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1. I

Let us consider the system of differential equations

dy
dx

= [W(x) + R(x)]y + F(x, y), (1.1)

whereW,R ∈ C
(
[x0,+∞[ ; Rn×n) , F ∈ C([a,+∞[×Rn;Rn) ,

W(x) = diag [W1(x), . . . ,Ws(x)]

with

Wi(x) =



ωi1(x)I2 I i2(x) O2 . . . O2 O2

O2 ωi2(x)I2 I i3(x) . . . O2 O2

O2 O2 ωi3(x)I2 . . . O2 O2
...

...
...

. . .
...

...
O2 O2 O2 . . . ωini−1(x)I2 I ini (x)

O2 O2 O2 . . . O2 ωini (x)I2



(1.2)
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for i = 1, . . . , r,

Wi(x) =



ωi1(x) 1 0 . . . 0 0
0 ωi2(x) 1 . . . 0 0
0 0 ωi3(x) . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . ωini−1(x) 1
0 0 0 . . . 0 ωini (x)



(1.3)

for i = r + 1, . . . , s.
Here,r ∈ {0, . . . , s} and

∑r
i=1 2ni +

∑s
i=r+1 ni = n,1

I ik(x) =

(
l(2)
ik (x) −l(1)

ik (x)
l(1)
ik (x) l(2)

ik (x)

)
(k = 2, . . . ,ni , i ∈ {1, . . . , r}),

I2 is the identity matrix,O2 is the zero matrix of the second order;ωik, l(1)
ik , l(2)

ik ∈
C ([x0,+∞[; R) are so that

lim
x→+∞ l(1)

ik (x) = 0, lim
x→+∞ l(2)

ik (x) = 1 (k = 2, . . . ,ni , i ∈ {1, . . . , r}),

lim
x→+∞ωik(x) = ω0

i = const (k = 1, . . . ,ni , i ∈ {1, . . . , r}).
We can reduce the quasilinear equation

u(n) =
n−1∑
k=0

[p0k(t) + p1k(t)]u(k) + q(t,u, u′, . . . ,u(n−1)) (1.4)

to form (1.1) by means of some real transformation ifq : [a,+∞[×Rn → R ,
p1k : [a,+∞[→ R (k = 0, . . . ,n − 1) are “small” in some integral sense for contin-
uous functions,p0k : [a,+∞[→ R (k = 0, . . . ,n− 1) are continuously differentiable
functions such that there areϕ, ψ ∈ C2 ([a,+∞[ ; ]0,+∞[) for which

lim
t→+∞ak(t) = a0k = const, lim

t→+∞ bk(t) = b0k = const (k = 0, . . . ,n− 1),

where

ak(t) = ϕ−1(t)ψ−1−k(t)
(
ϕ(t)ψk(t)

)′
, bk(t) = ψk−n(t)p0k(t) (k = 0, . . . ,n− 1).

Then, in system (1.1), each block (1.2) corresponds to complex conjugate roots of
multiplicity ni of the algebraic equation

n−1∏
j=0

(λ + a0 j) =
n−1∑
k=1

b0k

k−1∏
j=0

(λ + a0 j) + b00 (1.5)

and each block (1.3) corresponds to a real root of (1.5) of multiplicityni .

1In caser = 0, the matrixW consists of the blocksWi of type (1.3), whereas forr = s the matrixW

consists of the blocksWi of type (1.2). Ifk > m, we assume that
m∑
j=k

[. . . ] = 0.
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In this paper, we obtain asymptotic representations for solutions of the system of
quasilinear differential equations of form (1.1). I. T. Kiguradze’s results [1] on the
asymptotic behaviour of solutions of (1.4), obtained for the case of simple roots of
(1.5), are extended here to the case where multiple roots of (1.5) may exist. By virtue
of the structure of equation (1.4) and that of the transformation reducing this equation
to system (1.1), asymptotic formulas are obtained for solutions of system (1.1) with
some consideration for small additive perturbations.

Many papers (see, e.g., [2–6]) are devoted to the study of the asymptotic equiva-
lence between solutions of a quasilinear system and those of the corresponding linear
system. Note that the results presented in this paper cannot be obtained by allying
the results from [2–6].

2. B          (1.1)

Let us consider the following auxiliary linear system of differential equations cor-
responding to system (1.1):

du
dx

= W(x)u. (2.1)

In order to obtain an asymptotic representation of the fundamental system of solu-
tions of (2.1), we need some notation.

We write

N1 = 0, Ni =

i−1∑

k=1

mk (i = 2, . . . , s),

where

mi =

{
2ni if i ∈ {1, . . . , r},
ni if i ∈ {r + 1, . . . , s}.

We introduce two sets

J0 = {(i, j) : j = 1, . . . ,ni , 1 ≤ i ≤ s} , J = {(i, k) : k = 1, . . . ,mi , 1 ≤ i ≤ s}

and denote byepv, where (p, v) ∈ J, then-dimensional vector whoseNp + vth com-
ponent equals 1, whereas the others are equal to zero.

Setting, for everyi ∈ {1, . . . , s},

dim(x) = exp
∫ x

a
(ωim(s) − ωim−1(s)) ds (m = 2, . . . ,ni),
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we define the functionsBi
mk (1 ≤ m ≤ k ≤ ni , 1 ≤ i ≤ s) andBiµ

mk (1 ≤ m ≤ k ≤ ni ,
1 ≤ i ≤ r; µ = 1, 2) by the following recurrence relations:

Bi
kk(x) = 1, Bi1

kk(x) = 0, Bi2
kk(x) = 1 (1≤ k ≤ ni),

Bi
mk(x) =

∫ x

βi
mk

Bi
m+1k(t)dim+1(t)dt, (1 ≤ m< k ≤ ni),

Biµ
mk(x) =

∫ x

α
iµ
mk

[
Biµ

m+1k(t)l
(2)
im+1(t) + (−1)3−µBi 3−µ

m+1k(t)l
(1)
im+1(t)

]
dim+1(t)dt

(1 ≤ m< k ≤ ni),

where

βi
mk =

{
a if Bi

mk0 = +∞,
+∞ if Bi

mk0 < +∞, Bi
mk0 =

∫ +∞
a

∣∣∣ Bi
m+1k(t)

∣∣∣ dim+1(t)dt,

α
iµ
mk =


a if Biµ

mk0 = +∞,
+∞ if Biµ

mk0 < +∞,

Biµ
mk0 =

∫ +∞
a

∣∣∣∣ Biµ
m+1k(t)l

(2)
im+1(t) + (−1)3−µBi 3−µ

m+1k(t)l
(1)
im+1(t)

∣∣∣∣ dim+1(t) dt.

Using these functions, we also introduce the functionsDi
k j (1 ≤ k ≤ j ≤ ni , i =

r + 1, . . . , s) and Diµ
k j (1 ≤ k ≤ j ≤ ni , i = 1, . . . , r; µ = 1, 2) by the recurrence

relations

Di
kk(x) = 1 (k = 1, . . . ,ni),

Di
k j(x) = −

j∑
m=k+1

Bi
km(x)Di

m j(x) (1 ≤ k < j ≤ ni);

Di1
kk(x) = 1, Di2

kk(x) = 0 (k = 1, . . . ,ni),

Diµ
k j(x) = −

j∑
m=k+1

(
Bi2

km(x)Diµ
m j(x) + (−1)µBi1

km(x)Di 3−µ
m j (x)

)

(1 ≤ k < j ≤ ni ; µ = 1, 2).
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Integrating the system “upside down,” we obtain

uNi+2k−1(x) = exp
∫ x

a
ωik(s)ds

ni∑
j=k

(
CNi+2 j−1Bi2

k j(x) −CNi+2 j Bi1
k j(x)

)
,

uNi+2k(x) = exp
∫ x

a
ωik(s)ds

ni∑
j=k

(
CNi+2 j−1Bi1

k j(x) + CNi+2 j Bi2
k j(x)

)

(k = 1, . . . ,ni , i = 1, . . . , r);

uNi+k(x) = exp
∫ x

a
ωik(s)ds

ni∑
j=k

CNi+ j Bi
k j(x) (k = 1, . . . ,ni , i = r + 1, . . . , s),

where (Cm)n
m=1 = C is a constant vector. SettingC = epv (v = 1, . . . ,mp; p =

1, . . . , s) we find for (2.1) a fundamental matrix of solutions of the formΦ(x) =

diag [Φ1(x), . . . ,Φs(x)], where

Φi(x) =



Φi
11(x) Φi

12(x) . . . Φi
1ni

(x)

Oi Φi
22(x) . . . Φi

2ni
(x)

...
...

. . .
...

Oi Oi . . . Φi
nini

(x)



with

Oi =


O2 for i ∈ {1, . . . , r},

0 for i ∈ {r + 1, . . . , s}
and

Φi
k j(x) =





Bi2
k j(x) −Bi1

k j(x)

Bi1
k j(x) Bi2

k j(x)


exp

∫ x

a
ωik(s)ds if 1 ≤ k ≤ j ≤ ni , i = 1, . . . , r

Bi
k j(x)exp

∫ x

a
ωik(s)ds if 1 ≤ k ≤ j ≤ ni , i = r + 1, . . . , s.

It is not difficult to see that the inverse matrix forΦ(x) is given by the equality
Φ−1(x) = diag

[
Φ−1

1 (x), . . . ,Φ−1
s (x)

]
, where

Φ−1
i (x) =



(Φ−1
i (x))11 (Φ−1

i (x))12 . . . (Φ−1
i (x))1ni

Oi (Φ−1
i (x))22 . . . (Φ−1

i (x))2ni
...

...
. . .

...
Oi Oi . . . (Φ−1

i (x))nini


(i = 1, . . . , s)
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with

(Φ−1
i (x))k j =




Di1

k j(x) −Di2
k j(x)

Di2
k j(x) Di1

k j(x)

 exp
(
−

∫ x

a
ωi j (s)ds

)
,

if 1 ≤ k ≤ j ≤ ni , i = 1, . . . , r,

Di
k j(x)exp

(
−

∫ x

a
ωi j (s)ds

)
,

if 1 ≤ k ≤ j ≤ ni , i = r + 1, . . . , s.
In what follows, we assume that the following condition (SB) is satisfied for system

(1.1):

(SB) For everyi ∈ {1, . . . , s},
Bi

1m(x) , 0 (m = 1, . . . ,ni)

in some neighbourhood of+∞ and, moreover, for arbitraryj andmsuch that
1 ≤ j ≤ m≤ ni , the relations

lim sup
x→+∞

∣∣∣∣∣∣
Bi

1 j (x)Biµ
jm(x)

Bi
1m(x)

∣∣∣∣∣∣ < +∞ if i ∈ {1, . . . , r}, µ = 1, 2,

lim sup
x→+∞

∣∣∣∣∣
Bi

1 j (x)Bi
jm(x)

Bi
1m(x)

∣∣∣∣∣ < +∞ if i ∈ {r + 1, . . . , s}
are true.

Lemma 1. If condition(SB) is satisfied, then there are constantsc1 ≥ 1 andx1 ≥ x0

such that for alli ∈ {1, . . . , s} and all natural k and j with 1 ≤ k ≤ j ≤ ni , the
estimates

j∑
m=k

∣∣∣∣Bi
1m(x)Diµ

m j(x)
∣∣∣∣ ≤ (2c1) j−k

∣∣∣∣Bi
1 j(x)

∣∣∣∣ if i ∈ {1, . . . , r} (µ = 1,2),

j∑
m=k

∣∣∣∣Bi
1m(x)Di

m j(x)
∣∣∣∣ ≤ (2c1) j−k

∣∣∣∣Bi
1 j(x)

∣∣∣∣ if i ∈ {r + 1, . . . , s}
(2.2i)

are valid forx ≥ x1.

Lemma 1 is proved similarly to Lemma 1 from [7].

Proof of Lemma 1.In view of condition (SB), there are constantsx1 ≥ x0 andc1 ≥ 1
such that the relations∣∣∣∣∣∣

Bi
1 j (x)Biµ

jm(x)

Bi
1m(x)

∣∣∣∣∣∣ ≤
c1
2 (i = 1, . . . , r; µ = 1,2),

∣∣∣∣∣
Bi

1 j (x)Bi
jm(x)

Bi
1m(x)

∣∣∣∣∣ ≤ c1 (i = r + 1, . . . , s)
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are satisfied.
Let us show that (2.2i) is true forx1 ≥ x0. We fix an arbitrary numberi ∈ {1, . . . , s}

and prove (2.2i) by induction in j − k (0 ≤ j − k ≤ ni − k).
Indeed, leti ∈ {1, . . . , r}. SinceDi1

kk(x) = 1 andDi2
kk(x) = 0 for k = 1, . . . ,ni , we see

that, for all j, k ∈ {1, . . . ,ni} such thatj − k = 0, estimate (2.2i) is true.
Let us suppose that (2.2i) holds for all j, k ∈ {1, . . . ,ni} that satisfy the condition

j − k = l < ni − k. We shall show that (2.2i) is valid for arbitrary j, k ∈ {1, . . . ,ni}
satisfying the conditionj − k = l + 1 < ni − k. By the definition of the functionsDiµ

k j,
1 ≤ k ≤ j ≤ ni , i = 1, . . . , r, µ = 1,2, using the assumption of the induction and
taking condition (SB) into account, forj − k = l + 1, we obtain

j∑
m=k

∣∣∣∣Bi
1m(x)Di1

m j(x)
∣∣∣∣ =

∣∣∣∣Bi
1k(x)Di1

k j(x)
∣∣∣∣ +

j∑
m=k+1

∣∣∣∣Bi
1m(x)Di1

m j(x)
∣∣∣∣ ≤

≤
∣∣∣∣∣∣B

i
1k(x)

j∑
m=k+1

Bi1
km(x)Di2

m j(x)− Bi2
km(x)Di1

m j(x)
∣∣∣∣∣+(2c1)l

∣∣∣∣Bi
1 j(x)

∣∣∣∣ ≤

≤
∣∣∣∣∣∣B

i
1k(x)

j∑
m=k+1

Bi1
km(x)Di2

m j(x)

∣∣∣∣∣∣ +

∣∣∣∣∣∣B
i
1k(x)

j∑
m=k+1

Bi2
km(x)Di1

m j(x)

∣∣∣∣∣∣+

+(2c1)l
∣∣∣∣Bi

1 j(x)
∣∣∣∣ ≤c1

2

j∑
m=k+1

∣∣∣∣Bi
1m(x)Di2

m j(x)
∣∣∣∣ +c1

2

j∑
m=k+1

∣∣∣∣Bi
1m(x)Di1

m j(x)
∣∣∣∣ +

+(2c1)l
∣∣∣∣Bi

1 j(x)
∣∣∣∣ ≤ 2c1

2 (2c1)l
∣∣∣∣Bi

1 j(x)
∣∣∣∣ + (2c1)l

∣∣∣∣Bi
1 j(x)

∣∣∣∣ ≤ (2c1)l+1
∣∣∣∣Bi

1 j(x)
∣∣∣∣

for x ≥ x1. Similarly,
j∑

m=k

∣∣∣∣Bi
1m(x)Di2

m j(x)
∣∣∣∣ ≤ (2c1) j−k

∣∣∣∣Bi
1 j(x)

∣∣∣∣

for x ≥ x1.
If i ∈ {r + 1, . . . , s}, then

j∑
m=k

∣∣∣∣Bi
1m(x)Di

m j(x)
∣∣∣∣ =

∣∣∣∣Bi
1k(x)Di

k j(x)
∣∣∣∣ +

j∑
m=k+1

∣∣∣∣Bi
1m(x)Di

m j(x)
∣∣∣∣ ≤

≤
∣∣∣∣∣∣B

i
1k(x)

j∑
m=k+1

Bi1
km(x)Di

m j(x)

∣∣∣∣∣∣ + (2c1)l
∣∣∣∣Bi

1 j(x)
∣∣∣∣ ≤

≤ c1

j∑
m=k+1

∣∣∣∣Bi
1m(x)Di

m j(x)
∣∣∣∣ + (2c1)l

∣∣∣∣Bi
1 j(x)

∣∣∣∣ ≤ c1(2c1)l
∣∣∣∣Bi

1 j(x)
∣∣∣∣+

+(2c1)l
∣∣∣∣Bi

1 j(x)
∣∣∣∣ ≤ (2c1)l+1

∣∣∣∣Bi
1 j(x)

∣∣∣∣
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for x ≥ x1.
The lemma is proved. �

3. M 

In order to formulate the theorems, besides the notation introduced in Section 2,
we also need some other definitions.

For an arbitrary pair (i, k) ∈ J0, we write

Hi2k−1(x) = Hi2k(x) = Bi
1k(x) exp

∫ x

a
(ωi1(t) − ωik(t)) dt if i ∈ {1, . . . , r},

and

Hik(x) = Bi
1k(x) exp

∫ x

a
(ωi1(t) − ωik(t)) dt if i ∈ {r + 1, . . . , s}.

We also define the matrix

∆(x) = diag[∆1(x), . . . ,∆s(x)] ,

where∆i(x) = diag
[
Hi1(x), . . . ,Himi (x)

]
(i = 1, . . . , s), and denote byRn

b the follow-
ing set:

Rn
b =

{(
zj

)n

j=1
∈ Rn : |z1| ≤ b, . . . , |zn| ≤ b

}
.

Definition 1. Letγ = (γi)s
i=1 be ann-dimensional vector function with the continuous

componentsγi : [a,+∞] → ]0,+∞[ (i = 1, . . . , s).
We shall say that a system of continuous functionsµim :]a,+∞[→ R (m = 1, . . . ,ni ,

i = 1, . . . , s) satisfies the condition(M − L)pq (where (p, q) ∈ J0) on the interval
[x0,+∞[⊂]a,+∞[ with the weight coefficientγ if, for arbitrary (i,m) ∈ J0, either

inf

{∫ x

τ
[µpq(s) − µim(s)]ds− ln

γi(x)
γi(τ)

: x ≥ τ ≥ x0

}
> −∞

and

lim
x→+∞

[ ∫ x

x0

[µpq(s) − µim(s)]ds− ln
γi(x)
γi(x0)

]
= +∞

or

sup

{∫ x

τ
[µpq(s) − µim(s)]ds− ln

γi(x)
γi(τ)

: x ≥ τ ≥ x0

}
< +∞.

If condition (M − L)pq holds with the weight coefficientγ = (γi)s
i=1, we use the

diagonal matrix
Γ(x) = diag

[
γ1(x)Im1, . . . , γs(x)Ims

]
,

whereImi (i = 1, . . . , s) is the identity matrix of ordermi .

Theorem 1. Let condition(SB) be satisfied and, for a certain pair(p, v) ∈ J and some
n-dimensional vector functionγ = (γi)s

i=1 with continuous componentsγi : [a,+∞[→]0,+∞[
(i = 1, . . . , s), the following conditions hold:
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(i) The system of functions

µik(x) = ωi1(x) +

(
Bi

1k(x)
)′

Bi
1k(x)

(k = 1, . . . ,ni , 1 ≤ i ≤ s)

satisfies the condition(M − L)pq, whereq is defined by the equality2

q =

{ [
v+1
2

]
if p ∈ {1, . . . , r}

v if p ∈ {r + 1, . . . , s}
on the interval[x0,+∞[ ⊂ ]a,+∞[ with the weight coefficientγ;

(ii) For every(i, k) ∈ J and allm ∈ {1, . . . , v}, one has
∫ +∞

x0

γi(x)

∣∣∣∣∣∣
Hik(x)
Hpm(x)

rNi+kNp+m(x)

∣∣∣∣∣∣ dx< +∞;

(iii) For arbitrary (i, k), (l,m) ∈ J
∫ +∞

x0

γi(x)
γl(x)

∣∣∣∣∣
Hik(x)
Hlm(x)

rNi+kNl+m(x)
∣∣∣∣∣ dx< +∞;

(iv) There is a numberb ∈]0,+∞[ and there exists a continuous function

φ : [a,+∞[→ R+

such that, for all(i, k) ∈ J and all z ∈ Rn
b, the relations

∣∣∣FNi+k(x,∆
−1(x)Γ−1(x)ξpq(x)z+ Φ(x)epv

∣∣∣ ≤ φ(x)

and ∫ +∞

x0

γi(x)φ(x)

∣∣∣∣∣∣
Hik(x)
ξpq(x)

∣∣∣∣∣∣ dx< +∞
are true.

Then system (1) has at least one solutionypv(x) that admits the following asymp-
totic representation forx→ +∞:

ypv(x) = Φ(x)epv + ∆−1(x)Γ−1(x)o
(
ξpq(x)

)
,

where

ξpq(x) = Bp
1q(x) exp

∫ x

a
ωp1(s)ds.

Proof. Given the numbers (p, q) ∈ J0 and then-dimensional vector functionγ, we
introduce the auxiliary functions

gim(x, τ) =
γi(x)Bi

1q(x)Bp
1q(τ)

γi(τ)Bi
1q(τ)Bp

1q(x)
exp

∫ x

τ

(
ωi1(s) − ωp1(s)

)
ds,

2Here, [. . . ] denotes the integer part of the expression.
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m = 1, . . . ,ni , i = 1, . . . , s, and

fpv(x) =
∆(x)Φ(x)
ξpq(x)

epv.

Due to the structure of the matrices∆ andΦ, the components of the vector
fpv(x) =

(
( fpv)k

)n

k=1
are determined as follows: for allη ∈ {1, . . . ,q},

(
fp2q−1

)
Np+2η−1

(x) =
Bp

1η(x)Bp2
ηq(x)

Bp
1q(x)

,

(
fp2q−1

)
Np+2η

(x) =
Bp

1η(x)Bp1
ηq(x)

Bp
1q(x)

,

(
fp2q

)
Np+2η−1

(x) = −
Bp

1η(x)Bp1
ηq(x)

Bp
1q(x)

,

(
fp2q

)
Np+2η

(x) =
Bp

1η(x)Bp2
ηq(x)

Bp
1q(x)

,

(
fp2q−1

)
j
(x) = 0,

(
fp2q

)
j
(x) = 0 ( j , Np + 1, . . . ,Np + v)

if p ∈ {1, . . . , r} and

(
fpq

)
Np+η

(x) =
Bp

1η(x)Bp
ηq(x)

Bp
1q(x)

,

(
fpq

)
j
(x) = 0 ( j , Np + 1, . . . ,Np + q)

if p ∈ {r + 1, . . . , s}.
In view of condition (i) of the theorem, the setJ0 is decomposed as the union of

two disjoint subsetsJ1pq andJ2pq,

J0 = J1pq

⋃
J2pq,

such that

lim
x→+∞gim(x, τ) = 0 for all τ ≥ x0

and

ηim = sup{|gim(x, τ)| : x ≥ τ ≥ x0} < +∞
when (i,m) ∈ J1pq, and

ηim = sup{|gim(x, τ)| : τ ≥ x ≥ x0} < +∞
when (i,m) ∈ J2pq.
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According to this decomposition of the setJ0, the matrixΦ can be represented as
the sum of two diagonal matrices

Φ(ρ)(x) = diag
[
Φ

(ρ)
1 (x), . . . ,Φ(ρ)

s (x)
]

(ρ = 1,2),

whereΦ
(ρ)
i (x) (i ∈ {1, . . . , s}, ρ = 1,2) are themi th order matrices with the elements

(
Φ

(ρ)
i (x)

)
jm

=

{
(Φi(x)) jm if ( i,m) ∈ Jρpq,

0 if (i,m) < Jρpq
.

We consider

αρ =

{
x2 for ρ = 1,

+∞ for ρ = 2.

We shall show that, for a sufficiently large numberx2 ≥ x1, wherex1 is as in
Lemma 1, the system of integral equations

z(x) =
2∑
ρ=1

∫ x

aρ
Kρ(x, τ)

[
G(τ)

{
z(τ) + Γ(τ) fpv(τ)

}
+

+
1

ξpq(τ)
Γ(τ)∆(τ)F

(
τ,∆−1(τ)Γ−1(τ)ξpq(τ)z(τ) + Φ(τ)epv

)]
dτ,

(3.2)

where

Kρ(x, τ) =
ξpq(τ)

ξpq(x)
Γ(x)∆(x)Φ(ρ)(x)Φ−1(τ)∆−1(τ)Γ−1(τ),

G(τ) = Γ(τ)∆(τ)R(τ)∆−1(τ)Γ−1(τ),

has at least one solutionz = (zk)n
k=1 ∈ C

(
[x2,+∞[; Rn

b

)
vanishing whenx→ +∞.

In this system,

K(ρ)(x, τ) = diag
[
K(ρ)

1 (x, τ), . . . ,K(ρ)
s (x, τ)

]
(ρ = 1,2),

Kρ
i (x, τ) =

ξpq(τ)γ(x)

ξpq(x)γ(τ)
∆i(x)Φ(ρ)

i (x)Φ−1
i (τ)∆−1

i (τ).

Here,Kρ
i consists of the blocks

(
Kρ

i (x, τ)
)
k j

=





(
Kρ

i (x, τ)
)(1)

k j
−

(
Kρ

i (x, τ)
)(2)

k j

(
Kρ

i (x, τ)
)(2)

k j

(
Kρ

i (x, τ)
)(1)

k j


if 1 ≤ k ≤ j ≤ ni ,

O2 if 1 ≤ j < k ≤ ni ,



14 V. M. EVTUKHOV AND L. I. KUSICK

where

(
K(ρ)

i (x, τ)
)(µ)

k j
=

j∑
m=k

(i,m)∈Jρpq

gim(x, τ)


Bi

1k(x)Bi 3−µ
km (x)

Bi
1m(x)

Bi
1m(τ)Di1

m j(τ)

Bi
1 j(τ)

+

+(−1)µ
Bi

1k(x)Bi µ
km(x)

Bi
1m(x)

Bi
1m(τ)Di2

m j(τ)

Bi
1 j(τ)

 (µ = 1, 2)

for i = 1, . . . , r, and, fori = r + 1, . . . , s, it consists of the blocks

(
Kρ

i (x, τ)
)
k j

=



j∑
m=k

(i,m)∈Jρpq

gim(x, τ)
Bi

1k(x)Bi
km(x)

Bi
1m(x)

Bi
1m(τ)Di

m j(τ)

Bi
1 j(τ)

if 1 ≤ k ≤ j ≤ ni

0 if 1 ≤ j < k ≤ ni .

The matrixG is given by

G(τ) =



G11(τ) . . . G1s
...

. . .
...

Gs1(τ) . . . Gss

 ,

whereGil is the block of dimensionmi ×ml having the elements

(Gil (τ))k j =
γi(τ)
γl(τ)

Hik(τ)
Hl j (τ)

rNi+kNl+ j(τ), (i, k), (l, j) ∈ J.

Considering the representations above, we rewrite (3.2) as

zk(x) =

∫ x

x2

ψ1k(τ, x, z(τ)) dτ +

∫ +∞

x
ψ2k(τ, x, z(τ)) dτ (k = 1, . . . ,n), (3.3)
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where the functionsψρk (ρ = 1,2, k = 1, . . . ,n) are defined as follows: for all
ν ∈ {1, . . . ,nη}, we put

ψρNη+2ν−1(τ, x, z) =

s∑

i=1

mi∑

m=1

s∑

l=1

nη∑

j=ν

{(
K(ρ)
η (x, τ)

)(1)

ν j

(
Gηl(τ)

)
2 j−1m

−

−
(
K(ρ)
η (x, τ)

)(2)

ν j

(
Gηl(τ)

)
2 j m

}
zNi+m+

+

v∑

m=1

nη∑

j=ν

{(
K(ρ)
η (x, τ)

)(1)

ν j

(
Gηp(τ)

)
2 j−1m

−

−
(
K(ρ)
η (x, τ)

)(2)

ν j

(
Gηp(τ)

)
2 j m

}
γp(τ)

(
fpv(τ)

)
Np+m

+

+

nη∑

j=ν

γη(τ)

ξpq(τ)

{(
K(ρ)
η (x, τ)

)(1)

ν j
Hη2 j−1(τ)F̃Nη+2 j−1(τ, z)−

−
(
K(ρ)
η (x, τ)

)(2)

ν j
Hη2 j(τ)F̃Nη+2 j(τ, z)

}

and

ψρNη+2ν(τ, x, z) =

s∑

i=1

mi∑

m=1

s∑

l=1

nη∑

j=ν

{(
K(ρ)
η (x, τ)

)(2)

ν j

(
Gηl(τ)

)
2 j−1m

+

+
(
K(ρ)
η (x, τ)

)(1)

ν j

(
Gηl(τ)

)
2 j m

}
zNi+m+

+

v∑

m=1

nη∑

j=ν

{(
K(ρ)
η (x, τ)

)(2)

ν j

(
Gηp(τ)

)
2 j−1m

+

+
(
K(ρ)
η (x, τ)

)(1)

ν j

(
Gηp(τ)

)
2 j m

}
γp(τ)

(
fpv(τ)

)
Np+m

+

+

nη∑

j=ν

γη(τ)

ξpq(τ)

{(
K(ρ)
η (x, τ)

)(2)

ν j
Hη2 j−1(τ)F̃Nη+2 j−1(τ, z)+

+
(
K(ρ)
η (x, τ)

)(1)

ν j
Hη2 j(τ)F̃Nη+2 j(τ, z)

}
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whenη ∈ {1, . . . , r}, and we put

ψρNη+ν(τ, x, z) =

s∑

i=1

mi∑

m=1

s∑

l=1

nη∑

j=ν

(
K(ρ)
η (x, τ)

)
ν j

(
Gηl(τ)

)
j m

zNi+m+

+

v∑

m=1

nη∑

j=ν

(
K(ρ)
η (x, τ)

)
ν j

(
Gηp(τ)

)
j m
γp(τ)

(
fpv(τ)

)
Np+m

+

+

nη∑

j=ν

γη(τ)

ξpq(τ)

(
K(ρ)
η (x, τ)

)
ν j

Hη j(τ)F̃Nη+ j(τ, z)

if η ∈ {r + 1, . . . , s}. Here,

F̃k(τ, z) = Fk

(
τ,∆−1(τ)Γ−1(τ)ξpq(τ)z+ Φ(τ)epv

)
(k = 1, . . . ,n).

Let us choosec1 as in Lemma 1 and introduce the constant

c =

r∑

i=1

(2c1)ni ni
2ηi +

s∑

i=r+1

c1(2c1)ni−1ni
2η,

where
ηi = max{ηim : 1 ≤ m≤ ni} (i = 1, . . . , s).

We set

ζ(x, τ) =
c1

c



r∑

i=1

ni∑

k=1

ni∑

j=k

j∑
m=k

(i,m)∈J1pq

|gim(x, τ)|

∣∣∣∣∣∣∣
Bi

1m(τ)Di1
m j(τ)

Bi
1 j(τ)

∣∣∣∣∣∣∣ +
∣∣∣∣∣∣∣
Bi

1m(τ)Di2
m j(τ)

Bi
1 j(τ)

∣∣∣∣∣∣∣


+

+

s∑

i=r+1

ni∑

k=1

ni∑

j=k

j∑
m=k

(i,m)∈J1pq

|gim(x, τ)|
∣∣∣∣∣∣∣
Bi

1m(τ)Di1
m j(τ)

Bi
1 j(τ)

∣∣∣∣∣∣∣


if J1pq , �, andζ(x, τ) = 0 for J1pq = �.

Furthermore, we set

g(τ) = c


s∑

η=1

nη∑

ν=1

b
s∑

i=1

mi∑

m=1

s∑

l=1

mη∑

j=νη

∣∣∣∣
(
Gηl(τ)

)
jm

∣∣∣∣ +

+ dpγp(τ)
v∑

m=1

mη∑

j=νη

∣∣∣∣
(
Gηp(τ)

)
jm

∣∣∣∣ +

mη∑

j=νη

γη(τ)φ(τ)

∣∣∣∣∣∣
Hη j(τ)

ξpq(τ)

∣∣∣∣∣∣



 ,

where

νη =

{
2ν − 1, if η ∈ {1, . . . , r},
ν, if η ∈ {r + 1, . . . , s}, dp =

{ c1
2 for p ∈ {1, . . . , r},
c1 for p ∈ {r + 1, . . . , s}.
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Taking conditions (ii)–(iv) into account, we can choose the numberx2 ≥ x1 so
large that the inequality ∫ +∞

x2

g(τ)dτ ≤ b

be satisfied. Note that, by virtue of condition (SB) and relation (3.1), for allz ∈ Rn
b,

the following estimates are true:

|ψ1k(τ, x, z)| ≤ ζ(x, τ)g(τ) for x2 ≤ τ ≤ x (k = 1, . . . ,n),

|ψ2k(τ, x, z)| ≤ g(τ) for x2 ≤ x ≤ τ (k = 1, . . . ,n).

Therefore, by using (3.1), we get

ζ(x, τ) ≤ 1 for x ≥ τ ≥ x2

and

lim
x→+∞ ζ(x, τ) = 0 for τ ≥ x2.

Thus, for the chosenx2 ≥ x1, system (3.3) satisfies all the conditions of Lemma 7.6
in the book [1] (Chapter II,§7, p. 201) and, therefore, it has at least one solutionzpv(x)
vanishing asx→ +∞.

Setting

zpv(x) =
Γ(x)∆(x)ypv(x) − Γ(x)∆(x)Φ(x)epv

ξpq(x)

in (3.2), we note thatypv is a solution of system (1.1) for which the asymptotic rep-
resentation

ypv(x) = Φ(x)epv + ∆−1(x)Γ−1(x)o
(
ξpq(x)

)

is valid asx→ +∞.
The theorem is proved. �

For some fixed pair (p, l) ∈ J, let us now consider the system ofn-dimensional
vector functions

uNp+ j(x) = Φ(x)ep j ( j = 1, . . . , l).

Using these vector functions, we consider the functions

Ypl(x) =

l∑

i=1

CiuNp+i(x),

whereC1, . . . ,Cl are real constants.
Our question now is in which cases system (1.1) has a solution that is asymptoti-

cally close, asx→ +∞, to Ypl(x).
In order to study this problem, we formulate the following.
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Definition 2. We say that a system of continuous functionsqim : [a,+∞[×[a,+∞[ →
R (m = 1, . . . ,ni , i = 1, . . . , s) satisfies condition(M − L) on [x0,+∞[ × [x0,+∞[ if,
for arbitrary (i,m) ∈ J0, either

lim
x→+∞qim(x, τ) = 0 (τ ≥ x0)

and (3.4)

θim = sup{qim(x, τ) : x ≥ τ ≥ x0} < +∞,
or

θim = sup{qim(x, τ) : τ ≥ x ≥ x0} < +∞. (3.5)

Theorem 2. Let condition(SB) be satisfied and, moreover,
∫ +∞

x0

∣∣∣∣∣∣
Hiν(x)
H jm(x)

rNi+νN j+m(x)

∣∣∣∣∣∣ dx< +∞

for all (i, ν) and( j,m) in J. Furthermore, assume that, for some fixed pair(p, k) ∈ J0,
there exists a functionUpl ∈ C ([a,+∞[ ; ]0,+∞[), where

l =

{
2k if p ∈ {1, . . . , r}
k if p ∈ {r + 1, . . . , s}

such that, for eachj ∈ {1, . . . , l},

Upl(x) = O


Np+ j∑

i=Np+1

∣∣∣(uNp+ j(x))i

∣∣∣


asx→ +∞, and the following conditions hold:

(i) The system

qim(x, τ) =
Upl(τ)Bi

1m(x)

Upl(x)Bi
1m(τ)

exp
∫ x

τ
ωi1(s) ds ((i,m) ∈ J0)

satisfies condition(M − L) on [x0,+∞[×[x0,+∞[;
(ii) For all (η, j) ∈ J and arbitrarym, ξ with 1 ≤ m≤ k andm≤ ξ ≤ k,
∫ +∞

x0

1
Upl(x)

∣∣∣∣∣∣
Hη j(x)

Hp2m−ρ(x)
rNη+ jNp+2m−ρ(x)Bpµ

mξ(x)

∣∣∣∣∣∣ exp
∫ x

a
ωpm(s)ds dx< +∞

if p ∈ {1, . . . , r} (ρ = 0,1 , µ = 1, 2) and
∫ +∞

x0

1
Upl(x)

∣∣∣∣∣∣
Hη j(x)

Hp m(x)
rNη+ jNp+m(x)Bp

mξ(x)

∣∣∣∣∣∣ exp
∫ x

a
ωpm(s)ds dx< +∞

whenp ∈ {r + 1, . . . , s};
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(iii) There is a numberb ∈ ]0,+∞[ and there is a continuous function

φ : [a,+∞[→ R+

such that, for every(i, ν) ∈ J and arbitraryz ∈ Rn
b,

∣∣∣FNi+ν(x,∆
−1(x)Upl(x)z+ Ypl(x))

∣∣∣ ≤ φ(x)

and ∫ +∞

x0

φ(x)
Upl(x)

|Hiν(x)|dx< +∞.
Then system(1.1) has at least one solutionypl(x) that satisfies the asymptotic re-

lation
ypl(x) = Ypl(x) + ∆−1(x)o

(
Upl(x)

)

whenx→ +∞.

Proof. By the definition of the vector functionYpl(x) =
(
(Ypl) j

)n

j=1
, its components

are determined as follows: for everyξ ∈ {1, . . . , k}, we have

(
Ypl

)
Np+2ξ−1

(x) =

k∑

ν=ξ

[
C2ν−1Bp2

ξν (x) −C2νB
p1
ξν (x)

]
exp

∫ x

a
ωpξ(s)ds,

(
Ypl

)
Np+2ξ

(x) =

k∑

ν=ξ

[
C2ν−1Bp1

ξν (x) −C2νB
p2
ξν (x)

]
exp

∫ x

a
ωpξ(s)ds,

(
Ypl

)
j
(x) = 0 ( j , Np + 1, . . . ,Np + l)

whenp ∈ {1, . . . , r}, and

(
Ypl

)
Np+ξ

(x) =

k∑

ν=ξ

CνB
p
ξν(x) exp

∫ x

a
ωpξ(s)ds,

(
Ypl

)
j
(x) = 0 ( j , Np + 1, . . . ,Np + l)

whenp ∈ {r + 1, . . . , s}.
Under condition (i) of the theorem, the setJ0 decomposes as the union of disjoint

subsetsJ1pl andJ2pl,

J0 = J1pl

⋃
J2pl,

such that if (i,m) ∈ J1pl, then estimate (3.4) is true and if (i,m) ∈ J2pl, then relation
(3.5) is correct. Therefore,

Φ(x) = Φ(1)(x) + Φ(2)(x)

with
Φ(ρ)(x) = diag

[
Φ

(ρ)
1 (x), . . . ,Φ(ρ)

s (x)
]

(ρ = 1,2),
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whereΦ
(ρ)
i (x) (i ∈ {1, . . . , s}; ρ = 1, 2) aremi th order matrices with the elements

(
Φ

(ρ)
i (x)

)
jm

=


(Φi(x)) jm for (i,m) ∈ Jρpl

0 for (i,m) < Jρpl.

Let us show that, for a sufficiently large numberx3 ≥ x2 (wherex2 is as in Theo-
rem 1), the system of integral equations

z(x) =

2∑

ρ=1

∫ x

aρ
Qρ(x, τ)

[
G(τ)

{
z(τ) +

1
Upl(τ)

}
+

+
1

Upl(τ)
∆(τ)F

(
τ,∆−1(τ)Upl(τ)z(τ) + Ypl(τ)

)]
dτ

(3.5)

with

Qρ(x, τ) =
Upl(τ)

Upl(x)
∆(x)Φ(ρ)(x)Φ−1(τ)∆−1(τ),

G(τ) = ∆(τ)R(τ)∆−1(τ),

and

aρ =

{
x3 if ρ = 1

+∞ if ρ = 2,

has at least one solutionz = (zk)n
k=1 ∈ C

(
[x3,+∞[; Rn

b

)
vanishing whenx→ +∞.

Here,

Q(ρ)(x, τ) = diag
[
Q(ρ)

1 (x, τ), . . . ,Q(ρ)
s (x, τ)

]
(ρ = 1,2),

Qρ
i (x, τ) =

Upl(τ)
Upl(x)∆i(x)Φ(ρ)

i (x)Φ−1
i (τ)∆−1

i (τ) (i = 1, . . . , s; ρ = 1, 2),

For i = 1, . . . , r, the matricesQρ
i consist of the blocks

(
Qρ

i (x, τ)
)
ν j

=





(
Qρ

i (x, τ)
)(1)

ν j
−

(
Qρ

i (x, τ)
)(2)

ν j

(
Qρ

i (x, τ)
)(2)

ν j

(
Qρ

i (x, τ)
)(1)

ν j


if 1 ≤ ν ≤ j ≤ ni

O2 if 1 ≤ j < ν ≤ ni ,
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where

(
Q(ρ)

i (x, τ)
)(µ)

k j
=

j∑
m=k

(i,m)∈Jρpq

qim(x, τ)


Bi

1k(x)Bi 3−µ
km (x)

Bi
1m(x)

Bi
1m(τ)Di1

m j(τ)

Bi
1 j(τ)

+

+(−1)µ
Bi

1k(x)Bi µ
km(x)

Bi
1m(x)

Bi
1m(τ)Di2

m j(τ)

Bi
1 j(τ)

 (µ = 1, 2),

and, fori = r + 1, . . . , s, they consist of the blocks

(
Qρ

i (x, τ)
)
ν j

=



j∑
m=ν

(i,m)∈Jρpl

qim(x, τ)
Bi

1ν(x)Bi
νm(x)

Bi
1m(x)

Bi
1m(τ)Di

m j(τ)

Bi
1 j(τ)

if 1 ≤ ν ≤ j ≤ ni

0 if 1 ≤ j < ν ≤ ni .

Using the notation

zm(x) =

∫ x

x3

λ1m(τ, x, z(τ)) dτ +

∫ +∞

x
λ2m(τ, x, z(τ)) dτ (m = 1, . . . ,n), (3.6)

we rewrite (3.5) as (3.6), where the functionsλρm (ρ = 1,2, m = 1, . . . ,n) are given
in the following way: for allν ∈ {1, . . . ,nη}, we have

λρNη+2ν−1(τ, x, z) =

s∑

i=1

mi∑

m=1

s∑

ξ=1

nη∑

j=ν

{(
Q(ρ)
η (x, τ)

)(1)

ν j

(
Gηξ(τ)

)
2 j−1m

−

−
(
Q(ρ)
η (x, τ)

)(2)

ν j

(
Gηξ(τ)

)
2 j m

}
zNi+m+

+

l∑

m=1

nη∑

j=ν

{(
Q(ρ)
η (x, τ)

)(1)

ν j

(
Gηp(τ)

)
2 j−1m

−

−
(
Q(ρ)
η (x, τ)

)(2)

ν j

(
Gηp(τ)

)
2 j m

} 1
Upl(τ)

(
Ypl(τ)

)
Np+m

+

+

nη∑

j=ν

1
Upl(τ)

{(
Q(ρ)
η (x, τ)

)(1)

ν j
Hη 2 j−1(τ)F̃Nη+2 j−1(τ, z)−

−
(
Q(ρ)
η (x, τ)

)(2)

ν j

∑
Hη 2 j(τ)F̃Nη+2 j (τ, z)

}
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and

λρNη+2ν(τ, x, z) =

s∑

i=1

mi∑

m=1

s∑

ξ=1

nη∑

j=ν

{(
Q(ρ)
η (x, τ)

)(2)

ν j

(
Gηξ(τ)

)
2 j−1m

+

+
(
Q(ρ)
η (x, τ)

)(1)

ν j

(
Gηξ(τ)

)
2 j m

}
zNi+m+

+

l∑

m=1

nη∑

j=ν

{(
Q(ρ)
η (x, τ)

)(2)

ν j

(
Gηp(τ)

)
2 j−1m

+

+
(
Q(ρ)
η (x, τ)

)(1)

ν j

(
Gηp(τ)

)
2 j m

} 1
Upl(τ)

(
Ypl(τ)

)
Np+m

+

+

nη∑

j=ν

1
Upl(τ)

{(
Q(ρ)
η (x, τ)

)(2)

ν j
Hη2 j−1(τ)F̃Nη+2 j−1(τ, z)+

+
(
Q(ρ)
η (x, τ)

)(1)

ν j
Hη2 j(τ)F̃Nη+2 j (τ, z)

}
,

whenη ∈ {1, . . . , r}; and we have

λρNη+ν(τ, x, z) =

s∑

i=1

mi∑

m=1

s∑

ξ=1

nη∑

j=ν

(
Q(ρ)
η (x, τ)

)
ν j

(
Gηξ(τ)

)
j m

zNi+m+

+

l∑

m=1

nη∑

j=ν

(
Q(ρ)
η (x, τ)

)
ν j

(
Gηp(τ)

)
j m

1
Upl(τ)

(
Ypl(τ)

)
Np+m

+

+

nη∑

j=ν

1
Upl(τ)

(
Q(ρ)
η (x, τ)

)
ν j

Hη j(τ)F̃Nη+ j (τ, z)

whenη ∈ {r + 1, . . . , s}. Here,

F̃ j(τ, z) = F j(τ,∆
−1(τ)Upl(τ)z+ Ypl(τ)) ( j = 1, . . . ,n).
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Let c1 be chosen as in Lemma 1 and

ζ(x, τ) =
c1

c2



r∑

i=1

ni∑

ν=1

ni∑

j=ν

j∑
m=ν

(i,m)∈J1pl

|qim(x, τ)|

∣∣∣∣∣∣∣
Bi

1m(τ)Di1
m j(τ)

Bi
1 j(τ)

∣∣∣∣∣∣∣ +

+

∣∣∣∣∣∣∣
Bi

1m(τ)Di2
m j(τ)

Bi
1 j(τ)

∣∣∣∣∣∣∣

 +

s∑

i=r+1

ni∑

ν=1

ni∑

j=ν

j∑
m=ν

(i,m)∈J1pl

|qim(x, τ)|
∣∣∣∣∣∣∣
Bi

1m(τ)Di
m j(τ)

Bi
1 j(τ)

∣∣∣∣∣∣∣



if J1pl , �, andζ(x, τ) = 0 in the case whereJ1pl = �. We have put

c2 =

r∑

i=1

(2c1)ni ni
2θi +

s∑

i=r+1

c1(2c1)ni−1ni
2θ,

where
θi = max{θim : 1 ≤ m≤ ni} (i = 1, . . . , s).

It is easy to see that
ζ(x, τ) ≤ 1

for x ≥ τ ≥ x3.
For p ∈ {1, . . . , r}, we set

q(τ) = c3


s∑

η=1

nη∑

ν=1

b
s∑

i=1

mi∑

m=1

s∑

ξ=1

mη∑

j=νη

∣∣∣∣
(
Gηξ(τ)

)
jm

∣∣∣∣ +

+
1

Upl(τ)

l∑

θ=1

Cθ

k∑

m=1

mη∑

j=2ν−1

k∑

ξ=m

exp
∫ τ

a
ωpm(s)ds

(∣∣∣∣Bp1
mξ(τ)

∣∣∣∣ +
∣∣∣∣Bp2

mξ(τ)
∣∣∣∣
)
×

×
(∣∣∣∣
(
Gηp(τ)

)
j 2m−1

∣∣∣∣ +
∣∣∣∣
(
Gηp(τ)

)
j 2m

∣∣∣∣
)

+

mη∑

j=2ν−1

φ(τ)
Upl(τ)

∣∣∣Hη j(τ)
∣∣∣



and, forp ∈ {r + 1, . . . , s}, we put

q(τ) = c3


s∑

η=1

nη∑

ν=1

b
s∑

i=1

mi∑

m=1

s∑

ξ=1

mη∑

j=νη

∣∣∣∣
(
Gηξ(τ)

)
jm

∣∣∣∣ +

+
1

Upl(τ)

l∑

θ=1

Cθ

k∑

m=1

mη∑

j=ν

k∑

ξ=m

exp
∫ τ

x0

ωpm(s)ds
∣∣∣∣Bp

mξ(τ)
∣∣∣∣
∣∣∣∣
(
Gηp(τ)

)
jm

∣∣∣∣ +

+

mη∑

j=2ν−1

φ(τ)
Upl(τ)

∣∣∣Hη j(τ)
∣∣∣


 .
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Using now the conditions assumed in Theorem 2, we choose the numberx3 so
large that the relation

∫ +∞
x3

q(τ)dτ ≤ b for eachz ∈ Rn
b be satisfied. Then

|λ1m(τ, x, z)| ≤ ζ(x, τ)q(τ) for x3 ≤ τ ≤ x (m = 1, . . . ,n)

and
|λ2m(τ, x, z)| ≤ q(τ) for x3 ≤ x ≤ τ (m = 1, . . . ,n).

Hence, system (3.6) has at least one solutionzpl(x) such that lim
x→+∞ zpl(x) = 0. To

complete the proof, we define the functionypl(x) as follows:

zpl(x) =
∆(x)ypl(x) − ∆(x)Ypl(x)

Upl(x)
.

The theorem is proved. �

Remark1. If the functionUpl(x) from Theorem 2 satisfies the condition
Np+ j∑

i=Np+1

∣∣∣(uNp+ j(x))i

∣∣∣ = O(Upl(x)) for each j ∈ {1, . . . , l}

whenx→ +∞, then condition (ii) of Theorem 2 can be dropped.
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1. I

The mathematical theory of shape optimization benefits of a vast literature; the
optimal shape design for systems governed by PDEs was studied in a great many
papers, see for example [1], [2], [3]. Also, problems where variational or hemivaria-
tional inequalities appear were treated in [1], [4], [5], [6] and others.

A problem of shape optimization for a system described by a variational inequality
can be looked at as a problem of optimal control in which the role of the control
is played by sets from a class of admissible domains and the variational inequality
appears as the state equation. In this context it is interesting to study the behavior of
solutions to the variational inequality when the domain is perturbed.

The purpose of this paper is to study the stability with respect to the domain per-
turbations of a nonlinear variational inequality of the form

FinduΩ ∈ K(Ω) such that

〈A(Ω,uΩ), v− uΩ〉 ≥ 0, ∀v ∈ K(Ω),

whereΩ is a bounded open subset ofRN, K(Ω) is a closed, convex set in the Sobolev
spaceH1(Ω) andA is a nonlinear operator of a special form,A(Ω,u) ∈ (H1(Ω))∗.
If Ω0 is fixed in the class of the admissible domains andu0 is the solution of (VI)Ω0,
the following problem arises: Is there a neighborhoodV0 of Ω0 (in a sense that will
be specified) and a mappingθ defined on this, continuous atΩ0, with θ(Ω0) = u0 and
such thatθ(Ω) is a solution of (VI)Ω for eachΩ ∈ V0 ?

c©2003 U  M
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General stability results for parametric variational inequalities under small pertur-
bations of the parameter have been given in [7], [8]. One of these results is presented
in Section 3 and used in the paper.

In order to define the topological space of the parameters as a space of functions
we use the mapping method (Section 2) for which the basic results were established
by Murat and Simon in [3].

Finally, in Section 4 we present the main result of the paper and an example for a
linear variational inequality.

2. T  

The mapping method consists in defining the class of admissible domains as im-
ages of a fixed set. The main notions and properties were established in [3]; we
present some of them following [4], [2].

Let C ⊂ RN be a bounded, open set, with∂C of classWi,∞, i ≥ 1 and such that
intC̄ = C.

We consider the following spaces:

Wk,∞(RN)N = {φ | Dαφ ∈ L∞(RN)N ∀α with 0 ≤ |α| ≤ k}
F k,∞ = {S : RN → RN | S bijective, S − I ,S−1 − I ∈Wk,∞(RN)N}
Ok,∞ = {Ω | Ω = S(C),S ∈ Fk,∞}

and the norm inWk,∞(RN)N:

‖S‖k,∞ = ess sup
x∈RN

( ∑

0≤|α|≤k

|DαS|2N
)1/2

‖·‖N represents the norm onRN. The norm onL∞(RN) (or L∞(RN)N2
) will be denoted

by ‖ · ‖∞.
Ok,∞ consists in a family of bounded and open sets. If∂C is of classWk,∞, k ≥ 1

then∂Ω is of classWk,∞ also.
We define onOk,∞ × Ok,∞ a function

δk,∞(Ω1,Ω2) = inf
S∈F k,∞,S(Ω1)=Ω2

(‖S − I‖k,∞ + ‖S−1 − I‖k,∞).

It can be proved (see [4], [2]) that there exists a positive constantµk such that

dk,∞(Ω1,Ω2) =
(
min{δk,∞(Ω1,Ω2), µk})1/2

is a complete metric onOk,∞.

Remark 1. It is known (see [3]) thatΩn → Ω in Ok,∞ if and only if there exist
Sn,S ∈ F k,∞ such thatΩn = Sn(C), Ω = S(C) and Sn → S, S−1

n → S−1 in
Wk,∞(RN)N.

The next Lemma (see [4]) summarizes some properties used in the paper:
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Lemma 1. (a) If S ∈ F k,∞, Ω = S(C), thenu ∈ H1(Ω) if and only ifu ◦ S ∈ H1(C).
If un→ u in H1(Ω) (or in H1(C)) thenun◦S→ u◦S in H1(C) (or un◦S−1→ u◦S−1

in H1(Ω)).
(b) Letk ≥ 1, u ∈ H1(RN). The mappingS 7→ u ◦ S is continuous fromF k,∞ to

H1(RN).
(c) Letk ≥ 1. The mappingsS 7→ JS−1 andS 7→ detJS are continuous fromF k,∞

to Wk−1,∞(RN) (with JS we denoted the Jacobian matrix ofS ).
(d) If u, v ∈ H1(Ω) andΩ = S(C) we have:

‖u ◦ S − v ◦ S‖H1(C) ≤ (‖detJS−1‖∞)1/2(‖JS‖∞ + 1)‖u− v‖H1(Ω).

3. P  

Let H be a real, reflexive Banach space and denote withH∗ its dual. LetW be a
topological space, letT : W × H → H∗ and letK : W → 2H be a set-valued map.
For a given parameterw ∈W we consider the variational inequality:

(VIP)w Find an elementx(w) ∈ K(w) such that

〈T(w, x(w)), y− x(w)〉 ≥ 0, ∀y ∈ K(w).

For a fixedw0 ∈ W (the initial value of the parameter), suppose thatx0 ∈ K(w0) is
the solution of the corresponding problem (VIP)w0. We say that the problem (VIP)w0

is stable under perturbationsif there exists a neighborhoodW0 of w0 and a mapping
x : W0→ H, continuous atw0, with x(w0) = x0 and such that, for eachw ∈W0, x(w)
is a solution of (VIP)w.

Definition 1. The mapT : W × H → H∗ is calledconsistent inw at (w0, x0) if, for
each0 < r ≤ 1, there exists a neighborhoodWr of w0 and a functionβ : Wr → R,
continuous atw0, with β(w0) = x0 such that for eachw ∈ Wr , there existsyw ∈ K(w)
such that

‖yw − x0‖ ≤ β(w)

and
〈T(w, yw), z− yw〉 + β(w)‖z− yw‖ ≥ 0,

for eachz ∈ K(w) such thatr < ‖z− yw‖ ≤ 2.

Definition 2. The mapsT(w, ·) : H → H∗ are calleduniformly strongly monotone
onW0 ⊂W if there exists a positive constantα such that for allw ∈W0 andx, y ∈ H,
x , y we have :

〈T(w, x) − T(w, y), x− y〉 ≥ α‖x− y‖2.
The following Theorem is a particular case of a Theorem proved in [7].

Theorem 1. In the above notations, let the setK(w) be closed and convex for each
w ∈W. Considerw0 ∈W andx0 ∈ K(w0) fixed. Suppose that:

(i) x0 is a solution of(VIP)w0;
(ii) T is consistent inw at (w0, x0);
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(iii) there exists a neighborhoodV of w0 such that the mapsT(w, ·) are uniformly
strongly monotone, continuous from the line segments ofH to the weak topology of
H∗, for all w ∈ V andx ∈ K(w).

Then the problem(VIP)w0 is stable under perturbations.

4. S       

Let Ω ⊂ RN be a bounded and open set. We consider the problem:

(VI)Ω FinduΩ ∈ K(Ω) such that∫

Ω

A(x,∇uΩ(x)) · (∇v(x) − ∇uΩ(x))dx

+

∫

Ω

a(x,uΩ(x))(v(x) − u(x))dx≥ 0, ∀v ∈ K(Ω)

in the following notations and hypotheses:
(H1) K(Ω) ⊂ H1(Ω) is a closed, convex, nonempty set,
(H2) A = (a1, . . . ,aN) with a j : RN × RN → R, a : RN × R → R having the

properties:
(P1)a j(·, ·), j = 1, . . . ,N anda(·, ·) are measurable with respect to the first variable

and continuous with respect to the second one,
(P2) |a j(x, ξ)| ≤ c(k(x) + ‖ξ‖N) and |a(x, η)| ≤ c1(k1(x) + |η|) a.e. x ∈ RN, for all

ξ ∈ RN, for all η ∈ R, with c, c1 positive constants andk, k1 functions inL2(D) (for
any bounded and open setD).

(P3)
N∑

j=1

a j(x, ξ)ξ j ≥ c2‖ξ‖2N − c3, a.e.x ∈ RN, for all ξ ∈ RN,

(P4)
N∑

j=1

(a j(x, ξ) − a j(x, ξ̃))(ξ j − ξ̃ j) ≥ γ1‖ξ − ξ̃‖2N, a.e.x ∈ RN, for all ξ, ξ̃ ∈ RN

and (a(x, η) − a(x, η̃))(η − η̃) ≥ γ2|η − η̃|2, a.e.x ∈ RN, for all η, η̃ ∈ R.

Theorem 2. In the conditions stated above, the variational inequality(VI)Ω has at
least one solution (see [9], p. 74).

Let S ∈ F k,∞ such thatΩ = S(C). Making the transformx = S(X) in (VI)Ω we
get an equivalent problem on the fixed setC:

FinduS ∈ KS ⊂ H1(C) such that∫

C
A(S(X), JS−t(X)∇uS(X)) · JS−t(X)(∇v(X) − ∇uS(X))detJS(X)dX

+

∫

C
a(S(X), uS(X))(v(X) − uS(X))detJS(X)dx≥ 0, ∀v ∈ KS,

whereKS = S K(Ω) = {u ◦ S | u ∈ K(Ω)} is closed and convex.
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We define the operatorA : F k,∞ × H1(C)→ (H1(C))∗ as

〈A(S, u), v〉 =

∫

C
A(S(X), JS−t(X)∇u(X)) · JS−t(X)∇v(X)detJS(X)dX

+

∫

C
a(S(X), u(X))v(X)detJS(X)dX, ∀v ∈ H1(C).

Then the variational inequality can be written:

(VI)S FinduS ∈ KS such that〈A(S, uS), v− uS〉 ≥ 0, ∀v ∈ KS.

We will apply Theorem 1 to this family of variational inequalities, consideringS ∈
F k,∞ as the parameter.

Other hypotheses that we impose are:
(H3) |a j(x, ξ) − a j(x̃, ξ̃)| ≤ ψ(x, x̃)(‖ξ‖N + ‖ξ̃‖N) + φ(x, x̃)‖ξ − ξ̃‖N + σ(x, x̃), for all

j = 1, . . . ,N, x, x̃, ξ, ξ̃ ∈ RN; whereψ(·, ·), φ(·, ·), σ(·, ·) are nonnegative functions
belonging toC(RN×RN)∩L∞(RN×RN) andψ(x, x̃) = ψ(x̃, x), ψ(x, x) = σ(x, x) = 0.

(H4) |a(x, η) − a(x̃, η̃)| ≤ χ(x, x̃)(|η| + |η̃|) + µ(x, x̃)|η − η̃|, whereχ has the same
properties asψ andµ has the same properties asφ.

Lemma 2. Suppose that the hypotheses(H1)-(H4) take place. Ifψ ∈ C(RN × RN) ∩
L∞(RN × RN) andSn,S0 ∈ F k,∞ with Sn→ S0, S−1

n → S−1
0 in Wk,∞(RN)N, then

‖ψ(Sn(·),S0(·)) − ψ(S0(·),S0(·))‖L∞(C) → 0

whenn→ ∞.

Proof. We have thatψ is uniformly continuous on every bounded set ofRN × RN,
which implies:

For eachε > 0, there existsδ > 0 such that for eachx1, x̃1, x2, x̃2 ∈ D (a bounded
closed subset ofRN), with ‖x1 − x2‖N < δ and‖x̃1 − x̃2‖N < δ we have

|ψ(x1, x̃1) − ψ(x2, x̃2)| < ε.
Sn→ S0 in L∞(C), that is inf

E⊂C,|E|=0
sup

X∈C\E
‖Sn(X) − S0(X)‖N → 0.

Forδ > 0 there existsn0 ∈ N such that forn > n0

inf
E⊂C,|E|=0

sup
X∈C\E

‖Sn(X) − S0(X)‖N < δ.

This implies that, forn > n0, there exists a setEn ⊂ C, |En| = 0 such that
‖Sn(X) − S0(X)‖N < δ for eachX ∈ C \ En.
Using the uniform continuity and the fact thatSn(C) andS0(C) are in a bounded

set ofRN, we get: There existsn0 ∈ N such that for alln > n0, existsEn ⊂ C, |En| = 0
with

|ψ(Sn(X),S0(X)) − ψ(S0(X),S0(X))| < ε, ∀X ∈ C \ En
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DenoteE = ∪n>n0En, |E| = 0, C \ E ⊂ C \ En, so

sup
X∈C\E

|ψ(Sn(X),S0(X)) − ψ(S0(X),S0(X))|

≤ sup
X∈C\En

|ψ(Sn(X),S0(X)) − ψ(S0(X),S0(X))| < ε

for all n > n0. Finally, forε > 0 there existsn0 ∈ N such that for alln > n0 we have

inf
E⊂C,|E|=0

sup
X∈C\E

|ψ(Sn(X),S0(X)) − ψ(S0(X),S0(X))| ≤ ε,

which completes the proof. �

Suppose that the next hypothesis is satisfied in all the paper:
(H5) There exists a neighborhoodV0 of S0 and a positive constantδ such that for

all S1,S2 ∈ V0 andu1 ∈ KS1, there existsu2 ∈ KS2 such that

‖u1 − u2‖H1(C) ≤ δ(‖S1 − S2‖k,∞ + ‖S−1
1 − S−1

2 ‖k,∞).

Example 1. Let K(Ω) = {v ∈ H1
0(Ω) | ∇v = 0, v(x) ≥ ϕ(x) a.e. x ∈ Ω}, with

ϕ ∈ H1
0(Ω) ∩C(Ω) a Lipschitz function with∇ϕ = 0 onΩ.

We have:

KS = {v̌ ◦ S | v̌ ∈ K(Ω)} = {v ∈ H1
0(C) | ∇v = 0, v(X) ≥ ϕ(S(X)) a.e.X ∈ C}

Let S1,S2 ∈ F k,∞, u1 ∈ KS1. This means∇u1 = 0 andu1 ≥ ϕ(S1(X)) a.e. onC. We
defineu2 as:

u2(X) =

{
u1(X), if u1(X) ≥ ϕ(S2(X))
ϕ(S2(X)), if u1(X) < ϕ(S2(X)).

We haveu2 ∈ KS2. Obviously|u1(X) − u2(X)| ≤ |ϕ(S1(X)) − ϕ(S2(X))|. Moreover,

‖u1 − u2‖2H1(C) =

∫

C
|u1(X) − u2(X)|2dX ≤

∫

C
|ϕ(S1(X)) − ϕ(S2(X))|2dX

≤ L2
∫

C
|S1(X) − S2(X)|2dX ≤ L2‖S1 − S2‖2k,∞|C|1/2

which shows that(H5) is satisfied.

Example 2. A special case when(H5) is trivially satisfied is the case whenK = KS

is independent ofS ∈ F k,∞, for all k ≥ 1. For example (see [4]), this happens for

K(Ω)1 = {v ∈ H1(Ω) | v|∂Ω = c, v ≥ d a.e. inΩ}
K(Ω)2 = {v ∈ H1(Ω) | v ≥ f a.e. inΩ},

wherec, d, f are constants. Then:

S K(Ω)1 = {v ∈ H1(C) | v|∂C = c, v ≥ d a.e. inC}
S K(Ω)2 = {v ∈ H1(C) | v ≥ f a.e. inC},

which do not depend onS.
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We fix now an initial valueS0 ∈ F k,∞, u0 ∈ K a solution of (VI)S0 and we prove
the main theorem of the paper.

(In order to prove the main theorem, we suppose that:
(H6) |a j(x, ξ)−a j(x, ξ̃)| ≤ L1‖ξ− ξ̃‖N and|a(x, η)−a(x, η̃)| ≤ L2|η− η̃|, a.e.x ∈ RN,

for all ξ, ξ̃ ∈ RN andη, η̃ ∈ R, with L1, L2 positive constants.)

Theorem 3. Suppose that(H1)-(H5) are satisfied. LetS0 ∈ F k,∞ and u0 ∈ KS0

fixed. If u0 is a solution of the variational inequality(VI)S0, then(VI)S0 is stable
under perturbations, that is: there exists a neighborhoodW0 of S0 and a mapping
θ : W0 → H1(C) such that for eachS ∈ W0, θ(S) = uS is a solution of(VI)S,
θ(S0) = u0 andθ is continuous inS0.

Proof. We use Theorem 1 withW := F k,∞, H = H1(C), K : W→ 2H, K(S) = KS a
set-valued map andT : W × H → H∗, T(S,u) = A(S,u). We check the hypotheses
of Theorem 1.

(i) is obvious.
We prove now (iii), that is we show that there exists a neighborhoodV of S0 such

that the mappingsA(S, ·) are uniformly strongly monotone for eachS ∈ V.
We have:

〈A(S, v) −A(S,u), v− u〉

=

∫

Ω

[A(x,∇(v ◦ S−1)(x)) − A(x,∇(u ◦ S−1)(x))] · ∇(v ◦ S−1 − u ◦ S−1)(x)dx

+

∫

Ω

[a(x, (v ◦ S−1)(x)) − a(x, (u ◦ S−1)(x))](v ◦ S−1 − u ◦ S−1)(x)dx

≥
∫

Ω

{
γ1‖∇(v ◦ S−1)(x) − ∇(u ◦ S−1)(x)‖2N + γ2|(v ◦ S−1)(x) − (u ◦ S−1)(x)|2}dx

≥ γ‖v ◦ S−1 − u ◦ S−1‖H1(Ω) ≥
γ

‖detJS−1‖∞(1 + ‖JS‖∞)2
‖v− u‖2H1(C)

≥ γ̃‖v− u‖2H1(C).

In this evaluation we made use of the transformX = S−1(x), the hypothesis (P4) and
of the continuity of the mappingsS 7→ JS andS 7→ detJS−1 (see Lemma 1, c).

Next the continuity ofA(S, ·) from H1(C) with the strong topology to (H1(C))∗
with the weak topology will be proved.

Let un→ u in H1(C) and letv ∈ H1(C). We get:

|〈A(S,un), v〉 − 〈A(S,u), v〉|
≤ ‖detJS‖∞{‖φ(S(·),S(·))‖∞‖JS−t‖2∞
+ ‖µ(S(·),S(·))‖∞}‖un − u‖H1(C)‖v‖H1(C) → 0.

There is still to be proved (ii) from Theorem 1, that is the consistency ofT.
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Let 0 < r ≤ 1. We considerS ∈ V0 and in (H5) we putS1 := S0, S2 := S,
u1 := u0. Then there existsuS ∈ KS such that

‖uS − u0‖H1(C) ≤ δ(‖S − S0‖k,∞ + ‖S−1 − S−1
0 ‖k,∞).

We define

β(S) = max
{√

δ(‖S − S0‖ + ‖S−1 − S−1
0 ‖),2‖A(S, uS) −A(S0,u0)‖(H1(C))∗

}
.

Obviouslyβ(S0) = 0 (we takeuS0 = u0). We prove next thatβ is continuous atS0.

For
√
δ(‖S − S0‖ + ‖S−1 − S−1

0 ‖) this is obvious.

For the second term, we considerSn → S0 in F k,∞. Then, according to (H5),
uSn → u0 in H1(C).

We evaluate
∣∣∣〈A(Sn,uSn) −A(S0,u0), v〉

∣∣∣ for v ∈ H1(C).
We have

∣∣∣〈A(Sn,uSn) −A(S0,uSn), v〉
∣∣∣ ≤ (α1n + α2n + α3n + α4n)‖v‖H1(C)

where

α1n = ‖detJSn‖∞N
{‖ψ(Sn(·),S0(·))‖∞‖JS−t

n ‖∞(‖JS−t
n ‖∞ + ‖JS−t

0 ‖∞)

+ ‖φ(Sn(·),S0(·))‖∞‖JS−t
n ‖∞‖JS−t

n − JS−t
0 ‖∞

}‖uSn‖H1(C)

+ ‖detJSn‖∞N‖σ(Sn(·),S0(·))‖∞|C|1/2‖JS−t
n ‖∞

+ ‖detJSn‖∞‖JS−t
n − JS−t

0 ‖∞cN
{( ∫

C
|k(S0(X))|2dX

)1/2
+ ‖JS−t

0 ‖∞
}‖uSn‖H1(C),

α2n = ‖detJSn − detJS0‖∞‖JS−t
0 ‖∞cN

{( ∫

C
|k(S0(X))|2dX

)1/2

+ ‖JS−t
0 ‖∞‖uSn‖H1(C)

}
,

α3n = ‖detJSn‖∞‖χ(Sn(·),S0(·))‖∞2‖uSn‖H1(C),

α4n = ‖detJSn − detJS0‖∞c1
{( ∫

C
|k1(S0(X))|2dX

)1/2
+ ‖uSn‖H1(C)

}

Next, as in the proof of (iii), one can obtain

∣∣∣〈A(S0,uSn) −A(S0, u0), v〉
∣∣∣ ≤ α5n‖v‖H1(C)

where

α5n = ‖detJS0‖∞{‖φ(S0(·),S0(·))‖∞‖JS−t
0 ‖2∞ + ‖µ(S0(·),S0(·))‖∞}‖uSn − u0‖H1
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From the hypotheses imposed it is clear thatαn =

5∑

i=1

αin → 0 whenn→ 0. So we

get:

‖A(Sn,uSn) −A(S0,u0)‖(H1(C))∗

= sup
{|〈A(Sn,uSn) −A(S0, u0), v〉| : v ∈ H1(C), ‖v‖H1(C) ≤ 1

}

≤ sup
{
αn‖v‖H1(C) : v ∈ H1(C), ‖v‖H1(C) ≤ 1

} ≤ αn→ 0.

From this the continuity ofβ atS0 is clear.
Let Wr ⊂ V0 be a neighbourhood ofS0 such that for eachS ∈Wr

β(S) ≤ 1 and r − 4β(S)‖A(S0, u0)‖(H1(C))∗ ≥ 0.

Let v ∈ KS with r ≤ ‖v− uS‖. We have:

〈A(S, uS), v− uS〉 + β(S)‖v− uS‖
= 〈A(S,uS) −A(S0, u0), v− uS〉 + 〈A(S0,u0), v− uS〉 + β(S)‖v− uS‖
≥ −‖A(S,uS) −A(S0, u0)‖‖v− uS‖ + 〈A(S0, u0), v− uS〉 + β(S)‖v− uS‖

≥ −1
2
β(S)‖v− uS‖ + β(S)‖v− uS‖ + 〈A(S0,u0), v− u0〉 + 〈A(S0, u0),u0 − uS〉

≥ 1
2
β(S)‖v− uS‖ + 〈A(S0, u0), v− v0〉 + 〈A(S0,u0), v0 − u0〉
− ‖A(S0,u0)‖‖u0 − uS‖

≥ 1
2
β(S)‖v− uS‖ − ‖v− v0‖‖A(S0, u0)‖ − ‖u0 − uS‖‖A(S0,u0)‖

≥ 1
2
β(S)[r − 4β(S)‖A(S0,u0)‖] ≥ 0.

(Here we consideredv0 ∈ KS0 such that‖v− v0‖ ≤ δ(‖S − S0‖ + ‖S−1 − S−1
0 ‖)).

On the other hand we have‖uS − u0‖ ≤ β2(S) ≤ β(S), which concludes the proof.
�

Example 3. We present a linear variational inequality for which all the previous
hypotheses are satisfied. Consider the problem:

Find uΩ ∈ K(Ω) such thataΩ(uΩ, v− uΩ) ≥ 0, ∀v ∈ K(Ω),

where

aΩ(u, v) =

∫

Ω

[B(x)∇u(x) · ∇v(x) + b(x)u(x)v(x)]dx

with B ∈ C(RN)N2 ∩ L∞(RN)N2
, b ∈ C(RN) ∩ L∞(RN), b(x) ≥ b̃ > 0 and

N∑

j=1

N∑

k=1

b jk(x)ξkξ j ≥ α‖ξ‖2N



34 DANIELA INOAN

a.e. x ∈ RN, for all ξ ∈ RN. It can be easily shown that, with

a j(x, ξ) =

N∑

k=1

b jk(x)ξk = Bj(x) · ξ anda(x, η) = b(x)η

the hypotheses(H1)-(H4) are satisfied.
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A. The paper is motivated by papers of E. Pap [4] and A. Marková [3].
We give a complete characterization of functions preserving ranks of all matrices,
without assuming any regularity conditions.
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1. I

The notion of g-calculus has been introduced by E. Pap in [4]. A. Marková in [3]
observed that a fundamental role in this calculus is played by functions preserving
ranks of matrices.

First of all let us introduce

Definition 1. Function f : R −→ R preserves rank of matrices if and only if the rank
of a matrix A= [ai j ] is equal to rank of the matrix f(A) := [ f (ai j )], for every matrix
A, where i= 1,2 . . . ,n, j = 1,2, . . . ,m.

We proved in [1] that a monotonic and continuous functionf : R → R with
f (0) = 0 preserves ranks of matrices if and only if it is linear, i.e.f (x) = c · x, x ∈ R,
for come constantc , 0.

In the present paper we show that the characterization holds true even without
admitting additional assumptions on functionf .

2. M 

It follows immediately from properties of determinants:

Example 1. The linear function f(x) = c · x onR with a constant c, 0 is a function
preserving rank of matrices.

Without additional assumptions onf (i.e. continuity or others) the following holds
true

c©2003 U  M

35

Doi: 10.18514/MMN.2003.6

http://dx.doi.org/10.18514/MMN.2003.6
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Lemma 1. If rank r(A) = r( f (A)) for all square matrices of degree less or equal to
3, then there exists a constantc , 0 such thatf (x) = c · x.

Proof. Let f : R −→ R be a function preserving rank of square matrices of degree
less or equal to 3. For matrixA = [a] of degree 1 it follows thatf (a) = 0 if and only
if a = 0. Let f (1) = c. From the above it follows thatc , 0. From properties of
determinants it follows thatr(A) = r(1

c f (A)). Consider the function

g :=
1
c
· f on R, (2.1)

so thatg(1) = 1. For any square matrix

B =

[
1 b
a a · b

]
,

wherea,b ∈ R, we obtainr(B) = 1. Then alsor(g(B)) = 1. Thus

det

[
1 g(b)

g(a) g(a · b)

]
= 0

or g(a · b) − g(a) · g(b) = 0, i.e.g solves the multiplicative Cauchy equation

g(x · y) = g(x) · g(y) f or all x, y ∈ R. (M)

Similarly for any square matrix of the form

C =


0 1 a
1 0 b
1 1 a + b



with arbitrarya, b ∈ R the rankr(C) = 2. Hence alsor(g(C)) = 2 and thus

det


0 1 g(a)
1 0 g(b)
1 1 g(a + b)

 = 0,

i.e. detC = g(a) + g(b)−g(a+ b) = 0. In other words the additive Cauchy functional
equation

g(x + y) = g(x) + g(y) f or all x, y ∈ R (A)
is fulfilled by g. Now, from [2] (Theorem 1, page 356), it follows that the only
functions satisfying simultaneously (A) and (M) areg = 0 or g = id. Sinceg(1) = 1,
we see that in our caseg(x) = x, x ∈ R. From Definition 1 we obtain thatf (x) = c · x
for all x ∈ R. �

The following theorem completely describes all functions preserving rank of ma-
trices.

Theorem 1. Function f : R −→ R preserves rank of matrices if and only iff (x) =

c · x, wherec , 0 is a constant.

Proof. It follows immediately from Lemma 1 and Example 1. �
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A. In this paper, we determine the Hardy spaces to whichLn
γ( f ) belongs,

n ∈ N∗, if f ∈ H p, whereLn
γ = Lγ ◦ Lγ ◦ · · · ◦ Lγ︸               ︷︷               ︸

n

is the Libera generalized integral

operator (2). As a corollary we obtain the Hardy spaces for some classes of analytic
functions.
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1. I

Let f be an analytic function in the unit discU = {z||z| < 1} and letH(U) denote
the set of all analytic functions inU. In 1965, R. J. Libera [5] had studied the operator
L : H(U)→ H(U) defined by

L( f )(z) =
2
z

z∫

0

f (t)dt (1)

showing thatL(S∗) ⊂ S∗, whereS∗ is the class of starlike functions,L(K) ⊂ K, where
K is the class of convex functions andL(C) ⊂ C, if C is the class of close-to-convex
functions. In 1969, S. D. Benardi generalized these results investigating in [1] a more
general integral operator defined byLγ : H(U)→ H(U)

Lγ( f )(z) =
γ + 1

zγ

z∫

0

f (t)tγ−1 dt . (2)

He showed that ifγ ∈ N∗, thenLγ preserves these properties. In this paper we
determine the Hardy spaces, to whichLn

γ( f ) belongs,n ∈ N∗, if f ∈ H p, where
Ln
γ = Lγ ◦ Lγ ◦ · · · ◦ Lγ︸                ︷︷                ︸

n

.
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2. P

For f ∈ H(U) andz = reiθ, we set

Mp(r, f ) =




1
2π

2π∫
0

∣∣∣ f (reiθ)
∣∣∣p dθ


1
p

, 0 < p < ∞
sup

0≤p≤2π

∣∣∣ f (reiθ)
∣∣∣ , for p = ∞ .

A function f ∈ H(U) is said to be of Hardy spacesHp (0 < p < ∞) if Mp(r, f )
remains bounded asr → 1−. H∞ is the class of bounded analytic functions in the unit
disc.

We shall need the following well-known lemmas [2].

Lemma 1. If f ′ ∈ Hp, 0 < p < 1, then f ∈ H
p

1−p . If f ′ ∈ Hp, 1 ≤ p, then f ∈ H∞.

Lemma 2. If f ∈ Hp andg ∈ Hq, then f g ∈ Hλ, λ =
pq

p + q
.

Lemma 3(Integral theorem of Hardy–Littlewood). If f ∈ HpandF =
∫ z

0
f (t)dt, then

f ∈ H
p

1−p for 0 < p < 1, and f ∈ H∞ for p ≥ 1.

3. M 

Let γ ∈ C, Reγ > 0, let f be an analytic function inU and letLγ be the Libera
generalized integral operator (Bernardi’s operator) defined by (2).

Theorem 1. If f ∈ Hp, then:

(i) if n <
1
p

, n ∈ N∗, thenLn
γ( f ) ∈ Hλ, λ =

p
1− np

;

(ii) if n ≥ 1
p, n ∈ N∗, then Ln

γ( f ) ∈ H∞, whereLn
γ = Lγ ◦ Lγ ◦ · · · ◦ Lγ︸                ︷︷                ︸

n

;

(iii)
[
Lγ( f )

]′
∈ Hp.

Proof. Assertions (i) and (ii).If f is analytic, f (z) = z+ a2z2 + . . . , then there exists
a unique function

Lγ( f )(z) =
γ + 1

zγ

z∫

0

f (t)tγ−1 dt ,

which is analytic inU. Indeed,

g(z) =
f (z)
z

= 1 + a2z+ . . .
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is analytic inU. Let h(z) = z
[
g(z)

] 1
γ+1

be the branch that is 1 forz = 0, and we have

thath(z) = z+ b2z2 + . . . is analytic inU,
h(z)

z
, 0, [h(z)]γ+1 = (a2z+ . . . ). Hence

Lγ( f )(z) =
γ + 1

zγ

z∫

0

f (t)tγ−1 dt =
γ + 1

zγ

z∫

0

hγ+1(t)
t

dt =

=
γ + 1

zγ

z∫

0

tγ (1 + a2t + . . . ) dt = z+
γ + 1
γ + 2

a2z2.

For the integral operatorLγ we haveLγ = A ◦ B, where

A( f )(z) =
γ + 1

zγ
f (z), γ ∈ C, Reγ > 0

and

B( f )(z)) =

∫ z

0
f (t)tγ−1dt.

We determine the Hardy class forA andB. If f ∈ Hp, γ = a + ib, a > 0, then

Mp(r,A) ≤ γ + 1
ra


1
2π

2π∫

0

∣∣∣ f (reiθ)
∣∣∣p dθ



1
p

,

and henceA( f ) ∈ Hp.
From integral theorem of Hardy–Littlewood (Lemma 3), we haveB( f ) ∈ H

p
1−p for

f ∈ Hp, p < 1, andB( f ) ∈ H∞, for f ∈ Hp, p ≥ 1. BecauseLγ( f ) = A(B( f )) we

have for f ∈ Hp, p < 1 thatB( f ) ∈ H
p

1−p and A(B( f )) ∈ H
p

1−p . HenceLγ( f ) ∈ H
p

1−p

for p < 1 andLγ( f ) ∈ H∞, for p ≥ 1. Suppose thatn <
1
p
, n ∈ N∗andLk

γ( f ) ∈ H
p

1−kp

for 1 ≤ k ≤ n− 1. Then

Ln
γ( f ) ∈ Hλ, λ =

p
1− (n− 1)p

1− p
1− (n− 1)p

=
p

1− np
.

If n ≥ 1
p

, then there is ak ∈ N∗ such thatk <
1
p
≤ k + 1 ≤ n andLk

γ( f ) ∈ H
p

1−kp

andLk+1
γ ( f ) ∈ H∞.

Assertion (iii).We have
[
Lγ( f )(z)

]′
=

1
z

[
(γ + 1) f (z) − γLγ( f )(z)

]
. (3)
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Applying the Minkowski inequality, we obtain

Mp
p

(
r,

[
Lγ( f )

])
=

1
2π

2π∫

0

∣∣∣∣
[
Lγ( f )

(
reiθ

)]∣∣∣∣
p

dθ =

=
1
2π

2π∫

0

1∣∣∣reiθ
∣∣∣p

∣∣∣(γ + 1) f (reiθ) − γLγ( f )(reiθ)
∣∣∣p dθ ≤

≤ 1
2π
|γ + 1|p

r p

2π∫

0

∣∣∣ f (reiθ)
∣∣∣p dθ +

1
2π
|γ|p
r p

2π∫

0

∣∣∣Lγ( f )(reiθ)
∣∣∣p dθ.

The valueMp
p

(
r,

[
Lγ( f )

]′)
is bounded for

min

{
p,

p
1− p

}
= p.

Hence,
[
Lγ( f )

]′ ∈ Hp. That results are best possible because from
[
Lγ( f )

]′ ∈ Hq,

q > p applying (3) we should conclude thatf ∈ Hq. �

Forn = 1, these results were obtained in [4].

Remark 1. Since the results for Hardy classes do not depend onγ, the results remain
the same forL = Lγ1 ◦ Lγ2 ◦ · · · ◦ Lγn, where Reγi > 0, i = 1,n.

Forγ = 1, Lγ = L is the Libera operator (1), and we have the following

Corollary 1. If f is an analytic function inU, γ ∈ C , Reγi > 0 and f ∈ Hp then:

(i) if n <
1
p
, n ∈ N∗, thenLn( f ) ∈ Hλ, λ =

p
1− np

;

(ii) if n ≥ 1
p
,n ∈ N∗, thenLn( f ) ∈ H∞;

(iii)
[
Ln( f )

]′ ∈ Hp.

Corollary 2. If f ∈ K, f ,
z

1− zeiτ
, τ ∈ R thenLγ( f ) is a bounded function.

It is well-known that if f ∈ K (a convex function) thenf ∈ H1+ε, ε = ε( f ) > 0.
Hence, we obtain from Theorem 1 thatLγ( f ) ∈ H∞.

Therefore,Lγ transformsK into its subclass of bounded functions, excepting ex-
tremal functions.

Corollary 3. If f ∈ S∗, f (z) ,
z

(
1 + zeiτ)2 , then

(i) Lγ( f ) ∈ H1;
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(ii) L2
γ( f ) ∈ H∞ if Lγ( f ) ,

z
(
1 + zeiτ)2 , τ ∈ R.

It is known that if f ∈ S∗, then f ∈ H
1
2+ε, ε = ε( f ) > 0. HenceLγ( f ) ∈ H1. If

Lγ( f ) =
z(

1 + zeiτ) ,

thenL2
γ( f ) ∈ H∞.

In other words,Lγ transformsS∗ into its subclass andL2
γ transformsS∗ into a

subclass of bounded functions, with the exception of extremal functions.

Corollary 4. If f ∈ C, f (z) ,
p(z)

(
1 + zeiτ)2 , Rep(z) > 0, then

(i) Lγ( f ) ∈ H1;

(ii) L2
γ( f ) ∈ H∞ if Lγ( f ) ,

p(z)(
1 + zeiτ) , Rep(z) > 0.

It is known that if f ∈ C and f (z) ,
p(z)

(
1 + zeiτ)2 , Rep(z) > 0 then f ∈ H

1
2+ε, ε =

ε( f ) > 0. Hence,Lγ( f ) ∈ H1. If Lγ( f ) ,
p(z)(

1 + zeiτ) , Rep(z) > 0 from Theorem 1 we

obtainL2
γ( f ) ∈ H∞.
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matrix of a matrix polynomialP(X) to obtain a general solution of the differential
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1. I

The preliminary theory on matrix polynomials revisited next can be found in [4],
[1], [6], [3] and [5].

Let

P(X) = Xm + A1Xm−1 + . . . + Am (1.1)

be a monic (right) matrix polynomial of degreem in the indeterminateX with the
coefficientsA1, . . . ,Am being n × n complex matrices. Ann × n matrix X1, such
that P(X1) = 0, is a (right) solvent ofP(X). Furthermore for each nonsigularn × n
matrix formed of leading vectors of Jordan chains ofP(λ) it is possible to construct
one solvent ofP(X) and the total number of solvents will be the number of such
nonsingular matrices.

The matrix

C =



0n In . . . 0n
...

. . .

In

−Am −Am−1 . . . −A1


, (1.2)

(where 0n andIn are the null matrix and the identity matrix of ordern, respectively)
associated with the coefficients ofP(X), is said to be the block companion matrix
of P(X). Moreover, ifX1, . . . ,Xm arem solvents ofP(X), then the respective block
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Vandermonde matrix is

V(X1, . . . ,Xm) =



In . . . In

X1 . . . Xm
...

...
Xm−1

1 . . . Xm−1
m



and if the matrixV(X1, . . . ,Xm) is nonsingular, then we say that thesemsolvents form
a complete set of solvents ofP(X).

We consider now a differential matrix equation, i. e., homogeneous ordinary dif-
ferential equation of ordermhavingn× n matrix coefficients, written by

P

(
d
dt

)
x = x(m)(t) + A1x(m−1)(t) + . . . + Amx(t) = 0. (1.3)

An important result on this is that ifX1, . . . ,Xm are a complete set of solvents of
the matrix polynomialP (X) associated withP

(
d
dt

)
x (that is, having the same coeffi-

cients), then every solution of

P

(
d
dt

)
x = 0

is of the form
x(t) = eX1tz1 + eX2tz2 + . . . + eXmtzm, (1.4)

wherez1, z2, . . . , zm ∈ Cn ([5], p. 525).

2. B E

We recall the classical equation of matrix theory,AX = XB, whereA, B are given
complex square matrices (see [2], p. 215). We work here with a variation of this
equation that happens whenX spans an invariant subspace ofA, and onlyA is given.
It appears in the computation of eigenvalues (see [8], p. 587).

Definition 1. Given a matrixA of orderp, if a matrixY of orderq < p is such that

AW = WY (2.1)

for a rectangular matrixW of full rank. We say thatY is a (right) block eigenvalue of
A andW is a corresponding (right) block eigenvector of dimensionq× p.

This definition can be restricted to block matrices, of ordermn, partitioned in
blocks of ordern. In this case the block eigenvalues are of the same order as the
blocks of the block matrix that isn and the corresponding block eigenvector is a
vector of blocks of dimensionmn× n (see [7]).

A block eigenvalue has the property that any similar block is also a block eigen-
value, and it is clear that a block eigenvectorW spans an invariant subspace ofA,
since being of full rank is equivalent to having linearly independent columns.

Next we have the strong relationship between a matrix and a block eigenvalue (see
also [9], Corollary II).
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Theorem 1. LetA be a matrix, then a matrixY is a block eigenvalue ofA, if and only
if the eigenvalues ofY are also eigenvalues ofA, and for each common eigenvalueα,
the corresponding partial multiplicitiesk1(Y), . . . , kn(Y) in Y, andk1(A), . . . , km(A)
in A, where the integerski are in decreasing order of magnitude, satisfy

(i) n ≤ m;
(ii) ki(Y) ≤ ki(A), i = 1, . . . ,n.

Proof. First note thatn andm are the geometric multiplicities ofα in Y, and inA, or
the number of Jordan blocks, ofα in JY, and inJA, the Jordan normal forms ofY and
A, respectively. And that theki are the orders of these Jordan blocks. Let nowY =

T JYT−1, whereT is a nonsingular matrix. Then suppose thatAW = WY, with W of
full rank, thusAWT = WYT= WT JYT−1T = WT JY. SinceWT is still of full rank, it
follows that the linearly independent columns ofWT are eigenvectors or generalized
eigenvectors ofA, with respect to the eigenvalues ofJY, thus the eigenvalues ofJY

(and ofY) are also ofA. Furthermore, fromAWT = WT JY, it follows that JY is
a submatrix ofJA. Therefore, for each common eigenvalueα, the corresponding
geometric multiplicitiesm in A andn in JY, and hence inY, satisfyn ≤ m. Also
the orders of the Jordan blocks ofJA and ofJY corresponding toα, satisfyki(Y) ≤
ki(A), i = 1, . . . ,n. Conversely, suppose that the eigenvalues ofY (and hence ofJY),
are common toA. And supposing (i) and (ii) we can writeAZ = ZJY, where the
columns ofZ, eigenvectors or generalized eigenvectors ofA, corresponding to the
eigenvalues ofJY, are linearly independent. HenceZ is of full rank, thusAZT−1 =

ZJYT−1 = ZT−1Y, with ZT−1 of full rank, and the conclusion is thatY is a block
eigenvalue ofA. �

We observe that, for each eigenvalue of a complex matrix, the respective number
of partial multiplicities gives the geometric multiplicity, and therefore the number of
Jordan blocks of the Jordan normal form of the matrix, for this eigenvalue. These
partial multiplicities are the sizes of these Jordan blocks, hence we can conclude that,
if we have the partial multiplicities of all the eigenvalues of a complex matrix, we can
write its Jordan normal form. Considering that, we define a set of block eigenvalues
in which this information can be obtained.

Definition 2. Let A be a matrix, and letY1, . . . ,Yk be a set of block eigenvalues of
A. We say that this set is a complete set of block eigenvalues, if the eigenvalues, and
respective partial multiplicities, of these block eigenvalues are the eigenvalues, with
the same partial multiplicities, of the matrixA.

Theorem 2. A set of block eigenvaluesY1, . . . ,Yk of a matrixA, is a complete set, if
and only if there is a set of corresponding block eigenvectorsW1, . . . ,Wk , such that
the matrix

[
W1 · · · Wk

]
is of full rank, and

A
[
W1 · · · Wk

]
=

[
W1 · · · Wk

]
diag(Y1, . . . ,Yk) , (2.2)

where diag(Y1, . . . ,Yk) is a block diagonal matrix of the same order ofA.
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Proof. Let Y1, . . . ,Yk be a complete set of block eigenvalues, and let

D = diag(Y1, . . . ,Yk)

be a block diagonal matrix. Since the eigenvalues of theY1, . . . ,Yk, and their partial
multiplicities, are the same as those ofA. The same happens toD, the direct sum
of the Y1, . . . ,Yk. ConsequentlyA and D have the same Jordan normal form, and
therefore they are similar, so that there is a nonsingular matrixR, such thatAR= RD.
Writing R =

[
R1 · · · Rk

]
, with the number of columns of eachRi , i = 1, . . . , k

being equal to the order ofYi , it follows that,ARi = RiYi , for i = 1, . . . , k, and it is
obvious that eachRi is of full rank, and thus, it is a block eigenvector corresponding
to Yi . Conversely, letW1, . . . ,Wk be a set of right block eigenvectors corresponding
to Y1, . . . ,Yk, and let

A
[
W1 · · · Wk

]
=

[
W1 · · · Wk

]
diag(Y1, . . . ,Yk)

with the matrix
[
W1 · · · Wk

]
being of full rank, thenA and diag(Y1, . . . ,Yk) are

similar, and hence their Jordan normal form, and the partial multiplicities of their
eigenvalues, are common. Thus theY1, . . . ,Yk are a complete set. �

3. S    

Now we consider block eigenvalues of the block companion matrix, in order to
obtain a general solution to the previously mentioned differential matrix equation.

Theorem 3. Let P(X) be a matrix polynomial and letC be the associated block
companion matrix, if the matricesY1, . . . ,Yk are a complete set of block eigenvalues
of C, andW1, . . . ,Wk are the corresponding block eigenvectors . Then every solution
of P

(
d
dt

)
x = 0 is of the form

x(t) = (W1)1eY1tz1 + . . . + (Wk)1eYktzk , (3.1)

where(Wi)1 is the top submatrix ofn rows ofWi , for i = 1, 2, . . . k andz1, . . . , zk ∈ Cn.

Proof. From [5], p. 512, we have

x(t) = PeCtz,

with P =
[

In 0n . . . 0n

]
andz ∈ Cmn is arbitrary. Now letW1, . . . ,Wk be block

eigenvectors ofC corresponding to the block eigenvaluesY1, . . . ,Yk, thus we have
from Theorem 2

C
[
W1 · · · Wk

]
=

[
W1 · · · Wk

]
diag(Y1, . . . ,Yk),

now we writeW =
[
W1 · · · Wk

]
and it follows that

x(t) = PeCtz = PeWdiag(Y1,...,Yk)W−1tz =

= PWediag(Y1,...,Yk)tW−1z = PWdiag(eY1t, . . . ,eYkt)W−1z.
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Considering thatPW =
[

(W1)1 · · · (Wk)1

]
and by writing

W−1z =



z1
...
zk

 ,

we get

x(t) =
[

(W1)1eY1t · · · (Wk)1eYkt
]


z1
...
zk



= (W1)1eY1tz1 + . . . + (Wk)1eYktzk.

�

The goal here is to get a general solution when it is not possible to achieve it with
solvents. We see this in the following example.

Example1. Consider the differential equation

P

(
d
dt

)
x = x(2)(t) + A1x(1)(t) + A2x(t),

with coefficients given by

A1 =


−98/25 108/25 −112/25

4/5 −24/5 −4/5
22/25 38/25 −182/25

 , A2 =


89/25 −294/25 316/25
−7/5 42/5 −8/5
−46/25 −59/25 251/25

 ,

the associated matrix polynomial is

P(X) = X2 + A1X + A2,

wherem = 2 andn = 3. We have that

V1 =


2 2
1 1
1 1

 , V2 =


−2 −2 5 3
2 2 −1 −1
1 1 1 1



are the Jordan chains ofP(λ) and the respective Jordan blocks are

J1 =

[
2 1
0 2

]
, J2 =



3 1 0 0
0 3 1 0
0 0 3 1
0 0 0 3


.

It can be verified that there are no nonsingular matrices of order 3 with the leading
vectors ofV1 and V2 (Jordan chains ofP(λ)), henceP(X) has no solvents at all,
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therefore a general solution ofP
(

d
dt

)
x = 0 in terms of solvents does not exist. On the

other hand, we haveC = Sdiag(J1, J2)S−1, where

S =

[
V1 V2

V1J1 V2J2

]

is nonsigular. Thus we have from Theorem 2 thatJ1 andJ2 form a complete set of
block eigenvalues ofC and [

V1

V1J1

]
and

[
V2

V2J2

]

are the corresponding block eigenvectors. Hence from Theorem 3 it follows that
every solution ofP

(
d
dt

)
x = 0 is of the form

x(t) = V1eJ1tz1 + V2eJ2tz2.

The considered block eigenvalues are in a canonical form, but in general this is not
necessary. In fact, ifY1 andY2 are any matrices similar toJ1 and J2, respectively,
thenY1 andY2 are also block eigenvalues, as pointed out before. Thus if we write
Y1 = T−1

1 J1T1 andY2 = T−1
2 J2T2, with T1 andT2 nonsigular. It follows that

C = Sdiag(T1Y1T−1
1 ,T2Y2T−1

2 )S−1 =

= Sdiag(T1,T2)diag(Y1,Y2)diag(T1,T2)−1S−1 =

= Udiag(Y1,Y2)U−1,

whereU = Sdiag(T1,T2) is nonsingular and soY1 andY2 are a complete set of block
eigenvalues ofC (from Theorem 2) with[

V1T1

V1J1T1

]
and

[
V2T2

V2J2T2

]

being the corresponding block eigenvectors. Hence from Theorem 3 every solution
of P

(
d
dt

)
x = 0 can be written in the form

x(t) = V1T1eY1tz1 + V2T2eY2tz2.

Numerical procedures to compute a complete set of block eigenvalues can be
found in [7].
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1. I

Let E be a real Banach space and letE1 be an arbitrary subspace ofE with
codimE1 = 1. Let alsoϕ be a linear continuous functional onE with kerϕ = E1.
Finally, let P be a class of functionsp : [0,+∞) → R, which are non-decreasing on
[0,+∞) and left continuous on(0,+∞) and such that

lim
t→0+

p (t) = p (0) and sup
t≥0

(p (t + 1) − p (t)) < +∞.
Consider now the following differential-integral equation

d−x (t)
dt

− d+x (t)
dt

+

n∑

k=1

t∫

s

[
dpk (u)

]
Fk (x (u)) = 0, t ≥ s≥ 0, (1.1)

where:n ∈ N; pk ∈ P, k = 1,2, ...,n; Fk : E→ E, k = 1,2, ...,n

are continuos mappings; the integrals in (1.1) are Lebesque-Stiltjes ones;
d−x(t)

dt and
d+x(t)

dt are the left and right derivatives of the solutionx (t) of (1.1) at the pointt,

respectively. Observe that at the pointt = 0 the left derivative ofx (t) is
d−x(0)

dt ,
which is compatible with the requirement lim

t→0+
pk (t) = pk (0) , k = 1,2, ...,n, and the

continuity ofFk, k = 1,2, ...,n, onE.
As it is known (see, for example, [6]), each functionpk (t) , t ≥ 0, k = 1,2, ...,n,

can be represented in the form
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pk (t) = pc,k (t) + ps,k (t) + pd,k (t) , k = 1, 2, ..., n, (1.2)

wherepc,k (t) is an absolutely continuous function on each segment of the form [0,a]
with a ∈ (0,+∞), while ps,k (t) andpd,k (t) are the singular and discrete components
of pk (t), respectively.

If in (1.3) for everyt ≥ 0

ps,k (t) ≡ const, k = 1, 2, ..., n, (1.3)

then equation (1.1) is equivalent to a differential equation with impulse disturbance,
while if in (1.3) for everyt ≥ 0

ps,k (t) ≡ const andpd,k (t) ≡ const, k = 1, 2, ..., n,

then equation (1.1) is equivalent to a differential equation without impulse distur-
bance. Such differential equations have been studied in [3] and [8], when dimE <
+∞, and in [2]. Finally, note that if, in (1.3), for everyt ≥ 0,

pc,k (t) ≡ const and ps,k (t) = const, k = 1,2, ...,n,

then equation (1.1) is equivalent to a difference equation, the theory of which has
been developed in [5].

The purpose of this article is to give conditions for oscillation of the solution of
equation (1.1) with respect to the subspaceE1 of the Banach spaceE. The notion of
such oscillation is stated and used successfully in [10] – [14] and [16] and is defined
as follows.

Definition 1. A solutionx (t) of equation (1.1) is said to be oscillatory with respect
to the subspaceE1 of the Banach spaceE, if for every numbera > 0 there are points
τ1, τ2 ∈ (a,+∞) such that

ϕ (τ1)ϕ (τ2) < 0.

As it follows from [10] – [14] and [16], this definition is a convenient tool for the
investigation of oscillation of trajectories of dynamical systems with infinite dimen-
sional phase space. Note that, in the case when dimE1 = 1, the above definition of
the oscillation of a solution of (1.1) with respect toE1 is equivalent to the correspond-
ing one given the real solutions of the differential equations considered, for example,
in [9].

An interesting class of equations is the class of differential equations with im-
pulse disturbance, which so far has not been investigated sufficiently. Therefore, it
is very important for the theory of systems with impulse, as well as for the theory
of differential-integral equations to investigate the oscillatory nature of solutions of
equations of form (1.1).
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2. P

In order to state our main results, we need the following notions and assumptions.
(I) Assume that for any numbert0 ≥ 0 and for any set{x1, x2} ⊂ E equation

(1.1) admits a unique solutionx (t), which is defined and continuous on [0,+∞) and
satisfies the following two conditions:

x (t0) = x1 (2.1)

and
d+x (t0)

dt
= x2, (2.2)

where, if(x1, x2) ∈ E2
1, thenx (t) ∈ E1 for all t ≥ t0.

A solution of (1.1), satisfying (2.1) and (2.2), will be denoted by

x (t, t0, x1, x2) .

For some sufficient conditions, concerning the requirement (I), see [17].
(II) Consider the sets

E2 = {x ∈ E : ϕ (x) > 0} and E3 = {x ∈ E : ϕ (x) < 0} ,
and the continuous mappings

Fk : E→ E, k = 1, 2, ..., n. (2.3)

Assume that the setsE1,E2 and E3 are invariant ones with respect to each of the
mappings (2.3), i.e.,

FkEi ⊂ Ei for all k = 1, 2, ..., n, and alli = 1, 2,3.
(III) Let Dk be the set of all points of [0,+∞) in which the functionpk ≡ pk (t) is

differentiable, and letD be the intersection of the setsDk, k = 1,2, ...,n. Denote by
Φk the set of functionsz ≡ zk (t) which are continuous on [0,+∞) and differentiable
on D with values inEi , i = 1,2,3, for each of which

|ϕ (zk (t))| , k = 1, 2, ..., n,

is a monotone non-decreasing on [0,+∞) function.
Note that, because of the inclusionp ∈ P, the set [0,+∞)/Dk has zero Lebesque

measure.

3. M 

Here we formulate and prove a sufficient result (Theorem 1) and a necessary result
(Theorem 2) as follows.

Theorem 1. Consider equation (1.1), subject to the conditions (I) – (III), and assume
that for k = 1,2, ...,n:

(i) inf
s≥t≥0

ϕ(Fk(z(s)))
ϕ(Fk(z(t))) > 0 f or all z ∈ Φ2 ∪ Φ3,
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(ii) The improper integrals

+∞∫

0

dϕ (z(t))
ϕ (Fk (z(t)))

converge for allz ∈ Φ2 ∪ Φ3 and

(iii)
n∑

k=1

+∞∫
0

tdpk (t) = +∞.

Then all solutionsx (t,0, x1, x2), where(x1, x2) ∈ E2 \ E2
1, of equation (1.1) are

oscillatory with respect to the subspaceE1.

Proof. Let z(t) be non-oscillatory with respect toE1 solution of (1.1), for which
(
z(0) ,

d+z(0)
dt

)
< E2

1. (3.1)

Then, without loss of generality, we can (and do) suppose that for somea ∈ (0,+∞)

ϕ (z(a)) > 0 and ϕ (z(t)) ≥ 0, t ≥ a. (3.2)

Since, in view of (1.1), for arbitraryt ≥ a ands> t

d−z(s)
ds

− d+z(t)
dt

+

n∑

k=1

s∫

t

[
dpk (u)

]
= 0 ,

and consequently fors≥ t ≥ 0

ϕ

(
d−z(s)

ds

)
− ϕ

(
d+z(t)

dt

)
+

n∑

k=1

s∫

t

[
dpk (u)

]
ϕ (Fk (z(u))) = 0, (3.3)

and, by (I) – (III) and (3.2), we have

n∑

k=1

s∫

t

[
dpk (u)

]
ϕ (Fk (z(u))) ≥ 0

for all t andswith s> t ≥ a, we conclude that the functionϕ
(

d+z(t)
dt

)
is non-increasing

on [a,+∞). Thus, the functionϕ (z(t)) is concave on [a,+∞) (see, [18], page 17) and,
in view of (3.2) and the concavity of the functionϕ (z(t)) on [a,+∞), we derive that

lim
t→+∞ϕ

(
d+z(t)

dt

)
= c, c ∈ [0,+∞) . (3.4)
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Now, (3.4) and (3.3) imply that functionϕ (z(t)) is monotone non-decreasing on
[a,+∞) and for allt ≥ a

ϕ

(
d+z(t)

dt

)
= c +

n∑

k=1

+∞∫

t

[
dpk (u)

]
ϕ (Fk (z(u))) . (3.5)

Denote byδ the least of the numbers

inf
s≥t≥0

ϕ (Fk (z(s)))
ϕ (Fk (z(t)))

> 0, k = 1, 2, ..., n and z∈ Φ2 ∪ Φ3

which, by (i), is positive. Taking into account the inclusionz ∈ Φ2, (ii) and (3.5), we
see that

+∞ >
+∞∫
a

dϕ(z(t))
ϕ(Fk(z(t))) >

+∞∫
a+1

dϕ
(

d+z(t)
dt

)

ϕ(Fk(z(t))) =

=
+∞∫

a+1

1
ϕ(Fk(z(t)))

(
c +

n∑
k=1

+∞∫
t

[
dpk (u)

]
ϕ (Fk (z(u)))

)
dt ≥

≥
+∞∫

a+1

(+∞∫
t

[
dpk (u)

] ϕ(Fk(z(u)))
ϕ(Fk(z(t)))

)
dt ≥δ

+∞∫
a+1

(t − a− 1) dpk (t) ,

which implies that the improper integrals
+∞∫

a+1

tdpk (t) , k = 1,2, ...,n,

are convergent. But this contradicts (iii). The contradiction obtained shows that the
assumption (2.3) is false and the proof of the theorem is complete. �

In order to state our next result, we need the following

Definition 2. A mappingh : E→ E is called Lipschitzian, if for arbitraryb ∈ E and
r ∈ (0,+∞) there exists a constantM > 0 such that

‖h (x) − h (y)‖E ≤ M ‖x− y‖E
for all x, y ∈ B (b, r) = {x ∈ E : ‖x− b‖E ≤ r}.
Theorem 2. Consider equation (1.1), subject to the conditions (I) – (III), and assume
that:

(iv) the mappingsFk, k = 1, 2, ..., n, are:
(a) locally Lipschitzian, or
(b) completely continuous;

(v) the functionspk ∈ P, k = 1, 2, ..., n, are continuous on[0,+∞);
(vi) all solutionsx (t,0, x1, x2), where(x1, x2) ∈ E2 \ E2

1, of equation (1.1) are
oscillatory with respect toE.

Then condition (iii) of Theorem 1 holds, i. e.,
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(iii)
n∑

k=1

+∞∫
0

tdpk (t) = +∞.

Proof. Case 1.The mappingsFk, k = 1, 2, ..., n, are locally Lipschitzian, i.e. (iv,a)
holds. In this case, assume that (iii) is false, i.e.

0 ≤
n∑

k=1

+∞∫

0

tdpk (t) < +∞. (3.6)

For an arbitrary vectory ∈ E2 ∪ E3, and a closed ballB (y, r) , r > 0, for which
E1 ∩ B (y, r) = ∅, consider the equation

z(t) = y−
n∑

k=1

+∞∫

t

[
dpk (u)

]
(u− t) Fk (z(u)) , t ≥ a, (3.7)

wherea is chosen in such a way that

n∑

k=1

+∞∫

a

[
dpk (u)

]
(u− a) sup

x∈B(y,r)
‖Fk (x)‖E ≤ r (3.8)

and

sup
t≥a

∥∥∥∥∥∥
n∑

k=1

+∞∫
t

[
dpk (u)

]
(u− t) Fk (z1 (u)) −

n∑
k=1

+∞∫
t

[
dpk (u)

]
(u− t) Fk (z2 (u))

∥∥∥∥∥∥
E

≤
≤ 1

2 sup
t≥a
‖z1 (t) − z2 (t)‖E

(3.9)
for all E-valued functionszi (t) , i = 1,2 which are continuous and bounded on
[a,+∞) for which

sup
t≥a
‖zi (t) − y‖E ≤ r, i = 1, 2.

Note that, because of (iv,a) and (3.3), the relations (3.8) and (3.9) are valid.
Next consider a Banach spaceX of E-valued functionsx = x (t) which are contin-

uous and bounded on [a,+∞) with the norm

‖x‖E = sup
t≥a
‖x (t)‖E .

Furthermore, consider a bounded, closed and convex setY of all functionsx ∈ X,
such thatx ∈ B (y, r) for all t ≥ a, and an operatorU : X→ X defined by the formula

(Ux) (t) = y−
n∑

k=1

+∞∫

t

[
dpk (u)

]
(u− t) Fk (x (u)) , t ≥ a (3.10)

Using (3.8) and (3.9), from (3.10) it follows thatUY ⊂ X and ‖Uv− Uw‖X ≤
1
2 ‖v− w‖Xfor all v,w ∈ Y. Hence, applying the contraction mapping principle (see,
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[15], page 72), we conclude that there is a functionz ∈ Y which is a solution of equa-
tion (3.7). The same functionz is also a solution to equation (1.1). Indeed, by (3.6)
and (v), we see that

d−z(t)
dt = lim

ε→0

1
ε

(z(t) − z(t − ε)) = lim
ε→0

1
ε

(
−

n∑
k=1

+∞∫
t

[
dpk (u)

]
(u− t) Fk (z(u)) +

+
n∑

k=1

+∞∫
t−ε

[
dpk (u)

]
(u− t + ε) Fk (z(u))

)
=

= lim
ε→0

1
ε

(
ε

n∑
k=1

+∞∫
t

[
dpk (u)

]
Fk (z(u)) +

n∑
k=1

t∫
t−ε

[
dpk (u)

]
(u− t + ε) Fk (z(u))

)
=

=
n∑

k=1

+∞∫
t

[
dpk (u)

]
Fk (z(u)) + lim

ε→0

n∑
k=1

t∫
t−ε

[
dpk (u)

] u−t
ε Fk (z(u))+

+ lim
ε→0

n∑
k=1

t∫
t−ε

[
dpk (u)

]
Fk (z(u)),

where the two last terms tend to zero, because the integrand functions are bounded on

[t − ε, t] , t∨
t−ε

[
pk

]
= pi ,

t∨
t−ε

[
pk

]
= pk (t)− pk (t − ε) , k = 1,2, ..., n, and the functions

pk (t) , k = 1,2, ...,n are continuous on [0,+∞). Therefore, it follows that

d−z(t)
dt

=

n∑

k=1

+∞∫

t

[
dpk (u)

]
Fk (z(u)). (3.11)

In the same manner we see that

d+z(s)
dt = lim

ε→0

1
ε (z(s+ ε) − z(s)) = lim

ε→0

1
ε

(
−

n∑
k=1

+∞∫
s+ε

[
dpk (u)

]
(u− s− ε) Fk (z(u)) +

+
n∑

k=1

+∞∫
s

[
dpk (u)

]
(u− s) Fk (z(u))

)
= lim

ε→0

1
ε

(
ε

n∑
k=1

+∞∫
s

[
dpk (u)

]
Fk (z(u))+

+
n∑

k=1

s+ε∫
s

[
dpk (u)

]
Fk (z(u))

)
=

=
n∑

k=1

+∞∫
s

[
dpk (u)

]
Fk (z(u)) + lim

ε→0

n∑
k=1

s+ε∫
s

[
dpk (u)

] u−s
ε Fk (z(u))−

− lim
ε→0

n∑
k=1

s+ε∫
s

[
dpk (u)

]
Fk (z(u)) =

n∑
k=1

+∞∫
s

[
dpk (u)

]
Fk (z(u)).

(3.12)
Subtracting (3.12) from (3.11), we obtain

d−z(t)
dt − d+z(s)

ds =
n∑

k=1

+∞∫
t

[
dpk (u)

]
Fk (z(u))−

−
n∑

k=1

+∞∫
s

[
dpk (u)

]
Fk (z(u)) = −

n∑
k=1

t∫
s

[
dpk (u)

]
Fk (z(u)) ,
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which was to be shown. As an element ofY, the functionz(t) is not oscillatory with
respect toE1. By (I) – (III), there is a solutiony (t) of equation (1.1), which coincides
with z(t) on [a,+∞). For this solution it holds(

y (0) ,
d+y (0)

dt

)
∈ E2 \ E2

1

and, due to the uniqueness of a solutionx (t) of (1.1), we see that

x (0) = y (0) and
d+x (0)

dt
=

d+y (0)
dt

.

Note that, if (
x (0) ,

d+x (0)
dt

)
∈ E2

1,

then equation (1.1) has a solutionx (t) for which
(
x (0) ,

d−x (0)
dt

)
∈ E2

1 f or all t ≥ 0.

From the above observation it follows that, if (iii) does not hold, then equation (1.1)
has a non-oscillatory solutionx = x (t) with respect toE1 for which

(
x (0) ,

d+x (0)
dt

)
∈ E2 \ E2

1.

But this is a contradiction, which, in the case when the mappingFk, k = 1,2, ...,n are
locally Lipschitzian, proves the necessity of the condition (iii) for the oscillation of
solution of (1.1) with respect toE1.

Case 2.The mappingsFk, k = 1, 2, ..., n, are completely continuous, i.e., (iv, b)
holds.

Assume that (iii) does not hold. Then (3.6) is satisfied. Lety ∈ E2 ∪ E3 be an
arbitrary vector and letr > 0 be a number such thatE1 ∩ B (y, r) = ∅. Next, consider
the equation (3.7), wherea ∈ [0,+∞) is such that (3.8) holds. Such a choice ofa
is possible because of (3.6) and the compactness of the mappingsFk, k = 1, 2, ..., n.
Further, as in Case 1, consider the Banach spaceX, the bounded, closed and convex
setY of all functionsx ∈ X for which x (t) ∈ B (y, r) for all t ≥ a, and the operator
U : X → X defined by the formula (3.10). By (3.10) and (3.8), it follows that
UY ⊂ X.

Consider now the function

δ (t) = L
n∑

k=1

+∞∫

t

(u− t) dpk (u) , t ≥ a,

where
L = max

1≤k≤n
x∈B(y,r)

‖Fk (x)‖E .
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For arbitraryy ∈ Y andt, s ∈ [a,+∞) , t ≥ s, we see that

‖(Uy) (t) − (Uy) (s)‖E =

=

∥∥∥∥∥∥
n∑

k=1

+∞∫
t

[
dpk (u)

]
(u− t) Fk (y (u)) −

n∑
k=1

+∞∫
s

[
dpk (u)

]
(u− s) Fk (y (u))

∥∥∥∥∥∥
E

=

=

∥∥∥∥∥∥
n∑

k=1

t∫
s

[
dpk (u)

]
(u− t) Fk (y (u)) − (t − s)

n∑
k=1

+∞∫
t

[
dpk (u)

]
Fk (y (u))

∥∥∥∥∥∥
E

≤

≤ L (t − s)
n∑

k=1

t
V
s

[
pk

]
+ L (t − s) δ (t) .

Hence, in view of the fact that

sup
1≤k≤n

t≥0

t+1
V
t

[
pk

]
< +∞,

and because of the boundedness of the functionδ (t) on[a,+∞), we conclude that the
set of allz ∈ UY is equicontinuous on [a,+∞). Since for everyz ∈ UY

‖z(t) − y‖E ≤ δ (t) , t ≥ a

and
lim

t→+∞ δ (t) = 0,

in view of (i) and the generalized Arcela theorem (see, [4], page 110), we conclude
that the setUY is relatively compact. Thus,U : Y → Y is a completely continuous
mapping. Consequently, according to Schauder’s Fixed Point Theorem (see, [7],
p. 37), the mappingU has a fixed pointz ∈ Y, which is a solution of the equation
(1.1) on [a,+∞).

Finally, using arguments similar to those in Case 1, we come again to a contradic-
tion. Therefore, the necessity of the condition (iii) for the oscillation of the solution
of (1.1) with respect toE1 in the case of compact mappingFk, k = 1, 2, ..., n, is also
established.

The proof of the theorem is complete. �

4. A

Let T be an arbitrary countable set of real numberstn, n ∈ N with

0 < t1 < t2 < ... < tn < ... and lim
n→+∞ tn = +∞.

Moreover, let form ∈ N

ck : [0,+∞) \ T → [0,+∞) , k = 1, 2, ...,m

be bounded and continuous functions,

qk : T → [0,+∞) , k = m+ 1,m+ 2, ...,2m,
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be arbitrary mappings with a bounded set of values, and

Gk : E→ E, k = 1,2, ...,2m,

be continuous mappings, for which

GkEi ⊂ Ei f or all k = 1, 2, ..., 2m and i= 1, 2, 3.

Then, consider an impulse system, described by the equations


d2x(t)
dt2

+
m∑

k=1
ck (t) Gk (x (t)) = 0, t ∈ [0,+∞) \ T ,

d+x(t)
dt − d−x(t)

dt +
2m∑

k=m+1
qk (t) Gk (x (t − 0)) = 0, t ∈ T,

x (t + 0) = x (t − 0) = x (t) , t ∈ T.

(4.1)

Furthermore, let

pk = pk (t) ∈ P, k = 1,2, ...,2m,

be functions defined as follows

pk (t) =



t∫
0

ck (s) ds f or k= 1,2, ...,m,
∑

s∈[0,t)∩T
qk (s) f or k = m+ 1,m+ 2, ..., 2m,

where
t∫

0

Ck (s) ds is a Lebesque integral, while

pk (t) = 0, k = m+ 1,m+ 2, ...,2m, i f [0, t) ∩ T = ∅,
and consider the equation

d−x (t)
dt

− d+x (t)
dt

+

n∑

k=1

1∫

s

[
dpk (u)

]
Gk (x (u)) , t ≥ s≥ 0. (4.2)

It is not difficult to see that every solution of system (4.1) is a solution of equation
(4.2) and vice versa. Therefore, Theorem 1 can be used to investigate the oscillation
of solutions of system (4.1). As an application of Theorem 1 to system (4.1), we state
the following result.

Theorem 3. Consider system (4.1) and assume that for arbitrary elementsx1, x2 ∈ E
system (4.1) has a unique solutionx (t, 0, x1, x2) defined on[0,+∞) ;

inf
s≥t≥0

ϕ (Gk (z(s)))
ϕ (Gk (z(t)))

> 0, k = 1,2, ..., 2m,
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for all z ∈ Φ2 ∪ Φ3;
the improper integrals

+∞∫

0

dϕ (z(t))
ϕ (Gk (z(t)))

, k = 1,2, ...,2m,

converge for allz ∈ Φ2 ∪ Φ3, and
+∞∫

0

t
m∑

k=1

ck (t) dt +
∑

t∈T
t

2m∑

k=m+1

qk (t) = +∞.

Then for arbitrary(x1, x2) ∈ E2 \ E2
1 solutionx (t, 0, x1, x2) of system (4.1) oscillates

with respect toE1.

Remark 1. 1. For sufficient conditions, ensuring the fulfillment of the conditions (B)
and (C) of Theorem 3, see [16].

2. As it is shown in [16], in the case of locally Lipschitzian or completely con-
tinuous mappingsGk, k = 1, 2, ..., 2m, the fulfillment of the condition(D) is also a
sufficient condition for oscillation of solutionsx (t,0, x1, x2), with (x1, x2) ∈ E2 \ E2

1,
of system (4.1) with respect toE1.

3. Necessary and sufficient conditions for oscillation of system (4.1), whenm =

1, dimE = 1 and condition(C) is not satisfied, can be found in [15].

A special case of Theorems 1 and 2 is the following result, due to F. Atkinson [1]:

Theorem 4. Let p (t) be a continuous and positive function fort ≥ 0, and letmbe an
integer greater than 1. Then the condition

+∞∫

0

tp (t) dt = +∞

is a necessary and sufficient one for oscillation of all (except trivial) solutions of the
equation

y′′ (t) + p (t) y2m−1 (t) = 0.
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A. In this paper the two dimensional linear Volterra type of integral equa-
tions containing singularity or super-singularity in the kernel function is considered.
For different values of parameters in the integral equations existence theorems are
proved for homogeneous and inhomogeneous equations.
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1. P 

Let D denote the rectangleD = {(x, y) : a < x < x0, b0 < y < b}, Γ1 = {a < x <
x0, y = b}, Γ2 = {x = a, b0 < y < b}. In the domainD we consider the following
integral equation

U(x, y) + λ
x∫

a

U(t,y)
(t−a)α dt − µ

b∫
y

U(x,s)
(b−s)β +

+ δ
x∫

a

dt
(t−a)α

b∫
y

U(t,s)
(b−s)β ds(x, y) = f (x, y)

(1.1)

whereα > 0, β > 0 andλ, µ, δ are constants, the right-hand side functionf (x, y) ∈
C(D̄) is a given function inD̄, such that it vanishes on the linesΓ1, Γ2.

If the integral equation (1.1) has a solution and the corresponding integrals are
convergent, then passing to the limit in (1.1) asy→ b andx→ a, we obtain onΓ2

andΓ1 the following two one-dimensional Volterra type integral equations:

U(a,y) − µ
b∫

y

U(a, s)
(b− s)β

ds = f (a,y), (1.2)

U(x,b) + λ

x∫

a

U(t, b)
(t − a)α

dt = f (x, b). (1.3)
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The equations (1.2) and (1.3) are studied in detail in [1], [2].
It should be noted that the integral equation (1.1) under the following restrictions

for the pairs of parametersα < 1, β < 1; α < 1, β = 1; α = 1, β < 1 andα > 1, β >
1 was investigated in [3], [4].

In this paper the general solution of the integral equation (1.1) is constructed for
the pairsα = 1, β > 1 andα > 1, β = 1. It will be established that for certain values
of parametersλ and µ the corresponding homogeneous integral equation (1.1) has
an infinite number of linear independent solutions and for other values ofλ, µ the
homogeneous integral equation (1.1) has no other solutions than the trivial solution.
Under some additional conditions it will be proved that the inhomogeneous integral
equation (1.1) for certain values ofλ, µ is solvable, and for some other values of
λ, µ has a unique solution. In the case whenδ = −λµ in (1.1), the solution can be
found using a well known approach.

It seems to the authors that the integral equation (1.1) with super-singularity has
not been studied yet.

2. S     -    

Theorem 2.1Let us suppose thatα = 1, β > 1, µ > 0, λ < 0,and δ = −λµ in
integral equation (1.1). Moreover, assume that the behaviour of the right-hand side
function f (x, y) ∈ C(D̄) is determined by the following asymptotic formulae

f (x, y) = o[exp(−µωβb(y))(b− y)γ1], γ1 > β (2.1)

ω
β
b(y) = [(β − 1)(b− y)β−1]−1,

asy→ b and

f (x, y) = o[(x− a)γ2], γ2 > |λ|, (2.2)

asx→ a.
Then the corresponding homogeneous integral equation (1.1) in the class of func-

tionsC(D̄) has an infinite number of linear independent solutions. The non-homoge-
neous integral equation (1.1) is always solvable inC(D̄) and its general solution
containing four arbitrary functions is given by the following formula

U(x, y) = exp[−µωβb(y)]ϕ1(x) + (x− a)−λψ1(y)+

+ (x− a)−λ exp[−µωβb(y)]

b∫

y

exp[µωβb(s)]ψ2(s)ds+

+ (x− a)−λ exp[−µωβb(y)]

x∫

a

(t − a)λϕ2(t)dt + f (x, y)−
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−λ
x∫

a

(
t − a
x− a

)λ
f (t, y)
t − a

dt + µ

b∫

y

exp[µ(ωβb(s) − ωβb(y))]

(b− s)β
f (x, s)ds−

−λµ
x∫

a

(
t − a
x− a

)λ
dt

t − a

b∫

y

exp[µ(ωβb(s) − ωβb(y))]

(b− s)β
f (t, s)ds≡

≡ T1,β[ϕ1(x), ϕ2(x), ψ1(y), ψ2(y), f (x, y)], (2.3)

In (2.3)ϕ j(x), ψ j(y) , j = 1,2 are arbitrary functions defined onΓ1, Γ2, such that
ϕ j(x) ∈ C(Γ̄1), ψ j(y) ∈ C(Γ̄2) ( j = 1,2) satisfying the following conditions asx →
a, y→ b:

ϕ1(x) = o[(x− a)γ3], γ3 > 0 asx→ a (2.4)

ψ1(y) = o[(b− y)γ4], γ4 > β − 1 as y→ b (2.5)

ϕ2(x) = o[(x− a)γ5 exp(−µωβb(y))], γ5 > |λ| as x→ a (2.5)

ψ2(y) = o[exp(−µωβb(y))(b− y)γ6], γ6 > β − 1 as y→ b. (2.7)

Proof. The proof of Theorem 2.1 essentially uses the theory of partial differential
equations of hyperbolic type with singular and super-singular lines [5], [6]. For the
values of parametersα = 1, β > 1, λ < 0, µ > 0 let the integral equation (1.1) have
a differentiable solution in the domainD. Then by differentiating (1.1) with respect
to x andy, we get the following equality

∂2U
∂x∂y

+
λ

x− a
∂U
∂x

+
µ

(b− y)β
∂U
∂x
− δ

(x− a)(b− y)β
U =

∂2 f
∂x∂y

.

Thus we reduce the given problem to finding a solution of the so-called model type
second order linear hyperbolic equation with one singular line onΓ1 and one super-
singular line onΓ2. The theory of the model equation obtained above is constructed
in [5-6]. According to [5-6], the solution of the model equation forλ < 0, µ > 0, δ =

−λµ has the form:

U(x, y) = exp[−µωβb(y)]ϕ1(x) + (x− a)−λψ1(y) +

+ (x− a)−λ exp[−µωβb(y)]

b∫

y

exp[µωβb(s)]ψ2(s)ds+

+ (x− a)−λ exp[−µωβb(y)]

x∫

a

(t − a)λϕ2(t)dt −
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−
x∫

a

(
t − a
x− a

)λdt

b∫

y

exp[µ(ωβb(s) − ωβb(y))]
∂2 f
∂t∂s

ds.

Performing the necessary transformations in this expression and using the conditions
of Theorem 2.1, we get the integral representation (2.3), which is obtained by suppos-

ing that ∂
2 f

∂x∂y ∈ C(D̄). By direct computation one can check that under the conditions
of the theorem the solution having the form (2.3) satisfies the integral equation (1.1)
even in the case whenf (x, y) ∈ C(D̄). �

Theorem 2.2Let us suppose thatα = 1, β > 1, µ < 0, λ > 0, δ = −λµ in the
integral equation (1.1) andf (x, y) ∈ C(D̄). In addition, assume that on the lines
Γ1, Γ2 the functionf (x, y) ∈ C(D̄) possesses the following asymptotic properties

f (x, y) = o[(x− a)γ7], γ7 > 0, (2.8)

asx→ a and
f (x, y) = o[(b− y)γ8], γ8 > β − 1 (2.9)

asy→ b.
Then on the one hand, the corresponding homogeneous integral equation (2.1)

has only the trivial solution in the class of functionsC(D̄). On the other hand, the
non-homogeneous integral equation (1.1) is always uniquely solvable inC(D̄) and its
solution is given by formula

U(x, y) = T1,β[0, 0,0,0, f (x, y)]. (2.10)

Theorem 2.3.Let us assume that in the integral equation (1.1)α = 1, β > 1, µ <
0, λ < 0, δ = −λµ and the asymptotic behaviour of the functionf (x, y) ∈ C(D̄)
is determined according to (2.2) and (2.9) asx → a and asy → b, respectively.
Then the corresponding homogeneous integral equation (1.1) inC(D̄) has an infinite
number of linear independent solutions. Moreover, the non-homogeneous equation
(1.1) inC(D̄) is also always solvable and its general solution contains two arbitrary
functions defined onΓ2 and given by the following formula

U(x, y) = T1,β[0,0, ψ1(y), ψ2(y), f (x, y)], (2.11)

whereψ1(y), ψ2(y) arbitrary functions defined onΓ2 such thatψ1(y) has the property
(2.5) andψ2(y) satisfy the condition

ψ2(y) = o[(b− y)γ9], γ9 > β − 1. (2.12)

asy→ b
Theorem 2.4. If in the integral equation (1.1)α = 1, β > 1, µ > 0, λ >

0, δ = −λµ and the right hand side functionf (x, y) ∈ C(D̄) vanishing onΓ2 has the
asymptotic property (2.1) asy → b, then the corresponding homogeneous integral
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equation (1.1) inC(D̄) is always solvable. In this case the general solution contains
two arbitrary functions defined onΓ1 and can be written in the form

U(x, y) = T1,β[ϕ1(x), ϕ2(x),0, 0, f (x, y)], (2.13)

whereϕ1(x), ϕ2(x) are arbitrary functions defined onΓ1 such thatϕ1(x) satisfy con-
dition (2.4) asx→ a and forϕ2(x) ∈ C(Γ̄1) holds the equality

ϕ2(x) = o[(x− a)γ10], γ10 > 0.

asx→ a.
Remark 2.1. Under the conditions of Theorem 2.1 the solution of the form(2.3)

vanishes onΓ1, Γ2 according to the following asymptotic formula

U(x, y) = o[(x− a)γ11], γ11 > 0, as x→ a,

U(x, y) = o[(b− y)γ12], γ12 > β − 1, as y→ b.

Remark 2.2. If the conditions of Theorem 2.2 hold, then the solution of the form
(2.10) vanishes onΓ1, Γ2 satisfying the following relations

U(x, y) = o[(b− y)γ13], γ13 > β − 1, (2.14)

U(a, y) = f (o, y) − f (o, y) + µ

b∫

y

exp[µ(ωβb(s) − ωβb(y))]

(b− s)β
f (a, s)ds−

−µ
b∫

y

exp[µ(ωβb(s) − ωβb(y))]

(b− s)β
f (a, s)ds= 0

asx→ a, y→ b.
Remark 2.3.Under the conditions of Theorem 2.3 the solution of the form (2.11)

vanishes onΓ1, Γ2 satisfying the following relations asx→ a, y→ b

U(x, y) = o[(x− a)|λ|], as x→ a,

U(x, y) = o[(b− y)β], as y→ b.

Remark 2.4. If the conditions of Theorem 2.4 are satisfied, then the solution (2.13)
vanishes onΓ1, Γ2 such that the following asymptotic formulae hold asx→ a, y→ b

U(x, y) = o[(x− a)γ14], γ14 > 0, as x→ a,

U(x, y) = o[exp(−µωβb(y))], as y→ b.
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3. S         

Theorem 3.1.Let us assume that in the integral equation (1.1)α > 1, β = 1, µ >
0, λ < 0, δ = −λµ, and the right hand side functionf (x, y) ∈ C(D̄) satisfies the
following asymptotic relations

f (x, y) = o[exp(λωαa(x))(x− a)γ15], γ15 > α − 1 (3.1)

asx→ a and
f (x, y) = o[(b− y)γ16], γ16 > µ, (3.2)

asy→ b.
Then the corresponding homogeneous integral equation (1.1) inC(D̄) has an infi-

nite number of linear independent solutions. Besides, the non-homogeneous integral
equation (1.1) inC(D̄) is always solvable and its general solution containing four
arbitrary functions defined onΓ1, Γ2 has the form

U(x, y) = (b− y)µϕ1(x) + exp[λωαa(x)]ψ1(y)+

+ (b− y)µ exp[λωαa(x)]

b∫

y

(b− s)−µψ2(s)ds+ (b− y)µ exp[λωαa(x)]×

×
a∫

x

exp[−λωαa(t)]ϕ2(t)dt + f (x, y) − λ
x∫

a

exp[λ(ωαa(x) − ωαa(t))]
(t − a)α

f (t, y)dt +

+ µ

b∫

y

(
b− y
b− s

)µ f (x, s)
b− s

ds− µλ
b∫

y

(
b− y
b− s

)µ
ds

b− s
×

×
x∫

a

exp[λ(ωαa(x) − ωαa(t))]
(t − a)α

f (t, s)ds≡

≡ Tα,1[ϕ1(x), ϕ2(x), ψ1(y), ψ2(y), f (x, y)], (3.3)

whereωαa(x) = [(α − 1)(x− a)α−1]−1,and the arbitrary functionsϕ j(x) ∈ C(Γ̄1) and
ψ j(y) ∈ C(Γ̄2), j = 1, 2 satisfy the following asymptotic relations asx→ a, y→ b

ϕ1(x) = o[(x− a)γ17 exp(λωαa(x))], γ17 > α − 1, as x→ a, (3.4)

ψ1(y) = o[(b− y)γ18], γ18 > 0, as y→ b, (3.5)

ϕ2(x) = o[exp(λωαa(x))(x− a)γ19], γ19 > α − 1, as x→ a, (3.6)

ψ2(y) = o[(b− y)γ20], γ20 > µ, as y→ b. (3.7)

From the integral representation (3.3) it follows:
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Remark 3.1. If the conditions of Theorem 3.1 are valid, then any solution of the
integral equation (1.1) vanishes onΓ1 and Γ2 as x → a, y → b in the following
manner

U(x, y) = o[(x− a)γ21], γ21 > α − 1, as x→ a,

U(x, y) = o[(b− y)γ22], γ22 > 0, as y→ b.

Theorem 3.2.Let us assume thatα > 1, β = 1, µ < 0, λ > 0, δ = −λµ hold in the
integral equation (1.1) and the function f(x, y) ∈ C(D̄) has the asymptotic behaviour

f (x, y) = o[(x− a)γ23], γ23 > α − 1,

asx→ a and
f (x, y) = o[(b− y)γ24], γ24 > 0

asy→ b.
Then the corresponding homogeneous integral equation (1.1) inC(D̄) has only

the trivial solution, while the inhomogeneous equation (1.1) is uniquely solvable in
C(D̄). The solution is given by the formula

U(x, y) = Tα,1[0,0,0, 0, f (x, y)]. (3.8)

From Theorem 3.2 it follows:
Remark 3.2. Under the conditions of Theorem 3.2 any solution of the integral

equation (1.1) vanishes onΓ1andΓ2 having the asymptotic behaviour

U(x, y) = o[(x− a)γ25], γ25 > α − 1,

asx→ a and

U(x,b) = f (x, b) − λ
x∫

a

exp[λ(ωαa(x) − ωαa(t))]
(t − a)α

f (t, b)dt −

− f (x, b) + λ

x∫

a

exp[λ(ωαa(x) − ωαa(t))]
(t − a)α

f (t, b)dt = 0

asy→ b.
Theorem 3.3. Let us suppose that in the integral equation (1.1) the relations

α > 1, β = 1, λ < 0, µ < 0, δ = −λµ hold and the functionf (x, y) ∈ C(D̄) fulfils the
following asymptotic relations

f (x, y) = o[(x− a)γ26], γ26 > α − 1, as x→ a

and
f (x, y) = o[(b− y)γ27], γ27 > |µ| as y→ b

Then the homogeneous integral equation (1.1) inC(D̄) has an infinite number of lin-
ear independent solutions. Moreover, the non-homogeneous equation (1.1) inC(D̄)
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is always solvable and its general solution contains two arbitrary functions and has
the form

U(x, y) = Tα,1[0,0, ψ1(y), ψ2(y), f (x, y)], (3.9)

whereψ1(y), ψ2(y) are arbitrary functions such thatψ1(y) satisfy the condition (3.5)
while for the functionψ2(y) holds the following relation

ψ2(y) = o[(b− y)γ28], γ28 > 0

asy→ b.
From the integral representation (3.9) it follows:
Remark 3.3. If the conditions of Theorem 3.3 hold then any solution of the inte-

gral equation (1.1) vanishes onΓ1, Γ2 with the following asymptotic behaviour

U(x, y) = o[exp(λωαa(x))], as x→ a,

U(x, y) = o[(b− y)γ29], γ29 > 0.

In the case when the parametersλ andµ are positive, we have the assertion:
Theorem 3.4.Let us assume that in the integral equation (1.1) the relationsα >

1, β = 1, λ > 0, µ > 0, δ = −λµ, hold and for the functionf (x, y) ∈ C(D̄) the
following asymptotic relations

f (x, y) = o[(x− a)γ30 exp[−λωαa(x)], γ30 > α − 1,

asx→ a and

f (x, y) = o[(b− y)γ31], γ31 > µ,as y→ b

hold. Then the homogeneous integral equation (1.1) has an infinite number of linear
independent solutions in the class of functionsC(D̄). The non-homogeneous equation
(1.1) is also solvable inC(D̄). The general solution contains two arbitrary functions

U(x, y) = Tα,1[ϕ1(x), ϕ2(x),0, 0, f (x, y)], (3.10)

whereϕ1(x), ϕ2(x) are arbitrary functions satisfying the following conditions

ϕ1(x) = o[(x− a)γ32], γ32 > α − 1,

ϕ2(x) = o[(x− a)γ33], γ33 > α − 1

asx→ a.
From Theorem 3.4 it follows:
Remark 3.4. Under the conditions of Theorem 3.4 any solution of the integral

equation (1.1) vanishes onΓ1, Γ2 with the following asymptotic properties

U(x, y) = o[(x− a)γ34], γ34 > α − 1, as x→ a,

U(x, y) = o[(b− y)γµ ], as y→ b.
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4. S           

It is easy to see that in the case whenδ , −λµ the problem of finding the solution
of the integral equation (1.1) is reduced to the solution of this equation withλ =

0, µ = 0.
For example in the case whenα > 1, β = 1, µ > 0, λ < 0, δ , −λµ, finding the

solution of equation (1.1) is reduced to studying the solution of the following integral
equation

V(x, y) + δ1

x∫

a

dt
(t − a)α

b∫

y

V(t, s)
b− s

ds= G(x, y), (4.1)

whereδ1 = δ + λµ,

V(x, y) = (b− y)−µ exp[−λωαa(x)]U(x, y),

G(x, y) = (b− y)−µψ1(y) + exp[−λωαa(x)]ϕ1(x) +

+

x∫

a

exp(−λωαa(t))ϕ2(t)dt +

b∫

y

(b− s)−µψ2(s)ds+

+ (b− y)−µ exp[−λωαa(x)] f (x, y) − λ(b− y)−µ ×

×
x∫

a

exp[−λωαa(t)] f (t, y)
(t − a)α

dt + µexp[−λωαa(x)] ×

×
b∫

y

f (x, s)ds

(b− s)µ+1
− λµ

b∫

y

ds

(b− s)µ+1

x∫

a

exp[−λωαa(t)]
(t − a)α

f (t, s)ds,

ϕ j(x), ψ j(y), j = 1,2 are arbitrary functions defined onΓ1, Γ2 such thatϕ j(x) ∈
C(Γ̄1), ψ j(y) ∈ C(Γ̄2), j = 1,2 and these functions satisfy the conditions (3.4)-(3.6)
asx→ a, y→ b.

Let us search the solution of the integral equation (4.1) in the following form

V(x, y) =

∞∑

k=0

(b− y)k+δVk(x), δ > 0, (4.2)

whereVk(x) are unknown functions.
Suppose that the functionG(x, y) has the following series representation

G(x, y) =

∞∑

k=0

(b− y)k+δGk(x), (4.3)

whereGk(x) are given functions. Moreover, assume that the series (4.3) converge
absolutely and uniformly.
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In this case in finding the solutions of the two-dimensional integral equation (4.1)
one should determine the solutions of the following one-dimensional Volterra type
integral equations

Vk(x) +
δ1

k + δ

x∫

a

Vk(t)dt
(t − a)α

= Gk(x), (4.4)

k = 0, 1,2, . . ., which were investigated in [1-2] in detail.
Using the technique from [1-2] for solving (4.4), we find that

Vk(x) = exp[
δ1

k + δ
ωαa(x)]ck + Gk(x)−

− δ1

k + δ

x∫

a

exp[+ δ1
k+δ (ω

α
a(x) − ωαa(t))]

(t − a)α
Gk(t)dt, (4.5)

wherec0, c1, c2, .... are arbitrary constants.
The solutions of the form (4.5) were obtained, supposing thatδ1 < 0 and the

functionsGk(x) ∈ C(Γ̄0) vanish in the pointx = c having the following asymptotic
behaviour

Gk(x) = o
[
exp

(
δ1

k + δ
ωαa(x)

)
(x− a)γ35

]
, (4.6)

γ35 > α − 1, k = 0, 1,2, . . ..
In this case, we have the following assertion.
Theorem 4.1. Let us assume that in the integral equation (4.1) relationsα >

1, µ > 0, λ < 0, δ1 = δ + λµ , 0, δ1 < 0 (δ < |λ|µ) hold and moreover for the
functionG(x, y) the series representation (4.3) holds, whereGk(x) are given functions
vanishing onΓ1 with the asymptotic behaviour (4.6), whereδ > 0. Then the corre-
sponding homogeneous integral equation (4.1) in the class of functions having the
series representation of the form (4.2) has an infinite number of linear independent
solutions of the form

Vk(x, y) = exp
[
δ1

k + δ
ωαa(x)

]
(b− y)k+δ, k = 0, 1, . . . , δ > 0.

The non-homogeneous integral equation (4.1) in the class of functions having the
series form (4.2) is always solvable and this solution is given by the following formula

V(x, y) =

∞∑

k=0

exp
[
δ1

k + δ
ωαa(x)

]
(b− y)k+δck + G(x, y)−

−
∞∑

k=0

δ1

k + δ



x∫

a

exp[ δ1
k+δ (ω

α
a(x) − ωαa(t))]

(t − a)α
Gk(t)dt

 (b− y)k+δ,

whereck (k = 0,1,2, . . .) are arbitrary constants.
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Theorem 4.2. Let us suppose that in the equation (1.1)α > 1, β = 1, µ >
0, λ < 0, δ1 = δ + λµ , 0, δ1 > 0 (δ > |λ|µ) and the functionG(x, y) is presented
in the form (4.3), whereGk(x) are given functions such thatGk(x) ∈ C(Γ̄1). Then
the corresponding homogeneous integral equation (4.1) is not solvable in the class
of functions having the series representation of the form (4.2). In this case the non-
homogeneous integral equation (4.1) has a unique solution of the series form (4.2),
which is given by the following formula

V(x, y) = G(x, y) −
x∫

a

G1(x, y, t)dt
(t − a)α

, (4.7)

where

G1(x, y, t) =

∞∑

k=0

(b− y)k+δ δ1

k + δ
exp[

δ1

k + δ
(ωαa(x) − ωαa(t))]Gk(t).

Remark 3.5. If the conditions of Theorem 4.1 are met, then the solution having the
series form (4.2) vanishes onΓ1, Γ2 and its behaviour is determined by the following
asymptotic formula

V(x, y) = o[exp(−εωαa(x))],

asx → a, whereε is a sufficiently small positive constant satisfying the conditions
ε < |δ1|

δ+k and
V(x, y) = o[(b− y)γ36], γ36 > 0, as y→ b.

Remark 3.6.Under the conditions of Theorem 4.2, the solution of the series form
(4.2) vanishes also and its asymptotic behaviour is determined from the following
equality

V(0, y) = G(0, y) −G(0, y) = 0, as x→ a,

i.e.,
V(x, y) = o((b− y)γ37), γ37 > 0, as y→ b.

The proof of the statements above can be carried out by using the technique pro-
posed in [5, 6].
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[3] R, N. and R, L.: On a class of two dimensional linear Volterra type integral equa-
tions with boundary fixed singular kernels, ISAAC Conference on Complex Analysis, Differential
Equations and Related Topics, September 17-21, 2002, Yerevan, Armenia, Book of Abstracts,
52–53.

[4] R, N. and R, L.: An explicit solution to a class of two dimensional Volterra type
linear integral equations with fixed boundary singular kernels,ICM 2002, Beijing 2002, August
20-28, Abstract of Short Communications and Poster Session, 229–229.

[5] R, N.: Integral representation and boundary value problems for differential equations with
singular lines and singular surfaces, Vol. 4, Dushanbe, 1986. (in Russian)

[6] R, N.: An Introduction to the Theory of Partial Differential Equations with Super-Singular
Coefficients, Tehran University Publications, Tehran, 1997.

Authors’ Addresses

Nusrat Rajabov:
P  A  S T, 734025 D, R A. 33, T

E-mail address: nusrat@ac.tajik.net
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