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Abstract. The asymptotic representations for solutions of a class of nonlinear non-autonomous
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1. STATEMENT OF THE PROBLEM AND MAIN THEOREMS

Consider the differential equation

y" =agp()y|in|yl||°, (1.1)

where g € {—1,1},0 €R, p:[a,w[—]0,+00][ is a continuous function, —co < a <
w < 4o00.
This equations is a special case of the important class of equations

' =aop@)yL(y),

where the function L is continuous in one-sided neighborhood Ay, of Yy (Yo is either
zero, or £00). L is positive and slowly varying [5] as y — Y also.

A solution y of Eq. (1.1) defined on the interval [f,, w[C [a, ] is called a Py, (Ag)-
solution if it satisfies the following conditions

l 2
lim y® () € {0,+£00} fork =0,1 and limM =2Xo. (1.2)
o o y" (1) y (1)

In [1, 3] it was shown that, the set of all P, (Ag)-solutions of Eq. (1.1) and its
asymptotic properties are divided into four classes of solutions associated with the
values Ag € R\ {0,1}, Lo = 00, Ao = 0 and Lo = 1. The necessary and sufficient
conditions for the existence of P, (A¢)-solutions for each class were given. Also the
asymptotic representations as ¢ 1 w for In|y(¢)| are established. Moreover in [1] for
P, (Ag)-solutions, associated with the values of Ay = 0 and Ag = %00, the conditions
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for which the exact asymptotic formulas for the solution of Eq. (1.1) was established.
In this paper we obtain similar results for P, (1)-solutions of Eq. (1.1).
We introduce the following auxiliary notation:

. _ t
rony=)"  He=too 13<r)=/ pi()dr.

t—w ifw<+oo, B

where
1
a if [}’ p2(t)dt = +o0,
B =
w if f:)p%(r)dr < +o00.
The next theorem for the equation (1.1) was established in [1].

Theorem 1.1. Let 6 # 2. Then for the existence of Py (1)-solutions of Eq. (1.1) it
is necessary that

@ > 0, liTmnw(t)p%(t) 115(t)| 250 = oo, (1.3)
Tw

If besides that function p:la,w[—]0,+0o0[ is continuously differentiable and there
is the finite of equal o0 limit

(Posort)

p()|Ip(1)]>7
it is considered to be sufficient. Moreover, each of these solutions admits the following
asymptotic representations ast 1 @

(1.4)

o
2—0o

YO ypd (2_7"130)) . (15)

R ) I

Remark 1.1. Note that by virtue of (1.1)

. 2
lim |7 (1)| 7= = +oo. (1.6)
ttw

Moreover, it was shown in [3], that if the second condition of (1.1) is satisfied, then

(PrO)115()17%7)
lim 2 =0 (1.7)
o p() |15(1)] 7

if it exists.
From Theorem 1.1 when o = 0, that is, for the linear differential equation
Y =aop(t)y, (1.8)

where a9 € {—1,1}, p:[a,w[—]0,+o0[ is a continuous function, and —oc0 < a <
o < +00, we obtain
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Corollary 1.1. For the existence of Py (1)-solutions of Eq. (1.8), it is necessary
that
op > 0, liTmJTZ,(t)p(z) = +00. (1.9)
)

If besides that function p:la,w[—]0,+o00[ is continuously differentiable and there
is the finite of equal £o0 limit lim;4, p’(t)p_% (¢) it is sufficient. Moreover, each of
these solutions admits the following asymptotic representations
y' (1)
y()
Remark 1.2. In the case where the function p:[a,w[—]0,4o00[ is continuously
differentiable and the limit lim, 4, p’(¢) p_% (¢) is finite or equal to £o0, it is easy to
prove that every non-oscillatory solution y of the linear differential equation (1.8),
different from solutions that admit one of the asymptotic representations y(¢) ~ ¢ or
y(t) ~cmy(t) ast P w (c #0), is certainly a P, (Ao)-solution, where —oo < Ag <
+00.
The aim of the present paper is to establish conditions for the existence of P (1)-
solutions of Eq. (1.1) that admits as ¢ 1 @ the asymptotic representations

y(t) = (C +o(1))exp (:I: (2_70 IB(I))“) ’

In|y(t)| ~ £15(t), ~4p2(t) as t1o.

(1.10)

YO v (20 )
0 =+p2(t) (TIB(t)) (1+o0(1))

in the case 6(2—0) # 0, and
YO ~Cexp(£15(1), Y1) ~Ep2O)y(0)

in the case 0 = 0, where C is a nonzero real constant.
The following theorems are true for equation (1.1).

Theorem 1.2. Let 0(2—0) # 0, the function p:[a,w[—]0, +00[ be continuously
differentiable, the conditions (1.4) are satisfied, and

(prosor)

2(c—1)

e p@) s

Then, for C = %1, the Eq. (1.1) has a P, (1)-solution that admits the asymptotic
representations (1.10) as t 1 w.

(1.11)

Theorem 1.3. Let the function p:[a,w[—]0,+o0[ be continuously differentiable,
the conditions (1.1) are satisfied, and

/‘” p'(t)

p(t)

dt < +o0. (1.12)
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Then Eq. (1.8) has a fundamental set P, (1)-solutions, that admits the following
asymptotic representations ast T w:

i) ~exp (DT B0, YO~ DT POy (=1.2). (113)

Remark 1.3. Theorem 1.3 and Corollary 1.1 complement the known results (see
[4]) on the asymptotic properties of solutions of linear differential equations.

2. PROOF OF MAIN THEOREMS

To prove the Theorems 1.2 and 1.3 presented above, we need the auxiliary state-
ments on the existence of solutions vanishing at infinity for the system of differential
equations

i 2
B 0+ g0 Zim ) (=12, @D

dr
k=1
where the functions f;, g;:[to, +00o[— R (i = 1,2), pik:[t0, +too[— R (i,k =1,2),
Zi:[t0,+00[xRZ — R (i = 1,2) are continuous, and R} = {(z1,22) € R?: |z;| <
b (i =1,2)} for b > 0. For this system of equations, using Theorem 1.3 and Re-
mark 1.4 from [2], the following Lemmas take place:

Lemma 2.1. Suppose that

+o00
pii(@#£0 for ©=1. / pi@ldr =400 (=12, (22

0
and also assume that the following conditions are satisfied:

O o &0

li =0, = t. (i=1,2), 2.3
r—oo pii(7) etoo pri(t) ¢ ) )
im 220 oy 22O 2.4)
t—>+00 p11(7) 1—>+00 P22 (T)
and
0Zi(t,z1, .
lim M =0 uniformly in [tg, +oo[ (i,k=1,2). 2.5)
zil+lz2l>0 9z

Then the system (2.1) has at least one solution (z21,22):[t1, +oo[— IR% (11 > 10),
that tends to zero as T — +00. Moreover, there exists a one-parametric family of
these solutions if p11(t) p22(t) <0 for T > 19, and a two-parametric family of these
solutions if p;i(t) <Ofort > 19,1 =1,2.

Lemma 2.2. Suppose that the conditions (2.5) are satisfied, and
+o00

400
[ fi©ldT < oo (i =1.2), [ lg2(0)ld T < +oo,

0 0
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+o0
/ pa(D)ldT < +oo (k= 1.2).
T

0

the functions p1 (k = 1,2) and g1 has the form
Pik(@) = pl+8u(@ k=12, g =g +n),

where P(l)p p(l)z, and g‘l) are constants, P(1)1 #0, and

oo 400
/ [$1x(D)ldT < 400 (k=1,2), / ly1(x)|dt < +o0.
T T

0 0

Then the system (2.1) has at least one solution (z21,22):[t1, +oo[— IRZZ7 (11 > 10),
that tends to zero as T — +00. Moreover, there exists a one-parametric family of
these solutions if p(l)l < 0.

Proof of Theorem 1.2. We choose C € {—1, 1} and, using the transformation
2

r= (2_70 IB(z))”,

y(t) = Cexp (i (Z_TG IB(t)) ) ) (14 v1(7)),

o= (237 m0) " e (i (357 0) ) (14 va(0).

(2.6)
we reduce Eq. (1.1) to the system of differential equations

v] = £(v2 —vy),

/ 2.7
vy = £[(1+v1)R(z,v1) — (1 +81(0))(1 + v2)].

where

2
2—o

R(r.v1) = [1£8@) |1+ v]|°, 52@):(2‘7“13([))_ ,

and )
2(0) [1p(0)] 7
81(T)::i: (pg 7 >2U .
1253|777 p() |1 (0)|7=7
Here
r(t)z(z_TGIB(t))z_a—)—i—oo as ttw
and

(ol

z’(z)=p£(z)(2_T"lB(z))H>o for t€la,of.
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By the conditions (1.6) and (1.2), we get
S1(x)

li = li = li =0. 2.8
t—:l—il—loogl(T) 0’ r—il-il-loo 82 (‘E) 0’ r—ir—l{loo 52 (T) ( )
Also we have
85(t) = =83 (v),
It follows from this, that
1 1
s = W e 2.9)

Now we choose the number tg > 1 such that the inequality
1
|62(7)] = 3 for ©>1
holds and then we consider the system (2.7) on the set
Q= R? h R?, = R2: || <2, i=12
= [0, +00[ x 1/2: Where 1/2—{(1)1,1)2)6 .|v,|_§,l— , }

On this set, the right-hand sides of system (2.7) are continuous. So, by separation
of the linear part in the second equation, we rewrite the system to the form

v = %[q(r) + (44 B(r))v + V(r.v)], (2.10)

0 —1 1
Q(t)z(—al(z))’ A=(1 —1)’
0 0 0
B(x) = (:l:052(f) —&(r))’ Vi) = (Vl (r,vl))’

Vi(z,v1) =1+ vl)[(l + 8> () In(1 +v1))° :F082(r)v1] + 58, (t)v3.

For the function V7, that belongs to the nonlinear component of this system, we
have

M = [1 +682(7) In(1+ vl)]a_l[l +68,(7) In(1 +v1):|:082(r)] —1F 082 (7).

where

and

81}1
From this it is clear that
1 9Vi(z,v)

R N

82(‘[) 81)1

Using an additional transformation to the system (2.10), namely

(1 I\(z:
v—(_l 1)(12), (2.12)

0 as vy — 0 uniformly in [tg, 400][. (2.11)
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we get a system of differential equations (2.1), in which

fi(o) = gsl(r), folr) = —%&(r), g1(1) = —gsz(r), g2(1) = géz(r),

pu(r)=v [—2— %51(1) + %52(7)] . ()= %[51(1) Foba(1)].

v v
pa1(t) = > [81 () + 082(1)], pa(t) = —3 [81 () F 082(t)],
and v
Zi(rzrze) = AEETZD oy
82(7)
By virtue of conditions (2.8) and (2.9), we have

E(1 +0(1)) as 17— 400
T

p11(0) =v(=2+40(1)), pr) ==+ 7
Therefore the assumptions (2.2) of Lemma 2.1 hold for some sufficiently large value
of 79. Without loss of generality we can assume that tp equals to the chosen one
before. Then, taking into account (2.8), we have

im 2O _o =12 im 220 _ im 2210 _
t—>+o00 p;i(7) t—>+00 p11(7) t—>-+00 pP22(7)
and
1
a0 _o gy 20 1
t—>+oo p11(7) T—>+400 P23 (T) o

Therefore, the assumptions (2.3) and (2.4) of Lemma 2.1 are satisfied. Moreover, by
virtue of (2.11), conditions (2.5) hold. Hence, according to Lemma 2.1, the obtained
system of differential equations (2.1) has at least one solution (z1,22):[t1, +00[—
[RI% (t1 > 10), that tends to zero as T — +o0o. By virtue of the change of variables
(2.12) and (2.6), this solution is associated with a solution y of the differential equa-
tion (1.1) that satisfies the asymptotic relations (1.10) as ¢ 1 w. Il

Remark 2.1. Using results from [4], we can show that, if the assumptions of The-
orem 1.2 are satisfied, then Eq. (1.1), for o > 0, has a one-parametric family of
P, (1)-solutions that admit the asymptotic representations

2 o
2—0 =0 y'(1) 1 2—0 =7
y(@) ~xexp| | ——1B(1) , ~p2() | ——1B(1) (2.13)
2 (1) 2
ast 1 w, and, for 0 < 0, has a two-parametric family of P, (1)-solutions admitting the
asymptotic representations (2.13), and a one-parametric family of P, (1)-solutions
that admit the following asymptotic representations as ¢ 1 w:

2—0 25 y'(t) 1 2—0 %5
y(l)NieXP[—(TIB(t)) I o "7 (f)(TIB(f)) :
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Proof of Theorem 1.3. Leti € {1,2} be arbitrary. If we use the transformation

r=1Ip(0).  yO=exp[ (=)' p0)|(1+21(0) +22(0),

. 1 . (2.14)
V(0 = DT PO exp [ (<D 0] (1 - 21(0) + 22(2)
in the equation (1.8), we get the system of linear differential equations
2
2i=fi@+ ) pixzk (=12). (2.15)
k=1
where
—1 i—1 -1 i
ho="T"s0.  po="Ls0,
) 1 -1 i—1
pu@ =1 (24 380). pr@ =0 s,
and
-1 i—1 -1 i—1 1 3
@ =""0 50, pam =" 5w, 50 = 1o e
By virtue of (1.12) and substitution t = I5(¢), we have
400 w|
/ 18(0)|d T = f PO}y < oo,
70 a p(l)

where 19 = Ig(a). For the system (2.15), all assumptions of Lemma 2.2 are sat-
isfied. Hence, according to this lemma, the system of differential equations (2.15)
has at least one solution (z1,22):[71,+00[— [RZ (t1 > 710), that tends to zero as
T — 400, which, by virtue of (2.14), is associated with solutions y; of the differen-
tial equation (1.8) that admits the asymptotic representations (1.13) as ¢ 1 w. Taking
these representations into account, it is not difficult to see that the solution indicated
is a P, (1)-solution.

Since i € {1,2} was chosen arbitrarily, we have proved the existence of two P, (1)-
solutions y; and y, admitting the asymptotic representations (1.13) as ¢t 1 w. It is
obvious that these two solutions form a fundamental set of solutions of Eq. (1.8). [
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Abstract. Bachet elliptic curves are the curves y2 = x3 4 a3 and, in this work, the group struc-
ture E([Fp) of these curves over finite fields [F, is considered. It is shown that there are two
possible structures E([p) = Cpy1 or E(Fp) = Cp x Cpyp, for m,n € N, according to p =5
(mod 6) and p =1 (mod 6), respectively. A result of Washington is restated in a more specific
way saying that if E(F,) = Z, x Zp, then p =7 (mod 12) and p = n2Fn+l1.

2000 Mathematics Subject Classification: 11G20, 14H25, 14K15, 14G99

Keywords: elliptic curves over finite fields, rational points

1. INTRODUCTION

Let p be a prime. We shall consider the elliptic curves
E:y?=x3+d> (mod p), (1.1

where a is an element of [FI’," = [, \ {0}. Let us denote the group of the points on £
by E (Fp).

If [ is a field, then an elliptic curve over [ has, after a change of variables, the
following form:

y2 =x3+ Ax + B,

where A, B € F with 443 +27B2 #0in . Here, D = —16 (443 4 27B2) is called
the discriminant of the curve. Elliptic curves are studied over finite and infinite fields.
Here we take [F to be a finite prime field [F,, with characteristic p > 3. Then 4, B € [,
The set of points (x,y) € [, x F, on E, together with a point o at infinity, is called
the set of [F,-rational points of E on [, and is denoted by E ([Fp). N, denotes the
number of rational points on this curve. It must be finite.

In fact one expects to have at most 2p + 1 points (including o) (for every x, there
exist at most two values of y). But not all elements of [, have square roots. In fact

This work was supported by the research fund of Uludag University project No. F-2003/63 and
F-2004/40.

(© 2009 Miskolc University Press
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only half of the elements of F, have a square root. Therefore, the expected number
is about p + 1.

It is known that
p—1

Np=p+1+Y x(x*+A4x+B).
x=0
Here we use the fact that the number of solutions of y2 = u (mod p) is 1 + x(u).
The following theorem of Hasse quantifies this result.

Theorem 1.1 (Hasse, 1922). The inequality Ny, < (ﬁ + 1)2 holds.

Now we look at the algebraic structure of E ([Fp) . Let P (x1,y1) and Q (x2,y2)
be two points on E : y2 = x3 + Ax + B. Let also

Y2—J)i if P ;é Q’

X2—X]

3x244 .
21y1 if P#Q,

where y; # 0, while when y; = 0, the point is of order 2. If we put

x3=m?—x1—x and y3=m(xi—x3)=y1,
then
o if x; = xp and y; 4+ y» =0,
P+0Q0=1{0 if P=0,
(x3,y3) in the other cases.
By definition —P = (x,—Y).

Because of the definition of addition in an arbitrary field, it takes very long to make
any addition and the results are very complicated.

Here we shall deal with Bachet elliptic curves y2 = x3 + a3 modulo p. Let N, 'p.a
denote the number of rational points on this curve. Some results on these curves have
been given in [1] and [4].

A historical problem leading to Bachet elliptic curves is that how one can write an
integer as a difference of a square and a cube. In another words, for a given fixed
integer ¢, search for the solutions of the Diophantine equation y2 — x> = c¢. This
equation is widely called as Bachet or Mordell equation. The existence of duplication
formula makes this curve interesting. This formula was found in 1621 by Bachet.
When (x, ) is a solution to this equation, where x, y € Q, it is easy to show that

x*—8cx —x%—20cx3 +8c?
( 4yz - 8y3 )

is also a solution for the same equation. Furthermore, if (x, y) is a solution such that

xy # 0and ¢ # 1,—432, then this leads to infinitely many solutions, which could not

proven by Bachet. Hence if an integer can be stated as the difference of a cube and
a square, this could be done in infinitely many ways.
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If p=5 (mod 6), it is well known that E ([Fp) 2 Cp+1, the cyclic group of order
p+1, see [2]. But when p =1 (mod 6), there is no result giving the group struc-
ture of E (I]-_p). In this work, we discuss this situation. We show that this group is
isomorphic to a direct product of two cyclic groups C, and Cy, , i. €.,

E (Fp) = Cu X Cum
for m,n € N. If we denote the order of E (Fj) by Np 4, then
Npa=n*m=p+1-b,

where b > 0 when a € 0, and b < 0 otherwise. Here b is the trace of the Frobenius
endomorphism.

2. BACHET ELLIPTIC CURVES HAVING A GROUP OF THE FORM C;, X Cpm

Let E be the curve in (1.1). Then its twist is defined as the curve y? = x3 + g3a3,
where g is an element of QZD, the set of quadratic non-residues modulo p. As usual,
Qp denotes the set of quadratic residues modulo p. Here note that if a € O, then
ga € Q, and when a € Q) then ga € Q). It is easy to show that b of (1.1) and of
its twist have different signs. Therefore

Theorem 2.1. Let p =1 (mod 6) be a prime. If (1.1) has the group isomorphic
10 Cy X Cym with order n?m = p + 1 —b, then its twist is isomorphic to Cy X Cyg
with order r?s = p+1+b.

Let us set ¢ = |b|, that is,
I = p + 1 - Np’a .
We first have

Theorem 2.2. The following assertions hold:
(a) Let p=1 (mod 12) be a prime. Then
b=2 (mod12) iff Npo=0 (mod 12)
and
b=10 (mod 12) iff Npa=4 (mod 12).
(b) Let p =7 (mod 12) be a prime. Then
b=4 (mod12) iff Npa=4 (mod 12)

and
b=8 (mod12) iff Npo=0 (mod 12).
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Proof. (a)Let p=1 (mod 12) be a prime. Then we can write thisas p = 14 12n,
neZ. Alsob =2 (mod 12) can be stated as b =2+ 12m, m € Z. By substituting
these, we get

b=2 (mod12) <= Npga=p+1->b
and hence Ny, =1+ 12n+1— (24 12m) = 12(n —m) and this is only valid when
Npa =0 (mod 12). Similarly,
b=10 (mod 12) <= Npa=p+1-b=14+12n+1-(104+12m)
and therefore Np 4 = —8 4 12(n —m) and this means that N, , = 4 (mod 12). Part
(b) is proved in a similar fashion. Il

Theorem 2.3. Let p =1 (mod 6) be a prime. Then b is not divisible by 6.

Proof. Let us consider the curve y2 = x3 + 1. It has a point of order 6. Therefore
its reduction modulo p has also a point of order 6. Therefore
b=p+1-Np,=2-0=2 (mod 6).

The other possibility for the curve is y? = x3 + a3 with a is a quadratic non-
residue. It is the quadratic twist of the other curve, so has b = —2 (mod 6). Therefore
in both cases b is non-zero modulo 6. U

Corollary 2.1. Let p =1 (mod 6) be a prime. Then Ny , =0 (mod 4) or Np , =
4 (mod 6).
Also one obtains the following result:

Corollary 2.2. If p =1 (mod 12) is a prime, then b = F2 (mod 12) andif p =7
(mod 12) is a prime, then b = F4 (mod 12).

We now have the following result about the number of points on curves (1.1).
Theorem 2.4. Let p =1 (mod 6) be a prime. Then:
(a) Ift =2 (mod 6), then (1.1) has b =t and Np 4 =0 (mod 6), and its twist
has b = —t and Np 4 =4 (mod 6).
(b) Ift =4 (mod 6), then (1.1) has b =t and Np 4 =4 (mod 6), and its twist
has b = —t and Np 4 =0 (mod 6).

Proof. Let p =1 (mod 6) be a prime. Letusput p=1+6n,neZ. Lett =2
(mod 6). If b =t¢, then b =2 (mod 6) and we put b =2+ 6m, m € Z. Therefore

Npa=p+1-b=6n+1+1-2—-6m

=6(n—m)
implying that N, , = 0 (mod 6).
The other parts can be proven similarly. O

We then immediately have the following result concerning the elements of order
3:
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Corollary 2.3. The following assertions hold:

(@) Let p=1 (mod 12) be a prime. Ift =2 (mod 12), then (1.1) has b =t and
Npa =0 (mod 12) and E (l]-'p) has elements of order 3. Its twist has b = —t
and Np 4 =4 (mod 12) implying that there are no elements of order 3.

Ift =10 (mod 12), then (1.1) has b =t and Ny, = 4 (mod 12) and
E ([Fp) has no elements of order 3, while its twist has b = —t and Np 4 =0
(mod 12) implying that the group has elements of order 3.

(b) Let p =7 (mod 12) be a prime. Ift =4 (mod 12), then (1.1) has b =t and
Np.o =4 (mod 12) and therefore has no points of order 3, while its twist has
b= —t and Ny 4 =0 (mod 12) having elements of order 3.

Ift =8 (mod 12), then (1.1) has b =t and Np o =0 (mod 12) implying
that it has elements of order 3 while its twist has b = —t and Np, = 4
(mod 12) having no such elements.

The elements of order 3 are important in the classification of these elliptic curves
modulo p. We now show that their number is either 2 or 8.

Theorem 2.5. Let p =1 (mod 6) be a prime. If Ny o =0 (mod 6), then there
are 2 or 8 points of order 3.

Proof. By [3], there are at most 9 points together with the point at infinity @, form-
ing a subgroup which is either trivial, cyclic of order 3 or the direct product of two
cyclic groups of order 3. As we want to determine the number of elements of order
3, this group cannot be trivial. Then it is C3 or C3 x C3 and it is well-known that it
contains 2 or 8 elements of order 3, respectively. O

In fact, if we let E ([Fp) ~ C,, X Cym, then when 3 divides n, E (I]-'p) has 8 points
of order 3, and if not, it has 2 points of order 3.

We are now going to give one of the main results in Theorem 2.8. We first need
the following results:

Corollary 2.4. Let p be a prime. Then for only x = 0 among all values of x in
Fp, x3 + 1 takes the value 1.

Proof. Tt is clear that x = 0 satisfies the condition. The fact that no other value of
x satisfies x3 4+ 1 = 1 is clear from the fact that p is a prime. O

Theorem 2.6. Let p =1 (mod 6) be a prime. There are 3 values of x between 1
and p so that x>+ 1 =0 (mod p).

Proof. Itis obvious that x> =a (mod p) has three solutions in [, for every a # 0.
For a = —1, the proof follows. O

Theorem 2.7. Let p =1 (mod 6) be a prime. Then
Z X(x3 + 1) =4 (mod 6).

x€lF,
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Proof. For each x € [, calculate the p values of x* + 1. By Corollary 2.4, one
of these values is 1. By Theorem 2.6, three of them are 0. The rest p —4 values of
x3 + 1 are grouped into pT_4 triples. As p =1 (mod 6), pT_4 is odd. Indeed, let
us write p = 1+ 6k, k € Z. Then PT_“ = 2k — 1. Let us suppose that out of these
triples, s triples are in Q, and 2k —1 —s are in Q ;,. If a triple is in Qp, then it adds
+3tothe sum 3- cp 1 (x* +1), and if itis in Q},, —3 is added. Therefore

D +1)=143-045-(+3)+ 2k —1—5)-(-3)
x€lf,
=6(s—k)+4
implying the result. 0
Theorem 2.8. Let p =1 (mod 6) be a prime. Thena € Qp iff Np,o =0 (mod 6).

Proof. 1t is well-known that
Npa=p+1+ Z x(x*+a?).
x€lf,

By putting p = 1+6n forn € Z, we get Np g = 6n+2+ 3 cf, X (x3+a3). Now
as x(a) = 1, and as the set of the values of x3 is the same as the set of the values of

a3x3, we can write
Z )((x3+a3) = Z X(a3x3+a3)
x€lf, x€lf,

= Z x (@) x (x> +1)

x€lf,
= Z X (x3 + 1),
x€l,
and by Theorem 2.7, this sum is congruent to 4 modulo 6. Hence, by putting
Z x(x*+a’)=4+6r, rez,
x€lf,
we get N ; = 6n + 2+ 4+ 6r implying that Np o =0 (mod 6). O
Corollary 2.5. Let p =1 (mod 6) be a prime. If Ny 4 = (mod 6), then b =2
(mod 6).
Proof. As Npa = p+1-b=p+1+3,c, x(x>+a’), we know that b =
— er[F,, X (x3 + a3). By Theorem 2.7, the result follows. 0

Similarly, we have

Theorem 2.9. Let p =1 (mod 6) be a prime. Thena € Qy, iff N =4 (mod 6).
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Corollary 2.6. Let p =1 (mod 6) be a prime. Let E be the curve given by (1.1).
Then:

(a) a € Qp iff E (Fp) has 2 or 8 elements of order 3.
(b) a e Q;, iff £ (I]-'p) has no elements of order 3.

Proof. This is clear from Corollary 2.3 and Theorem 2.8. (]

3. BACHET ELLIPTIC CURVES HAVING A GROUP OF THE FORM C, x C,

Now we shall consider the case where the Bachet elliptic curves have a group
isomorphic to C, x C, for same n. This is only possible when p =1 (mod 6), as
otherwise when p =5 (mod 6), E ([Fp) is isomorphic to the cyclic group Cp11. We
shall consider a result of Washington and refine it.

Theorem 3.1 ([S]). Let E be an elliptic curve over [y where q is a prime power
and suppose E ([Fq) > Z, X Z, for some integer n. Then either g =n*>+1, g =
n>Fn+1,0orqg=n7FI1)>

Now we give a more specific result for Bachet elliptic curves given by (1.1) over
Fy.

Theorem 3.2. Let E be the elliptic curve in (1.1). Suppose that
E(Fp) =ZyxZy.
Then p =7 (mod 12) and p =n? Fn + 1.

Proof. By Theorem 3.1, there are three possibilities p =n?+1, p =n?>Fn+1,
and p = n? F2n + 1. The latter one is immediately rules out as p cannot be a square.
We need only to show that p cannot be equal to n2 + 1.

If p=n?+1, thenn? = p—1 and hence p—1 is in Qp. But it is known that
p—1 could be in Q, only when p = 1,5 (mod 12) is a prime. Therefore the result
follows. 0

REFERENCES

[1] M. Demirci, G. Soydan, and I. N. Cangul, “Rational points on elliptic curves y2 = x3 + 43 in Fp
where p =1 (mod 6) is prime,” Rocky Mountain J. Math., vol. 37, no. 5, pp. 1483-1491, 2007.
[Online]. Available: http://dx.doi.org/10.1216/rmjm/1194275930

[2] S. Schmitt and H. G. Zimmer, Elliptic curves. A computational approach, ser. de Gruyter Studies in
Mathematics. Berlin: Walter de Gruyter & Co., 2003, vol. 31, with an appendix by Attila Pethd.

[3] R. Schoof, “Nonsingular plane cubic curves over finite fields,” J. Combin. Theory Ser. A, vol. 46,
no. 2, pp. 183-211, 1987. [Online]. Available: http://dx.doi.org/10.1016/0097-3165(87)90003-3

[4] G. Soydan, M. Demirci, N. Y. Ikikardes, and I. N. Cangul, “Rational points on elliptic curves
y2=x3+d3in Fp, where p =5 (mod 6) is prime,” Int. J. Math. Sci. (WASET), vol. 1, no. 4, pp.
247-250 (electronic), 2007.

[5] L. C. Washington, Elliptic curves. Number theory and cryptography, ser. Discrete Mathematics and
its Applications (Boca Raton). Chapman & Hall/CRC, Boca Raton, FL, 2003.


http://dx.doi.org/10.1216/rmjm/1194275930
http://dx.doi.org/10.1016/0097-3165(87)90003-3

136 NAZLI YILDIZ IKIKARDES, MUSA DEMIRCI, GOKHAN SOYDAN, AND ISMAIL NACI CANGUL

Authors’ addresses

Nazli Yildiz Ikikardes
Department of Mathematics, Balikesir University, Balikesir, Turkey
E-mail address: nyildiz@balikesir.edu.tr

Musa Demirci
Department of Mathematics, Uludag University, 16059 Bursa, Turkey

Gokhan Soydan
Department of Mathematics, Uludag University, 16059 Bursa, Turkey

Ismail Naci Cangiil
Department of Mathematics, Uludag University, 16059 Bursa, Turkey
E-mail address: cangul@uludag.edu.tr



Doi: 10.18514/MMN.2009.211

A Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 10 (2009), No. 2, pp. 137-143

ON y-Ro AND y-R; SPACES

AYNUR KESKIN AND TAKASHI NOIRI
Received 9 February, 2009

Abstract. In this paper, we investigate further properties of y-Rg and y-R; spaces due to Ekici.

2000 Mathematics Subject Classification: 54A20, 54C10, 54D10

Keywords: y-Rg spaces, y-R1 spaces, b-open sets, b-closure and b-6-closure operators

1. INTRODUCTION AND PRELIMINARIES

The separation axioms Rg and R; were introduced and studied by N. A. Shan in
[22] and C. T. Yang [23]. In 1963, they were rediscovered by A. S. Davis [4]. Then,
their some properties are obtained by some authors [6, 7, 15, 17]. The notion of b-
open (or sp-open) sets was introduced by Andrijevi¢ [1] and Dontchev and Przemski
[5] independently of each other in 1996. Since then it has been investigated in the
literature (see [9, 13,14, 18, 19]). Ekici [9, 10] introduced y-Rg and y-R; spaces and
obtained some properties of them. In this paper, we investigte further properties of
y-Rp and y-R1 spaces due to Ekici [9, 10].

In this paper, by (X,7) and (Y,¢) (or X and Y) we always mean topological
spaces on which no separation axioms are assumed, unless otherwise mentioned. For
a subset A of (X, ), Cl(A4) and Int(A) represent the closure of A and the interior of
A with respect to 7, respectively.

Definition 1.1. Let (X, 7) be a topological space. A subset A is called
(a) b-open [1] or sp-open [5] or y-open [14] if A C Int(Cl(A)) U Cl(Int(A)),
(b) a-open [20] if A C Int(Cl(Int(A))).

The family of all b-open (resp., «-open) sets in a topological space (X, 1) is de-
noted by BO(X) (resp., a(X)).

Definition 1.2. The complement of a b-open set is called b-closed [1].

Similarly, the family of all b-closed sets in a topological space (X, t) is denoted
by BC(X).

Definition 1.3. The intersection of all b-closed sets containing A is called the
b-closure [1] of A and is denoted by bCl1(A).

(© 2009 Miskolc University Press
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The union of all b-open sets contained in A is called the b-interior of A and is
denoted by bInt(A). The following lemma is useful in the sequel:

Lemma 1.1 ([1]). Let A be a subset of a space (X, t). Then the following proper-
ties hold:
(a) bCI(A) =sCl(A) NpCI(A),
(b) bInt(A) = sInt(A) UpInt(A),
(¢) x ebCl(A) ifand only if ANU # @ for every BO(X, x),
(d) bCl(4) = AU[Int(Cl(A)) NCl(Int(A4))],
(e) bInt(4) = AN[Cl(Int(A)) UInt(CI(4))].
The family of all b-open sets containing x of X will be denoted by BO(X, x). The

following basic properties of the b-closure are useful in the sequel:

Lemma 1.2 ([11]). Let A and B be subsets of a space (X,t). The following
properties hold:

(a) If A C B, thenbCI(A) C bCI(B),
(b) bCI(X \ A) = X \ bInt(A4),
(¢) A€ BC(X,1) ifand only if A =bCl(A).
Lemma 1.3 ([1]). The following assertions hold:
(a) The union of any family of b-open sets is a b-open set.
(b) The intersection of an open set and a b-open set is a b-open set.

Definition 1.4. [10] Let X be a topological space and S C X. The y-kernel of S,
denoted by y-ker(S), is defined to be the set y-ker(S) = N{U € BO(X,t) | S C U}.

Remark 1.1. In [3], the set y-ker(S) has been denoted by S4%.
Lemma 1.4 ([10]). Let (X, 1) be a topological space and A be a subset of X. Then
A% ={x e X |bCl({x})N A # &}
2. PRESERVATION THEOREMS

Definition 2.1. A topological space (X, t) is called y-Rg [10] if its every b-open
set contains the b-closure of each of its singletons.

Theorem 2.1 ([10]). A topological space (X, is a y-Rg space if and only if for
any x and y in X, bCl({x}) # bCl({y}) implies bCl({x}) NbCI({y}) = @.

Definition 2.2. A function f:(X, 1) — (Y, ¢) is called
(a) b-continuous [14] (resp., a-continuous [16] ) if f _I(V) is b-open (resp.,
a-open) in (X, 7) for every open set V of (Y, ¢);
(b) a-open [16]if f(U) is a-open in (Y, ¢) for every open set U of (X, 7).
Lemma 2.1 ([14]). Let f:(X,t) — (Y, @) be an a-continuous and «-open func-
tion. Then the inverse image of each b-open set in Y is b-open in X.
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Definition 2.3. A function f:(X,t) — (Y, ¢) is called strongly y-closed [12] if
f(F)is y-closed in (Y, ¢) for every y-closed set F of (X, 7).

Theorem 2.2. If(X,t)isa y-Ro space and f:(X, 1) — (Y, @) is an a-continuous,
a-open and b-closed surjection, then (Y, ) is a y-Ro space.

Proof. Let V be a b-open set of ¥ and y any point of of V. Since f is «-
continuous and a-open, f~1(V) is a b-open set in (X,7), by Lemma 2.1. Since
(X,7) is y-Ry, for a point x € f~1({y}) by Definition 2.1, bCl({x}) C f~1(V).
The b-closeness of f implies that bC1({y}) = bCl({ f(x)}) C f(bCI({x})) C V.
Therefore, (Y, ) is y-Rp. 0

Definition 2.4. A function f: (X, 1) — (Y, @) is called quasi y-closed [12] if f(F)
is closed in (Y, ¢) for every y-closed set F of (X, 7).

Theorem 2.3. If (X,7) is a y-Rg space and [:(X,t) — (Y,p) is a strongly b-
closed and b-continuous surjection, then (Y, @) is an Rg space.

Proof. The proof is similar to that of Theorem 2.2 and is thus omitted. O

3. y-R; SPACES

Definition 3.1. A topological space (X, ) is called y-R; [9] if for x and y in
X with bCl({x}) # bCI({y}), there exist disjoint b-open sets U and V such that
bCl({x}) is a subset of U and bCl1({y}) is a subset of V.

Proposition 3.1. Every y-R space is y-Ry.

Proof. Let U be a b-open set such that x e U. If y ¢ U, since x ¢ bCI({y}), we
have bCI({x}) # bCl({y}). So, there exists a b-open set V' such that bCl({y}) C V
and x ¢ V, which implies y ¢ bCl({x}). Hence bCl({x}) C U. Therefore, (X, 1) is
)/—R(). O

Remark 3.1. The converse of Proposition 3.1 need not be true as shown in the
following example.

Example 3.1. Let (X, t) be a topological space as in [2, Example 4.16], that is, p
be a fixed point of (X, 7) with t as the cofinite topology on X. If it meaned clearly,
1 ={@,X,U} with U C (X \ {p}) and X \ U finite. One can obtain BO(X) =
{@,X,U, A} such that for each A C U. Since bCl({x}) = {x} for every x € X, we
obtain that (X, 1) is y-Rg by using Theorem 2.1. On the other hand, one can easily
show that (X, t) is not y-R; by using Definition 3.1.

Theorem 3.1 ([9]). A topological space (X, 1) is y-Ry if and only if for x,y € X,
{x}A0 £ (YA there exist disjoint b-open sets U and V such that bCl({x}) C U
andbCIl({y}) C V.

Definition 3.2. A set U in a topological space (X, 1) is called b-neighborhood
[11] of x if U contains a b-open set V' such that x € V.
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Theorem 3.2. A topological space (X, 1) is y-Ry if and only if the inclusion x €
X \bCI({y}) implies that x and y have disjoint b-open neighborhoods.

Proof. Necessity: Let x € X \bCIl({y}). Then bCl({x}) # bCI({y}) and x, y
have disjoint b-open neighborhoods.

Sufficiency: First, we show that (X, 7) is y-Ro. Let U be a b-open setand x € U.
Suppose that y ¢ U. Then, bCl1({y}) N"U = @ and x ¢ bCI({y}). There exist b-open
sets Uy and Uy such that x € Uy, y € Uy and Ux NU, = @. Hence, bCl({x}) C
bCl(Uyx) and bCl({x}) N U, C bCl(Uy) N U, = &. Therefore, y ¢ bCl({x}). Con-
sequently, bCl({x}) C U and (X, t) is y-Ro. Next, we show that (X, t) is y-R;. Sup-
pose that bCl({x}) # bCI({y}). Then, we can assume that there exists z € bCI1({x})
such that z ¢ bCI({y}). There exist b-open sets V; and V), such thatz € V;, y € V),
and V; NV, = @. Since z € bCI({x}), x € V. Since (X,7) is y-Ro, we obtain
bCl({x}) C Vz,bClI({y}) C V) and V; N Vy = &. This shows that (X, 7)is y-R;. 0O

Corollary 3.1. For a topological space (X, t), the following properties are equiv-
alent:
(1) (X,7) is a y-R1 space,
(2) bClI({x}) # bCl({y}) implies that x and y have disjoint b-open neighbor-
hoods.

Proof. The implication (1)=>(2) is obvious.
(2)==(1): Suppose that x € X \bCIl({y}). Then, bCl({x}) # bCl({y}) and by (2)
x and y have disjoint b-open neighborhoods. By Theorem 3.2, (X, 1) is y-R;. O

The following notions are due to Park [21]. A point x of X is called a b-6-cluster
point of A if bCI(U) N A # @ for every U € BO(X,x). The set of all b-0-cluster
points of A is called the b-6-closure of A and is denoted by bClg(A4). A subset 4 is
said to be b-6-closed if A = bCly(A4). The complement of a b-6-closed set is said to
be b-6-open.

Lemma 3.1. For any subset A of a topological space (X, t), bCI(A) C bClg(A).

Theorem 3.3. A ropological space (X, 1) is a y-R; space if and only if for each
x € X, bClyp({x}) =bCl({x}).

Proof. Necessity: Let (X,7) be y-R; and x any point of X. Assume that y €
X \bCl({x})). By Theorem 3.2, there exist disjoint b-open sets U and V' such that
x €U and y € V. Thus, we have {x} NbCI(V) C U NbCI(V) = & and hence y ¢
bClg({x}). Therefore, we obtain bClg({x}) € bCl({x}). So, by using Lemma 3.1,
we have bClg({x}) = bCl({x}).

Sufficiency: Let x, y be distinct points of X and y € X \bCl({x}). Then y € X \
bClg({x})) and hence there exists a b-open neighborhood V' of y such that bCl1(V') N
{x} = @. Then V and X \ bCl(V)) are disjoint b-open neighborhoods of y and x,
respectively. By Theorem 3.2, (X, 1) is y-R;. 0
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The following notion is due to Ekici and Caldas [13].

Definition 3.3. A topological space (X, 7) is said to be b-regular [13] if for each
b-closed set F' and each point x € X \ F, there exist disjoint b-open sets U and V
suchthatx e U and FF C V.

Now, we can give a characterization of b-regular spaces.

Theorem 3.4. For a topological space (X, 1), the following properties are equiv-
alent:
(1) (X,7) is b-regular,
(2) bClg(A) =bCI(A) for every subset A of X,
(3) bClg(A) = A for every b-closed subset A of X.

Proof. (1)=(2): Since bCI(A) C bClg(A4) by Lemma 3.1, we will show that
bCly(A) CbCl(A). Assume that x ¢ bCl(A). Since (X, 1) is b-regular, there exist
disjoint b-open sets U and V such that x € U and bCl(A) C V. Hence ANbCI(U) C
bCl(A) NbCI(U) = @. This implies x ¢ bClg(A).

(2)=(3): Let A be ab-closed subset of X, then we have A =bCl(A4) andbClg(A) =
A.

(3)=(1): Let V be a b-open set containing x in X. Hence X \ V is b-closed. By
(3), X\ V =bCly(X \ V). Then there exists an U € BO(X, x) such that bCl(U) N
(X \ V) = @. This implies bC1(U) C V. Consequently, the proof is completed. []

Corollary 3.2. Every b-regular space is a y-R1 space.
Proof. This immediately follows from Theorems 3.3 and 3.4. 0

Definition 3.4. Let V be a filter base of a topological space (X, 7).

(1) The b-adherence (resp., b-0-adherence ) of a filter base V, denoted by ad;, V
(resp., B-ad, V), is defined by N{bCL(V) | V € V} (resp., N{bClg(V) | V €
v})7

(2) V b-converges [8] (resp., V b-0-converges) to x if for each b-open set U
containing x, there is V' € V such that V C U (resp., V C bCI(U)).

Theorem 3.5. If a topological space (X,t) is y-Ry, then adp, V C bCl({x}) for
each filter base V b-0-converging to x € X.

Proof. Let (X,7) be a y-R; space, x € X, and V be a filter base in X b-6-
converging to x. If ady, V = &, then the assertion of the theorem holds trivially.
Assume that y € adp V and y € X \ bClg({x}). Then there exists a b-open set U
containing y such that x € X \bCI(U). Since V b-6-converging to x, there exists
V € V such that V' C bCI(X \ bCI(U)). This implies that V N U = @ which con-
tradicts the assumption that y € ady V. Thus y € bClg({x}) and ad, V C bCly ({x}).
Since (X, 7) is y-Ry, by Theorem 3.3 we obtain adp V C bCI({x}). a
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ON A SUMMATION FORMULA FOR THE CLAUSEN’S SERIES
3, WITH APPLICATIONS
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Abstract. The aim of this research paper is to establish the following summation formula for the
Clausen’s series 3F5:

P [—n,b—a—l.f—kl,l] (@n(c+Dn
2 ) =——
3 b, f D)n(n
where f =c(1+a—>b)/(a—c), in three different ways. For ¢ = %a, we have
P |:—n,b—a—1,2+a—b, ] (a)n(l—i—%a)n
302 |\ =——
bltash ®)n(39),

which is already available in the literarute. Our formula is then applied to obtain two general
results, one is the Euler’s transformation for the series /> and another is the Kummer—type first
transformation for the series 5 F» established recently by Paris by following a different method.
The results obtained generalize the related results by Exton.

2000 Mathematics Subject Classification: 33C20, 33B15

Keywords: Clausen’s series 3F>, Euler’s transformation for ; F», Kampé de Fériet function,
Kummer type I transformation for 5 F,, summation formula

1. INTRODUCTION AND RESULTS REQUIRED

In 1997 Exton [3] derived four reduction formula for the Kampé de Fériet function
and from one of the results, he deduced the following two results:

\—h h,a,l—i—%a‘_ X _ hb—a—12+4+a—b.
(1—-x) 3F2[ b,%a i =3F bl+a—b X (D
and

—x a,1+%a‘ _ b—a—12+a-b

e 2F2[ 1 X | =2F2 blta—b X (2)
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Croatia under Research Project No. 112-2352818-2814.
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It is of interest to compare these results with
_ o,y — X a,
(1—-x) a2F1|: Y 'B;——]=2Fl[ 'B;x:| (3)
Y l—x Y

known as Euler’s first transformation [8] and the confluent

e *1F; [Z;x] =1F [b;a;—x] 4)

known as Kummer’s first theorem [8].

We remark in passing that the result (1) is also recorded in [10] where it is ob-
tained by other method. The result (2) has been obtained by Miller [4] by following
two different and transparent ways. On the other hand it should be remarked here
that whenever generalized hypergeometric functions reduce to gamma functions, the
results are very important from the applications point of view.

It is also well known that the generalized hypergeometric functions ,F; appear
ubiquitously as solutions of plethora of problems in mathematics, statistics and math-
ematical physics. Thus, the results established in this paper should be eventually
useful in a wide range of applications.

The aim of this research article is to establish first, a summation formula for the
Clausen’s series 3F> and then, as an application we derive two results which general-
ize (1) and (2).

In our present investigations we will require:

(i) Euler’s second transformation formula [1]

N [“’f ;x] = (1—x)"2P,F, [V oy —p ;x] : 5)

(ii) the Beta-integral transform [2]
1
c—171 _ ,\e—c—1 a,b _ I'(c)I'(e—c) a,b,c,
/0 X (1 X) 2F1|:d ,X]dX—TQ,Fz d,e ,1 y (6)

provided 9it{c} >0, R{e—c} >0, N{d +e—a—b—c} > 0;
(iii) Bailey’s transform [10, Eq. (2.4.10), p. 60] in summing double series

Z ZA(m,n)= Z ZA(m,n—m). (7)

n=0m=0 n=0m=0

2. MAIN SUMMATION FORMULA

Theorem 1. Let n be a non-negative integer and let a,b,c € C such that

c(1+a—b)
a—c

f= ¢Zy:=1{0,~1,-2,...}.
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Then
—n,b—a—1,f+1 } (@)n(c+ 1)y
F. |=—, 8
’ 2[ b.f B)n()n ®
where (a), = I'(a+n)/T'(n) =a(a+1)---(a +n—1) stands for the Pochhammer
symbol.

First proof. Denoting by S the left hand side of (8), expressing 3F> as a series, we
get

N =m)b—a—1), {(f+1)r} N myb—a—1), { }
S = = 1+—¢ .
L, D 12 Gn "7

Separate now S into two series, and after little adjusment in the second series, sum-
ming up the both expression, we arrive at

S = 1F2 [_’Z’f_;a ) 1i| .

Applying Vandermonde’s theorem in both hypergeometric series »F7, we have
_(a+Dn  n(@a—c)(@+1n

S =
(b)n be  (b+1)n—1
which, upon a short algebraic simplification yields
g = (@)n(c+ D
(B)n(C)n
The proof is complete. O]

Second proof. In a two-term transformation formula for the Clausen’s series 3F7,
popularly known as Kummer—Thomae—Whipple formula [1], which evidently origi-
nates back to Kummer [1] and states that

r|4HC _B(E.D+E—-A-H-C) C.D—A,D—H ©)
2| D.LE " | T B(E-C.D+E—A—H)> ?|D.D+E—-A—-H’

provided W{E} >0, R{D+ E—-A—H —C} > 0. Here

B(s,r) = /les_l(l —x) " ldx (min {R{s}, R{r}} > 0) (10)

stands for the Euler Beta function (Its connection to the familiar Euler Gamma func-
tion I"(-) one realizes by B(s,r) = I'(s)I"(r)/I"(s +1)).

In order to derive our summation formula (8), put A =b—a—1, H = f +1,
C=-n,D= f,and E = b in (9). So, we get after some reduction

§— (a)n 3F2|:—n,f—b+a+1,—1.1:| _(a)n {1+n(f—b+a+1) ‘

B (b)n f.a T (b)n af
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Using now f = c¢(14+a—>b)/(a—c), the last expression transforms into

(@)n
s= {1+§}.

(D)
Finally, recalling that ¢ +n = c(¢ + 1), /(¢)», we conclude
S = (@)n(c+ 1y
(OIn(e)n
such that completes the proof. U

Third proof. Consider the Beta-integral transform (6) in the slightly changed form:

a,B,s 1 /1 s—1 r—1 a,p
F. 1 = X 1—x F :x | dx
3 2|:)/,s+r } B(p.0) Jo ( ) T2 F »

provided Ni{s} > 0, RN{r} >0, and R{r + y —a — B} > 0. In this, if we take ¢ = —n,
B=f+1,s=b—a—1,y= f,ands+r =b, thatis,r =a+ 1, by (5) we get

b_a_z(l —x)4F; [—n,}‘ +1 ;x:| dx

1 1
S =
B(b—a—l,a+1)/0 *

b—a—2(1 _x)a+l’l—12F1 |:_1’ f +n ’xj| dx

1 1
_B(b—a—l,a+1)/0 * f

1 R a+n—1 f+n
_B(b—a—l,a—i—l)/o X (1—x) {I—Tx}dx.

Separating the last integral into two parts and calculating the values of both, we get
_ 1
C Bb—a—1l,a+1)

Now, straightforward calculations lead the asserted result (8). (]

S

{B(b—a—l,a +n)— (1 +%)B(b—a,a —|—n)} .

3. APPLICATIONS

In this section, as applications of our summation formula (8), we derive the fol-
lowing two general formule such that generalize Exton’s results (1), (2).

Theorem 2. Let f be the same as before. Then

_ h,b—a—1, 1 X h.a,c+1
(1-x) h3F2[ Gl ;—l_x]=3Fz[ Ger ;x} an

and

b—a—1.f+1 c+1
eszz[ ab’ff+ ;-x]:ze[acj ;xj|. (12)



SUMMATION FORMULA FOR CLAUSEN’S SERIES 149

Proof. Letus denote T the left-hand side of (11). First, expressing 3F, as a series,
we conclude

& 1) Wb —a—Du(f + D
T=2 DRG]

Using the binomial expansion of (1 —x)™" and applying the identity (%), (h+n), =
(h)n+m, we arrive at

x"(1=x)~h".

S E ) Wil —a= DS 4Dy
= ZO,,;) (B)a (i '

The consequence of the Bailey’s transform (7) of the double-indexed summand will
be

s ()W —a=Da(f + Du
B Wy S

Now, because of

(m—n)! = (=1)"

(= ')n (9

we get

T — i (M)m o Z (b—a—Dn(f +Dn(=m)n .
P O (SInn! ’
summing up the inner-most series, we have

e § [

By the Theorem 1, we deduce

(h)m m(a)m(c+1)m h,a,c+1
Z =3k ;X
(B)m(C)m €
such that is the rlght—hand side expression in (11).

Denote U the expression on the left in the relation (12) and express both the func-
tions involved, in series. After some little simplification we get

- =D"b—a—Dm(f + Dm min
U_;m; O Pl

Making use of the Bailey’s transform and the indetity (13), we have

oy D0 —a=Dm(f +Dm
V=33 Ol —m)l
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_ Z Z (=m)m(b—a—Dm(f + Dm
n! BO)m (f)mm! '
Now, it remains to summing up the inner-most series getting

U— Z 3F2[ n’b_Z}l’f—i_l;l]

such that, by means of Theorem 1, clearly becomes

x" (a)n(c+1)n a,c+1.
v= Zn' B)n(©n :2F2[ bc ’x}

that is, Theorem 2 is proved.

O

Another proof of (11). Having in the mind the earlier convention that 7" denotes

the left side expression of (11), we conclude

- h,b—a—1, 1 X
r=~1-x) h3Fz[ abf S+ ;_l—x}

W b—a—1), (f+Dn [ x 7
=(1=07" 2 (B)nn! (P (‘1—x)

—(1_ \—h = Wp(b—a—1), n\/ X \n
—0= ;0 Byt (1+f)( =)

Separating the sum into two parts and summing the first series, we get

_ h,b—a—1 X
T=(1-x) thl[ ba ;—E]

—h -~ (MWn(b—a—1), X \"
et o (i)

Now, changing » into n + 1 the remaining series 73, say, becomes

(1—x)" i (Mnt1(b—a—1ny1 (-2 )n+1

(b)n+1n! 1—x

h(b—a—1)x = (h+1p(b—a), X \”
_fb(1—x)h+1n§) (b4 1), n! (_1— )

that is

_ h,b—a—1 X
T=(1-x) h2F1|: ba ;_l—x:|
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_h(b—a—-1)x |:h+1,b—a' X ]

Fh(l—x)it1 2 b+l Tk
Using (3) and mentioning that f = %, we deduce
. hoa+1 h(b—a—1)x h+1l,a+1
T—2F1|: b ,x]—TzFl b1 ¥

o hat1 ] ha—ox  [htla+l,
—2F1|: b ,x:|+TzF1 bi1 X

" [h,abJrl;x]_h_szl [h+1,a+l;x]}

b b+1

e

But it can be easily seen that

h,a+1 hx h+1,a+1 h,a
2F1|: b ;X]—72F1|: bl ;x} _2F1|:b ,X}
Hence,
B h.a hax h+la+1_ | h.a,c+1.
T_2F1|:b’xi|+F2Fl|: b1 ¥ =3F be ¥
such that coincides with the right hand expression in (11). U

Remark 1. Since the result (12) is a confluent limiting case of the (11), so it can
be easily deduced by (11).

Remark 2. In (11), if we take ¢ = %a, we get

_ hb—a—12+a-b,  x ha, 1+ %
(1-x) h3F2|: bal—i—a——'_ba ;—1_x:|=3F2[ . +2a;x]

which reduces to (1) by replacing x by —x /(1 — x).
Remark 3. In (12), taking ¢ = 3 a, we get (2).

4. CONCLUSION

We mention below a result similar to (8) given by Miller [5]

N |:—n,C+1_1:| _ b—a—1)u(f+Dn
be - O)n(f)n ’

(14)

f being the same as before.
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For ¢ = %a, this reduces to

|:—n76171+%a :| (b—a—1),2+a—b),
3> 1 = ,
b,>a B)n(1+a—>b)y,

)

which is a known result in the literature [7].

The result quoted in Remark 2 belongs to Paris [6] who obtained this relation
by a different method. Actually, the results mentioned in Remarks 2 and 3 have
been also obtained very recently by Rathie and Paris [9] by utilising the summation
formula (14) due to Miller [5].

We conclude the paper by remarking that the result (8) and Miller’s result (14) are
special cases of the following general result given already in the literature [7]

3F2|:a,b,d+1. ]:F(C)F(c—a—b—l)% ab%

: —a—b-1+Y
c.d Fe—ayrc—b) | T

such that can be easily transformed into Beta function expression, reads as follows:

\Fy |:a,b,d+1_l] __ B(c,c—a—b-1) {l a(b—d) } '

c.d | B(c—a,c—b—1) dic—b—1)
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Abstract. Classifications of subdirectly irreducible involution rings via some properties of trace
elements are given. As an application, von Neumann regular involution rings with central idem-
potent norm elements are described. The structure of certain involution rings in which the norms
are multiplicatively generated by nilpotents is also determined.
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1. INTRODUCTION

All rings considered are associative. Let us recall that an involution ring R is
a ring with an additional unary operation *, called involution, such that (@ + b)* =
a*+b*, (ab)* =b*a*,and (a*)* = a forall a,b € R. An element of an involution
ring R which is either symmetric or skew-symmetric shall be called a *-element and
a x-ideal I of R is an ideal of R which is closed under involution, that is, I™* =
{a*€e R:ael} CI. A subring B of R such that BAB C B and which is closed
under involution, is called a *-biideal of R.

Motivated by the well-known fact that the algebraic structure of an involution ring
is, to a large extent, determined by the algebraic nature of its symmetric or skew-
symmetric elements, we study x-subdirectly irreducible rings with identity and in
which norm elements are central and non-nilpotent. Such involution rings are shown
to be rings of the following types: a division ring, a 2 x 2 matrix ring over a field,
F & F where F is a field, a subdirectly irreducible ring with identity and square-
zero heart. Abu-Khuzam [1] studied the structure of certain rings which are multi-
plicatively generated by their nilpotents. In this note, we shall extend this result to
involution rings by conditioning only the norm of the ring. Indeed, we prove that
an involution ring R in which the norm is multiplicatively generated by nilpotents
is nil if it satisfies the descending chain condition (d.c.c.) on x-biideals or if the
norm is central and R satisfies the polynomial identity x™ = xT1 f(x), where m is
a positive integer and f(x) is a polynomial with integer coefficients.

(© 2009 Miskolc University Press
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We recall that an involution ring R is called *-subdirectly irreducible if the in-
tersection of all its non-zero *-ideals (called the x-heart) is non-zero. A routine
application of Birkhoff’s theorem yields that every involution ring R is a subdirect
product of x-subdirectly irreducible rings, whence they serve as one source of basic
building blocks of all involution rings. Hence the study of *-subdirectly irreducible
rings is desirable.

In the sequel, for an involution ring R, we put S = {a € R : a* = a}, the symmetric
elements in R, K = {a € R : a* = —a}, the skew-symmetric elements in R, T =
{a+a* :a € R}, the trace of R, N = {aa™ : a € R}, the norm of R. The center of R
is denoted by Z. Moreover, following Lim [13], we call R a central trace involution
ring if T is contained in the center of R.

2. RESULTS
The following lemma shall be useful in the proof of the next theorem.

Lemma 1. If R is a *-subdirectly irreducible ring with a non-zero central idem-
potent, then R has identity.

Proof. Let e # 0 be a central idempotent in R. If e is a symmetric element, then e
is the identity of R. Indeed, the *-ideals Re and {r —re : r € R} have zero intersection
and Re #0and so {r —re :r € R} =0, which implies that ¢ is the identity of R. Now
suppose e is not symmetric. Then ee™ = 0, for, otherwise, ee* would be the identity
of R and then ee* = e, contradicting the fact that e is not a symmetric. Likewise it
follows that e*e = 0. Clearly, e + ¢* # 0 is an idempotent symmetric element and,
arguing as above, we conclude that R has identity e + e*. O

Theorem 1. Let R be a x-subdirectly irreducible ring with a non-zero idempotent.
If non-zero trace elements in R are central and non-nilpotent, then R is one of the
following types:
(i) afield;
(1) a division ring with involution, 4-dimensional over its centre and N C Z;
(iii) F @ F, where F is a field, endowed with the exchange involution;
(iv) the 2 x 2 matrix ring over a field F, with the symplectic involution, i. e.,

a b\ _(d b
c d) \-c a
(V) a subdirectly irreducible ring with identity and heart H = H* C K, H> =0

and the additive group of H is either an elementary Abelian p-group or
a torsion-free divisible group.

Proof. Let e be an idempotent in R. Since the trace elements in R are central, the
norm elements in R are also central [13]. If e is symmetric, then it is a norm element
and therefore central. If e is not symmetric, then e + e* # 0 is an idempotent trace
element and therefore central. It follows from Lemma 1 that R has identity.
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Now either all elements in the *-heart H are square zero and skew-symmetric, or
all elements in the *-heart are skew-symmetric and hh* = —h? # 0 forsome h € H,
or there exists an element & + h* # 0 for some h € H.

In the first two cases, by [5, Proposition 1.1] and our assumptions on R, we see that
the *-heart H is a minimal ideal of R. By [8, Proposition 6.2] the additive group of H
is either an elementary Abelian p-group or a torsion-free divisible group. Moreover,
we claim that R is a subdirectly irreducible ring. Indeed, if H N J = 0 for some
non-zero ideal J of R then it is clear that J N J* =0and H C J & J*. Hence, any
h € H can be represented uniquely in the form & = a + b* for some a,b € J. Now
h*=a*+b=—a—b*andsoa+b=—b*—a* € JNJ*. Thisimplies b = —a and
thus 7 =a—a*. Therefore ha = a* —a*a = a?. But (ha)* =a*h* =—haeJNJ*
so that a®> = 0. Thus (a +a*)? = 0 and, by our assumption on R, we must have
a* = —a, which implies 4 = 2a € J, a contradiction.

In the first case, R is a subdirectly irreducible ring with identity and heart H =
H*C K,H*=0.

In the second case, let 0 2 a = hh*, h € H. Then aR = Ra = H. Since H is
a prime ring, >R = a(aR) = aH # 0. Moreover, since a? is central, H = a?R and
a =a?bforsomeb € R. Now ab # 0, (ab)? = (a?bh)b = ab and (ab)* = —ab = ab,
whence ab € H is the identity of R. Therefore H = R and R is a primitive ring.
Since, for each a € R, a* = —a, we have a®> € S and T = 0. If there exists a € R
such that 2a # 0, then (2a)? = 2a® 4+ 2a? € T and so (2a)?>. But then 2aR is
a nil right ideal of R, a contradiction with the fact that R is Jacobson-semisimple.
Moreover, for any a,b € R, (ab)* = —ab, that is, b*a* = ba = —ab = ab. Hence
R is a field of characteristic 2.

We study the third case. If a = h+h* # 0 for some h € H, then a®>R = H. Hence
a = a?b for some b € R and it follows that 0 # ab is an idempotent. Thus the identity
of R belongs to H, whence H = R and R is *-simple. Either R is a simple prime
ringor R =1 & I* where [ and I* are simple prime rings and the only proper non-
zero ideals of R are I and I* [5]. If R is a simple prime ring then, by [9, Theorem
7] and [12, Theorem 1], it is either a division ring or a 2 x 2 matrix ring over a field,
endowed with the symplectic involution. If R is a division ring, then it follows from
[6, Theorem 2] that R is either a field or 4-dimensional over its centre. Finally, we
show that if R = I @ I*, then [ is a field. In this case, the identity of R is of the
form e + e* with e € I. Since R has no non-zero nilpotent trace elements, it is clear
that / cannot have non-zero nilpotent elements. Now, for any x € R, ex —exe and
xe —exe are nilpotent elements in / and hence ex —exe = xe —exe = 0, whence
ex = xe and e is a central element and so is ¢*. Then R = R(e +¢*) = Re ® Re*,
I = Re, and e is the identity of /. In addition, / is commutative. Indeed, if a,b € I,
then (a +a*)(b +b*) = (b+b*)(a +a*), that is, ab +a*b* = ba + b*a*. Thus
ab—ba=>b*a*—a*b* e INI* =0and I is commutative. Moreover, any 0 # ¢ € [
is invertible since c/ = I = Ic. g
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The following is an example of an involution ring of type (v) in the above theorem.
Example 1. Let R be the set of all ax + Be where a,f € GF(2) and x? = 0,
e? =e, ex = xe = x. Then R is clearly a commutative ring with identity element
and with the identity involution. The only non-zero proper ideal of R is H = {ax :
a € GF(2)} = H*. Hence R is subdirectly irreducible with identity and heart H,

where H2 = 0. The trace of R is 0.

Corollary 1. R is a semiprime x-subdirectly irreducible ring with non-zero idem-
potent and non-zero trace elements in R are central and non-nilpotent if and only if
R is one of the following:

(i) afield;
(1) a division ring with involution, 4-dimensional over its centre and N C Z;

(iii)) F @ F where F is a field, endowed with the exchange involution;

(iv) the 2 x 2 matrix ring over a field F, with the symplectic involution.

Corollary 2. Let R be a x-subdirectly irreducible ring with identity and with cen-
tral idempotent norm and trace elements. Then R is one of the following types:

(1) GF(2) with the identity involution,
(i) GF(4) with the inverse involution;

(iii) GF(2) ® GF(2), endowed with the exchange involution;

(iv) the 2 x 2 matrix ring over the field GF(2), with the symplectic involution;
(v) a subdirectly irreducible involution ring with identity, of characteristic 2 and

heart H in which the elements are symmetric and H* = 0.

Proof. A division ring R with involution in which every norm element is idempo-
tent has the inverse involution. In fact, for any 0 # a € R, 0 # aa* and (aa*)? = aa*
implies aa* = 1 (the identity of R) and, similarly, a*a = 1, so that a* = a™!.
Moreover, since the trace elements are idempotent, the characteristic of R must
be 2. In fact, (1+1)2 = 141 implies 1 +1 = 0. By [7], we know that such
a x-subdirectly irreducible ring is either GF(2) or GF(4). In F & F (F a field),
T =N ={(a,a):a € F} and hence, if every element in N is idempotent, it is clear
that F =~ GF(2). Similarly, in a 2 X 2 matrix ring over a field F, with the symplec-
tic involution, 7 = N = {(g 2) race F } and the idempotence of each element in T
implies F = GF(2). O

Proposition 1. If R is a von Neumann regular involution ring with central idem-
potent norm elements, then R is isomorphic to a subdirect sum of involution rings R;
(i € A), where each R; is one of the following:

(i) GF(2) with the identity involution;
(i) GF(3) with the identity involution;
(iii) GF (4) with the inverse involution;
(iv) GF(2) ® GF(2), endowed with the exchange involution;
(v) a2 x2 matrix ring over GF(2), with the symplectic involution.
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Proof. Any nonzero homomorphic image of R is semiprime and has a nonzero
central idempotent element. In fact, if a 4 I is a nonzero element in the factor ring
R/I, then ax + I, where axa = a, is a nonzero idempotent in R/[. Lete 4+ I =
ax + 1. If ee* ¢ I, then ee™ + [ is a nonzero central idempotent in R//. On the
other hand, if ee*™ € I, then e + ¢* + I is a nonzero central idempotent in R/1.
Thus, by Lemma 1, R/I has identity and by [13], the norm elements are central if
and only if the trace elements are central. Hence, since R/ is von Neumann regular,
R /I cannot have nonzero nilpotent trace elements. By Corollary 1, R/I is either
a division central trace ring, or F' @ F where F is a field, endowed with the exchange
involution, or a 2 x 2 matrix ring over a field F, with the symplectic involution. If
R/ is a division central trace ring, then the characteristic of R/I is either 2 or 3.
Indeed, since the norm elements in R are idempotent, (14 1)* 47 = (14+1)2+1
(where 1+ I is the identity of R /1), whence either (1+1)+7 =7 or(1+1)?>+1 =
14 1, that is, the characteristic of R/ is either 2 or 3. By [7], R/ is of type GF(2),
GF(3) or GF(4). O

Proposition 2. R is a von Neumann regular involution ring with zero trace and
idempotent norm elements if and only if R is a Boolean ring with identity involution.

Proof. We prove the direct implication. For any elements a,b,c € R, a* = —a,
ab = —ba and 2abc = 0, whence (2R)3 = 0 and so 2R = 0. Hence R has charac-
teristic 2, R is commutative and a* = a. For any a € R, a* = a? since the norm
elements are idempotent. There exists y € R such that (a®> —a)y(a® —a) = a®*—a,
that is, (a> —a)?y = a® —a, which implies a? = a. O

For an involution ring R, we let N’ be the set of symmetric nilpotent elements in
R and E the set of symmetric central idempotents in R. The proof of the following
proposition is as that of [11, Lemma 1], but we include it for the sake of completeness.

Proposition 3. Let R be an involution ring of characteristic 2 having a non-zero
central idempotent. Then the following conditions are equivalent:

(1) the symmetric elements in R can be represented as a product of elements in
EUN’.
(i1) the symmetric elements in R are central idempotent.

Proof. (i) implies (ii). Suppose symmetric elements in R can be represented as
a product of elements in E U N’. Clearly, R has a non-zero central idempotent
symmetric element e. First, we show that e N’ = 0. The *-subring A = e¢R has
identity e and its symmetric elements can be represented as a product of elements in
EUN’. If a is any element in N/, then e + ea = x1x3 -+ X, for some x; € eE UeN’.
Since e + ea is invertible in A, x; cannot be nilpotent, so that x; € e£. Hence
e+ea = xi(e+ea), whichimplies x; = e and e +ea = x5 --- x,,. Repeating this pro-
cedure, we eventually obtain e + ea = e, implying ea = 0. This shows that e N’ = 0.
Suppose now there exists a symmetric element r in R which cannot be expressed



160 D. 1. C. MENDES

as a product of symmetric central idempotents. Let e +r = y1y2---yi for certain
Y1,Y2,..., Yk € EUN’. Since e N’ =0, we have e = e(e +r) = (ey1)(ey2)--- (eyk)
and the elements y1, y2,..., y§ are central idempotent. Hence y; 4 e is central idem-
potent. Moreover, for each i = 1,2,...,n, ey; =e. So, r = y1y2-Vp +e =
(y1+e)(y2+e)---(yx +e), which is a contradiction. This shows that every sym-
metric element in R can be written as a product of central idempotents and hence is
central idempotent. The converse is trivial. U

Abu-Khuzam [1] studied the structure of certain rings which, as semi-groups, are
multiplicatively generated by their nilpotents. We now consider certain involution
rings in which the norms are central and multiplicatively generated by nilpotents
(that is, the norm elements can be written as a product of nilpotents). We call such
an involution ring a *- N -ring. If R is a *-/N -ring with identity, then R = 0 since the
identity of R is a norm element. Moreover, any *-homomorphic image of a *-N -ring
is also such a ring.

Theorem 2. If R is a x-N -ring with d.c.c. on x-biideals, then R is nilpotent.

Proof. Let J denote the Jacobson radical of R and suppose J # R. It is well-
known that J* = J. Since R/J is a semiprime involution ring with d.c.c. on *-
biideals, R/J has an identity e + J [2] and, clearly, e +J = e* +J = ee* + J.
Since R/J is a x-N-ring, by the considerations preceding the theorem, R/J = 0,
that is, R = J, a contradiction. Hence R = J and R is nilpotent [3]. Il

Let us recall (see [4]) that a x-ideal P of an involution ring R is said to be x-prime
if AB C P implies A € P or B C P, where A and B are x-ideals of R and R is
is *-prime if the zero ideal is *-prime. Birkenmeier and Groenewald showed that if
P is a x-prime *-ideal which is not a prime ideal, and X is minimal among prime
ideals containing P, then P is a prime ideal of X . In addition, they showed that the
intersection of all the %-prime *-ideals of R coincides with the prime radical of R.
Hence, if the prime radical of R is 0, then R is a subdirect product of *-prime rings.
We shall use these facts in the proof of the next theorem and we shall also require the
following lemmas.

Lemma 2 ([1]). If a ring R satisfies the polynomial identity x™ = x™ 11 f(x),
then the Jacobson radical of R is nil.
Lemma 3 ([10]). Let I be any non-zero ideal of a ring R. Then there exists

a homomorphic image R’ of R containing an isomorphic copy 1’ of I such that I’ is
essential in R’.

The proof of the following theorem is an adaptation of the corresponding one for
rings without involution in [1].

Theorem 3. Let R be a *-N -ring which satisfies the polynomial identity x™ =
x™+L £(x) (m is a positive integer and f(x) is a polynomial with integer coeffi-
cients). Then R is nil.
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Proof. The Jacobson radical J = J* of R is nil by Lemma 2. Since R/J is
a semiprime involution ring its prime radical is O and hence, by the considerations
preceding the lemmas, the intersection of all *-prime *-ideals of R is 0. Hence R
is a subdirect product of x-prime rings R; (i € A). If R; is a prime ring, then as in
[1, Theorem 2], it follows that R; has identity and since it is a *-N-ring, R; = 0.
Now suppose R; is not a prime ring. We have that R; = R/K; for some *-prime
x-ideal K; of R which is not a prime ideal. Now if X; is minimal among prime
ideals containing K;, then Kj; is a prime ideal of X;, that is X;/K; is a prime ring
and satisfies the polynomial identity x™ = x %1 f(x). Hence, as in [1], it follows
that X;/K; has an identity. According to Lemma 3, there exists a homomorphic
image R; of R; containing an isomorphic copy X/ of X; /K; such that X/ is essential
in R!. Then, since X/ has identity, X/ = R;. Now R; = R/Q; for some ideal Q;
of R. Moreover, if e + Q; is the identity of R/Q;, then e* + Q; = ee* + Q; =
niny---ni + Q; for certain nilpotent elements n1,n5,...,n; of R. Suppose n; has
degree of nilpotence ¢. Then nl_lee* + Q; = ntl_lnlnz---nk + Q; = Q; which
implies n{"le* € Q;. Therefore n’~le*eny---nx = n{72(e*e)? € Q;. Continuing
with this process, we eventually obtain ntl_(t_l)(e*e)’_1 € Q;, thatisni(e*e) ! e
Q;. Therefore ny(e*e) ~n,...nx € Q; and (e*e)? € Q;. So,if t iseven, (e*e)' R =
(e*e)%R(e*e)% C Q; and since Q; is a prime ideal of R, (e*e)% € Q;. On the other
hand, if ¢ is odd, (e*e)'™' R C Q; implies that (e*e)% € Q;. Continuing in this
way, we eventually obtain e*e € Q; and hence ¢* € Q;. Thene+e*+ Q; = e+ Q;
and arguing as above, with e + ¢* 4+ Q; instead of ¢ + Q;, we obtain e +e* € Q;.
This implies R/ Q; = 0, which is a contradiction. Thus R; is a prime ring and R; = 0.
It follows that R/J =0 and R = J is nil. 0
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Abstract. In this paper, we introduce new types of sets called (1,2)*-D(«, p) sets, (1,2)*-D(c, s)
sets, (1,2)%-D(c, ) sets, (1,2)%-D(c,s) sets and (1,2)*-D(c,p) sets and new classes of map-
pings called (1,2)*-D(«,p) continuous, (1,2)*-D(«,s) continuous, (1,2)*-D(c,«) continuous,
(1,2)*-D(c, s) continuous and (1,2)*-D(c, p) continuous mappings. We obtain several character-
izations of these classes, study their bitopological properties, and investigate their relation with
other bitopological sets and mappings.
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1. INTRODUCTION

Njastad [7] intiated the study of the notion of a nearly open set in a topological
space. Following it, a number of research papers were written by Tong [11, 12],
Hatir and Noiri [3-5], Przemski [8], Dontchev and Przemski [1] and Ganster [2]
where decompositions of continuity in topological spaces are considered. Here, fol-
lowing these lines, we study the “decomposition of (1,2)*- continuity and (1,2)*-
a-continuity” and deal with new types of sets such as (1,2)*x-D(w,p) sets, (1,2)x*-
D(a,s) sets, (1,2)*-D(c, @) sets, (1,2)*-D(c,s) sets and (1,2)*-D(c,p) sets, as well
as with new classes of mappings such as (1,2)*-D(«,p) continuous, (1,2)*-D(«,s)
continuous, (1,2)*-D(c,«) continuous, (1,2)*-D(c, s) continuous and (1, 2)*-D(c,p)
continuous mappins. In this paper, we obtain some important results in bitopologi-
cal spaces. In most of the occasions, our ideas are illustrated and substantiated by
suitable examples.

2. PRELIMINARIES
Let (X, 71,72) and (Y,01,02), briefly X and Y, be bitopological spaces.

(© 2009 Miskolc University Press
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Definition 1 ([6]). Let .S be a subset of X. Then S is called 71 2-openif S = AU B,
where A € 71 and B € 2. The complement of 71 >-open set is called 71 2-closed.

Definition 2 ([6]). Let S be a subset of X. Then:
(i) the tj12-closure of S, denoted by t112-Cl S, is defined by

N{F | S € F and F is 1 >-closed};
(ii) the tqty-interior of S, denoted by 7 72-Int S, is defined by
U{F | FC S and F is rl,z—open}.
Note 1 ([6]). Notice that 71 2-open sets need not necessarily form a topology.

Definition 3. A subset S of X is called:
(1) (1,2)x-a-open [6] if S C 11 12-Int(7172-Cl(71 72-Int(S)));
(ii) (1,2)*-semi-open [6] if S C 11 12-Cl(71 72-Int(S));

>iii) (1,2)=*-preopen [6] if S C 11 12-Int(7172-CI(S));

(iv) (1,2)%-a-closed [10] if 1 72-Cl(z1 T2-Int(7 72-C1(S))) C S;
(v) (1,2)*-semi-closed [10] if 71 to-Int(71 72-CI(S)) C S;

(vi) (1,2)x-preclosed [9] if 7172-Cl(t172- [ (S)) € S.

The family of (1,2)*-a-open sets (resp. (1,2)*-semi-open sets, (1,2)*-preopen
sets) of X is denoted by (1,2)*-aO(X) (resp. (1,2)%-SO(X), (1,2)%-PO(X)).

The complement of (1,2)*-a-open (resp. (1,2)*-semi-open, (1,2)*-preopen) set
is (1,2)*-a-closed (resp. (1,2)*-semi-closed, (1,2)x*-preclosed).

The intersection of all (1,2)*-c-closed (resp. (1,2)*-semi-closed, (1,2)x*-pre-
closed) sets containing A is called the (1,2)*-a-closure (resp. (1,2)*-semi-closure,
(1,2)*-preclosure) of A and is denoted by (1,2)*-a Cl(A) [resp. (1,2)*-sCI(A),
(1,2)%-pCl(A)).

The union of all (1,2)*-a-open (resp. (1,2)*-semi-open, (1,2)*-preopen) sets
contained in A is called the (1,2)*-a-interior (resp. (1,2)*-semi-interior, (1,2)*-
preinterior) of A and is denoted by (1,2)*-aInt(A) (resp. (1,2)*-sInt(A), (1,2)x*-
pInt(A)).

Result 1 ([9]). Let S be a subset of X. Then:

(1) (1,2)%-sCI(S) = S Uty 12-Int(1172-CI(S));
(i) (1,2)%-sInt(S) = S N1112-Cl(t172- [ (S5)).

3. A NEW TYPE OF SETS

Proposition 1. For any subset A of a bitopological space X, the followings hold:
(1) (1,2)%-aCl(A) = AU 1112-Cl(71 12-Int(71 72-C1(A)));
(i) (1,2)x-aInt(A) = AN ty12-Int(t172-Cl(71 72-Int(A)));

(iii) (1,2)*-pCl(A) = AU 1172-Cl(t1 72-Int(A));

@iv) (1,2)*-pInt(A) = AN 1172-Int(7172-Cl1(A)).
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Proof. (i) Since (1,2)*-a Cl1(A) is (1,2)*-a-closed set, A C (1,2)x-a Cl(A4). we
have t112-Cl(71 72-Int(71 72-C1((1,2)*-t C1(A4)))) < (1,2)*-¢ C1(A) and hence A U
71 72-Cl(71 72-Int(71 72-Cl(A4))) C (1,2)*-a CI(A). On the other hand, we observe
that

1172-Cl(t1 72-Int(7172- C1(A U 71 72- Cl(11 72 - Int (71 72- C1(A4))))))
C 1172-Cl(71 72-Int(71 72- C1(A)) U 71 72- Int (71 72- Cl(71 T2- Int (71 72- C1(A4)))))
= 1172-Cl(71 12-Int(71 72- C1(A)) U 11 72- Int (71 72- C1(A4)))
= 1172-Cl(71 12- Int (71 72- C1(A4)))
C AUt 12-Cl(1172-Int(71 72- C1(A))).

This shows that A U 71 72-Cl(7 72-Int(71 72-C1(A4))) is (1,2)*-c-closed set and so,
(1,2)*%-a ClI(A) € AU 1112-Cl(71 72-Int(71 72-C1(A4))). Thus, (1,2)*-Cl(4) = AU
71 72-Cl(71 72-Int(71 12-C1(A))).

(i) (1,2)%x-aCl(X \ A) = (X \ A) U 1112-Cl(11 12-Int(71 72-CI(X \ A))). Then
X\ (1,2)%x-aCl(X \ A) = (X \ (X \ 4)) N (X \ 11 12-Cl(71 2-Int(71 72-C1(X \ A)))).
Therefore (1,2)*-aInt(A) = A Nty 12-Int(11 72-Cl(71 72-Int(A))).

(ii1) We observe that

1172-Cl(t1 72-Int(A U 171 72- Cl (71 72-Int(A))))
C 11172-Cl(1172-Int(A)) U 71 72- Cl(71 72- Int (A))
= 1172-Cl(7172-Int(A)) C AU 11 72-Cl(71 72- Int(A)).

This shows that the set AU 71 12-Cl(t172-Int(A)) is (1, 2)*-preclosed and thus (1, 2) *-
pCl(A) € AU 1112-Cl(t172-Int(A)). On the other hand, since (1,2)*-pCI(A) is
(1,2)*-preclosed, we obtain that 71 72-Cl(z12-Int(A4)) C 71 72-Cl(71 72-Int((1,2)*-
pCl(A))) € (1,2)*-pCl(A) and hence A U 11 12-Cl(7172-Int(A4)) < (1,2)*-pCI(A).
Thus, (1,2)*-pCl(A) = AU 11 72-Cl(71 72-Int(A4)).

(iv) (1,2)*-pCl(X \ 4) = (X \ A) U 11 12-Cl(71 12-Int(X \ A)). Then X \ (1,2)*-
pCIX\A) =X\ (X\A)N(X\1172-Cl(t172-Int(X \ A))). Hence we have (1,2)x*-
pInt(4) = ANty 12-Int(z1 72-C1(A)). a

We introduce a new type of sets as follows.

Definition 4. For a bitopological space (X, 71, 12), we define
(i) (1,2)%-D(e,p) = {S € X : (1,2)x-aInt(S) = (1,2)*-pInt(S)};
(i) (1,2)*-D(a,s) = {S € X : (1,2)*-aInt(S) = (1,2)*-sInt(S)}.

Proposition 2. S is a (1,2)*-semi-open set if and only if 1172-CI(S) = 1172
Cl(t112-Int(S)).

Proof. Since S C t112-Cl(t1172-Int(S)), t112-CI(S) C 1172-Cl(71 72-Int(5)). On
the other hand, since 71 7,2-Int(S) C S, we have t112-Cl(7172-Int(S)) C 171 172-CI(S).
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Thus 71 12-C1(S) = 71 12-Cl(71 72-Int(S)). Conversely, since S C t112-CI(S) = 11 12-
Cl(z172-Int(S)), S is a (1,2)*-semi-open. O

4. COMPARISONS

Remark 1. We have the following diagram:

(1,2)%-preopen set < (1,2)x-a-openset = (1,2)=x-semi-open set

7 4
(1,2)*-D(a, s) set (1,2)*-D(c, p) set

The following statements enable us to realize that none of the implications in the
above diagram is reversible.

Example 1. LetX ={a,b,c}, 11 = {D,X,{a,b}} and 1, = {F, X,{b,c}}. Then
the sets in {&, X, {a,b},{b,c}} are 71 2-open and the sets in {&, X, {c},{a}} are 71 »-
closed.

Example 2. Let X ={a,b,c}, 11 = {@,X,{a}} and 15 = {@, X,{b}}. Then the
sets in {&, X,{a},{b},{a,b}} are 71 2-open and the sets in {&, X,{c},{b,c},{a,c}}
are 71 2-closed.

Example 3. Let X ={a,b,c,d}, 11 = {3, X,{c,d}} and 15, = {3, X, {a}}. Then
the elements of {&, X,{a},{c.d}.{a,c,d}} are 11 2-0open sets and the elements of
{2,X,{b},{a,b},{b,c,d}} are 11 »-closed sets.

Remark 2. (1,2)*-preopen and (1,2)*-D(c,p) sets are independent each other.
Indeed, in Example 1, clearly {b} is (1,2)=*-preopen but it is not (1,2)*-D(w,p) set.
Moreover, {a} is (1,2)*-D(a,p) set but it is not (1,2)*-preopen.

Remark 3. (1,2)*-semi-open and (1,2)*-D(w,s) sets are independent each other.
Indeed, in Example 2, clearly {a,c} is (1,2)*-semi-open set but it is not (1,2)x-
D(a,s) set. Moreover, {c} is (1,2)*-D(w,s) set but it is not (1, 2)*-semi-open.

Remark 4. (1,2)x-semi-open and (1,2)=*-preopen sets are independent each other.
Indeed, in Example 1, clearly {b} is (1,2)*-preopen set but it is not (1,2)*-semi-open
set. In Example 2, {a,c} is (1,2)*-semi-open set but it is not (1, 2)*-preopen.

Theorem 1. Let A be a subset of X. Then A is (1,2)*-a-open set in X if and only
if A is (1,2)*-semi-open and (1,2)*-preopen in X.

Proof. Let A € (1,2)*%-0O(X). By the definition of (1,2)*-c-open set, we have
A C t112-Int(r172-Cl(A)) and A C 7172-Cl(7112-Int(A4)). Therefore A € (1,2)*-
PO(X) and A € (1,2)%-SO(X). Hence A € (1,2)*-PO(X) N (1,2)%-SO(X).

Conversely, let A € (1,2)*-SO(X). Then, by Proposition 2, t112-Cl(4) = 11 132-
Cl(z112-Int(A)). Then 7 12-Int(7112-Cl(A)) = 11 12-Int(71 72-Cl(71 72-Int(A))). Let
A € (1,2)%-PO(X). Then A C t112-Int(7172-CI(A4)). We have A C 11 12-Int(7] 12-
Cl(t112-Int(A))). Thus 4 € (1,2)*-aO0(X). |
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Example 4. A (1,2)=*-semi-open set need not be (1,2)*-x-open. In Example 2,
{a,c} is (1,2)*-semi-open set but it is not (1,2)*-a-open.

Example 5. A (1,2)%-preopen set need not be (1,2)*-a-open. In Example 1, {b}
is (1,2)*-preopen set but it is not (1,2)*-o-open.

Proposition 3. For a bitopological space (X, 11, 12), the relation (1,2)*-SO(X) C
(1,2)%-D(c, p) holds.

Proof. Let A € (1,2)%-SO(X). Then, by virtue of Proposition 2, 7113-Cl(4) =
1172-Cl(11 72-Int(A)). Then 11 72-Int(71 72-Cl(A)) = 71 12-Int(71 72-Cl(71 72-Int (A4))).
We have A N t112-Int(t112-Cl(A)) = A N 11 12-Int(7172-Cl(71 72-Int(A4))). Hence,
(1,2)%-pInt(A) = (1,2)*- Int(A) by Proposition 1. Therefore 4 is a (1,2)*-D(«, p)
set. g

Example 6. A (1,2)%-D(a,p) set need not be (1,2)*-semi-open. In Example 2,
{a}is (1,2)*-D(«, p) set but it is not (1,2)*-semi-open.

Remark 5. (1,2)x-D(w,s) and (1,2)*-preopen are independent each other. In-
deed, in Example 3, clearly {a,b,c} is (1,2)=*-preopen but it is not (1,2)*-D(w,s).
Moreover, {b} is (1,2)*-D(a,s) but it is not (1,2)*-preopen.

Theorem 2. For a bitopological space (X, t1,12), the equality (1,2)x-aO0(X) =
(1,2)%-PO(X) N (1,2)%-D(a, p) holds.

Proof. Let A € (1,2)%x-PO(X) N (1,2)*-D(e,p). Then A = (1,2)*-pInt(A4) and
(1,2)*%-aInt(A) = (1,2)%-pInt(4). Hence A = (1,2)*-cInt(A). Therefore A €
(1,2)*-O(X).

Conversely, let A € (1,2)*-¢O(X). Then A = (1,2)*-aInt(A) C (1,2)*-pInt(A).
But (1,2)*-pInt(4) € A. Therefore A € (1,2)%-PO(X) and thus we have A =
(1,2)*-a Int(A) = (1,2)*-pInt(A). Hence A is a (1,2)*-D(«, p) set. O

Theorem 3. For a bitopological space (X,t1,712), the equality (1,2)x-aO(X) =
(1,2)%-SO(X) N (1,2)*-D(a, s) holds.

Proof. Let A € (1,2)%-0O(X). Then A = (1,2)*-a Int(A4) C (1,2)*-sInt(A). But
(1,2)*-sInt(A) € A. Thus 4 € (1,2)*-SO(X). Also A = (1,2)*-a Int(A) = (1,2)*-
sInt(A). Thus 4 € (1,2)*-D(«,s).

Conversely, let A € (1,2)%-SO(X) N (1,2)*-D(«,s). Then A = (1,2)*-sInt(A)
and (1,2)*-aInt(A) = (1,2)*-sInt(A4). Now we have A = (1,2)*-aInt(A). There-
fore A € (1,2)x-a0(X). 0

5. ANOTHER NEW TYPE OF SETS

Definition 5. For a bitopological space (X, 71, 12), we define
(i) (1,2)%-D(c,) = {S € X : t12-Int(S) = (1,2)*-Int(S)};
(i) (1,2)*-D(c.s) = {S € X : 1y r2-Int(S) = (1,2)*-sInt(S)};
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(iii) (1,2)%-D(c,p) = {S € X : 11 72-Int(S) = (1,2)*-pInt(S)}.

Proposition 4. For a subset A of (X, 11, 12), the following statements are equiva-
lent:
(1) Aisa (1,2)%-D(c,s) set.
(ii) t112-Int(A) = AN 11172-Cl(11 72-Int(A)).

Proof. (i)=(ii): Let A be a (1,2)*-D(c,s) set. Then we have t115-Int(4) =
(1,2)*-sInt(A) = AN t112-Cl(7172-Int(A4)) by Result 1.

(i))=(@): Let t112-Int(4) = AN 1172-Cl(71 72-Int(A)). Then, by Result 1, 71 15-
Int(A4) = (1,2)*-sInt(A). Therefore, A4 is a (1,2)*-D(c,s) set. O

Proposition 5. Every singleton {x} of (X, t1,12) is a (1,2)*-D(c,s) set.

Proof. First suppose that {x} is 71 2-open. Then 7172-Int({x}) = {x} = {x} N
1172-Cl({x}) = {x} N 11 12-Cl(71 12-Int({x})). Therefore, by Proposition 4, {x} is
a (1,2)%-D(c,s) set.

Now, let {x} be not 71 2-open. Then 71 72-Int({x}) = @ = {x} N = {x}capti12-
Cl(z1t2-Int({x})). Therefore, by Proposition 4, {x} is a (1,2)*-D(c,s) set. OJ

Proposition 6. Every t1 2-open set is a (1,2)*-D(c,s) set.

Proof. t1113-Int(A) = A= ANt1173-Cl(A) = ANT1172-Cl(71 72-Int(A4)) = (1,2)*-
sInt(A) by Result 1. O

Proposition 7. Every t1 3-open setis a (1,2)*-D(c,a) set.

Proof. By Proposition 1, t1172-Int(4) = A = 1112-Int(4A N 1172-Cl1(4)) = AN
11 72-Int(7172-C1(A)) = AN 11 12-Int(71 72-Cl(71 12-Int(A4))) = (1,2)*-a Int(A). 0O

Proposition 8. For a bitopological space (X,t1,12), the following assertions
hold:
(1) (1,2)%-D(c,s) € (1,2)*-D(c,a);
(i) (1,2)*-D(c,p) < (1,2)*-D(c, ).

Proof. (i) Let A € (1,2)%-D(c,s). Then 71 72-Int(A) = (1,2)*-sInt(A4) D (1,2)*-
o Int(A). But 7y 72-Int(A) C (1,2)*-o Int(A) and thus we have 7 12-Int(A) = (1,2)*-
o Int(A). Therefore, A € (1,2)*-D(c, ).

(ii) Let A € (1,2)*%-D(c,p). Then we get 71 12-Int(A) = (1,2)*-pInt(4) D (1,2)*-
aInt(A). But 71 72-Int(A) C (1,2)*-o Int(A) and thus 71 72-Int(A4) = (1,2)*-a Int(A).
Therefore A € (1,2)*-D(c,a). O

The converses of Propositions 7 and 8 are not true as can be seen from the follow-
ing example.

Example 7. In Example 1, {b} is (1,2)*-D(c, ) set but it is not (1,2)*-D(c,p).
In Example 2, {b,c} is (1,2)*-D(c,x) set but it is not (1,2)*-D(c,s). Finally, in
Example 1, {b} is (1,2)*-D(c,«) set but it is not 71 2-open.
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Remark 6. (1,2)=*-semi-open and (1,2)*-D(c,s) sets are independent each other.
Indeed, in Example 2, clearly {a,c} is (1,2)*-semi-open but it is not (1,2)*-D(c,s).
Moreover, {c} is (1,2)*-D(c,s) set but it is not (1, 2)*-semi-open.

Remark 7. (1,2)*-preopen and (1,2)*-D(c,p) sets are independent each other. In
Example 1, clearly {b} is (1,2)*-preopen but it is not (1,2)*-D(c,p). Moreover, {a}
is (1,2)*-D(c,p) set but it is not (1, 2)*-preopen.

Remark 8. (1,2)*-a-open and (1,2)*-D(c,®) sets are independent each other. In-
deed, let X = {a,b,c} with 11 = {@, X, {c}} and 15 = {@, X, {b,c}}. Then the sets
in {&, X,{c},{b,c}} are 11 2-open and the sets in {&, X,{a},{a,b}} are 11 »-closed.
Clearly {a,c} is (1,2)*-a-open but it is not (1,2)*-D(c,«) set. Moreover, {a} is
(1,2)%-D(c, ) set but it is not (1,2)*-«-open.

Remark 9. We have the following diagram from the subsets we defined above and
the Remarks given above. Also, None of the implications in the diagram is reversible.

(1,2)%-D(c,s) > (1,2)*-semi-open
\ )

(1,2)%-D(c,a) <« t12-0pen —  (1,2)%-a-open
) 2

(1,2)%-D(c,p) - (1,2)*-preopen

Theorem 4. For a subset A of (X, 11, 12), the following assertions are equivalent:
(i) A is t1,2-0pen.
(i) Ais (1,2)x-a-open set and a (1,2)*-D(c, ) set.

(iii) A is (1,2)*-preopen set and a (1,2)*-D(c,p) set.

Proof. The implication (i)=>(ii) is obvious.

(i1)=>(iii): Let A be (1,2)*-a-open set and a (1,2)*-D(c,«) set. Then A4 € (1,2)*-
PO(X)N (1,2)%-SO(X) and (1,2)*-a-Int(A) = t112-Int(A4). By Proposition 1, we
have A Nty 12-Int(7172-Cl(7172-Int(A))) = 71 72-Int(A) and subsequently A N 71 75-
Int(t112-Cl(A)) = t112-Int(A4). Now by Proposition 1, we have (1,2)*-pInt(4) =
71 72-Int(A). Therefore A is a (1,2)*-D(c,p) set.

(iii))=(i): Let A be (1,2)*-preopen set and a (1,2)*-D(c, p) set. Then by definition
A = (1,2)%-pInt(A) and ty12-Int(A) = (1,2)*-pInt(4). Hence A = 711-Int(A).
Therefore A is 71,2-open set. O

Remark 10. (1,2)*-a-open and (1,2)*-D(c,s) sets are independent each other.
Indeed, in the example given in Remark 8, clearly {a, c} is (1,2)*-c-open set but it is
not (1,2)*-D(c, s) set. Moreover, {a} is (1,2)*-D(c,s) set but it is not (1,2)*-«-open.

Theorem 5. For a subset A of (X, 11,12), the following assertions are equivalent:

(i) A is t1,2-0pen.
(i) Ais (1,2)x-a-open set and a (1,2)*-D(c,s) set.



170 O. RAVI, M. LELLIS THIVAGAR, AND E. HATIR

(iii) A is (1,2)*x-semi-open set and a (1,2)%-D(c,s) set.

Proof. The implications (i)=>(ii) and (ii)=>(iii) are obvious.

(iii)=(i): Let A be (1,2)*-semi-open set and a (1,2)*-D(c,s) set. Then ] 13-
Int(A4) = (1,2)*-sInt(A) = A N 1172-Cl(t112-Int(A4)) = A N 71 72-CI(A) by the def-
inition, Proposition 2, and Result 1. Now we have t1tp-Int(4) = A. Therefore A4 is
T1,2-0pen. Ol

6. DECOMPOSITION OF (1,2)*-CONTINUITY AND (1,2)*-0-CONTINUITY

Definition 6 ([6]). A mapping f: X — Y is called
(i) (1,2)*-a-continuous if f~1(V) € (1,2)*-aO(X) for each o1 2-open set V
of YV;
(ii) (1,2)*-semi-continuous if f~1(V) € (1,2)*-SO(X) for each o1 »-open set
VofY;
(i) (1,2)*-precontinuous if f~1(V) € (1,2)*-PO(X) for each o1 »-open set V
of Y.

We introduce new classes of mappings as follows:

Definition 7. A mapping f: X — Y is called
(i) (1,2)*-D(a,p) continuous if f~1(V) € (1,2)*-D(a,p) for each o7 »-open
setvof Y;
(ii) (1,2)*-D(a,s) continuous if f~1(V) € (1,2)*-D(a,s) for each o1 2-open
setvof Y;
(i) (1,2)*-D(c,a) continuous if f~1(V) € (1,2)*-D(c,a) for each o1 »-open
setvof Y;
(iv) (1,2)%-D(c,s) continuous if f~1(V) € (1,2)*-D(c,s) for each o »-open set
vofY;
(v) (1,2)*-D(c,p) continuous if £ ~1(V) € (1,2)*-D(c, p) for each o »-open set
vofY.
Theorem 6. A mapping f:X — Y is (1,2)*-continuous if and only if
(1) itis (1,2)*-a-continuous and (1,2)*-D(c, ) continuous.
(ii) it is (1,2)x-precontinuous and (1,2)*-D(c,p) continuous.
(iii) it is (1,2)*-a-continuous and (1,2)%-D(c,s) continuous.
(iv) it is (1,2)x-semi-continuous and (1,2)*-D(c,s) continuous.
Proof. 1t is a decomposition of (1,2)*-continuity from Theorems 4 and 5. (|

Theorem 7. A mapping f:X — Y is (1,2)*-a-continuous if and only if
(1) it is (1,2)*x-semi-continuous and (1,2)*-precontinuous.
(i) it is (1,2)x-precontinuous and (1,2)*-D(a,p) continuous.

(iii) it is (1,2)*-semi-continuous and (1,2)*-D(w,s) continuous.

Proof. Ttis adecomposition of (1,2)*-¢-continuity from Theorems 1,2 and 3. [J



DECOMPOSITION OF (1,2)%-CONTINUITY AND (1,2)*-o-CONTINUITY 171

REFERENCES

[1] J. Dontchev and M. Przemski, “On the various decompositions of continuous and some weakly
continuous functions,” Acta Math. Hungar., vol. 71, no. 1-2, pp. 109-120, 1996. [Online].
Available: http://dx.doi.org/10.1007/BF00052199

[2] M. Ganster and I. L. Reilly, “A decomposition of continuity,” Acta Math. Hungar., vol. 56, no.
3-4, pp. 299-301, 1990. [Online]. Available: http://dx.doi.org/10.1007/BF01903846

[3] E. Hatir and T. Noiri, “Decompositions of continuity and complete continuity,” Indian J. Pure
Appl. Math., vol. 33, no. 5, pp. 755-760, 2002.

[4] E. Hatir and T. Noiri, “Strong C-sets and decompositions of continuity,” Acta Math. Hungar.,
vol. 94, no. 4, pp. 281-287, 2002.

[5] E. Hatir, T. Noiri, and S. Yiiksel, “A decomposition of continuity,” Acta Math. Hungar., vol. 70,
no. 1-2, pp. 145-150, 1996. [Online]. Available: http://dx.doi.org/10.1007/BFO0113919

[6] M. Lellis Thivagar and O. Ravi, “On stronger forms of (1,2)* quotient mappings in bitopological
spaces,” Int. J. Math. Game Theory Algebra, vol. 14, no. 6, pp. 481-492, 2004.

[7] O. Njastad, “On some classes of nearly open sets,” Pacific J. Math., vol. 15, pp. 961-970, 1965.

[8] M. Przemski, “A decomposition of continuity and a-continuity,” Acta Math. Hungar., vol. 61, no.
1-2, pp- 93-98, 1993. [Online]. Available: http://dx.doi.org/10.1007/BF01872101

[9] O. Ravi and M. Lellis Thivagar, “Remarks on A-irresolute functions via (1,2)x*-sets,” submitted.

[10] O. Ravi and M. L. Thivagar, “A bitopological (1,2)* semi-generalised continuous maps,” Bull.
Malays. Math. Sci. Soc. (2), vol. 29, no. 1, pp. 79-88, 2006.

[11] J. C. Tong, “A decomposition of continuity,” Acta Math. Hungar., vol. 48, no. 1-2, pp. 11-15,
1986. [Online]. Available: http://dx.doi.org/10.1007/BF01949045

[12] J. C. Tong, “On decomposition of continuity in topological spaces,” Acta Math. Hungar., vol. 54,
no. 1-2, pp. 51-55, 1989. [Online]. Available: http://dx.doi.org/10.1007/BF01950708

Authors’ addresses

0. Ravi

Department of Mathematics, P.M.Thevar College, Usilampatti, Madurai Dt., PIN-625 532, Tamil
Nadu, India

E-mail address: siingam@yahoo.com

M. Lellis Thivagar

Department of Mathematics, Arul Anandar College, Karumathur, Madurai Dt., PIN-625 514, Tamil
Nadu, India

E-mail address: nlthivagar@yahoo.co.in

E. Hatir
Department of Mathematics, Selcuk University, Education Faculty, 42090 Meram-Konya, Turkey
E-mail address: hatir10@yahoo.com


http://dx.doi.org/10.1007/BF00052199
http://dx.doi.org/10.1007/BF01903846
http://dx.doi.org/10.1007/BF00113919
http://dx.doi.org/10.1007/BF01872101
http://dx.doi.org/10.1007/BF01949045
http://dx.doi.org/10.1007/BF01950708

Doi: 10.18514/MMN.2009.249

A Miskolc Mathematical Notes HU e-ISSN 1787-2413
. Vol. 10 (2009), No. 2, pp. 173-205

[=

ON A CAUCHY-NICOLETTI TYPE THREE-POINT BOUNDARY
VALUE PROBLEM FOR LINEAR DIFFERENTIAL EQUATIONS
WITH ARGUMENT DEVIATIONS

A. RONTO AND M. RONTO
Received 5th November, 2009

Abstract. We obtain some results concerning the investigation of the solutions of three-point
Cauchy—Nicoletti type boundary value problems for a certain class of linear functional differ-
ential equations. We show that it is useful to reduce the given problem to the parametrized
two-point boundary value problem for a suitably perturbed system containing some artificially
introduced parameters both in the constructed inhomogeneous two-point boundary conditions
and in the modified functional differential equations.

To study the transformed parametrized two-point problem, we use a method which is based
upon special type of successive approximations constructed in an analytic form. We prove the
uniform convergence of these approximations to the parametrized limit function. Our technique
leads to a certain system of algebraic equations with respect to the introduced parameters whose
solutions provide those numerical values of the parameters that correspond to the solutions of the
given three-point boundary value problem.

2000 Mathematics Subject Classification: 34B15

Keywords: Functional differential equation, special deviation of argument, linear three-point
boundary value problem, successive approximations

1. INTRODUCTION

In studies of solutions of various boundary value problems for ordinary and func-
tional differential equations, it is often useful to possess appropriate techniques based
upon some types of successive approximations constructed in an analytic form. To
this class of methods belongs, in particular, the approach suggested originally in [22—

] for the investigation of the periodic boundary value problems for non-autonomous
systems of ordinary differential equations of the form

x'(t)= f(t.x@), 1e€l0,T],
x(0) =x(T).
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Appropriate versions of the method have been obtained by various authors and can
be applied in many situations for handling boundary value problems for non-linear
systems of first or second order ordinary differential equations, integro-differential
equations, equations with retarded argument and more general functional differen-
tial equations, as well as boundary value problems containing parameters. The given
equation can be considered together with various types of boundary conditions such
as the two-point conditions (both linear and non-linear), the Cauchy—Nicoletti condi-
tions of the form

xi(t))=di, i=12,....n,
where 0 <t <t <--- <t, =T, the boundary conditions of the interpolation type
xj(t;) =d;, i=12,...,n,

with j € {1,2,...,n}and 0 <t <tp <--- <t =T, as well as with other kinds of
multipoint conditions or more general functional boundary conditions.

It is clear that both the form and complexity of the given equations and boundary
conditions have essential influence both on the possibility of efficient construction
of approximate solutions and the solvability analysis of the given boundary value
problem. We refer, e. g., to the books [14,25,26], the papers [0, 7,9-12], and the
survey [15-21] for some related references.

According to the basic idea of the method under consideration, the given boundary
value problem is replaced by some “perturbed” boundary value problem containing
an unknown vector-parameter z € R”, whose value is to be determined later and
which usually has the meaning of an initial value of the solution at a certain point.
The solution of the modified problem is sought for in an analytic form by a suitable
iteration process. The presence of a “perturbation term,” which, of course, depends
on the original equations and the boundary conditions, yields a system of algebraic
or transcendental “determining equations,” whose solutions give the numerical val-
ues of the parameter z € R” that correspond to the solutions of the given boundary
value problem. By studying the solvability of these determining equations, one can
establish existence results for the original problem.

Some modifications of the numerical-analytic approach based upon successive ap-
proximations were obtained, in particular, in [ 1,3-5] for the two-point boundary value
problem for the system of non-linear neutral type functional differential equations

X() = f(t.x (@), x" (B(1)),
Ax (0)+ Bx(T) =d,

where «,f : [0,T] — [0,T] are given continuous functions, A and B are (n X n)-
matrices, det B # 0, d € R”, and the right-hand side function f defined on [0, 7] x
R x R" is continuous and satisfies the Lipschitz condition

|f (t.ur,v1)— f (t.u2,v2)| < K|uy —uz|+ L|vy —v3]
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with some non-negative constant matrices K and L. In [8], we refined certain estim-
ates related to the convergence analysis of successive approximations in the case of
two-point linear boundary value problems for functional differential equations where
the argument deviations possess certain special properties.

In this paper, our aim is to extend the techniques used in [8] to investigate solu-
tions of a system of linear functional differential equation with the Cauchy—Nicoletti
three-point boundary conditions. The difficulties related to this type of boundary con-
ditions are due to the singularity of the matrices that determine them. To avoid deal-
ing with singular matrices in the boundary conditions and simplify the construction
of the solution in an analytic form, we use some parametrization technique on two
levels. The first level allows one to replace the three-point boundary conditions by
a family of parametrized two-point inhomogeneous conditions. The second level of
parametrization is used for the construction and investigation of the above-mentioned
perturbed system. Finally, the study of certain algebraic or transcendental determin-
ing equations gives one a possibility to obtain the numerical values of the parameters
which correspond to the solutions of the given three-point boundary value problem.

2. NOTATION

The following notation is used in the sequel:

C([0,T],R") is the Banach space of the continuous functions [0, 7] — R” with
the standard uniform norm;

L1([0,T],R") is the usual Banach space of the vector functions [0, 7] — R” with
Lebesgue integrable components;

&L (R™) is the algebra of all the square matrices of dimension n with real elements;

r(Q) is the maximal in module eigenvalue of the matrix Q € L(R");

1,,, is the unit matrix of dimension m < n;

0y, k is the zero matrix of dimension m x k;

®m == om’m.

3. PROBLEM SETTING

We consider the system of n linear functional differential equations of the form

X' (t)=Po()x(t) + Pr(O)x(B®) + f(t).  t€[0.T], @.D
subjected to the inhomogeneous three-point Cauchy—Nicoletti boundary conditions
x1(0) = x10, - xp(0) = xpo,
Xp+1(8) =dp+1, oy Xptq(§) =dp4q, (3.2)
Xp+g+1(T) =dprg+1, ... xn(T)=dy.

For the sake of simplicity, we restrict ourselves to the case where only one argu-
ment deviation is present. Here, we suppose that T € (0, +00), the elements of the
matrix-valued functions P; : [0,7] — £ (R"), j = 0,1 are Lebesgue integrable, f €
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L1([0,T],R"), and 8 :[0,T] — [0, T] is a Lebesgue measurable function, x19 € R,
oXxpo€ER dieRi=p+1,p+2,...,n.

Thus, in (3.2), one has p conditions prescribed at the point 0, g conditions at a
point £, 0 < & < T, and n — (p 4 q) conditions at the point 7. Using the diagonal
matrices 4, B, and C of the form

1, Op.q q)n—(p+q),p
A= 0g.p 0, On—(p+q).q |- (3.3
‘Dn—(p+q),p ®n—(p+q),q 0n—(p+q)
/ 0p Op.q ‘Dn—(p+q),p
B = 0g.p Iq Or—(p+a).a |- G4
Or—p+a).p On—(p+a).a  On—(p+a)
‘Dp ®p,q q)n—(erq),p
C:= 04.p 0, On—(pt+a).q |- (3.5

Orpta).r On-(pt+a).a Tn—(pta)
one can rewrite the boundary conditions (3.2) in the usual matrix-vector form
Ax(0)+ Bx(§)+Cx(T)=d, (3.6)
where
d = col (x10,X20. ... Xp0.dp+1.dp+2. ...\ dptq.dptgi1.-...dn). (3.7)

It is obvious that each of the matrices (3.3), (3.4), and (3.5) appearing in condi-
tion (3.6) is singular, which causes some difficulties for the construction of suitable
successive approximations.

4. PARAMETRIZATION OF THE THREE-POINT BOUNDARY CONDITIONS

Besides the three-point boundary condition (3.6), we introduce into consideration
the auxiliary two-point condition

Ax(0) + Cx(T) = d, 4.1)

where c? =col(x10,X20,...,%p0,0,0,...,0,dpyg+1,...,dy). Compared to (3.6), con-
dition (4.1) may be regarded as a result of “freezeing” of the value of the function at
the point £.
To avoid dealing with the singular matrix C in (4.1), we carry out the following
parametrization:
x1(T) = A1, x2(T) = Az, e xp(T) = Ap, 42)
Xp+1(T) = Ap+1. Xp42(T) =Apt2, ..os Xp4q(T) =Apiq .
and, instead of (4.1), we use the two-point boundary conditions

Ax(0) +x(T) = d(}), 4.3)
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where A = col (A1,...,Ap, Apt1,...,Apt+q) € RPT and

d(A) ;= col(x10 +11,X20-|—)k2,...,xp0 -I—)kp,kp_H,Ap_g_z,...,
A.p+q,dp+q+1,.. .,dn). (4.4)

Instead of the three-point boundary value problem (3.1), (3.6), we first consider
the two-point boundary value problem (3.1), (4.3).

5. SUBSIDIARY STATEMENTS

In the sequel, we need several auxuliary statements, many of which are related
to properties of the sequence of functions {o }n—o C C([0,7],R) defined by the
recurrence relation

t\ (! t (T
Up+1(t) = (1 ——)/ O (8)ds + —/ am (s)ds, m=0,1,2,..., (5.1
Tr)Jo T J:
where ag(?) := 1,1 € [0, T]. In particular, we have
t
ay(t) =2t (1 - 7) , t€[0,T]. (5.2)

Lemma 1. Let the sequence of functions {om oo C C([0,T],R) be given by
formula (5.1). Then:

1) The function oy, is symmetric with respect to the point L tor all m>0,ie.,
v 4 p 2

am(t) = am (T —1),  1€[0,T], (5.3)
r t) = T t t 0,.7/2 5.4
am(g—)—am(f), c[0.7/2]. (5.4)

(2) Sequence (5.1) can be represented alternatively as

t t T—t
am+1(z)=/0 am<s>ds+7/t o (5) ds
t
/ O (s)ds 5.9

¢ (Tt ¢
S ds+(1- =
rf o emwass(i-7) [

T—t t t
= m (8)d - = m(8)ds, ,T].
/0 U (8)ds + (1 T)/T_toz (s)ds t€0,T]

(3) Foranym > 1, oy, (0) = a4, (T) = 0 and o,y (t) > O forall t € (0,T).
(4) The maximal value of every am,(t), m > 0, is achieved at the point T/2,
namely,

max o, (t) = am (Z) . (5.6)

t€f0,T] 2
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(5) For everym > 1,

T
a,, () -sign (I—E) <0, tel0,T], (5.7
that is, the function oy, is increasing on (0, T /2) and decreasing on (T /2,T).
Proof. For the proof, see [0, Lemma 1] and [8, Lemma 1]. O

Lemma 2. For an arbitrary essentially bounded function u : [0,T] — R, the es-
timate

t 1 T
/(; (u(r)—T/O u(s)ds)dt

is true for a. e. t € [0,T], where ay is the function defined by equality (5.2).

E011(

) (ess supu (s) —ess 1r71€u (s)) (5.8)

s€[0,T] s€lo,

Proof. Inequality (5.8) is established similarly to [13, Lemma 3] (see also [14,
Lemma 2.3]). O

Lemma 3. The sequence of functions ay,, m > 1, given by relation (5.1) satisfies
the inequalities

3T
Am+1(1) < Eam(t), m=>2;

) < 10 (3T \™ 0 -0 (5.9)
o — =] o1(?), m > 0.
m+1{) =\ 79 1

Proof. Inequalities (5.9) are established by analogy to [13, Lemma 4] (see also
[14, Lemma 2.4]). O

Lemma 4 ([8, Lemma 3]). Let B : [0, T] — [0, T] be a measurable function satis-
fying the condition

T
inf (B(t) —1)si t——]>0. 5.10
ess inf (B(1) )Slgn( 2) > (5.10)
Then the members of the function sequence (5.1) satisfy the pointwise estimates
am (B(1)) < am(t), tel0,T], m=1,2,.... (5.11)

Remark 1. If 8 :[0,T] — [0,T] is a continuous function satisfying condition
(5.10) then necessarily 8(0) =0, 8(T/2)=T/2,and B(T) =T.

Lemma 5 ([8, Lemma 4]). If a measurable function B : [0,T] — [0, T] satisfies

the condition -
t — D(r
kg :=ess supM < 400, (5.12)
tefo,r] (T —=1)

then
a1(B(1)) < kgai(t), t€[0,T]. (5.13)
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For example, the function B(¢) = t2, t € [0, 1], satisfies condition (5.12) on the
interval [0, 1], whereas the functions f(¢) = %12, Bt) = %t, B(t) =sint, t € [0,1],
do not satisfy it.

6. CONVERGENCE OF SUCCESSIVE APPROXIMATIONS FOR THE CASE OF A
GENERAL TYPE OF ARGUMENT DEVIATION

To study the solution of the auxiliary two-point boundary value problem (3.1),
(4.3) let us introduce the sequence of functions

t
Xm+1(1,2,A) 1= 2 +/0 (Po (5) Xm (5.2.A) + P1(s) xm (B (5).2,A4) + [ (s))ds

T
—%/O (Po (s)xm (5,2,4) + P1(8) Xm (B (5).2,A) + [ (5))ds

t
+7(d A)—(A+1,)2), 6.1)
where m >0, xo (¢,2) = 2,1 €[0,T],
= COl(xl(),XZO,...,Xpo,Zp-H,...,Zn) € [Rn, (6.2)

A=col(A1,....Ap, Aps1,.-., Aptq) € RPT4 is a vector parameter, and d (1) is given
by (4.4).

Remark 2. We emphasize that the first p components of the vector z are fixed and
coincide with the initial values appearing in the boundary conditions (3.2), while the
other its components z, p < k < n, are considered as free parameters. Thus, the
expression “for all z,” which is often used in what follows, actually means “for all
Zp+1, ..., Zn.” We hope that no confusion will arise.

Let us establish the convergence of the sequence (6.1) for arbitrary deviation func-
tion 8:[0,T] — [0,T].

Theorem 1. Let the elements of matrix-valued functions P; : [0,T] — £L(R"),
i =0,1, be Lebesgue integrable, f € L1([0,T],R*) and B :[0,T] — [0,T] be a
Lebesgue measurable function. Moreover, assume that

2
r(Ko+Kp) < T (6.3)
where
K; :=-ess sup|P; (s)], i=0,1. (6.4)
s€[0,T]
Then:

(1) All the members of sequence (6.1) are absolutely continuous functions satis-
Jfying the two-point boundary conditions

Axm(0,2,A) + x (T, 2,A) = d(1), m=1,2,..., (6.5)
for all & € RPT4 and z of form (6.2).
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(2) The sequence of functions (6.1) converges to a limit function x* (-,z, 1),
x*(t,z,A) = lim xp,(t,2,1) (6.6)
m—00
uniformly in t € [0, T] for all fixed z of form (6.2) and A € RPT4,
(3) The limit function (6.6) satisfies the initial condition
x*(0,z,A) =z (6.7)
and the boundary condition (4.3)
Ax*(0,z,A) +x*(T,z,A) =d(}) (6.8)

for all z of form (6.2) and A € RPT4,
(4) For all fixed z of form (6.2) and A € RP Y4, the limit function (6.6) is a unique
absolutely continuous solution of the integro-functional equation

t
x(t)=z+[0 [Po(s)x (s)+ P1(s)x (B (s))+ f (s)]ds

T
7| @@+ PO B+ s 69
FLAD) -+, 1el0.T).
(5) The following estimate holds for all fixed z of form (6.2) and ). € RP+4:

‘x*(t,z,/\) — Xm (t,z,k)‘ <
-1

T m—1 2
5(5) (K0+K1)m(7“n—K0—K1) y(z.4), (6.10)

where .
y(z,A) = E(S(Z)+|d(l)—(A+]]n)Z| (6.11)

and

8(z):= l(ess sup(Po(s)z+ P1(s)z+ f(s))
2\ sefo0,77]

—essinf(Po(s)+ Py (s)+ f (s))). (6.12)
s€[0,T]

In (6.10) and similar relations, below the signs |-|, <, >, ess sup, and ess inf are
understood componentwise.

Proof. The validity of assertion 1 is verified by direct computation. To obtain the
other required properties, let us show that, under the conditions assumed, sequence
(6.1) is a Cauchy sequence in the Banach space C ([0,T],R") equipped with the
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standard uniform norm. Indeed, due to estimate (5.8) of Lemma 2, it follows from
(6.1) that, for m = 0 and arbitrary fixed zp41,...,2Zp and A € RPT4,

t
[) ((PQ(S)Z+P1 (S)Z+f(s))

lx1(t,z,A)—z| =

1 T
__/ (Po(t)z+P1(7)z +f(t))dr)ds (6.13)
T Jo

F2[d D)= (A+1)2]| S (05 ) +5(z.2),

where the vector z has form (6.2), § is defined by the formula

8(z,A) i=d (A)— (A+1n) 2], (6.14)
and o is the function given by (5.2).
Let us put
rm+1(t»Z,A) = xm+1(t,Z,k)_xm(t,Z»/\)- (615)

Then, by virtue of formulae (6.1), forall t € [0,T],n > 1, A € RPT4 and z, we have

t
1 (1,200 = [P (5.2, + P 6) i (B (5.2, )] ds
¢ T
| PO 6,220+ PL &) (B ).z 2] ds

t
- (1 —%)/0 [Po ) (5:2,3) + P1 (5) e (B (5) 2, 1)] s

T
— %/ [Po($)rm (s,2,A) + P1 () rm (B(s),z,A)]ds. (6.16)
t

Equalities (6.16) imply that, for allt € [0,T], m = 1,2,.., A, and Z,

t t t (T
|rm+1(r,z,x)|sl<o<(1——)[ |rm(s,z,x>|ds+—/ |rm(s,z,x)|ds)
T ) Jo T J;

t T
+K1((1_%)/0 |rm(,3(s),z,k)|ds+%/t rm(ﬂ(s),z,k)ds), (6.17)

where K¢ and K; are the non-negative matrices given by formula (6.4). Relation
(6.13) yields

Iri(t,2,0)| < a1(t)8(2) +8(z,A),  t€[0,T], (6.18)

where § and § are given by (6.12) and (6.14). In view of property (5.6) of Lemma 1,
estimate (6.18) gives

[ri(t,z,A)| 5%8(z)+<§(z,)&):y(z,k), t €[0,T]. (6.19)
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Let us now estimate |r»(¢,z,A)| using (6.17) and (6.19). We obtain

Ira(t,2,0)] < Ko ((1—%) /0 - (s,z,x)|ds+%/f I (s,z.,x)|ds)
e ((1—%)/0\“ (ﬁ(s>,z,x>|ds+%/tT|r1 (ﬂ(s),z,k)lds)
<Ko ((1 - %) /Oty(z,)t)ds + %/tTy(z,x)ds)
LKy ((1 _ %) /Oty(z,)\)ds + %/tTy(z,k)ds) (6.20)

for all ¢ € [0, T]. Taking relations (5.1), (5.2) into account and using property (5.6),
from (6.20) we get

T
max |ra2(t,z,A)| < (Ko+ K1) y(z,A) max a1(t) = —(Ko+ K1)y (z,1).
1€[0,T] t€[0,T] 2

Arguing by induction, we then obtain that, forall # € [0, 7] and m = 1,2,...,

T m—1
ezl (3) Kot K0y =6" e, 62D
where
T
GZZE(K()-l-Kl). (6.22)
Due to equality (6.15), estimate (6.21), assumption (6.3), and notation (6.22) give
j j-1
o4 (6,2,2) = Xm (0,2, 0)] D Irmi (1,2, < G™ )Gl y(z,4)
i=1 i=0
oo .
<G™Y G'y(z.)
i=0
=G"(1,—G) ' y(z.}) (6.23)

forallz € [0,T],m=1,2,....

Since, due to (6.3), limy—co G™ = 0y, it is clear from (6.23) that (6.1) is a Cauchy
sequence in the Banach space C([0,7],R") and, consequently, it converges uni-
formly in ¢ € [0, T] for all fixed z of form (6.2) and A € RP*!, i.e., assertion 2
holds. Assertions 2—5 are obtained by passing to the limit.

Passing to the limit as m — oo in (6.1) and (6.5), we show that function (6.6) is a
solution of equation (6.9) and possesses property (6.8). Passing to the limit as j — oo
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in (6.23), we obtain the estimate
IX*(t,2,0) —xm (1,2, 1) | <G (1, —G) "Ly (2. 4)

forallt € [0,T],m =1,2,..., A € RPT4 and z of form (6.2), i. e., assertion 5 holds.
This completes the proof of Theorem 1. U

Remark 3. A similar scheme can be obtained if the recurrence formula (6.1) is
replaced (cf. [9]) by the relation

t
Xm+1(1,2,4) =2 +/0 [Po (5) Xm (5.2.4) + P1(s) Xm (B (5).2.4) + [ (s)]ds

_o@ ("

T ), [Po (s)Xm (5,2,4) + P1(8) Xm (B(5).2,A) + f (5)]ds

w(t
+ #[d A)—(A+T1,)z],
where @ : [0,T] — [0,T] is an arbitrary continuous function with the properties
w0)=0and w(T) =T.

Proposition 1. If, under assumptions of Theorem 1, the function x*(-,z, ) satis-
fies the condition

T
d()t)—(A—i—]]n)Z.:/ (Po(s)x*(s,2,A) 4+ P1(s)x* (B (s).2.1)) ds
0

T
+/0 f(s)ds (6.24)

for certain values of z and A, then, for these z and A, it is also a solution of the
boundary value problem (3.1), (4.3).

The proof of the last statement is a straightforward application of the above the-
orem.

7. PROPERTIES OF THE LIMIT FUNCTION

Let us first establish a relation between the limit function of sequence (6.1) and the
solution of the auxiliary two-point parametrized boundary value problem (3.1), (4.3).
Along with system (3.1), we also consider the system with the additive perturbation
of the right-hand side

xX'(t) = Po(t)x(t) + P1(t)x (BW) + f(t) + . t€[0,T], (7.1

with the initial condition
x(0) =z, (7.2)
where = col(i1,...,Un) is a control parameter. We shall see that, for any z, the
vector-parameter p can always be chosen so that the solution x (-, z, i) of the initial
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value problem (7.1), (7.2) is, at the same time, a solution of the two-point boundary
value problem (7.1), (4.3).

Proposition 2. Assume that the system of differential equations (3.1) satisfies the
conditions of Theorem 1. Then, for arbitrary z of form (6.2) and any A,

p=2ld )= (A+1,)2]

T
_%/0 (Po () x* (5,2, ) + P1 (5)x*(B(s), 2. 1) +  (5))ds (7.3)

is the unique value of the vector parameter | for which the solution x (-,z, L) of
the initial value problem (7.1), (7.2) with u given by (7.3) is also a solution of the
boundary value problem (7.1), (4.3). Moreover, with this values of |

x(t,z,p) =x*(t,z,A) = lim xp,(¢,2,1), (7.4)
m—00
where {xXpm (-,2, 1)} is the sequence of functions defined according to (6.1).

Proof. The assertion of Proposition 2 is obtained by analogy to the proof of [11,

Theorem 4.2] O
Definition 1. For any k = 1,2,...,n, let us define the n-dimensional row vector
e by putting
er :=(0,0,...,0,0,1,0,...,0). (7.5)
N ——— —
k—1

Let us consider the function A : R*~? x R?*T4 — R” given by the formula
1
AGA) == [d ()= (A+1)2]-

T
- %[0 [Po(s)x* (s,2,A)+ P1(s)x™ (B (s).2.A)+ f (s)]ds (7.6)

for z of form (6.2) with arbitrary 2,41, ..., 2z and A € RP+4. Formula (7.6) makes
sense provided that the limit function x* (-, z, 1) of sequence (6.1) exists.

Proposition 3. Assume the conditions of Theorem 1. Then the function x*(-,z, 1)
is a solution of the three-point Cauchy—Nicoletti boundary value problem (3.1), (3.6)
if and only if the pair (z, ) satisfies the system of n + q algebraic equations™

A(z,A) =0, (7.7

epr1X*(,2,8) =dps1, ..., eptqx*(5,2,1) =dpiq. (7.8)

*Recall that the first p components of z are known, see Remark 2.
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Proof. 1t is sufficient to apply Proposition 2 and notice that the differential equa-
tion obtained by the differentition of equation (6.9) coincides with (3.1) if and only
if the pair (z,A) satisfies (7.7). On the other hand, equations (7.8) bring us from the
auxiliary boundary conditions (4.1) back to the three-point Cauchy—Nicoletti condi-

tions (3.6). Il
Proposition 4. Let us define the matrix R by putting
R:= sup |1,—tT71(1,+ A4)|. (7.9)
t€l0,T]

Under the conditions of Theorem 1, the estimate

2 (2 -1
IX*(I,ZO,/\)—x*(l,Zl,l)I EF(Tﬂn—Ko—Kl) Rlzo—zll, (7.10)
where
7/ :col(xlo,xzo,...,xpo,z;H,Z;H,...,z{;), j=0,1, (7.11)

holds for arbitrary zi, k=p+1,p+2,....n, j =0,1,t €[0,T], and > € RP T4,

Proof. Consider the sequence of vectors ¢, m > 1, defined by the recurrence
formula

Cm = R|ZO—ZI|+§(K0+K1)Cm—1, m>1,
with ¢o := |z% —z!| and the matrix R of form (7.9). Let us show that the functions
Um () = xm(t.2°0) —xm(t, 28 0),  t€[0,T], m>1, (7.12)
satisfy the estimate
[um ()| < cm, tel0,T], m>1. (7.13)

Indeed, for m = 0 relation (7.13) is satisfied in the form of an equality. Assume that
(7.13) is satisfied for a given m > 1. It follows immediately from (6.1) that

(1) = 20— 2! = 2 (1 + A -2
t
4 /0 (Po () um(s) + P1 () um(B(s))) ds
¢ T
. /O (Po () tm(s) + Py () um(B(s))) ds
:ZO_Zl_%(nnJrA)(zO—zl)

t
H(127) [ 6um)+ P oyun b s
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¢ T
—7 ] Po©un )+ PL O (B s (.14

whence, in view of (7.9),
lumt1(t)] < R|z° =2
t t
+ (1 _ ;)/ (1Po (5) [ )] + | P1 (5) lim (B(s)) ) s
0

¢ T
2 [P )+ 1P ) lun(BeDDds 15)
t

for all t € [0,T] and m > 1. Recalling formulae (6.4), (5.1) and using assumption
(7.13) and equality (5.6), we obtain

t
o101 = R =2+ (1) [ (Kolum )]+ Kalum (BN ds
0

t T
+i / (Koltm ()| + K1 [um(B(s))]) ds

t T
§R|Z0—le+<(l—%)/ dl+/ dl) (Ko+ K1) em
0 t

T
< R|Z0—le + o1 (E) (Ko+ K1) em
0 1 T
=R|Z —Z |+5(K0+K1)cm=cm+1, (7.16)

that is, estimate (7.13) holds at the step m 4+ 1, and, hence, it is satisfied on every step
of iteration. Considering now inequality (7.13) and iterating backwards, we obtain

T
lum ()| < RIzZ°—z'|+ 5(K0+K1)Cm—1

T T
= R|Z,0—Zl| +5(K0+K1) (R|Z.O—Z1| +5(K0+K1)Cm_2)

T T\?
= (“n+E(K0+K1))R|ZO—Z1|+(3) (Ko + K1)* cm—2

and so on, which leads us the inequality

m—1

um@)] <) (g) (K0+K1)iR|z,°—Zl|+(g) (Ko + K1)™ |2°— 2!

i=0
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valid for all m = 1,2,... and ¢ € [0,T]. Passing to the limit as m — oo, using as-
sumption (6.3), and recalling notation (7.12), we obtain the inequality

(e.¢]

T\’ ,
Ix*(, 2% ) —x*(@, 21, 1) < Z (5) (Ko+ K1) R|2°—zZ!], t€[0,7],
i=0
whence the required estimate (7.10) follows. O
Let us put
Sg = (Ko+ K1) (01, —Ko—K;)™! (7.17)

for all those 6 for which the inverse matrix exists.

Proposition 5. Under the conditions of Theorem 1, formula (7.6) determines a
well-defined function A : R*~P x RPT4 — R", which satisfies the estimate

1 2
0 1 0 1
A% ) — AN )| < (7|A+11,,|+7S%R) 1z° =z, (7.18)

where the matrices Sy7—1 and R are given by (7.17) and (7.9).

For the proof of the last statement, it is sufficient to recall formula (7.6) and use
Proposition 3.

8. AN EXISTENCE THEOREM FOR THE CAUCHY-NICOLETTI PROBLEM

Theorem 1 and Proposition 3 give the following numerical-analytic algorithm for
the construction of a solution of the three-point Cauchy—Nicoletti boundary value
problem (3.1), (3.6).

(1) For any vector z of form (6.2), according to (6.1), we analytically con-
struct the sequence of functions x,,(-,z,4), depending on the parameters
(Zp+1s---,2n) ER*Pand A =col (A1,...,Ap, Apt1,...,Apt+q) € RPT and
satisfying the auxiliary two-point boundary conditions (4.3).

(2) We find the limit x*(-,z,A) of the sequence x,,(-,z,A) satisfying to (4.3).

(3) We construct the algebraic determining system of the form (7.7), (7.8) with
respect to the n 4 g scalar parameters A = col (A1,...,Ap,Aps1,...,Aptq)
and (Zp41,...,20) € R"TP,

(4) Using a suitable method for the numerical solution of system (7.7), (7.8), we
(approximately) find the solution

col(z;ﬂ,...,z:;)eﬂ%”_p,
* * * g% * p+q
AT =col (A ,...,)Lp, p+1,...,/\p+q)€|R

of the determining system (7.7), (7.8).
(5) Substituting values (8.1) into x*(-,z, 1), we get the solution of the three-point
Cauchy—Nicoletti boundary value problem (3.1), (3.6) in the form

x =x%(,z2" %), (8.2)

8.1)
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where z* = col (x1¢,X20, ... ,xpo,z;H, ....Z,). The solution (8.2) can also
be obtained by solving the Cauchy problem
x(0)=z* (8.3)

for equation (3.1).

A fundamental difficulty in the realization of this approach is related to the analytic
construction of the limit function x* (-,z,A). However, in a number of cases, this
problem can be avoided because, as can be shown, it is possible to prove the existence
of a solution of the three-point Cauchy—Nicoletti boundary value problem (3.1), (3.6)
based on properties of a certain approximation X, (-, Z, A) known in the analytic form.

Given some m > 1, define the function A,, : R” x R?t4 — R” according to the
formula

Am(z,4) = %[d A)—(A+1,)z]

T
_%/0 [Po (5)xm (s,2,A) + P1(s) xm (B (s),z,A)+ f (s)]ds (8.4)

for z of form (6.2) with arbitrary 2,1, ..., Zn, and A € R? 4. To investigate the
solvability of the three-point Cauchy—Nicoletti boundary value problem (3.1), (3.6),
in addition to determining system (7.7), (7.8), we introduce the mth approximate
determining system

Am(Z,A)ZO,
€p+1xm(t’z7/\)(s):dp+l, cees €p+qu(tvzﬁ/\)(é):dp+q’

where ¢;, i = 1,2,...,n, are the vectors given by (7.5) and the vector function
Xm(-,Z,A) is defined by formula (6.1). It is natural to expect that, under suitable
conditions, systems (7.7) and (8.5) are “close enough” to one another for m suffi-
ciently large.

(8.5)

Lemma 6. Assume the conditions of Theorem 1. Then, for arbitrary m > 1, A €
R4, and all 7 of form (6.2), the estimate

T m—1
|A(z,A) — Am (2, A)] < (5) (Ko + K1)™ S%y(z,k), (8.6)

holds, where y (z, ) is given by (6.11).
Proof. Indeed, let us fix arbitrary z and A and put
Ym (1) := x*(t,2,A) —xm (t,2,1), t€[0,T], m>1.

By virtue of estimate (6.10) and notation (7.17), we have
-1

T m—1 . 2
0l =(3) Ko k" (Fh-Ko=K1) yie)
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2
Therefore, according to (7.6) and (8.4),

T m—1
=(—) (Ko+K1)’”‘18%y(z,A) (8.7)

T
8GR = An D = 1| [ P06 )+ P& Y BN ds

1 T
< T/ (1Po (8) [[¥rm ()| + | P1 () |[|¥m(B(s))|) ds
0
m—1
< (Ko+ K1) (;) (K0+K1)m_15%3/(1,)t)

T m—1
— (3) (K0+K1)m8%y(z,/\),

which leads us to (8.6). O

Let us formulate a statement that gives sufficient conditions for the solvability of
the three-point Cauchy—Nicoletti boundary value problem (3.1), (3.6).

Definition 2. For any indices i1 and iy between 1 and n, i, > i1, define the (i, —
i1) X n matrix J;, i, by putting

Jivin = Oi—iy+1,i1-1 Tio—iy41 Oip—iy+1,n—in) + (8.8)

so that the left multiplication of a vector by the matrix Ji, i, is equivalent to the
selection of its components with numbers from iy to i5.

Introduce the mapping @, : R" 77 x RP T4 — R" T4 by setting

Pp(2,2) = ( Am(2,4) )

8.9

for all z of form (6.2), A € R?*4, and m > 0, where d is the vector given by equality
(3.7). Recall that the first p components of the vector z are fixed and, thus, the actual
number of variables on which @, depends is n 4 ¢ (see Remark 2).

Definition 3. Let H C R"*Y be a an arbitrary non-empty set. For any pair of
functions f; = (fj,,):l:f :H — R4, j = 1,2, we write fi >y f> if and only if
there exists a functionk : H — {1,2,...,n + q} such that

S,k ) (X) > f2,k(x) (%)
forall x € H.
Remark 4. The relation “I> i has properties similar to those of the usual inequal-

ity. In particular, if f; > f> on H pointwise and componentwise and f> g f3, then
f1 and f3 satisfy the relation f >g f3.
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Let D CR*2, A C RPTY and 2 C D x A be the closure of a bounded domain.
The following theorem holds.

Theorem 2. Let us suppose that, in addition to the assumptions of Theorem I, the
set §2 and a number m € N can be chosen so that the approximate determining func-
tion Ay, constructed according to equation (8.5) satisfies the following conditions:

(1) The relation

o 7\™! (Ko+K1)" Sy 810
> - — .
| m| 982 (2) Jp—|—l,p+q (K0+K1)m 13%)/ ( )

holds, where vy is the function defined by formula (6.1 1.t
(2) The Brouwer degree of @, over §2 with respect to 0 satisfies the inequality

deg (@, £2,0) # 0. (8.11)

Then the three-point Cauchy—Nicoletti boundary value problem (3.1), (3.6) has a
solution x with (xp4+1(0),xp4+2(0),...,x,(0)) belonging to D.

Proof. Let us define the mapping @ : R*~? x RPT4 — R” by setting

D(z,A) = ( Az A) —)

(8.12)
Jp+1,p+q X" (£.2.10) = Jp+1,p+qd

for all z of form (6.2) and A € R? T4 where x* is the limit function (6.6) of sequence
(6.1) and d is the vector (3.7). It is clear from from Proposition 5 that the mappings
@ and &,, are continuous.

Let us prove that the fields @ and @, are homotopic. For this purpose, we consider
the linear deformation

Qo (A) :=Pp(z,A) +0[P(2,A) — D (2, 4], (z,A) €082, (8.13)

where 8 € [0, 1]. Obviously, Qg is continuous mapping on 92 for every 6 € [0, 1]
and, furthermore,

Q0 (z,4) = Pm(z.4), 01(z.4) =2(z. 1) (8.14)

for all (z,A) € 052.
For arbitrary (z,4) € d§2 and 6 € [0, 1], in view of (8.10), (8.14), and (6.10), we
have
|06 (2, )| = [Pm(2,4) + 0[D(2,4) — P (2, 1)]]
> [P (2, )| = |P(2,4) = Pm(z,A)]. (8.15)

TRecall that S,7—1 is the matrix (7.17), the vector function y is defined by (6.11), and the matrices
in (8.10) are constructed according to (8.8).
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On the other hand, recalling equalities (7.6), (8.4), (7.17), (8.9), and using estimates
(6.10) of Theorem 1 and (8.6) of Lemma 6, we otain the componentwise inequalities

m—1
(%) Ko+ K™ 8300

T m—1
(5)" Jsrprg(Ko+ Ki™S 27z )
whence, in view of (8.15), it follows that
|06l >392 0,  0€]0,1].

The last relation implies, in particular, that Qg does not vanish on 952 for any value of
0 €10,1],1.e., deformation (8.13) is non-degenerate and, thus, @, is homotopic to @.
Using assumption (8.11) and the property of invariance of degree under homotopy,
we conclude that

|D(2,4) — P (2, 1) <

deg(®,£2,0) = deg(D;,,$2,0) # 0. (8.16)
The classical topological result (see, e. g., [2, Theorem A2.5]) then guarantees the ex-
istence of vectors (z*,A1*) € £2 such that @ (z*,1*) = 0, which, according to (8.12),
means that

A(Z* A =0

and, moreover, ¢ components of the vector x*(§,z*,A*), starting from the (p + 1)th,
coincide with the corresponding components of d. Thus, the pair (z*,A*) satisfies
the system of equations (7.7), (7.8). Applying now Proposition 3, we find that func-

tion (8.2) is a solution of the three-point Cauchy—Nicoletti boundary value problem
(3.1), (3.6). O

9. CONVERGENCE OF SUCCESSIVE APPROXIMATIONS FOR THE SPECIAL
DEVIATION FUNCTIONS

If the deviation function B : [0, T] — [0, T'] satisfies the condition (5.10), then the
convergence condition (5.11) can be improved.

Theorem 3. Assume that the condition

10
K K —. 1
r(Ko+ 1)<3T 0.1

is satisfied and, moreover, the deviation function B : [0,T] — [0,T] has property
(5.10). Then assertions 1—4 of Theorem 1 hold. Moreover, the estimate

|X*(t.2,1) —xm (1,2,4)| <

20 (3T\"?
5—( ) t(l—%)(Ko—i—Kl)m_lS

(=}

2L b
o \ 10 v(z.A)

holds for anym > 1, A € RP™4, t € [0, T}, and all fixed z of form (6.2), where y(z, )
and S% are given by (6.11) and (7.17).

1
3

|
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Proof. By virtue of Lemma 4, it follows from assumption (5.10) that inequalities
(5.11) are true and, in particular,

a1(B(1)) <en(?),  t€[0,T]. 9.2)
Estimating |r2(¢,z,4)| by using (6.13), (5.1), (9.2), and (5.9), we get

ra(t.2.0)] < K0<(1—§) /0 (3s@+icn)ds
+ %/tT (ga(z) +S(z,x)) ds)
+K1((1 —%) /Ot (gS(z) +S(z,x)) ds
+ %/tT (g(ﬁ(z) +8(z,/\)) ds)

<(Ko+ K1) y(z,A)a1(t), t€10,7T], 9.3)

where g(z,)u), 8(z), and y(z,A) are given by (6.14), (6.12), and (6.11), respectively.
Relation (9.3), due to (9.2), yields

Ir2(B(2),2,1)| = (Ko + K1) y(z,A) a1 (B(2))
<(Ko+ Ky Mai(t), t€[0,T]. (9:4)
Arguing by induction, we find that all the functions (6.15) admit the estimates
|rm+1([’Z7A)| E(K0+K1)m V(ka)am(t), (95)
[Fm41 (B(1), 2, )| < (Ko + K1) y(2, 1) am (1), (9.6)

forall t € [0,T] and m > 1, where the function «y, is given by (5.1).
Due to estimate (5.9) of Lemma 3, relations (9.5), (9.6) yield

10 /37 \™ !
stz ) < Y (E) (Ko+ K1) y(z. D) e (1),

m—1
et (0201 <G (35) Kot K" vz ban (),

and it remains to repeat, with obvious modifications, the reasoning shown at the end
of the proof of Theorem 1. U

A similar improvement of the convergence condition is possible in the case where
B satisfies condition (5.12).
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Theorem 4. Assume that the deviation function B : [0,T] — [0,T] has property
(5.12) and, moreover,

3
r(Ko+ K1) < —, 9.7)
T'n
where
n:=max{kg, 1} 9.8)

and kg is the constant appearing in (5.12). Then assertions 1-4 of Theorem | are
true. Moreover, the estimate

|x*(t.2.4) —xm (1, 2,2)| <

6 t\ (Tn\"! _
<—tl1—-=)(=" Ko+ K™ s A
<2 (1-2)(5) or k0™ s sy

holds for anym > 1, A € RPT4, t € [0, T], and all fixed z of form (6.2).
Proof. 1t is clear from (9.8) that n > 1 and, hence, according to (9.3),

lr2(t,2,4)] < (Ko + K1) y(z,4) a1(?)
<n(Ko+ K1) y(z,A)a1(t), t€[0,T]. 9.9
Due to (5.13), we have

lr2 (B(1),z, 1) < (Ko + K1) y(z,4) a1 (B(2))
<kg(Ko+ K1)y(z,A)a1(1)
<n(Ko+ K1) y(z,A)a1(?), te[0,T]. (9.10)

Using (6.17), (9.9), (9.10) and (5.9) and carrying out calculations, we obtain
Ir3(7,2,A)| < nKo (Ko + K1) y(z, Ma2(t) + 1K1 (Ko + K1) v (z,4) 22(2)
<n(Ko+K1)>y(z, 1) a2(t)

T
<05 (Ko+ K)?y(@ Man o). ©.11)
Therefore, in view of (9.11), (5.12), (5.13),
73 (B(1),2.1)] < n(Ko+ K1)*y(z, 1) a2(B(2))

<Ko+ K1) (2. )5 e (B0)

< n(%) (Ko + K1)?*y(z,A) a1 (7). 9.12)

Further on, according to (6.17), (9.11), and (9.12), we find

Ira(t2.2)] < Kon (?) (Ko+ K1)y (2. M) as(t)
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T
+K177(Tn) (Ko+K1)*y (z,A) a2 (t)
T
:;7(?77) (Ko +K1)? y(z, 1) aa(t)
Tn 2 3
< (7) (Ko + Ki)® (2. 1) x1 (1) ©9.13)

T 2
=7 (?n) (Ko+ K1)’ y(z,1) a1 (0).
According to (9.13) and (5.13),

2
Ira (B(1).2 1) < (g) (Ko+ K1)* y(z. M) ar (B(1))

Tr\2
< 77(?7]) (Ko+ K1) y(z, M) a1 (1) (9.14)
fora.e. t € [0,T]. Arguing by induction, for any ¢ € [0, T], we arrive at the estimates

m—2
(1.2, 2)] < (?) (Ko+ KD)™ 'y (2. 1) e (1)

= (Ko+ K1) G™ 2y(z. M) a1 (£) 9.15)
< n(Ko+ K1) G 2y(z, 1) a1 (1),
where
G:= g(KO 1+ Kyp). (9.16)
Using (9.15), we also get

1 (B(0).2.2)] < kg (?

<n(Ko+ K1) G 2y(z. M) (1) 9.17)
fora.e. t €[0,T]. This yields

m—2
) (Ko+ K" y(z. ) (1)

J
|t (£.2.0) = xm (£.2.0)] £ Y [Fmyi (£.2.4)]
i=1
_ ol
<n(Ko+K)G" 'Y Gy (z. M) a1 (t)
i=0

<n(Ko+K1)G" ' (1,—G) 'y (2. M) s (t)
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3 = =
= 7G"(1,-G) "y (2. ) e (1) (9.18)
foranym > 1, j > 1,¢ € [0,T], and arbitrary A and z. The required assertion is now
obtained from (9.18) again by analogy to the proof of Theorem 1. 0

Remark 5. 1t is obvious that if < 3/2, then the convergence condition (9.7) is
sharper than inequality (6.3) used in the general case.

Remark 6. Estimates of Theorems 3 and 4 allow one to state analogues of the
existence Theorem 2. The formulations are straightforward, and we omit them.

10. A NUMERICAL EXAMPLE

We apply techniques based on the statements of the preceding sections to the fol-
lowing Cauchy—Nicoletti boundary value problem

1 1 1 1
0 =——, — | = -, 1) = - 10.1
x1(0) T xz(z) g =7 (10.1)
for the system of three equations
t 12
/ £ = 1‘2 R
X0 =00+ -
1 ¢
@) =tx3(t)+—-——, 10.2
Xp(t) =tx3(t)+ 5 = (10.2)
x5(1) = tx1(2) tzx )+ !
considered in the closed domain determined by the inequalities
N L (103
X1_2, Xz_z, x3_3. .

System (10.2), of course, is a particular case of (3.1) with T =1, f1(¢) =t(1—
1)/4, f2(t) = (1—1)/4, f3(r) =t/16 for t € [0,1],

0 0 O 010
Po(t)=(0 0 ¢ Pi(t)=10 0 0], (10.4)
t =50 00 §
and the argument transformation
Bu)=r>  tefo.1], (10.5)
whereas (10.1) has form (3.6) with
1 00 0 00 000 —1/16
A=|0 0 0}, B=|0 1 0}, C=|0 0 O), d=| 1/8
000 0 00 0 0 1 1/4
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The two-point parametrized boundary conditions (4.3) have the form

100 100 —15 + A1
00 0fx@+fo 1 o]xm=[ 2 | (10.6)
000 00 1 1

The deviation function (10.5) satisfies condition (5.13) because, as one can verify,
k/g is equal to 2 in this case and, according to (9.8), we have n = 2. Furthermore, as
follows immediately from (10.4), matrices (6.4) are determined by the equalities

000 010
Ko=[0 0 1}, Ki=[0 0 0 (10.7)
1 30 00 %

Therefore, r (Ko + K1) ~ 1.267 < % and, hence, condition (9.7) is satisfied. By virtue
of Theorem 4, the method of successive approximations is applicable to the two-point
parametrized problem (10.2), (10.6).

One can verify directly that the triplet of functions

. 21
)= ———,
xq () 3 16
t
x5 (1) = 7 (10.8)
" 1

is a solution of the boundary value problem (10.2), (10.1). Let us see how the ap-
proximation scheme based on Theorem 4 works in this case.
We take the starting approximation xo = (x;0) l-3=1 of the form

1

~16
xo(t) =| z2
3
with z; = —1/16, and construct the corresponding functions of the recurrence se-
quence (6.1). We obtain:
1
~16
xm+1(tvz9k)= Z2
<3
t 2 Ky 52 1 2 S 52
Jo (xzm(s )+ Z_T)ds_[fo (x2m(s )+Z_T>ds
o Sl - )ds— g (a9 +5-5)ds
Jo (lem () = 5 x2m (5) + %) ds—t [, (Sx1m (5) = 5 x2m (5) + 1s_6) ds
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1

—=+ A 2 0 0\ [-&
+t A -0 1 0 22 , m=0,1,2,.... (10.9)
% 0 0 1 3
For m = 0, formula (10.9) gives
2 13
ta aA' -7 o 1A S t )
x11(7,2,A) eTs Tt M
1 1 1 1
x12(t,2.0) =20+ =t + 1?23 — —t*> — ~tz3 +thy —20t, (10.10)
8 2 8 2
(t.2,2) ! 3+ ! r+ lt t
x13(t,2,A) = 23— =2 -z —t—123,
13(4,2 23 622 622 1 23
and the first approximate determining system

Al (Z, A) = 0,
1y 1
X12 2] =3
A1~ —0.020833333, A, &~ 0.2500000001,
22~ 0.13-1077, 73 ~ 0.25.
Substituting (10.11) into (10.10), we obtain the first approximation of the solution
of the given three-point Cauchy—Nicoletti boundary value problem
2 43
x11(t,2,4) = —0.0625 + D +0.13-107%1,
x12(t,2,4) = 0.13-107° +0.25¢,

x13(t,2, 1) = 0.25—0.2166666667 - 101073,

The result of computation of the second iteration is

has the roots

(10.11)

(10.12)

1 1 1
XZI(I,Z,A)=—E+EISZ3—EIS—ﬂt3
PE 13 13 1, 1 1 1 1
— =172 — 1723+ 17 A+ St szot + —t —t—=tAy+1Ay,
3 22 6 Z3+3 2+8 +322 +15 z3+240 3 24+t

1 1 1 1 1 1 1
17 0) = —t—— 7t + —1375+ —1° — —1373+ 12753 — 12
Xx22(t,2, 1) Zz+24 3012 +18 Zz+12 3 Z3+2 Z3 2
46

1
— —Zot——t tAs,
45Z2 G 73 +1tA2

and

1 1 1 1 1 1 1
1z A)=23— —1773——1°> + —1t* 4+~ — 1Yz ——t* A+ —13
x23(t,2,A) =23 500 %3 550 +64 +8 Z2+16 3y 2+144
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FIGURE 1. The the exact solution (solid line) and its first approxim-
ation (dots).

—|—1l‘3)t 1t3 Slt + 667¢+ 1 +11)L lt/\
30 1T 06 T80 T ogs0’ 242 TR AT
The approximate solution of the second approximate determining equation has the

form
A1 ~ 0.06357861637, Ao ~ 0.2490649542,

10.13
72 ~ 0.94488842-1073, 73 ~ 0.2385944095. ( )
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Inserting values (10.13) into the expressions above, we obtain the components of the
second approximation which have the form

1
x21(1) = —0.0625 —0.001140559¢° + 0.001274287¢ + §t2 +0.94488842- 10731,

x22() = 0.94488842- 102 4 0.25000000017 —0.3149628067 - 104>
+0.0038543573¢> —0.57027952 - 10212,

x23(1) = 0.2385944095 —0.01609638715:° —0.4778576375-103¢*
+0.02797983516¢> +0.2-107°¢.

Proceeding analogously, we find that the components of the fourth iteration have
the form

L7, 2167 1 11, 1031

t, ,A = —— ——t —I13 . —— t
Y12, = -Gt — et T~ e~ wal A 357600173
360259 10343 1 1 1
t A+ ——13 — My -1
*1081080°2" T 10395 T 148" 3T 1g50 M T 3300 2
27 1, 1, 1. 720
——t —t —t' A+ —t723— —t
5600 21504 2T g’ M2 107 3 T 216" 2
2 557 5 24869 , 1, s
—t7 A — t°73— —tF——t
1350 M T T00s0" “3  362880" T8 21000 O3
2783 4T 3 L s Lo 1y
129729600 ' 144 25200 4992 7920
667 ; 1 s
60480° 40 °
14773 1 1 23 1
1,7,0) = ¢ SR Ly L) D LS S — L
X¥42(1,2,4) = qepgtha + 22— el i = i A qaeni it Seg i
o1 1 1 117 453277
——1dy— 1270+ —t°A + =273 — ——173— t
e U T L T L T v
1 9 1 8 5 6 1 10 2 1 7
— 7 — t t t — A ——t1
25200 1152" T1152" Tageo’ st ggl
1, 1, 1. 13 5 1, 187 4
-t —— 1 g+ —1723— 37— =134 ——1
105" 2T 1050 2T 0051 83 T o960 2T 9T M T et B
G B p Ly OB Oy Ly s
12096 8~ " 43200 " 1080° 27 1680 ' 3600
+ ! 8z5+ ! °
288" “3 T 630" 3
and
2923 1 1 721 1
FZA) = o Ay VB B A
¥43(.2.4) = ooentha — et T2 T gl Mt gt 2 T gt M
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FIGURE 2. The exact solution (solid line) and its second approxim-
ation (dots).
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The fourth approximate determining equation has the solution

A1~ 0.06249396077, Az A~ 0.2499991352,

10.14
72 ~ 0.9764-107°, 73 ~ 0.2499875012. ( .

Inserting (10.14) into the formulae above, we obtain the first, second, and third com-
ponents of the fourth approximation:

X __ L 0.17635985-1073¢3 L) 0.9763918464-10~°
41(t) = 16+. l+8l+. t

—0.1587242069-1073¢1° —0.7064456410-10~ 3713
+0.5050109449- 107311 —0.5284052627-1073¢7
—0.124988-107°¢°,

x42(1) = 0.9764-107° 4+ 0.2034166667- 10~ 1% —0.198393 - 10~ 7¢°
—0.439637-107 718 —0.45884-10781° +0.479491 10753

—0.62494-107°2 4 0.25000000017 +0.13126- 107
—0.449797 107513,
x43(1) = 0.2499875012 4 0.1190431552- 107319 +0.72095-1077¢°
—0.3471950246- 10318+
+0.3082364001- 10731 —0.198364-10733—0.7-1071%¢
—0.2275990676-10~°113 —0.178554-107%7 + 0.639621 - 106>
—0.6613494- 10414,

As is seen from Figures 1-3, the graph of the exact solution almost coincides with
those of its approximations (especially with the graph of the fourth approximation).
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FIGURE 3. The the exact solution (solid line) and its fourth approx-
imation (dots).

For example, the error of the first approximation (i. e., the uniform deviation of the
first approximation from the exact solution) admits the estimates

X} (1) —x11(1)] <0.8-107",
X3 (1) —x12(1)| <0.14-107°,
X3 (1) —x13(1) £0.25-10719,
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FIGURE 4. The error of the fourth approximation.

and the errors of the second and fourth approximation are

|XF (1) —x21(¢)] <0.12-1072,
X5 () —x22()] <0.8-1077,
x5 (1) —x23(1)] <0.12-107"
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|x} (1) = x41(1)] <0.25-107%,
X3 (1) = X42(¢)] <0.1-107°,
X3 (t) — x43(2)] <0.12-107%.
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Abstract. In this paper, we obtain the necessary and sufficient conditions for having the maxi-
mum principle and existence of positive solutions for some cooperative systems involving Schro-
dinger operators defined on unbounded domains. Then, we deduce the existence of solutions for
semi-linear systems. Finally we discuss the generalized maximum principle (¢¢- positivity) for
non-cooperative systems.
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1. INTRODUCTION

We consider the following semilinear system
LY + QY =Ag(x)Y + F(x,Y) in £2,
Y -0 as |x|— oo, (S)
Y=0 on 0952,

where £2 is an unbounded domain of RY, L is an n x n diagonal matrix of Laplace
operators, Q is an n x n diagonal matrix of potential functions ¢; (1 <i <n), g(x)
is a weight function tending to zero at infinity, F is a given n-vector function and
A = (a;j) is a constant n X n cooperative matrix such that

aij >0 forall i#j. (1)

It is well known that the maximum principle plays an important role in the theory
of partial differential equations. An analogous theory has been appeared for semilin-
ear systems in [1,5-9,11,14,22]. In [7,9], the authors studied system (S) with g; =0
and g(x) = 1, defined on bounded domains with Dirichlet conditions. The problem
with ¢; = 0 defined on the whole space RV has been established in [12, 13]. The
system with equal potentials defined on R™ has been considered in [3,4].

(© 2009 Miskolc University Press
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Some applications concerning the optimal control of systems like (S) have been
introduced in [15-21].

Here, we extend these results to system (S). In section two, we obtain necessary
or sufficient conditions for having the maximum principle and existence of positive
solutions for cooperative linear systems. Then, we study semilinear systems in sec-
tion three; we adapt the method of sub and super solutions for proving the existence
of nonnegative solutions. Finally, in section four, we study the generalized maximum
principle (¢g4-positivity) for non-cooperative systems.

To prove our theorems, we make use of earlier results by Djellit and Yechoui [10]
who proved that, for N > 2 and ¢ > 0, if there exista >0, 8 > 1, > B,and k,c > 0
such that

k c
0<g(x) < ————, 0<gq(x) < ——, 2
80 = Ty 100 = T @
then the eigenvalue problem
(—A+q)y =2g(x)y in £,
y—0 as |x|— oo, (B)

y=0 on 02

has simple principal eigenvalue (k;‘) which is associated with positive eigenfunction
pgonV.
Moreover ()L;‘) is characterized by

A [9 gy Pdx < [Vy P +qly P 3)
where
_1
V() = {y eD'(2)||(1+]xP) 2y e LA(R). Vy e Lz(.Q)}

is a Hilbert space with an inner product (y, ¥ )y = fg (Vy.Vw + ﬁ)”ﬂ) dx and

a norm
= X
ylv VyIP+1 T

which is equivalent to

1

Il = ([ (19524 aly)ax)

We also introduce the Hilbert space

J€={y:.§2—>R|/ gyzdxfoo} =L§(Q)
2
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with an inner product

Vg = /Q gyvx.

2. COOPERATIVE LINEAR SYSTEMS

In this section, we study the maximum principle and existence of positive solutions
for system (.S') when the right-hand side is linear.

Definition 1. We say that the maximum principle holds for system (S) if F >0
and Y is a solution of (S), then Y > 0.

Definition 2. A non-singular square matrix B = (b;;) is said to be an M -matrix
if bjj <0fori # j, b;; >0fori =1,...,n, and if all the principal minors extracted
from B are positive.

The ith equation of system (S) can be written as

n
(—A‘FQi)Yi:g(x)Zaijyj + fi in £,

/=1 (S1)
yi—>0 as [|x]— oo,

yi=0 on 052.

Theorem 1. Assume that (1) and (2) with ¢ = q; hold, and f; > 0. System (S)
satisfies the maximum principle if

the matrix (A'QIr — A) is a non-singular M -matrix, where 4
J’_
Ag, A(i ... 0
0 ... 0
+ _ 92
o=l )
J’_
0 0 ... A,
Moreover, if the maximum principle holds for system (S), then
the matrix (A;' — A) is a non-singular M -matrix, where (6)
)L;L 0o ... 0
0 Af ... 0
g =max{q; : 1 <i <n}, Al';z : : ‘ :
J’_
0 0 ... A

Proof. First assume that f; > 0 and (y;)7_, € [17—, V4, is a solution of (S). Mul-
tiplying (S;) by y;” = max{—y;,0} and integrating over §2, we obtain by Green’s
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formula that

n
/ Vyi-Vy,-_dX+/ qiyiy; dx = Zaij/ g(x)yj‘y,-_dx+[ fiyi dx,
2 2 = e 2

i.e.,

/ V7 Pdx + / gilyr Pdx
2 2

n
—aii [ e Pdx=Yay [ eoyprdx- [ fividx.
2 i 2 2

and thus, by (3), we get
a [ sl Pax

n
Eaii/ g(X)Iyi_lzdx—Zaij/ g(x)yjyi_dx—/ Jiyidx.
2 . 2 2
J#
Therefore
n
G —an) [ 1VEriPdx = Yy [ gy yias
J#

and, by the Cauchy-Schwartz inequality, we have

(A —a) (L|@y;|2dx)2 —Y aj (/Q|«/§yj_|2dx)2 =90,

J#i
which can be rewritten to the form
+ —12,7.\1/2
Agy—ann  —aiz —a1n (fo | /8r1 |7dx) )

+ _ 1/2

—dn1 qu—azz —dop (f9|\/§y2 |2dx) <0
: . . N . :

—am e A =an) \( | gy )

Now, (4), y; =y, ==y, =0and hence y1,y2,....yn > 0.
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Assume now that 0 < f; € L% /g (£2) and that the maximum principle holds for
system (). We rewrite (S;) as follows:

n
(—A+q)yi=g(x)) ajyj+H in Q

j=1
yi—>0 as [|x]—>o0
yi=0 on 052,
where 0 < H; = (¢ —qi)yi + fi € L}, ().

Multiplying by ¢4 (the eigenfunction corresponding )L;‘ ) and integrating over £2,
we get

n
/ (—A+q)yipqdx = Zaij/ g(X)ijquJr/ Hipqdx
2 iz 2 o]

and, by using Green’s formula and (3), we obtain

n
Gf —ai) [ gmisads—Yay [ e@mpgdr= [ Hpgix @
Q — Q Q
J#i
which is a Cramer system in X; = [ g(x)yi@gdx, 1 <i < n. Since the right-hand
side is non-negative as well as X;, we obtain

Af—ann  —aia - —am
—az1  Aj —ax -+ —az +
) =|A] —A]>0.
—dn1 —dn2 T A;:_ann

The inequality )&;' —a;; > 0 is satisfied from the scalar case (see [13]), because the
functions g, y;, H; and the coefficients a;; fori # j are non-negative. O

Remark 1. 1f g; = q for 1 <i <n, then condition (0) is the necessary and sufficient
condition for having the maximum principle for system (S).

Theorem 2. Let (1) and (2) with ¢ = q; hold. Then, for F > 0, system (S) has
a unique positive solution if condition (4) is satisfied.

Proof. We consider the bilinear form a:[]7_; Vg; x [17=1 Vg; — R defined by
a(Y7'1/) - a((yl,wa--,yn),(wl,WZ’-nvwn))

n n
=Z/9Vyi-VWidx+Z/961iyi%dx

i=1 i=1
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_Z/ g(xajjyjyidx — Z/ g(X)a;iyividx

i=1
We choose m > 0 such that m + a;; > 0. Then, we have

a(¥,Y) = Z/ V312 + qry?)dx

i=1

—Z/ g(x)aijyiyjdx— Z/ g (x)aiiy}dx

J#Ei i=1

- Z/ V312 + (gs +mg)y?]dx

i=1
3 R 3 +ai0) | ttas
J#Ei i=1
and, by the Cauchy-Schwartz inequality and (3), we get

a(¥,Y)> Z[ (V31 P+ (gi +mg)y?]dx

i=1

—Za,-,- ( [ wgyi)zdx) : ( i (@yj)zdx) :
—Z(m+au)f g(x)yfdx

i=1

>Z(1—Zij")/ [IVyil? + (g +mg)y}?|dx

n

1

- aij ( (V3 + (@ +mg)y,~2]dx)2
i ) m+ ) /9

x (/Q [1Vy;1?+ (g +mg)y}]dx) i

Therefore, using (4), it follows that

a(v,¥) > CZ/ 19352+ (g +mg) (1) ]dx

i=1
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n n
=Y [ 90l +ai?ldx =C 3l
i=17% i=1
where C > 0. Then, by the Lax Milgram lemma, since a is a continuous coercive
bilinear form, there exists a unique solution ¥ = (y;)7_, € 17—, V4, - This solution
is non-negative by the maximum principle. U

3. SEMILINEAR SYSTEMS

In this section, we adapt the method of sub and super solutions, to prove the exis-
tence of solutions for semilinear cooperative system (S). The proof here is analogous
to that of [3, 13].

We assume that f;(x,Y) = fi(x,y1,¥2,...,Yn) is a Carathéodory function such
that

0 =< F(X’Y) = (f](X,Y),fz(X,Y),...,fn(X,Y)) = Ng(X)Y +h, (8)
forall Y > 0 and x € £2, where N is a positive constant and 0 < b’ = (h,h,...,h) is
a bounded vector-function in (L% /g (.Q))n

Theorem 3. Let (1), (2) with g = q;, and (8) be satisfied. Then there exists a pos-
itive solution of system (S) if

the matrix (AJé —(A+ NI )) is a non-singular M -matrix, 9)
where AE is defined by the relation (5) and I denotes the identity matrix.

Proof. We divide the proof into several steps.
Step (1): Construction of sub and super solutions. It is clear that

Y0 =(7.5%.....7) = (0,0,...,0)
is a sub solution of (S), because
LY +07%—g(x)AY°— F(x,Y% <o0.
Consider now the system
LY +QY =g(x)(A+NDY +h in £.
Y -0 as |x|— oo, (10)
Y=0 on 052,

It follows from Theorem 2 that, under condition (9), system (10) has a unique positive
solution

Y = (1 Y55 V)
By (8), we have
0<(L+Q)Y*—g(x)AY*—F(x,Y™), (11)
ie,Y* =(y{.y5.....y,) is a super solution of (S).
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Step (ii): Definition of a compact operator. We introduce

)1 V1 n
T:x#"sY=|:|z0w=|:|=TYe[]V.
Yn Vn .
where ¥ is a unique solution of the following system:
(L+0+mgx))¥=(ml+A)gx)Y +F(x,Y) in £,
v —0 as |x|]— o0, (12)
=0 on 0452,
where m > 0 is such that m + a;; > 0. Since the equation in (12) can be rewritten as
(L+0)W =—-mg(x)¥+F, F=@ml+Agx)Y+F(x,Y)>0,
system (12) has a unique solution ¥ € []7_; V4, and therefore T is well-defined.

Step (iii): K = [Y°,Y*] is invariant by T, i.e., T(K) € K. For every Y €
1721 Vg Y =0, we have T(Y) = ¥ > 0. We show now that if ¥ < Y*, then
¥ < Y*. From (10) and (12), we obtain

(L+Q+mgx))(Y*—¥)=r1,
where ;.= (mI + A)g(x)(Y*—Y)+ Ng(x)Y*— F(x,Y) > 0. Therefore
(L+0)(Y*—¥)=—-mg(x)(Y*—-¥)+1
and thus Y * — ¥ is non-negative, i.e., ¥ < Y*.
Step (iv): T is a continuous operator. Let Y — Y in #". Then we get
F(x,Yg) — F(x,Y) in (#')".
If we denote ¥y, = T (Yy), by (12) it follows that
(L+Q+mg(x)[)(W—)=ml+A)gx)Y =Yr)+ F(x,Y)— F(x,Yyg).
Multiplying by (¥ — ¥;) and integrating over £2, we get

/Q(L + Q0 +mg(x) ) (W —W).(¥ — ¥ )dx
= (mI+A)/ ()Y = Yp).(¥ — ¥ )dx
2

+ / (F(x,Y)—F(x,Yg)).(¥ —W)dx,
2

which, by virtue of the Green formula, yields that

/|V(l11—l1/k)|2dx+/ Qllll—llfk|2a’x—|—m/ g(x)|¥ — ¥ |?dx
2 2 2
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= (mI + A)/ g(X)(Y — Yi).(¥ — W )dx
2

+/ (F(x,Y)—F(x.Y)|).(¥ — ¥ )dx.
2

Now, using the Cauchy-Schwarz inequality, we get

/ﬂ{V(tp—q/k)|2dx+/gQ|t1/—q/k|2dx+mf9g(x)|qI—qfk|2dx
< (ml +A)Y — Y| gen [|¥ — Pk || gen
I F(x,Y) = Fx, Yi)ll@geryn 19 — W[l gen
and thus
10 —illG < I + A)Y = Yillgen | — i gen
I F(xY) = Fx Yl genyn | — Wil gen

where |- || o denotes the norm in []/_; Vg, . Since ||Y — Y|l — 0, we have ||¥ —
Yillg — 0.

Step (v): T is a compact operator. First note the following: Let ¥ > 0 and ¥ =
T (Y). Multiplying (12) by ¥ and integrating over £2, we get

/ |Wf\2dx+/ Q|l11|2dx+m/ g(x)|¥2dx
Q Q Q
= (mI+A)/ g(x)YlI/dx+/ F(x,Y)Wdx,
2 2
which, in view of (8), yields that
/ {vw\zdx+f Q|q/|2dx+m/ g(x)|¥|2dx
Q Q Q
h
f(ml—i-A)/ g(x)YlI/dx—i-N/ g(x)Ylde—l—/ JeY——dx
Q Q Q JE

h
=mI+A +NI)/ g(x)YWdx +/ J8Y ——dx.
2 2 NG
By the Cauchy-Schwarz inequality, we obtain
1¥llo = C (1Y ey + Ikl zer) < C (1Y Nl + 2]l 3e)

Therefore if {Y; }ren is a bounded sequence in ]_[;’=1 Vy; » the associated sequence
{Wk }ken is bounded in []7_; Vy;. We show now that {¥y };c is a Cauchy sequence

in l_[:l=1 ti :
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Suppose that || Yy ||2Q < E fork € N, E is a constant. In view of (2), we can choose
R large enough such that

(1+|x|2)g(x)<8yLE for |x|> R, (13)

where € > 0 is fixed and y is given by
/ (1 + |x|2)_1y2dx < yf |Vy|?dx. (14)
2 2

Let B={x€ 2 ||x| <R}and B’ = {x € 2 | |x| > R}. Since {Yj }xen is bounded
in [1"_; Vg, Yk is bounded in (J(B))". However B is bounded and therefore the
embedding (F(B))" into (L2(B))" is compact. Hence there exists a convergent
subsequence still denoted by {Yi}ren, Which is a Cauchy sequence and thus, for
every j and k large enough, we have

[ stonm-v,Pax < [ -v;Pax <.
B B 2

Moreover using (13) and (14), we obtain

2, 2 12
/B/g(x)lYk—Yj| dx—/B/(l—l-lxl )g(x)1+|x|2|Yk—Y]| dx

e 1
< Y. —Y:|%dx
_SyE/B/l—i—IxPlk il
< V-]
_SyEV k—1jllg

50 [ g(X)| Y —Y;|[2dx < §.

Then {¥ }ren is a Cauchy sequence in [[/_, V4, . Hence it converges to ¥ and
therefore 7 is compact in [[;_, V4, . By Schauder fixed point theorem, there exists
at least one positive solution Y = (y;)?_, € []i—; Vg of system (S) satisfying Y0 <
Y <Y*. O

4. NON-COOPERATIVE SYSTEMS

In this section, we study the generalized maximum principle (¢4-positivity) for
n X 1 non-cooperative systems.

Definition 3. System (S) (with g; = ¢) satisfies the generalized maximum prin-
cipleif F >0and Y = (y1,y2,...,¥n) is a solution of (S), then there exists C > 0
such that

yi>=Cgq in £ forall i=12,...,n.
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We start with 2 x 2 non cooperative systems:

Lgyr =ang(x)y1 +angx)y2+ fi in £,
Lgy> =azg(x)y1 +axng(x)y2+ f2 in £, S2)
y1,y2—>0 as |x| > oo, 2
yi=y2=0 on 052,

As in [2], we can prove

Theorem 4. Assume that a12 <0, az1 >0, a11 > azz, fl —Ezfz >0, and (a11 —
az2)? + 4ajpaz; > 0 are satisfied. The generalized maximum principle holds for
system (S2) if

all —Aq <r< Aq —dajnyp.

Now, let us consider the following 3 x 3 non cooperative system
Lgy1 =a1ng(x)y1+ag(x)y2 +azg(x)ys+ f1 in £
Lqy2 = az18(x)y1 +a2g(x)y2+a23g(x)y3+ f in £

Lgys =az1g(x)y1 +azg(x)y2 +aszzg(x)ys+ f3 in 2 (S3)
V1,y2,y3—>0 as |x| > o0

yi=y2=y3=0 on 052
Assume that
aiz,a13 <0, az1,az3,as1,as >0 (15)

We insert our 3 x 3 non-cooperative system into a 4 x 4 cooperative one. We introduce
the following fourth equation of a new variable y4 = y; — &>y — &3 y3:

Lgys = (a11 —§2a21 —£3a31 —5)g(x) 1
+ (a12 —2a20 —E3a3z + 5E2) g (x) y2
+(a13 —§2a23 —§3a33 +5€3)g(X) y3 +58(X) ya + fa,

where &, and &3 are positive numbers and f4 = f1 — &, f2 — &3 f3. Then system (S3)
can be changed into system of the form

LY =Ng(x)Y +F in £

Y -0 as [x]—>o0 (S5)
Y=0 on 0482
where
—A+gq 0 0 0
L= 0 —A+gq 0 0
- 0 0 —A+q 0 '

0 0 0 —A+gq
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Y = (yl’yz’y27y4)7 F = (f17f27f3’f4)7 and

ayn—r app+ré aiz+rés r

N = asy az a3 0
asy asz assz 0

bl bz b3 S

with
by =an —&azx —&az1—s, by =air—§raz —Ezazs +sé2, 16)
bz = a1z —§za23 —&3azz + s&;.

For the cooperativeness of system (S%), we can choose r, s, £2, and &3 such that

r>0, apz+ré =0, a3 +ré; =0, (17)
ai —&2az1 —§3a31 —s =0, (18)

aiz —§2a22 —§3a32 + 582 =0, (19)

ayz —&xaz3 —§3a33 + 583 =0, (20)

and then, using (15), we get §&3 = —%12 > 0 and &, = —%12 > 0. Now, system (S5})

satisfies the maximum principle if the matrix

Ag—ay+r —app—ré —aiz—réy  —r
—asy Ag—ans —as3 0
—asy —asp Ag—as3 0
—bl —b2 —b3 /\q —S

is a non-singular M -matrix, which means that

Ag—air+r >0,

Ag—an+r —apx—ré&

>0
—as Ag—az ’

Ag—an+r app+ré& —apz—rés

—asy Ag—an —az3 | >0,
—asy —asy Ag—assz
and
Ag—an—r —app—r& —ajz—rézy —r
—as Ag—az —a»3 0 -0
—asy —az Ag—ass 0 '
—bl —b2 —b3 lq —S

Therefore, using (17)—(20), we obtain
kq—a11+r>0, (kq—a11+r)(/\q—a22)>0,
(Ag—a11 +1)[(Ag—a22)(Ag —asz3) —azzaz] >0,
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and
(Ag—ai1 +7)((Aqg—a22)(Ag —az3)(Aqg —s) —azzaz(rq—s)) >0,
which implies that
Ag—ai1+r>0, Ag—azx» >0, (Ag—ax)(Agy—as3)>azzasr, Ag—s>0.
From (15), we obtain (A4 —a22)(A4 —a3z3) > 0 and, thus,
ap1—r <Ag, ax<>Ag, azz<>Ay, §<A4.
It follows from (17) and (19) that

a22+r+§—3a32 =5, (21)
2

whereas (17) and (20) yield that

aszz+r—+ 2—26123 =S (22)
3

Since s < A4, from (21) and (22) we obtain

lq>azz+r+§—3032, lq>(133+r+§—2023,
2 3

which, in view of (15), guarantee that
Aq>a22+r /\q>a33+r,
i.e.,
r<Ag—az, r<Ag—aszz, and r>ap—Ag.
Consequently, we have

Theorem 5. Assume that (15) holds. Then for 0 < &3 f3 < & fo < f1, system (S3)
satisfies the generalized maximum principle if
ayn—Ag <r <Ag—azz, ajl—Ag <r <XAg—ass.
For non-cooperative system (S), we set the following conditions:
ay;; <0 for j=2,3,...,n,
: : . (23)
ajj >0 for i=23,....n, j=12,....n, 1 #].

Similarly, to construct (n 4+ 1) x (n + 1) cooperative system, we introduce the follow-
ing equation of a new variable y,+1 = y1— Y .+, & yi, where &,,. .., &, are positive
numbers and thus we have

Theorem 6. Assume that (23) holds. Then for 0 <&, f,, <--- <& fo < f1, system
(S) satisfies the generalized maximum principle if

a1 —Aqg <r <Ag—aj; forall i=2.3,. .. n.
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In the period from 1th to 4th July, 2009, the Fourth International Workshop-2009
“Constructive methods for non-linear boundary-value problems”
had taken place in Eger, Hungary. The workshop was organized by the Institute of
Mathematics of the University of Miskolc, Institute of Mathematics and Informatics
of the Eszterhazy Karoly College in Eger, and Institute of Mathematics of the Acad-
emy of Sciences of the Czech Republic in cooperation with the Regional Committee
of the Hungarian Academy of Sciences in Miskolc.

The scope of the conference covered various topics related to the modern theory of
boundary value problems in a broad sence, including initial value and periodic prob-
lems for functional differential equations, certain boundary value problems for dif-
ferential equations with homogeneous non-linearities, the method of lower and upper
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functions, bifurcation theory, singular differential equations, limit cycles, difference
equations with p-Laplacians, the Fucik spectrum, invariant manifolds, stochastic dif-
ferential equations, impulsive boundary value problems, optimal control problems as
well as certain aspects of the theory of generalized differential equations and appli-
cations. The workshop was attented by more than 60 researchers from Chile, Israel,
Czech Republic, Hungary, Latvia, Romania, Russia, Spain, Slovak Republic, and
Ukraine, who held 20 and 30-minute lectures.

The Organizing Committee of the workshop consisting of M. Feckan, P. Kortesi,
K. Liptai, F. Métyds, V. Marinec, M. Perestyuk, A. Rontd, A. Samoilenko, J. Szigeti,
M. Tvrdy, and the author of this note (chairman) gratefully acknowledges the finan-
cial support provided by the following funds and institutions:

e Department of Analysis University of Miskolc,
e Faculty of Mechanical Engineering and Informatics, University of Miskolc,

z 22z

e Tudomény Tdmogatdsdért Eszak-Magyarorszagon Alapitvany.

This meeting was a continuation of the three previous workshops held in Miskolc
in 2000 and 2003 and in Sarospatak in 2006.

We hope that the fruitful tradition of this kind of “compact” international meetings
oriented at exchange of ideas of researchers working in closely related fields will
continue in future.
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