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1. INTRODUCTION

Let us consider the system offidirential equations

d
& = W09 + ROy + F(x.y), (LD
whereW, R € C ([Xo, +oo[; R™") , F € C([a, +o[xR";R") ,

W(X) = diag [WA(X), ..., Ws(X)]

with
wit(¥)l2  li2(X) o ... O, Oz
O  wi(¥l2  liz(x) ... o7} O
02 02 wi3(X)|2 .. 02 02
Wi(x) = : : : - : : (1.2)
02 02 02 e CUini—l(X)|2 Iini (X)
02 02 02 Ce 02 Win, (X)|2
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fori=1,...,r,

win(x) 1 0 0 0
0 w2x 1 0 0
0 0 wig(X) .. 0 0

Wi(X) = : : : . : : (1.3)
0 0 0 win-1(0 1
0 0 0 0 Win; (X)
fori=r+1,..
Here,r € {0, }andZ. 120+ T2 m=nt

@ )
Iik(x):( 'gbgg '53(%‘)) (k=2,....m, i €{l... ),

I, is the identity matrixO, is the zero matrix of the second order, Il(k), Ii(lf) €
C ([%0, +oo[; R) are so that
lim 180(x) = im 190 =1 (=2....n, ie{l...,r),
X—>+00 X—+00
XIim wik() =w?=const  k=1,....m, ie{l...r}).
—+00
We can reduce the quasilinear equation
n-1
u® = 3 [pok(t) + pu(®Iu® + gt u, v, ..., u™b) (1.4)
k=0

to form (1.1) by means of some real transformatiorgif. [a, +oo[xR" — R ,
Pk : [@+oo[— R (k=0,...,n-1) are “small” in some integral sense for contin-
uous functionspy : [a, +oo[—> R (k=0,...,n—1) are continuously dierentiable
functions such that there agey € C? ([a, +oo[ ; ]0, +o0[) for which

tIirp ay(t) = agk = const tIir+n b(t) = box = const  (k=0,...,n—-1),
where

a(t) = e OO (W D) . b = ¢ "B pat) (k=0.....n-1).
Then, in system (1.1), each block (1.2) corresponds to complex conjugate roots of
multiplicity n; of the algebraic equation

nl n-1 k-1

I (/1 +agj) = Z bok H(/l + apj) + boo (1.5)

and each block (1.3) corresponds to a reaI root of (1.5) of multipligity

Lin caser = 0, the matrixW consists of the blockeV, of type (1.3), whereas far= sthe matrixw
m
consists of the blockg\; of type (1.2). Ifk > m, we assume thag,[...] = 0.
j=k
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In this paper, we obtain asymptotic representations for solutions of the system of
guasilinear dterential equations of form (1.1). I. T. Kiguradze’s results [1] on the
asymptotic behaviour of solutions of (1.4), obtained for the case of simple roots of
(1.5), are extended here to the case where multiple roots of (1.5) may exist. By virtue
of the structure of equation (1.4) and that of the transformation reducing this equation
to system (1.1), asymptotic formulas are obtained for solutions of system (1.1) with
some consideration for small additive perturbations.

Many papers (see, e.g., [2-6]) are devoted to the study of the asymptotic equiva-
lence between solutions of a quasilinear system and those of the corresponding linear
system. Note that the results presented in this paper cannot be obtained by allying
the results from [2—6].

2. BASIC ASSUMPTIONS ON THE PRINCIPAL PART OF THE ABRIDGED SYSTEM (11)

Let us consider the following auxiliary linear system offeiiential equations cor-
responding to system (1.1):

du
ax - W(X)u. (2.1)

In order to obtain an asymptotic representation of the fundamental system of solu-
tions of (2.1), we need some notation.
We write

where

2 if iefd,.. 1),
N n ifief{fr+1,...,s.

We introduce two sets
Jo={0,)): j=1...,m, 1<i<s, J={0,K: k=1,....m, 1<i<s
and denote bg,,, where @, V) € J, then-dimensional vector whosd,, + vth com-

ponent equals 1, whereas the others are equal to zero.
Setting, for every € {1,..., s},

() = exp [ (0l - oma(9)ds  (m=2.....m),
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we define the functionB‘mk l<m<k<n,1<i<sand B%k (l<m<k<n,
1<i<r; u=1,2) by the following recurrence relations:

By(¥=1 BL®=0 BZ®=1 (Isks<n)
Bl = fy Bu®dma®dt  (Ism<ks<m),

B = [ [Bn, Ol 1® + 1P B O, 1 0] dimea (0l
QA<m<k<n),

where

; a if Bi = +o00, ; +00 ;
mk = { +oo if B{Qg < 400, B = Ja | a0 dmea (Bt

. #opiH
a/w _{ a |f Bmlo—+00,

mk ~ ik
+oo if B, < +oo,

m+

Bl = L[ B, 51,0 + (1P B L O, ()] dimea(t) it

Using these functions, we also introduce the functiD{gF(l <k<j<smi=

r+1,...,9 andD:fj QA<k<j<ni=1...,r, u=12)bythe recurrence
relations

DL, =1 (=1,....,n),

. i .
D,(x) = _mzzk:+1 Bim(Dp(¥) (I <k<j<m);
Di(x) =1 D3(x)=0 (k=1,...,m),

Dyi() = - _ﬁkﬂ(BEm(x)D‘; () + (~1yBL (0D 3 #(%)
) (L<k<j<n;pu=12)
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Integrating the system “upside down,” we obtain

N . .
Uni+2k-1(X) = eprax wik(s)d Sjgk (CNi +2j—1BL2j(X) - Cni+2j BLlj(X)) ,
N . .
Ung2(X) = exp [ wi(s)ds 3, (Cniv2i-1BE (%) + Crs2i BR(9)
(k=1,....nm, i=1,...,1);

N; . .
uNi+k(x)=expfaxwik(s)ds_ZkCNi+jBLJ.(X) (k=1....n,i=r+1...,9),
J:

where Cm)l_, = C is a constant vector. Settif@ = epy (v = 1,...,mp; p =
1,...,9) we find for (2.1) a fundamental matrix of solutions of the fodx)
diag [01(X), . .., ®s(X)], where

D) D) ... D (%)
Di(X) = o (I)izz(X) cD‘Zni(x)

o O .. %X
with

O, for iefl,...,r},

0 =

0O for ie{r+1,...,s

and

B2(Y -BI(X)
expfaxwik(S)ds ifl<k<j<n,i=1...,r

O};(0) = B BA(X

Bl (¥)exp [ wik(9ds ifl<k<j<n,i=r+1...,s

It is not difficult to see that the inverse matrix fdr(x) is given by the equality
d1(x) = diag[(l);l(x), s CDgl(x)], where

@701 @702 - (@7

ot = O (@2 ... @ | (=1...9

o o . (@ (X))mn



8 V. M. EVTUKHOV AND L. I. KUSICK

with . .
Dii(®) —Dia(x) )
‘ _ exp(- [ wij(9)ds),
D) D(X)

(D7) = ifl<k<j<n,i=1...r,

D}, ;()exp(- [ " wij(9)ds),

ifl<k<j<n,i=r+1,...,s
In what follows, we assume that the following conditi&@g] is satisfied for system
(1.2):
(Sg) Foreveryie{l,...,s},
Bl (00 (Mm=1,...,m)
in some neighbourhood efo and, moreover, for arbitraryandm such that
1< j < m<n;, the relations

. Bl (B L
limsup % <400 ifiefl,....r}, u=12,
X— 400 m
B . (X)B!
lim sup % <400 ifiefr+1,...,8
X—+00 im
are true.

Lemma 1. If condition(Sg) is satisfied, then there are constanis> 1 andx; > Xg
such that for alli € {1,...,s} and all naturalk and j with 1 < k < j < nj, the
estimates

5 ‘Bilm(x)oi;.(x)\ < (2c1)i-k|Bi1.(x)| it ie{l....rju=12),
ek ' ’ (2.2)
> B0k 9] < (e [BL, (| i ieireL..s

m=k

are valid forx > x;.
Lemma 1 is proved similarly to Lemma 1 from [7].

Proof of Lemma 11n view of condition Sg), there are constantg > Xy andc; > 1
such that the relations
B} (0B, (0

g |9 (=l..ru=12)

Bi1j (X Bijm(x)

—BWSC]_ (I:I’+l,...,S)
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are satisfied.

Let us show that (2)) is true forx; > Xg. We fix an arbitrary numbere {1,..., s}
and prove (2;) by inductioninj—k (0< j—k < n —K).

Indeed, let € {1,...,r}. SinceD}}(x) = 1 andDj3(x) = 0 fork = 1,...,n;, we see
that, forallj,k € {1,...,nj} such thatj — k = 0, estimate (2)) is true.

Let us suppose that ) holds for all j,k € {1,..., n;} that satisfy the condition
j —k =1 < n -k We shall show that (2;) is valid for arbitraryj,k € {1,...,nj}
satisfying the conditior) — k = | + 1 < n; — k. By the definition of the function@iﬁ‘j,
l<k<j<ni=1...,r,u =12 using the assumption of the induction and
taking condition §g) into account, forj —k =1 + 1, we obtain

3 |8y 0908,09] - [BL D00+ 3 (Bl 0003300

< +(2e1)![B09] <

5,09 3 09D (0 8200009

< + +

. i .
B, (X) m:zm B}z (x)Dit (&)

. i .
B, (¥) m:zm B/l (x)Di2 (&)

. i . . j . .
+(20) B, (0| <% 2 [Bn(9DZ0|+% 3 [Bin(¥D ]+
m=k+1 m=k+1

+(2¢y)' |Bi1j(x)| < 2%(2c;) |Bi1j(x)| + (2c1) |Bilj(x)’ < (2c)*t

for x > x1. Similarly,

Bilj(x)|

ZJBilm(x)Dgﬁ )] < (o0’ B ()

for x > x;.
Ifie{r+1,...,s},then

nék’Bilm(x)Dim ] = |BL 9D 09) +W%+1|B‘1m(x)D‘m 0 <

< B m=ik+1 B (9D}, 00| + (2c)' By (9] <

<q WZ:(}Jrl’Bilm(x)Dim j(x)] + (2c1) |Bi1j(x)‘ < a1(26)) ]Bilj(x)|+

+(201)' B (9] < (200

B}, ()
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for x > xq.
The lemma is proved. O

3. MAIN RESULTS

In order to formulate the theorems, besides the notation introduced in Section 2,
we also need some other definitions.
For an arbitrary pairi(k) € Jo, we write

Hizk-1(X) = Hiz(X) = B} (X) expf (wir(t) —wik(®)) dt - if Te{l,... r}
and
Hik(X) = Bilk(x) expf (wit(t) —wik@®) dt if ie{r+1,...,sh

We also define the matrix

A(X) = diag[A1(X), ..., As(X)],

whereA;(x) = diag[Hi1(X), ..., Hm(¥)] (i =1,...,9), and denote bRy the follow-
ing set:

n
RE = {(Zj)jzl ERn . |Z]_| < b,,|zn| < b}

Definition 1. Lety = (y);., be am-dimensional vector function with the continuous
componenty; : [a, +o0] = ]0,+oo[ (i=1,...,9).

We shall say that a system of continuous functigps]a, +co[—» R(m=1,...,n;,
i = 1,...,9) satisfies the conditiofM - L)pq (Where @,q) € Jo) on the interval
[0, +o0[C]a, +oo] with the weight cogiicienty if, for arbitrary (, m) € Jo, either

inf {f [pg(S) — tim(9)]ds—In %E ; X>71> XO} > —oo
and
XI_'fD [f [1pg(S) — tim(s)]ds—In 7:'(( )) - 100
or

sup{ f el — (95— 'ny'ﬁi

If condition (M — L)pq holds with the weight cdécienty = (yi)2,, we use the
diagonal matrix

X2T2X0}<+oo.

I'(x) = diag[y1(®)Imy, - - -, ¥s()Ime] »
wherely, (i = 1,..., s) is the identity matrix of ordem.
Theorem 1. Let condition(Sg) be satisfied and, for a certain p&ip, v) € J and some

n-dimensional vector function= (y;);., with continuous componengs: [a, +co[—]0, +oo[
(i=1,...,9),the following condltlons hold
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(i) The system of functions
(B
B}.(X)
satisfies the conditio(M — L)pq, whereq is defined by the equalfty

q= [‘%1] if pe{l,....r}
Y if pe{r+1,...,8

Hik(X) = wir(X) + (k=1,....n, 1<i<y9

on the intervalxg, +oo[ C ]a, +oo[ with the weight cofcienty;
(i) Forevery(i,k) e Jandallme {1,...,v}, one has

+00
Hik(X)
Yi(X)

«f;o l Hpm(X)

(iii) For arbitrary (i, k), (I,m) € J
fm Yi(X) | Hik(X)
o V1(X) THm(X)
(iv) There is a numbel €]0, +oo[ and there exists a continuous function

¢ :[a +oo[—> Ry
such that, for ali, k) € J and allz € R}, the relations

|FNi+k(X’ A‘l(x)l“‘l(x)qu(x)z + cI)(X)epv| < ¢(X)

f (9600 ‘ ()

X0 Epg(X)

rNi+kNp+m(X) dXx < +o0;

rNi+kN|+m(X)‘ dX < +o0;

and

dx < +oo

are true.
Then system (1) has at least one solutygi{x) that admits the following asymp-
totic representation fox — +co:
You(X) = ©(X)epy + A OITH(X)0 (£pg(¥)),
where .
Epg(X) = Bi’q(x) exp f wp1(9ds
a

Proof. Given the numbersp( g) € Jo and then-dimensional vector function, we
introduce the auxiliary functions

Yi(0BL()BE()

Il T) = OB @B ex0 [ o9~ op(3) s

2Here, [..]denotes the integer part of the expression.
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m=1...,n, i=1...,s and
A(X)P(x)
fou(X) = ———€pv.
- Epg(¥) P

Due to the structure of the matricasand®, the components of the vector

n .

fou(X) = ((fp\,)k)k:l are determined as follows: for ajle {1, ...,q},

(fooa-t)yy 51 (¥ = Biv%iig(x)’
(frza-t)y .5, 00 = Biz%ff(x)
(prQ)Np+277—1 () = _%Z%(X)’

(fe2a)y 12, 09 = Bi,%‘?f(@’

(fp2q—1)j () =0, (prq)j X=0 (j#Np+1,....,Np+V)
if pef{l,...,r}and
P P
(foa)y ., 9 = —Bl'](X)B"q(X),
Mot 85,00
(qu)j =0 (j#Np+1,...,Ny+0Q)

ifpef{r+1,...,sh
In view of condition (i) of the theorem, the sé4 is decomposed as the union of
two disjoint subsetg;pg and Jopg,

Jo = Jipq U J2pg,
such that
XIin+1 Om(x,7) =0 forall 7> xo
and
Mim = SUP{Igim(X, 7) : X > 7 > Xo} < +o0
when {, m) € Jipg, and
Mim = SUP{|gim(X, 7)| : 7 = X > Xo} < +00

when {, m) € Jopg.
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According to this decomposition of the sk the matrix® can be represented as
the sum of two diagonal matrices

¥ (x) = diag|@¥(x).....00(%)| (0 =1.2).
whered)i(p)(x) (iefd,...,s, p=1,2)are themth order matrices with the elements

(@i(Q))jm if (i,m) € Jppg,
(4709)y. ={ 0 i () ¢ Jyng

We consider

o = X2 for p=1,
L +o0 for p=2

We shall show that, for a fiiciently large numbex, > x;, wherex; is as in
Lemma 1, the system of integral equations

2(x) = f f K”(X,T)[G(T) {2x) + T(@) fp(7)} +
p=lJa,
(3.2)

+

Eon) DAOF (z. AL (@)épg(1)2(7) + @(T)epv)] dr,

where
3 pq(T)
Epg(X)
G(1) = T(MA@RE@)A ) (1),

has at least one solutian= (z);_, € C ([xz, +o0l; Rg) vanishing wherx — +co.
In this system,

KO(x 7) = diag[K¥(x.7).....KP(x7)| (0 =12).

KP(x,7) = (AP () (7)A D) (7),

Epg(T)y(X)
Epa()y(7)
Here,K consists of the blocks

K (x,7) = AP ()AL ().

(K 0) = (K ))
ifl<k<j<n,

(<een), = | L) (ko))

O, if 1<j<k<n,
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where
i i i3—u i i1
®) W _ _ B (¥)Bn " (X) Blm(T)ij(T)
(Ki (x T))kj = ; glm(XaT)[ B (% Bilj(T) +

(i,medppg

Bl (0B} (X) By ()D}2,(7)

A R

J W=12)

fori=1,...,r,and, fori=r +1,...,s, it consists of the blocks

Zi: () B, (XBl(X) Biy(T)D}, (%)
7B B;(7)

(i.;medopg

o _
(K1), = it L<k<j<n

0 if 1<j<k<n.
The matrixG is given by

em=| : i |
Ga(r) ... Ggs

whereG;, is the block of dimensiom, x m having the elements

G = LD R @) (0.1

Considering the representations above, we rewrite (3.2) as

z(X) = f Yak(t, X, Z(7)) dr + f ) Yaa(r, X z(r))dr (k=1,...,n), (3.3)

X2
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where the functiong/x (p = 1,2, k = 1,...,n) are defined as follows: for all
vell,...,n,}, we put

s m s My
YoN,+2v-1(T, X, 2) = Z Z Z Z{ K(p)(X T) UI(T))zj—lm_

m=1I=1 j=v

- (KPx), (G (r))zjm} 24t

ZZ{ (KO0 1), (G, -

m=1 j=v

_ (Kn (%, T))vj (an(T))zj m} Yp(7) (fpV(T))Np+m +
* ;;:q((:)) {(K,(f)(x, T))(vlj) Hy2j-1(7) ENW+2j—l(T, 2)-

@ _
- (K,(]p)(x, T))Vj Hy2j(T)Fn,+2) (7 Z)}

and

n,

S m S
lrpr,]+2V(T7 X, Z) = Z Z Z Z { K(p)(x T) 77' (T))Zj—lm +
i=1

=1 m=11=1 j=v
+ (Kff)(x, T))f/]j') (Gnl (T))2J m} Zn+m+
-3 SO0 (G,p00),
m=1 j=v

+ (KO(x T))ilj) (Gip(0),, }yp(r)(fpv(f))

N+m

S (1) @ _
' JZ:;;;(TT) {(K'(’p)(x’ T))vj Hy2j-1(r)Fn,+2j-1(7. 2+

(1) —
+ (KT(]‘O)(X, T))vj H7I2j(T)FN,,+2j(T, Z)}
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whenn € {1,...,r}, and we put

s m s My
l//pN,7+v(T’ X, Z) = Z Z Z (K(p)(x T)) ( nl (T))jm ZN;+mt
i=1 m=11=1 j=v
+ 2, 25 (K700 (Grpl0) 1y 7o) (Fod®)
m=1 j=v
+ gq(g) (KP(x.),, Hy ()15 2

ifne{r+1,...,s}. Here,
Fu(r.2) = Fi (. A7 (@I (1)épq(r)z + ()epy) (k=1,....n).
Let us choose; as in Lemma 1 and introduce the constant

C= Z(ch)n. ni=n + Z ca(2c)™

i=r+1
where
ni=maXgm:1l<m<n} (i=1...,9).
We set
Lo B (™D ()| |Bin(m)D2 ()
C
{(X,T) _ E1 Z |g|m(X T)l[ 1m i mj 1m i mj
i=1 k=1 j=k Blj(T) Blj(T)
@, m)e.]lpq
UL (T)D @)
+ Z ZZ Z [Gim(X, 7)| 1m
i=r+1 k=1 j= ( )
(| m)eleq
if Jipg # @, and{(x,7) = 0 for Jypg =@
Furthermore, we set
s s m s My
o0 —cl> Z[bz N TCRE
n=lv=1\ i=1 m=ll=1 j=v,
21](7')

+ dpyp(ﬂZZ\ (@) .| + Zyn(rw)

m=1 j=v,

i

[ 2v-1, if nefl,...,r} = %2 for pefl,....r},
Vn = v, if nefr+1,...,s P71 ¢ for pefr+1,...,s).

pa(7)
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Taking conditions (ii)—(iv) into account, we can choose the numger x; so
large that the inequality
+00
f gin)dr<b
X

2
be satisfied. Note that, by virtue of conditioBg) and relation (3.1), for alt € R,
the following estimates are true:

W, % 2| < (x,1)g(r)  for xo<t<x (k=1,...,n),
Wa(t, %2 <g(r) for xo<x<7 (k=1,...,n).

Therefore, by using (3.1), we get
{(x1)<1 for xX>71>X

and
lim ¢(x,7)=0 for 7> x.
X—+00

Thus, for the chosexy > X1, system (3.3) satisfies all the conditions of Lemma 7.6
inthe book [1] (Chapter 1I§7, p. 201) and, therefore, it has at least one soluwjefx)
vanishing ax — +oo.

Setting
T(AX)Ypu(X) = T(X)AX)P(X)epy

Epg(X)
in (3.2), we note thay,, is a solution of system (1.1) for which the asymptotic rep-
resentation

ZpW(X) =

You(X) = ©(X)epy + A ()T (X5 (£pq(¥))
is valid asx — +oo.
The theorem is proved. O

For some fixed pairg,1) € J, let us now consider the system edimensional
vector functions

Ung+ () = ©()ep; (i =1,....1).
Using these vector functions, we consider the functions

|
Ypi(X) = Z Ciung+i (%),
=

whereC,, ..., C; are real constants.

Our question now is in which cases system (1.1) has a solution that is asymptoti-
cally close, ax — +oo, t0 Yp(X).

In order to study this problem, we formulate the following.
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Definition 2. We say that a system of continuous functigps: [a, +oo[ x[a, +co[ —
R (m=1,...,n, i=1,...,9) satisfies conditiofiM — L) on[Xg, +oo[ X [Xg, +o9[ if,
for arbitrary §, m) € Jo, either

Xﬂmm gm(x,7) =0 (r = Xo)
and (3.4)
Gim = SUP{Qim(X, 7) : X > T > Xg} < +00,
or
Oim = SUP{Oim(X, 7) : T = X = Xo} < +o0. (35)
Theorem 2. Let condition(Sg) be satisfied and, moreover,
Hiv(X)

«[x:m Hjm(X)

for all (i, v) and(j, m) in J. Furthermore, assume that, for some fixed [airk) € Jp,
there exists a functiobl ) € C ([a, +oo[ ;]0, +oo[), where

| = 2k if pefl,...,r}
Sl k if pefr+1,....8

NN +m(X)| dX < 400

such that, for each € {1,...,1},
Np+]
Up(x) =0 Z |(uNp+j(X))i|]
i=Np+1

asx — +co, and the following conditions hold:
(i) The system

‘ _ UpI(T)B .
Qim(X, 7) = m ex pf wi1(s)ds ((i,m) € Jo)

satisfies conditiofM — L) on[Xo, +oo[X[Xo, +0[;
(i) Forall (n, j) € Jand arbitrarym é with1 <m< kandm< & <Kk,

oo 1 H,”'(X)
j;o Upl(x) Hp2m—p(x)
ifpe{l,....,r}(0=0,1, u=12)and

1 nJ(X)
~fxo pl(x) Hpm(X)
whenpe{r+1,...,s};

N, +Np+2m-p(X) B (X)

expf wpm(S)ds dx< +oo

O a'N +JNp+m(X)B ey epr wpm(S)ds dX< +oo
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(iii) There is a numbel € ]0, +oo[ and there is a continuous function
¢ :[a +oo[—> Ry
such that, for ever{i, v) € J and arbitraryz € R,

|Fnr (6 AU ()2 + Ypi(X)] < ¢(X)

i C .
fxo Up|(x)|H'V(X)|dX<+ .

Then systen(l.1) has at least one solutioyy,(X) that satisfies the asymptotic re-
lation

and

Ypi (%) = Ypi(X) + A7 ()0 (Upi(¥))
whenx — +oo.
Proof. By the definition of the vector functiolp(x) = ((Yp|)j)?:1, its components

are determined as follows: for evefye {1, ..., k}, we have

k X
(Yol)y,zes @ = 2 [Cor-1BE(¥) ~ CaBE (9] exp f wpe(9)ds
y=¢ a

k X
(Yor)y, .2 09 = D [C2-1BE (¥ - CoBE ()] exp f wpe(9ds
v=¢ a

(vp.)j(x)=o (G#Np+1....,Ny+1I)

whenpe{l,...,r},and

k X
(Yp|)Np+§ (X) = Z C,BE,() exp f wpe(9)ds
y=¢£ a

(Yp|)j(x)=0 (G#Np+1...,Np+1I)

whenpef{r+1,...,s}.
Under condition (i) of the theorem, the sitdecomposes as the union of disjoint
subsets);p andJopy,

Jo = Jupl U J2pl,

such that if (, m) € Jip, then estimate (3.4) is true and if 1) € Jop, then relation
(3.5) is correct. Therefore,

O(x) = o (x) + ()

with
¥)(x) = diag[@P (¥)..... 00 (®| (0 =1.2).
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whered)i(p)(x) (ief{l,...,s; p=1,2)aremth order matrices with the elements
(Di(X) jm for (i,m) € Jop

CROMS

Let us show that, for a sliciently large numbekz > x, (wherex; is as in Theo-
rem 1), the system of integral equations

0 for (i,m) ¢ Jypi.

2

X 1
zX) = pZi fap Q(x 1) [G(T) {Z(T)+ Uy (T)}+
(3.5)
+ Uy (T)A(T)F (r. A @U@ T) + Yp|(‘r))] dr
with
J _ Up|(T) ) — —
Q(x1) = mA(x)d>(‘)(x)<D YA T),
G(r) = A(@RT)A (1),
and

_ X3 ifp=1
a’O_{+oo if p=2,

has at least one solutian= (z)f,_, € C([xs, +oo[; R}) vanishing whenx — -+co.
Here,

QW (x,7) = diag[Q¥(x.7).....QL(x7)| (0 =1.2).

QL(x7) = SS:E;;Ai(X)@i(‘))(x)d)i_l(T)Ai_l(T) (=1..,s p=12),

Fori=1,..., r, the matrice@i” consist of the blocks

(@) (@)
vj

vj
if l<v<j<n

) = @ @)
(Qeen),, (@) (@),

O, ifl<j<v<n,
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where
X B|3—;1 X Bi (T)Dil-(T)
(Q(x 1), Z i) | 2260”09 B —
Bim(®) By;(7)

(, m)er pq

B, (0B (X) By (7)D5(7)
Byn(¥) Bl,(7)

and, fori =r + 1,..., s, they consist of the blocks

+(-1)"

} (u=12),

J Bl ()Blm(X) Byn(7)Djy(7)

Aim(X, 7) : if l<v<j<n
Qo) =1 % B By
<
0 if 1<j<v<n

Using the notation

21

Zn(X) = fx Aim(7, X, Z(7)) dr + fHX) om(t, X, 2(r))dr  (m=1,...,n), (3.6)

3

we rewrite (3.5) as (3.6), where the functiohs, (0o = 1,2, m=1,...,n) are given

in the following way: for allv € {1,...,n,}, we have
ny

S m s
ﬂpNn+2v—l(T’ X, Z) = Z Z Z

i=1 m=1&=1 j=v

(@) @x),, 1~

_ (Qi(f)(x, T))Ej) (GUf(T))Zj m} ZnNi+mt

n,

+ZZ{ (). (Groe)),, 4

m=1 j=v
1
_ (Q}(f)(x, T))i? (an(T))Zj m} Uo® (YpI(T))Np+m +
n,, 1
* ; Upi(t

~ (%), 5 Hy2y (0, 2)

{(fo’)(x, T))ilj) Hy2j-1(1)F N, 24 (1. 2)—
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and

Ny

S m S
AoNs2v(T, X, 2) = Z Z Z Z{ Q,(,")(x T)) ( nf(T))zj_1m+

+ (Q,(}O)(X, T))ilj) (an (T))zj m} Zyn+mt

* Z Z { Q(p)(x ) "p(T))zj—lm *

m=1 j=v

1
(QT(;O)(X’ ))v] (an(T))zjm} m (YpI(T))Np+m +

I
[
3
1
[
i
[
<

&1 @) _
: JZ; Upi(7) {(Q,(f)(x, T))vj Hy2j-1(0)FN,. 4 (7 2+

+ (@ 1) Hy2i ()i, (7.2

whenn € {1,..., r}; and we have

S m S
Ine(mxd) =) > > > (QPx1), (Grel®), , 2nemt

1
+ZZ(Q’(7p)(X T)) ( np( ))Jm Upl( )( pl( ))N +m

(QP(x7), Hyi®Fn,., (.2

whenpefr+1,..., s}. Here,

Fi(.2 = Fj(r, AM(@Up()z+ Yp(r))  (j=1..., n).
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Letcq be chosen as in Lemma 1 and

é(X,T)=E—i >, Z Z |qim(x,r)|[

i=1 v=1 j=

1m(T)Dly (T)

By,;(7)

Y Gmedyp

 [BnDE
Bil i ()

(DD ()
B, (")

]+.Z ' > x|

i= — i m=y
=r+lv=1 j= Vi, medgp

if J1p # @, and(x, ) = 0 in the case wheré;p = ©. We have put

Cr = Z(ch)”' ni26; + Z c1(2c1)" %,

i=r+1
where
G =maXxfm:1l<m<n} (=1...,9.
It is easy to see that
[(xT1)<1

for x> v > xs.
Forpe{l,...,r}, we set

s M s m s
a(r) =Cs{22(b PIDIPN (CHCIME
n=lv=1\ i=1 m=lé=1 j=v,
+ Ly Cg Z zk:expf wpm(9)ds Bpl(T)| |Bp2(T)’)
Uni(1) 7= m=1 j=2r-1¢=m ’
X (|(GWP(T))1 2m—1| " |(G'7p(T) JZmD U¢(2) i )|}}
and, forpe{r+1,..., s}, we put
s s m s i
0 -f3 1358w,
n=1v=1] i=1m=1 5:1 i=vy

i u¢(2)| ’”’“"U'

23
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Using now the conditions assumed in Theorem 2, we choose the nummier
large that the relatioyfxzoo q(r)dr < b for eachz € R} be satisfied. Then

[A1m(T, X, 2)| < £(X, 7)q(7) for x3<7<x (m=1,...,n)
and
|[2m(T, X, 2)| < Q(7) for x3<x<t (m=1,...,n).

Hence, system (3.6) has at least one solugg(x) such thatx_!i+rl10 Zo(X) = 0. To
complete the proof, we define the functigg(x) as follows:
A(X)Ypi(X) = A(X)Ypi(X)

Upi(X) .
The theorem is proved. O

ZpI(X) =

Remarkl. If the functionUp(X) from Theorem 2 satisfies the condition
Np+]j

D Um0 = OU(x)  foreachje{d,.... 1}
i=Np+1

whenx — +o0, then condition (ii) of Theorem 2 can be dropped.
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1. INTRODUCTION

The mathematical theory of shape optimization benefits of a vast literature; the
optimal shape design for systems governed by PDEs was studied in a great many
papers, see for example [1], [2], [3]. Also, problems where variational or hemivaria-
tional inequalities appear were treated in [1], [4], [5], [6] and others.

A problem of shape optimization for a system described by a variational inequality
can be looked at as a problem of optimal control in which the role of the control
is played by sets from a class of admissible domains and the variational inequality
appears as the state equation. In this context it is interesting to study the behavior of
solutions to the variational inequality when the domain is perturbed.

The purpose of this paper is to study the stability with respect to the domain per-
turbations of a nonlinear variational inequality of the form

Findug € K(Q) such that
(A(Q,Ug),V—Ug) = 0, Vv e K(Q),

whereQ is a bounded open subsetRi¥, K(Q) is a closed, convex set in the Sobolev
spaceH(Q) andA is a nonlinear operator of a special forA(Q, u) € (HY(Q))*.

If Qo is fixed in the class of the admissible domains afs the solution of V1)q,,
the following problem arises: Is there a neighborh®gdf Qg (in a sense that will
be specified) and a mappifglefined on this, continuous &%, with 8(Qp) = up and
such thab(Q) is a solution of ¥/ 1) for eachQ € Vg ?

©2003 UniversiTy oF MiskoLc
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General stability results for parametric variational inequalities under small pertur-
bations of the parameter have been given in [7], [8]. One of these results is presented
in Section 3 and used in the paper.

In order to define the topological space of the parameters as a space of functions
we use the mapping method (Section 2) for which the basic results were established
by Murat and Simon in [3].

Finally, in Section 4 we present the main result of the paper and an example for a
linear variational inequality.

2. THE MAPPING METHOD

The mapping method consists in defining the class of admissible domains as im-
ages of a fixed set. The main notions and properties were established in [3]; we
present some of them following [4], [2]. _

LetC c RN be a bounded, open set, wiflt of classW'>, i > 1 and such that
intC = C.

We consider the following spaces:

WERMN = (¢ | D% € L*RVMN Va with 0 < |a| < k}
7> = (s : RN - RN | S bijective S— 1,571 =1 € WERMN)
0% = {Q]Q = S(C), S € F*~)

and the norm iWk=(RN)N:

ISk = €SS SUR Z ID“S|2N)1/2
xRN oljol<k
II/In represents the norm @&N. The norm orL*(RN) (or L*(RN)N*) will be denoted

Ok consists in a family of bounded and open setgiQfis of classWwk>, k > 1
thendQ is of classwk= also.
We define oro%® x 0% a function

Skeo(Q1, Q) = inf (IS = Hlkeo + 1IS™ = Hlkco)-
Séfk'm,s(gl):Qg

It can be proved (see [4], [2]) that there exists a positive congiastich that
koo (1, Q2) = (MiN{Bk oo (1, 2), )2
is a complete metric 00,

Remark 1. It is known (see [3]) tha), — Q in O%* if and only if there exist
Sn.S € 7% such thatQ, = Sy(C), @ = S(C) andS, — S, S;* — Stin
Wk’OO(RN)N.

The next Lemma (see [4]) summarizes some properties used in the paper:
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Lemma 1. (a) If S € F%°, Q = S(C), thenu € H1(Q) if and only ifuo S € H(C).
If un — uin HY(Q) (orin H1(C)) thenupoS — uoSin HY(C) (or uyo St — uoS1
in H1(Q)).

(b) Letk > 1, u € HYRN). The mapping ~ uo S is continuous fron¥*= to
HLRN).

(c) Letk > 1. The mapping$ — JS™'andS — detJS are continuous frorF k>
to WK-2=(RN) (with JS we denoted the Jacobian matrix $1.

(d) If u,v e HY(Q) andQ = S(C) we have:

luo S —vo Sl < (IdettS™Hle)Y2(13Slleo + L)lIU = Vily2(g-

3. PARAMETRIC VARIATIONAL INEQUALITIES

Let H be a real, reflexive Banach space and denote Witlits dual. LetW be a
topological space, I€f : Wx H — H* and letk : W — 2" be a set-valued map.
For a given parametay € W we consider the variational inequality:

(VIP), Find an element(w) € K(w) such that
(T(w, x(W)),y — x(w)) > 0, Yy € K(w).

For a fixedwp € W (the initial value of the parameter), suppose that K(wp) is
the solution of the corresponding proble¥il P),,. We say that the problenvV(P).,
is stable under perturbationigthere exists a neighborhodfly of wg and a mapping
X : Wp — H, continuous atvg, with x(Wg) = Xg and such that, for each € Wy, x(w)
is a solution of Y IP),.

Definition 1. The mapl : W x H — H* is calledconsistent inwv at (wo, Xp) if, for
eachO < r < 1, there exists a neighborhoddf; of wg and a function : W, — R,
continuous atvg, with 8(wp) = Xo such that for eachiv € W;, there existyy,, € K(w)
such that
llyw — Xoll < B(w)

and

(T(W, Yw), 2= Yw) + BW)IIZ— ywll > O,
for eachz € K(w) such thatr < ||z— yull < 2

Definition 2. The mapsl(w,-) : H — H* are calleduniformly strongly monotone
onW, c W if there exists a positive constamsuch that for alw € Wp andx,y € H,
X #ywe have :

(T(W,X) = T(W,y), X~ y) > allx =y~

The following Theorem is a particular case of a Theorem proved in [7].
Theorem 1. In the above notations, let the d€{w) be closed and convex for each
w e W. Considemg € W and Xy € K(wp) fixed. Suppose that:

(i) Xo is @ solution of(VIP)y,;
(i) T is consistent iw at (Wo, Xo);
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(iii) there exists a neighborhood of wy such that the map§(w, -) are uniformly
strongly monotone, continuous from the line segment$ wf the weak topology of
H*, for allw e V and x € K(w).

Then the problen(V1P),, is stable under perturbations.

4. STABILITY WITH RESPECT TO THE DOMAIN OF PERTURBATIONS

LetQ c RN be a bounded and open set. We consider the problem:
(VD)o Findug € K() such that

f A(X, Vuga(X)) - (VV(X) — Vua(X))dx
Q

+ f a(x, up(X))(V(X) — u(x))dx = 0, Yv e K(Q)
Q

in the following notations and hypotheses:

(H1) K(Q) c HY(Q) is a closed, convex, nonempty set,

(H2) A = (ag,...,an) with aj : RN xRN — R, a: RN xR — R having the
properties:

(P1)a;(-,-), j = 1,...,Nanda(-, -) are measurable with respect to the first variable
and continuous with respect to the second one,

(P2)laj(x. &)l < c(k(x) + lI€lln) andla(x, n)| < ca(ka(X) + I7]) a.e. x € RN, for all
& e RN, for all n € R, with ¢, c; positive constants ank k; functions inL?(D) (for

any bounded and open d8}.
N

(P3)Z aj(x &)¢j = Colléll — c3, a.e.x e RN, for all ¢ e RN,
=1

N

(P4)> (@ &) - aj(x )& - &) = yallé - &, ae.xe RN, forall¢,Z e RN
j=1

and @(x,n) — a(x, ) — 1) = y2ln — 7%, a.e.x e RN, for all ,7 € R.

Theorem 2. In the conditions stated above, the variational inequa(ity), has at
least one solution (see [9], p. 74).

LetS € 7% such thatQ = S(C). Making the transfornx = S(X) in (V1)q we
get an equivalent problem on the fixed €et

Findus € Ks c H(C) such that
f A(S(X), ISH(X)Vus(X)) - ISTH(X)(VV(X) — Vug(X))det) S(X)dX
C
+ f a(S(X), us(X))(U(X) — us(X))detIS(X)dx > 0, Vv € Ks,
C

whereKs = SK(Q) = {uo S|ue K(Q)} is closed and convex.
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We define the operatofl : 75 x HY(C) — (H(C))* as
(A(S,u),v) = fc A(S(X), ISTHX)Vu(X)) - ISTH(X)VV(X)detd S(X)d X
+ fc a(S(X), UX)V(X)det S(X)dX. Vv € HY(C).

Then the variational inequality can be written:
(VI)s Findus € Ks such thagA(S, us),v—us) = 0, Yv € Ks.

We will apply Theorem 1 to this family of variational inequalities, considefhg
Fk> as the parameter.

Other hypotheses that we impose are: 3

(H3) [aj(x, €) — aj(X &)l < w(X, N(lIglIn + I€lN) + ¢(x, K€ — &lIn + (%, K), for all
j=21...,N, X,X&€& € RN: wherey(., ), ¢(-,-), o(-,-) are nonnegative functions
belonging toaC(RN xRN) N L= (RN xRN) andy/(x, %) = y(X, X), ¥(x, X) = o(x, X) = 0.

(Ha) la(x, ) —aX. 7)l < x(x )l + 171) + (X, X)n — 71, wherey has the same
properties ag andu has the same properties@s

Lemma 2. Suppose that the hypothesek )-(H,) take place. liy e CRN x RN n
L@®N x RN) and Sy, Sp € F4= with Sp — Sp, Spt — Syt in Wk ®RN)N, then

¥ (Sn(-), So(")) = ¥(So(-), So())llLec) = O

whenn — .

Proof. We have thaiy is uniformly continuous on every bounded setfof x RN,
which implies:

For eache > 0, there existg > 0 such that for eacky, X1, X2, X> € D (a bounded
closed subset dtN), with [|x; — Xo|ln < 6 and||%, — %o|ln < & we have

(X1, X1) — (X2, R)| < &.
Sh — Spin L®(C), thatis_ inf  sup ||Sh(X) — So(X)|In — O.
EcC,|E|=0 XeC\E
For¢ > 0 there exist$y € N such that fon > ng
inf  sup |ISh(X) — So(X)lIn < 6.
e o, SUP 15009 = So(X)in
This implies that, fon > ng, there exists a sé,, c C, |E,| = 0 such that

[ISh(X) — So(X)lIn < 6 for eachX € C\ Ep.

Using the uniform continuity and the fact that(C) andSp(C) are in a bounded
set ofRN, we get: There exists € N such that for alh > ng, existsE, c C, |E,| = 0
with

1 (Sn(X), So(X)) — ¥(So(X), So(X))l < &, ¥X € C\ Eq
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DenoteE = Up.n,En, [E[=0,C\E CC\ Ep, so

sup [(Sn(X), So(X)) — ¥(So(X), So(X))I
XeC\E

< sup [¥(Sn(X), So(X)) = ¥(So(X), So(X))I < &
XeC\En

for all n > ng. Finally, fore > 0 there exist®;y € N such that for alh > ny we have

Ecicqg - Xﬁg{oE [ (Sn(X), So(X)) — ¥(So(X), So(X))| < &,

which completes the proof. ]

Suppose that the next hypothesis is satisfied in all the paper:
(Hs) There exists a neighborho&@ of Sp and a positive constaatsuch that for
all S1, Sz € Vp andu; € Ks,, there existsl; € Kg, such that

lIuz = Uzllrcy < 6(IIS1 — Sallkeo + 1S7™ = S5 lkeo)-
Example 1. Let K(Q) = {v € Hé(Q) | Vv = 0, V(X) > ¢(x) a.e.x € Q}, with

pE Hé(Q) N C(Q) a Lipschitz function wittVvy = 0 on Q.
We have:

Ks ={VoS|VeK(Q)} ={ve H)C)|Vv=0, V(X) > ¢(S(X)) a.e.X € C}

LetS;, S, € FK°, up € Ks,. This mean&u; = 0andu; > ¢(S1(X)) a.e. onC. We
defineu, as:
U(X) = { u(X), i u(X) 2 ¢(Sx(X))
©(S2(X)),  if ur(X) < (S2(X)).
We havau, € Ks,. Obviouslylui (X) — ua(X)| < [¢(S1(X)) — ¢(S2(X))|. Moreover,

Uz = Ul ) = fo Ju(X) — up(X)PdX < fc (S1(X)) — ¢(S2(X))IPdX

< 12 [ 19100 - S00PdX < LISy - Salf.Jo
C

which shows thafHs) is satisfied.

Example 2. A special case whefis) is trivially satisfied is the case whét = Kg
is independent b € 7%, for all k > 1. For example (see [4]), this happens for

K(Q)1 = (ve HY(Q) | Vlap = ¢, v= da.e. inQ)
K(Q)2 = {ve H(Q) |v> f a.e. inQ),

wherec, d, f are constants. Then:
SK(Q); = {ve HYC) | Vlsc = ¢, v> d a.e. inC}
SK(Q), ={ve HY(C)|v> f a.e. inC},

which do not depend a8.
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We fix now an initial valueSg € ¥%%, ug € K a solution of V1)s, and we prove
the main theorem of the paper.

(In order to prove the main theorem, we suppose that:

(He) laj(x. &) —aj(x, &)| < Lallé - &lly andla(x, n) —a(x, i)l < Laln—ifl, a.e.x € RV,
for all £, & € RN andn, 77 € R, with Ly, L, positive constants.)

Theorem 3. Suppose thafH1)-(Hs) are satisfied. LeBy € 7% andup € Ks,
fixed. Ifup is a solution of the variational inequalit@V/I)s,, then(Vl)s, is stable
under perturbations, that is: there exists a neighborhddgof Sop and a mapping
6 : Wy — HY(C) such that for eacts € Wy, 6(S) = us is a solution of(VI)s,
0(Sp) = Up and@ is continuous irSg.

Proof. We use Theorem 1 with/ := 7%~ H = H1(C), K : W — 21 K(S) = Ks a
set-valued map and : Wx H — H*, T(S,u) = A(S, u). We check the hypotheses
of Theorem 1.

(i) is obvious.

We prove now (iii), that is we show that there exists a neighborhbotlSy such
that the mappingsA(S, -) are uniformly strongly monotone for eaghe V.

We have:

(A(S,V) — A(S, u),v—u)

= f [A(X, V(vo S™H(X) = A(x, V(uo S™H(X)] - V(vo S - uo ST (x)dx
Q

+ f [a(x, (vo STH)(¥) —a(x, (uo STH(P(ve ST —uo STH(¥)dx
Q

> fg yallV(vo STH(X) = V(uo STHMIZ + y2l(v o S™H(X) - (uo STH(X)1P)dx

Y 2
V—Uu
ldetd S1|e (1 + ||JS||00)2” i)

>ylvo STt = uo Sy >
> IV = Ul g

In this evaluation we made use of the transfotre S~%(x), the hypothesis (P4) and
of the continuity of the mappingS — JS andS — det)S™! (see Lemma 1, c).
Next the continuity ofA(S, -) from H(C) with the strong topology toH*(C))*
with the weak topology will be proved.
Letu, — uin HY(C) and letv € H(C). We get:

KA(S, Un), V) = (A(S, u), V)|
< ||detSlluo{ll¢(S(-), S()lleollISTIZ,
+ 1(S () SC)lloo HIUn = Ullya ey VIl cy = O.

There is still to be proved (ii) from Theorem 1, that is the consistendy. of
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Let0 < r < 1. We considelS € Vg and in Hs) we putS; = Sp, Sy = S,
U1 := Ug. Then there existss € Kg such that

llus — Uollizcy < 6(IS = Sollkeo + 1IS™F = Sg lkeo)-

We define

B(S) = max{ \/5(”5 — Soll + 571 = S5 ), 2lA(S, us) — A(So, Uo)llHzcy)- -

ObviouslyB(Sp) = 0 (we takeus, = ug). We prove next thag is continuous aSo.
For \/5(||s — Soll + IS~ — S this iis obvious,
For the second term, we consid8s — Sg in #%*. Then, according toHs),
Us, — Ug in Hl(C).
We evaluaté(A(Sn, Us,) — A(So, Up), V)| for v e HY(C).
We have

[(A(Sh. Us,) — A(So. Us,), V)| < (@10 + a2n + azn + @an)Mlnc)
where

a1n = [1det) Splleo N{II¥(Sn(-), So(-))lleo 1Sy oo (19S5 oo + 19S5 lleo)
+116(Sn(-) So(Nlleoll IS ool ISR = IS leo HIUs, I3y
+ [|detd SnlleoNllo(Sn(*), So(-)llICI*211 IS leo

+ | detSnllllI S5t = IS5 lleCN(( fC k(So(X)IPdX)"? + 19S5 o HIlUs, (e

tan = [ detISy — detlSollull IS5 1 CNI( fC k(Sa(X)PdX) 12

+ 19S5 o llUs, I1(cy )+
zn = [|devSnlloly (Sn(-), So(-)llw2lUs,lly(c)»

(an = [|detISy — det) SolleCrf( fc Ika(So(X))PdX)"? + llus, llzcy )
Next, as in the proof of (iii), one can obtain
(A(So. Us,) — A(So. Uo). V)| < esnlVllinzc
where

arsn = ||detSolleo{lI$(So(-), So( Dl 1ISG I, + 1(So(-), So(-))llse}llUs,, — Uolliyz
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From the hypotheses imposed it is clear gt ZB: ain — 0 whenn — 0. So we
get: =

A(Sh, Us,) — A(So, Uo)llH1cy):

= SUP{[(A(Sh Us,) = A(So, Uo), I : v HY(C), Ml c) < 1)

< suplaniMlpycy : Ve HYC), Ml < 1} < an — 0.

From this the continuity g8 at Sy is clear.
Let W, c Vg be a neighbourhood &y such that for eack € W,

B(S) <1 and r - 48(S)IA(So, Uo)liHi(cy = O.
Letv e Kg with r < |lv - us|. We have:
(A(S, us),V - Us) + B(S)IIV - usl|
= (A(S, Us) — A(So, Up), V — Us) + (A(So, Up), V — Us) + B(S)IIV — Us]|
> —||A(S, us) — A(So, Uo)llllV = Us|l + (A(So, Uo), v — Us) + B(S)IIV - Usl|

1
> —éﬁ(S)llV — Usl| + B(S)IIV — us|| + (A(So, Ug), V — Ug) + (A(So, Up), Up — Us)
1
> Eﬂ(S)HV — Us]| + (A(So, Ug), V — Vo) + (A(So, Up), Vo — Uo)
— [lA(So, Uo)lllluo — Us||

> —B(S)IIV— usl| = IV = VollllA(So, o)l — llug — Us|lIA(So, Uo)Il

2

BS)r — 4B(S)IA(So, Uo)ll] = O.

(Here we considered € Ks, such thatlv — voll < §(lIS — Soll + IS™* - S52I1)).
On the other hand we hayias — ug|| < 8%(S) < B(S), which concludes the proof.
m|

NI~ NI

Example 3. We present a linear variational inequality for which all the previous
hypotheses are satisfied. Consider the problem:

Find ug € K(Q) such thatag(uq, v — ug) > 0, Yv € K(Q),
where
an(u,v) = f [B(X)Vu(X) - VV(X) + b(x)u(x)v(x)]dx
Q

with B e CRMN n L2(RMN* b e CRN) N L=(RN), b(X) > b > 0 and
N N
=1 k=

bi(X)ééj = alléllf
1

I
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a.e.xe RN forall £ e RN. It can be easily shown that, with

N
3j(x.£) = ) bi(Xé = Bj(¥) - £ anda(x, ) = b(x)n
k=1
the hypothese@1)-(H4) are satisfied.
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AsstracT. The paper is motivated by papers of E. Pap [4] and A. Maak{3].
We give a complete characterization of functions preserving ranks of all matrices,
without assuming any regularity conditions.
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1. INTRODUCTION

The notion of g-calculus has been introduced by E. Pap in [4]. A. Makoy3]
observed that a fundamental role in this calculus is played by functions preserving
ranks of matrices.

First of all let us introduce

Definition 1. Function f: R — R preserves rank of matrices if and only if the rank
of a matrix A= [ajj] is equal to rank of the matrix(A) := [ f(a;)], for every matrix
A,wherei=1,2...,n,j=1,2,...,m.

We proved in [1] that a monotonic and continuous function R — R with
f(0) = 0 preserves ranks of matrices if and only if it is linear, £&) = c- X, X € R,
for come constant # O.

In the present paper we show that the characterization holds true even without
admitting additional assumptions on functibn

2. MAIN RESULTS

It follows immediately from properties of determinants:

Example 1. The linear function £x) = ¢- x onR with a constant ¢ 0 is a function
preserving rank of matrices.

Without additional assumptions dn(i.e. continuity or others) the following holds
true

©2003 UniversiTy oF MiskoLc
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Lemma 1. If rank r(A) = r(f(A)) for all square matrices of degree less or equal to
3, then there exists a constang 0 such thatf(x) = c- x.

Proof. Let f : R — R be a function preserving rank of square matrices of degree
less or equal to 3. For matrik = [a] of degree 1 it follows thaf(a) = 0 if and only

if a=0. Let f(1) = c. From the above it follows that # 0. From properties of
determinants it follows that(A) = r(% f(A)). Consider the function

g:= % -f on R, (2.1)
so thatg(1) = 1. For any square matrix
1 b
B= a a-b |
wherea, b € R, we obtainr(B) = 1. Then alsa(g(B)) = 1. Thus
1 gb ]
det =0
9@ g(@-b)
org(a-b)—g(a - g(b) =0, i.e.g solves the multiplicative Cauchy equation
g(x-y) =9(x)-9y) for all x,yeR. (M)
Similarly for any square matrix of the form
01 a
C=110 b
1 1 a+b

with arbitrarya, b € R the rankr(C) = 2. Hence also(g(C)) = 2 and thus

01 9@
detf 1 0 g(b) }—O,

1 1 gla+b)

i.e. detC = g(a) + g(b) — g(a+b) = 0. In other words the additive Cauchy functional
equation

gx+y)=9(x)+9g(y) for all x,yeR (A)
is fulfilled by g. Now, from [2] (Theorem 1, page 356), it follows that the only
functions satisfying simultaneously (A) and (M) are- 0 org = id. Sinceg(1) = 1,
we see that in our caggx) = X, X € R. From Definition 1 we obtain thdt(x) = ¢- x
forall x e R. O

The following theorem completely describes all functions preserving rank of ma-
trices.

Theorem 1. Functionf : R — R preserves rank of matrices if and onlyfifx) =
C- X, wherec # 0O is a constant.

Proof. It follows immediately from Lemma 1 and Example 1. O
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AsstracT. In this paper, we determine the Hardy spaces to whiif) belongs,
ne N, if f e HP, wherel] =L, oL, 0-- 0oL, is the Libera generalized integral
e

n
operator (2). As a corollary we obtain the Hardy spaces for some classes of analytic
functions.
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1. INTRODUCTION

Let f be an analytic function in the unit dist¢ = {z||Z < 1} and letH(U) denote
the set of all analytic functions id. In 1965, R. J. Libera [5] had studied the operator
L : H(U) —» H(U) defined by

L(f)(z):é f f(t)dt (1)
0

showing that.(S*) c S*, whereS* is the class of starlike functionk(K) c K, where

K is the class of convex functions ab{C) c C, if C is the class of close-to-convex
functions. In 1969, S. D. Benardi generalized these results investigating in [1] a more
general integral operator defined by : H(U) — H(U)

L,(F)(2) = %1 f F(t) Lot @)
0

He showed that ify € N*, thenL, preserves these properties. In this paper we
determine the Hardy spaces, to whib{j(f) belongs,n € N*, if f € HP, where
L})=LyoLyo---0L,.

n
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2. PRELIMINARIES

For f € H(U) andz = re'?, we set

1271' ion [P %3
— [ |f@reD"de| , O<p<
et - (Zﬂom ) p< oo

sup |f(re?), for p=co.
O<ps2r

A function f € H(U)is said to be of Hardy spacé$® (0 < p < o) if My(r, f)
remains bounded as— 1~. H* is the class of bounded analytic functions in the unit
disc.

We shall need the following well-known lemmas [2].

Lemmal. If f’ € HP,0 < p < 1, thenf € HT5. If f’ € HP, 1 < p, thenf € H™.
Pq

p+q

Lemma 3 (Integral theorem of Hardy—Littlewood)f f € HPandF = foz f(t)dt, then

feHTs for0< p<1landfeH® forp>1

Lemma 2. If f e HPandg e HY, thenfge H*, 1 =

3. MAIN RESULTS

Lety € C, Rey > 0, let f be an analytic function itJ and letL, be the Libera
generalized integral operator (Bernardi's operator) defined by (2).

Theorem 1. If f € HP, then:
P_.
1-np’
(ii) ifn> <, neN* then L)(f) € H™, whereL) = L, oL, 0-- oL,

() if n< %) ne N*, thenL)(f) e HY, 1 =

(i) [L,(F)] e HP.

Proof. Assertions (i) and (i)lf f is analytic,f(2) = z+ aZ* + ..., then there exists
a unique function

L@ =127 [ foria
0

which is analytic inU. Indeed,

f@

g(z):7:1+a22+...
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1
+1

is analytic inU. Leth(2) = z[g(z)]” be the branch that is 1 far= 0, and we have
thath(z) = z+ b7 + ... is analytic inU, izz) #0, [h(@]"* = (apz+...). Hence

z

L@ = 2 [rgrra= 12 [0
0

z t
0
1 Z 1
+ +
= X2 [ p@tats..)dt=z+ L a2
z v+ 2

0
For the integral operatdr, we havel, = Ao B, where

y+1

AN@ =1

f(2, yeC, Rey>0
and ]
B(f)(2) = f f ()~ 1dt.
0

We determine the Hardy class fArandB. If f € H?, y = a+ib, a> 0, then

o 1
p
+1] 1 i
yra [£f|f(re'9)|pd0] ,
0
and henceé\(f) € HP.

. . £
From integral theorem of Hardy—Littlewood (Lemma 3), we hB{€) € H*? for
f e HP, p < 1, andB(f) € H®, for f € HP, p > 1. Becausd.,(f) = A(B(f)) we

have forf € HP, p < 1 thatB(f) € HT% and A(B(f)) € HT5. HenceL(f) € HT»
for p<landL,(f) e H®, for p > 1. Suppose that < %) n e N*andLX(f) e H =%
forl<k<n-1 Then

Mp(r, A) <

S
1-(h-Lp __p
1 P 1-np
1-(n-1)p

A _
Ly(f)eHY, A=

If n> E then there is & € N* such thak < % <k+1<nandL¥(f) e H ™%

andLk™(f) e H™.
Assertion (iii). We have

[uuxay=§ky+nﬂa—ywuxa} (3)
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Applying the Minkowski inequality, we obtain

ME(r[L(D]) = o f L, (re)]| a6 =

- f &P (v + Df(re) = yL,(F)(re)|" do <

IA

1pew f 1P s+ =27 f L (e[ o,

The valueM§ (. [Ly(f)] ) is bounded for

: p
min{ p, .
{p 5=
Hence,[Ly(f)]’ € HP. That results are best possible because f[bmf)]' € HI,
g > p applying (3) we should conclude thate HY. O

Forn = 1, these results were obtained in [4].

Remark 1. Since the results for Hardy classes do not depeng, ¢ine results remain
the samefoL =L,;oL,p0---0L,n, where Rg; >0,i =1,n.

Fory =1, L, = Lis the Libera operator (1), and we have the following

Corollary 1. If f is an analytic function i,y e C, Rey; > 0and f € HP then:

(i) ifn< % ne N*, thenL"(f) e H4, A = T P ;

(i) ifn> %,n € N*, thenL"(f) € H>;
(i) [L"(f)]" € HP.
Corollary 2. If f e K, f # 1—ZzeT 7 € RthenL,(f) is a bounded function.

It is well-known that if f € K (a convex function) theri € H1*¢, & = g(f) > 0.
Hence, we obtain from Theorem 1 thaf(f) € H™.

Therefore L, transformsK into its subclass of bounded functions, excepting ex-
tremal functions.

Corollary 3. If f € S*, f(2) # ;2 then
(1+ zé7)

(i) Ly(f) e HY
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(i) L2(f) e Hif L(f) # T

eR.

It is known that iff € S*, thenf € H2*, ¢ = &(f) > 0. HenceL,(f) € HL. If
z
L(f) = ——,
/(1) (1+ z67)
thenL2(f) € H™.
In other words,L, transformsS* into its subclass and§ transformsS* into a
subclass of bounded functions, with the exception of extremal functions.

Corollary 4. If f €€, 1(2) = —22 Rep(z) > 0, then
(1+z€7)
(i) L,(f) € HE,

(i) L2(f) e H™if L(f) # &, Rep(2) > 0.

It is known that iff € C andf(2) # &2 Rep(z) > Othenf € Hz*e, ¢ =
(1+z67)

e(f) > 0. Hence,L,(f) e HL If L,(f) # % Rep(z) > 0 from Theorem 1 we
obtainL3(f) € H™.
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matrix of a matrix polynomiaP(X) to obtain a general solution of thefidirential
matrix equation associated wib(X).
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1. INTRODUCTION

The preliminary theory on matrix polynomials revisited next can be found in [4],
[1]. [6], [3] and [5].
Let

PX) = XM+ AL X™L 4+ Ay (1.1)

be a monic (right) matrix polynomial of degreein the indeterminateX with the
coefficientsAq, ..., Ay beingn x n complex matrices. Am x n matrix X1, such
that P(X1) = 0, is a (right) solvent oP(X). Furthermore for each nonsigularx n
matrix formed of leading vectors of Jordan chaind?¢R) it is possible to construct
one solvent ofP(X) and the total number of solvents will be the number of such
nonsingular matrices.

The matrix

On In On
C-= : , (1.2)

In

-Am —Ana1 ... AL

(where @ andl, are the null matrix and the identity matrix of orderrespectively)
associated with the céiicients of P(X), is said to be the block companion matrix
of P(X). Moreover, ifX,..., Xm arem solvents ofP(X), then the respective block
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Vandermonde matrix is

In ... In

V(X1,....Xm) =| . :
Xt oo Xt

and if the matriX/(Xa, . .., Xm) is nonsingular, then we say that thessolvents form
a complete set of solvents B{X).

We consider now a flierential matrix equation, i. e., homogeneous ordinary dif-
ferential equation of ordamn havingn x n matrix codficients, written by

P(dﬂt) x = XM(t) + A X™ D) + ... + Anx(t) = 0. (1.3)

An important result on this is that Xy, ..., Xy, are a complete set of solvents of
the matrix polynomiaP (X) associated witHP(d%) X (that is, having the same ddie
cients), then every solution of
d
P+ |x=0
)

X(t) = €'z + €z + ... + iz, (1.4)
wherezy, 2, . ..,zn € C" ([5], p. 525).

is of the form

2. BLoOCK EIGENVALUES

We recall the classical equation of matrix thedkX = XB, whereA, B are given
complex square matrices (see [2], p. 215). We work here with a variation of this
equation that happens wh&rmspans an invariant subspacefgfand onlyA is given.

It appears in the computation of eigenvalues (see [8], p. 587).

Definition 1. Given a matrixA of orderp, if a matrix Y of orderq < pis such that
AW = WY (2.1)

for a rectangular matrixV of full rank. We say that is a (right) block eigenvalue of
A andW is a corresponding (right) block eigenvector of dimensjonp.

This definition can be restricted to block matrices, of ordet partitioned in
blocks of ordem. In this case the block eigenvalues are of the same order as the
blocks of the block matrix that ia and the corresponding block eigenvector is a
vector of blocks of dimensiomnx n (see [7]).

A block eigenvalue has the property that any similar block is also a block eigen-
value, and it is clear that a block eigenvectirspans an invariant subspace/Ayf
since being of full rank is equivalent to having linearly independent columns.

Next we have the strong relationship between a matrix and a block eigenvalue (see
also [9], Corollary II).
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Theorem 1. Let A be a matrix, then a matriX is a block eigenvalue &, if and only
if the eigenvalues of are also eigenvalues @, and for each common eigenvalug
the corresponding partial multiplicitieky(Y), ...,k (Y) in Y, andky(A),. .., kn(A)
in A, where the integerk; are in decreasing order of magnitude, satisfy

() n<m;

@iy k(YY) <k(A),i=1,...,n.
Proof. First note thah andm are the geometric multiplicities @f in Y, and inA, or
the number of Jordan blocks, @fin Jy, and inJa, the Jordan normal forms &fand
A, respectively. And that thig are the orders of these Jordan blocks. Let now
TJT-1, whereT is a nonsingular matrix. Then suppose tA&Y = WY, with W of
full rank, thusAWT = WYT=WTJ,T-1T = WTJ,. SinceWT is still of full rank, it
follows that the linearly independent columns\WiT are eigenvectors or generalized
eigenvectors of\, with respect to the eigenvalues &f, thus the eigenvalues df
(and ofY) are also ofA. Furthermore, fromAWT = WT J, it follows that Jy is
a submatrix ofJa. Therefore, for each common eigenvaluethe corresponding
geometric multiplicitiesm in A andn in Jy, and hence irY, satisfyn < m. Also
the orders of the Jordan blocks & and of Jy corresponding ta, satisfyk;(Y) <
ki(A),i = 1,...,n. Conversely, suppose that the eigenvalue¥ @dnd hence ofly),
are common téA. And supposing (i) and (ii) we can writdaZ = ZJy, where the
columns ofZ, eigenvectors or generalized eigenvectorf\ptorresponding to the
eigenvalues ofly, are linearly independent. HenZes of full rank, thusAZT-! =
ZX3T 1 = ZzT-1y, with ZT-?1 of full rank, and the conclusion is thatis a block
eigenvalue of\. O

We observe that, for each eigenvalue of a complex matrix, the respective number
of partial multiplicities gives the geometric multiplicity, and therefore the number of
Jordan blocks of the Jordan normal form of the matrix, for this eigenvalue. These
partial multiplicities are the sizes of these Jordan blocks, hence we can conclude that,
if we have the partial multiplicities of all the eigenvalues of a complex matrix, we can
write its Jordan normal form. Considering that, we define a set of block eigenvalues
in which this information can be obtained.

Definition 2. Let A be a matrix, and leYs, ..., Yk be a set of block eigenvalues of

A. We say that this set is a complete set of block eigenvalues, if the eigenvalues, and
respective partial multiplicities, of these block eigenvalues are the eigenvalues, with
the same partial multiplicities, of the matrx

Theorem 2. A set of block eigenvalues, ..., Yk of a matrixA, is a complete set, if
and only if there is a set of corresponding block eigenveddys . ., Wk , such that
the matrix[Wl e Wk] is of full rank, and

AWr o Wi =[Wa - W] diag(Ya. ..., Vi), (2.2)
where diagYi, ..., Yk) is a block diagonal matrix of the same order/Af
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Proof. LetY,..., Yk be a complete set of block eigenvalues, and let

D = diag(Ys, ..., Yi)

be a block diagonal matrix. Since the eigenvalues ofvie. ., Yy, and their partial
multiplicities, are the same as thoseAf The same happens @, the direct sum

of the Yy, ..., Yk. ConsequenthA andD have the same Jordan normal form, and
therefore they are similar, so that there is a nonsingular matsxch thalAR = RD.
Writing R = [Rl Rk] with the number of columns of ead®,i = 1,...,k
being equal to the order of, it follows that, AR = RY;, fori = 1,...,k, and itis
obvious that eacR,; is of full rank, and thus, it is a block eigenvector corresponding
to Y;. Conversely, leiV,, ..., W be a set of right block eigenvectors corresponding
toYs,..., Yy and let

AWe o Wi =|wa - W] diag(Ya, ..., Yi)
with the matrix[Wl Wk] being of full rank, thenA and diag¥, ..., Yx) are
similar, and hence their Jordan normal form, and the partial multiplicities of their
eigenvalues, are common. Thus the. .., Yk are a complete set. O

3. SOLUTIONS OF MATRIX DIFFERENTIAL EQUATIONS

Now we consider block eigenvalues of the block companion matrix, in order to
obtain a general solution to the previously mentiondfedéntial matrix equation.

Theorem 3. Let P(X) be a matrix polynomial and le€ be the associated block
companion matrix, if the matrices, ..., Yk are a complete set of block eigenvalues
of C, andWj, . .., W are the corresponding block eigenvectors . Then every solution
of P(&)x = 0is of the form

X(t) = (W12 + ... + Wiz, (3.1)
where(W, ), is the top submatrix af rows ofW,, fori = 1,2,... kandz,...,z € C".

Proof. From [5], p. 512, we have
X(t) = Pe*'z,
with P = [ ln Oy ... Op ] andz e C™ s arbitrary. Now let, ... ., Wi be block

eigenvectors o€ corresponding to the block eigenvalués.. ., Yk, thus we have
from Theorem 2

CWwa -+ Wi|=[Wa -+ W]diag(Ys,.... ).
now we writeW = [Wl e Wk] and it follows that
x(t) = Pty — pgidiag(ty.... Yk)W’ltzz

= pwéagt--Ytw-1z = pwdiage™, ..., e YWz
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Considering thaPW = [ (Wi)1 --- (Wk)1 | and by writing
7
wiz=| : |,
Z
we get
VAl
Xt) = [ (Wa)et - (W) |
Z

(Wl)leYltZ]_ +...+ (Wk)lethZk.

O

The goal here is to get a general solution when it is not possible to achieve it with
solvents. We see this in the following example.

Examplel. Consider the dierential equation
P(dﬂt) x = XA(t) + ApxI(t) + Aox(t),

with codficients given by

~98/25 10§25 -112/25
4/5  -24/5 -4/5
22/25 3§25 -182/25

the associated matrix polynomial is

P(X) = X2 + AtX + Ay,

A= , Ap=| -7/5 42/5 -8/5

-46/25 -59/25 25125

89/25 —-294/25 316’25]

wherem = 2 andn = 3. We have that

2 2 -2 -2 5 3

Vi=|1 1]{, Vo= 2 2 -1 -1

11 1 1 1 1

are the Jordan chains Bf1) and the respective Jordan blocks are

3100
I = 2 1 3 = 0310

1=lo 2| 2710 0 3 1|
0 00 3

It can be verified that there are no nonsingular matrices of order 3 with the leading
vectors ofVy and V, (Jordan chains oP(1)), henceP(X) has no solvents at all,
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therefore a general solution Bf(d%) x = 0 in terms of solvents does not exist. On the
other hand, we havé = Sdiag(Js, J2)S™1, where

| Vi V2

| Vii V22

is nonsigular. Thus we have from Theorem 2 thatnd J, form a complete set of
block eigenvalues of and

Vi Vs
v e v |
are the corresponding block eigenvectors. Hence from Theorem 3 it follows that

every solution oP () x = 0 is of the form

X(t) = Viel'zy + Voe?z,.

The considered block eigenvalues are in a canonical form, but in general this is not
necessary. In fact, i¥1 andY, are any matrices similar td; and J,, respectively,
thenY; andY> are also block eigenvalues, as pointed out before. Thus if we write
Y1 =T 1T andY; = T;13, T2, with Ty and T, nonsigular. It follows that

C = SdiagT V1T L ToYT, s =
Sdiag(T1, T2)diag(Ys, Y2)diag(T1, T2) 'S™t =
Udiag(Y1, Y2U™,

whereU = Sdiag(T1, T2) is nonsingular and s¢; andY; are a complete set of block
eigenvalues o€ (from Theorem 2) with
dl VeT2
V2JaT2

ViTy
VidiTh
being the corresponding block eigenvectors. Hence from Theorem 3 every solution
of P(d%) x = 0 can be written in the form
X(t) = VlTleYltzl + VQTzethZZ.

Numerical procedures to compute a complete set of block eigenvalues can be
found in [7].
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1. INTRODUCTION

Let E be a real Banach space and Eet be an arbitrary subspace & with
codimE; = 1. Let alsop be a linear continuous functional dhwith kery = E;.
Finally, letP be a class of functionp : [0, +o0) — R, which are non-decreasing on
[0, +o0) and left continuous ofD, +0) and such that

tIirg+ pt)=p(@O0) and sudp(t+1)— p(t) < +oo.
- t20

Consider now the following dlierential-integral equation

n t
d-c>|<t(t) _ d+c>|<t(t) N kz{ f [dpi (W] Fie (x(W) = 0, t> s> 0, (1.1)

where:ne N; pre P, k=1,2,...,n;Fc:E—>E, k=1,2,..,n

are continuos mappings; the integrals in (1.1) are Lebesque—StiItjes%ﬁ(&;and

% arethe left and right derivatives of the solutiof(t) of (1.1) at the point,

respectively. Observe that at the point 0 the left derivative ofx(t) is %

whichis compatible with the requiremeptoljrp((t) =p(0), k=1,2,..,n, and the
continuity of Fy, k=1,2,...,n, onE.

As it is known (see, for example, [6]), each functipp(t), t > 0, k=1,2,...,n,
can be represented in the form

©2003 UniversiTy oF MiskoLc
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wherepc (t) is an absolutely continuous function on each segment of the farah [0
with a € (0, +0), while psi (t) and pyx (t) are the singular and discrete components
of pk (t), respectively.

If in (1.3) for everyt > 0

psk(t) =const k=1,2,..,n, (1.3)

then equation (1.1) is equivalent to dfdrential equation with impulse disturbance,
while if in (1.3) for everyt > 0

Psk (t) = const andpgk (t) =const k=1,2,..,n,

then equation (1.1) is equivalent to dfdrential equation without impulse distur-
bance. Such dierential equations have been studied in [3] and [8], whenElim
+00, and in [2]. Finally, note that if, in (1.3), for evety> O,

Pck (t) = const and psk (t) =const k=1,2,...n,

then equation (1.1) is equivalent to @fdrence equation, the theory of which has
been developed in [5].

The purpose of this article is to give conditions for oscillation of the solution of
equation (1.1) with respect to the subsp&gef the Banach spade. The notion of
such oscillation is stated and used successfully in [10] — [14] and [16] and is defined
as follows.

Definition 1. A solutionx(t) of equation (1.1) is said to be oscillatory with respect
to the subspack; of the Banach spacg, if for every numbea > 0 there are points
71,72 € (8, +00) such that

¢(11) ¢ (12) <0.

As it follows from [10] — [14] and [16], this definition is a convenient tool for the
investigation of oscillation of trajectories of dynamical systems with infinite dimen-
sional phase space. Note that, in the case wherkdim 1, the above definition of
the oscillation of a solution of (1.1) with respectigis equivalent to the correspond-
ing one given the real solutions of thdférential equations considered, for example,
in [9].

An interesting class of equations is the class dfedéntial equations with im-
pulse disturbance, which so far has not been investigatédisatly. Therefore, it
is very important for the theory of systems with impulse, as well as for the theory
of differential-integral equations to investigate the oscillatory nature of solutions of
equations of form (1.1).
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2. PRELIMINARIES

In order to state our main results, we need the following notions and assumptions.

() Assume that for any numbeg > 0 and for any sefxi, xo} c E equation
(1.1) admits a unique solutiax(t), which is defined and continuous on §8») and
satisfies the following two conditions:

X(to) = X1 (21)
and dox(t)
L+ X (lo _
at X2, (2.2)

where, if(x1, Xo) € E2, thenx(t) € E; for all t > to.
A solution of (1.1), satisfying (2.1) and (2.2), will be denoted by

X (t, to, X1, X2) .

For some sfiicient conditions, concerning the requirement (1), see [17].
(I1) Consider the sets

Ex={xeE:p(X)>0} andEz={xeE:¢(X) <0},
and the continuous mappings
Fk:E—->E, k=12..,n. (2.3)

Assume that the setS;, E; and E3 are invariant ones with respect to each of the
mappings (2.3), i.e.,

FEicEjforallk=1,2,....n,and alli = 1,2, 3.

(1) Let Dy be the set of all points of [@-0) in which the functionpx = pk (t) is
differentiable, and leD be the intersection of the sdlx, k = 1,2, ...,n. Denote by

@y the set of functionz = z (t) which are continuous on [8-) and diferentiable
on D with values inEj, i = 1, 2, 3, for each of which

(@), k=21,2,..,n,

is a monotone non-decreasing on{0o) function.
Note that, because of the inclusipne P, the set [0+c0)/Dy has zero Lebesque
measure.

3. MAIN RESULTS

Here we formulate and prove affuient result (Theorem 1) and a necessary result
(Theorem 2) as follows.

Theorem 1. Consider equation (1.1), subject to the conditions (I) — (lll), and assume
thatfork=1,2,...,n:

@) inf £ > 0 forall zedyU s,
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(i) The improper integrals

f de (2(1))
. ¢ (Fk(z(1)))
converge for alz € ®, U @3 and
(i) 3 [ tdpc(t) = +oo.
k=1 o

Then all solutionsx(t, 0, X1, X2), where(xy, Xo) € E2\ E2, of equation (1.1) are
oscillatory with respect to the subspaEe.

Proof. Let z(t) be non-oscillatory with respect &, solution of (1.1), for which

( ). d+z(0))¢ E2. (3.1)

Then, without loss of generality, we can (and do) suppose that for aam(8, + )
¢(z(@) >0 and ¢(z()) >0, t>a (3.2)

Since, in view of (1.1), for arbitrary> aands > t

dz(9 d+ozlt(t) £y f [dpc(W)] =

ds
k=1Y

and consequently fa>t >0

<p(d‘z(s)) (d*z(t))+§l f dnWle(FezW) =0, (3.3)

ds

and, by (1) — (Ill) and (3.2), we have

n

S
>, [ 1dn@le Fez) > 0
k=1Y
for allt andswith s> t > a, we conclude that the functiqm(d+dzt(t)) is non-increasing
on [a, +o0). Thus, the functio (z(t)) is concave ond, +) (see, [18], page 17) and,
in view of (3.2) and the concavity of the functigrn(z(t)) on [a, +), we derive that

t—+00

lim ¢(d+§t(t)) —¢, cel0,+). (3.4)
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Now, (3.4) and (3.3) imply that functiop (z(t)) is monotone non-decreasing on
[a +o0) and for allt > a

(d+z(t)
Y

dt ): C+;J[dW(U)]¢(Fk(Z(U))). (3.5)

Denote bys the least of the numbers
B (GACIC))
20 ¢ (Fic (z(1)))
which, by (i), is positive. Taking into account the inclusioa ®@,, (ii) and (3.5), we
see that

>0, k=12 ..n and ze ®, U O3

+00 +o00 MQ
de(z(1)) de(%7Y)
too > af P (AEQ)) >a+f1 G —

+00

= [ le(t)»(“él tfoo[tlllfk(tl)]90(F|<(Z(U))))dt2

a+l
+00 [ 400 +00
> [ (f [dpc (u)] ‘;((FFkk((ZZ((Lt‘)))))))dt >6 [ (t-a-21)dp(t),
a+l \'t a+l
which implies that the improper integrals
+00
ftdp((t), k=12,..n,
a+l
are convergent. But this contradicts (iii). The contradiction obtained shows that the
assumption (2.3) is false and the proof of the theorem is complete. O

In order to state our next result, we need the following

Definition 2. A mappingh : E — E is called Lipschitzian, if for arbitraryp € E and
r € (0, +o0) there exists a constam > 0 such that

Ih(x) —hWlle < M[Ix-VYlle
forall x,ye B(b,r) = {xe E: ||x-bllg <r}.

Theorem 2. Consider equation (1.1), subject to the conditions (I) — (Ill), and assume
that:
(iv) the mappingsy, k=1,2,...,n, are:
(a) locally Lipschitzian, or
(b) completely continuous;
(v) the functiongx € P, k= 1,2, ...,n, are continuous of0, +o);
(vi) all solutionsx(t, 0, x1, X2), where(xg, X2) € E2 \ E2, of equation (1.1) are
oscillatory with respect t&.
Then condition (iii) of Theorem 1 holds, i. e.,
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n Tt
(i) Y [ tdpc(t) = +oo.
k=1 o

Proof. Case 1.The mappingsx, k = 1,2,...,n, are locally Lipschitzian, i.e. (iv,a)
holds. In this case, assume that (iii) is false, i.e.

o<y’ [ano < o (3.6)
k=179

For an arbitrary vectoy € E, U Es, and a closed baB(y,r), r > 0, for which
E1 N B(y,r) = 0, consider the equation

n +00
20=y- ) [ 1dp@Iu-)Fc). t>a @.7)
k=1Y
whereais chosen in such a way that
[dp«(U) [(u-a) surJ IFk(Qllg < T (3.8)
k— xXeB yr
and
n +0o0 n +00
sup kzl  [dpe ()] (u—t) Fy (zz (W) - kzl [ [dpc@]u-1t)Fe(zz )| <
> =1t =1t E
<3 supliz. (t) - 22 (Dlle
>a
(3.9)
for all E-valued functionsz (t), i = 1,2 which are continuous and bounded on

[a, +o0) for which
supliz () -ylle <r, i=12
t>a

Note that, because of (iv,a) and (3.3), the relations (3.8) and (3.9) are valid.
Next consider a Banach spa¥ef E-valued functions< = x(t) which are contin-
uous and bounded om,[+c0) with the norm

IXIle = suplix(t)lle -
t>a

Furthermore, consider a bounded, closed and conveX sétall functionsx € X,
such thatx € B(y,r) for allt > a, and an operatdd : X — X defined by the formula

UI®=y- ] [ Idp] - Felx(w) . t> 2 (3.10)
k=1%

Using (3.8) and (3.9), from (3.10) it follows thatY c X and|Uv-Uw||x <
%||v— w|xfor all v,w € Y. Hence, applying the contraction mapping principle (see,
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[15], page 72), we conclude that there is a funci@nY which is a solution of equa-

tion (3.7). The same functionis also a solution to equation (1.1). Indeed, by (3.6)
and (v), we see that

S =lim 12O - z(t-€) = lim ( z+f [dpx (U] (u—t) Fi (W) +
k=1 t

+ 3, T lap) -t ) (et -

J -
l(szltf 0P ] Fi(z() + £ [ 1dR] = t+6) Fe(z(w) -
t

= Z f [dpc ()] Fi (z(u)) + lim kﬁ [ [dpc(u)] R (z(u)+
k=1 t

=lt—¢

+lim ; f[d|q<(u)] Fi (z(u)),

where the two last terms tend to zero, because the integrand functions are bounded on

[t-e.1], t\t/ [Pk] = pis t\t/ [px] = pc®)—pk(t—¢), k=1,2,...,n, and the functions
pk (1), k=1,2,...,nare continuous on [-). Therefore, it follows that

20 . kZ’I tf [P ()] Fie(2(1)) (3.11)
In the same manner we see that
S = lim 2 (z(s+2) - 2(9)) = IgiLnoé( kzlsl [dpc (W] (U= S &) Fr (z(u)) +
) :fm[dm(U)] (u-9 Fk(Z(U))) = lim g(g él [dpe (U)] Fi (z(u)+
+ 3 T ian@iRcew) -
-3

3 [ 1dn @I Fc@@) + im 5 [ [dp )] SR 2)-

(=N

M3 m%‘gw%

&

I
—0

=~
I

1

J [dpc (W] Fr(z(u) =él fm[dp«(U)] Fk (z(u).

(3.12)
Subtracting (3.12) from (3.11), we obtain

dzt) d, z(s)
at

Z f [dp (W] Fi (z(u))-

n n ft
—kZ f [dpec(U)] Fi(z(W) = = 3 [[dpe(W)] Fr (z(W),

=1 s k=1s
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which was to be shown. As an elementYgfthe functionz(t) is not oscillatory with
respect tde;. By (1) — (ll), there is a solutiory (t) of equation (1.1), which coincides
with z(t) on [a, +0). For this solution it holds

(y(O),"*;’—fo)) cE?\E2

and, due to the uniqueness of a solutidt) of (1.1), we see that

d.x(0) _ duy(0)

x(0) =y(0) and i

Note that, if
d. x(0)
(X(O) ’ +dt ) € E%’

then equation (1.1) has a solutimit) for which

(x(O), d‘;(t(o)) cE? forall t>0.

From the above observation it follows that, if (iii) does not hold, then equation (1.1)
has a non-oscillatory solutian= x (t) with respect tde; for which

(X(O) , d+;|<t(0)

But this is a contradiction, which, in the case when the mappind = 1,2, ...,nare
locally Lipschitzian, proves the necessity of the condition (iii) for the oscillation of
solution of (1.1) with respect tg;.

Case 2.The mappingsy, k = 1,2,...,n, are completely continuous, i.e., (iv, b)
holds.

Assume that (iii) does not hold. Then (3.6) is satisfied. y.et E; U E3 be an
arbitrary vector and lat > 0 be a number such theg N B(y,r) = 0. Next, consider
the equation (3.7), whera € [0, +0) is such that (3.8) holds. Such a choiceaof
is possible because of (3.6) and the compactness of the magfaings= 1,2, ...,n.
Further, as in Case 1, consider the Banach spatikee bounded, closed and convex
setY of all functionsx € X for which x(t) € B(y,r) for all t > a, and the operator
U : X —» X defined by the formula (3.10). By (3.10) and (3.8), it follows that
Uy c X.

Consider now the function

2 2
)eE\El.

S(t) = LZf(u—t)dp((u),tza,
k=1t

where
L= max |[Fxk (X)lle -
1<k<n
xeB(y,r)
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For arbitraryy € Y andt, s€ [a, +0), t > s, we see that
I(Uy) (t+) - (Uy) (9llg = .
= szl [ [dpc(U)] (u—1) Fe(y(u)) - X [ [dpc(U)] (u - 9) Fi(y(u)
=1t =1ls

E

<
E

n t n +o©
= ’kgl [dpc ()] (U—1t) Fi(y(w) - (t—9) kg [ [dpc(U)] Fic(y (u))

1t
< L(t—s)é]l\;/[pk]+ Lt—95().

Hence, in view of the fact that

t+1
sup V [pk] < +oo,
1<k<n t
>0
and because of the boundedness of the funétipnon[a, +o0), we conclude that the

set of allze UY is equicontinuous org[ +o). Since for everg e UY
lz(t) -yllg <6(t), t>a

and
lim 6(t) =0,
t—+o00

in view of (i) and the generalized Arcela theorem (see, [4], page 110), we conclude
that the setJY is relatively compact. Thud) : Y — Y is a completely continuous
mapping. Consequently, according to Schauder’s Fixed Point Theorem (see, [7],
p. 37), the mapping) has a fixed point € Y, which is a solution of the equation
(1.1) on B, +).

Finally, using arguments similar to those in Case 1, we come again to a contradic-
tion. Therefore, the necessity of the condition (iii) for the oscillation of the solution
of (1.1) with respect td; in the case of compact mappikg, k=1,2,...,n, is also
established.

The proof of the theorem is complete. O

4. APPLICATIONS

Let T be an arbitrary countable set of real numhkgysn € N with

O<ti<bh<..<ty<.. and lim tp, = +o0.

n—+oo

Moreover, let fome N
Ck:[0,+00)\ T - [0,+0), k=1,2,...,m
be bounded and continuous functions,

Ok: T —[0,+c0), k=m+1m+2..,2m
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be arbitrary mappings with a bounded set of values, and
Gk:E—>E, k=1,2..,2m
be continuous mappings, for which
GkEicE forall k=1,2,...,2m and i=123.

Then, consider an impulse system, described by the equations

B0+ 5 G (X)) =0 104\ T,

©X _ o dxt“) ¢ T AOGXE-0) =0 teT, *1)
x(t+0)—x(t—0)—x(t) teT.
Furthermore, let
pk=pc) e, k=1,2..2m,
be functions defined as follows
t
[e(9ds for k=1,2,..m
() =1 o
> k() for k=m+1m+2,..,2m,
se[0,t)NT
t
Wheref Ck () dsis a Lebesque integral, while
0
pck) =0, k=m+1m+2..2m if [0,)nT =0,
and consider the equation
n
d- é‘(t) d+x(t) +Zf dpc(U)] Ge (X(W), t> 530, (4.2)
k=1

It is not difficult to see that every solution of system (4.1) is a solution of equation
(4.2) and vice versa. Therefore, Theorem 1 can be used to investigate the oscillation
of solutions of system (4.1). As an application of Theorem 1 to system (4.1), we state
the following result.

Theorem 3. Consider system (4.1) and assume that for arbitrary elemanis € E
system (4.1) has a unique solutir(t, O, X1, X») defined orf0, +0) ;

. ¢G@()

in >0, k=1,2,...,2m,
st20 ¢ (Gk (z(1)))



OSCILLATION OF NONLINEAR DIFFERENTIAL-INTEGRAL EQUATION 63

forall ze &, U @3;
the improper integrals

J‘P(Gk(Z(t)))’ k=12,..,2m

converge for allz € ®, U @3, and

+00

m 2m
fthk(t)d'HZt Z Ok (t) = +oo.
0 k=1 teT  k=m+1

Then for arbitrary(xa, X2) € E? \ EZ solutionx (t, 0, Xy, Xo) of system (4.1) oscillates
with respect tde;.

Remark 1. 1. For sdficient conditions, ensuring the fulfillment of the conditions (B)
and (C) of Theorem 3, see [16].

2. As it is shown in [16], in the case of locally Lipschitzian or completely con-
tinuous mappingSy, k = 1,2,...,2m, the fulfilment of the condition(D) is also a
sufficient condition for oscillation of solutiorns(t, 0, X1, X2), with (x1, Xo) € E? \ E2,
of system (4.1) with respect .

3. Necessary and ficient conditions for oscillation of system (4.1), when=
1, dimE = 1 and conditior(C) is not satisfied, can be found in [15].

A special case of Theorems 1 and 2 is the following result, due to F. Atkinson [1]:

Theorem 4. Let p (t) be a continuous and positive function for 0, and letmbe an
integer greater than 1. Then the condition

+00

ftp(t) dt = +o0

0

is a necessary and gicient one for oscillation of all (except trivial) solutions of the
equation

y’ () +p@)y"™ () =0.
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AsstrAcT. In this paper the two dimensional linear Volterra type of integral equa-
tions containing singularity or super-singularity in the kernel function is considered.
For different values of parameters in the integral equations existence theorems are
proved for homogeneous and inhomogeneous equations.
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1. PROBLEM DESCRIPTION

Let D denote the rectangle = {(X,y) :a< X< Xg,bp <y < b}, 1 ={a<x<

X0, Y=Db}, T2 = {X=a, bp <y < b}. Inthe domainD we consider the following
integral equation

U(x,y)+/1f(LtJ(82dt yf(%(xs;)

(1.1)
+5f ar a)“ f (Ltj,(tss)gds(x y)=f(xy)

wherea > 0, 8 >0 and/L_y, 0 are constants, the right-hand side functi¢r, y) €
C(D) is a given function irD, such that it vanishes on the linEg T'».

If the integral equation (1.1) has a solution and the corresponding integrals are
convergent, then passing to the limitin (1.1)yas>» b andx — a, we obtain o™,
andI'; the following two one-dimensional Volterra type integral equations:

b

V) -1 [ posrds=f(ay) 1.2)
CuUtb)

UGcb)+ 4 | Ggnrdt= f(xb) (1.3)

©2003 UniversiTy oF MIskoLc
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The equations (1.2) and (1.3) are studied in detail in [1], [2].

It should be noted that the integral equation (1.1) under the following restrictions
for the pairs of parametets< 1, <1, a<1, B=1;a=1 B<landa>1 B>
1 was investigated in [3], [4].

In this paper the general solution of the integral equation (1.1) is constructed for
the pairse = 1, 8 > 1 anda > 1, 8 = 1. It will be established that for certain values
of parametergl and u the corresponding homogeneous integral equation (1.1) has
an infinite number of linear independent solutions and for other valuds pfthe
homogeneous integral equation (1.1) has no other solutions than the trivial solution.
Under some additional conditions it will be proved that the inhomogeneous integral
equation (1.1) for certain values af u is solvable, and for some other values of
A, p has a unique solution. In the case wides —Au in (1.1), the solution can be
found using a well known approach.

It seems to the authors that the integral equation (1.1) with super-singularity has
not been studied yet.

2. SINGULARITY ON THE FIRST AND SUPER-SINGULARITY ON THE SECOND VARIABLE

Theorem 2.1Let us suppose that =1, 8> 1, 4 >0, A < 0,andé = —Au in
integral equation (1.1). Moreover, assume that the behaviour of the right-hand side
functionf(x,y) € C(D) is determined by the following asymptotic formulae

f(xy) = olexpuaf(y)(b - y)"*], y1 > B (2.1)
W) = [(B- b -y

asy — b and
f(xy) = ol(x—a)?], y2 > |4, (2.2)
asx — a.
Then the corresponding homogeneous integral equation (1.1) in the class of func-
tionsC(D) has an infinite number of linear independent solutions. The non-homoge-

neous integral equation (1.1) is always solvableG(D) and its general solution
containing four arbitrary functions is given by the following formula

U(x,Y) = expl-ua (V)]pa(x) + (x— a) "y (y)+

b
+ (x— a) " expluct(y)] f expluat (9]ya()dst
y

+ (x— ) explucf )] f (t - a) oot + F(xy)-
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X b

_a . f (S - o
2 f 22y g0 f XPheR® — AW ¢ g5
y

(b—sy

a

X b

t-a,, dt [ expl(wy(s) - )] _
—/luf(x_a) t—af b_ f(t,9)ds=
a y
= Tl,ﬁ[(pl(x)’ QDZ(X)a lﬁl(Y)’ lﬁz(Y), f(X, y)]’ (23)
In (2.3) ¢j(x), ¥j(y),j = 1,2 are arbitrary functions defined ofy, I'>, such that
¢j(x) € C(I'1), ¥j(y) € C(I'2) (j = 1,2) satisfying the following conditions as—
a,y—b:

e1(X) =0o[(x—a)”®],y3>0 asx—a (2.4)

v1(y) = ol(b—y)“l.ya>B-1 as y—-b (2.5)

2(¥) = of(x - a)"® expCpah())]. vs > 1Al as x— a (2.5)
way) = ofexp(-uawp(y))(b - )], y6 > -1 as y—b. (2.7)

Proof. The proof of Theorem 2.1 essentially uses the theory of partigdrdntial
equations of hyperbolic type with singular and super-singular lines [5], [6]. For the
values of parametera = 1, 8> 1, 1 <0, u > 0 let the integral equation (1.1) have

a differentiable solution in the doma. Then by diferentiating (1.1) with respect

to x andy, we get the following equality

U 1 U u oU 1) A

AXoy Tx—aox b-yPBox (x-a)b-yPB  oxdy
Thus we reduce the given problem to finding a solution of the so-called model type
second order linear hyperbolic equation with one singular linE0and one super-
singular line oT’2. The theory of the model equation obtained above is constructed
in [5-6]. According to [5-6], the solution of the model equationfox O, u > 0, § =
—Au has the form:

U(xY) = expl-uaf(y)]ea(x) + (x— &)y (y) +

b
+ (x— ) explucf )] f expluat(9ua(9ds +
y

+ (x— ) explpucf )] f (t - a)'ea(t)dt -
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X

b
- 2
- (622t [ explutuf(® - ofsds

a y

Performing the necessary transformations in this expression and using the conditions
of Theorem 2.1, we get the integral representation (2.3), which is obtained by suppos-

ing thatfj—afy € 0(5). By direct computation one can check that under the conditions
of the theorem the solution having the form (2.3) satisfies the integral equation (1.1)

even in the case whef(x, y) € C(D). O

Theorem 2.2Let us suppose that =1, 8> 1, u <0, 1 >0, 6§ = —Auin the
integral equation (1.1) andf(x,y) € C(D). In addition, assume that on the lines
I'1, T'> the functionf(x,y) € C(D) possesses the following asymptotic properties

f(xy) = ol(x-a)"], y7 > 0, (2.8)

asx — aand
f(xy)=ol(b-y)*l. ¢ >p5-1 (2.9)
asy — b.

Then on the one hand, the corresponding homogeneous integral equation (2.1)
has only the trivial solution in the class of functio@¢D). On the other hand, the
non-homogeneous integral equation (1.1) is always uniquely solvaBihand its
solution is given by formula

U(Xy) = T15[0,0,0,0, f(x,y)]. (2.10)

Theorem 2.3.Let us assume that in the integral equation (b} 1, 8> 1, u <
0, 1 < 0, 6§ = —Au and the asymptotic behaviour of the functidi{x,y) € C(D)
is determined according to (2.2) and (2.9) as— a and asy — b, respectively
Then the corresponding homogeneous integral equation (1@{0x) has an infinite
number of linear independent solutions. Moreover, the non-homogeneous equation
(1.1) inC(D) is also always solvable and its general solution contains two arbitrary
functions defined oh, and given by the following formula

U(xY) = T14[0, 0,1 (y). v2(y), f(x )], (2.11)

wherey1(y), w2(y) arbitrary functions defined oh, such thaty1(y) has the property
(2.5) andy»(y) satisfy the condition

Ya(y) = o[(b—-y)**], yo > B - L (2.12)

asy— b

Theorem 2.4. If in the integral equation (1.1y = 1, 8> 1, u > 0, A2 >
0, 6 = —Au and the right hand side functiof(x, y) € C(D) vanishing o, has the
asymptotic property (2.1) ag — b, then the corresponding homogeneous integral
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equation (1.1) irC(IS) is always solvable. In this case the general solution contains
two arbitrary functions defined dr, and can be written in the form

U (X’ y) = Tlﬁ[(pl(x)’ QDZ(X)’ O’ 0’ f(X, y)]’ (213)

wherep1(X), ¢2(X) are arbitrary functions defined oy such thaty,(x) satisfy con-
dition (2.4) asx — a and foryg,(X) € C(I'1) holds the equality

@2(X) = o[(x = a)"*°], y10 > 0.

asx — a.
Remark 2.1. Under the conditions of Theorem 2.1 the solution of the f¢2n3)
vanishes o'y, I'; according to the following asymptotic formula

U(x,y) = o[(x—a)"], y11>0, as x— a,

U(xy) =o[(b-y)*]. y12>B~-1 as y—b.

Remark 2.2. If the conditions of Theorem 2.2 hold, then the solution of the form
(2.10) vanishes oh, I'; satisfying the following relations

U(x.y) = ol(b-y)"*], y13> B - 1, (2.14)

b

.
U(ay) = f(o,y) - f(o,y) + u f explu(wy(s) b))
y

(b—sy

f(a, s)ds-

b

_jme%Q—%Mﬂ
(b-sp

f(a,9)ds=0

asx—a, y— b
Remark 2.3. Under the conditions of Theorem 2.3 the solution of the form (2.11)
vanishes o'y, I'; satisfying the following relations as— a, y —» b

Uxy) =o[(x-a], as x— a,

U(x,y) = o[(b-y)’], as y— b.

Remark 2.4. If the conditions of Theorem 2.4 are satisfied, then the solution (2.13)
vanishes oifr;, I'; such that the following asymptotic formulae holdas> a, y —» b

U(x,y) = o[(x—a)"], y14>0, as x— &,

U(xy) = olexp-uwf ()], as y— b.
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3. SUPERSINGULARITY ON THE FIRST AND SINGULARITY ON THE SECOND VARIABLE

Theorem 3.1.Let us assume that in the integral equation (b} 1, 8 =1, u >
0, 1 <0, 6 = —Au, and the right hand side functiof(x,y) € C(D) satisfies the
following asymptotic relations
f(x.y) = olexp(wyz(X))(x— )], y15> @ —1 (3.1)
asx — aand
f(x.y) = o[(b—y)"*], y16 > 1, (3.2)
asy— b. _
Then the corresponding homogeneous integral equation (1@jin has an infi-
nite number of linear independent solutions. Besides, the non-homogeneous integral

equation (1.1) inC(D) is always solvable and its general solution containing four
arbitrary functions defined oh1, I'; has the form

U(xy) = (b - y)e1(x) + expllwg (X)]¥a(y)+

+ (b - yy* expliw; (X)] f (b—5)"y2(s)ds+ (b - y)* expldw; (X)]x

a

x [ ek acileadt+ 10cy) -2 f

X

expi(wa(X) — wa(D)]
(t-a)”

b
f(x 9)
+'uf(lo S) d_/lf(bsbs
y

expA(wi(X) — wi ()]
8 f (t-a)

f(t,y)dt+

f(t,9ds=

a
= Toale1(X), p2(X), Ya(y), v2(y), F(x Y1, ~ (33
wherew?(X) = [(« - 1)(x — @)*~1]71, and the arbitrary functions;(X) € C(I'1) and
vi(y) e C(I'2), j = 1,2 satisfy the following asymptotic relations s~ a, y — b

p1(x) = o[(x — @)"*" explwy(X))], y1i7> -1, as x—a, (3.4)
ya(y) = ol(b-y)"**], 18>0, as y—b, (3.5)

w2(X) = o[explwz (X)) (X —a)**°], y1.9>a -1, as X— a, (3.6)
Yo(y) = o[(b-y)’"*], y20>u, as y—b. (3.7)

From the integral representation (3.3) it follows:
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Remark 3.1. If the conditions of Theorem 3.1 are valid, then any solution of the
integral equation (1.1) vanishes dhand I'; asx — a, y — b in the following
manner

U(xy) = o[(x-a)*],y21>a~-1as x—a
U(x.y) = o[(b-y)"*], y22>0,as y—b.
Theorem 3.2.Letus assumethat> 1, =1, u <0, 1 >0, 6 = —Au hold in the
integral equation (1.1) and the functiof y) € C(D) has the asymptotic behaviour
f(xy) = ol(x-2a)*], y23>a -1,
asx — aand
f(xy) =o[(b-y)*], y24>0
asy — b. _
Then the corresponding homogeneous integral equation (1.C([) has only

the trivial solution, while the inhomogeneous equation (1.1) is uniquely solvable in
C(D). The solution is given by the formula

U(Xy) = To1[0,0,0,0, f(x,y)]. (3.8)

From Theorem 3.2 it follows:
Remark 3.2. Under the conditions of Theorem 3.2 any solution of the integral
equation (1.1) vanishes @nandI'; having the asymptotic behaviour

U(x.y) = o[(x—a)"*], y25 > a -1,
asx — aand

X

U(x,b) = f(x,b)—/lf

a

expli(wa (X) — wa(D)]
(t—a)”

f(t, bydt —

X

_f(x.b) +/lfexp[/1(wg(x) — wa®)] f(t.b)dt=0

(t—a)

asy — b.

Theorem 3.3. Let us suppose that in the integral equation (1.1) the relations
a>1 B8=1 1<0, u<0, § =—-Auhold and the functiorf(x, y) € C(D) fulfils the
following asymptotic relations

f(x,y) = o[(x—a)"%], y26>a -1, asx— a
and
f(x,y) =o[(b-y)"#], y27>Iul asy—b

Then the homogeneous integral equation (1.X3(B) has an infinite number of lin-
ear independent solutions. Moreover, the non-homogeneous equation (CM)in
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is always solvable and its general solution contains two arbitrary functions and has
the form

U(x,Y) = Toa[0, 0, yra(y). wa(y), f(x Y] (3.9)
wherey1(y), ¥2(y) are arbitrary functions such that; (y) satisfy the condition (3.5)
while for the functiony»(y) holds the following relation
ya(y) = o[(b—y)"**], y28 > 0

asy — h.

From the integral representation (3.9) it follows:

Remark 3.3. If the conditions of Theorem 3.3 hold then any solution of the inte-
gral equation (1.1) vanishes dn, I'> with the following asymptotic behaviour

U(xy) = olexp(lwa(X)], as x — a,

U(x.y) = o[(b - y)"*], y29 > 0.

In the case when the paramet@randu are positive, we have the assertion:

Theorem 3.4.Let us assume that in the integral equation (1.1) the relations
1,8=121>0 u>0, 6 =—-Au hold and for the functiorf(x,y) € C(D) the
following asymptotic relations

f(xy) = ol(x — &) exp[-Awg(X)], y30 > @ - 1,
asx — aand
f(xy) =o[(b-y)"*], ya1>p.as y—-b

hold. Then the homogeneous integral equation (1.1) has an infinite number of linear
independent solutions in the class of functi@P). The non-homogeneous equation
(1.1) is also solvable i€(D). The general solution contains two arbitrary functions

U(X.Y) = Teale1(X), ¢2(X), 0,0, f(x, y)], (3.10)
wherep1(X), ¢2(X) are arbitrary functions satisfying the following conditions
e1(X) = o[(Xx—a)"*], yz2>a -1,

p2(X) = o[(x—a)"*], ysz>a -1
asx — a.
From Theorem 3.4 it follows:
Remark 3.4. Under the conditions of Theorem 3.4 any solution of the integral
equation (1.1) vanishes an, I'; with the following asymptotic properties

Uxy)=0o[(x—a)*], yas>a—-1as x—a

U(x,y) =0o[(b-y)*],as y—h.
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4. SERIES REPRESENTATION OF THE SOLUTION WITH RESPECT TO ONE OF THE VARIABLES

It is easy to see that in the case witea —Au the problem of finding the solution
of the integral equation (1.1) is reduced to the solution of this equation Wwith
0, u=0.

For example in the case when> 1, s =1, u >0, 1 <0, § # —Au, finding the
solution of equation (1.1) is reduced to studying the solution of the following integral
equation

b
V(X, y)+61f(t 27 \Q(Ez)ds:G(x,y), 4.1)
y

wheres; = 6 + Ay,
V(x,y) = (b —y) ™ exp[-Awz (¥]U(X.Y),
G(x,y) = (b= y) y1(y) + expl-Awg (X)]p1(X) +

X

b
+fexp(—/lwg(t))<p2(t)dt+f(b—S)_“t//z(s)ds+

a

+ (b - y) ™ expAwa (9] F(x.y) — A(b - y)™ x

 expEAw O] (L)
% f (t—a)

dt + uexp[-Awg (X)] x

f(X s)ds exp-1wl(t)]
(b S)/“'l f (b S)y+1 f (t _ a)a f(t’ S)dS

0i(X), ¥ily), ] __1,2 are arbitrary functlons defined dn, I'; such thatyj(x) €
C(I'y), yj(y) € C(I'2), j = 1,2 and these functions satisfy the conditions (3.4)-(3.6)
asx—a, y—bh.

Let us search the solution of the integral equation (4.1) in the following form

V(xy) = i(b —Y*Vi(X), 6 > 0, (4.2)
k=0

whereVg(x) are unknown functions.
Suppose that the functigB(x, y) has the following series representation

G(xy) = ) (b= y)**'Gi(), (4.3)
k=0

whereGy(x) are given functions. Moreover, assume that the series (4.3) converge
absolutely and uniformly.
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In this case in finding the solutions of the two-dimensional integral equation (4.1)
one should determine the solutions of the following one-dimensional Volterra type
integral equations

51 Vihat
6J (t—a)
a

Vik(X) + " = Gk(X), (4.4)

k=0,1,2,..., which were investigated in [1-2] in detail.
Using the technique from [1-2] for solving (4.4), we find that

Vk(X) = exp[ wa(X)]ck + Gr(X)—-

Gi()dt, (4.5)

5 feXp[+k+5(wa(X) wa ()]
K+o (t—a)

wherecy, ¢y, Cp, .... are arbitrary constants.

The solutions of the form (4.5) were obtained, supposing éhat O and the
functionsGg(x) € C(I'g) vanish in the poink = ¢ having the following asymptotic
behaviour

Gk(X) = o[exp(

y35>a/—1, k=0,1,2,....

In this case, we have the following assertion.

Theorem 4.1. Let us assume that in the integral equation (4.1) relatians
Lu>01<06=6+Au#0, 61 <0 (6 < |u) hold and moreover for the
functionG(x, y) the series representation (4.3) holds, whégx) are given functions
vanishing o’y with the asymptotic behaviour (4.6), where- 0. Then the corre-
sponding homogeneous integral equation (4.1) in the class of functions having the
series representation of the form (4.2) has an infinite number of linear independent
solutions of the form

L ws00) (x- ay), (4.6)

Vi(x,y) = exp[ 01 (x)] (b=y)*5, k=0.1,....6>0,

k+o

The non-homogeneous integral equation (4.1) in the class of functions having the
series form (4.2) is always solvable and this solution is given by the following formula

Vi y)—Zexp[ S6800| (6~ Y0+ G(x )~

(t—a)

whereck (k= 0,1,2,...) are arbitrary constants.

s [ (F expLEs (@i(X) - wl(B)] .
_k;k”[af G(t)dt| (b — y)*?.
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Theorem 4.2. Let us suppose that in the equation (1a1)> 1, 8 = 1, u >
0,1<0,01=06+Au+#0, 61 >0 (5 > |1u) and the functiorG(x,y) is presented
in the form (4.3), wher&y(x) are given functions such th&x(x) € C(I'1). Then
the corresponding homogeneous integral equation (4.1) is not solvable in the class
of functions having the series representation of the form (4.2). In this case the non-
homogeneous integral equation (4.1) has a unique solution of the series form (4.2),
which is given by the following formula

V(xy) = Gx.y) - fGl(X—yt)dt

o (4.7)

where

(wa(¥) — wa (D)]Gk().

k+6 k+(5

Gixy.) = 3 (b- 2 expl L
k=0

Remark 3.5. If the conditions of Theorem 4.1 are met, then the solution having the
series form (4.2) vanishes @i, I'> and its behaviour is determined by the following
asymptotic formula

V(x.y) = o[exp(-cwa(X))],
asx — a, wheree is a sifficiently small positive constant satisfying the conditions
e < &l and
V(Xy) =0[(b-Yy)"],y3s>0,as y— b.

Remark 3.6. Under the conditions of Theorem 4.2, the solution of the series form
(4.2) vanishes also and its asymptotic behaviour is determined from the following
equality

V(O,y) =G(0,y) —G(0,y) =0, as x— a,
i.e.,
V(xy) = o((b-y)™), ys7>0, as y—b.

The proof of the statements above can be carried out by using the technique pro-
posed in [5, 6].
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