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L. JÁ N O S SY
1 9 1 2 -1 9 7 8

O n th e  2nd  o f M arch, 1978, a p ro m in e n t personality  o f  H u n g a rian  
physics, P rofessor L a j o s  J á n o s s y ,  w hose n am e a n d  w ork are k n o w n  th e  w orld 
o ver, passed  aw ay  a t  age 66. H is d e a th  is a g re a t loss to  b o th  H u n g a ria n  an d  
in te rn a tio n a l sc ien tific  life, for h e  w as an  o u ts ta n d in g  p h y sic is t an d  also a 
keen -sig h ted  c ritic  o f  physical science.

T he p resen t a u th o r , who h a s  been  a frien d  a n d  fellow -w orker o f  P rofessor 
J Á N O S S Y  fo r m ore th a n  a q u a r te r  o f  a c en tu ry , m ay  p e r h a p s  ta k e  th e  lib e rty  
o f  recalling  a co n v ersa tio n  o f long  ago, still a live  in his m em o ry . W hen in  
th e  sum m er o f  1950 Professor J á n o s s y  re tu rn e d  from  D ublin  to  B u d ap est
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fo r  good, we d iscussed  if it  w as w o rth  rep ro d u c in g  m easu rem en ts w hich  h ad  
a lre a d y  been c a rr ie d  ou t by  o th e rs . I t  was th e n  t h a t  I learned  fro m  h im  th a t  
i f  a rep ro d u c tio n  w as cleverly p erfo rm ed  i t  w as n o t  a sim ple im ita tio n  b u t 
p o ssib ly  a sou rce  o f  some im p o r ta n t  new  re v e la tio n . The co rrec tn ess  o f th is  
s ta te m e n t w as la te r  often ex p erien ced  in  m y  o w n  in v es tig a tio n s . W e, who 
w a n te d  to  do so m eth in g  ab so lu te ly  new  a t  t h a t  tim e , found o u t la te r  th a t  
th e  w ay  to  som e new  results led  fro m  p a s t experience  and th a t  th e  d ifficu lty  
la y  in  th e  choice o f  th e  p roper w ay .

W e w ere o f te n  surprised  a t  th e  u n u su a l tu r n s  o f his q u estio n s. I t  was 
p a r tic u la r ly  fa sc in a tin g  to  w a tc h  how  th eo rem s th o u g h t to  be tr iv ia l  could 
b e  ingeniously  th o u g h t  over anew  a n d  critica lly  rev ised . I  was deep ly  im pressed  
b y  all our d iscussions since —  m a in ly  because o f  h is critical p e rsp ic a c ity  — 
th e  reasoning n e v e r  rem ained w ith in  th e  scope o f  co n v en tiona l co n cep ts .

The ea rlie s t papers by  P ro fesso r J á n o s s y  w ere  w ritten  in  1934 rep o rtin g  
o n  his w ork in  th e  L ab o ra to ry  o f  W e r n e r  K o l h ö r s t e r  in  P o tsd a m . In  his 
p a p e r  on th e  in v a r ia n ts  of c o u n te r  tu b e s  i t  is sh o w n  th a t  th e  in te n s itie s  o f 
cosm ic ra d ia tio n  m easured  in  th e  v e r tic a l an d  h o riz o n ta l positions o f  th e  tubes 
a re  ob ta in ed  as a lin ea r co m bina tion  o f  four q u a n tit ie s  un iquely  c h a ra c te ris tic  
o f  th e  rad ia tio n . I n  an o th e r p a p e r  th e  an g u la r d is tr ib u tio n  of cosm ic ra d ia tio n  
o n  sea level is d e te rm in ed . T he re su lts  pub lished  in  1936 in  th e  th e s is  for his 
d o c to ra te  are  th e  basic  concepts o f  a new  th e o ry  o f  coun te r tu b e s  an d  o f 
co incidence. A f te r  som e fu r th e r  re p o rts  w ritte n  a t  th e  Berlin  L a b o ra to ry  of 
Cosm ic R a d ia tio n  R esearch  from  1938 onw ard  he co n tin u ed  his h ig h ly  success­
fu l w ork  a t th e  M anchester L a b o ra to ry  o f P .M .S. B l a c k e t t . A t th is  tim e  his 
a t te n tio n  was focussed  on th e  law s govern ing  cosm ic show ers. T he frequencies 
o f  th e se  show ers w ere  m easured on  sea level a n d  also  u n d erg ro u n d  a t  a d ep th  
e q u iv a le n t to  60 m  o f w ater. H e recognized th e  im p o rtan ce  o f p e n e tra tin g  
show ers and fo r sev e ra l years he c a rr ie d  o u t th o ro u g h  m easu rem en ts to  iden­
t i f y  th e  p e n e tra tin g  com ponent. I n  th e  m ean tim e , to g e th e r w ith  B . R o ss i, 
h e  s ta r te d  in v es tig a tio n s  on th e  p h o to n  co m p o n en t o f  cosmic ra d ia tio n , w hich 
m a d e  him  in te re s te d  in  th e  th e o ry  o f  cascades. In  1941 he d isp roved  th e  ex is t­
en ce  of an  a p p a re n t  second m a x im u m  in  R o ss i’s cu rv e  b y  show ing  th a t  th is  
fa lse  second m a x im u m  is due to  S c h m e i s e r  an d  B o t h e ’s  m easu ring  a rran g e ­
m e n t. The h igh  en e rg y  particles o f  cosm ic ra d ia tio n  passing  th ro u g h  a n  ab so rb ­
e r  (e.g. lead) p ro d u c e  secondary  p a rtic le s  in  a cascad e  process. T his m akes th e  
t ra n s m itte d  ra d ia t io n  in ten s ity  in crease  w ith  in c rea s in g  abso rber th ick n ess  
u p  to  a given v a lu e  p a s t which th e  in te n s i ty  g ra d u a lly  decreases. T h e  depend­
ence  o f th e  tr a n s m it te d  in ten s ity  o n  ab so rb er th ic k n e ss  was th o u g h t b y  some 
in v es tig a to rs  to  show  a second m ax im u m  for th e  ex p lan a tio n  o f  w h ich  fa r­
fe tc h e d  h y p o th eses  were p roposed . L a te r , in  1956, J Á N O S S Y  re in v e s tig a te d  
th e  problem  o f th e  second m ax im u m  in  R o ss i’s c u rv e  and  show ed a g a in  th a t  
its  existence sh o u ld  be u n q u es tio n ab ly  excluded.
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One o f his re m ark ab le  papers on th e  p ro d u c tio n  o f m esons was p u b lish ed  
in  The P h y sica l R eview  in  1943. I t  is sh o w n  in  th is  p a p e r by  m eans o f  cloud 
cham ber p h o to g rap h s  t h a t  several m esons are  p ro d u ced  a t  th e  sam e p o in t 
and  th a t  th is  can  on ly  be  understood  o n  assum ing  th a t  h igh energy p a rtic le s  
undergo  sev era l collisions w ith in  an  a to m ic  nucleus. In v es tig a tio n s  in to  th e  
p roperties o f  p e n e tra tin g  showers re su lte d  in  his d e te rm in a tio n  of th e  t r a n s i­
tio n  an d  o f th e  b a ro m e tric  effects. T h e  s tu d y  o f th e  p ro d u c tio n  o f  m esons 
led h im  to  th e  fo rm u la tio n  o f the  “ d iffu sio n  eq u a tio n s“  describ ing th e  energy  
losses of h ig h  energy  pa rtic le s . This w o rk  w as follow ed b y  th e  d ev e lo p m en t of 
th e  cascade th e o ry  o f cosm ic show ers a n d , in  1952, a lread y  in  B u d a p e s t he 
pub lished  th e  general th e o ry  of cascades re fe rred  to  since th e n  in  a la rge  n u m b e r 
o f m onographs and  p ap ers . In  th is  th e o ry  he  u tilizes th e  so-called f irs t  collision 
m ethod  w h ich  is o f g re a t im p o rtan ce  also  in  th e  genera l th eo ry  o f b ra n c h in g  
stoch astic  processes.

H is in ten s iv e  engagem en t in  p ro b lem s o f b o th  m a th em a tica l s ta tis tic s  
and  p ro b a b ility  calcu lus was p ro m p te d  p a r t ly  by  th e  ev a lu a tio n  o f  cosm ic 
rad ia tio n  d a ta ,  p a r t ly  b y  th e  ac tu a l d esc rip tio n  o f  th e  processes o f  cosm ic 
rad ia tio n . I n  a co m p le te ly  original w a y  he  re in v es tig a ted  th e  fu n d a m e n ta ls  
o f p ro b a b ility  th e o ry  b y  a th o ro u g h  an a ly s is  o f re a li ty  an d  e lab o ra ted  h igh ly  
useful p ra c tic a l p ro ced u res  for d ea ling  w ith  problem s o f d a ta  e v a lu a tio n  in  
a g rea t v a r ie ty  o f m easu rem en ts. The m a jo r i ty  o f  H u n g a ria n  physicists a d o p ted  
P rofessor J a n o s s y ’s  ex ac tin g  m ethods he alw ays app lied  in  connec tion  w ith  
conclusions to  be d raw n  from  e x p e rim e n ta l d a ta .

J Á N O S S Y  was m u ch  in trigued  b y  th e  tw o  grandiose theories o f th e  tw e n ­
t ie th  c e n tu ry : th e  th e o ry  o f  re la tiv ity  a n d  th e  q u a n tu m  th eo ry . This m an ife s ted  
itse lf  f i r s t  o f  all in  h is courageous a n d  ingenious a t te m p t  to  revise th eo rem s 
th o u g h t to  be  ir re fu ta b le . H e tra n s fo rm e d  th e  w hole reason ing  o f th e  th e o ry  
o f re la tiv ity  to  re c o n s tru c t i t  in  te rm s  o f  expressions closely re la te d  to  real 
physical processes an d  to  bring  i t  in  a g reem en t w ith  his concept o f r e la tiv ity  
w hich rem a in s , o f co u rse , in  h a rm o n y  w ith  th e  genera lly  accep ted  th e o ry  — 
bo th  fo rm a lly  an d  in  re sp ec t o f its  a c tu a l  re su lts .

U po n  th e  a d v e n t o f  th e  q u a n tu m  th e o ry , th e  co n tro v ersy  u n d e r  d eb a te  
was again  one o f tho se  problem s P ro fesso r J Á N O S S Y  th o u g h t w orth  re in v e s tig a t­
ing. A ssisted  b y  his fellow -w orkers, h e  ev en  decided to  c a rry  o u t th e  so-called 
“ G edanken“ -ex p erim en ts , freq u en tly  re fe rred  to  in  bygone days. T h e  p h o to n  
ex p erim en ts  —  coincidence and in te rfe re n ce  m easu rem en ts — did  n o t only  
serve th e  above o b jec tiv es , b u t also p ro v id ed  a sou n d  basis fo r ad v an ced  
optics (la se r physics) research  in th e  C en tra l R esearch  In s t i tu te  fo r P hysics. 
He developed  th e  th e o ry  o f the  f lu c tu a tio n  o f ligh t, w hich  explains th e  origin 
o f excess coincidences observed  in  e x p e rim e n ts  w ith  v e ry  sh o rt (10~7— 1CU8 sec) 
coincidence tim es. H is a im  was to  ch eck  th e  p o te n tia li ty  o f q u a n tu m  th e o ry  
w ith in  its  scope b y  ca lcu la tions po ssib ly  w ith o u t th e  use o f neg lections. T h a t
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is w hy he chose th e  h y d ro d y n am ica l form  o f  S c h r o e d i n g e r ’s  eq u a tio n  w ith  
a ll th e  m a th e m a tic a l in tricacies i t  p resen ts . T h e  possible consequences o f  th e  
th e o ry  are th o ro u g h ly  analysed  in  his p ap e rs , w hich in tro d u ce  a tru ly  new  
asp ec t in to  th e  considera tions o f  q u a n tu m  ph y sica l phenom ena.

P rofessor J Á N O S S Y  h ad  a lw ays show n g re a t in te re s t in  th e  ph ilosoph ical 
a sp ec t o f ph y sics  expound ing  in  m an y  a rtic le s  an d  lec tu res his s ta n d p o in t 
based  on deep M arx is t conv ic tion  to  c o n tra d ic t m etaphysica l view s. In  re c e n t 
tim es  he p a id  in c reased  a tte n tio n  to  prob lem s connected  w ith  th e  teach in g  of 
m a th em a tic s  a n d  physics in  seco n d ary  schools an d  he suggested  sev era l 
o rig inal in itia tiv e s .

The n am e  o f  Professor J Á N O S S Y  is closely linked  w ith  th e  e stab lish m en t 
o f  u p -to -d a te  p h y s ica l research  in  H u n g a ry , w ith  th e  fo u n d a tio n  o f th e  C en tra l 
R esearch  In s t i tu te  for Physics a n d  th a t  o f  th e  A tom ic P hysics D e p a rtm e n t 
o f  th e  E ö tvös L ó rá n d  U n iversity  in  B u d ap est.

H e is th e  a u th o r  of a n u m b e r o f im p o r ta n t  m onographs, th e  b est k n o w n  
o f  w hich are: C osm ic R ays, O xfo rd , C larendon P ress  1950; T h eo ry  an d  P ra c tic e  
o f  th e  E v a lu a tio n  o f M easurem ents, O xford , C larendon P ress, 1965; T h eo ry  
o f  R e la tiv ity  B ased  on Physical R ea lity , A k ad ém ia i K iadó, B u d ap est, 1971.

P rofessor J a n o s s y  p layed  a n  ac tive  p a r t  in  th e  E d ito ria l B oard  o f A c ta  
P h y sica  H u n g a rica  an d  g rea tly  c o n tr ib u te d  to  increasing  th e  sc ien tific  s ta n d ­
a rd  o f th e  p u b lica tio n s . His ow n rep o rts  co n sid e rab ly  p ro m o ted  th e  in te rn a t­
io n a l re p u ta tio n  o f  th e  jo u rn a l.

W e are  d eep ly  grieved b y  th e  d e a th  o f  P rofessor J Á N O S S Y ,  who will 
b e  rem em bered  b y  all of us fo r ev e r. H is sc ien tific  ach ievem ents will o u tliv e  
h im  an d  becom e sources of in sp ira tio n  for new  crea tive  ideas an d  deve lop ­
m e n t.

B u d ap est, 6 th  A p ril 1978.

L. PÁL

M em ber o f th e  H u n g a ria n  A cadem y o f Sciences



INELASTIC INTERACTIONS OF 69 GeV/с PROTONS 
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Tracks of 69.0 GeV/с protons are followed in nuclear emulsion. In  768 m of proton tracks, 
1887 inelastic stars are found, yielding a mean free p a th  of proton inelastic interactions w ith 
emulsion nucleons and nuclei of 38.74 ±  1.01 cm. The average charged m ultiplicities <Ach) 
of p-p and p-n in teractions are found to  be 6.93 ±  0.26 and 5.62 ±  0.20, respectively. The 
m ultiplicity d is tribu tion  of the em itted  charged secondaries for p-nucleon interactions prefers 
th e  W a n g  first model, reflecting the  cell structure of the nucleon. KNO scaling of partia l 
cross-section is found to  be obeyed in  case of p-p interactions m ore th an  in the o ther in ter­
actions between o ther hadrons.

The pseudorapidity  d istribution  of the em itted  charged secondaries is found to  confirm  
th e  limiting fragm entation  hypothesis.

A tes t of a composite p roton model through th e  p-p m ultip licity  distribution and its 
mom ents prefers th e  construction of a proton out of three quarks.

Acta Physica Academiae Scientiarum Hungaricae, Tomus 43 (1),  pp. 3 — 16 (1977)

1. In troduc tion

In  th is  w ork  th e  re su lts  o f th e  s tu d y  o f th e  in e lastic  p ro ton -nucleon  
sc a tte rin g  in  n u c lea r em ulsion  a t  69 GeV/с are  p re sen ted . The m u ltip lic ity  
d is tr ib u tio n  o f  th e  e m itte d  charged  secondaries are  co m p ared  w ith  th e  vario u s 
th eo re tica l a n d  em pirical p red ic tions. T he te n d e n c y  o f  th e  ra tio  <nch) /D , 
w here D is th e  d ispersion o f  th e  m u ltip lic ity  d is tr ib u tio n s , to  a p p ro ach  a 
c o n s tan t va lu e  a t  high energy  is discussed in  te rm s of a tw o  com ponen t m odel 
o f  h igh en erg y  in te rac tio n s.

The s tu d y  o f th e  d iffe ren t m om ents o f th e  m u ltip lic ity  d is tr ib u tio n  of 
p  — p in te ra c tio n  to  te s t  th e  K N O  scaling b e h a v io u r o f cross-section  is d iscussed. 
A com parison  o f  these  m o m en ts  w ith  th e  p red ic tio n s  o f a sem i-classical com po­
site  m odel fo r p — p collisions a t  h igh energies are  found  to  prefer the  c o n s tru c ­
tio n  of a p ro to n  o u t of th re e  quarks.

A s tu d y  o f  th e  ra p id ity  d is tr ib u tio n  of th e  e m itted  secondaries considered  
a ll to  be p ions in d ica tes  th e  coincidence o f th e  d is tr ib u tio n  o f th e  p a ra m e te r  
r) (where y] =  — (In ta n  0 /2 )  a t  th e  m o m en tu m  69 GeV/с  w ith  th a t  a t 200 and  
3000 GeV/с, in  th e  region o f  ta rg e t  frag m en ta tio n .

1* Acta P h ysica  A cadem iae Sc ien tia ru m  Hungaricae 43 , 1977



4 О. Е. BADAWY et al.

2 . E x p e r i m e n t a l  p r o c e d u r e s

T he exposu re  of an  em ulsion  s tack  ty p e , B r-2 , o f 20 cm X 10 cm X 0.065 cm 
size to  th e  69 GeV/c p ro to n s w as ta n g e n tia lly  perfo rm ed  a t  th e  S erp u k h o v  
acce le ra to r  (U SSR ). The a d m ix tu re  o f p ions an d  kaons in  th e  beam  w as less 
th a n  1% . T his b eam  w as e x tra c te d  b y  d iffrac tio n  sc a tte r in g  an d  w as h ig h ly  
co llim a ted  in  a co n cen tra ted  s tr ip  a t  th e  cen tre  of th e  s ta c k . The p ro jec ted  
a n g u la r  d is tr ib u tio n  of th e  b eam  tra c k s  a f te r  a b o u t 1.5 cm  from  th e  e n tra n c e  
is  show n in  F ig . 1. The an g u la r sp read  is show n to  he 10“ 3 ra d .

Fig. 1. D istribution of projected angles of particles from  the beam irrad ia ting  the emulsion 
stack . The m easurem ents were m ade a few centim eters (~ 1 .5  cm) after th e  entrance of th e

particles in the stack

S ta rtin g  0.5 cm  from  th e  beam  en tra n c e , an d  along th e  tra c k , scan n in g  
w as perform ed.

T he space angles a t  w hich  th e  e m itte d  secondaries are  e m itte d  re la tiv e  
to  th e  p rim ary  beam  d irection  a re  d e te rm in ed  th ro u g h  a c cu ra te  m easu rem en ts  
o f  b o th  th e  p ro jec ted  and  dip  ang les o f each secondary . T hen  using  th e  u su a l 
tr ig o n o m e tric  re la tio n s  b o th  th e  space an d  th e  az im u th a l angles of each  se­
c o n d a ry  can be ca lcu la ted .

A c ta  Physica  A cadem iae Scientiarum  H ungaricae 43, 1977



INELASTIC INTERACTIONS OF 69 GeV/с PROTONS 5

3 . R e s u l t s

3.1 Inelastic interactions o f protons with emulsion nucleons and nuclei

U sing the  p rev io u sly  m e n tio n e d  scann ing  p ro ced u re s , a to ta l  o f 768 
m ete rs  tra c k  leng th  w as follow ed. F o r th e  ca lcu la tion  o f  th e  in e lastic -in te r- 
ac tio n  len g th  “ Ailrt”  th e  follow ing ty p e s  o f even ts w ere excluded .

i) S ta rs  w ith  single re la tiv is tic  tra c k s  deflec ted  by  less th a n  7 m rad  (m ostly
due to  elastic  sca tte rin g );

ii) E lec tro n -p o sitro n  pairs on th e  b eam  tra c k ;
iii) K n o ck -o u t e lec trons.

A lto g e th er 1887 in e lastic  n u c le a r  in te rac tio n s  w ere fo u n d , w hich  corres­
ponds to  an  in te ra c tio n  m ean  free p a th  2int =  3 8 .7 4 ^  1.01 cm  (a 5%  correc­
tio n  w as added  to  th e  to ta l  n u m b e r  of ev en ts  found  d u e  to  scann ing  losses. 
T he m issed  even ts are  m o stly  w ith  nh — 0 an d  ns <  4, w h ere  nh is th e  n u m b er 
o f h e a v y  ionizing tra c k s  an d  ns is th e  n u m b e r of p rongs d u e  to  re la tiv is tic  p a r­
tic les. )T h is  value of Aintis n o t ve ry  fa r  from  th a t  ca lcu la ted  fo r  o u r em ulsion com ­
p o sitio n  an d  assum ing  an  A 2!3 d ep en d en ce  o f cross-section  on  th e  a tom ic  w eight 
A  w hich  am ounts to  a value o f 35.9 cm .

3.2 Inelastic interactions o f protons with free and quasifree nucleons

In te ra c tio n s  w ith  free an d  qu asifree  nucleons w ere se lec ted  as th o se  w ith  
a t  m o st one grey tr a c k  (for p ro to n s  th is  corresponds to  k in e tic  energy  betw een 
25 MeV and  400 MeV), in  th e  fo rw a rd  hem isphere in  th e  la b o ra to ry  system , 
an d  w ith o u t a v isib le  reco il n u c leu s. I t  shou ld  be p o in te d  o u t th a t  th e  reso lu­
tio n  o f  o u r n uclear em ulsion  allow s th e  o b se rv a tio n  o f slow  recoils ( ~  0.2 MeV 
fo r a p ro to n  and  ~  1.0 MeV fo r a c a rb o n  nucleus [1]). F o r  even  p rong  n u m b er 
(p p) ev en ts  th ere  w as th e  a d d itio n a l c r ite rio n  of th e  ab sen ce  o f an  accom pany­
in g  e lec tron . This m a y  be due to  e x c ita tio n  o f  th e  ta rg e t  nuc leu s, i.e. such stars  
m a y  show  no ev idence o f  /З-decay  a t  th e  in te ra c tio n  p o in t  [2].

A lto g e th er 300 p ro to n  — n u c leo n  in te rac tio n s  w ere fo u n d  (173 ev en ts  w ith  
odd p ro n g  n u m b er i.e . th e  p n in te ra c tio n s  and  127 due  to  even p rong  n um ber
i.e . due to p  — p in te rac tio n s)  w h ich  re p re se n t ab o u t 16 %  o f all in e lastic  n uclear 
in te ra c tio n s  in  th e  em ulsion . T h is ra t io  becom es a b o u t 20 %  a fte r  app ly ing  
th e  5 %  correction  due  to  scan n in g  losses (considering  t h a t  all th e  5 %  losses 
a re  due  to  even ts w ith  N h =  0 a n d  ns 4) as m e n tio n e d  before.

A ll th e  odd p ro n g  n u m b e r (p — n) ev en ts  co rresp o n d  to  collisions w ith  
quasi-free  n eu tro n s o f  th e  em ulsion  n uc le i. As can be seen  in  Section  3.3 th ere  
is an  ad m ix tu re  o f co h eren t in te ra c tio n s  in  th e  o d d -p ro n g  n u m b e r ( p —n) 
ev en ts .

A cta  P hysica  Academ iae Sc ientiarum . H ungaricae 43 , 1977



6 О. Е. BADAWY et al.

3.3 Prong-number distribution o f  proton nucleon events

The prong  n u m b e r d is tr ib u tio n  of th e  p ro to n -n u c leo n  ev en ts  is show n 
in  F ig . 2.

An o v erab u n d an ce  of nch =  3 and  nch =  1 is due to  co h eren t in te ra c ­
tio n s . The n u m b e r o f  the  c o h e re n t th ree  p rong  ev en ts  p re se n t in  our sam ple 
w as  estim ated  to  be 25, [3], g iv in g  rise to  a p ro d u c tio n  cross-sec tion  of 6.5 m b  
o f  coheren t th re e  p rong  ev en ts  in  p-nucleus in te rac tio n s  a t  69 GeV/с. T he

P ig . 2. M ultiplicity distribution of proton-nucleon interactions by 69 GeV/с protons

a v e ra g e  charged m u ltip lic ities  fo r  p  — p and  p n  in te ra c tio n s  a re  6 .93^ 0.2, 
a n d  5.62 J ;0 .2, re sp ec tiv e ly . T he la t t e r  m u ltip lic ity  becom es 5 .1 3 ^ 0 .1 7  w ith ­
o u t  correction  fo r th e  coheren t ev en ts .

O ur value fo r  th e  average ch a rg ed  m u ltip lic ity  (n ch)  fo r p p in te rac tio n s  
is g re a te r  th a n  th e  value  o b ta in e d  in  a hydrogen  bubb le  c h a m b e r  (H .B .C h.) 
e x p e rim e n t a t th e  sam e energy a n d  which is equal to  5 .8 9 ^ 0 .0 7  [4]. T h is 
m a y  be due to  cascad in g  effects ta k in g  place in  em ulsion n uc le i.

3.4 M ultiplicity distribution and current models for pion production

The resem blance  of th e  m u ltip lic ity  d is tr ib u tio n  o f c h a rg ed  secondaries 
to  a  Poisson d is tr ib u tio n  has been  o bserved  a t  low energies, [5], a n d  some th e o ­
re t ic a l  models h a v e  p red ic ted  th e  Poisson  d is trib u tio n .

A c ta  Physica Academ iae Sc ien tia ru m  H u ngaricae  4 3 , 1977



INELASTIC INTERACTIONS OF 69 GeV/с PROTONS 7

W a n g  [ 6 ]  h a s  p r o p o s e d  t w o  m o d e l s  w h i c h  g i v e  p r e d i c t i o n s  o f  m u l t i p l i ­

c i t y  d i s t r i b u t i o n s .

Fig. 3 an d  F ig  4 com pare  these  tw o m odels w ith  th e  m u ltip lic ity  d is tr ib u ­
tio n  o f charged  secondaries p ro d u ced  in p —p a n d p  n in te ra c tio n s , respective ly . 
T ab le  I  gives th e  resu lts  o f th e  ^2-te s t fo r our exp erim en ta l d a ta  to  th e  d iffe ren t

Table I

jf2-values com paring th e  experim ental m ultiplicity  d istribution of p —p and p - n inelastic 
in teractions w ith th e  predictions of th e  different models (th is experim ent)

Model
R v a lu e

P-P
(8 points)

^ 2-value
p-n

(7 points)

Poisson 0.621 0.631
W | 0.135 0.116
w „ 2.677 1.463

p red ic tio n s for 8 p o in ts  in c a se  o fp  — p a n d  7 p o in ts  in  case o f  p —n. O ur re su lts  
are show n to  be in co n sis ten t w ith  a P oisson  d is tr ib u tio n . T he W a n g  second 
m odel W n  p red ic tio n s are in co n sis ten t w ith  th e  d a ta , w hile W a n g  f i r s t  m odel 
(W i) gives a b e t te r  overall f i t .

The W[ m odel was also fo u n d  to  give a b e tte r  f i t  fo r th e  d a ta  of t h e k -  — p 
[4] a t  m o m en tu m  33.8 GeV/с , л~  — p [4], a t  50 GeV/с , a n d  —p, n~  -  n  a t
40 GeV/c [7].

Table II

^ -values obtained from  fitting  th e  experim ental points of the m ultip lic ity  d is tribu tion  of 
p —p inelastic in teractions to  different distributions (7 points in  each case)

p GeV/c

Model

25
Em ul­

sion

67
Em ul­

sion

69
Em ul­
sion

19
H.B.Ch.

50
H.B.Ch.

69
H.B.Ch.

102
H.B.Ch.

205
H.B.Ch.

303
H.B.Ch.

P o i s s o n 11.82 24.90 31.54 1.09 6.50 10.25 16.08 32.75 35.25
W a n g  I 5.11 6.36 8.60 3.70 0.59 0.67 2.23 5.41 3.80
W a n g  II 62.77 119.01 150.05 7.50 56.27 66.35 89.30 168.80 171.65
Inverse square

fall-off 163.28 179.00 179.50 93.27 129.20 149.74 167.10 218.86 266.30

T able I I  p re sen ts  th e  re su lts  o f th e  %2-f it o f th e  ex p e rim en ta l d a ta  o f th e  
m u ltip lic ity  d is tr ib u tio n  o f p p ine lastic  in te ra c tio n s  in  th e  p ro to n  energy  
range from  19 u p  to  303 GeV [4, 8, 9], to  th e  p red ic tions o f  th e  inverse square  
fall off, th e  P oisson  an d  th e  W a n g  f irs t  an d  second m odels ( W ,  & W u ) .  

T he ex p e rim en ta l d a ta  are  com piled  from  b o th  H .B .C h. a n d  em ulsion experi-

A cta  P hysica  A cadem iae S c ie n tia m m  H ungaricae 4 3 , 1977



8 О. Е. BADAWY et al.

F ig. 3. Comparison o f charged particle m ultiplicities in p-p reactions a t 69 GeV/с w ith a Poisson 
d is tribu tion  and w ith  th e  W a n g  I  and W a n g  I I  models

F ig. 4. Comparison of charged partic le  m ultiplicities in  p-n reactions a t  69 GeV/с w ith  a 
Poisson distribution and  w ith the W a n g  I  and W a n g  I I  models

A cta  Physica A ca d em ia e  S c ien tiarum  H ungaricae 43 , 1977



INELASTIC INTERACTIONS OF 69 CeV/c PROTONS 9

m e n ts  beside ou r re su lts . The values o f th e  y2 are ca lcu la ted  fo r sev en  po in ts  
^six degrees of freedom ) in  each case.

T h e  e x p e rim e n ta l resu lts  fo r energ ies below  25 GeV are  f i t te d  b y  a Pois­
so n  d is tr ib u tio n  to  a b e t t e r  degree th a n  th e  f i t t in g  o b ta in ed  from  th e  W a n g ’s 
f i r s t  a n d  W a n g ’s second  m odels. As th e  in c id e n t en erg y  increases, th e  d ev ia tio n  
o f  th e  e x p e rim e n ta l po in ts  from  th e  P oisson d is tr ib u tio n  increases. T he y2- 
values show n in  T ab le  I I  in d ica te  t h a t  W a n g ’s f ir s t  m odel agrees w ith  th e  
e x p e rim e n ta l d a ta  a t  energies h ig h er th a n  o r eq u a l to  25 GeV.

Table III

/ 2-values com paring th e  (n c)l)  Pnch g raph  for different reactions w ith respect to
S la tte ry ’s fit

R e a c t io n
* !/ N  f o r ( n cb> P n 0b w i t h  
r e s p e c t  t o  t h e  S l a t t e r y ’s 

f i t
R e fe re n c e

32 GeV/с K + - P 18.5 21
32 GeV/с K - - P 2.3 21
32 GeV/с p - - 0 0.7 21
50 GeV/С +—p 10.0 21
50 GeV/с + - P 8.0 21
69 GeV/с p —p 0.05 Present work

R ela tiv e  to  th e  inverse sq u are  fa ll off p red ic tio n s , th e  ^ -v a lu e s  show  
t h a t  th e  e x p e rim en ta l resu lts  are in c o n s is te n t w ith  th is  p red ic tion  in  th e  whole 
en e rg y  range.

A ll th e  above re su lts  m ay  re fle c t th e  cell s tru c tu re  of th e  n u c leo n  in  th is  
en e rg y  ran g e  o f  in te ra c tio n s .

3.5 Scaling property o f  m ultiplicity distribution

A “ scaling”  b eh av io u r of m u ltip lic ity  d is tr ib u tio n s  was p re d ic te d  b y  
Z. K o b a , H . B. N i e l s o n  and  P. O l e s o n  (K N O ) [10, 11].

A  d e ta iled  com p ariso n  of p — p  em ulsion  d a ta  [9, 12, 13, 14], a t  m o m en ta  
from  19.8 up  to  o u r re su lts  a t  69 GeV/с w ith  th is  scaling  b eh av io u r is carried  
o u t here .

In  F ig . 5, th e  ex p erim en ta l p o in ts  of th e  m u ltip lic ity  d is tr ib u tio n  for 
th e  e m itte d  ch a rg ed  secondaries in  th is  m en tio n ed  ran g e  o f energy  are  p re sen ted  
on a

X h ) “^ 1- vs - y ~ -  gra ph .
°Тпе1 \ rec h /

I t  is clear t h a t  th e y  can indeed  lie on one cu rv e  as expected  b y  th e  K N O  
sca lin g  p red ic tio n s . T he em ulsion d a ta  fo r p ^ p  in te ra c tio n s  an a ly zed  here give

A c ta  P hysica  A cadem iae Sc ien tia ru m  H a ngaricae  43 , 1977



10 О. Е. BADAWY et al.

som e dev ia tion  fro m  th a t  u n iv e rsa l curve f i t t in g  th e  H .B .C h. d a ta  [15], 
w h ich  is d raw n as a con tinuous cu rv e  in  Fig. 5. T h is m ay  be due to  th e  h ig h er 
v a lu e s  of (n ch)  in  case of em ulsion  ex p erim en ts  as m en tioned  before.

I t  is in te re s tin g  to  com pare th e  degree o f consistency  betw een  th e  e x ­
p e rim e n ta l re su lts  fo r  d ifferent reac tio n s  and  th e  ca lcu la ted  curve  f i t t in g  th e  
p  p  d a ta  from  50 303 GeV/c, [15]. In  T able  I I I  th e  values o f %2 are  given fo r
th is  f i t .

Fig. 5. Variation of <(nch)  • onaJa-mti vs "ch /(nch)- The curve represents the results of th e
fit of [15]

Table IV

E xperim en tal values for th e  param eter Cq for the reaction pp ->• n charged particles a t incident 
momenta from  19.8 up to 69.0 GeV/с and for q runn ing  from 2 through 5

4  p la b  (GeV/c)
1 9 .8

C q  —  (  n cb  **) /( n ch) ** 

2 4  25 67 69

2 1.24±0.14 1.27±028. 1.25±0.12 1.25±0.07 1.29±0.11
3 1.83±0.27 1.88±0.59 1.82±0.23 1.83±0.14 2.02±0.23
4 3.13± 0.59 3.14±1.29 2.99±0.48 3.05±0.30 3.55±0.54
5 5.99± 1.39 5.75±2.94 5.36±1.08 5.64±1.02 7.04±1.30
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INELASTIC INTERACTIONS OF 69 GeV/с PROTONS I I

In  sp ite  of th e  accep tab le  ^ -v a lu e s  for p an d  p p d a ta , i t  is clear
th a t  th e  degree of consis ten cy  in  o u r case of p p a t  69 GeV/с is b e tte r . This 
m ay  be a t tr ib u te d  to  th e  f i t t in g  curve  being due to  p  p in te ra c tio n s , beside 
th e  low  energy  range  o f th e  d a ta  of th e  o th e r s ta te d  reac tio n s.

(n</hy
T ab le  IV  p re sen ts  th e  ex p erim en ta l values of th e  p a ra m e te r  Cq =  -

for q — 2, 3, 4, 5 (p red ic ted  to  be en erg y -in d ep en d en t), fo r each v a lu e  o f beam  
m o m en tu m . D espite  som e in d ica tio n  of a slow increase w ith  energy , the  
19.8 69 GeV/с ra tio s  are  co n sis ten t w ith  being c o n s ta n ts , co n seq u en tly  in
T ab le  V, we p resen t th e  w eigh ted  averages using  ju s t  th ese  used d a ta , an d , also

Table V

Average Cq =  <п?н)/<иси>? values for q running from 2 through 5. The ^ -v a lu es  compare 
these averages w ith the d a ta  of C„ shown in Table IV

9 C, X*

2 1.26 0.001
3 1.876 0.015
4 3.172 0.061
5 5.956 0.281

th e  ^ -v a lu e s  betw een  th e se  d a ta  an d  th e  ca lcu la ted  c o n s ta n ts . T he dev ia tion  
from  c o n s ta n t m ay  becom e h igher fo r h igher va lues o f q.

F ig . 6 shows th e  va lu e  of < X h >

D
as a fu nc tion  o f th e  in c id en t m om en tum

for th e  d a ta  of p p in te ra c tio n s . I t  is clear th a t  th e  ex p e rim en ta l va lues of th e

<Och>
D

•  P -P  НДС data 

» P -P  emulsion data

ï  ï

- f - è - * - — - — & -

Ю Ю0
Ptab(GeWc)

Fig. 6. <nc|,)/I) ra tio  as a function of the incident m om entum  in p-p reactions
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12 О. Е . BADAWY et al.

p a ra m e te r  ^ app roach  its  a sy m p to tic  v a lu e  ~ 2  as th e  m o m en tu m  in ­

creases. This a p p ro a c h  is from  above as p re d ic te d  b y  V a n  H o v e  [ 4 ,  1 6 ] ,  

u s in g  a tw o c o m p o n en t m odel. T h e  sam e b e h a v io u r  w as e stab lish ed  in  case 
o f  jr + — p and  К  + -  p in te rac tio n s  [ 4 ] .  These re su lts  shed  som e lig h t upon  th e  
f a c t  th a t  th e  g en e ra l tre n d  o f  th e  m e s o n —p ro to n  reac tio n s is s im ila r to  th a t  
o f  th e  p ro ton  — p ro to n  reac tio n s.

3 . 6  M ultiplicity distribution and C z y z e w s k i —R ybicki empirical relations

C z y z e w s k i  a n d  R y b i c k i  [17] have  p roposed  an  em p irica l f i t  to  m u l­
tip lic ity  d is tr ib u tio n s  w hich w o rk s well over th e  ran g e  from  4 . 0  to  6 0  GeV/c 
fo r  7 — p, from  4 . 0  to  1 8 . 0  GeV/с fo r n  + — p an d  from  4 . 0  to  2 8 . 5  GeV/с for 
p  — p  reactions.

( rech — { « e h ))T hey p ro p o sed  p lo ttin g  x  = --------- —--------- a g a in s t у  — D P n w here P n

is  th e  p ro b a b ility  o f  nch ch arg ed  p a rtic le s  b e ing  e m itte d  (an d  E  Pn =  1).
V. У .  A m m o s o w  e t a l  [ 4 ]  o b ta in e d  a good f i t  for th e  ex p erim en ta l d a ta  

o f  th e  m u ltip lic ity  d is tr ib u tio n  o f  K  ~ —p an d  n~  — p re a c tio n s  a t  3 3 . 8  GeV/c 
.and 5 0  GeV/c, re sp ec tiv e ly , to  th e  C z y z e w s k i  —  R y b i c k i  em pirica l f it.

F ig . 7. Comparison of p -p  data  (19.8 — 69.0 GeV/c) w ith C z y z e w s k i  and R y b i e c k i  form ula [17]
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INELASTIC INTERACTIONS OF 69 GeV/о PROTONS 13

The p re se n t em ulsion  d a ta  for p  p in te ra c tio n s  a t  19.8, 24, 67 an d  
69 GeV/с are  p lo tte d  in  F ig . 7, u sin g th e  p a ra m e te r  o f th e  x-y  curve o b ta in e d  b y  
C z y z e w s k i  a n d  R y b i c k i  from  f ittin g  th e  earlie r d a ta . I t  m a y  be seen  th a t  
a good ag reem en t is o b ta in ed .

3.7 Pseudorapidity and angular distribution o f the emitted charged secondaries 

Fig. 8 show s th e  d is tr ib u tio n  of th e  p a ra m e te r  rj w here

rj =  — In t a n  ( 0 L/2)

w ith  0 L =  th e  space ang le  w ith  w hich  th e  ch arg ed  secondaries a re  e m it­
te d  w ith  re sp e c t to  th e  d irec tion  of th e  in c id en t b eam  in  th e  la b o ra to ry

о 3000 GeV/с

Fig. 8. Pseudo-rapidity  r\(r) — — In tan  0 L/2) d istribution  of charged secondaries em itted  
in p-nucleon interactions a t 69.0, 200 and 3000 GeV/e

system , fo r p —N  collisions a t  69 GeV/c, 200 GeV/с a n d  a t  3000 GeV/с . This 
p a ra m e te r  rj is a p p ro x im a te ly  p ro p o rtio n a l to  th e  r a p id ity  value in  th e  la b o ra t­
o ry  system  considering  a ll th e  em itted  secondaries as p ions. F ro m  F ig . 8 i t  
is clear t h a t  a scaling  b e h a v io u r in  th e  r a p id i ty  d is tr ib u tio n  for th e  secondaries 
e m itte d  in  p  — N  collisions occurs, especially  fo r th e  slow  pions in  th e  ta rg e t  
fra g m e n ta tio n  region. T h is is in  accordance  w ith  th e  lim itin g  f ra g m e n ta tio n  
hypo th esis  [18].

2 A cta  P h ysica  A cadem iae S c ien tia ru m  Hungaricae 4 3 , 1977



14 О. Е . BADAWY e t al.

3.8 Moments o f  the multiplicity distribution in  a semiclassical composite mode 
for p —p  collisions at high energies

A ccord ing  to  G o v o bk o v  [19], th e  scaling  in  th e  b eh av io u r o f th e  m u lti­
p lic ity  m o m en ts  is accoun ted  fo r  b y  th e  V a n  H o v e  overlap  fu n c tio n  being  a 
G aussian  in  im p a c t  p a ra m e te r  w ith in  a sem iclassical com posite  m odel fo r p  — p  
collisions a t  h ig h  energies. W ith in  th e  fram ew o rk  of th is  m odel, th e  m u ltip li­
c i ty  d is tr ib u tio n  an d  its  d iffe ren t m om en ts o f th e  em itted  secondaries i n p —p 
collisions w ere ca lcu la ted  on th e  basis o f th e  follow ing suppo sitio n s:

(1) T h e  e a r ly  o n se t o f  th e  V a n  H o v e  r e g im e  o f  th e  o v e r la p  f u n c tio n ;
(2) The com posite  s tru c tu re  o f  p ro to n s a n d  th e  independence  o f q u a rk - 

p ro to n  collisions, and
(3) N arrow  single partic le  d is tr ib u tio n  fo r each  o f these  collisions co m p ared  

w ith  th e  overall m u ltip lic ity  d is tr ib u tio n .

Table VI

Calculated values Сш“ г' =  (JVm)/<JV)>m (N  =  num ber of q u a rk —proton collisions) for th e  
quark  num ber v =  2, 3, 4 and oo, and  experim ental values C“ p' =  /  ra“  ) /^ n ch)m (A  cannot

exceed a quark  num ber v)

m
£theor.

C'fP-
<nch> =  5.02—6.93

v = 2 v  =  3 v =  4 V =  oo

2 1.117 1.191 1.240 1.50 1.26
3 1.40 1.71 1.92 3.45 1.89
4 1.94 2.82 3.57 11.24 2.99
5 2.89 5.17 7.47 47.40 5.60
6 4.48 10.12 16.98 244.0 10.78

In  T ab le  V I, th e  th e o re tic a l va lu es  o f th e  d iffe ren t m o m en ts  o f th e  m u lt i­
p lic ity  d is tr ib u tio n , Cth“ r, a re  co m p ared  w ith  th e  ex p erim en ta l values Cê p', 
fo r  th e  d a ta  com piled  here from  25 up  to  69 GeV/с. I t  is c lear t h a t  th e  b e s t 
ag reem en t is o b serv ed  for th e  q u a rk  n u m b er “ i>”  equal to  th re e . In  th is  case 
single, doub le , a n d  trip le  q u a rk  — p ro to n  collisions can  occur, w ith  th e  p ro b a ­
b ilitie s  Pi =  0 .723, p 2 =  0.218 a n d  p s =  0 .059, re sp ec tiv e ly .

A dding  to  th e  above m e n tio n e d  h y p o th es is  th e  following tw o  assu m p tio n s, 
a b o u t th e  p a r tic le  p ro duc tion  in  each  q u a rk —p ro to n  collision.

1. The d is tr ib u tio n  of th e  secondaries p ro d u ced  in  th is  collision is supposed  
to  be in d e p e n d e n t o f th e  im p a c t p a ra m e te r.

2. T his d is tr ib u tio n  is a P o isson  ty p e  one w ith  th e  average p a rtic le  n u m b e r 
<(nch)  an d  m ak in g  use of th e  ch a rg e -in d ep en d en ce  hypo thesis  to  p erfo rm  th e
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INELASTIC IN TERA CTIO N S OF 69 GeV/c PROTONS 15

tra n s i t io n  from  th e  overall m u ltip lic ity  d is tr ib u tio n  to  th e  charged  m u ltip lic ity  
d is tr ib u tio n  b o th  th e  m u ltip lic ity  d is tr ib u tio n  a n d  its  m om en ts fo r th e  case 
o f  th e  qu ark  n u m b e r  v =  3 an d  in  b o th  cases o f  <nch> =  6.41 an d  9.05 w ere 
ca lcu la ted . The re su lts  are show n in  Fig. 9 , a n d  T able V II , respective ly . 
F ro m  T able V II , i t  is clear t h a t  th e  values o f  th e  re la tiv e  m om en ts for th e  
c h a rg ed  partic les m u ltip lic ity  d is tr ib u tio n  o b ta in e d  ex p erim en ta lly  a t  67 GeV/c 
a n d  a t  69 GeV/с (o u r w ork), are  ind eed  close to  th e  ca lcu la ted  va lues. H ow ever,

20

1.5

'S
ÇЧЭ

V

05

F ig . 9 . KNO-plot: <rach) a naJa mel. vs rach /\nch) for the p-p d ata . The continuous curves are cal­
cu lated  according to  th e  com posite proton model [19]. T he arrows on th e  г-ax is indicate the  
places where the m axim um  of individual distributions corresponding to a single, double, and  

trip le quark —proton collision w ould  be located.

p-p  at 69 GeV/с. <nct,>= 6.93± 0.26 
theoretical..<nch> =6.41

Q5 1.0 15 2.0 25 3.0
Geh ^<:nch>

Table VII

V alues o f C'b™r' =  <̂ nc“  ) / <\ nch)’m calculated for the com posite proton model w ith  three quarks. 
In  th e  la st column th e  C“ p‘ averaged over the results a t 67 GeV/с  and our results 69 GeV/c

is given.

m <"ch> =  6.41 <nch) =  8.05
<ПсЬ>= 6.78 

67 and 69 GeV/c

2 1.250 1.240 1.27
3 1.880 1.850 1.93
4 3.250 3.19 3.30
5 6.270 6.15 6.34
6 13.11 12.86 11.07

2 * Acta Physica Academiae Scientiarum Hungaricae 43, 1977



16 O. E . BADAW Y e t al.

th e  K N O -p lo t p re sen ted  in  F ig . 9 show s a d isag reem en t be tw een  th e  th eo re tica l 
a n d  ex p e rim en ta l va lu es  in  th e  ra n g e  o f th e  m ax im u m . T his m a y  be  due to  
th e  a ssu m p tio n  th a t  th e  seco n d ary  p a r tic le  d is tr ib u tio n  in  each q u a rk  p ro to n  
collision  is a P o isson  d is tr ib u tio n  as s ta te d  before. T h is could  be b ro k e n  down 
b y  th e  p ro d u c tio n  o f resonances o r c lu ste rs  [20].

A cknow ledgem ent

We wish to  express our deep th an k s  to  Professor M. E l - N a d i  who has m ade th is work 
possible by his own g reat efforts in establishing th e  experim ental high energy physics laboratory 
a t  Cairo U niversity. H is continued support, scientific discussions and encouragem ent are greatly 
appreciated.

Thanks are also due to  Professor K . D. T o l s t o v  of th e  Jo in t In s titu te  o f Nuclear 
R esearch in D ubna (USSR) for his cooperation in supplying us w ith nuclear em ulsion plates.

R E F E R E N C E S

1. K. D. T olstov  et al., Phys. L etters, 31В, 237, 1970.
2. T. F. H oang  et a l., Phys. R ev ., 107, 1968, 1957.
3. O. E. Badway et al., to be published in Nuclear Physics B.
4. France— Soviet U nion and C E R N — Soviet U nion Collaborations, Nucl. P h v s. B58, 77,

1974.
5. S. B r a n d t , P hys. Letters, 32B, 338, 1970.
6. С. P . W a n g , P hys. R ev ., 180, 1463, 1969.
7. A . Y . A bd u r a k h im o v  et al., D ubna preprint P ,-6491, 1972.
8. P . G. B iz z e t i et al., N uovo Cim ento, 27, 6, 1963.
9. K . D. T olstov  et al., Phys. L etters, 39B, 282, 1972.

10. Z. K o ba , Dubna preprint E2 N o. 6918, 1973.
11. Z. K oba , H. B. N ie l s o n  an d  P. Öl e s e n , N ucl P hys., B40, 317, 1973.
12. M. Meyer et al., N uovo Cimento, 28, 1399, 1963.
13. A. Ma rza ri-Ch ie s a  et al., N uovo C im ento, 27, 155, 1963.
14. E . G. B o ss  et a l., Soviet P hysics J .E .T .P ., 20, 1371, 1965.
15. P . S l a tt er y , P hys. R ev. D 7, 2073, 1973.
16. L. V an  Hove, C ER N  Preprint TH 1581, 1971.
17. O. Czy ze w sk i and K . R y b ic k i, N ucl. P h y s., B47, 633, 1972.
18. J . B e n e c h e  et al., Phys. R ev ., 188, 2159, 1969.
19. A. B. G ovorkov , Dubna preprint E2 — 7916, 1974.
20. D . H orn  and A. S. S ch w im m er , N ucl. P h ys., B52, 627, 1973.
21. France— Soviet U nion and C E R N — Soviet Union Collaborations, N ucl. P h y s., B75,

401, 1974.

Acta Physica Academiae Scientiarum Hungaricae 43, 1977



Acta Physica Academiae Scientiarum Hungaricae, Tom us 43 (1 ), p p . 17— 22 (1977)

MÖSSBAUER EFFECT STUDY OF CO-FERRITE
FORMATION

By

N a b i l  A . E i s s a ,*  A l a a  E l - D i n  A . B a h g a t  and  Sa l a h  H. S a l a h

MÖSSBAUER LABORATORY, FACULTY OF SCIENCE, AL-AZHAR UNIVERSITY, CAIRO, EGYPT 

(Received in revised form 21. IV. 1977)

The activation energy (Q) for th e  form ation of CoFe20 4 was calculated from  a series 
of Mössbauer effect spectra  m easured during the form ation process. This was calculated by 
applying the Jander’s reaction  kinetics equation to  determ ine th e  reaction ra te  constant, on 
applying th e  Arrhenius equation. The obtained value of Q was found to  be 56 К  • cal/mol.

Introduction

R ecen tly  E is s a  e t  al [1] s tu d ie d  th e  a p p lic a b ility  of M össbauer effect 
(M E) to  follow  th e  re a c tio n  k in e tics . I t  w as p ro v ed  t h a t  M E is a p ow erfu l tool 
in  th e  fie ld  o f solid s ta te  reac tio n  k in e tic s . C o-F errite  (C oFe20 4) h as  th e  inverse 
spinel s tru c tu re  [1], w here th e  te tr a h e d ra l  А -sites a re  occupied b y  F e 3+ ions 
on ly , a n d  th e  o c ta h e d ra l В -sites b y  F e 3+ and  Co2 + ions w ith  a d is tr ib u tio n  
ra tio  o f 1:1 [2]. In  th e  p re sen t w o rk  th e  sam e m e th o d  o f analysis  o f  E is s a  
e t  al [1] w as app lied  to  th e  C oF e20 4.

Experimental procedure

I ro n  oxide F e 20 3, h av in g  a p a rtic le  size o f  a b o u t 370 Á as m easu red  
from  th e  X -ra y  line b ro ad en in g , w as m ixed  w ith  CoO in  th e  sto ich io m etric  
ra tio  for th e  fo rm a tio n  o f  th e  C o-F errite . The m ix tu re  w as m illed a n d  m any  
pelle ts w ere pressed  a t  3 to n s/cm 2.

T hese pelle ts w ere th e n  in se r te d  in  a p re h e a te d  electric  fu rn a c e  a t  900 
up  to  1200 °C. T h ey  w ere th e n  h e a te d  fo r periods v a ry in g  from  1 m in u te  
up  to  120 m in u tes . T he sam ples w ere th e n  w ith d raw n  a n d  air-cooled to  room  
te m p e ra tu re . X -ra y  d iffrac tio n  m easu rem en ts  co n firm ed  th e  fo rm a tio n  o f th e  
fe rr ite  a f te r  60 m in u tes  a t  1200 °C.

Also, solid so lu tions h av in g  th e  com position  (b y  w eight)

( 1 — У) CoO +  (1 + y )  F e 20 3 -V ( l - у )  C oFe20 4 +  (2y)  F e20 3 

0 <  y  <  1.0

* Presen t address: Physics D epartm en t, F aculty  of E ducation , Doha, S ta te  of Q atar.
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w ere  p rep ared  b y  th e  u su a l ce ram ic  m eth o d . P re v io u s  w ork [5] sugg ests  th a t  
th e  reac tio n  p roceeds b y  the  fo llow ing  steps:

(i) V apour p h ase  tra n s p o r t  o f  CoO to  th e  su rface  o f th e  F e 20 3;
(ii) D iffusion o f  c o b a lt and  iro n  ca tions th ro u g h o u t th e  c o n tin u o u s  oxygen 

la ttic e  o b ta in e d  b y  re a rra n g em e n t o f th e  o x y g en  ions. X -ra y  d iffrac tio n  
revealed  tw o  so lid  phases, as g iven in  th e  r ig h t  h and  side o f  th e  above 
chem ical fo rm u la . The fo llow ing  re la tion  -was o b ta in ed  b y  s u b s titu tin g  
th e  atom ic w eig h ts  in fo rm u la  (1):

X = ( l - y ) / ( l + 0 . 3 6 y ) ,  (2)

w here x  is th e  pe rcen t of fe r r i te  in  th e  f in a l re a c te d  m ix tu re . S everal ME 
absorbers w h ich  have d iffe re n t com positions and  firin g  periods, were 
p repared  to  c o n ta in  th e  sam e am o u n t o f  iron . The M E sp e c tra  were 
m easured  a t  room  te m p e ra tu re  using a c o n s ta n t a cce le ra tio n  sp ec tro ­
m eter co n n ec ted  to  a 256 m u ltich an n e l an a ly se r. The sou rce  was 7 m  
Ci 5?Co(Cr).

Results and discussion

The m easu red  sp ec tra  w ere analyzed  b y  th e  sam e m e th o d  applied  b y  
E issa  e t al [1]. T h e room  te m p e ra tu re  ME sp e c tra  show n in  F ig . 1 show  a 
g ra d u a l increase in  th e  ab so rp tio n  in te n s ity  co rrespond ing  to  C o F e20 4. These 
p e a k s  were co m p ared  a fte r n o rm a liza tio n  w ith  th e  sp ec tra  m easu red  for th e  
so lid  solutions (F ig . 2). The n o rm alized  areas o f  co rrespond ing  p eak s give th e  
p ercen tag e  of th e  fe rr ite  fo rm ed  to  th e  fu lly  fo rm ed  ferrite  (a) (F ig . 3), w hich 
w as confirm ed b y  X -ra y  d iffrac tio n  m easu rem en ts . The re su ltin g  percen tages 
w ere  analyzed acco rd in g  to  red u ced -tim e  p lo ts  [4], w hich leads to  t h a t  app ly ing  
J a n d e r’s eq u a tio n  is th e  su ita b le  one to  follow  th is  k ind  o f re a c tio n  th a t  is
[4, 5]

(1 -  \ T ^ c f  =  K t , (3)

w here  t is th e  f ir in g  period a n d  К  is th e  re a c tio n  ra te  c o n s ta n t, w h ich  depends 
o n  th e  m a te ria l u n d e r  s tu d y .

The above re la tio n  w as ap p lied  and  show s a good a g re e m e n t a t  low er 
f ir in g  tim e in te rv a ls . D ev ia tio n  a t  longer tim e  in te rv a ls  m a y  be  due to  th e  
change in th e  d iffu sion  ra te  o f  th e  m oving species, w hich is a slow  hom ogeniz­
in g  process in  th e  alm ost co m p le te ly  reac ted  m a te ria l.

* _
The c o n s ta n t К  is th e  slope o f th e  (1 -  Y \ - х ) г vs t cu rves (F ig . 4). V alues 

o f  К  over a te m p e ra tu re  ran g e  a re  used to  f in d  th e  a c tiv a tio n  en erg y  Q from
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channel num ber

F ig . 1. Mössbauer effect spectra, m easured a t room tem pera tu re  for th e  m ix ture  CoO —F e20  
fired a t 1200 ° C, for different periods. The le tter (m) represent th e  period in  minutes

th e  A rrhenius e q u a tio n :

K  =  Z e x p ( - Q I R T ) ,  (4)

w here Z  is a c o n s ta n t, R  is th e  gas co n stan t, T  is th e  firing  te m p e ra tu re , and  
Q is th e  reac tio n  a c tiv a tio n  en erg y  (cal/m ol). F ig . 5 rep re sen ts  a p lo t o f th e  values 
■of In К  vs 1/Г.
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Fig. 2. Mössbauer effect spectra m easured a t room tem perature  for the solid solution (1-y) 
C oFe20 4 : (2y)Fe20 3. The letters A and В represent the te trahedra l and octahedral sites,

respectively
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Fig. 3. Fraction of th e  reacted m ix ture  (x) vs tim e (t) a t various tem peratures

Fig. 4. E xperim en tal results p lo tted  according to  Jan d e r’s equation

T he slope of th is  c u rv e  determ ines th e  a c tiv a tio n  energy  lis ted  in  T able I , 
■with p rev ious resu lts o f  o th e r fe rrite s  fo r com parison .

T he v a lu e  of 56 K ca l/m o l fo r C o-ferrite  f its  in to  th e  range  o f  ac tiv a tio n  
energy  to  p roduce  o th e r  fe rrite s . T he sc a tte rin g  of d a ta  can  have  v a rio u s  causes 
as chem ical p u rity , p h y s ic a l form , m e th o d  of p re p a ra tio n , p a rtic le  size, and  
m eth o d  o f heating .
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1/T

Fig. 5. R elation  between In К  vs 1/T

Table I

A ctivation  energies of ferrites

F e r r i te Q  K C a l/m o l R e fe re n c e s

Co F e20 4 56±10* present work
Ni F e20 4 78 + [i]

5 4 - 7 0 ± 3 [5]
Zn F e20 4 70 (3.02 eV) [1]
Cd F e20 4 67(2.9 eV)** [1]

* For pellet samples, depending on particle size of F e(III).
** For pow der samples.
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EFFECTIVE TARGET MASS DISTRIBUTION IN 
RELATIVISTIC PROTON-NUCLEON INELASTIC 

INTERACTIONS

By

O .  E . B a d a w y  a n d  M. T . H u s s e i n

H IG H  EN ERG Y  PH Y SICS EX PER IM EN TA L LABORATORY 
D EPARTM ENT O F  PHYSICS, FACULTY O F SCIENCE 

U N IV ER SITY  O F CAIRO CAIRO, EG Y PT

( R e c e i v e d  17.  V .  1 9 7 7 )

The aim of th e  present work is th e  study of th e  effective target m ass d istribution  in 
inelastic proton-nucleon collisions a t 6 GeV/с and 69 GeV/с proton m om entum . The angle, 
m om entum  and grain density  are m easured for each em itted  secondary partic le . I t  is proved 
th a t  th e  average effective target mass in  p-nucleon even ts decreases w ith th e  energy of the 
prim ary  particle.

1. Introduction

S evera l in v es tig a tio n s  h a v e  confirm ed t h a t  th e  nucleon consists  of a 
dense core su rro u n d ed  b y  a v ir tu a l  m eson  cloud. A  s tu d y  of effec tive  ta rg e t  M T 
(th e  p a r t  o f  th e  ta rg e t  nucleon w h ich  ac tu a lly  p a r tic ip a te d  in  th e  in te ra c tio n  
in  w h ich  m esons are  p roduced) rev ea ls  th e  ex istence  o f  tw o ty p es o f  in te rac tio n s , 
th e  in c id e n t p a rtic le  m a y  in te ra c t w ith  th e  c e n tra l core of th e  n u c leo n  or w ith  
th e  p io n  o f th e  v ir tu a l  m eson c loud  su rro u n d in g  th e  core.

I t  is th e  p u rp o se  o f th is  ex p e rim e n t to  p ro v id e  fu r th e r  in fo rm a tio n  ab o u t 
th e  q u es tio n  o f w h e th e r th e  e ffec tive  m ass will d ep en d  upon th e  e n e rg y  of th e  
p r im a ry  p a rtic le s .

T he in te ra c tio n s  o f 6 GeV/с a n d  69 GeV/с  in c id en t p ro to n  beam s are 
s tu d ie d  using  n u c le a r  em ulsion tech n iq u e .

2. Selection of central and peripheral interactions [1]

O ne can  e s tim a te  th e  m ass o f  th e  ta rg e t  p a r tic le  pu re ly  from  th e  conserv­
a tio n  law s o f  en e rg y  an d  m o m en tu m . T he ta rg e t  m ass  M t is d e fin ed  as

M t =  2  (Et -  Pi  cos 0,.) -  ( E 0- P 0) , ( 1)
i

w here E h P i a n d  0,- d en o te  th e  to ta l  energy , m o m e n tu m  and  angle  o f  em ission 
in  th e  la b o ra to ry  sy s tem  w ith  re sp ec t to  th e  d irec tio n  o f the  in c id e n t p artic le ,
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re sp e c tiv e ly , o f th e  i t h  p a rtic le  g iven  o u t  in  th e  in te ra c tio n , and  E 0 , P 0 r e p re ­
se n t th e  energy a n d  m om en tum  o f th e  inc id en t p a rtic le s . For h igh  in c id en t 
en e rg y  E 0— P 0 <  1,

M t =  Ej  — Pj cos 6 j . (2)
i

In  case o f n u c le o n —nucleon  collision, we h a v e

M n =  Z  ((Ei Pi) cos в,) +  (Ep P p cos вр) . (3)
i

M n denotes th e  m ass of th e  nucleon , su b sc r ip t p  denotes th e  recoil 
ta r g e t  nucleon a n d  E  denotes th e  su m m atio n  o v e r all secondary  p a rtic le s  
e x c e p t th e  recoil nu c leo n . The e ffec tiv e  ta rg e t m ass  is defined as:

M T =  2  (E j  -  Pi  cos Qj) . (4)
j

T hus M T d e n o te s  th e  m ass o f  th e  nucleon w h ich  ac tu a lly  p a r tic ip a te d  
in  th e  p ro d u c tio n  o f  secondaries, m a in ly  pions.

The e x p e rim e n ta l d ifficu lties in  th e  d irect d e te rm in a tio n  of M T are  tw o­
fo ld . F irs tly , th e  an g les  of em ission a n d  th e  m o m e n ta  carried  b y  n e u tra l  p a r t ­
icles are unknow n  a n d  secondly, n o t  a ll th e  e m itte d  ch a rg ed  show er p a rtic le s  are 
am en ab le  to  s c a tte r in g  and  io n iz a tio n  m easu rem en ts . In  v iew  o f these 
d ifficu lties we h a v e  followed an  em p irica l m e th o d  to  determ ine M T. 

A ccording to  th is  m ethod  a q u a n t i ty  ôj d e fin ed  as:

dj =  —  ( ( E j  -  Pj) cos О,) (5)
rrij

is co m p u ted  fo r a ll th e  secondary  show er tra c k s  e m itte d  from  an  in te ra c tio n  
on  th e  basis o f em ission  angle 6j in  la b o ra to ry  sy s te m . The su m m a tio n  of ôj 
is connected  w ith  M T b y  a c o n s ta n t  conversion  fa c to r

К  =  M TI £  ôj . (6)

I n  those  cases w h ere  th e  s c a tte r in g  m easu rem en ts  o f steepness o f  secondary  
tra c k s , b u t on ly  th e  angles could  b e  m easured , th e  effective ta rg e t  m ass M t 
ca n  be found  b y  th e  following a p p ro x im a tio n  m e th o d .

I f  th e  se c o n d a ry  partic les h a v e  high energ ies, th en

M T -  2  p /(x -  cos fl/) =  P t 2  1 . T  °‘ , (7>Í i sin 0,

w here  th e  sum  is ta k e n  over a ll show er p a rtic le s  p roduced  in  n u c lea r  in te r ­
ac tio n s, and  P t is th e  average tra n sv e rse  m o m en tu m .
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3. E xperim en ta l techn ique

Tw o stack s o f  nu c lea r em ulsion  ty p e  Б р -2  an d  each of size 20 cm X 10 c m x  
X  600 /л w ere u sed  in  th e  p re se n t w ork. The f i r s t  one was ir ra d ia te d  by  6 GeV/c 
p ro to n s  a t  th e  D u b n a  S y n ch ro p h aso tro n . T h e  second one w as exposed  to  th e  
69 GeV/с p ro to n  b eam  from  th e  h igh  energy  acce lera to r a t  S e rp u k h o v , U SSR .

T he scan n in g  w as ca rried  o u t along th e  tra c k  b y  th e  fo llow ing m eth o d  
in  th e  ce n tra l p la te s , s ta r tin g  0.5 cm from  th e  edge facing th e  in c id e n t beam . 
T h e  m o m en tu m  a n d  grain  d e n s ity  of th e  secondary  p a rtic le  w ere m easu red  
in  th e  case o f th e  6.0 GeV/с ir ra d ia tio n .

T he m o m en tu m  is m easu red  for each  p a rtic le  h av in g  sm all dip angle 
b y  m ean s o f C oulom b sc a tte rin g  using  th e  co o rd in a te  m e th o d  [2]. E ach  tra c k  
is m easu red  tw ice u sing  cell le n g th s  of 500 p a n d  1000 p. N oise an d  spurious 
sc a tte r in g  are e lim in a ted  b y  s ta n d a rd  m e th o d s  [3]. The av e rag e  s ta tis tic a l 
e rro rs  in  th e  va lu es  o f  PB  w ere 15% , th e  m ax im u m  allow ed e rro r  being  25% .

T he gra in  d e n s ity  is m easu red  in  te rm s  o f  g* th e  ra tio  o f  th e  gra in  den s­
i ty  o f  th e  tra c k  to  be  m easu red  to  th a t  o f th e  in c id e n t p ro to n  b eam . A correc­
tio n  is m ad e  fo r th e  average d e p th  of th e  t ra c k , since io n iza tio n  loss d iffers 
fro m  th e  d e p th  o f th e  em ulsion . A b o u t 1000 b lobs were c o u n ted  fo r w hich th e  
av erag e  b lob d e n s ity  is d e te rm in ed  for each  tra c k .

Id e n tif ic a tio n  o f  th e  p a rtic le s  is m ad e  using  th e  coup led  m om en tum - 
io n iza tio n  m e asu rem en t te ch n iq u e . The re su lts  o f m easu rem en ts  o f  m u ltip le  
sc a tte r in g  an d  b lob  d en sity  o f th e  show er p a rtic le s  are p lo tte d  a n d  com pared  
w ith  th e  th e o re tic a l curves [4] ca lcu la ted  fo r d ifferen t p a rtic le s  (pion, keon 
a n d  p ro to n s).

4. R esu lts  and  discussion

A b o u t 151 a n d  300 p ro to n  — nucleon  e v e n ts  are found  in  th e  6 GeV/c 
an d  in  th e  69 GeV/c in c id en t p ro to n  in te ra c tio n s , respective ly .

F o r  th e  6 GeY/c p ro to n  in te ra c tio n  we w ere able to  m easu re  b o th  th e  
m o m e n tu m  an d  g ra in  d en sity  o f  a ll th e  p ro d u c ts  o f ab o u t 50 e v e n ts  an d  so fo r 
th e se  ev en ts  th e  e ffec tive  ta rg e t  m ass is c a lcu la ted  ex ac tly  b y  u sin g  E q . (4). 
T he av erag e  conversion  fac to r К  is 0.62. F o r th e  rem ain ing  ev en ts  (100 events) 
w here  n o t  all th e  p ro d u c ts  could  be id en tif ied  b u t  only th e  ang les are m eas­
u re d , th e  va lu es  o f  Ô, are  d e te rm in ed  using  F ig . 1 w hich g ives th e  re la tio n  
b e tw een  ôj an d  sin 6j. T he  effec tive  ta rg e t  m ass fo r these  ev en ts  is ca lcu la ted  
b y  E q . (6 ).

F ig . 2 show s th e  effective ta r g e t  m ass d is tr ib u tio n  for th e  ev en ts  p ro ­
du ced  a t  6 GeV/c in c id e n t p ro to n  m o m e n tu m .T h e  d is trib u tio n  show s tw o  peaks 
co rresp o n d in g  to  М я a n d  M n. T h e  nucleon  m ass peak  is tw ice  larger. T he 
av erag e  effective ta r g e t  m ass is 0.85 M n.
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Fig. 1. ôj =  ( E j — Pj  cos 0 j ) / M j .  Plotted  against laboratory emission angle 0 j ,  solid curve 
(em pirical relation) is th e  average fit for all types of particles. The do tted  points are th e  experi­

m ental results for protons and pions.

Fig. 3 show s th e  effective ta rg e t  m ass d is tr ib u tio n  for th e  69 GeV/c 
in c id e n t p ro to n  in te ra c tio n . The M 7- va lu es  in  th is  case are  ca lcu la ted  acco rd ­
in g  to  E q . (7) u sin g  th e  ap p ro x im a te  an g u la r m e th o d . This ap p ro x im a tio n  is 
v a lid  a t  th is  h igh  en e rg y  w here th e  average  tra n sv e rse  m om en tum  is c o n s ta n t 
<P,> =  0.4 GeV/c.

I t  is ev id e n t fro m  th e  F igure  t h a t  s tro n g  p e a k  a t  М ш and a sm alle r one 
a t  M n ex ist. As to  th e  am biguous p e a k  betw een  2 a n d  3M„, i t  m a y  be  in te r ­
p re te d  as being  due  to  m u ltip e rip h e ra l in te ra c tio n s . A  m ean  v alue  o f  M T 

0.4 M n is o b ta in e d  a t  th is  energy . T ab le  I  show s th e  v a ria tio n  o f  <M r > 
w ith  th e  energy  o f  th e  in c id en t p a rtic le .

The ev en ts  a re  classified acco rd ing  to  th e ir  e ffective ta rg e t m ass in to  
p-cloud  ev en ts  (th o se  h av in g  M T M n) and  th e  p ro ton -co re  ev en ts  (hav ing
M„ <  m t < ; M n).
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Fig. 2. The effective ta rg e t mass d istribution  in P —n in teractions a t 6.0 GeV/с incident proton
m om entum

Fig. 3. The effective ta rg e t m ass d istribution in P  — n interactions a t 69 GeV/с incident proton
m om entum

A c ta  Physica Academ iae S c ien tia ru m  H ungaricae 4 3 . 1977



2 8 О. Е. BADAWY and М. T. HUSSEIN

Table I

Energy
Type of incident 

particle <MT) Ref.

6 GeV Proton 0.85 M n Present work
i6 GeV Pion 0.73 M n [5]
26.7 GeV Proton 0.7 M n [6]
28 GeV Proton 0.72 M n [5]
69 GeV Proton 0.4 M n Present work

1000 GeV Cosmic rays 0.3 M n m ,  [»I

T he average  ch arg ed  p a rtic le  m u ltip lic ity  a n d  th e  average em ission  angle 
fo r  th e  ou tgo ing  p a rtic le s  in  each  class of ev en ts  a re  ca lcu la ted .

F o r 6 GeV/с in c id en t p ro to n  m o m en tum  we h av e

<( n'ch^p-cloud 1 .9 4 1  

O ch> p-core =  2 .9 5

<0>p-cloUd =  1 0 -3 3 °

^®)p-core =  2 5 .1 5 °

F o r 69 GeV/с  in c id en t p ro to n  in te rac tio n s  we have

^ch^p-cloud =  5 .4 2

^ch/*p-core =  8 -4 7

^^p-cloud =  3 .3 “

<e>p-core =  1 0 .4 °

The decrease in  th e  average  charged  p a rtic le  m u ltip lic ity  in  tL e  p-cloud 
ev en ts  is due to  th e  low er va lu es  o f th e  average en erg y  av a ilab le  in  th e  C.M. 
sy s tem  fo r th ese  even ts.

A t b o th  energ ies, th e  seco n d a ry  partic les e m itte d  in  p ro to n  — c loud  events 
are  confined  in  a m uch  sm aller cone th a n  those from  p ro to n —core in te rac tio n s . 
A lso i t  is clear t h a t  th e  ou tg o in g  show ers are co llim a ted  in  a sm a lle r  cone as 
th e  m o m en tu m  increases (from  6 GeV/с up  to  69 GeV/с in  b o th  th e  periphera l 
a n d  cen tra l collisions).
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PENETRATION THROUGH AND REFLECTION ON TWO 
THIN POTENTIAL BARRIERS

By
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CEN TRA L R ESEA R C H  IN STITU TE FO R  PH Y SICS, BU DA PEST
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The quantum  m echanical problem  of a wave packet falling on two th in  po ten tia l barriers 
of equal strength and a rb itra ry  separation is discussed. The solution is given in  the  individual 
regions as weighted integrals over a free-particle solution, th e  weight functions depending on 
a single essential param eter (separation tim es strength) only. A discussion is given of the 
physical in terpre tation  of the results.

In tro d u c tio n

§ 1. The escape o f a p a rtic le  from  a sm all reg ion  o f space su rro u n d ed  by  
a p o ten tia l b a rr ie r  is o ften  d iscussed in  q u a n tu m  m echanics, in  p a r tic u la r  
in  th e  th eo ry  o f a  decay . T he w ave fu n c tio n  can  be assum ed to  be know n 
a n d  confined to  th is  “ c a v ity ”  a t  t =  0 an d  th e  Schrôd inger eq u a tio n  can th en  
be solved for th e  fu tu re  d eve lopm en t. In  such  an  ap p ro ach  one is usually  
d issu ad ed  from  ask in g  a b o u t th e  p a s t d ev e lopm en t o f th e  s ta te . I f  one is n o t 
so easily  d iscouraged  an d  follows th e  d ev e lopm en t b ack  in  tim e  accord ing  to  
th e  S chrôdinger eq u a tio n , u su a lly  v e ry  un lik e ly  an d  pecu lia r s ta te s  are ob­
ta in e d  in  th e  d is ta n t  p a s t. T hus th is  descrip tion  o f th e  whole process inc lud ing  
b o th  th e  fo rm a tio n  o f  th e  decay ing  s ta te  an d  th e  su b seq u en t decay  is n o t even 
q u a lita tiv e ly  co rrec t, a lth o u g h  some q u a n tita tiv e  fea tu re s  of th e  decay  o b ta ined  
from  such ca lcu la tio n s m ig h t agree well w ith  exp erim en ts .

In  th e  p re se n t p a p e r a v e ry  stro n g ly  sim plified  m odel will be d iscussed, 
w hich  does n o t give th e  q u a n tita tiv e  d e ta ils  o f a n y  ac tu a l ex p erim en t, b u t 
gives a good qualitative descrip tion  of th e  fo rm a tio n  of a tra p p e d  p a r t  of th e  
w ave fu nc tion  an d  its  su b seq u en t decay. T he m odel is in  one d im ension . The 
reg ion  of space in  w hich th e  w ave fu nc tion  can  be tra p p e d  is th u s  rep resen ted  
b y  an  in te rv a l. T he tw o p o te n tia l b a rrie rs  “ su rro u n d in g ”  th a t  in te rv a l are 
assum ed  to  be in f in ite ly  th in , i.e. th e  p o ten tia l in  each  of th e  tw o end -p o in ts  
is p ro p o rtio n a l to  a D irac  d e lta  fu n c tio n  (the  c o n s ta n t o f p ro p o rtio n a lity  is th e  
sam e for b o th  ends o f th e  in te rv a l) . A w ave p a c k e t a rriv in g  for exam ple  from  
th e  le f t (see F ig . 1) is th e n  p a r t ly  re flec ted  from  th e  f irs t  b a rr ie r  an d  m oves 
b a c k  w ith  essen tia lly  th e  o rig inal ve locity  to w ard s  th e  le ft. The o th e r  p a r t  
o f  th e  pack e t p e n e tra te s  in to  th e  region in  b e tw een  th e  b a rrie rs , th e n  i t  is

3* A cta  Physica A cadem iae S c ien tiarum  H ungaricae 43, 1977



32 L. JÂNOSSY et al.

p a r t ly  re flec ted  from  th e  second b a rrie r , th e  re flec ted  p a r t  is again  p a r t ly  
re flec ted  from  th e  f ir s t  b a rr ie r , e tc . I f  th e  b a rrie rs  alw ays re fle c t th e  m a jo r 
p a r t  o f th e  w ave fu n c tio n  fa lling  on  th e m , th e n  a tra p p e d  s ta te  evolves in  
be tw een  th e  b a rrie rs  an d  i t  la te r  decays aw ay slow ly an d  can  th u s  be considered  
as a m odel fo r a decay ing  sy stem .

Fig. 1. The incoming packet and the two po ten tia l barriers

T he p h en o m en a  co nnec ted  w ith  th e  passage o f partic les  th ro u g h  p o te n ­
t ia l  b a rrie rs  are  re la tiv e ly  sim ple b o th  m a th e m a tic a lly  an d  ph y sica lly . The 
n u m erica l so lu tion  fo r a w av e -p ack e t in itia l cond itio n  is fa irly  s tra ig h tfo rw ard  
(for som e exam ples see [1]). T h e  a n a ly tic a l t r e a tm e n t  in  te rm s  o f energy- 
e igenfunctions is also easy  in  p rin c ip le , b u t  th e  so lu tions are  given in  te rm s  of 
in teg ra ls  w hich h av e  to  be e v a lu a te d  num erica lly .

I t  is im p o r ta n t  th a t  th e  m e th o d  of so lu tion  shou ld  em phasize  th e  quali­
tative features o f  the  process. S uch  an  ap p ro ach  w as app lied  b y  one o f th e  p re sen t 
a u th o rs  (L. J .)  to  th e  case of th e  passage  th ro u g h  one th in  p o te n tia l b a rr ie r  [2]. 
A lth o u g h  th e  p re se n t p roblem  is m ore d ifficu lt an d  th e  ph y sica l c h a ra c te r  
o f th e  so lu tions is m ore com plex , th e  m e th o d  used  successfu lly  in  [2] is also 
usefu l in  our case.

T he S chrôd inger eq u a tio n  is to  be solved fo r a w ave p a c k e t a rriv in g  
from  th e  le ft in to  th e  region o f th e  p o te n tia l b a rrie rs . T he so lu tio n  is g iven b y  
free-partic le  so lu tions inside th e  th re e  regions se p a ra te d  b y  th e  tw o  b a rrie rs . 
A t th e  b a rrie rs  them selves th e  p o te n tia l  is in fin ite ly  h igh , b u t  th is  s in g u la rity  
can  be show n to  be eq u iv a len t to  a sim ple b o u n d a ry  co n d itio n  co n n ec tin g  th e  
free-p artic le  so lu tions in  a d ja c e n t regions. T he th re e  free-p artic le  so lu tions 
co nnec ted  b y  th e  tw o b o u n d a ry  cond itions can  th e n  be g en e ra ted  from  a 
single au x ilia ry  fu n c tio n , w hich  in  tu rn  can be show n to  sa tis fy  th e  free- 
p a rtic le  S ch rôd inger e q u a tio n  fo r all x  an d  t. T he  so lu tio n  fo r th e  a u x ilia ry  
fu n c tio n  w ould  be easily  o b ta in e d  if  th e  in itia l co n d itio n  fo r th a t  fu n c tio n  w as 
know n.

This in itia l cond ition  — a n d  also th e  a u x ilia ry  fu n c tio n  fo r a rb itra ry  
tim es  — can be expressed  in  te rm s  of th e  free d ev e lo p m en t o f th e  a rriv in g  
w ave p ack e t, t h a t  is in  te rm s o f  th e  free-p artic le  so lu tio n  o f th e  S ch rôd inger 
e q u a tio n  w ith  an  in itia l co n d itio n  correspond ing  to  th e  incom ing  p ack e t.

The so lu tio n  will tu rn  o u t  to  be analogous to  th e  m u ltip le  re flec tio n s of 
lig h t on a se t o f tw o  p ara lle l se m i- tra n sp a re n t m irro rs , w ith  th e  in d iv id u a l
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te rm s  in  a sum  correspond ing  to  re flec tio n s of g iven o rder. T he an a lo g y  is 
even  closer if  th e  op tical m odel is re fin ed  to  include d ispersive  effects an d  a 
freq u en cy  d ep en d en t re fle c tiv ity .

The ex p o n en tia l n a tu re  o f  th e  decay  can  be show n in  som e specia l cases, 
b u t  in  general th e  s itu a tio n  is m ore com plex . I t  appears p lau sib le  t h a t  th e  decay 
is co m plica ted  b y  th e  s tr ic t  p h ase -re la tio n s am ong successive reflec tions, 
a n d  one m u s t n o t  expect a sm o o th  b e h av io u r fo r a p rec ise ly  defined  incom ing  
p a c k e t. If, h o w ever, th e  su b se q u e n t incom ing  p ack e ts  show  som e s ta tis tic a l 
f lu c tu a tio n s , th e n  a s ta tis t ic a l  averag in g  should  be done an d  th e  averaged  
decay  is ex p ec ted  to  show  a sm o o th  b eh av io u r.

PENETRATION THROUGH AND REFLECTION ON TWO THIN POTENTIAL BARRIERS 33

W a v e  e q u a t i o n  a n d  b o u n d a r y  c o n d i t i o n s

§ 2. T he one d im ensional S ch röd inger w ave eq u a tio n

i V  (x, t) =  -  —  W ( x ,  t) +  V(x) W(x,  t) (1)

is  to  be so lved  fo r th e  p o te n tia l

V(x) =  y(ô(x  +  a) +  d(x)), w here у  |>  0 , (2)

a n d  for in itia l cond itions co rrespond ing  to  a w ave p a c k e t a rriv in g  from  th e  
le f t  (Fig. 1). T h ro u g h o u t th e  p a p e r  a tom ic  u n its  (h =  m =  1) an d  th e  d e n o ta ­
tio n s

and ¥
dip
dx

w ill be used.
The p ro b lem  can be re -fo rm u la ted  in  te rm s o f free -p a rtic le  so lu tions 

o b ey ing  ce rta in  b o u n d a ry  co n d itio n s. T he so lu tion  o f (1) shou ld  sa tis fy  th e  
free -p a rtic le  e q u a tio n

i i p = ~ ~ W" (3)

e x c e p t in  th e  p o in ts  x  — — a a n d  x  =  0 w here  th e  b a rr ie rs  are . T hese free- 
p a r tic le  so lu tions are  d iffe ren t in  th e  th re e  regions an d  th e y  a re  co n n ec ted  
b y  sim ple b o u n d a ry  cond itions o b ta in ed  b y  in te g ra tin g  (1) in  sm all v ic in ities  
o f  th e  b a rrie rs :

W(x -f- 0, t) =  W(x  — 0, t) for x  — 0, — a, (4)

¥"(x  -j- 0, t) — W ( x  — 0, t) =  2yV {x ,  t) for x  =  0 , —a . (5)

T h u s  th e  w ave fu n c tio n  is c o n tin u o u s  b u t  h as  a b reak  a t  each  b a rrie r.
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Now it w ill be show n t h a t  th e  th ree  p ro p e rly  co n n ec ted  free-p artic le  
so lu tions and th u s  also  th e  so lu tio n  o f (1) can  be expressed  in  te rm s o f a single 
free-p artic le  so lu tio n . To do so W  is f ir s t  w ritte n  in  a form  w hich  will tu rn  o u t 
to  be conven ien t fo r  in itia l co n d itio n s  as show n in  F ig . 1:

П х ,  t )

> i ( x ,  t )  — ip2(x, t )  — ip3(x, t )  f o r  X  <  —  a ,

W i ( x ,  t )  —  ip.2( x ,  t )  f o r  о  <  X  <  0 ,  ( 6 )

} P i ( x ,  t )  f o r  X  >  0 ,

w here  ipt (i — 1 ,2,3) a re  free -p a rtic le  so lu tions. T he b o u n d a ry  cond itions (4), 
(5) are satisfied  if

y>2(0, t) =  y>3( — a, t) =  0, (7a)

^ ( 0 ,  t) =  2yy>1(0, t ) , (7b)

V > á ( - a ,  t )  =  2 у [ г р 1( ~ а .  t )  —  y>2( — a ,  f ) ]  .  ( 7 c )

T hese cond itions a re  o f course n o t  enough fo r d e te rm in in g  th e  th ree  fu n c tio n s 
y)j(i =  1,2,3), th e re fo re  fu r th e r  cond itions shou ld  be im posed . F irs t, (7a) 
is a u to m a tica lly  fu lfilled  i f  y>2 a n d  ips are  ta k e n  to  be a n tisy m m e tric  w ith  
re sp ec t to  th e  p o in ts  0 an d  a, resp ec tiv e ly :

ip2(x, t) =  y[u(x,  t) — u( X, t)] , (8a)
ip3(x, t) =  y [v(x +  o, t) - r ( —(x +  a), t)] , (8b)

w here и and  v a re  also so lu tio n s o f (3). Second, (8a) and- th e  choice o f y>x as

гр^х, t) =  u'(x,  t) (9)

sa tisfy  (7b) id en tica lly . T h ird , as can  be seen from  (8a), (8b) an d  (9), th e  co n d i­
tio n  (7c) is also sa tisfied  if

v' ((x  +  a), t) =  u' (x,  t) — y[u(x, t) — u( — x,  f)] . (10)

Now we in tro d u c e  a single free-partic le  so lu tio n  U(x, t) in  te rm s o f w hich 
и and  t) are  ex p ressed  as

u{x , t)  =  U ' ( x , t ) ,  (11)

r((ac +  a), t) =  U'(x ,  t) — y[U(x,  t) +  U( — x,  t)] , (12)

in  accordance w ith  (10). B y  usin g  eq u a tio n s (6) an d  (8) — (12) th e  so lu tions o f
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1) can  th e n  be g iven as

V(x,  t) =  U' (x ,  t) +  A(x) y { U \ x ,  t) -  U ' ( —x,  t)} +

+  A(x  +  a) y { U \ x ,  t) -  [ / '(  - ( *  +  2«), t) -  (13)

— y[U{x, t) - f  U(  —  X ,  t) — U ( — {x +  2a), f) — U((x +  2a), t)]} ,

w here
f — 1 for X  <[ 0,
{ 0 fo r X  >  0.

T h u s  fo r an y  g iven  free-p artic le  so lu tio n  U i t  is easy  to  ca lcu la te  a p a r t i­
cu la r so lu tion  of (1). T he so lu tions !F(t , i) o b ta in ed  from  sim ple so lu tions for 
U(x, t) (e.g. from  sim ple w ave p ack e ts) are, how ever, v e ry  a rtif ic ia l an d  th u s  
of l i t t le  physical in te re s t . In  o rd er to  have m ean ing fu l so lu tions, one should 
be ab le  to  ca lcu late  U(x,  0) for given in itia l cond itions 4*(x, 0), and  th e n  according 
to  (13) o b ta in  ^ ( x ,  t) in  te rm s of th e  free-partic le  so lu tion . T h is p rob lem  will 
be d iscussed  in th e  n e x t Section.

In itia l conditions

§ 3. The in itia l cond itio n  fo r W  can n o t be chosen  a rb itra r ily , since th e  
b o u n d a ry  cond itions (4), (5) have  to  be sa tisfied  a t  a n y  tim e. S upposing  th a t  
th e  in itia l condition

Щх,  0) =  гр0(х) (14)

sa tis fie s  th ese  re s tr ic tio n s , (13) can  be considered as a com plica ted  d ifferen tia l- 
d ifference eq u a tio n  fo r U(x,  0). In s te a d  o f so lv ing  th is  general eq u a tio n , we 
re s tr ic t  th e  tre a tm e n t to  in itia l cond itions co rrespond ing  to  w ave packets 
a p p ro a c h in g  from  th e  le ft. W e suppose  th a t  a t  t  =  t 0 th e  w ave p a c k e t is so 
fo r to  th e  left th a t  its  values a t  an d  b eyond  th e  b a rr ie rs  are n eg lig ib ly  sm all 
(see F ig . 1). One fu r th e r  a d v a n ta g e  o f  such  an  assu m p tio n  is t h a t  i t  can be 
ta k e n  to  hold  for any  tim e  before th e  p a c k e t reaches th e  v ic in ity  o f  th e  barriers, 
th u s  th e re  is no need  to  single o u t a p a r tic u la r  “ in i t ia l” tim e . In s te a d  of an 
in itia l s ta te  we can  sp eak  th e n  a b o u t a tim e -d e p e n d e n t “ inco m in g  p ack e t”  
an d  in s te a d  of (14) we can  w rite

W(x, t) =  xp0(x, t) for t <  t0 • (15)

As can  be seen from  (13), *F(x, t) will v an ish  a t  x  >  —a fo r  t <  t 0 if  it  
is assum ed  th a t

U (ж, í) =  0 fo r x  >■ —a, t <[ i0 . (1 6 )
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F o r  t <C t0 th e  in co m in g  p ack e t is th e n  o b ta ined  fro m  (13) as

%(x, t) =  U"{x,  t) -  2yU '(x ,  t) +  y2U(x, t) -  y2U(x  +  2a, t) . (17)

B o th  sides of (17) re p re se n t free -p a rtic le  so lu tions fo r  t -< t 0. S ince th e  r ig h t 
h a n d  side con tinues to  sa tisfy  (3) fo r  t (17) h o ld s  for all tim es  i f  гр0(х, t)
is th e  free d ev e lo p m en t of th e  in co m in g  packet.

E q u a tio n  (17) leads to  an  in te re s tin g  decom position  of y>0(x , t) in to  th ree  
p a r ts .  W riting  (17) as

rp0(x , t )  =  U"(x, t) — y  {U '(x , t ) j  — y  { U'(x, t) — у  [U(x,  t) U(x  +  2a, t)]}

(18)

i t  c a n  be d irec tly  co m p ared  w ith  lP(x ,  t) as given in  (13). Before th e  incom ing 
p a c k e t  reaches th e  b a rrie rs , b o th  expressions (13) a n d  (18) v an ish  fo r  positive 
v a lu e s  o f x  and  a re  id en tica l fo r n e g a tiv e  values. A fte r  th e  b a rrie rs  h av e  been 
re a c h e d , (13) an d  (18) behave d iffe ren tly . The th re e  p a r ts  o f (13) can , how ever, 
b e  o b ta in ed  w ith  th e  help  of th e  p a r ts  o f (18) in  th e  follow ing m an n e r. T he 
w a v e  correspond ing  to  th e  f ir s t  p a r t  of (13) co n tin u es  to  p ro p a g a te  freely  
j u s t  as th e  f irs t  p a r t  o f  th e  free so lu tio n  (18) does. T h e  w ave describ ed  by  th e  
seco n d  p a r t  crosses th e  f irs t b a rr ie r  u n a tte n u a te d  b u t  is to ta lly  re flec ted  from  
th e  second b a rr ie r , w hile th e  th i r d  p a r t  is to ta l ly  re flec ted  from  th e  f irs t 
b a r r ie r  and  th u s  i t  is n o t a ffec ted  b y  th e  second b a rrie r . T h u s  th e  solu tion  
in  th e  presence o f  th e  b arrie rs  is e a s ily  o b ta ined  once th e  decom position  (18) 
is  know n.

I t  should be s tre ssed  th a t  th e  th re e  p a rts  o f (13) do n o t sa tis fy  th e  bounds 
a r y  conditions a t  th e  barrie rs , o n ly  th e ir  sum  does so. T hus th e  th re e  p a r t-  
o f  (18) do n o t re p re se n t some k in d  o f  “ basic so lu tio n s”  of (1) an d  (2) and  are 
n o t  de te rm in ed  b y  th e  p o ten tia ls  a lone as is th e  case fo r e igenfunctions, b u t 
d e p e n d  in  an  e ssen tia l w ay  on th e  incom ing  p a c k e t гр0(х, t).

In  w h a t follow s i t  will be assu m ed  th a t  th e  free -p a rtic le  so lu tio n  гр0(х, t) 
is k n o w n  for all v a lu e s  o f x  and  t; one  m ig h t tak e  i t  e.g . to  be a G au ssian  p ack e t 
o r  a su p erposition  o f  such p ack e ts . I f  one knew  th e  decom position  given in 
(18), W{x, t) could  be easily  o b ta in e d  b y  th e  above sim ple p ro ced u re . In  order 
to  h a v e  th e  decom position , h ow ever, U(x,t)  shou ld  be expressed  in  te rm s of 
ip0( x , t ), th a t  is e q u a tio n  (17) sh o u ld  be solved fo r U(x,t ).

T h e  s o l u t i o n  f o r  U ( x ,  t )

§ 4. I t  w ill b e  conven ien t to  w rite  th e  d iffe ren tia l-d iffe ren ce  eq u a tio n  
(17) in  th e  form

U"(x, t) — 2y  U'(x, t) -f- y2 U(x , t) =  y 0(x, t) у2 U(x -(- 2 a , t). (19)
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T he d e riv a tio n  o f th e  so lu tio n  will n o t be given in  d e ta il, only  th e  im p o r ta n t  
steps will be in d ica ted . F irs t , one shou ld  n o te  th a t  i f  th e  in co n v en ien t te rm  
U(x +  2a, t) is n o t  th e re , th e n  (19) is a w ell-know n inhom ogeneous lin ea r  
d ifferen tia l eq u a tio n  o f m a th e m a tic a l p hysics, th e  so lu tions of w hich a re  given 
in  m a n y  h an d b o o k s  (see e.g. [3]). Second, fo r t < A 0 U(x, t) was assu m ed  to  
v an ish  in  a good ap p ro x im a tio n  fo r x  >  —a. S im ilarly  one m ig h t suppose 
th a t  for an  a rb itr a ry  tim e  t th e re  is a  coo rd in a te  v a lu e  X(t)  b ey o n d  w hich 
U(x,t )  p ra c tic a lly  v an ishes. T h en  in  th e  in te rv a l X ( t ) 2a <  x  <  X( t)  one 
has U(x -f- 2a, t) =  0 an d  (19) can  be so lved . In  th e  n e x t  in te rv a l to  th e  le ft, 
X (t) -- 4a ^  x  ^  ^ l(í) 2a, t / ( r  I 2a, i) is know n from  th e  prev ious so lu tion
an d  th u s  (19) is again  a s im ila r d iffe ren tia l e q u a tio n , b u t  w ith  a m od ified  r ig h t-  
h a n d  side. C on tinu ing  th is  s te p -b y -s te p  p rocedure , a lw ays m ak ing  su re  th a t  
th e  so lu tions in  n e ig h b o u rin g  regions m a tc h  sm oo th ly , one ob ta ins

u ( x , t ) =  2
n = 0

As can  be d ire c tly  v erified , th is  expression  satisfies E q . (19), (16) a n d  (3).
T he above so lu tion  can  also be w r itte n  as

Г (2n +  1) !
- ( ж '—ж)2п + 1 е *dx' x) гр0(х'  2an, t) d x ' . (20)

U(x, t) =  —— У  Г 2п+1(х'  — ж; у) гр0(x  - f  2an, t ) dж' , (21)
Г  n = 0 J x

w here

Г 2п+х ( ж '  -  ж ;  y) =  ^ (n rl) -  (x' -  ж ) * " «  e - * * ' - * ) ,  n =  0, 1, 2, . . .
(2n +  1) !

are  th e  no rm alized  d en sity  fu n c tio n s  o f th e  g am m a -d is tr ib u tio n  fam ilia r from  
p ro b a b ility  th e o ry  (see e.g. [4]). T he g am m a-densities are  c o n c e n tra ted  in  fa ir ly  
sm all v icin ities o f  th e ir  m ax im a  (w ith  th e  p a ra m e te rs  used  h e re , (ж' — ж)тах an d

th e  s ta n d a rd  d ev ia tio n s are g iven  b y  ------—— and ^ R espectively).
у  у

I t  should  be n o te d  t h a t  in  p ra c tic a l cases th e  su m m a tio n  in  (21) can  
be ta k e n  to  e x te n d  to  a f in ite  n u m b e r o f n  v a lu es  only. Since b o th  y 0 an d  Г 2n+1 
are  sm all ou tside a ce rta in  n e ig h b o u rh o o d  o f th e ir  m ax im a, th e  overlap  in te g ra ls  
o f y>0(x’ +  2an, t )  a n d  Г 2п+1( х ' — x; у) a re  v an ish in g ly  sm a ll in  m ost cases. 
I t  is p a r tic u la r ly  in s tru c tiv e  to  consider th e  case w hen th e  m a jo r  c o n tr ib u tio n  
to  U(x, t) is given b y  a  single in te g ra l. T his occurs for m o d e ra te  ж and  t v a lu es  
i f  a, th e  sep a ra tio n  b e tw een  th e  tw o  b a rrie rs  is m uch  la rg e r  th a n  b o th  th e  
w id th  o f th e  incom ing  p a c k e t a n d  y - 1 . L e t us f ix  th e  va lu e  o f  ж (to  be specific , 
w e ta k e  i t  to  be so m ew hat b ey o n d  th e  b a rrie rs). T he d ev e lo p m en t in  tim e  o f 
U(x, t) is th e n  described  as follow s.
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Before th e  free  p ack e t гр0 w ould  reach  x,  a ll th e  in teg ra ls  in  (21) v an ish  
a n d  th u s  U(x, t ) =  0. T hen  y)0(x , t) s ta r ts  to  overlap  w ith  Г х(х' x; y) b u t 
a ll th e  rest of th e  in teg ra ls  v a n ish  because th e  free  p ack e t w o u ld  reach  x  -f- 2an 
(n  =  1,2, . . .) o n ly  m uch la te r . Before th e  second in teg ra l ap p ears , y>0 gets 
b ey o n d  Г х(х ' — x; y) an d  th u s  th e  f irs t in te g ra l p rac tica lly  v an ishes. T hen  th e  
o v e rlap  and  w ith  i t  | U(x, t) | s ta r ts  to  increase  again  a n d  th e n  decreases to  
v e ry  sm all va lu es  before th e  th i r d  in teg ra l ap p ea rs , and  th is  s tro n g ly  f lu c tu a t­
in g  ch arac ter c o n tin u es  u n til e i th e r  th e  w id th  o f  y>0(x, t) or t h a t  o f  Г 2п+1(х'  —x; y) 
becom es co m p arab le  w ith  2a. F rom  th a t  tim e  on an  in c reas in g  n u m b er of 
in te g ra ls  c o n tr ib u te  and  j U(x , t) | is g e ttin g  sm oother.

One is te m p te d  to  in te rp re t  U in  te rm s o f  d is to rtio n s a n d  m ultip le  re flec ­
tio n s  of th e  in co m in g  p a c k e t. T he d is to rtio n s  are re p re se n te d  b y  gam m a- 
d ensities w hile th e  m u ltip le  reflec tions th em selves are  g iv en  b y  th e  sh ift 
b y  2an in th e  a rg u m e n t o f y>0. T h e  sam e in te rp re ta tio n  also app lies to  th e  case 
w hen  the se p a ra tio n  of th e  b a rrie rs  is sm all, b u t  th e n  sev era l re flec ted  and  
d is to r te d  versions o f  th e  in itia l p a c k e t are superim posed  a t  a n y  place an d  tim e  
a n d  thu s i t  is m o re  d ifficu lt to  d isen tang le  th e  p ic tu re .

The ab o v e  in te rp re ta tio n  of U(x t) is physica lly  m ean in g fu l for x  >  0 
o n ly , where W =  U", th a t  is w here th e re  is a sim ple re la tio n sh ip  betw een  Ч1 
a n d  U. F o r x  <  0 U c an n o t be in te rp re te d  in  te rm s o f re flec tions from  th e  
barrie rs , in s te a d  i t  should  be th o u g h t of as a m ere a u x ilia ry  fu n c tio n  g e n e ra t­
in g  the  useful decom positions o f y>0 and  W  as given in  (18) an d  (13), re sp e c t­
ive ly .

Before go in g  over to  th e  so lu tion  fo r x¥(x ,  t), a n o th e r  useful expression  
w ill be d eriv ed  fo r U(x,t) .  B y  s u b s titu tin g  s =  y(x’ -  x)  +  2ayn,  (20) can  
be  w ritten  as

w here

U(x, t) &r(s ;«y ) —  Vo , t ( 22)
Jo У у

í [ f ]  (* - 2 п а у Г +i e_(s_2na;0 for s >  0
g a ( s ; a y )  = Á  (2n +  1) ! (23)

0 fo r s <  0 .

T he upper l im it  of su m m atio n  is the  in te g ra l p a r t  o f s /2ay  as in d ica ted  b y  th e  
square b ra c k e ts . The su b sc r ip t o' in d ica tes  th a t  th e  te rm s  to  be sum m ed are 
th e  gam m a-densities w ith  odd  indices Г 2п+1(в—2nay;  1).

The m a in  ad v an tag e  o f  th e  re p re se n ta tio n  (22) is t h a t  i t  gives U  as a 
simple w e ig h ted  in teg ra l o v e r xp0. The w eig h t fu n c tio n  depends o n ly  on th e  
p a ram ete rs  o f  th e  barrie rs , t h a t  is on th e  b o u n d a ry  co n d itio n s, and  is in d ep en ­
d en t of th e  in it ia l  cond itions. A fu rth e r  in te re s tin g  p ro p e r ty  o f ga(s; ay) is th a t
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i t  depends on th e  sep a ra tio n  a  and  s tre n g th  y  of th e  b a rrie rs  th ro u g h  th e  com ­
b in a tio n  a y  only , th u s  i t  is easy  to  ta b u la te . I t  should  also be stressed  t h a t  th e  
su m m atio n  in  (23) ex ten d s  to  a fin ite  n u m b e r of te rm s  only , a lth o u g h  th e  
n u m b er o f  te rm s  changes w ith  s.

The so lu tion  *F(x, t)

§ 5. T he so lu tion  for th e  S ch rôd inger eq u a tio n  (1) w ith  p o te n tia l (2) 
an d  in itia l cond itio n  (15) is now  o b ta in ed  b y  su b s titu tin g  (22) in to  (13). T he 
d e riv a tiv es  o f x p 0  can  th e n  be e lim ina ted  b y  p a r tia l  in te g ra tio n ; th e  re su ltin g  
expression  th e n  co n ta in s th e  w eight fu n c tio n  g a ( s ;  a y )  a n d  its  f ir s t  an d  second 
d e riv a tiv es  in to  s. The re su lt can  be fu r th e r  sim plified  b y  in tro d u c in g  a n o th e r  
w eigh t fu n c tio n  g e ( s ; a y )  defined  in  a s im ila r w ay  to  g a ( s ;  a y ) ,  b u t co n ta in in g  
gam m a-densities w ith  even  indices in s te a d  o f  odd ones:

ge(s; ay)

U l ( * - 2 а п у Г  e - ( s - ïn a y )
(2в)!

fo r s >  О

О for s <  0 .

(24)

T he so lu tio n  is th e n  o b ta in ed  in  th e  fo llow ing form :

Y ( x ,  t) =

Vo(*»0 g ''(s ; a y )  ip0
«. 0

VoOm ) + g'e(s; a y )  y>0
J 0

- J * i(s ; a y )  y>0

V>0 (*.*) +
’00

g"(s; a y )  v»0
0

X — 2a -)— —-, t
У I

X  -|— — , t| ds —
У I

s
—  X  H---------- -

У
ds

ds

ds

for

fo r X  —  a

—  a  <  *  <  0  ,

fo r X >  0 ,

(25a)

(25b)

(25c)

w here th e  p rim es deno te  d iffe ren tia tio n  in to  s. A t s =  0 th e  d e riv a tiv es  are  
defined  b y  c o n tin u ity  from  th e  righ t.

T hus th e  m odify ing  e ffec t o f th e  b a rr ie rs  is re p re se n te d  by  w eigh ted  
in teg ra ls  o f  th e  free-p artic le  so lu tion , th e  w eigh t fu n c tio n s being d iffe ren t 
before , in  b e tw een  an d  a fte r  th e  barrie rs . T h e  q u a n tita tiv e  descrip tion  o f  th e  
so lu tion  req u ires  num erica l in teg ra tio n . Som e q u a lita tiv e  fea tu res , how ever, 
can  be rev ea led  b y  an  analysis o f th e  general b eh av io u r o f th e  w eight fu n c tio n s  
an d  o f th e  free -p a rtic le  so lu tions.
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D iscussion

§ 6. L et u s  consider th e  b e h a v io u r o f  th e  w eight fu n c tio n s f ir s t .  A s 
ca n  be seen fro m  (24) and  (23), ge an d  ga v a n ish  fo r s <  0 a n d  are also v e ry  
sim p le  for 0 <  s  <  2ay, w here

ge(s; ay) =  e~s and  g 0(s; ay) =  se~s . (26>

A s s increases, m o re  and  m ore g am m a-d en sitie s  ap p ear a n d  th e  re su ltin g  fu n c ­
tio n s  are g en e ra lly  ra th e r  co m p lica ted . T h e re  are, how ever, tw o p a r tic u la r  
cases w hen th e  b e h a v io u r o f ge a n d  ga (an d  also of th e ir  d e riv a tiv es) is fa irly  
sim ple . F irs t, fo r  ay  —>- 0 th e  su m m a tio n  in  (23) an d  (24) can  be easily  ca rried  
o u t  and  one o b ta in s

ge(s; 0) =  ■1 +  e-----  an d  ga(s; 0) =  - -  - *----- . (27)
& &

T h is  lim it co rresponds to  a single p o te n tia l b a rr ie r  of f in ite  s tre n g th . Second, 
fo r  ay 1 th e  su b seq u en t g am m a-d en sitie s  are  sh ifted  re la tiv e  to  each  o th e r  
so m uch th a t  th e y  do n o t o v erlap  fo r m o d e ra te  values o f  s, th a t  is ge an d  go- 
s t a r t  as tra in s  o f  w idely se p a ra te d  “ b u m p s” . F o r large enough values o f  s, 
how ever, th e  g am m a-d en sities  beg in  to  o v e rlap  and  sm o o th  o u t th e  fu n c tio n s . 
I t  can  be show n th a t  in  th e  a sy m p to tic  reg io n  b o th  ge an d  ga are  well re p re s e n t­
ed  b y  th e  sum  o f  a c o n s tan t an d  o f  a s in u so ida l te rm , th e  am p litu d e  of th e  la t te r  
decreasing  ex p o n en tia lly . Since th e  w eig h t func tions in  (2 5 a—c) are  d e r iv a ­
tiv e s  of ge a n d  go- th e y  c o n ta in  th e  d a m p ed  oscilla tion  ty p e  te rm  only .

The b e h a v io u r  of th e  w e ig h t fu n c tio n s  is show n in  F ig . 2 for ay  =  0.5, 
1 an d  3. T he th r e e  curves coincide fo r v e ry  sm all values o f  s in  accordance w ith  
(26). The new  te rm s  in  (23) a n d  (24), an d  th u s  also in  th e  fo u r w eight fu n c tio n s , 
a p p e a r a t  s =  2ayn,  and  th e  tra n s it io n  becom es sm o o th er an d  sm o o th e r as n 
increases. I f  ay  is o f th e  o rd e r o f  u n ity  or less, th e n  th e  curves show  a v e ry  
s tro n g ly  d a m p e d  oscilla tion  a b o u t zero. I n  th e  special case of ay =  0 th e re  
are  no osc illa tio n s a t  all, as c a n  be seen fro m  (27).

Now w e re tu rn  to  th e  in te rp re ta t io n  o f  (25a c) w hich  gives th e  so lu tio n  
fo r  an y  tim e  t a n d  place x. T he  low er lim it o f  in te g ra tio n  in  th e  in teg ra ls  ex p re ss­
in g  th e  m o d ify in g  effect o f  th e  b a rrie rs  is s =  0, co rrespond ing  to  d iffe ren t 
va lues x '  o f  th e  a rg u m en t o f  ip0 in  d iffe re n t regions. F o r  x  <C -  a we have  
x ' =  — x —2 a, t h a t  is th e  in te g ra tio n  s ta r ts  from  th e  m irro r  im age o f x  re la tiv e  
to  th e  f i r s t  b a rr ie r . F o r a <  x  <  0 th e re  are tw o  in teg ra ls , one s ta r tin g  
from  x ' ■= x  a n d  th e  o th e r fro m  x ' =  —x,  t h a t  is from  th e  m irro r im age o f x  
re la tiv e  to  th e  second b a rrie r . F in a lly , fo r  x  >  0 th e  in te g ra tio n  s ta r ts  from  
x ' =  x. T he in te g ra tio n  ex te n d s  in  each  case to  such p a r ts  o f ip0 t h a t  h av e  al-
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F ig . 2 . The w eight functions (for discussion see tex t)

r e a d y  passed  th ro u g h  x  as th e  w ave p ack e t m o v ed  to  th e  r ig h t, t h a t  is th e  v alues 
o f  th e  free -p a rtic le s  so lu tio n  !/)0( | ,  t) w ith  |  << x  h av e  no in flu en ce  on lF(x, t).

The a rg u m e n t o f гр0 in  th e  in teg ra ls  c a n  be g iven in  th e  above n o ta tio n  
a s  I  =  x'-j-sjy.  T h u s  tp0 as a fu n c tio n  of th e  in te g ra tio n  v a riab le  s is o b ta in ed  
b y  sh ifting  i/j0(£) b y  —x'  a n d  th e n  s tre tch in g  i t  b y  a fa c to r  y.  T he  values o f 
th e  in teg ra ls  d ep en d  th e n  se p a ra te ly  on a a n d  y,  w hereas th e  w eig h t fu n c tio n s 
d ep en d  on th e  p ro d u c t ay  a lone . I t  is som etim es con v en ien t to  e lim inate  th e  
d e riv a tiv es  of ge a n d  go- b y  in te g ra tin g  by  p a r ts  a n d  also to  re tu rn  to  th e  re p re ­
se n ta tio n  o f ge a n d  ga in  te rm s  o f g am m a-densities as g iven in  (23) an d  (24).

The b e h a v io u r o f W(x, t ) w ill now  be described  fo r som e in te re s tin g  
lim itin g  cases. F ir s t  consider th e  behav iou r o f  th e  so lu tion  w hen  th e  sep a ra tio n  
a o f th e  b a rrie rs  is a rb itr a ry  b u t  th e ir  s tre n g th  y  te n d s  to  zero. B y  in tro d u c in g  
th e  new  v ariab le  o f  in te g ra tio n  |  =  x'  -\-s/y a fa c to r  y  ap p ears  before th e  in-
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te g ra ls  a n d  since th e  in te g ra ls  are  f in i te , for y —>■ 0 one has W(x, t) — гр0(х, t) 
fo r a n y  tim e  as expec ted .

As a  second lim itin g  case we assum e th a t  у  is a rb itra r ily  fix e d  b u t  a, 
th e  se p a ra tio n  of th e  b a rrie rs  te n d s  to  zero. The w eig h t func tions a re  th e n  
o b ta in e d  from  (27). U sing  th e  v a ria b le  o f in te g ra tio n  £ =  * '-[-s/у a g a in  we 
o b ta in

П х ,  t)

ip0( x t )  2 y e  2yX J  e 2ySi/>0(£, t) d£  i f  x  <  0, 

xp0(x, t) — 2y  e-2v^>0( ! , t) d f  i f  x  >  0.

T he expressions g iven above describe th e  passage o f a w ave p ack e t th ro u g h  
a single p o ten tia l b a rr ie r  o f s tre n g th  2y.

T h e  m ost im p o r ta n t  o f th e  lim itin g  cases is w hen  a is fixed  an d  у  ten d s  
to  in f in ity . I t  is in tu itiv e ly  ex p ec ted  th a t  for v e ry  large  values o f у  m o s t o f 
th e  p a c k e t is re flec ted  from  th e  f i r s t  b a rr ie r  and  on ly  a sm all frac tio n  passes 
th ro u g h  i t .  This la t te r  p a r t  o f th e  p a c k e t th e n  suffers m u ltip le  re flec tio n s on 
th e  b a rr ie rs , ejecting  a sm all fra c tio n  o f i t  on each  re flec tion . T he d ecay  o f 
th is  t r a p p e d  p a r t  o f  th e  w ave p a c k e t is ra th e r  s im ila r to  th e  rad io ac tiv e  
decay .

F ro m  th e  expressions given in  (25a c) i t  is n o t  q u ite  easy  to  see th e  
b e h a v io u r  for very  large  values o f  y. This a sy m p to tic  b eh av io u r becom es, 
h o w ever, m uch clearer if  we re tu rn  to  an  earlier s tag e  and  express th e  w eig h t 
fu n c tio n s  as sum s o f d e riv a tiv es  o f  gam m a-densities. F o r exam ple, fo r  x  0 
one o b ta in s  the  follow ing expression from  (25c) an d  (23):

4*(x, t) =  \p0(x, t) +
Ш

2nay; 1) \p0 ds . (28)

B y  in te rch an g in g  th e  o rd e r of su m m a tio n  and  in te g ra tio n  and  th e n  in te g ra t­
ing  tw ice  b y  p a rts  one o b ta in s

Г— 1J lïayiç* I .
'F(x, t) =  - J ?  I r 2n+1(s — 2n ay; 1) xp'i \x  +  —  ,1 ds , (29)

y 2 о J o  \ У  )

th a t  is W(x, t) is o f th e  o rder of y ~ 2 b eyond  th e  b a rrie rs . The te rm  rp0(x, t) 
d escrib ing  th e  free p ro p ag a tio n  has been  cancelled b y  y>0(x, t) o b ta in e d  from  
th e  f i r s t  te rm  of th e  sum  in (28). S im ilarly , i t  is easy  to  see th a t  W  is o f  the  
o rd e r o f  у  1 in be tw een  th e  b a rrie rs , th a t  is m uch  la rg e r th a n  fo r x  >• 0, 
a n d  y>0(x , t) is again  cancelled . T he s itu a tio n  is d iffe ren t fo r th e  reg ion  x  <  —a

Acta Physica Academ ia« Sc ien tia ru m  H ungaricae 4 3 , 1977



PENETRATION THROUGH AND REFLECTION ON TWO THIN POTENTIAL BARRIERS 43

from  w here th e  p a c k e t a rriv es . In  th a t  reg ion  b o th  ip0(x, t) a n d  th e  d irec tly  
re fle c ted  p a c k e t y>0( —x 2a, t) c o n tr ib u te  a long  w ith  th e  m u ltip ly  re flec ted  
w aves of o rder y 2. H ow ever, th e  incom ing  a n d  d irec tly  re flec ted  p ack e ts  give 
ap p rec iab le  co n tr ib u tio n s  n e a r  th e  f irs t  b a rr ie r  fo r a sh o rt tim e  in te rv a l on ly , 
a f te r  w hich th e  slow  leakage fro m  betw een  th e  b a rrie rs  d o m in a tes  fo r a v e ry  
long  tim e . T his is n o t s tr ic tly  t ru e  fo r all conceivable  p ack e ts , b u t  i t  is a good 
q u a lita tiv e  descrip tio n  for p a c k e ts  p ro p a g a tin g  fa s t an d  d iffusing  slowly.

The decay  o f  th a t  p a r t  o f  ipQ w hich is t ra p p e d  in  be tw een  th e  b a rrie rs  
h a s  in  general a ra th e r  co m p lica ted  n a tu re . T he com plication  arises because 
o f  th e  s tr ic t phase  re la tions am o n g  th e  m a n y  superim posed  m u ltip ly  re flec ted  
im ages of y>0. I t  is therefo re  w o rthw hile  to  give som e a tte n tio n  to  a special 
case w hich is free o f th is  d iff icu lty .

Suppose t h a t  th e  w id th  o f  th e  incom ing  w ave p ack e t is m u ch  sm aller 
th a n  a, th e  sep a ra tio n  betw een  th e  barrie rs , b u t  m uch la rg e r th a n  y -1 , th e  re ­
c iprocal of th e  b a rr ie r  s tre n g th . W e shall describe th e  b eh av io u r o f W{x, t) 
in  th e  v ic in ity  o f th e  barrie rs . Suppose th a t  th e  tim e  elapsed since th e  a rriv a l 
o f  th e  w ave p a c k e t to  th e  b a rr ie rs  is n o t too  la rg e , so th a t  th e  free w ave p a c k e t 
is in  th e  region w here  th e  s e p a ra tio n  of th e  g am m a-densities in  (29) is m uch 
la rg e r  th a n  th e ir  w id th , th u s th e  so lu tion  ¥ ( x ,  t) is n ea rly  zero in  a g iven  p o in t 
X fo r m ost o f th e  tim e  and  is ap p rec iab le  o n ly  w hen ip0(x, t) overlap s w ith  
one o f th e  g am m a-densities, s a y  w ith  Г 2 п + S upposing  th a t  x  >> 0, th e  fo llow ­
in g  in teg ra l shou ld  be e v a lu a te d :

'I'nix, () =  - i -  Г r 2n+1(s - 2n ay; 1) % U  - f  —  , t | d s .
T  Je  l У I

I f  th e  g am m a-d en sity  is m uch  n a rro w er th a n  \p"0(x -f- s/у, t), th e n  xp0 can  be 
w r itte n  as a q u ick ly  o scilla ting  te rm  m u ltip lied  b y  a sm oo th  fu n c tio n  th a t  
changes little  in  th e  region w h ere  H 2n+1 is ap p rec iab le . T re a tin g  th is  la t te r  
te rm  as a c o n s ta n t an d  a p p ro x im a tin g  Г 2п+j b y  a G aussian , th e  in te g ra tio n  
c a n  be carried  o u t. T hen  one c a n  go over to  th e  d en sity  gn =  W* *Pn an d  th e  
fo llow ing  re su lt is o b ta in ed :

__L(J1Y </_u
Qn{x, t) =  g0n(2n(a +  у “ 1) — v(t — tx)) e ű ^

w here  tx deno tes th e  tim e  a t  wdiich th e  free p a c k e t w ould reach  x, v is th e  
tra n s la t io n a l  v e lo c ity  o f ip0 a n d  g0n is th e  te rm  ob ta in ed  from  th e  sm o o th  
p a r t  o f %p0. The fu n c tio n  Q0n h as  a sh a rp  m ax im um  w hen its  a rg u m e n t is a b o u t 
zero.

T he b eh av io u r o f g(x, t) =  4**(x, t) W{x, t ) in  a p o in t to  th e  r ig h t o f th e  
b a rr ie rs  can  th e n  be described in  th e  following w ay . Before th e  free ly  p ro p a g a t­
in g  p a c k e t w ould reach  *, th e  d en sity  is p ra c tic a lly  zero. T h en  a tra in  of
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b u m p s passes th ro u g h  x,  th e  successive b u m p s c o n ta in in g  e x p o n en tia lly  de­
c reasing  am o u n ts  o f  th e  d en sity . T h e  bum ps also sp read  o u t an d  f in a lly  lose th e ir  
in d iv id u a lity  an d  th e n  m ore co m plica ted  in te rfe ren ce  p henom ena  se t in . The 
c h a ra c te ris tic  tim e  o f  th e  decay  is th e  p ro d u c t o f  a/v, t h a t  is th e  tim e  n eeded  
fo r th e  w ave p a c k e t to  cross th e  d istance  be tw een  th e  b a rrie rs , an d  o f (y/v)2, 
th e  sq u a red  ra tio  o f  th e  s tre n g th  o f  b a rrie rs  to  v, th e  v e lo c ity  of th e  p a c k e t.

T he b e h av io u r o f  q for x  <  - a an d  fo r a < i : < 0  can  be sim ila rly  
ca lcu la ted . F o r x  <C —a  th e  b e h av io u r is th e  sam e as fo r x  >  0, a p a r t  from  
th e  p resence th e re  o f  a d irec tly  re flec ted  p a c k e t w hich , how ever, goes aw ay  
fa s t. In  betw een  th e  b a rrie rs  a huge bu m p  is fo u n d  going to  an d  fro an d  d ecay ­
in g  ex p o n en tia lly . T h e  sm aller b u m p s  in  th e  reg ions o u tside  th e  b a rrie rs  can  
be th o u g h t of as th o se  p a r ts  of t h a t  bu m p  th a t  h av e  leak ed  th ro u g h  th e  b a rrie rs  
a t  successive re flec tio n s.

T he in te rfe ren ce  p h en o m en a  s ta r t  to  be im p o r ta n t  w hen  th e  w id th  of 
the  ce n tra l b u m p  becom es com parab le  w ith  th e  d is tan ce  o f th e  b a rrie rs . In  
p ra c tic a l ex p e rim en ts , how ever, th e  in itia l co n d itio n s are  n ev er e x a c tly  re p ro ­
ducib le  and  th e re fo re  a s ta tis tic a l ap p ro ach  ta k in g  ac c o u n t of th e  d is tr ib u tio n  
o f th e  in itia l c o n d itio n s  is m ore a p p ro p ria te . I t  ap p e a rs  like ly  th a t  in  such  an 
a p p ro a c h  th e  in te rfe ren ce  p h en o m en a  average  o u t an d  a sm oo th  decay  is 
o b ta in ed .
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The artificial mechanism of hea t conduction introduced by S a c h d e v  and P r a s a d  
in to  ordinary gasdynam ics has been extended to  th e  case of m agnetogasdynam ics. This re­
quires an additional field equation, a lte rs the m om entum  and energy equations and a t the same 
tim e needs satisfaction of the conditions adopted by  S a c h d e v  and P r a s a d . A lthough th e  
stab ility  conditions of the difference and  differential equations are slightly disturbed, they  
rem ain  alm ost th e  sam e. We observe th a t  in place of ord inary  m edium if  we take  m agnetised 
m edium  into consideration, the sam e order of artificial hea t conduction can smear ou t the  
shock discontinuity  easily bu t on account of the m agnetic field, the shock region is divided 
in to  tw o subregions.

1. In troduction

V o n  N e u m a n n  and R i c h t m y e r  [1] developed  a m e th o d  o f artific ia l 
v isco s ity  in  th e  sh o ck  lay er to  sm ear o u t th e  shock . Fo llow ing  his m e th o d , 
L a x  [2], B r o d e  [3], C o l g a t e  a n d  J o h n s o n  [4] an d  C h r i s t y  [5] so lved vario u s 
shock  problem s. In  p a rticu la r , B r o d e  carried  o u t  ex tensive  co m p u ta tio n s  fo r 
th e  b la s t  w ave p ro b lem . On ac c o u n t o f the  com plex ities aris in g  in  th e  problem s 
ta k in g  a rtific ia l v isco sity , S a c h d e v  and  P r a s a d  [ 6 ]  in tro d u c e d  a  new  te c h ­
n iq u e  o f artific ia l h e a t co n d u c tio n  to  sp read  o u t th e  shock in  o rd in a ry  g asd y n a ­
m ics. T he choice o f  th is  a r tif ic ia l h e a t co n d u c tio n  w as m ad e  to  sa tis fy  th e  
follow ing con d itio n s:

(i) T he a lte red  equ a tio n s w ith  th e  h ea t co n d u c tio n  te rm  m u s t possess a 
con tinuous so lu tion .

(ii) T h e  th ick n ess  o f  shock la y e rs  m u st be everyw here  o f  th e  sam e o rd er 
as th e  in te rv a l leng th  Ax  in  th e  num erica l co m p u ta tio n  an d  m u st he 
in d e p e n d e n t o f  th e  shock  s tren g th .

(iii) T he effect o f  te rm s  co n ta in in g  artific ia l h e a t  co n d u c tio n  m u s t be sm all 
ou tside  th e  shock  region.

(iv) T he R an k in e  — H ugon io t cond itions m u st hold .

I n  th e  p re se n t w ork, i t  has b een  show n t h a t  w hen  g asd y n am ic  eq u a tio n s 
a re  coup led  w ith  m ag n e tic  te rm s , all the  fou r cond itions en u m e ra te d  above 
as w ell as th e  s ta b i l i ty  cond itions fo r  difference a n d  d iffe ren tia l eq u a tio n s are
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a lm o s t satisfied  also  fo r th is  case. T he a rtific ia l h e a t co n d u c tio n  is assum ed  to  
be  effective only  in  th e  shock reg io n  a n d  we h av e  a t te m p te d  to  in v es tig a te  
w h e th e r  th e  sam e ph en o m en o n  o f  sp read in g  o u t o f th e  shock occurs. We 
co n c lu d e  th a t  th e  shock  reg ion  d iv ides i ts e lf  in to  tw o sub-reg ions on th e  t r a n s ­
it io n  lay e r of w hich  th e  p e r tu rb a tio n  in  specific vo lum e is co n s tan t. I t  h a s  also 
b e e n  show n th a t  b y  using  th e  a r tif ic ia l h e a t co n d u c tio n  m eth o d  th e  shock 
d isc o n tin u ity  is m ore  easily  sm o o th en ed  in  th e  m ag n e to g asd y n am ic  case th a n  
in  o rd in a ry  g asdynam ics.

2. The govern ing  equations

The one-d im ensional L ag ran g ian  eq u a tio n s  g o v ern ing  th e  m o tio n  of an 
id e a l, com pressible f lu id  w ith  a rtif ic ia l h e a t co n d uc tion , su b jec ted  to  a  tr a n s ­
v e rse  m agnetic fie ld  are  given b y

V  =
1 d X

4
во ®x

U(x, t)
d X  
91 ’

(2. 1)

(2.2)

во

Э E  
91

dU  
91 

9 H  
91

+

ЭР
dx

h 2 d u
K g n dx

H
9 Я
dx

0 ,

P +
H 2 d V  9  R

91 91

(2.3)

(2.4)

(2.5)

In  these e q u a tio n s , x  is th e  L ag ran g ian  co o rd in a te , X  is th e  E u le rian  
co o rd in a te , t is th e  tim e , V  is specific  vo lum e, U  is p a rtic le  v e lo c ity , q0 is 
d e n s ity  a t  t =  0, p  is th e  p ressu re , H  is th e  m ag n etic  f ie ld , E  is th e  in te rn a l 
e n e rg y p e r  u n it  m ass  g iven b y  E  = p V / y ~  1, H V  =  К ,  у  be ing  th e  ra t io  of spe­
c ific  h ea ts  and  К  is a c o n s ta n t.T h e  te rm  — 9P/QÍ in  th e  E q . (2 .5)re p re se n ts  the  
r a te  a t  w hich h e a t  is being  ad d e d  to  th e  u n it  m ass o f f lu id  w here R  is given by

R = ± ( QoCAx)2 ^ -  
Z Ot

d V
dt

(2.6)

C b e ing  a d im ension less c o n s ta n t. As a consequence o f (2.1) an d  (2.2), th e  
a b o v e  expression  fo r  R  can  be w r it te n  as

R  =  —  (CAx)2 —  
2 dx

d u
dx

9 U
dx

(2 .7 )
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W e now  prove t h a t  (2.6) sa tisfie s  the  co n d itio n s en u m era ted  in  Section 1. 
F ir s t  of all, R  is  large in  th e  shock reg ion  w here th e  d e riv a tiv e  QV/dt is 
la rg e  b u t  sm all o u ts id e  w here dV/dt  is m uch  sm aller. A lso, R  is zero fo r 
expansion  w aves w hen  0 F /8 t > 0 .  F o r rea l shocks gF /g t <  0 an d  th en ,

I d V \ 2
R = ~ { QoCAx)2 —  . (2.8)

In  th e  fo llow ing  Section , w e show th a t  th e  above form  o f R  also sa tisfies 
th e  conditions (i), (ii) an d  (iii) o f  Section  1 for s te a d y -s ta te  m ag n eto g asd y n am ic  
shocks.

3. Steady state plane shocks

L et a m ag n e to g asd y n am ic  shock of c o n s ta n t s tre n g th  m ove w ith  a 
c o n s ta n t L ag ran g ian  velocity  S.  T h en  all th e  flo w  p a ram e te rs  w ill be functions 
o f  L ag rang ian  d is ta n c e  w (from  th e  shock) g iv en  b y  w =  x  — St.

W e now  in tro d u c e  a q u a n t i ty  M ( =  q0S)  w h ich  is th e  ra te  of flow  o f 
m ass p er u n it a re a  across th e  shock , in th e  E q . (2 .1 )—(2.5) to  o b ta in

M K
+  U =  Q  ,

H

M V + U  =  C2 ,

H 2
b — — b M 2V  =  c 3 ,

2

E  + \ P  +
H 2

V  +
M 2V 2

R  =  Ct ,

(3.1)

(3.2)

(3.3)

(3.4)

w here  C15 C2, C3, C 4 are c o n s ta n ts . Also, in  te rm s  o f M  th e  expression  (2.8) 
becom es

R  = { M C  Ax)2
d V \ 2
die f

(3.5)

A p p ly in g  th e  b o u n d a ry  cond itions

w  —>■ o o ,  V  —>- p  —* p i ,  H  —*■ H j ,  E  —*• E j ,  R  —>- 0 ,  

mi —*■ — oo, V  —>■ V f ,  p  —► P f ,  H  —>• H f ,  E  —► E f ,  R  —► 0 ,

w here  th e  suffixes i a n d  /  refer to  th e  in itia l a n d  f in a l values o f  th e  q u an titie s  
in v o lv ed , to  o b ta in  th e  c o n s ta n ts , su b s titu tin g  fo r  R  from  (3.5) and  p u ttin g
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p V j y  — 1 for E,  in  E q . (3.4), we get,

d V
die

У +  1
2 (y —1) (C zk);

(F , -  F ) ( F -  F/) (y +  1) ^
2(y -  1) (C z k  M )2

Í Í 1 1 ) V I V /  + K 111 F, V f ! к k  + y + ljj
(3.6)

I n  w h a t follows, we discuss s e p a ra te ly  th e  significance o f  th e  tw o te rm s  on the 
r ig h t  h an d  side o f E q . (3.6).

Case I.  The non-magnetic case >

W hen th e  second te rm  on th e  R .H .S . of E q . (3.6) is zero, we proceed 
to  o b ta in  [6]

w here

у -  v * + vf  
2

+
Vi Vf sin (3.7)

w 0 = Ч у - 1) II 
. y + i J

(C Ax) .

A lso, th e  w id th  o f  th e  shock  is

n  w 0 Л
' Ч у  - 1)
. у +  1

2 (С Ax) , (3.8)

w h ich  show s t h a t  i t  is in d e p e n d e n t o f  th e  shock s tre n g th  an d  th e  in i t ia l  s ta te  
o f  th e  m edium  in to  w hich th e  shock  p ro p a g a te s  an d  is o f  th e  o rder o f  th e  in te r­
v a l  Ax  of c o m p u ta tio n . T his sa tisfies  th e  cond ition  (ii) o f  Section  1.

The p ressu re  p  in  th e  shock  reg ion  is given b y

p 2y [ V f У -  1 Г Г  1 i l , 1 il w j

Pi У +  1 [ V i У +  1 U  У 1 +  r ;. 2 l E  J m>0 )

(3.9)

Case I I .  The magnetic case

W hen th e  f irs t  te rm  on th e  R .H .S . of E q . (3.6) is neg lec ted  to  s tu d y  
ex p lic itly  th e  e ffec t o f th e  m ag n e tic  fie ld , we have

i d T (У +  1) & ÍÍ  1 , 1 V [ V f +  К  П
1 d ie ) 2(y -  1) (MC Ax)2 [ U Vf! K  I F ,  ' y  +  î j j

. ( 3 . 1 0 )
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W e assum e,

W
V  ( V,

+  ■
К

к  I Vt у  +

so th a t  E q . (3.10) ta k e s  th e  form

IÍ— + _L]
J U + F,J

d ^
die

+
К

V i  У  +  1

—  +  —  
Vi V.

У +  1
2(у -  1) (САх M ) 2 (1 -  У ) 1'2 (3.11)

•which on in te g ra tio n  an d  th e re a f te r  being w ritte n  in  te rm s o f  V  becom es

К
V  = V i  +  V f \

+  -
к

w here
v i у  +  1

( V  +  ! )

K  T 2
~ T L w  ’ (3.12)

+
К

V i  у  +  1(у -  1) (САх M ) 2

T he p ressu re  p  in  th is  case in  th e  shock  reg ion  is given by

у  +  1 2 К

V i V f
к

-£■ +
V t  у +  1 )

V j +  V f

2
К 2

M 2------— X
2V2

(3.13)

X l i  r y  +  1 , K ( г  +  п ( w 2 ( V f  , K
y , y , y  . 8 [ y -  l ) l CAx u  + y  +  1,

P
P’

[ r  + 1 2 K \ Vi +  vf

y V,- v f M
2

V,- y  +  1 1 '

K 2
M 2------—  X

2 V 2

X 1 +
V 2 y +  1 , K f Г +  1 ] w 2

K  I
V i V f y  , 8 y  —  1 ) CAx V i  + y  +  1 j

(3.14)

X

X
2y

У +  1 i
\ M 2 V i

V f y  — 1 1 K 2
Í 1 +  F !  • 7 + 1 l l

Vi У +  l | V 2 l V , V f y  11

A c ta  P hysica  A cadem iae  Scien tiarum  H u ngaricae  43 , 1977



5 0 B. G. VERMA and R. C. SRIVASTAVA

4. Stability of differential equations

S u b s titu tin g  E  =  p V / y —1, th e  en erg y  e q u a tio n  (2.5) can be w ritte n  as

V QP . 9 F  H 2 d V  14 dR
v - ^  +  rp- ^  + (r- 1)^ - ^  +  (r- 1)^ - = 0 - (4Л)

N ow , we p e r tu rb  th e  d ifferen tia l e q u a tio n s  in  o rd e r to  s tu d y  th e ir  s ta b ility . 
I f  ÔU, dp, ô V  an d  ÔH be th e  p e r tu rb a tio n s  in  U, p ,  V  and  H,  th e  equ a tio n s 
fo r th e  p e r tu rb a tio n s  from  (2.1) (2.4) an d  (4.1) are

Q o - ^ ( à U ) = ~ ~  (»P) -  ( H ô H ) , (4.2)
ot ox ox

ot K q0 ox K q0 ox

Q o ^ ( à V )  =  ~ ( ô U ) ,  (4.4)
a t  ox

^ - ( à V ) + V ~ ( ô p )  +  y p - ^ ( Ô V )  +  y ~ ( d p )  +  
dt dt dt dt

+  ( y - ^ ) ~ - ^ ( à V )  +  (y 1 ) H Ô H ^  +  (y  1 ) ~ ( Ô R )  =  0 .
2 dt dt dt

(4.5)

L e t us assum e th e se  p e r tu rb a tio n s  to  be of th e  fo rm

ÔU =  ÔU0 е‘Рх+°*, ô V  =  Ô V0 e‘Px+xt ,

dp =  dPo e‘<5x+oti, dH =  dH,, e‘Px+xt ,
(4.6)

w here d U0, dp0, d V 0 a n d  dH0 are c o n s ta n ts , ß  is a re a l co n sta  n t  an d  cx is an o th e r 
c o n s ta n t, rea l or com plex . The p e r tu rb a tio n  e q u a tio n s  fro m  th e  eq u a tio n s  o f 
flow  th e n  becom e

Also,

во x ( d U )0 +  iß(dPo +  H d H 0) +  (d H 0) ^ - =  0
ox

X  +
2 H  9 U\ H 2 .

(<Ш„) + -
K q0 dx )

iß(dU0) Qox ( d V 0) =  0

I (ôH0) +  —  iß(öH)0 =  0  ,
K Qo

(4.7)

(4.8)

(4.9)

dR  =  (ClI*)2
d u
dx

0 1 / I Э

dx j dx
( dU) , ( 4 .1 0 )
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i t  being  assum ed  t h a t  th e  p e r tu rb a tio n  in R  is n o t so large as to  a lte r  th e  sign 
o f 0 U/дх. Since th e  w id th  o f th e  shock is v e ry  sm all, we consider th e  p e r tu rb a ­
tio n s of v e ry  sm all w ave len g th , t h a t  is, large ß. F ro m  each  o f th e  E qs. (4.7), 
(4.8) o r (4.9) i t  follow s th a t  | x  | shou ld  also be v e ry  large. T hus we consider 
p e rtu rb a tio n s  t h a t  ra p id ly  change in  x  and  t an d  u n d e r such  conditions, th e  
coefficients o f ôV, ÔU0, ő p a n d  ÔH can  be reg a rd ed  as c o n s ta n ts  fo r sm all tim e  
an d  space in te rv a ls .

E lim in a tin g  ôp0, ô V 0 an d  ó H 0 betw een  (4.7), (4.8) an d  (4.9) we h a v e ,

elVKx*  +  q2x3 \ v p 0K ^ -  +  2 H V  +  (y _  I) ß^CAx)2 к
dt дх

' dU dU
dx \ dx

d H
+  e0a 2 [у  Pß2K  +  2 Н у в 0 ~ ~ +  V H 2(P +  i ß H W

ot OX ox

— -  H 2ßPK +  (у -  1) ßt{CAx)2 2H  —  
2 дх

ЭЕ/

дх
дЦ
дх

+  Qox

+  ß2K

2ур ß *H —  +  ß*H3 —  -  у Н 2 iß —  • —  +  
дх dt dt дхво

dt
у - l  Н*(Р ЭЕ/ а с /  др_

2 Qo дх ' дх dt
=  0 .

(4.11)

+

Since I a  I an d  ß  a re  la rge , we can  w rite  th e  d o m in a n t te rm s  in  E q . (4.7) fo r 
th e  shock  reg ion  a n d  shock  free reg ion  sep ara te ly .

In  th e  shock  reg ion

x  = ( r - i )
Qo

fP (C Axf  
V

d U ЭЕЛ
dx d x )

(4.12)

w hich  is n eg a tiv e  fo r a rea l shock  and  hence th e  d iffe ren tia l equa tions are  
stab le  in  th e  shock  reg ion  as sm all d is tu rb an ces decay  w ith  tim e .

This exp ression  is s im ila r to  th e  n o n -m ag n e tic  case discussed b y  
Y o n  N e u m a n n  a n d  R i c h t m y e r  [1]. T he n e x t v a lue  o f x  in  th e  shock  region is 
g iven  b y

(P

Qo I
y p K  +  V H 2 +  У-------- H 2 к

+  (у -  1) (СAx)2 2H
д и  
дх

2

ЭЕ/
дх

ЭЕЛ
дх

(4.13)
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E q . (4.13) gives th e  v a lu e  o f a  in  th e  sh o ck  region w here a rtif ic ia l h e a t conduc­
tio n  a n d  m agnetic  f ie ld  b o th  p la y  an  im p o r ta n t role.

In  th e  no rm al reg ion ,

(X3 p 2 y p H d U

qI у к Qo dx
+  K ^ -  +  (y 

dt 1)
I P  Э U 
2 q0 d x )

(4.14)

w h ich  show s th a t  th e  s ta b ili ty  of d iffe ren tia l equa tions is u n a ffec ted  in m ag n e to - 
g asd y n am ic  case.

In  th e  shock reg io n  th e  d o m in a n t te rm s give

an d

v 4ôp) _ , 4ÔR)
dt V7 ’ dt

(4.15)

va (ôp)
dt +  УР

d(ÔV)
dt +  (y Ж > + ( г _ Л

2 dt dt
0. (4.16)

F ro m  th e  E q s (4.15) and  (4.16) we conclude th a t  th e  shock reg ion  has 
b een  d iv id ed  in to  tw o  subreg ions. I n  th e  f irs t, only  a rtif ic ia l h e a t conduction  
is p ro m in e n t, and  in  th e  second, a r tif ic ia l h e a t co n duc tion  an d  m ag n e tic  field 
b « th  p la y  an  im p o r ta n t  ro le. On th e  tr a n s it io n  lay e r o f th e se  tw o  reg ions, the  
p e r tu rb a tio n  in  specific  vo lum e n e ith e r  grow s no r decays b u t  rem ain s co n stan t.

As a consequence o f E qs (4 .7), (4.8) and  (4.10), E q . (4.15) y ields for 
a re a l shock

~ ~  (ÔP) =  a (ÔP) . (4-17)dt dx1

w hich  h as  th e  form  o f a diffusion e q u a tio n  w here <r is g iven  b y

an d  N  is given b y  

N =  H 3ß2

w here we h av e  p u t

( y - l ) ( C A x f

Q0V

H 3ß*

du
dx

du
dx (1 -  m (4.18)

{é?o « +  {(Oc*2 +  W P * )2 + P I P  j ^ ) 2} 1 (4.19)

К №  +  2 Я —  =  A. 
dx

In  th e  no rm al reg ions th e  d o m in a n t te rm s in  E q . (4.5) give

V  (ôp) +  УР~  (yV)  +  (y -  1) ^  A  (ÔV) =  0 ,
dt dt 2 dt

(4.20)
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w h ich  is sim plified  to  an  a lte rn a te  form

w here

Э2 
012

(ÔU) =  Sg Э2 (ÔU)
dx2

C2 УР I r  -  1 H 2
0 ~~ ~2~r7 ’(?o ^  2 QqV

(4.21)

T h e  E q . (4.21) is th e  w ave e q u a tio n  ty p e  so th a t  th e  p e r tu rb a tio n s  p ro p ag a te  
like  sound  w aves. F ro m  Eqs (4.16) an d  (4.21), we conclude th a t  on th e  tra n s i­
t io n  lay e r of shock  region an d  n o rm a l reg ion , th e  p e r tu rb a tio n  in  artific ia l 
h e a t  co n d u c tio n  is c o n s ta n t, an  assu m p tio n  m ade b y  Sa c h d e v  a n d  P r a s a d  [6] 
b u t  p ro v ed  m a th e m a tic a lly  b y  us.

5. Finite difference equations and their stability

Follow ing th e  m eth o d  of f in ite  d ifferences ex ac tly  on th e  sam e p a tte rn  
as u sed  b y  Y on  N e u m a n n  and  R ic h t m y e r , we ensure  th e  s ta b ility  o f  d ifference 
e q u a tio n s  in  th e  n o rm a l region a n d  shock reg ion  sep ara te ly .

A )  Normal region

C onsidering on ly  th e  te rm s  w hich  are d o m in a n t in  th is  reg ion , and  
w ritin g  d ifference eq u a tio n s  fo r th e  p e r tu rb a tio n s  co rresponding  to  d ifferen tia l 
e q u a tio n s  (4.2), (4.4) an d  (4.20) w e g e t,

ç0(ÔU0) Г 1/2 ( f  -  1) =  -  (d p 0)C“ 1/2( í  l ) ~ ~  H(ÔH0) ^ 2(£ -  1) At
Ax

At
eo (ÔV0) ^ 2(è -1 )  =  (ÔU0)?I2(Ç -  1 ) ,

Ax

УР
У — 1 я 2 (ÔV0) +  V(ôPo) =  о ,

w h ere  p e r tu rb a tio n s  have  been ta k e n  in  th e  fo rm  as given below

ÔUJ+1 =  0 U 0 C4n+1'2 e tc .
w here

£ =  e^Ax, £ = >a A t

Ax

(5.1)

(5.2)

(5.3)

(5.4)
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E lim in a tin g  ôp0, ô U 0, ô V 0 and  ÔH0 betw een  (5 .1 )—(5.3) and  m ak in g  use of 
(4 .8) we ob ta in

1 -
HZC112̂ 112 [ Ay

Axво
Í  +  - -  2 =  2

zlt
Ax

S 0 (cosß Ax - 1), (5.5)

w here

Z  =
H 2 iß

K  q0 a  -f- 2H
QU
dx

C onsidering  on ly  th e  rea l p a r t o f E q . (5.5) an d  th e n  solv ing i t  fo r we have

! i , * =  b ±  1/ 6 ^ 1 ,  (5.6)
w here

6 =  1 — p2 { 1 — cosß Ax)  , 

At
=  S„

Ax

(5.7a)

(5.7b)

T h e  re la tio n  (5 .7a) show s th a t  b is alw ays less th e n  one. Two cases m a y  th e n  
a rise  :

- 1 <  6 <  1, I I =  11* I =  1, (i)

w h ich  gives th e  s ta b i l i ty  in th e  sense th a t  th e  p e r tu rb a tio n  will n o t grow  and

b < ~  1, I l i  | < 1  <  I $2 I (Ü)

show ing  th a t  th e  sy s tem  of d ifference eq u a tio n s a re  u n stab le . T hus, equ a tio n s 
w ill alw ays be s ta b le  if  ц <  1.

В) Shock region

W riting  th e  difference e q u a tio n s  co rrespond ing  to  (4.2), (4.10), (4.15) 
a n d  (4.16) and  m a k in g  use of (4.6) a n d  (5.4) we o b ta in  th e  follow ing expressions:

o0 0 U 0 ! " * ( ! - 1 )  =  в - 112 (С -  1) -  H Z  C "1/2( í  -  1) й£70}, (5.9)
Ах

Vôp0: 112 =  -  S l z J L  . ô U 0(CAx)211 —  I -  — ) ! 1/2(£ -  1 ) . (5.10)
Ax  ( I d x  j dx  j
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E lim in a tin g  ôp0 a n d  d U 0 be tw een  (5.9) and  (5.10) an d  ta k in g  o n ly  rea l p a r t  
we ge t

^ — 1 — 2rj (cosß A x — 1 ) ,  (5.11)
Ax

w here

V
(y - 1 )

Q0V
{C A x f dU 317 j

dx dx  j

F o r s ta b il i ty  I I  I 1 fo r w hich

At  < (.Ax)2

2 V

W e define th e  shock  s tre n g th  as

в Vj_

Vf

(5.12)

(5.13)

In  te rm s  o f th is  shock  s tre n g th , f] is expressed  as

At  <
2 (7

Qq K
-  1) (C M )2

0 +  1

Vf i l  1 вК  1
r  r + i ]

«Ч у + 1) е к
(у — 1 )8  (C M  Ax)2 [ 1 y +  1 ,

T his e q u a tio n  gives th e  cond ition  fo r  s ta b ility  o f d iffe ren tia l e q u a tio n s  in  th e  
shock reg ion . F rom  th e  R ank ine  — H u g o n io t cond itio n s, S  can  be w ritte n  as

S  =
(y +  1)0 -  (у -  1)

1/2 yPf + (y+1)
e! vf  2 g* v t

Щ  + Vf
2 &V,

m
1/2

(5.14)

In  no n -m ag n e tic  case th is  reduces to  th e  form

w here

S  =
______2_
( У  + | i ) 0 (y +  1)

Y P f
QlVf

1/2

w hich  gives th e  so u n d  speed re la tiv e  to  th e  L ag ran g ian  co o rd in a te . T h u s we 
see t h a t  th e  s ta b ility  o f difference eq u a tio n s  is s lig h tly  d is tu rb e d  in  m agneto - 
g asd y n am ic  case b u t  is n o t affec ted  anyw here  else. Since th e  d iffe ren tia l eq u a ­
tio n  (3.6) has been  d iscussed  b y  ta k in g  b o th  p a r ts  on th e  r ig h t h a n d  side 
se p a ra te ly , we c a n n o t deduce n o n -m ag n e tic  co n d itions o n ly  b y  d ro p p in g  th e  
m ag n e tic  fie ld  te rm  b u t  h av e  to  p ro ceed  afresh  in  a s im ila r w ay . T h is case has 
been th o ro u g h ly  s tu d ie d  b y  S a c h d e v  an d  P r a s a d  [ 6 ] .
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6. Discussion and results

To have th e  q u a lita tiv e  p ic tu re , we use one se t o f d a ta  used  b y  L a x  [2], 
y  =  2, Vi =  3, [/,- =  0 ,pf  =  — 2 /3 ,py = 6 ,  Vj = l , U f — 4. F o r  o u r conveni­
en c e  we have ta k e n  C =  2, Zhr =  0.025, К  — 2. F ig . 1 re p re se n ts  pressure 
d is tr ib u tio n  in  th e  shock  region w ith  L ag rang ian  d is tan ce . T he fo u r conditions 
o f  Section  1 are sa tis fied  in th e  p re se n t case an d  th e  s ta b ility  o f difference and

Fig. 1. Pressure distribution in shock region

d iffe ren tia l e q u a tio n s  are a lm o st sa tisfied . As a re su lt o f th e  follow ing discuss­
io n s  we observe t h a t  th e  shock  reg ion  is d iv ided  in to  tw o  sub-reg ions on th e  
tra n s i t io n  lay e r o f  w hich th e  p e r tu rb a tio n  in  specific vo lum e is co n stan t. 
O ne  layer b eh av es  like th e  n o n -m ag n etic  case w hile in  th e  o th e r  sub-region 
th e  m agnetic f ie ld  an d  a rtific ia l h e a t  conduction  b o th  p lay  an  im p o r ta n t role. 
T h u s , the shock reg ion  has been  sp read  ou t a n d  a rtific ia l h e a t conduction  
in tro d u c e d  to  sm o o th en  ou t th e  shock is m ore  effective in  th e  m agnetised  
m ed iu m  ra th e r  th a n  in  th e  o rd in a ry  gasdynam ic  case.
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The governing principle of dissipative processes is formulated for unsteady heat conduc­
tion phenomenon. The dual field method is applied to find the temperature distribution in 
a finite insulated rod whose ends are maintained at a constant temperature. The variational 
solution obtained by this new method is in excellent agreement with the exact solution given 
by Ca r s l a w  and J a e g e r . The result is also obtained in the force representation of the govern­
ing principle which is exactly similar to that obtained by local potential method.

In troduc tion

O n th e  basis  o f  n o n -eq u ilib riu m  th eo ry  o f  irreversib le  processes Gyarm a ti 
[1, 2] fo rm u la te d  a v a r ia tio n a l princip le w h ich  describes th e  ev o lu tio n  
o f d iss ip a tiv e  processes in  tim e  an d  space. T h e  fo rm ula tion  w hich is called 
th e  govern ing  p rin c ip le  of d iss ip a tiv e  processes is w ritten  in  m o st general 
fo rm  as

6 j v [ a - W - 0 ] d v  =  °. (1)

H ere  a d eno tes th e  en tro p y  p ro d u c tio n  inside th e  system  an d  i t  is a b ilinear 
fu n c tio n  o f th e rm o d y n am ic  fo rces AT1,- and  c u r re n t J,- i. e.

CT= 2 1 (2)
i=i

r t a re  th e  s ta te  p a ra m e te rs , th e  g rad ien ts  o f  w h ich  are th e  th e rm o d y n a m ic  
forces. In  th e  lin e a r  O nsager th e o ry , th e  c u rre n ts  are lin ear fu n c tio n s  o f th e  
forces, i. e.

J, =  2  L* v r * » v u  =  2  R«  ’
k=1 ft=1 (3)

(i =  1 ,2 , . . . / )
w here th e  c o n s ta n t coefficien ts L ih and  R ik a re  th e  co n d u c tiv ities  an d  re s is t­
ances, re sp ec tiv e ly , an d  these  sa tis fy  th e  fam o u s reciprocal re la tio n s

L jk =  L ki, R ik =  R ki (i, к =  1,2, . . . / ) .  (4)
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4* a n d  Ф are th e  loca l d issipation  p o te n tia ls  w hich a re  defined  as [1, 2]

V (v r ,  v r )  ^  2  L* W  ■ v r ft ^  0 , (5)
^ i,k=l

e » ( j , j )  =  -J- 2  R ^ ‘ - J ^ 0 - (6)
* i,fe=i

T hese  functions, in  O nsager’s lin ea r  th e o ry , are  eq u a l to  h a lf  o f th e  en tro p y  
p ro d u c tio n  for re a l processes, i.e. W  an d  Ф are th e  local m easures o f  irrev e rs i­
b il i ty . U sing (2), (5) a n d  (6), th e  v a ria tio n a l p rincip le  (1) can  be g iven  in  the  
follow ing d e ta iled  form

J, • v r , 2  L ^ r < ' v r * Rik J  i d v  =  0 .  (7)

I t  shou ld  be n o te d  t h a t  th e  p rincip le  (7) is o p e ra tiv e  i f  an d  only  i f  th e  balance 
eq u a tio n s

Qi +  V  • J ,  =  Oi ( i  =  1 ,2 ,  . . . / ) ,  (8)

a re  regarded  as a u x ilia ry  cond itions fo r w hose v a ria tio n s  th e  re s tr ic tio n s

b ( k l -  a ,)  =  - Ö A  • J ,  =  - V  • J<5, ( i  =  1 ,2 , . . . / )  (9)

a re  va lid . H ere g, is th e  p a r tia l tim e  d e riv a tiv e  o f th e  d en sity  g, a n d  cr, is the  
r a te  o f p ro d u c tio n  o f  th e  tra n s p o r t  q u a n titie s .

The p rincip le  is a lread y  used  ex ten s iv e ly  for th e  d e riva tion  o f eq u a tio n s 
o f  h e a t conduc tion , d iffusion  etc . R ecen tly  S i n g h  [ 3 ,  4 ,  5 ]  applied  th is  p rincip le  
to  g e t th e  v a r ia tio n a l so lu tion  o f th e  B én a rd  convection . The c ritic a l wave 
a n d  R ayleigh n u m b e rs  fo r th e  linearised  B én ard  convection  w ere ob ta in ed  
w h en  th e  p rincip le  o f  exchange o f s ta b ili ty  is va lid . In  th e  following, th e  p rin ­
cip le  is applied to  g e t th e  so lu tion  o f th e  tim e  d ep en d en t process of h e a t  conduc­
t io n  in  a fin ite  in su la te d  rod , th e  ends o f w hich are m a in ta in ed  a t  c o n s tan t 
te m p e ra tu re  say  zero . A ssum ing th a t  th e  in itia l te m p e ra tu re  is g iven  by  
T 0( l  X2) w here T 0 is c o n s ta n t an d  x  is th e  d is tan ce  m easu red  a long  th e  rod, 
th e  te m p e ra tu re  d is tr ib u tio n  w hich  depends on b o th  tim e  an d  positio n  is 
o b ta in e d . The re s u lt  o b ta in ed  using  th e  u n iv e rsa l fo rm  o f p rinc ip le  is quite  
close to  th e  e x a c t re su lt  given b y  C a r s l a w  an d  J a e g e r  [6]. T he re su lt  was 
a lso  ob ta in ed  in  force rep re sen ta tio n  w hich is sam e as o b ta in e d  by 
S c h e c h t e r  [ 7 ] .
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Formulation of the problem

L et us a ssu m e  th a t  th e  ph y sica l p ro p e rtie s  o f  th e  ro d  are  in d ep en d en t 
o f te m p e ra tu re , th e n  th e  process of cooling is d e te rm in ed  b y  th e  en erg y  
balance

Qcv ^ ~  +  V • J ,  =  0 ,  (10)
at

w here q is th e  d e n s ity  and  c„ is th e  h ea t c a p a c ity  a t  c o n s ta n t volum e. is 
th e  h e a t c u rre n t d e n s ity  and  T  is th e  te m p e ra tu re  o f th e  rod . T he co n stitu tiv e  
e q u a tio n  o f th e  sy s tem  is

J  ,  =  - A V T ,  (11)

w here A is th e  c o n d u c tiv ity  o f  th e  rod  and  i t  is c o n s ta n t. T he e n tro p y  p ro d u c­
tio n  of th e  sy s te m  in  F ourie r p ic tu re  is [2]

о — —J q ' V T  (12)
an d  W and  Ф a re

^  =  1 Ау г - у : г ,  Ф  =  - J , .  ( 1 3 )
Z ZÀ

P rincip le  (1) becom es

<5 Г  f  f - J ,  • VT -  —  AVT V T -  —  J „  ■ J Ç1 dvdt =  0 .  (14)
Jo J v  2 2A

The p ro b lem  is one-d im ensional, th e re fo re  re la tio n  (11) becom es

J 9I =  - A - ^ - ,  (15)
ox

w here x  is th e  d is ta n c e  m easu red  a long  the  ro d . I n  th e  d u a l m e th o d  we in tro ­
duce b y  d e fin itio n , an  a p p ro x im a te  te m p e ra tu re  fie ld  T* w h ich  is connected  
w ith  cu rren t d e n s ity , J ?i, b y  th e  re la tion

0T *
=  -A V T *  =  - A —  • (16)

ox

W ith  th e  help  o f  th is  a p p ro x im a te  value of J  , energy  ba lan ce  (10) and  th e  
p rincip le  (14) becom e

Э Т 0

dx = 0 ,

' Э Т  0 Г * 1 0 T 2 l (d T*  i2i

«CD«CD 2 dx 2 l  9* J .
dtdx =  0.

(17)

(18)
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T h e  in itia l an d  b o u n d a ry  co n d itions are

t =  0; T  =  Г 0(1 -  x%  

t 0; T  =  0 a t  X =  ^  1.
(19)

I t  is assum ed th a t  T* sa tisfies th e  co n d itio n s  (19). L e t us assum e T  in  th e  follow­
in g  form

T  =  T 0( l  — x2)x(t), (20)

w here  x(t) =  1 w hen  t — 0. H ere «(t) is th e  v a ria tio n a l p a ra m e te r  to  be  d e te r­
m in ed . Use o f (20) in  (17) gives

rp* ( 21)

U sing  th e  expressions for T  an d  T* in  (18) and in te g ra tin g  w .r .t . x  we get 
th e  f in a l form  o f th e  princip le as

6 j j  [84A aá+  105A2a 2 +  1 7 à 2]di =  0. (22)

As th e  E u le r  L agrange e q u a tio n  of th is  v a r ia tio n a l fo rm u la tio n , we 
g e t th e  follow ing e q u a tio n  for a(t)

1 0 5  52 Aa --------- Ira. =  0 .
17

In te g ra tin g  (23) we ge t a as
/  105 Vi* .

since a(0) =  1. T he te m p e ra tu re  f ie ld  is

a  =  e

■ HTIT0 = ( l - x ? )  e 

T his v a ria tio n a l so lu tion  is co m p ared  w ith  th e  ex ac t so lu tion

T  =  —  T 0 У  ( 1)П ex p
л 2 (2n +  l ) 3

( 2 n 4 - l ) 2 jr 2 A i l  2 n  - 4 - 1
—------------- ------------  C O S ---------------- X

(23)

(24)

(25)

(26)

in  T ab le  I.
A b rie f s tu d y  o f th is  T ab le  w ill reveal th a t  th e  ap p ro x im a te  solu tion , 

th o u g h  a f irs t  ap p ro x im a tio n , is in  exce llen t ag reem en t w ith  th e  e x a c t resu lt.
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Table I

A i=  1 Af =  0.1 At =  0.01

X E x a c t U n iv e r s a l F o rc e E x a c t U n iv e r s a l F o r c e U n iv e r s a l
V T , T/T0 r / T 0 TIT, T/T0 T/T, T I T ,

0.0 0.0850 0.0833 0.0820 0.792 0.7799 0.779 0.9755
0.2 0.0823 0.0799 0.0787 0.755 0.7487 0.747 0.9364
0.4 0.0696 0.0699 0.068 0.640 0.6551 0.654 0.7194
0.6 0.0509 0.0533 0.0525 0.472 0.4992 0.498 0.6243
0.8 0.0267 0.0299 0.295 0.249 0.2808 0.280 0.3512
1.0 0.000 0.0000 0.00 0.000 0.0000 0.000 0.0000

A b e tte r  ap p ro x im a tio n  can  be developed  b y  using  a m ore  com plex exp ression  
for te m p e ra tu re  field .

I t  is w ell know n th a t  th e  govern ing  p rincip le  o f  d issipative  processes 
re su lts  in  tw o  p a rtia l fo rm s o f th e  p rinc ip le . T hough th e se  tw o p a r t ia l  form s 
are  no m ore  ac tu a l v a ria tio n a l p rinc ip les, b u t  to  e s tab lish  th e  fac t t h a t  th e  
force re p re se n ta tio n  o f G y a r m a t i ’ s  prin c ip le  is eq u iv a len t to  th e  local p o te n tia l  
m eth o d  o f G l a n s d o r f f  an d  P r i g o g i n e ,  we have c a lcu la ted  th e  p a ra m e te r  « 
in  th e  force re p re se n ta tio n  and  its  v a lu e  is found  to  be

я = е - 5 / 2 Л »  ( 2 7 )

and  th e re fo re  th e  te m p e ra tu re  d is tr ib u tio n  is

T jT 0 =  (1 X 2)  (28)

w hich is e x a c tly  th e  sam e as o b ta in ed  b y  S c h e c h t e r  [ 7 ]  w ith  th e  help  o f  th e  local 
p o ten tia l m e th o d  of G l a n s d o r f f  and  P r i g o g i n e .  T his re su lt proves th e  th e o ­
re tica lly  e s tab lish ed  fa c t [1, 3], th a t  th e  local p o te n tia l m eth o d  is e q u iv a le n t 
to  th e  force re p re se n ta tio n  o f  G P D P  as fa r  as th e  ap p ro x im a tio n  p ro ced u re  is 
concerned .
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THE SCHLIEREN DISTRIBUTION OF THE CATHODIC
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The optical density distribution in cell containing electrolyte solutions of Schmidt 
number greater than 2500, Sc >  2500, [1], has been investigated. The “Shadow Schlieren” 
method is used to record the free convective flow caused by the difference in gravity bet­
ween the electrode film and bulk fluid. The two roots of the imaging law of the diffusion bound­
ary layer have been achieved in the vicinity of the cathode.

In tro d u c tio n

T h e  p rob lem  o f m ass tra n s fe r  h as  been  s tu d ied  for acid ified  copper- 
su lp h a te  so lu tions u n d e r  th e  co n d itio n  o f free-convection  [1]. In  su ch  a case, 
th e  d ep o sitio n  o f m e ta l ions on v e rtic a l ca th o d es is accom panied  b y  th e  fo rm a­
tio n  o f  a  c o n c e n tra tio n  g rad ien t in  th e  y -d ire c tio n  (F ig . 1). On th is  cond itio n , 
th e  o p tic a l d e n s ity  is considered to  be a fu n c tio n  o f  th e  co n cen tra tio n  d is tr ib u ­
tio n  o f  th e  flu id .

T he “ S hadow  S ch lieren”  m e th o d  is b ased  on  th e  fa c t th a t  p a ra lle l ligh t 
ray s  p assin g  th ro u g h  a m edium  w ith  a co n tin u o u sly  changing  re fra c tiv e  index  
are d e v ia te d  to w a rd s  th e  o p tica lly  d en ser p a r ts  o f  th e  m edium . In  th is  case, 
th e  im ag e  is fo rm ed  b y  th e  p ro jec tio n  o f  a shadow  w ith o u t th e  use  o f  lenses 
an d  so a “ S hadow  Schlieren”  can  he p h o to g rap h ed . The m e th o d  is qu ite  
v a lu ab le  fo r th e  in v es tig a tio n  a t  th e  ca th o d e  w hile i t  is less v a lu a b le  a t  th e  
anode f ilm . This is because th e  lig h t passing  th ro u g h  th e  b o u n d a ry  la y e r  will 
be d e v ia te d  to w ard s  an d  deflected  b y  th e  anode. T h is will resu lt in  a b ro ad en ­
ing o f  th e  e lectrode shadow . T here is, how ever, also an  opposite e ffec t, w hich 
re su lts  in  a n a rro w in g  o f th e  shadow , due  to  th e  lig h t passing close to  th e  rear 
edge o f  th e  anode.

W h en  th e  ra y s  are in c id en t on th e  cell in  th e  2-d irection  as in  F ig . 2, 
th e  d iffe ren tia l e q u a tio n  o f th e  ra y  p a th  in  one d im ensional re fra c tin g  fie ld  is 
g iven  from  g eom etrica l optics [2] b y

У" d  In (n)
1 +  y '2 dy  ’ W

w here  y '  =  dy/dz is th e  slope of th e  r a y , a n d  n  is th e  re frac tive  in d e x .
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F o r a sm all co n cen tra tio n  (0.1 M /L C uSo4), у ' г is p rac tica lly  negligible 
com pared  w ith  u n i ty  [3]. A ccord ing ly , th e  slope o f  an y  ra y  in c id e n t para lle l 
to  th e  ca thode a t  a d istance  y 0 from  it  is g iven b y

c

F ig. 1. Schematic representation  for th e  fia id  velocity and  concentration d is tribu tion  near
th e  cathode

s c r e e n

Fig. 2. A pproxim ation o f the p a th  of parallel light th ro u g h  the diffusion boundary  layer, 
a: denotes the position  of the cathode edge on a screen a t  a  distance L  from th e  m id point 
o f th e  cathode, in th e  absence of any concentration  grad ien t; c: a t a distance <5, from  a, denotes 
th e  maxim um  dev ia tion  of a beam inciden t ju s t on th e  fro n t edge of the cathode; d: a t  a dis- 
tancey ,from  a, denotes th e  deviation of a beam  incident a t  a  distance y 0 from th e  fron t edge 
o f th e  cathode. I ts  deviation  a t th e  rear end of the ca thode is y; e: a t a distance â from a, 

denotes the dev ia tion  of a beam inciden t ju s t outside th e  diffusion boundary  layer
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A ssum ing  th e  to ta l  d ev ia tio n  o f th is  ra y  to  rem a in  sm all, th e  co n cen tra tio n  
an d  its  g rad ien t do n o t  change d u rin g  th e  lig h t p a th  an d , so, a t  th e  o u tle t o f 
th e  e lec trode , i.e. a t  z =  6,

y i=  —  b (3)
n

an d  so th e  to ta l d e v ia tio n  of th e  r a y  a t  th e  end  o f  th e  e lec trode  is

У — Jo 2 n
b2 . n'  =  dnjdy . (4)

T hus, th e  p a th  o f  th e  lig h t b eam  across th e  d iffusion  b o u n d a ry  layer, ód, 
describes a pa rab o la . F rom  E qs. (3) and  (4), one can  w rite  fo r th e  slope of th e  
ra y

(*>0/2

T he curved  fo rm  o f th e  lig h t beam  could , how ever, be rep laced  to  the  
f ir s t  ap p ro x im a tio n  b y  tw o  s tra ig h t lines in  F ig . 2. I f  th e  d ev ia tio n  o f th e  ligh t 
beam  on a screen, a t  d is tan ce  L  aw ay  from  th e  c e n tra l p o in t o f  th e  cathode, 
is d en o ted  b y  y\ ,  th e n  th e  slope o f  th e  ra y  is

Уь =

or, w ith  th e  help o f  e q u a tio n  (3);

Уг — Уо
( 6)

Ух -  У о _  "  ь
(? )

F ig . 3 gives a sch em atic  d iag ram  fo r th e  o p tic a l a rra n g e m en t fo r the  
s tu d y  o f  th e  d en sity  d is tr ib u tio n  in  th e  e lec tro lysing  cell m ade o f  p lanpara lle l 
p la te s  o f  flow -free g lass [1].

Fig. 3. O ptical Schlieren arrangem ent for the study of the hydrodynam ical m otion of the fluid 
in the electrolysis cell. S: Sodium  lam p; b: circular slit; d: collim ating lens group; f: electrolysis 
cell; k: cam era box; a; condenser lens; c: cam era shu tter; e: rectangular box; g: cam era slit;

L: screen
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The d iffusion  boundary  lay er

In tro d u c in g  th e  re la tive  d e v ia tio n  r]± =  y 1/ô1 an d  th e  re la tiv e  wall 
d is ta n c e  rj =  y 0/<5, th e  im aging  law  o f th e  d iffusion  b o u n d a ry  la y e r  could  be 
o b ta in e d , a fte r E q . (7), in  th e  fo rm

Vi
ТЬ 71л (5
-------- H------

nn'e dj
( 8)

w h ere  ne is th e  re fra c tiv e  index  on  th e  ca thode , a n d  ne is th e  re fra c tiv e  index  
g ra d ie n t p e rp en d icu la r to  th e  ra y .

F rom  th e  In te rn a tio n a l C ritica l Tables giv ing th e  re la tio n  be tw een  th e  
re fra c tiv e  index  a n d  th e  c o n c e n tra tio n , one can  f in d  fo r th e  c o n cen tra tio n  
reg io n  o f cupric su lp h a te  so lu tions betw een  C — 0.0 —*■ 0.1 M /L, t h a t  Эп/ЭС 
is p o sitiv e  and  c o n s ta n t. T h a t is, one can  give fo r th e  re frac tiv e  in d e x  fie ld  th e  
sam e  equations fo r  th e  c o n c e n tra tio n  field . C onsequen tly , in  F ig . 2, th e  illu ­
m in a tio n  s tre n g th  h as  its  m ax im u m  va lu e  w hen d y j d y  =  0. T h is lead s fo r th e  
im ag in g  law  of th e  diffusion b o u n d a ry  lay er to  th e  re la tio n

dy l
drj

—  • =  —----6r] -f- ôrj2 =  0.
Ó! b dy Ô

(9)

T h is  m eans th a t  tw o  b rig h t lines a re  observed  on th e  screen o rig in a ted  from  
th e  p laces of th e  diffusion b o u n d a ry  layer, since

Уа,ь — 1/2 j l  db 1 — A  A .
3

( 10)

w ith  rja and rjb b e in g  th e  tw o ro o ts  o f  th e  q u a d ra tic  eq u a tio n  (9).
This has been  achieved from  th e  Schlieren p h o to s  reco rded  th ro u g h  the  

p re se n t w ork. T he im age o b ta in ed  on  a screen a t  a d is tan ce  L  =  28 cm  from  
th e  cen tre  of th e  cell shows tw o b r ig h t  lines to  arise a long  th e  c a th o d e . F o r th e  
c o n cen tra tio n  (0.01 M /L CuSo4 -f- 1.5 M /L H 2S 0 4) d u rin g  th e  passage  of
0 .306 m A /cm 2 fo r 90 m in, P la te  1 show s th e  tw o  b r ig h t lines t h a t  ap p eared  
a lo n g  th e  ca th o d e . T h ey  are v e ry  n e a r  to  each  o th e r  because o f  th e  sm all 
co n cen tra tio n  g ra d ie n t. Such p h o to  h as  been ta k e n  fo r  th e  ca th o d e  film  using  
a p u n ch ed  re c ta n g u la r  slit 3 m m  w ide  clam ped close to  th e  cell face  so th a t  
l ig h t inc id en t on  th e  cell is allow ed to  pass only  th ro u g h  th e  la y e r  a d jacen t 
to  th e  ca thode su rface . Also, th e  edge o f th e  s lit is w ell a d ju s te d  in  th e  p lane 
o f  th e  ca thode edge to  record  th e  d ev ia tio n  due to  th e  ca th o d e  f ilm .

In  th e  ca th o d e  diffusion la y e r , th e  co n cen tra tio n  an d  re fra c tiv e  index  
a re  low er th a n  th o se  in  th e  b u lk  so lu tio n . The lig h t beam  is, th e re fo re , d ev ia ted
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from  th e  electrode as given in  F ig . 2. Such d e v ia tio n  is p ro p o rtio n a l to  th e  
re fra c tiv e  index  g ra d ie n t. Since th e  g rad ien t is g re a te s t close to  th e  ca thode 
su rface , so th e  l ig h t ray s  th a t  e n te r  th e  so lu tio n  n ea r th e  ca th o d e  surface 
■will undergo  th e  g re a te s t d ev ia tio n . P la te  2 is a Schlieren p h o to  show ing 
th e  d ev ia tio n  o f l ig h t from  th e  d iffusion  b o u n d a ry  layer. T he course o f th e  
second  b rig h t line , d en o ted  b y  C in  F ig . 2, gives th e  v a ria tio n  o f th e  co n cen tra ­
t io n  g rad ien t (8Cjdy)e a t  th e  su rface  o f th e  c a th o d e , w hich m a y  be  o b ta in ed  
fro m  E q . (7) an d  so

Plate 1. Schlieren photo , 90 min after closing th e  circuit for the composition: 0.01 M/L CuC04 +
f  1.5 M/L H 2S 0 4 a t 0.306 mA/cm2

Plate 2. Schlieren photo  shows the deviation of light from  th e  diffusion boundary  layer and 
illustrates th e  variation  of the concentration g rad ien t a t the cathode surface

A d a  P hysica  A ca d em ia e  Scien liarum  H u ngaricae  43 , 1977



70 M. F. KOT KATA

Plate 3. Schlieren photos for the cathode film showing th e  d istribution  changes of the  local 
cu rren t along the cathode surface at different tim es from passing 1.787 mA/cm2 cu rren t density
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04
Lb 1 dn  3 C
ne \ dC e dy e (12)

dC <5i ne

дУ

-o

1

(dnldC)e

F rom  th is  one can  see th e  d is tr ib u tio n  o f th e  c u rre n t d e n s ity  along th e  ca th o d e  
surface. T he d is tan ce  o f  th e  course line from  th e  ca th o d e  surface a t  a n y  p o in t 
is, th e re fo re , a m easu re  o f th e  c o n c e n tra tio n  g ra d ie n t a t  such p o in t on  th e  
ca th o d e  su rface .

The cathodic local current

P la te s  3 are Schlieren  pho to s  fo r th e  ca th o d e  film  show ing th e  d is tr ib u ­
tio n  changes o f  th e  local c u rre n t a long  th e  surface o f  th e  ca thode d u rin g  one 
h o u r in  th e  cel] filled  w ith  so lu tion  (0.05 M /L C u S 0 4 -f- 1.5 M /L H 2S 0 4) a t  
passage o f  1.787 m A /cm 2 c u rre n t d e n s ity . P h o to s  (a) to  (c) illu s tra te  th e  v a r ia ­
tio n  o f th e  d iffusion  b o u n d a ry  lay e r w ith  tim e  before  reaching  th e  lim itin g  
c u rre n t. P h o to s  (d) to  (f) show  th a t  such  region rem ain s unchanged  w ith  th e  
tim e  going up . T h is in d ica te s  th a t  a f te r  a considerab le  tim e , (30 m in  fo r  such 
com position ,) th e  lim itin g  c u rre n t is reach ed  an d  m ore  or less i t  is c o n s ta n t 
along th e  su rface  o f th e  ca th o d e . E v id e n tly , i t  is th e  case de tec ted  from  th e  
e lec trical m easu rem en ts  t l ]  of th e  local c u rre n t d e n s ity  along th e  surface 
o f th e  ca th o d e . H ow ever, such co n s ta n c y  fo r th e  lim itin g  cu rren t d e n s ity  is 
a t tr ib u te d  to  th e  presence of th e  b ack -flow  wdiich has been found  to  g rasp  
th e  o rig inal flow  [1].
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PROPAGATION AND GROWTH OF 
MAGNETOGASDYNAMIC SHOCK WAVES 

IN INHOMOGENEOUS FLUIDS

By

B. G. V e r m a  and R . C. S r i v a s t a v a

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF GORAKHPUR 
GORAKHPUR 273001, INDIA

(R eceived in revised form  10. VI. 1977)

This paper presents a num erical study of th e  propagation of m agnetogasdynam ic 
shocks in inhomogeneous m edium . The natu ra l sta te  of th e  medium is defined by th e  assump­
tion  th a t  th e  pressure, in ternal energy and tem peratu re  are determ ined a t each spatial point 
and tim e by th e  density and entropy.

1. Introduction

P ro p a g a tio n  of a shock  w ave th ro u g h  a non-un ifo rm  m ed iu m , in the  
absence of th e rm o d y n am ic  in fluences, has been  considered  b y  C h i s n e l l  [1], 
w ho o b ta in ed  th e  s tre n g th  o f th e  shock w ave th ro u g h o u t th e  reg ion  o f  v ary ing  
d en sity . S t r a c h a n  e t al [ 2 ]  also considered  th e  shock p ro p ag a tio n  in  a sim ilar 
m ed iu m  b u t  inc luded  th e  in itia l v a r ia tio n  in  th e  p ressure , p a rtic le  velocity  
as well as d en sity . R ecen tly , N u n z i a t o  an d  W a l s h  [ 3 ]  discussed th e  p ro p ag a ­
tio n , g row th  an d  decay  b eh av io u r of shock  w aves an d  found  t h a t  a g lobally  
s te a d y  w ave, in  general, w as n o t possible in  a non -un ifo rm  flu id .

In  th e  p re sen t w ork  we s tu d y  th e  effects o f a m agnetic  fie ld  on th e  p ro p a ­
g a tio n  an d  g row th  of shock  w aves in  inhom ogeneous flu id s, an d  f in d  th a t  th e  
eq u a tio n  de te rm in in g  th e  s tre n g th  of th e  shock  w ave is o f th e  sam e form  as 
o b ta in e d  b y  N u n z i a t o  a n d  W a l s h  w ith  th e  a d d itio n  o f  m ag n e tic  fie ld  term s. 
Q u a lita tiv e  p ic tu re  show s t h a t  th e  tim e  d e riv a tiv e  of th e  s tre n g th  o f  th e  shock 
w ave decreases w ith  space co o rd ina tes in  b o th  cases w hile m a g n e tic  field 
c rea tes re ta rd a tio n  in  th e  d ec rem en t o f  th e  d e riv a tiv e  o f th e  s tre n g th  o f the  
shock w ave. A fte r tra v e llin g  a ce rta in  d is tan ce , th e  tim e  d e r iv a tiv e  o f th e  
s tre n g th  o f th e  shock w ave becom es c o n s ta n t. 2

2. Fundamental equations for the problem

W e consider a L ag ran g ian  coo rd ina te  sy stem  so th a t  th e  basic  equ a tio n s 
govern ing  th e  m o tion  o f a m ag n e to g asd y n am ic  shock w ave in  a non-v iscous
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a n d  n o n-hea t co n d u c tin g  m edium  are

qr — J q 1 (2.1)

9 V
+  8 р + н э " = » ,

да да
(2.2)

Qr

Q
d H + H d V  =  0 ,
dt да

(2.3)

9 H 2\ ( Р + Щ 2 )  д V
(2.4)

dt
e ~Г л

2 q )
~г — и ?

Pr 9®

w h ere  p  is th e  p re ssu re , g is th e  d en sity , V ( =  x)  is th e  p a rtic le  ve loc ity , e is 
th e  in te rn a l e n e rg y  an d  J  =  dx/Qa. The position  o f  th e  p a rtic le  w hich  h a d  th e  
p o sitio n  ‘a ’ in  th e  in itia l co n fig u ra tio n  is g iven , a t  tim e  t, b y  x  =  x(a, t). 
In it ia lly , th e  m ass  den sity  o f  th e  m edium  is g iven  b y  gR — gR(a) w h ich  is  
assu m ed  to  be once co n tin u o u sly  d ifferen tiab le .

The v a ria b le s  ch a rac te ris in g  th e  m edium  in  i ts  in itia l reference co n fig u ra ­
t io n  are defined  as

P* =  рЛРтУ), (2 -5)
e* = ê , ( g , j j ) ,  (2.6)

0 =  в ( е ,ч ) ,  (2.7)

w h ere  p t  — p  H 2/2, e* =  e -f- H 2/2g, в >  0 is th e  ab so lu te  te m p e ra tu re
a n d  r) is th e  e n tro p y . From  th e  second law  o f th e rm o d y n am ics , we have  [4],

P2QP«*, в =  9* (2.8)

3. Shock w aves of a rb itra ry  s tren g th

Consider th e  shock w ave as a singu lar su rface  p ro p ag a tin g  w ith  th e  
in trin sic  v e lo c ity  U  =  d Y(t)/dt  >  0 w here Y(t)  is th e  m a te ria l p o in t w here 
th e  wave is to  be  found  a t tim e  t. L et th e  ju m p  in  an y  fu n c tio n  f (a,  t) across 
th e  wave a t  t im e  t be defined as

[/]  = 7 ~ / +, r  =  Hm f ( a , t ) (3.1)

so th a t ,  a t th e  w av e , the  fo llow ing well know n co m p a tib ility  cond itions

— =  [f]  +  Щ д а Л  (3-2)
dt

an d
[ f g ] = f +[ g ] + g +u]  +  m[ g]  (3-3)
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ho ld . L e t th e  reg ion  ahead  o f th e  w ave be a t  re s t. T hen , b y  (3.1) we have ,

(90 *)+ =  1,

V + =  0.

N ow , defin ing , as in  [5], th e  s tre n g th  of th e  shock w aves

Ô = [da x]

(3.4)

(3.5)

(3.6)

a n d  considering  only  com pressive shocks so th a t  0 <  ô <  1, we see from  
(3.4) (3.6) th a t  th e  shock s tre n g th  can  also be expressed  as

Ô =  V/U. (3.7)

U sing th e  g enera l con serv a tio n  law  th e  ju m p  re la tio n s across th e  sing u la r 
su rface  m ay  be w ritte n  as

Br U[V] =  [p]
H 1

K g R U
H

и  Q p [ e ] + - [ V * ]  +
H°-
2

+  [V] =  0,

= [ p V ]
H 2

(3.8)

(3.9) 

(3.10)

T ak in g  in to  consid era tio n  th a t  th e  reg ion  ah ead  o f th e  w ave is in  eq u ilib riu m  
th e  H u g o n io t re la tio n  for m ag n e to g asd y n am ic  case is o b ta in ed  from  eq u a tio n  
(3.10) as

H 2e 4- ■
2 Q

( P *  +  p i )  ( J ______ 1

Q Qr

0 ,

or (3.11)

-  e p +  —
,_H2 H 2 +

+ P i  ± p i [ 2  1 1
\ 2 q

_
2q 2 1 9

0 ,

w here e R  =  ê ( g R , r j R )  and  p R =  p  ( g R ,  r]R ) .  T hus (3.11) im plies t h a t  g , г/ 
m u s t be re la te d  to  each o th e r. L e t th e re  ex is t a fu n c tio n  ï]h so th a t  th e  re la ­
tio n s

V  =  V i , ( e ) ,  V r  =  V iAQ r )

ho ld  w hich  are  called  th e  ‘H u g o n io t, e n tro p y -d e n s ity  fu n c tio n ’. F ro m  th is  
th e  H u g o n io t p ressu re  d en sity  fu n c tio n  and  te m p e ra tu re  d en sity  fu n c tio n
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a re  defined b y

p  =  p  (e> »?) =  p  [e> Vhie)] =  Phie) » (3.12)
an d

e =  6{Q,rj) =  d [ê, J?ft(ê)] =  dh(ê) >  0 . (3.13)

T h en , the  in tr in s ic  shock v e lo c ity  U is g iven b y

U 2  =  ( p - P r )  +  1 I 2 ( H * ~ H I )  (3  14)

6r à

I t  is now a m a t te r  o f sim ple v e rifica tion  t h a t  W e y l ’s th eo rem  [6] a b o u t 
shock  waves o f  a rb i t r a ry  s tre n g th  holds good in  th e  m ag n eto g asd v n am ic  ease 
a s  well.

4. S treng th  of com pressive shock  waves

Now we sh a ll derive an  expression fo r th e  s tre n g th  o f th e  shock w ave. 
U sing  the  E q . (3.2) w ith  f  =  dax  and  V, th e  d efin itio n  o f shock s tre n g th  ô 
an d  con serv a tio n  o f m o m en tu m  we o b ta in  th e  fo rm ula

2 U ^ +  =
dt dt

Qr
H-
2

U*[dl x], (4.1)

w here we h av e  y e t  to  e v a lu a te  [3^*], [3Qp ] ,  a n d  dUjdt.  To th is  end  we p ro ­
ceed as follow s. F ro m  th e  c o n tin u ity  eq u a tio n  (2.1) we have

9l x  =  Q-1{da pR — (da x) (da Q)} (4.2)

w hile from  (3.4) we get

(da x)~  =  ~ ~  =  1 — d > 0 .  (4.3)

T hen , (4.2) e v a lu a te d  a t  th e  w ave yields

P 3  *] =  } {0* e« -  ( !  -  m e ) " }  ■ (4.4)

From  th e  sm oo thness o f p* (g , rj), we h av e

[9аР*] =  Ё  (Эа q)~  — E r ( 0 o qr ) +  L  (darj)~ -  L r (da rjR ), (4.5)
where

L  =  ^ * L .
Эр dr)
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In  (4.5), (3aQR) an d  (da rjR) w ill be de te rm in ed  b y  th e  in itia l co n fig u ra tio n  of 
th e  m ed ium . W e shall d e te rm in e  (3a rj) in  te rm s o f  (3a qr ) and  th e  shock  s tre n g th  
Ô. D iffe re n tia tin g  (4.3) and  m a k in g  use o f (3.2) an d  th e  H u g o n io t e n tro p y  
d e n s ity  fu n c tio n  we get,

( d a V )
Vh(ê) 

(1 Ô)
3 a Qr  +

Q r  d ô

U( 1 - Ô )  dt J ’ (4.6)

L as tly , d iffe ren tia tin g  H u g o n io t fu n c tio n  (3.11) w ith  re sp e c t to  d en sity  
a n d  using  (2.8), (3.12), (3.13), (3.14) and  (4.3) we ob ta in ,

w here

V hie) =

=  _J_ f dPh(ë) +  h

2 Qr  1 9 p  3 Q

LÔ
В

(1 -  d f U 2

(4.7)

S u b s titu tin g  (4.7) along w ith  (4.6) in  (4.5) we ge t

[3  a P *  =
Qr XV dd

17(1 -  àf  dt
—— +  E ( d a q) +

(XV

1 - Ô
E r  \  ( 3 a Qr )  —  L R ( d a  YjR )  .

(4.8)

T o o b ta in  dU/dt,  we use (3.14) a n d  also th e  d e fin itio n  of E, L  a n d  th e  to ta l  de' 
r iv a tiv e  of (4.3) ev a lu a ted  a t  th e  w ave to  o b ta in

d U
dt

w here

— —— +  —  [(!  +  e)(9a pn) — »
1/0(1 Ő)2 dt 4

dPh(Q) + H (1 б )! /2],

(4.9)

Qr  «5(1 Ô)

2

8p 3p

[(1 -  Ó) U* E r ] ,
Qr Ô

V =  2Lr I qr Ö .

S u b s titu tio n  o f (4.8) an d  (4.9) in  (4.1) gives th e  follow ing d iffe ren tia l e q u a tio n  
fo r th e  s tre n g th  o f th e  shock w ave

^ - = M ( 0 )  {C -  (3a p)},
dt

(4.10)
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w here

С

ß

M(ó)

=  -  ( / Г 1 ( I  -f* 3e) -(-
4a V

(1 -  ô) eR
9a Qr

—  < P d a V r  4

Qr  à

2 U

{E -  (1 -  ö f  U2} ,

1 +

m
<x (Qr  +  y)

2 1/2 (1 — Ő)2 * * *

> 0 .

U sing th e  consequences o f  W e y l ’ s  th eo rem  we can  easily  p ro v e  for a 
com pressive shock t h a t  a  >  0, ß 0, 0 <  i< <  2 , e ]> 0 an d  (p >  0.

C onsidering th e  m o tion  o f a m ag n e to g asd y n am ic  shock in  a non-un ifo rm  
m ed iu m  a t re s t  we h av e ,

(дав) < £  <=> - J -  >  0 ’ dt

( 9 a 0 ) ~  =  C < = >  =  0  »
dt

(Эa О)”  >  Í  4==> —  <  0 .
dt

(4.11)

T h e n  follow ing th e  a rg u m en ts  as in  [3], we see t h a t ,  since q depends on th e  
d e n s ity , m agnetic  f ie ld , an d  e n tro p y  g rad ien ts  a h e a d  o f  th e  w ave as well as 
on  th e  shock s tre n g th , th e  s tre n g th  o f shock w ave m a y  becom e s ta t io n a ry  a t 
one in s ta n t  an d  be in creasin g  (or decreasing) a t  th e  n e x t  in s ta n t, i.e . a glo­
b a lly  s te a d y  w ave, in  general, c a n n o t ex is t in  a non -un ifo rm  flu id . B u t for a 
p a r tic u la r  se t o f n u m erica l v a lues o f p hysica l q u a n tit ie s , th e  tim e  d e riv a tiv e  
o f  s tre n g th  of shock  w ave becom es s ta tio n a ry  a t  one p lace  and  decreases w ith  
space  coord inate .

5 . N um erical so lu tion  and  re su lt

To have  th e  q u a lita tiv e  p ic tu re , we ta k e  one se t o f n u m erica l va lues, 
t h a t  is, у  =  1.1, p R =  1000, в =  2 X 104 °K . F rom  th e se  num erica l d a ta  we
d e te rm in e  th a t  th e  tim e  d e riv a tiv e  o f  th e  shock w av e  decreases w ith  space
co o rd in a te  in  b o th  cases. I t  is c lear from  th e  F ig u re  t h a t  th e  m ag n e tic  field  
r e ta rd s  th e  d ec rem en t o f th e  d e riv a tiv e  o f th e  shock  s tre n g th . A fter trav e llin g  
a c e r ta in  d istance , th e  s tre n g th  o f  shock  w ave becom es c o n s tan t in  th e  o rd in ­
a ry  as well as in  th e  m ag n e to g asd y n am ic  case.
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Fig. 1. V ariation of tim e derivative of shock strength  w ith  space coordinate
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MIXED BOUNDARY VALUE PROBLEMS IN 
MAGNETO-ELASTO DYNAMICS

By

A n i m e s h  B a s u

THE UNIVERSITY OF NEW SOUTH WALES 
DUNTROON, ACT, AUSTRALIA

(Received 11. VI. 1977)

The in teraction  of m agnetic fields and  displacem ents in  an elastic solid is considered as 
a m ixed in itial and boundary  value problem  in magneto-elasto dynam ics. The solution is 
reduced to  a system of Fredholm  equations of the second kind, w hich in  certain  particular 
cases become Fredholm  equations of th e  first kind. A general solution for free and forced 
m otion problem s of circular p la te  is obtained in  the  applied m agnetic field and also frequency 
equations are obtained for free-vibrations of circular plates.

1. In tro d u c tio n

P rim a rily  due to  th e  success o f th e  m erger o f e lec tro m ag n etic  th eo ry  
an d  f lu id  m echanics in  m ag n e to h y d ro d y n am ics , considerab le  a tte n tio n  has 
been  g iven  recen tly  to  th e  a rea  o f m ag n eto -e lastic  solid in te ra c tio n s . A pplica- 
tiq n s  o f  m ag n e to -e lastic  ac tio n  are  ev idenced  in  seism ology, h ig h  speed  engines 
in  a s tro n g  m agnetic  f ie ld , ra p id  ra il m ag n e to -tra in s , as w ell as in  th e  s tu d y  of 
th e  p h en o m en a  o f ae ro -m ag n eto  f lu t te r .

A lth o u g h  th e re  has been  som e progress in  th e  s tu d y  o f m ag n e to -e la s tic ity  
th e  dev e lo p m en t of effec tive  m e th o d s  o f  so lu tion  of th e  gen era l m ix ed  in itia l 
b o u n d a ry  value p rob lem  in  m ag n e to -e lasto d y n am ics rem ain s a challenge. 
In  th is  in v e s tig a tio n  co m p le te  a n d  sy s tem a tic  m a th e m a tic a l fo rm u la tio n  for 
m ixed  in itia l and  b o u n d a ry  v a lu e  prob lem s in  M ED  w ith  m ix ed  b o u n d a ry  
con d itio n s is developed.

T h e  m e th o d  is b ased  on N o w a c k i ’s  general m e th o d  o f so lv ing  problem s 
o f e la s to s ta tic s  an d  la te r  e x te n d e d  [1] to  problem s in  e la s to d y n am ics  w ith  
m ixed  b o u n d a ry  co n d itions. In  ded u c in g  o u r resu lts  in  m ag n e to -e la s tic  m edium  
i t  is assum ed  th a t  th e  m a g n e tic  f ie ld  is m uch  m ore conducive  to  in te r-a c tio n  
effects assoc ia ted  w ith  th e  b o d y  force coupling  th a n  is th e  e lec tric  field . 
C on seq u en tly , we in v e s tig a te  th e  p rob lem s of M ED  in  a la rge  m ag n e tic  field  
a n d  ignore  th e  sim ilar e lec trica l effect. M oreover, in  a p e rfec t c o n d u c tin g  body , 
co n d u c tio n  c u rre n t d o m in a te s , a n d  as a re su lt we m ay  neg lec t th e  d isp lacem en t 
c u rre n t te rm .
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2. Equations of motion and their solution

A ssum ing t h a t  th e  e lastic  d isp lacem ents are  in fin ite s im a l an d  th a t  th e  
d isp lacem en t c u rre n ts  are  neglig ib le  com pared  w ith  th e  c o n d u c tiv ity  cu rren ts , 
w e can  w rite  th e  linearised  e x a c t th re e  d im ensional m ag n e to -e lastic  eq u a tio n s 
for a perfec tly  co n d u c tin g  hom ogeneous iso trop ic  b o d y  in  v e c to r  form :

=  cf V2 u  -(- (c\ c|) g rad  d iv  u +

+  R H [curl curl ( u x H ) x H  - f  X ,
(2 .1)

w here  H is th e  v e c to r  o f th e  o rig inal s te a d y  m ag n e tic  fie ld , u is th e  d isp lace­
m e n t v e c t o r , a n d  c2are th e  lo n g itu d in a l and  sh ea r w ave velocities, R H =  fijQ, 
fie is th e  m ag n e tic  p e rm e a b ility , q is th e  d e n s ity  o f  th e  m ed ium , an d  X  is th e  
b o d y  force.

Consider a co n d u c tin g , iso trop ic , and  hom ogeneous c ircu la r p la te  of 
ra d iu s  ‘a ’ an d  assum ing  th a t  th e  m agnetic  fie ld  ac ts  a long  th e  Z -d iree tion  o f 
th e  circu lar p la te  we w rite  th e  eq u a tio n s  o f m o tio n  (2.1) in  p o la r co -o rd inates:

Э2 ur 
0t2

c | V2 ur 4  ~  +  (Cl

+ 4 +  R 2z) э Щ 
dr 1 rdd

4  +  Rz) [— ~~  (™r)
or r  or

2 4 01
00

■ X

d2u„
dt2

w here

(C? 4  +  R2z)

f.2 r-j2
c 2 V u ,

гдв
1 9
r dr

2c\ di

(4 ~  4  +  Rz)

y 2 = 0
dr

rdd

02
Г2 002

00

duo
rdd

(2 .2)

X ,

R?7 =
jie Н 7г (2.3)

The e x te rn a l co n d itio n s are  such th a t  w ith in  th e  m ed ium  a s ta te  o f 
p lane d efo rm atio n  occurs. T h e  cond itions w hich m u s t be sa tisfied  a t  th e  p la te - 
vacuum  in te rfaces  are : (1) th e  c o n tin u ity  o f th e  m ag n e tic  fie ld  v ec to r;
(2) th e  c o n tin u ity  o f th e  to ta l  n o rm a l and  sh ear s tresses across th e  surface S 2(a), 
w here th e  load s are p rescrib ed , an d  (3) th e  g iven b o u n d a ry  d isp lacem ents on 
th e  surface S^a) .
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W e f in d  G reen ten so r-fie ld  o f d isp lacem ents gtj(r, в ; r 0, 0O; t) o f  th e  
E q . (2.2) as follows:

W e a p p ly  a t  th e  p o in t ( r0, 0O) inside th e  p la te  an  in s ta n ta n e o u s  concen ­
tr a te d  force, f i r s t  paralle l to  ra d ia l d irec tion , an d  th e n  c ross-rad ia l d irec tio n  
su b jec t to  b o u n d a ry  con d itio n s:

(i) grr =  gre =  0 on r =  a ;  (2.4)

(Ü) ger =  gee =  0 on r =  «• (2 -5)

As a p re lim in a ry  to  th e  analy sis  o f th e  forced v ib ra tio n  we f irs t  consider th e  
free v ib ra tio n .

L e t u s  assum e th a t  th e  b o u n d a ry  cond itions are  hom ogeneous (i.e. 
ur =  мв =  0 on  r  =  a) an d  consider th e  so lu tions in  th e  form

ur(r, 0, t) =  f n(r) cos nO e,mt, 

ur(r, 0, t) =  gn(r) sin n6 е“°°‘ .
(2.6)

I t  can  be  show n th a t  an  in fin ite  se t o f va lues fo r w 0 are  o b ta in ed  from  
a  frequency  e q u a tio n  w hich  w ill be derived  la te r .

T he m o d a l functions f n(r) an d  gn(r) sa tis fy  th e  d iffe ren tia l e q u a tio n s:

d2fn  +  dfn n2
dr2 r dr

+  (<u — A  +  Щ )

+  (cf -  4  +  Щ )  

(cl -  cl +  R \ )

- = r f n \ - 4 fjL2~ T  +rL

K / n  , 1 dfn f n ]
( d r 2 ' r dr r2

n  d g n
о Ott

r d r  r2

_  n  A  n df"

+

2cf n 2 f t  \
-----— gn =  — W o n fn (r ) ,

r dr
r.2,

+  [ Ü Í I L  +  1
dr2 r dr r2

Ц р ~ и  +

8n

(2.7)

n2(c'f — <| &z) 1 t  =rz
ign(r)

F o r free v ib ra tio n s  su b jec t to  th e  b o u n d a ry  cond itions ur =  u9 =  0 on r  =  a 
we assum e

ur(r, 0, t) 

Щ ('S Ö, t)

л 9 J n ( a r )  J n iß r )
A n ---------------------- n B n ---------------

o r  r

Jn(ocr)
n A n ——— -  -j- B n ——J n(ßr) 

r or

cos пве,т°п1, (2-8)

sin  ra0e'"on(. (2-9)
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I f  we com pare (2.6) an d  (2.9) we can  easily  see

f /_A i  9^ аГ) n R J nißr) Jn(r) =  A n —-------------- nB„ — —

gn{r)

dr r

n A n M ^ l +  B n ~ J n(ßr). 
r or

S u b s titu tin g  (2.9) in to  (2.8) we get

A
d j n(xa) J n(ßa)

4D„
3 a

=  0,

- 4  J n H  + B n dMßa) =  о.
a da

(2 . 10)

(2. 11)

In  o rd e r th a t  A n an d  B n can  be d e te rm in ed  ‘a’ an d  ‘ß ’ m u s t sa tisfy :

3 J n(xa) M ß a )
da

J n(<xa) dJn(ßa)
da

<xßJ'n(oca) J'n( ß a ) ---------J n (xa) J n (ßa) =  0 . ( 2 . 12)

S u b s titu tin g  (2.10) in to  (2.7) a n d  s im p lify in g  we ge t:

Anikón  — oc2(cf +  R 2z )j>2\1 i> / . , . : 2  „2 m\ M ß r )
dr

n B n «  - c!ß2) 0 ,  (2.13)

Jn(xr)n A n{ w l  -  a 2(cf +  Л1)} +  в п (
r

T he re la tio n s (2.13) an d  (2.14) ho ld  p ro v id ed

vln 4 P )  dJn(ßr)- =  0. (2.14) 
or

a 2(cf +  B?z ) =  u 20n , 

4  ß2 =  w2n .
(2.15)

U sin g  th e  re la tio n s (2.15) in  th e  E q s . (2.12) we get th e  freq u en cy  eq u a tio n s as

C1 "(■ R %  T' T'JnvX’U)Jn
4  +  b \ Jn (xa)Jn 

a1
4  +  R 2z X a

from  w hich we d e te rm in e  x„.

=  0 

(2.16)
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F ro m  (2.15) we th e n  de te rm ine  ßn an d  n a tu ra l frequenc ies w 0n. R esults 
fo r v a r io u s  values of m ag n e tic  p e rm e a b ility  are show n in  T ab le  I.

Table I

n =  0 D w n =  1 D 1C

0 3.825 0 3.365
0 6.635 0 5.380
0 7.010 0 8.485
0 10.170 etc. 0 9.275 etc.

0.1 3.830 0.1 3.405
0.1 6.750 0.1 5.382
0.1 7.015 0.1 8.490
0.1 10.175 etc. 0.1 9.420 etc.

A ssu m in g  a p la te  o f  rad iu s  u n ity , i.e . a =  1, we g e t th e  ro o ts  w o f th e  
freq u en cy  eq u a tio n  (2.16) fo r  d iffe ren t va lu es  of

r2c 2

fo r tw o  m o d es n =  0 a n d  n  =  1.
W e d e te rm in e  th e  ra t io  A J B n from  th e  equ a tio n s (2.11).
H ence  n a tu ra l m odes are  know n:

K )n  =  f n(r) cos пв , 

(ue)n =  gn(r) sin пв.
(2.17)

C onsider now the  fo rced  v ib ra tio n  due to  a u n it h a rm o n ic  co n cen tra ted  
lo ad  in  r -d ire c tio n  a t  ( r0, 0O) w ith  fo rc ing  frequency  w.  T he  G reen fu n c tio n s 
grr, gre s a tis fy  th e  eq u a tio n s o f  m otion .

4 ^  grr 4 - ^  +  (4r

+

(4

( 4

R z) ~  —rd, dr

4 + R i ) i { v 1

0 f l  dgr61 2 cl dgre~ I
dr r 0 0  j  r2 0 0  _

t e J +  2 4  8 i 4 4 -

w2grr] +

<5(r-r0) <3(0-Q0)
=  0,

00

+ г 2 &гв  I ( г 2 г 2 I R 2 \  i  1 C2 V gre ~ c2 +VC1 ”  c2 ~ r n z )  j
r“ r do \ г о и

orO =  0. (2.18)
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T h e  solutions to  (2.18) are a ssu m ed  in  th e  form  o f m odal fu n c tio n s

g r r  =  f n ( r )  cos nd Tn eiwt,
n (2.19)

gre =  ^  gn(r) sin пв Tn e'w'.
n

W e also expand  th e  given lo ad in g  functions in  te rm s  o f th e  m odal functions

Q r = ^ q n f , i ( r ) ,
n

Q e =  g n { r ) -

( 2 .20)

w here  th e  load ing  fu nc tions Qr a n d  Qe are th e  co m p o n en ts  in  th e  r-d irec tio n  
a n d  6-direction, resp ec tiv e ly .

From  (2.18) we can eas ily  see th a t

Qr =  — ------cos nd0 ,
nr

Qe =  0 . (2 .21)

S u b s titu tin g  (2.19) in to  (2.18) a n d  m u ltip ly ing  b y  cos тв  an d  in teg ra tin g  w ith  
re sp ec t to  9 we g e t

dr2
1 d f n -  —  fо J nr dr r

2  r p  j n  I r p  I  2    ■■
C 2  1  n  _ I 1  n \ c 1  C ‘.

r-
Щ

d 2 f n  , 1  d f n  f n

dr2 dr

+  T M  -  4  +  RI) n  d g n  

r dr

2 < |n  T  .  . <5(r — r 0) cos п в 0
■L riSn i~

nr
=  — T n w2f n(r),

Tn( 4  - 4  +  r \ )

2 c l  n

n f n  n  d f n

2 "  T n  f n + T n 4

r

d2 g n

dr

11 d g n n 2  g  B n

dr2 r dr r2 Bn r2

T n  • n — ---------- - R ~ —  g n  =  —  T n ^ 2 g n { r ) ,  fo r  each V .  (2.22)
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W e define th e  o p e ra to rs  as

d2 1 dT __  r 2Ъ1 — C2
d r2 dr

+

+  (4 — 4  +  Rz)
d2 
dr2

+
1 d
r dr - M -

T =  ( 4 r2 +  Щ
n d n 2c| n

Lj2 C2 r dr r2 r> ’ Г“

Г =  (4 r2 +  Щ )
■ n n a ) 2c | n

C2
, r2 r dr ) r2

г r2 d2 1 e n2 1 n ( 4  — 4  +
^4 c2

dr2 r dr r2 r2 r2
Ä1) (2.23)

U sing th e  re la tions (2.23) we can re -w rite  th e  e q u a tio n s  (2.22) as

Tn(L l f n  +  L >gn) + q n f n =  — W2 Tnf n,

T n ( L 3 f n  +  L i g n )  +  q ng n  =  — u P T n g n  • (2.24)

W e can  also re-w rite  th e  hom ogeneous eq u a tio n s  (2.7) in  th e  o p e ra to r  form s

L J n  4“ -^2 8n   nfn 9

L 3 f n  + L i gn =  — w%ngn . (2.25)

U sing th e  re la tions (2.25) in to  th e  re la tio n s (2.24) we get

{ T n (m’2 -  W on) +  q n )  f n ( r )  =  о ,
{Tn(w — w20n) +  qn} gn(r) =  0 . (2.26)

T hese  tw o  re la tions o f  (2.26) will be sa tisfied  if

Tn(w2 — w20n) + q n =  0. (2.27)

Orthogonality relations:

I f  X j,  p t den o te  b o d y  an d  surface forces re sp ec tiv e ly , w h ich  produce 
in  a b o d y  th e  d isp lacem en ts , ut, w hile X /, p[ be lo n g  to  th e  o th e r  system  of 
fo rces p roducing  th e  d isp lacem en ts  и\.

W e  h a v e  b y  B e t t i ’ s  r e c i p r o c a l  t h e o r e m  [ 1 ]

J(B) X '*u'' dv +  J(S) PiU'1 ds =  J(B) X ‘ u‘ dv +  J(S)Pi щ ds ’ (2 -28)

w here В  is th e  whole b o d y  b o u n d ed  b y  th e  su rface S .
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f

In  our case th e  surface in te g ra ls  are  zero as th e  d isp lacem en ts are  zero 
on th e  boundary .

H ence (2.28) red u ces  to

\B Xju'i dv =  Jß x; Щ dv . (2.29)

T h e  o n ly  body fo rces a re  th e  in e r t ia  forces q  d 2 U j / d t 2 .

I f  the  d isp lacem en ts  in such a sy s tem  be assu m ed  in  th e  form  щ =  Ut e,wt, 
•with Uj dep en d en t o f  tim e , and if  u f is  th e  d isp lacem en t in  th e  m th m ode an d  
Uj th e  d isp lacem ent in  th e  nth m o d e , th e n  th e  tim e  reduced  form  o f  (2.29) is

T h u s

(m) (n)
Q Uj Uj dv 0 .

(m) (n)
Uj Uj dv  =  0, if  m  ^  n  , 

0, if  m — n . (2.30)

(S u m m atio n  co n v e n tio n  is used on  i).
This is th e  g en e ra l o r th o g o n a lity  cond ition  fo r  u n d am p ed  e la s tic  system s. 
Now we m u ltip ly  the f irs t  e q u a tio n  o f (2.20) b y  f m(r) an d  th e  second 

e q u a tio n  of (2.20) b y  gm(r) and  th e n  ad d , we get

Qrfm + Q e g m =  ( fn fm +  gn gm) ■ (2 -31>
n

In te g ra tin g  (2.31) o v e r th e  w hole p la te

Jo [Qrfm +  Qegrn\ r d r  =  Eqn [ J^ {fnfm +  gngm}] r dr . (2.32)

U sin g  th e  exp ression  for Qr an d  Qe from  (2.21) in  th e  re la tio n  (2.32) we get, 
w ith  th e  help o f (2.30)

f V  ^ Г Т  г °) с о , n$0 - f m dr
J  0 nr  __ fm{ro) cos m ^ 0

Ят — fa to 9
Г [ f 2 +  g2m\ dr n l

J 0

w h ere  l2 is th e  scale  facto r,

J “ Г lfm  +  gm] dr . (2.33);
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U sing  (2.33) in to  (2.27) we get

T  =  _  q n  _  f n ( r 0 )  cos пв0 ' 
W2 — Won 1112 (Won — w2)

(2.34)

H ence we know  th e  G reen’s fu n c tio n s grr, grg in  th e  case o f  harm o n ic  u n it  
c o n c e n tra ted  lo a d  as

=  у  fn (r0)fn(r) cos nd cos пво ciwl 
8rr ~  л l2(w2n -  w2)

=  у  f n ( r 0)  gn(r) sin  пв  cos пв о ^  
я ^ 2K n  -  мЯ)

W e now  a p p ly  to  th e  fu n d a m e n ta l sy stem  (th e  system  in  w hich  th e  e lastic  
b o d y  is e n tire ly  fix e d  along  th e  c ircum ference) an  in s ta n ta n e o u s  h a rm o n ic  
u n it  c o n c e n tra ted  force, p ara lle l to  cross-rad ia l d irec tio n  su b je c t to  th e  b o u n d ­
a ry  cond itions

ger =  gee =  0 on r  =  a - (2 -36)

(2.35)

T he G reen ’s fu n c tio n s  ger, gm sa tis fy  th e  e q u a tio n  o f m o tion

4 v 2ger',- 4 ^  +  ( 4 - 4  + R%)i-
r2 or

+ M - 4  +  4 > £ ( f £

—  I — w2ger
r or

2c2 dgm

+

r2 00

+

1 0
—  (r&r) +

r 0r
2c| dger

00
+

1 0 1 0

r 00 r 00

I d (r  -  r o) à(0 -  Op) о

*gee +  

(2.37)

I f  we follow  th e  sam e m e th o d  as before we f in d

„ _  ^  gn(r0)fn(r) cos пв  s in  пв о _fwt
ô ô f  ^ e d  12/ 2 2 \  *Л яР(и§л — * r)

=  y  gn{ro) gn(r) sin  пв  sin  n0 o eilvi /2 38)
8æ i ?  nl2 (wln -  w2)

N ow  we know  all th e  com ponen ts o f th e  G reen ’s func tions g i;(r, 0; r 0, 0O; w) 
an d  we can  use th e m  to  f in d  th e  d isp lacem en t fu n c tio n s и,(г, 0, w).
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A pplying B e t t i’s reciprocal th e o re m  [1] we can  f in d  th e  re la tio n s  for 
c irc u la r  case:

uk(r0, 0O, w) =  u°k(r0, 0O, u )  -  J  w) L[gik] ds(a).

uU r 0, 0O, Ml)

L =  Ц [ v - f
C1

— г &ij +  (Я +  g) 9,- dj, (i , j , k — 1,2).

(2.39)

(2.40)

H e re  S j(a) is th e  su rface  w here th e  d isp lacem en ts  are  g iven an d  S 2(a) is th e  
su rfa c e  where th e  lo a d s  are specified , a n d  R  rep resen ts  th e  w hole reg io n  o f th e  
b o d y .

Since all th e  q u a n titie s  X t, g ik, a n d  f  in  (2.40) are  know n, th e  d isp lace­
m e n ts  u\  in th e  fu n d a m e n ta l sy stem  a re  know n.

R e-w riting  th e  E q . (2.39) in  co m p o n en t form s we get

• 90 dr

u6(r0, 60,w) =  ug(r0, 0O, tv) -  I"

+  я н г

r « >

nr( r 0, 0O, u ) =  u®(r0, 0O, tv) —
J 0j

Ue+ w r

2 ̂ U r +
or

1 _ dgrr +  dgrB ёгв
r

I f  ( * , )  +  ! £

су ^ёвг j j
2[.l — — Ur +  f i  

or

1 Э .  . 1 dsm
- ~ ( r g e r )  +  - - ~  r or r ob

[ 9 gee , dgee ëæ 1
\ 00 dr Г i

add ,

add,

и в +

(2.41)

H e re  Ur, Ue are th e  unknow n re a c tio n s  on th e  b o u n d a ry  S 2(er) an d  th e y  are 
to  b e  found o u t f ro m  the b o u n d a ry  cond itions S 2(a).

In  order to  d e te rm in e  th e  u n k n o w n  func tions Ur, Ue we p erfo rm  on th e  
ex p ressio n  (2.41) th e  operation  L '( .  . . .). The p rim e on th e  o p e ra to r  L  deno tes 
t h a t  th e  o p e ra tio n  re fers to  th e  p o in t  ( r0, 0O). T h en  we pass from  th e  in te rio r  
p o in t  (r0, 0O) eR  to  th e  po in t (a, 0) on  th e  b o u n d a ry  an d  get

Qr (a, 0, a )  =  — I
J  в,

2gL ', I dgr,
dr

W r \ U 1 9
—  —  ( rgrr )r or

U r + f t ^ L '

+  L

I
r 00

, I 1 9gr6
r 00

Qe(a, d , w ) = - p ^ L '
dr

Ur +  n \ L ' l ±  dger

(rg6r) +  L'

r 00 

(1  9 fy
Г 00

+ L '

adO ,

+  L 1

add ,

i dgn
dr

— L '  - ^ 1 1  +

9gm
dr

U Ue +

(2.42)
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w here r, r 0 =  a an d  Q0 =  в ' .  As Qr, Qe are know n an d  (2.42) rep resen ts  tw o 
F red h o lm  in teg ra l eq u a tio n s , we can  easily  d e te rm in e  Ur an d  Ue from  th e  
sy stem  o f equa tions.

B y  choosing d iffe ren t sets o f  loadings on S 2(a), w here th e  load ings are 
p resc rib ed , we can  f in d  d iffe ren t va lues of Ur an d  Ue for d iffe ren t m ixed 
b o u n d a ry  value p rob lem s. T h u s i t  is easy  to  f in d  d isp lacem en t func tions ur 
an d  ue. A fte r hav in g  d e te rm in ed  th e  d isp lacem ents u,- we o b ta in  th e  defo rm a­
tio n s efj an d  stresses Оц.

I t  is clear t h a t  we can  e x te n d  our considera tions to  th e  case in  w hich 
on th e  surfaces S 2, S 4 an d  S6, . . . a re  th e  p rescribed  load ings, w hile on th e  
surfaces S15 S 3 an d  S 5, . . . are  th e  given d isp lacem ents.

W e can also see from  th e  above  resu lts  th a t  i f  we k now  th e  m o d a l functions 
of th e  free v ib ra tio n s  we can  f in d  th e  solu tions of th e  fo rced  v ib ra tio n  problem s 
in  e igen-functions expan sio n . T h is m e th o d  is v e ry  u sefu l fo r a n y  fo rced  v ib ra ­
tio n  o f  c ircu la r p la te . F ro m  th e  T ab le  o f free v ib ra tio n s  we see t h a t  th e  num eri­
cal v a lu es  are sh ifted  co n sid e rab ly  in  th e  m agn eto -e lastic  from  t h a t  o f elastic 
case in  all orders o f freq u en cy  eq u a tio n s .

N e x t we will consider a n u m b e r  of app lica tions o f th is  m e th o d  in  subse­
q u e n t p apers.
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EVENT HORIZONS AROUND A PARTICLE SURROUNDED  
BY A STATIC CONFINEMENT POTENTIAL

By

K .  L. N a g y *
JOINT INSTITUTE FOR NUCLEAR RESEARCH 

LABORATORY OF THEORETICAL PHYSICS 
DUBNA, USSR

(Received 21. VI. 1977)

After solving one of the Einstein’s equations in the case of a spherically symmetric 
confinement potential, the locations of event horizons are discussed in gravitational theory 
and in the “strong black hole” picture of R e c a m i  and C a s t o r i n a .

1. In  e le m e n ta ry  partic le  physics, in  o rd e r to  exp lain  th e  co n fin em en t of 
q u ark s in  m esons a n d  hadrons i t  is w idely accep ted  to  tak e  a tw o  b o d y  “ con­
fin e m e n t p o te n tia l”  in  th e  form

p - m r
V ( r ) = ----- - ( z 0 + K 0r*). (1)

r

F o r in s tan ce , [1] gives in  th e  case o f th e  ch a rm o n iu m  for th e  c—c in te rac tio n

ac0 =  —0,2, K 0 — — , a =  0,2 f m , m =  0 .
a2

In  th e  c c  (cc) in te ra c tio n  th e  p o te n tia l  is su p p o sed  to  be rep u ls iv e ; Vcc =  
=  Vtc =  — VCc, i - e .  <x0 =  + 0 .2  in  E q . (1).

O u r aim  h ere  is  to  in v es tig a te  th e  sp ace-tim e s tru c tu re  a ro u n d  an  ob jec t 
(c o r c) w hich fo r th e  following a rg u m en ts , te n ta tiv e ly , is su p p o sed  to  ex ist 
alone, su rro u n d ed  b y  a field  rep re sen tin g  (1).

T he re la tiv is tic  considera tions necessary  to  c a rry  o u t o u r p ro g ram  are 
qu ite  s tra ig h tfo rw a rd , we q uo te  [2] only, w here  sim ilar ca lcu la tio n s for th e  
Y u k aw a  fie ld  h a v e  been perfo rm ed .

2. T he to ta l  p o te n tia l  energy  o f an  o b jec t described  b y  a d is tr ib u tio n  q,

f q ( x )  dx  =  1

se lf-in te rac tin g  th ro u g h  (1) is

W  =  - 1-  Г е (ж) q(x ') e~mlX~X' |(a +  К  I * - * '  I2) d3x ' . (2)
2 J \x — x ’\

* On leave of absence from the Institute of Theoretical Physics, Roland Eötvös Uni­
versity, Budapest, Hungary.
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In tro d u c in g

J- p - m\x—x'|
o(x') ---------------(a +  К  I * J2) æ  x ’

\x  — x '\
W  ta k e s  the form

W  =  - - \  Q{x) Ф(х) d3x  .

A  d irec t ca lcu la tio n  gives

Л Ф — т2Ф =  — 4 nxQ +  Ktp,

<P J  e (x ’) > — m \x  x ' |

X  X
4m d3 x ■

S u b s titu tin g  Q in to  (2), a fter p erfo rm in g  th e  in te g ra tio n  over x 1, W  is

1
W

8тга
(|V0> i2 +  т2Ф2 +  КФЧ) d3x ,

th e re fo re  the  e n e rg y  d ensity  in  o u r case is th e  fo llow ing:

(3)

u(*) =  ------- ( jV 0 I2 +  m2 Ф2 +  КФ<р).
8 л х

(4)

O ne m ight n o tice  th e  no n -d efin iten ess  of (4), w h ich , from  a fie ld  th eo re tica l 
p o in t  of view, seem s to  be re la te d  to  an  in d efin ite  m e tric  q u a n tiz a tio n  [3, 4]. 

For a p o in t source

p - m r  p - m r
Ф =  - ------(a +  K r 2) , (p = --------- (2 4mr) ,

r r
a n d

8 tzoc
-2 mr a? 2a2 m 2a2 m2 4a Km

И 1 r3 r2

-)- З К 2 -)- 4х К т 2 — 6К 2тг -)- 2 K 2m r2].
W ritin g

ds2 =  e’*r) c2 dt2 — ед(г* dr2 — r2(d62 -+- sin20 dtp2) , 

one of the E in s te in ’s equations g ives [2]:

8?rG A' 1
T 2"

( 5 )

(6 >
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EVENT HORIZONS AROUND A PARTICLE 95

w here G is th e  g ra v ita tio n a l co n stan t. W ith  th e  n o ta tio n

g ( r )  =  e <̂r>,
E q . (6) reads

/ , 1 8jrG „
rg +  g  =  1 -  ——  r"M ’ (7)c4

for w hich th e  so lu tio n  is

w here m 0 =  GMc  2 is an  in te g ra tio n  c o n s ta n t. 
S u b s titu tin g  (5) in to  E q . (7) one gets

g(r) =  1 f  —  +  2 K m r  
r

K 2 2 K 2m2 3
---- r2 -|-------------r3
a  a

. ( 8)

g(r) =  0 gives th e  locations o f  th e  even t h o rizons if  th e re  exp  v(r) is f in ite . 
N o te  th a t  th e  m e tric  ten d s to  th e  M inkow ski’s one only i f  m ф  0.

L e t us suppose , how ever, th a t  mr 1 in  th e  whole re le v a n t in te rv a l.
T hen

g(r)
2f» 0 +  G

T c4 a
(9)

an d  y  =  0 leads to  a fo u rth  o rd e r equation . F o r  r  a one im m ed ia te ly  ob ­
serves th e  p o ss ib ility  of an e v e n t horizon (from (8) ac tu a lly  tw o) a round  (a > 0 ! )

T2 ac4
GK2 ’

w ith  th e  above d a ta  for a  a n d  K(oc =  a 0 he)

r ~  5,5 • 105 cm ,

a n  enorm ously  la rg e  value . T h e  assum ption  m r  <§: 1 leads to  th e  ra tio

m
<  2,5 10“19,

w here тл is th e  p io n  m ass.
I t  is qu ite  obv ious th a t  th e  s ta r tin g  fo rm u la  (1) for th e  p o te n tia l c an n o t 

be e x tra p o la te d  fo r  such d is tan ces . Indeed , as c an d  c s e p a ra te , th e  energy
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grow s u n til  a p a ir  o f lig h t q u a rk s  is c rea ted , w hich to g e th e r  w ith  c a n d  c 
fo rm  a  p a ir  o f m esons, th ere fo re  th e  w hole fo rm er sim ple p ic tu re  b reak s  dow n.

L onely  lived  q u ark s, th e re fo re , in  re a li ty  do n o t seem  to  p ro d u ce  som e 
ty p e  o f  “ exo tic”  g ra v ita tio n a l b lack  holes.

3 .  N ext w e  w i s h  t o  d i s c u s s  t h e  i d e a s  o f  R e c a m i  a n d  C a s t o r i n a  [ 5 ,  6 ]  

c o n c e r n i n g  t h e  c o n c e p t  o f  “ s t r o n g  b l a c k  h o l e s ”  i n  o u r  c a s e .

A ccording to  th e  classical m ech an ics , tw o pa rtic le s  w ith  th e  sam e m ass 
d u e  to  th e ir  g ra v ita tio n a l in te ra c tio n  m ove a round  each  o th e r  in a f la t  space- 
t im e  as i f  th e y  w ere led b y  th e  force

M 2
F  =  — G -——  ■ ( 1 0 )

r2

G en e ra l re la tiv ity  te lls  us t h a t  th e  m o tio n  is ac tu a lly  a geodetic  one in  a cu rved  
sp ace -tim e , th e  s tru c tu re  o f w h ich  is described  b y  E in s te in ’s e q u a tio n s . In  
a n  a ttra c t iv e  s tro n g  in te ra c tio n  e.g . w ith

F  = ----- — e~mr, a  >  0 ,
r2 ( 11)

fo r  th o se  d is tan ces  w here mr 1, a t  th e  classical level one m a y  say  t h a t  the  
in te ra c tio n  is o f a “ g ra v ita tio n a l”  n a tu re , b u t  G is rep laced  b y

G ( 12)

In  analogy  w ith  th e  g ra v ita tio n a l th eo ry , le t us suppose now  t h a t  the  
exp ressio n  (11) is ju s t  as c rude  a d esc rip tio n  of th e  re a l i ty  as (10) is in  the 
g ra v ita tio n a l case. In s te a d , th e  m o tio n  o f a s tro n g ly  in te ra c tin g  p a r tic le  (for 
a t tra c t io n )  is a geodetic  one in  a (s tro n g ly ) curved  sp ace-tim e , w here th e  (strong) 
sp ace-tim e  s tru c tu re  (m easured  b y  p io n  or gluon signals ?) is d e te rm in e d  by  
E in s te in ’s eq u a tio n s , b u t  acco rd in g  to  (12) G is rep laced  b y  x M ~ 2.

A dop ting  th is  idea, in tro d u c in g

К
X  г A

Me2 a
X

5 G
X

M 2" ’

th e  eq u a tio n  / ( r )  =  0, w here f  is g iven  b y  (9) tak es  th e  form

*4 _  A 2 X 2  +  2A x  - 1  =  0. (13)

T h e  value o f A  w ith  th e  d a ta  o f  [1] (M  =  M c =  1,6 GeV) is A  =  8 ,5 . W ith  
th is  value o f A  from  E q . (13) one im m ed ia te ly  observes th a t  th e re  a re  th ree
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positive re a l ro o ts , tw o o f th em  lie close to  A .~ 1, th e  th ird  one is in  th e  im m e­
d ia te  n e ig h b o u rh o o d  o f A .  K eeping  in  m in d  th e  fo rm er p ic tu re , th is  m eans 
th a t  a lo ne ly  liv ed  q u a rk  p roduces a “ s tro n g  b lack  hole”  fo r its  a n tip a r tic le  
(a ttra c tio n )  o f  th e  rad iu s : R  ^  a A  — 1,7 f m ,  th e n  th e  a n tip a r tic le  falls dow n 
to

R c ^  a A ~ x =  0 ,02 f m .

The cond itio n  mr 1 gives fo r th e  g luon  m ass

■< 1 •

4. A p a r t  from  th e  above co n sid e ra tio n s, one m ig h t n o tice  th a t  one o f 
th e  E in s te in ’s eq u a tio n s  (for th e  coeffic ien t o f  dr2) can  e x a c tly  be so lved  for 
those  s itu a tio n s  w here a p a rtic le  is su rro u n d e d  b y  a g iven  fie ld  rep resen tin g  
a spherica lly  sy m m etric  s ta tic  p o ten tia l V  in  th e  form

V  — Y ukaw a tim es  an  a rb i t r a ry  po lynom ial in  r.
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UNIFIED THEORY OF FERROELECTRIC 
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In  the fram ew ork of the unified theory  of ferroelectrics displacive type  phase transi­
tions are investigated in  th e  T  =  O K  quantum  lim it, w hen th e  phase transition  is due to  th e  
zero-point fluctuations. The critical value of the zero-point energy is evaluated in  th e  case of 
th e  completely ordered and disordered lattices, no t tak ing  in to  account tunnelling.

In  [1] a un ified  m odel fo r fe rroelectric  p h ase  tran s itio n s  has been 
p re sen ted , w hich to o k  in to  acco u n t b o th  th e  s ta tis t ic a l  d isordering  o f th e  ions 
in  th e  cells and  th e  dynam ic  in s ta b ili ty  of th e  f lu c tu a tio n s  of th e  la ttic e  lead ­
in g  to  d isplacive p h ase  tran s itio n s . T he so lu tion  o f th e  se lf-consisten t system  
o f eq u a tio n s  for th e  tw o  o rder p a ra m e te rs , oa =  <  er* > ,  th e  average  n u m b er 
o f ions in  th e  s ta te  a  =  i l ,  an d  6a =  <  S/ i> ,  th e  average d isp lacem en t of 
ions in  th e  cell in  th e  s ta te  ot h a s  been  o b ta in ed  in  [1] and  su b se q u e n tly  in  
[2], in  th e  classical lim it of h igh  te m p e ra tu re s , k T  ha>D.

I t  is also in te re s tin g  to  in v es tig a te  th e  q u a n tu m  lim it of zero te m p e ra tu re  
w hen  th e  phase tra n s i t io n  is d e te rm in ed  by  th e  q u a n tu m  f lu c tu a tio n s  an d  th e  
en e rg y  o f th e  zero p o in t f lu c tu a tio n s  an d  n o t b y  th e rm a l exc ita tio n s. D isplacive 
p h ase  tra n s itio n s  in  th e  m odel o f ferroelectrics in  th e  q u an tu m  case has been 
in v e s tig a te d  also in  [3].

Acta Physica Academiae Scientiarum Hungaricae, Tomus 43 ( I) ,  pp. 99 — 103 (1977)

1. Self-consisten t system  of equa tions

T h e  m odel o f ferroelectrics [1] is described  b y  a system  o f h a rm o n ica lly  
coup led  ions, each  o f  w hich  can  o ccu p y  one o f th e  tw o  m in im a (oc =  ± 1 )  
of a one-partic le  p o te n tia l  well:

H  =  _V  of
2 m

(p t)2 (St)2
в

(StY

1
+  - ~ 2 '  £ a? aJ<P‘j ( S t - S j ) 2 , 

* i.j

(1)
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w here th e  p ro je c tio n  o p era to rs  o f  =  1 or 0 (accord ing ly  o f  =  1 —o f  =  0 
or 1) i f  a t  th e  i- th  la tt ic e  p o in t th e  io n  is in  th e  s ta te  a  =  + 1  o r a  =  —1 
re sp ec tiv e ly , p? a n d  Sf  are  th e  m o m e n ta  an d  th e  coo rd ina te  o f th e  ion , A  
an d  В  a re  p a ra m e te rs  o f th e  o n e-p artic le  p o te n tia l w ell, is th e  coupling  
c o n s ta n t b e tw een  th e  ions in th e  th re e  d im ensional la ttic e .

F ro m  th e  c o n d itio n  o f equ ilib rium  d  p “(t) >  I dt =  0 in  [1] th e  follow ­
in g  e q u a tio n  has b een  ob ta ined

Vi (1 3ya) +(r]+ +  r j_ ) f0 ff_a =  0 ,  (2)

w h ich  re la te s  th e  equ ilib rium  p o sitio n  o f ions rja =  (B jA )^2 S“ >  to  th e  
av erag e  n u m b e r o f  ions <7a =  <  er“>  h i th e  s ta te  a . H ere f n =  J ?  <PijlA =  (pJA 
is th e  d im ensionless coupling c o n s ta n t. J

T h e q u a n t i ty  y a is th e  av erag e  sq u ared  d isp lacem en t o f ions from  th e  
eq u ilib riu m  p o sitio n  in  th e  s ta te  a . I t  h as  been d e te rm in ed  by  th e  h e lp  of th e  
p h o n o n  G reen’s fu n c tio n  in  th e  fo rm

* - 4 <  { S ‘ - bf)2 >  =  4  <  w 2 > =A  A

В
N A 2

du> c o th - -----
о 20

------- I m  D~(o} +  ie)
л

m v )  =  ^ - ( ^ 2- . + / o )  =  *  -  (А1л +  /о)
(v2 -  ) |+) (v2 — v*A -  o+o_f (v2 - i?gl) (v2 -  v22) ’

w here
=  co2l(Alm); 4  =  zl2 +  (/„ -  о f-);

»&1.2) =  у  ( 4 + ^ - ) ±  \  {("?+ i9-)2 +  4 a+ o - p q} x‘h

Д1 =  -  1 + 3  (4* +  y j ;  /5  =  (1 ! A ) 2 < P i / q(T' - T>)).
j

(3)

(4)

P erfo rm in g  th e  in teg ra tio n  in  (3) in  th e  case o f zero te m p e ra tu re , w hen  
coth(co/20) =  1, ta k in g  in to  ac c o u n t (4) one o b ta in s:

2 ( V  +  Vq.)
Л2- ,  + / 0 \ ' (5)

w here  Я =  ( Н /т ) 1/2/(Н 2/Б )  is a q u a n tu m  p a ra m e te r , p ro p o rtio n a l to  th e  ra tio  
o f  th e  energy  o f  zero  p o in t f lu c tu a tio n s , hco0 =  (H /m )h2 an d  th e  h e ig h t o f th e  
b a r r ie r  in  th e  one-partic le  p o te n tia l  well, u 0 =  (H2/4 ß ) .
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F o r th e  d e te rm in a tio n  o f th e  average p o p u la tio n  oa o r th e  pseudospin  
v a riab le  a =  (o f )  =  (2cr+ — 1)(1 2cr_), an  effective p seu d o sp in  H am ilto n ian
h a s  been in tro d u c e d :

I Z i j ( 6)

w here  of =  i l ,  h( a n d  j are  th e  average effective fie ld  a n d  th e  “ exchange 
in te g ra l”  w hich d e p e n d  on th e  s ta te  o f pho n o n  su b sy stem  [1].

In  th e  H a m ilto n ia n  (1) a n d  (6) th e  tu n n e llin g  b e tw een  s ta te s  x — i l  
is n o t  ta k e n  in to  a c c o u n t a n d  th e re fo re  in  th e  lim it 0 —► 0 a un iq u e  so lu tion  
0 = 1  appears (if  J / j  >  0, ht )> 0). The effect o f  tu n n e llin g , suggested  in  [4], 
m ak es i t  possible to  generalize  th e  H am ilto n ian  (1) a n d  to  in tro d u ce  in  (6)
th e  tran sv erse  f ie ld , Q ^  of, w h ich  in  tu rn  m a y  lead  to  th e  so lu tion  a —► 0

l
in  th e  case 0 —<- 0. I n  th e  p re se n t w ork  we will n o t  d iscuss th e  so lu tion  of th e  
se lf-consisten t sy s te m  o f e q u a tio n s  fo r th e  ph o n o n  sy stem  a n d  th e  pseudospin  
sy stem  in  th e  ra n g e  0 <  a  <  1; in s tead  we w ill in v e s tig a te  on ly  tw o cases, 
n am e ly  th e  case o f  th e  co m p le te ly  o rdered , о =  1 la ttic e  an d  th e  case of th e  
co m p le te ly  d iso rd e red , a =  0 la tt ic e . D oing so, we w ill assum e th a t  th e  r ig h t 
choice o f th e  v a lu e  o f  th e  tra n sv e rse  fie ld  Q, can  ensure  th e  tra n s itio n  from  
О  =  1 to  o = 0  in  th e  case o f  zero  te m p e ra tu re , 0 = 0 .

2. Displacive type phase transition in ordered lattices

In  th e  co m p le te ly  o rdered  la ttic e  all th e  ions are  in  th e  sam e s ta te , for 
ex am p le  <* =  + 1  a n d  a =  1. In  th is  case th e  e q u a tio n  o f selfconsistency  (5) 
ta k e s  th e  follow ing fo rm :

/. - у  1 _  A g(oß) daß

2 N  я 1 Л \  I / o  -  f q =  T  J о (7)

w here th e  density  o f  th e  ph o n o n  frequencies

- __L ^  <5 ( f o — fq — ft)2), ft) <  ft)D (8)
/V q

h as b een  in tro d u ced .
T ak in g  in to  a c c o u n t th e  co n d itio n  of eq u ilib riu m  (2), in  th e  case of 

o = l  (o_ =  0) we o b ta in  one eq u a tio n  fo r th e  se lf-co n sis ten t d e te rm in a tio n  
o f th e  equ ilib rium  d isp la c e m e n t Г] o r th e  gap in  th e  sp ec tru m  o f th e  frequencies 

=  2rf, in  th e  fe rro e le c tr ic  p h ase :

3 p  g(aß) daß
2 Jo f 2  r]2 +  aß

(9)

A c ta  Physica  Academ iae S c ien tia ru m  H ungaricae 43 , 1977



1 0 2 S. STAMEISTKOVIC et al.

A s can be seen  th e  so lu tion  o f  th is  eq u a tio n  fo r th e  fe rro e lec tric  phase 
w ith  7] ^  0 exists o n ly  i f  Я <  Яф), w h ere  th e  critical va lue  Яс(1) is d e te rm in ed  b y

g(co2) dw2 
to

2 f / o
3

( 10)

H e re  fj,_r =  (y-1 is th e  average o f  th e  inverse of th e  freq u en cy ; fo r th e  D ebye 
s p e c tru m  g (o )2) =  З о )/2 о )д ; g _ 1 =  3 /2  [/ 2  ^  1 if  a)2D  =  2f 0 . C onsequently , 
d isp lac iv e  type  t r a n s i t io n  in  o rd e red  la ttic e  can ta k e  p lace on ly  i f  th e  la ttice  
c o n s is ts  o f su ffic ien tly  heavy  ions, t h a t  is if

m > S i r 2
/*-1 B l

( 11)

fo r  a  g iven  coupling  c o n s ta n t cpQ b e tw een  th e  ions an d  a g iven  w id th  S 0 =  ]/ A /B  
o f  th e  one-partic le  p o te n tia l w ell in  accordance w ith  [3].

3. Displacive type phase transition in disordered lattices

L e t us d iscuss th e  effect o f  d iso rdering  on th e  d isp lac ive  ty p e  phase 
t ra n s i t io n . P u tt in g  in  (2) and  (3) <7 =  0, corresponding  to  eq u a l n u m b e r of ions 
in  th e  sta tes  a  =  -|-1 and  «  =  — 1 an d  co n sequen tly  m ean in g  th a t  A2+ =  
=  A _  =  Ajj; tj+ =  rj_ =  r\ we g e t th e  following system  o f eq u a tio n s:

V2 =  1 /о  — 3 y ,

Я Гтв g(co2) do)2
}  ~ T J o  \ A l  +  w2 ’

( 12)

(13)

Therefore th e  self-consisten t eq u a tio n  for th e  d e te rm in a tio n  o f th e  gap, 
До >  0 in th e  p h o n o n  sp ec tru m  in  th e  case o f a =  0 an d  t] >  0 tak es  th e  
fo llow ing  form

Д1 =  W  /о  =  2
g(o)2) dco2

УД20 +  CO2 '
(14)

D isplacive ty p e  phase tra n s i t io n , rj >  0, can  ta k e  p lace i f  Я <  Яс<0), 
лvhere the  c ritic a l value of Я is d e te rm in ed  b y  th e  co n d itio n  A l(?.c,0>) =  0, 
t h a t  is

2 í / o
3 /x_I fo =  Яc(l) (15)
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C o nsequen tly , th e  o ccu rrence  of th e  d iso rd erin g  decreases b o th  th e  lim it­
ing  v a lu e  o f th e  allow ed energy  o f  th e  zero -po in t f lu c tu a tio n s  a n d  th e  lim iting  
va lu e  o f  th e  te m p e ra tu re  of th e  phase  tra n s it io n  in  th e  classical lim it o f h igh 
te m p e ra tu re s :  rj.0) =  {1 (3 /2 )/„}  [1]. H ow ever, i t  has to  be m en tio n ed
th a t  th e  tra n s it io n  in to  th e  s ta te  a =  0 can  ta k e  place on ly  i f  f 0 1, an d  
th e re fo re  fo rm u la  (15) is valid  o n ly  i f / 0 1. In  th e  case / 0 1, in  accordance
w ith  [ I ] ,  on ly  th e  s ta te  w ith  cr =  1 is possible a n d  fo rm ula (1) is va lid .

T he ex p lic it effect o f tu n n e llin g  and  th e  e v a lu a tio n  of th e  lim itin g  value 
o f th e  q u a n tu m  p a ra m e te r  A in  th is  case will be d e a lt w ith  in  a s e p a ra te  p ap er.
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T . M i t s u i , J .  T a t s u z a k i  an d  E . N a k a m u r a :

A n In troduc tion  to  th e  P hysics of Ferroelectrics

Gordon and Breach Science Publishers, L ondon—New Y ork—P aris, 1976

The book issued as the first volum e of the “ Ferroelectricity and R ela ted  Phenom ena”  
series was in its original Japanese edition a  tex tbook  for advanced students. Though in  th is 
rap id ly  developing field it  is impossible to  w rite down a tru ly  systematic theo ry  of ferroelectric­
ity , th e  book in its  present revised and com pleted form  is not simply an in troduction  to  the 
con ten ts of the lite ra tu re  bu t a p resentation  of the presen t status of the field  of ferroelectrics 
in a system atic form. So it  is suitable no t only for studen ts interested in  th is topic b u t also 
for young scientists, particularly  experim ental researchers, concerned w ith  ferroelectricity.

W hile in th e  firs t p art of the  volum e th e  theo ry  of ferroelectricity is bu ilt up on the  
basis of experim ental results based on th e  investigation  of concrete types of crystals, in  chap­
te rs V —Y II the reader can also get acquainted  w ith  th e  theoretical trea tm en t of bo th  order- 
d isorder and displacive types of ferroelectrics. In  these chapters the em phasis is laid on the 
theo ry  of phase transform ations in ferroelectric m aterials.

The appendices contain the domain structures and  th e  chemical and physical d a ta  of ferro­
electrics and antiferroelectrics known so far.

F inally, the book contains a copious collection of references.
G . G r o m a

M olecular F luids — Les H ouches 1973

E dited  by R. B alian and G. Weill. Gordon and  Breach Science Publishers, 
London—New Y ork—Paris 1976, p. 459

The volume contains the m aterial of th e  M olecular Fluids Summer School organized 
in Les Houches. As is íveli known, th e  term  “ molecular fluids” should always be used w ith 
caution , because it has been created by necessity and is used only owing to th e  lack  of a better 
and m ore concise w ay of specifying the field  in question. The subject is the physics of the con­
densed assemblies of large molecules, form ing am orphous polym ers or liquid crystals , or simply: 
fluids o f high viscosity, etc. The School, offering a fru itfu l discussion for the specialists, and now 
the volum e, publishing th e  lecture notes, bo th  aim a t  bridgeing the gap betw een theoretical, 
and experim ental investigations in the field, where, tend ing  to  describe and understand  the 
natu re  o f real m atter, theoreticians and experim entalists have  to  master each o ther’s language 
not only th e  words b u t also the notions and  ideas. The volum e contains the following contribu­
tions: L inear Response Theory (R. Z w a n z i g ) ,  C orrelation Functions (C. B r o t ) ,  Dynamics 
of Chain Molecules (W. H . S t o c k m a y e r ) ,  Configurations and  Dynamics of th e  Polym er Chain 
(S. F. E d w a r d s ) ,  V iscoelasticity of Polym ers (J . D. F e r r y ) ,  Structural Problem s in Liquid 
C rystal Physics (R. B .  M e y e r ) , N em atodynam ics (P . G . D E  G e n n e s ) ,  E lectrodynam ics of 
Liquid Crystals ( G .  D u r a n d ) ,  and some special sem inars.

I. A b o n y j
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M. M l a d j e n o v i c : D evelopm ent o f M agnetic B e ta -R a y  Spectroscopy

Springer-Verlag, Berlin—Heidelberg — New Y ork, 1976, p. 282

The book w hich appeared  in the series “ Lecture Notes in Physics” surveys th e  past 
and  present state of m agnetic  beta-spectroscopy.

F irst of all in  a sh o r t historical review th e  m ost im p o rtan t stages of developm ent are 
g iven from the second decade of the century  up to  our days.

Separate chap te rs are  devoted to different types of spectrom eters: semicircular focused 
ones, prism atic spectrom eters (magnetic prisms), toroidal and trochoidal types; one chap te r 
ab o u t each type of m agnetic  lenses (short, long and in term ediate). Similarly, individual chap­
te rs  are dealing w ith d iffe ren t types of special spectrom eters, i.e. those with bidirectional and 
higher order focusing characteristics.

Preceding th e  ch ap te rs  dealing w ith th e  different in s trum en t types there are separa te  
chap te rs  on general issues, like the most im portan t param eters and  component parts of spectro­
m eters, the basic characteristics and equations of electron m ovem ent and those of m agnetic 
optics. Further, am ong th e  chapters dealing w ith the different types of spectrom eters, the 
necessary and possible w ays of magnetic field correction are given.

The final ch ap te r o f the book gives an account of m agnetic spectrometers developed 
on optical analogy i.e. w hich consist of two m agnetic lenses w ith  a magnetic prism betw een 
them .

The book of P ro f. M l a d j e n o v i c , the  first monograph in th e  literature on beta-spectro­
m eters, is really very  easy  to follow, and as far as m agnetic spectroscopes are concerned, it 
gives a complete su m m ary  of the different types of beta-spectroscopes. The au thor him self 
has been working ac tive ly  in this field, and the contents of th e  book originate from th e  un iver­
s ity  lectures and sem inar ta lks delivered by him a t different Universities (Belgrade, Rome, 
Cairo, Nashville).

I t  should be n o ted  here th a t it is spectrom eters th a t  are nearly exclusively d ea lt w ith 
here , other in strum en ta l relations (like preparation  of sources, or problems of detection) are 
ju s t  touched or even n o t m entioned a t all. No a ttem p t is m ade to  survey the results of investi­
ga tions carried ou t w ith  beta-spectroscopes, though one m ight expect to find chapters about 
th em  considering th e  t i t le  of the book. This field of research is extrem ely rich th a t is w hy the 
m ateria l, in spite o f its  lim itation  m entioned above, makes a book of 300 pages. A nyw ay, it 
m igh t be disputable, w hether certain types of beta-spectroscopes of historical in te rest only 
(e.g. magnetic lens ty p es) are worth th e  detailed discussion, as given in the book.

D. B e r é n y i

W o l f g a n g  M e i l i n g ; K ernphysika lische  E lek tronik

Akademie-Verlag, Berlin, 1975

The book published  in the “ W issenschaftliche Taschenbücher” series is a very  good 
sum m ary of the princip les of nuclear electronics. Prof. W. M e i l i n g  defines the subject m atte r 
as th e  in strum en ta tion  problems of d a ta  acquisition processing and handling b u t he omits 
all problems of th e  regulation  and control of reactors as well as the special electronic in s tru ­
m ents of high energy physics. S tarting from  th e  in teraction  of radiation  with m atte r , th e  first 
C hapter makes th e  read e r acquainted w ith the m ost im p o rtan t features of detectors (G. M. 
counter, sem i-conductors, scintillation counters). In  C hapter 2 a very good survey of pulse 
amplifiers is given an d  also some circuit diagram s are presented. In  the third C hapter th e  prob­
lem s of nonlinear pulse shaping are reviewed. The subject o f th e  fourth Chapter is th e  pulse 
counter together w ith  a universal scaler and the ratem eters. C hapter 5 is devoted to  m easure­
m en t problems of tim e  differences and tim e correlations. A good survey of pulse height analysis 
is presented in C hap ter 6. The last Chapter gives inform ation on the on-line use of sm all com put­
ers and on CAMAC interfaces. This paperback book of sm all fo rm at is recommended to  electro- 
nicians and senior s tuden ts, and also to  physicists, engineers, medical researchers and all 
specialists concerned w ith  radioactive isotopes and other nuclear radiation sources.

L. M e d v e c z k y
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THE DETERMINATION OF TRUE DECAY TIME 
OF FLUORESCENCE OF DYE SOLUTIONS 

AT A VERY LOW CONCENTRATION
By

I. K e t s k e m é t y ,  L.  G á t i ,  A.  G y ő r i  a n d  L. K o z m a

INSTITUTE OF EXPERIMENTAL PHYSICS, JÓZSEF ATTILA UNIVERSITY, SZEGED

(Received 23. V. 1977)

By determ ining the lum inescence characteristics of dye solutions a t  a very low 
concentration (10~8 1 0 mole/1) th e  effect of secondary luminescence cannot be neglect­
ed, even in th e  case of the in tegrating  spherical cuvette , since the luminescence ligh t leaves 
th e  cuvette a fter several m eters of “ ram bling” . In  our present paper th e  calculation m ethod 
is described, considering the effect of secondary luminescence, tak ing  in to  account th e  de­
term ination  of tru e  decay time.

1. T he m e th o d  of d e te rm in in g  th e  lum inescence ch a rac te ris tic s  o f  dye  
so lu tions a t  a v e ry  low c o n c e n tra tio n  w ith  in teg ra tin g  spherica l c u v e tte  has 
been  described  in  [1—4]. In  th e se  a rtic les b y  determ in ing  th e  lum inescence 
c h a rac te ris tic s  — fluorescence sp ec tru m , y ie ld , decay tim e  — th e  e ffec t o f  
seco n d ary  lum inescence w as assum ed  to  be negligible ow ing to  v e ry  low  
c o n c e n tra tio n  (10~ 9 —10-6 mole/1).

In  th e  course o f our la te r  ex p erim en ts  on decay  tim e, i t  has been  observed  
t h a t  th e  decay  tim es d e te rm in ed  on th e  basis  o f th e  m e th o d  p u b lished  in  th e  
above m en tio n ed  articles show ed a co n cen tra tio n  dependence  even in  th e  
ran g e  o f v e ry  low  co n cen tra tio n s, n am ely  т w as increasing  w ith  th e  increase  
o f  c o n cen tra tio n . F ro m  th e  fu r th e r  fac t t h a t  r ' ,  x" o b ta in ed  b y  m easu re ­
m en ts , th e  m ean  ram b lin g  tim e  o f th e  ex c itin g  and lum inescence p h o to n s  
re sp ec tiv e ly  is o f  an  o rder o f  severa l ns in  th e  spherical c u v e tte  ( fu r th e r  
a b b re v ia tio n  G), in  th is  w ay  th e  lum inescence lig h t covers a p a th  of severa l 
m e te rs  in  G, i t  h as  been assum ed  th a t  th e  above m en tioned  v a r ia tio n  in  r  
can  be a t t r ib u te d  to  th e  effect o f th e  seco n d a ry  lum inescence.

dn' ] . . .
=  — JAfr\ concern ing  th e  tim e -2. In s te a d  o f  E q . (14) o f [1]

dt
d ep e n d e n t p a r t  o f  d ensity  n '  o f p rim a ry  lum inescence p h o to n  gas, we s ta r t  
from  th e  d iffe ren tia l eq u a tio n

dn '
dt

=  v l - - ±
\ dt

d Ttn
+

dt
=  Afl. +  A/2 -  NVlr N,/2 r ( 1 )

in  th e  d e te rm in a tio n  of th e  tru e  decay  tim e , w here А д  is th e  n u m b e r of 
p r im a ry  lum inescence  ph o to n s e m itte d  b y  ex c itin g  pho tons in  G d u ring  u n it
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tim e , N ,2 m eans th e  n u m b er of secondary  lum inescence ph o to n s e m itte d  b y  
p rim a ry  lum inescence p h o tons in  G d u rin g  u n it  tim e , N jlr and N jir m ean  
th e  loss of p r im a ry  an d  secondary  lum inescence p h o to n s , respective ly , ow ing 
to  non-com plete d iffu se  reflex ion  on th e  in te r io r  su rface  o f G. (The loss o f 
escaped  pho tons th ro u g h  u n co a ted  areas o f th e  surface o f  G can  be neg lec ted .) 
F u rth e rm o re  n '  =  nx -\- n2 (nx, n2 m ean  th e  d e n s ity  o f p rim a ry  and  seco n d ary  
fluorescence p h o to n  gas, respectively ).

Based on th e  co n sid e ra tio n  m en tio n ed  in  [1], th e  follow ing re la tio n s a re  
v a lid  for Nflr a n d  N f X

Nf i r = n 1— ( 1 -  Ä ')  A i  , (2)
n

—  r i*V—  k{v) Г е - ^ Х ( *  -  *') dt'. 
r  n Jo (3 )

H ere  k(v) is th e  a b so rp tio n  coefficient o f th e  exam ined  so lu tion  at th e  e x c it­
in g  frequency  v, R  th e  reflex ion  coefficient a t  m ean  freq u en cy  of lum inescence 
l ig h t o f th e  in te r io r  surface o f G, r rad iu s , V  vo lum e, n v d ensity  o f ex c itin g  
p h o to n  gas, n re fra c tiv e  in d ex  of th e  so lu tio n , c ve lo c ity  of light.

The va lu es  o f  N j2r and  N j2 concern ing  secondary  lum inescence can  he 
g iven in  th e  sam e  w ay

Nf2r= n 2 —  ( l - R ' ) r * n ,  (4)
n

n /2 =  —  V —  Г V ' ' 4 ( *  - o f f  Л О  *?*(»") k(V) dv"
r  n J о L J  0

dt', (5 )

w here f(v"), r\*(v") an d  k(y") m ean  th e  n o rm alised  lum inescence q u a n tu m  
spec trum , th e  fu n c tio n  o f abso lu te  q u a n tu m  yield , an d  abso rp tion  sp e c tru m , 
respectively , in  th e  overlapp ing  range o f th e  sp ec tra .

S u b s titu tin g  th e  fo rm ula  nv, th e  d e n s ity  of p h o to n  gas, o b ta in e d  b y  
solving th e  d iffe re n tia l e q u a tio n  (11) [1], in to  th e  fo rm u la  Nrx (3) — ta k in g  
in to  considera tion  th e  sinuso idal ex c ite m e n t o f in te n s ity  N(t) =  N  sin  cot 
applied  a t p h ase  f lu o ro m e te r  —

N
n„ =

/ c , . 4 3 c ,
/  CO2 + k(y) +  (1 R) 

п 4гм

sin  co(t — x') ,
( 6)

here со is th e  a n g u la r  frequency  o f th e  sinuso idal ex c itin g  fluxus, R  is th e  
reflexion coeffic ien t o f  th e  in te rio r  surface o f  G a t  th e  ex c itin g  ligh t freq u en cy  v. 
H aving  done th e  in d ic a te d  in teg ra tio n , a n d  su b s titu tin g  th e  form ula o b ta in e d  
fo r Nfl  in th e  f i r s t  p a r t  o f d ifferen tia l eq u a tio n  (1), a f te r  in teg ra tio n  we h av e
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th e  follow ing fo rm u la  for th e  tim e-d ep en d en ce  of p rim ary  fluo rescence  p h o to n  
gas d en sity

na(t) =  A 1 sin  co(t — t '  — r"  — r) . (7)

H ere  th e  v a lu e  o f co n stan t A 1 is

A
N / V  • r}* • e/n • k(v)

[ 3 c 2] 3c , 32
/ со2 ——  (! — R ) CO2 + ck(v) 4  (1 R) • (1 4  со2T2)

4 rn 4 rn

(8)

A ccord ing  to  E q . (7) th e  d e n s ity  of p r im a ry  fluorescence p h o to n  gas 
follow s th e  v a r ia tio n  o f th e  in te n s i ty  o f th e  ex c itin g  lig h t w ith  a  p h ase  delay  
co rresp o n d in g  to  tim e  r  -f- %' +  r* =  t *. T h u s i f  no secondary  lum inescence 
occurs, th e  d ecay  tim e  of th e  fluo rescence  can  be o b ta in ed  fro m  d e la y  tim e  r*  
m easu red  b y  th e  flu o ro m eter, b a se d  on th e  re la tio n  r  =  r*  — t '  — r" . H ere 
r '  a n d  t "  are  th e  m ean  ram b lin g  tim e  a lread y  m en tio n ed  a b o v e  o f  exciting  
a n d  lum inescence p h o to n  gas in  th e  so lu tion  in  G, re spec tive ly , w h ich  can be 
d e te rm in ed  b y  ca lcu la tion  from  th e  fo rm ula  g iven b y  solving th e  co rrespond­
in g  d iffe ren tia l e q u a tio n

a n d

1
—  arc tg
CO

con

ck(v) -|-
3c
4 r

(1 - R )

l
=  —  a rc  tg

CO

con

Y ~ (1 — R ’) 4 r

(9)

( 10)

Since th e  re flex io n  coefficients R ,  R '  o f G are d ifficu lt to  d e te rm in e  d irec tly , 
ra m b lin g  tim e  r'0 o f th e  exciting  p h o to n s  in  th e  so lv en t in  G h a s  b een  in tro ­
d u ced , w hich  is im m ed ia te ly  m easu rab le  in  th e  in te g ra tin g  c u v e tte  co n ta in in g  
th e  p u re  so lv en t. F o r  in  th is  case k(v) =  0 b ased  on E q . (9)

*0
1

—  arc  tg
CO

wn
3c

- f a  - л )4r
д а -
co m p arin g  th is  e q u a tio n  w ith  E q . (9) th e  fo rm u la

CO
arc  tg  -

con

ck{v) +
con

tg  T0co

(11)

( 12)
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is g iven. In  case o f  th e  sm all a rg u m en ts  on th e  r ig h t  side of E q . (12) (w ith  
t g  cp (p a p p ro x im a tio n )

, nT -----------------  .
ck(v) +

T'o

I f  Tg is m easured  e ith e r  a t  v exciting , o r a t  v' m ean  freq u en cy  of lum inescence 
a n d  R, R '  can  be ca lc u la ted  from  (10) an d  (11)

r И (13)

we o b ta in  a v e ry  sim p le  a p p ro x im a tiv e  fo rm ula .
3. I f  th e  in te n s i ty  o f th e  seco n d ary  lum inescence  can he neg lec ted , its  

e ffec t o f г  is to  be  ca lcu la ted  as follows.
W e s u b s titu te  th e  fo rm ula  fo r nx in  E q . (7) in to  th e  fo rm u la  w ritte n  

fo r secondary  lum inescence  p h o to n s  N j2 (5), a n d  in te g ra te  accord ing  to  
tim e  t ' . W e s u b s ti tu te  N f2 gained in  th e  second p a r t  o f  d ifferen tia l eq u a tio n  (1)

V
dn2
dt

N/2 Nf2r. m

H av in g  solved E q . (1/b) in  s im ila r steps as ab o v e , we o b ta in  fo r th e  tim e- 
dependence o f d e n s ity  o f  secondary  lum inescence p h o to n  gas in  G:

n2(t) =  A 2 sin co(t — r '  — 2 r"  — 2 t) , (14)
w here

N / V  • rj* (c/n)2 k(v)
SX2 —

Г 3c 2 / Чг 21(1 +  CO2 T2) • CO2 + (1 R ')  
4 rn

1 CO2 + ck(v) +  (1 — R) 
4 rn 1

X J “ ri*{v")f{v") k(v") dv" . (15)

F ro m  fo rm ula (14) i t  is easy  to  see th a t  th e  d e n s ity  o f th e  secondary  fluo res­
cence p h o to n  gas p ro d u ced  in  G follows th e  v a r ia t io n  of th e  in te n s ity  o f th e  
excitin g  lig h t w ith  a  phase  d e lay  co rrespond ing  to  r '  +  2 t" +  2 r .

T he q u o tie n t o f  th e  in te n s ity  o f seco n d ary  an d  p rim ary  fluorescence 
lig h t being p ro p o rtio n a l to  th e  q u a n ti ty  o b ta in e d  according to  x  — w hich 
h as  been in tro d u c e d  p rev io u sly  in  th e  course o f  secondary  fluorescence  cor-
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rec tio n  [5] — from  E q . (7), (14) an d  E q . (8), (15) in  th e  follow ing fo rm u la

re2Wmax ^ 2  cln

X

nlWmax ^1

Г k(v") dv" ~  -
Jo  n

f
/  (1 +  <tfV) CÛ2 -)- —  (1 — -R')4 rn

у ( l  +  C02T2) (1  +  c o V '2)

( r]*{v")f(v")k(v")dv".
Jo

X

X
(16)

3c
H ere we su b s titu te d  -------(1 — R ')  from  th e  ap p ro x im a te  fo rm u la

4 rn
t "  ^  eore/(3c/4m)(l — R ')  from  E q . (10) in  case of sm all a rg u m en ts .

4. T h e  tim ew ise v a ria tio n s  o f  th e  p rim a ry  an d  secondary  lum inescence 
p h o to n s  can  be considered  h arm o n ica l v ib ra tio n s  in  phase  d e lay  as co m p ared  
to  each  o th e r, an d  b y  superposing  th e m  we ap p ly  th e  re la tio n  concern ing  
su p erp o sitio n  o f ha rm o n ica l p ara lle l v ib ra tio n s  o f equal frequency . T h u s th e  
phase  c o n s ta n t o f th e  re su ltin g  v ib ra tio n  is

А л sin a, 4- A ,  sin a9 , ,
t g a  =  — 1-----“1-У- / ------- (17)

A x cos oq +  Л 2 cos a2

ap p ly in g  i t  to  o u r case « =  arc  tg  cor*, sq =  arc  tg  co(r '  +  r"  +  r) , 
a2 =  arc  tg  co(r' +  2т" +  2 t).

W e d en o ted  th e  d e lay  tim e  o f p r im a ry  fluorescence occu rring  to g e th e r  
w ith  th e  seco n d ary  lum inescence w ith  r* , m easu red  d irec tly  b y  flu o ro m e te r. 
W e com e to  th e  fo rm u la  co n ta in in g  th e  tru e  decay  tim e  т  b y  a d e q u a te  t r i ­
g onom etrica l tra n s fo rm a tio n  of E q . (17), b y  su b s titu tin g  th e  fo rm u la  fo r 
a, oq an d  <x2, an d  b y  d en o tin g  th e  va lu e  o f  A ,JA : calcu la ted  in  th e  w ay  given 
in  E q . (16) w ith  K .

* _  V~1 +  co2(r2 +  2т)2(т1 +  r) +  к у  1 +  co2( +  t)2 (t2 +  2t)

У 1 +  co2( r 2 +  2 t)2 +  К  j / l  +  to2( t i  +  t)2
(18)

w here r x =  r '  +  r* a n d  r 2 =  r '  +  2r".
E q . (18) co n ta in s t ru e  decay  tim e  r  im p lic itly  an d  as i t  is easy  to  see from  

E q . (16) К  is also d ep en d en t on r ,  th e re fo re  in s te a d  o f th e  exp lic it, seem ingly  
v e ry  co m p lica ted  fo rm u la  o f decay  tim e , т  is ca lcu la ted  from  th e  e q u a tio n  
above w ith  th e  successive ap p ro x im a tio n  m eth o d  w ith  a p o ck e t ca lcu la to r. 
S ta r tin g  fro m  th e  f irs t  ap p ro x im a te  v a lu e  r° =  T* — r '  — r"  in  th e  case o f
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n eg lec tin g  seco n d ary  lum inescence (К  =  0) th e  ca lcu la tio n  can  he com pleted  
q u i te  quickly w ith  a rb itra ry  accu racy .

T he details o f  th e  m ethod  to  d e te rm in e  x ' an d  x" in  E q . (18) are given 
in  P a r t  3. The “ o v e rlap p in g ”  in teg ra l in  th e  second p a r t  o f fo rm ula  К  =  A 2/A 1 
(16) h as  been d e te rm in e d  w ith  a g rap h ica l in te g ra tin g  m eth o d  b y  using  th e  
re s u lts  of th e  m easu rem en ts  rj*(v"), f(v") an d  k(v") ta k e n  from  [2].

5. From  o u r sev era l ex p erim en ta l resu lts  on dye so lu tions, we pub lish  
o u r  d a ta  o b ta in ed  on  R hodam ine 6G aqueous so lu tio n  as an  exam ple . T he 
d y e  co n cen tra tio n  w as varied  from  2.5 • 1 0 _8 mole/1 to  2.5 • 1 0 “ 7 mole/1 on 
a  lo g arith m ic  scale . 6 p e r  cen t ace tic  acide w as app lied  as an  ad d itiv e  m a te ria l.

W e placed th e  in te g ra tin g  c u v e tte  o f 4 cm  d iam ete r, h av in g  co a ted  th e  
e x te r io r  surface w ith  diffuse re flec tin g  MgO in  a w ay  described  in  [6] in to  
th e  phase f lu o ro m e te r  applied  in  [7, 8].

The lum inescence  was exc ited  b y  th e  lig h t o f 546 n m  w av eleng th  of a 
l ig h t  source ty p e  O SR A M  H R O  450 an d  th e  excitin g  lig h t sc a tte re d  in  th e  
so lu tio n  was e lim in a te d  w ith  a crossing  f ilte r  ty p e  OG3.

The e x p e rim e n ta l resu lts are  show n in  T ab le  I  an d  F ig . 1, w here t * is th e  
d e la y  tim e m easu red  d irec tly  w ith  th e  flu o ro m e te r , an d  t° ( =  t * — t ' — r") 
d e c a y  tim e u n c o rre c te d  fo r th e  effect o f secondary  lum inescence, т th e  tru e  
d e c a y  tim e co rrec ted  fo r th e  effect o f seco n d ary  lum inescence. R am b lin g  tim e  
x" in  Table I  in  o u r  case eq u iv a len t to  ram b lin g  tim e  ró, is ca lcu la ted  on 
th e  basis of E q . (10), an d  ram b lin g  tim e  r '  based  on E q . (9) b y  using  ab so rp ­
t io n  coefficient k(v) is ind ica ted  in  th e  T ab le  as well. T he T ab le  also co n ta in s  
th e  value К  c a lc u la ted  from  E q . (16).

As can be seen  on th e  cu rve  g iv ing  th e  dependence of r° on dye con­
c e n tra tio n , th e  u n c o rre c ted  decay  tim e  sim ilarly  to  th e  ones pub lished  in  
n u m ero u s  p rev io u s references [6 —10] increases w ith  th e  co n cen tra tio n  due 
to  th e  effect o f  seco n d ary  lum inescence. T he co rrec ted  tru e  decay  tim e  r  
h o ld s  con tin u a lly  u n d e r  t°. D isreg ard in g  th e  v a lu e  т belonging to  th e  la s t, 
h ig h e s t c o n cen tra tio n  (where accord ing  to  [1, 2] th e  cond ition  k(v) ■ r < i o - 2 
to  produce a hom ogeneous an d  iso tro p ic  p h o to n  gas is b y  no m eans given) 
a  m ean  value 4 .4  ns is given fo r decay  tim e  (w ith  a m ean  erro r less th a n  
10 p e r cent). T h is  va lu e  agrees to  a good ap p ro x im a tio n  w ith  th e  re su lts  
concern ing  th is  d y e , m easured  b y  severa l au th o rs , b y  m eans of lase r pulse 
flu o ro m e te r (e.g. [10 —12]) i t  is, how ever, con sid erab ly  g rea te r  th a n  o u r 
v a lu e s  d e te rm in ed  in  a co n cen tra tio n  range  10~5—10~3 mole/1 [13]. This 
d ev ia tio n  seem s to  be  rig h t, based  on th e  d a ta  o f our experim en ts u p  to  th e  
p re se n t, and is d u e  to  physical processes d epend ing  on dye co n cen tra tio n s . 
T h e  fact is also w o r th  m en tion ing  th a t  th e  d ev ia tio n  of т from  r° is im p o r ta n t 
ev e n  a t th e  lo w est c o n cen tra tio n  app lied  ( ^ 2 0  p e r cen t) w hich exceeds th e  
e r ro r  of m e asu rem en t considerab ly . C onsequen tly , th e  co rrec tion  to  th e  
e ffec t of seco n d a ry  lum inescence c a n n o t be neg lec ted  even in  th e  case o f
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F ig . 1

Table I

D ecay tim e of Rhodamine 6 G aqueous solution a t several dye concentrations

Dye concentr. 
c

(mole/1)

T*
(ns) r- =  *;

(ns) (ns)
ад

(cm -1) К т"
(ns) (ns)

2.5 • 10- 8 18.17 7.48 6.22 1.288 • 10-3 0.0928 4.47 3.78
5 • lO - 8 18.95 7.48 5.31 2.577 • 10-3 0.1829 6.16 4.79
1 • 10-» 18.51 7.48 4.09 5.153 • 10- 3 0.3667 6.94 4.52
2.5 • 1 0 - ’ 17.22 7.48 2.40 1.288 • 10-2 0.9376 7.34 3.11

so lu tions o f  th e  low est c o n c e n tra tio n  show ing an  in te n s ity  o f  lum inescence 
still su ita b le  fo r m easuring , especia lly  in  case o f R h o d am in e  6G a n d  sim ilar 
dyes show ing  a s trong  o v e rlap p in g  o f  abso rp tio n  an d  em ission sp ec tra .
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KINETICS OF DISORDER-ORDER TRANSITION 
IN S -S e  ALLOYS
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Three different param eters; d (density), y  (therm al conductivity), and  a (electrical con­
ductiv ity ) have been used to  investigate the crystal grow th in two Se —S glassy alloys. The 
k inetic analysis indicates th a t  th e  crystallization process takes place th rough  switching 
of th e  chemical bonds w ith energy 26 — 28 kcal/mole.

Introduction

T he q u a n ti ta t iv e  s tu d y  o f  th e  d ependence  o f th e  c ry s ta lliz a tio n  ra te  o f 
S e—S alloys on  th e  p e rcen t c o n cen tra tio n  o f  S -atom s show ed a m in im um  
ra te  a t  ab o u t 5 a t .  %  S [1, 2 ]. This has b een  exp la ined  b y  th e  m icro h e te ro ­
g en e ity  o f th e  s ta te s  o f S in  b o th  chains an d  lin g s  of Se. T he m in im u m  m icro­
h e te ro g en e ity  in  am orphous Se — S alloys is ex p ec ted  to  lie b e tw een  SSe50 an d  
SSe20 [2]. A t th e  sam e tim e , th e  n u m b er o f  c ry sta llin e  cen tres increases, also, 
in  th is  region (SSe50 —> SSe2()), while th e  r a te  o f  lin ear g row th  o f  c ry sta llite s  
d ra s tic a lly  decreases in  th e  presence o f S.

Experimental

SSe325 an d  SSe22 5 g lassy  alloys have  b een  p rep ared  b y  q u ench ing  from  
th e  m elts [3]. E a c h  sam ple h as  been su b je c te d  to  iso th erm al ag ing  a t  th re e  
d iffe ren t te m p e ra tu re s  b e tw een  T g an d  T m, n am e ly  70, 80 an d  90 °C. T he 
process o f aging led  to  g rea t change in  all th e  m easu red  p h y sica l q u a n titie s ; 
th e  d en sity  (d), th e rm a l co n d u c tiv ity  (’/ )  an d  e lec trical c o n d u c tiv ity  (o’). T he 
m easu ring  tech n iq u es  w ere described  in  p rev io u s p u b lica tions [4].

Results and analysis

Fig. 1 show s th e  annea ling  tim e  d ependence  o f d, £20°, log  cr20o an(l  ^  
fo r  SSe32.5 and  SSe22.5 sam ples iso th e rm ally  aged  a t 80 °C. T h e  dependence 
o f  %, a or E a show s f ir s tly  a m iscellaneous v a r ia tio n  re ferring  to  th e  presence
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o f a n  induc tio n  p e rio d  [5, 6], a f te r  w h ich  th e  g ro w th  o f  th e  c ry sta llin e  p h a se  
p ro ceed s m o n o to n ica lly  w ith  tim e . T h e  in d u c tio n  p erio d , w hich m ay  be due 
to  a re lax a tio n  in  th e  m echan ical stresses possib ly  p re se n t in th e  am o rp h o u s 
m a tr ix  or due to  d e s tru c tio n  o f som e chem ical b o n d s, is n o t d e tec ted  d u rin g  
th e  d en sity  m easu rem en ts .

A t th e  o th e r  tw o  aging te m p e ra tu re s , 70 an d  90 °C, a sim ilar b e h a v io u r 
h as  been  found b u t  w ith  d iffe ren t d u ra tio n s . T ab le  I  gives th e  average  in itia l-  
am o rp h o u s  and  fin a l-c ry s ta llin e  v a lu es  o f th e  m easu red  q u an titie s  as ca lcu l­
a te d  fo r th e  d iffe ren t te m p e ra tu re s .

Table I

V alues of the initial-am orphous and final-crystalline physical quantities in the tem perature  
range 70—90 °C for bo th  SSe32-<i and  SSe22ri

P h y s ic a ]  p r o p e r ty
I n i t i a l  v a lu e F in a l  v a lu e

SSes2.s SSe22.5 SS«S! 6 S S e s2.5

d (g/c.c.) 4.26 4.19 4.52 4.44
-  log '>20'- (Ö -* c m - 1) 9.46 ±  0.07 9.42 +0.05 5.87 ±  0.15 5.62 ±  0.12
E a (eV) 0.96 1.0 0.51 0.60
Jf20o (cal/cm S °C) 0.017 ±  0.003 0.04 0.006 +  0.001 0.006 ±  0.001

F o r each com position , i t  can  be found  th a t  th e  period o f in d u c tio n  
decreases from  a b o u t 2.5 h r  a t 70 °C to  1.5 h r  a t  80 °C an d  nearly  d isa p p e a rs  
a t  90 °C. Also, th e  t im e  req u ired  fo r a tta in in g  a com ple te  crystalline m o d ifica ­
t io n  is decreased fro m  ab o u t 15 to  5.4 h r  w ith  th e  ag ing  te m p e ra tu re  (7 0 —v 
90 °C) in d ica tin g  an  increase in  th e  r a te  of c ry sta lliza tio n .

T he increase o f  S -con ten t in  sam ple  SSe22 5 as in  SSe325 slow s dow n 
th e  p rocess of c ry s ta lliz a tio n . I t  also causes a l i t t le  decrease in  a20°t E^ an d  
X d ep en d in g  on th e  s ta te s  o f S in  Se w hich , in  tu rn , d ep en d  on te m p e ra tu re  [7]. 
H o w ev er, th e  b ig  change of cr20o an d  Eo- a t an y  ag ing  tem p e ra tu re  is m a in ly  
d u e  to  th e  d iso rd e r-o rd e r tra n s fo rm a tio n  of th e  sam ples. The X -ra y  s tu d y  
o f th e  re su lting  solids show ed th a t  th e y  h av e  hex ag o n al s tru c tu re . H e a t  t r e a t ­
m e n t, how ever, causes th e  fo rm a tio n  o f  m icrocrysta lline  areas in  th e  d iso rd e r 
m o d e  an d  an in c rease  in  th e  n u m b e r  o f  d ispersed cen tres  b y  w hich phon o n s 
are  sca tte red . T h is leads to  in crease  th e  d en sity  (d) du ring  th e  tr a n s it io n  
a n d  decrease th e  d is tan ce  b e tw een  th e  chains. T h a t is , decreasing th e  ph o n o n  
free  p a th  and  hence  th e  value o f  % d u rin g  th e  tra n s itio n .

These e x p e rim en ta l d a ta  are  p re sen ted  in  te rm s  of th e  fo rm al th e o ry  
o f  p h a se  tra n s fo rm a tio n  developed  b y  A v r a m i  [ 8 ] .  I t  gives th e  u n tra n sfo rm e d  
fra c tio n  0  a t a n y  tim e  m om en t t b y  th e  eq u a tio n

0  =  ex p . [ - K tn] , (1)
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w h ere  d, log o', Ea- a n d  y have  been  considered  to  be c h a ra c te r is tic  q u a n titie s  
fo r th e  tw o -p h ase  sy s tem  [3] ( th e  p a r t  В — C o f curves o f F ig . 1). In  te rm s  
o f  th e se  q u a n titie s , 0  has been  ca lcu la ted  u sin g  th e  su g g ested  em pirical 
e q u a tio n  [9];

e  =  (H c -  H ,)I(HC -  H a) , (2)

w here  H  s tan d s  fo r a m easu red  c h a rac te ris tic  p ro p e r ty  w hich can  be considered 
lin e a rly  d ep en d en t on  th e  c ry s ta l co n ten t.

Fig. 1. The annealing tim e dependence of log <720„, E a, and  d for SSe22.5 and  SSe32.6 samples
aged a t 80 °C

T h e  p a ra m e te r  re o f  A v r a m i ’ s  eq u a tio n , defin ing  th e  m echan ism  of 
n u c léa tio n  an d  c ry s ta l geom etry  [10], has been  ca lcu la ted  in  te rm s  o f the  
e x p e rim e n ta l values o f  0  from  th e  eq u a tio n

In  ( - I n  0 () =  In (K ) +  re In  (t),

w here th e  p lo t o f In ( —In 0 t) vs In (f) gave lin e a r  dependence fo r SSe32.5 and 
SSe22.5 a t  70, 80 an d  90 °C. H ow ever, fo r each  com position , th e  v a lu es  of re 
o b ta in ed  on th e  basis o f  log  a, E ir a n d  y agree fa ir ly  w ith  each o th e r , w hereas 
increasing  th e  aging te m p e ra tu re  causes a  decrease in  re to  a lim itin g  value 
ab o u t u n i ty  (Table I I ) .  T h is m eans t h a t  th e  g ro w th  is in  one d im ension  and  
g rad u a lly  changes from  spo rad ic  to  p red e te rm in ed  one [10]. A t th e  sam e tim e, 
re shows l i t t le  increase  w ith  th e  increase o f S -co n ten t, from  2.99 to  4 .29  a t .% . 
T h is m a y  m ean  th a t  th e  presence o f  S -a tom s, in  su ch  co n cen tra tio n  range, 
leads to  increase  th e  p o ss ib ility  o f n u c léa tio n  o f th e  crysta lline  ph ase .
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T ab le  I I

Values o f th e  param eter n  of A v r a m i ’s  equation  as obtained from  slopes of the lines In ( —In ©) 
vs In (t) a t the tem peratures 70, 80 an d  90 °C for b o th  SSe3I 5 and SSe22s

Composition
n

70 °C 80 °C 90 °C

S^e32.5 l . i 0.93 0.87
SSe225 1 .2 1 .1 0 1 .0 0

T h e  ra te  c o n s ta n t (К ) of th e  d iso rder-o rder tra n s it io n  process h as  been 
c a lc u la ted  from  E q . (3), for all th e  in te rm e d ia te  s ta te s  during  th e  tra n s it io n  
a t  th e  d ifferen t te m p e ra tu re s . I t  h a s  been  found t h a t  th e  ra te  К  h a s  a con­
s ta n t  v a lu e  an d  does n o t depend o n  0 .  This m ay  be  a ttr ib u te d  to  th e  h igh  
degree  o f  d ispersion  o f  th e  o rder (c rysta lline) p h ase  in  th e  d iso rder (am o r­
p h o u s) m a tr ix  as a re su lt of th e  la rg e  num ber o f  th e  form ed n u c le i in  th e  
d iso rd e red  volum e.

T h e  m ean c o n s ta n t ra te  o f c ry s ta lliz a tio n  (К ) show ed an  in crease  w ith  
th e  ag in g  te m p e ra tu re , from  4 X 1 0 -5 a t  70 °C to  8.7 X 1 0 -4 a t 90 °C fo r SSe22 5. 
D ecreasin g  th e  S -c o n te n t in  th e  SSe325 sam ple g ives th e  re sp ec tiv e  v a lu es  
2 x l 0 ~ 4 and  10~3 fo r  K .

I t  is possible, how ever, to  p ro v e  th a t  th e  em pirica l re la tio n  (2) used 
to  ca lcu la te  th e  d iffe ren t values o f  0  ind icates t h a t  th e  c o n d u c tiv ity  a of a 
m ix tu re  o f tw o -p h ases  highly d isp e rsed  in  each  o th e r ; am orphous (of con­
d u c tiv i ty  aa) a n d  crysta lline  (o f co n d u c tiv ity  ac) can  be rep re sen ted  b y  a 
fo rm u la

ffm ix  =  o rf a « - ® ) . ( 4 )

S u ch  la t te r  fo rm u la  is sim ilar to  t h a t  ob ta ined  fo r  a m ix tu re  o f tw o  m eta llic  
p h a se s  ran d o m ly  d is tr ib u te d  in  case o f alloys [11].

T he p lo ttin g  o f  In К  vs 1 /T  gave  a s tra ig h t line re la tio n sh ip  fo r b o th  
SSe32 g and  SSe22 5. T h e  slopes o f th e s e  lines rep re sen t a m easure fo r th e  a c tiv a ­
t io n  energy o f  th e  crysta lliza tio n  process E  [9]. O n these co n d itions, th e  
av e rag e  value o f  E  calcu lated  on  th e  basis o f th e  electrical co n d u c tio n  (a) 
a n d  th e  th e rm a l conduction  {%) h a s  been fo u n d  to  be 26.16 fo r SSe32 5 an d  
28.15 kcal/m ole fo r  SSe22 5. T h is m eans th a t  in c reasin g  th e  S -a to m s in  th e  
sam p le , from  SSe325 to  SSe22 5, m ak es th e  process o f c ry sta l g ro w th  easier. 
H o w ev er, an y  o f  th e se  values o b ta in e d  for E  is less th a n  th e  energy  o f d e s tru c ­
t io n  o f the  S e— Se or S —S b o n d s  w hich, re sp ec tiv e ly , are 57 a n d  49 kcal/ 
m o le  [12]. I t  is also  less th a n  th e  energy  of self-d iffusion of S e-a tom s w hich  
eq u a ls  53 k cal/m o le  [13]. T his m ean s th a t  th e  presence o f S -a tom s w ith in  
su ch  co n cen tra tio n  range (2 .99—4.26  a t.% ) does n o t affect th e  sw itch ing  o f
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th e  covalen t bonds kn o w n  fo r p u re  Se during  th e  v iscous flow  or th e  c rysta lli­
za tio n  process [12].

To p rov ide  m ore  in fo rm a tio n  ab o u t th e  p h y sica l processes ta k in g  place 
d u rin g  th e  am o rp h o u s-c ry s ta l (a - a - c )  tra n s itio n , a  piece of SSe22 5 sam ple w as 
sealed  in  an  e v a c u a ted  (1 0 -4  m m H g) p y rex  tu b e  p ro v id ed  w ith  tw o -tu n g sten  
e lec trodes [9]. T h e  sam ple  h as  been  sub jec ted  to  d iffe ren t iso th e rm a l aging, 
ran g in g  from  98 to  132 °C. A t each  te m p e ra tu re , th e  e lectrical co n d u c tiv ity  
(u) has been reco rd ed  co n tin u o u sly  during  th e  c ry s ta lliz a tio n  process.

F ig . 2 . The continuous variation of log a  with time for SSe22.6 as isothermally aged at 117 °C

A  ty p ic a l sp e c tru m  fo r th e  iso th e rm al tim e  v a r ia tio n  of log a  is given 
in  F ig . 2 for SSe22 5 sam ple  aged  a t  117 °C. The in it ia l  value o f log  a cor­
re sp o n d in g  to  th e  p re p a re d  am o rp h o u s s ta te  is —9.63 (po in t a) a n d  reaches 
a va lu e  r— 5.84 co rrespond ing  to  th e  fina l c rysta lline  m od ifica tion  (p o in t d) 
a fte r  a period  of 165 m in . D u rin g  th is  period, th re e  d iffe ren t s tages can be 
d is tin gu ished :

ab : a  m iscellaneous change in  a due to  a re la x a tio n  accom pan ied  by 
an  increase  o f te m p e ra tu re  o f  th e  sam ple;

be: a less p ro n o u n ced  increase  in  a due to  n u c lé a tio n  and  g ro w th  of 
e lec trica lly  iso la ted  f in e  c ry s ta llite s  on th e  expense o f th e  am orphous p h ase , and
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cd : a big in crease  in  a b y  m o re  th a n  tw o o rders re la ted  to  th e  grow th 
o f  cross-linked n o n -iso la ted  c ry s ta llite s  fo rm ing  a m ore o rd e red  crysta lline  
n e tw o rk .

Increasing  th e  annealing  te m p e ra tu re  lead s, generally , to  decrease in  
th e  to ta l  tim e o f th e  c ry s ta lliz a tio n  process, from  355 m in a t  98 °C to  87 m in 
a t  132 °C, as well as t h a t  of th e  in d iv id u a l stages d u rin g  th e  tra n s it io n .

F ig .  3 . The plotting of the function In ( —In ®) vs In (t) as calculated from Eq. (2) on the
basis of log a  for SSe22.5

K inetics o f  th e  a  —у  c  t r a n s i t io n  has been  s tu d ied  fo r SSe22.5 sam ple in 
th e  range 98— 132 °C by  a p p ly in g  A v r a m i’s princip les. T he q u a n t i ty  log a has 
b e e n  used as a ch a rac te ris tic  q u a n t i ty  an d  so th e  u n tra n s fo rm e d  frac tio n  0  
w as calcu la ted  u s in g  E q . (2).

Fig. 3 show s th a t  p lo tt in g  o f  In (—In 0 )  vs In (t) y ie ld s  s tra ig h t line 
re la tio n sh ip s  a t  th e  d ifferen t te m p e ra tu re s . T h e  p a ra m e te r  n  o f A v r a m i’s 
eq u a tio n  as ca lcu la ted  from  slopes of lines o f F ig . 3 d ecreases from  1.24 to
1.08 w ith  te m p e ra tu re  (98 — 132 °C). T he re la tio n  be tw een  log  К  and  1 /Т  
g iven  in  Fig. 4 in d ica tes  an  a c tiv a tio n  energy  fo r  th e  c ry s ta lliz a tio n  g row th  
E  =  29.28 kcal/m ole . Such v a lu e  is in  ag reem en t w ith  t h a t  o b ta in ed  from  
s tu d y in g  th e  e lec trica l an d  th e rm a l co n d u c tio n  d u ring  th e  tra n s itio n  step  
b y  step.
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E v id e n tly , th e  resu lts  confirm  th e  suggested  ex p lan a tio n  for th e  m echan­
ism  o f c ry s ta lliz a tio n  o f th e  sam ples. T h a t is, th e  a —*■ c tra n s itio n  generally  
p roceeds th ro u g h  n ea rly  one-d im ensional g row th  w ith  b ind ing  th e  te rm ina ls 
o f  th e  fo rm ed  c ry sta llites  as th e y  com e close to  each  o th e r fo rm ing  th e  fin a l 
c ry s ta llin e  m odifica tion .

F ig .  4 . The relation between the logarithm of mean crystallization rate (1C) and the 
reciprocal of absolute temperature (T) for SSe22.s
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EINSTEIN-MAXWELL FIELDS 
WITH NULL KILLING VECTOR

By

D . K r a m e r
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(Received 14. VI. 1977)

The field equations for Einstein—Maxwell fields admitting a normal null Killing 
vector are reduced to a 2-covariant system of equations, which can be derived from a varia­
tional principle. Using the invariance of the associated Lagrangian one can generate a class 
of Einstein —Maxwell fields from the corresponding vacuum solutions.

1 .  I n t r o d u c t i o n

F o r s ta t io n a ry  E in s te in —M axw ell fie lds i t  is possible to  c o n s tru c t from  
th e  fie ld  te n so r  Fab an d  th e  tim e-like  K illing  v e c to r  scalar potentials, and  
th e  fie ld  e q u a tio n s  follow  from  a 3 -d im ensional v a ria tio n a l p rincip le  [1, 2]. 
The L ag ran g ian  co n ta in s  th ese  p o ten tia ls  an d  th e ir  f irs t p a r tia l  d e riv a tiv es . 
The SU (2, 1) sy m m e try  [3] o f th e  L a g ra n g ia n  lead s to  th e  p o ssib ility  to  
generate  new  so lu tions [1]. S im ilar re su lts  ho ld  fo r  a space-like K illing  vecto r. 
The tra je c to r ie s  of a non-null K illing  v ec to r  d e te rm in e  a 3-dim ensional space 
V3 [4], an d  th e  E in s te in —M axwell e q u a tio n s  can  be w ritten  as 3 -co v arian t 
equa tions over V3. T h is re le v a n t p ro p e rty  b reak s  dow n in th e  case o f a nu ll 
K illing v ec to r . T herefo re , th is  case has been exc luded  from  considera tions on 
genera ting  new  so lu tio n s. H ow ever, a tw is tfree  nu ll K illing  v ec to r ka

k (a;b) =  K k°  = 0 ,  ka =  Wu a ( 1 )

adm its  f in ite  2 -d im ensional surfaces V2 o r th o g o n a l to  ka [5]. T he red u c tio n  
o f th e  fie ld  e q u a tio n s  on eq u a tio n s  over V2 is possib le. M oreover, we can  
in troduce  sca la r p o te n tia ls  and  fin d  a sim ple L ag ran g ian  fo r E in s te in  — 
M axwell fie lds u n d e r th e  cond itions (1) (w ith  W  =  1).

D e b n e y  [ 6 ]  in v e s tig a te d  expansionfree E in s te in  — M axwell fields w hich 
are of K e r r— Schild  ty p e  an d  for w hich th e  p re fe rred  null d irec tion  is s im u l­
tan eo u sly  an  e ig en d irec tio n  o f th e  e lec tro m ag n etic  f ie ld  ten so r F ab• In  place 
o f these  re s tr ic tio n s  we im pose th e  co n d itions (1) on th e  null v ec to r fie ld .
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2. Coordinate system

In  p a r tic u la r , th e  conditions (1) im p ly  th a t  k a is a geodesic, shearfree , 
expansion free , a n d  tw istfree  congruence . W e in tro d u ce  co o rd ina tes x* — 
=  ( x , y , v ,  it) a d a p te d  to  th is  nu ll congruence  [5],

У  =  ô‘3 , У  =  W ô\ =  g3i . (2)

T h e  space-like co o rd in a tes  x A =  (x, y )  a re  chosen  o rthogonal to  k a. I t  is 
a lw ay s  possible to  ta k e  a con fo rm ally  f la t  m e tric  in  th e  2-spaces V2 (it, v  =  

=  const).

Sij

l p 2 0 0 m 1 \
0 p 2 0 m2
0 0 0 W

V m2 w - 2  H /

gij, 3  =  0, V det ( - g ij )  =  W p2 . (3 )

I n  general, a co o rd in a te  tra n s fo rm a tio n  m ak in g  W  — 1 w ould  d e s tro y  th e  
«-independence  o f  gy . The follow ing tra n sfo rm a tio n s  preserve th e  fo rm  o f th e  
m e tr ic  (3):

(a) z ' =  F(z, it), z — x  +  iy,
(b) it ' =  h(u), (4)
(c) v '  =  V  +  g (x ,y ,  I t)

B y  m eans o f  th e  la s t tra n sfo rm a tio n  we can  achieve m2 =  0.

3. Electromagnetic null field. Scalar potential

F or a geodesic  null congruence ka one o b ta in s  from  th e  id e n ti ty

2k0;[6;c] =  kdR%bc (3)

an eq u a tio n  fo r  th e  d eriv a tiv e  o f  th e  com plex  expansion  Z  w ith  re sp ec t to  
th e  affine p a ra m e te r  v [8],

* f  +  z 2 +  o ä =  - L Rabk°k<>. (6)
dv 2

T h u s , th e  co n d itio n s  (I) h av e  th e  im m ed ia te  consequence

R ab kak b =  0 (7)
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EINSTEIN—MAXWELL FIELDS 127

F ro m  th e  conditions (1) we get th e  re la tion

K b  =  * > , a b  W .a U'a =  0 • (8)

C alcu la ting  th e  c o n tra c tio n  o f th e  R icci id e n tity  (5) we o b ta in

k b\  =  R a%  =  Xka . (9)

i.e., ka is an  eigenvecto r o f th e  en erg y -m o m en tu m  ten so r Tab' I n  Section  5 
we shall show th a t  th e  e lec trom agnetic  fie ld  is necessarily  a nu ll field ,

Fab =  2p\akbh Paba =  0 » (10)

Tab =  nkakb, n =  p ap a .

The eigenvalue Я in  (9) m u st v an ish ,

Я =  0 =  W iAiA A  =  1, 2, (11)

so th a t  th e  function  W  sa tisfies a p o te n tia l e q u a tio n  in  V2. In  th e  case of a 
tim e-like  K illing  v ec to r  th e  com plex e lec tro m ag n etic  p o te n tia l Ф has been 
defined  b y

£aF*b — F%b es  F ab +  eabcdF cd (12)
La

[1]. I t  does n o t m ake sense to  su b s ti tu te  £“ b y  ka in  th is  eq u a tio n . The in ­
v e s tig a tio n  of th e  re la tio n

2A[b,ai =  Fab =  2 p lakb] (13)

in th e  m e tric  (3) w ith  (2) show s th a t  w ith  th e  aid  o f  a gauge tra n sfo rm a tio n

À a =  A  +  X,a (14)

th e  v ec to r  p o ten tia l A a can  alw ays be tran sfo rm ed  to  th e  form

А а =  ‘Ч> и,Ф V =  “)• (15)

The gauge func tion  % is lin e a r  in  v. E q . (15) defines a rea l sca lar p o te n tia l гр. 
The v ec to r  p o ten tia l (15) sa tisfies th e  L oren tz  gauge cond ition

A a.a =  0 — гр ака =  0 . (16)

T hus, th e  L ie d eriv a tiv e  o f  th e  fie ld  ten so r

F ab =  2V.lau,t>] (17)
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w ith  respect to  ka v an ishes. F ab d e te rm in es th e  v e c to r  p a in  (13) u p  to  a te rm  
p ro p o rtio n a l to  k a. T h is  freedom  can  be used  such th a t  a g rad ien t y>,a appears 
in  th e  re p re sen ta tio n  (17). T he M axw ell equa tions

F ab’b =  — V> ,b '\a  =  0 =  W .A .A  (18)

d e m a n d  th a t  th e  p o te n tia l  rp is th e  re a l p a r t  of a fu n c tio n /(z , u) a n a ly tic  in  z. 
F o r  th e  com plex se lf-dual fie ld  te n so r  F*b we get

F *b =  2 / [ au,!,b /  =  /(*> «) =  V  +  ùp- (19)

T h e  rea l and  im a g in a ry  p a r ts  o f  f  are re la ted  b y  th e  C au c h y —R iem ann  
e q u a tio n s

<P,A =  ~ e ABW ,A  » ( 20 )

so t h a t  th e  fu ll sy s tem  of th e  M axw ell equ a tio n s

F f f  =  0 (21)
is fu lfilled  because o f  (18).

4. Einstein equations

We have  to  solve th e  E in s te in  equa tions fo r th e  nu ll fie ld  (17),

Rab =  х У ,сГ Си,аи ,Ь • (22)

T h e  solutions a re  co n ta in ed  in  th e  general class in v es tig a ted  b y  K u n d t  [5, 9 ]. 
W e use th e  co o rd in a te  sy stem  (3) an d  ap p ly  th e  tra n sfo rm a tio n s  (4) to  
s im p lify  th e  m e tric .

S ta rtin g  w ith  th e  p o te n tia l eq u a tio n  (11) we have to  d is tin g u ish  tw o
cases:

I .  W = l ,  (23)
I I .  W  =  X.

T h e  f irs t case is ch a rac te rized  b y  th e  ex istence  o f a c o v a ria n tly  c o n s tan t 
n u ll vecto r,

W  — 1 : ka-b =  0 .  (24)

I n  th e  second case th e  co o rd in a te  tra n sfo rm a tio n  (4a) has b een  used. W ith o u t 
th e  special choice W  =  x  in  case I I  we get from  th e  e q u a tio n s  R AB =  0:

p 2 =  W ~1I2W AW A . (25)
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T h e  E q s . (22) lead  to  th e  s ta te m e n ts  lis ted  in  T ab le  I  w here th e  tra n s fo rm a ­
tio n s  (4 a —c) used  are  ind ica ted .

Table I

I. II.
Ä) s II о II W  =  X  (4a)

r a b  =  0: P* =  1 (4a) р г =  x - i / t  (4b )

R iA  = 0 :  m l =  0 (4a, c) m 1 =  N ( u ) y x ~ (4c)

N (u) is an  a rb itra ry  fu n c tio n  of u. T h e  la s t f ie ld  eq u a tio n  o f  (22) is a dif­
fe re n tia l eq u a tio n  fo r th e  rem ain ing  fu n c tio n  H . I n  th e  case I I  w e in tro d u ce  
a new  fu n c tio n  M ,

M  X - 1 H  +  —  x - W  I—  y -  —  N 2 
3 ( du 3 ,

(26)

T h e  second te rm  in  (26) ta k e s  in to  acco u n t th e  n o n van ish ing  fu n c tio n  m^. 
In  th e  case I  th e  fu n c tio n s H  and  M  coincide. T h en , th e  to ta l  sy s te m  o f th e  
E in s te in  —M axwell eq u a tio n s  reduces to  v e ry  sim ple eq u a tio n s  over th e  
2-spaces V2 (u, v =  const) or, eq u iv a len tly , over th e  E uclidean  p lan e :

V.A.A =  0 ,  (27)

Íw m ,a),a =  * V ,a Y U  * w = l ;  W = x .

D eriv a tiv es  w ith  re sp ec t to  и do n o t occur.
W e consider th e  tw o  cases sep a ra te ly .

Case I .  (W  =  1):

I n  te rm s  o f th e  com plex  coo rd in a te  z we h av e  th e  equa tions

v  =  Y  ( / + / ) ,
9 2н  ; э /  a /
3z3z 3z 3z

lead ing  to  th e  fin a l fo rm  o f th e  m etric

ds2 =  dz dz -\- 2du dv — 2 H  du2, (28)

H = x f f  +  g +  g, f  =  f( z ,  u), g =  g(z, u),

w here f  an d  g are a rb itra ry  an a ly tic  fu n c tio n s o f z depending  a rb itra r ily  on 
th e  re ta rd e d  tim e  co o rd in a te  u.
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I f  th e  g ra v ita tio n a l field is e n tire ly  caused b y  th e  e lec trom agnetic  null 
fie ld , th e  solu tion  o f  th e  hom ogeneous eq u a tio n  fo r  H  can be p u t  eq u a l to  
zero , a n d  H  is ju s t  th e  squared  m o d u lu s  of an a n a ly tic  function . T he so lu tions 
(28) a re  in  general o f  P e tro v  ty p e  N .  F o r  th e  special f u n c t io n /  =  a (u ) 2 th e y  
are e v e n  conform ally  f la t  [6]. In  th e  case u n d er consid era tio n  we can  derive 
th e  f ie ld  equations (27) from  a variational principle  w ith  th e  L ag ran g ian

L =  r tAr , A

Г  == H  — ~  y? +  iy?.
2

T he com plex  sca lar p o te n tia l F  c o n ta in s  th e  g ra v ita tio n a l p o te n tia l H  as well 
as th e  e lec tro m ag n etic  p o ten tia l y>. T h e  in v arian ce  tra n sfo rm a tio n

F '  =  eia Г  (30)

g e n e ra te s  so lu tions o f  th e  E in s te in —M axwell e q u a tio n s  from  v a cu u m  pp-  
w aves (ip =  0). T h e  p a ram e te r a in  (30) can d ep en d  on u.

Case I I .  ( W = x ) :

In  th is case th e  field e q u a tio n s  (22) lead  to  one single inhom ogeneous 
d iffe ren tia l e q u a tio n  fo r the  rea l fu n c tio n  M ,

2 ( ,  +  i , Ü í t  +  ^ + 9 Í U * M M .
9302 02  02 02  02

(31)

T h e  solutions are  o f  P e tro v  ty p e  I I  or D (5). T h e  m etric

ds2 =  (dx2 -f- dy2) -j- 2xd udv — 2xC2x2 du2, (32)
]/x

\p =  Cx, C =  con st

p ro v id es  th e  s im p le s t exam ple o f  an  E in ste in  — M axwell fie ld  o f th is  k in d . 
I t  c a n  be in te rp re te d  as a s ta t io n a ry  cy lind rica lly  sym m etric  fie ld  w ith  r o ta t ­
in g  charges an d  c u rv a tu re  sin g u la rities  on th e  ax is o f sy m m etry . I f  th e  e lec tro ­
m ag n e tic  field is sw itched  off, th e  solu tion  is n o t  f la t :  F o r C — 0, th e  so lu ­
t io n  (32) is th e  s ta t ic  L ev i—C iv ita  m etric  w h ich  is of P e tro v  ty p e  D  and  
a d m its  tw o nu ll K illin g  vectors.
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5. E lec trom agnetic  n o n -n u ll field

F ina lly , we h av e  to  in v es tig a te  th e  case of an  e lec tro m ag n etic  non-null 
fie ld  w ith  th e  e igend irec tion  k a,

F ab  ~  ^  F { f l [ aki)] -}- t[ar;,]), T ai, — -)- Г(цГг))) (33)

T he com plex null t e t r a d  (ra, ra, na, ka) is a d a p te d  to  th e  eigend irections o f  
th e  e lec trom agnetic  fie ld  te n so r. The eigenvalue Д in  E q . (9) m u s t n o t van ish  
in  th is  case

(2 p * W )- 'W iAiA= ^ F F ^ 0  .

W e consider th e  E in s te in  eq u a tio n s

F ab =  XT AB — — }p2àAB

F ro m  E q . (35, a) we o b ta in

(a) R n  R 2i — 0 — R 12 ,

(b )  R n  +  R.i2 =  — 2A p 2.

Y w x = -----dA{^ '  U) , q-* =  A (W ,u ) ,  W p \ IV A W iA)
3 w

(34)

(35)

(36)

w here  A (W , u) is an  a rb itra ry  fu n c tio n  o f its  a rgum en ts. F ro m  th e  relations
(34), (36) i t  follows th a t  th e re  ex is ts  a fu n c tio n  Y  =  Y ( W) s a tis fy in g  th e  p o ten ­
tia l  eq u a tio n  Y  A A =  0, so t h a t  we can p u t  Y  =  x. The re m a in in g  E q . (36,b) 
req u ire s  Л =  0, w hich  is c o n tra d ic to ry  to  th e  prem ise (34). T herefo re , under 
th e  cond itions (1) so lu tions o f th e  E in s te in —M axw ell eq u a tio n s  w ith  electro­
m ag n e tic  non-null fie ld  do n o t ex ist.

6. Sum m ary

I f  th e  ex istence o f a tw is tfree  null K illing  v ec to r ka is p resum ed , the  
E in s te in —M axwell eq u a tio n s  can  be reduced  to  th e  system  (27). T hese equa­
tio n s  a re  derivable from  a v a r ia tio n a l p rinc ip le  w ith  th e  L a g ra n g ia n  (29), 
p ro v id ed  th a t  ka =  и a (c o v a rian tly  c o n s ta n t nu ll vec to r). O n ly  electro­
m ag n e tic  null fields are  co m p a tib le  w ith  th e  cond itions (1).

I n  th is  p ap er we h av e  show n th a t  th e re  ex ists  an  in te rn a l invariance  
g roup  w h ich  can he ex p lo ited  to  g enera te  p p -w ave so lu tions in  th e  E in s te in -  
M axw ell th e o ry  from  th e  co rrespond ing  v acu u m  so lu tions. O f course, th e  
re su ltin g  m etrics are  w ell-know n. T he m ain  re su lt is th e  new  generation  
th eo rem  fo r so lutions a d m ittin g  a null K illing  v ec to r.
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T o  find  E in s te in —M axwell f ie ld s  w ith  twisting n u ll K illing  v ec to rs, i t  
m ig h t he useful to  a p p ly  sim ilar m e th o d s : in tro d u c tio n  o f  sca lar p o ten tia ls , 
r e d u c tio n  to  e q u a tio n s  con ta in ing  o n ly  derivatives w ith  re sp ec t to  tw o  sp a tia l 
co o rd in a tes .
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LAGRANGIAN THERMODYNAMICS AS A PARTICULAR 
CASE OF GOVERNING PRINCIPLE OF 

DISSIPATIVE PROCESSES

B y

P . S i n g h

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY, KHARAGPUR, INDIA

(R e ce iv ed  7. V II . 1977)

T h is  n o te  deals w ith  th e  rela tion  b e tw e e n  th e  G overn in g  P rincip le  o f  D iss ip a tiv e  P ro­
c e s se s  a n d  th e  L agran gian  th erm o d y n a m ics o f  B i o t . T h e govern in g  p rin cip le  is in trod u ced  
in  its  u n iv ersa l form  a n d  th en  th e  f lu x  rep resen ta tio n  is  d ed u ced  as a p a rtia l form  o f  it  
for th e  h e a t  con d u ction  ph en om en on . F in a lly , th e  L agrangian  th erm o d y n a m ics o f  B i o t  is in ­
tr o d u c e d  in  its  orig ina l form  and i t  is  com p a red  w ith  th e  f lu x  rep resen ta tio n  for h ea t c o n ­
d u c t io n  in  solids. I t  is  sh ow n  th a t  for h e a t  c o n d u ctio n  p h en o m en a  for  w h ic h  th e  L agran­
g ia n  th erm o d y n a m ics w a s proposed  and a p p lied  b y  B i o t ,  i t  is  eq u iv a len t to  th e  f lu x  re­
p r e se n ta tio n  o f  G P D P .

In tro d u c tio n

I t  is w ell-know n th a t  th e  n o n -eq u ilib riu m  th e o ry  o f irreversib le  p ro ­
cesses w as in itia te d  b y  O n s a g e r  in  1 9 3 1  [ 1 ,  2 ] .  H e proposed  t h a t  th e  irrev e r­
sible p h enom ena  can  be expressed  b y  phenom enological re la tio n s  o f th e  
g en era l ty p e : Í

J  , =  J l №X *  ( / - 1 , 2 . . . / )  ( 1 )
fc=i

s ta t in g  th a t  an y  c u r re n t J,-, is caused  b y  c o n tr ib u tio n s  o f all th e rm o d y n am ic  
forces X,-. T he coeffic ien ts L lk (i, к  =  1 , . . . , / )  are called  th e  phenom enological 
coeffic ien ts . O n s a g e r ’ s  fu n d a m e n ta l th eo rem  s ta te s  th a t  th e  m a tr ix  o f 
phenom enological coefficien ts L ik is sy m m etric , i.e .,

L ik =  L ki ( i , k  =  1 ,  2  . .  . / )  .  ( 2  )

These sy m m etries  a re  called th e  O n s a g e r  rec ip rocal re la tio n s an d  th e y  
express a connection  betw een  tw o  rec ip ro cal p h en o m en a  w hich  arise from  
m u tu a l in te rfe ren ce  o f  s im u ltan eo u sly  occurring  irreversib le  processes.

U sing  these  phenom enological re la tio n s  an d  th e  rec ip rocal re la tions 
G y a r m a t i  [ 3 ,  4 ,  5 ] ,  in  1 9 6 5 ,  fo rm u la te d  a v a ria tio n a l p rinc ip le  w hich is 
va lid  fo r  th e  linear, quasi-linear a n d  n o n -lin ea r system s o f d iss ip a tiv e  pro-
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cesses and , th e re fo re , i t  is called th e  G overn ing  P rin c ip le  of D issip a tiv e  P ro ­
cesses (briefly: G P D P ). In  its  m ost genera l form , i t  is expressed as

<5 J j t r  -  W  -  Ф) dv =  0 , (3)

w h ere  a denotes th e  e n tro p y  p ro d u c tio n  p er u n it tim e  an d  volum e an d  i t  can  
be  expressed  as

°  =  2  J i - X ^ O .  (4)
i=i

I t  is  a positive d e f in ite  q u a n tity  accord ing  to  th e  second law  o f th e rm o ­
d y n am ics . I t  sh o u ld  be no ted  t h a t  in  (4), f  rep re sen ts  th e  n u m b er o f in d e ­
p e n d e n t cu rren t den sitie s , J „  an d  th e rm o d y n a m ic  forces, X/. U sing (1), a can  
be  g iven  as th e  hom ogeneous q u a d ra tic  expression o f  th e  in d ep en d en t th e rm o ­
d y n a m ic  forces, i.e .

о -  2  * X* ^  0 . (5>
i,k—l

T h e  a lte rn a tiv e  fo rm s o f (1), (2) a n d  (5) are also o b ta in ed  w hen th e  p h en o ­
m enological coeffic ien ts  L ik are exp ressed  in  te rm s  o f th e  re sistances R ik. 
T h e  c o n stitu tiv e  e q u a tio n s  (1) ta k e  th e  form

x ,  =  2 R ' ^ x (» =  1, 2 , . . . / )  , (6>
ft=l

w h ere  R ik and  L ik sa tis fy  th e  re la tio n s

2  LimRmk — 2  =  ̂ ik (i, к =  1, 2 , . . . , / )  . (7)
m=l m=1

H e re  dik is th e  K ro n e c k e r sym bol, i.e . ôjk =  1; i =  k; dik =  0; i Ф  k. T h u s  
th e  a lte rn a tiv e  rec ip ro ca l re la tio n s a re

R ik =  R ki ( i , k =  1, 2, . . . , / )  . (8)

U sin g  (6), a can  b e  expressed in  te rm s  of c u rre n ts  as

c r ^  2  R iJ i  (9>
i,k= 1

T h e  form s of a in  (5) and  (9) a re  called  th e  force and  f lu x  re p re se n ta tio n s  
o f  th e  en tro p y  p ro d u c tio n . These te rm s  are v e ry  ap p ro p ria te  b u t  i t  is  im p o r t­
a n t  to  no te  t h a t  expressions (5) an d  (9) o f a a re  based  on th e  v a lid ity  o f
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lin ea r  c o n s titu tiv e  equa tions (1) and  (6), re sp ec tiv e ly . T he m ost im p o r ta n t 
fa c t is th a t  th e  expressions (5) an d  (9) for a m a y  be considered  now  as local 
p o te n tia l fu n c tio n s  w ith  re sp ec t to  cu rren ts  a n d  forces, respective ly , due to  
th e  v a lid ity  o f  th e  sy m m etry  re la tio n s  (2) an d  (8). M ore ex ac tly  we can accep t 
th e  expressions (5) and  (9) o f  a as non -eq u ilib riu m  local p o ten tia ls  for lin ear 
th e o ry , if  an d  o n ly  if  th e  O n s a g e r ’s  rec ip rocal re la tio n s are va lid .

H ow ever, i f  we accep t th e  v a lid ity  o f O n s a g e r ’ s  re la tio n s, we can 
d irec tly  define th e  no n -eq u ilib riu m  local d iss ip a tio n  p o ten tia ls , W and  Ф, in 
th e  follow ing hom ogeneous q u a d ra tic  form s [4].

У (Х , X) »  - -  2  L i ^ i  • X , >  0 ,  (10)
* i,k= 1

(11)2 i,k=l

w h ich  correspond  to  e n tro p y  fo rm s (5) and  (9), re spec tive ly . T hese p o ten tia l 
fu n c tio n s  are  eq u a l to  h a lf  o f th e  en tro p y  p ro d u c tio n  in  case o f  th e  v a lid ity  
o f  lin ea r law s a n d  recip rocal re la tio n s . H ence 4* an d  Ф are th e  local m easures 
o f  irrev e rs ib ility  an d  th e y  d iffer from  one a n o th e r  o n ly  in  th e  w ay  o f descrip ­
t io n  o f th e  non -eq u ilib riu m  s ta te . The p o te n tia l c h a ra c te r  o f W  an d  Ф can  
b e  seen from  th e  relations

J ,  -  ^ . 
8X,

=  2 L ikX-k ( £ = 1 , 2 , . .
k=l

• , / )  , (12)

v  Э Ф
A í — ,

8Jf
= J ' A J / c  ( £ = 1 , 2 , .

k=1
(13)

w h ich  rep re sen t th e  lin ear c o n s titu tiv e  re la tio n s (1) an d  (6), re spec tive ly .
S u b s titu tin g  th e  expressions for <r, Ф  a n d  Ф from  (4), (10) an d  (13), 

resp ec tiv e ly , in  th e  princip le (3), i t  becom es

~  2  • v a
^ i,k=1

1 f
T  2 (14)

w here  X,- =  VH," b as  been used  fo r  th e  d issipative  forces X,. I t  shou ld  be n o t­
ed  th a t  in  th e  case o f irreversib le  tra n sp o r t  processes th e  forces can  alw ays 
be  genera ted  as th e  g rad ien ts  o f  ce rta in  ‘Г” v a riab le s  w hich are s ta te  v a ­
riab les  and  s im u ltan eo u sly  in te rn a l p a ram e te rs  w ith  re sp ec t to  th e  forces [3]
[4]. I t  should  also be n o ted  t h a t  th e  v a ria tio n a l p rin c ip le  (14) is o p e ra tiv e  if  
a n d  on ly  if, th e  ba lan ce  eq u a tio n s

è t  +  V • J, =  a, (£ =  1, 2, . . . , / )  (15
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a re  reg a rd ed  as au x ilia ry  cond itions fo r w hose v a ria tio n  th e  follow ing re s tr ic ­
tio n s  [3]:

<5(éí — ai) =  — <5(V • J ,)  =  V  • <5J,-, ( i =  1 , 2 , . . . , / )  (16>

are  v a lid . H ere  р,- is th e  p a r tia l t im e  d e riv a tiv e  o f  th e  d en sity  p,-; J,- is th e  
co rresp o n d in g  c u rre n t d en sity  a n d  <r, is th e  ra te  o f p ro d u c tio n  p e r u n i t  t im e  
a n d  volum e.

Flux rep re sen ta tio n  o f G PD P

T he flu x  re p re sen ta tio n  o f th e  p rincip le  can  be o b ta in ed  from  th e  
G overn ing  P rin c ip le  o f D issip a tiv e  P rocesses sim ply  b y  v a ry in g  i t  w ith  resp ec t 
to  c u rre n ts  only . I t  is obvious th a t  in  (3), y) is th e  fu n c tio n a l o f th e rm o -d y n a m ic  
fo rces  only an d  th ere fo re  its  v a r ia tio n  w ith  cu rren ts  is sim ply  zero. T h u s (3) 
in  th is  case, reduces to

0 J„  [ a — 0 ] d v  =  0 ,

w h ich  w ith  th e  help  o f expressions fo r a an d  Ф becom es

V Г , - —  RnJi ■ 3k
* i,k=1

dv =  0 . (17)

I t  m ay  be m en tio n ed  th a t  th e  o rig inal fo rm u la tio n  of O n s a g e r ’s princip le  
o f  le a s t d issip a tio n  o f energy w as in  flu x  rep re sen ta tio n  and  th e  v a ria tio n  
w as ta k e n , n a tu ra lly , w ith  re sp ec t to  cu rren ts  only .

Since o u r aim , in th is  p a p e r , is to  discuss th e  re la tio n  b e tw een  th is  
p a r t ia l  form  o f G y a r m a t i’s p rin c ip le  and  th e  L ag ran g ian  th e rm o d y n am ics  
w h ich  was fo rm u la te d  o rig ina lly  fo r h ea t conduction  p rob lem s, we shall 
fo rm u la te  th e  p a r tia l  princip le (17) fo r th e  p u re ly  h e a t co nduc tion  p h en o m en a . 
L e t  us deno te  th e  h e a t c u rre n t d e n s ity  b y  J 9 an d  th e  d iss ip a tiv e  force by  
V T  w hich rep re sen ts  th e  te m p e ra tu re  g rad ien t. E n tro p y  p ro d u c tio n , a, in 
F o u rie r  p ic tu re  [4] becom es:

a =  —Jq • VT ]> 0. (18)

T h e  c o n s titu tiv e  e q u a tio n  fo r h e a t  conduction  p h enom ena  is w ell d efin ed  by  
F o u rie r’s law

3q =  — AVT, (19)

h e re  л deno tes th e  coefficient o f  h e a t  co n d uc tion . The a lte rn a tiv e  form  of 
th is  c o n s titu tiv e  re la tio n  m a y  be  expressed  as

V T = - i - J 9 . (20)
A
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F o r th e  case u n d e r  co n sid e ra tio n , th e  p o te n tia l fu n c tio n , Ф, is

Ф 3q > 0 . (21)

U sing (18) and  (21), th e  p rin c ip le  (17) fo r th e  h e a t co n d u c tio n  p henom ena 
becom es

Ô 0 . (22)

W e h av e  a lread y  m en tio n ed  th a t  in  th e  f lu x  re p re se n ta tio n , th e  princip le is 
v a ried  w ith  re sp ec t to  fluxes on ly , while th e  forces are  k e p t  co n stan t. P e r­
fo rm ing  th e  v a r ia tio n , (22) becom es

Яv r + T , <
ôjq dv =  0 (23)

I n  th e  n e x t S ec tion , we shall show  th a t  th e  L ag ran g ian  th e rm o d y n am ics 
o f B i o t  reduces to  th e  form  (23) w hen th e  p h en o m en o n  o f h e a t conduction  
is considered.

In  (23) th e  e lem en t o f v o lum e, dV , is a rb itra ry , th e re fo re , i t  gives

w hich  is n o th in g  b u t  th e  c o n s titu tiv e  re la tio n  (20). T h u s  i t  is to  be n o ted  th a t  
f lu x  re p re sen ta tio n  o f  G P D P  leads to  th e  c o n s titu tiv e  eq u a tio n s  only. I t  
m eans i t  is useless fo r  th e  p ra c tic a l purposes. T h is w as th e  reason  fo r th e  original 
fo rm u la tio n  of O n s a g e r  prin c ip le  o f leas t d iss ip a tio n  o f en erg y  n o t hav ing  
received  an y  a t te n tio n .

Lagrangian thermodynamics and its equivalency with flux representation

Since B io t  [6, 7, 8, 9] t r e a ts  m a in ly  h e a t c o n d u c tio n  in  solids, we shall 
focus ou r a tte n tio n  on th is  p h en o m en o n . In  th is  case th e  in te rn a l energy 
b a lan ce  w ithout, source  te rm  is

—  +  V • J, =  0 , (24)
9*
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w here  и  denotes th e  specific  in te rn a l en e rg y  and  J ? is th e  h e a t c u rre n t d en sity . 
B i o t  [6, 7, 8, 9] in tro d u ces  th e  fie ld  q u a n tity , H , defined  as

9Я  

at
(25)

t h a t  is, h e a t c u rren t d en sity  Jq is a p rio ri defined  as th e  p a r tia l  tim e  d e riv a tiv e  
o f  so m eth in g  labelled  b y  B i o t  as H  an d  called ‘h ea t flow ’ or ‘h e a t d isp lace­
m e n t v e c to r’. I t  sh o u ld  be n o te d  t h a t  th e re  is, how ever, no m acroscopic 
p h y s ic a l q u a n tity , th e  tim e  d e riv a tiv e  of w hich w ould  be id e n tic a l to  th e  
h e a t  c u rre n t den sity . In  general, th e re  are no physica l q u a n titie s  from  w hich 
th e  conduc tive  c u rre n t densities o f d issipa tive  processes m a y  be  g en era ted  
b y  tim e  deriv a tio n . C onsequen tly , B i o t ’ s  m eth o d  (L ag ran g ian  th e rm o ­
d y n am ics) is b ased  on a phy sica lly  e m p ty  assum ption  (25). U sing (25), th e  
in te rn a l  energy b a lan ce  (24) w as w r itte n  b y  B i o t  [9]:

it V • H  =  0 (26)

w h ich  w as considered analogous to  a ho lonom ie co n stra in  in  classical m echanics. 
T h e  te m p e ra tu re  f ie ld  T (r, t) was assum ed  in  th e  form

T  =  T (r, t; qv  q2, . . . ,  qn) . (27)

T a k i n g  t h e  b o u n d a r y  c o n d i t i o n s  i n t o  c o n s i d e r a t i o n s  f o r  H , B i o t  d e t e r m i n e s  

t h e  c o r r e s p o n d i n g  f i e l d  H  f r o m  (26) a s

H  : H ( r ,  f ;  q^ q2, • • • , qn) . (2 8 )

In  o th e r  w ords, th e  fie ld  H w as assu m ed  to  be a g iven fu n c tio n  o f  th e  space 
co -o rd in a tes  r , o f  t im e  t and  o f a c e r ta in  n u m b er o f p a ra m e te rs  qv  q2, . . ., qn. 
T h ese  p a ram ete rs  are  unknow n fu n c tio n s  o f tim e  an d  are  considered  as 
‘generalised  co -o rd in a tes’ b y  B i o t . U sing th e  expressions (27) a n d  (28) for 
th e  fie ld  T  and  H  respective ly , B i o t  fo rm u la tes  his ‘fu n d a m e n ta l v a ria tio n a l 
p rin c ip le ’ as [9].

I V T  +
H

ŐH dv =  0 (29)

w h ich  is essen tia lly  th e  re fo rm u la tio n  o f th e  F o u rie r’s law

H  =  J ? =  -A V T .

T h u s  as a v a r ia tio n a l p rincip le  i t  rep roduces only  th e  c o n s titu tiv e  re la tions. 
T h e  s itu a tio n  is sam e w ith  th e  f lu x  rep re sen ta tio n  o f G P D P  as we have
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a lre a d y  seen. A s an  ap p ro x im a te  v a ria tio n a l m e th o d  fo r th e  fie ld  q u a n ti ty  H ,  

th e  fo rm u la tio n  (29) co n ta in s  R itz  p a ra m e te rs  qv  q2, . . qn w h ich  are  un k n o w n  
fu n c tio n s o f tim e . R egard ing  th is  p o in t F in l a y s o n  an d  S c r iv e n ’s [10] rem ark s  
are  w orth  q u o tin g : “ T he fu n c tio n s qv  q2, . . ., qn, w hich a re  analogous to  
v a ria tio n a l p a ra m e te rs  in  classical v a r ia tio n a l m e th o d  are  n am ed  generalized  
coo rd inates b y  B io t , who u n fo rtu n a te ly  fa iled  to  d is tin g u ish  betw een  e x a c t 
a n d  tr ia l so lu tio n s” .

L et us accep t th e  v a r ia tio n

n aH
d H  =  2  —  d q i ,  (3 0 )

1 = 1  9  g,

w hich  was used  b y  B io t  [9 ]. V aria tio n  w ith  tim e  becom es

H

F ro m  (30) an d  (31), we get

Э Н "  Э Н  .
=  2  : r 4 i  • (3 1 )

d t í= i  9  q t

э н Э Й (3 2 )
9  g, 9g,■

C o nsequen tly , p rin c ip le  (29) w ith  th e  help  o f  (31) becom es

IV T + ~

w hich  w ith  (32) y ields

L
VT + H

. =  о ,
i= i  9  g,

J - J g _ ó g , .d i ;  =  0
i=i 9Çi

F in a lly , w ith  th e  help  of (25); (34) reduces to

" 0J,V T + i
A

X1 dq .  d v  =  0.
1 9 qt

(3 3 )

(34)

(3 5 )

T his expression does n o t co n ta in  th e  fie ld  H  a n d  th e re fo re , i t  m a y  be rem ark ed  
th a t  th e re  was no  necessity  o f th e  fie ld  H. C onsidering  th e  v a r ia tio n  o f J ?(r, f) 
in  th e  usual sense associa ted  w ith  th e  v a ria tio n a l p rinc ip les; (35) or (19) y ields

I.
V T + i l

A
ôj„ dv =  0 , . (36)
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w h ich  is n o th in g  b u t  th e  p a r t ia l  p rin c ip le  (23). T h u s B i o t ’ s  v a ria tio n a l 
p rin c ip le  (29) reduces to  (36) w h ich  is n o th in g  h u t  th e  f lu x  (i.e. on ly  p a r tia l)  
re p re se n ta tio n  of govern ing  p rin c ip le  o f  d issipative  processes [3, 4 ]. H ow ever, 
fo r h e a t  conduction  phen o m en o n , th is  p rinc ip le  w as a lread y  e stab lish ed  by  
O n s a g e r  in  1931 [1, 2]. W e th e re fo re  conclude th a t  B i o t ’ s  L ag ran g ian  th e rm o ­
d y n am ics  w as n o t a new  fo rm u la tio n  a n d  i t  is based  on a physica lly  e m p ty  
a n d  in co rrec t h y p o th es is  re p re se n te d  b y  (25). T he c ritic ism  of th is  ty p e  o f 
a ssu m p tio n  is g iven  b y  T r u e s d e l l  (see [11] p . 128).

*
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SINGULARITIES IN STATIC AXIALLY SYMMETRIC 
COUPLED FIELDS

B y

D. K . D atta  and J .  R . Rao

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY, KHARAGPUR, INDIA

(Received 8. V II. 1977)

In  this investigation we have obtained from  ‘Curzon particle’ solution a coupled elec­
trom agnetic and scalar meson field solution. We have studied  the nature of th e  singulari­
ties of this solution through the evaluation of K retschm ann curvature in v a rian t along 
curved trajectories approaching the origin. I t  has been shown th a t singularity  in gene­
ral is located along power law trajectories approaching the  origin except for certain  values 
of the  power index.

I . In tro d u c tio n

T he p rob lem  o f s ingu larities in  genera l re la t iv i ty  is one o f fu n d a m e n ta l 
im p o rtan ce  since i t  n a tu ra lly  em erges in  th e  th e o ry . G a u t r e a u  a n d  A n d e r s o n  

[1] h av e  show n t h a t  th e  ‘d irec tio n a l s in g u la ritie s’ occur in  th e  case of th e  
C u r z o n  [2] fie ld  fo r positive m ass. T h e ir  s tu d y  is based  on e v a lu a tin g  th e  
K re tsc h m a n n  c u rv a tu re  scalar a  =  R fi,„eajRi"’e°, w here  R ßve<r is th e  R iem ann  
ten so r. T h ey  h av e  show n th a t  a te n d s  to  in f in ity  fo r every  s tra ig h t  line t r a ­
je c to ry  ap p ro a c h in g  th e  origin ex c e p t along th e  z-axis w hich in d ic a te s  th e  
p ro p e rty  o f  ‘d ire c tio n a lity ’ assoc ia ted  w ith  th e  in trin sic  s in g u la rity  a t  th e  
origin. S t a c h e l  [3] has analysed  th e  sam e p rob lem  fu rth e r  an d  show n th a t  
in  th e  case o f ‘m ass’ being  positive  th e  n a tu re  o f  th e  in trin sic  s in g u la r ity  is 
n o t ‘p o in t like’. G a u t r e a u  [ 4 ]  h as  show n th a t  in  th e  case of c e r ta in  class 
of W eyl g ra v ita tio n a l fie lds g en era ted  b y  th e  N ew to n ian  p o te n tia l o f  a rod , 
th e  e q u ip o te n tia l surfaces converg ing  on th e  coo rd in a te  lo ca tio n  o f th e  
s in g u la rity  becom e non-zero  on ly  w h en  th e  s in g u la rity  has d irec tio n a l p ro ­
p erties . In  a la te r  w o rk , G a u t r e a u  [5] has in v e s tig a te d  th e  case w hen  th e  
zero m ass sca la r fie ld  is p resen t. T h e  above s tu d y  o f G a u t r e a u  has been 
e x ten d ed  b y  us ( D a t t a  and  R a o *  [6]) to  th e  case w hen  th e  su p erposed  field  
is coup led  zero m ass sca lar an d  e lec tro m ag n etic  fie ld . O ur in v es tig a tio n  
re v e a ls  th e  p e rs is ten ce  o f th e  d irec tio n a l b eh av io u r o f th e  s ingu la rities, ju s t  as

* We wish to  th an k  the referee of our paper ( D a t t a  and R a o  [7]) for draw ing our 
a tten tion  to  the m istake of no t taking the effect of the factor е _4’,+4'я in equation (30) of our 
earlier p ap er ( D a t t a  and  R a o  [6]) in evaluating  the lim it of K retschm ann cu rvatu re  in­
v a rian t o. The correct conclusion thereby should be th a t ‘directional singularities’ are present 
in the presence of coupled fields as well.
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in  th e  co rrespond ing  cases s tu d ied  b y  G a u t r e a u  a n d  A n d e r s o n  [1] an d  
G a u t r e a u  [ 5 ]  fo r th e  p artic le  like so lu tions. C o o p e r s t o c k  e t al [ 8 ] ,  [ 9 ]  have 
ex am in ed  th e  p ro b le m  o f d irec tio n a l singu lar b e h a v io u r em ploy ing  cu rved  
tra je c to r ie s  in s te a d  o f  s tra ig h t line  p a th s  ap p ro ach in g  th e  s in g u la rity . T hey  
h a v e  show n th a t  th e  behav iou r o f  K re tsc h m a n n  c u rv a tu re  in v a r ia n t is de­
p e n d e n t on th e  tr a je c to ry .

In  th is  p a p e r  w e have  developed  from  th e  v a c u u m  solution  th e  coupled 
zero -m ass scalar a n d  e lec trom agnetic  so lu tion  b y  a m ethod  o b ta in e d  b y  
T e i x e i r a  et al [ 1 0 ] ,  in  which tw o  ty p e s  of long -ran g e  scalar fie lds are con­
sidered . This so lu tio n  is more genera l th a n  our p rev io u s solu tion  ( D a t t a  and  
R a o  [6]) in  th e  sense  th a t  from  th is  so lu tion  th e  general v acu u m  so lu tion  
can  be  recovered  s im p ly  by  p u t t in g  a c o n s ta n t, associated  to  th e  coupled 
so lu tio n , equal to  zero .

In  Section I I ,  th e  solu tion  fo r coupled  superp o sed  zero-m ass sca la r and  
e lec tro m ag n etic  f ie ld  h a s  been o b ta in e d  b y  ap p ly in g  th e  techn ique  o f  T e i x e i r a  

e t  al [10]. In  S ec tio n  I I I ,  we h av e  analysed  th is  so lu tion  from  th e  p o in t of 
v iew  o f the  s in g u la r ity . W e h a v e  ev a lu a ted  th e  K re tsch m an n  c u rv a tu re  
in v a r ia n t  a a long  th e  curved tra je c to r ie s . T hese investig a tio n s h a v e  led  us 
t o  t h e  sam e q u a li ta t iv e  conclusions as o b ta in ed  b y  C o o p e r s t o c k  e t al [ 9 ] .  

T h e  lim it o f a  as sh o w n  in th e  T ab le  I  is tra je c to ry -d e p e n d e n t o f w hich  th e  
s in g u la r b e h av io u r o f  th e  coupled so lu tio n  along  a  s tra ig h t line t r a je c to ry  is 
a subcase. F in a lly  som e conclusions have been  d raw n  in th e  la s t  Section .

II. Technique and solution of coupled superposed fields

T e i x e i r a  e t  a l .  [ 1 0 ]  h a v e  o b t a i n e d  a  t e c h n i q u e  w h i c h  g e n e r a l i z e s  t h e  

s t a t i c  v a c u u m  s o l u t i o n  t o  c o u p l e d  e l e c t r o m a g n e t i c  s o l u t i o n  a s  f o l l o w s :

L et a s ta t ic  so lu tion  (V , h t])  o f  th e  E in s te in ’s vacuum  eq u a tio n

К ,  =  0 (1)
b e  g i v e n  b y  t h e  l i n e  e l e m e n t

ds2 =  e2v dt2 — e~2v h;j dx‘ dx ; , (2)

th e n  th e  s ta tic  so lu tio n  (y>, hjj, Ф, S)  o f  th e  E in s te in —M axw ell-scalar eq u a tio n s

R av -  Y  Rguv =  +  S p )  (3)

c a n  be o b ta in ed  fro m  th e  line e lem en t

ds2 =  e2v dt2 — e ~2v htj dzl dx>, (4)
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w here E ILV a n d  are th e  energy  m o m en tu m  ten so rs  correspond ing  to  e lec tro ­
m agnetic  f ie ld  an d  scalar fie ld , respective ly . The e lec tro s ta tic  p o te n tia l Ф is 
fu n c tio n a lly  re la te d  to  th e  g ra v ita tio n a l p o te n tia l ip, an d  also th e  sca lar 
p o te n tia l S  to  ip. T his ip is to  b ea r a fu n c tio n a l re la tio n sh ip  w ith  th e  v acu u m  
g ra v ita tio n a l p o te n tia l V. T h e  so lu tion  is th u s  given b y

S =  + c xF , cx =  c o n s ta n t, (5)

e~v =  cos h c2v — (1 +  a2/с2)1!2 sin  h c2v , (6)

e* =  (1 =F 4 ) ,  (V
Ф =  — (a/c2) ev sin h c2v , (8)

an d
FAi =  ae2v V t (i =  1, 2, 3) (9)

w here F ^  is th e  e lec trom agnetic  field  ten so r.
In  th e  case o f s ta tic  ax ia lly  sy m m etric  m e tric  g iven  by

ds2 =  e2'd t2 -  e2"-^(d r2 +  dz2) -  г2е~2ЧФ2 , (10)

th e  vacuum  fie ld  equ a tio n s are

+  Л>2 4" lr — 0 (11)

V1 =  Л 4  — 4 ) ,  V2 =  2 r^1^2 ’ (12)

w here  X and  v a re  func tions o f  r an d  г only .
W e con sid er th e  ‘C urzon’ so lu tion  o f (11) an d  (12) w here

Q

V = ~ J^ ’ e =  (r2 4- 22)1/2 . (13)

B y a p p ly in g  th e  resu lts  ((1) —(9)) we o b ta in  a so lu tio n  for th e  coupled  
fie ld  from  th e  v a c u u m  so lu tion  (13), as

w here  К  =  (1 a2jel)112, a c o n s ta n t.

(14)

(15)
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F u r th e r  th e  physica l fie lds are  given b y

me,
S  =

F u  =

F u  =

4amrg - 3

, me, . , me,
cos ft - -)- К  s in  h -

4 amzQ'

cos h -f- К  sin  h
Q

(17)

( 1 6 )

(18)

П1. Coupled field singularity

T he K re tsc h m a n n  c u rv a tu re  in v a r ia n t a  com p u ted  fo r th e  so lu tio n  (14), 
c an  be expressed  in  th e  form

* =  8 е - 4’ ^ [ ( В Д  +  (Riai)2 +  ( R i a f  +  2(Й'У2] =

—  1 2 8 e 2 m V ' / ! ? ‘  “  *т с,1е
m2c |p ~ 6 

. (K t +  K 2
X

X {e~ 2(K i -  K 2e - 2™‘lef +  (K f  -  K \e -**■/•)• +  2 q~1{K 1 -  K 2e - 2™-l°) x  

X (K f — K%e~imCtle)} +  s im ila r te rm s  correspond ing  to  o th e r  fa c to rs j  ,

( 1 9 )

w here  К г ( =  1 +  K )  and  K 2 ( =  1 — K )  a re  co n stan ts .
Follow ing C o o p e r s t o c k  e t  al [ 9 ]  we now  in v es tig a te  th e  b e h av io u r 

o f  a  a long  th e  cu rv ed  p a th  g iven  b y  th e  pow er law

z — D rn, n  >  0, (20)

w here  D  is ta k e n  to  be p ositive  an d  z ->  0 + to  th e  origin. T h e  follow ing T ab le  
is th e  su m m a ry  fo r th e  re su lts .

Table I
Lim its for a

Range a
Directions 
as r —* 0

0 <  n <  2/3 0 z-axis
re =  2/3, D  <  (m/2c2)U3 oo z-axis

D  ^  (m/2cä)V3 0 z-axis
2/3 <  re <  1 oo z-axis
re =  1, r #  0 oo z-axis
r  =  0 (the z-axis trajectory) 0 z-axis
fl >  1 oo r-axis
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IV. Conclusions

A ccord ing  to  G a u t r e a u  and  A n d e r s o n  a p o in t is said  to  be s in g u la r 
i f  a  becom es in  som e w ay  e ith e r  in fin ite  o r in d e te rm in a te . O ur re su lts  are 
sim ilar to  th o se  of C o o p e r s t o c k  e t al [ 9 ]  w ith  th e  difference th a t  fo r c r itica l 
tra je c to ry  n  =  2/3 th e  sca la r a depends on th e  re la tio n sh ip  b e tw een  th e  
m ass o f  th e  C u r z o n  p a rtic le , th e  c o n s ta n t c, an d  th e  tra je c to ry  p a ra m e te r  D. 
I t  should  be m en tio n ed  h ere  th a t  th e  c o n s ta n t c2 is n o t an  o rd in ary  c o n s ta n t 
b u t  ch a rac te rizes  th e  s tre n g th s  o f th e  fie ld s  e ith e r a ttra c t iv e  or rep u ls iv e . 
I f  c2 is ta k e n  to  be equal to  1 w hich im plies Cj =  0, o u r resu lts  go over to  th e  
co rrespond ing  resu lts  o f  C o o p e r s t o c k  e t  al [ 9 ]  for th e  vacuum  fie ld  so lu ­
tio n . T he q u a lita tiv e  b eh av io u r of th e  s in g u la r ity  has n o t changed d u e  to  th e  
presence o f  th e  coupled fie ld . I t  m ay  also be n o ted  as can  be seen from  (16) —- 
( 1 8 )  th a t  th e  sca la r fie ld  S  is singu lar a t  th e  orig in  w hereas th e  e lec tric  fie ld  
s tren g th s  ^14’ -^24 te n d  to  zero. W e m ay  th e re fo re  conclude th a t  th e  s in g u la rity  
is essen tia lly  due  to  th e  sources of g ra v ita tin g  m a te r ia l an d  th e  zero  m ass 
sca la r fie ld .
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И С С Л Е Д О В А Н И Е  В О З М О Ж Н О С Т И  С О З Д А Н И Я  

Л А В И Н Н О - П Р О Л Е Т Н О Г О  Д И О Д А  Н А  Г Е Т Е Р О П Е Р Е Х О Д Е  

Г Е Р М А Н И Й - А Р С Е Н И Д  Г А Л Л И Я

К . М. Д А Т И Е В *

И Н С Т И Т У Т  Э К С П Е Р И М Е Н Т А Л Ь Н О Й  Ф И З И К И , У Н И В Е Р С И Т Е Т  И М . А Т Т И Л Е 1  Й О Ж Е Ф А
С Е Г Е Д , В Е Н Г Р И Я

(П оступи ло в редакц ию  14. V II . 1977) J

П ри водя тся  некоторы е результаты  и ссл едов ан и я  возм ож н ости  создан и я  лавин»  
н о-п ролетны х д и од ов  (Л П Д ) на гетер о п ер ех о д е  герм ан ий -арсен ид гал л и я . С ообщ ается  
о р азработке Л П Д  с ук азан н ой  стр ук тур ой , на которы х впервы е н абл ю далась  ген е­
р ац и я  С В Ч  к ол ебан и й . J '

В работах [1—4] было показано, что использование гетеропереходов 
Ge — GaAs для ЛПД дает возможность создания высокоэффективных гене­
раторов СВЧ колебаний на их основе.

В работе [3] впервые сообщалось о практическом создании ЛПД 
с указанной структурой, на которых наблюдалась генерация СВЧ колебаний.

В предлагаемой статье приводятся некоторые результаты эксперимен­
тального исследования возможности создания ЛПД на гетеропереходе 
Ge — GaAs.

1. Получение гетеропереходов германий-арсенид галлия

Гетеропереходы германий-арсенид галлия были получены путем осаж­
дения из газовой фазы на подложках из арсенида галлия с использованием 
известной газотранспортной реакции диспропорционирования:

2Ge 12 ^  Ge -)- Gel4.

Процесс проводился в открытой системе с применением водорода в качестве 
газа-носителя.

Методика подготовки подложек арсенида галлия и германиевого источ­
ника и проведение процесса эпитаксиального наращивания германия йодид- 
ными методом в настоящее время достаточно отработаны [5—8] и мы не 
будем на них останавливаться. Однако, укажем, что выбранные режимы 
процесса эпитаксиального наращивания германия на подложках из арсе­
нида галлия, чистота аппаратуры и, в особенности, чистота приспособлений

* П остоян ное м есто работы : Ф ак ул ь тет  Э лек трон н ой  Т ех н и к и , С евер о-К авказски й  
П ол и техн и ч еск и й  И н сти тут , г. О р дж он и к и дзе  (СССР).
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внутри реакционной камеры позволили нам получить гетеропереходы с рез­
ким распределением атомов примесей в широком диапазоне концентраций 
по обе стороны от границы раздела, избавиться от взаимной диффузии мате­
риалов и содержащихся в них примесей и травления пластин-подложек 
арсенида галлия йодом во время роста эпитаксиального слоя.

В качестве подложек использовался двухслойный (п — н+) арсенид 
галлия с ориентацией (100). Высокоомные эпитаксиальные пленки арсенида 
галлия на низкоомный подложке были получены хлоридным методом. Пара­
метры л-слоя GaAs лежали в пределах: концентрация электронов 1014 -4- 
4- 1016 см-3, подвижность электронов при комнатной температуре около 
5000 см2/в. сек. толщина— 5 -4- 8 мкм. В качестве германиевого источника 
использовался высокоомный германий л-типа. Легирование эпитаксиальных 
пленок германия галлием в процессе роста позволило нам получить двух­
слойные пленки германия (р — р+)-типа с однородным легированием по 
толщине p-слоя. Параметры высокоомной эпитаксиальной пленки германия 
лежали в пределах: концентрация дырок 2 • 1015 4- б • 1016 см-3, подвиж­
ность дырок около 30 см2/в.сек., толщина высокоомного p-слоя в пленке 
(р — р+)-типа 0,5 -4- 1,0 мкм, толщина пленки р+-типа 8-4-10 мкм с удель­
ным сопротивлением 0,001 ом. см.

На основе полученных гетероэпитаксиальных структур (р+ — p)Ge — 
-— (л — n+)GaAs изготавливались опытные образцы ЛПД.

2. Изготовление опытных образцов ЛПД

Полученные гетероструктуры Ge — GaAs разрезались на кристаллы 
с размерами 0 ,3 х 0,3 мм2. В качестве омического контакта к л+ — GaAs 
использовалось чистое олово, вплавляемое в атмосфере водорода при тем­
пературе 470 °С в течение 5 минут, а к германию р+-типа — сплав In — Sn 
вплавляемый при температуре 450 °С в течение 3 минут.

Достаточно низкие температуры процессов вплавления исключали воз­
можность образования «ложного» гомоперехода в результате диффузии 
мышьяка из подложки в германий p-типа. Травлением гетеродиодов в раст­
воре 5% Н20 2 с добавкой КОН при температуре 70 °С обеспечивалось образо­
вание меза-структуры с диаметром р — п перехода 60—70 мкм. Полученные 
гетеропереходы герметизировались в стандартных корпусах полупроводни­
ковых СВЧ приборов. В работе приведены результаты измерений опытных 
образцов ЛПД, относящиеся к двум партиям (А и Б) с различными пара­
метрами п-слоя: партия А (концентрация электронов 8 • 1015 см-3, толщина 
7 мкм); партия Б (концентрация электронов б • 1014 см-3, толщина 5 мкм).
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3. Исследование электрических характеристик ЛПД

Исследования электрических характеристик разработанных образцов 
гетеродиодов велись в направлении изучения механизма пробоя, опреде­
ления распределения атомов примесей в области запирающего слоя и воз­
можности получения генерации СВЧ колебаний. В связи с этим сначала 
были исследованы температурная зависимость напряжения пробоя, вольт- 
фарадные характеристики, а затем — высокочастотные характеристики 
ЛПД на гетеропереходе Ge — GaAs.

За. Напряжение пробоя и его температурная зависимость

Исследования обратной ветви вольтамперной характеристики гетеро­
диодов были проведены в широком интервале температур. На рис. 1 пред­
ставлены обратные ветви вольтамперных характеристик некоторых гетеро­
диодов. Величина обратного тока насыщения у всех диодов при напряже­
нии — 10 В не превышала 0,05 мка.

16

<
S  12 

8 

U

а, 0

16

<
Z  12 

8 

А

Ь, 0

Р и с .  1. О братны е ветви вольтам п ер ны х харак тер и сти к  гетер оди одов :  
образцы : а )  1— АОЗ, 2 — А 1 4 , 3 — А 26 ,

4 — А 4 3 , 5 - А 6 5 ,  6 - А 7 8 ,
б )  7 - Б 1 5 ,  8 — Б 18, 9 - Б 2 7 ,

10— Б 4 2 , 11 — Б 93

и (В)
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Величина дифференциального сопротивления для различных диодов 
положительна и лежит в пределах 50—400 ом. Типичные температурные 
зависимости напряжений пробоя некоторых гетеродиодов в интервале тем­
ператур 170 н- 400 °К приведены на рис. 2. Видно, что напряжение пробоя 
возрастает с ростом температуры, что свидетельствует о лавинном механизме 
пробоя в исследованных гетеродиодах.

Как известно, одним из важных моментов при создании ЛПД на основе 
гетероперехода является выяснение вопроса о локализации полного умно­
жения в одной из областей запорного слоя. В работе [9] приведены некото­
рые результаты оценки локализации полного умножения в области объем­
ного заряда разработанных гетеропереходов.

Р и с .  2 .  Т ем п ер атур н ы е зависим ости н а п р я ж ен и й  лави нного  пр обоя  гетеродиодов  
(обозн ачени я образцов  на р и с. 1)

36. Волыпфарадные характеристики

Для определения профиля распределения атомов примесей в запорном 
слое и закона изменения барьерной емкости полученных образцов приборов 
были построены их вольтфарадные характеристики.

Зависимость емкости исследуемых приборов от обратного смещения 
снималась методом емкостно-омического делителя на частоте 1 Мгц при 
величине зондирующего сигнала, равной 10 мв.

Результаты измерений представлены на рис. 3—4.
На чис. 3 приведены зависимости емкости от обратного смещения, поз­

воляющие определить профиль распределения концентрации атомов при­
месей в запорном слое р-п перехода. Видно, что все исследуемые приборы 
имеют резкое распределение атомов примесей по обе стороны от границы 
раздела. Для группы приборов со структурой (р + — p)Ge — {п— n+)GaAs 
наблюдается режим ограниченного расширения областей объемного заряда
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Р и с .  3 .  В ольтф арадны е харак тер исти ки  гетероди одов  в логариф м ическом  м асш табе  
(обозн ачени я  образцов  на ри с. 1)

по обе стороны от границы раздела. При малых смещениях ( / [ / / <  ЗВ) 
барьерная емкость гетеродиодов подчиняется уравнению

(Обозначения — общепринятые: индекс 1 — германий; 2 — арсенид галлия).
При дальнейшем увеличении модуля отрицательного смещения барь­

ерная емкость гетеродиодов определяется более толстой высокоомной об­
ластью арсенида галлия с наклоном C~2(U) характеристики, равным 
arc tg (2lqs0e2N 2S2).

При напряжениях около 20 ~  40 в область объемного заряда рас­
пространяется до низкоомного п+-слоя арсенида галлия и при дальнейшем 
увеличении модуля обратного смещения барьерная емкость гетеропереходов 
остается постоянной. Исключение составляет ряд приборов с аналогичной 
структурой (р + — р)Ge — (п — n+)GaAs, в которых до режима ограничен­
ного расширения области объемного заряда в п-слое наступает лавин­
ный пробой.

qsosie2N1N 2 ' _ J _ ] i  . s
_ 2 (e 1iV 1-f- e2JV2)  < P k ~ \~ U .

и, следовательно, наклон зависимости C ~ \U )  равен
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Р и с .  4 .  В ольтф арадны е хар ак тер и сти к и  гетер оди одов , построенны е в  коор ди н атах  С ~ 2 —  U  
(обозн ачени я  обр азц ов  на рис. 1)

Для определения расчетных значений напряжений пробоя по [1, 2] 
и сравнения их с экспериментальными данными по вольтфарадным харак­
теристикам были рассчитаны толщины и степени легирования высокоомных 
областей по обе стороны от границы раздела гетеропереходов Ge — GaAs.

Анализ полученных результатов показал, что для приборов с напря­
жением пробоя 20 -г- 120 в различие между расчетными и эксперименталь­
ными значениями напряжений пробоя не превышает 10—15%.

Таким образом, исследование лавинного пробоя гетеропереходов 
Ge — GaAs подтвердило правильность теоретических результатов полу­
ченных в работах [1, 2].
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Зв. Высокочастотные характеристики!!ПД

Разработанные образцы ЛПД исследовались в режиме генерации СВЧ 
колебаний в трехсантиметровом диапазоне длин волн. Нами впервые была 
получена эффективная генерация СВЧ колебаний на ЛПД с двухслойным 
запирающим слоем на основе Ge — GaAs гетеропереходов [3]. Генерация 
была обнаружена при импульсном режиме питания с величиной тока 
в импульсе 15 ч- 250 ма, длительностью импульса 1 -h 10 мксек и скваж­
ностью 103 ч- Ю4. Мощность генерации составляла 100 ч- 150 мвт в импульсе. 
Максимальный к. п. д. —5%.

Р и с .  5 .  Т оковы е зави си м ости  м ощ ности ген ер а ц и и  и к . п. д . генераторов  
на основе гетеор оди одов:  

обр азц ы : а — А О З, б  — А 14

На рис. 5 приведены токовые зависимости мощности и к. п. д. для двух 
приборов. Основные параметры первых экспериментальных образцов ЛПД 
на гетеропереходе Ge — GaAs, на которых была получена генерация СВЧ 
колебаний в Х-диапазоне, приведены в таблице (Unp — напряжение пробоя, 
В; Спр— емкость гетероперехода при напряжении пробоя, пф; / обр — обрат­
ный ток гетероперехода при обратном смещении — 10 В., мка; Ядиф — диф­
ференциальное сопротивление гетеродиодов в рабочем режиме, ом; / 0 — вели­
чина тока в режиме генерации, ма; Р  — мощность генерации, мвт; р —
к. п.д., %).

Вследствие наличия достаточно толстых высокоомных слоев арсенида 
галлия и большой величины сопротивления омических контактов к гер­
манию и арсениду галлия, величина т,/тя, характеризующая потери, в раз­
работанных приборах высокая (rs/n  >  0,1) что и обуславливает низкие 
значения мощности и к. п. д. [4]. Следовательно, для создания высокоэффек­
тивных ЛПД с двухслойным запирающим слоем на основе гетероперехода 
Ge — GaAs необходима дальнейшая отработка технологического варианта
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получения гетероперехода с оптимальными параметрами структуры по обе 
стороны от границы раздела и улучшения свойств невыпрямляющих контак­
тов к германию и арсениду галлия [4].

4. Выводы

1. Впервые разработаны ЛПД с двухслойным запирающим слоем на 
основе гетероперехода Ge — GaAs, на которых получена эффективная гене­
рация СВЧ колебаний в сантиметровом диапазоне длин волн.

Таблица 1

О сн овны е парам етры  экспери м ен тальны х об р а зц о в  Л П Д  на гетер оп ер еход е  G e — G aA s

Nq образца u n p .,  B с п р „  ПФ
J o6p.

п р и —10B м ка
•^диф., ом I  мА 0 ) P , мВ т ч, %

A 03 22,1 0 .3 0 ,0 4 10 2 0 0 120 2 ,5
A 14 2 2 0 ,2 0 ,0 4 30 135 150 4 ,4 5
A 26 2 3 0 ,8 0 ,0 4 30 75 80 3 ,3
A 43 2 6 ,2 0 ,2 0 ,0 3 50 55 40 2 ,7
A 65 27 0 ,3 0 ,0 5 40 140 90 2 ,4
A 78 2 8 ,9 0 ,3 0 ,0 3 60 40 75 5

2. Исследования электрических характеристик гетеропереходов 
Ge—GaAs и ЛПД на их основе показали:

а) исследуемые гетеропереходы представляют собой структуры типа 
(р + — p)Ge — (п — n+)GaAs с однородным распределением атомов приме­
сей по обе стороны от границы раздела;

б)  обратная ветвь вольтамперной характеристики имеет резкий излом, 
что в сочетании с положительным ТКН пробоя свидетельствует о лавинном 
механизме пробоя;

в) сравнение экспериментальных и теоретических значений напряже­
ний лавинного пробоя и оценки локализации полного умножения в одной 
из частей запорного слоя в исследованных гетеропереходах подтвердили 
правильность результатов теории лавинного пробоя гетеропереходов;

г) разработанные первые экспериментальные образцы ЛПД с двух­
слойным запирающим слоем обеспечивают в трехсантиметровом диапазоне 
мощность генерации 100 ч- 150 мвт в импульсе с к. п. д. до 5%.
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STABILITY OF ROTATING STRATIFIED FLUID 
IN THE PRESENCE OF

A VARIABLE HORIZONTAL MAGNETIC FIELD

By

R . C .  S h a r m a

DEPARTMENT OF MATHEMATICS, HIMACHAL PRADESH UNIVERSITY, SIMLA 171005, INDIA

(Received 9. V III. 1977)

A study has been made of th e  stability of a ro ta ting  stra tified  flu id  in the pre­
sence of a variable horizontal m agnetic field. Both th e  density  and the  horizontal magnetic 
field are assumed to  be exponentially varying. The dispersion relation has been obtained. 
Some special cases are draw n and discussed. Both ro ta tion  and m agnetic field are found to 
have stabilizing effect on the system.

1. In tro d u c tio n

The in s ta b ili ty  derived  from  th e  c h a ra c te r  of th e  equ ilib riu m  of an  
incom pressib le h e a v y  flu id  o f  v a riab le  d e n s ity  (i.e. of a he te rogeneous flu id) 
is te rm e d  th e  R a y le ig h —T a y lo r in stab ility . M ention  m a y  be  m ade of tw o  
im p o r ta n t special cases: (a) tw o  flu ids of d iffe re n t densities superposed  one 
o v er th e  o ther; (b) a flu id  w ith  a  con tinuous d e n s ity  s tra tif ic a tio n . H i d e  [ 1 ]  

h as  s tu d ied  th e  e ffec t o f ro ta t io n  on th e  c h a ra c te r  o f th e  equ ilib riu m  o f a 
s tra tif ie d  heterogeneous, in v isc id  flu id  and fo u n d  th a t  ro ta t io n  stabilizes th e  
p o te n tia lly  u n s ta b le  a rra n g e m en t o f certa in  w av e  num ber. I n  a n o th e r s tu d y , 
H i d e  [2] s tu d ied  th e  case o f  a  viscous co n d u c tin g  flu id  w ith  a  tran sv erse  
m ag n e tic  field a n d  found  th a t  m agnetic  fie ld  considerab ly  stab ilizes  th e  con­
fig u ra tio n  and  i t  is possible to  h av e  o sc illa to ry  m otion in  th e  presence of 
m ag n e tic  field ev en  i f  th e  con fig u ra tio n  is th o ro u g h ly  u n s ta b le . K r u s k a l  

a n d  S c h w a r z s c h i l d  [3] h av e  considered  th e  s ta b ili ty  of a n  inv iscid  p lasm a 
o f in fin ite  c o n d u c tiv ity  su p p o rte d  against g ra v ity  b y  a h o riz o n ta l m agnetic 
fie ld . C h a n d r a s e k h a r  [4] h as  g iven a d e ta ile d  accoun t o f  th e  R ay le ig h — 
T ay lo r in s tab ility , u n d e r v a ry in g  assum ptions o f  h y d ro d y n am ics  and  h y d ro ­
m agnetics. The m ag n e tic  fie ld , in  th e  above s tu d ie s , has been  considered to  
be c o n s ta n t an d  u n i-d irec tio n a l. G u p t a  [5] h a s  in v es tig a ted  th e  s ta b ility  of 
a h o rizo n ta l la y e r  o f  a p e rfec tly  conducting  f lu id , w ith  c o n tin u o u s  d ensity  
an d  v iscosity  s tra tif ic a tio n  in  th e  presence o f  a  h o rizo n ta l m agnetic  field  
(c o n s ta n t as well as v ariab le ). S h a r m a  [6 ] h a s  s tu d ied  th e  e ffec t o f ro ta tio n  
an d  surface ten s io n  on  th e  s ta b i l i ty  o f tw o su p erp o sed  flu id s  in  th e  presence 
o f  a v ariab le  h o riz o n ta l m ag n e tic  field .
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T he p rob lem  o f th e  h y d ro m ag n e tic  s ta b ility  o f  co nduc ting  f lu id  of 
v a r ia b le  d en sity  p lay s an  im p o r ta n t  ro le in  as tro p h y sics  (s ta b ility  o f  s te lla r  
a tm o sp h e re  in  m ag n e tic  fie ld , h e a tin g  o f  so lar co rona, th eo ries  an d  su n sp o t 
m a g n e tic  fields). Since th e  Coriolis forces p lay  an  im p o r ta n t  role in  as tro - 
p h y s ic a l p rob lem s, i t  is n ecessary  to  s tu d y  th e  co m b in ed  effect o f  ro ta t io n  
a n d  m agnetic  field .

I n  th e  p re se n t p ap e r we s tu d y  th e  R ay le ig h —T a y lo r  in s ta b ili ty  o f a 
f lu id  w ith  a con tin u o u s d e n s ity  s tra tif ic a tio n  in  th e  p resence  of ro ta t io n  and  
a v a r ia b le  h o rizo n ta l m agnetic  fie ld . T h e  f lu id  is considered  to  be heterogeneous, 
in v isc id  and  o f  zero  re s is tiv ity . T h e  f lu id  is assum ed to  be  in fin ite ly  e x te n d ­
in g  so th a t  th e  free  surface is a lm o st ho rizo n ta l. T he f lu id  is u n d e r th e  ac tio n  
o f  g ra v ity  g (0 , 0 , —g) an d  a c te d  on b y  a un iform  ro ta t io n  ß  (0 , 0 , Q) and  
a  v a r ia b le  h o rizo n ta l m agnetic  fie ld  H  (H 0(z), 0, 0).

2. B asic equations

L e t p , Q an d  v (u, v, tv) d en o te  respective ly  th e  p ressure , th e  d e n s ity  
a n d  th e  v e lo c ity  o f  th e  f lu id ; pt is th e  m agnetic  p e rm eab ility . T h e  h y d ro - 
m a g n e tic  eq u a tio n s  to  be so lved  in  th e  flu id  are

—  +  (v • V) V
a t

=  - V P  +  P«(V X H ) X H  +  eg +  2 e( v x f t )  , ( 1 )

V • V  =  0 , (2)

—  =  V X ( v x H )  , ( 3
a t

V • H  =  0 . (4)

Since th e  d e n s ity  o f p a rtic le  m oving  w ith  th e  f lu id  rem ains u n c h a n g ­
ed . H ence

—  +  ( v  • V )  9  =  0  . ( 5 )
a t

L e t  ÔQ, ôp, v  (и, v, tv) an d  h  (Лх, hy, h z) denote  th e  p e r tu rb a tio n s  in  d en sity , 
p re ssu re , v e lo c ity  an d  m ag n e tic  f ie ld , respective ly . T h e n  th e  lin earized  hydro - 
m a g n e tic  p e r tu rb a tio n  eq u a tio n s  are

9 —  =  ~V<5p +  /Ue( v x h ) x H  +  gdp +  2 p ( v x f í )  , (6)
dt

V • V =  о , (7)

Acta Phytica Academiae Scientiarum Hungaricae 43, 1977



STABILITY OF ROTATING STRATIFIED FLUID 1 5 9

ah = V X ( v x H )  , (8 )
at

V ■ h  =  0  , (9 )

a дд
dp

=  —w —— . (1 0 )
at dz

A n alyz ing  th e  d is tu rb an ce  in to  n o rm a l m odes, we seek so lu tions w hose 
dependence on  x, y  and t is g iven by

ex p  (ikx x  +  ikyy  -f- nt), (11)

w here kx a n d  ky are th e  h o rizo n ta l co m p o n en ts  o f th e  w ave n u m b e r, k2 =  
=  kx -f- ky a n d  re is th e  ra te  a t  w hich th e  system  d ep a rts  fro m  eq u ilib riu m . 

U sing th e  expression (11), E qs. (6 ) — (10) becom e

p n u

gnv

QTllV

-ikxôp +  hzD H 0 -f- 2 gQv ,
4л:

-ikyôp  +  (ikxhy — ikyhx) — 2gQu ,
4л;

- D ô p + ^ - ( D g )  w +  МеЯ° î k xK  -  D K  -  h, D H °. , " x - yre 4л:

ikx и  -f- iky V  -j- Dw =  0 ,

ikx hx +  iky hy -)- Dhz =  0 ,

h =  lkxH° V -  w(D H 0) I x ,

( 12)

(13)

(14)

(15)

(16)

(17)

w here  Ix (1, 0, 0) is th e  u n it v e c to r  in  th e  d irec tion  of x -ax is an d  D —d/dz.
M ultip ly ing  E qs. (12) an d  (13) b y  — ikx, — iky respective ly , ad d in g  and  

su b s titu tin g  fo r  hx, hy; we get

kxky реЩ  у ^  PeHpk? 
re 4л: 4 яге

gnDw  =  - k ? ô p  -  2gQC +  WD H 0 , (18)

w h ere  £, th e  «-com ponent o f v o rtic ity , is g iven b y

£ =  — --------—  =  ik xv  — ikyU . (19)
d x d y

M u ltip ly in g  E q s . (12) and  (13) b y  — ik y an d  - \- ik x, respective ly , a n d  ad d in g ,
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we get
2 Qn Dw  

П2 _|_ k l V 2 ’
(20)

w here V 2 =  peHl'AnQ is th e  square  o f  th e  A lfvén ve loc ity .
E lim in a tin g  bp b e tw een  E qs. (14) a n d  (18), u sin g  (20) and  th e  re la tio n

i№u — — (kxDw  -|- fevC) =  —I kxDw -\------——------ - j  ,
y 1 n2 +  k2V 21

( 21)

we ge t a f te r  s im p lifica tio n

1 +
n2 +  k2V 2

MD(e Dw) -  k2ow +  [D{H2Dw) -  k?H2w] =  
4 m i1

( 22)

E q . (22) is th e  g en era l eq u a tio n  fo rm u la tin g  th e  effect o f ro ta tio n  an d  a 
v a riab le  horizon ta l m ag n e tic  fie ld  on th e  R a y le ig h —T ay lo r in s tab ility . In  th e  
lim it o f  van ish ing  m a g n e tic  field  (H 0 —> 0 ), we ge t th e  p a rtic u la r  case o f  th e  
effect o f ro ta tio n  on  th e  R ay le ig h —T ay lo r in s ta b ili ty  ( C h a n d r a s e k h a r  [ 4 ] ,  

C h a p te r  X ). The p a r t ic u la r  case o f  th e  effect o f c o n s ta n t h o rizon ta l m ag n etic  
fie ld  ( C h a n d r a s e k h a r  [4], C h ap te r X ) can  be d eriv ed  in  th e  lim it o f v a n ish ­
in g  Q.

3. The case of exponentially varying density and magnetic field

A ssum e th e  s tra tif ic a tio n s  in  d en sity  an d  m ag n e tic  field  o f th e  fo rm

e = e t e * ,  Щ  =  h \ ePz , (2 3 )

w here  gx, an d  ß  a re  co n stan ts  an d  so th e  sq u a re  of th e  A lfvén v e lo c ity

V2 =  /1еЩ А л п  =  цеН 2АЩ1 • (24)

U sing  th e  s tra tif ic a tio n  of th e  fo rm  (23), E q . (22) tran sfo rm s to

Dhv +  ßD w
(„2 +  Ц У 2 -  gß) (п2 +  k2V2) 

(n2 +  k2V2)2 +  4i22n2
k2w =  0 .

T h e  general so lu tio n  o f  E q . (25) is

w =  A l eq'z +  A 2 eq'z ,

(25)

( 2 6 )
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w here A v  A 2 are tw o  a rb itra ry  c o n s ta n ts  and  qv q2 a re  th e  roo ts o f th e  eq u a tio n

q2 +  qß Í К  +  
I (n

K V 2 -  gß) (n2 +  k 2V 2) [ fe2 =  0
к2 V2)2 +  4L>2n2

(27)

I f  th e  f lu id  is supposed  to  be con fined  betw een  tw o  rig id  p lanes a t  z =  0 
and  z =  d, th e n  th e  van ish ing  of w a t  z =  0 is sa tis fied  b y  th e  choice

ic =  A(eq'z — еч,г) ,

while th e  van ish ing  o f  ic a t  z =  d  req u ires

exP (9i — ft)  d  =

(qi — q2) d  =  2im n  ,
w hich im p ly  th a t

w here m  is an  in teger. 
E q . (27) gives

? 1.2
ß_
2

4k?{n2 +  k*V2 -  gß) (n2 +  fc2F 2)
{n°- +  k 2xV2f  +  4 Q2n2

In se rtin g  th e  values o f  qv  q2 in  E q . (30) and  sim plify ing , we o b ta in

(1 +  A)  n 4 +  [(2k2V2 +  4 Q2) A  +  2k 2V2 -  gß] n2 +

+  k 2V2[k2V2( l  +  A ) ~  gß] =  0 ,
w here

A  =  i~^ß2d2 +  m2n2 \jk2d2

(28)

(29)

(30)

(31)

(32)

E q . (32) is th e  d ispersion  relation  s tu d y in g  th e  e ffec t o f  ro ta tio n  an d  th e  
v ariab le  (ex p o n en tia lly ) horizon ta l m ag n e tic  field  on  th e  R ay le ig h —T ay lo r 
in s ta b ility  o f  flu id  w ith  ex p o n en tia lly  v a ry in g  den sity .

I f  ß  <  0 (stab le  s tra tif ic a tio n ), E q . (32) does n o t a d m it of a n y  p ositive  
ro o t o f n2 a n d  th e  sy stem  is alw ays s tab le  fo r d is tu rb an ces o f all w ave n u m b ers . 

I f  ß  0 (un stab le  s tra tific a tio n ) a n d  if

g ß < k 2V 2(l  +  A),  (33)

E q . (32) does n o t allow  a n y  of th e  ro o ts  o f  n2 to  be positive . The sy s tem  is 
therefore  s tab le . I f  (33) is v io lated , th e  system  m ay  be u n stab le  also . F o r 
th e  s ta b ility  o f th e  sy s tem , we m ust h av e

gß <  k2V2( l  +  A)  .

Acta  P h ysica  Academ iae S c ie n tiarum  Hungaricae 43 , 1977



162 R. C. SHARMA

In  th e  special case o f zero m ag n e tic  fie ld , E q . (32) reduces to

(34)

I f  nl  is th e  v a lu e  o f  n2 in  th e  absence  o f ro ta tio n , E q . (34) gives

(35)

I f  ß  is positive , th e  ro ta tio n  s tab ilizes  th e  u n s ta b le  a rra n g e m en t fo r all w ave 
n u m b ers  less th a n

a n d  for a g iven Q, kmiu occurs fo r ß  =  2n/d. D is tr ib u tio n s  w ith  ß  less th a n  
o r g rea te r th a n  2n/d  are stab ilized  b y  ro ta tio n  fo r g rea te r ran g es  o f k.
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HEAT TRANSFER IN TWO-PHASE LAMINAR FLOW 
FOR TIMEWISE LINEAR VARIATION OF 

INLET TEMPERATURE IN A CIRCULAR PIPE

B y

S. N. D u b e

DEPARTMENT OF MATHEMATICS, HIMACHAL PRADESH UNIVERSITY, SIMLA-171005, INDIA

(R e c e iv e d  1. IX . 1977)

E x a c t  so lu tio n s  o f  the  forced  c o n v e c tio n  en erg y  eq u ation s o f  d u s t  p a rtic les  and o f  
liq u id  w ith  fu lly  d e v e lo p e d  flo w  in  a  c ircu lar  p ipe are o b ta in e d  in  th e  p r e se n t prob lem  w h en  
th e  in le t  tem p era tu res v a r y  lin early  w ith  tim e  and an  in terp re ta tio n  o f  th e  ca se  o f  lam in ar  
f lo w s  is g iven .

Nomenclature

Tp  tem p eratu re  o f  du st partic le
T  tem p era tu re  o f  liquid
Cp sp ecific  h e a t  o f  du st p a rtic le
c sp ecific  h e a t  o f  liquid
a pipe rad iu s
Kp  therm al c o n d u c t iv ity  o f  d u s t  partic le
К  therm al c o n d u c tiv ity  o f  liq u id
t  tim e
Up v e lo c ity  c o m p o n e n t o f  d u st p a r tic le  in  i-d ir e c t io n
и  v e lo c ity  c o m p o n e n t  o f  liq u id  in  2-d irection
û _  average v e lo c i ty
г, Ф, z  cy lind rica l p o la r  coord in ates (z -f lo w  d irection )
Q liq u id  d e n s ity
m N  m ass o f  d u s t  partic le  per u n it  v o lu m e  ( =  m N 0, co n sta n t)
fi co effic ien t o f  v isc o s ity  o f  liq u id
V k in em atic  c o e ff ic ie n t  o f  v is c o s ity  o f  liquid
P  P ran dtl n u m b e r  ( =  f ic/K)
R  R ey n o ld s n u m b e r  ( =  aü/v)
hp h e a t tran sfer  c o effic ie n t for  f lo w  o ver  du st p a r tic le
A p  surface area  o f  d u st particle
Vp v o lu m e  o f  d u s t  particle
T0, T ,, Tj k n ow n  te m p er a tu r e  co n sta n ts

T h e  m ean in g  o f  a n y  o th er  sym b ols is  g iv en  in  th e  t e x t  as th e y  occur.

1. In tro d u c tio n

H e a t  t r a n s f e r  b y  g a s - d u s t  s u s p e n s i o n s  i n  p i p e  f l o w  h a s  b e e n  t h e  s u b j e c t  

o f  m a n y  s t u d i e s  b e c a u s e  o f  t h e  a n t i c i p a t e d  l a r g e  h e a t - t r a n s f e r  c o e f f i c i e n t  d u e  

t o  t h e  h i g h  v o l u m e t r i c  s p e c i f i c  h e a t  o f  d u s t  p a r t i c l e s  o r  l i q u i d  d r o p l e t s  c o m ­

p a r e d  t o  a  g a s  a n d  t h e  d e m a n d  f o r  h i g h  h e a t - t r a n s f e r  c o e f f i c i e n t  i n  g a s - c o o le d  

r e a c t o r s .  B a s e d  o n  t h e  e x p e r i m e n t a l  o b s e r v a t i o n s  o n  g a s - d u s t  s u s p e n s i o n s  b y
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F a r b a r  and  M o r l e y  [1] and  S c h l u d e r b e r g  [2], b y  J o h n s o n  [3] on  gas 
suspensions o f liq u id  d rop le ts , an d  b y  S a l o m o n e  a n d  N e w m a n n  [4] on 
liq u id -d u s t suspensions, T i e n  [5, 6 ] h as  analysed  th e  h e a t tran sfe r b y  a gas- 
d u s t  suspension in  tu rb u le n t  pipe flow  based  on a sim plified  m odel. I n  solu­
tio n s  o f th e  forced  convec tion  energy  eq u a tio n s o f d u s t  particles an d  o f liqu id  
in  a c ircu lar p ipe S o o  [7] has assum ed  th a t  th e  in le t tem p era tu res  o f  dust 
p a rtic le s  and  o f  liq u id  are co n stan ts  across th e  flow  w ith  a specified c o n s tan t 
w all te m p e ra tu re . R ecen tly  D u b e  an d  S h a r m a  [ 8 ]  h a v e  ob tained  e x a c t solu­
tio n s  o f th e  fo rced  convection  energy  eq u a tio n s  o f d u s t  partic les an d  o f liquid  
in  a channel b o u n d ed  b y  tw o p a ra lle l f la t  p la tes w h en  th e  in let te m p e ra tu re s  
v a ry  period ically  w ith  tim e.

In  th e  p re se n t p a p e r ex ac t so lu tions of th e  fo rced  convection  energy 
eq u a tio n s  o f d u s t p a rtic le s  and  o f liq u id  w ith  fu lly  developed  flow in a c ircu lar 
p ipe are o b ta in ed  u n d e r a p rescribed  b o u n d a ry  cond ition  w hen th e  inlet 
te m p e ra tu re s  o f d u s t  partic les a n d  o f  liqu id  v a ry  lin e a rly  w ith  tim e  and  an 
in te rp re ta tio n  o f  th e  case of la m in a r flow s is g iven .

2. F o rm u la tio n  o f the  prob lem

W e consider th e  s tead y  la m in a r flow  o f a d u s ty  viscous liq u id  w ith  
un iform  d is tr ib u tio n  o f dust p a rtic le s  in  a c ircu la r p ipe  of rad ius a. T h e  d ust 
partic les  and  th e  liqu id  en te rin g  th e  pipe h av e  tem p era tu res  w hich are 
sp a tia lly  u n ifo rm  across the  e n tra n c e  section b u t  v a ry  linearly  w ith  tim e. 
T herefo re  we can  w rite  th e  in le t cond itions as

T p(r, 0 , t )  — T 0 -f- Tx

T(r, 0, t) — T q -j- Tx

vt

vt

( 2 . 1)

(2 .2)

To o b ta in  th e  h e a t- tra n sfe r  perfo rm ance a n d  th e  te m p e ra tu re s  of d u s t 
partic les an d  o f  liq u id  i t  is n ecessary  to  set dow n tw o  energy eq u a tio n s , one 
for th e  d u s t p a rtic le s  and  one fo r th e  liq u id -d u st m ix tu re . T h ey  a re  given as

8 T  8 T
— ~ +  w—— +  
81 8s

d T p

9 1

m N 0 cp CO

oc , 9 1
+  И

8 Tp
82

8 Tp
8z

G(T  -  T p) ,

=  j _ 8 T
P  I 9 f 2 r 0 r

(2.3)

+  ß2( T p -  Г ) , 

(2.4)
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where
Q ____ hpAp___ _ m I \0cpG

m N 0cp Vp " QC

Sim plify ing  (2.4), we get

д Т  д Т  г 92T  1 d T  \ ^  -
— z + u - — =  - T i — --  +  — —^ \  +  2ß2{ T p — T ) .  (2.5)
91 02 P  dr2 r dr I

T h e in le t and  th e  b o u n d a ry  cond itions o f th e  p ro b lem  are  as follow s:

T P = T 0 +  T l —  w hen  a = 0 ,  (2.6)
a2

T  =  T0 +  Ту — I w hen 2 =  0 ,  (2.7)
a2)

T p is fin ite  a t  f  =  0 , (2.8)

T  is f in ite  a t  r  =  0, (2.9)

Tp =  T , a t  r  =  a , (2.10)

f  =  T2 a t  r  =  a , (2.11)

t > 0  .

T he system  sa tisfy in g  (2.3), (2.5) is su b je c te d  to  th e  fo llow ing restric ­
tions (Soo [7]):

(i) R ad ia tio n  effect is neg lected .
(ii) T he d en sity  o f liqu id  rem ain s c o n stan t; th u s  th e  velo c ity  d is trib u tio n  

is in d ep en d en t o f  th e  te m p e ra tu re  d is tr ib u tio n .
(iii) L iquid  p ro p e rty  v a ria tio n s  are  neglected .
(iv) E ach  dust p a rtic le  is sm all an d  m ain ta in s  u n ifo rm  te m p e ra tu re  due to  

its  h igh th e rm a l c o n d u c tiv ity  K p.
(v) T he liqu id  an d  d u s t p a rtic le  cloud have s im ila r ve locity  profiles. The 

presence of d u s t p a rtic le s  does n o t affect th e  liqu id  v e lo c ity  profile.
(vi) T he d u st p a rtic le s  are un ifo rm ly  d is tr ib u te d  th ro u g h o u t th e  p ipe.

(vii) T he effect o f  collision w ith  th e  w all is n eg lec ted .
(v iii) T he suspension is e x trem e ly  d ilu te  such t h a t  each  p a rtic le  is assum ed 

to  see th e  w all w ith o u t in te rfe ren ce  of o th e r  p artic les .
(ix) F u lly  developed  la m in a r v e lo c ity  profiles in  th e  p ipe.
(x) A xial co nduc tion  is neglig ib le w ith  re sp ec t to  b u lk  tr a n s p o r t  in  th e  

i-d irec tio n . T his is a reaso n ab le  a ssum ption  w h en  P éclé t n u m b e r exceeds 
100 [9].

(xi) T h erm al re s is tan ce  o f th e  w all is negligible.
(xii) E d d y  d iffu siv ity  o f  h e a t is negligible.
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F u r th e r , to  sim p lify  th e  m e th o d  o f analysis th e  case o f c o n s ta n t ve locity  
w ill be  considered h ere  a n d  for th is  p u rp o se  we s u b s ti tu te  ü (u =  u p) fo r th e  
v e lo c ity  profile  in  (2.3) an d  (2.5).

W e now  in tro d u c e  th e  fo llow ing non-d im ensional q u a n titie s :

E q u a tio n s  (2.3) an d  (2.5) th e n  b ecom e

8®г +  Л ^ = д (в _ в ) .
91

90
9 1

9z

90 1 (a2© , 1 90
92

+  -R —— =  —  — г  H----------- +  A (0 p  —
P  dr T dr

T h e in le t  and  th e  b o u n d a ry  co n d itio n s  reduce to

(2. 12)

(2.13)

0 p =  t w hen  z — 0 , (2.14)

0  — t w hen  2 = 0 , (2.15)

O p is f in i te  a t  r  =  0  , (2-16)

0  is f in i te  a t r  =  0  , (2-17)

O p =  O 0 a t r =  1 , (2.18)

0  =  0 O a t r  =  1 , (2.19)

I > 0  .

3. Solution

F o r th e  so lu tio n  of th e  a b o v e  prob lem  we assum e th a t

Op{r, z, t) =  0 pl(r, z) +  t 0 p2(r, z) ,

0 (r, z, t) =  0 2(r, z) +  t 0 2(r, z) ,

w here  0 pl, 0 P2, 0 1 a n d  0 2 sa tis fy  th e  following p rob lem s:

А (0 а 0 рг) ?

=  -  - ^ 3 .  + 1  +  &(©„ -  0 2) ,
Г 9Г

r  9 0 p 2

92

pH

1

ФCO i a 2 ©

92 P 9 r2

(3.1)

(3.2)

(3.3)

(3.4)
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0 p2 =  1 w hen  z =  0 , (3-5)

0 2 =  1 w hen z =  0 , (3.6)

0 p 2 is f in ite  a t  r  =  0 , (3.7)

0 2 is f in ite  a t  r  =  0 , (3.8)

0 p 2 =  0 a t  r =  1 , (3.9)

0 2 =  0  a t г =  1 . (3.10)

0p2 +  Ä ^ = , 5 3( 0 1 - 0 p 1) , (3.11)
dz

1ih)
CD 1

dz p

9pl = 0

0 ,  = 0

9  pi

d & j  
dr ,

+  ß j ß pl -  0 ,) ,

w hen z =  0 ,

w hen z — 0 ,

is f in ite  a t  r  =  0 ,

0 L is f in ite  a t  r  =  0  ,

d p i  =  0 O a t  r  =  1  »

0 3 =  0 O a t  r =  1 .

(3.12)

(3.13)

(3.14)

(3.15) 

(3.1 6

(3.17)

(3.18)

S o lv in g  Eqe. (3.3) a n d  (3.4) u n d e r  th e  cond itions (3.5) — (3.10), wé get

O Jo{r,X-n)
P2^  S a „ J i W

■ A n(z) , (3.19)

0 2 =  2  Jo (ra") 
JÄ  «■nJ 1(xn)

• b „W  , (3.20)

w h e re  th e  a„ are  th e  positive  ro o ts  o f J 0(a) =  0 , and

A ( * ) =  1-------—  [ K  e x p  ( — n nz )  —  Цп e x p  ( — A „s)] ,
(4„ — M

B n(z) =
(^n — Pn)

( * »  -  P n )

ßa .
ex p  ( —iinz) —

1 — И Г " 1  ex P ( - А "г) ’
P 3  /

2An = = A ± A  +  J Í .  +  ] / ’
R  P R  Г

2ft, =  A  +  A + j g -  — ]A
R  P R  '

Ä  +  ßi I 
R  P R .

2 4 a 2
ßaP R 2

ßa +  ßi 1 «п 2 4 a 2 л
----- Рз
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T hen  th e  so lu tions o f  (3.11) and (3.12) un d er th e  co n d itions (3.13) —(3.18) 
are g iven  b y

0 p i —

— 0o

1 - 2  2  J v r - r  • а д

1 - 2 ^

o = 1 a o-fl(an)

M r*n) B,Az)

T hus

0=1 a n-fl(®o)

\ - 2  20 p  =  0o

+

0 =  0,

+ 2

A z y  M TXn)
В  n = 1 a o-fl(a o)

2 г jZp M T«-n) 
В  0=1 GCo-fl(a o)

Л ( Г«о)
A (* )

n = l  a - s > f l(a ; , )

2 (‘ -  I )  i ^ y r r  ' Л М  ■l n= i а „ Л К )

Л ( гао)

+

1 - 2 ^
0 = 1 a o-fl(an)

Bo(*) +

t — у  J o ( r*n)_ . B (2)
B } é i * M * n )

A n(z) ,  (3.21) 

а д -  (3.22)

(3.23)

(3.24)

0p(r, z, t) and 0 ( r ,  2, i) give th e  d im ensionless te m p e ra tu re  d is tr ib u tio n s  o f  
d u s t pa rtic le s  an d  o f  liq u id  in a c ircu la r pipe for slug  flow  assu m p tio n  w hen 
th e  in le t te m p e ra tu re s  v a ry  lin ea rly  w ith  tim e.

4. Discussion

W hen  th e  b o u n d a ry  cond ition  on th e  wall fo r 0 p(r, 2, l) and  0 ( r ,  2, t) is 
hom ogeneous, th a t  is, w hen 0 O is zero , th e n

0 p ( r ,  2, t) =  2 - а д ,
f i )  0 = 1 an-fl(ao)

0(Г , 2, *) =  2 — — y .  J o(ra-n)
0=1 V-nJ\ (a n)

Bo(*)

(4.1)

(4.2)

F ro m  (4.1) a n d  (4.2) it  is obv ious th a t  th e  te m p e ra tu re s  of d u s t p a rtic le s  
a n d  o f  liq u id  d e cay  ex p o n en tia lly  a long  th e  p ipe.

F o r a sing le-phase  system  th e  n u m b er o f d u s t pa rtic le s  p e r u n it  vo lum e 
is zero  (an d  so /34 =  0). Hence

0 s(r, 2 , t) =  2 t
В

'ч.' J o ( ra,n ) t '  / _ \
2  — t t ~ г  L A z> »
n = 1

(4.3)
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w here  Cn(z) =  ex p  (— a^/PR z) and  the  b o u n d a ry  co n d ition  on th e  wall is 
hom ogeneous.

In  m an y  ap p lica tio n s h e a t  tran sfe r in  regions aw ay  from  th e  in le t is 
o f  in te re s t; fo r such  s itu a tio n s  only  th e  f ir s t  te rm s in  th e  series (4.1), (4.2) 
an d  (4.3) need to  be considered . Therefore

w h e r e

0 p(r, 2, t) =  2 1* 

0 ( f ,  2, t) =  2 

0 s(r, 2, t) =  2 It

P

t ------

J o ( r « i )

*1Л Ы
Jo(ra i)

ai Л Ы

a iJ i(a j)

A ( 2) ,

B i(2) ,

^ l(2) 5

M * )

ßl(2)

а д  =

(^i /h)

*1
( ^ i  M i) 

/h
(■*1 -  M i) 

exp

(A  e x p  ( — M! 2) — Mi exP ( —  ^l 2 ) ]  ,

! «Ml I / 41 ---------- 1 exp ( — f i J 2)

1 _  R A exp  ( —^  2) ,

_«L
P P

2Aj =

2 Mi =

Æ +  A 
R

&  +  A

A  +  Ä
P

+
a? l 2 4a?

P P P P 2 &  5

P

ï 2 *1
P P

4 +  — &  +  ßt , *!
p

+
p p

4a?
P P 2

T he te m p e ra tu re s  a t  an y  r, say  r  =  0, are g iven  b y

10p(O, 2, t) =  2 |t  -

0(0 , 2, t) =  2 t — —

анЛ(а i)
1

P ) « iJ iK )

0 S(O, 2, t )  =  2 | t  -  —
К

1

alA (Kl)

' A d » ) ,

* i ( 2) ,

C,(2) .

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)
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Table I

Comparison of the tem perature distributions for 
* =  2, P  =  0.73, ß3 =  106, ßt /ß 3 =  0.5, R  =  13,000

z
Temperatures

5 10 15 20

®p( 0 , . , f ) 3.1974 3.1904 3.1834 3.1763
0  (0, г, 0 3.1970 3.1900 3.1830 3.1759
0 / 0, г, i) 3.1941 3.1839 3.1736 3.1634

Table II

Comparison of the tem perature distributions for 
t =  2, P  =  0.73, Д, =  105, ßt lß3 =  0.5, R =  20,000

z 5 10 15 20

Tem peratures

0 / 0, г, *) 3.1992 3.1940 3.1888 3.1836

0  (0, z, t) 3.1988 3.1936 3.1884
3.1839

У 3.1832

0 / 0, *, t) 3.1975 3.1907 3.1771

Table 111

Comparison of the tem perature distributions for 
t =  2, P  =  0.73, Д, =  10s, ß j ß 3 =  0.5, R =  25,000

Z 5 10 15 20

Temperatures

0p(O ,* .» ) 3.2009 3.1974 3.1939 3.1904

0  (0, z, l) 3.2005 3.1970 3.1935 3.1900

0 / 0 ,  *, t) 3.1992 3.1941 3.1889 3.1838

Table IV

Comparison of the  tem perature distributions for

t =  2, P  =  0.73, ß 3 ==  1 0 » , ß j ß 3 = 0.5, R =  20,000

Z 5 10 15 20

Temperatures

0 / 0 ,  z, t) 3.1991 3.1939 3.1887 3.1835

M©

3.1987 3.1935 3.1883 3.1831

0 / 0 ,  г ,  0 3.1975 3.1907 3.1839 3.1771
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Table V

Comparison of the tem perature distributions for 
t =  2, P  =  0.73, ß3 =  109, ß,lß3 =  0.5, R  =  25,000

z
Tem peratures

5 10 15 20

®p(0, z , t ) 3.2008 3.1973 3.1938 3.1903
0  (0, z, t) 3.2004 3.1969 3.1934 3.1899
©s(0, 2 , t) 3.1992 3.1941 3.1889 3.1838

W e ob serv e  th e  follow ing im p o r ta n t p o in ts :
(a) F ro m  T ables I ,  I I  an d  I I I  i t  is obv ious th a t  th e  te m p e ra tu re  d is­

tr ib u tio n s  0 p, 0  an d  0 S a t  a n y  p o in t inside th e  p ipe  increase w ith  th e  increase 
o f  R  and

Op > 0  > 0 S .

(b) T ab le s  I I  and  IV  show  th a t  0 p an d  0  a t  a n y  p o in t inside th e  pipe 
decrease w ith  th e  increase o f ß3 (and  so /?4) an d

Op >0 > 0S.

(c) F ro m  T ables I I I  an d  V we in fer t h a t  th e  tem p e ra tu re  d is tr ib u tio n s  
O p an d  0  a t  a n y  p o in t inside th e  pipe decrease w ith  th e  increase o f  ß j ß s an d

Op > 0  > O s .

T hus, th e  effect o f d u s t p artic le  is to  f la t te n  th e  te m p e ra tu re  p ro file  
an d , co n seq u en tly , to  increase th e  h e a t tra n s fe r .

R E FE R E N C E S

1. L. F a rbar  and  M. J . Mo r ley , Ind. Eng. Chem., 49, 1143, 1957.
2. D. C. Sc h l u d e r b e r g , The A pplication of Gas-Ceramic M ixtures to  Nuclear Pow er, R ept.

No. CF 55-8-199 ORSORT, AEC, 1955.
3. H. A. J o h n so n , Trans. ASME, 77, 1257, 1955.
4. J . J . Sa lo m o n e  and M. N ew m a n n , Ind. Eng. Chem., 47, 283, 1955.
5. C. L. T ie n , T ranspo rt Processes in Two-Phase T urbu len t Flow, Ph. D. thesis, P rinceton

U niversity , USA, 1959.
6. C. L. T ie n , T rans. ASME, 83b , 183, 1961.
7. S. L. Soo, F lu id  Dynam ics of M ultiphase Systems, Blaisdell Publishing Co., London, 1967.
8. S. N. D u b e  and  C. L. Sharm a , A cta Phys. H ung., 41, 95, 1976.
9. P . J . Sc h n e id e r , Trans. ASME, 79, 765, 1957.

5 A cta  P hysica  A cadem iae Sc ien tia ru m  H ungaricae 4 3 , 1977





Acta Physica Academiae Scientiarum Hungaricae, Tomus 43 (2), pp. 173 —183 (1977)

WAVE MECHANICS AND THE PHOTON III

FORM ULATIO N  OF T H E  SIM ULTANEOUS EQUATIONS

By

L . JÁNOSSY a n d  M. Z lE G L E R - N Á R A Y

CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

(Received 6. X. 1977)

The in teraction  of an H -atom  w ith its  own rad iation  field was trea ted  in  a  former 
publication to  a certain approxim ation. The calculations in th is paper give a m ore precise 
form ulation of the differential equations representing the interaction. In a subsequent paper 
we shall give th e  explicit solutions in a particu lar case of th e  equations derived here. I t  
will be seen th a t  the solutions thus obtained confirm  our form er results, b u t contain  some 
interesting new features.]

In tro d u c tio n

In  a  p rev ious p u b lica tio n  [1] we h av e  in v e s tig a te d  th e  in te ra c tio n  of 
an  H -a to m  w ith  its  ow n ra d ia tio n  fie ld . T he re su lt o f  th e  ca lcu la tion  show ed 
th a t  th e  a to m  w hen in  an  exc ited  s ta te  h as  a s tro n g ly  in stab le  co n fig u ra tio n . 
T herefore  a sm all su itab le  p e r tu rb a tio n  s ta r ts  an  ava lanche  w hich  leads to  
em ission o f  ra d ia tio n  o f th e  to ta l  energy  hv. T he ra d ia tio n  is in  genera l em itted  
inside a n a rro w  cone. T h is process m uch resem bles w h a t one m ay ta k e  p h en o ­
m enologically  as th e  em ission o f a p h o to n .

In  th e  prev ious p a p e r  [2] we d e a lt w ith  th is  process and  c a rrie d  ou t 
ca lcu la tions m ak in g  ce rta in  ap p ro x im atio n s . P re se n tly  we give a m ore  precise 
t re a tm e n t o f  th e  p rob lem . T he ca lcu la tions we give p re sen tly  leads to  resu lts  
sim ilar to  t h a t  o f th e  fo rm er p ap er. P re se n tly  we show , how ever, t h a t  an 
ava lanche  m a y  develop also in  th e  case w hen  th e  ra d ia tio n  e m itte d  b y  th e  
a to m  is c a p tu re d  b y  a sy stem  o f perfec t m irro rs . In  th e  ap p ro x im a tio n  used 
in  th e  fo rm er p a p e r i t  a p p ea red  (incorrec tly ) th a t  an  avalanche can  develop 
only  i f  som e o f th e  ra d ia tio n  em itted  escapes from  th e  region occup ied  by  
th e  a tom .

In  th e  p re sen t p a p e r  we consider on ly  th e  p a r tic u la r  processes w hen 
one H -a to m  is enclosed in to  a  cubic box  w ith  sides L ,  w hich canno t be  p e n e t­
ra te d  by  th e  a to m  an d  w h ich  ac ts  as a p e rfec t m irro r. F u rth e r , we re s tr ic t 
ourselves to  processes w hich  ta k e  p lace w hen  th e  s ta te  of th e  a to m  is th e  
su p erp o sitio n  o f  tw o  s ta tio n a ry  s ta te s  on ly . So as to  o b ta in  an  a d e q u a te  
descrip tion  o f  th e  em ission process i t  w ould  be im p o r ta n t  to  consider such 
processes also  w hich occur w hen  s ta te s  consisting  o f  th e  superp o sitio n  of
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se v e ra l s ta tio n a ry  s ta te s  are p re s e n t and  i t  is also  im p o rta n t to  ta k e  in to  
co n sid e ra tio n  th e  ra d ia tio n  w hich  escapes o u t o f  th e  enclosure.

T he t r e a tm e n t o f the  process as th e  su p erp o sitio n  o f tw o  s ta te s  leads 
to  q u a lita tiv e  re su lts  only. N ev erth e less  in  th is  q u a lita tiv e  w ay  we o b ta in  
a  p h enom enon  correspond ing  to  th e  n a tu ra l line  w id th  of sp ec tra l lines, w hich  
com es abou t as ty p ic a l  p ro p e rty  o f  th e  n o n -lin ea r oscillating  sy s tem  in d ep en ­
d e n t ly  of th e  loss o f  energy o f th e  oscillator. F u r th e r  an  effect som ew hat 
re sem b lin g  to  th e  L a m b  shift is fo u n d  as th e  re su lt o f  th e  non -linear in te ra c tio n .

W e deal p re se n tly  w ith  th e se  m ore specialized  con figu ra tions so as to  
d ev e lo p  m a th e m a tic a l m ethods w h ich  we hope to  generalize la te r  an d  w hich  
w ill be  su itab le  to  describe th e  p rocess o f em ission w hich  occurs u n d e r  p ra c tic a l 
co n d itio n s.

T h e  m ath em atica l fo rm u la tio n  o f  th e  problem

W e in v es tig a te  an  H -a to m  described  b y  a  tw o -b o d y  fu n c tio n

ip(r) =  r (2))

r<*> (k =  1 , 2)  b e in g  th e  c o o rd in a te  vectors o f  p ro to n  an d  e lec tro n . T he 
S ch rô d in g er e q u a tio n  can th u s  b e  w ritten

{H +  P ) i p = i h i p ,  (1)
w h ere

Щ о  =  ih i p 0 (2)

is  th e  u n p e rtu rb e d  w av e-eq u a tio n  an d  P  is th e  p e r tu rb a tio n  caused  b y  th e  
e lec tro m ag n etic  f ie ld  of th e  sy s te m  itself. W e ta k e  th u s  P  to  be th e  p e r tu rb a ­
t io n  caused b y  th e  fie ld  w ith  p o te n tia ls  А, Ф obeying

V2A — — A =  —4sri ,
c2

У2Ф — — ф =  _ 4 j r e  . (3)
r2

T h e  sources o f A  a n d  Ф being  th e  so-called sem i-classical c u rre n t an d  charge 
densities. T hus w e derive from  th e  w ave fu n c tio n  ip six -d im ensional source 
densities

Q(k)(r) =  ehip*ip ,

iW {r) = -----Cfc {ip* gradfc ip — ip g rad fc ip*) —
2 m kc

e j

.  m k<?
ip*ipAk k =  1, 2 (4)
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w here  e2 =  —ex =  e is th e  charge o f  th e  e lec tro n  an d  mL, m2 is  th e  m ass of 
th e  p ro to n  an d  e lec tron , re spec tive ly . F o r th e  p o ten tia ls  in  th ree -d im en sio n a l 
space  we in tro d u ce  th e  n o ta tio n

A k(r) =  A(r«), Фк(г) =  Ф( rW) к =  1 ,2 .  (5)

T he th ree -d im en sio n a l source densities are th u s

eW(r) =  j  ё (к){ г )  d ' ^ m )  |r(/0 =r, (6)
i<k)(r) =  J  iW (r) d 3 |r(*)=r к' ^  к 

an d  th e  to ta l  source densities caused  b y  th e  e lec tro n  and  p ro to n

o(r ) =  e(1)(r ) +  e(2)(r) , (7)

i(r) == i(1)(r) -)- i(2)(r) .

W e n o te  th a t  p(r) an d  i(r) th u s  d efin ed  c a n n o t be rep resen ted  as th reefo ld  
in te g ra ls  over som e densities p(v) a n d  i(r) ; th e  averag ing  m u s t  be  ta k e n  
se p a ra te ly  over th e  six-d im ensional p ro to n  resp ec tiv e ly  e lec tro n  densities. 

T he p e r tu rb a tio n  o p era to r P  consists o f tw o  con trib u tio n s

w here
P  =  p(i) +  PO ),

p m  _
2 mkc (VfcAfc +  kVk) +  ek&k + __ 4_

2 mu
-A 2

( 8)

(9)

R em ark  on the  m ag n itu d e  o f th e  pertu rbation

T h e  H -a to m  b e in g  enclosed in to  a  box  w ith  m acroscopic l in e a r  d im en­
sions L  th e  charge an d  cu rren t den sitie s  as o b ta in e d  b y  the  d e fin itio n s  (4),
(5), (6 ), (7) are p ro p o rtio n a l to  1/L3 th e  d ensities can  he ta k e n  to  h e  sm all. 
F o r th is  reason , as can  be seen from  (3) th e  p o te n tia l  A and Ф a re  a lso  sm all, 
i.e. p ro p o rtio n a l to  1/L3. W e see th e re fo re  th a t  th e  p e r tu rb a tio n  o p e ra to r  P  
in  (1) p roduces on ly  a slow p e r tu rb a tio n ; th e  so lu tions of (1) c a n  th u s  be 
re p re se n te d  as so lu tions o f th e  u n p e r tu rb e d  e q u a tio n  w ith  some slow ly  ch an g ­
in g  p a ra m e te rs . In  p a r tic u la r  th e  frequencies o f  oscillations o f  th e  system  
h av e  v a lu es  d iffering  o n ly  very  l i t t le  fro m  th o se  o f  th e  u n p e rtu rb e d  system . 
T h e  p e r tu rb a tio n s  cau sed  b y  th e  re a c tio n  o f th e  a to m  w ith  its  ow n ra d ia tio n  
fie ld  a re  sm all indeed  p rovided

L  rH , rH — B o h r ra d iu s . (10)
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I t  is, how ever, also im p o r ta n t fo r th e  co n sid e ra tio n s  th a t  we h av e  to  
ta k e  ip =  ip(r) as a tw o -b o d y  w ave fu n c tion . I f  w e w ere to  ta k e  th e  usual 
o n e-b o d y  t r e a tm e n t  o f  th e  H -a to m , i.e . if  we w ere  to  tak e  th e  nu c leu s as a 
c lassica l p o in t p a r tic le , th en  th e  re a c tio n  of th e  f ie ld  upon th e  a to m  w ould  
a p p e a r  to  cause la rg e  p e rtu rb a tio n s . T h e  above m o d e l — as we h av e  called  it  
elsew here [3] — is th e  “ 50%  B ohr m o d e l” . The t r e a tm e n t  of th is  m odel involves 
considerab le  m a th e m a tic a l d ifficu lties — n ev e rth e le ss  th e  so lu tions o b ta in ed  
f ro m  th e  50%  B o h r m odel do n o t  seem  to  h a v e  physical re a li ty . Som e 
p ro b lem s of th is  k in d  are tre a te d  in  th e  l i te ra tu re  an d  these are  co n n ec ted  
w ith  th e  so-called “ so litron” ty p e s  o f  m odels.

W e no te  f u r th e r  th a t  one m ig h t suppose in c o rre c tly  th a t  o u r re su lts  in  
th e  lim it m1 — oo te n d  to  th o se  w h ich  could  be  o b ta in ed  using  one b o d y  
w av e  function . T h is  is n o t th e  case. Indeed , in c re a s in g  th e  value o f  th e  m ass 

one ob tains con fig u ra tio n s w h ich  show  d ec rea s in g  ra tes of d iffusion . T he 
p e r tu rb a tio n  c a lcu la tio n  is b a sed  on s ta t io n a ry  con figura tions, th u s  th e  
la rg e r  mx th e  lo n g e r  i t  takes to  re a c h  s ta tio n a ry  con figura tions. S ta tio n a ry  
con figu ra tions, h ow ever, when e v e n tu a lly  e s ta b lish e d , fill ab o u t u n ifo rm ly  
th e  volum e of th e  b o x . The la rg e r th e  m ass mx th e  longer one h a s  to  w a it 
u n t i l  th e  co n fig u ra tio n s  we are  m a k in g  use o f  a re  estab lished . T hese  tim es , 
how ever, rem a in  v e ry  short in d eed , even i f  th e  p ro to n  was rep laced  b y  a 
p a rtic le  w ith  m ass m щ .  T he  tw o -b o d y  t r e a tm e n t  is th u s  b a sed  on w ave 
fu n c tio n s  w hich  essen tia lly  d iffe r from  those  u se d  in  th e  o n e-b o d y  t r e a t ­
m e n t. This is so ev en  in  th e  lim it m x —>■ oo.

In tro d u c in g  P  f ro m  (9) and  m a k in g  use o f th e  expressions fo r th e  th ree - 
d im ensional c u r re n t  an d  charge den sities , we o b ta in  a  ra th e r  sim ple expression  
fo r  th e  p e r tu rb a tio n a l energy. S upposing  (10) to  hold  we can  neg lec t th e

( 1 l 3te rm s  co n ta in in g  h ig h er pow ers o f  th u s  w e can  neglect th e  te rm s  p laced

in to  square b ra c k e ts  in (4) a n d  (9); we th u s  o b ta in

The perturbation energy

The p e r tu rb a tio n  energy can  th u s  be w r itte n

(И)

(12)

where

m =
m1 m..

is th e  reduced  m ass.
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The second te rm  on th e  r ig h t is to  be ta k e n  as a n  in te g ra l over th e  
b o u n d a ry  of th e  box  co n ta in in g  th e  a to m .

The p e rtu rb a tio n a l equations

T he effect o f  th e  p e r tu rb a tio n  P  c an  be ca lcu la ted  i f  we in tro d u ce  a  
com plete  set y)v o f  o rth o g o n al w ave fu n c tio n s rep resen ting  u n p e rtu rb e d  s ta te s . 
D eveloping  th e  w av e  fu n c tio n  as lin ear co m b in a tio n  of s ta t io n a ry  s ta te s

y) =  27 c„ y)v , (13)

w e fin d  in  th e  u su a l w ay fro m  th e  w ave e q u a tio n  (1) t h a t  th e  effect o f th e  
p e r tu rb a tio n  is to  m ake th e  coefficien ts ch an g e  in  tim e in  acco rd  w ith

w here
s

=  -  y J  1Р?р М в*’

(14)

(15)

(for P  see E q . (9)).
M aking use o f  th e  d e fin itio n s we f in d  th a t  th e  bvll c an  be expressed in  

te rm s  o f c u rre n t a n d  charge densities in  th e  following m a n n e r: in tro d u c in g  
(13) in to  th e  d e fin itio n s (4), (5), (6) and  (7) we m ay  w rite

w here

a n d

fin a lly

i(r) =  Г с ' с Д »  ,

e ( r )  =  r )  »

M r ) =  *v(r ) +  * №  ’

M r ) =  e“ (r ) +  e® (r )

i^ ( r )  =  J  Щ г )  d V fc'> |t(*),r ,

ei{?(r) =  f  $J?(r ) d V k,) |r(k)_r , k ' ^ k

(16)

(17)

(18)

t$ ( r )  =  —
iekh 

2 m kc (V* gra d fc YV — W  gra d fc W*) +

(19)+  negligible te rm s  

pW (r) =  ек1р*ч>ц .

U sing  th e  above defin itions, we o b ta in  for th e  coefficients defined  in  (15)

^Vfi = -----— I (g Ф — i„„A) d3r +  surface in teg ra l.
h J

(20)
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M ultip ly in g  (20) w ith  с*ca an d  sum m ing  over v and  / 1  w e fin d , also w ith  th e  
help  o f  (16) an d  (11)

=  UP . (11a)

(11a) is a  re la tio n  w h ich  could be d e riv ed  d irec tly  fro m  (11), (13) an d  (15).
R e tu rn in g  to  th e  e lec trom agnetic  w av e-eq u a tio n s, we fin d  t h a t  th e  

re la tio n s  (3) can  be w ritte n

V2A - — 4  nZcfC'Xp ,

— 4 п Е с * с ^  . (21)

T h e m o tio n  o f th e  sy s tem  is th u s  d efin ed  b y  th e  s im u ltaneous so lu tio n s o f  
(14), (20) an d  (21).

The s ta tio n a ry  solutions

So as to  o b ta in  a defin ite  se t o f  d ifferen tia l eq u a tio n s  describ ing  th e  
m o tio n  of th e  sy s tem  we have to  m ak e  a choice fo r th e  set of w ave fu n c ­
tio n s  y>v. W e n o te  t h a t  s ta tio n a ry  s ta te s  of th e  H -a to m  can he described  b y  
w ave functions

Wv =  Wm =  -r^r e,K’lR <P;(s) e~imrdt » (22)

w here

an d

771 j*0 ) _1_ 722, |»(2)к =  1 __T  ■ s =  r(2) _  r(3)
m l +  m2

nl
2 (m1 -j- m2)

+  œi • (23)

H ere  <Pi(s) are am p litu d es  of th e  so lu tions of th e  one-b o d y  H  w ave e q u a tio n  
w ith  red u ced  m ass m  (see (12a)) a n d  со, are th e  co rrespond ing  frequencies . 
W e n o te  th a t  in  th e  follow ing we shall use th e  n o ta tio n :

YV =  W n i’ =  e iK »'R <pr (e) (24)

T h e  w ave fu n c tio n s  th u s  defined  c an n o t be no rm alized  over th e  w hole of 
space. I f  we suppose , how ever, t h a t  th e  H -a to m  is ca p tu re d  in  a f in ite  box 
an d  th e  effect o f  th e  walls is to  c u t  off th e  w ave fu n c tio n s ou tside  th e  box ,
i.e . i f  we suppose

ipv(r) =  0 if  r«1) or r ^  p o in t o u ts id e  th e  box
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th e n  th e  fu n c tio n s  th u s  d e fin ed  can  be no rm alized  an d  if  we choose th e  w ave 
v ec to rs  K n w ith  com ponen ts

ту 2*mÄ 1 .
An, = ---------w here nk a re  in teg e rs  . (25)

The w ave fu n c tio n s  th u s  defined  give a com plete  o rth o g o n al set in  te rm s 
o f  w hich w ave fu n c tio n s in sid e  th e  box  can be developed . M ore exactly , th e  
w av e  func tions y)v defined  b y  (22), give only  a n ea rly  com plete  orthogonal 
se t o f fu n c tio n s an d  th e re  is an  im p o rta n t re s tr ic tio n . In d e e d , th e  w ave 
fu n c tio n s  th u s  d e fin ed  are perio d ic  in  R . T herefo re  all lin e a r  com binations 
o f  th e  y)v are also  periodic in  th is  w ay. W e can  th e re fo re  express in  te rm s o f  
th e  ipv only w av e  func tions w h ich  are them selves periodic. T h u s as we ta k e  
th e  w ave fu n c tio n s  to  v an ish  o u ts id e  th e  box  we can  p rescribe  a t  a fixed  tim e  
t th e  values o f ip o n ly  inside th e  b o x  and  on th re e  o f th e  w alls; on th e  rem ain ing  
opp o site  walls th e  values are re p e a te d . W e sh a ll see fu r th e r  below  th a t  th is  
re s tr ic tio n  is n o t  a tr iv ia l one, how ever, th e  s ta te s  o f th e  H -a to m  enclosed 
in to  an  in p e n e tra b le  box  w ith  re flec ting  w alls m a y  be supposed  to  possess 
w av e  functions o f  th is  ty p e .

F u r th e r  be low  we shall c a rry  o u t th e  p e r tu rb a tio n  ca lcu la tions suppos­
in g  th a t  th e  s ta t io n a ry  s ta te s  o f  th e  H -atom  c a p tu re d  in to  a b o x  w ith  re flec t­
in g  w alls can  be  described  in d e e d  b y  w ave fu n c tio n s  of th e  fo rm  y>nl.

T he above assu m p tio n  is n o t  qu ite  co rrec t. T he fu n c tio n s ipni define 
s ta te s  w ith  d e fin ite  m o m en tu m . T h e  a tom  c a p tu re d  in  th e  b o x  has no to ta l  
m o m en tu m , i ts  s ta te  can  th u s  be  described o n ly  b y  su itab le  lin e a r  com bina­
t io n  o f s ta te s  ipnl. W e shall d iscuss b riefly  a t th e  en d  of th e  a rtic le  how  our 
re su lts  are a ffec ted  w hen  using  in s te a d  of th e  s ta t io n a ry  s ta te s  o f th e  cap tu red  
H -a to m  th e  w av e  fu n c tio n s y>nl.

T h e explicit fo rm  o f the  equations o f m otion

In tro d u c in g  th e  w ave fu n c tio n s  y>nl defined  b y  (22) in to  th e  expressions 
fo r  th e  densities r )  an d  i „ M( r )  we fin d  as th e  re su lt o f a sh o rt calcu la tion

ev̂ )  = j j e iê R vll, (26a)

V ( r ) = 7 7 Л 1 ¥ -  (26b)L 6
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H ere  w e use th e  fo llow ing n o ta tio n :

I Vfl
Л

2 Me

0 ^  =  (K^ -  K J  r  -  ( ü ß -  Я )  t 

R Vfi =  J  <f *{s) ^ ( s )  [e' “2(K(i - Kf)> -}- ^3S

(K ;1 -f- K r) I -)- e i»!(K(x-K>')e) ç i*(s) d 3s

(26c)

(26d)

here

an d

hi ç g— -Ku)
L*  9n 9 <

2Mc J a 2 a l 1 0s
г/X

0s ' j

~ - r ^n l ' --и ^  n'l'~ E ;

d 3 S (26e)

(27)

nil „ _
a, =  — -  , M  =  n q  +  m 2 .

M

E q u a tio n s  (26a, b) are  va lid  on ly  if  L  >  rH. In d eed , ca rry in g  o u t th e  in teg ra ­
tio n s , ap p ro x im atio n s are used  th e  n a tu re  o f w hich  can  be seen from  the  
fo llow ing  exam ple

g(2)(r) =  e2 J  yi*tpd3i (-1) |t(i)=r

in tro d u c in g  s as a new  variab le  o f  in teg ra tio n , we have  

R  =  r +  a 2s, d3r(fc') =  d 3r.

T h u s

g(2)(r) =  A j , e!(K(i-Kn) (г+ct.í) ç,^(g) ^ ( s )  d3se -KOfi—Ov)! _

f rp^s) е1<-к^~к^ т (p*(s) d 3s .e
L 3

B ecause  th e  <p(s) decreases ra p id ly  w ith  s, we e x te n d  th e  in teg ra ls  over s to  
a ll va lu es  of th e  v e c to r  s; th is  p ro ced u re  in tro d u ces a sm all e rro r  o f  th e  order 
o f  (rH/L)3.

In tro d u c in g  (26) in to  (6) w e m ay  w rite  in  p lace o f (2)

V2A  -  - 1 - X  =  -

V2#* — \ ф  =  — Z c ^ R ^ .  (28)
cl L d
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P ro m  (28) we see t h a t  A an d  Ф can  be exp ressed  b y  F o u rie r series

A =  2 ’A ^ e 'V  Ф =  , (29)

w h ere  th e  coefficients A v(i and  Ф v)i are fu nc tions o f  tim e  only. I t  follows from  
(29) t h a t  A an d  Ф are  period ic  functions o f th e  coo rd ina tes. F ro m  th is  i t  
follow s th a t  th e  P o y n tin g  v ec to r  h as  th e  sam e v a lu e  a t  opposite  w alls. T h ere ­
fore th e  fie ld  given b y  p o te n tia ls  (29) possesses a  c o n s ta n t a m o u n t o f energy  
in  th e  b o x ; e ith e r A  =  Ф =  0 on th e  walls in  th e  case th e re  is no s tream in g  
o f  en erg y  across th e  b o u n d a ry . I f  А, Ф 0 th e n  th e re  is a sourceless s tream  
of en e rg y  across th e  vo lum e.

W e can safely  re s tr ic t ourselves to  so lu tions A =  О, Ф =  0 on th e  
b o u n d a ry . W e see th u s  th a t  th e  assu m p tio n  o f  p e rio d ic ity  of th e  w ave fu n c­
tio n s  ip„ a u to m a tic a lly  m akes a re s tr ic tio n  to  co n fig u ra tio n s enclosed b y  a 
box  re flec tin g  th e  ra d ia tio n .

In tro d u c in g  (29) in to  (28) w ith  th e  help  o f  (26c) we f in d  fo r an y  one 
o f th e  F o u rie r coeffic ien ts o f (29)

И -  K„)S -  ( ^  -  Д ,)2] К ,  -  2 i(Q , -  Q.) к ,  +  К  =
4:лс2ес*с^ т

№  -  к„)2 -  (^  -  Я)2] <*V -  2 i ( Q ,  -  Я) + Фщ =  ~  ^  V

T he A Vfl an d  Ф„м can  be e lim in a ted  from  th e  above eq u a tio n s a n d  equ a tio n s 
co n ta in in g  th e  bvii o n ly  can be o b ta in ed . §o as to  see th is , we in tro d u ce  (27) 
in to  (20) an d  fin d  th u s

h ,  =  -  -  Я А ) dir ■ (30)

In tro d u c in g  A an d  Ф from  (29) ta k in g  th e  o rth o g o n a lity  re la tio n s

f ef<V+V*d d h  =  L 3 óvj  ößfi> , 

in to  considera tion  we have

Iß
^  v u  Г -  1

П
(31)

since in  accord  w ith  th e  defin itions

R v» =  R *v an d  1„  ̂ =  I* , .j 

1/6 16
B y m u ltip ly in g  (30) a n d  (31) w ith  — R p a n d --------- R* re sp ec tiv e ly  and

h h
A cta  P hysica  A cadem iae  Sc ien tia ru m  H ungaricae 43 , 1977



182 L. JÁNOSSY and M. ZIEGLER-NÁRAY

th e n  add ing  th em  w e o b ta in

iyLKu +  2(ß — Q,) hV[1 ib,vn 2 a î^ c *  . (32)

E quations (14) a n d  (32) give a se t o f eq u a tio n s giv ing th e  m o tio n  o f th e  
sy s te m . The p a ra m e te rs  6vfx, yvfl ap p e a rin g  here  a re

2 ne2c2
h IJ ( |In J 2 ■ÍCI2)

a n d
v l  =  ( û ,  -  -  ^ ( K .  -  K vf

(33)

(34)

a re  frequencies th e  n u m erica l v a lu es  o f w hich can  he d e te rm in ed  from  th e  
d e fin itio n s .

T he system  o f eq u a tio n s  o f  m o tio n  can he r a th e r  sim plified  considering  
sy s te m s  consisting o f  tw o  s ta te s  o n ly : an  excited  s ta te  y)x an d  a low er s ta te  ip0. 
T h e  am plitudes o f  o th e r  low er s ta te s  щ  \  . . ., y/o:> should  he  zero. Such 
a n  assum ption  does n o t  lead  to  in co n sis ten cy . In d eed , i f  we consider an  in itia l 
c o n d itio n  so th a t  a sy m p to tic a lly  fo r t —> — oo

I q  I ->  1 a n d  I 4 0) I =  j c0 I ->  0
b u t

4 n> =  n i f  n 0 .

T h u s  we perm it a t  th e  beg inn ing  o f  th e  process a sm all a d m ix tu re  of one 
p a r t ic u la r  low er s ta te ,  ta k e  th e  o th e r  low er s ta te s  to  h av e  s tr ic tly  zero 
am p litu d es .

The full p e r tu rb a tio n  e q u a tio n  can  be w ritte n

c'i =
П

c’o =  Ci,

th e re fo re  if  to  beg in  w ith  =  0 fo r n >  0 we h av e  a t

Ci =  b c 0,  

c 0 =  — b * c v

w h e re  we have in tro d u c e d  th e  n o ta t io n  b $  =  b, th u s  th e  c0n s ta r t in g  from  
ze ro  rem ain  zero a n d  as a consequence th e  b0n w h ich  s ta r t  w ith  zero values 
re m a in  also p e rm a n e n tly  zero. T h e  so lu tion  o f th e  system  of e q u a tio n s  w hich 
th u s  appear a t  a n y  tim e  as a lin e a r  co m b in a tio n  o f  tw o  s ta te s  o n ly  is a m a th e ­
m a tic a l possible so lu tio n  o f o u r sy stem .
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I t  m u st be  rem em bered , how ever, t h a t  th e  in itia l co n fig u ra tio n  in  
w h ich  one low er s ta te  has a v e ry  sm all a m p litu d e  an d  th e  o th e rs  are s tr ic tly  
ze ro  is a ra th e r  u n s ta b le  one. I n  a m ore rea lis tic  co n fig u ra tio n  several low er 
s ta te s  w ill grow  u p  side b y  side.

T he questio n  o f  th e  para lle l av a lan ch es w hich  th u s  develop  is m o st 
im p o r ta n t  for th e  ad eq u a te  descrip tio n  of th e  physica l p rocess a n d  we hope 
to  com e back  to  th e  tre a tm e n t o f th is  process. In  p a r t  IV  o f th is  p ap er [4] 
we sh a ll give th e  ex p lic it so lu tions fo r th e  tw o  s ta te  sy s tem . In  th e  n e x t 
p a p e r  we shall con fine  ourselves to  th e  tw o  s ta te  system  o n ly , largely  in  
o rd e r  to  o b ta in  c e r ta in  q u a lita tiv e  fea tu res  o f th e  process a n d  also to  d ev e­
lop  m a th e m a tic a l m eth o d s w hich  we hope to  use la te r  to  t r e a t  th e  m ore 
co m p lica ted  process.
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THE INTENSITY DISTRIBUTION 
OF THE ЪП — ЪП  BANDS IN DIATOMIC MOLECULES
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Explicit expressions are obtained for the intensity distribution in the branches of 
ъП (а)—ъП(а), ьП (а)—ьГЦЬ), ьП(Ь)—ьП (а), r‘lí(b ) —577(6) bands, including all branches which 
have been missing till now.

1. In tro d u c tio n

In  th e  CrO m olecule th e  (0,0), (0,1) and  (1,0) bands o f a 5/7 —577 t r a n s i­
tio n  h a v e  been observed  an d  an a ly zed  ro ta tio n a lly  b y  N i n o m i y a  [1]. I n  general 
th e  th e o re tic a l in v estig a tio n s o f  in ten sitie s  in  electron ic b an d s re la te  to  a 
w ider fie ld  th a n  th e  ex p erim en ta l d a ta , p ro v id in g  hereby  th e  ex p e rim en ta l 
re sea rch er w ith  som e guidance in  case of an  analysis o f a new  k in d . So th e  
fo rm u las  h av e  been w orked  o u t fo r  th e  line s tre n g th s  of all possible tra n s it io n s  
b e tw een  N  an d  77 te rm s  o f a n y  m u ltip lic ity  up  to  sep te t [2]. In  th e  case oi 
tra n s itio n s  o f h igher th a n  tr ip le t  m u ltip lic ity , general fo rm ulas, n a m e ly  th e  
fo rm ulas o f th e  line s tren g th s  o f tra n s itio n s  betw een  te rm s belong ing  to  th e  
in te rm e d ia te  H u n d ’s case, w ould be  com plica ted . In  such a case th e  t r e a tm e n t  
re s tr ic ts  to  th e  lim iting-case tra n s itio n s . F o r 577—s/7  tra n s it io n  th e  s77(o) — 
—577(a), 577(a)—5П(Ь) an d  5П (Ь )—577(6) cases h av e  been  e la b o ra te d  b y  
P r e m a s w a r u p  [3], b u t  only  15 b ran ch es  (so called m ain  b ranches) aris in g  from  
th e  tra n s itio n s  A J  =  A N  =  0, + 1  w ere p u b lished  of th e  possib le 75. T h is 
is p e rfec tly  sa tis fac to ry  for th e  577(o)—577(a) tra n s it io n  because due  to  th e  
A27 =  0 selection  ru le  th e  line s tre n g th s  of th e  u n lis ted  b ran ch es a re  id e n tic ­
a lly  zero. In  th e  case o f  5IJ(b)—577(6) tra n s itio n  over an d  above A J  =  0, + 1  
th e  A N  =  0, + 1  selection  ru le is v a lid  in s tead  o f AH =  0 th e re fo re  over th e  
m a in  b ran ch es  22 fu r th e r  sa te llite  b ranches com e in to  being. As is kn o w n  
i f  th e  fo rm ulae  fo r all b ran ch es h ad  been inc luded , th e  sum  w ould  be 
(2S -(- 1 )(2 J  -)- 1) =  5(2J  +  1), (S  =  2). In  th e  T ab le  I  th e  second co lum n 
show s th e  values of 5 (2 J  +  1), th e  fo u r th  colum n th e  sum  of th e  line  s tre n g th s  
o f  th e  p u b lish ed  m ain  b ranches o f 577(6)—5IJ(b) tra n s itio n  fo r a few  J  va lu es  
acco rd ing  to  W h i t i n g  e t al [4]. A s can  be seen th e  in ten sities  of th e  sa te llite  
b ran ch es  converge fa s t to  zero w ith  increasing  ro ta tio n a l q u a n tu m  n u m b e r.

* On leave from Ain Shams University, Education College, Cairo, Egypt.
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Table I

J 5(2.7 +  1) 5/7(a)— 677(6) 677(b)—*П(Ь)

2 25 3.357 19.639
10 105 18.994 103.063
30 305 54.259 304.344

100 1005 176.849 1004.800

A qu ite  o th e r  c ircu m stan ce  can  be fo u n d  in  th e  case of ъП (а)—5П(Ь) 
tra n s itio n . H ere  th e  se lection  ru le  AH  =  0 is no  longer va lid  and  th e  selection  
ru le  A N  =  0, + 1  is n o t  v a lid  y e t, solely th e  A J  =  0, + 1 .  T herefore  all th e  
75 branches a p p e a r  an d  th e  in ten sitie s  are  d ispersed  over all b ran ch es as can 
be  seen in  th e  th ird  co lum n o f th e  T ab le  I . T hese  fac ts  m ake i t  n ecessary  to  
give th e  line s tre n g th s  o f all th e  75 b ran ch es.

2. Intensity distribution

As is k n o w n , in  case o f th e  th e rm a l eq u ilib riu m  th e  in te n s ity  o f th e  
lines of em ission b an d s  can  be given b y  th e  follow ing expression :

Ц . =  G ■ S/ r e~hcF^ kT, (1)

w here G can  be reg a rd ed  as c o n s ta n t to  a good ap p ro x im a tio n  w ith in  a b an d  
an d  Sj ,j„ is th e  line s tre n g th . T he re la tiv e  in te n s itie s  of th e  in d iv id u a l lines 
o f  a h an d  a ris in g  from  a m u ltip le t tra n s it io n  are  de te rm in ed , a p a r t  from  th e  
B o ltzm ann  fa c to r , b y  th e  line s tre n g th ; i t  is th is  la t te r  th a t  ch aracterizes 
th e  in te n s ity  d is tr ib u tio n  am ong  th e  b ran ch es . T he ta s k  o f th e  th e o ry  is to  
ca lcu late  th e  S j .j „ fa c to rs  fo r all b ranches occu rrin g  in  th e  ro ta tio n a l t r a n s i­
tio n s. F o r th is  th e  co rrespond ing  expression  fo r th e  am plitudes

*а?Па -,*П0') =  J  y*a{>170) щ>{йП й') dr  (2)

is  used, th e  ab so lu te  v a lu es  o f w hich m ay  be fo u n d  in  a p a p e r b y  K r o n ig  [5]. 
T he th reefo ld  sq u are  o f  (2) sum m ed over th e  m ag n etic  q u a n tu m  num bers 
gives th e  S fact or s  to  th e  tra n s itio n  ъП (а )—5П(а) an d  these  are  to  be found  
in  th e  second co lum n o f T ab le  I I .

The 5П  te rm s  can  in  general be described  w ell b y  th e  fo rm ulae  o f H u n d ’s 
case a) on ly  in  th e  ran g e  o f th e  low er ro ta tio n a l q u a n tu m  n u m bers. W ith  
increasing  ro ta tio n a l q u a n tu m  num bers n a m e ly  th e  tra n s itio n  s ta r ts  to w ard s 
th e  case b) a n d  th e  d ifficu lty  in  describ ing  th e  cond itions consists in  th a t  
no expression is kn o w n  concern ing  th e  5П  energies va lid  w ith  a sa tis fac to ry  
accuracy  fo r a n y  v a lu e  o f  th e  coupling  c o n s ta n t. T h u s we h av e  to  co n ten t
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ourse lves w ith  th e  know ledge o f  th e  energies o f  th e  re la tiv e  sim ple case b ), 
re sp ec tiv e ly  w ith  th e  am plitu d es p ro d u ced  b y  th e  use of th e  tra n s fo rm a tio n  
m a tr ix  e lem ents ca lcu la ted  w ith  th e ir  aid

z(5n a>; 5П Ы») =  j  у*а(ъП й') z\pb(*n N„) d r  , (За)

2(5^ ,V -; 5^ û") =  J  V>bi5 n N ')  г Уа{5П й ”) d t (ЗЬ)

Z(SI J N ■; 5Я д,.) =  J  z Wb{5 n N") d r , (Зс)

v » № ) =  J  s û tN W a ^ n 0 ) (4)

and  th e  elem ents o f  th e  tra n sfo rm a tio n  m a tr ix  o f  5/7  s ta te  are th e  following

s - i  J - г  —  +  ]
/  ( J - 2 X J + 1 )

S  1 /
1 4 (2 J - 1X 2J + l )  ’ a o,J-î У

S + i  j - г  =  +  j /  3 ( J — 2 ) ( J + 1 )
s  V

1 2 ( 2 J — 1 ) ( 2 J + 1 )  ’ й + г ,7 -з  F -

S+3,J~2 =  +  ]/ ( J + l ) ( J + 2 ) ( J + 3 )
4 ( J - 1 ) ( 2 J - 1 ) ( 2 J + 1 )  ’

=  +  j1/ J  • S  1 /'
Í 2 (2 J + l )  ’ * 0 J - I  |/

S+1.J-1 =  +  11/ 3 . S + 2 J -1  +  | / ‘1 J ( 2 J + 1 )  ’

(J — 2)J
(2 J -1 )(2 J+ 1 ) ’

( J - 2 ) ( J + I ) ( j+ 2 T
( J - 1 ) ( 2 J - 1 ) ( 2 J + 1 )

J + 1
2(2 J + l )  ’

( J - 3 ) 2( J + 2 )
2 ( J - 1 ) J ( 2 J + 1 ) ’

S + 3 j - i
( J - 2 ) ( J + 2 ) ( J + 3 )

2 ( J - 1 ) J ( 2 J + 1 )

- = - F

K j  =  +  f ;

1 3J(J+1) 
2(2J-l)(2J+3) ’ So,J +  | f

Í [J (J + l)-3 ]* S 1/J (J + l)(2 J -l)(2 J + 3 ) * S + 2  J f

У  2(2 J —l ) ( 2 J + 3 )  ’

2 7 ( J - l ) ( J + 2 )  
2 J ( J + l X 2 J - l ) ( 2 J + 3 )  ’

] / 3 ( J - 2 X J - lX - /+ 2 X J + 3 )
F 2 J ( J + l ) ( 2 J - l ) ( 2 J + 3 )  ’

S-iJ+ i

S+iJ+i

J + l
2(2, J + l ) 5oJ+i

- + f : (J+ 1 X 2 J + 1 )

F  2(2 J + l )

=  , 1 / ( J - l ) ( J + 4 ) 8
J+1 F 2 ( J + 1 X J + 2 ) ( 2 J + 1 )

3+ 3 j + I -+F:( J - 2 ) ( J - l ) ( J + 3 )  
2 ( J + 1 ) ( J + 2 ) ( 2 J + 1 )  ’
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S -l,J+2 =  +  j1/ J V + 3)
S 0j+ 2  — +  j

/  (J+1XJ +  3)
1 4(2J +  1)(2J4 3) ’ (2J+ l)(2J+ 3) ’

S +1J+2 =  +  j1/ 3J(J+3)
S + 2j+ 2  =  +  j

/  ( J  l)./(J+3)
Г 2<2J+l)(2J+3) ’ 1 (J+2)(2J+ l)(2J+3)

S+з J+2 —
(J -2 )(J —1)J 

4(J+2)(2J+l)(2J+3)

T h e  th reefo ld  sq u a re  of (3a), (3b) a n d  (3c) su m m ed  over th e  m ag n e tic  q u a n ­
tu m  num bers gives th e  line s tre n g th s  referring  to  th e  tran s itio n s  ъП (а ) —5/7(fe), 
ъП (Ь )—5П(а) an d  5TJ(b) —5/7(6) w hich  are to  be found  in  th e  th ird ,  fo u rth  
a n d  f if th  co lum n in T able I I ,  respective ly .

As can be  seen from  T ab le  I I ,  th e  in ten sitie s  of th e  Q b ran ch es  fo r an y

tra n s itio n s  (if th e y  differ from  zero) are p ro p o rtio n a l to  —  ex cep t for (?32’
J

KQi3, P ( ? 3 4  in  th e  case of 5П (а)—ъП(Ь) tra n s it io n  w here th e  in te n s itie s  are 

p ro p o rtio n a l to  —  , therefo re  th e  o b se rv a tio n  o f  th e  Q b ranches c an n o t be

ex p ec ted . T his is in  good ag reem en t w ith  th e  ex p erim en ta l re su lts  [1]. The 
in ten s itie s  of th e  P  and  R  b ran ch es  in  th e  m a in  b ranches (A J  — A N  — 0) 
a re  p ro p o rtio n a l to  J  and  for 5I7(b)—5П(Ь) tra n s it io n  in  th e  22 sa te llite  b ranches

(A J  — A N  Ф  0) th e y  are p ro p o rtio n a l to  —  . T h a t  m eans th a t  it  is sa tis fa c to ry

in  p rac tice  to  k n o w  th e  line s tre n g th s  of th e  m a in  b ranches for ЪП(Ь) ЪП(Ь) 
tra n s it io n , to o . (See Table I).

On th e  o th e r  h and  for 5П (а )—ъП(Ь) an d  5П(Ь)—5П(а) tra n s itio n s  th e  
in ten s itie s  o f  21 P  and  21 R  b ran ch es  are p ro p o rtio n a l to  J  an d  th o se  of 4 P

an d  4 R  b ran ch es are p ro p o rtio n a l to  —  . In  th e  T able  I I I  th e  f ir s t  colum n

show s th e  line  s tre n g th s  of th e  m ain  b ran ch es fo r ъП (а)—5П (а) tra n s it io n  
a n d in  th e  second colum n i t  can  be seen how  th e  in ten s itie s  of th e  m a in  b ranches 
am ong  th e  in d iv id u a l b ran ch es are  sca tte re d  fo r 5П (а)—5П(Ь) tra n s itio n . 
(See T able I). T h is is th e  reason  w h y  i t  is n ecessary  to  know  th e  line s tre n g th s  
o f  all b ran ch es fo r  5/7 (a )—5JI(b) tra n s itio n .

In  T ab le  I I  b o th  577 te rm s w ere assum ed  to  be norm al. In  th e  case o f 
in v e rte d  te rm s  Q  =  3 does n o t co rrespond  to  th e  s ta te  N  =  J  2, b u t  to  
N  =  J  — 2 an d  fo r th e  tra n s itio n s  5/7,(a) — 5П п(а), 5/7 ,(a )—ЪП(Ь) th e  f irs t  
indices 1, 2, . . ., 5 in  th e  d e n o ta tio n  o f th e  b ran ch es  should be  rep laced  b y  
th e  d en o ta tio n  5, 4, . . . (for ъП п(а)—5П,(а), 5П (Ь )—577,(a) th is  app lies to  th e  
second indices).
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Line strengths for 5/ 7 —5/7  transitions

Table II

41(a)—41(a) •/7(a)—‘77(b) ‘77(b)—‘77(a) 41(b)—41(h)

PAJ)
( J  -  1 )(J +  1) 5̂

! 
1 '-s1

J*i(J -  i)
(J -  3)(J -  1)(2J +  1)

J 4J(2J -  1)(2J +  1) (J -  2)(2J -  3)

QAJ)
2 J +  1 J -  2

<?.U)
(J +  1)(2J +  1)

J(J +  1) 4J(2J -  1) U  -  1)!J

R iU )
J(J +  2 ) (J -  2)J(J +  2)

Л Ц  +  1)
(J -  2 )J(2 J  +  3)

J +  1 4(2J -  1)(2J +  1) (J -  1)(2J -  1)

QP ,  i(J) 0
(J -  2)J*

9л = и  -  i)
2(2 J  +  1)

(2J -  1)(2J +  1) (J -  2 XJ -  1)2J

* Q M ) 0 0 pö » U )
2(J -  2)(2J +  1) 
(J -  1)2(2J -  1)

sR n (J ) 0
(J -  2)J(J +  1) 
(2J  -  1)(2J +  1) °Л ,(7  +  1) 0

r p ,A J ) 0
3(J -  2)(J -  1)(J +  1)=

pR n U  -  i) 6 (J -  2 )
2J(2J -  1)(2J +  1) (J -  1)2(2J -  1)(2J -  3)

SQ A J ) 0
3(J -  2) 

2J(2J -  1) °ÇisU) 0

TR 3AJ) 0
3 (J  -  2 )J (J  +  2) 
2(2J -  1)(2J +  1) " Л з и  +  1) 0

00Ю
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Table П  (c o n tin u e d )

Branches
Line strengths

41(a)—41(a) 41(a)—>41(b) m(b)—4I(a) 47(b)—41(b)

S P M ) 0 ( J - 2 ) 2( J + l ) ( J + 2 ) *  

( J  -  1 )J (2 J  -  1 ) ( 2 J +  1) ° R u ( J -  1) 0

TQ M ) 0 4 ( J - 2 ) ( J + 2 )  
( J  -  1 ) J ( 2 J  -  1 ) n Q u ( J ) 0

n R M ) 0 ( J  -  2 ) ( J  +  2 ) ( J  +  3 )  

(2  J  -  1 )(2  J  +  1 ) MP u ( J  +  1) 0

T p s i(J ) 0 ( J - 3 ) ( J + l ) ( J + 2 ) ( J + 3 ) s  

4 ( J  -  1 ) J (2 J  -  1 ) (2 J  +  1) " а д - ! ) 0

u Q sÁ J ) 0 9 ( J  +  2 ) ( J  +  3 )  
4 ( J  -  1 ) J (2 J  -  1 ) MQir,(J) 0

Vr h (.J) 0 ( J  -  2 ) ( J  +  2 ) ( J  +  3 ) ( J  +  4 )  
4 ( J  -  1 ) (2 J  -  1 ) (2 J  +  1) L P i„ ( J +  l ) 0

° P n ( J ) 0 ( J - 1 X J + 1 )  

2 ( 2 J  +  1 )
0

p Q iz(J ) 0 1 2 ( J  -  2 ) ( 2 J  +  1)

2 ( J  +  1 ) ( J  -  1 )2( 2 J  -  1)

Qr A J ) 0 J 2( J  +  2 )
Q-P2i ( J  +  1)

2 (2  J  +  3 )

2( J + 1 ) ( 2 J + 1 ) ( J  -  1 ) J 2( J  +  1)

P Á J ) J
J ( J  +  1 ) f i 2( J  - 1 )

( J  — 2 )* (J  +  1 )(2  J  +  1 )

2 ( 2 J  +  1) ( J  -  1 )2( 2 J  -  1)

Г

K
O

V
Ä
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G

R
A
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Branches
Line strengths

“77(a)—41(a) 41(a)—41(b) “/7 (b )— “/ / ( a ) “//(b)—“//(b)

Q Á J ) 0 0 Q Â J )
(J2 -  3)2(2J +  1) 
( J - 1 W J + 1)

R , ( J ) J  + 1 (J + 1)2
P Â J  +  i )

(J -  1)2(J +  2 ) ( 2 J  +  3)
2(2 J  +  1) J 2(2J +  1)

q p 3, U ) 0 3 ( J - 1 ) ( J + 1 )
qä 23(J - 1 )

3(J +  1)(2J -  3)
J 2(2J +  1) (J -  1)2J 3

r Q3*(J) 0 3
PQ A J )

3(J -  1)2(2J +  3)
J \ J  +  1) J 8(2J -  1)

Sr m (J ) 0 3 (J +  2 )
(J +  1)(2J +  1) ° P A J +  1) 0

Rp i3( J ) 0 (J -  3)2(J -  2 )(J +  2 ) 2
-  i )

9 ( J - 1 ) ( J + 1 )
2(J -  lJ J W  +  1) J 8(2J -  1)(2J +  1)

sQt Á J ) 0 2(J -  3)2(J +  2 ) 
( J - 1 ) J 2( J + 1 ) ° Q » ( J ) 0

TR , Á J ) 0 ( J  -  3)2(J +  2)(J +  3) 
2J(J +  1)(2 J  +  1) n p * A J  +  i ) 0

SP M ) 0 (J -  3)(J -  2)(J +  2)(J +  3) 2 

2 (J -1 )J 2(2 J + 1 ) ° д 25с / - 1 ) 0

TQ M ) 0 9 (J -2 ) (J  +  2 )(J + 3 )  
2(J -  1)J2(J +  1) n Q ,Á J ) 0

UR M ) 0 ( J - 2 ) 2(J + 2 ) ( J + 3 ) ( J + 4 )
2 (J -1 )J (J + 1 K 2 J + 1 ) m p *á J  + 1) 0

T
H

E
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T
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N
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T
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H

E
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Table II (continued)

Branches
Line strength

6 17(a)—47(a) 677(a)—ъ77(b) »//(b)—1‘/7(a) 41(b)—41(b)

N P i3(J ) 0 3( J  -  1)(J +  l )2 
2(2J  -  1)(2 J  +  3) TR31( J  i) 0

° Q U J ) 0 3 ( 2 J +  1)
2(2J -  1)(2J +  3) SQ A J ) 0

Pr vA J ) 0 3 J \ J  +  2)
RP A J  +  i)

6( j  -  l)
2(2J -  1)(2J +  3) J 2(2J -  1)(2J +  1)

° p tA J ) 0 3 J
2(2J  -  1)(2J +  3)

s R32( J  -  1) 0

pQ iA J) 0 0 rQ A J )
3 (J  -  l)-(2J  +  3) 

J 3(2 J  -  1)

qR A J ) 0 3 ( J  +  1)
qp 32( J  +  i)

3 (J  +  2)(2J  ^  1)
2(2J  -  1)(2J +  3) J 2( J  +  l )3

P-AJ)
( J  -  1)(J + 1 ) ( J  -  1 )[J(J  +  1) -  3]2 R3(J  -  1)

( J  -  1)2( J  +  1)2(2 J  -  3)(2J +  3)
J J 2(2 J  -  1)(2J +  3) J 3(2 J  1)(2J +  1)

Q AJ)
2 J +  1 (2J  +  1 )[J(J  +  1) -  3]2

Q A J )
[ J ( J  +  1) -  312(2 J  +  1)

J ( J  +  1) J 2( J  +  1)2(2J -  1)(2J +  3) J 3( J  +  l )3

R A J )
J ( J  +  2) ( J  +  2 )[J (J  +  1) -  3]2

P 3( J  + 1)
J 2( J  +  2)2(2 J  -  1)(2J +  5)

J +  1 ( J  +  1)2(2J 1)(2J +  3) ( J +  1)3(2 J  1 1 ) (2 J +  3)

q p *AJ) 0 27( J  -  2 )(J -  1 )(J  +  2)2
q« 35( J  -  i )

3( J  -  1)(2J +  3)
2 J 2( J  +  1)(2J -  1)(2J +  3) J 3( J  +  l )2

rQaA J ) 0 54( J  -  1)(J +  2)(2J +  1)
PQ A J )

3( J  +  2)2(2 J  -  1)
J 2( J  +  1)2(2J - 1)(2J r- 3) ( J  +  1)3(2 J  +  3)
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Branches
Line strength S

®Я(а)—ьП(а) *П(а)—*Л(Ь) 5Я(Ь)—677(a) 5Я(Ь>—6Я(Ь)

4 a ( J ) 0 27(J -  1 )2(J + 2)(J + 3)
° P u ( J  +  1) 02J(J + 1)2(2J -  1)(2J + 3)

RP * 3( J ) 0 3(J -  3)(J -  2)(J -  1)(J + 2)(J + 3)2
p R d J  -  i) 6 (J + 2)

2J2(J + 1)(2J -  1)(2J + 3) и + 1)2(2J + 1)(2 J  + 3)

s Q s*(J) 0 27(J -  2)(J -  1)(J + 2)(J + 3)(2J 1 1) 02J2(J + 1)2(2J -  1)(2J + 3)

TR d J ) 0 3(J -  2)2(J -  1)(J + 2)(J + 3)(J + 4) NR35(i + i) 02 J(J + 1)W 1)(2J + 3)

M P u U ) 0 (J -  1)(J + l)2 
2J(2J + 1) u R d J  -  i) 0

n Q h U ) 0 1
2 J TQ u ( J ) 0

CR„(J) 0 J ( J  +  2)
2(2J + 1) s P d J  + i) 0

N P u U ) 0 J2
2(2 J + 1) TR d J  -  i) 0

° Q u U ) 0 0 s Q d J ) 0

p P M ) 0 J(J + 1)
RP d J  + 1) 9 J ( J  + 2)

2(2J + 1) ( J ■f 1)3(2J + 1)(2J + 3)

° P u U ) 0 3 (J -  1) 
J(2J + 1) SH J J  -  i) 0

p Q u ( J ) 0 3
RQ d J )

3(J + 2)2(2J -  1)
J(J + l)2 (J + 1)3(2J + 3)
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Table II (continued)

Branches
Line strength S

‘11(a)—‘11(a) 6/7(a)—41(b) 677(b)—577(a) 41(b)—'41(b)

4 4(J ) 0 3 J ( J  +  2)
qp 43( J  +  i)

3J(2 J  +  5)
( J  +  1)2(2 J  +  1) ( J  +  1)3( J  +  2)2

P A J )
( J  -  2 )(J +  2) ( J  -  2 )(J -  1 )(J  +  4)=

« 4( J  -  1)
( J  -  1)(J +  2)2(2J -  1)

J 2 J ( J  +  1)(2J +  1) ( J  +  1)2(2 J  +  1)

Q ÁJ)
4(2 J  +  1) 2 (J  -  1)(J +  4)2

QAJ)
[ J ( J  +  2) -  2]2(2J +  1)

J ( J  +  1) J ( J  +  1)2( J  +  2) J ( J  +  1)3( J  +  2)2

R A J)
( J  -  1 )(J  +  3) ( J  -  1)2( J  +  3)(J +  4)2

P A J  +  i)
J ( J  +  3)2(2 J  +  1)

J +  1 2 ( J  +  I)2( J  +  2)(2J  +  1) ( J  +  2)2(2 J  +  3)

QP U J ) 0 ( J  -  3 )(J -  2 )(J -  I ) ( J  +  3)2
qr *a j  -  i)

2(2 J  -  1)
2 J ( J  +  1)(J +  2)(2J  +  1) J ( J  +  1)2( J  +  2)

*QbAJ) 0 9 (J  -  2 )(J -  1 )(J  +  3)
PQ ,AJ)

2 ( J  +  3)(2J +  1)
2 J ( J  +  1)2( J  +  2) ( J  +  2)2(2J +  3)

Sr s A J ) 0 ( J  -  2)2( J  -  1)( J  +  3)(J  +  4) 
2 ( J  +  1)2( J  +  2)(2J  +  1) ° p * A J  +  i ) 0

l P xAJ) 0 ( J  -  1 )(J  +  1)(J +  3) 
4(2J +  1)(2J +  3) VR M  - 1) 0

m QiA J ) 0 J  "b 3
4 (J  +  I)(2 J  +  3) UQ M ) 0

n R i A J ) 0 J 2( J  +  2)( J  +  3)
4 ( J  +  1)(2J +  1)(2J  +  3) ТРь i ( J + l ) 0

MP n ( J ) 0 J ( J  +  1)(J +  3) 
(2 J  +  1)(2 J  +  3) UR M  - 1) 0
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Branches
Line strengths

41(a)—m  (a) 41(a)—47(b) 4Щ —41(a) 41(b)—41(b)

n Q ,Â J) 0 0 TQaÀJ) 0

0 ( J  +  1)2( J  +  3) 
(2 J  +  1)(2 J  +  3) SP ,Â J  + 1) 0

N P*ÁJ) 0 3 ( j  -  m  + 1 x j  +  3)
2(2 J  +  1)(2J +  3) TR ,Á J  -  1) 0

°Q3Á J ) 0 3 (J  +  3)
2 (J  +  1X2 J  +  3) sQ iÀJ) 0

Pr 3s(J ) 0 3 J2( J + 2 ) ( J + 3 )
RP M  + 1)

6( J  +  3)
2 ( J  +  1X2 J  +  1)(2J +  3) ( J  +  2)2(2 J  +  3)(2J +  5)

° p u (J ) 0 ( J  -  2)( J  -  1X J +  3) 
(2 J  +  1 ) ( 2 J +  3) sR 5i( J  -  1) 0

pQibU) 0 4 (J  -  1 )( J  +  3)
rQ U J )

2 ( J  +  3)(2J +  1)
( J  +  1)(J +  2)(2J  +  3) ( J  +  1)2(2 J  +  3)

Qr u (J) 0 ( J  -  1)2J ( J  +  3)2
QP M  +  i)

2(2J +  1)
( J  +  1)(J +  2)(2J  +  1)(2J +  3) ( J  +  1 )( J  +  2) V  +  3)

P  Á J )
( J  -  3) ( J  +  3) ( J  -  3X J -  2 )(J -  1 )(J +  3)

R Á J -  i)
( J +  1 ) ( J +  3 ) ( 2 J -  1)

J 4 (J  +  2)(2J +  1)(2J +  3) ( J  +  2)(2 J  +  3)

QÁJ)
9(2 J  +  1) 9 ( J - 2 ) ( J - 1 )

Q ÁJ)
J ( 2 J  +  1)

J ( J +  1) 4 ( J  +  1)(J +  2)(2J  +  3) ( J + 1 X J + 2 )2

R Á J )
( J - 2 X J + 4 ) ( J  -  2)2( J  -  1 ) J ( J  +  4)

P Á J  +  i)
( J  +  2X J +  4X2 J  +  1)

J +  1 4 ( J  +  1)(J +  2)(2J +  1)(2J +  3) ( J  +  3X2J +  5)
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Table III

5I7(a)— 6П(а) 11(a)—47(b)

S A SA St s 4a, s t
S A 1 4" 6 4 1

1 6 16 16 1 6 16

s t SA S A32 s t S t
S A 1 1

0
1 1

4 T 4 4

St S t s t S â

s 3A 3
0

2
0

3
8 8 8

St S t s t S â
S A 1 1

0
1 1

T 4 4 4

S Alo SA S A3o s t SA

S A 1 4 6 4 1

16 “ Ü T 16 16 16

A  =  P  or R
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C O M M U N I C A T I O  B R E V I S

МЕЛ SUREMENTS
ON THE FOURTH POSITIVE BAND SYSTEM 

OF “O O  MOLECULE 
IN THE NEAR ULTRAVIOLET REGION

By

J . D o m in , U. D om in  and M. R y TEL

ATOMIC AND MOLECULAR PHYSICS LABORATORY, PEDAGOGICAL COLLEGE, RZESZÓW, POLAND

(Received 9. V III. 1977)

T he fo u rth  positive sy stem  ( A 1 П  — X XE + tran s itio n ) o f th e  14C160  
m olecule w as o b ta in ed  b y  a d ischarge in  a G eissler tu b e  filled  up  w ith  carbon  
m onoxide h av in g  91%  14C. T h e  bands w ere p h o to g rap h ed  in  th e  th ird  order 
o f PG S-2 p lan e  g ra tin g  sp ec tro g rap h  (V EB  C. Zeiss, Je n a ) w ith  a d ispersion 
o f  a b o u t 2.4  A /m m  on th e  U V —1 ty p e  O R W O  p la tes. T he th o r iu m  lines 
from  th e  ho llow -cathode ty p e  lam p  w ere u sed  as s ta n d a rd s  [1].

T he b a n d  heads o f th e  fo u r th  po sitiv e  sy s tem  of th e  14C160  m olecule 
are  lis ted  in  a D eslandres ta b le . These w ave n u m b ers  are in  sa tis fa c to ry  agree­
m en t w ith  th o se  ca lcu la ted  from  th e  origins o f th e  n a tu ra l  m olecule [2] using 
iso top ic  re la tio n s . W e e s tim a te  th a t  th e  e rro rs  o f m ost o f th e  g iven  w ave 
n u m b ers  are less th a n  1 c m -1 . T he w ave n u m b ers  o f  th e  heads o f th e  bands 
(9,21), (11,20), (11,21), (12,22), (12,23) are especially  in ex ac t since th e y  are 
o v erlap p ed  b y  a n o th e r system . T he p resence o f  th e  bands (13,23), (14,25) is 
possible b u t  th e ir  region is s tro n g ly  b lended .

T he d e ta iled  analysis o f  th is  sy stem  o f 14CleO m olecule will be u n d e r­
ta k e n  su b seq u en tly .

R E FE R E N C E S

1. A. G i a c c h e t t i , J . O pt. Soc., 60, 474, 1970.
2. J . D o m i n , U. D o m i n  and M. R y t e l , A cta Phys. Pol., A51, 783, 1977.
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R E C E N S I O N E S

P hysique  des P lasm as — Les H ouches 1972

E dited  by  C. d e  W i t t  and J .  P e y r a u d  
Gordon and Breach Science Publishers, New Y ork —London —Paris, 1975

The volume presents the lectures delivered a t  th e  Les Houches Sum m er School of 
Theoretical Physics 1972, in the course on plasm a physics. The collection gives only six con­
tribu tions, evidently th e  m ost im p o rtan t ones of the course: 1. Collective Em ission Processes 
in  U nm agnetized Plasm as, by  G. B e k e f i , 2. L inear W aves and Instab ilities, by  A. B e r s ,
3. N on-Linear Effects, b y  G. L a v a l  and  R. P e l l a t , 4. A tom ic and M olecular Processes in 
Ionized Gases, by J.-L . D e l c r o i x , 5. Topics on Plasm a Response Functions, by  G. K a l m a n  
and 6 .  Strongly M agnetized Classical P lasm a Models, by  D .  M o n t g o m e r y .

The collection of the articles offers an excellent and open-m inded review  of two fields 
of plasm a physics, nam ely  description of linear waves, in stab ility  criteria, study  of non­
linear effects, radiation on the one hand , and the study  of dense plasm as w ith  the correla­
tion function method on the other.

The contribution of Professor J .-L . D e l c r o i x  gives an excellent and  rapid view of 
th e  individual processes of the plasm a in terio r which is th e  bridge to  every practical applica­
tion.

I .  A b o n y i

T . K a l l a r d : E xploring  L aser L ight

Optosonic Press, New York, 1977, pp. 298.

Experim ents w ith  lasers today  are no longer restric ted  to  research laboratories. As a 
resu lt of the widespread application of th is light source lasers are p resen t in  every funda­
m en ta l optics experim ent. And when lasers are combined w ith properly chosen display 
elem ents, m any old and difficult dem onstrations in optics become easier to  do and able to be 
viewed by  a large audience.

The performance of th e  optics experim ents is generally inseparable from  difficulties 
involved. Fortunately , m any  of them  are simply elim inated by  the advantageous character­
istics of laser light. N evertheless, a careful p reparation  of th e  laboratory  exercises and lecture 
dem onstrations requires a knowledge of all the  basic principles and techniques of optics.

F rom  the points of view m entioned above T. K a l l a r d ’s book will be of advantage 
to  those, who w ant to  m aster the perform ance of various optics experim ents and measure­
m ents.

The book is no t d iv ided in to  chapters explicitly. In  connection w ith  each experi­
m en t discussed in the book the au tho r has m entioned those physical principles which form 
the basis bo th  of laboratory  exercises and  simple practical applications.

All th e  exercises and  lecture dem onstrations contained in  the book utilize low-power 
c.w. H e-Ne lasers.

The book begins w ith  a b rie f review  of the properties of laser ligh t and  exploratory 
exercises. These are followed by  th e  m easurem ents w ith  optical elem ents such as mirrors, 
lenses, prism s, etc.

The n ex t p a rt of th e  book contains m easurem ents of the  param eters of basic acces­
sories. In  these sections th e  au thor gives practical advices for th e  determ ination  of th e  radius 
of cu rva tu re  of mirrors, for refractive index  m easurem ents, for m easuring sm all wedge angles 
and for o ther techniques, connected w ith  th e  form ation of th e  laser beam .
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The section on “ Simple polarisation dem onstration” contains a short discussion on 
th e  polarisation of ligh t, followed by exercises on the relevant problems.

The metrological possibilities of optics are realized by  interferom eters: interference 
is discussed in detail. The usefulness of th e  different interferom eters for m easuring purposes 
is dem onstrated  over a varie ty  of p rac tica l applications. U nfo rtunate ly , the im portance of 
th e  F a b ry  —Perot in terferom eter is illu s tra ted  in a too m odest w ay. D iffraction experim ents 
are tre a te d  as being of capital im portance.

The experimental p a r t  of the book is completed w ith holography and its applications.
In  the book re levan t formulas are presented  to refresh th e  m em ory and where appro­

p ria te , numerical values for param eters are given. Schematic draw ings help the experim enter.
The “ References”  and  the lite ra tu re  suggested “ For F u rth e r R eading”  m ake i t  easier 

for th e  reader to pursue any  of the topics covered in the book in greater detail. Review 
artic les are often included in the references. Relevant books are listed a t th e  end of the 
volum e.

T. K allard’s book  will give an invaluable aid to  workers o f  teaching laboratories. 
T he practical ideas it  offers for planning th e  exercises can be very  useful for young scien­
t is ts , too .

Z. F üzessy

К . M e n d e l s s o h n : T h e Q uest for A bso lu te  Zero

Taylor & Francis L td., London, 1977

Professor Me n d e l sso h n ’s book sum m arizes the fundam ental problems of low tem ­
p e ra tu re  physics for a wide circle of readers in an understandable way. In my opinion, this 
is th e  best book w hich has ever been w ritten  about this subject.

The author is an outstanding scien tist in low tem pera tu re  physics and engineering. 
H is nam e is connected w ith  numerous significant results in the research of low tem peratures. 
T he fac t tha t he has been able to  describe very com plicated things in such a simple, 
c lear and  understandable m anner is obviously due to his perfect orientation and deep-settled 
know ledge in this v a s t field of research.

The book begins w ith  the first experim ent to liquefy the  so-called “perm anent” gases 
(P a r is , 1877) and leads us as far as the presentation  of the m ost up-to-date  technical applica­
tio n s  o f superconductivity . In  this w ay i t  shows the reader over the whole chronological 
h is to ry  of the investigations of low tem peratures and presents all phenom ena, effects and 
techn ica l results which rightly  a ttra c t th e  interest of readers.

The principal co n ten t of approaching the absolute zero and  the phenom ena occurring 
inbetw een  are dealt w ith  very clearly and  vividly, pointing beyond the principles of physics 
an d  a t  the same tim e projecting the perspectives of applications.

The two m ost unexpected and astonishing groups of phenom ena, namely th e  question 
of th e  flow of helium  w ithout viscosity (superfluidity) and  th a t  of the electric current 
w ith o u t resistance (superconductiv ity) are analysed in detail. The process how the absolute 
zero can be approached through the liquefaction of the gas and  fu rth er through the magnetic 
cooling of nuclei is described.

We are acquain ted  w ith the recen t technology which has grown out of the physics 
of low  tem peratures b u t can be applied effectively in m any fields of engineering practice.

The book is d iv ided into the following eleven chapters: 1. Paris 1877, 2. Cracow 1883, 
3. London 1898, 4. L eiden 1908, 5. T he th ird  law, 6. Q uantisation , 7. Indeterm inacy, 
8. M agnetic cooling, 9. Superconductiv ity , 10. Technology near absolute zero, 11. Superfluidity.

Of these th e  f irs t four can be tak en  essentially as th e  “ novel”  of gas liquefaction, 
w hile the others give an  overall p icture  of low tem perature  physics covering all essential 
problem s ranging from  th e  problem of specific heat to th e  superconducting train .

The material contained in the book has been w ritten  and  arranged in  such a m anner 
th a t  natural scientists and  experts, technicians, university s tuden ts  and even m any of those 
w ho have an inclination for classical sub jects can equally benefit from it since alm ost every­
body  interested in th e  results of m odern natu ra l sciences can find  som ething in teresting  in it.

The neat p rin ting  and fine lay -ou t of the work is th e  m erit of the Publishers.

I. K irschner

A c ta  Physica A cadem iae  Scien tiarum  H ungaricae 43 , 1977
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N O T E S  TO  C O N T R IB U T O R S

I. PA PER S will be considered for publication in A cta Physica H ungarica, only if they  have 
no t previously been published or subm itted  for publication  elsewhere. They m ay be w ritten  
in  English, French, German or R ussian.

Papers should be subm itted  to 
Prof. I . Kovács, E d ito r
D epartm ent of A tom ic Physics, Technical University 
1521 B udapest, B udafoki ú t 8, H ungary

Papers m ay be either articles w ith  abstracts o r short com m unications. B oth  should 
be as concise as possible, articles in  general no t exceeding 25 typed pages, short com m unica­
tions 8 typed  pages.

I I .  M ANUSCRIPTS

1. Papers should be subm itted  in  five copies.
2. The te x t o f papers m ust be of high sty listic  standard, requiring minor correc­

tions only.
3. M anuscripts should be typed  in  double spacing on good quality  paper, w ith generous 

m argins.
4. The nam e of the author(s) and  o f the in s titu te s  where the  w ork was carried ou t 

should appear on th e  firs t page of th e  m anuscript.
5. Particu lar care should be tak en  w ith m athem atical expressions. The following 

should be clearly distinguished, e.g. by  underlining in  different colours: special founts (italics, 
script, bold type, Greek, Gothic, etc.); capita l and sm all le tte rs; subscripts and superscripts, 
e.g. ж2, ж3; small / and  1; zero and cap ita l O; in  expressions w ritten  by hand : e and 1, n  and u, 
V and V ,  etc.

6. References should be num bered serially and  listed  a t the end of the paper in  th e  
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ITERATION AND LANGER’S METHODS 
FOR COMPUTING WAVE FUNCTIONS

By

D . C. P a th , and У. M. K orwar
DEPARTMENT OF PHYSICS, KARNATAK UNIVERSITY, DHARWAR-580 003, INDIA

(Received 13. IX . 1977)

Two approxim ation m ethods for solving th e  Schrôdinger equation, one recently pro­
posed b y  H e r m a n  e t al., called th e  ite ra tion  m ethod and th e  o ther due to L a n g e r , have been 
com pared computing wave functions by  these m ethods for (A — X ) transition  of AlO and using 
them  to compute F ran ck —Condon factors. R K R  (R ydberg—K lein—Rees) F ran ck —Condon 
factors have been tak en  as standard  results for comparison. I t  is found th a t  the iteration 
m ethod is be tter th a n  L a n g e r ’s. Compared to  R K R  procedure, th e  ite ra tion  m ethod is also 
m uch simpler.

1. In tro d u c tio n

R ecen tly  H e r m a n  e t al. [1] h av e  p roposed  a new  a p p ro x im a tio n  m eth o d  
fo r so lv ing th e  S ch rôd inger w ave e q u a tio n  fo r a d ia tom ic  m olecule. These 
a u th o rs  give ex p lic it expressions fo r w ave fu n c tio n s  an d  fu r th e r , th e y  claim  
t h a t  th e  w ave fu n c tio n s  o b ta in ab le  b y  th e ir  m e th o d  are  m ore  accu ra te  th a n  
th o se  w hich are  av a ilab le  (e. g ., M orse o sc illa to r w ave fu n c tio n s); th e  w ave 
fu n c tio n s , th e y  c laim , can  be c red ited  w ith  accuracies a t  le a s t as g rea t as 
th o se  associa ted  w ith  th e  R y d b e rg  — K lein  — R ees n u m erica l m eth o d s. In  
th e  p re se n t w ork w e h av e  co m p u ted  w ave fu n c tio n s fo r th e  A 227 — X 2D  t r a n s ­
itio n  o f  AlO m olecule using  th e  expressions g iven  b y  th ese  au th o rs .

W e have ta k e n  th is  o p p o r tu n ity  to  e v a lu a te  w ave fu n c tio n s  b y  y e t 
a n o th e r  m eth o d  k n o w n  as L a n g e r ’s [2] ap p ro x im a tio n  m e th o d  w h ich  has n o t 
fo u n d  as m uch p u b lic ity  as i t  deserves. U sing one an d  th e  sam e p o ten tia l, 
v iz ., th e  R y d b erg  p o te n tia l  we h av e  co m p u ted  w ave fu n c tio n s a n d  F ra n c k  — 
C ondon fac to rs a n d  r-cen tro id s  th e re o f  b o th  b y  th e  m e th o d  o f ite ra tio n  and  
L a n g e r ’s p ro ced u re . To see how  b o th  th ese  ap p ro x im a te  so lu tions com pare 
w ith  e x a c t so lu tions o f th e  S ch rôd inger eq u a tio n , we h av e  co m p ared  th e  
F r a n c k —C ondon (FC) fac to rs  a n d  r-cen tro ids (r„,^,) ca lcu la ted  on ap p ro x i­
m a tio n  m ethods w ith  tho se  o b ta in e d  using  M orse p o te n tia l w av e  functions, 
w hich  are  ex ac t so lu tio n s o f th e  S ch rôd inger eq u a tio n . T he M orse d a ta  on 
FC s on th e  afo resa id  tra n s itio n  a re  ava ilab le  from  th e  w ork o f ea rlie r w orkers
[3] on th is  m olecule.

1* A c ta  P hysica  A cadem iae  Sc ien tia ru m  H ungaricae 43 , 1977



204 D. C. PATIL and V. M. KORWAR

2. Evaluation of the vibrational wave functions

(A ) Iteration method

T h e  Schrôd inger w ave eq u a tio n  fo r ro ta tio n less  v ib ra tio n a l s ta te  govern  
in g  th e  nuclear ra d ia l  m o tio n  can  be w ritte n  in  th e  fo rm

-  П * ) У в .Ы х) =  о . (l)

Н еге  X  rep resen ts th e  re la tiv e  in te rn u c le a r  d isp lacem en t, (r — гг)/ге, r  an d  r e 

b e in g  th e  in s ta n ta n e o u s  an d  eq u ilib riu m  in te rn u c le a r  sep a ra tio n , resp ec tiv e ly , 
a n d  E v is the v ib ra t io n a l  eigen en erg y  (in c m -1 ) a n d  B e is th e  ro ta tio n a l 
c o n s ta n t .

E q u a tio n  (1) is so lv ed  b y  f ir s t  m ak in g  th e  tra n s fo rm a tio n s

Vo(x) =  exp [ -  у  J o У(х ') d* j  (2)

a n d
V v i x )  =  g v ( x )  4>o( x ) .  ( 3 )

ip0(x) be ing  th e  u n n o rm a lized  w ave fu n c tio n  o f th e  g ro u n d  s ta te  v =  0. The 
fu n c tio n s  y(x) an d  gv(v) sa tisfy

a n d

y{x)2 -  ± .  Ж -  E o\ = 0
B e

d V />
d* 2

-  y(x) d g (r*}

dx
+ ( E ,  -  Д0)

B e
g v ( x )

(4)

( 5 )

P ow er series so lu tio n s  to  th e se  eq u a tio n s  h av e  been  fo u n d ; th e se  have  
b e e n  ta b u la te d  in  [1 ].

W ith  th e  use o f  R y d b e rg  p o te n tia l  defined  b y

F (r)  =  - D [ l  + a(r -  rc) ] e - “< '- 4

w h ere  D  =  d isso c ia tio n  energy , a =  c o n s ta n t, re =  equ ilib riu m  in te rn u c le a r  
d is ta n c e , we have , in  th e  p re sen t in v es tig a tio n , co m p u te d  w ave fu n c tio n s  for 
th e  v ib ra tio n a l s ta te s  v ’ =  0, 1, 2 , 3, 4 o f A  S ta te  a n d  v"  =  0, 1, 2, 3 o f X  
S ta te  o f  A10. T he in te g ra l

dr (6)
ch a ra c te rise s  th e  t r a n s i t io n  b e tw een  tw o  v ib ra tio n a l s ta te s  v ' a n d  v " . R e is 
th e  average e lec tro n ic  tra n s it io n  m o m en t. T he in te g ra l J  f *  is called  th e
o v e rla p  in teg ra l a n d  i t s  square  is ca lled  th e  F r a n c k —C ondon fa c to r  fo r th e  
tr a n s i t io n  v ' — v".
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(В) banger's method

T he one-d im ensional Schröd inger w ave e q u a tio n  is w ritten  in  th e  form

+  A2 [ £ -  =  0 , (7)
dx2

w here /г =  red u ced  m ass, h =  P la n c k ’s c o n s ta n t, V(x) =  p o te n tia l energy- 
function .

O ne o f th e  p re -req u is ite s  for th e  v a lid ity  o f  L a n g e r ’ s  p ro ced u re  fo r low 
v ib ra tio n a l q u a n tu m  n u m b ers  is th a t  AE has to  be o f  m odera te  v a lu e . I f  th is  
cond ition  is sa tisfied  le t  th e  v ariab le  in  e q u a tio n  (7) be  changed  to  Z ,  g iven  b y

Z  — X — x e — (8)

w here a is a c o n s ta n t to  be de te rm in ed  th ro u g h  th e  fo rm ula

2 V"'(xe) I E  
9 [ V ( x e)]2 ’

xe = equ ilib riu m  in te rn u c le a r  d istance . P rim es in d ic a te  derivatives.
T hen  E q . (7) becom es

^ v - W x l ( * )  + h i  + Xt) x  =  0 ,  ( 9 )
dzz

w here
Xl{z) = V(z + x e) ,

Xi(*) =  “ ЛЕ +  aV'(z +  xe) ,

X2(z) = V \ V \ Z  + X e + J -  V (z  + *,) -  —  V \ z  + xe)

I t  i s  show n b y  L a n g e r  t h a t  th e  so lu tio n  o f  E q . ( 9 )  w hich  rem a in s  
bounded  as г -* is u n iq u e  ex cep t fo r  an  a r b i t r a r y  co n stan t fa c to r , an d  
th a t  for v a lues o f z t h a t  a re  p o s itiv e  an d  su ffic ien tly  la rg e , its  form  is

w here
y> =  A“ 1/4 <p~112 f* e -1/2î, 

Ф = 2 Хо +
1 Xi
A Xo

+

С =
■

0 d z ,  к = Ш
2 [2V"{xe)y i2
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T h e form  o f th e  sam e so lu tio n  fo r v a lu es  o f  Z  th a t  are  n e g a tiv e  an d  
n u m erica lly  large is

xp =  А - 1' 1 ф - 1' 2 |> 4 1 £ - * £е 1' 2 +  i á j C ' e “ 1* ] ,

w here A 1 an d  A 2 a re  a rb itra ry  c o n s ta n ts  an d  are  g iven  by

A x = —  * - ( * - 4 W  Г(к  +  1/4) Г{к +  3/4) sin (2к -  1/ 2) я  
п

a n d  А 2 = 1.
U ltim a te ly  one o b ta in s th e  follow ing expressions for n o rm a lised  w ave 

fu n c tio n s

Wn

w here  n  is odd  an d

2 V"(xe) 1/4 n!
71 2"

V2 2 ( -1 )6 »  1,/2
-  1

-Мп/2+ l/« , 1/4 ( £ )

Ф"2(г)

2 V" (xe) 11/4 n! 1/2 (_ l)« /2  M „/2 + lM l/4 )( 0

-  ) 2" (п/2)! Ф(г)

w here  n is even  ( M ’s are co n flu en t h y p e rg eo m e tric  functions.)
U sing th e  R y d b e rg  p o te n tia l we h av e  a rr iv e d  a t  th e  fo llow ing  exprès' 

sions fo r Ф an d  f :

Ф = 2 f D  [0.707,107 az -  235,702 a 2z2 +  0.049,105 a 3 z3

-  0.015,386 a4 z4 +  0.000,641 a5z5 -  0.000,201 a6z6 ____ ]

+  - Д г  [ -0 .4 6 3 ,7 6 6  az +  0.115,121 a 2z2 -  0.069,099 a 3z3
y u

-  0.010,42 a4z4 -  0.000,957 a 5z5 . . . ],

A joZ(pdz

B y  in te g ra tin g  th e  above exp ression  fo r Ф, one can w rite  e x p lic itly  fo r £• 
U sing  th e se  expressions w ave fu n c tio n s  h a v e  been o b ta in e d  fo r v ib ra tio n ­

al q u a n tu m  n u m b ers  rang ing  from  0 to  4. W av e  functions h av e  b een  e v a lu a te d  
a t  in te rv a ls  o f 0 -01  A  o f r, th e  in te rn u c le a r  d is tan ce . A desk  DCM  c a lc u la to r  
(P ro g ram m ab le ) h as  been used a n d  th e  ca lcu la tio n s  have b een  reco rd ed  up  to  
s ix th  p lace o f  decim al.

As w ave fu n c tio n s  are av a ilab le , a n o th e r  im p o r ta n t p a ra m e te r , r-cen tro id , 
d e fin ed  b y  th e  follow ing re la tio n  h a s  been  e v a lu a te d :

-  _  I Vv rip^dr
r t>V — p ,

j  W  VV d r
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Table I

А Ю (.42Г  -  X * £ )

FC Factors Í r-Centroid§

Band N ic h o l l s
(M o r s e )

R K R
(S h a r m a )

L a n g e r
( R y d b e r g
Potential)

Ite ra tio n
T a w d e  — 
KORWAR 
(M o r s e )

L a n g e r Ite ra tio n

( 0 , 0 ) 0.730 0.730 0.733 0.729 1.646 1.646 1.646
(0,1) 0,238 0.237 0.244 0.237 1.727 1.727 1.727
( 0 . 2 ) 0.031 - 0.033 0.031 - 1.809 1.811
(0,3) 0.001 - - 0.001 - - 1.989
( U ) 0.356 0.346 0.366 0.357 1.657 1.656 1.656
( 1 , 0 ) 0.244 0.223 0 . 2 2 0 0.224 1.573 1.574 1.573
(1,2) 0.343 0.349 0.357 0.342 1.739 1.738 1.747
(1,3) 0.071 - 0.077 0.069 - 1.905 1.827
(2,2) 0.160 - 0.166 0.160 1.669 1.652 1.667
(2,0) 0.040 - 0.037 0.040 - 1.497 1.504
(2Д) 0.310 0.303 0.318 0.302 1.573 1.579 1.579
(2,3) 0.378 0.384 0.354 0.379 1.752 1.728 1.749
(3,3) 0.063 - - 0.059 - — 1.779
(3,0) 0.005 - 0.005 0.005 - 1.945 1.506
(3,1) 0.088 0.094 0.091 0.090 1.501 1.509 1.484
(3,2) 0.304 0.298 0.318 0.306 1.586 1.585 1.603
(4,0) 0.00043 - - 0.00036 — — 1.428
(4,2) 0.129 0.138 - 0.132 1.518 - 1.523
(4,3) 0.275 0.257 — 0.266 1.591 - 1.641

A ll th e se  re su lts  are g iven in  T ab le  I .  A lso in  T ab le  I  a re  g iven FC s a n d  
rv' i*s o f Sharm a  [4] o b ta in ed  on R K R \  procedure  an d  FC s an d  r„. s o f 
N icholls  [3] o b ta in e d  w ith  th e  use of M orse p o te n tia l are g iven  for com parison .

3. D iscussion

As R K R  p o te n tia ls  are  rea listic  in  t h a t  ex p erim en ta l d a ta  h av e  been  
m ade use o f  in  co n s tru c tin g  p o te n tia l en e rg y  curves w hich  a re  la te r  em p lo y ed  
fo r o b ta in in g  p o te n tia l  a t  a n y  in te r-n u c le a r  sep a ra tio n  r, re su lts  o f FC s a n d  
r-cen tro id s  e v a lu a te d  w ith  th e  use of R K R  p o te n tia ls  m ay  be ta k e n  as s ta n d a rd  
resu lts  w ith  w h ich  we could  com pare o th e r  re su lts .

N ow , we see from  T ab le  I  th a t ,  e x c e p t fo r bands in v o lv in g  h igh  q u a n tu m  
num bers su ch  as (3, 1), (2, 3), (3, 2), (4, 2) an d  (4, 3) M orse FCs are a lm o s t 
th e  sam e as R K R  FCs. T his fac t, in c id e n ta lly  supp o rts  th e  long -estab lished
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f a c t  th a t  Morse p o te n tia l  is genera lly  v a lid  a t  low  q u a n tu m  num bers. H o w ev er 
th e re  is a n o th e r sign ificance in d ic a te d  b y  th is  fa c t an d  th a t  is, we cou ld  ta k e  
e i th e r  R K R  re su lts  o r Morse re su lts  fo r te s tin g  th e  accu racy  o f th e  tw o a p p ro x i­
m a tio n  m eth o d s w e are em ploying.

As one can  eas ily  see from  T ab le  I ,  th e  re su lts  o f i te ra tio n  m ethod  co m p are  
b e t te r  w ith  R K R  re s u lts  th a n  do th e  re su lts  b ased  on L a n g e r ’ s  p ro ced u re . I t  
m a y  be n o ted  h e re  t h a t  we have  em p lo y ed  th e  sam e p o te n tia l ,  v iz., R y d b e rg ’s, 
in  b o th  th e  a p p ro x im a tio n  m eth o d s. T h e  d ifference  b e tw een  ite ra tio n  re su lts  
a n d  L a n g e r ’ s  r e s u l t  are especially  s ig n if ic a n t a t  h ig h  q u an tu m  n u m b e rs , 
fo r  in stance  fo r (2 , 3) tran s itio n . L a n g e r ’ s  procedure  y ields 8 % erro r w h ereas  
i te ra t io n  gives o n ly  1.3 % erro r; fo r (3,2) tra n s it io n  L a n g e r ’s  FC is in  e rro r  
b y  6.7 % w hile i te ra t io n  FC is in  e rro r  b y  2.6 %. T h u s , based  on th e  re su lts  
o f  FC s b y  th e  tw o  ap p ro x im atio n s co nsidered  in  th e  p re se n t in v e s tig a tio n  we 
c a n  say  th a t  th e  i te ra t io n  m eth o d  y ie ld s b e t te r  re su lts  th a n  does L a n g e r ’ s . 

A n o th e r  p o in t in  fa v o u r  of i te ra tio n  p ro ced u re  is th a t ,  a lth o u g h  i t  is an  a p p ro x i­
m a tio n  m eth o d , i t  y ields re su lts  co m p arab le  w ith  R K R  resu lts , an d  i t  is  a 
m u c h  sim pler m e th o d  th a n  R K R  p ro ced u re .

r-cen tro id  re su lts  could also be c o m p ared  in  a s im ila r w ay ; b u t r -cen tro id s  
a re  n o t as sen sitiv e  as FCs to  p o te n tia ls . O ne can  f in d  th e  reason  fo r th is  in  
th e  v e ry  d e fin itio n  o f  th e  r-cen tro id . T h is  is also clear from  th e  la s t 3 co lum ns 
o f  T ab le  I: th e re  is  n o t any  ap p rec iab le  d ifference in  th e  various se ts  o f 
r-cen tro id s .

R E F E R E N C E S

1. R. M. Herman, R. H. Tipping and S. Short, J. Chem. Phys., 53, 595, 1970.
2. R. E. Langer, Phys. Rev., 75, 1573, 1949.
3. C. L i n t o n  and R . W . N i c h o l l s , JQ SR T., 9, 1, 1969.
4. A. S h a r m a , JQ S R T ., 7, 283, 289, 1967.

Acta Physica Academiae Scicntiarum Hungaricae 43, 1977



Acta Physica Academiae Scientiarum Hungaricae, Tomus 43 (3—4), pp. 209—215 (1977)

TWO-PHASE FLOW HEAT TRANSFER IN A CHANNEL 
WHEN THE INLET TEMPERATURE VARIES LINEARLY

WITH TIME
By
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D EPARTM ENT OF MATHEMATICS, HIM ACHAL PR A D ESH  U N IV ER SITY , SIMLA-171 005, IN D IA
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E xac t solutions of th e  transien t forced convection energy equations of d u s t particles 
and of liquid in a channel bounded by two parallel f la t p lates are obtained  in th e  present 
paper when th e  inlet tem peratures vary  linearly w ith  tim e and an in te rp re ta tion  of the case 
of lam inar flows is given. I t  is found th a t th e  effect of the  presence of d u st particles is to  
increase th e  heat transfer.

Nomenclature

Tp tem peratu re  of dust particles
T  tem pera tu re  of liquid
Cj, specific hea t of dust particles
C specific heat of liquid
h ha lf distance between parallel plates 
Kp therm al conductivity  of dust particle
К  therm al conductivity  o f liquid
t tim e
Up velocity of dust particle in 5-direction 
U_ velocity  of liquid in 5-direction
U average velocity
p liquid density
5, ÿ  Cartesian coordinates (5—flow direction, and y — distance from channel centre line)
mlV mass of dust particle per u n it volum e ( =  mNo,  constant) 
ft coefficient of viscosity of liquid
V kinem atic coefficient o f viscosity
P  P ran d tl num ber ( =  pc/k)
R  Reynolds num ber ( =  hü j v )
hp h ea t transfer coefficient for flow over dust particle 
Ap surface area of dust particle
Vp volum e of dust particle

The m eaning of any o ther symbols is given in the te x t as they  occur.

1. In tro d u c tio n

H e a t tra n s fe r  b y  g as-d u st suspensions in  p ip e  flow  has b een  a su b je c t 
o f m a n y  s tu d ies . T his w as due p a r t ly  to  th e  d em an d  for h igh  h e a t- tra n s fe r  
coeffic ien t in  gas-cooled reac to rs  a n d  p a r t ly  to  th e  h igh  v o lu m e tric  specific 
h ea t o f  d u s t pa rtic le s  co m p ared  to  a gas. B ased  on th e  e x p e rim e n ta l o b se rv ­
ations b y  F a r b a r  an d  M o r l e y  [ 1 ] ,  S c h l u d e r b e r g  [ 2 ]  an d  S a l o m o n e  an d  
N e w m a n  [3], T i e n  [4,5], h as  an a ly zed  th e  h e a t  t ra n s fe r  b y  g as-d u s t suspen-
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sión  in  tu rb u le n t p ip e  flow . Soo [6] in  h is so lu tions o f  th e  tra n s ie n t forced 
convec tion  energy  e q u a tio n s  o f d u s t p a rtic le  an d  o f  liq u id  in  a c ircu la r p ipe has 
a ssu m ed  th a t  th e  in le t  te m p e ra tu re  o f  d u s t pa rtic le s  a n d  o f  liqu id  are c o n s ta n t 
ac ross th e  flow . D u b e  an d  S h a r m a  [7] h av e  an a ly zed  a s im ila r p rob lem  fo r 
th e  flow  in a ch an n e l w hen  th e  in le t te m p e ra tu re s  v e ry  s in uso ida lly  w ith  tim e  
a n d  th e  co rrespond ing  p rob lem  o f flow  in  a p ipe h as  b een  solved b y  S h i r k o t  

a n d  S u r j i t  [8].
In  th e  p re se n t in v es tig a tio n , e x a c t so lu tions o f  th e  tra n s ie n t forced 

convection  energy  e q u a tio n s  o f d u s t p a rtic le s  an d  o f  liq u id  w ith  fu lly  deve­
lo p ed  flow  in  a p a ra lle l p la te  ch an n e l a re  o b ta in e d  u n d e r  g iven b o u n d a ry  con­
d itio n s  w hen th e  in le t  te m p e ra tu re  v aries lin ea rly  w ith  tim e  an d  an  in te rp re t­
a tio n  of th e  case o f  la m in a r flow s is g iven.

2. F o rm u la tio n  o f th e  problem

We consider th e  s te a d y  la m in a r flow  o f a d u s ty  viscous liq u id  w ith  u n i­
fo rm  d is tr ib u tio n  o f  d u s t p a rtic le s  in  a p a ra lle l p la te  channel w hose sides are 
se p a ra te d  b y  d is ta n c e  2h. T he d u s t p a rtic le s  an d  th e  liq u id  e n te rin g  th e  ch a n ­
n e l have te m p e ra tu re s  w hich are  sp a tia lly  un ifo rm  across th e  en tran ce  section  
b u t  v a ry  lin ea rly  w ith  tim e . T herefo re  we can  w rite  th e  in le t co n d itions as

T p( 0 ,y , t )  — T 0 + T 1 (2 . 1)

T { 0 ,y , t )  = T 0 + (2 .2)

w here  T 0 is th e  cycle  m ean  te m p e ra tu re .
To o b ta in  th e  h e a t- tra n s fe r  perfo rm an ce  a n d  th e  te m p e ra tu re s  o f  d u s t 

p a rtic le s  an d  o f  liq u id  i t  is n ecessa ry  to  se t u p  tw o  en erg y  eq u a tio n s , one fo r 
th e  d u st p a rtic le s  a n d  one fo r th e  liq u id — d u s t m ix tu re . T h ey  are  g iven  as*

w here

^  +  Up^ - =  G(T -  
Ы dx

T p) , (2.3)

d T
d t

+
д Т

и ------
д х

V

Р

г)2Т  -  -
+  2 ß2(T p -  Т) ,

д у 2
(2.4)

ftp А р _  rnNgCpG
m N 0 Ср Vp , 2 ' oC
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T h e  in le t a n d  th e  b o u n d ary  co n d itions o f  th e  problem  are  as follows

T p = T Q + 7 \  Р У  w hen  X  =  0  . (2.5)

T  = T n +  T , — I w hen  X =  0 ,
Ц 2

( 2 .6)

(2.7)

T p = T a, T  =  T B a t  y  = h ,  ( t >  0 ) .J

The sy s te m  satisfy ing  (2 .3), (2.4) is su b je c te d  to  th e  fo llow ing re s tr ic tio n s

(i) R a d ia tio n  effect is neg lec ted .
(ii) The d e n s ity  of liquid rem a in s  c o n s ta n t;  th u s  th e  v e lo c ity  d is tr ib u tio n  

is in d e p e n d e n t of th e  te m p e ra tu re  d is tr ib u tio n  .
(iii) L iqu id  p ro p e r ty  v a ria tio n  is neg lec ted .
(iv) E ach  d u s t  partic le  is sm all a n d  m a in ta in s  uniform  te m p e ra tu re  due to  its  

h igh th e rm a l co n d u c tiv ity .
(v) The liq u id  an d  dust p a r tic le  cloud h a v e  sim ilar v e lo c ity  p ro files. The 

presence o f  d u st p a rtic le s  does n o t a ffec t th e  liq u id  v e lo c ity  p ro file .
(v i) The d u s t partic les are  u n ifo rm ly  d is tr ib u te d  th ro u g h o u t th e  channe l.
(v ii) The e ffec t o f collision w ith  th e  w all is neglected .
(viii) The suspension  is e x trem e ly  d ilu te  su ch  th a t  each p a rtic le  is assum ed  to  

see th e  w all w ithou t in te rfe ren ce  o f o th e r  partic les.
(ix ) F u lly  deve loped  lam in ar v e lo c ity  p ro file s  betw een th e  p a ra lle l p la te s .
(x ) A xial co n d u c tio n  is neg lig ib le  w ith  re sp ec t to  b u lk  tra n s p o r t  in  th e  in­

d irec tion . T h is is a reaso n ab le  a ssu m p tio n  w hen P e c le t n u m b e r exceeds
100 [9].

(x i) T h erm al resistance  of th e  channel w all is negligible.
(x ii) E d d y  d iffu s iv ity  of h e a t is negligible.

F u r th e r , to  sim plify th e  m e th o d  o f an a ly sis  the  case o f  c o n s ta n t v e lo ­
c i ty  will be considered  here a n d  fo r th is  p u rp o se  we su b s titu te  u(u = up) for 
th e  v e loc ity  p ro file  in  (2.3) a n d  (2.4).

W e in tro d u c e  the  follow ing n o n -d im ensiona l q u a n titie s :

(S oo  [6]):

T ,
и = u0 ,

hu
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E q u a tio n s  (2.3) a n d  (2.4) th e n  becom e

№p n  ddp
—  +  « —  =  « « - e p ),

Ю , p  W  1 d20 m
—  +  -K “ 7 -----------—  +  -  ö) •ot dx p  dy2

T he in le t and  th e  b o u n d a ry  cond itions red u ce  to

6p = t w hen X =  0 ,  
в = t w hen n  =  0 ,

ddp
=  0 ,

I d d

dy 1 dy
0, 0p =  0O, 0 =  0O a t  у  =  1, (t :

>-=0

3. M ethod of so lu tion

The above p ro b lem  can  be sep a ra ted  in to  tw o  as follow s:

ep( x , y , t )  =  0p, {x, y )  +  ePl( y , x , t ) ,

6(x, y ,  t) =  0J (x, y )  + d2(x, y ,  t), 

w here  dv  02, dp± a n d  dpa sa tis fy  th e  follow ing p ro b lem s:

R JÈEl. =  A (01 -  e pi),

an d

R

dx
dd[
dx

1 a2 0O
о dy2

+  A(0p, — 0i) >

00p 1
dy

0, (-

Qb M II

1 dy y=o

àdP, + R  d6p'
dt dx
dd2 + R  дв*
dt dx

0p, =  0 w hen я; =  0,

0j =  0 w hen x  =  0,

0 ,0 ,. =  0O5 0i =  60 a t  у  =  1 , ( t>  0

=  Ä(02 -  вр .),

1 +  /Ul)+  Pu(0
P d y 2

P i 0 .) .

0Pl =  t w hen x  = 0 .

6* = t w hen я: =  0 ,
dd p>
d y

=  0,
y=o

dOa

d y
=  0 ,

y=o

вРа =  0, 02 =  0 a t  у  =  1, (г >  0 ) . _

(2 .8)

(2.9)

(2.10)
(2 . 11)

0). (2 .12)

(3.1)
(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(ЗЛО)

(3.11)

(3.12)
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Solving E q s . (3.3) and  (3.4) u n d e r  th e  co n d itio n s  (3.5) —(3.7), we get 

0p, (x, y )  =  0o i l  -  —  2  cos ( 2П +  1 ) ЛУ X
P °L я Ú * (2в + 1) { 2 j J

X

i + 1)

(Ал е-"»* -  /1п е ~ ^ х) 1

К

w here

а д  =
Кг f^n

1 - f  iL 71 n=0
(-1)" í

(2i* +  l )  1

il Я  /*п -u .r  Iх n
Г  А  ) ^n

R K

ßa
an d

2A =  &  +  Ê i  , (2га +  1)2д2 ,
R  4 P R

2,„= A±A + _lfr
R  4 P R  F L

ß a ± ß j  +  ( 2 n + l f n ^ f  ( 2 n + l f n * ß 3

R 4 P R P R 2
le t

0p,(*.yd) =  t<Pp,{*,y) + Vp.i*' У)* 
0 2( a c ,j , t )  =  trp2 (x, y )  +  v 2 (x , y ) .

S u b s titu tin g  in  (3.8) an d  (3.9) an d  on e q u a tin g  co-efficients o f  t an d  th e  
c o n s ta n t te rm s w e g e t

'Pp, + R ^ RL=ßa(V2-V>p.h  ox
(3.13)

q>2 + R  -  J J  + ß  4(vp, V ab 
dx p  dy2

(3.14)

R  I ”' -  ßaiVa <Pp.) » dx
(3.15)

dx p  dy2
(3.16)

T h e  b o u n d a ry  co n d itio n s  are

<Pp, =  1, Wp, = °  w hen  x  =  0, (3.17)

ç>2 = 1 »  y> 2 — 0 w hen  я; =  0, (3.18)

( »Pp. ' 
1 ày j

I =  0, Í - ^ M  =  0, cppt = 0, vp. =  0 a t  y  =  1, 
ly-o l dy )y_0

(3.19)

[ à<p2 j 
l ày 1

1 - ° ’ Í J2 1 — 0, V2 — 0, V2 — 0 a t  y  — 1 . 
y-о  l ày jy«o

(3.20)
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Solving E q s. (3.13 — 3.18) and  u sin g  (3.17 — 3.20) w e get

4 ^  ( - 1 ) "  (2 n  +  1 !
=  7 c o s r i — ^  M x ) '

Vi = —  2  cos f 2n ^  1 I B n(x),
71 yi= 0 4" J-

4  -  ( - 1 ) "

v -  =  7 à ~ ^ T Ï  \ 2
2 / 1 + 1

2

2/1 + 1

4 -  ( - 1 ) "
%  =  —  ^  T - — Г COSД n=0 +  J

7ÍJ Cn(«), 

я у  A ,(* ) ,

w here
X p ~ w  — /I «—***

d „ w  =  ^ ^ —

B n(*) =
-  f in

а д  =

fin

1 Run f n̂
A K -  I*

1

C

, J n X  -  fini ~ Kx) ,
fin)

i f Я„ I ,
1 -------- -  е - д»*,

A

D„(*) =  ( e - ^  -  e~*nX) -  ^ e ’A,X”
(•̂ •n /h i) A R {K  -  fin)

T h u s

'p* Я

( —1)" cos [——— — I ny
у __________1 2 ) Í l „ e - ^ x -  fine->’#

n n=o 2/1 +  1 i ■ fin

!' - - j r H - il К j Л n=sQ

( — 1)" COS
J2n +  1

я у

2/i +  1
X

X
A„ e »̂х — f.in e д*х R X n Vn

n i^n)$5

w here Xn an d  цп h a v e  th e  values g iv en  before.

I— (e“ 'J"x — е - д»х)

4 . D iscussion

W hen  th e  b o u n d a ry  co n d itio n  on  th e  w all fo r 0p and  6 is hom ogeneous, 
t h a t  is w hen 0O is zero , th en

0p(x, y ,  t) = dpi(x, y ,  t), (4.1)

e ( x , y , t )  = e2( x ,y , t ) .  (4.2)
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E x pressions fo r 6pt (x , y ,  t) an d  62{x, y ,  t) show  t h a t  th e  te m p e ra tu re s  o f d u s t 
p a rtic le s  an d  o f  liq u id  decay  ex p o n en tia lly  a long  th e  channel.

The te m p e ra tu re s  a t  a n y  y ,  say  y  — 0 a n d  t =  2 are  given in  th e  fo llow ­
in g  T ables:

Table I
p  =  0.73, f t  =  10s, ß j ß 3 =  0.5

X

R 1 5 10 15 20

02
13 000 2.0236955 1.9997131 1.9984316 1.9980305 1.9976402

20 000 2.0318297 2.0028223 1.9989533 1.9984620 1.9981961

0P i
13 000 2.0237062 1.9998234 1.9984333 1.9980306 1.9976421

20 000 2.0318379 2.0028316 1.9989538 1.9984639 1.9981966

W e observe th e  follow ing im p o r ta n t p o in ts :
(i) F ro m  T ab le  I  i t  is found  th a t  02 an d  dpa b o th  increase w ith  th e  increase 

o f R  an d  decrease w ith  th e  increase o f x.  A lso , 6pa >  02 a lw ays, fo r fix ed  
values o f  P , ß 3 an d  ß j ß 3.

(ii) 02 anfl  0Pa increase  w ith  th e  increase o f  ß j ß 3 a n d  decrease w ith  th e  increase 
of x. A lso, врг >  62 a lw ays, fo r fix ed  v a lu es  o f p, ß 3 an d  R  as g iven in  
T able I I .

Table II
p  =  0.73, A  =  10s, R  =  30000

H 
/

/ ^
 

/
 ^ 1 5 10 15 20

02
0.5 2.0381531 2.0084913 2.0004405 1.9989521 1.9985684

0.9 2.0410775 2.0128147 2.0022515 1.999516 1.9987236

0p2
0.5 2.0387145 2.0086209 2.000632 1.9989836 1.9985736

0.9 2.0418631 2.0128736 2.0025646 1.9995982 1.9987422

T hus i t  is observed  th a t  th e  effect o f th e  p resence  of th e  d u s t p a rtic le s  
is to  f la t te n  th e  te m p e ra tu re  p ro file  an d  as a re su lt, to  increase th e  h e a t  tra n sfe r .
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The system  of Alfvé nw aves is elucidated. B ose—Einstein sta tistics is applied to  find  the 
equation of s ta te  and therm odynam ic quantities o f the system . I t  is found th a t th e  pressure 
of the system  is directly proportional to the square of the absolute tem perature. A diabatic 
changes of th e  system  are also discussed.

1. Introduction

So fa r  A lfvén w aves h av e  n o t been  s tu d ie d  as a  sy stem . In  th is  p a p e r  we 
are  show ing  th a t  A lfvén  w aves can be considered  as a system . A ssum ing  th a t  
th e  en erg y  o f  th e  sy stem  o f  A lfvén w aves is q u a n tiz e d  b y  the  b o u n d a ry  con­
d itions im posed  on th e  w alls o f the  b o x  co n ta in in g  th e  flu id  an d  ta k in g  th e  
a id  o f th e  form ulae  o f  e lec trom agnetic  w aves we h a v e  o b ta ined  th e  d en sity  
o f  s ta te s  a n d  free en erg y  o f  th e  system  w h ich  have  led  us to  th e  e q u a tio n  of 
s ta te  o f  th e  system .

2. D efin ition

In  an a lo g y  w ith  th e  p h o to n  of e lec tro m ag n etic  w aves and  th e  p h o n o n  o f 
acoustic  w aves, we assu m e th a t  th e  q u a n tu m  of en e rg y  of an  A lfvén  w ave 
also e x is ts  a n d  possesses th e  value hw (h being  D ira c  h  and  a> th e  an g u la r 
frequency). W e call th is  q u a n tu m  “ A lfvénon” .

T h e  d e fin itio n  is su p p o rte d  by  th e  fa c t  th a t  m ag n e to h y d ro d y n am ic  w aves 
can  be considered  as a n  ex trem e  case o f  e lec tro m ag n e tic  w aves an d  t h a t  th e re  
is tra n s it io n  betw een  m ag n e to h y d ro d y n am ic  an d  e lec tro m ag n etic  w aves [1]. 
T he tr a n s it io n  also occurs betw een  m a g n e to h y d ro d y n am ic  and  aco u stic  w aves 
as d iscussed  b y  H e r l o f s o n  [2].

3 . F o rm ula tion  o f  th e  problem

W e consider th e  sy s tem  of A lfvén w aves in  a cub ic  box h av in g  each  side 
l and  v o lu m e  V. L e t th e  sy stem  be in  th e rm a l eq u ilib riu m  w ith  th e  b o x  w hich 
is assum ed  to  have  p e rfe c tly  reflec ting  w alls. M oreover, we suppose t h a t  th e

* On leave from G overnm ent College, Bahaw alnagar, Pakistan.
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•walls o f th e  b o x  a re  ideally  c o n d u c tin g  an d  t h a t  th e  w ave fu n c tio n  v an ish es  
on a ll sides o f th e  box . Due to  th e  ana logy  b e tw een  ph o to n s a n d  A lfvénons, 
we sa y  th a t  A lfv én o n s are su b jec t to  q u a n tu m  s ta tis tic s , in  g enera l, an d  Bose — 
E in s te in  s ta tis tic s , in  pa rticu la r. T h u s , th e  P au li exclusion p rin c ip le  is d isobeyed  
b y  A lfvénons.

O n th e  b as is  o f the  fac ts  su p p o rtin g  th e  defin ition  o f a n  A lfvénon  as 
d esc rib ed  in  th e  p rev io u s Section w e are  ju s tif ie d  in  de te rm in in g  th e rm o d y n a ­
m ic q u a n titie s  o f  th e  system  o f A lfv én  w aves w ith  the  aid o f th e  fo rm ulae  o f 
e lec tro m eg n etic  w av es.

4. S o lu tion  o f th e  problem

W e w rite  th e  basic e q u a tio n s  o f m ag n e to h y d ro d y n am ics  fo r an  id ea l 
m ed iu m  as follow s [3]:

~ ~  + V • (gv) =  0 , 
dt

f ]  V  1
в —  =  - V p  +  —  [(V X B) +  B ] ,  

dt 4 л

7 = V X  (v X B ) , 
dt

V • В =  0,

( 1 )

(2)

(3)

(4)

w h e re  g = g(r ,  t) is  th e  m ass d e n s ity  o f  th e  f lu id , v =  v(r, t) i ts  v e lo c ity , p  th e  
p re ssu re  and  В th e  m agnetic  fie ld . A lso we ad d  an  equa tion  w h ich  in  th e  f i r s t  
a p p ro x im a tio n  is rep resen tin g  a rev e rs ib le  a d ia b a tic  process o f  an  iso tro p ic  
p la sm a :

p  =  co n st gy, (5)

w h ere  у  is th e  r a t io  o f specific h e a ts  given b y

Y  =  CP/CV. (6)

W e assum e th a t  th e  w aves p ro p a g a tin g  in  th e  f lu id  are p lane h a rm o n ic  w aves 
h a v in  gsm all am p litu d es . The a ssu m p tio n  o f sm all am plitude  helps us to  lin e a r­
ize th e  E qs. (1) —(5). Thus, we w rite

В =  B 0 +  B j , (7)

V =  V0 +  V i ,  (8 )

P = P o + P n  (9)
в =  Qo + Qi, (10)
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w here В,,, v 0, p 0 a n d  g0 are  c o n s ta n ts  and  co rresp o n d  to  th e  un ifo rm  eq u ilib ­
riu m  s ta te  o f  th e  f lm d . B 15 v 15.P l  a n d  are sm all p e r tu rb a tio n s  in  th e  q u a n ­
titie s  B 0, v 0 ,  p 0 a n d  g0, re spec tive ly . T he v a lu es  o f  th ese  p e r tu rb a tio n s  an d  
th e ir  d e riv a tiv e s  a lw ay s  rem ain  v e ry  m uch  sm alle r th a n  th e  c o n s ta n t q u a n ti­
ties. N eg lec ting  a ll b u t  th e  lin ea r te rm s in  B 15 v 15 p ,  an d  o,, th e  eq u a tio n s 
( l ) - r (5 )  are lin ea rized  to :

dÿi
dt

dt

dB,
dt

V • в ,  =  о ,

+  Po(V • Vj) =  0 ,

=  - V P l  + - / - [ ( V  X B J X B J ,  
4л

=  V X (Vi X B 0) ,

Po Q о

( П )

( 12)

(13)

(14)

(15)

T hus, we g e t a sy s te m  o f hom ogeneous, lin ea r, p a r t ia l  d ifferen tia l eq u a tio n s 
th a t  governs th e  b e h a v io u r  of th e  p e r tu rb a tio n s  is space an d  tim e . Since, th e  
w aves p ro p a g a tin g  in  th e  flu id  a re  p lan e  harm o n ic , w e m ay  sim plify  th e  lin e a r­
ized eq u a tio n s  (1 1 )—(15) by  in tro d u c in g  th e  p la n e  w ave solution

A  =  аЯ е - 'И -к -О  , (16)

w here A  is a n y  f lu c tu a tin g  q u a n tity , аЯ its  a m p litu d e , i  =  ( — l ) 1̂2 an d  К  th e  
w ave v ec to r. T he s im p lified  form s o f  th e  eq u a tio n s  w ill be

“ Pi -  9o(K  ’ v i) =  0 ,

6o w vi =  Pi  K  +  -7 — [K  (B0 • B j) -  В j (B0 
4л

coBj =  — [v j(B 0 • К ) — B 0(K  • V j) ] ,

К  • B j =  о ,

К )],

Pl
Po

у .
Q.0

(17)

(18)

(19)

(20)

(21)

W ith  th e  help  o f  th e se  eq u a tio n s w e m ay  o b ta in  th e  follow ing im p o r ta n t 
re la tio n  co n n ec tin g  th e  k in e tic  an d  m agnetic  en e rg y  for an y  ty p e  o f m ode

9o vi = й  ( ? .  »T
> + l ^2 Po

(22)
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w here Ca = (p jQ i)1'2 is th e  speed o f  so u n d . M oreover, e lim in a tin g  a ll th e  
v a riab le s  ex cep t from  th e  E q s . (17) —(21), we ge t th e  fo llow ing  eq u a ­
l i ty  [4]:

(B 0 • K)»
4я

YP o! К  -
B p (B 0

4 л
^ ] ( K - ▼i) -

( B0 - v j
4л

( B0 • К )  К  =  0 .
(23)

N ow  co rrespond ing  to  d iffe ren t co n d itio n s , we o b ta in  d iffe ren t re la tio n s  for 
th e  v a rio u s  m odes o f  oscillations.

I f  th e  f lu id  v e lo c ity  v x is p e rp e n d ic u la r  to  th e  w ave v e c to r  К  an d  th e  
u n p e rtu rb e d  m ag n e tic  fie ld  B 0, v iz. F ig . 1 [5], we o b ta in  tra n sv e rse  m agneto - 
h y d ro d y n am ic  w aves know n as A lfvén  w aves. O n th e  o th e r h a n d , i f  V], K x, and  
B 0 are  co p lan ar, we g e t m ag n e to -aco u stic  w aves — th e  w aves w h ich  are  n e ith e r 
p u re ly  lo n g itu d in a l n o r p u re ly  tra n sv e rse .

F o r  th e  tim e  b e ing  we re s tr ic t  ou rse lves to  th e  case o f A lfvén  w aves an d  
p o stp o n e  th e  d iscussion  o f m ag n e to -aco u stic  w aves to  some o th e r  p lace. F o r 
A lfvén  w aves we h av e

(K  • V,) =  0 =  (B 0 • v t). (24)

T h ere fo re , th e  ex p ressio n  (23) is s im p lified  to

И2 -  (ß o • K )2 (25)
4тге0

^  =  (Сд • К )2, (26)

Сд -  В° (27)
(4 n Qo)112

is know n  as A lfvén velocity . W e c a n  w rite  E q . (26) as:

Сдх K l  +  C %  K l  +  c i u  K l  +  2 CAX CAZ K x K y +  2CAy CAz K yK z +  

+  2 CAz CAx K z K x — œ2 =  0 .

T he d isc rim in a tin g  cub ic  of th is  q u a d ra tic  eq u a tio n  will be

С \ х -  g Сдх Сд Сдг Сдх I

Сдх Сду С2Ау -  g Сду Сдг 1 =  0. (29)

Ca z  Са х С Ay Сдг C \ z - g
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Solving th is  eq u a tio n , we o b ta in

g = 0, 0, {C\x + c \ y + Ci,).
T h u s, th e  q u a d ra tic  eq u a tio n  (28) can be red u ced  to  th e  form

{C\x + C*Ay + C \ z) K l -  aß = 0
o r,

K z =  ± ------------------ ------------ -- . (30)
( C a x  +  C 2A y  +  C a z ) 112

H ence, th e  re la tio n  (26) re p re se n ts  a p a ir  o f p a ra lle l p lan es  in  К  space. M ore­
over, th e  re su lt (25) im plies t h a t  th e  g roup  v e lo c ity  o f  th e  w aves is

—  =  ^ — • (31)
Ж  (4 я р 0)1/2 '

T herefo re , th e  d is tu rb an ce  tra v e ls  para lle l to  th e  m ag n e tic  fie ld  w ith  th e  A lfvén 
velo c ity  CA. F u rth e rm o re , w ith  th e  help  o f  th e  eq u a litie s  (17), (21), (22) and  
(24), we o b ta in

6i =  0 =  P l  (32)
an d

1 B 2

t * " 4 - * -  (33>

T h u s, we conclude th a t  th e  co m p ressib ility  o f th e  flu id  does n o t p la y  an y  role 
in  A lfvén w aves, d en sity  or p ressu re  p e r tu rb a tio n  does n o t  acco m p an y  th e se  
w aves, en e rg y  flow  is a lw ays a long  th e  m ag n e tic  lines o f  force, geom etrica l 
sp read in g  o f  th e  energy  does n o t ta k e  p lace , th e  m ed iu m  does n o t change 
th e rm o d y n a m ic a lly  (qv  p 1 b e ing  zero) an d  th e re  is an  e q u ip a r titio n  betw een  
h y d ro d y n am ic  an d  e lec tro m ag n etic  energy , a fa c t w h ich  serves as an  im p o r­
t a n t  guide to  recognize A lfvén  w aves [6].

D ue to  th e  b o u n d a ry  co n d itio n s im posed  b y  us u p o n  th e  w alls o f th e  
b o x  only  tw o  ty p e s  of p ro p a g a tio n  o f m a g n e to h y d ro d y n a m ic  w aves are  p o s­
sib le; e ith e r  a long  or across th e  m ag n etic  fie ld . T h u s , th e  ob lique  p ro p ag a tio n  
o f m ag n e to h y d ro d y n am ic  w aves in  th e  b o x  is n o t p e rm itte d  b y  th e  se t of 
b o u n d a ry  co n d itions. N ow  th e  re la tio n  (26) gives us

со = CA K  cos <p , (34)

w here cp is th e  angle betw een  th e  d irec tio n  o f  th e  c o n s ta n t m ag n e tic  fie ld  an d  
th e  w ave p ro p ag a tio n . F o r A lfvén  w aves to  p ro p a g a te  a long  th e  m ag n etic
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f ie ld  cp van ishes (see F ig . 1). T hese w aves do n o t p ro p a g a te  across th e  m ag n e tic  
f ie ld  because in  th is  case cp =  jr/2 a n d  th e  re su lt (34) w ill im p ly

phase  v e lo c ity  =  co/K =  0.

T h u s , A lfvén w aves will te n d  to  becom e e n tro p y  w aves. T o  av o id  th is  s i tu a ­
t io n , we ta k e  cp =  0 for A lfvén  w aves a n d  w rite  th e  re la tio n  (34) as:

со =  CA K .  (35)

2

Fig. 1. Directions of the constant magnetic field B0, the wave vector К and the fluid velocity vL

W e can  f in d  th e  d e n s ity  o f  s ta te s  Z  o f th e  sy stem  o f  A lfvén  w aves by  
ap p ly in g  th e  fo rm ula  g iven b y  K o m p a n e y e t s  [7 ]:

dz = —  d K .  (36)
л

W e are ju s tif ie d  in  u tiliz in g  th is  fo rm u la  because we are  considering  th e  
p ro p ag a tio n  o f  A lfvén w aves a long  one side on th e  cube only . H ence , s u b s t i tu t­
in g  th e  v alue  o f dk  from  E q . (35) a n d  considering  all possib le  p o la riza tio n s, 
we o b ta in  th e  n u m b er o f s ta te s  in c lu d ed  betw een  со an d  со -f- dco as:

2 V 1'3
dZ(co) = --------- dco . (37)

л С А

Now le t  us de te rm ine  th e  th e rm o d y n a m ic  q u a n tit ie s  o f  th e  sy stem  o f 
A lfvén  w aves. A t f ir s t  we sh a ll f in d  th e  expression  fo r th e  free energy  $ o f  
th e  system  b y  using  th e  fo rm u la  g iven  b y  G u g g e n h e im  [8 ]:

S = d 2 Z k lo g  (1 -  e -* * /» ) , (38)
к
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w here  6 is B o ltz m a n n ’s c o n s ta n t X abso lu te  te m p e ra tu re  a n d  E k th e  energy  
o f  th e  fcth A lfvénon. T he expressions (37) and  (38) co llec tiv e ly  give us

2 1 /1 /3  a
-------  l o g ( l  -  e -* “/9) d £0
Л  C A  J  0

L e t hco/O —  X .  T h erefo re ,

2 V 1'3 в2 
лкСл

J  log (1 - e~x) d x .

U sing  pow er series fo r lo g a rith m  an d  in te g ra tin g  te rm  b y  te rm , we o b ta in  

„ 2 V 1'3 в2
7 1  î j ( \ л Г 2 * -п-1

d*

P u tt in g  пх  =  у ,  w e get

2 Ц1/3 02 г ~ / ~  1 2 V 1'302 л 2 n W 302 . . . .
§  = ---------------- > --------------- e y ay  = ------------- — • ----- =  — —------------. (ЗУ)

лкСА Jo f?o n2 ) лкСА 6  3hCA

E n tro p y  S  o f th e  system  w ill be

Ж  2л V 1!3 в
S  = — —  =  ■ —  - . (40)

дв з hCA

-  л  V 1!3 в2
M ean energy: E  — $ 4- öS = ------------- . (41)

MCA

P ressu re : p  — ----- =  ■ П в2 V~V3 , (42)
3 V  9 hCA 

or,
p | / 2 / 3 = . _ ^ ----0 2 . (4 3 )

9kCA

E q . (43) is called  th e  eq u a tio n  of s ta te  o f th e  sy s tem  o f A lfvén w aves. 
T h erm o d y n am ic  p o te n tia l

% = E  — OS + p V  =
2 л У 1'302

9kCA

E n th a lp y  o r h e a t fu n c tio n

У E  +  P V  =
4л  У1'3 в2

9 kCA

(44)

(45)
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F o r  reversib le  ad ia b a tic  ch an g es , th e  en tro p y  o f th e  sy stem  rem ains 
c o n s ta n t .  T herefo re , E q . (40) im plies

V63 =  const. (46)

E q . (43) and  (46) fu r th e r  give u s

pV*l3 — const. (47)

T h e  expressions (46) an d  (47) are  also  ob ta in ab le  fo r a p h o to n  gas.
T he specific h e a t o f th e  sy s tem  a t  c o n s ta n t volum e can  be d e te rm in ed  as:

c  = ( дЕ I =  2nV113 6
~ I de ) v ~  3 hCA

(48)

I f  Cp is th e  specific h e a t a t  c o n s ta n t p ressu re , th en

e w *
Г  Г I m Jv

- dp]
à V)e

c  4 л  V 1/3 в
p ~ 3%cA

2л У1'3 в
з hCA ’

(49)

(50)

A d ia b a tic  index у  =  CPICV =  2, (51)

(52)

5. C onclusion an d  discussion

O n th e  basis o f E q . (42), we sa y  th a t  th e  pressure o f th e  sy stem  o f A lfvén 
w av es  is d irec tly  p ro p o rtio n a l to  th e  sq u are  of th e  ab so lu te  te m p e ra tu re .

I f  we com pare re su lts  o b ta in e d  in  th e  system  of A lfvén  w aves w ith  th e  
co rresp o n d in g  re su lts  o f a p h o to n  gas [4], we observe t h a t  th e  en e rg y  o f th e  
sy s te m  o f A lfvén w aves is d irec tly  p ro p o rtio n a l to  th e  sq u a re  o f  th e  ab so lu te  
te m p e ra tu re  (cf. expression  (41)), b u t  fo r a p h o to n  gas S te fan  —B o ltz m a n n  law  
s ta te s  t h a t  energy  is p ro p o rtio n a l to  th e  fo u rth  pow er o f th e  ab so lu te  te m p e ­
r a tu re .  A lso we n o te  th a t  for b o th  sy stem s pressure is e q u a l to  o n e -th ird  of 
th e  en e rg y  d en sity . T he th e rm o d y n a m ic  p o ten tia l of th e  sy s tem  o f A lfvén 
w av es h as  a d e fin ite  v a lue  given b y  th e  re la tio n  (44) b u t  fo r a p h o to n  gas i t
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vanishes. F o r  ad iab a tic  changes, th e  re su lts  (46) an d  (47) ho ld  in  b o th  sy stem s. 
M oreover, th e  a d iab a tic  in d e x  y  fo r th e  sy s tem  o f A lfvén  w aves is 2 w hile  for 
a p h o to n  gas i t  becom es in f in ity . The v a lu e  o f  x  for th e  sy stem  of A lfvén  w aves 
is 1/2 b u t  fo r  a p h o to n  gas i t  is in d e te rm in a te .
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TRAVELLING WAVES ON THE SURFACE OF A FALLING  
LIQUID FILM PAST A PERMEABLE BED

By

V . VlDYANIDHI and  V . C. CHENCHU R aJU
D EPA RTM EN T OF EN G IN E ER IN G  MATHEMATICS, A N D H R A  U NIV ERSITY , W A LTA IR, IN D IA

(R eceived 11. X . 1977)

The paper presents the existence of g rav ity  capillary waves travelling down th e  surface 
of a falling liquid film  past a perm eable bed. The bed is characterized by  a param eter ß  =  
(a  +  <r)/cc<7z, where a  is a property of the  porous m aterial and  a  =  h JŸ K , h0 th e  dep th  of the 
liquid film  and К  the  absolute perm eability of the porous medium. I t  is shown th a t  the range 
of allowed dimensionless wave celerity widens as ß  increases. The celerity depends less and 
less on th e  W eber num ber W  and also on the dimensionless wave num ber N ,  as ß  increases. 
W hen ß = 0 we recover the gravity  capillary waves on liquid films predicted by  K a p i t z a .

1. Introduction

A n im p o r ta n t  phenom enon  in  physicochem ica l hy d ro d y n am ics [1] is th e  
ex is ten ce  o f  tra v e llin g  w aves on th e  surface o f  v iscous liqu id  film s u n d e r  th e  
in fluence  o f  g ra v ity  an d  surface ten sio n . S u ch  w aves were f i r s t  p re d ic te d  b y  
K a p i t z a  [ 2 ] .  H is p rocedure  w as re fin ed  b y  M a s s o t ,  I r a n i  an d  L i g h t f o o t  [ 3 ] .  

In  th is  p ap e r, fo llow ing th e ir  schem e, we in v e s tig a te  th e  n a tu re  o f  th e se  w aves 
fo r a fa lling  liq u id  film  p as t a perm eab le  v e r tic a l bed.

2. Nusselt solution for a liquid film past a permeable bed

A t th e  o u tse t, we de te rm ine  th e  s te a d y  fu lly  developed flow  fo r a fa lling  
liq u id  film p a s t a p erm eab le  bed . T h e  co rresp o n d in g  so lu tion  for a liq u id  film  p a s t 
an  im p erm eab le  b ed , i . e .  for th e  classical case w as given b y  N u s s e l t  [ 4 ] .  T h e 
p h y sica l m odel i l lu s tra tin g  th e  p rob lem  is sk e tc h e d  in  Fig. 1. I t  consists  o f  a 
p erm eab le  v e r tic a l bed . The flow  to  th e  r ig h t o f  th e  bed  (Zone 1) an d  th ro u g h  
th e  b ed  (Zone 2) is caused b y  th e  g ra v ita tio n a l acceleration  g. T he  d e p th  o f  
th e  liq u id  film  h 0 in  th e  zone 1 i s  so m a in ta in e d  t h a t  th e  flow  is la m in a r. In  th e  
Z one 1, we h av e  [5]

d2 и

w hile , in  Zone 2, b y  th e  D arcy ’s L aw

Q _  g
к  V
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w h e r e  К  i s  t h e  a b s o l u t e  p e r m e a b i l i t y  o f  t h e  p o r o u s  m e d i u m ,  Q  t h e  f i l t e r  v e l o ­

c i t y  a n d  V t h e  k i n e m a t i c  c o e f f i c i e n t  o f  v i s c o s i t y .

T h e  f o l l o w i n g  c o n d i t i o n  d e v e l o p e d  b y  B e a v e r s  a n d  J o s e p h  [ 6 ] i s  u s e d  

a t  t h e  p e r m e a b l e  b e d  i n  t h e  p r e s e n t  a n a l y s i s

d u

d y y-o+ V k
( u i

w h e r e  «  i s  a  d i m e n s i o n l e s s  q u a n t i t y  d e p e n d i n g  o n  t h e  m a t e r i a l  p a r a m e t e r s  

w h i c h  c h a r a c t e r i z e  t h e  s t r u c t u r e  o f  p e r m e a b l e  m a t e r i a l  w i t h i n  t h e  b o u n d a r y  

r e g i o n ,  a n d  u B  i s  t h e  s l i p  f l o w  a t  t h e  n o m i n a l  s u r f a c e  a t  y  =  0 .  A t  t h e  f r e e  

s u r f a c e ,  t h e  s h e a r  b e i n g  z e r o ,  w e  u s e

d u

d y
=  0 .

y=ho

U s i n g  t h e  d i m e n s i o n l e s s  v a r i a b l e s

u
U n

У = У

w i t h  u 0 a s  a  r e f e r e n c e  v e l o c i t y ,  t h e  s o l u t i o n  o f  t h e  f o r e g o i n g  e q u a t i o n s  f o r  

t h e  l i q u i d  f i l m  i s

u (1)
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w h ere in

R  =
u 0h 0

V
(R eyno lds n u m b er), (2 )

F  = «0 (F ro u d e  n u m b er), (3 )
gh 0

О  = к я * +  °, P  =  „ • (4)
V K a ff2

C hoosing  u 0 as th e  average v e lo c ity  o f  th e  liq u id  film , we have

F  1
- = ¥ + , .  (5,

W h en  /3 — 0 (or ff — °°), we o b ta in  th e  N u s s e l t  so lu tion  [4] fo r  th e  falling  
liq u id  film  p a s t a n  im perm eab le  b ed .

3. Kapitza’s scheme of approximation

W e follow  th e  K a p i t z a ’ s schem e o f f in d in g  an  ap p ro x im a te  expression  
o f  и w hen  th e  f ilm  surface assum es an  a rb i t r a ry  shape y  — ft (x, t) w hich 
ch an g es w ith  tim e  (F ig . 1). W e n o te  t h a t  и m u s t sa tisfy  th e  co n d itio n s  [6],

У = 0 : du

dy У - 0 +
в - < ? ) •

T hese co n d itio n s, in  th e  absence o f  th e  p erm eab le  bed  (ff -► °°) led  K a p i t z a  

to  p a t te r n  th e  ap p ro x im a te  ex p ress io n  a f te r  th e  N u s s e l t  flow . I n  th e  sam e 
sp ir it , we w rite  th e  follow ing ex p ressio n  fo r и fo r th e  flow  u n d er co n sid e ra tio n

R  - , чи =  —  и (x, t)
F

У
h(x,t)

У2
2h2(x, t)

W e s u b s ti tu te  (6) in  th e  e q u a tio n  o f  c o n tin u ity

( 6)

du dy  
dx dy

=  0,

an d  in te g ra te  u n d e r  th e  b o u n d a ry  co n d itio n  v (x, o, t) =  0. T h en

R  du y 3 f  R  .  dh
F  dx  6ft2 2 ft I F  dx

Г  , T _  
3ft3 2 ft2 , (7)
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K a p i t z a  [ 2 ]  a l s o  a s s u m e d  д р / д у  =  0 ,  i . e .  p  =  p ( x ,  h ( x ,  t ) ,  t ) .  B u t

c P h
P =  Bext -  « 7 7  on 

o x 2
h ( x ,  t ) ,

w here  x  is the co e ffic ien t o f surface ten s io n . T he ra d iu s  o f th e  c u rv a tu re  o f th e  
f ilm  is ap p ro x im a ted  b y  d2hjdx2 since th e  su rface slope is ex p ec ted  to  be so 
sm all th a t  its cube c a n  be neg lected . T herefore

d p  d 3 h- a— = — X ------
d x  d x 3

( 8)

S u b s titu tin g  (6 — 8) in  th e  x —  m o m en tu m  eq u a tio n

d u  d u  d u  1  d p
--------- h  U -----------1- V ------  = --------------- —  + g + V
d t  d x  d y  Q d x

d 2 и  d 2 u

d x 2 d y 2

a n d  in teg ra tin g  th e  r e s u lt  w ith  re sp ec t to  y  from  0 to  l i ( x ,  t ) ,  we get

m, d û

~dt
m ,

ű  d h  

h  d t

x F  d3 h
о R  dx3

.  d ü n 2  d h
Ш о  и - - - - - - - - +  m , - - - - - - - - - - - - - - - - -

d x h  d x

, í d 2 û  й
+  V \ m 1 +  m .

(

-«5
ïCl«

• T *

dx2

w here

й  1  d ü  d h
—  m  -- - - - - - - - - - - - - - m .  — - - - - - - - - - - - - - - - - - - - - - - - -

h 2 h  d x  d x

F  i  _ 1 R
ra, =  —  = ------\- p, m 9 = ------- , m„ = ------

R  3 6 3 F
—  +  —  +  ß210 2

R 1
3 0 ï '

, m  - =  1 and  rn .. = —— .
12

(9)

( 10)

T h e  princip le  here is  to  de term ine  й  so th a t  (6) becom es th e  b est re p re se n ta tio n  
o f  m  in  th e  sense t h a t  i t  satisfies (9) in  an  av e rag ed  m anner.

4. L inearized  travelling  w ave

I f  a so lu tion  o f  (9) ex ists such  t h a t  i t  re p re se n ts  a s tead y  tra v e llin g  w ave 
in  th e  x -d ircction , i t  m u s t  he fu n c tio n  o f a single v a riab le  ( x  — c t ) ,  w here c is 
th e  p h ase  velocity  o f  th e  progressive u n d am p ed  w av e  tra in . To search  fo r such  
a so lu tio n , we can  rep lace  9 / 0 1 in  (9) b y  — сЭ/d x  a n d  linearise E q . (9) on th e

Acta Physica Academiae Scientiarum Hungaricae 43, 1977



TRA V ELLIN G  WAVES 231

assu m p tio n  th a t  th e  w av y  surface is b u t  a sm all p e r tu rb a tio n  on  th e  f la t  
su rface y  =  h 0, i.e. h(x, t) = h 0 (1 +  xp(x, t)) w here | | - c l .

T he m ass ba lan ce  eq u a tio n

dh
dt

gives us

d Ch , d . . . .
= - t '  r  udy  ^  t  -  (,,л )ox J  0 ox

c(h ho) — uh  Uq Aq ,
SSI ;

w here u 0 is th e  av erag e  velocity  o f th e  liq u id  film  re fe rred  to  in  S ec tio n  2 above. 
In  te rm s o f ip

й = u 0 + (c — u 0)ip .
In  a s im ila r m an n e r

dû , . d ip_  =  _ c(c _  ,

du . . dip

- J -  =  ~  ( u 0 +  ( c -  2 m o) w )  1h h0

—  = (u0 + (c -  3u0) ip) ,
h2 h20 K 1
dh
dt
dh_
dx

= — ch, dip
dx

=  h, dip
dx

S u b s titu tin g  these  q u a n titie s  in  (9), we a rriv e  a t a lin ea r e q u a tio n , w hich is 
exp ressed  in  a non-d im ensional fo rm  using

2nx c . , . .
-------, у  =  -— (w ave ce lerity ),

X u n

P  =
2л

08.

X

1/2
N  =

2л h 0
( И )

w here X is th e  w ave len g th . T hus we get

n i N  d3ip . n2 F  N9 Pip  | n F N  dip
+

P2 d l3 R
л
R

d l 2

К У -  n b)v =  0 ,

Э1
( 12)
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w h ere

n l  = ------ ,  n 2 ~  m , y  4 - ( m ,  — 'm t ) ,
R

n 3 —  m l y2 +  ( ~ m 3 -  m 1 +  m 2) у  -f- (m3 -  m 4), (13)

n l =  h  ^ 5 =  3.

E q . (12), being hom ogeneous, w ill a d m it a s in u so id a l so lu tio n  on ly  if

p i .  —

/ijF

№  = П ц У  -  n b

(14)

(15)

W e no te  th a t  n 1 >- 0 an d  th a t  n 3  is  a q u a d ra tic  fu n c tio n  o f  у  w ith  a positive  
le a d in g  coeffic ien t. T herefo re  P 2 in  (13) is rea l if

У  >  У 2 o r  Y  <  Г 1 »  (16)

w h ere  <  y2 a re  th e  roo ts o f  n 3 =  0. O n th e  o th e r  h an d  N  in  (14) is rea l 
o n ly  if

m 2 — m 1 
m 1

(17)

T h u s  an  u n d am p ed , s tead ily  tra v e llin g  w ave in  th e  form  o f a sinuso idal fu n c ­
t io n  is com patib le  w ith  th e  p h y s ic a l s itu a tio n  i f  p o s itiv e  values o f  r  lie w ith in  
th e  com m on ra n g e  o f  (16) an d  (17). No so lu tio n  in  th e  p a r tic u la r  form  u n d e r 
co n sid e ra tio n  e x is ts  i f  th e  tw o  reg io n s do n o t ov erlap .

I f  a value o f  y  does lie in  th e  range th a t  m ak e  b o th  P  an d  N  rea l, th e  
w av e  length  o f th e  co rrespond ing  w av y  flow  is th e n

Я = [ 2 л к 0 I-------^ ---- - Г " .
I ra5 -  n t y

5. Conclusions

The com m on range  of (16 a n d  17) is d e p e n d e n t on th e  v alue  of ß. T he 
re s u l t  is p lo tted  in  F ig . 2. F o r ß  =  0, we have  th e  allow ed range

1.689 <  у  <  3,
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w h i c h  c h e c k s  w i t h  t h e  a n a l y s i s  o f  K a p i t z a  [ 3 ]  f o r  t h e  l i q u i d  f i l m  p a s t  a n  i m ­

p e r m e a b l e  b e d .

A s ß  increases, th e  allow ed ran g e  w idens and  reaches th e  m ax im u m  range

1 <  y  <  3

co rrespond ing  to  a p e rfec t p erm eab le  b ed  for w hich o' =  0. F o r  each  ß, th e re  
is a lw ays an  adm issible ran g e  fo r th e  w ave celerity .

Fig. 2. Admissible range of wave celerity 

T h e W eber n u m b er

p "  . « 0  ^ 0  _  p n  Д Г2 p  _  __ n l ( n i  У  w s )

у./q n2 n3

is c a lc u la ted  for each adm issib le  v a lu e  o f у  and  is p lo tte d  in  F ig . 3 fo r  various 
values o f  ß. This shows t h a t  th e  W eb e r n u m b er W  decreases as ß  increases, for 
th e  allow ed range of th e  d im ension less ce le rity  y. F ig . 4 show s th e  d im ension­
less w ave n u m b er N  ve rsu s  у  for v a rio u s  values of ß. I t  is also fo u n d  to  decrease 
as ß  increases. F u rth e r  th e  ce le rity  is m ore sensitive to  th e  W eb er n u m b er and  
th e  d im ensionless w ave n u m b e r as ß  increases. U ltim a te ly  a t  a p e rfe c t im per­
m eable  b ed  (a = 0), b o th  W  an d  N  v an ish .
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Fig. 4. Dimensionless wave length N  versus wave celerity
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Fig. 3. Weber num ber W  versus wave celerity
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■ Vi

In  th is no te  we prove the  inverse of th e  Pom eranchuk theorem  for logarithm ically 
rising to ta l cross sections.

R ecen t m easu rem en ts  on to ta l  cross sections an d  fo rw ard  sca tte rin g  
am p litu d es [1] reveal th e  fo llow ing basic  fe a tu re s  in  th e  10 — 2000 GeV energy- 
region:

1) T h e  to ta l  cross sec tions rise  w ith  in creasin g  en erg y  a n d  th is  rise is 
com patib le  w ith  a lo g arith m ic  law ;

2) th e  d ifference o f th e  p a rtic le  a n d  a n ti-p a rtic le  to ta l  cross sections 
decreases w ith  increasing  energy  an d  th is  decrease is co m p a tib le  w ith  an  inverse 
pow er law ;

3) T he fo rw ard  sc a tte rin g  am p litu d es  are  n o t d o m in a n tly  rea l.
In  1 9 5 8  P o m e r a n c h u k  p ro v ed  [ 2 ]  t h a t  fo r  b o u n d ed  to ta l  cross sections 

p ro p e rty  3) invo lves p ro p e rty  2 ) .  M ore p rec ise ly , if  in  th e  a sy m p to tic  reg ion  3) 
is fu lfilled  an d  to ta l  cross sections te n d  to  c o n s ta n t lim its , th e n  these  lim its  
are th e  sam e fo r a p artic le  an d  its  a n tip a r tic le  h i t t in g  th e  sam e ta rg e t .  H ow ever, 
as m en tio n ed , re c e n t m easu rem en ts  do n o t  in d ica te  th e  b o u n d ed n ess  of to ta l  
cross sections a t  in fin ite  energ ies, an d  fo r a rb itra r ily  ris ing  cross sections one 
can n o t p ro v e  th e  zero a sy m p to tic  lim it o f th e  difference o f  th e  p a rtic le  and  
a n tip a rtic le  to ta l  cross sec tions. T here  ex is ts  a p ro o f on ly  on th e  ra tio  o f th e  
p a r tic le -  a n tip a r tic le  cross sec tions [3].

T herefo re  we consider th e  p rob lem  h ere  from  th e  inverse  p o in t o f view . In  
th is  no te  we p rove using  d ispersion  re la tio n s  t h a t  from  th e  assu m p tio n  th a t  
1) and  2) h o ld  a sy m p to tic a lly  3) follows also  in  th e  a sy m p to tic  energy  region. 
M ore p rec ise ly , we re p e a t P o m e r a n c h u k ’s line  of th o u g h t in  o rd e r to  show  
th a t  if

i) th e  to ta l  cross sec tions rise w ith  som e pow er ß of lo g a rith m  (ß 1) 
and  if

ii) th e  d ifference o f  th e  p a rtic le  a n d  a n tip a r tic le  to ta l  cross sections 
rem ains f in i te , th e n

th e  re a l to  im ag in a ry  ra tio s  o f b o th  th e  p a rtic le  an d  a n tip a r tic le  fo rw ard  
sc a tte rin g  a m p litu d es  are b o u n d ed .
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These tw o  am p litu d es  w ill be d en o ted  b y  f  a n d / ,  w hereas th e ir  sum  a n d  
d ifference  will be labe lled  b y  f + a n d /_ :

A  = / + / ;  / -  =  / - / ■  ( i )
T h e  rea l an d  im a g in a ry  p a r ts  o f  a n y  a m p litu d es  w ill be d e n o ted  b y  D  a n d  A .  
W e w rite  th e  tw ice  s u b tra c te d  d isp ers io n  re la tio n s in  th e  form  [4]:

D(E) I =  J .
B(E) J - Т Р Н - » Н ] т | 1В Д - % ) ]  +

E f  -  E 2

(E , T  E)
2X(.

E f  -  m 2

+

p 2 Çm A ■ (

л  J e. p ' 2

A  ■ {E'  T  E )d E '
+  —  1 ------ 5------ ;-----------  +

'2 ( E ' 2  -  E 2)

+ - ^ P  
4 я 2 Г E '  • (о +  a) T  E  ■ (ff — a) d E '  

p \ E ' 2  -  E 2)

( 2)

H e re  p ,  E  an d  m  are  th e  la b o ra to ry  m o m en tu m , en e rg y  a n d  th e  re s t  m ass o f 
th e  incom ing  p a r tic le , re sp ec tiv e ly . D(m) an d  D(m) a re  th e  tw o su b tra c tio n  
c o n s ta n ts , th e  s u b tra c tio n  b e ing  m ad e  a t  zero la b o ra to ry  m o m en tu m . In  
th e  in teg ra l o v e r th e  p h ysica l reg ion  we have s u b s titu te d  A  b y  th e  to ta l  cross 
sec tio n  using th e  o p tica l th eo rem :

A  = (3 )

T h e  th resh o ld  o f  th e  u n p h y sica l reg ion , E 0, is th e  la b o ra to ry  energy  o f  th e  
in co m in g  p a rtic le  co rrespond ing  to  th e  CMS energy  w hich  is eq u a l to  th e  sm a l­
le s t  m ass o f th e  p h y sica l co n tin u u m  h av in g  th e  q u a n tu m  n u m b ers  o f  th e  in i­
t i a l  s ta te .*  T he po lynom  re p re se n ts  th e  pole c o n tr ib u tio n s , w here E t is th e  
b eam  la b o ra to ry  en erg y  co rresp o n d in g  to  th e  CMS en erg y  eq u a l to  th e  re s t  
m a ss  mt o f th e  po le. X ( is p ro p o rtio n a l to  th e  coup ling  c o n s ta n t sq u are  o f  th e  
co llid ing  partic les  to  th e  pole [4]:

X t  = a
(m, — mt)2 — m2 

4 mf

* The laboratory  energy corresponding to  у» energy in the CMS is:

_  s  — mf  — m2 
------- 2 ^ t----- ’

w here т< is the ta rg e t mass.

(4 )
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Since we assum e ii), i t  is enough  to  prove th a t

or

lim
D

<  oo an d  lim
E - *  OO A + E - « .

lim D + <  oo a n d  lim
E-+ °° A + E - -

D

*+

D_

H ypo th esis  i) is e q u iv a len t to

( 5 a )

( 5 b )

I A  + I ~  cE {ln  E )ß (6)

asy m p to tica lly , th ere fo re  in  E q . (2) all te rm s  b u t  th e  la s t one (w hich  we 
denote  b y  D h ) a u to m a tic a lly  fulfil th e  in eq u a litie s  (5). In s te a d  o f  (5) i t  is 
su ffic ien t to  prove th e  follow ing in eq u a litie s :

and

lim
D%

E-.» A +

lim
Dh_

E-* oo A+

<  OO

<  OO .

( 5 c )

( 5 d )

In  A p p en d ix  1 we ca lcu la te  th e  in teg ra l D h+ for ß  =  0 ,1 ,  2 and  show  ex p lic itly  
th a t  th e  lim it  o f (5c) is e q u a l to  zero. F o r  a rb i t r a ry  v a lu es  o f ß ^  1 we reca ll 
(see e.g. [5]) th a t  a n a ly tic ity  and  crossing req u ire  th e  following fo rm  th e  o f 
am p litu d e  in  case o f log a rith m ica lly  ris in g  cross sec tions:

lim  /+
E —~

f r o m  w h i c h  w e  g e t  [ 5 ]  t h e  s a m e  r e s u l t  a s  f o r  i n t e g e r  v a l u e s  o f  ß.
I n e q u a l i t y  ( 5 c )  c a n  a l s o  b e  p r o v e d  f o r  a  v e r y  g e n e r a l  c a s e .  F i s c h e r  e t  a l  

h a v e  g i v e n  n a m e l y  [ 6 ]  a n  u p p e r  b o u n d  f o r

i f  a+ rises u n b o u n d ed ly :
É?+ =  D+/A+

л  I d  E  
In Ej E

T his m ean s th a t  in e q u a lity  (5c) is zero  if  q+ is p o s itiv e . F o r th is  l a t te r  we 
recall th e  th eo rem  o f K h u r i  and  K i n o s h i t a  [7] w ho show ed t h a t  fo r an  
u n b o u n d ed ly  rising  cross section  D + c a n n o t s ta y  n e g a tiv e  a t  all energ ies.
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T u rn in g  now  fina lly  to  in e q u a lity  (5d) we reproduce  in  A p p en d ix  2 
th e  re su lt  o f P o m e r a n c h u k ,  w h ich  s ta te s  t h a t  th e  crossing  odd  te rm , D _  

ap p ro ach es  to

e —“ 2 л 2  jEx

i f  th e  d ifference, Acr, of th e  a n tip a r tic le  a n d  partic le  cross sec tions rem ain s 
c o n s ta n t  b ey o n d  a  ce rta in  v alue  E v  C om bin ing  th e  lim its (6) a n d  (5) we a rriv e  
to  p ro v e  (5d) a n d  hence th e  w hole s ta te m e n t.

W e th u s  conclude  th a t  e x tra p o la tin g  th e  observed p ro p e rtie s  1) —3) u p  
to  in f in ite  energ ies th e y  are co m p a tib le  w ith  dispersion re la tio n s  in  th e  sense 
t h a t  3) follows fro m  1) and  2), a lth o u g h  th e  inverse s ta te m e n t m ay  n o t  he 
p ro v e d .

I  am indebted to Dr. J an  F ischer  for valuable com m ents and suggestions.

Appendix 1

The crossing even part of the high energy integral

1. a an d  a a re  co n stan t b ey o n d  E j

Dh ~  E 2 X ■ (a +  g) 
E 2)

. Г  X ■ (a 
J £l x(x2 -

da: ~  E  In E j -  E
E ,  + E

E i .

2. a an d  a a re  lo g a rith m ica lly  ris ing : a ~  (In E f  ; ß  =  2 (fo r / 3 = 1  th e  
p ro ced u re  is e ssen tia lly  th e  sam e [8]).

Dh_ ~  E 2 Г  } n 2 x d x  „  е Г (
J e , x2 - E 2 J EllE

(ln E  +  In x f
X2 -  1

da;

E  ln2 E  Г  -  dX +  2 E  ln  E  Г  I n x d x  +  Г  l f xdx
J e ,IE X2 — 1 J E,/E X2 — 1 J EllE X2 — 1

I f  E  — OO

D[J. ~  Cj ln 2 E  +  c2E  ln  E j: udu
shu

+  CoE Г  ~ d u
shu

T h e la s t  te rm  is zero , th e  second in te g ra l is f in ite  an d  non-zero , th e re fo re :

-D+ ~  c1  ln 2 E  +  c2 E  • ln  E , 

w h ere  Cj an d  c2 a re  som e co n stan ts .
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Appendix 2
The crossing odd part of the high energy integral

Acs =  a — a is c o n s ta n t  beyond  E x

_  E :t А а Г  d* , EDh_ -------------- -----------------------=  A a -------
4л2 J  e , x(x 2  — E 2) 4л J о

du
1 — и

Aa  _ ,  E  E  In
2л2 E 1
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An analysis of the mass transfer effects on the free convective flow of an incompressible, 
electrically conducting, viscous fluid past an infinite porous plate with constant suction and 
transverse magnetic field, has been carried out. Approximate solutions to coupled non-linear 
equations governing the flow are derived. The velocity and the temperature fields are shown 
graphically. The effects of G p  (Grashof number), Gc (modified Grashof number), S c (Schmidt 
number). E(Eckert number), P(Prandtl number) and M(the Hartmann number) on the flow 
field are described during the course of discussion.

1. In tro d u c tio n

T here  are a n u m b e r of re sea rch  papers p u b lish ed  on free convective flow  
p a s t in fin ite  an d  sem i-in fin ite  p la te s  and  o th e r  bodies. T hese flow s are caused  
b y  th e  te m p e ra tu re  d ifferences. In  these  s tu d ie s , i t  w as assu m ed  th a t  th e  f lu id  
is free from  all so lub le  an d  inso lub le  im p u ritie s . T h is is n o t  a lw ays tru e . I n  
m a n y  cases, th e  flow  is m od ified  b y  d en sity  d ifferences cau sed  b y  te m p e ra tu re  
or chem ical co m position  d ifferences. Such a ph y sica l s i tu a tio n  c o n s titu tin g  
flow  due to  te m p e ra tu re  an d  co n cen tra tio n  d ifferences has n o t received  m u ch  
a t te n tio n . In  th is  s itu a tio n , th e re  is tra n sfe r  o f m ass due to  te m p e ra tu re  d iffe r­
ences a n d  tra n s fe r  o f  h e a t due to  c o n c e n tra tio n  d ifferences. In  th e  l i te ra tu re , 
these  are  know n as th e rm a l d iffusion  and  d iffusion  th e rm o  effec ts.

Such  a com bined  flow  has been considered  b y  a few  research ers  like 
S p a r r o w ,  M i n k o w y c z  an d  E c k e r t  [2], G e b h a r t  and  P e r a  [3] and  a few  
o th e rs  re fe rred  to  in  [1, 3 ]. T h e ir s tu d y  was a im ed  a t flow  p a s t sem i-in fin ite  p la te s  
w ith o u t su c tio n . In  [1, 2], th e  th e rm a l d iffusion  a n d  diffusion  th e rm o  effec ts
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w ere  considered w h e reas  in [3] only  th e rm a l d iffusion effects w ere considered  
a n d  diffusion th e rm o  effects were a ssu m ed  to  be neglig ib le . T h is assu m p tio n  
is t r u e  w hen the  c o n c e n tra tio n  level is v e ry  low. A ssum ing v e ry  low c o n cen tra tio n  
le v e l, th e  effects o f  free  convection  c u rre n ts  and  th e  m ass tra n s fe r  on th e  flow  
p a s t  a n  in fin ite  p o ro u s  p la te  were s tu d ie d  b y  S o u n d a l g e k a r  [4].

A ll these p a p e rs  deal w ith  n o n -co n d u c tin g  flu id s. B u t th e  effects o f  m ass 
t r a n s f e r  on the  free  convective  flow  o f  a n  e lec trica lly  co n d u c tin g  flu id  u n d e r 
th e  a c tio n  of th e  tra n sv e rse  m ag n etic  f ie ld  have n o t b een  s tu d ied  a t  all. H ence 
i t  is  th e  object o f  th e  p resen t p a p e r  to  s tu d y  th e  effects o f  th e  m ass-tra n sfe r  
on  th e  free co n v ec tiv e  flow  o f a v isco u s, e lec trica lly  co n d u c tin g  f lu id  p a s t  an  
in f in i te  porous p la te  w ith  c o n s tan t su c tio n  an d  tra n sv e rse  m ag n e tic  fie ld .

In  Section 2, th e  problem  is p o sed  m a th e m a tic a lly  an d  th e  ap p ro x im a te  
so lu tio n s  to  a co u p led  non-linear sy s te m  o f equ a tio n s govern ing  th e  flow  are 
d e r iv e d . The v e lo c ity , th e  te m p e ra tu re , th e  sk in -fric tio n  and  th e  N u sse lt 
n u m b e r  have been  show n  g raph ica lly . I n  Section  3 , th e  conclusions are  se t ou t.

2. M ath em atica l analysis

H ere the  X -a x is  is chosen a long  a v e rtic a l po rous p la te  in  th e  u p w ard  
d ire c tio n  and  th e  y '  ax is  is chosen p e rp en d icu la r  to  th e  p la te , u ',  v '  are th e  
co m p o n en ts  of v e lo c ity  along x'  a n d  y '  d irec tions. T he eq u a tio n s  govern ing  
th e  free  convective f lo w  of non co n d u c tin g  flu id  u n d e r p ro p e r a ssu m p tio n s  are 
d e r iv e d  in  Ge b h a r t  [5]. Follow ing his t r e a tm e n t, we can  show  th a t  th e  free 
co n v ec tiv e  flow on  a n  e lectrically  c o n d u c tin g , incom pressib le , v iscous flu id  
o n  neg lec ting  in d u ced  m agnetic  f ie ld , is governed  b y  th e  follow ing e q u a tio n s  
(R o s s o w  [6])

v' —  = v + gß(T' -  T'a) +  gß*(C' -  CL) -
by' by '

„  , b T  v  b2 T ' , ,,P Cn v ----- - =  K x----- — +  oB qu 1 ,
by' by'

dv'
by'

, be'
V --------

by'

= o ,

=  D b 2 C

by '2

( 1 )

(2)

(3)

(4)

H e re  all physical q u a n ti t ie s  have th e ir  u su a l m ean ing  e x c e p t ß* w hich  is know n 
as vo lu m e coeffic ien t o f  expansion  w ith  co n cen tra tio n . D is th e  m o lecu lar 
d if fu s iv ity  and C  is  th e  species c o n c e n tra tio n . In  E q . (2), th e  la s t  te rm  re ­
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p re se n ts  th e  J o u le  d issipa tive  h e a t. The v isco u s d issipative  h e a t  is assum ed  
to  b e  neglig ib le as com pared  to  Jo u le  d iss ip a tiv e  h ea t.

In te g ra t in g  (3) we have
v' = -  v0, (5)

w here  v 0  is th e  c o n s ta n t suc tion  v e lo c ity  an d  th e  negative  sign  in  (5) in d ica te s  
t h a t  th e  suction  is to w ard s th e  p la te .

O n in tro d u c in g  th e  follow ing non -d im en sio n a l q u a n titie s

Г  -  TLУ »o , 6 =

„  c  -  a  „C = ---- ---- — , GT
C  — cW A'' oo

T i - n
v g ß i n - T ' J

*8
(the G rash o f n u m b e r) ,

Gc =  ----- Ç J _  ( th e  m odified  G rash o f num ber) ,
vl

t*CpP  =  r  p ( th e  P ra n d tl nu m b er)
K i

E =

M 2 =

Vo
(5a)

c p(T'w -  t ; )
( th e  E c k e rt n u m b e r)

o B \  v2

/П'Ъ
(the H a rtm a n n  n u m b e r)  ,

D
(S chm id t n u m b er)

in  E q s . (1), (2) a n d  (4) we h av e

d2 и du  . . .  . « h я  л.
------- -I---------   -  М 2и =  - ( G T 0 + GcC)

dy2 dy

+ P —  =  -  M 2 Р £ и 2,
dy2  dy

* Ç  +  S c ^ =  0 .
dy2 dy

(6)

(7)

( 8 )

(9)

T he b o u n d a ry  co n d itio n s  are [3],

# a  0, 9 =  I ,  C =  1 a t  y  =  0
и =  0, 0 =  0, C =  0 a t  y  -  »

E q s . (6) —(8) are th e  coupled  n o n -lin e a r eq u a tio n s  to  be so lved  u n d e r  th e  
b o u n d a ry  co n d itio n s (9). As e x a c t so lu tio n s a re  n o t possible, we n o w  t r y  to  
o b ta in  ap p ro x im a te  so lu tions. To solve th e se  eq u a tio n s , we e x p a n d  u , 0, C in
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pow ers of E , th e  E c k e r t  nu m b er, T h is  is possible p h y sica lly  as E  fo r th e  flow  
o f an  incom pressib le  flu id  is a lw ays less th a n  u n ity . I t  can  be in te rp re te d  
p h y sica lly  as th e  flo w  due to  th e  Jo u le  d iss ip a tio n  h e a t  is superim posed  on  th e  
m a in  flow . H ence  we assum e,

и = u 0  +  E u j, в = в 0  +  Е дх, С — Cg +  ECV (10)

T h e  te rm s of o rd e r E 2, E 3  . . . are  n eg lec ted  because a s £ <  1, th e  c o n tr ib u tio n  
fro m  th e  coeffic ien ts  o f  E 2, E 3  . . . w ill be neg lig ib ly  sm all. S u b s titu tin g  (10) 
in  (6) — (9), e q u a tin g  th e  coeffic ien ts o f  d iffe ren t pow ers o f E , n eg lec tin g  those  
o f  E 2 . . ., we g e t a system  of coup led  lin e a r  eq u a tio n s . The p ro ced u re  being  
s tra ig h tfo rw a rd , i t  is n o t m en tio n ed  h ere  to  save space . These coup led  lin ear 
e q u a tio n s  are so lved  an d  th e ir  v a lu es  a re  s u b s ti tu te d  in  (10). The so lu tio n s  are 
th e  follow ing:

Fig. 1. V elocity profiles P  =  0.025 F ig. 2. T em perature  profiles, P  =  0.025

u — bxe т,У — b2e py — b3 e~s ‘y +  E  [A 8 e~ miy —

-  GT { A 1 e~Py -  A 2 e~2m,y -  A 3 e~2Py -  A 4 e~2S'y +  (11)

+  А 3 е~(т>+р)у -  A t e-<s‘+p)y + A 7 e-^m’+s^y}]

в = e~py +  E [ b 3 e~Py -  C2 e~m’y -  Q 2™ -  C 4 e~2S‘y +

+  C5e~<m*+p)y -  Ce e“ <s«+ s *)y +  C7 e~<m*+s«b’] .

u a n d  0 are show n in  F ig . 1 — 2, re sp ec tiv e ly .
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H ere

1 +  f l  +  4 M 2

u2 u3 -  p 2 _  p  _ M 2’ "3 S2 - S c - M 2 '

c  M 2 P b \ „  M 262
4m 2 — 2 m 2 P 3 2 P  ’

c  M 2 Pbl „  2b1b2 M 2 P

4SC2 -  2 P S C ’ m 2(m 2 +  p )

c  2b1b3 M 2 P „  2b2 b3 M 2 P

6 ( m 2 + S c) (m 2+ S c -  P ) SC(SC + P )

b 3 =  C2  +  C3 +  c 4 — c 5 —■ Cg +  C7,

1 bs 1 C2
P 2 -  P  -  M 2 ’ " s 4m 2 -  2 m 2 -  M 2 ’

1 Л _  C4
" 3 4 P 2 —2 P — M 2 ’ 4 S 2 -  2S c -  M 2

=

Л  =

л 7 =

m 2  +  2m 2  P  + P 2  — m 2  — P  — M 2

__________________ Çj_______________
S2 +  2 P S C + P 2  — Sc — P  — M 2  ’

c„
ml  +  2m 2 S c +  S 2 — m 2  — Sc — M 2,

=  G7- [j4 j — A 2  — A 3  — A 4  +  A s — A e -f A  7].

K now ing  th e  velo c ity  a n d  th e  te m p e ra tu re  field , we can  now  ca lcu la te  
th e  sk in -fric tio n  an d  th e  r a te  o f  h e a t  tra n sfe r  expressed  in  te rm s  o f th e  N usse lt 
n u m b e r.

T h e  sk in -fric tio n  is g iven  b y

г = Ц
du'

d y ' y - 0

w hich  in  view  o f (5a) reduces to

r  =
du
dy

(13)

(14)
У - 0
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S u b s titu tin g  fo r и from  (11). in  (14) we can  o b ta in  th e  expression  fo r т  show n 
in  F ig . 3. The ra te  o f h e a t tra n s fe r , in  te rm s o f th e  N u sse lt n u m b er is g iven  by

N u  = -
я Т О - n  к

dO
dy y=о

(15)

S u b s titu tin g  fo r в from  (12) in  (15) we can o b ta in  th e  exp ression  for N u  show n 
in  F ig . 4.

5

4 
T

3 

2 

1 •

0 2 4 6 8'
M-----►

Fig. 3. Skin fric tion  P  =  0.025

M-----►

Fig. 4. N usselt num ber P  =  0.025

3. Discussion

In  o rder to  g e t th e  p h y sica l in sigh t in to  th e  p ro b lem , num erica l ca lcu la ­
tio n s  are carried  o u t for d iffe ren t values of GT, Gc, M , E . P  and  Sc. I n  F ig . 1 
th e  velocity  p ro file s  are show n for c o n s ta n t Gc an d  S c. W e observe t h a t  due 
to  m ore ad d itio n  o f  Jo u le  d iss ip a tiv e  h ea t, th e  v e lo c ity  increases. T he velocity  
increases w ith  in c reasin g  GT w hereas an increase in  th e  m ag n etic  fie ld  leads to  
a decrease in  th e  velo c ity . A n increase in  Gc leads to  an  increase in th e  velocity  
w hereas an in crease  in  Sc leads to  a decrease in  th e  v e lo c ity . Fig. 2 show s the  
te m p e ra tu re  p ro files . W e observe from  th is  F ig u re  t h a t  an  increase in  the  
S ch m id t n u m b e r leads to  a decrease in  th e  te m p e ra tu re . B u t due to  m ore 
a d d itio n  of th e  Jo u le  d iss ip a tiv e  h ea t, th e  te m p e ra tu re  increases. T he te m p e ­
r a tu re  increases due  to  in creasin g  GT or Gc o r M.  F ig . 3 show s th e  sk in -fric tion  
p lo tte d  against M .  W ith  increasin g  M,  th e  sk in -fric tio n  decreases. I t  decreases 
w ith  increasing th e  S chm id t n u m b er. H ow ever, due to  m ore ad d itio n  o f the  
J o u le  d issipative h e a t  or due to  an  increase in  GT o r Gc, th e  sk in -fric tion  increas-
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es. In  Fig. 4, th e  N usselt n u m b e r is p lo tte d  a g a in s t M .  F o r sm all values o f M ,  
th e  N usselt n u m b e r is large. I t  decreases due to  increasing  th e  S ch m id t n u m ­
b e r  or GT an d  increases owing to  an  increase in  Gc or E.
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RAYLEIGH—TAYLOR INSTABILITY OF TWO 
SUPERPOSED CONDUCTING FLUIDS IN THE 

PRESENCE OF SUSPENDED PARTICLES

By

|R. C .S h a r m a  and K. C. S h a r m a

D EPA R T M E N T OF M ATHEMATICS, HIMACHAL PR A D E S H  U N IV E R SIT Y , SIMLA-171005, IN D IA

(Received 19. X . 1977)

R ayleigh —Taylor in stab ility  of two superposed conducting fluids in the presence of 
suspended particles is studied. The prevalent m agnetic field is assum ed to be uniform  and 
horizontal. The fluids are assum ed to  be highly viscous and of equal kinem atic viscosities, 
for m athem atical simplicity. The system  is found  to  be stab le  for stable configuration and 
unstable for unstab le  configuration in  the presence of suspended particles. This is in  contrast 
to the therm al instab ility  problem  where the suspended particles have a destabilizing effect.

1. In tro d u c tio n

T he in s ta b ili ty  d e riv ed  from  the  c h a ra c te r  o f th e  equ ilib rium  of a n  in co m ­
pressible h e a v y  flu id  o f v a ria b le  d en sity  (i.e. o f a he te rogeneous flu id) is te rm ed  
th e  R ay le ig h  —T ay lo r in s ta b ili ty . M en tio n  m ay  be m ad e  of tw o im p o r ta n t  
special cases: (a) tw o  f lu id s  o f  d ifferen t den sitie s  su p erp o sed  one over th e  o th e r; 
(b) a f lu id  w ith  a co n tin u o u s  d ensity  s tra t if ic a t io n . K r u s k a l  an d  S c h w a r z ­

s c h i l d  [1] h a v e  considered  th e  s ta b ili ty  o f  an  in v isc id  p lasm a  of in f in ite  con­
d u c tiv ity  su p p o rte d  a g a in s t g rav ity  b y  a h o rizo n ta l m ag n e tic  fie ld . H i d e  [2] 
s tud ied  th e  case o f a v iscous co n d u c tin g  f lu id  w ith  a tra n sv e rse  m ag n e tic  fie ld  
and  found  t h a t  m ag n e tic  fie ld  considerab ly  stab ilizes th e  co n fig u ra tio n  an d  i t  
is possible to  h av e  o sc illa to ry  m o tion  in  th e  p resence o f  m agnetic  fie ld  even  if  
th e  c o n fig u ra tio n  is th o ro u g h ly  u n s ta b le . C h a n d r a s e k h a r  [3] has g iven  a 
de ta iled  a c c o u n t of th e  R ay le ig h  —T a y lo r in s ta b ili ty  u n d e r  v a ry in g  a ssu m p ­
tions o f h y d ro d y n a m ic s  a n d  h y d ro m ag n e tic s .

T he e ffec t o f su sp en d ed  partic les  on th e  s ta b il i ty  o f superposed  flu id s 
m igh t he o f  in d u s tr ia l  a n d  chem ical en g ineering  im p o rta n c e . F u r th e r  m o tiv a ­
tio n  for th is  s tu d y  is th e  fa c t  th a t  know ledge concern ing  flu id -p artic le  m ix tu re s  
is n o t co m m en su ra te  w ith  th e ir  in d u s tr ia l an d  sc ien tific  im p o rtan ce . S c a n l o n  

and  S e g e l  [4] considered  th e  effect o f  su sp en d ed  p a rtic le s  on th e  o n se t o f 
B énard  co n v ec tio n  an d  fo u n d  th a t  th e  c ritic a l R ay le ig h  n u m b er w as re d u c e d  
solely b ecau se  th e  h e a t  c a p a c ity  o f th e  p u re  gas w as su p p lem en ted  b y  t h a t  
of th e  p a rtic le s . S h a r m a  e t  al [5] s tu d ied  th e  effect o f  suspended  p a r tic le s  on 
th e  onset o f  B én ard  co n v ec tio n  in  h y d ro m ag n e tic s . T h e  effect o f su sp e n d e d  
partic les w as fo u n d  to  destab ilize  th e  la y e r  w hereas th e  effect o f m a g n e tic
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f ie ld  w as s tab iliz ing . T he effect o f  a un ifo rm  ro ta t io n  was also s tu d ie d  an d  w as 
fo u n d  to  have  a s tab iliz in g  effect in  th e  p resence o f  suspended  p a rtic le s  on th e  
B é n a rd  convection .

T h e  effect o f  su spended  p a r tic le s  on th e  s ta b ili ty  o f tw o  superp o sed  flu id s  
in  h y d ro m ag n e tic s  m ig h t be o f  in d u s tr ia l a n d  scien tific  im p o rta n c e . T h is 
a sp e c t form s th e  su b je c t m a tte r  o f  th e  p re se n t p ap er.

W e consider a s ta tic  s ta te  in  w h ich  an  incom pressib le  f lu id -p a rtic le  la y e r  
o f  v a ria b le  d en sity  is a rran g ed  in  h o riz o n ta l s t r a ta  and  th e  p ressu re  p  an d  th e  
d e n s ity  Q are fu n c tio n s  of th e  v e r tic a l c o o rd in a te  z only. T he c h a ra c te r  o f  th e  
eq u ilib riu m  o f th is  in itia l s ta tic  s ta te  is d e te rm in ed  b y  su p p o sin g  th a t  th e  
sy s te m  is s ligh tly  d is tu rb e d  an d  th e n  follow ing i ts  fu r th e r  ev o lu tio n . T he flu id  
is u n d e r  th e  a c tio n  o f  g ra v ity  g(0 , 0, —g) an d  th e  h o rizo n ta l m ag n e tic  fie ld  
H (H ,  0, 0). The p a rtic le s  are a ssu m ed  to  be n o n conducting .

2. B asic  equations

L e t Q, p, p  a n d  u(it, v, u>) d e n o te  re sp ec tiv e ly  th e  d e n s ity , th e  v iscosity , 
th e  p ressu re  an d  th e  velocity  o f  th e  p u re  gas; V(«, t ) an d  N (x , t) den o te  th e  
v e lo c ity  an d  n u m b e r den sity  o f  th e  pa rtic le s , respective ly . К  =  б л р г ] ,  w here 
rj is th e  p a rtic le  ra d iu s , is a c o n s ta n t an d  x  =  (x, y , z). T hen  th e  eq u a tio n s  o f 
m o tio n  an d  c o n tin u ity  fo r th e  gas a n d  M axw ell’s equa tions are

—  +  (u  • V) u S7p +gg + (uV2u  + K N ( X  — u)-(-

+ ----- (V X h) X H  +
4тг

dco flu I dp
dx <)z ) dz

V • u  =  0,

—  =  v  X ( U  X H ) , 
dt

V • H  =  0.

( 1 )

(2)

(3 )

(4)

Since th e  d e n s ity  of a p a rtic le  m ov ing  w ith  th e  flu id  rem a in s  u n c h a n g e d , 
we h av e

Эе
dt

+  (u  • v )p  =  о . ( 5 )

T he presence o f  partic les  a d d s  an  e x tra  force te rm , p ro p o rtio n a l to  th e  
v e lo c ity  d ifference betw een  p a rtic le s  an d  f lu id  an d  appears in  eq u a tio n s  o f  
m o tio n  (1). Since th e  force e x e rte d  b y  th e  f lu id  on th e  p a rtic le s  is eq u a l an d

A c ta  P hysica  A cadem iae  Sc ien tia ru m  H u n g a rica e  43 , 1977



RAYLEIGH-TAYLOR IN ST A B IL ITY 253

opposite  to  t h a t  ex e rted  b y  th e  pa rtic le s  on  th e  flu id , th e re  m u s t b e  an  e x tra  
force te rm , equal in m ag n itu d e  b u t  oppo site  in  sign, in  th e  e q u a tio n s  of 
m otion  fo r  th e  partic les. T he b u o y an cy  force on th e  partic les  is n eg lec ted . I n te r ­
p artic le  reac tio n s  are n o t considered  e ith e r  fo r we assum e th a t  th e  d istance 
betw een  p a rtic le s  is q u ite  large com pared  w ith  th e ir  d iam eter.

T h e  eq u a tio n s  o f m o tio n  an d  c o n tin u ity  fo r th e  p a rtic le s , u n d e r  th e  
above ap p ro x im a tio n s , are

m N ^  +  (V - V ) V miVg +  K N  (u -  V ) ,

d N
dt

+ V • ( IW ) =  0,

(6)

( 7 )

w here m N  is th e  m ass o f p a rtic le s  p e r u n i t  vo lum e.
L e t ôq, bp an d  h(hx, hy, hz) den o te  re sp ec tiv e ly  th e  p e r tu rb a tio n s  in 

d en sity  g, p ressu re  p  and  th e  m agnetic  fie ld  H . T h en  th e  linearized  p e r tu rb a ­
tio n  e q u a tio n s  o f  th e  flu id -p a rtic le  lay e r are :

du  V7 X . , , Г7, , Í dco du \ dpQ-----=  - V  bp +  g bq +  /iV 2 n  + ----------1------- —— +
dt \ d x  d z )  dz

+ —  (V X h) X H  +  K N { \  -  u),
4л

V • u = 0,

—  =  V X (u X H ), 
dt

V • h  =  0 ,

m d ж7
— ----------h l  V =  u  .
К  dt

In  ad d itio n  to  E q s. (8) —(12), we have  th e  e q u a tio n

—  CO
do
dz

9

(8)

(9

( 10)

(И)

( 12)

(13)

w hich  en su res  t h a t  th e  d e n s ity  o f ev e ry  p a rtic le  rem ain s u n ch an g ed  as we 
follow i t  w ith  its  m otion .

A n aly z in g  th e  d is tu rb an ce  in to  n o rm a l m odes, we seek so lu tions whose 
dependence on  x , y  an d  t is given b y

exp  (ikxx  +  ikyy  +  nt) , (14)
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w here  кх, ку are th e  h o rizo n ta l co m p o n en ts  o f th e  w ave nu m b er, k 2  =  kx -f- k \  
a n d  n  is th e  g ro w th  ra te .

U sing ex p ressio n  (14), E q s. (8) —(13) give

[p(rre +  1) +  mN] пи =  — (1 +  xn) ikx bp +  («(I +  xn)(D 2  — ft2) и +
(15)

+  (ikxoi) + Du)(l  +  г  n)D p ,

[g(xn +  1) +  m N ]n v  =  — (1 +  x n ) iky bp 4- p ( l  4- xn)(D 2  — №)v 4-

4- ( iky со +  Dv)(  1 4- г n)Dp  4- - ^ - ( ikxhy — ikyhx),
i n

[р(тга +  1) 4- mN] neo — — (1 4- xn)D bp  4- p  (1 4- rn )(D 2  — к2) со +

+ 2 Deo (1 4- xn)Dp  4- — (1 4- xn)(Dg) + ^ —(ikxhz — Dhx),  ̂ ^
n 4л

ikx и 4- iky V  +  Deo =  0 , 

ikx hx +  iky hy + Dhz =  0 ,

n h  =  ik x H u  .

(18)

(19)

( 20)

E lim in a tin g  bp betw een  E q s . (15) —(17) a n d  using  E qs. (18) —(20), we
o b ta in

n(xn 4- 1) [D(gDco) — k 2 gco] 4- [D(mNDco) — k?(mN)co] —

— p(x  n 4- 1)(D 2 — к 2 ) 2  со 4- - ^ —(Dg)(xn  +  l)cu 4-
n

-  (rn  4- 1) [D{(Dp)(D 2  +  k 2 )eo) -  2k2 (Dp) (Deo)] +  

f'eH 2  k 2

(21)

+
4 лп

(D2  -  k2)co =  0

3. Two uniform fluids separated by a horizontal boundary

C onsider th e  case o f tw o u n ifo rm  flu id s o f  densities a n d  g2  an d  v isco ­
sitie s  p y and  p 2  se p a ra te d  b y  a h o riz o n ta l b o u n d a ry  a t  z — 0. T h e  su b sc rip ts  
1 a n d  2 d is tin g u ish  th e  lower a n d  th e  u p p e r f lu id s , respective ly . I n  each  o f  th e  
tw o  regions o f c o n s ta n t g an d  p,  E q . (21) red u ces  to

w here
(D2  -  k2) (D 2  -  K 2)co =  0 ,

m N  pek 2  H 2

( 2 2 )

K 2  = k 2  + —  +
V p ( l  + xn) 4nkvgn  (1 -|- xn)

A c ta  Physica  A ca d em ia e  S c ien tiarum  H u n g a rica e  43 , 1977



RAYLEIGH-TAYLOR INSTABILITY 255

Since со m u s t v an ish  b o th  w hen z — — °° (in  th e  low er flu id ) an d  z -*■ 4- 00 
(in  th e  u p p er flu id ), th e  genera l so lu tio n  o f  E q . (22) can  be w ritte n  as

cot =  A 1 e +kz 4 - B 1 e +klZ, ( 2  <  0 )

a >2 — A 2  e~kz + B 2  e~k,z, ( г  =- 0 )

w here A v  B v  A 2, B 2  are c o n s ta n ts  o f in te g ra tio n ,

K ,  = I fe2 + +
m N

+
pM H *

an d
I » !  р 1 т 1 ( 1  +  т г е )  4 л г 1 р 1 г а ( 1  +  т  n)

К .  = 1/ fe2 4- —  
v9

+
m N

+
/лекх

v2  q2  i>2( 1 +  тга) 4jt j»2 q2  n( 1 -f тп).

In te g ra tin g  E q . (21) across th e  in te rface  a t  2 =  0, we o b ta in

( 2 3 )

( 2 4 )

( 2 5 )

( 2 6 )

+

l»2
I t

m N

e2 -  —  Ф 2 -  fe2)
n

Dm2\ —
z=0

Ql _  _  fe2)
n

D&q +
z = o

n(rn  + 1 )
(Dm 2  -  D m ^ o  + .̂ Н ^ — ( Ш 2 -  D c o ,) ^

4jtn2(rn +  l )

=  -  ( ? 2  -  e i )  « 0  -  ( ^ 2  -  / * 1 ) ( Л » ) 0 •

(27)

In  a d d i t i o n  t o  t h e  c o n d i t i o n  ( 2 7 ) ,  t h e  b o u n d a r y  c o n d i t i o n s  t o  b e  s a t i s f i e d  

a t  t h e  i n t e r f a c e  2  =  0  a r e  ( C h a n d r a s e k h a r  [ 3 ] ,  p .  4 3 2 ) :

f t ) ,  ( 2 8 )

Dm ( 2 9 )

( 3 0 )

a n d

fj,(D2 +  kr)m

m u s t be co n tin u o u s across an  in te rface  be tw een  tw o  flu id s.
A pp ly ing  th e  b o u n d a ry  co n d itions ( 2 7 )  —  ( 3 0 )  to  th e  so lu tions g iven  in  

( 2 3 )  an d  ( 2 4 ) ,  we o b ta in

A l -f- B 1  =  A 2  4-  B 2 , (31)

k A 1  4-  K lB l =  —k A 2  — K 2  B 2 , ( 3 2 )

/X iß fcM , +  (K \  4- fe2) H i] =  i* ,[2  к Ы 2 +  (K l  +  * * )B 2] , (3 3 )
an d

R  „ m N  S
—  -f- С — Pi — --------- -—■ — -----------------
2 п(хп + 1) п2(тп 4- 1)

+[т-с- е*-й m N
( т п  4 -  1 )  п 2 ( т п  4 -  1 )

А 1 +

А 2  4-
[ f -

fe

C K 2

в  1 +
( 3 4 )

В 2  — о ,
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w h ere

R = gk
( é?2 -  É?i) ,  C = —  (/i2 -  pi)  an d  S ;=

n  4л
kî H 2

E q s. (31) —(34) can  be w ritte n , in  m a tr ix  n o ta tio n , in  th e  fo rm  o f th e  
s ing le  m a trix  e q u a tio n

R

1

к

2 k2

+  C — Qx — 

m N

1

Kx

f*x(K*x + k2)

— 1 

к

-  2 kr ц 2

R C Qn
2

- 1

K 2

-i*2 (K 2 + k 2)

n ( r n - f  1)

S
n2( r n + 1)

{1 ^ 1  -
m N

n (x n  + 1)

S
n2{rn +  1)

C K 2

к

r A i
Bx

B 4

=  0.

(35)

T he d e te rm in a n t o f th e  lin ear sy s tem  o f eq u a tio n s  w hich  (35) rep re sen ts  
m u s t  clearly  v a n ish . T h e  d e te rm in a n t can  be reduced  b y  su b tra c tin g  th e  f ir s t  
c o lu m n  from  th e  second , the  th ird  co lu m n  from  th e  fo u r th  an d  ad d in g  th e  
f i r s t  colum n to  th e  th ird . B y th is  p ro c e d u re , we o b ta in

QxU +

+

K x -  к

m N
xn +  1 
S

+■

\Qi +

n(xn + 1) 

m N
n (x n + 1)

+

2 k

2 fc2( P i » ' i  -  Q2 v 2) 

gk

К * - к

Q2n +
m N

xn + 1  
S

+

( e i - Q i )  ~

+ { K l - k )  + 
к

+

- ( 0 i + e 2)-

2S

2 m N  
n ( x n + l )

É?2 +

n(xn + 1) 

m N
n(xn  +  1)

- ( K 2 - k )  +

n2 (xn + 1) n2(xn  +  1)
+

n2(xn + l)

= 0 .
(36)

4. D iscussion

Since th e  v a lu e s  of K 2  and  K 2  in v o lv e  square  ro o ts , th e  d ispersion  re la ­
t io n  (36) is q u ite  com plica ted . F o r  m a th e m a tic a l s im p lic ity , we m ak e  th e  
assu m p tio n s th a t  th e  k inem atic  v iscosities o f th e  tw o  flu id s are th e  sam e i.e.
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vi = v 2  = v a n d th a t  th e  flu id s are h ig h ly  v iscous. U nder th e  ab o v e  assum p 
tio n s, we have

К =  fefl + —
vk;

+
m N

vk2 prfe2( r re - f l )  k 2 vgn(xn + 1)

1/2

1 **'=  к +  —■—- +
m N

+

so th a t

and

K 2 -  к =

К ,  -  к =

2 vk 2 gvk(xn + l )  2 kvgn{xn + \)  

m N  S
+ +

2  vk 2 g1 vk(xn + l )  2 kvg 1 n(xn + l)

m N  S
+ +

2 vk 2р2г&(тге +  1) 2 kvg 2 n(xn  + 1 )

(37)

(38)

(38)

S u b s titu tin g  th e  va lu es  of — к  a n d  K 2  — к  from  E qs. (38) an d  (39) 
in th e  d e te rm in a n t (36) an d  sim plify ing  i t ,  a f te r  a little  a lg eb ra , we o b ta in

A „ n 9 + A s n 8  + A 1 n7 +  A e ne +  A a n 5  + A 4 n 4  + A 3 n 3  +
( 4 U )

+ A 2 n 2  + A 1n + A 0  =  0,
w here

A  =  9 i 9 2 * 3( g i  +  £ 2)2 >

A  =  Qi Q2 *2(Qi  +  e2)2 [3 +  2k2 vx)],

A 7 =  6vk?x2 g1 g2 (g1 + g2f  +  gkg 1 g2 (g 1  + g2) (Pl -  g2) t 3 +

+  3g1 g2 x(g1  + g2 ) 2  + m N x 2 (gx + g2)(gf + 4 дг д2  +  g22) ,

A  = 6 vk2  Xg2  g^g!  +  g2 ) 2  + 2 vk2  m N x 2 {gx + g2 ) 3  +

+  3g*T2 e1 p2(p1 -  6 2 ) (Qi  + 6 2 ) + 2m N x(g 1  + g2) X 

X (Й  +  4g j g2  +  gl) +  2дг g2 (g 1  + g2 ) 2  -  Sx2(pj +  p2)3 ,

A  = 4vk2m N x{g1 + p2)3 +  2vk,2 gx р2(рг +  p2)2 +

+  4 k QiQ2 ÁQi +  e2)(gi -  Pa) +  m N {g 1  + g2) (g2  +  4 g2 g2  +  gl) + 

+  gkÍQi -  Q2 )(Qi + Q2 )2 m N x 2  +  i m 2 N 2 x{g1  + g2 ) 2  +  (41)

+  S r(g i +  6 2 ) [2(ei +  Q2 ) 2  +  2 vkrx(g 2  +  gl)],

A  4 =  2vk2 m2 N 2 x(g1  + g2 ) 2  +  2gkm Nx( дг — д2 ){д 1  +  p2)2 +

+  1  -  Q2 ) ( ? 1  +  q2) +  3m2iV2(p1 +  p2)2 +

+  2k2 vmN(g 1  + g2 ) 3  + S(g 1  + g2 ) 3  + S r (p j +  g2) [4k 2 v(g\ +  gl) + 

+gkx(gi -  g2)(g1 + g2) +  4 m N (g 1 +  p2)] ,
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А 3 =  g k m N (g 1 -  g?)(о1 +  g2)2 +  gk(gL -  goHgr + g2)m2N 2T +

+ 2 m 3N 3(g1 + g2) + 2vk2m2N 2(g1 + g2)2 + + g2) X
X + g2) +  S (g 2 +  g2) + 2gft(e i -  g - j ) ^  +  g ,)] +

+  s ( f t  +  f t)  [4fc2vgi g2 +  2k2v{gl -  g2)2] ,

A 2 =  gkm 2N 2(gx -  g2) (gx +  g2) +  gkS(g1 -  g2)(g1 +  g2) X 

X [ f t  +  f t  +  2miVt] +  4 m2N 2S(g1 +  g2) +  S2(g t +  g2)2 ,

A 1 =  g kS (g r — g2)(gj +  g2) [2пгЛГ +  S r ]  +  2S2 m N (g t +  g2) ,

A 0 = S 2gk{gl -  go) (gi +  e2) •

F o r th e  p o te n tia lly  stab le  a rra n g e m e n t gx >  g2, we fin d  th a t  all th e  coef­
f ic ie n ts  in  (40) a re  positive and  so a ll th e  ro o ts  o f  n are  e ith e r rea l an d  n eg a tiv e  
o r  th e re  are co m p lex  roots (w hich o ccu r in  p a irs) w ith  nega tive  rea l p a r ts  an d  
th e  re s t  n eg a tiv e  re a l roots. The sy s te m  is th e re fo re  s tab le  in each  case. T hus 
th e  p o te n tia lly  s ta b le  con fig u ra tio n  g t >  g 2, rem ain s stab le  fo r th e  case of 
tw o  superposed  flu id s  in th e  p resence  of su spended  partic les.

F o r th e  u n s ta b le  co n fig u ra tio n  g2 >  gv  th e re  is a t  least one change o f 
sign  in  (40) a n d  so E q . (40) has one p ositive  ro o t. T he occurrence o f p o sitive  
ro o t im plies t h a t  th e  system  is u n s ta b le . The u n s ta b le  co n fig u ra tio n , th e re fo re , 
rem a in s  u n s ta b le  fo r the  case o f  tw o  superposed  flu ids in th e  p resence o f 
su sp en d ed  p a rtic le s .

W e conclude  therefo re  th a t  th e  system  is s tab le  for s tab le  co n fig u ra tio n  
a n d  u n stab le  fo r u n s ta b le  co n fig u ra tio n  in  th e  p resence  of suspended  p a rtic le s . 
T h is  is in  c o n tra s t  to  the  th e rm a l in s ta b ili ty  (B én ard  convection) p rob lem  
w here  th e  su sp en d ed  partic les h a v e  a destab iliz in g  effect.
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STATISTICAL FLUCTUATIONS OF ( d ,  p) AND ( d ,  a )  
REACTIONS ON 32S TARGET NUCLEI AT 135°

By
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P H Y S I C S  D E P A R T M E N T ,  F A C U L T Y  O F  S C I E N C E ,  C A IR O  U N I V E R S I T Y ,  C A IR O , E G Y P T

and

A. A. E l - S o u r o g y

P H Y S I C S  D E P A R T M E N T ,  A T O M IC  E N E R G Y  C O M M IS S IO N , A R E ,  C A IR O , E G Y »

(Received in  revised form  20. X . 1977)

The auto-correlation analysis of the fluctuations of th e  differential cross-sections of the 
(d, p) and (d, a ) reactions on 32S ta rg e t a t  135° gave a m ean level w idth of 20 +  5 keV 
for the 31C1 com pound nucleus a t 13.630 MeV average excita tion  energy. This value of 
eflects the nuclear shell struc tu re  ef fects for even mass n u m b e r nuclei beside confirm ing the 
rermigas model predictions. The absence  of correlation betw een associated as well as betw een 
Fon-associated decay groups is confirmed. The valid ity  of th e  Thom as-Porter d is tribu tion  for 
nescribing th e  p robab ility  d istribu tion  of cross-sections around  the ir averages is a ttr ib u ted  
do a very sm all contribution  of th e  direct process to  th e  reaction  mechanism if present. The 
tprobability  o f th e  a-isospin forbidden transition  to  the  30P firs t excited sta te  is discussed in 
the frame of th e  isospin mixing.

I . In tro d u c tio n

T he a n g u la r  d is tr ib u tio n s  o f  th e  d iffe re n t g roups e m itte d  in  th e  32S(d , p )33S 
reac tio n  w ere s tu d ie d  [1 — 7] in  th e  d e u te ro n  en e rg y  range from  1.0 u p  to  
5.0 MeV, a n d  a c o n tr ib u tio n  fro m  b o th  th e  d ire c t an d  com pound  nucleus 
processes to  th e  reac tio n  m echan ism  w as recogn ised . T he an g u la r d is tr ib u tio n  
o f th e  (d, a ) re a c tio n  in  32S ta rg e ts  in  th e  en e rg y  ran g e  from  2.0 u p  to  5.5 MeV 
[8, 9] show ed th e  c h a ra c te ris tic  fea tu re s  o f  th e  co m p o u n d  nucleus m echan ism .

In  all th e se  p rev ious s tu d ie s  th e  m ech an ism  o f th e  (d, p) an d  (d , a ) reac ­
tio n  on th e  32S ta r g e t  nucle i w as in v e s tig a te d  v ia  th e  analysis o f th e  m easu red  
an g u la r d is tr ib u tio n s  in  te rm s  o f b o th  th e  d ire c t an d  com pound  nucleus 
processes besid e  th e  in te rfe ren ce  b e tw een  b o th . T h e  use of th ic k  32S ta rg e ts  
beside th e  b ig  energy  step s  u sed  in  m e a su re m e n ts  p rev en ted  th e  o b ta in e d  
d a ta  from  b e in g  su itab le  fo r E r i c s o n  an a ly s is  o f  th e  p resen t cross-section  
f lu c tu a tio n s .

A ccord ing ly , we s till h av e  to  in v e s tig a te  th e se  reac tio n  m echan ism s, 
especially  in  th e  low  energy  ran g e  o f in c id e n t d e u te ro n s . This is ca rried  o u t here 
v ia  th e  an a ly s is  o f th e  a c c u ra te ly  m e a su re d  y ie ld  cu rv es  of these  re a c tio n s  in  
te rm s o f th e  E r i c s o n  m eth o d s  [ 1 0 ] ,  on  th e  one h a n d . O n th e  o th e r  h a n d  th e
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s tu d y  of th e  E r ic so n  f lu c tu a tio n s  o f th ese  reac tio n s  is used  as a too l fo r th e  
d e te rm in a tio n s  o f  th e  isospin m ix in g  lead ing  to  th e  ap p earan ce  o f  th e  a-iso- 
sp in  fo rb idden  tra n s it io n s  in  th is  low  en erg y  range  o f b o m b ard in g  d eu te ro n s.

This p a p e r  p resen ts  th e  e x p e rim e n ta l re su lts  o f th e  e x c ita tio n  fu n c tio n s  
o f  th e  above m e n tio n e d  reac tio n s  in  th e  d e u te ro n  energy ran g e  from  2.0 to  
2 . 5  MeV, in  1 0  keV  step s a t  1 3 5 °  sc a tte r in g  ang le . The observed  f lu c tu a tio n s  are  
a t t r ib u te d  to  a s ta tis t ic a l  o rig in  an d  th u s  an a ly zed  accord ing  to  th e  m eth o d  
p ro p o sed  b y  E r i c s o n  [ 1 0 ] .

II. Experimental techniques and analysis

32S ta rg e ts  o f  th ickness e q u iv a le n t to  ~  10 keY energy  loss a t  2.20 MeV 
d e u te ro n s  w ere p rep a red  from  “ A g2S”  b y  ev ap o ra tio n  o n to  th in  “ A g”  
b ack in g s.

The sam e ex p erim en ta l te ch n iq u es  g iven  in  [11] were p e rfo rm ed  here  for 
th e  y ie ld  curves m easu rem en ts . T h e  m eth o d s  o f  analysis o f th e  re su lts  in  te rm s  
o f  th e  E ricson  th e o ry  of s ta tis tic a l f lu c tu a tio n s  [10] are given in  d e ta il in  [11].

III. Results and discussion

1. Energy spectra and yield curves

F ig . l a  show s a ty p ic a l en e rg y  sp ec tru m  o f  th e  e lastica lly  sc a tte re d  d e u ­
te ro n s  a t  E d = 2 .20 MeV, and  a t  135° angle o f  sc a tte rin g . P eaks co rresp o n d in g  to  
(d , a )  reac tions u p o n  32S ta rg e t n ucle i as well as tho se  due to  “ A g”  n ucle i used  
as back ings an d  p re se n t in  ta rg e t  m a te r ia l (Ag2S) are well seen. P eak s  o f  12C 
im p u ritie s  are also p resen t. C onsidering  th e  e la stic  sca tte rin g  due to  R u th e r ­
fo rd , th e  ta rg e t th ick n ess  was d e te rm in ed  to  be eq u iv a len t to  ^ 1 0  keV  en erg y  
loss a t  2.20 MeV d eu te ro n  energy .

F igs, l b  a n d  l c  p resen t th e  energy  sp e c tra  of th e  p ro to n s an d  a -g ro u p s  
e m itte d  in  th e  (d, p) and  (d, a ) reac tio n s on th e  32S ta rg e ts , re sp ec tiv e ly , a t 
E d =  2.0 MeV a n d  в =  135°). T he f irs t  six  p ro to n  groups lead ing  to  th e  show n 
32S levels are w ell sep a ra ted  from  th e  12C(d, p 0)13C group  show n a t  th e  low  
e n e rg y  end o f th e  spec tru m  (F ig . lb ) .  T he f i r s t  em itted  fo u r а -g roups, w ith  

a n d  a 2 reco rded  as one g roup  (a a_ 2) due to  lack  of such v e ry  h ig h  en erg y  
re so lu tio n , are c lea rly  seen in  th e  sp ec tru m  o f  F ig . lc . The id e n tif ic a tio n  o f  th e  
re a c tio n  groups w as perfo rm ed  b y  th e  re a c tio n  k inem atics. I n  v iew  o f th is , 
one c a n  ca rry  o u t th e  s tu d y  o f six  p ro to n  g ro u p s an d  th ree  а -g roups w ith  fa ir  
c e r ta in ty . A ccord ing ly , th e  e x c ita tio n  fu n c tio n  curves of th e se  six  p ro to n  
a n d  th re e  a lp h a-g ro u p s are m easu red  in  th e  d eu te ro n  energy ra n g e  from  2.0 
u p  to  2.4 MeV in  th e  fa irly  accep ted  steps o f 10 keV. P ro to n  a n d  a -sp e c tra  a t
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Fig. la . Spectrum  of elastically sca ttered  deuterons from  32S target on Ag backing m easured 
a t Ea =  2.2 MeV and 135° angle of scattering

Fig. lb . Typical spectrum  of the p ro ton  groups from  deuteron bom bardm ent of a na tu ra l 
su lphur ta rget, recorded on the m ulti-channel analyzer. All labelled peaks correspond to  single

levels in 33S residual nucleus
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Fig. 1с. Typical spectrum  of the alpha groups from deuteron bom bardm ent of a natu ral 
su lphur ta rget, recorded on th e  m ulti-channel analyzer. All labelled peaks correspond to  single

levels in 30P  residual nucleus

each  d eu te ro n  en erg y  w ere m easu red  fo r a d e u te ro n  charge a c c u m u la ted  on 
th e  ta rg e t  giv ing good s ta tis tic s  o f  p o in ts . O ur s c a tte r in g  ch am b er a n d  th e  
ch a rg ed  pa rtic le s  sp ec tro m e te r  (u tiliz ing  th e  sem ico n d u cto r d e tec to rs)  are 
describ ed  in  d e ta il in  [11]. F igs. 2a an d  2b show  th e  re su lts  of th e  y ie ld  cu rves 
m easu rem en ts . R e p ro d u c ib ility  o f th e  re su lts  w as confirm ed b y  m easu rin g  
d iffe ren t ru n s fo r specia l p a r ts  of th e  y ie ld  cu rves. F lu c tu a tio n s  o f th e  d iffe r­
e n tia l cross-sections c a n n o t he m issed from  th e  f ir s t  look.

2. Average level ividth

T he observed  f lu c tu a tio n s  in  th e  d iffe ren tia l cross-sections o f th e |(d ,  p) 
an d  (d , «) reac tio n s on 32S (see F igs. 2a, 2b) are  a t t r ib u te d  to  a s ta tis t ic a l  o rig in  
o f t h a t  ty p e  considered  b y  E ricson  [10]. T h is a ssu m p tio n  is su p p o r te d  b y  
c a lcu la tin g  th e  level spac ing  “ D ”  [12] o f th e  co m p o u n d  nucleus 34C1 a t  13.630 
MeV average  en erg y  o f  ex c ita tio n  as Л и  0.33 keV  a n d  th u s  g iv ing  a va lu e  
o f  Г /D  — 60 rea liz in g  th e n  th e  o v erlap p in g  co n d itio n s F/D >  1.

A ccord ing ly , an  au to -co rre la tio n  analysis  o f th e  d ifferen tia l cross-sections 
o f  th e  m easu red  p ro to n s  an d  а -groups w as p erfo rm ed . The au to -co rre la tio n  
fu n c tio n  is given b y :

m
' o(E,) _  j | . ( cjE, +  Q _  1 \
(o(Ej)} I |<o-(E,+ 6)) / (1)
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Ed(MeV) E d (MeV)

Fig. 2a. E xcita tion  functions of th e  32S(d, p)33S reaction  leading to the first eight excited 
s ta tes of the 33S nucleus for the scattering  angle 135°, and  deuteron energy range from 2.0 to

2.4 MeV. The statistical errors are w ith in  the dots.
Fig. 2b. E xcitation  function  of th e  32S(d, a)30P reaction  leading to  th e  first four excited states 
of the 30P nucleus, for the scattering angle 135° and in  th e  deuteron energy range from 2.0 to

2.4 MeV. The statistical errors are  w ith in  the dots.

w ith  as an  in c rem en t o f en erg y  n o t less th a n  th e  energy  steps of th e  y ie ld  
cu rves m easu rem en ts . T he average  value o f  th e  cross-section  a t  an  energy  
E i (a(E i)y is re p re se n te d  b y  e ith e r  a s tra ig h t line  o b ta in ed  b y  a leas t square  
f i t  o f th e  d a ta  o r  b y  a non -period ic  F o u rie r fu n c tio n  w ith  h ig h er orders n eg ­
lec ted . An i te ra t io n  p ro ced u re  fo r th e  m e th o d  o f  average  w as perfo rm ed  u n til  
g e ttin g  th e  coherence w id th  “ Г ”  o f a ce rta in  e x c ita tio n  fu n c tio n  being a p p ro x ­
im a te ly  c o n s ta n t. T he d e ta ils  o f  th e  p ro ced u res  o f analysis are  given in  [11].

Figs. 3a a n d  3b p re se n t exam ples o f  th e  no rm alized  au to -co rre la tio n  
fu n c tio n  ( th a t  is f?(£) no rm alized  to  R(d — 0)] o f  some o f th e  s tu d ied  p ro to n s 
an d  а -groups. T h e  th e o re tic a lly  expected  L o re n tz ia n  sh ap e  [10] of th e  au to -
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Fig. За. Normalized auto-correlation function  of the fluctuations in  the differential cross- 
section of the reaction 32S(d, p„)33S a t  135° angle of scattering 

Fig. 3b. Normalized auto-correlation function  of the fluctuations in  the differential cross- 
section of the reaction 32S(d, a12)30P  a t 135° angle of scattering 

Fig. 3c. Absolute auto-correlation function  and cross-correlation functions in the  differential 
cross-section of the 32S(d, p)33S and 32S(d, a3)30P  reactions a t Е а = 2.0 — 2.4 MeV and at

© =  135°

co rre la tio n  fu n c tio n  w ith  th e  sam e ex p e rim en ta lly  o b ta in e d  coherence w id th  
is show n in  th e  sam e F ig u re . F lu c tu a tio n s  in  th e  R(£) v a lu es  a ro u n d  the  

£-ax is fo r v a lu es  o f £ Г  are  a t t r ib u te d  to  th e  effect o f  th e  fin ite  d a ta  range  
(F R D ). T he in d ic a te d  values o f  th e  F R D  erro r w ere ca lcu la ted  acco rd in g  to  
H a l l  [ 1 3 ] .

Table 1
R esults of fluctuation  analysis

Reaction Group
Level
spin N

N  =  
1/Щ0)

^auto
(keV)

/ ’auto
(keV)

r tr
(keV)

r t r 
(keV)

Average
excita­

tion
energy
(MeV)

Mean life tim e 
X (sec)

Po 3/2 12 23 17 17.5

P i 1/2 6 9 20 21.5

P* 5/2 18 19 14 18 16 19.5 13.63 3.66 X 10-2032S(d. a) 33S
P 3 3/2 12 10 26 24

-^4,5,6 - - 29 15 19
3/2 12 22 16 18

“ o 1 5 5 32 27.5
32S(d, a) 3°P *1 ,2 - - 10 23 23 20 22 13.63 2.86 X 10-20

*3 2 8 19 14 18.5

N
N  =  l/fi(0)
Fauto
F,r

Fluctuation damping coefficient calculated using the spin weight form ula
F luctuation damping coefficient from the experim ental data
W idth obtained from auto correlation analysis
W idth  obtained from the Fourier technique analysis
Average life time
The FR D  error in Г , R (0) and т =  ±  25 %
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A n o th e r m e th o d  fo r th e  d e te rm in a tio n  o f th e  av erag e  coherence w id th  
based  on th e  F o u rie r analysis o f th e  y ie ld  curves w as used  in  all g roups 

s tu d ied . T he d e ta ils  o f th is  m e th o d  are g iven  in  o u r prev ious w ork  [11].
T ab le  I  p re sen ts  th e  values of th e  coherence w id th  o b ta in e d  for

each  g roup  b y  b o th  th e  L o ren tz ian  an d  th e  F o u rie r  m eth o d s o f ana lysis . 
The co rrespond ing  m ean  life-tim e “ t ”  o f th e  com pound  nucleus 34C1 a t  th e  
average e x c ita tio n  energy  o f 13.630 MeV, am o u n ts  to  ~ 3 .2 1 х Ю ~ 20 sec in  
ag reem en t w ith  th e  slow reac tio n  m echan ism . C om paring  th is  v a lue  o f “ jP” 
fo r th e  34C1 nucleus a t  an  average  ex c ita tio n  energy  13.630 MeV w ith  t h a t  a t  
16.30 MeV, w h ich  am o u n ts  to  Г  =  39 +  4 keV [9], one can  see t h a t  th ese  
resu lts  are  in  ag reem en t w ith  th e  F erm i-gas m odel p red ic itio n  [9]. T he va lu e  
o f “ jT”  o b ta in e d  here , being  equal to  t h a t  fo r th e  33S nucleus a t  an  av erag e  
ex c ita tio n  en e rg y  ~ 1 7 .4  MeV [11], re flec ts  th e  n u c lea r sh e ll-s tru c tu re  effects 
for even m ass nuc le i [9].

3. Associated and non-associated decay group correlation

T he co rre la tio n  betw een  th e  d iffe ren t g roups e m itte d  in  a ce rta in  decay  
channel (i.e. p ro to n s  or « -groups) can  be s tu d ie d  th ro u g h  th e  co rre la tio n  fu n c ­
tio n

KAO = ^1/2

w ith  th e  sam e p a ra m e te rs  defined  in  E q . (1). In  o u r w ork  we s tu d ied  th e  co rre ­
la tio n  b e tw een  th e  e m itte d  p ro to n  g roups as w ell as be tw een  th e  e m itte d  
« -groups. T h e  o vera ll no rm alized  values o f  th e  c ross-corre lation  fu n c tio n  (i.e. 
a t  £ =  0) a m o u n t to  (18 ±  54) % an d  ( —8.0 +  40) % fo r p ro to n s  an d  a -g ro u p s, 
re spec tive ly . T his confirm s th e  absence of co rre la tio n  be tw een  associa ted  decay  
groups. O n th e  o th e r  h an d , th e  co rre la tion  b e tw een  th e  n on -associa ted  decay  
g roups (i.e. p ro to n s  w ith  «-groups) w as also s tu d ied . F ig . 3c show s an  exam ple  
of th is  co rre la tio n  p a ra m e te r. F ig . 4 d isp lays th e  va lu es  o f th e  no rm alized  
c ross-co rre lation  p a ra m e te r  (a t Ç =  0) b e tw een  each  e m itte d  p ro to n  g roup  
and  all th e  e m itte d  а -groups. The overa ll average  co rre la tio n  am o u n ts  to  
(0.16 +  1.7) w h ich  reflec ts th e  lack  o f co rre la tio n  be tw een  non-asso c ia ted  
decay  g roups, in  accordance w ith  th e  E ric so n  p red ic tio n s  [10].

4. Probability distribution o f  cross-section

F ig . 5 show s th e  p ro b a b ility  d is tr ib u tio n  o f  th e  m easu red  cross-sections 
a ro u n d  th e ir  averages rj =  er/<(r> (rep resen ted  b y  a h is to g ram ) fo r som e o f th e

Oq(E) — <Уа(Д))] [gft(E +  0  — (Ob(E +  €))]
[<(°'a(-®')> ( ab(E +  €)>]

+  0  — ( aa(E +  € ))]  [ffft(-E) — <ff0(-E)) ]  4
[<cr0(E + 0 ) <tr6(E)>] J /
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F ig. 4. The mean norm alized cross-corn lation function cC (G )>  for each proton group em itted 
from  the 32S(d, p )33S reaction w ith all а -groups em itted  in the 32S(d, a )30P  reaction. The over-all 
norm alized cross-correlation R  betw een all th e  p ro ton  and cc-groups averaged over all of them  

is represented by the dashed line passing through the points.

Fig. 5. The cross-section probability  d istribu tion  histogram s of the 32S(d, p )33S and the 32(d, a )30P 
reac tion  groups. The sm ooth curves are calculated neglecting the direct in teraction  contribution
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stu d ied  p ro to n  an d  а -groups. T he sm oo th  cu rv es re p re se n t th e  d is trib u tio n s  
ca lcu la ted  acco rd in g  to  th e  T hom as— P o r te r  d is tr ib u tio n , i.e. a ^ -d is tr ib u tio n  
w ith  2N  degrees o f freedom  [10] an d  n eg lec tin g  th e  d ire c t reac tio n  c o n tr ib u ­
tio n , w ith  N  as th e  v a lu e  o f th e  f lu c tu a tio n  d am p in g  coefficien t ta k e n  as 
N  — l/i? (0 ). T hese v alues o f  N  are  g iven in  T ab le  I  w here  th e y  are co m p ared  
w ith  th e  co rrespond ing  v a lu es  ca lcu la ted  w ith  th e  sp in  w eigh t fo rm ula  d e fin ­
ing  th e  n u m b e r o f in co h e ren t s ta tis tic a lly  in d e p e n d e n t com peting  re a c tio n  
channels [10]. T he sm all d ev ia tio n s  seen in  F ig . 5 m a y  be due to  som e sm all 
co n trib u tio n s  o f d irec t a n d /o r an y  o th e r th a n  th e  com pound  nucleus m ech a ­
nism  if  p resen t.

5. Isospin mixing

In  th e  p re se n t in v e s tig a tio n , th e  iso sp in  fo rb id d en  T  — 1 s ta te  in  30P  
a t  0.678 MeV can  be ex c ited  th ro u g h  th e  (d , a ) re a c tio n  on  32S. T his 0 + (T  =  1) 
s ta te  o f 0.678 MeV is so close to  th e  1 + (T  = 0 )  s ta te  a t  0.709 MeV th a t  th e y  
can n o t be se p a ra te d  an d  a re  recorded  as one g roup  (a !_ 2). Now, due to  
Coulom b forces, isospin  m ix in g  m ay  occur before  th e  decay  o f th e  com pound  
nucleus s ta te , an d  v io la tio n s  o f  th e  isosp in  se lec tion  ru le  th e n  tak e  p lace [14]. 
A ccording to  W il k in s o n , th e  cross-section  fo r  an  isosp in  fo rb idden  tra n s it io n  
should  be in h ib ite d  b y  a f a c t o r /  =  <Н СУ1Г w here  Г  is th e  level w id th  an d  
<Н СУ is th e  average  m a tr ix  e lem en t o f th e  C oulom b forces w hich are re sp o n ­
sible fo r th e  m ix in g  o f th e  isosp in  o f n e ig h b o u rin g  s ta te s  hav in g  th e  sam e 
sp in  an d  p a r itie s  b u t  d iffe ren t isospins. I f  we considered  a p robab le  u p p e r 
lim it fo r th e  v a lu e  o f =  100 keV [14], th e n  a v a lu e  fo r th e  in h ib itio n
f a c t o r /  =  100/20 =  5 is o b ta in ed . T his is c lea r from  F ig . 6 w here th e  p roba-

Fig. 6. The probability  d istribu tion  of the cross-section of the  32S(d, a 12)30P reaction group 
around their average. Sm ooth curves are calculated otj and a 2 alone (JV =  2 and N  =  5, 
respectively). The deviation of the N  = 2 curve from  the experim ental histogram s confirms 

the big inhibition  of the isospin forbidden ocj transition
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b il i ty  d is tr ib u tio n  o f cross-sections a ro u n d  th e ir  aevrage (rj =  0,/<<t) )  fo r th e  
a 1_ 2 group is v e ry  fa r from  a g reem en t w ith  th e  ca lcu la ted  d is tr ib u tio n  w ith  
N  — 2 (co rrespond ing  to  th e  T  =  1 s ta te  o f  sp in  =  0 +). T he d e v ia tio n  is 
v e ry  clear in  b o th  th e  w id th  a n d  th e  p eak  position . T his re flec ts  th e  fa c t  o f 
th e  v e ry  sm all a m o u n t of isosp in  m ix in g  in  th is  case, a re su lt w hich  p e rm its  one 
to  consider th e  x 1_ 2 group as due  to  x 2 g roup  on ly  on th e  average .
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IN-ELASTIC INTERACTIONS OF 6.0 GeV/c 
PROTONS WITH C, N, О AND Ag, Br NUCLEI

By
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U N IV E R S IT Y  OF CAIRO, CAIRO, EG Y PT

(Received in  revised form 20. X . 1977)

Inelastic  interactions of 6.0 GeV/с protons w ith  light (C, N , O) and  heavy (Ag, Br) 
emulsion nuclei were separated and  classified by  th e  use of two types of nuclear emulsions. 
The average values and the angular distributions of th e  em itted  showers, recoil nucleons, and 
evaporated particles together w ith  th e  intercorrelation between them  are thoroughly investig­
a ted  b o th  for light (C, N, O) and  heavy  (Ag, B r) nuclei.

The results are compared w ith  th e  predictions of the trad itional cascade evaporation 
model and w ith  its version taking in to  account m any particle in teraction  (M PIj.

I. Introduction

I n e l a s t i c  i n t e r a c t i o n s  o f  6 .0  G e V /с  p r o t o n s  w i t h  l i g h t  (C , N ,  O ) a n d  h e a v y  

( A g ,  B r )  n u c l e i  a r e  i n v e s t i g a t e d  b y  u s i n g  t w o  t y p e s  o f  p h o t o e m u l s i o n s  I ,  I I  

h a v i n g  d i f f e r e n t  c o m p o s i t i o n s  ( T a b l e  I ) .  T h e  i n t e r a c t i o n  c h a r a c t e r i s t i c s  a r e  

s t u d i e d  a n d  c o m p a r e d  w i t h  t l i e i r  c o r r e s p o n d i n g  v a l u e s  c a l c u l a t e d  a c c o r d in g  

t o  t h e  c a s c a d e  m o d e l  w i t h  a n d  w i t h o u t  c o n s i d e r i n g  m u l t i p a r t i c l e  i n t e r a c t i o n s

M P I  [1 , 2 ] .

T h e  i n t e r c o r r e l a t i o n s  b e t w e e n  d i f f e r e n t  e m i t t e d  s e c o n d a r i e s  a r e  s t u d i e d  

a n d  i n t e r e s t i n g  c o n c lu s io n s  a b o u t  t h e  m e c h a n i s m  o f  p r o t o n — n u c l e u s  i n t e r a c ­

t i o n  a r e  o b t a i n e d .  T h e  s p a c e  a n g u l a r  d i s t r i b u t i o n s  o f  s e c o n d a r y  e m i t t e d  s h o w ­

e r ,  g r e y  a n d  b l a c k  t r a c k s  p r o d u c i n g  p a r t i c l e s  a r e  m e a s u r e d ,  a n d  t h e  h a l f  

c o n e  a n g le s  o f  t h e  e m i t t e d  p a r t i c l e s  a r e  t h e n  o b t a i n e d  a n d  c o m p a r e d  w i t h  t h e  
v a l u e s  p r e d i c t e d  b y  t h e  c a s c a d e  m o d e l  [2 ,  3 ] .

Table I

Element
Emulsion I  
nuclei/c.c.

Emulsion I I
nuclei/c.c.

H 3.15 X M22 5.06 X 1022
c 1.41 1.83
N 0.39 0.16
0 0.96 1.65
Br 1.03 0.42

Ag 1.04 0.42
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II. Experimental technique

N I K  — F I  — B r  — 2 p h o t o e m u l s i o n  ( d e n o t e d  b y  I )  a n d  e m u l s i o n  I  e n r i c h e d  

b y  e t h y l e n e  g l y c o l  [ C H 2 C H ] „  ( d e n o t e d  b y  I I )  a r e  u s e d  i n  o u r  e x p e r i m e n t .  

T h e  n u c l e a r  c o m p o s i t i o n  o f  t h e s e  p h o t o e m u l s i o n s  is  g i v e n  T a b l e  I .  P h o t o ­

e m u l s i o n s  I  a n d  I I  w e r e  e x p o s e d  a t  t h e  D u b n a  S y n c h r o p h a s o t r o n ,  U S S R ,  t o  

6  G e V /с  p r o t o n s .

T h e  g r a i n  d e n s i t y  i n  e m u l s i o n  I  w a s  3 3  p e r  lO O /i, w h i l e  i n  e m u l s i o n  I I  
i t  w a s  2 1  p e r  lOOjU.

E v e n t s  w e r e  s e a r c h e d  f o r  a l o n g  t h e  t r a c k s .  A l l  e v e n t s  i n c l u d i n g  o n e -  

p r o n g  a t  a n  a n g l e  >  1 0 ° t o  t h e  p r i m a r y  p a r t i c l e  w e r e  d e t e c t e d  a n d  r e c o r d e d .

III. Results and discussion

1 . S e p a r a t i o n  o f  i n e l a s t i c  i n t e r a c t i o n s  w i t h  l i g h t  ( C ,  N ,  0 )  a n d  h e a v y  ( A g ,  B r )  
n u c l e i  f r o m  th e  to ta l  s a m p l e

D u e  t o  t h e  a d d i t i v i t y  o f  t h e  n u c l e a r  c o m p o s i t i o n  o f  e m u l s i o n  I  a n d  

C H 2 O H ,  t h e  i n t e r a c t i o n s  i n  e m u l s i o n  I I  a r e  c o n s i d e r e d  a s  a  s u m  o f  i n t e r a c ­

t i o n s  w i t h  e m u l s i o n  I  a n d  C H 2O H  n u c le i .
I n  o r d e r  t o  d e t e r m i n e  t h e  n u m b e r  o f  i n t e r a c t i o n s  o f  p r o t o n s  w i t h  С , 0  

n u c l e i  w e  s u b t r a c t  t h e  i n t e r a c t i o n s  w i t h  f r e e  p r o t o n s  ( t h e s e  f o r m  4  % o f  e v e n t s  

i n  e m u l s i o n  I  a n d  a b o u t  1 0  % i n  e m u l s i o n  I I )  a c c o r d i n g  t o  t h e i r  c r i t e r i a  [ 4 ] .

S o m e  e v e n t s  a r e  p r o d u c e d  s h o w in g  c o h e r e n t  g e n e r a t i o n s ,  w h i c h  a r e  

s e a r c h e d  f o r  a m o n g  t h e  s e l e c t e d  p u r e  r e l a t i v i s t i c  c l e a n  o d d  p r o n g  n u m b e r  

e v e n t s ,  i .e .  a m o n g  t h e  s a m p le  o f  p r o t o n — n e u t r o n  i n t e r a c t i o n s .  A t  o u r  e n e r g y ,  

e v e n t s  s h o w in g  c o h e r e n t  p r o d u c t i o n  a r e  o f  v e r y  s m a l l  n u m b e r .

S u b t r a c t i n g  t h e  p - f r e e  p  e v e n t s  f r o m  t h e  e v e n t s  i n  b o t h  t y p e s  o f  e m u l s i o n s  

( I  a n d  I I )  w e  c a n  o b t a i n  t h e  n u m b e r  o f  e v e n t s  d u e  t o  p r o t o n  i n t e r a c t i o n s  w i t h  

c a r b o n  a n d  o x y g e n  n u c l e i  IV ,, ( C , 0 )  d u e  t o  t h e  e n r i c h m e n t  i n  e m u l s i o n  I I  b y  

t h e  e q u a t i o n :

i V „ ( C ,  O )  =  IV ,, iVi . L u  
V I V о L ,

( 1 )

T h is  e q u a t i o n  m a k e s  a  n o r m a l i z a t i o n  t o  t h e  s c a n n i n g  l e n g t h  e q u a l  

t o  t h a t  o f  e m u l s i o n  I I ,  a n d  d e c r e a s e d  a s  m u c h  a s  t h e  e m u l s i o n  v o l u m e  V 0 is  

i n c r e a s e d  t o  V  w h e n  e n r i c h e d  b y  l i g h t  n u c le i  [ C H 2 O H ] ,  w h e r e  t h e  n u m b e r  o f  

s t a r s  i n  e m u l s i o n  I  f o u n d  a lo n g  a  s c a n n i n g  l e n g t h  L ,  i s  d e n o t e d  b y  IV, a n d  t h e  

n u m b e r  o f  s t a r s  i n  e m u l s i o n  I I  f o u n d  a lo n g  a  l e n g t h  L , ,  i s  d e n o t e d  b y  IV ,,.

A f t e r  s u b t r a c t i n g  t h i s  n u m b e r  o f  s t a r s  IV ,, ( C , O )  f r o m  I V , , ,  t h e  r e m a i n i n g  

n u m b e r  IV ,,r w i l l  h a v e  t h e  s a m e  n j n h (n s a n d  n h b e i n g  t h e  n u m b e r  o f  s h o w e r
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a n d  h e a v y  t r a c k s  p r o d u c i n g  p a r t i c l e s )  d i s t r i b u t i o n  a s  t h e  n o r m a l  o n e  N t a n d  

is  d i s t r i b u t e d  a c c o r d i n g  t o  t h e  d i s t r i b u t i o n  r a t i o s  i n  N i .
T o  o b t a i n  t h e  n j n h d i s t r i b u t i o n  o f  t h e  С , 0  e v e n t s  w e  s u b t r a c t  t h e  n j n h 

d i s t r i b u t i o n  o f  N Ur ( w h i c h  i s  s i m i l a r  t o  t h e  n j n h d i s t r i b u t i o n  o f  N {) f r o m  t h a t  

o f  N n  ( t h i s  is  s i m i l a r  t o  t h e  d i s t r i b u t i o n  o f  C , N ,  О  b e c a u s e  t h e  a v e r a g e  a t o m i c  

m a s s  is  t h e  s a m e ) .  S in c e  w e  k n o w  ( b y  c o m p o s i t i o n  o f  e m u l s i o n  I )  t h a t  2 2  % 

o f  t h e  t o t a l  e m u l s i o n  I  e v e n t s  JVj a r e  d u e  t o  i n t e r a c t i o n s  w i t h  (C , N ,  O )  n u c l e i ,  

s o  o n e  c a n  f i n d  N f C , N ,  0 )  i n  e m u l s i o n  I  a n d  a ls o  i t s  n j n h d i s t r i b u t i o n  f r o m  

i t s  s i m i l a r i t y  t o  t h a t  o f  iV n (C , O ) .
A ls o  t o  g e t  t h e  d i s t r i b u t i o n  o f  e v e n t s  d u e  t o  A g ,  B r  n u c l e i  i n  e m u l s i o n

1 , o n e  s u b t r a c t s  t h e  iV t ( C , N ,  0 )  d i s t r i b u t i o n  f r o m  t h a t  o f  t h e  t o t a l  N {. B y  

a  s i m i l a r  p r o c e d u r e  o n e  g e t s  t h e  A g ,  B r  e v e n t s  d i s t r i b u t i o n  i n  e m u l s i o n  I I .

F r o m  o u r  d a t a  w a  h a v e  o b t a i n e d  t h a t

L [  =  2 9 8 .9 2  m e t r e s

L n  =  1 2 9 .9 1  m e t r e s

IVj ( p - f r e e  p  e v e n t s  a r e  s u b t r a c t e d )  =  8 3 3  e v e n t s .

JVji ( p - f r e e  p  e v e n t s  a r e  s u b t r a c t e d )  =  2 4 7  e v e n t s .

V I V 0 =  2 .5

2 . M u l t i p l i c i t i e s  o f  th e  s h o w e r , r e c o i l  a n d  e v a p o r a t e d  p a r t i c l e s

T a b l e  I I  p r e s e n t s  t h e  d e p e n d e n c e  o f  t h e  a v e r a g e  v a l u e s  c h a r a c t e r i z i n g  

p a r t i c l e  g e n e r a t i o n  f o r  s o m e  g r o u p s  o f  n u c l e i  a n d  t h e i r  d e c a y  u n d e r  p r o t o n  

b o m b a r d m e n t .  F o r  c o m p a r i s o n ,  T a b l e  I I  p r e s e n t s  t h e  m e a n  n u m b e r  o f  c h a r g e d  

s h o w e r  p a r t i c l e s  n ch a n d  h a l f  a n g le s  0 1 /2  ( t h e  a n g le  t h r o u g h  w h i c h  h a l f  o f  
t h e  s e c o n d a r y  p a r t i c l e s  e m e r g e ) ,  a v e r a g e d  f o r  i n t e r a c t i o n s  w i t h  p r o t o n s  a n d  

n e u t r o n s .  I n  t h i s  T a b l e  w e  a ls o  p r e s e n t  t h e  d a t a  o b t a i n e d  a t  6 9  G e V /с  a n d  

9 .0  G e V / с  i n c i d e n t  p r o t o n  m o m e n t a  [5 ,  6 ] .
T h e  m o s t  c o n v e n i e n t  c h a r a c t e r i z a t i o n  o f  t h e  m u l t i p l i c i t y  i s  t h e  r a t i o  

R a  o f  t h e  a v e r a g e  n u m b e r  o f  s h o w e r  t r a c k s  n s( A )  f r o m  a  t a r g e t  A  t o  rach in  

p — p  c o l l i s io n s  a t  t h e  s a m e  e n e r g y :  R A  =  n s( A ) / n ch(p p ) .  F i g .  2  s h o w s  t h e  d e p ­

e n d e n c e  o f  t h e  r a t i o  R  o n  n h f o r  t h e  i n t e r a c t i o n s  w i t h  n u c l e i ,  C , N ,  0  a n d  

A g ,  B r ,  w h e r e  t h e  d a t a  a t  6 9  G e V /c  [5 ]  a r e  i n t r o d u c e d .

T a b l e  I I  s h o w s  a  w e a k  d e p e n d e n c e  o f  ra, o n  t h e  a t o m i c  w e i g h t  A .  O n e  

a ls o  s e e s  t h i s  w e l l  i n  F i g .  3 i n  w h i c h  t h e  l in e  A 0' 10 f i t s  t h e  d a t a  a t  6 9  G e V /c  [ 5 ] ,  

w h i le  t h e  l in e  A  ° - 0 2 5  f i t s  o u r  d a t a  a t  6  G e V /c .

T h e  a v e r a g e  v a l u e s  o f  i n t e r a c t i o n  c h a r a c t e r i s t i c s  r a j ,  r a j ,  r a j  o f  o u r  d a t a  

o b t a i n e d  f o r  t h e  i n t e r a c t i o n s  o f  6 .0  G e V /c  p r o t o n s  w i t h  e m u l s i o n  n u c l e i  a r e  

p r e s e n t e d  in  T a b l e  I I I ,  w h e r e  t h e y  a r e  c o m p a r e d  w i t h  t h e i r  c o r r e s p o n d i n g  

v a l u e s  c a l c u l a t e d  f o r  6 .2  G e V  p r i m a r y  p r o t o n s  a c c o r d i n g  t o  t h e  c a s c a d e  m o d e l  

w i t h  a n d  w i t h o u t  t a k i n g  i n t o  a c c o u n t  M P I  [2 , 3 ] .
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Table II

The different characteristics of the in-elastic interactions of protons w ith light and heavy emulsion
nuclei a t  different momenta

Nuclei A
Momentum

GeV/c n8 ng nb

c 6 2.77 ±  0.12 0.96 ±  0.07 1.71 ±  0.12
N 14 9 3.0 ±  0.1 1.4 ±  0.1 3.3 ±  0.1
0 69 7.53 ±  0.27 0.90 ±  0.05 2.57 ±  0.13

Ag 6 2.92 ±  0.07 2.54 ±  0.06 5.51 ±  0.09
Br 92 9 3.5 ±  0.3 4.1 ±  0.5 6.1 ±  0.6

69 10.53 ±  0.48 2.98 ±  0.1 6.6 ±  0.5

6rcch =

nucleon 1 2.6 ±  0.3
69 6.0 ±  0.2

Nuclei A
Momentum

GeV/c "b 8̂,112 ®i,i/»

c 6 2.67 ±  0.12 23.0°±  0.5° 60.5°±  5°
N 14 9 22.5°±  1° 56.5°±  3°
0 69 3.47 ±  0.16 9.6°+  1° 60° ±  3°

Ag 6 8.05 ±  0.11 34.6°±  1° 67.8°±  2.5°
B r 92 9 27.5°+ 1.5° 65.0° ±  3°

69 9.58 +  0.6 14.0°± 0.5° 66.4° ±  1°

nucleon 1
6nch =

11°
69 6.5°

Table III

The 6.0 GeV/c interaction characteristics compared w ith theoretical values

Interaction
characteristics

Present data 
a t  6 GeV/c

Calculated values 
according to  the  cascade 

evaporation 
model ref. [5]

Calculated values 
according to  cascade 

model w ith  M PI 
ref. [4]

2.89 ±  0.05 2.80 ±  0.15 2.7 ±  0.1

"g 2.18 ±  0.05 2.10 ±  0.15 2.3 ±  0.1

n h 6.81 ±  0.09 8.30 ±  0.40 7.8 ±  0.4

0S12 25.0° ±  0.5° 28° ±  2° 29° ±  1.5

®gl/2 65.5° ±  3° 70° ±  4° 66° ±  3°
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Fig. 1. The dependence of th e  average num ber of shower tracks on 
the num ber of heavy tracks producing particles

Fig. 2. The dependence of the ratio  R  =  njn/,  on the num ber of heavy track s producing 
particles. Circles are our da ta  a t 6 GeV/с, and triangles are data  a t 69 GeV/с  incident

proton m om entum

A c ta  P hysica  A cadcm iae Sc ien tia ru m  H u n g a rica e  43 , 1977



\ 274 O. E. BADAWY et *1.

Fig. 3. The dependence of the  ra tio  R  =  n j n cb on th e  atom ic weight A

3 .  C o r r e l a t i o n  b e t w e e n  d i f f e r e n t  e m i t t e d  c h a r g e d  s e c o n d a r i e s

T h e  i n t e r c o r r e l a t i o n s  b e t w e e n  n b,  n g a n d  n s a r e  g i v e n  in  F i g s  4 ,  5 ,  6  a n d  7 .

I n  t h e  r e p r e s e n t a t i o n  o f  t h e  f r e q u e n c y  d i s t r i b u t i o n  o f  s t a r s  f o r  n s a s  a  

f u n c t i o n  o f  t h e i r  g r e y  a n d  b l a c k  p r o n g  n u m b e r  n h ( F i g s .  1 ,6 ) ,  i t  w a s  f o u n d  t h a t  

f o r  b o t h  l i g h t  a n d  h e a v y  n u c l e i  e v e n t s  t h e  s t a r s  w i t h  l a r g e r  n h s h o w ,  o n  t h e  

a v e r a g e ,  a  l a r g e  n s . T h i s  m u s t  b e  d u e  t o  s e c o n d a r y  i n t e r a c t i o n s  f o r  t w o  r e a s o n s :

Fig. 4. The dependence of the average num ber of grey tracks producing particles on the num ber 
o f shower tracks producing particles a t  6 GeV/c
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Fig. 5. The dependence of the average num ber of the shower tracks producing particles on the 
num ber of grey tracks producing particles a t 6 GeV/с incident p ro ton  m om entum

Fig. 6. The dependence of the average num ber of heavy tracks producing particles on the 
num ber of show er tracks producing particles
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( i )  I f  n s is  l a r g e r ;  t h e  c h a n g e  f o r  s e c o n d a r y  i n t e r a c t i o n s  i n c r e a s e s .

( i i )  F a s t  p a r t i c l e s  u n d e r g o i n g  s e c o n d a r y  i n t e r a c t i o n s  s t i l l  h a v e  s o m e  c h a n g e  

t o  l e a d  t o  a d d i t i o n a l  t h i n  t r a c k s  b y  p r o d u c i n g  o t h e r  f a s t  p a r t i c l e s .

F r o m  t h e  p r o p o r t i o n a l i t y  b e t w e e n  n g a n d  n b, a n d  t h e  c o n s t a n c y  o f  t h e  

r a t i o  n g/ n b a t  6  G e V / с  a n d  o t h e r  p r o t o n s  m o m e n t a  [ 4 ] ,  o n e  m a y  t h i n k  o f  t h e  

h i g h  e n e r g y  c o l l i s i o n  a s  p r o c e e d in g  i n  s p a t i a l l y  a n d  c h r o n o l o g i c a l l y  s e p a r a b l e  

s t e p s :  t h e  f a s t  p a r t i c l e s  u n d e r g o  a n  i n d e p e n d e n t  p r o c e s s ,  n o t  d i r e c t l y  c o n n e c t e d  

w i t h  t h e  n u c l e a r  b r e a k - u p  m e c h a n i s m .  T h e  l i n k  b e t w e e n  t h e  j e t  a n d  t h e  e v a ­

p o r a t i o n  p r o c e s s  i s  f o r m e d  b y  t h e  r e c o i l s  f r o m  t h e  h i g h  e n e r g y  c o l l i s i o n .  T h e s e  

r e c o i l  p a r t i c l e s  e x c i t e  t h e  n u c l e u s  a n d  s e r v e  a s  t h e  s t r o n g  “ b u f f e r ”  w h i c h  is  

n e e d e d  t o  e x p l a i n  t h e  o b s e r v a t i o n s .  T h e  e x i s t e n c e  o f  t h i s  b u f f e r  i s  e n t i r e l y  a n  
e f f e c t  o f  e l e m e n t a r y  p a r t i c l e  p h y s i c s .

T h e  l i n e a r  c o r r e l a t i o n  b e tw e e n  n g a n d  n b i n d i c a t e d  t h a t  n o r m a l l y  e v e r y  

r e c o i l  p a r t i c l e  f i n d s  i t s  o w n  f r a c t i o n  o f  n u c l e o n s  t o  i n t e r a c t  w i t h .

T h e  s t r a i g h t  l i n e s  i n  F ig s .  6 , 7  a r e  d r a w n  f o r  a l l  e m u l s i o n  n u c l e i  b y  l e a s t  
s q u a r e  f i t t i n g .

Fig. 7. Correlation betw een th e  num ber of grey tracks producing particles and th e  average 
num ber of black tracks producing particles
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4 .  A n g u l a r  d i s t r i b u t i o n  o f  d i f f e r e n t  c h a r g e d  s e c o n d a r i e s

T h e  a n g u l a r  d i s t r i b u t i o n s  o f  s h o w e r ,  g r e y  a n d  b l a c k  t r a c k s  p r o d u c i n g  

p a r t i c l e s  e m i t t e d  f r o m  t h e  i n t e r a c t i o n s  o f  p r o t o n s  w i t h  b o t h  l i g h t  (C , N ,  O ) 

a n d  h e a v y  ( A g ,  B r )  n u c l e i  a r e  g i v e n  in  F i g s .  8 , 9 ,  1 0 , r e s p e c t i v e l y .  F r o m  t h e s e

Fig. 8. Space angular distribution of the em itted shower tracks producing particles in  the lab. 
system . The solid curve is th a t for the interactions of protons w ith nuclei C, N, О and the 
dashed curve is th a t for the interactions w ith Ag, Br nuclei, a t our 6 GeV/с proton mom entum .

cos 0
Fig. 9. Space angular d istribution of the em itted grey tracks producing particles in  the lab. 
system. Solid curve is th a t for the interactions of protons w ith nuclei C, N, O, and the dashed 
curve is th a t  for the interactions w ith  nuclei Ag, B r a t 6 GeV/с incident proton m om entum .
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Fig. 10. Space angular distribution of th e  em itted  black tracks producing particles in lab. 
system . Solid curve is th a t  for the in teractions of protons w ith C, N, О nuclei and the dashed 

curve ie th a t  for the in teractions w ith Ag, Br nuclei a t 6 GeV/c.

F i g u r e s  o n e  s e e s  t h a t  t h e  h a l f  a n g l e  o f  t h e  e m i t t e d  s h o w e r  p a r t i c l e s  0 1/2s i s  

a b o u t  p r o p o r t i o n a l  t o  t h e  a to m i c  w e i g h t  A  a n d  d e c r e a s e s  w i t h  i n c r e a s i n g  e n e r g y  

( s e e  T a b l e  I I ) ;  w h i l e  t h e  h a l f  a n g le  o f  t h e  e m i t t e d  g r e y  p a r t i c l e s  0 1/2g d e p e n d s  

v e r y  w e a k l y  o n  t h e  a t o m i c  w e i g h t  a n d  is  n o t  s e n s i t i v e  t o  e n e r g y  ( T a b l e  I I ) .  

O n e  c a n  a ls o  c o m p a r e  t h e  o b t a i n e d  h a l f  a n g le s  0 ^ 25, 0 ^ 2g t o  t h e i r  c o r r e s p o n d i n g  

t h e o r e t i c a l  v a l u e s  c a l c u l a t e d  u s i n g  t h e  c a s c a d e  m o d e l s  ( T a b l e  I I I ) ,  w h e r e  a  

g o o d  a g r e e m e n t  i s  s h o w n .

T h e  a n g u l a r  d i s t r i b u t i o n  o f  t h e  e m i t t e d  b l a c k  t r a c k s  p r o d u c i n g  p a r t i c l e s  

h a v e  b e e n  f o u n d  t o  b e  n e a r l y  i s o t r o p i c ,  c o n f i r m i n g  t h e m  t o  b e  e m i t t e d  i n  t h e  

e v a p o r a t i o n  s t e p  o f  t h e  d e e x c i t e d  n u c l e u s .
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WAVE MECHANICS AND THE PHOTON IV
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In  P a rt I I I  we have given in  a suitable form th e  system  of differential equations describ­
ing the in teraction  of an excited H -atom  w ith its own radiation field. In  th e  present p ap er we 
give a particu lar solution of the system ; i.e. we give such a solution w hich corresponds to  the 
superposition of two stationary  solutions only. For th e  u ltim ate  description of the process it 
seems necessary to  extend the p resen t calculation and  to obtain th e  m ore general solutions 
corresponding to  th e  simultaneous transition  of an  excited s ta te  into a num ber of lower states.

The solutions obtained in  th e  particular case dealt w ith p resen tly  show in teresting  
qualita tive features. So one finds a  feature of th e  solution which seems to  be related  w ith 
th e  Lam b shift.

Introduction

I n  t h e  p r e c e d i n g  p a r t  o f  t h i s  p a p e r  (s e e  [ 1 ] )  w e  h a v e  g i v e n  i n  a  

p e c u l i a r  f o r m  t h e  s y s t e m  o f  d i f f e r e n t i a l  e q u a t i o n s  w h i c h  g o v e r n s  t h e  m o t i o n  

o f  a  H - a t o m  i n t e r a c t i n g  w i t h  i t s  o w n  r a d i a t i o n  f i e l d .  T h e  a t o m  w a s  s u p ­

p o s e d  t o  b e  e n c l o s e d  i n t o  a  c u b i c  b o x  o f  s id e s  L  r H  a n d  t h e  w a l l s  o f  

t h e  b o x  w e r e  t a k e n  t o  b e  p e r f e c t  m i r r o r s .  I n  t h e  p r e s e n t  p a p e r  w e  g i v e  a n  

e x p l i c i t  p a r t i c u l a r  s o l u t io n  o f  t h e  s y s t e m  o f  e q u a t i o n  d e r i v e d  i n  [ 1 ] .

I n  [1 ]  w e  d e v e l o p e d  t h e  w a v e  f u n c t i o n  o f  t h e  H - a t o m  i n  a  s e r i e s  o f  s t a ­

t i o n a r y  w a v e  f u n c t i o n s

v> =  2

I n  t h e  p r e s e n t  p a p e r  w e  c o n f i n e  o u r s e l v e s  t o  w a v e  f u n c t i o n s  w h i c h  c a n  b e  

e x p r e s s e d  a s  t h e  s u p e r p o s i t i o n  o f  t w o  s t a t e s  o n l y ,  t h u s  w e  s u p p o s e

V  =  c oW o +  c i W v  (!)

T h e  d i f f e r e n t i a l  e q u a t i o n s  g i v e n  i n  [ 1 ]  a d m i t  s o l u t io n s  o f  t h e  f o r m  (1 ) ;  t h i s  c a n  

b e  s e e n  c o n s i d e r i n g  t h e  s o l u t i o n s  o f  t h o s e  e q u a t i o n s  w i t h  i n i t i a l  c o n d i t i o n

c v =  0  , V ’A  0 , 1 ,

b vil =  b vli =  0 , vfjt ^  0, 1 . ( 2)
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( F o r  t h e  d e f i n i t i o n  o f  b vfJ, s e e  [ 1 ]  (1 5 ) )  T h e  i n i t i a l  c o n d i t i o n s  (2 ) a r e  i n  f a c t  

C a u c h y  c o n d i t i o n s ;  i .e .  i f  (2 )  i s  s a t i s f i e d  a t  a n y  t i m e  t  =  t 0  t h e n  i t  r e m a i n s  

s a t i s f i e d  a t  a n y  t i m e  t  ?£ t 0.

S i m p l i f y i n g  t h e  n o t a t i o n  o f  [ 1 ]  w e  c a n  t h u s  w r i t e  t h e  e q u a t i o n s  o f  m o t i o n  

f o r  t h e  t w o - s t a t e  s y s t e m

i y l b  +  2 Ü b  — ib = 2ooC0c*,

c0 ~  ’

é j  =  — b * c 0 .

(3)

( 3 a )

W e  o b t a i n  (3 )  f r o m  E q u .  ( 3 2 )  [ 1 ]  w r i t i n g

Уoi =  Уо’ ~  =  ^oi — a o . . .
(4 )

* o i =  - b \ 0 = b .

T h e  d e f i n i t i o n s  o f  y V(l, a vfl, b V)i a r e  g iv e n  in  [ 1 ] .  H e r e  w e  n o t e  t h a t  b i s  a  q u a n t i t y  

p r o p o r t i o n a l  t o  t h e  t r a n s i t i o n  p r o b a b i l i t y  1  0 , Ü  i s  t h e  c o m b i n a t i o n  f r e q u e n c y

b e t w e e n  t h e  t w o  s t a t e s  rp0 a n d  rpv  W e  s u p p o s e

Q  >  0  (5 )

t h u s  w e  c h o o s e  tp1 t o  b e  a  s t a t e  o f  h i g h e r  e n e r g y  t h a n  ip0 F u r t h e r :

y l  =  & - < ? & ,  (6)
w h e r e

К = Kj -  K 2

i s  t h e  w a v e  v e c t o r  o f  t h e  r e l a t i v e  t r a n s l a t i o n a l  m o t i o n s  o f  t h e  t w o  s t a t e s .  I t  

w i l l  b e  s e e n  t h a t  ( 3 )  p o s s e s s e s  n o n  t r i v i a l  s o l u t i o n s  o n l y  i f

Уо ~

i . e .  i n  t h e  c a s e  o f  c lo s e  r e s o n a n c e  b e tw e e n  d e  B r o g l ie  w a v e  l e n g t h  a n d  t h e  w a v e  

l e n g t h  o f  t h e  e m i t t e d  r a d i a t i o n .  F r o m  [ 1 ]  o n e  f i n d s

a o
c-------  .

1371/
(? )

T h i s  i s  a  f r e q u e n c y  w h i c h  p l a y s  t h e  r o le  o f  t h e  c o u p l i n g  c o n s t a n t  b e t w e e n  a t o m  

a n d  r a d i a t i o n .  I t  m u s t  b e  e m p h a s i z e d  t h a t  t h i s  c o u p l i n g  d e c r e a s e s  w i t h  i n c r e a s ­

i n g  v o l u m e  L 3 o f  t h e  b o x  c o n t a i n i n g  t h e  a t o m .

T h e  l a t t e r  f a c t  m a y  a p p e a r  s u r p r i s i n g  a t  f i r s t  s i g h t  — h o w e v e r ,  i t  c a n  

b e  u n d e r s t o o d  c l e a r l y  i n  t h i s  m a n n e r :  I n c r e a s i n g  t h e  b o x  i n t o  w h ic h  t h e  a t o m
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s p r e a d s  o u t  w e  d e c r e a s e  t h e  c u r r e n t  a n d  c h a r g e  d e n s i t i e s  b y  s p r e a d i n g  t h e m  

o u t .  I n  t h i s  w a y  t h e  d e n s i t y  o f  r a d i a t i o n  e m i t t e d  b y  t h e  c u r r e n t  c h a r g e  d e n s i t y  

d e c r e a s e s  w i t h  i n c r e a s i n g  s p r e a d .

B e c a u s e  o f  t h e  v o l u m e  d e p e n d e n c e  o f  t h e  c o u p l i n g  c o n s t a n t ,  i n  a c c o r d  

w i t h  ( 7 ) ,  t h e  r a t e  o f  t h e  p r o c e s s  d e s c r i b e d  b y  (3 )  w i l l  b e  t h e  s l o w e r  t h e  l a r g e r  

t h e  v o l u m e  I A  S o  a s  t o  e l i m i n a t e  t h i s  d e p e n d e n c e  f r o m  t h e  m a t h e m a t i c a l  

f o r m a l i s m  i t  i s  c o n v e n i e n t  t o  i n t r o d u c e  a s  t h e  u n i t  o f  t i m e

A t
QV2

T h e  a b o v e  u n i t  i s  t h u s  p r o p o r t i o n a l  t o  L 3 ' 2 ; i n  s u c h  u n i t s  w e  h a v e

Q  =  a \

a n d  t h e  e q u a t i o n s  o f  m o t i o n  (3 )  c a n  b e  w r i t t e n

i y \ b  +  2  Q b  — ib  =  2  Q c 0 c * .

(8)

(9)

Elimination of the coefficient c,

T h e  c o e f f i c i e n t s  c 0, c f  a p p e a r i n g  in  (3 )  a n d  (9 )  c a n  b e  e l i m i n a t e d  w i t h  t h e  

h e l p  o f  ( 3 a ) .  I n d e e d ,  i n t r o d u c e  t w o  n e w  q u a n t i t i e s

В  =  2 c 0 c*  a n d  U  =  I Cl I2  -  I с 0 I2 . (1 0 )

U s in g  t h e  n o r m a l i z a t i o n

K |2 +  | C l |2 =  1 (11)
w e  h a v e  f r o m  ( 1 0 )

U  =  y i  -  B B *  .  (1 2 )

I n  a  t r a n s i t i o n  w h e r e  t h e  a t o m  s t a r t s  i n  t h e  e x c i t e d  s t a t e  | Cj | = 1  f i n i s h e s  i n  

t h e  l o w e r  s t a t e  | c 0  | = 1  w e  f i n d  t h a t  U  c h a n g e s  f r o m  + 1  -+ — 1 . 1 В  | c h a n g e s  

f r o m  0  1 -► 0 ;  t h e  s ig n  o f  t h e  s q u a r e  r o o t  h a s  t o  b e  c h a n g e d  w h i l e  В  p a s s e s

t h r o u g h  u n i t y .

D i f f e r e n t i a t i n g  t h e  s e c o n d  e q u a t i o n  (1 0 )  i n t o  t i m e ,  w e  f i n d  w i t h  t h e  

h e lp  o f  (3 a )

Ű  =  — ( B b * +  B *  b)  (1 3 )

a n d  s i m i l a r l y

È  — 2 b U .  (1 4 )
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T h u s  d i f f e r e n t i a t i n g  ( 9 )  i n t o  t i m e  w e  f i n d  w i t h  t h e  h e l p  o f  (1 0 )  a n d  ( 1 4 )

i y l ' b  +  2  Q b  -  i b  =  2 Q b ] [ l  -  B B *  • ( 1 5 a )

F o r  t h e  s a k e  o f  c o m p l e t e n e s s  w e  w r i t e  d o w n  E q .  (9 )  h e r e  a g a i n  u s i n g  t h e  e x p r e s ­

s i o n  В  g iv e n  i n  ( 1 0 ) :

i y l b  +  2 Q b  -  i b  =  Q B  . ( 1 5 b )

В  c a n  b e  e l i m i n a t e d  f r o m  t h e  r e l a t i o n s  (1 5 )  a n d  t h u s  w e  a r e  l e f t  w i t h  a  s t r o n g l y  

n o n  l i n e a r  d i f f e r e n t i a l  e q u a t i o n  f o r  b .

A n  a p p r o x i m a t e  s o l u t io n

S o  a s  t o  s e e  b e t t e r  t h e  p r o p e r t i e s  o f  t h e  s y s t e m  (1 5 )  w e  g i v e  f i r s t  a n  

a p p r o x i m a t e  s o l u t i o n .  F o r  t h i s  p u r p o s e  w e  n e g l e c t  t h e  i m a g i n a r y  t e r m s  a n d  

l o o k  f o r  r e a l  s o l u t i o n s  o f  t h e  a p p r o x i m a t e  s y s t e m .  T h u s  w e  w r i t e  i n  p l a c e  o f  

( 1 5 b )

6 =

6  =  b f l  -  B 2 =  6  ] / 1 -  4 6 " .

I n t e g r a t i n g  in  t h e  u s u a l  w a y  w e  g e t

26  =  s i n  f  2  6  d t  .
T h u s  i n t r o d u c i n g

2  J  6  d t  -  ß  ,

w e  a r e  l e f t  w i t h  t h e  e q u a t i o n  o f  t h e  p e n d u l u m ,  i . e .

ß  =  c o s  ß  .

T h e  e x p l i c i t  s o l u t i o n  o f  w h ic h ,  w i t h  i n i t i a l  c o n d i t i o n s

6 , 6  0  i f  t  — oo

i s  f o u n d  a s

ch t
(16)
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T h u s  b i n c r e a s e s  m o n o to n i c a U y  f r o m  z e r o  t o  i t s  m a x i m u m  v a l u e  o n e  a t  t  =  0  

a n d  t h e n  i t  f a l l s  b a c k  m o n o t o n i c a l l y  t o  z e r o .  F u r t h e r

В  =  2 b  =
2  s h t  

ch21

t h u s  В  i n c r e a s e s  f r o m  z e r o  t o  o n e  a n d  t h e n  f a l l s  b a c k  t o  z e r o .

T h e  p r o c e s s  t h u s  d e s c r i b e d  a m o u n t s  t o  t h e  a t o m  f a l l i n g  d o w n  g r a d u a l l y  

f r o m  t h e  e x c i t e d  s t a t e  1 i n t o  t h e  lo w e r  s t a t e  z e r o .  H o w e v e r ,  o n c e  t h e  l o w e r  

s t a t e  i s  r e a c h e d  t h e  r a d i a t i o n  e m i t t e d  b y  t h e  s y s t e m  i s  r e a b s o r b e d  a n d  e v e n ­

t u a l l y  t h e  i n i t i a l  e x c i t e d  s t a t e  i s  r e - e s t a b l i s h e d .

C o m p le x  s o l u t io n s

S o  a s  t o  o b t a i n  m o r e  e x a c t  s o l u t io n s  i t  i s  n e c e s s a r y  t o  t a k e  i n t o  c o n s i ­

d e r a t i o n  t h e  i m a g i n a r y  t e r m s  a ls o .  F o r  t h i s  p u r p o s e  i t  i s  u s e f u l  t o  i n t r o d u c e  

p h a s e s  a n d  a m p l i t u d e s  o f  b  a s  n e w  v a r i a b l e s .  L e t  u s  w r i t e

b =  eT + i s , (1 7 )

w h e r e  T  a n d  S  a r e  r e a l  f u n c t i o n s  o f  t h e  t i m e .  I t  i s  c o n v e n i e n t  t o  i n t r o d u c e  

f u r t h e r  a  n o t a t i o n  f o r  t i m e  d e r i v a t i v e s ,  t h u s

t  =  t ,  S  =  a .  (1 8 )

W e  s h a l l  a lw a y s  c o n s i d e r  i n i t i a l  c o n d i t i o n s

b , b  -* 0  i f  t  — — <==>,

t h u s  w e  a ls o  s u p p o s e
T  -*■ — °°  i f  t  -*■ — °° .

W i t h  t h e  h e lp  o f  t h e  a b o v e  n o t a t i o n  w e  o b t a i n  t w o  i n t e g r a l s  o f  t h e  e q u a t i o n s  

o f  m o t i o n  a s  w e  s h o w  p r e s e n t l y .  I n d e e d ,  m u l t i p l y i n g  ( 1 5 b )  w i t h  b*  a n d  a d d i n g  

t o  t h e  e q u a t i o n  s o  o b t a i n e d  t h e  c o m p l e x  c o n j u g a t e  e q u a t i o n  w e  h a v e

—  ( Q b b *  -  i ( b b *  -  b* b ))  =  Q ( B b *  +  B *  b ) .  
d t

U s in g  (1 3 )  w e  c a n  i n t e g r a t e  b o t h  s id e s  i n t o  t .  U s i n g  t h e  i n i t i a l  c o n d i t i o n

b,  6 - 0 , 17 -  1  i f  t  -  °°
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w e  f i n d

Ü b b *  -  i( i)b*  -  b*  b)  =  ß (l -  U ) .

W i t h  t h e  h e lp  o f  (1 7 )  a n d  (1 8 )

t h u s
bb*  -  b*  b  =  2  ia b b *  

1 -  U
b b * =

1 +
2 a

Q

(1 9 )

( 1 9 )  i s  a n  i n t e g r a l  o f  t h e  e q u a t i o n s  o f  m o t i o n ,  v a l i d  f o r  t h e  i n i t i a l  c o n d i t i o n s  

( 1 8 a ) .
I f  a  Q  t h e n  bb*  ~  1 — U  t h u s  bb*  r e p r e s e n t s  t h e  e n e r g y  i r r a d i a t e d  

b y  t h e  s y s t e m .

A n o t h e r  i n t e g r a l  is  o b t a i n e d  b y  m u l t i p l y i n g  ( 1 5 a )  b y  b*  a n d  s u b t r a c t i n g  

f r o m  t h e  e q u a t i o n  t h u s  o b t a i n e d  i t s  c o m p l e x  c o n j u g a t e  v a l u e .  T h e  r i g h t  

h a n d  s id e s  a r e  t h u s  z e r o  a n d  w e  f i n d

—  [ - i y l b b *  +  2 Q ( b * b  -  b * b )  +  i ( b b *  +  b * b  -  b * b ) ]  =  0  . 
d t

I n t e g r a t i n g  t h e  a b o v e  e q u a t i o n  i n t o  t i m e  w e  n o t e  t h a t  t h e  e x p r e s s i o n  i n s i d e  

t h e  s q u a r e  b r a c k e t  is  c o n s t a n t .  H o w e v e r ,  a s  t h e  a b o v e  e x p r e s s i o n  t e n d s  t o  

z e r o  f o r  t  -*■ — °°  w e  s e e  t h a t  t h e  v a l u e  o f  t h e  b r a c k e t  m u s t  b e  z e r o .  W i t h  

t h e  h e l p  o f  (1 7 )  a n d  (1 8 )  t h e  e x p r e s s i o n  i n  t h e  s q u a r e  b r a c k e t  c a n  b e  e x p r e s s e d  

i n  t e r m s  o f  o', r  a n d  i t s  d e r i v a t i v e s ;  w e  f i n d  t h u s

y 20 +  4  Q a  -  2 t  -  T2  +  3 o 2  =  0  (2 0 )

a s  a  c o n d i t i o n  w h i c h  m u s t  b e  f u l f i l l e d  f o r  a n y  v a l u e  o f  t  i f  t h e  p r o c e s s  s t a r t s  

f r o m  t h e  i n i t i a l  c o n f i g u r a t i o n  ( 1 8 a ) .  E q .  (2 0 )  i s  t h u s  a  s e c o n d  i n t e g r a l  o f  t h e  

e q u a t i o n s  o f  m o t i o n ,  v a l i d  f o r  t h e  i n i t i a l  c o n d i t i o n  ( 1 8 a ) .

Equation of motion in terms of the phases

I n t r o d u c i n g  (1 7 )  a n d  (1 8 )  i n t o  ( 1 5 )  a n d  s e p a r a t i n g  i t  i n t o  r e a l  a n d  i m a g i n a r y  

p a r t s ,  w e  o b t a i n  t w o  r e a l  d i f f e r e n t i a l  e q u a t i o n s  e x p r e s s i n g  a  a n d  r  i n  t e r m s  

o f  l o w e r  d e r i v a t i v e s .  S u c h  a  s y s t e m  c a n  b e  s o l v e d  e .g .  b y  n u m e r i c a l  i n t e g r a t i o n .  

H o w e v e r ,  u s i n g  (2 0 )  r  c a n  b e  e x p r e s s e d  i n  t e r m s  o f  a ,  r  t h e r e f o r e  i t  i s  s u f f i ­

c i e n t  t o  t a k e  f r o m  t h e  e q u a t i o n s  w h i c h  c a n  b e  d e r i v e d  f r o m  ( 1 5 )  o n l y  t h e  o n e
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w h i c h  c o n t a i n s  ir ;  t h e  o n e  c o n t a i n i n g  r  c a n  b e  r e p l a c e d  b y  t h e  s i m p le r  r e l a ­

t i o n  (2 0 ).
W e  f i n d  t h u s  c o n s i d e r i n g  t h e  r e a l  p a r t  o f  ( 1 5 )  a n d  s i m p l i f y i n g  t h e  e x p r e s ­

s io n  t h u s  o b t a i n e d  m a k i n g  u s e  o f  ( 2 0 )

2 ß (< r 2  +  T2 +  t ) +  в  =  2 ß ( l  -  e2T) ( 2 1 )
w i t h

в  =  2 a 3 -+■ 2 t2<7 +  та +  3<тт +  à  +  2 a e 2T .

T h e  a d v a n t a g e  o f  u s i n g  (2 0 )  i n s t e a d  o f  t h e  i m a g i n a r y  p a r t  o f  ( 1 5 )  is  t h a t  ( 2 1 )  

w h i c h  is  o b t a i n e d  i n  t h i s  w a y  d o e s  n o t  c o n t a i n  t h e  p a r a m e t e r  y 0 e x p l i c i t l y .

T h u s  (2 0 )  a n d  ( 2 1 )  is  a  s y s t e m  e q u i v a l e n t  t o  t h e  o r i g i n a l  e q u a t i o n s  o f  

m o t i o n  p r o v i d e d  t h e  i n i t i a l  c o n d i t i o n  (1 8 b )  is  u s e d .

Solutions by successive approximations in powers of 1/fí

T h e  s o l u t io n s  o f  ( 2 0 )  a n d  ( 2 1 )  c a n  b e  o b t a i n e d  b y  s u c c e s s i v e  a p p r o x i m a ­

t i o n  s u p p o s in g  ß  1  a n d  w r i t i n g

1
a  — er. -I-------- a ,  +  . . .

Q  -

s i m i l a r l y

t  =  t ,  H - - - - - - - - - - - T o  4 -  .  .  .
Q  “

Г - 1У + - Г . +  . . . .

( 22)

I n d e e d ,  i n s e r t i n g  (2 0 ) ,  (2 2 )  i n t o  (2 1 )  a n d  c o n s i d e r i n g  t h e  f i r s t  t e r m s  o n l y  

i n  t h e  d e v e l o p m e n t  w e  f i n d  f r o m  ( 2 0 )

t h u s
- f  4 Q a x =  0 ,

a n d  s in c e  cr1  d o e s  n o t  c h a n g e  i n  t i m e ,  a ls o ,  w e  h a v e

(2 3 )

û1 =  0.

I n  (2 1 )  w e  c a n  n e g l e c t  i n  o u r  f i r s t  a p p r o x i m a t i o n  t h e  t e r m s  l u m p e d  t o g e t h e r  

i n t o  0 ,  w e  f i n d  t h u s
TÏ +  T l =  (1 -  OÎ -  e27' ) . (2 4 )
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L e t  u s  w r i t e  f u r t h e r  

t h u s
eTl = y ,

ÿ  =  ( r j  +  r  j ) y .

(25)

M u l t i p l y i n g  (2 4 )  b y  y  w e  f i n d  t h e r e f o r e

У  =  ( !  -  ° i ) y  -  У 3 -

M u l t i p l y i n g  t h i s  w i t h  y  a n d  i n t e g r a t i n g  i n t o  t  w e  f i n d

— j 2 = — a  -  o \ )  y* y * . 
2 2 4

T h e  i n t e g r a t i o n  c o n s t a n t  is  c h o s e n  s o  a s  t o  s a t i s f y  t h e  i n i t i a l  c o n d i t i o n ,  y x -* 0  

i . e .  у  -*■ 0  f o r  t  T h e  a b o v e  e q u a t i o n  p o s s e s s e s  n o n - t r i v i a l  r e a l  s o l u t io n

o n l y  i f

a? <  1.

I n t e g r a t i n g  o n c e  m o r e  i n t o  t  w e  o b t a i n  ( w i t h  t h e  i n i t i a l  c o n d i t i o n  g i v e n  a b o v e )  

a s  n o n - t r i v i a l  s o l u t i o n

\Í2 a
c h a t

a  =  1 — a\ . (2 6 )

A c c o r d i n g  t o  (1 9 )  w e  g e t  ( n e g le c t i n g  t e r m s  o f  1  / Q )

U min — 1 I ^max|2 •

T h u s  u s i n g  (2 5 )  a n d  ( 2 6 )  w e  f i n d :

tfm in  =  o \  -  1 .  (2 7 )

I n  t h e  c a s e  o f  p e r f e c t  r e s o n a n c e  а г —  0

t fmln =  - 1
a n d  w e  f i n d

I c0 I2 =  1 I с ,  I* =  0 at t = 0 ,

t h u s  t h e  a t o m  f a l l s  f r o m  t h e  e x c i t e d  s t a t e  i n t o  t h e  p u r e  l o w e r  s t a t e ;  h o w e v e r ,  

t h e  r a d i a t i o n  f i e l d  a p p e a r s  e x a c t l y  s u i t a b l e  t o  r e v e r s e  t h e  p o s i t i o n  a n d  t o  

b r i n g  b a c k  t h e  s y s t e m  i n t o  i t s  o r i g i n a l  c o n f i g u r a t i o n .  I f  t h e r e  i s  l a c k  o f  r e s o ­

n a n c e  (cTj 7 Í 0 ) t h e n  t h e  r e v e r s a l  t a k e s  p l a c e  b e f o r e  t h e  p u r e  l o w e r  s t a t e  h a s  

b e e n  r e a c h e d .  F o r  | a 1 \ >  1 t h e  p r o c e s s  d o e s  n o t  s t a r t  a t  a l l .
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W e  n o t e ,  i f  r a d i a t i o n  w a s  a l l o w e d  t o  e s c a p e  f r o m  t h e  e n c l o s u r e ,  t h e  r e v e r s ­

a l  c o u l d  n o t  t a k e  p l a c e  — p r e s u m a b l y  i t  d o e s  n o t  t a k e  p l a c e  i f  t h e  e n e r g y  i s  

s p l i t  a m o n g  a  n u m b e r  o f  l o w e r  s t a t e s  o f  a b o u t  e q u a l  e n e r g i e s .  T h u s  t h e  s y m ­

m e t r i c  p r o c e s s  ( s e e  F i g .  1 ) t a k e s  p l a c e  o n ly  i n  t h e  i d e a l i z e d  c a s e  c o n s i d e r e d  
a b o v e .

A  q u a l i t a t i v e  r e m a r k

A n  e l e c t r o m a g n e t i c  w a v e  o f  a r b i t r a r i l y  s m a l l  a m p l i t u d e  w i t h  f r e q u e n c y  

Q  +  o 1 s w e e p i n g  o v e r  t h e  e x c i t e d  H - a t o m  s t a r t s  a n  a v a l a n c h e  w h i c h  l e a d s  t o  

t h e  p r o c e s s  d e s c r i b e d  a b o v e .  T h e  a v a l a n c h e  s t a r t s ,  h o w e v e r ,  o n l y  i f

I a i \  <  1

t h i s  m e a n s ,  o n l y  i f  t h e r e  is  a  v e r y  c lo s e  r e s o n a n c e  b e t w e e n  t h e  a t o m i c  f r e q u e n c y  

a n d  t h e  e x c i t i n g  r a d i a t i o n .  F r o m  ( 6 ) a n d  (2 3 )  w e  f i n d

A Q  =  I c K  -  Q \  <  —  .
2

T h e  a b o v e  e x p r e s s i o n  i s  a n o t h e r  f o r m  o f  t h e  r e l a t i o n  d e f i n i n g  t h e  s t a t e  o f  
r e s o n a n c e  i n  w h i c h  a n  a v a l a n c h e  w i l l  s t a r t .

T h e  p h y s i c a l  s i g n i f i c a n c e  o f  a  i s  t h a t  t h e  r a d i a t i o n  f i e l d  e m i t t e d  b y  t h e  

a t o m  h a s  a  f r e q u e n c y  Q  +  a .  T h u s  o w in g  t o  t h e  n o n l i n e a r i t y  o l  t h e  p r o c e s s ,  

f r e q u e n c i e s  s l i g h t l y  d e v i a t i n g  f r o m  t h e  c o m b i n a t i o n  f r e q u e n c y  a p p e a r .  H o w ­
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e v e r ,  t h e s e  d e v i a t i o n s  a r e  s m a l l .  T h e  p h y s i c a l  s i g n i f i c a n c e  o f  t h e s e  d e v i a t i o n s  

i s  a s  f o l lo w s .  T h e  H - a t o m s  e n c lo s e d  i n t o  t h e  b o x  w i l l  e m i t  f r e q u e n c ie s  i n s id e  

a  f r e q u e n c y  r a n g e  Q  ±  A Q .  T h e  a c t u a l  f r e q u e n c y  o f  a n  i n d i v i d u a l  e m is s io n  

d e p e n d s  o n  t h e  m o d e  o f  i n i t i a l  e x c i t a t i o n  o f  t h e  s t a t e .  C o n s i d e r in g  t h e  e m is s io n  

o f  s e v e r a l  a t o m s  w e  e x p e c t  t h e r e f o r e  a  b a n d  w i t h  2 A Q  o f  t h e  l in e  e m i t t e d  b y  

t h e  s y s t e m ,  i f  w e  s u p p o s e  t h a t  t h e  i n d i v i d u a l  a to m s  e m i t  w i t h  r a n d o m  w i d t h  a .  

T h i s  e f f e c t  r e p r e s e n t s  a  n a t u r a l  l i n e  w i d t h  o f  t h e  e m i s s io n .  T h e  e f f e c t  t h u s  

d e s c r i b e d  is  d i f f e r e n t  f r o m  t h e  w i d e n i n g  o f  t h e  l in e  w h i c h  is  u s u a l l y  c o n s i d e r e d  

a s  b e i n g  d u e  t o  t h e  e x p o n e n t i a l l y  d e c a y i n g  e x c i t a t i o n  o f  t h e  a t o m  i n  t h e  c o u r s e  

o f  t h e  e m is s io n .
W e  se e  t h u s  t h a t  o w in g  t o  t h e  n o n  l i n e a r  c o u p l i n g  o f  t h e  r a d i a t i o n  f i e l d  

a n d  a t o m ,  a  l in e  w i d t h  o f  e m is s io n  i s  p r o d u c e d  w h i c h  is  i n d e p e n d e n t  o f  t h e  

d e c a y  o f  t h e  i n t e n s i t y  o f  e m is s io n .

The second approximation and its possible connection with the Lamb shift

I n s e r t i n g  (2 2 )  i n t o  (2 0 )  w e  o b t a i n  f o r  t h e  t e r m s  o f  t h e  o r d e r  \ j Q

T a k i n g  e x p r e s s i o n s  (2 4 ) a n d  (2 6 )  i n t o  a c c o u n t  w e  f i n d  

A o  =  (X2 (0 ) — ff2( — °°)  =  —  (1  — ° i )  •

W e  s e e  t h u s  t h a t  t h e  f r e q u e n c y  a  w h i c h  is  s u p e r p o s e d  t o  t h e  c o m b i n a t i o n  

f r e q u e n c y  v a r i e s  i n  t h e  c o u r s e  o f  t h e  e m is s io n .  T h e  s h i f t  i t s e l f  A a  >  0  i s  p o s i ­

t i v e  i n d e p e n d e n t l y  o f  t h e  s ig n  o f  a v

A n  i m p o r t a n t  q u a l i t a t i v e  f e a t u r e  o f  t h i s  s h i f t  i s  t h a t  i t  d e p e n d s  e x p l i c i t l y  

o n  a 0 a n d  t h u s  i t  d e p e n d s  o n  t h e  e x a c t  c o n f i g u r a t i o n  o f  t h e  s t a t e s  a n d  y>0. 

C o n s i d e r in g  t h u s  t w o  t y p e s  o f  t r a n s i t i o n s  s o  t h a t  f o r

Wi ■* Wo» a o =  ao \

W i  -  Vo» CTo =  a ôV-

( o f ) ,  a<2> t h e  r e s p e c t i v e  p a r a m e t e r s  d e f i n e d  f u r t h e r  a b o v e ) .

I n  c a s e  o f  d e g e n e r a n c y  w e  m a y  h a v e

■1̂ 20 =  ^ 10*

H o w e v e r ,  e v e n  i f  t h e  s u p p o s i t i o n  c o n c e r n i n g  cr0  g i v e n  i n  [1 ]  is  s t r i c t l y  c o r r e c t  

w e  m a y  h a v e  i n d e p e n d e n t l y

a ?  *  off».
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I n  t h e  l a t t e r  c a s e  t h e  c o r r e s p o n d i n g  s h i f t s  a r e  a l s o  d i f f e r e n t ,  i .e .

A c / 2) 7 * Ac/ - 1') .

T h u s  o w in g  t o  t h e  i n t e r a c t i o n  o f  t h e  s y s t e m  w i t h  i t s  o w n  r a d i a t i o n  f i e l d ,  t h e  

f r e q u e n c y  s h i f t  d e p e n d s  o n  t h e  d i s t r i b u t i o n s  cp0(s) a n d  cpj ŝ). A p p a r t  f r o m  s m a l l  

t e r m s  i t  is  p r o p o r t i o n a l  t o  t h e  e x p r e s s i o n

I J <PÎ(a) g r a d  <Pi(8) I2’

i . e .  t o  w h a t  is  t a k e n  a s  t h e  “ t r a n s i t i o n  p r o b a b i l i t y ”  i n  t h e  u s u a l  t e r m i n o l o g y .

T h e  a b o v e  e f f e c t  q u a l i t a t i v e l y  r e s e m b l e s  t h e  L a m b  s h i f t .  I n d e e d ,  i n  

c a s e  o f  t h e  H - a t o m  t h e  t r a n s i t i o n s

2I*3l2 -*• 1̂ l /2 1

2S i /2 — 1S 1/2

p o s s e s s  e x a c t l y  t h e  s a m e  c o m b i n a t i o n  f r e q u e n c y .  N e v e r t h e l e s s ,  t h e  t w o  t r a n s ­

i t i o n s  p r o d u c e  e m i s s i o n  o f  s l i g h t l y  d i f f e r e n t  f r e q u e n c i e s .  T h i s  d i f f e r e n c e  is  

t h e  L a m b  s h i f t .  W e  s e e  t h a t  a n  e f f e c t  q u a l i t a t i v e l y  o f  t h i s  k i n d  f o l lo w s  f r o m  

t h e  s t r i c t  s o l u t i o n s  o f  t h e  s y s t e m  o f  s i m u l t a n e o u s  e q u a t i o n s  c o n s i s t i n g  o f  

w a v e  e q u a t i o n s  a n d  c la s s ic a l  e q u a t i o n s .

A  q u a l i t a t i v e  c o m p a r i s o n  o f  t h e  o b s e r v e d  L a m b  s h i f t  a n d  t h e  f r e q u e n c y  

c h a n g e  A a 2 c a l c u l a t e d  h e r e  i s  n o t  p o s s ib l e  a t  t h i s  s t a g e  — a s  t h e  r e a l  p r o c e s s  

c a n  o n l y  b e  d e a l t  w i t h  c o n s i d e r i n g  t h e  s i m u l t a n e o u s  t r a n s i t i o n s  o f  a n  e x c i t e d  

s t a t e  i n t o  a  n u m b e r  o f  l o w e r  s t a t e s .  T h i s  is  a  p r o b l e m  w e  h o p e  t o  c o m e  b a c k  

t o  s h o r t l y .
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CONTRIBUTION TO THE INTENSITY DISTRIBUTIONS OF 
THE MULTIPLET BANDS IN DIATOMIC MOLECULES I

By

I .  K o v á c s  and I .  P é c z e l i

D EPA R T M E N T OF ATOMIC PHY SICS, TECHNICAL U N IV ER SITY , BU D A PEST

(Received 3. I. 1978)

Explicit expressions are obtained for the in tensity  d istribution  in  th e  branches of sex te t 
transitions of any ty p e  w ith АЛ =  0 and АЛ  =  ±  1 w here the upper and  lower electronic 
s ta tes m ay belong to  one of the lim iting H und’s cases a) or b). Moreover, general formulae 
are given for the transitions of any type  and any m ultip licity  where bo th  th e  upper and lower 
electronic states m ay belong to the sam e lim iting case.

1 .  I n t r o d u c t i o n

I n  t h e  c a s e  o f  s p i n  m u l t i p l e t s  f o r m u l a e  o f  t h e  i n t e n s i t y  d i s t r i b u t i o n s  ( l i n e  

s t r e n g t h s ,  H ö n l - L o n d o n  f a c t o r s )  f o r  t r a n s i t i o n s  b e t w e e n  t e r m s  o f  a n y  t y p e  a r e  

k n o w n  i n  g e n e r a l  f o r m  o n l y  f o r  d o u b l e t  a n d  t r i p l e t  t r a n s i t i o n s  w h e r e  b o t h  t h e  

u p p e r  a n d  l o w e r  e l e c t r o n i c  s t a t e s  m a y  b e l o n g  t o  a  c o u p l i n g  c a s e  i n t e r m e d i a t e  

b e t w e e n  H u n d ’s  c a s e s  a )  a n d  b )  [ I ] .  F o r  t r a n s i t i o n s  b e t w e e n  t e r m s  o f  h i g h e r  

t h a n  t r i p l e t  m u l t i p l i c i t y  f o r m u l a s  h a v e  b e e n  w o r k e d  o u t  t i l l  n o w  o n l y  f o r  

s p e c i a l  c a s e s ,  n a m e l y  f o r  E  — E ,  П — П a n d  П  — E  t r a n s i t i o n s  w h e r e  t h e  

u p p e r  a n d  l o w e r  e l e c t r o n i c  s t a t e s  m a y  b e l o n g  o n l y  t o  o n e  o f  t h e  l i m i t i n g  c a s e s  

a )  o r  b ) .  I n  a d d i t i o n ,  i n  t h e  c a s e  o f  ( a )  — ( b )  t r a n s i t i o n s  f o r m u l a e  f o r  t h e  i n t e n ­

s i t y  f a c t o r s  o f  s e v e r a l  b r a n c h e s  w i t h  s i g n i f i c a n t  i n t e n s i t y  h a v e  n o t  b e e n  p u b ­

l i s h e d  y e t  a n d  t h e  l i s t  o f  t h e  i n t e n s i t y  f a c t o r s  f o r  ( b )  — ( b )  t r a n s i t i o n s  i s  n o t  

c o m p l e t e  e i t h e r  [ 2 ] .  R e c e n t l y  o n e  o f  t h e  a u t h o r s  ( I .  K . )  e l i m i n a t e d  t h i s  l a c k  

f o r 5i 7  — 57 7  t r a n s i t i o n  [ 3 ] .  L a t e l y  P u i l l y , S c h a m p s , L u m e l y  a n d  B a r r o w  [ 4 ]  

o b s e r v e d  a n d  a n a l y z e d  a  ® /7 — 6 A  a n d  6 A — 6Ф t r a n s i t i o n  o n  t h e  s p e c t r a  o f  

i r o n  m o n o f l u o r i d e  ( F e F ) .  T h e  f o r m u l a e  o f  t h e  l i n e  s t r e n g t h s  f o r  t h e s e  t r a n s i ­

t i o n s  a r e  n o t  k n o w n  s o  f a r ,  w h i c h  m a k e s  i t  n e c e s s a r y  t o  g i v e  t h e  l i n e  s t r e n g t h s  

a l s o  f o r  t h e s e  t r a n s i t i o n s .  I n s t e a d  o f  t h e  f o r m u l a e  o f  t h e  l i n e  s t r e n g t h s  o f  t h e  

6/ 7  — 6 A  a n d  вФ  — 6 A  t r a n s i t i o n s ,  h o w e v e r ,  g e n e r a l  f o r m u l a e  w i l l  b e  g i v e n  f o r  

a l l  b r a n c h e s  o f  t h e  s e x t e t  t r a n s i t i o n s  o f  a n y  t y p e  w i t h  A  A  =  0  a n d  A A  =  ±  1 

w h e r e  t h e  u p p e r  a n d  l o w e r  t e r m s  m a y  b e l o n g  t o  o n e  o f  t h e  l i m i t i n g  c a s e s  

a )  o r  b ) .  T h e s e  f o r m u l a e  g i v e  a f t e r  s u b s t i t u t i o n  o f  t h e  p r o p e r  A  v a l u e s  t h e  l i n e  

s t r e n g t h s  o f  a l l  b r a n c h e s  f o r  E —  E, П — П, A  —  A  . .  . a n d  П — E, A  — П, 
Ф  — A  . . . t r a n s i t i o n s  c o m p l e t i n g  w i t h  t h e  l i n e  s t r e n g t h s  o f  t h e  l a c k i n g  b r a n c h -
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e s  t h e  7 7 — 77  a n d  7 7  — H  t r a n s i t i o n s  a l r e a d y  p u b l i s h e d .  M o r e o v e r ,  g e n e r a l  

f o r m u l a e  a r e  p u b l i s h e d  f o r  t h e  t r a n s i t i o n s  o f  a n y  t y p e  a n d  a n y  m u l t i p l i c i t y  

w h e r e  b o t h  t h e  u p p e r  a n d  lo w e r  e l e c t r o n i c  s t a t e s  m a y  b e lo n g  t o  t h e  s a m e  

l i m i t i n g  c o u p l i n g  c a s e  ( e .g .  ( a )  — ( a )  o r  ( b )  — (b )  t r a n s i t i o n ) .  A l g e b r a i c  e x p r e s ­

s i o n s  w h e r e  b o t h  s t a t e s  m a y  b e lo n g  t o  a  c o u p l i n g  c a s e  i n t e r m e d i a t e  b e t w e e n  

H u n d ’s c a s e s  a )  a n d  b )  i n  g e n e r a l  f o r m  w o u l d  b e  v e r y  c o m p l i c a t e d .  F o r  a  g iv e n  

t r a n s i t i o n  o f  h i g h e r  t h a n  t r i p l e t  m u l t i p l i c i t y  w i t h  t h e  k n o w n  v a l u e  o f  t h e  

c o u p l i n g  c o n s t a n t  Y ,  h o w e v e r ,  n u m e r i c a l  v a lu e s  o f  t h e  l in e  s t r e n g t h s  f o r  e a c h  

v a l u e  o f  t h e  r o t a t i o n a l  q u a n t u m  n u m b e r  c a n  b e  c a l c u l a t e d  b y  t h e  n u m e r i c a l  

d i a g o n a l i z a t i o n  o f  t h e  H a m i l t o n i a n  w i t h  t h e  a id  o f  e l e c t r o n i c  c o m p u t e r  ( e .g .  

L a m b e r t , G a u r e , A l b r i t t o n  [5 ]  f o r  t h e  bi H s — а * П п  t r a n s i t i o n  o f  m o le ­
c u l e ) .

2. Intensity distribution

I n  c a s e  o f  t h e  t h e r m a l  e q u i l i b r i u m  t h e  i n t e n s i t y  o f  a n  e m i s s io n  l i n e  c a n  

b e  w r i t t e n

Ц '  -  G S f r e

hcFje
k T

( 1 )

w h e r e  G  c a n  b e  r e g a r d e d  a s  c o n s t a n t  t o  a  g o o d  a p p r o x i m a t i o n  w i t h i n  a  p a r t i ­

c u l a r  b a n d  a n d  S j .j „ i s  t h e  l in e  s t r e n g t h .  T h u s  t h e  i n t e n s i t i e s  o f  t h e  s p e c t r a l  

l i n e s  w i t h i n  a  b a n d ,  a p a r t  f r o m  t h e  B o l t z m a n n  f a c t o r ,  w r i t t e n  e x p l i c i t l y ,  d e ­

p e n d  o n l y  o n  t h e  l in e  s t r e n g t h .  T h e  t h e o r e t i c a l  p r e d i c t i o n  o f  t h e s e  l i n e  s t r e n g t h s  

i s  t h e r e f o r e  o f  c o n s i d e r a b l e  i m p o r t a n c e .  F o r  t h i s  t h e  c o r r e s p o n d i n g  e x p r e s s i o n s  

f o r  t h e  a m p l i t u d e s

za(2S + 1* A 0iA1t  25+1* Г ,о ,л г )  =  Ш 2 3 + 1 Х Л°,м<)  * Ы 25+ 1* л а , л г )

za(2S +1X ß i0±i,Mf zS+1X J’ta,M’) = J V i  (2S+1X j t i0±1,Mb) *Ч>а(28+1Х г , а , м - )  d r

a r e  u s e d ,  t h e  a b s o l u t e  v a l u e s  o f  w h i c h  m a y  b e  f o u n d  a m o n g  o t h e r s  i n  a  p a p e r  

b y  K r o n ig  [6 ]. A s  c a n  b e  s h o w n  o v e r  a n d  a b o v e  A J  =  0 ,  ±  1 t h e  s e l e c t i o n  

r u l e  r e l a t i n g  t o  (2 )  i s  A Q  = 0  a n d  ± 1 ,  r e s p e c t i v e l y .  S i n c e  i n  t h e  H u n d ’s  c a s e  

a )  t h e  s e l e c t i o n  r u l e  A H  =  0  a ls o  h o l d s ,  t h e  a b o v e  r e l a t i o n s  a r e  e q u i v a l e n t  t o  

t h e  s e l e c t i o n  r u l e  А Л  =  0  a n d  ± 1 .  T h e  t h r e e f o l d  s q u a r e  o f  (2 )  s u m m e d  o v e r  

t h e  m a g n e t i c  q u a n t u m  n u m b e r s  M  g i v e s  t h e  S j ,j ,  f a c t o r s  t o  t h e  t r a n s i t i o n  

2S + 1X A — 2S+1X A a n d  2S + 1X A±1 — 2S + 1 Y A w h e r e  b o t h  t h e  u p p e r  a n d  t h e  lo w e r  

e l e c t r o n i c  s t a t e  m a y  b e lo n g  t o  t h e  H u n d ’s c a s e  a ) .  T h e s e  a r e  t o  b e  f o u n d  f o r  

t h e  c a s e  o f  s e x t e t  t r a n s i t i o n  i n  t h e  s e c o n d  a n d  t h i r d  c o l u m n  o f  t h e  T a b l e s  I  

a n d  I I ,  r e s p e c t i v e l y  a n d  i n  g e n e r a l  f o r m  f o r  t r a n s i t i o n  2S+1X A(a)  — 2S +1X A(a) 
a n d  2S+1X A±1(a ) — 2S+1Y A(a)  i n  t h e  s e c o n d  a n d  t h i r d  c o lu m n  o f  t h e  T a b l e s  
I I I  a n d  I V ,  r e s p e c t i v e l y .
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T h e  m u l t i p l e t  t e r m s  w h e r e  A  >  0  c a n  i n  g e n e r a l  b e  w e l l  d e s c r i b e d  b y  t h e  

f o r m u l a e  o f  H u n d ’s c a s e  a )  o n l y  i n  t h e  r a n g e  o f  t h e  l o w e r  r o t a t i o n a l  q u a n t u m  

n u m b e r s .  W i t h  i n c r e a s i n g  r o t a t i o n a l  q u a n t u m  n u m b e r s ,  n a m e l y ,  t h e  t r a n s i t i o n  

s t a r t s  t o w a r d  t h e  c a s e  b )  w h i l e  t h e  m u l t i p l e t  X  t e r m s  ( Л  —  0 ) a l r e a d y  i n  t h e  

r a n g e  o f  t h e  l o w e r  r o t a t i o n a l  q u a n t u m  n u m b e r s  a l s o  b e lo n g  t o  t h e  H u n d ’s c a s e  

b ) .  T h e  d i f f i c u l t y  i n  d e s c r i b i n g  t h e  c o n d i t i o n s  c o n s i s t s  i n  t h a t  n o  a l g e b r a i c  

e x p r e s s i o n s  a r e  k n o w n  c o n c e r n in g  t h e  m u l t i p l e t  e n e r g i e s  (Л  0 ) h i g h e r  t h a n

q u a r t e t  v a l i d  w i t h  a  s a t i s f a c t o r y  a c c u r a c y  f o r  a n y  v a l u e  o f  t h e  c o u p l i n g  c o n ­

s t a n t .  T h u s  w e  h a v e  t o  r e s t r i c t  o u r s e l v e s  t o  t h e  k n o w l e d g e  o f  t h e  e n e r g i e s  o f  

t h e  r e l a t i v e l y  s im p le  c a s e  b ) ,  a n d  t o  t h e  a m p l i t u d e s  p r o d u c e d  b y  t h e  u s e  o f  t h e  

p r o p e r  t r a n s f o r m a t i o n  m a t r i x  e l e m e n t s  c a l c u l a t e d  w i t h  t h e i r  a id

*(2S+1X j ’0'M’2S+1Xj-a'M’) = J  vS(2S+1X j 'Q'm’) zVb(2S+1X r N .M*) d r ,  

z ( 2S+1X f N -M - 2 S ^ X r o , M . )  =  J  y>;(2S+1X f N ’M ') Ы 28+1Х т г ) d r ,  ( 3 a )  

z ( * s + i X f N 'M - * s + i X r N . M . )  = J t f p + ' X f M )  z Wa{2 S + 1 X j . N , M . )  d r ,

a n d

z ( 2S+1X f 0 -M' 2 S+ 1Y r N -M-)  =  J W*a(2S+1X f û 'M-) Z fb (2S+ 1Y j . N -M -) d r  , 

z ( 2S+1X / N 'M ' * s + ' Y r D , M . )  =  j  f t ( 2S+1X f N 'M ') *Va(2S+1Y r a .M-) d r ,  ( 3 h )  

z ( 2S+1X f N -M -'-s + i Y r N . M .)  =J w t ( 2S+1X f N ’M ') zVb(2S+1Y r N -M-) d r ,

w h e r e

V>b(2 S  + 1X f N ' M ' )  =  Л2  S 0 ' N < J ' ) V a ( 2 S  + 1X j ' 0 - M - ) ,
Q'=A'-S

V b ( 2 S + 1 Y r N , M . )  =  A2  S a " N - ( J " ) 4 > a ( 2 S + 1 Y j - 0 - M ’ )  •
Q”=A”-S

(4 )

T h e  e l e m e n t s  o f  t h e  t r a n s f o r m a t i o n  m a t r i x  o f  s e x t e t  t e r m s  o f  a n y  t y p e  

a r e  t h e  f o l lo w in g

^ .Л —5/2,J —5/2  —  +

$ Л —1 / 2 . J - 5 / 2 —  +

~ Л +  3 /2 . У — 5/2 = +

1  u 3 u 4 u 5 u e u 7

^ 2 C j _ 5 / 2 ( J )
,3 A - 3 / 2 , J - 5 / 2  —  —

[ 5  щ  u f  u j u 3+  u 4+ c *

(  C y _ 5 / 2 ( J )  ’
^ + l / 2 , J - 5 / 2  —  —

I 5  щ и £  u t  u j

1  2 C y _ 5 / 2 ( J )  ’
° Л +  5/2, J — 5/2 —  —

5 u 3  ц 4  м 5  ц 6  ц 3+

\  Su jU lu tu X u t
C j - 5 n ( J )

[  ы3+ u j u ^ u ^ u f

2  C j _ 5 / 2 (  J )
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^ Л - 5 / 2 . у - 3 / 2  =  +

^ л - 1 / 2 , у - 3 / 2  =  +  

■SЛ + 3 /2 .У -3 /2 =  —

/ 5 u 4 u 5 u g u 7 u i  c  1/(Зиз+ +2Л)2и4и^и  ̂
Г 2Cy_3/2(J) ’ й а - з /2 ,у - з / 2 -  2Cy_3/2 ( J )

/  ( Mí  + 4 Л ) 2 и 4  u 5~ u t  c / ( « * 3  -  4 Л ) 2 И4  u t  u t
\  C j - 3li( j )  ’ * л + 1 /2 у - з / 2 -  +

j  ( З и 3 - 2 A f u t u t u t  e  
Г 2Cy_3/2(J) ’ ^A+5,2,y-3/2 -  +

/ 5  u 3 u t  u £ u +u t

I  Щ - М  ’
(5 a )

c  _  ] [ 5 u 5 u 6 u 7 u ^ u t  c
°A -5 /2 ,y -l/2  — ~  I Q  T f \  ’ 0 À -3 /2.У -1/2— +

’ л - 1 /2 ,7 - 1 /2
_  [ | / 2 [ ^ - - З Л ( 2 Л - 1 ) ] У

г(м х + 4 Л ) 2 и 5  и в u t

C j - i l Á J )

C y - l f t í J )

в  _  1 / 2 [ и 4+ м в+  -  З Л ( 2 Л  +  1 ) ] 2и ^
A + 1 / 2 J - 1 / 2  C y _ l f t ( J )

С 1 /  (ИГ — 4Л )2 Melts'Ив" . с _  ,
^ А + 3 / 2 ,у - 1 / 2  —  —  | /  ç T -------- J j j ----------- ’ ~ / + 5 / 2 , У - 1 / 2  +

5 н 3  щ  u t  щ и ?  . 

C y-m (J) ’

^ Л -5 /2 ,У + 1 /2  —

S _  , lA  2 [ « í M«°A -l/2 ,y + l/2 — "Г I  ----------

^ Л + 1/2,У+1/2=  +

S

(5  и в u 7 u 3  u 4  u 5  e

c y + 1 /2 ( j )  ’ л - 3 ,2 ’У+ 1/2 :
(ы9 - 4 Л ) 2  Ug Ы4*u t  . 

Cy+1/a( j )

в + - З Л ( 2 Л - 1 ) ] 2 и 5+

C y + i/* (J )

2 [ u 4  ы6  — З Л ( 2 Л  +  l ) ] 2 u 5

Cy+1/2(J)

’ Л + 3 /2 .У + Х /2  —

->Л - 5 / 2 ,У + 3 / 2  —

5Л -1 /2 ,У + 3 /2  —

( и 9+ + 4 Л ) 2 и 4  u 5  и  J

C j+ l lz (J )
;  S .Л + 5 /2 ,У + 1 /2  —

5  Из ИцИд u t  u t

C y + 1/2( J )  ;

г5 и ,  u t  u t  u t  u 6  c  _  1 A ( 3 u 7 -  2 Л ) 2 и ^  u e
2Cy + 3/2(J) ^ A —Sl2,J + 3l2 f _ 2 Cy + 3/2( J )

( u 7 - 4 Л ) 2 и в ц ^ и 6+

C y + 3/2( J )

5 Л + 3 /2,У + 3 + 2
( S u t  + 2 Л ) 2 и 4  u 5 и 6 

2Cy+3/2(J)

;  ^ A +  1 /2 .У + 3 /2  —  +

! ^ А + 5 /2 ,У + 3 /2  — +

(и 7 + 4 Л ) 2и 5ц 6 Цб

C j + 3 i i ( J )

5  u 3  и 4 u 5  Hjfu t

2 Cj+3i2( J )
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C ] /  u 3+ U i+ U jf  Ue U ,+  c /  5 и 7 u l  u l  u l  u l
* Л - 5 / 2 .У + 5 / 2  |/ 2 C j +5/2( J )  ’ ^ - 3 / 2 . f + 5/2 2  CJ+il2( J )

t, /  5 u ^ u 3  u„  u {  c / 5 « г и - „ - и в+ и +
° Л - 1 / 2 , У + 5 / 2  — J/ C j  j ( J )  ’ ° л +1 /2 .У + 5 /1  — '

C j +*I2(J)

C /  c 1 u 3 u 4 u 5  Щ u-,
^ Л + 3 /2 .У + 5 /2  -  2 C j +5,2( J )  ’ ^ Л + 5 /2 .У + 5 /2  - 2  Cy + 5 /2 ( J )

w h e r e  u%+1 =  u g  +  1 a n d  — J  ±  A  — 1 1 /2

C j - A J )  =  2 ( J  -  1 ) J ( 2 J  -  3 ) (2 J  -  A ) ( 2 J  +  1 ),

C j - M  =  2 J ( J  +  1 ) ( 2 J  -  3 ) ( 2 J  -  1 ) ( 2 J  +  1 ),

Cy _ 1 /2 ( J )  =  2 ( J  -  1 ) ( J  +  1 ) ( 2 J  -  1 ) ( 2 J  +  1 ) ( 2 J  +  3 ) ,  ( 5 b )

CJ+ll2( J )  =  2 J ( J  +  2 ) ( 2 J  -  1 ) ( 2 J  +  1 ) ( 2 J  +  3 ) ,

C J+3,2( J ) =  2  J ( J  +  1 ) ( 2 J  +  1 ) ( 2 J  +  3 ) (2  J  +  5 ) ,

C J+5l2( J ) =  2  ( J  +  1 ) ( J  +  2 ) ( 2 J  +  1 ) ( 2 J  +  3 ) ( 2 J  +  5 ) .

A f t e r  s u b s t i t u t i o n  o f  0, 1, 2, . . . f o r  t h e  v a lu e  Л t h e s e  f o r m u l a e  g iv e  t h e  t r a n s ­

f o r m a t i o n  m a t r i x  e l e m e n t s  f o r  627, ° /7 ,  ° / 1 , . . . t e r m s .

T h e  t h r e e f o l d  s q u a r e  o f  ( 3 a )  a n d  (3 b )  s u m m e d  o v e r  t h e  m a g n e t i c  q u a n ­

t u m  n u m b e r s  g iv e s  t h e  l in e  s t r e n g t h s  r e f e r r i n g  t o  t h e  t r a n s i t i o n  6Х л (а )  —

- * Х л ( Ь ) ,  6Х Л(Ь) — вХ д ( Ь )  a n d  ®Хд + 1( а )  -  « У Д(Ь ), ®Хл + 1 ( 6 ) -  ®Уд ( а ) ,
®Хл + 1 ( 6 ) — ° У Л(/)) t h a t  i s  t o  t h e  s e x t e t  t r a n s i t i o n s  o f  a n y  t y p e  w h i c h  a r e  t o  

b e  f o u n d  i n  t h e  t h i r d  a n d  f i f t h  c o l u m n  in  T a b l e  I ,  a n d  in  t h e  f o u r t h ,  f i f t h  

a n d  s i x t h  c o lu m n  i n  T a b l e  I I ,  r e s p e c t i v e l y  a n d  i n  g e n e r a l  f o r m  r e f e r r i n g  

t o  t h e  t r a n s i t i o n s  o f  a n y  t y p e  a n d  m u l t i p l i c i t y  2S +1X A(b)  — 2S +1Х Л(Ь) a n d  

2S + 1X A+1( b ) - 2S+1Y A{b) i n  t h e  t h i r d  c o lu m n  i n  T a b l e  I I I  a n d  t h e  f o u r t h  

c o lu m n  i n  T a b l e  I V ,  r e s p e c t i v e l y .  I n  t h e  c a s e  o f  t h e  (b ) — (b )  t r a n s i t i o n  o f  a n y  

t y p e  a n d  m u l t i p l i c i t y  w e  h a v e  u s e d  t h e  a m p l i t u d e  f a c t o r s  d e t e r m i n e d  b y  H i l l  

a n d  v a n  V l e c k  [ 6 ]  s t a r t i n g  d i r e c t l y  f r o m  H u n d ’s c a s e  b ) .

F o r  (a )  — (a)  t r a n s i t i o n  d u e  t o  t h e  A S  =  0  s e l e c t i o n  r u l e  t h e r e  a r e  

3 ( 2 S - f  1 ) b r a n c h e s ,  t h e  s o  c a l l e d  m a i n  b r a n c h e s ,  t h e  i n t e n s i t i e s  o f  w h i c h  d i f f e r  

f r o m  z e r o .  I n  t h e  c a s e  o f  ( a )  — ( 6 ) t r a n s i t i o n  t h e  s e l e c t i o n  r u l e  A S  =  0  is  n o  

l o n g e r  v a l i d  a n d  t h e  s e l e c t i o n  r u l e  o f  (b ) — ( 6 ) t r a n s i t i o n  A N  = 0 ,  ±  1 i s  n o t  

v a l i d  y e t ,  s o le ly  t h e  A J  = 0 ,  ± 1 .  T h e r e f o r e  a l l  t h e  3  ( 2 S  +  l ) 2  b r a n c h e s  

a p p e a r  a n d  t h e  i n t e n s i t i e s  a r e  d i s p e r s e d  o v e r  a l l  b r a n c h e s  ( s e e  f o r  t h e  d i s p e r s i o n  

o f  q u i n t e t  t r a n s i t i o n  [ 5 ] ) .  T h i s  f a c t  m a k e s  i t  n e c e s s a r y  t o  g iv e  t h e  l in e  s t r e n g t h s  

o f  a l l  t h e  3  ( 2 S  +  l ) 2  ( f o r  s e x t e t  t r a n s i t i o n  1 0 8 )  b r a n c h e s .  F o r  (6 ) — (b ) t r a n s i -
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Table I

Line strengths for 6X ^  — r‘X A transitions

Line strengths

•X(a) -  «X(0) ■X(a) -  <X(b) •X(l‘) -  **<«) •X(6) -  'X(h)

PAJ)
«7“  2 u3 u 4 u5 u 6 щ  гщ

R A J  -  1)
u3u t(2 J  +  1)

J 2 CAP) ( J  -  2 )(2 J  -  5)

QAJ)
f  5-|» 2(J + 1/2) 
l  2) J ( J + 1)

( A  5) 2 «3U4«5U6U7
QAJ) Л2

4 ( J  +  1 )(2 J +  1)

l  2 ) c m J ( 2 J  -  3)2

R A J) «7» 3 u3 “ 4 11.5 “ б « 7  “ s U j
P A J  f  l )

“ 3 “ з(2.1 +  3)
J +  1 2C,(R) ( J  -  1 )(2 J -  3)

qP*AJ) 0
5u3u ju 3u32u$2

QR l3(J  -  1) Л 2
2 0 ( 2 J  +  1 )

2Cl(P) J ( 2 J  -  5 )(2 J -  3 ) 2

rQ«(J) 0
( a 3V  5иа“Г“ 5“ в “ з

pQvAJ)
5u3u3(2J  +  1)

{ 2) c m ( J  -  1 ) J (2 J  -  3 ) 2

SR ,A J) 0
5« 3 u 4 u 6 u 6 и7 ú j  u4 

2 0 .(11) °P vAJ  +  i ) 0

RP:a(J) 0
5u7u7u72u ^ u i2

pi W J  -  i )
lOujpij

C .(P ) ( J -  2) ( J  -  1 ) J (2 J  -  3 ) 2

SQ A J ) 0
f  A 1 %12 lOu^UjU^Ug u 4

l  2 ) c m °QiAJ) 0

TRsAJ) 0
5u3u j u j u 3u tu iu ^

CAR) n P iA J  + i ) 0

s P i A i ) 0 5u7u72u J < n J 2
Ca(P ) ° R i A J  -  1) 0

TQ iA J ) 0 i t  1 1V  Ю“7“Г“ з “4“ з 
{ + 2 ) c m nQlAJ) 0

u R i A J ) 0 5u3u ju 3u ^ u iu ju ^
C A R ) MP u ( J  + i) 0
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T p bi(J) 0 5u32“3“4“5«62
2 CAR) -  1) 0

UQ*AJ) 0 (  3V Su^u+utui, u i
l  V  C M MQis(J) 0

vRbAJ) 0 Su^ujuju+u+ujuf
2 CAR) lP i A J  + i ) 0

UP*AJ) 0 uju%ulu%u%u}2
2 CAP) MR iA J  -  i) 0

VQca(J) 0 ( a , S')2 «З“4“5“б“ 7
1 2) c m LQiAJ) 0

WR ,A J ) 0 “i« 3 “ 4M5U6“ 7“ 8
2 CAR) k P iA J  + 1) 0

° P n (J ) 0 5 u ju ju ^ u ^ 2u t  Ug 
2 CAP) SR M  -  i) 0

pQ n (J ) 0 ( A 5V 5“ 4и5мв“7“ з
rQ*.AJ)

5uiu+(2J +  1)
l  2) C M ( J  -  1 )J(2 J  -  3)2

qR vÂ J) 0 5 «4 “5 U6»7U8U32
qp *AJ + i )

a, 20(2 J  +  3)
2C2(R) ( J  +  1)(2J  -  3)(2J -  l )2

P-ÂJ)
(3uJ +  2Л )2 u ju ju g 2ug

R A J  -  1)
( J +  1) u^Ug (2 J  — 5 ) ( 2 J +  1)

J 2 CAP) ( J  -  1 )J(2 J  -  3)2

QAJ)
f  3V 2( J  +  1/2) ( A 3Y (3“ з +  2/I)2 U ju ju j

QAJ)
4(2J2 -  J  -  8)2(2 J  +  1)

l  V  J ( J +  i ) l  2 j C2(<?) J ( J  +  1)(2J -  3)2(2 J  -  l )2

R A J)4
u j u f (3u3h +  2Л)2 u ju j u g u ju j

P A J  + i )
( J  +  2) u ju i ( 2 J  -  3)(2J +  3)

J  +  1 2 CAR) J ( J  +  1)(2J -  l )2

q p 3A J ) 0 («3 +  4/1)2 u j u j 2u l 2
qr *a j  -  i )

128(J -  2X J +  1)
C A P ) J ( 2 J  — 3)2(2 J — l )2

rQ A J ) 0 (  а ц 2 2(«з +  4Л)2 u ju ^ u j
PQ*AJ)

2uJu^(2J -  3)(2J  +  1)(2J +  3)
1 2j C2(<?) ( J  -  1 )J2( J  +  1)(2J -  l )2
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Table I (continued)

Branches
Line strengths

•X(o) -  •*(<.) =X(a) -  «Х(Ь) •X(b) -  eX(a) •X(b) -  *X(b)

SR J . J ) 0
(»3 +  4,Л)2 U iU ju J u fu t  

C2(R)
° P 32( J  +  1) 0

RP M ) 0
(ii3 -  4/1 ) 2 u j 2« !u i  2

PP 24( J  -  1 )
1 8 u ju f

C2(P ) ( J  -  1 ) J 2(2 J  -  l ) 2

s Q iÁ J ) 0
( a . iV  2 ( “ 1  -  4Л)2 щи+и+
I  V  c m ° Q U J ) 0

TR M ) 0
(“ ?  -  4,Л)2 ujujutu%u%

CAR)
n p 2A J  +  i ) 0

s P d J ) 0
(3Uj -  2Л)2 u ^ u j u f u ^

2  C AP)
° R , A J  -  1) 0

TQ M ) 0
( a I 3V  (3“ з -  2/4Y u j u t u ^
1 2  J c m n Q*AJ) 0

UR M ) 0
(3 U3 — 2 / 1  ) 2 u j u j u i u ^ u f

2  CAR) m p M  +  i ) 0

TP M ) 0
5 u j u Jit J u j  u j u , 2

2 C AP) n R 2A J  -  1) 0

uQ cÁJ) 0
( a . 5 j2 5u ^ u i u i u ^ u j
l  V  CAQ) MQ M ) 0

VR M ) 0
5 u ^ iiíu jfu jju ^ u í 

2  CAR) l p 2A J  +  1) 0

N P M ) 0
5 UjUçUj^Uz U3 U4

C A P )
TR , A J  -  i ) 0

°Q n (J ) 0 f  A  5V  10U5Uë“ 7 “ 3 “ 4
l  V  CAQ) SQ,AJ) 0

PR M ) 0
S u J U g u j u J u P u ^

RP n U  +  i)
1 0 1*71*4

CAR) ( J  -  1 ) J ( J  +  1)(2J -  1 )*
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°P*ÁJ) о 0*ï + 4Л)2 usue2u^ut
C3(P) sr *à j  -  i) 0

PQ M ) 0
f , 3V 2(u+ + 4Л) 2 ujuëM+

rQ*ÀJ)
2ujuj(2j -  3)(2J  + 1)(2J + 3)

V 2  J Q(Ç) (J -  1)J2(J + 1 )(2 J  -  1 )

Qn a(J) 0
(uf + 4Л) 2 «J"û u7 «4 2

QP33(J + 1 ) 128(J -  1)(J + 2 )
c m (J + 1 )(2 J -  1 )2 (2 J +  l ) 2

p3(J) «6U3 2  [1*7 1 * 7  -  3/1 (2 / 1  -  l ) ] 2 us2u+ p 3( j  - 1 ) (J -  2 )(J + 1 ) **7*4(2 J  -  3)(2J + 3)
J C3(P) (J -  1 )J2(2 J -  l ) 2

QÁJ) í  , Зу 2(J + 1/2) Г , lV4[uru ë -  ЗЛ(2Л- 1)]2**7
QÁJ)

4(2J2 + J  -  9) 2

1 2  J J(J + 1 ) 1 2/ C3 (Ç) J(J + 1 )(2 J -  1 )2(2 J +  1 )

RÁJ)
2 [к/"u// — ЗЛ(2Л — l ) ] 2 UjU^uJ

PÂJ + i)
(J -  1)(J + 2) uju+(2J -  1 )(2 J + 5)

J  + 1 c m J(J + 1 )2(2 J + l ) 2

QP*ÁJ) 0
2[“Í «в — ЗЛ(2Л f  l ) ] 2 U4 U5 2

°P31(J -  i)
36(2 J  -  3)(2J + 3)

c m J(2 J — 1 )2(2 J + 1 ) 2

RQ M ) 0
( A , IV 4[u+uJ -  ЗЛ(2Л + l ) ] 2 U5

P<?34<J)
9 ( J -  1)(J+ 2 ) «7»+

1  2  j Q(Ç) J2(J + 1 )2(2 J + 1 )

S*43 (J) 0
2[«4«6 -  ЗЛ(2Л + l)]2 u^uJ«J

c m °P m(J + 1 ) 0

RP 33(J) 0
(**Г -  4/1) 2 1*7 1 *7 1 *5 1 * 6  2

PR 3Á J  -  i) 18 **7 « 5

c m J2(J + 1)(2J + l ) 2

SQUJ) 0
( л I 3V 2(иГ -  4Л) 2 1*7 *4 **+
l  ' 2 J C3(Ç) °Q3À J) 0

TR J J ) 0
( * * 7  — 4Л) 2 l*7 2U5 UgU|

c m NP33(.J + i) 0

SP«ÂJ) 0
5щ щ щ újUqM7 2

C3 (P) ° R 3Â J  -  i) 0

TQcÁJ) 0
( , . 5V 10*îJ-|*7*4i4**7
l  2  J C3(Q) nQ3ÀJ) 0

UR M ) 0
5u32Uju£u£UjUg

c m mp 3ÀJ + î) 0
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Table I (continued)

Branches
Line strengths

•X(a) -  *X(a) •X(a)--X(b) •X(b)-*X(a) •X(b) -  -X(b)

M pu (J ) 0
C A P ) UR M  -  i ) 0

n Qu (J) 0 Í  . 5 V  Ю щ щ и ^ и ^ и ^
l  2 j  C M TQ M ) 0

° R ,A J ) 0 5 u ^ u j u ^ u ^ u t u l  
CAR) S p iA J  +  i ) 0

n p *AJ) 0 (и* -  4/1 )2

CAP)
TR tA J  -  i ) 0

°Q3AJ) 0 t  3 4 2 2 (u ?  -  4.4)*  

1 2 /  C 4(Ç )
sQ d J ) 0

PR 3AJ) 0 ( « 7  -  4/L)2 i q u ^ u \2u i
RP M  +  i )

1 8 u7 u 4

CAR) J ( J  4- 1)2( 2 J  +  l ) 2

° p 3AJ) 0
2 [ u +u 7 -  З Л (2 Л  -  l ) ] 2 n 7 u > 7  

C 4( P )
SR M  -  i ) 0

PQ3AJ) 0 ( „  1 ) Ч К « + - 3 / 1 ( 2 Л - 1 ) ] ! 4
RQ d J )

9 ( J  -  1 ) ( J  4- 2 ) u j u t
1 V  C M J \ J  + 1)2( 2 J  +  1)

qR3AJ) 0 2 [« J « J  -  3 /1 (2 /1  -  1 )]2 u7 u +2
q p ,A J  + i )

3 6 (2 J  -  1 )(2 J  +  5 )

CAR) ( J  4- 1 ) (2 J  +  1 )2( 2 J  +  3 )2

P Á J)
“ 7 “ s 2 [ « 7 u7  -  3 / l ( 2 / l  +  l ) ] 2 u ju ju ^ R A J  -  1)

( J  -  1 ) (J  +  2 ) uju+(2J -  3 )(2 J  4- 3)
J CAP) J 2( J  +  1 ) (2 J  4- l ) 2

QAJ) Í  4  , I V  2 ( J 4 -  ! / 2 ) ( „  , 1 V 4 K « 7 -  З Л (2 Л  +  1)]*П 7
QAJ)

4 ( 2 J 2 4 - 3 J  -  8 )2
l  2 j  J ( J  +  1) 1 +  2 j  C 4(Ç ) J ( J  4- 1 )(2  J  + 1)(2  J  +  3 )2

R A J) “ i “ e 2 [» Г « 7  -  З Л (2 Л  +  l ) ] 2 «7*«+
P A J  +  i )

J ( J  +  3 ) u7 u+ (2J -  1 ) (2 J  +  5)

J  + 1 CAR) ( J  +  1)2( J  +  2 ) ( 2 J  4- 3 )2

QP M ) 0 (“ » 4- 4 Л )2 U j U j i q u l 2
q r m  -  i )

1 2 8 (J  -  1 ) ( J  +  2)

CAP) J ( 2 J +  1)2( 2 J  +- 3 )2
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rQsÁJ) 0
( . 3V 2(i4 + 4/1 )2 u4 u5 ujf
Г  + 2) c m

PQ\AJ)
2u7uî(2J -  1)(27 + 1X2J + 5) 

7(7 + 1)2(J + 2)(2 J  + 3)2

SRUJ) 0
(u+ + 4/1)*uJ*u7uJ«Í

c m
Sugujujufu?*

c m

° P M  + i) 

pRit(J -  l)

0

IOuJuJ

rp «AJ) 0 7(7 + 1X7 + 2X2 J + 3)2

0 И  + 2) c m
nQK(J) 0

Ч 4 (J) 0 5uV“7“s“cu7u8
c m

NP M  + i) 0

LPn(J) 0
5u7 ̂ 2  Ug Ug 

2Ce(P)
VR*AJ -  i) 0

MQAJ) 0
( 5V 5u7ujujuíuí 
1Л 2j C5(<?)

0

NKIS(J) 0 5u7u7uJ2“4u5ue
2 C m

TP m( J  + 1) 0

MP*AJ) 0
(3u7 -  2/l)! u7uJuíuíuJ

2 c m
uRbAJ -  !) 0

NQ°.ÂJ) 0
( 3 V (3u7 -  2/4)2uiuJui
1Л 2 J C5(Ç)

TQ A J ) 0

°R*.ÁJ) 0
(3«7 -  2Л)2 ujufutut

2 c m
sp 5,(7 + i) 0

NP,bU) 0
(«7 -  4Л)2 «7U7UÎu5uo 

C5(P)
Ti W J  -  i) 0

°QAJ) 0
Í . IV 2(u7 -  4Л)2ugutuî
Г  2 J C6(Ç)

(«7- 4Л)2 u72Uj2uJ
c 5(fi)

SQs3(.J)

RPS3(J + 1)

0

18u7uJ

PR,AJ) 0 ( J  +  1)2(7 +  2X2 J + 3)2

°P  .(7) 0
(»7 + 4Л)2«7и7и0и?'1(1‘

c m
1 SR*AJ -  1) 0
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Table I (continued)

Branches
Line strengths

•X(a) -  >X(a) eX(n) — eX(b) ■X(6) -  eX(a) •X(b) -  -X(6)

pQis(.J) 0 (л , 1 |2 2(«7 +
rQUJ)

2ugUg(2J -  1)(2J + 1)(2J + 5)
1 2 J c m J(J + 1)2(J + 2)(2 J + 3)2

qR*ÁJ) 0 (u| + 4Л)2 uj2u^uj2
QPbÀJ + 1)

128 J(J + 3)
CÁR) (J +  1)(2J+ 3)2(2J+5)2

PÂJ)
(3uj + 2/1 )2 u^ujujuj.

Ä6(J - 1 )
(J -  1) iv 4 (2 J  -  1)(2J + 5)

J 2 C5(P) J(J + 1)(2J + 3)2

QÁJ)
( ,  , SV 2(J +  1/2) 
1 2J J ( J +  1)

( , , 3V (3u, + 2/1)2 ujujuç
QÁJ)

,  4(2J2 + 5 J  -  5)2(2J + 1)
t  2 J  C,(<?) J(J + 1)(2J + 3)2(2J + 5)2

RÁJ)
ujuj (3uJ + 2/1)2 uj2ujuju$

PÁJ + i)
Ju7«+(2J + 1)(2J + 7)

J  + 1 2CÁR) (J + 1)(J + 2)(2 J + 5)2

QP«ÁJ) 0 5u2 u 3 u 4 u 5 u 6 mJ2
qä 50(J -  1)

20(2J -  1)
2C5(P) (2 J  + 3)2(2J + 5)

KQcÁJ) 0 ( , , 5)2 Su^uju^u^
p<?5 ÁJ)

5uJu$(2J + 1)
V * ai C6(Ç) (J + 1)(J + 2)(2J+ 5)2

si<„ÂJ) 0 5 u32ujuju^u ĵ и  J 
2С5(й) ° p  a  J + i) 0

K P i Á J ) 0 “7“2»3«4l*5M6“7
2 C6(P) wRc,AJ -  1) 0

lQu(J) 0 f 4 5V u3u4“5“6“t'
l  2/ C6(P) VQ « ( J ) 0

mRiÁJ) 0 “8u32“4“5U6U7
2C«(P)

UP*AJ + i) 0

LP*ÁJ) 0 5 UjÛ U$U j  U5 Ug u/' 
2C6(P) VR M  -  i) 0

MQiÁJ) 0 3V 5ufu+u+u+u+ 
1 2j Cg(Ç) UQ«AJ) 0
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n R ,Á J ) 0 5u72u i 2u^ugu^ 
2 Ce(R) *> 6̂  +  1) 0

MP,ÁJ) 0 5 и^щГи^и, u j  ú j  uÿ 
Ce(P) " J U J  -  1) 0

n Q A J ) 0 ( л IV  I 0u^u7u+u+u+ 
1 2 j C6(Q) TQ d J ) 0

° R : M ) 0 $ щ 2щ и -2и^Щ
Ce(R) SP M  +  i) 0

n p *ÁJ) 0 5 Uj u ju ^ u j  UßUßUy
Ce(P) -  i) 0

° Q d J ) 0 ( a I *V 10“5ив“7“б“7
(A  +  V  Cl;(Q) sQ rM ) 0

PR d J ) 0 5 u ^ u j u j u ^ u i
PP c M  + i)

lOuJuf
c e(R) ( J  +  1 )( J  +  2 )(J  +  3)(2J +  5)2

° P M ) 0 5 M3 u4 u5 u6 и7 u j  m7 
2 Cc(P ) SR M  -  1) 0

PQ d J ) 0 ( , , 3 V  5 u j u j u f u j u í
pQcJJ)

5u7u+(2J +  1)
1 + 2 J C6(<?) ( J  +  1)(J +  2)(2J  +  5)2

qR M ) 0 5uJ2uJuJuJu$2
QPrJ J  +  i)

a,  20(2 J  +  1)
2CÁR) ( J  +  1)(2J +  5)2(2J +  7)

P Á J )
u j u f U'2. 3̂ M4 Wg Mg M7

R Á J  -  l)
u7«7(2J -  1)

J 2 CÁP) ( J  +  2)2(J +  5)

QÁJ) { 1 , 5)2 2< J + l / 2) ( a , 5V  «3«4“5“ б“ 7
QÁJ)

, ,  4 J (2 J  +  1)
t 1 1 2 j J ( J  +  1) 1Л + 2j CÁQ) ( J  +  1)(2J +  5)2

R Á J)
UgUj 1г32м4м5м6м7м^

P Á J  +  i) lH us(~J + 1)
J +  1 2C„(K) ( J  +  3)(2J +  7)

C
O

N
T

R
IB

U
T

IO
N

 T
O

 T
H

E
 IN

T
E

N
S

IT
Y
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T
R
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Branches

+II ЛЛ =  - 1 * * (-)  -  *Y(a)

P AJ) Я .0/  - 1)
M gU f

2 J

QAJ)

R A J)

QAJ)

P A J  + i )

«7»з ( J  +  1/2) 
J ( J  +  1)

« 3 « 4
2 (J  +  1)

qp *AJ) qP 12( J  -  1) 0

rQ,AJ) pQiAJ) 0

s r 2AJ) ° P 12( J  +  l) 0

r p 3AJ) PP 13( J  -  i) 0

sQsAJ) 0

TR A J ) N ^ 1 3 ( . /  +  1) 0

s P n (J ) ° R t A J  -  i) 0

TQiAJ) n Qi A J) 0

u R u (J ) M p iA J  +  i) 0

TP sA J ) n r u j  -  i) 0

^ ( J ) 0

vRsAJ) LP M  +  l) 0

u p *i(J) MR l6(J  -  i) 0

VQ„AJ) LQtAJ) 0

WR*AJ) KP l6( J  +  i) 0

° P iA J ) sR 21( J  -  1) 0

A cta  P hysica  A ca d em ia e  S c ien lia ru m  H ungaricae 43, 1977

Line strengths

Table II

Line

•X(a) -  ’Y(b) 

Ц3Ц4Ц5»62ц72
4 C ,(P )  “

Ц7ЦГЦ8Ц6Ц72цЗ
2C ,(Ç )

“зцГц5Ц6ц7“з“«
4 C ^ R )

5u3U4«52U62nJ
4  c m

SuJUjUju^ufuí
2C ,(Q )

5 U g U J U «4 «5
4 C7(Ä)

5»^Ц42Ц52Ц̂ Ц̂
2C j( P )

bu^UjU^-u^uXui
c m

5»3 u 4 u 5 114 u5 U6
2c m

5и72ц42цЗы1ц5
2 C ,(P )

5u3!ij2u3ru; uiug
C i« ?)

5llg fÍ j M3 Uj Ug ltg Í/"
2c m

5Ц2Ц72»3Ц4Ц3Ц6
4Cí(P)

5п72ц3 Ц4 Ц5 Ц6Ц7
2C j(Ç )

5 u3 u uju^u^
4Cj(-R)

И|ГиЗ u4 u5 U6 U7
i o c n ”

“2ЦЗЦ4Ц5Ц6Ц7Ц»
2 ^ « ? )

ujujugujufujuj
4 C t(K )

5u4«5Ug2u72uJ
4 C ,(P )
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for «Хл+1 — «Ул  transitions

s tre n g th s

’X(b) -  >Y(a) •X (6 ) -  eY (6 )

u 1 u 2 u 3 u 4 u 5 u 6 u 7 u f« 2(2 J  +  1)
4C f(P) 2(J -  2)(2J -  5)

U2 U ^ U j U j U g  UfliJ 2U  +  1) «2uJ (2 J  +  1)
2  C j « ? ) J (2 J  -  3)2

u3(i4u5u6u 7u ju j u Ju í(2 J  +  3)
4 Ci+(« ) 2(J -  1)(2J -  3)

5u2 u 3 u 4 u 0 u6 w7 u f 10u2uJ (2 J  +  1)
4C r(P) J (2 J  -  5)(2J  -  3)2

5u3 a 4  u5 u 6 u : u 3 u \ 5uJu+(2J +  1)
2C,(Q) 2(J  -  1 )J (2 J  -  3)2

5 u , u j u ^ u j u ^ u ^ i 4
0

4 C2+(P)
5и3 u4 u5 u6 u7 u j  u4 5UgU4

2Q ( P ) ( J  -  2)(J  -  1 )J (2 J  -  3)2
5 m ^  uë u j  u 3 u 4 u 3

0

CAQ)
5 u ju ë« 7 « îui u5“ 6

02C3(P)
5  щ щ щ  1 * 7  М3  M4  U5

02 C r(P )
5«77i„u7uju4!lfuf

0c4(<?)
5 u jfu fu j «4 и? «6 “ í

02Q (P )

^ u 5 u e u 7 u P 4 u t ui
0

4 C.-(P)
S u q u J u 3 u 4 m J i t j

0
2C5(<?)

5 u J U g  U 4  Ug UJu7 « 8
0

4C5+(R)
l i^ M 7 М3  u j Ug lig  l i f

0
4C6(P )

« 7 “ з “ 4 и 5 “ б “ 7 “ 8 0
2Cc((?)

“ 3  “ 4  “ 5 “ 6 « 7  “ 8 “ Í 0
4 Q ( R )

5 и х u 2  m 3  u 4  u 5  u 6  U 3
0

4СГ(Р)
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Table II

Branches

лл =  + 1 АЛ =  - 1 • X ( a )  -  * V (o )

PQ\AJ) rQzA J ) 0

QftvÂJ) QP-n(J +  1) 0

F A J) R 2( J  -  1)
2 J

QAJ)

R A J )

QAJ)

R A J  +  i)

Uguj(J +  1/2)
J ( J  +  1)

« 4  « 5

2 ( J  +  1)

qp *AJ) qR zA J  -  1) 0

r Q3AJ) PQ-AJ) 0

SR 3AJ) °P.,AJ  +  i) 0

r p *AJ) pR 2i{J  -  I) 0

sQ iAJ) °QzAJ) 0

TR iA J ) n P 24( J  +  1) 0

SP*zU) ° p 25( j  -  l ) 0

TQbAJ) n QzA J) 0

UR 3A J) m p *AJ +  i) 0

t p «AJ) nR zA J  -  i) 0

UQ«AJ) MQzAJ) 0

vReAJ) lP zA J  +  i) 0

N p iAJ) TR 3A J  -  i) 0

°QiAJ) SQ3AJ) 0

PR iA J ) r p 3A J  +  i ) 0

•X(a) -  «У(Ь)

5 u 4 U5 U6 Uj 2uJ 2 

2 C2(Ç)

5uJ«5«ëu7u32u4
4С 2(й )

[3i*3 -t- 2 Л ]2 a 7 » 5 2Mg2 
4C (P )

[Зм:{~ + 2Л]2
2C2(<?)

[3uJ +  2Л]2 и, Uj Ug u[ u j
4C2(P)

[u:f +  4/1 ]2 iíJ 2Uj 2« Í
2 C,(P)

[“3 +  4 /l]2 u4u52u íu f
c 2(<?)

[«•Í +  4.1 ]2 U4 U5Il4 !íTíí+
2 C2(P)

[“3 — 4/1 ]2 U3it42uJuJ
2C.,(P)

[щ — 4/1 ]2 u42u |u ju j
CAQ)

[«7 -  4/1]2
2C,(R)

[3u^ — 2/1 ]2 u ju 3ujugu$
4 C,(P)

[3u3 — 2/1 ]2 u^u4uJ uJ m̂

2CAQ)
[3u3 — 2/1]2 u ju ju fu fu g

4C 2( f i)

5uj u2 u3 uj ujtuj
iC ^Pj-

5 lijTU guJ«5 !ig U^Iig

2 С Ж
'ui^upiTu^ujugui;

4 C2(P )

5 Мд ue ~u7 2ii;J ti j 
2Q P )

5«5Uê«72U32“4
câ(çy~

5ujuguj u j 2u 4 2 

2C3(P )

Line
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(continued)

strengths

•X(b) -  >Y(a) •X(b) -  -Y(b)

5 u2 u3 u4 u5 u6 5uJu3(2 J  + 1 )
2 cm 2 ( J  -  1 )J (2 J -  3)2

5 UjUjUjUeUÍuf* 10u3u+(2J +  3)
4CÏXR) ( J  +  1)(2J -  3 )(2J -  l )2

[3uJ +  2(Л +  ])]2 и2и3и4и5и6 ( J  +  1) U gU g(2J  -  5)(2J  + 1)
4C2- (P ) 2( J  -  1 )J (2 J -  3)2

[Зи£ +  2(Л +  l )]2 u ^ u j u j u j u t 2(2J 2 -  J  -  8)2 u g ii% (2 J  +  1)
2 CS(Q) J ( J  +  1)(2J -  3)2(2 J  -  l )2

[3uJ +  2(Л +  l )]2 u j u j u j u t u f ( J  +  2) u t u t ( 2 J  -  3 )(2J +  3)
4 C}(R) 2J ( J  +  1)(2J  -  l )2

[«Í +  4(Л +  l )]2 u j u f u j u g u l 64(J -  2 )(J +  1) u ju+
2 C3- (P ) J ( 2 J  -  3)2(2 J  -  l )2

[ i4  +  4(Л +  ])]2 u ï i q u ç i i $ u ~ u+u+(2J -  3)(2J +  1)(2J +  3)
cm ( J  -  1 )J2( J  +  1)(2J  -  l )2

[u3 +  4(Л +  1)]2U5U- u+u+uJ 
2 Q (R )

0

[iif -  4(Л +  l )]2 UÍUÍ«(TU4U5 9 “ 4 “ 5
2 C r(P ) ( J  -  ] ) J 2(2 J  -  l )2

[u j -  4(Л +  l )]2 u ^ u i u t u i

c m
0

[ид -  4(Л +  l) ]2U6«4u5ue“ 7 
2C4+(P)

0

[3«5 -  2(Л +  l )]2 U5“6ul “ s u6 
4  C j ( P )

0

[3ujT -  2(Л  +  ] ) ] 2 U 6 « ÍU5“ 6“ Í  
S e j« ? )

0

[3uf -  2(Л 4-  l )]2 u ju ju ju f u j  
4 C j  (P)

0

5 u g 2u g u îu £ u % u î

4 Q ( P )
0

5u62“ 4 U5Ue “ 7“ 8
2Ce((?)

0

Sufu^uJu^B^uJuJ
4 Q (R )

0

5 u j u2 u 3 u 4 u 5 u 3 uj“
2C f(P )

0

5u2uJ u4uJ u| u 2̂
C i (Q )

0

5 u j u j u j u t 2u ^ 2 5 ujuj"
2CUR) ( J  -  1 )J (J  +  1)(2J -  l )2
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Table П

Branches

AA =+1 АЛ =  -1

0P2ÁJ) SR,ÁJ -  1)

PQ*ÁJ) RQ:dJ)

qR*ÁJ) QP3ÁJ +  1)

PÁJ) RÁJ -  i)

QÁJ) QÁJ)

RÁJ) P3(J +  i)

QPM) QP3ÁJ -  i)

rQíÁJ) PQ3ÁJ)

SR*ÁJ) °P3ÁJ +  i)

Rpx(J) PR3ÁJ -  i)

SQö:í(J) °Q3ÁJ)

TR*ÁJ) NP3ÁJ +  i)

SP«3U) °R*ÁJ -  i)

TQUJ) nQ3áJ)

URM) mp 3ÁJ +  1)

MPuU) URaU -  1)

nQiÁJ) TQM )

°RiÁJ) sPn(J +  í)

np*ÁJ) tR 12(J  -  1)

°Q*ÁJ) SQM)

Line

•X(n) -  <Y(fc)

2 (j +  1) 

0

0

0

0

0

0

0

0

0

0

0

0

0

0

2 C3(P )
К  +  4/1]2

c m
[“ i +  4.1 ]2 цд ug ц+гц+

2 Q(U)
[“ГЦ6 -  ЗЛ(2Л -  l )]2 Ц7Ы52

Q P )
2 [ujiijr -  ЗЛ(2Л -  1)] Us2u+

C3(<?)
[ц4 Ц6 -  ЗЛ(2Л -  l )]2 ц^ЦдЫб

CÁR)
[u4‘uc — ЗЛ(2Л +  I)]2 u^u} u j

C3(PT~
2[mJ uJ  — ЗЛ(2Л +  l )]2 uju£ug

c m
-  ЗЛ(2Л +  l) ]2u+u+u+

CÁR)
j гг , — 4 Л ] 2 u ï  ll3 и л ll^ и  J

2 CÁP)
[ ííj — 4Л]2 ii;j ;r4 ujj iiç Uj

c m
[«Г -  4Л]г u j u j u j u j u j  

2 CÁR)
5 IíJ-Uj Ujuju£  It g u7

2 CÁP)
5 щ и JUJ  «5 Ug u f u g

Ш Г
5u3UjUtujuju^u j

2 CÁR)
Su^Uj^UgÛ Ug

а д
5uç «72uJ 2u J  u j

c M
5ц^ц7»з2ц4гц5

2CÁR)
[ц , - 4Л]2 u ju„2u ^ u t

2 CÁP)
[»9 -  4Л]2 Ué2U42U5

C4(Ç)
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(continued)

strengths

•X (b) -  'Y (a ) • X ( b ) - - Y ( t )

[u j +  4(Л +  l )]2 u j u j u j u j u }  
2 СЦР)

0

[ 1 1 4  +  4(Л +  l )]2 u ju ^ u ^ u t2 u ju ï ( 2 J  -  3)(2J +  1)(2J +  3)
C M ( J  -  1 ) J 2( J  +  1)(2J  -  l )2

[u j +  4(/l +  l )]2 « Ju Ju fu J2 64(J -  1 )(J +  2) uju+
2Ci(R) ( J  +  1)(2J  -  1)2(2J  +  l )2

2 [u^uj -  3(Л +  1)(2Л +  l )]2 « зи7“5 ( J  -  2)(J  +  1) «f « I(2 J  -  3)(2J +  3)
2 Cj(P ) 2( J  -  1 )J2(2 J  -  l )2

2 [U3U5 -  3(Л +  1)(2.1 +  l) ]2u j« 5uJ 2(2J 2 +  J  -  9)2 uJ-bJ
C M J ( J  +  1)(2J  -  1)2(2J  +  1)

2[u7ug -  3(Л +  1)(2Л +  l )]2 uFu5ue ( J  -  1)(J +  2) u t  u t  (2 J  -  1)(2 J  +  5)
2 CUR) 2 J (J  + 1)2(2 J  +  l )2

2 [u ju î -  3(Л +  1)(2Л +  1)]2«4Uj UÍ 18uiu+(2J -  3)(2J  + 3)
2 Ст(Р) J (2 J  -  1)2(2J  +  l )2

2[u tu t  -  3(Л +  1)(2Л +  l)]2 u j u f u t 9( J  -  1 )(J +  2) u+ue+
C M 2 J 2(J  +  1)2(2J  +  1)

2[“бив -  3(Л +  1)(2Л +  I )]2 u+u+u+ 0
2 Ct(R)

[«F -  4(Л +  l )]2 U72UFU5U6 9«5U6
2C5- (P ) J 2( J  +  1)(2J  +  l )2

[«6 -  4(1 +  l) ]2“F2“ 5“e“ 7 0
c 5«2)

[uf -  4(Л +  l )]2 uFus “e“ 7«8 02 Ci(R)
5 u ï 2u]T2u t u t u t 0

2СЦР)

5uF2«?«5ue“?“8 0
C6(<?)

5i iß  u 7 u ^ u ^ u ^ U ß  Uq 02 Ct(R)
5 U j  U-2 Ug ^ 3  ^4*^5 0

2СГ(Р )

3 U F U F U 4 U 4 U5 U6 2 0
CAQ)

5 u j u j u t u ^ u t 0
2Ct(R)

[ n j  -  4(Л +  l )]2 u j u j u ^ u t u t 0
2 C2- (P )

[uF -  4(Л +  l )]2 щ и ,  u t  u t 2 0
CAQ)
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а л  =  + i

PR*AJ) 

° P A J )  

PQ3AJ) 

qR,AJ) 

PAJ) 

QAJ) 

RAJ) 

qp 5AJ) 

rQsAJ) 

Sr ôAJ) 

pp *AJ) 

sQeAJ) 

TR*AJ) 

lP iAJ) 

mQiAJ) 

nR iAJ) 

mp *AJ) 

nQ*AJ) 

°R*AJ) 

np3AJ)

Table II

Л Л =  - 1 ■X(a) -  • Y(a) •X(a) -  >Y(b)

HP i2(J  +  1) 

SR M  -  l) 

rQM )  

QPtAJ + i) 

RAJ -  i) 

QAJ)

PAJ + i) 

qR iAJ -  i) 

PQ,AJ) 

°p <AJ + i)  

PR M  -  l )  

° Q M ) 

np *AJ + 1) 

V* M  -  i) 

UQ,AJ) 

TpbAJ +  i) 

UR-AJ -  i)  

TQsAJ) 

SP M  + i) 

TRsAJ -  i)

о

0

0

0

Щи i_
2 J

"jUgU + 1/2)
J ( J  +  1)

uiut
2 ( J  +  1) 

0

0

0

0

0

0

0

0

0

0

0

0

0

[и , -  4Л ]2 u 6 u j* u t*

2 CAR)
l * j * t  -  ЗЛ (2Л  -  1)]» u j u j u j

CAP)
2[UJ< _-3 .1(2 /f -  l ) ] 2 u j u j *

CAQ) ‘
[“«“с -  ЗЛ(2Л -  1)]» u i ' u j

CAR)
[«Г»(7 -  3.1(2/1 +  l) ]2 u â u ï u ï

CAP)
2 [ и ^ щ  -  3/ 1(2 /1  + 1 )]* Uj u j u j

CAQ)
[»! »(/ -  3 1(2,1 +  l ) ] 2 U b ll tu f

C A R )

[»« +  4 /t]2 Ц, 11., Ц, ur> llg
2 CAP)

[“ » +  4Л]2 щ и ,  ig u ^ u i
CAQ)

[U4 +  4Л]2 UjUiTU6 U7 U8 
2C,(K)

5lt! IÍ2 líg Ug U ->
~ 2C4(P )“ 

5u7uí ur u5u6 UÍ U8

5ы^“ Ги(Гиби7и8и9
~ 2 C jR ) ~

5uc u72u;5*ujujuc
4C5(P )

5«F2«32“ 4“ 5UÍ
SC,;«?)

4C5(K)
[3uf — 2/1]2 UjUgUfllgUg

4 C3(P)
[3uf — 2Л]2 Ug ú j2u7uJ

" W ( F
[3«F — 2Л]2 uJ2«52Uj 

^ C j P )
[uf -  4Л]2 uFuj»FM5u6 

2C5(P)
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(continued)

strengths

•X(b) -  *Y(a) •X(k)-«Y(fc)

[u j -  4(Л +  1)]' Uî u +*ut!
2 CÏ(R) J ( J  +  1)2(2J  +  l )2

[u ju f  -  3(Л +  1X2Л +  3)]! щ  Ildiit 0
С3(Р)

2 [u ju f -  3(Л +  1)(2Л +  3)]* i»7ue2 9 (J  -  1XJ +  2) u lu r
C,(Q) 2J*(J +  1)2(2 J  +  1)

[“e“ í  -  3(Л +  1)(2Л +  3)]г U+U« 18u7u+(2J -  1 )(2J +  5)
C i(R ) ( J  +  1)(2 J  +  1)2(2 J  +  3)2

[1171*7 -  3(Л +  1)(2Л +  3)]! 1*7*117 ( J  -  1 )(J +  2) u7«s(2 J  -  3)(2J +  3)
СГ(Р) 2 J \ J  +  1)(2J +  1)!

2[«з“Г -  3(Л +  1Х2 1̂ +  3)]2i*72uJ 2(2J 2 +  3 J  -  8)2 u j u i
с 4(<?) J ( J +  1)(2 J  +  J ) ( 2 J + 3 )2

[1*71*7 -  3(Л +  1)(2Л +  3)]г u5Uguf J ( J  +  3) Uj U j(2J -  1)(2J +  5)
CÍ(R) 2 ( J  +  1)2( J  +  2)(2J +  3)2

[u7+ +  4(Л +  1)F uí*u7»uí 64(J -  1 )(J +  2) u j u t
2 C5- (P ) J ( 2 J  +  1)2(2 J  +  3)2

[i»e +  4(Л +  1)]г u ^ u ^ u f u f Uj u f(2 J  -  1)(2J +  1)(2J 4- 5)
c 6((?) J ( J  +  1)!( J  +  2)(2J +  3)2

[и? +  4(Л +  1)]2иГ((-и+и^и^ 0
2Q (R )

5i*72i*72i*7i4 i4 5 u fu f
2 C6- (P ) J ( J  +  1 )(J  +  2)(2J +  3)2

5u72U5U^ufu^uJ 0
Ce№)

5 u7“ í “7“ 6“ t“8“9 0
2CUR)

5иГ“ г “з “ з “4и5“б 0
4C f(P )

5ii2U fuIu£u£uf2 0
2 C m

5«7“5U6«72“ 8S 0
4C+(R)

[3 i*7  -  2(Л +  l )]2 H2-u 7u ju 5+ur: 0
4C2- (P )

[3i*7 -  2(Л +  l )]2 1*7ú j u(tR? 2 0
2C2(Ç)

[3i*7 — 2(Л +  l )]2 UßU72Ug2 0
4 Q (R )

[«Г — 4(Л +  l )]2 U22u3u£u£ 02C3-(P )
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АЛ =  + 1

° Q s Á J )  

PR * Â J )  

° P t Â J )  

PQiÀJ) 

Q r * A J )  

P Á J )  

Q A J )  

R A J )  

QP e,Â J )  

RQeb(J)  

% À J )  

KP1ÂJ) 

l Q h ( J )  

M r u ( J )  

LP , À J )  

MQ«M) 

Nr *A J)  

MP3ÀJ) 

NQ3A J )  

° R 3A J )

Table II

Branches Line

АЛ =  - 1 •X(o) -  *V(a) •X (a) -  'У(Ь)

[щ -  4/1 ]2 ujujru£*ut
CÁQ)

[щ -  4/1 ]2 Ид~ц,Лц̂ 2 
2 C&(R)

[u ÿ  +  4/1J2 u ju j u ^ u g u f
~ Щ р )

[uj- +  4Л]2 щ щ щ и ^
CÁQ)

[ и~ +  4,1 р njj uCl UgzUy 

[3«7 +  2Л]2 и2 щ  и4 и5 щ
^CjP)

[Зи; +  2Л |2 щщи^щи^
2СЩ)

[3 u | +  2/Г]2 и4и7,щщ и£
4С Ж )

5U| ÍÍ о Ид Ц4 Ид Ид U7"

5 u ^ u g u ju j u j u j u t  
2CS(Q)

5 Ц3 u j  щгщи$  u J  uÿ 
4 О Д

u^u fu ju iu ÿ u ÿ u i'
4C6(P)

»7u32»4“8“6lt7'
2Cg((?)

Ц3 Ц4 U5 U6 1*7
4Сд(й)

5 иь щ  u f  u4 U5 Ид uÿ 
4Сд(Р)

5u^uf u4 2U5 щ и,"
2C6((?)

5Mfuí2uJ2u fu f
4Cg(JR)

5 u j  U5 щ  u f  u j  u,j u+ 
2C6(P )

5ug~ ujf u f  Ц5 2U6~ »j~
C6((?)

5n^ufuÿ2u^2uj~
2 C6(P)

Q.yÂJ) 

rp 53(J +  i) 

s-R54(J  -  i)

* < ? 5 4 ( J )

Q-P64(J + 1)

t f 5( J  - 1 )  

QAJ)

J W  + 1 )  

qâ 56(J  -  1) 

pQôÀJ) 

° P M  + i) 

W rM  -  i )  

VQ*AJ) 

uPu(J + i) 

vp 62(J  -  i) 

UQ*AJ) 

TPeAJ + i) 

U r M  -  i )  

TQe3(J) 

SP M  + 1)

0

0

0

0

0

2 J

“F“7(J +  1/2) 
J ( J +  1)

u t u t
2 ( J  4-  1) 

0

0

0

0

0

0

0

0

0

0

0

0
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(continued)

strengths

•X(b) -  *Y(a) •X (i) -  *Y(b)

[“ o -  4 (Л  +  ] ) ] 2 ni"2u | u í 2

c m 0

[ u f  — 4 (A  +  l ) ] 2 u j u j 2u$2 9 щ щ

2 CUR) ( J  +  1 ) ( J  +  2 ) (2 J  +  3 )2

[ “ ?  +  4 ( л  +  l ) ] 2 u f u ^ u t
2 C j(P )

0

[u ío  +  4 (Л  +  l ) ] 2 u32u j u j 2 u j u j ( 2 j  -  1 )(2J  +  1 ) (2 J  +  5 )

c m J ( J  +  1)2( J  +  2 ) (2 J  +  3 )2

[ и &  +  4 (Л  +  l ) ] 2 ujujufu%* 6 4 J ( J  +  3) ujfu^

2Ct(R) ( J  +  1 ) ( 2 J  +  3 )2(2 J  +  5 )2

[Зит" +  2 ( Л  +  l ) ] 2 Uo2u32uJ ( J  -  1 ) u r « i ( 2 J  -  1 ) (2 J  +  5 )

4  C5- ( P ) 2 J ( J +  l ) ( 2 J + 3 ) 2

[3ug +  2 (Л  +  l ) ] 2 u j 2u j u j u f 2 (2 J 2 +  5 J  — 5 )2 i i^uj(2J  +  1)

2 c m J ( J  +  1 ) ( 2 J  +  3 )2( 2 J  +  5 )2

[3ug +  2 (Л  +  l ) ] 2 u ju ju çu fu g J u } u t ( 2 J  +  1)(2  J  +  7 )

4  Ci(R) 2 ( J  +  1 ) ( J  +  2 ) (2 J  +  5 )2

5 U2 2 U j 2U jU g  u f 10u ëu ,+( 2 J  -  1)

4  C6- ( P ) J (2 J  +  3 )2( 2 J  +  5)

5 u J 2u J u J u ë u f u t 5 u fu i (2 J  +  1)

2C 6(Ç ) 2 ( J  +  1 ) ( J  +  2 )(2  J  +  5 )2

Ъ щ  U j U q Щ Ui lift lift

4  CUR)
0

U1 U2  lift M4 lift lift U7

4 C f ( P )
0

U3 u t  us Ue U7 U8 2
2 c m 0

u f, U,t‘4 “8 2“9 2 0
iC t(R )

5 щ 2щ  u \ «5 «6 «7"
4C 2- ( P )

0

5 l l 2 2Uft lift Ui  Mg 2
2 c m

0

5U ÿU g  U7"Ug 2«9 2
4C 2+ (B )

0

5 Uj"2U^2U5 
2 C3- ( P )

0

C3((?)
0

5u^U4 U^Ug 2Ид 2
2C3 ( P )

0
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Table II (continued)

Branches Line strengths

АЛ  =a +1 А Л =  - 1 •X(o) -  «У(а) •X(«) -  "Y( 4 •Х(Ь) -  *У(а) •Х(Ь) -  *У(6 )

NP M ) 4 , ( J  - 1 ) 0 5и3 u4 u6 u„ щ  u £ u f  

2 C6(P )
5 щ ги ^ ги ^ и £ и ?

2 C4- ( P )
0

s Q « i ( J ) 0 5 u , u j u ë u j u t * u } 5u25u3 uj’u fu g2
0

c e(Q ) C4(<?)

P R M ) RP U J  +  i ) 0 5«iTu<rur ue*u i 2 5 щ и ^ и ^ и £ ги } г S u g U j

2 Q P ) 2C t(R ) (J  +  1)(J +  2 )(J  +  3)(2J +  5)*

° P J J ) SR U J  -  i ) 0 5u2 u3 u4 u5 u„ u, u i 5 щ гщ ги ^ щ и ^
0

4C6(P ) 4 C3- ( P )

P Q M ) RQ M ) 0
5u3 u4 u5 ue u7 u f * 5ujfuf(2J +  1)

2C6(Q) 2 C5(<?) 2 (J  +  1)(J +  2)(2J  +  5)*

QP U J  +  i ) 0
5 u7  U5 UfiUfut2u£ 3u3 u7u^u- u+u+* 10u^u£(2J +  1)

4Ce(R) 4C3 (R) (J  +  1)(2J +  5)*(2J +  7)*

P Á J ) R*(J -  i )
u ï u ï Uj ZÍ 2 ^ 3  П4  Mg Mg u7 !u2 su3 u7 Щ U6 UT ( 2 J  -  1)

2 J 4 Q P ) 4 О Д Р) 2 ( J +  2 ) (2 J +  5)

QÁJ) Q Á J )
u j u t ( j +  1/ 2 ) u2 u3 u4 u5 u6 it, u j u2*u3 u4«s u6 u j 2 J u iu t ( 2 J  +  1 )

J (J  +  1) 2C6(<?) 2C6((?) (J  +  1)(2J +  5)«

R Á J ) P Á J  +  i )
« 8  “ 9 «3 “ 4  «5 « 8  “ 7 “ Í  U9 u 3  u 4 u 5 u 6 u , Ug I lf u íi4 ( 2 J  +  1)

2 (J  +  1) 4Св(Я) 4C+(P) 2 (J  +  3)(2J +  7)

[. K
O

V
Á

C
S »nd I. PÉ

C
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Table III

Line strengths for 25+ 1Х л — 2̂ + 1Х л transitions

Branches

Line strengths

2«+>X(a) -  2«+»X(a) 28 +lX(fe) _  *S+lX(b)

Pt(J)
P -  (A  + S f ( N  -  A )(N  +  A )[ (J  +  N  -  1 ) ( J  +  N )  -  S ( S  + 1)] [ ( J  +  N ) ( J  + N  +  1) -  S (S  +  1)]

J 4 J IV 2(2IV -  1)(2IV  +  I)

QPi+,,i(J) 0 ,»  [ ( J +  N ) ( J +  N  +  1) -  S ( S  +  1 ) ] ' [ S ( S +  1 ) -  ( J -  N ) ( J -  N  -  1)]
4  J iV 2 (IV +  l ) 2

RPi+*,i(J> 0 (JV -  A  +  1)(IV +  A  +  1) [S (S  +  1 ) -  ( J  -  N  - 1) ( J  -  IV )][S (S  +  1 )  -  ( J  -  IV -  2 ) ( J  -  N  - 1)]
4  J ( iV  +  1)2(2IV +  l ) (2 iV  +  3)

PQ i-u (J ) 0 (JV -  Л)(ЛГ +  A)[(J  +  JV )(J +  IV +  1) -  S ( S  +  1 ) ] [ S ( S  +  ]) -  ( J  -  IV )(J  -  ЛГ +  1 ) ] ( 2 J  +  1)
4 J ( J  +  1)JVZ(2JV -  1)(2JV +  1)

Qi(J) /  л 1 V \2  2 ^ +  1 , ,  [ J ( J  +  1 ) +  N ( N  +  1) -  S (S  +  1 )]2( 2 J  +  1)

(Л ’ J ( J + 1) 4 J ( J  +  l ) iV 2(IV +  l ) 2

RQi+iAJ) 0 ( X  -  Л + 1 ) ( Л Г + Л + 1 )  [ ( J + J V + l ) ( J + J V + 2 ) -  S ( S + 1 ) ]  [ S ( S + 1 )  -  ( J  -  I V -  1 ) ( J  -  IV)] ( 2 J + 1 )
4 J ( J  +  1)(JV +  1)2(2IV  +  1)(2JV +  3)

0 (IV -  A )(N  +  A )  [S (S  +  1 ) -  ( J  -  N  +  1 ) ( J  -  N  + 2 )] [ S ( S  +  1) -  ( J  -  N )(J  - N +  l ) 2]
4 ( J  +  1)JV2(2JV -  l ) (2 iV  +  1)

QR i- u ( J ) 0 , t [ ( J  +  JV +  1 ) (J  +  IV +  2) -  S ( S  +  1 )] [S( S +  1) -  ( J  -  IV +  1 ) (J  -  IV)]
4 ( J  +  1)JV2(IV +  l ) 2

R t(J)
( J +  l ) 2 -  (A  +  Z f ( I V -  Л + 1 ) ( Л Г + Л + 1 ) [ ( Л +  IV +  1 ) ( J + I V +  2 ) -  S ( S +  1 ) ] [ ( J +  N +  2 ) ( J +  IV +  3 ) - S ( S  +  1)]

J +  1 4 ( J  +  1)(IV +  1)2(2IV +  1)(2IV  +  3)

w
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3 1 8 I. KOVÁCS and I. PÉCZELI

t io n  due to  th e  A N  =  0, ± 1  se lec tio n  ru le  th e re  are 9 (2 S -t- l)  —8 b ran ch es , 
i.e . th e ir  in te s itie s  are  o th e r th a n  zero . I n  th e  T ab les  I  an d  I I

C f(P )  =  JC K{J  -  1); C,(Ä) =  ( J  + 1) CK(J ) ;

C i (Q) = JÍ J ~ - c K ( J ) i  (6)
J  +  1/2

C ,(P) =  J CK(J); Ci (R)  =  ( J  +  1)CK( J  +  1);

w here  i = 1, 2 , . . 6 and  К  = J  — 5/2, J  -  3/2, . . J  +  5 /2, re sp ec tiv e ly .
F o r  all th e  T ab les  th e  following c o rre la tio n

Case a) Case b)

i On o, N

1 Л -  s Л  +  s J -  s
2 Л -  S +  1 Л  +  S  -  1 J  -  S + 1

2S +  1 / 1 +  s Л  -  s J  + s

h o lds, w here th e  su ffix  of Q n =  n o rm a l, i — in v e rted .
F o r all T ab le s  th e  te rm s o f  case a) w ere assum ed  to  be n o rm a l. I f  an  

in v e rte d  te rm  occurs in stead  o f a n o rm a l one th e n  th e  suffixes co rresp o n d in g  
to  th e  in v e rte d  te rm s  in the  b ra n c h  sym bo ls h av e  to  be changed  on th e  basis 
o f  th e  above co rre la tio n  accord ing  to  th e  p a t te rn  1 -► 2S  +  1, 2 -  2S , . . ., 
2 S  +  1 -*■ 1 w h e rev e r the  in v e rte d  te rm  occurs. I n  th e  n e x t p a r t  o f th is  p a p e r 
th e  q u a r te t  a n d  q u in te t  tra n s itio n s  w ill be discussed.
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2. E . E . W h i t i n g ,  J .  A. P e t e r s o n , I. K o v á c s ,  R . W. N i c h o l l s , J . Mol. Spectr., 47, 84, 1973.
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Table IV
Annex to page 317

Line strengths for 2S+ 1X _̂|_1 — 2S+ 1Y ^ transitions

Branches Line strengths

AA =  + 1 АЛ =  - 1 2«+lX(a) -  25+1 У(а) 2S+1 X(b) -  2S+ly(fe)

P A J ) R A J  -  i )
( J  — Л  — 2  — 1 ) ( J  — Л  — 2 ) (JV -  Л )(]у  -  Л  — 1 ) [ ( J  +  JV -  1 ) ( J  +  JV) -  S (S  +  1 ) ] [ ( J  +  N ) ( J  +  N  +  1) -  S ( S  +  1)]

2 J 8JJV2(2JV -  1 )(2 N  +  1)

QP t+ iA J ) QR i,i+ A J  -  i ) 0
( N  -  A ) ( N  +  Л  +  1 ) [ ( J  +  N ) ( J  +  JV +  1 ) -  S (S  +  1 ) ] [ S ( S  +  1) -  ( J  -  N ) ( J  -  JV -  1)]

8 J N 2( N  +  l ) 2

RP t+ 2,iU ) p R t,i+ A J  -  i ) 0
( N +  Л  +  1)(JV +  Л  +  2 ) [S ( S  +  1) -  ( J  -  JV -  1 ) ( J - J V ) ]  [S (S  +  1) -  ( J  -  JV -  2 ) ( J  — TV — 1)]

8J(JV +  1 )2(2JV +  1)(2JV +  3 )

pQ i - u ( J ) r Qi ,i- A J ) 0
(JV -  Л)(ЛГ -  Л  -  1 ) [ ( J  +  JV )(J +  JV +  1 )  -  S (S  +  1 ) ] [ S ( S + 1) —( J — N ) ( J — N  +  1 ) ] ( 2 J  +  1)

8 J ( J  +  1)JV2(2JV -  1)(2JV +  1)

Q i(J ) Q A J)
( J  +  Л  +  2 +  1 ) ( J  -  Л  -  2 ) ( 2 J  +  1) ( N  -  Л)(ЛГ +  Л  +  1 )[J ( J  +  1 ) +  JV(JV +  1) -  S (S  +  1 )]* (2 J  +  1)

2 J ( J  +  1) 8 J ( J  +  1)JV2(JV +  l ) 2

RQ i + u U ) PQt,i+AJ) 0
(JV +  Л  +  1)(JV +  Л  +  2 ) [ ( J  +  J V + 1 ) (J + J V  +  2 ) - S ( S + l ) ] [ S ( S + l ) - ( J - J V - l ) ( J - J V ) ] ( 2 J + ] )

8 J ( J  +  1)(JV +  1 )2(2ЛГ +  l ) (2 iV  +  3)

PR i - u ( J ) RP i , i - t ( J  +  i ) 0
(JV -  Л)(1У -  Л  -  1 ) [S ( S  +  1) -  ( J  -  JV +  1 ) (J  -  IV +  2 ) ] [ S (S  +  1) -  ( J  -  JV)(J - J V +  1)]

8 ( J  +  l ) iV 2(22V -  1)(2JV +  1)

QP u - i ( J  +  l ) 0
(IV -  Л)(ЛГ +  Л  +  I ) [ ( J  +  N +  1 ) ( J  +  JV +  2 )  -  S (S  +  1 ) ] [ S (S  +  1) -  ( J  -  N  +  1 ) ( J  -  JV)]

8 ( J  +  1 )JV2(JV +  l ) 2

R A J ) P i ( J  +  l )
(J  -Ь Л  -f- 2J +  1 ) { J  +  Л  +  E  +  2) (JV +  Л  +  1)(JV +  Л  +  2 ) [ ( J +  J V +  l ) ( J + J V + 2 ) - S ( S + l ) ] [ ( J + J V + 2 ) ( J + J V + 3 ) -  S ( S + 1 ) ]

2 ( J  +  1) 8 (J  +  1)(JV +  1)2(2  JV +  1)(2JV +  3)
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CONTRIBUTION TO THE INTENSITY DISTRIBUTIONS OF 
THE MULTIPLET BANDS IN DIATOMIC MOLECULES II

E xplicit expressions a re  obtained for th e  in tensity  d istributions in the branches of 
q u a rte t and  quintet tran sitions of any type w ith  АЛ — 0 and АЛ  =  ±  1 where the upper and 
low er electronic states m ay  belong to one of th e  lim iting H und’s cases a) or b).

I n  th e  firs t p a r t  o f  th is  paper th e  fo rm ulae  o f th e  in te n s ity  d is tr ib u tio n  
o f th e  s e x te t  tra n s itio n s  a n d  of the tra n s it io n s  o f an y  ty p e  an d  an y  m u ltip li­
c ity  in  th e  lim iting  H u n d ’s cases have  been  tre a te d  [1]. In  th is  second p a r t  
g en era l form ulae o f th e  line  s tren g th s  are  given for a ll b ran ch es o f th e  q u a r­
t e t  a n d  q u in te t t ra n s i t io n s  o f any  ty p e  w ith  АЛ  =  0 a n d  АЛ  =  ±  1 w here 
th e  u p p e r  and  low er te rm s  m ay  belong to o n e  of th e  lim itin g  H u n d ’s cases a) 
o r  b). T hese  form ulae g ive  a f te r  su b s titu tio n  of th e  p ro p e r Л  va lues (0, 1, 2, . . . )  
the  line s treng ths o f  a ll b ran ch es  for 27 — 27, IT — 77, A — A . . . and  77 — E ,  
A  — 77, Ф — A, . . . t ra n s i t io n s  com pleted  w ith  th e  line s tre n g th s  of th e  lack ­
in g  b ran ch es  of th e  77 — 77 and  7 7 — 27 tra n s itio n s  a lre a d y  pub lished  [2]. In  
sp ite  o f  th e  existence o f  a lgeb ra ic  expression  for th e  q u a r te t  te rm s of in te rm e­
d ia te  case [3] due to  th e  com plicated  fo rm  o f th e  tra n s fo rm a tio n  m a tr ix  in  
in te rm e d ia te  case we h a v e  also in  th is  case no o th e r choice b u t to  re s tr ic t 
o u rse lv es  to  the tr a n s i t io n s  o f lim iting  cases, o therw ise th e  form ulae o f line 
s tre n g th s  would be to o  com plica ted  to  use. T he a d o p te d  procedure  has been 
d esc rib ed  in  the p rev io u s  p a r t  of th is  p a p e r  [1]. The e lem en ts  of th e  tra n s fo r­
m a tio n  m a tr ix  of q u a r te t  a n d  q u in te t te rm s  o f an y  ty p e  fo r case b) req u ired  
fo r  th e  ap p lica tion  a re  th e  following.

By

I .  K o v á c s  a n d  A. G r a n d p i e r r e

DEPARTMENT OF ATOMIC PHYSICS. TECHNICAL UNIVERSITY, BUDAPEST

(Received 17. I. 1978)

4X (6) tra n sfo rm a tio n  m a tr ix
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3А + 1 /2 ,7 —1/2 —

’л -з/г , 7 + 1/2

5A + l /2 .y + l /2

-
и -2Л у-и+

-"У -1 /21( J )
; s А + 3 /2 .У -1 /2

3 ц4 »5 и„'

C j- i l í iJ )

3  Ц 6 Ц + Ц 5+

Cj+llÁJ) ; 5 л -А -1 /2 .У + 1 /2  —

'(«в+ +  2Л )*«г
( J )-7 +1/2'

; s А+3/2, У+1/2 —

(ц6 - 2 Л ) 2ц^ 
Cj+iiziJ)

3 U4 iíj Ug
Cj+n-AJ)

( l a )

S a -А —3/2.У +3/2 —

5А + 1 /2 ,У + 3 /2  —

«4 »5
Cj+3l2{J)

3 u T u J u t

; 5 Л_А -1 /2 .У + 3 /2
3 M« и , и»

+ /+ 3 /2:(•/)

-7 + 3 /2 1( J )
; s.А +3/2.У +3/2

и4 м5 мв
-'У+з/г( J )

w here u * +1 =  +  1 an d  =  J  ±  Л  -  9/2

Cy_3/2( J )  =  2 J(2 J  -  1 )(2J  +  1) , 

C y -1/2( J )  =  2 ( J  +  1 ) ( 2 J  -  1 ) (2 J  +  1) , 

Cy+1y2( J )  =  2 J(2 J  +  1 ) (2 J  +  3) , 

Cj+3l2(J) — 2 (J  +  1)(2Л  +  1)(2Л  +  3) .

5X ( b )  t r a n s fo r m a tio n  m a tr ix

( l b )

^ А - 2 , У - 2  —

3A ,y - 2  -

«3 t>4
C y -2(J )

* ^ 6  . ç lA
’ ^ - w - 2 -  r

6v3Viv£  v + 
C y -2(J )

S

4 • S’ ° A + l , y - 2

4 v3 i;4 t>5
C y -2( J )

г4+^г!4+г;5 +6;
C y _ ( J )

А + 2 -У -2  —
3̂+V4+V5+Ve" 
C y -2(J )  ;

°A -2 ,y -l —

S a j - i  = Л

«4 V ß  V ß  v 3h

Cj ^ í j ) ’ " a - 1- ; - 1

s

Ы  +Л f v 4v5 
C y -x (J )

6i;4
C y - i ( J )

S

^A+lJ-l — [
(V 3 -  / J ) 2+ 4; + 5f

C y - ! ( J )

А + 2 .У -1  —
C y - 4(J )  ’

Cj(J)
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Í  Cj{J) ’ *A+1J (2Л + 1’ \l C,(J) ’Cj(J)

JA+2,
3v3 i>4t;^ ve

Cj(J)
(2a)

Л - 2 , 7 + 1 Cj+1(J) ’ A- 1-/+1

S a j +1— — yl

" 7 + 1

■> *+
Cy+1(J) л+1,7+1

Г(®в “ Л )2! ^
Cy+l(J) ’

r(v6h 4- A ) 2v j v ^

CJ+1(J) ’

’ Л + 2 ,7 + 1  —
®3 « 4  V5 v 6

Cj+1(J) ’

3 л -2,7+2

^Л,7+2

V?V4V5ve
cJ+2(J)

vb

•> S A - 1 , 7 + 2  -

+Л+1.7+2

Í  4i;6r 4+«5+t>+ _
I CJ+2(J) ’

4 i>4 vs vn Vi
Cj+2(J)

c _  IA i î w  
л+,-у+2 “  r  c 7+ 2( j )  ;

w here v ^+1 =  +  1 an d  =  J  ±  Л  — 3

C /+2(J) ’

Cy_ 2(J )  -  4 ( J  -  1 )J (2 J  -  1 )(2 J  +  1 ) , 

Cy_i(J) =  2( J  -  1 )J(J + 1)(2J  + 1 ) ,
Cj(J) =  2J ( J  + 1)(2J  -  1)(2J  + 3 ), 

Cj+i(J) = 2J ( J  +  1 )(J  +  2)(2J  +  3 ),
CJ+2(J ) =  4( J  +  1)(J +  2)(2J +  1)(2J +  3).

(2b)

T he line s tre n g th s  re ferring  to  th e  tra n s it io n  4Х д(а) — 4Х д (а), 4Х д(а) — iX A(b), 
*ХЛ(Ь) — 4Х д(а), 4Х Д(6) — 4Х Д(6) an d  5Х д (а) -  5Х д (а), 5Х д(а) -  5Х Д(6), 
5Х Д(6) — 5Х л(а), 5Х Л(Ь) — 5Х Л(Ь) t h a t  is to  th e  q u a r te t  an d  q u in te t  tra n s i­
tio n s of an y  ty p e  w ith  A A  =  0 can  be fo u n d  in  th e  second , th ird , fo u r th , and 
f if th  co lum n in  T ab le  I ,  a n d  in  T ab le  I I I ,  re sp ec tiv e ly . T he line s tre n g th s  re ­
fe rring  to  th e  tra n s itio n  4Х д+1(а) — 4Уд (а), 4Х д+1(а) — 4УД(6), 4Х д+1(6) — 
- 4Ул (а), 4Х л+1(6) — 4УД(6) and  5Х д+1(а) — 5Ул (а), 5Х д+1(а) -  5УД(6), 
5Х д+1(6) — 5Уд (а), 4Х д+1(6) — 5УД(6) th a t  is to  th e  q u a r te t  an d  q u in te t 
tra n s itio n s  of a n y  ty p e  w ith  АЛ  — +  1 are in c lu d ed  in  th e  th ird , fo u r th , f if th  
an d  s ix th  co lum n in  T ab le  I I  an d  in  T ab le  IV , re sp ec tiv e ly .

A cta  P hysica  Academ iae Sc ien tia ru m  H ungaricae 4 3 , 1977
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Table I

Line strength for *ХЛ — *ХЛ transitions

B r a n c h e s
L in e  s t r e n g th s

• X (n )  -  ‘ X (n ) * X (n ) -  «X(l>) •X (S )  -  * X (« ) • X ( b ) - ‘ X (k )

P Á J)
“iTu3 “Г“5«В2“з K,(J -  1)

u* u£(2J  +  1)
J Ci(P) ( J - 1 K 2 J -  3)

QAJ)
( з у  2 J + 1 (  3 у  ujuju«

QAJ)
, 4 J +  1)(2J+  1)

t  2 J J(J + 1) 1 2 J C,((>) J(2J — l)2

R A J)
u f u í u j u j u ë u ï u t

P A J  + 1)
uJu j(2 J  + 3)

J +  1 CAR) J(2J -  1)

qp*AJ) 0 3uJ"U52uJ2
с,(й) - 1 ) a, 12(2 J  +  1) 

J(2J -  1)2(2J -  3)

rQzAJ) 0 fa 1 V PQ,AJ)
3 u lu î ( 2 J  + 1)

l 2 J C,«?) J 2(2J -  1)‘

sX i(J) 0 3 UiUju^uiu^
CAR) ° P A J  + 1) 0

RP n V ) 0 3 u 7 2U4 U 5 2
PR M  -  1)

3 u j u j
C,(P) (J -  1)J2(2J -  l)2

SQ,AJ) 0 Í/I4 1 V 3“Ï"UÎU5
l  2 J C,(<?) °QvAJ) 0

4 i(J) 0 3  U7 1 J 5 U Í 1 4 1 4

CAR) NP u (J  + 1) 0

s p » ( J ) 0 “з“4«5“в2
CAP) ° R u ( J  -  1) 0

TQ u(J) 0 ( a , 3 У “í “6“e 
l  2  J C,«?) n Qu (J) 0

u R tAJ) 0 « Г » 4  u 5 “ (Í

с,(й) M p li{J  + 1) 0
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°PAJ)  

pQn(J) 

q R k ( J )  

PÁJ) 

QAJ) 

RAJ) 

QP*ÀJ) 

rQAJ)

s R 32( J )

RP M )  

sQit(J) 

TR1,(J) 

NP13(J) 

°Q,3(J)) 

PRl3(J)

0
3 u 6 u 6 2u j u |

C2( P )

0
f 3  \ 2 3 uju,ui 
l  2 ) C ,(Q )

0
3 u 3 u j f u f u j 2

C*(R)
ujut ( u j  +  2 / 1)2 U3 2i4

J CAP)
1 y  2J + 1 ( 1 у  (u +  +  2 / l ) 2uj
2 J J (J  +  1) l  2 J C 2(<?)

“ 5 “ в
2 (J + 1 )

(l*4 +  2/ 1)2ид RÍ u f

C 2(R )

0 (l«7 -  2 / l ) 2U4 U5 2
CAP)

0 ( i y ( u J - 2 A Y u t  
l  2 j  C 2(<?)

0 («Г -  2 / 1)2 щи1,и£
CAR)

3  uJuJujju jP
0

cap)
0 ( i l  3 V  3“4U6“e

Г  2 J C2(Ç )

0 3uJ“2 ujjUjfuf
CAR)

ЗИ(Г2ИзИ4 И50
CAP)

0 t S V  3 uiufuf
l  2 J C3(Ç)

0
3u ^  u f u j 2u í

CAR)

SR21(J  -  1) 

r Q 3i( J )  

qp °áJ  + i) 

RAJ -  1) 

QtU)

PÂJ +  1) 

QR*AJ -  i)  

PQ33(J) 

°P-n(J +  1) 

p R 2I( J  -  l)

n p .2ÁJ +  1)

4 . ( j  - 1 )

SQ M )

RP3ÁJ + i)

о
Zujui(2J + 1)

J 2(2J -  1)* 
r  12(2J + 3)

(J +  1) (2J — 1)(2J + 1)г
(J + l)ur«í(2J -  3)(2J + 1) 

J2(2J — l)2"
4(2J2 + J  -  4)2 

J (J +  1)(2J — 1)2(2J+  1) 
(J + 2)uJu3(2J -  1)(2J + 3) 

(J + 1)2(2J + l)2 
6 4 (J - 1 ) ( J + 1 )

J(2J -  1)2(2J + l)2 
“»~ut(2J -  1)(2J + 3)

J 2(J + 1)*(2J + 1)

0

______ 3ur»g
2J2(J + 1)(2J + 1)

0

0

0

0

______Зцд~цд_____
J(J + 1)*(2J + l)2

C
O

N
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U
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N
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H
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T

E
N
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Y
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R
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T
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N

S II. 
323



A
cta 

P
hysica 

A
cadem

iae 
Scientiarum

 
H

ungaricae 
43, 

1977

Tabic I (continued) CO

K

[. K
O

V
Á

C
S and A

. G
R

A
N

D
PIE

R
R

E

L ine strengths
Branches

*X(a) -  4X(a) *X(a) -  <X(b) •X(b) -  *X(a) lm  -  ‘а д

° p *ÀJ) 0
(щ  -  2 A f u s u i u i

C,(P) % Â J  - 1) 0

PQ M ) 0
(  1 V  ( щ  -  2/1 )2 u+

r QsÀ J )
U s  u t  (2J  -  1)(2 J  +  3)

l  2 J C3(Ç) J 2 ( J  4- 1)2(2 J  +  1)

qR A J ) 0
( u f  -  2Л )2ики£2

QP*À J  + 1)
A ,  64 J ( J  +  2)

C Á R ) ' ( J  +  1 ) ( 2 J  +  l ) 2(2 J + 3 )2

P s(J )
“ Г“ 5 ( u t  +  2 A )2u j i q u t

R Á J  -  1)
( J  -  1 ) u j u t  (2J  -  1) (2J  +  3)

J C Á P ) J 2(2 J +  l ) 2

Qs(J)
(  ,  . 1 V  2 J  +  1
1л +  2 J  J ( J  + 1)

( a , 1 V  ( u t  +  2ЛУит
1 2 J CÁQ) Q Á J )

4 (2 J 2 +  J  —  3)2 
2 J ( J + 1 ) ( 2 J + 1 ) ( 2 J + 3 ) 2

R s(J)
u j u t ( u t  +  2 A Y u j 2u t

P Á J  +  l )
J u « u t ( 2 J  +  1)(2 J  +  5)

J +  1 C Á R ) ( J  +  1)2(2 J+  3)2

QP i3( J ) 0
Su^ uJ uJUq2

qr *à j  - 1)
24(2J +  1)

C Á P ) J ( 2 J  — 1) ( 2 J +  l )2 ( 2 J +  3)

RQ M ) 0
(  , 3 y  S u j u ï u t

PQ3À J )
3u J  u t  (2 J  +  1)

l  2 J CÁQ) ( J +  1)2(2 J  +  3)2

SR M ) 0
Z u j u j 2u t 2

C Á R )
° p 3à J  +  i ) 0

MP l t (J ) 0 u ë u t u i u t u t

C Á P )
ÜR M  -  i ) 0

n Q u ( J ) 0
( a 3 V u í u ^
1 2 )  CÁQ) T<?4i(J) 0

° R u ( J ) 0
Щ «4 i((|‘

C Á R )
SP * À J  +  i ) 0

n p , À J ) 0
3u^ur; u f u t u t

C Á P )
TR t Á J  -  1) 0
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°<?24 (J) 0 í .  i y  3 u6u ju í
l  2 J C4(<?) s Q i A J ) 0

P R ,Á -J ) 0 3u^2uj*ue+
r p , A J  + i) 3u^uJ

C A R ) 2 ( J  + 1 )*(J + 2) (2 J  + 3)

0 P 3Á J ) 0 3 uJuJU euZuZ

С Л Р )
SR M  -  i) 0

PQ3i( J ) 0 (  Л , 1 V $ u ï u6 ut
* Q M )

3“<T«e(2J + 1)
V 2 J  C4(<?) ( J  + 1)*(2J + 3)2

QR 3A J ) 0 Зи52«Г“ег
QP J J  + 1)

24(2J + 3)
C A R ) ( J + 1 )(27+ 1)(27+ 3)2(27+5)

p í ( J )
«ÍMÍ щ  и 4 «Г u(7<*<í

R A J  -  i) uru,+(2J -  1)
J C4(P) ( J  + 1)(2J + 3)

Q A J )
í  S y  2 J + 1 f , . З у  щ и г щ  

1 2 J C4(Ç) Q A J )
, ,  4 J(2 J + 1)

l  2 J J ( J +  1) ( J +  1)(2J + 3)*

R A J )
“Г“7 “Г2“Г“Г“7

P A J  + i) U7 u |(2 J  + 1)
J +  1 C A R ) ( J +  2 )(2J+  5)
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Table I I

Line strengths for

Branches Line

АЛ  =  + 1 А Л  =  - 1 *X(a) -  *Y(a) • X ( a ) - ‘ Y(b)

P Á J ) R A J  -  i )
u j u 3 UjUg2U j2

2 J 2 C A P )

Q A J ) Q A J )
u6u J (2 J  +  1) Щ Щ 2Щ

2 J ( J  +  1) 2 CAQ)

R A J ) P A J  +  i )
M4 “ í u j u j u ^ u j u i

2 (J  +  1) 2 C A R )

QP 2 t(J ) qr ,a j  -  i ) 0
3 u7 2U52IÍ4

2 C A P )

PQ A J ) pQ i A J ) 0
3UjUs2l l f u £

2 CAQ)

SR *.Á J) °p 1AJ  +  l ) 0
3lt^U^U4UgUg

2 C A R )

rp -AJ) PR 13( J  -  1) 0
З и 3 щ ги 1 и 3

2 C A P )

SQ A J ) ° Q i A J ) 0
3 u f 2u j u 3 u 3

2 CAQ)

TR A J ) N P A J  +  i ) 0
ZuJU fU s l lçU Ï

2 C A R )

S P A J ) ° R u ( J  -  i ) 0
u ^ u j u i u t u t  

2 C A P )

TQ A J ) 0
щ  u }  u £ u(t  u f

2 CAQ)

UR „ ( J ) mP iAJ  +  i ) 0
u t  u 5: u+  u j  u f

2 C A R )

° P n ( J ) SR „ M  -  1) 0 3«5 2«6 2ц4
2 C2(P )

PQ r A J ) PQ A J ) 0
3 u j u ë 2u f

2C AQ )

qRiAJ) Qp n ( j  +  i ) 0
3«5 u j u t 2u£  

2 C2(P )

P Â J ) R A J  -  1) “ 4 «5 (u j +  2Л )2 u L u f 2

2 J 2Co(P)

A c ta  Phytica  A c a d e m ia e  S c ien tiarum  H u n g a r ica e  43, 1977
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*Хд + 1  — * Y a  transitions

strengths

•X(b) -  •Via) •X(4) -  *Y(b)

u 2 u 3 u4 и ъ Щ u 3 u 3 ( 2 J  + 1 )
2 C r ( P ) 2(J -  1)(2J — 3)

« 3 « 4 U5 U6 U4 2(J +  1) U3 u, (2J +  1 )
2  c m J(2J -  1)2

u j u j u j u t u t uJi4(2J +  3)
2 C R R ) 2J(2J -  1)

3 u j u j u j u ^ u i 6 u 3 U f ( 2 J  +  1 )
2  C r ( P ) J(2J -  3)(2J -  l ) 2

3 u j u 3u j u j u t 3uíu^(2J +  1 )
2C,(Q) 2J2(2J -  I) 2

З щ щ и } и £ и $
0

2 c m

3 u j u j u j u t u t 3U4 Ц5

2 C3 ( P ) 2(J -  1)J2(2J -  1)2

3 u j u e u } u } u £
0

2C3(Q)

З щ и ,  új ujj-
0

2С3+(Я)

»5 “<Г«4 “if “if 0
2  C j ( P )

“ (Г Us “ jf Щ Щ
0

2C t(Q)

и ,  Ц5 U,t uf usf
0

2Q («)

iu ^ U jU jU jU f
0

2 СГ(Р)

3 u J u j ( 2 J  +  1)
2 C,«?) 2J*(2J -  I) 2

3u,u5 ulu£ 2 6 u J u £ ( 2 J  +  3 )

2 C t ( R ) (J +  1)(2J -  1 )(2J  +  I)*

( “ ,T +  2 .1)2 Щ Щ Щ 2(J +  1) u J u i ( 2 J  -  3)(2J +  1)
2 Q (P) J 2(2J -  I)2

Acta Physica Academiae Scientiarum Hungaricae 43, 1977
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Table П

Branches Line

ЛЛ  =  + 1 ЛЛ =  - X **(«) -  *V(«) * * ( - ) - *V(4)

Q Á J ) Q A J )
u J u t (2 J  +  1 )  

2 J ( J  +  1 )
(«1 +  2 Л )2 u s !u+ 

2 C 2(<?)

R A J ) P Á J  +  l )
“ s " ? W  +  2/1)*

2 ( J  +  1 ) 2 C .(R )

QP 3Á J ) q R *3( J  -  i ) 0 ( “ 4 -  2 Л )*  « à u i 'u j  
2С г( Р )

r Q A J ) PQ tA J ) 0 ( “ Г -  2Л)* a ^ u fu e  
2C S((?)

SR A J ) ° P a ( J  +  i ) 0 (иГ  -  2 Л )! u t u t u t  
2 C ,(R )

p ß 2, ( j  -  l ) 0 З ч ^ « з  U ^U Í Ug

2 С2( Р )

SQ A J ) ° Q « M ) 0
2 С2(<?)

TR K (J ) n p * Á J  +  l ) 0 3 a j« ^ u , tu f a s
2C.,(R)

N P a (J ) 4 i ( J  - 1 ) 0 3 u ju ë 2u tu £
2C3( P )

°Q iÂ J ) SQ A J ) 0 3 “ (Tiu 4*“ 5
2C3(Ç )

Pr u (J ) RP 31( J  +  i ) 0 3«(TU4 *•***
2C3(R )

° P * M ) SR A J  -  i ) 0 (u|T -  2 Л )2 u f u t u t  
2 C3( P )

PQ«AJ) rQ A J ) 0
(u,T -  2Л)* u 3 uJ*

2CAQ)

QR * M ) q p 3A J  +  i ) 0
(u ë  -  2 Л )*  u 5f*u6+ 

2C3(R )

P À J ) R A J  -  1 )
(« 6  +  2 Л )2 щ и ^ и ё

2 J 2 C3( P )

Q A J) Q3( J ) u j u t ( 2 j  +  1) 

2 J ( J  +  1)

(u ?  +  2 Л )2 U j"U j u,t 
2C3(Q)

R A J ) P A J  +  1) «6 “7 ( u t  +  2 Л )2 u ^ u t u t

2 ( J  +  1) 2 C3(R )

A c ta  Physica A ca d em ia e  Sc ien tia ru m  H u n g a rica e  43, 1977
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(continued)

strengths

•X(fc) -  *Y(.) •X(b) -  *У(Ь)

(o f +  2ЛУ » r“s “s 2uj-u+(2J* +  J  -  4)*
2C.ÁQ) J ( J +  3 )(2J  -  1)*(2J + 1)

«  +  2/1)* u ^ u tu t ( J  +  2) ú jUj"(2J -  1)(2J +  3)
2 CÎ(R) 2(J +  1)*(2 J  +  1)*

(u j  -  2Л)* u ^ u ju t 16(J — 1)(J +  1) U4U5
2 CT(P) J (2 J  -  1)*(2J +  1)*

(u, -  2/ 1)* u îu ï u t »5 ue (2J -  1)(2J +  3)
2C.ÂQ) 2.P(J +  Щ 2  J  +  1)

(Uf -  2/ 1)* u ju fu f
2C$(R) 0

3U i * « 5 U Í« ^ 3 u t u t
2 Q ( P ) 2 J* (J +  1)(2J +  1)*

3“5*B4 u5* 02C4«?)

3U(T«5 »0 »?  »8 
2Ci(K) 0

31^4*3 uj'uj'u.t
2СГ(Р )

0

3u3 u ^ u fu *2 020,(0 )

3 « r « i4 +* 311ÏU5
2CT(R) 2 J (J  +  1)*(2 J  +  1)*

(»Ö -  2/1)2 u , u j  
2 Сг-(Р )

0

(«Г -  2/1)* uj-u+* » i» i ( 2 J  -  1)(2J  +  3)
2 Cs((?) 2 J* (J  +  1)*(2J +  1)

(u,- -  2/1)* u+u7+* 32J ( J  +  2) uj-ui
2C?(P) ( J  +  1)(2J +  1)*(2J  +  3)*

(«8 +  2Л)* »3*»^ ( J  -  1) u j u i ( 2 j  -  1)(2J +  3)
2 C3~(P) 2J*(2J +  1)*

№  +  2Л)* u<2u+ 2ur»6+(2 J2 +  3 J  -  3)*
2 C3(<?) J ( J  +  1)(2J +  1)(2J  +  3)*

(» îo  +  2Л)* U sU e u f M u } ( 2 J  +  1)(2J +  5)
2C3+(fi) 2 (J  +  1)*(2J +  3)*

9 Acta P h y s ic a  Academ iae S c ie n tia ru m  H ungaricae 4 3 , 1977
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Branches

й Л =  + 1

H1II * Х ( а ) - ‘ У(а) « Х ( а ) - ‘ У(Ь)

Qp i3(J ) QR 3i( J  -  i ) 0
Z u ï u s u j u j u i

2 CAp )

r Q A J ) PQ3i(J) 0
S u s u j u j u i u }

2 CAQ)

s R t3( J ) 0p3t ( J  +  i ) 0
S u j u j u t u f  Ug

2CAR)

M p u ( J ) UR*AJ  -  1) 0
u$ Щ u |  u t  u£

2 CAp )

n Q u ( J ) TQ n U ) 0
Щ Ui2u's u£

2 CAQ)

° R i Á J ) S p M  +  i ) 0
u t 2u t* u t
2CAR)

n p 2Á J ) TR M  -  1 ) 0
Z u j u j u j u t u t

2 CAP)

°Q*ÁJ) sQ iA J) 0
3 u j u s u t 2u ^ 2

2 CAQ)

PR 2Á J) R p M  +  i ) 0
3 u ^ u j 2u f 2 

2 C A R )

0 p 3 À J ) sR i3( J  -  i ) 0
3 u ä u j u j u ^ u t

2 CAP)

PQ3AJ) r Q A J ) 0
Z u j u i  u ë i t j 2 

2 C 4(<?)

QR 3i(J ) Q p A J  +  i ) 0
3 u j u j u t 2u f  

2 CAR)

p ÁJ) R A J  -  i )
l l2u 3

2 J
u2 u3 UA u5 Uß

2 CAP)

QÁJ) Q A J)
и з u ï ( 2 J  1) 

2  J ( J  +  1)

U3 U j Us щ  u j

2CAQ) '

R A J ) p A J  +  i )
u ï  u j  щ  u t  u ÿ

2 ( J  +  1) 2 CAR)

Table П.

L in e
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(continued)

streng ths

•X (b) -  *Y(e) *X(k) -  ‘Y(4)

Зи^!иГ!“<Т 6uiu+(27 -  1)
2Cr(P) J ( 2 J  +  1)2(27 +  3)2

3  u ^ u j u t u f 3ugUj(2J +  1)
2 c m 2 (J  +  1)*(2J +  3)*

3 u ä u g u fu fu f
0

2 Ci(R)

u i u j u t u £ u t
0

2C f(P )

2  c m
0

И ? « ? * “ » '
2Ct(R)

0

3U2*Uz u t u t
0

2C ,(P )

3uä W “?1
0IC M )

З и ^ и ^ и ^ * Зи^иё
2 C}(R) 2(7 +  1)*(7 +  2)(27 +  3)

З и ^ ги 2 гщ
0

2C3(P )

Зиз2иГ“7! Зи|Ги<Г(27 +  1)
2CÂQ) 2(7 +  1)*(27 +  3)2

3 uJUsufuZ1 3uJu}(2J  +  1)
2Ct(R) (7  +  1)(27 +  3)!(2 J  + 5)

“ 22“32“Г »№(2J  -  ! )
2C r(P ) 2(7 +  1)(27 +  3)

Ju ^ u t (2 J  +  1)
2 C4(<?) 2(7 +  1)(27 +  3)2

it4u5uGa f  Ug ufujf(27 +  1)
2C t(R) 2(7 +  2)(27 +  5)

9» A cta  P hysic  a A cadem iae  Scien tiarum  H ungaricae 4 3 , 1977
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Table III
Line strengths for 5Х д —6Х д  transitions

Brauches
Line strengths

•X(o)-»X(o) •X(a) -  'Х(Ь) •X(t) -  *X(a) ■X(l) _ *X(b)

P Â J )
4 V2 V ÿ V j V j V ë 2V ^

R A J  -  i )
v j v j ( 2 J  +  1)

J Сг(Р) (J  -  2)(2J  -  3)

Q AJ) ( Л  2)2 ( Л  0\2 W W Q A J)
, (J  +  1)(2J +  1)

( J (J +  1) ( _) CAQ) 2(J — 1)2J

R A J )
v 7 V 3 »3 ’U  » 5  V« Щ  »3

P A J  +  i )
v 3 v a ( % J  +  3)

J +  1 C A R ) (J  -  1)(2 J  — 1)

QP n ( J ) 0
& v jv jv j2v$2

pR tA J  -  1)
2(2 J  +  1)

C A P ) ‘ ( J  -  2)(J -  1)2J

r Q*AJ) 0 ( Л
1 ’ CAQ) qQvAJ) 2 «5  <4(2 J  +  1)

(J  -  l ) 2 J (2J  -  1)

S R u ( J ) 0 4 V g v jv j v j v i v i

C A R )
° P r A J  +  i ) 0

r p *AJ) 0 6vJvJ2v ^ v j2
PR v A J  -  1)

6v3 v3

C A P ) ( J  -  l ) 2 J(2J — 3)(2J — 1)

SQ ,AJ) 0 6 v jv j v $ v i

CAQ)
°Q iA J) 0

4  A J ) 0 »3»4»6
C AR)

NP a ( J  +  1) 0

SP *AJ) 0 4i'32t>>ii’5'2
C AP)

° R i A J  -  i ) 0

TQ iA J) 0 (  л  , 142 4ei-e3+ f X
1 '  CAQ)

n Qi A J ) 0

VR , A J ) 0 b v ä v ^ v $ v tv tv t
CAR)

MP u ( J +  i) 0

332 
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TP*AJ) 0 1>2 v ^ v iv tv t2
c a p )

n R i A J  -  i) 0

uQm(J) 0 (Л  +  2)2 v >v ^ vi MQ iA J) 0

VR M ) 0 v â v 3 v+t v î v î v î
CAR) l P i A J + D 0

°P iÂ J ) 0 v 7 v ï v ë 2vi v 3
CAP) % A J  -  1)! 0

PQiA-l) 0 (A  2)! RQ n V )
2 v jv t(2 J  + 1)

v ' CAQ) (J -  1)2J(2J -  1)

QP n U ) 0 Vjv3v3viv72
q P 2 A J  + i) 2(2 J  + 3)

CAR) (J -  1)J‘(J+1)
P A J) Vb vt К  +

R A J  -  1) (J -  2)(J + l)v3v t(2 J  +  1)
J CAP) (J  -  l)U (2 J  -  1)

QAJ) (Л l)2 1 t  Л ,«  (»3 + ^)V »5
Q AJ)

(J2 -  3)2(2J +1) 
(J -  1)2J3(J+1)1 ' J ( . /+ 1) ( ~  * CAQ)

P A J) »«»4 (>’з +
P A J  +  i) (J -  l) (J + 2 K v+(2J+3)

J  + 1 CAR) J 2(J + 1)(2 J  + 1)

q p * A J ) 0 л г « W  
C2(P) 4 3(J -  i) At 3(J + 1)(2J — 3) 

(J -  1)2J3

rQ,AJ) 0 /14 6t,r«’4+
c 2(Ç) PQ-.AJ)

3(J -  l)tÿD4+(2J + 3)
J3(J +  1)(2J -  1)

s r 3A J) 0 /2 6t>7»7»í»í 
C2(R) ° P ,A J  + i ) 0

r p *AJ) 0 (*’1Г -  Л )2 »if»4 «£2
PR,_AJ -  1) 9 v j v t

CAP) J3(2J — 1)(2J+1)

SQ ,AJ) 0 (Л + l)2 (,,г -  И)Ч1’5+
'  ;  CAQ) °Q*AJ) 0

TP ,A J ) 0 Q>3 -  A  )20 7 v j v j  1'7

CAR) NP * M  + 1) 0

C
O

N
TR
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U
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N
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 T

H
E
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T
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N
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 D
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Table III (continued)

Brauches
Line strengths

•X(a) -  >X(a) 8X(a) -  8X(6) >X(b) -  *X(a) ■X(b) -  *X(M

SP s Â J ) 0
C A P )

° R  J J  -  l ) 0

TQ d J ) 0 (  A , 04* "S  V i V t â

(Л +  2) C A Q ) n Q * A J ) 0

u R t A J ) 0 » л ч ч ч
C A R )

M P«.AJ  +  1) 0

NP i Á J ) 0 3 « 5 ^ » М » 4
C A P )

TR : n U  -  1) 0

° Q d J ) 0 s Q u ( J ) 0

PR a ( J ) 0 RP » A J  +  1)
6 v , v }

C A R ) J 2( J +  1 )(2 J  -  1 ) (2 J  +  1)

° P - A J ) 0 (2/1  1)2 3v? vM
(Л  Г  C A P )

% A J  -  1) 0

PQ a U ) 0 ( Л  -  Щ 2 Л  -  I f  J f j j j r Q3A J )
3( J  -  l ) v j v i ( 2 j  +  3) 

J 3( J  +  1 ) (2 J  -  1)

q R - A J ) 0 12/1 1)2 QP :,A J  +  1)
3 ( J +  2 ) ( 2 J -  1)

( ' C A R ) J \ J  +  l ) 3

P Á J )
”4 »4 2 [ v i v i  -  /1(2Л  +  \ ) f v ï v t

R A J  -  i )
( J  -  1 ) ( J  +  1K «4+( 2 J  -  3) (2J  +  3)

J C A P ) J \ 2 J  -  1)(2J  +  i )

Q Á J )
2 J + 1 2 [ v í  -  Л ( 2 Л  +  1)]*

Q A J )
4, U ’ + J -  3 ] W  +  1)

J (J  + 1 ) CA Q ) J V  +  l ) 3

R A J )
«5 «5 2 [ « 5 i’4+ -  Л ( 2 Л  +  1 ) ] V p 5+

P A J  +  1)
J ( J  +  2 ) v j v t ( 2 j -  1)(2 J +  5)

J +  1 C A R ) ( J +  l ) 3 (2 J +  1 ) ( 2 J +  3)

QP * Á J ) 0 12 1 . 1)2 3 W » +2
q R 3A J  -  i )

3 ( J -  1 ) ( 2 J +  3)
( л  +  } c a p ) J 3( J +  1)*

!. K
O

V
Á

C
S and A
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G

R
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N
D

P
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r QaÁ J ) 0 (Л +  1 П Л  +  D» PQ*AJ)

1
3(J  +  2 )v jv t (2 j  -  1) 

J (J  +  1)3(2 J  + 3)

SR M ) 0 (ОЛ , 14, 3»7*vtvi
(2Л + 1 }  c m ° p * A J  + i) 0

RP a (J) 0 3v,VgVji>tvi2
c 3(P) pP 3S(J  -  i)

J ( J  + 1)2(2J + 1X2 J  +  3)

SQ * (J ) 0 " +2)!jsS f ° Q A J ) 0

TR * ( J ) 0 3v3 2l̂ 4
CAR) n p * A J  +  l) 0

MP U J ) 0 v«*vtvîvivî
C A P ) UR , A J  -  i ) 0

0 (A 0«  ■S*Í*W  
(Л > C4((?) TQt A J ) 0

° R u U ) 0
C A R )

s P aA J  +  i) 0

n p *AJ) 0 (v g -  yl)V»S»i»5
C ,(P) TR tA J  -  i ) 0

° Q tA J ) 0 / 1 142 («в -
* ' c 4(ç) SQ.*(J) 0

PR 2í ( J ) 0 (« 7 -  Л)Ч>,-„ГО 
C A R ) r P aA J  +  i) 9»««*

(J  +  1)3(2J +  1)(2J +  3)

0 P3i( J ) 0 At b v jv jv iv t
C A P )

s R aA J  -  i) 0

iO
3

M 4»
/ 0 At t o j v t

CAQ)
r Q .A J )

3(J  +  2)v î v Î ( 2 J  -  1) 
J (J  +  1)3(2J +  3)

QR*AJ) 0 Л г W  
C A R )

q P aA J  + i )
, ,  3J(2J  +  5 )

( J  +  1)3(J  +  2)1

p , U ) »8 »5 (»в +  /I
R A J  -  i )

( J  -  1)(J+ 2 ) v j v + ( 2 j - l )
J C 4( P ) J ( J  + 1)*(2 J  +  1)

C
O

N
TR

IB
U

TIO
N

 TO
 T

H
E

 IN
T

E
N

SIT
Y
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R
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U
T

IO
N
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Table Ш  (continued) 8
O)

I. K
O

V
Á

C
S and A

. G
R

A
N

D
P

IE
R

R
E

Branches
Line strengths

•X(«) -  *X(«) •X(a) -  *X(b) •X (b )-•* (« ) •Х (Ь )-« Х (Ь )

Q A J )
м  , 1 r  2-/ +  1 M  1 IV (”e+ +  A )iv*v* Q A J )

,  [J* + 2 J  -  2]*(2J + 1)
(Л 1 J (J+ 1) ( Л  +  4  C,(Q) J(J + 1 )3(J + 2)*

R A J )
»r»e (v i  +  A f ö j h i j v t

P A J  +  1)
J(J  + 3K r+(2J + 1)

J +  1 C A R ) (J +  1)(J +  2)2(2J +  3)

QP U J ) 0 qr . a j  -  i )
r  2(2J -  1)

C A P ) J(J  +  1)‘(J +  2)

r Q M ) 0 M  , 04 ,
pQ t A J )

2 v J v t ( 2 J  +  1)
( л  1 2 )  CAQ) (J + 1)(J +  2)*(2J +  3)

SR M ) 0 4 * v7vbvt v i
C A R )

° P , A J  +  i ) 0

LP t A J ) Ü
v â v î v £ v î v t v £

C A P )
VR M ~  i ) 0

MQ iA J ) 0 ( 4  о V v } v t v t v t  
(  '  CAQ)

u Q iA J ) 0

n R i A J ) 0 ' 7 » Í 4 ' í ' Í
c5(R) TP M  +  i ) 0

m p , A J ) 0
C A P )

UR > A J  -  i ) 0

n q , a j ) 0 ( 1  í v  /lv« vï v*v« 
{ CAQ)

TQ M ) 0

° R t A J ) 0 4 « e W » e
C A R )

SP * A J  +  1) 0

n p 3A J ) 0
6 v ï v j v ^ v i v i v t

C A P )
TR * A J  -  1) 0

° Q M ) ü
(W b V ç v tv i

CAQ)
s Q sA J ) 0
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PR * A J )  

°P A J)  

pQiÁJ) 

qR A J)  

P A J )  

Q A J )  

R A J )

о

о

0

0

Eg«#
J

(Л + 2)2 (2 J  +  1) 
J ( J  +  1)

v3vî
J +  1

6f5 4 «5 V
CAR)

A W t t V e V  iv i

(Л +  l ) 2

c a p )
&vjv3vëv£

C A Q )

4 vT2v J v 3 v t'‘

C A R )

i ç v j v j v j v ë v i
CAP)

2)2
*’з 2,'Г»8«’<Г®7

(A , о)’ v*v*v‘v*
(Л + 2) CAO)

C A R )

RP d J  + i) 

*RM -  i) 

RQ b A J )  

QP M  + i) 

R A J  -  i) 

Q A J )  

P A J +  1)

___________ 6«e««___________
( J  +  1 )(J +  2 )2(2J  +  3X2J  +. 5) 

0

2<v 4 ( 2 J  +  1)
( J  +  1XJ +  2)2(2J +  3)
«  2(2 J  +  1)

( J  +  1XJ +  2)2(J  +  3)
Ев .4(2.7 1 )

( J  +  2X2J +  3)
, ,  J ( 2 J + 1 )

( J  +  1)(J +  2 )2 

E7 r f(2 J  4" 1)
( J +  3 X 2 J +  5)

s

C
O

N
T

R
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U
T
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N
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E
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Table IV

Line strengths for

Branches Line

ЛЛ— + 1 Л Л =  - 1 • Х ( « ) - ‘У(п) •Х («)-"У (6)

P A J) R A J  -  i )
V 3 » 4 » s 4 S

2 J 2 CAP)

QAJ) QAJ)
v jv t(2  J  +  1 )  

2 J ( J  +  1 ) 2 c m

R A J ) P A J  +  i )
V3Vi VSVKVî Vt

2 ( J  +  1 ) 2 а д

q p , A J ) q r 1a j  -  1) 0
2 v fv î* v s* v f

CAP)

r Q A J ) PQ n(J) 0 2 » Ж Ч <
CAQ)

SR*AJ ) ° P \ A J  + 1 ) 0
2 vJvJV svZ vtvb

CAR)

r p 3A J ) pR A J - i ) 0 3 t> ï% *»3»Î
CAP)

sQu(J) ° Q A J ) 0 S v A a l '«»* 

CAQ)

TR 3A J ) NP a U  +  i ) 0
3 v ivjv$viv£v£  

CAR)

s P tAJ) ° R i A J  -  i ) 0
2 v ,v i* v } v iv i

CAP)

TQ a(J) n Q xA J ) 0
2 v 3 * v $ v tv tv t

CAQ)

u R tAJ) m P i A J  +  i ) 0 2i’s v3vi v S vei'7
CAR)

T p sAJ) NR tA J  -  1) 0
v z v j v t v t v $ v £

2 CAP)

u QsAJ) 0
v jv £ v tv £ v £ v ï

2CAQ)

vRsA J) l P xA J  +  i ) 0
v í v í v £ v $ v f v t

2CAR)

° P iA J ) s r 2A J  -  i ) 0 » Г ^ Г ^ з
2 CAP)

pQiAJ) r Q * A J) 0 vr»r»6*»3*  
2 CAQ)

q R A J ) q p * A J  +  i ) 0
V jV jV g V t^ î

2 CAR)

P A J ) R A J  -  i )
V7 V7 (»3 +  -1)* V l W !

2 J 2 CAP)
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5Хл+1 — 6Уд transitions

strengths

‘x (b) -  *1» •Х(Ь)-*У(Ь)

»1 V3 V3 Vi V&V3 v j v 3 ( 2 j  + 1)
2 Cr(P) 2(J -  2)(2J -  3)

v 2 v 3 v,vsvev£ (J +  1) Uj új (2J + 1)
2C\(Q) 2 ( j  -  m

v j v j v j v j v t  v f v t v t ( 2 J  + 3)
2 C t ( R ) 2(J -  1)(2J  -  1)

V2 V3 V,V5 V6 w3h v ï v t ( 2 J  + 1)
2 С Ц Р ) (J -  2 )(J -  1)2J

»3»Г»5»<Г»3»4 v 3 v t ( 2 J  + 1)
2 C M (J -  1)2J(2J -  1)

v j v 3 v ç v £ v j v ï

2 C U R )
0

3 v 3 v j v j v 3 v t  v i З̂ з I-j
2 C3 ( P ) (J -  1)2J(2J -  3)(2J -  I)

3 v j v 3 v 3 v t v i v f  

2  C3«?)
0

3 v j v s ï £ v i v £ v £

2 C 3 ( R )
0

vTVsVfvfvfvf
2 Cr(P)

0

VsV6v3v4vsve
2 C 4(Q )

0

V f v f v i v t v t v t

2 C } ( R )
0

v 3 V g V % v iv tv t

2 Cg-(P) 0

2 CS(<?) 0

2 C j j ( R )
0

2 v x v 2 v 3 v 4 vs v j

C r ( P )
0

2 v2 v3 v j v j v t 2 v 3 v 3 ( 2 J  + 1)
C A Q ) (J -  1)2J(2J -  1)

2v3 v j v 3 v  tv% 2 v3 v i ( 2 J  + 3)
c i ( R ) (J -  1)J2(J + 1)

( ”t  +  Л) 2 V2 v 3 v j v 3 (J -  2)(J + 1) v 3 v3 ( 2 J  + 1 )
2 C2-(P) 2(J -  1)2J(2J— 1)

Acta Physica Academiae Scientiarum Hungaricae 43, 1977
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Table IV

Branches Line

A A =  +1 ЛЛ =  - 1 •X(o) -  *V(e) •K(a) -  ‘Y(b)

Q i ( J ) Q Á J )
t>s t> í ( 2 J  +  1 ) (v3 +  '''•)* v í v j h t i

2 J ( J  +  1) 2 CÁQ)

R Á J ) P Á J  +  i )
» í» 5 ( t ’í  +  Л ) г VjVjVfVs

2 ( J  +  1 ) 2 C Á R )

QP 3Â J ) qr , á j  -  i ) 0 At
7 C Á P )

r Q 3 Á J ) PQ A J ) 0 At 3 » í V » 5
CÁQ)

S R , Á J ) ° P * Á J  +  i ) 0 At 3г,Г»4»5»6
C Á R )

R P * Á J ) PR , Á J  -  1) 0
( v j  -  A f v 3 v3v t v t

2 C Á P )

SQ , Á J ) ° Q i , ( J ) 0
( v 3 -  TÍ)2 v 3 v t v ^

2 C.(Q)

TR , Á J ) Np 2t( J  +  l ) 0 (V3 -  А У 1Ч 1'3 Щ»7
2 C Á R )

S P 5Á J ) ° R J J  -  l ) 0
ViVtV 3 v ï v $ v t

2 C Á P )

TQ A J ) n Q . Á J ) 0
2 CÁQ)

UR SÁ J ) m p , Á J  +  i ) 0
v j v t v , t v £ v f v £

2  C Á R )

N P i Á J ) TR 3l( J  -  1) 0
3 v Á vc 2v-j v t

2 C Á P )

° Q A J ) SQ3Á J ) 0
‘í v 3 vrÁ v 3 h ’J

2 CÁQ)

PR i Á J ) RP 3Á J  +  i ) 0
3 v ïv ï v i * v i *

2 C Á R )

°P « .Á J) SR 3Á J  -  i ) 0

PQ A J ) r Q3Á J ) 0
(2 Л  -  1)2 Ц ( ®

q R*.ÁJ) q P - A J  +  l ) 0
(2 Л  -  1)2 I  C Á R )

p á J ) R Á J  -  l )
V3 V4 \ v l v t  -  Л(2Л +  l ) ] 2 v3 v j

2 J C Á P )

Q Á J ) Q Á J )
t>Tvt(2 J  +  1) [v3Vi -  /1 (2 /1  +  l ) ] 2 v j-v f

2 J ( J  +  1) CÁQ)

R Á J ) P Á J  +  i )
[ v j v i  -  Л(2Л +  l ) ] 2 « £ г 6+

2 ( J  +  1) C Á R )
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‘X (b )- ‘Y(b)

(t'5 +  л у  VgVjVgV% ( J 2 -  3)2v3v i (2 J  +  1)
2C,(Q) 2 ( J  -  1 )2J 3( J  +  1)

(Vfi +  A y v ï v ï v î v t ( J  -  1 )(J +  2) v t v t ( 2 J  + 3)
2 C i(R ) 2 J 2( J  +  1)(2J +  1)

(0Л , ,42 3 » r w í 3 (J  +  1) v iv t (2 J  -  3)
(ZA + X) 2Ci-(P) 2 ( J  -  1)2J 3
(9 4 , l y ^ ^ W ’X 3 (J  -  1) t> K (2 J  +  3)
( Л } 2C3(Q) 2 J 3( J  +  1)(2J  -  1)

<2A + ^  а д 0

(»Г -  Л )2 v j v j v t v f 9 itfttf
2 C4- ( P ) 2 J3(2 J  -  1)(2J  +  1)

(t-T -  Л )2 vivtvsVe 
2 C4(<?)

0

(vg -  Л )2 VçhA2 
2Ct(R)

0

2v î2v j v ï vt vt  
Cg (P )

0

2VS2V%VgVßVf
c m

0

2v}rvjvï2v i2
c m )

0

'ivyvjv3vjv%v%
c m )

0

3V2V3v j v i v i 2
c m

0

3vJv^v£vgVgv£ 3 i^»r
c m ) J 2( J  +  1)(2J -  1)(2J  +  1)

(л  +  1)2 0

(4  -  D* 3v*v*v*2 3( J  -  1) v j v j ( 2 j  + 3)
( ’ c m 2 J3(J  +  1)(2J -  1)

3( J  +  2) v jv t (2j  -  1)
( +  c m ) 2 J 2( J  +  l )3
— (Л + 1)(2Л +  3)]» v3v. ( J  -  1 )(J +  1) v3v i(2 J  -  3)(2J +  3)

c m ) 2 J3(2 J  -  1)(2J +  1)
-  ( Л +  1)(2Л +  3)P v jv j ( J 2 +  J  -  3)2 ^ 4 ( 2 J  +  1)

c m 2 J 3( J  +  l )3
[» i f i  -  (Л +  1)(2Л +  3)] « frf J ( J  +  2) t£t>6+(2 J  -  1)(2J +  5)

c m ) 2 ( J  +  1)3(2 J  +  1)(2J +  3)
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Table IV

Branches

АЛ — + 1 АЛ =  - 1 ‘X(a) -  *Y(a)

q P i A J ) 4 , ( J  - 1) 0

rQí3(J) PQ3A J ) 0

Sr í A J ) ° P s A J  +  i) 0

r P sA J ) Pr 35<J -  i) 0

S<?53( J ) 0Q35ÍJ) 0

TP  53(A) n p 35(J  +  i) 0

M P i A J ) Ur u (J -  i) 0

n Q i A J ) TQ n ( J ) 0

° R u ( J ) SP M  +  i ) 0

n p * A J ) TB 42( J  -  1) 0

° Q * A J ) s Q i A J ) 0

Pr i A J ) RP A J  +  i) 0

0  P 3 A J ) SR  A J  -  í ) 0

p Q a j ) RQ d J ) 0

Qr 3A J ) QP M  +  i ) 0

P A J ) R A J  -  i) V3 V3  

2 J

Q A J ) Q A J )
v i y ( 2 J  +  1) 

2 J ( J  +  1)

R A J ) P A J  +  i)
v£v£

2 ( J  +  1)

q p * A J ) S r >5(J -  i ) 0

p Q s A J ) PQ J J ) 0
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‘X(o)-‘Y(6)

(2Л + 1)= 

(2/1 + l)2 

(2Л + l)2

3v2v3v4v£
2 C3( P )

^V3VTV5V6
2 C3(Q)

3 v j v £ v £ v f
2 C3(R )

3vYv3v3vJvtvt 
2 C3( P )

3v2V3vi vt vevî
2 C3(Q)

3 v3 v j v t v i v i v t  
2 C3(R )

VÏVe2»sViVs
2 C 4( P )

у;Г У Ч у?
2 C,(Q)

« У  W
2 C 4(R )

У  -  Л)2 УГуУ У  
2 C 4( P )

V  -  Л )2 « У У  
2 C 4(Ç )

У  -  / I ) 2 « Í V 2

Л 2

Л 2 -

/I2

2 C 4( f í)

Зу3 у4 у3 у£

с 4(Р)
ЗуГУзУ рз

с 4((?)
ЗуУ У

С А Р )

(У  + Л)21^ГзУУ
2 С А Р )

У  +  Л )2 V5VÍ
S C ,« ? )

У  +  Л )2у4уУ У  
2 С 4(И )

УГУгУУГУбУ
2 С А Р )  

Уз У узУ 2 
2 C A Q )



CONTRIBUTION TO THE INTENSITY DISTRIBUTIONS II. 343

(continued)

strengths

•Х(Ь) -  ‘Y(a) ‘X(b) -  *Y(b)

3 (J  -  l)» r« tf(2 J  +  3)
(Л +  СТ(Р) 2J 3( J  +  l )2

И  1 л* 3 (J  +  2) i’íi>,t(2J -  1)
(Л +  } с м 2 J ( J  +  1)3(2 J  +  3)

(Л 1 IV З*'**’«*’2’ 
'  '  Ct(R) 0

3»з
с5-(Р)

с.(<?)
3»б1’Г«'7‘г»8г

J ( J  + 1)2(2 J  +  1)(2J +  3) 

0

0
C i(R )

2 v ïv tv jv $ v îv i 0
C f(P )

2юГ»з »4»8»62 0
с ,« ? )

0С,+(Л)
(»ö -  Л )2»^1)з»|Ч!^ 02C2- ( P )
(«Г -  л )2 »3 ttfpjj-2 0

2C2(Ç)
(»2 -  Л)2 v tv t v ^ v t 9< W

2C}(R) 2 (J  +  1)3(2 J  +  1)(2J +  3)

<2Л +  3>2 2C3“(P )6 0

(24 +  3 V 3,ç2t,6+2 3 (J  +  2) v j v ï ( 2 j  -  1)
(“Л + 3 )  2C3(Ç) 2 J ( J  +  1)3(2 J  +  3)

(2 Л + 3 )г - Щ т
3JvJvj(2J  +  5) 

2( J  +  1)3( J  +  2)2
( r f  +  Л )2 i;2 2«3 2 ( J  -  1 )(J -  2) v jv j (2 J  -  1)

2 C4- ( P ) 2 J U  +  1)2(2 J  +  1)

(» i +  Л )2 r i - ( J 2 + 2 J  -  2)2 »*»Î(2J +  1)
2C4(Ç) 2 J ( J  + 1)3( J  +  2)2

«  +  Л )2 v j v j v t v î J ( J  +  3) v t v î ( 2 J  +  1)
2CHR) 2 ( J  +  1 )(J +  2)2(2 J  +  3)

2vJ*vZ*vJv£ vJv î(2J  -  1)
c*-(P) J ( J  -  1)2( J  +  2)

2V32vï v5ve v7 t’,ît.,+(2J  +  1)
c m ( J  +  1 )(J  +  2)2(2J  +  3)
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Table IV

Branches

A A =  + 1 ЛЛ  =  - 1 ‘X ( a ) - ‘Y (a ) • X ( « )  -  >Y(b)

s R e Á J ) ° P ^ J +  i ) 0
v í v j v s v £ v } v £

2 C Á R )

LP i Á J ) VR M  -  1 ) 0
V s V ß V % v tv £ v £

2 C Á P )

MQ i Á J ) UQ M ) 0 4 v 3 2v î v î v t  
2 C5«?)

n R i Á J ) TP * A J  +  i ) 0 « 8  W » e  
2 Q ( R )

M P * Á J ) UR M  -  1) 0
2 v i v i r v b v í v £ v £

C Á P )

n Q * Á J ) TQ M ) 0
2 v j v é v t 2v Z v £

CÁQ)

° R * Á J ) SP * Á J  +  i ) 0
2 v s V Í 2v $ 2v $

C Á R )

N P s Á J ) TR d J  -  i ) 0
3 v ä v ^ v j v g v i v }  

C5(P )

° Q , Á J ) SQ M ) 0 3 « Г » 5 » < Г « ’5 2 » в

CÁQ)

PR 3Á J ) RP * Á J  +  i ) 0
З е д » | % ^ !

C Á R )

° P i5( J ) s R 5Á J  - 1) 0
2 v 2 v 3 »4 v s  v e c j j "

C Á P )

PQ i Â J ) RQ M ) 0
2 v j v j v ^ v t 2

C Á Q)

QR * Á J ) q p 5Á J  +  i ) 0
2 v Z v J V e v £ 2v }

C Á R )

P Á J ) R Á J  -  i )
V Ï V Ï

2 J
«1 v i  l'a «i «a  г -V, 

2C 5(P )

Q Á J ) Q Á J )
v í v } ( 2  J  +  1) 

2 J ( J  +  1)
t ’2  » 3  t '  l  V5 VK l > f

2C 5(P )

R Á J ) P Á J + i )
V 7 V 8

2 ( J  +  1) 2C6(f í)
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‘X (b) -  'Y (a ) ‘Х ( Ь ) - » У ( Ь )

i v jv jvg v fv i*
Q

CÎ(R)
v ï v î v i v i v i v i

2C f(P )

ü2p4',75t,6l’72
2 C M

v i v î v î v i v f v t
2 CHR)

i \ 2v , v t v f v t

2 C2- ( P )

»г2»*»«»?
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0

vâv jv£v£vtv t
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H vY 2l '2 2v tV g

2 C r(P )
ЗогЧ^Чф# 2

2 C3(Q)
3 v jv jv tv tv } v $ 3 o 5 o 6
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V6 V7 (2J  +  1)
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In  th e  T ab les

C r { P )  =  J C k( J  -  1); C , ( R )  = ( j  +  1 )Ck( J ) ;

Ci(Q )=  J l J + ^ Ck(J);  (3)
J  +  1/2

C ,(P) =  J C k(J); C t(R )  = ( J  +  1 )Ck( J  +  1);

w here  fo r q u a r te t  tra n s itio n s  i  =  1, 2 , 3, 4 an d  k = J  — 3/2, J  — 1/2, J  +  1/2, 
J  +  3/2, re sp ec tiv e ly  an d  fo r q u in te t  tra n s itio n s  i =  1, 2, 3, 4, 5 an d  к  =  J  — 2, 
J  — l ,  J ,  J  + 1, J  +  2, re sp ec tiv e ly . F o r  all T ab les  th e  te rm s  o f  case a) were 
assu m ed  to  be n o rm a l. I f  an  in v e r te d  te rm  occurs in s te a d  of a n o rm a l one th e n  
th e  suffixes co rrespond ing  to  th e  in v e r te d  te rm s  in  th e  b ran ch  sym bols have 
to  be changed  on th e  basis o f th e  above co rre la tio n  accord ing  to  th e  p a t te rn  
fo r q u a r te t  t r a n s it io n  1 —► 4, 2 —>-3, 3 —<-2, 4 —>-l an d  for q u in te t  tra n s itio n s  
1 —► 5, 2 —► 4, 3 —► 3, 4 —j- 2, 5 —► 1, re sp ec tiv e ly , w herever th e  in v e r te d  te rm  
occurs.
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C O M M U N I C A T I O  B R E V I S

SEGREGATION OF MAGNETOHYDRODYNAMIC WAVES 
IN AN IDEAL MEDIUM

By

M. Y . N a s i r *
DEPARTMENT OF THEORETICAL PHYSICS, LORÁND EÖTVÖS UNIVERSITY, BUDAPEST

t h a t  th e  fu n d a m e n ta l eq u a tio n s  o f m ag n e to h y d ro d y n am ics can  be w ritte n  
in  m a tr ix  fo rm . A fte r  lineariz ing  an d  solving th e  equa tions th e y  o b ta in  th e  
ph ase  velocities o f  d ifferen t m ag n e to h y d ro d y n a m ic  w aves as e igenva lues o f 
a m a tr ix . C orrespond ing  to  th e se  eigenvalues th e y  calcu late  d iffe ren t co lum n 
(rig h t) e igenvecto rs an d  row  (le ft) e igenvecto rs an d  show th a t  an  a rb itr a ry  
sm all p e r tu rb a tio n  o f a m ag n e to h y d ro d y n am ic  q u a n ti ty  can be w r itte n  as a 
su p erp o sitio n  o f  seven  fu n d a m e n ta l m ag n e to h y d ro d y n am ic  w aves. I n  th is  
p a p e r  we rep ro d u ce  these  re su lts  b rie fly  an d  e x te n d  th em  to  p ro v e  t h a t  th e  
fu n d a m e n ta l m ag n e to h y d ro d y n am ic  w aves do n o t  m ix  w ith  each  o th e r.

W e consider one d im ensiona l w ave p ro p a g a tio n  along a Z — ax is  an d  
ta k e  all m ag n e to h y d ro d y n am ic  q u a n titie s  d ep en d in g  upon  z an d  tim e  t only . 
T h e  basic eq u a tio n s  o f m ag n e to h y d ro d y n am ics  fo r  an  ideal m ed iu m  can  be 
w ritte n  as [1]:

(R eceived 27. IX . 1977)

1. In troduc tion

A. I . A k h i e z e r  e t  al in  th e ir  book  “ P la sm a  E lec tro d y n am ics”  describe

2. F o rm u la tio n  an d  solu tion  o f  th e  problem

— 0, l — 1, 2, . . 7 , (1)

* On leave from  Governm ent College, B ahaw alnagar, Pakistan.
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w here  A ,  an d  M ln a re  respective ly , g iven by

Vz 0 0 0 У
0 Vz 0 0 0
0 0 Vz 0 0
0 0 0 Vz 0

— C!  
e Q ds

0 0 Vz

0 0 - B 2 0 B x

0 0 0 - B z B y

0
0

— В г14-лд
0

В х/4лд

Vz
0

(2)

0
0
0

-  В г/4я: g

В у14лр
• (3)

О
«г

H ere , g is th e  m ass  d en sity , s th e  e n tro p y  d e n s ity , v  th e  flu id  v e lo c ity , В th e  
m ag n e tic  fie ld , p  th e  pressure an d  Cs =  (9p /3g)1/2 th e  speed  of sound. W e lin e a r­
ize th e  set of E q s . (1) by  su b s titu tin g  — A t̂  + A ^  and  assu m in g  th a t  
th e  com ponen ts A /(1̂  are  sm all co rrec tions to  th e  u n p e rtu rb e d  so lu tio n s А ц 0у 
T h u s , th e  E q s. (1) w ill becom e:

+ 2  M m{Aw ) =  o . (4)
dt „=i dz

I f  th e  fram e o f re fe rence  m oves w ith  th e  f lu id  v e lo c ity  and  th e  co o rd in a te  
sy s tem  ro ta te s  a b o u t  a Z -ax is, th e  m a tr ix  (3) can  obviously  be sim p lified  to  
a fo rm  3illn (say ). U sin g  a p lane w ave tr ia l  fu n c tio n  fo r th e  so lu tions

к Aid)  =  Оя, е«кг-°>% (5)

w here  оЛ1 is th e  a m p litu d e  o f A l(1y  i  =  ( —l ) 1'2, к  th e  w ave v e c to r  a n d  со th e  
a n g u la r  freq u en cy , we ob ta in  a sy s tem  o f a lg eb ra ic  equa tions in  te rm s  o f со 
a n d  к  (or th e  p h a se  velocity  u  =  co/к). T hese e q u a tio n s  are:

2  =  u°^i • (6)
n=1

W e observe t h a t  a  v ec to r  Gt h av in g  co m p o n en ts  сЛ; is a colum n e ig en v ec to r 
a n d  u  an  eigenvalue o f  th e  m a tr ix  оЛ1ln. W e w rite

2  °^ ln^n  =  u&i- (?)
n =  1
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T h u s, th e  so lu tion  o f  th e  w ave p rob lem  is red u ced  to  a p ro p e r va lue  p ro b lem . 
F o r  a n o n -triv ia l so lu tio n  o f E q . (7), we m u s t have

I £M-ln ~ UK  I —  0 , ( 8 )

ôln being  K ro n eck e r d e lta . I t  is a  po lynom ial eq u a tio n  in  и o f degree seven. 
Solving th is  e q u a tio n  we o b ta in  seven values o f  th e  p h ase  velo c ity  u ; each  
tw o  correspond ing  to  A lfvén w av es, rap id  m ag n e to -aco u stic  w aves an d  slow 
m agneto -aco u stic  w aves an d  one to  en tro p y  w ave. W e can  de te rm ine  d iffe ren t 
co lum n (right) e igen v ec to rs  an d  row  (left) e igenvecto rs co rrespond ing  to  th ese  
va lu es  of u. T he  se ts  o f these  co lum n eigenvecto rs {G;} an d  row  e igenvecto rs 
{F n} form  a b io rth o g o n a l se t. T herefo re , we can  w rite

2  F ™ G \m  =  0, i f n ^ Z
m = 1

F ™ G T  =  Y  И 0.
m = 1

(9)

N ow  th e  general so lu tio n  of (4) can  be w ritten  in  th e  fo rm :

A l(1)(z , t )  =  j ?  С М  <Л)П> (10)
n=1

= j ?  C<n>G{n> (11)
n=1

w here C ^  are coeffic ien ts  to  be dete rm in ed  la te r .
L e t us a ssum e th a t  th e  eq u a litie s  (4) are  su b e jc t to  th e  in itia l co n d itio n :

Л(1)1 (*, 0) = / ,(* ) .  (12)

N ow  keeping in  v iew  th e  exp ression  (5), we can  w r ite / г(г) as a F o u rie r in te g ra l:

A l(1)(z ,0 )  =  //(*) =  J / / fc) eite dA , (13)

w here f t(k) can  fu r th e r  be w r it te n  as:

f(k) = 2 c{n)G\n)- (14)
n=1

T he coefficients C^n\  w ith  th e  h e lp  o f th e  re la tio n s (9) an d  (14), w ill tu rn  o u t 
to  be

2 F \ n ) № )

C<"> -  ~?=1 у ---------• (15)
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T h u s , E q . (5) w ill ta k e  th e  fo rm :

(* 7

(z i 0  П̂ — 1 J

2  F™ f m{k) G\n)
m = l e H k z —m t) (16)

im p ly in g  th a t  a n  a rb itra ry  sm all p e r tu rb a tio n  can  be w ritte n  as a superp o sitio n  
o f  seven  fu n d a m e n ta l m ag n e to h y d ro d y n am ic  w aves.

3. Segregation

In te rc h a n g in g  th e  o rder o f  su m m atio n  in  (16) an d  ta k in g  th e  a id  of the 
E q . (9), we o b ta in

A lw {z, t) =  2
m  =  1

j<m
2  G<

v --------- Ш  eí(fa~“ í) dk =

=  2  Г àm,fm(b) ei(-kz~wt) dk  . 
m  =  lJ

(17)

(18)

T h erefo re , if  f m(k) rep resen ts  one o f  th e  fu n d a m e n ta l w aves, th e  so lu tio n  con­
t in u e s  to  belong to  th a t  v e ry  fu n d a m e n ta l ty p e ; or c ro ss-ex c ita tio n  does not 
ta k e  place.

F rom  th e  la s t  expression , we n o te  th a t  an y  p e r tu rb a tio n  o f a m a g n e to ­
h y d ro d y n a m ic  q u a n t i ty  in  a g iven  m ode has co n trib u tio n s from  th e  sam e mode 
o n ly  an d  all o th e r  m odes rem ain  a p a r t .  T h u s, we can conclude th a t  m ag n e to ­
h y d ro d y n am ic  w aves do n o t m ix  w ith  each  o th e r in  an  idea l m ed iu m .
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Lasers an d  T heir A pplications

Edited by Alberto Sona, Gordon and Breach Science Publishers, London, 1976 
pp. 629 + XIV. Price £ 23.90

The book contains the proceedings of a Course on lasers and their applications from 
the International School of Applied Physics held in Eric, Sicily from 31 May to 13 June, 1970. 
The Course was a very significant meeting of researchers active in different areas from uni­
versities and industrial laboratories. The papers of contributors are valuable for young gra­
duate and experienced scientists interested in having basic information on laser sources and 
some specific applications. However, the delayed publication of the book has led to its de­
preciation to a certain extent. As a matter of course the basic physics does not become out of 
date, while the technological applications are more ramifying now as it is suggested in the book 
and in many cases are realized with good results even in factory environments.

The work is divided into two sections headed, “Laser Sources” and “Applications”. 
The first section contains seven papers on 252 pages. This part of the book deals with the phy­
sical processes in laser action, properties of open resonators. In the following the detailed phy­
sics of semi-conductor, dye, gaseous and solid state lasers is given with the discussion of tech­
nological problems pointing out the advantages and difficulties in the applications of each tech­
nique. Basic principles of laser theory are applied to the experimental results observed under 
operation. In most cases the conclusions are supported by numerical examples.

In the second section different applications of lasers are discussed. It is difficult to 
estimate the expectational effectiveness of these papers because of their inopportuneness for 
the experienced scientist of our days. The lectures on applications dealt with theory and 
applications of holography, information processing with optical methods, atmospheric propa­
gation, transmission of information with laser beams, distance measurements by laser beams, 
machining with laser, medical applications, scattering experiments, nonlinear optics, plasma 
generation and diagnostics. Valuable analysis of basic physics and some general technological 
problems are explored scientifically.

To summarize, in this book we have a good collection of works on topics of laser physics 
and its various applications. The literature listed at the end of each paper makes it easier for the 
reader to pursue any of the topics covered in the book in greater detail.

The book is nicely presented and has an extensive set of figures to accompany the text

Z .  F Ü Z E S S Y

R. V. D i c k e y : B ifu rca tion  P roblem s in  N onlinear E lastic ity

Pitman Publishing Ltd. London, San Francisco, Melbourne 1976

This is the 3. volume of the series “Research Notes in Mathematics” edited by an editor­
ial board headed by Prof. A. J e f f r e y  (University of Newcastle-upon-Tyne). The aim of the 
series is to publish current material of a specialist nature whose style of exposition is mostly 
that of a developing subject.

The present small volume of 119 pages (it looks like a lecture note) presents the most 
important elements of bifurcation theory and its application to some problems in the non­
linear elasticity. Bifurcation theory deals with problems of solving differential equations of 
the type F ( u ,  A) = 0, where F  is in the most general context a nonlinear transformation defined 
for и  and A a real parameter, when the solutions are not single valued functions of A. The most
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important mathematical bases are given in Chapter 1 (Introduction) and Chapter 6 (Bifurca­
tion theory for second order ordinary differential equations) while the applications treated are 
given in the other Chapters. These are devoted to the following problems of nonlinear elasti­
city: the static problem for the nonlinear string and circular membrane, the rotating string 
and the buckling of the circular plate.

The volume is written on a rather sophisticated level, but in an elegant, clear style and 
with many clarifying examples. A clever balance was held between the pure and applied side 
of mathematics used and for every chapter references are given for a deeper study of the 
subject. There is, however, no subject index and a slightly more detailed introduction as well 
as a short conclusion would have been useful for a physicist reader, who wanted to use advanced 
mathematical methods in different possible fields of physics.

J. A n t a l

H . H ak en: S ynergetics—A n In tro d u c tio n

Springer-Verlag, Berlin, Heidelberg, New York, 1977, pp. 325

Synergetics is a very new field of interdisciplinary research. It investigates the sponta­
neous formation and functioning of well organized dynamic structures caused by the cooper­
ation of many subsystems or phenomena. Such phenomena are an experience of our daily 
life when we observe the growth of plants and animals. On the other hand, the whole universe 
exhibits pronounced dynamic structures from different samples of galaxies to living cells and 
their constituents. In the last decades it has become evident that there are numerous examples 
in physical, chemical and biological systems where well organized temporal, spatial or spatial- 
temporal dynamic structures arise out of certain chaotic states. In contrast to artificial, man­
made machines, these dynamic structures develop spontaneously, i.e. they are self-organizing 
and, many of the most fascinating and interesting phenomena occur in systems far from ther­
mostatic equilibrium. Many different disciplines cooperate in the theory of “synergetics” to 
find general laws governing self-organizing dynamic structures.

The author, who is a pioneer of this interdisciplinary science, in this introduction tried 
to present the different disciplines of synergetics as a text for students of physics, chemistry 
and biology in an elementary fashion whenever possible. Therefore the knowledge of an under­
graduate course in mathematics is sufficient and the basic knowledge required for the physical, 
chemical and biological systems is not very special.

The book contains twelve chapters concerned with the fundamental laws of Probability, 
Information, Chance, Necessity, Thermodynamics, Self-organization and applications of the 
general concepts and laws of these disciplines to physical, chemical, biological and sociological 
systems and phenomena. The book is beautifully presented and has an extensive set of figures 
to accompany the text. The treatise is very useful for physicists, chemists, biologists and so 
on and it really is indispensable for university libraries. Nevertheless, we cannot find any new 
and original concepts and principles in the text which would be characteristic only for the new 
science of “synergetics”. Consequently, the real existence of this “new science” remains prob­
lematic.

I. G y a r m a t i

H . B a c r y : Lectures on G roup T heory  and  P artic le  Theory

“Documents on Modern Physics”. Edited by E. W. Montroll, G. H. Vineyard, M. Lévy and 
P. Matthews.Gordon and Breach|Science Publishers, London, New York, Paris, 1977, 586 p.

This book provides the basic concepts and theorems in group theory as well as selected 
applications to the fundamental symmetries of elementary particles for physics students. 
Complicated proofs are avoided but the notions and theorems are well enlightened. Numerous 
exercises are included into the volume. The inquiring reader can find also specialized works 
given in the bibliography.
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Chapter 1 yields a description of the elements of group theory. A whole chapter (Ch. 2) 
is devoted to vector spaces followed by Chapter 3 treating the notion of group representation. 
The finite representations of the linear groups and of their principal subgroups are contained 
in Chapter 4. The next chapter deals with the topics of Lie groups and Lie algebras. Consider­
ing the importance of the rotation group in physics, a whole chapter (6) treats its properties. 
In the subsequent parts topics essential in particle physics are selected: the Lorentz group 
(Ch. 7), the Poincaré group (Ch. 8), the most essential internal symmetries of elementary 
particles (Ch. 9) and unitary symmetries of hadrons (Ch. 10). Since the SU(6)-physics (Ch. 10) 
there is a great progress in particle symmetries, this can be pursued on the basis of the biblio­
graphy.

It is a real plesure to see such a volume containing also applications in a well summariz­
ed way. We hope it will be good reading for those interested in theoretical physics.

G. PócsiK

A m o n  Y a r iv : In tro d u c tio n  to  O ptical E lectronics

Holl, Rinehart and Winston, New York, 1977.

In recent years the importance of quantum electronics has considerably grown in the 
study of phenomena observed on both atomic and macroscopic levels. The latter field has 
attracted ever more attention with the progress of applied research. The book contains the 
basic principles of this discipline completed with new results obtained over the five years 
which elapsed since its first edition. The concentration on the macroscopic features of interac­
tions between light and matter permit the phenomena to be described without recourse to 
quantum mechanics which reappears only in the determintaion of certain parameters charac­
teristic of matter.

The reader is first introduced to the field of basic problems connected with the propa­
gation of electromagnetic radiation in isotropic and anisotropic media, then to the fundamen­
tals of geometrical optics. Finally, in this part, the propagation of optical beams and the 
properties of optical resonators are discussed.

Subsequently, we learn about the behaviour of electromagnetic waves interacting with 
atomic systems and about the basic principles of laser operation. This is followed by the de­
scription of the laser types most frequently used.

In some crystals the polarization in strong electric fields varies with the square of the 
electric field intensity. This phenomenon can be utilized for a number of practical applications 
such as the generation of second harmonics and parametric amplification. This section of the 
book ends with the discussion of the basic principles of the electrooptical modulation of laser 
beams.

Some problems of light detection are also considered with special regard to the role of 
noise. The operation of some of the most important light detectors is described.

The interaction between light and sound waves plays an important role in modern 
applications (e.g. light deflectors). For this reason the chapter on the theory of these inter­
action can be very useful. This applies also to the chapter dealing with the propagation of 
light in dielectric waveguides and with the basic principles of the so-called “integrated optics”.

The book is a useful manual for university students who are interested in quantum 
electronics and it can be of good use to engineers starting research and development in the 
field of modern optics.

N. K r o ó

P rogress in  C rystal G row th an d  C haracterization

Editor: B. R. Pamplin. Pergamon Press, Oxford, 1977.

A new international review journal, planned to appear as a quarterly, edited by the 
well-known specialist B. R. P a m p l i n , has been launched by Pergamon Press. The aim of this 
new journal, as expounded by the Editor in the Introduction, is to review the important 
technologies and methods of the rapidly developing subject of crystal growth and crystal 
qualification before the results become outdated and thus to give general information on this
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field of research. Fast information is well served by the camera-ready copy techniques. The 
issues are completed by book reviews and a list of current conferences and other events. From 
time to time special issues are planned to appear on some up-to-date problems in the fore­
ground of interest, as e.g. Molecular Beam Epitaxy.

Workers in this field welcome this new journal which, beside filling the gap between 
monographs and original papers, provides information for the beginners on the essentials 
of the subject as well as for more advanced readers on recent results. The journal serves equally 
well the interest of the experts of research and industry.

The first issue contains articles by B .  R. P a m p l i n  on “The Evolution of Crystal Growth- 
Techniques”, by B .  K .  T a n n e r  on “Crystal Assessment by X-ray Topography Using Synchro­
tron Radiation” and by K .  G. B a r r a c l o u g h  on “Crystal Growth of Ferromagnetic Semicon­
ductors”. From the high standard set by these papers one may conclude that the new perio­
dical will be most useful in promoting work in the field of crystal growth.

R. V o s z k a
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