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ON UPPER AND LOWER Dδ-SUPERCONTINUOUS MULTIFUNCTIONS
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A. In this paper, we define a multifunctionF : X { Y as an upper (lower)
Dδ-supercontinuous ifF+(V) (F−(V)) is dδ-open inX for every open setV of Y.
We obtain some characterizations and several properties concerning upper (lower)
Dδ-supercontinuous multifunctions.
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1. I

Several weak and strong variants of continuity of multifunctions occur in the liter-
ature. The strong variants of continuity of multifunctions we shall be dealing with in
this paper are treated in [1–4]. Certain of these strong forms of continuity of multi-
functions coincide with the continuity of multifunctions if the domain or range space
is suitably augmented. In 2003, J. K. Kohli [5] introduced the concept ofDδ-super-
continuous functions and gave some properties ofDδ-supercontinuous functions. In
this paper we introduce a new strong form of continuity of multifunctions called the
“upper (lower)Dδ-supercontinuity,” which coincides with the upper (lower) continu-
ity if the domain or range is aDδ-completely regular space. Characterizations and
basic properties of upper (lower)Dδ-supercontinuous multifunctions are elaborated
in Section 3. In Section 4, we show that if the domain of a upper (lower)Dδ-super-
continuous multifunctionF is retopologized in an appropriate way, thenF is simply
a continuous multifunction.

A multifunction F of a setX into a setY is a set-valued function mapping set
of X into 2Y \ {∅}, where 2Y stands for the power set ofY. Let A be a subset of a
topological space (X, τ). Å andĀ denote the interior and closure ofA respectively. A
multifunction F of a setX into Y is a correspondence such thatF(x) is a nonempty
subset ofY for eachx ∈ X. We will denote such a multifunction byF : X { Y.
For a multifunctionF, the upper and lower inverse set of a setB of Y will be denoted
by F+(B) andF−(B) respectively that isF+(B) = {x ∈ X : F(x) ⊆ B} andF−(B) =

{x ∈ X : F(x) ∩ B , ∅}. The graphG(F) of the multifunctionF : X { Y is

c© 2006 MU P

Doi: 10.18514/MMN.2006.94

http://dx.doi.org/10.18514/MMN.2006.94


4 METIN AKDA Ğ

strongly closed [4] if for each (x, y) < G(F), there exist open setsU andV containing
x and containingy respectively such that (U × V) ∩G(F) = ∅ [6]. A multifunction
F : X { Y is said to be upper semi continuous (briefly u. s. c.) at a pointx ∈ X if
for each open setV in Y with F(x) ⊆ V, there exists an open setU containingx such
that F(U) ⊆ V; lower semi continuous (briefly l. s. c.) at a pointx ∈ X if for each
open setV in Y with F(x) ∩ V , ∅, there exists an open setU containingx such that
F(z) ∩ V , ∅ for everyz ∈ U. A setG in a topological spaceX is said to bez-open
if for eachx ∈ G there exists a cozero setH such thatx ∈ H ⊂ G, or equivalently,
if G is expressible as the union of cozero sets. The complement of az-open set will
be referred to as az-closed set [7]. A subsetH in a spaceX is said to be a regular
Gδ-set if H is an intersection of a sequence of closed sets whose interior containH.
The complement of a regularGδ-set is called a regularFσ-set [8].

Throughout this paper, the spaces (X, τ) and (Y, σ) (or simply X andY) always
mean topological spaces, andF : X { Y (resp., f : X → Y) is a multivalued (resp.,
single valued) function.

2. P   

Definition 1. (a) A multifunctionF : X { Y is called upperDδ-supercontinuous
(u. Dδ-super c.) at a pointx ∈ X if for any open setV ⊂ Y such thatF(x) ⊂ V there
exists a regularFσ-setU ⊂ X containingx such thatF(U) ⊂ V.

(b) A multifunction F : X { Y is called lowerDδ-supercontinuous (l.Dδ-super
c.) at a pointx ∈ X if for any open setV ⊂ Y such thatF(x) ∩ V , ∅ there exists a
regularFσ-setU ⊂ X containingx such thatF(u) ∩ V , ∅ for everyu ∈ U.

(c) F is said to beDδ-supercontinuous (brieflyDδ-super c.) atx ∈ X, if it is both
u. Dδ-super c. and l.Dδ-super c. atx ∈ X.

(d) F is said to be u.Dδ-super c. (l.Dδ-super c.,Dδ-super c.) onX, if it has this
property at each pointx ∈ X.

Example1. Let X denote the real line endowed by the cofinite topology,Y = {a, b}
with the topologyτ = {∅,Y, {a}} and we define the multifunction as follows:F :
X { Y, F(x) = {a} if x is irrational andF(x) = {b} if x is rational. ThenF is
u. Dδ-supercontinuous (l.Dδ-super c.).

Definition 2 ([3]). A multifunction F : X { Y is said to be (a) upperZ-supercon-
tinuous (briefly, u.Z-super c.) at a pointx ∈ X if for every open setV with F(x) ⊂ V,
there exists a cozero setU containingx such thatF(U) =

⋃{F(u) : u ∈ U} ⊂ V;
(b) lowerZ-supercontinuous (l.Z-super c.) at a pointx ∈ X if for every open setV

with F(x) ∩ V , ∅, there exists a cozero setU containingx such thatF(u) ∩ V , ∅
for everyu ∈ U.

Example2. Let X denote the real line endowed with usual topology and we define
the multifunction as follows:F : X { X, F(x) = {x} for eachx ∈ X. ThenF is
u. Z-supercontinuous (l.Z-super c.).
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Definition 3 ([4]). (a) A multifunctionF : X { Y is called stronglyθ-upper semi
continuous (s.θ-u. s. c.) at a pointx ∈ X if for any open setV ⊂ Y such thatF(x) ⊂ V
there exists an open setU ⊂ X containingx such thatF(U) ⊂ V.

(b) A multifunction F : X { Y is called stronglyθ-lower semi continuous (s.θ-
l. s. c.) at a pointx ∈ X if for any open setV ⊂ Y such thatF(x) ∩ V , ∅ there exists
an open setU ⊂ X containingx such thatF(u) ∩ V , ∅ for everyu ∈ U.

Definition 4 ([2]). (a) A multifunctionF : X { Y is called upper supercontinuous
(u. super c.) at a pointx ∈ X if for any open setV ⊂ Y such thatF(x) ⊂ V there exists

an open setU ⊂ X containingx such thatF
(
U
◦ ) ⊂ V.

(b) A multifunctionF : X { Y is called lower supercontinuous (l. super c.) at a
point x ∈ X if for any open setV ⊂ Y such thatF(x)∩V , ∅ there exists an open set

U ⊂ X containingx such thatF(u) ∩ V , ∅ for everyu ∈ U
◦
.

Definition 5 ([1]). (a) A multifunctionF : X { Y is called upperD-superconti-
nuous (u.D-super c.) at a pointx ∈ X if for any open setV ⊂ Y such thatF(x) ⊂ V
there exists an openFσ-setU ⊂ X containingx such thatF(U) ⊂ V.

(b) A multifunctionF : X { Y is called lowerD-supercontinuous (l.D-super c.)
at a pointx ∈ X if for any open setV ⊂ Y such thatF(x)∩V , ∅ there exists an open
Fσ-setU ⊂ X containingx such thatF(u) ∩ V , ∅ for everyu ∈ U.

The following diagram well illustrates the relations that exist between u.Dδ-su-
percontinuous (l.Dδ-supercontinuous) multifunctions and other strong variants of
continuity defined above.

u. Z-super c. (l.Z-super c.)

®¶

u. super c. (l. super c.)

u. Dδ-super c. (l.Dδ-super c.)

®¶

u. stronglyθ-c. (l. stronglyθ-c.)

KS

®¶
u. D-super c. (l.D-super c.) u. semi c. (l. semi c.)

None of the above implications in general is reversible, as will be shown the se-
quel. We give Example 3, Example 4, and Example 5 to show that a u. stronglyθ-c.
(l. strongly θ-c.) multifunction need not be u.Z-super c. (l.Z-super c.) and that
u. D-super c. (l.D-super c.) multifunction need not be u.Z-super c. (l.Z-super c.)
and u.Dδ-super c. (l.Dδ-super c.) multifunction need not be u.Z-super c. (l.Z-super
c.) and that u.D-super c. (l.D-super c.) multifunction.

Example3 ([5]). Let X = Y be the Mountain chain space due to Helderman [7],
which is a regular space but not aDδ-completely regular space [10]. Then the mul-
tifunction F : X { X, F(x) = {x} for eachx ∈ X is a u. stronglyθ-continuous
(l. stronglyθ-continuous) but not u.Dδ-supercontinuous (l.Dδ-supercontinuous).
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Example4. Let X denote the set of positive integers endowed with cofinite topol-
ogy. Then the multifunctionF : X { X, F(x) = {x} for eachx ∈ X is u.D-supercon-
tinuous (l.D-supercontinuous) but neither u. supercontinuous (l. supercontinuous)
nor u. stronglyθ-continuous (l. stronglyθ-continuous) and hence not u.Z-supercon-
tinuous (l.Z-supercontinuous).

Example5. Consider the spaceA defined by E. Hewitt in [10, p. 504], which is a
Dδ-completely regular but not completely regular. It turns out that the multifunction
F : A { A, F(x) = {x} for eachx ∈ X is u. Dδ-supercontinuous (l.Dδ-supercontinu-
ous) but not u.Z-supercontinuous (l.Z-supercontinuous.).

3. C

Definition 6. A setG in a topological spaceX is said to bedδ-open if for each
x ∈ G there exists a regularFσ-setH such thatx ∈ H ⊂ G. The complement of a
dδ-open set will be referred to as adδ-closed set [5].

Theorem 1. The following statements are equivalent for a multifunctionF : X {
Y:

(a) F is u.Dδ-super c. (l.Dδ-super c.).
(b) For each open setV ⊆ Y, F+(V) (F−(V)) is a dδ-open set inX.
(c) For each closed setK ⊆ Y, F−(K) (F+(K)) is adδ-closed set inX.
(d) For eachx of X and for each open setV with F(x) ⊂ V(F(x) ∩V , ∅), there

is a dδ-open setU containingx such that the implicationy ∈ U ⇒ F(y) ⊂ V
holds(F(y) ∩ V , ∅).

P. (a)⇒(b): Let V be an open set ofY and x ∈ F+(V). Then there exist a
regularFσ-setU containingx such thatF(U) ⊂ V. ThenU ⊂ F+(V). SinceU is
regularFσ-set, we havex ∈ U ⊂ F+(V).

(b)⇒(c): Let K be a closed set ofY. ThenY − K is an open set andF+(Y − K) =

X − F−(K) is dδ-open. Thus,F−(K) is dδ-closed inX.
(c)⇒(b): Obvious.
(b)⇒(a): LetV be an open set ofY containingF(x). ThenF+(V) is dδ-open and

x ∈ F+(V). SinceF+(V) is adδ-open set there exists a regularFσ-setU containingx
such thatU ⊂ F+(V). Thus,F(U) ⊂ F(F+(V)) ⊂ V.

(a)⇔(d): Clear. �

The proof for the case whereF is l. Dδ-super c. is similar.

Definition 7. Let X be a topological space and letA ⊂ X. A point x ∈ X is said
to be adδ-adherent point ofA if every regularFσ-set containingx intersectsA. Let
[A]dδ denote the set of alldδ-adherent points ofA. Clearly the setA is dδ-closed if
and only if [A]dδ = A [5].

Theorem 2. A multifunctionF : X { Y is l. Dδ-super c. if and only ifF([A]dδ) ⊂
F(A) for everyA ⊂ X.
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P. Suppose thatF is l. Dδ-super c. SinceF(A) is closed inY, by Theorem 1,
F+(F(A)) is dδ-closed inX. Also, sinceA ⊂ F+(F(A)), [A]dδ ⊂ [F+(F(A))]dδ =

F+F([A]dδ). Thus,F([A]dδ) ⊂ F(F+(F(A))) ⊂ F(A).
Conversely, supposeF([A]dδ) ⊂ F(A) for everyA ⊂ X. Let K be any closed set

in Y. ThenF([F+(K)]dδ) ⊂ F(F+(K)) andF(F+(K)) ⊂ K = K. Hence, [F+(K)]dδ ⊂
F+(K) which shows thatF is l. Dδ-super c. �

Theorem 3. A multifunctionF from a spaceX into a spaceY is l. Dδ-super c. if
and only if[F+(B)]dδ ⊂ F+(B) for everyB ⊂ Y.

P. SupposeF is l. Dδ-super c. By Theorem 1,F+(B) is dδ-closed inX for
everyB ⊂ Y andF+(B) = [F+(B)]dδ . Hence, [F+(B)]dδ ⊂ F+(B).

Conversely, letK be any closed set inY. Then [F+(K)]dδ ⊂ F+(K) = F+(K) ⊂
[F+(K)]dδ . Thus, we haveF+(K) = [F+(K)]dδ , which in turn implies that F is l.Dδ-
super c. �

Definition 8. A filter basez is said todδ-converge to a pointx (written asz
dδ→ x)

if for every regularFσ-set containingx contains a member ofz [5].

Theorem 4. A multifunctionF : X { Y is l. Dδ-super c. a pointx of X if and only
if for eachx ∈ X and each filter basez that Dδ-converges tox, F(z)→ F(x).

P. Assume thatF is l. Dδ-super c. and letz
dδ→ x. Let W be an open set

containingF(x). Thenx ∈ F−(W) andF−(W) is dδ-open. LetH be a regularFσ-set

in X such thatx ∈ H ⊂ F−(W). Sincez
dδ→ x, there existsU ∈ z such thatU ⊂ H and

soF(U) ⊂ F(H) ⊂W. Thus,F(z)→ F(x).
Conversely, letW be an open subset ofY containingF(x). Now, the filterz gener-

ated by the filterbaseℵx consisting of all regularFσ-sets containingx, dδ-converges
to x and so by hypothesisF(z)→ F(x). Hence, there exists a memberF(N) of F(ℵx)
such thatF(N) ⊂ W. SinceN ∈ ℵx, N is a regularFσ-set containingx. Thus,F is
l. Dδ-super c. atx. �

Theorem 5. If F : X { Y is u.Dδ-super c. (l.Dδ-super c.) andF(X) is endowed
with subspace topology, thenF : X { F(X) is u.Dδ-super c. (l.Dδ-super c.)

P. SinceF : X { Y is u.Dδ-super c. (l.Dδ-super c.), for every open subsetV
of Y, F+(V∩F(X)) = F+(V)∩F+(F(X)) = F+(V)(F−(V∩F(X)) = F−(V)∩F(F(X)) =

F−(V)) is dδ-open. Hence,F : X { F(X) is u.Dδ-super c. (l.Dδ-super c.) �

Theorem 6. If F : X { Y is u.Dδ-super c. (l.Dδ-super c.) andG : Y { Z u. s. c.
(l. s. c.), thenG ◦ F is u.Dδ-super c. (l.Dδ-super c.).

P. Let V be an open subset ofZ. SinceG is u. s. c. (l. s. c.), it follows that
G+(V) (G−(V)) is open subset ofY, and sinceF is u. Dδ-super c. (l.Dδ-super c.),
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one has thatF+(G+(V)) (F−(G−(V))) is dδ-open inX. Thus,G ◦ F is u. Dδ-super c.
(l. Dδ-super c.). �

Theorem 7. Let {Fα : X { Xα, α ∈ ∆} be a family of multifunctions and let
F : X {

∏
α∈∆ Xα be defined byF(x) = (Fα(x)). ThenF is u.Dδ-super c. if and only

if eachFα : X { Xα is u.Dδ-super c.

P. Let Gα0 be an open set ofXα0. Then (Pα0 ◦ F)+(Gα0) = F+(P+
α0

(Gα0)) =

F+(Gα0 ×
∏

α,α0
Xα). SinceF is u.Dδ-super c.F+(Gα0 ×

∏
α,α0

Xα) is dδ-open inX.
Thus,Pα0 ◦ F = Fα is u. Dδ-super c. Here,Pα denotes the projection ofX onto the
α-coordinate spaceXα.

Conversely, let us suppose that eachFα : X { Xα is u. Dδ-super c. To show that
the multifunctionF is u.Dδ-super c., in view of Theorem 1, it is sufficient to show that
F+(V) is dδ-open for each open setV in the product space

∏
α∈∆Xα. Since the finite

intersections and arbitrary unions ofdδ-open sets aredδ-open, it suffices to prove
that F+(S) is dδ-open for every subbasic open setS in the product space

∏
α∈∆ Xα.

Let Uβ ×∏
α,β Xα be a subbasic open set in

∏
α∈∆ Xα. ThenF+(Uβ ×∏

α,β Xα) =

F+(P+
β (Uβ)) = F+

β (Uβ) is dδ-open. Hence,F is u.Dδ-super c. �

Theorem 8. Let F : X { Y be a multifunction andG : X { X × Y defined by
G(x) = (x, F(x)) for eachx ∈ X be the graph function. ThenG is u. Dδ-super c. if
and only ifF is u.Dδ-super c. andX is Dδ-completely regular space.

P. To prove the necessity, suppose thatG is Dδ-super c. By Theorem 6,F =

PY ◦ G is Dδ-super c., wherePY is the projection fromX × Y onto Y. Let U be
any open set inX and letU × Y be an open set containingG(x). SinceG is Dδ-
super c., there exists a regular openFσ-setW containingx such that the implication
x′ ∈ W⇒ G(x′) ⊂ U × Y holds. Thus,x ∈ W ⊂ U, which shows thatU is dδ-open
and soX is aDδ-completely regular space.

To prove the sufficiency, letx ∈ X and letW be an open set containingG(x). There
exists open setsU ⊂ X andV ⊂ Y such that (x, F(x)) ⊂ U × V ⊂ W. SinceX is
Dδ-completely regular space, there exists a regularFσ-setG1in X containingx such
thatx ∈ G1 ⊂ V. SinceF is Dδ-super c., there exists a cozero setG2 in X containing
x such that the implicationx′ ∈ G2 ⇒ F(x′) ⊂ V. Let G1 ∩ G2 = H. ThenH
is a regularFσ-set containingx andG(H) ⊂ U × V ⊂ W which implies thatG is
u. Dδ-super c. �

Definition 9. Let F : X { Y be a multifunction.
(a) F is said to be upperDδ-continuous (briefly u.Dδ-c.) at x ∈ X, if for each

regularFσ-setV with F(x) ⊂ V, there exists an openU set containingx such that the
implicationx′ ∈ U ⇒ F(x′) ⊂ V is hold.

(b) F is said to be lowerDδ-continuous (briefly l.Dδ-c.) at x ∈ X, if for each
regularFσ-setV with F(x)∩V , ∅, there exists an open setU containingx such that
the implicationx′ ∈ U ⇒ F(x′) ∩ V , ∅ holds.
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(c) F is said to beDδ-continuous (brieflyDδ-c.) atx ∈ X, if it is both u.Dδ-c. and
l. Dδ-c. atx ∈ X.

(d) F is said to be u.Dδ-c. (l. Dδ-c., Dδ-c.) onX if it has this property at every
point x ∈ X.

Theorem 9. For a multifunctionF : X { Y, the following statements are equiva-
lent:

(a) F is u.Dδ-c. (l. Dδ-c.).
(b) For everydδ-open setV ⊆ Y, F+(V) (F−(V)) is an open set inX.
(c) For everydδ-closed setK ⊆ Y, F−(K) (F+(K)) is a closed set inX.

Lemma 1. For a multifunctionF : X { Y, the following statements are equiva-
lent:

(a) F is u.Dδ-c.
(b) F(A) ⊂ [F(A)]dδ for all A ⊆ X
(c) F+(B) ⊆ F+([B]dδ) for all B ⊆ X
(d) For everydδ-closed setK ⊆ Y, F+(K) is closed
(e) For everydδ-open setG ⊆ Y, F+(G) is open

P. (a)⇒(b): Let y ∈ F(A). Choosex ∈ A such thaty ∈ F(x). Let V be a
regularFσ-set containingF(x) and thusy. SinceF is u. Dδ-c., F+(V) is an open set
containingx. This givesF+(V)∩A , ∅ which in turn implies thatV∩ F(A) , ∅ and
consequentlyy ∈ [F(A)]dδ . Hence,F(A) ⊂ [F(A)]dδ .

(b)⇒(c): Let B be any subset ofY. ThenF(F+(B)) ⊆ [F(F+(B))]dδ ⊆ [B]dδ and
consequentlyF+(B) ⊆ F+([B]dδ).

(c)⇒(d): Since a setK is dδ-closed if and only ifK = [K]dδ , therefore the impli-
cation (c)⇒(d) is obvious.

(d)⇒(e): Obvious.
(e)⇒(a): Since every cozero set isdδ-open and since a multifunction is u.Dδ-c. if

and only if the inverse image of every regularFσ-set is open. Hence, (e)⇒(a). �

Theorem 10. LetX,Y andZ be topological spaces and let the functionF : X { Y
be u.Dδ-c. andG : Y { Z be u.Dδ-super c. ThenG ◦ F : X { Z is u. s. c.

P. Since (G ◦ F)+(V) = F+(G+(V)), it is immediate in view of Lemma 1 and
Theorem 1. �

Theorem 11. Let F : X { Y be a u. s. c. (l. s. c.) multifunction defined on a
Dδ-completely regular space. ThenF is u.Dδ-super c. (l.Dδ-super c.).

P. In a Dδ-completely regular space, every open set isdδ-open. �

Definition 10 ([5]). Let f : X → Y be a surjection from a topological spaceX
onto a setY. The topology onY for which a subsetA ⊂ Y is open if and only if
f −1(A) is dδ-open inX is called theDδ-quotient topology and the mapf is called the
Dδ-quotient map.
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Theorem 12. Let F be a multifunction from a topological space(X, τ1) onto a
topological the space(Y, τ2), whereτ2 is Dδ-quotient topology onY. ThenF is l. Dδ-
super c. Moreover,τ2 is the finest topology onY which makes the mapF : X { Y
l. Dδ-super c.

P. The l. Dδ-super continuity ofF follows from the definition of theDδ-
quotient topology. �

Theorem 13. Let f : X → Y be aDδ-quotient map. Then a multifunctionF :
Y { Z is l. s. c. if and only ifF ◦ f is l. Dδ-super c.

P. If U is an open set inZ andF ◦ f is l. Dδ-super c. then (F ◦ f )+(U) =

f +(F+(U)) = f −1(F+(U)) which isdδ-open inX. Sincef is Dδ-quotient map,F+(U)
is open inY. Thus,F is l. s. c. Conversely, letF : Y { Z be u. s. c. LetU be an
open set inZ. By the l.Dδ-super continuity ofF ◦ f , (F ◦ f )+(U) = f −1(F+(U)) is
dδ-open inX. �

4. Dδ- 

In this Section we show that if the domain of upper-lowerDδ-supercontinuous
multifunction F is retopologized in an appropriate way, thenF is simply a upper-
lower semi continuous multifunction.

Let (X, τ) be a topological space and letβ denote the collection of all regularFσ-
subsets of (X, τ). Since the intersection of two regularFσ-sets is a regularFσ-set, the
collectionβ is a base for a topologyτ∗ on X called theDδ-complete regularization of
τ. Clearlyτ∗ ⊂ τ. The space (X, τ) is Dδ-completely regular if and only ifτ∗ = τ [5] .

Throughout the section, the symbolτ∗ will have the same meaning as in the above
paragraph.

Theorem 14. A multifunctionF : (X, τ) { (Y, σ) is u. Dδ-super c. if and only if
F : (X, τ∗) { (Y, σ) is u. s. c.

Theorem 15. Let (X, τ) be topological space.Then the following are equivalent.

(a) The space(X, τ) is Dδ-completely regular.
(b) Every upper-lower semi continuous multifunction from(X, τ) into a space

(Y, σ) is upper-lowerDδ-supercontinuous.

P. (a)⇒(b): Obvious.
(b)⇒(a): Take (Y, σ) = (X, τ). Then the identity multifunctionIX on X is upper-

lower semi continuous and hence upper-lowerDδ-supercontinuous. Thus, by Theo-
rem 11, 1X : (X, τ∗) → (X, τ) is upper-lower semi continuous.SinceU ∈ τ implies
1−1

X (U) = U ∈ τ∗, τ ⊂ τ∗. Therefore,τ = τ∗ and so (X, τ) is Dδ-completely regu-
lar. �

Theorem 16. Let F : (X, τ) { (Y, σ) be a multifunction. ThenF is upper-lower
Dδ-continuous multifunction from(X, τ) to a space(Y, σ) if and only ifF : (X, τ) {
(Y, σ∗) is upper-lower semi continuous.
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A. The method of quasilinearization coupled with the method of lower and
upper solutions has been very useful in providing an analytical approach to ob-
taining approximate solutions of non-linear differential equations. In this paper,
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1. I

Let y0, z0 ∈ C1(J,�m) with y0(t) ≤ z0(t), y′0(t) ≤ z′0(t) on J and define the following
set

Ω = {(t, u, v) : y0(t) ≤ u ≤ z0(t), y′0(t) ≤ v ≤ z′0(t), t ∈ J, u, v ∈ �m}.
In this paper, the vectorial inequalities mean that the same inequalities hold between
their corresponding components.

Assume thatA is a singular square matrix of orderm and f ∈ C(Ω,�m). In this
paper we shall study the following system of differential equations

Ax′(t) = f (t, x(t), x′(t)), t ∈ J = [0, b] (1.1)

with the initial condition
x(0) = x0 ∈ �m. (1.2)

The method of quasilinearization offers an approach for obtaining approximate solu-
tions to non-linear differential equations. It has been generalized in recent years by
Lakshmikantham and various coauthors to apply to a wide variety of problems, (see,
for example, [5–12] and [3, 4]). In this paper, we apply this technique to problems
of type (1.1)–(1.2). We show that it is possible to construct monotone sequences that
converge to the solution iff is replaced byf +g with f +Φ convex andg+Ψ concave

c© 2006 MU P

Doi: 10.18514/MMN.2006.137

http://dx.doi.org/10.18514/MMN.2006.137


14 T. JANKOWSKI

for some convex functionΦ and for some concave functionΨ. This convergence is
quadratic or semiquadratic. This paper generalizes the results of [4]. Iff does not
depend on the third variable with a unit matrix in the place ofA, then problem (1.1)–
(1.2) is considered in [8].

2. A

In the place of (1.1)–(1.2), we consider the system of differential equations of the
form:

Ax′(t) = f (t, x(t), x′(t)) + g(t, x(t), x′(t)) ≡ F (t, x, x′), t ∈ J,

x(0) = x0 ∈ �m,
(2.1)

whereJ = [0, b] and f , g ∈ C(J×�m×�m,�m). Note that problem (2.1) is identical
with the problem

x′(t) = (A + B)−1[F (t, x, x′) + Bx′(t)], t ∈ J,

x(0) = x0

provided thatB is anm×mmatrix such that (A + B)−1 exists.
A function v ∈ C1(J,�) is said to be a lower solution of problem (2.1) if

v′(t) ≤ (A + B)−1[F (t, v(t), v′(t)) + Bv′(t)], t ∈ J, v(0) ≤ x0,

and an upper solution of (2.1) if the inequalities in these relations are reversed.

Let us introduce the following assumptions:

H1. There exists a square matrixB of order m such that the matrixA + B is
non-singular and (A + B)−1B ≥ 0; moreover, forf , g ∈ C(Ω,�m), function
F = f + g satisfies the Lipschitz condition with respect to the last variable,
so foru, α, ᾱ ∈ �m such thaty0(t) ≤ u ≤ z0(t), y′0(t) ≤ α, ᾱ ≤ z′0(t) on J, the
condition

|(A + B)−1[F (t,u, α) −F (t, u, ᾱ)]| ≤ (A + B)−1B|α − ᾱ|
holds, where|α| = (|α1|, . . . , |αm|)T for α ∈ �m.

H2. fx, gx,Φ,Φx,Φy,Ψ,Ψx,Ψy ∈ C(Ω,�m); herex andy denote the second and
third variable, respectively.

H3. The matrices (A + B)−1Fx, (A + B)−1Φx are non-decreasing with respect to
the second variable, and (A + B)−1Gx, (A + B)−1Ψx are non-increasing with
respect to the second variable onΩ with F = f + Φ, G = g + Ψ.

H4. (A + B)−1Fx, (A + B)−1Φx are non-decreasing in the third variable, and (A +

B)−1Gx, (A + B)−1Ψx are non-increasing in the third variable onΩ.
H5. (A + B)−1V(t, y0, z0) ≥ 0, t ∈ J for some functionV defined later [(A +

B)−1V(t, y0, z0) ≥ 0 means that the entries of the matrix (A + B)−1V(t, y0, z0)
are non-negative].
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H6. There existm×mmatricesC1, C2, C3, C4 with non-negative entries such that

∣∣∣(A + B)−1 [
fx(t,u, v) − fx(t, ū, v̄)

]∣∣∣ ≤ C1

m∑

i=1

[|ui − ūi | + |vi − v̄i |] ,

∣∣∣(A + B)−1 [
gx(t,u, v) − gx(t, ū, v̄)

]∣∣∣ ≤ C2

m∑

i=1

[|ui − ūi | + |vi − v̄i |],

∣∣∣(A + B)−1 [Φx(t,u, v) − Φx(t, ū, v̄)]
∣∣∣ ≤ C3

m∑

i=1

[|ui − ūi | + |vi − v̄i |],

∣∣∣(A + B)−1 [Ψx(t,u, v) − Ψx(t, ū, v̄)]
∣∣∣ ≤ C4

m∑

i=1

[|ui − ūi | + |vi − v̄i |]

for y0(t) ≤ u ≤ z0(t), y′0(t) ≤ v, v̄ ≤ z′0(t), t ∈ J with u, ū, v, v̄ ∈ �m.

3. M 

The next lemma is a special case of Theorem 1.1.4 from [8].

Lemma 1. Assume thatsi j (t) ≥ 0, t ∈ J for i , j, whereS = [si j ] is a continuous
square matrix of orderm. Let p ∈ C1(J,�m) and

p′(t) ≤ S(t)p(t), t ∈ J,

p(0) ≤ 0 =
[
0, . . . ,0︸  ︷︷  ︸

m

]T .

Thenp(t) ≤ 0 on J.

Lemma 2. Let assumptionsH1 andH3 be satisfied. Then, foru, v, ū, v̄ ∈ �m such
thaty0(t) ≤ u ≤ ū ≤ z0(t), y′0(t) ≤ v ≤ v̄ ≤ z′0(t), t ∈ J, we have

(A + B)−1[F (t,u, v) −F (t, ū, v̄)] ≤ (A + B)−1{[−Fx(t,u, v) −Gx(t, ū, v)

+ Φx(t, ū, v) + Ψx(t, u, v)](ū− u)+B(v̄ − v)}.
P. The mean value theorem and assumptionH1 yield

(A + B)−1[F (t,u, v) −F (t, ū, v̄)]

= (A + B)−1[F (t, u, v) −F (t, ū, v) + F (t, ū, v) −F (t, ū, v̄)]

≤ (A + B)−1
{[∫ 1

0
Fx(t, su+ (1− s)ū, v)ds

]
(u− ū) + B(v̄ − v)

}

= (A + B)−1
{∫ 1

0

[
Fx(t, su+ (1− s)ū, v) + Gx(t, su+ (1− s)ū, v)

− Φx(t, su+ (1− s)ū, v) − Ψx(t, su+ (1− s)ū, v)
]
ds(u− ū) + B(v̄ − v)

}
.
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Hence, we have the assertion of Lemma 2, by using assumptionH3. �

Now we are in a position to prove the following result:

Theorem 1. Assume thatf , g ∈ C(Ω,�m), and

(i) y0, z0 ∈ C1(J,�m) are lower and upper solutions of problem(2.1) and such
thaty0(t) ≤ z0(t) andy′0(t) ≤ z′0(t) on J,

(ii) AssumptionsH1–H6 hold with

V(t, y, z) = Fx(t, y, y
′) + Gx(t, z, z

′) − Φx(t, z, z
′) − Ψx(t, y, y

′).

(iii) Problem(2.1)has at most one solution.

Then, there exist monotone sequences{yn}, {zn} which converge uniformly onJ to
the unique solutionx of problem(2.1). Moreover, the convergence is quadratic with
respect tou and it is semiquadratic with respect tou′ for u = yn andu = zn.

P. Let yn+1 andzn+1 be the solutions of the linear initial value problems

y′n+1(t) = (A + B)−1{F (t, yn, y
′
n)+By′n(t)+ V(t, yn, zn)[yn+1(t)−yn(t)]

}
,

yn+1(0) = x0,

and

z′n+1(t) = (A + B)−1{F (t, zn, z
′
n)+Bz′n(t)+V(t, yn, zn)[zn+1(t)−zn(t)]

}
,

zn+1(0) = x0,

for n = 0,1, . . . . Note that the sequences{yn}, {zn} are well defined.
First of all, we shall prove that

y0(t) ≤ y1(t) ≤ z1(t) ≤ z0(t), t ∈ J,

y′0(t) ≤ y′1(t) ≤ z′1(t) ≤ z′0(t), t ∈ J.
(3.1)

Let us putp = y0 − y1, so p(0) ≤ 0. Then we see that

p′(t) ≤ (A + B)−1{F (t, y0, y
′
0) + By′0(t) −F (t, y0, y

′
0) − By′0(t)

− V(t, y0, z0)[y1(t) − y0(t)]
}

= (A + B)−1V(t, y0, z0)p(t), t ∈ J.

AssumptionH5 and Lemma 1 yieldp(t) ≤ 0 on J proving thaty0(t) ≤ y1(t) on J.
Since (A + B)−1V(t, y0, z0) ≥ 0, andp(t) ≤ 0 on J, then p′(t) ≤ 0, so y′0(t) ≤ y′1(t)
on J. By the same way we can show thatz1(t) ≤ z0(t) andz′1(t) ≤ z′0(t), t ∈ J. Put
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p = y1 − z1. Then, by Lemma 2 and assumptionH4, we have

p′(t) = (A + B)−1{F (t, y0, y
′
0) −F (t, z0, z

′
0) + B[y′0(t) − z′0(t)]

+ V(t, y0, z0)[y1(t) − y0(t) − z1(t) + z0(t)]}
≤ (A + B)−1{[−Fx(t, y0, y

′
0) −Gx(t, z0, y

′
0) + Φx(t, z0, y

′
0)

+ Ψx(t, y0, y
′
0)][z0(t) − y0(t)] + B[z′0(t) − y′0(t)]

+ V(t, y0, z0)[y1(t) − y0(t) − z1(t) + z0(t)] + B[y′0(t) − z′0(t)]}
= (A + B)−1{[Gx(t, z0, z

′
0) −Gx(t, z0, y

′
0) + Φx(t, z0, y

′
0)

− Φx(t, z0, z
′
0)][z0(t)−y0(t)] + V(t, y0, z0)p(t)}

≤ (A + B)−1V(t, y0, z0)p(t)

with p(0) = 0. Hence, we havep(t) ≤ 0, and thenp′(t) ≤ 0 on J which shows that
y1(t) ≤ z1(t), y′1(t) ≤ z′1(t), t ∈ J. This means that (3.1) holds.

In the next step we need to show thaty1 andz1 are lower and upper solutions of
problem (2.1), respectively. By Lemma 2 and assumptionsH3 andH4, we obtain

y′1(t) = (A + B)−1{F (t, y0, y
′
0) + By′0(t) + V(t, y0, z0)[y1(t) − y0(t)]}

≤ (A + B)−1{F (t, y1, y
′
1) + By′1(t) + [−Fx(t, y0, y

′
0) −Gx(t, y1, y

′
0)

+ Φx(t, y1, y
′
0) + Ψx(t, y0, y

′
0)][y1(t) − y0(t)] + V(t, y0, z0)[y1(t) − y0(t)]}

= (A + B)−1{F (t, y1, y
′
1) + By′1(t) + [Gx(t, z0, z

′
0) −Gx(t, y1, y

′
0)

+ Φx(t, y1, y
′
0) − Φx(t, z0, z

′
0)][y1(t) − y0(t)]}

≤ (A + B)−1[F (t, y1, y
′
1) + By′1(t)],

and

z′1(t) = (A + B)−1{F (t, z0, z
′
0) + Bz′0(t) + V(t, y0, z0)[z1(t) − z0(t)]}

≥ (A + B)−1{F (t, z1, z
′
1) + Bz′1(t) + [Fx(t, z1, z

′
1) + Gx(t, z0, z

′
1)

− Φx(t, z0, z
′
1) − Ψx(t, z1, z

′
1)][z0(t) − z1(t)] + V(t, y0, z0)[z1(t) − z0(t)]}

= (A + B)−1{F (t, z1, z
′
1) + Bz′1(t) + [Fx(t, z1, z

′
1) − Fx(t, y0, y

′
0)

+ Gx(t, z0, z
′
1) −Gx(t, z0, z

′
0) + Φx(t, z0, z

′
0) − Φx(t, z0, z

′
1)

+ Ψx(t, y0, y
′
0) − Ψx(t, z1, z

′
1)][z0(t) − z1(t)]}

≥ (A + B)−1[F (t, z1, z
′
1) + Bz′1(t)]

which shows thaty1 andz1, respectively, are lower and upper solutions of problem
(2.1). Let us assume that

yk−1(t) ≤ yk(t) ≤ zk(t) ≤ zk−1(t), t ∈ J,

y′k−1(t) ≤ y′k(t) ≤ z′k(t) ≤ z′k−1(t), t ∈ J,
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and letyk, zk be lower and upper solutions of problem (2.1) for somek ≥ 1. We shall
prove that

yk(t) ≤ yk+1(t) ≤ zk+1(t) ≤ zk(t), t ∈ J,

y′k(t) ≤ y′k+1(t) ≤ z′k+1(t) ≤ z′k(t), t ∈ J.
(3.2)

Put p = yk − yk+1. Then

p′(t) ≤ (A + B)−1{F (t, yk, y
′
k) + By′k(t) −F (t, yk, y

′
k) − By′k(t)

− V(t, yk, zk)[yk+1(t) − yk(t)]} = (A + B)−1V(t, yk, zk)p(t)

with p(0) = 0. Note that, by assumptionsH3–H5,

(A + B)−1V(t, yk, zk) = (A + B)−1[Fx(t, yk, y
′
k) + Gx(t, zk, z

′
k) − Φx(t, zk, z

′
k)

− Ψx(t, yk, y
′
k)]

≥ (A + B)−1[Fx(t, y0, y
′
0) + Gx(t, z0, z

′
0) − Φx(t, z0, z

′
0)

− Ψx(t, y0, y
′
0)]

= (A + B)−1V(t, y0, z0) ≥ 0, t ∈ J.

Hence, by Lemma 1,p(t) ≤ 0, p′(t) ≤ 0, t ∈ J, which shows thatyk(t) ≤ yk+1(t) and
y′k(t) ≤ y′k+1(t), t ∈ J. Using the same argument we can prove thatzk+1(t) ≤ zk(t),
z′k+1(t) ≤ z′k(t), t ∈ J.

Let p = yk+1 − zk+1. Thenp(0) = 0. Using Lemma 2 and assumptionH4, we get

p′(t) = (A + B)−1{F (t, yk, y
′
k) −F (t, zk, z

′
k) + B[y′k(t) − z′k(t)]

+ V(t, yk, zk)[yk+1(t) − yk(t) − zk+1(t) + zk(t)]}
≤ (A + B)−1{[−Fx(t, yk, y

′
k) −Gx(t, zk, y

′
k) + Φx(t, zk, y

′
k)

+ Ψx(t, yk, y
′
k)][zk(t) − yk(t)]

+ V(t, yk, zk)[yk+1(t) − yk(t) − zk+1(t) + zk(t)]}
= (A + B)−1{[Gx(t, zk, z

′
k) −Gx(t, zk, y

′
k) + Φx(t, zk, y

′
k)

− Φx(t, zk, z
′
k)][zk(t) − yk(t)] + V(t, yk, zk)p(t)}

≤ (A + B)−1V(t, yk, zk)p(t), t ∈ J.

This proves thatyk+1(t) ≤ zk+1(t), andy′k+1(t) ≤ z′k+1(t), t ∈ J, so relation (3.2)
holds. Hence, by induction, for alln, we have

y0(t) ≤ y1(t) ≤ · · · ≤ yn(t) ≤ zn(t) ≤ · · · ≤ z1(t) ≤ z0(t), t ∈ J,

y′0(t) ≤ y′1(t) ≤ · · · ≤ y′n(t) ≤ z′n(t) ≤ · · · ≤ z′1(t) ≤ z′0(t), t ∈ J.

Employing standard techniques (using the Arzeli theorem and the Lebesgue theo-
rem), it can be shown thatyn → y, y′n → y′, zn → z, z′n → z′, y, z ∈ C1(J,�m), where
y andzare solutions of problem (2.1). Hence, by assumption (iii), we havey = z = x
on J is the unique solution of (2.1).
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The order of convergence of sequences{yn}, {zn}, {y′n}, {z′n} is considered in the
next part of our considerations. For this purpose, we put

pn+1 = x− yn+1 ≥ 0, qn+1 = zn+1 − x ≥ 0 on J,

and note thatpn+1(0) = qn+1(0) = 0 for n ≥ 0. Using the integral mean value theorem
and assumptionsH1, H3, H6, we get

p′n+1(t) = (A + B)−1{F (t, x, x′) + Bx′(t) −F (t, yn, x
′) + F (t, yn, x

′)

−F (t, yn, y
′
n) − V(t, yn, zn)[yn+1(t) − x(t) + x(t) − yn(t)] − By′n(t)

}

≤ (A + B)−1
{[∫ 1

0
Fx(t, sx+ (1− s)yn, x

′)ds

]
pn(t) + 2B|p′n(t)|

+ V(t, yn, zn)[pn+1(t) − pn(t)]

}

= (A + B)−1
{∫ 1

0
[Fx(t, sx+ (1− s)yn, x

′) + Gx(t, sx+ (1− s)yn, x
′)

− Φx(t, sx+ (1− s)yn, x
′) − Ψx(t, sx+ (1− s)yn, x

′)]ds pn(t)

+ 2B|p′n(t)| + V(t, yn, zn)[pn+1(t) − pn(t)]

}

≤ (A + B)−1{[Fx(t, x, x
′) − Fx(t, yn, y

′
n) + Gx(t, yn, x

′) −Gx(t, zn, z
′
n)

+ Φx(t, zn, z
′
n) − Φx(t, yn, x

′) + Ψx(t, yn, y
′
n) − Ψx(t, x, x

′)]pn(t)

+ V(t, yn, zn)pn+1(t) + 2B|p′n(t)|}

≤
(C1 + C2 + 2C3 + 2C4)

m∑

i=1

pni(t)

+ (C2 + C3 + C4)
m∑

i=1

[qni(t) + |q′ni(t)|]

+(C1 + C3 + C4)
m∑

i=1

|p′ni(t)|
 pn(t)

+ (A + B)−1 {
2B|p′n(t)| + V(t, yn, zn)pn+1(t)

}
.

Note that
m∑

i=1

pni(t)pn(t) ≤ m
2

p2
n(t) +

1
2

W p2
n(t),

m∑

i=1

qni(t)pn(t) ≤ m
2

p2
n(t) +

1
2

Wq2
n(t),

(3.3)
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wherep2
n = [p2

1,n, . . . , p
2
m,n]T , W = [wi j ], wi j = 1, i, j = 1, . . . ,m. This and previous

calculations give

p′n+1(t) ≤ Kpn+1(t) + A1p2
n(t) + A2q2

n(t) + A3|p′n(t)|2 + A4|q′n(t)|2 + A5|p′n(t)| (3.4)

with (A+ B)−1 fx ≤ K1, (A+ B)−1gx ≤ K2, K = K1 + K2 onΩ. Here,K1,K2 arem×m
non-negative matrices and

A1 =
1
2

(C1 + C2 + 2C3 + 2C4)(mI + W) + (C2 + C3 + C4)m

+ (C1 + C3 + C4)
m
2
,

A2 =
1
2

(C2 + C3 + C4)W,

A3 =
1
2

(C1 + C3 + C4)W,

A4 = A2,

A5 = 2(A + B)−1B.

There is no loss of generality assuming thatK−1 exists such thatki j ≥ 0, whereki j

represents the components of this matrix. Hence, fort ∈ J, we have

pn+1(t) ≤
∫ t

0
eK(t−s)

[
A1p2

n(s) + A2q2
n(s) + A3|p′n(s)|2 + A4|q′n(s)|2 + A5|p′n(s)|

]
ds.

This implies

max
t∈J
‖pn+1(t)‖ ≤ B1 max

t∈J
‖pn(t)‖2+B2 max

t∈J
‖qn(t)‖2+B3 max

t∈J
‖p′n(t)‖2

+ B4 max
t∈J
‖q′n(t)‖2 + B5 max

t∈J
‖p′n(t)‖, (3.5)

where‖v‖2 =
[|v1|2, . . . , |vm|2]T , v ∈ �m, and

A0 = K−1eKb, Bi = A0Ai ,

for i = 1,5. Combining (3.4) and (3.5) we obtain

max
t∈J
‖p′n+1(t)‖ ≤ Ā1 max

t∈J
‖pn(t)‖2 + Ā2 max

t∈J
‖qn(t)‖2 + Ā3 max

t∈J
‖p′n(t)‖2

+ Ā4 max
t∈J
‖q′n(t)‖2 + Ā5 max

t∈J
‖p′n(t)‖

with Āi = Ai + KBi , i = 1,5.
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Similarly we have

q′n+1(t) = (A + B)−1{F (t, zn, z
′
n) + Bz′n(t) −F (t, x, z′n)

+ F (t, x, z′n) −F (t, x, x′) + V(t, yn, zn)[qn+1(t) − qn(t)] − Bx′(t)
}

≤ (A + B)−1
{[∫ 1

0
Fx(t, szn + (1− s)x, z′n)ds

]
qn(t) + 2B|q′n(t)|

+V(t, yn, zn)[qn+1(t) − qn(t)]
}

≤ (A + B)−1{[Fx(t, zn, z
′
n)−Fx(t, yn, y

′
n)+Gx(t, x, z

′
n)−Gx(t, zn, z

′
n)

+ Φx(t, zn, z
′
n) − Φx(t, x, z

′
n) + Ψx(t, yn, y

′
n) − Ψx(t, zn, z

′
n)]qn(t)

+ V(t, yn, zn)qn+1(t) + 2B|q′n(t)|}

≤
(C1 + C2 + 2C3 + 2C4)

m∑

i=1

qni(t)

+(C1 + C3 + C4)
m∑

i=1

[
pni(t) + |p′ni(t)| + |q′ni(t)|

]
 qn(t)

+ Kqn+1(t) + A5|q′n(t)|
≤ D1p2

n(t) + D2q2
n(t) + D1|p′n(t)|2+D1|q′n(t)|2+Kqn+1(t)+A5|q′n(t)|,

where

D1 =
1
2

(C1 + C3 + C4)W,

D2 =
3
2

m(C1 + C3 + C4) +
1
2

(C1 + C2 + 2C3 + 2C4)(mI + W).

Hence,

max
t∈J
‖qn+1(t)‖ ≤ B̄1 max

t∈J
‖pn(t)‖2 + B̄2 max

t∈J
‖qn(t)‖2 + B̄1 max

t∈J
‖p′n(t)‖2

+ B̄1 max
t∈J
‖q′n(t)‖2 + B̄3 max

t∈J
‖q′n(t)‖,

whereB̄1 = A0D1, B̄2 = A0D2, andB̄3 = B5A.
Combining this with the last relation forq′n+1 we get

max
t∈J
‖q′n+1(t)‖ ≤ L̄1 max

t∈J
‖pn(t)‖2 + L̄2 max

t∈J
‖qn(t)‖2 + L̄1 max

t∈J
‖p′n(t)‖2

+ L̄1 max
t∈J
‖q′n(t)‖2 + L̄3 max

t∈J
‖q′n(t)‖,

with L̄1 = D1 + KB̄1, L̄2 = D2 + KB̄2, and L̄3 = A5 + KB̄3. This completes the
proof. �

Let us introduce the following assumptions:
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H17 (i) (A + B)−1Fx is non-decreasing in the third variable onΩ and V1 =

Fx(t, y, y′), or
(ii) (A + B)−1Fx is non-increasing in the third variable onΩ and V1 =

Fx(t, y, z′).
H27 (i) (A + B)−1Gx is non-increasing in the third variable onΩ and V2 =

Gx(t, z, z′), or
(ii) (A + B)−1Gx is non-decreasing in the third variable onΩ and V2 =

Gx(t, z, y′).
H37 (i) (A + B)−1Φx is non-decreasing in the third variable onΩ and V3 =

Φx(t, z, z′), or
(ii) (A + B)−1Φx is non-increasing in the third variable onΩ and V3 =

Φx(t, z, y′).
H47 (i) (A + B)−1Ψx is non-increasing in the third variable onΩ and V4 =

Ψx(t, y, y′), or
(ii) (A + B)−1Ψx is non-decreasing in the third variable onΩ and V4 =

Ψx(t, y, z′).

The set of all assumptions fromH17 to H47 will be denoted byH7. Since in any
assumptionsH17–H47 we have two cases (i) or (ii), so we have 16 possibilities for
constructing assumptionH7. Note that if we choose case (i) in any assumptionsH17–
H47, then assumptionH7 is identical with assumptionH4.

Now we can formulate the following

Theorem 2. Assume that the assumptions of Theorem 1 are satisfied with assump-
tion H7 instead ofH4 and for

V = V1 + V2 − V3 − V4.

Then the conclusion of Theorem 1 is true.

P. Since the proof can be constructed on the basis of the proof of the previous
theorem, we shall only indicate the necessary changes. We should create assumption
H7. Let H7 be produced from assumptionsH17(ii), H27(ii), H37(ii), andH47(ii). Note
that the sequences{yn}, {zn} are constructed as before with

V(t, y, z) = Fx(t, y, z
′) + Gx(t, z, y

′) − Φx(t, z, y
′) − Ψx(t, y, z

′).

Based on the assumption

(A + B)−1V(t, y0, z0) ≥ 0

and Lemma 1, it is quite easy to show thaty0(t) ≤ y1(t), y′0(t) ≤ y′1(t), z1(t) ≤ z0(t)
andz′1(t) ≤ z′0(t) on J. If we put p = y1 − z1, then, by Lemma 2 and assumptions
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H17(ii), H47(ii), we have

p′(t) ≤ (A + B)−1{[−Fx(t, y0, y
′
0) −Gx(t, z0, y

′
0) + Φx(t, z0, y

′
0)

+ Ψx(t, y0, y
′
0)][z0(t) − y0(t)] + B[z′0(t) − y′0(t)]

+ V(t, y0, z0)[y1(t) − y0(t) − z1(t) + z0(t)] + B[y′0(t) − z′0(t)]}
= (A + B)−1{[Fx(t, y0, z

′
0) − Fx(t, y0, y

′
0) + Ψx(t, y0, y

′
0)

− Ψx(t, y0, z
′
0)][z0(t) − y0(t)]

+ V(t, y0, z0)p(t)} ≤ (A + B)−1V(t, y0, z0)p(t),

p(0) = 0.

Hence, by Lemma 1, we havep(t) ≤ 0, and thereforep′(t) ≤ 0 on J which shows
thaty1(t) ≤ z1(t), y′1(t) ≤ z′1(t), t ∈ J. It means that (3.1) holds.

In the next step we need to show thaty1 andz1 are lower and upper solutions of
problem (2.1), respectively. Note that, using Lemma 2 and assumptionsH3 andH7,
we get

y′1(t) ≤ (A + B)−1{F (t, y1, y
′
1) + By′1(t) + [−Fx(t, y0, y

′
0) −Gx(t, y1, y

′
0)

+ Φx(t, y1, y
′
0) + Ψx(t, y0, y

′
0)][y1(t) − y0(t)] + V(t, y0, z0)[y1(t) − y0(t)]}

= (A + B)−1{F (t, y1, y
′
1) + By′1(t) + [Fx(t, y0, z

′
0) − Fx(t, y0, y

′
0)

+ Gx(t, z0, y
′
0) −Gx(t, y1, y

′
0) + Φx(t, y1, y

′
0) − Φx(t, z0, y

′
0) + Ψx(t, y0, y

′
0)

− Ψx(t, y0, z
′
0)][y1(t) − y0(t)]} ≤ (A + B)−1[F (t, y1, y

′
1) + By′1(t)],

and

z′1(t) ≥ (A + B)−1{F (t, z1, z
′
1) + Bz′1(t) + [Fx(t, z1, z

′
1) + Gx(t, z0, z

′
1)

− Φx(t, z0, z
′
1) − Ψx(t, z1, z

′
1)][z0(t) − z1(t)] + V(t, y0, z0)[z1(t) − z0(t)]

}

= (A + B)−1{F (t, z1, z
′
1) + Bz′1(t) + [Fx(t, z1, z

′
1) − Fx(t, y0, z

′
0)

+ Gx(t, z0, z
′
1) −Gx(t, z0, y

′
0) + Φx(t, z0, y

′
0) − Φx(t, z0, z

′
1)

+ Ψx(t, y0, z
′
0) − Ψx(t, z1, z

′
1)][z0(t) − z1(t)]

}

≥ (A + B)−1[F (t, z1, z
′
1) + Bz′1(t)],

which shows thaty1 andz1 are lower and upper solutions of problem (2.1), respec-
tively.

By induction inn, we can show that

y0(t) ≤ y1(t) ≤ · · · ≤ yn(t) ≤ zn(t) ≤ · · · ≤ z1(t) ≤ z0(t), t ∈ J,

y′0(t) ≤ y′1(t) ≤ · · · ≤ y′n(t) ≤ z′n(t) ≤ · · · ≤ z′1(t) ≤ z′0(t), t ∈ J

for all n.
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Employing standard techniques, it is easy to conclude thatyn → y, y′n → y′, zn →
z, z′n→ z′, y, z ∈ C1(J,�m), wherey andz are solutions of problem (2.1). Hence, by
assumption (iii), we havey = z = x on J is the unique solution of (2.1).

To show the quadratic and semiquadratic convergence, we set

pn+1 = x− yn+1 ≥ 0, qn+1 = zn+1 − x ≥ 0

on J. Note thatpn+1(0) = qn+1(0) = 0 for n ≥ 0. The beginning forp′n+1 is the same
as in the proof of Theorem 1, so

p′n+1(t) ≤ (A + B)−1
{∫ 1

0
[Fx(t, sx+ (1− s)yn, x

′) + Gx(t, sx+ (1− s)yn, x
′)

− Φx(t, sx+ (1− s)yn, x
′) − Ψx(t, sx+ (1− s)yn, x

′)]ds pn(t)

+ 2B|p′n(t)| + V(t, yn, zn)[pn+1(t) − pn(t)]

}
.

Now, using the same argument as in the proof of Theorem 1, we can prove that

max
t∈J
‖pn+1(t)‖ ≤ α1 max

t∈J
‖pn(t)‖2 + α2 max

t∈J
‖qn(t)‖2 + α3 max

t∈J
‖p′n(t)‖2

+ α4 max
t∈J
‖q′n(t)‖2 + α5 max

t∈J
‖p′n(t)‖

and

max
t∈J
‖p′n+1(t)‖ ≤ ᾱ1 max

t∈J
‖pn(t)‖2 + ᾱ2 max

t∈J
‖qn(t)‖2 + ᾱ3 max

t∈J
‖p′n(t)‖2

+ ᾱ4 max
t∈J
‖q′n(t)‖2 + ᾱ5 max

t∈J
‖p′n(t)‖

where

δ1 =
1
2

C1(2mI + W) +
1
2

C2(3mI + W) +
1
2

(C3 + C4)(5mI + 2W),

δ2 =
1
2

(C2 + C3 + C4)W,

δ3 =
1
2

(C3 + C4)W,

δ4 =
1
2

(C1 + C2 + C3 + C4)W,

δ5 = A5,

andαi = A0δi , ᾱi = δi + Kαi , i = 1,5, with A0 and K defined as in the proof of
Theorem 1.
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Similarly, we can show that

max
t∈J
‖qn+1(t)‖ ≤ β1 max

t∈J
‖pn(t)‖2 + β2 max

t∈J
‖qn(t)‖2 + β3 max

t∈J
‖p′n(t)‖2

+ β4 max
t∈J
‖q′n(t)‖2 + β5 max

t∈J
‖q′n(t)‖

and

max
t∈J
‖q′n+1(t)‖ ≤ β̄1 max

t∈J
‖pn(t)‖2 + β̄2 max

t∈J
‖qn(t)‖2 + β̄3 max

t∈J
‖p′n(t)‖2

+ β̄4 max
t∈J
‖q′n(t)‖2 + β̄5 max

t∈J
‖q′n(t)‖,

with

η1 =
1
2

(C1 + 2C3 + C4)W,

η3 = η4 =
1
2

(C2 + C3 + C4)W,

η5 = A5,

η2 =
1
2

C1(2mI + W) +
1
2

C2(3mI + W) +
1
2

(C3 + C4)(5mI + W),

and

βi = A0ηi , β̄i = ηi + Kβi

for i = 1,5.
It is now easy to construct the proofs of the assertions corresponding to the remain-

ing cases of assumptionH7 following the proof of Theorem 1 and the proof given
above. We omit the details. The proof of this theorem is therefore complete.�

Remark1. Note that ifv is a lower solution of problem (2.1) and (A + B)−1 ≥ 0,
thenv satisfies the relation

Av′(t) ≤ F (t, v(t), v′(t)), t ∈ J, v(0) ≤ x0.

Here, (A + B)−1 ≥ 0 means that some entries of (A + B)−1 may be equal to zero.
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1. S   

We consider the singularly perturbed differential system

εẋ = Ax+ εA1(t)x + ϕ(t), t ∈ [a,b], 0 < ε � 1, (1.1)

lx(·) = h, h ∈ �m, (1.2)

where the coefficients of system (1.1) and equation (1.2) satisfy the conditions:

(H1) A is a constant (n× n) matrix. Ifλi are eigenvalues ofA, thenλi = 0, i = 1,k,
k < n, Reλi < 0, i = k + 1,n, asp, p < k, linear independent eigenvectors of
matrix A correspond to the zero eigenvalue;

(H2) A1(t) is an (n× n) matrix,A1(t) ∈ C∞[a,b], ϕ(t) is ann-dimensional vector-
functionϕ(t) ∈ C∞[a,b];

(H3) l : C[a,b] → �m is an m-dimensional linear bounded vector-functional,
l = col (l1, . . . , lm);

(H4) The degenerate (ε = 0) system (1.1),Ax0 + ϕ(t) = 0, is solvable with respect
to x0.

We look for ann-dimensional vector-functionx(t, ε): x(·, ε) ∈ C1[a,b], x(t, ·) ∈
C(0, ε0], satisfying (1.1), (1.2) and following relation limε→0 x(t, ε) = x0(t), t ∈ (a,b].
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We shall consider the casem , n and p < k. We use an asymptotic method of
the boundary functions and construct an asymptotic series for the boundary-value
problem (1.1), (1.2) with detA = 0 (the critical case [10]).

In the casem = n and p = k an asymptotic solution of the Cauchy problem and
two point boundary-value problem for linear and quasilinear systems is studied in
[10] on the basis of the method of boundary functions. In the non-critical casem, n
and detA , 0 the system is studied in [5]. Whenm, n andp = k, the problem (1.1),
(1.2) is considered in [8].

The construction of an asymptotic solution of (1.1), (1.2) in this workm, n, p < k
is represented on the basis of generalized inverse matrices and projectors [1,4,7] and
central canonical form [2,3].

We denote byn1, n2, . . . ,np (
∑p

i=1 ni = k) the lengths of the Jordan cells. We will
consider the case wheren1 > · · · > ns, ns+1 = ns+2 = · · · = np−1 = np = 1, i. e., the
matrix A has a block diagonal representation

A = diag(Ā, J1, J2, . . . , Js, Θp−s), (1.3)

whereĀ is a ((n − k) × (n − k)) matrix and has eigenvalues with negative real parts,
Ji , i = 1, s, are (ni × ni) Jordan cells, andΘp−s is the ((p− s) × (p− s)) zero matrix.

By A†, we denote the unique Moore–Penrose pseudo-inverse (n× n) matrix of the
matrix A [4,7]. Denote byPA andPA∗ orthoprojectorsPA : �n→ kerA, PA∗ : �n→
kerA∗, A∗ = AT . According to (H1) we find rankA = n− p and rankPA = rankPA∗ =

n− (n− p) = p. Let PAp be a (n× p) matrix with p linear independent columns from
the matrixPA, and letPA∗p be a (p× n) matrix withkp linear independent rows of the
matrix PA∗ .

Let C = PA∗pPAp be an (m× n)-constant matrix.

Lemma 1. rankC = p− s.

P. The proof is based on the equalitiesJi J
†
i = diag (1, 1, . . . ,1, 0) andJ†i Ji =

diag (0,1, . . . ,1,1). Keeping in mind the representation

A† = diag(Ā−1, J†1, J
†
2, . . . , J

†
s,Θp−s)

and the equalitiesPA = En − A†A, PA∗ = En − AA†, we get thatC = PA∗pPAp =

diag (0,Ep−s), i. e., rankC = p− s. �

We consider the degenerate differential system

C
d
dt

z(t) = B(t)z(t) + l(t), t ∈ [a, b], (1.4)

whereC is the matrix from Lemma 1.1,B(t) = PA∗pA1(t)PAp is (p× p) matrix, andl
is a p-dimensional vector-function,l(t) ∈ C∞[a, b].
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Let the matrixB(t) have the block representation
(
B11(t) B12(t)
B21(t) B22(t)

)
,

where the matricesB11, B12, B21, andB22 have dimensions ((p− s) × (p− s)), ((p−
s) × s), (s× (p− s)), ands× s, respectively.

Lemma 2. System(1.4) takes the central canonical form if and only ifdetB11 , 0
∀t ∈ [a, b].

P. The proof of Lemma 2 is based on Lemma 1 and the work [3]. �

In accordance with Lemma 1 underp , sand Lemma 2 (p× p), matricesP(t) and
Q(t) exist such that substitutingz(t) = Q(t)y(t) and multiplying byP(t) on the left,
the system (1.4) takes central canonical form

(
Ep−s 0

0 Θs

)
dy(t)

dt
=

(
L(t) 0
0 Es

)
y(t) +

(
µ(t)
ν(t)

)
, (1.5)

whereΘs is the (s× s) zero matrix,L(t) is a ((p− s)× (p− s)) matrix,Ep−s andEs are
((p− s) × (p− s)) and (s× s) unit matrices, respectively, andµ(t) andν(t) are (p− s)
ands-dimensional vector-functions such that

P(t)g(t) =

(
µ(t)
ν(t)

)
. (1.6)

Let the (p− s)-dimensional vector-functionu(t) ands-dimensional vector-function

v(t) are such thaty(t) =

(
u(t)
v(t)

)
. Then the system (1.5) takes the form

u̇i(t) = L(t)ui(t) + µi(t),

0 = vi(t) + νi(t).
(1.7)

We denote byΦ(t) a normal fundamental matrix of the solutions of the system ˙x =

L(t)x. Then system (1.7) has a generalized solution

u(t) = Φ(t)Φ−1(t)η + ū(t), η ∈ �p−s,

v(t) = −ν(t), (1.8)

whereū(t) = Φ(t)
∫ t

a
Φ−1(s)µ(s)ds.

Let the matrixQ(t) be reduced to the block formQ(t) = [Q1(t), Q2(t)], where
Q1(t) is a (p × (p − s)) matrix andQ2(t) is a (p × s) matrix. Keeping in mind the
substitutionz(t) = Q(t)y(t), wherey(t) = [u(t), v(t)]T , we obtain

z(t) = Q1(t)u(t) + Q2(t)v(t).

In the last equality we substitute solution (1.8). Thus,

z(t) = Φ(t, a)η + z̄(t), t ∈ [a,b], η ∈ �p−s, (1.9)
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where

Φ̄(t,a) = Q1(t)Φ(t)Φ−1(a) is a (p× (p− s)) matrix and

z̄(t) = Q1(t)ū(t) − Q2(t)ν(t) (1.10)

The following lemma is needed.

Lemma 3. Let the matrixA satisfy condition(H1), and let the vector-function
f (τ) ∈ C[0,+∞) and satisfy the inequality‖ f (τ)‖ < c1e−α1τ, whereτ ≥ 0, c1 > 0,
andα1 > 0. Then there exist positive constantsc andγ such that the systemdx/dτ =

Ax+ f (τ) has a particular solution of the form

x(τ) =

∫ ∞

0
K(τ, s) f (s)ds,

satisfying the inequality‖x(τ)‖ ≤ cexp (−γτ), τ ≥ 0, where

K(τ, s) =


X(τ)PX−1(s) for 0 ≤ s≤ τ < ∞,
−X(τ)(I − P)X−1(s) for 0 < τ < s≤ ∞,

andP is the spectral projector of the matrixA to the left semi-plane.

The lemma is proved analogously to a similar lemma in [5].

2. F  

We shall seek for a formally asymptotic expansion of the solution of problem (1.1),
(1.2) in the form of the regular and singular series

x(t, ε) =

∞∑

i=0

εi(xi(t) + Πi(τ)), τ =
t − a
ε

, (2.1)

wherexi(t) andΠi(τ) are unknownn vector functions. ByΠi(τ) (see [10]) we denote
the boundary function in a neighbourhood of the pointt = a. They will be constructed
so that when 0< ε ≤ ε0, the inequalities

‖Πi(τ)‖ ≤ γi exp (−αiτ), (2.2)

whereγi andαi are positive constants fori = 0,1,2, . . . andτ ≥ 0, hold in [a,b].
Formally, by substituting (2.1) in (1.1), (1.2), forxi(t) we obtain the systems

Axi(t) = fi(t), t ∈ [a,b], i = 0,1, . . . , (2.3)

where

fi(t) =


−ϕ(t) for i = 0,

L1(xi−1(t)) for i = 1,2, . . . ,
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andL1 is the differential operatorL1(x(t)) =
dx(t)

dt − A1(t)x. The boundary functions
Πi(τ) are solutions of the boundary problems

d
dτ

Πi(τ) = AΠi(τ) + ψi(τ), τ ∈ [0, τb], τb =
b− a
ε

, (2.4)

l(xi(·)) + l

(
Πi

(
(·) − a
ε

))
=


h for i = 0,

0 for i = 1,2, . . . ,
(2.5)

where

ψi(τ) =


0 for i = 0,∑0

q=i−1
1
q! τ

qA(q)
1 (a)Πi−1−q(τ) for i = 1, 2, . . . ,

(2.6)

We denote the normal fundamental matrix of the solutions of the homogeneous
systemdx

dτ = Ax, τ ∈ [0, τb], by X(τ) = exp (τA). Let Xn−k(τ) be an (n × (n − k))
matrix with (n− k) columns from the matrixX(τ), consisting of exponentially small
functions (see [8]).

2.1. Obtaining the coefficients x0(t) and Π0(τ). Consider systems (2.3)–(2.6)
for i = 0. Then the degenerate system

Ax0(t) + ϕ(t) = 0 (2.7)

is solvable with respect tox0(t) (according to (H4)) if and only ifPA∗ϕ(t) = 0 for all
t ∈ [a, b], and it has a solution

x0(t) = PApα0(t) − A†ϕ(t), (2.8)

whereα0(t) is an arbitraryp-dimensional vector-function.
The general solution of system (2.4) has the form

Π0(τ) = Xn−k(τ)c0, c0 ∈ �n−k. (2.9)

We define the vector-functionα0(t) by obtaining ofx1(t). Consider the system
Ax1(t) = f1(t), where f1(t) = L1(x0(t)). The latter system has a solution

x1(t) = PApα1(t) + A†L1(x0(t)) (2.10)

if and only if PA∗pL1(x0(t)) = 0 for all t ∈ [a, b]. Keeping in mind the representation
x0(t) from (2.8) andL1, we obtain the differential system forα0(t),

C
d
dt
α0(t) = B(t)α0(t) + g0(t), t ∈ [a, b], (2.11)

whereg0(t) = −PA∗pL1(A†ϕ(t)). System (2.11) coincides with system (1.4) atl(t) ≡
g0(t), t ∈ [a,b]. Then, according to Lemma 2 and the equality (1.9), we obtain

α0(t) = Φ(t, a)η0 + ᾱ0(t), t ∈ [a, b], η0 ∈ �p−s, (2.12)
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whereᾱ0(t) = Q1(t)ū0(t) − Q2(t)ν0(t),

ū0(t) = Φ(t)
∫ t

a
Φ−1(s)µ(s)0ds,

P(t)g0(t) =

(
µ0(t)
ν0(t)

)
,

andΦ(t,a), Q(t) = [Q1(t), Q2(t)], and P(t) are the matrices from Section 1. The
vector-functionsu0(t) andv0(t) are solutions of the following system (see (1.7)):

u̇0(t) = L(t)u0(t) + µ0(t),

0 = v0(t) + ν0(t).

We substitute (2.12) into equality (2.8), and forx0(t) we obtain

x0(t) = PApΦ(t, a)η0 + PApᾱ0(t) − A†ϕ(t). (2.13)

Finally, for obtaining the functionsx0(t) andΠ0(t) it is sufficient to determine the
vectorsη0 ∈ �p−s andc0 ∈ �n−k. In this connection, we use the boundary condition
(2.5) for i = 0, where we substitute (2.13) and (2.9). We obtain the vectorsη0 andc0

by the system
D0(ε)c0 + S0ηo = h0, (2.14)

whereD(ε) = lXn−k(·) is an (m× (n− k)) matrix,S0 = lApΦ(·,a) is an (n× (p− s))
matrix,h0 = h− l(Apᾱ0(·)) − l(A†ϕ(·)) is anm-dimensional vector.

Keeping in mind the expression of the matrixXn−k(τ) and the form of the func-
tional l(x), we assume thatD0(ε) = D̄0 + O(εs exp (−α/ε)), whereα > 0, s ∈ N, D̄0

is a (m× (n−k))-constant matrix, andO(εs exp (−α/ε)) we denote a matrix consisting
of elements infinitely small with respect toε. Because the elements of the matrix
D̄0 are continuous for allε ∈ (0, ε0] and limε→0 D0(ε) = D̄0, then we determine the
matrix D0(ε) for ε = 0, puttingD0(0) = D̄0. We neglect the exponentially small
elements in the matrixD0(ε) and system (2.14) takes the form

M

(
c0

η0

)
= h0, (2.15)

whereM = [D̄0, S0] is a (m× (n + p− k− s)) constant matrix.
Let the following condition hold:

(H5) rankM = m = n− k + p− s.

Then detM , 0 and system (2.15) is always solvable and

c0 = [M−1]n−kh0

η0 = [M−1]p−sh0,
(2.16)

where [M−1]n−k and [M−1]p−s are the first (n− k) and last (p− s) rows of the matrix
M−1. We should note that in this casen−m = k− p + s> 0, i. e.,n > m.
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We substitute (2.16) into (2.13) and (2.9) and get

x0(t) = PApΦ(t, a)[M−1]p−s h0 + x̄0(t),

Π0(τ) = Xn−k(τ)[M
−1]n−k h0,

(2.17)

wherex̄0(t) = PApᾱ0(t) − A†ϕ(t).

2.2. Obtaining the coefficients x1(t) and Π1(τ). To obtain the coefficient x1(t)
from (2.10), it is sufficient to determine the functionα1(t). This will be realized
in terms of the coefficient x2(t). System (2.3) underi = 2 has a solutionx2(t) =

PApα2(t) + A†L1(x1(t)) if and only if

PA∗pL1(x1(t)) = 0

for all t ∈ [a,b]. In the last equation we substitutex1(t) from (2.10). Keeping in
mind the form of the operatorL1, for determining the functionα1(t), we obtain the
degenerate differential system

C
d
dt
α1(t) = B(t)α1(t) + g1(t), t ∈ [a,b], (2.18)

whereg1(t) = −PA∗pL1(A†L1x0(t)).
System (2.18) coincides with system (2.3), (1.4) atl(t) ≡ g1(t), t ∈ [a,b] and in

accordance with Lemma 1.2 and equation (1.9), we obtain

α1(t) = Φ(t,a)η1 + ᾱ1(t), t ∈ [a,b], η1 ∈ �p−s, (2.19)

whereᾱ1(t) = Q1(t)ū1(t) − Q2(t)ν1(t),

ū1(t) = Φ(t)
∫ t

a
Φ−1(s)µ1(s)0ds,

andP(t)g1(t) =
(
µ1(t)
ν1(t)

)
. The vector-functionsu1(t) andv1(t) are solutions of system

(1.7), whereu(t) = u1(t), v(t) = v1(t).
We substitute (2.19) intox1(t) from (2.10) and obtain

x1(t) = PApΦ(t,a)η1 + PApᾱ1(t) + A†L1(x0(t)). (2.20)

In accordance with Lemma 3, the general solution of the system (2.4) ati = 1 is

Π1(τ) = Xn−k(τ)c1 +

∫ +∞

0
K(τ, s)ψ1(s)ds, c1 ∈ �n−k. (2.21)

We substitute (2.20) and (2.21) into (2.5) ati = 1. The constant vectorsη1 andc1

are obtained by the system

D0(ε)c1 + S0η1 = h1(ε), (2.22)

where

h1(ε) = −l

(∫ +∞

0
K
( · − a
ε

, s
)
ψ1(s)ds

)
− l(PApᾱ1(·)) − l(A†L1(x0(·))).
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Obviously,
h1(ε) = h10 + O(εs1 exp (−α/ε)),

i. e.,h1(ε) is with continuous elements for allε ∈ (ε0] and limε→0 h1(ε) = h10. Then
we determineh1(ε) for ε = 0, puttingh1(0) = h10. SinceD0(0) = D̄0, in system
(2.22) we neglect the exponentially small elements and obtain

M
(
c1

η1

)
= h10, (2.23)

whereM is the matrix from Section 2.1.
In accordance with condition (H5), the solution of the system (2.23)

c1 = [M−1]n−kh10, η1 = [M−1]p−sh10,

we substitute into (2.20) and (2.21). Consequently, the coefficientsx1(t) andΠ1(τ)
have the form

x1(t) = PApΦ(t,a)[M−1]p−sh10 + x̄1(t),

Π1(τ) = Xn−k(τ)[M
−1]n−kh10 + Π̄1(τ),

(2.24)

wherex̄1(t) = PApᾱ1(t) + A†L1(x0(t)) andΠ̄1(τ) =
∫ +∞
0

K(τ, s)ψ1(s)ds.

2.3. Determining the coefficients xq(t) and Πq(τ), q > 1. The inductive ap-
proach shows that the coefficientsxq(t) andΠq(τ) (q > 1) have the form

xq(t) = PApΦ(t,a)[M−1]p−shq0 + x̄q(t),

Πq(τ) = Xn−k(τ)[M
−1]n−khq0 + Π̄q(τ),

(2.25)

where

hq0 = lim
ε→0

hq(ε),

hq(ε) = −l

(∫ +∞

0
K
( · − a
ε

, s
)
ψq(s)ds

)
− l(PApᾱq(·)) − l(A†L1(xq−1(·))),

x̄q(t) = PApᾱq(t) + A†L1(xq−1(t)),

Π̄q(τ) =

∫ +∞

0
K(τ, s)ψq(s)ds.

(2.26)

Assume that the coefficientsxi(t) andΠi(τ) i = 1, q− 1 are determined. System
(2.3) for i = q has a solution

xq(t) = PApαq(t) + A†L1(xq−1(t)) (2.27)

if and only if PA∗pL1(xq−1(t)) = 0 for all t ∈ [a, b]. However, this equality is fulfilled
because it is used in obtaining the functionαq−1(t). This solutionαq−1(t) participates
in xq−1(t), which with respect to the induction hypothesis is determined completely.
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The functionαq(t) is obtained from the solvability conditionPA∗pL1(xq(t)) = 0,
∀t ∈ [a, b] of system (2.3) fori = q + 1 Axq+1(t) = L1(xq(t)). Thus, we obtain the
following differential system (see (1.4)):

C
d
dt
αq(t) = B(t)αq(t) + gq(t), t ∈ [a, b],

wheregq(t) = −PA∗pL1(A†L1(xq(t))).
By Lemma 2 and equation (1.9) we find

αq(t) = Φ(t,a)ηq + ᾱq(t), t ∈ [a,b], ηq ∈ �p−s, (2.28)

whereᾱq(t) = Q1(t)ūq(t) − Q2(t)νq(t),

ūq(t) = Φ(t)
∫ t

a
Φ−1(s)µq(s)0ds,

andP(t)gq(t) =
(
µq(t)
νq(t)

)
.

The vector-functionsuq(t) and vq(t) are solutions of system (1.7), whereu(t) =

uq(t), v(t) = vq(t).
We substitute (2.28) into (2.27) and obtain

xq(t) = PApΦ(t, a)ηq + PApᾱq(t) + A†L1(xq−1(t)), ηq ∈ �p−s. (2.29)

The general solution of system (2.4) fori = q is

Πq(τ) = Xn−k(τ)cq +

∫ +∞

0
K(τ, s)ψq(s)ds, cq ∈ �n−k. (2.30)

We substitute (2.29) and (2.30) in the boundary condition (2.5) fori = q and get
the system

D0(ε)cq + S0ηq = hq(ε),

where

hq(ε) = −l

(∫ +∞

0
K
( · − a
ε

, s
)
ψq(s)ds

)
− l(PApᾱq(·)) − l(A†L1(xq−1(·))).

Since
D0(ε) = D̄0 + O(εs exp (−α/ε)),

D̄0 = limε→0 D0(ε), hq(ε) = hq0 + O(εs1 exp (−α/ε)), andhq0 = limε→0 hq(ε), after
ignoring the exponentially small elements, the last system takes the form

M
(
cq

ηq

)
= hq0

with the solution (see (H5))

cq = [M−1]n−khq0, ηq = [M−1]p−shq0. (2.31)

We substitute (2.31) in (2.29) and (2.30) and obtain the equations (2.25), (2.26).
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All the boundary functionsΠi(τ) satisfy inequalities (2.2). This follows from
Lemma 3 and the inequality

‖Xn−k(τ)‖ ≤ c1 exp(−β1τ),

wherec1 > 0, β1 > 0, andτ > 0. After sequential analysis we get

‖Π0(τ)‖ ≤ ‖Xn−k(τ)‖‖[M−1]n−k‖‖h0‖ ≤ c1 exp (−β1τ)c2c3 = γ0 exp (−α0τ),

where‖[M−1]n−k‖ ≤ c2, ‖h0‖ ≤ c30, γ0 = c1c2c30, α0 = β1, and

‖Π1(τ)‖ ≤ ‖Xn−k(τ)‖‖[M−1]n−k‖‖h10‖ + ‖Π̄1(τ)‖ ≤
≤ c1 exp (−β1τ)c2c31 + c̄1 exp (−β̄1τ)

≤ (c1c2c31 + c̄1) exp(−α1τ) = γ1 exp (−α1τ),

where|h10‖ ≤ c31, ‖Π̄1(τ)‖ ≤ c̄1 exp (−β̄qτ), andα1 = max (β1, β̄1). Finally,

‖Πq(τ)‖ ≤ ‖Xn−k(τ)‖‖[M−1]n−k‖‖hq0‖ + ‖Π̄q(τ)‖ ≤
≤ c1 exp(−β1τ)c2c3q + c̄q exp (−β̄qτ)

≤ (c1c2c3q + c̄q) exp (−αqτ) = γq exp (−αqτ),

where|hq0‖ ≤ c3q, ‖Π̄q(τ)‖ ≤ c̄q exp (−β̄qτ), andαq = max (β1, β̄q). Thus, the follow-
ing theorem is true.

Theorem 1. Let conditions(H1)–(H5) hold and letdetB11(t) , 0. Then the
boundary-value problems(1.1), (1.2) have a formally asymptotic solution of form
(2.1). The coefficients of the regular and singular series have representations(2.17)
and(2.25)for q = 1, 2, . . . . For the boundary functions, the following estimate holds:

‖Πq(τ)‖ ≤ γq exp (−αqτ), q = 0, 1,2, . . . ,

whereγq andαq are positive constants. Moreover, the equality

lim
ε→0

x(t, ε) = x0(t)

holds fort ∈ (a,b].

Remark1. The case where rankM = n1 < min (m,n− k + p− s) andp = s is of
independent interest.

3. A         

The solution of the boundary-value problem (1.1), (1.2) we seek in the form

x(t, ε) = Xn(t, ε) + un(t, ε), (3.1)

whereXn(t, ε) =
∑n

i=0 ε
i(xi(t) + Πi(τ)), τ = t−a

ε , t ∈ [a, b].
We shall prove that, fort ∈ [a, b] andε ∈ (0, ε0], the functionun(t, ε) satisfies the

inequality‖un(t, ε)‖ ≤ Kεn+1, whereK > 0 and limε→0 x(t, ε) = x0(t).
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Let the smoothness degree of the elements of the matrixA1(t) and the functionϕ(t)
is n + 2.

If un(t, ε) = εn+1(xn+1(t)+Πn+1)+un+1(t, ε) and we should prove that‖un+1(t, ε)‖ ≤
K̄εn+1, K̄ > 0, then there would exist a positive constantK such that‖un(t, ε)‖ ≤
Kεn+1.

Substitutingx(t, ε) = Xn+1(t, ε) +un+1(t, ε) in problem (1.1), (1.2), for the determi-
nation ofun+1(t, ε), we get the boundary-value problem

ε
dun+1(t, ε)

dt
= Aun+1(t, ε) + G(t,un+1, ε), (3.2)

l(un+1(·, ε)) = 0. (3.3)

The functionG(t,un+1, ε) has the form

G(t,un+1(t, ε), ε) = AXn+1(t, ε) + εA1(t, ε)[Xn+1(t, ε) + un+1(t, ε)]+

+ ϕ(t) − εdXn+1(t, ε)
dt

and satisfies the following conditions:

I. ‖G(t, 0, ε)‖ ≤ ξεm+2, whereξ > 0;
II. For all η > 0, a existsδ = δ(η) andε0 = ε0(η) such that if‖u′n+1‖ ≤ δ and
‖u′′n+1‖ ≤ δ, then

‖G(t, u′n+1, ε) −G(t, u′′n+1, ε)‖ ≤ η‖u′n+1 − u′′n+1‖
for t ∈ [a,b] and 0< ε ≤ ε0.

Let A = diag(Ā, ¯̄A), ¯̄A = diag (J,Θp−s) is a (k × k) matrix, J = diag (J1, . . . , Js) is
a ((k− p + s) × (k− p + s)) matrix. Then we representun+1 in the form

un+1(t, ε) = (ω1(t, ε), ω2(t, ε), ω3(t, ε))T ,

whereω1(t, ε) is a (n − k)-dimensional vector,ω2(t, ε) is a (k − p + s)-dimensional
vector, andω3(t, ε) is a (p− s)-dimensional vector.

We introduce the following notation:

A1(t, ε) =

(
A111(t, ε) A112(t, ε)
A121(t, ε) A122(t, ε)

)
,

whereA111(t, ε) is a ((n − k) × (n − k)) matrix, A112(t, ε) is a ((n − k) × k) matrix,
A121(t, ε) is a (k× (n− k)) matrix,A122(t, ε) is a (k× k) matrix;

A112(t) =
(
B1(t) B2(t)

)
, A121(t) =

(
C1(t)
C2(t)

)
, A122(t) =

(
D11(t) D12(t)
D21(t) D22(t)

)
,

whereB1(t) is a ((n − k) × (k − p + s)) matrix, B2(t) is a ((n − k) × (p − s)) matrix,
C1(t) is a ((k− p + s) × (n− k)) matrix,C2(t) is a ((p− s) × (n− k)) matrix,D11(t) is
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a ((k− p + s) × (k− p + s)) matrix,D12(t) is a ((k− p + s) × (p− s)) matrix,D21(t) is
a ((p− s) × (k− p + s)) matrix,D22(t) is a ((p− s) × (p− s)) matrix;

G(t,0,0, ε) =


G1(t,0,0, 0, ε)
G2(t,0,0, 0, ε)
G3(t,0,0, 0, ε)

 ,

whereG1(t,0, 0, 0, ε) is a (n− k)-dimensional vector,G2(t,0, 0,0, ε) is a (k− p + s)-
dimensional vector,G3(t, 0, 0,0, ε) is a (p− s)-dimensional vector.

System (3.2) takes the form

ε
dω1

dt
= Āω1 + εA111(t)ω1 + εB1(t)ω2 + εB2(t)ω3 + G1(t,0,0, 0, ε), (3.4)

ε
dω2

dt
= (J + εD11(t))ω2 + εD12(t)ω3 + εC1(t)ω1 + G2(t,0, 0,0, ε), (3.5)

ε
dω3

dt
= εD21(t)ω2 + εD22(t)ω3 + εC2(t)ω1 + G3(t, 0,0,0, ε). (3.6)

Obviously, the inequalities‖Gi(t, 0,0,0, ε)‖ ≤ c1iε
n+2, c1i > 0, i = 1, 2,3, hold on

[a,b].
LetW(t, s, ε) andV(t, s) be the fundamental matrices for the homogeneous systems

εẋ = Āx and ẋ = D22x. Here,W(s, s, ε) = En−k andV(s, s) = Ep−s are the unit
matrices.

Let the Cauchy problem for the homogeneous systemεẋ = (J + εD11(t))x have
only a trivial solution, and system (3.4) has the particular solution

ω2(t, ε) =

∫ b

a
K (t, s, ε) [εD12(s)ω3 + εC1(s)ω1 + G2(s,0,0, 0, ε)] ds, t ∈ [a,b],

where

K (t, s, ε) =


1
ε X̄ (t, ε) X̄−1 (s, ε) , τi−1 ≤ s≤ t,

0, τi−1 ≤ t ≤ s,

if the eigenvalues of the matrixJ + εD11(t) are purely imaginary and

K (t, s, ε) =



1
ε X̄ (t, ε) PX̄−1 (s, ε) , τi−1 ≤ s≤ t,

−1
ε X̄ (t, ε) (I − P)X̄−1 (s, ε) , τi−1 ≤ t ≤ s,

if the eigenvalues are with a positive or negative real part. The matrixP is a spectral
projector of the matrixJ + εD11(t) on the left half-plane, and̄X(t, ε) is a normal
fundamental matrix for the systemεẋ = (J + εD11(t)x.

Obviously,
∫ b

a
‖K (t, s, ε)‖ds≤ ξ1, ξ1 > 0, for t ∈ [a, b], ε ∈ (0, ε0].
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Lemma 4 ([6,10]). For the matrixW(t, s, ε), whena < s≤ t ≤ b, 0 < ε ≤ ε0, the
exponential estimate

‖W (t, s, ε)‖ ≤ βexp
(
−α

( t − s
ε

))
, a ≤ s≤ t ≤ b,

is fulfilled, whereα > 0, β > 0.

It is clear that‖V (t, s, ε)‖ ≤ β1, wherea ≤ s≤ t ≤ b, β1 > 0.

Lemma 5. Any continuous solution of system(3.4)–(3.6)is a solution of the system
of integral equations

ω1(t, ε) = W(t, a, ε)ω1(a, ε) +

∫ t

a

1
ε

[εA111(s)ω1(s, ε)+

+εB1(s)ω2(s, ε) + εB2(s)ω3(s, ε) + G1(s,0, 0,0, ε)] ds, (3.7)

ω2(t, ε) =

∫ b

a
K (t, s, ε) [εD12(s)ω3(s, ε) + εC1(s)ω1(s, ε)

+G2(s,0,0, 0, ε)] ds, (3.8)

ω3(t, ε) = V(t,a)ω3(a, ε) +

∫ t

a
V(t, s)

1
ε

[εD21(t)ω2(s, ε)+

+εD22(s)ω3 + εC2(s)ω1(s, ε) + G3(s,0, 0, 0, ε)] ds. (3.9)

We substituteun+1(t, ε) = (ω1(t, ε), ω2(t, ε), ω3(t, ε))T into the boundary condition
(3.3) and obtain

l̄1ω1((·), ε) + l̄2ω2((·), ε) + l̄3ω3((·), ε) = 0,

wherel̄ i , i = 1,2,3 are linearm-dimensional bounded functionals. After transforma-
tions using (3.7)–(3.9), we obtain

ω1(t, ε) = Wi(t,a, ε)ω1(a, ε) + Vi(t, a, ε)ω3(a, ε) + Si(t, ω1, ω3,a, ε), (3.10)

i = 1, 2, 3, whereW1(t,a, ε) = W(t, a, ε), andWi , i = 1,2, Vi , Si , i = 1, 2,3, are
functions such that, for allt ∈ [a, b] andε ∈ (0, ε0],

‖Wi(t,a, ε)‖ ≤ εki , ki > 0, i = 1, 2,

‖Vi(t,a, ε) ≤ εdi , di > 0, i = 1,2,

‖V3(t,a, ε)‖ ≤ β2 + εd3, β2 > 0, d3 > 0,

‖Si(t, 0,0,0,a, ε)‖ ≤ ciε
n+1, ci > 0, i = 1, 2,3,

(3.11)

and

‖Si(t, ω
2
1, ω

2
3, a, ε) − Si(t, ω

1
1, ω

1
3,a, ε)‖ ≤

≤ εr i max
t∈[a,b]

(
‖ω2

1(t, ε) − ω1
1(t, ε)‖ + ‖ω2

3(t, ε) − ω1
3(t, ε)‖

)
, (3.12)
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wherer i > 0, i = 1,2,3. It follows from relation (3.10) that the vectorω(a, ε) =

(ω1(a, ε), ω3(a, ε))T is determined by the equation

R(ε)ω(a, ε) = q(ε, ω1, ω3), (3.13)

whereR(ε) = [R1(ε) R2(ε)] is an (m×(n+ p−k−s)) matrix,R1(ε) = l̄1W1((·), a, ε)+

l̄2W2((·),a, ε) + l̄3W3((·),a, ε) is an (m × (n − k)) matrix, R2(ε) = l̄1V1((·),a, ε) +

l̄2V2((·),a, ε) + l̄3V3((·),a, ε) is an (m× (p− s)) matrix, and

q (ε, ω1, ω3) = −l̄1S1 (·, ω1, ω3,a, ε) − l̄2S2 (·, ω1, ω3,a, ε) − l̄3S3 (·, ω1, ω3, a, ε)

is anm-dimensional vector. Also, one has‖q(ε,0, 0)‖ ≤ c4ε
n+1, c4 > 0, and

‖q(ε, ω2
1, ω

2
3) − q(ε, ω1

1, ω
1
3)‖ ≤ εr4 max

t∈[a,b]

(
‖ω2

1 − ω1
1‖ + ‖ω2

3 − ω1
3‖

)
,

wherer4 > 0. Since

R(ε) = R0 + O
(
exp

(
−α
ε

))
,

whereR0 is a constant matrix, then the following condition is fulfilled:

(H6) m = n + p− k− s; detR(ε) , 0 ∀ε ∈ [0, ε0].

System (3.13) is always solvable and

ω1(a, ε) = [R−1]n−k q(ε, ω1, ω3),

ω3(a, ε) = [R−1]p−s q(ε, ω1, ω3).
(3.14)

We shall substitute (3.14) into (3.7)–(3.9) and obtain a system which will be solved
by the method of successive approximations. Let

ω0
i (t, ε) = 0,

ωs+1
i (t, ε) = Wi(t,a, ε)[R

−1]n−k q(ε, ωs
1, ω

s
3)+

+ Vi(t, a, ε)[R
−1]p−s q(ε, ωs

1, ω
s
3) + Si(t, ω

s
1, ω

s
3,a, ε), i = 1,2, 3,

(3.15)

be the Picard successive approximations.

Theorem 2. Let the conditions of Theorem 1 and assumption(H6) be fulfilled. If
‖R−1‖ ≤ cR, then there exists a positive constantK such that the asymptotic solution
of the boundary-value problem(1.1), (1.2) has representation(3.1), whereun(t, ε)
satisfies the inequality

‖un(t, ε)‖ ≤ Kεn+1.

Moreover,x(t, ε) approaches the generating system whenε→ 0 andt ∈ (a, b].

P. By virtue of (3.10), (3.11), and (3.12), for the first approximation, we have

max
t∈[a,b]

‖ω1
i (t, ε) − ω0

i (t, ε)‖ ≤ Ki1, Ki1 > 0,

where the constantKi1ε
n+1 is determined by the constantscR, ki , di , ci , andr i .
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Let K1 = maxi(Ki1) andK1εn+1 = δ. For the last approximation we have

max
t∈[a,b]

‖ω2
i (t, ε) − ω1

i (t, ε)‖ ≤ εKi2δ, Ki2 > 0, i = 1, 2, 3.

Let ε0 = 1
2 mini(1/Ki2). Then

max
t∈[a,b]

‖ω2
i (t, ε) −1

i (t, ε)‖ ≤ 1
2
δ =

1
22

2δ.

Inductively we obtain

max
t∈[a,b]

‖ωk+1
i (t, ε) − ωk

i (t, ε)‖ ≤
1

2k+1
2δ.

This reveals that in the segment [a, b], whenε is sufficiently small, the successive
approximations (3.15) are absolutely and uniformly convergent. In addition, we have

‖ωk+1
i (t, ε)‖ ≤

k+1∑

j=1

‖ω j
i (t, ε) − ω

j−1
i (t, ε)‖ ≤

(
1 +

1
2

+ · · · + 1

2k

)
δ ≤

≤
(
1 +

1
2

+ · · · + 1

2k
+

1

2k+1
+ . . .

)
δ = 2δ.

Let

lim
k→∞

ωk
i (t, ε) = ωi(t, ε)

satisfy (3.10) identically. Then, on the interval [a, b], for ε→ 0, the inequality

‖ωi(t, ε)‖ ≤ 2δ

is fulfilled. Consequently, system (3.10) has an unique continuous solution, which
does not escape from the domain{(t, ω) | a ≤ t ≤ b, ‖ω‖ ≤ 2δ}. Then, for allt ∈ [a,b]
andε ∈ (0, ε0],

‖un+1(t, ε)‖ ≤
3∑

i=1

‖ωi(t, ε)‖ ≤ 6δ = 6K1εn+1 ,

i. e., there exists a positive constantK such that the inequality

‖un(t, ε)‖ ≤ Kεn+1

is fulfilled and

lim
ε→0

x(t, ε) = x0(t)

for all t ∈ [a,b]. �
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Mécanique,91 (1997), 79–95.

[6] L, N.: A boundary value problem for a singularly perturbed differential equation, Duke
Math. J.,25 (1958), 331–342.

[7] P, R.: A generalize inverse for matrices, Proc. Cambridge Phil. Soc.,51 (1955), 406–413.
[8] S, A. M., B, A. A.,  K, L. I.: Noether boundary value problem

with singular perturbation, Diferents. Uravn.,37 (2001), No. 9, 1186–1193.
[9] S, A. M.  Y, V. P.: About transformation of linear systems into central

canonical form, Dokl. Acad. Nauk Ukr. (1993), No. 4, 10–15.
[10] V’, A. B.  B, V. F.: Singularly Perturbed Equations in the Critical Case[in

Russian], Moscow State University, Moscow, 1978.

Author’s address

Lyudmil Karandzhulov:
T U-S, F  A M  I, P. O. B 384,

S 1000, B

E-mail address: likar@tu-sofia.bg



Miskolc Mathematical Notes HU ISSN 1787-2413
Vol. 7 (2006), No. 1, pp. 43–52 electronic version

ONE-STEP ITERATIVE METHODS AND THEIR QUALITATIVE
ANALYSIS
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A. We analyze some qualitative properties of the one-step iterative methods
which serve as a mathematical model for the discretized heat conduction problem.
These properties are a discrete analogues of the qualitative properties of continu-
ous problems, and we give algebraic conditions of the step-matrix under which the
above basic properties are also preserved at the discrete level. We also construct the
corresponding step-matrices.
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1. I

In this paper, we investigate the qualitative properties of the sequence{yk}, gener-
ated by the linear algebraic iterative process

Myk+1 = Nyk + b, k = 0,1, . . . (1.1)

whereM,N ∈ �n×n, b, yk ∈ �n andy0 is a given vector,yk denotes the successive
iterates. Model (1.1) is called one-step iterative method.

The discretisation of many physical and engineering problems leads to one-step
methods of the above form (1.1). In this model, as a necessary condition, we have to
guarantee the convergence of the iteration. On the other hand, we must also investi-
gate the model from the point of view of the preservation of the qualitative properties
of the continuous solution, like conservation of the non-negativity and the concavity
of the initial vectory0 (the discretization of the initial function), monotonicity in time,
etc. There are several papers which deal with the second problem (see, e. g., [3–8]).
But all those papers investigate this problem as a preservation property of a given ma-
trix splitting of some fixed matrixA. In this paper, we approach this question from
the other side, that is, the iterative model (1.1) is givena priori and we investigate its
qualitative properties. As a physical model, we consider the heat conduction problem
in dimension 1.
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The paper is organized as follows. In Section 2 we give those basic mathematical
preliminaries which are used in the paper. Then we collect the important properties
of the continuous solution of the physical problem in Section 3. In the next section
we investigate the algebraic properties of the step-matrix in the iteration, which guar-
antee the preservation of the basic qualitative properties of the continuous solution.
Namely, in Section 4 we consider the invariant subsets, in Section 5 the monotonicity
property and in Section 6 we define the relation between the different subspaces. Fi-
nally, in Section 7 we construct a corresponding step-matrix by using the symmetric
Latin squares.

2. M 

Throughout the paper all matrices are real, square matrices in the vector space
�n×n, i. e., A, B ∈ �n×n. The ordering relation is defined in the usual way, i. e.,
element-wise. This means thatA is non-negative (in notation:A ≥ 0) when all
elements ofA are non-negative. The partial ordering between two matrices is defined
asA ≥ B whenA− B ≥ 0. The strict ordering is the following:A is positive (A > 0)
when each of its elements is positive. Hence,A > B if A− B > 0. For a vector in the
vector space�n, the definitions are similar. This means that a vectorx ∈ �n is called
non-negative (x ≥ 0) if all the components ofx are non-negative. We say thatx ≥ y
if x − y ≥ 0. Analogously,x is positive (x > 0) if each of its elements is positive.
Therefore,x > y whenx− y > 0.

A matrix A ∈ �n×n is said to be positively diagonally dominant, or shortly PDD
(resp., strictly positively diagonally dominant, or shortly SPDD) when the relation
ai,i ≥ ∑

j,i |ai, j | (resp.,ai,i ≥ ∑
j,i |ai, j |) is fulfilled for every i = 1, 2, . . . ,n. This

means that they are diagonally dominant or strictly diagonally dominant with non-
negative diagonal elements.

If A ∈ �n×n, then%(A) denotes the spectral radius ofA; %(A) = maxi |λi |, whereλi ,
i = 1,2, . . . ,n are the eigenvalues ofA.

The matrixA ∈ �n×n, A = (ai, j), i, j = 1, 2, . . . ,n is reducible if there exists a non-
empty setR ( {1, 2, ..,n} such thatai, j = 0 for i ∈ R, j ∈ {1, 2, . . . ,n} \ R, otherwise
the matrixA is irreducible. Consequently, every positive matrix is irreducible.

In the sequel,I ∈ �n×n is the unit matrix.E ∈ �n×n denotes the matrix with all
elements equal to 1. Similarly,e ∈ �n, e = (1,1, . . . ,1)T .

Let A ∈ �n×n be a matrix with the property

A = M − N. (2.1)

The iterative scheme (1.1) is convergent to the unique solutiony = A−1b for eachy0 if
and only if M is nonsingular, and the corresponding step-matrix of the iterationH =

M−1N has the property%(H) < 1. Relation (1.1) can be rewritten in the following
form: yk+1 = Hyk + M−1b or

xk+1 = Hxk, (2.2)
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wherexk = yk − A−1b is the so-called defect vector.

3. S          

 

In the following we list the most important qualitative properties of the following
one-dimensional heat conduction problem:

∂u(x, t)
∂t

=
∂2u(x, t)
∂x2

, x ∈ (0,1), t > 0,

u(x, 0) = u0(x),

u(0, t) = u(1, t) = 0, t > 0,

(3.1)

with a given (sufficiently smooth) initial functionu0(x). We denote the stationary
solution of problem (3.1) byust(x), i. e.,ust(x) = limt→∞ u(x, t). We denote byh(x, t)
the difference of the solution of the problem (3.1) and the stationary solutionust(x),
i. e., h(x, t) = u(x, t) − ust(x). Then this functionh(x, t) is expected to possess the
following qualitative properties.

(1) h(x, t) exists, and limt→∞ h(x, t) = 0.
(2) If E(0) =

∫ 1
0

h(x,0)dx≥ 0, thenE(t) =
∫ 1
0

h(x, t)dx≥ 0 for every t.
(3) If h(x, t∗) ≥ 0, thenh(x, t) ≥ 0 for everyt ≥ t∗.
(4) If h(x, t′) ≥ h(x, t) for every t ≥ t′, then for everyt′′ ≥ t′ the inequality

h(x, t′′) ≥ h(x, t∗) holds for everyt∗ ≥ t′′.
(5) If h(x, t′) ≥ h(x, t) for every t ≥ t′, thenh(x, t′) ≥ 0. If h(x, t′′) ≥ 0, then

E(t′′) =
∫ 1
0

h(x, t′′)dx≥ 0.

(6) If E(0) =
∫ 1
0

h(x,0)dx≥ 0, thenE(t) is monotonically decreasing.
(7) M(t) = maxx |h(x, t)| is monotonically decreasing.
(8)

∫ ∞
0
|h(x, t)|dt < ∞ for every givenx.

(9) If E(0) =
∫ 1
0

h(x,0)dx> 0, then there existt′, t′′, t′ ≤ t′′, such thath(x, t′) > 0
andh(x, t′′) ≥ h(x, t) for everyt ≥ t′′.

In the sequel, under iteration we understand formula (2.2).

4. I 

We start the investigation of the iteration with a definition.

Definition 1. A subsetS ⊂ �n is said to be invariant with respect to the iteration
if the relationxk ∈ S implies thatxk+1 ∈ S for all k = 0, 1, . . . .

Let Y ∈ �n×n be a matrix, then we define the subsetS(Y) ⊂ �n as follows:

S(Y) := {x ∈ �n : Yx≥ 0}.
We note that in the analysis of the qualitative properties of the iteration (2.2) the

subsetsS(E), S(I ), S(I − H), andS(A) are of a special importance (see [3,4]).
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Lemma 1. If the step-matrixH is non-negative, andH and Y commute, then the
subsetS(Y) is invariant with respect to the iteration.

P. Assume thatxk ∈ S. Then by use of the definition of the subsetS(Y) and
the non-negativity of H, the relationHYxk ≥ 0 holds. Hence using the commutativity
assumption and the definition of the iteration (2.2), we getYxk+1 ≥ 0, which proves
the statement. �

Corollary 1. Assume that the step-matrixH is non-negative.

(a) Then the subsetS(p(H)), wherep(H) is a polynomial of H, is invariant with
respect to the iteration. ConsequentlyS(I ) andS(I − H) are invariant with
respect to the iteration.

(b) If H andE/A commute, then the subsetS(E)/S(A) is invariant with respect
to the iteration.

In the following we investigate the relation between the subsetsS(I ),S(I−H),S(E)
andS(A).

Lemma 2. The following relations hold between the subsetsS(I ),S(I −H),S(E),
andS(A):

(a) If T ≥ 0, thenS(T) ⊃ S(I ). Consequently,S(E) ⊃ S(I ).
(b) If T−1 ≥ 0, thenS(I ) ⊃ S(T). Consequently, ifA−1 ≥ 0, thenS(I ) ⊃ S(A).
(c) If M−1 ≥ 0, thenS(I − H) ⊃ S(A).
(d) If (I − H)−1 ≥ 0, thenS(I ) ⊃ S(I − H).

P. (a)T ≥ 0, thereforex ≥ 0 clearly results in the relationT x≥ 0.
The proof of (b) and (d) is straightforward.
The statement (c) follows directly from the fact that (2.1) can be rewritten in the

following form: A = M(I − H). �

Remark1. Assume that the step-matrixH is a non-negative convergent matrix,
i. e., H ≥ 0 and%(H) < 1. Then (I − H)−1 =

∑∞
k=1 Hk, and hence (I − H)−1 ≥ 0.

ThereforeS(I ) andS(I − H) are invariant with respect to the iteration, see part (a) in
Corollary 1, andS(I ) ⊃ S(I − H), according to assertion (d) of Lemma 2.

Let us investigate the set of the matrices which commute with some given matrix
E.

We define the subspaceCE ⊂ �n×n as follows:

CE := {X ∈ �n×n : EX = XE}.
Remark2. The subsetCE forms both a vector space and a ring.
The properties of the operations are obviously true. Moreover, the subsetCE is

closed for the operations, because for anyA, B ∈ CE the following relations are
valid: (A ± B)E = AE ± BE = EA± EB = E(A ± B), (λA)E = λEA = E(λA),
ABE = AEB= EAB. Clearly, the matrices 0 and−A also belong toCE.
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Lemma 3. The following statements are equivalent:

(a) X ∈ CE;
(b) For all fixed1 ≤ i, j ≤ n, the relation

n∑

k=1

xk,i =

n∑

k=1

x j,k

holds.

P. The statement follows by direct calculation of the elements of the matrices
XE andEX, respectively. �

5. M

First we define monotonicity in the subsetS.

Definition 2. Let Z ∈ �n×n be a given matrix. The iteration is said to beZ-
monotone in a subsetS ⊂ �n if the following two conditions are fulfilled:∗

(I) The subsetS ⊂ �n is invariant with respect to the iteration;
(II) For anyxk ∈ S, the relationZxk ≥ Zxk+1 holds.

Lemma 4. For H ≥ 0 the iteration isI -monotone in a subsetS(I − H).

P. The invariance ofS(I − H) follows from Corollary 1 (a).
In order to show the second property, assume thatxk ∈ S(I−H), i. e., (I−H)xk ≥ 0.

Thenxk ≥ Hxk, which, according to (2.2) means the required relationxk ≥ xk+1. �

Remark3. The above proof also shows that for the iteration the relationxk ≥ xk+1

implies the inclusionxk ∈ S(I − H). This means that theI -monotonicity property of
the iteration is valid only in the subsetS(I − H).

Corollary 2. Let us suppose thatA−1 ≥ 0, H ≥ 0, M−1 ≥ 0 andH andA commute.
Then the iteration isI -monotone in the subsetS(A).

The first condition follows from the commutativity ofH and A, see Lemma 1,
about the second condition statement (c) in Lemma 2 and Lemma 4.

Lemma 5. Let us suppose that the step-matrixH is non-negative,H andE com-
mute andI − H is PDD. Then the iteration isE-monotone in the subsetS(E).

P. The invariance of the subsetS(E) follows from the statement (b) in Corol-
lary 1.

For all x ∈ S(E) the inequality (I − H)Ex ≥ 0 is fulfilled, becauseEx ≥ 0, and
for any 1 ≤ i, j ≤ n the relation (Ex)i = (Ex) j =

∑n
l=1 xl holds. Moreover,I − H

is PDD. Hence, for anyxk ∈ S(E) we have (I − H)Exk ≥ 0. So, by use of the
commutativity property, we haveE(I −H)xk ≥ 0, which implies the required relation
Exk ≥ Exk+1. �

∗For more details, we refer to [3,4].
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Lemma 6. If the diagonal elements ofH are non-negative, then the following two
statements are equivalent:

(a) I − H is PDD (resp., SPDD);
(b) ‖H‖∞ ≤ 1 (resp.,‖H‖∞ < 1).

P. Using the definition of PDD (resp., SPDD) and the non-negativity of the
diagonal elements ofH, we see that the properties 1−ai,i ≥ ∑

j,i |ai, j | (resp., 1−ai,i >∑
j,i |ai, j |) and 1≥ ∑n

j=1 |ai, j | (resp., 1>
∑n

j=1 |ai, j |) are equivalent, which proves the
statement. �

Lemma 7. Let x0 ∈ �n, x0 , 0. Then the following statements are equivalent:

(a) ‖H‖∞ ≤ 1 (resp.,‖H‖∞ < 1);
(b) ‖xk‖∞ ≥ ‖xk+1‖∞ (resp.,‖xk‖∞ > ‖xk+1‖∞) for everyx0 ∈ �n, x0 , 0 and all

k = 0, 1, . . . .

P. The relation‖xk+1‖∞ = ‖Hxk‖∞ ≤ ‖H‖∞‖xk‖∞ ≤ (resp.,<) ‖xk‖∞ shows
that (a) implies (b).

In order to obtain the converse implication, assume that (b) is true. Then, for any
x0 ∈ �n with the propertyx0 , 0, the inequality‖x0‖∞ ≥ ‖x1‖∞ is true. Since
x1 = Hx0, one has

‖Hx0‖∞
‖x0‖∞

≤ 1.

Consequently,

max
x∈�n, x,0

‖Hx0‖∞
‖x0‖∞

≤ 1,

which yields (a). The proof of the strict inequality is similar. �

Lemma 8. Assume thatH is a non-negative convergent matrix, i. e.,H ≥ 0 and
%(H) < 1. Then

∑∞
k=0 |(xk)i | < ∞ for every1 ≤ i ≤ n.

P. Under the assumptions made we have

∞∑

k=0

∣∣∣(xk)i

∣∣∣ =

∞∑

k=0

∣∣∣
(
Hkx0

)
i

∣∣∣ ≤
∞∑

k=0

(
Hk

∥∥∥x0
∥∥∥∞e

)
i
=

∥∥∥x0
∥∥∥∞


∞∑

k=0

Hke


i

= ‖x0‖∞


∞∑

k=0

Hk

 e


i

= ‖x0‖∞
(
(I − H)−1e

)
i
= ‖x0‖∞‖(I − H)−1‖∞.

The right-hand side here is finite, and this proves the statement. �

6. R  

In this Section we analyze the relations between the subspacesS(E), S(I ), and
S(I − H) with respect to the iteration. The analysis is based on the so-called power
method.
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Lemma 9. If the step-matrixH is non-negative, irreducible andH ∈ CE, then

(1) the vectore is an eigenvector ofH;
(2) %(H) is an eigenvalue ofH;
(3) %(H) corresponds to the eigenvectore;
(4) %(H) is in absolute value a simple eigenvalue.

P. Let us note thatHe = ‖H‖∞e, hence‖H‖∞ is an eigenvalue ofH. Since
‖H‖∞ ≥ %(H), it follows that‖H‖∞ is, in absolute value, the largest eigenvalue with
the eigenvectore. For non-negative and irreducible matrices the Perron–Frobenius
theorem (see [9]) guarantees that this eigenvalue is in absolute value simple.�

Theorem 1. Let us suppose thatH is a non-negative, irreducible matrix,H ∈ CE

andH has an orthonormal system of eigenvectors. Assume thatx0, y0 ∈ �n are two
arbitrary vectors with the property(x0, e) = (y0, e) = z, 0. Then

lim
k→∞

max1≤i≤n{(xk)i}
min1≤i≤n{(yk)i}

= 1.

P. We denote the eigenvalues ofH by λm, m = 1,2, . . . ,n. Using the proof
of Lemma 9 and the notation‖H‖∞ = s, we can writes = λ1 > |λ2| ≥ · · · ≥
|λn|. Furthermore, we denote the corresponding orthonormal eigenvectors byvm, m =

1,2 . . . ,n, respectively. Then, using again the Lemma 9 and the relation
∥∥∥ 1√

n
e
∥∥∥

2 = 1,

we getv1 = 1√
n
e. Considering the decomposition with respect to the system (vm), we

getx0 =
∑n

m=1 amv
m, wheream = (x0, vm), andy0 =

∑n
m=1 bmv

m, wherebm = (y0, vm).
Note thata1 = b1 = z√

n
. Hence,

(xk)i

(yk) j
=

(
Hkx0)

i(
Hky0)

j

=

(
Hk ∑n

m=1 amv
m
)
i

(Hk ∑n
m=1 bmvm) j

=

(∑n
m=1 λ

k
mamv

m
)
i(∑n

m=1 λ
k
mbmvm

)
j

=

(
sk z√

n
e+

∑n
m=2 λ

k
mamv

m
)
i(

sk z√
n
e+

∑n
m=2 λ

k
mbmvm

)
j

=

(
e+

√
n

z

∑n
m=2

(
λm
s

)k
amv

m
)
i(

e+
√

n
z

∑n
m=2

(
λm
s

)k
bmvm

)
j

.

Since|λm| < s, for m = 2, . . . ,n, therefore limk→∞
(
λm
s

)k
= 0, for m = 2, . . . ,n. This

completes the proof. �

We denote the maximum element ofH by max (H), and the minimum element of
H by min (H), respectively.

Corollary 3. Let us apply the Theorem 1 to the columns of the step-matrixH.
SinceH is non-negative, irreducible,H ∈ CE andH has an orthonormal system of
eigenvectors, therefore

lim
k→∞

max (Hk)

min (Hk)
= 1.
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Theorem 2. Suppose that the step-matrixH is non-negative, irreducible,H ∈ CE

and H has an orthonormal system of eigenvectors. Letx0 ∈ �n, x0 ∈ S(E) and
Ex0 , 0. Then there exists an indexk0 ∈ �+

0 such that for everyk ∈ �+
0 , k ≥ k0, the

inequalityxk ≥ 0 holds (in other wordsxk ∈ S(I )).

P. Corollary 3 means that for allε ∈ �+, there exists an indexk0 ∈ �+
0 such

that for eachk ∈ �+
0 , k ≥ k0. the inequality

1 ≤ max (Hk)

min (Hk)
≤ 1 + ε

holds. We introduce the notationp, p+, andp− as follows. We putEx0 = pe, where
p ∈ �+; in other words,p denotes the sum of the elements ofx0. We denote the sum
of the non-negative elements ofx0 by p+, and the sum of the negative elements ofx0

by p−. Hence,p+ + p− = p. We consider the following estimate:

(xk)i = (Hkx0)i ≥ min (Hk) p+ + max (Hk) p− ≥ min (Hk) p+ + (1 + ε) min (Hk) p−

= min(Hk) (p+ + (1 + ε)p−) = min (Hk) (p + εp−).

The number min (Hk) is non-negative. The choice of an indexk0 large enough (which
depends onε = −p/p−) guarantees the non-negativity ofxk for eachk ≥ k0. �

Theorem 3. Suppose that the step-matrixH is non-negative, irreducible,H ∈ CE,
I − H is PDD, andH has an orthonormal system of eigenvectors. Letx0 ∈ �n, x0 ∈
S(I ). Then there exists ak0 ∈ �+

0 such that the inequality(I − H)xk ≥ 0 holds for
everyk ∈ �+

0 , k ≥ k0 (in other words,xk ∈ S(I − H) for such indices).

P. In the same way as proof of the Theorem 2, and finally using the proof of
Lemma 5. �

We summarize the results in what follows.

Corollary 4. Suppose that the step-matrixH is non-negative, irreducible,H ∈ CE,
‖H‖∞ < 1, and H has an orthonormal system of eigenvectors. Letx0 ∈ S(E) and
Ex0 , 0. Then

(a) the iteration is convergent andlimk→∞ xk = 0;
(b) S(E), S(I ), andS(I − H) are invariant with respect to the iteration;
(c) S(E) ⊃ S(I ) ⊃ S(I − H);
(d) the iteration isE-monotone (resp.,I -monotone) inS(E) (resp.,S(I − H));
(e) the iteration is strictly monotonically decreasing in maximum norm;
(f)

∑∞
k=0 |(xk)i | < ∞, for every1 ≤ i ≤ n;

(g) ∃k0, l0 ∈ �+
0 , k ≤ l, ∀k ≥ k0, xk ∈ S(I ), ∀l ≥ l0, xl ∈ S(I − H).

The above-listed properties (a)–(g) are the discrete analogues of (1)–(9) from Sec-
tion 3.



QUALITATIVE ANALYSIS OF THE ONE-STEP ITERATIVE METHODS 51

7. C  H

A Latin square is an�n×n matrix which consists of n sets of n numbers arranged
in such a way that no orthogonal (row or column) contains the same number twice.

Lemma 10. There exists a symmetric Latin square.

P. Assume thata1, . . . ,an are arbitrary numbers. The choice

hi, j := ak if i + j = k + 1 (modn)

for the elements of the matrixH creates a symmetric Latin square. �

Corollary 5. Letai , i = 1,2, . . . ,n, be arbitrary positive numbers with the property∑n
i=1 ai < 1. With the help ofai we construct the step-matrixH, which is a symmetric

Latin square. Then the properties (a)–(g) are satisfied because such a matrixH is
non-negative, irreducible,H ∈ CE, ‖H‖∞ < 1, andH has an orthonormal system of
eigenvectors.

8. C 

In this paper we listed the basic qualitative properties of the continuous solution
of the heat conduction problem (3.1), arising from the physical process. After that
we investigated the algebraic properties of the step-matrix in the corresponding one-
step iteration, and we have determined conditions under which the above qualitative
properties of the continuous solution are preserved. Finally we constructed a suitable
corresponding step-matrix.

However, there are different open problems and possible extensions which can be
considered in our future works:

(1) Our aim is to analyze the independence of the important qualitative proper-
ties of the continuous solution and the important properties of the discrete
solution as well.

(2) We constructed a corresponding step-matrix. But naturally it would be useful
to define the necessary (and sufficient) conditions for the step-matrix in order
to fulfil the qualitative properties (a)–(g).

(3) We analyzed the heat conduction problem in 1D. We can extend this analysis
both for higher dimensions and for other time-dependent (parabolic type)
physical problems as well.

(4) Our goal is to investigate this method from the point of view of the matrix
splitting theory, namely how we can get a corresponding step-matrix from
some given matrixA with some splitting procedure (regular matrix splitting,
weak regular matrix splitting). These splitting procedures can be found in
several papers, e. g., [1, 2, 10–12]. However, their qualitative properties are
less investigated.
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1. I

Many concrete problems of various nature, where the question of uniqueness of
a solution is essential, as is well-known, lead one to the study of regular values of a
certain bounded linear operator. Since it is always natural to try to get some useful
information on the base of as few initial data as possible, is appears that estimates of
the spectral radius of an operator which are derived from certain relations involving
its value on a single element only, should be of the best imaginable efficiency.

There is a vast literature devoted to this kind of estimates of spectra of linear
operators that are positive with respect to a cone in a Banach space (see, e. g., [6,7]).
The main idea of such statements, dating back to O. Perron, P. Jentzsch, P. Urysohn,
L. Collatz, and M. Krein, was developed by many authors (see, e. g., [3, 6, 7, 10, 13,
15]).

The conditions imposed on the operator and the space where it acts vary as well as
the assumed properties of the chosen element do. For example, the spectral radius of
A admits the estimate

r(A) ≥ γ, (1.1)

whereγ is a given positive constant, on the assumption [6] thatA is a bounded linear
operator leaving invariant a coneK and such that the relationAg − γg ∈ K is true for
a certain elementg ∈ (K − K) \ (−K). On the other hand, the numberr(A) satisfies
the inequality

r(A) ≤ γ (1.2)

provided thatA (K) ⊆ K, K is a solid normal cone, and the inclusion

γg − Ag ∈ K (1.3)

is true for some interior elementg of K [7]. It is natural to find out that obtaining
the upper bounds for the spectral radius is more difficult, that a relation of type (1.3)
implies (1.2) only under additional conditions onA andK, and that these additional
conditions are stronger than those guaranteeing a similar estimate (1.1) from below.

In this paper, we establish a new theorem of the kind indicated for linear mappings
majorised by linear operators preserving a preordering which may not be a partial
ordering (Section 4). More precisely, we obtain an efficient upper bound for the
spectral radius of a completely continuous linear mappingA : X → X representable
in the form

A = A1 − A2, (1.4)

whereX is a Banach space with a wedgeK (which, generally speaking, may not
be a cone), and the operatorsA1 andA2 leaveK invariant. The proof of the result
mentioned (namely, Theorem 4.1) uses an inequality satisfied by the so-calledK-
substantial eigenvalues ofA and established in Section 3. Note that, in the theorem
mentioned, the property expressing a certain “strong positivity” of a test elementg
from the corresponding relation (1.3) depends upon the structure of the image space
of the operatorA (see Remark 4.6).
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Theorem 4.1 is estabished under the condition that operator (1.4) is completely
continuous. This assumption is not unnatural because our present study of completely
continuous linear operators in a preordered Banach space is motivated mainly by the
related problems arising in the theory of functional differential equations, and to a
boundary value problem for a linear functional differential equation, a compact linear
operator is usually associated. For example, the set of absolutely continuous solutions
of the homogeneous initial value problem

u′(t) = p(t)u (ω(t)) , t ∈ [a,b],

u(τ) = 0,

obviously, coincides with that of the equation

u(t) =

∫ t

τ
p(s)u (ω(s)) ds, t ∈ [a,b].

The linear operator

C ([a,b],�) 3 u 7−→
∫ ·

τ
p(s)u (ω(s)) ds,

as is easy to show, is a compact self-mapping of the spaceC ([a,b],�) of contin-
uous functions on the interval [a, b], wheneverp : [a,b] → � is integrable and
ω : [a,b] → [a, b] is measurable.

The paper is organised as follows. Section 2 contains some definitions and prelim-
inary results. In Section 3, we establish an estimate for the so-calledK-substantial
eigenvalues (see Definition 2.44) of a bounded linear operator in a Banach space
with a wedgeK. The main Theorem 4.1 of Section 4 provides a convenient upper
bound for the spectral radius of a completely continuous linear operator vanishing on
the blade of the wedgeK containing elements that are strongly positive in the sense
of Definition 2.12. Finally, in the last Section 7, Theorem 4.1 is applied to obtain
conditions sufficient for the solvability of certain integro-functional equations.

2. W  B       

In this section, we recall the basic definitions related to wedges in Banach spaces,
introduce some notation and definitions, and establish a number of statements relied
upon in the subsequent sections. Throughout the rest of this paper,X is a Banach
space over the field�.

2.1. Wedges and related preorderings.A closed subsetK of X is said to be a
wedge(see, e. g., [6]) if

α1K + α2K ⊆ K (2.1)

for all {α1, α2} ⊂ [0,+∞), where, as usual,α1K+α2K :=
{
α1x1+α2x2 | {x1, x2} ⊂ K

}
.



56 ANDREI RONTÓ

In what follows, we assume implicitly that the wedgeK is proper, i. e., is different
from both the singleton{0} and the entire spaceX, for there is no meaningful theory
in those two extreme cases.

Remark2.1. In the original terminology introduced by M. Krein [10], a closed set
satisfying condition (2.1) is called alinear semigroup.

The following standard definition introduces a natural preordering in a spaceX
with a wedgeK.

Definition 2.2. The relationx1 5K x2 is said to be satisfied if, and only ifx2− x1 ∈
K.

We also writex1 =K x2 if, and only if x2 5K x1. Note that the relationsx1 5K x2

andx1 =K x2, generally speaking, do not imply the equalityx1 = x2.

Definition 2.3. The setK ∩ (−K) is referred to as theblade[6] of the wedgeK.

For the sake of brevity, we shall denote the blade of the wedgeK by the symbol
K^:

K^ := {x ∈ X | x =K 0 ∧ x 5K 0} . (2.2)

Remark2.4. It is obvious from condition (2.1) and definition (2.2) that the blade
of an arbitrary wedgeK is a closed linear subset ofK. One can readily show thatK^

coincides with the maximal linear subspace contained inK.

Definition 2.5. We writex1 �K x2 if, and only if eitherx1 5K x2 or x1 =K x2.

The relation�K is obviously reflexive and symmetric.

2.2. Measurable elements of a Banach space.Let f be an element fromX, β be
a real constant, andXK,β( f ) be the set defined as follows:

XK,β( f ) := {x ∈ X | −β f 5K x 5K β f } . (2.3)

2.2.1. Basic properties of the setsXK,β( f ). In the sequel, we need some proper-
ties of sets (2.3).

Lemma 2.6. Let β be a fixed real number. Then an elementx from X belongs to
the setXK,β ( f ) if, and only if−x ∈ XK,β ( f ).

P. Due to the symmetry of the left-hand and right-hand terms, the inequality

−β f 5K x 5K β f (2.4)

is equivalent to the relation
−β f 5K −x 5K β f , (2.5)

whereas the latter means that−x ∈ XK,β ( f ). �

Lemma 2.7. The following assertions are true:

(i) XK,0( f ) = K^ for all f ∈ X;
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(ii) XK,β(0) = K^ for anyβ ∈ �;
(iii) The setXK,β( f ), whereβ , 0 and f , 0, is non-empty if, and only ifβ f =K 0;
(iv) If β f =K 0, thenXK,β( f ) ⊇ K^;
(v) If f ∈ K^, thenXK,β( f ) = K^ for all β ∈ �;
(vi) XK,β( f ) \ K^ , ∅ if, and only ifβ f =K 0 andβ f < K^.

P. Assertions (i) and (ii) are obvious from (2.3). Let us verify assertion (iii).
Indeed, letx belong toXK,β( f ). This is true if, and only if (2.4) holds or, which is
the same (see Lemma 2.6), relation (2.5) is satisfied. Combining (2.4) and (2.5) and
using property (2.1) ofK, we obtain

−2β f 5K 0 5K 2β f ,

i. e.,β f =K 0. Conversely, ifβ f =K 0, then, in particular,

−β f 5K β f 5K β f .

This means that (2.4) is satisfied withx = β f , i. e.,β f ∈ XK,β ( f ).
To prove assertion (iv), it is sufficient to note that ifβ f =K 0, then (2.4) is true for

all elementsx satisfying the relation 05K x 5K 0.
Let f ∈ K^ be arbitrary. By (iv), we haveK^ ⊂ XK,β( f ) for all β ∈ �. On the

other hand, ifx ∈ XK,β( f ), then, according to (2.4), we obtainx ∈ K^ becauseβ f is
also an element ofK^. Thus, assertion (v) is true.

Finally, assertion (vi) is obvious from (iii), (iv), and (v). �

Assertions (i) and (ii) of Lemma 2.7 show that there is no much sense to consider
the setsXK,β( f ) with β f = 0 because, in that case, they consist solely of those ele-
ments ofX which are 0-measurable with respect toK in the sense of Definition 2.8
given below.

2.2.2. The definition of f -measurability. For the sake of brevity, we shall use
the following

Definition 2.8. An elementx from X is said to bef -measurable with respect toK
if there exists a real constantβ such thatx ∈ XK,β( f ).

In other words,x is f -measurable with respect to the wedgeK whenever (2.4)
holds for someβ.

Remark2.9. Definition 2.8 differs from a similar notion introduced in [10] be-
cause the negative values ofβ are allowed in (2.4). For the purposes of this paper, the
definition mentioned seems to be advantageous due to the need to consider complex-
ifications (see Section 2.5 below). Note also that, according to Definition 2.8, the set
of f -measurable elements is never empty (see Proposition 2.11).

Definition 2.10. For every fixedf ∈ X, the set of all the elements ofX that are
f -measurable with respect toK will be denoted byXK ( f ).
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Clearly, XK ( f ) :=
⋃
β∈� XK,β ( f ) . Moreover, it follows from Lemma 2.7 that, in

fact,
XK ( f ) =

⋃

β∈�: β f=K0

XK,β ( f ) (2.6)

for any f ∈ X.

Proposition 2.11. For any f ∈ X, the setXK( f ) is a linear manifold containing
K^. Furthermore,XK( f ) , K^ if, and only if the elementf is such thatf �K 0 and
f < K^.

P. The setXK ( f ) obviously satisfies the condition

α1XK ( f ) + α2XK ( f ) ⊂ XK ( f )

for all {α1, α2} ⊂ [0,+∞) and, therefore, Lemma 2.6 guarantees that it is a linear
manifold.

According to Definition 2.10 and assertion (i) of Lemma 2.7, we haveXK( f ) ⊃
XK,0( f ) = K^. Furthermore, equality (2.6) yields

XK ( f ) \ K^ =
⋃

β∈�: 0,β f=K0

XK,β ( f ) \ K^. (2.7)

However, assertion (vi) of Lemma 2.7 guarantees that the conditionf < K^ is neces-
sary and sufficient for the union in the right-hand side of (2.7) to contain non-empty
sets. �

2.3. Strict inequalities with respect to a wedge.Given a wedgeK ⊆ X and a
linear manifoldH in X, we introduce the following binary relation onX.

Definition 2.12. For { f1, f2} ⊂ X, we write f1 kK; H f2 if, and only if the inclusion

XK ( f2 − f1) ⊇ H

is satisfied.

One can readily verify that the equality

XK(− f ) = XK( f )

holds for anyf and, hence, the relation introduced by Definition 2.12 is symmetric,
i. e., f1 kK; H f2 if, and only if f2 kK; H f1.

Lemma 2.13. If f1 kK;H1 f2 andH1 ⊇ H2, then f1 kK;H2 f2.

The assertion of the last lemma is easily established by using Definition 2.12.

Lemma 2.14. For an arbitrary f from X, the relation

f kK;XK ( f ) 0 (2.8)

is true.
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P. By Proposition 2.11, the setXK( f ) is a linear manifold inX. According
to Definition 2.12, relation (2.8) is equivalent to the inclusionXK( f ) ⊇ XK( f ) and,
hence, is always satisfied. �

In the case whereH = X, we drop the corresponding subscript in the above nota-
tion and, instead off1 kK;X f2, we write f1 kK f2:

Definition 2.15. For{ f1, f2} ⊂ X, we write f1kK f2 if, and only ifXK ( f2 − f1) = X.

The above definition allows one to introduce the following

Definition 2.16. Two elementsf1 and f2 are said to be in the relationf1 KK; H f2
(resp., f1 JK; H f2) if they satisfy the conditionsf1 kK; H f2 and f1 =K f2 (resp.,
f1 5K f2).

By analogy with Definition 2.15, we introduce

Definition 2.17. Two elementsf1 and f2 are said to be in the relationf1 KK f2
(resp.,f1 JK f2) if they satisfy the conditionsf1 �K f2 and f1 =K f2 (resp.,f1 5K f2).

The fulfilment of the relations described by Definition 2.17 is verified most easily
in the case of a solid wedge.

Definition 2.18. A wedge is said to besolid [10] if its interior is non-empty.

Following [10], we writex1 �K x2 (resp.,x1 �K x2) if, and only if the difference
x2 − x1 (resp.,x1 − x2) lies in the interior ofK.

Lemma 2.19. If K is a solid wedge inX and an elementf ∈ X is such thatf �K 0,
then f satisfies the relation

f KK 0. (2.9)

P. A statement equivalent to equality (2.14) forf lying in the interior ofK is
well-known, e. g., from [10,14]. �

Remark2.20. When K is a minihedral cone inX [10] (and, hence, the partial
ordering5K makesX into a vector lattice [1]), an elementu possessing the property
u KK 0 is called astrong unit (see Definition XIII.1.5 in [14]). In this case, the
conditionXK(u) = X means that the elementu satisfies Axiom V from [9].

Remark2.21. Relation (2.9), generally speaking, does not imply thatf �K 0. For
example, in the spaceL∞([0, 1]) of essentially bounded functions endowed with the
usual norm and partial ordering [14], relation (2.9) is true, e. g., forf equal almost
everywhere to 1. However, the set of functions non-negative almost everywhere on
[0,1] has empty interior inL∞([0, 1]).

For suitable linear manifoldsH, the condition

f KK; H 0
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may be regarded as a certain “strong positivity” an elementf =K 0. The word
“suitable” here means that, roughly speaking, there should not be too many strongly
positive elements. For instance, there is no much sense to study the case where

H ⊆ K^ (2.10)

because, by virtue of Proposition 2.11, the inclusion
⋂

f∈X
XK( f ) ⊇ K^

is always true and, hence, under condition (2.10), the relationf KK;K^ 0 is satisfied
by an arbitrary elementf from X. On the other hand, certain undesirable classes of
vectorsf (e. g., f = 0 or, more generally,f satisfying the relation 05K f 5K 0), that
are unlikely candidates for strongly positive elements, should also be excluded from
consideration. These considerations lead us to the following

Proposition 2.22. Let H be a linear manifold inX such that

H * K^ (2.11)

and f be an element ofX such that either the relationf �K 0 is not true or0 5K

f 5K 0. Then the relation

f kK; H 0 (2.12)

is not satisfied.

P. Indeed, let, on the contrary, relation (2.12) holds. According to Defini-
tion 2.12, this means thatH ⊆ XK( f ) and, therefore, in view of condition (2.11), the
setXK( f ) contains some elements not belonging toK^. It then follows from Propo-
sition 2.11 thatf should satisfy the relationsf �K 0 and f < K^, contrary to the
assumption. �

In other words, Proposition 2.22 means that a strongly positive element should
always be comparable with zero and cannot be positive and negative simultaneously.
This agrees well with the intuitive idea of the strict inequality.

2.4. The mappingsnK, f : XK( f ) → [0,+∞). Taking a glance at Definition 2.10,
we see that the non-negative number

nK, f (x) := inf
{
|β| | β ∈ (−∞,+∞) andx ∈ XK,β( f )

}
(2.13)

is well-defined for an arbitraryx from XK ( f ). It is also convenient to putnK, f (x) :=
+∞ for all x ∈ X \ XK( f ). Thus,nK, f (x) < +∞ if, and only if x is f -measurable with
respect toK.

Remark2.23. One can show that, for anyf ∈ X, the mappingnK, f : XK( f ) →
[0,+∞) is a seminorm on the linear manifoldXK( f ). This seminorm is a norm if, and
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only if K is a cone [5,10], i. e., if the blade ofK is trivial. The mapping mentioned is
defined on the entire spaceX if, and only if

XK( f ) = X, (2.14)

which property, in contrast to the poorest case where

XK( f ) = K^,

may be regarded as a reflection of a reasonable choice of an elementf =K 0. By
Lemma 2.19, condition (2.14) is satisfied iff �K 0. It may happen, however, that
(2.14) does not hold for anyf from X (e. g., ifX is the Banach space of the Lebesgue
integrable functions on a bounded interval [a,b] andK is the cone of integrable func-
tions [a,b] → � that are non-negative almost everywhere on [a,b]).

In the case whereK is a solid cone andf �K 0, formula (2.13) determines the
so-calledf -norm [7,10]

‖x‖ f = inf {β ∈ [0,+∞) | relation (2.4) is true} (2.15)

of an arbitrary elementx from X. Functional (2.15) is also used in [9] in studies of
vector lattices.

It is clear from (2.13) thatnK, f (0) = 0 independently of the choice off . Moreover,
the following lemma holds.

Lemma 2.24. Let f ∈ X. Then an elementx ∈ Xsatisfies the equality

nK, f (x) = 0 (2.16)

if, and only ifx ∈ K^.

P. Let f ∈ X and letx be an element from the corresponding (non-empty)
setXK ( f ). In view of Proposition 2.11, we can suppose thatf �K 0. Then, clearly,
σ f =K 0 for someσ ∈ {−1, 1}.

Let x ∈ K^. The elementx belongs to the blade ofK if, and only if

0 5K x 5K 0, (2.17)

which means that (2.4) is true with an arbitrary constantβ such that signβ = σ. In
particular,

−σ
k

f 5K x 5K
σ

k
f

for all k ∈ �. Taking (2.13) into account, we conclude that 0≤ nK, f (x) ≤ infk∈� k−1 =

0, i. e., relation (2.16) holds.
Conversely, ifx satisfies equality (2.16), then there exists a sequence (βk)+∞

k=1 ⊂
(−∞,+∞) such that limk→+∞ βk = 0 and, for allk ≥ 1,

−βk f 5K x 5K βk f . (2.18)

Passing to the limit ask → +∞ in relation (2.18) or, which is the same, in the
inclusion

{βk f − x, βk f + x} ⊂ K
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and taking into account the fact thatK is a closed set, we arrive at relation (2.17).�

Remark2.25. The existence of an elementf satisfying equality (2.14) implies, in
particular, that the wedgeK is reproducing [10], i. e.,K − K = X. The converse
implication, generally speaking, is not true (in particular, the cone mentioned in Re-
mark 7.4 is reproducing but relation (2.14) is never satisfied there).

2.5. Complexification of a wedge and the related objects.In the sequel, the
complex counterparts of some of the notions defined above will be needed. Through-
out this section, where the related notions are introduced, we fix a real Banach space
X and wedgeK in X.

2.5.1. Basic issues.The complexification (see, e. g., [4], Chapt. XIII,§2) of a real
Banach space〈X, ‖·‖〉 is convenient to be interpreted as the complex Banach spaceX̂
of formal sumsx + iy, {x, y} ⊂ X, i2 = −1, equipped with the linear operations

(x1 + iy1) + (x2 + iy2) := x1 + x2 + i (y1 + y2) ,

(ν + iµ) (x + iy) := νx− µy + i (µx + νy) ,
(2.19)

where{x1, x2, y1, y2, x, y} ⊂ X, {ν, µ} ⊂ �, and with the norm

‖x + iy‖ := max
ϑ∈[−π,π]

‖xcosϑ + y sinϑ‖, {x, y} ⊂ X. (2.20)

The same technique allows one to define a natural complexification of an arbitrary
wedge in a real Banach space.

Definition 2.26. The set

K̂ := {x + iy | x ∈ K ∧ y ∈ K} (2.21)

will be referred to as thecomplexificationof a wedgeK in a Banach spaceX over�.

It is easy to verify that the set̂K, represented alternatively asK̂ = K + iK, is closed
with respect to norm (2.20) and forms a wedge inX̂ in the sense that

α1K̂ + α2K̂ ⊂ K̂ for all {α1, α2} ⊂ [0,+∞). (2.22)

By analogy with Sections 2.1 and 2.3, one can extend the binary relations5K and
�K to X̂2 in a natural way. More precisely, given two elements{z1, z2} ⊂ X̂, we shall
write z1 =K̂ z2 (resp.,z1 �K̂ z2) if, and only if z1− z2 ∈ K̂ (resp.,z1− z2 is an interior
element ofK̂). Similarly, the relation�K̂ is natural to be defined by puttingz1 �K̂ z2

if, and only if the elementsz1 andz2 satisfy at least one of the relationsz1 =K̂ z2 and

z1 5K̂ z2. The blade (̂K)
^

of K̂ is natural to be defined as the set of all thosez from X̂
for which both relationsz=K̂ 0 andz5K̂ 0 are true, i. e.,

(K̂)
^

= K̂ ∩ (−K̂).

It is obvious that
(K̂)

^
= K^ + iK^. (2.23)
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The complexificationK̂ of a real wedgeK inherits its main characteristic proper-
ties. For example,̂K is solid if, and only ifK possesses this property.

2.5.2. Measurability of complex elements.Let g ∈ X̂ andλ ∈ �. Similarly to
formula (2.3), one can define the setX̂K̂,λ(g) ⊂ X̂ by putting

X̂K̂,λ(g) :=
{
z ∈ X̂ | z=K̂ −λg ∧ z5K̂ λg

}
(2.24)

and introduce the following

Definition 2.27. An elementz ∈ X̂ is said to beg-measurable with respect to the
wedgeK̂ if, and only if it belongs to the set

X̂K̂(g) :=
⋃

λ∈�
X̂K̂,λ(g). (2.25)

Definition 2.27 may be regarded as a natural extension of Definition 2.8 to the
complex case. For example, analogues of Lemma 2.6 and Proposition 2.11 are true
for sets (2.24) and, just as in the real case, zero belongs to the setX̂K̂,λ(g) for arbitrary
λ ∈ � andg ∈ X̂. Further properties of sets (2.24) are described by Lemma 2.33
below.

Remark2.28. Analogues of sets (2.24) and the related objects can also be intro-
duced in the case wherêK is replaced by some other set possessing property (2.22),
not necessarily constructed according to formula (2.21). Such more general complex
wedges are however not needed for our purposes.

A convenient characterisation of the property introduced in Definition 2.27 is pro-
vided by the following

Lemma 2.29. Let {x, y, f } ⊂ X. Then the elementx + iy is f̂ -measurable with
respect toK̂ if, and only if there exist somer ∈ [0,+∞) andω ∈ [−π, π] such that the
relations

−r f sinω 5K x 5K r f sinω, (2.26)

−r f cosω 5K y 5K r f cosω (2.27)

are satisfied.

Here and everywhere in the sequel, we writef̂ = f + i f for any f from X.

P. By virtue of relations (2.24) and (2.25), the elementx+ iy is f̂ -measurable
if, and only if there exist some% ∈ [0,+∞) andϑ ∈ [−π, π] for which

−%eiϑ f̂ 5K̂ x + iy 5K̂ %eiϑ f̂ . (2.28)

According to (2.19), we have

eiϑ f̂ = (cosϑ + i sinϑ)( f + i f ) = (cosϑ − sinϑ) f + i (sinϑ + cosϑ) f

=
√

2
[
sin

(
π

4
− ϑ

)
+ i cos

(
π

4
− ϑ

)]
f . (2.29)
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Therefore, in view of definition (2.21) of the setK̂, the relation (2.28) is equivalent
to the system of order inequalities

−%
√

2 f sin
(
π

4
− ϑ

)
5K x 5K %

√
2 f sin

(
π

4
− ϑ

)
, (2.30)

−%
√

2 f cos
(
π

4
− ϑ

)
5K y 5K %

√
2 f cos

(
π

4
− ϑ

)
, (2.31)

which, obviously, has form (2.26), (2.27) withr := %
√

2 and

ω :=


π
4 − ϑ if −π ≤ ϑ ≤ −3π

4 ,

−7π
4 − ϑ if −3π

4 < ϑ ≤ π.

It is clear that the above relation between the pairs (%, ϑ) and (r, ω) is one-to-one. �

Remark2.30. Definition 2.27 reduces to Definition 2.8 in the real case. Indeed,
let σ f ∈ K̂ with someσ ∈ {−1, 1}. Lemma 2.29 characterises thef̂ -measurability
of the elementx = x + i0 with respect toK̂ in terms of the existence of (r, ω) ∈
[0,+∞) × [−π, π] such thatσ cosω ≥ 0 and relation (2.26) is true. However, the
property mentioned means that (2.4) is satisfied withβ := r sinω.

It is natural to find out that thêf -measurability of an elementx + iy with respect
to K̂ is equivalent to thef -measurability of its real and imaginary parts,x andy.

Lemma 2.31. Let {x, y, f } ⊂ X. Then the elementx + iy is f̂ -measurable with
respect toK̂ if, and only if bothx andy are f -measurable with respect toK.

P. The f -measurability ofx andy, on the assumption thatx + iy ∈ X̂K̂( f̂ ),
is a consequence of Lemma 2.29. Conversely, if{x, y} ⊂ XK( f ), then, according to
Definition 2.8, there exist some realα andβ such that

−α f 5K x 5K α f , (2.32)

−β f 5K y 5K β f . (2.33)

Let us put

ω :=


π
4 signα if β ≥ 0,
3π
4 signα if β < 0

andr :=
√

2 max{|α|, |β|}. Then, as is easy to see,

sinω =
signα√

2
, cosω =

signβ√
2
,

and, therefore, relations (2.32) and (2.33) imply that (2.26) and (2.27) are satisfied
with the above values ofω andr. It remains to refer to Lemma 2.29. �

It turns out that all the setŝXK̂( f̂ ), where f̂ = f + i f , are invariant under rotations.
More precisely, the following statement is true.
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Lemma 2.32. Let f ∈ X and {x, y} ⊂ XK( f ). Then, for an arbitraryϕ ∈ [−π, π],
the elementeiϕ(x + iy) is f̂ -measurable with respect tôK.

P. It will suffice to consider the case wheref �K 0. By assumption,{x, y} ⊂
XK( f ) and, hence, in view of Lemma 2.31, the elementx+ iy is f̂ -measurable with re-
spect toK̂, where f̂ = f + i f . Lemma 2.29 guarantees the existence of anω ∈ [−π, π]
such that relations (2.26) and (2.27) are satisfied. Multiplying both parts of (2.26)
by |cosϕ| and|sinϕ| and taking Lemma 2.6 into account, we obtain, respectively, the
relations

− f r |cosϕ| sinω 5K ±xcosϕ 5K f r |cosϕ| sinω

and
− f r |sinϕ| sinω 5K ±xsinϕ 5K f r |sinϕ| sinω,

where the symbol “±” means that the inequality is satisfied with both signs of the
corresponding term. Similarly, multiplying both parts of (2.27) by|cosϕ| and|sinϕ|,
we get

− f r |cosϕ| cosω 5K ±y cosϕ 5K f r |cosϕ| cosω

and
− f r |sinϕ| cosω 5K ±y sinϕ 5K f r |sinϕ| cosω.

Therefore, by choosing the appropriate signs in the relations above and summing the
corresponding terms, we obtain

xcosϕ − y sinϕ 5K r f [|cosϕ| sinω + |sinϕ| cosω],

xcosϕ − y sinϕ =K −r f [|cosϕ| sinω + |sinϕ| cosω]
(2.34)

and
y cosϕ + xsinϕ 5K r f [|cosϕ| cosω + |sinϕ| sinω],

y cosϕ + xsinϕ =K −r f [|cosϕ| cosω + |sinϕ| sinω].
(2.35)

It is supposed thatf �K 0, and, therefore,σ f =K 0 for someσ ∈ {−1,1}. Since
neither|cosϕ| sinω + |sinϕ| cosω nor |cosϕ| cosω + |sinϕ| sinω takes values outside
the interval [−2,2], relations (2.34) and (2.35) yield

2σr f 5K xcosϕ − y sinϕ 5K 2σr f , (2.36)

2σr f 5K y cosϕ + xsinϕ 5K 2σr f . (2.37)

Let us put

ϑσ :=


π
4 if σ = 1,
−3π

4 if σ = −1.

Then sinϑσ = cosϑσ = σ2−
1
2 and, therefore, relations (2.36) and (2.37) can be

brought to the form

% f sinϑσ 5K xcosϕ − y sinϕ 5K % f sinϑσ,

% f cosϑσ 5K y cosϕ + xsinϕ 5K % f cosϑσ,
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where% := 2r
√

2. Applying now Lemma 2.29 and taking into account the formula

eiϕ(x + iy) = xcosϕ − y sinϕ + i(y cosϕ + xsinϕ), (2.38)

we conclude that the element eiϕ(x + iy) is f̂ -measurable. �

The next lemma summarises several properties of sets (2.24) referred to in the
sequel.

Lemma 2.33. The following assertions are true:

(i) X̂K̂,0( f̂ ) = X̂K̂,λ(0) = K^ + iK^ for all f ∈ X andλ ∈ �;
(ii) X̂K̂,λ(g) = −X̂K̂,λ(g) for anyg ∈ X̂;
(iii) α−1X̂K̂,|α|λ(g) = X̂K̂,λ(g) for anyg ∈ X̂ andα ∈ � \ {0};
(iv) For λ , 0 andg , 0, the setX̂K̂,λ(g) is non-empty if, and only ifλg ∈ K̂;
(v) If λg ∈ K̂, thenX̂K̂,λ(g) ⊇ K^ + iK^;
(vi) X̂K̂,λ(g) \ (K^ + iK^) , ∅ if, and only ifλg ∈ K̂ \ (K^ + iK^).
(vii)

⋂
g∈X̂ X̂K̂(g) ⊇ K^ + iK^;

(viii) X̂K̂(g) , K^ + iK^ if, and only ifg ∈ [K̂ ∪ (−K̂)] \ (K^ + iK^).

P. This statement is established similarly to Lemmata 2.6 and 2.7 and Propo-
sitions 2.11 and 2.11 from Section 2.2.

Let us prove, e. g., assertion (iii). Indeed, letα , 0. By virtue of (ii), an elementz
belongs to the set̂XK̂,|α|λ if, and only if

−|α|λg 5K̂ zsignα 5K̂ |α|λg,
or, which is the same,

−λg 5K̂
z
α
5K̂ λg. (2.39)

However, (2.39) means nothing but the inclusionα−1z ∈ X̂K̂,λ(g). �

2.5.3. The mappingsnK̂,g : X̂ → [0,+∞]. Similarly to the case of the original

real spaceX, the f̂ -measurability of elements of̂X with respect to the complexifi-
cationK̂ of a wedgeK in X can be characterised by a certain non-linear functional.
More precisely, givenz ∈ X̂ andg ∈ X̂, we put

nK̂,g(z) :=
√

2 inf
{
|λ| | λ ∈ � ∧ z ∈ X̂K̂,λ(g)

}
(2.40)

if z is g-measurable with respect tôK, andnK̂,g(z) := +∞ for z < X̂K̂(g). Here, we
retain the same letter,n, as in the real case (cf. Section 2.2) in order not to complicate
the notation unnecessarily.

Lemma 2.34. For anyg ∈ X̂, the functionalnK̂,g : X̂K̂(g) → [0,+∞) is homoge-
neous in the sense that

nK̂,g(γz) = |γ|nK̂,g(z)

for all z ∈ X̂K̂(g) andγ ∈ �.



SPECTRA OF LINEAR OPERATORS IN A PREORDERED SPACE 67

P. Let us fix somez ∈ X̂K̂(g) andγ ∈ �, γ , 0. According to formula (2.40),
we have

nK̂,g(γz) =
√

2 inf
{
|λ| | λ ∈ � ∧ γz ∈ X̂K̂,λ(g)

}
. (2.41)

Applying assertion (iii) of Lemma 2.33 withα = 1/γ, we conclude that an element
γzbelongs toX̂K̂,λ(g) if, and only if z ∈ X̂K̂,λ|γ|−1(g). Therefore, equality (2.41) can be
rewritten as

nK̂,g(γz) =
√

2 inf
{
|λ| | λ ∈ � ∧ γz ∈ X̂K̂,λ(g)

}

=
√

2 inf
{
|λ| | λ ∈ � ∧ z ∈ X̂K̂,λ/|γ|(g)

}

= |γ|
√

2 inf

{
λ

|γ|
∣∣∣ λ ∈ � ∧ z ∈ X̂K̂,λ/|γ|(g)

}

= |γ|
√

2 inf
{
|µ| | µ ∈ � ∧ z ∈ X̂K̂,µ(g)

}
= |γ|nK̂,g(z),

as required. �

We are interested mainly in elements ofX̂ that aref̂ -measurable with respect tôK
for a suitably chosenf from X (actually, from [K ∪ (−K)] \ K^ because otherwise,
by Proposition 2.11, there are nof -measurable elements outsideK^). In this case, it
is convenient to use the following formulae for computation of value (2.40).

Lemma 2.35. Let f ∈ X and let{x, y} ⊂ X be some elementsf -measurable with
respect toK. Then the formulae

nK̂, f̂ (x + iy) =
√

2 inf {% ∈ [0,+∞) | ∃ϑ ∈ [−π, π] : (2.30)and (2.31)hold} (2.42)

and

nK̂, f̂ (x + iy) = inf {r ∈ [0,+∞) | ∃ω ∈ [−π, π] : (2.26)and (2.27)hold} (2.43)

are true.

P. By Lemma 2.31, the elementx+ iy is f̂ -measurable with respect tôK and,
therefore, the value ofnK̂,g(x + iy) is finite. In view of formula (2.29) established in
the proof of Lemma 2.29, the relation

−λ f̂ 5K̂ x + iy 5K̂ λ f̂

with λ = %eiϑ is equivalent to the system of order inequalities (2.30), (2.31). There-
fore, definition (2.40) of the mappingnK̂, f̂ yields the required equality (2.42).

Formula (2.43) is a consequence of (2.42). Indeed, as is shown in the proof of
Lemma 2.29, there is a one-to-one correspondence between systems (2.30), (2.31)
and (2.26), (2.27), with

r
%

=
√

2,

and it suffices to use Lemma 2.34. �
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The best constantr in relations (2.26) and (2.27) satisfied by the respective com-
ponentsx andy of an f̂ -measurable elementx + iy is determined by the value of
functional (2.40). More precisely, we have

Lemma 2.36. Let { f , x, y} ⊂ X and

nK̂, f̂ (x + iy) =: r < +∞.
Then there exists anω ∈ [−π, π] such that relations(2.26)and (2.27)are satisfied.

P. The definition of the functionalnK̂, f̂ and Lemmata 2.29 and 2.35 yield the
existence of sequences (rk)+∞

k=1 ⊂ [0,+∞) and (ωk)+∞
k=1 ⊂ [−π, π] such that limk→+∞ rk =

r and the relations

−rk f sinωk 5K x 5K rk f sinωk, (2.44)

−rk f cosωk 5K y 5K rk f cosωk (2.45)

are true for allk ∈ �. The compact real sequence (ωk)+∞
k=1 contains a subsequence

(ωk j )
+∞
j=1 convergent to a numberω ∈ [−π, π]. Puttingk = k j in (2.44) and (2.45),

passing to the limit asj → +∞, and taking into account the fact thatK is a closed
subset ofX, we arrive at relations (2.26) and (2.27). �

The following statement is an extension of Lemma 2.24 to the complex case.

Lemma 2.37. Let f ∈ X andz ∈ X̂. ThennK̂, f̂ (z) = 0 if, and only ifz ∈ K^ + iK^.

P. Let us suppoose thatz = x + iy, where{x, y} ⊂ K^. According to formula
(2.43) of Lemma 2.35, we have

nK̂, f̂ (x + iy) = inf {r ∈ [0,+∞) | ∃ω ∈ [−π, π] : (2.26) and (2.27) hold}
≤ inf

{
r ∈ [0,+∞) | ∃{σ, κ} ⊂ {−1,1} : −σr f 5K x

√
2 5K σr f

and − κr f 5K y
√

2 5K κr f
}

≤ inf
{
r ∈ [0,+∞) | −σr f 5K x

√
2 5K σr f with someσ ∈ {−1, 1}

}

= inf
{
|α| | α ∈ � ∧ −α f 5K x

√
2 5K α f

}

= nK, f (x
√

2). (2.46)

By virtue of Lemma 2.34, we have

nK, f (x
√

2) =
√

2nK, f (x).

However, in view of Lemma 2.24,nK, f (x) = 0 and, therefore, by (2.46), the non-
negative numbernK̂, f̂ (x + iy) is equal to 0.

Assume now thatnK̂, f̂ (x + iy) = 0. By virtue of Lemma 2.36, there exists anω ∈
[−π, π] such that relations (2.26) and (2.27) are satisfied withr = 0, i. e., 05K x 5K 0
and 05K y 5K 0. This means that{x, y} ⊂ K^. �
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Formula (2.40) allows one to construct a natural extensionnK̂, f̂ : X̂ → [0,+∞] of
the mappingX 3 x 7→ nK, f (x) given by relation (2.13). More precisely, the following
statement is true.

Proposition 2.38. Let f ∈ X. Then the equality

nK̂, f̂ (x) = nK, f (x) (2.47)

is true for all x ∈ X.

P. First of all, we note that it suffices to consider the case wheref �K 0 be-
cause in the contrary case, by Proposition 2.11, we haveXK( f ) = K^ and, therefore,
in view of Lemmata 2.24 and 2.37, bothnK, f andnK̂, f̂ vanish on the setXK( f ).

For the sake of definiteness, we assume thatf =K 0. Settingy = 0 in formula
(2.43) of Lemma 2.35, we obtain

nK̂, f̂ (x) = inf {r ∈ [0,+∞) | ∃ω ∈ [−π, π] : cosω ≥ 0 and (2.26) holds}
= inf

{
r ∈ [0,+∞)

∣∣∣ ∃ω ∈
[
−π

2
,
π

2

]
: (2.26) holds

}
. (2.48)

Since the mapping sin : [−π2 , π2] → [−1, 1] is a bijection, we see that (2.48) can be
rewritten in the form

nK̂, f̂ (x) = inf {r ∈ [0,+∞) | ∃h ∈ [−1,1] : −rh f 5K x 5K rh f }
= inf {|α| ∈ [0,+∞) | −α f 5K x 5K α f } ,

which, by virtue of (2.13), proves that equality (2.47) is true for allx from XK( f ). In
the case wherex is not f -measurable with respect toK, by Lemma 2.31, both values
are equal to+∞. �

Proposition 2.38 is, in fact, a particular case of a more general result. Namely, the
following statement is true.

Proposition 2.39. Let f ∈ X. For arbitrary {x, y} ⊂ X which are f -measurable
with respect to the wedgeK, the equality

nK̂, f̂ (x + iy) =

√
(nK, f (x))2 + (nK, f (y))2 (2.49)

is true.

Formula (2.49) resembles to some extent the Pythagorean formula, withnK, f (x),
nK, f (y), andnK̂, f̂ (x + iy), respectively, playing the roles of catheti and hypotenuse.
The proof of Proposition 2.39 is omitted.

2.5.4. Measuring rotated elements.In the sequel, we need to compute the val-
ues of the functionalnK̂, f̂ on elements of the form eit(x + iy), wheret ∈ [−π, π] is
arbitrary and{x, y} ⊂ XK( f ) with somef satisfying the conditionf �K 0.
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Definition 2.40. Given anf ∈ X, we put

RK̂, f̂ (x + iy) := inf
t∈[−π,π]

nK̂, f̂ (e
it(x + iy)) (2.50)

if {x, y} ⊂ X are f -measurable with respect toK, and set formallyRK̂, f̂ (x+ iy) := +∞
in the contrary case.

It follows from Lemma 2.32 that the right-hand side of (2.50) is finite for arbitrary
{x, y} ⊂ XK( f ) andt ∈ [−π, π] and, thus, Definition 2.40 makes sense.

Lemma 2.41. Let f ∈ X and {x, y} ⊂ XK( f ). Then, for an arbitraryϕ ∈ [−π, π],
the equality

RK̂, f̂ (e
iϕ(x + iy)) = RK̂, f̂ (x + iy) (2.51)

is true.

P. According to formula (2.50), we have

RK̂, f̂ (e
iϕ(x + iy)) = inf

t∈[−π,π]
nK̂, f̂ (e

iϕeit(x + iy))

= inf
t∈[−π,π]

nK̂, f̂ (e
i(t+ϕ)(x + iy)). (2.52)

Let us take an arbitraryϕ ∈ [−π2 , π2] and put

ϕt :=



t + ϕ + π if t + ϕ < −π,
t + ϕ if − π ≤ t + ϕ ≤ π,
t + ϕ − π if t + ϕ > π

for all t from [−π, π]. It is clear that{eiϕt | t ∈ [−π, π]} = {λ ∈ � | |λ| = 1} for anyϕ.
Therefore, equality (2.52) yields

RK̂, f̂ (e
iϕ(x + iy)) = inf

t∈[−π,π]
nK̂, f̂ (e

iϕt (x + iy))

= inf
t∈[−π,π]

nK̂, f̂ (e
it(x + iy)) = RK̂, f̂ (x + iy).

Applying formula (2.51) sequentially, we prove that it is true with arbitrary values of
ϕ from [−π, π]. �

Together with Lemma 2.41, the next statement is a basic tool in the proof of The-
orem 3.1 from Section 3.

Lemma 2.42. Let f ∈ X, {x, y} ⊂ XK( f ), and

R := RK̂, f̂ (x + iy). (2.53)

Then there exist some{ϑ∗, ω∗} ⊂ [−π, π] such that the relations

−R f sinω∗ 5K xcosϑ∗ − y sinϑ∗ 5K R f sinω∗, (2.54)

−R f cosω∗ 5K xsinϑ∗ + y cosϑ∗ 5K R f cosω∗ (2.55)
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hold. Moreover, ifR> 0, then there do not exist any numbersε ∈ (0,R) and{ϑ̃, ω̃} ⊂
[−π, π] for which the inequalities

−(R− ε) f sinω̃ 5K xcosϑ̃ − y sinϑ̃ 5K (R− ε) f sinω̃, (2.56)

−(R− ε) f cosω̃ 5K xsinϑ̃ + y cosϑ̃ 5K (R− ε) f cosω̃ (2.57)

would be satisfied.

P. Let us fix some{x, y} ⊂ XK( f ) and defineRby (2.53). Then

R = inf
t∈[−π,π]

rt, (2.58)

wherert := nK̂, f̂ (e
it(x + iy)) for all t ∈ [−π, π]. By virtue of Lemma 2.32, we have

0 ≤ R< +∞.
Taking Lemma 2.36 and formula (2.38) into account, we conclude that, with any

t ∈ [−π, π], one can associate anωt ∈ [−π, π] for which

−rt f sinωt 5K xcost − y sint 5K rt f sinωt (2.59)

and

−rt f cosωt 5K y cost + xsint 5K rt f cosωt. (2.60)

By virtue of (2.58), there exists a sequence (tm)+∞
m=1 ⊂ [−π, π] such that

lim
m→+∞ rtm = R. (2.61)

Being bounded, this sequence contains a subsequence convergent to a certainϑ∗ ∈
[−π, π]. We can assume, without loss of generality, that such a subsequence has
already been selected and, thus, in addition to (2.61), we have

lim
m→+∞ tm = ϑ∗. (2.62)

On the other hand, the sequence (ωtm)+∞
m=1 ⊂ [−π, π] is also bounded and, therefore,

there exists a sequence (mj)+∞
j=1 ⊂ � such that limj→+∞ ωtmj

= ω∗ with a certain
ω∗ ∈ [−π, π]. Settingt = tmj in (2.59) and (2.60), passing to the limit asj tends to
+∞, and using (2.61), (2.62), and the fact thatK is a closed set, we arrive at relations
(2.54) and (2.55) with the above values ofϑ∗ andω∗.

Assume now thatR > 0 and relations (2.56) and (2.57) are satisfied with someε,
0 ≤ ε < R, and{ϑ̃, ω̃} ⊂ [−π, π]. Due to formula (2.43) of Lemma 2.35 and equality
(2.38) from the proof of Lemma 2.32, relations (2.56) and (2.57) imply thatrt ≤ R−ε
for all t ∈ [−π, π], whence the estimate

inf
t∈[−π,π]

rt ≤ R− ε (2.63)

follows. However, by virtue of (2.58), inequality (2.63) yieldsR ≤ R− ε and, there-
fore,ε = 0. �

The property described by Lemma 2.37 is also true for functional (2.50).
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Lemma 2.43. Let f ∈ X andz ∈ X̂. ThenRK̂, f̂ (z) = 0 if, and only ifz ∈ K^ + iK^.

P. The inclusionz ∈ K^ + iK^ means that the elementz is 0-measurable with
respect toK̂. In this case, Lemma 2.32 guarantees that so does the element eitz with
any t from [−π, π] and, hence, by Lemma 2.37, it follows thatnK̂, f̂ (e

itz) = 0 for all
t ∈ [−π, π]. Relation (2.50) then yieldsRK̂, f̂ (z) = 0.

Conversely, ifRK̂, f̂ (x + iy) = 0, then, by Lemma 2.42, there exists someϑ from
[−π, π] such that

0 5K xcosϑ − y sinϑ 5K 0,

0 5K xsinϑ + y cosϑ 5K 0.

According to formula (2.38), this means that the element eiϑ(x + iy) is 0-measurable
with respect toK̂ and, thus, by Lemma 2.32, so does the elementx + iy. �

2.6. Linear operators vanishing on the blade of a wedge.For the sake of brevity,
we introduce the following definition [11].

Definition 2.44. We say that an eigenvalueλ of a bounded linear operatorA :
X → X is substantialwith respect to the wedgeK (or, shortly,K-substantial) if λ is
non-zero and at least one eigenvector not belonging toK^ + iK^ corresponds to it.

As usual (see, e. g., [5]), by a complex eigenvalueλ ∈ � of a bounded linear opera-
tor A : X→ X acting in a real Banach spaceX, the eigenvalue of its complexification
Â = A + iA : X̂→ X̂ is meant, where

Â(x + iy) := Ax+ iAy (2.64)

for all {x, y} ⊂ X.
Example2.45. All the eigenvalues of a bounded linear operatorA : X → X are

substantial with respect to an arbitrary cone inX.
We devote our present study mostly to the linear operatorsA : X → X vanishing

on the blade of a proper wedgeK, i. e., such that

K^ ⊆ kerA. (2.65)

Example2.46. If K is a cone, then condition (2.65) is satisfied in an obvious way
for every linear operatorA : X→ X.

In the general case, the restrictiveness of condition (2.65) imposed on the operator
A grows with the “width” ofK^ .

Example2.47. Let us consider the set

CΩ,σ ([a,b],�) =
{
x ∈ C ([a, b],�) | σx ([a, b] \Ω) ⊆ [0,+∞)

}
,

whereΩ is a certain subset of [a,b] such that [a,b] \ Ω is closed, andσ ∈ {−1,1}.
The setCΩ,σ ([a,b],�) is obviously a closed wedge in the Banach spaceC ([a,b],�)
of all the continuous scalar functions on the bounded interval [a,b]. This wedge is
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solid because, as one can show, its interior is constituted by the continuous functions
x : [a,b] → � such thatσx ([a, b] \Ω) ⊆ (0,+∞).

Consider the operatorA : C ([a,b],�)→ C ([a,b],�) given by the formula

(Ax) (t) =

∫ t

τ
k (t, s) x (ω(s)) ds, t ∈ [a, b], (2.66)

in which ω : [a, b] → [a,b] is a measurable function, whereas the functionk :
[a,b] × [a, b] → � is continuous in the first variable and Lebesgue integrable in the
second one. The operatorA vanishes on the blade of the wedgeCΩ,σ ([a,b],�) when
ω satisfies the condition

ω ([a, b]) ⊆ [a, b] \Ω. (2.67)

Indeed, the blade ofCΩ,σ ([a,b],�) consists of those continuous functionsx :
[a,b] → � such that

x(t) = 0 for all t ∈ [a, b] \ Ω. (2.68)

If ω is such that condition (2.67) holds, thenAx is equal identically to zero for
every functionx satisfying condition (2.68), i. e., the relationx ∈ (

CΩ,σ ([a,b],�)
)^

implies thatAx = 0. This means that (2.65) is true forK = CΩ,σ ([a,b],�) andA
given by (2.66).

Our interest to the property described by condition (2.65) is motivated by the fol-
lowing statement.

Lemma 2.48. Assume thatA : X→ X is a linear operator vanishing on the blade
of a wedgeK ⊆ X. Then every non-zero eigenvalue ofA is K-substantial.

P. Let λ be an arbitrary non-zero eigenvalue ofA. Then there exists some
non-zero elementw from X̂ such that

λw = Âw. (2.69)

Assume that, on the contrary,λ is not K-substantial and, therefore, according to
Definition 2.44, every eigenvectorw in (2.69) belongs toK^ + iK^. By virtue of
inclusion (2.65), this yieldŝAw = 0, and, hence, by (2.69),w = 0,which is impossible
becausew is an eigenvector of̂A. The contradiction obtained proves our lemma.�

Assumption (2.65) may seem to be unnecessarily strong because, in fact, it guar-
antees that not onlysomeeigenvectors corresponding to non-zero eigenvalues ofA
do not belong to the blade of̂K but all such eigenvectors possess this property. Note
however that, in the theorems of Sections 3 and 4, condition (2.65) cannot be dropped
even in the two-dimensional case (see Example 5.1).

3. U   K- 

The following theorem provides an upper bound forK-substantial eigenvalues of
a sufficiently wide class of linear operators in a real Banach spaceX.
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Theorem 3.1. Let K be a proper wedge inX and A1 : X → X, A2 : X → X be
bounded linear operators such that

A1 (K) ∪ A2 (K) ⊆ K. (3.1)

Assume also that the relation

A1 f + A2 f 5K α f (3.2)

is true with someα ∈ [0,+∞) and f ∈ X for which

f KK; H 0, (3.3)

whereH is a certain linear manifold inX satisfying the inclusion

H ⊇ im (A1 − A2) . (3.4)

Then everyK-substantial eigenvalueλ of the operatorA1−A2 admits the estimate

|λ| ≤ α. (3.5)

In (3.1), (3.4), and similar relations, we use the standard notation

A (M) := {Ax | x ∈ M} ,
whereM ⊆ X. Recall that the binary relation “KK; H” appearing in (3.3) is introduced
on X by Definition 2.16.

P  T 3.1. Let λ = %eiϑ, % ∈ (0,+∞), be aK-substantial eigenvalue
of the complexificationÂ = Â1 − Â2 of the operator

A := A1 − A2. (3.6)

In view of Definition 2.44 and equality (2.23), there exists an elementw = x+ iy such
that{x, y} ⊂ X, {x, y} 1 K^, and equality (2.69) holds.

We divide the present proof into several parts.

C 1. The elementw is f̂ -measurable with respect tôK.

Indeed, equality (2.69) means that

%w = e−iϑÂw. (3.7)

According to formulae (2.38) and (2.64), we have

e−iϑÂw = Axcosϑ + Ay sinϑ + i(Ay cosϑ − Axsinϑ)

and, therefore, (3.7) can be rewritten as the system

%x = Axcosϑ + Ay sinϑ, (3.8)

%y = Ay cosϑ − Axsinϑ. (3.9)

By virtue of assumption (3.4), it follows from (3.8) and (3.9) thatx andy both lie in
H (to prove this, it suffices to use the linearity of the setH). However, according to
Definition 2.12, condition (3.3) means that all the elements fromH are f -measurable
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with respect toK and, hence, by Lemma 2.31, the elementx+iy is ( f +i f )-measurable
with respect toK̂.

C 2. The number
R := RK̂, f̂ (x + iy) (3.10)

is strictly positive.

Indeed, by Claim 1 and Lemma 2.41, the right-hand side of (3.10) is a finite num-
ber. Since{x, y} 1 K^, Lemma 2.37 yieldsR> 0.

C 3. The elementsx andy satisfy the equalities

Ax = % (xcosϑ − y sinϑ), (3.11)

Ay = % (xsinϑ + y cosϑ). (3.12)

According to formula (2.38), system (3.11), (3.12) is an equivalent form of relation
(2.69) satisfied byw.

C 4. There exist someω∗ andt∗ from [−π, π] such that(2.54)and (2.55)are
true for x andy, and there do not exist any{ω̃, ϑ̃} ⊂ [−π, π] for which the relations

−r f sinω̃ 5K xcosϑ̃ − y sinϑ̃ 5K r f sinω̃, (3.13)

−r f cosω̃ 5K xsinϑ̃ + y cosϑ̃ 5K r f cosω̃ (3.14)

would be satisfied with somer ∈ (0,R).

This statement is an immediate consequence of formula (3.10) and Lemma 2.42.

C 5. There is anΩ from [−π, π] such that the relations

−αR f sinΩ 5K Axcosϑ∗ − Ay sinϑ∗ 5K αR f sinΩ, (3.15)

−αR f cosΩ 5K Axsinϑ∗ + Ay cosϑ∗ 5K αR f cosΩ, (3.16)

are true, whereA is given by(3.6).

In view of assumption (3.1), both operatorsA1 andA2 preserve order inequalities.
Therefore, relations (2.54) and (2.55), together with Lemma 2.6, yield

−RAj f sinω∗ 5K σ[A j xcosϑ∗ − A jy sinϑ∗] 5K RAj f sinω∗, (3.17)

−RAj f cosω∗ 5K κ[A j xsinϑ∗ + A jy cosϑ∗] 5K RAj f cosω∗ (3.18)

for all j = 1,2 and{σ, κ} ⊂ {−1,1}. Summing the two relations obtained from (3.17)
with j = 1,σ = 1 and j = 2,σ = −1, respectively, we obtain

−R(A1 + A2) f sinω∗ 5K (A1−A2)xcosϑ∗ − (A1−A2)y sinϑ∗ 5K R(A1 + A2) f sinω∗,

i. e.,

−R(A1 + A2) f sinω∗ 5K Axcosϑ∗ − Ay sinϑ∗ 5K R(A1 + A2) f sinω∗. (3.19)

In a similar manner, putting in (3.18)j = 1, κ = 1 and j = 2, κ = −1 and summing
the resulting two relations, we get

−R(A1 + A2) f cosω∗ 5K Axsinϑ∗ + Ay cosϑ∗ 5K R(A1 + A2) f cosω∗. (3.20)
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Let us consider the following four cases.

Case1. sinω∗ ≥ 0 andcosω∗ ≥ 0.

Using assumption (3.2) in relations (3.19), (3.20) and puttingΩ := ω∗, we arrive
immediately at (3.15), (3.16).

Case2. sinω∗ ≥ 0 andcosω∗ < 0.

Recall that, by assumption,f =K 0 and, due to condition (3.1),A1 f + A2 f =K 0.
In view of assertion (iii) of Lemma 2.7, relation (3.20) and Claim 2 imply that, in this
case,

0 5K Axsinϑ∗ + Ay cosϑ∗ 5K 0. (3.21)

whereas the term (A1 + A2) f sinω∗, by virtue of (3.2), admits the estimate

(A1 + A2) f sinω∗ 5K α f .

Therefore, (3.15) and (3.16) are satisfied withΩ := π
2.

Case3. sinω∗ < 0 andcosω∗ ≥ 0.

Relation (3.19) now yields

0 5K Axcosϑ∗ − Ay sinϑ∗ 5K 0 (3.22)

and, similarly to Case 2, we conclude that (3.15) and (3.16) hold withΩ := 0.

Case4. sinω∗ < 0 andcosω∗ < 0.

A reasoning analogous to those presented above show that, in this case, system
(3.19), (3.20) has form (3.21), (3.22) and, therefore, relations (3.15) and (3.16) are
satisfied both withΩ = π

2 andΩ = 0. This proves our Claim 5.
Having established the facts above, we now turn to the proof of estimate (3.5).
According to Claim 3, the componentsx andy of the eigenvectorw of Â satisfy

equalities (3.11) and (3.12). Therefore,

Axcosϑ∗ − Ay sinϑ∗ = %(xcosϑ − y sinϑ) cosϑ∗ − %(xsinϑ + y cosϑ) sinϑ∗
= %[cosϑ sinϑ∗ − sinϑ sinϑ∗]x
− %[sinϑ cosϑ∗ + cosϑ sinϑ∗]y

= %xcos(ϑ + ϑ∗) − %y sin(ϑ + ϑ∗)

and, similarly,

Axsinϑ∗ + Ay cosϑ∗ = %(xcosϑ − y sinϑ) sinϑ∗ + %(xsinϑ + y cosϑ) cosϑ∗
= %[cosϑ sinϑ∗ + sinϑ cosϑ∗]x

+ %[cosϑ cosϑ∗ − sinϑ sinϑ∗]y
= %xsin(ϑ + ϑ∗) + %y cos(ϑ + ϑ∗).
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Applying these formulae to the corresponding expressions in (3.15) and (3.16) and
taking the inequality% > 0 into account, we obtain

−αR
%

f sinΩ 5K xcos(ϑ + ϑ∗) − y sin(ϑ + ϑ∗) 5K
αR
%

f sinΩ, (3.23)

−αR
%

f cosΩ 5K xsin(ϑ + ϑ∗) + y cos(ϑ + ϑ∗) 5K
αR
%

f cosΩ. (3.24)

System (3.23), (3.24), obviously, has form (3.13), (3.14) withϑ̃ := ϑ + ϑ∗, ω̃ := Ω,
andr := αR/%. In view of Claim 4, it now follows that

αR
%
≥ R,

whence, by Claim 2, we arrive at the inequality% ≤ α. Recalling that% = |λ|, we
conclude that the required estimate (3.5) holds. �

The assumption thatf should lie inK and be different from zero in Theorem 3.1
is motivated by Proposition 2.22.

Remark3.2. A linear operatorA : X → X admits representation in form (1.4),
whereA1 andA2 are linear mappings preservingK, if and only if there exists a linear
operatorB : X→ X such that

B (K) ⊆ K (3.25)

and
Ax5K Bx for all x ∈ K. (3.26)

Indeed, (1.4) implies that

Ax5K A1x 5K A1x + A2x

for all x such thatx =K 0 and, therefore, one can setB := A1 + A2. Conversely, it
follows from (3.25) and (3.26) that the operatorA2 := B− A preserves the wedgeK
and, thus, it remains to putA1 := B in (1.4).

It should be noted that, in the case where the spaceX is infinite-dimensional, one
cannot claim that every bounded linear operatorA : X → X admits representation
(1.4) with bounded linear mappingsA1 : X → X andA2 : X → X preservingK.
In particular, in the case whereK is a cone which does not possess the property of
normality, the classical Theorem 2 of [8] ensures the existence of a continuous (even
finite-dimensional) linear operatorA : X → X that cannot be represented in form
(1.4) with boundedAk : X→ X, k = 1, 2, satisfying condition (3.1).

4. A         

Theorem 3.1 of Section 3 can be applied to prove the following statement which
seems to be useful in studies of the solvability of various linear equations with com-
pact operators.
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Theorem 4.1. Let X be a Banach space over the field�, K be a proper wedge in
X, andA1 : X → X, A2 : X → X be completely continuous linear operators leaving
the wedgeK invariant and satisfying the condition

K^ ⊆ ker(A1 − A2) . (4.1)

In addition, assume that relation(3.2) is satisfied with some constantα ∈ [0,+∞)
and elementf ∈ X possessing the property

f KK; im (A1−A2) 0. (4.2)

Then the spectral radius of the operatorA1 − A2 admits the estimate

r (A1 − A2) ≤ α (4.3)

P. It follows from the Riesz–Schauder theory (see, e. g., [2]) that, due to the
complete continuity of the operatorA1−A2, its spectrum consists of countably many
eigenvalues.

It is easy to see that condition (4.2) implies the existence of a linear manifold
H ⊆ X satisfying inclusion (3.4) and such that relation (3.3) holds for the element
f (one can putH := im (A1 − A2)). Assumption (4.1), by virtue of Lemma 2.48,
implies that every non-zero eigenvalue of the operatorA1−A2 is K-substantial in the
sense of Definition 2.44. Therefore, under the conditions assumed, Theorem 3.1 can
be used.

Application of Theorem 3.1 guarantees that an arbitrary non-zero eigenvalueλ of
the operatorA1 − A2 admits estimate (3.5). Considering the least upper bound of|λ|
in the left-hand side of relation (3.5) with respect to all the non-zero eigenvaluesλ of
A1 − A2, we arrive immediately at inequality (4.3). �

Recall that the binary relation “KK; H” appearing in condition (4.2) has been intro-
duced by Definition 2.16.

Remark4.2. The complete continuity ofA1 − A2 in the proof of Theorem 4.1
is used only to guarantee that this operator has discrete spectrum (in fact, an upper
bound for the discrete spectrum is established under the conditions specified). Note
also that, in the case whereK is a solid and normal cone, the assertion of Theorem 4.3
can also be proved by using Theorems 5.3 and 5.5 of [7].

Corollary 4.3. Let K ⊂ X be a wedge andA1 : X → X, A2 : X → X be
completely continuous linear operators leaving the wedgeK invariant, satisfying
condition(4.1)and such that relation(3.2) is true with someα ∈ [0,+∞) and element
f ∈ X possessing the property

f KK 0. (4.4)
Then the spectral radius of the operatorA1 − A2 admits estimate(4.3).

P. In view of Lemma 2.13, assumption (4.4) ensures thatf possesses property
(4.2). Therefore, in order to obtain the required statement, it is sufficient to apply
Theorem 4.1. �
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For the sake of completeness we note that, by Lemma 2.19, assumption (4.4) is
satisfied, in particular, in the classical case whereK is solid and the elementf belongs
its interior.

Remark4.4. Condition (4.1) for the operatorA : X → X in Theorem 4.1 and
Corollary 4.3 is satisfied automatically ifK is a cone.

Corollary 4.5. If A : X → X is a completely continuous linear operator leaving
invariant a wedgeK and, moreover, satisfying condition(2.65)and the relation

A f 5K α f (4.5)

with some constantα ∈ [0,+∞) and elementf ∈ X possessing property(4.4), then
the estimate

r(A) ≤ α (4.6)

is true.

P. Corollary 4.5 is an immediate consequence of Corollary 4.3 in the case
whereA1 = A andA2 = 0. �

Remark4.6. A number of theorems that, for a positive operatorA preserving a
coneK ⊂ X, allow one to deduce estimate (4.6) from relation (4.5) are well-known,
e. g., from [6, 7, 15]. Apart from those relying on thef -positivity of the operator, in
the results mentioned, the elementf appearing in (4.5) is supposed either to lie in
the interior ofK (Theorem 16.2 (b) of [6]) or to be its quasi-interior element (The-
orem 16.2 (a) from [6]). It is important to note that condition (4.2), which also ex-
presses a certain kind of the strong positivity∗ of the elementf and, under these
circumstances, replaces the two conditions mentioned, depends on the image space
of the operatorA1 − A2.

Corollary 4.3 also implies an analogue of Corollary 4.5 for the “negative” opera-
tors.

Corollary 4.7. Let A : X → X be a completely continuous linear operator such
that A (−K) ⊆ K and, moreover, the relation

A f =K −α f

be satisfied with someα ∈ [0,+∞) and f ∈ X possessing property(4.4). Then the
spectral radius ofA admits estimate(4.6).

P. It suffices to putA1 = 0 andA2 = −A in Corollary 4.3. �

Corollary 4.10 established below is an example of application of Theorem 4.1 with
H different fromX. Prior to its formulation, we introduce a definition.

∗See Section 2.3.
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Definition 4.8. Let K be a wedge inX and f be an element fromX. An operator
A : X→ X is said to bef -boundedwith respect toK if, for every x ∈ X, there exists
a constantβ ∈ (−∞,+∞) such that

−β f 5K Ax5K β f .

In other words,A is f -bounded if the elementAx is f -measurable for allx. It
follows from Proposition 2.11 that, in the pathological cases where 05K f 5K 0 or
f is incomparable with zero, every operatorA which is f -bounded with respect toK
has the property imA ⊆ K^.

Remark4.9. An operatorf -bounded with respect toK is, in particular,f -bounded
from above in the sense of the definition from [5], Chapt. 2,§1. The converse state-
ment is not true.

Corollary 4.10. Let f =K 0 be a given element andAk : X → X, k = 1, 2, be
completely continuous linear operators leavfing the wedgeK invariant, satisfying
condition(4.1), and f -bounded with respect toK.

Then the existence of a non-negative constantα for which relation(3.2) is satisfied
implies estimate(4.3) for the spectral radius of the operatorA1 − A2.

P. Setting
H := XK( f ), (4.7)

we see that condition (3.4) is satisfied due to thef -boundedness ofA1 andA2 with
respect toK. By Lemma 2.14, the elementf satisfies relation (2.8) and, hence,

f KK; XK ( f ) 0.

Therefore, condition (3.3) holds withH given by (4.7), and it remains to apply The-
orem 4.1. �

5. I   (4.1)

As is seen from the proof of Theorem 4.1, the applicability of statements onK-
substantial eigenvalues is guaranteed by condition (4.1). It is natural to expect that
estimating the spectrum of an operator on the base of assumptions of type (3.2) is not
possible any more if one admits the existence of a non-zero eigenvalue which is not
K-substantial, and imposes no additional conditions onA.

The following example [11] shows that the assumption on the fulfilment of condi-
tion (4.1)in Theorem 4.1 is essential and, generally speaking, cannot be omitted.

Example5.1. Let us consider the set

K =

{(
x1

x2

)
: x1 ≥ 0, x2 ∈ �

}
. (5.1)

Obviously,K is a solid wedge inX := �2, and the blade ofK has the form

K^ =

{(
0
c

)
: c ∈ �

}
.
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It is not difficult to verify that the linear operatorA given by the matrixA =( a11 a12
a21 a22

)
leaves invariant the setK given by (5.1) if, and only if

a11 ≥ 0, a12 = 0. (5.2)

Furthermore, one can show that, under condition (5.2),A vanishes onK^ if, and only
if

a22 = 0. (5.3)

A vector f =
(

f1
f2

)
belongs to the interior ofK if, and only if

f1 > 0. (5.4)

whereas the corresponding condition (4.5) is equivalent to the inequalityα f1 ≥ a11 f1,
which, in view of (5.4), means that

α ≥ a11. (5.5)

If condition (2.65) or, which is the same in our case, equality (5.3) is violated, then
assumption (4.5), generally speaking, cannot guarantee the validity of the estimate
r(A) ≤ α for the spectral radius ofA. Indeed, it is clear from (5.2) thatr(A) =

max{a11, |a22|} and, hence,
r(A) ≥ |a22|. (5.6)

However, if the inequalities
|a22| > α ≥ a11 ≥ 0 (5.7)

hold, then the assertion of Corollary 4.5 in the case considered would have the form
r(A) ≤ α, which is impossible in view of (5.6) and (5.7).

Thus, condition (2.65) Corollary 4.5 (and, therefore, condition (4.1) in Theo-
rem 4.1), generally speaking, cannot be dropped.

6. U    

Theorem 4.1 allows one to obtain efficient conditions under which the linear equa-
tion

x = A1x− A2x + q, (6.1)

whereA1 and A2 are linear operators, possesses a unique solution for an arbitrary
elementq from X.

Corollary 6.1. LetX be a real Banach space,K ⊂ X be a wedge, andAi : X→ X,
i = 1, 2, be completely continuous linear operators leavingK invariant and satisfying
condition(4.1). In addition, assume that relation(3.2) is satisfied with some constant
α ∈ [0,1) and elementf ∈ X possessing property(4.2).

Then equation(6.1) is uniquely solvable for arbitraryq ∈ X, and its solutionx is
represented by the convergent Neumann series

x =

+∞∑

k=0

(A1 − A2)kq. (6.2)
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P. It suffices to notice that, by virtue of Theorem 4.1, the conditions assumed
guarantee that the spectrum of the operatorA1 − A2 is contained in the closure of the
unit disk in�. �

In the cases where the fact of convergence of series (6.2) is less important, one
may prefer to use the following

Corollary 6.2. LetK be a proper wedge in a real Banach spaceX andAi : X→ X,
i = 1,2, be bounded linear operators leavingK invariant and satisfying condition
(4.1). Assume that relation(3.2) is true, whereα ∈ [0,1) and f ∈ X is an element
relation (4.2) is satisfied.

Then the homogeneous equation

x = A1x− A2x (6.3)

has no non-trivial solutions. If, moreover, the operatorsA1 and A2 are such that
A1 − A2 is a Fredholm operator of index0, then equation(6.1) is uniquely solvable
for an arbitraryq ∈ X.

P. In view of assumption (4.1) and Lemma 2.48, it follows from Theorem 3.1
that operator (3.6) has no eigenvalues outside the open interval (−1, 1) and, in partic-
ular, the number 1 is not an eigenvalue for the operator mentioned. Therefore, zero
is the unique solution of the homogeneous equation (6.3). The unique solvability of
equation (6.1) for anyq is guaranteed by the assumption thatA1 − A2 is a Fredholm
operator of index 0. �

Corollary 6.2 allows one to obtain the following statement.

Corollary 6.3. LetK be a proper wedge in a real Banach spaceX andAi : X→ X,
i = 1,2, be bounded linear operators leavingK invariant, satisfying the condition

K^ ⊆ kerA1 ∩ kerA2. (6.4)

Assume also that relation(3.2) is true, whereα ∈ [0,1) is a constant andf ∈ X is an
element possessing property(4.2). Then the homogeneous equation

x = σ1A1x + σ2A2x (6.5)

has no non-trivial solutions for any values{σ1, σ2} ⊂ {−1,1}.
If, in addition, for some{σ1, σ2} ⊂ {−1, 1}, the mappingσ1A1+σ2A2 is a Fredholm

operator of index0, then the equation

x = σ1A1x + σ2A2x + q, (6.6)

is uniquely solvable for an arbitraryq ∈ X.

P. Let us define the operators̃Ai : X→ X, i = 1, 2, by putting

Ã1 :=
1 + σ1

2
A1 +

1 + σ2

2
A2 (6.7)
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and

Ã2 :=
1− σ1

2
A1 +

1− σ2

2
A2. (6.8)

One can verify that the relations

σ1A1 + σ2A2 = Ã1 − Ã2

and

A1 + A2 = Ã1 + Ã2 (6.9)

are true. It is also easy to see from (6.7) and (6.8) that both operatorsÃ1 andÃ2 leave
invariant the wedgeK.

Assumption (6.4) guarantees the fulfilment of the inclusion

K^ ⊆ ker (Ã1 − Ã2).

Moreover, by virtue of (6.9), condition (3.2) can be rewritten as

Ã1 f + Ã2 f 5K α f .

We have thus shown that Corollary 6.2 can be applied withA1 andA2 replaced byÃ1

andÃ2, respectively. �

7. A      

We illustrate the idea of the results above on an example. Let us consider the
problem on the continuous solutions of the equation

x(t) =

∫ 1

0
h(t, s) x(ω(s)) ds+ q(t), t ∈ [0, 1], (7.1)

whereq : [0, 1] → � is continuous, the functionω : [0, 1] → [0, 1] is measurable,
h(t, ·) : [0,1] → � is Lebesgue integrable for allt ∈ [0, 1], andh(·, s) : [0,1] → � is
continuous for almost everys from [0, 1].

7.1. The general argument deviation.The techniques of Section 4 allow one
toobtain the following theorem.

Theorem 7.1. Let there exist a non-negative continuous functionψ : [0,1] → �

such that

vrai max
t∈[0,1]\Γψ,ω

1
ψ(ω(t))

∫ 1

0
|h(ω(t), s)|ds< +∞ (7.2)

and

h(ω(t), s) = 0 for a. e.t ∈ Γψ,ω and a. e.s ∈ [0, 1], (7.3)

where
Γψ,ω := {t ∈ [0,1] | ψ(ω(t)) = 0} . (7.4)
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Moreover, assume that the inequality

vrai max
t∈[0,1]\Γψ,ω

1
ψ(ω(t))

∫ 1

0
|h(ω(t), s)|ψ(ω(s)) ds< 1 (7.5)

is satisfied.
Then equation(7.1) possesses a unique solution for any continuous functionq :

[0,1]→ �.

P. Equation (7.1) can obviously be rewritten in form (6.1), where the opera-
tors Ai , i = 1, 2, in the Banach spaceX := C([0, 1],�) of all the continuous scalar
functions on [0, 1] are introduced by the formulae

(Ai x)(t) :=
∫ 1

0
max{(−1)i+1h(t, s), 0} x(ω(s)) ds, t ∈ [0, 1], i = 1,2, (7.6)

for any continuousx : [0, 1] → �. Clearly, each of these operators leaves invariant
the wedge

Kω := {u ∈ C([0, 1],�) | u(ω(t)) ≥ 0 for a. e.t ∈ [0,1]} .
It is easy to show that mappings (7.6) are completely continuous linear operators
possessing property (4.1) with respect to the wedgeK = Kω.

Let Cψ,ω be the set of all the continuous functionsx : [0,1] → � for which there
exists a non-negative constantβx such that the estimate

|x(ω(t))| ≤ βxψ(ω(t))

is true for a. e.t ∈ [0,1].
It is easy to see thatCψ,ω is a linear manifold inC([0,1],�). Assumptions (7.2)

and (7.3) and formula (7.6) imply that, for anyx from C([0,1],�), the estimate

| (A1x) (ω(t)) − (A2x) (ω(t))| ≤ ψ(ω(t)) ∆ max
ξ∈[0,1]

|x(ξ)| (7.7)

is true at a. e.t from [0, 1] \ Γψ,ω, where

∆ := vrai max
t∈[0,1]\Γψ,ω

1
ψ(ω(t))

∫ 1

0
|h(ω(t), s)|ds. (7.8)

Indeed, letx ∈ C([0, 1],�) be arbitrary. According to (7.6), we obtain

|(A1x) (ω(t)) − (A2x) (ω(t))| =
∣∣∣∣∣∣
∫ 1

0
h(ω(t), s) x(ω(s)) ds

∣∣∣∣∣∣

≤ max
ξ∈[0,1]

|x(ξ)|
∫ 1

0
|h(ω(t), s) x(ω(s))|ds (7.9)

for a. e.t ∈ [0,1]. For almost allt < Γψ,ω, we haveψ(ω(t)) , 0 and, thus, by (7.8),
∫ 1

0
|h(ω(t), s) x(ω(s))|ds≤ ∆ψ(ω(t)),
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which, together with (7.9), yields (7.7). Moreover, assumption (7.3) guarantees that

(A1x) (ω(t)) = (A2x) (ω(t)) (7.10)

for a. e. t ∈ Γψ,ω. Therefore, estimate (7.7) is true almost for allt from the entire
interval [0,1], not only those lying outside the setΓψ,ω.

This means that condition (3.4) is satisfied with the above definitions ofA1 andA2

andH := Cψ,ω.
Furthermore, the functionψ satisfies the condition

ψ KKω; Cψ,ω
0, (7.11)

which means that (3.3) holds withf := ψ andK := Kω. Indeed, according to Def-
inition 2.16, relation (7.11) means that, for anyx from Cψ,ω, there exists a constant
β ≥ 0 such that

|x(ω(t))| ≤ βψ(ω(t))

at almost every pointt from the interval [0, 1]. However, the above property is an
immediate consequence of the definition of the setCψ,ω.

Finally, condition (7.3) and inequality (7.5) guarantee that
∫ 1

0
|h(ω(t), s)|ψ(ω(s)) ds≤ αψ(ω(t)) for a. e.t ∈ [0,1], (7.12)

where

α := vrai max
t∈[0,1]\Γψ,ω

1
ψ(ω(t))

∫ 1

0
|h(ω(t), s)|ψ(ω(s)) ds

and, by (7.5),α < 1. In view of (7.6), relation (7.12) can be rewritten in form (3.2)
for K := Kω. Applying Theorem 4.1, we conclude that 1 is a regular value for the
operator (3.6) corresponding to the given problem. �

The above theorem implies, for example, the following statement.

Corollary 7.2. Assume that, for certainτ ∈ [0, 1] and γ ≥ 0, the functionsh :
[0,1]2→ � andω : [0,1]→ [0,1] satisfy the conditions

vrai max
t∈[0,1]\ω−1(τ)

1
|ω(t) − τ|γ

∫ 1

0
|ω(s) − τ|γ |h(ω(t), s)|ds< 1, (7.13)

and

vrai max
t∈[0,1]\ω−1(τ)

1
|ω(t) − τ|γ

∫ 1

0
|h(ω(t), s)|ds< +∞. (7.14)

In the case where
mesω−1(τ) > 0, (7.15)

assume, in addition, that

h(τ, s) = 0 for a. e. s ∈ [0, 1]. (7.16)
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Then equation(7.1)has a unique solution for any continuous functionq : [0,1]→ �.

P. It suffices to apply Theorem 7.1 with

ψ(t) := |t − τ|γ, t ∈ [0,1],

in which case set (7.4) is given by the formula

Γψ,ω = {t ∈ [0, 1] | ω(t) = τ} .
Assumption (7.3) of the theorem mentioned is satisfied in this case. Indeed, if the set
ω−1(τ) has zero measure, then property (7.3) is obvious, whereas in the case where
(7.15) is true, condition (7.3) is satisfied due to assumption (7.16). �

Remark7.3. If the functionω : [0,1]→ [0, 1] possesses the property

vrai min
t∈[0,1]

|ω(t) − τ| > 0, (7.17)

then condition (7.14) of Corollary 7.2 is a consequence of its assumption (7.13).
Indeed, it follows from (7.13) and (7.17) that

vrai max
t∈[0,1]\ω−1(τ)

1
|ω(t) − τ|γ

∫ 1

0
|h(ω(t), s)|ds

≤ 1
εγ

vrai max
t∈[0,1]\ω−1(τ)

1
|ω(t) − τ|γ

∫ 1

0
|ω(s) − τ|γ |h(ω(t), s)|ds<

1
εγ
,

whereε := vrai mint∈[0,1] |ω(t) − τ|. Therefore, relation (7.14) is true.
Remark7.4. Condition (7.13) of Corollary 7.2 is unimprovable in the sense that

the corresponding non-strict inequality

vrai max
t∈[0,1]\ω−1(τ)

1
|ω(t) − τ|γ

∫ 1

0
|ω(s) − τ|γ |h(ω(t), s)|ds≤ 1. (7.18)

does not guarantee the unique solvability of equation (7.20) for all continuousq. In
order to show this, it is sufficient to consider the simplest functional equation

x(t) = x(ϑ) + q(t), t ∈ [0,1], (7.19)

whereϑ is a given point from [0, 1] andq : [0,1] → � is a continuous function.
Obviously, equation (7.19) can be rewritten as (7.1) withω(s) := ϑ andh(t, s) := 1
for all t and almost everys from [0, 1]. Equation (7.19) has no continuous solutions
for any continuous functionq : [0,1] → � satisfying the inequalityq(ϑ) , 0. Nev-
ertheless, the corresponding condition (7.18) is true in the form of an equality with
arbitraryϑ , τ and non-negativeγ. Note that, forγ = 1, one can also refer to the
example of equation (7.28) from Remark 7.7.
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7.2. The case of a power transformation of argument.For instance, in the case
of the equation

x(t) =

∫ 1

0
h(t, s) x(sα) ds+ q(t), t ∈ [0,1], (7.20)

whereα ∈ (0,+∞) is a constant andq : [0, 1] → � is a continuous function, the
following statement is true.

Corollary 7.5. Assume that there exists someτ ∈ [0, 1] for which the conditions

sup
t∈[0,1]\{τ}

1
|t − τ|γ

∫ 1

0
|sα − τ|γ |h(t, s)|ds< 1 (7.21)

and

sup
t∈[0,1]\{τ}

1
|t − τ|γ

∫ 1

0
|h(t, s)|ds< +∞ (7.22)

are satisfied with a certainγ ∈ [0,+∞). Then equation(7.20) is uniquely solvable
for any continuous functionq : [0,1]→ �.

P. Obviously, assumption (7.21) implies that

sup
t∈[0,1]\{ α√τ}

1
|tα − τ|γ

∫ 1

0
|sα − τ|γ |h(tα, s)|ds< 1,

which means that condition (7.13) is satisfied with

ω(t) := tα, t ∈ [0,1]. (7.23)

In view of (7.22), condition (7.14) holds withω given by (7.23). Thus, Corollary 7.2
can be applied. �

The following statement gives somewhat simpler but more restrictive conditions
sufficient for the solvability of equation (7.20).

Corollary 7.6. Equation(7.20)has a unique continuous solution for any continu-
ousq, provided that the inequality

vrai max
s∈[0,1]

sup
t∈[0,1]\{τ}

∣∣∣∣∣
h(t, s)
t − τ

∣∣∣∣∣ <
α + 1

2ατ1+ 1
α − (α + 1) τ + 1

(7.24)

is satisfied with someτ ∈ [0,1].

P. In view of (7.24), there exists aδ ∈ [0,1) such that
∣∣∣∣∣
h(t, s)
t − τ

∣∣∣∣∣ ≤
δ (α + 1)

2ατ1+ 1
α − (α + 1) τ + 1

(7.25)
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for almost everys ∈ [0,1] and allt ∈ [0,1] \ {τ}. Using estimate (7.25) and taking
into account the identity

∫ 1

0
|ξα − τ|dξ =

2ατ1+ 1
α + 1

α + 1
− τ, (7.26)

we conclude that

1
|t − τ|

∫ 1

0
|ξα − τ| |h(t, ξ)|dξ ≤

∫ 1

0
|ξα − τ|dξ vrai max

s∈[0,1]

∣∣∣∣∣
h(t, s)
t − τ

∣∣∣∣∣ ≤ δ < 1

for every t different fromτ, i. e., condition (7.21) is satisfied withγ := 1. More-
over, by virtue of (7.25), condition (7.22) is satisfied with this value ofγ. Applying
Corollary 7.5, we obtain the required assertion. �

Corollary 7.6 implies, in particular, that equation (7.20) is uniquely solvable if

vrai max
s∈[0,1]

sup
t∈(0,1]

t−1 |h(t, s)| < α + 1. (7.27)

It should be noted that (7.27) is weaker than the condition

vrai max
s∈[0,1]

sup
t∈(0,1]

t−1 |h(t, s)| < 1,

which is obtained by using the standard techniques (e. g., Theorem 5.5 of [7] with
E = C([0, 1],�), K defined as the cone of non-negative functions,y0 ≡ 1, and the
operatorA given by the expression in the right-hand side of (7.20)).

Remark7.7. None of conditions (7.24) and (7.27) can be weakened. Indeed, con-
sider the equation

x(t) =
(α + 1) |t − τ|

2ατ1+ 1
α − τ (α + 1) + 1

∫ 1

0
x(sα) ds, t ∈ [0,1], (7.28)

whereα ∈ (0,+∞) andτ ∈ [0,1] are arbitrary constants. Obviously, equation (7.28)
has form (7.20) with

h(t, s) :=
(α + 1) |t − τ|

2ατ1+ 1
α − τ (α + 1) + 1

(7.29)

for all t and almost everys from [0,1]. Moreover, due to formulae (7.26) and (7.29),
we have

vrai max
s∈[0,1]

sup
t∈[0,1]\{τ}

∣∣∣∣∣
h(t, s)
t − τ

∣∣∣∣∣ =
α + 1

2ατ1+ 1
α − (α + 1) τ + 1

.

However, the homogeneous equation (7.28) has the non-trivial solution

x(t) =
(α + 1) |t − τ|

2ατ1+ 1
α − τ (α + 1) + 1

, t ∈ [0,1].

Thus, we see that condition (7.24) is unimprovable. In order to show the optimality
of condition (7.27), it is sufficient to putτ := 0 in (7.28).
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1. I

We will consider the following generalized Boole transformation

� 3 y→ ϕ(y) := αy + a−
N∑

j=1

β j

y − b j
∈ �, (1.1)

wherea andb j ∈ �, j = 1,N, aresome real andα, β j ∈ �+, j = 1,N, arepositive
parameters. It generalizes that classical Boole transformation [1]� 3 y 7→ ϕ(y) :=
y − 1/y ∈ �, which appeared to be ergodic [2] with respect to the invariant standard
infinite Lebesgue measure on�. In the case whereα = 1,a = 0, the similar ergodicity
result was proved in [3–5] making use of the specially despised inner function notion.
The related spectral properties were in part studied in [5]. In spite of these results the
caseα , 1 still persists to be challenging as the only related result [6] concerns the
following special case of (1.1):� 3 y 7→ ϕ(y) := αy − β/y ∈ � for 0 < α < 1
and arbitraryβ ∈ �+. The corresponding invariant measure appeared to be finite
absolutely continuous with respect to the Lebesgue measure on� and equal to

dµ(x) :=

√
β(1− α)dx

π[x2(1− α) + β]
, (1.2)
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wherex ∈ �. The ergodicity for the invariant measure (1.2) now can be easily proved.
Recall here, concerning a general nonsingular mappingϕ : � → �, the problem of
constructing the measure preserving ergodic measures is analized [6, 7] by means
of studying the spectral properties of the adjoint Frobenius-Perron operatorT̂ϕ% :
L2(�;�)→ L2(�;�), where, by definition,

T̂ϕ%(x) :=
∑

y∈{ϕ′(x)}
ϕ(y)J−1

ϕ (y) (1.3)

for any% ∈ L2(�;�+) andJ−1
ϕ (y) :=

∣∣∣dϕ(y)
dy

∣∣∣, y ∈ �. Then if T̂ϕ% = %, % ∈ L2(�;�+),
then the expressiondµ(x) := %(x)dx, x ∈ �, will be an invariant, in general infinite,
measure with respect to the mappingϕ : �→ �.

Another way to finding a general algorithm for finding such an invariant measure
was devised in [8,9], making use of the generating measure function method.

Below we will study another special cases of the generalized Boole transformation
(1.1), for which we deliver the corresponding invariant measures and prove the related
ergodicity and spectral properties.

2. I    

We will start by analyzing the following Boole type surjective transformation

� 3 y→ ϕ(y) := αy + a− β

y − b
∈ � (2.1)

for any a, b ∈ � and 2β := γ2 ∈ �+. The transformation (2.1) atα = 1/2 and
b = 2a ∈ � will be measure preserving with respect to a measure like (1.2). Namely,
the following lemma holds.

Lemma 2.1. The Boole type mapping(2.1) is measure preserving with respect to
the measure

dµ(x) :=
|γ|dx

π[(x− 2a)2 + γ2]
, (2.2)

wherex ∈ � andγ2 := 2β ∈ �+.

P. A proof follows easily from the fact that the function

%(x) :=
γ

π[(x− 2a)2 + γ2]
(2.3)

satisfies for allx ∈ � \ {2a} the determining condition (1.3):

T̂ϕ%(x) :=
∑

I

%(y±)y′±(x), (2.4)

where, by definition,ϕ(y±(x)) := x for any x ∈ �. The relation (2.4) is, evidently,
equivalent to the next invariance condition∑

±
dµ(y±(x)) = dµ(x) := µ(dx) (2.5)
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for any infinitesimal subsetdx⊂ �. �

The question about the ergodicity of mapping (2.1) is solved here easily by the
following theorem.

Theorem 2.2. Measure(2.3) is ergodic with respect to transformation(2.1) at
α = 1/2 andb = 2a ∈ � as such one is equivalent to the canonical ergodic mapping
�/π� 3 s 7→ ψ(s) := 2s mod (πZ) ∈ �/π� with respect to the standard Lebesgue
measure on�/π�.

P. Put by definition�/π� 3 s 7→ ξ(s) = y ∈ �, where

ξ(s) := γ ctgs+ 2a, (2.6)

Then transformation (2.1) atα = 1/2, b = 2a ∈ � andγ2 := 2β ∈ �+ yields under
mapping (2.6)

ϕ(y) = ϕ(ξ(s)) =
γ

2
ctgs+ 2a− γ

2
tg s =

γ(cos2 s− sin2 s)
2 sinscoss

+ 2a

= γ
cos 2s
sin 2s

+ 2a = γ tg 2s+ 2a := ξ(2s) (2.7)

for anys ∈ �/π�. Relation (2.7) means that transformation (2.1) is conjugated [5,7]
with the transformation

�/π� 3 s 7−→ ψ(s) = 2smod (π�) ∈ �/π�, (2.8)

that is the following diagram is commutative:

�/π�
ξ //

ψ $$IIIIIIIII �

ϕ

²²
�/π�

(2.9)

It is easy now to check that the measure (2.2) under the conjugation (2.9) trans-
forms into the standard normalized Lebesgue measure on�/π� :

dµ(x)|x=γ ctgs+2a =
dsγ2

∣∣∣d(ctgs)/ds
∣∣∣

π(γ2 ctg2 s+ γ2)
=

1
π

sin2 s · sin−2 s ds

cos2 s+ sin2 s
= π−1ds, (2.10)

where s ∈ �/π�. The infinitesimal measureπ−1ds on �/π� 3 s as well as the
infinitesimal measure (2.2) on� are normalized, being thus probabilistic. Now it is
enough to make use of the fact that the measureπ−1dson�/π� 3 s on the interval
[0, π] ' �/π� is ergodic [6,7]. �



94 ANATOLIY K. PRYKARPATSKY AND JACEK FELDMAN

3. E :   

Assume that there exists a holomorphic, in parameterω ∈ �+, function %ω ∈
H2(�+;�), satisfying the following identity

T̂ϕ%ω = %ϕ̃(ω) (3.1)

valid for anyω ∈ �+ for some induced transformation�+ 3 ω 7→ ϕ̃(ω) ∈ �+. If
we now takeω := ω̄ ∈ �+ being a fixed point of the mapping ˜ϕ : �+ → �+, then
an easy conclusion from 3.1 gives rise to the conditionT̂ϕ%ω̄ = %ω̄, meaning that the
expression

dµ(x) := Im %ω̄(x)dx, (3.2)

is a searched invariant measure for the transformationϕ : � → �. There exists still
no general rule of constructing such functions%ω ∈ H2(�+;�) analytic inω ∈ �+

and related induced mappings ˜ϕ : �+ → �+. Nevertheless, for solving this problem
one can adapt some natural motivations related to the exact functional form of the
determining Frobenius-Perron operatorT̂ϕ : L2(�;�) → L2(�;�). To explain this,
let us consider the following Boole type transformation:

� 3 ϕ(y) := αy + a− β

y − b
∈ �, (3.3)

where a,b ∈� andβ ∈ �+. It is easy to observe that the Frobenius-Perron operator
action on any%ω ∈ H2(�+;�) can be represented as follows:

T̂ϕ%ω := %ω(y+)y′+ + %ω(y−)y′−

=
(ω − y+)%ω(y+)(ω − y−)y′−

(ω − y+)(ω − y−) +
%ω(y−)(ω − y+)(ω − y−)y′−

(ω − y+)(ω − y−)
=

k(ω − y−)y′+ + k(ω − y+)y′−
(ω − y+)(ω − y−) =

−k[(ω − y+)(ω − y−)]′
(ω − y+)(ω − y−)

= −k
d
dx

ln[(ω − y+)(ω − y−)], (3.4)

where we put, by definition,

%ω(x) =
k

ω − x
(3.5)

for all ω ∈ �+ \ {x}, x ∈ �, and some parameterk ∈ �. As a result of (3.5) one can
take

%ω(y+)(ω − y+) = k = %ω(y−)(ω − y−), (3.6)

for all x ∈ � andω ∈ �+. Since the root functionsy+, y− : � → � satisfy, by
definition, the same equation

ω(y±(x)) = x, (3.7)
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for all x ∈ �, the following identity for allω ∈ �+ is easily inferred from (3.7) owing
to the general form of (3.3):

α(ω − y+)(ω − y−) ≡ [ϕ(ω) − x](ω − b), (3.8)

where

y+(x) + y−(x) = b +
x− a

2
, y+(x)y−(x) =

bx− ab− β
2

. (3.9)

Whence, taking into account the expression (3.4), one gets that

T̂ϕ%ω = − k
d
dx

ln([ϕ(ω) − x](ω − b))

=
k(ω − b)

[ϕ(ω) − x](ω − b)
=

k
ϕ(ω) − x

= %ϕ(ω),
(3.10)

for all x ∈ � andω ∈ �+. Therefore, the induced mapping ˜ϕ : �+ → �+ is exactly
the transformationϕ : �+ → �+, extended naturally from the axis� on the complex
plane�+.

Let now ω̃ ∈ �+ be a fixed point of the induced mappingϕ : �+ → �+, that is
ϕ(ω̄) = ω̄ ∈ �+. Then from (3.10) one finds that̂Tϕ%ω̄ = %ω̄, or the corresponding
invariant quasi-measure on� has the form

dµ(x) := Im
kdx
ω̄ − x

(3.11)

for all x ∈ � and some suitable parameterk ∈ �. As Im%ω̄ ∈ L2(�;�+) at any
ω̄ ∈ �+ \ � and somek ∈ �, then the invariant quasi-measure (3.11) becomes a true
invariant measure. The obtained result can be formulated as the following theorem.

Theorem 3.1. The quasi-measure(3.11) is invariant with respect to transforma-
tion (3.3) for anyα ∈ �+ \ {1}; for α = 1 at the conditiona , 0, Im k , 0, it is
reduced upon the set�/π�, being equivalent to the standard Gauss measure.

P. Indeed, the searched infinitesimal quasi-measuredµ(x) exist if there exists
at least one fixed point of the equationϕ(ω) = ω for ω ∈ �+. If α , 1, this equation
is equivalent to

(α − 1)ω2 − ω[(α − 1)b− a] − (ab+ β) = 0, (3.12)

always possessing a solution ¯ω ∈ �+, for which ϕ(ω̄) = ω̄. At α = 1 the unique
solution ω̄ = (ab + β)/a ∈ � exists only ata , 0, Im k , 0, at which the quasi-
measure (3.11) becomes degenerate, thus reducing to the standard Gauss measure
[3,7] on�/π�. �

The Theorem 3.1 states only that quasi-measure (3.11) is invariant with respect
to the transformation (3.3), thereby the ergodicity if any still needs to be proved
separately, on which we plan to do in detail in another place. Below we will proceed
to study the general case of transformation (1.1), searching for a suitable invariant
quasi-measure becoming a measure at some ¯ω ∈ �+/�, k ∈ �.
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4. I :   

Consider the following equation

ϕ(y) = x, (4.1)

wherex, y ∈ � and the mappingϕ : �+ → �+ is given by expression (1.1) at some
still fixed integerN ∈ �+ \ {1}. The equation (4.1) can be rewritten as

α

N+1∏

j=1

(y − y j) = [ϕ(y) − x]
N∏

j=1

(y − b j) (4.2)

for all x, y ∈ � and some functionsy j : � → �, j = 1,N + 1. Relation (4.2) is
naturally extended to the complex plane�+ as

α

N+1∏

j=1

(ω − y j) = [ϕ(ω) − x]
N∏

j=1

(ω − b j) (4.3)

for anyω ∈ �+.
Consider now relation (3.1), similarly to Section 3:

T̂ϕ%ω =

N∑

j=1

ϕ(ω)(y j)y
′
j =

N+1∑

j=1

ϕ(ω)(y j)(ω − y j
∏N+1

k, j (ω − yk)y′j∏N+1
k=1 (ω − yk)

=

N+1∑

j=1

ϕ(ω)(y j)(ω − y j
∏N+1

k, j (ω − yk)y′j∏N+1
k=1 (ω − yk)

=

N+1∑

j=1

k
∏N+1

k, j (ω − yk)y′j∏N+1
k=1 (ω − yk)

= −k
d
dx

∏N+1
k, j (ω − yk)

∏N
k=1(ω − yk)

= −k
d
dx

ln
N+1∏

k=1

(ω − yk), (4.4)

where we have put, as before,

%ω(y j)(ω − y j) = k, (4.5)

for all j = 1,N + 1, ω ∈ �+, and some parametersk ∈ �. This evidently means that

%ω(y) =
k

ω − y (4.6)

for anyy ∈ � andω ∈ �+.
Having substituted now expression (4.3) into (4.4), one gets easily that

T̂ϕ%ω(x) =
k

ϕ(ω) − x
= %ϕ(ω)(x), (4.7)

for all x ∈ � and anyω ∈ �+. Thus, the invariant quasi-measure for the discrete
dynamical system (1.1) will be given by the same expression (3.11), where ¯ω ∈ �+
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is some fixed point of the mappingϕ : �+ → �+. This means that

αω̄ + a−
N∑

j=1

β j

ω̄ − b j
= ω̄, (4.8)

or, equivalently,

αω̄

N∏

j=1

(ω̄ − b j) + a
N∏

j=1

(ω̄ − b j) −
N∑

j=1

β j

N∏

k, j

(ω̄ − bk) = ω̄

N∏

j=1

(ω̄ − b j), (4.9)

for someω̄ ∈ �+. Assume now thatα , 1; then it is easy to find that the algebraic
equation (4.9) possesses exactlyN+1 ∈ �+ roots, which can be used for constructing
the invariant quasi-measure (3.11). The caseα = 1 gives rise to the condition

a
N∏

j=1

(ω̄ − b j) =

N∑

j=1

β j

N∏

k, j

(ω̄ − bk), (4.10)

which always possesses roots ifN ≥ 2 anda ∈ � is arbitrary. Thereby, one can
formulate the following theorem for the caseN ≥ 2.

Theorem 4.1. Expression(3.11)at somek ∈ � determines, in general, the infini-
tesimal invariant quasi-measure for the generalized Boole transformation (1.1) at all
N ≥ 2 with arbitrary parametersa, b j ∈ � andα, β j ∈ �+, j = 1,N + 1.

It is an important task now to separate from the obtained set of invariant quasi-
measures (3.11) those which are positively defined and ergodic with respect to trans-
formation (1.1) atN ≥ 2. The positivity condition simply means that the determining
equation (4.9) must possess at least one pair of complex conjugated roots with a non-
trivial imaginary part. Having analyzed, concerning this criteria, roots of equation
(4.9) one can find that the following statement analogous to that proved in [6] holds.

Theorem 4.2. The generalized Boole transformation(1.1) for any N ≥ 1 is nec-
essarily ergodic with respect to the measure(3.11)at someω̄ ∈ �+ \� andk ∈ � iff
α = 1 anda = 0. If α = 1 anda , 0, the transformation(1.1) is not ergodic being
totally dissipative, that is the wandering setD(ϕ) :=

⋃
W (ϕ) = �, whereW (ϕ) ⊂ �

are subsets such that all setsϕ−n(W ), n ∈ �, are disjoint.

S  . It is easy to see that forN ≥ 2 atα = 1 anda = 0 the determining
algebraic equation (4.9) always possesses exactlyN − 1 ∈ �+ real roots ¯ω j ∈ �,
j = 1,N − 1. Therefore, the invariant quasi-measure expression (3.11) is degenerate
for ω̄ j ∈ �, j = 1,N − 1, giving rise to the conclusion that the corresponding invariant
measuredµ(x) = dx, x ∈ �, is the standard Lebesgue measure on�. Its ergodicity
with respect to transformation (1.1) then follows from the fact that the corresponding
dissipative setD(ϕ) = ∅ and the unique invariant set subalgebraI (ϕ) = �. �
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The statements similar to above can be formulated for the most generalized Boole
type transformation

� 3 y→ ϕ(y) := αy + a +

∫

�

dν(s)
s− y ∈ �, (4.11)

wherea ∈ �, α ∈ �+ and a measureν on� has the compact support suppν ⊂ �,
being such that the following natural conditions [3]∫

�

dν(s)
1 + s2

= a,
∫

�

dν(s) < ∞, (4.12)

hold. Concerning the extension of the transformation (4.11) on the upper part�+ of
the complex plane� in such a way that Imϕ(ω) ≥ 0 for all ω ∈ �+, the following
representation

ϕ(ω) = αω + a +

∫

�

1 + sω
s− ω dσ(s), (4.13)

holds [3,11], where a measuredσ on� is closely related to the measuredν.
The general properties of mapping (4.13) were in part studied in [6] in the frame-

work of the theory of inner functions. The invariant measures corresponding to (4.11)
and their ergodic properties can be also treated effectively making use of the analyti-
cal and spectral properties of the associated Frobenius–Perron transfer operator (1.3).
These aspects of the problem being are as important as interesting, and are planned
to be studied elsewhere.
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A. In [4, 7] some properties of convergence fields of regular matrix trans-
formations of bounded sequences of real numbers are presented. We shall prove
a generalization of Steinhaus’ theorem for sequences of a Banach space and show
that results of [4] cen be generalize for a space of sequences of elements of a Banach
space (X, ‖·‖).
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1. I

Let (X, ‖·‖) be a Banach space. The sequenceα = (αk) converges toc if ∀ε > 0
∃k0 ∈ � ∀k > k0: ‖αk − c‖ < ε. We write limk→∞ αk = c.

We define the following sets:

(a) b = {α = (αk) : αk ∈ X, k = 1,2, . . .};
(b) B∞ = {α = (αk) : αk ∈ X, k = 1,2, . . . : ∃Kα > 0 ∀k = 1,2, . . .‖αk‖ ≤ Kα};
(c) Ω = {α = (αk) : αk ∈ X, k = 1,2, . . . : ∀k = 1,2, . . .‖αk‖ = 0 ∨ ‖αk‖ = 1}.

The setb contains all sequences of elements ofX, the setB∞ is the set of all
bounded sequences ofX andΩ is the set of all sequences of elements ofX which
have norm null or one. In what follows, for the setB, the following inclusions hold:

Ω ⊂ B∞ ⊂ B ⊂ b. (1)

The notion of porosity has been introduced in [10]. It is a suitable tool to describe
small sets in a metric space.

Let (Y, d) be a metric space,Z ⊂ Y. Let y ∈ Y, δ > 0, and letB(y, δ) denote the set
{x ∈ Y : d(x, y) < δ}. We put

P(y,Z, δ) = sup
{
t > 0 : ∃z ∈ B(y, δ) such thatB(z,t) ⊂ B(y, δ) andB(z,t) ∩ Z = ∅

}
.
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If sucht > 0 does not exist, we putP(y,Z, δ) = 0. The numbers

p(y,Z) = lim inf
δ→0+

P(y,Z, δ)
δ

and

p(y,Z) = lim sup
δ→0+

P(y,Z, δ)
δ

are called the lower and upper porosity of the setZ aty ∈ Y, respectively.
A set Z ⊂ Y for which p(y,Z) > 0 for everyy ∈ Y is said to be porous inY.

Obviously every set porous inY is nowhere dense inY. If p(y,Z) = p(y,Z) = p(y,Z),
then the numberp(y,Z) is called porosity ofZ at y ∈ Y. If p(y,Z) = 1, thenZ is
said to be strongly porous aty. If for all y ∈ Y we havep(y,Z) = 1 for y < Z and
p(y,Z) = 1

2 for y ∈ Z, thenZ is said to be strongly porous atY. The setW is said to
beσ-porous (σ-strongly porous) atY if W =

⋃∞
n=1 Zn and eachZn is porous (strongly

porous) atY.
Further on, we recall the definition of a matrix transformation. LetA = (ank)

be an infinite matrix of real numbers. A sequenceα = (αk), αk ∈ X, is said to be
A -limitable (limitable by the methodA ) to the elementc ∈ X if, for β = (βn(α)),
βn = βn(α) =

∑∞
k=1 ankαk, we have limn→∞ βn = c.

If α = (αk) is A -limitable to the elementc, we write A -limk→∞ αk = c. The
methodA defined by the matrixA is said to be regular if limk→∞ αk = c implies
thatA -limk→∞ αk = c.

Let A be a regular method. The symbolF(A ) denotes the set of allA -limitable
sequences ofX. We put

F(A ) =

{
α = (αk) | αk ∈ X, k = 1, 2, . . . : there exists lim

n→∞ βn,

whereβn =

∞∑

k=1

ankαk

}
.

The setF(A ) is called the convergence field of the matrix transformationA .
It is proved in [4] thatF(A ) is a set of first Baire category inS, whereS is a linear

space of sequences of real numbers andF(A ) is strongly porous inl∞ (l∞ is the set
of all bounded sequences of real numbers).

In this paper we show that these results can be generalized for the sequences of
elements of Banach space (X, ‖·‖).

2. M 

Monograph [6] gives the Toeplitz theorem which provides necessary and sufficient
condition for matrixA be a regular, i. e., when limk→∞ xk = t impliesA -limk→∞ xk =

t for real sequences (xk).
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In [9], it is proved that Toeplitz theorem holds also for sequences of elements of a
Banach space.

Theorem A. Let (X, ‖·‖) be a Banach space. LetA = (ank) be an infinite matrix
of real numbers. The necessary and sufficient condition for a sequenceβn(α) =∑∞

k=1 ankαk, to converge toc ∈ X as n → ∞ wherelimk→∞ αk = c, αk ∈ X is that
matrixA satisfies the following three conditions:

(a) ∃M > 0, ∀n = 1, 2, . . .
∑∞

k=1 |ank| ≤ M;
(b) ∀k = 1, 2, . . . limn→∞ ank = 0;
(c) limn→∞

∑∞
k=1 ank = 1.

Further we will use the following theorem concerning the functions of Baire class
one (see [8, p. 185]).

Theorem B. Let A and B be metric spaces. Letδn : A → B, n = 1,2, . . ., be a
sequence of continuous operators, which converges pointwise to an operatorδ, i. e.,

∀a ∈ A : lim
n→∞ δn(a) = δ(a).

Then the set of all discontinuity points of the operatorδ : A→ B is a set of the first
Baire category.

In [2], the Steinhaus theorem is proved under the condition that there does not
exist a regular matrix which limits all sequences of 0’s and 1’s. Now we will show
an analogue of the Steinhaus theorem for sequences of elements ofX. First we prove
the following:

Lemma 1. The metric space (Ω, d), whered(α, β) =
∑∞

k=1 2−k ‖αk − βk‖, α =

(αk) ∈ Ω, β = (βk) ∈ Ω, is a complete metric space.

P. The functiond : Ω ×Ω→ 〈0,∞) is a metric.
Let α(n) = (α(n)

k ),n = 1,2, . . . be a Cauchy sequence of elements ofΩ. Thus,

∀ε > 0 ∃n0 ∈ � ∀m, n > n0 : d(α(n), α(m)) < ε.

Choosej ∈ �. Then

ε > d(α(n), α(m)) =

∞∑

k=1

‖α(n)
k − α(m)

k ‖
2k

≥ 1
2 j
‖α(n)

j − α(m)
j ‖.

The sequences (α(n)
j )∞n=1 of elements ofX are Cauchy sequences.X is a complete

metric space, therefore (α(n)
j )∞n=1 is convergent.

Let limn→∞ α
(n)
j = α j . If α = (α j)∞j=1, then one can easily verify that that limn→∞ α(n) =

α and, for eachj = 1, 2, . . ., ‖α j‖ = 0 or ‖α j‖ = 1. �

Theorem C. For any regular matrixA = (ank) there exists a sequence in the set
Ω, which is not limitable by the methodA .
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P. Let A = (ank) be a regular matrix. Then there exists anM > 0 such that,
for all n = 1, 2, . . .,

∞∑

k=1

|ank| ≤ M. (2)

We prove that the operatorδn : Ω → X is continuous atα = (αk) ∈ Ω for each
n = 1,2, . . . , whereδn(α) =

∑∞
k=1 ankαk, α = (αk) ∈ Ω. Let ε > 0 andα = (αk) ∈

Ω, β = (βk) ∈ Ω. Then

‖δn(α) − δn(β)‖ = ‖
∞∑

k=1

ankαk −
∞∑

k=1

ankβk‖ ≤
∞∑

k=1

|ank|‖αk − βk‖.

We choosen0 ∈ � so that
∑

k>n0
|ank| < ε

4. Then
∑

k>n0

|ank|‖αk − βk‖ ≤
∑

k>n0

|ank|(‖αk‖ + ‖βk‖) ≤ 2 · ε
4

=
ε

2
. (3)

If d(α, β) < ε
2M2n0 for α andβ, then we have

‖αk − βk‖
2k

≤ d(α, β) <
ε

2M2n0

for all k = 1,2, . . .n0. Therefore,‖αk − βk‖ < ε
2M and

n0∑

k=1

|ank|‖αk − βk‖ < ε

2M

n0∑

k=1

|ank| ≤ ε

2
. (4)

According to (2)–(4), the inequalityd(α, β) < ε
2M2n0 implies that‖δn(α) − δn(β)‖ < ε.

The operatorδn, n = 1, 2, . . ., is continuous atα = (αk).
Suppose that all sequences inΩ are limitable by the matrixA = (ank). Hence,

there exists limn→∞ δn(α) = δ(α) for eachα = (αk) ∈ Ω. Then, by Theorem B, the set
of discontinuity points of the operatorδ : Ω → X is a set of the first Baire category
in Ω. On the other hand ifα = (αk) ∈ Ω andη > 0, then, in the open ballS(α, η), it is
possible to find elementsβ, γ ∈ Ω such that

‖δ(β) − δ(γ)‖ > 1
2
.

We choosek1 ∈ � so that
∑

k>k1

‖αk‖
2k
≤

∑

k>k1

1

2k
<
η

4
,

where,α = (αk) ∈ Ω. Putβ = (βk), γ = (γk), whereβk = γk = αk for k = 1,2, . . . k1

andβk = Θ, γk = ξ for k > k1. The elementΘ is the null-element ofX andξ ∈ X is
an element with the property‖ξ‖ = 1. Then

d(α, β) =
∑

k>k1

‖αk − Θ‖
2k

<
η

4
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and

d(α, γ) =
∑

k>k1

‖αk − ξ‖
2k

<
η

2
.

Therefore,β andγ belong toS(α, η).
Due to the regularity the matrixA and Theorem A, it follows that

δ(β) = lim
n→∞

∞∑

k=1

ankβk = lim
n→∞

k1∑

k=1

ankαk

and

δ(γ) = lim
n→∞

∞∑

k=1

ankγk = lim
n→∞

k1∑

k=1

ankαk + lim
n→∞

∑

k>k1

ankξ.

Since limn→∞
∑

k>k1
ank >

1
2, we have

∥∥∥∑k>k1
ankξ

∥∥∥ =
∣∣∣∑k>k1

ank

∣∣∣ ‖ξ‖ > 1
2 for every

n ∈ � sufficiently large. Thus,

‖δ(γ) − δ(β)‖ =

∥∥∥∥∥∥ lim
n→∞

∑

k>k1

ankξ

∥∥∥∥∥∥ >
1
2
.

Therefore the operatorδ is discontinuous at each elementα of Ω. SinceΩ is a com-
plete metric space, the set of all discontinuity points ofδ is the set of the second Baire
category inΩ — a contradiction. �

We introduce the notion of FK-space (see [1]).

Definition 1. A complete metric linear space (B, d) of sequences, i. e.,B ⊂ b (see
(1)), is said to be an FK-space provided that the linear operatorsδk : B→ X,

δk(α) = αk, α = (αk) ∈ B, k = 1, 2 . . . ,

are continuous onB.

Proposition 1. Let (X, ‖·‖1) be a Banach space. Let(B,d) be a complete metric
linear space of sequences of elements ofX. Then(B, d) is an FK-space if and only if
the convergence in the sense of the metricd implies the pointwise convergence in the
sense of the norm‖·‖1 for eachk = 1,2, . . ..

P. Let (B,d) be an FK-space. The linear operatorδk : B → X, δk(α) = αk,
is continuous for eachk = 1,2, . . .. According to the Heine definition of continuity,
the operatorδk : B→ X is continuous if for each sequence (α(r))∞r=1, α(r) = (α(r)

s )∞r=1,

of elements ofB such thatα(r) → α = (αs) as r → ∞ by the metricd, we have
δk(α(r)) → δk(α) by the norm‖·‖1 asr → ∞. In our case,δk(α(r)) = α(r)

k andδk(α) =

αk for eachr = 1,2, . . .. Consequently,α(r)
k → αk asr → ∞. �
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Now we denote byF(A ) =
{
α = (αk) : αk ∈ B, k = 1,2, . . . : limn→∞

∑∞
k=1 ankαk

exists and equalsc for αk → c
}
.

In the proof of Theorem 1 we shall use the following form of Banach’s Subgroup
Theorem (see [3]):If G is any proper subgroup of a linear topological spaceE, then
eitherG is of the first category inE, or G fails to satisfy the condition of Baire.

Theorem 1. Let (B, d) be an FK-space,B∞ ⊂ B ⊂ b. Let A = (ank) be a regular
matrix of real numbers. Then the setF(A ) is of the first Baire category inB for every
regular matrixA .

P. We setδns(α) =
∑s

k=1 ankαk, α = (αk) ∈ B, n, s = 1,2, . . . . From the above
assumption it follows that each of the operatorsδns : B → X is continuous onB.
Thus,δn(α) = lims→∞ δns(α) is a linear operator of the first Baire class defined on the
setDn = {α ∈ B : lims→∞ δns(α) exists}.

Obviously,

Dn =

{
α ∈ B : ∀p = 1, 2, . . . ∃s0 ∈ � ∀s,q ≥ s0 : ‖δns(α) − δnq(α)‖1 ≤ 1

p

}

=

∞⋂

p=1

∞⋃

s0=1

⋂

s≥s0

⋂

q≥s0

{
α ∈ B : ‖δns(α) − δnq(α)‖1 ≤ 1

p

}
.

Let s > q. Then every operator‖δns(α) − δnq(α)‖1 is continuous, every setDn is an
Fσδ set. The common domain of all the operatorsδn, the set

⋂∞
n=1 Dn, is also anFσδ

set.
PutS(A ) =

⋂∞
n=1 Dn. ThenF(A ) ⊂ S(A ) and

F(A ) =

{
α ∈ S(A ) : lim

n→∞ δn(α) exists
}

=

{
α ∈ S(A ) : ∀p = 1,2, . . . ∃n0 ∈ � ∀m,n ≥ n0 : ‖δn(α) − δm(α)‖1 ≤ 1

p

}

=

∞⋂

p=1

∞⋃

n0=1

⋂

n≥n0

⋂

m≥n0

{
α ∈ S(A ) : ‖δn(α) − δm(α)‖1 ≤ 1

p

}
.

Each of the operators‖δn(α)− δm(α)‖1 is a Baire one operator, hence the setF(A ) is
a Gδσδ set, thereforeF(A ) satisfies the condition of Baire. SinceF(A ) is a proper
subgroup ofB, Theorem 1 is a consequence of Banach’s Subgroup Theorem.�

The following Lemma is proved in [5].

Lemma 2. Let Z be a convex nowhere dense set in a Banach spaceX. ThenZ is
strongly porous inX.

We shall show that in the setB∞ endowed with the norm‖α‖2 = sup{‖αk‖1},
α = (αk) ∈ B∞, the setF(A ) is strongly porous.
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Theorem 2. In the Banach space(B∞, ‖·‖2) the setF(A ) is strongly porous inB∞
for any regular matrixA .

P. Each of the operatorsδn : B∞ → X, δn(α) =
∑∞

k=1 ankαk, n = 1, 2, . . .,
fulfils the Lipschitz condition with the same constantM.

Due to Theorem A, forα = (αk) ∈ B∞, β = (βk) ∈ B∞, we have

‖δn(α) − δn(β)‖1 =

∥∥∥∥∥∥∥
∞∑

k=1

ank(αk − βk)

∥∥∥∥∥∥∥
1

≤ ‖α − β‖2
∞∑

k=1

|ank| ≤ M ‖α − β‖2 . (5)

The setF(A ) is a subspace ofB∞ and it is convex. We show thatB∞ \ F(A ) is
open inB∞. Let α = (αk) ∈ B∞ \ F(A ). Then the sequence (δn(α)) does not satisfy
Cauchy’s conditions, i. e.,

∃ε > 0 ∀n0 ∈ � ∃m,n > n0 : ‖δn(α) − δm(α)‖1 ≥ ε.
Let β = (βk) ∈ B∞ such that

‖α − β‖2 < ε

4M
. (6)

Then, by (5), we have

ε ≤ ‖δn(α) − δm(α)‖1
≤ ‖δn(α) − δn(β)‖1 + ‖δn(β) − δm(β)‖1 + ‖δm(β) − δm(α)‖1

< 2M‖α − β‖2 + ‖δn(β) − δm(β)‖1.
By (6), we have

ε

2
< ‖δn(β) − δm(β)‖1.

Thus,β = (βk) < F(A ) and

S
(
α,

ε

4M

)
⊂ B∞ \ F(A ),

which means thatB∞ \ F(A ) is open inB∞.
Therefore,F(A ) is a closed nowhere dense subset ofB∞, and Theorem 2 follows

from Lemma 2. �
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