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Abstract. We prove common fixed point theorems for four mappings satisfying implicit relations
without decreasing assumption which improve theorems of [1, 13, 14]. We also prove common
fixed point theorems for four mappings satisfying implicit relations which generalize theorems
of [3,4].
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1. INTRODUCTION

Let S and T be self-mappings of a metric space (X,d). S and T are commuting
if STx =TSx for all x € X. Sessa [15] defined S and T to be weakly commuting
if, for all x € X,

d(STx, TSx) <d(Tx,Sx). (1.1)

Jungck [7] defined S and T to be compatible, as a generalization of the weakly
commuting property, if
lim d(STx,, TSx,)=0 1.2)
n—o00

whenever {x,} is a sequence in X such that lim, . Sx, = lim,—e Tx, =t for
somet € X.

It is easy to show that “commuting” implies “weakly commuting,” which, in turn,
implies “compatible,” and there are examples in the literature justifying that the in-
clusions are proper (see [7, 15]).

Jungck et al. [6] defined S and T to be compatible mappings of type (A) if

lim d(STx,,T%?x,) =0  and lim d(TSxp,S%x,)=0 (1.3)
n—>oo n—>oo
whenever {x,} is a sequence in X such that lim, o Sx, = lim,_—o Tx, =t for
somet € X.

Clearly, “weakly commuting” implies “compatible of type (A)”. By [6], the con-
verse is not true, and the two concepts of compatibility are independent.
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Recently, Pathak and Khan [12] defined S and T to be compatible mappings of
type (B), as a generalization of compatible mappings of type (A), if

1
lim d(TSxp,S%x,) < =[ lim d(TSx,,Tt)+ lim d(Tt,T?xy)],
n—o00 2tn—>o0 n—o00 (1 4)

" .
lim d(STx.T?xp) < =[ lim d(STx,.St)+ lim d(St,S%xy,)]
n—o00 2tn—o00 n—o00

whenever {x,} is a sequence in X such that lim,, o0 Sx, = limy—oo T X, =t for
somet € X.

Clearly, compatible mappings of type (A) are compatible mappings of type (B),
but the converse is not true [9]. However, the notions of compatibility, compatibility
of type (A), and compatibility of type (B) are equivalent to one another if S and T’
are continuous [12].

Pathak et al. [10] defined S and T to be compatible mappings of type (P) if

lim d(S%x,,T?%x,) =0 (1.5)
n—>oo

whenever {x,} is a sequence in X such that lim, o, Sx, = lim,—o Tx, =t for
somet € X.

The notions of compatibility, compatibility of type (A), and compatibility of type
(P) are mutually equivalent if S and 7 are continuous [10].

Pathak et al. [11] defined S and T to be compatible mappings of type (C) as
a generalization of compatible mappings of type (A) if

1
lim d(TSxn, S2xy) < —( lim d(TSxy,Tt)+ lim d(Tt,S%xy)
n—>o00 3 \n—00 n—>o00

+ lim d(Tz,szn)),

n—00 (1.6)
| .
lim d(STxp, T2xy) < —( lim d(STxn,St)+ lim d(St,T?x,)
n—o00 3 \n—>o00 n—o0o

+ lim d(Sz,Szxn))
n—>oo

whenever {x,} is a sequence in X such that lim, o Sx, = lim,—o Tx, =t for
somet € X.

Clearly, compatible mappings of type (A) are also compatible mappings of type
(C), but the converse implication is not true [ | | ]. However, the properties of compat-
ibility of type (A) and compatibility of type (C) are mutually equivalent if S and T’
are continuous (see [11]).

2. PRELIMINARIES

Definition 1 ([5]). S and T are said to be weakly compatible if they commute
at their coincidence points, i. e., the equality Su = Tu for some u € X implies that
STu=TSu.
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Lemma 1 ([6,7,10-12]). If S and T are compatible, or compatible of type (A),
or compatible of type (P), or compatible of type (B), or compatible of type (C), then
they are weakly compatible.

The converse is not true in general, see [2].

Definition 2 ([8]). S and T are said to be R-weakly commuting at a point x € X
if for some R > 0
d(STx, TSx) < Rd(Tx,Sx). 2.1

Definition 3 ([9]). S and T are said to be pointwise R-weakly commuting on X
if, given an x € X, there exists an R > 0 such that (2.1) holds.

It was proved in [9] that the R-weak commutativity is equivalent to commutativity
at coincidence points, i.e., S and T are pointwise R-weakly commuting if and only
if they are weakly compatible.

Let R4+ be the set of all non-negative reals numbers and K¢ the family of all
continuous mappings K(t1,2,13,%4,15,%6): [Ri — R with 73 4 14 # 0 satisfying the
following conditions:

(K1) K is decreasing in variables tsand #¢.
(K>) there exists 0 < h < 1 such that for all u,v > 0 with
(Ky) K(u,v,v,u,u+v,0) <0or
(Kp) K(u,v,u,v,0,u+v)<0
we have u < hv.
The following theorem was proved in [13].

Theorem 1. Let S, T, I and J be self-mappings of a metric space (X,d) satisfy-
ing
(@) SX)CcJ(X)and T(X) C I(X),
(b) the inequality
F(d(Sx, Ty),d(Ix,Jy),d(Ix,Sx),d(Jy,Ty),d(Ix,Ty),d(Sx, Jy)) <0

holds for all x,y € X and F € Kg satisfies conditions (K1) and (K») if
d(Ix,Sx)+d(Jy,Ty) #0, or

d(Sx,Ty)=0 if (Ux,Sx)+d(Jy,Ty)=0,
(¢) the pairs (S, 1) and (T, J) are weakly compatible.
If one of S(X), T(X), I(X) and J(X) is a complete subspace of X, then, S, T, I

and J have a unique common fixed point Z in X. Further, z is the unique common
fixed point of S and I and T and J.

It is our purpose in this paper to prove common fixed point theorems for weakly
compatible mappings satisfying implicit relations without condition (K7 ), which im-
prove results of Ali and Imdad [1] and Popa [13, 14]. We also prove a common fixed
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point theorem for weakly compatible mappings satisfying implicit relations which
generalizes results of Jeong and Rhoades [4] and Jeong [3].

3. IMPLICIT RELATIONS

Let Fg be the family of all continuous mappings F(t1,12,13,14,15,16): [Rg_ — R
with 73 + 74 # 0 satisfying the following condition:
(F1) there exists 0 </ < 1 such that for all u,v,w > 0 with
(F;) F(u,v,v,u,w,0) <0or
(Fp) F(u,v,u,v,0,w) <0
we have u < hv.

Example 1. F(t1,t2,t3,14,15,t6) = 1 _az;2454 _btsft?ﬂ’ where 0 < a,b < 1
anda+b < 1. i

(F1) : Let u,v,w > 0 and F(u,v,v,u,w,0) = u—au‘ﬂi_v —bu')‘fl < 0. Then,
u < hiv, where h; = 1aTb < 1. Similarly, if F(u,v,u,v,0,w) <0 then u < hyv,
where hy = a < 1. We take h = max{hy,h,} < 1.

P 11 VR 13te
Example 2. F(t1,t2,t3,14,t5,t6) = 1 az i bt5+t(,+1’ where 0 < a,b < 1

and a + b < 1. The condition (F7) can be verified as in Example 1.

Let Hg be the family of all continuous mappings H(t1,%2,13,%4,15,%6): IRﬁ_ — R
with #5 4 16 # 0 satisfying the following conditions:
(Hy) there exists 0 < h < 1 such that for all u,v, w > 0 with
(Hy;) Hu,v,v,u,w,0) <0 or
(Hp) H(u,v,u,v,0,w) <0
we have u < hv.
(Hz) H(u,u,0,0,u,u) > 0 forall u > 0.

Example 3. H(t1,t2,13,14,15,16) = t1 —a B85 _ pr, where a,b > 0 and a +

ts+te
b<1.
(Hp) : Letu,v,w >0 and H(u,v,v,u,w,0) =u—au—bv <0. Then, u < hv,
where h = % < 1. Similarly, if H(u,v,u,v,0,w) <0thenu < hv.

(Hz): H(u,u,0,0,u,u) = (1—b)u > 0 forall u > 0.

__atsts+btate

e Cla, where a,b,c > 0 and

Example 4. H(ll,lz,l3,l4,l5,l6) =N
a+b+c<l.

(Hyp) : Letu,v,w>0and H(u,v,v,u,w,0) =u—av—cv <0. Then, u < hyv,
where h1 = a + ¢ < 1. Similarly, if H(u,v,u,v,0,w) <0 then u < hpv, where
hy =b+c < 1. Wetake h = max{hi,hy} < 1.

(Hz): H(u,u,0,0,u,u) = (1 —c)u >0 forall u > 0.

Let G¢ be the family of all continuous mappings G(t1,2,13,14,15,%6): IRﬁ_ — R
with 1, 4 74 # 0 satisfying the following conditions:
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(G1) G is decreasing in variables t5 and f¢.
(G3) there exists 0 < & < 1 such that for all u,v > 0 with
(Ga) G(u,v,v,u,u+v,0) <0or
(Gp) G(u,v,u,v,0,u+v) <0
we have u < hv.
(G3) G(u,u,0,0,u,u) > 0forall u > 0.

Example 5. G(t1,t3,13,14,15,t6) =11 —ay éz_ism —ay(tz3 +1t4)—as(ts +te) —aats,
where a1,a,,a3,a4 > 0and ay +2as +2az + a4 < 1.
(G1) : Itis clear.
v(u+v)

(G3) : Let u,v > 0 and G(u,v,v,u,u +v,0) = u—alm—az(u +v)—
az(u +v)—asv <0. Then u < hyv, where h; = % < 1. Similarly, if
Gu,v,u,v,0,u +v) <0 then u < hyv, where hy = w < 1. We take

—dy—djs

h =max{hi,hy} < 1.
(G3): G(u,u,0,0,u,u) = (1—a; —2az—aq)u > 0 for all u > 0.

Let Cg be the family of all continuous mappings C(t1,12,13,14,5,t6): [Rﬁ_ — R
with #, + 14 # 0 satisfying the following conditions:

(Cy) there exists 0 < h < 1 such that for all #,v,w > 0 with
(Cy) C(u,v,v,u,w,0) <0or
(Cp) C(u,v,u,v,0,w) <0
we have u < hv.
(C2) C(u,u,0,0,u,u) > 0 forall u > 0.

Example 6. C(t1,t2,13,14,t5,16) = 11 —aéﬁf‘% —btsft?_'_l, where 0 < a,b < 1
anda+b < 1.

(Cy) : Let u,v,w >0 and C(u,v,v,u,w,0) = u—au’fv _bw—i— < 0. Then

u < hyv, where hy =a+ b < 1. Similarly, if C(u,v,u,v,0,w) <0 then u < hyv,
hy =5 < 1. We take h = max{hy,ha} < 1.
(C3): C(u,u,0,0,u,u) =u > 0forall u > 0.

— 4 g f2l4a t3te
Example 7. C(ll,lz,l‘3,l‘4,l‘5,l‘6) =1 at2+t4 bt5+t6+1’ where 0 < a,b < 1

and a +2b < 2. (Cy) and (C») follow as in Example 6.

vw

4. MAIN RESULTS

Theorem 2. Let f, g, S and T be self-mappings of a metric space (X, d) satisfy-
ing the following conditions:
S(X)cCgX), TX)Cf(X), 4.1

F(d(Sx,Ty),d(fx,gy),d(fx,Sx),d(gy,Ty).d(fx,Ty),d(Sx,gy)) <0
(4.2)
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forall x,y € X and F € Fg satisfies (F1) ifd(fx,Sx)+d(gy,Ty) #0, or

d(Sx,Ty)=0 if d(fx,Sx)+d(gy,Ty)=0. 4.3)
Suppose that one of S(X), T(X), f(X), and g(X) is a complete subspace of X and
the pairs (S, f) and (T, g) are weakly compatible.

Then, f, g ,S, and T have a unique common fixed point Z in X. Further, z is the
unique common fixed point of S and f and T and g.

Proof. Let x¢ be an arbitrary point in X. By (4.1), we can define inductively
a sequence {y,} in X such that
Yan = SXon = gXon+1, Yan+1 = fXan42 = Tx2p41 forn=0,1,2,.... (44)
If
d(fx2n,Sx2n) +d(gx2n4+1,Tx2n41) # 0,
then, using (4.2) and (4.4), we have

F(d(Sx2n.Tx2n+1).d(fX2n,8X2n+1).d(fX2n,Sx2n).d(gX2n+1. T X2n41).
d(fxan, TXont1).d(SX2n,8X2n+41))
= F(d(y2n.y2n+1).d(V2n—1.Y2n).d(Y2n—1.¥2n).d(Y2n. Y2n+1).
d(yan—1.y2n+1),0) <0
By (Fg), we get
d(yan,y2n+1) < hd(yan-1,y2n)-
Similarly, if
d(fxan+2,Sx2n+2) +d(gx2n+1,T X2n+1) # 0.
we obtain
d(y2n+1,Y2n+2) < hd(yan, y2n+1).
Therefore,
d(yns yn+1) < hd(yn—1,yn).

Thus, {y,} is a Cauchy sequence in X and, therefore, the subsequence {y2,} =
{gx2n+1} C g(X) is a Cauchy sequence in g(X). Since g(X) is complete, it con-
verges to a point z = gv for some v € X.

Therefore, the sequence {y,} converges also to z and the subsequences {Sx2,},
{Tx2n+1}, and { fx2,42} converge to Z.

If z # T'v, using (4.2), we obtain

F((d(SXZn ’ TU)’ d(fXZn ) gv), d(fXZn ’ Sx2n), d(gv7 Tv)? d(fXZn, TU)?
d(SXZn,gv)) S O
Letting n — oo and using the continuity of F', we obtain
F(d(z,Tv),0,0,d(z,Tv),d(z,Tv),0) <0.
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By (Fy), we getz = Tv = gv. Since T(X) C f(X), there exists an u € X such that
z= fu="Tv.
If z # Su, using (4.2) we have

F(d(Su,Tv),d(fu,gv),d(fu,Su),d(gv.Tv),d(fu,Tv),d(Su,gv))
= F(d(Su,z).0.d(z,Su),0,0,d(Su.z)) <O0.

By (Fp), we get z = Su = fu. Since the pairs (S, f) and (7, g) are weakly
compatible, we get fz = Sz and gz = Tz. Since d(fz,Sz)+d(gv,Tv) =0, in
view of (4.3), it follows that d(Sz,Tv) =0,i.e.,z2 =Sz = fz.

Similarly, we can prove that z = gz = T'z. Hence, z is a common fixed point of
f.g,S,and T.

The proof is similar if we suppose that, instead of g(X), one of S(X), T(X), and
f(X) is complete. The uniqueness of z follows from (4.3). 0

Remark 1. As the function F' in Theorem 2 is not decreasing in variables 75 and
t6, theorems of [1, 13, 14] are not applicable in this case.

Considering Examples 1 and 2, we obtain two corollaries of Theorem 2.

Theorem 3. Let f, g, S, and T be self-mappings of a metric space (X,d) satis-
fying (4.1),

H(d(Sx.Ty).d(fx.gy).d(fx,5x).d(gy.Ty).d(fx.Ty).d(Sx.gy)) <0

(4.5)
forall x,y € X and H € Hg satisfies (H1) and (Hp) ifd(fx,Ty)+d(Sx,gy) #0,
or
d(Sx,Ty)=0 if d(fx,Ty)+d(Sx,gy)=0.

Suppose that one of S(X), T(X), f(X), and g(X) is a complete subspace of X and
the pairs (S, f) and (T, g) are weakly compatible.

Then f, g, S, and T have a unique common fixed point 7 in X. Further, 7 is the
unique common fixed point of S and f and T and g.

Proof. Let x¢ be an arbitrary point in X. By (4.1), we can define inductively
a sequence {y,} in X by (4.4).

If

d(fx2n, Tx2n+1) +d(Sx2n,8%2n41) =0
or
d(fx2n+2,Tx2n+1) +d(gX2n+1.SX2n42) =0

for some 7, the proof is similar to [14].

If

d(fx2n.Tx2n+1) +d(Sx2n,8X2n+1) #0
and

d(fxan+2.Tx2n+1) +d(gxX2n+1.SX2n+2) # 0,
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as in the proof of Theorem 2, we obtain z = fu = Su =gv="Tv.
Since the pairs (S, /) and (T, g) are weakly compatible, we get fz = Sz and
gz="Tz.
If z # Sz, using (4.2) we have
H(d(Sz,Tv).d(fz,gv).d(fz,5z2).d(gv.Tv).d(fz.Tv).d(Sz,gv))
= H(d(Sz.2).d(5z2.,2),0,0,d(Sz.2).d(5z.2)) < 0.

which is a contradiction to (H3). Therefore, z = Sz = fz.
Similarly, we can prove that z = Tz = gz. Hence, z is a common fixed point of
f,g,S,and T. The uniqueness of z follows from (4.5) and (H5). O

Theorem 3 generalizes [4, Theorem 5] and [3, Theorem 2].

Theorem 4. Let f, g, S, and T be self-mappings of a metric space (X,d) satis-
fying (4.1),

G(d(Sx,Ty),d(fx,gy),d(fx,Sx),d(gy,Ty),d(fx,Ty),d(Sx,gy)) <0
(4.6)
forall x,y € X and G € Gg satisfies conditions (G1), (G2), and (G3) ifd(fx,gy)+
d(gy.Ty) #0, or
d(Sx.Ty)=0 if d(fx.gy)+d(gy.Ty)=0.

Suppose that one of S(X), T(X), f(X), and g(X) is a complete subspace of X and
the pairs (S, f) and (T, g) are weakly compatible.

Then, [, g, S, and T have a unique common fixed point z in X. Further, Z is the
unique common fixed point of S and f and T and g.

Proof. Let xo be an arbitrary point in X. By (4.1), we can define inductively
a sequence {y,} in X by (4.4).
If

d(fxan,Txan+1) +d(Sx2n,8X2n+1) # 0
using (4.2) and (4.4) we have
G(d(Sx2n, Tx2n41).d(fX2n.8X2n41).d(fX2n,Sx2n),d(gX2n+1. T X2n41),
d(fx2n.TX2n+1),d(SX2n.8X2n+1))
=G (d(y2n.y2n+1).d(V2n—-1.Y2n).d(Y2n—1.y2n).d(Y2n. y2n+1)
d(Y2n—1.Y2n+1),0) <0.
By (G1) we have

G(d(y2n.y2n+1).d(Y2n—1.Y2n).d(Y2n—1.y2n),
d(y2n.y2n+1)-d(¥Y2n—1.Y2n) +d(¥2n. y2n+1).0) < 0.
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By virtue of (G,), we get
d(Y2n.y2n+1) <hd(Yyan—1,y2n).

In the same manner, if

d(fx2n+2,Sx2n+2) +d(gX2n+1,TxX2n+1) #0
we obtain
d(yan+1,Y2n+2) <hd(yan, y2n+1)-
Therefore,
d(Yn.yn+1) <hd(yn—1,yn)-

As in the proofs of Theorems 2 and 3, z is a common fixed point of f, g, S, and
T. The uniqueness of z follows from (4.6) and (G3). O

Remark 2. Theorem 4 generalizes [4, Theorem 9] and [3, Theorem 5].

Similarly to Theorem 3, we can prove the following statement which improves
Theorem 4.

Theorem 5. Let f, g, S, and T be self-mappings of a metric space (X,d) satis-
fving (4.1),

C(d(Sx,Ty),d(fx,gy),d(fx,Sx),d(gy,Ty),d(fx,Ty),d(Sx,gy)) <0
forall x,y € X and C € Cg satisfies (C1) and (Cp) if d(fx,gy)+d(gy,Ty) #0,

or
d(Sx.Ty)=0 if d(fx.gy)+d(gy.Ty)=0.
Suppose that one of S(X) T(X), f(X), and g(X) is a complete subspace of X and
the pairs (S, f) and (T, g) are weakly compatible.
Then, f, g, S, and T have a unique common fixed point Z in X. Further, 7 is the
unique common fixed point of S and f and T and g.

IfS=Tor f=gorS=Tand f=g,or f =g =1, where I denotes the
identity mapping, or S = T and f = g = [ in Theorems 2, 3, 4, and 5, one can
obtain several corollaries.
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1. INTRODUCTION

For most of the differential and integral equations with deviating arguments that
appear in recent literature, the deviation of the argument usually involves only the
time itself, see for example the very recent papers [1,2,6,18,19,22,23]. However,
another case, in which the deviating arguments depend on both the state variable x
and the time 7, is of importance in theory and practice. Several papers have appeared
recently that are devoted to such kind of differential equations, see for example [4, 8—

,16,17,29,31-33] and references therein.

One of the first papers studying this class of functional equations is the one by
Eder [8] who considered the functional differential equation

x'(1)=x(x(t)), teACR,
while Feckan [12] studied a functional differential equation of the more general form
xX'(1) = f(x(x(1)))

with f € C(R). For other developments on this topic, see the very recent papers
[4,8-11,16,17,29,33] and references therein. The term to designate this class of
differential equations is that of iterative differential equations. As mentioned in [33]
and the papers cited there, iterative differential equations arise in relation to infection

(© 2010 Miskolc University Press
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models and are also important in the study of the motion of charged particles with
retarded interaction.

In this paper, we are interested in the study of the existence of solutions of iterative
differential equations of the general form

x'(1) = f(t,x(x(1))),

and, in addition to other related papers, we illustrate how one can approximate the
non-unique solution of such kind of iterative differential equations by means of iter-
ative techniques.

The main idea is to use the powerful and more reliable technique of non-expansive
operators and to adapt and use several convergence theorems from the theory of iter-
ative approximation of fixed points of non-expansive mappings (see the very recent
monographs [3, 5]).

As most of the papers in literature devoted to functional differential equations with
deviating argument are based on fixed point techniques and are essentially tributary
to the contraction mapping principle or method of successive approximations, our
approach here appears to be new not only for the study of existence of solutions but
especially with regard to the approximation of solutions of these equations.

The paper is organized as follows: in Section 2 we present some basic results
from the fixed point theory of non-expansive operators; in Section 3 we present the
main results of the paper regarding the existence and approximation of solutions of
some iterative differential equations. The paper ends with Section 4 that gives some
illustrative examples. Note that our results are established under weaker assumptions
than the ones obtained in [4].

2. FIXED POINT THEORY OF NON-EXPANSIVE MAPPINGS

Let (X, d) be a metric space. A mapping 7: X — X is said to be an «-contraction
if there exists o € [0, 1) such that

d(Tx,Ty) <ad(x,y), Vx,yeX. 2.1

A point x € X is called a fixed point of T if Tx = x. It is well known [206] that,
under the strict contraction condition (2.1) in a complete metric space X, there exists
a unique fixed point of 7" and, moreover, the Picard iteration determined by an x¢ € X
and the relation

Xp+1=Tx,, n=0,1,2,..., 2.2)

converges to that fixed point. In the case where @ = 1 in (2.1), the mapping 7 is said
to be non-expansive.

As the technique of non-expansive mappings applied to functional differential
equations appears to be less frequently used in literature, in the present section we
present some basic concepts and results of the fixed point theory of non-expansive
operators.
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Let K be a non-empty subset of a real normed linear space £ and let 7: K — K
be a mapping. In this setting, 7" is non-expansive if

ITx =Tyl <llx=yll. Vx.yek. (2.3)

Although the non-expansive mappings are generalizations of «-contractions, they of
contractive mappings. More precisely, if K is a non-empty closed subset of a Banach
space E and T: K — K is a non-expansive mapping which is not an «-contraction,
then, as is shown by the following example, 7" may not have fixed points.

Example 1 ([13, Example 3.3, pp. 30]). In the space ¢o(N), the isometry T defined
by the relation
T()Cl,)Cz,...) = (1,)(1,)(2,...)
maps the unit ball into its boundary but has no fixed points.

Moreover, as is shown by the next example, even in the cases where T has a fixed
point, the Picard iteration associated to T (i.e., the sequence {x,} defined by (2.2)
for an x¢ € K), may fail to converge to the fixed point.

Example 2. Let us consider the unit interval [0, 1] with the usual norm. The func-
tion 7°:[0, 1] — [0, 1] given by the formula 7x = 1 — x for all x € [0, 1] has a unique
fixed point, x* = % but, except for the trivial case xo = %, the Picard iteration starting
from x¢ yields an oscillatory sequence.

For this many other reasons, some richer geometrical properties of the ambient
space E are needed in order to ensure the existence of a fixed point or/and the con-
vergence of an iterative method (generally a more complex iterative method than the
Picard iteration) to a fixed point of 7. In the present paper, we mainly consider
Banach spaces which are uniformly convex or strictly convex (for more general set-
tings, see [5]). For the sake of completeness, let us recall some concepts and results.

One of the most important fixed point theorems for non-expansive mappings, due
to Browder, Gohde, and Kirk (see, e. g., [3]), is stated as follows.

Theorem 2.1. If K is a non-empty closed convex and bounded subset of a uni-
formly convex Banach space E then any non-expansive mapping T:K — K has
a fixed point.

Remark 1. Theorem 2.1 provides no information on the approximation of a fixed
point of 7. From Example 2, we see that the Picard iteration does not resolve this
situation, in general. Due to this fact, several other fixed point iteration procedures
have been considered (see [3,5]). The most usual ones will be defined in the sequel
in view of their use.

Let K be a convex subset of a normed linear space E and let T: K — K be a self-
mapping. Given an xg € K and a real number A € [0, 1], the sequence {x,} defined
by the formula

Xne1=0=Vxp+ATx,, n=0,1,2,..., 2.4)
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is usually called the Krasnoselskij iteration, or Krasnoselskij—Mann iteration. Clearly,
(2.4) reduces to the Picard iteration (2.2) for A = 1.
For an x¢ € K, the sequence {x, } defined by the formula

Xnp1=(1=An)Xn +AnTxXn, n=0,1,2,..., 2.5)

where {1,} C [0, 1] is a sequence of real numbers satisfying some appropriate condi-
tions, is called a Mann iteration.

It was shown by Krasnoselskij [15] in the case where A = 1/2, and later by Schae-
fer [30] for an arbitrary A € (0, 1), that if E is a uniformly convex Banach space and
K is a convex and compact subset of £ (and therefore, by Theorem 2.1, containing
fixed points of 7'), then the Krasnoselskij iteration converges to a fixed point of 7.

Moreover, Edelstein [7] proved that strict convexity of E suffices for the same
conclusion. The question of whether the strict convexity assumption can be removed
was answered in the affirmative by Ishikawa [14] by the following result.

Theorem 2.2. Let K be a subset of a Banach space E and let T: K — K be a non-
expansive mapping. For an arbitrary xog € K, consider the Mann iteration process
{xn} given by (2.5) under the following assumptions:

(a) xp, € K for all positive integers n;
(b) 0 <A, <b <1 forall positive integers n;

If {xn} is bounded, then x, — T x,, = 0 as n — oQ.

The following corollaries of Theorem 2.2 will be particularly important for the
application part of our paper.

Corollary 2.1. Let K be a convex and compact subset of a Banach space E and
let T: K — K be a non-expansive mapping. If the Mann iteration process {xn} given
by (2.5) satisfies assumptions (a)—(c) of Theorem 2.2, then {x,} converges strongly to
a fixed point of T .

Proof. See Theorem 6.17 in Chidume [5]. O

Corollary 2.2. Let E be a real normed space, K a closed bounded convex subset
of E and let T: K — K be a non-expansive mapping. If I — T maps closed bounded
subsets of E into closed subsets of E and {x,} is the Mann iteration defined by
(2.5) with {A,} satisfying assumptions (a)—(c) of Theorem 2.2, then {x,} converges
strongly to a fixed point of T in K.

Proof. See Corollary 6.19 in Chidume [5]. Il
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3. EXISTENCE THEOREMS AND APPROXIMATION OF SOLUTIONS OF SOME
ITERATIVE DIFFERENTIAL EQUATIONS

Consider the following initial value problem

Y'(x)=fE.y(r(x), x€la.bl,

3.1
y(x0) = Yo, G-

where xg, yo € [a,b] and f € C([a,b] x [a,b]) are given. Let us put Cy = max{x —
a,b—x}, x €la,b], and

61 ={y € C(la.b].[a.b]) : |y(t1) —y(t2)| < L |ty —12|. ¥V 11,12 € [a.b]},  (3.2)

where L > 0 is given. For problem (3.1), Buica [4] established existence theorems
[4, Theorems 1 and 4] as well as existence and uniqueness theorems [4, Theorems 2
and 5]. We formulate the first two of them here for the sake of completeness.

Theorem 3.1 ([4]). Assume that the following conditions are satisfied for the ini-
tial value problem (3.1):

(1) f eC(la,b]x[a,b]);
2) 3L >0:|f(s,u)— f(s,v)| < Lyi|lu—v)|forall s,u,v €la,b];
(3) If L is the Lipschitz constant involved in (3.2), then

M =max{| f(s,u)|: (s,u) € [a,b] x[a,b]} < L;

(4) One of the following conditions holds:
(@) MCx, = Cy,;
(b) xo=a, M(b—a) <b—yyg, f(s,u) >0 forall s,u €[a,b];
(¢) xo=b, M(b—a) <yo—a, f(s,u) >0 forall s,u € la,b].

Then there exists at least one solution y* € €1, of problem (3.1).

Basically, Theorem 3.1 shows that, for any given L > 0, if (1)—(4) are satisfied,
then the initial value problem (3.1) has a (possibly, non-unique) solution in 47,.

Theorem 3.2 ([4]). Assume that all conditions of Theorem 3.1 are satisfied and,
in addition, we also have

LiCxo(L+1) <1, (3.3)

Then there exists a unique solution y* of problem (3.1) in 67..

Under the assumptions of Theorem 3.2, it is known that the unique solution y* of
the initial value problem (3.1) can be approximated by means of the Picard iteration
{yn} defined by y; € 67, arbitrary and

t
Yn+1(0) =yo+ [ f(s,yn(yn(s)))ds, Vie€la,b], n>1. (3.4
X0
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In view of the considerations presented in Section 2, it is clear that if condition (3.3)
is weakened to

L1Cxo(L+1) =1, (3.5)

then, firstly, the assertion on the existence of a unique solution of problem (3.1) is not
true any more and, secondly, the Picard iteration (3.4) does not generally converge to
the solution.

It is therefore the aim of this paper to show that if (3.3) is replaced by (3.5), then
we are still able to approximate a (non-unique) solution of the initial value problem
(3.1) by means of a Krasnoselski-Mann iteration procedure. The next theorem states
the main result of this paper.

Theorem 3.3. Assume that all conditions of Theorem 3.1 are satisfied and, in
addition, we have

Li1Cx,(L+1) <1
Then the initial value problem (3.1) has at least one solution y* in €1, which can be
approximated by the Krasnoselskij iteration

t
Yn+1(0) = A =wW)yn(@O)+pyo+u [ f(s,yn(yn(s)))ds, te€la,b],n>1, (3.6)

where € (0,1) and y1 € €L, is arbitrary.

Proof. If L1Cx,(L + 1) < 1, then the conclusion follows similarly to [4]. There-
fore, we limit ourselves to the case where L1Cx,(L +1) = 1.

It follows from [4, Lemma 1] that 67, is a non-empty convex and compact subset of
the Banach space (C([a,b]), | -||), where || - || is the usual supremum norm. Consider
the integral operator T:%7, — C([a,b]),

t
Ty®)=yo+ [ f(s.y(y(s))ds, tela,b], yebL. (3.7

X0
It is clear that y € 47, is a solution of the initial value problem (3.1) if and only if y
is a fixed point of 7', i.e.,
y=Ty.
We first prove that 67, is an invariant set with respectto 7', i. e., we have T'(67) C L.
If condition (4a) holds, then for any y € €, and ¢ € [a,b] we have
t

J(s.y(y(s))ds| < [yol + Mt —xo| < b

(Ty)(O)] = |yol +

X0

and

I(TY)(I)IZIYOI—/ Sf(s.y(y(s)ds| = |yo| = M|t — xo|

= |YO|_MCxo ZYO—Cyo za,
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which shows that, for any y € %7, one has (Ty)(¢) € [a,b], t € [a,b]. Now, for any
t1,t2 € [a,b], we have

< M|ty —t2| < L|ty —12].

(Ty) () — (Ty)(ea)| = ‘ / * Fy (5 ()ds

Thus, Ty € ¢7, for all y € 7. In a similar way we treat the cases (4b) and (4c¢).
Therefore, T : 47, — %1, (i.e., T is a self-mapping of 6€7).
Let y,z € 61, and t € [a,b]. Then

(Ty)(O)—(T2) ()] =

t
|f (5. y(v(5)) = f(s.2(2(s)))lds

=

t
/ Lily(y(s)) —2(z(s)|ds

0

<L; / (Y () =y @D+ y(z(s)) —z(z(s))|)ds

0

<L / (LIy(s)—z(s)| + max |y(€)—z(§)])ds (3.8)

0 £€la,b]

t
:L1/ (LIy(s) = 2(s)] + Iy —z[)ds

0
t

<Li|| (L+D]y—zl

x0
= Li(L+Dlly —zll|r —xol
< LiCxo(L+Dlly -2z

Now, by taking the maximum in (3.8), we get

1Ty —=Tz|| < L1Cxo (L + 1)y — 2|

which, in view of condition (3.5), proves that T is non-expansive and, hence, con-
tinuous.

It now remains to apply the Schauder fixed point theorem to obtain the first part of
the conclusion, and Corollary 2.1 or 2.2 to get the second one. O

ds

Remark 2. In practise, one can consider u = % in (3.6).

Now we state and prove the results corresponding to Theorems 4 and 5 of [4]. To
this end, for a A € (0, 1] fixed, we put

CLa= {y €L :y(x)<Ax,Vxe [a,b]}.
Theorem 3.4. Assume that the following conditions are satisfied:

(i) yo < Axo;
(i) 3Ly >0:|f(s,u)— f(s,v)| < Ly|lu—v| forall s,u,v € [a,b];
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(iii) M <min{A, L},
(iv) One of the following conditions holds:
() MCyq < Cyo;
(b) xo=a, M(b—a) <b—yo, and f(s,u) >0 forall s,u € [a,b];
(c) xo=b, M(b—a) <yo—a, and f(s,u) >0 forall s,u € [a,b];
(v) M(xo—a) > yo—Aa;
(vi) There exists a T > 0 such that T > — i‘}g}l:x’t))) (if xo #b and A # 1) and

L1 (L + l) max {e?(xo_“) —1,1— e?(xo_b)} <1
T A ’ -

Then:

(1) The initial value problem (3.1) has at least one solution in 67, ;;
(2) For any y1 € 61, 5 the Krasnoselskij iteration

Yn+1() = A =wWyn () +puyo+p | f(s.yn(yn(s))ds. t€la.bl. n =1,

X0

where € (0, 1), converges to a solution of problem (3.1) as n — oo.

Proof. In view of [4, Lemma 1], the set 67, ; is a convex and compact subset of
the Banach space C[a, b] endowed with Bielecki’s norm given by the formula

lyllp = max |y(x)|e_T(X—x0)
x€la,b]

for all y € C|la,b], where x¢ € [a,b] and T > 0 are fixed. Let T be defined as in the
proof of Theorem 3.3. By assumptions (ii), (iii), and (iv), it follows that
T(CKL, )L) C CgL.

Let us prove that 47, ; is an invariant set with respect to the operator 7". Indeed, if
y € 61, and x € [a,b], we have

(Ty)(x) < yo+ M(x —xo)
=yo+M(x—a)—M(xo—a)
<yo+A(x—a)—(yo—Aa) = Ax,

thatis, Ty € 67, 5, where we have used (iii) and (v).
For y,z € 61,1 and x € [a,b], we have

| (Lo -2+ o - zco)ds

x ° x
[ reemoa 4| [ etmoa] )iyl
X X0
er(Ax—xo) _er(kxo—xo) ) ||y —Z“B'

I(Ty)(x)=(Tz)(x)| < L1

SLl(
(L
T

+

0

1
T(x—x0) __ 1) o
¢ + TA
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This shows that
I(Ty)(x) — (T2)(x)|e T*—*0)

L 1
<L, (_ ‘1_e—t(x—XO) + iy eTAx=x) _ pr(Ax0=x) ) Iy —zlip
. T Tl 3.9)

=Lr(x)|ly—zlp-

where L7 : [a,b] — R is a continuous function. Then there exists a constant Lr>0
such that

max L7(x) < Lr.
x€la,b]

Thus, by (3.9) we get

ITy=Tzllp = Lrlly—zlgs
which shows that T is Lipschitzian, hence continuous. By Schauder’s fixed point
theorem it follows that 7 has at least one fixed point y* € %7, which is actually
a solution of the initial value problem (3.1).

To prove the second part of the theorem, we evaluate the maximum of L7 (x). Itis
easy to prove that g(x) = 1 —e~7=%0) jg strictly increasing on [a, 5] and g(x) =0,
o)

max |g(x)| = max {et(xo_“) —1,1 —er(x"_b)} )
x€la,b]

Similarly, if we set h(x) = eT* DX _t(Ax0=x) thep

h/(x) — ret(k—l)x ()& -1 +€_tk(x_x0)).

It is clear that the function /11 (x) = A — 1 + e ~7A&=%0) jg strictly decreasing on [a, b]
and, hence, h1(x) > hi(b) = A — 1 + ¢~ A0—X0),
If xo = b, then h1(b) = A —1 <0, which shows that % is decreasing on [a,b]. If

A =1, then hy(b) > 0 and so £ is strictly increasing on [a,b]. Finally, if A # 1 and
Xo # b, then, by assumption (vi), we can choose T > 0 such that

In(1-24)

A(b—xo)
which implies that /;(b) > 0 and hence 4 is strictly increasing on [a,b]. We put
T = 7. Then, in each of the three cases,

max |h(x)| = max{ oTGDa _ ,t(hxo—a)

x€la,b]

Using the fact that A < 1, we have

’

oTO—Db _er(kxo—b)‘} _

et(k—l)a _er()txo—a) — er(l—l)a l_et/l(xo—a)
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_ ot(—Da (em(xo—a) _ 1)
< eTMxo—a) _ .
Similarly,
oTO—Db _er()cxo—b)) — pt(A=Db ‘1 _er)L(xo—b)‘
— oT(A=D)b (1 _et)k(xo—b))

< l_erk(xo—b)'

As a consequence of the results above, we have
L7 (x) < max {et(xo_“) -1,1 —er(xo_b)} L1 (L + %)
T

for all x € [a,b], which, by (3.9), shows that T is non-expansive. Now one can use
Corollaries 2.1 and 2.2 to get the second part of the theorem. O

4. CONCLUDING REMARKS AND EXAMPLES

Remark 3. Note that if one can find a T > 0 such that
1

max {ef(xo_a) —1,1 —e’(xo_b)} L (L + z) <1,
T

then, instead of considering the non-expansive mapping principle in Theorem 3.4, we

can use the contraction mapping principle similarly to [4, Theorem 5].
Note also that condition (vi) of our Theorem 3.4 is slightly simpler and weaker

than the corresponding one appearing in [4]:

xo—a A(xo—a) e
max{()t—l)b,(/\—l)a, L }LI(L+X)<1.

We conclude the paper by presenting two examples which illustrate the generality

and efficiency of our results.
Example 3. Consider the following initial value problem associated to an iterative

differential equation similar to the ones studied in [8,31],

{ Y(x)=—-1+y(x), xelo1], @

y(3)=3,

where y € C1([0,1],[0,1]).
We are interested in the solutions y € C ([0, 1], [0, 1]) belonging to the set
%1 ={y € C([0,1].[0.1]) : |y(r1) — y(12)| < |t1 — 2], V11,12 € [0.1]},
which, in view of our notation, means that L = 1. We also have a =0, b = 1, and

X0 = %, hence Cx, = max{xp—a,b—xo} = %
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The function f(x,u) = —% + u is Lipschitzian with the Lipschitz constant L; =1
(i.e., f is non-expansive). This shows that

so condition (3.5) is satisfied but condition (3.3) is not. Therefore, by Theorem 3.3
(but not by Theorem 3.2!) we obtain information on the existence and approximation
of the solutions of the initial value problem (4.1).

Note also that the function y(x) = %, x € [0,1], is a solution of the initial value
problem (4.1).

Example 4. For the iterative differential equation

Y@=y, xel-L] @2

that has been studied in [33] with respect to equivariance solutions, consider the
Cauchy problem with the initial condition

y(0) =1. 4.3)

We are interested here in the solutions y € C !([—1,1],[—1, 1]) belonging to the class
%4 = {y € C([O’ 1]’ [07 1]) : |)’(t1) _y(t2)| = 4|t1 _t2|’ Vit € [0’ 1]}
In this case, we have L =4, a = —1,b =1, xo =0, and hence Cy, = max{xo —
a,b—xo}=1.
The function |
_ .2
f('x?u) - lou
is Lipschitzian with the Lipschitz constant L = é Therefore, we have
LiCxo(L+1) =1,

so condition (3.5) is satisfied but condition (3.3) is not. Therefore, by Theorem 3.3,
it follows that the initial value problem (4.2), (4.3) has at least one solution in %4 that
can be approximated by means of the iterative method

t
n
Ynp1() = (1= w)yn() +pyo + 15 n(n($))?ds, tel[-1,1], n>1,
X0
where u € (0,1) and y; € %4 is arbitrary.

Example 5. Consider the initial value problem defined by the iterative differential
equation in Example 3 on the interval [1/2, 1] and the initial condition

1 _1 44
/()-}

We are interested here to study the solutions y € C'([1/2,1],[1/2,1]) belonging to
the class €7,1. In this case, wehave L =1,a =1/2,b=1,x90 =1/2, yo =1/2 and
Li=1.
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In order to have (i) satisfied, we need A = 1 and hence, by (iii), M = 1. Conditions
(iv) and (v) are also satisfied, while the two conditions in (vi) reduce to T > 0 and,

T
respectively, to % < % which always have solutions. This becomes obvious if

we rewrite the second inequality equivalently as
2e7 4T >2.

Thus, all conditions in Theorem 3.4 are satisfied. A solution of the initial problem
in 61,1 1s y(x) = %, X € [%, 1]. Note that the conditions in Theorem 3.4 are not
satisfied on the whole interval [0, 1], as €71 is a proper subclass of 6.

Remark 4. In a similar way, by exploiting the technique of non-expansive op-
erators presented in this paper, we can study the iterative differential equations in

[9-11,17,25,29,33], or the functional differential equations with modified argument
like those in [20,21], for which the technique of Picard operators, described in detail
in [24,26-28], is basically used. For example, in the very recent paper [17], a Pi-

card type existence and uniqueness theorem it is obtained for iterative differential
equations of the form

Y'(x) =[x, y(h(x) +g(y(x)))),
a special case of which is the differential equation involved in the initial value prob-
lem (3.1) studied in the present paper. As such iterative differential equations are
used to model infective disease processes, pattern formation in the plane, and are im-
portant in investigations of dynamical systems, future works will be also devoted to
them.
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Abstract. This paper concerns the study of the quenching time of the solution of the initial-
boundary value problem for a system of reaction-diffusion equations.
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1. INTRODUCTION

Let £ be a bounded domain in RY with the smooth boundary 3£2. Consider the
following initial-boundary value problem for a system of reaction-diffusion equations
of the form

ur=ceAu+ f(v) in £2x(0,7T), (1.1
v =¢eAv+gu) in £2x(0,T), (1.2)
u=0 on 02x(0,7), (1.3)
v=0 on 0d2x(0,T), 1.4)
u(x,0) =up(x) >0 in £, (1.5)
v(x,0) =vo(x) >0 in £2, (1.6)

where f:(—00,b1) — (0,00) is C! convex, increasing function with b; = const > 0,
limg_,p, f(s) = +o0, fé’l ]ﬁi(i) < 400, g:(—00,b3) — (0,00) is C! convex, increas-

ing function with by = const > 0, lim,_,, g(s) = +o0, f(fz % < +o00. The initial

data (uq,vg) is such that ug € Cl(ﬁ), Vo € Cl(é), ug(x) > 01in £2, up(x) =0 on
082, vo(x) > 0 in £2, vo(x) = 0 on 982, sup, e Uo(x) < b2, sup,epn Vo(x) < by.
Here, (0, T') is the maximal time interval of existence of the solution (u,v). The time
T may be finite or infinite. When T is infinite, then we say that the solution u exists
globally. When 7 is finite, then the solution (u,v) develops a singularity in a finite

(© 2010 Miskolc University Press
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time, namely
(lim [ 1) [loo- lim ||v(-»t)||oo) £ (b2.b1),
t—>T t—T

where |[u(-,1)||co = maxyeg |u(x,t)|. Here, (a,b) £ (c,d) means that (a,b) < (c,d)
and at least one of the equalities a = ¢, b = d is valid.

Solutions for systems of semilinear heat equations which quench in a finite time
have been the subject of investigation of several authors (see [3—5] and the references
cited therein). By standard methods based on the maximum principle, the local exist-
ence, uniqueness, global existence, and quenching have been treated. One may also
find in [1,6,7,9, 10] some results about quenching for semilinear heat equations. In
this paper, we are interested in the asymptotic behaviour of the quenching time as &
goes to zero. Our work is motivated by the paper [8] by Friedman and Lacey, where
they consider the initial-boundary value problem

ur=¢cAu+gu) in £2x(0,7), .7
u=0 on 02x(0,7), (1.8)
u(x,0) =up(x) >0 in £, (1.9

where g(s) is a positive, increasing, convex function for the nonnegative values of

s and such that f0+°° % < 4-o00. The initial data u¢ is a positive and continuous

function in £2. Under some additional conditions on the initial data, they showed that
the solution u of (1.7)—(1.9) blows up in a finite time, and its blow-up time goes to
that of the solution «(¢) of the

o' (t) =g(a(t)), t>0, a0)=M, (1.10)

when ¢ goes to zero, where M = sup, ¢ Uo(x) (We say that a solution u blows up in
a finite time if it reaches the value infinity in a finite time). Nabongo and Boni have
obtained in [10] an analogous result in the case of the phenomenon of quenching for
semilinear heat equations. In this article, we get a comparable result for the system
described in (1.1)—(1.6). More precisely, under some hypotheses, we show that if ¢
is small enough, then the solution (u,v) of (1.1)—(1.6) quenches in a finite time, and
its quenching time tends to that of the solution (x(z), 5(¢)) of the differential system
defined below

o' () = f(B@), t>0, (1.11)
B'(1) = g(a(t)), t>0, (1.12)
a(0) = My, (1.13)
B(0) = M>, (1.14)

as & goes to zero, where M| = sup, ¢ to(x), Mz = sup,epo Vo(xX).
Our paper is written in the following manner. In the next section, under some
conditions, we prove that if ¢ is small enough, then the solution (u,v) of (1.1)—(1.6)
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quenches in a finite time, and its quenching time tends to that of the solution of the
differential system defined in (1.11)—(1.14). Finally, in the last section, we give some
numerical results to illustrate our analysis.

2. QUENCHING SOLUTIONS

In this section, under some assumptions, we prove that if ¢ is small enough, then
the solution (u,v) of (1.1)-(1.6) quenches in a finite time, and its quenching time
goes to that of the solution of the differential system defined in (1.11)—(1.14) as ¢
goes to zero. We start by recalling an important result.

Consider the following eigenvalue problem

—Ap(x) =Ap(x) in £, 2.1
¢(x)=0 on 052, 2.2)
e(x)>0 in £2. 2.3)

It is well known that the above eigenvalue problem admits a solution (¢, A) such that
A > 0. We can normalize ¢ so that [ ¢(x)dx = 1. Now, let us give our first result
about the quenching time.

Theorem 1. Suppose that ug(x) = 0 and vo(x) = 0. Let

b2 i}
f(0) g

If e < %, then the solution (u,v) of (1.1)—(1.6) quenches in a finite time, and its
quenching time T obeys the following estimates

0<T—-Typ<eToA+o(e),

A=Amax{

where Ty is the quenching time of the solution (x(t), B(t)) of the differential system
defined in (1.11)—(1.14).

Proof. Since (0, T') is the maximal time interval of existence of the solution (u, v),
our aim is to show that 7 is finite and satisfies the above estimates. Introduce the
functions w(¢) and z(¢) defined as follows

w(t):Lu(x,t)w(x)dx, z(t)z/gv(x,t)go(x)dx, t€10,7T).

Due to the fact that the initial data (1, vo) is nonnegative in £2, from the maximum
principle, (u,v) is also nonnegative in £2 x (0, 7). Take the derivative of w in ¢ and
use (1.1) to obtain

w'(t) = 8/9 pAudx + /9 f()edx fort e (0,T).
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Applying Green’s formula, we arrive at the equality

w'(t) = 8/9 ulApdx + /g f(v)pdx fort € (0,T).
It follows from (2.1) and Jensen’s inequality that
w'(t) > —edw(t) + f(z(t)) fort e (0,T).
In the same way, we also get
Z'(t) > —eArz(t) + g(w(r)) fort e (0,7T).
It is not difficult to see that 0 < w(¢) < b, and 0 < z(¢) < by1. We deduce that
w'(t) > —eAby + f(z(t)) fort € (0,T),
Z/(t) > —eAby + g(w(t)) fort € (0,7T),

whence
W02 FEON =) fort € .1),
, Skbl
z2(t) = gw()(1— g(w(t))) fort € (0,T).
Since f(z(¢)) = f(0) and g(w(z)) > g(0), we arrive at the inequalities
W) = S -Z2) fort € ©.1),
()= gw@))(1— %) fort € (0,T).

2(0)

Taking into account the fact that % < A and 22

g(0)
w'(t) > f(z(t))(1—eA) fort € (0,T),
Z/(t) > g(w(t))(1—eA) fort e (0,T).

< A, we find that

Let us set

wl(t):w( tA) fort € (0,(1—eA)T),

1—¢

z1() =z (
A straightforward computation reveals that
w(t) > f(z1(t)) fort € (0,(1—eA)T), w1(0) = w(0) =0,
21 () > g(wy(t)) forzr e (0,(1—eA)T), 21(0) = z(0) = 0.
From the maximum principle, we get
wi(t) > a(t) fort e (0,Ty),

t
1—8A) fort € (0,(1—cA)T).
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z1(t) = B(t) fort € (0,Ty),
where Tx = min{Ty, (1 —eA)T}, which implies that
To
l1—eAd’
To

In fact, suppose that T > =2+ = T”. We deduce that

(w(T"),2(T")) = (w1(To).z1(To)) = («(To). B(To)) £ (b2.b1).

T <

2.4)

Since
(Il T oo 10 G T loo) = (w(T7), 2(T"),

we have a contradiction because (0, T') is the maximum time interval of existence of
(u,v). On the other hand, let (u1(x,?),v1(x,2)) be such that

ui(x,t)=a() in £2x][0,Tp).
vi(x,t) =pB() in £2x][0,Tp).
A routine computation reveals that
Uiy =eAug+ f(vy) in 2 x(0,Tp),
vir =eAv1+g(uy) in 2 x(0,Tp),
u1 >0on d82 x(0,Tp), vy > 0on 382 x (0,Tp), and
ui(x,0)>0 in £,
v1(x,0) >0 in £2.
The maximum principle implies that
0<u(x,t) <ujp(x,t)=a(f) in £2x(0,7T°),
0<v(x,t) <vi(x,t)=p@) in £2x(0,T°,
where 70 = min{T, To}. We deduce that
T =Tp. 2.5)
Indeed, assume that T < Ty. We get
(14 T lloos 106 Tloo) < (@(T), B(T)) < (b2.b1),
which is a contradiction because (0, 7") is the maximal time interval of existence of

the solution (u,v). Applying Taylor’s expansion, we obtain

1
m = 1+8A+0(8)

Using (2.4), (2.5) and the relation above, we complete the proof. O
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Now, let us consider the case where the initial data is not null. In the sequel, we
suppose that there exists a € §2 such that

sup Ug(x) =ug(a) and sup vo(x) = vo(a).
xef xeR
Consider the following eigenvalue problem

—AY(x) = As¥(x)

in B(a,d), (2.6)
Y(x)=0 on 0JB(a,d), 2.7
Y(x)>0 in B(a,d), (2.8)

where § > 0, such that, B(a,8) = {x e RV;|x—a| < §} C R2.

It is well known that the above problem has a solution (y, Ag) such that A5 = 2

8_2 >
where A1 is the eigenvalue corresponding to the above eigenvalue problem for § = 1.
We are in position to state our result in the case where the initial data is not null.

Theorem 2. Suppose that M1 = sup,c o uo(x) >0, My =sup,cn Vo(x) > 0, and
let K be an upper bound of the first derivatives of uy and vo. Let

2 2
A:)leaX{K by K bl}.
If

f0) " g(0)

e <min {(M1/2)*,(M2/2)*,(24) 73, (K dist(a, 3R2))*} ,
then the solution (u,v) of (1.1)—(1.6) quenches in a finite time, and its quenching
time T obeys the estimates
0<T—To < (ToA+C)e'/*+o(!3),
where

C— 1

min{3 /(%) 35(*))
and Ty is the quenching time of the solution (x(t),B(t)) of the differential system
defined in (1.11)—(1.14).

Proof. Due to the fact that ug € C!(£2) and v € C1(£2), using the mean value
theorem and the triangle inequality, we get

uo(x) > ug(a)—e'/?

for x € B(a,d) C £2,
vo(x) = vo(a) — &'/

for x € B(a,8) C £2,

where § = % Since the initial data (1¢,vg) is nonnegative in £2, from the max-
imum principle, (1, v) is also nonnegative in §2 x (0, T'). Introduce the functions w(t)
and z(¢) defined as follows

w(f):/B(a’a)u(x,f)l/f(X)dx, z(t):/

B(a,

v(x,tH)¥y(x)dx, te][0,T).
8)
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Take the derivative of w in ¢ and use (1.1) to obtain

w'(t) = 8/ YvAudx +/ f)ydx fort e (0,T).
B(a,8) B(a.5)

Applying Green’s formula, we arrive at

0 d
w’' (1) =8/ qudx—E/ u—wds+8/ w—uds
B(.5) 9B(a.s) IV 0B(a.6) OV

+[ f)ydx fort e (0,7),
B(a,d)

where v is the exterior normal unit vector on dB(a,§). Taking into account (2.6),
(2.7) and the fact that %—’f < 0, we arrive at the relation

w'(t) > —edsw(t) +/ f()ydx fort e (0,T).

B(a,$)

It follows from Jensen’s inequality that

w'(t) > —edsw(t) + f(z(t)) fort e (0,T).
In the same way, we also prove that

7/(t) > —edgz(t) + g(w(t)) fort € (0,T).

As in the proof of Theorem 1, we get

w'(t) > f(z(1)) (1 - 8;?5)2) fort € (0,7),
Z(t) > g(w(?)) (1 — 8A8b1) fort € (0,T),
£(0)

which implies that

1/3)L K2b2
w @) > fee) [ 1=22222 ) o e (0,T),
f(0)
1/3)1K2%b
20 = gw@) [ 1= 2220 forr e (0,7),
£(0)
because Ag = :sh = );12_532 Consequently,

w'(t) > f(z(t)) (1 —81/3A) fort € (0,T),
w(0) > My —¢'/3,
and

Z(t) > g(w(1)) (1 —81/3A) fort € (0,7),
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2(0) = My —¢'/3,
We have |
w'(1) 2 fO) (1 =62 4) = - f(M/2)

for t € (0,T). In the same way, we get z'(¢t) > %g(M1/2) for t € (0,7T), which
implies that
1 1
(1) > —. (1) > —
wi)zs. 2z 5
for ¢t € (0,T). Using the mean value theorem, we get
w(Ce'?) =My, z(Ce'?) > M.

Set

_ 4 1/3
wi(t) = w(—1_81/3A +Ce )

fort € (0.(T — Cs'/3H( —81/314)), and

_ 4 1/3
z71(t) =z (—1—81/3A +Ce )

fort € (0,(T —Ce'/3)(1—¢'/34)). A straightforward computation reveals that

wi (1) > f(z1(t)) fort e (0,(T —Ce'/3)(1-¢'34)),
w(0) > M,

and

25 (1) > g(wi (1)) fort € (0,(T —Ce3)(1—£/34)),
21(0) = M.
It follows from the maximum principle that
wy(t) > at) forte(0,TF),
z1(t) = B@) fort e (0,T%),
where T* = min{Ty, (T — Ce'/3)(1—¢£!/3 A)}. We deduce that
To 1/3
Indeed, suppose that
Ty

1/3 _ o
>—1_81/3A—|—C8 T.

T
We get

(w(T"),z(T")) = (w1(To).21(To)) = ((To), B(To)) £ (b2.b1).
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Since ([ (. T oo V(. T") o) = (w(T"),z(T")), we have a contradiction because
(0,T) is the maximal time interval of existence of the solution (#,v). On the other
hand, setting

wa(x,t) =a(t) in £2x][0,Tp),
Z2(x,t) =B(t) in £2x][0,Tp),
it is not difficult to see that
(w2)r =eAwa+ f(z2) in £2x(0,Tp),
(z2)r =eAza+g(w2) in £2x(0,Tp),
wy >0 on 082 x(0,Tp),
z2>0 on 082 x(0,Tp),
wa(x,0) > ug(x) in £,
Z2(x,0) > vo(x) in £.
It follows from the maximum principle that
a(t) =wa(x,1) >u(x,t) in £2x(0,T)),
B(t) = z2(x,1) > v(x,t) in £2x(0,T)),
where T, = min{Tp, T'}. We deduce that
T >Tp. (2.10)
Indeed, suppose that T < Tp. We get
(I T lloos (. o) < ((T), B(T)) < (b2,b1).

which is a contradiction because (0, 7") is the maximal time interval of existence of
the solution (u,v). Applying Taylor’s expansion, we obtain

1 _ 1/3 1/3
1_8—1/3/1 =1 +¢ + 0(8 )
Using (2.9), (2.10) and the above relation, we complete the proof. 0

3. NUMERICAL EXPERIMENTS

In this section, we give some computational results to confirm the theory estab-
lished in the previous section. We consider the radial symmetric solution of the prob-
lem (1.1)=(1.6) in the case where 2 = B ={x e RV;||x|| <1}, 02 =S ={x €
RY: x| =1}, f(v) = (1—v)"?, g(u) = (2—u)~9 with p > 0, ¢ > 0. The above
problem may be rewritten in the following form

u)+(1—v)"?, re(,1), te(0,T), @G

ur = e+

N -1

vy = e(vpr + v )+ R2—-u)"?, re(,1), t€(0,7), (3.2)
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u(0,1)=0, u(l,r)=0, 1€(0,7), (3.3)
v(0,1) =0, v(l,/)=0, 1€(0,T), (3.4)
u(r,0) =g¢(r), re(0,1), (3.5)
v(r,0) =y (r), re(,1). (3.6)

Here, we take

o(r)=asin(xr),
Y(r) =bsin(xr),
with a € [0,2), b € [0, 1). We begin by the construction of some adaptive schemes as
follows.
Let I be a positive integer and let 7 = 1/1. Define the grid x; = ih, 0 <i <1,
and approximate the solution (u,v) of (3.1)~(3.6) by the solution (U h(n), Vh(")) of the
explicit scheme

—_— — =¢ - @
Aty h?
=~ Y - EN—

1— Vo(n))—P’

+(2-u)™

U(n+1) U(n)

ih 2h

+(1- V(”)) L l<i<I-1,

V‘”*” W (Vfﬂ WPV (V=D Vi Vf:’i)

ih 2h

+2-U™7, 1<i<I-1,

) _ ) _
v =0, v =0

U® =asin(zih), 0<i<I,

(0) =bsin(wih), 0<i<I,
where n > 0 and U}f") = (Uén), Ul(n),...,UI("))T, Vh(") = (Vo(n), Vl(n),...,VI("))T.
In order to permit the discrete solution to reproduce the property of the continuous

one when the time ¢ approaches the quenching time 7', we need to adapt the size of
the time step so that we take

h2
Aty = min W h2( HV(n)H )p+l 2(2_HU}§n)Hoo)q+1
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We also approximate the solution (u,v) of (3.1)—(3.6) by the solution (U }E"), Vh("))
of the following implicit scheme:

Uén+1) _ Uo(n) N 2U1(n+1) _2Uén+1)

+ (1 _ Vo(n))—P’

Aty B h?
(n+1) (n) (n+1) (n+1)
Vo W 2Vy —2Vy (n)\—4
T:F)N hz +(2—U0n) s
n

i+1 i+1 i—1
h? ih 2h

Ui(n+1) _ Ul(n) B

U@+ _2Ui(n+1) 4 Ui(fil-l) N (N —1) y @+ _U(n+1))

1—VMYP o 1<i<I-1,

Vi(n-i—l)_Vi(n) (V(n+1)—2Vi(n+1)+Vl-(f:_1) (N —1) V(n_H)_Vi(fiH))
=¢ +

i+1 i+1
Aty h? ih 2h

+(2-U") 1<i<I-—1,

Ul(n+1) —0. Vl(n+1) —0.
Ul-(o) =asin(wih), 0<i<I,
v = bsin(rin), 0<i<I.
Here, similarly to the case of the explicit scheme, we choose
— i 2 (n) p+l ;2 n) g+1
Aty =min {7 (1= [V, )7 02 2= [0 )"

‘We note that

. ur (r7 t)
lim
r—0

Hence, if 1 = 0, then we have

ur(0,1) = eNupr(0,2) + (1 —v(0,2))" 7.

This observation has been used in the construction of our schemes when i = 0. Let
us notice that in the explicit scheme, the restriction on the time step ensures the
nonnegativity of the discrete solution. For the implicit scheme, the existence and
nonnegativity are also guaranteed by standard methods (see, e. g., [2]).

- urr(o,t).

We need the following definition.

Definition 1. We say that the discrete solution (U }f”), Vh(n)) of the explicit or im-
plicit scheme quenches in a finite time if

: (n) : (n)
(,im 10 o Tim 19,7 ) £ 2.1
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: +o00 . +o00 . .
and the series ), ~( At, converges. The quantity ) =0 At, is called the numerical
quenching time of the solution (U ;En) , Vh(n)).

In the following tables, in rows, we present the numerical quenching times, the
numbers of iterations, CPU times and the orders of the approximations corresponding
to meshes of 16, 32, 64, 128, 256. We take for the numerical quenching time

n—1
T" = ZAIJ',
j=0

which is computed at the first time when
T _n| < 10716,
The order s of the method is computed according to the formula
o log((Tan — Tan)/ (Tan — Tr)) ‘
log(2)
3.1. Numerical experimentsfor p=1,q=1,a=0,b=0, N =2

3.1.1. First case: & = -

10

I T" n CPU time | s

16 | 1.011490 | 8172 - -
32 | 1.010694 | 31009 1 -
64 | 1.010360 | 118245 |4 1.26
128 | 1.010207 | 450669 | 30 1.13
256 | 1.010135 | 1714170 | 230 1.10

TABLE 1.

explicit Euler method.

Numerical quenching times, numbers of iterations, CPU
times (seconds), and orders of the approximations obtained with the

1

Tn

n CPU time | s
16 | 1.015745 | 9004 - -
32 | 1.014494 | 34740 3 -
64 | 1.014196 | 134302 | 16 2.08
128 | 1.014124 | 518394 | 118 2.06
256 | 1.014107 | 1996487 | 954 2.09

TABLE 2. Numerical quenching times, numbers of iterations, CPU
times (seconds) and orders of the approximations obtained with the
implicit Euler method.
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3.1.2. Second case: ¢ =

1

100
1 T" n CPU time | s
16 | 1.000142 | 8084 - -
32 | 1.000100 | 30610 1 -
64 | 1.000088 | 116756 |4 1.81
128 | 1.000022 | 454329 | 31 2.46
256 | 1.000006 | 1726227 | 231 2.05

TABLE 3.

explicit Euler method.

Numerical quenching times, numbers of iterations, CPU
times (seconds), and orders of the approximations obtained with the

1 T" n CPU time | s
16 | 1.000288 | 8087 - -
32 | 1.000134 | 30620 1 -
64 | 1.000100 | 116520 | 14 2.18
128 | 1.000093 | 443127 | 101 2.28
256 | 1.000091 | 1681491 | 861 1.81

TABLE 4.

implicit Euler method.

3.2. Numerical experimentsfor p =1, q=1,a=0,b=0, N =2

3.2.1. First case: ¢ =

1

Numerical quenching times, numbers of iterations, CPU
times (seconds) and orders of the approximations obtained with the

100
1 T" n CPU time | s
16 |0.393420 | 11468 - -
32 1 0.393698 | 43641 1 -
64 |0.393784 | 166383 1.70
128 | 0.393809 | 633406 | 45 1.78
256 | 0.393817 | 2405445 | 338 1.65

TABLE 5. Numerical quenching times, numbers of iterations, CPU
times (seconds), and orders of the approximations obtained with the
explicit Euler method.
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1 T" n CPU time | s
16 | 0.393440 | 11469 - -
32 10.393703 | 43641 2 -
64 | 0.393785 | 166384 | 19 1.69
128 | 0.393810 | 633407 | 153 1.72
256 | 0.393817 | 2405445 | 1093 1.84

TABLE 6.

implicit Euler method

1

3.2.2. Second case: € = =+

Numerical quenching times, numbers of iterations, CPU
times (seconds) and orders of the approximations obtained with the

500
1 T" n CPU time | s
16 | 0.375615| 11613 - -
32 | 0.375680 | 44079 -
64 | 0.375702 | 167676 |6 1.57
128 | 0.375709 | 636904 | 45 1.66
256 | 0.375711 | 2413063 | 354 1.81

TABLE 7.

explicit Euler method.

Numerical quenching times, numbers of iterations, CPU
times (seconds), and orders of the approximations obtained with the

1 T" n CPU time | s
16 | 0.375619 | 11613 - -
32 | 0.375682 | 44079 3 -
64 | 0.375702 | 167677 | 19 1.66
128 | 0.375709 | 636904 | 150 1.52
256 | 0.375711 | 2413063 | 1120 1.81

TABLE 8. Numerical quenching times, numbers of iterations, CPU
times (seconds) and orders of the approximations obtained with the
implicit Euler method.

Remark. If we consider the problem (3.1)—(3.6) in the case where the initial data
isnull and p =1, ¢ = 1, it is not difficult to see that the quenching time of the
solution of the differential system defined in (1.11)—(1.14) equals one. We observe
from Tables 14 that when ¢ diminishes, then the numerical quenching time tends to
one. This result has been proved in Theorem 1.

When the initial data (¢(r), ¥ (r)) are such that ¢(r) = %sin (r) and ¥ (r) =

%sin (zr), and p = 1, ¢ = 1, then we see that the quenching time of the solution
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of the differential system defined in (1.11)—(1.14) equals 0.375. We observe from
Tables 5-8 that when & diminishes, then the numerical quenching time decays to
0.375. This result has been established in Theorem 2.
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Abstract. By using a linear integral operator, a subclass of multivalent functions is introduced.

Some important properties of this class such as coefficient bounds are found. Moreover, applic-
ations are also introduced.
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1. INTRODUCTION

Let T'(p) denote the class of functions f(z) of the form

o0
f@=2"4+ Y an". (peN. zel), (1.1)
n=p+1

which are analytic and p-valent (multivalent) in the open unit disk U = {z:z €

C and |z| < 1}. Given two functions f,g € T(p), f(z) = z? + fo:pﬂ anz" and

g@) =27 +> 02 p+1bn2" their convolution or Hadamard product f(z) * g(z) is
defined by

f@*g@)=zP+ Y apbyz". (z€U).

n=p+1
A function f € T(p) is said to be p-valent starlike of order i, 0 < u < p if
zf /(z)}
! S p (el
f(2)

this class denoted by S;(1). A function f € T(p) is said to be p-valent convex of
order u,0 <u < pif

zf"(2)
(@)

Research supported in part by UKM-ST-06-FRGS0107-2009, MOHE, Malaysia.

m{l+ §>/x, (z e l),

(© 2010 Miskolc University Press
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this class denoted by Cp ().
For a function f € T(p) given by (1.1), we define the linear integral operator

Ip,a,ﬁ f(Z) by

1
Iyapf(z)=(a+pB+ 1)/ uaf(u'Bz)du

a+pB+1 (1.2)
=z Z [ 1]anz”, zel,
gy L +np+
(o, B € R, p € N). Clearly, (1.2) yields
f € T(p) = Ip,a,ﬂ € T(p)~
Thus, by applying the operator I, , g successively, we can obtain
[k F() = Ip,a”g(paﬂf(z)) fork € N,
p:p 1) for k = 0,
(1.3)
00 k
o+ pB+ 1]
—rt 3 [ e ceo
et +nf+1
Note that when p = 1, « = —1 and 8 = 1, operator (1.3) poses an integral operator
defined by Séldgean (see [9]). Further operators of type (1.2) involving different type
of integral operators were introduced by many authors (cf. [1,3-5,8]).
Let S ;‘ (o, B, 1) denote the class of all functions f € T'(p) satisfying the condition
Z[1%, 4 @]
%{W >u, O<pu<p,zel)
15,5/
and let Cp (v, B, it) be the class of all functions f € T'(p) such that
2[5 /@]
E)%g% >u, O<upu<p, zel).
[Tpap /)]

In the present paper, using Jack’s lemma, the authors investigate the differential in-
equality

k k /
lpapl @ + Z[Ip,a,ﬁ f@)]
pr k
Z pl; . 51(2)
Let S;* (o, B, 1) denote the class of analytic functions f* € T'(p) satisfying the in-
equality (1.4).

To establish our results, we need the following lemma given by Jack [2] (see also

[7D.

—2l<u, O<pu<p,zel). 1.4)
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Lemma 1. Let w(z) be analytic in U with w(0) = 0. If |w(z)| attains its maximum
value on the circle |z| = r < 1 at a point 7o, then

zow'(zo) = cw(zo), (1.5)

where ¢ is a real number and ¢ > 1.

2. MAIN RESULTS

In this section, we establish some theorems involving inequalities on p-valent
functions. We first prove the following theorem.

Theorem 1. If f(z) € T (p) satisfies the inequality

[k 14
Z[Za%ﬂ_p <2—“, O<u<p, zelU), (1)
[1k, 57(2)] nt2

then f € S;™ (e, B, ).

Proof. Let the function f(z) € T'(p) and satisfy the inequality (2.1). Define the
function w(z), z € U, such that

N1+

I* e f2)
1%%——=1+%wﬁx (zeU peN), 22

we have that w(z) is analytic in U and w(0) = 0. Differentiating both sides of (2.2),
we obtain

* L f@)]
[P,Ol,ﬁ ] =Ezw/(z)+p(l+%w(z)), (ZEU, pEN, p>k,k€|N0)-

zp~1 2
2.3)
Then, we have from (2.2) and (2.3) that
21k, 51 @]
B e
pap’) & (2.4)
0 /
Szw'(2)
== (zeU, peN, p>k, ke Nyp).
[+ Ew() ( p p 0)

Now, suppose that there exists a point zg € U such that

max |w(z)| = |w(zo)| = L.
|zI<l|zol
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Then, using Lemma 1 and letting w(z¢) = ¢‘? such that w(zo) # —1 in the equation
(2.4), yields

123 / ue
F2oWw (Z 2wz
BW(F(o) =) 220 @ g ) Fwko)
1+ Sw(zo) 1+ 5w(zo) 03
_ ge' _ K jz
=ct G( =¢ > .
L+ 5elff 24 p 7 24 p
On the other hand define the function w(z), z € U, such that
eIy @]
[ p;;a’ﬁ ] —1+L%k), ceUu pen, (2.6)
pl, /(@) 2

we find that w(z) is analytic in U and w(0) = 0. Differentiating both sides of (2.6),
yields

S EUPPEC) ([Ij,ia,ﬂ f(Z)]/)z
p Illf’a,ﬂ f (@) Illf,a,,g f (@) 2.7)
= %zw’(z)— (1 +%w(z)), (zeU,peN, p>k, k€ Ny).
Then, we have from (2.6) and (2.7)
(15 g @] I, /() 08
M =
_ zzw'(2)
_—1+%w(z)’ (zeU, peN, p>k, keNy).

Now, suppose that there exists a point { € U such that

|Zn‘1§a|>§| lw(z)| =w()| = 1.

Again in view of Lemma 1 and letting @(¢) = e’ such that @ () # —1 in the equa-
tion (2.8), we receive

i} 42i'(0) 5 00)
—gp) 2o g 2P0
MFO} =0 1+%w(g)} 1+%w(§)} (2.9)
1+%€i19 2+p " 24p
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Combining (2.5) and (2.9), we obtain
z Ik z "
m{1+—[ i’“’ﬂf( )], = } > 2
[15 4.5/ ()] 2+p

which contradicts the hypothesis (2.1). Therefore, we conclude that |w(z)| < 1 and
|w(z)| <1 forall z € U, and it yields the inequality

¥, 5 (@) .\ e[ Lyapf@]
z? Pl 5 f(2)

., 0O<pu<p, zel),

2

<[]+

W _
= E(IW(Z)I +|w(z2))
<u, O=p<p, zel),
thatis, f(z) € S, ™ (a, B, ). Thus, the proof is completed. O
Corollary 1. Let f(z) € T(p) and satisfy the inequality

zf"(2) } 2u
N1+ — <——7>\ O<u<p,zel).
{ 1) pt2 O=w<pzel)
fhen @) 2f'Q)
Z Z Z
——I———2< s 05 < ,ZEU.
7 ) ‘ mw, O=p<p )
Proof. 1t is sufficient to put k = 0. O

Corollary 2. Let f(z) € T(p) and satisfy the inequality
4
f 2
5 { zf (z)} 2

O<p<l,zel).

/() p+2
Then .
J@ L@ o 0<p<lzel)
z f(@)
Proof. 1t proceeds by setting p = 1 and k = 0. O

As an application of Theorem 1, we have the following results which determine
the bound estimates for functions f € T(p) to be in the class S ;*(a, B, ).

Theorem 2. Let f(z) € T(p) and satisfy

> a+pﬂ+1]’°
- +2)+2u) | — | an
n=§p+1n((n p)(u+2) M)[a+nﬁ+1 |an| 010

<2pR(up+1D)—pp+2), O=<p<p, zel).
Then f € Sy*(a, B, 1b).



48 MASLINA DARUS AND RABHA W. IBRAHIM

Proof. Let the function f(z) € T(p) and satisfy the inequality (2.10). Thus we
obtain

Ik 4

k
20(p =)+ 52 a1 = p) [ 22281 fan]

Ik k

(7 /)] P2 nepiih [Ziﬁgiﬂ lan]
the last inequality is less than % if the assertion (2.10) holds. Now by using the
fact that M{z} < |z| then in view of Theorem 1 yields /" € S;™*(«, B, 11). O

Theorem 3. Let

o0 o0
f@=2"+ ) and" and g)=z"+ ) bu2"
n=p+1 n=p+1

satisfy the inequality (2.10). Then the weighted mean of f and g defined by

Wi(z) = %[(l—i)f(z)Jr(l L ig@] (O<i<l)

is in S;*(a, B, 1)

Proof. By the hypotheses of the theorem then in view of Theorem 2, we have

= o+ pp+17F
X =2 +20) |2 e

<2p2(np+1)—p(u+2)|

and
0 a+pB+17*
n;ﬂ’?((” —p)(r+2)+2p) [m] |Dn |

<2p2(n+1) = p(n+2)|.

After a simple calculation we obtain

Wi(e) = 27 + i [(l—i)an (1+l')bn:|zn'
n=p+1 2 2
However,
ad a+pB+17%1(1=1) (1+1i)
nzzﬁln«n—p)(wzwzu)[Hnﬂﬂ} S an+———bn

a+pB+17F1—i
|an|

Sn:Zp;rln((n—p)(u—l—Z)%—Zu)|:a+nﬂ+1 >
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a+pB+1751+i
+n:§1”((”"’)(“+2)+2“)[a+nﬂ+1] S 1bnl
=i > atpp+17*
_Tngrln((n—p)(u—iﬂ)—l—zu)[—a_i_nﬁ_i_l] |an|
1 . 00 1 k
+ +1 Z n((n—p)(u+2)+2u)|:%] |bn

n=p+1

1—i 1+
<2pl2(n—+ 1)—p(u+2)|7+2p|2(u+ 1)—p(u+2)|T

=2p2(n+1)—p(n+2)|
Consequently, by Theorem 2, W;(z) € S;*(«, B, 14).

Theorem 4. Let

oo
fi@=z"+ > anz". j=123...m
n=p-+1

satisfy the inequality (2.10). Then the arithmetic mean of f;(z) defined
1 m
F)=—3 fiz). (z€U)
j=1

is in Sp* (o, B, ).

Proof. Since f; satisfies (2.10) then, in view of Theorem 2, we have

ad a+pB+1 k
ngln((”—m(ﬂ‘i‘z)‘i‘z#) [m] |an, ;|

by

<2pl2(np+1)—p(pn+2)|.

A computation gives
1 m
F)=—3 fj()
j=1

m o0

1
— p E .1
= 7+ a Z
< n!]
]=1 n=p+1

o0 1 m
=z + Z EZan,j ",
j=1

n=p+1
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Hence

= +pp+17F
> (= per2+ 2 |22

n=p+1

m
53
m. 5]
Jj=1
o0

1
<3 (”"’)(““)”“)[aiﬁgil] 3 Z|an,,|

oo

NP ”=((n—p)(u+2)+2u)[—a+pﬁ+l} a1

izl ntpi a+nB+1

1 m

<= 2pR(n+1) = p(u+2)|
j=1

=2pl2(u+1) = p(p+2)|.
This implies that F(z) € S;™* (e, B, 1b). O
Theorem 5. Let
[e.@]
f(Z) =z’ + Z anZn
n=p+1

be in T (p) such that f(U) is convex. Assume that f satisfies the inequality (2.10).
Then, for the Cesaro operator [6, 10-12] of f defined by the relation

on(z) = Z —(Zan,)z, (p=12,....,z€U)

n=p+1
with 09(z) = 0, 01(2) = z?, we have 0,(z) € S;* (., B. ).

Proof. Since f; satisfies (2.10) then in view of Theorem 2, we have

atpp+l k| |
a+np+1 "

<2pl2(np+1)—p(pn+2)|.

o0

> n((n—p)(u+2)+2u)[

n=p+1

For all n € Ng we have

n
on(z) =0+27 + Z n+1(2an,i)z", (z€U).
i=0

n=p+1
Hence
o0 k n
a+pB+1 1
3 n((n—p>(u+2)+2u)[ } S ns
n=p+1 atnp+1] |n+l i=0




MULTI. FUN. BASED ON LIN. OPER. 51

)

o0

a+pB+17F 1 [
> nto-pin2+20) [ o (D

n=p+1

n 00 k
- (Y n((n—p)(u+2)+2ﬂ)[w] lan.;

i=0 \n=p+1 oa+np+1

A

A

1 n
— > 2p|2 1)— 2
ng PR+ = p(u+2)|

=2p2(p+1D—p(pn+2)]
This implies that F(z) € S;™* (o, B, ). O
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Abstract. In this paper we introduce the multiple Mathieu (a, A)-series. We obtain two integral
representations for multiple Mathieu (a, A )-series applying Ivanov’s and then Pogany’s variant of
multiple Euler-Maclaurin summation formula. Then, a bilateral bounding inequality is derived
by virtue of the achieved integral expressions. Finally, the special case of multiple Mathieu
(a, A)-series, the multiple Mathieu a-series has been investigated.
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Keywords: Mathieu series, multiple Mathieu series, multiple Mathieu (a, A )-series, multiple
Mathieu a-series, Dirichlet series, r-dimensional Euler-Maclaurin summation formula, Gamma
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1. INTRODUCTION

The generalization of the classical Mathieu series [3]

oo

S =Y s (1.1)

— (n2 +r2)2
has been introduced by Cerone and Lenard [1]:
o0 a®
S(r,u,a,p,a) = Z 'B—" (r, o, Boa = (ay) > 0). (1.2)
n=1 (an +r 2)“
The series (1.2) is in the focus of interest by numerous authors, such as Pogény
[5,6], Qi [11, 12], Srivastava and Tomovski [13, 14]. However, according to our
best knowledge, the only work on the multidimensional generalization of the series

(1.2) is the paper [10] by Pogany and Tomovski, where they introduce a generalized
multiple Mathieu series of the form

g 2nls|
p(S,q»P)— Z ((nq,nq>+p)p+19

nelN”
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where n?:= (n',...,,n}"), nolsl: = n{"'.--n7"r s, q have positive coordinates,
i.e., s;,q; > 0,1 =1,...,r, while {a,b) stands for inner product in R". For r =1,
the above series, obviously, reduces to the classical Mathieu series (1.1).

Pogany and Tomovski found two integral representations of the multiple series
8,(s.q.p) (see Theorem 1, Eq. (9) and Theorem 3, Eq. (19) in [10]). They also
derived a bilateral bounding inequality [10, Theorem 2] and established two other
bounds [10, Theorems 4 and 5].

2. SUMMATION FORMULA FOR FINITE MULTIPLE SUMS

The well-known Euler—Maclaurin summation formula has the form

l I
> 1w = [ a5 (10 + )
n=k

m

Baj (r@i-vy_ p@i-D 2.1
P2 P CAMRIORTASC)
"Bam(X) L am)
e amy /T WA med),

where B, (x) = (x + B)?, 0 < x < 1, stands for the Bernoulli polynomial of order
p € N and Bk = By, are the Bernoulli numbers. One can rewrite it in a condensed
form

! l l
Z an :/k (a(x)—}—{x}a/(x))dxsz da(x)dx, (2.2)

n=k+1
fora e Clk,l],an, =a(n), k,l € Z, k <1, where

0
=1 —
0 +{x}8x

and {x} stands for the fractional part of a real number x (see (3) in [9] and (6.5) in
[8D.

For the multidimensional bounded summation domain D, we use the summa-
tion formulas derived by Miiller [4], Ivanov [2], and another type of formula due
to Pogany [7].

Now the role of the Bernoulli polynomials B, (x) in (2.1) is played by the so-called
basic functions (“Grundfunktion,” see [4]) G(x1,...,X), which satisfy the following
conditions:

(1) G is a 1-periodic function in all variables;
(2) On the lattice Z", the function G satisfies the equation
AG+AG= Y eritlx) 2.3)
k:4x2k2=7
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where A is the Laplace operator and the summation in (2.3) is carried out
over all k = (ki,...,k;) € Z" such that 47%k? = 47[2(k,k) = A.

Let us introduce the following notation: n = (ny,...,n,) € N7, where Ng =
{0,1,2,...%; x = (x1,....,x,) € R", dx = dxq---dx,, L = L(%) is a linear dif-
ferential operator with real constant coefficients, which is a polynomial in %*

Let us put

H(x)= Z g2min.x), (2.4)
n: LQ2rin)=0
Let G be a basic function of the operator L if it has period 1 with respect to each
variable and satisfies the equality

LG = Z eZm'(n,x).

neZ’

It follows that
2mi{n,x)

re
Gx)= ) ———. (2.5)
=, L(Q2rin)
where ' denotes the absence of the term with zero denominator in the sum.
Let the boundary dD of D be smooth. Then, by Green’s formula, we have

/_ (uLv—vMu) dx=/ P(u,v)ds, (2.6)
D oD

where D = D 40D, M is a conjugate of L, and P (u,v) is a polynomial with respect
to u and v and their partial derivatives.

Theorem 1 ([2, Theorem 1]). Let us assume that the boundary 0D of D is smooth
and does not contain integer points. Let L be a linear differential operator of order
p with constant coefficients and f € CP(D), where D = D + dD. Then

> fm) = / F(x)H(x)dx +/ P(f.G)ds +f GM(f)dx, (2.7)
neD D oD D
where M is a conjugate of L, whereas H and G are defined by (2.4) and (2.5).

The following result of [7] is a multidimensional generalization of (2.2).

Theorem 2 ([7]). Assume that a : R, — R4 is a function satisfying the condition
of differentiability

" a !
Frr C(H[O’”j]),

Jj=1
and, forany j = (j1,...,jr)withO< ji <n;, l=1,2,....r,putaj :=a(ji,..., jr).

*In what follows, the expression L(27in) stands for the value of that polynomial where, instead of
%, one puts 27win;.
J
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Then
r ny r n;
XY aj=an+y [ oratun
I=1j;=0 1=179
nj prng
+ Z / [ 00 a(xj,xg)dxjdxg +--- (2.3)
1<j<k<r’0 70
ni ny nr
+/ / / 0102---0ra(x1,x2,...,xr)dxydxs -+ dx,,
o Jo 0
where ag = a(0,...,0), a(xj,,...,x;) = a(xX)|x,,=0, me{1,...r \1..... jx }» and

d
J

3. MULTIPLE MATHIEU (a, A)-SERIES

Let a,A: [Rfi_ — R4, where r > 1, be certain functions, @ and A be their restric-

tions to Ng, i.e., alny = (an)neny = (a(ni.....nr))neny. Alwy = An)nen; =
()L(I’ll,...,nr))new(r), and > 0 and p > 0 be parameters. Then the series
An
Sularip)i= ) ——" (3.1)
0
nelNj (An +p)

is called a multiple Mathieu (a, A)-series.
We are interested in deriving an integral representation of the series (3.1). Let us
begin with transforming &, (a,A; p) via the Gamma function. We have

1 o0
S (a,r;p) = —— a / e~ Anto)xn—1 4y
M( IO) F(M) Z n 0

neNj
o0
:—1 / e Px xpl Zane_’l”x dx.
I'(w) Jo g
0

The inner r-fold Dirichlet series

°{Da,k (x) = Z ane_lnx,

nelNj
by virtue of the Laplace integral formula, can be rewritten in the form

Dy 2 (x) =x/0we_xt< Z a,,(t)) dr zx/oooe_xtA,,(t)dt.

nAp <t
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Putting all back into the expression for &, (a,A;p), we obtain

Su(a,A;p) = F( )/ _pxx“/ooe_xtA,,(t)dt

(p+”xx”dx)44 (t)dt
T T / (/
 An(t)
= —dr.
M/o (p+o)rtl

Now we have to calculate the sum A, (7). Let ® ={n: A, <t, t > 0} and let 11 =
A1(2),...,Ar = A,(t) € Ny be such that

An=A(A1,....Ar) <t. (3.2)

The summation domain is the r-dimensional parallelepiped © = ]_[]r-=1 [0, ) j] and,
obviously, dimd® = r — 1. Let us set ds,—1 = dsy---ds,—;. Let L be an elliptic
differential operator, M be its conjugate, P be the polynomial defined by (2.6), and
H and G be given by (2.4) and (2.5), respectively. By Ivanov’s formula (2.7), we
obtain

A,,(t):/@a(x)H(x)dx+/89P(a,G)dsr_1+/DGM(a)dx.

Putting this expression for A4, (¢) back to 8, (a,A;p), we immediately arrive at the
following statement.

Theorem 3. Let a,): [Rr — Ry, ,,—a(nl,.. nr) /\,,—)L(nl,.. JNy), 0 E

NG, i, p >0, and r € Np. Let t > 0 and let X1 —)kl(t) Ar = Ay () € Ng be
such that (3.2) holds. Then the multiple Mathieu (a,L)-series admits the integral

representation
OO/a(x)H(x)dx+/ P(a,G)dsr_1+/ GM(a)dx
:Uv/\ D k) )

8,4/,(61,)&,0): (p+t)u+1

dr,

where © = ]_[Jr~=1 [0, Xj].
If we use formula (2.8) to calculate A,(?) in 8, (a,A;p), we deduce

Theorem 4. Leta,A:R!, — Ry, an =a(ny,...,ny), An = A(ny,...,n.), n € Ng,
w>0,0>0r>0, and Xy = Xl(t),...,ir =1r(t) € No such that

An=AC1,.. Ay) <t

Then multiple Mathieu (a, A)-series has the following integral representation

o0 r A[
Sula.r:p) = P_“aoJrM/O (Z/O 0pa(xy)dx;
I=1
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Ak
+ Z / [ 00 a(xj,xg)dx;dxg +---

1<j<k<r

)L] Az /lr dr
/ / / 01---0ra(xy,...,xr)dxy - )(p—l—t)““

4. BILATERAL BOUNDING INEQUALITY

We estimate A, (¢) given by Pogany’s formula (2.8). We will focus here on the
case where r = 2, since the higher order terms are far more complicated and the
procedure is identical to that applicable for r = 2.

Leta: [Ri — R be monotone in both variables. Since, for j = 1,2,

9
vaelaatr=) (fatinx): @.1)
J

da
Djae(a—i-—,a] (if a | in x;),
0x;
successively applying the operators 07 and 9, in (2.8), we estimate
ni ny

A2=D_ D ajk

j=0k=0

2 nj ny rnz
=610+Z/0 0;a(x;)dx; +/O /0 00 a(xj,xg)dx; dxg .
j=1

Assume that ¢ 1. Then

2
Az(1) <ag+ Z/O (a(xj) +a'(x))) dx;

/"‘/ ("(xl xz)—i—M

a 5 82 )
n a(xy,x2) a(xy XZ))dxldxz — Ry,

sz BX13X2
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Now we have

2 n; niy pno

R, =ag+ E (/ a(x;)dx; —i—a(nj)—ao)—i-/ / a(xy,xz)dxydxs
4 0 o Jo
Jj=1

na

+/nl (a(xl,nz)—a(xl,O))dxl +/ (d(l/ll,)Q)—a((),XQ)) dx,
0

0

+a(ny,nz)—a(my,0)—a(0,n2) +ag

2 n; ni n»p
:a0+2 (/ a(x;)dx; +a(nj)—a0) +/ / a(xy,xp)dxydx;
, 0 o Jo
Jj=1

n2

+/"1 (a(x1.n2) —a(x1))dx; +/ (a(n1,x2) —a(xz))dx;
0 0

+a(ny,nz)—a(my)—a(nz)+ap
na

ni
—a(m,nz)+/ a(xy, nz)dX1+/ a(ny,xz)dx;

/ / a(xi,xz)dx;dxs.

Similarly, by virtue of (4.1), we have

ni na
Ar za0+/ a(xl)dxl—l-[ a(xp)dx,+
0 0

ni ny
+/ / a(xy,xz2)dxydxp =: Ly,
o Jo

This proves the following result.

4.2)

4.3)

Theorem 5. Let a:R% — R and a € C2([0,n1] x [0,n2]), monotone in both vari-
ables. Then for the two-dimensional Euler—Maclaurin summation formula (2.8) the
following bilateral bounds are valid

ni np
L2<Zzajk <R, (a?),

J=0k=0

ny np
Ry<) Y ap <Lz, (al),

J=0k=0
where a(x)||N2 =a= (ajk)[N2 and bounds Ly, R» are given in (4.3), (4.2).

If we apply the above theorem to integral representation of multlple Mathieu

(a, A)-series given in Theorem 4, for = 2 with simple exchange /\1 —ni, /\2 — Ny
we obtain
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Theorem 6. Let a,A:R% — R, a, A € C2([0,A1] x [0,A2]), where A; = A;(t) €

No, j = 1,2, for some fixed t > 0, such that A(il , 12) <t and a be monotone in both
variables. Then the following bilateral inequalities hold

© I © R
M/O (Adm%(a,k;p)Su/O (Adt (a?),

©  Ry() f°° Ly(1)
— L _dt <.Z a,/\; < _ dl, a R
" [0 S = ek < [ AL @)

where fz(t) = Xz(il,iz), X €{R,L}, that is

R R R A1) R
Ro(t) = a (31 (0).32(0)) + fo a(x1.3a2(0)) dxy

YOI @ A
+/ a()tl(l‘),)Q)de-f—/ / a(x1,xp)dxydx;
0 0 0

R A1)
B20) = ao+/ a(xy)dxg +
0

Az (2) A Az
+/ a(xz)dx2+/ / a(xy,xz)dxydxs.
0 0 0

Remark 1. Since 11 and )ALZ are solutions of the Diophantine equation )L()ALI , 12) <
t, they are not uniquely determined, nor are the functions L, R>.

5. MULTIPLE MATHIEU a-SERIES

If we take A = a, it is straightforward to see that from multiple Mathieu (a,)-
series we easily obtain the series

Adn
Sulaipi= Y
nelNj (an +/O)V“

which we call multiple Mathieu a-series. Now from integral representations for mul-
tiple Mathieu (a, A )-series we directly get the following results.

Corollary 1 (of Theorem 3). Let a: [R:_ —-Ry,an=any,....,n;),neN], u,p>
0,andr € Ny. Lett > 0and dy = d1(t),...,dr = ar(t) € N such that

an =a(dy,...,dy) <t.

Ifo = ]_[;=1 [0,a;] then multiple Mathieu a-series have the following integral rep-

resentation
OO/a(x)H(x)dx+/ P(a,G)dsr_1+/ GM(a)dx
D 09 )
M/
0

dr,
(p+ 1)kt

Sulasp) =
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with L, H and G keeping the heretofore meaning.

Corollary 2 (of Theorem 4). Let a: IRfF — Ry, ap=a(ny,...,n;),ne N, u>0,
p>0,r>0 anda, =ay(t),...,dr = dr(t) € Ng such that

An :a(al,...,ar) Et.

Then multiple Mathieu a-series possesses the integral representation

0o r a;
5u(a;p)=p_’“‘ao+u/0 (Z/O dpa(x;)dx;
+ Z / / 00 a(xj,xg)dx;dxg +---

1<J<k<r

1
/ / 01 0ra(xq,...,x,)dxy - )(p—i—t)““ dr.

Corollary 3 (of Theorem 5). Let a:R3 — R, a € C3([0,a,] x [0,az]), 1 > 0,
0> 0, and dy,d, € Ny such that

anp =a(ay.az) <t.

Then the following bilateral inequalities hold

© Ja © R4
M/o Adz<8ﬂ(a;p)§u/0 ﬁdh (a1),

(p+ )it (p+ )it
©  R§() . ©_ L0
“[0 Wd’f%(“"’““/o o+ oyt 4 @V

where
2 &j 51 52
‘zl(t)zao—i-Z/ a(Xj)de++/ / a(xy,x2)dxydxs,
— Jo o Jo
Jj=1

al 21\2
g(t)za(al,&z)-l—/ a(xl,?lz)dxl+[ a(dy,xz)dx,
0 0

a, pax
+/ / a(xl,xz)dxldxz.
0 0
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Abstract. Unimprovable efficient conditions are established for the unique solvability of the peri-
odic problem

i+1
uP@)= 3"l j)) () +q; ()  for 1<i<n—1,
j=2
n
uP (1) =Y b () (0) + gn (1),
j=1
u}p)(O):uﬁp)(a)) for 1<j<n, 0<p=<p;—1,

where w >0, n > 2, p; € N, £;; : C([0,w]) = L([0,w]) are linear bounded operators, and
qi € L([0.]).
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1. STATEMENT OF PROBLEM AND FORMULATION OF MAIN RESULTS
On [0, ], consider the system
i+1
wlP() =3 i juj) @) +qi()  for 1<i<n-—1,
j=2
) (1.1)
uPO(6) ="l j () (0) +qn(t),
1

j=
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with the periodic boundary conditions
uj(.p)(0)=u§p)(a)) for 1<j<n, 0<p=<p;—1, (1.2)

where w >0, n > 2, p; € N, {;; : C([0,w]) = L([0,w]) are the linear bounded
operators, and ¢; € L([0,w]).

By a solution of the problem (1.1), (1.2) we understand a vector function u =
(u;)?_, withu; € cri—1 ([0,w]) (i = 1,n) which satisfies system (1.1) almost every-
where on [0, w] and satisfies conditions (1.2).

Much work had been carried out on the investigation of the existence and unique-
ness of the solution for a periodic boundary value problem for systems of ordinary
differential equations and many interesting results have been obtained (see, for in-
stance, [1,2,5,6, 13, 14] and the references therein). However, an analogous problem
for functional differential equations remains investigated in significantly less detail
even for linear equations. In the present paper, we study problem (1.1) (1.2) under
the assumption that £, 1,4; ;41 (i = 1,n—1) are monotone linear operators. We
establish new unimprovable integral conditions sufficient for unique solvability of
the problem (1.1), (1.2) which generalize the well-known results of A. Lasota and
Z. Opial (see Remark 1.2) obtained for ordinary differential equations in [7] and, on
the other hand, extend our results obtained for linear functional differential equations
in [8,9, 1 1]. These results are also new if (1.1) is the system of ordinary differential
equations of the form

i+1
ui” () = Yl (Ou; () + i) for 1=i<n—1.
u}(fﬂ)([) — Zln’] ([)M](t) +Qn(t)»

Jj=1

where ¢;,/;, ; € L([0,w]). The method used for the investigation of the problem con-
sidered is based on that developed in our previous papers [8—11] for functional dif-
ferential equations.

The following notation is used throughout the paper: N (resp., R) is the set of all
the natural (resp., real) numbers; R” is the space of n-dimensional column vectors
x = (x;)_, with elements x; € R (i = 1,n); R4 = [0, +00[; C([0,®]) is the Banach
space of continuous functions u : [0, ] — R with the norm ||u| ¢ = max{|u(7)|:0 <
t <w}; CP([0,w]) (p € N) is the set of functions u : [0, ] — R which are absolutely
continuous together with their derivatives up to order k inclusive. L([0,w]) is the
Banach space of the Lebesgue integrable functions p : [0,w] — R with the norm
lpll = f(;p |p(s)|ds. If £ : C([0,w]) = L([0,w]) is a linear operator, then ||£] =
SUPg<xfc <1 1€ (X) |-
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Furthermore, define the functional A : C([0,w]) — R4 by setting
A(x) =max{x(t) : t € [0,w]} —min{x(¢) : t € [0,w]}.

Definition 1.1. We will say that a linear operator £ : C([0,w]) — L([0,w]) is
nonnegative ( resp., nonpositive), if for any nonnegative x € C ([0, w]) the inequality
L(x)(t) >0 (resp., £(x)(t) <0) foris satisfied 0 < ¢ < w. We will say that an operator
L is monotone if it is either nonnegative or nonpositive.

The following notation is used in the sequel:

1 2 mp+1 mj+l1

Bo=1, B = = B_BIZ Z Z

mi=1lmo=1 mj_

L nmy).. ﬂ(mj 1)’

2 mp+1 mj_>+1 mj;j_1+1

| 1
C1=§, CJ—Blz Z Z L n0my).. r)(m] 1) 1_[ ( )

mi=1my=1 m;_

for j > 2, where
n(t) = Q2t+1)(2t +3).
Let
do =1, dy =4, dy =32, d; =192, (1.4)
and for p € N put

d2 +2: ,
g max{(hp(t)hp(l—t))1/2:Oflf1}
(1.5)
dap+3 = 1
P N b
max {(fo(s.0) fy(1=s.1-0)"*:0=s <1, 01 <1

where the functions f, : [0,1] x [0,1] — R4 and A : [0,1] — R4 are defined as
follows:

r—1 14
fols.t) = Zapjtz(]-f—l) +ozppt2p+3s, hy(t) = Z'BPJ'ZZ(]H)’

Jj=0 Jj=0
and
B; B; R—
j = : ’ j = ; = Oa -1 )
Upj 347 dy Ppi 347 dy, (J p—=1)
By Cp
Upp =3 i Pro= 300

Now we formulate a result from [4] in a suitable for us form.
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Theorem 1.1. Let p e N, x € 5”([0,50]), x@D0) = xD(w) (i =0,...,p), and
let dy, be given by the equalities (1.4) and (1.5). Assume, moreover, that x is not
equal identically to a constant. Then

p
Ax) < 2= A(xP). (1.6)
dP
Remark 1.1. It was shown in [4] that
211.3 216.32.5 214.32.5.7
dy = ds =2°-3-5, d¢= d7 =

5 7 61 ’ 17 ’
and the numbers di, k = 1,7, are optimal in the sense that (1.6) cannot be replaced
by the inequality

a)P
A <
) dy +

no matter how small ¢ €]0, 1] would be.

(p)
~A(x)

Definition 1.2. With system (1.1), we associate the matrix A; = (aflj? :’ =1 defined
by the equalities

L
LY P
dp, o\~ €1
1 -1 1 . 1.7
afjl,i+1=||£i+1,i+l||_a#’ M= T forl=i=n—1, (L.7)

=t for 3<j+1<i<n,

a}}}:o fori +2<j<n, a

and the matrices Ay = (afkj));.’ =1 (k = 2,n) given by the recurrence relations
Az = Ay, (1.8)
al(’kjﬂ) = al(,kj) for i <k or j¢{kk+1}, (1.9)
o
a0 =a®) ¢ KLy ® for kyl<i<n, k<j<k+1. (110

i i, |a(k)|
k.k

Theorem 1.2. Let £, 1,0 i+1: C([0,0]) = L([0,w]) (i = 1,n—1) be linear
monotone operators,

/wzn,l(l)(s)ds;éo, /wz,-,,-+1(1)(s)ds;éo for 1<i<n—1, (1.11)
0 0

and
at) <0 for 2<k<n, (1.12)
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where the matrices Ay are defined by relations (1.7)—(1.10). Let, moreover,

[ it ias H / 14,1 (D(s)lds < 4" H L )

Then problem (1.1), (1.2) has a unique solution.

Definition 1.3. For the system (1.3) we define the matrix A; = (af’lj? ;’ =1 by the
equalities (1.7)—(1.10) with

L (x)(t) = hi j(t)x(t) for i,jeln, xeC(0,0]). (1.14)
Corollary 1.1. Let
0<0,hn1(t)#0, 0<o0;hiit+1(t) £0 for 1<i<n-1 (1.15)

where o; € {—1,1} (i = 1,n), the matrices Ay are defined by the relations (1.8)-
(1.10), (1.14) and

af) <0 for 2<k=<n. (1.16)

Let, moreover,

[ ihnaoias H / by +16)lds < 4" H W@l

Then problem (1.3), (1.2) has a unique solution.
Now, assume that
£1,j=0 for j #2, ;=0 for jﬁﬁ}, i=2n—1, (1.18)
Ln,j=0for j =2,n—1.

Then system (1.1) is of the following type:
WPV (0) = £ 2(2) (1) + 41 1),
uP(1) = £, i) () + L1 (i) O + i (1) for 2<i <n—1,  (1.19)
P (1) = by 1 (@) (0) + L (n)(0) +Gn (0).
and from Theorem 1.2 we obtain

Corollary 1.2. Let £, 1,4;i+1 (i = 1,n—1) be linear monotone operators, the
conditions (1.11) hold and, moreover,

© dpy -
/ Lk (1)(s)lds < 2= for 2 <k <n. (1.20)
0 W
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Let, moreover,

o n—1 .e
/0 wn,l(l)(s)wlsjl:[1 /O 1€ 41 (D(s)]ds

n

dy,— ®
< TS = [Cismelas). a2

J=2

Then problem (1.19), (1.2) has a unique solution.
For the cyclic feedback system
uPV (1) = Liuis) () +qi(1)  for 1<i<n—1,
uP (1) = Ln (1) (1) +qn 1),

Corollary 1.2 yields

(1.22)

Corollary 1.3. Let £; : C([0,w]) = L([0,w]) (i = 1,n) be linear monotone op-
erators,

16l £0 for i=Ton, (1.23)
and
n n
dy,_
[Then <4 [T 2= (1.24)
wPi—1
i=1 j=2

Then problem (1.22), (1.2) has a unique solution.
Remark 1.2. The problem
u”(t) = p(u(®) +q(t), u0) =u(w), u'(0) =u'(w), (1.25)

is equivalent to the problem (1.22), (1.2) with n =2, ny =np, =1 £1(x)(t) =
x(0), L2(x)(1) = p(t)x(1), g1 =0 and g2 = g.

Then if p,q € L([0,w]) , p(¢) <0, and f(;’) p(s)ds # 0, it follows from Corollary
1.3 that problem (1.22), (1.2) and, therefore, problem (1.25), has a unique solution
provided that the condition

@ 16
/ [p(s)lds < —
0 (0]

is fulfilled. This follows from a well-known result of A. Lasota and Z. Opial (see

[7D.

Remark 1.3. Rewrite the problem

PO =L )+q9@), uD0)=uPw) (=0,1,2,3) (1.26)
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as the systems
ui(t) =ui1(t) (i =1,2,3),
wy(t) = L)) +4q(0), (1.27)
u,-(O) = u,-(a)) (i = 1,2,3,4)
and
Uy (1) = ua(t),
3
ug) (1) = L) (@) +4(0), (128)
u1(0) = u1 (@), u0)=u) (@) (j =0.1,2).

It follows from [12, Theorem 3] that problem (1.26), i.e., problems (1.27) and
(1.28), are uniquely solvable if ||£| < Lﬁ, and the constant 768 is optimal.

On the other hand, it follows from Corollary 1.3 that system (1.27) (resp., (1.28))
is uniquely solvable if || £| < 25—36 (resp., ||[£] < 5a+32) Consequently, if we rewrite
every equation of (1.1) as a system of first order equations, we debase the quality of
uniqueness condition.

Example 1.1. The example below shows that condition (1.24) in Corollary 1.3 is
optimal and cannot be replaced by the condition

n
[Tl <4

n
dp;—1
i=1 j=2

wPi—1’

(1.244)

Define the function ug € C ([0, 1]) on [0,1/2], and extend it to [1/2, 1] by the equal-
ities

1 for 0 <t <1/8,
uop(t) = {sinw(1—4r) for 1/8 <t <3/8,
-1 for 3/8<t<1/2

and
up(t) =up(l—¢t) for 1/2<t<1.
Now let measurable functions 7; : [0,1] — [0, 1] and the linear nonnegative oper-
ators £; : C([0,1]) — L(J0,1])(i = 1,n) be given by the equalities

1/8i for 0 <ug ()

1/2—1/8i for 0> uj(t)’ Li(x)(@) = Jug ()] (7 (1))

Ti(t) =

Then itis clear that ug(0) = uo(1), £; # £; ifi # j,and ||£; || = fol [£: (1)(s)|ds =
167 | 11/84 cos (1 —4s)ds =4 fori = 1,n. Thus, all the assumptions of Corollary 1.3
are satisfied except (1.24), instead of which condition (1.24) is fulfilled with v = 1.
On the other hand, from the relations ug(t) = ug(t)|uo(zi (1)) = Liuo)(®) (1=
1,n), it follows that the vector function (u; (t))7_, if u;(t) =uoe(t) (i =1,n),isa
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nontrivial solution of problem (1.22), (1.2) withw =1, ¢(t) =0, p; = 1(j = 1,n),
which contradicts the conclusion of Corollary 1.3.

2. AUXILIARY PROPOSITIONS

Lemma 2.1. Let the matrices Ay (k = 1,n) be defined by equalities (1.7)-(1.10).
Then the following relations hold:

(’;’) >0  for i#j, m=1n, 2.1m)
1
}(1)1 '(lni (2.20)
l(’l])fal(";) for i>m>2,j>m, A<m. (22m)

Proof. 1t follows immediately from the definition of A; and A, that inequalities
(2.17) and (2.25) are true. Assume now that (2.1,,) holds form = 3,...,mqo (mg <n)
and prove (2.1,,,+1). Ifi <mg or j &{mg, mo+ 1}, relation (1.9) implies inequality
(2.1mp+1),andif i >mo+1, j € {mo, mo+ 1}, then (2.1,,,+1) follows from (1.10).

Now we prove inequality (2.2,,). First assume that j > m + 1. Then from (1.9)
with k = m —1 it is clear that

1) A+1) _ (m)

a;; =a;; . i for j>m+1,i>m, A <m. 2.3)
Now, let j = m. Then from (1.9) we geta(’l) a(M—l) a(":n )fori >m, A<
— 1. By the last equalities and (2.1,,), from (1. 10) it follows that
4m — ,m=D) “(mll) (m=1) o (n—1) _ (3)
m m—1 m m m—1 m—1 .
Aim =4 m +W lml— aim j for i=m, A<m.
| yy— 1,m—1
From this inequality and (2.3) we conclude that (2.2,,) is fulfilled for all j > m and
i > m. Equality (2.2¢) follows immediately from (1.8) and (1.9). U

Also we need the following simple lemma proved in the paper [11].

Lemma 2.2. Let 0 € {—1,1} and ol : C([0,w]) = L(]0,w]) be a nonnegative
linear operator. Then

—mL(D)@)| =ol(x)(@) = ML) for 0=t =<w, xeC(00]),
where m = —ming<;<{x ()} and M = maxo<;<u{x(t)}.

Now, consider on [0, w] the homogeneous problem

i+1
Ul-(pi)([) = ZKI,J(UJ)(Z‘) for 1<i<n, (2.4;)
j=2
vP0) =vP (@) for 1<j<n 0<p<pj—1. (25)

where the operator /, ,,+1 and function v, are defined by the equalities £, ,+1 =
Ln,1 and v, 41 = vy. Then it is clear that A(v,41) = A(vy).
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Lemma 2.3. Let {; ;11 : C([0,w]) — L([0,w]) (i = 1,n) be linear monotone op-
erators,

w
| tnmeas o por 1<i<n 2.6)
0
the matrices Ay, be defined by the equalities (1.7)—(1.10) and
a) <0 for 2<k=<n. .7

Let, moreover v = (v;)}_, be a nontrivial solution of the problem ((2.4;))7_,, (2.5)
for which there exists a k1 € {2,...,n} such that vg, # 0. Then if

ko =min{k € {2,...,n} v # 0}, (2.8)
the inequalities
0<llvkllc =A(k)  for k=1, ko <k =n, (2.9)
wPr—1 X _ wPk+1—1 k -1
0< e AP+ ) AETY) (2.10;)

dpk—l de+1—1

for ko <k <n hold, where ar(11,31+1 = a,(:’)l.

Proof. Define the numbers My ;,my; €R, t; .1}/ €[0,0] (k=1,n,i=1,pr—
1) by the relations

M =0 (0,) = max {0 (O},

—mii = v (1) = min o (0)).

Q2.11;)
and introduce the sets I,gl) = [t,/c’pk_l, t//c,,pk—l]’ 1152) =1 \1151) for t;,c’pk_l < t,Q”pk_l.
It is clear from (2.8) that

Vg # 0. 2.12)

On the other hand, from (2.4;,_) by (2.8) we obtain

/0 Lico—1,ko (Vi) (8)ds = 0. (2.13)

Equality (2.13), in view of (2.6) and Lemma 2.2 guarantees the existence of a 7y €
[0, w] such that vk, (o) = 0. Then from (2.12) we get (2.9,,).
Let the numbers M, pi —1. Mk, py—1+ Mio+1,1: Mig+1,1 € R, t,’(o, tllcl() € [0,w]

: / 1 7
be defined by the relations (2.11;) and tkOaPkO_l < ZkO,Pko—l (the case tko,pko—l <

tl/co,pko—l can be considered analogously). The integration of (2.44,) on / Igg)’ by
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virtue of (2.5) and (2.8) results in

A( (Pko ): (_1)r( o Lico ko (Vi) (8)ds

ko

., ﬂko,koﬂ(vkoﬂ)(s)ds) .14

ko
for r = 1,2. From the last equality, by virtue of (1.7), (2.7), (2.9,) and (2.2,) with
A=1,i=j :koweget

0<—

WP (ko) ((pko

_ 1\’
dpe_ Ao koA )= (=D o Lo ko+1(Vkg+1)(8)ds  (2.15;)

0
for r = 1,2. Assume that vy, is a constant sign function. Then, in view of the
fact that the operator (g, r,+1 iS monotone, we get a contradiction with (2.151) or
(2.1532), i.e., Vg, 41 changes its sign. Then

Mios1,1 >0, mpgp1,1 >0, (2.16)

and the inequality (2.9,+1) holds ((2.91) if ko = n). If £, k,+1 is a non-negative
operator, from (2.15,) (r = 1,2) in view of (2.16) by Lemma 2.2, we get

wPko~! k (r

0<—2——af A@e ™) <mip /(,)wko,koﬂ(l)(s)us
pko_l ko
wPko™" (»

0< =27 00 A0 < My [ o kot (D
pko_l k()

By multiplying these estimates and applying the numerical inequality 44AB < (A +
B)2, in view of (1.6) and notation (1.7), we obtain

Pro—1
w0 (ko) (Pko—1)
0< ap Ol Av "0 )
= ko.k k
dpko—l 0,ko0 0

1
" Z(Mk0+1,1 M) ( [V rornn@lds+ [ |zk0,ko+1(1)(s)|ds)
ko ko

7D

Pk Pig+1—1
W70 (ko) (Pk ORS 6)) (Prg+1—1)
< a A( 0 )+ —a A(v 0 )
— ko,k ko,ko+1 ko+1 ’
deO—l 0-ko0 dpk0+1—l 0-k0 0

(0< ‘”pn (n,),A( (p"_l)) ‘;:1 1 (I)A( (p1— 1)) if ko = n), whence, by virtue
1

of (2.20) 1fk0 =nand (2.2;,) withA =1, i = kg, j = ko + 1 if ko < n, the relation
(2.10g,) follows. Analogously, from (2.15,) we get (2.10g,) in the case where the
operator L, k,+1 iS nonpositive.

We have thus proved the proposition:
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(i) Let 2 < ko < n, then the inequalities (2.9,), (2.9%,+1) ((2.91) if ko = n)
and (2.10g,) hold.

Now, we shall prove the following proposition:

(ii) Let k1 € {ko,...,n— 1} be such that the inequalities (2.9;),(2.10;) for (k =
ko,k1), and (2.9¢, +1) hold. Then the inequalities (2.9, ) if k1 <n—2,
(2.91) if k1 =n—1and (2.10x, +) hold too.

Define the numbers

/ "
Mk1+1,pk1+1—1’ mk1+1,pk1+1—1 €R and tk1+1,pkl+1—1’ tk1+1,pk1+1—1 € [0,0)],

1
ki+1,pr +1—
can be considered analogously). The integration of

. /
by the relations (2.11x, 41) and let tk1+1,Pk1 o1 < | (the case where

" /
<
tk1+1,17k1+1—1 tk1+13Pk1+1_1

(2.4,+1) on 1", | by virtue of (2.5) and (2.8) results in

ki+2

( -1
a0l =y [

j=k0 k1+1

Ly 41,5 (v)(s)ds (2.17)

for r = 1,2. From this equality, by the conditions (1.6), (1.7), (2.7), (2.9;) with
k =ko,....k1+1,and (2.2¢,) withA =1,i =k +1, j =ko,....k1 +1 we get

kitl pi—1

(k) (p;=1)
0= dp kl(il-l JA( ! )

J=ko

FE [ e ) 0ds @19

lir]

for r = 1,2. By multiplying (2.10) with a,(cl?Jrl k/|a(k) | for k € {ko,...,k1}in view
of the inequalities (2.7) we obtain

wPr—1 (k)

(px—1)
0<-2 = Qe 1 AWE)
*)
Prk+1—1 ¢ _
@ RELG®) APFTY). 219

k 1,k
dpji1—1 |a]((k)| i+
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Now, summing (2.18) and (2.19,), by virtue of (1.10) withk = ko, i = k1 +1, j =
ko + 1, we get the estimate

-1 ki+1 -1
0= @M ok roni=Dy OP ko) 5y D)
=4 —| kit Lko+17 Uko+1 _y kit
Pko+1 j_k()+2 Pj—
+ (D" /() Licy 41,51 +2 (Vi +2) (5)ds,
k]+1

from which, by (2.2x,+1) withi =ky+1, j > ko+2, A = ko, we obtain

kitl pj— 4
Jj=ko+1 dpj 1

FE [ B0 220
Ikl-'rl
for r = 1,2. Analogously, by summing (2.20) and the inequalities (2.19;) for all
k=ko+1,...,k1 we get

-1
O A( (Pk1+1—1))

0<— Qe +1,k+19 Wk 41

de|+1_1

<=’ /(” Ly 1,k +2 Wk +2) (5)ds  (2.21)
I
for r = 1,2. In the same way as the inequality (2.9,41) and (2.10g,) follow from
(2.15;), the inequalities (2.9, +2) ((2.91) if ko =n—1) and (2.10, 4.1) follow from
(2.21).
From the propositions (i) and (ii), by the method of mathematical induction, we
obtain that the inequalities (2.9;), (2.9%) and (2.10¢) (k = ko.n) hold. g

3. PROOFS

Proof of Theorem 1.2. 1t is known from the general theory of boundary value prob-
lems for functional differential equations that if /; ; (i, j = 1,n) are bounded lin-
ear operators, then problem (1.1), (1.2) has the Fredholm property (see [3]). Thus,
problem (1.1), (1.2) is uniquely solvable if and only if the homogeneous problem
(2.4;)7_4, (2.5) has only the trivial solution.

Assume that, on the contrary, the problem (2.4;)"
v = (v;)f_,. Let

7_1>(2.5) has a nontrivial solution

v1#0, v;=0 for 2<i<n. 3.1)
Thus, from (2.41) and (2.4,), it follows that
P =, (3.2)
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and £,,1(v1)(¢) = 0. Then from (1.11) we obtain that v; # const, whence, due to
conditions (2.5), it follows v/l = const. Also it is clear that from the conditions

vgi) = const and (2.5) it follows v§i+1) = const. Thus, by the method of mathem-

atical induction, we obtain that vip v = const, which contradicts (3.2) and, there-
fore, contradicts (3.1). Consequently, there exists ko € {2,...,n} such that vg,, # 0.
Then all the conditions of Lemma 2.3 are satisfied, from which we conclude that
0 < |lvillc < A(vy), i.e., v1 # const and in view of the condition (2.5) the function

Py changes its sign. Thus, from (2.4;), by the monotonicity of the operator /; 5,
we get that vy also changes its sign. Consequently, if M» ; and m5 1 are the numbers
defined by the equalities (2.115), then

M2,1 >0, mz1 > 0, (33)

and if k¢ is the number defined by the equality (2.8), then kg = 2. Thus, it follows
from Lemma 2.3 that the inequalities (2.91), (2.9) and (2.10;) (k = 2,n) hold.

Now, assume that the numbers M1, p, 1, m1,p,—1, and #; pi—1° t{’p] 1 €[0,0]
are defined by the equalities (2.111) and 7] =1 < 1) _py—1 (the case where 1y =1 <
Z1, -1 is considered analogously). By integration of (2.41) on the set / 1( )
using the inequality (2.9;), we obtain

0< 20" =1 [ haGeds (3.4)

and by

for r = 1,2. Let us first assume that the operator /; > is nonnegative (the case of
a nonpositive £; > can be considered analogously), then from (3.4) by (3.3) and
Lemma 2.2 we obtain

0< AP <ma [ 162006)1ds
1

0< A(U§Pl—1)) < MZ/I(Z) |£1’2(1)(S)|ds-
1

By multiplying these estimates and applying the numerical equality 44 B < (4 + B)?
and the equalities (1.7), we get

o<a(1)A(v(1”1 1))—i- 22+ M2) (/1“’ |51,2(1)(S)|ds+/1(2) |51,2(1)(S)|ds)

1 1 1 -1
_ag zA( (p1— ))+ ( )A(Uépz ))’

i. e., all the inequalities (2.10;) (k = 1,n) are satisfied.
On the other hand from (1.7)—(1.9) and Lemma 2.1 it is clear that

agi =1, a™ 1 (k) a®

nt =401 g1 = k1 = ||£kk+1|| (-5
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for 1 <k <n—1. By multiplying all the estimates (2.10;) (k = 1,n) and applying
(3.5), we get the con_tradiction with condition (1.13). Thus, our assumption fails, and
hence v; =0 (i = 1,n). O

Proof of Corollary 1.1. From (1.14) and (1.15) it is clear that £, 1 and {; ; +1 are
monotone operators and (1.11) holds. Also, from (1.16) and (1.17), the conditions
(1.12) and (1.13) follow. Consequently, all the conditions of Theorem 1.1 are fulfilled
for system (1.3). U

Proof of Corollary 1.2. From (1.7), (1.9), and (1.18) we obtain

k=1) _ (k=2) _ (1) dpr—1
Qe =gy = —atkk—||£k,k||—wpk_1 for 2 <k <n, (3.6)
and
k—i—1 k—i—2 1 .
al(ckll ) = ](Ckll )= —Cl/((;)c,_||£k,k—i||:0f0r3§k—l§”s
) 3.7
a | = 0
From (1.10), (1.18) and the first equality of (3.7) we get
k=2 ak=2
k—-1) _ (k—2) g 2,k—1 (k—2) g 2,k—1 (k—2)
YGk—1 =% p 1T "2y Ykk—2= G2 Ykk—2
|5 e |y ko] (3.8)
22 %3 k=2 , () ’
_ “k—2,k—1 A—3k—2 (k—3) 2 Jj+1_
*—2) *—3) Ykk=3 7T Y2 (/) -
| —2,k— 2|| —3,k— 3| Jj=2 [ |
for k > 3. From (3.8) and the second equality of (3.7) it is clear that
al =0 for 2<k=n (3.9)
Then from (1.10) by (3.6) and (3.9) we obtain
(k) (k—1) k-1 k=1, (k=1 | _ dpi—1
e =Uer Ty k% g1/ 10y g | = [l = w1

Thus, it follows from the conditions (1.20) and (1.21) that (1.12) and (1.13) hold.
Therefore, all the conditions of Theorem 1.1 are fulfilled for the system (1.19). [
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1. INTRODUCTION

Stirling’s formula
!~ NV 2mn" e

is probably the most widely known and used result for approximation of the factorial
function. It was discovered by the French mathematician Abraham de Moivre (1667—
1754) as

n! ~ constant-n"*2¢™"

’

while the Scottish mathematician James Stirling (1692-1770) discovered the constant
V27 (see, e.g., [2,21,25,27] for the proofs and further details)

Although such an approximation is satisfactory for the needs of the probability
theory, in pure mathematics, more precise estimates are necessary. The following

refined estimate
1

1o, 1 1, L
V2an"Tae e 2nFT < pl < A/ 2an"t2e e 12n (1.1)

was first established by Robbins [23] and it can also be found, e. g., in [3,4, 6, 8,24].
Successively better results about the gamma and polygamma functions were obtained
in [5,9,12-18,20,26]. In fact, (1.1) is the initial form of the more accurate expression

nl = N2xn" 127" exp(

1 1 n 1
12n 360n3  1260n5 )’
see, e. g., [8,19,24].

(© 2010 Miskolc University Press
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In this paper, we study the complete monotonicity of the functions

f(x)=1nF(x+1)_ln«/E—(x—l—%)lnx—kx—i

12x
and
1 1
=InI" 1)—In~2m — — |1 —
gx)=InI"(x+1)—In+27 (x+2)nx+x T

associated with the approximations (1.1). More precisely, we show that — f and
g are completely monotonic. As direct consequences, we establish the following
double inequalities for x > 1:

1

1 1 1
wN2rx*T2e™e2x < (x4 1) < V2rx*T2e ¥eT2x,

11

where w = J%?e 12 =(0.99773... is the best possible and

1 1 1 1
N2 x*t2e e T FT < (x4 1) < pv2rx T 2e e T2xF1,

where 1 = ﬁe% = 1.004146965... is the best possible.
With this occasion, we state the following double inequalities for x > 1:

lnx—g—lzxz<w(x)§1nx—%—$+t, (1.2)
where T = —y + % = 0.0061177... is the best possible and
lnx—L—;—USW(x)<lnx—i—;, (1.3)
2 (et )’ 2 (v )
where v = % —y = 0.0062097... is the best possible. Estimates (1.2) and (1.3)
refine other known results [1,7, 10, 11,22] of the form

1 1
Inx—— <y <lnx——, x>1.
X 2x

2. THE RESULTS
The gamma I" and digamma i functions are defined by the equalities
I (x)
r(x)’

for an arbitrary positive real x. We also have the recurrence relation

F(x)z/oootx_le_’dt, w(x)zj—x(lnr(x))z

1
YD =)+
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valid for all x > 0. The gamma function is an extension of the factorial function
because, as is well-known, I (n + 1) = n! forn = 0,1,2,3,.... The derivatives ',
Y, ..., known as polygamma functions, admit the integral representations

oo tne—xt

(n) _ (_1\n—1
P () = (1) /0 <

forn =1,2,3,... (see, e.g., [2] for the proofs and other details). We also use the
following integral representation

dt 2.1

1 1 o n—1_—xt
i =D " remMdt, n>1. 2.2)
—D!'Jo

Recall that a function f is (strictly) completely monotonic in an interval / if f has
derivatives of all orders in I such that (—1)" £ (x) > 0 (resp., (=1)" f® (x) > 0)
forallx el andn =0,1,2,3,....

Completely monotonic functions involving InI" (x) are important because they
produce bounds for the polygamma functions. The famous Hausdorff—Bernstein—
Widder theorem states that f is completely monotonic on [0, 00) if and only if

£ () = /0 e du (1),

where u is a non-negative measure on [0, c0) such that the integral converges for all
x >0, see [27].

We are now in position to give the following

Theorem 1. Let the function f : (0,00) — R be given by the equality

1 1
f(x)=1nF(x+1)—1nv2n—(x+§)1nx+x_ﬁ_
X

Then — f is completely monotonic.

Proof. We have

, 1
fi(x)= 1//(x)+a—lnx+ 22

and . . |
Fr@ =y () -5g -

2x2  x  6x3°
Now, using (2.1) and (2.2), we have

oo te_tx 0 1 oo 1
£ (x) =/ dl—/ —te_x’dt—/ e_x’dt—/ —t2e7 My,
0 1—e™! 0o 2 0 o 12

or ;
o0 e—.x

14 — d ,

£ ) /0 o () di

l—e?
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where : |
—t —t 2 —t
()=t 2z(l e")—1+e ! (1—e™).
We have ¢ (1) = —% t?2e™" <0, for every t > 0, so ¢ is strictly decreasing. But
¢” (0) = 0, thus ¢” < 0 on (0,00). Now, ¢’ is strictly decreasing, with ¢’ (0) = 0, so
¢’ < 0. Finally, ¢ is strictly decreasing, with ¢ (0) = 0, so ¢ < 0 on (0,00).

In consequence, — f” is completely monotonic. Furthermore, f” is strictly de-
creasing, since f” < 0. But we have limy_ o f'(x) =0, so f’(x) > 0 and con-
sequently, f is strictly increasing. Using the fact that limy_ o0 f (x) = 0, we deduce
that f < 0. Finally, — f is completely monotonic. (]

Corollary 1. The following assertions hold:

(1) Forall x > 1, we have
a)v271xx+%e_xeﬁ <I'(x+1)< v2nxx+%e_xeﬁ,

where w = —\_e1> = 0.99773... is the best possible.

V2w
(i) Forall x > 1, we have
1 ! ! <y(x)<l ! ! +
nx————— X nx—————+4r,
2x  12x2 - 2x  12x2

where T = —y + % = 0.0061177... is the best possible.

Proof. (i) The function f is strictly increasing, so for x > 1, we have
f(H<fkx)< lim f(x)=0.
X—>00

As f(1)= % —In+/27, we get, by exponentiating
1 1 '(x+1)

——e12 < <1,

2w T V2nx*tie—Xem®

or
V2 x T ie X e T2w <I'x+1)< v2nxx+%e_xeﬁ,
1 1 . .
where w = Nerhi 12 =(0.99773... is the best possible.

(ii) The function f” is strictly decreasing, so for x > 1, we have
0= lim f'(x) < f'(x) < f'(1).
xX—>00

As f/(l):—)/—i-%,weget

1 Lo cvw= Lo,
nx———— X nx—————5-+4rt,
2x  12x2 - 2x  12x2
where T = —y + % = 0.0061177... is the best possible. (]

In order to prove the next result, we need the following
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Lemma 1. Let
an=(6n—13)13""146n+1-12""'n(n—1), n=>4.
Then ay, > 0 for every n > 4.

Proof. Since we have a4 = 3456, as = 70848, ag = 1074816, a7 = 14566176,
ag = 189616896, a9 = 2486277504, a9 = 34031238912, a1; = 495590003424,
a1z = 7660358317440, it suffices to show that a, > 0, for every n > 13. We prove
moreover that

6n—13)13""1> 12" 'h(n—1), n=>13.

This follows immediately from the inequalities

1B\ ' n o onm-1)
— >—>—
12 5 6n-13
because the first inequality can be easily proved by induction, with respect ton > 13,

using
13n n+1 n—12

125 5 60
and for the second inequality, we have
n nn-1) nm-—y)

- — = > 0.
5 6n-—13 5(6n—13)

>0,

O
Theorem 2. Let the function g:(0,00) — R be given by the equality
1 1
=Inl" 1)—Inv2m — -1 — .
gx)=Inl"(x+1)—Inv27 (x+2) nx+x T

Then g is completely monotonic.

Proof. We have

€)=Y ()45 —lnxt -
2x

2t )’

and . . :
Vi /
2x x 6 (x 112)

Now, using (2.1) and (2.2), we have
oo te_’x S 1 o0 [ele] 1
g" (x) =/ dt—/ —te_xtdt—/ e_x’dt—/ —t%e7Mdt,
o l—e™ o 2 0 T

o0 e—xt
¢o= [ Ernan

or
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where | |
_ _ 1 _
U(l‘):l—it(l—e t)—l-i—e t—Etze 12t(1_e f)_

Now, v > 0 on (0, 00), since straightforward computations lead us to the following

power series expansion:

o0
— dn .n
v() =Y. >0,
n=4
where the sequence (an),> 4 is defined in Lemma 1.

As a consequence, g” is completely monotonic. Furthermore, g’ is strictly in-
creasing because g” > 0. However, we have limy_, o g’ (x) = 0, so g’ (x) < 0 and,
consequently, g is strictly decreasing. Using the fact that limy_o g (x) = 0, we

deduce that g > 0. Finally, g is completely monotonic.

Corollary 2. The following assertions hold:
(1) Forall x > 1, we have

1 . 1 1 _, 1
V2ax*T2e ™ e ™4 T < [(x + 1) < v/ 2nx*¥ T 2e X T2x7T1

where n = «/;276% = 1.004146965... is the best possible value.
(i1) For all x > 1, we have

1 1 1 1
Inx——-——> - v=yx)<nx———-——,

2 12(x+5) 2 12(x+5)
where v = % —y =0.0062097... is the best possible value.

Proof. (i) The function g is strictly decreasing, so for x > 1, we have
0= lim g(x) <g(x) =g(l).
X—>00

Asg(l) = % —In+/27 =0.0041384..., we get, by exponentiating
I'(x+1) 1 12

1< < AER

1 1 - /
4/27-[xx+§e_xe12x+l 2]'[

or
V2xX e X T <I'x+1)< n«/2nxx+%e_xe 2T ,
where 7 = ﬁe% = 1.004146965 ... is the best possible.
(ii) The function g’ is strictly increasing, so for x > 1, we have
(1) =g (x)< lim ¢'(x)=0.
X—>00

As g'(1) = —y + 323 = —0.0062097..., we get
1

O
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where v = % —y = 0.0062097... is the best possible. U
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1. INTRODUCTION

As usual, let C[0,00) denote the space of all continuous functions on [0, 00). The
classical Szdsz—Mirakjan—Kantorovich (SMK) operators [4] are given by the relation

(nx)*

K,(f:x):=ne ™ dt, 1.1
Fiimne™ 38 [ o i

where [, ; = [%, k:l] and f belongs to an appropriate subspace of C[0,00) for

which the above series is convergent. Among of these subspaces, we can take the
space Cg|0, 00) of all bounded and continuous functions on [0, 00), or, the weighted
space Cy,[0,4-00), y > 0, defined by the equality

Cy[0,4+00) := {f € C[0,400) : | f(t)| < M(1+1)” for some M > O}.

Assume now that (u,) is a sequence of functions on [0, c0) such that, for a fixed
a=>0,

0<uu(x)<x foreveryx €[a,0c0)andn € N. (1.2)

Then, we consider the following modification of SMK operators:

Ln(f;x):= Zpk,n(x)/l f@)dt, neN, x€la,o0), (1.3)

k=0

(© 2010 Miskolc University Press
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where

(o) (10 ()
k! ’

Throughout the paper we use the following test functions

Dkn(X) :=ne k € Ng := NU{0}. (1.4)

ei(y) =y, i=012734,

and the moment function
Ux(¥)=y—

So, using the fundamental properties of the classical SMK operators, one can get the
following lemmas.

Lemma 1. For the operators Ly, we have
(1) Ln(eo:x) =1,
(ii) Ln(e1:x) = un(x) + 5,

(iii) Ln(ez:x) = u2(x) + 22 4 L

gun(x)+7un(x)+

2n2

(iv) Ly(e3;x) =us(x)+

4n3

2
(V) Li(easx) = ud(x) + 22l | 1960 | oun@) | 1
Lemma 2. For the operators Ly, we have
(i) La(Yxix) = un(x) =X + 5,
(i) Ln(¥2:%) = (up(x) —x)? 4 2ad=x | L
(i) Ln(93:%) = (tn (x) = x)? o A0 4 Bf)2 4 o,

2n2

2
(i) La(Ydix) = (un(x) —x)* 4 28220=0 0, 0))

15u2 (x)—14xu, (x)+2x2 | 6 —x3
+ 7 (x) = n(x) + un(;s‘) X +5nL4

Then, we see from Lemma 1 that, with some suitable choices of u;, our operators
L, may preserve the linear functions or the test function e;. For example, taking a =
%, if we choose u,(x) = x — 5. for x € [ oo) and n € N, then the corresponding
operators L, preserve the hnear functions, i.e., they preserve the test functions eg
and e; (see [8]). In this case, we know from [&] that the operators L, have a better
error estimation than the classical SMK operators on [ ) Also, takinga = 3 and

V3n2x2+2-4/3 1
Up(x) = 7 for x € %,oo andn € N,
n
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we see that the corresponding operators L, preserve the test functions eg and e;.
Finally, for a = 0 and
—14+V4n2x2 + 1
Up(x) := , x>0andn € N,
2n
the corresponding operators L; becomes the Kantorovich variant of the modified
Szasz—Mirakjan operators (see [0, 1 1]).

The first study regarding the preservation of eg and e, for the linear positive oper-
ators in order to get better error estimation, was first presented by King. In [9], King
introduced a modification of the classical Bernstein polynomials and had a better er-
ror estimation than the classical ones on the interval [O, %] Later, similar problems
were accomplished for Szdsz—Mirakjan operators [0], Szdsz—Mirakjan—Beta operat-
ors [ 7], Meyer—Konig and Zeller operators [ | 1], Bernstein—Chlodovsky operators [1],
q-Bernstein operators [ 10], Baskakov operators and Stancu operators [12], and some
other kinds of summation-type positive linear operators [2].

However, in the present paper, for a general sequence (u,) satisfying (1.2), we
study the local approximation behavior of the operators L, defined by (1.3) and (1.4).
First of all, we get the following Korovkin-type approximation theorem for these
operators.

Theorem 1. Let (u,) be a sequence of functions on [0,00) satisfying (1.2) for
afixeda > 0. If
lim u,(x) =x (1.5)
n—-oo
uniformly with respect to x € [a,b] with b > a, then, for all f € Cy[0,400) with
y > 2, we have

lim L,(f:x)= f(x)
n—o0
uniformly with respect to x € [a,b].

Proof. For a fixed b > 0, consider the lattice homomorphism Hj:C [0, +00) —
Cla,b] defined by Hp(f) := f|[a,p] for every f € C[0,+00). In this case, from
(1.5), we see that, foreachi =0,1,2,

Nim Hy (T (1)) = Hp(ei)

uniformly on [a, b]. Hence, using the universal Korovkin-type property with respect
to monotone operators (see Theorem 4.1.4(vi) of [3, p. 199]), we obtain that, for all
S €Cyl0,4+00),y =2,
lim L,(f;x)= f(x)
n—>0o0

uniformly with respect to x € [a, b]. O

Finally, using Proposition 4.2.5(2) of [3], we can state the following approximation
result in the space Lp:
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Corollary 1. Let 1 < p < oo. Then for all f € Ly, we have
lim L, (f;x) = f(x)
n—>oo
uniformly with respect to x € [a,00) with a > 0.

2. A VORONOVSKAYA-TYPE THEOREM

In order to get a Voronovskaya-type theorem for the operators L, given by (1.3)

and (1.4), we need the following lemma.

Lemma 3. Let (1) be a sequence of functions on [0, 00) satisfying (1.2) for a fixed

a>0.1If
lim /7 (x —uu(x)) =0
n—o0
uniformly with respect to x € [a,b], b > a, then we have
. 2 4.\ 1.2
Jim 77 L (Y x) = 3x
uniformly with respect to x € [a,b].
Proof. Let x € [a,b], b > a, be fixed. Then, by (1.2), since
0<x—up(x) < /n(x—uy(x)) foreveryne N,
it follows from (2.1) that
lim u,(x) =x
n—->oo
uniformly with respect to x € [a,b]. Also, since

() _ un(x)—x

0

X X
+—=<x—up(x)+—,
n n n n

we obtain from (2.1) that
. Up(x)
lim =
n—-oo n
uniformly with respect to x € [a, b]. Observe now that, by Lemma 2(iv),

n?Lo(Ydix) = {Vr(x —un(x))}*
+2{/n(x —1n ()} (d1un(x) —x)

0

1

6
+ {15uﬁ(x) —14xu,(x)+ 2x2} + ;Mn(x) — ;_C 4+ —.

5n2

2.1

(2.2)

2.3)

2.4)

Taking limit as n — oo in the both sides of the last equality and also using (2.1),

(2.3), (2.4), we immediately see that
lim n?L,(¥i:x) = 3x?
n—>oo
uniformly with respect to x € [a, b]. The proof is complete.

We now get the following result.
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Theorem 2. Let (1) be a sequence of functions on [0,00) satisfying (1.2) and
(2.1) for a fixed a > 0. Assume further that there exists a function & defined on [a, c0)
such that

Jim i (x —up(x)) = §(x) 2.5)

uniformly with respect to x € [a,b], b > a. Then, for every f € C,[0,4-00), y > 4,
such that f', " € Cy[0,400), we have

Jim i L(£i0) = £} = 55" @)+ (3 -6@) 0
uniformly with respect to x € [a,b].
Proof. Let f, f', f" € C,[0,+00) with y > 4. Define
FO)—f@)——x) " (x)-1—x)>f"(x)

¥(y,x)= )2 for y # x,
0 for y = x.

Then, it is clear that ¥ (x,x) = 0 and that the function ¥ (-, x) belongs to C) [0, +-00).
Hence, it follows from the Taylor theorem that

FO) = £ = e £+ 5 ¥20) 1) + 20 (0, )
Now, by Lemma 2(ii) and (iii), we get
M{Ln(f:2) = @)} = nf @)L (i) + 5 1" () L (Y :5)
+nLa (Y3 (1) (3, %); %),
which gives
L)~ 00} = 1706 om0+

L (G 6) ) + 2 () )

+nLy(YZ(0)¥(y.x):x).

If we apply the Cauchy—Schwarz inequality for the last term on the right-hand side
of (2.6), then we conclude that

1| Ly (V200 ¥ (3.x):x)| < (2L (W2 ()i0) " (La@2(y.x):0)) 2. 27)

Let n(y,x) :=¥2(y,x). In this case, observe that n(x,x) = 0and 5(-,x) € Cy[0,4+00).
Then it follows from Theorem 1 that

lim L, (lIIZ(y,x);x) = lim L,(n(y,x);x)=n(x,x)=0 (2.8)
n—>00 n—>o0

(2.6)

+
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uniformly with respect to x € [a,b], b > a. So, considering (2.5), (2.7) and (2.8), and
also using Lemma 3, we immediately see that

Jim n Ly (V2(0)¥(y.x):x) =0 (2.9)

uniformly with respect to x € [a,b]. Taking limit as n — oo in (2.6) and also using
(2.1), (2.3), (2.5), (2.9) we have

. 1 1
i 1L ()= £} = 55" @)+ (5 -6@) 0
n—00 2 2
uniformly with respect to x € [a, b]. The proof is complete. (]

We should note that one can find a sequence (u,) satisfying all assumptions (1.2),
(2.1) and (2.5) in Theorem 2. For example, if we take a = 0 and u, (x) = x, then our
operators in (1.3) turn out to be the classical SMK operators K defined by (1.1). In
this case, we have £(x) = 0. Hence, we obtain the following result.

Corollary 2. For the operators (1.1), if f € C,[0,4+00), y >4, suchthat f', f" €
Cy [0, 4+00), then we have
. . _ 1 " 1,
Jim n{Kn(f:0) = F()} = 53700 + 5 /()
uniformly with respect to x € [0,b], b > 0.
Now, if take @ = 0 and

1++/4n2x2 +1
2n ’
then our operators L, in (1.3) turn out to be

Up(x) = uLl](x) = — x €[0,00), n € N, (2.10)

0 (_ JAn2+2 k
L[l](f;x)::ne—(—l-l-«/W)/ZZ ( 1+ vdn=x +1) / f(t)dl
n 2k j
k=0 n.
2.1
In this case, observe that
0 ifx=0
. 1 ’
E(x):nll)rréon<x—u’[l](x)):§% 0,

So, the next result immediately follows from Theorem 2.

Corollary 3. For the operators (2.11), if f € C},[0,4+00), y > 4, suchthat f', f" €
Cy [0, 4+00), then we have

f0)/2  ifx=0,

nli)néon{L,[}](f;x)_f(x)} = {xf”(x)/2 if x > 0.
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Furthermore, if we choose a = % and

1 1
Up(x) = MLZ](X):X—E, x€|:§,oo),nel]\l,
then the operators in (1.3) reduce to the following operators (see [8]):
00 k
—2nx 2nx — 1)
LP(fix):=ne 2 (—/ 1)dt. 2.12
R WEEY) kgo v ), SO (2.12)

Then, we observe that

1
£(x) nhm n (x up(x) 5
Therefore, we get the next result at once.

Corollary 4 ([8]). For the operators (2.12), if f € Cy[0,+00), y > 4, such that
S, f" € Cy[0,+00), then we have

1
: 2l r. ) _ _ Vi
Jim n{Ly(f:x0) = f(0)} = X (x)
uniformly with respect to x € [1/2,b], b > 1/2.
1

Finally, taking a = 7 and
V3n%2x2+2—-4/3 1
(%) = ulP () = 2O ‘/_, xe |:—oo) neN,  (2.13)
n/3 V3

we get the following positive linear operators:

k

[3] V3—/3n2x242 X (V3”2x2+2—\/§)

L (f:x):=ne V3 Z e i
k=0 . n.k

f@)de. (2.14)

In this case, we find that
— T _ 3] _
£(x) —nli)ngon (x uj (x)) =1.
Then, for the corresponding operators, we have the following

Corollary 5. For the operators (2.14), if f € C,[0,4+00), y > 4, suchthat f', f" €
Cy [0, 4+00), then we have

Jim (L0 = F) = S0/ =5 /00

uniformly with respect to x € [L b], b >

1
75 N
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3. LOCAL APPROXIMATION RESULTS FOR THE OPERATORS L,

In order to study various local approximation properties of the operators L, we
mainly use the (usual) modulus of continuity, the second modulus of smoothness,
and Peetre’s K-functional.

By C2[0,00) we denote the space of all functions f € Cg[0,00) such that f/, /" €
Cp[0,00). Let || f || denote the usual supremum norm of a bounded function f". Then,
the classical Peetre’s K-functional and the second modulus of smoothness of a func-
tion f € Cpl0,00) are defined respectively by

K(f£8):= inf {lf—gl+3llg"ll}

g€Cp[0,00)

and

wy(f.6) = sup [ f(x+2h)=2f(x+h)+ f(x)],

0<h<§, x€[0,00)

where § > 0. Then, by Theorem 2.4 of [5, p. 177], there exists a constant C > 0 such
that

K(f.8) < Can(f,V/5). (3.1

Also, as usual, by w( f,8), § > 0, we denote the usual modulus of continuity of f.
Then, we first get the following local approximation result.

Theorem 3. Let (un) be a sequence of functions on [0,00) satisfying (1.2) for
a fixed a > 0. For any f € Cg[0,00) and for every x € [a,00), n € N, we have

Lo~ £ = Con (£B) 0 (1,

for some constant C > 0, where

un(x)—x—k%‘)

§n(x) 1= (un(x)—x)z—i-m—l-?m%. (3.2)
Proof. Define an operator £2, : Cg[0,00) — Cg0,00) by
2(f50) = La(f 0~ £ (sn () + 5 ) + £, )
So, by Lemma 2(ii), we gt
2 (i) = LaYi ¥) —un(¥) — 3 +x =0 G4

LetgeC ; [0, 00), the space of all functions having the second continuous derivative
on [0,00), and let x € [0,00). Then, it follows from the well-known Taylor formula
that

Yy
g(y)—gx) = wx(y)g/(X)Jr/ vi(y)g"(t)dt, y €[0,00).
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By (3.4), we get
|20 (g:x) —g(x)| = [2, (8(y) —g(x);x)|

y
@ ( / wt(y)g“mdt;x)

y
L, ( / wr(y)g”(t)dt;X)

un (¥)+ 5, 1
-/ v (un<x) T —) ¢"(t)dt
X 2n

Using (3.3) and Lemma 2(ii), we obtain that

B w2+ vz (e + )

2
2uy (x)—x 1
n + 3n2)

|20 (g;x) —g(x)] <

//”

_lls
2

1\2
+ (un(x)—x—kﬁ) ,

% ((un(x>—x)2+

which implies that
|20 (g:%) =g (X)| = [1g"[18n (x). (3.5
where 6, (x) is given by (3.2). Then, for any f € Cg[0, 00), it follows from (3.5) that

[Ln(fix)— fO)] <12 (f —g:x) = (f —8)(X)]
1
+|~Qn(g;X)—g(X)|+‘f(un(X)+ﬂ)—f(X)

<201/ —gll+8: ()8 I+ ‘f (1004 55 ) = f )

<2{1f —gll+8 0l I} + ‘f (a1 5, ) = 0

Hence, by (3.1), we deduce that

[Ln(f:x) = fO = 2{1f =gl +8u () 8" I} + o (ﬁ

u,(x)—x#—%‘)

< 2K (£80()) + 0 (ﬁ

un(x)—x+%‘)

<Cw; (f, \/8n(x)) +a)(f, u,,(x)—x—i—%D

which completes the proof. O
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Using Theorem 3, one can get the following special cases.

Corollary 6. For the classical SMK operators (1.1), we have, for any x >0, n € N
and f € Cg[0,00),

|Kn(f:x) = f(x)] = Cawr (f, ;—C+3’11—2)+w(f%)

Corollary 7. For the operators (2.11), we have, for any f € Cg[0,00), x > 0 and
nehN,

LLI](f;X)—f(X)‘ <Cw» (f, ,8,[,1]()6) ) +w(f, \/4n2x2+1—2nx) ’

2n

where
_ [A72x2
51:11]()() - 2x2_ L + (1 2nx) 4dn4x + 1 ‘
6n2 2n2
Corollary 8. For the operators (2.12), we have, for any f € Cg[0,00), x > % and
n €N,

LR 50= f00] = Con (£ ).

where s
512 (x) 1= = — .
)= T
Corollary 9. For the operators (2.14) we have, for any f € Cg[0,00), x > %
andn € N,
L0 £ = Con (£of o)
vol s 23/33/3n2x2 +2—6(nx +1)+3
ol f. )
6n
where

X (3 233222 1 2)
8,[13] (x) :=2x2+ 3 .
n

4. ESTIMATES FOR LIPSCHITZ-TYPE FUNCTIONS

In this section, for a fixed a > 0, we consider the following Lipschitz-type space

Lipl, () == | / € Cal0.00): | f(0) — £ ()] < M=

(t+x)r/2°
where M is any positive constant and 0 <r < 1.
In order to give an estimation in approximating the functions in Lipj, (r) we need
the next lemma.

X,t € (a,oo)} ,
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Lemmad. Let (1) be a sequence of functions on [0, 00) satisfying (1.2) for a fixed
a > 0. For every x > a and n € N, we have
+1

ankm/ " = xldt <

5,1()6)’ (4.1)
n

where py i (x) and 8, (x) are given by (1.4) and (3.2), respectively.

Proof. Applying the Cauchy—Schwarz inequality to the series in the left hand side
of (4.1), we get

k+1 2
anm)/ e—xldr = ank(x)(/ |r—x|dr)

If we again apply the Cauchy—Schwarz inequality to the integral in the right-hand
side of the last inequality and also use Lemma 2(ii), then we see that

1/2

k+1

[o'e) k+1 1 00
kzpn,km/k 0 —xldr < —H{an,k(x)[k
=0 n k=0 n

1/2
O—XVd%

f Lo (V3:x)
Sn(x)

n
whence the result follows. O

Now we are in position to give our result.

Theorem 4. Let (u,) be a sequence of functions on [0,00) satisfying (1.2) for
a fixed a > 0. Then, for any [ € Lipy,(r), r € (0,1], and for every n € N and
x € (a,00), we have

Mé?
|Ln(f§x)_f(x)|fﬁ, 4.2)

where 8, (x) is given by (3.2).

Proof. We first assume that r = 1. So, let f € Lipy,(1) and x € (a,00). Then, we
get
k+1

La(f10) = fO1 = 3 pui®) / " lf - f)lde
k=0 n

X,

_Mi nk()[ el
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Since

L_ < L we may write that

Vitx = V%

k+1

M E n
La(f12) — F(0)] < ﬁ;)pn,k(x)/ﬁ 0 —x]dr.

Now, by Lemma 4, we conclude that

Sn (X)
1Ln(f1%) = f(O) = My — (4.3)
which gives the desired result for r = 1. Assume now that r € (0,1). Then, taking
p= ; and g = r, for any f e Lip},(r), if we apply the Holder inequality two
times, then we obtain that
k+l
|Ln(f1x) = f(X)] < an k(x)f |f ()= f (o) de

k=0

k41

ipn,k(x) (f '

A

1/r
If(t)—f(X)ldl)

{Zl’nk(x)/ PG f(X)Il/’dt} :

Using the definition of the space Lipy, () and also considering Lemma 4, we get

|Ln(fix)— f(x)] = {an K (x )/ |t

r

M 0 k+1 r
Em{ZPn,k(x)ﬁ |t—x|dt}
e k=0 n
My (x)

— plortr/2xr/2°

Thus, the proof is complete. O

Finally, it should be noted that our Theorem 4 includes many special cases as in
the previous sections. However, we omit the details.
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