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DIFFERENTIAL EQUATIONS
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Abstract. In this paper we investigate the growth of solutions of the differential equation f .k/C
Ak�1 .´/f

.k�1/C�� �CA1 .´/f
0
CA0 .´/f D 0; where A0 .´/ ; : : : ; Ak�1 .´/ are entire func-

tions with 0 < � .A0/ � 1=2: We will show that if there exists a real constant ˇ < � .A0/ and a
set Eˇ � .1;C1/ with log densEˇ D 1; such that for all r 2Eˇ ; we have minj´jDr jAj .´/ j �

exp.rˇ / .j D 1;2; : : : ;k�1/ ; then every solution f 6� 0 of the above differential equation is
of infinite order with hyper-order �2 .f / � � .A0/. The paper extends previous results by the
author and Hamani.

1991 Mathematics Subject Classification: 34M10, 30D35

Keywords: linear differential equations, growth of entire function, hyper-order

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

For k � 2 we consider the linear differential equation

f .k/CAk�1 .´/f
.k�1/

C�� �CA1 .´/f
0

CA0 .´/f D 0; (1.1)

where A0 .´/ ; : : : ; Ak�1 .´/ are entire functions with A0 .´/ 6� 0. It is well-known
that all solutions of equation (1.1) are entire functions and if some of the coefficients
of (1.1) are transcendental, then (1.1) has at least one solution with order � .f / D
C1:

Recently, the growth theory of complex differential equations has been an active
research area, and the growth problems of linear differential equations have an im-
portant aspect in this area. By defining the hyper-order [9, 11], the growth of infi-
nite order solutions of differential equations has been more precisely estimated (see
[3, 4, 9]). Our starting point for this paper is a result by Kwon in [9]:

Theorem A ([9, p. 489]). Let A.´/ and B .´/ be entire functions where 0 <
� .B/ < 1=2; and let there exist a real constant ˇ < � .B/ and a set Eˇ � Œ0;C1/
with densEˇ D 1 such that for all r 2Eˇ ; we have

min
j´jDr
jA.´/j � exp

�
rˇ
�
: (1.2)
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Then every solution f 6� 0 of the linear differential equation

f
00

CA.´/f
0

CB .´/f D 0 (1.3)

is of infinite order with hyper-order

�2 .f /D lim
r!C1

log logT .r;f /
logr

� � .B/: (1.4)

Here the order � .f / of an entire function f is defined by

� .f /D lim
r!C1

logT .r;f /
logr

D lim
r!C1

log log M .r; f /

logr
; (1.5)

where T .r;f / is the Nevanlinna characteristic function of f .see Œ7�/, andM .r;f /D

maxj´jDr jf .´/j :
This result has been recently generalized to a higher order case (1.1) by the author

and Hamani as follows (see [4]):

Theorem B ([4]). Let A0 .´/ ; : : : ; Ak�1 .´/ be entire functions with 0 < � .A0/ <
1=2, and let there exist a real constant ˇ < � .A0/ and a set Eˇ � Œ0;C1/ with
densEˇ D 1 such that for all r 2Eˇ ; we have

min
j´jDr

ˇ̌
Aj .´/

ˇ̌
� exp

�
rˇ
�

.j D 1;2; : : : ;k�1/ : (1.6)

Then every solution f 6� 0 of (1.1) is of infinite order with hyper-order

�2 .f /D lim
r!C1

log logT .r;f /
logr

� � .A0/ : (1.7)

In this paper, we extend Theorem B by proving:

Theorem 1.1. Let A0 .´/ ; : : : ; Ak�1 .´/ be entire functions where 0 < � .A0/ �
1=2; and let there exist a real constant ˇ < � .A0/ and a set Eˇ � .1;C1/ with
log densEˇ D 1 such that for all r 2Eˇ ; we have

min
j´jDr

ˇ̌
Aj .´/

ˇ̌
� exp

�
rˇ
�

.j D 1;2; : : : ;k�1/ : (1.8)

Then every solution f 6� 0 of (1.1) is of infinite order with hyper-order

�2 .f /D lim
r!C1

log logT .r;f /
logr

� � .A0/ : (1.9)

Thus our contribution is to treat the case � .A0/ D 1
2
: The method used in this

paper will be quite different from that in the proof of Theorem B (see [4]). The main
ingredient in the proof is Lemma 2.2, based on a special case of a theorem of Drasin
and Shea [5, Theorem 8.1].
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Remark 1.1. The conclusions of Theorem 1.1 are also held under the hypothesis
0 < �.A0/� 1=2; where �.f / is the lower order of f defined by

�.f /D lim
r!C1

logT .r;f /
logr

D lim
r!C1

log logM .r;f /

logr
: (1.10)

To ease the exposition we treat in detail only Theorem 1.1 and in Section 2 we
confine ourselves to highlighting the modifications of our proof necessary to obtain
the lower order result.

2. PRELIMINARY LEMMAS

Our proofs depend mainly upon the following lemmas. Before starting these
Lemmas, we recall the concepts of density and logarithmic density of subsets of
.1;C1/: For E � .1;C1/; we define the linear measure of a set E by m.E/ DRC1
1 �E .t/dt; where �E is the characteristic function of E; and define the logarith-

mic measure of a set E by lm.E/D
RC1
1

�E.t/
t
dt . The upper density and the upper

logarithmic density of E are defined by the formulae

densE D lim
r!C1

m.E\ Œ1;r�/
r �1

; log densE D lim
r!C1

lm.E\ Œ1;r�/
logr

: (2.1)

The lower density and the lower logarithmic density, densE and log densE, are de-
fined similarly with the limit superior replaced by the limit inferior. It is easy to verify
[10, p. 121] that

0� densE � log densE � log densE � densE � 1 (2.2)

for any E � .1;C1/ :
For entire f; let L.r;f /Dminj´jDr jf .´/j : The method of Denjoy–Kjellberg [8,

pp. 193–196] shows for entire f with f .0/ D 1 and for 0 < � < 1 that there exist
positive constants k1 .�/ and k2 .�/ such thatZ R

r

.logL.t;f /� .cos��/ logM .t;f //
dt

t1C�

� k1 .�/
logM .r;f /

r�
�k2 .�/

logM .4R;f /

R�
(2.3)

valid for 0 < r < R.
If �.f / < � .f / � 1=2, let ˇ and ˛ satisfy �.f / < ˇ < ˛ < � < � .f / � 1=2.

Let us choose rm ! C1 with Rm > rm satisfying r�m D o.logM .rm;f // and
logM .4Rm;f /D o

�
R�m

�
to conclude thatZ Rm

rm

logL.t;f /
t1C�

dt !1
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as m!1 . Thus there exists sm!1 with

logL.sm;f / > s˛m: (2.4)

If �.f / D � .f / < 1=2 and ˇ < � .f /, the classical cos�� theorem (contained in
(2.3)) yields sm!1 satisfying (2.4). In both of the above cases results of Barry (see
[1, p. 294] and [2, Theorem 4]) also imply the existence of unbounded sm satisfying
(2.4).

If ˇ < �.f /D � .f /D 1
2

, then either there exists sm!1 satisfying

logL.sm;f / > " logM .sm;f / (2.5)

for some " > 0 and hence also satisfying (2.4), or

logL.r;f /D o.logM .r;f // : (2.6)

Lemma 2.1 ([6]). Let f .´/ be a nonconstant entire function, and let ˛ > 1 and
" > 0 be given constants. Then the following two statements hold:

(i) There exist a constant c > 0 and a set E1 � Œ0;1/ having a finite linear
measure such that for all ´ satisfying j´j D r …E1;we haveˇ̌̌̌

ˇf .k/ .´/f .´/

ˇ̌̌̌
ˇ� c �T .˛r; f /r" logT .˛r; f /

�k
.k 2N/ : (2.7)

(ii) There exist a constant c > 0 and a set E2 � Œ0;2�/ that has linear measure
zero, such that if 0 2 Œ0;2�/nE2, then there is a constantR0DR0 . 0/ > 1
such that for all ´ satisfying arg´D  0 and j´j D r �R0; we haveˇ̌̌̌

ˇf .k/ .´/f .´/

ˇ̌̌̌
ˇ� c ŒT .˛r; f / logT .˛r; f /�k .k 2N/ . (2.8)

Lemma 2.2 ([5,7]). Suppose that f .´/ is entire with � .f /� 1=2 and � < � .f /.
Then either there exists frmg such that rm!1 and

min
j´jDrm

log jf .´/j> r�m; (2.9)

or, if

Kr .�/DKr D
n
� 2 Œ0;2�� W log

ˇ̌
f .rei� /

ˇ̌
< r�

o
; (2.10)

there exists a setE .1/� Œ1;C1/ with log densE .1/D 1 such that for all r 2E .1/ ;
Kr satisfies

m.Kr/! 0 as rm!1: (2.11)
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3. PROOF AND EXAMPLE

Proof of Theorem 1.1. Let f 6� 0 be a solution of (1.1). It follows from (1.1) that

jA0 .´/j �

ˇ̌̌̌
ˇf .k/f

ˇ̌̌̌
ˇCjAk�1 .´/j

ˇ̌̌̌
ˇf .k�1/f

ˇ̌̌̌
ˇC�� �C jA1 .´/j

ˇ̌̌̌
ˇf
0

f

ˇ̌̌̌
ˇ : (3.1)

Let ˇ < � .A0/ and suppose that ˇ <˛ < � .A0/ and that there is a setEˇ � .1;C1/
of lower logarithmic density 1 satisfying .1:8/ : Set

E D
n
´ W j´j D r 2Eˇ

and
ˇ̌
Aj .´/

ˇ̌
D min
j´jDr

ˇ̌
Aj .´/

ˇ̌
.j D 1;2; : : : ;k�1/

o
: (3.2)

Then log densfj´j W ´ 2Eg D 1 andˇ̌
Aj .´/

ˇ̌
� exp

�
rˇ
�
. j D 1;2; : : : ;k�1/ (3.3)

for all ´ 2E:
The proof is divided into two cases depending on the behavior of the minimum

modulus of A0 .´/ on j´j D r by Lemma 2.2. First, we assume that there exists rm
such that rm!1 and

log
ˇ̌
A0
�
rme

i�
�ˇ̌
> r˛m (3.4)

for all � 2 Œ0;2�� ; and for any positive real number ˛ < � .A0/ : Furthermore, by
Lemma 2.1 (ii), there exists �0 2 Œˇ1;ˇ2� such that if ´D rei�0 ;ˇ̌̌̌

ˇf .j / .´/f .´/

ˇ̌̌̌
ˇ� ŒT .2r;f /�kC1 .j D 1; : : : ;k/ (3.5)

for all sufficiently large r: Hence from (3.1), .3:3/ ; (3.4) and (3.5), we have

exp
�
r˛m
�
�

�
1C .k�1/exp

�
rˇm
��
ŒT .2rm;f /�

kC1 ; (3.6)

for all sufficiently large rm: Therefore f has infinite order and

�2 .f /D lim
rm!C1

log logT .rm;f /
logrm

� ˛: (3.7)

Thus the result of Theorem 1.1 follows since ˛ is arbitrary. Theorem 1.1 is proved in
the first case.

Now, we assume that there is a set E .1/ with log densE .1/D 1 such that for all
r 2E .1/ ; we have

m.Kr/! 0; as r!1; (3.8)

where
Kr DKr .˛/D

n
� W log

ˇ̌
A0
�
rei�

�ˇ̌
< r˛

o
: (3.9)



8 BENHARRAT BELAIDI

By Lemma 2.1 (i) and (3.8), we have a setE1 �E .1/ with log densE1D 1 such that
if ´D rei� ˇ̌̌̌

ˇf .j / .´/f .´/

ˇ̌̌̌
ˇ� r ŒT .2r;f /�kC1 .j D 1; : : : ;k/ (3.10)

holds for all r 2 E1; and for all � 2 Œ0;2�� : Therefore it follows from (3.1), (3.3),
(3.9) and (3.10) that

exp.r˛/�
�
1C .k�1/exp.rˇ /

�
r ŒT .2r;f /�kC1 ; (3.11)

for all r 2E1\E; and for all � 2 Œ0;2��nKr : Since Œ0;2��nKr is nonempty for all
sufficiently large r 2E1\E by (3.8), we conclude that f has infinite order and

�2 .f /D lim
r!C1

log logT .r;f /
logr

� ˛: (3.12)

Thus the result of Theorem 1.1 follows since ˛ is arbitrary. Hence the proof of
Theorem 1.1 is now complete. �

Next, we give an example which illustrates Theorem 1.1.
Example. Let P1 .´/ ; : : : ;Pk�1 .´/ be nonconstant polynomials, and let h1 .´/,

: : : ;hk�1 .´/ be entire functions satisfying �
�
hj
�
< degPj .j D 1; : : : ;k�1/. Then,

by Theorem 1.1, every solution f 6� 0 of the equation

f
.k/

Chk�1 .´/e
Pk�1.´/f

.k�1/

C�� �Ch1 .´/e
P1.´/f

0

C
sin
p
´

p
´
f D 0 (3.13)

is of infinite order with �2 .f /� �
�

sin
p
´

p
´

�
D

1
2

since

min
j´jDr

ˇ̌
hj .´/e

Pj .´/
ˇ̌
! 0 .j D 1; : : : ;k�1/

as r!C1:
Remark 3.1. The conclusions of our theorem are also held under the hypothesis

0 < �.A0/� 1=2: For ˇ < �.A0/ ; we first establish as before that either (2.4) holds
for some sequence sm !1 or (2.11) holds for a set E .1/ of lower logarithmic
density 1. If�.A0/ < 1=2, we conclude from Kjellberg’s lower order extension [8] of
the cos�� theorem (essentially (2.3)) that for each ˇ < �.A0/ there exists sm!1
satisfying (2.4). Thus we suppose�.A0/D 1=2. Either (2.5) holds for some sm!1
and hence (2.4) also holds, or alternatively (2.6) holds. By the remarks following
Theorem 8.1 in [5, p. 283], (2.6) implies the set Kr defined in (2.10) satisfies (2.11)
for all r in some set E .1/ of lower logarithmic density 1.
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Abstract. Commutative BCK-algebras can be viewed as semilattices whose sections have an-
titone involutions and it is known that bounded commutative BCK-algebras are equivalent to
MV-algebras. In the first part of this paper we assign to an arbitrary BCK-algebra a semilattice-
like structure every section of which possesses a certain antitone mapping. The remaining part is
devoted to algebras of the MV-language f˚;:;0g which are defined on bounded BCK-algebras
in the same way as MV-algebras.
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1.

A BCK-algebra is an algebra AD .AI!;1/ of type .2;0/ satisfying the following
quasi-identities:

(I) .x! y/! ..y! ´/! .x! ´//D 1,
(II) x! ..x! y/! y/D 1,

(III) x! x D 1,
(IV) x! 1D 1,
(V) .x! y D 1 & y! x D 1/ ) x D y.

BCK-algebras were introduced by Y. Imai and K. Iséki [5–7] and form an algebraic
semantics for C. A. Meredith’s logic.

The relation � on A given by

x � y , x! y D 1 (1)

is a partial order on A with 1 as the top element, but the poset .AI�/ has no particular
properties because any poset .P I�/ with 1 can be made a BCK-algebra .P I!;1/ by
setting x! y WD 1 for x � y, and x! y WD y otherwise.

By a bounded BCK-algebra we mean an algebra AD .AI!;0;1/, where .AI!

;1/ is a BCK-algebra with the bottom element 0.

This work was supported by the Research and Development Council of the Czech Government via
project MSM6198959214.
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In every BCK-algebra .AI!;1/, the following hold for all x;y;´ 2 A:

x � y ) y! ´� x! ´; (2)
x � y ) ´! x � ´! y; (3)

x! .y! ´/D y! .x! ´/; (exchange) (4)
y � x! y; (5)
1! x D x; (6)

x! y � .´! x/! .´! y/; (7)

..x! y/! y/! y D x! y: (8)

A commutative BCK-algebra is a BCK-algebra that satisfies the identity

.x! y/! y D .y! x/! x: (9)

In this case, the underlying poset is a join-semilattice in which x_yD .x! y/! y.
Commutative BCK-algebras form a variety that is axiomatized by the identities (9),
(4), (III) and (6).

We have proved in [1,2] that commutative BCK-algebras (named here weak impli-
cation algebras and defined in a slightly different way) can be characterized as join-
semilattices whose sections (= principal order filters) posses antitone involutions.

Recall that by a semilattice with sectionally antitone involutions we mean a struc-
ture S D .S I_; .a/a2S ;1/, where .S I_/ is a join-semilattice with the greatest ele-
ment 1, and for every a 2 S , the mapping x 7! xa is an antitone involution on the
section Œa;1� D fx 2 S W a � xg. If A D .AI!;1/ is a commutative BCK-algebra,
then S.A/ D .AI_; .a/a2A;1/, where x _ y D .x ! y/ ! y and xa D x ! a

(x 2 Œa;1�), is a semilattice with sectionally antitone involutions in which we have
x! y D .x_y/y . On the other hand, given a structure S D .S I_; .a/a2S ;1/, we
define a new algebra A.S/D .S I!;1/ via x! yD .x_y/y . Then A.S/ is a BCK-
algebra if and only if it satisfies identity (4), and if this is the case, then A.S/ is a
commutative BCK-algebra.

Our first objective is to give a similar description for general BCK-algebras, i. e. to
an arbitrary BCK-algebra we assign a semilattice-like structure the sections of which
have certain antitone mappings, and also conversely, we describe the reverse passage
from such structures to BCK-algebras.

Theorem 1. Let AD .AI!;1/ be a BCK-algebra. Define a binary term operation
t on A by

xty D .x! y/! y;

and for every a 2 A, a unary operation a on the section Œa;1�D fx 2 A W a � xg by

xa
D x! a:

Then the structure S.A/D .AIt; .a/a2A;1/ satisfies the following quasi-identities:
(i) xtx D x,
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(ii) .xty D y & ytx D x/ ) x D y,
(iii) xty D .xty/ty D xt .xty/D yt .xty/,
(iv) .xt´/t ..xty/t´/D .xty/t´,
(v) xt1D 1,

(vi) xx D 1, 1x D x,
(vii) xty D .xty/yy D ..xty/y ty/y ,

(viii) .xty/y t ..xt´/t .yt´//yt´ D ..xt´/t .yt´//yt´,
(ix) ..xt´/´t .yt´//yt´ D ..yt´/´t .xt´//xt´,
(x) ..xty/tx/x D .xty/x .

Proof. First note that xty 2 Œy;1� by (5), hence using (8) we have

.xty/y
D ..x! y/! y/! y D x! y: (10)

Further
x � y , x! y D 1 , xty D y: (11)

Indeed, x! y D 1 implies xty D .x! y/! y D 1! y D y, and conversely, if
y D xty D .x! y/! y, then 1D y! y D ..x! y/! y/! y D x! y.

Now, we can verify the properties (i)–(x) by direct computations:
(i) xtx D .x! x/! x D 1! x D x.
(ii) If xty D y and y tx D x, then x! y D 1 and y! x D 1 by (11), so that

x D y by axiom (V).
(iii) We have .xty/ty D ...x! y/! y/! y/! y D .x! y/! y D xty,

and the equalities xt .xty/D yt .xty/D xty follow from (11) as x;y � xty.
(iv) Since x � xty implies xt´D .x! ´/! ´ � ..xty/! ´/! ´D .xt

y/t´, we have .xt´/t ..xty/t´/D .xty/t´ by (11).
(v) xt1D .x! 1/! 1D 1.
(vi) xx D x! x D 1 and 1x D 1! x D x.
(vii) According to (10), .xty/yy D .x! y/! y D xty and ..xty/y ty/y D

..x! y/ty/y D .x! y/! y D xty.
(viii) Due to (10), we have

..xt´/t .yt´//yt´
D .xt´/! .yt´/

D ..x! ´/! ´/! ..y! ´/! ´/

D .y! ´/! ...x! ´/! ´/! ´/

D .y! ´/! .x! ´/;

whence

.xty/y
t ..xt´/t .yt´//yt´

D .x! y/t ..y! ´/! .x! ´//

D .y! ´/! .x! ´/

D ..xt´/t .yt´//yt´

by (I) and (11).



14 IVAN CHAJDA AND JAN KÜHR

(ix) Again, in view of (10),

..xt´/´
t .yt´//yt´

D .x! ´/! .yt´/

D .x! ´/! ..y! ´/! ´/

D .y! ´/! ..x! ´/! ´/

D .y! ´/! .xt´/

D ..yt´/´
t .xt´//xt´:

(x) We have ..x ty/tx/x D ...x ty/! x/! x/! x D .x ty/! x D .x t

y/x . �

Lemma 2. Let .AIt/ be a groupoid satisfying the quasi-identities (i)–(iv) of The-
orem 1. Then the binary relation defined by

x � y , xty D y (12)

is a partial order on A such that, for every x;y 2A, xty is a common upper bound
of x;y.

Proof. By (i) and (ii), � is reflexive and antisymmetric. For transitivity, assume
that x t y D y and y t ´ D ´. Then x t ´ D .x t ´/t ´ D .x t ´/t .y t ´/ D

.xt´/t ..xty/t´/D .xty/t´D yt´D ´ by (iii) and (iv). Thus � is a partial
order on A. Moreover, from (iii) we conclude that x;y � xty. �

Therefore, any BCK-algebra induces a semilattice-like structure with a join-like
operation t. Another kind of generalizations of join-semilattices was introduced by
J. Ježek and R. Quackenbush [8]:

A directoid is a groupoid .AIt/ satisfying the identities
(a) xtx D x,
(b) .xty/tx D xty,
(c) yt .xty/D xty,
(d) xt ..xty/t´/D .xty/t´.

The relation � given by (12) is a partial order. The binary operation t assigns to a
pair .x;y/ a common upper bound of fx;yg in such a way that x ty D y tx D y

provided x � y.
Observe that this is the point where directoids differ from our semilattice-like

structures since in our case x � y does not imply ytx D y.

Lemma 3. Let AD .AI!;1/ be a BCK-algebra and t be the binary operation
defined in Theorem 1. Then the following conditions are equivalent:

(a) .AIt/ is a directoid;
(b) A is a commutative BCK-algebra;
(c) .AIt/ is a join-semilattice.
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Proof. (a) ) (b). Assume that .AIt/ is a directoid. Remember that x � y iff
x! yD 1 iff xtyD y. Since .AIt/ is a directoid, x � y entails xtyD ytxD y,
so A satisfies the quasi-identity

x � y ) y D .y! x/! x:

Hence x � .x! y/! y yields .x! y/! y D ...x! y/! y/! x/! x. But
from y � .x ! y/! y it follows .y ! x/! x � ...x ! y/! y/! x/! x,
and hence .y ! x/! x � .x ! y/! y. The converse inequality is obtained by
interchanging x and y, thus A is a commutative BCK-algebra.

(b)) (c). As we already know, if A is a commutative BCK-algebra, then xty D

.x! y/! y is the supremum of fx;yg, hence .AIt/ is a join-semilattice.
(c)) (a). Clearly, every join-semilattice is a directoid. �

Theorem 4. Let S D .S It; .a/a2S ;1/ be a structure—where t is a binary opera-
tion on S and for each a 2 S , a W x 7! xa is unary operation on fx 2 S W atx D xg,
and 1 is a distinguished element of S—satisfying the quasi-identities (i)–(ix) from
Theorem 1. Define a new binary operation! on S by

x! y D .xty/y :

Then A.S/D .S I!;1/ is a BCK-algebra.

Proof. The definition of! is correct since y t .xty/D xty by (iii). Further-
more, we note that

xty D y , x! y D 1: (13)

Indeed, if x ty D y, then x! y D .x ty/y D yy D 1, and conversely, 1 D x!

y D .xty/y implies y D 1y D .xty/yy D xty.
Now, we verify the axioms of BCK-algebras:
(I) By (viii) we have

.x! y/t ..xt´/! .yt´//D .xty/y
t ..xt´/t .yt´//yt´

D ..xt´/t .yt´//yt´

D .xt´/! .yt´/;

so .x! y/! ..xt´/! .yt´//D 1. Further, using (vii) and (ix), we obtain

.x! ´/! ..y! ´/! ´/D .x! ´/! ..yt´/´
t´/´

D .x! ´/! .yt´/

D ..xt´/´
t .yt´//yt´

D ..yt´/´
t .xt´//xt´

D .y! ´/! .xt´/

D .y! ´/! ..x! ´/! ´/:
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When we replace x by x! ´, we get

.xt´/! .yt´/D ..x! ´/! ´/! ..y! ´/! ´/

D .y! ´/! ...x! ´/! ´/! ´/

D .y! ´/! .x! ´/

since ..x! ´/! ´/! ´ D ...x t´/´ t´/´ t´/´ D ..x t´/t´/´ D .x t´/´ D

x! ´. Altogether, we have proved

.x! y/! ..y! ´/! .x! ´//D .x! y/! ..xt´/! .yt´//D 1:

(II) We have .x! y/! yD ..xty/yty/y D xty, hence xt..x! y/! y/D

xt .xty/D xty D .x! y/! y and by (13) we obtain x! ..x! y/! y/D 1.
(III) Due to (13), from xtx D x it follows x! x D 1.
(IV) Analogously, xt1D 1 gives x! 1D 1.
(V) If x ! y D 1 and y ! x D 1, then x t y D y and y t x D x which imply

x D y. �

Remark 5. Observe that in Theorem 4 we did not employ the identity (x) of The-
orem 1. Actually, this identity is useful in order to establish a one-to-one correspon-
dence between BCK-algebras and semilattice-like structures with sectionally antitone
mappings:

Theorem 6. Let AD .AI!;1/ be a BCK-algebra and let S D .S It; .a/a2S ;1/

be an algebra as in Theorem 4 satisfying (i)–(x) of Theorem 1. Then A.S.A//DA

and S.A.S//D S .

Proof. Let S.A/ D .AIt; .a/a2A;1/ be the structure satisfying (i)–(x) which is
assigned to a given BCK-algebra A by Theorem 1. Then in A.S.A// D .AIÝ;1/

we have x Ýy D .xty/y D ..x! y/! y/! y D x! y, so that A.S.A//DA.
Conversely, let S D .S It; .a/a2S ;1/ be a structure that satisfies (i)–(x) of The-

orem 1, A.S/ D .S I!;1/ its corresponding BCK-algebra (cf. Theorem 4) and
S.A.S// D .S Id; .ra/a2S ;1/. Then x d y D .x ! y/! y D ..x t y/y t y/y D

xty, and for x 2 Œa;1�, ra.x/D x! aD .xta/aD ..atx/ta/aD .atx/aD xa

in view of (x), and hence S.A.S//D S . �

Corollary 7. Let S D .S It; .a/a2S ;1/ be an algebra satisfying (i)–(x) of Theorem
1. Then the relation defined by (12) is a partial order on S , 1 is the greatest element
of S and for every x;y 2 S , x;y � x ty. Moreover, for each a 2 S , x 7! xa is an
antitone mapping on Œa;1�D fx 2 S W a � xg.

2.

The MV -algebras were introduced by C. C. Chang [3] as an algebraic counter-
part of the Łukasiewicz many-valued propositional logic. Here we use the present
simplest definition from [4]:



ALGEBRAIC STRUCTURES 17

An MV -algebra is an algebra M D .M I˚;:;0/ of type .2;1;0/ satisfying the
identities
(MV1) x˚ .y˚´/D .x˚y/˚´,
(MV2) x˚y D y˚x,
(MV3) x˚0D x,
(MV4) x˚:0D:0,
(MV5) ::x D x,
(MV6) :.:x˚y/˚y D:.:y˚x/˚x.

MV -algebras are known to be termwise equivalent to bounded commutative BCK-
algebras (see [4]):

(a) Let M D .M I˚;:;0/ be an MV -algebra and define x ! y D :x˚ y and
1 D :0. Then A.M/ D .M I!;0;1/ is a bounded commutative BCK-algebra in
which x˚y D .x! 0/! y D .y! 0/! x and :x D x! 0.

(b) Let AD .AI!;0;1/ be a bounded commutative BCK-algebra. Define x˚yD

.x ! 0/! y and :x D x ! 0. Then M.A/ D .AI˚;:;0/ is an MV -algebra in
which x! y D:x˚y.

In what follows, we are concerned with algebras in the language f˚;:;0g which
arise from bounded (non-commutative) BCK-algebras in the same manner as MV -
algebras.

Let A D .AI!;0;1/ be a bounded BCK-algebra and define binary operation ˚
and a unary operation : on A by

x˚y D .x! 0/! y; (14)
:x D x! 0: (15)

We refer to M.A/ D .AI˚;:;0/ as the induced algebra of a BCK-algebra A. We
also introduce a supplementary binary operationˇ by

xˇy D .x! .y! 0//! 0: (16)

Lemma 8. Given a bounded BCK-algebra A, its induced algebra M.A/ satisfies
the following identities:

(1) 0˚x D x, x˚0D::x,
(2) x˚::y D y˚::x,
(3) x˚1D 1˚x D 1,
(4) :::x D:x,
(5) :x˚0D:x,
(6) ::x˚y D x˚y,
(7) x˚:y D:y˚::x,
(8) x˚ .y˚´/D y˚ .x˚´/.

In addition, we have
(9) xˇ1D 1ˇx D::x,

(10) xˇy D yˇx D::xˇy D:.:x˚:y/,
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(11) xˇ0D 0,
(12) :xˇ1D:x,
(13) :.:xˇ:y/D::.x˚::y/.

Proof. (1) 0˚x D .0! 0/! x D 1! x D x and x˚0D .x! 0/! 0D::x.
(2) x˚::y D .x! 0/! ..y! 0/! 0/D .y! 0/! ..x! 0/! 0/D y˚

::x.
(3) x˚1D .x! 0/! 1D 1 and 1˚x D .1! 0/! x D 0! x D 1.
(4) :::x D ..x! 0/! 0/! 0D x! 0D:x.
(5) This follows from (1) and (4).
(6) ::x˚y D ...x! 0/! 0/! 0/! y D .x! 0/! y D x˚y.
(7) This is a consequence of (2) and (4).
(8) x˚ .y˚ ´/ D .x ! 0/! ..y ! 0/! ´/ D .y ! 0/! ..x ! 0/! ´/ D

y˚ .x˚´/.
(9) xˇ1D .x! .1! 0//! 0D .x! 0/! 0D::x and analogously 1ˇx D

.1! .x! 0//! 0D .x! 0/! 0D::x.
(10) We have xˇy D .x! .y! 0//! 0D .y! .x! 0//! 0D yˇx and

::xˇy D ...x! 0/! 0/! .y ! 0//! 0 D .y ! ...x! 0/! 0/! 0//!

0D .y! .x! 0//! 0D yˇx, and finally ::xˇy D ...x! 0/! 0/! .y!

0//! 0D:.:x˚:y/.
(11) xˇ0D .x! .0! 0//! 0D .x! 1/! 0D 1! 0D 0.
(12) This is a consequence of (9) and (4).
(13) By (10) and (7) we have:.:xˇ:y/D:.:yˇ:x/D::.::y˚::x/D

::.x˚::y/. �

Lemma 9. Let M.A/ be the induced algebra of a BCK-algebra A. Then
(a) x � y implies x˚´� y˚´ and ´˚x � ´˚y, and the same is true forˇ,
(b) x � y!:´ iff xˇy � :´,

where � is the partial order of A defined by (1).

Proof. (a) From x � y it follows x! 0 � y! 0 and hence x˚´D .x! 0/!

´ � .y! 0/! ´D y˚´. Similarly, x � y yields ´˚x D .´! 0/! x � .´!

0/! y D ´˚y.
Now, let x � y. Then :x � :y which implies :x˚:´ � :y˚:´ and hence

xˇ´D:.:x˚:y/� :.:y˚:´/D yˇ´.
(b) If x � y!:´, then xˇy � .y!:´/ˇyD ..y! .´! 0//! .y! 0//!

0� ..´! 0/! 0/! 0D ´! 0D:´ since .´! 0/! 0� .y! .´! 0//! .y!

0/. Conversely, if xˇy � :´, then y !:´ � y ! .xˇy/ D y ! ..x! .y !

0//! 0/D .x! .y! 0//! .y! 0/D .y! .x! 0//! .y! 0/� .x! 0/!

0� x. �

From now on, we will assume that a given bounded BCK-algebra A satisfies the
law of double negation

x D::x: (17)



ALGEBRAIC STRUCTURES 19

It should be underlined that (17) is not enough for a BCK-algebra A to be commu-
tative. Indeed, for instance, the following bounded BCK-algebra obeys the law of
double negation but it is not commutative as .a! b/! b D b ¤ 1D .b! a/! a:

! 0 a b 1

0 1 1 1 1

a b 1 1 1

b a a 1 1

1 0 a b 1

Recall that a structure .P I�; �; e/ is a partially ordered monoid or briefly a po-
monoid if .P I �; e/ is a monoid, .P I�/ is a poset and, for all x;y;´ 2 P , x � y

implies x �´� y �´ and ´ �x � ´ �y.
A partially ordered commutative residuated integral monoid, a pocrim for short,

is a structure .P I�; �;!;1/ such that .P I�; �;1/ is a commutative po-monoid with
the greatest element 1, and for all x;y;´ 2 P ,

x �y � ´ , x � y! ´: (18)

Lemma 10. Let A D .AI!;0;1/ be a bounded BCK-algebra satisfying the law
of double negation (17). Then both .AI�;˚;0/ and .AI�;ˇ;1/ are commutative
po-monoids. Moreover, .AI�;ˇ;!;1/ is a pocrim.

Proof. First, we show that˚ is commutative:

x˚y D .x! 0/! y

D .x! 0/! ..y! 0/! 0/

D .y! 0/! ..x! 0/! 0/

D .y! 0/! x

D y˚x:

Further,˚ is associative:

.x˚y/˚´D ...x! 0/! y/! 0/! ´

D ...x! 0/! y/! 0/! ..´! 0/! 0/

D .´! 0/! ....x! 0/! y/! 0/! 0/

D .´! 0/! ..x! 0/! y/

D .x! 0/! ..´! 0/! y/

D x˚ .´˚y/

D x˚ .y˚´/:
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Commutativity and associativity of the operationˇ is a direct consequence. Now, by
Lemma 8 (1), (9) and Lemma 9 (a), .AI�;˚;1/ as well as .AI�;ˇ;1/ is a commu-
tative po-monoid.

In order to prove the latter statement, it suffices to note that by (b) of Lemma 9 we
have x � y!::´D y! ´ if and only if xˇy � ::´D ´ verifying (18). �

In the next theorem we characterize “MV -like” algebras arising from bounded
BCK-algebras satisfying the law of double negation:

Theorem 11. Given a bounded BCK-algebra AD .AI!;0;1/ satisfying the law
of double negation (17), the induced algebra M.A/D .AI˚;:;0/ fulfils the identi-
ties (MV1)–(MV5) and the axioms

(A1) :.:x˚y/˚:.:y˚´/˚:x˚´D 1,
(A2) .:x˚y D 1 & :y˚x D 1/ ) x D y;

moreover, we have x! y D:x˚y.
Conversely, let M D .M I˚;:;0/ be an algebra of type .2;1;0/ and put 1D :0.

If M satisfies (MV1)–(MV5), (A1) and (A2), then upon defining x! y D :x˚y,
the algebra A.M/ D .M I!;0;1/ is a bounded BCK-algebra satisfying (17). In
addition, x˚y D .x! 0/! y and :x D x! 0.

Proof. Let A be a bounded BCK-algebra with (17). Due to Lemma 8 and the
identity (17) M.A/ satisfies (MV1)–(MV5). Further, :x˚y D ..x! 0/! 0/!

y D x! y, and hence (A1) can be written as

.x! y/! ..y! ´/! .x! ´//D 1

which is just axiom (I). Similarly, (A2) can be rewritten in the form

.x! y D 1 & y! x D 1/ ) x D y

which is (V), the fifth axiom of BCK-algebras.
Conversely, let M D .M I˚;:;0/ be an algebra having the required properties.

By (A1) we have .x! y/! ..y! ´/! .x! ´//D:.:x˚y/˚ .:.:y˚´/˚

.:x˚ ´// D 1 proving (I). When we put y D ´ D 0 in (A1), we obtain x ! x D

x˚:x D ::x˚:x D :.:x˚0/˚:.:0˚0/˚:x˚0D 1, i. e., A.M/ fulfils
(III). Now, x ! ..x ! y/! y/ D :x˚:.:x˚ y/˚ y D 1 which is (II). The
axiom (IV) is clear: x! 1 D :x˚ 1 D 1. Finally, according to (A2), x! y D 1

and y! x D 1 imply x D y. Altogether, A.M/ is a BCK-algebra. Obviously, it is
bounded and obeys (17).

In addition, :x D :x˚ 0 D x! 0 and x˚y D :.:x˚ 0/˚y D .x! 0/!

y. �

Corollary 12. Bounded BCK-algebras satisfying the law of double negation are
termwise equivalent to the class of all algebras MD .M I˚;:;0/ that satisfy (MV1)–
(MV5), (A1) and (A2).
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1. INTRODUCTION

In recent years several authors [2,3,5–10] have given considerable attention to the
Hilbert inequalities and Hilbert type inequalities and their various generalizations.
In particular, in 1988, B. G. Pachpatte [6] proved some new inequalities similar to
Hilbert’s inequality [4, p. 226], The main purpose of this paper is to establish their
inverses.

2. MAIN RESULTS

Our main results are given in the following theorems.

Theorem 1. Let 0 < p � 1;0 < q � 1 and famg and fbng be two nonnegative
sequences of real numbers defined for m D 1;2; : : : ;k and n D 1;2; : : : ; r , where k
and r are the natural numbers and define Am D
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for 3n�2m > 0
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Proof. By using the following inequality (see [4, p. 39])

rxr�1.x�y/� xr
�yr ; 0 < r � 1;

where x and y are positive real numbers, we obtain that
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that is
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From (2) and in view of Hölder’s inequality [4, p. 24], we have
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Using the following inequality [1, p. 15]

m
1
hn

1
l �

m

h
C
n

l
; (4)

where m> 0, n > 0, h�1C l�1 D 1, and h < 1; we easily get that

n3m�2
� 3n�2m: (5)

Taking the sum on both sides of (3) over n from 1 to r first and then the sum over
m from 1 to k and in view of inequality (5) and using again Hölder’s inequality, we
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obtain

kX
mD1

rX
nD1

A
p
mB

q
n

3n�2m
� pq
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mX

sD1

�
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s

� 1
3

!3
1A

�

0@ rX
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nX
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�
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q�1
t

�� 1
2

!�2
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� pqk�2r3
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�
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s

� 1
3
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rX
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nX
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�
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q�1
t

�� 1
2

!!�2

D pqk�2r3

0@ kX
sD1

�
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p�1
s

� 1
3

0@ kX
mDs

1

1A1A3 
rX

tD1

�
btB

q�1
t

�� 1
2

 
rX

nDt

1

!!�2

D pqk�2r3

0@ kX
sD1

.k� sC1/
�
asA

p�1
s

� 1
3

1A3

�

 
rX

tD1

.r � tC1/
�
btB

q�1
t

�� 1
2

!�2

D pqk�2r3

0@ kX
mD1

.k�mC1/
�
amA

p�1
m

� 1
3

1A3

�

 
rX

nD1

.r �nC1/
�
bnB

q�1
n

�� 1
2

!�2

;

which completes the proof. �

Remark 1. Inequality (1) is just an inverse of the following Inequality A, which
was proved by Pachpatte [6]:

Inequality A.

kX
mD1

rX
nD1

A
p
mB

q
n

mCn
�
1

2
pq .kr/

1
2

0@ kX
mD1

.k�mC1/
�
amA

p�1
m

�21A 1
2

�

 
rX

nD1

.r �nC1/
�
bnB

q�1
n

�2! 1
2

:
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Theorem 2. Let famg ;fbng ;Am;Bn be as defined in Theorem 1. Let fpmg and
fqng be two positive sequences for mD 1;2; : : : ;k and nD 1;2; : : : ; r , where k and
r are natural numbers and put Pm D

Pm
sD1ps;Qn D

Pn
tD1 qt . Let � and  be two

real-valued nonnegative, concave, and supermultiplicative functions� defined on RC.
Then for 3n�2m > 0

kX
mD1

rX
nD1

�.Am/ .Bn/

3n�2m
�M 0.k;r/

0@ kX
mD1

�
pm�

�
am

pm

�� 1
3

.k�mC1/

1A3

�

 
rX

nD1

�
qn 

�
bn

qn

��� 1
2

.r �nC1/

!�2

; (6)

where

M 0.k;r/D

0@ kX
mD1

�
�.Pm/

Pm

�� 1
2

1A�2 
rX

nD1

�
 .Qn/

Qn

� 1
3

!3

:

Proof. From the hypotheses and by Jensen’s inequality and Hölder’s inequality,
we obtain

� .Am/ .Bn/

3n�2m
� .3n�2m/�1

�� .Pm/ .Qn/�

0BB@
mP

sD1

psas=ps

mP
sD1

ps

1CCA 
0BB@

nP
tD1

qtbt=qt

nP
tD1

qt

1CCA
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 .Qn/

Qn
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sD1

ps�

�
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ps

� nX
tD1

qt�

�
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qt

�

� .3n�2m/�1n3m�2� .Pm/
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 .Qn/

Qn
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sD1

�
ps�

�
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�� 1
3

!3

�

 
nX

tD1

�
qt 

�
bt

qt

��� 1
2

!�2

�f is said to be a supermultiplicative function if f .xy/� f .x/f .y/ for x;y 2 RC WD Œ0;C1/.
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Taking the sum over n from 1 to r first and then the sum overm from 1 to k and using
(5), in view of Hölder’s inequality, we have
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�
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3
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1A3

�
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�
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�
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��� 1
2

.r � tC1/

!�2
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0@ kX
mD1

�
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�
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�� 1
3

.k�mC1/

1A3

�

 
rX

nD1

�
qn 

�
bn

qn

��� 1
2

.r �nC1/

!�2

:

The proof is complete. �

Remark 2. Inequality (6) is just an inverse of the following Inequality B, which
was proved by Pachpatte [6]:
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Inequality B.

kX
mD1

rX
nD1

� .Am/ .Bn/

mCn
�M .k;r/

0@ kX
mD1

.k�mC1/

�
pm�

�
am

pm

��2
1A 1

2

�

 
rX

nD1

.r �nC1/

�
qn 

�
bn

qn

��2
! 1

2

;

where

M.k;r/D
1

2

0@ kX
mD1

�
� .Pm/

Pm

�2
1A 1

2  rX
nD1

�
 .Qn/

Qn

�2
! 1

2

:

Similarly, the following two theorems can also be established.

Theorem 3. Let famg and fbng be as in Theorem 1 and set AmD .1=m/
Pm

sD1as

and Bn D .1=n/
Pn

tD1 bt ; for m D 1;2; : : : ;k and n D 1;2; : : : ; r , where k and r
are natural numbers. Let � and  be two real-valued, nonnegative, and concave
functions defined on RC: Then for 3n�2m > 0;

kX
mD1

rX
nD1

mn

3n�2m
� .Am/ .Bn/� k

�2r3

0@ kX
mD1

.k�mC1/.� .am//
1
3

1A3

�

 
rX

nD1

.r �nC1/. .bn//
� 1

2

!�2

: (7)

Remark 3. Inequality (7) is just an inverse of the following Inequality C, which
was proved by Pachpatte [6]:

Inequality C.

kX
mD1

rX
nD1

mn

mCn
� .Am/ .Bn/�

1

2
.kr/

1
2

0@ kX
mD1

.k�mC1/.� .am//
2

1A 1
2

�

 
rX

nD1

.r �nC1/. .bn//
2

! 1
2

:

Theorem 4. Let famg ;fbng ;fpmg ;fqng ;Pm;Qn be as in Theorem 2 and put
AmD .1=pm/

Pm
sD1psas;BnD .1=Qn/

Pn
tD1 qtbt , formD 1;2; : : :k;nD 1;2; : : : ; r;

where k and r are natural numbers. Let � and  be as defined in Theorem 3. Then
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for 3n�2m > 0,

kX
mD1

rX
nD1

PmQn� .Am/ .Bn/

3n�2m
� k�2r3

0@ kX
mD1

.k�mC1/.pm� .am//
1
3

1A3

�

 
rX

nD1

.r �nC1/.qn .bn//
� 1

2

!�2

: (8)

Remark 4. Inequality (8) is just an inverse of the following Inequality D, which
was proved by Pachpatte [6]:

Inequality D.

kX
mD1

rX
nD1

PmQn� .Am/ .Bn/

mCn
�

p
kr

2

0@ kX
mD1

.k�mC1/.pm� .am//
2

1A 1
2

�

 
rX

nD1

.r �nC1/.qn .bn//
2

! 1
2

:

The proofs of Theorems 3 and 4 can be completed by following the same steps as
in the proof of Theorem 2 with suitable changes. Here, we omit the details.
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Mihály Bencze
6 Harmanului St., 505600 Sacele-Négyfalu, Jud. Brasov, Romania
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RINGS
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Abstract. Let R be a prime ring with characteristics different from two, ˛;ˇ 2 Aut.R/, and I a
nonzero ideal of R. Let d WR!R be a .˛;ˇ/-derivation and f WR!R be generalized .˛;ˇ/-
derivation associated with d . In this case: (i) if af .x/D 0 (f .x/aD 0) for all x 2 I , then aD 0;
(ii) if ˇd D dˇ and Œf .x/;a� D 0 for all x 2 I , then a 2 Z or d.a/ D 0; (iii) if f acts as an
endomorphism or anti-homomorphism on I , then d D 0; (iv) if ˇd D dˇ and f .xy/D f .yx/
for all x;y 2 I then R is a commutative ring; (v) if f satisfies f .x2/D f .x/˛.x/Cˇ.x/d.x/
for all x 2 I , then f .xy/D f .x/˛.y/Cˇ.x/d.y/ for all x;y 2 I:

1991 Mathematics Subject Classification: 16W25, 16N60

Keywords: generalized derivation, .˛;ˇ/-derivation, Jordan derivation

1. INTRODUCTION

The notion of a generalized derivation of a prime ringR was introduced by M. Bre-
šar [6] and B. Hvala [10]. An additive map f of an associative ring R is called a
generalized derivation if there is a derivation d of R such that

f .xy/D f .x/yCxd .y/ for all x;y 2R:

A similar notion was used by A. Nakajima [12] and N. Argaç and E. Albaş [1], who
established a series of categorical properties.

As a well-known result proved by I. N. Herstein in [9, Theorem] states that if R is
a prime ring of characteristics different from two and if d is a nonzero derivation of
R such that Œd .x/ ;a�D 0 for all x 2R, then eitherR is commutative or a 2Z. Later
on, the authors extended this result to .�;�/-derivation in [3]. In [8], Jui-Chi Chang
showed that several results hold for any generalized .˛;ˇ/-derivation of a prime ring.
The purpose of this note is to generalize these theorems for a nonzero ideal of prime
ring and generalized .˛;ˇ/-derivation of R:

In [4], H. E. Bell and L. C. Kappe proved that d is a derivation ofR which is either
an endomorphism or anti-endomorphism in semi-prime ring R or nonzero right ideal
of R, then d D 0. In view of this result, it is natural to question whether this result is
true for generalized .˛;ˇ/-derivations of a prime ring. Our second aim in this paper

c
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is to show that the above mentioned result holds for generalized .˛;ˇ/-derivation of
a prime ring.

In [7], M. Brešar and J. Vukman proved that every .˛;ˇ/-Jordan derivation on a
prime ring with characteristics different from two is a .˛;ˇ/-derivation. We showed
that this result holds for generalized .˛;ˇ/-derivations on a nonzero ideal of prime
ring R.

Throughout this paper, R will be a prime ring with charR ¤ 2, I a nonzero ideal
of R; Z the center of R. Let ˛ and ˇ be two automorphisms of R into itself. For any
two elements x;y of R; we denote Œx;y�D xy�yx and make extensive use of the
basic commutator identity Œxy;´�D x Œy;´�C Œx;´�y:

2. RESULTS

Definition 1 ([8, Definition 1]). Let R be a ring, ˛ and ˇ automorphisms of R
and d a .˛;ˇ/-derivation of R: An additive mapping f W R! R is said to be right
generalized .˛;ˇ/-derivation associated with d if

f .xy/D f .x/˛ .y/Cˇ .x/d .y/ for all x;y 2R: (2.1)

and f is said to be left generalized .˛;ˇ/-derivation associated with d if

f .xy/D d .x/˛ .y/Cˇ .x/f .y/ for all x;y 2R: (2.2)

f is said to be a generalized .˛;ˇ/-derivation associated with d if it is both a left and
right generalized .˛;ˇ/-derivation associated with d .

Lemma 1 ([8, Lemma 4]). Let f ¤ 0 be a generalized .˛;ˇ/-derivation of prime
ring R associated with d and a 2R.

(i) If af .x/D 0 for all x 2R, then aD 0:
(ii) If f .x/aD 0 for all x 2R, then aD 0:

Lemma 2. LetR be a prime ring with characteristics not equal to two, I a nonzero
ideal of R and f W R! R be a generalized .˛;ˇ/-derivation of prime ring R asso-
ciated with d . If f .x/D 0 for all x 2 I , then f D 0:

Proof. For all x;y 2 I

0D f .xy/D f .x/˛ .y/Cˇ .x/d .y/

and so,
Iˇ�1.d .y//D 0 for all y 2 I:

Since R is a prime ring, we get d .y/ D 0; for all y 2 I: Hence, by the hypothesis,
0D f .xy/D f .x/˛ .y/ for all x 2 I;r 2R. This yields that f D 0: �

Lemma 3. Let f ¤ 0 be a generalized .˛;ˇ/-derivation of prime ring R associ-
ated with nonzero .˛;ˇ/-derivation d; I a nonzero ideal of R and a 2R.

(i) If af .x/D 0 for all x 2 I , then aD 0:
(ii) If f .x/aD 0 for all x 2 I , then aD 0:
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Proof. (i) For any x 2 I;r 2R;

0D af .xr/D af .x/˛ .R/Caˇ .x/d .R/

and so,
ˇ�1.a/Iˇ�1 .d .R//D 0:

Since I is a nonzero ideal of prime ring R and d ¤ 0; we get aD 0:
(ii) Similarly. �

Theorem 1. Let R be a prime ring with characteristics not two, I a nonzero ideal
of R and f W R! R be a generalized .˛;ˇ/-derivation of prime ring R associated
with nonzero .˛;ˇ/-derivation d . If f .x/ 2Z for all x 2 I , thenR is a commutative
ring.

Proof. By the hypothesis for all x;y 2 I;

0D Œ˛ .y/ ;f .xy/�D Œ˛ .y/ ;f .x/˛ .y/Cˇ .x/d .y/�

D ˇ .x/ Œ˛ .y/ ;d .y/�C Œ˛ .y/ ;ˇ .x/�d .y/

D ˇ .x/˛ .y/d .y/�ˇ .x/d .y/˛ .y/C˛ .y/ˇ .x/d .y/�ˇ .x/˛ .y/d .y/

and so,
˛ .y/ˇ .x/d .y/�ˇ .x/d .y/˛ .y/D 0 for all x;y 2 I: (2.3)

Writing x´;´ 2 I by x in (2.3) and using this equation, we have

0D ˛ .y/ˇ .x/ˇ.´/d .y/�ˇ .x/ˇ.´/d .y/˛ .y/

D ˛ .y/ˇ .x/ˇ.´/d .y/�ˇ .x/˛ .y/ˇ.´/d .y/

D Œ˛ .y/ ;ˇ .x/�ˇ.´/d .y/ :

Using I a nonzero ideal of prime ring R and d ¤ 0; one can obtain that R is a com-
mutative ring. �

Theorem 2. Let R be a prime ring with characteristics not two, I a nonzero
ideal of R;d be a nonzero .˛;ˇ/-derivation such that dˇ D ˇd and f W R! R be
a generalized .˛;ˇ/-derivation of prime ring R associated with d and a 2 R. If
Œf .x/ ;a�D 0 for all x 2 I , then a 2Z or d.a/D 0.

Proof. By the hypothesis for all x 2R;y 2 I , we get

0D Œf .xy/ ;a�D Œd .x/˛ .y/Cˇ .x/f .y/ ;a�

D d .x/ Œ˛ .y/ ;a�C Œd .x/ ;a�˛ .y/C Œˇ .x/ ;a�f .y/

D d .x/˛ .y/a�d .x/a˛ .y/Cd .x/a˛ .y/�ad .x/˛ .y/

Cˇ .x/af .y/�aˇ .x/f .y/

and so,

d .x/˛ .y/a�ad .x/˛ .y/Cˇ .x/af .y/�aˇ .x/f .y/D 0 (2.4)
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for all x 2R;y 2 I . Writing y´;´ 2R by y in (2.4) and using (2.4), we get

0D d .x/˛ .y/˛.´/a�ad .x/˛ .y/˛.´/

Cˇ .x/af .y/˛.´/Cˇ .x/aˇ .y/d.´/�

�aˇ .x/f .y/˛.´/�aˇ .x/ˇ .y/d.´/

D d .x/˛ .y/˛.´/a�ad .x/˛ .y/˛.´/C .ˇ .x/af .y/�

�aˇ .x/f .y//˛.´/Cˇ .x/aˇ .y/d.´/�aˇ .x/ˇ .y/d.´/

D d .x/˛ .y/˛.´/a�d .x/˛ .y/a˛.´/Cˇ .x/aˇ .y/d.´/

�aˇ .x/ˇ .y/d.´/

and so,
d .x/˛ .y/ Œ˛.´/;a�C Œˇ .x/ ;a�ˇ .y/d.´/D 0 (2.5)

for all x;´ 2R;y 2 I: Replacing x by ˇ�1.a/ in (2.5), we have

d.ˇ�1.a//˛ .y/ Œ˛.´/;a�D 0; for all ´ 2R;y 2 I:

Since I is a nonzero ideal of prime ring R and dˇ D ˇd; we get d.a/ D 0 or a 2
Z: �

Theorem 3. Let R be a prime ring with characteristics not two, I a nonzero
ideal of R;d be a nonzero .˛;ˇ/-derivation such that dˇ D ˇd and f WR!R be a
generalized .˛;ˇ/-derivation of prime ringR associated with d . If Œf .x/ ;f .y/�D 0
for all x;y 2 I , then R is a commutative ring or df D 0.

Proof. By Theorem 2, we have f .I / � Z or df D 0: The proof is completed by
Theorem 1. �

Theorem 4. Let R be a prime ring with characteristics not two, I a nonzero ideal
of R and f W R! R be a generalized .˛;ˇ/-derivation of prime ring R associated
with d . If f .xy/D f .x/f .y/ for all x;y 2 I , then d D 0.

Proof. For any x;y 2 I;

f .xy/D f .x/˛ .y/Cˇ .x/d .y/D f .x/f .y/ ; for all x;y 2 I: (2.6)

Writing xw;w 2 I for x in (2.6), we have

f .xw/˛ .y/Cˇ.xw/d .y/D f .xw/f .y/

Since d acts as a homomorphism on I , we get

f .x/f .w/˛ .y/Cˇ.xw/d .y/D f .x/f .w/f .y/D f .x/f .wy/

D f .x/f .w/˛ .y/Cf .x/ˇ.w/d .y/

and so, we have ˇ .x/ˇ.w/d .y/D f .x/ˇ.w/d .y/ ; i. e.,

.ˇ .x/�f .x//ˇ.w/d .y/D 0; for all x;y 2 I:
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Since I a nonzero ideal of prime ring R and ˇ an automorphism of R; we conclude
that

f .x/D ˇ .x/ ; for all x 2 I or d .y/D 0; for all y 2 I:
Let us assume that f .x/D ˇ .x/ ; for all x 2 I: Replacing x by xy;y 2 I; we have
f .xy/D ˇ .xy/ and d .x/˛ .y/Cˇ .x/f .y/D ˇ .x/ˇ .y/D ˇ .x/f .y/ :

Thus, we obtain that d .x/ D 0 for all x 2 I for any cases. That is d D 0: This
completes the proof. �

Theorem 5. Let R be a prime ring with characteristics not two, I a nonzero ideal
of R and f W R! R be a generalized .˛;ˇ/-derivation of prime ring R associated
with d . If f .xy/D f .y/f .x/ for all x;y 2 I , then d D 0.

Proof. Since d acts as an anti-homorphism on I; we get

f .xy/D d .x/˛ .y/Cˇ .x/f .y/D f .y/f .x/ ; for all x;y 2 I: (2.7)

Replacing y by xy;y 2 I in (2.7), we obtain d .x/˛ .xy/Cˇ .x/f .xy/Df .xy/f .x/,

d .x/˛ .xy/Cˇ .x/f .y/f .x/D d .x/˛ .y/f .x/Cˇ .x/f .y/f .x/

and so,
d .x/˛ .x/˛ .y/D d .x/˛ .y/f .x/ ; for x;y 2 I: (2.8)

Substituting yw;w 2 I for y in this equation and using (2.8), we get

0D d .x/˛ .x/˛ .y/˛.w/�d .x/˛ .y/˛.w/f .x/

D d .x/˛ .y/f .x/˛.w/�d .x/˛ .y/˛.w/f .x/

D d .x/˛ .y/ Œf .x/ ;˛.w/�:

Since ˛ is an automorphism and I a nonzero ideal of prime ring R; we obtain

d .x/D 0 or Œf .x/ ;˛.w/�D 0; for all x;w 2 I:

Now let us define A D fx 2 I j d .x/D 0g and B D fx 2 I jŒf .x/ ;˛.w/� D 0; for
all w 2 I g: Clearly each A and B is an additive subgroup of I: Moreover, I is the
set theoretic union of A and B: But a group cannot be the set theoretic union of two
proper subgroups, hence A D I or B D I: In the former case, we have d .R/ D 0,
which completes the proof. If B D I , then we get

0D Œf .x/ ;˛.wr/�D ˛.w/Œf .x/ ;˛ .R/�

for all x;w 2 I;r 2R:
Thus, we obtain that f .I /�Z: Since f acts as an endomorphism of R; it follows

that d D 0, via Theorem 4. �

Theorem 6. Let R be a prime ring with characteristics not two, I a nonzero ideal
of R and f W R! R be a generalized .˛;ˇ/-derivation of prime ring R associated
with nonzero .˛;ˇ/-derivation d . If ˇd D dˇ and f .xy/D f .yx/ for all x;y 2 I ,
then R is a commutative ring.
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Proof. Let c 2 I be a constant element such that f .c/D 0 (i. e., Œx;y�) and ´ be
an arbitrary element of I: The condition thatf .c´/D f .´c/ yields that f .c/˛.´/C
ˇ.c/d.´/D d.´/˛.c/Cˇ.´/f .c/ and so,

ˇ.c/d.´/D d.´/˛.c/; for ´ 2 I:

Thus Œd.´/;c�˛;ˇ D 0; for all ´2 I:Replacing ´ byw´;w 2 I and using this equation,
we have

0D Œd.w´/;c�˛;ˇ D Œd.w/˛.´/Cˇ.w/d.´/;c�˛;ˇ

D d.w/˛.Œ´;c�/C Œd.w/;c�˛;ˇ˛.´/Cˇ.w/Œd.´/;c�˛;ˇ Cˇ.Œw;c�/d.´/

and so,
d.w/˛.Œ´;c�/Cˇ.Œw;c�/d.´/D 0; for all w;´ 2 I: (2.9)

Writing c (since c 2 I ) by ´ in (2.9), we have ˇ.Œw;c�/d.c/ D 0:This gives us
Œw;c�ˇ�1.d.c//D 0; for all w 2 I; all c 2 I such that f .c/D 0: If we take rw;r 2
R;w 2 I instead of w in this equation, we have

Œr;c�wˇ�1.d.c//D 0; for all r 2R:

Since I is a nonzero ideal of prime ring R; we obtain

c 2Z or d.c/D 0; for all c 2 I such that f .c/D 0:

So, we obtain
Œx;y� 2Z or d.Œx;y�/D 0; for all x;y 2 I:

because of f .Œx;y�/D 0; for all x;y 2 I: If d.Œx;y�/D 0; for all y 2 I g:
This shows that additive group I is the union of two of its additive subgroups

AD fx 2 I j d.Œx;y�/D 0; for all y 2 I g and B D fx 2 I j Œx;y� 2Z; for all y 2 I g:
If I D A, then R is a commutative ring (i. e., Œx;y� 2 Z; for all x;y 2 I ) by

[2, Theorem 3]. So, we can take I D B and Œx;y� 2Z; for all x;y 2 I: Let us define
an inner derivation Ix W R! R;I 2x .y/D 0; for all y 2 I: This shows I � Z and so
R is a commutative ring by [5, Theorem 1]. �

Definition 2. Let R be a ring, ˇ and ˛ automorphisms of R and d a .˛;ˇ/-
derivation of R: An additive mapping f W R ! R is said to be right generalized
.˛;ˇ/-Jordan derivation associated with d if

f .x2/D f .x/˛ .x/Cˇ .x/d .x/ for all x 2R: (2.10)

and f is said to be left generalized .˛;ˇ/-Jordan derivation associated with d if

f .x2/D d .x/˛ .x/Cˇ .x/f .x/ for all x 2R: (2.11)

f is said to be a generalized .˛;ˇ/-Jordan derivation associated with d if it is both a
left and right generalized .˛;ˇ/-Jordan derivation associated with d .
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Lemma 4. Let f W R! R be a right generalized .˛;ˇ/-Jordan derivation on I:
For all x;y;´ 2 I;

f .xyCyx/D f .x/˛ .y/Cˇ .x/d .y/Cf .y/˛ .x/Cˇ .y/d .x/ I (1)

f .xyx/D f .x/˛.yx/Cˇ .x/d .y/˛ .x/Cˇ .xy/d .x/ I (2)

f .xy´C´yx/D f .x/˛.y´/Cˇ .x/d .y/˛.´/Cˇ .xy/d.´/

Cf .´/˛.yx/Cˇ.´/d .y/˛ .x/Cˇ.´y/d .x/

Cf .´/˛.yx/Cˇ.´/d .y/˛ .x/Cˇ.´y/d .x/ : (3)

Proof. Assertion (1). Linearizing (2.10), we get

f ..xCy/2/D f ..xCy/.xCy/D f .x2CxyCyxCy2/

D f .x2/Cf .xyCyx/Cf .y2/

D f .x/˛ .x/Cˇ .x/d .x/

Cf .xyCyx/Cf .y/˛ .y/Cˇ .y/d .y/ (2.12)

for all x;y 2 I . On the other hand,

f ..xCy/2/D f .xCy/˛.xCy/Cˇ.xCy/d.xCy/

D f .x/˛ .x/Cf .y/˛ .x/Cf .x/˛ .y/Cf .y/˛ .y/

Cˇ .x/d .x/CCˇ .x/d .y/Cˇ .y/d .x/Cˇ .y/d .y/ (2.13)

for all x;y 2 I . Comparing (2.12) and (2.13), we have

f .xyCyx/D f .x/˛ .y/Cˇ .x/d .y/Cf .y/˛ .x/Cˇ .y/d .x/

for all x;y 2 I .

Assertion (2). Replacing y by xyCyx in (1), we get

f .x.xyCyx/C .xyCyx/x/D f .x2yCxyxCxyxCyx2/

D f .x2yCyx2/C2f .xyx/

D f .x2/˛ .y/Cˇ.x2/d .y/Cf .y/˛.x2/

Cˇ .y/d.x2/C2f .xyx/

D f .x/˛ .xy/Cˇ .x/d .x/˛ .y/Cˇ.x2/d .y/

Cf .y/˛.x2/Cˇ .y/d .x/˛ .x/

Cˇ.yx/d .x/C2f .xyx/ (2.14)
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for all x;y 2 I: On the other hand, we have

f .x.xyCyx/C .xyCyx/x/D f .x/˛.xyCyx/Cˇ .x/d.xyCyx/

Cf .xyCyx/˛ .x/Cˇ.xyCyx/d .x/

D f .x/˛ .xy/Cf .x/˛.yx/Cˇ .x/d .x/˛ .y/Cˇ.x2/d .y/

Cˇ .x/d .y/˛ .x/Cˇ .xy/d .x/Cf .x/˛.yx/

Cˇ .x/d .y/˛ .x/Cf .y/˛.x2/Cˇ .y/d .x/˛ .x/

Cˇ .xy/d .x/Cˇ.yx/d .x/ (2.15)

for all x;y 2 I: Comparing (2.14) and (2.15) and using charR ¤ 2, we get the re-
quired result.

Assertion (3). Linearizing (2) on x; we get

f ..xC´/y.xCy//D f .xyxCxy´C´yxC´y´/

D f .xyx/Cf .xy´C´yx/Cf .´y´/

D f .x/˛.yx/Cˇ .x/d .y/˛ .x/Cˇ .xy/d .x/

Cf .xy´C´yx/Cf .´/˛.y´/

Cˇ.´/d .y/˛.´/Cˇ.´y/d.´/ (2.16)

for all x;y;´ 2 I . Computing now f ..xC´/y.xC´// in another way, we get

f ..xC´/y.xC´//D f .xC´/˛.yxCy´/Cˇ.xC´/d .y/˛.xC´/

Cˇ.xyC´y/d.xC´/

D f .x/˛.yx/Cf .x/˛.y´/Cf .´/˛.yx/Cf .´/˛.y´/

Cˇ .x/d .y/˛ .x/Cˇ .x/d .y/˛.´/

Cˇ.´/d .y/˛ .x/Cˇ.´/d .y/˛.´/

Cˇ .xy/d .x/Cˇ .xy/d.´/Cˇ.´y/d .x/

Cˇ.´y/d.´/ (2.17)

for all x;y;´ 2 I . Comparing (2.16) and (2.17), we have

f .xy´C´yx/D f .x/˛.y´/Cˇ .x/d .y/˛.´/Cˇ .xy/d.´/Cf .´/˛.yx/

Cˇ.´/d .y/˛ .x/Cˇ.´y/d .x/

for all x;y;´ 2 I: �

We introduce the abbreviation

xy D f .xy/�f .x/˛ .y/�ˇ .x/d .y/

for all x;y 2 I:
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Observe that, by Lemma 4 (1), we have f .xyCyx/D f .x/˛ .y/Cˇ .x/d .y/C
f .y/˛ .x/C ˇ .y/d .x/ and so, f .xy/� f .x/˛ .y/� ˇ .x/d .y/ D �.f .yx/�
f .y/˛ .x/�ˇ .y/d .x//: That is,

xy D�yx for all x;y 2 I: (2.18)

Lemma 5. Let f W R! R be a right generalized .˛;ˇ/-Jordan derivation on I .
For all x;y 2 I;

xy Œ˛ .x/ ;˛ .y/�D 0:

Proof. Replacing ´ by xy in Lemma 4 (3), we get

f ..xy/2Cxy2x/D f ..xy/2/Cf .xy2x/D f .xy/˛ .xy/Cˇ .xy/d .xy/

Cf .x/˛.x2y/Cˇ .x/d.y2/˛ .x/Cˇ.xy2/d .x/

D f .xy/˛ .xy/Cˇ .xy/d .x/˛ .y/Cˇ.xyx/d .y/

Cf .x/˛.x2y/Cˇ .x/d .y/˛.yx/

Cˇ .xy/d .y/˛ .x/Cˇ.xy2/d .x/ (2.19)

for all x;y 2 I . On the other hand, we get

f .xy .xy/C .xy/yx/D f .x/˛.yxy/Cˇ .x/d .y/˛ .xy/Cˇ .xy/d .xy/

Cf .xy/˛.yx/Cˇ .xy/d .y/˛ .x/Cˇ.xy2/d .x/

D f .x/˛.yxy/Cˇ .x/d .y/˛ .xy/Cˇ .xy/d .x/˛ .y/

Cˇ.xyx/d .y/Cf .xy/˛.yx/Cˇ .xy/d .y/˛ .x/

Cˇ.xy2/d .x/ (2.20)

for all x;y 2 I . Comparing these two equations, we have

f .xy/˛ .xy/Cf .x/˛.y2x/Cˇ .x/d .y/˛.yx/

D f .x/˛.yxy/Cˇ .x/d .y/˛ .xy/Cf .xy/˛.yx/:

That is, xy Œ˛ .x/ ;˛ .y/�D 0 for all x;y 2 I: �

Theorem 7. Let R be a non-commutative prime ring with characteristics not two,
I a nonzero ideal of R: If f be a right generalized .˛;ˇ/-Jordan derivation on I ,
then f is generalized .˛;ˇ/-derivation on I:

Proof. From Lemma 4 (3), we have

f .xwyCywx/D f .x/˛.wy/Cˇ .x/d.w/˛ .y/Cˇ.xw/d .y/

Cf .y/˛.wx/Cˇ .y/d.w/˛ .x/Cˇ.yw/d .x/ (2.21)
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for all x;y;w 2 I . Replacing x by xy and y by yx in (2.21), we get

f ..xy/w.yx/C .yx/w .xy//D f .xy/˛.wyx/Cˇ .xy/d.w/˛.yx/

Cˇ.xyw/d.yx/Cf .yx/˛.wxy/

Cˇ.yx/d.w/˛ .xy/Cˇ.yxw/d .xy/

D f .xy/˛.wyx/Cˇ .xy/d.w/˛.yx/Cˇ.xyw/d .y/˛ .x/

Cˇ.xywy/d .x/Cf .yx/˛.wxy/Cˇ.yx/d.w/˛ .xy/

Cˇ.yxw/d .x/˛ .y/Cˇ.yxwx/d .y/ (2.22)

for all x;y;w 2 I . On the other hand, we have

f ..xy/w.yx/C .yx/w .xy//D f .x.ywy/x/Cf .y.xwx/y/

D f .x/˛.ywyx/Cˇ .x/d.ywy/˛ .x/Cˇ.xywy/d .x/

Cf .y/˛.xwxy/Cˇ .y/d.xwx/˛ .y/Cˇ.yxwx/d .y/

D f .x/˛.ywyx/Cˇ .x/d .y/˛.wyx/Cˇ .xy/d.w/˛.yx/

Cˇ.xyw/d .y/˛ .x/Cˇ.xywy/d .x/Cf .y/˛.xwxy/

Cˇ .y/d .x/˛.wxy/Cˇ.yx/d.w/˛ .xy/

Cˇ.yxw/d .x/˛ .y/Cˇ.yxwx/d .y/ (2.23)

for all x;y;w 2 I . Comparing equations (2.22) and (2.23), we obtain

ff .yx/�f .y/˛ .x/�ˇ .y/d .x/g˛.w/˛ .xy/

Cff .xy/�f .x/˛ .y/�ˇ .x/d .y/g˛.w/˛.yx/D 0

and hence
yx˛.w/˛ .xy/Cxy˛.w/˛.yx/D 0

for all x;y;w 2 I: Using (2.18), we get xy˛.I /˛.Œy;x�/D 0 for all x;y 2 I: Since I
is a nonzero ideal of prime ring R; we obtain for each pair x;y 2 I either xy D 0 or
Œx;y� D 0: Notice that the mappings .x;y/! xy and .x;y/! Œx;y� satisfy the
requirements of [5, Lemma 4]. Hence xy D 0 for all x;y 2 I or Œx;y�2 D 0 for all
x;y 2 I: If Œx;y�2D 0 for all x;y 2 I , then for each x 2 I; Ix .y/2D 0; for all y 2 I;
where Ix is the inner derivation. This yields that R is commutative, a contradiction
by [11, Theorem 3]. Thus, we have xy D 0 for all x;y 2 I: This completes the
proof. �
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Abstract. By the method of delta-like sequence, a generalized integral transformation of Meler–
Fok type one the segment ŒR0;R� with n contact points is obtained. We consider main examples
of application of the transform for the solution of singular boundary value problems of mathe-
matical physics of non-isotopic solids.
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1. INTRODUCTION

In solving linear boundary and mixed problems of mathematical physics of ho-
mogeneous environments in the spherical system of coordinates by the method of
separation of variables, the equations with the differential Legendres operator

�m D
d2

dr2
C cthr

d

dr
C
1

4
�
m2

sh2 r
; m� 0 (1.1)

arise. The direct

F0 Œf .r/�D

Z 1
0

f .r/P
� 1
2
Ci� .chr/shr dr � Qf .�/ (1.2)

and inverse

F�10 Œ Qf .�/�D

Z 1
0

Qf .�/P
� 1
2
Ci� .chr/� th.��/d�� f .r/ (1.3)

integral transforms generated in the polar axis r � 0 by the Legendres differential
operator

�0 D
d2

dr2
C cthr

d

dr
C
1

4
; (1.4)

were first obtained in 1861 by F. G. Meler and strictly substantiated by V. A. Fok
[4] and M. M. Lebedev [12]. These transforms are efficiently used for solving
axis-symmetrical problems of the theory of potential in the domains formed by two

c
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spheres that intersect and in the domains limited by the surfaces of hyperboloids of
rotation and toroidal surfaces.

In the case of absence of axial symmetry the generalized integral transforms of
Meler–Fok are used [14]:

Fm Œf .r/�D

Z 1
0

f .r/ Pm
� 1
2
Ci�

.chr/shrdr � Qf .�/ ; (1.5)

F�1m Œ Qf .�/�D . �1/m
Z 1
0

Qf .�/ P�m
� 1
2
Ci�

.chr/ � th.��/ d�� f .r/ I (1.6)

they are generated by a differential operator �m .mD 1; 2; 3; : : :/ on the polar axis
r � 0. The integral transforms of Meler–Fok on the polar axis r � R0 > 0 were
obtained in the papers [1, 15, 16].

A natural generalization of the differential operator (1.1) is [3, 17]

�.�/ D
d2

dr2
C cthr

d

dr
C
1

4
C
1

2

 
�21

1� chr
C

�22
1C chr

!
; (1.7)

where .�/ D .�1I�2/; �1 � �2 > 0. Operator (1.7) will be called the generalized
Legendres differential operator. It is obvious that at �1 D �2 Dm an operator (1.7)
coincides with operator (1.1).

The integral transforms of Meler–Fok type generated on the polar axis r � 0,
r � R0 > 0 and the polar segments Œ0;R� and ŒR0;R� by the generalized Legendres
differential operator (1.7) are obtained in [8–10]. Proper hybrid integral transforms,
generated in these axes with one, two and n contact points by a hybrid Legendres
differential operator are considered in [5–7]. In this paper, by using the method
of a delta-like sequence [13], limited hybrid integral transforms of Meler–Fok type
are constructed on the segment ŒR0;R� with n contact points. The transforms ob-
tained are applied to the solving of some singular boundary problems of mathematical
physics.

2. BASIC PART

Let us construct the limited integral transform generated in the set

In D

(
r W r 2

nC1[
kD1

.Rk�1;Rk/IR0 > 0; RnC1 �R <1

)
by the generalized hybrid Legendres differential operator

L.�/ D

nC1X
k

� .r �Rk�1�/.Rk � r/a
2
k�.�/k ; (2.1)

where .�/D ..�/1 ; .�/2 ; : : : ; .�/nC1/; .�/k D .�1k;�2k/ ; and � .x/ is the Heavy-
side function.
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For the domain of definition of the operator L.�/ we take the set G of vector-
functions g D .g1;g2; : : : ;gn;gnC1/ which have the following properties:

(1) The vector-function

f .r/D
�
�.�/1 Œg1 .r/� I�.�/2 Œg2 .r/� I : : : I�.�/nC1 ŒgnC1 .r/�

�
is continuous on the set In;

(2) The components gj .r/ of the vector-function g .r/ satisfy the conjugate con-
ditions ��

˛kj1
d

dr
Cˇkj1

�
gk .r/�

�
˛kj2

d

dr
Cˇkj2

�
gkC1 .r/

�ˇ̌̌̌
rDRk

D 0;

j D 1;2, k D 1;n;
(3) The boundary conditions�

˛011
d

dr
Cˇ011

�
g1 .r/

ˇ̌̌̌
rDR0

D 0 .or g0 ¤ 0/;�
˛nC122

d

dr
CˇnC122

�
gnC1 .r/

ˇ̌̌̌
rDRnC1

D 0 .or gR ¤ 0/:

are satisfied.
We suppose that c1kc2k > 0, ˛011 � 0, ˇ011 � 0, ˛nC122 � 0, ˇnC122 � 0,ˇ̌

˛011
ˇ̌
Cˇ011 ¤ 0; ˛nC122 Cˇ

nC1
22 ¤ 0; cjk D ˛

k
2jˇ

k
1j �˛

k
1jˇ

k
2j :

Let us define the numbers

�k D
1

a2
k

nY
jDk

c1j

c2j
; k D 1;n; �n D

1

a2n

c1n

c2n
; �nC1 D

1

a2nC1
;

and the gravimetric function

� .r/D

 
nC1X
kD1

� .r �Rk�1/� .Rk � r/�k

!
shr:

The scalar product of the elements of set G will be defined by a formula

.u;v/D

Z R

R0

u.r/v .r/� .r/dr �

nC1X
kD1

Z Rk

Rk�1

uk .r/vk .r/�k shr dr;

where u 2G, v 2G.
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Theorem 1. The components of the vector-functions u and v from the domain of
definition of operator L.�/ satisfy the basic identity

u0k .Rk/vk .Rk/�uk .Rk/v
0
k .Rk/

D
c2k

c1k

�
u0kC1 .Rk/vkC1 .Rk/�ukC1 .Rk/v

0
kC1 .Rk/

�
: (2.2)

Proof. Let us define the numbers

ck11 D ˛
k
11˛

k
22�˛

k
21˛

k
12; ck12 D ˛

k
11ˇ

k
22�˛

k
21ˇ

k
12;

ck21 D ˇ
k
11˛

k
22�ˇ

k
21˛

k
12; ck22 D ˇ

k
11ˇ

k
22�ˇ

k
21ˇ

k
12

for k D 1;n. From the conjugate conditions

˛k11u
0
k.Rk/Cˇ

k
11uk.Rk/D ˛

k
12u
0
kC1.Rk/Cˇ

k
12ukC1.Rk/;

˛k21u
0
k.Rk/Cˇ

k
21uk.Rk/D ˛

k
22u
0
kC1.Rk/Cˇ

k
22ukC1.Rk/;

by Cramer rule [11] we find the relations

u0k.Rk/D c
�1
1k Œa

k
21u
0
kC1.Rk/Ca

k
22ukC1.Rk/�;

uk.Rk/D�c
�1
1k Œa

k
11u
0
kC1.Rk/Ca

k
12ukC1.Rk/�:

)
(2.3)

Like for v .r/ 2G, we have

v0k.Rk/D c
�1
1k Œa

k
21v
0
kC1.Rk/Ca

k
22vkC1.Rk/�;

vk.Rk/D�c
�1
1k Œa

k
11v
0
kC1.Rk/Ca

k
12vkC1.Rk/�:

)
(2.4)

On the basis of equalities (2.3), (2.4) we find

u0k .Rk/vk .Rk/�uk .Rk/v
0
k .Rk/D

1

c2
1k

�
ak11a

k
22�a

k
12a

k
21

�
�
�
u0kC1 .Rk/vkC1 .Rk/�ukC1 .Rk/v

0
kC1 .Rk/

�
:

Taking into account the inequality ak11a
k
22 � a

k
12a

k
21 D c1kc2k > 0, we obtain the

basic identity (2.2). The theorem is proved. �

Theorem 2. The generalized Legendres differential operatorL.�/ defined by equa-
lity (2.1) is selfconjugate.

Proof. For any u.r/ 2G and v .r/ 2G we have directly

�
L.�/ Œu� ;v

�
D

nC1X
kD1

Z Rk

Rk�1

a2k�.�/k Œuk�vk .r/�k shr dr:
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Let us integrate by parts twice. We get

nC1X
kD1

Z Rk

Rk�1

a2k�.�/k Œuk�vk .r/�k shr dr

D

nC1X
kD1

a2k

��
u0k .r/vk .r/�uk .r/v

0
k .r/

�
�k shr

ˇ̌Rk
Rk�1

C

Z Rk

Rk�1

a2kuk .r/�.�/k Œvk .r/��k shrdr
�

D
�
u.r/ ;�.�/ Œv .r/�

�
C

nX
kD1

˚
�k shRk

�
u0k .Rk/vk .Rk/�uk .Rk/v

0
k .Rk/

�
a2k

�a2kC1�kC1 shRk
�
u0kC1 .Rk/vkC1 .Rk/�ukC1 .Rk/v

0
kC1 .Rk/

�	
C�nC1a

2
nC1 shRkC1Œu

0
nC1 .r/vnC1 .r/�unC1 .r/v

0
nC1 .r/�

��1a
2
1 shR0

�
u01.R0/v1.R0/�u1.R0/v

0
1.R0/

�
: (2.5)

Due to the basic identity (2.2) and the structure of �k we have

a2k�k shRk
�
u0k .Rk/vk .Rk/�uk .Rk/v

0
k .Rk/

�
D a2k�k shRk

c2k

c1k

�
u0kC1 .Rk/vkC1 .Rk/�ukC1 .Rk/v

0
kC1 .Rk/

�
D a2kC1�kC1 shRk

�
u0kC1 .Rk/vkC1 .Rk/�ukC1 .Rk/v

0
kC1 .Rk/

�
:

Consequently, expression in the curly braces equals to zero. If ˛011 ¤ 0, as a result of
the boundary condition in point r DR0 , we have

�du1
dr

v1�u1
dv1

dr

�ˇ̌̌̌
rDR0

D

"
1

˛011

�
˛011

du1

dr
Cˇ011u1

�
�
ˇ011

˛011
u1v1�u1

dv1

dr

#ˇ̌̌̌
rDR0

D
v1.R0/

˛011

�
˛011

du1

dr
Cˇ011u1

�ˇ̌̌̌
rDR0

�
u1.R0/

˛011

�
˛011

dv1

dr
Cˇ011v1

�ˇ̌̌̌
rDR0

D
�
˛011

��1
Œv1.R0/ �0�u1.R0/ �0�� 0:
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If ˛nC122 ¤ 0, in view of the boundary condition at the point r DRnC1, we get�
dunC1

dr
vnC1�unC1

dvnC1

dr

�ˇ̌̌̌
rDRnC1

D ˛nC122

�
vnC1 .RnC1/

�
˛nC122

d

dr
CˇnC122

�
unC1 .r/

ˇ̌̌̌
rDR

unC1 .RnC1/

�
˛nC122

d

dr
CˇnC122

�
vnC1 .r/

ˇ̌̌̌
rDRnC1

#

D
vnC1 .RnC1/

˛nC122

�0�
unC1 .RnC1/

˛nC122

�0� 0:

Consequently, as a result of the boundary conditions, expressions in points r D R0
and r DR�RnC1 equal a zero. Equality (2.5) gives

�
L.�/ Œu� ;v

�
D

nC1X
kD1

a2k

Z Rk

Rk�1

�.�/k Œuk�vk .r/�k shr dr D .u;L.�/ Œv�/:

The last equality means that the operator L.�/ is selfconjugate. The theorem is
proved. �

As an operator L.�/ in the set In has not the special points and is selfconjugate,
its spectrum is discrete and real [2].

Let us find eigenvalues and vector eigenfunctions of the GDLO L.�/ defined by
equality (2.1) as a solution of spectral Schturm–Liouville problem: to construct non-
trivial limited in the set In solution of the separate system of the generalized Legen-
dres differential equations�

�.�/j Cb
2
j

�
V.�/Ij .r;ˇ/D 0; r 2

�
Rj�1;Rj

�
; j D 1;nC1 (2.6)

under the boundary conditions�
˛011

d

dr
Cˇ011

�
V.�/I1 .r;ˇ/

ˇ̌̌̌
rDR0

D 0;�
˛nC122

d

dr
CˇnC122

�
V.�/InC1 .r;ˇ/

ˇ̌̌̌
rDRnC1

D 0

(2.7)

and the conjugate conditions��
˛kj1

d

dr
Cˇkj1

�
V.�/Ik .r;ˇ/

�

�
˛kj2

d

dr
Cˇkj2

�
V.�/IkC1 .r;ˇ/

�ˇ̌̌̌
rDRk

D 0; j D 1;2; k D 1;n; (2.8)
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where bj D a�1j .ˇ2C 
2j /
1=2, aj > 0, 
2j � 0, j D 1;nC1, and ˇ is a spectral

parameter.
The presence of the fundamental system of solutions [17] allows us to search for

the solution of homogeneous boundary problem (2.6), (2.7), (2.8) according to the
rule

V.�/Ij .r;ˇ/D CjA
.�/j
�1=2Cibj

.chr/CDjB
.�/j
�1=2Cibj

.chr/ ; j D 1;nC1:

The boundary conditions (2.7) and conjugate conditions (2.8) for the determination
of the values Cj and Dj .j D 1;nC1/ give the following system of .2nC 2/ D
2.nC1/ algebraic equations:

Y
.�/1;01

�1=2Cib1I11
.chR0/C1CY

.�/1;02

�1=2Cib1I11
.chR0/D1 D 0;

Y
.�/j ;j1

�1=2Cibj Im1

�
chRj

�
Cj CY

.�/j ;j 2

�1=2Cibj Im1

�
chRj

�
Dj

�Y
.�/jC1;j1

�1=2CibjC1Im2

�
chRj

�
CjC1

�Y
.�/jC1;j2

�1=2CibjC1Im2

�
chRj

�
DjC1 D 0; j D 1;n;

Y
.�/nC1InC1;1

�1=2CibnC1I22
.chRnC1/CnC1

CY
.�/nC1InC1;2

�1=2CibnC1I22
.chRnC1/DnC1 D 0; mD 1;2:

‡

(2.9)

Let us define the functions

!
.0/

.�/1I1
.ˇ/D Y

.�/1I01

�1=2Cib1I11
.chR0/ ;

!
.0/

.�/1I2
.ˇ/D Y

.�/1I02

�1=2Cib1I11
.chR0/

and put

 k..�/k I.�/kC1/Imj
.ˇ;chRk;chRkC1/

D Y
.�/k Ikm

�1=2Cibk I11
.chRk/Y

.�/kC1Ikj

�1=2CibkC1I22
.chRkC1/

�Y
.�/k Ikm

�1=2Cibk I21
.chRk/Y

.�/kC1Ikj

�1=2CibkC1I12
.chRkC1/ ; k D 1;n;

and

!
.k/

.�/kC1Ij
.ˇ/D !

.k�1/

.�/k I2
.ˇ/ k

..�/k I.�/kC1/I1j
.ˇ;chRk;chRkC1/

�!
.k�1/

.�/k I1
.ˇ/ k

..�/k I.�/kC1/I2j
.ˇ;chRk;chRkC1/ ; j D 1;2; k D 1;n;

where .�/k D ..�/1 ; .�/2 ; : : : ; .�/k/ ; .�/D ..�/1 ; .�/2 ; : : : ; .�/n ; .�/nC1/:
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In order that the algebraic system (2.9) have a non-trivial solution, it is necessary
and sufficient that its determinant be equal zero [11]:

ı.�/In.ˇ/� Y
.�/nC1InC1;1

�1=2CibnC1I22
.chr/!.n/

.�/nC1I2
.ˇ/

�Y
.�/nC1InC1;2

�1=2CibnC1I22
.chr/!.n/

.�/nC1I1
.ˇ/D 0:

The transcendent equation (2.10) is the equation for determination of eigenvalues
of the operator L.�/.

Theorem 3 (On the discrete spectrum). The solutions ˇm of the transcendent
equation (2.10) form a discrete spectrum: they are real, distinct, located symmetri-
cally with respect to ˇD 0, their moduli make a droningly growing number sequence
with a unique maximum point ˇ D1.

We will put in the system (2.10) ˇD ˇm.bj .ˇm/� bjmD a�1j .ˇ2mC

2
j /
1=2/ and

we will cast aside the last equation as a result of linear dependence. If

V.�/I1 .r;ˇm/D A0

�
!
.0/

.�/1I2
.ˇm/A

.�/1
�1=2Cib1m

.chr/

�!
.0/

.�/1I1
.ˇm/B

.�/1
�1=2Cib1m

.chr/
�
; (2.10)

where A0 D A0 .ˇm/ is subject to determination, then equations of the system, ex-
cept the first and last, form n recurrent systems on two equations in each. The first
equation of the system is satisfied. At

A0 ��.�/In .ˇm/D

nY
kD1

c2k

shRk

1

S.�/k .bkm/
;

as a result of solving the recurrent systems, we get the structure of the components
of vector eigenfunction

V.�/I1 .r;ˇm/D�.�/In .ˇm/
�
!
.0/

.�/1I2
.ˇm/A

.�/1
�1=2Cib1m

.chr/

�!
.0/

.�/1I1
.ˇm/B

.�/1
�1=2Cib1m

.chr/
�
;

V.�/Ik .r;ˇm/D

 
nY
sDk

c2s

shRs

1

S.�/s .bsm/

!h
!
.k�1/

.�/k I2
.ˇm/A

.�/k
�1=2Cibkm

.chr/

�!
.k�1/

.�/k I1
.ˇm/B

.�/k
�1=2Cibkm

.chr/
i
I k D 2;nI

V.�/InC1 .r;ˇm/D !
.n/

.�/nC1I2
.ˇm/A

.�/nC1
�1=2CibnC1;m

.chr/

�!
.n/

.�/nC1I1
.ˇm/B

.�/nC1
�1=2CibnC1;m

.chr/ :
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To an eigenvalue ˇm, one (spectral) vector eigenfunction corresponds,

V.�/ .r;ˇm/D

nC1X
kD1

�.r �Rk�1/�.Rk � r/V.�/Ik .r;ˇm/

with the square of the norm equal to

V.�/ .r;ˇm/

2 D �V.�/ .r;ˇm/ ;V.�/ .r;ˇm/�
�

nC1X
kD1

Z Rk

Rk�1

�
V.�/Ik .r;ˇm/

�2
�k shr dr:

Theorem 4 (On a discrete function). The system of the vector eigenfunctions˚
V.�/ .r;ˇm/

	1
mD1

is orthogonal and complete in the set In.

Theorem 5 (A Steklov-type theorem). Any vector-function g .r/ 2 G is repre-
sented by absolutely and uniformly convergent in every compact set I�n � In by a
Fourier series for the system fV.�/ .r;ˇm/g1mD1 of the vector eigenfunctions of the
operator L.�/:

g .r/D

1X
mD1

Z RnC1

R0

g.�/V.�/.�;ˇm/�.�/d�
V.�/ .r;ˇm/

V.�/ .r;ˇm/

2 : (2.11)

The Fourier series (2.11) determines the direct M.�/I4n and inverse M�1
.�/I4n

lim-
ited generalized integral Meler–Fok transform of the second type generated in the set
In by the GDLO L.�/:

M.�/I4n Œg .r/�D

Z R

R0

g .r/V.�/ .r;ˇm/� .r/dr � Qgm D

nC1X
kD1

Qgkm

D

nC1X
kD1

Z Rk

Rk�1

gk .r/V.�/Ik .r;ˇm/�k shr dr: (2.12)

and

M�1.�/I4nŒ Qgm�D

1X
mD1

Qgm
V.�/ .r;ˇm/

V.�/ .r;ˇm/

2 � g .r/ : (2.13)

Theorem 6 (On the basic identity). If the vector-function g 2 G, and the compo-
nents gk of the vector-function g satisfy innhomogeneous boundary conditions and
the innhomogeneous conjugate conditions, then the basic identity for the integral
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transform of the GDLO L.�/ determined by equality (2.1) is true:

M.�/I4n

�
L.�/ .g/

�
D�ˇ2m QgmC�nC1a

2
nC1

C .˛nC122 /�1 shRV.�/InC1.RnC1;ˇm/gR

�a21�1
�
˛011

��1
shR0V.�/I1 .R0;ˇm/g0

�

nC1X
kD1


2k Qgkm

C

nX
kD1

a2k�k .c1k/
�1 shRk

�
Zk.�/I12 .ˇm/!2k

�Zk.�/I22 .ˇm/!1k
�
: (2.14)

The proof of Theorems 2 – 6 repeats the logical scheme of proof of the respective
theorems in [7].

3. APPLICATIONS

The presence of the basic identity (2.14) allows us to apply the integral transforms
inculcated by formulas (2.12) and (2.13) for the construction of the exact analytical
solution of the proper singular problems of the mathematical physics of inhomoge-
neous structures.

3.1. An example: a statics problem

Let us consider the problem to construct, in the domain Dn D f.r;´/ W r 2 InI
´ 2 .�1IC1/g, the bounded solution of the separate elliptic system of equation
with the generalized Legendres operator�

@2

@´2
Ca2j�.�/j ��

2
j

�
uj .r;´/D�fj .r;´/ ; j D 1;nC1 (3.1)

under the boundary conditions�
˛011

@

@r
Cˇ011

�
u1

ˇ̌̌̌
rDR0

D g0 .´/ ;�
˛nC122

@

@r
CˇnC122

�
unC1

ˇ̌̌̌
rDRnC1

D gR .´/

(3.2)
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and the conjugate conditions��
˛0j1

@

@r
Cˇkj1

�
uk .r;´/

�

�
˛nC1j2

@

@r
CˇnC1j2

�
ukC1 .r;´/

�ˇ̌̌̌
rDRk

D !jk .´/ ; (3.3)

where j D 1;2, k D 1;n:
We rewrite system (3.1) in the matrix form0BBBBBB@

�
@2

@´2
Ca21�.�/1 ��

2
1

�
u1 .r;´/�

@2

@´2
Ca22�.�/2 ��

2
2

�
u2 .r;´/

:::�
@2

@´2
Ca2nC1�.�/nC1 ��

2
nC1

�
unC1 .r;´/

1CCCCCCAD�
0BBB@
f1 .r;´/

f2 .r;´/
:::

fnC1 .r;´/

1CCCA :

The integral operator M.�/I4n, in accordance with (2.12), we represent as the op-
erator matrix-row

M.�/I4n Œ � � � �D

�Z R1

R0

� � � V.�/I1 .r;ˇm/�1 shr dr;Z R2

R1

� � � V.�/I2 .r;ˇm/�2 shr dr;

: : : : : : : : :Z Rn

Rn�1

� � � V.�/In .r;ˇm/�n shr drZ RnC1

Rn

� � � V.�/InC1 .r;ˇm/�nC1 shr dr
�
: (3.4)

Let us assume that �21 D max1�j�nC1f�2j g (in the contrary case, it is possible to
renumber these values). Let us put 
2j D �

2
1��

2
j � 0 for j D 1; nC1 and apply, by

the rule of multiplication of matrices, the operator matrix-tow (3.4) to system (3.1).
As a result of identity (2.14), we get a boundary problem on the structure of bounded
solutions of the second-order ordinary differential equation with constant coefficients
in the set I1 D f´ W ´ 2 .�1;C1/g�

d2

d´2
�q2m

�
Qum .´/D� QFm .´/ ; (3.5)
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where qm D
�
ˇ2mC�

2
1

�1=2 and

QFm .´/D Qfm .´/C
�
anC122

��1
shRnC1 V.�/InC1 .R;ˇm/gR .´/

�
�
˛011

��1
shR0a21�1V.�/I1 .R0;ˇm/g0 .´/

C

nX
kD1

a2k�k
shRk
c1k

�
Zk.�/I12 .ˇm/!2k .´/�Z

k
.�/I22

�
ˇ.�/

�
!1k .´/

�
:

It is checked directly that the following function is the unique bounded solution of
equation (3.5):

Qum .´/D

Z 1
�1

1

2qm
e�qmj´�� j QFm .�/d�: (3.6)

The operator M�1
.�/I4n

, in accordance with the rule (2.13), as inverse to (2.12), we
will represent as the operator matrix-column

M�1.�/I4n Œ� � ��D

0BBBBBB@

P1
mD1 � � �

V.�/I1.r;ˇm/

kV.�/.r;ˇm/k
2P1

mD1 � � �
V.�/I2.r;ˇm/

kV.�/.r;ˇm/k
2

: : : : : : : : : : : : : : : : : : : : : :P1
mD1 � � �

V.�/InC1.r;ˇm/

kV.�/.r;ˇm/k
2

1CCCCCCA : (3.7)

We will apply by rule of multiplication of matrices the operator matrix-column to
the matrix-element Œ Qum .´/�, where the function Qum .´/ is defined by formula (3.6).
As a result of elementary transformations, we get the unique bounded solution of the
elliptic problem (3.1), (3.2), (3.3):

uj .r;´/D

nC1X
kD1

Z 1
�1

Z Rk

Rk�1

E.�/Ijk .r;�;´;�/fk .�;�/�k sh�d�d�

C

Z 1
�1

�
W.�/I1j .r;´;�/g0 .�/CW.�/InC1;j .r;´;�/gR .�/

�
d�

C

nX
kD1

Z 1
�1

�
R
jk

.�/I12
.r;´;�/!2k .�/�R

jk

.�/I22
.r;´;�/!1k .�/

�
d�

for j D 1; nC1.
Here, the principal solutions appear: (1) the influence functions generated by the

inhomogeneity of system (3.1):

E.�/Ijk .r;�;´;�/D

1X
mD1

1

2qm
e�qmj´�� j

V.�/Ij .r;ˇm/V.�/Ik .�;ˇm/

V.�/ .r;ˇm/

2 ;

where j;k D 1;nC1I
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(2) Green’s functions generated by boundary condition at r DR0:

W.�/I1k .r;´;�/D�a
2
1�1 shR0

1X
mD1

e�qmj´�� j

2qm

V.�/I1 .R0;ˇm/V.�/Ij .R0;ˇm/

˛011


V.�/ .r;ˇm/

2 I

(3) Green’s functions generated by boundary condition at r DRnC1 �R:

W.�/InC1;j .r;´;�/D
shR

˛nC122

1X
mD1

e�qmj´�� j

2qm

V.�/Ij .r;ˇm/V.�/InC1 .R;ˇm/

V.�/ .r;ˇm/

2 ;

where j D 1; nC1I
(4) Green’s functions generated by inhomogeneity of the conjugate conditions:

R
jk

.�/Is2
.r;´;�/D

1X
mD1

e�qmj´�� j

2qm
a2k�k

shRk
c1k

Zk.�/Is2 .ˇm/
V.�/Ij .r;ˇm/

V.�/ .r;ˇm/

2 ;

where s D 1;2; k D 1;n.
The vector-function u.r;´/D fu1 .r;´/ ;u2 .r;´/ ; : : : ;un .r;´/ ;unC1 .r;´/g deter-

mines the integral image of the unique analytical solution of the given elliptic bound-
ary problem.

3.2. An example: a quasi-statics problem

Let us construct in the domain DCn D f.t; r/ W t 2 .0;1/; r 2 Ing the bounded
solution of the separate system of equation of parabolic type with the generalized
Legendres operator

@u

@t
C�2j uj �a

2
j�.�/j .uj /D fj .t; r/ ; j D 1; nC1 (3.8)

with the initial conditions

uj .t; r/
ˇ̌
tD0
D gj .r/ ; r 2

�
Rj�1;Rj

�
; j D 1;nC1; (3.9)

the boundary conditions �
˛011

@

@r
Cˇ011

�
u1

ˇ̌̌
rDR0

D g0 .t/ ;�
˛nC122

@

@r
CˇnC122

�
unC1

ˇ̌̌
rDRnC1

D gR .t/ ;

ƒ

(3.10)

and the conjugate conditions��
˛kj1

@

@r
Cˇkj1

�
uk �

�
˛kj2

@

@r
Cˇkj2

�
ukC1

�ˇ̌̌̌
rDRk

D !jk .t/ ;

j D 1;2; k D 1;n: (3.11)
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We assume that the compatibility conditions hold:�
˛011

d

dr
Cˇ011

�
g1

ˇ̌̌̌
rDR0

D g0 .0/ ;�
˛nC122

d

dr
CˇnC122

�
gnC1

ˇ̌̌̌
rDRnC1

D gR .0/ ;

and ��
˛kj1

d

dr
Cˇkj1

�
gk �

�
˛kj2

d

dr
Cˇkj2

�
gkC1

�ˇ̌̌̌
rDRk

D !jk .0/

for j D 1;2; k D 1;n:
We rewrite system (3.8) in the matrix form0BBBBBB@

�
@
@t
C�21�a

2
1�.�/1

�
u1 .t; r/�

@
@t
C�22�a

2
2�.�/2

�
u2 .t; r/

:::�
@
@t
C�2nC1�a

2
nC1�.�/nC1

�
unC1

1CCCCCCAD�
0BBB@
f1 .t; r/

f2 .t; r/
:::

fnC1 .t; r/

1CCCA (3.12)

and, similarly, the initial conditions (3.9) in the form0BBB@
u1 .t; r/

u2 .t; r/
:::

unC1 .t; r/

1CCCA
ˇ̌̌̌
ˇ̌̌̌
ˇ
tD0

D

0BBB@
g1 .r/

g2 .r/
:::

gnC1 .r/

1CCCA : (3.13)

Supposing that �21Dmax
˚
�21;�

2
2; : : : ;�

2
n;�

2
nC1

	
, we will apply to problem (3.12),

(3.13), by the rule of multiplication of matrices, the operator matrix-row (3.4). As a
result of identity (2.14), we get the Cauchy problem�

d

dt
Cq2m

�
Qum .t/D QFm .t/ ; QumjtD0 D gmI (3.14)

where QFm .t/ is as above.
The unique solution of the Cauchy problem (3.14) is the function

Qum .t/D e
�q2mtgmC

Z t

0

e�q
2
m.t��/ QFm .�/d�: (3.15)

Let us determine the principal solutions of the given parabolic problem: (1) the
influence functions generated by the presence of the thermal sources

H.�/Ijk .t; r;�/D

1X
mD1

e�q
2
mt
V.�/Ij .r;ˇm/V.�/Ik .�;ˇm/

V.�/ .r;ˇm/

2 ; j;k D 1; nC1I
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(2) Green’s functions generated by the boundary condition at r DR0:

W.�/I1j .t; r/D�a
2
1�1 shR0

1X
mD1

e�q
2
m
t V.�/I1 .R0;ˇm/V.�/Ij .r;ˇm/

˛011


V.�/ .r;ˇm/

2 ;

j D 1;nC1I

(3) Green’s functions generated by the boundary condition at the point r DRnC1:

W.�/InC1;j .t; r/D

1X
mD1

e�q
2
m
t shR

˛nC122

V.�/Ij .r;ˇm/V.�/InC1 .R;ˇm/

V.�/ .r;ˇm/

2 ;

j D 1;nC1I

(4) Green’s functions generated by the inhomogeneity of the conjugate conditions:

R
jk

.�/Ii2
.t; r/D a2k�k

shRk
c1k

1X
mD1

e�q
2
mtZk.�/Ii2 .ˇm/

V.�/Ij .r;ˇm/

V.�/ .r;ˇm/

2 ;
i D 1;2, k D 1;n.

As a result of application to the matrix-element Œ Qum .t/�, where a function Qum .t/ is
defined by a formula (3.15), by rule of multiplication of matrices of operator matrix-
column (3.7), we get the unique bounded solution of parabolic initial-boundary prob-
lem (3.8)–(3.11):

uj .t; r/D

nC1X
kD1

Z t

0

Z Rk

Rk�1

H.�/Ijk .t � �;r;�/ Œfk .�;�/

C ıC .�/gk .�/��k sh�d�d�

C

Z t

�0

�
W.�/I1j .t � �;r/g0 .�/CW.�/InC1;j .t � �;r/gR .�/

�
d�

C

nX
kD1

Z t

0

�
R
jk

.�/I12
.t � �;r/!2k .�/

�R
jk

.�/I22
.t � �;r/!1k .�/

�
d�; (3.16)

where j D 1;nC1; and ıC.�/ is the Dirac measure concentrated at 0C: The vector-
function u.t; r/D fu1 .t; r/ ;u2 .t; r/ ;u3 .t; r/ ; : : : ;un .t; r/ ;unC1 .t; r/g, the compo-
nents ui .t; r/ of which are determined by formulas (3.16), fully describes the exact
analytical solution of the given parabolic problem.
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3.3. An example: a dynamics problem

Consider the problem to construct in the domain DCn the bounded solution of the
separate hyperbolic system of equations with the generalized Legendres operator

�
@2

@t2
C�2j uj �a

2
j�.�/j

�
uj .t; r/D fj .t; r/ ; j D 1;nC1 .38/

under the initial conditions

uj .t; r/
ˇ̌
tD0
D 'j .r/ ;

@uj

@t

ˇ̌̌̌
tD0

D  j .r/ ; j D 1; nC1; .39/

and the boundary conditions (3.10) and the conjugate conditions (3.11).
We assume that the compatibility conditions are satisfied:

�
˛011

d

dr
Cˇ011

�
'1

ˇ̌̌̌
rDR0

D g0 .0/ ;�
˛nC122

d

dr
CˇnC122

�
'nC1

ˇ̌̌̌
rDRnC1

D gR .0/ I��
˛kj1

d

dr
Cˇkj1

�
'k �

�
˛kj2

d

dr
Cˇkj2

�
'kC1

�ˇ̌̌̌
rDRk

D !jk .0/

for j D 1;2, k D 1;n;

�
˛011

d

dr
Cˇ011

�
 1

ˇ̌̌̌
rDR0

D g00 .0/ ;�
˛nC122

d

dr
CˇnC122

�
 nC1

ˇ̌̌̌
rDRnC1

D g0R .0/ ;

and

��
˛kj1

d

dr
Cˇkj1

�
 k �

�
˛kj2

d

dr
Cˇkj2

�
 kC1

�ˇ̌̌̌
rDRk

D !0jk .0/

for j D 1;2, k D 1;n.
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Constructed according to the logical scheme of solving parabolic problem (3.8)–
(3.11), the unique bounded solution of the given hyperbolic problem has the form

uj .t; r/D

nC1X
kD1

Z t

0

Z Rk

Rk�1

H.�/Ijk .t � �;r;�/
�
fk .�;�/

C ıC .�/ k .�/
�
�k sh�d�d�

C
@

@t

nC1X
kD1

Z Rk

Rk�1

H.�/Ijk .t; r;�/'k .�/�k sh�d�

C

Z t

0

�
W.�/I1j .t � �;r/ g0 .�/CW.�/InC1;j .t � �;r/gR .�/

�
d�

C

nX
kD1

Z t

0

�
R
jk

.�/I12
.t � �;r/!2k .�/

�R
jk

.�/I22
.t � �;r/!1k .�/

�
d�; j D 1;nC1: (3.17)

The principal solutions appearing in formulas (3.17) are determined by the formu-
las given above, in which the function exp.�q2mt / is replaced by q�1m sinqmt . Note
that the constructed solutions of statics, quasi-statics and dynamics problems are of
algorithmic character and continuously rely on parameters and data of the problem
under consideration. These solutions can be used in both theoretical research and
engineering calculations.
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PERIODIC OSCILLATION IN THE DELAYED CF-SYSTEM
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Abstract. This paper deals with the stability analysis of an autonomous system of differential
equations and a nonlinear system of reaction diffusion equations with discrete time delay which
models the behavior of a predator population whose dynamics depends on the past history of
the prey population on which it is acting. This delay is regarded as the lag due to gestation of
the predator. Basic mathematical properties of the model are discussed. The most important
observation is that as the delay is increased, the originally asymptotic stable interior equilibrium
loses its stability, furthermore at a certain critical value a Hopf bifurcation takes place: a small
amplitude periodic solution arises. The possibility of a Turing–Hopf, i. e., the occurrence of
time-periodic pattern is also studied.

1991 Mathematics Subject Classification: 92D25 (34K18, 35K57, 92D40)

Keywords: predator-prey system, discrete delay, Hopf bifurcation, diffusion driven instability, peri-
odic oscillation

1. INTRODUCTION

The system of equations constructed by M. Cavani and M. Farkas (CF-system),
which describes the predator-prey interaction with Holling’s type functional response
of the predator is governed by

PN D "N .1�N=K/�ˇNP=.ˇCN/;

PP D�P.
C ıP /=.1CP /CˇNP=.ˇCN/;

)
(1.1)

where dot means differentiation with respect to time t ; N.t/ and P.t/ are the prey
and predator densities at time t , " > 0, ˇ > 0, K > 0 and � > 0 are the specific
growth rate of prey, the conversion rate and the carrying capacity with respect to the
prey, 
 > 0 and ı > 0 are the minimal mortality and the limiting mortality of the
predator, respectively (see [5]). This system has the advantage over the other Gause-
type predator-prey systems (cf. [11]) that here predator mortality is neither a constant
nor an unbounded function (as it is, e. g., in [19] and, respectively, in [16]), still, it is
increasing with quantity. To have more realism the authors of the above system have
introduced an infinite delay into the second equation of the system for prey density
and have shown that under some conditions the increase of the delay destabilizes the

c
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originally stable equilibrium by Hopf bifurcation. Delays play an important role in
the dynamics of populations. In many processes of the real word, especially, in a
great many biological phenomena, the present dynamics, the present rate of change
of the state variables depends not only on the present state of the processes but also on
the history of the phenomenon, on past values of the state variables. As in physical
sciences, in biology there are two traditions on which one can call for insight into
delay problems (see [15]). In population biology one finds many systems in which the
emphasis is on the distribute lag (as in [5]) but there is also a long tradition of using
discrete delays to account for individual development (see [17] and the references
therein).

In this paper we incorporate a discrete lag into the CF-system and into its reaction
diffusion version and study the existence of periodic solutions. This delay will be
considered as the lag due to the gestation of the predator.

The organization of the paper is as follows: the Section 2 is about the basic mathe-
matical properties of the delayed CF-system such as steady states, nonnegativity and
existence of solutions, respectively. In Section 3 we will discuss the stability of the
trivial solution and the existence of Hopf bifurcation. In Section 4 the CF-system will
be modified by assuming that the prey and predator are diffusing according to Ficks
law in a spatial habitat with hexagonal boundary and the effect of the delay on the
stability of the positive equilibrium will be studied.

2. THE MODEL

Let us consider the delayed version of (1.1)

PN D "N .1�N=K/�ˇNP=.ˇCN/;

PP D�P.
C ıP /=.1CP /CˇN.�� �/P=.ˇCN.�� �//

)
(2.1)

with the initial conditions ' D .�1;P / in the Banach space˚
' 2 C

�
Œ��;0� ;R2C

� ˇ̌
�1.�/DN.�/

	
where '1.�/� 0 .� 2 Œ��;0//.

In [5] the authors have shown that the following conditions are reasonable and
natural:


 < ˇ � ı; (2.2)

ˇ <K; (2.3)


 < ˇK=.ˇCK/ I (2.4)

and under these conditions (1.1) has at least three equilibria: .0;0/ and .K;0/ which
are unstable and at least one equilibrium with positive coordinates . xN; xP / as inter-
section of the prey null-cline

P DH1.N /´ .K�N/.ˇCN/"=.ˇK/
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and the predator null-cline

P DH2.N /´ ..ˇ�
/N �ˇ
/=..ı�ˇ/N Cˇı/

which is asymptotically stable if

0 < .K�ˇ/=2� xN .2:5/

holds. If 0 < xN < .K�ˇ/=2, i. e., xN lies in the Allée-effec zone (in the zone where
the increase of the prey density is favorable to its growth rate), then it may or may
not be stable.

Example 1.
(1) For ˇ´ 0:5000, 
´ 0:1000, ı´ 0:5000, "´ 0:1000 andK´ 5:0000 the

equilibrium . xN; xP /D .0:2100;0:1360/ lies in the Allée-effect zone (0:2100<
4:5000=2) and is asymptotically stable (see Figure 1).

FIGURE 1. The interior equilibrium of the system (1.1) showing its
asymptotic stability (MATHEMATICAr)

(2) For ˇ´ 0:1065, 
´ 0:0085, ı´ 0:1065, "´ 1:6000, andK´ 35:3500,
the equilibrium . xN; xP / D .15:1736;131:0240/ lies in the Allée-effect zone
(15:1736 < 35:2435=2) and is unstable.

In what follows we assume that inequalities (2.2)–(2.4) hold.
System (2.1) describes an animal population, therefore it is very important to prove

that there are positive initial data for which both predator and prey quantities remain
positive, we will even prove that all positive initial data have this property.

Clearly, system (2.1) is of the form

PxD f .x/Cg.x.�� �//;

with Lipschitz continuous f , continuous g and g.s/� 0 for s2 .RC/2. Thus, apply-
ing Theorem 1.2 from [1] and the majorant method described, e. g., in [10, p. 101],
we see the validity of the following
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Theorem 1. Solutions of (2.1) with nonnegative initial conditions are defined on
Œ0;C1/ and remain nonnegative for all t � 0.

3. STABILITY OF THE EQUILIBRIA

Clearly the equilibria of (1.1) are steady states of (2.1), also. Now, we are going to
determine the stability of equilibria for system (2.1). The variational system of (2.1)
with respect to the solution . zN; zP / (see [9, p. 478]) takes the form�
PVN
PVP

�
D

0@"� 2" zNK � ˇ2 zP

.ˇC zN/2
�
ˇ zN

ˇC zN

0 ˇ zN

ˇC zN
�

.1C zP/�ı zP.2C zP/

.1C zP/2

1A
�

�
VN
VP

�
C

 
0 0
ˇ2 zP

.ˇC zN/2
0

!�
VN .�� �/

VP .�� �/

�
:

Thus, the linearized system: 1. At .0;0/ has the form�
PVN
PVP

�
D

�
" 0

0 �


��
VN
VP

�
C

�
0 0

0 0

��
VN .�� �/

VP .�� �/

�
which leads one to the characteristic equation

�.0;0/.´;�/´ ."�´/.�
 �´/D 0I

2. At .K;0/ is�
PVN
PVP

�
D

0@�" �
ˇK
ˇCK

0 ˇK
ˇCK

�


1A�VN
VP

�
C

�
0 0

0 0

��
VN .�� �/

VP .�� �/

�
whose (asymptotical) stability is determined by the real part of the roots of the char-
acteristic equation

�.K;0/.´;�/´ .�"�´/

�
ˇK

ˇCK
�
 �´

�
D 0I

3. At . xN; xP / has the form�
PVN
PVP

�
D

�
��1�2 ��1
0 ���3�4

��
VN
VP

�
C

�
0 0

ˇ2��3 0

��
VN .�� �/

VP .�� �/

�
;

where �´ ".Kˇ/�1 and

�1´
ˇ xN

ˇC xN
; �2´K�ˇ�2 xN;

�3´
K� xN

ˇC xN
; �4´

�
.ı�ˇ/ xN Cˇı

�2
ı�


…
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(see [6]). The corresponding characteristic equation is

�. xN; xP/.´;�/´ det
�

��1�2�´ ��1
ˇ2��3 exp.�´�/ ���3�4�´

�
D ´2C�.�3�4��1�2/´��

2�1�2�3�4C

Cˇ2��1�3 exp.�´�/D 0:

Since " is a positive root of �.0;0/, it follows that .0;0/ is an unstable equilibrium
of (2.1) for all � � 0. Because of (2.4), ˇK=.ˇCK/�
 is a positive root of �.K;0/,
and, therefore, .K;0/ is an unstable equilibrium of (2.1) for all � � 0.

Clearly, �. xN; xP/ has the form

�. xN; xP/.´;�/� p.´/Cq.´/exp.�´�/

where p.´/´ ´2C �.�3�4 ��1�2/´� �
2�1�2�3�4 and q.´/´ ˇ2��1�3

are trivially analytic functions in a right half-plane Re´ >�c .c > 0/ that satisfy the
following conditions:

(1) p and q have no common imaginary root;
(2) p.�iy/D p.iy/, q.�iy/D q.iy/ .y 2 R/;
(3) p.0/Cq.0/¤ 0;

(4) limsupj´j!1;Re´�0

ˇ̌̌̌
q.´/

p.´/

ˇ̌̌̌
< 1.

To obtain stability switch one needs to have an imaginary root of �. xN; xP/. Let
´D iy. Then �. xN; xP/.´;�/D 0, jp.´/j D jq.´/j and

sin.y�/D
pI .y/qR.y/�pR.y/qI .y/

jq.iy/j2
;

cos.y�/D�
pR.y/qR.y/CpI .y/qI .y/

jq.iy/j2
;

where p.iy/DW pR.y/CpI .y/i and q.iy/DW qR.y/CqI .y/i: In this case, one has
jq.iy/j2 D ˇ4�2�21�

2
3 > 0.

Let us define the auxiliary function F.y/´ jp.iy/j2�jq.iy/j2 .y 2 R/. Hence

F.y/D y4C�2
�
�21�

2
2C�

2
3�

2
4

�
y2C�2�21�

2
3

�
�2�22�

2
4 �ˇ

4
�

.y 2 R/:

The necessary condition for the change in stability is the existence of  0 > 0 such
that F. 0/D 0. Thus, applying the theorem of [2,7] (see also [14]) we can prove the
following

Theorem 2. If
(1) ˇ2 < j��2�4j, then the equilibrium . xN; xP / of (2.1) remains stable for all

� � 0;
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(2) ˇ2 > j��2�4j, then as � increases and passes through �0,

�0´
1

 0
sin�1

�
.�3�4��1�2/ 0

ˇ2�1�3

�
;

where

 0´

��
��2

�
�21�

2
2C�

2
3�

2
4

�
C

q
�2
�
�21�

2
2 ��

2
3�

2
4

�2
C4ˇ4�2�21�

2
3

�
=2
o1=2

;

the equilibrium . xN; xP / undergoes a Poincaré–Andronov–Hopf bifurcation,
i. e., there occurs a small amplitude periodic solution with a period approxi-
mately equal to 2�= 0.

Proof. Step 1. If ˇ2 < j��2�4j, then F has no positive root, therefore no stability
switch may occur, i. e., the stability of . xN; xP / does not change as � is increased from
zero to infinity.

Step 2. If ˇ2 > j��2�4j, then as F has one positive root  0, and there may be
only the critical value �0 for which

sin 0�0 D
�.�3�4��1�2/ 0

ˇ2��1�3

holds and the the equilibrium . xN; xP / loses its stability. Therefore we only need
to check the sign of '0.�0/ where ´ D 'C i and '.�0/ D 0. Using the implicit
function theorem we are going to determine the derivative of the implicit function ´0
at �0 (where ´0 denotes the root of (3.3) that assumes the value i 0 at �0)

´00.�0/D�
@��. xN; xP/.i 0; �0/

@´�.N ; xP/.i 0; �0/

D
i 0ˇ

2��1�3

Œ2i 0C�.�3�4��1�2/�exp.i 0�0/� �0ˇ2��1�3
:

Hence we have

'0.�0/D
d

d�
Re´0.�/j�D�0

D Re
d´0.�/

d�

ˇ̌̌̌
�D�0

D  20ˇ
4�2�21�

2
3

�
2 20 C�

2
�
�21�

2
2C�

2
3�

2
4

��
�

n�
�.�3�4��1�2/ 

2
0 ��

3.�3�4��1�2/

� �1�2�3�4C �0ˇ
4�2�21�

2
3

�2
C
�
2 30 C�

2 0
�
�21�

2
2C�

2
3�

2
4

��2o�1
> 0:



THE DELAYED CF-SYSTEM 67

Thus, by the Hopf bifurcation theorem [8, 12] the theorem is proved. �

Example 2. In the case where ˇ´ 0:1000, 
´ 0:0100, ı´ 0:1055, "´ 1:0000,
andK´ 1:0000m the equilibrium . xN; xP /D .0:4486;3:0250/ lies in the Allée-effect
zone (0:4486< 0:9000=2) and is asymptotically stable for � D 0 and for �0´ 1:9090

there is a switching in stability (see Figure 2).

FIGURE 2. Time evolution of system (2.1) for ˇ´ 0:1000, 
 ´
0:0100, ı´ 0:1055, "´ 1:1000, the delay �0´ 2:2 and time t D
5100:0000 with the notation x´N and y´ P (DifEqur).

4. THE MODEL WITH DIFFUSION

Let us modify system (2.1) assuming that the prey and predator are diffusing to
Fick’s law in the spatial habitat

˝H ´

(
.x;y/ 2 R2

ˇ̌̌̌
jxj<

H
p
3

2
;

ˇ̌̌̌
yC

x
p
3

ˇ̌̌̌
<H

)
.H > 0/

i. e., consider the reaction-diffusion system

@tN D�rN C "N .1�N=K/�ˇNP=.ˇCN/;

@tP D d�rP �P.
C ıP /=.1CP /CˇN.�� �/P=.ˇCN.�� �//;

�
(4.1)

where d is the diffusion coefficient about which we assume only that it has a positive
sign,

.n �rr/col ŒN;P �D 0 in @˝H � Œ��;C1/ (4.2)

and
col ŒN;P �D˚ � 0 on ˝H � Œ��;0�: (4.3)

Clearly, a spatially constant solution col ŒN.�/;P.�/� of system (4.1) satisfies bound-
ary conditions (4.2) and system (2.1). The equilibria of system (2.1) are constant
solutions of (4.1), (4.2) at the same time.
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The linearized equation: 1. At .0;0/ has the form

@tVN D�rVN C "VN ;

@tVP D d�rVP �
VP ;

�
(4.4)

which is asymptotically stable if for all n 2N the polynomial

z�.0;0/.´;�/´ det
�
"��n�´ 0

0 �
 ��nd �´

�
D ´2� ."��n�
 ��nd/´C .�n� "/.
C�nd/

has roots with negative real part [3, 4], where �n´ 16�2=.9H 2/n2 .n 2N/ is the
nth eigenvalue of the minus Laplacian on ˝H with no-flux boundary conditions.

FIGURE 3. Eigenfunction of the minus Laplacian corresponding to
the eigenvalue �3.H/ with H D 5 (Mapler).

2. At .K;0/ is

@tVN D�rVN � "VN �
ˇK

ˇCK
VP ;

@tVP D d�rVP C

�
ˇK

ˇCK
�


�
VP ;

ƒ

(4.5)

whose (asymptotical) stability is determined by the real part of the roots of the poly-
nomial

z�.K;0/.´;�/´ det

 
�"��n�´ �

ˇK
ˇCK

0 ˇK
ˇCK

�
 ��nd �´

!

D ´2C

�
"C�n�

ˇK

ˇCK
C
C�nd

�
´C ."C�n/

�

�

C�nd �

ˇK

ˇCK

�
:
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3. At . xN; xP / is

@tVN D�rVN C��1�2VN ��1VP

@tVP D d�rVP ���3�4VP Cˇ
2��3VN .�� �/

)
(4.6)

which is asymptotically stable if for all n 2N the quasi-polynomial

z�. xN; xP/.´;�/´ det
�
��1�2��n�´ ��1
ˇ2��3 exp.�´�/ ���3�4��nd �´

�
D ´2� Œ�.�1�2��3�4/��n.d C1/�´

� Œ��1�2��n� Œ��3�4C�nd�CCˇ
2��1�3 exp.�´�/

has roots with negative real part (see [18]).
Since for nD 0 the constant term of p.0;0/ is negative, therefore .0;0/ remains an

unstable equilibrium of (4.1)–(4.3) for all � > 0.
Because of (2.4) there exist n 2N such that the constant term p.K;0/ is negative,

therefore .K;0/ remains an unstable equilibrium of (4.1)–(4.3) for all � > 0.
The stability of p. xN; xP/ depends on several parameters. In the remainder of this

section we assume that d > 1. In the case without delay,

z�. xN; xP/.´;0/� ´
2
� Œ�.�1�2��3�4/��n.d C1/�´

� Œ��1�2��n� Œ��3�4C�nd�Cˇ
2��1�3;

which is stable (see [6, 13]) if
(1) �2 � 0, i. e., the equilibrium . xN; xP / lies outside the Allée-effect zone (on

the descending branch of the prey null-cline) or
(2) the parameters ", ˇ, K, 
 , ı are Turing admissible which implies �2 > 0,

and
��1�2

�1
� 1 or �2 �

16�2

9H 2��1
: (4.7)

With respect to the parameter � , the quasi-polynomial for p. xN; xP/ has a similar
structure as �. xN;P/:

z�. xN; xP/.´;�/� zp.´/Czq.´/exp.�´�/ (4.8)

where

zp.´/´ ´2� Œ�.�1�2��3�4/��n.d C1/�´� .��1�2��n/.��3�4C�nd/

and zq.´/´ ˇ2��1�3 are trivially analytic functions in the right half-plane Re´ >
�c .c > 0/ and satisfy the following conditions:

(1) zp and zq have no common imaginary root;
(2) zp.�iy/D zp.iy/, zq.�iy/D zq.iy/ .y 2 R/;
(3) zp.0/Czq.0/¤ 0;
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(4) limsupj´j!1; Re´�0

ˇ̌̌̌
zq.´/

zp.´/

ˇ̌̌̌
< 1.

To obtain stability switch one has to examine the existence of real roots of the
function (see [2, 7])

zF .y/´ j zp.iy/j2�jzq.iy/j2 D
ˇ̌
�y2CAiyCB

ˇ̌2
�jC j2

D
�
B �y2

�2
CA2y2CC 2 D y4C .A2�2B/y2CB2�C 2 .y 2 R/;

where

A´ �n.d C1/��.�1�2��3�4/ ;

B´�.��1�2��n/.��3�4C�nd/;

and C ´ ˇ2��1�3: A stability switch may occur only if zF has a positive root z 0.
Viéte’s formula implies that it may happen in the following three cases:

B2�C 2 > 0; A2�2B < 0; .A2�2B/2 D 4.B2�C 2/I (4.9a)

B2�C 2 2 R; A2�2B < 0; .A2�2B/2 > 4.B2�C 2/I (4.9b)

B2�C 2 < 0; A2�2B 2 R; .A2�2B/2 > 4.B2�C 2/; (4.9c)

where case (4.9c) reduces to B2�C 2 < 0 because this inequality implies the con-
dition .A2� 2B/2 > 4.B2�C 2/. Because .A2� 2B/2� 4.B2�C 2/ D A2.A2�
4B/C4C 2 and A2�4B D Œ�n.d �1/C�.�1�2C�3�4/�2 > 0 we deal with one
of the last two cases. If B2�C 2 < 0, then we have one positive solution

z 0´
1
p
2

r
2B �A2C

q
A2.A2�4B/C4C 2

at which switching can occur. The condition B2�C 2 < 0 is equivalent to

Œ��1�2��n�
2 Œ��3�4C�nd�

2
�ˇ4�2�21�

2
3

D
�
�2�1�2�3�4C��1�2�nd ���3�4�n��

2
nd
�2
�
�
ˇ2��1�3

�2
D
�
�1�3�

�
��2�4Cˇ

2
�
C�n.��1�2d ���3�4��nd/

�
�
�
�1�3�

�
��2�4�ˇ

2
�
C�n.��1�2d ���3�4��nd/

�
< 0:

Thus, we conclude that if ˇ2 > j��1�2j and
(1) �2 < 0, i. e., the equilibrium . xN; xP / lies outside the Allée-effect zone, or
(2) �2 > 0 and ��1�2

�1
� 1, i. e., the equilibrium . xN; xP / lies in Allée-effect zone

and is asymptotically stable if the diffusive system is a system without delay,
then for every integer n such that

d�2nC�.�3�4��1�2d/�n <�1�3�
�
��2�4Cˇ

2
�

(4.10)
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there may be a switching in stability at the point

�0.n/D
1

z 0
sin�1

 
Œ�n.d C1/��.�1�2��3�4/� z 0

ˇ2��1�3

!
:

Numerical calculations show that in the following cases there is a switch of stability
indeed.

Example 3. For ˇ´ 0:1000, 
 ´ 0:0100, ı´ 0:1055, "´ 1:0000 and K´
1:0000 the asymptotically stable equilibrium . xN; xP /D .0:4486;3:0250/ of (1.1) lies
inside the Allée-effect zone (0:4486 < 0:9000=2), for d D 1:1, H D 55 it is diffu-
sionally stable and (4.9) assumes the form

0:0030 �n4C0:0008 �n2 < 0:0083

which is fulfilled for n 2 f0I1g and
(1) for n D 0 there is a switching in stability at �0.0/ D 18:9969 because for a

root ´D 'C i of (4.8) at which '.�0.0//D 0 holds sign'0.�0.0//D 1;
(2) for nD 1 there is a switching in stability at �0.1/D 1508:1225 because for a

root ´D 'C i of (4.8) at which '.�0.0//D 0 holds sign'0.�0.0//D 1.
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Math., vol. 42, pp. 185–203 (2000), 1999.

[14] Y. Kuang, Delay Differential Equations with Applications in Population Dynamics, ser. Mathe-
matics in Science and Engineering. Boston, MA: Academic Press Inc., 1993, vol. 191.

[15] N. MacDonald, Time Lags in Biological Models, ser. Lecture Notes in Biomathematics. Berlin:
Springer-Verlag, 1978, vol. 27.

[16] J. Marı́n and M. Cavani, “Qualitative properties of a predator-prey model with delay,” Divulg.
Mat., vol. 9, no. 2, pp. 123–136, 2001.

[17] M. G. Neubert, P. Klepac, and P. van den Driessche, “Stabilizing dispersal delays in predator-prey
metapopulation models.” Theor. Popul. Biol., vol. 61, no. 3, pp. 339–347, 2002.

[18] J. Wu, Theory and Applications of Partial Functional-Differential Equations, ser. Applied Mathe-
matical Sciences. New York: Springer-Verlag, 1996, vol. 119.

[19] T. Zhao, Y. Kuang, and H. L. Smith, “Global existence of periodic solutions in a class of delayed
Gause-type predator-prey systems,” Nonlinear Anal., vol. 28, no. 8, pp. 1373–1394, 1997.

Author’s address

Sándor Kovács
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BAOUENDI–GRUSHIN OPERATORS
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Abstract. In this paper we establish a class of Hardy–Sobolev type inequalities related to gener-
alized Baouendi–Grushin operators. Our results contain the well-known Hardy type inequality
and Sobolev type inequality for the class of operators. Furthermore, some new inequalities are
obtained.
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1. INTRODUCTION

In [6], a Hardy type inequality for the generalized Baouendi–Grushin vector fields

Zi D
@

@xi
; ZnCj D jxj

˛ @

@yj
; .1� i � n; 1� j �m/

where x D .x1;x2; : : : ;xn/ 2 Rn, y D .y1;y2 : : : ;ym/ 2 Rm, ˛ > 0, is given byZ
RnCm

u2

d2
 2˛dxdy �

�
2

Q�2

�2Z
RnCm

jrLuj
2dxdy; (1.1)

for u 2 L2
�
RnCm; 2˛dxdy

�
and jrLuj 2 L2.RnCm/, with rL D .Z1; : : : ;Zn,

ZnC1 : : :, ZnCm/. Using (1.1), a unique continuation for the generalized Baouendi-
Grushin operator

L˛ D�xCjxj
2˛�y D

nCmX
iD1

Zi DrL �rL

was proved. The proof of (1.1) used representation formulae of functions by the
fundamental solution of L˛ at the origin.
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The general version of (1.1) was established with a different approach in [10]. For
any open subset ˝ � RnCm, D’Ambrosio obtained also the following Hardy type
inequalities in [3]:

Let p > 1; n;m � 1; and ˇ; 
 2 R such that nC .1C˛/m > 
 �ˇ�p and n >
˛p�ˇ. Then, for every u 2D1;p

�
˝; jxjˇ�˛p d .1C˛/p�


�
it follows

c
p

Q;p;ˇ;


Z
˝

jujp
jxjˇ

d

dxdy �

Z
˝

jrLuj
p
jxjˇ�˛p d .1C˛/p�
dxdy; (1.2)

where cQ;p;ˇ;
 D
QCˇ�


p
. If .0;0/ 2˝, then the constant (1.2) cp

Q;p;ˇ;

is sharp.

Recently, a Sobolev type inequality for the vector fields Z1; : : : ;ZnCm (see [7])
states �Z

RnCm
juj2

�

dxdy

� 1
2�

� S

�Z
RnCm

jrLuj
2dxdy

� 1
2

; (1.3)

where S is a positive constant, 2� D 2Q
Q�2

; Q D nC .˛C1/m is the homogeneous
dimension with respect to the dilations

ı� .x;y/D
�
�x;�˛C1y

�
; � > 0; .x;y/ 2 RnCm; (1.4)

which is induced by L˛. Inequality (1.3) contains the result for ˛ D 1 in [2].
We define the following distance from the origin on RnCm

d .x;y/D
�
jxj2.˛C1/C .˛C1/2 jyj2

� 1
2.˛C1/

:

It is easy to check that

rLd D
jxj˛

d2˛C1
.jxj˛ x1; jxj

˛ x2; : : : ; jxj
˛ xn;

.˛C1/y1; .˛C1/y2; : : : ; .˛C1/ym/;

jrLd j
2
D
jxj2˛

d2˛
D  2˛:

Let C k0 .˝/ be the set of functions with compact in C k .˝/ and 1 < p <1. We

denote by D1;p .˝/ the closure of C10 .˝/ under the norm
�R
˝ jrLuj

p d�
�1=p.

In this paper we will establish a class of Hardy-Sobolev type inequalities related to
generalized Baouendi-Grushin operators. Our results contain the well-known Hardy
type inequality and Sobolev type inequality for the class of operators.

This paper is organized as follows. In the next section, we prove a Hardy-Sobolev
type inequality for L˛. This generalizes the inequalities in the Euclidean space in
[1]. In Section 3, we give some new Hardy type inequalities on bounded domains.
Our results include those of [3].
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2. HARDY-SOBOLEV INEQUALITIES

In this section, set .x;y/D .x0;y0;x00;y00/D .´1;´2/2RnCm with ´1D .x0;y0/2
RkCl ´2 D .x00;y00/ 2 Rn�kC.m�l/, 1� k � n;1� l �m, and

d1 D d
�
x0;y0

�
D .

ˇ̌
x0
ˇ̌2.˛C1/

C .˛C1/2 jy0j2/
1

2.˛C1/ :

We denote by B 0R .R/ D f.x
0;y0/ 2 RkCl j d1 < Rg the open ball centered at .0;0/

with radius R > 0, and put rL0 D .Z1; : : : ;Zk;ZnC1; : : : ;ZnCl/.
We note that the polar coordinate transformation defined in [5, 8] implies

d´1 D dx
0dy0 D �kC.˛C1/l�1d�d�1; (2.1)

where d�1 D
�
1
˛C1

�l
jsin� j

k
˛C1
�1
jcos� jl�1d�d!kd!l , and !k and !l are the Le-

besgue measures of the unitary Euclidean spheres in Rk and Rl , respectively.
The main inequalities in this section are the following.

Theorem 1 (Hardy-Sobolev type inequalities). Let us assume that s satisfies the
relations 0� s � 2 < kC .˛C1/l �Q, and put

2� .s/D
2.Q� s/

Q�2
:

Then there exists a positive constantC .s;˛;k; l/ such that for every u2D1;2.RnCm/Z
RnCm

jx0j
s˛

d s˛1

juj2�.s/

d s1
dxdy � C

�Z
RnCm

jrLuj
2dxdy

�Q�s
Q�2

; (2.2)

where D1;2.RnCm/ is the completion of C10 .R
nCm/ under the norm

kuk D

�Z
RnCm

jrLuj
2dxdy

�
1
2 :

Remark 1. If s D 0; k D n; l Dm, then (2.2) is (1.3); if s D 2; k D n; l Dm, then
(2.2) is (1.1).

We prove first a lemma, which gives a representation formula of functions only
depending on vector fields .Z1; : : : ;ZnCm/ and dilation of L˛. It establishes the
connection between the function u and its generalized gradient rLu.

Lemma 1. For any u.x;y/ 2 C10 .R
nCm/, we have

u.x;y/D�

Z 1
1

"
1

� jxj2˛

*
rLu;rL

 
d2.˛C1/

2.˛C1/

!+#
ı ı�d�: (2.3)

Proof. Clearly,

rL

�
d2.˛C1/

�
D 2.˛C1/d2˛C1rLd D 2.˛C1/ jxj

˛�
jxj˛ x1; jxj

˛ x2; : : : ; jxj
˛ xn; .˛C1/y1; .˛C1/y2; : : : ; .˛C1/ym

�
: (2.4)
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By (1.4) and (2.4), one has

d

d�
uı ı� D

du.ı� .x;y//

d�

D

24 nX
iD1

xi
@u

@xi
ı ı� .x;y/C.˛C1/

mX
jD1

�˛yj
@u

@yj
ı ı� .x;y/

35
D

24 nX
iD1

xi

�

@u

@xi
C .˛C1/

mX
jD1

yj

�

@u

@yj

35ı ı� .x;y/
D

24 1

� jxj2˛

0@ nX
iD1

jxj2˛ xi
@u

@xi
C .˛C1/

mX
jD1

jxj2˛ yj
@u

@yj

1A35ı ı� .x;y/
D

"
1

� jxj2˛

*
rLu;rL

 
d2.˛C1/

2.˛C1/

!+#
ı ı� .x;y/ : (2.5)

Therefore, we obtain

u.x;y/D�

Z 1
1

d

d�
.u.ı� .x;y///d�

D�

Z 1
1

"
1

� jxj2˛

*
rLu;rL

 
d2.˛C1/

2.˛C1/

!+#
ı ı�d�;

as required. �

Remark 2. We note thatrL
�
d2.˛C1/

�
D 2.˛C1/d2˛C1rLd in the proof above,

and so ˇ̌
rL

�
d2.˛C1/

�ˇ̌2
D 2

�
.˛C1/d2˛C1

�2
jrLd j

2

D Œ2.˛C1/�2 jxj2˛ d2.˛C1/: (2.6)

Proof of Theorem 1. We need only to consider the cases where u � 0 and u 2
C10 .R

nCm/. Introduce the notation S1 D @B 01 D
˚
.x0;y0/ 2 RkCl .x0;y0/D 1

	
and

# D .�1; �2/D .�11; : : : ; �1k; �21; : : : ; �2k/ 2 S1. We introduce the transformation

´1 D
�
x0;y0

�
D .�;#/ ;
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where �D d1, # D .�1; �2/D ı 1
�
.x0;y0/. By Lemma 1, we get

Z
RnCm

jx0j
s˛

�s˛
juj2�

�s
dxdy D

Z
Rn�kC.m�l/

d´2

Z
RkCl

jx0j
s˛

�s˛
juj2�

�s
d´1

D�

Z 1
1

d�

Z
Rn�kC.m�l/

d´2

�

Z
RkCl

"
jx0j

s˛

�s˛Cs
1

� jx0j2˛

*
rL0u

2� ;rL0

 
�2.˛C1/

2.˛C1/

!+#
ı ı�

�
x0;y0

�
d´1: (2.7)

Putting

F D
1

jx0j2˛

*
rL0u

2� ;rL0

 
�2.˛C1/

2.˛C1/

!+
;

we obtain from (2.1) that

Z
RnCm

jx0j
s˛

�s˛
juj2�

�s
dxdy (2.8)

D�

Z 1
1

d�

Z
Rn�kC.m�l/

d´2

Z
RkCl

jx0j
s˛

�s˛Cs
F

�
ı ı�.x

0;y0/d´1

D�

Z 1
1

d�

Z
Rn�kC.m�l/

d´2

Z
S1

d�1

Z 1
0

�s˛j�1j
s˛

�s˛Cs
F

�
ı ı�� .#/�

kC.˛C1/l�1d�

D�

Z 1
1

��.kC.˛C1/l�1�s/�2d�

Z
Rn�kC.m�l/

d´2

�

Z
S1

d�1

Z 1
0

j�1j
s˛F ı ır .#/r

kC.˛C1/l�1�sdr .��D r/

D�
1

kC .˛C1/l � s

Z
Rn�kC.m�l/

d´2

Z
RkCl

jx0j
s˛

�s˛Cs
Fd´1

D�
1

kC .˛C1/l � s

Z
Rn�kC.m�l/

d´2

�

Z
RkCl

jx0j
s˛

�s˛Cs

"
1

jx0j2˛

*
rL0u

2� ;rL0

 
�2.˛C1/

2.˛C1/

!+#
d´1: (2.9)

Now we consider the cases 1� s � 2 and 0 < s < 1, respectively.
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Case 1: 1� s � 2. If 1 < s < 2, then (2.6), (2.9) and Hölder’s inequality yield

Z
RnCm

jx0j
s˛

�s˛
juj2�

�s
dxdy

�
1

kC .˛C1/l � s

Z
Rn�kC.m�l/

d´2

Z
RkCl

jx0j
s˛�2˛

�s˛Cs
jrL0u

2� j

jrL0

�
�2.˛C1/

�
j

2.˛C1/
d´1

D
2�

kC .˛C1/l � s

Z
RnCm

jx0j
s˛�2˛

�s˛Cs
u2��1 jrL0uj

ˇ̌
x0
ˇ̌˛
�˛C1dxdy

D
2�

kC .˛C1/l � s

Z
RnCm

jx0j
˛.s�1/

�˛.s�1/Cs�1
u2��1 jrL0ujdxdy

�
2�

kC .˛C1/l � s

Z
RnCm

jx0j
˛.s�1/

�˛.s�1/

u2�
s�1
s

�s�1
u2�

1
s
�1
jrLujdxdy

�
2�

kC .˛C1/l � s

�Z
RnCm

jx0j
s˛

�s˛
u2�

�s
dxdy

� s�1
s
�Z

RnCm
u2
�

dxdy

� 2�s
2s

�

�Z
RnCm

jrLuj
2dxdy

� 1
2

: (2.10)

By the Sobolev type inequality (1.3) we have

Z
RnCm

jx0j
s˛

�s˛
juj2�

�s
dxdy

�

�
2�

kC .˛C1/l � s

�s�Z
RnCm

u2
�

dxdy

� 2�s
2
�Z

RnCm
jrLuj

2dxdy

� s
2

�

�
2�

kC .˛C1/l � s

�s
S
2�.2�s/

2

�Z
RnCm

jrLuj
2dxdy

� s
2
C 2
�

2
� 2�s
2

D

�
2�

kC .˛C1/l � s

�s
S
2�.2�s/

2

�Z
RnCm

jrLuj
2dxdy

�Q�s
Q�2

: (2.11)

For s D 1, relation (2.10) leads one to

Z
RnCm

jx0j
˛

�˛
juj2�.1/

�
dxdy �

2� .1/

kC .˛C1/l �1
S
2�

2

�Z
RnCm

jrLuj
2dxdy

�Q�1
Q�2

;

(2.12)
where 2� .1/D

2.Q�1/
Q�2

.
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If s D 2, then 2� D 2 and by (2.10), it followsZ
RnCm

jx0j
2˛

�2˛
juj2

�2
dxdy �

2

kC .˛C1/l �2

Z
RnCm

jx0j
˛

�˛C1
u jrLujdxdy

�
2

kC .˛C1/l �2

�Z
RnCm

�
jx0j

˛
u

�˛C1

�
2dxdy

� 1
2
�Z

RnCm
jrLuj

2dxdy

� 1
2

;

namely,Z
RnCm

jx0j
2˛

�2˛
juj2

�2
dxdy �

�
2

kC .˛C1/l �2

�2Z
RnCm

jrLuj
2dxdy:

Case 2: 0 < s < 1. Using

2� .s/D
2.Q� s/

Q�2
D .1� s/2�C s2� .1/

and (2.12), we haveZ
RnCm

jx0j
s˛

�s˛
juj2�

�s
dxdy D

Z
RnCm

juj.1�s/2
�

 
jx0j

˛
u2�.1/

�˛C1

!s
dxdy

�

�Z
RnCm

juj2
�

dxdy

�1�s Z
RnCm

jx0j
˛

�˛
juj2�.1/

�
dxdy

!s

� S2
�.1�s/

�Z
RnCm

jrLuj
2dxdy

� 2�.1�s/
2

�
2� .1/

kC .˛C1/l �1
S
2�

2

�s
�

�Z
RnCm

jrLuj
2dxdy

� .Q�1/s
Q�2

D S
2�.2�s/

2

�
2� .1/

kC .˛C1/l �1

�s�Z
RnCm

jrLuj
2dxdy

�Q�s
Q�2

;

and the proof is complete.
�

3. HARDY TYPE INEQUALITIES ON BOUNDED DOMAINS

In this section, let˝ � RnCm denote any bounded domain, .x;y/D .´1;´2/ 2˝,
d1 D d .x

0;y0/, B 0R .R/, rL0 as before. Define

r�´
�
�2C

ˇ̌
x0
ˇ̌2� 12

;

��´

�
Ik 0

0 r˛� Il

�
;
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and set ��r D r�L0 . For any vector field h 2 C 1.˝1;RkCl/, we shall write div�L0 D
div.��h/.

The following is the main result of this section.

Theorem 2. Let p > 1; k; l � 1; and ˇ; 
 2 R, be such that kC .˛C1/l > 
 �
ˇ�p and k > ˛p�ˇ. Then, for any u 2D1;p

�
˝; jx0j

ˇ�˛p
d
.˛C1/p�

1

�
, we get

c
p

k;l;p;ˇ;


Z
˝

jujp
jx0j

ˇ

d


1

dxdy �

Z
˝

jrLuj
p
ˇ̌
x0
ˇ̌ˇ�˛p

d
.˛C1/p�

1 dxdy; (3.1)

where ck;l;p;ˇ;
 D
kC.˛C1/lCˇ�


p
.

If .0;0/ 2˝, then the constant cp
k;l;p;ˇ;


in (3.1) is sharp.

Corollary 1. If 1 < p < kC .˛C1/l , then

c
p

k;l;p

Z
˝

jx0j
˛p

d
˛p
1

jujp

d
p
1

dxdy �

Z
˝

jrLuj
p dxdy (3.2)

for u 2D1;p .˝/I

c
p

k;l;p

Z
˝

jujp

d
p
1

dxdy �

Z
˝

jrLuj
p jx

0j
˛p

d
˛p
1

dxdy;

for k > ˛p; u 2D1;p
 
˝;
jx0j

˛p

d
˛p
1

!
I (3.3)

and

c
p

k;l;p

Z
˝

jujp

d
p
1

dxdy �

Z
˝

jrLuj
p jx

0j
.˛C1/p

d
.˛C1/p
1

dxdy (3.4)

for k > .˛C1/p; u 2D1;p
 
˝;
jx0j

.˛C1/p

d
.˛C1/p
1

!
;

where ck;l;p D
kC.˛C1/l�p

p
.

In order to prove our results, we will use the following statement in [3].

Proposition 1. Let � > 0; and h 2 C 1
�
˝1;RkCl

�
such that div�L0 h > 0. Then for

any p > 1 and u 2 C 10
�
˝;RnCm

�
, one hasZ

˝1

jujp div�L0 hd´1 � p
p

Z
˝1

jhjpjdiv�L0 hj
�.p�1/

jr
�
L0ujd´1: (3.5)

The following proposition is also useful. For a similar description in the Euclidean
space see [9].
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Proposition 2. If ! 2 C10
�
RnCm

�
, then

inf
!2C10 .RnCm/;!¤0

R
RnCm jrL!j

pdxdyR
RnCm j!j

p dxdy
D 0: (3.6)

Proof. Set ' 2 C10 .R
nCm/ to be a nonnegative radial function and satisfy

' .d/D

(
1 if d � 1

2
I

0 if d � 1;

with
R

RnCm '
pdxdy D 1. Letting � < 1 and putting '� .d/ D �

�
Q
p '

�
d
�

�
, we getR

RnCm '� .d/
p dxdyD 1. Note thatrL'� .d/D �

�
Q
p
�1'0

�
d
�

�
rLd . Setting d D ��

and using (2.1) in RnCm, we getZ
RnCm

jrL'� .d/j
p dxdy D ��Q�p

Z
RnCm

 p˛

ˇ̌̌̌
'0
�
d

�

�ˇ̌̌̌p
dxdy

D ��psn;m

Z
f�<1g

�Q�1
ˇ̌
'0 .�/

ˇ̌p
d� �! 0 .�!1/

where

sn;m D

�
1

˛C1

�m
!n!m

Z a2

a1

jsin� j
nCp˛
˛C1

�1
jcos� jm�1d�:

This completes the proof. �

Proof of Theorem 2. Without loss of generality, we shall consider a smooth func-
tion u 2 C10 .˝/. The general case will follow by the density argument. For � > 0,
define

d1;� D
�
r2.˛C1/� C .˛C1/2 jy0j2

� 1
2.˛C1/

and

h1� D
1

d


1;�

 
x0r

ˇ
�

.˛C1/ jx0j
2
y0r

ˇ�˛�2
�

!
:

A simple computation shows that

div�L0 h
1
� D div

1

d


1;�

 
x0r

ˇ
�

.˛C1/ jx0j
2
y0r

ˇ�2
�

!

D
r
ˇ
�

d


1;�

 
kC ..˛C1/lCˇ�
/

jx0j
2

r2�

!
(3.7)
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and

jh1� j D
r
ˇ�˛�2
� jx0j

2

d


1;�

�
r2˛C4�

jx0j2
C .˛C1/2 jy0j2

� 1
2

: (3.8)

Putting f� .s/D kC ..˛C1/lCˇ�
/
jsj2

�2Cs2
; s � 0, it is easy to see that

f� .s/�

(
k if .˛C1/lCˇ�
 � 0;
kC .˛C1/lCˇ�
 if .˛C1/lCˇ�
 < 0;

(3.9)

for every � > 0 and s � 0. Since r� � �, if kC .˛C1/l > 
 �ˇ, then div�L0 h
1
� > 0.

Now we choose hD h1� in (3.5) and obtain

Z
˝

jujp
r
ˇ
�

d


1;�

f�
�ˇ̌
x0
ˇ̌�
dxdy D

Z
˝2

d´2

Z
˝1

jujp
r
ˇ
�

d


1;�

f�
�ˇ̌
x0
ˇ̌�
d´1

� pp
Z
˝2

d´2

Z
˝1

jh1� j
p

ˇ̌̌̌
ˇ rˇ�d
1;� f�

�ˇ̌
x0
ˇ̌��.p�1/ ˇ̌̌̌ˇr�L0ujpd´1

D pp
Z
˝2

d´2

Z
˝1

jr
�
L0uj

p
r
�ˇ.p�1/
�

�
r
ˇ�˛�2
� jx0j

2
�p�

r
2˛C4
�

jx0j2
C .˛C1/2 jy0j2

�p
2

d

p
1;�d

�
.p�1/
1;� f� .jx0j/

p�1
d´1

D pp
Z
˝2

d´2

Z
˝1

jr
�
L0uj

p
r
ˇ�.2C˛/p
� jx0j

2p
�
r
2˛C4
�

jx0j2
C .˛C1/2 jy0j2

�p
2

d


1;�f� .jx

0j/p�1
d´1:

(3.10)

Let m1 Dminfk;kC .˛C1/lCˇ�
g> 0: By r < r� and (3.9) the right-hand side
of (3.10) can be estimated as follows:

jr
�
L0uj

p
r
ˇ�.2C˛/p
� jx0j

2p
�
r
2˛C4
�

jx0j2
C .˛C1/2 jy0j2

�p
2

d


1;�f� .jx

0j/p�1

�
jr�L0uj

p

m
p�1
1

rˇ�˛p� d
.˛C1/p�

1;� :



HARDY–SOBOLEV INEQUALITIES FOR BAOUENDI–GRUSHIN OPERATORS 83

Therefore, following the assumptions kC .˛C1/l > 
 �ˇ�p and k > ˛p�ˇ,
and applying the Lebesgue dominated convergence theorem to (3.10), we have

Z
˝

jujp
jx0j

ˇ

d


1

f
�ˇ̌
x0
ˇ̌�
dxdy D lim

�!0

Z
˝

jujp
r
ˇ
�

d


1;�

f�
�ˇ̌
x0
ˇ̌�
dxdy

� lim
�!0

pp
Z
˝2

d´2

Z
˝1

jr�L0uj
p

m
p�1
1

rˇ�˛p� d
.˛C1/p�

1;� d´1

� pp
Z
˝

jrLuj
p

m
p�1
1

ˇ̌
x0
ˇ̌ˇ�˛p

d
.˛C1/p�

1 dxdy:

This shows the claim of (3.1).
Choosing .ˇ;
/D .˛p;.˛C1/p/, .ˇ;
/D .0;p/ and .ˇ;
/D .�p;0/ in (3.1),

implies the inequalities (3.2), (3.3) and (3.4), respectively.
Next, if .0;0/ 2˝, we prove the constant cp

k;l;p;ˇ;

is sharp. The approach here

comes from that in [9].
Let C .˝/ be the best constant in (3.1), that is

C .˝/D inf
�2C10 .˝/;�¤0

R
˝ jrL�j

p
jx0j

ˇ�p˛
d
.˛C1/p�

1 dxdyR

˝ j�j
p jx0j

ˇ

d


1

dxdy
:

From (3.1), we easily get C .˝/� cp
k;l;p;ˇ;


. We shall prove the equality sign holds.

Put � 2 C10 .˝/ and � D � .´1/! .´2/, where � .´1/ 2 C10 .R
kCl n f.0;0/g/,

! .´2/ 2 C
1
0 .R

n�kC.m�l//: By the convexity of the function .a2Cb2/
p
2 for a; b �

0; we have

�
a2Cb2

�p
2 � .1��/1�p apC�1�pbp;

where p > 1; 0 < � < 1: Therefore, we find

jrL�j
p
D j.rL .� .´1/! .´2///

2
j
p
2

D

�
jrL0�j

2!2C�2 jrL00!j
2
�p
2

� .1��/1�p jrL0�j
p!pC�1�p�p jrL00!j

p ; (3.11)
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where rL00´ .ZkC1; : : : ;Zn;ZnClC1; : : : ;Zm/. By (3.11), this leads one to

C .˝/�

R
˝ jrL�j

p
jx0j

ˇ�p˛
d
.˛C1/p�

1 dxdyR

˝ j�j
p jx0j

ˇ

d


1

dxdy

� .1��/1�p
R
˝ jrL

0�jp j!jp jx0j
ˇ�p˛

d
.˛C1/p�

1 dxdyR

˝ j�!j
p jx0j

ˇ

d


1

dxdy

C�1�p
R
˝ j�j

p
jrL00!j

p
jx0j

ˇ�p˛
d
.˛C1/p�

1 dxdyR

˝ j�!j
p jx0j

ˇ

d


1

dxdy

� .1��/1�p
R

Rn�kC.m�l/ j!j
p d´2

R
RkCl jrL

0�jp jx0j
ˇ�p˛

d
.˛C1/p�

1 d´1R

Rn�kC.m�l/ j!j
p d´2

R
RkCl j�j

p jx0j
ˇ

d


1

d´1

C�1�p
R

Rn�kC.m�l/ jrL
00!jp d´2

R
RkCl j�j

p
jx0j

ˇ�p˛
d
.˛C1/p�

1 d´1R

Rn�kC.m�l/ j!j
p d´2

R
RkCl j�j

p jx0j
ˇ

d


1

d´1

D .1��/1�p
R

RkCl jrL
0�jp jx0j

ˇ�p˛
d
.˛C1/p�

1 d´1R

RkCl j�j
p jx0j

ˇ

d


1

d´1

C�1�p
R

Rn�kC.m�l/ jrL
00!jp d´2R

Rn�kC.m�l/ j!j
p d´2

�

R
RkCl j�j

p
jx0j

ˇ�p˛
d
.˛C1/p�

1 d´1R

RkCl j�j
p jx0j

ˇ

d


1

d´1

:

From (3.6), we get

inf
!2C10 .Rn�kC.m�l//; !¤0

R
Rn�kC.m�l/ jrL

00!jp d´2R
Rn�kC.m�l/ j!j

p d´2
D 0:

For 0 < � < 1, we have

C .˝/� inf
�2C10 .˝/;�¤0

R
˝ jrL�j

p
jx0j

ˇ�p˛
d
.˛C1/p�

1 dxdyR

˝ j�j
p jx0j

ˇ

d


1

dxdy

� .1��/1�p inf
�2C10 .RkCl/;�¤0

R
RkCl jrL

0�jp jx0j
ˇ�p˛

d
.˛C1/p�

1 d´1R

RkCl j�j
p jx0j

ˇ

d


1

d´1

:

(3.12)

We choose QD kC .˛C1/l in the best constant cp
Q;p;ˇ;


of (1.2), and let �! 0 in
(3.12), hence

C .˝/� c
p

k;l;p;ˇ;

:
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The theorem is proved. �

Proof of Corollary 1. Choosing .ˇ;
/D .˛p;.˛C1/p/ ; .ˇ;
/D .0;p/ and tak-
ing .ˇ;
/ D .�p;0/ in (3.1), we get inequalities (3.2), (3.3) and (3.4) respectively.
The proof of the corollary is complete. �

Remark 3. We can also select h D d1�p1;� jrL0d1;�j
p�2
rL0d1;� to prove (3.2), as

in the proof of Theorem 2.
Remark 4. In (3.1), by choosing ˇ D ˛p; 
 D ˛p��; � 2 R, we obtain

c
p

k;l;p;�

Z
˝

jujp
�
jx0j

d1

�˛p
d�1 dxdy �

Z
˝

jrLuj
p d

pC�
1 dxdy;

where ck;l;p;� D
jkC.˛C1/lC�j

p
. If p D kC .˛C1/l , and � < �1; we let Qck;l;p;� D

j1C�j
p
; ˝ D

˚
.x0;y0;x00;y00/ 2 RkCl �Rn�kC.m�l/jd1 <R

	
; and then have

Qc
p

k;l;p;�

Z
˝

jujp
�
jx0j

d1

�˛p�
ln
�
R

d1

���
dxdy �

Z
˝

jrLuj
p

�
ln
�
R

d1

��pC�
dxdy:

In particular�
p�1

p

�p Z
˝

jujp�
d1 ln

�
R
d1

��p � jx0jd1
�˛p

dxdy �

Z
˝

jrLuj
p dxdy:

This result is more general than D’Ambrosio’s in [4].
Remark 5. We note that if k D n and l Dm, then (3.1) coincides with (1.2).

Theorem 3. Let 1 < p < k. Then, for every u 2D1;p .˝/, there exists a constant
bk;p D

k�p
p

such that the following inequalities hold:

b
p

k;p

Z
˝

jujp

jx0jp
dxdy �

Z
˝

jrLuj
p dxdy; (3.13)

b
p

k;p

Z
˝

jujp

jd1jp
dxdy �

Z
˝

jrLuj
p dxdy: (3.14)

In particular, if p D 2 and k � 3, we have�
k�2

2

�2Z
˝

u2

d21
dxdy �

�
k�2

2

�2Z
˝

u2

jx0j2
dxdy �

Z
˝

jrLuj
2dxdy:

Proof. Let us first set

h2� D
1

r
p
�

�
x0

0

�
:

A simple calculation shows that

div�L0 h
2
� D

1

r
p
�

 
k�p

jx0j
2

r2�

!
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and

jh2� j D
jx0j

r
p
�

:

Since p < k, we get div�L0 h
2
� > 0. From (3.5) we haveZ

˝

jujp

r
p
�

 
k�p

jx0j
2

r2�

!
dxdy D

Z
˝2

d´2

Z
˝1

jujp

r
p
�

 
k�p

jx0j
2

r2�

!
d´1

�

Z
˝2

d´2

Z
˝1

�
jx0j

r
p
�

�p"
1

r
p
�

 
k�p

jx0j
2

r2�

!#�.p�1/
jrL0uj

p d´1

�

Z
˝

jx0j
p

r
p
�

�
k�p jx

0j
2

r2�

�.p�1/ jrLujp d´1:
Using the Lebesgue dominated convergence theorem and putting �! 0 in the esti-
mate above, we obtain (3.13). Using jx0j � d1 and (3.13), we getZ

˝

jujp

d
p
1

dxdy �

Z
˝

jujp

jx0jp
dxdy:

Hence (3.14) is obtained. �

Remark 6. From the result above, it follows that the best constants in (3.13) and
(3.14) lie in the interval Œ.k�p/pp�p; .kC .˛C1/l �p/pp�p�.

As a consequence of (3.5), we give a Poincaré inequality for the vector fields on
domains ˝ contained in a slab. More precisely, we have

Corollary 2. Let ˝ � RnCm be an open subset. Suppose that there exist R >
0;s 2 R and an integer j W 1 � j � n, such that for any .x;y/ 2 ˝, it follows that
jxj � sj �R. Then, for every u 2 C 10 .˝/, we have

c

Z
˝

jujp dxdy �

Z
˝

jrLuj
p dxdy:

where c D .pR/�p:

The proof of the corollary follows from Theorem 3 by using the vector field defined
by the formula

h´

0@ 0

xi � s

0

1A :
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Abstract. Upper bounds for the squares of the singular values of a block companion matrix are
derived. The principal tools applied are matricial and matrix norms and inequalities concerning
the spectral radius of nonnegative matrices.
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1. INTRODUCTION

Singular value decomposition (SVD) was established for real matrices in 1870 by
E. Beltrami and C. Jordan, and for complex squares matrices by Autonne. Later, in
1939, Eckart and Yong computed the SVD of any rectangular matrices. The study of
singular values has been receiving a lot of attention since they constitute one of the
most useful tools in handling, reliably, various problems which arise in a wide vari-
ety of application areas, such as linear algebra [3], statistical analysis, signal and im-
age processing [4], electrical network theory [4], control and systems theory [3] and
biomedical engineering [2]. On the other hand, we must remember that scalar com-
panion matrices appear frequently in dynamic system theory: their special structure
allows converting higher-order scalar difference and differential equations to state
space form as well as simplifies theoretical considerations as for example feedback
analysis.

Besides, note that any completely observable single-output system can be trans-
formed into a companion form system [1]. Hence, the motivation for this work lies
in the fact that our research is mainly concerned with system theory and we verify
that these two concepts (singular values and companion matrices) assume an impor-
tant role in the area referred to. The paper [9], where the authors, making use of
the spectral radius of a matrix, matricial and matrix norms, derived bounds for the
singular values of a block companion matrix, attracted our attention. Here, taking
into account that the singular values different from one, of the right block companion

c
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matrix

CR D

0BB@
0 : : : 0 �A0
I : : : 0 �A1
: : : : : : : : : : : : : : : : : :

0 : : : I �Am�1

1CCA
associated to the matrix polynomial

M .�/D Am�
m
CAm�1�

m�1
C�� �CA2�

2
CA1�CA0

are the positive square roots of the latent roots of the �-matrix

Q.�/D I�2� .ACI /�CAT0 A0;

we simplify the upper bound for the squares of the singular values of the CR pre-
sented in [9].

2. PRELIMINARIES

For the materialization of our purpose we need to remember the following defini-
tions and results.

Definition 1 ([8]). Let A0;A1; : : : ;Am�1 and X 2Qn .R/. The polynomial

M .X/D AmX
m
CAm�1X

m�1
C�� �CA2X

2
CA1XCA0 (2.1)

is called a matrix polynomial of degree m:

Definition 2 ([8]). If in (2.1) X is a scalar matrix, i. e., X D �I (� 2C), then

M .X/D Am�
m
CAm�1�

m�1
C�� �CA2�

2
CA1�CA0

is designated by lambda-matrix.

Definition 3 ([8]). Given a matrix polynomial

M .X/DXmCAm�1X
m�1
C�� �CA2X

2
CA1XCA0;

the right block companion matrix associated with M .X/ is a matrix CR 2Mm.Qn/

defined by

CR D

0BB@
0 : : : 0 �A0
I : : : 0 �A1
: : : : : : : : : : : : : : : : : :

0 : : : I �Am�1

1CCA
Theorem 1 ([3]). Let A 2Mm.Qn/ of rank r . Then there exist orthogonal matri-

ces U 2Qm .R/ and V 2Qn .R/ such that

U TAV T D

�
˙1 0

0 0

�
D˙;

where ˙1 D diag.�1;�2; : : : ;�r/ and �i > 0, i D 1;2; : : : ; r . The factorization

AD U˙V T
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is called the singular value decomposition of the matrix A and the principal elements
of ˙1 are the singular values of A.

Remark 1. Recall that �21 ;�
2
2 ; : : : ;�

2
r are the eigenvalues different from zero of

ATA and AAT .

Definition 4 ([8]). The latent roots of the lambda-matrix

M .�/D Am�
m
CAm�1�

m�1
C�� �CA2�

2
CA1�CA0

are the zeros of det M .�/D 0.

Definition 5 ([10]). Let AD .aij / 2Qn .C/. The maximum column sum matrix
norm of A is given by the formula

kAk1 WDmax
j

X
i

jaij j:

Finally, we need to bear in mind the following result which plays an important role
in order to attain our aim:

Lemma 1 ([5]). The singular values of the block companion matrix CR are the
square roots of the eigenvalues of the quadratic �-matrix

I�2� .ACI /�CAT0 A0; AD

m�1X
jD0

ATj Aj :

3. RESULTS

In this section, we are going to establish upper bounds for the squares of the sin-
gular values of the right block companion matrix CR.

Proposition 1. The singular values �2j ;j D 1; : : : ;2n, different from one, of the
right block companion matrix CR 2Mm.Qn/ associated with the matrix polynomial

M .�/D Am�
m
CAm�1�

m�1
C�� �CA2�

2
CA1�CA0;

satisfy the following inequality:

�2j �
�
1Cmax

n

ACI


2
1
;


�AT0 A0�2

1C

.ACI /2

1o� 1

2
: (3.1)

Proof. First, we consider the block companion matrix CR 2M2.Qn/ defined by

C D

�
0 �AT0 A0
I ACI

�
associated with the matrix polynomial

Q.�/D I�2� .ACI /�CAT0 A0;
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where

AD

m�1X
jD0

ATj Aj :

Consequently, since .ACI /T DACI , we get

CTC D

 
I ACI

ACI
�
AT0 A0

�2
C .ACI /2

!
:

Further, we form the matrixDD diag ŒkACIk1 I;I � and take the norm k�k1 of each
block of the matrix

D�1CTCD D

 
I kACIk�11 .ACI /

kACIk1 .ACI /
�
AT0 A0

�2
C .ACI /2

!
;

obtaining the matricial norm of D�1CTCD denoted by ˚1
�
D�1CTCD

�
.

We have

˚1
�
D�1CTCD

�
D

�
1 1

kACIk21


�AT0 A0�2C.ACI /2

1

�
:

Taking into account the following relations concerning the spectral radius � of a
matrix, matricial and matrix norms [9, 11]

�.A/� kAki ; i D 1;1; (3.2)

�.A/�
�
�
�
ATA

�� 1
2 �

�
�
�
˚i
�
ATA

��� 1
2
�


˚i�ATA�

 1

2

j ; i;j D 1;1; (3.3)

we can write

�
�
CTC

�
D �

�
D�1CTCD

�
�

s
�

�
1 1

kACIk21 k
�
AT0 A0

�
2C.ACI /2 k1

�
: (3.4)

Thus

j�j �





� 1 1

kACIk21


�AT0 A0�2C.ACI /2

1

�




1
2

1

;

or equivalently,

j�j �
h
1Cmax

n
kACIk21 ;



�AT0 A0�2

1C

.ACI /2

1oi 1
2
;

where � denotes a latent root of Q.�/. �
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Remark 2. Note that the matrix on the right member of (3.4) is a square matrix of
order two. So, evaluating directly the eigenvalues, we obtain

j�j �

 
pC

p
p2�4� .q� r/

2

! 1
2

;

where r D kACIk21 ; p D 1C


�AT0 A0�2C .ACI /2

1; and

q D


�AT0 A0�2C .ACI /2

1;

which provides a sharper bound but is not so practical for computing.
Finding bounds for the eigenvalues of a matrix polynomial is a problem to which

many researchers have given contributions. In [5] a variety of lower and upper bounds
were derived from block companion matrix, singular values, numerical radius, norms
of the coefficient matrices of M .�/, characteristic polynomial, fractional powers of
norms and maximization over unit circle. We are going to apply some of these results
to the quadratic �-matrix

Q.�/D I�2� .ACI /�CAT0 A0;

where

AD

m�1X
jD0

ATj Aj ;

and to compare them with the estimate obtained in Proposition 1. Let us consider
QU .�/DQ.�/ and

QL .�/D I�
2
�
�
AT0 A0

��1
.ACI /�C

�
AT0 A0

��1
;

the two �-matrices associated with Q.�/, whose block companion matrices are de-
fined by the formulas

CU D

�
0 I

�AT0 A0 ACI

�
and

CL D

�
0 I

�
�
AT0 A0

��1 �
AT0 A0

��1
.ACI /

�
;

respectively. Using the norms of CU and CL [5], we obtain the estimates

max
n

�AT0 A0��1

1;1C

�AT0 A0��1 .ACI /

1o�1 � �2j

�max
n
1CkACIk1 ;kA

T
0 A0k1

o
; (3.5)
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max
n
1;


�AT0 A0��1� �AT0 A0��1 .ACI /

1o�1 � �2j

�max
n
1;


�AT0 A0�� .ACI /

1o

and


I C �AT0 A0��2C �AT0 A0��1C .ACI /2 �AT0 A0��1


� 1
2

2
� �2j

�




I C �AT0 A0��2C .ACI /2


 1
2

2
:

The numerical radius of a matrix provides another upper bound for the eigenvalues
of Q.�/ as it has been shown in [5]. Invoking Lemma 2.11 we have

�2j �
1

2

�
1CkACIk2C




�AT0 A0�� .ACI /



2

�
In the same article, N. J. Higham and F. Tisseur by using norms of the coefficient
matrices of M .�/ obtained a generalization of the Cauchy bound. In our case, we
get

�2j �
1

2

�
kACIkC

�
kACIk2C4kAT0 A0k

� 1
2

�
and

�2j �
1

2

�
�kACIkC

�
kACIk2C4k

�
AT0 A0

��1
k
�1
� 1

2

�
:

It should be mentioned that the same upper bound, based in matrix inequalities, spec-
tral radius and spectral norm can be found in [7]. Other methods involving fractional
powers of norms and maximization over unit circle yield bounds for the eigenval-
ues of M .�/. For example, the application of Lemma 4.1 from [5] leads one to the
following bounds for the squares of the singular values of CR:�

1C


�AT0 A0��1

��1min

n
kACIk�1 ;1

o
� �2j

� 2max
n
kACIk ;kAT0 A0k

1
2

o
(3.6)

Any of these upper bounds require the computation of matrix norms subordinate to
vector norms. From the similarities presented by the above majorization relations, we
think that there is not an upper bound that outperforms all the others. The accuracy
of a bound depends of the range of the elements of the coefficient matrices of M .�/.
Assume that the maximum in (3.1), (3.5) and (3.6) is attained by the first term and
kACIk1 is of a large order of magnitude. Thus, the first bound provides the same
estimate for �2 as the one obtained by (3.5) and by the Cauchy bound. However, it
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is sharpper than the easily expressed bound given by (3.6). The following example
makes it clear what we have referred to.

Example 1. Let us consider the 5�5 matrix polynomial

M .�/D Am�
m
CAm�1�

m�1
C�� �CA2�

2
CA1�CA0

of degree mD 9 whose coefficient matrices are of the form

Ai D 10
i�2 randn; i D 0;1; : : : ;8I and A9 D I;

where “randn” denotes a random matrix with elements removed from a Normal dis-
tribution N.0;1/. In our experiment, performed by using Matlab 5:3, the maximal
value of the eigenvalues of the �-matrix

Q.�/D I�2� .ACI /�CAT0 A0

is 1:3909� 1013: The upper bounds presented in (3.1), (3.5) as well as the Cauchy
bound yield an estimate of 1:5458 �1013: On the other hand, using (3.6), we verify
that �2j � 3:09168�10

13.
Example 2. Observe that some robustness measures for state space models in con-

trol and system theory such as nearness to uncontrollability and nearness to instability
require the computation of singular values [6]. More concretely, singular values pro-
vide bounds on the nearness to instability of closed loop systems of the form

x.kC1/D .ACBF /x.k/;

where

AD

�
0 In�1
a1 A

�
with A D

�
a2 : : : an

�
; B D

�
0n�1

1

�
; and F the feedback matrix. In this case,

considering the set of all stable matrices

PS D
˚
A 2 Rn�n W Re.�/ < 0 for all eigenvalues of A

	
;

Kenny and Laub [6] pointed out that the distance from ACBF to the complement of
PS , d

�
ACBF;PCS

�
, provides a means of measuring nearness to instability and that

d
�
ACBF;PCS

�
D min

Re��0
�min .ACBF ��I/� �min .ACBF /;

where �min .�/ is the smallest singular value of a matrix. So, information about the
location of singular values is useful. Let us consider the discrete-time linear invariant
system

x .kC1/D Ax .k/CBu.k/ ;
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where

AD

0BBBBBB@
0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

�1 0 �1 0 1 �1

1 1 0 1 0 �2

1CCCCCCA ; B D

0BBBBBB@
0

0

0

0

0

1

1CCCCCCA ;

and F D
�
�2 0 0 0 0 0

�
: So,

ACBF D

0BBBBBB@
0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

�1 0 �1 0 1 �1

�1 1 0 1 0 �2

1CCCCCCA :

In order to apply the result obtained, we need to find the matrices
�
AT0 A0

�2
and AC

I: We verify that
�
AT0 A0

�2
D
�
5 �3
�3 2

�
; and AC I D

�
5 �2
�2 8

�
; AD

P2
jD0A

T
j Aj ;

which allows us to obtain kACIk21 D 100; k.A
T
0 A0/

2k1 D 8; and k.AC I /2k1 D
94: In this way, by Proposition 1, we conclude that

�2j �
p
103; j D 1;2;3;4:

Observe that the maximal square singular value, �2max .ACBF /D 9:5809.

4. CONCLUDING REMARKS

In this paper, from the relationship between singular values of a block companion
matrix and the latent roots of a lambda matrix and using inequalities (3.2) and (3.3),
we obtain upper bounds for the squares of the singular values of the right block com-
panion matrix CR. We would like to emphasize that the simplicity of inequality (3.1)
is a consequence of the application of Lemma 1 that enables us to solve our problem
beginning with a quadratic lambda-matrix, instead of one of order m. Finally, we
hope that this work could be useful in the study of the controllability and stability of
systems in scalar companion form.
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Grenoble, 1968.

Authors’ addresses

Manuela S. Silva
Universidade de Coimbra, Faculdade de Economia, Av. Dias da Silva, 165, 3000 Coimbra, Portugal
E-mail address: nelinha@fe.uc.pt

Teresa P. de Lima
Universidade de Coimbra, Faculdade de Economia, Av. Dias da Silva, 165, 3000 Coimbra, Portugal
E-mail address: tpl@fe.uc.pt



Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 8 (2007), No. 1, pp. 99–105

A GENERALIZATION OF GENERALIZED BANACH
FIXED-POINT THEOREM IN A WEAK LEFT SMALL

SLF-DISTANCE SPACE

F. M. ZEYADA, M. R. A. MOUBARAK, AND A. H. SOLIMAN

Received 8 September, 2004

Abstract. In this paper we generalize the multivalued contraction theorem of S. B. Nadler [8].
As corollaries we obtain fixed point theorems for a multivalued function in complete dislocated
metric spaces and complete partial metric space.

1991 Mathematics Subject Classification: 54H25, 47H10

Keywords: fixed point, generalized metric spaces

1. INTRODUCTION

The generalized Banach fixed point Theorem was introduced in [8]. Hitzler and
Seda (2000) introduced the dislocated metrics space in [3, 4] as a generalization of
metrics where self-distances need not be zero. Also dislocated metrics were studied
under the name of metric domains in the context of domain theory in [1]. The notion
of dislocated metric is useful in the context of electronic engineering (see [3]). In
1985, S. G. Matthews [6] introduced a generalization of Banach contraction princi-
ple. In 2000, Hitzler and Seda [4] introduced an alternative proof of this result in
dislocated metric spaces. The plan of this paper is as follows. In Section 2, some pre-
liminaries are presented. In Section 3, we define a weak left small self distance space
and give a new topology on a distance space different from the distance topology
of P. Waszkiewicz [9, 10]. In Section 4, we generalize the multivalued contraction
theorem by S. B. Nadler [8]. As corollaries of this result we obtain fixed point theo-
rems for a multivalued function in a complete dislocated metric space and a complete
partial metric space.

2. PRELIMINARIES

In this section we give some preliminaries.

Definition 1 ([9,10]). A distance on a set X is a map d WX �X! Œ0;1/ : A pair
.X;d/ is called a distance space.

c
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Let " > 0 and x 2X . Then

Bd .x;"/D fy 2X j d .x;y/ < d .x;x/C "g

and Nx D fA�X j 9" > 0; Bd .x;"/� Ag : The family �d D fA�X j8x 2 A; A 2

Nxg is a topology onX and called the distance, the topology �d is called the distance
topology. If d .x;y/ is replaced by d .y;x/ it is called the dual distance topology.

We need the following conditions for a distance function:
(d1) 8x 2X;d .x;x/D 0,
(d2) 8x;y 2X;d .x;y/D d .y;x/D 0) x D y,
(d3) 8x;y 2X;d .x;y/D d .y;x/,
(d4) 8x;y;´ 2X , d .x;y/� d .x;´/Cd .´;y/,
(d5) 8 x;y 2X , d .x;x/�minfd .x;y/ ;d .y;x/g,
(d6) 8x;y;´ 2X;d .x;y/� d .x;´/Cd .´;y/�d .´;´/.
If d satisfies conditions (d1)–(d4), then .X;d/ is called a metric space. If it sat-

isfies conditions (d2)–(d4), then .X;d/ is called a dislocated metric space (d-metric
space for short). If d satisfies conditions (d2), (d3), (d5) and (d6) then .X;d/ is called
a partial metric space [7].

One can deduce that every partial metric space is a dislocated metric space.

Definition 2. Let .X;d/ be a distance space. A multivalued function f on A�X
is a function f W A! 2A�f�g.

Theorem 1 ([3, 6]). Let .X;d/ be a complete d-metric space and let f W X ! X

be a Banach contraction function. Then f has a unique fixed point.

Theorem 2 ([8]). Let .X;d/ be a complete metric space and A�X . Suppose that
f is a multivalued function on A, A is closed, f .x/ is closed for all x 2 A, D is the
Hausdorff metric, and multivalued k-contraction condition

D.f .x/ ;f .y//� kd .x;y/

is satisfied for all x;y 2A and fixed k 2 Œ0;1/. Then f has a fixed point, i. e., 9x 2A
such that x 2 f .x/.

Theorem 3 ([2,5]). Let .X;d/ be a metric space. A mapping T from X to itself is
said to be asymptotically regular if and only if

lim
n!1

d
�
T n .x/ ;T nC1 .x/

�
D 0; 8x 2X:

3. ON DISTANCE SPACES

Definition 3. Let .X;d/ be a distance space and let A�X .

(1) The left d -closure of A is denoted and defined by

dl � cl.A/D
n
x 2X j 9.xn/�X , lim

n!1
d .xn;A/D lim

n!1
d .xn;x/D 0

o
if A 6D �, and dl � cl.�/D �.
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(2) A is called left-d -closed (dl -closed for short) iff dl � cl.A/� A,
(3) For a 2 X and B � X , we put d .a;B/ D infb2B d .a;b/ and d.B;a/ D

infb2B d .b;a/.
(4) For A�X , B �X , we put d .A;B/D inffd .a;b/ ja 2 A;b 2 Bg,
(5) The Hausdorff distance D on X is defined by

D.A;B/Dmax
�

sup
a2A

d .a;B/; sup
b2B

d.A;b/

�
;

where A�X , B �X .
In [8, Theorem 2.2], above the definition of Hausdorff metric coincides with the

definition of Hausdorff distance iff d is a metric.

Definition 4. A sequence .xn/ in a distance space .X;d/ is said to be left con-
vergent to an x 2 X (respectively, asymptotically regular) iff limn!1d .xn;x/D 0

(respectively, limn!1d .xn;xnC1/D 0). If limn!1d .xn;x/D 0, then x is called
a left limit of .xn/.

If .X;d/ is a metric space and T is a mapping from X to itself, then T is asymp-
totically regular iff 8 x 2X , the sequence T n .x/ is left asymptotically regular.

It is clear that every left Cauchy sequence (see Definition 4.2 below) is left asymp-
totically regular. The converse is not true even in metric spaces, for instance let
X DR and d .x;y/D jx�yj 8 x;y 2X , then .xn/ inX defined by xnD

Pn
kD1k

�1

is asymptotically regular but not Cauchy.

Definition 5. A distance space is called complete left asymptotically regular dis-
tance iff every left asymptotically regular sequence .xn/ in X , left converges to some
point in X .

Theorem 4. Let .X;d/ be a distance space. Then

�dl
D
˚
A j A 2 2X and Ac is dl -closed

	
is a topology on X , where Ac is the complement of A.

Proof. (i) Since dl � cl.�/ D � � �, then � is dl -closed and so X 2 �dl
. Since

dl � cl.x/�X , then X is dl -closed and so � 2 �dl
.

(ii) Let A;B 2 �dl
, x 2 dl � cl.Ac [Bc/ then, there is a sequence .xn/ such that

lim
n!1

d
�
xn;A

c
[Bc

�
D lim

n!1
d .xn;x/D 0;

this implies that either

lim
n!1

d
�
xn;A

c
�
D lim

n!1
d .xn;x/D 0

or limn!1d .xn;B
c/ D limn!1d .xn;x/ D 0) x 2 dl � cl.Ac/ or x 2 dl �

cl.Bc/) x 2 Ac [Bc D .A\B/c .
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(iii) Let fAj j j 2 J g � �dl
and x 2 dl � cl

�T
j2J A

c
j

�
. Then there exists a se-

quence .xn/ such that limn!1d
�
xn;

T
j2J A

c
j

�
D limn!1d .xn;x/D 0. Therefore,

limn!1d.xn;A
c
j /D limn!1d .xn;x/D 0 for all j 2 J ) x 2 dl�cl.Ac

j /8j 2 J

) x 2
T

j2J A
c
j D

�S
j2J Aj

�c
: �

Definition 6 ([9,10]). A distance space .X;d/ is called a small self-distance iff d
satisfies the condition (d5) above.

Definition 7. A distance space .X;d/ is called a weak left small self-distance iff
d satisfies the condition d .x;y/D 0) d .x;x/D 0, 8x;y 2X .

It is clear that any small self distance space is weak left small self-distance. The
following counterexamples illustrate that �dl

and the distance topology �d by P. Wasz-
tiewiecz are different concepts even in a weak left small self distance space.

Counterexample 1. Let X D fa;b;cg and d W X �X ! Œ0;1/ is defined by the
relation d .x;y/D 1 for all x;y 2 X . It is clear that .X;d/ is a weak left small self
distance space. Since fag … �d and �dl

D 2X , it follows that �dl
ª �d .

Counterexample 2. LetX Dfa;b;cg and d WX�X! Œ0;1/ is defined as follows:
d .b;a/ D d .b;b/ D 0, d .a;a/ D 2�1 and d .x;y/ D 2 for all .x;y/ 2 X �X �
f.b;a/ ; .b;b/ ; .a;a/g. Then .X;d/ is a weak left small self distance space. Since
fag 2 �d and fag … �dl

, it follows that �d ª �dl
.

4. MAIN RESULTS

The following counterexample illustrates that there exists a sequence in a weak left
small self distance satisfying (d4) which is left convergent but not left asymptotically
regular.

Counterexample 3. Let X D fa;b;cg and d is a distance function defined by the
relations d .a;b/D d .b;a/D d .c;b/D d .c;a/D d .c;c/D 1, d .b;c/D d .a;c/D
d .b;b/D d .a;a/D 0. The desired sequence is .xn/ given by the formula

xn D

(
a if n is odd,
b if n is even.

Definition 8. Let .X;d/ be a distance space and A�X . A is called left-asympto-
tically regular-closed iff if .xn/ is a left asymptotically regular sequence left conver-
gent to x 2X , then x 2 A.

Theorem 5. Let .X;d/ be a complete left asymptotically regular weak left small
self distance space and A � X . If f is a multivalued function on A; A is left-
asymptotically regular-closed, f .x/ is left-d-closed 8x 2 A and f satisfies the fol-
lowing condition: D.f .x/ ;f .y// � kd .x;y/ 8x;y 2 A for fixed k 2 .0;1/, then
f has a fixed point.
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Proof. (I) Choose a k0 2 .k;1/ and an x0 2 A. If there is not an element x1 2

f .x0/such that x1 ¤ x0, then since f .x0/ ¤ � we have x0 2 f .x0/. Thus x0 is
a fixed point of f . If there exists x 2 f .x0/ and x ¤ x0such that d .x0;x/ D 0,
then d .x0;f .x0// D 0. Consider the sequence .xn/n2N where xn D x0 8n 2 N.
Then limn!1d .xn;f .x0// D limn!1d .xn;x0/ D 0, because .X;d/ is a weak
left small self distance space, i. e., since d .x0;x/D 0 we have d .x0;x0/D 0. Thus
x0 2 dl � cl.f .x0//� f .x0/. Hence x0 is a fixed point. For the other case choose
x1 2 f .x0/such that x1 ¤ x0 and d .x0;x1/ > 0. Now,

d .x1;f .x1//�D.f .x0/ ;f .x1// < k0d .x0;x1/ :

Then there exists x2 2 f .x1/such that d .x1;x2/ < k0d .x0;x1/. By repeating this
process one can construct a sequence .xn/such that xnC1 2 f .xn/, d .xn;xnC1/ <

kn
0d .x0;x1/ for all n 2 N. Thus limn!1d .xn;xnC1/ D 0 and so .xn/ is a left

asymptotically regular sequence. Since .X;d/ is a complete left asymptotically reg-
ular distance space, then exists x 2 Xsuch that limn!1d .xn;x/ D 0. Since A is
left-asymptotically regular-closed, then x 2 A.

(II) Since d .xnC1;f .x//�D.f .xn/ ;f .x//� kd .xn;x/ 8n 2N, then

lim
n!1

d .xnC1;f .x//� k lim
n!1

d .xn;x/D 0;

i. e., limn!1d .xnC1;f .x//D 0. Now,

lim
n!1

d .xnC1;f .x//D lim
n!1

d .xnC1;x/D 0) x 2 dl � cl.f .x//� f .x/

then x 2 f .x/. �

Proposition 1. Let .X;d/ be a distance space and A�X . Let f be a multivalued
function on A such that

(1) D.f .x/ ;f .y//D 0 8x;y 2 A,
(2) 9 x 2 A such that

(a) x 2 f .`/ for some ` 2 A,
(b) d.x;f .x//D 0) x 2 f .x/.

Then f has a fixed point.

Definition 9. Let .X;d/ be a distance space. A sequence .xn/ in X is called left
Cauchy iff limn!1d .xn;xm/D 0 8 n;m 2Nsuch that m> n.

Definition 10. A distance space .X;d/ is called left complete iff every left Cauchy
sequence in X , left converges.

Definition 11. Let .X;d/ be a distance space and A�X . A is called left-Cauchy-
closed iff if .xn/ is a left Cauchy sequence left convergent to x 2X , then x 2 A.

One can prove that the sequence .xn/ defined in (I) in the proof of Theorem 5 is
left Cauchy if the triangular inequality holds. So one can have the following theorem.
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Theorem 6. Let .X;d/ be a left complete left small self distance spacesuch that
d satisfying (d4) and let A � X . If f is a multivalued function on A, A is left-
Cauchy-closed, f .x/ is left-d -closed 8 x 2 A and f satisfies the following condi-
tion: D.f .x/ ;f .y//� kd .x;y/ 8 x;y 2 A for fixed k 2 .0;1/, then f has a fixed
point.

Remarks. (1) If d satisfies (d3) the term “left” in each concept is omitted.
(2) Let .X;d/ be a distance space satisfies (d3). If A is closed; i. e., if every con-

vergent sequence in A converges in A; then A is left-asymptotically regular-closed.
(3) If .X;d/ satisfies (d3) and (d2), then .X;d/ is a weak small self distance.
From Theorem 6 and the remarks above one can have the following corollaries.

Corollary 1. Let .X;d/ be a complete d-metric space and A � X . If f is a
multivalued function on Asuch that 8x 2 A, A is closed, f .x/ is d -closed and f
satisfies the condition mentioned in Theorem 6, then f has a fixed point.

Corollary 2. If .X;d/ is a complete partial metric space and A � X . If f is a
multivalued function on Asuch that 8 x 2 A, A is closed, f .x/ is d -closed and f
satisfies the condition mentioned in Theorem 5, then f has a fixed point.

The following corollary illustrates that Theorem 6 and Proposition 1 generalize
the generalized k-contraction fixed point Theorem by S. B. Nadler.

Corollary 3 ([8]). Let .X;d/ be a complete metric space and A � X . Suppose
that f WA! 2A�f�g is a multivalued map such that A is closed, f .x/ is closed for
all x 2 A, and multivalued k-contraction condition

D.f .x/ ;f .y//� kd .x;y/

is satisfied for all x;y 2 A and fixed k 2 Œ0;1/. Then f has a fixed point.

The proof follows from the above notes and the following fact: In metric spaces,
the topology �dl

coincides with the usual metric topology.
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