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SECTIONAL SWITCHING MAPPINGS IN SEMILATTICES

I. CHAJDA AND P. EMANOVSKY
[Received: June 27, 2005]

ABSTRACT. Consider a Vv-lattice § = (.5, V) with a greatest element 1. An inter-
val [a, 1] for a € S is called a section. A mapping f of [a, 1] onto itself is called a
switching mapping if f(a) = 1, f(1) = a and for x € [a, 1], a # x # | we have
a # f(x) # 1. We study V-lattices with switching mappings on all the sections.
If for p,q € S, p < g the mapping on the section [g, 1] is determined by that of
[p, 1], we say that the compatibility condition is satisfied. We will get conditions for
antitony of switching mappings and a connection with complementation in sections
will be shown.

Mathematics Subject Classification: 06A12, 06C15, 06F99, 08BO05.

Keywords: semilattice, section, sectional mapping, switching mapping, compati-
bility condition

1. BASIC CONCEPTS

A mapping f : A — A is called an involution if f(f(x)) = x for each x € A.
Let (4, <) be an ordered set. A mapping f : A — A is antitone if x < y implies
f(») < f(x)forall x,y € A. Let 8§ = (S, V, 1) be a join-semilattice with the
greatest element 1. For a € S, the interval [a, 1] will be called a section (of ).
We will study semilattices with 1 where for each @ € S there is a mapping on the
section [a, 1]; such a structure will be called a semilattice with sectional mappings.
To distinguish among these mappings, we introduce the following notation:

for each @ € S and x € [a, 1], denote by x4 the image of x in this sectional
mapping on [a, 1]. Thus x — x¢ is a symbol for the corresponding sectional mapping
on the section [a, 1].

Hence, semilattices with sectional mappings can be considered as algebras with
partial unary operations x — x% whose number is equal to the cardinality of S. To
avoid the difficulty with the types of these partical algebras and to transform them
into total algebras, let us introduce the following:

Let & = (S, Vv, 1) be a semilattice with sectional mappings. Define the so-called
induced operation on S by therule x - y = (x Vv y)”.

This work is supported by Research Project MSM 6198959214 of the Czech Government.
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Evidently, “-” is everywhere defined binary operation on S since x vV y € [y, 1]
for any x, y € S. Also conversely, if “-” is induced on S then for each @ € S and
x €la,l]wehave x -a = (x V a)? = x.

Hence, the induced operation determines all the sectional mappings. Due to this,
semilattices with sectional mappings will be considered as algebras of type (2,2, 0)
in the signature (V, -, 1). For certain properties of sectional mappings we will specify
the corresponding properties of the induced operation and vice versa.

Lemma 1. Let 8§ = (S, V,-, 1) be a semilattice with sectional involutions. The
following conditions are equivalent fora € S':
(a) x = x% is antitone,
(b) the section |a, 1] is a lattice where

XAgy=(x*vyH? (De Morgan Law).

PROOF. (a) = (b): Since the sectional mapping on [«, 1] is an antitone involution,
it is a bijection and x, y < x V y implies x4, y* > (x Vv y)? and the existence of
supremum for x, y € [a, 1] yields existence of the infimum x A, y. Hence, x4 Agp¢ >
(x Vv »)4. However, x4, y% > x?% A4 y? thus, due to x = x?4, y = y%? we obtain
X,y < (x% Ag yH? whence x vV y < (x% Ag ¥4, de. (x V)¢ = x% Ag Y2
Altogether, we obtain (b).

(b) = (a): Let x,y € [a, 1] and suppose x < y. Then x V y = y and, by (b),
¥4 = (x v ) = x? Aq p¢ thus y? < x9, i.e. the sectional mapping on [a, 1] is
antitone. ]

2. SWITCHING MAPPINGS

We say that a mapping x — x¢ on the section [a, 1] is weakly switching if a® = 1
and 1% = a. In other words, a weakly switching mapping “switches” the bound
elements of the section.

Lemma 2. Let 8 = (S, V,-, 1) be a semilattice with sectional mappings.

(a) If for each p € S the sectional mapping x + xP? is an involution, then the
induced operation satisfies the identity

(x-y)y=0-x)- x=xVy an

(b) If for each p € S the sectional mapping x +— xP? is weakly switching and

the induced operation satisfies (11), then every sectional mapping is an invo-
lution.

PROOF. (a) Since x VV y € [y,1] we have x - y = (x V y)” > y. Thus, if the
sectional mapping is an involution, we infer

(x-y)-y=((xvy) vy =xvylV=xvy,
whence (I1) is evident.
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(b) Let each sectional mapping be weakly switching, let p € S and x € [p, 1].
Then x Vv p = x and, by (I1),

xPP = (x-p)-p=(p-x)x=((pvx)'vx) = x*vx)*  =(1vx)* =1 =x
and thus x — x? is an involution. O

Remark 1. Identity (I1) is called quasi-commutativity in [1, 2].

A weakly switching mapping x +— x? will be called a switching mapping if a #
x@ # 1 foreach x € [a, 1] witha # x # 1.

Remark 2. Every join-semilattice § = (S, v, 1) with a greatest element can be
considered as a semilattice with sectional switching mappings. One can take for each
a € Sandevery x € [a,1]a% =1, 1% = g and x* = x fora # x # 1. Hence, our
concept is really universal and very natural for semilattices.

Lemma 3. Let 8§ = (S,V,-, 1) be a semilattice with sectional switching map-
pings, let < be its induced order. Then x < y ifand only if x - y = 1.

PROOF. If x < y,thenx-y = (x v )Y = y¥ = 1. Conversely, if x- y = 1, then
(x v y)? =1 thus, since it is a switching mapping, x V y = y, whence x < y. [

The following lemma is almost evident.

Lemma 4. Let 8 = (S, V,-, 1) be a semilattice with sectional weakly switching
mappings. Then § satisfies the identities

x-x =1, 1-x=ux, x-1=1. (I2)

Theorem 1. The class of all semilattices with sectional switching mappings is
congruence distributive and weakly regular.*

PROOF. Consider the binary terms r1(x, y) = x - y and r(x,y) = y - x. By
Lemma 4, r{(x,x) = rp(x,x) = 1. Converesely, let r{(x, y) = r(x,y) = 1. By
Lemma 3, ityields x < y and y < x thus x = y. Applying Theorem 6.4.3 of [4] (the
Csakany Theorem), we conclude that the class ‘W of all semilattices with sectional
switching mappings is weakly regular.

Moreover, for ¢t (x, y) = y-x wehave f(x,x) = l and (1, x) = 1 (by Lemma 4);
thus, by Theorem 8.3.2 of [4], the class ‘W is arithmetical in 1 and hence distributive
in 1, i. e, [llJoan@vw) = [ll(@rd)v(@rw) for any A € W and ©, D, ¥ € Con A.
Since ‘W is weakly regular, this yields the congruence distributivity of ‘W. O

We are interesting in the question when sectional switching mappings are antitone.
For this, we use the identity involved in [3] (see also [5, 6]).

Theorem 2. Let § = (S, V,-, 1) be a semilattice with sectional switching map-
pings.

*That is, if ©®, @ € Con & and [1]g = [1]¢ then ©® = .
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(a) If & satisfies the identity
((x-p)-y)-2)-(x-2)=1 13)

then every switching mapping on & is antitone.

(b) If every sectional switching mapping on § is an involution then it is antitone
if and only if 8 satisfies (13).

PROOF. (a) Suppose z € S, x,y € [z,1] and x < y. By Lemma 3 we have
x -y = 1 and, by Lemma 4 and (I3) we infer

-2 x-2)=(1-y)-2)-x-2)=x-y)-p)-2)-(x-2) =1
By Lemma 3 we have y -z < x-zand thus y* = y-z < x -z = x?%.
(b) Let the sectional switching mappings on & are antitone involutions. By Lemma
2wehave (x-y)-y=xVJ.
Sincexvyvz>xvzandxVvVyVvz,xVvzelz1],weobtain ((x-y)-y)-z=
(xvyvz) <(xVvz)? =x-z. By Lemma 3 weinfer (((x-y)-y)-z)-(x-z) = 1.
The converse is given by (a). (]

3. THE COMPATIBILITY CONDITION

We will consider a semilattice with sectional mappings where the mapping in a
smaller section is determined by that of a bigger one. More precisely, we say that
8 = (S, vV, 1) satisfies the compatibility condition if

p < q < x implies that x9 = x? v ¢q. (CC)
It is easy to verify that (CC) can be equivalently expressed as the following identity

(yvz)-(xvy)=(yVvz) -x)V(xVy) (CCD
sincex <xVy<xvyvzand(yvz)-(xVvVy)=(xVvyvz) &) (pvz).x =
(x v yvzo)X

Let us also note that the compatibility condition is satisfied for complementation
in any Boolean semilattice (see [1]) and in any orthomodular semilattice [2], its mod-
ification holds also for semilattices with sectionally antitone involutions which are
implication algebras for MV-algebras [6].

We are going to show that (CC) does not imply either antitone or involuton of
switching mappings.

Example 1. Let 8 = ({p,x, y,z,1},V,-, 1) be a semilattice depicted on Figure 1,
where the sectional mappings are given as follows:

on[p,1]: xP=yP =z 2=y, pP =1, 17 = p,
on[x,1]: x¥=1, 1" =x,
on[y,1]: y’' =1, 17 =y,

on[z,1]: zZf=1, 17 =z,
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on[l,1]: 1'=1.

P
p

FIGURE 1. FIGURE 2.

One can easily verify that (CC) is satisfied by § and all the sectional mappings are
antitone switching mappings. However, a > a? is not a bijection since x # y but
x? = yP,

Example 2. Let 8 = ({p,a,b,c,x,y,z,1},V,-, 1) be the semilattice shown on
Figure 2.

The sectional mappings are defined as follows:

on[p,1]: xP=a, y?»=c, z? =b,a’ =x, ¢’ =y, b? =z, p? =1,
12 = p,

on[y,1]: x¥Y=a,a¥=x, =1, 1"=y,

on[c,1]: z¢=b, b=z, =1, 1I° =c,

on[x,1]: x¥=1, 1" =x,

onfa,1]: a* =1, 1% =a,

on[z,1]: zZZ =1, 17 =z,

on[b,1]: > =1,10 =0p,
on[l,1]: 11 =1.
It is easy to verify that all of them are switching mappings satisfying (CC) and,

moreover, they are involutions. However, the mapping v > v? is not antitone, since
y < xbutx? = a, y? = c are incomparable.

Lemma 5. Let 8§ = (S, V, -, 1) be a semilattice with sectional mappings satisfying
the compatibility condition. Then

(@) x vx? =1foreach p € S and each x € [p, 1];
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(b) If z — z? is a switching mapping for p # 1, then xP # x and if x < y then
x? #£ yP foreach x,y € [p,1];

(¢) If all the sectional mappings are switching, then no section of 8 can be a
chain with more than two elements.

PROOF. (a) Since p < x < x, we infer directly by (CC) 1 = x* = x? v x.

(b) If z > z? is a switching mapping on [p, 1] and x, y € [p, 1], then if x? = x,
by (a), we obtain 1 = x? v x = x and, hence, | = x? = 1? = p, a contradiction.

If x < yand x? = p?, then, by (CC) and (a), y* = yP vx =xPvx = 1.
Since the sectional mapping is switching, it yields y = x, a contradiction.

(c) Suppose that [p, 1] is a chain with more than two elements. Then there exists
x e€[p, 1], p #x # 1. Wehave x? # p, x? # 1land, by (a), ] = x? vx =
max (x, x?), a contradiction. O

Let us recall that a join semilattice § = (S, v, 1) with 1 where for p € S the sec-
tion [p, 1]is alattice ([p, 1], , Ap) is called a nearlattice (the concept was introduced
by M. Scholander [9] in 1950s).

We are interested in the case where the sectional switching mappings are sectional
complementations.

Theorem 3. Let § = (S, V,, 1) be a nearlattice with sectional switching map-
pings satisfying the compatibility condition. If x v x? is antitone on [p, 1], then x?
is a complement of x for each x € [p, 1].

PROOF. Assume that the sectional switching mapping on [p, 1] is antitone. By
Lemma 5, we have x vV x? = 1 and x? v x?? = 1 for each x € [p,1]. Take
z =xApxP.Thenz < x,z < x? and, due to the antitone property of this mapping,
also z? > xP,z? > xPP, Thus, z? > xP v xPP = 1. Therefore, it follows that
zP =1,i.e,z = pand x? is a complement of x in the lattice ([p, 1], V, Ap). O

Remark 3. The complement x? of x in [p, 1] need not be an orthocomplement
although the mapping is antitone. We can see in Example 1 that this mapping need
not be an involution: we have x?? = z? = y # x.

If 8§ = (S,v,- 1) is a semilattice with sectionally antitone involutions, then we
can apply De Morgan law (see Lemma 1) in each section [p, 1] to prove that for
x,y €[p,1], (xP v yP)? is their infimum, i. e., every [p, 1] becomes a lattice where
XApy = (xPVvyP)P Hence, § is in fact a nearlattice. Moreover, if these sectionally
antitone involutions satisfy the compatibility condition, we can prove the following.

Theorem 4. Let § = (S, V, -, 1) be a semilattice with sectionally antitone involu-
tions satisfying the compatibility condition. Then for each p € S the section [p, 1] is
an orthomodular lattice where x? is an orthocomplement of x € [p, 1].

PROOF. Naturally, sectionally antitone involutions are switching mappings, thus,
by Lemma 1 and Theorem 3, [p, 1] is a lattice and x? is a complement of x € [p, 1].
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Since this sectional mapping is an involution, we have x?? = x and, due to antitony,
x < y implies y? < x? for x,y € [p, 1] thus x? is an orthocomplement of x in
[p, 1]. By using the compatibility condition, p < x < y implies y* = y? v x and
hence

YAp VvV YP) =y Apy =y Axyt =x
which is the orthomodular law in the lattice ([p, 1], V, Ap). O

In the remaining part, we will check whether the complement x? of x in [p, 1]
is unique. We will establish a new condition which need not be the compatibility
condition.

Theorem 5. Let § = (S, V, -, 1) be a semilattice with sectionally antitone involu-
tions. If for p € S and each x, y € [p, 1] the relation

xPv )P vl =P vx)fvy? (%)
holds, then ([p, 1], Vv, Ap) is a Boolean algebra.

PROOF. Due to Lemma 1, ([p, 1], vV, Ap) is a lattice and we can use De Morgan
law for each section. Let a € [p, 1]. Using of the identity (), we obtain

aval =aP? va? =@ vpPva? =@pPva)yvpP=>01va)vi=1.
Due to the De Morgan law, we have
anpal =aP? pnpa? = (a? va)? =17 = p.

Hence, a? is a complement of ¢ in [p, 1].

Suppose now that u € [p, 1] is a complement of @ in [p,1], i.e. aVu = 1
and a Ap u = p. Using the identity (*) and the De Morgan law again, we derive
a=pva=(avu)’va = (@’vu)?vaP? = (u?va?)?vu? = (unpa)vu? =
p VvV uP =uP. Thus, a? = uP? = u, and the complement is unique.

Since the involution is an antitone unique complementation, then, according to [8],
([p. 1], v, Ap) is distributive. OJ

Remark 4. Identity (%) is in fact equivalent to the assertion that ([p, 1], v, Ap) is a
Boolean algebra where x# is a complement of an x € [p, 1]. Indeed, if ([p, 1], vV, Ap)
is distributive, then (x? v y)? v x? = xP v (xP? Ap yP) = xP v (x Ap yP) =
(xXPVvx)Ap (xPVyP)y =11, (xP Vv yP)=xPVvyP thusalso (P vx)PVvy?l =
yP v xP = xP v yP. Therefore, (x) is satisfied.
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ABSTRACT. We derive minimal periods of non-constant periodic solutions for semi-
linear damped wave equations on Hilbert spaces. Similar estimates are obtained for
symmetric nonconstant periodic solutions of Zp,-symmetric autonomous ordinary
differential equations.

Mathematics Subject Classification: 34C14, 34C25, 35B10

Keywords: minimal periods, weak solutions, symmetries

1. INTRODUCTION

In this note, we present some estimates, lower bounds, concerning periods of non-
trivial periodic orbits for certain differential equations. First, in Section 2, we study
damped semilinear wave equations on Hilbert spaces. Here we are inspired by [14],
where semilinear parabolic equations are studied. We apply our method to the equa-
tion of a damped buckled beam [9] and also to the equation of a buckled elastic panel
excited by a fluid flow over its upper surface [3, 10].

Then, in Sections 3 and 4, we investigate Z ,-symmetric autonomous ordinary dif-
ferential equations which are generalizations of odd systems and related antiperiodic
solutions (see [1]).

We note that recent results on minimal periods are also derived in [5, 12, 13, 15],
where discrete, continuous and delay dynamical systems are considered. Minimal
periods for ordinary differential equations on one-dimensional lattices are studied in
[6, 7]. Finally, we refer the reader to [14, 15] for the history of these topics.

2. SEMILINEAR DAMPED WAVE EQUATIONS

Let H be a Hilbert space with a norm || - || and inner product (-,-). Let 4 be an
unbounded linear self-adjoint operator on H with an orthonormal basis of eigenvec-
tors {wj }j>1 on H and with corresponding eigenvalues A;, Aw; = Ajw); such that
Aj — 400 as j — oo (see [16]).

Partially supported by Grant VEGA-SAV 2/4135/25.
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Let0) <a < 1. Weput

HY .= {x = Zx]-wj | Z(K}a + l)xj2 < o0
j=1 j=1

with an inner product (-, -)¢ and corresponding norm || - ||, defined by the formulae

5, P)e =) R+ Dy, xlle = Vix, X

jz1
forany x =} ;> xjwjand y = ) ;> yjw;. Here, we consider ka.“ = ()\Jg)“ =
|2 12
Let /' : H* — H be globally Lipschitz continuous, i. e., 3L > 0 such that

If 1) = fu)ll = Lluy —uzlle VYui, € H”.
We consider a damped abstract wave equation
i+ o0u+ Au+ f(u) =0. 2.1
We put

L% (R H) = {h e L2 (R H): his T—periodic} ,

L7o(R.H) = {heLzT([R,H):/ooh(t)dtzo}.
0

Similarly, we define Hilbert spaces L%(IR, H%) and L% o(R, H%). For > 0, the
usual integral norm on L%(IR, H¥) is denoted by || - [|¢,2, while for @ = 0, we take
the standard integral norm || - ||, on L%(IR, H).

Definition 2.1. By a weak 7T -periodic solution of (2.1), we mean any function

ue L%([R, H?) satisfying the relation

T
/0 {w@). 5(1)) = 8(u (), v(@) + (u@), Av(®)) + (f (1)), v())} dt =0

forallv € CA(R, H'), where CZ(R, H') is defined as above and H' = D(4A).
First we study the linear equation
i+ ou+ Au=h 2.2)
for h € L% (R, H).

Lemma 2.2. Let 0 < o < % For any h € LZTO(IR,H), equation (2.2) has a
unique weak solution u € L% o(R, H?) satisfying the estimate

lulle,2 = ¥s,o(T) 172,
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for a function s o, € C([0, 00), (0,00)) with
lim W5 o(T)/ T = cq,0,
T=0+ (2.3)
lim s o(T)/T = ca,00s
T—o00

where cq 0 and cq, 00 are suitable positive constants.

PROOF. We take h(1) = 3 ;5 hj(wj, u(t) = 3 ;5 uj(H)wj,

1 _
hit)=—= > hjee®™ T = hj

ﬁkeZ\{O}
1 _
w0 =r > wke Ty =g
kezZ\{0}
Then
a3 =D lhsllz =2 D 1hjl®
j=1 Jj.k=1
lal2, = S s 1202 + 1) =2 37 Juy 12022 + 1),
j=1 j.k=>1
So (2.2) gives
Ui jp = WE:
Jk )\] 47'[2k2 +827rk
Hence
A% 4
lul2, <2 ) J Ihj &l
jkz1 ( j = 4’}22"2) + §2422K2
We evaluate
2 2 2
A + 1 - T N Aj
4m2k2 2 4n2k2 47252 4m2k? 2 4m2k2 .
()‘_TZ) +02 5 ()‘_TZ) +8% 5
Let us put |Ao| = max {|A;] | A; < 0} Next, if ; — & > 4;2 , then
4 2k2 4 2k2 82
- +52” > 82 (0 ->).
T2 T2 4
Hence, we have
20 2 2
)‘j < reT

()» _ 4n2k2) +524”2k2 47252
T2
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forA; <0,

2 8, 4’ o2
(K B 4”22162) 4 §24n2k? 4ﬂ2k2 —\2 T2 47252
T

for 0 < A; <57+ Tz,and

2a
A?"‘ A2 (% + 4%’—22)
< : <
forA; > 57 + T2 . Summarising, we get
23a
J < &5 ,(T
A 4m2k2 24J'r2k2 b.(T)
(j_ T2 ) +4
where
2\ 2¢
- %)

200 §2
&5..(T) AT (52 N 472 T2 (7
=m | =
8,a ax 477282 2 T2 477282’ 52 (5_ 4 47,2)
7 T2

We see that ¥s , defined by the equality

T2
lI/(S,Ot(T) = ¢8 OC(T) + 262

satisfies the conditions of this lemma. So we obtain

lullZ, <2 > Wi (D)lhj > = 3 o (D)|A13.
j.k>1

Consequently, we arrive at the estimate
lulla,2 = Ws,o(T)|7]]2-
The proof is complete.
Now we return to (2.1) by splitting any u € L2 (R, H%) as

U =1uy+uUp
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foru, := % fOT u()dtand ug =u —u, € L%O([R, H®%). Hence (2.1) has the form
1 T
o + o + Auo + S +uo) = - [ S Fwo@ndr =0, @24)
0

T
Auq + l/ f(uy +ug(t))dt =0. 2.5)
T Jo

We note that the linear operator P : LZ(R, H) — L%(R, H) given by

1 T
Pu ::u_T/o u(t) dt

is orthogonal and the Nemytskii operator N : L%(IR, HY) — L%(lR, H) given by
the equality
N@)(@) := f(u())
is globally Lipschitz continuous with a constant L. Then (2.4) gives
luolle,2 = Ws,o(T)IIPN (uy + uo)ll2
= Ws o (T) || P[N (u1 + uo) — N(u1)]ll2
Ws,o(T)L|uolla,2-

IA

Consequently, if
Uso(T)L < 1, (2.6)
then uy = 0 and (2.5) becomes

Au1 + f(ul) =0.

Summarising, we have the following result.

Theorem 2.3. I[f0 < a < % and (2.6) holds, then any T -periodic weak solution
of (2.1) is constant.

Function ¥s o, (T') is depending also on A¢. To avoid this, for A; < 0 we compute

20 2a 2-2

)\jz < )Lj . < (1 _za) aa2aT4(1—Ol)'
4n2k2 4m2k?2 4m2k? 4

(o= 35) e (- 258)

Then @5 o (T) is replaced by

_ l—a 2—2«
Bso(T) = max{( i ) o)
/4

2 82 | 4
82, 4’ o (7 +77
2 T2 ) 4n282 g (82 n 4n2)
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and

3 3 T2
Vs o(T) := | P5,o(T) + TR

So (2.3) is replaced by
lim W5 o(T)/T' 7% = &0,
T—04 ’ (2 7)
lim W5 o (T)/ T =&y o0
T—oo
for suitable positive constants ¢q o and Cy,00. Thus we have the following
Theorem 2.4. [f0 < o < % and the inequality
W5 o (T)L < 1
holds, then any T -periodic weak solution of (2.1) is constant.

Remark 2.5. Semilinear parabolic differential equations on Hilbert spaces are stud-
ied in [7, 12, 14].

Remark 2.6. We see that limg .0, ¥s,1/2(T) # 0 and lim7 o, 1173,1/2(T) # 0.
So for @ = 1/2 we do not get a result on the minimal periods. But we think that it is
not a handicap for our above estimates. Indeed, fora = 1/2and A; > 0, we consider

the function

|
x —> X+ (2.8)

(X _ 47[2k2) 4+ §24n2k> 47r2k2

T2
which has a global maximum over [0, 00):

42k% + T2 4 /167m4k* + 4(2 + 82)n2k2T2 + T4

TPTE 2.9)
We can check that (2.9) is decreasing with respect to k € IN. So for A; > 0, we get
A+ 1 4n +T2+\/16n4+4(2+52)n2T2+T4
242 282 8822
()\_47‘;—‘216)4_5247'[](

Consequently, when o = 1/2and A; > 0 Vj € N, the best estimate for ¥s 1/ (T")
seems to be
42 + T2 4 /1674 + 42 + 82)n2T2 + T4
Ws,1/2(T) = 2572

(2.10)

Clearly, (2.10) is nonzero at T = 0.
Next, assuming A; > 0 Vj € N, we cannot improve much the above estimates.

Now we can take
(.o =D Ai%xjp)
j=1
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forx =) ;> xjwjand y = 3 ;5 yjw;. Then instead of the function (2.8), we
consider the function

X
X —> .11

5 .
4w2k2 4m2k2
(X — 7;2 ) +827[T—2

Making the above analysis for (2.11), we obtain

21 + V4?2 + 8272
v T) = .
5,1/2(T) \/ 152
Clearly (2.12) is again nonzero at 7' = 0. But (2.12) is simpler than (2.10). Then the

lower bound estimate is
27 + V4m? + 8277 > 12
482 -
Analysing (2.13), we see that if L > &, then (2.13) holds for any 7" > 0, while for
6 > L, relation (2.13) yields

T > L %4xV§2 — L2

Consequently, we are able to estimate 7' from below only for small L > 0 with
respect to 6.
Finally, the following semilinear parabolic equation is studied in [14]

(2.12)

(2.13)

u+ Au+ f(u) =0, (2.14)
where A, f satisfy our assumptions with A; > 0 Vj > 1. Then we have
2a 2a
A g - A :
22 - 2 .
R 12 T A2
Analysing the function
XOC
Tt x

on [0, 00), we get its maximum o®(1 — )!~*(27)2@ "D 720-2) S5 the minimal
period estimate for (2.14) is
T>K,L 7= (2.15)

forany 0 < o < 1 and
2

VT —aa?i=o
Inequality (2.15) is consistent with a similar one in [14], but here we allow 0 < o < 1.
We note that Ky = 2 and limy_,1_ K4 = 00.

Ka:
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Remark 2.77. Theorem 2.4 could help when the shifts
A<«— A—Al, f<«— f+Al

can improve an estimate of the Lipschitz constant L.
We also note that it follows from the proof of Lemma 2.2 that # € L% (R, H) and

. 1
lill < 5Nl

in Lemma 2.2. Then of course any 7 -periodic weak solution u of (2.1) satisfies
ue L%([R, H). Hence we get

. 1
Il + il = (#50(T) + 5 ) s 2.16)

Example 2.8. Let us consider the system
it + 81t —u” + sin(u —v) =0,
4+ 80 —v” + sin(u + v) = 0, (2.17)
u(0,) =v(0,) =u(l,’) =v(l,:) =0.
Now H = L?(0,1)?, & = 0 and
Au,v) = —(u"(x),v"(x)), f(u,v) = (sin(u — v), sin(u + v)).

We see that A; > 0 Vj € N and L = 2. So we can choose a better function
Us o(T) = % than in the proof of Lemma 2.2. Then for (2.17), the minimal period
estimate is T > 4.

Now we present the following simple result which seems to be known but we prove
it here for the reader’s convenience.

Theorem 2.9. Let us suppose that

(1) f: H* — H is locally Lipschitz continuous, i. e. ¥k > 0 3L, > 0 such
that
I/ (1) = fu2)ll = Lillur — uzla
forallul,z (S Ha, ||u1’2||a < k.
(2) AF e CY(H*,R) : (f(v),w) = DF(v)w Yv,w € H*,
Then any T -periodic weak solution u € LT (R, H¥) of (2.1) is constant for all
T > 0.

PROOF. Let I' := ||u||¢,00+1 Where ||-||q,00 is the usual sup-norm on L7 (R, H).
Assumption (1) gives

I /(i) = fu2)ll < Lrlur —uzlla. VYuip € H*, Juiplle =T.  (2.18)
So we get

If @@l = Lrlu@®lle + 11O = "Ly + /O]
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which implies f(u) € LP (R, H). Then the argument of Remark 2.7 shows that
ue L%([R, H). Moreover, (2.18) yields

If (1) = fu2)ll2 < Lrllur —uzlla,
VYuip e LR, HY), |uisllaco <T. (2.19)
Next using the notation of the proof of Lemma 2.2, from (2.1) we get the system
i2j+éuj+kjuj+(f(u),wj)=0, VjeN.

Since

S Nu®lle = lullgo < T, (2.20)

o

Y ujw;
j=1

we obtain that f(3_7_, ujw;) € LP(R, H¥) forany n € N. Then

n T n
>l = —/0 fu(@®), Zzz,-(r)w,-) di
j=1

j=1
T n n
- _/ f(z “j(f)wj), Zdj(t)wj) dt
0 i =
T n n
+ f(Z “j(l)wj) ~ fu(o). Zitj(t)wj) i
j=1

j=1
(o))
J=1 2

Hence (2.19) and (2.20) give

82 I3 < f(Zujwj)—f(u) Y ujwj—u
j=1 J=1 j=1

Since 27=1 ujw; — uin LZT(IR, H*) and Z}’:l ujw; — U in L%(IR, H)asn —
00, relation (2.21) implies that

o0
.2 . 2
13 =" lla;l13 =o.
j=1

n
<2
> ligli3-
j=1

2
2
=Lt
2

2
(2.21)

o,2

Hence, iz = 0. The proof is complete. (|
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Example 2.10. A standard p.d.e. which fits into the framework of Theorem 2.9 is
an equation of a damped buckled beam [9]

. . " ! 72 " o__
i+ ou+u + |:Jf1—}f2 (/0 u (S)dé):|u =0, 2.22)
u©,)=u(,)=u"0,)=u"(1,) =0,

where x; and x, are constants. Now we take H = L2(0,1),« = 1/2,s0 H'/? =
HZ(0,1), and

1
Au=u""(x), [f(u)= {%1 — 0 (/0 W () d%‘)} u”,

1 1 2
FW)=—%[;%wﬂ@ﬁ&+ﬂei<A w%adé).

Example 2.11. We finish this section with another partial differential equation dif-
ferent from (2.17) and (2.22) of the form

. . " ! /2 i ’r_
u-+éu+u +|:%1—}t2 (/0 uw (& )dE) |u" +nu’ =0, (2.23)
M(O, ) = M(l, ) = M//(O, ) = Ll”(l, ) = O’

where x1,%, > 0, n > 0 are constants. Problem (2.23) models the oscillation of a
buckled elastic panel excited by a fluid flow over its upper surface [3, 10]. Now we
again take H = L?(0, 1) with the usual integral norm | - ||, H'/2 = HZ(0, 1) and
lulli/2 = llu”|]. Then any weak T'-periodic solution u € L3 (R, H'/2) of (2.23)
satisfies the relations
Sllall3 + (', i), =0,
<12 72 "2 d / 4 (2.24)
i)y = [l™ll5 — e llull5 +%2/0 lu o)l d.

Since
4 d 4
wmeAnﬂnmm,mwmaWM

from (2.24) we derive

T

2 2, 2 4 2 4

w2+ S = I e [ ol
0

2
. U
= sllu'll3 + a3 < e ll3 + 5—2||u'||§- (2.25)
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Hence

T 772
||u/||% < x_z <J{1 + 5—2 —712) =TK;.

So we get

Theorem 2.12. If n*> < 8>(n? — x1), then the only periodic weak solution u €
LP (R, H'/2) of (2.23) is the zero one, u = 0.

Note that Theorem 2.12 is consistent with Proposition 2.1 of [10]. Now, let
n? > 82(? — xy). (2.26)
Then (2.25) implies

|3 < | +7I_2 /|2 <T | —i—ﬁ K, =TK

2 _ T 2 n?
”14”2 S 8_2””,”2 S T5_2K1 - TK3
Hence
lW'l3 < TKa, ]} < TKs. 2.27)

Since u € L%(R, H3(0,1)) and iz € L%.(R, L?(0, 1)), Theorem 4 from [4, p. 288]
gives u € C2(R, Hy (0, 1)) along with

max [lu'( 1) |* = %Ilu’llﬁ + w13 + ]2 < Ky + TKy + TK3 = K4 (2.28)
Let us put
X = {u |u e LA(R, H2(0, 1)), it € L2(R, L*(0, 1))}.
Then X is a Hilbert space with the norm

lulx = llu”ll2 + lli]l2.
Again from Theorem 4 of [4, p. 288], we have X C C;(IR, HO1 (0, 1)) along with

1 1
’ 2 "2 - (12 2
mgx 01 = (1) B4 001 < (o +1) Wl 229)

forany v € X.
We put
Au = u""(x) +xu”,  f(u) = %22 (u) + nBu,
g(u) = —|u'|*u”, Bu:=u'.
For any v, w € X satisfying (2.27), we derive

IBv— Bwly = [[v' = w'|l> < [v" = w"ll2/7 < |v—ulx/m,
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and by (2.28) and (2.29)

lg@) = g@)ll2 = [lIVI20" = llw'lI2w” |2

2 2 2
< V1" = w2 + w11 = w512

T ,l1 1 2
- /0 /(; |:/0 U/z(g:l)d5:| W' (x, 1) —w”(x,1))? dx dt

Tl 72 ! 12 12 :
+ /0 /0 w (x,l)|:/0 W ¢ ) —w (E,t))d$:| dx dt

< Kgllv” — w2

T ,1 1
72 / 4 2
+(/0 fow (x,t)/o(v(é,t)er(S,t)) d§

1 1/2
x/ V(1) —w' (£ 1)) dE dx dt)
0

1/2

1/2

= K4lv—wlx

1 ) T 1 1/2
+ 2,/ K4 (—2+T)|v—w|X (—/ / w"z(x,t)dxdt)
4 T Jo Jo
1
5<K4+2\/K2K4(—2+T))|v—w|X=K5|v—w|X.
/e

So f:X — LZT([R, H) has the Lipschitz constant

L=%2K5+E
/4

on the subset X C X of all u € X satisfying (2.27).

It is clear that KX is a closed and convex subset of X'. Then it is well-known (see
Lemma 3.5 in [2]) that there existsa retraction R : X — K C X with a global
Lipschitz constant 1. Using R, we modify f outside of KX as follows

S )= f(Ru).
Clearly f X — L%(IR, H) is a globally Lipschitzian continuous with the con-
stant L. According to the above construction, each T'-periodic weak solution u €
LP (R, H 172) of (2.23) is also a T-periodic weak solution of the modified one with
f' in place of f. Furthermore, now A; = —j272(x; — j2m?) and let us assume for
simplicity that ; < 72 (see (2.26)). Then we can apply Remarks 2.6 and 2.7 (see
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(2.12) and (2.16)). So if u is nonstationary, then

17) \/27r+\/47r2+62T2+ 1

Kot 2L Z
(%2 s+ T 452 8

> 1. (2.30)

Clearly, relation (2.30) makes sense if

2 2
(%2 (K1 + ;\/KIKZ) n g) S<l 2.31)

We do not express Ks in terms of parameters xp, x5, 7, § and period 7', since it is

an awkward formula. But we note that for n = §v/72 — % (see (2.26)), we get
K, =K, =K; = K4 = K5 =0,and (2.31) becomes

372 /4 < x;. (2.32)

Hence if (2.32) holds, then there is a unique

no = (1, x2,68) > 5\/772—%1

solving equation (see (2.31))

2 1o 2_
V) Kl-{-; K1K2 +; g—l (233)

We note that the left-hand side of (2.33) is increasing with respect to n9. Then by

fixing n such that §/w2 —x%; < n < 1o, there is a unique Tg > 0 solving the
equation (see (2.30))

n 2+ \J4n® + 82Ty 1
(%2K5 n ;) +5 =1 (2.34)

452

We note that the left-hand side of (2.34) is increasing with respect to 7.
Summarising, we have the following result.

Theorem 2.13. If372/4 < »x; < n% and §~/72 — %y < 1 < ng, then the period T
of any weak nonstationary T -periodic solutionu € L (R, H 1/ 2) of (2.23) satisfies
inequality T > Ty. Here, ng and Ty are the unique positive solutions of (2.33) and
(2.34), respectively.

For instance if x; = 8, x; = 5 and § = 100, then equation (2.33) gives ny =
152.667. So we get 136.733 < n < 152.667. Taking n = 138, we find from (2.34)
that 7y = 0.122. Consequently, we obtain 7" > 0.122 in Theorem 2.13.
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3. NONRESONANT Zp-SYMMETRIC AUTONOMOUS ORDINARY
DIFFERENTIAL EQUATION

Let S : R” — R” be an orthonormal matrix, i. e., S* = S~!, such that S? = [
for some p € IN. In this section, we deal with the ordinary differential equation

X =g(x) (3.1
under the following assumptions:

(H1) g : R" — R” is globally Lipschitz continuous, i. e., there is a constant L. > 0
such that [[g(x) —g(W)| = Llx — y[| Vx.y € R™.

(H2) gis S-symmetric,i.e., g(Sx) = Sg(x) Vx € R".

(H3) 1 € o(S), the spectrum of S.

We call (3.1) under conditions (H1)-(H3) a nonresonant Z ,-symmetric autonomous
ordinary differential equation.

Remark 3.1. Assumptions (H1) and (H2) are reasonable, i. e., there are many
g satisfying both (H1) and (H2). Indeed, let Lip (R") be the space of all globally
Lipschitz continuous mappings / : R” — R” endowed with the norm

|2||lLip := inf{L > 0 | L is the Lipschitz constant of 1} + ||/(0)||.

Then Lip (R") becomes a Banach space. Moreover, we define a linear mapping § :
Lip (R") — Lip (R") by

p—1
(Sh)(x) = % > STh(Sx).
i=0

Clearly, § is a continuous projection of Lip (R") onto Lipg (R"), the space of all S-
symmetric elements of Lip (R”). Furthermore, if / has a Lipschitz constant L > 0,
then &/ has also a Lipschitz constant L. Finally we note

aol +a;S +---+a,—1SP! € Lipg (R")
foranyaj € R,0 < j < p — 1. Hence Lipg (R") # @.
Definition 3.2. Let 7 > 0. We call any x € C!(R, R") satisfying (3.1) and
x(t+T)=Sx(@) VteR (3.2)
the 7'-S-symmetric solution of (3.1).

We note that any x(¢) satisfying (3.2) is also pT -periodic. Moreover, (H2) and
(H3) imply g(0) = Sg(0), so g(0) = 0. Thus x(z) = 0 is a trivial 7-S-symmetric
solution of (3.1) for any 7" > 0, which is the only constant function satisfying (3.2).

We put

Crs:= {x € C"(R,R") | x(¢) satisfies (3.2)}
with the usual maximum norm ||x ||, on the interval [0, T']. We note that (3.2) implies

I+ D) = 1Sx O = [xP@)ll.
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So norms | - ||, are well-defined.
First we solve the linear boundary value problem
x=h xeCrg. heCpg. (3.3)

It is easy to find its solution

T
x(t) =(S—1)—1/0 h(s)ds—i—/oth(s)ds.

So we arrive at the following.

Lemma 3.3. Forany h € C; §» problem (3.3) has a unique solution x € C} S

with an estimate
Ixllo < I(Z =)~ + 11 AlloT.

The Banach fixed point theorem together with Lemma 3.3 give

Theorem 3.4. If[|(I—S)~||+1]TL < 1, then x = 0 is the only T -S -symmetric
solution of (3.1).

When § = —1, the T-S-symmetric solutions are called 7 -antiperiodic ones [1].
Then condition (H3) holds and g is just an odd mapping. Hence Theorem 3.4 implies

Theorem 3.5. Let (H1) hold and g be odd. If x is a nonzero T -antiperiodic
solution of (3.1), i. e, x(t + T) = —x(1) V1 € R then T > 3.

Example 3.6. Nowletn =2, R*> ~ C,and Sz = e27/Pz - e C, peN,p=>3.
So S : R? — R? is a rotation by the angle 27/ p. Then |z — Sz| = 2sin %|Z|, and
|

-1y _
10 =97 = 5

Theorem 3.4 implies

Theorem 3.7. Let Sz = ¢'2™/Pz, z ¢ C, p € N, p > 3, be a rotation in the
plane by the angle 27t/ p. If x is a nonzero T-S-symmetric solution of (3.1) for g
satisfying (H1), (H2), then

- 2L Vsin (7/ p)
~ 1+ 2sin(x/p)’

Such result as in Theorem 3.7 should hold for a general S, since from S? = [
and (H3) it follows that o (S) consists of the unit roots, i. e.,

o(S) C e /P |k =1,2,...,p—1}.

Indeed, it is not difficult to show [11] that conditions S* = S, S? =1, S o
and 1 ¢ o(S) imply both p > 3 and the existence of an orthonormal basis

{6’11,6’12,621,622,---,€k1,€k2,€k+1,---,€n}
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of R” such that on each invariant subspace V; := [ej1.ej2], | < j =< k, matrix S,

S : Vj — Vj acts as a rotation by the angle 2wrj/p, 1 <rj < p,rj # p/2. While

Sej = —ej, k + 1 < j =< n, naturally, only for even p. We can suppose that
sin(wry/p) = min{sin(nrj/p) | j = 1,2,...,k}.

Then
1

_1 _
I =5 = 2sin(7wry/p)’

Summarising, we get

Theorem 3.8. When assumptions (H1)-(H3) and S # —1 are satisfied, then

- 2L Vsin(rry / p)
14 2sin(wry/p)

for any nonzero T -S-symmetric solution of (3.1).

We note that any nonzero 7'-S-symmetric solution of (3.1) is nonconstant.

Remark 3.9. The existence and nonexistence of forced symmetric oscillations like
(3.1) are studied in [8].

Remark 3.10. We note that if S : R” — R” is a matrix with S? = [ for some
p € N. Then there is a scalar product (-, -) for which S is unitary, i. e., (Su, Sv) =
(u,v) Yu,v € R”. Indeed, let (-, -) be any scalar product on R”. Then we take [11]

18
(u,v)=;Z(S’u,S’v).

j=0

4. RESONANT Z,-SYMMETRIC AUTONOMOUS ORDINARY DIFFERENTIAL
EQUATION

In this section, we proceed to study (3.1) only under assumptions (H1) and (H2),
and we call (3.1) a resonant Z,-symmetric autonomous ordinary differential equa-
tion, since 1 € o(.S). Then there is an orthogonal decomposition

R" = R"' @ R
such that S : R"12 — R"1.2 and S/R™ = I, 1 ¢ o(S) for S := S/R"2.
We split (3.1) as
X1 = g1(x1 +x2),
. ‘ @.1)
X2 = g2(x1 +x2),

for g;(x) = P;jg(x), where P; : R" — R" are orthogonal projections, and x; € R"/,
i = 1,2. Clearly g; : R" — R" are globally Lipschitz continuous with a constant
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L. Assumption (H2) implies
g1(x1 + x2) = g1(x1 + Sx2).
Sga(x1 + x2) = g2(x1 + Sx2).

Hence g, (x1) = 0, Vx; € R"!, Now T-S-symmetric solutions of (4.1) are given by
conditions
X1t +T)=x1(t), x2(t +T) = Sxs(). 4.2)
We see that any constant functions satisfying (4.2) are x;(¢) = const and x,(¢) = 0.
As in Section 2, we further split

xi() =u()+c. uelLq (R.R"), ceR",
and decompose (4.1) as
u(t) = [gr1(u) + ¢ + x2(1)) — g1(c)]

1 T
7 [ e e ne -a©lds @)
0
X2(1) = g2(u(r) + ¢ + x2(2)),
and
T
0= / g1(u(s) + ¢ + x2(s)) ds. 4.4)
0
Let us put
L2 (R.R™) = {h e L2 (R.R™) | h(t + T) = Sh(t)} ,
1,2 nay .__ 1,2 ns 2 ns
WT,S([R’ R"2) := W .°(R,R"?) N LT,E(R’ R"2).
We need the following result similarly to Lemmas 2.2 and 3.3:
Lemma 4.1. (a) Forany h € L; S‘(IR’ R"2) there is a unique function x, €
W; ’;([R, R"2) satisfying the equation X, = h and the estimate
lx2ll2 = (IS = D~ + DT A2,
where || - ||, is the usual integral norm in L>((0, T'), R"2).
(b) For any h € L%O(IR, R"1) there is a unique u € W;’;([R, R™1) satisfying
it = h along with the estimate
T
< —Ilkll2.
Julla = 51l
Then from (4.3) we obtain

1 ~ _
lull3 + Ix203 < (— + S =D+ D> ) T2L? (Jlull5 + [x20?) .
472
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So if

1 -
\/—2 +(I(S—=D~ Y+ 12TL <1,
47
then u = 0, x, = 0. Using results of Section 3, we arrive at the following

Theorem 4.2. The number/period T of any nonconstant solution of (4.1)) satis-
fying (4.2) fulfils the inequality

1 2
T>L"—
Vo2 +1
for S = —1, and
27 sin(zw 7y / p)

T>L"!

sin? (77 / p) + w2(1 + 2sin (77 / p))?
for S # —1, where 7y is defined for S as in Theorem 3.8 in place of S.

Remark 4.3. Theorems 3.5, 3.8, 4.2 and Remark 3.10 completely solve the min-
imal period problem for Z,-symmetric autonomous ordinary differential equations,
i. e., lower bounds for T" of 7'-S-symmetric solutions are derived for (3.1) satisfying
assumptions (H1) and (H2) for a matrix S : R” — R” with S? = [ for some p € N.
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1. INTRODUCTION

Algebraic structures being join-semilattices with respect to a naturally induced
order relation appear very frequently in algebraic logic. For example, implication
algebras, introduced by Abbott in the 1960s, describe algebraic properties of the
logical connective implication in a classical propositional logic. Implication algebras
have a very nice structure: with respect to the induced order, they are join-semilattices
whose principal filters are Boolean algebras.

For various logics of quantum mechanics the corresponding algebraic structures
have a semilattice structure with principal filters being special lattices, see, e. g., [1—
5,7].

This fact motivated I. Chajda and M. Kolafik to describe all v-semilattices where
every principal filter is a lattice not satisfying any additional condition. More pre-
cisely, they studied the following structures:

Definition 1. A semilattice § = (S, V), where for each a € S the principal filter
[@) = {x € S | a < x} is alattice with respect to the induced order < of &, is called
a nearlattice.

It has been shown [6] that nearlattices can be considered as algebras with one
ternary operation. Moreover, nearlattices considered as algebras of type (3) form an
equational class: indeed, if x, y, z € S for a nearlattice &, the element (xVz)A(yVz)
is correctly defined since both x Vv z, y Vv z € [z) and [z) are lattices. The following
proposition has been obtained in [6]:
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Proposition 1 ([6]). Let 8§ = (S, V) be a nearlattice. Define a ternary operation
m(x,y,z) = (xvz)A(yVz)yonS. Then m(x,y,z) is an everywhere defined
operation and the following identities are satisfied:

(P1) m(x,y,x) = x,

(P2) m(x,x,y) =m(y,y. x),

(P3) m(m(x,x,y),m(x,x,y),z) = m(x,x,m(y, y, z)),

(P4) m(x, y, p) = m(y.x, p),

(P5) m(m(x,y. p).z. p) = m(x.m(y. z, p). p).

(P6) m(x,m(y.y.x), p) =m(x,x, p),

(P7) m(m(x,x, p),m(x,x, p),m(y,x, p)) = m(x,x, p).

Conversely, let (S, m) be an algebra of type (3) satisfying the identities (P1)—(P7).
Ifwe define xvy = m(x,x,y), then (S, V) is ajoin-semilattice and for each p € S,
([p), =) is a lattice, where for x, y € [p) their infinumis x Ny = m(x, y, p). Hence
(S, V) is a nearlattice.

Thus nearlattices similarly to lattices have two faces and we shall alternate in our
investigations between them depending on which one is more convenient.

Proposition 2 ([6]). The variety of nearlattices is congruence distributive.
The following notions of distributivity for nearlattices have been introduced in [6]:

Definition 2. Let & = (S, m) be an algebra of type (3). We call & distributive if
it satisfies the identity

(D) m(x,m(y, y.z), p) = m(m(x., y. p).m(x, y, p).m(x. z, p)).
If (S, m) satisfies the identity

(D2) m(x,x.m(y,z, p)) = m(m(x,x,y),m(x,x,2), p),
then it is called dually distributive.

It is expected that both notions are in case of nearlattices related. Indeed, one can
prove the following statement:

Proposition 3 ([6]). Let § = (S, m) be an algebra of type (3) satisfying (P1)-
(P7). Then the following conditions are equivalent:
(1) & is distributive,
(2) & is dually distributive,
(3) in the associated semilattice, every principal filter is a distributive lattice.

In spite of the previous description of distributivity for nearlattices, we are able to
prove by using very simple arguments that there is only one subdirectly irreducible
nearlattice of the variety DN of distributive nearlattices, namely, the two element
lattice.
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2. SUBDIRECTLY IRREDUCIBLE DISTRIBUTIVE NEARLATTICES

Definition 3. A subset @ # I € S of a nearlattice § = (S, V) is called an ideal
if

1) m(x,x,y)=xvyelforalx,yel,

(I12) m(x,y,p) el forallx,pelandy € S.

Note that / is an ideal of & iff I is closed under suprema and 7 is a downset of
(S.9).

Secondly, by a filter of 8 = (S, V) is meant a subset @ # F C S closed under
imfima which is an upset of (S, <).

Anideal I of (S, V) is called prime if for all x, y € S, the existence of x A y and
xANyelyieldxeloryel.

Let us mention that the primality of I is equivalent to the following condition:

x)Vx,y,pe S:(pelandxVvp A(yvp el = xvpelor
yvpel.

Indeed, if / is prime, then evidently (%) holds. Conversely, assume that (x) holds
andlet x Ay € I exists. Then putting p := xAyin (x),wegetx = xVp,y = yVvVp
and(xVp)A(yvp)=xAyel.But(x)yieldsx =xvpelory=yvpel
and [ is prime.

Clearly, foreacha € S, (a] = {x € § | x < a}isanideal of § = (S, V) as well
asfa) = {x € S | a < x}isafilter of & = (S, V). The set Id (&) of all ideals of
& forms with respect to € a complete lattice and for each I € Id (§) and a € S, the
join I Vv (a]) inId (&) is

Iv(@={zeS|z<ivaforsomei € I}.

The following statement can be considered as a prime ideal theorem for nearlat-

tices:

Theorem 1. Let § be a distributive nearlattice, I be an ideal of 8§ and D be a
filter of 8. If I N D = @&, then there is a prime ideal P 2 I with PN D = @.

PROOF. It is evident that the uniton of a chain of ideals of & containing / and
having an empty intersection with D is again an ideal of this kind. Hence, applying
Zorn’s lemma, there are maximal ideals P © I with PN D = &.

Let us prove that P is prime. If not, by (x) there exist x, y, p € S such that
xVpé€P,yvpedPand(xV p)A(yV p)e Pforsome p e P.

Further, due the to maximality of P,

(Pvixvp)NnD#@, (Pv(yvp)nD+#a.

Hence there are a,b € D suchthata < rvx Vv pandb < r Vv y Vv p for some
r,s € P.

Since D is a filter of § and ¢, b € D,alsor vxVv p e DandsVv yVv p € D.
Moreover, ¥ VxV p,sVyV p €[p),thusalso (r vxV p)A(sV yV p) € D. This
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gives also

a=((rvpvxvp)ArlsvpvyVp)eD.
Since all the elements mentioned are above p, in view of the distributivity of [p) we
derive

a = ((rvpIAVP)IV(rvpIAVP)IV((xVPIA(sV )V ((xVp)A(YVp)) € D.
Further, r,s, p € P yieldr vV p,s vV p € P and all the elements in brackets of «

belong to P. This gives « € P N D, which is a contradiction proving that P is
prime. (]

Corollary 1. Let 8 = (S, V) be a distributive nearlattice, a,b € S,a # b. Then
there is a prime ideal P of 8 witha € P and b & P.

PROOF. For a # b, we have either (a] N [b) = @ or (b] N [a) = @. The restis a
corollary of Theorem 1. U

Similarly as in distributive lattices, a typical example of a distributive nearlattice
is a set-nearlattice:

Definition 4. For a set .S, define on Exp (S) a binary operation by
m(X,Y,Z)=XUZ)nY uU?2Z).
Then (Exp (S), m) is a distributive nearlattice, called a set-nearlattice on S.
Let us show that any distributive nearlattice can be embedded into a set-nearlattice.

Theorem 2. Let 8 = (S, V) be a distributive nearlattice, let P (S) be the set of
all prime ideals of 8. Then the mapping r : S — Exp (P (S)) defined by the formula

r(a):={P e P(S)|adP}
is an embedding of § into (Exp (P (S)), m).

PROOF. Due to the previous corollary, r is an injection. So we have to prove that
forall a, b, c € S, the relation r (m(a, b, c)) = m(r(a), r(b), r(c)) is true, or

r(ave)nbve))=@F@Ur)n@d)Urc)). 2.1)
Let us first show that for all x, y € S,
r(x Ay)=r(x)Nr(y). 2.2)

Indeed, (2.2) is equivalent to the statement that for each P € P(S),x A y & P if
and only if x ¢ P and y &€ P. Then (2.1) can be rewritten into

rlave)Nrbve)=(r(a)Ur(c)) N (r)Ur(c)). 2.3)

Evidently, the inclusions 7(a vV ¢) Nr(bve) 2 r(c)andr(ave)Nrbve) 2
r(a) N r(b) are valid. Thus,

rlave)Nrbve)2r(c)U (@ Nrd)) = (r@Ur(c)n(r®d)Ur()).
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Let us show the converse inclusion. For this, assume P € r(a Vv c)Nr(bVve),i. e,
avce g Pandbve & P. Then P € r(a)Ur(c) wouldleadtoa,c € Pandavce € P,
which is a contradiction. Thus P € r(a) U r(c) and, analogously, P € r(b) U r(c),
which altogether gives

rlave)ynNribve) S (@ Ur(c) Nr®d)Ur(c))
and completes the proof. O

Corollary 2. Let 8§ = (S,m) be a distributive nearlattice, |S| > 2. Then the
identity p ~ ¢ holds in 8 iff p ~ q holds in a 2-element nearlattice C,.

PROOEF. If | S| = 2, then (S, <) contains a 2-element chain M. Moreover, M =
(M, m) is a subalgebra of §, hence if p & ¢ holds in &, it holds also in M.

Conversely, every set-nearlattice (Exp (B), m) is isomorphic to a direct product
MBI Hence if p ~ ¢ holds in C; = M, it holds also in (Exp (B), m) and since §
can be embedded into a set-nearlattice, p ~ ¢ holds in §. O

It is clear that given a nearlattice § = (S, m) and ¢ € S, [¢) is a subalgebra of §.
Let us show that for an equivalence 6 on [c), 8 € Con ([c), m) iff § € Con ([c), A, V).

Since A and Vv are both term operations of §, the implication (=) is immediate.
Conversely, if 8 € Con ([c), A, V) and (a,b) € 8, (x, y) € 8 and (u, v) € 6 for some
a,b,x,y,u,v>c,then

m(a,x,u) =(@vu)A(xvu)=¢ (bVv)A(yVvv)=mb,y,v),

verifying 8 € Con ([¢), m).

Now we are ready to describe subdirectly irreducible members of the variety D N
of all distributive nearlattices. Denote by 6(«, b) the principal congruence generated
by (a, b).

Theorem 3. The variety D N has only one subdirectly irreducible member, namely
C,.

PROOF. Let 8§ = (S, m) be a subdirectly irreducible distributive nearlattice, and
assume that u = 60(a, b) is its monolith. We may assume ¢ # b. Then (a,b) € u
yields (a,a v b) € p,a # a Vv b. Thus 8(a,a v b) # w and 6(a, b) S O(a,a Vv b).

Conversely, (a,a Vv b) € u gives 6(a,a v b) € u and altogether 6(a,a v b) =
O(a,b) = u.

Let now ¢ € S be given, and denote . = y N [c)? the congruence induced on a
subalgebra [c). If ¥, # w, then y. is the least nonzero congruence on the distributive
lattice ([c), A, V). Indeed, if 6 € Con ([c), A, V) and 8 # w, then 8 € Con ([c), m).
Since the variety D N is congruence distributive, O N has the congruence extension
property. Thus there is ¥ € Con§ with & = ¥ N [c)2. Moreover, 8 # w yields
V¥ # w,hence u € ¥ and ue = N [c)> € ¥ N[c)? = 6, proving that 1. is the
least nonzero congruence on ([c),m), and hence the monolith on ([¢), A, V). Now,
since (g, # o, g is the monolith on the distributive lattice ([a), A, V), and hence
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[[@)| = 2,i.e.[a) = {a,a Vv b}. This yields a v b = 1, the greatest element of (S, <)
(otherwise [a) # {a,a V b}).

Analogously, for every ¢ < a, it # w is the monolith on [¢), hence for |[c)| = 2
we obtain ¢ = a. Then the nearlattice § is of the form shown on Figure 1.

l=avb

FIGURE 1.

It is easily seen that 6(1,a) = {(1,a),(a, )} Uw, so u = 8(1,a) forces S =
{1, a}, which completes the proof.
O
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ABSTRACT. Detailed proofs of central limit theorems are given for mixing random
fields. The results cover the case when the locations of the observations become
dense in an increasing sequence of domains.
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1. INTRODUCTION

Ibragimov and Linnik [6] proved a central limit theorem (CLT) for stationary se-
quences satisfying certain a-mixing conditions. Bolthausen [1] and Guyon [11] ex-
tended it to o-mixing random fields. Fazekas [10] and Fazekas and Kukush [8] pre-
sented the so-called infill-increasing versions of Guyon’s result for the bounded and
the uniformly integrable cases, respectively. These papers do not contain the proofs
of the theorems mentioned (a sketch of the proof can be found in [9]). The aim of
our paper is to give proofs for the above mentioned theorems. The importance of
the detailed proof is the following. It turns out that the original proof by Ibragimov
and Linnik [6] and Guyon [11] can be applied if the random field satisfies a certain
uniform integrability condition. Guyon [11] does not assume the uniform integra-
bility but he does not describe the step from the bounded case to the general case.
Therefore we do not know if his result is valid in the general case. We mention that
Ibragimov and Linnik [6] assumed stationarity, so their proof is complete.

Our Theorem 1 contains the bounded case (it is a version of the result of [10])
while Theorem 2 is the general central limit theorem (it is contained in [7]). Theo-
rems 3 and 4 are the p-dimensional extensions of Theorems 1 and 2, respectively.

There is a vast literature of mixing random processes. Bradley [2] gives a recent
survey of mixing conditions. Recent advances in the central limit theorems for ran-
dom sequences are considered by Merlevede, Peligrad and Utev in [13].

In [4] a general CLT is proved for stationary random fields. As is pointed out in
[4], certain mixing conditions imply the assumptions of the general CLT.
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Note that our mixing conditions are not comparable with the ones in [4]. Moreover,
in that paper stationary field and fixed designs are studied, while in our paper we do
not assume stationarity and consider an infill-increasing setup.

2. NOTATION AND PRELIMINARY REMARKS

The following notation is used. Z is the set of all integers, Z< is the set of d-
dimensional lattice points where d is a fixed positive integer. R is the real line, RY
is the d-dimensional space with the usual Euclidean norm ||x||. In R¢ we shall also
consider the distance corresponding to the maximum norm

o(x,y) = max |x; — yil
1<i<d

where x = (x1,...,x4), ¥ = (J1,...,¥q). The distance of two sets in R corre-
sponding to the maximum norm is also denoted by o : o(A4, B) = inf{o(x, %) : x €
A, y € B}.

For real valued sequences {a,} and {b,}, a, = o (by) (resp., a, = O (b,)) means
that the sequence @, /b, converges to 0 (resp., is bounded). We shall denote different
constants with the same letter ¢. 1{A} denotes the indicator function of the set A.
|D| denotes the cardinality of the finite set .

We shall suppose the existence of an underlying probability space (£2, ¥, P). The
o-algebra generated by a set of events or by a set of random variables will be denoted
by o{-}. The sign E stands for the expectation. The variance and covariance are
denoted by var (-) and cov (-, -), respectively. The L,-norm of a random (vector)
variable 7 is defined as

1/
Inll, = {Elnl?} 7. 1 < p < 0.

The sign “=" denotes the convergence in distribution. N (1, X') stands for the (vec-
tor) normal distribution with the mean (vector) m and covariance (matrix) X

The scheme of observations is the following. Let 77, 75, ..., and T», be domains
in RY. Suppose that Ty C T, C T3 C ..., Uloil T; = Too. Assume that 7; is
compact for each i, Ty is of infinite Lebesgue measure. Let {e(x), x € Two} be
a random field. The n-th set of observations consists of values of the random field
&(x) taken at points xg € Ty, where £ € D, C Z“. The choice of points x4 is the
following. Divide R¢ into hyperrectangles

d
Mnk) =] (k—’ 1 1]

j=1 Zv] n N, jn
where £ = (ky,....kg) € Z% is a d-dimensional integer lattice point and { N in} is
an increasing and unbounded sequence of positive integers for each j = 1,...,d.

Now, select the n -th data sites xp, £ € Dy, by choosing an arbitrary point xg,
from each A, (&) N Ty, which is non-empty. Actually, each xp = xz’) depends on
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n but to avoid complicated notation we often omit superscript (7). We suppose that
limy,— o0 |Dp| = o0.

As the locations of the observations become more and more dense in an increas-
ing sequence of domains, we call our setup infill-increasing (see [3, 12] for infill
asymptotics).

Define the discrete parameter random field Y, (&) as follows. For arbitrary n =
1,2,... and £ € Dy, let Y, (&) be a Borel measurable function of s(ng)).

We need the notion of «-mixing (see, e. g., [5, 11]). Let A and B be two o-
algebras in . The o-mixing coefficient of 4 and B is

a(A, B) = sup{|P(A)P(B) —P(4AB)|: A € A, B € B}.
The a-mixing coefficient of {e(x) : x € T} is
a(rou,v) = sup{a(Fr,, F1,) + o1, 1) Z r || = u, |l < v}
where I and I, are finite subsets in Too, 7, = o{e(x) :x € I;},i = 1,2.
We say that the random field {e(x)} is & -mixing if its mixing coefficients satisfy
some conditions. All of these conditions mean a weak defence of the field, that is

a(r,u,v) is small if r is large.
We list the conditions that will be used in our theorems.

o0
/ sd_loc2+7f(s, 1,1)ds < oo forsome 0 <t < I; 2.1
0
o0
/ s¥ V(s i, j)ds < cofor i + j < 4; (2.2)
0
as,1,0) =0 (s_d) as s — 00; (2.3)
An = O (Ay) asn — oo, 2.4)
where
Ap = max Njp, Ap = min Njp. 2.5)
1<j=<d 1<j=<d

Actually (2.3) means that limy,— o0 ®(Sp, l,kn)sg =0if s, — oo and k;;, — o0.
Let o, (7,1, j) denote the a-mixing coefficients of Y,(&). As xp € A,(f) and
xg € Ay(£) (Where £ = (I4,...,15)), we have

—L]—1 — 1y -1 —1
o(xp,xg) = max{ i Nlllnl [ka NZ' } = Q(k’/f: (2.6)
and (k) +1
o(xp,xg) = Q’A— 2.7)

where A,, A, are given in (2.5). Therefore the a-mixing coefficients ay, (7,7, j) of
Y, (R) satisty

| -1
a(r):: ,i,j) Ean(r,i,j)foz(rAn ,i,j), r=1,2,....
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Lemma 1. For y > 0 and positive integers i, j, n, the relation
o0 o0
> ri ey (i) < (1 b [t j)dr) 28)
0
r=1

holds, where the constant ¢ depends only on d.

PROOF. We have

o0 o0 p
Yol (rij) <c (1 + ) e (A—IJ))
n

r=1 r=1

oo r
N
< 1 d=lyy —,i,j)d
=c +Z/r_ls o (Anl]) s)

o S
/ s4= 1Y (—,i,j) ds)
0 An
o0
Ag/ sd_lay(s,i,j)ds),
0

which leads us to (2.8). (]

_l’_

A
o

T R
+

Remark 1 (Davydov’s inequality [5, p. 9]). The following well-known covariance
inequalities are basic tools for mixing fields.

1
|cov (X, Y)| <8[a(a(X),a(X )] | XY llg (2.9
forr, p,g > 1,r=! 4+ p~1 4 ¢~ = 1. In the special case where X and Y belong to
Lo, we have

|cov (X, V)| = 4[a(o(X), o (X)] [ X oo 1Y [l co- (2.10)

The following inequality is a special case of the Rosenthal inequality. For the
proof, see [5].

Lemma 2. Let &g, £ € Z2, be centered random variables with E|g5|' 7 < 00,
k € Z%. Introduce the notation
h
Lh7.0) =Y (Elgl™")"

keD

ifl <h <2 t©>0andD is a finite set in Z9. Let

o0
e =14 s o (s, 1, D]

s=1



A CENTRAL LIMIT THEOREM 151

where ag(s, 1, 1) is the a-mixing coefficient of the field {p}. Now, let 1 <1 < 2 and
T > 0. Assume that cﬁ < 00. Then there is a constant ¢ such that

D Ea

ReD
for any finite subset D of Z°.

[
E <c-IL, T, D) @.11)

We remark that the proof of the Rosenthal inequality (2.11) follows from (2.12)
below, by using the so-called interpolation lemma. Details and the general form of
the Rosenthal inequality can be found, e. g., in [8].

Remark 2. Using the notation of Lemma 2, let ¢ > 0, and assume that cﬁ < 00.
Then there is a constant ¢ such that

Z |cov (£, &p)| < c-cgffL(lr, D) (2.12)
R LD

for any finite subset & of z4.

PROOF. For the sake of completeness we prove (2.12). By (2.9),

> Jcov (e Ep)l <

R,LeD

< S 3+ > 8[aele — £ 1 D] fgaloselEelzre.

keD kLD
kR#L

By the inequality between the geometric and arithmetic means, the above expression
is majorized by

o leel3e+ D 8lag(le— L1, D)7 g3, <

ReD Rk, LeD
rEL
o0
< D el + Y] D s og(s. 1D £ 13
keD ReD s=1
This gives (2.12). 0

3. MAIN THEOREMS

Theorem 1. Let e(x) be a random field and let Y, (R) be a Borel measurable
unction of e(x" R € Dy,. Suppose that EY,(R) = 0 and |Y,(R)| are uniformly
3
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bounded for k € Dy, n = 1,2,.... Let S, = Zkei)n Y.(k), n = 1,2,...,
02 = var (S,). Let conditions (2.2), (2.3), and (2.4) be satisfied. Assume that

n

0.2
lim inf p n > 0. 3.1

Thenan_lSn = N(0,1)asn — oo.

PROOF. We follow ideas of [11]. Throughout the proof we shall suppose that
the random variables Y, (£) are uniformly bounded with the bound 1: |Y,(&)| < 1,
keDy,,n=12,....

Choose a sequence {m,} of positive integers such that lim,—o #1, = 00,

_d
lim @(mn, 1,00)|Dnl2 Ay 2 = 0 (3.2)
n—>00
and
. —d 1 —%
lim m, “|Dy|2 A, > = oo. (3.3)
n—>oo

IR

To thisend, let x, = a(n, 1,00), y, = n9andz, = |°T)n|%A; in Lemma 3 below.
Then, by (2.3), x5,/ yn — 0. Moreover z, — oo because |i)n|A;d > cu(Ty) — oo.
Here, u(T;) is the Lebesgue measure of 75,.

Let Sn(R) = 3 e, o(xp.xg)<m, Yn(£) and Sy (k) = S, — Sy(k) for any £ €
Dp. Letan = yep, E(Yn(£)Sn(L)), Sy = a;%S,,, and S, (k) = a;%S,,(k). We
have

op =var(Sp) =an+ Y E(Y4(H)Sy(L)).
LeD,
Using (2.10) and the same argument as in Lemma 1, we obtain

of —an=|»_ E(Ya(£)S; (L))

LeD,
< > lcov (Ya(k), Ya(£)))|
R, LDy, 0(xp,xe)Zmy
> s—1
<c|D g [ —— 1.1
< ¢|Dy| Z s ( i )
s=muAp—1
© —1
< c|Dp| s 1y (S ,1,1) ds
muhp—2 Ay
o0
< c|§O,,|AZ/ - sl (5,1, 1) ds < c|i)n|A,dl co(l) < 0,% 2o(1).

An
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In the last steps we used (2.2) and (3.1). Hence

lim 2% — . (3.4)

n—00 g’%

Therefore it is sufficient to prove the asymptotic normality of Sh.
Since sup, ES?2 < oo, by Stein’s lemma (see Remark 3) it is sufficient to prove
that

lim E ((n — §n)e”§n) — 0 forevery 7 € R. 3.5)
n—>oo
Consider the decomposition
(it —8p)e'"Sn = Ay — Ay — 45,
where
5 1
Ay = iteiSn (1 -— ¥ Yn(z)sn(z)),

" peD,

1 B o
Ay, = ay ZeltSn Z Yn(£) (1 —itSu(L) — e—ztSn(l)) ’
LeD,

1 .. o
A3 =ay,? Z Yn(t)e”(S"_S"“)).
LeD,,

First we prove that lim, o E|A4;|> = 0. We have

El4,]* = 2a,?var [ Y Yu(£)Sa(8) | =
LeD,
= t%a,? E cov (Ya(4)Yn(£), Yu(4)Ya(£)). (3.6)
7.4, L UED,,

o(xj,x¢g)<my,
Q(xj/,xlr)ﬁmn

Now we distinguish two cases. First suppose that o(x;,x;/) = k > % Then
o({xj,xg},{x 4, %g}) = k —2m,. Then, by the covariance inequality (2.10),

[cov (Ya(d) V(). Ya(G)Yu ()| < 4tk — 2my.2.2).

because |Y,(£)| < 1 for each £ and n. Now, we can choose 4 in |D,| ways, then
£ at most in m% A% ways, and when 4’ is chosen, then we can choose £ at most in
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m? AZ ways. So the expression in (3.6) is less than or equal to

ctza;2|i)n|m,%dA,%d sup Z a(o(xz,x3r) —2my,2,2)
$€Dn (37 0(xy ) =k=¥1phny
- 1
< cl2a;2|£n|m,2,d/\,2,d Z s (S — —2my.2, 2) .
s=3muA,—1 An

In the last step we used (2.6) and (2.7). We can majorize the above sum by the
following integral:

(o.¢]
ctza;2|£l),,|m,%d/l,%d/

—1
971y (S —2mn,2,2) ds
3y Ap—2 A

n

o
< 124, ?| Dy |m24 A2F / (An(s + 2my) + D9 (s, 2,2)ds
mp+o (1)

o0
§clza;2|i)n|mﬁd/l,3,d/ Sd_loz(s,2,2)ds.
0

Now, we can use (3.1) and (3.4) to show that a;l < c|i)n|_1A;d. Therefore the
above expression is majorized by ¢|D,|™! m,%dAg , which converges to 0, asn — oo,
by the choice of m,, (see (3.2), (3.3)).

In the second case we suppose that o(x;,x;/) = k < % Let

h=inf{o(x;,%3),0(x;,%xg),0(x;,%x¢)}.

Then, by the covariance inequality (2.10),

[cov (Ya(#)Ya(£), Yu(3") Ya(2)]
< |[E (Yn(j)Yn(l)Yn(j,)Yn(l,))‘ + |E (Yu(£)Yn(£))] |[E (Yn(j/)Yn([/)H
<4a(h,1,3) + 4a(h,1,1) < 8a(h,1,3),

because |Y,(£)| < 1 for each £ and n. Suppose that 1 = o(x;,x¢) (the other two
cases can be studied similarly). Then we can choose £ in |D,| ways, #’ at most in

Al (3mu An (kn)_l)d ways, and £’ at most in AZm? ways. So the expression in
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(3.6) is less than or equal to

d
3 A
czza,;zmnmff( m)\,, ”) A9l Y a(h, 1,3)
n

{:o(x;,x¢)=h<my}

k—1
=< clza;2|°‘Dn|A,31dmﬁdk;d Z o ( 1 1, 3)
{£: 0(4.£)=k=<Apmy+1} "

Apmy+1 k—1
< @Dl AV m 14+ ) kd_la(A ,1,3)
k=1 "

Apmy+1 g—1
< cr2a,?| Dy | A2 m2 (1 + /0 s 1o (A— 1, 3) ds
n

< ctza;2|§Dn|A,31dm,21d — 0, n— oo,

as it was shown above. Therefore both parts of the sum in (3.6) converge to 0, so
lim, 00 E|41]* = 0.
Now, we turn to A,. By Taylor’s expansion, we have

11— i18,(8) — e S5 ®) < ¢252(8)
and, therefore,

_1 _ o
E|4z| < ap? Z E )1 —itSp(L) _e—ll‘Sn(l)‘
LeD,

_1 .
< ;2| Dyl sup E (czzsf,(t))
LeD,

| Dp| sup > |cov (Ya(4), Ya(4")]
L oo,:5)<Aumn, o(,:4))<Anmy,

[SIN]

< cay

[SIoN]

<ca, |i),,|mffA,21d —0

as n — oo, because of the choice of m,,, the relation between a, and a,f, (3.1) and

(3.2). In the above calculation, we have applied the covariance inequality and the

majorization of the sum by an integral as we did before. Hence, lim,— E|43| = 0.
Now, we shall prove that limy, o EA3 = 0.

_1 o
Eds| < ay® Y Joov (Ya(8), e SmSi®) | <
LeD,
1
< a2 | Dula (i, 1,00) < ¢| An|™%|Dn|Za (i, 1, 00) — 0,

by the choice of m,,.



156 ZS. KARACSONY

So (3.5) is proved and, therefore, the theorem is proved. (]

Theorem 2. Let e(x) be a random field and let Y, (R) be a Borel measurable
function ofa(xgl)),k € Dy. Suppose that EYy(R) = 0 fork € Dy, n = 1,2,....
Let S, = Zkei)n Ya(k), n=1,2,...,02 = var (Sy,). Suppose that there exists a
T > 0 such that (2.1)is satisfied and

{(Y,(R)|*TF ik € Dy, n=1,2,...} are uniformly integrable. (3.7
Then

> lcov(Yu(k). Ya())] < co. (3.8)
k., LeD,
If, additionally, conditions (2.2), (2.3), (2.4), and (3.1) are satisfied, then o, lSn =
N(0,1) asn — oo.

lim su
nsoa. Ad|D,|

PROOF. First we prove (3.8). By the Rosenthal inequality (2.11),
D lcov (Ya(k). Yu(£))] <

R, LD,

<c (1 + i[an(s, 1, 1)]2irsd—1) Z ([ElYk|2+-c) 7t .

s=1 keD
Due to Lemma 1, this expression is majorized by

o0
c- (1 + Ag/ sd_laZTT(s, 1, l)ds) X
0

x |;o,,|sup{||Y,,(/sa)||§+r CheDy n= 1,2,...}.

Therefore, (3.7) and (2.1) imply (3.8).

Now, we show that it is sufficient to prove the theorem for uniformly bounded
random variables {Y,(R) : £ € D,, n = 1,2,...}. So Theorem 1 will imply the
result. We follow the ideas of Ibragimov and Linnik [6]. Let L > 0 and define the
truncated variables by the superscript (L) and the remainder by breve and superscript
(L): XD = X . {X e [L. L]}, XB) = x — XL Let Z, = S,/on be the
standardized sum,

1
Zh=—y (Yn(L)(k) - [EYn(L)(k))
" e,

be the normalized sum of the truncated variables, and
o 1 o o
Zh =y (Yn(L)(k) - [EYn(L)(k))
" keD,

be the normalized sum of the remainders. Then Z, = Z,SL) + Z,(,L) and [EZ,% =1.
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By the Rosenthal inequality, (2.8), and (2.1),

2
EZP) =E|— Y (VP -EVP®)| <
" heD,
A4 D .
< cM sup |V, P (k)3 — 0 (3.9

(9 ReD,
as L — oo. We remark that this convergence is uniform in #. In the last step we used
(3.1) and (3.7).
Let 07 (L) = var(Y_gcp, Yn(L)(k)) be the variance of the sum of the truncated
variables. Now

oa(L) _

2
On

1=E(Z") - E(Z)* =

= E(Zy — ZI)2 — E(Z0)? = E(ZP)? - 2E(2, Z(1)).

By (3.9), and using the Cauchy inequality for the second term, the above expression
converges to 0, as L — oo, uniformly in n. Therefore,

2
. o, (L)
lim sup |2 —1| =0. (3.10)
L_’°°n21 (o
Now,
|[Eeith _e—rz/z‘ <
02 (L) 42 ofg(L) ;2
.. 5 (L) . (L) —Zn =’ 1= _Yn =)= t2
< E |¢f?%n —1‘+ Eeitn —¢ o Zl4le on > —e 2|<
2

< t|E|1ZP| + sup Ee!'VUn — o= 2

¢
T8, (311
vell—87 1467 ] 2

()2 ‘

2
where §7, = sup,>, )U’;(’%L) — 1‘ and U, = m D keD, (Y,,(L)(k) — [EY,,(L)(k)) .
By (3.10), limz, o 67 = 0. If the theorem is valid for bounded random variables,

then U, is asymptotically standard normal, therefore (3.11) implies that

. . 12
limsup |Ee’?%n — e_tz/z‘ < |t] [sup [E(Z,SL))2 + L.
n—00 n=>1 2

However, using (3.9), the last expression converges to 0, as L. — oo. Therefore, the
theorem is valid. O

In the proof of Theorem 1 we used the existence of the following subsequence #1;,.
For the sake of completeness we give a proof of the existence.
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Lemma 3. Let x, | 0, v, | 0, 2, — 00 be real sequences such that y, = n—4

with d > 0 and x,/y, — 0. Then there exists a sequence my, of positive integers
such that my — 00, X, zn — 0, and ym, zn — 00.
PROOF. AS 1, = X,/yn — 0 we can find an increasing unbounded sequence
of positive numbers such that t,, < k=2ifn > u,lc/ d . As z;, — oo, we can find
an increasing unbounded sequence {n(k)} of positive integers such that z,, > kuy if
n > n(k). Now let a,, = 1/k if n(k) < m < n(k 4 1) for each positive integer k.
Therefore, o, — 0 and for each positive integer k we have zy,0, > kug/k = uy
ifnk) <m<nlk +1).
Now let m, = [(zaatn)'/¢] + 1 for each n, where [-] denotes the integer part of
a number. It is easy to see that m, 1 oco. Using the above considerations, for each
positive integer k£ we have
Tmp k=2 -1 .

<— =k iftntk) <n<ntk+1). (3.12)
oy k1

Therefore, by the definition of 7, the definition of m, and (3.12), we get

1

_ -1 _ -
XmpZn = TmpYmpZn = Tm, (Zn®n)~ Zn = Tm,0, — 0

if n = oo. Moreover, by the definition of «;, we obtain
d
Vo Zn = In _ Zn (Znan)l/d = 00
Mn = md  zyap [(znocn)l/d] +1

asn — oo. O

Remark 3 (Stein’s lemma [11, 14]). Let {v,} be a sequence of probabilities on R
such that sup,, [p x?v,(dx) < oo and

lim /(it —x)e!™v,(dx) =0
R

n—o0

for every ¢t € R. Then v, = N (0,1) asn — oo.

4. EXTENSIONS OF MAIN THEOREMS

Corollary 1. In Theorems 1 and 2, instead of (3.1), assume that

: —d|qy |-152 _ 2
,,ILH(}OA'! |Dpn|" "0, =0".

Then (Aff|i)n|)_%Sn = N(0,0%) asn — oo.
PROOEF. First assume that 2 > 0. Then (3.1) is satisfied and therefore o, 1S, =
N(0,1). So

2

2

_1 o _

(A4]D,)) éS”z(Ad|jT)|) 0,18y = o N(0,1) = N(0,02).
n n
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If 62 = 0, then Var[(Ag|§O,,|)_%Sn] = (A2|Dy])" 02 — 0 asn — oo. There-
fore, (A,‘f | Dy, |)_%Sn converges to 0 in L2, so it converges to the degenerate normal
law N (0, 0) in distribution. O

Now we turn to p-dimensional extensions of Theorems 1 and 2. Our Theorem 3
is the same as Theorem 3.1 of [10].

Theorem 3. Let £(x) be a random field and let the p-dimensional random vector

Yu(R) be a Borel measurable function Ofe(xgl)), k € D,. Suppose that EY, (k) =
0 and || Y, (R)| are uniformly bounded for k € Dy, n = 1,2,.... Let S, =
Zkei)n Yo(R), n =1,2,..., X, = var(Sy). Suppose that conditions (2.2), (2.3),
and (2.4) are satisfied. Assume that the limit

lim (A,9]0,7'Zp) =
n—00

exists. Then (Ag|§Dn| _%Sn = N(0,X)asn — oo.

PROOF. Consider the one dimensional random field {a " Y,, (&)}, where a € R? is
arbitrary (a' is the transpose of ). Apply Theorem 1 and Corollary 1 to the field
{aTYn(k)}. O

Our Theorem 4 is the same as Remark 4.3 in [7].

Theorem 4. Let e(x) be a random field. For eachn = 1,2,..., and for each

k € D,, let Y,(R) be a centered p-dimensional random vector that is 8(%21) )-
measurable. Let S, = Zke@n Yo(R), n = 1,2,..., X, = var(Sy). Assume that
conditions (2.2), (2.3), and (2.4) are satisfied. Moreover, assume that there exists a
T > 0 such that (2.1) is satisfied, and

U Yn(R)?PTT i k€ Dy, n=1,2,...} are uniformly integrable.
Assume that

liminf 2 (A;d| i),,|_12,,) > 0.

n—
_1
Then X, *S, = N(0,1p) asn — oo.

Here, Amin(A) denotes the minimal eigenvalue of the matrix 4 and [, is the p x p
type unit matrix.

PROOF. Apply Theorem 2 to the field {a " Y, (k)}. O

Several other versions of the above theorems can be obtained. For example, the
uniform integrability condition can be substituted by a strong stationarity condition
and an integrability condition.
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ABSTRACT. In this paper we study the Kantorovich form of Stancu operators. As
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1. INTRODUCTION

In this section, we recall some notions and results which we will use in this article

(see [5)]).

We define the natural number my by

_ {max{l,—[ﬂ]}, iff peR\Z an
max{l,1 — g}, iff B eZ.
For the real number p, we have
m+ B =yg=mo+ B (1.2)
for any natural number m, m > mg, where
_ {max{l +B.4{B}), iff BeR\Z, 03
max{1 + B, 1}, iff BeZ.
For the real numbers «, 8, @ > 0, we set
1, iffa < B,
el =1, =P iy p 14
VB
Lemma 1. For the real numbers a and B, a > 0, we have
0 < ,’;:‘; < p@h (1.5)

© 2006 MISKOLC UNIVERSITY PRESS


http://dx.doi.org/10.18514/MMN.2006.122

162 OVIDIU T. POP

for any natural number m, m > mq and for any k € {0,1,...,m}.

For the real numbers « and 8, @ > 0, where mq and ;L(""B) are defined by (1.1)—
(1.4), let the operators %P . ¢ ([0, @A) — ([0, 1]) be defined for any func-
tion 1 € C([0, n*P]) by

a, k +
(P £)(x) = mek( )f( +‘;) 16)

for any natural number m,m > my and for any x € [0, 1], where p, x(x) =
(',’;)xk (1- x)m_k are the fundamental Bernstein polynomials. These operators are
named Bernstein-Stancu operators, introduced and studied in 1969 by D. D. Stancu
in the paper [7]. In [7] the domain of definition for the Bernstein—Stancu operators is
C(0,1]) and 0 < < B.

Remark 1. Because there is no restriction on the real parameter 8 in our construc-
tion, in the following remarks we will explain how to obtain the Bernstein, Schurer
and Schurer—Stancu operators from the Stancu operators, through particularization.

Remark 2. fa = B = 0, then mg = 1, n©® = 1, we obtain P> = By,
m > 1, the Bernstein operators, By, : C([0, 1]) — C([0, 1]) defined by

m
B /) = 3 k) S (%) , (17
k=0
for any function f € C([0, 1]) and any x € [0, 1].

Remark 3. If p is a natural number, « = O and 8 = —p, then mg = 1 + p,
,u(o’_ﬁ) = 1 + p. Changing m with m 4+ p, we obtain P,£10+pﬂ) = Em,p, m > 1, the
Schurer operators, Em p : C(0,1+ p]) = C([0, 1]) defined by

m+p
(Brnf)) = 3 Fns)f (). 1.9

k=0
for any function f € C([0,1 + p]) and any x € [0, 1], where

~ m + -
P i (x) = pm+p,k(x)( i )xk(l —x)mr

are the fundamental Schurer polynomials.
Remark 4. 1f 0 < «, p is a natural number, substituting m with m + p and B with

B — p, we obtain P,Efi@ P _ S,(,,af), m > mg, where mg is defined in (1.1) for

B — p, the Schurer—Stancu operators, S,(nof’f) : C ([0, u(“’ﬂ_m]) — ([0, 1]) defined
by

S@B 1) (x 4 Ko 1.9
(Swp’ 1)) = mek()mﬂ, (19)
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for any function f € C ([0, M(“’ﬁ_l’)]) and any x € [0, 1] (see [2], where the domain
of definition for the Schurer-Stancu operators is C([0, 1 4+ p]) and the parameters o
and 8 verify 0 < o < f).

Proposition 1. The operators (P,Sf"ﬁ ) ) X satisfy the relations

m=mq
(P&Peg)(x) = 1, (1.10)
pl.B) N -2 1.11
(PorPer)() = x + = (L11)
and
mx(l1—x)+ (¢ — Bx)2mx + Bx + «

(P,Sl“"ﬂ)ez)(x) =x2+ ( ) t@=p )(2 P ) (1.12)

(m + p)

for any natural number m, m > my, for any x € [0, 1].
PROOF. The proof can be found in [7, 8]. Il

2. PRELIMINARIES

For a nonzero natural number m1, let the operator K, : L4 ([O, 1]) — C([0, 1]) be
defined for any function /" € L ([0, 1]) by

m k+1
(Kn /1) = 01413 puse) [T fitrd, @1
k=0 m+1

for any x € [0, 1].

The operators K, where m is a nonzero natural number, are named Kantorovich
operators, introduced and studied in 1930 by L. V. Kantorovich (see [8]).

In the following, we consider the real numbers « and 8, « > 0, where my and
,u(“’ﬂ) are defined by (1.1)—(1.4).

Lemma 2. For a natural number m, m > mq, we have
k 4+« <k+o¢+1 - @B
Tm+B+1 T m+B+1 T
forany k € {0,1,...,m}.

PROOF. This results from (1.5). O

2.2)

For a natural number m, m > my, let the operator K&P : L, ([0, p @A) —
C([0, 1]) be defined for any function f € L ([0, n@P]) by
k+a+1

(KD 1) =t 403 pacc) [ 77 podr, @3)
k=0

mFBFT
forany x € [0, 1]. These operators are named the Kantorovich—Stancu type operators.
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Lemma 3. The operators (K,(,‘,x A )) o satisfy the relations

m=m
(K,(,?"ﬁ)eo)(x) =1, (2.4)
2004+ 1
K@B _ " , 2.5
(K Per) () mr B+l T 2mt B0 23)
and
-1 2 1 302 + 30 + 1
(KeBey) () = =D 2, 2t D Jertdetl
(m+p+1)2 (m+p+1)2 3(m+p+1)>2
for any natural number m, m > my, and for any x € [0, 1].

PROOF. Using the definition of the operator K,(f,x #) and applying Proposition 1.1,
the conclusion follows. O

Lemma 4. The operators (K,(ff b )) o satisfy the relation

m=m

—m+(/3+1)2x2 m— Qo+ 1)(B+1)

(m+ B+ 1)? (m+ B +1)?
3% + 30+ 1
3(m+ B+ 1)?

(K5 Pp3)(x) =

2.7

for any natural number m, m > my, for any x € [0, 1].
PROOF. We have
(K& p2)(x) = (K@Pey)(x) — 2x(K@Pe))(x) + x2(K&Peo) (x),

and applying Lemma 2.2 we get the conclusion. U

Lemma S. The operators (K,(,‘,x A )) , are linear and positive.

m=m

PROOF. The conclusion follows immediately. (]

3. MAIN RESULTS

Let us recall that if / C R is a given interval, f* € Cp(I), where B(I) = {f |
f I —> R, fboundedon I}, C(I) ={f | f:1I — R, f is continuous on [},
and Cg(I) = B(I) N C(I). The first order modulus of smoothness is the function
w1 : [0,00) — R defined for any § > 0 by the formula

w1 (f:8) =sup{|f(x") = f(x"): X" x"el, |x'—x"] <5} 3.1

In the sequel, we will use the following result established by O. Shisha and B. Mond
(see [1, 6, 8]).
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Theorem 1. Let L : C(I) — B(I) be a linear and positive operator with the
properties Ley = ey.
W If f € Cp(I), then

(L)) — 100 < [1 s (Lwi)(x)]wl(f;é) (3.2)

and
[(LA)(x) = f(x)] < [1+872(Lo3)x0)]w1(f39) (3.3)

forany x € I, forany § > 0;
(ii) If f is a derivable function on I and ' € Cg(I), then

[(L)(x) = f(x)] <
= [FlEen) =]+ (Lo 1457 Ledo (5 G
forany x € I, for any § > 0.

Theorem 2. The sequence ( K,(,‘f ) f )
forany f € C([0, M(a,ﬂ)]).

PROOF. Applying Lemma 2.3 we get limm_,oo(K,(,‘f A )(p)zc)(x) = 0 uniformly on

m>m, COnverges uniformly on [0, 1] to f,

[0, 1]. Since K,(,;x ) ey = ey, using then the well-known Bohman—Korovkin theorem
[1, 8], we obtain the result. O

Theorem 3. (i) If / € C([0, u@P)]), then

(K5 P 1)) = S (0] = (1 +571 (K Pez) (x>) o1(f:8) (3.5

(KD 1)) = s < [ 1487 (KPel) ) |en(f:8)  3.6)

forany x €[0,1], forany § > 0 and m € N, m > my.
(1) If f is a differentiable function on [O, M(“’ﬁ)] and [ € C([O, ,u(""ﬂ)]), then

and

B+1 20 4+ 1
X
m+B+1" " 2m+B+1)

[(K@P £)(x) — f(x)] < If/(x)l‘—

+J(K5P62) () (1+5—1 (K,S?’ﬂ)w,%)(x))wl(f'm (3.7)

forany x €[0,1], forany § > 0 and m € N, m > my.

PROOF. Applying the Theorem 3.1, we obtain the results. (|
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Theorem 4. Let 8,(,‘,"”3)(x) = (K,(,‘f’ﬂ)cp)%)(x), where x € [0, 1] and m is any
natural number, m > mg. Then

(1) If f € C([0, p@P)]), then
(K&P) f)(x) = £(x)| < 2001 (f:82P (x)) (3.8)

for any x € [0, 1] and for any natural number m, m > my.
(2) If f is a derivable function on [0, ,u(‘x’ﬂ)] and [’ € C([O, /L(“’ﬂ)]), then

(C) _ oyl B
(RS )= 0] = 17/0ol| = - B
20 + 1
+ Z(mi—;Jrl) + 285 () (1, 85P (x) (3.9)

for any x € [0, 1] and for any natural number m, m > my.

PROOF. Choosing § = 5,(73‘ ) (x) in Theorem 3.3, we obtain Theorem 3.4. (]

For a natural number m,m > my, let f, : [0,1] — R be a function of second
degree defined by

) = —m+(,8+1)2x2 m—(2a+1)(ﬂ+1)x 3 + 30 + 1
(m+ B+ 1)? (m+ B +1)? 3m+ B+ 1)2
for any x € [0, 1], where m2 is the smallest natural number so that
my = max{mo, Qe + DB+ 1, B+ D>+ 1, (B+ D2 -2+ 1)}. (3.11)
Lemma 6. The function fy, has a maximum value
3m? —2m(6aB + 3B + 1 — 6a?) — (B + 1)?

(3.10)

M@ = >0 (3.12)
" 12[m — (B + 1)?](m + B + 1)?
at the point Xpy = %, where m is a natural number, m > m;.
PROOF. Leta = —m+(B+1)2 p = m=QaEDBHD apg o = 3a243atl Then

(m+B+1)2 7 (m+B+1)? 3(m+B+1)2°
fm = ax?+bx +c. Because m > m;, a < 0, the function f;, has a maximum value

M,S,“’ﬂ) = —ﬁ at the point xps = —zb—a. It follows immediately that 0 < xps < 1,
sincem > (B+1)2,m>Qa+ DB +1)andm > (B+ 1)2B — 20 + 1). We

have f,(0) = % > 0 and from calculations we obtain relation (3.12). [J

Lemma 7. We have
5’(:,/3)()() < 5r(rtlx,ﬂ) (3.13)

forany x € [0, 1] and for any natural number m, m > my, where 5,(,‘,1”3) =/ M,ﬁ,""ﬂ).

PROOF. Taking (2.7) into account, the definition of 5,(,‘,1 ) (x)and Lemma3.1. 0O
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For a natural number m, m > my, let g, : [0,1] = R be a function defined by
B+1 2041

gm(x) = — i X T s D for any x € [0, 1]. Because the function g, is
linear, then the extremal value of g, is g4, (0) and g,,(1). Then
|gm(0)] < ni? (3.14)
for any x € [0, 1], for any natural number m, m > mg, where
ny? = max {|gm(0)]. [gm(D)]} = (3.15)
{ 200 + 1 |—2,B—|—2a—1|}
= max , .
2m+pB+1) 2m+pB+1)

Corollary 1. The following assertions are true:
(1) If f € C([0, @P)]), then
(KD ) (x) — f(x)| < 201 (f:5P) (3.16)

for any x € [0, 1] and for any natural number m, m > my.
(2) If f is a derivable function on [O, ,u(“’ﬂ)] and [’ € C([O, /L(“’ﬂ)]), then

(K& f)(x) = £(0)] < Min&B) + 25@B oy (11 5P)) (3.17)
for any x € [0, 1] and for any natural number m, m > my, where M| =
maxyefo,1] | /()]

PROOF. It results from Theorem 3.4, Lemma 3.2 and relation (3.14). O

Remark 5. Through particularization, in the following applications we obtain known
operators which verify the general results proved for the Stancu operators.

Application 1. If @ = 8 = 0 we obtain the Kantorovich operators.

Application 2. If p is a natural number, « = = 0, substituting m with m + p,
we obtain the Kantorovich form of Schurer type operators (see [4]).

Application 3. If p is a natural number, 0 < o < f3, substituting m with m + p,
we obtain the Kantorovich form of Schurer—Stancu operators (see [3]).
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1. NOTATION AND INTRODUCTION

On the interval [a, b], we consider two-dimensional differential system

ui(t) = pir (Ouy(ti1 (1)) + piz(@Ouz(ti2 (1)) + qi(2) (i =12) (L.1)

with the initial conditions
ui(a) = cy, uz(a) = cy, (1.2)

where p;x,qi : [a,b] — R (i,k = 1,2) are Lebesgue integrable functions, 75 :
[a,b] — [a,b] (i,k = 1,2) are measurable functions, and ¢y, ¢, € R. By a solution
of the problem (1.1), (1.2), we understand an absolutely continuous vector function
u = (uy,uz)T :[a, b] - R? satisfying the equation (1.1) almost everywhere on [a, b]
and verifying the initial conditions (1.2). The following notation is used throughout
the paper:

R is the set of all real numbers, Ry = [0, +o0[;

R? is the space two-dimensional column vectors x = (x,')l.zz1 with the elements
X1, X2 € R and the norm

Ixll = xq] + [x2]:

The research was supported by the Grant Agency of the Czech Republic, Grant
No. 201/04/P183, and by the Academy of Sciences of the Czech Republic, Institutional Research Plan
No. AV0Z10190503.
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If x, y € R? then
x <y ifandonlyif x1 <y, x2 < y;

R2*2 is the space of the 2 x 2-matrices X = (x; k)l.2 x—1 With the elements x;; € R
(i.k =1,2); ’

r(X) is the spectral radius of the matrix X €

XT is the transposed matrix to 7 X m-matrix X

If x1,x, € R then
mammﬁ=clo)

[R2X2.

0 X2

C([a, b]; R?) is the Banach space of continuous vector functions u : [a,b] — R?
equipped with the norm

lullc = max{llu(@)] : t € [a.b]}:

C ([a, b]; R?) is the set of absolutely continuous vector functions u : [a, b] — R?;
L([a,b]; R?) is the Banach space of Lebesgue integrable vector functions / :
a,b] — R? equipped with the norm
quipp

MM=LNMMM;
The equalities and inequalities with integrable functions are understood to hold
almost everywhere.
The following proposition is well-known.
Proposition 1.1. Let
pis—i(t) =0 fort €la,bl,i=1,2. (1.3)
Then, for every vector function (yy,y2)T € C ([a, b]; R?) satisfying

2
v <D piuc®ye() + qi(t) fort €fa.bl. i =1.2,
k=1
y1(a) <c, v (a) < ¢y,
the relation
vi(t) Sui(t) fortela,b), i =12

holds, where (uy,u3)T is a solution of the system

2
wp =Y puug +qi() (=12 (1.4)
k=1

satisfying the initial conditions (1.2).
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In the other words, if the condition (1.3) is satisfied then so-called theorem on
differential inequalities holds for the system (1.4) or, equivalently, the Cauchy matrix
function of the homogeneous system corresponding to (1.4) is non-negative. Itis very
easy to show that, under the assumption (1.3), an analogous assertion for the system
(1.1) does not hold in general. Consequently, some stronger assumptions have to be
required for differential systems with argument deviations. There are a lot of results
concerning various types of theorems on functional differential inequalities. Let us
mention, among other, papers [1-4, 6, 8, 9]. We have studied this question in [11].

Following [11], we introduce a definition.

Definition 1.1. Let 07,0, € {—1,1}. We say that a linear bounded operator £ :
C([a,b]; R?) — L([a, b]; R?) belongs to the set gaZb,(cn -02) (@) if every vector function
ue 5([a, b]; R?) such that

diag (01, 07) [u'(t) — L(u)(t)] = 0 fort € [a,b], (1.5)
diag(oy,02)u(a) > 0 (1.6)

satisfies the conditions
ojui(t) >0 fort €la,b],i =1,2. .7

Remark 1.1. Let the operator £ : C([a, b]; R?) — L([a, b]; R?) be defined by the
relation
L)1) P11 (T11(0)) + pr2(0)v2(112(0))
P21 ()1 (121 (1)) + P2 ()va(22(1))
fort € a,b], v= (vl,vz)T € C([a, b]; [Rz) (1.8)
and let £ € 8;,)’(0"02)(61). Then it is easy to verify that the homogeneous problem
corresponding to (1.1), (1.2) has only the trivial solution. Therefore, according to the

Fredholm property of the linear boundary value problems for functional differential
systems (see, e. g., [S—7, 10]), the problem (1.1), (1.2) has a unique solution for any

(q1.92)T € L(la,b]; R?) and ¢, ¢, € R. However, the inclusion £ € 8a2b’(m ’02)(a)
guarantees, in addition, that the solution (u{, u Z)T of the problem indicated satisfies

oiui(t) >0 fort ela,b],i =1,2
if the relations
0iqi(t) >0 fort €[a,b], ojc;>=0 (i=1,2)

are true.
In the sequel, we set

T = max{ess sup{tix(t) 1t €[a, b} 1i k = 1,2}. (1.9)

The following proposition is given in [11].
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Proposition 1.2 ([11, Theorem 4.1]). Let 61,0, € {—1, 1} and let the functions
Pjk (j.k = 1,2) satisfy the conditions
ojorpjk(t) =0 fort €la,b], j.k=1,2. (1.10)
Let, moreover, there exist numbers §; > 0 (i = 1, 2) such that
o
a

2
1 .
max{S—ikE_lj e [ Ipwlds i = 1,2} =1 (L.11)

and r(A) < 1, where the matrix A = (aik)?kzl is given by the equality

S 2 * 7 (8)
ax =3 [ 1) ([ |p,-k(5)|ds) ds for ik =12, (112
l_]:1 a a

Then the operator [ defined by (1.8) belongs to the set § azb’ (@1 ’02)(61).

We have also shown in [11] (see Example 5.3) that the assumption r(A4) < 1 in the
last proposition is optimal and cannot be weakened. On the other hand, the following
example shows that the assumption indicated is not necessary for the assertion of
Proposition 1.2.

Example 1.1. Let p;j; =0 (i = 1,2) and let py,, pa; : [a, b] — R4 be integrable
functions such that

b b
/ plz(S)dS =1, / p21(S)dS = 1. (1.13)

It is clear that there exists 7y € [a, b] satisfying

to
/ p12(s)ds < 1. (1.14)

Puté; = 1,6, = 1,7 =a (i = 1,2), 112 = b, and 177 = 1. Then, the matrix
A= (aik)?k=1 given by (1.12) has the form

b

b
/ pra(s)ds / pa1 (s)ds 0
A= “ “a b to
0 [ P21 (5)ds / Pra(s)ds

a
It is clear that, by virtue of (1.13) and (1.14), we have r(4) = 1.

According to (1.13), the condition (1.11) is satisfied. Therefore, it follows from
Proposition 3.3 of [11] that the operator £ given by (1.8) belongs to the set § azl; a0 (a)
if and only if the homogeneous problem corresponding to (1.1), (1.2) has only the
trivial solution. Let u = (u1,u2)T be a solution of the problem indicated. Then

ul (1) = pr2(Oua(b), uy(t) = pa1(t)uq(to) fors €la,b], (1.15)
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ui(a) =0, ur(a) = 0. (1.16)

The integration of the second equality in (1.15) from « to b, in view of (1.13) and
(1.16), results in

b
us(b) = Ml(fo)/ p21(8)ds = uy (o).

On the other hand, the integration of the first equality in (1.15) from a to 7y, on
account of (1.16), implies

to to
w1 (to) = uz(b) / pra(s)ds = uy (o) / p1a(s)ds.

Hence, using (1.14) in the last relations, we get u;(fg) = 0 and thus u,(b) = 0, as
well. Consequently, (1.15) and (1.16) yield u; = 0 and u, = 0.

Therefore, the operator £ defined by (1.8) belongs to the set 8a2b’ (1’1)(a) even if
r(d) = 1.

In Section 3, we shall give efficient conditions which are not only sufficient but

also necessary for the inclusion £ € 5a2b,(01 ’02)(61) with £ given by (1.8) provided that
there exist numbers 8; > 0 (i = 1, 2) such that (1.10) and (1.11) are satisfied.

2. AUXILIARY STATEMENTS

In addition to (1.9), we put

), = esssup {7;i(t) : t € [a.b]} fori =1,2. 2.1)

To prove the main results (see Section 3) we need some auxiliary statements. Fol-
lowing [4], we introduce a definition.

Definition 2.1. Let C([a, b]; R) and L([a, b]; R) denote the Banach spaces of con-
tinuous and Lebesgue integrable functions z : [a,b] — R, respectively, equipped
with the standard norms. We say that a linear bounded operator ¢ : C([a, b];R) —
L([a, b]; R) belongs to the set 8,4 (a) if every absolutely continuous function z :
[@,b] — R such that

Z'(t) = @(2)(t) fort € [a,b], z(a) > 0
is non-negative on [a, b].
Fori =1, 2, we put
LiG)O = pi)@i ) fort eab], z € Cla.bkB).  (22)

Lemma 2.1 ([11, Proposition 3.1]). Let 01,0, € {—1, 1}, the condition (1.10) be
satisfied, and let

* *

/ pra(s)ds [ pa1(s)ds = 0. 2.3)
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Then the operator L given by (1.8) belongs to the set 8a2b,(01 ’02)(61) if and only if both
operators L11 and L, defined by (2.2) belong to the set 8,5(a).

Lemma 2.2. Leti € {1,2} and
pii(t) =0 fort €a,b]. 2.4)

Then the following assertions are true:

(@ If

*

/ ; pii(s)ds < 1 (2.5)

then the operator L;; defined by (2.2) belongs to the set 845 (a).
(b) Let

/ pii(s)ds = 1. (2.6)
a
Then the operator L;; defined by (2.2) belongs to the set 8,p(a) if and only if

2 i (5)
/ Pii(s) (/ Pii(E)dé) ds < 1. 2.7

The results of the last lemma are partly contained in [4]. For the sake of complete-
ness, we give the proof here.

PROOF OF LEMMA 2.2. Let C ([a, 7};]; R) be the Banach space of the continuous
functions z : [a, t/;] — R equipped with the standard norm. Let the operator /;; be
given by (2.2) and let

05O E pii)z(wi(0)) fort € la, 7], z € C(la, 7): R).

In the other words, £7; is the restriction of £;; to the space C ([a, il [R). Since the
condition (2.4) holds and

5i(t) < 1/ fort € [a,b],
itis clear that £;; € 84p(a) if and only if £}; € 8‘”,-*,- (a).
Case (a). Let the condition (2.5) be satisfied. By virtue of Remark 1.1 in [4], we
find £} € Sar;;‘ (a), and thus £;; € 8,(a).
Case (b). Let the condition (2.6) be fulfilled. According to Remark 1.1 in [4],
Ly ed at}, (a) if and only if the homogeneous problem
() = pii(Oz(wi (1)) (¢t €[a, 73], (2.8)
z(a) =0 2.9)



A NOTE ON TWO-DIMENSIONAL SYSTEMS OF DIFFERENTIAL INEQUALITIES 177

has only the trivial solution®. Consequently, to prove the lemma it is sufficient to
show that the homogeneous problem (2.8), (2.9) has only the trivial solution if and
only if the condition (2.7) is satisfied.

Let z be a solution of the problem (2.8), (2.9). Put

M =max{z(r) : t € [a,t};]}. m = min{z(r) : 1 € [a, t};]} (2.10)
and choose #p7, t € [a, t};] such that
2ty) =M, z(twm) = m. 2.11)

Obviously, (2.9) and (2.10) imply
M = 0. (2.12)

We can assume without loss of generality that #,, < #3s. The integration of (2.8) from
tm to tpg, in view of (2.4), (2.6), and (2.10)—(2.12), yields
t

15,94 M
M—-—m= / pii(9)z(tii(s))ds < M pii(s)ds = M.
tm

Im
Hence we getm > 0, i. e,
z(t) =0 fort €[a, /] (2.13)
From (2.4), (2.8), and (2.13) we obtain
z(t) < z(t;) fort €la, ;). (2.14)
Put ;
f() = / pii(s)ds fort €[a, /] (2.15)
a

The integration of (2.8) from ¢ to rl.";., on account of (2.4) and (2.14), yields

T T
z(ty) —z(1) = / i (9)z(Tii(s))ds < Z(r{'})/ pii(s)ds fort €[a, ;]
t t
Using (2.6), (2.15) and the last relations, we get

2(e) f(0) = 2(e55) (1 - / pl-,-<s>ds) <z() forrefail  (@16)

On the other hand, the integration of (2.8) from a to ¢, on account of (2.4), (2.9),
(2.14), and (2.15), results in
t

t
z(t) = / pii(s)z(t,-i(s))ds < Z(‘L';’;-)/ pii(s)ds = z(15) f(t) fort € [a, ;).
a a
Now, from the last relations and (2.16) we obtain
z(t) = z(¢f;) f(t) fort € [a, t};]. (2.17)

*By a solution of the problem (2.8), (2.9), we mean an absolutely continuous function z : [a, ti*i] —
R satisfying the equation (2.8) almost everywhere on [«, 7] and verifying also the initial condition (2.9).
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Finally, the integration of (2.8) from a to ‘L’;;«, with respect to (2.9) and (2.17), implies

A7) = [ pu()ds = 2(5) [ o)/ (o) s,

whence we get

T i (s)
z(5) [1 —/ pii(s) (/ pii(é)dé) ds:| = 0. (2.18)

We have proved that every solution z of the problem (2.8), (2.9) admits the repre-
sentation (2.17), where Z(ri";.) satisfies (2.18). Consequently, if (2.7) holds then the
homogeneous problem (2.8), (2.9) has only the trivial solution.

It remains to show that if (2.7) is not satisfied, i. e.,

/ ! pii(s) f(zii(s))ds = 1, (2.19)

then the homogeneous problem (2.8), (2.9) has a non-trivial solution. Indeed, in view
of (2.4) and (2.6), (2.15) yields

SO = f(z) =1 fort €la, ]
Therefore, using (2.4) and (2.19), it is easy to verify that

0= /a’ pii(S)[l - f(Tii(S))]dS < /afi‘} pii(s)[l - f(fii(s))]ds _

- 1—/Iii pii(s) [ (wi(s))ds = 0 fort € a. 7).

whence we get

t
70 = [ pa® Fe®)ds for € .7
a
Consequently, f is a non-trivial solution of the problem (2.8), (2.9). ]

Lemma 2.3. Let 01,0, € {—1, 1}, the condition (1.10) hold, and let there exist
numbers 8; > 0 (j = 1,2) such that the relation

* *

T T
&f|mwm+&/|m@m=& (2.20)
a a

is satisfied for i = 1,2. Let, moreover, u = (uy,u2)! be a solution of the homoge-
neous problem

wp(t) = pit(Ouy (ti1 (1)) + piOuz(ti2(t))  (t €la,x*]. i =1,2) (221)
ui(a) =0, ur(a) = 0. (2.22)
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Then both functions uy and u, do not change their signs on [a, T*]. If, in addition,

* *

[ |p12(s)|ds +/ |p21(s)|ds > 0 (2.23)

then the relation
o10ur(Dus(t) >0 fort € a, t¥] (2.24)

is satisfied.

PROOF. Fori = 1,2, we put

M; = max {oju;(t) : ¢ € [a,T*]}, m; = —min{oju;(t) : 1 € [a,T*]}. (2.25)
Choose t;, T; € [a, t*] (i = 1,2) such that
oiui(T;) = M;, ojui(t;) = —m; fori =1,2, (2.26)
and put
.E*
Dik = / |pi(s)|ds fori,k =1,2. (2.27)
a

Let us first suppose that both functions u#; and u, change their signs on [a, T*].
Then we have
M; >0, m; >0 (2.28;)
fori = 1,2. We can assume without loss of generality that 77 < ¢;. The integration
of (2.21) withi = 1 from T to t1, in view of (1.10) and (2.25)—(2.27), yields

5] 5}

P11(S)u1(111(S))dS—01/ P12()uz(t12(5))ds <

T,

My + m :—01/

T
131 151
< ml/T |p11(s)|ds +m2/T |p12(s)lds < mypy1y +mapra. (2.29)
1 1
It is clear that either 7> < t, or T, > 1, is satisfied.

Case 1: Ty < tp holds. The integration of (2.21) with i = 2 from 7} to t;, on
account of (1.10) and (2.25)-(2.27), implies

1%}

p21()uy(t21(s))ds —02/ P22(8)uz(t22(5))ds <

T

14}

M2+Wl2=—0'2/

T

1) I
SmI/T |p21<s)|ds+m2/T |paa(s)lds < my Pt +mafaz. (230)
2 2

If §;m, < m then from (2.20;) and (2.29) we get

~ d -
M1+m1<m1p11—|—8—m1p12§m1, (2.31)
1

which contradicts (2.281).
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If 1my > 6,mq then (2.20,) and (2.30) result in

51 - -
My +my < gmzpzl +mapry <my,

which contradicts (2.28,).

Case 2: Ty > t, holds. The integrations of (2.21) with i = 2 from a to #, and
from ¢, to T5, on account of (1.10), (2.22), and (2.25)—(2.27), yield

%)

15}
my = —02/ p21($)uy(t21(5))ds —02/ P22(8)uz(122(s))ds <

1] 14}
<my / |p21(s)|ds + mz/ |p22(s)|ds < mypa1 +mapry (2.32)
a a

and
T 1>

le(S)Ul(Tzl(S))dS + 02/ Pzz(s)uz(fzz(s))ds <

%)

My +my = 02/
5]
Tz TZ
<M, /t |p21(s)|ds + Mz/t |p22($)lds < My pa1 + Mapas. (2.33)
2 2

If 5ymy < 6;mq then from (2.201) and (2.29) we get (2.31), which contradicts
(2.28).

If §ym, > §,m and pp1 > 0 then (2.20,) and (2.32) imply

1 ~ -
My < — My pr1 +mppry =My,

82

which is a contradiction.
If §;my > 6,m and pp; = 0 then (2.20,) and (2.33) results in

My +my < Mypry < M, (2.34)
which contradicts (2.28,).

The contradictions obtained prove that at least one of the functions #; and u, does
not change its sign on [a, t*]. We can assume without loss of generality that

oiuy(t) >0 fort €la,t*]. (2.35)

Suppose that, on the contrary, u, changes its sign. Then (2.28,) is satisfied and either
T, < tyor T, > t; is true.

Case 1: T, < t holds. The integration of (2.21) with i = 2 from 75 to #,, in view
of (1.10), (2.20,), (2.25)—(2.27), and (2.35), implies

15 153

p21(8)ur(t21(5))ds —02/ P22($)uz(22(s8))ds <

1>

M2+MZ=—02/

T
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%)
9m/|mxmmsmb

T
which contradicts (2.28,).

Case 2: Ty > tp holds. The integrations of (2.21) with i = 2 from ¢, to 7, and
from a to t,, with respect to (1.10), (2.25)—(2.27), and (2.35), result in (2.33) and

%)

15}
my = —sz/ p21($)uy(t21(s))ds —02/ P22(8)uz(122(s))ds <

%)
sm/|mxmm$mﬁn.@%>
a

If p31 = 0 then from (2.20,) and (2.33) we get (2.34), which contradicts (2.28;).
If p; > 0 then (2.20,) guarantees that p,, < 1. Consequently, (2.36) implies
m, < 0, which contradicts (2.285).

We have proved that both functions u; and u, do not change their signs on [a, T*].
Let, in addition, (2.23) holds. We will show that (2.24) is satisfied. We can assume
without loss of generality that p;, > 0 and the condition (2.35) is fulfilled. Suppose
that, on the contrary, (2.24) is not true. Then

M; >0 (2.37)
and
oaus(t) <0 fort €[a,t¥]. (2.38)
Obviously, (2.201) implies that
P11 < 1. (2.39)

The integration of (2.21) with i = 1 from a to 77, in view of (1.10), (2.22), (2.25)-
(2.27), and (2.38), results in

T T
M, =01/ P11(S)U1(T11(S))ds+01/ p12()uz(t12(s))ds <

Ty
SM/IM@WSMﬂy
a

Using (2.39) in the last relations, we get M < 0, which contradicts (2.37). The
contradiction obtained proves that the condition (2.24) holds provided that (2.23) is
satisfied. Il

3. MAIN RESULTS

Recall that the numbers t* and 75 (i = 1, 2) are given by (1.9) and (2.1), respec-
tively.
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Theorem 3.1. Let 01,0, € {—1,1}, i € {1,2}, and let the condition (1.10) hold.
Let, moreover, there exist §; > 0 (j = 1,2) such that

* *

T T
51 / pir(8)lds + 62 / |pia(s)lds = 5; 3.1)
a a
and § §
51/ [p3—i1(s)|ds +52/ |p3—ia(s)|ds < 83— . (3.2)
a a

Then the following assertions are true:
(a) If the condition (2.5) is satisfied then the operator [ given by (1.8) belongs to
the set 8a2b’(01 ,02) (@).
(b) Let the condition (2.6) be satisfied. Then the operator L given by (1.8) be-
longs to the set 8 aZb,(ol ’02)(61) if and only if the condition (2.7) is true.

PROOF. We can assume without loss of generality that i = 1. Let the operators £
and /1, £,; are defined by (1.8) and (2.2), respectively. We first note that (1.10) and
(3.2) imply

129}
/ pa(s)ds < 1.
a
Hence, Lemma 2.2 (a) guarantees
Ly € 8ap(a). (3.3)

Case (a). If p1p % 0 then the assertion of the theorem follows from Proposi-
tion 3.2 in [11]. Therefore, suppose that p;; = 0. Then, by virtue of (3.3) and
Lemma 2.1, it is sufficient to show that £;; € §8,,(a). However, using (2.5) and
Lemma 2.2 (a), we see that the inclusion {11 € 8,5 (a) is true.

Case (b). According to (3.1) and (2.6), we get p1, = 0. By virtue of (3.3) and
Lemma 2.1, the operator / belongs to the set /Sazb’(c” ’02)(a) if and only if £;; €
8.1 (a). However, in view of (2.6) and Lemma 2.2 (b), £1; € 8,5(a) if and only if
the condition (2.7) is satisfied. O

Theorem 3.2. Let 61,0, € {—1, 1}, the condition (1.10) hold, and let there exist
8j > 0 (j = 1,2) such that the relation (3.1) is satisfied for i = 1,2. Then the
following assertions are true:

(a) Let the inequality (2.3) be fulfilled and let the condition (2.5) hold for i =
1, 2. Then the operator L given by (1.8) belongs to the set 8a2b’(01 ’02)((1).

(b) Let the condition (2.3) hold and let there exist i € {1,2} such that the con-
dition (2.6) is satisfied. Then the operator L given by (1.8) belongs to the set
/Sazb’(gl ’62)(61) if and only if the condition (2.7) holds for every i € {1,2} such
that the condition (2.6) is true.
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(c) Let

* *

T

/ pra(s)ds / pa1(s)ds # 0. (3.4)

a

Then the operator L given by (1.8) belongs to the set 8a21;(01,02)(a) if and
only if there exist i € {1,2} such that

é/ 1) (é s [

PROOF. Let the operators £ and £, £, are defined by (1.8) and (2.2), respec-
tively.

Tij (s)

|ij(§)|d$) ds <6;. (3.5)

Case (a). According to (2.5) and Lemma 2.2 (a), we get
L1 € Sapla), L € 8ap(a).
Hence, by virtue of (2.3) and Lemma 2.1, it is clear that £ € 8(121)’(01 ’62)(61).

Case (b). 1t is easy to see from (1.10) and (3.1) that, for i = 1, 2, either (2.5) or
(2.6) is satisfied. Therefore, in view of (2.3), the assertion of the theorem follows
immediately from Lemmas 2.1 and 2.2.

Case (c). Let the operator £* : C([a, t*]; R?) — L([a, T*]; R?) be defined by the
formula

2101 (221 (1)) + p22(D)va(122(2))

fort € [a, *]. In the other words, £* is the restriction of £ into the space C([a, T*]; R?).
Since (1.10) holds and

k(1) <t* fort €la,b], i,k =1,2,

* ))& (pn(t)vl(m(t)) + plz(t)vz(rlz(t)))

it is clear that £ € Sazb’(ol’GZ)(a) if and only if £* € & azr’ial’GZ)(a). However, ac-

cording to (3.1) and Proposition 3.3 in [11], £* € Sazr’ial’@)(a) if and only if the
homogeneous problem (2.21), (2.22) has only the trivial solution. Consequently,
to prove the theorem it is sufficient to show that the homogeneous problem (2.21),
(2.22) has only the trivial solution if and only if there exists i € {1, 2} such that (3.5)
is satisfied.

Let u = (u;,u,)T be a solution the problem (2.21), (2.22). According to (3.4)

and Lemma 2.3, we can assume that
ojui(t)y >0 fort €la,t*), i =1,2. (3.6)
Therefore, in view of (1.10) and (3.6), from (2.21) we get

ojui(t) < oju;(t*) fort €la,t*), i =1,2. 3.7
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Put
s = 9 ) fori=1,2 3.8)
ui—g—iu,r ori =1,2, 3.
2 t
f,-(t):o,-ZcSk/ |pix(s)|ds fors €fa, 7%, i =1,2. (3.9)
k=1 a

The integration of (2.21) from ¢ to *, on account of (1.10) and (3.7), implies

* *

oiui(t*)—oju; (1) Z/t |pi1(s)|01“1(fi1(5))d5+/t | piz(s)|o2us (tin(s))ds

T* T*
< oyuy (%) f |pin ()lds + oaua () / |pia(s)lds
t t

fort € [a,t*],i = 1, 2. Using the notation (3.8), we get

2 t
st + Y [ Ipiolds =
k=1 a

*

T
|pik(s)|ds fort €[a,7*], i =1,2. (3.10)

2
< ojui(t) + ) 5ku}’§/

k=1 a
On the other hand, the integration of (2.21) from a to ¢, in view of (1.10), (2.22),
(3.7), and (3.8) yields

t t
oiu;(t) :/ |pi1(S)|01M1(Ti1(S))ds+/ | pia(s)|oaus(Tia(s))ds <

t t
< Syt / | pi1(s)Ids + Sau f pia(s)lds (u11)
a a

fort € [a,t*],i = 1,2. Now, from (3.10) and (3.11) we obtain

*
Siuj < 8yuj /
a

whence we get

T
u; (5,- —5,-/
a

By virtue of (3.1) and (3.4), (3.12) yields u} < u3_, fori = 1,2 and thus
uy =uj(:=u"). (3.13)
Now (3.10), in view of (3.1) and (3.9), yields

*

T T

|pn(s>|ds+5zu;/ pia(s)lds fori = 1,2,

a

*

T
|pi,-(s)|ds)5u§_i53_,~ / pa@lds (=1,2). (.12)
a

B3
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2 t 2
aiui(z)zu*z(skf | pite($)1ds + u* 5:'—251«/
k=1 ‘4 k=1 ¢

=u*0; fi(t) fort€la,t*), i =1,2. (3.14)
On the other hand, using (3.1), (3.9), and (3.13), we can rewrite (3.11) as

f*

|Pik(5)|ds)

2 t
on(t) <" " 8 [ pa(s)lds =" fi)
k=1 a

fort €a,t*], i =1,2. (3.15)
Hence, (3.14) and (3.15) result in
ui(ty =u* fi(t) fortela,t*),i=12. (3.16)
Finally, the integration of (2.21) from « to t*, in view of (1.10), (2.22), and (3.16),
yields

* *

T

oiui (1) = / P (9o (51 (5))ds + / |pin(8)|ozuz (zia(s))ds =

2 *
— 3" [ 1) o (s o) ds
j=17¢

fort € [a,t*],i = 1,2, whence we get

2 ptt 2 7ij (5)
w | 8=3 [ 1o (Z s | |p,~k@)|ds) ds|=0 (i=12)
j=1v4 k=1 a
(3.17)

because of the notations (3.8), (3.9), and (3.13).

We have proved that every solution u of the problem (2.21), (2.22) admits the
representation

u(t) =u*f@) fort €la,t¥,

where 1 = (fi. f>)T and u* satisfies (3.17). Consequently, if there exists i € {1,2}
such that (3.5) is true then the homogeneous problem (2.21), (2.22) has only the
trivial solution.

It remains to show that if the condition (3.5) is not satisfied for any i € {1, 2},1i.e.,

2 g
Z/ ‘p,-j(s){ ojfj(r,-j(s))ds =6 fori =12, (3.18)
j=1"14
then the problem (2.21), (2.22) has a non-trivial solution. Indeed, (3.1) and (3.9)

yield
0i fi(t) <o; fi(t") =6 fortela,t*],i=12.
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Therefore, using (3.1) and (3.18), it is easy to verify that

2 ot
0= Y [ 1[5~ o fe(sa) s <
k=174
2 *
= Z/ |Pik(s)|[5k —Okfk(r,-k(s))]ds =
k=1"%

2 g
=8 — Z/ | pik ()] ok fic(Tik () ds = 0
k=177

fort € [a,t*]and i = 1, 2. Hence we get

2 t 2 t
i = 3 [ Ipaon sl @)ds = Y- [ pato) fa(s)ds
k=179 k=179

fort € [a,7*],i = 1,2. Consequently, / = (fi, f>)T is a non-trivial solution of
problem (2.21), (2.22). O
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ABSTRACT. Inaformer paper, motivated by a recent theory of relators (families of
relations), the first author has investigated increasingly regular and normal functions
of one preordered set into another instead of Galois connections and residuated
mappings of partially ordered sets.

A function f of one preordered set X into another Y has been called

(1) increasingly g-normal, for some function g of Y into X if for any x € X and
y € Y wehave f(x) < yifandonlyif x < g(»);

(2) increasingly ¢-regular, for some function ¢ of X into itself if for any x1, x, €
X we have x| < ¢(x,) if and only if f(x1) < f(x2).

In the present paper, for instance, we shall show that if ¢ is an increasingly -
regular function of X into itself, then ¢ < v if and only if ¢ o ¢ < ¥, and if f; is
an increasingly g;-normal function of X into Y foreachi = 1,2, then f; < f5 if
andonly if g» < g;.

Moreover, for instance, we shall show that if f is an increasingly ¢;-regular
function of X into Y for each i = 1,2, then f is increasingly ¢; o ¢,-regular,
and if f is an increasingly g-normal function of X into Y and / is an increasingly
k-normal function of ¥ into Z, then 4 o f is g o k-normal.

Mathematics Subject Classification: Primary 06A06, 06A15; Secondary 04A05,
54E15

Keywords: preordered sets, Galois connections, residuated mappings, closure and
interior operations

INTRODUCTION

In a former paper [13], motivated by a recent theory of relators (see [9] and [7]),
the first author has investigated increasingly regular and normal functions of one
preordered set into another instead of Galois connections [3, p. 55] and residuated
mappings [2, p. 11] of partially ordered sets.

A function f of one preordered set X into another Y has been called

(1) increasingly g-normal, for some function g of Y into X if for any x € X
and y € Y we have f(x) < yifandonlyif x < g(y);
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(2) increasingly g-regular, for some function ¢ of X into itself if for any x1, x, €
X we have x; < ¢(x,) if and only if f(x1) < f(x7).

In the present paper, for instance, we shall show that on the one hand if ¢ is an
increasingly v -regular function of X into itself, thengp < ¥ <= ¢oy <Y <+—
¥ o ¢ < 1, and the other hand if f; is an increasingly g;-normal function of X into
Y foreachi = 1,2,then f] < f, <= fi1o0g, < Ay <— g, < g;.

Moreover, for instance, we shall show that if f is an increasingly ¢;-regular func-
tion of X into Y foreachi = 1,2, then f is increasingly ¢ o ¢,-regular. While, if f
is an increasingly g-normal function of X into Y and / is an increasingly k-normal
function of Y into Z, then 1 o f is g o k-normal.

The results obtained naturally extend and supplement some former results not only
on Galois-connections and residuated mappings, but also on closure and interior op-
erations. Namely, for instance, we shall show that an increasingly ¥ -normal function
¢ of X into itself is a closure operation if and only if it is an interior operation.

1. A FEW BASIC FACTS ON RELATIONS

A subset F of a product set X x Y is called a relation on X to Y. If in particular
F C X?, then we may simply say that F is a relation on X. Thus, Ay = {(x,x) :
X € X}isarelation on X.

If Fisarelationon X to Y, then forany x € X theset F(x) ={yeY : (x,y) €
F} is called the image of x under F. And the set D = {x € X : F(x) # @} is
called the domain of F.

In particular, a relation F on X to Y is called a function if for each x € DF there
exists y € Y such that F(x) = {y}. In this case, by identifying singletons with their
elements, we may usually write F(x) = y in place of F(x) = {y}.

More generally, if F' is a relation on X to Y, then for any A C X the set F[A] =
Uxe4 F(x) is called the image of A under F. And the set Rp = F[Dp]is called
the range of F.

If F is arelation on X to Y such that D = X, then we say that F' is a relation
of X to Y. While, if F is a relation on X to Y such that Rr = Y, then we say that
F is arelation on X onto Y.

If F is arelation on X to Y, then the values F(x), where x € X uniquely deter-
mine F since we have F' = J,.c y{x} x F(x). Therefore, the inverse F ~1of F can
be defined such that F~1(y) ={x e X : y e F(x)}forall y € Y.

Moreover, if F is a relation on X to Y and G is a relation on Y to Z, then the
composition G o F of G and F can be defined such that (G o F)(x) = G[F(x)] for
all x € X. Thus, we also have (G o F)[A] = G[F[A]]forall A C X.

A relation R on X is called reflexive, antisymmetric, and transitive if Ay C R,
RN R C Ax,and Ro R C R, respectively. Moreover, a reflexive and transitive
relation is called a preorder. And an antisymmetric preorder is called a partial order.
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2. A FEW BASIC FACTS ON ORDERED SETS

If < is a relation on a nonvoid set X, then having in mind the terminology of
Birkhoff [1, p. 2] the ordered pair X(<) = (X, <) is called a goset (generalized
ordered set). And we usually write X in place of X ().

If X(<) is a goset, then by taking X* = X and <* = <! we can form another
goset X *(<*). This is called the dual of X(<). And we usually write > in place of
<*

The goset X is called reflexive, transitive, and antisymmetric if the inequality
relation in it has the corresponding property. Moreover, for instance, X is called
preordered if it is reflexive and transitive.

In particular, a preordered set will be called a proset, and a partially ordered set
will be called a poset. The usual definitions on posets can be naturally extended to
gosets [10, 11].

For instance, for any subset A of a goset X, the members of the families

b(A)={xeX:Yacd: x=<a}
and
ub(A)={xeX:VYaecd: a<x}
are called the lower and upper bounds of A in X, respectively.
Moreover, the members of the families
min (A) = ANlb(A) max (4) = ANub(A)
inf (4) = max (Ib (A)) sup (A) = min (ub (A4))
are called the minima, maxima, infima and suprema of A in X, respectively.
Thus, for any A, B C X, we have A C 1b (B) if and only if B C ub (A4). More-

over, a reflexive goset X is antisymmetric if and only if card (max (4)) < 1 (resp.,
card (sup (4)) < 1) forall A C X; see [12].

3. CLOSURE OPERATIONS AND REGULAR STRUCTURES

Definition 3.1. A function ¢ of a proset X into itself is called an operation on X'.
More generally, a function f of X into another proset Y is called a structure on X.

Remark 3.2. The latter terminology has been mainly motivated by the various
structures derived from relators (see [8, 10]).

Definition 3.3. An operation ¢ on X is called
(1) expansive if Ay < ¢;
(2) quasi-idempotent if ¢ < ¢.
Moreover, a structure f on X is called increasing if for any x1,x, € X, with
x1 < xp, wehave f(x1) < f(x2).
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Remark 3.4. Note that if (1) holds, then ¢(x) = Ay (¢(x)) < @(p(x)) = ¢?(x)
for all x € X, and thus ¢ < (,02. Therefore, if both (1) and (2) hold and X is a poset,
then ¢ is actually idempotent in the sense that ¢ = ¢.

Now, as a natural extension of the corresponding definition of [1, p. 111], we may
also have the following.

Definition 3.5. An increasing and expansive operation is called a preclosure op-
eration. And a quasi-idempotent preclosure operation is called a closure operation.

Moreover, an expansive and quasi-idempotent operation is called a semiclosure
operation. And an increasing and idempotent operation is called a modification op-
eration.

Remark 3.6. Now, an operation ¢ on X may be naturally called an interior opera-
tion if it is a closure operation on X *.

In [13], having in mind the ideas of [7], the first author has also introduced the
following

Definition 3.7. A structure f on X is called increasingly g-regular, for some
operation ¢ on X, if for any x1,x, € X we have

x1 2 9x2) = fx1) = f(x2).
Remark 3.8. Now, a structure f/ on X to Y may be naturally called decreasingly
@-regular if it is an increasingly ¢-regular structure on X to Y*.
The above definition closely resembles a recent definition of the Galois connec-
tions [3, p. 155]. However, instead of the Galois connections, it has been more con-
venient to use residuated mappings [2, p. 11] in the following relevant form.

Definition 3.9. A structure f on X to Y is called increasingly g-normal, for some
structure g on Y to X, if forany x € X and y € Y we have

SX)=y = x=gO).

Remark 3.10. Now, a structure f on X to Y may be naturally decreasingly g-
normal if it is an increasingly g-normal structure on X to Y*.

For an easy illustration of the latter definition, we can note here

Example 3.11. Consider the family & = &£ (X) of all subsets of a generalized
ordered set X to be partially ordered by inclusion. Moreover, define F(A) = ub (A4)
and G(A) =1b(A4) forall 4 C X.

Then, by the corresponding definitions, it is clear that F is a decreasingly G-
normal structure on &. Hence, by defining @ = G o F and using the duals of
the forthcoming Theorems 4.5 and 4.3, we can easily see that F is a decreasingly
®-regular structure and @ is a closure operation on f.

To appreciate the importance of this example, note that if in particular X is a poset,
then by [3, p. 166] the poset @[#] is just the Dedekind—MacNeille completion of X
by the cuts @(A).
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4. RELATIONSHIPS BETWEEN CLOSURE OPERATIONS AND REGULAR
STRUCTURES

By using the above definitions, in [13], the first author has proved the following
theorems.

Theorem 4.1. If f is an increasingly @-regular structure on X, then
(1) @ is expansive;
(2) f isincreasing;
B) f=Sfop=1/.
Corollary 4.2. If f is an increasingly @-regular structure on X to a poset Y, then
f=1Treo
Theorem 4.3. If ¢ is an operation on X, then the following assertions are equi-
valent:

(1) @ is a closure operation;
(2) @ is increasingly ¢-regular;
(3) there exists an increasingly @-regular structure f on X.

Corollary 4.4. If [ is a structure and ¢ is an operation on X, then f is increas-
ingly @-regular if and only if ¢ is a closure operation and for any x1,x, € X we
have ¢(x1) = @(x2) if and only if f(x1) < f(x2).

Theorem 4.5. If f is an increasingly g-normal structure on X to Y and ¢ is an
operation on X such that ¢ < go f < @, then [ is increasingly ¢-regular.

Theorem 4.6. If f is an increasingly ¢-regular structure on X onto Y and g is a
structure on Y to X such ¢ < go f < @, then f is increasingly g-normal.

Theorem 4.7. f is an increasingly g-normal structure on X to Y if and only if g
is an increasingly f-normal structure on Y* to X'*.

Theorem 4.8. If f is an increasingly g-normal structure on X to Y, then [ and
g are increasing. Moreover, ¢ = g o f is a closure operationon X and y = fog
is an interior operation on Y .

5. CHARACTERIZATION OF INCREASINGLY NORMAL STRUCTURES

Definition 5.1. For a structure f on X to Y, we define two relations Iy and g
on Y to X such that

) ={xeX: f(x) <y}
and gr(y) = max (I'y(y)) forall y € Y.

Remark 5.2. Note that I'r(y) = b)) = (f~Lolb)(y) forall y € Y.
Moreover, note that if in particular X is a poset, then g is already a function of a
subset of Y into X.
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Concerning the relation g¢, in [13], the first author has, for instance, proved the
following.

Theorem 5.3. For any structures f on X to Y and g on Y to X, the following
assertions are equivalent:
(1) f is increasingly g-normal;
(2) f isincreasing and g C gy.
Remark 5.4. Hence, by using that for any increasing structure f on X to Y and

y € Y we have gr(y) = {x € X : Ib(x) = I'r(y)}, we can easily get a further
useful equivalent of (1).

Definition 5.5. For a structure f on X to Y, we define
Qs = {g € XV : f is increasingly g-normal}.
Moreover, if in particular @y # @, then we say that f is increasingly normal.

Concerning increasingly normal structures, in [13], the first author has, for in-
stance, proved the following theorems.

Theorem 5.6. If f is a structure on X to Y, then the following assertions are
equivalent:
(1) f is increasingly normal;

(2) [ isincreasing and X = Dg,.

Theorem 5.7. If f is an increasingly normal structure on X to Y, then g5 =
U Q.

Theorem 5.8. If [ is an increasingly normal structure on a poset X to Y, then
gy is an increasing structure on Y to X and @y = {gr}.

6. CHARACTERIZATION OF INCREASINGLY REGULAR STRUCTURES

Definition 6.1. For a structure f on X, we define two relations A rand ¢ on X
such that
Ap(x)={ue X : f(u) = f(x)}
and ¢ (x) = max (Ay(x)) forall x € X.

Remark 6.2. Note that, in contrast to Remark 5.2, now we simply have Ay =
flolbof.

Moreover, note also that if in particular X is a poset, then ¢ is already a function
of a subset of X into X.

Concerning the above relations, in [13], the first author has, for instance, proved
the following theorems.

Theorem 6.3. If f is a structure on X, then Ay is a preorder relation on X.
Moreover, Af = I'y o f and oy = ggo f.
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Theorem 6.4. If ¢ is an operation and f is a structure on X, then the following
assertions are equivalent:
(1) f is increasingly @-regular;
(2) f isincreasing and ¢ C ¢y.
Remark 6.5. Hence, by using that for any increasing structure on X and x € X

we have ¢r(x) = {u € X : Ib(u) = Ar(x)}, we can easily get a further useful
equivalent of (1).

Definition 6.6. For a structure f/ on X, we define
O = {p € X¥ : [ is increasingly g-regular }.
Moreover, if in particular O # &, then we say that f is increasingly regular.

Concerning increasingly regular structures, in [13], the first author has, for in-
stance, proved the following theorems.

Theorem 6.7. If f is an increasingly normal structure on X to 'Y, then f is, in
particular, increasingly regular.

Theorem 6.8. If f is a structure on X, then the following assertions are equi-
valent:
(1) f is increasingly regular;
(2) [ isincreasing and X = Dy,.

Theorem 6.9. If f is an increasingly regular structure on X, then ¢r = ) Or.

Theorem 6.10. If f is an increasingly regular structure on X onto Y, then f is
increasingly normal.

Theorem 6.11. If f is an increasingly regular structure on a poset X, then ¢y is
a closure operation on X and Oy = {¢r}.

7. COMPARISON OF CLOSURE OPERATIONS

Definition 7.1. For any operation ¢ on X, we set
Ay ={x e X 1 p(x) < x}.

Remark 7.2. Note that if in particular ¢ is expansive, then x < ¢(x) forall x € X.
Therefore, if ¢ is an expansive operation on a poset X, then A, is just the family of
all fixed points of ¢.

Moreover, note that the operation ¢ is quasi-idempotent if and only if ¢(x) € 4,
for all x € X. Therefore, if in particular ¢ is a semiclosure operation on a poset X,
then Ay, is just the range of ¢.

Now, as a natural extension of [6, Theorem 2] and [2, Theorem 4.4, p. 30], we can
also prove the following



196 ARPAD SZAZ AND JOZSEF TURI

Theorem 7.3. If ¢ is increasing and  is a closure operation on X, then the
following assertions are equivalent:
M o=y,
(2) Ay C Ayp;
(B) poy =y,
4) Yyop=19.

PROOF. If x € Ay, then ¥/(x) < x. Moreover, if (1) holds, then we also have
¢(x) < ¥(x). Hence, by the transitivity of X, it follows that ¢(x) < x. Therefore,
X € Ay, and thus (2) also holds.

Moreover, if x € X, then by the quasi-idempotency of ¥ we have ¥ (¥ (x)) <
¥ (x), and thus ¥ (x) € Ay. Hence, if (2) holds, we can infer that ¥ (x) € A,.
Therefore, (¢ o ¥)(x) = ¢(¥(x)) < ¥ (x), and thus (3) also holds.

Furthermore, if x € X, then by the expansivity of ¥ we have x < ¥ (x). Hence,
by the increasingness of @, it follows that ¢(x) < ¢(¥(x)). Moreover, if (3) holds,
then we also have (1 (x)) < ¥ (x). Hence, by the transitivity of X, it follows that
¢(x) < ¥(x). Therefore, (1) also holds.

Now, it remains only to prove that (1) and (4) are also equivalent. For this, note
that if x € X and (1) holds, then ¢(x) < ¥ (x). Hence, by using the increasingness
of ¥, we can infer that (¥ 0 ¢)(x) = ¥ (¢(x)) < ¥ (¥ (x)) = ¥?(x). Moreover, by
the quasi-idempotency of v, we also have ¥2(x) < ¥ (x). Hence, by the transitivity
of X, it follows that (y o ¢)(x) < ¥(x). Therefore, (4) also holds.

On the other hand, if x € X, then by the expansivity of v, we also have ¢(x) <
¥ (¢(x)). Moreover, if (4) holds, then we also have ¥ (¢(x)) < ¥ (x). Hence, by the
transitivity of X, it follows that ¢(x) < v (x). Therefore, (1) also holds. O

Now, as an immediate consequence of the above theorem, we can also state.

Corollary 7.4. If ¢ and v are closure operations on a poset X such that A, =
Ay, then ¢ = .

Moreover, from Theorem 7.3, we can also easily get the following.

Theorem 7.5. If ¢ is a preclosure and \ is a closure operation on a poset X, then
the following assertions are equivalent:

M e =vy;
Q) vy =¢oy;
B) Yy =voo.

PROOF. If x € X, then by the expansivity of ¢, we have ¥ (x) < (¥ (x)) = (¢ o
¥)(x). Moreover, if (1) holds, then by Theorem 7.3, we also have (pov)(x) < ¥ (x).
Hence, by the antisymmetry of X, it follows that ¥/ (x) = (¢ o ¥)(x). Therefore, (2)
also holds.

On the other hand, if x € X, then by the expansivity of ¢ we also have x < ¢(x).
Hence, by the increasingness of v, it follows that ¥ (x) < ¥ (p(x)) = (¥ o p)(x).
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Moreover, if (1) holds, then by Theorem 7.3 we also have (¢ o ¢)(x) < ¥(x).
Hence, by the antisymmetry of X, it follows that ¥ (x) = ¢(¥(x)). Therefore, (3)
also holds.

Now, since the converse implications (2) = (1) and (3) = (1) are immediate
from Theorem 7.3, the proof is complete. 0

Now, to include a further part of [5, Proposition 4], we can also prove the follow-
ing.

Theorem 7.6. If ¢ and \ are closure operations on a poset X, then the following
assertions are equivalent:

(D o=y,
2 ¢ lopcy oy

PROOF. If (x,y) € ¢ L og,then y € (¢! 0 9)(x) = ¢~ (¢(x)), and thus
¢(y) = ¢(x). Moreover, if (1) holds, then by Theorem 7.5, we have ¥ = v o ¢.
Now, we can already see that ¥(y) = (¥ o ¢)(y) = V(p(y)) = V(p(x)) =
(¥ 0 )(x) = ¥(x). Hence, it follows that y € ¥~ (¥ (x)) = (¥~ o ¥)(x), and
thus (x, y) € ¥ ~! o . Therefore, (2) also holds.

On the other hand, if x € X, then under the notation y = ¢(x) we have (¥ o
©)(x) = ¥(p(x)) = ¥(y). Moreover, by the idempotency of ¢, we also have
0(¥) = @(p(x)) = ¢?(x) = ¢(x). Hence, quite similarly the above, we can infer
that (x, y) € ¢~ ! og. Now, if (2) holds, then we can also state that (x, y) € ¥~ o.
Hence, quite similarly the above, we can infer that ¥(y) = v¥(x). Now, by the
equality (¥ o ¢)(x) = ¥(y), we can also state that (¥ o ¢)(x) = ¥ (x), and thus
¥ o ¢ = . Therefore, by Theorem 7.5, (1) also holds. g

From the above results, by using Theorems 4.1 and 4.3, we can easily derive the
following theorems.

Theorem 7.7. If ¢ is an increasingly \-regular operation on X, then the following
assertions are equivalent:
M o=y,
(2) Ay C Ayp;
B) poy =y,
4 Yyop=1.

PROOF. Now, by Theorems 4.1 and 4.3, ¢ is increasing and  is a closure opera-
tion on X . Therefore, Theorem 7.3 can be applied. O

Theorem 7.8. If ¢ is a semiclosure and an increasingly \-regular operation on a
poset X such that Ay, = Ay, then ¢ = V.

PROOF. Now, by Theorems 4.1 and 4.3, ¢ and i are closure operations on X.
Therefore, Corollary 7.4 can be applied. (|
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Theorem 7.9. If ¢ is an expansive increasingly \-regular operation on a poset X
such that ¢ <\, then ¢ = .

PROOF. Now, by Theorems 4.1 and 4.3, ¢ is a preclosure and v is a closure
operation on X . Therefore, by Theorem 7.5 and Corollary 4.2, = oy = ¢. [

8. COMPARISON OF INCREASINGLY NORMAL STRUCTURES
By using the corresponding definitions, we can easily prove the following.

Theorem 8.1. If f; is a structure on X to Y for eachi = 1,2, then the following
assertions are equivalent:

() f1 = fa
(2) I'y, C Iy,

PROOF. Suppose that (1) holds and (y, x) € I'f,. Then, x € X, and thus f(x) <
J2(x). Moreover, x € I'z,(y), and thus f>(x) < y. Hence, by the transitivity of X,
it follows that fi(x) < y, and thus x € I's, (y). Therefore, (y,x) € I'f,, and thus
(2) also holds.

Suppose now that (2) holds and x € X. Then, by the reflexivity of ¥, we have
J2(x) = fa(x). Therefore, x € Iy, (f2(x)), and thus (f2(x),x) € I's,. Hence, by
using (2), we can infer that (f2(x),x) € I, and thus x € Iy, (f2(x)). Therefore,
f1(x) < f2(x), and thus (1) also holds. (|

Moreover, as a straightforward extension of [3, Exercise 7.16, p. 172], we can
prove the following.

Theorem 8.2. If f; is an increasingly gi-normal structure on X to Y for each
i = 1,2, then the following assertions are equivalent:

(1) fl =< f2;
(2) fiog2 = Ay;
(3) g2 = g1

PROOF. If (1) holds, then we also have f] o g, < f> o g,. Moreover, since f; is
increasingly g,-normal, by Theorem 4.8 we also have f, o go < Ay. Hence, by the
transitivity of Y, it is clear that (2) also holds.

If (2) holds, then for any y € Y we have fi(g,2(»)) = (fi10g2)(y) < Ay(y) = y.
Hence, by using that f] is increasingly g;-normal, we can already infer that g,(y) <
g1(»). Therefore, (3) also holds.

Now, to prove the remaining implication (3) = (1), it is enough to note only
that, by Theorem 4.7, g; is an increasingly f;-normal structure on Y* to X* for each
i = 1, 2. Therefore, by the corresponding definitions and the implication (1) = (3),
wecanstate that g, < gy = g, <* g, = £, <* i = f1 = fa O

Now, as an immediate consequence of the above theorem, we can also state the
following reformulation of [5, Theorem 1].
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Corollary 8.3. If f; is an increasingly g;-normal structure on poset X to another
Y foreachi = 1,2, then fi = f5 ifand only if g1 = g».
Moreover, by using Theorem 8.2, we can also prove the following.

Theorem 8.4. If f; is an increasingly normal structure on X to Y for eachi =
1,2, then the following assertions are equivalent:

M fi = for
(2) g5(y) Clb(gy(y) forally €Y.

PROOF. Suppose that (1) holds, and moreover y € Y and x; € g (y) for each
i = 1,2. Then, by Theorem 5.7, for each i = 1,2 there exists g; € @ f: such that
x; = gi(y). Moreover, by Theorem 8.2, we have x, = g,(y) < g1(») = x;.
Hence, it is clear that x, € Ib (g z, (y)), and thus (2) also holds.

To prove the converse implication, note that now, for each i = 1, 2, there exists
gi € & ,. Moreover, by Theorem 5.3, we have g;(y) € g (y) forall y € Y. Hence,
if (2) holds, we can infer that g,(y) < g1(») for all y € Y. Now, by Theorem 8.2, it
is clear that (1) also holds. O

9. COMPOSITIONS OF INCREASINGLY REGULAR STRUCTURES
Theorem 9.1. If f is an increasingly ¢-regular structure on X, then
Ap=Arogp and ©r = @rog.

PROOF. If x € X, then by the corresponding definitions, Theorem 4.1 and the
transitivity of Ry, it is clear that

ue(Arogp)(x) < ue€ Ar(p(x)) <~
— fu) = flpx) <= fu) < f(x) <= ue€ As(x).
Therefore, (Af o ¢)(x) = Ar(x). Moreover, now we can also easily see that
(pr o 9)(x) = ¢r(p(x)) =
= max (Ay(¢(x))) = max ((Ay 0 ¢)(x)) = max (As(x)) = @r(x).
Therefore, the required equalities are also true. 0
From the above theorem, by using Theorem 6.9, we can easily derive

Corollary 9.2. If f is an increasingly regular structure on X, then Ay = Ay oqy
and r = @f o @f.

PROOF. If x € X, then by Theorem 6.9, we have

pr(x) = {p(x) 1 ¢ € Of}.
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Moreover, if F = Ay or ¢f, then by Theorem 9.1 we have Fog = F forall ¢ € Oy.
Hence, it is clear that

(F 0 9)(x) = Flop(¥)] = Fl{g(x)}peo,] =
= |J Flox) = | Fop)x) = | F(x) = F(x).

€0y €0y €0y

Therefore, F o ¢y = F, and thus the required equalities are also true. O

Theorem 9.3. If f is an increasingly regular structure on X, then Oy is closed
under composition.

PROOF. Suppose that ¢, ¥ € Oy, and define x = ¥ o ¢. Then, by the corres-
ponding definitions, Theorem 4.1 and the transitivity of Ry, it is clear that for any
X1,X2 € X we have

x1 2 x(x2) = x1 = (Y op)xy) = x1 = Y(p(x2) <=

= fx) = fle(x2) &= f(x1) = f(x2).
Therefore, x € O also holds. O

Remark 9.4. Note that if in particular f is an increasingly regular structure on a
poset X, then by Theorem 6.11 we only have Oy = {¢r}.

As an extension of [2, Theorem 2.8, p. 14], we also have the following.

Theorem 9.5. If [ is an increasingly g-normal structure on X to Y and h is an
increasingly k-normal structure on Y to Z, then h o f is a g o k-normal structure
on X to Z.

PROOF. Forany x € X and z € Z, we have
(ho )x) =z <= h(f(x)) =z <
— f(x)Zk(z) <= x =g(k(z)) <= x =(gok)(2).
Therefore, the required assertion is true. O
Now, as an immediate consequence of the above theorem, we can also state

Corollary 9.6. If f is a increasingly normal structure on X to Y and h is an in-
creasingly normal structure on Y to Z, then ho f is an increasingly normal structure
on X to Z.

Hence, by Theorem 6.10, it is clear that in particular we also have

Corollary 9.7. If f is an increasingly regular structure on X onto Y and h is an
increasingly regular structure on Y onto Z, then h o f is an increasingly regular
structure on X onto Z.
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10. SOME FURTHER RESULTS ON CLOSURE OPERATIONS

Theorem 10.1. If ¢ is an increasingly -normal structure on X to itself, then
(D) Ay =¢ < ¥ = Ax;

2) ¢* <9 = Yy =y%

B) ¢ =Ay < Ax =y,

@) ¢ <¢? < y2=<vy.

PROOF. Clearly, Ay is an increasingly A y-normal structure on X to itself. Hence,
by Theorem 8.2, it is clear that (1) and (3) are true.

Moreover, from Theorem 9.5, we can see that @2 is an increasingly v2-normal
structure on X to itself. Hence, by Theorem 8.2, it is clear that (2) and (4) are also
true. (|

Now, as an immediate consequence of the above theorem, we can also state

Corollary 10.2. If ¢ is an increasingly \-normal structure on a poset X to itself,
then
(D) =4y < ¢ =Ayx;
Q) p=¢> &= ¥y =9y
Moreover, as a natural extension of the first part of [2, Theorem 2.10, p. 15], we
can also prove

Theorem 10.3. If ¢ is an increasingly ¥ -normal structure on X to itself, then the
following assertions are equivalent:
(1) ¢ is a closure operation;
Q) p=vop=g
(3) V¥ is an interior operation;

@) Yy =¢poy =

PROOF. From Theorem 4.8, we can see that both ¢ and ¥ are increasing. Hence,
by Theorem 10.1 and the corresponding definitions, it is clear that (1) and (3) are
equivalent.

Moreover, from Theorem 4.8, we can see that { o ¢ is expansive. Furthermore, if
(1) holds, then ¢ is quasi-idempotent. Hence, it is clear that

pg=Axop<(Yoplop=yYop’<yog.

On the other hand, from Theorem 4.5 we can see that ¢ is increasingly V¥ o p-regular.
Moreover, if (1) holds, then ¢ is expansive. Hence, by Theorem 4.1, it is clear that

Yop=Axo(Yop)=go(Yyop) =g
Now, by the transitivity of X, it is clear that (2) also holds.
Conversely, if (2) holds, then from Theorem 4.5 we can see that ¢ is increasingly
@-regular. Therefore, by Theorem 4.3, (1) also holds.
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Now, to prove the equivalence of (1) and (4), it is enough to note only that, by
Theorem 4.7, v is an increasingly ¢-normal structure on X * to itself. Therefore, by
the equivalences (1) <= (3) and (1) <= (2), we can state that

@ isaclosure on X <= v is an interioron X <=
< Yisaclosureon X* <= ¢ <*goy <*y < ¢ <goy <,

as required. U

Now, as an immediate consequence of Theorems 4.8 and 10.3, we can also state

Corollary 10.4. If ¢ is a semiclosure operation and an increasingly -normal
structure on a poset X to itself, then ¢ = Y o andy = ¢ o .

Hence, it is clear in particular we also have

Corollary 10.5. If ¢ is a semiclosure operation and an increasingly -normal
structure on a poset X to itself, then R, = Ry,.
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