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Asstract. In this paper, we define a multifunctidh: X ~» Y as an upper (lower)
Ds-supercontinuous iF* (V) (F~(V)) is ds-open inX for every open seV of Y.

We obtain some characterizations and several properties concerning upper (lower)
Ds-supercontinuous multifunctions.

Mathematics Subject Classificatioferimary 54C10; Secondary 54C60
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1. INTRODUCTION

Several weak and strong variants of continuity of multifunctions occur in the liter-
ature. The strong variants of continuity of multifunctions we shall be dealing with in
this paper are treated in [1-4]. Certain of these strong forms of continuity of multi-
functions coincide with the continuity of multifunctions if the domain or range space
is suitably augmented. In 2003, J. K. Kohli [5] introduced the concemise$uper-
continuous functions and gave some propertieBgsupercontinuous functions. In
this paper we introduce a new strong form of continuity of multifunctions called the
“upper (lower)Ds-supercontinuity,” which coincides with the upper (lower) continu-
ity if the domain or range is ®;s-completely regular space. Characterizations and
basic properties of upper (lowelbs-supercontinuous multifunctions are elaborated
in Section 3. In Section 4, we show that if the domain of a upper (lo@gr3uper-
continuous multifunctiorf is retopologized in an appropriate way, theis simply
a continuous multifunction.

A multifunction F of a setX into a setY is a set-valued function mapping set
of X into 2¥ \ {2}, where 2 stands for the power set of Let A be a subset of a
topological spaceX, 7). A andA denote the interior and closure Afrespectively. A
multifunction F of a setX into Y is a correspondence such thgix) is a nonempty
subset ofY for eachx € X. We will denote such a multifunction by : X ~» Y.

For a multifunctionF, the upper and lower inverse set of a Beif Y will be denoted
by F*(B) andF~(B) respectively that i$*(B) = {x € X : F(X) € B} andF~(B) =
{x e X: F(X)nB # @}. The graphG(F) of the multifunctionF : X ~ Y is
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strongly closed [4] if for eachq y) ¢ G(F), there exist open set$ andV containing
x and containings respectively such that{ x V) n G(F) = @ [6]. A multifunction
F : X ~ Y is said to be upper semi continuous (briefly u. s. c.) at a pomtX if
for each open sét in Y with F(x) C V, there exists an open dgtcontainingx such
that F(U) C V; lower semi continuous (briefly I. s. c.) at a pokg X if for each
open se¥ in Y with F(X) NV # @, there exists an open ddtcontainingx such that
F(2 nV # o foreveryze U. A setG in a topological spac¥ is said to bez-open
if for eachx € G there exists a cozero sktsuch thatx e H c G, or equivalently,
if G is expressible as the union of cozero sets. The complement-opan set will
be referred to as aclosed set [7]. A subsdt in a spaceX is said to be a regular
Gs-set ifH is an intersection of a sequence of closed sets whose interior cdhtain
The complement of a regul&;-set is called a reguldf-set [8].

Throughout this paper, the spacé§ ) and (Y,o) (or simply X andY) always
mean topological spaces, aRd X ~» Y (resp.,f : X — Y) is a multivalued (resp.,
single valued) function.

2. PRELIMINARIES AND BASIC PROPERTIES

Definition 1. (a) A multifunctionF : X ~» Y is called uppeDs-supercontinuous
(u. Ds-super c.) at a point € X if for any open seV c Y such that=(x) c V there
exists a regulaF,-setU c X containingx such that~(U) c V.

(b) A multifunctionF : X ~» Y is called lowerDs-supercontinuous (Ds-super
c.) at a pointx € X if for any open se¥ c Y such that=(x) NV # @ there exists a
regularF,-setU c X containingx such that(u) NV # @ for everyu € U.

(c) F is said to beDs-supercontinuous (brieflps-super c.) ak € X, if it is both
u. Ds-super c. and IDs-super c. ak € X.

(d) F is said to be uDs-super c. (I.Ds-super c.Ds-super c.) orX, if it has this
property at each pointe X.

Examplel. Let X denote the real line endowed by the cofinite topolafy, {a, b}
with the topologyr = {@,Y,{a}} and we define the multifunction as follow§: :
X ~ Y, F(X) = {a} if xis irrational andF(x) = {b} if x is rational. ThenF is
u. Ds-supercontinuous (Ds-super c.).

Definition 2 ([3]). A multifunctionF : X ~» Y is said to be (a) uppet-supercon-
tinuous (briefly, uZ-super c.) at a point € X if for every open seV with F(x) c V,
there exists a cozero sgtcontainingx such that(U) = ([ J{F(u) :ue U} c V,

(b) lowerZ-supercontinuous (E-super c.) at a point € X if for every open seY
with F(X) NV # @, there exists a cozero ddtcontainingx such thatF(u) NV # @
for everyu e U.

Example2. Let X denote the real line endowed with usual topology and we define
the multifunction as followsF : X ~ X, F(X) = {x} for eachx € X. ThenF is
u. Z-supercontinuous (EZ-super c.).
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Definition 3 ([4]). (a) A multifunctionF : X ~» Y is called strongly-upper semi
continuous (sé-u. s. ¢.) at a poink € X if for any open seV c Y such thatF(x) c V
there exists an open sétc X containingx such thaf (U) c V.

(b) A multifunctionF : X ~» Y is called strongly-lower semi continuous (#-
l. s. c.) at a poink € X if for any open seV c Y such that(x) NV # @ there exists
an open set) c X containingx such thafF(u) NV # @ for everyu € U.

Definition 4 ([2]). (a) A multifunctionF : X ~» Y is called upper supercontinuous
(u. super c.) at a point € X if for any open seV c Y such thaf(x) c V there exists

an open set) ¢ X containingx such thatF(U) c V.
(b) A multifunctionF : X ~» Y is called lower supercontinuous (I. super c.) ata
pointx € X if for any open seV c Y such that(xX) NV # @ there exists an open set

U c X containingx such thaf(u) NV # @ for everyu € U.

Definition 5 ([1]). (a) A multifunctionF : X ~» Y is called uppeD-superconti-
nuous (uD-super c.) at a point € X if for any open seV c Y such that~(x) c V
there exists an opéh,-setU c X containingx such that(U) c V.

(b) A multifunctionF : X ~» Y is called lowerD-supercontinuous (D-super c.)
at a pointx € X if for any open seV c Y such thaF(x) NV # @ there exists an open
F,-setU c X containingx such that-(u) NV # @ for everyu € U.

The following diagram well illustrates the relations that exist betweeD;usu-
percontinuous (IDs-supercontinuous) multifunctions and other strong variants of
continuity defined above.

u. Z-super c. (IZ-superc.) u. super c. (I. super c.)
u. Ds-super c. (I.Ds-super c.) u. stronglyg-c. (l. strongly6-c.)
u. D-super c. (ID-super c.) u. semic. (. semic.)

None of the above implications in general is reversible, as will be shown the se-
quel. We give Example 3, Example 4, and Example 5 to show that a u. stréagly
(I. strongly 6-c.) multifunction need not be Z-super c. (l.Z-super c.) and that
u. D-super c. (I.D-super c.) multifunction need not be Zrsuper c. (I.Z-super c.)
and u.Ds-super c. (1.Ds-super c.) multifunction need not bersuper c. (IZ-super
c.) and that uD-super c. (I.D-super c.) multifunction.

Example3 ([5]). Let X = Y be the Mountain chain space due to Helderman [7],
which is a regular space but nog-completely regular space [10]. Then the mul-
tifunction F : X ~ X, F(X) = {x} for eachx € X is a u. stronglyg-continuous
(I. strongly#-continuous) but not WDs-supercontinuous (Ds-supercontinuous).
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Exampled. Let X denote the set of positive integers endowed with cofinite topol-
ogy. Then the multifunctiofr : X ~ X, F(X) = {x} for eachx € X is u. D-supercon-
tinuous (I. D-supercontinuous) but neither u. supercontinuous (l. supercontinuous)
nor u. stronglyg-continuous (I. strongly-continuous) and hence notZksupercon-
tinuous (I.Z-supercontinuous).

Example5. Consider the spack defined by E. Hewitt in [10, p. 504], which is a
Ds-completely regular but not completely regular. It turns out that the multifunction
F:A~ A F(X) = {x} for eachx € X is u. Ds-supercontinuous (Ds-supercontinu-
ous) but not uZ-supercontinuous (E-supercontinuous.).

3. CHARACTERIZATIONS

Definition 6. A setG in a topological spacX is said to beds-open if for each
x € G there exists a reguldf,-setH such thatx €e H c G. The complement of a
ds-open set will be referred to asda-closed set [5].

Theorem 1. The following statements are equivalent for a multifunckonX ~»
Y:

(@) F is u.Dgs-super c. (I.Ds-super c.).

(b) For each opensef C Y, F*(V) (F~(V)) is ads-open set inX.

(c) For each closed sé€ C Y, F~(K) (F*(K)) is ads-closed set irX.

(d) For eachx of X and for each open s&t with F(x) c V(F(X) NV # @), there
is ads-open setJ containingx such that the implicatiop e U = F(y) c V
holds(F(y) NV # 2).

Proor. (a)=(b): LetV be an open set of andx € F*(V). Then there exist a
regularF,-setU containingx such that=(U) c V. ThenU c F*(V). SinceU is
regularF,-set, we havexe U c F* (V).

(b)=(c): LetK be a closed set of. ThenY — K is an open set anB*(Y — K) =
X — F~(K) is ds-open. ThusF~(K) is ds-closed inX.

(c)=(b): Obvious.

(b)=(a): LetV be an open set of containingF(x). ThenF*(V) is ds-open and
x € F*(V). SinceF* (V) is ads-open set there exists a reguRy-setU containingx
such thaty c F*(V). Thus,F(U) c F(F*(V)) c V.

(a)e(d): Clear. O

The proof for the case whekeis |. Ds-super c. is similar.

Definition 7. Let X be a topological space and l&tc X. A point x € X is said
to be ads-adherent point oA if every regularF,-set containingk intersectsA. Let
[Al4, denote the set of all;-adherent points of. Clearly the sef is ds-closed if
and only if [Al4, = A[5].

Theorem 2. A multifunctionF : X~ Yis |. Ds-super c. if and only iF ([A]q,) ©
F(A) for everyA c X.
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Proor. Suppose thaf is |. Ds-super ¢. Sinc&(A) is closed inY, by Theorem 1,
F*(F(A) is ds-closed inX. Also, sinceA c F*(F(A), [Alg, ¢ [F*(F(A)lg; =
F*F([Alg,) Thus,F([Alg,) c F(F*(F(A)) c F(A).

Conversely, suppose([Alq,) ¢ F(A) for everyA c X. LetK be any closed set
in Y. ThenF([F*(K)lg,) € F(F*(K)) andF(F*(K)) c K = K. Hence, F*(K)]q, C
F*(K) which shows thaF is I. Ds-super c. O

Theorem 3. A multifunctionF from a spaceX into a space is . Ds-super c. if
and only if[F*(B)]q, ¢ F*(B) for everyBc Y.

Proor. SupposeF is |. Ds-super ¢. By Theorem I +(B) is ds-closed inX for
everyB c Y andF*(B) = [F*(B)]q,. Hence, E*(B)]q, ¢ F*(B).

Conversely, leK be any closed set iM. Then F*(K)]q, ¢ F*(K) = F*(K) c
[F*(K)]g,- Thus, we havé*(K) = [F*(K)]q,, which in turn implies that F is ID;-
super c. m|

Definition 8. A filter baseF is said tods;-converge to a poir (written asF — x)
if for every regularF,-set containing contains a member &f[5].

Theorem 4. A multifunctionF : X ~» Y is|. Ds-super c. a poink of X if and only
if for eachx € X and each filter basg that Ds-converges tx, F(F) — F(X).

Proor. Assume thaf is |. Ds-super c. and lef % X. Let W be an open set
containingF(x). Thenx € F~(W) andF~(W) is ds-open. LetH be a regulafF,-set

in X such thatx e H c F~(W). Sincef % X, there existdJ € F such thatJ c H and
soF(U) c F(H) c W. Thus,F(F) — F(X).

Conversely, leWW be an open subset §fcontainingF(x). Now, the filterF gener-
ated by the filterbasiy consisting of all regulaF,-sets containing, ds-converges
to x and so by hypothesiB(F) — F(x). Hence, there exists a membgN) of F(Xy)
such that=(N) c W. SinceN e Xy, N is a regularF,-set containingk. Thus, F is
. Ds-super c. ak. ]

Theorem 5. If F : X~ Y is u.Ds-super c. (I.Ds-super c.) and-(X) is endowed
with subspace topology, thénh: X ~» F(X) is u. Ds-super c. (I.Ds-super c.)

Proor. SinceF : X ~» Yis u.Ds-super c. (IDs-super c.), for every open subsét
of Y, F*(VNF(X)) = F*(V)NnF*(F(X)) = F*(V)(F~(VnF(X)) = F(V)NF(F(X)) =
F~(V)) is ds-open. Hencel: : X ~» F(X) is u. Ds-super c. (I.Ds-super c.) O

Theorem 6. If F : X~ Yis u.Ds-super c. (I.Ds-superc.) ands : Y ~ Z u. s. C.
(I. s. c.), therG o F is u. Ds-super c. (I.Ds-super c.).

Proor. LetV be an open subset @ SinceG is u. s. c. (I. s. c.), it follows that
G*(V) (G (V)) is open subset of, and sinceF is u. Ds-super c. (I.Ds-super c.),
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one has thak*(G*(V)) (F~(G~(V))) is ds-open inX. Thus,G o F is u. Ds-super c.
(I. Ds-super c.). O

Theorem 7. Let {F, : X ~ X,,a € A} be a family of multifunctions and let
F : X~ []een Xo be defined b¥r(X) = (F,(X)). ThenF is u. Ds-super c. if and only
if eachF, : X ~» X, is u. Ds-super c.

Proor. Let G, be an open set i,,. Then @,, o F)*(Gy) = F(P;,(Gyy)) =
F*(Gagp X [Taza Xa)- SinceF is u. Dg-super ¢.F*(Gyy X [Tosay Xe) iS ds-open inX.
Thus,P,, o F = F, is u. Ds-super c. HereP, denotes the projection of onto the
a-coordinate spack,.

Conversely, let us suppose that e&ch: X ~ X, is u. Ds-super ¢. To show that
the multifunctionF is u. Ds-super c., in view of Theorem 1, itisficient to show that
F*(V) is ds-open for each open s¥tin the product spacf] e, X.. Since the finite
intersections and arbitrary unions df-open sets arés-open, it stifices to prove
that F*(S) is ds-open for every subbasic open &tn the product spacg] ea Xe.
Let Ug X [1,45 Xo be a subbasic open set jii,ep Xo. ThenF*(Ug X [Tozs Xe) =
F+(P/§(Uﬁ)) = FE(U[;) is ds-open. Hencek- is u. Ds-super c. O

Theorem 8. LetF : X ~ Y be a multifunction ands : X ~ X x Y defined by
G(X) = (%, F(X)) for eachx € X be the graph function. The@ is u. Ds-super c. if
and only ifF is u. Ds-super c. andX is Ds-completely regular space.

Proor. To prove the necessity, suppose tBat Ds-super c. By Theorem &; =
Py o G is Ds-super c., wherd®y is the projection fromX x Y onto Y. Let U be
any open set irK and letU x Y be an open set containir@(x). SinceG is Ds-
super c., there exists a regular ogepsetW containingx such that the implication
X e W= G(X) c UxYholds. Thusx € W c U, which shows thall is ds-open
and soX is aDs-completely regular space.

To prove the sfiiciency, letx € X and letW be an open set containig(x). There
exists open setdd c X andV c Y such that x, F(x)) c U xV c W. SinceX is
Ds-completely regular space, there exists a regbjassetG;in X containingx such
thatx € G; c V. SinceF is Ds-super c., there exists a cozero 8gtin X containing
x such that the implicatiox’ € G, = F(xX') c V. LetG; NG, = H. ThenH
is a regularF,-set containingk andG(H) c U x V c W which implies thaiG is
u. Ds-super c. O

Definition 9. LetF : X ~ Y be a multifunction.

(a) F is said to be uppebDs-continuous (briefly uDs-c.) atx € X, if for each
regularF,-setV with F(X) c V, there exists an opdu set containing such that the
implicationx’ € U = F(X') c V is hold.

(b) F is said to be loweDgs-continuous (briefly [.Ds-c.) atx € X, if for each
regularF,-setV with F(x) NV # @, there exists an open ddtcontainingx such that
the implicationx’ e U = F(X') NV # @ holds.
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(c) F is said to beDs-continuous (brieflyDs-c.) atx € X, if it is both u. Ds-c. and
[. Ds-C. atx € X.

(d) F is said to be uDs-c. (I. Ds-c., Ds-c.) on X if it has this property at every
pointx € X.

Theorem 9. For a multifunctionF : X ~» Y, the following statements are equiva-
lent:
(@) Fisu.Ds-c. (I. Ds-c.).
(b) For everyds-open sev C Y, F*(V) (F~(V)) is an open set iiX.
(c) For everyds-closed seK C Y, F~(K) (F*(K)) is a closed set iiX.

Lemma 1. For a multifunctionF : X ~» Y, the following statements are equiva-
lent:
(@) Fis u.Ds-c.
(b) F(A) c [F(A)]g, forall Ac X
(c) F*(B) c F*([B]g,) forall Bc X
(d) For everyds-closed seK C Y, F*(K) is closed
(e) For everyds-open seG C Y, F*(G) is open

Proor. (a)=(b): Lety € F(A). Choosex € A such thaty € F(x). LetV be a
regularF,-set containindg-(x) and thusy. SinceF is u. Ds-c., F*(V) is an open set
containingx. This givesF*(V) N A # @ which in turn implies thaV N F(A) # @ and
consequently € [F(A)]q,. HenceF(A) c [F(A)]g,.

(b)=(c): Let B be any subset of. ThenF(F*(B)) € [F(F*(B))]q, < [Blq, and
consequentlyF*+(B) € F*([Blg,)-

(c)=(d): Since a seK is ds-closed if and only ifK = [K]g,, therefore the impli-
cation (c¥(d) is obvious.

(d)=(e): Obvious.

(e)=(a): Since every cozero setds-open and since a multifunction is Ds-c. if
and only if the inverse image of every regukay-set is open. Hence, ©)a). O

Theorem 10. Let X, Y andZ be topological spaces and let the functien X ~ Y
be u.Ds-c. andG : Y ~» Z be u.Ds-super c. ThefGo F : X~ Zis u. s. C.

Proor. Since G o F)*(V) = F*(G*(V)), itis immediate in view of Lemma 1 and
Theorem 1. O

Theorem 11. LetF : X ~ Y be a u. s. c. (I. s. c.) multifunction defined on a
Ds-completely regular space. Thénis u. Ds-super c. (I.Ds-super c.).

Proor. In a Ds-completely regular space, every open se&kispen. O

Definition 10 ([5]). Let f : X — Y be a surjection from a topological spake
onto a seY. The topology onY for which a subsefA c Y is open if and only if
f~1(A) is ds-open inX is called theDs-quotient topology and the maipis called the
Ds-quotient map.
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Theorem 12. Let F be a multifunction from a topological spa¢¥, ;) onto a
topological the spacéY, r»), wherer; is Ds-quotient topology ofY. ThenF is |. Ds-
super c. Moreover; is the finest topology ol which makes the map : X ~ Y
I. Ds-super c.

Proor. The I. Ds-super continuity ofF follows from the definition of theDs-
guotient topology. O

Theorem 13. Let f : X — Y be aDs-quotient map. Then a multifunctida :
Y~ Zisl.s.c.ifand only ifF o f is|. Ds-super c.

Proor. If U is an open set iZ andF o f is |. Dg-super c. thenK o f)*(U) =
f+(F*(U)) = f~1(F*(U)) which isds-open inX. Sincef is Ds-quotient mapF*(U)
is open inY. Thus,F is . s. c. Conversely, |ef : Y ~ Zbe u. s. c. LeU be an
open set irZ. By the |. Ds-super continuity ofF o f, (F o f)*(U) = f~1(F*(U)) is
ds-open inX. O

4. Dg-COMPLETE REGULARIZATION

In this Section we show that if the domain of upper-lovilag+-supercontinuous
multifunction F is retopologized in an appropriate way, theris simply a upper-
lower semi continuous multifunction.

Let (X, 1) be a topological space and fgtlenote the collection of all requl&, -
subsets ofX, 7). Since the intersection of two regulgg-sets is a reguldf-set, the
collectiong is a base for a topology* on X called theDs-complete regularization of
7. Clearlyt* c 1. The spaceX, 1) is Ds-completely regular if and only if* = 7 [5] .

Throughout the section, the symhdlwill have the same meaning as in the above
paragraph.

Theorem 14. A multifunctionF : (X, 7) ~ (Y, o) is u. Ds-super c. if and only if
F:(X,7)~ (Y,0)isu.s.c.
Theorem 15. Let (X, ) be topological space.Then the following are equivalent.
(a) The spacéX, 1) is Ds-completely regular.
(b) Every upper-lower semi continuous multifunction frQ¥y7) into a space
(Y, o) is upper-lowerDs-supercontinuous.

Proor. (a)=(b): Obvious.

(b)=(a): Take ¥, o) = (X, 7). Then the identity multifunctiory on X is upper-
lower semi continuous and hence upper-loBgfsupercontinuous. Thus, by Theo-
rem 11, k : (X, ) — (X, 1) is upper-lower semi continuous.Sintee 7 implies
1;(1(U) = U € 1", c *. Thereforey = " and so K, 1) is Ds-completely regu-
lar. ]

Theorem 16. LetF : (X, 7) ~ (Y, o) be a multifunction. Thef is upper-lower
Ds-continuous multifunction frortX, 7) to a spacqY, o) if and only if F : (X, 7) ~
(Y, ™) is upper-lower semi continuous.
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AsstracT. The method of quasilinearization coupled with the method of lower and
upper solutions has been very useful in providing an analytical approach to ob-
taining approximate solutions of non-linearffdrential equations. In this paper,

it is applied to systems of non-linearfiirential equations with a singular matrix.
Sequences of approximate solutions are convergent to the solution and the conver-
gence is quadratic or semiquadratic.

Mathematics Subject Classificatio34A45

Keywords: quasilinearization, monotone iterations, quadratic and semiquadratic
convergence

1. INTRODUCTION

Letyo, 2o € CH(J, R™) with yo(t) < zo(t), yo(t) < 7,(t) onJ and define the following
set

Q={(t,u,v) : yo(t) U< (L), yo(t) <v<7Z(t), ted uoveRM.

In this paper, the vectorial inequalities mean that the same inequalities hold between
their corresponding components.

Assume thafA is a singular square matrix of orderand f € C(Q, R™). In this
paper we shall study the following system offdrential equations

AX(t) = f(t, x(t), X'(t)), te J=]0,b] (1.1)
with the initial condition
X(0) = xo € R™ (1.2)
The method of quasilinearizatiorfers an approach for obtaining approximate solu-
tions to non-linear dferential equations. It has been generalized in recent years by
Lakshmikantham and various coauthors to apply to a wide variety of problems, (see,
for example, [5-12] and [3, 4]). In this paper, we apply this technique to problems

of type (1.1)—(1.2). We show that it is possible to construct monotone sequences that
converge to the solution if is replaced byf + g with f + ® convex andy+¥ concave
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14 T. JANKOWSKI

for some convex functio® and for some concave functidhh This convergence is
guadratic or semiquadratic. This paper generalizes the results of [#]ddks not
depend on the third variable with a unit matrix in the placé&gahen problem (1.1)—
(1.2) is considered in [8].

2. ASSUMPTIONS

In the place of (1.1)-(1.2), we consider the system fiedential equations of the
form:
AX (1) = f(t, x(1), X' () + g(t, x(t), X' (1)) = Z(t, x,X), te]
X(0) = xo € R™,
whereJ = [0,b] and f,g € C(J x R™x R™ R™). Note that problem (2.1) is identical
with the problem

2.1)

X (t) = (A+ B)".Z(t, x, X) + BX(t)], ted
X(0) = %o

provided thatB is anm x m matrix such thatA + B)~ exists.
A functionv € C1(J R) is said to be a lower solution of problem (2.1) if

v'(t) < (A+ B (L o(t), ' (1) + BY (D], ted v(0)< X,
and an upper solution of (2.1) if the inequalities in these relations are reversed.

Let us introduce the following assumptions:

Hi. There exists a square matri of order m such that the matriA + B is
non-singular andA + B)™'B > 0; moreover, forf,g € C(Q,R™), function
& = f + g satisfies the Lipschitz condition with respect to the last variable,
so foru, @, @ € R™ such thao(t) < u < 7o(t), yy(t) < a,a < Zy(t) onJ, the

condition
I(A+B)".Z(t,u,a) - Z(t,u,a)] < (A+B) Bl - a
holds, wheréa| = (Ja4), ..., lam)" for @ € R™.

Ho. fx, gx, @, Oy, @, ¥, Px, ¥, € C(, R™); herex andy denote the second and
third variable, respectively.

Hs. The matricesA + B)~1Fy, (A + B)~1®, are non-decreasing with respect to
the second variable, ané ¢ B)"1G,, (A + B)"1¥, are non-increasing with
respect to the second variableQwith F = f + ®, G =g + V.

Has. (A+ B)"'Fy, (A + B)~1®, are non-decreasing in the third variable, aAd-(
B)~1Gy, (A + B)"1¥, are non-increasing in the third variable On

Hs. (A + B)"V(t,y0,20) > 0, t € J for some functionV defined later [A +
B)~V(t, yo, 20) > 0 means that the entries of the matx+« B)"1V(t, yo, Zo)
are non-negative].
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Hg. There exismx mmatricesCy, Cp, C3, C4 with non-negative entries such that

|(A+B) [ fx(t u,v) - f(t G| < Co D Tlui = Gl + loi — ail],
i=1

|(A+B) ™ gx(t, U 0) - gx(t. O] < C2 ) [iui = Gl + o - will,
i=1

|(A+ B) ™ [@x(t, U, v) — Dx(t, U,0)]| < C3 inui = G| + [vi — uill,
i=1

m
|(A+ B [x(t, U, 0) - Px(t, G, 0)]] < Ca ) [Iui = Gil + oy — o]
i=1
for yo(t) < u < zo(t), yp(t) < v, v < Z(t), t € Iwith u,u,v,0 € R™.
3. MAIN RESULTS

The next lemma is a special case of Theorem 1.1.4 from [8].

Lemma 1. Assume thasj(t) > 0,t € Jfori # j, whereS = [s;] is a continuous
square matrix of ordem. Let p € C(J,R™) and

p'() <SMPM), ted
p(0)<0=10,...,0]".

m

Thenp(t) <0onJ

Lemma 2. Let assumptionsl; andH3 be satisfied. Then, far, v, u,v € R™ such
thatyo(t) < u < u < 70(t), yo(t) < v < v < Z(1), te J we have

(A+B) [ F(tuo) - Z(LU 0] < (A+B) H[~Fx(t,u,v) - G(t, U 0)
+ Dy(t, u,v) + Px(t, u,v)](u— u)+B(v — v)}.
Proor. The mean value theorem and assumptiaryield
(A+ B) .7 (t,u,v) - Z(t,0,0)]
= (A+B) .7t uv) - Z(t,0,0) +.Z(t,00) — Z(t,0,0)]

<(A+ B)‘l{[fl Fy(t, su+ (1 - s)u,v)ds| (u—U) + B(v - v)}
0
=(A+ B)—l{fl[Fx(t, su+ (1 - 9u,v) + Gx(t, su+ (1 - s)u,v)
0

— Dy(t, su+ (1 - s)u,v) — ¥x(t, su+ (1 — s)u,v)]dgu—u) + B(v — v)}.
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Hence, we have the assertion of Lemma 2, by using assumggion

O

Now we are in a position to prove the following result:

Theorem 1. Assume thaf, g € C(Q, R™), and

() yo,20 € CYHJ,R™) are lower and upper solutions of problef®.1) and such
thatyo(t) < zo(t) andyg(t) < z(t) onJ,
(i) Assumption$i;—Hg hold with

V(t,y,2) = Fx(t,y,y') + Gx(t, 2 Z) — O«(t, 2 Z) — ¥x(t, y, y).

(iii) Problem(2.1) has at most one solution.

Then, there exist monotone sequenggs {z,} which converge uniformly od to
the unique solutiorx of problem(2.1). Moreover, the convergence is quadratic with
respect tau and it is semiquadratic with respect tb for u = y, andu = z,.

Proor. Letyn,1 andz,,1 be the solutions of the linear initial value problems
Va1 (®) = (A+ B H.Z (t, yn, yp) +Byn(tH V(t, yn, Z0)[ynea () —yn ()]},
yn+1(0) = XO’

and

Z1(0) = (A+ B HF(t, 20, 2) + BZ(0) + V(b yn, 20)[Zns1() ~ Za()]},
Z,+1(0) = Xo,
forn=0,1,.... Note that the sequencég}, {z,} are well defined.
First of all, we shall prove that
yo(t) < ya(t) < z1(t) < (1), teJ

yo(t) < ¥4 < Z (1) < Z(1), ted (3.1)

Let us putp = yo — y1, S0 p(0) < 0. Then we see that

P'(t) < (A+B)H{.F (o, yo) + Byo(t) — F (L, yo, yo) — Byo(t)
= V(t. yo. 20)[y1(t) — yo(®)]} = (A+ B) V(L. yo. 20)p(t). te J
AssumptionHs and Lemma 1 yieldy(t) < 0 onJ proving thatyo(t) < y1(t) on J.

Since @ + B)"V(t, yo, 20) > 0, andp(t) < 0 onJ, thenp/(t) < 0, soy(t) < y;(t)
on J By the same way we can show thaft) < zo(t) andz(t) < z(t), t € J Put
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p = y1 — z3. Then, by Lemma 2 and assumptibla, we have

P'(t) = (A+B) T (t, o, yo) — Z (t 20, Z) + Blyp(t) - Z()]
+ V(t, yo, 20)[y1(t) — yo(t) — z1(t) + 2o(t)]}
< (A+ B) " H[-Fx(t, yo, ) — Gx(t, 20, yg) + Px(t. 20, 1)
+ Wx(t, yo. yp)l[ 20(t) — yo (V)] + BZ(t) — yo(1)]
+V(t yo, 20)[y1(t) — yo(t) — a(t) + Zo(t)] + Blyp(t) — (1}
= (A+ B) H[Gx(t, 20, %) — Gx(t, 20, yp) + Px(t, 20, yp)
— Ox(t, 20, Z)][ 20(t) —yo (V)] + V(X yo. o) P(t)}
< (A+B) V(L. yo. 20) P(t)
with p(0) = 0. Hence, we hav(t) < 0, and thenp’(t) < 0 onJ which shows that
y1(t) < z1(1), y1(t) < Z (1), t € J. This means that (3.1) holds.
In the next step we need to show thatandz; are lower and upper solutions of
problem (2.1), respectively. By Lemma 2 and assumpttiénandH,, we obtain
Y1) = (A+ B)"H.F (t, yo, yo) + Byp(t) + V(t. yo, 20)[ya(t) — yo(®)]}
< (A+ B H.Z (L, y1. y3) + By (1) + [-Fx(t, yo. yp) — Gx(t, y1. yp)
+ Ox(t, y1, yo) + ¥x(t yo. yp)llya(t) — yo(V)] + V(L. yo, Z0)[y1(t) — yo(D)]}
= (A+ B H{.F (t,y1. yy) + By (t) + [Gx(t. 20, %) — Gx(t, y1. 4p)
+ Dy(t, y1, yo) — Cx(t, 20, Z)1[y1(t) — yo(V)]}
< (A+B) [ F(tys.y) + Byi (D),
and

(1) = (A+ B H.Z (1, 20, 2)) + B(t) + V(t yo, 0)[z1(t) — 20(1)]}
> (A+B) H{.F(t. 1. Z) + BZ(t) + [Fx(t. 1. ) + Gx(t. 0. Z)
— Ox(t, 20, Z) — Px(t, 21, Z)[20(t) — z2(t)] + V(L. yo, 20)[2(t) — Zo()]}
= (A+ By M. (t. 2. ) + BZ(t) + [Fult. 2. ) — Fx(t. yo. vp)
+ Gy(t, 20, Zl) - Gx(t, 20, %) + Oy(t, 20, 26) — Oy(t, 20, le)
+Wx(t, yo, yo) — Px(t, 21, Z)[20(t) — 2 (D]}
> (A+B) .7 (t, z1,7) + BZ(1)]

which shows thal; andz, respectively, are lower and upper solutions of problem
(2.1). Let us assume that

y-1(t) < yk(t) < z(t) < za(t), ted,
Y1 () S y(t) < Z (1) < Z_4(1), tel
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and letyy, z« be lower and upper solutions of problem (2.1) for sdare 1. We shall
prove that

yk(t) < yea(t) < Zera(t) < z(t), ted,
Ye®) < i () < Z, (D) < Z (1), ted
Putp = yk — yk+1. Then

P < (A+B)HF (6 o v + Bric(®) — Z (t vk i) — Bui(®)
= V(t, k> 20 [yk1(0) — ()]} = (A+ B)V(t, yx, 20 p(t)
with p(0) = 0. Note that, by assumptior$;—Hs,
(A+ B)V(t k- 20) = (A+ B) " [Fu(t, v 1) + Gx(t: 2, 4) — Oult, 2, Z)

= Wx(t, yi, Y]

> (A+ B) ' [Fx(t. yo. Yo) + Gx(t, 20, Zy) — Ox(t, 20, 7))
— Wx(t, yo. yp)]

= (A+B)V(t,y0,20) > 0, teJ

Hence, by Lemma 1p(t) < 0, p/(t) < 0,t € J, which shows that(t) < yk:+1(t) and
¥ () < y4(0), t € J Using the same argument we can prove thaf(t) < z(t),

z.,)<z(),ted
Let p = yks1 — Z+1. Thenp(0) = 0. Using Lemma 2 and assumptibfy, we get

P'(t) = (A+ B HZ (tyw y) — F (1. 2 Z) + Blyi(t) — Z(1)]

+ V(t, yk 20 [yk+1(t) — yk(t) = Zera (V) + z (O]}

< (A+ B) H{[=Fx(t. vk y) — Gx(t. Z, yi) + Ot 2, 1)
+ Wx(t, s il Z() — yk(®)]
+ V(t, yk, Z)[yk+1(t) — yk(t) — Zr2 (1) + (D]}

= (A+ B) " H[Gx(t, z, Z) — Gx(t, Z, y}) + Dx(t, Z, yp)
— Ox(t, Z, Z)I[Z () — yk(®)] + V(L yx. 20 p(L)}

< (A+B)WV(t, yi, 2)p(t), ted

This proves thayk1(t) < zu1(t), andy, ,(t) < z (1), t € J, so relation (3.2)
holds. Hence, by induction, for all we have

yo) <yr(®) <+ <yn() <z(t) <--- < z(t) < (1), te
yo) <yiM) < - <yp) < () < --- < Z (1) < z(b), ted
Employing standard techniques (using the Arzeli theorem and the Lebesgue theo-
rem), it can be shown that, — v, y, — v,z — 2, Z, — Z, y,z€ C}(J,R™), where
y andz are solutions of problem (2.1). Hence, by assumption (iii), we ave = x
on J is the unique solution of (2.1).

(3.2)
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The order of convergence of sequenétss, {z.}, {y;}, {z,} is considered in the
next part of our considerations. For this purpose, we put

Pn+1 = X—=yn+1 2 0, O+l =2Zn+1—%X>0 on J

and note thapn,1(0) = gn+1(0) = 0 for n > 0. Using the integral mean value theorem
and assumptionds, Hs, Hg, we get

Pra(®) = (A+ B HF (L, % X) + BX() = F(tyn, X) + Z (L, yn, X)
= Z(tyn. yn) = V(& yn, Z0)[yn+2 () = X(1) + X(t) = yn(t)] — Byn(t)}

1
<(A+ B)‘l{[ f Fx(t, $X+ (1= yn, X)ds| pa(t) + 2BIpy (1)l
0

V(t g Z0) [ Prea () — pn<t)]}

=(A+ B)‘l{fl[Fx(t, sX+ (1= 9yn, X) + Gx(t, sx+ (1 — Syn, X)
0
= Dy(t, SX+ (1 = 9yn, X) = Px(t, sX+ (1 = yn, X)]ds m(t)
2BIBHO)+ V(Lo 20 [Pra() - P01

<(A+ B)_l{[l:x(t’ X, X') = Fx(t, yn, yp) + Gx(t, yn, X') — Gx(t, 20, )
+ Dx(t, Zn, 7)) — Dx(t, yn, X') + Px(t, yn, yp) — Px(t, X, X)] pn(t)

m
< {(Cl +Cp + 2C3 + 2Ca) Z Pri(t)
i=1

+(Ca+ Ca +Ca) ) [ani(t) + Iy (O]

-1
+(C1+C3+Cy) Z Ip;,i(t)l} Pn(t)
i1

+ (A+ B)H{2BIpp(t)] + V(t, yn, Zn) Prsa(t)} -
Note that

Pri(t) Pn(t) < 2|on(t)+ Twi,
(3.3)

e il

Oni(t) Pa(t) < —pn(t)+ Woﬁ(t)

I
=
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wherepi = [p,,.... Panl"» W = [wij], wij = 1,i,j = 1,...,m This and previous
calculations give

Py 1(®) < Kpnaa() + ALpa(t) + AcR(t) + Aslph()I? + Adldih (D)1 + Aslph()l  (3.4)

with (A+ B) 1y < K1, (A+ B)1gy < Ko, K = K1 + K> onQ. Here, K1, K, aremx m
non-negative matrices and

1

A = 5(C1+C + 2C5 + 2Ca)(ml + W) + (Cz + Cs + Ca)m
+(C1+C3+ C4)g,
1

A = E(Cz + C3 + C4)W

1
Az = E(Cl +C3+ C4)W,
A=Ay,
As = 2(A+ B)B.

There is no loss of generality assuming tKat' exists such thaki; > 0, wherek;;
represents the components of this matrix. Hencet, &4d, we have

t

Pra() < [ €I AP + AR(S) + AdPLLIF + Ad (S + Alpi(9l]d
This implies

max||pn: 1))l < B1 max||pn(t)[I?+ B2 max|ign(t)||*+ Bz max|| ph (1)l

ted ted ted ted

+ By max||g,t)II? + Bs max||p,®)ll, (3.5)
ted ted
where|lvl2 = [Jo1%, . .., lom?]", v € R™, and
Ao =K B = AoA,
fori = 1,5. Combining (3.4) and (3.5) we obtain
/ AN 2 N 2 A / 2
rggxnpml(t)ll <A rPE%X“pn(t)H +A rpgxllqn(t)ll + Az rgajtxllpn(t)ll

+ Ay max|g(B)II? + As maxi|p0)ll
ted ted

with A = A, + KB;,i = 1,5.
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Similarly we have

U1 = (A+ B HT (4. 2, ) + BZ(H) — F(t. %, Z)
+ 7 (1, % 20) = F(t, X, X) + V(t, yn, Zn) O+ 2(t) — an(t)] — BX (1)}

<(A+B)™1 {[fl FIx(t, sz + (1 - 9X, 2;1)ds] an(t) + 2By, (1)
0

V(L Z)l e () - (0] |

<(A+ B)_l{[Fx(te Zn, Z,) — Fx(t, yn, yn) +Gx(t, X, Z,) - Gx(t, Z1, Z,)
+ Dy(t, 2, ) — Dx(t, X, Z) + Px(t, un, yp) — Px(t, zn, Z,)] (1)
+ V(t, Yn, Zn)On+1(t) + 2BJoy ()1}

m
< {(Cl +Cy + 2C3 + 2Cy) Z ani(t)
i=1

m
+(C1+C3+Cy) Z[pni(t) +1pri (O] + |%(t)|]} On(t)
i=1
+ Kns1(t) + Aslan ()l
< D1pA(t) + D203(t) + D1lps(t)I2+ D1l (t)%+Kans1(t) + Asldi(t)1,
where

1
Dy = E(Cl +C3+ ChW,
3 1
Dy = Em(Cl +C3+ C4) + E(Cl +Co+2C3+ 2C4)(ml + VV)
Hence,
max||gns1(t)ll < By max||pa(t)lI? + B2 max||gn(t)l1? + By max||p,0)I?
ted ted ted ted
+ By max|ig,(®)I? + Bz max||ap(b)ll,
ted ted

whereB; = AgD1, By = AgD», andBs = BsA.
Combining this with the last relation fay, , , we get

’ P 2 1 2 P / 2
<
r{g\anm(t)ll_Llrggxnpn(t)ll +Lzrp€<'31XIan(t)ll +L1rp€r31XI|pn(t)ll
+ L max| )l + Lz max|ig,(®)ll,
ted ted

with Ly = D1 + KBy, L, = Dy + KBy, andLg = As + KBg. This completes the
proof. O

Let us introduce the following assumptions:
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Hiz (i) (A + B)"'F4 is non-decreasing in the third variable énandV; =
Fx(t,y,y'), or
(i) (A + B)"1Fy is non-increasing in the third variable gd andV, =
Fx(t,y,Z).
Ho7 (i) (A + B)™1Gy is non-increasing in the third variable d& and V> =
Cx(t,z Z), or
(i) (A + B)1Gy is non-decreasing in the third variable énandV, =
G«(t,z y').
Hs7 (i) (A + B)™1®, is non-decreasing in the third variable énhand Vs =
Dy(t,2,Z), or
(i) (A + B)"dy is non-increasing in the third variable g& and V3 =
DOu(t,z y).
Hs7 (i) (A + B)"1¥, is non-increasing in the third variable @b andV, =
Yy(t,y,y'), or
(i) (A + B)™1¥, is non-decreasing in the third variable énhandV, =
Yy(t, y, 2).

The set of all assumptions froi17 to Ha7 will be denoted byH7. Since in any
assumptiondd17—Hs7 we have two cases (i) or (ii), so we have 16 possibilities for
constructing assumptidf;. Note that if we choose case (i) in any assumptidps-
Ha7, then assumptiohl; is identical with assumptioRi,.

Now we can formulate the following

Theorem 2. Assume that the assumptions of Theorem 1 are satisfied with assump-
tion H-; instead ofH4 and for

V:V1+V2—V3—V4.
Then the conclusion of Theorem 1 is true.
Proor. Since the proof can be constructed on the basis of the proof of the previous
theorem, we shall only indicate the necessary changes. We should create assumption

H. Let H7 be produced from assumptioRlg7(ii), Ho7(ii), Ha7(ii), and Hy7(ii). Note
that the sequencég,}, {z,} are constructed as before with

V(t,y,2) = Fx(t,y,Z) + Gx(t, 2 y') — Dx(t, 2 y') — ¥x(t, y, Z).

Based on the assumption
(A+B)V(t,y0,20) = 0

and Lemma 1, it is quite easy to show that) < yi(t), yo(t) < y1(1), zu(t) < (1)
andz(t) < z(t) onJ. If we putp = y; — z, then, by Lemma 2 and assumptions
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Ha17(ii), Haz(ii), we have

P'(t) < (A+ B) H[-Fx(t, yo, yp) — Gult, 20. yp) + Px(t. 0, )
+ Wx(t, yo. yp)l[ 20(t) — yo(B)] + BlZ(t) — yo(1)]
+ V(t, yo, 20)[ya(t) = yo(t) — zu(t) + z0(t)] + Blyp(t) — (O]}
= (A+ B) H[Fx(t, 5o, Z) — Fx(t, 5o, yp) + ¥x(t, yo, yp)
= ¥x(t, yo, Z)I[20(t) — yo(V)]
+V(t, yo. 20)P(t)} < (A + B)V(t, yo, 20) (1),
p(0) = 0.
Hence, by Lemma 1, we hay#t) < 0, and thereforegy’(t) < 0 onJ which shows
thaty:(t) < zi(t), y(t) < Z(1), t € J It means that (3.1) holds.

In the next step we need to show thatandz; are lower and upper solutions of
problem (2.1), respectively. Note that, using Lemma 2 and assumptipaadHz,
we get

Y (1) < (A+ B) " H.Z (t,y1. yy) + By (1) + [~Fx(t. yo. y5) — Gx(t, y1. yp)

+ Ox(t, y1, yg) + Px(t, yo. yp)llya(t) — yo(t)] + V(L. yo, 20)[ya(t) — yo(t)]}
= (A+B) ™ MF (ty1, 1) + By () + [Fx(t yo. ) — Fx(t yo, o)
+ Gx(t, 20, o) — Gx(t, y1. o) + Px(t. y1. yg) — x(t, 20, o) + ¥x(t. vo, yp)
— Px(t, yo. Z)][ya(t) — yo(O]) < (A+ B) ' [.F (t,y1,y) + Byy (1),
and
(1) > (A+ B {7 (t,21,2) + BZ(t) + [Fx(t, 21, Z) + Cx(t, %0, Z)
— D(t, 20, ) — ¥x(t, 22, )1 20(t) — 22 (V)] + V(L. yo, Z0) [z (1) — Z0(1)]}
= (A+B) YT (L2, 2) + B4(1) + [Fx(t. 2, 2) — Fx(t.yo. %)
+ Gx(t, 20, Z) — Gx(t, 20, ) + Ox(t, 20, y) — Px(t. 20, 2))
+ Wx(t, yo. ) — Yx(t. 21, Z)][ 20(t) — 22 ()]}
> (A+B)[F(t,21,2) + B4 (1)),
which shows thal;; andz; are lower and upper solutions of problem (2.1), respec-
tIV?Bl});.induction inn, we can show that
yo(t) <ya) <--- <yn(t) < z(t) <--- < z1(t) < 2(t), te ]
Yo <yi(®) < -+ <yp® < (M) <--- < Z (M) < (1), ted

for all n.



24 T. JANKOWSKI
Employing standard techniques, it is easy to concludeyhat vy, y, — v',zn —
z 7z, — Z,y,ze CY(JRM), wherey andz are solutions of problem (2.1). Hence, by
assumption (iii), we havg = z= x on J is the unigque solution of (2.1).
To show the quadratic and semiquadratic convergence, we set

Pn+1 = X—yns1 > 0, On+1=Zns1—%X20

onJ. Note thatpn;1(0) = dn+1(0) = O for n > 0. The beginning forp, , , is the same
as in the proof of Theorem 1, so

P < (A+ B)_l{fl[':x(t’ SX+ (1 - 9)yn, X) + Gx(t, sx+ (1 = S)yn, X)
0
— Oy(t, sX+ (1 — Syn, X') — Px(t, sx+ (1 — Syn, X')]ds (1)

+ 2BIPL(0] + V(& g ) [Pt () — (0] }

Now, using the same argument as in the proof of Theorem 1, we can prove that

max||pns1 (Ol < @1 max||p(t)l|? + a2 max|ign(®)lI? + az max||ph ()12
ted ted ted ted

+ aa max|igL®)II? + as max||p,O)ll
ted ted
and

/ — 2 — 2 — / 2
<
mtegxnpml(t)ll < mtEgXIlpn(t)ll +az mtegXIlqn(t)Il + a3 mtegXIlpn(t)ll

+ aa max||gh()1 + @s max|iph(@)ll
ted ted
where
1 1 1
01 = écl(ZmI + W) + §C2(3ml +W) + E(Cg + Cq)(5ml + 2W),
1
02 = z(cz +C3+ Cyh)W,
1
03 = 5(03 +Cay)W,

1
04 = 5(01 +C2+C3+Cy)W,
05 = As,

ande; = Agdi, @ = 6i + Kai, i = 1,5, with Ay andK defined as in the proof of
Theorem 1.
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Similarly, we can show that

max]idn.1(8)Il < A1 maxi|p(t)]® + B2 max|ign(t)]® + Bz max|p ()l

ted ted ted ted

+ Bamaxiign®)l? + Bs maxigh @)
ted ted
and
max||d.. ; (0| < B max||pnII? + B> max||an(t)|I? + Bz max||plt)||?
na Mo, 1 (DI < B2 na IPn (DI + B2 na lan (DIl + B3 na PRIl

+ Ba max||g,(B)II? + Bs max|g(©)ll,
ted ted

with
1
nm = E(Cl + 2C3 + C4)VV,
1
n3 =n4 = E(Cz + C3 + C4)W
175 = As,
1 1 1
2 = 5Ca(2ml + W) + 5Co(3ml + W) + 5(Cs + Ca)(5ml + W),
and

Bi = Ao, Bi =i + K

fori =1,5.

Itis now easy to construct the proofs of the assertions corresponding to the remain-
ing cases of assumptidd; following the proof of Theorem 1 and the proof given
above. We omit the details. The proof of this theorem is therefore complete.o

Remarkl. Note that ifv is a lower solution of problem (2.1) ané ¢ B)™* > 0,
thenv satisfies the relation

AV (1) < Z(t o), (1), ted v(0)< x.
Here, A + B)~1 > 0 means that some entries &f{ B)~! may be equal to zero.
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1. STATEMENT OF THE PROBLEM

We consider the singularly perturbedfdrential system

ex=Ax+eA(t)x+(t), tela,b], O<ex1, (1.1
IX() =h, he R™, 1.2)

where the cofficients of system (1.1) and equation (1.2) satisfy the conditions:

(H1) Ais a constantr(x n) matrix. If ; are eigenvalues @&, thent; = 0,i = 1.k,

k<n,Req <0,i =k+1,n,asp, p <Kk, linearindependent eigenvectors of
matrix A correspond to the zero eigenvalue;

(H2) Aq(t) is an @ x n) matrix, A1(t) € C*[a,b], ¢(t) is ann-dimensional vector-
functiong(t) € C*[a, b];

(H3) I : C[a,b] » R™is anmdimensional linear bounded vector-functional,

| =col(l%,...,IM);
(H4) The degenerate (= 0) system (1.1)Ax + ¢(t) = 0, is solvable with respect
to Xo.

We look for ann-dimensional vector-functior(t, €): x(-,€) € Cl[a,b], x(t,-) €
C(0, &), satisfying (1.1), (1.2) and following relation limg x(t, £) = Xo(1), t € (a,b].

© 2006 Miskorc UniversiTy PRESS
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We shall consider the case # nandp < k. We use an asymptotic method of
the boundary functions and construct an asymptotic series for the boundary-value
problem (1.1), (1.2) with de& = O (the critical case [10]).

In the casean = n andp = k an asymptotic solution of the Cauchy problem and
two point boundary-value problem for linear and quasilinear systems is studied in
[10] on the basis of the method of boundary functions. In the non-criticalroase
and defA # 0 the system is studied in [5]. Whem= nandp = k, the problem (1.1),

(1.2) is considered in [8].

The construction of an asymptotic solution of (1.1), (1.2) in this work n, p < k
is represented on the basis of generalized inverse matrices and projectors [1,4,7] and
central canonical form [2, 3].

We denote by, np,...,np (Zip:1 n; = k) the lengths of the Jordan cells. We will
consider the case wherg > - > N, Ng,1 = Ns;2 = --- =Np_1 = Np = 1,i. e, the
matrix A has a block diagonal representation

A=diag@, Ji, J2,..., s, Op_9), (1.3)
whereA is a (( — k) x (n — k)) matrix and has eigenvalues with negative real parts,
Ji,i =18 are @ x n;) Jordan cells, an®p_s is the ((p — s) x (p — 9)) zero matrix.

By A, we denote the unique Moore—Penrose pseudo-invars@) matrix of the
matrix A [4, 7]. Denote byP, andPa: orthoprojector®a : R" — kerA, Pa: : R" —
kerA*, A* = AT. According to (H1) we find ranR = n— p and rankP = rankPa. =
n-(n-p) = p. LetPa, be a (1 x p) matrix with p linear independent columns from
the matrixPa, and letPx; be a ( x n) matrix withkplinear independent rows of the
matrix Pa:.

LetC = Pa;Pa, be an (n x n)-constant matrix.

Lemmal. rankC = p-s.

Proor. The proof is based on the equalitigs, = diag (11,...,1,0) andJ'J
diag(Q1,...,1,1). Keeping in mind the representation

A" = diagA ™, 37, J5,..., 31, 0p9)

and the equalitie®a = E, — ATA, Pa- = E, — AA", we get thatC = Pa:Pa,
diag (QEp-s),i. €., rankC = p-s. O

We consider the degeneratéfdrential system
Cdgtz(t) = B@t)z(t) + I(t), te[ab], (1.4)

whereC is the matrix from Lemma 1.18(t) = Pa; A1(t)Pa, is (p x p) matrix, andl
is a p-dimensional vector-functior(t) € C*[a, b].
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Let the matrixB(t) have the block representation
B1a(t) Ba(t)
B2a(t) Ba2(t))’

where the matriceB;1, B1o, Bo1, andBy, have dimensions f(— s) x (p—9)), ((p -
9) X 9), (sx (p—9)), andsx s, respectively.

Lemma 2. Systen{l.4)takes the central canonical form if and onlydétB;; # O
Yt € [a b].

Proor. The proof of Lemma 2 is based on Lemma 1 and the work [3]. O

In accordance with Lemma 1 under: sand Lemma 2§ x p), matricesP(t) and
Q(t) exist such that substituting(t) = Q(t)y(t) and multiplying byP(t) on the left,
the system (1.4) takes central canonical form

d
(5 %9 ot ws
where0s is the (x s) zero matrix,L(t) is a ((p—s) x (p— s)) matrix, E,_s andEs are

((p—9) x (p-9) and (sx 9) unit matrices, respectively, apdgt) andv(t) are (p— )
ands-dimensional vector-functions such that

Pa() = (1)) 1.6)

Let the (p— s)-dimensional vector-function(t) ands-dimensional vector-function

u(t) are such thag(t) = (l:g))) . Then the system (1.5) takes the form

Gi(t) = LEui(t) + i(t),
0 = v (t) + vi(t).

We denote byd(t) a normal fundamental matrix of the solutions of the system -
L(t)x. Then system (1.7) has a generalized solution

u(t) = OO (O +ut), neRPS,
o(t) = —v(t),
whereu(t) = (1) [} ®~X(u(s)ds
Let the matrixQ(t) be reduced to the block for@(t) = [Qx(t), Q2(t)], where

Qi) is a (p x (p — 9)) matrix andQ-(t) is a (p x s) matrix. Keeping in mind the
substitutionz(t) = Q(t)y(t), wherey(t) = [u(t), o(t)]" , we obtain

Z(t) = Qu(t)u(t) + Qa(t)o(t).
In the last equality we substitute solution (1.8). Thus,
Z(t) = o(t,a)n + Zt), t € [a,b], n € RP3, (2.9)

(1.7)

(1.8)
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where
d_D(t, a) = Q()O()d @) isa (px(p-s) matrix and

Z(t) = Qu(u(t) — Qa(t)(t) (1.10)

The following lemma is needed.

Lemma 3. Let the matrixA satisfy condition(H1), and let the vector-function
f(r) € C[0, +o0) and satisfy the inequalityf (7)|| < c.e7*", wherer > 0, ¢; > 0,
andai > 0. Then there exist positive constantandy such that the systedx/dr =
Ax+ f(r) has a particular solution of the form

K@= [ K 9f(9ds
0
satisfying the inequalityx(r)|| < cexp ~y7), v > 0, where
K(r.9) = X(1)PX1(s) for0<s<7t <o,
T =X@)( -P)XYs) forO< 1< S< oo,
andP is the spectral projector of the matrikto the left semi-plane.

The lemma is proved analogously to a similar lemma in [5].

2. FORMALLY ASYMPTOTIC EXPANSION
We shall seek for a formally asymptotic expansion of the solution of problem (1.1),
(1.2) in the form of the regular and singular series

X(t, £) = i dx®+ (). 7= 2 (2.1)

i—0 €

wherex;(t) andIT;(r) are unknowm vector functions. BYT;(r) (see [10]) we denote
the boundary function in a neighbourhood of the poiata. They will be constructed
so that when & ¢ < gg, the inequalities

T (7)|| < yi exp ai1), (2.2)

wherey; andq; are positive constants fo= 0,1,2,... andr > 0, hold in [a, b].
Formally, by substituting (2.1) in (1.1), (1.2), fe(t) we obtain the systems

Ax(t) = fi(t), te[ab], i=01,..., (2.3)

where

(D) = —p(t) fori =0,
T La(xica(t) fori=1,2,...,
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andL; is the diferential operatoL(x(t)) = % — A1(t)x. The boundary functions
ITi(7) are solutions of the boundary problems

d b-a

@Hi(T) = Alli(7) + ¢i(r), 7€[0,7p], 70 = — (2.4)
D) - h fori=0,
'(”('))’L'(H‘ (()g a)) - {o f?):: -1,2,... (2:5)
where
N 0 fori =0, 26
i) = 20 EAP @I o(r) fori=12..., (2.:6)

We denote the normal fundamental matrix of the solutions of the homogeneous
system$ = Ax, 7 € [0,7p], by X(r) = exp @A). Let Xn_i(7) be an @ x (n - k)
matrix with (n — k) columns from the matriX(r), consisting of exponentially small
functions (see [8]).

2.1. Obtaining the codficients Xxo(t) and IIg(t). Consider systems (2.3)—(2.6)
fori = 0. Then the degenerate system

Axo(t) + ¢(t) =0 (2.7)

is solvable with respect try(t) (according to (H4)) if and only iPa-¢(t) = O for all
t € [a, b], and it has a solution

Xo(t) = Pa,ao(t) — Alg(t), (2.8)

whereaq(t) is an arbitraryp-dimensional vector-function.
The general solution of system (2.4) has the form

Mo(7) = Xn-k(7)Co, Co € R™. (2.9)

We define the vector-functioag(t) by obtaining ofx;(t). Consider the system
Axi(t) = fi(t), wherefy(t) = Li(Xo(t)). The latter system has a solution

x1(t) = Payaa(t) + A'L1(xo(t)) (2.10)

if and only if Pa:L1(Xo(t)) = O for allt € [a, b]. Keeping in mind the representation
Xo(t) from (2.8) and_;, we obtain the dferential system fodrg(t),

CZa0(t) = BlOlao(t) + go(0). t<[a.b] (2.11)

wherego(t) = —Pa;L1(AT¢(t)). System (2.11) coincides with system (1.4) (& =
go(t), t € [a, b]. Then, according to Lemma 2 and the equality (1.9), we obtain

ao(t) = O(t,a)no + ap(t), te[ab], noeRPS, (2.12)
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whereds(t) = Qu(t)do(t) - Qz()vo(t)
t
Go(t) = o) f O (9u(9ods

P00 = (1200).

and®(t,a), Q) = [Q1(t), Q2(t)], and P(t) are the matrices from Section 1. The
vector-functionsig(t) andug(t) are solutions of the following system (see (1.7)):

Uo(t) = L(t)uo(t) + po(t),
0 = vp(t) + vo(t).
We substitute (2.12) into equality (2.8), and #@(t) we obtain
Xo(t) = Pa,®(t, &)n0 + Pa,ao(t) - A'p(t). (2.13)
Finally, for obtaining the functiongg(t) andIIg(t) it is sufficient to determine the
vectorsno € RP~Sandcy € R™. In this connection, we use the boundary condition
(2.5) fori = 0, where we substitute (2.13) and (2.9). We obtain the vegtpasidcy
by the system
DQ(S)CQ + 80170 = ho, (2.14)
whereD(g) = [Xnk(-) is an fn x (n - K)) matrix,Sg = IAp®(,a) isan i x (p—-9))
matrix, ho = h — 1(Apao()) — 1(AT¢(-)) is anm-dimensional vector.
Keeping in mind the expression of the matiy_«(r) and the form of the func-
tional I(x), we assume thddg(g) = Do + O(e3exp (~a/g)), wherea > 0, s€ N, Dg
is a (mx (n—Kk))-constant matrix, an@(sS exp (-a/<)) we denote a matrix consisting
of elements infinitely small with respect to Because the elements of the matrix
Do are continuous for akt € (0, go] and lim,_,o Do(g) = Do, then we determine the

matrix Do(g) for £ = 0, puttingDo(0) = Dg. We neglect the exponentially small
elements in the matriBg(e) and system (2.14) takes the form

M (f;;) = ho, (2.15)

whereM = [50, Solisa (mx (n+ p — k- 9g)) constant matrix.
Let the following condition hold:

(H5) rankM =m=n-k+p-=s.

Then detM # 0 and system (2.15) is always solvable and
co = [M o
no = [M_l] p—Sh07

where M1,y and M~1] ,_s are the firstif — k) and last p — s) rows of the matrix
M~L. We should note that in this case- m=k—-p+s>0,i.e.,n>m.

(2.16)
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We substitute (2.16) into (2.13) and (2.9) and get
Xo(t) = Pa,@(t, &)[M ] p-sho + Xo(t),
To(7) = Xn-k(T)[M Ik ho,
wherexo(t) = Pa,ao(t) — A'g(t).

(2.17)

2.2. Obtaining the codficients x1(t) and II1(r). To obtain the coféicient x(t)
from (2.10), it is sffficient to determine the functiom(t). This will be realized
in terms of the coficient xx(t). System (2.3) under = 2 has a solution(t) =
Pa,a2(t) + A'L1(xy(t)) if and only if

PasL1(xi(t)) =0

for all t € [a,b]. In the last equation we substitutg(t) from (2.10). Keeping in
mind the form of the operatdr;, for determining the functiom(t), we obtain the
degenerate flierential system

CEant) = B + 200, tefab] (2.18)

Wheregl(t) = _PATJ L;|_(AT L1X0(t)).
System (2.18) coincides with system (2.3), (1.4)(Bt= g1(t), t € [a,b] and in
accordance with Lemma 1.2 and equation (1.9), we obtain

ai(t) = o, a)ny + aa(t), tel[ab], n€RPS (2.19)
wherea(t) = Qq(t)us(t) — Qa(t)va(t),

t
G () = o) f O H(pua(9ods

andP(t)g1(t) = (’jig) ) The vector-functionsi; (t) andu;(t) are solutions of system
(1.7), whereu(t) = us(t), v(t) = v1(t).
We substitute (2.19) int® (t) from (2.10) and obtain

X1(t) = Pa,@(t, )71 + Paaa(t) + A'L1(xo(t)). (2.20)
In accordance with Lemma 3, the general solution of the system (2.4 atis
+00
I1(7) = Xpk(r)C1L + f K(r, 9ya(s)ds ¢ e R™ (2.22)
0

We substitute (2.20) and (2.21) into (2.5) at 1. The constant vectorg andcy
are obtained by the system

Do(g)c1 + Son1 = hui(e), (2.22)
where

o) =1 [ k(2 5)ua(9s) @A @) - 1A LsGi0)
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Obviously,
hi(e) = hio + O(e™ exp (- /&),

i. e.,hi(e) is with continuous elements for alle (o] and lim._,0h1(¢) = hio. Then
we determineny(g) for ¢ = 0, puttingh1(0) = hyp. SinceDg(0) = Dy, in system
(2.22) we neglect the exponentially small elements and obtain

M(Cl) - hio, (2.23)
Uit

whereM is the matrix from Section 2.1.
In accordance with condition (H5), the solution of the system (2.23)

c1 = [Mnxhio, 1 =M p-shio,

we substitute into (2.20) and (2.21). Consequently, theficoentsx;(t) andIIy(r)
have the form

x1(t) = Pa,®(t, 8)[M "] p_sh1o + Xa(t),

. _ (2.24)
IT1(7) = Xnk(T)[M™ ]n-kh1o + 1 (7),
wherexq(t) = Pa,a1(t) + A'L1(xo(t)) andITy(s) = [ K(z, sya(s)ds

2.3. Determining the codficients x4(t) and Il4(r), g > 1. The inductive ap-
proach shows that the ceientsxq(t) andIly(r) (q > 1) have the form

Xq(t) = Pa, @(t, A)[M™"p-shgo + Xg(1),

G = (2.25)
Hg(7) = Xn-k(7)[M ™ Tn-khqo + [g(7),
where
heo = lim hg(e).
e - a _
hg(e) = - Kl—. s|q(9ds| — I(Pa,aq()) — (A L1(Xq-1(-))),
i U‘: ( © ) i ) i (2.26)

Xq(t) = Pa,aq(t) + A'L1(Xg-1(t)),
My(7) = fo K(z, 9q(9)ds

Assume that the cdiécientsx;(t) andIli(r) i = 1,g— 1 are determined. System
(2.3) fori = g has a solution

Xq(t) = Paaq(t) + ALy (xg-1(t)) (2.27)

if and only if Pa:L1(Xg-1(t)) = O for allt € [a, b]. However, this equality is fulfilled
because it is used in obtaining the functiap(t). This solutionaq-1(t) participates
in Xg-1(t), which with respect to the induction hypothesis is determined completely.
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The functionaq(t) is obtained from the solvability conditioRa: L1(Xq(t)) = O,
Yt € [a,b] of system (2.3) foii = g+ 1 Axg1(t) = Li(xg(t)). Thus, we obtain the
following differential system (see (1.4)):

d
Cqraa® = Bthaa(®) + go(t). te [a.b].
Wheregq(t) = _PATJ |_;|_(AJr Ll(Xq(t)))
By Lemma 2 and equation (1.9) we find
aq(t) = (t, g + aq(t), telab], ngeRPS (2.28)
whereaq(t) = Qu(t)ug(t) — Qa(t)vg(t),

. t
Ta(t) = () f O H(9ug(ods

andP(t)gq(t) = (460 ).
The vector-functionsig(t) andug(t) are solutions of system (1.7), wheug) =

Uq(t), v(t) = vg(t).
We substitute (2.28) into (2.27) and obtain

Xq(t) = Pa,@(t, a)ng + Pa,aq(t) + A'L1(Xg-1(t)), 1g € RP™S. (2.29)
The general solution of system (2.4) fot qis

(1) = Xn-k(7)Cq + L ) K(r,9)yq(9)ds cqe R"K. (2.30)

We substitute (2.29) and (2.30) in the boundary condition (2.5) foig and get
the system

Do(&)cq + Song = hqg(e),
where

o) =1 [ (2, 5095~ P @) - A Laiq 1)

Since _
Do(g) = Do + O(s°exp (-a /<)),

Do = lim,_0 Do(&), hq(e) = hgo + O(e™ exp (a/¢)), andhg = lim._ohg(e), after
ignoring the exponentially small elements, the last system takes the form

(31

with the solution (see (H5))
Cq = [Mil]n—kth, Mg = [Mil] p—sheo- (2.31)

We substitute (2.31) in (2.29) and (2.30) and obtain the equations (2.25), (2.26).
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All the boundary functiondT;(r) satisfy inequalities (2.2). This follows from
Lemma 3 and the inequality

[Xn-k(DIl < 1 eXp-pa7),
wherec; > 0,81 > 0, andr > 0. After sequential analysis we get
ITo()II < [ Xnk(@IIM ™ n-illlloll < €1 €XP (B17)C2C3 = Yo €XP o),
wherel[[M~] | < ¢z, [Iholl < €30, ¥0 = C1C2C30, @0 = B1, and
T2 < Xk @M n-illlingoll + M)l <
< C1eXP (B17)C2Ca1 + C1 €XP (f17)
< (C1C2C31 + C1) €XP-a17) = y1€XP (~aa7),

wherelhyoll < ca1, ITT1(7)ll < T exp (Bq7), anday = max 31, B1). Finally,

(@ < Xk @M~ Tn-klllingoll + IIﬁq(T)II < B
< €1 €Xp(pB17)C2Caq + Cg €XP (BqT)
< (C1C2C3q + Cq) €XP (aqT) = Yq €XP (~aqT),

wherelhgoll < Caq, ITlg(7)Il < Cq €Xp (Bq7), andaq = max 31, 84). Thus, the follow-
ing theorem is true.

Theorem 1. Let conditions(H1)—(H5) hold and letdetB;1(t) # 0. Then the
boundary-value problemgl.1), (1.2) have a formally asymptotic solution of form
(2.1). The cogicients of the regular and singular series have representat@ris’)
and(2.25)forq =1, 2,.... For the boundary functions, the following estimate holds:

Mg(D)ll < yg€Xp Caqr), 9=0,1,2,...,
whereyq andaq are positive constants. Moreover, the equality
lim x(t, &) = Xo(t)
-0
holds fort € (a, b].
Remarkl. The case whererad = ny < min(mn-k+ p—s) andp = sis of
independent interest.
3. A BOUND OF THE REMAINDER TERM OF THE ASYMPTOTIC SERIES
The solution of the boundary-value problem (1.1), (1.2) we seek in the form
X(t, €) = Xq(t, &) + un(t, &), (3.2)

whereXn(t, &) = XL, &' (x (1) + (7)), 7 = £2, t € [a, b].
We shall prove that, for € [a,b] ande € (0, &g, the functionuy(t, ) satisfies the
inequality|jun(t, &)|| < Ke™*, whereK > 0 and lim._,q X(t, £) = Xo(t).
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Let the smoothness degree of the elements of the mfat(txand the functiorp(t)
isn+ 2.
_If un(t, &) = e™(Xns1(t) + Tns 1) + Unsa(t, €) and we should prove thiitin, 1 (t, £)|| <
Ke™1 K > 0, then there would exist a positive const&nsuch that|u,(t, £)|| <
K8n+1.
Substitutingx(t, €) = Xn:+1(t, €) + Unya(t, €) in problem (1.1), (1.2), for the determi-
nation ofun,1(t, €), we get the boundary-value problem
d t, e
g% = Alna(t, ) + G(t, Uns1, &), (3.2)
|(Un+a(, ) = 0. (3.3)

The functionG(t, un.1, €) has the form

G(t’ Un+1(ta 8)’ 8) = Axn+1(t’ 8) + 8A1(t’ 5)[Xn+1(t’ 8) + Un+l(t, 8)]+

d)<ﬂ+1(t7 8)
+ o(t) - N TR

and satisfies the following conditions:

l. |IG(t, 0, )| < £&€™2, where¢ > 0;
Il. Forallp > 0, a existsy = 6(17) andeg = eo(n) such that ifju’ ;|| < ¢ and

44
lu” Il <6, then

||G(t’ u:-H_]_’ 8) - G(t’ U'/,]/+1, 8)” < T]||uln+1 - u:']/+]_”

fort € [a,b] and O< & < &o.
Let A = diag(A, A), A = diag (, ©p_s) is a k x k) matrix, J = diag (1, .. ., Js) is
a(k-p+ 9 x(k— p+ ) matrix. Then we represent, 1 in the form

Un+1(t7 8) = (wl(t9 8)9 (’-)Z(t’ ‘9)7 w3(t’ ‘9))1— s

wherew(t, €) is a ( — k)-dimensional vectorw(t, €) is a k — p + s)-dimensional
vector, andws(t, ) is a (p — s)-dimensional vector.
We introduce the following notation:

At e)  Awioft, 8))
A t, = )
1(t. ) (Alzl(t, ) Azt €)
whereA11(t, €) is a (( — k) x (n — K)) matrix, Aj12(t, €) is a (( — k) x k) matrix,
A121(t, €) is a K x (n — K)) matrix, Ag2(t, €) is a k x k) matrix;

Auiat) = (Bu() Ba(t), Asaat) =(g§8) Ar2A(!) =(Bi§3 8338)

whereBs(t) is a (( — k) x (k — p + s)) matrix, Bx(t) is a (1 — k) x (p — S)) matrix,
Ci(t)isa (k- p+ 9 x (n—Kk)) matrix,Cy(t) is a ((p — S) x (n — k)) matrix, Dy1(t) is
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a(k-p+9 x(k-p+9) matrix,Dio(t) isa (K— p+ S) x (p— 9)) matrix, Do(t) is
a((p—9s) x (k- p+9) matrix,Dox(t) isa ((p — ) X (p — S)) matrix;

G1(,0,0,0, &)
G(t,0,0,¢) = | G2(t,0,0,0, ) |,
Gs(t,0,0,0, &)

whereG4(t,0,0,0, ¢) is a (1 — k)-dimensional vectoG,(t,0,0,0,¢) isa k— p + S)-
dimensional vectoi3(t, 0,0, 0, &) is a (p — s)-dimensional vector.
System (3.2) takes the form

dw1

e~ = Awr+ eAu(lwr + eBi(f)wz + eBp(f)ws + G1(1.0.0.0.).  (3.4)
8% = (J + eD11(t)) w2 + eD12(t)ws + eCa(t)wr + Ga(t, 0,0,0, &), (3.5)
8% = eDo1(t)wz + eD2o(t)ws + eCo(t)wr + G3(t,0, 0,0, &). (3.6)
Obviously, the inequalitielGi(t, 0,0,0, £)|| < c;ie™?, ¢ > 0,i = 1,2,3, hold on

[a, b].

LetW(t, s, &) andV(t, s) be the fundamental matrices for the homogeneous systems
eX = AxandX = Doox. Here,W(s, s &) = Enkx andV(s,s) = Ep_s are the unit
matrices.

Let the Cauchy problem for the homogeneous syst&m: (J + eD11(t))x have
only a trivial solution, and system (3.4) has the particular solution

b
walt, &) = f K (t, 8 &) [eD12(ws + £C1(Jw1 + Ga(s 0,0,0,8)] st [a,b],

where
IX(te)X(se), tiig<s<t,
0, Ti.1 <t<s

K(t,s,s):{

if the eigenvalues of the matrikx+ £D14(t) are purely imaginary and

Xt o) PX (s e), T <S<t,
K(t,se¢) = B B
-IX(te) (I -P)X(se), Tii<t<s

if the eigenvalues are with a positive or negative real part. The matisxa spectral
projector of the matrixJ + £D1;(t) on the left half-plane, an&(t, ) is a normal
fundamental matrix for the systesx = (J + eD11(t)x.

Obviously, [*[IK (t, s )llds < &1, & > 0, fort € [a,b], & € (0, sq].
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Lemma 4 ([6, 10]). For the matrixW(t, s,&), whena< s<t <b,0< ¢ < &g, the
exponential estimate

W, s &)l Sﬁexp(—a(t‘Ts)), a<s<t<h,

is fulfilled, wherex > 0, 8 > 0.
Itis clear that|V (t, s, &)|| < 81, wherea< s<t<b, g1 >0.
Lemma 5. Any continuous solution of syst¢&4)-3.6)is a solution of the system
of integral equations
or0) = WG o)+ [ X [eAuSn(s )+
+eB1(Swa(s, &) + eBa(Sws(s, ) + G1(s,0,0,0,£)]ds  (3.7)

b
walt,e) = f K (t, S, £) [eD12(wa(s &) + £Co(Swa(s &)
+Gy(s,0,0,0,£)] ds (3.8)

t
wnlt.0) = Vit Aon(ae) + [ VL 97 [eDatwa(s. o)+
+eD22(S) w3z + eCo(S)wi(s €) + G3(s,0,0,0,¢)] ds (3.9)
We substitutein,1(t, €) = (w1(t, £), wa(t, &), wa(t, €))" into the boundary condition
(3.3) and obtain
Lwi((), &) + Lwa((), &) + l3wa((). &) = 0,
whereﬂ, i = 1,2, 3 are lineam-dimensional bounded functionals. After transforma-
tions using (3.7)—(3.9), we obtain
wi(t &) = Wit & e)wi(a &) + Vi(t, a, e)ws(a, &) + Si(t, w1, wz, a.6),  (3.10)
i = 1,23 whereWi(t,a,&) = W(t,a,¢), andW,, i = 1,2, V;, S;,i = 1,2,3, are
functions such that, for atle [a, b] ande < (0, &,
IWit,a,e)ll < ek, k>0,i=12
IVi(t,a,e) <edi, d>01=12,
IVa(t,a, &)l < B2+ eds, B2>0,d3>0,
ISi(t.0,0,0,a, &)l < Ge™, ¢ >0,i=1,23,

(3.11)

and

ISi(t, w3, w3, & &) — Si(t, 0, w3, &, &)l <

< or: 2 1 2 1 12
_sr.trer[%(||w1(t,s) Wit oIl + Wit &) - w3t o)), (3.12)
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wherer; > 0,1 = 1,2, 3. It follows from relation (3.10) that the vectas(a, &) =
(w1(a, €), wa(a, €)' is determined by the equation
R(e)w(a, &) = q(&, w1, w3), (3.13)

whereR(e) = [Ri(e) Ra(e)] is an (mx (n+ p—k—9)) matrix,Ry(e) = Ewl((-), a,ée)+
Wa((-), & €) +_13Ws((-), & £) is an n x (n — K)) matrix, Ry(e) = 11Vi(().a ) +
1Vo((4), &, €) + 13Va((1), a, &) is an fnx (p — s)) matrix, and

q(e w1, w3) = —11S1 (-, w1, w3, &, &) — 1,52 (-, w1, w3, 8 ) — 1383 (-, W1, w3, 8, €)
is anm-dimensional vector. Also, one hig(e, 0, 0)|| < cse™?, ¢4 > 0, and

2 2 1 1 2 1 2 1
lo(e. w3 @3) - ole. w, w3l < efa Max (Ilw? - will + llw - w3l)

wherer4 > 0. Since
R(e) = Ry + O(exp(—g)),
E
whereRy is a constant matrix, then the following condition is fulfilled:
(H6) m=n+ p-k—s; detR(e) # 0Ve € [0, &q].
System (3.13) is always solvable and
wi(@ &) = [RYn-k (e, w1, ws),
w3(a,e) = [R_l] p-sd(e, w1, w3).

We shall substitute (3.14) into (3.7)—(3.9) and obtain a system which will be solved
by the method of successive approximations. Let

(3.14)

0
wi(t,e) =0,
Wt &) = Wi(t, & )[R -k (e, 3, w3)+ (3.15)
+Vi(t, & &)[R p-sq(e, 5, ) + Si(t, w5, i, a,e), =123,

be the Picard successive approximations.

Theorem 2. Let the conditions of Theorem 1 and assump(idf) be fulfilled. If
IR7Y| < cgr, then there exists a positive constahsuch that the asymptotic solution
of the boundary-value probleifi.1), (1.2) has representatioii3.1), whereun(t, &)
satisfies the inequality

lunt, &)II < K&™*.
Moreover,X(t, €) approaches the generating system when 0 andt € (a, b].
Proor. By virtue of (3.10), (3.11), and (3.12), for the first approximation, we have

max lwi(t, &) — w(t, )ll < Kiz, Kiz > 0,
te[a,b]

where the constar;;c"! is determined by the constarts, k;, d;, ¢, andr;.
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Let K = max (K1) andK1e™?! = . For the last approximation we have

rr[maxllwz(t &) — wi(t, &)l < eKizd, Ki2>0,i=1,23

Leteo = 3 mini(1/Kiz). Then

1 1
2 1
trr[h’:lxllcu (t,e) = (o)l < 26 = §26

Inductively we obtain

1
k+1 k
tr?ag](”w (te) —wi(t o)l < 2k+125'

This reveals that in the segmeat b], whene is suficiently small, the successive
approximations (3.15) are absolutely and uniformly convergent. In addition, we have

k+1

i . 1 1
kel i -1
lwf(t, &)l < jZ:;Hwi(t,s)—wi ol < (1+ St g)és
1 1 1

Let
lim wk(t, €) = wilt, &)
satisfy (3.10) identically. Then, on the interval b], for £ — 0, the inequality
llwi(t, &)l < 26

is fulfilled. Consequently, system (3.10) has an unique continuous solution, which
does not escape from the dom@inw) | a<t < b, ||w|| < 26}. Then, for allt € [a, b]
ande € (0, &q],

3
lunea(t, )l < D llwi(t 2)Il < 65 = 6Ke™,
i=1
i. e., there exists a positive constahsuch that the inequality
lun(t, )ll < Ke™*
is fulfilled and
lim x(t, &) = Xo(t)
-0

forallt € [a, b]. O
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ONE-STEP ITERATIVE METHODS AND THEIR QUALITATIVE
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AsstracT. We analyze some qualitative properties of the one-step iterative methods
which serve as a mathematical model for the discretized heat conduction problem.
These properties are a discrete analogues of the qualitative properties of continu-
ous problems, and we give algebraic conditions of the step-matrix under which the
above basic properties are also preserved at the discrete level. We also construct the
corresponding step-matrices.
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1. INTRODUCTION

In this paper, we investigate the qualitative properties of the sequgficgener-
ated by the linear algebraic iterative process

Myt = Ny +b, k=0,1,... (1.1)

whereM,N € R™", b, ¥ € R" andy° is a given vectory® denotes the successive
iterates. Model (1.1) is called one-step iterative method.

The discretisation of many physical and engineering problems leads to one-step
methods of the above form (1.1). In this model, as a necessary condition, we have to
guarantee the convergence of the iteration. On the other hand, we must also investi-
gate the model from the point of view of the preservation of the qualitative properties
of the continuous solution, like conservation of the non-negativity and the concavity
of the initial vecton® (the discretization of the initial function), monotonicity in time,
etc. There are several papers which deal with the second problem (see, e. g., [3-8]).
But all those papers investigate this problem as a preservation property of a given ma-
trix splitting of some fixed matriXA. In this paper, we approach this question from
the other side, that is, the iterative model (1.1) is giagariori and we investigate its
gualitative properties. As a physical model, we consider the heat conduction problem
in dimension 1.

© 2006 Miskorc UniversiTY PRESS
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The paper is organized as follows. In Section 2 we give those basic mathematical
preliminaries which are used in the paper. Then we collect the important properties
of the continuous solution of the physical problem in Section 3. In the next section
we investigate the algebraic properties of the step-matrix in the iteration, which guar-
antee the preservation of the basic qualitative properties of the continuous solution.
Namely, in Section 4 we consider the invariant subsets, in Section 5 the monotonicity
property and in Section 6 we define the relation between ffierdint subspaces. Fi-
nally, in Section 7 we construct a corresponding step-matrix by using the symmetric
Latin squares.

2. M ATHEMATICAL PRELIMINARIES

Throughout the paper all matrices are real, square matrices in the vector space
R™" i. e., A B € R™™. The ordering relation is defined in the usual way, i. e.,
element-wise. This means thAtis non-negative (in notationA > 0) when all
elements ofA are non-negative. The partial ordering between two matrices is defined
asA > BwhenA - B > 0. The strict ordering is the followingA is positive @ > 0)
when each of its elements is positive. Hernie; Bif A— B > 0. For a vector in the
vector spac®R", the definitions are similar. This means that a vegtarR" is called
non-negativeX > 0) if all the components ot are non-negative. We say that y
if x—y > 0. Analogouslyx is positive k > 0) if each of its elements is positive.
Thereforex > y whenx -y > 0.

A matrix A € R™" is said to be positively diagonally dominant, or shortly PDD
(resp., strictly positively diagonally dominant, or shortly SPDD) when the relation
aiji = Yijgilajl (resp.,aii > XYjyilajl) is fulfilled for everyi = 1,2,...,n. This
means that they are diagonally dominant or strictly diagonally dominant with non-
negative diagonal elements.

If Ae R™", thenp(A) denotes the spectral radiusAifo(A) = max |4;|, whereq;,
i=1,2,...,nare the eigenvalues &

The matrixA e R™", A= (& ),i, ] =1,2,...,nis reducible if there exists a non-
empty seR ¢ {1,2,..,n} such thatg; = Ofori e R, j € {1,2,...,n} \ R, otherwise
the matrixA is irreducible. Consequently, every positive matrix is irreducible.

In the sequel] € R™" is the unit matrix.E € R™" denotes the matrix with all
elements equal to 1. Similarlg,e R", e=(1,1,...,1)".

Let A € R™" be a matrix with the property

A=M-N. (2.1)

The iterative scheme (1.1) is convergent to the unique solytiol b for eachy® if
and only if M is nonsingular, and the corresponding step-matrix of the iterktien
M~IN has the property(H) < 1. Relation (1.1) can be rewritten in the following
form: y**1 = HyX + M~bor

XL = HXK, (2.2)
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wherex® = ¥ — A-lbis the so-called defect vector.

3. SOME BASIC QUALITATIVE PROPERTIES OF THE CONTINUOUS SOLUTION OF THE HEAT
CONDUCTION PROBLEM

In the following we list the most important qualitative properties of the following
one-dimensional heat conduction problem:
2
ou(x, t) _ 0 u(x,t)’ xe(0.1), t> 0,
ot X2
u(x, 0) = Uo(X), (3.1)
uO,t)=u(L,t)=0, t>0,
with a given (stificiently smooth) initial functiorupg(x). We denote the stationary
solution of problem (3.1) byg(X), i. €.,usi(X) = lim_ u(x, t). We denote by(x, t)
the diference of the solution of the problem (3.1) and the stationary soluti(x),
i. e, h(xt) = u(x,t) — use(X). Then this functiorh(x, t) is expected to possess the
following qualitative properties.
(1) h(x,t) exists, and lim,. h(x,t) = 0.
(2) If E0) = [ h(x,0)dx> O, thenE(t) = [ h(x, t)dx > O for every .
(3) If h(x,t*) > 0, thenh(x,t) > O for everyt > t*.
(4) If h(x,t") > h(x,t) for everyt > t’, then for everyt” > t’ the inequality
h(x,t”) > h(x, t*) holds for evernyt* > t”.
(5) If h(x,t") > h(x,t) for everyt > t’, thenh(x,t") > 0. If h(x,t”") > O, then
E(t") = [, h(xt")dx> 0.
(6) If E(0) = fol h(x, 0)dx > 0, thenE(t) is monotonically decreasing.
(7) M(t) = max|h(x, t)| is monotonically decreasing.
(8) J, In(xt)ldt < oo for every givenx.
(9) IfE(0) = fol h(x,0)dx > 0, then there exigt, t”,t" < t”, such thah(x,t’) > 0
andh(x, t”) > h(x, t) for everyt > t”.
In the sequel, under iteration we understand formula (2.2).

4. |NVARIANT SUBSETS
We start the investigation of the iteration with a definition.

Definition 1. A subsetS c R" is said to be invariant with respect to the iteration
if the relationx® € S implies thatX**1 e Sforallk = 0,1, ...

LetY € R™™ be a matrix, then we define the subS¢Y) c R" as follows:
S(Y) :={xeR": Yx> 0.

We note that in the analysis of the qualitative properties of the iteration (2.2) the
subset$S(E), S(1), S(I — H), andS(A) are of a special importance (see [3,4]).
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Lemma 1. If the step-matrixH is non-negative, an#l and Y commute, then the
subsetS(Y) is invariant with respect to the iteration.

Proor. Assume thak® € S. Then by use of the definition of the sub&&Y) and
the non-negativity of H, the relatiddY ¥ > 0 holds. Hence using the commutativity
assumption and the definition of the iteration (2.2), weXg&t! > 0, which proves
the statement. O

Corollary 1. Assume that the step-matitikis non-negative.

(&) Then the subs&(p(H)), wherep(H) is a polynomial of H, is invariant with
respect to the iteration. Consequensiyl) and S(I — H) are invariant with
respect to the iteration.

(b) If H and E/A commute, then the subs&tE)/S(A) is invariant with respect
to the iteration.

In the following we investigate the relation between the sut8@)sS(I1-H), S(E)
andS(A).

Lemma 2. The following relations hold between the substy, S(1 — H), S(E),
andS(A):
(@) If T >0, thenS(T) > S(I). Consequenths(E) o S(I).
(b) If T-1 > 0, thenS(1) o S(T). Consequently, iR1 > 0, thenS(1) > S(A).
(c) If M~1 > 0, thenS(l — H) > S(A).
(d) If (I =H)™1 >0, thenS(I) > S(I - H).

Proor. (@) T > 0, thereforex > O clearly results in the relatiofix > O.

The proof of (b) and (d) is straightforward.

The statement (c) follows directly from the fact that (2.1) can be rewritten in the
following form: A= M(l — H). O

Remarkl. Assume that the step-matrit is a non-negative convergent matrix,
i. e, H > 0ando(H) < 1. Then ( - H)™ = ¥ H¥, and hencel(- H)™! > 0.
ThereforeS(l) andS(l — H) are invariant with respect to the iteration, see part (a) in
Corollary 1, and5(1) > S(I — H), according to assertion (d) of Lemma 2.

Let us investigate the set of the matrices which commute with some given matrix
E.

We define the subspa ¢ R™" as follows:

Ce = {Xe R™: EX= XE}.

Remark2. The subse€Cg forms both a vector space and a ring.

The properties of the operations are obviously true. Moreover, the sGbpsst
closed for the operations, because for &y € Cg the following relations are
valid: (A+ B)E = AE+ BE = EA+ EB = E(A £ B), MAE = 1EA = E(1A),
ABE = AEB= EAB Clearly, the matrices 0 andA also belong t€Cg.
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Lemma 3. The following statements are equivalent:
(@) X € Cg;
(b) For all fixed1 < i, j < n, the relation

n n
Z Xki = Z Xjk
k=1 k=1
holds.
Proor. The statement follows by direct calculation of the elements of the matrices

XE andEX, respectively. O

5. MonNotoNICITY
First we define monotonicity in the subs®t
Definition 2. Let Z € R™" be a given matrix. The iteration is said to Be

monotone in a subs& c R" if the following two conditions are fulfilled:

(I) The subset c R" is invariant with respect to the iteration;
(I) ForanyxX € S, the relationZ X > Zx<*1 holds.

Lemma 4. For H > 0 the iteration isl-monotone in a subs&(l — H).

Proor. The invariance o5(l — H) follows from Corollary 1 (a).
In order to show the second property, assumexhatS(I —H), i. e., ( —H)x¥ > 0.
Thenxk > HxX, which, according to (2.2) means the required relatibr x<*1. o

Remark3. The above proof also shows that for the iteration the relatfon x<1
implies the inclusionk € S(I — H). This means that themonotonicity property of

the iteration is valid only in the subs8{l — H).

Corollary 2. Letus suppose th#* > 0,H > 0, M~ > 0andH andA commute.

Then the iteration i$-monotone in the subs8(A).

The first condition follows from the commutativity ¢ and A, see Lemma 1,

about the second condition statement (c) in Lemma 2 and Lemma 4.

Lemma 5. Let us suppose that the step-matrxs non-negativeH and E com-

mute and — H is PDD. Then the iteration iE-monotone in the subs8(E).

Proor. The invariance of the subs8{E) follows from the statement (b) in Corol-

lary 1.

For all x € S(E) the inequality [ — H)Ex > 0 is fulfilled, becaus&x > 0, and
for any 1< i, j < nthe relation EX); = (EX); = X, x holds. Moreover] — H
is PDD. Hence, for any € S(E) we have [ - H)EX > 0. So, by use of the
commutativity property, we havg(l — H)x* > 0, which implies the required relation
ExX< > ExX¢L, O

“For more details, we refer to [3, 4].
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Lemma 6. If the diagonal elements &f are non-negative, then the following two
statements are equivalent:
(@) I - His PDD (resp., SPDD);
(b) IHllee < 1 (resp.,lIHllw < 1).

Proor. Using the definition of PDD (resp., SPDD) and the non-negativity of the
diagonal elements df, we see that the properties-&j > 3. [ j| (resp., & >
Yjsilajl) and 1> B0, Ja jl (resp., 1> X7, |ai jl) are equivalent, which proves the
statement. i

Lemma 7. Letx’? € R", X0 # 0. Then the following statements are equivalent:
(@) IHlle < 1 (resp.,[Hlle < 1);
(D) [1Xlce = 11X+ Yoo (resp., XNl > [1X<+1]|00) for everyx? € R, x? # 0 and all
k=0,1,....

Proor. The relation||xX** 1|, = [HX | < [IH]lollX]le0 < (resp.,<) [IX¥lec Shows
that (a) implies (b).

In order to obtain the converse implication, assume that (b) is true. Then, for any
x% e R" with the propertyx’ # 0, the inequalityl|X%l. > X}l is true. Since
x! = HX?, one has

IHX oo
Pl ~
Consequently,
IHXlo
xR 20 ||XO|0e ~
which yields (a). The proof of the strict inequality is similar. O

Lemma 8. Assume thaH is a non-negative convergent matrix, i. el,> 0 and
o(H) < 1. Theny, [(x)i| < oo for everyl <i < n.

Proor. Under the assumptions made we have

(o9

5 Joea] = S0) < 3301419 = 41 [ 3]

k=0
= 1l ([Z Hk] e] = X%l (1 = H) %), = XUl ll(l = H) Ml
k=0 i
The right-hand side here is finite, and this proves the statement. O

6. RELATION BETWEEN SUBSPACES

In this Section we analyze the relations between the subsi®&gs S(1), and
S(I — H) with respect to the iteration. The analysis is based on the so-called power
method.
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Lemma 9. If the step-matriX is non-negative, irreducible and € Cg, then

(1) the vectoreis an eigenvector dfl;

(2) o(H) is an eigenvalue afl;

(3) o(H) corresponds to the eigenvectr

(4) o(H) is in absolute value a simple eigenvalue.

Proor. Let us note thaHe = ||H||.€, hencel|H||» is an eigenvalue of. Since
IIHllw > o(H), it follows that||H||. is, in absolute value, the largest eigenvalue with
the eigenvectoe. For non-negative and irreducible matrices the Perron—Frobenius
theorem (see [9]) guarantees that this eigenvalue is in absolute value simplex

Theorem 1. Let us suppose thad is a non-negative, irreducible matrii € Cg
andH has an orthonormal system of eigenvectors. Assumexthgt € R" are two
arbitrary vectors with the propert(x®, e) = (4°,€) = z# 0. Then

MaxX<i<n{(X)i} _
k—eo MiNy<i<n{(y¥)i}
Proor. We denote the eigenvalues dfby A,, m = 1,2,...,n. Using the proof
of Lemma 9 and the notatioffH||.. = S, we can writes = A1 > |1 > -+ >

|1n|. Furthermore, we denote the corresponding orthonormal eigenvectdfsioy=
1,2...,n, respectively. Then, using again the Lemma 9 and the relﬁ&%enz =1,

we getv! = %e. Considering the decomposition with respect to the systéhn we
getx? = 30, anmv™, whereay = (x2,0™), andy® = 30, bno™, wherebm = (40, o™).

Note thatay = by = %\ Hence,

OO _ (HSO) (H r]m=1""mvm)i _ ( nmcl/l%amvm)i
@9 (Y0 (K Eha b (2h Albmo™),

K
(sk%e+ o, /lﬁamvm)i (e+ @ 2”22(%'“) amvm)

= = k
(sk%e+ o /lﬁquvm)j (e+ M%) bmvm)
Sinceldy| < s, form = 2,...,n, therefore liM_ (”—;”)k =0, form=2,...,n. This
completes the proof. O

We denote the maximum elementldfby max H), and the minimum element of
H by min (H), respectively.

Corollary 3. Let us apply the Theorem 1 to the columns of the step-madrix
SinceH is non-negative, irreduciblé{ € Cg andH has an orthonormal system of
eigenvectors, therefore

max (H*)
k—co min (HK)
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Theorem 2. Suppose that the step-matiikis non-negative, irreducible;l € Cg
and H has an orthonormal system of eigenvectors. x%et R", x° € S(E) and
EX # 0. Then there exists an indé € IN{ such that for everk € N{, k > ko, the
inequalityxX > 0 holds (in other words e S(1)).

Proor. Corollary 3 means that for all € R, there exists an inde € INj such
that for eactk € N[, k > ko. the inequality

k
< w <l+e¢
min (HK)
holds. We introduce the notatign p*, andp~ as follows. We puEX’ = pe, where
p € R*; in other words p denotes the sum of the elements®f We denote the sum

of the non-negative elements ¥ by p*, and the sum of the negative elementsbf
by p~. Hence,p™ + p~ = p. We consider the following estimate:

(X = (H*); > min (HY) p* + max H*) p~ > min (H*) p* + (1 + &) min (H¥) p~
=min(HX) (p* + (L + &)p~) = min (H) (p + &p").

The number minKi¥) is non-negative. The choice of an indeXarge enough (which
depends og = —p/p~) guarantees the non-negativity xffor eachk > ko. O

Theorem 3. Suppose that the step-matkiis non-negative, irreducibld{ € Cg,
| — His PDD, andH has an orthonormal system of eigenvectors. et R", X0 €
S(l). Then there exists ky € INJ such that the inequalityl — H)xX > 0 holds for

everyk e N, k > ko (in other words X € S(I — H) for such indices).

Proor. In the same way as proof of the Theorem 2, and finally using the proof of
Lemma 5. m]

We summarize the results in what follows.

Corollary 4. Suppose that the step-matkikis non-negative, irreducible] € Cg,
IHll» < 1, andH has an orthonormal system of eigenvectors. %t S(E) and
ExX? # 0. Then

(a) the iteration is convergent aniny_., X< = O;

(b) S(E), S(1), andS(I — H) are invariant with respect to the iteration;
(c) S(E) o S(I) o S(I — H);

(d) the iteration isE-monotone (respl-monotone) irS(E) (resp.,S(I — H));
(e) the iteration is strictly monotonically decreasing in maximum norm;
(M T2ol(XN)il < oo, foreveryl <i <n;

(9) Fko,lo € Nf, k<1, Yk > ko, X € S(1), ¥l > lg, X € S(I — H).

The above-listed properties (a)—(g) are the discrete analogues of (1)—(9) from Sec-
tion 3.
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7. CONSTRUCTING CORRESPONDING H

A Latin square is aflR™" matrix which consists of n sets of n numbers arranged
in such a way that no orthogonal (row or column) contains the same number twice.

Lemma 10. There exists a symmetric Latin square.
Proor. Assume thasy, ..., a, are arbitrary numbers. The choice
hij:=ac If i+j=k+1(modn)
for the elements of the matrid creates a symmetric Latin square. O

Corollary 5. Leta,i = 1,2,...,n, be arbitrary positive numbers with the property

I, a < 1. With the help of; we construct the step-matrix, which is a symmetric
Latin square. Then the properties (a)—(g) are satisfied because such a rHaisix
non-negative, irreducibleil € Cg, ||H|l» < 1, andH has an orthonormal system of
eigenvectors.

8. CONCLUDING REMARKS

In this paper we listed the basic qualitative properties of the continuous solution
of the heat conduction problem (3.1), arising from the physical process. After that
we investigated the algebraic properties of the step-matrix in the corresponding one-
step iteration, and we have determined conditions under which the above qualitative
properties of the continuous solution are preserved. Finally we constructed a suitable
corresponding step-matrix.

However, there are fferent open problems and possible extensions which can be
considered in our future works:

(1) Our aim is to analyze the independence of the important qualitative proper-
ties of the continuous solution and the important properties of the discrete
solution as well.

(2) We constructed a corresponding step-matrix. But naturally it would be useful
to define the necessary (andistient) conditions for the step-matrix in order
to fulfil the qualitative properties (a)—(g).

(3) We analyzed the heat conduction problem in 1D. We can extend this analysis
both for higher dimensions and for other time-dependent (parabolic type)
physical problems as well.

(4) Our goal is to investigate this method from the point of view of the matrix
splitting theory, namely how we can get a corresponding step-matrix from
some given matriXA with some splitting procedure (regular matrix splitting,
weak regular matrix splitting). These splitting procedures can be found in
several papers, e. g., [1,2,10-12]. However, their qualitative properties are
less investigated.
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1. INTRODUCTION

Many concrete problems of various nature, where the question of uniqueness of
a solution is essential, as is well-known, lead one to the study of regular values of a
certain bounded linear operator. Since it is always natural to try to get some useful
information on the base of as few initial data as possible, is appears that estimates of
the spectral radius of an operator which are derived from certain relations involving
its value on a single element only, should be of the best imaginéidesacy.

There is a vast literature devoted to this kind of estimates of spectra of linear
operators that are positive with respect to a cone in a Banach space (see, e. g., [6, 7]).
The main idea of such statements, dating back to O. Perron, P. Jentzsch, P. Urysohn,
L. Collatz, and M. Krein, was developed by many authors (see, €. g., [3,6,7,10, 13,
15)).

The conditions imposed on the operator and the space where it acts vary as well as
the assumed properties of the chosen element do. For example, the spectral radius of
A admits the estimate

r(A) >, (1.1)
wherey is a given positive constant, on the assumption [6] fksta bounded linear
operator leaving invariant a cofeand such that the relatiohy — yg € K is true for
a certain elemenj € (K — K) \ (-K). On the other hand, the numbgA) satisfies
the inequality

r(A) <y (1.2)
provided thatA (K) € K, K is a solid normal cone, and the inclusion
vg — Ag € K (1.3)

is true for some interior elemegtof K [7]. It is natural to find out that obtaining
the upper bounds for the spectral radius is mofeatilt, that a relation of type (1.3)
implies (1.2) only under additional conditions &mandK, and that these additional
conditions are stronger than those guaranteeing a similar estimate (1.1) from below.

In this paper, we establish a new theorem of the kind indicated for linear mappings
majorised by linear operators preserving a preordering which may not be a partial
ordering (Section 4). More precisely, we obtain dhcéent upper bound for the
spectral radius of a completely continuous linear mapgingX — X representable
in the form

A=A - A, (1.4)

where X is a Banach space with a wed#e(which, generally speaking, may not
be a cone), and the operatdkgs and A, leaveK invariant. The proof of the result
mentioned (namely, Theorem 4.1) uses an inequality satisfied by the so-Kalled
substantial eigenvalues #fand established in Section 3. Note that, in the theorem
mentioned, the property expressing a certain “strong positivity” of a test elegnent
from the corresponding relation (1.3) depends upon the structure of the image space
of the operatoA (see Remark 4.6).
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Theorem 4.1 is estabished under the condition that operator (1.4) is completely
continuous. This assumption is not unnatural because our present study of completely
continuous linear operators in a preordered Banach space is motivated mainly by the
related problems arising in the theory of functiondfeliential equations, and to a
boundary value problem for a linear functiondffdrential equation, a compact linear
operator is usually associated. For example, the set of absolutely continuous solutions
of the homogeneous initial value problem

u(t) = pu(w(),  telahb],
u(r) =0,

obviously, coincides with that of the equation

t
u(t) = f pOu@(®)ds  telab].

The linear operator

C(abl.R) > ur f POU(9) ds

as is easy to show, is a compact self-mapping of the s@4fa b], R) of contin-
uous functions on the intervah[b], wheneverp : [a,b] — R is integrable and
w :[a b] - [a,b]is measurable.

The paper is organised as follows. Section 2 contains some definitions and prelim-
inary results. In Section 3, we establish an estimate for the so-dalsabstantial
eigenvalues (see Definition 2.44) of a bounded linear operator in a Banach space
with a wedgeK. The main Theorem 4.1 of Section 4 provides a convenient upper
bound for the spectral radius of a completely continuous linear operator vanishing on
the blade of the wedgl containing elements that are strongly positive in the sense
of Definition 2.12. Finally, in the last Section 7, Theorem 4.1 is applied to obtain
conditions s#icient for the solvability of certain integro-functional equations.

2. WEDGES IN BANACH SPACES AND LINEAR OPERATORS LEAVING THEM INVARIANT

In this section, we recall the basic definitions related to wedges in Banach spaces,
introduce some notation and definitions, and establish a number of statements relied
upon in the subsequent sections. Throughout the rest of this paper Banach
space over the fieli.

2.1. Wedges and related preorderingsA closed subseK of X is said to be a
wedge(see, €. g., [6]) if

1K + azK C K 2.1)

for all {a1, a2} C [0, +o0), where, as usuak; K +a2K = {a1Xg+aoXz | {X1, X2} € K}.



56 ANDREI RONTO

In what follows, we assume implicitly that the wediges proper, i. e., is dierent
from both the singletof0} and the entire spack, for there is no meaningful theory
in those two extreme cases.

Remark2.1 In the original terminology introduced by M. Krein [10], a closed set
satisfying condition (2.1) is calledlaear semigroup.

The following standard definition introduces a natural preordering in a sface
with a wedgeK.

Definition 2.2. The relationx; <k Xy is said to be satisfied if, and only3 — x; €
K.

We also writex; 2k o if, and only if x, <k x;. Note that the relationg; <k X
andx; =k X2, generally speaking, do not imply the equaliy= X».

Definition 2.3. The setk N (-K) is referred to as thblade[6] of the wedgeK.

For the sake of brevity, we shall denote the blade of the wé&dbg the symbol
K®:
KO :={xeX|x=k OA Xk O}. (2.2)
Remark2.4. It is obvious from condition (2.1) and definition (2.2) that the blade
of an arbitrary wedg& is a closed linear subset Kf. One can readily show th&t®
coincides with the maximal linear subspace containggl.in

Definition 2.5. We write x; Ok Xz if, and only if eitherx; <k X2 Or X1 2k Xo.
The relationok is obviously reflexive and symmetric.

2.2. Measurable elements of a Banach spacéet f be an element fronX, g be
a real constant, andk g(f) be the set defined as follows:

Xk p(f) 1= {xe X| -Bf sk x =k Bf}. (2.3)

2.2.1. Basic properties of the setXkg(f). In the sequel, we need some proper-
ties of sets (2.3).

Lemma 2.6. Letg be a fixed real number. Then an elemgiitom X belongs to
the setXk g (f) if, and only if—x € Xk g (f).

Proor. Due to the symmetry of the left-hand and right-hand terms, the inequality

—Bf <k x =k Bf (2.4)
is equivalent to the relation

-t <k —x =k B, (2.5)
whereas the latter means that € Xk g (f). O

Lemma 2.7. The following assertions are true:
(i) Xko(f)=K®forall f e X;
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(i) Xkp(0) = K foranyp € R;

(i) The seXkg(f), whereg # Oandf # 0, is non-empty if, and only fif >k O;
(iv) If Bf 2k 0, thenXk 4(f) 2 K;

(v) If f € K®, thenXkg(f) = K® forall B € R;

(vi) Xkp(f)\ K® # @if, and only if3f 2x Oandpf ¢ K°.

Proor. Assertions (i) and (ii) are obvious from (2.3). Let us verify assertion (iii).
Indeed, letx belong toXk g(f). This is true if, and only if (2.4) holds or, which is
the same (see Lemma 2.6), relation (2.5) is satisfied. Combining (2.4) and (2.5) and
using property (2.1) oK, we obtain

-28f =x 0=k 28f,
i. e.,Bf 2k 0. Conversely, iBf 2k 0, then, in particular,

—Bf <k pf <k Bf.

This means that (2.4) is satisfied with= gf, i. e.,Bf € Xk g (f).

To prove assertion (iv), it is sticient to note that iBf >k 0, then (2.4) is true for
all elementsx satisfying the relation @k x ¢ 0.

Let f € K® be arbitrary. By (iv), we havi&® c Xk 4(f) for all 3 € R. On the
other hand, ifx € Xk 4(f), then, according to (2.4), we obtaine K¢ becausgf is
also an element df°. Thus, assertion (V) is true.

Finally, assertion (vi) is obvious from (iii), (iv), and (v). O

Assertions (i) and (ii) of Lemma 2.7 show that there is no much sense to consider
the setsXk g(f) with sf = 0 because, in that case, they consist solely of those ele-
ments ofX which are 0-measurable with respectiian the sense of Definition 2.8
given below.

2.2.2. The definition of f-measurability. For the sake of brevity, we shall use
the following

Definition 2.8. An elementx from X is said to bef-measurable with respect &
if there exists a real constgfisuch thatx € Xy ().

In other words,x is f-measurable with respect to the wedg§evhenever (2.4)
holds for somes.

Remark2.9. Definition 2.8 difers from a similar notion introduced in [10] be-
cause the negative values@ére allowed in (2.4). For the purposes of this paper, the
definition mentioned seems to be advantageous due to the need to consider complex-
ifications (see Section 2.5 below). Note also that, according to Definition 2.8, the set
of f-measurable elements is never empty (see Proposition 2.11).

Definition 2.10. For every fixedf € X, the set of all the elements of that are
f-measurable with respect Kowill be denoted byXk (f).
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Clearly, Xk (f) := Upger Xk (f) . Moreover, it follows from Lemma 2.7 that, in
fact,

X (= | xg(h) (2.6)

BeR: pf2k0
foranyf € X.

Proposition 2.11. For any f € X, the setXk(f) is a linear manifold containing
K. Furthermore Xk (f) # K¢ if, and only if the element is such thatf ok 0 and
f g K.

Proor. The setXk (f) obviously satisfies the condition
a1 Xk (f) + a2Xk () € Xk ()

for all {a1, @2} c [0, +o0) and, therefore, Lemma 2.6 guarantees that it is a linear
manifold.

According to Definition 2.10 and assertion (i) of Lemma 2.7, we h¥éyéf) >
Xk o(f) = K®. Furthermore, equality (2.6) yields

X (VK= | ] Xep(HVKE. (2.7)
BeR: 08120

However, assertion (vi) of Lemma 2.7 guarantees that the conditipK © is neces-
sary and sflicient for the union in the right-hand side of (2.7) to contain non-empty
sets. |

2.3. Strict inequalities with respect to a wedge Given a wedgeK € X and a
linear manifoldH in X, we introduce the following binary relation ofi

Definition 2.12. For{fy, fo} c X, we write f; mk.y f2 if, and only if the inclusion
Xk (- f1) 2 H
is satisfied.
One can readily verify that the equality
Xi (=) = Xk (f)

holds for anyf and, hence, the relation introduced by Definition 2.12 is symmetric,
i e., fl OK:; H f2 if, and only if f2 OK:H fl.

Lemma 2.13.If f; MK:H, f, andH, 2 Ho, thenf; MK:H, fo.
The assertion of the last lemma is easily established by using Definition 2.12.

Lemma 2.14. For an arbitrary f from X, the relation
f mk:xe(f) O (2.8)

is true.
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Proor. By Proposition 2.11, the séfk(f) is a linear manifold inX. According
to Definition 2.12, relation (2.8) is equivalent to the inclusi(f) o Xk (f) and,
hence, is always satisfied. m]

In the case wherkl = X, we drop the corresponding subscript in the above nota-
tion and, instead of; mk.x f2, we write f; mk fa:

Definition 2.15. For{fy, fo} c X, we write fymk f» if, and only if Xk (f2 — f1) = X.
The above definition allows one to introduce the following

Definition 2.16. Two elements; and f, are said to be in the relatiol &x. 4 f2
(resp.,f1 3k:n fo) if they satisfy the conditiond; mk.n f2 and f; 2k f2 (resp.,
f1 2k f2).

By analogy with Definition 2.15, we introduce

Definition 2.17. Two elementsf; and f, are said to be in the relatiofh &k fo
(resp.,f1 3k f2) if they satisfy the condition§ ok f, andfy 2k 2 (resp.,f1 Sk f2).

The fulfilment of the relations described by Definition 2.17 is verified most easily
in the case of a solid wedge.

Definition 2.18. A wedge is said to beolid [10] if its interior is non-empty.

Following [10], we writex; <k X2 (resp.,X1 > Xo) if, and only if the diference
Xo — X1 (resp., X1 — xo) lies in the interior ofK.

Lemma 2.19.If K is a solid wedge ixX and an element € X is such thatf > O,
thenf satisfies the relation

f ek O. (2.9)

Proor. A statement equivalent to equality (2.14) fotying in the interior ofK is
well-known, e. g., from [10, 14]. m]

Remark2.20 WhenK is a minihedral cone ifX [10] (and, hence, the partial
orderingsk makesX into a vector lattice [1]), an elemeuntpossessing the property
u &k O is called astrong unit(see Definition XIII.1.5 in [14]). In this case, the
conditionX (u) = X means that the elemeunsatisfies Axiom V from [9].

Remark.21 Relation (2.9), generally speaking, does not imply thatk 0. For
example, in the spade, ([0, 1]) of essentially bounded functions endowed with the
usual norm and partial ordering [14], relation (2.9) is true, e. g.ffegual almost
everywhere to 1. However, the set of functions non-negative almost everywhere on
[0, 1] has empty interior it ([0, 1]).

For suitable linear manifoldd, the condition

fS—K;HO
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may be regarded as a certain “strong positivity” an elenfertx 0. The word
“suitable” here means that, roughly speaking, there should not be too many strongly
positive elements. For instance, there is no much sense to study the case where

HcK® (2.10)

because, by virtue of Proposition 2.11, the inclusion

(X)) 2K®

feX

is always true and, hence, under condition (2.10), the reldtierx.xo O is satisfied

by an arbitrary element from X. On the other hand, certain undesirable classes of
vectorsf (e. g.,f = 0 or, more generallyf satisfying the relation @¢ f <k 0), that

are unlikely candidates for strongly positive elements, should also be excluded from
consideration. These considerations lead us to the following

Proposition 2.22. LetH be a linear manifold inX such that
HgK® (2.11)
and f be an element oX such that either the relatioi ok O is not true or0 <k
f <k 0. Then the relation
f OK:H 0 (2.12)
is not satisfied.

Proor. Indeed, let, on the contrary, relation (2.12) holds. According to Defini-
tion 2.12, this means th&t C Xk (f) and, therefore, in view of condition (2.11), the
setXk (f) contains some elements not belongind<to. It then follows from Propo-
sition 2.11 thatf should satisfy the relations ok 0 andf ¢ K, contrary to the
assumption. O

In other words, Proposition 2.22 means that a strongly positive element should
always be comparable with zero and cannot be positive and negative simultaneously.
This agrees well with the intuitive idea of the strict inequality.

2.4. The mappingsnk,t : Xk(f) = [0, +c0). Taking a glance at Definition 2.10,
we see that the non-negative number

Nk, (X) = inf {181 | B € (—c0, +00) andx € Xk s(f) | (2.13)

is well-defined for an arbitraryx from X (f). It is also convenient to putg (X) :=
+oo for all x e X'\ Xk (f). Thus,nk f(X) < +co if, and only if x is f-measurable with
respect tK.

Remark2.23 One can show that, for anfy € X, the mappingw s : Xk (f) —
[0, +00) is @ seminorm on the linear manifoXk (f). This seminorm is a norm if, and
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only if K is a cone [5,10], i. e., if the blade &fis trivial. The mapping mentioned is
defined on the entire spageif, and only if

Xk(f) =X, (2.14)
which property, in contrast to the poorest case where

Xi(f) = K®,
may be regarded as a reflection of a reasonable choice of an elén@nt0. By
Lemma 2.19, condition (2.14) is satisfiedfif>k 0. It may happen, however, that
(2.14) does not hold for anfyfrom X (e. g., if X is the Banach space of the Lebesgue
integrable functions on a bounded intenallf] andK is the cone of integrable func-
tions [a, b] — R that are non-negative almost everywhere aib]).

In the case wher& is a solid cone and > 0, formula (2.13) determines the
so-calledf-norm [7, 10]

X+ = inf {8 € [0, +c0) | relation (2.4) is trug (2.15)
of an arbitrary element from X. Functional (2.15) is also used in [9] in studies of
vector lattices.

Itis clear from (2.13) thatk  (0) = 0 independently of the choice éf Moreover,
the following lemma holds.

Lemma 2.24. Let f € X. Then an element e Xsatisfies the equality
nkf(x) =0 (2.16)
if, and only ifx € K©.

Proor. Let f € X and letx be an element from the corresponding (non-empty)
setXk (f). In view of Proposition 2.11, we can suppose thatk 0. Then, clearly,
of 2k 0 for somes € {-1, 1}.

Let x € K®. The elemenk belongs to the blade df if, and only if

0=k x=k 0, (2.17)
which means that (2.4) is true with an arbitrary consfastich that sigB = o. In
particular,

_zf <k X< gf

k ==Kk
forallk e N. Taking (2.13) into account, we conclude that @ ¢(x) < infyen k™t =
0, i. e., relation (2.16) holds.

Conversely, ifx satisfies equality (2.16), then there exists a sequeBET] c
(—o00, +00) such that lim_, ;. Bk = 0 and, for allk > 1,

—Bkf =k X =k Bkf. (2.18)

Passing to the limit ak — +co in relation (2.18) or, which is the same, in the
inclusion
Bcf — %, pf +x} K
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and taking into account the fact thiatis a closed set, we arrive at relation (2.17n

Remark2.25 The existence of an elemehtsatisfying equality (2.14) implies, in
particular, that the wedgK is reproducing [10], i. e K — K = X. The converse
implication, generally speaking, is not true (in particular, the cone mentioned in Re-
mark 7.4 is reproducing but relation (2.14) is never satisfied there).

2.5. Complexification of a wedge and the related objectdn the sequel, the
complex counterparts of some of the notions defined above will be needed. Through-
out this section, where the related notions are introduced, we fix a real Banach space
X and wedge in X.

2.5.1. Basic issuesThe complexification (see, e. g., [4], Chapt. X§B) of a real
Banach spacéX, ||-||y is convenient to be interpreted as the complex Banach space
of formal sumsx + iy, {X, y} c X, i2 = -1, equipped with the linear operations

(Xp +iy1) + (X2 + iy2) == Xg + X2 + i (y1 + y2)

(v+ip) (X +iy) == vX—uy + i (uxX+vy), (2.19)
where{xq, X2, y1, y2, X, y} C X, {v,u} C R, and with the norm
X +iyll := 9'1[“60(] lIXxcosd + y sindl, Xy} c X (2.20)
ve[-n,m

The same technigue allows one to define a natural complexification of an arbitrary
wedge in a real Banach space.

Definition 2.26. The set

K:={x+iy|xe KAyeK} (2.22)
will be referred to as theomplexificatiorof a wedgeK in a Banach spac¥ overR.

It is easy to verify that the sét, represented alternatively Ks= K +iK, is closed
with respect to norm (2.20) and forms a wedgiim the sense that

a1K + apK ¢ K for all {a1, s} € [0, +0). (2.22)

By analogy with Sections 2.1 and 2.3, one can extend the binary relatijoaad
<k to X2 in a natural way. More precisely, given two elemefzisz} c X, we shall
write z; 2 2 (resp..z1 > ) if, and only ifz; — 2, € K (resp.,z1 — 2 is an interior
element ofK). Similarly, the relatioroy is natural to be defined by puttirsg O; 2
if, and only if the elementg; andz, satisfy at least one of the relations>; z, and

21 <z 2. The blade K)° of K is natural to be defined as the set of all thas@m X
for which both relationg 2y 0 andz £; O are true, i. e,

(R)® = R n (=K).

It is obvious that A
(RK)® = K® +iK®. (2.23)
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The complexifigatiorR of a real wedgeK inherits its main characteristic proper-
ties. For exampleK is solid if, and only ifK possesses this property.

2.5.2. Measurability of complex elementsLetg € X anda € C. Similarly to
formula (2.3), one can define the 36t ,(9) ¢ X by putting

Xg 1(g) = {ze X|z2zg —Ag Az /lg} (2.24)
and introduce the following

Definition 2.27. An elementz € X is said to bej-measurable with respect to the
wedgeK if, and only if it belongs to the set

Xe(9) = | Xk 1(9)- (2.25)
AeC

Definition 2.27 may be regarded as a natural extension of Definition 2.8 to the
complex case. For example, analogues of Lemma 2.6 and Proposition 2.11 are true
for sets (2.24) and, just as in the real case, zero belongs to thg sef) for arbitrary

A € C andg € X. Further properties of sets (2.24) are described by Lemma 2.33
below.

Remark2.28 Analogues of sets (2.24) and the related objects can also be intro-
duced in the case whefeis replaced by some other set possessing property (2.22),
not necessarily constructed according to formula (2.21). Such more general complex
wedges are however not needed for our purposes.

A convenient characterisation of the property introduced in Definition 2.27 is pro-
vided by the following

Lemma 2.29. Let{x,y, f} ¢ X. Then the element + iy is f-measurable with
respect tK if, and only if there exist sontee [0, +o0) andw € [-x, 7] such that the
relations

—rf sinw £k X<k rf sinw, (2.26)
—rf cosw =k y <k rf cosw (2.27)
are satisfied.
Here and everywhere in the sequel, we wiite f +if for any f from X.

Proor. By virtue of relations (2.24) and (2.25), the elemgntiy is f-measurable
if, and only if there exist some € [0, +o0) and¥ € [-x, x] for which

—0€”f < x+iy 2 0€”f. (2.28)
According to (2.19), we have
é?f = (cost + isind)(f +if) = (cos? — sin?) f +i (sin? + cos?) f

= \/E[sin(% - ﬁ) + icos(%rr - 19)] f. (2.29)
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Therefore, in view of definition (2.21) of the skt the relation (2.28) is equivalent
to the system of order inequalities

—oV2f sin(% _ ﬁ) < X < 0 V2f sin(% - ﬁ), (2.30)
—o V2f cos(% - 19) <k y <k o V2f cos(% - 0), (2.31)

which, obviously, has form (2.26), (2.27) with= o V2 and

w::{g—ﬁ if -r<9<-%,

7 € 3
-0 if-F <<
It is clear that the above relation between the pairg(and {, ) is one-to-one. O

Remark2.30 Definition 2.27 reduces to Definition 2.8 in the real case. Indeed,
let of € K with someo € {-1,1}. Lemma 2.29 characterises themeasurability
of the elemenix = x + i0 with respect toK in terms of the existence of,w)
[0, +o0) X [-m, 7] such thato-cosw > 0 and relation (2.26) is true. However, the
property mentioned means that (2.4) is satisfied With r sinw.

Itis natural to find out that thé-measurability of an element+ iy with respect
to K is equivalent to thd -measurability of its real and imaginary partsandy.

Lemma 2.31. Let{xy, f} ¢ X. Then the element + iy is f-measurable with
respect tK if, and only if bothx andy are f-measurable with respect .

Proor. The f-measurability ofx andy, on the assumption that+ iy € )A(R(fA),
is a consequence of Lemma 2.29. Converselfx,ifi} ¢ Xk(f), then, according to
Definition 2.8, there exist some raakindg such that

—af <k X=Zk a/f, (232)
-Bf =« y =« pf. (2.33)
Let us put

__)%signa if >0,
w'=q3 .
Z signa if <0

andr := V2 max{|al,|8]}. Then, as is easy to see,

. signa signg
SlNw = N COSw = )
V2 V2
and, therefore, relations (2.32) and (2.33) imply that (2.26) and (2.27) are satisfied
with the above values @b andr. It remains to refer to Lemma 2.29. O

It turns out that all the setég (f), wheref = f +if, are invariant under rotations.
More precisely, the following statement is true.
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Lemma 2.32. Let f € X and{x,y} c Xk(f). Then, for an arbitraryp € [, ],
the elemeng?(x + iy) is f-measurable with respect .

Proor. It will suffice to consider the case whefreak O. ByAassumption{,x,y} c

Xk (f) and, hence, in view of Lemma 2.31, the elementy is f-measurable with re-
spect toK, wheref = f +if. Lemma 2.29 guarantees the existence aban[—r, 7]
such that relations (2.26) and (2.27) are satisfied. Multiplying both parts of (2.26)
by |cosg| and|sing| and taking Lemma 2.6 into account, we obtain, respectively, the
relations

—fr|cosy| sinw =k =xcosp <k fr|cosy|sinw
and

—frising|sinw =k £Xsing <k frising|sinw,
where the symbol£” means that the inequality is satisfied with both signs of the
corresponding term. Similarly, multiplying both parts of (2.27)/¢yse| and|sing|,
we get

—fr|cosy| cosw =k +y Ccosy <k fr|cosy|cosw
and

—fr|sing| cosw =k =y sing <k fr|sing|cosw.
Therefore, by choosing the appropriate signs in the relations above and summing the
corresponding terms, we obtain

XCOSp — y Sing <k rf[jcosy|sinw + |Sing| cosw],

Xc0sp — y sing 2k —rf[|cosg| sinw + Ising| cosw] (2.34)

and
Y COSp + XSing =k rf[|cosy| cosw + [sing| sinw], 235
)y COSp + XSingp 2k —rf[|cosy| cosw + [Sing| sinw]. (2.35)

It is supposed that ok 0, and, thereforegf > O for someo € {-1,1}. Since
neither|cosy| sinw + |Sing| coSw NOr [cOSy| CoSw + |Sing| Sinw takes values outside
the interval |2, 2], relations (2.34) and (2.35) yield

20rf <k XCOSp — ySing <k 20rf, (2.36)
201t <k ycosy + xsing <k 20rf. (2.37)

x ifo=1
Oy =% . ’
’ {% o= -1

Let us put

Then sind, = cosd, = 0272 and, therefore, relations (2.36) and (2.37) can be
brought to the form

of sind, <k xcosp — ysing <k of sind,,
of cosd, =k ycosy + xsing sk of cosd,,
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wherep := 2r V2. Applying now Lemma 2.29 and taking into account the formula
d¢(x + iy) = xcosp — ysing + i(y cosy + xsing), (2.38)
we conclude that the elemerf + iy) is f-measurable. O
The next lemma summarises several properties of sets (2.24) referred to in the
sequel.
Lemma 2.33. The following assertions are true:
(i) Xgo(f) = Xg 1(0) = K® +iK® forall f e Xanda € C;
(i) Xg 1(9) = —Xg 1(9) foranyg e X;
(iii) @ Xg u1(9) = Xz 1(9) for anyg € X anda € R\ {O};
(iv) For 1 # 0andg # 0O, the setXy ,(g) is non-empty if, and only itg € K;
(v) If Ag € K, thenXg ,(g) 2 K® +iK?;
(Vi) Xg1(9) \ (K® +iK®) # @ if, and only ifdg € K \ (K® +iK?).
(Vi) Nyex Xg () 2 K +iK®;
(viii) Xz(g) # K® +iK® if, and only ifg € [K U (=K)] \ (K® +iK®).
Proor. This statement is established similarly to Lemmata 2.6 and 2.7 and Propo-
sitions 2.11 and 2.11 from Section 2.2.
Let us prove, e. g., assertion (iii). Indeed,det 0. By virtue of (ii), an element
belongs to the seX; |, , if, and only if
—laldg s¢ zsigna =g laldg,
or, which is the same, .
—lg ¢ — Sk g (2.39)

However, (2.39) means nothing but the inclusionz e X ,(g). o

2.5.3. The mappingsnk’g : X = [0, +o0]. Similarly to the case of the original

real spaceX, the f-measurability of elements of with respect to the complexifi-
cationK of a wedgeK in X can be characterised by a certain non-linear functional.
More precisely, giverz € X andg € X, we put

g, (@ = V2inf{lal| 1€ C A ze Xg ,(9)) (2.40)

if zis g-measurable with respect 6, andng ,(2) := +eoforz ¢ XR(g). Here, we
retain the same lettem, as in the real case (cf. Section 2.2) in order not to complicate
the notation unnecessarily.

Lemma 2.34. For anyg € X, the functionahg , : Xg(g) — [0, +o0) is homoge-
neous in the sense that
ng ,(v2) = ylng ,@
for all ze Xg(g) andy € R,
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Proor. Let us fix somez € )?R(g) andy € R, v # 0. According to formula (2.40),
we have

g ,(v2) = V2inf{lal| 1€ C nyze X ,(9)}- (2.41)

Applying assertion (iii) of Lemma 2.33 withh = 1/v, we conclude that an element
yzbelongs to><K W(g)if,and only ifz e XK bl -1(g). Therefore, equality (2.41) can be
rewritten as

nk,g(yz) = \/é inf {|/l| |1eCAyze Xk,ﬂ(g)}
= V2inf {I/ll |1eCAze XR,A/m(g)}

. A -
= Iyl\/ilnf{m | AeCAze Xm/lyl(g)}

= I V2inf{lul | € C A ze K (9)} = ing (D),
as required. O
We are interested mainly in elementsiothat aref-measurable with respect ko
for a suitably choser from X (actually, from K u (-K)] \ K® because otherwise,

by Proposition 2.11, there are iemeasurable elements outsiki&). In this case, it
is convenient to use the following formulae for computation of value (2.40).

Lemma 2.35. Let f € X and let{x,y} c X be some elemenfsmeasurable with
respect taK. Then the formulae

ng f(X +iy) = V2inf{o € [0, +o0) | 39 € [-x, 7] : (2.30)and (2.31)hold} (2.42)
and
ng ¢(x+iy) = inf{r € [0, +o0) | Jw € [-x, 7] : (2.26)and (2.27)hold}  (2.43)
are true.

Proor. By Lemma 2.31, the elemeRrt+ iy is f-measurable with respect kband,
therefore, the value af;  (x + iy) is finite. In view of formula (2.29) established in
the proof of Lemma 2.29, the relation

—/lfA§R X+ iy R /lfA

with 1 = o €” is equivalent to the system of order inequalities (2.30), (2.31). There-
fore, definition (2.40) of the mappiny, ¢ yields the required equality (2.42).

Formula (2.43) is a consequence of (2.42). Indeed, as is shown in the proof of
Lemma 2.29, there is a one-to-one correspondence between systems (2.30), (2.31)
and (2.26), (2.27), with

-2
©

and it sufices to use Lemma 2.34. O
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The best constanmtin relations (2.26) and (2.27) satisfied by the respective com-
ponentsx andy of an f-measurable element+ iy is determined by the value of
functional (2.40). More precisely, we have

Lemma 2.36. Let{f, x,y} c Xand
nk’{(X+ iy) =1 < +oo.
Then there exists ai € [-n, 7] such that relationg2.26)and (2.27)are satisfied.

Proor. The definition of the functionaly ¢ and Lemmata 2.29 and 2.35 yield the
existence of sequenceg);>] C [0, +o0) and k)] € [—7r, 7] such that lim, ;0 rk =
r and the relations

—r¢f sinwk £k X £k rif sinwy, (2.44)
—rxf coswy <k y =k rkf coswk (2.45)

are true for alk € N. The compact real sequenaexf;"; contains a subsequence
(wk; }fj‘i convergent to a numbes € [—-x, 7). Puttingk = Kj in (2.44) and (2.45),
passing to the limit a§ — +co, and taking into account the fact thidtis a closed
subset ofX, we arrive at relations (2.26) and (2.27). |

The following statement is an extension of Lemma 2.24 to the complex case.

Lemma 2.37.Letf € Xandze X. Thenng ¢(2) = 0if, and only ifze K® +iK®.

Proor. Let us suppoose that= x + iy, where{x, y} ¢ K®. According to formula
(2.43) of Lemma 2.35, we have

ng ¢(X+iy) = inf{r € [0, +o0) | Jw € [-7, 7] : (2.26) and (2.27) hold
<inf{r € [0, +o0) | Ho, «} € {-1,1} : —orf <k XV2 Lk of f
and — «rf <k y V2 gk «rf)
<inf {r € [0, +00) | —orf =k X V2 <k orf with someo € (-1, l}}
=inf{lel| @ e RA—af <k xV2 <k af}
= nk 1 (X V2). (2.46)
By virtue of Lemma 2.34, we have
Nk.£(XV2) = V2nk 1(X).

However, in view of Lemma 2.24) ¢(X) = 0 and, therefore, by (2.46), the non-
negative numbeny +(x + iy) is equal to 0.

Assume now thay ¢(x +iy) = 0. By virtue of Lemma 2.36, there exists ane
[-m, 7] such that relations (2.26) and (2.27) are satisfied with0, i. e., 0=k X<k 0
and 0=k y <k 0. This means thdi, y} c K°. i
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Formula (2.40) allows one to construct a natural extensjop: X - [0, +o0] Of
the mappingX > x — nk (X) given by relation (2.13). More preC|ser the following
statement is true.

Proposition 2.38. Let f € X. Then the equality
ng £(X) = Nk, 1(X) (2.47)
is true for all x € X.

Proor. First of all, we note that it dtices to consider the case whdrek 0 be-
cause in the contrary case, by Proposition 2.11, we Xayé) = K and, therefore,
in view of Lemmata 2.24 and 2.37, batR + andng ¢ vanish on the seXk (f).

For the sake of definiteness, we assume fthatx 0. Settingy = 0 in formula
(2.43) of Lemma 2.35, we obtain

ng ¢(X) = inf {r € [0, +o0) | Jw € [-7, 7] : cOSw > 0 and (2.26) holds

= inf {r € [0, +) | Elwe[ ’27 ”] (2.26) holds} (2.48)
Since the mapping sin —f, 5] — [-1,1] is a bijection, we see that (2.48) can be

rewritten in the form
ng ¢(X) =inf{r € [0, +o0) | Fh € [-1,1] : —rhf <k X =k rhf}
=inf{la] € [0, +o0) | —af Sk X =k af},

which, by virtue of (2.13), proves that equality (2.47) is true forxddom Xk (f). In
the case whergis not f-measurable with respect Ko, by Lemma 2.31, both values
are equal tereo. O

Proposition 2.38 is, in fact, a particular case of a more general result. Namely, the
following statement is true.

Proposition 2.39. Let f € X. For arbitrary {x,y} c X which are f-measurable
with respect to the wedd€, the equality

g f(x+iy) = (K 109)2 + (k.1 (1) (2.49)

is true.

Formula (2.49) resembles to some extent the Pythagorean formulangui(),
Nk.f(y), andng ¢(x + iy), respectively, playing the roles of catheti and hypotenuse.
The proof of Proposition 2.39 is omitted.

2.5.4. Measuring rotated elementslin the sequel, we need to compute the val-
ues of the functionah; » on elements of the form'éx + iy), wheret € [-m, 7] is
arbitrary and x, y} XK(f) with somef satisfying the conditiorf ok O.
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Definition 2.40. Given anf € X, we put
R f(x+iy) = [inf & (€' (x +iy)) (2.50)
’ e|l-n,m ’

if {x,y} c X'aref-measurable with respect kg and set formallyR; ¢(x+iy) := +oo
in the contrary case.

It follows from Lemma 2.32 that the right-hand side of (2.50) is finite for arbitrary
{x,y} € Xk(f) andt € [-x, 7] and, thus, Definition 2.40 makes sense.

Lemma 2.41. Let f € X and{x,y} c Xk(f). Then, for an arbitraryp € [-x, 7],
the equality ‘
R f(€¥(x+iy)) = Rg s(x +iy) (2.51)
is true.

Proor. According to formula (2.50), we have
R; f(€¥(x+iy)) = t [inf & (€ (x + iy))
’ e|l-n,m ’
= [inf & AT (x + iy)). (2.52)
€|-n,m ’
Let us take an arbitrary € [-7, 7] and put
t+o+m ift+e<-—-m,
ori=4at+ if —r<t+e¢<m,
t+o-n ift+o>n
for all t from [—x, 71]. Itis clear that{€¥ |t € [-m, 7]} = {1 € C | |1] = 1} for any.
Therefore, equality (2.52) yields
Ry f(€°(x +iy)) = t [inf & (€9 (x + iy))
’ e|l-n,m ’
= [inf & (€' (x +iy)) = Ry s(x + iy).
e|l—-m,m ’ ’
Applying formula (2.51) sequentially, we prove that it is true with arbitrary values of
¢ from [-n, 7). O
Together with Lemma 2.41, the next statement is a basic tool in the proof of The-
orem 3.1 from Section 3.
Lemma 2.42. Let f € X, {X,y} c Xk(f), and
Ri=Rg ¢(X+iy). (2.53)
Then there exist somé.., w.} c [-x, 7] such that the relations
—Rfsinw, sk xcosd, — ysind, ¢ Rfsinw,, (2.54)
—Rfcosw. £k xsind, + ycosd, <k Rfcosw. (2.55)
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hold. Moreover, iR > 0, then there do not exist any numbers (0, R) and{d, &} c
[, 7] for which the inequalities

—(R-&)f sing gk xcosd — ysind <k (R—&)f sind, (2.56)
—(R-&)f cosw <k xsind + ycosd <k (R- &) f cosw (2.57)
would be satisfied.

Proor. Let us fix somegx, y} ¢ Xk(f) and defineR by (2.53). Then
R= inf rg (2.58)

te[-n,x]
wherer; ;= ng ]e(e“(x +iy)) for all t € [—x, n]. By virtue of Lemma 2.32, we have
0<R<+co.
Taking Lemma 2.36 and formula (2.38) into account, we conclude that, with any
t € [-n, nr], one can associate an € [—x, 7] for which

—r¢f sinwy £k xcost — ysint g ry f sinwg (2.59)
and
—r{f cosw; £k ycost + xsint <k ri f coswy. (2.60)
By virtue of (2.58), there exists a sequentg{*; ¢ [-n, 7] such that
lim r, =R (2.61)

m—+oo
Being bounded, this sequence contains a subsequence convergent to ajgegtain
[-7,7]. We can assume, without loss of generality, that such a subsequence has
already been selected and, thus, in addition to (2.61), we have
lim tm= .. (2.62)

m—+oo

On the other hand, the sequenc@mm’:"l C [-n,n] is also bounded and, therefore,
there exists a sequencenf;=; c N such that lim, .« W, = w. With a certain
w. € [-m,n]. Settingt = ty, in (2.59) and (2.60), passing to the limit asends to
+00, and using (2.61), (2.62), and the fact tKais a closed set, we arrive at relations
(2.54) and (2.55) with the above valuesiafandw..

Assume now thaR > 0 and relations (2.56) and (2.57) are satisfied with seme
0 < ¢ < R and{#, @} c [-n,n]. Due to formula (2.43) of Lemma 2.35 and equality
(2.38) from the proof of Lemma 2.32, relations (2.56) and (2.57) implyrthatR—¢
for all t € [-x, 7], whence the estimate

inf rir<R-¢ (2.63)
te[—n,x]
follows. However, by virtue of (2.58), inequality (2.63) yiel&s< R — ¢ and, there-
fore,e = 0. O

The property described by Lemma 2.37 is also true for functional (2.50).
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Lemma 2.43.Letf € Xandze X. ThenRy ¢(2) = 0if, and only ifze K® +iK®,

Proor. The inclusiorz € K¢ +iK® means that the elemenis 0-measurable with
respect tK. In this case, Lemma 2.32 guarantees that so does the elefzamitie
anyt from [-x, 7] and, hence, by Lemma 2.37, it follows thaﬁf(e“z) = 0 for all
t € [-n, n]. Relation (2.50) then yieldR ¢(2) = 0.

Conversely, ifR; ¢(x +iy) = 0, then, by Lemma 2.42, there exists sofhiom
[, 7] such that

0 =k xcos? — ysind £k 0,
0 =k xsind® + ycos? <k O.

According to formula (2.38), this means that the elemétixer iy) is 0-measurable
with respect tK and, thus, by Lemma 2.32, so does the elementy. m]

2.6. Linear operators vanishing on the blade of a wedgefor the sake of brevity,
we introduce the following definition [11].

Definition 2.44. We say that an eigenvalutof a bounded linear operatd :
X — X is substantialwith respect to the wedge (or, shortly,K-substantial if 1 is
non-zero and at least one eigenvector not belongingfte- iK® corresponds to it.

As usual (see, e. g., [5]), by a complex eigenvalueC of a bounded linear opera-
tor A: X — X acting in a real Banach spa¥gthe eigenvalue of its complexification
A=A+iA: X - Xis meant, where

A(x +iy) := Ax+iAy (2.64)

for all {x,y} c X.
Example2.45 All the eigenvalues of a bounded linear operator X — X are
substantial with respect to an arbitrary coné&in

We devote our present study mostly to the linear operatarX — X vanishing
on the blade of a proper wedde i. e., such that

K® c kerA. (2.65)

Example2.46 If K is a cone, then condition (2.65) is satisfied in an obvious way
for every linear operatoh : X — X.

In the general case, the restrictiveness of condition (2.65) imposed on the operator
A grows with the “width” of K© .

Example2.47. Let us consider the set
Cacs([a b, R) = {xe C([ab],R) | ox([a.b] \ Q) C [0, +e0)},

whereQ is a certain subset of]b] such that § b] \ Q is closed, andr € {-1,1}.
The selCq - ([a, b], R) is obviously a closed wedge in the Banach spgaéfa, b], R)
of all the continuous scalar functions on the bounded inteevdd][ This wedge is
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solid because, as one can show, its interior is constituted by the continuous functions
x: [a,b] — R such thatrx([a, b] \ Q) € (0, +).
Consider the operatdk : C ([a, b], R) — C([a, b], R) given by the formula

{
(AX) (t) = f Kt 9x(w®)ds  telah], (2.66)

in which w : [a,b] — [a b] is a measurable function, whereas the function
[a,b] x [a,b] — R is continuous in the first variable and Lebesgue integrable in the
second one. The operatAvanishes on the blade of the wedge, ([a, b], R) when

w satisfies the condition

w([a,b]) c[a b\ Q. (2.67)

Indeed, the blade ofq . ([a b],R) consists of those continuous functiors:
[a,b] — R such that

X(t)=0 forallte[ab]\ Q. (2.68)

If w is such that condition (2.67) holds, théx is equal identically to zero for
every functionx satisfying condition (2.68), i. e., the relatiore (Cqo. ([a, b], R))®
implies thatAx = 0. This means that (2.65) is true f&r = Cq, ([a, b], R) and A
given by (2.66).

Our interest to the property described by condition (2.65) is motivated by the fol-
lowing statement.

Lemma 2.48. Assume thaf : X — X s a linear operator vanishing on the blade
of a wedgeK C X. Then every non-zero eigenvaluefof K-substantial.

Proor. Let 4 be an arbitrary non-zero eigenvalue &f Then there exists some
non-zero element from X such that

Aw = Aw. (2.69)

Assume that, on the contrary,is not K-substantial and, therefore, according to
Definition 2.44, every eigenvectar in (2.69) belongs tk® + iK®. By virtue of
inclusion (2.65), this yielddw = 0, and, hence, by (2.69), = 0, which is impossible
becausev is an eigenvector oh. The contradiction obtained proves our lemman

Assumption (2.65) may seem to be unnecessarily strong because, in fact, it guar-
antees that not onlgomeeigenvectors corresponding to non-zero eigenvalues of
do not belong to the blade &f butall such eigenvectors possess this property. Note
however that, in the theorems of Sections 3 and 4, condition (2.65) cannot be dropped
even in the two-dimensional case (see Example 5.1).

3. UPPER BOUNDS FOR K-SUBSTANTIAL EIGENVALUES

The following theorem provides an upper bound Kesubstantial eigenvalues of
a suficiently wide class of linear operators in a real Banach space
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Theorem 3.1. Let K be a proper wedge iX andA; : X —» X, A : X —» X be
bounded linear operators such that
A1 (K)U A (K) C K. (3.2)
Assume also that the relation

Arf + Axf ¢ af (3.2)
is true with somer € [0, +o0) and f € X for which
feknO, (3.3)
whereH is a certain linear manifold irX satisfying the inclusion
H2im (A - Ay). (3.4)
Then everK-substantial eigenvalug of the operatoA; — A, admits the estimate
11 < a. (3.5)

In (3.1), (3.4), and similar relations, we use the standard notation
A(M) := {Ax]| x e M},

whereM cC X. Recall that the binary relatiorzk. 4" appearing in (3.3) is introduced
on X by Definition 2.16.

Proor oF Theorem 3.1. Let A = o €?, o € (0, +), be aK-substantial eigenvalue
of the complexificatiorA = A; — A, of the operator
A=A - A (3.6)
In view of Definition 2.44 and equality (2.23), there exists an elementx+iy such

that{x, y} c X, {X,y} ¢ K®, and equality (2.69) holds.
We divide the present proof into several parts.

Cramv 1. The element is f-measurable with respect .
Indeed, equality (2.69) means that
ow = 7 Ay, (3.7)
According to formulae (2.38) and (2.64), we have
e Aw = Axcost + Ay sin® + i(Ay cos — Axsind)
and, therefore, (3.7) can be rewritten as the system
oX = Axcosi + Ay sind, (3.8)
oy = Ay cost — Axsind. (3.9)

By virtue of assumption (3.4), it follows from (3.8) and (3.9) tixandy both lie in
H (to prove this, it sffices to use the linearity of the dd). However, according to
Definition 2.12, condition (3.3) means that all the elements frbare f-measurable
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with respect t& and, hence, by Lemma 2.31, the elementy is (f +i f)-measurable
with respect tK.

CrLamm 2. The number
Ri=Rg ¢(X+iy) (3.10)
is strictly positive.

Indeed, by Claim 1 and Lemma 2.41, the right-hand side of (3.10) is a finite num-
ber. Sincgx, y} ¢ K, Lemma 2.37 yield® > 0.

CrLam 3. The elements andy satisfy the equalities
AX = o (xcosd? — y sini), (3.11)
Ay = o (Xsin® + y cosd?). (3.12)
According to formula (2.38), system (3.11), (3.12) is an equivalent form of relation
(2.69) satisfied bw.

Cramv 4. There exist some. andt. from [-r, 7] such that(2.54)and (2.55)are
true for x andy, and there do not exist arfy, ¥} c [, 7] for which the relations

—rf sind <k xcosd — ysind <k rf sing, (3.13)
—rf cosa <k xsind + ycosd <k rf cosa (3.14)
would be satisfied with somes (O, R).
This statement is an immediate consequence of formula (3.10) and Lemma 2.42.
CrLam 5. There is a2 from [—r, ] such that the relations
—aRfsinQ < Axcosd, — Ay sind, <k aRfsinQ, (3.15)
—aRfcosQ <k Axsind, + Ay cosd, <k aRfcosQ, (3.16)
are true, wheréA is given by(3.6).

In view of assumption (3.1), both operatgksand A, preserve order inequalities.
Therefore, relations (2.54) and (2.55), together with Lemma 2.6, yield

-RA f sinw. <k o[Ajxcosd, — Ajysind.] <k RA f sinw,, (8.17)
—RA; f cosw, =k x[Ajxsind, + Ajycosd.] <k RA;f cosw, (3.18)
forall j = 1,2 and{o, »x} c {-1,1}. Summing the two relations obtained from (3.17)

with j = 1,0 = 1andj = 2,0 = -1, respectively, we obtain
—R(A1 + Ap) f sinw,. =k (A1 — Ag)xcosd, — (A1 — Ag)y sind, <k R(A1+ A2)f sinw.,
i. e.,

—R(A1 + A2) f sinw, £k Axcosd, — Ay sind, <k R(A1 + A2)f sinw..  (3.19)

In a similar manner, putting in (3.18)= 1,x = 1 andj = 2, = —1 and summing
the resulting two relations, we get

—R(A1 + A) f cosw,. £k Axsind, + Ay cosit, sk R(A1 + A)f cosw...  (3.20)
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Let us consider the following four cases.
Casel. sinw. > 0 andcosw, = 0.

Using assumption (3.2) in relations (3.19), (3.20) and puttng w., we arrive
immediately at (3.15), (3.16).

Case2. sinw, > 0andcosw, < 0.

Recall that, by assumptiori, >k 0 and, due to condition (3.1 f + Axf 2k O.
In view of assertion (iii) of Lemma 2.7, relation (3.20) and Claim 2 imply that, in this
case,

0 <k Axsind, + Ay cosd, <k 0. (3.22)
whereas the term?q + Ay) f sinw., by virtue of (3.2), admits the estimate

(A1 + Az)f Sinw, <k af.

Therefore, (3.15) and (3.16) are satisfied vidh= 7.
Case3. sinw, < 0andcosw, > 0.
Relation (3.19) now yields

0 <k Axcosd, — Aysind, < 0 (3.22)
and, similarly to Case 2, we conclude that (3.15) and (3.16) holdith O.

Cased. sinw, < 0andcosw, < 0.

A reasoning analogous to those presented above show that, in this case, system
(3.19), (3.20) has form (3.21), (3.22) and, therefore, relations (3.15) and (3.16) are
satisfied both witi2 = 7 andQ = 0. This proves our Claim 5.

Having established the facts above, we now turn to the proof of estimate (3.5).

According to Claim 3, the componentsandy of the eigenvectow of A satisfy
equalities (3.11) and (3.12). Therefore,

Axcos, — Ay sind, = o(Xcosd — y sind) cosd,. — o(xsind + y cosy) sind,

= p[cosd sind, — sind sind,]X
— o[sin® cosd. + cosd sind.]y
= poXCos + ¥.) — oy Sin(® + 9.
and, similarly,
AXxsind, + Ay cost,. = o(xcos? — y sind) sind, + po(xsind + y cos?) cosd.
= p[cos? sind, + sind cosd. ] X

+ o[cos® cosd, — sind sind.]y
= oxsin(@ + ¥..) + oy cos + 9..).
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Applying these formulae to the corresponding expressions in (3.15) and (3.16) and
taking the inequality > 0 into account, we obtain

R, . _ R, .

~ ¢ sin0 <k Xcos + ) —ysin@ + 9.) <k mAAY: sinQ, (3.23)
© ©
R . R

—%f cosQ =k xsin@ + 9.) + y cos@ + ¥.) =k %f cosQ. (3.24)

System (3.23), (3.24), obviously, has form (3.13), (3.14) Witk ¥ + 9., & = Q,
andr := aR/p. In view of Claim 4, it now follows that

oR >R

Q
whence, by Claim 2, we arrive at the inequality< «. Recalling thato = |4, we
conclude that the required estimate (3.5) holds. O

The assumption thdt should lie inK and be diferent from zero in Theorem 3.1
is motivated by Proposition 2.22.

Remark3.2 A linear operatorA : X — X admits representation in form (1.4),
whereA; andA; are linear mappings preserviig if and only if there exists a linear
operatorB : X — X such that

B(K) c K (3.25)
and
Ax =k Bx forall x € K. (3.26)

Indeed, (1.4) implies that
AX Sk ArX Sk ArX + Aox

for all x such thatx 2k 0 and, therefore, one can ®t= A; + A,. Conversely, it
follows from (3.25) and (3.26) that the operatyr .= B — A preserves the wedgé
and, thus, it remains to pét := Bin (1.4).

It should be noted that, in the case where the spaiseinfinite-dimensional, one
cannot claim that every bounded linear opergior X — X admits representation
(1.4) with bounded linear mappings : X —» X andA; : X — X preservingK.

In particular, in the case whek€ is a cone which does not possess the property of
normality, the classical Theorem 2 of [8] ensures the existence of a continuous (even
finite-dimensional) linear operatdx : X — X that cannot be represented in form
(1.4) with bounded : X — X, k = 1, 2, satisfying condition (3.1).

4. A THEOREM ON THE SPECTRAL RADIUS OF A COMPACT OPERATOR

Theorem 3.1 of Section 3 can be applied to prove the following statement which
seems to be useful in studies of the solvability of various linear equations with com-
pact operators.
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Theorem 4.1. Let X be a Banach space over the fidd K be a proper wedge in
X,andA; : X — X, Ay : X - X be completely continuous linear operators leaving
the wedgeK invariant and satisfying the condition

K¢ ¢ ker(A1 — Ap) . 4.1)

In addition, assume that relatiof8.2) is satisfied with some constamte [0, +oo)
and element € X possessing the property

f EK;im (Ar-Ap) 0. (4.2)
Then the spectral radius of the operatdy — A, admits the estimate
r(Ar—Ax) <a (4.3)

Proor. It follows from the Riesz—Schauder theory (see, e. g., [2]) that, due to the
complete continuity of the operatég — Ay, its spectrum consists of countably many
eigenvalues.

It is easy to see that condition (4.2) implies the existence of a linear manifold
H ¢ X satisfying inclusion (3.4) and such that relation (3.3) holds for the element
f (one can puH = im (A1 — Az)). Assumption (4.1), by virtue of Lemma 2.48,
implies that every non-zero eigenvalue of the operator A; is K-substantial in the
sense of Definition 2.44. Therefore, under the conditions assumed, Theorem 3.1 can
be used.

Application of Theorem 3.1 guarantees that an arbitrary non-zero eigenvalue
the operatoA; — A, admits estimate (3.5). Considering the least upper boui] of
in the left-hand side of relation (3.5) with respect to all the non-zero eigenvaloies
A1 — Ay, we arrive immediately at inequality (4.3). O

Recall that the binary relatiors*k. " appearing in condition (4.2) has been intro-
duced by Definition 2.16.

Remark4.2 The complete continuity ofy — Az in the proof of Theorem 4.1
is used only to guarantee that this operator has discrete spectrum (in fact, an upper
bound for the discrete spectrum is established under the conditions specified). Note
also that, in the case whekeis a solid and normal cone, the assertion of Theorem 4.3
can also be proved by using Theorems 5.3 and 5.5 of [7].

Corollary 4.3. LetK c X be a wedge andy : X —» X, A, : X —» X be
completely continuous linear operators leaving the welg@variant, satisfying
condition(4.1)and such that relatio3.2)is true with somer € [0, +o0) and element
f € X possessing the property

fexO. (4.4)
Then the spectral radius of the operatyy — A, admits estimaté4.3).
Proor. Inview of Lemma 2.13, assumption (4.4) ensures fhadssesses property

(4.2). Therefore, in order to obtain the required statement, itfiscgnt to apply
Theorem 4.1. O
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For the sake of completeness we note that, by Lemma 2.19, assumption (4.4) is
satisfied, in particular, in the classical case wheis solid and the elemeritbelongs
its interior.

Remark4.4. Condition (4.1) for the operatok : X — X in Theorem 4.1 and
Corollary 4.3 is satisfied automaticallyHf is a cone.

Corollary 4.5. If A: X — Xis a completely continuous linear operator leaving
invariant a wedgeK and, moreover, satisfying conditig@.65)and the relation

Af < of (4.5)

with some constant € [0, +o0) and element € X possessing properii.4), then
the estimate

r(A) <a (4.6)
is true.

Proor. Corollary 4.5 is an immediate consequence of Corollary 4.3 in the case
whereA; = AandA; = 0. O

Remark4.6. A number of theorems that, for a positive operafopreserving a
coneK c X, allow one to deduce estimate (4.6) from relation (4.5) are well-known,
e. g., from [6, 7, 15]. Apart from those relying on thepositivity of the operator, in
the results mentioned, the elemenappearing in (4.5) is supposed either to lie in
the interior ofK (Theorem 16.2 (b) of [6]) or to be its quasi-interior element (The-
orem 16.2 (a) from [6]). It is important to note that condition (4.2), which also ex-
presses a certain kind of the strong positivibf the elementf and, under these
circumstances, replaces the two conditions mentioned, depends on the image space
of the operatoA; — A;.

Corollary 4.3 also implies an analogue of Corollary 4.5 for the “negative” opera-
tors.

Corollary 4.7. Let A : X —» X be a completely continuous linear operator such
that A(—K) € K and, moreover, the relation

Af 2 —af

be satisfied with some € [0, +o0) and f € X possessing properti¢.4). Then the
spectral radius oA admits estimaté4.6).

Proor. It suffices to putA; = 0 andA; = —Ain Corollary 4.3. O

Corollary 4.10 established below is an example of application of Theorem 4.1 with
H different fromX. Prior to its formulation, we introduce a definition.

*See Section 2.3.
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Definition 4.8. Let K be a wedge irX and f be an element frorX. An operator
A: X — Xis said to bef-boundedwith respect tK if, for every x € X, there exists
a constang € (—oo, +00) such that

-pf <k Ax=k Bf.

In other words A is f-bounded if the elemenix is f-measurable for alk. It
follows from Proposition 2.11 that, in the pathological cases whetg G <k 0 or
f is incomparable with zero, every operafowhich is f-bounded with respect td
has the property il ¢ K°.

Remark4.9. An operatorf-bounded with respect t is, in particular,f-bounded
from above in the sense of the definition from [5], Chap§2, The converse state-
ment is not true.

Corollary 4.10. Let f 2k 0 be a given element and : X — X, k = 1,2, be
completely continuous linear operators leavfing the welgevariant, satisfying
condition(4.1), and f-bounded with respect td.

Then the existence of a non-negative constdot which relation(3.2)is satisfied
implies estimat¢4.3) for the spectral radius of the operatég — Ax.

Proor. Setting
H = Xk (f), 4.7)
we see that condition (3.4) is satisfied due to tHieoundedness o&; and A, with
respect tK. By Lemma 2.14, the elemefftsatisfies relation (2.8) and, hence,

f E—K;XK(f) 0.

Therefore, condition (3.3) holds witH given by (4.7), and it remains to apply The-
orem 4.1. O

5. IMPORTANCE OF coNDITION (4.1)

As is seen from the proof of Theorem 4.1, the applicability of statements-on
substantial eigenvalues is guaranteed by condition (4.1). It is natural to expect that
estimating the spectrum of an operator on the base of assumptions of type (3.2) is not
possible any more if one admits the existence of a non-zero eigenvalue which is not
K-substantial, and imposes no additional conditiong\on

The following example [11] shows that the assumption on the fulfilment of condi-
tion (4.1)in Theorem 4.1 is essential and, generally speaking, cannot be omitted.

Examples.1 Let us consider the set

K = {(Xl) X1 >0, Xp € ]R}. (5.1)
X2

Obviously,K is a solid wedge iX := R?, and the blade ok has the form

< ={(0):cer}.
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It is not difficult to verify that the linear operatok given by the matrixA =
(81 312) leaves invariant the sét given by (5.1) if, and only if
a1 >0, a;p=0. (52)

Furthermore, one can show that, under condition (BA2ganishes oK if, and only
if

axp =0. (5.3)
Avector f = ( g) belongs to the interior o if, and only if
f, > 0. (5.4)

whereas the corresponding condition (4.5) is equivalent to the ineqadlity a1 f1,
which, in view of (5.4), means that

a > ail. (5-5)

If condition (2.65) or, which is the same in our case, equality (5.3) is violated, then
assumption (4.5), generally speaking, cannot guarantee the validity of the estimate
r(A) < a for the spectral radius oA. Indeed, it is clear from (5.2) tha(A) =
max{az1, [a2|} and, hence,

I‘(A) > |aog). (5.6)
However, if the inequalities
|azol > >a31 >0 (5.7)
hold, then the assertion of Corollary 4.5 in the case considered would have the form
r(A) < a, which is impossible in view of (5.6) and (5.7).

Thus, condition (2.65) Corollary 4.5 (and, therefore, condition (4.1) in Theo-

rem 4.1), generally speaking, cannot be dropped.

6. UNIQUE SOLVABILITY OF LINEAR EQUATIONS

Theorem 4.1 allows one to obtaiffieient conditions under which the linear equa-
tion
X =A1X— AoX+Q, (6.1)
whereA; and A, are linear operators, possesses a unique solution for an arbitrary
elementy from X.

Corollary 6.1. Let X be areal Banach spac& c X be awedge, and; : X — X,
i = 1,2, be completely continuous linear operators leaviblgvariant and satisfying
condition(4.1). In addition, assume that relatidi3.2)is satisfied with some constant
a € [0, 1) and elemenf € X possessing properiy.2).

Then equatiorf6.1) is uniquely solvable for arbitrarg € X, and its solutionx is
represented by the convergent Neumann series

x=) (A~ P)q. (6.2)
k=0
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Proor. It suffices to notice that, by virtue of Theorem 4.1, the conditions assumed
guarantee that the spectrum of the operator A, is contained in the closure of the
unit disk inC. O

In the cases where the fact of convergence of series (6.2) is less important, one
may prefer to use the following

Corollary 6.2. LetK be a proper wedge in a real Banach spatandA; : X — X,
i = 1,2, be bounded linear operators leaving invariant and satisfying condition
(4.1). Assume that relatio(B.2) is true, wherex € [0,1) and f € X is an element
relation (4.2)is satisfied.

Then the homogeneous equation

X = A1X — AoX (6.3)

has no non-trivial solutions. If, moreover, the operatétsand A, are such that
A1 — A is a Fredholm operator of inde@, then equatior{6.1) is uniquely solvable
for an arbitraryq € X.

Proor. In view of assumption (4.1) and Lemma 2.48, it follows from Theorem 3.1
that operator (3.6) has no eigenvalues outside the open intefd)and, in partic-
ular, the number 1 is not an eigenvalue for the operator mentioned. Therefore, zero
is the unique solution of the homogeneous equation (6.3). The unique solvability of
equation (6.1) for ang is guaranteed by the assumption tAat— A, is a Fredholm
operator of index O. O

Corollary 6.2 allows one to obtain the following statement.

Corollary 6.3. LetK be a proper wedge in a real Banach spatandA; : X — X,
i = 1,2, be bounded linear operators leavikginvariant, satisfying the condition

K® C kerA; nkerA,. (6.4)

Assume also that relatio8.2)is true, wherex € [0, 1) is a constant and € X is an
element possessing prope(t2). Then the homogeneous equation

X = 01A1X + 02AX (65)
has no non-trivial solutions for any valués,, o>} C {-1, 1}.
If, in addition, for soméo-1, o2} C {—1, 1}, the mappingr1A;+o2A; is a Fredholm
operator of inde)0, then the equation
X = 01A1X + 02A2X + Q, (6.6)
is uniquely solvable for an arbitrarg € X.

Proor. Let us define the operatof : X — X, i = 1,2, by putting

~ 1+ 1+
1 .= 20-1 A+ 20-2 Ao (67)
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and

~ 1-01 1-o0>
A = A
2 2 1+ >

One can verify that the relations

Ao. (6.8)

O'1A1+0'2A2 = Al—/&z
and
A1 + A2 = Al + Az (6.9)

are true. Itis also easy to see from (6.7) and (6.8) that both opefstarsd A, leave
invariant the wedg&.
Assumption (6.4) guarantees the fulfilment of the inclusion

K® C ker (A — Ay).
Moreover, by virtue of (6.9), condition (3.2) can be rewritten as

At + Aot <k af.
We have thus shown that Corollary 6.2 can be applied #itandA; replaced byAs
andAy, respectively. O

7. AN EXAMPLE OF A LINEAR INTEGRAL EQUATION

We illustrate the idea of the results above on an example. Let us consider the
problem on the continuous solutions of the equation

X(t) = fo 1h(t,s)x(w(s))ds+ q), te[o,1], (7.1)

whereq : [0,1] — R is continuous, the functiow : [0,1] — [0, 1] is measurable,
h(t,-) : [0,1] — R is Lebesgue integrable for dlk [0, 1], andh(-, s) : [0,1] —» R is
continuous for almost everyfrom [0, 1].

7.1. The general argument deviation.The techniques of Section 4 allow one
toobtain the following theorem.

Theorem 7.1. Let there exist a non-negative continuous function[0, 1] - R
such that

: 1 1
t\e/[r(ﬂ]@ff o) fo [h(w(t), s)|ds< +oo (7.2)
and
h(w(t),s)=0 fora.e.tely ,anda.esel0,1], (7.3)
where

I'yw:={tel0,1] | y(w(t)) =0}. (7.4)



84 ANDREI RONTO

Moreover, assume that the inequality

1 1
vrai max ——— h(w(t), 9)| Y (w(s)) ds< 1 7.5
vraimax s [ (w0, 91w((9) (7.5)
is satisfied.
Then equatior(7.1) possesses a unique solution for any continuous function
[0,1] > R.

Proor. Equation (7.1) can obviously be rewritten in form (6.1), where the opera-
tors A, i = 1,2, in the Banach spac¥ := C([0, 1], R) of all the continuous scalar
functions on [Q1] are introduced by the formulae

(AX(D) = fo 1max{(—1)i+1h(t,s),O}x(w(s))ds te[0,1, i=12 (7.6

for any continuoux : [0,1] — R. Clearly, each of these operators leaves invariant
the wedge

J, ={ueC(0,1],R) | u(w(t)) = O fora. et € [0, 1]}.
It is easy to show that mappings (7.6) are completely continuous linear operators
possessing property (4.1) with respect to the wekige 7,,.

Let 4, », be the set of all the continuous functioxs [0, 1] — R for which there
exists a hon-negative constgitsuch that the estimate

IX(@®)l < Bxip(w(b))
is true for a. et € [0, 1].

It is easy to see thaf), , is a linear manifold irC([0, 1], R). Assumptions (7.2)
and (7.3) and formula (7.6) imply that, for amyfrom C([0, 1], R), the estimate

| (ArX) (w(1)) = (A2X) (WD) < Y(w(1) A [max IX(@)I (7.7)
is true at a. et from [0, 1] \ [y ,, where
_ . 1 L
A= t‘é{&‘h@fﬁf Y(w(t)) fo Ih(e(t). 9 ds (7.8)

Indeed, letx € C([0, 1], R) be arbitrary. According to (7.6), we obtain
1
(A1) (w(t)) — (A2X) (w(t)] = ‘ fo h(w(t), 5) X(w(9)) dS(

1
< maxix@ [ (.9 xw(@)ids (79)
£€[0.1] 0
fora. e.t € [0, 1]. For almost alt ¢ Ty ,,, we havey(w(t)) # 0 and, thus, by (7.8),

1
fo Ih(@(®). 9 X(@(9) ds < Ap(w(t),
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which, together with (7.9), yields (7.7). Moreover, assumption (7.3) guarantees that

(A1X) (w(1)) = (A2X) (w(1)) (7.10)
fora.e.t € Iy ,. Therefore, estimate (7.7) is true almost fortaitom the entire
interval [Q 1], not only those lying outside the dgf .

This means that condition (3.4) is satisfied with the above definitioAs ahdA;
andH := 6y, .
Furthermore, the functiop satisfies the condition

V&%, 0, (7.11)

which means that (3.3) holds with:= ¢ andK := .%#,,. Indeed, according to Def-
inition 2.16, relation (7.11) means that, for anyrom %, ., there exists a constant
B > 0 such that
X))l < B (w(t)
at almost every point from the interval [01]. However, the above property is an
immediate consequence of the definition of theggt,.
Finally, condition (7.3) and inequality (7.5) guarantee that

f1|h(w(t), 9l (w(s)ds< ay(w(t)) fora.e.te]0,1], (7.12)
0
where

= yaimax 2 I, v s

and, by (7.5)@ < 1. In view of (7.6), relation (7.12) can be rewritten in form (3.2)
for K := J7,. Applying Theorem 4.1, we conclude that 1 is a regular value for the
operator (3.6) corresponding to the given problem. O

The above theorem implies, for example, the following statement.

Corollary 7.2. Assume that, for certaim € [0,1] andy > 0, the functionsh :
[0,1]? - Randw : [0,1] — [0 1] satisfy the conditions

vraimax ——— f lw(s) — 717 |h(w(t), 9)lds < 1, (7.13)
te[0,1]\w1(7) Iw(t) -1l
and
vrai max ——— h(w(t), s)|ds < + 7.14
te[0,1\w 1(r) Iw(t) | f Ih(w(®). s) " (7.14)
In the case where
mesw 1(7) > 0, (7.15)
assume, in addition, that
h(r,s) =0 fora.e.se|0,1]. (7.16)
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Then equatioli7.1)has a unique solution for any continuous functipn[0, 1] — R.
Proor. It suffices to apply Theorem 7.1 with
Y(t) = t—1, t€[0,1],
in which case set (7.4) is given by the formula
Iyow=1{tel[0,1]]w()="1}.

Assumption (7.3) of the theorem mentioned is satisfied in this case. Indeed, if the set
w™1(7) has zero measure, then property (7.3) is obvious, whereas in the case where
(7.15) is true, condition (7.3) is satisfied due to assumption (7.16). O

Remark7.3. If the functionw : [0, 1] — [0, 1] possesses the property
i mi - 7.17
vrtil[lO T}lmw(t) 7| >0, ( )

then condition (7.14) of Corollary 7.2 is a consequence of its assumption (7.13).
Indeed, it follows from (7.13) and (7.17) that

1 1
vrai max —f Ih(w(t), s)|ds
te[0.1)\w () [w(t) 0

< 1 vraimax ———— f lw(s) — 7" |h(w(t), s)|ds< —

& te[0,1\wL(r) Iw(t) -1l

wheree := vrai mineo 1) lw(t) — 7|. Therefore, relation (7.14) is true.

Remark7.4. Condition (7.13) of Corollary 7.2 is unimprovable in the sense that
the corresponding non-strict inequality

vraimax ——— f lw(s) — 77 |h(w(t), 9)lds < 1. (7.18)
te[0,1]\w1(7) Iw(t) 7|

does not guarantee the unique solvability of equation (7.20) for all contirmolns

order to show this, it is gficient to consider the simplest functional equation

X1 = x(®) + q(t),  te[0,1], (7.19)

whered is a given point from [01] andq : [0,1] — R is a continuous function.
Obviously, equation (7.19) can be rewritten as (7.1) wifl) := ¢ andh(t,s) ;= 1

for all t and almost everg from [0, 1]. Equation (7.19) has no continuous solutions
for any continuous functioq : [0, 1] — R satisfying the inequalitg() # 0. Nev-
ertheless, the corresponding condition (7.18) is true in the form of an equality with
arbitrary? # v and non-negative. Note that, fory = 1, one can also refer to the
example of equation (7.28) from Remark 7.7.
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7.2. The case of a power transformation of argumentFor instance, in the case
of the equation

X(t) = fo 1h(t,s)x(s“)ds+ q), telo,1], (7.20)

wherea € (0, +) is a constant and : [0,1] — R is a continuous function, the
following statement is true.

Corollary 7.5. Assume that there exists some [0, 1] for which the conditions

S f |s* — 7" |h(t, s)lds< 1 (7.21)
te[0,1]\(7) |t—1-|7

and

f Ih(t, | ds < +oo (7.22)

S
te[o, 1]\{7 ylt— TIV

are satisfied with a certaiy € [0, +o0). Then equatior{7.20)is uniquely solvable
for any continuous functioq : [0, 1] — R.

Proor. Obviously, assumption (7.21) implies that

sup fls“ 7| |h(t%, g)lds< 1,

tefo.a)\ (g7 It TV

which means that condition (7.13) is satisfied with

w(t) =17, te[0,1]. (7.23)
In view of (7.22), condition (7.14) holds witt given by (7.23). Thus, Corollary 7.2
can be applied. O

The following statement gives somewhat simpler but more restrictive conditions
suficient for the solvability of equation (7.20).

Corollary 7.6. Equation(7.20)has a unique continuous solution for any continu-
ousgq, provided that the inequality

. 1
vraimax sup _ - (7.24)
<01 e =71 20710 — (@ + D)7+ 1
is satisfied with some < [0, 1].
Proor. In view of (7.24), there exists&e [0, 1) such that
’ 6(a+1) (7.25)
t-7 _207'1+%—(a+1)7+1
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for almost everys € [0, 1] and allt € [0,1] \ {r}. Using estimate (7.25) and taking
into account the identity

f €% — 7]dé = 20" +1 — L (7.26)

we conclude that

= f €% — 7] h(t, &) d¢ < f l€* — Tldfvral max

for everyt different fromr, i. e., condition (7.21) is satlsfled with .= 1. More-
over, by virtue of (7.25), condition (7.22) is satisfied with this value.oApplying
Corollary 7.5, we obtain the required assertion. O

( )<6<1

Corollary 7.6 implies, in particular, that equation (7.20) is uniquely solvable if
vrai max sup t™|h(t, s)| < @ + 1. (7.27)
s[0.1]  te(0,1]
It should be noted that (7.27) is weaker than the condition
vrai max sup t™ 1 |h(t, 9)| < 1,
s[0.1]  te(0,1]

which is obtained by using the standard techniques (e. g., Theorem 5.5 of [7] with
E = C([0,1],R), K defined as the cone of non-negative functigps= 1, and the
operatorA given by the expression in the right-hand side of (7.20)).

Remark7.7. None of conditions (7.24) and (7.27) can be weakened. Indeed, con-
sider the equation

_ 1

x(t) = —e+ it f xsds  teo,1], (7.28)
2at™e —t(@+ 1) +1

wherea € (0, +o0) andr € [0, 1] are arbitrary constants. Obviously, equation (7.28)

has form (7.20) with

(a + D)t

2atta —T(a+1)+1

for all t and almost everg from [0, 1]. Moreover, due to formulae (7.26) and (7.29),
we have

h(t, s) := (7.29)

a/+1

vrai max sup
s<0.1]  tefo, 1]\ 7) t— " QartE_ (@+1)7+1

However, the homogeneous equation (7.28) has the non-trivial solution

Dit -
xt) = —e¥Dt=d
a7t —T(a/+1)+l
Thus, we see that condition (7.24) is unimprovable. In order to show the optimality
of condition (7.27), it is sfiicient to putr := 0 in (7.28).
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1. INTRODUCTION

We will consider the following generalized Boole transformation

i eR (1.2)

N
]Ray—><p(y)i=ay+a—zy_b, :
J

=1

wherea andbj € R, j = 1,N, aresome real and, 8j € R,, j = 1,N, arepositive
parameters. It generalizes that classical Boole transformatidR Hly — ¢(y) =

y — 1/y € R, which appeared to be ergodic [2] with respect to the invariant standard
infinite Lebesgue measure B In the case where = 1,a = 0, the similar ergodicity
result was proved in [3-5] making use of the specially despised inner function notion.
The related spectral properties were in part studied in [5]. In spite of these results the
casex # 1 still persists to be challenging as the only related result [6] concerns the
following special case of (1.1)R 2 y = ¢(y) = ay —B/ly e RforO < a < 1

and arbitrary8 € R,. The corresponding invariant measure appeared to be finite
absolutely continuous with respect to the Lebesgue measuReam equal to

VB(1 - a)dx (1.2)
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wherex € R. The ergodicity for the invariant measure (1.2) now can be easily proved.
Recall here, concerning a general nonsingular mappin@R — R, the problem of
constructing the measure preserving ergodic measures is analized [6, 7] by means
of studying the spectral properties of the adjoint Frobenius-Perron opé’?@jor
Lo(R;R) — Lo(R; R), where, by definition,

Teo® = > eI W) (1.3)
yele’ (9}

for anyo € Lo(R; R,) andJ;(y) := |d§—(y”)’ y € R. ThenifT,0 = 0, 0 € Lo(R; R,),
then the expressiodu(X) := o(X)dx X € R, will be an invariant, in general infinite,
measure with respect to the mappingR — R.

Another way to finding a general algorithm for finding such an invariant measure
was devised in [8, 9], making use of the generating measure function method.

Below we will study another special cases of the generalized Boole transformation
(1.1), for which we deliver the corresponding invariant measures and prove the related
ergodicity and spectral properties.

2. |NVARIANT MEASURES AND ERGODIC TRANSFORMATIONS

We will start by analyzing the following Boole type surjective transformation

]Ray—><p(y)::ay+a—ib€]R (2.1)

y —_—

for anya,b € R and B := y* € R,. The transformation (2.1) at = 1/2 and

b = 2a € R will be measure preserving with respect to a measure like (1.2). Namely,

the following lemma holds.

Lemma 2.1. The Boole type mappin@.1)is measure preserving with respect to

the measure
lyldx

al(x—2a)2 + 2]’

du(x) :=

wherex € R andy? := 28 € R,.

(2.2)

Proor. A proof follows easily from the fact that the function

o Y
o(x) = X237+ /7] (2.3)

satisfies for allk € R \ {2a} the determining condition (1.3):

Teo(x) = > 0(y=)y (%), (2.4)
|

where, by definition,¢(y.(X)) := X for any x € R. The relation (2.4) is, evidently,
equivalent to the next invariance condition

Z du(y+(X) = du(X) = u(dX) (2.5)
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for any infinitesimal subsetx c R. O

The question about the ergodicity of mapping (2.1) is solved here easily by the
following theorem.

Theorem 2.2. Measure(2.3) is ergodic with respect to transformatiq@.1) at
a =1/2andb = 2a € R as such one is equivalent to the canonical ergodic mapping
R/7nZ > s+ y(9) .= 2smod tZ) € R/nZ with respect to the standard Lebesgue
measure ofR /nZ.

Proor. Put by definitionR/zZ > s &(S) = y € R, where
&(s) ;= yctgs+ 2a, (2.6)
Then transformation (2.1) at = 1/2, b = 2a € R andy? := 28 € R, yields under
mapping (2.6)

B Y y, __ y(cogs-sirfs
o(y) = p(&(9) = 5 ctgs+ 2a 5 tgs= 5 SNSCoSS +2a
_ _cos&
~Vsin2s
for anys e R/zxZ. Relation (2.7) means that transformation (2.1) is conjugated [5, 7]
with the transformation

+2a=ytg2s+ 2a:= &(29) (2.7)

R/nZ > s+— y(s) = 2smod @Z) € R/nZ, (2.8)
that is the following diagram is commutative:

3

R/nZ R (2.9)
\ l“)
Y
R/nZ

It is easy now to check that the measure (2.2) under the conjugation (2.9) trans-
forms into the standard normalized Lebesgue measulR/a#. :

dsy?|d(ctgs)/dS _ 1lsi’s-sin?sds

1
== d 2.10
n(y2ctfs+vy?) 7 co@s+ SIS a8 (2.10)

du(X)x=y ctgs+2a =

wheres € R/#Z. The infinitesimal measure ldson R/7Z > s as well as the
infinitesimal measure (2.2) dR are normalized, being thus probabilistic. Now it is
enough to make use of the fact that the measatdson R/zZ > son the interval
[0, 7] ~ R/nZ is ergodic [6, 7]. O
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3. ERGODIC MEASURES. A NEW APPROACH

Assume that there exists a holomorphic, in parameter C., functiono, €
H»(C,; C), satisfying the following identity

A

Te0w = 03(w) (3.1)

valid for anyw € C, for some induced transformatidiy, > w — @(w) € C,. If
we now takew = w € C, being a fixed point of the mapping "C, — C., then
an easy conclusion from 3.1 gives rise to the condiﬂfgg,; = 05, Meaning that the
expression

du(x) = Imog(x)dx, (3.2)

is a searched invariant measure for the transformatiolR — R. There exists still
no general rule of constructing such functigns € Hy(C,; C) analytic inw € C,
and related induced mappings T, — C,. Nevertheless, for solving this problem
one can adapt some natural motivations related to the exact functional form of the
determining Frobenius-Perron operalgr: Lo(R;R) — Lo(R;R). To explain this,
let us consider the following Boole type transformation:

R 3 ¢(y) := a/y+a—ib€]R, (3.3)

y—

where a,b €R andp € R,. It is easy to observe that the Frobenius-Perron operator
action on any,, € Hy(C,; C) can be represented as follows:

A~

Te0u = u(y+)Y + uly-)y-
_ @-yewly)w -y )yt euly-)w —y)(w -y )y”

(= y)w=y-) (@ =y:)w=y-)
_ Ko-y )yt + Ko -y )yl _ —K(w-y)(w -y )l
(@=y:)w=y-) (@=y:)w=y-)

_ _kdix In[(w - y.)(@-y.)], (3.4)

where we put, by definition,
k
Cw(¥) = ——
forall w € C; \ {x}, X € R, and some paramet&re R. As a result of (3.5) one can
take

(3.5)

Qu(y+)(@ —ys) = k= 0u(y-)(w - y-), (3.6)

forall x € R andw € C,. Since the root functiong,,y_ : R — R satisfy, by
definition, the same equation

w(y+(X) = X, 3.7)
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for all x € R, the following identity for allw € C. is easily inferred from (3.7) owing
to the general form of (3.3):

a(w - y)(w - y-) = [pw) - X|(w - b), (3.8)
where
s =bs 08 = 2R )
Whence, taking into account the expression (3.4), one gets that
o0 =~ ko I({e(w) ~ (0 - b)
(3.10)

B k(w — b) 3 k B
@) - Aw-b)  glw)-x
for all x € R andw € C.. Therefore, the induced mappigg: T, — C. is exactly
the transformatiop : C, — C., extended naturally from the axi& on the complex
planeC..
Let noww € C, be a fixed point of the induced mappipg: C,. — C,, that is
¢(w) = w € C4. Then from (3.10) one finds thﬁipga—, = 04, Or the corresponding
invariant quasi-measure dhas the form

du(x) 1= Im 9 (3.11)
w

for all x € R and some suitable parametere C. As Imog; € L>(R;R,) at any
w € C, \ R and some € C, then the invariant quasi-measure (3.11) becomes a true
invariant measure. The obtained result can be formulated as the following theorem.

Theorem 3.1. The quasi-measun8.11)is invariant with respect to transforma-
tion (3.3) for anya € R, \ {1}; for « = 1 at the conditiona # 0, Imk # O, it is
reduced upon the s@®/nZ, being equivalent to the standard Gauss measure.

Proor. Indeed, the searched infinitesimal quasi-meadu(g) exist if there exists
at least one fixed point of the equatip(w) = w for w € C.. If @ # 1, this equation
is equivalent to

(@ — 1)w? — w[(e—1)b—-a] — (@ab+pB) =0, (3.12)

always possessing a solutian € C,, for which ¢p(w) = w. At @ = 1 the unique
solutionw = (ab+ B)/a € R exists only ata # 0, Imk # 0O, at which the quasi-
measure (3.11) becomes degenerate, thus reducing to the standard Gauss measure
[3,7]onR/nZ. ]

The Theorem 3.1 states only that quasi-measure (3.11) is invariant with respect
to the transformation (3.3), thereby the ergodicity if any still needs to be proved
separately, on which we plan to do in detail in another place. Below we will proceed
to study the general case of transformation (1.1), searching for a suitable invariant
guasi-measure becoming a measure at soraeC, /R, k € C.
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4. | NVARIANT MEASURES. THE GENERAL CASE

Consider the following equation

e(y) = %, (4.1)
wherex,y € R and the mapping : C. — C. is given by expression (1.1) at some
still fixed integerN € Z.. \ {1}. The equation (4.1) can be rewritten as

N+1 N

o [w-v) =lew)-A ] |&-by) (4.2)
i=1 j=1

for all x,y € R and some functiong; : R — R, j = 1, N+ 1. Relation (4.2) is

naturally extended to the complex plafie as

N+1 N

a Jw=-y) =) - A [ [(w-b) (4.3)
=1 j=1

foranyw € C,.
Consider now relation (3.1), similarly to Section 3:

. N N1 o)y (@ — yj TTieHw =y
Tp00 = Zso(w)(yj)y'j = Z Al N e hiad

N+1
=1 =1 Hk:+1 (w = yk)

_ i (@)@ -y T (@ — vy} NZ” K TThs (@ = )y
=1 HE:]_l(w - Yk) =1 HE:]_l(w - Yk)
ax i@ = ) d N

=—k—In[ [(w-y0. (4.4)
k=1

HL\I:;L(U) - Yk) dx
where we have put, as before,

Cwy)w—yj) =k (4.5)
forall j=1,N + 1, w € C,, and some parameteks C. This evidently means that
k
Ouly) = —— (4.6)
w-y

foranyy € R andw € C,.
Having substituted now expression (4.3) into (4.4), one gets easily that

N k
Tp0u(X) = 90(60)——X = Oy(w)(X), 4.7)

for all X € R and anyw € C,. Thus, the invariant quasi-measure for the discrete
dynamical system (1.1) will be given by the same expression (3.11), wher€,
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is some fixed point of the mapping: C, — C,. This means that

aw+a-— = = w, (4.8)

or, equivalently,

N N N N N
wo| [@-b)+a] [@-b)- > B |@-b)=a] |@-b). (49
j=1 j=1 j=1

=1 k#j

for somew € C,. Assume now thatr # 1; then it is easy to find that the algebraic
equation (4.9) possesses exablly 1 € Z. roots, which can be used for constructing
the invariant quasi-measure (3.11). The aasel gives rise to the condition

N N N
af [@-b) = A [@-b. (4.10)
j=1

=1 k#j

which always possesses rootdNf> 2 anda € R is arbitrary. Thereby, one can
formulate the following theorem for the calsie> 2.

Theorem 4.1. Expression(3.11)at somek € C determines, in general, the infini-
tesimal invariant quasi-measure for the generalized Boole transformation (1.1) at all
N > 2 with arbitrary parameters, bj € R ande,Sj € Ry, j =1, N+ 1

It is an important task now to separate from the obtained set of invariant quasi-
measures (3.11) those which are positively defined and ergodic with respect to trans-
formation (1.1) alN > 2. The positivity condition simply means that the determining
equation (4.9) must possess at least one pair of complex conjugated roots with a non-
trivial imaginary part. Having analyzed, concerning this criteria, roots of equation
(4.9) one can find that the following statement analogous to that proved in [6] holds.

Theorem 4.2. The generalized Boole transformati¢h 1) for anyN > 1is nec-
essarily ergodic with respect to the meas(Bell)at somew € C, \ R andk e Ciff
a =1landa=0.If a = 1anda # 0, the transformatior(1.1) is not ergodic being
totally dissipative, that is the wandering se{y) := | # (¢) = R, where# (¢) c R
are subsets such that all sets"(%#), n € Z, are disjoint.

SKETCH OF PROOF. Itis easy to see thatfdd > 2 ate = 1 anda = 0 the determining
algebraic equation (4.9) always possesses exattlyl € Z, real rootsw; € R,
j = 1L, N - 1. Therefore, the invariant quasi-measure expression (3.11) is degenerate
forwj € R, j = 1,N — 1, giving rise to the conclusion that the corresponding invariant
measuredu(x) = dx, x € R, is the standard Lebesgue measureRorits ergodicity
with respect to transformation (1.1) then follows from the fact that the corresponding
dissipative se®(¢) = @ and the unique invariant set subalgebia = R. O
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The statements similar to above can be formulated for the most generalized Boole
type transformation

dv(s
]Ray—>g0(y)::a/y+a+f£€1R, (4.11)
R S—Y
wherea € R, @ € R, and a measure on R has the compact support supg R,
being such that the following natural conditions [3]

dv(s)
f]R1+s2‘a’ fRdv(s)<oo, (4.12)

hold. Concerning the extension of the transformation (4.11) on the uppet pait
the complex plan€ in such a way that I»(w) > O for all w € C,, the following
representation

1+sw

o(w) = aw +a+ f do(9), (4.13)

R S—w
holds [3, 11], where a measude on R is closely related to the measute

The general properties of mapping (4.13) were in part studied in [6] in the frame-
work of the theory of inner functions. The invariant measures corresponding to (4.11)
and their ergodic properties can be also treattsttvely making use of the analyti-
cal and spectral properties of the associated Frobenius—Perron transfer operator (1.3).
These aspects of the problem being are as important as interesting, and are planned
to be studied elsewhere.
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AsstracT. In [4, 7] some properties of convergence fields of regular matrix trans-
formations of bounded sequences of real numbers are presented. We shall prove
a generalization of Steinhaus’ theorem for sequences of a Banach space and show
that results of [4] cen be generalize for a space of sequences of elements of a Banach
space X, |Ill)-
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1. INTRODUCTION

Let (X, ||-]]) be a Banach space. The sequedace (ax) converges t@ if Ye > 0
dkg € N VK > ko: |lak — || < . We write lim_,. ak = C.
We define the following sets:
@b={a= () :ake X k=1,2,...};
(b) Bo ={a=(ak) :ake X, k=1,2,...: K, >0Vk=1,2,.. |l < K.};
€ Q=fo=(a) axeXk=1,2,...:¥k=1,2,.. Jlaxll =0 V llaxl| = 1}.
The setb contains all sequences of elementsXgfthe setB., is the set of all
bounded sequences BfandQ is the set of all sequences of elementsxafvhich
have norm null or one. In what follows, for the €&tthe following inclusions hold:

QcB,cBch. Q)

The notion of porosity has been introduced in [10]. It is a suitable tool to describe
small sets in a metric space.

Let (Y, d) be a metric spac&, c Y. Lety € Y, 6 > 0, and letB(y, §) denote the set
{xeY:d(x y) <d}. We put

P(y, Z,6) = sup{t > 0 : 9z € B(y, 6) such thaB(z,t) c B(y,5) andB(z,t) N Z = @}.

Supportedy the Grant VEGA 1301806.

© 2006 Miskorc UniversiTy PRESS


http://dx.doi.org/10.18514/MMN.2006.127

102 T. VISNYAI

If sucht > 0 does not exist, we plR(y, Z, §) = 0. The numbers

. P(y,Z,0)
R.2) = Imint =
and
T)(y’ Z) =lim Supw
0—0* 6

are called the lower and upper porosity of theZety € Y, respectively.

A setZ c Y for which p(y,Z) > O for everyy € Y is said to be porous ii.
Obviously every set porous Mis nowhere dense M If p(y, Z) = Py, Z2) = p(y, Z),
then the numbep(y, Z) is called porosity oZ aty € Y. If p(y,Z) = 1, thenZ is
said to be strongly porous at If for all y € Y we havep(y,Z) = 1 fory ¢ Z and
p(y,Z) = % fory € Z, thenZ is said to be strongly porous #t The seWV is said to
beo-porous ¢-strongly porous) aY if W = ( J;” ; Z, and eaclZ, is porous (strongly
porous) aty.

Further on, we recall the definition of a matrix transformation. k&t= (an)
be an infinite matrix of real numbers. A sequemrce (ax), ax € X, is said to be
< -limitable (limitable by the methody) to the element € X if, for 8 = (Bn()),
Bn = Bn(@) = X1 @nkak, We have lim_e B = C.

If @« = (ak) is <-limitable to the element, we write &7-limy_. ax = C. The
method.«Z defined by the matrixs is said to be regular if lig,. ax = ¢ implies
that.o7-limy_ e ak = C.

Let 7 be a regular method. The symid®{.«7) denotes the set of all/-limitable
sequences ok. We put

F(«) = {a =(ak) |ake X, k=1,2,...: there existsn lim3n,

wheregy, = Z ankak}.
k=1

The setF () is called the convergence field of the matrix transformation

Itis proved in [4] thatF (<) is a set of first Baire category B, whereS is a linear
space of sequences of real numbers B(e) is strongly porous it (I is the set
of all bounded sequences of real numbers).

In this paper we show that these results can be generalized for the sequences of
elements of Banach spack, {-||).

2. MAIN RESULTS

Monograph [6] gives the Toeplitz theorem which provides necessary diiciest
condition for matrixeZ be aregular, i. e., when lign ., X = timplies.oZ-limy_,c Xk =
t for real sequencesy).
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In [9], itis proved that Toeplitz theorem holds also for sequences of elements of a
Banach space.

Theorem A. Let(X||]]) be a Banach space. Lef = (ank) be an infinite matrix
of real numbers. The necessary angfisient condition for a sequengg (o) =
2 ko1 @nkak, to converge ta@ € X asn — oo wherelimy_,, ak = ¢, ax € X'is that
matrix <7 satisfies the following three conditions:

(@ 3dIM>0,Vn=1,2,... 32, la < M;
(b) Vk=1,2,... lim e ank = 0;
(©) limpe Zﬁozl ank =1

Further we will use the following theorem concerning the functions of Baire class
one (see [8, p. 185)).

Theorem B. Let A and B be metric spaces. Lé, : A— B,n=12,...,bea
sequence of continuous operators, which converges pointwise to an opgrat

Yae A: r!im on(@) = 6(a).

Then the set of all discontinuity points of the operaiorA — B is a set of the first
Baire category.

In [2], the Steinhaus theorem is proved under the condition that there does not
exist a regular matrix which limits all sequences of 0's and 1's. Now we will show
an analogue of the Steinhaus theorem for sequences of elemésicdt we prove
the following:

Lemma 1. The metric space¢}, d), whered(a,8) = Yiq 2 ¥llax = Bill, @ =
(ak) € Q, B = (Bk) € Q, is a complete metric space.

Proor. The functiond : Q x Q — (0, c0) is a metric.
Leta®™ = (a(k”)), n=1,2,...beaCauchy sequence of element§oThus,

Ve>03dnpe N Ymn>ng: de@®, ™) <e.

Choosej € N. Then

o 1M _ oM
&> d(@™, o™ = Z log” — o 7l 1

=X >=
” >
= 2 2!

o ~ .

The sequenceSy@);il of elements ofX are Cauchy sequenceX is a complete
metric space, thereforezr) .1 Is convergent.

Let limp_ e aﬁ”) = aj. If @ = (j)§2,, then one can easily verify that that k. a™ =
aand, foreach) = 1,2,..., |lajll = 0 orlajl| = 1. O

Theorem C. For any regular matrixeZ = (ank) there exists a sequence in the set
Q. which is not limitable by the methad'.
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Proor. Let .o/ = (ank) be a regular matrix. Then there existsin> 0 such that,
foralln=1,2,...,

D lan < M. (2)
k=1
We prove that the operatdy, : Q — X is continuous atr = (ax) € Q for each

n=12...,wheredn(a) = 217  ankak, @ = (ak) € Q. Lete > 0 anda = (ax) €
Q, B=(B) € Q. Then

I6n(@) = 0nB)I = 11 D anker — " kil < D lanlle — Bl
k=1 k=1 k=1

We chooseng € N so thaty.n, lankl < 3. Then

E E
2, 1andlonc =l < ) laakl(land] +11Bd) <2+ 5 = 5. (3)
k>np k>nop
If d(e,8) < sy for @ andg, then we have
[l = Bl
2k < d@.p) < 2M2”0
forallk=1,2,...no. Therefore|lax — Bkl < 57 and
2o & 2o &
— — < —. 4
k;|ankmak Bl < 5 k;anu <3 (@)

According to (2)—(4), the inequality(a, 8) < sy iMplies thaton(a) — on(B)Il < &.
The operatob,, n=1,2,...,is continuous atr = (ax).

Suppose that all sequences(inare limitable by the matrixs = (ank). Hence,
there exists lim,« on(a) = 6(a) for eacha = (ak) € Q. Then, by Theorem B, the set
of discontinuity points of the operatér: Q — X is a set of the first Baire category
in Q. On the other hand i& = (ax) € Q andn > 0, then, in the open ba®(a,n), itis
possible to find elemenfs y € Q such that

1
16(8) — o)l > >
We choosé; € N so that

Z [l Z - %

k> k]_ k> k]_

where,a = (ak) € Q. PutB = (Bk), v = (yk), whereBk = yxk = axfork = 1,2,...k
andgk = 0, yk = £ for k > k. The elemen® is the null-element oK andé € X is
an element with the property| = 1. Then

d(a B)_leozk el _n

k> k1 4
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and

d(a.y) = Z llne =&l _ g

k
k> kl 2

ThereforeB andy belong toS(«, n).
Due to the regularity the matri®¢’ and Theorem A, it follows that

(o] kl
5(8) = lim > ani = lim " ancak
k=1 k=1
and

o ke
o(y) = lim Z 2akyk = lim Z Bnkark + lim Z AnkE.
k=1 k=1 ok
Since liMye Yok, ank > 3, We have]| Sier, ané]| = |Skok, and ll€ll > 3 for every
n € IN suficiently large. Thus,

o1
>

15r) - 6(B)lI = ” lim " ané
k>kq

Therefore the operatdris discontinuous at each elemenof Q. SinceQ is a com-
plete metric space, the set of all discontinuity points isfthe set of the second Baire
category inQQ — a contradiction. O

We introduce the notion of FK-space (see [1]).

Definition 1. A complete metric linear spac8,(d) of sequences, i. eB c b (see
(1)), is said to be an FK-space provided that the linear operétorB — X,

ok(@)=ax, a=(a)eB, k=12...,
are continuous oi.

Proposition 1. Let (X, ||-||;) be a Banach space. LéB,d) be a complete metric
linear space of sequences of elementX.dfhen(B, d) is an FK-space if and only if
the convergence in the sense of the metiimplies the pointwise convergence in the
sense of the nort||; foreachk =1,2,....

Proor. Let (B,d) be an FK-space. The linear operafqr: B — X, dk(a) = ax,
is continuous for eack = 1,2, .... According to the Heine definition of continuity,
the operatoby : B — X is continuous if for each sequenag)>> ., o) = (@)=,
of elements ofB such thate® — « = (as) asr — oo by the metricd, we have
8k(@) — &k(a) by the normj|-||; asr — co. In our casegy(a) = ag) andéy(e) =

ag foreachr =1,2,.... Consequentlyyf(r) — @k asr — oo, O
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Now we denote by (o) = {@ = () : ak € B,k =1,2,... : liMyoe 201 @nkak
exists and equalsfor ax — c}.

In the proof of Theorem 1 we shall use the following form of Banach’s Subgroup
Theorem (see [3))if G is any proper subgroup of a linear topological spd€gthen
eitherG is of the first category i, or G fails to satisfy the condition of Baire.

Theorem 1. Let(B, d) be an FK-spaceB., ¢ B c b. Let./ = (an) be a regular
matrix of real numbers. Then the $&t<) is of the first Baire category iB for every
regular matrix.es.

Proor. We setsng(a) = Zﬁzl ankak, @ = (ak) € B, n,s=1,2,.... From the above
assumption it follows that each of the operatéss : B — X is continuous orB.
Thus,én(@) = lims.« dns(@) is a linear operator of the first Baire class defined on the
setDp = {a € B: limg, dng(@) existy.

Obviously,

1

ﬂ O ﬂ ﬂ{a € B [|6ns(@) — dng(a@)ll1 < }

(o]
p=1so=152% =%

Let s > g. Then every operatdidns(e) — dng(@)ll1 iS continuous, every s, is an
Fos set. The common domain of all the operatéysthe sef{"; Dy, is also arF s
set.

PutS(</) = N1 Dn. ThenF(#) c S(«7) and

F(o) = {cz € S(e/) 1 lim 6n(a) exists}

1
- {a/e S(): Yp=12,... e NYMn>ng: [[6n(@) - 6m(@)ll < p}

ﬁ O () {a € S(«/) : lIon(@) = dm(@)ll < %}

1 np=1n=np m>ng

Each of the operatot,(a) — dm(a)||1 is a Baire one operator, hence theBétY) is
aGs,s set, thereford-(«/) satisfies the condition of Baire. Sin€€.«) is a proper
subgroup oB, Theorem 1 is a consequence of Banach’s Subgroup Theoremno

The following Lemma is proved in [5].

Lemma 2. Let Z be a convex nowhere dense set in a Banach sgatbenZ is
strongly porous irX.

We shall show that in the s&., endowed with the nornfiell, = sup{|laxl1},
a = (ak) € Bw, the setF () is strongly porous.
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Theorem 2. In the Banach spac@B.., ||||,) the setF (<) is strongly porous irB.
for any regular matrix<?.

Proor. Each of the operator&, : B, — X, dn(@) = X @wkak, N = 1,2,..,
fulfils the Lipschitz condition with the same constéut
Due to Theorem A, fotr = (ak) € Bw, B = (Bk) € B, We have

llon(@) — on(B)Il1 =

Z ank(ak — Bk)
k=1

<l =Bl2 ) land < Mlle =Bl (5)
1 k=1

The setF (&) is a subspace d., and it is convex. We show th&,, \ F(«7) is
open inBs. Leta = (ax) € B, \ F(&). Then the sequencé{{«)) does not satisfy
Cauchy’s conditions, i. e.,

Je>0¥Ynpe NAmn>ng: ||I6n(@) — dm(@)llL > &.
Lets = (Bk) € B such that
E

M ©

ll = Bll2 <

Then, by (5), we have

g < |l6n(@) = dm(@)ll1
< [16n(@) = 0n(B)ll1 + [16n(B) — dmB)llL + 16m(B) — dm(a)llx
< 2Mlla = BlI2 + [I6n(B) — om(B)ll1.
By (6), we have
5 < 16n(8) — om(B) .
Thus,8 = (Bk) ¢ F(</) and

&
S(a/, 4|v|) C Bu \ F(),
which means thaB., \ F(«#) is open inB,,.

Therefore F(</) is a closed nowhere dense subseBgf and Theorem 2 follows
from Lemma 2. O
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