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Abstract. In this paper, we investigate the existence of a unique solution on a semi-infinite in-
terval for quadratic integral equations with linear modification of the argument in Fréchet spaces
using a nonlinear alternative of Leray-Schauder type for contraction maps in Fréchet spaces.
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1. INTRODUCTION

In this paper, we establish the existence of the unique solution, defined on a semi-
infinite interval J := [0, 4+o00) for the following quadratic integral equations with a
linear modification of the argument

T
x(t) = f(t)—i—(Ax)(t)/ u(t,s,x(s),x(as))ds, teld, (1.D
0
and -
x(t) = f(t)—i—g(t,x(t))/ u(t,s,x(s),x(as))ds, tel, (1.2)
0

where f:J — R, g:J xR — R, u:J x J7 x R> — R are given functions, 0 < o < 1,
Jr :=1[0,T], and A:C(J;R) — C(J;R) is an appropriate operator. Here C(J;R)
denotes the space of continuous functions x:J — R.

Integral equations arise naturally in many applications in describing numerous real
world problems (see, for instance, the books [1,2, 8, 10, 20] and references therein).
Also quadratic integral equations have many useful applications in describing numer-
ous events and problems of the real world. For example, quadratic integral equations
are often applicable in the theory of radiative transfer, kinetic theory of gases, in
the theory of neutron transport and in the traffic theory. Especially, the so-called
quadratic integral equation of Chandrasekher type can be very often encountered in
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many applications; see for instance the book by Chandrasekher [7] and the research
papers by Banas et al [3], Benchohra and Darwish [4], Darwish [9], Hu et al [14],
Kelley [15], Leggett [17] and Stuart [21] and references therein.

The study of differential equations with a modified argument is relatively new, it
was initiated only in the past thirty years or so. These equations arise in the mod-
elling of problems from the natural and social sciences such as biology, economics
and physics. A special class is represented by the differential equations with affine
modification of the argument which can be differential equations with linear modifi-
cation of the argument or differential equation with delay. For more information and
results concerning these equations, see [6,11,13,16,18,19].

More recently, Caballero et al [5] investigated the so-called quadratic integral
equation of the Volterra type with linear modification of the argument, Volterra counter
part of equation (1.1), and proved the existence of monotonic solutions in C([0, 1], R).
There equation can be considered with connection to the following Cauchy problem
[5,19]:

x'(t) =u(t,s,x(),x(At)), t€[0,1],0<A <1,
x(0) = uop.

In this paper, we investigate the question of unique solvability of equation (1.1)
and (1.2). Motivated by the previous papers considered for integral equations on
a bounded interval, we extend here these results to semi-infinite intervals for a class
of quadratic integral equations. The method we are going to use is to reduce the exis-
tence of the unique solution for the quadratic integral equation (1.1) to the search for
the existence of the unique fixed-point of an appropriate operator on the Fréchet space
C(J;R) by applying a nonlinear alternative of Leray—Schauder type for contraction
maps due to Frigon and Granas [12].

2. PRELIMINARIES

We introduce notations, definitions, and theorems which are used throughout this
paper.

Let X be a Fréchet space with a family of semi-norms {|| - || }nen. Let Y C X, we
say that Y is bounded if for every n € N, there exists M > 0 such that

[ylln <M, foreveryyeV.

To X we associate a sequence of Banach spaces {(X", |- ||»)} as follows: For every
n € N, we consider the equivalence relation ~;, defined by the formula

X ~py ifandonlyif |x—y|,=0 forall x,y € X.

We denote X" = (X|~,, |- |l») the quotient space, the completion of X" with respect
to || -|ln. To every Y C X, we associate a sequence {Y "} of subsets Y” C X" as
follows: For every x € X, we denote [x], the equivalence class of x of subset X" and
we defined Y” = {[x], : x € Y}. We denote Y, Int,(Y"), and 9, Y ™", respectively,
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the closure, the interior and the boundary of Y" with respect to || - || in X”. We
assume that the family of semi-norms {|| - ||, } verifies

[xllx < llxll2 < llx[l3 <--- forevery x € X.

Definition 1 ([12]). A function f: X — X is said to be a contraction if for each
n € N there exists k, € (0,1) such that

| f(x)=fO)ln <knllx—=ylln forall x,y € X.

Theorem 2.1 ([12]). Suppose that U is an open subset of a Fréchet space X,
0eU, and F:U — X is a contraction such that F(U) is bounded. Then either,

(C1) F has a unique fixed point in U; or
(C2) there exist A € (0,1) and u € dU with the property u = AF (u).

3. MAIN THEOREM

In this section, we will study equation (1.1) assuming that the following assump-
tions are satisfied:

(a1) f:J — Ris a continuous function.
(a») For each n € N there exists L, > 0 such that

[(Ax)() — (AX) ()| < Lu|x(@)—Xx(t)| foreachx,x € C(J;R)and¢ € [0,n].
(a3) There exist nonnegative constants @ and » such that
[(Ax)(1)| = a+b|x(1)]

holds for each x € C(J;R) and ¢ € J.
(as) u:J x Jp x R? — R is a continuous function and, for each n € N, there exists
a constant Ly > 0 such that

u(t.s.x.y) —u(t,s. X, y)| < Ly(Jx =X+ [y =¥
holds for all # € [0,n], s € J7,and x,y,X,y € R.
(as) There exists a continuous nondecreasing function v: J2 — (0,00) and p €
C(J;R4) such that
lu(t,s,x, )| = p&)y(|x].[y])

for each (¢,5) € J x Jr and x,y € R, and, moreover, there exist constants
M, € J,n € N, such that

My
£ lln+T(a+bMn)y(Mn, My)p*
holds for all n € N, where p* = sup{p(s) : s € JT}.

> 1 3.1
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Theorem 3.1. Let the assumptions (a1)—(as) be satisfied. If, in addition, the in-
equality
2(@+bMy) L} T+TLy ¥ (My, My)p* <1 3.2)

holds for all n € N, then the equation (1.1) has a unique solution.
Proof. For every n € N, we define in C(J; R) the semi-norms by the formula

Il := sup{[y(@)[ : € [0,n]}.

Then C(J;R) is a Fréchet space with the family of semi-norms {|| - || }neN-
Transform the problem (1.1) into a fixed-point problem. Consider the operator
F:C(J;R) > C(J;R) defined by the relation

T
(Fy)) = f(f)+(f1y)(t)/0 u(t,s,y(s). y(as)ds, tel.

Let y be a possible solution of the problem (1.1). For given n € N and ¢t < n, in
view of (a1), (a3), and (as), we have

T
(Ol = If(l)IJrI(Ay)(t)I/0 |u(t,s,y(s), y(as))|ds

T
=[f®]+(a +b|y(t)|)/0 P&V (y©)] |y(as))ds

< flln+T@+blyl)¥UAyln.1ylln)p*

and thus
[yl

<1
[/ ln+T@+blyl)¥ Uyl lyla)p*
From (3.1) it follows that || y||, # M} for each n € N. Now, set
2={ye(;R) ||yl <M, forevery n € N}.

Clearly, £2 is an open subset of C(J;R). We shall show that ¥ : 2 — C(J;R) is
a contraction operator. Indeed, consider y,y € C(J;R), foreacht € [0,n] andn € N,
from (a,)—(as) we get

[(FY)@O) = (F )]

=

T T
(A (1) /O u(t.5. y(s). y (@s))ds — (AT)(@) /0 u(t.s. 7(s). T (@s))ds

=

T T
(Ay)(t)/o u(t,s,y(S),y(aS))dS—(Ay)(t)/o u(t,s,y(s). y(as))ds

T T
+ (Ay)(l)/o u(las,Y(S),i(aS))dS—(AY)(I)/O u(t,s,y(s), y(as))ds
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T
< I(Ay)(t)l/0 lu(t.s.y(s). y(as)) —u(t.s.y(s), y(as))|ds
T
-I-|(1‘1y)(t)—(1‘1f)(f)|/0 u(t.5.y(s). y(as))|ds
T
<(a+bly®) LZ/O (1) =y )|+ |y(as)—y(as)|)ds

T
4 Laly()—5(0)] /O POV (T [F@s)ds
<[2(a+bMu)L;T 4+ TLy (My. My) p* ||y = ¥ ln-

Therefore,
[Fy—Fyln < [2(a +an)L:T + TLnW(Mn»Mn)P*] Iy =Yln-

So by (3.2) the operator ¥ is a contraction for all n € N. From the choice of 2 there
isno y € 32 such that y = A¥ (y) for some A € (0,1). Then the statement (C2) in
Theorem 2.1 does not hold. A consequence of the Leray—Schauder type nonlinear
alternative from [12] yields that (C1) holds and thus we deduce that the operator &
has a unique fixed-point y in £2, which is a solution to Equation (1.1). This completes
the proof. 0

Theorem 3.2. Let the following assumptions be satisfied:
(@) f:J — Ris a continuous function.
(@2) g:J xR — R is continuous and, for each n € N, there exists L, > 0 such
that
lg(t,x)—g(t,X)| < Lylx—X| forallx,x e Randt € 0,n].
(@3) u:J x Jr x R? — R is a continuous function and, for each n € N, there exists
a constant Ly > 0 such that
lu(t,s,x,y)—u(t,s,%, )| < Ly (|x =X|+ |y =)

holds for all (t,s) € [0,n] x Jr and x,y,X,y € R.
(@4) There exists a continuous nondecreasing function V:J? — (0,00) and p €
C(J;Ry) such that

u(t.s.x.y)| < p(s)¥(Ix].[y])

for each (t,s) € J x J7 and x,y € R and, moreover, there exists constants
M, € J, n € N, such that

M,
> 1
| flln+T(LpMp+mp)y(My, My)p*

holds for all n € N, where p* = sup{p(s) : s € Jr} and m,, = sup{g(¢,0) :
t €[0,n]}.
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If, in addition, the inequality
2(LaMy +mp)TLy, +TLpy (My, My) p* < 1
holds, then Equation (1.2) has a unique solution.
Proof. The proof is similar to those of Theorem 3.1.
Example 1. Consider the quadratic integral equation of the Urysohn type
ol ("
L+ x@)|Jo 3+1
Set f(t) =1foreacht € J, ¥ (x,y)=x+yforall x,y >0,

x(t)=1+

|l (2)]
Ax)(t) = —————, teJand C(J:R),
(Ax)(t) T ()] € Jand x € C( )
and
ts
H(E.5.%,3) = o ()

(x(s) +x (%)) ds, t € J:=[0,400).

(3.3)

3.4

forall (¢,5) € J x Jr and x, y € R. Itis clear that (3.4) is a particular case of equation

(1.1). Let us show that conditions (a1 )—(as) hold.
Foreachn € N, ¢ € [0,n], and x,X € C(J;R4), we have

| IXOF xOL | [x (@) =[x
a0 =001 = | = |~
[x (@) —X(@)| _
= T o+ Fop - OO
Hence (a») is satisfied with L, = 1.
Foreach t € J and x € C(J;R), we have

o0l = o

Hence (a3) holds witha =0 and b = 1.
Foreachn € N, (¢,5) € [0,n] X Jr, and x,y,x,y € R, we have

= [x@l.

53 =5, | = | [+ D= G+ )
< |3+ [(x—y)+(f—y)]‘
T
< gl =yl E-7]

<T[lx—=yl+I|x=yll.
Hence (a4) is satisfied with L =T.

(1+[x@ODA+X@)



ON UNIQUE SOLVABILITY OF QUADRATIC INTEGRAL EQUATIONS 9

Foreachn € N, (¢,5) € [0,n] x J7, and x,y € R, we have

ts
t3+1(X+y)‘

|M(I,S,)C,y)| =

<s(x[+|y)) =sy(x].|y].

To conclude that (a5) holds we shall show that (3.1) is satisfied. Indeed
My >1 <— L >

| flln+T(a+bMp)y(My, My)p* 1+2T2an

= 2T*M?— M, +1<0.

1

Notice that the last inequality holds for 7' such that 1 —872 > 0, i.e.,

1
T < ——. 3.5)
22
Hence for T > 0 satisfying (3.5), there exists M, > 0 satisfying (3.1).
Finally let us show that (3.2) is satisfied.

2(a+bMy)LET + TLyy (My, My) p* —1=2M,T? +2T*M, — 1

=4M,T? 1.
Hence (3.2) is satisfied for 7" or M}, satisfying 4 M, T2-1<0,i.e., for
1
0<T<
2 M,

or0< M, < %T‘Z . Consequently, if 7" satisfies the inequalities

1 1
0<T <min) ——,——\,
{2«/Mn 2ﬁ}

then it follows from Theorem 3.1 that equation (3.4) has a unique solution.
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Abstract. We show the existence of unique periodic and symmetric solutions of weakly nonlinear
ordinary differential equations. Conditions of stability and hyperbolicity of these solutions are
established as well. Concrete examples are presented to show advantages of our method to the
classical averaging theory.

2000 Mathematics Subject Classification: 34C14, 34C15, 34C25

Keywords: periodic solution, symmetric systems, stability of solution, k-hyperbolicity

1. INTRODUCTION

In this paper we consider systems of ordinary differential equations under periodic
and symmetric assumptions. More concretely, we mostly consider a weakly nonlinear
ordinary differential equation of the form

x'(t) =ef(x(1),1), teR, (1.1)

with a small parameter ¢ € R, where x:R — R". We suppose that the function
f:R*1 — R” in (1.1) is sufficiently smooth, pT-periodic in the second variable,
and symmetric in the first one, i.e.,

Af(x.t) = f(Ax,t+T), teR, (1.2)

where A:R"” — R” is a linear map such that A? = 1 for some p € N. Due to this
property, we have the following useful construction. Let (-,-) be a scalar product on
R”. By setting
=t
(x.y):=—Y (A'x.Ay),  {x.y}CR",
P iz
The first author was supported in part by the National Scholarship Program of the Slovak Republic;
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The second author was supported in part by the Grant VEGA-SAV 2/7140/27.
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as a new scalar product on R”, we obtain (Ax, Ay) = (x,y) and |Ax| = |x| for
|x]:= /(x,x), x € R", and thus A is unitary with respect to (-,-). We mostly suppose
1 ¢ 0(A), where o (A) is the spectrum of A. The norm* on £ (R") generated by |- |
is denoted by || -|.

Remark 1.1. We study (1.1) always in an arbitrary but fixed open bounded subset
of R". So we do not study bifurcations from infinity of (1.1) for & small.

Next, for 7 > 0 we introduce the Banach space

X:={xeC'RR") |x(t+T)=Ax(t), t €R}. (1.3)

Note |x ()| is a T-periodic function because |x(t + T)| = |Ax(¢)| = |x(¢)] for every
t. So we take the norm |[|x|| = max;c[o,77[x(¢)| = max,eg |x ()| on X. It is easy to
see that if a function x belongs to the space X then it is a pT -periodic function.

Definition 1.1. By a symmetric and periodic solution x of equation (1.1) we un-
derstand a solution x € X, where X is defined by (1.3).

The main goal of this paper is to find a unique symmetric and periodic solution
(see Sections 2 and 3) for (1.1) and to establish conditions, under which this solution
is either stable (see Section 4) or hyperbolic (see Sections 5 and 6). We also present
examples to illustrate the theory in Sections 7 and 8. We show that our symmetric
averaging method could help when the classical averaging theory fails [18,27].

The results presented here are generalizations of achievements for anti-periodic
problems with A = —1[1,2], and continuations of [7]. Doubly symmetric solutions of
reversible systems are studied in [20]. Symmetric properties of periodic solutions of
nonlinear nonautonomous ordinary differential equations are also studied in [23,24].

2. UNIQUENESS FOR GENERAL NONLINEARITIES

In spite of the fact that we are interested in (1.1), we start with its general form
with ¢ = 1, i. e., we first consider the equation

xX'(t) = f(x(@),1), t €R. 2.1

Looking for a symmetric and periodic solution x of equation (2.1) is equivalent to
solve (2.1) on t € [0, T'] under the boundary condition

x(T) = Ax(0). 2.2)

The following lemma guarantees the existence and uniqueness of a solution of
problem (2.1), (2.2).

Lemma 2.1. Assume that 1 ¢ 6 (A) and, moreover, there exists a constant K > 0
such that

| f(x1.0) = f(x2.0)] < K|x1—x2] (2.3)

*As usual, the symbol £ (R™) stands for the algebra of square matrices of dimension 7.
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for all x1, xo from R"*. If
(A=Y +1)KT <1, (2.4)
then equation (2.1) has a unique solution x € X.

Proof. Let us first solve the boundary value problem
x'=h,  x(T)= Ax(0), (2.5)

where 4 € X. Obviously, x(¢) = x(0) + fé g(s)ds and Ax(0) = x(T) = x(0) +
fOT h(s)ds, whence

T
0)=UA-1)"" | h(s)ds.
20 = (=07 [ Fds
and, therefore, the solution of (2.5) has the form
T t
—A_n-1 | 7 >
x(t)=(A-1) /0 h(s)ds—l—/(; h(s)ds, te€][0,T].
Let us put
T t
B(x)(t):=(A— 1])_1/ f(x(s),s)ds +/ f(x(s),s8)ds, te][0,T],
0 0

for an arbitrary x from X. For any x1,x, € X, using the Lagrange theorem and (2.3),
we get

T
IB(x1) — B(x2)|| = (A—“)_I/0 (f (x1(5).8) = f(x2(5).5))ds

t
+/Yﬂmmm—ﬂmmwws
0

< (IA=D7 I+ 1)K Tl () —x20),

Taking condition (2.4) into account and applying the Banach fixed point theorem we
get that problem (2.1), (2.2) has a unique solution x € X. The proof is complete. [J

Now we replace Lipschitz condition (2.3) as follows. Let |-|o be a norm on R”.
Then for any x, y € R” the limit [3,4]

x4+ Aylo—Ixlo
NGy i B
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exists and has the following elementary properties:

N(cx,cy) =cN(x,y),

IN(x,y1) =N, y1)| = |y1—»2lo.
1 & 1 &
N (X’n? Zyk) <— ) NGy
k=1 k=1

for any ¢ > 0 and x, y, y1, ¥2, ..., ¥Ym from R”. So the function y — N(x,y) is
globally Lipschitz continuous and convex. Next, for any B € L(R"), there is its
Lozinskii logarithmic norm [16]

(2.6)

1+ ABJo—1
u(B):= lim @,
A—>+0 A

where || B||o := max|y|,=1 | Bx|o. Note that

sup N(x,Bx)= u(B). 2.7

[xlo=1

Now we are ready to prove the following results motivated by [6, 14, 15] and [30,
Theorem 9.6].

Lemma 2.2. Let f € CY(R"T1,R?). If there is a constant o > 0 such that
w(Dyx f(x.1)) <—a Y(x,1) € R"*!

then (2.1) possesses a unique symmetric and periodic solution which is globally
asymptotically stable.

Proof. Let x(t) be a solution of (2.1) defined on [0,§) for some § > 0. Then by
(2.6), (2.7) and the Jensen inequality [25], for almost each ¢ € [0,5), we derive

d
XDl = N(x (@), x'(t)) = N(x (1), f(x(2).1))
= Nx@). f(x(0).0)= f(0.1)) +[£(0.0)]o

1

<N (X(t),/ Dxf(9X(t),t)X(t)d9) +11£0,9)]o
0

1 (2.8)

5/0 N (x(t), Dx f(0x(2),1)x(2))d6 + || £(0,)]o

1
< /0 1 (D f(Ox(1).0))dBLx ()]0 + 0.0
=< —()[|X(t)|0 + ”f(O?)”Ov
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where || £(0,-)|lo = max;eRr | f(0,7). Note |x(¢)]|o is locally absolute continuous. The
Gronwall inequality implies

|x(t)|0 =< e_“’lx(0)|0 + M (1 _ e—at) ’

so x(t) is defined for any ¢ > 0 and it terminates in the ball B (0,2| f(0,-)|lo/c)
centered at O with the radius 2|| f(0,-)||o/«, i.e., (2.1) is dissipative possessing a pT -
periodic solution x¢(¢) inside B (0,2| f(0,-)|lo/a) (see [4]).

Next, let x1(¢) and x5(¢) be two solutions of (2.1) on Ry. Then similarly to the
consideration above, for almost every ¢ € R4, we obtain

4100l = N (m(l) ~%a(0), %(xl(z)—xza)))
— NGO =x2(0), 1 (0).0) = F(ea0). 1))
1
_N (xlm —220). [ Df O+ (1 =000 ) —xzm)de)

1
S/O N (x1(t) = x2(2). Dx f(Ox1(2) + (1 = O)x2(2). 1) (x1(2) — x2(2))) dO

1
< /0 (D £(01(0) + (1= 0)xa(6).1)) )1 (1) — 2D

< —alx1(t) —x2(1)]o,
i.e., the Gronwall inequality again implies
[x1(6) = x2(1)]0 < €™ [x1(0) = x2(0) o 2.9
So (2.9) gives the uniqueness of xo(¢) and it is globally asymptotically stable. It is

easy to verify that x(¢) := A" xo(¢t 4+ T) is also a pT -periodic solution of (2.1). The
uniqueness gives x(¢) = x¢(¢), i.e., xo € X. The proof is finished. O

Lemma 2.2 is extended in Corollary 4.1 of Section 4 in the context of averaging
theory. The above result can be slightly modified as follows.

Lemma 2.3. Let f € CY(R"T,R?). Assume that
1(Dx f(x,1)) <0 V(x,1) e R"!

and, moreover, that (2.1) possesses a bounded uniformly asymptotically stable solu-
tion xg on R4. Then x¢ is symmetric, periodic, and globally asymptotically stable.

Proof. Let x(t) be a solution of (2.1) defined on [0,8) for some § > 0. Then for
o = 0, (2.8) implies that [x(#)|o < [x(0)[o + || f(0,-)[|oz holds for all # > 0. So x(z)
is defined on [0, 00).
Next, let xq(¢) and x5 (¢) be two solutions of (2.1) on R4. Then for o = 0, (2.9)
implies
|x1 () —x2(0)]o < [x1(0) —x2(0)[o V7 >0. (2.10)
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Furthermore, from the uniform asymptotic stability of x¢(¢) on R, there is an §¢ > 0
such that
{x € R" | dist(x,{xo(t) |t € R4+}) < 8o} C By,

where B4 is the domain of attraction of x¢(¢). Then (2.10) implies that B(z,80/2) C
B4 holds for any z € B4. Consequently, B4 = R". Since x¢(¢) is bounded on
R4+ by assumption, all solutions of (2.1) terminates in a large ball. So (2.1) has
a pT-periodic solution which now must be xo(z). Then like above it is unique and
symmetric. The proof is finished. g

We recall the following well-known results:

() If |x]o = \’ZZ:NC/% then w(B) = A(% (B + B*)), where A means the
largest eigenvalue.
(2) If |x|o = maxg=1 >

.....

where by, k, j = 1,2,...,m, mean the entries of matrix B.

(3) If Ixlo = X-7_; 1] then 1(B) = maxe—12,...m ek + X 2k 1bji).
Applying Lemmas 2.2 and 2.3, we obtain the following particular results used in
the sequel [6].

Lemma 2.4. Let us put
1
J(x,t):= 3 (Dx f(x.1)+ Dx f(x,1)%) (2.11)
and let A(x,t) be the largest eigenvalue of J(x,t). If there is a constant « > 0 such
that
A(x,t) <—a V(x,r) e R"t! (2.12)
then (2.1) possesses a unique symmetric and periodic solution which is globally
asymptotically stable.

Lemma 2.5. Assume
A(x,1) <0 V(x,t) e R**! (2.13)

and (2.1) possesses a bounded, uniformly asymptotically stable solution x¢(t) on R4.
Then x¢(t) is symmetric, periodic and globally asymptotically stable.

Remark 2.1. We do not need to suppose that 1 ¢ o (A) in Lemmas 2.2-2.5.

Remark 2.2. By reversing the time ¢ <> —¢ in (2.1), we get similar results like
above ensuring that x¢(?) is a global repeller, namely, (2.12) and (2.13) are replaced
by the inequalities A(x,?) > « and A(x,?) > 0 for all (x,¢) € RPH1L respectively,
where A(x,?) is the smallest eigenvalue of J(x,?).



SYMMETRIC PERIODIC SOLUTIONS 17

3. UNIQUENESS FOR WEAK NONLINEARITIES
First, we consider the Cauchy problem

x'(t) =ef(x(t),t), tel0,T], 3.1
x(0) = x. 3.2)

Let us denote by ¢, (x,t) the unique solution of problem (3.1), (3.2). Note that
0e(x,0) = x. 3.3)

Obviously, the equation

ge(x, pT) = x (34

determines pT -periodic solutions of (1.1). For this reason, we consider the diffeo-
morphism given by the formula

Pe(x) := @e(x, pT). (3.5)
Taking (3.4) and (3.5) into account, we get
P.(x)=x. (3.6)

On the other hand, the T -periodic and symmetric solutions of (1.1), i. e., the solu-
tions belonging to X, are given by the equation

Ax = @ (x,T).
In this connection, we introduce the new mapping
ge(x) 1= A" ge(x.T). 3.7
Summarizing the considerations above, we arrive at the following simple lemma.

Lemma 3.1. A fixed point x of P., respectively of g., determines a pT -periodic,
respectively a periodic and symmetric, solution of equation (1.1) satisfying (3.2).

The basic relationship between mappings P, and g, is expressed by the following
lemma.

Lemma 3.2. The relation
Po(x) = [g:(x))7 (3:8)
holds, where P and g¢ are defined, respectively, by (3.5) and (3.7).
In (3.8), [ge(x)]? is defined as

[ge(X)]? = ge(ge(ge(ge... (X)), xR
D
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Proof of Lemma 3.2. 1t is easy to see that
@e(x, 1 +T) = Ape(A™ 9e(x, T), 1),
which implies
¢e(x.2T) = Ape(A™ e (x. 7). T) = AAA™ ps(ge(x). T).
Taking into account (3.7), the last relation is equal to
¢e(x.2T) = A%[ge (1),
Let us apply inductive method. Assume that relation
¢e(x.iT) = A'[ge ()]
is true. Now we show that this relation is true also for i + 1:
¢e(x. (i + DT) = @s(x,iT +T) = Age(A™ 9e(x. T).iT)
= Age(ge(x),iT) = A- A’ gelge (0] = A [ge(0)]H!.
So, finally we obtain
Pe(x) = ge(x, pT) = AP[ge(x)]” = [g6(x)]”.
The proof is finished. O]
In the sequel we assume for simplicity that f is C°°-smooth. Asymptotic expan-

sion can be obtained by the methods of averaging and multiple scales. So there exist
the Taylor series of P, and g, with respect to the small parameter ¢:

P.(x) = Po(x)+ePi(x)+... 3.9
and
gs(x) = go(x) +eg1(x) +....
Remark 3.1. It follows from the definition of the mapping P, given by formula
(3.5) that Py = 1.
The next lemma follows from Lemma 3.2.

Lemma 3.3. If x is a solution of equation
ge(x) = x, (3.10)

then it is also a solution of equation (3.6).

Let us solve equation (3.10), which, by (3.7), has the form
H(x,e) = A_lgog(x, T)—x=0.
Since
go(x) = A o(x.T) = A7 'x, (3.11)

we obtain that H(0,0) = 0 and D, H(0,0) = A~! — 1. Using the assumption 1 ¢
0 (A) and applying the Implicit Function Theorem, we get the following result.
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Theorem 3.1. If 1 ¢ 0 (A) then equation (3.10) has a unique C *°-smooth solution
Xxe = O(e) for & # 0 small. Note that

Pe(xe) = x¢.
Theorem 3.1 implies the following one.

Theorem 3.2. If 1 ¢ 0(A) and ¢ # 0 is small, then equation (1.1) has a unique
pT -periodic solution x¢(t) € X such that x;(0) = x¢ and x¢(t) = O(e).

Proof. Lemmas 3.1, 3.2 and Theorem 3.1 immediately give the result. O

4. STABILITY OF PERIODIC AND SYMMETRIC SOLUTIONS
To study stability of the T-periodic and symmetric solution x.(-) € X of equation
(1.1), we consider the linearization
M(e) := Dxge(xe) 4.1)
of mapping (3.7) at the fixed point x, = O(¢). Note that, by (3.8), we have
[Dxge(xe)]” = Dx Pe(xe),
which, by the Dunford spectral mapping theorem [11], yields
0 (Dx Pe(x¢)) = [0 (Dxge(xe))]” . 4.2)
Taking (3.7) into account, we get
Dyxge(x) = A_le(/’s(xa T).
So, using (3.11), we obtain
Dygo(x) = A" 'Dygo(x,T) = A"". (4.3)
From (4.1), (4.3) we have that
M©O)=A471, (4.4)
but A is a unitary linear mapping with all eigenvalues on the unit circle.

Let us consider the decomposition of the mapping M (¢) into the Taylor series on
a small parameter ¢ using (4.4):

M) =A" veM +.... (4.5)

By definition,
d
M; = —M(0),
de

it is easy to see, taking into account (4.1), xo = 0 and DJZC £0(0) =0, that

d ) d d
M, = % [ngs(xs)] =0 ngO(O)%Xo + %ngO(XO)

., d
=A I%ngoo(O,T). (4.6)
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Let us consider problem (3.1), (3.2). By (3.3), we get that

(»ba(xv[):gf(‘ﬂs(x’t)at)’ (47)
0e(x,0) = x. 4.8)
We differentiate (4.7), (4.8) with respect to x and get
d
E (Dx@e(x,1)) = eDx f(@e(x,1),1) Dxpe(x,1), (4.9)
Dyxpe(x,0) = 1. (4.10)

Now differentiating (4.9), (4.10) with respect to ¢ and putting ¢ = 0, we get

(- Dego(x.0)) = D f,0) D),

dt \de
d
%Dx(po(x,()) =0.
Thus,
d T
d—ngoo(x,T) :/ Dy f(x,s)ds. 4.11)
& 0

Using (4.6) and (4.11) we arrive at the equality

T
M; =471 / D, £(0,5)ds.
0

Now we return to the Taylor series (4.5). Considering previous calculations and
using that x, = O(g) from Theorem 3.1, we derive

T
M) =A"" —{—aA_l/ Dy f(0,8)ds +---
0

T
:A_I(H—i—e/ Dxf(O,S)dS+"') =A"1G(e), (4.12)
0

where G(¢) = AM(e) = 1+ efOT Dy f(0,s)ds +---. Since A™! is unitary, we get
that M (¢) is stable if G(¢) is stable. Let us now prove a generalization of a classical
result [5, 6,22].

Theorem 4.1. Let M(e) € L(R") be given by (4.12). If

T
o (/0 Dxf(O,s)ds)

then there exists an g9 > 0 such that r (M (g)) < 1 for any 0 < & < g9, where r (M (g))
is the spectral radius of M (¢).

Re C (—00,0), (4.13)

In order to prove Theorem 4.1, we recall the following well-known results [10, 11,
17].
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Theorem 4.2. Let K € L(R"). Then r(K) < 1 if and only if there exists a norm
on R" such that | K| < 1.

Theorem 4.3. Assume that (4.13) is fulfilled then there exists a scalar product
(-,-)1 and constant o, @ > 0 such that

T
<([ Dxf((),s)ds) x,x> < —a|x||3 foranyx eR", (4.14)
0
1
where | x||1 = v {x,x)1, x € R".

Proof of Theorem 4.1. Consider the expression ||G(¢)x||? = (G(g)x, G(¢)x)1 . Dif-
ferentiating |G (¢) ||% with respect to &, we get
d
72 1GExIT =2(G"(e)x. G(e)x)s

Using the Lagrange theorem, we obtain

d

2 _ 2 2
1G]l =G O)x]IT+ —[GE)x]1e .15)
= |IxIf +2(G’(6)x,G(A)x)1e, 0<6 <e.

By virtue of (4.14), we arrive at the equality

T
(G'(0)x, G(0)x); = <(f0 Dxf(O,s)ds) x,x)l < —a|x|?.
Thus,
2(G'(0)x.G(0)x)1 = —a||x|]}
for 0 < & < g9 with g9 small enough. Returning to (4.15), we obtain
1GE@)xIIF < lIx[IF —elx[Fe = (1 —as)|lx]7.
Supposing that g < 1, we get
1G(e)x|l1 < V1—as|x]|1 VxeR".

Consequently, we have that |G (¢)||1 < /1 —ae < 1. Then Theorem 4.2 implies that
r(G(e)) < 1. Finally, since A is unitary with respect to the norm |- |, we have [11]

r(M(e) = lim VM@K = lim /IGE!] =rG@) <1,

which completes the proof of Theorem 4.1. O
Summarizing, we obtain the following result.

Theorem 4.4. Suppose 1 ¢ o(A). Then for any € > 0 small, the unique symmetric
and T -periodic solution x(t) = O(e) of equation (1.1) is asymptotically stable if
condition (4.13) is fulfilled.
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Proof. We know from Theorem 4.1 that r (D g:(x¢)) < 1. Then, using (4.2), we
have

7 (D Pe(x)) =1 (Dxge(xe))? < 1.
The proof is complete. O

Finally, we generalize Lemma 2.2 as follows to get a practical global stability of
symmetric and periodic solutions of (1.1) [12]. By using the change of variables [8]

X <—>x+8(/0tf(x,s)ds—f(x)t),
equation (1.1) is transformed to the form
X() = ef (x(1) + g (x(1).1.€) (4.16)
with a C®-smooth and pT -periodic g. Here f(x):= pLTfOPT f(x,s)ds. Note that
Af(x) = f(Ax). Therefore, A £ (0) = f(0) and, thus, f(0) = 0 because 1 ¢ a(A4).
Suppose the existence of a norm |-|o on R” and a constant @ > 0 such that
w(D f(x)) <—a forany x € R, 4.17)

where u is the corresponding Lozinskii logarithmic norm. Then from the proof of
Lemma 2.2 we see that equilibrium z = 0 is a global attractor for the system

z=¢f(2). (4.18)
Now we are ready to prove the following results [28].

Theorem 4.5. Suppose that (4.17) holds for a norm |-|o on R" and a constant
o > 0 with the corresponding Lozinskii logarithmic norm u. Take Ry > Ry > 0 and

put

Ko:= max %480,
|X|05R0,|8|§1,16[R|g( )l
and
K= max [Dxg(x,t,€)]o.
|x|o<Ro,le|<1,€eR
If

. R() - Rl R()O{ Kl
0<e<minil, o, ,— ¢, 4.19)
KO 3K() o
then any solution of (4.16) starting from the ball B(0, Ry) remains in B(0, Ro) and
tends asymptotically to a unique pT -periodic solution of (4.16).
Moreover, if x(-) and z(-) are solutions of (4.16) and (4.18) on Ry such that

x(0) = z(0) and |x(0)| < Ry, then

lx (1) —z(t)]o < %e (4.20)

forallt € Ry.
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Proof. We take ¢ satistying (4.19). Let x(¢) be a solution of (4.16) such that
|x(0)| < Ry and |x(2)| < Rg for all ¢ € [0,6). Then from the proof of Lemma 2.2, we

obtain
eK eK
|x(t)|o < e **' Ry + 70 <R+ 70 <Ry

for any ¢ € [0,8). Thus, in fact, § = +o00. Since
Ko _Ro R,
a — 3 2
all solutions starting from B(0, R;) terminate in B(0, Ro/2) as t — oco. Next, again
from the proof of Lemma 2.2, we obtain

x1(t) = x2(t)]o < e @K |y (1) — x5(1)|o < 2e*@¢KDIR, v >0

for any two solutions x1(¢) and x,(¢) of (4.16) starting in B(0, R). Consequently,
(4.16) has a unique pT -periodic solution in B(0, Ry) and it is attracting all solutions
starting in this ball. Finally, like above we see that any solution of (4.18) starting
in ball B(0, Ry) remains in B(0, R1) and it asymptotically tends to an equilibrium
z = 0. Estimate (4.20) is derived similarly for any solutions x(-) and z(-) of (4.16)
and (4.18) on R4+ with x(0) = z(0) and |x(0)| < R;. The proof is complete. O

We get immediately from Theorem 4.5 the following result.

Corollary 4.1. Assume that (4.17) holds for a norm |-|o on R" and a constant
o > 0 with the corresponding Lozinskii logarithmic norm p. Then for any bounded
subset S C R" there are constants K > 0 and & > 0 such that for any 0 < & < &, if
x(t) and z(t) are solutions of (1.1) and (4.18) on R4 with x(0) = z(0) € S, then

x(1) —z(t)]o < Koe “.21)

for all t € Ry. Moreover, x(t) asymptotically tends to a unique periodic and sym-
metric solution of (1.1).

Remark 4.1. Results similar to the estimates (4.20) and (4.21) above are obtained
in the paper [27].

5. AVERAGING THEORY

In this section we survey classical results [5,9, 18, 21, 22, 26, 27] on the local
uniqueness and stability of pT -periodic solutions of equation (1.1). We already know
that p T -periodic solutions are described by mapping (3.5). So, now we recall some
known results for this mapping. Taking into account (3.9), we have

Pe(x) = @o(x, pT) +ep1(x, pT) + - (5.1

From (3.6) we have
P()(x) +8P1(X) +-- =X,
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which, in view of the relation Py(x) = ¢o(x, pT) = x, becomes Py (x) +---=0. It
is easy to see that Py(x) = %Ps (x)|e=0, and using (5.1) we get
d
Pi(x) = %QDO(X,PT)- (5.2)

Similar as it is done in Section 4 we solve the problem (4.7), (4.8) and considering
(5.2), one can get that

d T
Pi(x) = d—DQOo(O,PT) = S(x,s)ds (5.3)
& 0
and
pT
D, Pi(x) = / Dy f(x,s)ds. 5.4)
0

Now repeating the procedure of the previous sections, we are ready to state the fol-
lowing classical result.

Theorem 5.1. If there exists xo € R” such that

pT
f(x0,8)ds =0

and
pT
det/ Dy f(x0,8)ds # 0,
0

then, for any & # 0 small, equation (1.1) has a unique pT -periodic solution x(t) =
xo + O(e). Moreover, for € > 0 small, the following statements are true:

(1) If Re {O’ (fopT Dxf(xo,s)ds)} C (—00,0) then x(t) is asymptotically sta-
ble.
(2) IfRe {O’ <fOpT Dx f(x0,8)ds )y N (0,00) # O then x(t) is unstable.

(3) IfRe {O’ (fOpT Dxf(xo,s)dsgi C (0,00) then x(t) is a repeller.
(4) If Re {0 (fopT Dxf(xo,s)ds)} N{0} = & then x(t) is hyperbolic with the
same hyperbolicity type as fopT Dy f(x0,5)ds.
Remark 5.1. By (1.2), (5.3), and (5.4), we have
AP1(x) = P1(Ax), ADyxPi(x) = DxPi1(Ax)A VxeR". (5.5)

So if P1(xg) = 0 then P1(x;) =0 and o(DxP1(x;)) = o(DxP1(xp)) for x; :=
A’xgand j =0,1,..., p—1. Assuming xo # 0 from 1 ¢ o (A), there is the maximal
Po > 1, po|p such that x; are different for j =0,1,..., po—1. Then if

det Dx P1(x9) # 0,
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then, by Theorem 5.1, we have pg distinct pT -periodic solutions x; () = x; + O(¢)
for j = 0,1,..., po— 1. By (1.2), the function X (t) := A/ xo(t — jT) = A’ x¢ +
O(e) = xj+ O(e) is also a solution of (1.1). The uniqueness from Theorem 5.1 yields
Xj(t) =x;(t). Consequently, x;(t), j =0,1,..., po—1 are distinct solutions of (1.1),
but geometrically they are A-symmetric to one other with same local asymptotic
properties.

6. k-HYPERBOLICITY

To study hyperbolicity of periodic solutions of equation (1.1) we need the follow-
ing results from [22].

Definition 6.1. A continuous matrix function L.: R” — R” of ¢ > 0 is k-hyperbolic
if, for every matrix function N, defined for & > 0 satisfying N, = o(e¥), there exists
an interval 0 < ¢ < g1 in which L, + N; is hyperbolic of the same type (i. e., with the
same number of eigenvalues on each side of the unit circle).

Definition 6.2. A continuous matrix function L¢:R” — R” of ¢ > 0 is strongly k-
hyperbolic if there exists a continuous real matrix C, defined in an interval 0 < e < gg
such that C; is regular (even for ¢ = 0) and such that

—1 _ Ag O
CLCe= ( 0 B,

for 0 < & < g9, where A, and B are r x r and s x s blocks, respectively, and || A¢| <
1—céek, B < 1 — ce¥ for some ¢ > 0.

Now repeating proofs of Theorems 2.2 and 2.4 of [22], we arrive at the following
generalizations.

Theorem 6.1. Strong k-hyperbolicity implies k-hyperbolicity.

Theorem 6.2. If L, = Lo+¢eL{+---+ ekLk, if the eigenvalues of Lo are distinct
numbers on the unit circle, and if the eigenvalues A;(g) of L, suitably numbered
satisfy |Ai(e)| < 1—ceX fori =1,...r, |Ai(e)] > 1 —cek fori =r+1,....n, for
some constant ¢ > 0 and & > 0 small, then L, is strongly k-hyperbolic.

Remark 6.1. A difference between our Theorem 6.2 and [22, Theorem 2.2] is that
it is supposed Ly = 14 ¢L; +--- + &% Ly and the eigenvalues of L are distinct in
[22, Theorem 2.2].

Now we can improve Theorem 4.4 as follows.

Theorem 6.3. Suppose 1 ¢ o(A) and all eigenvalues of A are distinct complex
numbers on the unit circle. Let x; = O(¢) be the unique solution of (3.10). If

Dyge(xe) = Gog +0(K) i= A7 4Gy + -+ 65 Gy + 0(s5)
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with a k-hyperbolic matrix function G i then Dxg¢(x¢) is hyperbolic of the same
type as Gg . In particular, G,y is k-hyperbolic if it fulfills assumptions of Theo-
rem 6.2.

According to (4.2), from Theorem 6.3, we obtain the following consequence.

Theorem 6.4. Suppose 1 ¢ o(A) and all eigenvalues of A are distinct complex
numbers on the unit circle. If the eigenvalues 1i(g) of A~ + Gy + -+ + ¥ Gy,
suitably numbered satisfy |Ai(g)] < 1—cek for i =1,...r, |Ai(e)] > 1 —c&F for
i =r+1,...,n, for some constant ¢ > 0 and & > 0 small.

Then the unique symmetric and T -periodic solution of (1.1) is hyperbolic for any
&> 0 small.

7. APPLICATIONS TO WEAKLY NONLINEAR PROBLEMS

In this section, we present two concrete weakly nonlinear ordinary differential
equations to illustrate our theory.

7.1. A scalar problem
Let us consider a scalar differential equation
x' =e(x—x>+sint), xeR, (7.1

with T =, p=2and f(x,t) = x—x3+sint, Ax = —x. Indeed, we verify condi-
tion (1.2):

Af(x.t) = —f(x,t) = —(x — x> +sinz) =
= (—x) = (=x) +sin(t +7) = f(—x.t +7) = f(Ax,t + 7).
Let us establish the stability of the pT -periodic solution of the symmetric problem
(1.1), (2.2). Using (5.3) we get
2n
Pi(x) = / (x — x> +sint)dt = 27 (x —x3).
0

Solving the equation P;(x) = 0 we find that
x =0, x=-1, x =1
It is easy to see, using (5.4), that
P{(x) = 2m(1-3x?),
P{(-1)<0, P{(0)>0, P{(1)<0O.

From Theorem 5.1 we know that xo(z) = O(¢), x4+ (t) = £1 4+ O(e) are the only
27 -periodic solutions of the problem (7.1) for & > 0 small, while xo(¢) is unstable
(a repeller) and x4 (¢) are asymptotically stable. Note by Remark 5.1, curves x4 (¢)
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are symmetric with respect to the origin to each others. Furthermore, from Theo-
rem 3.2 we know that x¢(¢) is the only m-antiperiodic solution of (7.1). Now using
Theorem 4.4 together with a calculation

T
/ f'(0,s)ds =7 >0,
0
we reverify its instability.

7.2. A planar problem
Let us consider a planar differential system

xp =e(fi(x1,x2) + h1(2)),

, (7.2)
xp =& (f2(x1,x2) + ha(2))
with smooth functions f1 2, h12, T = /2, p = 4, and with
0 -1
A= (1 0 ) . (7.3)
Then symmetry condition (1.2) implies
S1(x1,x2) = fa(—x2,x1), S2(x1,x2) = — fi(=x2,x1), (7.4
and
g g
hy (t+5) = —hy(t), ha (z+5) = hy(1). (7.5)
Note that (7.5) gives hy2(¢t +m) = —h12(t) and, thus,
2
hl,z(l)dl =0.
0

Consequently, (5.3) now has the form

Pi(x) =27 (f1(x1,x2), f2(x1,x2)), (7.6)

where x = (x1,x2). Symmetry conditions (7.4) are satisfied, e. g., for the polynomi-
als

m

filx1.x2) =aox1+boxa+ Y (ajkx{x§+bij’fxé),
J k=0, j+k>3
2|j+k+1
Sf2(x1,x2) = =box1 +agx2 (7.7)
m . .
_ Z ((—1)"bij{x’2c + (—I)Jajkxlfxé).
k=0, j+k>3

2|j+k+1
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Hence D, P1(0) = (Zg Zg). Then from Theorem 5.1 we know that xo(¢) = O(e) is
the only symmetric and 7 /2-periodic solution of (7.2) which is in addition asymptot-
ically stable (a repeller) if ag < 0 (ag > 0), respectively, for ¢ > 0 small. We need to
compute higher-order terms for ag = 0, but it is not carried out here. Since in general
polynomials (7.7) are difficult to handle, we consider the following particular cases.

7.2.1. Degenerate cases

If ap = by = 0 then D, P1(0) = 0 and so Theorem 5.1 is not applicable. But
Theorem 3.2 still guarantees the existence and uniqueness of xo(¢). This is one of
advantages of our results. For instance, consider

x] :€(an{+ijé+h1(t)), -
x5 = 8(—bjx{ +ajx) —i—hz(t)),

where a;j,b; € R\ {0}, j € N, j > 3is odd and &> # 0 satisfy (7.5). The lineariza-
tion of (7.8) along x¢o(¢) = (Xl,o (1), xz,o(t)) has the form

xp=¢ (jajxl,o(l)j_lxl + jbsz,o(f)j_lxz) ,
_ . (7.9)
Xy =¢ (—jbjxl,o(f)J_1X1 + jasz,o(l)]_lxz) .

Let X, (¢) be the fundamental matrix solution of (7.9). Then in notations of Sections 4
and 5, we have Dy g (x;) = A_ng(ﬂ/Z) and Dy Pg(x;) = Xc(2m) for xg = x¢(0).
Since

o (A7 Xo(n/2)) = {eF™/2},

it follows that o (A_IXS(JT/2)) = {Ag,L} is close to {ei’”/z}. Let o (X:(27)) =
{Ae,1,Ag,2}. Then, due to (4.2), we have Ay = )Lg and Ao = (Ig)4 = )L_‘s‘ = Xg,l.
On the other hand, by the Liouville theorem [11], we know that

2w

/ jaj (961,0(t)j_1 +X2,0(f)j_1)dl
Ag’lxg’z - deth(Zﬂ) = eJ0 .

Therefore, since fOZ” (x1,00) 71+ x2,0(1)/ 1) dt > 0, we see that |1 | = [As2] <
1fora; <Oand |Ag 1| = |Ag2| > 1 for a; > 0. Furthermore, the relation Py(x) =0
has the form

ajx{ +bjxs =0, —bjx{+ajx; =0, (7.10)

which gives (x1x2)/ (ajg + bjz) = 0. Thus, (7.10) has only zero solution x1 = x5 = 0.
Summarizing, we have the following result.
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Theorem 7.1. Weakly nonlinear system (7.8) has the only 2w -periodic solution
xo(t) = O(¢) for € > 0 small, which is moreover —m/2-symmetric, i.e., has the
property

xo(t +7/2) = ((1) _Ol)xo(t) vVt e R. (7.11)
If aj <0 then x¢(t) is globally asymptotically stable, and if aj > 0 then xo(t) is
a global repeller.

Proof. We concentrate on the case a; < 0, since the case a; > 0 can be handled
similarly. We already know that (7.8) possesses a solution x¢(¢) which is asymptoti-
cally stable. Now we apply Lemma 2.5. By (2.11), we have

Jj—1
. X 0
J(x,t)zjajé‘( 10 x]_l)’

2
which clearly satisfies (2.13). The proof is finished. O

7.2.2. Nondegenerate cases

First we consider a linear perturbation of (7.8) of the form

x/l =¢ (a0x1 + boxo —I—ajx{ —|—h1(l))
) (7.12)
Xy =¢ (—b0x1 +apxz —I—ajxé —i—hz(t)) ,

where ag,bg,a; € R, j € N, j > 3is odd and & » satisfy (7.5). Then

-1
Jery =g P04 Y j—1
0 aop+ jajx;

which, clearly, satisfies relation (2.12) for ap < 0, a; < 0 and any ¢ > 0. Thus,
applying Lemma 2.4, we obtain the following result.

Theorem 7.2. Assume ag <0, a; < 0. Then nonlinear system (7.12) has the
only 27 -periodic solution xo(t) = O(e) for any ¢ > 0, which is moreover —m /2-
symmetric, i. e., it satisfies (7.11) and it is globally asymptotically stable.

Remark 7.1. Except of Theorem 7.2 in this paper, we do not know anything about
dynamics of (1.1) as ¢ is increasing.

Finally, to get further interesting results, we consider the following simple form of
(7.7):

f1(x1,x2) = x1 + X2 +axixz +bxix3, a.13)

fo(x1,%2) = —x1 + X2 +bxix, —axix3, '
where a,b € R are constants with (a,b) # (0,0). Hence x¢(¢) is a repeller for ¢ > 0
small. We intend to find more 2m-periodic solutions of (7.2) with (7.13). For this
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reason, we solve
X1+ xz —i—ax%xz + bxlxg =0,
) 5 (7.14)
—x1+x2 +bxixy—ax1x; =0,

which gives

x2 (24 (a+b)xi —(a—b)x1) = 0. (7.15)
For x, = 0 from (7.14) we derive x; = 0 which gives x¢(¢). If x2 #0anda =b >0
then (7.15) has no more solutions. So we suppose @ # b and then (7.15) gives x1 # 0
along with

(a+b)x3+2
= 7.16
2 (a—b)xy (7.16)
Inserting (7.16) into the first equation of (7.14), after some computation, we arrive at
2(a+b)+4@®+b*)x? + (a+b)(a*> +b*)x} =0. (7.17)

If a+b =0 then (7.17) gives x; = 0 and so we again obtain x, = 0. Hence we
suppose a + b # 0, and then (7.17) gives

) V2(a—b)—2va? + b2
X = ,
b (a +b)va? +b?

> V2(a—b)+2+/a? + b2
X7 _ = — .
b (a+b)vaZ+ b2

It is elementary to observe

V2(a—b)=2vVa?+b%2 <0, V2(a—b)+2vVa%+b2>0

whenever a +b # 0. So (7.18) has a real solution if and only if ¢ + b < 0, which
is from now supposed. Then by (7.16), we get four solutions of (7.14). But since
according to (7.4), system of equations (7.14) is equivariant with respect to the sym-
metry (7.3), these solutions are rotationally symmetric (see also Remark 5.1). So we
concentrate on the first solution given by the formulae

= V2(a—b)—2va? + b2
b (a+ba>+b2

(7.18)

(7.19)

o 2(a+b)
T Va8 (Vb -2 587

Then by (7.6) and (7.13) we get

DL Pi( ) 2 (“ ”)
X1.4,X = ,
Pl = e \w v
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where
u=(a—b)Va2+b2+~2(2a*> +ab+b?),
v=(b—a)Va2+b2+2(a* +ab+2b?),
and

w=(a—b)vVa2+b%+~2(a®+ab+2b%).
Itis interesting to note det D x P1(x1,4+.x2,4) = —16m. The eigenvalues of the matrix
Dy P1(x1,4+.,x2,4) are given by the formulae
a—bF +/9a2 + 14ab + 9b2
a+b '

Since a + b < 0, we see that Ay > 0 and A_ < 0. Summarizing, we obtain the
following result.

Ayr =27

Theorem 7.3. Consider the system
x| = e(x1+x2 +axixs +bx1x3 +hi(1)),

(7.20)
xy =e(—x1+x2+ bx}xy—ax1x3 + ha(1)).

where a,b € R are constants with (a,b) # (0,0), hy > are continuous functions sat-
isfying (7.5) and € > 0 is a small parameter. Then:
(1) Ifa+b = 0then (7.20) has the only 27 -periodic solution xo(t) = O(g) which
is in addition a repeller and —m / 2-symmetric, i. e., it satisfies (7.11).
(2) If a + b < 0 then (7.20) has in addition precisely four more 2w -periodic so-
lutions x;(t), j = 1,2,3,4 which are hyperbolic with the same hyperbolicity
type and orbitally —r | 2-symmetric to each others.

Proof. The proof follows immediately from the above computations together with
application of Theorem 5.1 and Remark 5.1. U

8. APPLICATIONS TO PLANAR WEAKLY LINEAR PROBLEMS

We consider
x'=eB(t)x, (8.1)

where B(t) = (Bi k(t))l.2 k=1 1s a smooth 2 x 2-matrix function, 27-periodic in 7 € R
and ¢ € R is a small realgparameter.

We first study (8.1) without symmetries using standard approach [8,9, 13, 19,21,
22,29]. If X:(t)x = @c(x,t) is the Cauchy solution of (8.1), where X (¢) is its
fundamental matrix solution, then we expand X.(¢) in the form

Xe®=) Yie'. Yo0) =1 Y;(0)=0 Vizl (8:2)

i>0
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to derive from (8.1) the recurrence formulas

t
Yi1(1) =/0 B$)Yi(s)ds. Yo(t) = 1.

Thus, we have
2 2w t
X:(2m) = 1]+8/ B(t)dl+82/ / B(t)B(s)dsdt+O(83). (8.3)
0 0 0

If f02 " B(t)dt # 0 then we can apply results of Section 6 (see Remark 6.1). Here
we concentrate on the degenerate cases by supposing (see also [9])

2w
/ B(t)dt = 0. (8.4)
0

Then (8.3) becomes

2w t
X:2n) =1+¢> / / B(t)B(s)dsdt + O(&>). (8.5)
0 0

The results of [19,21,22] are difficult to apply to (8.5) (see Remark 6.1). We show
that if we consider some symmetries to (8.1), then our theory helps to study such
degenerate cases. Now f(x,?) = B(t)x, so symmetry condition (1.2) gives

AB(t)=B(t+T)A, (8.6)
where A7 = 1 for some p € N, p > 2, and T = 27t/ p. Then we have X.(iT) =
A" (A71X(T))" for alli > 1, which implies

(A_le (27”))1) = X.(2n). 8.7

We already know (8.7) from Lemma 3.2. In spite of the fact that Y1 (27) = 0, in many
cases we could have Y (T') # 0. Thus, using (8.7), we could still study the existence
and stability of the zero solution x = 0 of (8.1) also in the degenerate case (8.4).

Finally, it is better to pass in computations to the complex variable z = x1 +1x3 €
C for x = (x1,x2) € R?. Then (8.1) has the form

Z=z¢(a(t)z+b(1)2) (8.8)
in which
alt) = B11(t) + Baa(1) 4 By1(t) — B12(1) ,
2 2 (8.9)
b(t) = Bll(l);Bzz(f) 4 B12(l)42-321(1)’
and 7 = x1 —1x2. Next we again expand
Ze() =) wi(e, wo(0)=w., wi(0)=0 Vizx>1I (8.10)

i>0
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to derive from (8.8) the recurrence formulas

t
wi+1(t)=/0 (a(s)wi(s) +b(s)wi(s))ds, wo(r) =w. 8.11)

In the next sections, we demonstrate the above approach by considering two dif-
ferent classes of symmetries A of (8.1).

8.1. Rotation symmetries

We consider the rotation Az = ezT#‘z, sop=nand T = 27” Note n € N and
n>3.Now f(z,t) =a(t)z+b(t)zZ, so the symmetry condition (1.2) (see also (8.6))
implies

a(t+T)=a(t), b(t+T)=en'b). (8.12)
Note that (8.4) gives

2r 2n
/ a(t)dt =0, b(t)dt = 0. (8.13)
0 0

So both (8.12) and (8.13) imply fOT a(t)dt = 0. But we need either fOT a(t)dt #0or
fOT b(t)dt # 0. For this reason, we further consider f(z,t) = b(¢)Z. Next, expanding
b(t) = ZkeZ\{O} by ekt and using (8.12) we derive

b(t) =) byeCtmmit, (8.14)

meZ

Then

EZ/OTb(z)dt:/Oz”/"b(t)dz - (e—l)mze‘%(zf—zn)l

In general b = 0, so by (4.12) we consider the linear map z bZ, which for b =
b1 +1b5 and 7z = x1 + 1x5 has the form

51 52 X1
(x1,x2) = (52 _gl) (Xz)'

bi by

2 —by
ble. So we can not apply Theorem 4.1. Consequently, we get now only that the
equation

However, the matrix ( ) = 0 is always hyperbolic and not asymptotically sta-

t=eb(1)Z (8.15)
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has zero solution the only symmetric one for & # 0 small, when b(¢) is given by
(8.14). Furthermore, by (8.2) we obtain

2 2
A71x, (—”) — 47! (11 tevy (—”)) +0(?)
n n
_ [ cos 27” sin22 (4 _4_3];1 g];z~ L0
—sin%r 00527” eby 1—eb; '

The eigenvalues of A~! (1] + &Yy (27”)) are given by

2 i~
p =cos—ﬂ:|:l—\/l—cos—7T—2|l9|282
n 2 n

for € small with

= b2
Ai| = 1—|b|2e2 = 1—%82 + 0(e%).

So the matrix A™! (1+ Y7 (2£)) is by Theorem 6.2 strongly 2-hyperbolic, but we
should have its strongly 1-hyperbolicity in order to apply results of Section 6 con-
cerning the hyperbolicity of the zero solution. We should need to compute higher
order terms in (8.2).

Next, by (8.11) and (8.13), we get

2 ot _
z:(2m) = (1 +82/ / b(t)b(s)dsdt) w4+ 0 (83),
0 0
and using (8.14), we derive
z:(2m) = (1 —I—ezﬁl) w+ O (83)
for

|2
m

b
p=2n 3 Lml
2+mn
me”Z
which is a nonzero constant for b(¢) # 0. In the variable x, we get

X:.(27) = Ba(e) + O(e?) (8.16)
_g2 _
mo=(4 )= ()
(5 0)):

for

Since
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equation (8.15) has the only zero 27 -periodic solution. Note the eigenvalues of B (¢)
are 1 + £291. Furthermore, we see that

1 %,
—<1——¢
Jiter— 3
for & # 0 small, so by Definition 6.2, B(¢) is strongly 4-hyperbolic, but we should
have its strongly 2-hyperbolicity in order to apply results of Section 6 concerning the
hyperbolicity of the zero solution. Consequently, the expansion approach (8.2) seems
to be difficult for application to (8.15), and hence our approach is as follows. Since
o (A_lXo (27”)) = {eiz’”/”}, NoXol (A_lXa (27”)) = {AS,XS} is close to {eizm/”}
for & small. Next, (8.15) has the form

G\ (1@ b2(0) ) (2

A ba(t) —b1(2) ) \x2)"
Hence g(Xg(_271)) = {Ag,1,Ag,2} With Ag 1Ag2 = 1. But (8.7) gives Ag,1 = A2 and
Ae2 = AP = 1. This implies that |A¢ 1| = |A¢ 2| = 1. Summarizing, we obtain the

following result.

Theorem 8.1. Assume (8.13) and b(t) # 0 is given by (8.14). Then the zero solu-
tion is the only symmetric one of equation (8.15) for ¢ # 0 small. It is stable but not
asymptotically stable. Moreover, it is the only 2w -periodic solution of (8.15).

|B2007" | =

We see that simple arguments using symmetries of (8.15) provide the stability of
this equation, while expansion method seems to be rather awkward.

8.2. Reflection symmetries

Now we consider Az = en'Z with p=2nand T = 7. Note that A has the form

A ( cqs%n —sin%) ’
—sin?  —cos ¥
satisfies the relation A2 = 1, and has the eigenvalues 1 and —1 and the correspond-
ing orthogonal eigenvectors (sinZ, cosZ —1) and (sinZ, 14 cos Z), respectively.

Thus, A is the reflection with respect to the line x, = —tan (%) X1.
Next, the symmetry condition (1.2) (see also (8.0)) gives
a(t+T)=a(t), b@t+T)=en'b). (8.17)
Using the above approach, we derive
at)y=Y" (ak +a ek%l) ekt (8.18)
keN
and B
bt)y=Y" (bk 1y e<2+k>%’) ekti (8.19)

keN
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T w/n Px ek%z -1
~ _ . _ kI
a= /0 at)dt = /0 a(t)dt = Z (ak +aye )—kl (8.20)

keN

and
R T w/n _ - k%1 -1
b:/ b(t)d1 :/ b)dt =Y (b +heCRI) 222 821)
0 0 keN ki

In general @ # 0 and b # 0, so by (4.12) we consider the linear map z — az + bZ.
Now we want to show that for any given a,b € C, we can find a(t), b(¢) satisfying
(8.20) and (8.21). For this reason, we first derive
ki k31 —k 1
b4 n- — 1 T T T 2n’ — 2n
(ak +ay ekﬁ’) er T (ak e k2t +ay, ekﬁ’) ekﬁl;
ki ki

T Sinkl pid
= (4Re {ak e_kﬂl} 2n ) ekt

k
So the range of the mapping

14 ek%l —1
Coap+— (ak —i—akekﬁl) B eC ~R?
1
in the plain R? is the line x, = tank % x1. Consequently, the mapping

2%,

big e“nt —1
Harmer) T e
1

T e%l—l
CxC > (aj,az)—~ (a1 +5167’)

is onto (surjective). Hence, for any @ € C, there are a;,a, € C such that (8.20) holds
with
a(t) = (a1 +a e%’) e’ + (az +a, ez%’) e, (8.22)

Similarly we have

K ink X
(bk + 5 e(z-i—k)%z) e ’Z -1 _ (4Re {bk e—(2+k)%z} Sm’;zn) NeEroray
l

So the range of the mapping
- T ek%l —1
Cobp > (bk Iy e(2+k>w> €T~ R
1

in the plain R? is the line x, = tan (1 + k)% x1. Consequently, the mapping

= am, eZ%l—l
+(b2+b2€ n )2—€C
!

enl —1

CxC 3 (hy,by) > (b1 +Dy e3%1)



SYMMETRIC PERIODIC SOLUTIONS 37
is onto (surjective). Hence, for any bhe C, there are by, b, € C such that (8.21) holds
with

b(1) = (b1 +h e3%’) el + (bz Ty e4%’) e211 (8.23)

Summarizing we see that, for any given a, b, c,d € R, by adjusting suitable a1, a5, b1,bs €
C, we have Y; (%) = (2’ 3) Next we derive

A7TX, (%) — 471 (n e (%)) +0(?)

cosZ  —sinZ\ (1+4¢a eb 5
J— n n
= (—sin% —cosl)( o 1+8d)+0(8 ).

n

The eigenvalues Ii of A™! (1] + &Y (%)) are given by the equalities

>

1
+== (8(a—d)COS£—8(b+C)Sinz
2 n n

s i (w0 T )

for ¢ small, which yield

~ sinZ
Ay =1+¢ ”(acotl—l—dtani—(b—l-c))+O(82),
2 2n 2n (8.24)
. n .
oo 1—eSE (gran X oot X 2
Ao=—1—-¢ atan— +dcot— + (b +c¢) ) + O(e?).
2 2n 2n
The two planes
b4 b4
xlcotE+than£—X3:O,
b4 b4
xltanﬂ—l-xzcot%—i-mzo

decompose the space R into four subspaces where, by (8.24), we get four different
types of a strong 1-hyperbolicity of 4! (1] + &Y (%)) with the corresponding hyper-
bolicities of A™! X (Z). For instance, A~! X, (£) is asymptotically stable for & > 0
small if

t X 4+ dtan—— <b+c < —atan—— —d cot — (8.25)
aco 2n an2n C a anzn CO 2]/1. .

Note that (8.25) yields a +d < 0. On the other hand, the real parts of the eigenvalues
of (? 3) lie in C (—o0,0) if and only if

a+d <0, ad-—bc>0, (8.26)

which condition follows from the Routh—Hurwitz criterion [6]. The relationship be-
tween constants a,b,c,d € R and ay,a»,b1,b, € C are given by (8.20), (8.21) and
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(see (8.9)) also by the equalities
a= ReZi—i—Rel;, b= Img—Ima, c= Ima—l—lmg, d = Rea—ReE, (8.27)
which are obtained by solving the equality

seeiz=(t D)(2).
c dJ\x2

where z = x1 +1x3, for any x; and x5 from R. Inserting (8.27) into (8.25) and (8.26),
summarizing, we obtain the following result.

Theorem 8.2. Assume (8.13), and a(t) and b(t) are given by (8.22) and (8.23),
respectively. Then the equation

z=c¢elat)z+b()2) (8.28)

has zero solution the only symmetric one for € # 0 small which can be either hyper-
bolic, asymptotically stable or unstable, respectively.T For instance, it is asymptoti-
cally stable for ¢ > 0 small if Rea < 0 and either |d| > |b| or the inequalities

P4 ~ ~ L1 ~ 7
Reasec — +Rebcot— < Imb < —Redasec — + Rebcot —
n n n n

are satisfied. Constants a and b are given by (8.20) and (8.21), respectively.

We do not compute Y5 (27) in (8.2) for (8.28) since it is an awkward formula, but
we again see that in general, for instance in the hyperbolic cases, the zero solution is
the only 27 -periodic solution of (8.28).
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Abstract. For an algebra 4, the lattice Quord 4 of all quasiorders of 4, i.e., of all reflexive
and transitive relations compatible with all fundamental operations of +4, is dealt with. In the
present paper we prove that if /4 is a monounary algebra, then Quord # is distributive if and only
if it is modular and we find necessary and sufficient conditions for # under which Quord # is
distributive.
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1. INTRODUCTION

A reflexive and transitive relation on an algebra +, which is compatible with all
fundamental operations of A, is said to be a quasiorder of 4. Quasiorders of an alge-
bra can be considered as a common generalization of its congruences and compatible
partial orders.

The lattices of all quasiorders on a set have several special properties (e. g., they are
atomistic, dually atomistic and complemented [4]). By [2, 7], every algebraic lattice
is isomorphic to the quasiorder lattice of a suitable algebra. Only few properties of
the lattice of quasiorders are known in the case of concrete classes of algebras. For
example, for the majority algebras it is known that their quasiorder lattice is always
distributive [3, 8]). In [9] the question how endomorphisms of quasiorders behave,
in particular, under which conditions Endg € Endg’ for quasiorders ¢,q’ on a set A
(Endgq is the set of all mappings preserving ¢). They describe the quasiorder lattice
of the algebra (A,Endg).

We will deal with the lattice Quord (4, f) of all quasiorders of (A, f), where
(A, f) is a monounary algebra.

Let (A, f) be a monounary algebra. Clearly, if |A| = 1, then Quord (4, f)isa 1-
element lattice and if (A4, f) is a 2-element cycle, then Quord (4, f) is a 2-element
lattice. Also, we show that if |[A| =2 and (A4, f) is not a cycle, then Quord (4, f) =~
M.
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The aim of this paper is to find necessary and sufficient conditions under which
the lattice Quord (A4, f') is modular or distributive, respectively.

2. PRELIMINARIES

First we recall some basic notions. By a monounary algebra we understand a pair
(A, f) where A is a nonempty set and f: A — A is a mapping.

A monounary algebra (A, f) is called connected if, for arbitrary x,y € A, there
are non-negative integers n,m such that f"(x) = f™(y). A maximal connected
subalgebra of a monounary algebra is called a connected component.

An element x € A is referred to as cyclic, if there exists a positive integer n such
that f"(x) = x. In this case the set {x, f1(x), f2(x),..., f"~1(x)} is said to be
a cycle.

A quasiorder of an algebra A = (A, F) is a reflexive and transitive binary relation
on A, which is compatible with all operations f € F. A quasiorder is a congruence
of 4, if it is symmetric. We will denote by Quord 4 and Con 4 the lattice of all
quasiorders and of all congruences of A, respectively, ordered by inclusion.

For an algebra A = (A4, F), a,b € A, let a(a,b) and 6(a,b) be the smallest qua-
siorder and the smallest congruence, respectively, such that (a,b) € x(a,b), (a,b) €
O(a,b).

Trivial relations / = {(a,a) : a € A} and A? are congruences. For a monounary
algebra (A4, f), so called “natural ordering” v defined for x,y € A by the formula
(x,y) evify = f"(x) for some non-negative integer was studied, e.g., in [6]. It
is easy to see that v € Quord (A4, f). Thus, e.g., if some connected component of
(A, f) has at least 3 elements, then v is a nontrivial quasiorder.

If @ € Quord (4, ), x € A, then we denote

[Xle ={y € A:(x.y) €, (y.x) €a}.

The symbols N and Z are used for the sets of all positive integers and of all inte-
gers. Next, if n € N, then Z,, is the system of all integers modulo 7.

The pentagon N5 and the diamond M3 are used as in [5]; also, for n € N, M, is
a lattice with n + 2 elements 0, 1,a1,ax,...,a, such that 0 <a; <1, a; £ a; for any

ijefl,...nki#j.

Lemma 2.1. Let us assume that (A, f) is a monounary algebra with A = {0, 1},
fO0)=f(1)=0. Puta =1U{(0,1)} and p = 1 U{(1,0)}. Then Quord (A4, f) =
{I,A%,a, B} = M.

Proof. If (0,1) € y for some y € Quord (4, f), then (f(0), f(1)) € y must be
valid, i.e., (0,1) € y implies (0,0) € y, which is trivially satisfied. Hence the small-
est element y belonging to Quord (A4, /) and such that (0, 1) € y is equal to «. Sim-
ilarly, B is the smallest quasiorder § with the property that (1,0) € §. The remaining
members of Quord (4, f) are I and A%. Hence Quord (4, f) = M,. O
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Lemma 2.2. If (A, f) is a monounary algebra containing at least three 1-element
cycles, then Quord (A, f) contains a pentagon.

Proof. Let a,b,c € A be distinct elements of A which form one-element cycles.
Put

a; =1U{(b,a)}, ar =1U{(b,a),(c,a)},
and
131 =1 U{(C’b)}’ ﬁZ =1 U{(C’b)’(bva)v(c’a)}'

Then a;,a2, 81, P2 € Quord (A4, f). Next, o) < az < B2, f1 < B2 and a1 A B; =
ar AP1 =1.Next, a1 < B2, f1 < B2, thus oy vV 1 < Bo. If (x,y) € fo— (o1 Uaz),
then (x, y) = (c,a). Since (c,b) € B1, (b,a) € a1, we get by transitivity that (c,a) €
B1Vvai. Hence oy v 81 = B5. Therefore, az v 1 = B2. Thus we have a pentagon
consisting of the quasiorders {/,«1,a2, 81, B2} O

Corollary 2.1. Let (A, f) be a monounary algebra, |A| > 3, f(x) = x for each
x € A. The lattice Quord (A, f) contains a pentagon.

Let us remark that the statement of 2.1 can be proved in a shorter way: In this case
the lattice Quord (A4, f) coincides with the lattice of all quasiorders of a set A. It is
known that if |A| > 3, then this lattice is not modular.

3. CONNECTED MONOUNARY ALGEBRA

From the paper of Berman [1] concerning congruences it follows that if n € N,
then 6 is a congruence relation of an n-element cycle (C, f) if and only if there is
d € N such that d divides n and for each x € C,

[¥lo = {x. 40 ST ()
The congruence with this property will be denoted 6,;. It is easy to verify that for
each x € C, 6; is the smallest congruence containing the pair (x, f 4 (x)).

Lemma 3.1. Let (A, f) be an n-element cycle, n € N. Then Quord (A, f) =
Con(A, f)=1{604 :d/n}.

Proof. Without loss of generality we can assume that A = Z,, and that f(x) =
x + 1 (mod n) for x € Z,. Since each congruence is a quasiorder of (4, f), we
have to prove that Quord (A4, f) C {6 : d/n}.

Leto € Quord (4, f). If e = I, then @ = 6,. Suppose that e # I, i.e., (i1,i2) €«
for some i1,is € Zy, i1 # i>. This implies that (f7~"1(iy), f"'1(i)) € . We have

ST = TN 0) = £1(0) =0,
and thus there exists the smallest d with (0,d) € «. Denote by e the greatest common

divisor of d and n. Then the numbers n; = Z and d; = % are mutually prime. If
jd = j'd modn forsome0<j < ;' <ny,thenn/jd—j'd,n1/(j — j')dy, thus
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n1/j — j' which yields that j = j’. Therefore, the elements 0,d,2d,...,(n; —1)d
are distinct. Further,

0.d)ea = (d,2d)=(f4(0), f(d)) e
= (2d,3d)ca = - = ((nl—l)d,nld)eoc.
Since n1d = %d =nd; =0 modn, we have ((n; — 1)d,0) € «, therefore we
obtain
[0l 2{0.d.2d,...,(n1 — 1)d}. (3.1
Assume that (0, ™ (0)) € o for some m € N. There are ¢ € N, z € N U {0} such that
m=gqd+2z,0<z<d. Wehave (¢d,0) € o by (3.1), thus (f?(qd), f*(0)) € «,
(gd +z,2) €, (m,z) € o. Hence
O,m)ea, (mz)ea = (0,2) €, (3.2)

which, together with the assumption that d was the smallest positive integer with
(0,d) € «, implies that z = 0. Then by (3.2), (m,0) € o, m € [0],. In view of (3.1)
then "

[0l¢ = {0.d.2d.....(n; — 1)d} = {O,d,2d,...,(g— 1)d}. 3.3)
This implies

ma={Ll+dJ+2¢“wl+(§—Qd}

[d—1], = {d—l,d—l+d,d—1+2d,...,d—1+(§—1)d}.

Therefore, d/n and @ = 6. O

Corollary 3.1. Let (A, f) be an n-element cycle for some n € N. Then the lattice
Quord (A, f) is distributive.

Proof. By Lemma 3.1, the lattice Quord (A4, f) is isomorphic to the lattice D, of
all divisors of n, since 04, C 04, if and only if d2/d;. O

Lemma 3.2. Let (A, f) be a connected monounary algebra containing an n-

element cycle C,|A| =n+1> 3. Then
Quord (4, f) = Quord(C, f)x My = Con(C, f)x M,
and Quord (A, f) is distributive.

Proof. We can suppose that A = Z, U {a}, f(i)=i+1 modn foreachi € Z,,
f(a) =0. By Lemma 3.1, Quord(Z,, /) =1{04 :d/n}. Let o € Quord (A4, f). Then
o =an Z2 is a quasiorder of (Z,, f) and there is d dividing n with &’ = 6. One
of the following conditions is satisfied:

() a =’ U{(a,a)},
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(2) thereis y € Z, with (a,y) € «,
(3) thereis z € Z, with (z,a) € «.

Let (3.2) hold. Then ( f(a), f(y)) € «, thus (0, y + 1) € @. Hence (0,y + 1) € 8,
d/y 4+ 1 and then

[y +1]g, = {O,d,zd,...,(g— l)d}.

This implies

[¥le, = {d—l,d—1+d,...,d—1+(g—l)d}.
Then {(a,t) :t € [ylg,} S . If there is y’ # y with y' € Z,, (a,)’) € «, then
(y,¥") €’ and [ylg, = [y'lg,. Thus (a,t) e ifand only if t € {a,d —1,d — 1+
d,....,d —1+ (7 —1)d}. Analogously, if (3.3) is valid, then (¢,a) € « if and only if
tefa,d—1,d—-1+d,....d -1+ (% —1)d}. Therefore, if (3.1) fails to holds, then
exactly one of the following conditions is satisfied:

e=a'Uf@n)1e {a,d—l,d—l+d,...,d—1+(%—1)d}}, (3.4)
a:a'u{(z,a):ze {a,d—l,d—1+d,...,d—1+(g—l)d}}, (3.5)

a:a'u{(z,a),(a,z);te {a,d—l,d—l+d,...,d—1+(§—1)d}}. (3.6)

Let us define a mapping ¢:Quord (A4, ) — Quord(Z,, f) x M>; the elements of
M> are denoted by 0,1,2,3 (0-the least, 1-the greatest element of M>). If « satis-
fies (3.1), then we put () = («’,0). If & satisfies (3.4), ((3.5), (3.6), respectively),
then we put ¢(a) = (’,2) (p(a) = (¢/,3), () = (¢, 1), respectively). It is a rou-
tine calculation to verify that ¢ is a lattice isomorphism, which yields the required
assertion. g

Lemma 3.3. If (A, f) is a connected monounary algebra fulfilling no of the as-
sumptions of 3.1 and 3.2, |A| > 2, then Quord (A, f) contains a pentagon, thus it
fails to be modular.

Proof. By the assumption, there exist distinct elements 0, 1,2 € A such that if we
denote C = { f%(0): k e NU{0}},then 1,2 ¢ C, f(1) =0and f(2) € C U{1}.
Consider the following relations on the set A:
ap=1UC?U{l}xC,
oy =1UC?U{l1,2}xC,
o, =TUC?U{1,2}xCU{(2,1)}
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and
B1=1U(CU{1})>
Ba=1U(CU{1})>U{2}x(CU{1}),
The above assumptions imply that these relations are quasiorders of (A4, f). Further,
(1) ap <ay <z < fa,
(2) ap < p1 < Ba.
Let (x,y) € aa A B1, x # y. Then either (x,y) e C xC orx =1,y € C. Thus
(3) a2 A1 =ap.
Since o1 < oz, then (3) yields
(4) a1 A1 =ao.

Let us count & Vv 81. We have a1 < B2, B1 < B2, thus a1 vV 81 < B». Let (x,y) €
B2, (x,y) ¢ a1, (x,y) ¢ B1. Then x =2, y = 1. We have (2,0) € 1, (0,1) € 84,
which implies that (2,1) € @1 Vv 81, 1.e., (x,y) € a1 V B1. Therefore,

(5) a1V p1=Pa.
Next, oy > o1 yields in view of (5) that
(6) a2V f1 = Pa.

We have shown that Quord (4, f) contains a pentagon, and, therefore, it is not

modular. O

4. GENERAL CASE

Assume that |A| > 2 and that (A, f) is non-connected. Then either f(x) = x for
each x € A or there is a connected component B of (A4, f) such that | B| > 2. In the
first case it was shown in Lemma 2.2 that Quord (A4, f') contains a pentagon.

In Lemmas 4.1 and 4.2 , and Corollary 4.1, let B, C be distinct connected compo-
nents of (A, ) such that |[B| > 2. Then BN C = @&. Let us put

a1 =1UBXC, B1=1UC xB
and
ar =1UB?UBXC, Br=ITU(BUC)?
Since | B| > 2, these relations are mutually distinct.
Lemma 4.1. The relations a1,az, B1, B2 belong to Quord (A, f).

Proof. Tt is easy to see that each of the relations is reflexive and transitive. Let
x,ye€A, x#y. If (x,y)€ai,thenx e B, yeC,thus f(x) € B, f(y) e C
and (f(x), f(y)) € a1. Hence o1 € Quord (A4, f). The remaining assertions can be
proved analogously. O

Lemma 4.2. The following relations assertions hold:
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(i) a1 <oz < B2, B1 < B2,
(i) conBr=a1AB1=1,
(iii) a1 v B =azV B = fo.

Proof. The validity of (i) and (ii) is obvious. We have a1 < 85, B1 < B2, thus
a1V B1 < PBa. Let (u,v) € Bp. If u = v, then (u,v) € oy Vv B1. If (u,v) € BxC or
(u,v) € C x B, then (u,v) € @y or (u,v) € By, thus (u,v) €y vpy. If (u,v) € BxB,
then take an arbitrary w € C; we have

(u,w)e BxC <ay, (w,v)eCxB<p

and thus
(u,v)ea;Vvp:.

The case (u,v) € C x C is similar. Therefore 8, < a1 V 1.
We have shown that oy vV 81 = B2. Next, since a1 < ap < B, this implies that
also ap vV 81 = 2. Il

Corollary 4.1. Quord (A, f') contains a pentagon.
Let us summarize the obtained results.

Theorem 4.1. Let (A, ) be a monounary algebra. The following conditions are
equivalent:

(i) The lattice Quord (A, f) is modular.
(ii) The lattice Quord (A, f) is distributive.
(iii) Either |A| <2 or (A, f) is connected and there exists a cycle C of (A, )
such that |A| < |C|+ 1.
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1. AN INTRODUCTION TO METRIC REGULARITY

Throughout this section, we consider an open set U in a normed space (E, | - ||1),
a closed set S C U, a Euclidean space (Y, || -||), and a continuous map h:U — Y.

Letx € S, T; (x) the Clarke tangent cone to S at x with respect to the norm || - |1,
d é the distance function to the set S with respect to the norm || - ||1.

The calculation of K }1_1 (h(x) contingent cone to 2! (h(x)) at x with respect to

the norm || - || requires first to bound the distance of a point z to the set A~ (h(x))
in terms of the function value /(z). This leads us to the notion of metric regularity.

We say 4 is || - ||1 weakly metrically regular on S at the point x if there is a real
constant K such that

A3t (hixy @) = KlIh(2) =h(x)|

for all z close to x with respect to the norm ||« ||y. If & is ||- |1 strictly Fréchet
differentiable at x, we can present a convenient condition for weak metric regularity
as follows:

Theorem 1. If h is ||| strictly Fréchet differentiable at the point x in S and
Vh(x)(Tg (x)) =Y then h is ||-||; weakly metrically regular on S at x.

A pretty application of the above theorem is the classical Liusternik theorem.

(© 2009 Miskolc University Press
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Theorem 2. If h is ||-|| strictly Fréchet differentiable at the point x and Vh(x)
is surjective then the set h='(h(x)) is tangentially regular at x and Ki—l(h(x)) =

N(Vh(x)), where N(-) denote the null space.

Using a recent extension of Fréchet differentiability (approach of Taylor mappings,
see [1]) and the notion of Clarke subdifferential in binormed spaces, we want to estab-
lish the same conclusion of the theorem 1 for non ||-||; strictly Fréchet differentiable
mappings.

For this, we pause to recall some terminology before proving the main result.

2. STRICTLY TAYLOR DIFFERENTIABLE MAPPINGS

Let |||, ||, two norms defined on a linear space E such that (£, |-||,) is a Ba-
nach space and, for some ¢ > 0, the condition ||-||; < ¢ [|-||, holds.

Let U an open subset of (E, ||-||;), S a closed subset of (E, ||:||;) such that S C U,
(Y,]|-1) is a Euclidean space, h: U — Y.

According to [1], we say that Zis a (||-||;, ||:]|») strictly Taylor differentiable map-
ping at a point x € U if there exists a continuous linear operator from (E, |-||,) to
(Y, || -|I) such that

h(x"+s)—h(x") = Ls = o(|ls|2)

in (Y.]|-]) as x" =, X, s =, 0. Let us first note that such L is unique since /
is |||, Fréchet differentiable at x. If &2 is (||-||; . [|-]|,) strictly differentiable at x € U,
then we set Vha(x) = L.

Evenif hisa (|||;.]|l,) strictly Taylor differentiable mapping at a point x, & is
not necessarily |-||; Fréchet differentiable at x. But if ||-||; is equivalent to the norm
[I:]l5, then & is necessarily strictly ||-||; Fréchet differentiable at x.

So the notion of strict differentiability in terms of Taylor strengthens and general-
izes the elegant notion of strict Fréchet differentiability.

In order to generalize the classical Theorem 1, we extend the notion of Clarke
subdifferentiability in a normed spaces to binormed spaces.

3. CLARKE SUBDIFFERENTIAL IN BINORMED SPACES

Throughout this section we consider a binormed space (E, |||, ||[l,) such that
(E,||*|l,) is a Banach space and, for some ¢ > 0, the inequality ||-||; < c |||, holds,
an open set U of a normed space (E,||-||;), a closed subset S of (E,|:|;) such
that S C U, a Euclidean space (Y, | - ||), a locally Lipschitzian around X € U with
respect to the norm ||-||, mapping ~:U — (Y,||-||), and a |||, locally Lipschitzian
real function /5 around x € U.

Let v any vector in E. The Clarke generalized directional derivative of /s, at X
in the direction v with respect to the norm ||-||,, denoted hg’z(f, v), is defined as
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follows:

0.2 ,— _ hy(x" +1v)—hy(x')
hy“(x,v) = limsup .
x’—>‘|.|‘21_c,t¢0 t

The Clarke subdifferential of /1, at X with respect to the norm |-||,, denoted 33h2(%),
is the subset of (E, ||-||,)" given by

Bha(¥) = {£ € (E.|ll,) : hy*(X,v) = (£.v) Vv € E}.

Analogously, the Clarke subdifferential of 4, at X with respect to the pair of norms
(Il > 1I-112), denoted 8(1)’2h2()_c), is the subset of (E, ||-||,)" given by

09 ha(X) = (& € (E,|ll)": hy' (X.v) = (£,v) Yo € E}.

Notice that the Clarke subdifferentials B%hz()_c) and B(I)hz(f) are smaller than the
generalized Clarke subdifferential 3(1)’2h2()_c). For a point x in S, the generalized

Clarke tangent cone to S at x with respect to the norms (||-||; , [|-||,), denoted TS1 2 (x),
is the subset of E given by

T2 (x) = (cl(RT3y?d3(x))™,
where cl denotes the * o ((E, ||-||,)’, E) closure.

Analogously, the generalized Clarke normal cone to S at x with respect to the
norms (||-||1, [I:/l,), denoted N;’z(x), is the subset of (E, ||-||,)” given by

Ng?(x) = cl (RT3 % d3(x)),

where cl denotes xo ((E, ||-||,)’, E) closure.

From the above definitions, we deduce immediately that the generalized tangent
cone Tsl’z(x) is smaller than the tangent cones TS? (x) and TS1 (x).

The first assertion below reiterates that if s, is a ||-||, locally Lipschitzian real
function on U, then the pair of multifunctions (8%h2, 8(1)’2}12) is closed from (U, ||||;)
to ((E,|Il,),*a((E,|-|l,), E)) in the following sense: if x; and ; are sequences
in U and (E, |-||,)" such that & € B%hz(x,-), x; converges to x with respect to the
norm |-||1, and & converges to & for the weak topology *o ((E, ||-||,)’, E), then & €
352 ha(x).

Proposition 1. Assume that hy is a ||-||, locally Lipschitzian real function on U.
Then the pair of multifunctions (8%}12, Bé’zhz) is closed from (U, ||||1) to ((E,|I-|2)’s
*0((E.[2)", E))-

Proof. Let x; and &; be sequences in U and (E, ||-||,)" such that & € thz(xi),
x; converges to x with respect to the norm ||-||, and & converges to & for the weak
topology * o ((E. |-[l2)", E).

Let any v € E be given. Then (£;,v) converges to (£,v).One has hg’z(xi,v) >
(&, v), which implies that hg’l (xi,v) = (&,v).
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By the upper semicontinuity of hg’l with respect to the norm ||-||;, we deduce that
hg’l(x, v) > (&,v). Since v is arbitrary, £ belongs to 8(1)’2h2(x). O

Now we can give the main result.

4. A CONVENIENT TEST FOR WEAK METRIC REGULARITY OF (|||, [“|l2)
STRICTLY TAYLOR DIFFERENTIABLE MAPPINGS

Assume that all the hypothesis of Section 3 are satisfied and suppose also that
(E,||*ll) is a separable Banach space. We can now present a convenient condition
for weak metric regularity of (||-||; . [|-||,) strictly Taylor differentiable functions.

Theorem 3 (Surjectivity and metric regularity). If h is ||-||, strictly differentiable
at the point x in S and Vh(x)(T;’z(x)) =Y then his |||, weakly metrically regular
on S at x.

Let us remark that in our theorem, to give a convenient test for the ||-||; weak
metric regularity of a function at a point in terms of the surjectivity of its ||-||, strict
derivative there, we do not require that 4 is ||-||; strictly differentiable at the point x
as in the classical Theorem 1.

Proof. Without loss of generality, suppose that x = 0 and #(0) = 0. If 4 is not
[I-]l; weakly metrically regular on S at the point O then there is a sequence v, — 0
in (S,]+||;) such that h(v,) # O for all r, and a real sequence &, |, O such that the
function ||2(-)|| + 8| - —vr||1 is minimized on S at v,. Denoting the local Lipschitz
constant by L, we deduce from the nonsmooth calculus and the Exact penalization
theorem the condition

0 € 031l (vy) + 8- B* + LFdZ (vy).

Where B* denote the unit ball in (E, |-||,) .

Hence there are elements u, of 3%(||h D (vy) and w, of L8%d§ (vy) such that u, +
w, approaches zero with respect to the dual norm || - [|5.

By choosing a subsequence we can assume ||2(v,)|| " h(v,) — y # 0. Conse-
quently, u, — (Vh(0))*y for the weak topology *o ((E, ||-|l,)’, E). Since the pair of
multifunctions (agdZ, a};zdg) is closed at 0, we deduce —(Vh(0))*y € La(l)’zdg (0) C
N ;’2(0). However, by assumption there is a nonzero element p of TS1 2 (0) such that

Vh(0)p = —y, so we arrive at the contradiction
0> (p,—(VA(0)*y) = (Vh(0)p.—y) = ll¥| > 0,
which completes the proof. O

Corollary 1. If h is (|||ly,|I|lp) strictly differentiable at the point x in S and
Vh(x)(T;’z(x)) =Y then h is |||, weakly metrically regular on S at x.
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Proof. Since h is (|||, ]Ill,) strictly differentiable at the point x then /4 is |||,
strictly differentiable at the point x. Consequently, using Theorem 3, we obtain the
result. U

An immediate consequence of Corollary 1 is the generalized Liusternik theorem.

Theorem 4 (Generalized Liusternik theorem). If h is (||-||; . ||-|l,) strictly differen-
tiable at the point x in S and Vh(x) is surjective then the set h='(h(x)) is tangen-
tially regular at x with respect to the norm ||-||; and K}ll,1 () (x) = N(Vh(x)).

Proof. Since h is ||-||, strictly differentiable at x then by the classical Liusternik
theorem, we deduce that Kli—l(h(x))(x) = KZ_I(h(x)) (x) = N(Vh(x)).

Let us now prove that /=1 (h(x)) is tangentially regular at x with respect to the
norm ||-||;. Assume without loss of generality that x = 0 and /(0) = 0. Its clear that
Kli—l(o) (0) € N(Vh(x)). So it suffices to prove N(Vh(0)) C Thl—1(0) (0).

Fix any element p of N(V/(0)) and consider a sequence x, — 0 in 2~1(0) with
respect to the norm ||-||; and - | 0, #, > 0. The previous result shows 4 is ||-||; weakly
metrically regular at zero, so there is a constant k such that the inequality

d}:—l(o)(-xr +1rp) = K|h(xr +1r p)||
holds for all large r, and hence there are points z, € h~!(0) satisfying the estimate

|lxr +trp—2zrll1 < K||h(xr +1-p)].

If we define directions p, = f, l(zr — Xr) then clearly the points x, + ¢, p, lie in
h~1(0) for large r, and since

lpr—rpli = lxr +[rtp_zr||1 = K”h(xr-i-t’tp)—h()cr)”
r r

— k[[VR(0)pll =0,
we obtain p € Thl_, ) (0). O

Let us give now an example of a non-strictly Fréchet differentiable function for
which the test given in Theorem 3 works.

Example 1. Let £2 be a bounded domain in R?, E = Wol’2 (£2) the Sobolev space
with the usual norm ||-[|, = ||-||W1,2(9). Letalso pandesuchthat0 <e<1l,e+2 <
0

p <oo. Set |||} = [|llL (- Note that (£, ||-||,) is a separable Banach space. Since

Wol’z(.Q) — LP(82), it follows that (E, ||-||;, |||l,) is a binormed space such that for
some ¢ > 0, the inequality ||:||; < ¢ |||, holds.
Set g(u) = |u|**2 and consider the functional G defined on E by the formula

Gx) = /Q ¢ (x(s))ds.
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Then G is ||-||, twice Fréchet differentiable at every x € E and

GO )k = /Q ¢ (x(s)h(s)ds,

GP(x)(h1,h2) = /Q g (x(5))h1(s)ha(s)ds.

Let us note that G is not ||-||; Fréchet differentiable at any point x € E. Indeed, let

am — oo and d,, — oo such that |g(dy)| > om|dm|?. By the countable additiv-

ity of the Lebesgue measure there exist C > 0 and £2’ C £2 such that u(£2’) > 0,

dist(£2’,062) > 0, and |x(s)| < C for all s € £2’. In this case, put D = max{g(u) :

|u| < C} < 0o. Choose £2,, C §2’ such that u(£2,,) = |dm|_p|am|_% for large m.
Let Ay, be defined by the formula

dm —x(s) fors e 2,
0 fors € 2\ 2.

It follows then that || 4, |1 — 0 and
|G (x +hm) = G(xX)| = am|dm|? 11(2m) — D (2m)
= [&m|* = Dp1(2m) — +00.

Let k;,, € Cg°(82) such that ||k, —hpll1 — 0. Then [|ky ||y — 0, but G(x + k) —
G(x) — oo since the Lebesgue integral is absolutely continuous. Therefore, G is
not ||-||; Fréchet differentiable at x and consequently, G is not |-||; strictly Fréchet
differentiable at x.

So to test the weak metric regularity of the functional G on a closed set S of
(E,||*l1). the classical Theorem 1 cannot be used, but we can apply the Theorem 3
since G is ||-||, strictly differentiable at x. Hence, if S is a closed set in (E, |-||;)
such that VG(x)(TSI’2 (x)) = R then G is ||:||; weakly metrically regular on S at x.

hm(s) =
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1. INTRODUCTION

The Cayley—Hamilton theorem and the corresponding trace identity play a funda-
mental role in proving classical results about the polynomial and trace identities of
the n x n matrix algebra M, (K) over a field K of characteristic zero.

The structure theory of semisimple rings and quantum matrices for example show
the importance of matrices over non-commutative rings in the theory of PI-algebras
and other branches of algebra as well.

J. C. Robson investigated in [12-14] the ideal /,, of all polynomials (including
nonmonics) in the free associative algebra R(x) over a non-commutative ring R gen-
erated by x and the n? entries of an n x n matrix a = (a; ), which are satisfied by
«. Those polynomials we call the laws over R of a non-commutative n X n matrix «.
These are not polynomial identities since the entries of « are allowed as coefficients
in the laws and they vary with the choice of «.

Robson showed that [, is an insertive ideal (meaning that its homogeneous ele-
ments are closed under inner multiplication by a constant a;; in some fixed position)
and as such is finitely generated (see [13] and [12, Theorem 2.3]).

The research of the first author was supported in part by the Bulgarian Scientific Research Fund,
Grant No. MM 1503/2005.
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The minimal degree of polynomials in /, remains unknown. However, for the
case n = 2, Robson [12, Proposition 3.2] found four polynomials of degree 3 (least
possible) in I» and Pearson showed in [10, Corollary] that these four Robson cubics
do indeed generate I, as an insertive ideal.

2. RESULTS

The first study of the non-commutative case for n = 3 was done in [9]. The results
there provide further evidence of the tantalizing complexity of even these small ma-
trices. Each of the four found laws of degree 7 has 1156 terms. Thus, special cases
of 3 x 3 matrices even over a field are of interest.

In [11] we study the ideal I3 for some special 3 x 3 upper triangular matrices
considered in [7]. These algebras could be endowed with involution * and their *-
codimensions have important properties.

Here we give a complete answer for the existing laws in these algebras and inves-
tigate the T -ideal T (U2(G)) of the 2 x 2 upper triangular matrices over G, where G
stands for the infinite dimensional Grassmann algebra.

2.1. Laws for upper triangular matrices over a field
2.1.1. Special upper triangular matrices

In [7] D. La Mattina and P. Misso study some associative algebras with involution
generating x-varieties of algebras with linear or linearly bounded sequences of *-
codimensions. Questions concerning laws for them were discussed in [11]. Here we
give the complete answers.

Let K be a field of characteristic zero and

a b c
My(K)=(x=|0 a b|:a,b,cek;.
0 0 a

All coefficients in the polynomials below mean the corresponding scalar matrix,
i.e.,a = aE for example.

Theorem 1. The only Robson cubic for a matrix from M»(K) in the general case
is r(x) = (x—a)3. Forb =0, ¢ #0 a law of minimal degree is (x —a)? and for
b=c=0itisx—a.

Proof. For a matrix x from the considered algebra we prove directly that (x —
a)3 = 0. Due to [8, Lemma 2, p.432] considering the subring T of the diagonal
elements of a generic upper triangular matrix A and w(x) € T (x), then w(4) =0
iff w(x) € (x —aq1)(x —az) - {(x —any), where { f) is the ideal generated by f.
In the cited Lemma T is a subring of a non-commutative ring. In Theorem 1 the
elements of the matrix are elements of a field and then 7 (x) = K (x) and the possible
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laws of degree less or equal to 3 could be given with the linear combination
A=a;+arx +a3(x—a) +oaux? +as(x —a)? +agx(x —a).
Equating to zero the corresponding entries we get the system

a1 +aay +a’ag =0,
bay +baz +2aboy +abag =0,
can + caz + (2ac 4+ b?)ay + b*as + (ac + b*)ag = 0.

For b # 0 the system has a solution
05 = —04 — U,
_ 2 2
o1 =aaszt+a a4 +a ae,
oy = —03 —2a04 —adg.

In this case A, is identically equal to zero. Considering b = 0, we get the rest of the
statement. U

Let us put

b
M3 (K)={x = 0 ra,b,c,d € K} .
0

S O
[STERS U

Theorem 2. The only Robson cubic for a matrix from M3(K) in the general case
is r(x) = (x —a)?x. For the three casesbh 20, c=d =0;d 20, b=c =0, and
b =c =d =0 alaw of minimal degree is (x —a)x.

Proof. Directly we calculate that for a matrix x from the considered algebra we
have (x —a)?x = 0. Then, due to Lemma 2 from [8, p. 432], considerations analo-
gous to the proof of Theorem 1 lead us to the linear combination

A=a;+ax +az(x—a)+asx? +as(x—a)> + agx(x —a)

of all possible laws of degree < 3. Equating to zero the corresponding entries, we
obtain the system

a1 +aay +a’ag =0,

bos + baz +abog —abas =0,

coy +casz+ (Qac + bd)ag + bdas + (ac + bd)ag = 0,
o1 —aos +a2a5 =0,

dor +dos+adog—adas = 0.
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For b # 0, d # 0 the system has a solution
Qe = —0lg — U5,
o1 = aaos —aZOls,
0y = —03—aodg+aas.

In this case A is identically equal to zero.
The three cases b #0,c =d =0;d #0,b=c=0,and b = c =d = 0 give the
law (x —a)x. O

Let us put

My(K) = (x = ta,b,c,d € K.

S OO

b
a
0

[ BRSUN

Theorem 3. The only Robson cubic for a matrix from M 4(K) in the general case
isr(x) = (x—a)x? Forc=d =0o0rb =c =0 alaw of minimal degree is (x —a).

Proof. Tt follows the above pattern of proof. Directly we get (x —a)x? = 0. The
corresponding system is
o1 t+aos +a2a4 =0,
bos +baz +abog —abas =0,
cap +caz+bdag+ (bd —2ac)as + (bd —ac)ag =0,
o] —aos +a2a5 =0,
dor +dosz +adog—adas = 0.
For b # 0, d # 0 the system has the same solution as in the previous theorem and A

is identically equal to zero.
The two cases ¢ = d = 0 and b = ¢ = 0 give the law (x —a)x. a

2.1.2. The general upper triangular case

Now we consider the general case, namely, the algebra Us (K, *) of the upper tri-
angular matrices of order 3 with the involution * reflection along the second diagonal.
We could find the analogues of the Robson cubics for the *-symmetric matrices and
for the *-skew-symmetric matrices as well.

Theorem 4. The only law of minimal degree for a symmetric matrix x € U 3+ (K, *),
where

a b d
U3+(K,*)= x=|0 ¢ b]l:ab,ceky,
0 0 a

is (x—a)®>(x—c). Forb=d =0itis (x —a)(x —c).
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Proof. Directly we calculate that (x —a)?(x —c¢) = 0. Then as explained in the
above proofs we have to form the linear combination

A=a1+ar(x—a)+asz(x —a)? +as(x —c) +as(x —c)> +ag(x —a)(x —c)

of all possible laws of degree < 3. Equating to zero the corresponding entries we get
the system

a1+ (@ —c)ag + (a—c)’as =0,

bas +b(c —a)az +bag+b(a—c)as =0,

daz +b*as +das +(2d(a—c) +b*)as + (d(a—c) +b*)as =0,
a1 + (c—a)az + (c —a)’az = 0,

bay +b(c —a)az +bag+b(a—c)as =0,

a1+ (a—c)ag + (a—c)’as = 0.

For b # 0, d # 0 the system has a solution

e = —03 —0U5,
ap=—(a—clag—(a —c)’as,
ay = —(—a+c)az—oag—(a—c)as.

In this case A, is identically equal to zero. For b = d = 0, we obtain the quadratic
law (x —a)(x —c). O

We point that in the general case (x —a)?(x —c) = 0 is in fact the Cayley—
Hamilton theorem in a factor form, i.e., x3 — (2a 4+ ¢)x3 +a(a +2¢)x —a*c = 0.

Theorem 5. The only law of minimal degree for a skew-symmetric matrix x €
U5 (K, x), where

a b 0
U (K,x)={x=|0 ¢ —=b|:ab,cecKy,
0 0 —a

is(x—a)(x—c)(x+a). Ifa=b=0, then alaw is x(x —c).

Proof. The law (x —a)(x —c)(x + a) = 0 is checked directly. Then we form the
linear combination

A=a;+ax(x—a)+az(x—a)* +ag(x—c)

+as(x—c)® +as(x +a)+ar(x +a)?
+ag(x—a)(x—c)+ag(x —a)(x +a)+ajo(x —c)(x +a)
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of all possible laws of degree < 3. Equating to zero the corresponding entries, we
obtain the system
a1+ (a—c)ag + (a —c)?as 4+ 2aag + 4a’a7 +2a(a —c)ayo =0,
bar +b(c—a)az + bag + b(a—c)as + bag
+b(c +3a)a7+b(c+a)ag +2abaig =0,
—b?a3—b?*as —b*a7 —b%ag —b% a9 —b%a19 = 0,
a1+ (c —a)as + (c —a) a3 + (¢ + a)ag + (¢ + a) a7 + (c —a)(c + a)ag = 0,
—bay —b(c —3a)as —bag +b(a+c)as —bag
—b(c +a)a7 +2abag—b(c —a)ag =0,
a1 —2aas + 4a*a3 — (a + ¢)ag + (a + ¢)?as +2a(a + ¢)ag = 0.

Its solution is

o1 = —2a(a—c)aig—(a—c)as — (a —c)?as —2aas — 4a’aq,
ag = —Q1p — Q3 — 05 — Q7 — U9,
ap = —2aa10— (—a+c)az—as—(a—c)as —ag— (3a+c)ag —(a + c)ayg.

In this case A, is identically equal to zero. The case a = b = 0 leads one directly to
the validity of the law x (x —c). O

The law in the general case illustrates the Cayley—Hamilton theorem in a factor
form, namely x3 — cx? —a?x 4+ a®b = 0. All the computations are made using the
computer algebra system Mathematica.

2.2. Laws and identities for upper triangular matrices over the Grassmann alge-
bra

2.2.1. Preliminaries

We consider the matrix algebra of the 2 x 2 upper triangular matrices U, (G) over
the Grassmann algebra G.
We recall the definition of the infinite dimensional Grassmann algebra G, namely,

G=GV)=K(v1,vz,...|viv; +v;v; =0,1,j =1,2,...).

The algebra G’ (without 1) has a basis Vi Vi - .- Vi, Where 1 < iy <ip <... <.
The elements v; are called generators of G’ while the elements v;, vj, ... vj, for 1 <
i1 <ip <...<iy are called basic monomials of G’. For G = G’ U 1, a generator is
1 as well. The algebras G and G’ are Pl-equivalent (they satisfy one and the same
identities). It is easy to be seen that G’ = J(G) for J(G) being the Jacobson radical
of the algebra.
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The algebra G is in the mainstream of recent research in PI theory. Its importance
is connected mainly with the structure theory for the 7 -ideals of identities of asso-
ciative algebras developed by Kemer in [5]. Kemer proved [5, Theorem 1.2] that any
T -prime T'-ideal can be obtained as the T-ideal of identities of one of the following
algebras: M, (K), M,(G) and M, ,(G), the latter being the algebra of n x n super-
matrices over G = Gog @ G with Gg blocks (with entries of even degree) of sizes
u xu and (n —u) x (n —u) and with G blocks (with entries of odd degree) of sizes
ux((m—u)and (n—u) xu.

Well known facts concerning the algebra G are the following:

Proposition 1 ([6, Corollary, p. 437]). The T-ideal T(G) is generated by the
identity [x1,x2,x3] = 0.

Proposition 2 ([4, Exercise 5.3]). For G = G(V}) over k-dimensional vector
space Vi all identities follow from the identity [x1,x2,x3] = 0 and the standard
identity S»p(x1,...,X2p) = Zo‘éSym(Zp)(_l)c'xU(l)"'XU(ZP) = 0, where p is the
minimal integer with 2p > k.

Remark 1. In the monograph [4, Exercise 5.3] one could see that the identity
[x1.x2]...[X2p+1,X2p+2] = 0 on G241 is equivalent to the standard identity of
degree 2p + 2.

Remark 2. Tt could be seen [4, Exercise 5.8] that the T -ideal of the algebra M»(K)
from Theorem 1 is generated by the identities [x1,x2,x3] =0 and S4(x1,...,x4) =0.
Nevertheless, the algebra M5 (K) is not isomorphic to the Grassmann algebra G, of
the two-dimensional vector space.

For the rest of the paper we will use capital letters for the matrices with entries
from the Grassmann algebra.

2.2.2. The T-ideal T (U(G))
Theorem 6. The identity [X1, X2, X3][X4, X5, X¢] = 0 holds on the algebra U (G).

Proof. As the considered polynomial is multilinear we could rely on [16, Remark
3.1] stating that it is an identity on M>(G) if and only if for every choice of the
matrix units e, p, and either v = v; or v} = 1, the substitution x; — e4; 5. v in
the polynomial gives zero.

We take the matrices X; = (”61' lc’;j) fori = 1,2,3 belonging to U,(G) with en-

tries being generators of G. It is easy to see that

[a11,a12,a13] s 0 =
X1, X2, X3] = = .
X1 X2, X5 ( 0 [c11.¢12,¢13] 00

The same form has the matrix [X4, X5, X¢]. As the only possibly non-zero entry of
the considered matrices is the (1,2)-entry, the multiplication gives 0. O
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Remark 3. Theorem 6 could be reformulated as follows. Let f(x,y,z) =[x, y,z].
The 2 x 2 upper triangular matrices over the Grassmann algebra satisfy the identity
f? = 0 while their entries satisfy the identity f = 0.

In [3, Theorem 3.1], Domokos gave a compact form of a theorem of Szigeti from
[15], namely,

Proposition 3. For any 2 x 2 matrix X over a K-algebra S satisfying the identity
[x1,x2,x3] = 0 we have that

1
X4 2X3(X) + X2Qu2 X —tr X2) + X(ztrX otr X2 —tr3X)
1 1 5
+Z(tr4X +? X%+ Eterter—Eterter +2[trX3,trX])E

and
1
X2 X)X3+ 22 X —r X2) X2 4 (Etrx otr X2 — 3 X)X
1 5 1
+Z(tr4 X+u? X2 - XX+ S uXu’X —2[trX3,trX])E
are equal to zero in S**2,

In [15], Szigeti developed a new theory of determinants of n x n matrices over
rings satisfying the polynomial identity of m-Lie nilpotency
[[[--- [x1. x2], x3], <], Xm]. Xm41] = 0.

As the Grassmann algebra is 2-Lie nilpotent the defined in [15] right m-adjoint of
a matrix, the right m-determinant of a matrix rd,, and the right m-characteristic
polynomial p(x) of a matrix and their properties could be interpreted for the ma-
trix algebra U, (G).

Proposition 4 ([15, Theorem 4.2]). If p(x) = Ao+ A1x + -+ Agx? is the right
m-characteristic polynomial of a n X n matrix A € My, (R) over a m-Lie nilpotent
ring R then the left substitution of A into p(x) is zero: (A)p = EAg+ AA1+ -+
Ay  =0.

Again in [15], Szigeti pointed out the identity of “algebraicity” for matrices over
the Grassmann algebra.

Proposition 5 ([15, Theorem 5.1]). The polynomial identity
So2 (Y2, Z), Y"1, Z),....[Y?, Z),[Y. Z]) = O
holds on My (G) for any two matrices Y and Z.

Now we give some laws and identities for the upper triangular matrices over the
Grassmann algebra G.
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Theorem 7. Let the matrix X = (g Ig) belong to U(J(G)) for a,b,c being basic
monomials of G'.

(D) The following laws are valid for X :
(X —a)(X —c) =0,
X3(trX)=0,
(trX)x3=o.

(II) Two identities hold for any matrices X and Y of the considered type, namely
X2Y?2=0and (X?Y)?>=0.
Thus any matrix X is nilpotent of index 4. A matrix X with tr X = 0 is nilpotent of
index 3.

Proof. (1) Direct calculations give the validity of the three stated laws for a matrix
X.

(II) Again applying direct calculations we get that the only non-zero entries in
X2, Y? and X?Y are the (1,2) entries and the corresponding multiplication gives
Zero. O

We see that both Proposition 3 and Proposition 4 for n = 2 are compatible with
Theorem 7 as for such a matrix 4 € U(G) we have rdet, A =0 and p(x) =rdety(4A—
Ex) =x*—2rdet Ax3. Thus A* —2(tr 4) A3 = 0.

Corollary 1. An identity of degree 9 holds for any two matrices Y and Z from
U,(G) with entries being basic monomials, namely, S3([Y 3, Z],[Y?2,Z].[Y,Z]) = 0.

Proof. Applying Proposition 5 and the index of nilpotency of the matrix Y. (|

Remark 4. 1f we consider the Grassmann algebra over a finite dimensional space,
the corresponding identities have much smaller degrees.

Theorem 8. The following two assertions hold:
(I) On the algebra U, (J(G3)) we get the identity XY Z = 0 (respectively, X3 =
0).
(II) Any matrix X = (‘6 2) from Ux(J(G»)) satisfies the law (tr X)X? = 0, re-
spectively, X?(tr X) = 0.

Proof. In the considered algebra the square of every element is zero. The identity
and the law are proved directly. 0

Multiplying two linear combinations of the basic elements e;, e; and eje; we get
only aeqes. Its product with any other linear combination of e, e, and ee; gives
Zero.

Analogous considerations are valid for the linear combinations of the basic el-
ements of any finite dimensional Grassmann algebra (over a n-dimensional vector
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space). The multiplication of n linear combinations will result in weje; ... e, and the
result of the next multiplication will be zero. Thus, we come to the following

Corollary 2. The matrix algebra Ui (J(Gy,)) (respectively, My (J(Gy))) is nilpo-
tent of class <n+ 1.

Corollary 3. The polynomial identity Sp—1([Y" 1, Z].[Y"2,Z].....[Y.Z]) =0
holds on My (J(Gy)) forn >3 and k > 2.

As the algebra U, (G) is a subalgebra of M,(G) we turn to the Hall identity, the
four degree standard identity for M5 (K) and the product commutator identity for
U, (K) considering the Grassmann algebra G instead of the field K. We get

Theorem 9. Thepolynomials [[Xl,X2]2,X1], S4(X1,X2,X3,X4), and [Xl,xZ][X3,X4]
are not identities for the algebra U, (G).

Proof. A counter example for the validity of the first and the third identity gives

the matrices
€1 e
X1 =
1 (0 63)

__ [ese5+ e 1
Xo= ( 0 €1+€3)'

We get that the (1,2)-entry of [x1,x2]? is nonzero, namely,

and

2e1e3eg + 2e1ere4e5e6 —2e1e2e3e4e5 + dejereseg.

The (1,2)-entry of [[x1,x2]%,x1] is —2e1eze3e4eses. For the second statement, we
rely on the general case considered later. O

In [1, 2], a connection is given between the identities on M, (K) and those on
M, (G).

Proposition 6 ([2, Proposition 2.1]). Let fi,..., fz € K{(x1,...,Xm) be elements
of the T-ideal of identities of M, (K). If d > %nzm, then f1fz2--- fqg =0 is an
identity on M, (G).

Remark 5. Applying the result to M»(G) and the standard polynomial S4 we get
that S 2 = 0 is an identity on M>(G). However, this is not the best possible result.
Really on M»(G) we get the identities S; = 0 and [[x, y]?, x]° = 0. Thus we get two
identities of degree 20 and 25, respectively, for U>(G).

The above Proposition 6 has an analogue for the upper triangular matrices Uy,.

Theorem 10. Let f1,..., fy € K(x1,...,Xm) be elements of the T -ideal of iden-
tities of Un (K). If d > %n(n + 1)m, then fi f>--- fq = 0 is an identity on U, (G).
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Proof. Tt follows the proof of Proposition 6 taking into account the dimension
of U,(K) and the fact that the relatively free algebra F(U,(K)) has as a basis the
monomials

a
xll "'xgam[xl'll’xi21""’xipll]"'[xl'lrvxizr’~“’xiprr]’
where the number r of participating commutators is < 7 — 1 and the indices in each
commutator [X;,, Xi,....,X;, (] satisfy the relations iys > izs < -+ <ips. O

Proposition 7 ([1, Lemma, p. 1509]). The algebra M,(G) satisfies the identity
Sé‘n for some k > 1 but satisfies neither S», nor identities of the form S,]f, for any k
when m < 2n.

Theorem 11. The algebra U, (G) does not satisfy the identity S», = 0.
Proof. We have

San(e11,€12,€22,€23,....n—1,n—1,€n—1,n,€€nn, fenn) =2efe1, #0
fore, f € G suchthatef = — fe # 0. OJ

In [16, Proposition 4.1 and Corollary 6.1], Vishne described an efficient way to
use the S,-module structure in the computation of the multilinear identities of degree
n of a given algebra. He used the method to show that the minimal degree of an
identity for M>(G) is 8 and gave explicit identities of degree 8. He described a class
of identities for M»(G), namely,

Proposition 8 ([16, Corollary 4.3]). Let f be a multilinear polynomial of degree
8. Iftr f(Xg(1).---.X5(8)) = O for every x1,...,x3 € M2(G), then f is an identity of
M>(G).

We use the notation A4, = Zaesym(n) Xo(1)Xo(2) - Xo(n)- By G we denote the
even part of G’ and by G/ its odd part.

Proposition 9. The following identities hold:

(1) On Uy (G}) we have A% = 0 for every integer k.
(2) On Ux(Gy) we have S2 = 0 for every integer k.

Proof. For x1,x5 € Uz(Gi) and A> = (a;;) we getaj1 = az; = azz = 0. Thus
A% = 0. Then we use induction. Let Az_;(x1,...,Xr_1) have only one nonzero
entry, namely the (1,2)-entry. We have

Ap(x1,.xk) = A1 (X1, X)X + Ag—1 (X150, Xg—25 Xk ) X —1
+ Ag—1(x1, 0 Xg—3, Xg—1, Xp ) Xg—2 + -+
+ Ag—1(X1, X3, .., X )x2 + Ap—1(x2,.. ., Xp)X1.

The multiplication by x; keeps the three zero entries in every summand. So for
Ay = (b;j) we have b11 = by1 = bap = 0 and thus AIZC =0.
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The arguments for S2 = (0 are similar as for xj,x5 € UZ(G()) and for S> = (¢;;)
we have c11 = c21 = ¢22 = 0. The recursive formulas

k
Sp(x1,...,x¢) = Zx,-(—l)k_lSk_l(xiH,...,xk,xl,...,x,-_l)
i=1

for k even and

k
Se(xX1,...,x) = inSk_l(xiH,...,xk,xl,...,xi_l)

i=1
for k odd show that for Sy = (d;;) we have d1 = d21 = d22 = 0 and, therefore,
Sz =0. O
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1. INTRODUCTION

In studies of various boundary value problems, it is often important to possess
techniques based upon some types of successive approximations constructed explic-
itly in an analytic form. To this class of methods belongs, in particular, the approach
suggested in [19-22] and originally aimed at the investigation of the periodic bound-
ary value problem

x'(t) = f(t,x(1)), t€[0,T], (1.1)
x(0)=x(T), (1.2)

which corresponds to the problem on periodic solutions of systems of first order ordi-
nary differential equations with non-linear non-autonomous time-periodic right-hand
sides [22]. Appropriate versions of the method can be applied in many situations to
systems of first or second order ordinary differential equations, integro-differential
equations, equations with retarded argument, and other more general functional-
differential equations under various boundary conditions (periodic, Cauchy—Nicolletti,
multipoint, etc.; see, e.g., [10, 23] for a bibliography). A survey of many papers
devoted to the issues mentioned and published during the last three decades can be
found in [11-17]. The approach indicated suggests one to replace the given boundary
value problem by a family of Cauchy problems for a suitably perturbed differential

(© 2009 Miskolc University Press
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system containing some artificially introduced parameter z € R” whose value is to be
determined later. This idea is most transparent for the periodic boundary value prob-
lem (1.1), (1.2) considered in [19-22], in which case the parameter has the meaning
of the initial value of the solution at zero and the corresponding Cauchy problem has
the form

x'(1) = f(t,x (1)) + A(x), tel0,T],

x(0) = z. (13)

where the functional given by the formula A (x) := -7 ! fOT f (s,x(s))ds plays the
role of a “perturbation term.” The choice of such perturbation terms is, of course, not
unique. Instead of problem (1.3), or, equivalently, of the integral functional equation

t ¢ T
x(t)=z+/(;f(s,x(s))ds—7/0 f(s.x(s)ds, te€[0,T], (1.4

one can also consider the system

t T
x (1) =z+/0 f(s,x(s))ds—a)(t)/o f(s,x(s))ds, tel0,T],

where w : [0, T] — [0, T] is a continuous function with the properties w (0) = 0 and
 (T) = 1, the arbitrariness of which in some cases [8] allows one to drop the small-
ness restriction of the Lipschitz constants involved.

A similar procedure also applies in other situtations. For example, in the case of
the two-point boundary value problem

Ax(0)+ Bx(T)=d (1.5)

for equation (1.1), where {4, B} C L(R"), d € R"*, det B # 0, the corresponding
parametrized family of auxiliary differential equations can be chosen [23] in the form
(1.3) with

1

T
A(x):= —7/0 f(s,x(s,2))ds+ % (B_ld — (B_lA + ﬂn)z), (1.6)

or, equivalently, as the equation

t T
x(t)=z+/0f(s,x(s))ds—%/0 £ (5.x(s))ds

+ % (B™'d— (B '4+1,)z), t€[0.T. (1.7)

The solution of problem (1.3) in each case is sought for in an analytic form by
the method of successive approximations similar to the Picard iterations. All the
iterations X, (-,z), m = 1,2,..., depend upon the parameter z and, for arbitrary
its values, satisfy the given boundary conditions. For the periodic boundary value
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problem (1.1), (1.2), according to (1.4), the successive approximations have the form
[19-22]

t T
o (0.2) 7= 2+ fo F o1 (.20 ds — /0 fsxmar (.2 ds, m=1,

where x¢ (¢,2) := z, t € [0, T], and have the properties 9
Xm(0,2) = xpu(T,2) = z, m=12,....
Sequence (1.8) is a particular case of the iteration process
t 1 (T
Xm (t,2) =2 +/O (f (8, Xm—1(5,2)) — T/o S (8, Xm—1 (s,z))ds) ds
+%(B_1d—(B_1A+ 1)z). m=12... (19

used in [23] in the case of the two-point boundary value problem (1.1), (1.5). Here,
x0(t,2):=z,t €[0,T], and

xm(0,2) = z, Axm(0,2) + Bxm (T,2) =d (1.10)

forallm=1,2,....

The procedure of passing from the original differential system (1.1) to its “per-
turbed” counterpart (1.3) and the investigation of the latter by using successive ap-
proximations leads one to a certain system of algebraic or transcendental “determin-
ing equations,” which give those numerical values z = z* of the parameter that cor-
respond to the solutions of the given boundary value problem. For example, the
determining system corresponding to the successive approximations above has the
form

T
/ f(s.x*(s,2))ds =B 'd—(B7'A+1,)z, (1.11)
0

for the two-point boundary value problem (1.1), (1.5) and

T
/ f(s.x*(s.2))ds =0, (1.12)
0

in the case of the periodic boundary value problem (1.1), (1.2), where x* (-, z) is the
limit function of sequences (1.8) and (1.9), respectively. The idea to introduce a pa-
rameter of the kind indicated resembles the Lyapunov—Schmidt approach (see, e. g.,
[2,18]), with the important difference that the resulting approximations automatically
satisfy the given boundary conditions.

In some related works auxiliary equations are constructed in a different way. For
instance, after the change of variable

¢ T
x(t)=z—|—/0 y(s,z)ds—%/o y(s,z)ds,
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instead of the integral functional equation (1.4), one arrives at the equation

t T
y(t,2)=f (t,z,—l—/o y(s,z)ds—%/o y(s,z.)ds), t€[0,7T],

which should be considered together with the determining equation

T
/ y(s,z)ds = 0.
0

Analogously, the substitution

1 T
x(t,2) :z—i—/ y(s,z)ds—%/ y(s,z)ds+%(B_ld—(B_1A+I)z) (1.13)
0 0

brings equation (1.7) to the form

t T
Mm0=sz+Ay@@M—%A)@zws

+—(B'd—(B'A+ I)z)) (1.14)

S|~

with the determining equations

T
/ y(s,2)ds =B~ 'd —(B™'A+1)z. (1.15)
0

Equations of type (1.14) was used in [1,4-6] in studies of the two-point boundary
value problem (1.5) for the neutral type functional differential equation

Xy =f(tx@@®).x' (B@)). te€[0.T], (1.16)
where &, 8 : [0, T] — [0, T'] are given continuous functions, {4, B} C L(R"), det B #
0,d e R",and f :[0,T] x R" x R" — R” is continuous in the first argument and for
all u, v satisfies the Lipschitz condition

|f (tur,v1)— f(tuz,v2)| < K|uy —uz|+ L|vy — vy

with certain non-negative constant matrices {K, L} C £ (R"). The approach to prob-
lem (1.16), (1.5) developed in [1] is based upon finding a solution y = y* (-, z) of the
equation

_ a(t)
y(t,z)=f(t,z+%t)3_l[d—(A+B)z]+TTa(t)/o v(s,z)ds

a(T) [T
T Lmysz&ywaL@) (e [0.7].
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as the uniform limit of successive approximations, after which the value z = z* of
the vector parameter z is determined from equations (1.15). Of course, certain as-
sumptions are necessary to ensure the applicability of such a scheme. The successive
approximations constructed in [1] for problem (1.16), (1.5) converge if

r(2 sup (1I-T'a@®))a@)K+L| <1 (1.17)
t€[0,T]

Note that max,efo, 7] (1— Tt (1)) a () < max,efo,r) (1—T7'¢) ¢ = I and, there-

fore, if the range of the function « in (1.16) contains values greater than or equal to

%, then inequality (1.17) takes the form

r(§K+L) <1. (1.18)

The applicability of the approach based on a substitution of type (1.13) to the more
general system of functional differential equations

X (1) = f (tx @1 (0)ox @2 (1)) ..x (2 (1),

X (Br(@).x (B2(1)) ... x" (Bg (1)) (1.19)
with the boundary conditions (1.5) is guaranteed in [1] by rather restrictive conditions
(see [1, Assumptions H{ and H}]).

In the present paper, we suggest a refinement of certain estimates related to the
analysis of convergence of successive approximations of type (1.9) associated with a
two-point boundary value problem for a class of systems of linear functional differ-
ential equations involving argument deviations that possess certain special properties.

2. NOTATION

The following notation is used in the sequel.

(1) C ([0,T],R") is the Banach space of the continuous functions [0,7] — R”
with the standard uniform norm.

(2) L1(J0,T],R") is the usual Banach space of the vector functions [0, T] — R”
with Lebesgue integrable components.

(3) L(R") is the algebra of square matrices of dimension n with real elements.

(4) r(A) is the maximal in modulus eigenvalue of a matrix A € L (R").

(5) 1,, is the unit matrix of dimension 7.

3. PROBLEM SETTING

We consider the system of linear differential equations with argument deviations
X(t)=Po()x )+ Pr()x (BO)+ f ().  t€[0.T], @B.D
subjected to the inhomogeneous two-point boundary conditions of the form
Ax (0)+ Bx(T) =d. (3.2)
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For the sake of simplicity, we restrict ourselves to the case where only one argument
deviation is present. Here, 7" € (0, 4+00), the elements of the matrix-valued functions
P; :[0,T] — L(R"),i =0, 1, are Lebesgue integrable, f € L1([0,T],R"),{A, B} C
L(R"), d e R*, and B : [0,T] — [0,T] is a Lebesgue measurable function. In the
continuously differentiable case, problem (3.1), (3.2) is a particular case of the non-
linear boundary value problem (1.19), (1.5) considered in [1] for

oy (1) :=t, an (1) =B (1), t€[0,T]. (3.3)

The aim of this paper is to suggest a scheme for investigation of the two-point
problem (3.1), (3.2) based upon equations of type (1.7), (1.11), which are constructed
without application of substitution (1.13) and equation (1.14). In particular, it will be
shown that, for certain classes of argument deviations § in the differential system
(3.1), the corresponding iteration process for problem (3.1), (3.2) is convergent pro-
vided that

10
Ki+Kp) < —, 34
r(Ki1+K>) 3T (3.4
where K; 1= esssup,efo 7| Pi(#)], i =0,1.
Note that, in the case of problem (3.1), (3.2), the assumptions of [1], in particular,
imply that the inequalities

r(di1Ki+dxKz) <1, (3.5)
and
- o (1)
r T}(A+B)—IB\C—IZK,- sup |1, — — B_l(A+B)‘ <1 (3.6
o telo.T] r

are satisfied, where C := 1,, — 21-2=1 d; K;, the functions «;, i = 1,2, are given by
(3.3), and

2
di == sup (T—o; ()ai(t), i=102. (3.7)
T tefo,17]

These conditions are usually stronger than condition (3.4). To notice this, it suffi-
cient to compare (3.4) with (3.5) and notice, e. g., that, in the case indicated, d; = %
and, therefore, condition (3.5) has the form

r<K1+% sup ](T—,B(t)),B(t)Kz) < %

tef0,T
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4. FORMULAE FOR THE ITERATION PROCESS

With the boundary value problem (3.1), (3.2), we associate the sequence of con-
tinuous functions defined by the recurrence relation

t
xm+1(t,Z)i=Z+/0 [Po (5) Xm (5.2) + P1(s) Xm (B (s).2) + f (s)]ds—

T
[ P 62 P (B 6020+ Gl

t _ _
+ 7 (B7'd— (B 'A+1,)z), 1)
where m = 0,1,2,... and xo (-,z) = z for all z € R".
Proposition 1. All the members of sequence (4.1), starting with the first one, are
absolutely continuous functions satisfying the boundary conditions (3.2) for an arbi-
trary z € R":

Axm(0,2) + Bxy, (T,2) = d, m=12,...,z€R", 4.2)
an the initial condition

xm(0,2) =z, m=1,2,..., z€R". 4.3)

Proof. The statement indicated is an immediate consequence of formula (4.1) and
the form of function xg. O

Let G € L(R") and g : [0, T] x R" — [0, +00).
Definition 1. We say that the successive approximation method (4.1) for problem
(3.1), (3.2) is applicable with an estimate of the type (G, g) if
(D) rG) <1
(2) sup;efo,r18(t,2) < +oo forall z € R";

(3) For any z € R” there exists a continuous function x*(-,z) : [0, 7] — R” such
that the pointwise and componentwise estimates

Ix* (t,2) —xm (1,2) | < G™ (1, —G) " 'g(t.2), tel0,T],m=1,2,..., (44)
are true.
Proposition 2. Let for certain G € L(R") and g : [0,T] x R* — [0, +00) the

successive approximation method (4.1) be applicable to problem (3.1), (3.2) with an
estimate of the type (G, g). Then:

(1) For any fixed z € R", the function x* : [0, T] x R" — R" appearing in (4.4)
coincides with the uniform limit of sequence (4.1):

lim max |x*(t,z2)—x,(t,2)]| =0.
Jim a5 (0,2) = 1,2)
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(2) The limit function of sequence (4.1),
x*(t,z) = mli_r)noo Xm (t,2), 4.5)
for an arbitrary 7 € R" satisfies the initial condition
x*(0,z2) =z (4.6)
and the boundary conditions (3.2):
Ax*(0,z) + Bx*(T,z) =d, z e R".

(3) Function (4.5) is an absolutely continuous solution of the integro-functional
equation

t
X(l)=Z+/0 [Po(s)x(s)+ P1(s)x(B(s))+ f (s)]ds

¢ T
- 7/0 [Po(s)x(s)+ P1(s)x(B(s)+ f (s)]ds

+ % [B~'d —(B7'A+1,)z], t€[0.T], (4.7

or, which is equivalent, of the Cauchy problem (4.6) for the functional differ-
ential equation

X(t)=Po)x () + PL)x(BO)+ f () +A(x;z),  t€[0.T]. (48

where

A(x;z) = % [B~'d—(B7'A+1,)z]

T
_%/o [Po(s)x(s)+P1(s)x (B(s))+ f()ds, zeR". (4.9)

Proof. This assertion is easily obtained by taking Definition 1 and Proposition 1
into account. (]

Let us formulate a general statement which establishes a relation between the limit
function x* of the sequence (4.1) to the solutions of the two-point problem (3.1),
(3.2). For this purpose, consider the Cauchy problem

x'(t) = Po(t)x (t) + Pr()x (B () + [ (1) + i, 1€[0,7T], (4.10)
x(0) =z, .11

where 1 € R" and z € R” are certain parameters.

Proposition 3. Let us assume that the successive approximation method (4.1) for
problem (3.1), (3.2) is applicable with an estimate of the type (G, g) for certain G €
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L(R") and g : [0,T] x R* — [0,+00). Then the solution x(-) of the initial value
problem (4.10), (4.11) satisfies the two-point boundary condition (3.2) if, and only if

1

= [B~'d—(B7'A+1,)z]

M:

1 T
- 7/0 [Po(s)x*(s,2) + P1()x* (B(s).2)+ f (s)]ds. (4.12)
where x* (-,z) : [0, T] — R”" is the function given by (4.5).

Proof. By virtue of Proposition 2, for an arbitrary z € R”, the function x* (-, 2)
defined by formula (4.5) satisfies the integro-functional equation (4.7). Differentiat-
ing (4.7), we find that x = x*(-,z) is a solution of the Cauchy problem (4.10), (4.11)
with u given by equality (4.12). O

Proposition 3 implies immediately the following

Proposition 4. Let the successive approximation method (4.1) be applicable to
problem (3.1), (3.2) with an estimate of the type (G, g) for certain G € L(R") and
g:[0, T]xR"™ — [0, +00). Then the limit function x™* (-, z) of the recurrence sequence
(4.1) is a solution of the boundary value problem (3.1), (3.2) if, and only if the value
of the vector parameter z € R" in (4.1) satisfies the system of equations

(B 'A+1,)z=B""d

T
—/(; [Po(s)x* (s,2)+ P1(s)x* (B(s).2)+ f (s)]ds. (4.13)

Proof. It suffices to apply Proposition 3 and notice that equation (4.8) coincides
with equation (3.1) if and only if relation (4.13) holds. O

Equations of type (4.13) in Proposition 4 are often called determining equations
(see, e. g., [3]), because it is from them one has to determine the actual values of the
parameters involved in the iteration process.

Remark 1. In practice, it is convenient to fix some m and consider the “approxi-
mate determining equation”

T
B'd—(B'A+1,)z= / [A(8) X (5.2) + B (8) Xm (B (5),2) + f (s)]ds.
0 (4.14)
If equation (4.14) has an isolated solution z = z,, in a certain open domain D C
R”, under additional assumptions one can show that the corresponding exact system
of determining equations (4.13) is also solvable and, therefore, by virtue of Proposi-
tion 4, the boundary value problem (3.1), (3.2) has a solution (see, €. g., Theorem 3.1
in [10] or Theorem 7.1 in [22]). In this case, the function

[0,T] 3t —> Xpu(t) := Xm (£, Zm) (4.15)
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can be regarded as the mth approximation to a solution of problem (3.1), (3.2).

5. AUXILIARY STATEMENTS

Let us define the sequence of functions {a, }o,—o C C ([0, T], R) by the recurrence
relation

t T
am (1) = (l—i)/ Um—1 (S)dS-i-i/ am-1(s)ds,  1€[0,T], (5.1
T 0 T t

form=1,2,..., where ag (¢) := 1, ¢ € [0, T]. It is obvious that, in particular,
4
ap (1) =2t (1 —7), t€[0,T], 5.2)
and
T
max «a1(t) = —. 5.3)
tef0,T] 2

Lemma 1. Each of functions (5.1) is non-negative, takes zero values at the points
0 and T, and possesses the property

T T
Om E—t =y E-H , m=>1,te[0,T/2]. 5.4)
Moreover,
’ . T
a,,(t)sign I—E <0, tel0,T], m=1,2,...,n. (5.5)

Proof. The first assertion is an immediate consequence of [7, Lemma 1]. Let us
verify that o, is non-decreasing on [0, 7/2] for any m > 1. Indeed, it follows from
(5.1) and the non-negativity of ¢, that

t T

)= (— [ et @ds [ an-1 0 ds) " (1 - ?) o1 (1)
T t

_ % (/0 1 (5) ds—2/0 1 (s)ds) + (1 - ?) 1 (1),

T

T 2
> % (/0 otm—1($) ds—2/0 m—1(5) ds) + (1 — %) am—1(t) (5.6

for any ¢ € [0,7/2] and m > 1. On the other hand, relation (5.4) of Lemma 1 implies

that
/

N

T
Om—1 (S)dSI/T am—1(s)ds, m=1,2,...,

2
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FIGURE 1. An example of an argument transformation § satisfying
condition (5.8) for T =1

and, therefore, (5.6) yields the estimate

z T
()= (— /0 n1 (5)ds + e (s)ds) + (1 - 2—;) 1 (1) 2 0

2

fort € [0,7/2] and m > 1. The required relation (5.5) now follows from the symme-
try property (5.2). O

Lemma 2. For an arbitrary essentially bounded function u : [0, T] — R, the esti-
mate

t 1 T
/0 (u(r)—T/O u(s)ds)dt

is true for all t € [0, T, where ay is the function defined by equality (5.2).

1
< —a1(t) | esssupu(s) — essinfu(s) 5.7
2 s€[0,T] s€[0,T]

Inequality (5.7) is established similarly to the Lemma from [9], and the explicit
proof is therefore omitted.

Lemma 3. Let B :[0,T] — [0, T] be a measurable function satisfying the condition
T
essinf (B (z)—t)sign|{t—— ] > 0. 5.8
essint (3(0)—0ysin (1- ) = 68)
Then the members of the function sequence (5.1) satisfy the pointwise estimates
am (B (1)) <am(t), m=12,...,t€[0,T]. 5.9
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Proof. We shall use properties of functions (5.1). Indeed, it follows from Lemma 1
that (5.5) holds for any ¢ € [0,T] and m > 1, i.e., each &, m = 1,2,..., is non-
decreasing on the interval [0, 7/2] and non-increasing on [7'/2, T']. Combining (5.5)
and (5.8), we easily obtain the required estimate (5.9). U

Note that if 8 :[0,7] — [0, T] is a continuous function satisfying condition (5.8)
then necessarily 8 (0) =0, B (%) = %, and 8 (T) =T.

Lemma 4. If a measurable function B : [0, T] — [0, T'| satisfies the condition

kT(B) :=ess supw < +00, (5.10)

teo,ry (T —1)

then
a1 (B(@) =kr(Bai (),  t€[0,T]. (5.11)
Proof. The assertion of Lemma 4 follows immediately from (5.10) and properties
of function (5.2). O

It should be noted that (5.10) does not imply the condition k7(A8) < +o00, where
AeR.

Example 1. The function B (1) = t2, t € [0,1], satisfies condition (5.10) on the
interval [0, 1]. However, the condition mentioned is not satisfied for none of the func-
tions B (¢) = %tz, B() = %, and B (t) = sint, t € [0, 1]. This fact is a consequence
of the elementary relations

2 2
12 (1—12) , %(1_%)

sup ———= =2, lim ———~ =+o00
teo,r) 1(1—1) t—>1— t(1—1)
and
: F(1-%) . o sint(1—sint) _
t—>1= t(1—1) t—>1— 11—t

6. CONVERGENCE OF SUCCESSIVE APPROXIMATIONS FOR THE CASE OF A
GENERAL TYPE OF ARGUMENT DEVIATION

Theorem 1. Let P; : [0,T] — L(R"), i = 0,1, be matrix-valued functions with
essentially bounded elements, the function  : [0, T] — [0, T| be measurable, and the
matrix B be non-singular. Let, moreover,

~ ~ 2
r(Po+ Py) < T 6.1)
where

P :=esssup|Pi(t)], i=0,1. 6.2)
t€l0,T]
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Then the successive approximati0n~methgd (4.1) is applicable to problem (3.1),
(3.2) with an estimate of the type (T(PO + P1)/2, y), where

y(2) = %8(z)+\B‘1d—(B_1A+1]n)z| (6.3)
and
5@)=5 (ess up (Po(1)2 + Pr(1)2 + /(1)
t€l0,T]

—essinf (Po(t)z + P1(t)z + f (t))) (6.4)
t€l0,T]
forall z € R™.

The symbols essinf, esssup, || , and <, in (6.2) and similar relations for vec-
tor and matrix-valued functions are understood in the componentwise sense (e. g., if
P = (pij)i j=1 - [0.T] — L(R"), then esssup;efo 77| P(7)] is the matrix with the
components ess sup; o, 71| Pij ()|, i,j =1,2,...,n, and so on).

Proof. Let us show that, under the conditions assumed, sequence (4.1) is a Cauchy
sequence in C ([0,7],R"). Due to estimate (5.7) of Lemma 2, it follows from (4.1)
that for m = 0 and an arbitrary fixed z € R”

t 1 T
(-2l = (Q(s)z+f(s)—7/0 (Q(r)Z+f(f))df) ds

t

+ =[BT = (BT A+ 1) 2] i (D8(2) 4681 (2), (65

where Q := Py + P1, «; is the function given by (5.2), and
§1(z):=|B'd— (B 'A+1,)z], zeR". (6.6)

According to formulae (4.1), forallz € [0,T],z € R" and m = 1,2,... we have
t
1 (1.2) = /0 [P0 (5) P (5.2) + P1 () i (B (5) . 2)] ds—
t T
- /O [Po(5) rm (5.2) + P1()rm (B (s).2)] ds =
t
_ (1 - %) /0 [Po () (5,2) & P1 (5) rm (B (5) )] ds—

t T
] PO 6.2 + PO (B )20 ds. 67
t
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where
Fm (t,2) 7= xm (t,2) — xm—1(t,2), tel0,T],m=1,2,..., (6.8)
Equalities (6.7) imply that, forallm =1,2,...,z € R and all r € [0, T,

t T
1 (4.2 sﬁo[(l—;)/o i (s,z)|ds+%[t I (s,z)|ds}+

t T
+ﬁ1{(1—%)/0Irm(ﬁ(S),z)lder%/t Irm(ﬂ(S),Z)ldS] ©9)

where Py and P; are the non-negative matrices defined by formula (6.2). Relation
(6.5) yields

r1t,2)|=x12)—z|<a1()é(z)+61(2), t€0,T], (6.10)

where §; is given by (6.6). In view of property (5.3) of the function o, estimate
(6.10) gives

[r1(t,2) ] 5;8(2.)4—81 )=y (), t€l0,T]. (6.11)

Let us now estimate r5 (¢, z) using (6.9) and (6.11):

t T
|rz(r,z)|sﬁo((1—%)[0 |r1<s,z>|ds+%/t |r1(s,z)|ds)
B t T
+ B ((1—;)/0 I (ﬂ(S),z)ldH%/t Irl(ﬁ(s),Z)ldS)
B t T
SPO((l—%)/O y(z)ds+%/t )/(z)ds)

t T

+ P, ((1—%)/0 y(z)ds+%/ y(z)ds), t€[0,T]. (6.12)

Taking the definitions (6.3) and (6.4) into account and using equality (5.3), from
(6.12) we get

Ir2(t,2)| < (Po+ P1)y (2)en(t) < g(ﬁo +P)y(). telo.T].

Arguing by induction, we then obtain that, for all # € [0,T] and m = 1,2,..., the
estimates

_ _ T m—1
|rm(r,z)|s(Po+P1)m—1(5) Y@ =6"y @), (613)
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where
T  ~ ~
G ::3(P0+P1), (6.14)
are true. Estimate (6.13), according to definition (6.8), yields
j -1
omt7 (1,2) = Xm (6,2)| < Y |rmti (1,2) | G™Y Gy (2)
i=1 i=0

fort €[0,T],m =1,2,..., whence, by virtue of assumption (6.1) and notation (6.14),
it follows that

om (1.2) =xm (1.2)| < G™Y Gy () =G" (1, =G)"'y(2)  (6.15)
i=0

forallt € [0,T] and m = 1,2,.... Since, due to (6.1), G™ — 0 for m — oo, it is
clear from (6.15) that (4.1) is a Cauchy sequence in C([0, 7], R") and, therefore,
[ (1.2) =xm (1.2)| < G™ (1, = G) 'y (2)

forallz € [0,T],z € R* andm = 1,2,.... According to Definition 1, this leads us to
the assertion of Theorem 1. ]

Remark 2. In the case where the function f is continuous and the set of its values
contains numbers greater than or equal to %, condition (6.1), which guarantees the
applicability of the successive approximation method (4.1), coincides with condition
(1.7) from [1] .

7. CONVERGENCE OF SUCCESSIVE APPROXIMATIONS FOR SPECIAL KINDS OF
ARGUMENT DEVIATIONS

In the cases where the function 8 : [0, T] — [0, T'] satisfies one of conditions (5.8)
and (5.10), the assumption (6.1) of Theorem 1 can be weakened.

Theorem 2. If the function B : [0,T] — [0, T] possesses property (5.8) and, more-
over, the inequality
~ o~ 10
Py+ P —,
r(Po+ Pr1) < 3T
is satisfied, then the successive approximation method (4.1) is applicable to problem
(3.1), (3.2) with an estimate of the type (3T(Po + Py1)/10, g), where

100
gt,z):= 27—Ta1(t))/(z), t€[0,T], z € R",

and the function y is defined by formula (6.3).
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Proof. Tt follows from Lemma 3 that condition (5.8) ensures the validity of esti-
mate (5.9). Therefore,

ar(B@)=ar(t), 1€[0.T], (7.1)

where o/ is the function (5.2). Let us estimate the value r; (¢, z). Using (6.9), (6.11),
and (7.1), we have

t T

r20.2) Sﬁo((l—%) [ (Gr@+a@)ir [(F@+ne) ds)
~ 4 r

+ P ((1—%)/()(%8(@4%1 (z)) ds+%/t (§8(z)+51 (Z)) dS)

<(Po+P1)y (e (1) (7.2)

for all ¢ € [0,T], where §; and y are defined by relations (6.6) and (6.3). From
estimate (7.2), due to (7.1), we obtain

2 (B(t).2)| < (Po+ P1)y (2) a1 (B(t)) < (Po+ P1)y (2)e1 (1), 1 €[0,T].

Arguing by induction, we arrive at the pointwise and coordinatewise estimates

Fmt1 (t,2)| < (Po+ P1)™y @ am (),  t€[0.T],m=12,..., (1.3)

and
1 (B(1),2)| < (Po+ P1)™y (@)am (1),  t€[0,T],m=1.2,..., (74
where o, m = 1,2,..., are the functions of sequence (5.1). By virtue of Lemma 2.4

from [10], the estimates

3T 3T\"
et 0= Jgom O, m=2 0= (5) @O, mz0, @9
are true for all € [0, T] and m > 1, where

ap (1) = 1—90011 (1), t€]0,T].

Taking (7.5) into account and using (7.3) and (7.4), arrive at the inequalities
[rm+1(t.2)| < (Po+ P1) (E(Po + Pl)) y@ai (), t€[0.T], m>1,
and

m—1
et (0.2 = (s ) (B4 P) ) v @i, refo.r]m=1

The rest of the argument is very similar to that of the proof of Theorem 1 and, there-
fore, is omitted. O
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The next statement deals with the case where the argument deviation 8 in equation
(3.1) satisfies condition (5.10).

Theorem 3. Let us assume that the function 8 : [0, T] — [0, T| possesses property
(5.10) and, moreover, the inequality

3
T max{l,kr(B)}
holds, where k1 (B) is the positive constant appearing in relation (5.10).

Then the successive approximation method (4.1) is applicable to problem (3.1),
(3.2) with an estimate of the type (T max{1,k7(B)}(Po+ P1)/3, g), where

r(ﬁo + ﬁl) <

(7.6)

~ 3oy (1)
T

g(t,2): y(2), t€[0,T], z € R", (7.7)
and y is given by formula (6.3).

Proof. Let us put n := max{1,k7(f)}. According to (6.12), we have

Ir2(t,2)| < (Po+ P1)y (@) a1 (t) < n(Po+ P1)y (2) a1 (1), t€[0,T], (7.8)

and, hence, in view of (5.11),

P2 (B(t).2)| < (Po+ P1)y (2) e (B() <kr(B)(Po+ P1)y(2)e1 (t)
<n(Po+P)y@er (). 1€[0.T). (7.9

Using (6.9), (7.8), (7.9), (5.1), and (7.5) and carrying out calculations, we obtain

r3(t.2) | <nPo(Po+ P1)y (2) oz (t) + 1Py (Po+ P1)y (2) ez ()

- - Tn ~ -
<n(Pot P1)%y @az () = 51 (Po+ P1) Py () (1)
Tn ~ ~
< ,,?”(po +P)2%y(@ai (), t€[0,T]. (7.10)

Therefore, by virtue of (7.10), (7.5), we have

73 (B(1).2)] < n(Po+ P1)*y ()ea (B (1))

~ ~ T Tn ~ ~
<n(Po+ P1)%y(z) gal(ﬂ(t))) < kT(ﬁ)Tn(Po + P1) 2y (@) o (1)

Tn -~ ~
EUTU(PO—FPI)ZV(Z)O‘I(I)’ t€[0,T]. (7.11)
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Estimates (6.9), (7.10), and (7.11) yield

a2 = Pon 3 (P Pr) %y @z () + Prn X (o4 )Py () ()

T Tn\>

- ?(P o+ P1)? y(z)otz(t)f(T) (ﬁ0+ﬁ1)3y(z)a1(t)

2
S’I(?) (ﬁ0+ﬁ1)3y(1)a1 (1), t€[0,T], (7.12)

and, therefore, according to (7.12),

B 0.2 <0’ (o ﬁ1)3y(z)az<ﬁ(r)>

< (Po+ )% () 2 en (B0

<0 (Po+ P) >y @ gkr(ﬁ)alm

2
< n(g) (Po+ 1)’y (@) (2) (7.13)

fora.e. t € [0,T]. Arguing by induction, we find that, for all m > 1, the estimates

m—2
mal= () For By a0
< (Po+ P1)GF 2y (2)a1 (1)
<n(Po+P1)GY Py (R)ai (1),  t€[0,T],

and

m—2
w021 <0 () (ot By a0

<n(Po+P1) Gy 2y (a1 (t), 1€]0.T],

are true, where

nT

Gy = T(ﬁo-ﬁ-ﬁl).
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This, as in the proof of Theorem 1, yields

J
‘xm+j (I’Z) _xm ([,Z)‘ S Z|rm+l (t,Z) |
i=1
=n(Po+P) (G5 + G5+ + 6" 2) y (e (1)
j—1
=n(Po+P1)G3 1) Gy (@)en (1)
i=0
<n(Po+ P1)GF ™1 (1 =G2) "'y () a1 (0) (7.14)
fort €[0,T],m > 1, j > 1. The last inequality proves that the members of sequence
(4.1) satisty estimates (4.4), where G = G, and the function g : [0,7] x R” — R”
is given by formula (7.7). By virtue of condition (7.6) and Definition 1, this means

that method (4.1) for problem (3.1), (3.2) is applicable with an estimate of the type
(Tn(Po+ P1)/3.8), as required. O

Remark 3. In the cases where the value k7 () in the assumption (5.10) of Lemma 4
satisfies the inequality

1 <kr(B) < %

condition (7.6) of Theorem 3 is less restrictive than condition (6.1) of Theorem 1.

8. EXAMPLES

The conditions of the theorems presented above are easily verified in concrete
cases.

Example 2. Let us consider the system of two differential equations with argument
deviation

t t
xj () = X (t%) + x2 (z)—g(z“—i—l), (8.1)
x%n—lxa)lxaﬂ+3+ﬂ tel0,1] (8.2)
2 - 2 1 2 2 8 8 ) ) ) .
under the inhomogeneous two-point boundary conditions

1 1

5X1(0) +x2(0) = 2 x2(1) = 0. (8.3)
1

x1(0)+x1(1)—x2(1)=z. (8.4)

One can verify directly that the pair of functions
1 t
=70+, x@O=5 el (8.5)
is a solution of problem (8.1), (8.2), (8.3).
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Problem (8.1), (8.2), (8.3) is, of course, a particular case of problem (3.1), (3.2)
when 7 =1,

t . 3 1?
fl(t)=—§(t+1), fz(f)=§+§, t€o,1],

the function determining the deviation of argument has the form
Bry=1*  reo.], (8.6)

the matrix-valued functions Py and P; are given by the equalities

t
Py(t) = (2 (1)) , Pi(t) = ((2) _Ol), t €[0,1], (8.7)
2 2

and f (1) =col(f1(1). f> (t)) ,t €0, 1]. It is also clear that the boundary conditions
(8.3), (8.4) can be rewritten in form (3.2) with

A= 2 , B = 4 s d: . 88
(i o) 2=(0 : 8

The argument deviation (8.6) satisfies (5.10), and, therefore, by Lemma 4, the value
k1 (B) is finite and estimate (5.11) is true. It is easy to see that, in this case, k7 () = 2
because, in view of (5.2) and (8.6), a1 (B (1)) (a1(t))™! = 262(1 —t?) (1 (1))~ =
t(1+1)fort €[0,1].

It is obvious from (6.2) and (8.7) that, in this case,

~ 0 1 ~ Lo
(00 A )
2 0 0 3

Therefore, condition (7.6) is satisfied because the greatest eigenvalue of the ma-
-~ o~ 1
trix Py + P; = (% }) is equal to (1 + +/2)/2 ~ 1.207, and, hence, is less than
22
37 'max {1,kr(B)} = 2. By virtue of Theorem 3, the method of successive ap-

2
proximations (4.1) is applicable for problem (8.1), (8.2), (8.3) with an estimate of the

type
2 1
(5 l),saly), (8.9)
2

where o) and y are functions given by formulae (5.2) and (6.3), respectively. There-
fore, one can use Theorem 3 and construct the successive approximations defined by
formula (4.1). After solving the approximate determining equations (4.14) for some
m, this, according to Remark 1, will allow one to obtain approximations (4.15) to the
solutions in question.

T

ol =
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Let us put x¢; (¢) :=z;,i = 1,2, ¢t € [0, 1], and construct the corresponding func-
tions x,, = (¥71) : [0,1] x R — R? for some m. For m = 1, formula (4.1) gives

t* 1 1\ , z1 1

XH(I’Z):_&—FZ Z1—Z t°+ 4Z2_T+§ t+2z1, (8.10)
3 1

Xlz(f,Z):ﬁ"f— 2Z1+322—ﬁ 1+ 22, t€0,1], (8.11)

and the corresponding equation (4.14) has the root
71 ~ 0.2541165999, Z2 ~ 0.006962987687. (8.12)

Substituting the values (8.12) into formulae (8.10) and (8.11), we obtain the first
approximation (4.15) of the form

t6
X11(2) = 0.2541165999 — T 40.001029150000¢2 4 0.29765613421,

[3
X12(1) = 0.006962987687 +0.4874554962¢ + . 1 €[0.1].

We see from Figure 2 that the function X7; still differs significantly from the first
component of the exact solution (8.5).

. T J +]
] + 0.5 +
++ i +00
0.5 4+ D ] ++o°
- + o +
i + B ey
o] +o
. +F o . +0
1 +F o 0.4+ %00
0.45 o o - 4
- + o) -
] e o i
i ++ OO -
i + o 0.3
0.4+ 4+ o .
4 + o i
] & 2 7
] +++ & 7
0.35 4+ ° 0.2
E : o &
] 4 &~ . o
¥ i
] ; & ] o
i + o)
0.3 + o 0.1
I -
4 ,+ -
_++ -
0.25 0.0-8
L L I L L L L L L L L L L T T T [ T T T T [ T T T T [ T T 71T
0.0 0.25 05 0.75 1.0 0.0 0.25 0.5 0.75 1.0

FIGURE 2. The first approximation (crosses) and the exact solution
(circles) of the boundary value problem (8.1), (8.2), (8.3), (8.4)
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Using expressions (8.10) and (8.11) for x1;, i = 1,2, and computing function (4.1)
for m = 2, we obtain

14 1 5 1 (5
x21(,2) =———~+—= (Zl——)16+— (—+ 16Z2—Z1)

1344 " 18 1 2\ 3
1 ! 1 69 119z
2\ 622= 34521 )P4 5 | 6dza+ = — 3 8.13
+4(Z2 3+ Zl) +32( Zz+7 3 ) (8.13)
1 1/ 11 Tz 1 z
0=+ 5 (g ) ()
1 (1132, 59
2 S22— o Jt+za,  1€0.1], 8.14
+2( 2 T 252) ti2 [0.1] (8.14)

and the corresponding system of approximate determining equations (4.14) has the
root
Z1 ~ 0.2506508168, Z2 ~ —0.0005320453803. (8.15)

Substituting (8.15) into (8.13) and (8.14), we obtain the second approximation, the
graphs of whose components are presented on Figure 3:

114
Xo1() = 0.2506508168 — e 0.020819774651° + 0.04398447260¢*
+0.22918211961¢2, (8.16)
l»7
X2() = =0.0005320453803 — - —0.034646021 1073 4 0.0671356119072
+0.47168019241, 1 €]0,1]. (8.17)
] 054 ]
0.5 ] P 1 $$ea$
4 - a@
. - 69
0.45 - 0.4 &
. : ae
4 7 ee
] i o
0.4 0.3 eﬂ’@
E = )
: ] &
- N P
0.35 0.2 &
§ ] &
] ] &
- B ]
0.3 0.1 &
i 4 ‘an
i m ¢z;p
. - 0°
I 16
0.25 4 .-;;;:;-»v - T T 1 T T T 1T 1 T T T T [ T T 11 00+ L L L L L L L L L L L L L
0.0 025 0.5 0.75 1.0 0.0 0.25 05 0.75 1.0

FIGURE 3. The second approximation (crosses) and the exact solu-
tion (circles) of the boundary value problem (8.1), (8.2), (8.3), (8.4)
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Higher approximations are constructed by analogy. For example, using Maple,one
obtains the roots of the fourth approximate determining equation

Z1 ~ 0.2499876647, 22 ~ 0.000007202426452 (8.18)
and the corresponding fourth approximation
X41(t) = 0.2499876647 — ———— —0.00001240094662 ¢ 3°
9999360
t 18 16
+0.000050312295451%% — + —0.000062017705007 14

64512 ' 129024
—0.00044546796807° 4 0.001534762062% —0.001579817533 1°

+0.0005047247500¢% —0.0001525352967 > 4+ 0.2501969927 1>

+0.0000021079¢, (8.19)

31

11¢
X42(1) = 0.000007202426452 — ————— —0.00005787007260 ¢ 1°
4999680

1‘9
+0.00020717680327 — ——— —0.0002156414800¢
32256

—0.00084517534601° +0.0028215127801* —0.002444944367 13
+0.0003682070000¢2 + 0.50019687351, 1 €[0,1]. (8.20)

The results of computation clearly show that functions (8.19) and (8.20) provide a
good approximation of solution (8.5). In particular, numbers (8.18) are rather accu-
rate approximations of the initial values % and O of the exact solution at the point 0
(see also Table 1). In fact, already starting from m = 2, the graph of the mth approxi-
mation constructed according to the method under consideration practically coincides

with that of the exact solution.

|

[ Xa(0) ] Xi2(0) |
0.2541165999 0.006962987687

0.2506508168 | —0.0005320453803
0.2499480368 | —0.00003329847918
0.2499876647 | 0.000007202426452

E- NS I S e [

TABLE 1. Initial values of the approximate solutions of problem
(8.1), (8.2), (8.3)

Along with condition (7.6), inequality (6.1) for the problem considered in Exam-
ple 2 is satisfied as well. It should be noted, however, that condition (3.6), which
follows from the assumptions of the work [1], is not fulfilled.



92 A. RONTO AND M. RONTO

0.5 - [:] 0.5 o
i ® - ®
i ® e o
_ ) - )
- ® - i
&
0.45 — ] 0.4 )
- ] - 99
m @ - e@
_ ] < &
i qf b ege
0.4 ® 0.3 e
] - )
] ® . °
(] )
_ @ E &
4 GG - 0$
0.35 - @ 02+ )
. () 1 )
i P i ()
P @
4 ¢e° B o
0.3+ Qee 0.1+ $®$
. 9@9 E QG
u P u &
4 4 @
)
p— 1e®
0.25 ~5epesd 0.0¢
L N S B B B B B I B S B N B B T T T [ T T T T [ T T T T [ T T 11
0.0 0.25 0.5 0.75 1.0 0.0 0.25 05 0.75 1.0

FIGURE 4. The third approximation (crosses) and the exact solution
(circles) of the boundary value problem (8.1), (8.2), (8.3), (8.4)

Example 3. Consider the boundary value problem (8.3), (8.4) for the system of
equations

, t 3 t 3t 2

xé(r)=%x1(t)—%xz(l—%(l—t))—i-%(10—3t+t2), tef0,1], (8.22)

Clearly, problem (8.21), (8.22), (8.3) is a particular case of problem (3.1), (3.2),
where T =1,

t 31 2 1
hO=—1+{1-Z0-0) |.  fL@O=—(10-3t+*), 1€[01]
8 4 16
the argument deviation 8 has the form
3t
@) =1- I(l —1), tel0,1], (8.23)

and Py, P1, A, B, and d are given by formulae (8.7), (8.8). Function (8.23), as is
easy to verify, transforms the interval [0, 1] into itself and satisfies condition (5.10),
and the value of k7(8) in (5.11) is equal to %. Therefore, by Theorem 3, the method
of successive approximations for problem (8.21), (8.22), (8.3) is applicable with an

estimate of the type
1
(33 1)) o

ISIESIES
N|—= —



SUCCESSIVE APPROXIMATIONS FOR EQUATIONS WITH ARGUMENT DEVIATIONS 93

where o1 and y are functions given by formulae (5.2) and (6.3), respectively. It is
worth pointing out that estimate (8.24) is sharper than estimate (8.9) appearing in
Example 2, which differs from Example 3 only by the forcing terms and the type
of argument deviation. Note that the same function (8.5) is an exact solution of the
problem indicated.

| Xu(0) ] Xi2(0) |
0.5429142442 —0.07493943798
0.2407327110 0.01169161945
0.2497717670 | —0.0001512180660
0.2500928841 | —0.00009129853295
0.2500037453 | 0.000002253878265
0.2499986308 | 0.000001057944723

N B~ W = O~

TABLE 2. Initial values of the approximate solutions of problem
(8.21), (8.22), (8.3)

Carrying out the computation according to formulae (4.1) and solving the approx-
imate determining equations (4.14), we have constructed five approximations Xji,
Xi», i =1,...,5, to the respective components of a solution of problem (8.21), (8.22),
(8.3). The results of computation (see, e. g., Table 2) show rather clearly that the ap-
proximations constructed according the scheme suggested are very accurate already
on the first few steps of iteration.
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Abstract. In this paper, we study the existence of nontrivial symmetric solution for the second-
order three-point boundary value problem for a function f:[0,1] x R — R which is continuous
and f(z,-) is symmetric on [0,1]. We shall formulate conditions on f which guarantee the
existence of nontrivial symmetric solution. As an application, we also give some examples to
demonstrate our results.
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1. INTRODUCTION

In this paper, we study the existence of nontrivial symmetric solution for the three-
point boundary value problem

W' @)+ f(tu@) =0, 0<t<l, (1.1)
u(0) = u(l) = au(n), (1.2)

where n € (0,1), ¢ € R, f € C([0,1] xR,R), f(:,x) is symmetric on [0, 1] for every
x € R, and R = (—o0, +00).

The three-point boundary value problems for ordinary differential equations arise
in a variety of different areas of applied mathematics and physics. For example, the
vibrations of a guy wire of a uniform cross-section and composed of three parts of
different densities can be set up as a three-point boundary value problem; also many
problems in the theory of elastic stability can be handled as a multi-point problem.
Many authors studied nonlinear three-point or multi-point boundary value problems
and many excellent results have been established. For detail, we refer the reader
to [2-9, 11-17, 19] for some recent results of nonlinear three-point boundary value
problems. But the problems of the existence of symmetric positive solutions to the

Research supported by Grant No. Y605144 of NSFZPC and Grant No. 20051897 of the Zhejiang
Provincial Department of Education of China.

(© 2009 Miskolc University Press
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second-order three-point boundary value problems has received very little attention
in the literature to the best of the author’s knowledge. Very recently, Kosmatov [10]
studied the existence of triple symmetric solutions for a multi-point boundary value
problem by Leggett—Williams fixed point theorem. In [18], we studied the existence
of symmetric positive for boundary value problem (1.1), (1.2) by Schauder’s fixed
point theorem. Motivated by the above mentioned papers, in this paper, we shall
study the existence of nontrivial symmetric solution for the boundary value problem
(1.1), (1.2) and establish some simple criteria of this problem.

The paper is organized as follows. In Section 2, we obtain some existence results
for nontrivial symmetric solution of the boundary value problem (1.1), (1.2). In Sec-
tion 3, as an application, we give some examples to illustrate the results we obtained.
The key tool in our approach is the following Leray—Schauder nonlinear alternative,
see for example [1].

Theorem 1.1. Let E be Banach space and §2 be a bounded open subset of E,
0€ 2, T:2 — E be a completely continuous operator. Then, either there exist
x €082 and A > 1 such that T (x) = AXx, or there exists a fixed point x* € 2.

2. MAIN RESULTS

Let E = C([0,1]) be a Banach space equipped with norm ||y || = sup;¢[o,17 1y ()|
for any y € E. A solution u(¢) of the boundary value problem (1.1),(1.2) is called
a nontrivial symmetric solution if u(z) £ 0 and u(¢) = u(1 —¢) for all t € [0,1]. To
state and prove the main results of this paper, we first give some lemmas.

Lemma 2.1. Let h € C([0,1]),a # 1, n € (0,1), then the three-point boundary
value problem

w' +h(t)=0, 0<t<l, 2.1
u(0) =u(l) = au(n) (2.2)
has a unique solution
1 o 1
u(t) :/ G(t,s)h(s)ds—l——/ G(n,s)ds, 2.3)
0 l—aJo
where
x(I—y) for0=x=y=1,
Gx.y) =
y(l=x) for0<y=<x=<I

Proof. From (2.1) we have u”(t) = —h(t). For t € [0, 1], integrating from O to ¢,
we get

u'(t) = —/Oth(s)ds+B.
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For ¢ € [0, 1], integrating from O to ¢ yields u(t) = —fé (fox h(s)ds) dx+ Bt+ A,
i.e.,

t
u(t) = —/0 (t—s)h(s)ds+ Bt + A.

Thus, u(0) = A and
1
u(l) = —/ (1—=s)h(s)ds+ B+ A,
0

n
u(n) = —/O (n—s)h(s)ds+nB + A.

Combining with (2.2) we conclude that
1
B = / (1—s5)h(s)ds,
0

an (! o "
A= m/o (1—s)h(s)ds—m/0 (n—s)h(s)ds.

Therefore, the three-point boundary value problem (2.1), (2.2) has a unique solution
t 1
ut) = —/ (t—s)h(s)ds+t/ (1—s)h(s)ds
0 0
an ! o n
+—/ (l—s)h(s)ds——/ (n—s)h(s)ds
l—« 0 l—« 0

1 1
— / G(t,s)h(s)ds + L/ G(n,s)ds.
0 l—aJo
This completes the proof. U

The following lemma is obvious.

Lemma 2.2. Forany x,y € [0, 1], we have
(1) Glx,y) =G —-x,1-y), 1
2) G(x,y) =Gy, y)=y(l—-y) =g
Lemma 2.3. Leta # 1, n € (0,1), and h € C([0, 1]) be symmetric on [0,1]. Then

the unique solution u(t) of the boundary value problem (2.1), (2.2) is symmetric on
[0,1].

Proof. From (2.3) we have

o

u(t) = /01 G(t,s)h(s)ds + m/ol G(n,s)h(s)ds.
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Therefore, for any ¢ € [0, 1], by Lemma 2.2 we get

u(l—t) =/(;1G(1—t,s)h(s)ds+&/OlG(n,s)h(s)ds
0 o 1
2/ G(l—t,l—s)h(l—s)d(l—s)+—/ G(n,8)h(s)ds
1 I—aJo

1 1

_ / Gl hs)ds + / G(n, )h(s)ds
0 —a@Jo

=u(t).

i.e., the solution u(¢) is symmetric on [0,1]. O

Define an integral operator 7: E — E by the formula

1 o 1
Tu(t) = /(; G(t,s) f(s,u(s))ds + E/o G(n,s) f(s,u(s))ds. 2.4)

By Lemma 2.1, the boundary value problem (2.1), (2.2) has a solution u = u(t) if
and only if u is a fixed point of the operator 7" defined by (2.4). So we only need to
seek a fixed point of 7' in E. By the Ascoli—Arzela theorem, we can prove that T is
a completely continuous operator.

Now we present and prove our main results.

Theorem 2.1. Suppose that f € C([0,1] x R,R), f(¢,0) # 0 « # 1, and there
exist two non-negative symmetric functions a,b € L'[0, 1] such that

| f(t,x)] <a@)|x|+b(t) fora.etel0,1]andall xR
and

/1 G(s,s)a(s)ds + —/ G(n,s)a(s)ds < 1.

Then the boundary value problem (1.1), (1.2) has at least one nontrivial symmetric
solution u* € C([0,1]).

Proof. Let

1
A =/0 G(s, s)a(s)ds—l——[ G(n,s)a(s)ds (2.5)
and .
B :/ G (s, s)b(s)ds—i——/ G(n,s)b(s)ds.
0

Then we have A < 1. Since f(¢,0) s 0, there exists a subinterval [0, 7] C [0, 1] such
that
min |f(t 0)| > 0.

o0<t<
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On the other hand, the inequality b(¢) > | f(¢,0)| holds for a.e. ¢ € [0, 1] and thus we
know that B > 0. Put r = B(1— A)~! and
2 ={u € C([0,1]) : u is symmetric on [0, 1] and |ju| < r}.
Suppose that u € 52 and A > 1 are such that Tu = Au. Then
Ar=Alul = ITull = max [(Tw)®)]

1
|1 al Jo G(n,9)| f(s,u(s))|ds

/ Gs.9)| f(s.u(s))|ds + —4—
1
< / G (s.5)(a(s)|u(s)| + b(s))ds
0
1
Ll / G (0. 5)(a(s)u(s)| +b(s))ds
[1—a| Jo
1
< ([ G(s,s)a(s)ds + —/ G(n, s)a(s)ds) [l ]|
0

1
+[ G(s, s)b(s)ds+—/ G(n,8)b(s)ds
0
= Allu||+ B = Ar + B.
Therefore,

B B
A<A+ D mAf P Ay (1-A)=1,
At =AY oy S AT

which contradicts the inequality A > 1. By Theorem 1.1, T has a fixed point u* € £2.

By f(z,0) #£ 0, the boundary value problem (1.1), (1.2) has a nontrivial symmetric
solution u™ € C([0, 1]). This completes the proof. a

Theorem 2.2. Suppose that f € C([0,1] xR, R), f(¢,0) £ 0, a # 1, and there
exist two non-negative symmetric functions a,b € L'[0, 1] such that

| f(t,x)] <a@)|x|+b(t) fora.etel0,1]andall xR

Assume that one of the following hypotheses is satisfied:
(1) There exists a p > 1 such that a € L?[0,1] and

1 _ 1/q p
/ap(s)ds< 41 “ll(l“’) :
0 |1 —a|(1+¢)V/9+4]ain(1—n)

where 1/p+1/q = 1.
(2) There exists a constant (1 > —1 such that
4ty —
el q—op foraeseo ],

“()—| o+ ol
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(3) The function a satisfies
6|1 —a|

fora.e. s €[0,1]
al+3la|n(1—mn)

a(s) < =
and
61—«
|1 —a|+3le|n(l—n)

Then the boundary value problem (1.1), (1.2) has at least one nontrivial solution
u* € C([0,1)).

Proof. Let A be given by formula (2.5). In order to apply Theorem 2.1, we only
need to prove that A < 1.
(1) By using the Holder inequality, we have

A< ( [ lap<s>ds)1/p { ( [ 1[G<s,s)]st)l/q + ( / [G(n,s)rfds)l/q}

1 VPO e n=m
= (/o “p(s)ds) (Z+ -« (1+q)1/q)

mesqs €[0,1]: a(s) <

41—al(1+9)'V4 [1—af(+ )" +4en(—n) _
[1—a|(14¢)17 + 4|a|n(1—n) 41—al(1+q)/4 '
(2) In this case, we have
41+’u|1_o{| w | | ! I
<— G(s Hs(A=)Hds+— | G, s)[s(1—s)]"ds
I1—al+ o [1—al Jo
411 — o

1 1
R L 1+ || B
_|1—a|+|a|(/0 -t G [ Geta-oras)

41— (1 |ot| 1
< +

[1—oa|+ || \41T8 |1 —a| 41+H
At —a| [I—al+ |
S l—al+ | 4FHI—af

(3) In this case, we have

61—« 1
< tan (G g [ o)

6|1 —af ( +|a|n(1—n))
 [T—al+3ahn(-n) 2|1 —af

The proof is complete. (]
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Corollary 2.1. Suppose that f € C([0,1] xR, R), f(¢,0) #0, @ # 1, and

f(t,x) 6|1 —«f
x I1—a|+3laln(l—n)

A :=limsup max
|x|—>o00 £€[0,1]

Then problem (1.1), (1.2) has at least one nontrivial solution u* € C([0, 1]).

6|1—a]| _
[1—c|+3]e[n(1—7)

If(t,x)Is( o1 —al —e)|x|
n)

Proof. Letus pute = % ( A). Then there exists ¢ > 0 such that

I1—a| +3la|n(l—
for (1,x) € [0,1] xR\ (—c,c). Set M = max{| f(t,x)|: (t,x) €[0,1] x [—c,c]}. Then
6|1 —«f
|f(t,x)| < (Il—al Al —e) x|+ M

for (z,x) € [0,1] x R. Consequently, the assumption of Theorem 2.2(3) is satisfied,
where
6/1—
a(s) = [1—al —&
[1—a|+3laln(l—n)
and b(s) = M for s € [0,1]. O

Corollary 2.2. Suppose that f € C([0,1]xR,R), f(z,0)#£0, a € (0, 1), and there

exist two non-negative symmetric functions a,b € L1[0, 1] such that
| ft,x)| <a(@)|x|+b(t) fora.etel0,1]andall x €R.

Let one of following assumptions hold:

(1) There exists constant p > 1 such that a € L?[0,1] and

1
/ a?(s)ds < (4(1—a))?.
0
(2) There exists constant |4 > —1 such that
a(s) <4HA—a)(s(0—s)H*  fora.e se[0,1].
(3) The function a satisfies the estimate
a(s) <6(l—a) fora.e se]0,1].

Then the boundary value problem (1.1), (1.2) has at least one nontrivial solution
u* e C([0,1)).

Proof. The validity of the corollary follows immediately from Theorem 2.2 by
using the inequality n(1 —n) < %. O
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Corollary 2.3. Suppose that f € C([0,1] xR, R), f(¢,0) #£0, @ € (0,1), and

Z
A :=limsup max AULD) <6(l—a).
X

|x|—>00 t€[0,1]

Then the boundary value problem (1.1), (1.2) has at least one nontrivial solution

u* e C([0,1]).

Proof. The validity of the corollary follows immediately from Corollary 2.1 by
using the inequality n(1 —n) < %. O

3. EXAMPLES

In this section, in order to illustrate the results obtained, we consider some exam-
ples.
Example 3.1. Consider the three-point boundary value problem

u” +min{t,1 —t}u(5sinu—7)+sin(t(1—1)) =0, 0<t<I,
u(0) =u(l) =—u(1/2).
Seta=—1,n= %, f(t,x) =min{¢,1 —t}x(5sinx —7) 4 sin[¢ (1 — )] for (¢,x) €
[0,1] xR, and a(¢) = 12min{z,1 —¢} and b(¢) = sin[t (1 —¢)] for ¢ € [0, 1]. It is easy
to see that a,b € L1[0, 1] are non-negative, symmetric, and the inequality | £ (¢, x)| <
a(t)|x|+ b(¢) holds for all (¢, x) € [0, 1] x R. Moreover, we have

1 || 1 5 1
A= / G(s,8)a(s)ds + / G(n.s)a(s)ds = =+ - < 1.
0 |1—(X| 0 8 4

Hence, by Theorem 2.1, the boundary value problem (3.1) has at least one nontrivial
symmetric solution.
Example 3.2. Consider the three-point boundary value problem

2/6t(1—t
u’ + #use_u2 +5€t(l_t) =0, O0<t<l,
1+u4 (32)
u(0) =u(l) =2u(l/4).

A3.1)

Seta =2, n= %, f(t,x)= Z—Vf_f_gcl;t) xS 4 5011 for (t,x) €[0,1] x R, and
a(t) =2/61(1—1) and b(t) = 5¢'1=) for r € [0,1]. It is easy to prove that a,b €
L1[0,1] are non-negative, symmetric, and the inequality | f(,x)| < a(t)|x| + b(t)
holds for all (¢,x) € [0,1] x R. If we put p = g = 2, then

1 1
/ a®(s)ds = / 24s(1 —s)ds = 4,
0 0

and

41 —a|(1+9)"/ "
(Il—al(l+q)1/q+4la|n(1—n)) = 647473,
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Therefore
1 _ 1/q p
4|1 1
/ a®(s)ds < | cx1|( +4q)
0 [T —al(1+¢)/4 4 4laln(l—n)
Hence, by Theorem 2.2(1), the boundary value problem (3.2) has at least one non-
trivial symmetric solution.

Example 3.3. Consider the three-point boundary value problem

3 /t(1 =
u//+4”5(1+;2)t)+4t(1—t)u—max{t,l—t}=O, 0<rt<l,
u(0) = u(l) = -2u(n).

Seta =2, 77€ (0.1), f(t.x) = 2D 4 45 (1 —1)x —max{t, 1 -1} for (t.x) €
[0,1]xR, and a(t) = %w/t(l —t)+4t(1—¢) and b(¢) = max{t,1 —¢} for ¢t € [0, 1].
It is easy to prove that a,h € L1[0, 1] are non-negative, symmetric, and the inequality
| f(t,x)| <a(t)|x|+ b(z) holds for all (¢,x) € [0,1] x R. If we put u = % then

a(s) =g\/s(1 —85)+4s(l—s) < %\/s(l —5)

411 —
=5 1—S H

for s € [0,1]. Hence, by Theorem 2.2(2), the boundary value problem (3.3) has at
least one nontrivial symmetric solution.

3.3)
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1. INTRODUCTION
In this note, we study the matrix equation
AEA* = E, (1.1

where

dr,; is the Kronecker delta, and A4 is an n X n matrix over the complex numbers C.
This study is motivated by the theory of differential operators where this equation
plays a critical role in the characterization of self-adjoint domains [1-4].

2. EIGENVALUES

In this section we characterize the eigenvalues of matrix solutions of equation
(1.1). Let 1 denote the identity matrix.

Lemma 1. We have
EE=-1, E*=E '=—E, det(E)=1. .1
If A is a solution of (1.1), then
det(A) = *1. 2.2)

The research of the first and second authors was supported by the National Nature Science Foun-
dation of China (Grant No. 10561005), the Doctor Discipline Fund of the Ministry of Education of
China (Grant No. 20040126008), and the import talent startup research fund of Tianjin University of
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Proof. The properties of E follow from a direct computation. For (2.2) note that
det(A) = det(A*) and thus

det(AEA*) = det(A)det(E)det(A*) = [det(A)]2 =1. 2.3)

O

Remark 1. The simple examples A = 1 and A = i 1 show that both signs can occur
in (2.2).

Lemma 2. If A is a solution of (1.1), then™
o(A7Y = o (4%). (2.4)

Proof. From (1.1) and (2.1) we get AEA*E = EE = —1. Hence (AE)™! =
—A*E and A* = —EA™1E, A~! = —_EA*E. Therefore,

det(A™! = A1) = det(—EA*E —AE(—E)1)
= det(—E)det(A* —AT)det(E)
= det(A* — A1),
and (2.4) follows. O

Remark 2. Of course (2.4) holds for any unitary matrix U, because U* = U1,
All eigenvalues of a unitary matrix lie on the unit circle of the complex plane. Below
we derive the corresponding result for matrix solutions A of (1.1). We will see that
the eigenvalues of A need not lie on the unit circle but those which do are related to
each other in interesting ways and also those which are not on the unit circle have
interesting relationships to each other.

Let the spectrum of A have the form
o(A)y={Aj=rie%: j=1,....n, (2.5)
where r; >0 and —7 < 0; <m for j =1,...,n. We can now give our main result.

Theorem 1. Let A be a solution of (1.1). Then the following properties hold:
(1) If, for some j, an eigenvalue A; of A is not on the unit circle, i.e., rj # 1,
then rljei % is also an eigenvalue of A.
(2) Let I be the number of pairs of eigenvalues of A not on the unit circle,
given by (1) and counting multiplicity, then | can be any one of the num-
bers 0,1,2,... k.
(3) Assume that there exist | (0 <1 < k) pairs of eigenvalues
o, 1 o 1

— e rpetf — ot
ri ry

rle’ 0

*As usual, the symbol o (A4) stands for the spectrum of A.
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of A which are not on the unit circle, where rj >0, r; #1, j =0,1,...,1
(J = 0 means that there are no such eigenvalues, i. e., all eigenvalues are on
the unit circle), then there exist d = 2(k —1) eigenvalues of A,

el+1 ... olbita

on the unit circle and 0; satisfy the relations

I d
D 20; 4+ Oy €fjm:j =042, +2(k—1),2k} (2.6)
j=1 j=1
if det(A) = 1, and the relations
I d
D020+ Oy efjm:j=£143. 45 . (n—1)} (2.7)
j=1 j=1
ifdet(A) = —1.

Proof. By Lemma 2, we have 0 (A™') =0 (4%), i.e.,

1 _
{)t_j:j = 1,...,n} ={Ap:h=1,...,n}

Therefore, for any A € 0(A%), there exist % such that A, = AL,-’ ie.,

rhe_ie"if,-eief =1.
Hence, rjr; =1 and 0; = 0y (or 6; — 0, = 2m). Therefore, if for some j, rjeiaf
with r; >0, —m < 6; <, and r; # 1 is an eigenvalue of A, then % e'% is also an
eigenvalue of A.
By (1), the eigenvalues not on the unit circle occur in pairs where each pair has the
same angle and the conclusion follows.
Conditions (2.6) and (2.7) follow from the fact that det(A4) = ]_[7=1 Aj==x1. O

Remark 3. Let A satisfy (1.1). Then A may have all its eigenvalues on the unit
circle or there may be none on the unit circle. In all other cases there are an even
number of eigenvalues not on the unit circle and these can be paired so that any
one pair has the same angle; the angles of the eigenvalues are related to each other
according to (2.6) and (2.7). The examples in the next section will illustrate these
points further.

3. EXAMPLES

In this section we give some examples to illustrate Theorem 1.

Example 1. Let n = 2. In the second order case either both eigenvalues are on the
unit circle or neither one is.

CASE 1. Both eigenvalues are on the unit circle, i.e., (A4) = {eiol , ei92}.
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(1) When det(A) = 1, we have ¢!®11+02) — 1 and 8, = —6, or 6; + 6> = 2x.
Therefore, o (A) = {e'?,e7?}. Note that the eigenvalues of 4 are symmetric
with respect to the real axis. When A = 1 or A = —1 is an eigenvalue, then it
must have multiplicity 2.

(2) If det(A) = —1, then we have 6] 4+ 6, = 7 and the eigenvalues of A are
symmetric about the imaginary axis. When A =i or A = —i is an eigenvalue,
then it must be a double eigenvalue.

CASE 2. The eigenvalues of A are not on the unit circle, i.e., 0 (A4) = {reie, % eio},
where r > 0 and r # 1.

(1) When det(A4) = 1, we have ¢/?®) = 1 and § = 0 or . Then the eigenvalues
of A are r and % or —r and —%.

(2) If det(A) = —1, then we have /@ = —1 and # = Z or —7. Then the

N

eigenvalues of A are ri and %i, or —ri and —% i.

Example 2. Assume that n = 4. Then exactly one of the following three cases
must hold:
(1) All the eigenvalues are on the unit circle, i.e., 6 (A) = {eiel ,eieZ,ei93 , ei94},
where the numbers 6; are such that Z}‘:l 0; = 0,+£2n,4m if det(A) = 1,
and Y7 0; = £, £37 if det (4) = —1.
(2) One pair of eigenvalues is not on the unit circle and the other two eigenvalues
are on the unit circle, i.e.,

. . a1 .
G(A)Z 6[01,6102,7‘610,—610 ’
r

where r > 0 and r # 1. In this case 0;,60,, and 0 satisfy 0; + 6, + 20 =
0,+2m,4m when det(A) = 1, and 0 + 0, + 20 = £+, +37 when det(A4) =
—1.

(3) No eigenvalue of A is on the unit circle. In this case there are two pairs of
eigenvalues each pair having the same angle, i. e.,

O 1.
o(A) = rlelel,r—e’el,rze’oz,r—e”92 ,
1 2

where r; > 0 and r; # 1, and the numbers 61, 0, satisfy 01 + 6, =0, +7, 27
whendet(A) =1,and 6; 4+ 6, = j:%,ﬂ:%” when det (4) = —1. Here 6; and
6, are not necessarily distinct.

Example 3. Assume that n = 6. There are exactly four subcases:

(1) All eigenvalues are on the unit circle, i. e.,

O,(A) — {ei01 ,ei92,€i93,€i04,€i05€i06} :



2)

3)

“4)
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where the numbers 6; satisfy 216-:1 0; = 0,£2m, +4m, 67 if det(4) =1,
and Y°9_, 0; = +m, £37, £57 . if det (4) = —1.

One pair is not on the unit circle and the other four eigenvalues are on the
unit circle , i.e.,

. . . . 1 .
G(A) — {6191,6102,6103,€194,r610,— e19 ’
r

where r > 0, r # 1, and the numbers 6; and 6 satisfy

4
> 6, +20 = 0,427, 47,67
j=1

when det(A4) =1, and

4
> 6 +20 = £, +37, 57
j=1

when det (4) = —1.
Two pairs are not on the unit circle and the other two eigenvalues are on the
unit circle, i.e.,

o(A) = ;eiel,eiez’rlei%’i 0105 ryeifs L gital
r1 2
where r; > 0 and r; # 1, and the numbers 6; satisfy
01+ 605 +205+204 =0, 27, +4x, 67,
when det (A4) = 1, and
01+ 02+265 +204 = £, +3m, £57.

when det(A4) = —1.
No eigenvalue is on the unit circle, i. e.,

O'(A) — rlei9| i ei9| r2€i92 l ei02 r3ei93 i ei93
9 rl b b r2 b 9 }/'3 b
where r; > 0 and r; # 1, and the numbers 6; satisfy

3
> 6, =0.%m, +27,37 (3.1)
=1
when det (A) = 1, and
3
3r 5
Y=t 2 220 (3.2)
= 2’72772

when det (4) = —1.
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Example 4. Let

riet 0 0 0 0 0
0 ret2 o 0 0 0
0 0 rzefs 0 0 0
A=1 0 0o 0 L o o (3.3)
0 0 0 0 Let?> 0
0 0 0 0 0 Leit

Then A satisfies (1.1) for any r; > 0 and 8; € (—m, 7]. Choosing r; = 1for j =1,2,3
all six eigenvalues are on the unit circle and their angles satisfy the equations (3.1)
or (3.2). By choosing three distinct 6; we get three distinct eigenvalues each with
multiplicity 2, by choosing 61 = 0, # 03 we get two distinct eigenvalues, one having
multiplicity 2, the other 4. Finally by choosing 6; = 6, = 63 we get one eigenvalue
with multiplicity 6. Clearly this example extends to n = 2k for k > 3 and can be
used to show that the eigenvalues on the unit circle can have multiplicity m for any
m,m=2,4,6,...,2k.

Remark 4. Just as in the above examples, for n = 2k there are exactly k + 1 cases
ranging from exactly j pairs not on the unit circle for j = 1,2,...,k to all eigenvalues
on the unit circle.

Remark 5. 1t is interesting to compare matrices satisfying (1.1) with unitary ma-
trices. Clearly equation (1.1) is equivalent with

(AEY(EA)* =1 3.4)
which can be compared to
uu* =1,

but as Theorem 1 shows there are major differences, as well as similarities, in the
behavior of the eigenvalues of the matrices satisfying these two equations. Lemma 1
holds for unitary matrices since U ! = U * but all the eigenvalues of a unitary matrix
lie on the unit circle. The fact that one E in (3.4) is “on the wrong side” is significant.
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