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AsstracT. The method of lower and upper solutions combined with a fixed point
theorem for condensing multivalued maps due to Martelli is used to investigate the
existence of solutions to an hyperboli¢fdrential inclusion.
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1. INTRODUCTION

This note deals with the existence of solutions to the following hyperbdiierdi
ential inclusion (Darboux problem):

2
%g’yy) eF(X,y,uXy), Xy edxJ (1.1
ux,0) = f(x), u(0,y) = g(y) (1.2)

whereJ = [0,T], F : Ix Jx R — 2R is a compact and convex valued multivalued
map andf,g : J > R.

The method of upper and lower solutions has been successfully applied to study
the existence of multiple solutions for initial and boundary value problems of the first
and second order partialftBrential equations. This method has been used only in
the context of single-valued partialff#irential equations. We refer to the books by
Carl and Heikkilae [6], Heikkilae and Lakshmikantham [10], Ladde et al. [15], to the
papers by Agarwal [1], Agarwal and Sheng [2], Blakley and Pandit [5], Lakshmikan-
tham and Pandit [14], Pandit [18] and the references cited therein.

In this note we shall establish an existence result for the problem (1.1), (1.2).
Our approach is based on the existence of upper and lower solutions and on a fixed
point theorem for condensing multivalued maps due to Martelli [17]. Other existence
results for the Darboux problem for partialfgirential equations and inclusions by
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the aid of other tools can be found in the recent monograph by Kamont [12] and in
the papers [4, 7, 8, 13, 19].

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts from
multivalued analysis which are used throughout this paper. In the sequel, we set
g =JIxJ

In what follows,C( 7, R) is the Banach space of continuous functions fg@rimto
R with the norm||Z|., := sup|z(x, y)| : (X,y) € J} for eachze C(J,R).

The condition

u<u ifandonlyif u(xy)<u(x,y) forall (xy)eJ
defines a partial ordering i@(7, R). If u, U e C(J,R) andu < U, we put
[utl] ={ueC(J,R):u<u<T}.

Let (X,| - |) be a Banach space. A multivalued n@p X — 2% is convex (closed)
valued if G(X) is convex (closed) for alk € X. G is bounded on bounded sets if
G(B) = Uxes G(X) is bounded inX for any bounded se of X (i.e. sug.g{Suflyl :

y € G(X)}} < ). G is called upper semicontinuous (u. s. c.) Xiif for eachx, € X
the setG(x.) is a nonempty, closed subset Xf and if for each open sd of X
containingG(x.), there exists an open neighbourhd6df x. such thaG(V) € B. G

is said to be completely continuousG{B) is relatively compact for every bounded
subsetB C X. If the multivalued mags is completely continuous with nonempty
compact values, the@ is u. s. c. if and only ifG has a closed graph (i.e; —
Xe» Yn — Y Yn € G(Xn) imply y. € G(X,)). G has a fixed point if there is € X such
thatx € G(X).

In what follows,CC(X) denotes the set of all nonempty compact and convex sub-
sets ofX.

A multivalued maps : 9 — CC(X) is said to be measurable if for eaohe X the
functionY : J — R defined by

Y(X,y) = d(w, G(X, y)) = inf{lw —v] : v € G(X, y)}
is measurable.

Definition 2.1. A multivalued magF : 7 xR — 2R is said to be ah!-Caratfeodory
map if
() (%, y) » F(x y,u) is measurable for eaahe R;
(i) ur F(Xx y,u)is upper semicontinuous for almost all §) € .7;
(i) For eachk > 0, there existéy € L1(7, R,) such that
IF(X, y, U)ll = supflel : v € F(X y, W)} < hi(X, y)
for all |u] < k and for almost allX, y) € 7.
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An upper semi-continuous map : X — 2% is said to be condensing if for any
subsetB ¢ X with a(B) # 0, we haven(G(B)) < a(B), wherea denotes the Kura-
towski measure of noncompactness. For properties of the Kuratowski measure, we
refer to Banas and Goebel [3].

We remark that a completely continuous multivalued map is the easiest example of
a condensing map. For more details on multivalued maps see the books by Deimling
[9] and Hu and Papageorgiou [11].

Definition 2.2. By a solution of (1.1), (1.2) we mean a functiaf, ) € C(J,R)
such that there existse L1(J, R) for which we have
X Y
ux,y) = 1(X) + g(y) - f(0)+f f u(t, s)dtds for each & y) € T
o Jo
and witho(t, s) € F(t, s,u(t, 5)) a. e. ony.

Now, we introduce the concept of lower and upper solutions to (1.1), (1.2). It will
be the basic tool in the approach that follows.

Definition 2.3. A function u(-,-) € C(7,R) is said to be a lower solution of (1.1),
(1.2) if there existe; € L1(7,R) such thawy(t, s) € F(t, s u(t, 9)) a. e. onJ, and
for which we have

Xy
u(x y) < F(X) +g(y) — £(0) + fo fo vi(t, 9dtds for each & y) € 7.

A functionu(,,-) € C(J,R) is said to be an upper solution of (1.1), (1.2) if there
existsv € L1(7, R) such thaw,(t, s) € F(t, s T(t, 9)) a. e. ond, and for which we
have

Xy
u(x,y) = f(X) +gy) — f(0)+f0 fo v2(t, s)dtds for each &, y) € 7.

For the multivalued map and for eachu € C(J, R) we defineS,lz,u by

Stu= e LT, R) 1 o(t,s) € F(t, s u(t,9) fora. e. ¢, ) € J).
Our considerations are based on the following lemmas.

Lemma 2.4([16]). LetF be a multivalued map satisfyir{gl1) and letl” be a linear
continuous mapping from!(J, R) to C(, R), then the operator

oSk :C(J,R) - CC(C(J,R)), ur— (Lo Sg)u):=T(Sku)
is a closed graph operator i€(J,R) x C(J,R).

Lemma 2.5([17]). LetX be a Banach space ad: X — CC(X) be an u. s. c. and
condensing map. If the set

Q:={ue X:Aue N(u) forsomea > 1}
is bounded, thelN has a fixed point.
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We will need the following hypotheses:

(H1) F: 7 x R = CC(R) is anL!- Caratleodory multivalued map.
(H2) there existu and tu in C(J,R) as lower and upper solutions, respectively,
to the problem (1.1), (1.2) such that< u.
(H3) The functionsf, ¢g : J —» R are continuous witH (0) = ¢(0).
3. MAIN RESULT

Now, we are able to state and prove our main theorem.

Theorem 3.1. Assume that hypothes@41)—-(H3) hold. Then problenfl.1), (1.2)
has at least one solution Qff.

Proof. Let us transform problem (1.1), (1.2) into a fixed point problem. Consider the
following modified problem

f’zggf € Fluu (r(x ). (xy) €T @.1)
u(x, 0) = £(x), u(0,y) = g(y) (3.2)
wherer : C(J,R) — C(J, R) is the truncation operator defined by
u(xy) if u(x, y) < u(xy);
(Tu)(X, y) = qu(X, y) if u(x,y) <u<TX y);

U(x, y)) if (X, y) < u(x, y).
Set
Co(J.R) :={ue C(J,R) : u(x,0) = £(x), u(0,y) = g(v)}.
A solution to (3.1), (3.2) is a fixed point of the operatér: Co(J,R) — 2CoT-R)
defined by

N(u) := {h € Co(7,R) : h(x,y) = F(X) + g(y) — F(0) + fo fo " o(t, 9dtds

21
vE SF’TU}
where

Stu={veSt, 1ot > v(t,9) a e. onAr and u(t, s) < va(t, S) a. €. onAg),
St ={e NI R) 1 0(t,9) € F(t,s (ru)(t, 9) fora. e. ¢, 5) € T},
A ={(t,9) €T :u(t,s) < u(t,s) <T(t, )},
A ={(t,9) € T :u(t,s) <TU(t,s) <u(t, s)}.

Remark3.2 (i) For everyu € C(J,R), the setSé’u is nonempty (see Lasota
and Opial [16]).
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(i) For everyu e C(J,R), the seS}:’Tu is nonempty. Indeed, by (i) there exists
ve S,l:,u. Setw = viya, + V2xA, + UxAg, Where
Az ={(t,9) € T : u(t,s) <u(t,s) <U(t, 9))}.
g ~1
Then, by decomposability; € S¢ ..

We shall show thal is a completely continuous multivalued map, u. s. c. with

convex closed values. The proof will be divided into several steps.
Remark3.3. Itis clear that the fixed points & are solutions to (3.1), (3.2).

Srep 1. N(u) is convex for each € C(7,R).

Indeed, ifh;, hy belong toN(u), then there exist', v? € S, such that for each
(X%, y) € I we have

X Y )
hi(x,y) = f(X) + g(y) — f(0)+f0 fo v'(t, 9)dtds i=1,2
Let0< a < 1. Then for eachx, y) € J we have
(@h + (1 - a)h) (X, y) = £(X) + g(y) — £(0)
+ fo ’ fo y[a/vl(t, ) + (1 - a)v’(t, 9]ds

Sinceép,fu is convex (becaude has convex values), we hawf; + (1—a)hy € N(u).
Srep 2: N is bounded on bounded sets@fy, R).

Indeed, it is enough to show that there exists a positive constamth that for
eachh € N(u),ue B, = {ue C(7, ]lg) " Ullo < r}one haglh|l» < C.
If h e N(u), then there exists € Sg ., such that for eachx(y) € J we have

X
h(x,y) = f(X) + g(y) — f(0)+f fy u(t, s)dtds
0 0
By (H1) we have for eachx(y) € J that
Xy
I )] < 1F0J1 + lg()] + 1FO)] + fo fo he(t, 9dtds
Then
T T
hllee < 11 lle + llglleo + 1£(0)] + fo fo he(t, dtds= c.

Srep 3: N sends bounded sets©f7, R) into equicontinuous sets.

Let (X1, y1), (X2, 2) € I, %1 < X2, y1 < y2 andB, be a bounded set @&(J, R).
For eachu € B; andh € N(u), there exists € Sg -, such that

h(x,y) = f(X) + g(y) - F(0) + fo fo "o, 9dtds
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Thus we obtain

X2 Y2
NG, 52) — Nk, 1)l < 1) — F0x)l + lg(y2) — gyl + f f o(t, 9ldtds
X1 Y1
X2 Y2

< f(x2) — f(x)l + lg(y2) — g(ya)l +f he (t, s)dtds

X1 Y1
As (X2, y2) — (X1,y1), the right-hand side of the above inequality tends to zero.
Taking into account Step 2, Step 3, and the Axrzéiscoli theorem, we conclude
thatN is completely continuous and therefore a condensing multivalued map.

Step 4: N has closed graph.

Letu, — u., hy € N(un), and hy, — h.. We shall prove thah. € N(u.). The
inclusionh, € N(un) means that there exists € S, such that

Xy
hn(x.5) = F(¥) + g(y) — 1(0) + fo fo ol 9dtds (x.y) € 7.

We must prove that there exisise §F’TU* such that

X Y
h(xy) = F(X) + gly) - F(0)+ fo fo 0.t 9dtds (x.y) €.J.

Now, we consider the linear continuous operator.1(7, R) — C(J,R),

vi— TE)(Xy) = fox ‘f: o(t, 9)dtds (x,y) € J.

From Lemma 2.4, it follows thdt o S is a closed graph operator.
Clearly we have

lI(hn(%, y) = £(X) — g(y) + £(0)) — (h.(X, y) — F(X) — g(y) + f(0O))llo — O
asn — oo. Moreover, from the definition df, we have

(ha(x. 1) = F(x) - g(v) + £(0)) € T(Sk.ru,)-
Sinceup — U,, it follows from Lemma 2.4 that, for some € ép,m*,

mmw—u@—¢w+um:£»ﬁwmgmm(xwej

Srep 5: The set
Q:={ue C(J,R): Aue N(u) forsomea > 1}
is bounded.

Letu € Q. ThenAu € N(u) for someAd > 1. Thus there existse §Ew such that

X ry
ux,y) = 71 (X) + 17 Lg(y) - 2711 (0) + /l_lf f o(t, 9)dtds (X, y) € 7.
0 Jo
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This implies that for eachx(y) € J we have
X Y
L)l < 1131+ o+ 11O+ [ [t 9jcds

The definition ofr implies that there exists € L1(J, R*) such that|F (x, y, Tu)|| =
Ssuflvl : v € F(X, y, TU)} < ¢(X, y) for eachu € C(J,R). Thus we obtain

T AT
lulleo < IIfllo + llglleo + [f(O)I +f0 j; ¢(t, s)dtds= K.

This shows thaf2 is bounded. SeX := C(7,R). As a consequence of Lemma 2.5
we deduce thal has a fixed point which is a solution of (3.1), (3.2) gn
Srep 6: The solutioru of (3.1), (3.2)satisfies the relations
Uu(X,y) <u(x,y) <U(x,y) forall (x,y) €J.
Let u be a solution to (3.1), (3.2). We prove th&k, y) < u(x, y) for all (x,y) € J.
Let us suppose the contrary. Then there exisks, y1,y2 € J, X3 < X2, y1 < y2
such thau(xi, y1) = u(X1, y1) andu(x, y) > u(x, y) for all (x, y) € (X1, X2) X (y1, y2)- In

view of the definition ofr there exists(:,-) € F(-,-,u(:,-)) a. e. on7 with v(x, y) >
v1(X, y) a. e. on K1, X2) X (y1, y2) such that

Xy
WX, y) = £ + g(y) — F(0) + fo fo ot 9dtds (x.) € (X0 %2) X (4. 2).

Sinceu is a lower solution to (1.1), (1.2), then

X Y
uxy) < f(x) + g(y) - £(0) + fo fo vi(t, )dtds (X, y) € (X1, X2) X (y1, y2).
It follows from the factau(x, y1) = U(x1, y1), v(X, y) > v1(X, y) that

u(x,y) < u(x,y) forall (x,y) € (X1, X2) X (y1,y2),

which is a contradiction since(x,y) < u(x,y) for all (x,y) € (X1, %2) X (y1,y2)-
Consequenthyi(x, y) < u(x, y) for all (x,y) € J.

Analogously, we can prove thatx,y) < U(x,y) for all (x,y) € J. This shows
that problem (3.1), (3.2) has a solution in the intervall]. Sincer(u) = u for all
u € [u, U], we see thatiis a solution to (1.1), (1.2). O
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1. INTRODUCTION

We are interested in conditionsfBuaient for the unique solvability of the-dimen-
sional initial value problem of the form

w() = (u)@®) + f@1),  telab], (1.1)
u(?) = ¢, (1.2)

where—-co < a < b < +o0, u: [a,b] » R", n € N, for arbitraryc € R" and
f € L([a,b],R"). In (1.1),£ : C([a,b],R") — L([a,b],R") is a linear operator which
is assumed to ber( 7)-positive in the following sense.

Definition 1.1. [1, 3] An operatorf : C([a,b],R") — L([a,b],R") is said to be
(¢, 7)-positivewith somea € {-1,1}" andr € [a, b] if the relation
u®) >z 0 forallt € [a,b], (1.3)
implies that
(lu)t)sign(t—7) > 0 fora.e.tela,b].
Here, the symbat; stands for the partial ordering of the spa®generated by
the coneriR, X 02R, X --- X opRy4, I. €.,
R" 5 u = (u)g_, >z 0if, and only ifouc > O forallk = 1,2,....n. (1.4)
Thework of the second author was supported in part by NATO Science Fellowships Programme for

the Czech Republic, GranfZ003. The author is also grateful to thefBtef the Mathematical Institute
of the Czech Academy of Sciences for their hospitality and kind attention.
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In a similar way, we define the corresponding strict inequality:
R" 5> u = (u)_, >z 0if, and only ifoxu, > O forallk =1,2,...,n.

By a solution of problem (1.1), (1.2), as usual, an absolutely continuous function
u: [a,b] - R"is meant which possesses property (1.2) at the poantd satisfies
equation (1.1) almost everywhere alp].

Remarkl.2 As noted in [3], a {, 7)-positive linear operator fror@([a, b], R") to
L([a b], R™) is always bounded.

For the Cauchy problem (1.1), (1.2), we obtain new versions of the general unique
solvability conditions established in [1, 3]. The main idea here, as the title of the
paper suggests, is to use certain “multistage iterations,” in terms of which the main
assumptions of the theorems are formulated.

2. UNIQUE SOLVABILITY OF PROBLEM (1.1), (1.2)

To formulate the theorems on the Cauchy problem (1.1), (1.2), we need to intro-
duce some auxiliary functions related to the homogeneous problem

u'(t) = (Lu)(t), te[a by, (2.1)
u(r) = 0. 2.2)

2.1. Multistage iterations for the homogeneous problemWith the homogeneous
problem (2.1), (2.2), which corresponds, in a natural way, to the original Cauchy
problem (1.1), (1.2), we associate the sequence of functignsk = 0,1,2,...} C

C([a, b], R") determined by the recurrence relation

r t
w0 =Y [(E@nc)@ds  telabl ke 2:3)
i=1 T

whereas, ay, . .., ar are certain fixed non-negative constants.
Here,r € N is fixed, andyg, y1, . . ., yr—1 are arbitrary absolutely continuous func-
tions from [a, b] to R" chosen so that

yk(t) =z O, te[ab], k=0,1,...,r -1, (2.4)
and
yk(t) =0, k=0,1,...,r -1 (2.5)

Remark2.1 Inthe case where= 1 anda; = 1, equality (2.3) takes the form

t
ult) = f (tye)©ds  telabl, keN, (2.6)
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and thus coincides with the sequence used, e. g., in [1-3]. Formula (2.6) defines the
standard iteration sequence used in studies of the uniqueness of the trivial solution of
the integral functional equation

t
v~ [(@)9ds  tefabl
which, obviously, is equivalent to the homogeneous problem (2.1), (2.2).

2.2. General theorems.The following general theorem on the solvability of prob-
lem (1.1), (1.2) is true.

Theorem 2.2. Let the operato in equation(1.1) be (¢, 7)-positive for some* €
{-1, 1}". Assume also that one can specify some integarsim,m>r > 1, a real
numberp € (1, +c0), some constant®yly!, c [0, +o0) and{ail;_; c [0, +o0), and
certain absolutely continuous vector-functiopsya, . .., yr—1 satisfying conditions
(2.4), (2.5), and the relation

r-1
D Ban(t) >4 0 forall te[ab]\(r) 2.7)
k=0

such that the dferential functional inequality

r-1 m-1
S k0 + [ B - 8 €0 )
k=0 k=0

veTr m(K)

- gbn(En) O san(t =) 20 (2
is satisfied for almost evetyfrom[a, b], where, by definition,
TmK):={veN|vr<v+k<m (2.9)

forre NNym>r,andk=0,1,...,m- 1.

Then the Cauchy problerfi.1), (1.2) has a unique solutiom(-) for arbitrary
f € L([a,b],R") andc € R", and this solution is representable as the uniformly
convergent functional series

t t .
ut) = F(t)+f(£f”)(s)ds+fe(f(zf)(g)dg)(s)ds+..., te[ab], (2.10)
where, by definition,
f(t) ::c+ftf(s)ds te[ab]. (2.11)

Moreover, if the functiorf and vectorcin (1.1), (1.2) satisfy the additional condi-
tion

t
f f(s)ds>z —c forallte[a b], (2.12)
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then the unique solution() of this problem satisfies relatiqd.3).

Remark2.3. It is not difficult to show that the séf, m(k), wherek = 0,1,...,m-
1, consists of those integerswhich satisfy the inclusiorv € {r,r+1,....,m} N
(k+ Lk+2,...,k+r}, or, in other words,

Trm(K) ={ve N|max{r,k+ 1} <v<min{mKk+r}} (2.13)

fork=0,1,...,m- 1. Therefore, the dierential inequality (2.8) can be rewritten in
the form

m—1( min{mk+r}

r-1
DLTCEDY
k=0

k=0

Burcts - Q,Bk) )

v=max{r,k+1}
— 0Bm (Lym) (t) [ sign(t — 7) > O.

It seems, however, that form (2.8) is more convenient for applications.
Note that, due to the inequality > r, fork=0,1,2,...,m— 1, we have
max{r,k+ 1} < m, max{r,k+ 1} < k+r

and, hence, by (2.13), the Sktn(K) is non-empty forank=0,1,...,m- 1.

Remark2.4. Condition (2.7) implies, in particular, that

r-1
D Bc>0, (2.14)
k=0

and, therefore, we can always take 1 for one of the non-negativBaeetsgo, S1,
...,Br—1in Theorem 2.2. Itis handier, however, to keep all theséfimbents unfixed.

Remark2.5. Theorem 2.2 implies, in particular, Theorem 1 from [1]. Both these
statements, as we shall see in Section 3, are implied by Theorem 1 from [3]. This
means that the theorems mentioned are, in fact, equivalent, although their correspond-
ing assumptions are ratheifldirent from one another.

Remark2.6. Similarly to [3], one can show that condition (2.8) is optimal in the sense
that the assertion of Theorem 2.2, generally speaking, is not true if (2.8) is assumed
with o = 1.

The assumptions of the following version of Theorem 2.2 are somewhat simpler.

Theorem 2.7. Let the operato® in equation(1.1) be (&, 7)-positive for some* €
{-1,1}". Assume also the existence of a natural numbezal numberp € (1, +0),
some non-negative constantg};_, and {k},_,, and certain absolutely continuous
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vector-functiong, y1, . . ., yr—1 Satisfying condition$2.4), (2.5), and(2.7) such that
the djferential functional inequality

r-1 r-1
D Ba® + - (Braek — 0Bk) (eyi) (1) — 0B: (€yr) () [sign(t —7) 2 0 (2.15)
k=0 k=0

is satisfied for almost evetyfrom[a, b].
Then the Cauchy problerfi.1), (1.2) has a unique solutiom(-) for arbitrary
f € L([a,b],R") andc € R", and this solution is representable as the uniformly
convergent functional seri¢8.10), wheref is the function defined by equalit.11)
Moreover, if the functiorf and vectorcin (1.1), (1.2) satisfy the additional condi-
tion (2.12) then the unique solutiomn(-) of this problem satisfies relatigii.3).

Note that the functiongg, y1, ..., yr—1 in Theorem 2.7 are givea priori, whereas
the functiony, is constructed according to formula (2.3):

r t
w® =Y [@e)eis  tefabl
i=1 T

2.3. Corollaries. Here, we present several corollaries derived from Theorems 2.2
and 2.7.

Corollary 2.8. Let the operato® in equation(1.1) be (&, 7)-positive for some* €
{-1,1}". Assume also the existence ofraa N, a real numbery € (1, +c), some
non-negative constangsk}rk;%), and of certain absolutely continuous vector-functions
Yo, Y1, . - . » yr—1 Satisfying conditiong2.4), (2.5), and (2.7) such that the dferential
functional inequality

gﬁky'k(t) - 7§ﬂr—i (e [ '(Iyr_o(s)ds)) (t)} Sgnt-1)250  (2.16)

holds for the functiongo, y1, . .., yr_1 at almost every poirtfrom[a, b].
Then the conclusion of Theorem 2.7 is true for prob{&r), (1.2).

The conditions involving iteration sequences of type (2.3) adnfiiedint varia-
tions. For example, the following statement is true.

Corollary 2.9. Let the operato# in equation(1.1) be (¢#, 7)-positive for some* €
{-1,1}". Assume that there exist certain absolutely continuous funciigng :
[a, b] — R" satisfying the conditions

yk(t) >z Oandyy(r) = Oforallte [a,b] \ {7}, k=0,1, (2.17)

and some constantse (1, +o0), me N (m > 2), {a1, a2} C [0, +0), a1a2 # 0, and
{Bo. 1. B2, - - -, Bm} C (0, +c0) such that

a1Bk+1 + @2B8k+2 = 9Bk k=12,....m-2, (2.18)
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for which the relation
Boyo(t) + Bryi(t) + (@282 — 9Bo) (Lyo) (t)

+ (@36 = 0Bm-2) (Eym-1) (O ~ 0Bm (bym) (O sign(t = 7) 2, 0 (2.19)

holds for almost alt € [a, b], where the functiongm_1 and yn, are defined by the
recurrence relation

t t
sl = a1 f (Cycr)(Sds+ az f (tye2)(9ds telabl,

fork=23,.....m.
Then the conclusion of Theorem 2.7 is true for prob{ért), (1.2).

Remark2.10 As will be seen from the proof of Corollary 2.9, instead of (2.17), the
absolutely continuous functiong andy, can be assumed to be just non-negative in
the sense of relatiop; (see formula (1.4)) and such that

yo(r) =ya(r) =0;  yo(t) +y1(t) >¢ O for tel[ab]\({r},

i. e., one of these functions may vanish at pointegent fromr whenever the other
one remains non-zero.

Corollary 2.11. If £ in equation(1.1) is (¢, 7)-positive for some? € {-1, 1}" and,
furthermore, one can specify somes (1, +x), a € (0, ), and certain absolutely
continuous vector-functiors, z; : [a,b] — R" satisfying the conditions

z(t) > 0Oandz(r) = 0forallte [a,b] \ {r}, k=10,1, (2.20)
and, for almost every/from [a, b], the inequality
|20) + (1) - (0 - @) (£20) (1) — e (€zm-1) (1) — © (£2m) (¥) sigN(t — 7) 25 0, (2.21)
where thezy,_1 and z;, are the functions defined recursively by the relation

t t
z(t) := (0 — a) f (€z-1)(9)ds+ f (bz-2)(s)ds  te[ab], (2.22)
fork=23,...,m, then the assertion of Theorem 2.7 is true for prob{ém), (1.2).
The following version of Corollary 2.11 is more similar to Theorem 3.1.

Corollary 2.12. If £ in equation(1.1) is (¢, 7)-positive for some? € {-1, 1}" and,
furthermore, there exist sonaes (1, +), a € (0, 0), and certain absolutely continu-
ous vector-functiongy, z; : [a,b] — R" satisfying conditions (2.20) and, for almost
everyt from[a, b], the inequality

|2(t) + (1) - (0 — @) (£20) (1) - @ (€22) (1) — 0 (£22) (1) sign(t - 7) 2 O,
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where
t t
2() =0~ a) [ (ez)(9ds+a [ €2)9ds telabl
then the assertion of Theorem 2.7 is true for prob{@ém), (1.2).

For the equation with deviating argument
N
UM =Y PiOuw®) + f1).  telabl, (2.23)
=1

wheref € L([abl,R"), N € N, {P; | j = 12,...,N} c L([ab],GL,(R)), and
wj > [ab] = [ab], ] = 1,2,...,N, are measurable functions, one can establish,
e. g., the following statement.

Corollary 2.13. Assume that, for a certaidt € {—1, 1}", the function®; : [a,b] —
GLa(R) and wj : [a,b] — [ab], j = 1,2,...,N, in equation(2.23) satisfy the
inequalities

N
Z Py()F@signt—7)>; 0  fora.e.te[a b (2.24)
v=1

and, furthermore, the condition

r N wj(t) N
D B Y P f D Py (9glwy(9) - 7% ds-sign(t - 7)
i=1 j=1 v=1

r-1
<z ) Beklt-t%tg  foraetel[ab] (225)
k=0

holds withsomé3x | k=0,1,...,r-1} c [0, +o0), {0k | k=0,1,...,r=1} C [1, +0),
a €(0,1),andg € R", g >3 0.

Then, for arbitraryf fromL([a, b], R") andc € R", the initial value problen(2.23)
(1.2) has a unique solution(-), and this solution is representable as the uniformly
convergent series

ut = O+ Y] | Putten) floenda
ki=1vT7

N t wiy (1) N -
£Y [Paed [ PuledfwntEndade . tefabl
k=1 T T ko=1

with the functionf : [a, b] — R" given by formulg2.11) Moreover, under the addi-
tional condition(2.12), the solution of problent2.23) (1.2) satisfies inequalit{l1.3).
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3. Proors

We need the following theorem from [3].

Theorem 3.1.[3] Let us suppose that the linear operattin equation(1.1)is (&, 7)-
positive for some* € {-1,1}". Assume also that there exist a numpes (1, +0)
and an absolutely continuous functign [a, b] — R" such that

y(r) =0, (3.2)
y(t) > 0 forall te[ab]\{r}, (3.2)

and, furthermore, the functionalrential inequality

[y'(t) — o (&y) (D] sign(t - 7) 2z O (3.3)

is satisfied for almost evetyfrom [a, b].

Then the Cauchy probleii.1), (1.2) is uniquely solvable for arbitrarg € R"
and f € L([a, b],R"). The unique solution(-) of problem(1.1), (1.2)is, moreover,
representable as the uniformly convergent functional s¢fek0)

If, in addition, c and f satisfy condition(2.12) then the solutiomu(-) mentioned
possesses properfy.3).

The idea of proof of the results stated in Sections 2.2 and 2.3 is to construct a
suitable solution of the tlierential inequality (3.3) by using some or other properties
of the “multistage” iteration sequence (2.3).

3.1. Proof of Theorem 2.2.Let us fix certain absolutely continuous vector-functions
{yk}rk;% : [a, b] —» R"and construct th(_a corresponding functi¢ngy’, : [a,b] — R"
according to formula (2.3). We consider the case where

mxr. (3.9)

Introduce the function
m
y(®) == ) Ban®,  telab], (3.5)
k=0

with the codficients{Bkl. , € [0, +c0) determined by the assumptions of the theorem.
Note that, in view of (2.4), assumption (2.7) implies that (2.14) holds.
Let us show that, under our assumptions, function (3.5) satisfies inequality (2.8).
Indeed, by virtue of (3.5), the corresponding function
Woy =y —oly (3.6)
has the form

m
woy = ) i|vk— o],
k=0
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whence, by (3.4),

r-1 m
Woy = kzz(:)ﬂk [yf( - nyk] + kzz;ﬁk [y'k - nyk]

r-1 m m
= > B+ D B —e ) Bebyx. 3.7)
k=0 k=r k=0

Note that the first sum in (3.7) contains the given functigngs, . .., yr_1 only.
In view of formula (2.3) for the functiong, y;.1, ..., we have

r
B®:= > @) ®  telabl, kxr,
i=1
and, therefore, equality (3.7) can be brought to the form

r-1 m
Wo,y = Zﬁky,k + Z,Bk
k=0 k=r

Now we need the following technical lemma.

r m
@ily—i — 0 Zﬁkﬁyk. (3.8)
=1 k=0

Lemma 3.2. For arbitrary vectorsxg, X1, . .., Xn—1 fromR", the equality
m r m-1
DB aixei = Y X (3.9)
k=r =1 j=0

holds, where the cggcientsyq, y1, ..., ym-1 are given by the formulae
o= . Bukav,  k=01..,.m-1, (3.10)

and the set3, n(k), k=0,1,...,m- 1, are defined by equalit2.9).

Proof of Lemma 3.2It is clear from the inequalities ¥ i < r < k < mthat the

expression
r

m

Zﬂk Z @ X

k=r i=1
is, in fact, a linear combination of the valugs X, ..., Xm-1. It therefore remains to
determine the corresponding d¢beients.

Since equality (3.9) should be satisfied for arbitrary valuegofs, . . ., Xm-1, we
can put, in particular,
Xj = 0js j=01....m-1,

wheresis an arbitrary integer between 0 amd- 1, andd; s is the Kronecker symbol,

P 1 forj=s
710 otherwise
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In this case, (3.9) has the form

Zﬁk
k=r

r
QiOk-i,s = Vs (3.12)
=1

It is easy to see that

2 5 ts fFk-se(l2....r)
QjOk—js =
2. 19k =11 ifk—s¢{1,2,...,r}

and, hence,

m r
Zﬂk @iOk-i,s = Z Brak-s. (3.12)
k=r =1 k:r<k<mand Ikk-s<r

In view of (3.11), the change of variable= k — sbrings (3.12) to the form
Z Bvisty = Vs
v 1<v<r<v+s<m

The last relation, according to the definition of the sktg(s), s=0,1,...,m—-1,
can be rewritten afl e, (9 Bv+sav = ¥s, Which is nothing but (3.10). This leads us
immediately to the required equality (3.9) for arbitragy X1, . . . , Xm-1. O

Returning now to expression (3.6), we conclude that, in view of Lemma 3.2, for-
mula (3.8) can be rewritten as

r-1 m-1 m
Woy = kzoﬁk!/k + ;) Yy — 0 kZ;),Bkﬁyk

r-1 m-1
= B+ D (v — 0BK) &k — oPmbym, (3.13)
Py Py

whereyg, y1, ..., Yym-1 are given by relation (3.10). In view of (3.10), equality (3.13)
is equivalent to the relation

r-1 m-1
Wo,y = Zﬁky/k + Z { Z By+kary — Q:Bk] Lyk — 0Bmlym.
k=0

k=0 \veTrm(k)
Therefore, assumption (2.8) guarantees that function (3.6) satisfies the condition
we,(M)sign(t—7) > 0 fora.ete[ab],

i. e., the functional dierential inequality (3.3) holds for the functigrgiven by (3.5).

We have thus constructed a solutignpf the diferential inequality (3.3). It will
be possible to apply Theorem 3.1 if we show that, under our assumptions, the solution
mentioned possesses properties (3.1) and (3.2). We prove this by using the following
lemma.
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Lemma 3.3. Assume that the operatdr: C([a,b],R") — L([a,b],R") is (&, 1)-
positive with respect to certaicr € {—1,1})" andr € [a,b]. Then, for arbitrary
continuous functionejk}L;% : [a,b] — R" satisfying condition$2.4) and (2.5), the
corresponding functiong, yr.1, ... defined by formula€.3) also satisfy condition
(2.4):

yk(t) =2 0, te[ab], kx>r.
Moreover, each of these functions vanishes at the point

Proof of Lemma 3.3The first assertion is derived from the definition of functions
(2.3) similarly to the proof of Lemma 1 from [1]. The importanffdrence is that, in
our case, we need to make use of the non-negativeness of fhieienésay, as, .. ., ar
in formula (2.3) for the functiong,, y.1, .... We omit the details here.
The property
y(r) =0 forallk=0,12,...,m
is obvious from condition (2.5) and formula (2.3). O

Application of Lemma 3.3 allows us to claim that, in view of tldg £)-positiveness
of the operato¥, the inequality

Bryk(t) = 0, te[a,b], k=0,1,...,m (3.14)

is satisfied because &, k = 0,1,...,m, are non-negative. It follows from (3.14)
that

m r-1 m
D Ba® = D" Ban®) = > Bra(®) 24 0
k=0 k=0 ket
and, hence,
m r-1
D Ban®) 2# Y Pru(®) (3.15)
k=0 k=0

for everyt from [a, b].
Inequality (3.15) yields

m r-1
y(t) = > Bak®) 25 ) Ba®),  telab],
k=0 k=0

whence, by virtue of assumption (2.7), we obtain
r-1
y(t) 25 Y P® >2 0, telab]\(r),
k=0
i. e.,y satisfies condition (3.2).

Thus, we have shown that function (3.5) satisfies thedintial functional in-
equality (3.3) and possesses properties (3.1) and (3.2), i. e., the assumptions of The-
orem 3.1 are satisfied. Application of Theorem 3.1 leads us to the assertion re-
quired. O
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3.2. Proof of Theorem 2.7.To obtain the assertion of Theorem 2.7, iffiazes to
apply Theorem 2.2 witlm = r and take into account the equalities

T, (K=1{r-k, k=01..,r-1 (3.16)

3.3. Proof of Corollary 2.8. We shall apply Theorem 2.7. For this purpose, let us
put

o=+, B =1 (3.17)

and

r t

w® = V7 Y s [ (o)(9ds telabl

i=1 T
This function, as is easy to see, coincides with the funciiodefined by formula
(2.3) where

@i = Br-i Y, i=12,...,r. (3.18)
It remains to notice that, in view of (3.17) and (3.18), the relations
Brar—x — 0Pk = 0, k=0,1,...,r-1,

are true and, therefore, the correspondirtgdéntial inequality (2.15) takes the form

r-1

D Bi®) - o (ly)(® | sign(t - 7) 24 0.
k=0
Application of Theorem 2.7 completes the proof. O

3.4. Proof of Corollary 2.9. We shall show that, under the conditions assumed, the
differential inequality (2.8) is true and Theorem 2.2 is applicable.

For an arbitrary integek such that 0< k < m— 1, a numbew belongs to the set
Tom(K) if, and only if eitherv =1 orv = 2,i. e,

m-1
| Tam(®) < {1, 2).
k=0

Recall that, by assumptiom > 2.
More precisely, Ie Tom(k) ©@ 1<k<m-1and 2e Tym(k) @ 0 <k<m-2.
Thus, the set$,m(k), k=0,1,...,m- 1, have the following structure:

{2} fork =0,
Tom(K) =4{1,2} fork=12,...,m-2,
{1 fork=m-1.
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Therefore, with these values of the parameters, tfferdntial inequality (2.8) of
Theorem 2.2 has the form

Boyo(t) + L1y (t) + (a2B2 — 0Bo) (€yo) (1)
m-2
+ > (@B + @22 — 0B (€yd) (1)
k=1

+ (@18m — 0Bm-1) (bym-1) () — 0Bm (€ym) (1) | sign(t — 7) >z 0. (3.19)

Recall that the numbeg, B2, ..., Bm, @anda1, a2, by assumption, satisfy relations
(2.18).

It follows from (2.18) that the inner sum in (3.19) is equal to zero, i. e., in this
case, (2.8) coincides with (2.19). It now remains to apply Theorem 2.2, which leads
us immediately to the assertion desired. O

3.5. Proof of Corollary 2.11. First of all note that sequence (2.22) is a particular
case of (2.3) with a suitable choice of ¢heients. More precisely,

Z = Yk, k=23,...
with yo = 29, y1 = 71, ¥ = 2, and
a2 = a, a1 = a. (3.20)
We can apply Corollary 2.9. Indeed, let us set
Bk =B, k=0,1,....,m,

whereg is a certain positive constant. Since, by (3.2Q)+ a2 = o, it is obvious that
relations (2.18) are satisfied. Inequality (2.19) in our case has form (2.21). O

3.6. Proof of Corollary 2.12. It suffices to pum = 2 in Corollary 2.11. O
3.7. Proof of Corollary 2.13. Let us puty = % and, fork=0,1,...,r -1,
w(® =t-7%,  telah]. (3.21)

Functions (3.21), obviously, satisfy condition (2.7) with arbitrary non-negative con-

stantsBo, B1, . - ., Br—1 such thati L B > 0.
By using the formulae

Yi(t) = gkt — 7/% L sign(t - 7), te[ab], k=0,1,...,r -1,

it is easy to verify that, in this case, (2.25) coincides with inequality (2.16). The
(¢, 7)-positiveness of the linear operator

N
C(la.bl.R") 3 ur— u= ) PyQu(@r()).  telabl.
v=1
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under condition (2.24), is a consequence of Lemma 2 from [1]. Therefore, the re-
quired assertion follows from Corollary 2.8. O
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AsstrAcT. In this paper, by using the fuzzy propeRysome characterisations and
properties of certain types of upper (lower) fuzzy continuous multifunctions in-
cluding upper (lower) fuzzy continuous, upper (lower) fuzzy almost continuous,
upper (lower) fuzzyc-continuous, upper (lower) fuzzy almastontinuous, upper
(lower) fuzzyc*-continuous, upper (lower) fuzz¢continuous, upper (lower) fuzzy
almosts-continuous, upper (lower) fuzzcontinuous, upper (lower) fuzzy almost
¢-continuous functions are given.
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Keywords: Continuity, fuzzy multifunction

1. INTRODUCTION

It is well known that several types of fuzzy upper (lower) continuous multifunc-
tions are given in literature. By using propef®y our main goal here is to give
some characterisations and properties of certain types of upper (lower) fuzzy contin-
uous multifunctions including upper (lower) fuzzy continuous, upper (lower) fuzzy
almost continuous, upper (lower) fuzzycontinuous, upper (lower) fuzzy almost
c-continuous, upper (lower) fuzay-continuous, upper (lower) fuzzg-continuous,
upper (lower) fuzzy almoss-continuous, upper (lower) fuzz¢continuous, upper
(lower) fuzzy almost-continuous functions.

Fuzzy sets on a universéwill be denoted by Greek letters asp, n, etc. Fuzzy
points will be denoted by,, y,, etc. For any fuzzy pointg, and any fuzzy set, we
write x, € u iff ¢ < u(X). A fuzzy setx, is called quasi-coincident with a fuzzy set
p, denoted by, g p, iff € + p(X) > 1. A fuzzy selu is called quasi-coincident with a
fuzzy setp, denoted by g p, iff there exists & € X such thap(x) +p(x) > 1. In this
paper we use the concept of a fuzzy topological space as introduced by [1]. By int(
cl(u) and cofz), we mean the interior qgf, the closure ofi, and the complement of

Let F : X — Y be a fuzzy multifunction from a fuzzy topological spaXdo a
fuzzy topological spac¥. For any fuzzy sett < X, F*(u) andF~(u) are defined
by Ff(u) = {x € X : F(X) < u}, F-(u) = {x € X : F(X) q u}. We know that
F~(co(B)) = co(F*(B)) for any fuzzy seB < Y [8].

©2003 MskoLc UniversiTy PRrEss
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2. Fuzzy P-CONTINUOUS MULTIFUNCTIONS

Definition 1. Let (X, 7) be a fuzzy topological space and Jek X be a fuzzy set.
Then it is said that

(i) uis afuzzyP-set if u possesses fuzzy propery
(i) wu has fuzzyP-complement if cqf) possesses fuzzy propely

The following definition of fuzzyP-continuity is considered for fuzzy multisetting
from [6] in the classical sense.

Definition 2. LetF : X — Y be a fuzzy multifunction from a fuzzy topological space
(X, 7) to a fuzzy topological spacé,@). Then itis said thaF is fuzzy lower (upper)
P-continuous if for eacl, € X and for each fuzzy sethaving aP-complement such
thatx, € F~(u) (X, € F™(u)), there exists an open fuzzy getontainingx, such that

p<F () (o< F W)

The following table gives us the list of some types of lower (upper) fu2zy
continuous multifunctions with propers.

The definitions of lower (upper) fuzzag-continuous, lower (upper) fuzzy almost
c-continuous, lower (upper) fuzay-continuous, lower (upper) fuzzycontinuous,
lower (upper) fuzzy-continuous and lower (upper) fuzzy almd@stontinuous mul-
tifunctions are considered for fuzzy multisetting from [2, 3, 10, 4, 5] and [7], respec-
tively.

The definitions of lower (upper) fuzzy continuous and lower (upper) fuzzy almost
continuous multifunctions are considered from [8] and [9], respectively.

n° Fuzzy P-set Fuzzy loweP-con. Fuzzy uppeP-con.
1. f. closed f. . con. f. u. con.

2. f.regular closed f. I. almost con. f. u. almost con.
3. f. closed compact f. kc-con. f. u.c-con.

4. f. regular closed compact f. I. almaston.  f. u. almost-con.
5. f. closed countable compact f.di-con. f. u.c*-con.

6. f. closed connected f. &-con. f. u.s-con.

7. f.regular closed connected f.|. almaston. f. u. almoss-con.
8. f. closed Lindabf f. I. £-con. f. u.¢ -con.

9. f.regularclosed LindéF  f.|. almosté-con.  f. u. almost-con.

We know that a net(,) in a fuzzy topological spaceX(r) is said to be eventually
in the fuzzy sel: < X if there exists an indexo € J such thatx; € u for all @ > ao.

The following theorem gives us some characterisation of fuzzy lower (upper)
continuous multifunctions.
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Theorem 1. LetF : X — Y be a fuzzy multifunction from a fuzzy topological space
(X, 1) to a fuzzy topological spade, v). Then the following statements are equiva-
lent:

(i) Fis alower (upper) fuzzfP-continuous multifunction.

(i) For eachx, € X and for each fuzzy s@thaving aP-complement such that
F(x:) g u (F(X:) < w), there exists an open fuzzy getontainingx, such
that if yg € p, thenF(yp) q 1 (F(yp) < w).

(i) F~(u) (F*(u)) is an open fuzzy set for any fuzzy gek Y having aP-
complement.

(iv) F*(co()) (F~(co())) is a closed fuzzy set for any fuzzy get Y having a
P-complement.

(v) For eachx, € X and for each ne{x; ) which converges ta, in X and for
each fuzzy sgé < Y having aP-complement such thad. € F~(p) (x. €
F*(p)), the net(x ) is eventually inF~(o) (F*(0)).

Proof. (i)<(ii). This statement is obvious.

() (). Let x. € F~ (1) and letu be a fuzzy set having B-complement. From
(), there exists an open fuzzy getontainingx, such thap < F~(u). It follows that
Xe € int(F~(u)) and (iii) holds.

The converse can be shown easily.

(iii) ©(iv). SinceF~(co()) = co(F*(u)) andF*(co()) = co(F~(u)), the proof is
clear.

()=(v). Letx; be anetwhich convergesxpin X and leto <Y be any fuzzy set
having aP-complement such that. € F~(p). SinceF is a lower fuzzyP-continuous
multifunction, it follows that there exists an open fuzzy get X containingx, such
thatu < F~(p). Sincex; converges t, it follows that there exists an index) € J
such thatxg € p for all @ > ap. From here, we obtain that € u < F~(p) for all
@ > ap. Thus, the netx ) is eventually inF~(p).

(V)=(i). Suppose that (i) is not true. There exists a poinend a fuzzy set
having aP-complement withx, € F~(u) such thalp £ F~(u) for each open fuzzy
setp < X containingx.. Letx. € p andx. ¢ F~(u) for each open fuzzy set
p < X containingx.. Then for the neighbourhood net.(), x;, — X, but (x,) is
not eventually inF~(x). This is a contradiction. Thus; is a fuzzy lower (upper)
P-continuous multifunction.

The proof of the fuzzy uppéP-continuity of F is similar to that given above. o

Example.Let F : X — Y be a fuzzy multifunction from a fuzzy topological space
(X, 1) to afuzzy topological spac¥,(v). Then the following statements are equivalent
to Theorem 1 when we take fuzByset as fuzzy closed compact set:

(i) Fis alower (upper) fuzzg-continuous multifunction,
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(i) For eachx, € X and for each fuzzy open sehaving a compact complement
such that~(x.) q u (F(x:) < u), there exists an open fuzzy getontaining
X such that ifys € p, thenF(yz) q u (F(yp) < p),

(i) F~(u) (F*(u)) is an open fuzzy set for any fuzzy open gex Y having a
compact complement,

(iv) F*(1 — u) (F~(1 - w)) is a closed fuzzy set for any fuzzy open gek Y
having a compact complement,

(v) Foreachk, € Xand foreach net ) which converges t@. in X and for each
fuzzy open sep < Y having a compact complement such thate F~(p)

(Xe € F7(0)), the net & ) is eventually inF~(o)(F *(0)).

Definition 3. Suppose thatX, 1), (Y,v) and ¢, w) are fuzzy topological spaces. If
Fi1: X > YandF; :Y — Z are fuzzy multifunctions, then the fuzzy multifunction
FooFy: X — Zisdefined by F2 o F1)(%:) = F2(F1(Xe))-

Theorem 2. Let (X, 1), (Y, v), (Z, w) be fuzzy topological spaces and ket X —» Y
andG : Y — Z be fuzzy multifunctions. F : X — Y is an upper fuzzy continuous
multifunction andG : Y — Z is an upper fuzzy-continuous multifunction, then
GoF : X — Zis an upper fuzz{P-continuous multifunction.

Proof. Let u < Z be any fuzzy set having B-complement. From the definition of
Go F, we have G o F)*(u) = F*(G*(u)). SinceG is an upper fuzzy-continuous
multifunction, it follows thatG* (1) is an open fuzzy set. Sindeis an upper fuzzy
continuous multifunction, it follows thd*(G* (u)) is an open fuzzy set. This shows
thatG o F is an upper fuzzy-continuous multifunction. O

Theorem 3. LetF : X — Y be a fuzzy multifunction from a fuzzy topological space
(X, 1) to a fuzzy topological spad#, v). If F is a lower (upper) fuzzi-continuous
multifunction and: < X'is a fuzzy set, then the restriction multifunctién,: u — Y

is a lower (upper) fuzziP-continuous multifunction.

Proof. Suppose thag < Y is a fuzzy set having B-complement. Lek, € u and let
Xs € F7|,(B). SinceF is a lower fuzzyP-continuous multifunction, it follows that
there exists a fuzzy open set € p such thajp < F~(8). From here we obtain that
X € pApandp Ap < F7|,(8). Thus, we show that the restriction multifunctibf,is
lower fuzzyP-continuous.

The proof of the fuzzy uppé®-continuity of F|, is similar to the above. O

Theorem 4. Let f : X — Y be a fuzzy function from a fuzzy topological space
(X,7) to a fuzzy topological spacg,v). Let{y, : a € ®} be an open cover of
X. If the restriction multifunctiorF, = F,_is a lower (upper) fuzz{-continuous
multifunction for eachr € @, thenF is lower (upper) fuzzP-continuous.

Proof. Let u < Y be a fuzzy set having B-complement. Since JFis lower fuzzy
P-continuous for eachr, from Theorem 1F;(u) < int, (F;(x)) and from here
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F-(w) Ay, <int, (F7(u)Ay,) andF~ () Ay, < int(F1(w))Ay,. Sincely, : a € ®}
is an open cover oX, it follows thatF~(«) < int(F~(«)). Thus from Theorem 1, we
obtain thatF is a lower fuzzyP-continuous multifunction.

The proof of the fuzzy uppd?-continuity of F is similar to the above. O

Definition 4. Suppose thaF : X — Y is a fuzzy multifunction from a fuzzy
topological spac& to a fuzzy topological spacé. The fuzzy graph multifunction
G : X > X x Y of F is defined a5 (X:) = {X:} X F(Xc) [8].

Theorem 5. Suppose that a finite product of fuz2ysets is a fuzziP-set andX is a
fuzzyP-set. LetF : X — Y be a fuzzy multifunction from a fuzzy topological space
(X, 1) to a fuzzy topological spad#, v). If the graph function of is lower (upper)
fuzzyP-continuous, thefr is a lower (upper) fuzzfP-continuous multifunction.

Proof. For the fuzzy set8 < X,n <Y, we take

0 ifz¢ B
n(y) ifzep.

Let x. € X and lety < Y be a fuzzy set having B-complement such thag, €
F~(u). We obtain thatx, € Gg(X x u). Since fuzzy graph multifunctioGe is
fuzzy lowerP-continuous ani is a fuzzyP-set, it follows that there exists an open
fuzzy setp < X containingx, such thap < GZ(X x u). From here, we obtain that
p < F~(u). Thus,F is a fuzzy lowerP-continuous multifunction.

The proof of the fuzzy uppd?-continuity of F is similar to the above. O

Bxn)(zy) ={

Theorem 6. Suppose thafX, ) and (X, ) are fuzzy topological spaces aig is
a fuzzyP-set wherex € J. LetF : X — [],c3 X, be a multifunction fronX to the
product spacq],cj X, and letP, : [T,c3 Xe — X, be the projection multifunction
for eacha € J which is defined b¥?,((X,)) = {X.} and let a product of fuzzlp-sets
be a fuzzyP-set. IfF is a fuzzy uppeP-continuous multifunction, theR, o F is a
fuzzy uppeP-continuous multifunction for each e J.

Proof. Take anyap € J. Letx. € X and lety,, < X,, be a fuzzy set having B-
complement such thag. € (Py, o F)*(u,,). We know thatx, € (Py, o F)*(u,,) =
F Py (tap)) = F gy X [Tarao Xe)- SinceF is a fuzzy uppeiP-continuous mul-
tifunction and a product of fuzzf-sets is a fuzzyP-set, it follows that there ex-
ists an open fuzzy set < X containingx. such thajp < F* (/,tao X [Tarao Xa) =
F* (P}, (o)) = (PagoF)* (1y,). This shows thaP,,oF is a fuzzy uppeP-continuous
multifunction.

Thus we obtain thal, o F is a fuzzy uppeP-continuous multifunction for each
a € J. m|

Theorem 7. Suppose that for each € J, (X4, 7o), (Yo, ve) are fuzzy topological
spaces andy, possesses properfy for eachae € J. LetF, : X, —» Y, be a
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multifunction for eaclr € Jand letF : [],c3 Xe — [14es Yo be defined b¥ ((x,)) =
[Tpes Fa(X) from the product spacg],cj X, to the product spac@],cj Y. If F is
an upper fuzzy-continuous multifunction and the product of fuzgets is a fuzzy
P-set, then eack, is an upper fuzz{P-continuous multifunction for eaah e J.

Proof. Let u, <Y, be a fuzzy set having R-complement. Thep, X [[,.5 Ys is
a fuzzy set having &-complement. Sinc€ is an upper fuzzy-continuous multi-
function, it follows thatF*(u, X [Toxs Yz) = F*(u,) X [Tazs Xs is an open fuzzy set.
Consequently, we obtain thBt"(u,) is an open fuzzy set. Thus, we show tkatis
an upper fuzzyP-continuous multifunction. O

Theorem 8. LetF : X — Y be a fuzzy function from a fuzzy topological spéXer)

to a fuzzy topological spacg,v). Suppose tha¥ has a base of neighbourhood
such that the complement of each fuzzy set of the base of neighbourhood is the finite
union of P-sets. IfF is lower fuzzyP-continuous multifunction, thef is lower fuzzy
continuous.

Proof. Let x. € X and letu be any fuzzy open set such thate F~(u). Then there
exists a fuzzy poiny, € u such thatx. € F~(y,). SinceY has a base of neigh-
bourhood such that the complement of each fuzzy set of the base of neighbourhood
is finite unions ofP-sets, it follows that there exists a neighbourhgoaf y, such

thatg < u and cop) = \/I.,n; where eachy; is a P-set. From here we obtain
thatp = AL, co(;). Theny, € co(y;) andx, € F~(co(y;)) for eachi = 1,2,....n.
SinceF is a lower fuzzyP-continuous multifunction, it follows that there exists an
open seip; containingx, such thato; < F~(co(;)). We takep = AL, p;, then

p = AiL1pi < ALy F~(co@)) = F- (AL, co()) = F~(B) < F~(1). Thus, we obtain
thatF is a lower fuzzyP-continuous multifunction. O

Theorem 9. Suppose thdiXy, T1), (X2, 72), (Y1, v1) and (Y, v2) are fuzzy topological
spaces andrF; : X1 — Y, F2 @ Xo — Y, are fuzzy multifunctions and suppose that
n x B is a fuzzyP-set jf n and g are fuzzyP-sets for any fuzzy sets< Y1, 8 < Ya.
LetF1 x F2 @ X3 x X2 = Y1 X Y2 be a fuzzy multifunction which is defined by
(F1 %X F2)(Xe, yy) = F1(Xe) X Fa(yy). ThenFy x Fz is an upper fuzzy-continuous
multifunction jf F1 and F, are upper fuzzy-continuous multifunctions.

Proof. We know that * X 8)(Xe, yy) = min{(u*(X), 8 (y)} for any fuzzy sets*, g*
and for any fuzzy pointg,, y,.

Letu x B < Y1 X Y2 be a fuzzy set having B-complement. We know thaEg x
F2)"(u x B) = F{ (1) x F3(B) andp x ¢ is a fuzzyP-set if p andé¢ are fuzzyP-sets
for any fuzzy setp < Y1, £ < Yo. From Theorem 1, the proof is obtained. O

Theorem 10. Suppose thatx, 1), (Y, v), (Z, w) are fuzzy topological spaces ahd :
X =Y, F,: X — Zare fuzzy multifunctions and suppose that 3 is a fuzzyP-set
iff n andp are fuzyP-sets for any fuzzy sefs< Y, < Z. LetF1 xF,: X > Y X Z
be a fuzzy multifunction which is defined(®y x F2)(X:) = F1(X:) X F2(X:). Then
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F1 x F» is an upper fuzzy-continuous multifunctioryfi F, and F» are upper fuzzy
P-continuous multifunctions.

Proof. (=) Letx, € Xandletu <Y, 8 < Z be fuzzy sets having-complements such
thatx. € F](u) andx, € F7(8). Then we obtain that;(x.) < 4 andFz(x.) < g and
from hereF1(x:) X Fa(X:) = (F1 X F2)(Xe) < uxB. We havex, € (F1 x F2)*(uxp).
SinceF1 x F2 is an upper fuzzyP-continuous multifunction, it follows that there
exists an open fuzzy sptcontainingx. such thap < (F1 x F2)*(u x 8). We obtain
thatp < F{(u) andp < FJ(B). Thus we obtain thaF; and F, are upper fuzzy
P-continuous multifunctions.

(&) Letx, € Xand letu x p < Y x Z be a fuzzy set having B-complement such
thatx. € (F1 X F2)*(u X p). We obtain thatff; x F2)(X:) = F1(Xs) X F2(Xe) < u X p.
From here we havei(x;) < u andFz(x;) < p and thenx, € F; (1) andx, € F;(p).
SinceF; andF; are upper fuzzyP-continuous multifunctions, it follows that there
exist fuzzy open setg containingx, andg containingx, such thaty < F;(u) and
B < Fi (o). We takex, € nAS. Then we obtainthajAp < Fi(u) andnAB < FJ (o).
Hence we have A B < (F1 X F2)"(u X p). Thus, we show thaE; x F; is an upper
fuzzy P-continuous multifunction. O
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Asstract. A model of nonlinear diatomic lattice is studied. We suppose small
damping, small forcing and weak coupling between the lattices. We show the ex-
istence of breathers for undamped and unforced cases. The existence of chaos is
shown for damped and forced cases. For lattices with nonsmall parameters, the
existence of travelling waves is discussed.
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1. INTRODUCTION

Let us consider a model of two one-dimensional interacting sublattices of harmoni-
cally coupled protons and heavy ions [11, 12, 15, 16]. It represents the Bernal-Flower
filaments in ice or more complex biological macromolecules in membranes, in which
only the degrees of freedom that contribute predominantly to proton mobility have
been conserved. In these systems, each proton lies between a pair of ‘oxygens.” The
proton part of the Hamiltonian is

1 1
Hp = Z émuﬁ +U(un) + Ekl(uml ~ Un)?,
n

whereu, denoteghe displacement of thath proton with respect to the center of the
oxygen pair andk; is the coupling between neighboring protons. Furthermore,

2
U(u) = & (1 - u?/dj)
is the double-well potential with the potential barrigr and 2d is the distance be-

tween its two minima. Finallynis the mass of protons.
Similarly, the oxygen part of the Hamiltonian is

1 . 1 1
n
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wherep,, is the displacement between two oxygelsis the mass of oxygen§ is
the frequency of the optical mode akd is the harmonic coupling between neigh-
boring oxygens.

The last part in the Hamiltonian of the model arises from the dynamic interaction
between two sublattices and it is given by

Hint = > xon(W3 - d),
n

wherey measures the strength of the coupling. The Hamiltonian of the model is the
sum of these three contributions

We are also interested in the influence of external field and damping. For the model
studied here, since a spatially homogeneous field is not coupled to the optical motion
on Of the oxygens, a force term has to be considered only in the equation of motion
of the protons.

Summarizing, we consider in this note the following coupled infinite chain of os-
cillators

. r kl 0 U2
Un + F]_Un = _(UrH_]_ - 2Un + Un_]_) + £Un 1 - —2
m e d3

X F (1.1)
- 2%0nUn + —,
Onln

. : K1
on +I'oon = W (on+1 — 20n + Qn—l) - Q(Z)Qn - %(U% - dcz)) >

whereF is the external force on the protons dngd I'; are the damping cdicients
for the proton and oxygen motions.

The contents of the paper is as follows. In Section 2, we study the weakly coupled
undamped and unforced chain (1.1), i. e., With= I'>, = 0, F = 0 and the cou-
pling parameters are small. We show under certain nonresonance conditions the ex-
istence of time periodic spatially localized solutions of (1.1), the so-called breathers
[5, 9, 14]. Section 3 is devoted to the case when (1.1) is weakly forced and weakly
damped with again weak coupling. By using a Melnikov method [10], we show un-
der certain conditions the existence of spatially localized Smale horseshoes in (1.1),
i. e., spatially localized chaos in (1.1). The localization of the Smale horseshoes is
not exponential as for the breathers. Section 4 deals with (1.1) when the involved
parameters are not small. The existence of travelling waves for (1.1) and also for its
continuum limit is discussed.

2. WEAKLY COUPLED UNDAMPED AND UNFORCED LATTICES. THE EXISTENCE OF BREATHERS

We assume in this section thf = I', = F = 0, ky/m = gug, Ki/M = gup,
—2y/m = gus, —x/M = guy for a small parametes and constantg;, i = 1,2, 3,4.
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Hence (1.1) has the form

Un = EM1 (Un+1 - ZUn + Un_]_) + aZUn (dg - U%) + 8ﬂ3QnUn N

) (2.1)
On = gu2(0n+1 — 20n + 0On-1) — Qan + Elg (Uﬁ - dg) )
wherea? = r;‘f—o%. Then fore = 0, we get from (2.1) the uncoupled system
The equation
u=v, o=a’*(df-u’)u (2.2)

has a hyperbolic equilibrium = v = 0 and centera = +dp, v = 0 [17]. Furthermore,
equation (2.2) has two symmetric periodic solutiopgt), ys(t)) and Cya(t), —ys(t))

around £&do, 0) with periodsB monotonically increasing from‘a%’ to +o0. They
accumulate on two symmetric homoclinic solutiop&), ¥(t)) and &y(t), —y(t)) for
y(t) = V2dy sechadgt .

We assume thatg(t) andy(t) are even functions. We are interested, in this section,
in spatially localized time periodic solutions of (2.1) which are called breathers. We
use the approach of [5, 9, 14]. For this reason, we take the excligrgeal, + dy in
(2.1) to get
Un + aZUn(Un + do)(Un + 2d0)
—&11(Un+1 — 2Un + Un-1) — guzon(Un + do) = O, (2.3)
On + ch)Qn — &2(on+1 — 20n + On-1) — EUaUn(Un + 2do) = 0.

Now we fix a constant > 1 and consider the Banach spaces

X = {{(Un(0). en(®)lnez € C'(RRYZ | Uy, 00 are even,
B-periodic, and such that safl(jun(-)li + lon()li) < oo},

wherei = 0,2 and| - |; is the usual maximum norm a® ([0, 8], R). The norm onX;
for x = {(Un(t), on(t))},, is defined agx| = sup, 7™ (lun()li + lon(-)i). The left-hand
side of (2.3) defines the mappig: X, x R — Xp with & € R. Hence (2.3) has the
form

F(x€) = 0. (2.4)

We takexg € X with uy = 0 forn # 0, ug = y(t) — do ando, = O for anyn. Then
F(x0,0) = 0. ClearlyF € C*(X; x R, Xp). We solve (2.4) by using the implicit
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function theorem. The linearizatiddyF (Xg, 0) : Xo — Xg has the form
(U + 222d3un, 6n + Qo). N#0,
(UO + a (3)’,8(0 - do)UO, On+ Q()Qn) .
The equation
b+ a®(3yp(t)> —ddw =0

has the solutions;(t) = ys(t) andwvo(t) = Dgys(t). Functiono(t) is odd ands-
periodic, while function,(t) is even and satisfies the relatigift +3) = vo(t) —ya(t +
B). Sinceys(t+p) # 0, the functiorv,(t) is nots-periodic. We note that the existence
of an even ang-periodic solution of the equation

b+ a%(3yp(t)? — dd)v = h(t) (2.5)

for an even ang-periodic continuous functioh(t), is equivalent to the existence of
a solution of the following boundary value problem

b+ a®(3yp(t)? — dd)v = h(t)

v(0) = 0(B/2)=0.

Since the homogeneous problem of (2.6) with) = 0 has the only zero solution,
we get that (2.6) is uniquely solvable. Consequently, (2.5) has a unique even and

B-periodic solution.
Furthermore, we can directly check that the equations

(2.6)

0+ 2a%d3u = h(t),
0+ Qg0 = h(t)

have unique even arglperiodic solutions for any even amidperiodic continuous
functionh(t) if the following nonresonance conditions hold

22 \/\/_riﬁ = V2adyB # 2k, QB # 2k (2.7)

for anyk € IN. Consequently, we see thBF(Xp, 0) : Xo — Xp is continuously
invertible if (2.7) hold. The implicit function theorem implies the following result.

Theorem 2.1. Lett > 1 be given. If the condition&.7) hold, then the chairf2.1)
has ag-periodic solution{(un(t), on(t))}nez for anye small such that

sup(lun(t) - dol +lon(®))" < co.
n

Moreover, the relation(t) = O(e) is true for anyn. Furthermoreun(t) = dg + O(e)
for n # 0 andup(t) = y(t) + O(e).
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Under assumptions of Theorem 2.1, we get more complicated dynamics of (2.1).
Namely, if we start fromxy € X such thato, = 0 for anyn, u, = 0 for largen
while up = y(t) — do for several finite numbers af. Then we get for any small,
under conditions (2.7), the existence of multi-site breathers. Furthermore, if we take
an infinite number of excitations, i. @l = y(t) — do for infinite numbers ofin the
above construction ofy, then we can repeat the proof of Theorem 2.1:fe+ 1 to
getp-periodic solutions of (2.1), which are not spatially localized. But they are near
to (ys(t), 0) in infinitely many modes. Moreover, the same arguments hold when
we consider-dp instead ofdy in the above considerations, i. e., we take the exchange
Up © Up—dpin (2.1). Furthermore, if (2.7) hold for sonfg, then (2.7) hold also for
any s near togp and Theorem 2.1 can be applied uniformly for sgcinde small.
In particular, we get under assumptions of Theorem 2.1 in (2.19 $onall infinitely
many 1-parametric families of breathers.

Finally, if we start fromxg such that eitheu, = —do, on = 0 oruy = y(t) — do
andon = 0, then we considef(x, &) : Xo xR — Xg for r = 1, and we can repeat the
proof of Theorem 2.1 to get the next result.

Theorem 2.2. If the conditions
QB # 2rk forany keN

hold, then for anyE = {en}nez € {0,1}? the chain(2.1) has ag-periodic, in gen-
eral not localized spatially, solutiof(ung(t), one(t))}nez for any e small such that
one(t) = O(e) for anyn, andup g(t) = O(e) for nwithe, = Landung(t) = y(t)+O(e)
for nwithe, = 0.

We also note that the above results can be extended to the case when for (2.3) the
elementxg is such thap, = 0 for anyn, and eithetun(t) = yz(t) — do or u, = 0 or
U, = —dp or u, = —2dg. Summarizing we see that the dynamics of (2.1) is rather
complicated fo # 0 small.

3. GENERAL WEAKLY COUPLED LATTICES. THE EXISTENCE OF CHAOS

We assume in this section thBf = &61, I'2 = &d2, F = &f(t), ki/m = guy,
K1/M = gup, —=2y/m = gusz, —x/M = gu4 for a small parametet, constant$; > 0,
62 >0,u,i=1,23,4,and aCl-smoothT-periodic functionf(t). Hence (1.1) has
the form

Un + 861“[‘] + aZUn(u% - dg) = Sl,ll(UrH_]_ — ZUn + Un_]_)
+ gpzonln + (1),
. . ) (3.1)
On + £620n + Quon = e12(0n+1 — 20n + On-1)
+ epa(Ui - dé) .
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We first consider the system

0+ £610 + a%u(u? — d3) = sugou + &f(t), (3.2)
O+ €620 + Q(Z)Q = sua(U? - dg) . '

2
We make the change of variahle— o — 8’;;‘30 in (3.2) to get
0

2
.. . & 4d
U+ 8610+ @2u(U? — d3) = 8/13[@ - 12220] u+ef(t),
0
O + €620 + QSQ = gual .

To study a small -periodic solution of the above system, we take its equivalent form

U+ 8610 + @2u(u? — d3)
2

t euqd
= g3 (‘2’2‘4 f e 20292 5inQ, (t — S)U?(s) ds— *g’;‘zo] u+ef(t), (3.3)
E —00 0

252
£°05

whereQ, = Qg - and 0< & < 2Qq/82. Now it is not dificult to prove in (3.3)
by using the implicit function theorem the existence of a unique singleriodic
solutionug(t) = O(e), o:(t) = O(e) of (3.2). Then we make in (3.1) the change of
variablesun < up + U, on < on + 0s t0 get the chain

Un = vp,
bn + £510n — 8%Und3 + @23 + 3a2U2u, + 3a%unu?
et1(Unt1 — 2Un + Un_1) + gua(onUn + onls + 0:Un),  (3.4)
é)n = Yn,
Wn + 8620 + Qggn = gu2(0n+1 — 20n + On-1) + 8[14(U% + 2U.Up) .
We consider (3.4) as an ordinaryfféirential equation in the Hilbert space

H:= {Z = {(Un, vn, On, ¥n) Inez ’ Znez(uﬁ + Uﬁ + Q% + '»ﬁ) < Oo}

with the norm|z| = \/Znez(uﬁ + 03 + 0% + ¥2). The inhomogeneous linearization of
(3.4) atz = 0 has the form
Un = Upn+ hnl(t),
: 22 22
Un + £010n + Un(3a°UZ — a“dj — suzo.)
— &u1(Uns1 — 2Un + Un_1) — gu3onls = (1),
On = ¥n + gn(t),
l.ﬁn + gdoyn + Qggn - 8#2(Qn+1 —20n + Qn—l)
— 2e14UgUn = gn2(t)

(3.5)
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with w(t) = {(hn1(t), hn2(t), gn1(t), gn2(t))},cz € Co(R, H), whereCy(R, H) is the Ba-
nach space of all bounded continuous functions fiRrto H with the normjw| =

supg llw(t)ll. We look for a solutiorz € Cyp(R, H) of (3.4) fore > 0 small. For this
reason, we consider the Hilbert spates.= H1 x Hy and

Hy = {{Unlnez | ), U8 < ool
with the corresponding standard norms. We first study the equation

o=y¢¥+g
Y+ &6 + Ao = g2
on Hs for (g1, g2) € Cp(R, H2). Here,

(3.6)

Ao = {Qfon — su2(on+1 — 200 + 0n-1)nez. -
Clearly A; : H1 — Hj1 is symmetric and positive definite fersmall. Then for any
smalle, there is a symmetric and positive definBg: H; — H; such that

&
%:&—TEL

We take the operators c8st and sinB.t from Hq to Hy. For anyp € Hy, we consider
the function

#(t) := |cosB,tol? + |sinB,tol® .
Then we have
#(t) = —2(cosB,to, B, sinB,to) + 2(sinB,to, B, cosB,tp) = 0.
Hence
IcosB,tol* + |sinB,tol* = o,
and therjjcosB.t|| < 1 and||sinB.t|| < 1.
Now, the equation
o=y
(-ﬁ + &6+ A0o=0
has the fornp+ £620 + Aco = 0 which has the general solution

(3.7)

g €02t/ 2[ cosB,to1 + sin Bgtgz]
for 012 € Hi. Consequently, the fundamental solution of (3.7) has the form
Ve(t) = e 220 (1)

with uniformly bounded/(t) for ¢ > 0 small. Thus, the only bounded solution of
(3.6) has the form
t

(o). y() = f e 2PN (t - 9)(g1(9). g2(9) ds.

—00
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Hence

(0, ¥)I < Kil(g1, 92)l/ &
for a constanK; > 0 independent o > 0 small.
Furthermore, it is not diiicult to see that the linear system

Un = vn + hna(t)

3.8
bn + &6vn — @2d3Un = hpa(t) (3:8)

has a unique solutioffun(t), vn(t))}nez € Co(RR, H2) such that

H(Un(t), vn(1)}nezl < Ko [{(hna(t), hna(t))Inezl

for a constanK, > 0 independent o > 0 small.

Now we return to (3.5). Summarizing the above arguments, we see, by using
the Banach contraction mapping principle tor> 0 small, that (3.5) has for any
w(t) € Cp(R, H) a unique solutiorz € Cy(R, H) such thatz < Ks|w|/e for a constant
K3 > 0 independent of > 0 small. Since the system (3.5)Tisperiodic, then we get
from the proof of Theorem 2.1 of [4, p. 288] that (3.5) has an exponential dichotomy
onR in the spacédH for anye > 0 suficiently small. Consequently, we get the next
result.

Theorem 3.1. TheT-periodic solutionun(t) = u.(t), on(t) = 0:(t) Yn € Z of (3.1)is
hyperbolic inH for anye > 0 syficiently small, i. e., the zero equilibrium ¢8.4)in
H is hyperbolic.

Now we look for more complicated solutions of (3.1). For this reason, we shift in
(3.4) the timet & t + « to get the system

Un = vn,
bn + 86100 — @%Und3 + 8%U3 + 382U3U.(t + a)
+ 3a2unU3(t + @) = gu1(Uns1 — 2Un + Un_1)
(3.9)
+ gu3(EnUn + onUg(t + @) + 0:(t + @)un),
l_bn = (ﬁna
Un + 862Un + Q30n = 1a(0ns1 — 20n + 0n-1) + Epta(U3 + 2u,(t + @)un) .

We look for a solution of (3.9) fog > 0 small such that, ~ 0, v, ~ 0 forn # 0 and
Up ~ ¥, 00 ~ Y-

Let (00, ¥0) = {(02 ¥9)}nez be the unique bounded solution of (3.6) far= 0 and
g2 = {gn2}nez With gno, = 0 forn # 0 and

goz = epa (Y* + 2u:(t + @)y).

Let us putud = o§ = 0 forn # 0 andud = y, vJ = . Now we make in (3.9) the
change of variables, < un + U3, vn < vy + 18, on < on + 0%, ¥n < ¥n + ¥ to get,
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for n # 0, the system

L.Jn = Un,
bn + 86100 — 82Und3 + 8%U3 + 382U3U.(t + ) + 38%UnUA(t + )
= gp11(Unst + WS, 1 — 2Un + Ung + U2 )
+ ept3((on + 09)Un + (on + 0Que(t + @)
(3.10)
+0g(t + @)un),
@n = 'ﬁn,
';bn + &02yn + Q%Qn = &gu2(0n+1 — 20n + On-1)
+ gua(U2 + 2u,(t + @)up) .

For the moden = 0, we first note that the system

Uo = vg
vo + a%(3y? — dd)up = h(t)

for h(t) € Cp(RR, R) has a solutionup, vo) € Cp(R,R?) (see [10]) if and only if
| nosode-o

and such a solution is unique ff’; Up(t)y(t)dt = 0. Consequently, for the mode
n = 0, we get from (3.9) the equations

Uo = vo,
o+ (3~ R0 =10 10 [ noyoa] [ y02at
[ LoD dt = 0, (3.12)
00 = Vo,

),.00 + &02¢0 + Q(Z)Qo = 8,112(@1 - 2@0 + Q—l)
+ep4(U3 + 2Ugy + 2U.(t + @)Uo) ,

and

f hy M dt=0 (3.12)
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for
h(t) = —a?(u3 + 3u3y) — 61y — 38%(Up + ¥)Us(t + @) — &d100
— 3a2(Up + Y)U2(t + @) + gua(Uy — 2(Uo + ) + U_1)
+ euz((00 + 03)(Uo + ) + (00 + 0Q)Us(t + @)
+os(t+a)(up +7)). (3.13)

Now for e > 0 small, we can solve (3.10) and (3.11) to get the solution

2 = {(un(®), vn(t), €n(), ¥n(1))}__, € Co(R, H)

such that = O(g). Then we put thizinto (3.13) to get the functioh, , € Cp(R, R).
We noteh, ,(t) = O(e) uniformly for ¢ > 0 small anda,t € R. Clearlyh,,(t) is
T-periodic ina. Then from (3.12) we get the bifurcation equation

Qe, @) = % f ) he.o(t)y(t)dt=0. (3.14)
We need to study the limit di, ,(t) ast — 0. If we put
Im u,(t)/e = w(t),  [Imo.(t)e = (),
then from (3.2) we get
i —a?ddw = (1), ¢+ Q5 = —uqd3.
Hencel = —u4d2/Q% and

t 00
w(t)=—%b ] e‘ad"(t‘s)f(s)ds—% ft =9 (g)ds. (3.15)

It is clear thatw(t) is T-periodic. Furthermore, sincgt) — 0 ast — +co expo-
nentially, from the formula over (3.8) of the bounded solution of (3.6) we see that
lim;_0(00, ¥0)/& = {(00on, ¥on)}nez With oon = on = 0 forn # 0 and

o0 + Q3000 = pay(t)?,

t
ooo(t) = g—‘;ﬁ sinQg(t — 9)y(s)? ds.

(o)

Summarizing, from (3.13) we get

00

M(@) = QO.0) = [ [ =850 - 380 u(t +)

-0

— 2uy(®) [y dt = —géladg +a? f ) y(®)%u(t + a)dt. (3.16)

—00
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Clearly, M(«) is T-periodic. We note that similarly we can prove that

.0 ,
Ialin)0 %Q(s, a)/e = M'(a)
uniformly for « € R. Summarizing, we get the next result.

Theorem 3.2. Let M be given by(3.16) If there is a simple zerag of M, i. e.,
M(ag) = 0 and M’(ag) # O, then(3.1) has for anye > 0 small a bounded solution
Z(t) with smalluy, on for n # 0 and (ug, 0o) near (y(t — ag), 0).

Now, it is not dtficult to prove, as in the finite-dimensional case [10], that

(200) ~ { (U 0). 00 00(0. 2.0}, ) = O

exponentially fast as— +oo in H. Moreover, neag(t), we can construct the Smale
horseshoe. Consequently, we get in this case chaos in (3.1) with corresponding in-
finitely many periodic orbits with arbitrarily large periods. This Smale horseshoe of
(3.1) is spatially localized but not exponentially as in breathers.

To be more concrete, we take

f(t) = T coswt
for T > 0. Then (3.15) gives
T
t) = ————— cosuwt,
w(®) w? + azdg

and the formula (3.16) has now the form

WY V2

4 W .
M(e) = —:—go“ladg + sech g e
Consequently, if
wm
2ady’

thenM(a) has a simple zero, so then (3.1) is chaotic for any 0 small. We note
that the inequality (3.17) gives ficient conditions between the magnitude of the
forcing Y and the damping; in order to get chaos in (3.1) fer> 0 small. So chaos
is generated by the proton part of (3.1).6if = 0, then (3.1) is always chaotic for
f(t) = Tcoswt. Furthermore, iff(t) = O, i. e., there is no forcing, then it is not
difficult to prove that (3.1) has no nonconstant periodic solutions in dgace

Finally, we note that similarly we can study the case when more than one modes
are excited. We do not carry out such computations here.

4261 \J£odo < 3y/Mw Y sech (3.17)
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4. CONCLUDING REMARKS

In this note, we have studied weakly coupled diatomoc lattices presented by model
(12.1). In the case where (1.1) is unforced and undamped, the existence of infin-
itely many time-periodic and spatially localized solutions (the so-called breathers)
has been shown. For small damping and forcing, we have proved the existence of
infinitely many spatially localized Smale horseshoes, i. e., the existence of chaos
in (1.1). The localization of the Smale horseshoes is not exponential as is the case
for breathers. The proofs of these results are based on the use of the implicit func-
tion theorem. This would allow us to establish profiles of these solutions by using
analytic-numeric methods as in [7].

For general ‘non-small’ parameters involved in (1.1), the study of dynamics of
(1.1) is rather diicult. The existence of travelling waves could give some answers.
There are two possibilities to handle this problem.

The first one is to consider directly in (1.1) travelling wave solutions

Un(t) = (ot — ), on(t) = ¥t —n)

to get the system

2
v?é(t) + T1og(t) = lr(_rll((p(t +1)=2¢6(t) + p(t — 1)) + r;ic% (0) (1 B ¢d((%t)]
X F
- 2X @) + —. wn

. : K
Vi(t) + Taod(t) = 3 (W(t+ 1) = 20(0) + y(t - 1)
- Q0 - 200 - &),
where nowF is a constant external force. Equations of types similar to (4.1) are
studied in [6].

The second one is to take the continuum limit of (1.1) to obtain the partialrdi
ential equation

Ky 4o u? X F
Ut + Tily = —b%Ugy + ——ul1 - — |- 2% u+ —,
tt 1Ut XX Gg dg o

K1 o 2 X 2 2
ot + 120t = mb Oxx — QOQ— M(U - do),

(4.2)

where agairfF is a constant external forc&,= bnis the continuum space variable
andb > 0O is the lattice spacing. The travelling wave solutions

u(x,t) = ¢t — x), v(x,t) = (vt — X)
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of (4.2) satisfy the system

(o Ki,o L 4&0 ¢2 X
¢(U —mb)+rlv¢—m—%¢(l——)—25w¢+

F
2 >
dO

m (4.3)

w(vz - Mlbz) + Tovr = —Q2y — %((pz —d?).

System (4.3) is numerically studied in [11, 16]. System (4.1) was not yet investigated.
But for certain values of parameters in (4.1-4.3), the bifurcation methods as in this
paper can be applied to find analytically either periodic, homoclinic or heteroclinic
solutions of (4.1-4.3).

For instance, if

ki/m=Ky/M and o® ~ Kib?/M,

then by using the theory of singularly perturbed ordinafjedéential equations [3],
the dynamics of (4.3) is reduced to the system

- 4o ¢? X F
F10¢—m—(%¢(1—d—8)—25¢/¢+ﬁ,

Toujy = —Q2y — ﬁ((bz - &)

(4.4)

for
v? = Kib%/M.
System (4.4) admits the Lyapunov function
2
L(g.v) = nf—% [1— z—g) e~ ) - 93%2 oo
Hence the limit sets of (4.4) are its equilibria. In general they are hyperbolic. So for
v? ~ Kib%/M,

they persist in (4.3) and consequently, on bounded sets, these hyperbolic equilibria
are limit sets of (4.3).
Similarly, we can study the case

v® ~ Kib?/M  when kj/m# Ki/M.
This was numerically studied in [11]. The reduced system is now

(o Ki,o L 4&0 ¢2 X
¢(U —Eb)+rlv¢—m—%¢(l——)—25¢/¢+

dg

Fau = ~Qfy - 12(4° ~ &)

F
m’ (4.5)
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for v = Kyb?/M. According to [3], the dynamics of bounded solutions of (4.3) is
now approximated by (4.5). To study bounded solutions of (4.5), we consider its
equivalent form given by the inegroftirential equation

a2 K2) s - Koy
¢(U Eb)+rlv¢_m(‘%¢(l dg)
Q2(t-9)

2¢° i L F
+ m¢j:ooe 2 (¢(S) —do)dS+ a (46)

Equation (4.6) can be studied similarly to (3.3) but we do not investigate it any further
in this note. We postpone this to another paper.
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STABILITY OF A DELAYED RATIO-DEPENDENT PREDATOR-PREY
SYSTEM
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AsstrACT. A ratio-dependent predator-prey model is considered in which the preda-
tor growth rate depends on past quantities of the prey. Conditions for stability of an
equilibrium and its bifurcation are established when special parameters are taken
into account.

Mathematics Subject Classificatioferimary 92A15; Secondary 34C15, 34K15
Keywords: Ratio-dependent, delay, Poinéa’Andronov—Hopf bifurcation

1. INTRODUCTION

In [15, 16, 24], a possible generalisation of the traditional Volterra predator-prey
system is considered,
S1=S1-a(S1) - Sz V(Sy),
S2 =S, K(Sy)
where the dot means fterentiation with respect to timg S;(t) and S,(t) are the
guantities (or densities) of preys and predators, respectively. Here,
e « is smooth withe’(S1) < 0,S; > 0 anda(0) > 0 > Ii+m a;
e K andV are nonnegative and increasing, a@) = 0 = V(0).

If we replace the argument & andV by the ratio ofS; and S,, then we ar-
rive at a ratio-dependent predator-prey system, which is capable of producing richer
and more reasonable or acceptable dynamics. The substafiégedce from the
classical Kolmogorov model [15, 16] is due to the following two facts related to the
system:

(1.1)

(i) Equilibrium abundances are positively correlated along a gradient of enrich-
ment [1];

(i) These models do not produce the so-called paradox of enrichment (see [11,
pp. 490, 502] and [17, p. 391]), more exactly, it either completely disappears
or enrichment is related to stability in a more complicated way [21].

©2003 MskoLc UniversiTy PRrEss
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A simple ratio-dependent type mathematical model of two-species interaction was
first presented in [10, 19, 21].
Let us consider a model of ratio-dependent type which has the form

S1 = f1(S1, So),
Sz = f2(S1, S2)
with the initial conditionsS;(0) > O (i € {1, 2}), where

s BS1S;
£1(S1.S,) = 051(1 Kl) e S$2+S5>0
1(S1.S2) : .
0 if $1=5=0

(1.2)

and I
£ Q2 Q2
f2(S1, Sp) := St sy 151+ S5>0
’ 0 ifS1 =S, =0.

Here,a > 0 is the intrinsic growth rate d; in the absence of th&,-population
and without environmental limitation. In the absence of 8epopulation, theS;-
population grows logistically to the carrying capadity> 0; the functional response
of the Sy-population is of Michaelis—Menten—Holling type with satiation méent
or conversion raté > 0. The specific mortality

E(S2) = -rS2 (1.3)

of the Sy-population in the absence of tisg-population depends on the quantity of
Sz. y > 0 is the death rate of th&,-population.

If we take polar coordinates = r cosy, y = rSing, then a routine calculation
shows thatf; € C°(R?,R), however, it is easy to see thiite C1(R2,R) (i € {1,2}),
therefore solution of (1.2) with positive initial condition exists and is unique.

Let S; - Ml(Sl, Sz) = fl(Sl,Sz) ands; - Mz(sl,SZ) = fz(Sl, Sz), then the
system (1.2) is written in the Kolmogorov form of

= (S1-My(9
5= (Sz ‘ MZ(S)) (1.4)

(see [19]), which is useful since one can check the following two properties of this
system:
e M1 and M, are smooth functions, therefore the positive quadrant of the
phase spacesf, S] is an invariant region (see [22], pp. 198—-203 and 230-
231);
?,“Sﬂzl(sl, S2) = —fs; <0andgg2(S1,S2) = —few; > 0(S1,S2 > 0), . €.,
in fact the system is a predator prey system with @ewand predatos,.

The ratio-dependent predator-prey model (1.2) has been studied by several au-
thors recently, and very rich dynamics has been observed. In [10] and later in [2],
the authors restricted their analysis to parameter values that ensure that the origin as
equilibrium behaves as a saddle point and they established conditions for persistence




DELAYED RATIO-DEPENDENT PREDATOR-PREY SYSTEM 129

of the model, and showed the existence of eight qualitativetemint types of sys-

tem behaviours realized for various parameter values. In [13] and later in [26] the
authors studied the analytical behaviour at the origin and showed that this equilib-
rium can be either a saddle point or an attractor of certain trajectories, and shown that
the origin is indeed a critical point of higher order. In [17] the global behaviour of
solutions was investigated and it was showed that if the positive equilibrium is locally
asymptotically stable, then the system does not have any nontrivial positive periodic
solutions.

Now we are going to show that with respect to certain circumstances this model
can have a periodic solution. This happens by incorporating a déiagt into the
systems. For the justification and biological relevance of the delay in ratio-dependent
systems see [6]. In [14] the most famous delay in the predator-equation was intro-
duced, i. e.K (2;—8) was replaced by (%) Starting from the evidence that in
such a system the present growth rate of a predator depends not only on the present
guantity of food but also on past quantities, we will introduce an infinite distributed
delay into the second equation of system (1.2) for prey density, i. e., we repjace
in the second equation by

t
R(t) := f Si(t)p(t—1)dr, te]0,+), (1.5)
wherep : R — R] is the so-calledlensity functiorsatisfying the relation
+00
f p(s)ds= 1. (1.6)
0

Due to [5, 4, 7, 8, 18, 25], we assume that the influence of the past is fading away
exponentially, i. e.p(t) := a- exptat) (a € (0, +)) andaf_t00 exg-a(t — 7))dr =

af0+°° exp(—as)ds = 1 hold. The smallea is, the longer the time interval is in the
past in which the values & are taken into account, i. e./d.is the “measure of the
influence of the past”.

Clearly, ify < 6 < BZ[:a fory > ea oré > y for y < ea, then (1.2) has three

equilibria, two on the boundary of the positive quadrant0}b, whose local stability
cannot be directly studied (the system cannot be IirEaislﬁdo),)Y that is unstable
and a unique equilibrium with positive coordinate$;,(S,)? := %s(ﬁ(?’ -0) +

oea) (1, %)T which may or may not be stable. To study the local stability of

equilibrium (Q0)" there are several ways, e. g. via introducing the new variable
S := S1/S; or making a time scale change =: (¢S, + S1)dr (cf. [17] and [26]).

First we give conditions for the asymptotic stability of the equilibrium of the delayed
system and show that under some conditions the increase of thegdd@labilises

the originally stable equilibrium by a PoinétAndronov—Hopf bifurcation (see [9]).
While the system without delay has no periodic solutions apart from the trivial one,
this one has.
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2. THE SYSTEM WITH DELAY

We consider the model of predator-prey interaction with time delay which is given
by

Simas(1- ) L5152

K 882+Sl (21)
Sp = —ySy 4 R |
L=V TS, AR

whereRis given by (1.5). Since
R(t) = a(S1(t) - R(®)  (t € [0, +c)),

we see that (2.1) is equivalent in its qualitative dynamical behaviour to the three
dimensional system of ordinaryftBrential equations

- S1\  BS1S
Sl B a,Sl (l K ) 882 + 51

L RS, (2.2)
Sl B 782 - 882 +R

R=a(S:-R)

on [0, o) in the following sense (see also [7]). IB{,S,) : [0, +o0) — R? is the
solution of (2.1) corresponding to the continuous and bounded initial fun&jon
(—o0,0] —» R and the initial valuésg := S5(0) (i. e., S1(t) := Si(t) (t < 0)), then
(S1,S2,R) : [0,+00) — R3 is the solution of (2.2) satisfying the initial conditions
S1(0) = S1(0), Sz(0) = SY andR(0) = RO := af_ooo Si1(r) exp(ar) dr and vice versa.
(Clearly, if the initigl valuess;(0), Sg andRO related to system (2.2) are prescribed
then, the functior5; is not uniquely determined.) There are seven parameters in
(2.2), thus if we introduce new variables and time with substitutions such as

K
Si1="Ku Sy=—v, R=Kw, t= ear,
£

then (2.2) takes the following simpler, dimensionless form

buw
/= -1 - —
U= u(u )v+u
o = —cdp + 2 (2.3)
V+w
w' = p(u - w)

whereb = %, ci=2,d:= £ andu := 2, and where the prime, this time, denotes
differentiation with respect to the variahte With these notations, if & d < 1 <

b < rld forb> 1orif0 < d < 1forb < 1, then system (2.3) has the following
equilibria: firstly, the origin, whose local stability cannot be directly investigated and
is of no interest, secondly, the points ¢11)" and the unique positivei(s, w)" :=
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(b(d -1)+1,59(b(d-1)+1),b(d-1) + 1)T, which represent the extinction state
of predator and the coexistence state of predator and prey, respectively.

In order to check the stability of the last two equilibria we linearise system (2.3)
at these points. The cfigient matrix is

bu? bu?
1-2u- W _W 02
A(u’ v, w) = O (Uill)u)z - Cd (US—U_LU)Z .
H 0 —H
In particular,
-1 -b 0 ek—-1 -bd® 0
A(1,0,1)=|0 c(1-d) 0], AGow)=| O cdk ckf,

U 0 —H U 0 -

wheree ;= b(1 + d), k := 1 - d, and the characteristic polynomials take the form
p1o1(A) := 3+ (L + - c(1 — d)) A2 + (u — uc(d - d) — c(1 — d))A + uc(l — d)

and

Pam(d) 1= A3+ (u+cdk—ek+1)2%+ (cdk(u+ 1) —ek(u — cdK) +u) A+ ucdk(ek+ 1+ bdK).

Applying the Routh—Hurwitz criterion, we conclude that they are stable polyno-
mials if and only if the following inequalities hold:

l+u>c(l-d)), (2.4a)
u(l-c(l-d))>c(l-d), (2.4b)
uc(l-d) >0, (2.4c)

Proi(u) == (1 —c(L - d)u® + (1 —4c(l —d) + (1 - d))u+c(1-d)(c-1)> 0
and

u+cdk+ 1> ek (2.5a)
u(cdk—ek+ 1) > —cdk1 - ek (2.5b)
ucdk(ek+ 1+ bdk) > 0, (2.5¢)

and
Pun(u) = (cdk— ek+ 1)u? + (cdicdk+ 2 — 2ek— bdk)
+ eklek—2)+ 1))u + cdkl + cdkl + ek —ek) > 0. (2.5d)

If we assume that
1-ek>0 (2.6a)

i. e.,

Tog > b+, (2.6b)
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then (2.5a) and (2.5b) hold. Clearly, (2.5¢) holds automatically, thus (2.5d) and (2.6a)
(resp. (2.6b)) atogether form aflagient condition of asymptotic stability of the
equilibrium @, v, w)".

In view of (2.6a), the following three cases can be distinguished.

2.1. Caseek < 1. In this case the inequalities (2.5a-c) hold true. If
cdicdk+ 2 — 2ek— bdK) + ekek—2)+ 1 > 0, (2.7)

then (2.5d) holds for all. and @, 7, w)" is asymptotically stable. If (2.7) does not
hold, then since the constant term of the quadratic polynoRigl is positive, this
polynomial has either no real roots or has two roots of the same sigh;1has no
real roots or has two negative roots, then (2.7) holds again foratid the equilib-
rium (T, 7, w)" is asymptotically stable. IPg; has two positive roots, & u; < uo,
say, then the equilibriunTi(v, w)" is asymptotically stable for large valuesofi. e.,
for small delays. AL, the characteristic polynomigg; has the form

Paz(l) = (1% + cdkug + 1) — ekug — cdk) + po)(A + po + cdk — ek + 1),
and its roots are
Ao(ug) = —pg—cdk+ek—1<0 and A12(ug) = tiw,

where

w = +JedKug + 1) — eKug — cdk) + pg.
A routine calculation shows that
dR (A1(uo))

du
(cdiuo + 1) - eKuo — cdK) + g — 3w?) (cdKek+ 1) + bdk— w?)

(cdk(ug + 1) — eug — cdk) + g — 3w?)? + 4w?(ug + cdk— ek+ 1)2

Example.Let b = 2.0000,d = 0.1000,c = 0.1000, then the expression on the left
hand side in (2.7) is negativey = 0.4319 andwv = 0.5970, furthermore,

dR () _ 02187
du 25511

therefore using: as bifurcation parameter, the equilibriumg, w)" looses its stabil-
ity by a Poincag-Andronov-Hopf bifurcation when is decreased belowy, i. e., the
delay is increased, while the other equilibrium becomes asymptotically stable.
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2.2. Caseek = 1. Inthis case the inequalities (2.5a-c) hold true, (2.5d) is equivalent
to
Paw(u) = u? + dk(c — b)u + 2cdk > 0. (2.8)

If c—d > 0, then (2.8) holds for aj and @i, v,w)" is asymptotically stable. If
c < d, then since the constant term of the quadratic polynog} is positive,
this polynomial has either no real roots or has two roots of the same Sig!f
has no real roots or has two negative roots, then (2.8) holds again foaall the
equilibrium @,7,w)" is asymptotically stable. IPg; has two positive roots, &
Uy < uo, say, then the equilibriundi(v, w)" is asymptotically stable for large values
of , i. e., for small delays. At the characteristic polynomigl;; has the form

Paw(4) = (A% + cdiug + 1) — (g — CdR) + 11g) X (A + g + cdk),
whose roots are
Ao(ug) = —g—cdk< 0, and A12(up) = tiw,
wherew := /2cdiq + 1). A routine calculation shows that

dR(A1(uo))
du
w? (3w? + cdk(4ug — 2cdi(1 + pg) — 2 - 3cdPk?)) + 2¢2d?k3(2 + bdK)

(2cdk(up + 1) — 3w?)? + 4w?(ug + cdk)2
Example.Let b = 0.999900000¢ = 0.000000001, thed = 0.000050003 and (2.8)
is negativeyy = 0.00054791 and = 0.999999998, furthermore,

dR (1
M — _0.031314697 0,
m

therefore in this case the equilibrium §, w)" looses its stability if: is decreased be-
low wq. This loss of stability occurs again by a Poiresgkndronov-Hopf bifurcation,
while the other equilibrium becomes asymptotically stable.

2.3. Caseek > 1. Inthis case (2.5a-b) are not satisfied automatically. If we assumed
thatcd > e, then (2.5a) would hold but we have no guarantee that (2.5b) will hold, so
it is not sure even for the valye(u < yg) that the polynomiapg;(1) is stable.
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Asstract. This paper introduces an analytical technique to obtain the two-group
neutron flux distribution on a typical square cell in the symmetrical core of a pres-
surised water reactor, PWR. Mathematically, the flux distribution is a solution to
a system of fourth order homogeneouffion equations with irregular bound-

ary conditions in Cartesian and polar coordinates. The formulae for the solution,
obtained explicitly in terms of hypergeometric functions, are suitable for computer
programming leading to temperature distribution and thermal stress analysis on fuel
rod, etc. The proposed technique is capable of calculating the neutron flux at the
corners of the typical cell, where neither approximated equivalent cell methods nor
numerical methods succeeded. An actual condition of steady state critical reactors
is studied, and numerical results by the proposed technique are compared to those
of an approximated equivalent cylindrical cell technique.

Mathematics Subject Classificatio35k57

Keywords: Nuclear fuel cell, analytical solution, neutrorfidision equation, irreg-
ular boundary conditions

1. INTRODUCTION

Many engineering applications are simulated mathematically as pafitdeditial
equations with nonsmooth irregular boundary conditions, described geometrically by
a composite of dferent shapes such as triangles, rectangles, and circles [1-3], as
in the theory of elasticity [4—6] or in neutronftiision [7, 8]. Most of the custom-
ary numerical methods such as finitéfeience, finite elements and nodal methods
fail at the corners as being singular points [9-12]. Also equivalent boundaries meth-
ods such as cylindrical [13] or hexagonal [14, 15] dffected by corners ignorance.
Approximate analytical methods obtain the solution as an infinite series [16], which
is exposed to roundfband truncation errors, and require stability and convergence
investigation of the calculations.

One of the most powerful ways of treating multi-region reactors is by the group
diffusion method. In this method the energies of all the neutrons are divided into

©2003 MskoLc UniversiTy PRrEss
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a number of energy groups. The neutrons within each group are then lumped to-
gether and their diusion, scattering, absorption, and other interactions are described
in terms of suitably averagedftiision codicients and cross-sections, which are col-
lectively known as group constants.

The simplest group flusion problem involves only one group of neutrons, which,
for simplicity, are assumed to be all thermal neutrons. A more accurate procedure,
particularly for thermal reactors, is to split the neutrons into two groups; in which
case, thermal neutrons are included in one group called the thermal or slow group, and
all the other neutrons are included in the fast group. This approach was utilised in [13]
assuming only one-dimensional composite problem. In this work, the approach used
in [13] is extended to two dimensions. Moreover, the fuel rod and the moderator are
treated as separate regions as will be indicated in the following section.

It must be emphasised that the two-group method is not an exact technique for han-
dling reactor criticality calculations [17]. Nevertheless, it does provide a relatively
simple way of obtaining reasonable estimates of the critical mass, flux distributions,
and so on.

2. PROBLEM STATEMENT

2.1. Governing equations.Consider a two-region thermal reactor consisting of ho-
mogeneous fuel rods submerged in moderator, which is divided into symmetrical
cells. Every cell is a fuel lump consisting of a rod with circular cross-section of ra-
diusain a square moderator with side lengtlhh Due to the symmetry of the system,
the cell can be divided into triangular regions and confine the solution to one single
triangle, sayOAB, as shown in Figure 1.

4 A . X

Ficure 1. PWR typical lattice.

The steady state filusion equation for the fast neutron flux in the fuel regix'jris
given by
-DEV2gE + (2, + 25,) of —vzhief - vzh,ef =0, (2.1)
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and that for the thermal fluag in the fuel is described by

~D5 V295 + =505 — £0,67 = 0. (2.2)
The difusion equation for the fast neutron in the moderator regmms

-Dy'VZgy! + (23 + Z3h) o1 = O, (2.3)
and for the thermal flux in the moderat@’I is

~DY' V2 + =V pM — sMeM = 0, (2.4)

where

V2 is the Laplace operator,

F andM stand for fuel and moderator, respectively,

subscripts 1 and 2 stand for fast and thermal fluxes, respectively,

D, D5, DY, DX are difusion codicients for fuel and moderator in group
1 and 2, respectively,

=F . 25, =M, =M are macroscopic absorption cross-sections,

Zfz, 22"2 are macroscopic slowing down cross-sections,

Zfl,zfz are macroscopic fission cross-sections,

v is the number of neutrons produced per fission.

The macroscopic cross-sections are assumed to be constants which characterise
the material properties of the fuel and the moderator.

Since all cells are identical in an infinite uniform lattice, there can be no net flow
of neutrons from one cell to another. It follows that the current density is zero along
the boundary of each cell, also both fast and thermal fluxes and currents must be
continuous at the fuel-moderator interface.

2.2. Boundary conditions. As mentioned in the previous section, both fast and ther-
mal fluxes and currents must be continuous at the fuel-moderator interface, therefore
the following conditions must be satisfiedrat a:

o7 = ¢y, (2.5)
5 = o3, (2.6)
A" ApM
F "1 _pM 71
DY r DY o (2.7)
and
APt oM
FP% _pud%2
DS o D} o (2.8)

Likewise, the symmetrical conditions for the triangular regiaBin Figure 1 must
be satisfied as follows:
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(i) Along the liney = 0;

¢
— =0, i=F,M,and j=1,2 (2.9)
Iy
(ii) Along the linex = b;
M
i o
i 0, j=12 (2.10)
(iii) Alongtheliney = x, where O< x<b
¢
= =0 (2.11)

wheren is the outward normal to the ling= x.

The major dificulty of this problem is that criticality conditions yield some of
mathematical relations expressed in Cartesian coordinates and others expressed in
polar coordinates.

On the one hand, expressing the entire problem in polar coordinates introduces
some inaccuracy at the outer boundary of the moderatar=£at), on the other hand,

a mathematical statement in the Cartesian coordinates introduces inaccuracy at the
interface of both the fuel and the moderator.

In the following section, these fliculties will be discussed in some detail in the
frame of the proposed solution approach.

3. AN APPROACH TO SOLUTION

To find the fast and thermal fluxes which satisfy the criticality conditions of the
reactor, it is necessary to solve the two-group equations for fuel and moderator, in the
confined triangular region.

Beginning with the fuel, the coupled second-ordéfadtential equations (2.1) and
(2.2) are decoupled by solving equation (2.1)<i§rto get

-1
¢5 = —= (DY V21 +2{4f). (3.1)
vEL,

Substituting this result into equation (2.2), one obtains a fourth-order equation for
¢f alone; namely,

1L v2 926 — (11 = LF) v ¢ + (ko - D)9} =0, (3.2)
where
F F F F
s =- (zal +3, - vzfl),
DF DF xFysFf
=g =2 and ko= —fgo
iy =5 b,
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Equation (3.2) is a fourth-order ftierential equation with constant dfeients and
can be factored to get

(V2= %) (V2 - 22) ¢ =0, (3.3)
where

(rr-12) = \/(rf —12) —4reL2 (ko - 1)
2r¢L%

2
uo=

and
Tf — L?

Tt L?.
Equation (3.3) can be split into the following two equations
(V2-p)X =0 (3.4)

_/12='u2_

(VZ-2%)Y=o. (3.5)

The general solution foﬁ is then a linear combination of the independent functions
X andY; namely
¢ = AX+CY, (3.6)

whereA andC are unknown constants. If the Laplace oper&torin Cartesian form
is used, then

X(X, y) = (coshax) (coshay) 3.7)

Y (X, y) = (coshBx) (coshBy), (3.8)
where 2
_® -~
o= V3 and g N

Having the fast flux in the fuel been determined, the thermal gﬂgncan be found
from equation (3.1), in the form

¢h = AS1X + CSpY (3.9)
where
o T2l s, TR
LT ez SPCEEE,

We now focus on the equations for fast neutron and thermal flux in the moderator.
Equation (2.3) may be written in the form

Vi — kiwér' =0, (3.10)
where " "
12 = Ta t 1o
™
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In general, the solution to equation (3.10) will be indicated by

o = FZ1(x y), (3.11)
whereF is an unknown constant, and
Z1(x,y) = (coshy(b — x)) (coshy(b - y)), (3.12)

wherey = kM/ 2. The thermal flux in the moderatgd' can be found by assuming
a solution to equation (2.4) in the form

¢5' = Sapy! + G2y, (3.13)
whereG is an unknown constant and

k%M - k%M o Dg/l
The functionZ,(x, y) is then the solution of the equation

V2Z;, — k5yZ2 = 0, (3.14)

whose solution may be written in the form
Z5(X%, y) = (coshw(b — X)) (coshw(b - y)),

wherew = K/ V2.

The general solution which satisfies the symmetrical conditions (2.9) through (2.11),
for the fast and thermal fluxes in both the fuel and moderator displayed in equations
(3.6), (3.9), (3.11), and (3.13) can be conveniently written in the following matrix
form:

$1] 11 1 0 OfAX
¢51 |S1 S2 0 of|cy
¢Q/' 10 0 1 Fzi|”
¢2/| 0 0 S3 1|1G%

To calculate the four unknown& C, F, andG, criticality of the reactor in equations
(2.5) through (2.8) is utilised.

In the preceding equations, the functiolsy, Z;, Z,, are transformed into polar
coordinates, then their magnitudes, and their partial derivatives are evaluated at the
fuel-moderator interface where= a.

Inserting the solutions of the fluxes, namely, equations (3.6), (3.9), (3.11), and
(3.13), into equations (2.5) through (2.8) gives the following set of equations:

(3.15)

AX+CY-FZ; =0, (3.16)
X oY 0z
FY FZ" M Y41 —
AD[ - +CDf ==~ FDI'== =0, (3.17)
AS;X +CS,Y — FS3Zy — GZ, = 0, (3.18)
X oY 0z 0z
AD3S;~ - +CDy S~ FDg”s3a—r1 - GDQ"a—r2 = 0. (3.19)
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In view of Cramer’s rule regarding linear, homogeneous algebraic equations, the de-
terminant of the cacients multiplying the unknowng, C, F, andG is zero, then

X Y -7 0
IX aY 0Z:
DEW DEE _DQA ra 0 =0 (3.20)
S]_X SzY —5321 —ZZ ’
Fa, 0X Fa. oY Mg, 0Z M 6Z
D;S150 DySoqr -D3'Ss% -Di

Equation (3.20) provides a relation, admittedly a somewhat complicated one, which
must be satisfied if the reactor is to be critical. Criticality can be obtained by adjusting
either the physical properties or the size of the reactor in such a way that the critical
determinant given by (3.20) is precisely zero.

To find the fast and thermal fluxes it is necessary to determine the constants,
andG. Itis not possible, however, to find the absolute values of all of these constants,
since it can be shown that if the determinant of thefiégcients in equation (3.20) is
zero, as it must be for criticality, then these four equations are no longer independent.
Therefore it is possible to determine only three of the constants in terds Tus
the absolute value of the flux cannot be found from these equations. While it is
possible to specify the shape of the flux in a critical reactor, its magnitude depends
upon the operating power of the system and is not determined by the group equations.
To find the constam it is necessary to compute the reactor poRgwhere

P= K(szl f¢§dv+2’§2 qugdv). (3.21)
It is found that AX
_ F M
C= & (Dfx - DY¢), (3.22)
AX
F=—(DYx-DMg), 3.23
BZy ( ! i'e) (3.23)
and AX
G= = (DE(S2 - Sa)x + DY (S - Sa)e + DY (S1 - S2)¢), (3.24)
where
ax 9z Y
— DMg _ DF _or e _ o
B=Dyé-Dye, x < £ 7. and & 7

All of the functions appearing in these equations are evaluated, at the fuel-moderator
interface ar = a, (note that, numerically, it is preferable to consiéler 45°) where

‘2_): = % [F1sinh(arFs) + Fasinh(arF2)]
Y . .
(;_r = ’g [F1sinh(BrF1) + F2sinh(BrF»)]

z . -
% = 2 [-F1sinh(y(2b - rF1)) + F2sinh(rF2)]
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0Z : .

a_rz - % [~F1 sinh(w(2b — rF1)) + F2 sinh(wrF )]
and,

F1 = sinéd + cosg, F, = sing — cosh.

The solution written in the matrix form of equation (3.15) satisfies all conditions in
(2.5) through (2.11) on the triangle regi@AB except only a part of condition (2.9)
at the moderator regiora(< x < b). Along the sediment lin€ A, the normal slopes
cannot be exactly determined but approximately

0 M
ﬂ = —yF (coshy(b — X)) (sinhyb) ~ 0, (3.25)
Oy |asxsb,
y=0
also,
gy :
< = —yS3F (COSh)/(b - X)) (Slnh’)/b)
0y |asxsb,

=0
’ — wG (coshw(b — X)) (sinhwb) ~ 0. (3.26)

098
Q98
Q961
Q985
096
096t
Q983

0 a2 04 Qa6 a8

Ficure 2. Fast flux distributions by the proposed and equivalent
cylinder techniques.

4. VALIDATION

The problem considered in this paper was treated in [16], where an approximate
analytical solution was obtained. Another mathematical treatment based on an equiv-
alent cylindrical cell was introduced in [13]. The solution obtained using the ap-
proach proposed in this work was validated by comparing some numerical results
with solutions obtained by the above two methods.
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G4 05 06 Q7 @8 Q9

Ficure 3. Fast flux distributions by the proposed and equivalent
cylinder techniques, at moderator region.

Firstly, the approximated equivalent cylindrical cell technique, which is used now
in reactors, is utilised to compare the numerical results of the obtained solution, as
well as to compare the stability and convergence of the solution.

Secondly, the approximate analytical solution is introduced to show what the pro-
posed solution is like in an explicit and simple form.

The approximate analytical and equivalent cylindrical cell solutions are highlighted
in the following subsections.

4.1. Equivalent cylindrical cell. In the equivalent cylindrical cell approach, the ac-
tual cell which consists of a cylindrical fuel rod surrounded by a square moderator is
replaced by a cylindrical cell of the same volume [13], see Figure 4.

Ficure 4. Equivalent cylindrical cell.

The solution of the system of equations (2.1) to (2.4) with the critical conditions
(2.5) to (2.8), in piecewise cylindrical equivalent cell. The solution obtained may be
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recast into matrix form (3.15) as follows:

X = lg(ur) (4.2)
Y = lp(Ar) 4.2)
Z; = Ky(kimR)lo(Kimr) + 11(kimR)Ko(Kmr) (4.3)
Z> = Ky(kemR)lo(Kemr) + l1(kemR)Ko(Komf), (4.4)
whereR = 2 andly, |1, Ko, andK; are the Bessel functions.

ﬁ!

4.2. Approximate analytical method. An approximate analytical method, which
uses polar coordinates centred at the centre of the cell, was used in [16] for solving
the system of equations given by (2.1) to (2.4). The solution is obtained as an infinite
series of products of pairs of functions such that, for every pair, one of the functions
depends solely on the angular variable while the other function depends on the radial
variable and on the two energy groups. The solution is summarised in the matrix
form (3.15) as

AX = 2 COS 46 (aZak(Bor)) (4.5)
CY = i COS 40 (b Zak(Bar)) (4.6)
0
FZy = Z COS A [CWa(Bor ) + OhZax(Bar)] (4.7)
GZ = ZCOS &0 [ Wak(Bar) + fiZak(Bar)] (4.8)

whereW,y,andZ are Bessel functions.

The codlicientsSy, Sy, Sa, a, bk, Ck, dk, &, andf, are determined from the bound-
ary and critical conditions.

The results obtained from this solution are in an excellent agreement with our re-
sults. However, the solution form obtained using the proposed technique is expressed
in a simpler and explicit form.

Each of the three techniques introduced above has its own arbitrary constants. To
satisfy equivalence between two of them, arbitrary constants must be determined.
One of the assumptions is that, at the cell centre, the equivalent techniques should
have the same flux values.

Both the proposed technique and the equivalent cylindrical cell approach have the
same flux values at the cell centre as:

|#5]._ = A+C. (4.9)
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and

|45],_, = AS1+CSs. (4.10)

0 02 04 06 Q8

Ficure 5. Thermal flux distributions by the proposed and equivalent
cylinder techniques.
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Ficure 6. Thermal flux distributions by the proposed and equivalent
cylinder technigues, at moderator region.

4.3. Study of a typical case.In a steady state symmetrical PWR typical lattice, two-
group constants are the following ones:
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DY =113 DY =0519 D) =212 DY =171,
=f,=00309 =f,=0283 xM =0000127 =} =0.00432
=f,=-000902 =) =00157 =f =00094 =Ff,=0211

v =242 a=04119 b=06331

As a consequence, the equationgpf¢)!,¢5, andg’ for the proposed technique
become (roughly):

¢f = cosh(008x) cosh(008y) — 0.053 cosh((b2x) cosh(052y), (4.11)
o) = 0.95 cosh0.019(06331~ X)) cosh(0019(06331- y)), (4.12)
¢§ = —0.033 cosh(M8x) cosh(008y) + 0.063 cosh((®2x) cosh(052y), (4.13)
and
¢S = 4.87 cosh((019(06331~ x)) cosh(0019(06331- y))
— 4.84 cosh(0036(06331- X)) cosh(0036(Q6331- y)). (4.14)

The normal derivatives in equations (3.25) and (3.26) are of order less thih 10
The corresponding solution sets for the equivalent cylindrical cell approach are

¢f =10(0.11r) — 0.05316(0.73r), (4.15)
oM = 0.01(K1(0.011)I0(0.016) + 11(0.011)Ko(0.016)), (4.16)
¢5 = —0.0319(0.11r) + 0.0610(0.73r), (4.17)

and

¢ = 0.056(K1(0.011)0(0.016r) + 11(0.011)Ko(0.016))
— 0.1(K1(0.021)10(0.029) + 11(0.021)K0(0.02%)). (4.18)

The numerical results are showed on the figures enclosed.
Figures 2 and 5 show that both fast and thermal qu&Esahd¢§) by the proposed
or equivalent cylindrical cell techniques have the same distribution in fuel region.
Figures 3 and 6 show that, in the moderator region, both fast and thermal fluxes
(¢M and¢l!) by equivalent cylindrical cell technique take middle positions between
0 = 0° andd = 45°.

Notel. The dashed line stands for the fluxéat O, and the continuous one stands
for the flux atd = 45° by the proposed technique, while the thick line stands for the
flux by the equivalent cylindrical cell technique.

Figure 7 specifies the fast qux{() distribution over the typical cell by the pro-
posed technique, and Figure 8 specifies the fast flux distribution over the equivalent
cylindrical cell.

Figures 9 and 10, respectively, describe the thermal flux distribution of the typical
cell found by the proposed technique and the equivalent cylindrical cell.
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Ficure 7. Fast flux distribution of the proposed technique.

Figures 11 and 12 show the variations of fast and thermal flyés#b'), respec-
tively, against the angle at different radii.

I;\ AW
i

lf

=24, Ul
7

Ficure 8. Fast flux distribution of equivalent cylinder technique.

5. CoNCLUSIONS

An analytical technique was introduced for solving the two-group neutrnda-di
sion equations in the critical reactor’s typical lattice. Mathematically, it is a solution
of the fourth order homogeneoudfdision equations with non-smooth (or irregular)
boundary conditions in both the Cartesian and polar coordinates. The solution was
obtained in the explicit form suitable for computer programming and other purposes
such as analysis of temperature distribution, thermal stress on fuel rod, etc. By using
this technique, one can compute the neutron flux at the corners of the typical cell, in
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\
ML

Ficure 10. Thermal flux distribution of equivalent cylinder technique.

which case neither approximate equivalent cell methods nor numerical methods suc-
ceed. The proposed technique also avoids rotifaal truncation errors analysis and
stability and convergence investigation in calculations, in which other approximate
analytical methods may fail.
Future work:
(i) Studying temperature distribution of PWR typical lattice and stress analysis
in fuel rod using the proposed technique.

(i) Extending the proposed technique in three dimensions.

(iii) Studying flux distributions of non-symmetrical PWR typical lattice.

(iv) Treating the problem as a stochastic process, since the macroscopic cross-

sections are not constant but random variables.
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05 05 0/ 1 135 15

Ficure 11. Variations of fast flux in moderator region against angle
0, at different values of.

(0]0:19)

Ficure 12. Variations of thermal flux in moderator region against
angled, at different values of.
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AsstracT. We prove a generalization of the Wallis formula which is connected with
the generalized (denoted byr(n), n > 0 is real) introduced by Elbert in [1].
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1. INTRODUCTION

The infinite product of the form

. 22 42 (2k)2
T _ {lll’nk_)00 T35 _(2k_(%i<(22k)+21() (1)
- 24 46 —2)-
2 I|mk%oo 2 v . = W

is known as the Wallis formula (or product) [5]. This formula is the most remarkable
expression for the number. The formula is proved in an elementary way on the
basis of recurrence formula ¢fsin®(t) dt.

In this paper we give a generalization and prove it similarly as in the original case.

2. THE MAIN RESULT

Theorem (Generalized Wallis formula)Let n> 0 be an arbitrary real number. Then

. : 1k 21y
i) _ {Ilmk% ST % . )
=9.. 1 k-1 i (i+1)(n+1)
2 iMoo n% [Tis: [(i+1)(nill)t1][(i+1)(n+1)—n]
where
o
sinzl5

In the case where = 1, (2) is the original Wallis formula (1).
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Proof. Consider the half-linear flerential equation
Yl YT =0, y=y(¥), (-0 < X< ), (3)

wherey™ = |y|" - signy, n > 0.

In [1] Elbert introduced the generalized sine funct®y{x) as the solution of the
differential equation (3) satisfying the initial conditiop®) = 0, 4’(0) = 1. The
functionSy(X) is periodic with the period2 and

A

0<Sp(x) <1 forO0< x<g

n (7
sp)-n sif3)-
Itis proved that the generalized Pythagorean formula holds
ISnOI™ +1SHO)M = 1 @)

First we show the following simple integral formula
fr(n) @
Set)dt = —— f s ™Dydt (@ >n+1). (5)

and

0
From the dfferential equation (3), we have

* 1 Sk
f Sp(t)dt = —HS{P + const (6)

By partial integration we obtain from (6) and (4) that

fo Se(t) dt = fo S (1) Se(t) dt =

= f Se(t) dt = f S (t) S (t) dt =
0
a(n) a(n)

f 7 ge-m gy g4 f " semdt (7)
0

Rearranging (7) we obtain (5).
From (6), we get )
. 1
ST (tydt = = (8)

In the cases where = k(n+1) ande = k(in+1)+n,(k=1,2,...), we obtain from
(5) the relations
ﬂm

f Sk gt = & k” s(k DO ) dit ©)
0 0
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and
2 k (2
f Sﬁ(n+1)+n(t) dt - _ f Sgk—l)(n+1)+n(t) dt, (10)
0 K+ v 0
wherev = L v e (0,1).
Repeating (9) and (10) and using (8) we get
# o A 17 1=
f ssmdt= == [ | —,  k=12..) (11)
0 2 0y
and
71_(222 k(n+1) 1 K i
f ST dt = = | | —. (12)
0 n ) 1 +v

In the case whera = 1, formulas (11) and (12) are the well-known recurrence
formulas k(n + 1) is the evenk(n + 1) + nis the odd equivalent of the index).
Since 0< Sp(X) < 1 on(O, ’@) we have

fo sk gt < fo * gk D) g

()
< f T sleDe gt k=1,2,...). (13)
0

By (11) and (12), formula (13) can be written in the form

Ak<@<8k k=1,2,...), (14)
where
k .
1 i
and
k-1 -
1 ii+1
By = = 1—[ : ( _ ) . (16)
Vigfi+1-%]li+1-+]
Clearly,
k+
B = —— Ac. (a7
The sequencé is strictly increasing because
i(n+ 1) ,
m>l (|—l,2,...,k).

Hence, by (14), the limit lina,., Ak exists.
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The sequencB is strictly decreasing because
i(i+1) i+
[i+1-%]li+1-v] i(+1)+%

<1 (=12....k-1)

By (14), the limit lim_. Bx exists.
We estimate the flierence oBy andAy, (14) and (17)

vA(n)
k 2 °
With increasingn, Bx—Ax can be diminished, 55(21) can be approximated with op-
tional accuracy with théy, By sequence, that is

O
am A= == = im Be.

O<Bk—Ak:EAk< (18)

which proves our theorem. O
Remark.The integrals (11) and (12) may be computed by using the gamma-functions.

Second ProofWe take
#(n)

I(n, @) = f " st (19)
0
Considerpn(t), the inverse function oB,(t) . From (4),
den® _ 1 O<t<1). (20)

dt "Y1 -+l

From (19), using the substitutian= S,(t)™*, we get

1 1 a=n 1

I(n,a) = mfo el (1 —7) ™1 dr. (21)

Consider the Euler first integral [2]

1
B(X, y) = f 11 - 1)y dt (22)

0
wherex, y are positive. This integral can be evaluated using gamma-function:

_ I(I'(y)

BOCY) = T ) (23)

In the right side of (20), there is the Euler first integral. Using (23), we get

1 I(E)rEh)
+1 [‘(L)

I(na) = (@ > 0). (24)
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Inthe casex = k(n+1)+n, (k=1,2,,), we have
1 T+ Dr()
N+1 r(k+ ).

n+1

I(n,k(n+1)+n) =

Using the elementary formula for the gamma-function
XO(X) = T(x+ 1), (25)
we get
I(n,k(n+1)+n):} L
niti+v
which is equivalent to (12). l& = k(n + 1), applying (22), we obtain
T (k+:5)T ()

r'(n+1).

I(nk(n+ 1)) =

In view of (25), we have

I(n’k(n+1)):nilr(nil)r(nzl)ﬁi_iv' (26)

i=1

With the help of the Euler functional equation

T(OT(L - X) = Si:ﬂx,

nilr(nzl)r(nz:l): ;r(zn)'

Substituting this into (26), we obtain (11). O

and (2a), we get
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AsstracT. The extremality problem representation of the Lax type [1] is studied in
detail for some class of Hamilton-Jacobi equations in the many-dimensional case.
The regularity properties of solutions of the Cauchy problem in the class of convex
lower semicontinuous functions are established. A generalisation to a wider class
of functions is obtained.

The Hamilton-Jacobi equation on the sphere is considered, and its exact solu-
tions are found in terms of a Lax type extremality problem. Some generalisation of
the results for the general case of many-dimensional Hamilton-Jacobi equations is
obtained by using the Fan-Brouwder fixed point techniques in a Banach space.

Mathematics Subject Classificatioferimary 34A30, 34B05; Secondary 34B15

Keywords: extremality problem, Lax type representation, Hamiltonian dynamical
systems, fixed point problem, exact solutions

1. THE EXTREMALITY PROBLEM FUNCTIONAL ANALYSIS:
CONVEX BSC-CLASS SOLUTIONS

1.1. Introduction. Itis well-known that equations like
u + f(t,x;u,vu) =0 (0.1)

foru: R"x R, — R with f : R, x JD(R") - R being some fixed mapping on

the jet-manifoldJY(R"; R) are calledHamilton-Jacobi equationsand are related

to the motion of certain mechanical systems. As was shown earlier in [1-3], these
equations possess the stabilisation property-aso, namely, a solution to (@) for

any Cachy datal-o+ = v from some appropriate class of functions tends to these
Cauchy data.
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In case the mapping : JD(R™R) — R is smooth and does not depend on
variables {;,x) € R, x R" and functionu : R" x R, — R, S. Kruzhkov [8-9]
obtained the following analytical representation for the solution ta)(&ith the
smooth Cauchy data: R" — R :

u(x. t) = v(x = tV(po)) + t[(po. V(po)) - f(Po)]. (0.2)

whereuli-g- = v and the functiormpg = Vo (X — tVf(po)) .
In this work, we develop the theory of equations like (0.1) for some special kinds
of mappingsf : JO(R"; R) — R, namely,

U+ f(Xu,Vu) =0 (0.3)

and demonstrate the inf-type extremality structure of their solutions which was first
observed by P. Lax (see [1]). In particular, we prove that this inf-type extremality
structure really gives rise to solutions of (0.3) for the Cauchy data from the class
BSC(R") of convex lower semicontinuous functions ®4%. In tparticular, for the
case where

f(x;u,Vu) := %(Vu,Vu), ue BSCR"),

we prove in Section 1 the aforementioned Lax result and give its generalisation to a
wider class of Cauchy data.

In Section 2, we study the extremality structure of solutions to equations (0.3)
which reduce to a fixed point problem and show its well-posedness. Another gen-
eralisation considered in this work is related to a Hamilton-Jacobi equation (0.3) on
the n-dimensional spher&". The corresponding inf-type extremality solution to this
Hamilton-Jacobi equation is proved to exist also for the BSC-class of functions on
s".

1.2. Problem setting. The review article [1] devoted to viscosity solutions of first
and second order partialftBrential equations contains the following exact formula,
suggested by P. Lax,

, 1 5
u(et = inf {”(y) + X =yl } (11)
for the solutions to the Hamilton—Jacobi nonlinear partifiedential equation:
ou 1 2
_ -V = = .
5 T ollVUlf =0 U0 =0, (1.2)

with Cauchy data € BSC(R") being chosen as a properly convex and lower semi-
continuous function. Herd;|| = (-, -) is the usual norm iflR", n € Z, andt € R, is a
positive evolution parameter. It is also stated in [1] that there is no exact proof of the
Lax formula (1.1) based on general properties of the Hamilton-Jacobi equation (1.2).

The present section is devoted to such an exact proof of the Lax formula (1.1) and
to the study of some of its properties.
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1.3. Analysis of the Hamilton-Jacobi dynamics.Consider the following canonical
Hamiltonian system associated naturally [2] with (1.2):

dx_ oMo dp__iHo

dt~ dp’ dt  a4x’ 1)
where the Hamiltonian functiodg € C(T(R"); R) is
1
Ho(x, p) = 5IpI” (22)

for (x,p) € T*(R"), T*(R") being the canonical phase space of coordinates. The
solution to (2.1) with Cauchy data ato( po) € T*(R") is given for allt € R, as
follows:
X=X+ pot, P=po. (2.3)
Introduce now the so-called “action function”: R" x R, — R which can be
defined [2] locally as
du= —Hp(x, p)dt+ (p,dx), (2.4)

where, by (2.3)p = (X— Xg)/t, and letuli—o+ = v € BSC[R"). From (2.4) one obtains
immediately that

ou ou
= _H = = 2.5
ot O(Xy p)’ PT% ( )

for all points , p) € T*(R"). Substituting (2.2) into (2.5), one gets the following.
Lemma 1.1. The action functionu : R" x R, — R satisfies exactly the Hamilton-
Jacobi equation (1.2), that is

ou 1

=t é||Vu||2 =0, Ul = . (2.6)

Now we shall proceed to computing an expression for the action funation
R" x R; — R, defined by (2.4). From (2.4) one finds that

t
u(xt) = j(; dr (%J) + U(XO)|x:x0+pot =

X=X9+PQT
P=Po

Lol

Since, due to (2.5), at a fixede R", the function

ou(x, t)
oX

= + v — =
X ;g;gof (X0)|x Xo+ Pot

~ (1m0l o)

2.7)
X=Xo+ Pot

=0+ = Po(X), (2.8)
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is defined, whergy : R" — R" is some mapping naturally defined from (2.3), (2.8)
and (2.7), one arrives at the formula

t
U(x, ) = 0 (x= Po(xo)t) + 5lIPoCxa)l> (29)
Here, for someg € C(R" x R, ; R"), the equation
X0 = X — tp(Xo)

holds, giving an unwieldy solution to the Hamilton-Jacobi equation (2.6). The ex-
pression (2.9) can be easily transformed into the following useful form:

u(x,t) = v(é) + %le — €%, (2.10)

where the mapping : R" x R, — R" is defined as a solution to the functional

equations

ou(x, t)
oX

£(x.1) == x=tpo(é(x. 1)), po(x) := (211)

foranyx € R", andt € R,.

For the expression (2.10) to be interpreted more exactly, it is useful to recall that
Hamiltonian equations (2.1) are completely equivalent to the following shortened
extremal Lagrange action principle:

t=0*

oU[Xo; X, 1] =0, U[xo; X, 1] := ft drLo(X, 5?) + v(Xo), (2.12)
0

N+ =xgeRN
Klr=t=xeRN
%eCL(R4;RN)

where, by definition, the Lagrangian function is

Lo(% %) 1= (P. ) = Ho(% P11 .00 (2.13)

Based on (2.4) and (2.13), one infers easily that the extremum expression

- . 1
U(X, t) = IanOE]R” {U(XO) + E”X _ XOHZ}
1

<@+ 3 |x-

holds if it is assumed that the infimum in the parenthesis exists and is attained at a
unique pointxg = £(x, t) for fixed x € R" andt € R, For the above motivation to be
validated, we shall study in detail properties of the solufienZ(x, t) to the extremal
problem (2.14) aiming to prove thagx, t) = £(x, t) for anyx € R" andt € R, where

£x ) = X-tpole(x D). Bol) 1= oo

as itwas found in (2.11).

(2.14)




INF-TYPE EXTREMALITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 161
1.4. Analysis of the extremality problem. Let us consider the problem (2.14) in
the case when a functian: R" — R is properly convex and semicontinuous from
below, that is» € BSC(R"). Then the following lemma (similar to lemma A5 in [1])
is true.

Lemma 1.2. There exists a unique solutiog = &(x, t) € R" to the extremum prob-
lem(2.14)characterised by the inequality

1, ~ ~
TE-xE-y) <vi) @ (31)
forally e R", t e R,.

Proof. We first prove the inequality (3.1) assuming the existence of a solution to
(2.14). Let us take any

z=¢+09(y &) =9y + (1 -9,

whered € (0,1). Then one easily obtains the inequality

~ 1 ~ . .
o@) + S IX - &7 < € + 0y - §))
1 - ~ ~ ~
t o (E+ 00 -8 - xE+ -8 -x)
~ 1 - ~
< (1= 9)(@) + doly) + 5 (E-x&-x)
LoEoxy-B+ L (-Ey-8). G2
t Y ot VTS YT R
whence we find that
~ 1 ~ ~ ’0 N2
@) — o) + 7 (E-xE-y) < Sly - &P (33)
for any 9 € (0,1). Passing to the limit in (3.3) a8 — 0, one gets exactly the
inequality (3.1).

Now we shall proceed to the proof of the existence of a solution to (2.4). We use a
standard minimizing sequenége R", j € Z,, satisfying the inequality

v(EjH%@j -x&-x) < “(X’t”% (34)

for any j € Z, and prove first that it is a Cauchy sequence.
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One deduces now that
~ 2
Ej+ &

2
L8t [0(5" ;‘f‘ ] — (%, t)) <

< 4t(% + %) (3.5)

€} — &7 = 2IE; — XI? + 2I& - x> - 4

<4t i}+ % + 20(x, 1) —U(E,-)—v(éj)

using inequalities (3.4) and the convexitywof BSC(R"). Inequality (3.5) means
that for any fixedt € R, there exists the limit element lim. & = € € R", by
virtue of the completeness of the Euclidean spR€eOn the other hand, the lower
semicontinuity o : R" — R yields

% 0 < o) + 518 - X
< limin (u(gj) + %HEJ- - x||2) < T(x 1), (3.6)
which implies the following identity related to (2.14):
1% 0 = o®) + 51 - X1 @7)
The uniqueness of the solutighe R" of problem (2.14) for fixedk € R" and

t € R, is proved as follows. IEl andéz € R" are two diferent solutions of (2.14),
then it follows from (3.1) that

~ ~ 1,- -~
v - &) + {{E-xE-B) <0,

! (3.8)
v(&2) — v(&y) + n <fz - X & - §1> <0,
for anyt € R,. Summing inequalities (3.8), one gets readily that
1.~ -
f”fl -&ll<0 (39)
for anyt € R, and, hencef; = &,. Thus, the solutiog : R" x R, — R of problem
(2.14) is unique. O

Now we shall investigate ffierential properties of the solutigh: R” x R, — R,
which will be used essentially in the main required equality &, thus ensuring that
the extremum function TR"x R, — R belongs to BSAR") and coincides with the
solutiond’: R" x R, — R of problem (1.2).

The following lemma is almost obvious from inequality (3.1).
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Lemma 1.3. The mapping®; : R" - R"and(1- P) : R" - R", where, by
definition,P;x := &(x, t) for anyt € R,, are Lipschitzian, that is, for any, y € R"

IPex—Pull <llx—yll,  I(L-Pyx—(L-Pyyll <lIx-yll. (3.10)

Proof. From (3.1) one easily obtains
IPex — Peyl® +11(1 = P)x — (1 - Powl® < lIx—yll%, (3.11)
which yields inequalities (3.10). O

Consider now the minimum functian:"R" x R, — R for problem (2.14), which
is realized at a unique element P; € R", t € R,. We can formulate the following
useful lemma.

Lemma 1.4. The mappindk : R" — R" defined adi(x) := {(x,t) for anyx € R",
witht € R, fixed, is convex and gierentiable with respect ta € R", and satisfies
the equality

- 1 ~
Vi(x) = 7 (x=Pu(x). (3.12)
Moreover, ag — 0%, for anyx € R" the following limits exist:

lim G() =09, lim Pi(X) = x. (3.13)

Proof. We first verify equalities (3.13) making use of the following Fenkhel charac-
terisation [3] of convex lower semicontinuous functiowsfunction f : R" - R
is convex and lower semicontinuous if it coincides with its second conjugate via a
Fenkhel functionthat isf**(x) = f(X), x € RN, where, by definition,

f*(p) 1= sup{(x, p) - (%)}, (3.14)

XeR"

forany f : R" - R andp € R". Since (2.14) yields
- 1
000 < fut)+ 3o -we}| = o9
y=X
for anyx € R", t € R, we get the following chain of inequalities using the semicon-
tinuity of the functiorv : R" - R:

1 ,~
o E0< 1) - X7 < v(¥) + v (P) = (P, X) + (P, X — £(X, 1)) <

< 4%H5(X’ ) = X" + 009 + v (p) — (P, %) + tpIP.  (3.15)

Whence one arrives at the inequality

1) = X" < 4t (609 + v (p) = (p. X + tlpI?). (3.16)

which means evidently that limg: £(x,t) = x for all x € R".
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Note that this result can also be obtained by making use of inequality (3.1) and the
convexity of the function : R" — R.

Since the functionn : R" — R is convex and lower semi-continuous, one can
write the following chain of inequalities:

mst{m»+w—m?%}bx=dmsnmmm@uﬁ)=

T N 1 ~ o
= Ilmgjf {u(x,t) - Enx—fll } < |I{116I;]f i(x,t). (3.17)

Thus, applying the limsyp,. operation to the left hand side of (3.17), one gets
easily that

lim supii(x, t) < v(X) < Iitmgnf d(x, t),

t—0+ —0*
hence the limit
tIirg+ 0(x, t) = v(x)

exists. To prove now equality (3.12), we note that the inequality

a(x, 1) = Uy, t) < <%(X — &(x. 1)), x— y> (3.18)

holds for anyx, y € R" and fixedt € R,. From (3.18) and (3.10), applying the change
of variablesx 2 y, one arrives at the following inequality:

0060 - 8049 > (T~ E ) x - ) = (T Ex ). x-)
(405 B0 - B 00 x- ) = (T Ex ) x-0)
(1= Po - 1= Poxx- ) (T Pogux-y) - k- . (319

It follows from (3.19) that, for alk, y € R" andt € R,

a0t - 8.0 - (22— Bxx—) < =

_tnx—yw, (3.20)

that is, L
Y(l — I?)t)X = VU(X, t),

which is the result desired. As a consequence of expressions (3.12) and (2.14), one
obtains the equality .

. —&(xt
lim V(x,) = Po(x) = %(X) (321)
for all x € R" andt ¢ ]R+,~defining a certain functiopp™: R" — R". The latter
proves exactly thag(x, t) = £(x,t) andu(x, t) = T(x,t) for all x € R", t € R, if only
one identifiegpp(X) = Po(X), x € R". m|



INF-TYPE EXTREMALITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 165

Summing up the results above, we obtain the following characterisation theorem.

Theorem 1.5. The solution of the extremum problg14) realized at the point
£ = &xt) € R"is a convex, lower semicontinuous function R" x R, — R
coinciding exactly with expressiaf2.10) containing the vectot = &(x,t) € R"
equal to the vectof = £(x, t) € R" constructed above.

Having stated in Theorem 1.5 the identity between two expressions (2.10) and
(2.14), we obtain our ultimate theorem.

Theorem 1.6. The extremum Lax expressi@nl)solves the Hamilton—Jacobi equa-
tion (1.2) for the Cauchy data from the class of convex lower semicontinuous func-
tionsBSC(R").

2. THE EXTREMALITY PROBLEM FUNCTIONAL ANALYSIS REVISITED;
THE BSC-CLASS SOLUTIONS

2.1. A general description of results. This subsection deals with the study of the
validity of the Lax formula (1.1) of Section 1 for the solution to Hamilton-Jacobi
nonlinear partial dferential equation (1.2), Section 1, with the Cauchy datR" —

R being a lower semicontinuous function which is not necessarily convex. We shall
prove that the Lax formula solves the Cauchy problem (1.2), Section 1, at any point
x € R"andt € R, fixed, save for an exceptional set of poiqi®f the Fs type having
Lebesgue measure zero.

2.2. Problem setting and formulation of results. Suppose that € Z, and define
BSC(R") as the set of all lower semicontinuous functionsR" — R for which

v (y) = o(llyll?) (11)
1

as|lyll = oo, wherev™ := 5(jo| - v) andy € R". Let us putA := R" x R, and let
Bioc(A) be the set of all locally bounded functions: A — R. Consider now the
following essentially nonlinear operator

. 1
u(¥) := L)(x.t) = inf {”(y) + o lx - yllz} 12
yeR" 2t
from BSCR") to Bioc(A), wherez := (x,t) € A is an arbitrary point.
Remark2.1 It follows from (1.1) that

112
L)@ < v(0) + > (1.3)
and thereforel. : BSCR") — Bioc(A), that is operator (1.2) is well-defined.
Below we prove the Lax formula (1.1), Section 1, for the solution to the Hamilton-
Jacobi equation (1.2), Section 1, that is, the fornu@i = L(v)(2) for almostallze A

does solve the Cauchy problem (1.2), Section 1. Namely, we develop a background
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for stating the Lax formula (1.1), Section 1, and prove the validity of Theorem 2.2
below.

Theorem 2.2. Letv € BSC(R") andu = L(v). Then:

() The functionu € Bioc(A) N Lipyoc(A) and, for almost all(x,t) € A, is
differentiable in the usual sense;

(i) The set of points where the function: A — R is not djferentiable is
contained in some exceptional $@tof typeFs having Lebesgue measure
zero;

(i) The derivativegu/adt andVu are continuous o \ Q;

(iv) Forall (x,t) € A\ Q, the functionu : A — R solves the Cauchy problem
(1.2), Section 1;

(v) Forall x e R", we havdim_,o+ u(x, t) = v(x).

2.3. Regularity properties of the operatorL. We divide ourproof of Theorem 2.2
into several steps and formulate some regularity lemmas.

Definition 2.3. For anyz € A, we put

A= {yo eR": ¥(Zyo) = ,'QII ¥(z, y)}, (21)
where
0z = otg) + B 22
forz= (x,t) € A, and, for arbitrank c A, we set
AK) := UZGKAZ. (2.3)

Remark2.4. Sincev € BSC[R"), we see that the mapping : R" >y — ¥(zy) e R
is also lower semicontinuous and, hence, the gtz € A, are nonempty. In the
sequel, for the sake of convenience, we put

_ Ix—yl?

r(zy) TR (2.4)
wherey € R" andz = (x,t) € A.

Lemma 2.5. Suppos« is a honempty compact subsetofThenA(K) is nonempty
and compact irR". In particular, for arbitraryz € A, the setA; is compact.

Proof. Let us first prove that the s&{K) is bounded. In accordance with the notation
above, we have that, for ale A,

ui2 = inf y(zy). (2.5)
yeR"
Thus, having taken into account (2.1) and (2.2), one gets that
AK)={yeR":3zeK u(zy) =u@@}. (2.6)
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From (2.6) one easily deduces that for any A(K)

izi‘& ¥(z y) < supu(2),

zeK

whence, by virtue of the local boundedness ofA — R (see Remark 1.1), it follows
that there exists a constamte R, such that, for any € A(K),

inf y(z y) < co. (2.7)
zeK
It is also evident that there exist constagitsc, € R, such that
inf r(z y) > cillyll® - co. (2.8)
zeK
From (2.7) and (2.8) it follows that for anye A(K)
v(y) + c1lyli? - c2 < iNfy(z y) < co,
zeK
and therefore, for any € A(K)
callyll® - v™(y) < co + Ca. (2.9)

The last inequality, in view of condition (1.1), implies the boundedness of the set
A(K).

We shall now prove that the s&{K) is closed. Let a sequen¢g, € R" : me
Z.} c A(K) be convergent ang = limmn.. ym. From (2.5) and (2.6) we get that
there exists a sequen{®, € K : me Z.} such that, for any € R"andme Z,,

U (Zm; ym) < ¥(Zm; y). (2.10)

Taking, if necessary, a suitable subsequence, we may assume that the séguence
K: me Z,}is also convergent. Putting:= lim_,. zn and taking into account that
v € BSC(R"), one concludes immediately that, for apg R",

Wz 7) = 0@) +1(z7) < im Y@y < im Y(z.y) =
= o(y) + lim (@i y) = o) +1(Zy) + ¥(Z ).

Thus, for anyy € R", we havey(z y) < ¥(z y), thatis,y € A; c A(K). Sinceze K,
this proves the lemma. O

Lemma 2.6. The functioru: A — R (2.5)belongs to the spadep, ,.(A) of locally
Lipschitzian functions.

Proof. Let us fix an arbitrary closed bafl c A and takezy, 2 € K, y1 € Az y2 € Ay
Then
U(z1) = v(ya) + r(z; ya),

U(Z2) = oly2) +1(22;y2), (2.11)
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and, by the definition of infimum, we get

U(z1) < ov(y2) + r(z; y2),

2.12
U(z2) < o(y) + (223 ). (212)
From (2.11) and (2.12) it follows immediately that
U(z1) - u(z) < r(z;y2) — r(z; y2),
U(z) — u(z) < r(z;y1) — r(z; va),
whence the inequality
u(z1) - u(z2)l < m%(lf(zli y1) — (22 yj)l
i=1
2.13
< sup |r(z1;y) - r(z; y)l. ( )
yeA(K)

follows.

Sincer € C*(A xR"; R) andA(K) is compact by virtue of Lemma 1.1, we deduce
that there exists a constan& R, depending only on the bail, such that for any
21,2 € K, y € A(K) one has

Ir(z1;y) = r(z2;y) < Tllz - Z|l.
Thus, our lemma is proved. m]
Lemma2.7. For all xe R",
lim u(x, t) = v(X).
lim u(x.t) = v(x)

Proof. Take anyx € R", t; < t; € R, andzj := (x.tj) € A, j = 1,2. Then, for any
y € R", we havey(z; y) > ¥(z; y) and, hence,

u(x, t1) > u(x, tp) (2.14)
foranyx € R" andt; < t; € R,. Itis also evident that, for any € R" andt € R,
u(x, t) < o(x). (2.15)

Now, from (2.14) and (2.11), we easily get that for alle R" the limit v(x) =
lim¢_,o+ U(X, t) exists and satisfies inequality
o(X) < v(X). (2.16)
Let nowx € R" and a sequencg; € R, : j € Z.} be convergent to zero. Put
z = (X t) € A, k € Z, and choose a sequengg € R" : Kk € Z.} with yx € A,
k€ Z.. Then evidently foralk € Z,, x € R"
u(x, t) = v(yk) + 1z yw- (217)

Using the same considerations as in Lemma 1.1 when proving the boundedness of
the setA(K), it easy to see thdyx € R" : k € Z,} is also bounded. Passing to a



INF-TYPE EXTREMALITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 169

subsequence if necessary, we may assume that the sedquercR" : ke Z,} is
convergent.

Puty := lim_ yk. Then, by virtue of the lower semicontinuity of the function
v € BSC(R"), we obtain

lim v(yd = v(@)- (218)

Hence the sequend¢&yy) : k € Z. } is bounded from below. As a result, using (2.17)
and (2.18), one arrives at the boundedness of the seqingey) : k e Z.}, which
leads to the following limit relations:

Il = FiI* = lim JIx = yidl® = lim 2t (zc; yi) = O.

Thus it is evident tha§ = x € R". Due to (2.17), we see thatx, ty) > v(yk) for any
x € R", tx € R, andyk € Ay, k € Z,, and consequently, taking into account (2.14)
and the equality = x € R", one gets the following limit relations:

o(x) = lim u(x, t) > lim v(yi) > v(y) = v(X).

This obviously implies thai@(x) > v(x) for any x € R". Thus, on account of (2.16),
the required assertion is proved. O

Lemma 2.8. Take{K,, € A : me Z,} as a sequence of embedded compact subsets
of A, where, foranyne Z,, K, € Kipyz. Then

ﬁA(KJ‘) = A[ﬁ Kj].
j=0 j=0

Proof. Let us seK := Nj1,K; andB := N2y A(K)). Itis evident that it is sfiicient

to prove the inclusioB c A(K). By virtue of Lemma 1.1, the sd® is compact.

Suppose also here thBt+ @, and choosg € B. Evidently there exists a sequence

{y« € R": k € Z,} such thaty := limy_. yx andym € A(Ky), m e Z,. It follows

from the consideration above that there exists a seqyaneK,,, m e Z. } such that

ym € Az, foranyme Z, . Clearly, the sequence may be assumed to be convergent.
Let limi_ Zn = Z itis evident thatz € K. Using Definition (2.2) and taking into

account the continuity of the mapping A — R, one obtains

Yz y) = vy) +1(Zy) < IIM vlym) + M 1(Zm; ym) =
= lIm y(Zm; ym) = lim u(zm) = u(2),

which yields the equality(z; y) = u(2) for z€ K, ory € A; c A(K), thus proving the
lemma. O
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2.4. Analysis of the exceptional sef. Denote now by dianM the diameter of a
setM in a metrics space. Let us s#t) ;= diamA; for anyz € A and put
Q:={ze A:a(2) >0} (3.1)
One of the crucial points in the proof of Theorem 2.2 is based on the following
statement.
Proposition 2.9. The seQ is a set of typd-5, and it has Lebesgue measure zero.

The proof of Proposition 2.9 follows from the lemmas formulated and proved be-
low.
Denote by$"! the unit sphere ilR" and forze A, e € $"1, put

A=1=we :weh), Ge:={xt)eA:(xe) =0} (3.2)
and define, foe € $"1, the mapping
A 3 2+ ag(2) := diamAS € R,. (3.3)

In addition, for any fixede € $"~1 andz € Ge, we define the mappings
R 3 £ +— Cez(¢) = diamAS, o) € R,
R 3 & — ¢ (é) = SUPAS, 100 € R, (3.4)
R 3 & C (&) = inf A, o0y € R.

Lemma 2.10. The mappings, &, Cez, C,, and—Cg, are upper semicontinuous for
anyee S"1landze Ge.

Proof. Take, for instance, the mapping A: — R,. For the other mappings, the
proof is completely similar.

Let{zne A : me Z,} and limp.Zm = Z € A. Letus putk = {Z U {zy :
me Z.,}. SinceK is compact, we see that, due to Lemma RA(K) is also compact.
Thus, for anym € Z,, a(zn) = diamA;, < diamA(K) < o, whence it follows that
the sequencg(zn) € R: me Z,} is bounded.

Put o
= nIqim a(zm); (35)
then there exists a subsequefzg € A : p € Z,} for which
= Igim a(zm,) (3.6)

together with sequencég, € A(Kp) : p € Z,} and{yp € A(Kp) : p€ Z,, K =
{Z} U{zy, 1 | = P, o0} satisfying for allp € Z, the condition
a(Zm,) = llyp — Fpll. (3.7)

It is evident that, without loss of generality, we may assume that the sequgpces
A(Kp) : pe Z, and{yj, € A(Kp) : p € Z,} are convergent.
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Puty = limp,.yp andy = limp_. ip. Then, taking into account Lemma 2.8,
one obtains thay,y € ﬂ‘;j’:OA(Kp) = A(ﬁ‘;’zo Kp) = A,. Having used relations
(3.5)—(3.7), one arrives at the relation

Jim azm) = 1M llyp = Gell = lly - §il < diamA; = a2,
which evidently proves the lemma. O
Let us now define, for an arbitrage $" (see (3.3)), the set
Q°:={ze A:a2 >0} (3.8)

Lemma 2.11. The set®) and Q° are sets of; type, that is, they are at most count-
able unions of closed sets R™!. In particular, the set€Q and Q° are Lebesgue
measurable.

Proof. We confine ourselves to the case of the ®@etThe proof for the se€F® is
completely similar.

The mapping : A — R, is upper semicontinuous, hence, the following sets are
closed for allme Z,.:

Qm={(x,t)eA:a(z)2 ! t> 1 }

m+1 ~“m+1

Now the obvious equalit® = [ J,,_, Qm proves the lemma. O

Lemma 2.12. For arbitrary e € §"-1 7z e G, the set

Pez = {£ € R: Cez(¢) # 0} (3.9)
is countable.

Proof. Fix e e $"1 andz = (x,t) € Ge and put, for the sake of conveniencé) :=
Cez(€) andc®(€) = Cg,(¢) for ¢ € R, andP := Pe;. We also set, for any € R,

A¢ = (C(8).¢*(&).

It is evident thatA,| = c*(¢) — c™(¢) = c(¢) for anyé € R, where|A,| = diamAg,
andP = {¢ e R : A¢ # @}. This means that the lemma follows if one proves that, for
anyé #n € R, we haveA: N A, = @.

Putz: := z+ (£e,0), z, = z+ (e, 0) and¢ < n. Then for anyy € R"

1
Wz 9) ~ U@ y) = 5 (Ix =y + nell? ~ Ix -y + £elf?)

1
=5 1= +&-2(.€). (3.10)
Since the sedy, is compact and

it follows that there exists an elemepe A;, such thaty, e) = c* ().
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Put now
E: :={y €R": (y,€) < (&)}
Since¢ € R" is fixed, it is easy to see that for aglle E,

1 _ 1
1= +&-2@.8) < 5=+ -2(.€), (311)
whence, by virtue of (3.10), (3.11) and the inequalit¥; y) > y(z:;y) valid for any
y € R", one obtains
-1 _ _
Uz y) > Wz 9) + 50— ) + & = 2(5.€) = ¥(27)-

Thus, for any¢ < n, we haveA; c R"\ E, which results in the inequality™ (i) >
c*(£). The latter is equivalent to the equality

Ag N A’l =Q
foranyé # n € R, so the lemma is proved. O
Lemma 2.13. The selQ has zero Lebesgue measure.

Proof. Lete € §"1 andyqe be the characteristic function of the corresponding set
Q°. It follows from Lemma 2.11 that the functigny. is locally integrable im\. Let

K¢ andK be compact sets iB. andR, respectively, and
Ke:={z+((e0)e R™ 1 ze KQ, £eK].
The Fubini theorem [5, 6] implies that

fK orlins = fK , fK X2+ (€0.0))duy €) (312)

for anye € $"1, wherey, is the Lebesgue measurelRf, k € Z,. It is now easy to
see that for arbitrarg € $"1, z e Ge,

{6 R xqe(z+ (0 0) % 0) = £ € R Ceylé) # 0)} = Pe.

By virtue of Lemma 2.12, the sé¥,, at fixede € 8§17 e G, is countable, and
therefore, forz € G, we have

fK Yoz + (€2 0)dha (&) = O,

Hence, using (3.12) and the conditipg. > 0, one concludes that the functigge
is equal to zero almost everywhere kinTaking into account the arbitrariness of the
compact set&? andK, one easily gets thatqe is equal to zero almost everywhere

onA. Fix now an arbitrary orthonormal bagis € $"-1: j =1,n}inthe spac®". It
is easy to see, by (3.1) and (3.8), tkat Ujeﬁ Q¢i. By virtue of the results proved

above, each s&®®, j = 1, n, is of zero Lebesgue measure and, hence, th@ $ets
zero Lebesgue measure as well. This proves the lemma. O
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By using Lemmas 2.11 and 2.13, one readily obtains the proof of Proposition 2.9.

2.5. Analysis of the dfferential operator L. For Theorem 1.3 to be proved com-
pletely, we introduce a functigm: A — R" such that for ang € A

A>32:—> p(2 € A, (4.1)
The existence of such a function (4.1) follows from the axiom of choice [3].

Define the diferential operator
ou 1

Hu=—+ -
a2
where mappingl : A — R is differentiable almost everywhere an

IVull?, (4.2)

Lemma 2.14. A functionp : A — R" satisfying conditior(4.1) is continuous at all
pointsze A\ Q.

Proof. Takez € A \ Q and choose a convergent sequefgee A : m e Z.} such
that limn. Zn = z Owing to Lemma 2.7, the sequence

{p(zm) eR" :me Z,)

is bounded.
Fix now an arbitrary convergent subsequefie@n,) € R" : k € Z,} of the
sequencéo(zyn) € R": me Z,}. The lemma will be proved if we show that

im p(zm) = p(2). (4.3)
For anyy € R"andk € Z,,
v(p(ZmJ) + 1(Zm: p(Zm)) < v(y) + 1@ y), (4.4)
whence, passing to the limit &s— co, one gets
o(y) +1(zy) < ov(y) +r(zy), (4.5)

where, by definition, lilL. p(zm) = y. From (4.5) it follows thaty € A;. Since
ze A\ Qand the sef; is a singleton, one concludes immediately thatp(2). Thus
the lemma is proved. O

Lemma 2.15. The functioru := L(v) is differentiable at all pointz € A \ Q and
(HU)@ = (HN)(Z Y)ly=p(@ = 0. (4.6)

Proof. Choosez € A\ Q, e € §", and a sequendex € R, : k € Z,} convergent
to zero. Put alsay := (z+ 7«€) € A,k € Z,. From the definition of the function
u = L(v) one obtains the inequalities

U@ < o(p(zd) + 1z p(z).

U(z) < v(p(2) + 126 p() @1
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forallk e Z,. As aresult of (4.7), having taken into account that, fokallZ, ,

u(2 = v(p(2) + r(z p(2),
u(zq) = v(p(zd) + 1z p(z),
one gets, also for ak € Z, the following inequalities:
Uz +7ve) —u@ _ r(z+7«€&p(2) - 1z p(2)
Tk Tk
uz+ 7€) —u@ _ rz+ e p(a)) — 1z pz))
Tk Tk
Lemma 2.14 now implies that li;m.., po(z) = p(2). Taking this into account and
passing in (4.8) to the limit whek— oo, one arrives at the relation

Uz + 7€) ~u@) _ %r(z + 7€ p(Jlr=0. (4.9)

(4.8)

lim

k—oo Tk
Since the right hand side of equality (4.9) is independent of the choice of the sequence
{rk € Ry : k € Z,}, the mappingr — u(z + 7€) is differentiable at zero, and the
equality

9 2+ @m0 = —r(z+ 76 P
or or
is true for allze A \ Q. Thus, we obtain the proof of the lemma. O

The final steps of proof of Theorem 2IRis now easy to complete the proof of The-
orem 1.2. The validity of (i) follows from Lemmas 2.6 and 2.15; (i) follows from
Proposition 2.9 and Lemma 2.15; (iv) follows from Lemma 2.15; and (v) follows
from Lemma 2.15.
To prove statement (iii) of Theorem 2.2, we note that Lemma 2.15 implies that the

relation

Vu(2) = Vr(z y)ly:p(z), (4.10)
it true for allz € A\ Q. From Lemma 2.14 (by the continuity of the mapping
o A\ Q — R") and (4.10) we now immediately obtain assertion (iii). Thus, the
theorem is proved completely. O

2.6. Generalizations of the inf-type Lax formula. There are many applications in
modern mathematical physics of the following nonlinear Hamilton-Jacobi type first
order partial diferential equation:

ou 1 pu - 1 _
E'ﬁ'é 7”)(” +§ < JIx,x>=0, (51)
wheret € Ry, 8 € R,, andJ : R" — R" is a diagonal positive definite matrix, with
the Cauchy data

2
IVull* +

Ui=o+ =V € BSCQR”) (52)
It is natural to seek for a generalisation of the Lax formula (0.1) to represent the
solution of the Cauchy problem (5.1), (5.2) by using the dynamical systems approach
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developed in Section 1 (see also [4, 7]). As a result of such an analysis, we obtain
an inf-type representation for problem (5.1), (5.2), which is described below. Some
related results concerning generalised solutions to Hamilton-Jacobi equations can be
also found in [8, 9].

Proposition 2.16. The Cauchy problem (5.1), (5.2) admits the following inf-type fixed
point problem representation:

u(x,t) = yiqun{v(y) + Pu(X t; )}, (5.3)

where, by definition, for anfz; y) € A x R" the nonlocal functional
P(zy) : BSCR";R) > u— Py(zy) € R

is given by

t
Pu(X.t;y) := %%II&(Tlx,t;y)llz p UXI* = 1y, (5.4)

o 16

and the mapping : R, x (A x R") — R" is the functional solution to the follow-
ing nonlinear second order ordinary ffgrential equation (with respect to the first
variabler € R,):

@+ pu(e. ) + BllallPe = e, ale—or =y, =t =X, (5.9)
for anyy, x € R" and fixedu: A — R.

Letting 3 — 07 in the exact expressions (5.3)—(5.5), we get that the fixed point
problem (5.3) becomes that of the Lax type exact form. Consider the fixed point
problem (5.3) and discuss conditions under which it possesses a unique solation
BSC(R"; R) satisfying the Cauchy data

tILrQ+ u(x, t) = v(x)

for all x e R".

For the infimum expression (5.3) to exist at almost all pomts (x;t) c A, one
needs to find conditions at which the functiBp(z -) : R" — R will be convex and
lower semicontinuous at eache BSC[R"; R). Since

Puzy) = %(d(uz; y), atizy) - %(o‘z(0|z; y),a(0Z y)) - %(nxn“—uyn“),

wherea = (a1, as, . ..,an)" € R" and for everyj = 1, n the set of equations

@j + pu(a, Taj + fllall*ej = —wjaj, ajl=or =yj, @jl=t=%j,  (5.6)
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holds, wherev? € Ry, j = 1,n, are some fixed eigenvalues of the mattix R" —
R"in (5.1), one gets easily from (5.6) that

: 1t ege B r2pn :
Puz) = 5 [ litPds=5 [ talf(ue: 9 + G onds-

1t B 4 4
-2 fo o,y ds— P - i) (5.7)

for all (z y) € A x R". Thereby, making use of expression (5.7) ffiar R, ), we can
claim thatPy(z -) € BSC(R"), and that the mapping§, : BSCR") — BSC[R") is
well-defined, where, for any € BSCR"),

P,(u) := inf {v(y) + Pu(z v)}. (5.8)
yeR"
In view of (5.8) and (5.3), we arrive at the following fixed point problem:
Py(u) =u (5.9)

for u e BSC(R") with an arbitrary, but fixed, functiome BSC(R").

In relation to the nonlinear mapping (5.8) one can define the topological space
Bioc(R") of all locally bounded functionsi : A x R" — R with the topology of
uniform consequence over all compact subseta of R". For the further analysis
of problem (5.9), we need the Fan-Browder fixed point theorem [11], which reads as
follows.

Theorem 2.17.1n a topological vector spacs, let#, be a continuous mapping of
$ into B such that there exists a non-empty subset B satisfying the following
condition:

The setB \ (U,zPuu) is either compact or empty, and the sulzsetvA is
compact.

Then there exists a poilte 8 such thati = P,U.
Keeping in mind the conditions above, we define, for amyBSC(R"), the subset

A= | Pu) c Bioc®Y (5.10)
ueBioc(R")

and formulate the following two lemmas.

Lemma 2.18. The setonvA, c Bioc(R") is compact and convex iBioc(R") for any
v € BSCR").

Lemma 2.19. The setB \ (Uyea, Poll) is compact irBioc(R") for anys € BSCR™).

In connection with these lemmas, we introduce the following s&ts, A, and
B = Bioc(R"), and formulate the following statement.
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Proposition 2.20. The fixed point problertb.9) with an arbitrary, but fixed, function
v € BSC(R") restricted to the topological spad®.c(R"), is uniquely solvable, with
the solution belonging to the spaBSC(R"). Moreover, this solution satisfies the
standard viscosity condition

v(X) = JLFE u(x, t)

forall (x,y) € A.

Thereby, the Hamilton-Jacobi equation (5.1) with Cauchy data from the functional
space BSAR") possesses a unique solution representable as the fixed point problem
(5.3), (5.4), which is solvable for anye BSCR").

In the case where the Cauchy data belong to the spaceSB5@hereS" is the
N-dimensional sphere imbedded smoothly into the sfRite', andVu € T*(SN),
the Hamilton-Jacobi equation (1.2) on the sph&tedefines [12] the evolution of
a functionu € BSC@N), which can be also represented in the Lax inf-type form.
Below we will analyse this problem making use of some results from Section 1.

2.7. Solution of extremality problem on$N. As is well-known, the following ex-
tended finite-dimensional Hamiltonian system is closely related to the Hamilton-
Jacobi equation (1.1.2) on the sph&fé

dg/dr = 0H(q, p)/dp, dp/dr = -6H(q, p)/dq, (6.1)

whereH(q, p) = 1/2|Ipll% llal?, (g, p) € T*(RN*1), € R,. This system is considered
together with the following constraints:

(@ p) e T*(S") := {ge RN 1 gl - 1= 0, (g, p) = 0}.
From (6.1) we find that, for € (0,t], on T*(RN+1),

do/dr = pligi®, dp/dr = - ipl*q. (6:2)
Having taken the Cauchy datfi_o+ = y € SN, gl.—t = x € $N, from (6.2), one easily
obtains that, for alt € R, the expression
lIpll = t™* arccosty, x) (6.3)

is independent of € (0,t]. Consider now the following extremality expression for
the Hamilton-Jacobi equation (1.2), Section 1, extended in a natural way on the entire
spaceRN*+!:

t
i(x,t) = inf {v(y) + f dr((p, dg/dt) — H(q, p))}
{a@esN : dl,_g+ =yesN, 0
qlT:t:XESN}

= inf o) + 3 IpE X UIE). (6.4
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where we have pul = q(; X, tly), p = p(z; %, tly) for € (0,t], X,y € SN, and made
use of the equalitd||p|| /dr = 0 implied by equations (6.2).

On the other hand, for the quantifp|| € RN*1, we have formula (6.3), which,
together with (6.4), leads us to the inf-type Lax expression

b(x,t) = inf {U(y) + X arceo? (y, x)}, (6.5)
yesN 2t

which we suggest as a “candidate” for a solution of the Hamilton-Jacobi equation
(1.2), Section 1, on the sphe$& with the Cauchy data € BSCGN). The required
equality
G(x 1) = u(xt),
for almost allx € SN andt € R,, can be obtained by an argument similar to that in
Section 1. Here, we shall consider the case wher8SCSN).
2.8. Analysis of the extremality problem onSN. Here we shall prove the equality
U(x,t) = u(x, t)

for all x € SN andt € R,, based on the properties of the Cauchy data for (1.2),
Section 1, and the exact inf-type expression (6.5). Itis easy to show [3, 4] that there
exists a poing(x, t) € $N, such that

(% 1) = vE(x, 1) + %arcco% (E(x.1).x), (7.1)

for anyx € SN and a fixedt € R,. At the same time, one can show that the exact
solutionu : SN x R, — R satisfies the following expression involvingfdirential
forms:

du(x, t) = (p(x 1), dx) — 1/2|Ip(x, t)]12 dt, (7.2)

which is completely equivalent to the Hamilton-Jacobi equation (1.2), Section 1,
where p : SN x R, — RN*! fulfils (6.2). Thus, based on (6.2) and (7.2), one
gets easily that

t
U(x, 1) = o(E(x 1) + fo (du(q(r; . ty)). t)/cr)dr =

t
= () + 1/2 fo drlIp(z: x )2, (7.3)
that is, for allx € $N and fixedt € R,, we have
u(x, t) = o(&(x 1)) + %arcco% &, 1), X) . (7.4)

Here,¢ : SN x R, — SN is a mapping defined as follows:
(X=£OCE) € %) = tPo(é)(L — (X ENM2, (7.5)
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where the functiorpg : SN — RN*1 satisfies the following relation implied by (7.3):

VU(é, D=0+ := Po(é)s (7.6)
depending only on the Cauchy data BSCSN). Therefore, it is sfficient to prove
the equality for alix € SN andt € R, and that will yield the required equality

a(x, t) = u(x, t).
It is easy to establish the following lemma.

Lemma 2.21. Expression(7.1) is SN > x-differentiable for eacht € R,, and the
following equality holds:

VUE, Do+ = Po(€), (7.7)
where the relation

(x= &0 ) (o 0. %) = tho® (1 - (6. B) ", (7.8)
is fulfilled for anyx € SN andt € R,.
In view of (7.8) and (7.6), we conclude that, with

Po(X) = Po(X).
for anyx € SN, the equalityé(x, t) = &(x, t) holds for allt € R,.. This means, by (7.1)
and (7.2), that the inf-type Lax expression (6.4) solves the Hamilton-Jacobi equation
(1.2), Section 1, on the sphes¥.
The argument above proves the following statement.

Proposition 2.22. Theinf-type expression
. 1
u(x, t) = inf {v(y) + — arcco$ (X, y)},
yeSN 2t

solves the Hamilton-Jacobi equatigf.2), Sectionl, on the spheresN with the
Cauchy data e BSC@SN) having the standard limit solution property.

It is also easy to see that the method suggested above can be applied to the prob-
lem of finding an inf-type solution of an oscillator Hamilton-Jacobi equation on the
sphereSN. This problem will produce an inf-type solution based on properties of the
well-known K. NeumanrN-oscillator dynamical system, whose complete Liouville-
Arnold integrability was proved by J. Moser [10, 12].
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