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Abstract. The purpose of this paper is to state and prove a new lemma generalizing Lemma 3.1
of Arora and Sharma [1] and Proposition 3.2 of Lee and Cho [10]. Some common fixed point
theorems for a type of fuzzy contractive mappings are also established. These theorems extend
and generalize several previous results [3, 14, 21, 22].
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1. INTRODUCTION

Common fixed point theorems have been applied to diverse problems during the
last few decades. These theorems provide techniques for solving a variety of ap-
plied problems in mathematical science and in dynamic programming (see, e. g.,
[4, 15, 16]). Extensions of the Banach contraction principle to multivalued mappings
were initiated independently by Markin [11] and Nadler [13]. Therefore, results on
fixed points of contractive type multivalued mappings have been carried out by many
authors (see, for example, [2, 17, 21]).

The theory of fuzzy sets was investigated by Zadeh [24] in 1965. Some appli-
cations on results in this theory are discussed (see [9, 23]). In 1981, Heilpern [7]
first introduced the concept of fuzzy contractive mappings and proved a fixed point
theorem for these mappings in metric linear spaces. His result is a generalization
of the fixed point theorem for point-to-set maps of Nadler [13]. Later, several fixed
point theorems for types of fuzzy contractive mappings appeared (see, for instance,
[1, 18–20]).

In this paper, we state and prove a new lemma generalizing Lemma 3.1 of Arora
and Sharma [1] and Proposition 3.2 of Lee and Cho [10]. Two common fixed point
theorems of a type of fuzzy contractive mappings are established. These theorems
generalize and extend results in [3,14,21,22]. Finally, we state a conclusion contain-
ing a brief of our results and future research.
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2. BASIC PRELIMINARIES

The definitions and terminologies for further discussions are taken from Heilpern
[7]. Let .X;d/ be a metric linear space. A fuzzy set in X is a function with domain
X and values in Œ0;1�. If A is a fuzzy set and x 2 X , then the function-value A.x/
is called the grade of membership of x in A. The collection of all fuzzy sets in X is
denoted by F .X/.

Let A 2 F .X/ and ˛ 2 Œ0;1�. The ˛-level set of A, denoted by A˛, is defined by
the formula

A˛ D

(
fx W A.x/� ˛g if ˛ 2 .0;1�;
fx W A.x/ > 0g if ˛ D 0:

(2.1)

where xB is the closure of a (nonfuzzy) set B .

Definition 1. A fuzzy set A in X is an approximate quantity if and only if its ˛-
level set is a nonempty compact convex (nonfuzzy) subset of X for each ˛ 2 Œ0;1�
and supx2X A.x/D 1.

The set of all approximate quantities, denoted W.X/, is a subcollection of F .X/.

Definition 2. Let A;B 2W.X/, ˛ 2 Œ0;1� and CP.X/ be the set of all nonempty
compact subsets ofX . Then one puts p˛.A;B/D infx2A˛;y2B˛

d.x;y/, ı˛.A;B/D
supx2A˛;y2B˛

d.x;y/, and D˛.A;B/DH.A˛;B˛/, where H is the Hausdorff met-
ric between two sets in the collection CP.X/.

We define the functions p.A;B/D sup˛p˛.A;B/, ı.A;B/D sup˛ ı˛.A;B/, and
D.A;B/D sup˛D˛.A;B/.

Note that p˛ is nondecreasing function of ˛.

Definition 3. Let A;B 2W.X/. Then A is said to be more accurate than B (or B
includes A), denoted by A� B , if and only if A.x/� B.x/ for each x 2X .

The relation � induces a partial ordering on W.X/.

Definition 4. Let X be an arbitrary set and Y be a metric linear space. F is said
to be a fuzzy mapping if and only if F is a mapping from the set X into W.Y /, i. e.,
F.x/ 2W.Y / for each x 2X .

The following lemma and proposition are used in the sequel.

Lemma 1 ([12]). Suppose that 
 W Œ0;1/! Œ0;1/ is a right continuous function
such that 
.t/ < t for all t > 0. Then for every t > 0, limn!1 
n.t/D 0, where 
n

is the nth iterate of 
 , n 2N[f0g.�

Proposition 1 ([13]). If A;B 2 CP.X/ and a 2 A, then there exists b 2 B such
that d.a;b/�H.A;B/.

�N is the set of all positive integers
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We consider the set ˚ of all functions � W Œ0;1/5 ! Œ0;1/ with the following
properties:

(i) � is nondecreasing with respect to each variable,
(ii) � is right continuous with respect to each variable,

(iii) for each t > 0, 	.t/Dmaxf�.t; t; t; t; t /, �.t; t; t;2t;0/, �.t; t; t;0;2t/g< t .

3. MAIN RESULTS

Throughout this paper, let .X;d/ be a metric space. We consider a subcollection of
F .X/ denoted by W �.X/. Each fuzzy set A 2W �.x/, its ˛-level set is a nonempty
compact (nonfuzzy) subset of X for each ˛ 2 Œ0;1�. It is obvious that each element
A 2W.X/ leads one to A 2W �.X/ but the converse is not true. Now, we introduce
the improvements of the lemmas in Heilpern [7] as follows.

Lemma 2. If fx0g � A for each A 2 W �.X/ and x0 2 X , then p˛.x0;B/ �
D˛.A;B/ for each B 2W �.X/.

Lemma 3. p˛.x;A/� d.x;y/Cp˛.y;A/ for all x;y 2X and A 2W �.X/.

Lemma 4. Let x 2 X;A 2W �.X/ and fxg be a fuzzy set with membership func-
tion equal to a characteristic function of the set fxg. Then fxg � A if and only if
p˛.x;A/D 0 for each ˛ 2 Œ0;1�.

Proof. If fxg � A, then x 2 A˛ for each ˛ 2 Œ0;1�. This implies that p˛.x;A/D
infy2A˛

d.x;y/ D 0 for any ˛ 2 Œ0;1�. Conversely, if p˛.x;A/ D 0, then we have
infy2A˛

d.x;y/ D 0. It follows that x 2 xA˛ D A˛ for an arbitrary ˛ 2 Œ0;1�. Then
fxg � A. �

Also, we state and prove a new lemma in the following way.

Lemma 5. Let .X;d/ be a complete metric space, F W X ! W �.X/ be a fuzzy
map and x0 2X . Then there exists x1 2X such that fx1g � F.x0/.

Proof. For n 2N, ..F.x0//n=.nC1// is a decreasing sequence of nonempty com-
pact subsets of X . Thus we have from Proposition 11.4 and Remark 11.5 of [25,
pp. 495–496] that

T1
nD1.F.x0//n=.nC1/ is nonempty and compact.

Let x1 2
T1
nD1.F.x0//n=.nC1/. Then n

nC1
� .F.x0//.x1/ � 1. As n!1, we

get that .F.x0//.x1/D 1. This implies that fx1g � F.x0/. �

Remark 1. It is clear that Lemma 5 is a generalization of Lemma 3.1 of Arora and
Sharma [1] and Proposition 3.2 of Lee and Cho [10].

Now, we are ready to prove our main theorems.
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Theorem 1. Let .X;d/ be a complete metric space and F1, F2 be fuzzy mappings
from X into W �.X/. If there is a � 2 ˚ such that for all x;y 2X ,

D.F1.x/;F2.y//� �.d.x;y/;p.x;F1.x//;

p.y;F2.y//;p.x;F2.y//;p.y;F1.x///; (3.1)

then there exists ´ 2X such that f´g � F1.´/ and f´g � F2.´/.

Proof. Let x0 2 X . Then by Lemma 5, there exists x1 2 X such that fx1g �
F1.x0/. For x1 2 X , the set .F2.x1//1 is nonempty compact subset of X . Since
.F1.x0//1 and .F2.x1//1 belong toCP.X/ and x1 2 .F1.x0//1, Proposition 1 asserts
that there exists x2 2 .F2.x1//1 such that d.x1;x2/ �D1.F1.x0/;F2.x1//. So, we
have from Lemma 4 and the property (i) of � that

d.x1;x2/�D1.F1.x0/;F2.x1//�D.F1.x0/;F2.x1//

� �.d.x0;x1/;

p.x0;F1.x0//;p.x1;F2.x1//;p.x0;F2.x1//;p.x1;F1.x0///

� �.d.x0;x1/;d.x0;x1/;d.x1;x2/;d.x0;x1/Cd.x1;x2/;0/:

If d.x1;x2/ > d.x0;x1/, then

d.x1;x2/� �.d.x1;x2/;d.x1;x2/;d.x1;x2/;2d.x1;x2/;0/ < d.x1;x2/:

This contradiction demands that

d.x1;x2/� �.d.x0;x1/;d.x0;x1/;d.x0;x1/;2d.x0;x1/;0/:

Similarly, one can deduce that

d.x2;x3/� �.d.x1;x2/;d.x1;x2/;d.x1;x2/;0;2d.x1;x2//:

By induction, we have a sequence .xn/ of points in X such that, for all n 2N[f0g,

fx2nC1g � F1.x2n/; fx2nC2g � F2.x2nC1/:

It follows by induction that d.xn;xnC1/� 	n.d.x0;x1//, where 	 is defined in the
property (iii) of �. Then, Lemma 1 gives that limn!1d.xn;xnC1/D 0. Since

d.xn;xm/� d.xn;xnC1/Cd.xnC1;xnC2/C :::Cd.xm�1;xm/;

then limn;m!1d.xn;xm/D 0. Therefore, .xn/ is a Cauchy sequence. Since X is a
complete metric space, then there exists ´ 2 X such that limn!1xn D ´. Next, we
show that f´g � Fi .´/; i D 1;2. Now, we get from Lemma 2 and Lemma 3 that

p˛.´;F2.´//� d.´;x2nC1/Cp˛.x2nC1;F2.´//

� d.´;x2nC1/CD˛.F1.x2n/;F2.´//;
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for each ˛ 2 Œ0;1�. Taking the supremum on ˛ in the last inequality, we obtain from
the property (i) of � that

p.´;F2.´//� d.´;x2nC1/CD.F1.x2n/;F2.´//

� d.´;x2nC1/C�.d.x2n;´/;p.x2n;F1.x2n//;p.´;F2.´//;

p.x2n;F2.´//;p.´;F1.x2n///

� d.´;x2nC1/C�.d.x2n;´/;d.x2n;x2nC1/;p.´;F2.´//;

p.x2n;F2.´//;d.´;x2nC1//:

As n!1, we have from the properties (i), (ii) and (iii) of � with p.´;F2.´//¤ 0
that

p.´;F2.´//� �.0;0;p.´;F2.´//;p.´;F2.´//;0/

� �.p.´;F2.´//;p.´;F2.´//;p.´;F2.´//;p.´;F2.´//;p.´;F2.´///

< p.´;F2.´//:

This contradiction yields p.´;F2.´// D 0. We then get from Lemma 4 that f´g �
F2.´/. Similarly, one can show that f´g � F1.´/. �

Example 1. LetX D Œ0;1� endowed with the metric d defined by d.x;y/D jx�yj.
It is clear that .X;d/ is a complete metric space. Assume that �.t1; t2; t3; t4; t5/D 3

4
t1

for arbitrary ti 2 Œ0;1/, i D 1;5. It is obvious that 	.t/ < t for all t > 0. Let
F1 D F2 D F . Define a fuzzy mapping F on X such that for all x 2 X , F.x/ is the
characteristic function for f3

4
xg. For each x;y 2X ,

D.F.x/;F.y//D
3

4
d.x;y/

D �.d.x;y/;p.x;F.x//;p.y;F.y//;p.x;F.y//;p.y;F.x///: (3.2)

The characteristic function for f0g is the fixed point of F .
As corollaries of Theorem 1, we get the following statements.

Corollary 1. Let .X;d/ be a complete metric space and F1, F2 be fuzzy mappings
from X into W �.X/ satisfying the following conditions: for any x;y in X ,

D.F1.x/;F2.y//� a1p.x;F1.x//Ca2p.y;F2.y//Ca3p.y;F1.x//

Ca4p.y;F1.x//Ca5d.x;y/; (3.3)

where a1, a2, a3, a4, and a5 are non-negative real numbers,
P5
jD1ai < 1 and a1 D

a2 or a3 D a5. Then there exists ´ 2X such that f´g � F1.´/ and f´g � F2.´/.

Proof. We consider the function � W Œ0;1/5! Œ0;1/ defined by the formula

�.x1;x2;x3;x4;x5/D a1x2Ca2x3Ca3x5Ca4x4Ca5x1; (3.4)

where
PiD5
iD1ai < 1 such that a1 D a2 or a3 D a4. Since � 2 ˚ , we have from

Theorem 1 that there exists ´ 2X such that f´g � F1.´/ and f´g � F2.´/. �
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The following corollary is a fuzzy version of the fixed point theorem of Singh and
Whitfield [21] for multivalued mappings.

Corollary 2. Let .X;d/ be a complete metric space and F1, F2 be fuzzy mappings
from X intoW �.X/. If there is a constant ˛, 0� ˛ < 1, such that, for each x;y 2X ,

D.F1.x/;F2.y//� ˛max
�
d.x;y/;

1

2
Œp.x;F1.x//Cp.y;F2.y//�;

1

2
Œp.x;F2.y//Cp.y;F1.x//�

�
; (3.5)

then there exists ´ 2X such that f´g � F1.´/ and f´g � F2.´/.

Proof. We consider the function � W Œ0;1/5! Œ0;1/ defined by

�.x1;x2;x3;x4;x5/D ˛max
�
x1;

1

2
Œx2Cx3�;

1

2
Œx4Cx5�

�
: (3.6)

Since � 2 ˚ , we get from Theorem 1 that there exists ´ 2 X such that f´g � F1.´/
and f´g � F2.´/. �

Remark 2. (1) If there is a � 2 ˚ such that, for each x;y 2X ,

ı.F1.x/;F2.y//� �.d.x;y/;p.x;F1.x//;p.y;F2.y//;

p.x;F2.y//;p.y;F1.x///; (3.7)

then the conclusion of Theorem 1 remains valid. This result is considered as a special
case of Theorem 1 because D.F1.x/;F2.y// � ı.F1.x/;F2.y// [8, p. 414]. More-
over, this result generalizes Theorem 3.3 of Park and Jeong [14].

(2) Corollary 1 is [22, Theorem 3.1] without condition (a), where condition (a)
reads as follows: “for each x 2 X , there exists ˛.x/ 2 .0;1� such that .F1.x//˛.x/
and .F2.x//˛.x/ are nonempty closed bounded subsets of F .X/.” Also, Corollary 1
generalizes [3, Theorem 3.1].

(3) Theorems 3.1 and 3.4 of Park and Jeong [14] are special cases of Theorem 1.
The following theorem generalizes Theorem 1 to a sequence of fuzzy contractive

mappings.

Theorem 2. Let .Fn W n 2N[f0g/ be a sequence of fuzzy mappings from a com-
plete metric space .X;d/ intoW �.X/. If there is a � 2˚ such that, for all x;y 2X ,

D.F0.x/;Fn.y//� �.d.x;y/;p.x;F0.x//;p.y;Fn.y//;

p.x;Fn.y//;p.y;F0.x/// 8.n 2N/; (3.8)

then there exists a common fixed point of the family .Fn W n 2N[f0g/.

Proof. Putting F1 D F0 and F2 D Fn for all n 2 N in Theorem 1. Then there
exists a common fixed point of the family .Fn W n 2N[f0g/. �
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Remark 3. If there is a � 2 ˚ such that, for all x;y 2X ,

ı.F0.x/;Fn.y//� �.d.x;y/;p.x;F0.x//;p.y;Fn.y//;

p.x;Fn.y//;p.y;F0.x/// .8n 2N/; (3.9)

then the conclusion of Theorem 2 remains valid. This result is considered as a special
case of Theorem 2 for the same reason as in Remark 2 (1).

4. CONCLUSION

This paper presents an improvement of some results in [1, 7, 10]. Also, it presents
two common fixed point theorems for a type of fuzzy contractive mappings. These
theorems generalize and extend results in [3, 14, 22] and [21], respectively. A fixed
point theorem for fuzzy contractive mappings is stated generalizing [1, Theorem 3.5].
Many applications of our main theorems are possible, e. g., for differential and inte-
gral equations. In view of the references [5,6], some future research can be done, for
example:

(1) I believe that our results can be hold for FC.X/, where FC.X/DfA2 F .X/ W
A˛ is a nonempty closed (nonfuzzy) subset of X for each ˛ 2 Œ0;1�g,

(2) it is also possible to generalize our results to quasi-metric spaces.
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1. INTRODUCTION AND PRELIMINARIES

As it is well known, one of the most efficient ways to clarify the structure of a
complex set is to arrange an equivalence with another set which is then carefully anal-
ysed. Apparently, the first results concerning the asymptotic behaviour of systems on
the basis of one-to-one correspondence between sets of solutions were obtained in
[4, 5, 8, 9].

In this paper, we obtain new sufficient conditions for the asymptotic equivalence
of linear and quasilinear systems of differential equations with piecewise constant
arguments. Homeomorphism, which is the most important version of the correspon-
dence in a theoretical sense, is considered. The method of the paper was also used in
the works [1, 2].

Let Z;N, and R be, respectively, the sets of all integer, natural, and real numbers.
Denote by k � k the Euclidean norm in Rn, where n 2 N. Fix a sequence �i , i 2 Z;
such that �i < �iC1 for all i 2Z and j�i j !1 as ji j !1:

We consider the system of impulsive differential equations

´0.t/D C´.t/Cf .t;´.t//;

�´jtD�i D Ji .´/;
(1)

and the linear system of ordinary differential equations

x0.t/D Cx.t/; (2)
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where x;´ 2 Rn, t 2 R:
The following assumptions will be needed throughout the paper:
(c1) C is a constant n�n real valued matrix;
(c2) f 2 C.R�Rn;Rn/;
(c3) The estimate

kf .t;´1/�f .t;´2/kCkJi .´1/�Ji .´2/k � �.t/k´1�´2k

holds for all ´1;´2 2 Rn; t 2 RC; and i 2Z with some nonnegative function
�.t/ defined on RCI

(c4) The following equalities are true

f .t;0/D 0 for all t 2 RI

Ji .0/D 0 for all i 2Z:
(3)

To investigate the asymptotic properties of the solutions, the following definition
can be efficiently applied.

Definition ([3, 6]). A homeomorphism H between the sets of solutions x.t/ and
´.t/ is called an asymptotic equivalence if ´.t/DH.x.t// implies that x.t/�´.t/!
0 as t !1:

2. MAIN RESULT

In this section we consider the theorem about the asymptotic equivalence of sys-
tems (1) and (2). The theorem is a development of V. Yakubovich’s result [6, 9] for
impulsive differential equations. Let ˛ D minj Re�j and ˇ D maxj Re�j , where
Re�j denotes the real part of the eigenvalue �j of the matrix C . Let m˛ and mˇ be
the maximum of the degrees of elementary divisors of C corresponding to eigenval-
ues with the real parts equal to ˛ and ˇ, respectively. Clearly, there exist constants
�1 and �2 such that

keCtk � �1t
mˇ�1eˇt and ke�Ctk � �2tm˛�1e�˛t

for all t 2 RC D Œ0;1/. We shall also assume that
(c5) The relation

l0 WD

Z 1
0

tmˇCm˛�2e.ˇ�˛/t�.t/dtC
X

0��i<1

�
mˇCm˛�2

i e.ˇ�˛/�i�.�i / <C1

is satisified.
The following lemma can be easily established by direct substitution.

Lemma 1. If ´.t/ is a solution of (1), then there is a solution u.t/ of the equation

u0 D e�Ctf .t;eCtu/;

�ujtD�i D e
�C�iJi .e

C�iu/;
(4)
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such that
´.t/D eCtu.t/: (5)

Conversely, if u.t/ is a solution of (4), then y.t/ in (5) is a solution of (2).

Lemma 2. If conditions (c1)–(c5) are valid, then every solution of (4) is bounded
on RC and for each solution u of (4) there exists a constant vector cu 2 Rn such that
u.t/! cu as t !1:

Proof. Let u.t/Du.t; t0;u0/ denote a solution of (4) satisfying u.t0/Du0, t0� 0.
It is known [7] that

u.t/D u0C

Z t

t0

e�Csf .s;eCsu.s//dsC
X

t0��i<t

e�C�iJi .e
C�iu/

for all t � t0: Using (c4), we obtain

ku.t/k � ku0kCk1

Z t

t0

smˇCm˛�2e.ˇs�˛/s�.s/ku.s/kds

Ck2
X

t0��i<t

�
mˇCm˛�2

i e.ˇ�˛/�i�.�i /ku.�i /k; t � t0;

with some positive k1 and k2. By applying the Gronwall–Bellman Lemma for dis-
continuous functions [7] we obtain that ju.t/j �M for all t 2RC;with some positive
M: To prove the second part of the theorem, we first note thatˇ̌̌̌Z t

t0

e�Csf .s;eCsu.s//dsC
X

t0��i<t

e�C�iJi .e
C�iu.�i //

ˇ̌̌̌

�Mk1

Z 1
0

tmˇCm˛�2e.ˇ�˛/t�.t/dt

CMk2
X

0��i<1

�
mˇCm˛�2

i e.ˇ�˛/�i�.�i / <1:

So we may define

cu D u0C

Z 1
t0

e�Csf .s;eCsu.s//dsC
X

t0��i<1

e�C�iJi .e
C�iu.�i //:

It follows that

u.t/D cu�

Z 1
t

e�Csf .s;eCsu.s//ds�
X

t��i<1

e�C�iJi .e
C�iu.�i //;

which completes the proof. �
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Theorem 1. If conditions (c1)–(c5) are satisfied, then every solution y.t/ of (1)
possesses an asymptotic representation of the form

´.t/D eCt ŒcCo.1/�;

where c 2 Rn is a constant vector and for a solution u.t/ of (4),

o.1/D�

Z 1
t

e�Csf .s;eCsu.s//ds�
X

t��i<1

e�C�iJi .e
C�iu.�i //:

The proof follows from Lemma 1 and Lemma 2.

Theorem 2. Assume that conditions (c1)–(c5) are fulfilled, and, moreover,

lim
t!1

�Z 1
t

.s� t /m˛�1smˇ�1e˛.t�s/eˇs�.s/ds

C

X
t��i<1

.�i � t /
m˛�1�

mˇ�1

i e˛.t��i /eˇ�i�.�i /

�
D 0: (6)

Then systems (1) and (2) are asymptotically equivalent.

Proof. In view of Lemma 2, we see that

´.t/D eCt
�
cu�

Z 1
t

e�Csf .s;eCsu.s//ds�
X

t��i<1

e�C�iJi .e
C�iu.�i //

�

D x.t/�

Z 1
t

e�C.s�t/f .s;eCsu.s//ds�
X

t��i<1

e�C.�i�t/Ji .e
C�iu.�i //;

where x.t/D eCtcu is a solution of (2) and u.t/D u.t; t0;u0/ is a solution of (4). It
is clear that a given u0 results in a homeomorphism between x.t/ and y.t/: Thus, we
find that there exists a bicontinuous and one-to-one correspondence between u0 and
cu: In view of (6), we also see that x.t/�´.t/! 0 as t !1; which completes the
proof of the theorem. �
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Abstract. This paper deals with the fine limits of generalized potential-type operators with non-
isotropic kernels defined for functions on Rn satisfying appropriate conditions.
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1. INTRODUCTION

Let �1;�2; : : : ;�n be positive numbers with j�j D �1C�2C�� �C�n and kxk� D

.jx1j
1
�1 C : : :Cjxnj

1
�n /

j�j
n , x 2 Rn. The expression kx�yk�, where x; y 2 Rn, is

called the �-distance or non-isotropic distance between x and y: This distance is
an important concept in the theory of partial differential equations and imbedding
theorems. Some problems with the �-distance were examined in [6, 7].

It can be seen that �-distance becomes the ordinary Euclidean distance jx�yj for
�j D

1
2
; j D 1;2; : : : ;n: The �-distance has the following properties:

Using the inequality .aCb/m � 2m .amCbm/, m> 1, we obtain

kx�yk� �M� .kxk�Ckyk�/ ; (1.1)

where M� D 2

�
1C 1

�min

�
j�j
n and �min Dmin.�1;�2; : : :�n/:

Several authors have investigated the properties of classical Riesz potentials and
their generalizations. For example, taking some appropriate conditions on the kernel
depending on Euclidean distance type of K .jx�yj/, Gadjiev [3] proved a variant of
the Hardy–Littlewood–Sobolev theorem. He also gave the properties of convergence
almost everywhere. In [1], a theorem similar to results of [3] was proved for potential-
type integrals with kernel depending on the �-distance.

Some results on potential-type integral operators and Riesz potentials given by
generalized shift operators can be found in [2, 4, 5]. Various generalizations of the
Riesz potentials are given in [10].
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A potential-type integral operator depending on the �-distance and defined for
non-negative measurable functions f on Rn is given by the equality

.Lf /.x/D

Z
Rn
K .kx�yk�/f .y/dy;

where K is the kernel function satisfying the following conditions (see [1]):

(K1) K is a non-negative continuous and decreasing function on semiaxis Œ0;1/
and limt!0K .t/D1;

(K2) L.r/D
R a
r K

�
2ˇM�t

2j�j
n

�
t2j�j�ı�1dt <1 for 0 < ı < 2 j�j, ˇ 2 .0; 1/ and

0� r < a:

We know that .Lf /.x/¤1 if and only ifZ
Rn
K .ˇ .1Ckyk�//f .y/dy; (1.2)

where ˇ 2 .0; 1/. Hence it is seen that .Lf /.x/¤1 when f is integrable on Rn:
Note that .1/ is equivalent toZ

Rn�B�.x;1/
K .ˇkx�yk�/f .y/dy

for every x 2 Rn; and ˇ 2 .0; 1/ ; where B�.x;1/ is �-ball centered at x with radius
1: That is B�.x;1/ D fy 2 Rn W kx�yk� < 1g :

In what follows, we investigate the fine limits of generalized potential-type integral
operators with non-isotropic kernels Lf at x0 2 Rn: Our results are generalizations
of the corresponding results for classical Riesz potentials given in [9, 11].

To obtain a general result, we assume the conditionZ
Rn
�p.f .y//w

�
ky�x0k

n
2j�j

�

�
dy <1: (1.3)

where x0 2 Rn and �p.r/ is positive monotone function on interval .0;1/ having
the following properties:

.'1/ �p.r/ is of the form rp'.r/; where 1 � p <1 and ' is a positive non-
decreasing function on interval .0;1/:

.'2/ There exists A1such that '.2r/� A1'.r/ whenever r > 0:

Throughout this paper, let w.r/ be a positive non-increasing function on .0;1/
satisfying the condition:

.w1/ There exists A2 > 0 such that A�12 w.r/�w.2r/�A2w.r/ whenever r > 0:

In this paper we will use some ideas from [9, 11]. By the symbol M , we denote a
positive constant whose value may change depending on the context.
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2. PRELIMINARY LEMMAS

First we collect properties which follow from conditions .'1/and .'2/:

Lemma 2.1. The function ' satisfies the doubling condition, that is, there exists
A3 > 1 such that

'.r/� '.2r/� A3'.r/ for r > 0:

Lemma 2.2. For any 
 > 0; there exists A4.
/ > 1 such that

A�14 .
/'.r/� '.r
 /� A4.
/'.r/, whenever r > 0:

3. THE ESTIMATE OF Lf

We write .Lf /.x/D L1.x/CL2.x/CL3.x/ for x 2 Rn�fx0g; where

L1.x/D

Z
Rn�B�.x0;2M�kx�x0k�/

K .kx�yk�/f .y/dy;

L2.x/D

Z
B�.x0;2M�kx�x0k�/�B�.x;kx�x0k�=2M�/

K .kx�yk�/f .y/dy;

L3.x/D

Z
B�.x;kx�x0k�=2M�/

K .kx�yk�/f .y/dy:

Using (1.1), then for any x; y 2 Rn

kx�yk� �
1

M�

ky�x0k��kx�x0k�:

It is obvious that, if y 2 Rn�B�.x0; 2M�kx� x0k�/, then kx�yk� � 1
2M�
ky �

x0k�: Taking into account L1.x/, we have the inequality

L1.x/�M

Z
Rn�B�.x0;2M�kx�x0k�/

K .ˇky�x0k�/f .y/dy (3.1)

for any ˇD 1
2M�
2 .0;1/ : For y 2B�.x0; 2M�kx�x0k�/�B�.x; kx�x0k�=2M�/;

since ky�xk� � 1
2M�
kx�x0k�, we have similarly

L2.x/�K .ˇkx�x0k�/

Z
B�.x0;2M�kx�x0k�/�B�.x;kx�x0k�=2M�/

f .y/dy (3.2)

for any ˇ D 1
2M�
2 .0;1/ :

Let us begin with the Hölder type inequality.
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Lemma 3.1. Let p > 1, ı > 0; and f be a non-negative measurable function on
Rn: If 0� 2M�kx�x0k� < 2M�a

2j�j
n < 1; then

Z
Rn�B�.x0;2M�kx�x0k�/

K .ˇky�x0k�/f .y/dy

�

Z
Rn�B�.x0;2M�a

2j�j
n /

K .ˇky�x0k�/f .y/dyCML

�
kx�x0k

n
2j�j

�

�

CMR1

�
kx�x0k

n
2j�j

�

��Z
B�.x0;2M�a

2j�j
n /

�p.f .y//w

�
ky�x0k

n
2j�j

�

�
dy

� 1
p

;

whereR1.r/D
�R a
r K

p0
�
2ˇM�t

2j�j
n

��
'.t�1/w.t/

�p0
p t2j�j�1dt

� 1
p0 if 0<2M�r

2j�j
n <

1 and R1.r/DR1
�
.2M�/

� n
2j�j
�

in the other cases.

Proof. Without loss of generality we assume that f D 0 outside ofB�.x0;2M�a
2j�j
n /.

We have

Z
Rn�B�.x0;2M�kx�x0k�/

K .ˇky�x0k�/f .y/dyD

Z
A.y/

K .ˇky�x0k�/f .y/dy

�

Zn
y2A.y/If .y/>ky�x0k

� ın
2j�j

�

oK .ˇky�x0k�/f .y/dy
C

Zn
y2A.y/I f .y/�ky�x0k

� ın
2j�j

�

oK .ˇky�x0k�/f .y/dy DW L11CL12;
where A.y/ D B�.x0; 2M�a

2j�j
n /�B�.x0; 2M�kx� x0k�/. Consider the integral

L11. From Hölder’s inequality, we obtain

L11.x/�

�Z
U.y/

f p.y/'.f .y//w.ky�x0k
n
2j�j

�
/dy

� 1
p

�

0@Z
U.y/

K .ˇky�x0k�/
p0
�
'.f .y//w.ky�x0k

n
2j�j

�
/

��P 0
p

dy

1A 1
p0

;

where 1
p
C

1
p0
D 1 and U .y/D

n
y 2 A.y/I f .y/ > ky�x0k

� ın
2j�j

�

o
.
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Since ' is a non-decreasing function, we have '.f .y// � '.ky �x0k
� ın
2j�j

�
/ and

therefore, Lemma 2.2 implies '.ky�x0k
� ın
2j�j

�
/�M'.ky�x0k

� n
2j�j

�
/: Thus,

L11.x/�M

�Z
U.y/

�p.f .y//w.ky�x0k
n
2j�j

�
/dy

� 1
p

�

0@Z
U.y/

K .ˇky�x0k�/
p0
�
'.ky�x0k

� n
2j�j

�
/w.ky�x0k

n
2j�j

�
/

��P 0
p

dy

1A 1
p0

:

(3.3)

The right hand side integral with respect to y may be easily calculated. Namely,
passing to generalized spherical coordinates by transformation

y1 D x01C .t cos�1/2�1 ;

y2 D x02C .t sin�1 cos�2/2�2 ;
:::

yn D x0nC .t sin�1 sin�2 : : :sin�n�1/2�n ;

where �j , j D 1;2; : : : ;n; are the coordinates of the point � on unit sphere. We can
see that the Jacobian of this transformation t2j�j�1˝�.�/; where ˝�.�/ depends on
angles �1;�2; : : : ;�n�1 only 0� �1; : : : ;�n�2 � �; 0� �n�1 � 2� and

˝�.�/D 2
n
n�1Y
jD1

�
cos�j

�2�j�1 �sin�j
�2j�j� jP

kD1

�k�1

:

Here the integral
R
Sn�1˝�.�/d� is finite, where Sn�1 is the unit ball in Rn: Conse-

quently, from (3.3) we have

L11.x/�M

0@Z .2M�/
n
2j�j a

.2M�/
n
2j�j kx�x0k

n
2j�j

�

Kp
0
�
ˇt

2j�j
n

��
'.t�1/w.t/

��p0
p t2j�j�1dt

1A 1
p0

�

�Z
U.y/

�p.f .y//w.ky�x0k
n
2j�j

�
/dy

� 1
p

: (3.4)
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Let us now consider the integral L12: By passing to generalized spherical coordi-
nates, we get

L12.x/�

Z
A.y/

K .ky�x0k�/ky�x0k
� n
2j�j

ı

�
dy

DML

�
kx�x0k

n
2j�j

�

�
; (3.5)

where L.r/ is defined in the condition .K2/. Relations (3.4) and (3.5) give the de-
sired conclusion. �

Lemma 3.2. Let f be a non-negative measurable function on Rn: If 0< 2M�kx�

x0k� < 1 and 0 < ı < 2 j�j ; then there exists a positive M such that

L2.x/�MR2.kx�x0k
n
2j�j

�
/

�Z
B�.x0;2M�kx�x0k�/

�p.f .y//w.ky�x0k
n
2j�j

�
/dy

� 1
p

CMkx�x0k
2j�j�ı

�
;

where

R2.r/DK
�
ˇt

2j�j
n

�
r
2j�j
n
2j�j

p0

h
'
�
r�

2j�j
n

�
w.r/

i� 1
p

:

Proof. It follows from (3.2) that

L2.x/�K .ˇkx�x0k�/

Z
B.x/

f .y/dy

�K .ˇkx�x0k�/

(Z
fy2B.x/ If .y/>kx�x0k

�ı
� g

f .y/dy

C

Z
fy2B.x/ If .y/�kx�x0k

�ı
� g

f .y/dy

)
DW L21.x/CL22.x/;

where B.x/D B�.x0; 2M�kx�x0k�/�B�.x; kx�x0k�=2M�/.
Let us first consider L21: Since ' is a non-decreasing function, by Lemma 3.1, we

get

L21.x/�M
�
'
�
kx�x0k

�1
�

��� 1
p K .ˇkx�x0k�/

Z
B.x/

f .y/ Œ'.f .y//�
1
p dy:

From Hölder’s inequality, we obtain

L21.x/�M
�
'
�
kx�x0k

�1
�

��� 1
p K .ˇkx�x0k�/

�

�Z
B�.x0;2M�kx�x0k�/

dy

� 1
p0
�Z
B.x/

f .y/p'.f .y//dy

� 1
p

;

where 1
p
C

1
p0
D 1:
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Therefore, because w is a non-increasing function, it follows that

L21.x/�M
�
'
�
kx�x0k

�1
�

��� 1
p K .ˇkx�x0k�/kx�x0k

2j�j

P 0

�
(3.6)

�

�Z
B.x/

�p.f .y//dy

� 1
p

�M

�
'
�
kx�x0k

�1
�

�
w.kx�x0k

n
2j�j

�
/

�� 1
p

K .ˇkx�x0k�/kx�x0k
2j�j

P 0

�

�

�Z
B�.x0;2M�kx�x0k�/

�p.f .y//w.ky�x0k
n
2j�j

�
/dy

� 1
p

: (3.7)

On the other hand, we have

L22 �K .ˇkx�x0k�/

Z
B�.x0;2M�kx�x0k�/

kx�x0k
�ı
� dy

�MK.ˇkx�x0k�/kx�x0k
2j�j�ı

�
: (3.8)

We have the desired conclusion from (3.7) and (3.8). �

Lemma 3.3. Let f be a non-negative measurable function on Rn: If ı > 0; then
there exists a positive M such that

L3.x/�MR3

�
kx�x0k

n
2j�j

�

��Z
B�.x;kx�x0k�=2M�/

�p.f .y//w.ky�x0k
n
2j�j

�
/dy

� 1
p

CM

Z .kx�x0k�=2M�/
n
2j�j

0

Kp
0
�
2ˇM�t

2j�j
n

�
t2j�j�ı�1dt

whereR3.r/D'�.r/!.r/
� 1
p and '�.r/D

�R r
0 K

p0
�
t
2j�j
n

��
'.t�1/

��p0
p t2j�j�1dt

� 1
p0

:

Proof. By change of variable, we have

L3.x/D

Z
B�.0;kx�x0k�=2M�/

K .kyk�/f .xCy/dy:
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In a way similar to the proof of Lemmas 3.1 and 3.2, we obtain

L3.x/�M

0@Z .kx�x0k�=2M�/
n
2j�j

0

Kp
0
�
t
2j�j
n

��
'.t�1/

��p0
p t2j�j�1dt

1A 1
p0

�

�Z
B�.0;kx�x0k�=2M�/

�p.f .xCy//dy

� 1
p

CM

Z .kx�x0k�=2M�/
n
2j�j

0

K
�
ˇ2M�t

2j�j
n

�
t2j�j�ı�1dt

�M'�
�
kx�x0k

n
2j�j

�

�
w

�
kx�x0k

n
2j�j

�

�� 1
p

�

�Z
B�.x;kx�x0k�=2M�/

�p.f .y//w.ky�x0k
n
2j�j

�
/dy

� 1
p

C

Z .kx�x0k�=2M�/
n
2j�j

0

K
�
ˇ2M�t

2j�j
n

�
t2j�j�ı�1dt;

as required. �

4. FINE LIMIT OF R˛f

We consider the function

R.r/DR1.r/CR2.r/CR3.r/

DR1.r/CK
�
ˇt

2j�j
n

�
r
2j�j
n
2j�j

p0

�
w.r/'.r�

2j�j
n /
�� 1

p
C'�.r/w.r/�

1
p :

Theorem 4.1. Let p > 1 and f be a non-negative measurable function on Rn

satisfying conditions (1.2) and (1.3). If '�.1/ <1 and limr!0R.r/D1; then

lim
x!x0

ŒR.kx�x0k�/�
�1 .Lf /.x/D 0:

If R.r/ is bounded, then .Lf /.x0/ is finite and .Lf /.x/ tends to .Lf /.x0/ as x!
x0.

Proof. By condition (1.2), the integralZ
Rn�B�.x0;2M�a

2j�j
n /

K .ˇky�x0k�/f .y/dy
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is finite. It follows from (3.1), the condition K2 and Lemma 3.1 that

limsup
x!x0

�
R
�
kx�x0k

n
2j�j

�

���1
L1.x/

�M

�Z
B�.x0;2M�a

2j�j
n /

�p.f .y//w

�
ky�x0k

n
2j�j

�

�
dy

� 1
p

:

Since a is arbitrary, we see that the integral in the left-hand side of the last estimate
is equal to zero.

In view of Lemmas 3.2 and 3.3 and condition (1.3), we have

lim
x!x0

ŒR.kx�x0k�/�
�1 .L2.x/CL3.x//D 0:

If we combine these results, we have

lim
x!x0

ŒR.kx�x0k�/�
�1 .Lf /.x/D 0:

If R.r/ is bounded, then Lemmas 3.2 and 3.3 imply that L2 .x/CL3 .x/ tends to
zero at x! x0: Furthermore, in view of Lemma 3.1, we have limsupx!x0L1.x/ <
1: Thus it follows that .Lf /.x0/ is finite. Hence

L1.x/CL2.x/D

Z
Rn�B�.x;kx�x0k�=2M�/

K .kx�yk�/f .y/dy:

Since ky�x0k� � 2M 2
�
ky�xk� for y 2 Rn�B�.x; kx�x0k�=2M�/, we have by

Lebesgue’s dominated convergence theorem

lim
x!x0

.L1.x/CL2.x//D .Lf /.x0/ :

However, we also know that limx!x0L3.x/D 0: The proof of Theorem 4.1 is thus
complete. �

Corollary 4.1 ([8,9]). Let p D n
˛

and '�.1/ <1: If f is a non-negative measur-
able function on Rn satisfying (1.2) and the conditionZ

Rn
�p.f .y//dy <1;

then L˛f is continuous on Rn with K .t/ D t˛�n, 0 < ˛ < n, and �k D
1
2

, k D
1;2; : : : ;n:

Corollary 4.2 ([1]). Let f be a non-negative measurable function satisfying con-
ditions (1.2) and the conditionZ

Rn
�p.f .y//dy <1;

then L˛f is continuous on Rn:
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Proposition 4.1. Let ap D n, '�.1/ <1, x0 D 0, K .t/D t˛�n, and

lim
r!0

r
2j�j

p0 .w.r//�
1
p
�
'.r�1/

�� 1
p D 0:

Then for any positive non-decreasing function a.r/ on .0;1/ such that

lim
r!0

a.r/D1;

there exists a non-negative measurable function f satisfying (1.2) and (1.3) such that

limsup
x!x0

a
�
kxk

n
2j�j

�

��
w
�
kxk

n
2j�j

�

�
'
�
kxk
� n
2j�j

�

��� 1
p
R˛f .x/D1;

where 1
p
C

1
p0
D 1:

Proof. Let .ji / be a sequence of positive integers such that ji C 2 < JiC1 andP
i a
� 1
p

i <1, where ai .rj /D ai and rj D 2�ji : We set

f .y/D a
� 1
p

i

�
'.r�1j /

� 1
p0 �
w.rj /

�� 1
p kxi �yk

�˛
�

�
'.kxi �yk

�1
� /

��1
if y 2

S1
iD1B�.xi ; .2rj /

2j�j
n /�B�.xi ; .rj /

2j�j
n /;otherwise f .y/ D 0; where xi D

.rj ;0; : : : ;0/ 2 Rn:
Let us now show that f meets all the conditions in the proposition. If we use

Lemmas 2.1 and 2.2, then we haveZ
f .y/dy D

X
i

a
� 1
p

i

�
'.r�1j /

� 1
p0
�
w.rj /

�� 1
p

�

Z
B�.xi ; .2rj /

2j�j
n /�B�.xi ; .rj /

2j�j
n /

kxi �yk
�˛
�

�
'.kxi �yk

�1
� /

��1
dy

�M
X
i

a
� 1
p

i

�
'.r�1j /

� 1
p0 �
w.rj /

�� 1
p

Z 2rj

rj

t�
2j�j
n
˛
�
'.t�

2j�j
n /
��1

t2j�j�1dt

�M
X
i

a
� 1
p

i

�
r
2j�j

p0

j

�
'.r�1j /

� 1
p �
w.rj /

�� 1
p

�
�M

X
i

a
� 1
p

i <1:
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Consequently f satisfies (1.2). On the other hand, since the values
�
a
� 1
p

i

�
and�

r
2j�j

p0

j

�
'.r�1j /

�� 1
p
�
w.rj /

�� 1
p

�
are bounded, we have

f .y/�M
�
'.r�1j /

� 1
p0
�
w.rj /

�� 1
p kxi �yk

�˛
� Œ'.kxi �yk�/�

�1

�M
�
'.r�1j /

�� 1
p

�
r
2j�j

p0

j '.r�1j /�
1
p kxi �yk

�˛
�

��1
�Mkxi �yk

�˛� n
p0

�
:

Thus, the inequality '.f .y//� '.kxi �yk�1� / holds.
Now we show that f satisfies (1.3). Using condition .w1/, we getZ

Rn
�p.f .y//w

�
kyk

n
2j�j

�

�
dy

�

X
i

a�1i
�
'.r�1j /

� p
p0

Z
B�.xi ; .2rj /

2j�j
n /�B�.xi ; .rj /

2j�j
n /

kxi �yk
�˛p

�

�
�
'.kxi �yk

�1
� /

�� p
p0 dy

�M
X
i

a�1i
�
'.r�1j /

� p
p0

Z 2rj

rj

t�
2j�j
n
˛p
�
'.t�

2j�j
n /
�� p

p0

t2j�j�1dt

�M
X
i

a�1i
�
'.r�1j /

� p
p0

Z 2rj

rj

�
'.t�1/

�� p
p0 t�1dt

�M
X
i

a�1i <1:

Finally,

R˛f .xi /� a
� 1
p

i

�
'.r�1j /

� 1
p0
�
w.rj /

�� 1
p

�

Z
B�.xi ; .2rj /

2j�j
n /�B�.xi ; .rj /

2j�j
n /

kxi �yk
�n
�

�
'.kxi �yk

�1
� /

��1
dy

�Ma
� 1
p

i

�
'.r�1j /

� 1
p0
�
w.rj /

�� 1
p

Z 2rj

rj

�
'.t�1/

��1
t�1dt

�Ma
� 1
p

i

�
'.r�1j /

�� 1
p
�
w.rj /

�� 1
p :

Thus we have

ai

�
'.r�1j /

� 1
p �
w.rj /

� 1
p R˛f .x

.i//�Ma
1
p

i :

This proves the proposition for j !1: �
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Abstract. In this paper, necessary statements are given for a minimum point and a maximum
point of the max-min function. Moreover estimations for the directional lower and upper de-
rivative sets of the max-min set-valued map which are used to state a characterization of the
directional derivative of the max-min functions are given. Furthermore, a sufficient condition
ensuring the existence of the directional derivative of the max-min function is obtained by using
the lower differentiability of the max-min set-valued maps.
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1. INTRODUCTION

The directional derivatives of max-min functions were studied in [7]. It is well-
known that max-min functions are considered and occur in control theory problems,
parametric optimization problems and differential game theory problems [4]. More-
over marginal functions are max-min functions (see [3–6, 10–14]).

In this paper, necessary statements are given for a minimum point and a maximum
point of the max-min function. It is well-known that the directional lower and upper
derivative sets of max-min set valued maps are used to state a characterization of
the directional derivative of max-min function [7]. In this paper, estimations for
the directional lower and upper derivative sets of max-min set valued maps are given.
Furthermore, a sufficient condition ensuring the existence of the directional derivative
of max-min function is obtained by using the lower differentiability of max-min set-
valued maps.

In this study, cl.Rm/ (comp.Rm/) denotes the set of all nonempty closed (com-
pact) subsets in Rm. Let a.�/ W Rn! cl.Rm/ be an upper semi-continuous set-valued
map. For .x;y/ 2 Rn�Rm and vector f 2 Rn, let us consider the following sets:

Da.x;y/ j .f /D
˚
d 2 Rm W liminf

ı!C0
ı�1 dist.yC ıd;a.xC ıf //D 0

	
;

D�a.x;y/ j .f /D
˚
v 2 Rm W lim

ı!C0
ı�1 dist.yC ıd;a.xC ıf //D 0

	
;

c
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where x 2 Rn, D � Rn, dist.x;D/D infd2D kx�dk. Da.x;y/ j .f / (D�a.x;y/ j
.f /) is called the upper (lower) derivative set of the set-valued map a.�/ at .x;y/ in
direction f . Note that the directional upper (lower) derivative set of the set-valued
map a.�/ is closed and there is a connection between the upper (lower) derivative set
of a set-valued map and the upper (lower) contingent cone which is used to investigate
several problems in nonsmooth analysis [1,2,8]. It is obvious thatD�a.x;y/ j .f /�
Da.x;y/ j .f /. The symbol

AD gr a.�/D f.x;y/ 2 Rn�Rm W y 2 a.x/g

denotes the graph of the set-valued map a.�/. Since a.�/ is upper semicontinuous, A
is a closed set. It is possible to show that Da.x;y/ j .f / D D�a.x;y/ j .f / D ¿
if .x;y/ … A, Da.x;y/ j .f /DD�a.x;y/ j .f /D Rm if .x;y/ 2 intA, where intA
denotes the interior of A.

Let f .�/ W Rn ! R be a function. The lower and upper derivative of f .�/ at the
point x in direction v are denoted by the symbols @�f .x/

@v
and @Cf .x/

@v
respectively,

and defined by the formulas
@�f .x/

@v
D liminf
ı!C0

Œf .xC ıv/�f .x/�ı�1;

and

@Cf .x/

@v
D limsup

ı!C0

Œf .xC ıv/�f .x/�ı�1:

If
@f .x/

@v
D lim
ı!C0

Œf .xC ıv/�f .x/�ı�1

exists and is finite, then f .�/ is said to be differentiable at the point x in direction v
and @f .x/

@v
denotes the derivative of f .�/ at the point x in direction v.

Let a.�/ WRn! comp.Rm/, b.�/ WRn! comp.Rk/ be set-valued maps and �.�; �; �/ W
Rn�Rm�Rk!R be a continuous function on Rn�Rm�Rk . The max-min function
is denoted by m.�/ and is defined by

m.x/D max
y2a.x/

min
´2b.x/

�.x;y;´/: (1.1)

In this paper, we will assume that a.�/ W Rn ! comp.Rm/, b.�/ W Rn ! comp.Rk/
are continuous set-valued maps and �.�; �; �/ W Rn �Rm �Rk ! R is a continuous
function on Rn�Rm�Rk and locally Lipschitz on Rm�Rk , i. e., for every bounded
D � Rn�Rm�Rk , there exists L.D/ > 0 such that

j�.x;y1;´1/��.x;y2;´2/j � L.D/k.y1�y2;´1�´2/k

for any .x;y1;´1/, .x;y2;´2/ 2 D. Under these conditions m.�/ is a continuous
function (see [1]). Let
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Y�.x/D
˚
.y�;´�/ 2 a.x/�b.x/ W

m.x/D max
y2a.x/

min
´2b.x/

�.x;y;´/D �.x;y�;´�/
	
: (1.2)

The map x 7! Y�.x/ is an upper semicontinuous set-valued map and it is called a
max-min set-valued map.

2. MINIMIZATION AND MAXIMIZATION PROBLEMS OF MAX-MIN FUNCTION

Now we give necessary statements for a minimum point and a maximum point of
max-min function.

Theorem 1. Let the function m.�/ W Rn ! R be in the form (1.1). Suppose that
x� 2 Rn is a minimum point of max-min function m.�/. Then

inf
f 2Rn

inf
.y;´/2Y�.x�/

inf
.d;n/2DY�.x�;y;´/j.f /

@C�.x�;y;´/

@.f;d;n/
� 0:

Proof. Let f 2 Rn. Since x� 2 Rn is a minimum point of max-min function m.�/,
then it follows that m.x�C ıf / � m.x�/ for all ı > 0. In that case, it follows from
here that

@�m.x�/

@f
D liminf
ı!C0

1

ı
Œm.x�C ıf /�m.x�/�� 0:

Hence, from here and of [7, Proposition 7], we have

0�
@�m.x�/

@f
� inf
.y;´/2Y�.x�/

inf
.d;n/2DY�.x�;y;´/j.f /

@C�.x�;y;´/

@.f;d;n/

and hence we obtain the inequality. �

Theorem 2. Let the function m.�/ W Rn ! R be in the form (1.1). Suppose that
x� 2 Rn is a maximum point of max-min function m.�/ and there exists a .y;´/ 2
Y�.x�/ such that DY�.x�;y;´/ j .f /¤¿ for all f 2 Rn. Then

sup
f 2Rn

inf
.y;´/2Y�.x�/

inf
.d;n/2DY�.x�;y;´/j.f /

@��.x�;y;´/

@.f;d;n/
� 0:

Proof. Let f 2 Rn. Since x� 2 Rn is a maximum point of max-min functionm.�/,
then it follows that m.x�C ıf / � m.x�/ for all ı > 0. In that case, it follows from
here that

@Cm.x�/

@f
D limsup

ı!C0

1

ı
Œm.x�C ıf /�m.x�/�� 0:

Hence, from here and [7, Proposition 8], we have

0�
@Cm.x�/

@f
� inf
.y;´/2Y�.x�/

inf
.d;n/2DY�.x�;y;´/j.f /

@��.x�;y;´/

@.f;d;n/

and hence we obtain the inequality. �
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3. DIRECTIONAL DERIVATIVE SETS OF MAX-MIN SET-VALUED MAPS

Now we give the estimations for the directional lower and upper derivative sets of
max-min set-valued map which are used to state a characterization of the directional
derivative of the max-min functions in [7].

Let us take the max-min function m.�/ such as:

m.x/D min
y2a.x/

�.x;y/ (3.1)

where a.�/ WRn! comp.Rm/ is a continuous set-valued map and �.�; �/ WRn�Rm!
R is a continuous function on Rn�Rm and locally Lipschitz on Rm, i. e., for every
bounded D � Rn�Rm, there exists L.D/ > 0 such that

j�.x;y1/��.x;y2/j � L.D/ky1�y2k

for any .x;y1/, .x;y2/ 2 D. Under these conditions m.�/ is a continuous function
(see [1]). Then we take

Y�.x/D
n
y� 2 a.x/ Wm.x/D min

y2a.x/
�.x;y/D �.x;y�/

o
: (3.2)

Theorem 3. Let the set-valued map Y�.�/ W Rn! comp.Rm/ be in the form (3.2).
Suppose that there exists a y� 2 Y�.x�/ such that �.�; �/ is a derivable function at the
point .x�;y�/ in direction .f;d/ for all d 2 Rm. Then

D�Y�.x�;y�/ j .f /�
n
p 2 Rm W inf

d2Da.x�;y�/j.f /

@�.x�;y�/
@.f;d/

D
@�.x�;y�/
@.f;p/

o
: (3.3)

Proof. Let y� 2 Y�.x�/ such that �.�; �/ is a derivable function at the point .x�;y�/
in direction .f;d/ for all d 2 Rm.

Let D�Y�.x�;y�/ j .f /D¿. Then the statement (3.3) holds.
Let Da.x�;y�/ j .f /D¿. Then

inf
d2Da.x�;y�/j.f /

@�.x�;y�/

@.f;d/
DC1:

Since D�Y�.x�;y�/ j .f /�D�a.x�;y�/ j .f /�Da.x�;y�/ j .f /, then it follows
that statement (3.3) holds.

Now D�Y�.x�;y�/ j .f / ¤ ¿. Take p 2 D�Y�.x�;y�/ j .f /. Then from the
definition of D�Y�.x�;y�/ j .f /, there exists a ı� > 0 such that for all ı 2 Œ0;ı��,

y�.ı/D y�C ıpCo1.ı/ 2 Y�.x�C ıf /

where ko1.ı/kı�1! 0 as ı!C0. Since

Y�.x/D fy� 2 a.x/ W �.x;y/� �.x;y�/;8y 2 a.x/g;

then it follows that for any y 2 a.x�C ıf /,

�.x�C ıf;y/� �.x�C ıf;y�C ıpCo1.ı//: (3.4)
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Choose any d 2 Da.x�;y�/ j .f /. Then from the definition of Da.x�;y�/ j .f /,
there exists a sequence yk 2 a.x�C ıkf / where ık > 0 and ık !C0 as k!1,
such that

yk D y�C ıkd Co2.ık/

where ko2.ık/kı�1k ! 0 as k!1. In that case from (3.4) since ık !C0, then it
follows that there exists a k0 2N such that ık 2 Œ0;ı�� for all k � k0 and

�.x�C ıkf;y�C ıkd Co2.ık//��.x�;y�/

� �.x�C ıkf;y�C ıkpCo1.ık//��.x�;y�/:

Since the function �.�; �/ is locally Lipschitzian on Rm, then it follows that for k D 1;
2; : : : , there exists L1 > 0 and L2 > 0 such that

j �.x�C ıkf;y�C ıkpCo1.ık//��.x�C ıkf;y�C ıkp/ j� L1 ko1.ık/k ;

j �.x�C ıkf;y�C ıkd Co2.ık//��.x�C ıkf;y�C ıkd/ j� L2 ko2.ık/k :

Consequently, we obtain

@�.x�;y�/

@.f;p/
D lim
ı!C0

Œ�.x�C ıf;y�C ıp/��.x�;y�/�ı
�1

D lim
k!1

Œ�.x�C ıkf;y�C ıkp/��.x�;y�/�ı
�1
k

D lim
k!1

Œ�.x�C ıkf;y�C ıkp/��.x�C ıkf;y�C ıkpCo1.ık//

C�.x�C ıkf;y�C ıkpCo1.ık//��.x�;y�/�ı
�1
k

� lim
k!1

ŒL1ko1.ık/kC�.x�C ıkf;y�C ıkpCo1.ık//��.x�;y�/�ı
�1
k

D lim
k!1

Œ�.x�C ıkf;y�C ıkpCo1.ık//��.x�;y�/�ı
�1
k

� lim
k!1

Œ�.x�C ıkf;y�C ıkd Co2.ık//��.x�;y�/�ı
�1
k

D lim
k!1

Œ�.x�C ıkf;y�C ıkd Co2.ık//��.x�C ıkf;y�C ıkd/

C�.x�C ıkf;y�C ıkd/��.x�;y�/�ı
�1
k

� lim
k!1

L2 ko2.ık/kı
�1
k C lim

k!1
Œ�.x�C ıkf;y�C ıkd/��.x�;y�/�ı

�1
k

D lim
k!1

Œ�.x�C ıkf;y�C ıkd/��.x�;y�/�ı
�1
k

D lim
ı!C0

Œ�.x�C ıf;y�C ıd/��.x�;y�/�ı
�1

D
@�.x�;y�/

@.f;d/
:
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Thus @�.x�;y�/
@.f;p/

�
@�.x�;y�/
@.f;d/

for any d 2Da.x�;y�/ j .f /. It follows from here that

inf
d2Da.x�;y�/j.f /

@�.x�;y�/

@.f;d/
�
@�.x�;y�/

@.f;p/
:

Since
D�Y�.x�;y�/ j .f /�DY�.x�;y�/ j .f /�Da.x�;y�/ j .f /;

then for any p 2D�Y�.x�;y�/ j .f /, p 2Da.x�;y�/ j .f / and it follows that the
relation

inf
d2Da.x�;y�/j.f /

@�.x�;y�/

@.f;d/
�
@�.x�;y�/

@.f;p/

is satisfied. In that case, it follows from the above two inequalities that the statement
holds. �

Theorem 4. Let the set-valued map Y�.�/ W Rn! comp.Rm/ be in the form (3.2).
Suppose that there exists a y� 2 Y�.x�/ such that �.�; �/ is a derivable function at the
point .x�;y�/ in the direction .f;d/ for all d 2 Rm. Then

DY�.x�;y�/ j .f /�
n
p 2 Rm W inf

d2D�a.x�;y�/j.f /

@�.x�;y�/
@.f;d/

�
@�.x�;y�/
@.f;p/

o
: (3.5)

Proof. Let y� 2 Y�.x�/ such that �.�; �/ is a derivable function at the point .x�;y�/
in direction .f;d/ for all d 2 Rm.

Let DY�.x�;y�/ j .f /D¿. Then statement (3.5) holds.
Let D�a.x�;y�/ j .f /D¿. Then

C1D inf
d2D�a.x�;y�/j.f /

@�.x�;y�/

@.f;d/
>
@�.x�;y�/

@.f;p/

and it follows that the statement (3.5) holds.
Now let DY�.x�;y�/ j .f / ¤ ¿ and D�a.x�;y�/ j .f / ¤ ¿. Let us take p 2

DY�.x�;y�/ j .f /. Then from the definition of DY�.x�;y�/ j .f /, there exists a se-
quence yk 2 Y�.x�C ıkf /, where ık > 0 and ık!C0 as k!1 such that

yk D y�C ıkpCo1.ık/

where ko1.ık/k=ık! 0 as k!1. Since

Y�.x/D fy� 2 a.x/ W �.x;y/� �.x;y�/;8y 2 a.x/g;

then it follows that for any y 2 a.x�C ıkf /,

�.x�C ıkf;y/� �.x�C ıkf;y�C ıkpCo1.ık//: (3.6)

Choose any d 2D�a.x�;y�/ j .f /. Then from the definition of D�a.x�;y�/ j .f /,
there exists a ı� > 0 such that for all ı 2 Œ0;ı��,

y.ı/D y�C ıd Co2.ı/ 2 a.x�C ıf /
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where ko2.ı/kı�1! 0 as ı!C0. In that case from (3.6) since ık !C0, then it
follows that there exists a k0 2N such that ık 2 Œ0;ı�� for all k � k0 and

�.x�C ıkf;y�C ıkd Co2.ık//��.x�;y�/

� �.x�C ıkf;y�C ıkpCo1.ık//��.x�;y�/:

Since the function �.�; �/ is locally Lipschitz on Rm, then it follows that for k D 1;
2; : : : , there exist L1 > 0 and L2 > 0 such that

j �.x�C ıkf;y�C ıkpCo1.ık/��.x�C ıkf;y�C ıkp/ j � L1 ko1.ık/k ;

j �.x�C ıkf;y�C ıkd Co2.ık//��.x�C ıkf;y�C ıkd/ j � L2 ko2.ık/k :

Consequently, we have

@�.x�;y�/

@.f;p/
D lim
ı!C0

Œ�.x�C ıf;y�C ıp/��.x�;y�/�ı
�1

D lim
k!1

Œ�.x�C ıkf;y�C ıkp/��.x�;y�/�ı
�1
k

D lim
k!1

Œ�.x�C ıkf;y�C ıkp/��.x�C ıkf;y�C ıkpCo1.ık//

C�.x�C ıkf;y�C ıkpCo1.ık//��.x�;y�/�ı
�1
k

� lim
k!1

ŒL1 ko1.ık/kC�.x�C ıkf;y�C ıkpCo1.ık//��.x�;y�/�ı
�1
k

D lim
k!1

Œ�.x�C ıkf;y�C ıkpCo1.ık//��.x�;y�/�ı
�1
k

� lim
k!1

Œ�.x�C ıkf;y�C ıkd Co2.ık//��.x�;y�/�ı
�1
k

D lim
k!1

Œ�.x�C ıkf;y�C ıkd Co2.ık//��.x�C ıkf;y�C ıkd/

C�.x�C ıkf;y�C ıkd/��.x�;y�/�ı
�1
k

� lim
k!1

L2 ko2.ık/kı
�1
k C lim

k!1
Œ�.x�C ıkf;y�C ıkd/��.x�;y�/�ı

�1
k

D lim
k!1

Œ�.x�C ıkf;y�C ıkd/��.x�;y�/�ı
�1
k

D lim
ı!C0

Œ�.x�C ıf;y�C ıd/��.x�;y�/�ı
�1

D
@�.x�;y�/

@.f;d/
:

Thus, @�.x�;y�/
@.f;p/

�
@�.x�;y�/
@.f;d/

for any d 2D�a.x�;y�/ j .f /. It follows from here that

inf
d2D�a.x�;y�/j.f /

@�.x�;y�/

@.f;d/
�
@�.x�;y�/

@.f;p/

and hence the statement holds. �
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Corollary 1. Let the set-valued map Y�.�/ W Rn! comp.Rm/ be in the form (3.2).
Suppose that there exists a y� 2 Y�.x�/ such that �.�; �/ is a differentiable function at
the point .x�;y�/. Then

D�Y�.x�;y�/ j .f /�
n
p 2 Rm W inf

d2Da.x�;y�/j.f /

D
@�.x�;y�/

@y
;d
E
D

D
@�.x�;y�/

@y
;p
Eo
;

where the symbol h�; �i denotes the inner product.

Proof. Since �.�; �/ is a differentiable function at the point .x�;y�/, then it is a
derivable function at the point .x�;y�/ in any direction .f;d/ 2 Rn�Rm and

@�.x�;y�/

@.f;d/
D

�
@�.x�;y�/

@x
;f

�
D

�
@�.x�;y�/

@y
;d

�
:

Then from Theorem 3, we obtain the corollary. �

Corollary 2. Let the set-valued map Y�.�/ W Rn! comp.Rm/ be in the form (3.2).
Suppose that there exists a y� 2 Y�.x�/ such that �.�; �/ is a differentiable function at
the point .x�;y�/. Then

DY�.x�;y�/ j .f /�
n
p 2 Rm W inf

d2D�a.x�;y�/j.f /

D
@�.x�;y�/

@y
;d
E
�

D
@�.x�;y�/

@y
;p
Eo
;

where the symbol h�; �i denotes the inner product.

Proof. It is similar to that of Theorem 4. �

Now, we give an example for the above theorems.
Example 1. Take a constant vector l 2 Rm. �.�; �/ W Rm�Rm! R is defined by

.x;y/! �.x;y/D hl;yi

and a.�/ is defined by

x! a.x/D fy 2 Rm W b.x;y/� 0g

where b.�; �/ W Rm�Rm! R is continuous differentiable such that a.x/ is bounded
for all x 2 Rm and @b.x;y/

@y
¤ 0 for any y 2 L.x/ where

L.x/D fy 2 Rm W b.x;y/D 0g:

Then a.x/ W Rm! comp.Rm/ and

Y�.x/� @a.x/� L.x/

where @a.x/ is a boundary of a.x/. It is shown that

Y�.x/�K.x/ (3.7)

where
K.x/D fy0 2 a.x/ W hl;d i � 0 for all d 2 Ta.x/.y0/g; (3.8)

and
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Ta.x/.y0/D

�
d 2 Rm W 9ık > 0 (ık!C0 as k!1),

9yk 2 a.x/ 3 d D lim
k!1

yk �y0

ık

�
;

where Ta.x/.y0/ is an upper contingent cone of a.x/ at y0.
Let y� 2 Y�.x/. Then y� 2 @a.x/ and b.x;y�/D 0. Since @b.x;y�/

@y
¤ 0, we get

Ta.x/.y0/D

�
d 2 Rm W

�
@b.x;y�/

@y
;d

�
� 0

�
(3.9)

and from [7, Corollary 2],

Da.x;y�/ j .f /DD
�a.x;y�/ j .f /

D

�
d 2 Rm W

�
@b.x;y�/

@x
;f

�
C

�
@b.x;y�/

@y
;d

�
� 0

�
:

(3.10)

Since y� 2 Y�.x/, then it follows from (3.7) that y� 2 K.x/ and since y� 2 K.x/,
then from (3.8), hl;d i � 0 for all d 2 Ta.x/.y�/. Then from (3.9) we get

hl;d i � 0 for all d 2 Rm such that
�
@b.x;y�/

@y
;d

�
� 0:

This yields l D ˛.x/@b.x;y�/
@y

with ˛.x/ > 0, and follows that

Y�.x/�

�
y� 2 @a.x/ W l D ˛.x/

@b.x;y�/

@y
; ˛.x/ > 0

�
: (3.11)

Therefore, Theorems 3 and 4 and statements (3.10), (3.11) yield

D�Y�.x;y�/ j .f /�

�
p 2 Rm W min

d2Da.x;y�/j.f /
hl;d i D hl;pi

�
D

�
p 2 Rm W hl;pi D �˛.x/

�
@b.x;y�/

@x
;f

��
;

DY�.x;y�/ j .f /�

�
p 2 Rm W min

d2D�a.x;y�/j.f /
hl;d i � hl;pi

�
D

�
p 2 Rm W hl;pi � �˛.x/

�
@b.x;y�/

@x
;f

��
:

4. DIRECTIONAL DIFFERENTIABILITY OF MAX-MIN FUNCTION

In [7], the directional lower and upper derivatives of max-min function are investi-
gated by using the directional lower and upper derivative sets of max-min set-valued
map.
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Now, in this paper, a sufficient condition ensuring the existence of the directional
derivative of the max-min function is obtained by using the lower differentiabil-
ity of max-min set-valued maps. Hence by using the lower different, a character-
ization of the upper and lower directional derivatives of max-min functions is ob-
tained. For A � Rn and C � Rn, we put ˇ.A;C / D supa2Ad.a;C /, dH .A;C / D
maxfˇ.A;C /;ˇ.C;A/g. It is known that (comp.Rn/;dH .�; �/) is a metric space.

Definition 1. The set-valued map a.�/ WRn! comp.Rm/ is said to be lower differ-
entiable at the point x 2Rn in direction f 2Rn, if there existG�.x;f /2 comp.Rm/,
GC.x;f / 2 comp.Rm/ such that

lim
ı!C0

1

ı
ˇ.a.x/C ıGC.x;f /;a.xC ıf /C ıG�.x;f //D 0:

In that case the pair (G�.x;f /;GC.x;f /) is said to be lower differential of the set-
valued map a.�/ W Rn! comp.Rm/ at the point x 2 Rn in the direction f 2 Rn [9].

In [9], the following two propositions are given.

Proposition 1. Let the set-valued map a.�/ W Rn! comp.Rm/ be lower differen-
tiable at the point x 2 Rn in direction f 2 Rn. Then Da.x;y/ j .f /¤ ¿ for every
y 2 a.x/.

Proposition 2. Let the set-valued map a.�/ W Rn! comp.Rm/ be lower differen-
tiable at the point x 2Rn in direction f 2Rn and the pair .0;GC.x;f // be its lower
differential. Then D�a.x;y/ j .f /¤¿ for every y 2 a.x/.

In [7], the following two propositions characterizing upper and lower directional
derivatives of max-min function m.�/ are proved.

Proposition 3. For all x 2 Rn and f 2 Rn

@�m.x/

@f
� inf
.y;´/2Y�.x/

inf
.d;n/2DY�.x;y;´/j.f /

@C�.x;y;´/

@.f;d;n/
;

@Cm.x/

@f
� inf
.y;´/2Y�.x/

inf
.d;n/2D�Y�.x;y;´/j.f /

@C�.x;y;´/

@.f;d;n/
:

Proposition 4. Let x 2 Rn, f 2 Rn and there exists .y�;´�/ 2 Y�.x/ such that
DY�.x;y�;´�/ j .f /¤¿. Then

@Cm.x/

@f
� inf
.y;´/2Y�.x/

inf
.d;n/2DY�.x;y;´/j.f /

@��.x;y;´/

@.f;d;n/
:

Moreover if there exists .y�;´�/ 2 Y�.x/ such that D�Y�.x;y�;´�/ j .f /¤¿ then

@�m.x/

@f
� inf
.y;´/2Y�.x/

inf
.d;n/2D�Y�.x;y;´/j.f /

@��.x;y;´/

@.f;d;n/
:
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Now, by using the lower differentiability of max-min set-valued maps, we give a
characterization of the upper and lower directional derivatives of m.�/ which follows
from Propositions 1 – 4.

Theorem 5. Suppose that the set-valued map Y�.�/ W Rn ! comp.Rm �Rk/ is
lower differentiable at the point x 2 Rn in the direction f 2 Rn. Then

@Cm.x/

@f
� inf
.y;´/2Y�.x/

inf
.d;n/2D�Y�.x;y;´/j.f /

@C�.x;y;´/

@.f;d;n/
;

@Cm.x/

@f
� inf
.y;´/2Y�.x/

inf
.d;n/2DY�.x;y;´/j.f /

@��.x;y;´/

@.f;d;n/
:

Theorem 6. Suppose that the set-valued map Y�.�/ W Rn ! comp.Rm �Rk/ is
lower differentiable at the point x 2 Rn in direction f 2 Rn and .0;GC.x;f // is
its lower differential. Let the function �.�; �; �/ W Rn �Rm �Rk ! R be directional
differentiable at the point .x;y;´/ in direction .f;d;n/ 2 Rn � Rm � Rk for any
.y;´/ 2 Y�.x/ and .d;n/ 2 Rm�Rk . Then

@m.x/

@f
D inf
.y;´/2Y�.x/

inf
.d;n/2DY�.x;y;´/j.f /

@�.x;y;´/

@.f;d;n/
:

5. CONCLUSIONS

Necessary statements are given for a minimum point and a maximum point of the
max-min function. The estimations for the directional lower and upper derivative
sets of max-min set-valued map which are used to state a characterization of the di-
rectional derivative of max-min function are given. Moreover, by using the lower
differentiability of max-min set-valued maps, sufficient condition ensuring the exis-
tence of the directional derivative of the max-min function is obtained.
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Abstract. In this research we study the occurrence of zip bifurcation in an ample class of .nC1/-
dimensional prey–predator system modeling the competition among n species of predators for
one species of prey. A similar study was made first by Farkas [3] for a three dimensional prey–
predator system where he studied the competition between two species of predators for one
species of prey.
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1. INTRODUCTION

The phenomenon of a zip bifurcation had been discovered by Farkas [3] in 1984
for a three-dimensional prey-predator system. The model was not a structurally sta-
ble one, however, it illustrated the intuitively evident fact that at low values of the
carrying capacity K both predators could survive but as K grew, only one of them
survived. Recently, theoretical results related to this phenomenon have been general-
ized first to a four-dimensional system [1, 4] and later to an n-dimensional ordinary
differential system [5]. The first model [1] arose in economy and politology, whereas
the other one [4, 5] appeared in a specific prey-predator model.

The purpose of this paper is to study the phenomenon of zip bifurcation in an ample
class of ordinary differential systems modeling the competition among n species of
predators for a single prey. The model under consideration is described by the system
of ordinary differential equations

PS D 
g.S;K/S �

nX
iD1

p.S;ai /xi ;

Pxi D p.S;ai /xi �dixi ; i D 1; : : : ;n:

(1.1)
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The parameters involved in system (1.1) are all non-negative and have the following
meaning:

S quantity of prey
xi quantity of predator i

g.S;K/ per capita growth rate of prey in absence of predators�

K carrying capacity of the environment with respect to the prey
di death rate of the i th predator
p.S;ai / per capita birth rate of the i th predator, where ai is a constant

The function g.S;K/ possesses the following properties:

g 2 C 2.�0;1Œ��0;1Œ/; g 2 C 0.Œ0;1Œ��0;1Œ/;

g.0;K/D 1; g0S .S;K/ < 0 < g
00
SK.S;K/; S � 0; K > 0: (1.2)

Condition (1.2) means that the highest specific growth rate of prey is achieved at
S D 0, x1 D 0 x2 D 0, and it is 
 > 0; the growth rate decreases if the quantity of
prey increases, and the rate of decrease in growth rate g0S .S;K/ is negative and an
increasing function of the carrying capacity K, i. e., the effect of the increase in prey
diminishes with an increase in K.

lim
K!1

g0S .S;K/D 0 (1.3)

uniformly in Œı;S0Œ for any 0< ı < S0, and the improper integral
R S0
0 g0S .S;K/dS D

0 is uniformly convergent in ŒK0;1Œ for any K0 > 0. Relation (1.3) means that for
very high values of K changes in the quantity of prey have a negligible effect on the
growth rate. It is easy to see that conditions (1.2)–(1.3) imply that

lim
K!1

g.S;K/D 1; S � 0 (1.4)

and
.K�S/g.S;K/ > 0; S � 0; K > 0; S ¤K: (1.5)

Inequality (1.4) means that (in absence of predator) the growth rate of prey g.S;K/>
0 if S <K and g.S;K/ < 0 if S >K therefore, by continuity of function g we have
g.K;K/D 0.

The function p.S;a/ possesses the following properties:

p 2 C 2.�0;1Œ��0;1Œ/; p 2 C 0.Œ0;1Œ��0;1Œ/;

p.0;a/D 0; p0S .S;a/ > 0; S > 0; a > 0 (1.6)

Conditions (1.6) mean that the per capita birth rate p of the predators (also called the
“predation rate” or the “functional response”) is zero in the absence of prey and is an
increasing function of the quantity of prey.

p0S .S;a/ <
p.S;a/

S
; S > 0; a > 0: (1.7)
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Condition (1.7) is a “weak concavity” condition, sometimes called Krasonselskij’s
condition. If p is a strictly concave function of S (for any a > 0), (1.7) is implied
with the possible exception of isolated points where it holds with an equality sign.

p0a.S;a/ < 0; S > 0; a > 0: (1.8)

Inequality (1.8) throws light on the role of the parameter a; the birth rate of the
predator is a decreasing function of a, i. e., the higher the value of a is the more
food is needed to maintain the same birth rate of the specific predator. In the original
model of Hsu, Hubbell, and Waltman [7] a is the “half-saturation constant”. The
conditions imply that p.S;a/, S and a are all greater than zero. In the case where p
is a bounded function for fixed a > 0, mi D supS>0p.S;ai / is the “maximal birth
rate” of the ith predator. Clearly,

lim
S!1

p.S;ai /D

(
mi if p is bounded;
0 if p is not bounded:

(1.9)

We shall assume that a1 > a2 > � � �> an, i. e.,

p.S;ai / < p.S;aiC1/ for all S > 0 (1.10)

according to condition (1.8). We shall also assume from now on that d1 < d2 < � � �<
dn, as a consequence, (1.10) does not imply that the net growth rate of predator iC1
also exceeds that of predator i .

Another important characteristic of the respective predator species is the prey
threshold quantity S D �i , above which their growth rate is positive, i. e., p.�i ;ai /D
di , i D 1;2; : : : ;n. However, we shall assume that �1 D �2 D �� � D �n, i. e., the n
species have equal prey thresholds although they achieve this by different means.
Thus, our assumption will be that there exists a � > 0 such that

p.�;ai /D di ; i D 1;2; : : : ;n: (1.11)

We note that, because of condition (1.6), equation (1.11) has one and only one solu-
tion � if and only if either p or mi is greater than di . The real content of (1.11) is
that the n solutions for i D 1;2; : : : ;n coincide.

In the next section we study the equilibrium points for the system and we prove its
dissipativeness. In Section 3 we establish the conditions under which zip bifurcation
occurs in the model.

2. EQUILIBRIUM POINTS

We first show that system (1.1) is dissipative before studying its equilibrium points.

Proposition 1. Any solution of system (1.1) with initial values S0 > 0, x0i > 0,
i D 1;2; : : : ;n, is bounded in Œ0;1Œ .
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Proof. We first observe that any solution of (1.1) whose initial value has positive
components remains with positive components, as long as the solution exists. We
will prove that the solution exists for all time t � 0 and there exists a bounded J in
RnC1
C

which attracts the solutions starting on any bounded set in RnC1
C

.
Let d0 Dminfd1; : : : ;dng and

V.S;x1; : : : ;xn/D SCx1C�� �Cxn:

If ´.t/ D .S.t/;x1.t/; : : : ;xn.t// is a solution of (1.1), then as long as it exists, we
have

d

dt
V .´.t//D 
g.S;K/S �

nX
iD1

dixi :

Since 
g.S;K/S < �dS C 2
K, where 0 < d < 
 for all S 2 RC, according to
conditions (1.2) and (1.5), we have

d

dt
V .´.t//� �dS �

nX
iD1

dixi C2
K:

Letting ˛ Dminfd0;dg, we have

d

dt
V .´.t//� �˛V.´.t//C2
K

and therefore

V.´.t//� V.´.0//e�˛t C
2
K

˛

as long as the solution exists. If B is a bounded set contained in RnC1
C

, then there
exists R > 0 such that V.´.0// � R. Let t0 D 1

˛
log 2
K

˛R
and ´.0/ 2 B . For t � t0,

we have

V.´.t//�R
2
K

˛R
C
2
K

˛
�
4
K

˛
:

This implies that any solution is defined for t � 0 and the compact set

J D

�
.S;x1; : : : ;xn/ W S � 0;x1 � 0; : : : ;xn � 0;

and SCx1C�� �Cxn �

K.1Cd0/

2

2˛

�
attracts all bounded setsB . Therefore, the system is dissipative and its global attractor
is contained in J . �



ZIP BIFURCATION IN COMPETITIVE SYSTEMS 151

Let us now consoder the equilibrium points of (1.1), that is, the solutions of the
system


g.S;K/S �

nX
iD1

p.S;ai /xi D 0;�
p.S;ai /�di

�
xi D 0; i D 1;2; : : : ;n:

(2.1)

For i D 1; : : : ;n, let �i be the prey quantity threshold for species i . Then, apart
from the obvious two solutions .S;x1; : : : ;xn/ D .0;0; : : : ;0/ and .S;x1; : : : ;xn/ D
.K;0; : : :0/, equation (2.1) has biologically interesting solutions only if mi > di and
�1 D �� � D �n. Henceforth, we assume thatmi > di and �1 D �� � D �n D �, i. e., the
n species have equal prey thresholds although they achieve this by different means.
In order to have the predators’ survival it is necessary that mi > di , i D 1;2; : : : ;n.
Predator i begins to grow only if the right-hand side of the i th equation in system
(1.1) is positive, i. e., if

.p.S;ai /�di /xi > 0;

and it means by condition (1.6) that S > �, where 0 < � <K.
The equilibrim points of system (1.1) are the origin .S;x1; : : : ;xn/D .0;0; : : : ;0/,

the point .S;x1; : : : ;xn/ D .K;0; : : : ;0/ and the points of the .n� 1/-dimensional
hyperplane

HK D
˚
.S;x1; : : : ;xn/ 2 RnC1 W S D �; xi � 0; i D 1; : : : ;n;

p.�;a1/x1Cp.�;a2/x2C�� �Cp.�;an/xn D 
�g.�;K/
	
: (2.2)

To study the stability of these equilibrium points, observe that the Jacobian matrix
J.S;x1; : : : ;xn/ of system (1.1) is�


g.S;K/C
g 0
s.S;K/S

�
Pn
iD1p

0
S .S;ai /xi

�p.S;a1/ �p.S;a2/ : : : �p.S;an/

p0S .S;a1/x1 p.S;a1/�d1 0 : : : 0

p0S .S;a2/x2 0 p.S;a2/�d2 : : : 0
:::

:::
:::

: : :
:::

p0S .S;an/xn 0 0 : : : p.S;an/�dn

�

Now, we have

J.0;0; : : : ;0/D

�

 0 0 : : : 0

0 �d1 0 : : : 0

0 0 �d2 : : : 0
:::

:::
:::

: : :
:::

0 0 0 : : : �dn

�
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so .S;x1; : : : ;xn/ D .0;0; : : : ;0/ is unstable, with a n-dimensional stable manifold
and a 1-dimensional unstable manifold. On the other hand,

J.K;0; : : : ;0/

D

�

Kg0S .K;K/ p.K;a2/ �p.K;a2/ : : : �p.K;an/

0 p.K;a1/�d1 0 : : : 0

0 0 p.K;a2/�d2 : : : 0
:::

:::
:::

: : :
:::

0 0 0 : : : p.K;an/�dn

�

by conditions (1.6) and (1.11), .S;x1; : : : ;xn/ D .K;0; : : : ;0/ is asymptotically sta-
ble if K < � and unstable if K > � with a 1-dimensional stable manifold and a n-
dimensional unstable manifold. It is well-know (see [6] and [2]) that

K > � (2.3)

is a necessary condition for the survival of each predator. Therefore, (2.3) will also
be assumed from now on. Note that, by (1.4), if K < �, then HK is empty, and if
K D �, then its only point is the origin. In the next section we fix our attention on
the study of stability of the equilibrium points belonging to HK .

3. COEXISTENCE AND EXTINCTION BY ZIP BIFURCATION

In this section we shall study the stability of the hyperplane HK . The elements of
HK are denoted by .�;�1; : : : ; �n/, i. e., .�;�1; : : : ; �n/ 2HK .

Evaluating the Jacobian matrix of (1.1) at an arbitrary point of HK we get that
J D J.�;�1; : : : ; �n/ is given by the formula�


g.�;K/C
�g 0
S .�;K/

�
Pn
iD1p

0
S .�;ai /�i

�p.�;a1/ �p.�;a2/ : : : �p.�;an/

p0S .�;a1/�1 0 0 : : : 0

p0S .�;a2/�2 0 0 : : : 0
:::

:::
:::

: : :
:::

p0S .�;an/�n 0 0 : : : 0

�

since by condition (1.11) we have p.�;ai /�di D 0, i D 1;2; : : : ;n. So, the charac-
teristic polynomial is

P.�/D

�
��
g.�;K/�
�g0S .�;K/C

nX
iD1

p0S .�;ai /�i

�
�n

Cp.�;a1/�12Cp.�;a2/�13C�� �Cp.�;an/�1nC1 :
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where�1j D .�1/jC1 det
�
��J

�
1j

, and det.��J /1j is the determinant of the sub-
matrix .��J /1j obtained from �� J by eliminating line 1 and column j , j D
2;3; : : : ;nC1, i. e., of the matrix
�

�p0S .�;a1/�1 � 0 0 : : :

col.j�1/

0

col.jC1/

0 : : : 0 0

�p0S .�;a2/�2 0 � 0 : : : 0 0 : : : 0 0

�p0S .�;a3/�3 0 0 � : : : 0 0 : : : 0 0
:::

:::
:::

:::
:::

:::
::: : : :

:::
:::

�p0S .�;an�1/�n�1 0 0 0 : : : 0 0 : : : � 0

�p0S .�;an/�n 0 0 0 : : : 0 0 : : : 0 �

�

:

So we have

�12 D .�1/
3
�
.�1/2

�
�p0S .�;a1/

�
�n�1

�
D �1p

0
S .�;a1/�

n�1;

�13 D �2p
0
S .�;a2/�

n�1;

:::

�1n D �np
0
S .�;an/�

n�1:

Thus, the characteristic polynomial associated to J.�;�1; : : : ; �n/ is

P.�/D

�
��
g.�;K/�
�g0S .�;K/C

nX
iD1

p0S .�;ai /�i

�
�n

C �1p.�;a1/p
0
S .�;a1/�

n�1
C �2p.�;a2/p

0
S .�;a2/�

n�1

C�� �C �np.�;an/p
0
S .�;an/�

n�1

D�n�1
�
�2C

� nX
iD1

p0S .�;ai /�i �
g.�;K/�
�g
0
S .�;K/

�
�

C

nX
iD1

�ip.�;ai /p
0
S .�;ai /

�
:

(3.1)

This means that each equilibrium point in H has 0 as an eigenvalue with multiplic-
ity n� 2 and two eigenvalues with real part negative if the quadratic polynomial in
square brackets is stable, respectively positive if the polynomial is unstable. Now, the
quadratic polynomial in square brackets is stable if and only if

nX
iD1

p0S .�;ai /�i > 
g.�;K/C
�g
0
S .�;K/:
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We can rewrite the above inequality as follows


�g.�;K/C
�2g0S .�;K/ <

nX
iD1

�
�p0S .�;ai /�p.�;ai /

�
�i C

nX
iD1

p.�;ai /�i :

Now, .�1; �2; : : : ; �n/ satisfy (2.2), i. e.,
Pn
iD1p.�;ai /�i D 
�g.�;K/, hence we

obtain
nX
iD1

�
p.�;ai /��p

0
S .�;ai /

�
�i < �
�

2g0S .�;K/: (3.2)

By condition (1.7) the left-hand side of (3.2) is positive for all .�1; �2; : : : ; �n/ 2
HK . In view of (1.2) and (1.3) the right-hand side is positive, decreases and tends to
zero for K!1. Let us consider the hyperplane Bk given by

BK D

(
.S;x1; : : : ;xn/ 2 RnC1 W S D �; �i � 0; i D 1; : : : ;n;

nX
iD1

�
p.�;ai /��p

0
S .�;ai /

�
�i D�
�

2g0S .�;K/

)
: (3.3)

Let us denote the i th intersection coordinate of HK with the coordinate axes by
.0; : : : ;0;x

HK
i ;0; : : : ;0/ and of Bk by .0; : : : ;0;xBKi ;0; : : : ;0/, where

x
HK
i D


�g.�;K/

p.�;ai /
;

x
BK
i D�


�2g0S .�;K/

p.�;ai /��p
0
S .�;ai /

; i D 1; : : : ;n:

(3.4)

Observe that by conditions (1.6) and (1.9) for K D � we have

x
H�
i D 0 and x

B�
i > 0 for all i D 1; : : : ;n: (3.5)

On the other hand, limK!1g0S .S;K/ D 0 and limK!1g.S;K/ D 1, so by conti-

nuity there exist K DKi > � such that x
HKi
i D x

BKi
i , i. e.,


�g.�;K/

p.�;ai /
D�


�2g0S .�;K/

p.�;ai /��p
0
S .�;ai /

; i D 1; : : : ;n: (3.6)

Let us assume that

g0K.S;K/� 0; K > �; S > 0 and p00Sa.S;a/ > 0 S > 0; a > 0: (3.7)

Note that from (3.6) we have g.�;K/
p.�;ai /

C
�g 0
S .�;K/

p.�;ai /��p
0
S .�;ai /

D 0 so, define

F.a;K/D
g.�;K/

p.�;a/
C

�g0S .�;K/

p.�;a/��p0S .�;a/
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and observe that
@F

@K
.a;K/D

g0K.�;K/

p.�;a/
C

�g00SK.�;K/

p.�;a/��p0S .�;a/
> 0 (3.8)

in agreement with conditions (1.2) and (3.7). Thus, by the Implicit Function Theorem
we can write

K DK.xi ;ai / and
@K

@ai
D�

@Fi .xi ;ai ;K/
@ai

@Fi .xi ;ai ;K/
@K

;

that is,

@K

@ai
D�

g.�;K/p0a.�;a/

p.�;a/2
�
�g0S .�;K/.p

0
a.�;a/��p

00
Sa.�;a//

.p.�;a/��p0S .�;a//
2

> 0 (3.9)

in accordance with conditions (1.2), (1.5), (1.8), and (3.7). Hence, by properties (3.8)
and (3.9), K is an increasing funtion of a. Therefore, we have

� < Kn <Kn�1 < � � �<K1 (3.10)

furthermore, by conditions (1.3), (1.4), (3.5) and the continuity of xHKi and xBKi ,
i D 1; : : : ;n, for � < K < Kn the hyperplane (3.3) is above HK and reaches HK at,
x
HK
n D x

BK
n when K D Kn (as K is increased both planes are displaced parallel).

As K is increased further the hyperplane BK cuts into HK , reaches xHKn�1 D x
BK
n�1

at K D K2 and so on, reaches xHK1 D x
BK
1 at K D K1. After that, BK cuts HK

such that now HK is above BK and condition (3.2) holds with an inverted inequality
sign. In the process in that part of HK which is already “above” BK condition (3.2)
holds with an inverted inequality sign. This means that the equilibria on this part
of the plane have a two dimensional unstable manifold which fills a neighbourhood
of this part of HK . The points left behind by the intersection between HK and BK
become destabilized. Farkas [3] called this phenomenon a zip bifurcation. We have
thus arrived at

Theorem 1. Suppose that conditions (1.2) – (1.9), (1.11), and (3.7) hold and as-
sume that a1 > a2 > � � �> an.

(1) If � <K <Kn, then each equilibrium in HK is stable in the Liapunov sense
and HK is an attractor of system (1.1);

(2) If K1 <K <1, then all these equilibria are unstable and HK is repellor;
(3) If K is increased from one extreme to the other one of the interval .Kn;K1/,

then the hyperplane intersection ofHK andBK is traveling throughHK from
the vertex on the axis xn to the vertex x1 and the equilibria left behind get
destabilized. For Kn < K < K1 this hyperplane intersection divides HK in
two parts, “the upper one” is a repellor and “the lower one” is an attractor
of the system, i. e., the system undergoes a zip bifurcation.

Proof. The assertion follows from the calculations carried out above. �
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1. INTRODUCTION

In this section we introduce briefly the hit problem for the polynomial algebra
P.n/D F2Œx1;x2; : : : ;xn�D

L
d�0Pd .n/, viewed as a graded module over the Steen-

rod algebra A at prime 2. The grading is by the homogeneous polynomials Pd .n/ of
degree d in the variables x1;x2; : : : ;xn of grading 1. We refer to [1, 6] in cohomol-
ogy operations, to [6, 7] in the Steenrod algebra, and to [3] and the comprehensive
reference [8] for the hit problem.

The Steenrod algebra A is defined to be the graded algebra over the field F2, gen-
erated by the Steenrod squares Sqk , in grading k � 0, subject to the Adem rela-
tions [3, 8].

From a topological point of view, the Steenrod algebra is the algebra of stable
cohomology operations for ordinary cohomology H� over F2. The polynomial alge-
bra P.n/ realizes the cohomology of products of n copies of infinite real projective
spaces.

For the present purpose we only need to know that the Steenrod algebra acts by
composition of linear operators on P.n/ and the action of the Steenrod squares Sqk W
Pd .n/! PdCk.n/ is determined by the following rules [8].

Proposition 1.1. For homogeneous elements f;g in P.n/ we have
(i) Sq0 is the identity homomorphism;

(ii) Sqk.f /D f 2 if deg.f /D k and Sqk.f /D 0 if deg.f / < k;

c
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(iii) The Cartan formula Sqk.fg/D
P
0�r�k Sq

r.f /Sqk�r.g/.

The Cartan formula can be expressed in a more concise form by defining the total
Steenrod square by Sq D Sq0CSq1C�� � . This acts on P.n/ since by property (ii)
in the above proposition, only a finite number of Sqk’s can be nonzero on a given
polynomial. The Cartan formula then says that Sq.fg/D Sq.f /Sq.g/, so Sq is a
ring homomorphism Sq W P.n/! P.n/. Now, we can use Sq to compute the operator
Sqk via the following lemmas [7].

Lemma 1.2. If deg.x/D 1, then Sqk.x˛/D
�
˛
k

�
xkC˛, for any non-negative inte-

ger ˛.

Proof. Properties (i), (ii) in Proposition 1.1 give Sq.x/D xCx2 D x.1Cx/, so

Sq.x˛/D Sq.x/˛ D x˛.1Cx/˛ D
X
k

 
˛

k

!
xkC˛

and hence Sqk.x˛/D
�
˛
k

�
xkC˛. �

The following lemma is now immediate.

Lemma 1.3. If deg.x/D 1, then

Sqk.x2
�

/D

�
x2

�

if k D 0;

0 if 0 < k < 2� ;

x2
�C1

if k D 2� :

Remark. It is clear by Proposition 1.1 that Sqk.x2
�

/D 0 if k > 2� .

2. SOME RESULTS IN THE n VARIABLES

Our main goal in this section is to extend Lemmas 1.2 and 1.3 and get some use-
ful tools for handling the Steenrod operations. In particular, we show that given
� � 1, the Sqk.x˛11 x

˛2
2 � � �x

˛n
n /, where 1 � k < 2� and 1 � ˛i � 2� , determine all

Sq`.x
ˇ1
1 x

ˇ2
2 � � �x

ˇn
n / for any ˇi � 1 and any `. On the other hand if we change the

places of ˛i and j̨ in Sqk.x˛11 x
˛2
2 � � �x

˛n
n /, the results will be a permutation of xi

and xj . So, to handle the Sq’s it is sufficient to know only

Sqk.x
˛1
1 x

˛2
2 � � �x

˛n
n / with ˛1 � ˛2 � � � � ˛n � 2� and 1� k < 2� ;

for some � > 0.
Throughout the paper we shall adopt the following notations for any positive inte-

ger � .

x˛ D x
˛1
1 x

˛2
2 � � �x

˛n
n ; (1)

xm.2
� /
D x

m1.2
� /

1 x
m2.2

� /
2 � � �xmn.2

� /
n ; (2)
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where, ˛i and mi are non negative integers for 1� i � n.

The following lemma is an extension of Lemma 1.3.

Lemma 2.1.

Sqk.x2
�

/D

˚
x2

�

if k D 0;

0 if 0 < k < 2� ;

x2
�Pn

jD1x
2�

j if k D 2� :

.i/
.ii/
.iii/

Proof. Item (i) is trivial. For (ii) and (iii) use induction on n, noting the fact that
the one variable case is consistent with Lemma 1.3 in each case. �

We prove even more general results.

Lemma 2.2.

Sqk.xm.2
� //D

˚
xm.2

� / if k D 0;
0 if 0 < k < 2� ;
0 if k D 2� and all the mi even;
xm.2

� /
Ph
jD1x

2�

j if k D 2� , m1;m2; : : :mh are
odd, and the other mi ’s are
even.

.i/
.ii/
.iii/
.iv/

Proof. Item (i) is trivial. To prove (ii), expand notation (2) as

xm.2
� /
D
� m1 times‚ …„ ƒ
x2

�

1 : : :x2
�

1

m2 times‚ …„ ƒ
x2

�

2 : : :x2
�

2 : : :

mn times‚ …„ ƒ
x2

�

n : : :x2
�

n

�
:

Now, the result follows from Lemma 2.1(ii) taking nDm1Cm2C�� �Cmn.
We prove (iii) by induction on n, the number of variables. In the one variable case,

putm1D 2n1. Then, using (ii) we get Sqk.xm1.2
� /

1 /D 0. Assume now the result for
smaller variables than n. Then

Sqk.xm.2
� //DSq0

�
x
m1.2

� /
1 x

m2.2
� /

2 : : :x
mn�1.2

� /
n�1

�
Sq2

� �
xmn.2

� /
n

�
CSq2

� �
x
m1.2

� /
1 x

m2.2
� /

2 : : :x
mn�1.2

� /
n�1

�
Sq0

�
xmn.2

� /
n

�
(by (ii))

D0;

by assumption.
Finally, we prove (iv) by induction, this time, on h. Let m1 be odd and the other

mi ’s even. Then, from (ii) and (iii) it follows that

Sqk.xm.2
� //D xm.2

� /x2
�

1 :
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Now assume the result is true for smaller values than h. Then

Sqk.xm.2
� //DSq0

�
x
mh.2

� /

h

�
Sq2

�

0@ nY
h¤iD1

x
mi .2

� /
i

1A
CSq2

�

.x
mh.2

� /

h
/Sq0

0@ nY
h¤iD1

x
mi .2

� /
i

1A (by (ii))

Dx
mh.2

� /

h

0@ nY
h¤iD1

x
mi .2

� /
i

1A0@h�1X
jD1

x2
�

j

1A
Cx

mh.2
� /C2�

h

nY
h¤iD1

x
mi .2

� /
i (by assumption)

D

nY
iD1

x
mi .2

� /
i

0@h�1X
jD1

x2
�

j Cx
2�

h

1A
Dxm.2

� /
hX

jD1

x2
�

j :

The proof is complete. �

Corollary 2.3. In our earlier notations (1) and (2), where ˛i ;mi � 0 and � > 0,
assume in addition that 1� ˛i < 2� for 1� i � n. Let also 0� k < 2� . Then

Sqk.xm.2
� /x˛/D xm.2

� /Sqk.x˛/: (3)

If, in addition, for 1� h� n, we assumem1;m2; : : : ;mh are odd and othermi ’s even,
then

Sq2
�

.xm.2
� /x˛/D xm.2

� /Sq2
�

.x˛/Cxm.2
� /x˛

hX
jD1

x2
�

j (4)

and

SqkC2
�

.xm.2
� /x˛/D xm.2

� /
hX

jD1

x2
�

j Sqk.x˛/: (5)

In particular, if all mi ’s are even, then

Sq2
�

.xm.2
� /x˛/D xm.2

� /Sq2
�

.x˛/ (6)

and
SqkC2

�

.xm.2
� /x˛/D 0: (7)
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Proof. For k D 0 the relation (3) is trivial. Let 1 � k < 2� . Then by the Cartan
formula

Sqk.xm.2
� /x˛/D xm.2

� /Sqk.x˛/C

kX
rD1

Sqr.xm.2
� //Sqk�r.x˛/:

But if 1� r � k, then 0< r <2� , and hence by Lemma 2.2 (ii), we have Sqr.xm.2
� //D

0. This proves the relation (3).
To prove the relation (4), by Lemma 2.2 (ii) and the Cartan formula we have

Sq2
�

.xm.2
� /x˛/D Sq0.xm.2

� //Sq2
�

.x˛/CSq2
�

.xm.2
� //Sq0.x˛/:

Now the result follows from Lemma 2.2 (iv).
Finally, to prove the relation (5) expand the left hand side of (5) using the Cartan

formula. Now, by Lemma 2.2 (ii) and Lemma 1.1 (ii), we see that all the terms in the
expansion are zero except Sq2

�

.xm.2
� //Sqk.x˛/, which is the right hand side of (5)

by Lemma 2.2.
The previous corollary shows clearly the main object stated at the beginning of

this section. In the following example we illustrate all the cases in Corollary 2.3,
i. e., relations (3)–(7). �

Example 2.4.

Sq3.x14y11/D Sq3.x3�2
2

y2�2
2

x2y3/D x3�2
2

y2�2
2

Sq3.x2y3/

D x12y8.x2y6Cx4y4/D x14y14Cx16y12;

Sq4.x14y11/D Sq2
2

.x3�2
2

y2�2
2

x2y3/D x3�2
2

y2�2
2

.Sq2
2

.x2y3/Cx2y3 �x2
2

/

D x12y8.x2y7Cx4y5Cx6y3/D x14y15Cx16y13Cx18y11;

Sq7.x14y11/D Sq3C2
2

.x3�2
2

y2�2
2

x2y3/D x3�2
2

y2�2
2

�x2
2

Sq3.x2y3/

D x16y8.x2y6Cx4y4/D x18y14Cx20y12;

Sq4.x18y11/D Sq2
2

.x4�2
2

y2�2
2

x2y3/D x4�2
2

y2�2
2

Sq2
2

.x2y3/

D x16y8.x2y7Cx4y5/D x18y15Cx20y13;

Sq7.x18y11/D Sq3C2
2

.x4�2
2

y2�2
2

x2y3/D 0:

Since every n-variable polynomial over F2 is the sum of n-variable monomials,
the following result is concluded directly from equation (3) in Corollary 2.3.

Corollary 2.5. Let � � 1 and 0� k < 2� . Then given integersmi � 0 for 1� i � n,
and any n-variable polynomial f ,

Sqk.xm.2
� /f /D xm.2

� /Sqk.f /:
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In particular, if deg.f / < k, then

Sqk.xm.2
� /f /D 0:

3. APPLICATION 1

A homogeneous element f of grading d in a graded module M over A is said to
be hit if it can be written as

f D
X
k>0

Sqk.fk/;

where the pre-image elements fk have a degree less than d . The hit problem is to
discover criteria for elements of M to be hit and find minimal generating sets for M as
an A-module. However, we shall not go deeply into the hit problem. The following
result is a direct consequence of Corollary 2.5.

Proposition 3.1. Let � � 1, and let f;g be n-variable polynomials. Then f is hit
via

f D
X

0<k<2�

Sqk.fk/;

if and only if g D xm.2
� /f is hit via

g D
X

0<k<2�

Sqk.xm.2
� /fk/:

Example 3.2. Consider the hit polynomial

f D xy5 D Sq1.xy4/CSq2.xy3/:

Then, by Proposition 3.1, g1 D x2
2

y2
3

f D x5y13 is hit and

x5y13 D Sq1.x5y12/CSq2.x5y11/:

But g2 D x2
1

f D x3y5 is not hit. Here k D 2 D 21 D 2� and we cannot use the
lemma to conclude that x3y5 D Sq1.x3y4/CSq2.x3y3/:

Let the monomial x˛
0

be a permutation of the monomial x˛. Then by equation
(3) in Corollary 2.3 we have

SqkŒxm.2
� /.x˛Cx˛

0

/�D xm.2
� /Sqk.x˛Cx˛

0

/:

Using this fact we can state the same results as Corollary 2.5 and Proposition 3.1 for
symmetric polynomials. In particular, in Proposition 3.1 both f and g may be chosen
symmetric if we take xm.2

� / symmetric n-variable, i. e.,

xm.2
� /
D x

m1.2
� /

1 x
m2.2

� /
2 � � �xmn.2

� /
n ;

where m1.2� /D �� � Dmn.2� / > 0. If this is the case, fk will be symmetric as well.
For the symmetric hit problem we refer to [4, 5].
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4. APPLICATION 2

In this section we get some tools for handling the Steenrod squares in the 2-
variable case and, since higher variables are determined recursively from two vari-
ables, these tools apply for general n.

Proposition 4.1. Given � � 1, let
(i) 0� ˛ < 2� ,

(ii) 2� � ˇ < 2�C1�1,
(iii) 2� < ˛Cˇ < 2�C1.

Then
Sq2

�

.x˛yˇ /D x˛yˇC2
�

:

Proof. Put ˇ D ˇ0C 2� , where 0 � ˇ0 � 2� � 1. By the Cartan formula and
Lemma 1.2 we have

Sq2
�

.x˛yˇ /D Sq0.x˛/Sq2
�

.yˇ /C

2�X
rD1

Sqr.x˛/Sq2
��r.yˇ /

D x˛yˇC2
�

Cy2
�
2�X
rD1

Sqr.x˛/Sq2
��r.yˇ

0

/:

On the other hand,
2�X
rD1

Sqr.x˛/Sq2
��r.yˇ

0

/D
X
1�r�˛

Sqr.x˛/Sq2
��r.yˇ

0

/

C

X
˛<r�2�

Sqr.x˛/Sq2
��r.yˇ

0

/:

If r � ˛, then 2� �r > ˇ0 and hence Sq2
��r.yˇ

0

/D 0, and if r > ˛, then Sqr.x˛/D
0. Therefore,

2�X
rD1

Sqr.x˛/Sq2
��r.yˇ

0

/D 0;

and the proof is completed. �

Proposition 4.2. Let m� nC2, n� 1. Let
(i) 2m�2 � ˛ � 2m�2C2n�1�1,

(ii) 2m�2C2n�1�1� ˇ � 2m�2C2n�2,
(iii) ˛Cˇ D 2m�1C2n�2.

Then
Sq2

m�1

.x˛yˇ /D
�
x˛C2

m�2

yˇC2
m�2�

:
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Proof. By the Cartan formula we have

Sq2
m�1

.x˛yˇ /D
X

0�r<2m�1�ˇ

Sqr.x˛/Sq2
m�1�r.yˇ /:

If 0� r < 2m�1�ˇ, then 2m�1� r > ˇ and Sq2
m�1�r.yˇ /D 0.

If 2m�1�ˇ � r < 2m�2, then r > ˛�2m�2. Hence, by Corollary 2.5,

Sqr.x˛/D Sqr
�
x2

m�2

x˛�2
m�2�

D 0:

If 2m�2 < r � ˛, then 2m�1� r > ˇ�2m�2: Once again,

Sq2
m�1�r.yˇ /D Sq2

m�1�r
�
y2

m�2

yˇ�2
m�2�

D 0:

Finally, if ˛ < r � 2m�1, then Sqr.x˛/D 0. So, by splitting the summation, one
sees that only the middle term is non-zero. Thus,

Sq2
m�1

.x˛yˇ /D Sq2
m�2

.x˛/Sq2
m�2

.yˇ /D
�
x˛C2

m�2

yˇC2
m�2�

:

The proof is complete. �

5. APPLICATION 3

The subject of this section is to introduce some particular matrices, which we call
Sq-matrices, and apply them to simplify the action of the Steenrod squares. To do
this, we need some preliminaries.

Definition 5.1. Let M be an m�n matrix. By a reverse transpose of M , denoted
M rt , we mean an n�m matrix obtained by reversing the order of rows of M t , the
transpose of M . Therefore,

M rt
j i DM

t
.nC1�j /i DMi.nC1�j /;

for 1� i �m;1� j � n.

The following result follows directly from the definition.

Proposition 5.2. Given any m�n matrix M , the product MM rt is a symmetric
m�m matrix.

The next lemma in [2] describes how binomial coefficients can be computed mod-
ulo a prime.

Lemma 5.3. If p is a prime, then
�
m
n

�
D
Q
i

�
mi
ni

�
mod p, where m D

P
imip

i

and nD
P
i nip

i , with 0�mi < p and 0� ni < p, are the p-adic expansions of m
and n.
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When nD 2, for example, the extreme cases of a dyadic expansion consisting of
a single 1 or all 1’s give

Sq
�
x2

k�
D x2

k

Cx2
kC1

and
Sq
�
x2

k�1
�
D x2

k�1
Cx2

k

Cx2
kC1
C�� �Cx2

kC1�2

for all x with degree 1. More generally, the coefficient of Sq.xn/ can be read from the
.nC1/th row of the mod 2 Pascal triangle, a portion of which is shown in Figure 1,
where dots denote zeros [2].

Definition 5.4. Let m be a positive integer. For 1� k � 2m�1 the Sq-matrix Sk
is a 2m� .kC1/ matrix defined by

.Sk/ij D Sq
j�1.xi /:

In other words, the terms of Sq.xn/ can be read from the nth row of Sk .

Without any confusion, if convenient, in expression of Sq-matrices each non zero
entry may be denoted only by the power of x in it. Figure 2 shows the Sq-matrix
S31 where, as in Figure 1, dots denote zeros. Note that it contains the Sq-matrices
S15;S7;S3, and S1 as sub-blocks.

As seen comparing Figures 1 and 2, if we remove the top row of Figure 1 then, up
to arrangement, the position of zeros in both figures are the same.

In the following algorithm, given a positive integerm, we construct the Sq-matrix
S2m�1 using Corollary 2.3. For 1 � k � 2m� 1 the Sq-matrix Sk can be obtained
from S2m�1 by choosing the first k columns.

Algorithm 5.5.
1) Define

S1 D

�
1 2

2 0

�
I

2) For t D 1 to m�1 do
2.1) For i;j D 1 to 2t do

2.1.1) Define Tij D .S2t�1/ij C2
t ;

2.1.2) Define Uij D .S2t�1/ij C2
tC1;

2.1.3) Define 0 to be the 2t �2t zero matrix;
2.2) Define the 2tC1�2tC1 matrix

SD

0BB@ S2t�1 0

T U

1CCA I
2.3) Define S2tC1�1 to be the matrix obtained from S by substituting 02t1 by

2t , and U2t1 by 0.
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1
1 1

1 . 1
1 1 1 1

1 . . . 1
1 1 . . 1 1

1 . 1 . 1 . 1
1 1 1 1 1 1 1 1

1 . . . . . . . 1
1 1 . . . . . . 1 1

1 . 1 . . . . . 1 . 1
1 1 1 1 . . . . 1 1 1 1

1 . . . 1 . . . 1 . . . 1
1 1 . . 1 1 . . 1 1 . . 1 1

1 . 1 . 1 . 1 . 1 . 1 . 1 . 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 . . . . . . . . . . . . . . . 1

FIGURE 1. Mod 2 Pascal triangle

1 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2 . 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3 4 5 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4 . . . 8 . . . . . . . . . . . . . . . . . . . . . . . . . . .
5 6 . . 910 . . . . . . . . . . . . . . . . . . . . . . . . . .
6 . 8 .10 .12 . . . . . . . . . . . . . . . . . . . . . . . . .
7 8 91011121314 . . . . . . . . . . . . . . . . . . . . . . . .
8 . . . . . . .16 . . . . . . . . . . . . . . . . . . . . . . .
910 . . . . . .1718 . . . . . . . . . . . . . . . . . . . . . .

10 .12 . . . . .18 .20 . . . . . . . . . . . . . . . . . . . . .
11121314 . . . .19202122 . . . . . . . . . . . . . . . . . . . .
12 . . .16 . . .20 . . .24 . . . . . . . . . . . . . . . . . . .
1314 . .1718 . .2122 . .2526 . . . . . . . . . . . . . . . . . .
14 .16 .18 .20 .22 .24 .26 .28 . . . . . . . . . . . . . . . . .
15161718192021222324252627282930 . . . . . . . . . . . . . . . .
16 . . . . . . . . . . . . . . .32 . . . . . . . . . . . . . . .
1718 . . . . . . . . . . . . . .3334 . . . . . . . . . . . . . .
18 .20 . . . . . . . . . . . . .34 .36 . . . . . . . . . . . . .
19202122 . . . . . . . . . . . .35363738 . . . . . . . . . . . .
20 . . .24 . . . . . . . . . . .36 . . .40 . . . . . . . . . . .
2122 . .2526 . . . . . . . . . .3738 . .4142 . . . . . . . . . .
22 .24 .26 .28 . . . . . . . . .38 .4. .42 .44 . . . . . . . . .
2324252627282930 . . . . . . . .3940414243444546 . . . . . . . .
24 . . . . . . .32 . . . . . . .40 . . . . . . .48 . . . . . . .
2526 . . . . . .3334 . . . . . .4142 . . . . . .495. . . . . . .
26 .28 . . . . .34 .36 . . . . .42 .44 . . . . .50 .52 . . . . .
27282930 . . . .35363738 . . . .43444546 . . . .51525354 . . . .
28 . . .32 . . .36 . . .40 . . .44 . . .48 . . .52 . . .56 . . .
2930 . .3334 . .3738 . .4142 . .4546 . .4950 . .5354 . .5758 . .
30 .32 .34 .36 .38 .40 .42 .44 .46 .48 .50 .52 .54 .56 .58 .60 .
3132333435363738394041424344454647484950515253545556575859606162
32 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FIGURE 2. The Sq-matrix S31
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The following observation follows directly from Definition 5.4 and the Cartan for-
mula, where in Srt

k
the symbol y is used instead of x.

Proposition 5.6. Let m be a positive integer and 1� k � 2m�1. Then

.SkSrtk /ij D Sq
k.xiyj /; 1� i;j � 2m:

For example

S1 D

�
x1 x2

x2 0

�
; Srt1 D

�
y2 0

y1 y2

�

S1S
rt
1 D

�
Sq1.x1y1/ Sq1.x1y2/

Sq1.x2y1/ Sq1.x2y2/

�
D

�
x1y2Cx2y1 x2y2

x2y2 0

�
:

We extend the argument above. To do this, suppose that X;Y are monomials in
positive grading with distinct variables. Let x;y be distinct variables different from
those inX , Y . Givenm> 0 and 1� k � 2m�1, define the 2m� .kC1/ Sq-matrices

.Xk/ij D Sq
j�1.Xxi /; .Yk/ij D Sq

j�1.Yyi /:

The following observation is analogous to Proposition 5.6.

Proposition 5.7. Let m be a positive integer and 1� k � 2m�1. Then

.XkYrtk /ij D Sq
k.XxiYyj /; 1� i;j � 2m:
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Abstract. The first section gives a very simple introduction to zone functions. Using this func-
tion, the next two sections present algorithms for computing integral values and global maxima
with error bounds. These algorithms are simpler and more effective than the previous ones pub-
lished by the author. The last section describes some experience about the C++ and Fortran codes
used.
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1. INTRODUCTION

Computational methods very often reduce the solving of a complicated task to
a set of elementary problems. Since the finding of solution boxes of a system of
inequalities, the computation of integral values with error bounds, the approximation
of global maxima and others can be reduced to computing solution boxes of one
inequality, therefore the creation and the handling by computer code of these solution
boxes (as new tools of computational methods) are useful issues. First consider a
particular case. Let

g WD � R2
! R; g.x1;x2/D sinx1C

x2
1

lnx2
; where D D ..0;�/; .1;10// :

Try to give a solution box to the inequality g.x1;x2/ > ˛ around the point cD .1;2/2
D for ˛D 1: Since g.c/ > 1 and g is continuous onD, there are solution boxes inD
around c: It comes from the structure of g that

sinx1 > 0:5;
x2

1

lnx2
> 0:5

is a sufficient condition for satisfying g.x1;x2/ > 1. Since x2
1 > 0:5 and lnx2 < 1

is a sufficient condition for satisfying x2
1= lnx2 > 0:5, therefore the three elementary

inequalities
sinx1 > 0:5; x2

1 > 0:5; lnx2 < 1

c
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determine the solution box (zone)

Zg.c;˛/D
��

max.�=6;
p
0:5/;min.5�=6;�/

�
; .1;e/

�
� ..0:71;2:62/; .1;2:72// :

Fortunately, c 2 Zg.c;˛/ is satisfied, i. e., our casual choices in producing the three
elementary inequalities were suitable. Notice that the inequality g.x1;x2/ > ˛ is
equivalent to g.x1;x2/ ¤ ˛ because of the continuity, hence the cases <;> can be
discussed at the same time. Now let

g WD � Rm
! R; where D D

��
x1; xx1

�
;
�
x2; xx2

�
; : : : ;

�
xm; xxm

��
be such a continuous (multivariate real) function on the open box D that is built of
the well-known (univariate real) elementary functions

xa;ax; loga x; jxj ;sinx; : : : ;arcsinx; : : : ;sinhx; : : : ;sinh�1x; : : :

by function operations C, �, ı (the last symbol being used for composite functions).
The zone function

.c;˛/ 7!Zg.c;˛/; where c 2D; g.c/¤ ˛;

assigns a nonempty open box (interval, zone) Zg.c;˛/�D around point c to every
pair .c;˛/, in which the function value g.x/ is not equal to ˛ anywhere. If g.c/ < ˛,
then, because of the continuity of g on Zg.c;˛/,it is also true that x 2 Zg.c;˛/ im-
plies �1< g.x/ < ˛. Consequently, the zone function Zg assigns the box Zg.c;˛/

of the domain to the interval .�1;˛/ of function values. Similarly, if g.c/ > ˛, then
the zone function Zg assigns the box Zg.c;˛/ of the domain to the interval .˛;1/
of function values. This property was used intensively in finding solution boxes of
systems of inequalities [5], in computing integral values [4], and in approximating
global minima [3]. Here we note that interval extension functions used in interval
methods (see, e. g., [1, 6]) are inverse type functions, they assign intervals of func-
tion values to boxes of domain. The handling of zone functions and interval extension
functions requires a highly different computational background. The creation of zone
functions is based on two facts:

� zone functions to the above mentioned univariate elementary functions can
be created easily,
� the creation of a zone function of a multivariate function g can be reduced to

the previous case, by rules belonging to the function operations C, �, ı (by
suitable choices in every step of the reduction).

Naturally a zone function is not given by a formula, but its values (boxes, zones) are
defined uniquely by reduction rules. A variety of rules can be seen in [2]. A reduc-
tion seen in our particular example can be easily followed by a Maple code, because
Maple can recognize the operands of an expression. Unfortunately, the Maple pro-
grams are slow, therefore the author uses a simple numerically coded form of g in
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C++ and Fortran programs nowadays. The experience with Maple V Release 5, Vi-
sual C++ version 6.0 and Lahey Fortran 90 version 4.5 codes used in [2] can be
summarized as follows:

� Maple requires only the conventional (convenient) form of g, C++ and For-
tran require a numerically coded form of g,
� the computation efforts (the evaluation times) belonging toZg.c;˛/ and g.c/

can be characterized by the formula: effort
�
Zg.c;˛/

�
� 10� effort.g.c//,

with respect to all three programming languages,
� the speeds belonging to the evaluation of Zg.c;˛/ satisfy the relations:

speed.C++/� 200� speed.Maple/, speed.Fortran/� 300� speed.Maple/.
At the end of this section, let us emphasize some facts about zone functions:

(i) The reduction process on the expression g.x/, the determination of the ele-
mentary inequalities, uses only the structure of the expression g.x/ and sup-
poses only the continuity of g on D.

(ii) The zone Zg.c;˛/ is not a symmetrical box around c. Often it has a large
volume, although g.c/¤ ˛ is only just satisfied.

(iii) The preparation of a numerically coded form of the expression g.x/ is easy
(see in [2]), nevertheless the author also has a short Maple program for this
work.

2. ALGORITHM FOR COMPUTING INTEGRALS

Let the definite integralZ
� � �

Z
V

f .x1;x2; : : : ;xm�1/dx1dx2 : : :dxm�1

be given, where the m� 1 dimensional point set V is described by the system of
inequalities

fi .x1;x2; : : : ;xm�1/� 0; i D 1;2; : : : ;n�1; m� 2; n� 1;

the multivariate real functions f;f1;f2; : : : ;fn�1 are continuous on the closed box
D � V and are built from the above univariate real elementary functions by using
the usual function operations. Let us assume that we know (rough) lower and upper
bounds xm � 0, xxm � 0 so that

xm � f .x1;x2; : : : ;xm�1/� xxm; 8.x1;x2; : : : ;xm�1/ 2D:

According to [4] the computation of the integral value is equivalent (consider the
geometrical meaning of definite integrals) to the computation of the volumes of the
solution sets of the two systems of inequalities

fi .x1;x2; : : : ;xm�1/� 0; i D 1;2; : : : ;n�1;

f .x1;x2; : : : ;xm�1/�xm � 0;
(2.1)
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where .x1; : : : ;xm/ 2 IC DD� Œ0; xxm�D
�
Œx1; xx1�; : : : ; Œxm�1; xxm�1�; Œ0; xxm�

�
, and

fi .x1;x2; : : : ;xm�1/� 0; i D 1;2; : : : ;n�1

�f .x1;x2; : : : ;xm�1/�xm � 0;
(2.2)

where .x1; : : : ;xm/ 2 I� D D � Œ0;�xm� D
�
Œx1; xx1�; : : : ; Œxm�1; xxm�1�; Œ0;�xm�

�
.

The integral value is the difference of the first and second volumes. Since problems
(2.1) and (2.2) are very similar, it is sufficient to make an algorithm for the first
problem. If f .x1;x2; : : : ;xm�1/ � 0 on D, then xm D 0 and only the system of
inequalities (2.1) is used indeed. Our algorithm is made for the case xm D 0 and the
codes of the algorithm run on the adequate segment once (with the data of (2.1)) or
twice (with the data of (2.1) and (2.2)). The notation

fn.x1;x2; : : : ;xm�1;xm/ WD f .x1;x2; : : : ;xm�1/�xm

is also used from now on. The volume of the box I D IC is known (denoted by
vol.I /), furthermore boxes to the solution set S of (2.1) and boxes to the comple-
mentary set xS D I nS can be computed by using zone functions. If the approxi-
mating value to the integral value is denoted by �.S/ and its error bound by ", then
�.S/ D 0, " D vol.I / are the initial values. If the computed box Z fulfils Z � S ,
then �.S/ D �.S/C vol.Z/, " D "� vol.Z/ and if Z � xS , then " D "� vol.Z/.
Hence the error bound is improved in every step and the approximating value of the
integral is improved in cases of Z � S . A detailed description of the algorithm is as
follows.

(a) Define the first element of a box (interval) sequence fIkg by I1 D I . Let
nb D 1, eb D 0, �.S/ D 0, " D vol.I /, where nb , eb , �.S/, " denote the
number of boxes in the sequence, the number of the examined boxes, the
approximating value of vol.S/, and the error bound, respectively.

(b) Let eb D ebC1. Compute minfi .c/, where 1 � i � n and c is the centre of
Inb

.
(1) If minfi .c/ < 0, then compute the box (zone) Z D Zf �

i
.c;0/ � xS ,

where the function f �i is the first among f1;f2; : : : ;fn, having the small-
est function value at c. (The “worst inequality” is used here.) Let
"D "�vol.Z/.

(2) If minfi .c/� 0, then Z WD Inb
and Z WDZ\Zfi

.c;0/, i D 1;2; : : : ;n.
Let �.S/D �.S/Cvol.Z/, "D "�vol.Z/.

(c) Divide the set Inb
nZ in L boxes (if the set is empty, then L WD 0). Filter the

“unimportant” (too small) boxes by the simple condition vol.box/> �, where
� is a (small) given value. Place theL� �L new boxes into the box sequence
as nbth; .nbC1/th; : : : ; .nbCL

��1/th elements and let nb D nbCL
��1.

If nb D 0, then give �.S/, ", eb and stop, otherwise go to (b).
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The function and volume values used several times are computed once and are stored.
The partitioning of the set Inb

nZ comes from a special case of the box complemen-
tation algorithm (see [4, 6]). The box sequence fIkg always contains only the boxes
which are waiting for examination (the new boxes are indexed from nb/. There are
two essential differences between this algorithm and the algorithm of [4]:

(i) Before step (b), the (first) maximum volume element of the box sequence
fIkg is selected (the “most promising box” is used at the beginning of every
new loop) in [4].

(ii) The too small boxes are filtered by the simple condition vol.box/ > � here,
and by the sophisticated condition vol.box/� .Eb � eb/ > ", where Eb is a
given upper bound to eb , in [4].

Now survey the general case (xm < 0) and the final results more exactly. If (tem-
porarily) �.S/C, "C, eC

b
and �.S/�, "�, e�

b
denote the output values of the first and

second running of the adequate segment, respectively, then �.S/C� .�.S/�C "�/
is lower bound and .�.S/CC "C/��.S/� is upper bound for the exact integral
value (because �.S/C, �.S/� are lower approximations). Hence the mean value
�.S/D �.S/CC "C=2� .�.S/�C "�=2/ is an improved value for the integral, the
mean value " D ˙."C=2C "�=2/ is an improved value for the error and the value
eb D e

C

b
C e�

b
is the full number of the boxes examined, i. e., these �.S/, ", eb are

printed as final results (if xm D 0, then �.S/� D "� D e�
b
D 0). The improved �.S/

is obtained by an “error equalization”, therefore it often has much less error than ".�

Our numerical examples illustrate very convincingly that simplicity is useful in this
integral algorithm, i. e., the selection mentioned in [4] can be too expensive. Table 1
contains the essential data for the following three integrals (where I˙ D IC[I�):Z

V

arctan
�
cosx�3x

�
dx

with I˙ D ŒŒ�1;3� ; Œ�10;10��;“
V

2C cos.x�3/cos.yC2/
1CjxjC4 jyj

dxdy;

(
16�x2�4y2 � 0;

x2�y2�4� 0;

with I˙ D ŒŒ�5;5� ; Œ�5;5� ; Œ0;3��;•
V

jxj

q
y2Cj´jdxdyd´; 4�2x2

�3y2
�4´2

� 0;

with I˙ D ŒŒ�2;2� ; Œ0;2� ; Œ�2;0� ; Œ0;6��.

The programs worked on a PC Pentium 4 with a 3.2 GHz processor and running
times belong to our Visual C++ version 6.0 code.

The experience is as follows. (1) Naturally, other numerical methods (e. g., the
quadrature methods for integrals with one variable) could compute approximating

�See the “likely errors” coming from the comparison of different results at the following integrals.
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Definite integral
�.S/˙ ";

eb; time,
for � D 10�5

�.S/˙ ";

eb; time,
for � D 10�6

�.S/˙ ";

eb; time,
with code of [4]R

V : : :
-3.2988˙0.0067
2953, 0.02 sec

-3.2987˙0.0021
9392, 0.06 sec

-3.2987˙0.0021
9813, 0.15 sec’

V : : :
2.4566˙0.1706
50052, 0.8 sec

2.4590˙0.0778
222029, 4 sec

2.4590˙0.0772
228740, 149 sec”

V : : :
0.6579˙0.1329
31486, 0.4 sec

0.6524˙0.0703
166939, 2 sec

0.6522˙0.0706
169198, 91 sec

TABLE 1. Approximating integral values with error bounds

integral values more quickly, without guaranteed error bounds. The author does not
know alternative computer codes for solving the problem stated here.

(2) In the 2nd and 3rd examples I˙ D IC and we use rough enough upper bounds
for the integrands. In the first example I˙D IC[I� and we use rough lower and up-
per bounds (�10 and 10 instead of ��=2 and �=2) for the integrand. The experience
is that the accuracy essentially does not depend on the circumstances mentioned. For
example, if ��=2 and �=2 are used in place of �10 and 10, respectively, the result is
practically the same.

(3) By the geometrical meaning, the solution set S was covered with rectangles in
the 1st example, with cuboids in the 2nd example, with four dimensional (abstract)
boxes in the third integral. In general, the computational effort to achieve a good
covering is greater and greater as the number of dimensions increases. (The second
example requires prominent computational effort because the integrand is “wavy”
over a large box of 100 units in volume, and the set V contains two disjunct parts.)

(4) The real strength of our algorithm compared to [4] is illustrated in the 2nd and
3rd columns of Table 1. The results of the second column come by the algorithm of
[4] after 2.5, 37.25, 45.5 times more time, respectively. Hence the selection step of
[4] could be too expensive indeed.

3. ALGORITHM FOR FINDING GLOBAL MAXIMA

Consider the problem

maximize f .x1;x2; : : : ;xm�1/

subject to fi .x1;x2; : : : ;xm�1/� 0; i D 1;2; : : : ;n�1; m� 2; n� 1I

.x1; : : : ;xm�1/ 2D D
�
Œx1; xx1�; : : : ; Œxm�1; xxm�1�

�
� Rm�1;

where the multivariate real functions fi , i D 1; : : : ;n�1 and f are continuous on the
box D and built from the elementary functions mentioned. Let us assume that we
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know (rough) lower and upper bounds xm, xxm that

xm � f .x1;x2; : : : ;xm�1/� xxm; 8.x1;x2; : : : ;xm�1/ 2D:

Define the system of inequalities

fi .x1;x2; : : : ;xm�1/� 0; i D 1;2; : : : ;n�1

f .x1;x2; : : : ;xm�1/�xm � 0;

where .x1;x2; : : : ;xm/ 2 I D
�
Œx1; xx1�; : : : ; Œxm�1; xxm�1�; Œxm; xxm�

�
, or briefly

fi .x1;x2; : : : ;xm/� 0; i D 1;2; : : : ;n; .x1;x2; : : : ;xm/ 2 I; (3.1)

where fn.x1;x2; : : : ;xm/D f .x1;x2; : : : ;xm�1/�xm. The solution of our problem
is a point of the solution set S of (3.1) with the largest mth coordinate. By a fine
scanning of S seen in the integral algorithm, a good approximation value ! can be
obtained for the maximum function value (belonging to the set of feasible points) and
henceforth it is proved that the value !C " (where " is a supposed error bound) is an
upper bound to the maximum value. More exactly the aim is to do a fine scanning
only around the solution point, therefore a second filter is used besides the simple one
seen in the integral algorithm. A detailed description of the algorithm is as follows
(it is supposed that the set of feasible points is not empty).

(a) Define the first element of a box (interval) sequence fIkg by I1 D I . Let
nb D 1, eb D 0, ! D�1, where nb , eb , ! denote the number of boxes in the
sequence, the number of the examined boxes, and the approximating value to
the maximum function value, respectively.

(b) Let eb D ebC 1. Compute minfi .c/, where 1 � i � n and c is the centre
of Inb

. If minfi .c/ � 0 (c is a feasible point) and f .c/ > !; then p WD c;
! WD f .c/:

(1) If minfi .c/ < 0, then compute the box (zone) Z D Zf �
i
.c;0/ � xS ,

where the function f �i is the first among f1;f2; : : : ;fn having the small-
est function value at c. (The “worst inequality” is used here.)

(2) If minfi .c/� 0, then Z WD Inb
and Z WDZ\Zfi

.c;0/, i D 1;2; : : : ;n.
(c) Divide the set Inb

nZ in L boxes (if the set is empty, then L WD 0). Filter the
‘unimportant’ boxes by the conditions vol.box/ > � (where � is a small given
value) and xx�m >! (where xx�m is the maximum value of themth coordinate in
the box). Place the L� � L new boxes into the box sequence as nbth; .nbC

1/th; : : : ; .nbCL
�� 1/th elements and let nb D nbCL

�� 1. If nb D 0 or
eb � Eb (Eb is an upper bound to the number of the examined boxes), then
give p, !, eb and go to (d), otherwise go to (b).

(d) Modify I and �. Let I D
�
Œx1; xx1�; : : : ; Œxm�1; xxm�1�; Œ!C "; xxm�

�
and �D 0.

Run (a)-(c) with the new initial values again. If the second return to (d) is
realized by nb D 0 (in such a case ! D �1), then give !C " as an upper
bound to the maximum function value and eb as the number of the examined
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boxes in the second running. If the second return to (d) is realized by eb �

Eb , then give eb . Stop.
The function and volume values used several times are computed once and are stored.
The partitioning of the set Inb

nZ comes from a special case of the box complemen-
tation algorithm (see [4, 6]). The box sequence fIkg always contains only the boxes
which are waiting for examination (the new boxes are indexed from nb). There are
three essential differences between this algorithm and the algorithm of [3]:

(i) The latter one is a strongly heuristic (with hindsight, also a little confused)
method for our problem without using solution boxes of nonlinear systems
of inequalities.

(ii) A selection step is used at the beginning of every new loop in [3].
(iii) The algorithm of [3] does not prove upper bound to the maximum function

value (this is why there are no comparisons between the two algorithms in
the next table).

Global optimum problem
!C ";

ebC eb; time,
for � D 10�5

!C ";

ebC eb; time,
for � D 10�6

arctan.cosx�3x/ : : :
0.2988+0.01
265+64, 0.002sec

0.2988+0.01
542+64, 0.004sec

2C cos.x�3/cos.yC2/
1CjxjC4 jyj

: : :
0.6206+0.01
3160+497, 0.05sec

0.6256+0.01
6481+419, 0.11sec

jxj
p
y2Cj´j : : :

0.9222+0.01
3104+578715, 6sec

0.9312+0.01
7643+45165, 0.5sec

TABLE 2. Approximations of global maxima with error bounds

Table 2 contains the essential data for the three problems (the functions of the integral
problems are used again):

arctan
�
cosx�3x

�
!max

with I D ŒŒ�1;3� ; Œ�10;10��;

2C cos.x�3/cos.yC2/
1CjxjC4 jyj

!max;

(
16�x2�4y2 � 0;

x2�y2�4� 0;

with I D ŒŒ�5;5� ; Œ�5;5� ; Œ0;3��;

jxj

q
y2Cj´j !max; 4�2x2

�3y2
�4´2

� 0;

with I D ŒŒ�2;2� ; Œ0;2� ; Œ�2;0� ; Œ0;6��.

The programs worked on a PC Pentium 4 with a 3.2 GHz processor and running
times belong to our Visual C++ version 6.0 code.
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The experience is as follows.
(1) Comparing the first member of eb C eb to the value eb seen in the integral

problem (265, 3160, 3104 instead of 2953, 50052, 31486 for � D 10�5, respectively)
the effect of the second filter xx�m >! is illustrated. Without this filter the examination
in the first step would be similar to the examination of the integral algorithm, the
filter xx�m > ! can utilize the intermediate ! values very well. (A good second filter
to integral algorithms could be applied only with difficulty.)

(2) A very sharp or faulty value !C " as upper bound to the maximum function
value belonging to the set of feasible points could cause huge computational efforts.
The stop criterion eb � Eb can prevent the needless work. In the above 6 cases the
value Eb D 10

6 was used, and it allows the entire computation with the sharp upper
bound of the 5th problem (eb D 578715 shows the computational effort in proving
the solution set is empty in a system of inequalities which very nearly has some
solutions).

(3) A faulty result never happened to be obtained because of the effect of rounding
errors. The boxes are computed by lower estimates, see the proofs of rules in [2],
and our C++ program uses double type for real variables. (The circumstances are the
same for the integral algorithm.)

4. CODES FOR THE TWO ALGORITHMS

Our Visual C++ version 6.0 and Lahey Fortran 90 version 4.5 programs have 5
segments for both algorithms. The first 3 segments are the same in the integral and
global maximum algorithms. The function (subroutine) segment fval computes the
function values from the numerically coded form, i. e., it handles the function

fval W .G;c/ 7! g.c/;

where G is a numerically coded form of the multivariate real function g, and c is a
point of the domain. For computing the zone function values (boxes) the function
(subroutine) segment zone is used, which handles the function

zone W .D;G;c;˛/ 7!Zg.c;˛/;

where D is the domain box of the multivariate real function g, G is a numerically
coded form of g, c 2D and ˛ 2R. To divide the difference of a closedm-dimensional
box U and an openm-dimensional box T into closed boxes B1;B2; : : : ;BL which do
not contain common interior points, our function (subroutine) segment ints handles
the function

ints W .U;T / 7! .L;fB1;B2; : : : ;BLg/ :

In the integral algorithm, the function (subroutine) segment appr, for computing ap-
proximating values to problem (2.1), handles the function

appr W .F;I;�/ 7! .�.S/;";eb/ ;
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where F is the numerically coded form of

.x1; : : : ;xm/ 7! .f1.x1; : : : ;xm/; : : : ;fn.x1; : : : ;xm//

and I , �, �.S/, ", eb come from our algorithm description. The main (program)
segment produces data for calling the segment appr. These data are m, n, F , I˙ D
IC[I� and �. The segment appr is called only once if I˙D IC and it is called twice
if vol.I�/¤ 0. At the global maximum algorithm, the function (subroutine) segment
glob, for computing approximating values to problem (3.1), handles the function

glob W .F;I;�;Eb/ 7! .p;!;eb/ ;

where F is the numerically coded form of

.x1; : : : ;xm/ 7! .f1.x1; : : : ;xm/; : : : ;fn.x1; : : : ;xm//

and I , �, Eb , p, !, eb come from our algorithm description. The main (program)
segment produces data for calling the segment glob. These data arem, n, F , I , � and
Eb . First the segment glob is called for finding p and !, and the aim of the second
call is to prove that the value !C " is upper bound to the exact solution. Naturally,
these segments have some other (auxiliary) parameters and sometimes their notations
cannot follow names in this paper perfectly. Finally, some remarks and comparisons
between C++ and Fortran programs are given.

(1) The organization of the C++ and Fortran programs differs from one another
essentially in two cases only. The Fortran subroutine segments can handle all output
parameters and large arrays in natural mode (as local variables), the C++ function
segments use global variables for these data. The lengths of numerical coded forms
of multivariate functions are stored as zero indexed elements of the arrays in question
in C++ programs and they are stored in an independent array in Fortran programs.
Naturally, the first 4 segments of both C++ and Fortran programs are unaltered in the
3 different problems, only the calling segment has to be changed.

(2) Our C++ programs use double type for real variables, and double precision
variables are in the Fortran programs. The results of Table 1 and Table 2 (obtained by
C++ programs) are the same essentially as those by Fortran programs. The Fortran
codes are hardly faster than the C++ ones (only 0-10 percent are the differences in
running time). This fact is somewhat surprising, because in the former methods (with
selections) or in the zone function tests (with simple real variables) differences of 30-
50 percent often appeared.

(3) The author would gladly send the Maple, C++, and Fortran codes mentioned
to interested readers in e-mail as an attached file.
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Miklós Rontó, Institute of Mathematics,
University of Miskolc; H-3515 Miskolc–
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Egyetemváros, Hungary;
matvbg@gold.uni-miskolc.hu

Mátyás Domokos, A. Rényi Institute of Ma-
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