HU e-ISSN 1787-2413

Miskolc
Mathematical
Notes

A Publication of the University of Miskolc

VOLUME 8 (2007), NUMBER 1

MISKOLC UNIVERSITY PRESS



Miskolc
Mathematical
Notes

VOLUME 8 (2007), NUMBER 1

CONTENTS

Benharrat Belaidi
Infinite order solutions of complex linear differential equations . . . . . .

Ivan Chajda and Jan Kiihr
Algebraic structures derived from BCK-algebras . . . . . ... ... ...

Zhao Changjian and Mihdly Bencze
Some new inverse-type Hilbert-Pachpatte inequalities . . . . . . . . . ..

Oznur Golbasi
Notes on generalized (o, §)-derivations in prime rings . . . . . ... ...

I. M. Konet
Generalized hybrid integral Meler—Fok transform of the second type and
itsapplications . . . . . . . .. ...

Sdandor Kovdcs
Periodic oscillation in the delayed CF-system . . . . .. ... ... ...

Pengcheng Niu and Jingbou Dou
Hardy—Sobolev type inequalities for generalized Baouendi—Grushin oper-
ALOTS .+ . . o o e e e e e e e e e e e e

Manuela S. Silva and Teresa P. de Lima

Bounds for singular values of a block companion matrix . . .. ... ..

F. M. Zeyada, M. R. A. Moubarak, and A. H. Soliman
A generalization of generalized Banach fixed-point theorem in a weak left
small slf-distance space . . . . . . . ... ... ... ... ...

11

23

31

43

61

89



Doi: 10.18514/MMN.2007.98

Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 8 (2007), No. 1, pp. 3-9

INFINITE ORDER SOLUTIONS OF COMPLEX LINEAR
DIFFERENTIAL EQUATIONS

BENHARRAT BELAIDI
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Abstract. In this paper we investigate the growth of solutions of the differential equation f *) 4
Ap_1(2) f(k_l) 4.4+ A1 (2) f/ + Ao (z) f =0, where Ao (2),..., Ax—1 (2) are entire func-
tions with 0 < o (4g) < 1/2. We will show that if there exists a real constant 8 < o (4p) and a
set Eg C (1,+00) with log dens Eg = 1, such that for all r € Eg, we have min|;|—, |4; (2)| <

exp (rﬁ) (j =1,2,...,k—1), then every solution f = 0 of the above differential equation is
of infinite order with hyper-order o3 (f) > 0 (Ag). The paper extends previous results by the
author and Hamani.

1991 Mathematics Subject Classification: 34M10, 30D35

Keywords: linear differential equations, growth of entire function, hyper-order

1. INTRODUCTION AND STATEMENT OF MAIN RESULT
For k > 2 we consider the linear differential equation

O+ 4@V 4+ 41 @) f +402) f =0, (1.1

where A (2),..., Ax_1 (2) are entire functions with Ao (z) £ 0. It is well-known
that all solutions of equation (1.1) are entire functions and if some of the coefficients
of (1.1) are transcendental, then (1.1) has at least one solution with order o (f) =
+00.

Recently, the growth theory of complex differential equations has been an active
research area, and the growth problems of linear differential equations have an im-
portant aspect in this area. By defining the hyper-order [9, 11], the growth of infi-
nite order solutions of differential equations has been more precisely estimated (see
[3,4,9]). Our starting point for this paper is a result by Kwon in [9]:

Theorem A ([9, p. 489]). Let A(z) and B (2) be entire functions where 0 <
0 (B) < 1/2, and let there exist a real constant B < o (B) and a set Eg C [0, +00)
with dens Eg = 1 such that for all r € Eg, we have

min |A(z)| fexp(r’s). (1.2)

|z|=r
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Then every solution f # 0 of the linear differential equation

f +A@) f +B@) f=0 (1.3)
is of infinite order with hyper-order

—— loglogT (r,
o2 (f) = Tim 0eleTn)) . gy (1.4)
r—+oo logr
Here the order o ( f) of an entire function f is defined by

o(f)= lim M: im log log M (r, 1)
r—>+o00 logr F——400 logr

; (1.5)

where T (r, f) is the Nevanlinna characteristic function of f (see [7]),and M (r, f) =

max;|— |/ @)].
This result has been recently generalized to a higher order case (1.1) by the author
and Hamani as follows (see [4]):

Theorem B ([4]). Let Ao (2),..., Ax—1(2) be entire functions with 0 < o (Ag) <
1/2, and let there exist a real constant B < 0 (Ag) and a set Eg C [0,+00) with
dens Eg = 1 such that for all r € Eg, we have

lrrllin |4j @) =exp(rf)  (j=12.....k=1). (1.6)
zZl=r

Then every solution f #£ 0 of (1.1) is of infinite order with hyper-order

o2 (f)= Tim T S) iy, (1.7)

r—-+o0 logr

In this paper, we extend Theorem B by proving:

Theorem 1.1. Let Ay (2),..., Ax—_1(2) be entire functions where 0 < o (Agy) <
1/2, and let there exist a real constant B < o (Ag) and a set Eg C (1,+00) with
log dens Eg = 1 such that for all r € Eg, we have

|II|lin !Aj(z)‘fexp(rﬂ) (j=12,....k—1). (1.8)
z|=r

Then every solution f #£ 0 of (1.1) is of infinite order with hyper-order

0y (f) = lim loglog T (r, f)

>0 (Agp). 1.9
r—>+oo logr Z 0(4o) (1.9

Thus our contribution is to treat the case o (Ag) = % The method used in this
paper will be quite different from that in the proof of Theorem B (see [4]). The main
ingredient in the proof is Lemma 2.2, based on a special case of a theorem of Drasin
and Shea [5, Theorem 8.1].
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Remark 1.1. The conclusions of Theorem 1.1 are also held under the hypothesis
0 < u(Ao) <1/2, where p(f) is the lower order of f defined by

w(f)= tim CELCS) oy, logloe M@ f)

lim (1.10)
r—+o0 ogr r—+o0 logr

To ease the exposition we treat in detail only Theorem 1.1 and in Section 2 we
confine ourselves to highlighting the modifications of our proof necessary to obtain
the lower order result.

2. PRELIMINARY LEMMAS

Our proofs depend mainly upon the following lemmas. Before starting these
Lemmas, we recall the concepts of density and logarithmic density of subsets of
(1,400). For E C (1,+00), we define the linear measure of a set £ by m(F) =

1+°° xE (t)dt, where y g is the characteristic function of E, and define the logarith-

mic measure of a set E by Im(E) = || 1+°° XET(I)d t. The upper density and the upper
logarithmic density of E are defined by the formulae

- — ENTl, S — Im(ENJIL,

dens £ = Ilim u logdens E = lim M 2.1

rotoo  r—1 r—>+oo  logr

The lower density and the lower logarithmic density, dens £ and log dens E, are de-
fined similarly with the limit superior replaced by the limit inferior. It is easy to verify
[10, p. 121] that

0 <densE <logdens E <logdensE <densE <1 2.2)

forany E C (1,400).

For entire f, let L (r, /) = min|;—, | f (z)|. The method of Denjoy—Kjellberg [8,
pp- 193-196] shows for entire f with f (0) = 1 and for 0 < A < 1 that there exist
positive constants k1 (A) and k5 (1) such that

R dt
/ (logL(z,f)—(cosn)L)logM(t,f))m

logM (r. f)

zkl (A) r’l

k() logMISR,f)

2.3)

valid for 0 <r < R.

Ifu(f)<o(f)<1/2,let pand o satisfy u(f) <pf<a<A<o(f)<1/2.
Let us choose ry, — 400 with Ry, > ry, satisfying r,ﬁ = o(logM (ry,, f)) and
logM (4R, f) = o(R,),%) to conclude that

/Rm log L(t, f)

T dt — oo

m
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as m — oo . Thus there exists s, — 00 with
log L (Sm, f) > spy- (2.4)

Ifu(f)=0(f)<1/2and B <a(f), the classical cosmo theorem (contained in
(2.3)) yields s, — oo satisfying (2.4). In both of the above cases results of Barry (see
[1, p. 294] and [2, Theorem 4]) also imply the existence of unbounded s, satisfying
(2.4).

If<u(f)=o(f)= % , then either there exists s, — oo satisfying

IOgL(Sm,f)>810gM(Sm,f) (25)
for some ¢ > 0 and hence also satisfying (2.4), or
log L (r, f) = o(logM (r. f)). (2.6)

Lemma 2.1 ([6]). Let f (z) be a nonconstant entire function, and let @ > 1 and
& > 0 be given constants. Then the following two statements hold:

(1) There exist a constant ¢ > 0 and a set E1 C [0,00) having a finite linear
measure such that for all z satisfying |z| =r ¢ E1,we have

f®(2)
f(@)

<c[T(ar. f)rflogT (ar. £)]* (ke N). 2.7

(ii) There exist a constant ¢ >0 and a set E» C [0,27) that has linear measure
zero, such that if Yo € [0,27) \ E», then there is a constant Ro = Ro (¥g) > 1
such that for all 7 satisfying argz = Yo and |z| =r > Rg, we have

F®(2)
/(@)

Lemma 2.2 ([5,7]). Suppose that f (z) is entire witho (f) <1/2and p <o (f).
Then either there exists {rp,} such that r,;, — oo and

<c[T (ar, /)logT (ar, /)IF (k € N). (2.8)

| min log|f (z)| > rp, (2.9)
Z|=Im
or, if

K, (p) = Ky = {9 € [0,27] : log| f(re'®)| < rp}, (2.10)

there exists a set E (1) C [1,400) with log dens E (1) = 1 such that forallr € E (1),
K; satisfies

m(K;)—0 as ry — o0. (2.11)



INFINITE ORDER SOLUTIONS OF COMPLEX LINEAR DIFFERENTIAL EQUATIONS 7

3. PROOF AND EXAMPLE
Proof of Theorem 1.1. Let f % 0 be a solution of (1.1). It follows from (1.1) that
(k) (k-1) ’
N f I
Let B <o (Ap) and suppose that 8 < a < 0 (Ap) and that there isaset Eg C (1, +00)
of lower logarithmic density 1 satisfying (1.8). Set

|40 (2)] = + [ Ag—1 (2)] + -+ 141 (2)] - 3.1

E:{z:|z|=reE5
and \A,~(z)\=|n|nn\Aj(z)} (j=1,2,...,k—1)}. (3.2)
zl=r
Then log dens{|z| : 2z € E} =1 and

|4 )| <exp(rP) (j =1,2,....k—1) (3.3)

forallz € E.

The proof is divided into two cases depending on the behavior of the minimum
modulus of Ag(z) on |z| = r by Lemma 2.2. First, we assume that there exists 7,
such that r,,, — oo and

log‘Ao(rmemH > rh (3.4)

for all 6 € [0,2], and for any positive real number & < o (4o). Furthermore, by
Lemma 2.1 (ii), there exists 6y € [B1, B2] such that if z = re’%,

)]
2R e Hftt (=1, k) (3.5)
/(@)
for all sufficiently large r. Hence from (3.1), (3.3), (3.4) and (3.5), we have
exp (rpy) < (1 +(k—1)exp (r,’?l)) [T Qrm, )T, (3.6)

for all sufficiently large r,,. Therefore f has infinite order and

loglog T (rm, f) .

o2 (f) = lim

rm——+o00o logrm

3.7

Thus the result of Theorem 1.1 follows since « is arbitrary. Theorem 1.1 is proved in
the first case.
Now, we assume that there is a set £ (1) with log dens £ (1) = 1 such that for all
r € E(1), we have
m(K;) — 0, as r — o0, 3.8)

where
Ky = Ky (@) = {0 :log| Ao (re'®)| < r}. (3.9)
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By Lemma 2.1 (i) and (3.8), we have a set £; C E (1) with log dens £1 = 1 such that

ifz = ret?

f(j) (2)
/@)

holds for all r € Ey, and for all 8 € [0,2x]. Therefore it follows from (3.1), (3.3),
(3.9) and (3.10) that

<r[Ter, AT (G =1,...k) (3.10)

exp (r%) < (1 t (k- 1)exp(r'3))r (T @r, ! 3.11)

forallr € E{yNE, and for all 6 € [0,27]\ K. Since [0,27]\ K, is nonempty for all
sufficiently large r € E1 N E by (3.8), we conclude that f has infinite order and

loglog T (r, f) -

o2(f)= lim (3.12)

r——+o0 logr
Thus the result of Theorem 1.1 follows since « is arbitrary. Hence the proof of
Theorem 1.1 is now complete. (]

Next, we give an example which illustrates Theorem 1.1.
Example. Let P1(z),..., Pr_1(z) be nonconstant polynomials and let 1 (2),
.,hr_1 (2) be entire functlons satisfying o (h ) <degP; (j =1,. —1). Then,
by Theorem 1.1, every solution f s 0 of the equation

sin /Z

I 4 hy @)D @ ST L h () D@ T a

f=0 (3.13)

is of infinite order with o, (f) > & (s”:/[) 5 since

|n|1in }hj (z)ePf(Z)| -0 (j=1,....k—1)
zl=r

asr — +0o0.

Remark 3.1. The conclusions of our theorem are also held under the hypothesis
0<u(Ap) <1/2.For B < u(Ap), we first establish as before that either (2.4) holds
for some sequence s, — oo or (2.11) holds for a set E (1) of lower logarithmic
density 1. If u (Ag) < 1/2, we conclude from Kjellberg’s lower order extension [8] of
the coswo theorem (essentially (2.3)) that for each B < u (Ag) there exists s,, — co
satisfying (2.4). Thus we suppose i (Ag) = 1/2. Either (2.5) holds for some s, — 0o
and hence (2.4) also holds, or alternatively (2.6) holds. By the remarks following
Theorem 8.1 in [5, p. 283], (2.6) implies the set K, defined in (2.10) satisfies (2.11)
for all r in some set E (1) of lower logarithmic density 1.
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Abstract. Commutative BCK-algebras can be viewed as semilattices whose sections have an-
titone involutions and it is known that bounded commutative BCK-algebras are equivalent to
MV-algebras. In the first part of this paper we assign to an arbitrary BCK-algebra a semilattice-
like structure every section of which possesses a certain antitone mapping. The remaining part is
devoted to algebras of the MV-language {®,—,0} which are defined on bounded BCK-algebras
in the same way as M V-algebras.
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1.

A BCK-algebra is an algebra A = (A; —, 1) of type (2,0) satisfying the following
quasi-identities:
D Ex=>y=>(—=2)=>&=>2)=1
D x = (x> y) > y) =1,
n x - x =1,
V) x—>1=1,
V) (x—>y=1&y—>x=1) = x=y.
BCK-algebras were introduced by Y. Imai and K. Iséki [5-7] and form an algebraic
semantics for C. A. Meredith’s logic.
The relation < on A given by

x<y & x—-y=1 (D)

is a partial order on A with 1 as the top element, but the poset (A4; <) has no particular
properties because any poset (P; <) with 1 can be made a BCK-algebra (P;—, 1) by
setting x — y := 1 for x <y, and x — y := y otherwise.

By a bounded BCK-algebra we mean an algebra A = (A; —,0,1), where (4;—
,1) is a BCK-algebra with the bottom element 0.

This work was supported by the Research and Development Council of the Czech Government via
project MSM6198959214.

© 2007 MiISkOLC UNIVERSITY PRESS
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In every BCK-algebra (A4;—, 1), the following hold for all x, y,z € A:

X<y = y—->z<x-—2z, (2)
X<y = zZ—->x=<z-Y, 3)
x=>@—>2)=y—>(x—2), (exchange) 4)
y=<x-—y, ()

l->x=x, (6)
x—>y=<(@—>x)—>@—>y), (7)
(x—=>y)=>y)—>y=x—y. (8)

A commutative BCK-algebra is a BCK-algebra that satisfies the identity
x—=>y)=>y=0—>x)—>x 9)

In this case, the underlying poset is a join-semilattice in whichx vy = (x - y) — y.
Commutative BCK-algebras form a variety that is axiomatized by the identities (9),
(4), (III) and (6).

We have proved in [1,2] that commutative BCK-algebras (named here weak impli-
cation algebras and defined in a slightly different way) can be characterized as join-
semilattices whose sections (= principal order filters) posses antitone involutions.

Recall that by a semilattice with sectionally antitone involutions we mean a struc-
ture 8§ = (S;V,(%)ges,1), where (S;V) is a join-semilattice with the greatest ele-
ment 1, and for every a € S, the mapping x — x¢ is an antitone involution on the
section [a,1] ={x € S :a < x}. If A = (A;—,1) is a commutative BCK-algebra,
then 8(A) = (4;V,(%)gea,1), where xVy =(x > y) >y and x* = x > a
(x € [a,1]), is a semilattice with sectionally antitone involutions in which we have
x =y = (x VvV y)?Y. On the other hand, given a structure 8 = (S;V, (%)ges, 1), we
define a new algebra A(8) = (S;—,1) viax — y = (x Vy)”. Then A(¥) is a BCK-
algebra if and only if it satisfies identity (4), and if this is the case, then A(S) is a
commutative BCK-algebra.

Our first objective is to give a similar description for general BCK-algebras, i. e. to
an arbitrary BCK-algebra we assign a semilattice-like structure the sections of which
have certain antitone mappings, and also conversely, we describe the reverse passage
from such structures to BCK-algebras.

Theorem 1. Let A = (A;—, 1) be a BCK-algebra. Define a binary term operation
U on A by
xUy=(x—>y)—>y.
and for every a € A, a unary operation ® on the section [a,1] ={x € A:a < x} by

x4 =x—>a.

Then the structure 8 (A) = (A;U, (%)aeca, 1) satisfies the following quasi-identities:
(1) xUx =ux,
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(i) (xUy=y&yUx=x) = x =),
(i) xUy =(xUy)Uy=xU(xUy)=yuU(xUy),
(iv) (xuz)u((xUy)dz) =(xUy)Uz,
v) xul=1,
(vi) x* =1, 1* =x,
(vi) xUy = (xUy)?? =((xUy)’Uy)’,
(vii)) (xUy)’U((xUz)U(yUz))’"* = ((xuz)u(yuz))’rs,
(ix) (xUZ)*U(yU)™ = ((yUz)*U(xUz)*M5,
x) ((xUy)Ux)* = (xuy)*.
Proof. First note that x LI y € [y, 1] by (5), hence using (8) we have
(xuy) =((x—>y)=>y)>y=x—y. (10)
Further
X<y & x—-y=1 & xUy=y. (11)
Indeed, x - y = 1 implies x Uy = (x - y) > y = 1 — y = y, and conversely, if
y=xUy=@x—>y)—=ythenl=y—>y=(x—>y)—>y)—=>y=x—>y.
Now, we can verify the properties (i)—(x) by direct computations:
DxUx=x—>x)>x=1—>x=nx.
@) Ifxuy=yand yUx =x,thenx -y =1and y - x =1 by (11), so that
x = y by axiom (V).
(iii) We have (xUy)Uy =((x > y) > y) > y) >y =(x —>y) >y =xUy,
and the equalities x U (x U y) = yU (x Uy) = x Uy follow from (11) as x,y < xUy.
(iv) Since x < xUy impliesxUz =(x > 2) >z <((xUy) —>2z) > z=(xU
y)Uz,wehave (xUz)U((xUy)Uz)=(xUy)Uz by (11).
Mxul=x—>1)—->1=1.
V)x*=x—=>x=1land 1" =1—x =x.
(vii) According to (10), (xUy)??Y =(x > y) >y =xUyand (xUy)’ Uy)’ =
(x=>y)Uy)=(x—>y)—>y=xuUy.
(viii) Due to (10), we have
(xuz)U(yuz)”’™ = (xUz) = (yUz)
=((x=>2)=2)=>((y>2)—2)
== ->(x=>2)=>2)—>2)
=0 =2 —>x—2),
whence

(xuy) U((xuz)u(yuz)’ =@ —=y)u(y —2) = (x > 2))
=(Qy—>2)>(x—>2)
= ((xUz)u(yuz))’*s
by (I) and (11).
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(ix) Again, in view of (10),

(xUz)*U(yuUz)’*=(x—-2)—(yUz)
=x—>2)>((y—>2)—>2)
=(y—2—>(x—>2)—>2)
=y —>2—>kUz)
= ((yUz)?u(xUz))*2.

(x) We have (xUy)Ux)* =(((xUy) >x)—>x)—>x=(xUy)—>x=(xU
y)*r. O

Lemma 2. Let (A;U) be a groupoid satisfying the quasi-identities (1)—(iv) of The-
orem 1. Then the binary relation defined by

X<y <& xUy=y (12)

is a partial order on A such that, for every x,y € A, x Uy is a common upper bound
of x,y.

Proof. By (i) and (ii), < is reflexive and antisymmetric. For transitivity, assume
that xUy =y and yUz=2z. Then xUz =(xUz)Uz=(xUz)U(yUz) =
(xUz)U((xUy)uz)=(xUy)Uz = yUz =z by (iii) and (iv). Thus < is a partial
order on A. Moreover, from (iii) we conclude that x,y < x U y. O

Therefore, any BCK-algebra induces a semilattice-like structure with a join-like
operation LI. Another kind of generalizations of join-semilattices was introduced by
J. Jezek and R. Quackenbush [8]:

A directoid is a groupoid (A;Ll) satisfying the identities

(a) xUx =x,

(b) (xuUy)Ux =xUy,

(©) yu(xuy)=xuy,

(d) xu((xuy)uz)=(xUy)Uz.
The relation < given by (12) is a partial order. The binary operation LI assigns to a
pair (x,y) a common upper bound of {x,y} in suchaway that x Uy =ylx =y
provided x < y.

Observe that this is the point where directoids differ from our semilattice-like
structures since in our case x < y does not imply y Lix = y.

Lemma 3. Let A = (A;—,1) be a BCK-algebra and U be the binary operation
defined in Theorem 1. Then the following conditions are equivalent:
(a) (A;U) is a directoid;
(b) A is a commutative BCK-algebra;
(¢) (A;U) is a join-semilattice.
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Proof. (a) = (b). Assume that (A;L) is a directoid. Remember that x < y iff
x—>y=1iffxUy =y. Since (4;L) is adirectoid, x < yentailsx Uy = yUx =y,
so + satisfies the quasi-identity

X<y = y=((p-—x)—>=x.

Hence x < (x — y) — y yields (x > y) > y = (((x > y) > y) = x) — x. But
from y < (x — y) — y it follows (y > x) > x < ((x = y) > y) = x) = x,
and hence (y — x) - x < (x = y) — y. The converse inequality is obtained by
interchanging x and y, thus + is a commutative BCK-algebra.

(b) = (c). As we already know, if # is a commutative BCK-algebra, then x LI y =
(x = y) — y is the supremum of {x, y}, hence (4;L!) is a join-semilattice.

(c) = (a). Clearly, every join-semilattice is a directoid. Il

Theorem 4. Let § = (S; U, (%)ges. 1) be a structure—where U is a binary opera-
tion on S and for eacha € S, ¢ : x — x? is unary operationon {x € S :aUx = x},
and 1 is a distinguished element of S—satisfying the quasi-identities (1)—(ix) from
Theorem 1. Define a new binary operation — on S by

x—y=(xuy)’.
Then A(8) = (S;—,1) is a BCK-algebra.

Proof. The definition of — is correct since y LI (x LI y) = x U y by (iii). Further-
more, we note that

xUy=y & x—->y=1 (13)
Indeed, if xUy =y, then x - y = (x U y)Y = y¥ =1, and conversely, | = x —
y=(xUy)” impliesy =1 = (xUy)¥Y =xUy.
Now, we verify the axioms of BCK-algebras:
(D By (viii) we have
(x = Y)U((xUz) = (yU2) = (xUy)  L((xUz)U(yuz)e
= ((xUz)u(yuz)’=
=(xUz)— (yuz),
so (x > y) = ((xUz) — (yUz)) = 1. Further, using (vii) and (ix), we obtain
(x—>2)>((y—>2)>2)=(Kx—>2)>((yuzx)*uz)’
=(x—>2z)—>(yuz)
= ((xuz)*u(yuz))’*s
= ((yu2)*u(xuz)*™=
=0 =2 —> kU2
= —>2z2)—>(x >2)—>2).
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When we replace x by x — z, we get

xUz) > (uz)=((x—>2)—>2)—>(y >2) —>2)
=(y—->2)>(x—>2)—>2)—2)
=(Qy—>2)>(x—>2)

since (x >z)—>z2) > z=(((xUz)*Uz)*Uz)*=((xUz)Uz)* =(xUz)* =
x — z. Altogether, we have proved

x—=>y)—->(r—>2)>(x—>2)=x—>y)—>((xUz) > (yuz)) =1L

(II) Wehave (x > y) >y =((xUy)’Uy)Y =xUy,hencexU((x > y) > y) =
xU(xUy)=xUy=(x—>y)— yandby (13) weobtainx - ((x > y) > y)=1.

(IIT) Due to (13), from x LU x = x it follows x — x = 1.

(IV) Analogously, x U1 =1 givesx — 1 = 1.

V)Ifx >y=1landy - x =1, then xUy =y and y Ux = x which imply
X =y. O

Remark 5. Observe that in Theorem 4 we did not employ the identity (x) of The-
orem 1. Actually, this identity is useful in order to establish a one-to-one correspon-
dence between BCK-algebras and semilattice-like structures with sectionally antitone
mappings:

Theorem 6. Let A = (A;—,1) be a BCK-algebra and let 8 = (S;U, (%)ges,1)
be an algebra as in Theorem 4 satisfying ()—(x) of Theorem 1. Then A(S(A)) = A
and 8(A(8)) = 5.

Proof. Let 8(A) = (A:U,(%)gea,1) be the structure satisfying (i)—(x) which is
assigned to a given BCK-algebra +A by Theorem 1. Then in A(S(4)) = (4;~>,1)
wehave x ~y = (xUy)Y =((x > y) > y) > y = x — y, so that A(S(A)) = A.

Conversely, let 8 = (S;U,(%)4es, 1) be a structure that satisfies (i)—(x) of The-
orem 1, A(S) = (S;—,1) its corresponding BCK-algebra (cf. Theorem 4) and
8(A(S)) = (S;Y,(ra)aes.1). ThenxUy = (x — y) >y =((xUy)Y Uy)” =
xUy,andforx € [a,1],rg(x) =x >a=(xUa)* =((aUx)Ua)?® = (aUx)? = x¢
in view of (x), and hence §(A(8)) = 8. OJ

Corollary 7. Let 8 = (S;U,(%)ges, 1) be an algebra satisfying (1)—(x) of Theorem
1. Then the relation defined by (12) is a partial order on S, 1 is the greatest element
of S and for every x,y € S, x,y < xUy. Moreover, for each a € S, x +— x% is an
antitone mapping on [a,1] ={x € S :a < x}.

2.

The MV -algebras were introduced by C. C. Chang [3] as an algebraic counter-
part of the Lukasiewicz many-valued propositional logic. Here we use the present
simplest definition from [4]:
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An MV -algebra is an algebra M = (M ;®,—,0) of type (2,1,0) satisfying the
identities
MVD) xe(ydz2)=(xDy)Dz,

(MV2) xy =y ®x,

MV3) xd0=x,

MV4) x @ —0= -0,

(MV5) —=—x = x,

(MV6) =(—x®y)®y =—(-yDx)Dx.

MV -algebras are known to be termwise equivalent to bounded commutative BCK-
algebras (see [4]):

(a) Let M = (M;®,—,0) be an M V-algebra and define x — y = —x & y and
1 = —=0. Then A(M) = (M;—,0,1) is a bounded commutative BCK-algebra in
whichx®y=(x—>0)—y=(y —>0)—xand —x = x — 0.

(b) Let A = (A;—,0, 1) be a bounded commutative BCK-algebra. Define x® y =
(x >0) — y and =x = x — 0. Then M(A) = (A:®,—,0) is an M V -algebra in
whichx -y =—-x®y.

In what follows, we are concerned with algebras in the language {&,—,0} which
arise from bounded (non-commutative) BCK-algebras in the same manner as M V -
algebras.

Let A = (4;—,0,1) be a bounded BCK-algebra and define binary operation &
and a unary operation — on A by

x®y=(x—0)—>y, (14)
—x =x — 0. (15)

We refer to M(A) = (A;H,—,0) as the induced algebra of a BCK-algebra 4. We
also introduce a supplementary binary operation ® by

x@y=x—>(y—0)—0. (16)

Lemma 8. Given a bounded BCK-algebra A, its induced algebra M(A) satisfies
the following identities:
(1) 0hx=x,xP0=——x,
(2) x®——y=y®—x,
B)xpl=1x=1,
(4) ~=—x = =,
B) x0=—x,
6) —xBy=x®y,
(7N x®—y=—-yd——x,
B)xd(y®z)=yd(xd2).
In addition, we have
Q) x01l=10x =—-—x,
(10) xOy=yOQx===x0y ==(=x DY),



18 IVAN CHAJDA AND JAN KUHR

(1) x©0=0,
(12) =x©1 = —x,
(13) ~(~x©=y) = ~=(x & ~).

Proof. 1H)0x=0—-0)—>x=1—-x=xandx®d0=(x —>0) > 0=—-—x.

@ x@—y=(x—>0)— (1= 0)—>0)=(y>0) > (x> 0) > 0) = y&
-,

Bxdl=(x—>0—>1l=land1dx=(1—->0—->x=0—>x=1.

@) ———x=((x—>0—>0—>0=x—>0=—x.

(5) This follows from (1) and (4).

6)——xBy=(x—>0—>0—>0)—>y=x—->0—>y=x®)y.

(7) This is a consequence of (2) and (4).

®xo(e)=x—=>0->((y—>0—->2)=0—->0->((x—>0—->2)=
Yo (xP2).

PDHxol=(x—>(1—-0)—>0=(x—>0)—>0=-—x and analogously | ®x =
1-x—>0)—>0=(x—>0)—>0=—-—x.

(10) Wehave xOy=(x—>(y—>0)>0=(y—>(x—>0) >0=yOx and
-——x0y=((x—>0—->0)—->(—->0)—0=>U—->((x—>0) —>0—>0)—>
0= —>(x—>0)—>0=y0Oux,andfinally -——x 0y = ((x > 0) > 0) > (y —>
0)) > 0=—=(—xDd—y).

AHhx00=x—-0—-0))—>0=x—>1)—>0=1—-0=0.

(12) This is a consequence of (9) and (4).

(13) By (10) and (7) we have =(—x ©®—y) = =(—y ©@—x) = 7~ (—~—y H—-—x) =
——(x H —-y). O

Lemma 9. Let M(A) be the induced algebra of a BCK-algebra A. Then

@ x<yimpliesx®z<y®Dzand z®x <7Dy, and the same is true for ©,

b) x<y—>—-ziff xOy <—gz,

where < is the partial order of A defined by (1).

Proof. (a) From x < y it follows x — 0> y — 0 and hence x $z = (x — 0) —
z2<(y—>0)—>z=y®z Similarly, x <y yields zbx =(z > 0) > x < (z —>
0)—>y=z&y.

Now, let x < y. Then —x > —y which implies —x & —z > —y & —z and hence
XOz="(x®-y)<—-(—yd—-2)=y0Oz.

b)Ifx<y—>-z,thenxOy<(y—>—-2)0y=((y—>(z—0)—>(y—0)—>
0<((z—>0—>0)—>0=z—>0=—zsince(z >0)—->0<(y—>(z—0)—>(y—
0). Conversely, if xOy <—z,theny > —z>y > xQy)=y —>(x —> (y —>
0)—-0)=x—->0O(—->0)>(—->0=Q0—->x—->0)>(—-0>(x—0)—
0> x. |

From now on, we will assume that a given bounded BCK-algebra + satisfies the
law of double negation
X = ——X. (17)
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It should be underlined that (17) is not enough for a BCK-algebra 4 to be commu-
tative. Indeed, for instance, the following bounded BCK-algebra obeys the law of
double negation but it is not commutative as (¢ > b) >b=b#1=(b —>a) - a:

— > ol
O =IO
L Q = =]
S ===
S gy .

Recall that a structure (P;<,-,e) is a partially ordered monoid or briefly a po-
monoid if (P;-,e) is a monoid, (P;<) is a poset and, for all x,y,z € P, x <y
impliesx-z <y-zandz-x <z-y.

A partially ordered commutative residuated integral monoid, a pocrim for short,
is a structure (P;<,-,—,1) such that (P;<,-, 1) is a commutative po-monoid with
the greatest element 1, and for all x,y,z € P,

X-y<z & Xx=<y—2Zz (18)

Lemma 10. Let A = (A;—,0,1) be a bounded BCK-algebra satisfying the law
of double negation (17). Then both (A;<,®,0) and (A;<,0,1) are commutative
po-monoids. Moreover, (A; <,®,—,1) is a pocrim.

Proof. First, we show that @ is commutative:
xX®y=x—>0—>y
=x—>0—>({(y—>0—0)
=(y—->0—->((x—>0—>0)
=(y—>0—>x
=ydx.

Further, @ is associative:

x®y)®z=((x—>0—>y)—0) —z
=(x—>0—>y)—>0—>((z—0)—0)
=(z—=0 = ((((x—=0)—y)—0)—0)
=z—->0—->({(x—>0—y)
=x—>0—->{(z—>0—y)
=x®@zdy)
=x®(y®2).
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Commutativity and associativity of the operation © is a direct consequence. Now, by
Lemma 8 (1), (9) and Lemma 9 (a), (4;<,,1) as well as (4;<,®, 1) is a commu-
tative po-monoid.

In order to prove the latter statement, it suffices to note that by (b) of Lemma 9 we
havex <y - —-—z =y —zifandonly if x ® y < ——z = z verifying (18). UJ

In the next theorem we characterize “M V -like” algebras arising from bounded
BCK-algebras satisfying the law of double negation:

Theorem 11. Given a bounded BCK-algebra A = (A;—,0,1) satisfying the law
of double negation (17), the induced algebra M(A) = (A;®,—,0) fulfils the identi-
ties MV 1)-(MV5) and the axioms

AD) =(~x@y)O—-(-y®)@~xBz =1

(A2) (xy=1&—ydx=1) = x=y,
moreover, we have x — y = —x @ y.

Conversely, let M = (M ;®,—,0) be an algebra of type (2,1,0) and put 1 = —0.
If M satisfies MV1)-(MV5), (A1) and (A2), then upon defining x — y = —x @y,
the algebra A(M) = (M ;—,0,1) is a bounded BCK-algebra satisfying (17). In
addition, x ®y = (x > 0) - y and ~x = x — 0.

Proof. Let 4 be a bounded BCK-algebra with (17). Due to Lemma 8 and the
identity (17) M () satisfies MV 1)—-(MV5). Further, - x & y = ((x - 0) - 0) —
y = x — y, and hence (A1) can be written as

x=>y)=>((y—2)>x—>2)=1
which is just axiom (I). Similarly, (A2) can be rewritten in the form
x—->y=1l&y—x=1) = x=y

which is (V), the fifth axiom of BCK-algebras.

Conversely, let M = (M ;®,—,0) be an algebra having the required properties.
By (A) wehave (x > y) > (y > 2) > (x > 2)) =~(-x@y)® (~(-y 2) ®
(—x @ z)) = 1 proving (I). When we put y = z = 0 in (A1), we obtain x — x =
X x=-"xXPx=—(xB0)B~(—00)D—-xp0=1,1ie., A(M) fulfils
(D). Now, x = ((x = y) = y) = —x@—~(—x @ y) @y = 1 which is (II). The
axiom (IV) is clear: x — 1 = —=x @& 1 = 1. Finally, according to (A2), x >y =1
and y — x = 1 imply x = y. Altogether, A (M) is a BCK-algebra. Obviously, it is
bounded and obeys (17).

In addition, =x = = xd0=x > 0and x Py =—-(—xP0) Py = (x - 0) —
y. U

Corollary 12. Bounded BCK-algebras satisfying the law of double negation are
termwise equivalent to the class of all algebras M = (M ; &, —,0) that satisfy (MV1)-
(MV5), (A1) and (A2).
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1. INTRODUCTION

In recent years several authors [2,3,5-10] have given considerable attention to the
Hilbert inequalities and Hilbert type inequalities and their various generalizations.
In particular, in 1988, B. G. Pachpatte [6] proved some new inequalities similar to

Hilbert’s inequality [4, p. 226], The main purpose of this paper is to establish their
inverses.

2. MAIN RESULTS

Our main results are given in the following theorems.

Theorem 1. Let 0 < p < 1,0 < g <1 and {an,} and {b,} be two nonnegative
sequences of real numbers defined for m = 1,2,....k and n = 1,2,...,r, where k
and r are the natural numbers and define Ay, = ZT:] ag and B, = Z’:=1 bs. Then
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for3n—2m >0

11

k
223,1 2m>qu“ Zl(k m+1) (amAf)
m=

m=1n=1

r 1 -2
x(Z(r—n-l—l)(an,‘{_l)_z) . (D)

n=1

Proof. By using the following inequality (see [4, p. 39])
rx" N —y)<x"—y", 0<r=<l,

where x and y are positive real numbers, we obtain that

k—1 k—1
Z PA;fzji-ll (Am+1—Am) < Z (4h 1 —A8),
m=0 m=0
that is
k
AL =p > amAl. )
m=1

From (2) and in view of Holder’s inequality [4, p. 24], we have

m®Bn —1 —1 g—1
3’1_2}712179c](311—2141) (;asAf )(;stt )
3
> pg(3n—2m) " n®m Z(Z (asAP™ 1 3)
s=1
n 1 -2
— 2
x(Z(b,th 1) ) . Q)
=1

—_

Using the following inequality [1, p. 15]

~|—

1
minl > — +

: “4)

>| 3
~| 3

where m > 0,n>0,h~1 +[71 =1,and & < 1, we easily get that
nm=2>3n—2m. (5)

Taking the sum on both sides of (3) over n from 1 to r first and then the sum over
m from 1 to k and in view of inequality (5) and using again Holder’s inequality, we
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obtain
k r A,I;Bq k m N 3
f 1
r n ) _% -2
X b;BI™

E(Eea )

k m . 3 r n 1 —2

e Eeer)) (R e7)
m=1 \s=1 n=1 \r=1

W=

k
= pqk™2r3 Z (k—s+1) (asAf_l)

s=1
p N2
x (Z (r—t+1) (bBI) )
t=1
k 1
= pqk™2r3 Z k—m+1) (amA;";,_l)5

m=1

D=

3

r 1 —2
X (Z (r—n+1) (an,‘{_l)_z) ,

n=1
which completes the proof. O

Remark 1. Inequality (1) is just an inverse of the following Inequality A, which

was proved by Pachpatte [6]:

Inequality A.

1
2

k r k
AP BT 1 1 12
2D e Sapatknz| 3 (kmma D) (an Al

m=1
X (Z (r—m+1) (an,‘{_l)z)
n=1

m=1n=1

D=
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Theorem 2. Let {a,},{bn}, Am, Bn be as defined in Theorem 1. Let {py} and
{qn} be two positive sequences form = 1,2,....k andn = 1,2,...,r, where k and
r are natural numbers and put Py, = | ps,On = Y 7_1q¢- Let ¢ and Y be two
real-valued nonnegative, concave, and supermultiplicative functions™ defined on R..
Then for 3n —2m > 0

k
22‘1’(;‘:)‘”2(3” > M’ (k.r) Z( (’”)) (k—m+1)

m=1n=1 m=1

y ( (b—"))z(r—n+l)) . ®
1 n

n=

~

where

k
M'(k,r) = Z (¢(P'")) (

Proof. From the hypotheses and by Jensen’s inequality and Holder’s inequality,
we obtain

¢ (Am) ¥ (Bn)
3n—2m

£())

n=1

> (3n—2m) !

X ¢ (Pm) ¥ (On) | = ——

f: Ps i qt
s=1 t=1
- ¢(Pm) 2 (Qn) - das - by
> (3n—2m)~" > st (—) q:p (—)
P On =1 Ps) 5 ! q:

* f is said to be a supermultiplicative function if f(xy) > f(x) f(y) for x,y € Ry := [0, +00).
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Taking the sum over n from 1 to r first and then the sum over m from 1 to k and using

(5), in view of Holder’s inequality, we have

33 Py ) iz(wm)(i o(%)) )3)

T el ))

n=1
I\ 2 . 1\ 3
(B e)) (S50

The proof is complete.
Remark 2. Inequality (6) is just an inverse of the following Inequality B, which

was proved by Pachpatte [6]:
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Inequality B.

1
2

2
ZZ¢(AZ)fn(B")<M(k r) Z(k m+1>(pm¢( ))

m=1n=1 m=1
: b2\
X(Z(r—nﬂ)(qnw(—"))) ,
n=1 dn
where
(& 6\ (< (v (@)
win =3 3 (%)) (S (M6 )

Similarly, the following two theorems can also be established.

Theorem 3. Let {a,,} and {b,} be as in Theorem I and set Ap, = (1/m)Y_se, as
and By = (1/n) Y.} _ by, form =1,2,... .k and n = 1,2,....r, where k and r
are natural numbers. Let ¢ and  be two real-valued, nonnegative, and concave
functions defined on Ry. Then for 3n —2m > 0,

k
ZZ T AV (B) kP | 3T (k—m 1) (§ (am)®
m=1n= 1 m=1
r -2
x(Z(r—nH)(W(bn))—%) NG
n=1

Remark 3. Inequality (7) is just an inverse of the following Inequality C, which
was proved by Pachpatte [6]:

Inequality C.

D=

ZZ T (An) ¥ (Ba) < 5 (kr)z Z(k m+1) (@ (am))?
m=1n= 1

x (Z(r—n +D (Y (bn))z)

n=1

Theorem 4. Let {am},{bn}.{pm}.{qn}, Pm,Qn be as in Theorem 2 and put
Am - (1/pm) Z:ﬂ=1 psas, Bn - (1/Qn) Z};=1qtb[,f0rm - 1,2,...k,n - 1,2,...,7‘,

where k and r are natural numbers. Let ¢ and  be as defined in Theorem 3. Then
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for3n—2m >0,
3
k
Py, 0u¢ (Am B, _ 1
ZZ Qf( ZW Lo k2 [ 3 =+ 1) (p (am))
m=1n=1 n—zsm m=1
r -2
(S r-ntD@y e . ®

n=1

Remark 4. Inequality (8) is just an inverse of the following Inequality D, which
was proved by Pachpatte [6]:

Inequality D.

(Sl

P Qn (Am) ¥ (Bn) _ J_
ZZ

m-+n

Z (k—m+1) (pm¢ (am))*

m=1n=1

D=

> (r=n+1)(ga¥ (bn))?
n=1

The proofs of Theorems 3 and 4 can be completed by following the same steps as
in the proof of Theorem 2 with suitable changes. Here, we omit the details.
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Abstract. Let R be a prime ring with characteristics different from two, o, 8 € Aut(R), and I a
nonzero ideal of R. Letd : R — R be a («, 8)-derivation and f : R — R be generalized (o, 8)-
derivation associated with d. In this case: (i) if af(x) =0 (f(x)a =0) forall x € I, thena = 0;
(ii) if Bd = dp and [f(x),a] =0 for all x € I, then a € Z or d(a) = 0; (iii) if f acts as an
endomorphism or anti-homomorphism on /, then d = 0; (iv) if fd = df and f(xy) = f(yx)
for all x,y € I then R is a commutative ring; (v) if f satisfies f(x2) = f(x)a(x) + B(x)d(x)
forall x € I, then f(xy) = f(x)a(y)+ B(x)d(y) forall x,y € I.

1991 Mathematics Subject Classification: 16W25, 16N60

Keywords: generalized derivation, («, B)-derivation, Jordan derivation

1. INTRODUCTION

The notion of a generalized derivation of a prime ring R was introduced by M. Bre-
Sar [6] and B. Hvala [10]. An additive map f of an associative ring R is called a
generalized derivation if there is a derivation d of R such that

f(xy)=f(x)y+xd(y) forall x,y € R.

A similar notion was used by A. Nakajima [12] and N. Argac and E. Albas [1], who
established a series of categorical properties.

As a well-known result proved by I. N. Herstein in [9, Theorem] states that if R is
a prime ring of characteristics different from two and if d is a nonzero derivation of
R such that [d (x),a] = 0 for all x € R, then either R is commutative or a € Z. Later
on, the authors extended this result to (o, )-derivation in [3]. In [8], Jui-Chi Chang
showed that several results hold for any generalized (o, 8)-derivation of a prime ring.
The purpose of this note is to generalize these theorems for a nonzero ideal of prime
ring and generalized («, §)-derivation of R.

In [4], H. E. Bell and L. C. Kappe proved that d is a derivation of R which is either
an endomorphism or anti-endomorphism in semi-prime ring R or nonzero right ideal
of R, then d = 0. In view of this result, it is natural to question whether this result is
true for generalized («, §)-derivations of a prime ring. Our second aim in this paper
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is to show that the above mentioned result holds for generalized («, 8)-derivation of
a prime ring.

In [7], M. Bresar and J. Vukman proved that every («, 8)-Jordan derivation on a
prime ring with characteristics different from two is a («, 8)-derivation. We showed
that this result holds for generalized (o, f)-derivations on a nonzero ideal of prime
ring R.

Throughout this paper, R will be a prime ring with char R # 2, I a nonzero ideal
of R, Z the center of R. Let « and 8 be two automorphisms of R into itself. For any
two elements x,y of R, we denote [x,y] = xy — yx and make extensive use of the
basic commutator identity [xy,z] = x[y,z] + [x, 2] y.

2. RESULTS

Definition 1 ([8, Definition 1]). Let R be a ring, o and 8 automorphisms of R
and d a («, B)-derivation of R. An additive mapping f : R — R is said to be right
generalized (o, B)-derivation associated with d if

fxy)=fxX)a(y)+B(x)d(y) forall x,y € R. 2.1
and f is said to be left generalized (o, B)-derivation associated with d if
fxy)=dx)a(y)+B(x) f(y) forall x,y € R. (2.2)

f is said to be a generalized («, 8)-derivation associated with dif it is both a left and
right generalized («, §)-derivation associated with d.

Lemma 1 ([8, Lemma 4]). Let f # 0 be a generalized («, B)-derivation of prime
ring R associated with d and a € R.
(1) Ifaf (x) =0forall x € R, thena = 0.
() If f (x)a=0forall x € R, then a = 0.

Lemma 2. Let R be a prime ring with characteristics not equal to two, I a nonzero

ideal of R and f : R — R be a generalized (o, B)-derivation of prime ring R asso-
ciated withd. If f (x) =O0forall x € I, then f = 0.

Proof. Forall x,y €I
0=f@y)=f@a)+Bx)d(y)

and so,

I~ Yd (y)) =0forall y € I.
Since R is a prime ring, we get d (y) = 0, for all y € I. Hence, by the hypothesis,
0= f(xy)=f(x)a(y)forall x € I,r € R. This yields that f = 0. O

Lemma 3. Let f # 0 be a generalized (o, B)-derivation of prime ring R associ-
ated with nonzero («, B)-derivation d, I a nonzero ideal of R and a € R.
(1) Ifaf (x)=0forall x €I, thena = 0.
(i) If f (x)a=0forall x € I, thena = 0.
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Proof. (i) Forany x € I,r € R,
0=af(xr)=af (x)a(R)+ap (x)d (R)

and so,
BN @Ip™ (d(R) =0.
Since I is a nonzero ideal of prime ring R and d # 0, we geta = 0.
(ii) Similarly. O

Theorem 1. Let R be a prime ring with characteristics not two, I a nonzero ideal
of Rand f : R — R be a generalized (o, B)-derivation of prime ring R associated
with nonzero («, B)-derivation d. If f (x) € Z for all x € I, then R is a commutative
ring.

Proof. By the hypothesis for all x,y € I,

0=, fY]=[e®),fa(y)+B(x)d(y)]
=) [a(y).dM]+[a(y),.B()]d(y)
=Bx)a()d(y)—Bx)dy)a(y)+a(y)B(x)d(y)—B(xX)a(y)d(y)
and so,

a(y)p(x)d(y)—pB(x)d (y)a(y)=0forallx.y €l (2.3)
Writing xz,z € I by x in (2.3) and using this equation, we have

0=0a(y)B(x)B()d(y)—B(x)B()d (y)a(y)
=a(y)B(x)B()d (y)—Bx)a(y)B(z)d(y)
=[a(y).BX)]B()d ().

Using / a nonzero ideal of prime ring R and d # 0, one can obtain that R is a com-
mutative ring. O

Theorem 2. Let R be a prime ring with characteristics not two, I a nonzero
ideal of R,d be a nonzero (a, B)-derivation such that df§ = d and f : R — R be
a generalized (o, B)-derivation of prime ring R associated with d and a € R. If
[f(x),al=0forallx €I, thena e Z ord(a) =0.

Proof. By the hypothesis for all x € R,y € I, we get

0=1[f(xy).al=[d(x)a(y)+px)f(y).d]
=d (x)[a(y).a]+[d (x).ala(y) +[B (x).alf (¥)
=dX)a(y)a—dx)aa(y)+d(x)aa(y)—ad(x)a(y)
+B(x)af (y)—aB(x) f(y)

and so,

d(x)a(y)a—ad(x)a(y)+p(x)af (y)—ap(x) f(y) =0 (2.4)
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forall x € R,y € I. Writing yz,zZ € R by y in (2.4) and using (2.4), we get

0=dx)a(y)a(z)a—ad (x)a(y)a(z)
+B(x)af (y)a(z)+B(x)ap(y)d(z)—
—ap(x) f ()a(z)—aB (x) B (y)d(z)
=d(x)a(y)a(@)a—ad(x)a(y)az)+B(x)af (y)—
—ap (x) f (y)a(z) + B (x)ap (y)d(z) —ap (x) B (y)d(z)
=dx)a(y)a(z)a—d(x)a(y)aa(z) +p(x)ap (y)d(z)
—ap (x) B (y)d(z)
and so,
d(x)a(y)[e(z).a]l+[B(x).alp(y)d(z) =0 (2.5)
for all x,z € R,y € I. Replacing x by B! (a) in (2.5), we have
d(B~ Y (a)a (y)[a(z),a] =0, forallz € R,y € I.
Since [ is a nonzero ideal of prime ring R and df = Bd, we get d(a) =0 ora €

Z. O

Theorem 3. Let R be a prime ring with characteristics not two, I a nonzero
ideal of R,d be a nonzero («, B)-derivation such that df = fd and f : R— R be a
generalized (a, B)-derivation of prime ring R associated with d. If [ f (x), f (y)] =0
forall x,y € I, then R is a commutative ring or df = 0.

Proof. By Theorem 2, we have f(I) C Z or df = 0. The proof is completed by
Theorem 1. g

Theorem 4. Let R be a prime ring with characteristics not two, I a nonzero ideal
of Rand f : R — R be a generalized (o, B)-derivation of prime ring R associated
withd. If f(xy)= f(x)f(y)forallx,y e l, thend = 0.

Proof. For any x,y € 1,
Sy =f@a()+p(x)d(y)=f(x)f(y), forallx,y el (2.6)

Writing xw,w € I for x in (2.6), we have
few)a (y) +Bxw)d (y) = fxw) f(y)
Since d acts as a homomorphism on 7, we get
f ) fwa(y)+xw)d (y) = f(x) f(w) f(y) = fx) f(wy)
= f(x) fw)a(y)+ f (x) fw)d (y)
and so, we have 8 (x) B(w)d (y) = f (x) B(w)d (), i.e.,
(B(x)— f(x)pw)d (y) =0, forallx,yel.
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Since / a nonzero ideal of prime ring R and 8 an automorphism of R, we conclude
that

f(x)=p(x).forallxelord(y)=0, forall y € I.
Let us assume that f (x) = B(x), for all x € /. Replacing x by xy,y € I, we have

fy)y=pxy)andd (x)a(y)+B(x) f () =x)B () =B(x) ().
Thus, we obtain that d (x) = 0 for all x € [ for any cases. That is d = 0. This
completes the proof. O

Theorem 5. Let R be a prime ring with characteristics not two, I a nonzero ideal
of Rand f : R — R be a generalized («, B)-derivation of prime ring R associated

withd. If f(xy)= f () f (x)forallx,y eI, thend = 0.
Proof. Since d acts as an anti-homorphism on /, we get
fy)=dxa(y)+B(x) f(y)= /() f(x), forallx,yel. 2.7
Replacing y by xy,y € I in (2.7), weobtaind (x)x (xy)+ B (x) f (xy) = f (xy) f (x),
d(x)a(xy)+px) f () fx)=dx)aly) f(x)+Bx) [ () f(x)
and so,
dxX)ax)a(y)=dx)a(y) f(x), forx,yel. (2.8)
Substituting yw,w € I for y in this equation and using (2.8), we get
O0=dx)ax)a(y)a(w)—dx)a(y)a(w)f (x)
=d(xX)a(y) f(x)aw)—dx)a(y)a(w)f (x)
=d(xX)a(y)[f (x),a(w)].
Since « is an automorphism and / a nonzero ideal of prime ring R, we obtain
d(x)=0 or [f(x),ax(w)] =0, forall x,w e I.

Now letus define A ={x €/l |d(x)=0}and B={x el |[f (x),a(w)] =0, for
all w € I'}. Clearly each A and B is an additive subgroup of /. Moreover, / is the
set theoretic union of A and B. But a group cannot be the set theoretic union of two
proper subgroups, hence A = I or B = [. In the former case, we have d (R) = 0,
which completes the proof. If B = I, then we get

0=1[f(x),a(wr)]=a(w)[f (x),a(R)]
forall x, we I,r € R.

Thus, we obtain that (/) C Z. Since f acts as an endomorphism of R, it follows
that d = 0, via Theorem 4. O

Theorem 6. Let R be a prime ring with characteristics not two, I a nonzero ideal
of Rand f : R — R be a generalized (c, B)-derivation of prime ring R associated
with nonzero (o, B)-derivation d. If Bd = dp and f (xy) = f(yx) forall x,y € I,
then R is a commutative ring.
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Proof. Let ¢ € I be a constant element such that f(c) =0 (i. e., [x, y]) and Z be
an arbitrary element of /. The condition that f(cz) = f(zc) yields that f(c)a(z) +

B(c)d(z) = d(z)a(c) + B(z) f(c) and so,
B(c)d(z) =d(z)a(c), forz € I.

Thus [d(z),c]q,p =0, forall z € I. Replacing z by wz, w € I and using this equation,
we have

0=[d(wz),cle,p = [d(w)a(z) + B(w)d(2).Cla,p
=dw)a([z,c]) +[d(w),clo,pa(z) + B(w)[d(2),clo,p + B([w.c])d(2)
and so,
dw)a([z,c]) + B(w,c])d(z) =0, forall w,z € I. (2.9)
Writing ¢ (since ¢ € 1) by z in (2.9), we have B([w,c])d(c) = 0.This gives us

[w,c]B~1(d(c)) =0, forall w € I, all ¢ € I such that f(c) = 0. If we take rw,r €
R,w € I instead of w in this equation, we have

[r,c]lwp~(d(c)) =0, forall r € R.
Since I is a nonzero ideal of prime ring R, we obtain
ceZord(c)=0, forall ¢ € I such that f(c) =0.

So, we obtain
[x,y]€ Zord([x,y]) =0, forall x,y € I.

because of f([x,y]) =0, forall x,y € I.If d([x,y]) =0, forall y € I}.
This shows that additive group [ is the union of two of its additive subgroups
A={xel|d(x,y])=0,forallyel}and B={xel |[x,y]e Z,forall y € I}.
If I/ = A, then R is a commutative ring (i. e., [x,y] € Z, for all x,y € I) by
[2, Theorem 3]. So, we can take / = B and [x, y] € Z, for all x,y € I. Let us define
an inner derivation I : R — R,12(y) =0, for all y € I. This shows I C Z and so
R is a commutative ring by [5, Theorem 1]. UJ

Definition 2. Let R be a ring, 8 and « automorphisms of R and d a («,f)-
derivation of R. An additive mapping f : R — R is said to be right generalized
(o, B)-Jordan derivation associated with d if

f(x?) = f(x)a(x)+B(x)d (x) forall x € R. (2.10)
and f is said to be left generalized (o, B)-Jordan derivation associated with d if
f(x?) =d (x)a(x)+ B (x) f (x)forall x € R. (2.11)

f is said to be a generalized (o, 8)-Jordan derivation associated with d if it is both a
left and right generalized («, f)-Jordan derivation associated with d.
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Lemmad4. Let f : R — R be a right generalized (., B)-Jordan derivation on 1.
Forall x,y,z €1,

Sxy+yx)=f@a)+px)d )+ fMax)+B()d(x); (1)
Sxyx)=fx)a(yx)+B(x)d(y)a(x)+p(xy)d(x); (2)
Sxyz+zyx)=f()a(yz)+p(x)d (y)a(z)+p(xy)d(z)
+ f@a(yx) + B(2)d (y)a (x) + B(zy)d (x)
+ f(2)a(yx) + B(2)d (y)a(x) + f(zy)d (x). 3)

Proof. Assertion (1). Linearizing (2.10), we get

f((x+y)?) = f((x+0)(x+y) = f(>+xy+yx+y?)
= f(P)+ f(xy+yx)+ f(¥?)
=f(@®ax)+p(x)d(x)
+/xy+yx)+fa()+B()d(y) (2.12)

for all x,y € I. On the other hand,

(x4 )?) = f(x +y)alx +y) +Blx + y)d(x + )
=/ o)+ fMa)+f@Da)+f()aly)
TP dX)++Bx)d()+BdX)+B()d(y)  (2.13)

for all x,y € I. Comparing (2.12) and (2.13), we have
Jay+yx)=fXa(y)+px)d )+ fax)+p(y)d(x)
forall x,y e I.
Assertion (2). Replacing y by xy + yx in (1), we get

Fx(xy+yx)+ (xy +yx)x) = f(x2y +xyx +xyx + yx?)
= f(x?y +yx?) +2f(xyx)
= f(P)a () + B () + f () a(x?)
+B(»)d(x*)+2f(xyx)
= f(D)a(xy)+Bx)d (x)a(y)+p(x?)d ()
+ /e +B(y)d (x)a(x)
+B(yx)d (x) +2f(xyx) (2.14)
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for all x,y € I. On the other hand, we have
Sy +yx)+ (xy +yx)x) = f(x)alxy +yx) + B (x)d(xy + yx)
+ fxy +yx)a(x) + B(xy + yx)d (x)
= f@)a@xy)+ f () ayx)+px)d x)a(y)+B()d (v)
+B ) d (y)a(x)+p(xy)d(x)+ f (x)a(yx)
+B ) d () + f(aE?) + B () d (x)a(x)
+ B (xy)d (x) + B(yx)d (x) (2.15)

for all x,y € I. Comparing (2.14) and (2.15) and using char R # 2, we get the re-
quired result.

Assertion (3). Linearizing (2) on x, we get

f((x+2)y(x+y)) = fxyx+xyz+2zyx+2y2)
= fxyx)+ f(xyz+zyx)+ f(zyz)
=f (@ a(yx)+B(x)d(y)a(x)+p(xy)d(x)
+ f(xyz+zyx)+ f(Da(yz)
+B(2)d (y)a(z) + B(zy)d(2) (2.16)

for all x,y,z € I. Computing now f((x + z)y(x 4 z)) in another way, we get
fx+2)y(x+2)) = f(x+)a(yx+yz) +px+2)d (y)a(x+2)
+B(xy +2zy)d(x+2z)
= f(alyx)+ f () a(yz) + f(@alyx) + f(2)a(yz)
+B(x)d (y)a(x)+B(x)d (y)a(z)
+B(2)d (y)a (x) + B(2)d (y)a(2)
+B(xy)d (x)+ B (xy)d(z) + p(zy)d (x)
+ B(zy)d(z) .17

for all x,y,z € I. Comparing (2.16) and (2.17), we have

fyz+zyx)=f(X)a(yz2)+B(x)d (y)a(z)+ B (xy)d(z) + f(2)a(yx)
+B(2)d (y)a (x) + B(zy)d (x)

forall x,y,z €1. O

We introduce the abbreviation

V= )= f@a()—Bx)d(y)
forall x,y € I.
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Observe that, by Lemma 4 (1), we have f(xy+yx)= f (x)a(y)+B(x)d (y)+
f(a(x)+B(y)d(x) and so, f(xy)— f(x)a(y) —B(x)d (y) = —(f(yx)—
f () a(x)—pB(y)d(x)). Thatis,

x¥ =—y*forallx,y € l. (2.18)

Lemma 5. Let f : R — R be a right generalized (o, B)-Jordan derivation on I.
Forall x,y €1,

xVor (x) .o ()] =0.

Proof. Replacing z by xy in Lemma 4 (3), we get

F((xp)? +xy%x) = f((x0)?) + f(xy*x) = [ (xy) o (xy) + B (xy)d (xy)
+ f ) ax?y)+ B (x)d(y*e (x) + B(xy?)d (x)
= f(xy)a(xy)+B(xy)d (x)a(y)+p(xyx)d (y)
+ f ()ax?y)+B(x)d (y)a(yx)
+B (xy)d () (x) + B(xy*)d (x) (2.19)

for all x,y € I. On the other hand, we get

Sy xy)+(xy)yx) = f(x)a(yxy)+B(x)d (y)a(xy)+ B (xy)d (xy)
+ [ (xy)a(yx)+ B (xy)d (y)a (x)+ B(xy>)d (x)
= f(x)a(yxy)+B(x)d(y)a(xy)+B(xy)d (x)a(y)
+B(xyx)d (y)+ f (xy)a(yx)+ B (xy)d (y) e (x)
+ B(xy?)d (x) (2.20)

for all x,y € I. Comparing these two equations, we have
S ey)a(ey)+ f ()a(y?x)+ B () d () a(yx)
=f()alyxy)+px)d (V) alxy)+ f(xy)a(yx).
That is, x” [ (x),a(y)] =0forall x,y € I. O

Theorem 7. Let R be a non-commutative prime ring with characteristics not two,
1 a nonzero ideal of R. If | be a right generalized (o, B)-Jordan derivation on I,
then f is generalized (o, B)-derivation on 1.

Proof. From Lemma 4 (3), we have

flxwy +ywx) = f(x)a(wy) + B (x)d(w)a (y) + B(xw)d (y)
+ f M a(wx)+ B (y)dw)a (x) + Byw)d (x) (2.21)
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forall x,y,w € I. Replacing x by xy and y by yx in (2.21), we get
F(Gy)wlyx) + (yx)w (xy)) = f (xy)a(wyx) + B (xy) d(w)a(yx)
+Bxyw)d(yx) + f(yx)a(wxy)
+B(yx)d(w)a (xy) + f(yxw)d (xy)
= f (xy)a(wyx) + B (xy)d(w)a(yx) + Bxyw)d (y)a (x)
+Bxywy)d (x) + f(yx)a(wxy) + f(yx)d(w)a (xy)
+B(yxw)d (x)a (y) + B(yxwx)d (y) (2.22)

for all x,y,w € I. On the other hand, we have

Sy wlyx) + (yx)w(xy)) = fx(ywy)x) + f(y(xwx)y)
= f () alywyx)+p(x)d(ywy)a (x) + pxywy)d (x)
+ f ) a(xwxy) + B (y)d(xwx)a (y) + f(yxwx)d (y)
= f () alywyx)+p(x)d (y)a(wyx) + B (xy)d(w)a(yx)
+ B(xyw)d (y)a (x) + f(xywy)d (x) + f () a(xwxy)
+B(y)d (x)a(wxy) + B(yx)d(w)a (xy)
+ B(yxw)d (x)o (y) + B(yxwx)d (y) (2.23)
for all x,y,w € I. Comparing equations (2.22) and (2.23), we obtain

{fx)—f M alx)—B(y)d(x)}a(w)a(xy)
) —f()ay)-p(x)d (n)a(w)a(yx) =0
and hence
yYa(w)a (xy) +xYa(w)a(yx) =0

forall x,y,w € I. Using (2.18), we get x” (I )a([y,x]) =0 forall x,y € I. Since /
is a nonzero ideal of prime ring R, we obtain for each pair x,y € I either x” =0 or
[x,y] = 0. Notice that the mappings (x,y) — x? and (x,y) — [x,y] satisfy the
requirements of [5, Lemma 4]. Hence x” = 0 for all x,y € I or [x,y]?> = 0 for all
x,yel.If[x,y]2=0forall x,y € I, then foreach x € I, I (y)*> =0, forall y € I,
where [ is the inner derivation. This yields that R is commutative, a contradiction
by [11, Theorem 3]. Thus, we have x” = 0 for all x,y € I. This completes the
proof. (]
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1. INTRODUCTION

In solving linear boundary and mixed problems of mathematical physics of ho-
mogeneous environments in the spherical system of coordinates by the method of
separation of variables, the equations with the differential Legendres operator

2 1 2

A fethr Ll >0 (1.1)
= — r—+-—— .
" dr? dr 4 gsh2r’ "=
arise. The direct
w ~
Folf (r)] =/ f(r)P_%_H.A (chr)shrdr= f (1) (1.2)
0

and inverse
Fy'Lf (V] =f0 f(x)P_%m(chr)Mh(nA)dxEf(r) (1.3)

integral transforms generated in the polar axis r > 0 by the Legendres differential

operator
2

d 1
Ao =—— +cthr—+ -, 1.4
0= gz TN Ty 14

were first obtained in 1861 by F. G. Meler and strictly substantiated by V. A. Fok
[4] and M. M. Lebedev [12]. These transforms are efficiently used for solving
axis-symmetrical problems of the theory of potential in the domains formed by two

© 2007 MiISkOLC UNIVERSITY PRESS
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spheres that intersect and in the domains limited by the surfaces of hyperboloids of
rotation and toroidal surfaces.

In the case of absence of axial symmetry the generalized integral transforms of
Meler-Fok are used [14]:

Falf @)= [ @) PP ehryshrdr = F (), (15

Fpl L7 )] = (=)™ / F@) P (chr) Ath(zd) dA=f(r):  (16)
0 2

they are generated by a differential operator A, (m =1, 2, 3, ...) on the polar axis
r > 0. The integral transforms of Meler—Fok on the polar axis r > Ry > 0 were
obtained in the papers [1, 15,16].

A natural generalization of the differential operator (1.1) is [3,17]

d? d 1 1 w? I%;
A(“):ﬁ—i_ahr%—i_z-'_i(l—clhr—i_l—i—zhr)’ (1.7)
where (1) = (u1;m2); 1 > a2 > 0. Operator (1.7) will be called the generalized
Legendpres differential operator. It is obvious that at ;t; = (» = m an operator (1.7)
coincides with operator (1.1).
The integral transforms of Meler—Fok type generated on the polar axis r > 0,
r > Ro > 0 and the polar segments [0, R] and [Rg, R] by the generalized Legendres
differential operator (1.7) are obtained in [8—10]. Proper hybrid integral transforms,
generated in these axes with one, two and n contact points by a hybrid Legendres
differential operator are considered in [5—7]. In this paper, by using the method
of a delta-like sequence [13], limited hybrid integral transforms of Meler—Fok type
are constructed on the segment [Rg, R] with n contact points. The transforms ob-
tained are applied to the solving of some singular boundary problems of mathematical
physics.

2. BASIC PART

Let us construct the limited integral transform generated in the set
n+1

In={r:re| ) (Re—1.Re): Ro >0, Ryy1 =R < 00
k=1

by the generalized hybrid Legendres differential operator
n+1
L(M) = ZQ(V—Rk_IQ) (Rk—r)a,%A(M)k, (2.1)
k

where (1) = (1)1, (W25 (Wnt1)s Wk = (R1k, H2k) , and 6 (x) is the Heavy-
side function.
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For the domain of definition of the operator L(,) we take the set G of vector-
functions g = (g1,82,..-,8n,&n+1) Which have the following properties:
(1) The vector-function

£ )= (Ago, 81 ()): Ay, [2()]: 5 Aoy, [841 (1)

is continuous on the set /;
(2) The components g; (r) of the vector-function g (r) satisfy the conjugate con-
ditions

=0,
r=Ry

d d
[(“J]'CIE +'3j]'€1) gk (r)— (“fz; +,3]]'€2) 8k+1 (r)i|

j=12k=1n;
(3) The boundary conditions

=0 (orgo#0).

r=Ro

d
(a?% +ﬂ?1) g1(r)

=0 (orggr#0).

d
e PG
r=~Kn+41

are satisfied.
0 0 +1 +1
We suppose that cxcax > 0, a; <0, B}, = 0,05, =0, 5 >0,

0 0 +1 +1 .k pk k pk
|O‘11‘+,3117'50’ ayy  +By #FO0. ¢ =oay;Bi;—ay;By;.

Let us define the numbers

1 1 ¢y — 1 cin 1
Okza_zl_[_a k=1’n7 Un___, Un+1: )
k

. a2 2
=k €2 dn C2n dnt1

and the gravimetric function

n+1
o(r)= (Z O(r—Rp_1)0 (R —r)ak) shr.

k=1
The scalar product of the elements of set G will be defined by a formula

n+1

R R
(u,v) =/R0u(r)v(r)o(r)dr Ekgl/;zk_l ug (r)yvg (r)ogshrdr,

whereu € G,v € G.
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Theorem 1. The components of the vector-functions u and v from the domain of
definition of operator L) satisfy the basic identity

). (Ri) vie (Rie) = ge (Ri) vy, (Rpc)
= Z%Z ()41 (Ri) Vg1 (Ri) — g1 (Re) vy q (Re)) . (22)

Proof. Let us define the numbers

k _ k _k k _k k _ k pk k pk
C11 = U0y — U1 Xy), c1a = a1 B — 31 B2
k _ pk _k k _k k _ pk pk k pk
31 = B11%2 — B21912, ¢ = B11B22 — B21 812

for k = 1,n. From the conjugate conditions
of ul (Re) + Yy (Re) = afpu o (Re) + Blyur41(Ry).
Q310 (Ri)) + Bk (Rie) = bt 1 (Re) + Baoticar (Re).

by Cramer rule [11] we find the relations

wl (R = et labul o (Re) + abyup 1 (Re)), 03
ug(Ry) = —ci lak ) (Ri) + afyupe i (Ry)).

Like for v (r) € G, we have
v (Re) = et [ak 1 v) 4 (Ri) + a1 (R, o
ve(R) = —c it laf v 4 (Re) + b v (Re)).

On the basis of equalities (2.3), (2.4) we find

1
uy, (Ri) v (Rg) —ug (Ri) vy (Rg) = 2 (a]f1a]§2 - a]fzalfl)
1k

X (u;¢+1 (Rk) Vk+1 (Re) — Uk+1 (Ri) v]/(.l,-] (Rk)) .

Taking into account the inequality a’fla’2°2 —a’l‘zat]g1 = c1xCak > 0, we obtain the
basic identity (2.2). The theorem is proved. (|

Theorem 2. The generalized Legendres differential operator L, defined by equa-
lity (2.1) is selfconjugate.

Proof. For any u (r) € G and v (r) € G we have directly

n+1 Ry
(L(M) [M],U) = Z/R aiA(M)k [ur]vi (r) op shrdr.
k=1 k—1
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Let us integrate by parts twice. We get

n+1 R,
Z/ a,%A(u)k [ur]ve (r) o shrdr
k=1 Ri—1
n+1 R
= Zai{ [u;c (v (r)—ug (r) v;c (r)] Ok shr‘Rz_l
k=1
Ry
+/R a,%uk (r) Ay, [vi (r)]og shrdr
k—1

= (u(r). Agy v ()])

+ Z {ok sh Ry [u, (Rg) vk (Ri) —uk (Ri) vy, (Re)] az
k=1

—ai+10k+1 sh Ry [ 41 (Ri) Vi1 (Ri) — w41 (Ri) vy g (R ]}
+ Ont1ap 41 Sh R 1 [l 1 (1) Va1 () —tng1 (1) V) q ()]
—a1ai sh Ro [u} (Ro)vi(Ro) —u1(Ro)v;(Ro)]. (2.5)

Due to the basic identity (2.2) and the structure of o we have

apor sh Ry [u), (Ry) vg (Ri) —ug (Ri) v, (Rg)]
Cok
= agogsh Rka (1)1 (Ri) Vi1 (Ri) — w1 (Ri) v 4 (R |

= a;%+10k+1 sh Ry [ (Ri) Vi1 (Ri) — w41 (Ri) vy 4 (Ri)].

Consequently, expression in the curly braces equals to zero. If 0‘(1)1 = 0, as a result of
the boundary condition in point # = Ry , we have

r=Ro

1 o dui 0 Bl dv
=|— o}, — U | — = uqvy —u;—
|:a0 ( 1, + B11u1 o0 e

11

v1(Ro) duy
= 0 (0‘?1 77 +,3(1)1”1

11

r=Ro

u1(Ro) dvy
- (“?1W + B9 v1

r=Ry ®1y

r=Ro

= (O‘(l)l)_l [v1(Ro)-0—u1(Ro)-0] =0.
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If oz;‘;“ ! # 0, in view of the boundary condition at the point r = R, 41, we get

dup41 ’ y dvp41
1—Un+1
dr n+ n+ dr

r=Ru+1

= ol |:Un+1(Rn+l)(O‘g£Hd + par )un+1(V)

r=R

d
Un+1 (Rp+1) (06'2“— +,3"+1) Vn+1(7)

d r=Rn+1i|

_ Unt1 (Rut1) 0 Un+1 (Rp+1)

n+1 v n+1
sy LoY)

-0=0.

Consequently, as a result of the boundary conditions, expressions in points r = Ry
and r = R = R+ equal a zero. Equality (2.5) gives

n+1 Ry
(L u].v) = ak/ Ay, [ur]vg (r) o shrdr = (u, L [v]).

The last equality means that the operator L, is selfconjugate. The theorem is
proved. 0

As an operator L) in the set I, has not the special points and is selfconjugate,
its spectrum is discrete and real [2].

Let us find eigenvalues and vector eigenfunctions of the GDLO L, defined by
equality (2.1) as a solution of spectral Schturm—Liouville problem: to construct non-
trivial limited in the set [, solution of the separate system of the generalized Legen-
dres differential equations

(Ao, +83) Vi nB) =0, re(RiuR),  j=Ta+l (@6
under the boundary conditions

d
(agld—‘i‘ﬂ&) Viw:1 (. B) =0,

r=Ro

2.7
=0

(“ngrld +5"+1) Vioin+1(r. B) .
Fr=~Kn+1

and the conjugate conditions
k d k
gt Biv ) Vawk (. 8)
d
j2d +ﬂj2 V(M) k+1 (r IB)

r=Rg
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where b; = aj_l(ﬂ2 + ij)l/z, aj >0, yjz >0, j =1,n+1, and B is a spectral
parameter.

The presence of the fundamental system of solutions [17] allows us to search for
the solution of homogeneous boundary problem (2.6), (2.7), (2.8) according to the
rule

(w); (W) A S
Vi (r.p) = CJA—1/jz+ib_,- (chr) + DjB—1/12+ib_,- (chr), j=Ln+l

The boundary conditions (2.7) and conjugate conditions (2.8) for the determination
of the values C; and D; (j = 1,n+1) give the following system of (2n +2) =
2(n + 1) algebraic equations:

(1)1,01 (1)1,02 _
Y—l/]2+ib|;11 (chRo)Cq1 + Y—1/12+ib1;11 (chRo) D1 =0,

YUt (chR)C+ Y2 (chR;) D,

—1/2+ib;;ml —1/2+ib;3ml
_Y—(lﬁlzilzbjjlﬂ -, (ChR;j) Cjg1 o)
_Y—(If;]éilii,il i, (CWRj)Djy1 =0, j=T1n, .
Y—(libjgilz;nilllzz (chRy+1) Cpt1
FY Ot (e Ry1) Dapr =0, m=1.2.

Let us define the functions
w((g))l;l(ﬂ) = Y—(lf}lz;-g}bl .11 (chRo),
w((x(?)] 2 (B) = Y—(lf}lz;-??bl .11 (ch Ro)

and put
wéc(ﬂ)k§(ﬂ)k+l)§mj (B,ch Ry, ch Rg11)
= Y @ ROYLSEE ) ehRes)
- Y—(lggfinllvk;m (ch Ry) y et (chRgt1), k=1.n,

—1/2+4ibg41;12

and

(k) _ (k-1 k
a)(M)k_H;j(IB) - a)(M)k;2(ﬁ)w((ﬂ)k§(ﬂ)k+1)§1j (ﬂ’CthaCth-i-l)

(k-1)

J— k | — __
a)(ﬂ)k;l(ﬁ)w((ﬂ)k;(ﬂ)k—i-l);zj (ﬁ’Cthvcth-i-l)’ J = 152’ k - 1,”!,

where () = (1)1, (1o, (Wr) s (W) = (W1, (W, (W > (W) 41)-
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In order that the algebraic system (2.9) have a non-trivial solution, it is necessary
and sufficient that its determinant be equal zero [11]:

(M)n+1a"+1 1 (n)
S (B) = _1/2+zbn+1 EAC hr)a)(M) +15 2(B)

(W) 415n+1,2 ) _
o Y—1/2+ibn+1;22 (chr) w(u)n+1;1(ﬂ) =0.

The transcendent equation (2.10) is the equation for determination of eigenvalues
of the operator L.

Theorem 3 (On the discrete spectrum). The solutions By, of the transcendent
equation (2.10) form a discrete spectrum: they are real, distinct, located symmetri-
cally with respect to B = 0, their moduli make a droningly growing number sequence
with a unique maximum point f = oo.

We will put in the system (2.10) B = By (b; (Bm) =bjm = aj_l (B2, + )/jz)l/z) and
we will cast aside the last equation as a result of linear dependence. If
Vit (Bm) = Ao(w) 5 Bm) 4“1y, (chr)
0
— o) 1 Bm) BYDh iy, (chr)), (210)

where Ag = Ao (Bm) is subject to determination, then equations of the system, ex-
cept the first and last, form » recurrent systems on two equations in each. The first
equation of the system is satisfied. At

n
C2k 1
i (Bm kl:[l sh R S, (bicm)

as a result of solving the recurrent systems, we get the structure of the components
of vector eigenfunction

Viust (r.Bm) = Aw(ﬂm)( 00 3 Bm) A iy, (chr)

(0) ()
D(,1y,:1 (Bm) BZ 1/12+1b (Chr))’
n
_ C2s 1 Kk=1) (5 \ 4Gk
Viwsk (1, Bm) = (Sl_[ shR, S(M)S (bsm)) |: D)i; z(ﬂm) —1/24ibgm (chr)

0l B BY )y iy, 1) |5 =2

(M) _1/2+lbk
(n) (W
Vo1 (r-Pm) = a)(/’l) +152 (Bm) A—1/2+—|11b +1.m (chr)
(n) (M)n+1
Oyt Bm) By, 1, (DT
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To an eigenvalue f,,, one (spectral) vector eigenfunction corresponds,

n+1

Vi (rBm) = Y _ 0 — Ri)0(Ric = r)Viyuysie (- Bim)
k=1

with the square of the norm equal to

|V (B | * = (Vi (- Bm) Vi (. Bm)
n+1

= Z/ [Viw:k (r,ﬁm)]zak shrdr.

Theorem 4 (On a discrete function). The system of the vector eigenfunctions
o0 . .
{V(M) (r, ,Bm)}m=1 is orthogonal and complete in the set I,

Theorem 5 (A Steklov-type theorem). Any vector-function g (r) € G is repre-
sented by absolutely and uniformly convergent in every compact set 1.} C I, by a
Fourier series for the system {V(,) (r,Bm) =, of the vector eigenfunctions of the
operator L):

o [Rnti Viw (r: Bm)
¢0=2 [ e @Vl pmolprdp 0 )
m—1? Ro [ Vi (. Bm) |
The Fourier series (2.11) determines the direct M(;,).4,, and inverse M ( M) n lim-

ited generalized integral Meler—Fok transform of the second type generated in the set
I, by the GDLO L,):

R n+1
Muyanlg ()] = fR &) Vi ()0 () dr = m =3 &
k=1
n+1
= Z/ gk (1) Vu:k (r. Bm) ox shrdr. (2.12)
and
00 V. .

MG anlim] = Z g P, 2.13)

[V (-

Theorem 6 (On the basic identity). If the vector-function g € G, and the compo-
nents g of the vector-function g satisfy innhomogeneous boundary conditions and
the innhomogeneous conjugate conditions, then the basic identity for the integral
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transform of the GDLO L ;) determined by equality (2.1) is true:

Myan [Lwy (9] = —Bm&m + Ont15 41
+ (O"H_l) 'sh RV(u);n—H (Rn+1.Pm)gR

—ajo (0‘(1)1)_ sh RoV():1 (Ro.Bm) go
n+1

- Z V]?gkm
k=1

n
+ Z a,%ok (c1x) " Lsh Ry (ZZL);lZ (Bm) 02k
k=1

(u,) 22 (lgm)wlk) (2.14)

The proof of Theorems 2 — 6 repeats the logical scheme of proof of the respective
theorems in [7].

3. APPLICATIONS

The presence of the basic identity (2.14) allows us to apply the integral transforms
inculcated by formulas (2.12) and (2.13) for the construction of the exact analytical
solution of the proper singular problems of the mathematical physics of inhomoge-
neous structures.

3.1. An example: a statics problem

Let us consider the problem to construct, in the domain D, = {(r,z) : r € I;
Z € (—o0;400)}, the bounded solution of the separate elliptic system of equation
with the generalized Legendres operator

52 o
(8 5t A~ )“J' (rz)=—fi(rz), Jj=lLn+tl  GD

under the boundary conditions

0
(0‘?1 a3 +,3?1) Ui

(a;‘jl o +,3n+1) Unt1

=go(2),
r=Ro (3.2)

=gRr(2)
r=Rui1
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and the conjugate conditions

0
(4t

( 7z+la "‘ﬁnﬂ) “k+1(r,Z)) =wjk(z), (3.3)

r=Ry

where j = 1,2,k =1,n.
We rewrite system (3.1) in the matrix form

2

(aaz_z—i_a%A(U«)l _X% M](V,Z) fl (F,Z)
2

(2 + 2 A0, — 13) 12 (1.2) f2(r.2)

ot (r2)

, :
(Eiaz_2 +a5+1A(M)n+1 - X5+1) Un+1(r,2)

The integral operator M(,,).4,, in accordance with (2.12), we represent as the op-
erator matrix-row

Ry
Myyan -] = (/I; Vo (r. Bm)orshrdr,

0

R
/ - V2 (r, Bm) o2 shrdr,

1

Ry
/ V(u);n (I’,ﬂm)Un shrdr

n—1

R; 11
/R < Vin+1 (r,,Bm)a,,+1shrdr). (3.4)

Let us assume that X% = maxi<;<p+11 )(jz-} (in the contrary case, it is possible to

renumber these values). Let us put yjz = X% — )(J2. >0 for j =1, n+1 and apply, by
the rule of multiplication of matrices, the operator matrix-tow (3.4) to system (3.1).
As aresult of identity (2.14), we get a boundary problem on the structure of bounded
solutions of the second-order ordinary differential equation with constant coefficients
inthe set I1 ={z: z € (—o0,+00)}

d?
(53 ) im0 = ~Fna). 65)
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where ¢, = (,3,2,, + )(%)1/2

~ ~ ~1
Frn(2) = fm(2)+ (agl) shRy+1 V(,u);n-i—l (R.Bm)gr(2)
—1
—(a?))" shRoaio1 Vi1 (Ro.Bm) g0 (2)

and

n
Sth
+ ) aiox ok (Z&);u (Bm) @2k (2) = Z{1y22 (Bwy) @1 (Z))-
k= 1

It is checked directly that the following function is the unique bounded solution of
equation (3.5):
o 1 B
in (@)= [ 5 e e, (3.6)
—0 2 m
The operator M (; 1) an’ in accordance with the rule (2.13), as inverse to (2.12), we
will represent as the operator matrix-column

oo . Vwa@Bm)
Zm=1 ||V(,u,)(r,ﬂm)|f

oo L V(u):2 s\Pm
— = 2
Mian 1= 777 Vel | 3.7
oo Voot (hBm)
= 2
=L Vw8 ||

We will apply by rule of multiplication of matrices the operator matrix-column to
the matrix-element [i,, (z)], where the function i, (z) is defined by formula (3.6).
As aresult of elementary transformations, we get the unique bounded solution of the
elliptic problem (3.1), (3.2), (3.3):

n+1
uj(r,z) =y
k=1
4 / (Wt (2.8 80 ©) + Weaymars (r.2.8) g& (©) dE

—00

o] Ry
/ / Equsi (1.p.2:8) fi (p.8)oxshpdpd?
—00 J Rr—1

+2. / (Rl (72D (©) = Rijy o (r2. ) one ()
k=1""%°

forj=1,n+1.
Here, the principal solutions appear: (1) the influence functions generated by the
inhomogeneity of system (3.1):
o0
1 — — Vi ;.(r7/3 )V ,k(psﬁ )
Equy:jk (r.p.2,8) = Z—z e~ amlz=E1 T m) 7 () > z
m—1 =dm [Vaw . Bm) |

where j.k =1,n+1;



GENERALIZED HYBRID INTEGRAL TRANSFORM 55

(2) Green’s functions generated by boundary condition at r = Ry:

e —qmlz— §|V (RO ﬂ )V (RO ,3 )
Wik (r.2,0) = —ajoy shROZ (w1 m) Vi) j m

(3) Green’s functions generated by boundary condition at r = R,+1 = R:

W __shR 2, e~amlz=¢l Vw:j (rsBm) Viwyn+1 (R, Bm)
(win+1,j (1.2,8) = n+1 2 2
a22 m=1 qm a,Bm)H

where j =1, n+1;
(4) Green’s functions generated by inhomogeneity of the conjugate conditions:

. —qmlz—| h R Vewy: i (7 Bm)
k Sh K ; )
R 2= Rk Zo (Bm) — VLM

2 b
me1  2dm ‘1 [Vaw G- Bm)|
where s = 1,2, k = 1,n.
The vector-function u (r,z) = {u1 (r,2) , u2 (r,2), ..., un (r,2) ;up+1 (r,2)} deter-

mines the integral image of the unique analytical solution of the given elliptic bound-
ary problem.

3.2. An example: a quasi-statics problem

Let us construct in the domain D;5 = {(¢,r) : ¢ € (0,00), r € I} the bounded
solution of the separate system of equation of parabolic type with the generalized
Legendres operator

u

¥+X}uj—a}/1(mj(uj):f,-(z,r), j=1,n+1 (3.8)
with the initial conditions
uj(t.r)|,_o =8 (r). r € (Rj-1.R;). j=1n+1, (3.9)

the boundary conditions

0
(a(l)la_ +,8?1)“1)r:R0 =go (1),

(3.10)
('212“ +ﬁ"+1)un+1‘ =gr(1),
ar r=Ruiq
and the conjugate conditions
k0 gk Y _
aj1a—r+ﬂj1 U — ajza_r+:3j2 Uk+1 = wjk (1),
r=Ry
j=L12 k=1n. (3.11)
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We assume that the compatibility conditions hold:

d
(a(l)ld_+13(1)1)gl = g0(0),
r r=R()
nt1 d n+1 _
oY) E‘i‘ﬁzz gn+1 =gr(0),
r=Rn+t1

and

d d

k k k k
[(“jl% +,3j1) 8k — (%’25 +:Bj2) gk+1:| e = wji (0)
=R
for j =1,2,k =1,n.
We rewrite system (3.8) in the matrix form
d

(W+X%_Q%A(M)1)u1(t’r) fi(t,r)

(B+B-dAw,)wen | | Hen .

) ' fat1 (t.7)

(E+X%+l_a%+1A(H)n+l>un+l "
and, similarly, the initial conditions (3.9) in the form
uy (¢,r) g1(r)
uz (t,r) g2(r)
. = . (3.13)

unt1 () )|,y \&n+1(r)

Supposing that )(% = max {)(%, X%» 2, X721+1 }, we will apply to problem (3.12),
(3.13), by the rule of multiplication of matrices, the operator matrix-row (3.4). As a
result of identity (2.14), we get the Cauchy problem

d - ~ -
(E +q,31) Um () = Fi (1), Uml|i—o = &m: (3.14)

where Fy, (1) is as above.
The unique solution of the Cauchy problem (3.14) is the function

t
i (1) = e ™9l g, + / eI F (1)dt. (3.15)
0

Let us determine the principal solutions of the given parabolic problem: (1) the
influence functions generated by the presence of the thermal sources

OOE Viw: i 7 Bm) Vioyk (0, Bm)

—g2 ; . ’k p,
H(M)a]k (t’ r, /0) = e dint (n);J m (w) . m
m=1 [V (. Bm)|

Jk=1,n+1;
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(2) Green’s functions generated by the boundary condition at r = Ry:

00
Viw:1 (Ro, Viw:i (1,
W(;/,);lj (t,r):—afalshRo E e—q’it (M)’l(() 0 'Bm) ();j (2 'Bm)
m=1 O ” Viw (rme)H

j=1ln+1;
(3) Green’s functions generated by the boundary condition at the point r = Ry 41:

o0

_2,shR V| ;-(r,ﬁ )V, ;—I—I(R’ﬁ )

W(M);n+1,j(f,”)= Ze q,,t " (w);J m) YV (u);n . m
m=1 %2 [V (. Bm)|

j=Ln+1;
(4) Green’s functions generated by the inhomogeneity of the conjugate conditions:

u L Vs (- Bm)
Riyyia (t:7) = agox— S et ZE L (B) 02
e om=1 [V (B |
i - 1,2, k = L_n

As aresult of application to the matrix-element [ii,, (¢)], where a function #,, (¢) is
defined by a formula (3.15), by rule of multiplication of matrices of operator matrix-
column (3.7), we get the unique bounded solution of parabolic initial-boundary prob-
lem (3.8)—(3.11):

n+1

t Ry
u;(t,r) :1;/0 /Rk-l Hy.jk (¢ —7,1,.0) [ fx (. 0)
+ 38+ () gk (p)] ok shpdpdr

t
+/0 (W1 (t —7.1) 80 (1) + Wyint1,; (t —7.1) gR (1)) dT

n t
ik
+ 3 [ (Rl 0= ron @
k=1

—R{,]f);zz (t—t.r) o1k (f)) dr, (3.16)

where j = 1,n+ 1, and 84 (7) is the Dirac measure concentrated at 0. The vector-
function u (z,r) = {u1 (¢t,r),us (¢,7),uz (t,r),...,un (t,7),un+1 (¢,r)}, the compo-
nents u; (¢,r) of which are determined by formulas (3.16), fully describes the exact
analytical solution of the given parabolic problem.
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3.3. An example: a dynamics problem

Consider the problem to construct in the domain D, the bounded solution of the
separate hyperbolic system of equations with the generalized Legendres operator

92 S
(m—z+ljz‘“f—af/‘(u)j)uj(w)=fj(t,r), j=ln+1 (38)

under the initial conditions

ou;
uj(tar)‘tz() :(p] (r)’ a_tj

=y;(r), j=1Ln+1, (39)
0

t=

and the boundary conditions (3.10) and the conjugate conditions (3.11).
We assume that the compatibility conditions are satisfied:

d
(05(1)154-,3(1)1)% x, = g0(0),
d
(O‘g;l—Jrﬁg;l)(PnH = gr(0);
dr r=Rni
d d
|:(“J]'€15+ﬁjk)qok_(o‘/]'cza+ﬁjl'€2)<ﬂk+1:| rR = wjk (0)
=RKi
for j =1,2,k =1,n;
0 d 0 _
a1+ B11 | ¥ = g0(0),
dr r=Ro
d
(a;’; . +ﬂ’2’2“) Ynt1 = g (0),
dr r=Roi1
and
d d
[(“ﬁE‘FﬁJk)Wk—(“fzﬁ+ﬁf2)‘ﬂk+1:| e ' (0)
=Ki
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Constructed according to the logical scheme of solving parabolic problem (3.8)—
(3.11), the unique bounded solution of the given hyperbolic problem has the form

n+1

(@ )—Z/I/Rkﬂ (t—t.r.p) (fic(z.p)
WD =2 )y, Hoe o) (e

+8+ (1) Y (p)) ox shpdpd
a n+1 Rk
+§Z/R H ;i (t.1.p) ok (p) ok shpdp
k=1" k-1

t
+/0 (Wi (6 —7.r) 80 (1) + Wyymt1, (1 —7.r) gr (7)) dT

n t
ik
+ 3 [ (Rl = nen @
k=1

_R{l]z);zz(t—f,r)wlk (‘C))d‘L’, j=1n+1. (3.17)

The principal solutions appearing in formulas (3.17) are determined by the formu-
las given above, in which the function exp (—q%t) is replaced by q;ll singm,t. Note
that the constructed solutions of statics, quasi-statics and dynamics problems are of
algorithmic character and continuously rely on parameters and data of the problem
under consideration. These solutions can be used in both theoretical research and
engineering calculations.
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Abstract. This paper deals with the stability analysis of an autonomous system of differential
equations and a nonlinear system of reaction diffusion equations with discrete time delay which
models the behavior of a predator population whose dynamics depends on the past history of
the prey population on which it is acting. This delay is regarded as the lag due to gestation of
the predator. Basic mathematical properties of the model are discussed. The most important
observation is that as the delay is increased, the originally asymptotic stable interior equilibrium
loses its stability, furthermore at a certain critical value a Hopf bifurcation takes place: a small
amplitude periodic solution arises. The possibility of a Turing—Hopf, i. e., the occurrence of
time-periodic pattern is also studied.

1991 Mathematics Subject Classification: 92D25 (34K18, 35K57, 92D40)

Keywords: predator-prey system, discrete delay, Hopf bifurcation, diffusion driven instability, peri-
odic oscillation

1. INTRODUCTION

The system of equations constructed by M. Cavani and M. Farkas (CF-system),
which describes the predator-prey interaction with Holling’s type functional response
of the predator is governed by

N=eN(1—-N/K)—BNP/(B+N),
P=—P(y+8P)/(1+P)+BNP/(B+N),

where dot means differentiation with respect to time ¢; N(¢) and P(t) are the prey
and predator densities at time #, ¢ > 0, 8 > 0, K > 0 and « > 0 are the specific
growth rate of prey, the conversion rate and the carrying capacity with respect to the
prey, ¥ > 0 and § > 0 are the minimal mortality and the limiting mortality of the
predator, respectively (see [5]). This system has the advantage over the other Gause-
type predator-prey systems (cf. [11]) that here predator mortality is neither a constant
nor an unbounded function (as it is, e. g., in [19] and, respectively, in [16]), still, it is
increasing with quantity. To have more realism the authors of the above system have
introduced an infinite delay into the second equation of the system for prey density
and have shown that under some conditions the increase of the delay destabilizes the

(1.1
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originally stable equilibrium by Hopf bifurcation. Delays play an important role in
the dynamics of populations. In many processes of the real word, especially, in a
great many biological phenomena, the present dynamics, the present rate of change
of the state variables depends not only on the present state of the processes but also on
the history of the phenomenon, on past values of the state variables. As in physical
sciences, in biology there are two traditions on which one can call for insight into
delay problems (see [15]). In population biology one finds many systems in which the
emphasis is on the distribute lag (as in [5]) but there is also a long tradition of using
discrete delays to account for individual development (see [17] and the references
therein).

In this paper we incorporate a discrete lag into the CF-system and into its reaction
diffusion version and study the existence of periodic solutions. This delay will be
considered as the lag due to the gestation of the predator.

The organization of the paper is as follows: the Section 2 is about the basic mathe-
matical properties of the delayed CF-system such as steady states, nonnegativity and
existence of solutions, respectively. In Section 3 we will discuss the stability of the
trivial solution and the existence of Hopf bifurcation. In Section 4 the CF-system will
be modified by assuming that the prey and predator are diffusing according to Ficks
law in a spatial habitat with hexagonal boundary and the effect of the delay on the
stability of the positive equilibrium will be studied.

2. THE MODEL

Let us consider the delayed version of (1.1)

N=eN(1-N/K)—BNP/(B+N),
P=—P(y+6P)/(1+ P)+BN(-—1)P/(B+N(-—1))
with the initial conditions ¢ = (¢, P) in the Banach space
{p e C([-1.01.RY) | ¢1(6) = N(6)}

where ¢1(0) >0 (0 € [-1,0)).
In [5] the authors have shown that the following conditions are reasonable and
natural:

(2.1)

y <B =4, (2.2)
B <K, (2.3)
y <BK/(B+K); (2.4)

and under these conditions (1.1) has at least three equilibria: (0,0) and (K,0) which
are unstable and at least one equilibrium with positive coordinates (N, P) as inter-
section of the prey null-cline

P =H(N):=(K—-N)(B+N)e/(BK)
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and the predator null-cline

P =Hy(N):=((B—y)N—By)/(6—PB)N + BS)
which is asymptotically stable if

0<(K—B)/2<N (2.5)

holds. If 0 < N < (K —B)/2, 1. e., N lies in the Allée-effec zone (in the zone where
the increase of the prey density is favorable to its growth rate), then it may or may
not be stable.
Example 1.
(1) For B :=0.5000, y :=0.1000, 6 := 0.5000, & := 0.1000 and K := 5.0000 the
equilibrium (N, P) = (0.2100,0.1360) lies in the Allée-effect zone (0.2100 <
4.5000/2) and is asymptotically stable (see Figure 1).

=]

FIGURE 1. The interior equilibrium of the system (1.1) showing its
asymptotic stability (MATHEMATICA®)

(2) For f:=0.1065, y :=0.0085, § := 0.1065, & := 1.6000, and K := 35.3500,
the equilibrium (N, P) = (15.1736,131.0240) lies in the Allée-effect zone
(15.1736 < 35.2435/2) and is unstable.

In what follows we assume that inequalities (2.2)—(2.4) hold.

System (2.1) describes an animal population, therefore it is very important to prove
that there are positive initial data for which both predator and prey quantities remain
positive, we will even prove that all positive initial data have this property.

Clearly, system (2.1) is of the form

x=f{(x)+g(x(—-1).

with Lipschitz continuous £, continuous ¢ and g(s) > 0 for 4 € (R*)2. Thus, apply-
ing Theorem 1.2 from [1] and the majorant method described, e. g., in [10, p. 101],
we see the validity of the following
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Theorem 1. Solutions of (2.1) with nonnegative initial conditions are defined on
[0, +00) and remain nonnegative for all t > 0.

3. STABILITY OF THE EQUILIBRIA

Clearly the equilibria of (1.1) are steady states of (2.1), also. Now, we are going to
determine the stability of equilibria for system (2.1). The variational system of (2.1)
with respect to the solution (N, P) (see [9, p. 478]) takes the form

y £ — M — /32!:5 __ﬂﬁ~

VN _ K (B+N)2 . BN

Vp 0 BN_ _ y(1+P)—-§P(2+P)
B+N (1+P)?

VN) ( 0 0) (VN(-—n)
X ( —+ /32 P o .
Vp (B+N)2 0 Vp(-—1)
Thus, the linearized system: 1. At (0,0) has the form

VN _ (¢ 0\ (Vn (0 O (Vn(=T)

Vp —\o -y Vp 0 0 Vp(-—1)
which leads one to the characteristic equation

A0,0)(2,7) 1= (e —2)(=y —2) = 0;
2. At(K,0) is

(=0 227 ) ()6 9 0xs)
Vp 0 ﬂ‘i_KK_y Vp 0 0)\Vp(—1)

whose (asymptotical) stability is determined by the real part of the roots of the char-
acteristic equation

K
Ak,0)(z,7) 1= (—e—2) (ﬂ— —V—Z) =0;
3. At (N, P) has the form
Vv _ (10102 —6; WY (0 O (VN(-1)
Ve) 0 —n603604 ) \ Vp B*nOs 0)\Vp(-—1))°
where 7 :=¢(KB) ! and
O := , ©Op:=K—B—-2N,

B

— = 2
oy K g (69T 8
B+ N §—vy
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(see [6]). The corresponding characteristic equation is
_ _ . 77@1 G-z -
Aw.p & i=de (,32’7@3 exp(—27) —1O@304— z)
=22 4+ (0304 — O102)z — 1> Q10,0304+
+ B*1nO103exp(—z7) = 0.

Since ¢ is a positive root of Ag ), it follows that (0,0) is an unstable equilibrium
of (2.1) for all T > 0. Because of (2.4), BK /(B + K) —y is a positive root of Ak o),
and, therefore, (K, 0) is an unstable equilibrium of (2.1) for all t > 0.

Clearly, A (N.P) has the form

A(]V,F)(Z’T) = p(z) +q(z)exp(—z1)

where p(z) 1= z% + (O304 — ©10,)z — 1*O10,0304 and ¢(2) = B*nO103
are trivially analytic functions in a right half-plane Rez > —c (¢ > 0) that satisfy the
following conditions:

(1) p and g have no common imaginary root;
2) p(=iy) = p@y), q(=iy) = q@y) (y € R);
(3) p(0)+4(0) #0;

. q(z)
(4) lim SUP|z|—o00,Rez>0

p(z)
To obtain stability switch one needs to have an imaginary root of Ay p). Let

z=1iy.Then Ay 5)(z,7) =0 % |p(z)| = |¢(z)| and

P M) - rR(e’ ()
lq(iy)I?
PR )+ (e ()
liy)*
where p(iy) =: pR(y)+ p!(y)i and q(iy) =: ¢®(y) + ¢’ (»)i. In this case, one has
lq(iy)[* = B*?0763 > 0.

Let us define the auxiliary function F(y) :=|p(iy)|> —|q(iy)|?> (y € R). Hence
F(y)=y*+n*[0703 + 0363] > +n* 0103 [n*030; - B*] (v <R).
The necessary condition for the change in stability is the existence of ¢ > 0 such
that F(y¥¢) = 0. Thus, applying the theorem of [2,7] (see also [14]) we can prove the

following
Theorem 2. If

(1) B2 < |nO,0y4|, then the equilibrium (N, P) of (2.1) remains stable for all
T>0;

< 1.

sin(yt) =

’

cos(yt) =—
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(2) B? > |nO204), then as t increases and passes through to,

| R ((@3@4—@1@2)%)

70 .= — SIn
" W B20103

where

Yo = ; (-r2[0}63 +0363]

+\r[otes-e303] +agreies ) o)

the equilibrium (N, P) undergoes a Poincaré—Andronov—Hopf bifurcation,
i. e., there occurs a small amplitude periodic solution with a period approxi-
mately equal to 27 /.

Proof. Step 1. If B% < |n©,04], then F has no positive root, therefore no stability
switch may occur, i. e., the stability of (N, P) does not change as 7 is increased from
zero to infinity.

Step 2. If B2 > |[n©,Oy4], then as F has one positive root g, and there may be
only the critical value ¢ for which
n(03604—01602) Y

B*n©103

holds and the the equilibrium (N, P) loses its stability. Therefore we only need
to check the sign of ¢’(t9) where z = ¢ + ¥i and ¢(79) = 0. Using the implicit
function theorem we are going to determine the derivative of the implicit function z¢
at 7o (where zo denotes the root of (3.3) that assumes the value iy at 79)

d: Ay, py ([ ¥0.T0)
8ZA(N,13) (Yo, To)
_ iYop?nO103
[2i Y0 +1(O304 — O102)]exp(i Yo o) — 10810103

sinyoto =

zo(10) = —

Hence we have
dzo(7)

dt =10
=Yg B 0103 [295 +n* (0103 + ©367)]
X {[7)(@3@4 —0102)Y§ — 1 (O304 — 016,)

d
¢'(v0) = -~ Rezo(1)|;—, = Re

2
X 010260304 + T054772@%@§]

-1
+[298 + P90 (0303 + 02T} 0.
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Thus, by the Hopf bifurcation theorem [8, 12] the theorem is proved. U

Example 2. Tn the case where 8 :=0.1000, y :=0.0100, § := 0.1055, £ := 1.0000,
and K := 1.0000m the equilibrium (N, P) = (0.4486,3.0250) lies in the Allée-effect
zone (0.4486 < 0.9000/2) and is asymptotically stable for ¢ = 0 and for 7o := 1.9090
there is a switching in stability (see Figure 2).

[z %
!

RW\I\NV\AMWV\MNVMW\AMNWV\WV\AMNVWWW\AMNNW

FIGURE 2. Time evolution of system (2.1) for g := 0.1000, y :=
0.0100, § := 0.1055, & := 1.1000, the delay 7o := 2.2 and time ¢ =
5100.0000 with the notation x := N and y := P (DifEqu®).

4. THE MODEL WITH DIFFUSION

Let us modify system (2.1) assuming that the prey and predator are diffusing to
Fick’s law in the spatial habitat

Qg = %(x,y)e R?| |x| <HT\/§, y+% <H} (H >0)
i. e., consider the reaction-diffusion system
0N =ArN+eN(1—-N/K)—BNP/(B+N),
80P =dAyP —P(y+6P)/(1+ P)+ BN(—1)P/(B+ N(-—1)). } @1

where d is the diffusion coefficient about which we assume only that it has a positive
sign,
(n-Vg)col[N,P]=0 in 092y x[—1,+00) 4.2)
and
col[N,P]=® >0 on Qpx[-1,0]. 4.3)
Clearly, a spatially constant solution col [N(-), P(-)] of system (4.1) satisfies bound-

ary conditions (4.2) and system (2.1). The equilibria of system (2.1) are constant
solutions of (4.1), (4.2) at the same time.
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The linearized equation: 1. At (0,0) has the form

0: VN = ArVN +eVn, } 44

0:Vp =dALVp—yVp,

which is asymptotically stable if for all # € N the polynomial

A e e—An—2 0
A(O’O)(Z,‘L’).—det( 0 —V—And—Z)
=z2- (e=An—y—And)z+ (An—e)(y +And)
has roots with negative real part [3,4], where A, := 1672/(9H?)n? (n € N) is the
nth eigenvalue of the minus Laplacian on 2z with no-flux boundary conditions.

FIGURE 3. Eigenfunction of the minus Laplacian corresponding to
the eigenvalue A3 (H) with H = 5 (Maple®).

2. At (K,0) is
K
0:VN = AR VN —eVy — b Vp,
B+ K
BK 4.5)
0 Vp =dA.V, ——y | Vp,
tVp s P+('B+K V) P

whose (asymptotical) stability is determined by the real part of the roots of the poly-
nomial

~ —&—Ayp—12 __BK
Ak,0)(2,7) = det( O” 8K B+K )

K
:z2+(s—l—kn—lfi_—K—i-y—l-)tnd)z—l-(s—l—/\n)

BK
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3. At(N,P)is
0t VN = ApVN +1O102VN —O1Vp “46)
3 Vp = dArVp —1nO304Vp + BZnO3Vn (-—1) '

which is asymptotically stable if for all # € N the quasi-polynomial

A, py(z. ) = det (ﬂzi’]@3 exp(—zt) —nO304—Ayd—z2

=22 —[1(0102—O304) —An(d + 1)z
- MQI@Z _An] [77@3@4 +/\nd] + +,327]@1@3 exp (—Z‘L’)

has roots with negative real part (see [18]).

Since for n = 0 the constant term of p (g ¢) is negative, therefore (0,0) remains an
unstable equilibrium of (4.1)—(4.3) for all = > 0.

Because of (2.4) there exist n € N such that the constant term p(g ) is negative,
therefore (K,0) remains an unstable equilibrium of (4.1)—(4.3) for all T > 0.

The stability of P(N.P) depends on several parameters. In the remainder of this
section we assume that d > 1. In the case without delay,

Ag,5)(2.0) =22 ~[1(0102 = O304) = An(d + )]z
— 16102 = 2] [10304 + And] + *161 03,
which is stable (see [6,13]) if
(1) ©, <0, i. e., the equilibrium (N, P) lies outside the Allée-effect zone (on
the descending branch of the prey null-cline) or

(2) the parameters ¢, 8, K, y, & are Turing admissible which implies ®, > 0,

and
0,0 1672
™1 251 or @zf—n.
kl 9H 277@1
With respect to the parameter t, the quasi-polynomial for P(N ,P) has a similar
structure as Ay py:

4.7

A )@ 1) = P2) +§(2) exp(—z7) (4.8)
where
P(2) =22 = [1(0102— O304) = An(d + )]z = (1O102 = 1») (10304 + A, d))
and §(z) := B?1n©;Oj are trivially analytic functions in the right half-plane Rez >
—c (¢ > 0) and satisfy the following conditions:

(1) p and g have no common imaginary root;
2) p(=iy) = p@iy), 4(=iy) = q@y) (y € R);
(3) p(0)+4(0) #0;
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q(z)
p(z)

To obtain stability switch one has to examine the existence of real roots of the
function (see [2,7])

~ ~ ~. . 2

F(y) = |pay)>=13Gy)* = [-y* + Aiy + B|"=|C|?

2
=(B-y?)" +A4%y*+C?>=y*+(A*-2B)y*+ B>*-C?* (y€R),

< 1.

(4) imSup|z| 00, Rez>0

where
A= /\n(d + 1)—7](@1@2—@3@4),
B:=—(0nO®102—1,) (nO304 + A, d),

and C := B?n@;O3. A stability switch may occur only if F has a positive root Vo.
Viéte’s formula implies that it may happen in the following three cases:

B*—-C?>0, A?>—2B <0, (A2 —-2B)? = 4(B*-C?); (4.9a)
B?>—C?cR, A?—2B <0, (A2 -2B)? > 4(B*-C?); (4.9b)
B?—-C? <0, A?>—2B € R, (A2 =2B)? > 4(B*-C?), (4.9¢)
where case (4.9¢) reduces to B2 — C? < 0 because this inequality implies the con-
dition (42 —2B)? > 4(B? — C?). Because (4% —2B)? —4(B%? - C?) = A%(A*—

4B)+4C? and A% —4B = [A,(d — 1) 4 n(©102 + ©304)]* > 0 we deal with one
of the last two cases. If B> — C? < 0, then we have one positive solution

s 1 \/ 2 2042 2
Yo:i=——=1\/2B—A"+/A“(A“—4B)+4C

at which switching can occur. The condition B2 — C? < 0 is equivalent to
(16102 = 2] (10304 + And] — B*1° 6763
2 2
= [1°©1020304 + nO1024nd — 103041, —A5d | —[p*1©103]
=[01031 (10204 + B*) + An(10102d —1O304 — A, d) ]
x [01031 (10204 — B?) + 1, (1©102d — O304 — A, d)] < 0.
Thus, we conclude that if 82 > [n©®1 65| and
(1) ®, <0,i.e., the equilibrium (]V P ) lies outside the Allée-effect zone, or
(2) ©2>0and 25122 < 1, i e, the equilibrium (N, P) lies in Allée-effect zone
and is asymptotically stable if the diffusive system is a system without delay,

then for every integer n such that

dk?, + (O304 —O160,d)A, < ©1037 (77@2@4 + ﬁz) (4.10)
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there may be a switching in stability at the point

To(n) = Lsin_1 [An(d +1) =1 (0102 — 0304)] Yo
Vo BZn©103

Numerical calculations show that in the following cases there is a switch of stability

indeed.

Example 3. For B := 0.1000, y := 0.0100, 6 := 0.1055, ¢ := 1.0000 and K :=
1.0000 the asymptotically stable equilibrium (N, P) = (0.4486,3.0250) of (1.1) lies
inside the Allée-effect zone (0.4486 < 0.9000/2), for d = 1.1, H = 55 it is diffu-
sionally stable and (4.9) assumes the form

0.0030-7* +0.0008 -n% < 0.0083

which is fulfilled for n € {0;1} and

(1) for n = 0O there is a switching in stability at to(0) = 18.9969 because for a
root z = ¢ + i of (4.8) at which ¢(79(0)) = 0 holds sign¢’(79(0)) = 1;

(2) for n =1 there is a switching in stability at 7o (1) = 1508.1225 because for a
root z = ¢ + i of (4.8) at which ¢(79(0)) = 0 holds sign¢’(79(0)) = 1.
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Abstract. In this paper we establish a class of Hardy—Sobolev type inequalities related to gener-
alized Baouendi—Grushin operators. Our results contain the well-known Hardy type inequality
and Sobolev type inequality for the class of operators. Furthermore, some new inequalities are
obtained.
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1. INTRODUCTION

In [6], a Hardy type inequality for the generalized Baouendi—Grushin vector fields

0 o O } .
Zi=—, Zn+j:|x| —, (I<iz<n 1=<j=<m)
0x; dy;
where x = (x1,x2,...,X,) € R, y = (y1,¥2....ym) € R™, a > 0, is given by
u? 2 )\? 2
— dxdy <| —— Viul“dxdy, 1.1
/Wmdzwm y_(Q_z) An+m| Ll dxdy (1.1)

for u € L? (R"*™ yrpqdxdy) and |Vou| € L*>(R*"™), with Vp = (Z1.....Zy,
Zu+1--+» Zn+m). Using (1.1), a unique continuation for the generalized Baouendi-
Grushin operator

n+m

Lo = Ax—i-lezaAy = Z Zi=V.-VL

i=1
was proved. The proof of (1.1) used representation formulae of functions by the
fundamental solution of £, at the origin.
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Grant No. 2006A09.
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The general version of (1.1) was established with a different approach in [10]. For
any open subset £2 C R**™ D’Ambrosio obtained also the following Hardy type
inequalities in [3]:

Let p>1,n,m>1,and B,y € Rsuchthatn+(1+a)m>y—B—pandn >
ap — B. Then, for every u € D1>? (.Q |x|B—ep d(1+°‘)1’_y) it follows

B
P pﬁd d </ Vi ul? |x|B~22 g+)r=v 4y q 12
CQ,p,ﬂ,y/QM dv xay = Q| rul” |x| xdy, (1.2)

where cg p.8.y = Q+Tﬂ—y. If (0,0) € £2, then the constant (1.2) clé DBy is sharp.
Recently, a Sobolev type inequality for the vector fields Z,..., Z,+m (see [7])
states

1 1
2% 2
<S (/ |VLu|2dxdy) , (1.3)
[Rn+m

(/ |u|2*a’xa'y)2
|Rn+m
2

where S is a positive constant, 2* = Q—?z, Q =n+ (a+ 1)m is the homogeneous
dimension with respect to the dilations

8, (x,y) = (Ax, A% 1y), A>0,(x,y) e R*T™, (1.4)

which is induced by £. Inequality (1.3) contains the result for « = 1 in [2].
We define the following distance from the origin on R+

.
d(x,y)= (|x|2(a+1) Fat+1)? |y|2) @D

It is easy to check that

_ X e o o
VLd—W(M X1, |x|" x2,..., |x|% xn,
(@+ Dy (@+Dyz,....(¢+1)ym).
|x|20l
|VLd|2= 124 = Y2q-

Let Cé‘ (£2) be the set of functions with compact in C* (£2) and 1 < p < co. We

denote by D7 (£2) the closure of C$® (£2) under the norm ([, |Vzu|? dé)l/p.

In this paper we will establish a class of Hardy-Sobolev type inequalities related to
generalized Baouendi-Grushin operators. Our results contain the well-known Hardy
type inequality and Sobolev type inequality for the class of operators.

This paper is organized as follows. In the next section, we prove a Hardy-Sobolev
type inequality for &£,. This generalizes the inequalities in the Euclidean space in
[1]. In Section 3, we give some new Hardy type inequalities on bounded domains.
Our results include those of [3].
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2. HARDY-SOBOLEV INEQUALITIES

In this section, set (x,y) = (x',y",x”,y") = (21.22) € R* ™ with z; = (x, ) €
REH 7, = x",y") e Rr—k+m=D 1 <k <n,1<1<m,and
di=d () = ([P 4 e 12y P,

We denote by B (R) = {(x',y’) € RK+1 | d) < R} the open ball centered at (0,0)
withradius R > 0, and put Vir = (Z1,.... Zk, Zn+1,---+ Zy+1)-
We note that the polar coordinate transformation defined in [5, 8] implies

dzi = dx'dy’ = p*+ @t DI=1gp40, 2.1)
where do; = (alﬁ)l |sin9|(>tL+1_1 |cos€|l_1 dfdwrdw;, and wy and w; are the Le-

besgue measures of the unitary Euclidean spheres in R¥ and R, respectively.
The main inequalities in this section are the following.

Theorem 1 (Hardy-Sobolev type inequalities). Let us assume that s satisfies the
relations 0 <s <2 <k +(ax+ 1)l < Q, and put

2(Q —s
20=255
Then there exists a positive constant C (s, o, k,1) such that for everyu € D12 (R"T™)
Q—s
e u 2 [ o
dxdy <C Viul|“dxd , 22
A;"er divot div Y= IR"+m| Lul y (2.2)

where DV2(R*1™) is the completion of C6’°([R”+m) under the norm

= (/ |vLu|2dxdy) :
|Rn+m

Remark 1. If s =0,k =n,l =m,then (2.2)is (1.3);if s =2,k =n, ] = m, then
(2.2) s (1.1).

We prove first a lemma, which gives a representation formula of functions only
depending on vector fields (Z1,...,Z,+m) and dilation of £4. It establishes the
connection between the function v and its generalized gradient Vg u.

Lemma 1. For any u (x,y) € C§°(R"*™), we have

[ee) 1 d2(a+1)
u(x,y) :_/1 W Viu, Vi m o0§dA. 2.3)

Proof. Clearly,

VL(dZ(OH—l)) — 2(O{+ 1)d2(1+1de — 2(Ol+ 1) |x|ot
(|x|“x1,|x|ax2,...,|x|axn,(oz+1)y1,(a+1)y2,...,((x+1)ym). 2.4)
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By (1.4) and (2.4), one has

d _ du(u(x,y))
_MOSA - -

di di

n m
d d
= | Y i o8 () F @+ 1) D A%y 08y (x.7)
i j=1 0y;

"\ x; du 2y du
gx A )J; % oy | 00
[ 1 T o U I ou

=|—— x| xi—+(a+1 x[**yi— | |08, (x,
P ;H Frid ),;" Tl ERLACSY
[ 1 q2e+1)

=| g\ VLu. Vo | 57— Sa(x,). 2.5
_A|X|2a LU, VL 2(0[+1) o A(X y) ( )

Therefore, we obtain

*d
utey) == [ 5 wmda

00 1 d2@+D) 5. da
=— ——(Vou,Vp | ———— ° ,
/1 AP\ T 2@+ ’

as required. (]

Remark 2. We note that V, (dz("“"l)) =2(a + 1)d?*T1V, d in the proof above,
and so

}VL(dZ(OH_I))‘Z — 2[(0[ 4+ 1)d2a+1]2 |de|2
= 2 (a4 D]? |x|>* q?@+D, (2.6)

Proof of Theorem 1. We need only to consider the cases where u > 0 and u €
C§°(R"*™). Introduce the notation S1 = dB] = {(x'.)’) € R+ (x7,y") = 1} and
U =(11,72) = (t11,-. .- T1k> T21» - - - T2k ) € S1. We introduce the transformation

1= (X/,y,) = (p,?),
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where p = dq, ¢ = (t1,72) =81 (x’,y’). By Lemma 1, we get
0

2
o[ Jua] > X/ u |
/ so dx d _ _ de SO S le
Rn+m p p Rn—k+(m—1) Rk+! ,O p

[e.¢]
= —[ dA dzo
1 Rn—k+(m—1)

|x/|s¢x 1 5 p2(a+1) 5 ' d
V ! *’V / 9 . 2.7
X/|Rk+l psa+sx|x/|2(x Lu L 2(O{+1) o A(x y) Z1. 277

Putting
1 p2(a+1)
F = \Y /uz*,V =),
|x/|2°‘< L L (Z(a—l-l)

we obtain from (2.1) that

| /|S(x |u| -
dxdy 2.8)
Rn+m Sa S
|x/|sa F
/ dir /IR" —k+(m—1) Ak—i—l pSOH-s )t 5,1()6 y )le
- _ d)\ d J 00 sa|T1|sa 1, (9) pr et DIl
L Ri—k+(m—1) ‘2 S o1 sa+s PYACHNY o

— _/ k_(k+(a+1)l_l_s)_2d)&/ de
1 |Rn—k+(m—])

oo
x/ dcrl/ |11 [S*F o8, (9) rFF@tDI=1=sg, Q=)
S1 0

1 |x/[*
== d Fd
k + (a + 1)1 —S /I;Qn—k+()n—l) <2 RA+! psa—i-s 21

_ ! / J
k4 @+ D) —s5 Jrp—ktm—n ‘2
e [ s o, (P
Vi Vi | —— | ) | dz1. 2.9
oo e e\ 2 ) ] =

Now we consider the cases 1 <s <2 and 0 < s < 1, respectively.
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Case 1: 1 <s <2.If 1 <s <2, then (2.6), (2.9) and Holder’s inequality yield

1
[ = . dxdy
Ri+m % p

/1sa—2a |VL/ (pz(a+1)) |
< ! / de/ L|VL/M2*| dzi
T k+(@+ 1) —s5 Jra—kt+on-n Rk+1  pSETS 2(x+1)
2« |x/|sa_2a 2,1 e e+l
S T @ DT Jowim praws 1 VLl X dxdy
24 |xl|a(s_1) 2,—1
T k+(@t)l—s [[R+ Gt [Vruldxdy
— s—1
2, WS
Skt Di—s /[Rn+m G g1 Veuldxdy
s—=1 2—s
24 |x’|m uz* s 2% 2s
= k+(@+1)—s (/[Rn-l—m o5« pS dxdy /[Rn+m u” dxdy
N
X (A . |Viul dxdy) . (2.10)

By the Sobolev type inequality (1.3) we have
715 2%
[,
Rrtm 5% pS
2 S = 3
* 2* 2
< u® dxd Viul|“dxd
- (k—i—(a—l—l)l—s) (/[;Qn-i-m y) (/;3n+m| Lu| y)

24 T 2*a-y) ’ '
< ST 2 \Y dxd
= (k+(a+1)l—s) (/Rn+m| ruldx y)

24 § 2%e—y) ) 0>
= S73 Viul*dxd . 2.11
(k+(a+1)1—s) (/[Rn+m| Luf"dx y) @10

For s = 1, relation (2.10) leads one to

2* 2—s
55

(S

ne | 12«(1) 2. (1 . g-1
/ ™ ey < D oz (/ |VLu|2dxdy) :
Rrn+m  pY P k+@+1)I—-1 R+m
(2.12)

where 2« (1) = Z(QQ__ZD.
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If s = 2, then 24 = 2 and by (2.10), it follows

/ P gy <2 / 1 9yl
Ko T 5 adX u ujax
Ritm p%2%  p2 y= k+(@+1)—2 Jgatm p*tl L Y

1 1
2 |x/|au 2 2 5 2
dxd Viul*dxdy | .
k+(a+1)l—2(/|;h+m(pa+l ) X y) (An+m| Lul X y)
namely,

/ WPl 2 2/ VouPdxd
—5—ax u X .
Rr+m p20[ p2 Y= k + ((X + l)l -2 Rn+m L Y

Case 2: 0 < s < 1. Using

24 () = % = (1—5)2% 4524 (1)

and (2.12), we have

1Se |, 124 . ne, 2,(1)\?°
[ x| Jul dxdy :/ |u|(1—s)2 |x" u dxdy
Retm 5% p3 Rr+m

pa—i—l

. 1—s ne o 24(1) §
< (/ u)? dxdy) (/ L Ul s dxdy)
Rn+m Rn+m ,O

%

2*(1—s)

* 2 2+ (1 *\*
< §2°1=9) (/ |VLM|2dxdy) ( + (1) 522)
Rn+m

k+(@+1)[—1

©@—=Ds

2 =2
X (/ |Viul dxdy)
|Rn+m

2% (2—s) 24 (1) $ / ) 6=
=S 2 \Y dxd ,
(k+(cx+1)l—1) g | VLU XY

and the proof is complete.

i8)

3. HARDY TYPE INEQUALITIES ON BOUNDED DOMAINS

In this section, let £2 C R”T" denote any bounded domain, (x,y) = (z21,22) € £2,
diy =d (x',y"), B (R), VL as before. Define

1

re = (€2+ ‘x/‘Z)i’

_(Ix O
“E‘_(o rgll)’
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and set 0V = V;,. For any vector field 7 € C 1821, RE*!), we shall write divg, =
div (oeh).

The following is the main result of this section.

Theorem 2. Let p > 1,k,l > 1,and B,y € R, be such that k + (¢ + 1) > y —
B—pand k > ap — B. Then, for any u € DVP (L2, |x/|ﬂ_ap dl(a+1)p_y), we get

p
klpﬂy/'”'

k+(ot+1)l+,3—y
Y

|x ’|ﬂ B—ap ;(a+1)
dxdy</ |VLu|p}x‘ d; PVaxdy, (3.1)

where ¢ 1, p.g.y =

If (0,0) € £2, then the constant c,fl By in (3.1) is sharp.
Corollary 1. If 1 < p <k + (¢ + 1)/, then

P |X'|*? ul|P »
ki |, yra dpd xdy < |VL”| dxdy (3.2)

foru e DVP (Q);

ckvl,p dp X y | M| X y9
/ap
fork >ap, ueDYP (.Q |le ); (3.3)
1
and
» |u|? |x /|(oe+1)p
P
Ckl,p dp —5-dxdy </ |Viul (Ot+1)p dxdy 3.4)
fork > (a+1)p uebb? | Q M
9 9 dl(a+1)p 9

In order to prove our results, we will use the following statement in [3].

Proposition 1. Let € > 0, and h € C' (21, R¥*Y) such that div§, h > 0. Then for
any p > landu € CO1 (.Q IR”"""), one has

/|u|pdiv€L,hdZ1§pp/ || P|div§, h|~P=V|VE u|dzy. (3.5)
.Q] Ql

The following proposition is also useful. For a similar description in the Euclidean
space see [9].



HARDY-SOBOLEV INEQUALITIES FOR BAOUENDI-GRUSHIN OPERATORS 81
Proposition 2. Ifw € CS° (R"*™), then

. fmn+m |VLa)|pdxdy
inf > =
weCPRMM),w£0  [pntm |®|F dxdy

(3.6)

Proof. Set ¢ € CS°(R"1™) to be a nonnegative radial function and satisfy

ifd

1.
EE?
ifd>1,

1
d) =
¢ (d) { 0
0
with [pntm @Pdxdy = 1. Letting € < 1 and putting ¢ (d) = ¢ 2 ¢ 4), we get
R €
Q_
Jgn+m @e (d)? dxdy = 1. Note that Vi g (d) =€ 7 Ly (%) Vid. Settingd = ep
and using (2.1) in R* T we get
d
/
/(2)

V4
Lo Vepe@laxay =0 dxdy
s [ 2T @ dp—0 (e )
{p<1}

Wpa
m

R+

where
1 m az n+pa
Snom = ( ) wnwm/ |sin 6| att 1 lcos@|™ 1 dp.
o—+1 a
This completes the proof. O

Proof of Theorem 2. Without loss of generality, we shall consider a smooth func-
tion u € Cg° (£2). The general case will follow by the density argument. For € > 0,
define

1
dic= (r€2(oz+l) + (o + 1)2 |y/|2) 2(@+1D)

s

and

hlzi x’rf _
“Tal \ @+ Pyrfe

A simple computation shows that

1 x/rﬁ
divg, hg = div—— y
Note =T <<a+1)|x/|2y/r£‘2)
B |x/|2
_ <k+((oe+1)l+ﬂ—)/) r2) 3.7)

- g7
dl,e €
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and

) rf—“—2|x/|2 plot+4 5 5 %
HE y (6 — +@+1) 1] ) . (3.9)
dl,e |)C |

Putting fe (s) =k + (¢ + 1)1+ B — y) €2+S2, s > 0, it is easy to see that

if(a+1D)I+B—y=>0,

Je(s) = k+(06+1)l+:3 y if (e+1DI+B-y <0,

(3.9

for every € > 0 and s > 0. Since re > €, if k + (¢ +1)] > y — B, then div§ , Al > 0.

Now we choose h = h1 in (3.5) and obtain

B
/|u|p re fe (|| dxdy—/ dZ2/ |u|? ; (|x]) dz1
dy ¢

rf —(p-1
EPP/Q dzZ/Q L7 | 2 fe ()| Vi Pz
2 1
y4
_ _ oy — P 7
re /3(17 1) (reﬁ o 2|xl|2) (I‘le /|2 —|—(Ot+l) |y| >2
=7 [ az [ vl —— : dzy
2 2 di%d; I fe (1P
ya
ﬂ +a)p |x/|2p( " /|2 +(Ol+1) |y| )2
=Pp/ de/ |V ul? — dzy.
2 21 df  fe (Ix'P!
(3.10)

Letm; = min{k,k + (¢ + 1)/ + B —y} > 0. By r < re¢ and (3.9) the right-hand side
of (3.10) can be estimated as follows:

ya
2

.3 (2+ot)P| /|2P( T +(Ol+1) |y| )

df fe(Ix'DP!

IVEul?

< IVoul”

my

apd(Ot-H)P v
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Therefore, following the assumptions k + (¢ + 1)/ >y —B—p and k > ap — B,
and applying the Lebesgue dominated convergence theorem to (3.10), we have

’ /3
/|u|p| | F(|x ‘)dxdy—hm/ lu|? f,fe(|x ) dxdy

1

Viu _
< lim p? / dz/ l | O‘Pdl(ajl)p Ydz,
2 2 ’

e—>0 ml

\Y — _
< pP | Lul? ‘ ‘B apd1(a+1)p "dxdy.
Q m1

This shows the claim of (3.1).

Choosing (B,7) = (ap,(@+ 1) p), (B,y) = (0, p) and (B.y) = (=p.0) in (3.1),
implies the inequalities (3.2), (3.3) and (3.4), respectively.

Next, if (0,0) € £2, we prove the constant c,f’ L.p.By is sharp. The approach here
comes from that in [9].

Let C (£2) be the best constant in (3.1), that is

Vv, ol? |x'|1P~ pad(a+1)p Ydxd
e m  JalVorI] xdy
$€CF(R2),9#0 f |¢|P |x’| dxdy

From (3.1), we easily get C (£2) > c,f I.pBy We shall prove the equality sign holds.
Put ¢ € C°(2) and ¢ = v (z1)w(22), where v (z1) € CP(RFT\ £(0,0)}),

w(z2) € C5’°([R"_k+(m_l)). By the convexity of the function (a? + bz)g fora, b >
0, we have

(a2+b2)g §(l—k)l_pap+kl_pbp,

where p > 1,0 < A < 1. Therefore, we find

IVLol? = | (VL (v (z1) o (22))?]2
= (|VL’U|2602 +v? |VL~60|2)5

<(1=M)I"P |V ulP 0P +A7PuP | Viw|?, (3.11)
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where Vi := (Zxy1,--»Zn Zyti+1,----Zm). By (3.11), this leads one to
fQ |VL¢|P |x/|ﬁ—17‘¥ d(OH'l)P—dedy

C(2) <
Jalel? '”' dxdy
<yt lalVLy o ol? P {0 Y drdy
fQ|Uw|p| dxdy

-pla 0”1Vl |x’|ﬂ—f’“ d(aH)”_ydxdy

Ja val"’| dxdy
<=7 [ — |w|pd12f[kk+1 |V vl? Ix/lﬂ_pag’(aﬂ)p_ydzl

Jgn—k+m-n |@|? dz2 [gisi |VIP /| dzy

— 1 —
_i_kl—pflkn_k"'(m_l) |VL,,0)|P dZZf[RkH |U|p |x'|ﬂ po dl(a—i- )p Ydz,

B
f[Rn—k—Hm—l) |a)|pd12f|kk+l lul? IJ;I)I/ dzy
— +1)p—
St |VLvl? [x|PPa @ DP Y g,
B
Jriert 1017 i dzs
1
it an—n |Vrro|P dz fmk+,|v|1’ PO

f[Rn ktm—n @] P dza dyﬂdm
1

=(1-0'"r

+AP

kaJrl |U|

From (3.6), we get

- Jrn—k+on—n |VerolPdzy
weCE®RIFHD), w0t [gn-kton—n |0]P dza

For 0 < A < 1, we have

caye pp  Aalelt WP AT dxdy

$€C§(£2), 970 [oldl? /lﬁdxdy
p,.r\B—pe jl@t+1)p—y
=P g e VP, dz1,
UGC(?O(IR/CJ'_I);U?&O _/I[Rk-‘rl |U|p I)I;IJ/ le

(3.12)

We choose Q = k + (o + 1)/ in the best constant ¢, of (1.2), and let A — 0 in

Q.p.B.y
(3.12), hence

C(2)< le,l,p,ﬂ,y'
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The theorem is proved. O]

Proof of Corollary 1. Choosing (8,7) = (ap,(@+1) p), (B,y) = (0, p) and tak-
ing (B,y) = (—=p,0) in (3.1), we get inequalities (3.2), (3.3) and (3.4) respectively.
The proof of the corollary is complete. U

Remark 3. We can also select h = dll;p |VL/a’1,€|‘D_2 Vi/di,e to prove (3.2), as
in the proof of Theorem 2.
Remark 4. In (3.1), by choosing 8 = ap, y =ap—A, A € R, we obtain

1\ @P
p D |x|) A / p gpt+A

c u — ditdxdy < ViulPd dxdy,
k,l,p,k/gl | (d1 1 Ql |7 di

where ci 1 5.2 = W. Ifp=k+(@+1),and A <—1, welet g p 1 =

|1—;)L|’ Q= {(x/,y/,x”,y“) c Rkt % |Rn—k+(m—l)| d, < R}, and then have

7\ &P R A R p+A
é? / u p(ﬂ) (ln (—)) dxd </ Viul? (ln (—)) dxdy.
k1, p.A Q| | a 7 y < Q| Lul 7 y

In particular

—1\? p "\ ap
(_p ) /—|“| . (M) dxdyf/ \Vyul? dxdy.
p Q (dl In (d_Rl)) dq Q

This result is more general than D’ Ambrosio’s in [4].
Remark 5. We note that if k = n and | = m, then (3.1) coincides with (1.2).

Theorem 3. Let 1 < p < k. Then, for every u € DVP (2), there exists a constant
bk,p = K=p such that the following inequalities hold.:

P
b? / jul? dxdy</ \Voul? dxd (3.13)
k,p o |x/p — o L yv .
b? / ul? dxdyf/ IVoul? dxdy. (3.14)
P Je|di|P Q

In particular, if p =2 and k > 3, we have

k—=2\* [ u? k—2)\? 2
(—) / u—zdxdy < (_) / “ sdxdy 5/ |Vou|?dxdy.
2 2 d; 2 2 |x| 2
Proof. Let us first set
p2=—
€ — ’"ep 0/
A simple calculation shows that

e ! 1
divy, hy = 7 k—p 2
€

€
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and

x|

hZ| = .
7] 7

Since p < k, we get div§, hZ > 0. From (3.5) we have

|u|1’ |x '| _ |u Ip | 7
k—p dxdy = dzn P dzy
2 re 25 21 re re
2> <2 2 6 s —r 7'62 | L/ul “

|x'|”
= |[Voul?dzy.
Q p |x/|2 (p_l)
2 (27

2
re
Using the Lebesgue dominated convergence theorem and putting € — 0 in the esti-
mate above, we obtain (3.13). Using |x’| < d; and (3.13) we get

|u|”
—d dy o Ix /|pdxdy
Hence (3.14) is obtained. U

Remark 6. From the result above, it follows that the best constants in (3.13) and
(3.14) lie in the interval [(k — p)? p~?, (k + (@ + 1)l — p)? p~P].

As a consequence of (3.5), we give a Poincaré inequality for the vector fields on
domains 2 contained in a slab. More precisely, we have

Corollary 2. Let 2 C R"*™ be an open subset. Suppose that there exist R >
0,5 € R and an integer j : 1 < j < n, such that for any (x,y) € £2, it follows that
|x; —s| < R. Then, for every u € CO1 (£2), we have

c/ |u|? dxdy 5/ |Vou|? dxdy.
2 2

where ¢ = (pR)™P.

The proof of the corollary follows from Theorem 3 by using the vector field defined
by the formula
0
hi=\|xi—s
0

Acknowledgement

The authors thank Dr. Han Yazhou for many suggestions.



HARDY-SOBOLEV INEQUALITIES FOR BAOUENDI-GRUSHIN OPERATORS 87

REFERENCES

[1] M. Badiale and G. Tarantello, “A Sobolev-Hardy inequality with applications to a nonlinear elliptic
equation arising in astrophysics,” Arch. Ration. Mech. Anal., vol. 163, no. 4, pp. 259-293, 2002.
[2] W. Beckner, “On the Grushin operator and hyperbolic symmetry,” Proc. Amer. Math. Soc., vol.
129, no. 4, pp. 1233-1246, 2001.
[3] L. D’Ambrosio, “Hardy inequalities related to Grushin type operators,” Proc. Amer. Math. Soc.,
vol. 132, no. 3, pp. 725-734, 2004.
[4] L.D’Ambrosio, “Hardy-type inequalities related to degenerate elliptic differential operators,” Ann.
Sc. Norm. Super. Pisa Cl. Sci. (5), vol. 4, no. 3, pp. 451-486, 2005.
[5] L. D’Ambrosio and S. Lucente, “Nonlinear Liouville theorems for Grushin and Tricomi opera-
tors,” J. Differential Equations, vol. 193, no. 2, pp. 511-541, 2003.
N. Garofalo, “Unique continuation for a class of elliptic operators which degenerate on a manifold
of arbitrary codimension,” J. Differential Equations, vol. 104, no. 1, pp. 117-146, 1993.
R. Monti and D. Morbidelli, “Kelvin transform for Grushin operators and critical semilinear equa-
tions,” Duke Math. J., vol. 131, no. 1, pp. 167-202, 2006.
[8] P.Niu, J. Dou, and H. Zhang, “Nonexistence of weak solutions for the p-degenerate subelliptic in-
equalities constructed by generalized Baouendi-Grushin vector fields,” Georgian Math. J., vol. 12,
no. 4, pp. 727-742, 2005.
[9] S. Secchi, D. Smets, and M. Willem, “Remarks on a Hardy-Sobolev inequality,” C. R. Math. Acad.
Sci. Paris, vol. 336, no. 10, pp. 811-815, 2003.
[10] H. Q. Zhang and P. C. Niu, “Picone identity and Hardy inequality for a class of vector fields,” J.
Math. (Wuhan), vol. 23, no. 1, pp. 121-125, 2003.

[6

—_

[7

—

Authors’ addresses

Pengcheng Niu

Northwestern Polytechnical University, Department of Applied Mathematics, 710072, Xi’an, Shaan-
xi, China

E-mail address: pengchengniu@yahoo.com.cn

Jingbo Dou

Northwestern Polytechnical University, Department of Applied Mathematics, 710072, Xi’an, Shaan-
xi, China

E-mail address: djb76@eyou.com



Doi: 10.18514/MMN.2007.120

Miskolc Mathematical Notes HU e-ISSN 1787-2413
. Vol. 8 (2007), No. 1, pp. 89-97

BOUNDS FOR SINGULAR VALUES OF A BLOCK COMPANION
MATRIX

MANUELA S. SILVA AND TERESA P. DE LIMA

Received 17 March, 2005
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1. INTRODUCTION

Singular value decomposition (SVD) was established for real matrices in 1870 by
E. Beltrami and C. Jordan, and for complex squares matrices by Autonne. Later, in
1939, Eckart and Yong computed the SVD of any rectangular matrices. The study of
singular values has been receiving a lot of attention since they constitute one of the
most useful tools in handling, reliably, various problems which arise in a wide vari-
ety of application areas, such as linear algebra [3], statistical analysis, signal and im-
age processing [4], electrical network theory [4], control and systems theory [3] and
biomedical engineering [2]. On the other hand, we must remember that scalar com-
panion matrices appear frequently in dynamic system theory: their special structure
allows converting higher-order scalar difference and differential equations to state
space form as well as simplifies theoretical considerations as for example feedback
analysis.

Besides, note that any completely observable single-output system can be trans-
formed into a companion form system [1]. Hence, the motivation for this work lies
in the fact that our research is mainly concerned with system theory and we verify
that these two concepts (singular values and companion matrices) assume an impor-
tant role in the area referred to. The paper [9], where the authors, making use of
the spectral radius of a matrix, matricial and matrix norms, derived bounds for the
singular values of a block companion matrix, attracted our attention. Here, taking
into account that the singular values different from one, of the right block companion

© 2007 MiSkOLC UNIVERSITY PRESS
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matrix
0 0 —Ap
Cr = 1 0 —A;

associated to the matrix polynomial
M) = ApA™ 4+ A A" o ApA2 AL+ Ap
are the positive square roots of the latent roots of the A-matrix
QM) =122 —(A+ DA+ AL Ao,
we simplify the upper bound for the squares of the singular values of the Cg pre-

sented in [9].

2. PRELIMINARIES

For the materialization of our purpose we need to remember the following defini-
tions and results.

Definition 1 ([8]). Let Ag, Ay,...,Am—1 and X € O, (R). The polynomial
M(X)=Ap X"+ A X" 4 4+ A X2+ A1 X + Ap (2.1
is called a matrix polynomial of degree m.
Definition 2 ([8]). Ifin (2.1) X is a scalar matrix, i. e., X = Al (A € C), then
M (X) = ApA™ + Ay A" 4502 + A4 + A
is designated by lambda-matrix.
Definition 3 ([8]). Given a matrix polynomial
MX)=X" 4+ Ap 1 X" Vo4 A2 X2 + A1 X + Ay,

the right block companion matrix associated with M (X) is a matrix Cg € M, (Q5)
defined by

0 0 —Ap
Cr = 1 0 -4
0 I —Amn—

Theorem 1 ([3]). Let A € My, (Qy) of rank r. Then there exist orthogonal matri-
cesU € Om(R)and V € O (R) such that

T ,,7 _ (21 0\ _
U' AV _(O O)—E,

where X1 = diag(01,02,...,0.) and o; > 0,i = 1,2,...,r. The factorization
A=UuzxvT
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is called the singular value decomposition of the matrix A and the principal elements
of X1 are the singular values of A.

Remark 1. Recall that 012,022, ... ,O’rz are the eigenvalues different from zero of
AT A and AAT.

Definition 4 ([8]). The latent roots of the lambda-matrix
M) = Ap A"+ Ay A" A2A2 + A1 A + Ay
are the zeros of det M (1) = 0.

Definition 5 ([10]). Let A = (a;;) € O, (C). The maximum column sum matrix
norm of A is given by the formula

1Al :=m]ax2|au|.
i

Finally, we need to bear in mind the following result which plays an important role
in order to attain our aim:

Lemma 1 ([5]). The singular values of the block companion matrix Cg are the
square roots of the eigenvalues of the quadratic A-matrix

m—1
IV —(A+D)A+AfAo. A= AT A;.
j=0
3. RESULTS

In this section, we are going to establish upper bounds for the squares of the sin-
gular values of the right block companion matrix Cg.

Proposition 1. The singular values (sz, j =1,...,2n, different from one, of the
right block companion matrix Cgr € My, (Q;) associated with the matrix polynomial

M (X) = ApA™ 4+ A1 A1 oo+ A% + A1 A + Ao,
satisfy the following inequality:

o? < (1 max{|A+1[7. (45 402, + A+ D2, })" @D

Proof. First, we consider the block companion matrix Cr € M»(Q;,) defined by

(0 —AF A
C_(I A+1)

associated with the matrix polynomial

QM) =IA2—(A+T)A+ AL Ay,
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where
m—1
A= AT 4A;.
j=0

Consequently, since (A + )T =A+1, we get

cre_( 1 At T
“\A+T (AT A0+ A+ D2 )

Further, we form the matrix D = diag[||4A + I||; 1, /] and take the norm ||-||; of each
block of the matrix

_ I A+ T|THA+T
D ICTCDZ ”T !1 ( )2 ’
[A+T| (A+T) (A Ao) + (A+T)

obtaining the matricial norm of D~'CT CD denoted by &, (D_1 cTc D).
We have

—1,T — 1 1
@ (DIC CD)_(II.AHII? H(A(?Ao)2+(o%+1)2!|1)'

Taking into account the following relations concerning the spectral radius p of a
matrix, matricial and matrix norms [9, 11]

p(A) < [|Al;. i =100, (3.2)

D=
(Sl

< | (ATA)H% i,j =100, (3.3)

p(4) < (p(AT A))* < (p(@i(4T 4))) 7

we can write

p(CTC)=p(D~'CcTCD)

1 1
< . 34
—\/"(MHM% || (A3A0)2+(A+1)2||1) G
Thus

2

|A] < H( ! 2 T 21 2 )
lA+T1T [|(AF A0) >+ (A+ 1),

or equivalently,

.
A= [T max A+ 117 (45 o) + [ A+ D7 ]

where A denotes a latent root of Q (1). a
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Remark 2. Note that the matrix on the right member of (3.4) is a square matrix of
order two. So, evaluating directly the eigenvalues, we obtain

1
|A|<(p+ p2—4x(q—r))2
f— 2 ’

where r = ||=Au+l||%,p:1+H(A(7;A0)2+(=Au+1)2‘

1 and

g =[(AF 40)" + (A+ 17,

which provides a sharper bound but is not so practical for computing.

Finding bounds for the eigenvalues of a matrix polynomial is a problem to which
many researchers have given contributions. In [5] a variety of lower and upper bounds
were derived from block companion matrix, singular values, numerical radius, norms
of the coefficient matrices of M (1), characteristic polynomial, fractional powers of
norms and maximization over unit circle. We are going to apply some of these results
to the quadratic A-matrix

QM) =IA2—(A+T)A+ AL Ay,

where
m—1
_ T 4.
A=) AT A;,
j=0

and to compare them with the estimate obtained in Proposition 1. Let us consider
Qu(A) =0 (4) and
2 T -1 T -1
OrA)=1x —(A0 AO) (A—l—l)k-i—(Ao AO) ,

the two A-matrices associated with Q (1), whose block companion matrices are de-
fined by the formulas

o 0 I
U= \-alay A+1

and

0 1
= (—(A€ 40)"" (4T 40)” (A+1))’

respectively. Using the norms of Cyy and Cy, [5], we obtain the estimates

-1
[T 40) (A D]} =0

max {[ (45 o)~

§max<l + ||A+I||1,||A5Ao||1}, (3.5)
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(45 40) "~ (4T o) A+ D) =02

max{l,} I

< max{1,|

(45 40) = A+ D) )

and

1
|7+ (45 40) 2+ (45 40) "+ (A + D2 (4F 40) | 7 <0

1
2
5 .

< Hl + (AT Ao) P+ (A+1)?

The numerical radius of a matrix provides another upper bound for the eigenvalues
of Q () as it has been shown in [5]. Invoking Lemma 2.11 we have

o <5 (1 1A+ T+ (45 40)~ A+ 1] )

In the same article, N. J. Higham and F. Tisseur by using norms of the coefficient
matrices of M (1) obtained a generalization of the Cauchy bound. In our case, we
get

N

1 1
07 < (||A+1||+(||A+1||2+4||A§Ao||)2)

and

1 —1y-1) 2
a%z5(—||A+1||+(||A+1||2+4||(A0TA0) I 1)2)'

It should be mentioned that the same upper bound, based in matrix inequalities, spec-
tral radius and spectral norm can be found in [7]. Other methods involving fractional
powers of norms and maximization over unit circle yield bounds for the eigenval-
ues of M (A). For example, the application of Lemma 4.1 from [5] leads one to the
following bounds for the squares of the singular values of Cg:

_ -1
(1145 40)7"])  min{lA+ 117" 1) <o
<amax {4+ 11147 402} G6)

Any of these upper bounds require the computation of matrix norms subordinate to
vector norms. From the similarities presented by the above majorization relations, we
think that there is not an upper bound that outperforms all the others. The accuracy
of a bound depends of the range of the elements of the coefficient matrices of M (1).
Assume that the maximum in (3.1), (3.5) and (3.6) is attained by the first term and
|4+ 1|, is of a large order of magnitude. Thus, the first bound provides the same
estimate for o2 as the one obtained by (3.5) and by the Cauchy bound. However, it
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is sharpper than the easily expressed bound given by (3.6). The following example
makes it clear what we have referred to.

Example 1. Let us consider the 5 x 5 matrix polynomial
M) =Ap A+ Ay A A2A%2 + A4+ Ao
of degree m = 9 whose coefficient matrices are of the form
A =10"randn, i=0,1,....8; and Ag =1,

where “randn” denotes a random matrix with elements removed from a Normal dis-
tribution N(0,1). In our experiment, performed by using Matlab 5.3, the maximal
value of the eigenvalues of the A-matrix

QM) =1 2—(A+ DA+ AL A

is 1.3909 x 1013, The upper bounds presented in (3.1), (3.5) as well as the Cauchy
bound yield an estimate of 1.5458 x10!3. On the other hand, using (3.6), we verify
that 07 < 3.09168 x 10"°.

Example 2. Observe that some robustness measures for state space models in con-
trol and system theory such as nearness to uncontrollability and nearness to instability
require the computation of singular values [6]. More concretely, singular values pro-
vide bounds on the nearness to instability of closed loop systems of the form

x(k +1) = (A+ BF)x(k),

(0 Iy
(o )

with A = (az an), B = (0"1—1), and F the feedback matrix. In this case,
considering the set of all stable matrices

where

Ps = {A € R :Re(A) < 0 for all eigenvalues of 4 },

Kenny and Laub [6] pointed out that the distance from A + BF to the complement of
Ps,d(A+ BF, PE), provides a means of measuring nearness to instability and that

d(A+BF,P§) = min Owin(A+ BF —AI) < 0wmin (A + BF),
S ReA>0

where opin (+) is the smallest singular value of a matrix. So, information about the
location of singular values is useful. Let us consider the discrete-time linear invariant
system

x(k+1)=Ax (k) + Bu(k),
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where
0 0 1 o]0 0 0
0 0 0 110 0 0
0 0 0 0| 1 0 0
A=l o o] 0o 0o 1 [ B=[o |
1T 0| =1 0 | 1 —1 0
11 0 1|0 —2 1
and F=(-2 0 | 0 0 | 0 0).So,
0 0 1 0] 0 0
0 0 0 1|0 0
0 0 0 0|1 0
A+BE=1 "4 o] 0 0] o0 1
1 0| =1 0 | 1 —1
-1 1 0 1|0 —2

In order to apply the result obtained, we need to find the matrices (A?; Ao)2 and A +

: T 4 \2 _ - — - —y2 Ty.
I. We verify that (4] Ag)” = (25 3°).and A+ 1 = (3, 2). A = ijOAj Aj,
which allows us to obtain |4 -+ I [|7 = 100, [[(AL Ao)?[1 = 8, and ||(A + 1)?|1 =
94. In this way, by Proposition 1, we conclude that

07 <103, j=1273.4.

Observe that the maximal square singular value, 62, (4 4+ BF) = 9.5809.

max

4. CONCLUDING REMARKS

In this paper, from the relationship between singular values of a block companion
matrix and the latent roots of a lambda matrix and using inequalities (3.2) and (3.3),
we obtain upper bounds for the squares of the singular values of the right block com-
panion matrix Cgr. We would like to emphasize that the simplicity of inequality (3.1)
is a consequence of the application of Lemma 1 that enables us to solve our problem
beginning with a quadratic lambda-matrix, instead of one of order m. Finally, we
hope that this work could be useful in the study of the controllability and stability of
systems in scalar companion form.
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1. INTRODUCTION

The generalized Banach fixed point Theorem was introduced in [8]. Hitzler and
Seda (2000) introduced the dislocated metrics space in [3,4] as a generalization of
metrics where self-distances need not be zero. Also dislocated metrics were studied
under the name of metric domains in the context of domain theory in [1]. The notion
of dislocated metric is useful in the context of electronic engineering (see [3]). In
1985, S. G. Matthews [6] introduced a generalization of Banach contraction princi-
ple. In 2000, Hitzler and Seda [4] introduced an alternative proof of this result in
dislocated metric spaces. The plan of this paper is as follows. In Section 2, some pre-
liminaries are presented. In Section 3, we define a weak left small self distance space
and give a new topology on a distance space different from the distance topology
of P. Waszkiewicz [9, 10]. In Section 4, we generalize the multivalued contraction
theorem by S. B. Nadler [8]. As corollaries of this result we obtain fixed point theo-
rems for a multivalued function in a complete dislocated metric space and a complete
partial metric space.

2. PRELIMINARIES

In this section we give some preliminaries.

Definition 1 ([9,10]). A distanceonaset X isamapd : X x X — [0,00). A pair
(X,d) is called a distance space.

© 2007 MiISkOLC UNIVERSITY PRESS
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Lete > 0and x € X. Then
By(x,e)={yeX|d(x,y)<d(x,x)+¢}

and Ny ={AC X |3e>0, By(x,6) C A}. The family t; ={A C X|Vxe A, Ae
Ny} is a topology on X and called the distance, the topology 7 is called the distance
topology. If d (x, y) is replaced by d (y, x) it is called the dual distance topology.

We need the following conditions for a distance function:

(dl) Vxe X,d (x,x) =0,

(d2) Vx,yeX,d(x,y)=d(y,x) =0=>x =y,

(d3) Vx,y € X,d (x,y) =d (y,x),

(d4) Vx,y.z€X,d(x,y) =d (x,2) +d (2.y),

(d5) Vx,yeX,d(x,x) <min{d (x,y).d (y,x)},

(d6) Vx,y.z€ X.d (x,y) =d(x,2)+d (z,y)—d (2.2).

If d satisfies conditions (d1)—(d4), then (X,d) is called a metric space. If it sat-
isfies conditions (d2)—(d4), then (X, d) is called a dislocated metric space (d-metric
space for short). If d satisfies conditions (d2), (d3), (d5) and (d6) then (X, d) is called
a partial metric space [7].

One can deduce that every partial metric space is a dislocated metric space.

Definition 2. Let (X, d) be a distance space. A multivalued function f on A C X
is a function f : 4 — 24 —{¢}.

Theorem 1 ([3,6]). Let (X,d) be a complete d-metric space and let f : X — X
be a Banach contraction function. Then f has a unique fixed point.

Theorem 2 ([8]). Let (X,d) be a complete metric space and A C X. Suppose that
f is a multivalued function on A, A is closed, f (x) is closed for all x € A, D is the
Hausdorff metric, and multivalued k-contraction condition

D(f (x).f(y) <kd(x.y)

is satisfied for all x,y € A and fixed k € [0,1). Then f has a fixed point, i. e., Ax € A
such that x € f (x).

Theorem 3 ([2,5]). Let (X,d) be a metric space. A mapping T from X to itselfis
said to be asymptotically regular if and only if

lim d (T" (x), 7" (x)) =0, Vx € X.
n—>oo

3. ON DISTANCE SPACES
Definition 3. Let (X,d) be a distance space and let A C X.
(1) The left d-closure of A is denoted and defined by

dl—cl(A):{xeXH(xn)CX, lim d (xp,A) = lim d(x,,,x):o}
n—>00 n—>o0
if A # ¢, and dj —cl(¢) = ¢.
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(2) A is called left-d -closed (d;-closed for short) iff dj —cl(A) C A4,

(3) Fora € X and B C X, we put d (a,B) = infyepd (a,b) and d(B,a) =
infpepd (b,a).

(4) ForAC X,BC X,weputd (A,B) =inf{d (a,b)|a € A,b € B},

(5) The Hausdorff distance D on X is defined by

D (A,B) =max{supd(a,B),supd(A,b); ,
acA beB

where AC X, BC X.

In [8, Theorem 2.2], above the definition of Hausdorff metric coincides with the
definition of Hausdorff distance iff d is a metric.

Definition 4. A sequence (x;) in a distance space (X,d) is said to be left con-
vergent to an x € X (respectively, asymptotically regular) iff lim,, o0 d (X, x) =0
(respectively, limy, oo d (X5, Xp+1) = 0). If limy o0 d (x5, x) = 0, then x is called
a left limit of (x;).

If (X,d) is a metric space and T is a mapping from X to itself, then T is asymp-
totically regular iff V x € X, the sequence T" (x) is left asymptotically regular.

It is clear that every left Cauchy sequence (see Definition 4.2 below) is left asymp-
totically regular. The converse is not true even in metric spaces, for instance let
X =Randd (x,y)=|x—y|V x,y € X, then (x) in X definedby x, =Y s _ k!
is asymptotically regular but not Cauchy.

Definition 5. A distance space is called complete left asymptotically regular dis-
tance iff every left asymptotically regular sequence (x,) in X, left converges to some
point in X.

Theorem 4. Let (X,d) be a distance space. Then
tq, = {A| A €2¥ and A° is d;-closed)
is a topology on X, where A€ is the complement of A.

Proof. (i) Since d; —cl(¢) = ¢ C ¢, then ¢ is dj-closed and so X € 74,. Since
d;—cl(x) € X, then X is d;-closed and so ¢ € 14,.
(ii) Let A, B € t4,, x € d; —cl(A° U B) then, there is a sequence (x,) such that

lim d (xn,AC U BC) = lim d (x5,x) =0,
n—>00 n—>o00
this implies that either
lim d (x,.A4°) = lim d (x.x) =0
n—->oo n—0o0

or limy o0 d (Xp, B¢) = limpyo0d (Xp,x) =0 = x € dj —cl(A°) or x € dj —
cl(B€) = x € A°UB° = (AN B)“.
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(iii) Let {4, | j € J} C 74, and x € dj —cl([);es AS). Then there exists a se-
quence (x,) such thatlimy—c0 d (Xn, ;s AS) = limy— 00 d (xn, x) = 0. Therefore,
limn_mod(xn,Ajc.) =limy—ood (xp,x) =0forall j e J = x € dl—cl(Ajc.) Vjeld

:xemjeJAjc‘z(UjeJAj)c' O

Definition 6 ([9, 10]). A distance space (X, d) is called a small self-distance iff d
satisfies the condition (d5) above.

Definition 7. A distance space (X, d) is called a weak left small self-distance iff
d satisfies the condition d (x,y) =0=d (x,x) =0, Vx,y € X.

It is clear that any small self distance space is weak left small self-distance. The
following counterexamples illustrate that 74, and the distance topology 74 by P. Wasz-
tiewiecz are different concepts even in a weak left small self distance space.

Counterexample 1. Let X = {a,b,c} and d : X x X — [0,00) is defined by the
relation d (x,y) = 1 for all x,y € X. It is clear that (X,d) is a weak left small self
distance space. Since {a} ¢ 74 and 74, = 2X it follows that T4, £ 14.

Counterexample 2. Let X ={a,b,c}andd : X x X — [0, 00) is defined as follows:
d(b,a) =d((b,b) =0,d(a,a) =2"" and d (x,y) =2 for all (x,y) € X x X —
{(b,a),(b,b),(a,a)}. Then (X,d) is a weak left small self distance space. Since
{a} € tg and {a} ¢ 14,, it follows that 7y € 74,.

4. MAIN RESULTS

The following counterexample illustrates that there exists a sequence in a weak left
small self distance satisfying (d4) which is left convergent but not left asymptotically
regular.

Counterexample 3. Let X = {a,b,c} and d is a distance function defined by the
relations d (a,b) =d (b,a) =d (c,b) =d (c,a)=d (c,c)=1,d (b,c)=d (a,c) =
d (b,b) =d (a,a) = 0. The desired sequence is (x,) given by the formula

a 1ifnisodd,
Xn = . .
b if n is even.

Definition 8. Let (X,d) be a distance space and A C X. A is called left-asympto-

tically regular-closed iff if (x;) is a left asymptotically regular sequence left conver-
gentto x € X, then x € 4.

Theorem 5. Let (X,d) be a complete left asymptotically regular weak left small
self distance space and A C X. If [ is a multivalued function on A, A is left-
asymptotically regular-closed, f (x) is left-d-closed Vx € A and [ satisfies the fol-
lowing condition: D (f (x), f(y)) <kd (x,y) Vx,y € A for fixed k € (0,1), then
f has a fixed point.
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Proof. (I) Choose a kg € (k,1) and an xo € A. If there is not an element x| €
f (xo)such that x1 # xo, then since f (xg) # ¢ we have xo € f (x0). Thus xg is
a fixed point of f. If there exists x € f (xo) and x # xgsuch that d (x¢,x) = 0,
then d (xo, f (x0)) = 0. Consider the sequence (x,),¢n Where x, = xo Vn € N.
Then limy,— 00 d (X5, f (x0)) = limpy—ood (x5,x0) = 0, because (X,d) is a weak
left small self distance space, i. e., since d (xg,x) = 0 we have d (xg,x0) = 0. Thus
xo € dj —cl(f (x0)) C f (x0). Hence xo is a fixed point. For the other case choose
X1 € f (xg)such that x1 # x¢ and d (xg,x1) > 0. Now,

d (x1, f (x1)) =D (f (x0).f (x1)) < kod (x0.x1).

Then there exists x, € f (x1)such that d (x1,x2) < kod (x0,x1). By repeating this
process one can construct a sequence (x,)such that x,4+1 € f (x5), d (xn,Xn+1) <
kgd (xo,x1) for all n € N. Thus lim, oo d (X4, Xp+1) = 0 and so (xp) is a left
asymptotically regular sequence. Since (X, d) is a complete left asymptotically reg-
ular distance space, then exists x € Xsuch that lim, e d (x,,x) = 0. Since 4 is
left-asymptotically regular-closed, then x € A.

(D) Since d (xp+1, f (X)) <D (f (xn), f (x)) <kd (x5,x) Yn € N, then

lim d (xp+1, f (x)) <k lim d (x,,x) =0,
n—o0 n—>00
i.e., lim, ood (Xp+1, f (x)) = 0. Now,
lim d (xp41, f (x)) = lim d (xp41,X) =0= x € dj—cl(f (x)) € f (x)
n—>oo n—0o0
then x € f (x). a

Proposition 1. Let (X, d) be a distance space and A C X. Let | be a multivalued
function on A such that
(D) D(f(x).f(y)=0Vx.y€A4,
(2) 9 x € A such that
(a) x € f(£) for some L € A,

(b) d(x. f(x))=0=x¢€ f(x).
Then f has a fixed point.

Definition 9. Let (X, d) be a distance space. A sequence (x,) in X is called left
Cauchy iff limy, o0 d (X5, Xm) = 0V n,m € Nsuch that m > n.

Definition 10. A distance space (X, d) is called left complete iff every left Cauchy
sequence in X, left converges.

Definition 11. Let (X, d) be a distance space and A C X. A is called left-Cauchy-
closed iff if (x5) is a left Cauchy sequence left convergent to x € X, then x € A.

One can prove that the sequence (x5) defined in (I) in the proof of Theorem 5 is
left Cauchy if the triangular inequality holds. So one can have the following theorem.
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Theorem 6. Let (X,d) be a left complete left small self distance spacesuch that
d satisfying (d4) and let A C X. If f is a multivalued function on A, A is left-
Cauchy-closed, f (x) is left-d-closed ¥ x € A and f satisfies the following condi-
tion: D (f (x), f(y)) <kd(x,y) VY x,y € Aforfixedk € (0,1), then f has a fixed

point.

Remarks. (1) If d satisfies (d3) the term “left” in each concept is omitted.

(2) Let (X, d) be a distance space satisfies (d3). If A4 is closed; i. e., if every con-
vergent sequence in A converges in A; then A is left-asymptotically regular-closed.

(3) If (X, d) satisfies (d3) and (d2), then (X, d) is a weak small self distance.

From Theorem 6 and the remarks above one can have the following corollaries.

Corollary 1. Let (X,d) be a complete d-metric space and A C X. If f is a
multivalued function on Asuch that Vx € A, A is closed, f (x) is d-closed and f
satisfies the condition mentioned in Theorem 6, then f has a fixed point.

Corollary 2. If (X,d) is a complete partial metric space and A C X. If f is a
multivalued function on Asuch that ¥ x € A, A is closed, f (x) is d-closed and f
satisfies the condition mentioned in Theorem 5, then f has a fixed point.

The following corollary illustrates that Theorem 6 and Proposition 1 generalize
the generalized k-contraction fixed point Theorem by S. B. Nadler.

Corollary 3 ([8]). Let (X,d) be a complete metric space and A C X. Suppose
that f : A — 24 —{¢} is a multivalued map such that A is closed, f (x) is closed for
all x € A, and multivalued k-contraction condition

D(f(x),f(y) =kd(x,y)
is satisfied for all x,y € A and fixed k € [0,1). Then f has a fixed point.

The proof follows from the above notes and the following fact: In metric spaces,
the topology 74, coincides with the usual metric topology.
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