ × (Λ × �n) → �n is the functional solution to the follow-
ing nonlinear second order ordinary differential equation (with respect to the first
variableτ ∈ �+):

α̈ + βu(α, τ)α + β‖α‖2 ·α = −Jα, α|τ=0+ = y, α|τ=t = x, (5.5)

for anyy, x ∈ �n and fixedu : Λ→ �.

Letting β → 0+ in the exact expressions (5.3)–(5.5), we get that the fixed point
problem (5.3) becomes that of the Lax type exact form. Consider the fixed point
problem (5.3) and discuss conditions under which it possesses a unique solutionu ∈
BSC(�n;�) satisfying the Cauchy data

lim
t→0+

u(x, t) = v(x)

for all x ∈ �n.
For the infimum expression (5.3) to exist at almost all pointsz := (x; t) ⊂ Λ, one

needs to find conditions at which the functionPu(z; ·) : �n → � will be convex and
lower semicontinuous at eachu ∈ BSC(�n;�). Since

Pu(z; y) =
1
2

〈
α̇(t|z; y), α(t|z; y

〉
− 1

2

〈
α̇(0|z; y), α(0|z; y)

〉
− β

16

(
‖x‖4 − ‖y‖4

)
,

whereα = (α1, α2, . . . , αn)T ∈ �n and for everyj = 1, n the set of equations

α̈ j + βu(α, τ)α j + β‖α‖2α̇ j = −ω2
jα j , α j |τ=0+ = y j , α j |τ=t = x j , (5.6)
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holds, whereω2
j ∈ �+, j = 1, n, are some fixed eigenvalues of the matrixJ : �n →

�n in (5.1), one gets easily from (5.6) that

Pu(z; y) =
1
2

∫ t

0
‖α̇‖2ds− β

2

∫ t

0
‖α‖2(u(α; s) + 〈α̇, α〉)ds−

− 1
2

∫ t

0
〈Jα, α〉ds− β

16
(‖x‖4 − ‖y‖4) (5.7)

for all (z; y) ∈ Λ ×�n. Thereby, making use of expression (5.7) (forβ ∈ �+), we can
claim thatPu(z; ·) ∈ BSC(�n), and that the mappingPv : BSC(�n) → BSC(�n) is
well-defined, where, for anyu ∈ BSC(�n),

Pv(u) := inf
y∈�n
{v(y) + Pu(z; y)}. (5.8)

In view of (5.8) and (5.3), we arrive at the following fixed point problem:

Pv(u) = u (5.9)

for u ∈ BSC(�n) with an arbitrary, but fixed, functionv ∈ BSC(�n).
In relation to the nonlinear mapping (5.8) one can define the topological space

Bloc(�n) of all locally bounded functionsu : Λ × �n → � with the topology of
uniform consequence over all compact subsets ofΛ × �n. For the further analysis
of problem (5.9), we need the Fan-Browder fixed point theorem [11], which reads as
follows.

Theorem 2.17. In a topological vector spaceB, letPv be a continuous mapping of
B into B such that there exists a non-empty subsetA ⊂ B satisfying the following
condition:

The setB \
(⋃

u∈APvu
)

is either compact or empty, and the subsetconvA is
compact.

Then there exists a pointu ∈ B such thatu = Pvu.

Keeping in mind the conditions above, we define, for anyv ∈ BSC(�n), the subset

Av :=
⋃

u∈Bloc(�n)

Pv(u) ⊂ Bloc(�
n) (5.10)

and formulate the following two lemmas.

Lemma 2.18. The setconvAv ⊂ Bloc(�n) is compact and convex inBloc(�n) for any
v ∈ BSC(�n).

Lemma 2.19. The setB \
(⋃

u∈AvPvu
)

is compact inBloc(�n) for anyv ∈ BSC(�n).

In connection with these lemmas, we introduce the following sets,A = Av and
B = Bloc(�n), and formulate the following statement.
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Proposition 2.20. The fixed point problem(5.9)with an arbitrary, but fixed, function
v ∈ BSC(�n) restricted to the topological spaceBloc(�n), is uniquely solvable, with
the solution belonging to the spaceBSC(�n). Moreover, this solution satisfies the
standard viscosity condition

v(x) = lim
u→0+

u(x, t)

for all (x, y) ∈ Λ.

Thereby, the Hamilton-Jacobi equation (5.1) with Cauchy data from the functional
space BSC(�n) possesses a unique solution representable as the fixed point problem
(5.3), (5.4), which is solvable for anyv ∈ BSC(�n).

In the case where the Cauchy data belong to the space BSC(�n), where�n is the
N-dimensional sphere imbedded smoothly into the space�N+1, and∇u ∈ T∗(�N),
the Hamilton-Jacobi equation (1.2) on the sphere�n defines [12] the evolution of
a functionu ∈ BSC(�N), which can be also represented in the Lax inf-type form.
Below we will analyse this problem making use of some results from Section 1.

2.7. Solution of extremality problem on�N. As is well-known, the following ex-
tended finite-dimensional Hamiltonian system is closely related to the Hamilton-
Jacobi equation (I.1.2) on the sphere�N:

dq/dτ = ∂H(q, p)/∂p, dp/dτ = −∂H(q, p)/∂q, (6.1)

whereH(q, p) = 1/2‖p‖2 ‖q‖2 , (q, p) ∈ T∗(�N+1), τ ∈ �+. This system is considered
together with the following constraints:

(q, p) ∈ T∗(�N) :=
{
q ∈ �N+1 : ‖q‖2 − 1 = 0, 〈q, p〉 = 0

}
.

From (6.1) we find that, forτ ∈ (0, t], on T∗(�N+1),

dq/dτ = p‖q‖2 , dp/dτ = − ‖p‖2 q. (6.2)

Having taken the Cauchy dataq|τ=0+ = y ∈ �N, q|τ=t = x ∈ �N, from (6.2), one easily
obtains that, for allt ∈ �+, the expression

‖p‖ = t−1 arccos〈y, x〉 (6.3)

is independent ofτ ∈ (0, t]. Consider now the following extremality expression for
the Hamilton-Jacobi equation (1.2), Section 1, extended in a natural way on the entire
space�N+1:

ũ(x, t) = inf{
q(τ)∈�N : q|τ=0+ =y∈�N,

q|τ=t=x∈�N
}

{
v(y) +

∫ t

0
dτ(〈p,dq/dt〉 − H(q, p))

}

= inf
y∈�N

{
v(y) +

t
2
‖p(t; x, t|y)‖2

}
, (6.4)
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where we have putq = q(τ; x, t|y), p = p(τ; x, t|y) for τ ∈ (0, t], x, y ∈ �N, and made
use of the equalityd ‖p‖ /dτ = 0 implied by equations (6.2).

On the other hand, for the quantity‖p‖ ∈ �N+1, we have formula (6.3), which,
together with (6.4), leads us to the inf-type Lax expression

ũ(x, t) = inf
y∈�N

{
v(y) +

1
2t

arccos2 〈y, x〉
}
, (6.5)

which we suggest as a “candidate” for a solution of the Hamilton-Jacobi equation
(1.2), Section 1, on the sphere�N with the Cauchy datav ∈ BSC(�N). The required
equality

ũ(x, t) = u(x, t),

for almost allx ∈ �N andt ∈ �+, can be obtained by an argument similar to that in
Section 1. Here, we shall consider the case wherev ∈ BSC(�N).

2.8. Analysis of the extremality problem on�N. Here we shall prove the equality

ũ(x, t) = u(x, t)

for all x ∈ �N and t ∈ �+, based on the properties of the Cauchy data for (1.2),
Section 1, and the exact inf-type expression (6.5). It is easy to show [3, 4] that there
exists a point̃ξ(x, t) ∈ �N, such that

ũ(x, t) = v(ξ̃(x, t)) +
1
2t

arccos2
〈
ξ̃(x, t), x

〉
, (7.1)

for any x ∈ �N and a fixedt ∈ �+. At the same time, one can show that the exact
solutionu : �N × �+ → � satisfies the following expression involving differential
forms:

du(x, t) = 〈p(x, t), dx〉 − 1/2‖p(x, t)‖2 dt, (7.2)

which is completely equivalent to the Hamilton-Jacobi equation (1.2), Section 1,
where p : �N × �+ → �N+1 fulfils (6.2). Thus, based on (6.2) and (7.2), one
gets easily that

u(x, t) = v(ξ(x, t)) +

∫ t

0
(du(q(τ; x, t|y)), t)/dτ)dτ =

= v(ξ(x, t)) + 1/2
∫ t

0
dτ ‖p(τ; x, t|y)‖2 , (7.3)

that is, for allx ∈ �N and fixed t ∈ �+, we have

u(x, t) = v(ξ(x, t)) +
1
2t

arccos2 〈ξ(x, t), x〉 . (7.4)

Here,ξ : �N × �+ → �N is a mapping defined as follows:

(x− ξ 〈x, ξ〉) 〈ξ, x〉 = tp0(ξ)(1− 〈x, ξ〉)1/2, (7.5)
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where the functionp0 : �N → �N+1 satisfies the following relation implied by (7.3):

∇u(ξ, t)|t=0+ := p0(ξ), (7.6)

depending only on the Cauchy datav ∈ BSC(�N). Therefore, it is sufficient to prove
the equality for allx ∈ �N andt ∈ �+, and that will yield the required equality

ũ(x, t) = u(x, t).

It is easy to establish the following lemma.

Lemma 2.21. Expression(7.1) is �N 3 x-differentiable for eacht ∈ �+, and the
following equality holds:

∇ũ(ξ̃, t)|t=0+ = p̃0(ξ̃), (7.7)

where the relation
(
x− ξ̃〈x, ξ̃

〉) 〈
ξ̃(x, t), x

〉
= t p̃0(ξ̃)

(
1− 〈

x, ξ̃
〉)1/2

, (7.8)

is fulfilled for anyx ∈ �N andt ∈ �+.

In view of (7.8) and (7.6), we conclude that, with

p0(x) = p̃0(x),

for anyx ∈ �N, the equalitỹξ(x, t) = ξ(x, t) holds for allt ∈ �+. This means, by (7.1)
and (7.2), that the inf-type Lax expression (6.4) solves the Hamilton-Jacobi equation
(1.2), Section 1, on the sphere�N.

The argument above proves the following statement.

Proposition 2.22. Theinf -type expression

u(x, t) = inf
y∈�N

{
v(y) +

1
2t

arccos2 〈x, y〉
}
,

solves the Hamilton-Jacobi equation(1.2), Section1, on the sphere�N with the
Cauchy datav ∈ BSC(�N) having the standard limit solution property.

It is also easy to see that the method suggested above can be applied to the prob-
lem of finding an inf-type solution of an oscillator Hamilton-Jacobi equation on the
sphere�N. This problem will produce an inf-type solution based on properties of the
well-known K. NeumannN-oscillator dynamical system, whose complete Liouville-
Arnold integrability was proved by J. Moser [10, 12].
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180 N. K. PRYKARPATSKA, D. L. BLACKMORE, A. K. PRYKARPATSKY, AND M. PYTEL-KUDELA

[4] P, A. K.  B, D. L.: On the Lax solution to a Hamilton-Jacobi equation. I,
Proceedings of the Conference on Differential-Difference Equations, 26–30 August 1998, Poznań,
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