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INVESTIGATIONS ON A NEW DEVICE APPLICATION 
OF THE a. c. JOSEPHSON EFFECT

By

S. DÉsi
T R A IN IN G  R E A C T O R , T E C H N IC A L  U N IV E R S IT Y , B U D A P E S T *

(Received in revised form 28. XI. 1976)

After theoretical considerations concerning the properties of the a. c. Josephson effect 
in case of strip-line type superconducting tunnel junctions, the noise characteristics of these 
devices are discussed. By making use of the highly nonlinear features together with inherenft 
low-noise a special parametric converter type pulse amplifier has been constructed. The 
experimental results obtained are presented and suggestions are given for further development.

1. In troduction

T he m ain  p u rp o se  of th e  w o rk  described below  w as to  in v e s tig a te  som e 
sp ec ia l ap p lica tio n  possib ilities o f  th e  Jo sep h so n  tu n n e l ju n c tio n s . T he p r in 
cip le  o f o p era tio n  could  be a p p lie d  also for th e  d e tec tio n  a n d  am p lifica tio n  ç f  
o th e r  ty p es of e lec tro m ag n etic  ra d ia tio n s  such  as m icrow ave d e tec tio n , in fra 
re d  ra d ia tio n  sensor, laser d e te c tio n  and  conversion , etc. • .

W e focussed ou r efforts o n  th e  possible device ap p lica tio n  of th e  a.c. 
Jo se p h so n  effect as a low-noise p a ra m e tr ic  co n v e rte r  p ream p lifie r in  th e  nu c lear 
ra d ia tio n  d e tec tio n  field .

A fter th e o re tic a l c o n sid e ra tio n s  we b egan  o u r ex p e rim en ta l w ork  w ith  
develop ing  th e  m a n u fa c tu r in g  tech n o lo g y  o f sim ple ju n c tio n s  f irs t , th e n  tried  
to  b u ild  special d ev ices  to  ch eck  th e  usefulness o f  th e  o p e ra tio n a l p rinc ip le .

Acta Physica Academiae Scientiarum Hungaricae, Tomus 42 (1), pp. 3 — 19 (1977)

2. The a . c. Josephson effect

T he a.c. Jo sep h so n  effec t, accom pany ing  a d.c. c u rre n t flow  betw een  
th e  g round  s ta te s  o f  tw o  su p erco n d u c to rs  w hen a f in ite  d . c. p o te n tia l difference 
e x is ts  across th e  su p e rc o n d u c tin g  ju n c tio n , can  be described as an  a lte rn a tin g  
c u r re n t  th ro u g h  a n a rro w  n o n su p e rco n d u c tin g  gap  sep a ra tin g  th e  tw o  su p e r
c o n d u c to rs . The g ap  w id th  sh o u ld  have th e  sam e o rd er of m a g n itu d e  as th e  
ra n g e  o f the  su p e rco n d u c tin g  w av e  function , i.e . a b o u t 10 20 A ngstrom s.

*The experimental part of this work was done during a visit of the author at ORTEC 
Inc., Oak Ridge, Tenn., U.S.A.
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4 S. DÉSI

W hen a sm all p o te n tia l d ifference  V  is e s tab lish ed  across th e  gap  p h o to n  
em issio n  occurs as th e  tu n n e lin g  ’’su p e rflu id “  i.e. p a ired  elec trons o f op 
p o s ite  sp in  d irec tio n , called “ C ooper p a irs” crosses th e  ju n c tio n  w ith  fre- 
cpiency de te rm in ed  b y  th e  fo llow ing re la tio n  [1]

2 eV

w h ere  v is th e  f req u en cy  of th e  e m itte d  p h o to n , e is th e  electron ic charge , h 
is P la n c k ’s c o n s ta n t an d  v is e q u a l to  a b o u t 483,6 M H z fo r each  m ic ro v o lt of 
a p p lie d  vo ltage.

T h e  a.c. Jo se p h so n  c u rre n t d e n s ity  j  inside th e  gap  as a fu n c tio n  o f the  
p o s itio n  r  and  tim e  t is g iven b y

j(r ,t)  =  j \  sin  cp (r, t ) ,

w h ere  cp (r, t) is th e  re la tiv e  p h ase  o f  Cooper p a irs  in  th e  tw o su p erco n d u c to rs  
a n d  j y is th e  m ax im u m  Jo sep h so n  c u r re n t d en sity  w hich  can  be exp ressed  as[2 ],

Â  =  (я /2 R n) И В Д  ta n h  [1/2 ß A (T )] ,

w h e re  R n =  n o rm a l s ta te  tu n n e lin g  resis tan ce  o f 1 cm 2 m a te r ia l; Zl(T) =  
su p e rco n d u c tin g  en e rg y  gap as a fu n c tio n  of te m p e ra tu re  ß — 1 /K T  an d  К  
is B o ltz m a n n ’s c o n s ta n t.

I f  we use a ju n c tio n  of c rossed  su p erco n d u c tin g  m eta l s tr ip s  an d  the  
g ap  is form ed in  th e  overlap  reg ion  o f b a rrie r  len g th  L  a n d  w id th  w (see Fig. 1), 
th e n  th e  tu n n e lin g  su p e rc u rre n t d en sity  across th e  gap  can  be reg a rd ed  as 
u n ifo rm  only  w 'hen L  is sm aller th a n  Ay th e  Jo sep h so n  p e n e tra tio n  d ep th .

Fig. 1. Arrangement and orientation of the crossed strip-line type 
superconducting tunnel junctions

A c ta  P hysica  A cadem iae  S c ien tia ru m  H ungaricae 4 2 , 1977



T he la t te r  is g iven  b y  [3]

NEW DEVICE APPLICATION OF THE A. C. JOSEPHSON EFFECT 5

l j  =  6 .5 X 1 0 -«

«

w here  c =  speed o f  lig h t, d — 2A +  d ', A =  m ag n e tic  field  p e n e tra tio n  d e p th  
for id ea l su p e rco n d u c to r and  d' is th e  gap  th ick n ess . This m eans th e  ju n c tio n  
c a n n o t be  m ad e  a rb itra r ily  large.

W h en  th e  ju n c tio n  is co n n ec ted  to  a c u rre n t source, th e  re la tiv e  p h ase  
cp a d ju s ts  itse lf  u n til  j 1 sin cp is e q u a l to  th e  source  cu rren t. F o r  tp =  я /2  th e  
ju n c tio n  carries m ax im u m  c u rre n t w ith o u t a n y  v o ltag e  drop  across i t .  I f  th e  
c u rre n t th ro u g h  th e  ju n c tio n  becom es la rg e r th a n  j 1 a fin ite  v o lta g e  ap p ears  
across th e  ju n c tio n  as a consequence o f  q u as ip a rtic le  (norm al) tu n n e lin g . I f  
a u n ifo rm  m ag n e tic  fie ld  H 0 is app lied  in  th e  p lane  of th e  ju n c tio n  (y -d i
rec tio n ), th e  tu n n e lin g  c u rren t d is tr ib u tio n  w ill h av e  th e  fo llow ing sp a tia l 
d is tr ib u tio n  inside th e  ju n c tio n  [4]

j  =  h  sin  k'o
2 ed 
he

w here th e  z d irec tio n  is para lle l w ith  th e  ju n c tio n  len g th  L  an d  p e rp en d icu la r 
to  H 0 .

A ccord ing  to  th is  re la tio n  fo r  ce rta in  v a lu es  o f H 0 th e  m ax im u m  d.c. 
Jo sep h so n  c u rre n t w ill be  zero. B ecause , i f  cp0 =  гг/2 th e n  we get th e  m ax im u m  
d.c. c u rre n t jfmax b y  in te g ra tin g  j  o v e r th e  w hole ju n c tio n  area

;  m ax = j \ sin лФ/Ф0 
лФ)Ф0

w here Ф0 == hej2e =  2 .07 X  IO-7  g auss cm 2 is th e  q u a n tu m  u n i t  o f  m ag n etic  
flux  an d  Ф =  (2A -f- d') L H 0. In  th is  m a n n e r j max v s  H 0 gives a ty p ic a l F ra u n 
hofer p a tte rn .

I f  we h av e  b o th  a fin ite  v o lta g e  V0 an d  a f in i te  m agnetic  f ie ld  H 0 across 
th e  ju n c tio n , th e n  th e  c u rre n t will ch an g e  b o th  w ith  tim e  and  sp ace  an d  will be

j  =  j i  sin  (co0 1 kz  - f  <p0),

w here к — 2 ed H Jhc  an d  o>0 =  2 e V J h  =  2rr r0 . T h is rep resen ts  a c u rren t 
d e n s ity  w ave a long  th e  z-direction .

C onsider now  th e  case w hen  a ju n c tio n  is ir ra d ia te d  b y  m icrow aves of 
a n g u la r  freq u en cy  со. I n  th is  case c u rre n t ju m p s  (steps) h av e  b een  observed  
on th e  I  V  ch a ra c te ris tic s  o f th e  ju n c tio n  w h en  2èV Jh ~  nco (n — 1 ,2,3,. . .),

A c ta  P h ysica  A ca d em ia e  Scien tiaru tn  H u n g a rica e  4 2 , 1977



6 S. DÉSI

(see F ig . 2). T h is phenom enon  is th e  d irec t consequence of m ixing or freq u en cy  
m o d u la tio n  by  th e  ju n c tio n  betw een  th e  in c id en t an d  its  own ra d ia tio n s  [5,6]. 

B ecause, fo r th is  case th e  Jo se p h so n  c u rre n t can  be expressed  as

=  J i  sm (D0 t -\-
CÚ0 V 0

sin  {cot -f- 0 )  cp0

w h ere  0  is th e  m icrow ave  phase re la tiv e  to  cp0 an d  v0 is th e  induced  m icrow ave 
a m p litu d e . N ow , as a resu lt, th e  freq u en cy  m o d u la tio n  b y  th e  m icrow aves 
g ives d. c. s id eb an d s  w hen nco =  co0 a n d  th e  s id eb an d  c u rre n t j dc is g iven

sin (<p0 — n O ) ,jd .i. =  j i (  1  )nJn
n v n

w h ere  J n is th e  n - th  o rder Bessel fu n c tio n . T hese d. c. sidebands a p p e a r  in  th e  
I — V  ch a rac te ris tic s  as cu rren t s teps.

S im ilarly , w ith o u t any  e x te rn a l e lec tro m ag n etic  fie ld , th e  a.c. Jo sep h so n  
c u r re n t  genera tes e lec trom agnetic  fie ld s  in  th e  ju n c tio n  region an d  th e se  fie lds 
m o d ify  th e  I — V  ch a rac teris tic s  o f th e  ju n c tio n  w h ich  has been also observed  
as so-called se lf-induced  steps [5,7].

Consider n o w  th e  ju n c tio n  a rea  as a s tr ip  line  c a v ity  h a v in g  a ch a 
ra c te r is tic  im p ed an ce  of Zj. T his is g iven  b y  th e  tra n sm iss io n  line eq u a tio n s

Fig. 2. Current steps on the I — V characteristics of a Josephson tunnel junction irradiated by
microwaves of со angular frequency

A c ta  P hysica  A ca d em ia e  S c ien tia ru m  H ungaricae 4 2 , 1977



n e w  d ev ic e  a p p l ic a t io n  o f  t h e  a . c . jo s e p h s o n  e f f e c t 7

w here  c =  c |  d'fed  th e  phase  v e lo c ity  o f  th e  TM w ave, e is th e  d ie lec tric  con
s ta n t  o f th e  gap  an d  Z 0 is th e  im p ed an ce  o f  th e  free space  fo r TM w aves p ro p a 
g a tin g  b e tw een  th e  s trip s  along th e  le n g th  o f th e  ju n c tio n  (L -d irection).

W hen  an  e x te rn a l m ag n e tic  fie ld  H 0 is p resen t, th e  ph ase  v e lo c ity  o f  th e  
Jo sep h so n  c u rre n t d en sity  w ave vp is g iven  as vp =  cojk — V0clH0d \  I f  vp =  c 
th e  am p litu d e  o f  th e  TM  w ave w ill have  a  m ax im u m  an d  th e  a m p litu d e  d is tr i
b u tio n  resu lts  in  th e  I — V  ch a ra c te ris tic s  a resonance-peak  like s tru c tu re . In  
th is  case, i f  v J V 0 <g: 1 so lv ing th e  tran sm iss io n  line eq u a tio n s , we g e t fo r th e  
a .c . vo ltage  across th e  ju n c tio n

V =  v0 cos (co0 t k z  -f- 0 ) ,
w here

j i  (4 л d ’/ecüg)
" k c ) 2 I2 1 211/2
1 ----  +«0 / 1 Q

h ere  Q rep resen ts  th e  losses of th e  s trip -lin e  c a v ity  and

& =  ta n  1
1

1IQ___
(kc ! w0)2 +  Vo •

Since th e  to ta l  v o ltag e  across th e  ju n c tio n  is v -f- V„, th e  phase  cp w ill be m od i
f ie d  accord ing  to  v j  V0 sin(co0 t — kz  -)- 0 )  a n d  th e  c u rren t will be

j  =  j \  sin  [cogt — kz -f  (vJVg) sin  (ш0 t - kz -(- 0 )  +  q>g] .

T his a.c. v o ltag e  can  also re su lt in  a d.c. c u rre n t, w hich has a resonance  sh ap e  
w ith  a m ax im u m  c u rre n t a t

V„
d ’d
e

1/2
H„

N ow  le t us ta k e  in to  acco u n t t h a t  th e  s tr ip  line cav ity  has its  allow ed v o ltag e  
m odes w hich v a ry  accord ing  to  cos nnz/L , an d  have re so n a n t frequencies a t 
a>n =  nncjL. E x p a n d in g  these  m odes, th e  sp a tia l average o f th e  d irec t c u rre n t 
d e n s ity  is [8 ]

_  47x d 'j l  “
JdC- _  Т/ ^ECDq Yq ri=0

1 IQn
1 -

nnc  j 2 2
+

l 2 K L  — nn

s О Qn L 2

kb  л п  T2

1

u
n я  
kb

2
1/21 fo r n =  0 
1 j  fo r 71 ^  0
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8 S. DÉSI

w here  1 jQn is th e  loss in  th e  n - th  m ode. H ence, fo r sm all n  va lu es  a step  s tru c 
tu re  can  be o b served  again  in  th e  I  V  c h a rac te ris tic s  w hen  th e  Jo sep h so n  
freq u en cy  coincides w ith  one o f  th e  c h a ra c te ris tic  c a v ity  frequencies. T h e  
s tep s  ap p ear a t  eq u a lly  spaced v o ltages Vn =  nhc/4eL (see F ig . 3).

Fig. 3. Current steps on the I — V characteristics of a strip-line cavity type superconducting 
junction showing the allowed voltage modes

The m ag n itu d e  of th e  c u rre n t s tep  is d e te rm in ed  by  th e  app lied  m a g n e tic  
fie ld . G enerally , as H n is in creased  i t  decreases th e  a.c. Jo sephson  c u r re n t 
w ave leng th  th u s  coupling  i t  m ore  stro n g ly  to  sh o rte r  e lec trom agnetic  c a v ity  
m odes. The m ax im u m  e m itte d  r. f. ra d ia tio n  occurs a t  th e  c u rre n t s teps a n d  
num ero u s o b serv a tio n s p roved  th e  ex istence  o f  th e  a.c. Jo sep h so n  effect in  
su ch  cases [9,10,11].

To ca lcu la te  th e  in te n s ity  or o u tp u t pow er o f th e  ra d ia tio n  from  th e  
ju n c tio n  we h av e  to  tak e  in to  accoun t th e  pow er tran sm issio n  coeffic ien t 
Tp  a t  th e  ju n c tio n  — free space o r ex te rn a l w avegu ide  system  wdiich is g iven  b y

Tp =  4 Z 0 Zjl(Z0 -\-ZjY .

H ere  Z„ is th e  ch a ra c te ris tic  im p ed an ce  of th e  free space o r e x te rn a l c a v ity  in  
w hich  th e  ju n c tio n  is located . T yp ica lly  Zy 6 X  10-3  Q, Z 0 =  377 Q  [12] 
a n d  T p =  10- 4 . T h is m eans t h a t  th e  im p ed an ce  m ism atch  m akes i t  r a th e r  
d ifficu lt to  couple  th e  ju n c tio n -fre e  space sy s tem  effectively .

In  th is  case th e  ra d ia te d  o u tp u t p ow er can  be e s tim a ted  as fo llow s: 
le t th e  pow er in p u t  to  th e  ju n c tio n  be Pd c =  V0 IQ a t  th e  ju n c tio n  o p e ra tin g  
p o in t. This pow er is d is tr ib u te d  am ong a n u m b e r of sim u ltan eo u sly  ex c ited  
c a v ity  m odes b ecau se  of th e  n o n lin ea r effects. I f  we m easu re  th e  m a g n itu d e  
o f  th e  n - th  m ode c u rren t s tep  to g e th e r  w ith  th e  vo ltage  Vn belonging to  i t ,  
th e n  th e  r. f. p o w er in  th e  n - th  m ode is s im p ly  given b y  I n Vn. As P a c lies 
in  th e  m ic ro w a tt ran g e  or low er, th e  ra d ia te d  pow er in  a single m ode is o n ly  
a fewr p icow atts .
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NEW DEVICE APPLICATION OF THE A. C. JOSEPHSON EFFECT 9

T hough  m a n y  ex perim en ts h a v e  been ca rried  o u t to  d e te c t th e  ju n c tio n  
ra d ia tio n  successfully  [11, 13, 14] y e t  the  in h e re n t low -noise p ro p e rtie s  of th e  
Jo sep h so n  ju n c tio n s  could n o t be  used  because o f  th e  ra th e r  p o o r signal-to- 
noise ra tio  caused  b y  th e  very  b a d  im pedance m ism a tch .

O u r aim  w as to  a tte m p t f in d in g  a new m e th o d  to  d e te c t th e  ju n c tio n  
ra d ia tio n  w ith o u t loosing ap p rec iab ly  the  low -noise p ro p ertie s  o f  th e  device.

3. Operational principle

T he new ap p ro a c h  in  d e te c tin g  th e  Jo sep h so n  ju n c tio n  ra d ia tio n  w as 
n o t to  g e t the  r.f. p ow er ou t o f th e  cav ity , b u t u s in g  th e  h igh ly  n o n linear p ro 
p e rtie s  o f th e  ju n c tio n s  to  c o n v e rt i t  in to  a m u c h  low er a n d  easy -to -hand le  
freq u en cy  in s tead , a n d  d e tec t th is  low  r. f. by  c o n v en tio n a l m eans.

W e have seen how  an e x te rn a l r.f. pow er c a n  m ake a freq u en cy  m odu la
tio n  o r m ix ing  in  th e  ju n c tio n . So i f  we in tro d u ce  an  ex te rn a l r .f . ra d ia tio n  of 
a n g u la r  frequency  to th e n  th e  ju n c tio n  c u rren t w ill con ta in  a series of beat 
frequencies Aco:

Аса — km0 ^  lm
an d

k ,l  =  1 ,2 ,3 ,____

T he g enera l exp ression  for th e  no rm alized  Jo sep h so n  c u rre n t in  th e  presence 
o f  tw o applied  r.f. v o ltag es  is [15]

h
2  2 A (4^

A'= —со /= — co \ na>1

2 et).
h ta,

к (m1 t -f- 0 J  -f-1 (ft)2 t -f- @2)] ■

[co0 t -j- tp0 - f

T he phases  в х an d  <9.2 are  re la ted  to  an  a rb itra ry  zero  tim e  andç>0is th e  in itia l 
q u a n tu m  m echan ica l phase d ifference  across th e  ju n c tio n . I f  th e  tw o r.f. 
frequencies are such  t h a t  u>1 >  to., a n d  co0 =  Am =  to1 — m,, th e n  th e  cu rren t 
s tep  am p litu d e  is g iv en  by

U c- {Aw) =  -  Л  (P i)  J ,  (P s) sin too -  (&1  -  0 2)] (1)
J1

an d  we h av e  for th e  b e a t  freq u en cy  c u rre n t

jAo K . Aw)- =  {MPA Л((Р2)+ Ji(Pi) • Л(Р2) -  2 Jo(Pi) J0(P2) M P A  M P 2) ■
j  1

■ cos 2 [cp0 — (6>! — @A]}112 ■ cos [(Wl -  ft)2) t +  (6>! — 0 2) — <pAu] (2)
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w here

a n d

2 etqp  — _ — p
hœ 1 ’ 2

2  er , 

hcon

Vau
_  t a n - 1 ! -  U P i ) M P?)

Jo(Pi)Jo(P*) + M P i ) M P 2)
c o t [Ç)0 (6>1 0 2) ] | .

A s can  be seen, th e  m ax im u m  d.c. c u rre n t on a g iven  step  in  th e  presence 
o f  tw o  r.f. pow ers is d e te rm in ed  b y  th e  p ro d u c t o f tw o  Bessel fu n c tio n s , and 
th e  b e a t frequency  in  (2) is eq u a l to  coi —a)2.

4. Noise considerations

I f  th e  ju n c tio n  is o p era ted  a t  a b ias vo ltage o f V0 an d  if  in  a d d itio n  there 
is  a m od u la tin g  noise vo ltag e  Vn(t) p resen t, th e  re su ltin g  su p e rc u rre n t will 
h a v e  th e  form

co0 t +  Vn(t>)dt' 
n Jo

w here
2e
h

« 0  =  —  К .

W e can  describe th e  noise v o ltag e  Vrms in  te rm s of th e  pow er sp e c tru m  of the

V ‘L,< — I Pv( a>) da>.

v o lta g e  flu c tu a tio n s

Jo

U sing  th e  re la tio n  betw een  th e  no rm alized  pow er spec tru m  of th e  em itted  
ra d ia tio n  P(co—co0) and  th e  no rm alized  pow er sp ec tru m  o f noise v o ltag e  flu c
tu a tio n s  [16] w hich  is given by

P(co — w0)
2 я

r*co
cos (со — ft)0) t • exp ÍIt

2 P° Pv (w) . n ,
1 ———— (cos cat — 1) dco dt

Jo A h \ Jo ft)2

T h e  linew id th  can  be ca lcu la ted  b y  d irec t in te g ra tio n . I f  th e  rm s linew id th  
2e/hV rms is large com pared  to  th e  b an d w id th  of th e  v o ltag e  f lu c tu a tio n s , th en  
th e  pow er sp ec tru m  of th e  ra d ia tio n  is G aussian w ith  a h a lf-w id th  o f  app rox i
m a te ly  2e/h Vrms.

W hen th e  rm s lin ew id th  is sm all com pared  to  th e  b a n d w id th  o f  th e  vol
ta g e  f lu c tu a tio n s , th e  pow er sp ec tru m  is L oren tz ian  h av in g  a full w id th  a t  the  
h a l f  m ax im um  po in ts  of

2 ^ (2  elh)W?ms
Av

В

w h ere  В  is th e  b a n d w id th  of th e  v o ltage  f lu c tu a tio n s .
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NEW DEVICE APPLICATION OF THE A. C. JOSEPHSON EFFECT 1 1

O ne source o f  th e  f in ite  lin ew id th  is th e  n o rm a l or q u asi-p artic le  c u rre n t 
noise a t  f in ite  te m p e ra tu re . T h e  pow er sp ec tru m  o f th is  k ind  o f noise is th e  
fo llow ing [17]

P v,(co) =  2eI{ Fq) co th
2 л

mD !

w here  ß  =  1 /K T  a n d  R D is th e  d y n am ic  resis tan ce  o f  th e  ju n c tio n  a t  th e  b ias 
v o ltag e  V0.

T he su p e rc u rre n t, w hich a c tu a lly  c o n s titu te s  th e  self-induced step , does 
n o t  c o n trib u te  to  th is  sh o t noise. I n  a ty p ic a l ex p erim en t ßeV 0j2 1 an d
c o th (ßeVg/2) ^  2 K T /e V 0.

I f  В  has a sh a rp  cu t-o ff freq u en cy , th e  rm s  noise  vo ltage w ill he

V 2 —'  rm s  —

2  W o )  K T
л У 0

R 2nB
2 K T R 2d B

n R ,

w here  R s is th e  s ta t ic  res is tan ce , V0I IN(V0) c a lc u la ted  using on ly  th e  no rm al 
c u rre n t I N- A nd b ecau se  2e Vrmsih < ' В  th e  p o w er spectrum  o f th e  ra d ia tio n  
w ill be L o ren tz ian , a n d  th e  lin ew id th  will be

Av =  4rrK (2e//i)2 T (R 2D'R S) .

T h e o th e r noise so u rce  is th e  Jo h n so n  noise o f  th e  dynam ic  resis tan ce  a t  th e  
b ias p o in t. The p ow er sp ec tru m  o f th e  Jo h n so n  noise is given b y

P v . H  =
2 K T R d

л
a n d  th e  rm s v o ltag e

т/o 2 K T R d
1  rms  —  В  •

Л

T h e re su lta n t pow er sp ec tru m  w ill be L o ren tz ian  again  and  th e  linew id th

Av =  4 jrK (2e/k)2T P D.

T he to ta l  lin ew id th  from  th e  tw o  noise sources w ill be

Av =  [aH D +  b(RblRs)] T , (3)

w here a =  b — 4лК(2е1к)2 ^  40 X 10® H z >KQ. g rad .
E x p e rim e n ta l v a lu es  of a a n d  b show v e ry  sm all linear te m p e ra tu re  d e 

pendence  expec ted  o f  Jo h n so n  noise , b u t th e  v a lu es  of th e  coeffic ien t b are  
w ith in  a fac to r  o f  tw o  o f th e  ca lcu la ted  value o v e r a very  w ide c u rre n t ran g e . 
L inew id ths in  p ra c tic e  can  be less th a n  1 kH z in  th e  10 GH z frequency  ran g e  
[18].
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12 S. DÉSI

Fig. 4. Noise power spectrum dependence of a superconducting tunnel junction 
on frequency and temperature

In  ad d itio n , th e  pow er sp e c tru m  P(a>) as a func tion  o f te m p e ra tu re  
q u a lita tiv e ly  b eh av es  as is show n in  F ig . 4.

T hus, i f  we decrease th e  te m p e ra tu re  of th e  ju n c tio n , i t  is possib le  to  
low er th e  noise p ow er betw een  tw o specified  frequency  lim its  u>1 an d  co2 defined 
b y  th e  b an d -p ass  f ilte r  ne tw o rk  in  th e  d em o d u la to r an d  am plifier sy stem . In  
th is  m an n er we hoped  to  have  a b o u t one h u n d red  c .p .s. noise lin e w id th  from  
th e  ju n c tio n  sh o t noise. This noise fig u re  w ould correspond  to  less th a n  10 eV 
noise linew id th  fo r  an  im p ed an ce-m atch ed  germ anium  rad ia tio n  d e te c to r .

5. Experimental

So fa r  i t  seem ed to  be v e ry  p ro m ising  to  m ake use of th is  h ig h  sp ec tra l 
p u r i ty  ra d ia tio n  source com bin ing  i t  w ith  th e  non lin ear p roperties a n d  freq u en 
cy  m o d u la tio n  cap ab ilitie s  of th e  Jo se p h so n  ju n c tio n s .

In  o rd er to  do th is , f ir s t  we p la n n e d  to  o pera te  th e  Josephson  ju n c tio n  as 
a n  e x te rn a lly  freq u en cy  m o d u la te d  osc illa to r an d  m ixer a t  th e  sam e  tim e. 
T h e  m ix ing  freq u en cy  in  th is  p a r t  o f  th e  ex perim en ts has been p ro d u c e d  b y  
a h igh s ta b ili ty  FM  signal gen era to r.

W e in te n d e d  to  d e te c t th e  b e a t  freq u en cy  in  th e  usual m a n n e r , and  
reg a rd in g  th e  h ig h  conversion  fa c to r  483,6 K H z/nV , i t  seem ed to  b e  possible 
to  m easure  v e ry  sm all c u rre n t or v o ltag e  pulses a t  a h igh  signal-to -noise  ra tio .

L a te r  w e a im ed  to  use tw o coup led  Jo sep h so n  ju n c tio n s  u s in g  one of 
th em  as m o d u la te d  oscillator. I f  th e ir  a .c . frequencies differ s lig h tly  th e  b ea t 
freq u en cy  sh o u ld  a p p e a r across th e m  as a consequence of th e  m ix in g  action .

A t th e  v e ry  beg inn ing  o f  o u r e x p e rim e n ta l w ork  we h ad  to  d eve lop  th e  
m a n u fa c tu rin g  tech n iq u es  of re liab ly  good single Josep h so n  ju n c tio n s .
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sapphire
substrate

junction
area

contact
areas

Fig. 5. Layout of the single junctions. The dimensions used during the experiment were:
L =  1 mm; w =  0,25 mm

T he la y o u t o f  th e se  devices is show n in  F ig . 5.
T he su p erco n d u c tin g  m a te ria l, t in  or lead  h as  been e v a p o ra te d  succes

s iv e ly  on a 1 X  1”  sap p h ire  su b s tra te  o f  1/16”  th ick n ess .
B etw een  th e  tw o  ev ap o ra tio n s we used K o d a k  K P R  p h o to re s is t so lu tion  

to  m ak e  th e  b a rr ie r  be tw een  th e  tw o  su p erco n d u cto rs , d ipping a few  drops 
o f  K P R  so lu tion  on th e  surface o f  th e  spinning su b s tra te  a fte r th e  f irs t  ev a 
p o ra tio n . A d ju s tin g  th e  r.p .m . v a lu e  of th e  sp in n e r we could con tro l th e  
th ick n ess  o f K P R  on  th e  surface. I llu m in a ted  w ith  u ltrav io le t lig h t th e  K P R  
po lym erizes.

F o r te s tin g  we p u t  th e  ju n c tio n s  in to  a do u b le  stain less stee l c ryo 
s t a t  w hich could  be p u m p ed  dow n. T h e  schem atic  d iag ram  of th e  c ry o s ta t is 
show n in  F ig . 6 .

vacuumtight mu/tiwire conn.
liquid helium to vacuum pump

Fig. 6. Schematics of the testing cryostat
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A ro u n d  th e  ta i l  p a r t  of th e  c ry o s ta t -was p laced  a solenoid capab le  to  
produce  th e  n ecessary  m agnetic  fie ld  u p  to  100 gauss. A shield ag a in st th e  
e a r th ’s m ag n e tic  fie ld  su rrounded  th e  low er p a r t  o f  th e  c ry o sta t.

T he te s tin g  o f th e  ju n c tio n s cou ld  be carried  o u t e ither b y  m a n u a l se tting  
of th e  v o ltag e  a n d  c u rren t or, b y  u sin g  a sw eep gen era to r an d  cu rv e  tra c e r  
we could ta k e  p h o to g rap h s of th e  I  V  ch a rac te ris tic s  of th e  ju n c tio n  tested . 
T he sw eep period  la s ted  less th a n  a m in u te .

In  F ig . 7 severa l ju n c tio n  I  V  ch a rac te ris tic s  are show n as a func tion  
of m ag n e tic  fie ld .

As can  be seen, i t  was possib le  to  p ro d u ce  ju n c tio n s w ith  d ifferen tia l 
resistance  on  th e  c u rre n t step  of less th a n  0,2 m illiohm . The ju n c tio n s  could be 
recycled  severa l tim es  betw een  th e  liq u id  He a n d  room  te m p e ra tu re  if  th e y  
h ad  been  w arm ed  u p  u n d er w arm  H e  gas.

Fig. 7. Typical current-voltage characteristics of the single junctions at different external 
magnetic field H0. Horizontal sens. =  10 microvolts/div., vertical sens. =  10 rriA'div.,

T =  0,86 ° К
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NEW DEVICE APPLICATION OF THE A. C. JOSEPHSON EFFECT 15

6. Results

A fter h av in g  e lab o ra ted  th e  m a n u fac tu rin g  and  te s tin g  tech n o lo g y  we 
b eg an  to  check  th e  opera tional p rinc ip le  using these  ju n c tio n s . T h e  c ircu it 
d iag ram  o f th e  a rran g em en t is show n in  F ig . 8 .

The ju n c tio n  was p a r t  of a re so n a n t r.f. c ircu it tu n e d  to  a b o u t 100 
m egacycles. T he c ircu it once w as coupled  to  a sensitive com m ercia l F.M . 
receiver, an d  on th e  o th e r h a n d  a precision  signal g en era to r w as coup led  to  i t .  
T h e  im pedance  m atch in g  to  th e  rece iver an d  g en era to r to g e th e r  w ith  th e  c ir
c u it  losses p ro d u ced  a loaded  c ircu it @-value of a b o u t 30. T h e  o u tp u t  of th e  
F .M . receiver w as ta k e n  ou t d ire c tly  from  th e  ra tio  d e tec to r ty p e  d em o d u la to r 
a n d  fed in to  a pulse shap ing  am p lifie r w hose in teg ra tin g  an d  d iffe ren tia tin g  
tim e  co n s ta n ts  could be v a ried  b e tw een  0,1 and  10 /tsec in d e p e n d e n tly . A t 
th e  o u tp u t o f th e  am plifier th e  noise v a lu e  was m easured  b y  m ean s o f a rm s 
noise  m e te r  a n d  we could observe th e  signal am p litu d e  d is tr ib u tio n  d irec tly  
o n  a precision  oscilloscope or to  an a ly ze  i t  using a m u ltich an n e l an a ly zer.

The ju n c tio n  vo ltage  could  be  pu lse  m o d u la ted  in  series w ith  th e  d.c. 
pow er supp ly . The m o d u la tin g  pulses w ere ta k e n  from  a h igh  s ta b ili ty  pulse 
g en era to r. T h e  receiv ing system  noise a t  4 °K  te m p e ra tu re  (w ith o u t o p e ra tin g  
th e  ju n c tio n ) has been checked b y  tu n in g  th e  F . M. signal g en e ra to r, th e  reso 
n a n t  c ircu it an d  th e  F.M . receiver to  th e  sam e frequency  (a b o u t 100 M H z).

Fig. 8. Electric circuit diagram of the experimental arrangement for single junctions.
C =  15 pF; L — 5 turns, 0,5" dia. r. f. coil; RFC 1 and RFC 2: superconducting r. f. chokes.
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W ith  10 (jlV  o u tp u t  r.f . v o ltag e  from  th e  signal g e n e ra to r  — w hich in  th is  case 
was F . M. m o d u la te d  from  an e x te rn a l pulse g en e ra to r  b y  pulses o f 5/isec 
exponen tia l decay  — th e  freq u en cy  dev ia tio n  d u rin g  th e  m od u la tio n  period  
was set to  100 K H z. U sing these  figures, th e  o u tp u t  pulse am p litu d e  was 
2.9 У and  G aussian  in  shape . (The M odel 450 am p lifie r has G aussian  f ilte r  
ne tw ork  to  give b e tte r  noise figures.) T he d em o d u la ted  pulse am p litu d e  d is
persion (FW H M ) m easu red  on th e  m u ltich an n e l an a ly ze r was 0 .1% . W ith o u t 
m odu la tion , th e  overa ll sy stem  noise a t  th e  o u tp u t  w as 1.25 m V  rm s. T he 
shaping  am p lifie r tim e  c o n s ta n ts  w ere se t to  3 jusec.

F in a lly  w e sw itched  to  o p era te  th e  ju n c tio n  a n d  se t i t  to  th e  m idd le  of 
th e  self-induced c u rre n t s tep  h av in g  th e  m ax im u m  am p litu d e . A t ab o u t 1,6 
Gauss m ag n e tic  fie ld  th is  w as th e  second step .

T he d im ensions o f  th e  ju n c tio n s  we used  in  th is  ex p erim en t w ere: L  =  
=  1 m m , w =  0,25 m m  an d  th e  ju n c tio n  vo ltage  a t  th e  second s tep  was a b o u t 
44 m icrovolts. T he ju n c tio n  c u rre n t v aried  from  u n it  to  u n it be tw een  3 an d  
30 mA.

M odula ting  now  th e  ju n c tio n  vo ltage  from  th e  pulse g en era to r w ith  
pulses o f 5 fisec ex p o n en tia l decay  c o n s tan t we h a v e  fo u n d  th e  b e a t frequency , 
th a t  is th e  d em o d u la ted  o u tp u t pulse a t  a p a r tic u la r  se ttin g  o f  th e  signal 
genera to r. I n  th is  case th e  ju n c tio n  o p era ted  as o sc illa to r, freq u en cy  m o d u la 
to r  and  h arm on ic  m ixer.

W e se t th e  pu lse  g en e ra to r o u tp u t v o ltage  in  such  a m an n e r th a t  th e  
resu lting  freq u en cy  m o d u la tio n  a t  th e  ju n c tio n  w as again  100 K H z  (i.e. p ro 
ducing th e  sam e o u tp u t  pulse am p litu d e  of 2.9 V), a n d  m easu red  th e  d e m o d u la t
ed o u tp u t pulse a m p litu d e  d is trib u tio n . T he reso lu tio n  was depend ing  on 
th e  o u tp u t a m p litu d e  o f  th e  signal g en era to r a n d  h a d  a re la tiv e ly  b ro ad  
op tim um  aro u n d  1000 m icrovo lts  b u t  th e  coupling  to  th e  re so n an t r.f. c ircu it 
w as ra th e r  w eak  in  o rd e r n o t to  d estro y  th e  Q v a lu e  o f th e  c ircu it. A t th e  o p ti
m um  se ttin g  an d  a t  T  — 0,86 °K  th e  reso lu tion  w as found  to  be a b o u t 6 % ,
i.e. 2,55 K H z rm s noise lin ew id th . This can  be eq u iv a le n t to  less th a n  500 eV 
FW H M  noise fo r a low  c a p ac ity  germ anium  nu c lea r ra d ia tio n  d e tec to r, p ro v id 
ing su ffic ien t im p ed an ce  m a tch in g  betw een  th e  d e te c to r  an d  th e  ju n c tio n .

This va lu e  is m ore  th a n  an  o rd er of m a g n itu d e  h igher th a n  i t  could be 
expected  accord ing  to  (3).

T he reasons fo r th is  d isc repancy  could be  m a in ly  due to  th e  in su ffic ien t 
spectra l p u r ity  o f th e  signal g en era to r o u tp u t r.f . v o ltag e  as well as to  th e  
ineffective h igh  h a rm o n ic  o rd er m ix ing , fu rth e rm o re  to  ex te rn a l noise sources 
in  th e  m o d u la tio n  process.

W e w a n te d  to  be  su re  th a t  th e  r.f. signal we d e te c te d  was rea lly  th e  b e a t 
frequency , so we in v es tig a ted  th e  dependence o f  th e  o u tp u t signal on th e  
m agnetic  fie ld , ju n c tio n  vo ltag e  an d  te m p e ra tu re . T he m agnetic  fie ld  d ep en d 
ence w as v e ry  sh a rp ; a few te n th s  of a gauss ch an g e  in  th e  fie ld  s tre n g th
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changed  th e  o u tp u t sig n a l d rastica lly  an d  so d id  th e  changes in  th e  ju n c tio n  
voltage. A bove th e  c ritic a l te m p e ra tu re  we could  n o t f in d  an y  o u tp u t  signal.

T hese  resu lts  led u s  to  th e  conclusion th a t  we rea lly  d e tec ted  th e  m o d u la t
ed b e a t freq u en cy  as a re su lt o f th e  h a rm o n ic  m ix ing  ac tio n  of th e  Jo sep h so n  
ju n c tio n  betw een  its  ow n m icrow ave ra d ia tio n  an d  th e  e x te rn a l r.f. pow er source.

A lth o u g h  th e  m easu red  noise figu res could  be com parab le  w ith  th o se  of 
co n v en tio n a l F E T  devices we did  n o t in v e s tig a te  th is  ex p erim en ta l a rra n g e 
m en t fu r th e r , b u t t r ie d  to  co n stru c t a double an d  coupled ju n c tio n  ensem ble  
in stead . I n  th is  case one  o f th e  ju n c tio n s  w as in te n d e d  to  be used  as o sc illa to r 
and  th e  o th e r  as m o d u la to r  and  m ixer. W e w a n te d  to  realize th e  coup ling  b y  a 
‘'h a lf  s tr ip  line” fo rm ed  b y  a n a rro w  gap b e tw een  th e  ju n c tio n s  as can  be 
seen in  F ig . 9 w hich show s th e  la y o u t o f th e  device.

Fig. 9. Layout of the double junctions. The dimensions were the following: 2L — 1,6 mm;
w =  0,25 mm; d =  10 microns

Fig. 10. Electronic circuit diagram of the experimental double junction arrangement. J t, J 2: 
superconducting tunnel junctions; RFC 1 and RFC 2: superconducting r.f. chokes;

C =  15 pF; L — 5 turns, 0,5* dia. r. f. coil
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The e lec tro n ic  c ircu it d iag ram  is show n in  Fig. 10. T he tw o  ju n c tio n  
len g th s  w ere id e n tic a l w ith in  1,5 m icron  to le ran ce . T he Q o f th e  ju n c tio n s  allow 
ed  a d e tun ing  b y  several h u n d re d s  of m egacycles; chang ing  th e  v o ltag e  across 
th e m , the  ju n c t io n  rem ain ed  s till on th e  sam e s tep . T his w as m ore  th a n  enough 
fo r  resu lting  a b o u t 100 M H z b e a t  frequency . T h e  ju n c tio n s  w ere o p e ra ted  by 
th e  same p o w er source.

A fter h a v in g  p rep ared  th e  double ju n c tio n s  we checked th em  co m p arin g  
th e ir  I ~ V  ch a ra c te ris tic s  a n d  i t  was found  th e y  w ere id en tica l w ith in  zh50%  
regard ing  th e i r  zero v o ltag e  cu rren t.

B u t w e cou ld  no t f in d  th e  b ea t freq u en cy  th o u g h  th e  o p e ra tin g  p o in t 
o f  th e  ju n c tio n s  la id  on th e  sam e step , a n d  each  step  “ w id th ”  w as a b o u t one 
m icrovolt.

We co id d  n o t fin d  a n y  in fluence  o f  one ju n c tio n  on th e  o th e r’s I — V 
ch a rac te ris tic s  e ith e r  while we changed  th e  v o ltag e  an d  c u rre n t across th em  
a lthough  i t  sh o u ld  have b een  expec ted  acco rd ing  to  (1). The only reason  fo r  
th is  b eh av io u r could  be t h a t  th e  sep a ra tio n  betw een  th e  ju n c tio n s  w as to o  
w ide resu ltin g  in  in su ffic ien t coupling fo r th e  m icrow ave rad ia tio n s . T h e  
sam e resu lts  h a v e  been o b ta in e d  w hen th e  ju n c tio n s  w ere o p e ra ted  a t  d iffer
e n t  steps.

To g e t s tro n g e r coup ling  a m ore so p h is tic a ted  ju n c tio n  la y o u t should 
be  realized, e .g . an  a rra n g e m en t sim ilar to  th a t  used  b y  Giaever  [19] 
consisting  o f  p a r tia lly  o v erlap p in g  ju n c tio n s  an d  possib ly  h av in g  a d ju s ta b le  
coupling coeffic ien t.

I t  is o u r  opinion th a t  th e  su p erco n d u c tin g  devices described  ab o v e  
deserve fu r th e r  in v es tig a tio n  because o f th e  p rom ising  n a tu re  o f  th e  J o -  
sephson ju n c tio n s  and  th e  encourag ing  p re lim in a ry  resu lts  o b ta in ed .

REFERENCES

1. B. D. J o s e p h s o n , Phys. Lett., 1, 251, 1962.
2. V. Am b eg a o k a b  and A. B a r a t o f f , Phys. Rev. Letts., 10, 486, 1963; “Erratum”, Phys.

Rev. Letts., 11, 104, 1963.
3. R. A. F e r r e l l  and R. E. P r a n g e , Phys. Rev. Letts., 10, 479, 1963.
4. R. C. J a k l e v ic , J. L a m be , J. E. M e r c e r ea u  and A. H. S il v e r . Phys. Rev.. 140 A, 1628.

1965.
5. S. Sh a p ir o , Phys. Rev. Letts., 11, 80, 1963.
6 . W. H. P a r k e r , B. N. T a y l o r  and D. N. L a n g e n b e r g , Phys. Rev. Letts., 18, 287, 1967.
7. R. E. E c k , D. J. S calapino  and B. N. T a y l o r , Phys. Rev. Letts., 13, 15, 1964.
8 . R. E. E c k , D. J. S calapino  and B. N. T a y l o r , Proc. 9th Internat’l Conf. on Low Tem

perature Physics, J. G. Daunt, Ed. New York, Plenum Press. 1965.
9. D. N. L a n g e n b e r g , D. J. S c a la pin o , B. N. T a y l o r  and R. E. E ck , Phys. Rev. Letts.,

15, 294, 1965.
10. B. N. T a y l o r , J. Appl. Phys., 39, 2490, 1968.
11. R. A. R a m p e r , L. O. Mu l l e n  and D. B. Su l l iv a n , NASA CR-1565 Report, 1970.
12. S. R amo and J. R. W h in n e r y , Fields and Waves in Modern Radio, John Whiley and

Sons Inc., New York, 1945.
13. W. H. H ig a , Proceedings of the Conference on Electron Devices, Montreal, 1967.

A cta P h y tica  Acaderr.iae Sc ieu tia ru m  H urigaricae 4 2 , 1977



NEW DEVICE APPLICATION OF THE A. C. JOSEPHSCN EFFECT 19

14. G. K. Ga u l é , R. L. R oss, and R. S c h w id ta l , Proceedings of the Conference on the
Physics of Superconducting Devices, Charlottesville, Va., 1967.

15. C. C. G r im e s  and S. Sh a p ir o , Phys. Rev., 169, 397, 1968.
16. J. L. S t e w a r t , Proc. IRE, October 1954.
17. D . J .  S ca la pin o , Proceedings of the Conference on the Physics of Superconducting De

vices, Charlottesville, Va., 1967.
18. W . H. P a r k e r , Prooeedings of the Conference on Fluctuations in  Superconductors,

Menlo Park, Cal., 1965.
19. I. G ia e v e r , Phys. Rev. Letts., 14, 904, 1965.

2 * A cta  P hysica  A ca d em ia e  S c ien tiarum  H u n g a rica e  42 , 1977





Acta Physica Academiae Scientiarum Hungaricae, Tomus 42 (1 ), pp. 21—28 (1977)

MHD INSTABILITY OF ROTATING SUPERPOSED 
FLUIDS THROUGH POROUS MEDIUM

By

R . C. Sharma

D E P A R T M E N T  O F  M A T H E M A T IC S , H IM A C H A L  P R A D E S H  U N IV E R S IT Y , S IM L A -5 , IN D IA

(Received 29. XI. 1976)

The present paper is am investigation to study the effect of magnetic field and rotation 
on the stability of two superposed fluids through porous medium. For the case of no magnetic 
field, the simultaneous presence of rotation and permeability makes the system unstable. 
For non-rotating configuration, the magnetic field is found to have stabilizing effect on the 
system under consideration. The combined effect of rotation and magnetic field on the stabi
lity of superposed fluids through porous medium is also discussed.

1. Introduction

A  d e ta iled  acco u n t o f th e  s ta b il i ty  of superposed  flu id s in  th e  presence 
o f ro ta tio n  or m ag n etic  field th ro u g h  non-porous m ed iu m  has been  given b y  
Chandrasek h ar  [1]. W hen a f lu id  p erm eates a po ro u s m a te ria l, th e  ac tu a l 
p a th  o f  an  in d iv id u a l p artic le  o f  f lu id  canno t be follow ed a n a ly tica lly . T he 
gross effec t, as th e  f lu id  slowly p e rco la tes  th ro u g h  th e  pores o f  th e  rock , is 
re p re se n te d  b y  a m acroscopic law . T h is  is th e  usual D a rc y ’s law . A s a  re su lt of 
th is , th e  u su a l v iscous te rm  in  th e  equ a tio n s of f lu id  m o tio n  is rep laced  b y  
th e  re s is tan ce  te rm  (lu/Æ1) q, w here и is th e  v iscosity  o f  th e  flu id , k l th e  p e rm eab i
l i ty  o f th e  m ed ium  an d  q th e  v e lo c ity  o f th e  flu id , ca lcu la ted  from  D arcy ’s 
law . Lapw ood  [2] has in v es tig a ted  th e  s ta b ility  o f convective  flow  in  h y d ro 
dy n am ics in  a porous m edium  u s in g  R ayleigh’s p rocedure . T h e  R ay le igh  
in s ta b ili ty  o f  a th e rm a l b o u n d a ry  la y e r  in  flow  th ro u g h  a porous m ed iu m  has 
been  considered  b y  W ooding [3].

T h e  effect of m ag n etic  field  a n d  ro ta tio n  in  a po rous m ed ium  m ay  f i nd  
ap p lica tio n s in  geophysics. I t  is th e re fo re  th e  m o tiv a tio n  o f th is  s tu d y  to  e x a 
m ine th e  effect o f ro ta tio n , m ag n e tic  fie ld  and  p e rm e a b ility  on th e  s ta b ili ty  
o f  superp o sed  flu id s  th ro u g h  po rous m ed ium . 2

2. Perturbation equations

C onsider an  incom pressib le  a n d  in fin ite ly  co n d u c tin g  flu id  o f  variab le  
d en sity  w h ich  is a rran g ed  in  h o riz o n ta l s t r a ta  in  porous m ed ium . T h e  p ressu re  
p  and  th e  d en sity  q a re  there fo re  fu n c tio n s  of th e  v e r tic a l co o rd in a te  z only.
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C onsider axis O xyz such  th a t  Oz is vertica l. L e t th e  system  be in  a s ta te  of 
un ifo rm  ro ta tio n  ß  (0 , 0 , Q) a b o u t th e  z-axis an d  a c te d  on b y  a m ag n etic  field  
H (H , 0, 0) an d  g ra v ity  force g(0, 0, — g).

L et ÔQ, Ôp, q  (u , v , w) a n d  h  (hx,h y,h z) d en o te  re sp ec tiv e ly  th e  p e r tu rb a 
tio n s  in  d en sity  Q, p ressure p ,  v e lo c ity  an d  m ag n e tic  fie ld  H . T h e n  th e  lineariz
ed  p e r tu rb a tio n  eq u a tio n s  o f m o tio n  and  c o n tin u ity  are

e ^ - = - p á p + g á e + 2 e ( q x f i ) + ^ ( ( 7 X h ) x H - f  q .  (1)
9 1 4тг

a n d
( 7 - 4  =  0 .  (2)

Since th e  d en sity  o f every  p a r tic le  rem ains u n ch an g ed  as we follow  i t  w ith  its  
m otion ,

—- < * e  +  ( q - ( 7 ) 6 = 0 .  (3)
91

T h e  M axwell’s eq u a tio n s  give

Oh

0 *
=  ( H  - ( 7 ) q .

a n d
p  • h =  0.

A ssum ing p e r tu rb a tio n s  of th e  form

(som e fu n c tio n  o f z) exp  {ikx x-\-ikyy-\~nt).

(4)

(5)

( 6)

w here kx, ky a re  h o rizo n ta l w ave-num bers o f th e  harm o n ic  d istu rbance , 
k( =  ][k%-\-k2y) is th e  re su lta n t w ave n u m b er an d  n  is, in  genera l, a com plex 
c o n s tan t.

E qs. (1 )—(5) w ith  th e  help  o f  expression (6) give

e l " +  M
и =  — ikx dp  -f- 2 qQ v ,

q I n -j— J v =  — iky ôp 2qQ u -f-
fie H

4?r
(ikx hy iky hx) ,

q n -)------- tv =  Dôp -\— — ( D q ) w
l * i ; n

ikx и - f  iky v - f  Div =  0 ,

4 л
(Dhx — ikxhz)

(7)

( 8 )

(9)

( 1 0 )

A cta  P hysica  A ca d em ia e  S c ie n tiarum  H u n g a rica e  4 2 , 1977



HÔQ =  IV D q , (11)

nhx — ikx H u  , (12)

nhy =  ikx Hv , (13)

nhz =  ikx Hw  , I (14)

ikx hx -f- iky hy +  D hz =  0 , (15)

„ dw here D = -----.
dz

/I an d  V d en o te  th e  m ag n e tic  p e rm e a b ility  a n d  th e  k inem atic  v isco sity , re 
spec tiv e ly . E lim in a tin g  óp be tw een  E qs. (7)— (9) an d  using E q s. (10) —(15), 
we o b ta in

[il —]— — [D (oDtv) — k2oiv] +
1 ' ' »  ( и ,

» H 2 k2
+  2 QD  (eC) +  —  —  (Ö 2 -  k2) w =  0 ,

4jm
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w here £ =  ikx v iky и denotes th e  г-co m p o n en t o f v o rtic ity . M ultip ly ing  
E q s . (7) an d  (8) b y  — iky and ikx re sp ec tiv e ly  a n d  adding, w e h av e

c  =
2QDw

H e W k 2

4jr gn

E lim in a tin g  f  b e tw een  E qs. (16) a n d  (17), we g e t

(17)

[D ( qDw ) -  k2ou] +  (D q) w +  (Д 2
n 4 nn

+  4 Q2D
oDw

p e H 2 k2
4 лдп

=  0 .

k2)w  -f-
(18)

3. Two rotating superposed uniform flu ids in  the presence 
of m agnetic field separated by a horizontal boundary z = 0

C onsider th e  case o f tw o u n ifo rm  flu ids o f  densities oi (low er flu id ) an d  
(u p p er flu id ) se p a ra te d  by  a h o rizo n ta l b o u n d a ry  a t  z =  0. In  each  of th e  

tw o  reg ions of c o n s ta n t density , E q . (18) reduces to

(D 2 — X2) tv =  0, (19)
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w here

y  —

1 + 4Í22

n -(- ■ k2V 2\2
k,

( 2 0 )

A s tv m u s t v a n ish  b o th  w hen z —>- — oo (in th e  low er fluid) a n d  z  —> +  00 
(in  th e  u p p er f lu id ), we can w rite

Щ =  А г ехг (z <  0), (21)

w2 =  Â 2e -* * (z> 0 ),  (22)

as th e  so lu tions a p p ro p ria te  fo r th e  tw o  reg ions. T o  ensure th e  c o n tin u ity  of 
tv across th e  in te rfa c e  a t  z =  0, we m u s t have

A x — An =  A  (say).

A p a r t  from  th e  co n d itio n  of c o n tin u ity  o f tv a t  z — 0, a condition follow s from  
E q . (18). B y in te g ra tin g  i t  across th e  in te rface , w e o b ta in

A0 (qD iv) /ле Н 2к2 4 Q2
, A 0 (D u) H---------------- ,Tl- X

4jrn n + П +
K

X A0
qD w 

k 'i I 2

К

к2

n \n  -f-
kl .

[ g ( i ?2 -  Q l)]w 0 ’
(23)

tvhere A0 (f  ) den o tes  a ju m p  w hich a q u a n ti ty  f  experiences a t  th e  in te rface  
z — 0, an d  iv0 is th e  com m on v a lu e  o f  tv a t z =  0. V 2 (=  цеН 214лд) denotes 
th e  sq u are  of A lfvén  velocity .

3 .a . The case o f no magnetic fie ld  (H  =  0)

F o r th e  case o f  no  m agnetic  f ie ld , E q . (19) reduces to

(D 2 — jq) w =  0  ,
w here

к

(24)

(25)
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T h e so lu tions a p p ro p r ia te  for th e  tw o  regions can  be w ritte n  as

w1 =  Ae*'z (2 <  0 ) ,  (26)

w2 =  A e~ x'z (2 >■ 0 ) .  (27)

T h e  co n d itio n  (23), in  th e  lim it o f v an ish in g  m ag n e tic  fie ld , reduces to

A0 ( qD w) +
4Í22

" + + l

4 > (oDw)
к 2

n l"+ir)
[g( 02 — eO lw ’o- (28)

A p p ly in g  th e  co n d itio n  (28) to  th e  so lu tions (26) a n d  (27), we ge t

4 ß 2 g k (g  2 — Pi)n +
K

1 +
n +

К

£?2+É?l
(29)

w hich  on sim p lifica tio n  gives

2 v  ,  f V

К  i К +
l P2 +  Pi

=  0 . (30)

I t  follow s from  E q . (30) th a t  th e  c o n s ta n t te rm  in  E q . (30) is neg a tiv e  (w hether 
Qz Pi or Qz Pi) a n d  so th e re  is one change o f  sign  in  th e  q u a rtic  eq u a tio n  
in  n. H ence th e re  ex is ts  one po sitiv e  ro o t of n , m ean in g  th e re b y  in s ta b ility  
o f  th e  system . W e conclude  th e re fo re  th a t  th e  s im u ltan eo u s p resence  of ro 
ta t io n  an d  p e rm e a b ility  on th e  s ta b il i ty  of superposed  ro ta tin g  flu id s  th ro u g h  
po ro u s m ed ium  m ak es  th e  system  u n stab le .

3 .b . The case o f no rotation (£2 =  0)

F o r  n o n -ro ta tin g  co n fig u ra tio n , E q . (18) red u ces  to

[ ß  ( qD u;) — k2 gw]  + 1 ± H23 _  ( ß 2 щ  w = = -------
V

«H------- n n H-------
Al J At]

(D q)w . (31)

F o r  kx =  0, i. e. fo r  d is tu rb an ces  w h ich  are in d e p e n d e n t of th e  coord inates 
a long  th e  d irec tio n  o f  H , th e  p resence  o f m agnetic  f ie ld  does n o t in  an y  w ay 
a ffec t th e  d ev e lo p m en t o f R ay le ig h —T ay lo r in s ta b ili ty . T hus fo r kx =  0, th e re  
is id e n ti ty  b e tw een  th e  h y d ro d y n am ic  and  th e  h y d ro m ag n e tic  p rob lem s. F o r 
kx 0, we ex am in e  th e  effect of m ag n e tic  field on  th e  R ay le ig h —T a y lo r in s ta 
b ility .
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The condition (23), for the case o f  no rotation , reduces to

A0{qD w ) + N H 2 k2

4 ли
К

n n +  —
(Qî Qi ) Щ- (32)

T h e  so lu tions a p p ro p ria te  for th e  tw o  regions can  be  w ritten  as

iv1 =  A  ekz (z <  0 ) , 

w2 — A  e~ kz (z >  0 ) .

A p p ly in g  th e  co n d itio n  (32) to  th e  so lu tio n s (33) an d  (34), we get

0 2  0 1  P e Jn2 -)------- n — gk
К

, H 2kx

. 0 2 + 0 1  2яg k (ei +  q2)
0 .

E q . (35) y ields

2  ky ± - F
V

2 ki

2 ! 4gfc

0 1 + 02
(02 - 0l)

Pe H 2 h 2

2 яgk

(33)

(34)

(35)

(36)

(i) Stable case (q2 <  qJ .  I t  fo llow s from  E q . (36) th a t  if

4gk

0 1 + 0 2
(02 -  0l)

Pe H 2k2
2 jigk

(37)

th e  tw o  values o f n are  com plex co n ju g a tes  w ith  negative  re a l p a rts . This 
m ean s th a t  th e  sy s tem  is stab le .

I f 4gfc

01 + 02
0l)

Р еН 2к Г

2 яgk
(38)

th e  tw o values o f  n are  real an d  n eg a tiv e , m ean in g  th e re b y  s ta b il i ty  of th e  
sy stem .

T h u s th e  s ta b le  case rem a in s  s tab le  even  in  th e  p resence o f  m agnetic  
f ie ld  an d  p e rm e a b ility  on th e  sy s te m  u n d e r considera tion .

(ii) Unstable case (jq >  q2). I t  follow s from  E q . (36) th a t  if

02  01 >
p e H 2k%

2ngk
(39)

one o f th e  va lu es  o f n is po sitiv e  defin ite , w h ich  im plies in s ta b il i ty  of th e  
sy stem .
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I f

62 -  6l
fie H 2 /с;

2xgk
(40)

b o th  th e  values of n  are  rea l and  n eg a tiv e  or com plex  co n ju g a tes  w ith  nega tive  
re a l  p a r ts . This m ean s th a t  th e  sy stem  is s tab le .

T herefo re  fo r th e  u n stab le  case (o2 >  gj), th e  sy stem  is s tab le  o r u n s tab le  
acco rd in g  as p2 is less th a n  or g re a te r  th a n  peH 2kxl2ngk. T h e  m ag n etic  
f ie ld  th u s  has go t stab iliz in g  effect an d  com ple te ly  stab ilizes th e  w av e-n u m b er 
b a n d

к >  jg g _ (  g2 -  6l) sec2ß_ (41)

w here  d is th e  in c lin a tio n  of th e  w av e -v ec to r (kx, ky) to  th e  d ire c tio n  of H .
In  th e  absence o f m agnetic  fie ld , th e  system  is u n s tab le  fo r >  p2, 

as  one o f  th e  values o f n g iven b y  E q . (36) is p o sitive . B u t th e  p resence  of 
m ag n e tic  fie ld  has go t stab iliz ing  effect an d  com ple te ly  stab ilizes th e  w ave- 
n u m b e rs  к  >  fc* w here  fc* is g iv e n  b y

2ng{q2 — gx) sec2Q

/ ь # ?
(42)

3.C. Simultaneous presence o f rotation and magnetic fie ld

H ere  we assum e th a t  tw o flu id s c a rry  d iffe ren t un ifo rm  fields so th a t  th ey  
a re  ch a rac te rised  b y  th e  sam e A lfvén  velocities V(i. e. =  H IIq2). T hen
th e  e q u a tio n  is r a th e r  sim pler to  in te rp re t.

A pp ly ing  th e  cond ition  (23) to  th e  so lu tions (21) an d  (22), w e get

n |/ i - |------ +  * $ v * +
4 Q2 n2

n +
M

+  k2 V 2

=  g k z
4 Q2n2

п + т ) + k * V2
w here

62 ~~ gi 

0 2 + 0 1

E q . (43), on sim p lifica tio n , gives

(43)
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4v
n*4-------n 7 +  2

fci
A  +  2 Í — Г ne+  2 B  +  2 Í — AL ( ) L l

+
4 V

H 2 +  B  +  (2fe} F 4 -  g2/с2«2) 
ki

n4 + 2

re5 -f-

A B + \ - j - \  X

X  {2fc4 F 4 — g 2 k2 a 2} n 3 + 4 k î  F 4
V

+  A(2k*x F 4 — g2 к2 ж2) X  (44)

X  n2 +  2 k 2 V 2 \-----
U i J

w h e re
\ 2

[2 kl  F 4 - g2 fc2 *2] n +  k l  F 4 [fc4 F 4 g2 fc2a 2] =  0 ,

+  2 fc2 F 2 - F  4 f í2 and  B  =  2 k 2 V2 — ) . (45)

(46)

I t  follows from  E q . (44) th a t  i f

g2 к2 а 2 >  kl  F 4 ,

th e re  is a t least o n e  change o f  s ign  in  th e  e ig h th  degree eq u a tio n  in  n. H ence 
th e re  exists one p o s itiv e  ro o t o f n  w hich m ean s t h a t  th e  sy stem  is  u n s tab le .

I f
g2 k2 a? <  k l  F 4, (47)

th e r e  is no change o f  sign in  E q . (44). This m ean s t h a t  E q . (44) does n o t allow  
a n y  positive ro o t, im ply ing  th e re b y  s ta b ility  o f  th e  sy stem . T h e  m ag n etic  
f ie ld  th u s  has g o t stab iliz ing  e ffec t an d  co m ple te ly  stab ilizes th e  w av e -n u m b r 
b a n d

2 2
k2 >  £ A L  sec4 в , (48)'

6 b e in g  th e  angle b e tw een  th e  w av e-v ec to r (kx, fcv) and  th e  d irec tio n  o f H .
In  th e  ab sen ce  of ro ta tio n  a n d  m agnetic  f ie ld , th e  sy stem  is s tab le  fo r  

(?2 61 and u n s ta b le  fo r q2 as can  be checked  b y  E q . (36) a fte r  p u t t in g
H  =  0 in  it. B u t in  th e  presence o f  ro ta tio n  a n d  m ag n e tic  fie ld , th e  m ag n e tic  
f ie ld  has a s tab iliz in g  effect a n d  com pletely  stab ilizes th e  w av e  n u m b e rs  
k 2 k ^  w here k^  * is given b y

fc2«  =  ^ s e c 40 .  (49)
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ZU DER QUANTENMECHANISCHEN THEORIE DES
KUGELBLITZES

Von

T h . N eu g eba u er

IN S T IT U T  F Ü R  T H E O R E T IS C H E  P H Y S IK , R O L A N D  E Ö T V Ö S  U N IV E R S IT Ä T , B U D A P E S T  

(Eingegangen 13. XII. 1976)

Nach einer kritischen Sichtung der sich auf den Kugelblitz beziehenden Beobachtungs
resultate und Theorien wird gezeigt, dass die einzige annehmbare Theorie von dieser Erschei
nung die ist, dass der Kugelblitz aus einer seifenblasenartig schwebenden und fast ganz ioni
sierten Plasmakugel besteht, also eine selbstständige Erscheinung ist. Die vollständige Ioni
sation ensteht jedoch nicht entsprechend der Sahaschen Formel, weil dazu die Temperatur viel 
zu niedrig wäre, sondern aus der momentanen Ladungstauung beim Einschlagen eines Linien
blitzes. Berechnungen beweisen, dass solch eine Gaskugel die quantenmechanischen Austausch
kräfte gegen dem thermischen Expansionsbestreben tatsächlich Zusammenhalten können. 
Die sehr wichtige Frage, weshalb der Kugelblitz nicht momentan rekombiniert, wird im vor
letzten Paragraphen besprochen. Dort wird gezeigt, dass bezüglich der Verschmiertheit der 
Elektronen in unserer Plasmakugel teilweise ähnliche Verhältnisse auftreten können, wie in 
einem Metallgitter und Berechnungen beweisen, dass in diesem Falle der Wert des Rekombi
nationskoeffizienten so stark herabgedrückt wird, dass unser Plasmatropfen in einer Art 
metastabilen Zustandes tatsächlich mehrere Sekunden lang existenzfähig ist.

E in le itung

L ange Z e it h in d u rc h  h ie lt sich die A uffassung  u n te r  den P h y s ik e rn , 
dass es zwei rä ts e lh a f te  e lek trische  E rsch e in u n g en  g ib t, v o n  w elchen die W is
sen sch aft noch im m e r n ich t R ech en sch aft geben  k a n n  u n d  die sind  die S u p 
ra le itu n g  und  d e r  K ugelb litz . J e tz t  k an n  m a n  schon die Theorie d er S u p ra 
le itu n g  nach d er A n sich t von  den  m eisten  P h y s ik e rn  infolge der T heorie von  
B a r d e e n , Cooper u n d  Schrieffer  w enigstens in  ih ren  w esen tlicheren  Zügen 
als gelöst b e tra c h te n . Es is t also als einzige ungelöste  F rag e  noch die T heorie 
des K ugelb litzes üb riggeb lieben .

S e lb s tv e rs tän d lich  is t es eine grosse S chw ierigkeit, dass d er K ugelb litz  
eine v erh ä ltn ism ässig  se ltene  N a tu re rsch e in u n g  is t  u n d  m eistens is t bei dessen 
zufä lliger E rsch e in u n g  n ich t au ch  gleich ein g esch u lte r P h y sik e r dabei. N a tü r 
lich  h ab en  schon viele, die das G lück g eh ab t h ab en  einen  K ugelb litz  zu sehen, 
ih re  d iesbezüglichen B eo b ach tu n g en  auch  besch rieben . Dieses sehr u m fan g 
re iche  M aterial t r a c h te te n  d a n n  zwei A rb e iten  zu o rd n en , die eine is t die von  
B rand  [1], w elche zw ischen d en  zwei W eltk rieg en  ersch ienen  is t u n d  die 
an d e re  die von  St a n ley  Sin g er  [2], die ganz neu , bloss fü n f  J a h re  a lt is t.

N ach der k ritisc h e n  S ich tu n g  des B eo b ach tu n g sm a te ria ls  en s tan d  nach  
d en  g en an n ten  V erfassern  u n g efäh r das fo lgende B ild  v o n  d ieser E rscheinung :

A cta  P hysica  A cadem iae S c ien tia ru m  H ungaricae 42 , 1977



30 TH. NEUGEBAUER

D ie h äu fig s te  E rsche inungsfo rm  des K ugelb litzes is t der schw ebende K u g e l
b litz . D er is t eine K u g el von  u n g e fä h r  1 0 —20 cm D urchm esser, die se ifen b la 
se n a r tig  schw ebt u n d  dabei au ch  le u c h te t, jed o ch  n ich t besonders in te n s iv , 
se ine  L ic h ts tä rk e  sch ä tzen  die m e is te n  B eo b ach te r m it der e iner 5 10 W a t t
s ta rk e n  G lüh lam pe gleich. D er K u g e lb litz  ex is tie rt jeden fa lls  m ehrere  S ek u n 
d en  la n g , w enn au ch  v ielle ich t die v o n  seiner p lö tzlichen  E rsch e in u n g  e rschrok- 
k e n e n  B eo b ach te r d iese Z e itd au er ü b e rsc h ä tz t  h ab en . W ir m üssen  noch  einige 
W o rte  ü b e r das A u fh ö ren  d ieser E rsch e in u n g  sagen. E n tw ed e r z ieh t sich  d e r 
K u g e lb litz  im m er m e h r zusam m en u n d  verschw indet end lich , oder ex p lo d ie rt 
e r m it  einem  ziem lich  scharfen  K n a ll. W ir wollen n u r noch  b em erk en , dass 
n a c h  den  v o rh an d en en  B eo b ach tu n g en  diese A rt des K ugelb litzes eine n ic h t 
b eso n d ers  heisse u n d  ziem lich h a rm lo se  E rsche inung  ist.

D ie zw eite u n d  viel se ltenere  A rt des K ugelb litzes is t  d er an  die K ö rp e r 
au flieg en d e  K ug elb litz . D er le u c h te t v iel heller, is t b ed e u te n d  w ärm er u n d  
z ü n d e t  u n d  b re n n t deshalb , is t also m eh r g a rn ich t eine so unschu ld ige  E r 
sch e in u n g  als d er schw ebende K u g e lb litz .

W ir h ab en  n o ch  n ich t ü b e r die E n ts te h u n g  des K ugelb litzes gesprochen . 
V iele B eo b ach te r h a b e n  die E rfa h ru n g  beschrieben , dass der K ugelb litz  schein 
b a r  v o n  der E insch lagste lle  eines gew öhnlichen  B litzes abgesp rungen  is t , ab e r 
es g ib t auch eine an d e re  in te re ssa n te  B eob ach tu n g . Schonland [3], eng lischer 
B litz fo rscher, u n d  seine M ita rb e ite r h ab en  au f ih ren  von  gew öhlichen B litzen  
g e m a c h te n  ph o to g rap h isch en  A u fn ah m en  die E rsche inung  b e o b a c h te t, dass 
e in  h au p tsäch lich  neg a tiv e  L a d u n g e n  fü h ren d er E n tla d u n g sk a n a l, d e r sich 
v o n  den W olken ab w erts  a u sb re ite t, o ft und  in  n ich t besonders grosser H öhe 
e in en  von  der E rd o b erfläch e  au sg eh en d en  E n tlad u n sg k an a l tr if f t , d e r h a u p t
säch lich  positive L ad u n g en  b e fö rd e rt u n d  am  e rw äh n ten  T re ffp u n k t ein  K u 
g e lb litz  en s teh t, w ie d a ra u f  b eso n d ers  A llibone au fm erk sam  g em ach t h a t .

S e lb stv e rs tän d lich  k ö nnen  w ir h ie r die sehr um fangre iche  sich a u f  den  
K u g e lb litz  beziehende L ite ra tu r  n ic h t  besprechen  und  m ö ch ten  deshalb  bloss 
zw ei in te ressan te  B eo b ach tu n g en  e rw ähnen , die bezüglich  der T heorie  des 
K ugelb litzes  seh r b ed eu ten d  sind . D ie  eine is t die von  J en n iso n  [4], d e r B e
ru fsp h y sik e r is t, u n d  der au f einem  F lugzeug  von  New Y o rk  n ach  W ash in g to n  
re isen d  es b e o b a c h te t h a t, dass e in  K ugelb litz  in  die P assag ie rk ab in e  des 
F lugzeuges e in ged rungen  is t. D ie an d e re  is t die von  W agner  [5], d e r es b e 
o b a c h te te , dass in  Ö sterreich  ins W irtsh a u s  zu P lö ck en h au sen  ein  K u g e lb litz  
e in g ed ru n g en  is t. E s  h ie lten  sich d am a ls  d o rt fü n f  P ersonen  a u f  und  alle  h ab en  
d ie  E rsch e in u n g  gesehen und  h ö r te n  auch  den  K nall m it dem  der K ugelb litz  
ex p lo d ie rte .

N a tü rlich , w ie bei jed e r se lte n e n  E rscheinung , is t auch  h ier die h y p e r
k r itisc h e  B e h a u p tu n g  e n ts ta n d e n , dass ein  K ugelb litz  ü b e rh a u p t n ich t ex is tie r t, 
so n d e rn  nach  d e r A nschauung  v o n  ein igen  V erfassern  n u r  ein  im  A uge e n ts ta n 
d en es positives N ach b ild  oder so g ar bloss eine V ision is t. E in ige  s ind  sogar so
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w eit g egangen , dass sie an g en o m m en  h a b e n , dass die v o n  dem  n a h e n  E in sch la 
gen eines L in ienb litzes ersch ro ck en en  B eo b ach te r e in fach  ru n d e  M ilchg lastu l
pen  v o n  L am p en  als K u g e lb litze  b e o b a c h te t u n d  teilw eise auch  p h o to g ra p h ie rt 
haben . D iesbezüglich  w ollen  w ir n u r  b em erk en , dass den  in  einem  W irtsh au s  
e in g ed ru n g en en  K u g e lb litz  viele gesehen  haben . V isionen h a t d agegen  n u r 
ein M ensch.

Ü b rig en s  ta u c h te n  in  der G esch ich te  der W issenschaft sch o n  o ft äh n 
liche S ach en  auf. Es is t  z .B . b e k a n n t, dass eine A kadem ie  in  einem  ih re r  D ek
re te  es fü r  unm öglich  e rk lä r te , dass v o m  H im m el S te ine  (M eteorite) h e ru n te r 
fallen so llen ; die selbe A kadem ie  h ie lt  die E x is ten z  des R iesen p o ly p en  fü r  
einen M a tro sen ab erg lau b en . Ü brigens k ö n n te  m an  noch  sehr v ie le  ähn liche  
F älle  e rw äh n en . W ir w ollen  h ier n u r  noch  das B eispiel e rw ähnen , dass noch 
vor dre i J a h re n  ein S chw eizer B litz fo rsch er [6] in  e iner v o rn eh m en  F a c h z e it
schrift d ie  ta tsäch lich e  E x is te n z  des K ugelb litzes e in fach  leu g n e te , w eil er 
noch n ic h t das G lück g e h a b t h a tte  e inen  K ugelb litz  zu sehen. D och  h a t  er die 
d iesbezügliche ziem lich um fan g re ich e  L ite ra tu r  g a rn ic h t g ek an n t ?

§ 1. Die sich au f den Kugelblitz beziehenden Theorien

D ie th eo re tisch en  G edanken  bezüg lich  der E rk lä ru n g  dieser E rsch e in u n g  
können  w ir  in  zwei G ru p p en  ein teilen . D ie in  die e rs te  gehörenden  h a b e n  ange
nom m en, dass der K u g e lb litz  keine se lb s ts tän d ig e  E rsche inung  is t , sondern  
bloss d e r a lle in  leu ch ten d e  Teil e iner zw ischen d er E rd o b erfläch e  u n d  den 
W olken a u ftre te n d en  s tille n  E n tla d u n g . D ie zw eite G ruppe  h ä lt dagegen  den 
K ugelb litz  fü r  eine se lb s ts tän d ig e  E rsch e in u n g . B e tra c h te n  w ir z u e rs t die in  
die erste  K a teg o rie  geh ö ren d en  T heorien . N ach  diesen w äre also d e r K u g e lb litz  
solch eine  ähnliche E rsch e in u n g , w ie die bei einem  gewissen D ru c k  in  der 
G eisslerschen R öhre a u f tre te n d e  g esch ich te te  E n tla d u n g . E ine  so lche Theorie 
is t die v o n  T o epler  [7], der eine G le ich stro m en tlad u n g  angenom m en  h a t. 
Seine T h eo rie  h a t d a n n  in  n eu este r Z e it K apitza  [22] m o d ern is ie rt, d er die 
G edanken  v o n  T o eple r  n u r  in  der H in s ic h t ab g eän d e rt h a t, dass e r e ine  hoch
freq u en te  E n tla d u n g  a n n a h m . S e lb s tv e rs tän d lich  h ab e n  es schon die e rw äh n ten  
V erfasser gesehen, dass eine sehr grosse Schw ierigkeit ih re r T heorien  die E r 
fah ru n g  is t , dass der K u g e lb litz  d u rch  offene F e n s te r  oder T üren  au c h  in  ge
schlossene R äu m e e in d rin g t. Z ur R e ttu n g  dieser L age h ab en  sie angenom m en , 
dass in  d iesen  Fällen  d as  H au sd ach  die R olle von  e in er dazw ischenliegenden  
E lek tro d e  sp ie lt. W enn  a b e r  das auch  ta tsä c h lic h  so w äre, so k ö n n te  m a n  sich 
auch d a n n  schw er v o rs te llen , dass d e r K ugelb litz  b e i dem  E in d rin g en  in  den 
e rw äh n ten  R äu m en  seine G esta lt o d e r an d ere  E rsche in u n g sfo rm en  ü b e rh a u p t 
n ich t ä n d e r t .  G anz gegenstan d slo s  m a c h te  jed o ch  diese T heorien  d ie  schon 
e rw äh n te  B eo b ach tu n g  v o n  J e n n is o n , dass ein K ugelb litz  in  die ganz aus
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M etall k o n s tru ie r te  P assag ie rk ab in e  eines F lugzeuges einged rungen  is t. E s 
b le ib t also als d ie  einzig m ög liche  E rk lä ru n g  d ieser E rsch e in u n g  n u r  die A n
n a h m e  übrig , d ass  der K u g e lb litz  eine se lb s ts tän d ig e  E rsch e in u n g  is t. A n 
p h a n ta s tisc h e n  T heorien  Avar se lb s tv e rs tän d lich  au ch  h ier k e in  M angel. So 
h a b e n  z. B . e in ige  A u to ren  [8] angenom m en, d ass  der K ugelb litz  aus einer aus 
d em  W eltraum  a u f  irgend  e inem  W ege zu u n s  gelang te  A n tim a te rie , se lb s t
v e rs tän d lich  v o n  seh r geringer M enge, b e s te h t. D och  w eshalb  w äre das n u r  
im  Falle von  G ew itte rn  der F all?  A ndere T heorien  h ab en  dagegen  angenom m en, 
d a ss  die E n erg ie  des K u g elb litzes  von  dem  ra d io a k tiv e n  Z erfall von  150  u n d  
17F  K ernen  h e r rü h r t  [9]. S e lb s tv e rs tän d lich  e n s te h t auch  h ie r die F rag e , 
w eshalb  die eb en  w äh ren d  G e w itte r  in  einer v e rh ä ltn ism äss ig  so grossen M enge 
e n ts te h e n  w ü rd en . A usserdem  h a t  m an  b e re c h n e t, dass w enn das ta tsä c h lic h  
so w äre, d an n  w ü rd en  die sich in  d er N ähe v o n  einem  K ugelb litz  au f h a lten d en  
P ersonen  eine e rn s te re  ra d io a k tiv e  S trah lu n g sch äd ig u n g  erle iden , weil u n g e 
f ä h r  eine E n erg ie  v o n  108 Jo u le  fre i w erden m ü ss te , doch h a t  m a n  noch  k eine  
S p u r  von solch e in er E rsch e in u n g  b eo b ach te t [10].

Es b le ib t also  als einzige an n eh m b are  T h eo rie  n u r die, dass der K u g el
b li tz  irgendeine leu ch ten d e  P lasm ak u g e l is t. S e lb s tv e rs tän d lich  en ts te h e n  
d a n n  gleich zw ei w ich tige F ra g e n . D ie eine is t, w as fü r  K rä fte  diese ion isierte  
P lasm aw olke Z usam m en h alten  u n d  die zw eite , w eshalb  diese P lasm akugel 
n ic h t  oder n u r  ganz  langsam  rek o m b in ie rt.

§ 2. D ie quantenm echanische Theorie des Kugelblitzes

Der V erfasser der vo rlieg en d en  A rbeit h a t  noch in  1937 eine T heorie 
p u b liz ie rt [11], d e re n  sp rin g en d er P u n k t is t, dass d en  K ugelb litz , von dem  es 
angenom m en w ird , dass er aus e in e r p rak tisch  v o lls tän d ig  io n is ie rten  G asw olke 
b e s te h t, q u an ten m ech an isch e  A u sta u sc h k rä fte  Z usam m enhalten . W ie w ir das 
au s  den fo lgenden  B erech n u n g en  sehen w erd en , is t  es ta tsä c h lic h  m öglich, 
dass eine sich u n te r  a tm o sp h ärisch em  D ruck  b e fin d en d e  u n d  p rak tisch  vo ll
s tä n d ig  io n is ie rte  G askugel b is zu  einer gew issen T e m p e ra tu r  von  q u a n te n 
m echan ischen  A u s ta u sc h k rä f te n  zu sam m en g eh a lten  w erden k an n . S e lb s t
v e rs tän d lich  t r i t t  h ie r gleich d as  P rob lem  auf, a u f  w elchem  W ege die e rw äh n te  
G askugel z u s ta n d e  kom m en k a n n . N ach  der S ah asch en  F o rm el is t ü b e r e iner 
gew issen seh r h o h en  T e m p e ra tu r  ein  Gas im  p ra k tisc h e n  S inne vo lls tän d ig  
io n isie rt. B ei e in e r  so hohen  T e m p e ra tu r  is t je d o c h  das th e rm isch e  E x p an sio n s
b es treb en  so s ta rk ,  dass im  V erh ä ltn is  dazu  d ie  q u an ten m ech an isch en  A u s
ta u sc h k rä f te  a b so lu t u n b e d e u te n d  sind. In  n e u e re r  Z eit h ab e n  Spit ze r  [12] 
u n d  E cker  [13] zwei W erke  ü b e r  v o llständ ig  io n is ie rte  P lasm en  geschrieben  
u n d  aus beid en  k a n n  m an  e rseh en , dass m a n  d ie  ganz k lassisch  b eh an d e ln  
k a n n . In  den  in  un seren  E n tla d u n g sro h re n  a u ftre te n d e n  re la tiv e  k a lte n  P ias-
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m en  w äre  das th e rm isch e  E x p an sio n sb es treb en  n a tü r lic h  sehr gering , die sind 
jed o ch  in  solch einem  k le inen  M asse io n is ie rt, dass in  ih n e n  auch  die A u s tau sch 
k rä f te  ab so lu t u n b ed e u te n d  sind . D as  sind  also die U rsach en  v o n  dem , dass 
m an  in  d er P hysik  d er G asp lasm en  die Q u an ten m ech an ik  ü b e rh a u p t n ich t 
zu  b e rü ck sich tig en  b ra u c h t. S e lb s tv e rs tän d lich  t r e te n  d ia m e tra l en tgegenge
se tz te  V erh ä ltn isse  in  M e ta llg itte rn  au f, w enn m a n  d ie als P lasm en  auffasst. 
Solch ein  physikalisches S ystem  is t  eben  ein e x tre m  q u an ten m ech an iscb es 
P lasm a .

W ie k ö n n te  also doch, (w enn au c h  n u r  tem p o rä r) u n te r  a tm o sp h ärisch em  
D ru ck  ein  p rak tisch  v o lls tän d ig  ion isie rtes und  d ab e i doch  n ic h t zu  heisses 
P la sm a  e n ts te h e n ?  Z u r B e a n tw o rtu n g  dieser F rag e  w ollen  w ir z u e rs t sehen 
w as im  E n tla d u n g sk a n a l eines gew öhnlichen B litzes geschieh t. N ach  den 
M essungen von  P ocicels [14] lieg t in  dem  die S tro m in te n s itä t  u m  d en  W ert 
10 000 A m p herum , ab e r n ach  d en  n eu eren  M essungsergebnissen v o n  A p p l e 
t o n  u n d  Ch a pm a n  [15] k a n n  sie b is 250 000 A m p re ic h e n . D er D urchm esser 
des E n tla d u n g sk a n a ls  b e trä g t u n g e fä h r  50 cm, d ie  H a u p te n tla d u n g  spielt 
sich  je d o c h  n u r  in  e iner R ö h re  v o n  ein igen  cm D u rch m esse r ab. D ie G eschw in
d igke it d e r E lek tro n en  k a n n  m a n  d a r in  a u f  108 cm se k -1  schä tzen . W en n  also 
solch ein  L in ienb litz  an  einem  n ic h t besonders g u t le ite n d e n  O rt e inscb läg t, 
so k a n n  m o m en tan  ta tsä c h lic h  eine so grosse L ad u n g ss ta u u n g  a u f tre te n , dass 
ein  p ra k tis c h  v o lls tän d ig  io n is ie rte r “ G astropfen”  e n ts te h t .  M it d iesem  Ge
d an k en g an g e  is t in  au sg eze ich n ete r Ü b ere in stim m u n g  die schon e rw äh n te  
E rfa h ru n g , dass viele B eo b ach te r  d en  K ugelb litz  v o n  d er E insch lagste lle  
eines gew öhnlichen B litzes ab zu sp rin g en  b e o b a c h te t h a b e n . A b er au ch  m it 
der schon  e rw äh n ten  A uffassung  v o n  S ch o nland  u n d  seinen M ita rb e ite rn , 
dass d e r K ugelb litz  be i dem  Z u sam m en tre ffen  von  e in e r  v o n  den  W o lk en  sich 
ab w erts  bew egenden  u n d  v o n  e in er vom  E rd b o d en  sich  in  en tg eg en g ese tz te r 
R ic h tu n g  au sb re iten d en  u n d  besonders L adungen  v o n  en tgegengese tztem  
V orzeichen  befö rdernden  E n tla d u n g rö h re  e n ts teh t, s t im m t der h ie r e rw äh n te  
G ed an k en g an g  g u t üb ere in .

J e t z t  wollen w ir n a c h  diesem  allgem einen G ed an k en g an g  die d ab e i au f
tre te n d e n  q u a n ti ta t iv e n  V erh ä ltn isse  besprechen. B e tra c h te n  w ir also zwei 
a u f  das V olum en V  n o rm ie rte  u n d  ebene W ellen d a rs te llen d e  E ig en fu n k tio n en

und

wo

Vn

-J— e'<k-r) (1)J/l/2

— e'W.O, J/l/2 (2)

= 2 л  —  
Я

(3)
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d e n  A u sb re itu n g sv ek to r d a rs te ll t  u n d  alle ü b rig en  Sym bole die gew ohnte 
B ed eu tu n g  h ab en . D as A u stau sch in teg ra l is t d a n n

Jmn =  e' J J  V™ (ri) ^ ( ri) ~  Vrn(r2) fn(r2) dTi dr2 . (4)

B e tra c h te n  w ir zu e rs t das fo lgende In teg ra l

Щг2) = ±  f e^ ) _ L  dTl. { 5 )
T > G 2

M it Hilfe des G reenschen  Satzes

J ’ (FAG  -  G /JF ) dr  = <*/

fo lg t, wenn w ir

u n d

se tzen , für (5)

G = ------------------- eGk-k'.n)
(k  k y

1 4 tt
U = --------------------e,(k_k'’r,\

V  (k  — k ') 2

( 6)

(? )

( 8)

w eil das au f d er re c h te n  Seite des G reenschen S a tzes  s tehende  F läch en in teg ra l 
v ersch w in d e t, w enn  w ir eine genügend  e n tfe rn te  F läch e  an n e h m e n , da ja  die 
E ig en fu n k tio n en  in  ein V olum en von  der Grösse V  eingeschlossen sind . A usser
d em  h a t  das a u f  d e r linken  S eite  stehende zw eite Glied an  d e r S telle  rx =  r2 
e ine  S in g u la ritä t, w elche m an  ausschliessen m uss.

Aus (1), (2), (4) und  (8) fo lg t also

4тге2 Г 1 d 4ле2
V 2 J (к -  к7)2 ** ~~ F ( k  — k ') 2

(9)

u n d  dam it h ab en  w ir das A u stau sch in teg ra l b e rech n e t.
W ir w ollen noch  b em erk en , dass wir u n se r R e su lta t  (8) a u c h  au f einem  

g an z  anderen W ege aus (5) e rh a lte n  können. D iese F orm el k ö n n e n  wir n äm 
lich  so auffassen, wie das P o te n tia l  einer d u rch  die F orm el V ~ 1 e'*k~k ,r'* b e 
schriebenen  L a d u n g sv e rte ilu n g  im  P u n k t r2. A lso m uss in  d iesem  Falle die 
Poissonsche D iffe ren tia lg le ichung  gü ltig  sein, d .h .
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zHJ(r2) =  - 4 z r F - V < b- k'>*>.

W en n  w ir diesen A u sd ru ck  zw eim al in teg rie ren , d a m it w ir von  d e r linken  
Seite  den  L ap laceschen  O p e ra to r  en tfe rn en , so e rh a lte n  w ir

U (  r2)
4 я

F (k  k ') 2
e i ( k - k ' , r 2)

u n d  dieses R e su lta t s t im m t gerade  m it unserer F o rm e l (8) überein.
D am it w ir je tz t  ̂  J mn e rh a lte n , m üssen  w ir ü b e r  alle in  unserem  G asvolu-

mn
m en  a u ftre te n d en  G eschw ind igkeiten  sum m ieren . D a  jedoch  h ie r v o n  einem  
G asp lasm a u n te r  a tm o sp h ärisch em  D ruck  die R ed e  is t, so können  w ir ganz 
ru h ig  s ta t t  der F e rm i— D iracschen  S ta tis t ik  die k lassische B o ltzm an n s ta tis tik  
b en ü tzen , n ach  der die G eschw ind igkeitsverte ilungen  m it Hilfe der F orm el

JV
m

2 я k T

3/2
m v ’ 

“  2 kTe V2 dv sin ft. dft. dtp ( 10)

beschrieben  w erden . I n  (10) b e d e u te t к  die B o ltzm an n sch e  K o n s ta n te  u n d  alle 
a n d e ren  Sym bole h ab e n  w ieder die gew ohnte B ed eu tu n g . D a

mv
( И )

is t , so fo lg t aus (3), w en n  w ir noch  zu r V erm eidung d e r V erw echselung m it der 
B o ltzm an n sch en  K o n s ta n te  je tz t  s t a t t  |k | / sch re iben

. ,  . 2 nmv
к =  t = ----------

h
( 12)

W enn w ir noch, zu r V ere in fachung  der Schreibw eise, die B ezeichnungen

und

(13)

(14)

e in füh ren , so fo lg t fü r  (10)

Be A‘‘ P dl sin ft dft d(p. (15)
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E n d lic h  h ab en  w ir also aus (9) u n d  (15)

Joo /"* 71 /  -2;

o Jo  Jo
^ в . -A l '  . 1

Г- +  i '2 -  2 W  cos 1
Z2 dl sin  ű dd d(f. (16)

N ach den W in k e lk o o rd in a ten  k ö n n en  w ir gleich in teg rie ren  u n d  e rh a lte n

2 j mn =  M ± B
V  214'l' Je e ~ Al‘ l o g - i + / '

\ l  V \

l d l . (17)

H ie r  füh ren  w ir w ied er die fo lgende B ezeichnung  ein:

C =  ± ^ - F .  
В

(18)

W e ite r  b en ü tzen  w ir je tz t  (10) g leich  in  der n a c h  den  W in k e lk o o rd in a ten  in 
te g r ie r te n  F o rm , d a m it wir gleich  ü b e r  n sum m ieren  können ; w ir schreiben  
a lso  s t a t t  (10)

4 jt1V
/ m  13/21 2 n k T  J

_  r a v '2 
“  2 k Te v ' 2d v . (19)

D iesen  A usdruck  fo rm en  w ir w ied er m it H ilfe des zu (12) analogen  Z u sam m en 
h a n g e s

|k ' |=  I  =
2 n m v '

h
( 20)

u m .
E ndlich  fo lg t also aus (17), (18), (19) u n d  (20)

у  J mn =  4ЛВС Г Г е-л(/!+(-)' log _ 1+1' l' dl ' ldl . (21)
mn Jo Jo 11 — I

D a m it w ir das in  (21) s tehende  D o p p e lin teg ra l berechnen  k ö n n en , fü h re n  w ir 
m i t  H ilfe der G le ichungen

u n d
l =  r cos гр 
Г =  Г Sin Ц!

( 22)

e in e  neue V erän d erlich e  ein u n d  a u f  die W eise e rh a lte n  wir

2  J mn =  2 л В С  Г  Г "  e~Ar’ r3 dr sin 2 ip l o g ..C° 8 V У dip. (23)
mn Jo Jo I COS ip —  sin  ip I
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A us den  Z usam m enhängen

y  -)- sin  ip =  У 2 sin +  V>

und

cos y> — sin  y> =  y 2 cos I------1- xpл
(24)

e rh a lte n  w ir m it H ilfe  von  p a r tie lle r  In te g ra t io n  fü r  das in  (23) s teh en d e  
W in k e lin teg ra l

ЛЯ/2 / _  \\ _
(25)

rnß
sin 2 \p log

Jo

71
4 \ — + f \ \ dW =  —  ’

so dass endlich  das R e su lta t

=  2 * 8 0 - 1 ^ 1  (26) 
mn a

fo lg t. A us (13), (14) u n d  (18) e rh a lte n  w ir also, w enn  w ir noch  die Z ah l d e r in  
d e r V o lu m eneinhe it e n th a lte n e n  E le k tro n e n  m it n  bezeichnen

2 Jn
e2 n h 2 

4яm k T
(27)

D a w ir jed o ch  bei d e r S um m ierung  alle E le k tro n e n p a a re  d o p p e lt b erü ck sich 
t ig t  h ab en , so fo lg t endlich  fü r  die ganze A ustauschenerg ie

W  — — N
e2 nh2 

8 m n k T
(28)

B ei d er H e rle itu n g  v o n  (28) h ab e n  w ir angenom m en , dass die S p in rich tu n g en  
v o n  allen  E le k tro n e n  zu e in an d er p a ra lle l s te h e n , w enn jed o ch  R ech ts- u n d  
L inkssp ins m it g le icher W ah rsch e in lich k e it V orkom m en, d an n  fo lg t s t a t t  (28)

W  =  -  N ---- ------------ , (29)
16 um k T

d a  ja  n u r  E le k tro n e n  m it p a ra lle len  S p in rich tu n g en  m ite in an d e r in  A u stau sch 
w echselw irkung  t re te n .

In  der T h eo rie  d er m eta llisch en  B in d u n g  t r i t t  ebenfalls das P ro b lem  d er 
A u stauschenerg ie  des E lek tro n en g ases  auf, je d o c h  in  einem  ex trem  en tg eg en 
g ese tz ten  F all, w eil j a  das E lek tro n en g as  in  M eta llen  v o lls tän d ig  e n ta r te t  is t  
u n d  m an  d esha lb  die F e rm is ta tis t ik  fü r  den  F a ll d er vo lls tän d ig en  E n ta r tu n g
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anw enden  m uss. D iese B erechnung  w u rd e  zu e rst von  B e th e  [16] v o llfü h rt 
u n d  es is t in te re s sa n t sein  E rg eb n is  m it dem  un seren  zu verg leichen . In  den 
h ie r b e n ü tz te n  B ezeichnungen  e rh ie lt B e t h e  fü r  die e rw äh n ten  zwei Fälle

und

3 re 1 /3

4 л

W '  =
3

—  e2N  
2

3n

8 л:

1/3

(30)

(31)

W ir sehen, dass in  diesen F o rm eln  (en tgegen  u n se ren  A usd rü ck en  (28) 
u n d  (29)) die T e m p e ra tu r  n ich t v o rk o m m t, wie ja  das au ch  sein m uss.

Aus (28) e rh a lte n  w ir fü r  die a u f  ein  E le k tro n  fa llen d e  A ustauschenerg ie

e2 nli1 

8 л  m kT
(32)

D am it also die den  K ugelb litz  a u fb au en d e  P lasm aw olke  ta tsä c h lic h  Zusam 
m en h a lten  soll, m uss die aus d ieser n eg a tiv en  E nerg ie  fo lgende A nziehungs
k ra f t  dem  g ask in e tisch en  E x p an sio n sb es treb en  w id ersteh en  können .

D a n ach  d er k in e tisch en  G astheorie

(33)

is t, so fo lg t, w enn  w ir (32) u n d  (33) e in an d e r g leichsetzen

T 2 =
e2 nh2 

12 л  reife2
(34)

oder w enn n ach  u n se re r  A nnahm e die G askugel p ra k tisc h  v o lls tän d ig  ion isie rt 
is t  u n d  w ir d esha lb  re =  27. 1018 se tzen  k ö nnen

T  =  632 °K . (35)

Dieses R e s u lta t  g e rech tfe rtig t e inerse its unsere  A nnahm e, dass w ir h ie r 
in  e rste r N äh e ru n g  ru h ig  die B o ltz m a n n s ta tis tik  b en ü tz e n  k ö nnen  u n d  zeig t 
andererse its , dass d er schw ebende K ugelb litz  eine n ic h t besonders heisse u n d  
deshalb  ziem lich  harm lose  E rsch e in u n g  is t, wie w ir ja  das schon in  d er E in 
le itung  e rw ä h n t h ab en . W enn  jed o ch  die D ich te  (re) der E lek tro n en  u n d  dem 
en tsp rech en d  au ch  die Z ahl der p o s itiv en  Io n en  b ed eu ten d  grösser w ird , 
d an n  können  w ir aus (34) ersehen , dass solch ein K ugelb litz  v iel heisser w erden
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k a n n . E in  K ugelb litz  von d ieser A rt w ird  jed o ch , da seine D ich te  viel grösser 
is t ,  als die der um gebenden  L u ft, n ich t m eh r schw eben, so n d ern  sich  a u f K ö r
p e r darau flegen  u n d  wegen se iner hohen  T e m p e ra tu r  b ren n en  u n d  zünden , 
w ieder in  v o lls tän d ig e r Ü b ere in stim m u n g  m it d er E rfah ru n g .

Ü ber das E n d e  des K ugelb litzes m üssen  w ir noch einige B em erkungen  
m achen . Aus (28) oder (32) fo lg t, dass n w egen der R ek o m b in a tio n  u n d  T  
dagegen  wegen d er W ä rm eau ss trah lu n g  des K ugelb litzes m it d e r Z eit ab n e h 
m en . W enn die A bnahm e v o n  T  die überw iegende is t, so w ird  sich  der K ugel
b litz  im m er m eh r zusam m enziehen , die grössere D ich te  w ird  au ch  eine s tä r 
k e re  R ek o m b in a tio n sw ah rsch e in lich k eit zu r Folge hab en  u n d  zu le tz t v e r
sch w inde t der K ugelb litz . W en n  jed o ch  die A bnahm e von n die vo rh e rrsch en d e  
is t ,  d an n  m uss end lich

1 -2 3 i - r  e~ nh~—  m v1 — — k l  /  — -  - (36)
2 2 8тг m kT

w erd en , die A u s tau sch k rä fte  k ö n n en  also die ion isie rte  G asw olke n ich t m ehr 
Z usam m enhalten  u n d  der K u g e lb litz  exp lo d ie rt, w ieder in  v o lls tän d ig e r Ü bere in 
s tim m u n g  m it d er E rfah ru n g .

Bis je tz t  h a b e n  w ir b loss m it der A ustauschw eehsel W irkung gerechnet 
u n d  h ab en  dabei die U m stän d e , dass zw ischen den  Io n en  u n d  E lek tro n en  
se lb s tv e rs tän d lich  auch  e lek tro s ta tisch e  W echselw irkungen  a u f tre te n , u n d  
ausserdem  auch  noch  P o la risa tio n se rsch e in u n g en  v o rh an d en  sein  m üssen, 
v e rn ach lä ss ig t. D ie B erech n u n g  d er e lek tro s ta tisch en  E nergie in  e iner u nge
o rd n e te n  G asw olke w äre  ein seh r schw ieriges P ro b lem , doch k ö n n en  w ir ih re 
G rössenordnung  le ich t ab sch ä tzen . W enn  w ir als G ed an k en ex p erim en t fü r 
d ie  A no rd n u n g  d e r L ad u n g en  en tg eg en g ese tz ten  V orzeichens eine  s te in sa lz 
g itte ra r tig e  V erte ilu n g  an n eh m en , d an n  m uss

- i -  =  2n (37)
to

sein . Die e lek tro s ta tisch e  E nerg ie  is t dagegen fü r  ein aus einem  p o sitiv en  Ion  
u n d  einem  E le k tro n  b es teh en d en  P a a r

. (38)
ro

( I n  einem  s tren g  g eo rdne ten  G itte r  vom  S te in sa lz ty p  m ü sste  m a n  diesen 
A u sd ru ck  noch m it d er M adelungschen  K o n s ta n te  1,74750 m u ltip liz ie ren , das 
ä n d e r t  jedoch  an  d er G rössenordnung  m ehr n ich ts .) (38) k ö n n en  w ir wegen 
(37) wie fo lg t schre iben :

— e2 (2n)1/3. (39)
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W enn  w ir j e tz t  d ie  aus (39) fo lgende e le k tro s ta tisc h e  E nerg ie ta tsä c h lic h  
b e rech n en  u n d  die m it  d er A ustau sch en erg ie  verg le ichen , so e rh a lten  w ir das 
R e su lta t, dass beide v o n  d er selben  G rössenordnung  sind . O der w enn  w ir die 
h ö h ere  T e m p e ra tu r  des K ugelb litzes  b erü ck sich tig en , so w ürde fo lgen , dass 
d ie  e lek tro s ta tisch e  E n erg ie  sogar au ch  noch  grösser sein  k ö n n te . W ir h ab en  
jed o ch  fü r  diese E n erg ie  einen  e x tre m  günstigen  F a ll (s te in sa lzg itte ra rtig e  
A nordnung) an g en o m m en ; in  e iner G asw olke sind  die L ad u n g en  dagegen  vo ll
s tä n d ig  u n g eo rd n e t u n d  es is t  k la r, dass deshalb  d ie E nerg ie  viel k le iner sein 
w ird . E s is t j a  eine b e k a n n te  T a tsa c h e , dass w enn  w ir zwei L adungen  gleicher 
G rösse, jedoch  von  en tg eg en g ese tz tem  V orzeichen in  zwei K ugeln  vom  selben 
H albm esser g leichm ässig  versch m ieren  u n d  d an n  diese zw ei K ugeln  m ite in a n 
d e r zu r D eckung b rin g en , dieses e lek tro s ta tisch e  S ystem  gar ke in  P o te n tia l 
a u f  sich selbst b e s itz t. D ieser U m sta n d  re c h tfe r tig t also u n ser V erfah ren , dass 
w ir die e lek tro s ta tisch e  E nerg ie  v o n  u nserer io n is ie rten  G asw olke in  e rs te r  
N äh e ru n g  v e rn ach lä ss ig t h ab en . W ir wollen noch  b em erk en , dass w eil diese 
E n erg ie  ebenfalls n e g a tiv  is t, sie die K ohäsion  des K ugelb litzes n u r  noch  
v e rs tä rk e n  k ö n n te .

D ie P o la risa tio n sen erg ie  is t  zu r A u stauschenerg ie  w eitgehend  analog  
(u n d  ebenfalls n e g a tiv ) , doch wie das besonders die sich a u f  K r is ta llg itte r  
beziehenden  B e rech n u n g en  bew eisen, v iel k leiner.

W ir h ab en  n o ch  v o n  der seh r w ich tigen  F rag e  n ic h t gesprochen, w eshalb  
d e r K ugelb litz  n ic h t rek o m b in ie rt, oder rich tig e r a u sg ed rü ck t w aru m  das n u r  
so langsam  tu t .  B ev o r w ir jed o ch  diese w ichtige F ra g e  besprechen , m ö ch ten  
w ir noch  einige W o rte  ü b e r die anschau liche  p h y sika lische  D eu tu n g  d e r A us
ta u sc h k rä f te  sagen, d ie ja  der sp rin g en d e  P u n k t u n se re r  ganzen Ü berlegung  is t .

§ 3. D as W esen der A ustauschenerg ie

Die q u an ten m ech an isch en  L eh rb ü ch er fü h re n  m eistens die A u s tau sch 
k rä f te  bei der B esp rech u n g  des H e itle r—L ond o n  M odells des W assers to ff
m olekü ls ein. D agegen  s ieh t m a n  eb en  in  diesem  F a ll  den  physikalischen  I n 
h a l t  d ieser Sache n ic h t g u t. D ie S tö rungsenerg ie  b e s te h t h ie r aus v ie r G liedern , 
die abw echselnd p o s itiv  u n d  n e g a tiv  s ind  u n d  sind  ausserdem  grössenordnungs- 
m ässig  garn ich t k le in e r  als die E n e rg ie  in  m ilite r  N äh eru n g . E n d lich , d a  das 
W assersto ffm olekü l d a n n  z u s tan d e  k o m m t, w enn  die E lek tro n en sp in s  zu e in an 
d e r a n tip a ra lle l s ind , so h a t  das d en  u n rich tig en  A nschein , dass sich a n tip a ra l
lele Spins anziehen . (D as is t a lle rd ings n u r fü r  d ie  seh r geringe m agnetische  
W echselw irkung r ich tig .)

Die a u ftre te n d e n  p h y sik a lisch en  V erhä ltn isse  s ieh t m an  dagegen  viel 
k la re r , w enn w ir als G ed an k en ex p erim en t zwei E le k tro n e n  in  einem  re c h t
w inkeligen  P a ra lle lep ip ed o n  einschliessen. W enn  d ie  Spins dieser E le k tro n e n
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a n tip a ra lle l sind , d a n n  beeinflussen  sie sich infolge der F e rm is ta tis tik  ü b e rh a u p t 
n ic h t u n d  die ganze (positive) e lek tro s ta tisch e  E nerg ie  w ird  n u r  die k lassisch 
b e rech n e te  W echselw irkung d er zwei v e rsch m ie rten  L ad u n g en  sein. W enn 
je d o c h  die Spins zue inander p a ra lle l g e rich te t sind , so d u ld en  sie sich n ich t 
in  ih re r  u n m itte lb a re n  N ähe (infolge der F e rm is ta tis tik )  u n d  w enn  w ir je tz t  
w ieder die e lek tro s ta tisch e  E nerg ie  n ach  dem  e rw äh n ten  V erfah ren  berechnen , 
so sch ä tzen  w ir die zu  gross, eb en  deshalb  w eil bei der B erü ck sich tig u n g  der 
v e rsch m ie rten  L ad u n g en  der F a ll, dass die be id en  E lek tro n en  sich in  ih re r 
u n m itte lb a re n  N äh e  befinden , n ic h t V orkom m en k an n . D er M angel d ieser 
p o s itiv en  E nerg ie  e rsch e in t deshalb  als eine sch e in b are  n eg a tiv e  E n erg ie  u n d  
d e r e n tsp r ic h t die A u stau sch k ra ft.

E s  is t noch  in te re ssa n t das Z u stan d ek o m m en  der A u stau sch en erg ie  m it 
d er d e r P o larisa tionsenerg ie  zu verg le ichen . B ei P o la risa tionsersche inungen  
v e rsch ieb t e rstens das e lek trische F e ld  (u n ab h än g ig  davon  ob es sich  u m  L a 
d u n g en  von  g leichem , oder en tgegengese tztem  V orzeichen h a n d e lt)  die L a 
d u n g en  u n d  zw eitens ä n d e rt das d a n n  die e lek tro s ta tisch e  E nerg ie . Die P o 
la risa tio n sen erg ie  is t  deshalb  zu  dem  Q u a d ra t d er F e ld in te n s itä t p ro p o rtio n a l 
u n d  im m er n eg a tiv . B ei der A u stauschenerg ie  e n tfe rn t dagegen  zu e rs t die 
F e rm is ta tis t ik  die L adungen  v o n e in an d e r u n d  zw eitens ä n d e r t  d a n n  das die 
e lek tro s ta tisch e  E nerg ie . Es is t  also auch  h ier v o n  e le k tro s ta tisc h e r E nerg ie  
die R ed e , ebenso w ie bei den P o la risa tio n sersch e in u n g en , ab er die V ersch iebung 
d er L ad u n g en  is t  n ic h t der F e ld in te n s itä t  so n d ern  der F e rm is ta tis t ik  zu 
zusch re iben . W ir w ollen n u r noch  b em erk en , dass infolge des h ie r besprochenen  
G edankenganges A u stau sch k rä fte  se lb s tv e rs tän d lich  n u r  eine la d u n g sk o m p en 
s ie rte  E lek tro n en w o lk e  Z usam m enhalten  können .

§ 4. D as Problem  der R ekom bination  im  K ugelblitz

Z u le tz t sind  w ir hei dem  v erw ick e lte s ten  P rob lem  in  d er T heorie des 
K u g e lb litzes an g e lan g t u n d  zw ar zu  dem , wie das m öglich is t, dass d e r K ugel
b litz  in  irgend  einem  m e ta s tab ilen  Z u stan d e  doch m ehrere  S ek u n d en  h in d u rch  
ex isten zfäh ig  is t, and ererse its  n a c h  den  b e k a n n te n  G esetzm ässigkeiten  der 
P la sm ap h y s ik  diese ion isierte  G asw olke schon  n ach  u n g lau b lich  k le inen  
B ru ch te ilen  einer S ekunde, w egen d er R ek o m b in a tio n  der d a rin  en th a lte n e n  
L ad u n g en , verschw inden  m üsste .

D a m it w ir das h ierbei a u f tre te n d e  P rob lem  k la r  sehen, b e tra c h te n  w ir 
zu e rs t die b e k a n n te  D ifferen tia lg leichung  der R ek o m b in a tio n . E s bezeichne n + 
die Z ah l der in  d er V olum eneinheit e n th a lte n e n  p o sitiv en  u n d  re_ die d e r nega
tiv e n  Io n en , d an n  h ab en  w ir

du I dti_
---- — = -------=  — an+ n_,

dt dt
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wo a  d er R ek o m b in a tio n sk o effiz ien t is t. D a w eiter in  unserer G asw olke die 
p o sitiv en  u n d  die n e g a tiv e n  L ad u n g en  in  gleicher Z ah l v o rh an d en  sind , so 
k ö n n en  w ir (40) noch  wie fo lg t schre iben

dn
-----=  — от- .
dt

(41)

F ü r  die in te g rie rte  F o rm  fo lg t also

1 1 ,
- = < * ( *  fo) • 

n n0
(42)

B ei n o rm aler T e m p e ra tu r  u n d  D ru ck  b es itz t n ach  d en  M essungsergebnissen 
oc die G rössenordnung  10~~6, nQ is t  dagegen n ach  u n se ren  A n n ah m en  von  der 
G rössenordnung  1019. D arau s kön n en  w ir also ersehen , dass eine wie u n g lau b 
lich  ku rze  Zeit d azu  vergehen  m ü sste , d am it n p ra k tisc h  gleich N ull w ird. 
D ie R ek o m b in a tio n  d er Io n en  angefangen  von ein igen m m  D ruck  bis ungefähr 
1 A tm  besch re ib t die T heorie  von  T hom son  in  g u te r Ü bere in stim m u n g  m it 
d e r  E rfah ru n g , bis m eh reren  A tm o sp h ären  dagegen  die T heorie von  L a n g e v in . 
In  diesem  le tz te re n  G ebiet lieg t der W ert des R ek o m b in a tio n sk o effiz ien ten  
um  die G rössenordnung  10 5 herum .

Alle diese S achen  beziehen  sich jedoch  a u f die R ek o m b in a tio n  v o n  posi
tiv e n  u n d  n eg a tiv en  Ionen , in  unserem  P rob lem  h a n d e lt es sich dagegen  um  
die R ek o m b in a tio n  von  p o sitiv en  Io n en  und  E le k tro n e n  und  es is t  eine be
k a n n te  T a tsach e , dass in  diesem  F a ll der R ek o m b in a tio n sk o effiz ien t viel 
k le in e r is t. D ie au sfü h rlich s ten  B erechnungen  ü b e r dieses P rob lem  haben  
B a t e s , B u c k in g h a m , Ma s s e y  u n d  U n w in  [17] ve rö ffen tlich t, die v o n  ihnen  
h e rg e le ite te  F o rm el la u te t

Qn 64 я 4 Vs e2 
3 he3 V

12
Tp, r  ipn d x  , (43)

wo V die F req u en z  des au sg e s tra h lte n  L ich tes, ipn die E ig en fu n k tio n  des ge
b u n d e n e n  Z u stan d es u n d  ipt die des freien  Z u stan d es b e d e u te t u n d  zw ar so 
n o rm ie r t, dass sie a sy m p to tisch  die F orm  einer ebenen  W elle a n n im m t. Alle 
a n d e ren  Sym bole h ab en  die gew ohnte  B ed eu tu n g . D a rau s  fo lg t fü r  den  R e
k o m b in a tio n sk o effiz ien ten

* =  v 2 Q „ -  (44)
П

(V is t  d ie G eschw indigkeit des E lek tro n s.)  D ie S u m m atio n  bezieh t sich  au f alle 
lee ren  Z u stän d e  des p o sitiv en  Io n s. Op p e n h e im e r  [18] k o n n te  schon  in  1929 
d ie  B erechnung  v o n  solch einer Sum m e vere in fachen . D ie g en an n ten  V erfasser
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•erhielten das R e s u lta t ,  dass in  d iesem  F a lle  die G rössenordnung  v o n  oc 10-12 
b e trä g t , also viel k le in e r is t als be i n e g a tiv e n  Io n en , doch wie w ir d a s  aus (42) 
e rseh en , k ö n n te  au c h  dieser W ert n ic h t die T a tsa c h e  erk lären , d ass  der K u 
ge lb litz  m ehrere  S ek u n d en  h in d u rc h  ex is tie ren  k a n n . (W ir w ollen  noch e r
w äh n en , dass in  d e r Io nosphäre  a  =  1 0 -8  d er zuverlässig ste  gem essene W ert ist. 
I n  d e r oberen F 1 S ch ich t is t oc, n o ch  k le iner u n d  h a t  einen W e rt u m  4 .10~ 9 
h e ru m  u n d  in  d e r F % Schicht die G rösse 8 .10- u . Alle diese W e rte  sprechen 
also  d a fü r, dass d o r t  auch  n egative  Io n e n  eine gew isse Rolle sp ielen .)

E in  m it dem  h ie r besprochenen  P rob lem  d ia m e tra l en tg eg en g ese tz te r 
F a ll  t r i t t  in  M e ta llg itte rn  auf. D ie k ö n n en  w ir au ch  als ein P la sm a  auffassen, 
se lb s tv e rs tän d lich  en tgegen  den G asp lasm en  als eine ex trem  q u a n te n m e c h a 
n isch e  E rsch e in u n g . N u n  k an n  ein M etall deshalb  n ich t rek o m b in ie ren , (die 
p o sitiv en  G itte rio n en  u n d  die q uasifre ien  E le k tro n e n  können  sich  deshalb  
n ic h t  gegenseitig  zu  M eta lla tom en  n eu tra lis ie ren ,)  weil das e in fach  energe
t is c h  n ic h t m öglich  is t. Rei der E n ts te h u n g  eines M eta llg itte rs  w ird  m ehr 
E n erg ie  frei, wie w en n  w ir die p o sitiv en  Io n en  u n d  die E lek tro n en  zu  n e u tra le n  
A to m e n  zusam m enfügen  w ürden. E in  en tg eg en g ese tz te r F all is t  d e r  des W as
sers to ffs , den m an  n ach  seiner Lage im  period ischen  System  als d as  e in fachste  
A lk a lia to m  au ffassen  k önn te . H ie r is t  jed o ch  die B ildung  von n e u tra le n  A to 
m en  die energetisch  günstigere u n d  ta tsä c h lic h  bew eisen das B erech n u n g en  
{19], dass ein “ W asse rs to ffm eta ll”  n u r  bei einem  D ruck  von  400 000 A tm  
e n ts te h e n  k ö n n te .

J e tz t  m üssen  w ir noch die F ra g e  b e a n tw o rte n , wieso das m öglich  ist, 
d ass  d e r R ekom b in a tio n sk o effiz ien t im  K ugelb litz  so klein w erd en  kann . 
N ach  un se re r A n n ah m e is t das M a te ria l des K ugelb litzes ein fa s t  v o lls tän d ig  
io n is ie rte s  P lasm a , a b e r n ich t w egen seiner T e m p e ra tu r , die n a c h  d e r F orm el 
von  S ah a  se lb s tv e rs tän d lich  viel zu n ied rig  sein  w ü rd e , sondern  d esh a lb , weil 
d iese G asw olke infolge der S tau u n g  von  L ad u n g en  e n ts ta n d e n  is t , en tw eder 
a n  d e r  E insch lag ste lle  eines L in ienb litzes oder a m  T re ffp u n k t e ines aus den 
W olken  sich ab w erts  au sb re iten d en  E n tla d u n g sk a n a le s  der h a u p tsäch lich  
n eg a tiv e  L ad u n g en  fü h r t  und  e iner v o n  d er E rd o b erfläch e  n a c h  oben  fo r t
sc h re ite n d e n  E n tlad u n g sro h re , in  d e r  sich h a u p tsäch lich  po sitiv e  Io n en  be
w egen . Im  E n d re s u lta t  m üssen also im  M ateria l des K ugelb litzes teilw eise 
äh n lich e  V erhältn isse  au ftre ten , wie in  einem  M etall, s e lb s tv e rs tän d lich  u n te r  
B erück sich tig u n g  d e r v iel geringeren D ich te  u n d  ausserdem  des U m stan d es, 
d ass  das d a rin  e n th a lte n e  E lek tro n en g as n ich t e n ta r te t  ist.

B e tra c h te n  w ir je tz t  nach  den  g esag ten  die E ig en fu n k tio n  eines E lek tro n s 
in  e inem  K ris ta llg itte r . Bis wir das E lek tro n en g as  als v o lls tän d ig  fre i an n eh 
m en , w erden  diese E ig en fu n k tio n en  e in fach  die fo lgende F  orm  h a b e n

y>' =  A  e‘fcx. (45)
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A  is t  h ier der N o rm ie ru n g sfak to r, also is t

I y2 1 =  A 2 =  k o n s t (46)
xind

к =  2 n —  =  2 л ^ -  (47)
2 h

is t  d er A u sb re itu n g sv ek to r, p  =  mv b ed e u te t d en  Im p u ls  des E le k tro n s .
W enn  w ir j e t z t  n ach  B loch  b e rü ck sich tig en , dass im  In n e re n  des K ris 

ta lls  ein period isches P o ten tia lfe ld  v o rh an d en  is t , d as  w ir m it V(x) b ezeichnen , 
d a n n  m uss

V(x) =  V (x+ d)  (48)

sein , weil das G it te r  bezüglich  d period isch  is t. B loch  h a t  deshalb  u n te r  B e
rü ck sich tig u n g  d ieser P e rio d iz itä t im  G itte r  s t a t t  (45) die fo lgende E ig e n fu n k 
t io n  eingefüh rt

ip(x) — u(x)elkx, (49)

w o u(x) ebenso p erio d isch  is t, w ie (48), also

u(x) — u(x-\-d) (50)

sein  m uss.
In  u n se rem  vo lls tän d ig  io n is ie rten  K u g e lb litz m a te r ia l w erden  d ie  

E le k tro n e n  je d o c h  n ich te in m al in  dem  M asse lo k a lis ie rt sein als in  einem  
n o rm alen  G asp lasm a , sondern  w erd en  zu d em  ganzen  M ateria l gehören , 
äh n lich  wie in  e in em  M etall.

D er V erfasser h a t  es schon in  seiner z itie r te n  a lte n  A rb e it e rw ä h n t, dass 
d ie  im  K ugelb litz  au ftre te n d e  seh r langsam e R ek o m b in a tio n  solch eine U rsache  
h a b e n  k an n , dass e in  E lek tro n , w eil es infolge se in e r A ustauschw echse lw irkung  
zu  allen  ü b rig en  E le k tro n e n  g eb u n d en  is t, zu e rs t v o n  dieser B in d u n g  h e ra u s
gerissen  w erden  m u ss, d am it es sich  m it einem  p o s itiv e n  Io n  vere in ig en  k an n . 
W ir h ä tte n  also  m it  irgend  e iner A r t äh n lich er E rsch e in u n g  zu  tu n , wie d e r  
Ü berg an g  ü b e r e in en  G am ow schen P o te n tia lb e rg . D ie B e tra c h tu n g e n  von  
d iesem  T yp  w ollen  w ir je tz t  e tw as  stren g er fassen .

Sehen w ir also  w ie sich die F o rm eln  (43) u n d  (44) von  B a t e s  u n d  seine 
M ita rb e ite rn  ä n d e rn  w erden , w enn  w ir die im  M a te ria l des K ugelb litzes a u f tre 
te n d e n  ganz spezie llen  V erhältn isse  b e rü ck sich tig en .

ifi geh ö rt d a n n  zu  der U m g eb u n g  von  seh r v ie len  Ionen , w en n  w ir also  
deren  Zahl m it e inem  §R bezeichnen , so m üssen  w ir  in  der e rw äh n ten  F o rm el 
s t a t t  rpi

Wi

SR1'2
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einse tzen . Ä hnliche V erh ä ltn isse  w erden  a u f tre te n , w enn v ie lle ich t w egen der 
s tä rk e re n  B in d u n g  zw ar in  einem  geringeren  M asse, au ch  he i d er E ig en fu n k 
tio n  ipn.

E s is t  zw ar se lb s tv e rs tän d lich  w ahr, dass d an n  alle 31 E lek tro n en  einen 
ähn lichen  L ad u n g sb e itrag  in  d e r U m gebung  v o n  allen  p o sitiv en  Io n en  liefern  
w erden  u n d  m an  k ö n n te  d esha lb  g lauben , dass die e rw äh n te  E rsch e in u n g  d em 
zufolge h e rau sk o m p en sie rt w ird . D as is t  jed o ch  n ich t der F a ll, w eil in  der z itie r
te n  F o rm el (43) das Q u a d ra t des M atrixe lem en tes s te h t, dieses w ird  je tz t  also 
m it æ  d iv id ie rt, dagegen m u ltip liz ie rt sich  die F orm el be i d er S um m ierung  
ü b e r alle E lek tro n en  n u r  m it 31. Im  E n d re su lta t  t r i t t  also zum  e rw äh n ten  A us
d ru ck  der F a k to r

æ  31

h inzu . D a 31 seh r gross is t, so w ird  das die Grösse des R ek o m b in a tio n sk o effi
z ien ten  in  einem  riesigen M asse h e ru n te rd rü c k en . S e lb stv e rs tän d lich  t r i t t  zu  
d ieser E rsch e in u n g  auch  n o ch  d er oben  b e h an d e lte  E ffe k t des Ü berganges 
ü b e r  den  G am ow schen P o te n tia lb e rg  h inzu , doch  w ird  d er w ahrschein lich  von  
u n te rg eo rd n e te re r  B ed eu tu n g  sein, oder is t  sogar schon in  unserem  eben  b e 
sp rochenen  G edankengange w en igstens teilw eise schon im p liz it e n th a lte n . 
W ie gross 31 ta tsä c h lic h  is t , d a rü b e r w äre  es sehr schw ierig  eine k o n k re te  
A ussage zu m achen , weil diese F rag e  m it den  tie fs ten  P ro b lem en  den  Q u a n te n 
m ech an ik  zu sam m en h än g t. I n  d er E lek tro n en th eo rie  d er M etalle k a n n  m an  
näm lich  m it der e in fachen  A n n ah m e auskom m en , dass d a s  L e itu n g se lek tro n  
im  u nend lichen  M e ta llg itte r v e rsch m ie rt is t. D iese H y p o th ese  k a n n  jed o ch  
au ch  schon bloss aus re la tiv is tisch en  G rü n d en  n ich t s tren g  r ich tig  sein. E s 
w äre  jed o ch  sehr schw er zu  sagen, wie w eit diese U n lo k a lis ie rb a rk e it des 
E lek tro n s  re ich t.

E in  ähn licher F a ll t r i t t  ü b rigens auch  in  der W ig n e r  — SEiTzschen T heorie 
d e r M eta llg itte r auf. D o rt w ird  ein A lkaliion  von  einer n e g a tiv e n  L ad u n g sk u 
gel um geben , in  d er se lb s tv e rs tän d ich  gerade  die L adung  v o n  einem  E le k tro n  
e n th a lte n  is t, doch trag en  zu  d e r alle M eta lle lek tronen  bei u n d  deshalb  b es itz t 
diese L adungskugel ein  P o te n tia l  a u f  sich se lb st, das m a n  als E nerg ie  b e 
rück sich tig en  m uss. (Bei A to m en  g ib t es se lb s tv e rs tän d lich  so e tw as n ic h t, weil 
w enn  es ta tsäch lich  v o rh an d en  w äre  u n d  w ir au ch  dies b erü ck sich tig en  m ü ssten , 
d a n n  w ürde  z.B . die Ü b ere in stim m u n g  m it d er B alm erfo rm el u n d  der E rfa h 
ru n g  v o lls tän d ig  verlo rengehen .)

D er num erische  W ert des P o te n tia ls  a u f  sich selbst is t  jed o ch , w enn w ir 
d ie W olke en tsp rech en d  den  m eh re ren  E le k tro n e n  schon  au fg e te ilt h ab en , 
g eg en ü b er dem  dass w ir d iese Z erlegung n och  w eite r fo rtse tzen , sehr w enig 
em pfind lich  u n d  w ir e rh a lten  deshalb  in  d iesem  F alle  g a rk e in  B ild  d avon ,
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w ie gross аЯ se in  k an n . Ä hnliche V erhältn isse  tre te n  üb rigens auch  bei d e r  
B erechnung  d e r e le k tro s ta tisc h e n  E n erg ie  von  A to m k ern en  auf.

W ir m ö c h te n  n u r noch  e rw ähnen , dass w enn au ch  die besp rochenen  
V erhältn isse  bezüglich  der Z ugehörigkeit eines E lek tro n s  zu dem  ganzen  
P la sm a m a te ria l auch  n ich t so k rass  w ären , als w ir das angenom m en h ab en , 
(und  wie das in  einem  M eta llg itte r auch  ta tsä c h lic h  ist) u n d  die V erschm ierthe it 
v o n  ipn auch  geringer w äre, auch  d a n n  im  N enner u n se re r F orm el (52) eine 
seh r grosse Z ah l stehen  w ü rd e , die also den  W ert des R ek o m b in a tio n sk o effi
z ien ten  noch im m er s ta rk  h e ra b d rü c k en  w ürde.

§ 5. D ie E nerg ie  des K ugelblitzes

W enn w ir die Ion isa tio n sen erg ie  von  S tickstoff- u n d  S au ersto ffa to m en  
gleich 14 eV se tzen  u n d  n ach  u n se re r A n n ah m e in  einem  cm 3 27.1018 E le k 
tro n e n  e n th a lte n  sind , d a n n  b erech n en  w ir fü r  einen K ugelb litz  v o n  20 cm 
D urchm esser, dass die E nerg ie  v o n  dem  ru n d  2 ,4 .105 Jo u le  b e trä g t, also eb en 
soviel E n erg ie  fre i w ird , w enn  alle d a rin  e n th a lte n e n  E lek tro n en  p o sitiv e  
Io n en  n eu tra lis ie ren . W ir w ollen jed o ch  noch  bem erken , dass weil u n se r K u 
gelb litz  sch w eb t u n d  deshalb  nah ezu  im  G leichgew icht m it der um gebenden  
L u ft sein m uss, e r eigen tlich  eine d o p p e lte  Z ahl von  A to m en  e n th ä lt, weil ja  
jed es  G asm olekül in  zwei A tom e (bzw . Ionen) d issoziiert. D eshalb  m üssen  
wrir die angegebene E nerg ie  noch  m it zwei m u ltip liz ie ren  u n d  m üssen  ausserdem  
auch  noch die D issoziationsenerg ie  h in zu ad d ieren . W e ite r is t es m öglich , 
(weil ja  im  B litz  sehr grosse S p an n u n g en  au ftre te n ), dass auch  höhere Io n isa 
tio n ss tu fen  eine R olle sp ielen  u n d  deshalb  in  folge v o n  all den  e rw äh n ten  
U m stän d en  d ie  angegebene E n erg ie  noch  u m  eine ganze G rössenordnung  grös
ser sein k ö n n te .

W enn  w ir das e rh a lten e  n um erische  E rgebn is m it den  sich a u f  die E n e r
gie des K ugelb litzes  b eziehenden  B eo bach tungsergebn issen  [20], die jed o ch  
von  geringer Z ah l und  oft v o n  p rob lem atischem  W erte  sind , verg leichen , so 
können  w ir sehen , dass die grössenordnungsm ässige  Ü b ere in stim m u n g  au c h  
h ie r v o rh a n d e n  ist.

N ach  den  M essungen v o n  W il so n  [21] lieg t die E nerg ie  eines gew öhn
lichen L in ienb litzes zw ischen 2.108 u n d  2.109 Jo u le . W ir sehen  also, dass der 
beim  E in sch lag en  even tu e ll e n ts teh en d e  K ugelb litz  n u r  einen  versch w in d en 
den  Teil d ieser E nerg ie  e n th ä lt.

M an k ö n n te  es v ie lle ich t v e rsuchen  n ach  den in  d ieser A rbeit b esp roche
nen  R ich tlin ien  K ugelb litze  k ü n stlich  herzuste llen . D er V erfasser h a t  dazu  
h ier diese M öglichkeit n ic h t.
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HYDROMAGNETIC NATURAL CONVECTION FLOWS 
RESULTING FROM THE COMBINED BUOYANCY 
EFFECTS OF THERMAL AND MASS DIFFUSION
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Natural convection of an electrically conducting fluid produced by the interaction of 
the force of gravity and density differences caused by the simultaneous diffusion of thermal 
energy and chemical species in the presence of a uniform transverse magnetic field is dis
cussed. On thermal boundary layer thickness, concentration boundary layer thickness X t and Xc 
have been calculated for different values of Prandtl number. A direct relation between the film 
thickness and distance travelled is presented and it is found that the film thickness approaches 
the uniform film thickness asymptotically.

Subscripts
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Nomenclature

u, velocity component in «-direction;
V ,  velocity component in y-direction:
x, vertical distance along the surface;
y, horizontal distance from the surface; 
a, thermal molecular diffusivity;
ß, volumetric coefficient of thermal 

expansion;
ß*, volumetric coefficient of expansion with 

concentration;
Q, fluid density;
<5(x),boundary layer thickness for velocity; 
r\, dimensionless distance from the wall

(=y/<5(*));
fi, dynamic viscosity of the fluid;
V,  kinematic viscosity of the fluid; 
g, acceleration due to gravity; 

ô/(x), boundary layer thickness for 
temperature;

ác(x), boundary layer thickness for con
centration;

a, electric conductivity (assumed to be 
constant);

q, flow rate per unit width of wall;
C, nondimensional species concentration; 
Pr, Prandtl number (v/a);
Sc, Schmidt number (v/D) ;
D, chemical molecular diffusivity ;
Fx component of the magnetic body force 

(-ouB% );
V, the velocity vector with components 

u and v,
J, the current density;
F, Lorentz body force;
E, electric field;
Gr, Grashof number ;
T, fluid temperature;
A, Gr -f- Gr'
Le, Lewis number (Sc/Pr);
Am, dimensionless symbol;
X,  dimensionless length.

0 , at the surface;
oo in the undisturbed fluid;
p,  at the plate surface;

t, based on temperature; 
c, based on species concentration.
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In troduction

The p h en o m en o n  of n a tu r a l  convection  arises in  a flu id  w hen  te m p e ra 
tu r e  changes cause  d ensity  v a r ia tio n s  leading to  b u o y an cy  force ac tin g  on th e  
f lu id  elem ents. S everal p ap ers  h a v e  appeared  in  th e  la s t few years on m agne- 
to h y d ro d y n a m ic  th e rm a l co n v ec tio n . Spar ro w  e t al [1] an d  B r in d l e y  [2] 
h a v e  s tud ied  th e  h e a t tra n s fe r  from  a v e rtica l f la t  p la te  in  a va riab le  s tream  
a n d  under th e  ac tio n  of g ra v ity . T he problem  o f forced  h e a t tra n s fe r  from  a 
th in  h o rizo n ta l needle in  a u n ifo rm  stream  has been  in v e s tig a te d  b y  Ma r k  
[3] and  T am  [4]. Som ers [5], h as  given th e  com bined  th e rm a l an d  species 
d iffusion d riv en  flow  th a t  w o u ld  arise ad jacen t to  a w e tte d  iso th e rm a l v e rtic a l 
surface in  a n o n -sa tu ra te d  a tm o sp h e re . Ma t h e r s  e t  al [6] fo rm u la ted  th e  sam e 
problem  in te rm s  of th e  b o u n d a ry  layer d iffe ren tia l eq u a tio n s re su ltin g  from  
fo rce -m o m en tu m , energy, a n d  chem ical species co n serv a tio n , a t  v e ry  low con
cen tra tio n . G e b h a r t  e t al [7] considered th e  s ta b ility  o f v e rtic a l n a tu ra l 
convection  b o u n d a ry  layers a n d  some num erica l so lu tions h av e  been given. 
G e bh a r t  a n d  P e r a  [8] fo rm u la te d  the  n a tu re  o f  v e rtic a l n a tu ra l  convection  
flow s resu ltin g  from  th e  co m b in ed  buoyancy  effects o f th e rm a l an d  m ass d if
fusion. Gu pt a  a n d  S u r y a pr a k a sh r a o  [9] have  s tu d ie d  th e  h y d ro m ag n e tic  free 
convection  p a s t  a v ertica l p o ro u s  f la t  p la te  su b je c te d  to  suc tion  or in jec tio n .

The p u rp o se  o f th e  p re se n t s tu d y  is to  in v e s tig a te  flow s resu ltin g  from  
b u o y an cy  forces w hich arise fro m  a com bination  o f te m p e ra tu re  and  species 
co n cen tra tio n , in  th e  p resence  of uniform  tra n sv e rse  m ag n etic  fie ld . Such 
ty p e s  of p rob lem  have  m a n y  im p o r ta n t  techno log ica l ap p lica tio n s, e.g ., in  th e  
cooling of n u c le a r  reac to rs, p ro v id in g  h e a t sinks in  tu rb in e  b lades an d  h igh  
speed  re -e n try  vehicles.

Analysis

C onsider a tw o -d im ensiona l s tead y  lam in a r flow  in  w hich th e  v e lo c ity  
v ec to r V an d  th e  uniform  m a g n e tic  field В are  ev ry w h ere  para lle l to  th e  x —y  
p lane  and th e  electric  field E  a n d  th e  cu rren t d e n s ity  J  a re  no rm al to  th e  p lane. 
T ak e  th e  o rig in  a t  th e  low er edge of th e  p la te , ж-axis a long  th e  p la te  an d  
у -axis n o rm al to  th e  p la te . I f  (i) th e  e lec trom agnetic  b o d y  force te rm s  are 
com bined  w ith  N av ier-S tokes eq u a tio n s, (ii) g ra v ity  is abso rbed  in  th e  h y d ro 
s ta tic  p ressu re , th e  eq u a tio n s  a re  w ritten  in  th e  b o u n d a ry  lay e r form  a p p ro 
p ria te  w hen th e  th ickness o f  th e  flow  region (in  y)  is sm all co m p ared  to  th e  
d istance  x  ab o v e  th e  in it ia tio n  o f  th e  n a tu ra l convec tion  flow . R e ta in in g  these  
effects th e  e q u a tio n s  g o v ern ing  th e  s tead y  la m in a r flow  in  B oussinesq  ap p ro x i
m atio n  [10] a re :

9 и
Qx

+
dv 

9У
0 , ( 1 )
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, 9 и+  v ----- 9 2u . „ ír  
=  V +  gß(T  - T a )+gß*(C  C „ ) +  A  (2a)

9y dy2 Q
, dT 9 2T+  v ----- — « , > (3)

9 J 9y2

dC T, 92C+  v ----- =  D —  . (4)
9y dy2

In  th is  s tu d y  we neg lec t s tra tif ic a tio n , v iscous d iss ip a tio n , e lectrical 
d iss ip a tio n  (Jou le  h ea tin g ) a n d  o th e r  a d d itio n a l effects.

T he L o ren tz  b o d y  fo rce  F  in  th e  absence o f excess charges m a y  be 
w ritte n  as:

F  =  J x B .  (5)

I f  a is th e  un ifo rm  c o n d u c tiv ity  an d  i f  th e  in d u ced  e lec trica l fie ld  is 
negligible, th e n  O hm ’s law  gives

J  =  a ( E + V x B ) . (6)

In  s te a d y  s ta te  E  m u s t be derivab le  from  a p o te n tia l. Since i t  is w holly  
in  th e  d irec tio n  no rm al to  th e  x  — y  p lane , i t  m u s t be in d e p e n d e n t o f  x  and  y . 
In  th e  absence  of convec tion  th e  у -com ponen t o f th e  m ag n e tic  fie ld  is un iform  
an d  V =  0 =  E , in  th e  f lu id . I t  m ay  th ere fo re  be  reaso n ab le  to  assum e th a t  
th e  sam e is t ru e  o u ts id e  th e  b o u n d a ry  lay e r in  th e  p resence  o f convection ,
i.e. E  =  0, th e n

J  =  a(V  X  B ) . (7)

I f  th e  m ag n e tic  R eyno lds n u m b er is sm all th e  in d u ced  m ag n e tic  fie ld  
is  negligible co m p ared  w ith  th e  app lied  m ag n etic  fie ld . So th a t  we can  w rite

B =  iy B 0, (8)

w here iy is th e  u n it no rm al v ec to r  in  th e  n o rm a ly -d ire c tio n , com bin ing  E qs. (5)
(7) and  (8) th e  r-c o m p o n e n t o f th e  b o d y  force is found  to  be eq u a l to

Fx = - a u B l  (9)

T he m o m en tu m  eq u a tio n  c a n  th e re fo re  be w r itte n  as

» — + ®  —  =  v - ^ + g ß ( T - T „ )  +  g F ( C -  Ca ) - — B§.  (2)
9* 9y  9y 2 Q

W e propose  to  solve th e  b o u n d a ry  la y e r  eq u a tio n s  b y  an  in te g ra l m eth o d  
sim ilar to  th a t  o f K á rm á n  an d  P oh lh au sen .
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In te g ra tin g  (2) w ith  re sp ec t t o y  from  0 to  <5(x) an d  using  (1), we get

0 r*x)
dx.

ЛТО r°(x)
u2(x,y) dy  =  gß(T  — T a) dy  +  gß* (C - C „ ) d y  — 

Jo Jo  Jo

u d y .
Jo

|0U] aBl r

U j / o ç J o

( 10)

We solve (10) b y  assum ing  a po ly n o m ia l o f th ird  degree fo r th e  v e lo c ity  
fu n c tio n  in  te rm s  o f  th e  d im ension less d is tan ce  from  th e  w all,

uô at] -f- brf -j- cr)3, ( И )

w here  rj У
ô(x)

The coeffic ien ts  a, b an d  c a re  e v a lu a ted  b y  using  th e  follow ing co n d i
tio n s :

Г) — 0, it =  0, V =  0,

n 9 “V =  0 , T T == —
dr)

V =  1, —  =  о .
dV

(Tp -  T„)  -  * 0 ™  (c  -  c „ ) , ( 12)

T h e  f irs t co n d itio n  o f E q. (12) is n o  slip co n d itio n  a t  th e  w all. T he second co n 
d itio n  has b een  o b ta in ed  b y  u s in g  th e  co n d itio n  o f  no slip  a t  th e  w all. I t  
de term ines th e  c u rv a tu re  of th e  v e lo c ity  pro file . T h e  th ird  co n d itio n  is a t  th e  
free  surface o f  th e  liqu id  film , an d

Г o(x)
I udy — q (co n s tan t) . (13)

T h e  coefficients a re  given by  

12+ A , 1 . 4 J - 1 2
b = ------- A, c = ------ — —

2 15

w here  A =  Gr -4- Gr' and

Gr = Æ Î { T p - T m),  
qv

Gr' = g £ * l ( Co_ Cai) .
qv

(14)
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H ence E q . (11) becom es

m3 _  12 +  Л

4
71------- A t? +

5 2
4/1 — 12 

15

Also assum ing  th e  po lynom ial o f th ird  degree fo r te m p e ra tu re , i. e.

T - T p
T „  — T r

=  E  -f- Fr] +  Grf - f  H r f

(15)

(16)

T h e  coeffic ien ts E, F, G an d  H  are  e v a lu a te d  b y  using  th e  follow ing cond itions

»7 =  0, T  — T p, r, =  1, T  =  T„  ,

, ЭТ 32 T17 =  1, -----=  0 ,  1 7 = 0 ,  ---- — =  0
01? 0172

T h e coeffic ien ts are g iven  b y

E  =  0 , F  =  3 /2 , G =  0 , Я  =  1/2 .

(17)

H ence (16) becom es
Т - Г р

1/2 4 ( 3 - 4 * ) ,

i.e.
(Г  -  Г . )  =  (Т в -  Тр) [1/2 г, (3 -  4*) -  1] . 

S im ilarly , w e have

(С -  с.) =  (С . -  С0) [1/217 (3 -  4*) -  1],

(18)

(19)

( 20)

su b s titu tin g  (11), (13), (14), (19) a n d  (20) in  th e  in te g ra te d  m o m en tu m  eq u a tio n
(10), we h a v e

qô'
1575 V

[120 A2 -  1968 A -  78336] -  [7 A  -  96 -  40 Am] =  0 , (21)

w here

Am =
o B 20ô2(x)

QV

an d  dash  d eno tes d iffe ren tia tio n  w ith  re sp ec t to  x.
In te g ra tin g  (21) fo r zlm =  1 a n d  A m =  2, we h a v e

x  -
11025 V

30g . , 2544 t , 3492480 qv
------ А пд* H------------ o 4 - -------------------- -

qv ° ^  7 ^ 49 gA0
^ _ j u ; 2/3
136 qv

A J  X
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X
ó2 +

log-

( 136 qv 1/3
Л  1 136 qv j 2/3

7 g4>
0  - f

7g 4 » !
136 qv

7g 4>

1 /312 +

(22)

2<5 +
136 qv

—=r t a n ' 7g A0

1/3

Уз 136 qv
7g A0

1/3

a n d

X -
1

11025 p
30g J  ^  7344 ô 2534920 qv

° 7 49 gZl0
7 g

9»’

X

<52 +
176 qv

log 7 g 4 > l

1/3
<5 +

176 qv

176 qv | 2/3

^0
2/3

X

7 g4>.

H---- t=r- ta n
Уз

2Ô +

1 176 gr 1/31 2

1 7 g4>. )
176 11/31-

7 g4> )

(23)

Уз 176 qv

, 7 gZl„

Here 4 ,  *= ß (T p -  Г . )  +  /3* (C0 Сга) .

C hanging E q s . (22) an d  (23) in to  non -d im ensional fo rm , w e have

X  =
30zl 2544

I
3492480

I
' 7 ]2/3 1

11025 ' 77175 540225 136 1 A .

1/3
X

X —  lo£

/ | 2 / 3 +
136
7

1 1/3
A 1' 3 +

136
7

12/3

136

7

2/3 1

■ - 7 A 136

i / 3 j 2 +

(24)

, 1+ ; —=- ta n
Уз

2 Zl1'3 +
136 1/3

У з ' 136
1/3
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and

X  =
30 , 7344 2545920 ( 7

Л +  — — — +  —
11025 77175 540225 { 176

176 1/3

2/3 l  l

J
1/3

X

(

X

A2/3 +
log

(zl)1/3 + 176 | 2/3

176 2/3
1 - 7 J ) " 3

2

7 176 )

X

2 Л1/3 +
176 n

1 . 7

У з У з 176
7

1/3
/

»h ere

X  =■
XV

ó(x)q

U sing E qs. (11), (13), (14) an d  (19) in  in te g ra te d  te m p e ra tu re  eq u a tio n ,

Э T

9j)j
а Г ‘(х\ т  T  \  л  ( d T(T  T„) udy  =  — а

Jo
we h av e

i.e.

dx Jo { dy ]y=o

v  41 _  . ô 1X /  =  -------- — P r A w hen  -----oc--------
16800 öt )rPr  ’

X t -  =  0 .00244A, w hen  Pr  =  1.

F o r sod ium , i.e. w hen  — - =  0.0258
öt

X t = 0 .0 3 7 4 4  A .

F o r m ercu ry , i.e. w hen =  0.0074

X ,  =  0.08832 A,
w here

X , =
X V

dtq

Sim ilarly , we can  also find  th e  v a lu e  o f X c, i. e. fo r co n cen tra tio n

XV b 1
= --------  a n a  -----oc

dcq Ôc у  sc  ’

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)
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w h ere  Sc is th e  S chm id t n u m b e r  an d  is th e  ra tio  o f  th e  m olecular d iffusiv i- 
t ie s  of m o m en tu m  and  chem ical species, i.e. v/D.

T he v a lu es  o f  X t in  te rm s  o f  G rasho f n u m b e r h a v e  been  ta b u la te d  fo r 
d iffe ren t va lu es  o f  P ra n d tl  n u m b er.

Table I

Pr X,

0.0009 0.32134 A
0.0074 0.08832 A
0.0100 0.07255 A
0.0250 0.03744 A
0.2500 0.00144 A
1 .0 0 0 0 0.00244 A

Conclusions

A n a ly tica l so lu tions b e tw een  th e  film  th ick n ess  an d  d istance  tra v e lle d  
h a v e  been p re sen ted  in  E q s. (24) an d  (25) fo r d iffe ren t v a lu es  of Am a n d  i t  is 
concluded  th a t  th e  film  th ick n ess  app ro ach es th e  u n ifo rm  film  th ick n ess  
a sy m p to tic a lly . Also th e  v a lu e  o f A fo r w hich  X  is in f in ite  increases as th e  
s tre n g th  of th e  m agnetic  fie ld  increases, as show n in  F ig . 1. T h e  velocity  func-

A c ta  Physica A ca d em ia e  Sc ien lia ru m  H u ngaricae  42 , 1977



HYDROMAGNETIC NATURAL CONVECTION FLOWS 57

tio n  is also o b ta in e d  as show n in  E q . (15). T h e  v a lu e  o f X t is also d e te rm in ed  
fo r  m ercu ry  an d  sodium  liqu id  an d  i t  is found  th a t  th e  v a lu e  o f X t fo r m ercu ry  
is g rea te r  th a n  th e  sodium  liq u id . F rom  T ab le  I  i t  is c lear t h a t  th e  values of 
X t decrease (in  te rm s  of G rasho f num ber) as th e  value o f P ra n d t l  n u m b er 
increases. S im ilar is th e  case fo r X c.
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FREE CONVECTION EFFECTS ON MHD CHANNEL FLOW 
WITH VARIABLE VISCOSITY

By
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(Received 4. I. 1977)

An analysis of the influence of buoyancy force and variable viscosity on the horizontal 
MHD channel flow has been carried out. Approximate solutions to 0(e) for velocity and tem
perature are obtained by the method of iteration. Velocity and temperature profiles are shown 
on graph and numerical values of the skin-friction at lower and upper plates are entered in 
Tables. During the course of discussion, the effects of different parameters on the stability of flow 
at the plates, in case of both aiding (G >  0) and opposing (G <  0) flows have been brought out.

1. In troduction

M H D  ch an n e l flow s h av e  been  in v es tig a ted  b y  a n u m b e r o f research  
w o rk ers  in  recen t y ea rs  in resp ec t o f th e ir  p ra c tic a l ap p lica tions. I n  all these  
in v es tig a tio n s  th e  flow  was assum ed  horizon ta l a n d  hence u n d e r u su a l assu m p 
tio n s , th e  g ra v ita tio n a l field w as neglected. B u t Sparrow , E ichhorn and  
Gregg [1] h av e  show n th a t  th e  g rav ita tio n a l fie ld  is im p o r ta n t in  ho rizon ta l 
flow s o f liqu ids w ith  low  P ra n d tl  n u m b er. H ence a channel flow  w ith o u t m ag 
n e tic  fie ld  w as an a ly sed  by  Gill an d  Casal [2] on tak in g  th e  g ra v ita tio n a l 
f ie ld  also in to  a cco u n t. The correspond ing  p rob lem  in  th e  p resence  of a tr a n s 
v e rse  m agnetic  f ie ld  was recen tly  p resen ted  b y  Gupta  [3] w ho discussed th e  
o p en -c ircu it case o f M H D  ch an n e l flow . Gill a n d  Casal h a v e  also discussed 
th e  non -m ag n etic  channel flow  p rob lem  w ith  v a ria b le  v iscosity  .

I t  is th e  o b je c t o f th e  p re se n t pap er to  d iscuss Gupta’s p rob lem  by  also 
considering  th e  v a ria b le  v iscosity . In  Section 2, Gupta’s expressions fo r v e 
lo c ity  an d  te m p e ra tu re  are assum ed  and  the  p rob lem  is so lved b y  assum ing 
th e  v iscosity  to  v a ry  linearly  w ith  te m p e ra tu re , w hich  is ap p ro x im a te ly  tru e  
fo r  liq u id  sodium . T h e  assu m p tio n s o f th e  p rob lem  are  th e  sam e as described 
b y  Gu pta . In  S ec tion  3, th e  conclusions are se t o u t.

2. M athem atical analysis

H ere  th e  ch an n e l is assum ed  to  be b o u n d ed  b y  tw o in f in ite  paralle l 
n o n -co n d u c tin g  p la te s . A tra n sv e rse  m agnetic  fie ld , H0, is assum ed  to  be 
ap p lied  in  th e  y -d ire c tio n , w here x  an d  y  arc th e  axes along an d  pe rp en d icu la r

*Department of Mathematics.
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to  th e  low er p la te . T h en  assum ing  th e  a sy m p to tic  so lu tio n  fo r th e  energy  equa- 
io n  fo r  fu lly  developed  flow s an d  w ith  c o n s ta n t v iscosity , th e  expressions for 
th e  v e lo c ity  and  te m p e ra tu re  p ro files, as derived  by  G u p t a , are  as follow s:

an d

u. =  A (  1 — cosh Mr]) C sinh M r)  — -
M 2

Ф(ч) =  

+

«1 2a7
M 2 M 3

cosh Mr] Í  «2 _
\ M 2

2 a2

h p
sin h  Mr] -|-

do
cosh 2 Mr] a. sin h  2 Mr] <h Vf

4 M 2 4 M 2 6

° e Г-— |- i f  -f- a10 r) -\— —  t? sinh  Mr] -\-
12 2 M 2

+

( 1 )

(2)

H----- — n  cosh Mr] 4- a , , ,
M 2

•where A , C, av  a2, . . .  . a u  are d efin ed  in  G u pt a ’s paper.

Variable viscosity

H ere  on neg lec ting  th e  ax ia l v a r ia tio n  o f v isco sity  a n d  a cco u n tin g  fo r 
th e  v iscosity  to  v a ry  w ith  r] on ly , G u p t a ’s e q u a tio n  (15), in  v ir tu e  o f  (16), 
red u ces  to  th e  follow ing

d2 I fi dux 
drf ]i0 dr] ,

M 2^ V  =  o ,
dr]

(3)

w h ere  th e  v iscosity  u sed  in  G is /x0, th e  in itia l value o f  ]i a t  th e  low er p la te . 
In tro d u c in g  th e  tra n sfo rm a tio n

in  (3), w e o b ta in

u i
rv dip 

о W/6)

drf  dr]
G ,

(4)

(5)

w h e re  ip rep resen ts v e lo c ity  w hen  v isco s ity  is variab le . F o r  e lec trically  c o n d u c t
in g  liq u ids, like liq u id  sod ium , th e  v isc o s ity  can  be a p p ro x im a te d  as:

MO __ ^  ~Ь Tg _  j  . T  ~  Tfl 
M T0 +  Ta To -f- Ta

1 +  еФ , (6)
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w here s =  A J ( T 0 -f- T a). H ere  Ta is a ssu m ed  to  be a reference te m p e ra tu re  
fo r th e  v isco sity . In  case o f va riab le  v isco s ity , i f  u' rep re sen ts  th e  v e lo c ity , 
E q . (4), in  v ir tu e  of (6), reduces to

u ' =  y> 4- eJ  Ф | ^ - |  dr] . (7)

O n neg lec ting  v iscous an d  Jo u le  d iss ip a tio n  te rm s  in  th e  energy e q u a tio n  
an d  d en o tin g  Ф' as th e  te m p e ra tu re  in  case  o f  v a riab le  v iscosity , E q . (31) 
(from  Gupta  [3]) in  v ir tu e  o f (7), reduces to  th e  follow ing:

E q s. (7) an d  (8) a re  now  so lved  b y  th e  m e th o d  o f ite ra tio n . T h is is accom plished  
as follows: F i r s t  E q . (5) is so lved for гр. T h is  expression  fo r y> an d  th e  one 
fo r  Ф g iven  b y  (2), a re  su b s ti tu te d  in  (7). O n in te g ra tin g  an d  d e te rm in in g  
th e  c o n s ta n ts  from  th e  b o u n d a ry  cond itions (24) an d  (25) (from  Gupta  [3]), 
th e  expression  fo r u' is o b ta in ed . This ex p ressio n  for u' is again in te g ra te d  
tw ice  to  o b ta in  Ф '. In  th is  case th e  b o u n d a ry  cond itions (26) a re  used.

T he sh e a r stress, in  non-d im ensional fo rm , a t  th e  low er an d  u p p e r p la te s , 
is  given b y

r  =  (d u '/d i^ ^ o  o r 1 (9)

a n d  hence r  is  c a lcu la ted  from  th e  expression  fo r  u '.  3

3. D iscussion

N um erica l ca lcu la tions are  carried  o u t fo r th e  v e loc ity  u ' and  te m p e ra 
tu re  profiles Ф ' an d  th e y  are  show n in  F igs. 1 — 5. Also in  T ab les I  an d  I I  th e  
num erica l va lu es  o f th e  sk in -fric tion  are en te re d .

F rom  F ig . 1, we conclude th a t  th e  v e lo c ity  increases w ith  increasin g  e, 
b u t  decreases w ith  increasing  M.  A gain in  case o f  variab le  v iscosity , fo r G > 0 ,  
w hich co rresponds to  a id ing  flow s due to  th e  h ea tin g  o f th e  p la te s  in  th e  
ax ia l d irec tion , th e  v e loc ity  is s till observed  to  be  m ore in  th e  low er h a lf  o f 
th e  channel th a n  th a t  in  th e  u p p e r half, w h ich  is ev id en t from  Fig. 2. Also 
opposite  is th e  case for G <  0. Gupta  has n o t show n th e  effects o f th e  b u o y a n c y  
force on th e  te m p e ra tu re  d is tr ib u tio n  in  th e  ch an n e l. H ence in  Fig. 3, te m p e 
ra tu re  profiles a re  p lo tte d , w hich  are ca lcu la ted  from  eq u a tio n  (32) in  Gu pta ’s 
p ap er. F o r th e  sam e v alue  o f  M , th e  te m p e ra tu re  increases in  case o f a id in g  
flow  i.e. as G increases. M oreover, an  increase  in  M  leads to  an  increase in  th e  
te m p e ra tu re  w hen  G is c o n s ta n t. The effects o f  v a riab le  v iscosity  on th e  tem -
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Fig. 1. Velocity profiles G =  10, К  — 0,05, AI =  2 ---- , 6 ----------

p e ra tu re  d is tr ib u tio n  are show n in  Figs. 4 a n d  5. T he im p o r ta n t effect is th a t  
th e  te m p e ra tu re  profiles a re  reversed  in  sh ap e  w hich corresponds to  cooling 
o f  th e  flu id  in  a p a r t  o f th e  channel. F ro m  F ig . 4 one can  conclude t h a t  th e re  
is m ore cooling effect in  a id ing  flow s th a n  th a t  in  opposing  flows. A lso from  
F ig . 5, fo r e =  0.1, we can  conclude th a t  in  opposing flow s th e  te m p e ra tu re  
decreases in  th e  low er h a lf  o f th e  ch an n e l w hen  M  increases.

T he n u m erica l va lues o f  th e  sk in -fric tio n  a t  th e  low er p la te  a re  e n te re d  
in  T ab le  I . In  case of c o n s ta n t v iscosity , th e  expression fo r th e  sk in -fric tio n  
o b ta in ed  b y  G upta , is v e ry  sim ple an d  hence  Gupta concluded  th a t  in  opp o s
in g  flow s th e re  is m ore an d  m ore cooling o f  th e  lower p la te  w hich is th e  m a in  
cause of th e  te n d e n c y  to w ard s in s ta b ility  fo r  fixed  M .  In  th e  p re sen t case , th e  
expression  fo r th e  sk in  fr ic tio n  being co m p lica ted , we h av e  ca lc u la ted  th e  
n u m erica l v a lu es  fo r r  fo r 0. In  case o f  G <C 0, a  decrease in  G lead s to  a  
decrease in  th e  v a lu e  of т fo r c o n s ta n t M , s an d  K .  So in  o rder to  d escribe  th e
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Fig. 2. Velocity profiles, M  =  4, e =  0.1, К  =  0,025, G =  - 1 0  — , 0 ----------, 1 0 -------------
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effects of d iffe ren t p a ra m e te rs  on th e  in s ta b ility , in  th e  p re sen t case, we have  
ca lcu la ted  th e  p ercen tag e  decrease u n d e r d iffe ren t cond itions. H ence  for 
M  — 4, s =  0 an d , К  — 0 ,025, т  =  7.4444 fo r G =  0 an d  r  =  7.1086 for 
G =  —5. U n d e r th is  co n d itio n  o f cooling, w h en  G decreases b y  5 u n its , 
г  decreases b y  4.51 p e r cen t. S im ilarly  fo r e =  0.1 a n d  0.2, th e  decrease  in  
p ercen tage  fo r M  =  4 an d  К  =  0.025 are  re sp ec tiv e ly  4 .306%  a n d  4 .075% . 
T h is shows t h a t  in s ta b ili ty  increases w ith  in c reasin g  e.

The co rrespond ing  %  fig u res  fo r M  — 6 a re  3 .1 3 % , 3 .039%  a n d  2 .893%  
fo r e =  0, 0.1 a n d  0.2, re sp ec tiv e ly . H ence we ca n  conclude th a t  as th e  m ag 
n e tic  fie ld  increases, th e %  decrease is less, i.e . th e  te n d e n c y  of in s ta b il i ty  is less 
w ith  increasing  th e  s tre n g th  o f th e  m ag n e tic  fie ld . H ence  in  case o f  opposing 
flow s (G <  0), an  increase in  M  helps to  stab ilize  th e  flow .
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Table I

Values of (tivj

e » 0.1 0.2

M C.........  * 0.025 0.025 0.025

-  75 2.4071 2.3089 2.2089
-  1 0 6.7728 6.8566 6.9021
-  5 7.1086 7.1840 7.2149

4
0 7.4444 7.5082 7.5214
5 7.7902 7.8293 7.8218

1 0 8.1161 8.1475 8.1162

-  75 4.7357 4.7380 4.7012
-  1 0 8.3737 8.2712 7.9628
-  5 8.6535 8.5384 8.2074

0 8.9334 8.8071 8.4519
5 9.2132 9.0745 8.6963

10 9.4931 9.3416 8.9410

A gain  th e  num erica l va lues o f т a t  th e  u p p e r  p la te  are en te red  in  T able I I .  
A s г  is o b serv ed  to  be n eg a tiv e  for G <  0, th e  in c ip ien t rev e rsed  flow  does 
n o t  occur a t  th e  u p p er p la te . H ence, th e  cooling  of th e  u p p e r  p la te  does n o t

Table II

Values of (du/dri)7i=0

e 0 0.1 0.2

M G -  ^ 0.025 0.025 0.025

-  10 -  8.1161 -  8.1267 -  8.1211
-  5 -  7.7802 -  7.7470 -  8.6974

4 0 — 7.4444 -  7.3617 -  7.2634
5 -  7.1086 — 6.9708 -  6.8197

10 — 6.7728 -  6.5744 -  6.3660

-  10 -  9.4931 —  8.5763 -  7.8208
-  5 -  9.2132 -  8.1976 —  7.3744

6 0 -  8.9334 —  7.8155 -  6.8252
5 -  8.6536 —  7.4303 —  6.4730

10 -  8.3737 -  7.0421 -  6.0179
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le ad  to  in s ta b ili ty . H ow ever, as G ( >  0) increases, th e re  is a change in  th e  
v a lu e  of r  from  n eg a tiv e  to  p o sitiv e . H ence in  case o f  a id ing  flow s, th e re  is 
a ten d en cy  o f  in s ta b ility  a t  th e  u p p e r  p la te  for a fix e d  M .  H ow ever, th e  te n d 
en cy  o f in s ta b ili ty  can he m in im ized  b y  increasing  M  i.e. b y  app ly ing  th e  m ag 
n e tic  fie ld  o f  h ig h  in ten s ity .
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O N  T H E  A N O M A L O U S  T R I P L E T  S P L I T T I N G  O F  

T H E  C 3A  T E R M  O F  T H E  T i O  M O L E C U L E

By

I . K ovács and M. I . M. E l A grab*
D E P A R T M E N T  O F  A T O M IC  P H Y S IC S , T E C H N IC A L  U N IV E R S IT Y , B U D A P E S T

(Received 11. I. 1977)

It is shown that the anomalous triplet splitting observed in the C3A term of the TiO 
molecule can he interpreted in good agreement with experiment, in addition to the spin-orbit 
and spin-spin interaction, by taking the centrifugal distortion of the spin-orbit and spin-spin 
interaction simultaneously into account. The exact values of the coupling constants A and the 
other correction constants are also given for the C3A term on the levels v' =  0 and v' =  1.

1. Introduction

T he ro ta t io n a l  s tru c tu re  o f  th e  (0,0) a n d  (1,0) b an d s o f th e  x  sy stem  of 
th e  TiO  m olecule h ad  been an a ly sed  f irs t b y  Christy  [1]. In  th e  beg inn ing  i t  
was assum ed th a t  th is  sy stem  w as p roduced  b y  СЯП  Х ЛП  tra n s itio n . Ch risty  
m en tio n ed  t h a t  th e re  was som e anom aly  in  th e  tr ip le t  sp littin g  w hich w as 
th o u g h t b y  P h illips [2] to  be  due  to  v ib ra tio n a l p e r tu rb a tio n . I t  was show n 
b y  one of th e  a u th o rs  (I.K .) [3] th a t  th e  an o m alo u s tr ip le t  sp littin g s  observed  
in  th e  x  sy stem  can  be tra c e d  b ack  to  th e  an om alous tr ip le t  sp littin g s fo u n d  
o n  th e  u p p e r a n d  low er s ta te s  o f th e  tra n s it io n  w hich can  be in te rp re te d  in  
good  ag reem en t w ith  e x p e rim e n t (a t least fo r  th e  low er s ta te )  b y  ta k in g  th e  
sp in -sp in  an d  sp in -o rb it in te ra c tio n s  s im u ltan eo u sly  in to  acco u n t. In  ad d itio n , 
th e  ex ac t va lu es  o f  th e  coupling  co n stan ts  A  w ere d e te rm in ed  am ong o th e rs  
fo r  th e  u p p e r te rm  on th e  levels v' =  0 b y  one  o f th e  a u th o rs  (I.K .) [3] an d  
on  th e  level v' =  1 b y  TŐRÖS [4]. T he A  va lu es  fo r b o th  levels, how ever, p lo tte d  
a s  func tions o f  th e  ro ta tio n a l q u a n tu m  n u m b e r J  do n o t com e o u t to  be co n 
s ta n t .  I t  was possib le  to  decrease th e  v a ria tio n  o n ly  b y  m eans o f th e  su p p o sition  
o f  an  u n u su a lly  la rg e  sp in -ro ta tio n  in te ra c tio n  b u t  th e  to ta l  e lim ina tion  was 
im possib le (F igs, l a  and  lb ) .  L a te r  i t  was e s tab lish ed  [5] th a t  th e  tra n s it io n  
responsib le  fo r th e  x  sy stem  is  C3Z1 — X 3A a n d  n o t С3П  - X 3H  as h a d  been  
fo rm erly  assum ed . T hus, all th e  m olecular s ta te s  invo lved  h a v e  been re in v e s ti
g a te d  and  th e  coup ling  c o n s ta n ts  A  reca lcu la ted  [6] b u t  th e  tre n d  of th e  v a r ia 
tio n  of A  o f th e  u p p e r s ta te  w ith  J  rem ain ed  e x a c tly  th e  sam e as w hen  th e  
u p p e r s ta te  w as t r e a te d  as a 3JJ  s ta te  (Fig. 2). I n  a d d itio n  o n ly  one p a r t  o f  th e

* On leave from Ain-Shams University, Education College, Cairo, Egypt.
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Figs, la  and 16. The variation of the coupling constants yi vs the rotational quantum number 
J  taking into account an unusually large spin-rotation interaction for v' =  0  and v ' =  1 

levels according to KovAcs [3] and T őrös [4], respectively

an o m a ly  o f th e  t r ip le t  sp littin g  o f th e  C3A te rm  could  be  exp la ined  b y  m eans 
o f  th e  sp in -sp in  an d  sp in -o rb it in te ra c tio n s . Since in  th e  m ean tim e  th e  th e o ry  
o f th e  cen trifuga l d is to rtio n  o f th e  sp in -o rb it an d  sp in -sp in  in te ra c tio n  has 
b een  -worked o u t tve a tte m p t an  in te rp re ta t io n  of th e  rem ain in g  an o m a ly  of 
th e  tr ip le t  sp littin g  o f  th e  C3A te rm  b y  m ean s of th e  effects m en tio n ed  before.
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Kg. 2. The variation of the modified coupling constant .1 vs the rotational quantum number 
J  taking into account an unusually large spin-rotation interaction for v ' =  0 level according

t o  K o v á c s  a n d  K o r w a r  [ 6 ]

2. Theory of th e  cen trifugal d istortion  of the  sp in-orb it 
an d  spin-spin in terac tion

A ccord ing  to  K ovács a n d  V u jis ic  [7 ] th e  form  of th e  sp in -o rb it an d  sp in  
sp in  in te ra c tio n  co m p lem en ted  b y  th e  effect o f  th e  cen trifu g a l d is to rtio n  is th e  
follow ing:

H s o  =  H s o  +  H f > ,

Hf> =  A 0 (LS) ,
H |°  =  (A 0 R 2 +  A R 4 A 3 R«) (L S ) ,

( la )

H ss  =  (e +  tR 2 +  eR 4 +  u R 6)(3 S | -  S2) , ( lb )

w here R , L, S are  th e  a n g u la r  m o m en tum  o p era to rs  o f th e  ro ta tio n  o f  th e  
nucle i, th e  o p e ra to rs  o f th e  re s u lta n t  o f th e  o rb ita l an g u la r m o m en ta  a n d  th e  
sp in  m o m en ta  of th e  e lec tro n s, respective ly . T h e  values o f  th e  co rrespond ing  
m a tr ix  e lem en ts o f th e  R 2, R 4, LS, 3 S | — S2 an d  R c o p era to rs  can  be found  in
[8] an d  in  Pacher’s p a p e r  [12], respective ly . U sing th e se  v a lu es  fo r th e  ca l
cu la tio n  o f th e  m a tr ix  o f  ( la )  an d  ( lb )  due  to  th e  n o n -c o m m u ta tiv ity  o f  th e  
m a trices  sep a ra te d  b y  th e  b ra c k e ts  th e  form  l/2(A B -j-B A ) is to  be  used  in s te a d  
o f th e  m u ltip lica tio n  form  AB. T h e  exp lic it fo rm  o f th e  ( la )  an d  ( lb )  m a tr ix  
e lem en ts fo r tr ip le t  te rm s  (S — 1, £  =  0, ^ 1 )  is as follows:

=  <T Л, =F 1 |H s o | A , T  1 >  =  =F Л (A 0+ A t <  + A 2 u i  + A 3 o f ) ,  (2a) 

Щ°А =  < Л , 0 | Н 5О| Л , 0 >  =  0 ,  (2b)
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H sA, a = < Л , Т 1 | Н 5О| Л , 0 > = Т - ^ - К * ± Л  X .
V 2 (2c)

X (A 1 -j- 2Ao u'2  +  A 3 u>3 ),

Я З?м ± 1 = < Л , Т 1 | Н 5О|Л ,  +  1 >  =  0 (2d)

a n d

HAfi,A+i =  'С  Л, — 1 |HSS| d ,  - f  1 >  =  8 +  r « f  -f- p u |d - o u j  , (3a)

я &  =  <  л, 0 |HSS| A, 0 > =  — 2 (e - f  r tq  +  gv2 +  ava) , (3b)

H ati ,a — <  A,  =F 1 |H SS| Л, 0 >  =  — -y—- У X ±  Л (r  +  2çw£ +  o w £ ) , (3c)

H Saf M±1 =  <  Л, T  1 ]HSS| Л , ±  1 >  =  2 (g  +  a(3x +  2)). (3d)

w here

U£" - X ^  2 Л ,

u f  =  *2 +  2 * +  4 A 2 ± 2 A ( 2 x  +  1 ) ,

u 3 = х 3 +  6 х 2 +  4 х ( З Л 2 +  1 )  +  8 Л 2 ± 2 Л ( З х 2 + 7 х + 2 ( 2 Л 2 - 1 ) ) ,  (4) 

vx .=  X  +  2, v3 =  X 2 Sx  -j- 4, t)3 =  a:3 -f- 18a2+  28a - f  8(Л2 -f- 1 ) ,

=  X i  Л +  1 ,гс | =  За2+ 2а:(2Л 4-5) +  4(Л -[-1) ±  2Л(х-|-2Л )

a n d
X =  J ( J + 1 )  — Л2 .

The p e r tu rb a tio n  m a tr ix  is now  com posed of th e  p e r tu rb a tio n  m a trice s  
o f  a num ber o f  in te rac tio n s  w h ich  differ b y  o rders o f m ag n itu d e . In  su ch  cases 
th e  m ost p ra c tic a l m ethod  is to  select th e  la rg e s t o f th e  in te ra c tio n  te rm s  and  
to  diagonalise th e  m a trix  so o b ta in e d ; th e  rem a in d e r of th e  w eak  p e r tu rb a tio n s  
c a n  th en  be ta k e n  in to  acco u n t b y  th e  p e r tu rb a tio n  c a lcu la tio n  as follows.

L et th e n  H =  H' -)- Hp, w here  H' =  H0 -)- Hp is th e  energy o p e ra to r  
u sed  a t  th e  f i r s t  s tage  of th e  ca lcu la tio n ; H0 is th e  o p e ra to r  o f th e  sep arab le  
w av e  eq u a tio n ; Hp is th e  o p e ra to r  of th e  s tro n g e r p e r tu rb a tio n , n am ely  th e  
te rm s  neglected  in  th e  se p a ra tio n  of th e  w ave eq u a tio n  an d  Hf°, w hereas Hp 
is  th e  w e a k -p e rtu rb a tio n  o p e ra to r , n am ely  Hf° a n d  Hss. T he e igenvalues 
W  =  SH'S-1 o f th e  H' o p e ra to r  g iven fo r tr ip le t  te rm s  are  th e  w ell-know n 
B udó’s fo rm u las  [9], w hereas accord ing  to  [10]

H U J )  — 9 L  1 ,n  Н%_Х'Л- i  +  S2 N  Н% л - f -  5 ^ +1дг Н%+1.л+ 1 +

+  2SA_ 1N Sa n H%_i,a +  2Sa ,n Sa+i ,n ^ 5 , a+i  +  (5)

+  2 SA_1N SA+1>JV Щ \-\,а+\ ; {N  — J  — 1, J  +  1)
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gives the deviations S H S -1  — W  =  SHPS _1 from the Budó formulas caused 
by the H p weak perturbations, in the present case by the centrifugal distortion 
of the spin-orbit interaction if H p =  H f°  and by the spin-spin interaction 
including its centrifugal distortions, if H p == H s s . The detailed form of the S  
transformation matrix elements which transform the H' energy operator into 
diagonal form, can be found in [11]. Taken into account in this way the weak 
interactions contribute additively to the usual term formulas. Hence, they do 
not modify the formulas already established and the deviations stemming 
from them can be readily separated from the first stronger perturbation.

3. Application of the theory to the C3jÚ term

The matrix elements of H f°  and H ss for the 3zl term (Л  =  2) take the 
following form:

H « 3 =  -  2 [A1(x+ 4 ) + A 2(s:2+ 1 0 x-(-20)+H3(x3+ 1 8 a:2+ 8 0 x+ 88)], (6 a)

Hf2°  =  0 , (6b)

H |з° =  2 [ A j ( x  -  4 )+  A 2(x2- 6 x + 1 2 ) + A 3(x 3 — 6*2+ 2 4 * -2 4 )] , (6 c)

H f °  =  -  У2(*4-2) [ A + 2  A 2(x + Z ) + A 3(3x * + 2 2 x + 2 8 ) ] , (6 d)

H |3° =  ! > (* -  2 ) И 1+ 2Н 2(*^ 1)4 -Л (3*2+ 1 4 * - 4 ) ] ,  (6 e)

H f i  =  0 (6 f)
and

Я&8 =  e 4 -T (* 4 -4 )4 -e(*24 -1 0 * 4 -2 0 )+ a(a :34-18*2+ 8 0 .r+ 8 8 ) ,  (7a)

H2S2S =  2[е +  т(л;4-2) +  р(*24-8*4-4)+(г(* 3 +  18л;2+28*4-40)], (7b)

Н Ц  =  е 4 -т (х -4 )4 -е(*2-6*+12)4-а(ж 3- 6 * 24 -2 4 * -2 4 ) , (7c)

Hf2s =  -  - L y ^ + 2  [r+2p(*+3)4-cr(3*2+ 2 2 * + 2 8 )] , (7d)
12

— ----- 2 [т4-2р(л:— 1)4-а(3*24-14д;—4)], (7e)
Ir 2

Я ^  =  2 у ^ 4 [ е+ а(3*+ 2)]. (7f)

The transformation matrix elements S  for the :>A  term are given by [11]:

A cta  Physica  A cadem iae S e ien tia ru m  H ungaricae  42 , 1977



72 I. KOVÁCS and M. I. M. EL AGRAB

Sij-1 =

^2,7 -1  =  “

S2J  —

S i j + 1 =

( J - 1) ( J + 2)
4 Q (J )

« i ( J )  ;

/ 2 ( J —2)2 ( J + 2 )2 c

' + i>  :
[ ( J - 2 ) ( J + 3 )  

4 Q ( J )

2 ( J - l ) ( J  +  2) . 
C2( J )

f  M V - 2 ) -  . s  
c 2( j ) 3,7

] /  2 ( J — 2) ( J + 3 )  
C2( J )

( J -  l ) ( J + 2 )

4C3(J )
М - Л  ;

52 j+ l
' 2 ( J - l ) * ( J + 3 ) 2 f ( J  2) (J  +  3)

-  ■> *3 .7 + 1  =  I  --------^  / v ; ------- « 3  V J  j >C3(J) 4C3( J )

w here

a n d

u f ( J )  =  2 { [ Y( Y  4 ) + J 2]F> ±  ( У -  2)} ; 
u£(J) =  2{[Y( Y - 4 )  +  ( J + 1 ) T 2 ±  (У -2 )}

Cj{J) =  4Y ( Y - 4 )  ( J  1) ( J + 2 )  +  2 (2J + 1) ( J  2) J ( J + 2) , 
Ca( J )  =  4 Y ( Y - 4 )  +  4 J ( J + l ) ,
C3( J )  =  4 Y (Y  - 4 ) ( J - 2 ) ( J + 3 ) + 2 ( 2 J + l ) ( J - l ) ( J + l ) ( J + 3 ) .

( 8 )

(9)

( 10)

F o r  th e  d e te rm in a tio n  of th e  coup ling  c o n s ta n t A 0 an d  th e  coeffic ien ts  A v  A 2 
A 3 in  th e  f irs t a p p ro x im a tio n  all m a tr ix  e lem ents shou ld  be  n eg lec ted  w ith  th e  
ex cep tio n  of H f 0 a n d  (6a), (6c). A fte r  th e  so lu tion  o f th e  co rrespond ing  secular 
d e te rm in a n t we o b ta in  in  a good  ap p ro x im a tio n  fo r th e  ca lcu la ted  te rm  d if
ferences F'3C — F[C =  A F 3f  co m p lem en ted  b y  th e  cen trifu g a l te rm

w here

a n d

A F £ ( J )  =  4 B' ( Y '  _  2 )2 +  * +  i -  +  4 Ű ' [J3 +  ( J + l ) 3] ,

Y 'B '  =  A  =  A Q +  А г X -f- An X2 -f- A 3 x 3

A 0 =  A 0 +  16 A 2 +  32 A 3 ,

Ä x =  A 1 +  2 A 2 +  52 A 3 ,

Ä 2 =  A 2 +  6 A 3 ,

Ä 3 ?= A 3 .

( 11)

( 12)

(13)
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In  sp ite  o f  th e  fo rm er s ta te m e n t [3], [4], [6] th e  in te ra c tio n  of th e  sp in -ro ta 
tio n  p lays no role here, w hile th e  o therw ise im p o r ta n t  sp in-spin  in te rac tio n  
gives on ly  a negligible c o n tr ib u tio n  fo r z lF 3f  (no t la rg e r  th a n  0,02 c m -1 ).

T he observed  te rm  differences ZlF3f ,  ow ing to  th e  lack  o f ex p erim en ta l 
d a ta  on sa te llite  b ran ch es, c a n n o t be ob ta in ed  d ire c tly  b u t a p a r t  from  th e  
/1 -type  d o u b le t are g iven  b y

A F »  (J ) =  R3 ( J  -  1) -  R ,  (J  -  1) +  AF"32 ( J -  1) =

=  p 3{ J + i ) P i (J+ 1) +  a f ;2(j + l ) ,

w here A F 31(J)  can  be ca lcu la ted  th eo re tica lly  b y  m ean s  of th e  tr ip le t  fo r
m ulae o f th e  low er s ta te . T h e  d a ta  fo r th e  low er s ta te  fo r th e  level
v" =  0: B" =  0,533904 c m -1 , D" =  —6,1. 10-7 c m -1 , Y "  =  95,122 cm -1 , 
ß" =  —3,320 c m -1  [1], [6].

C om paring  (11) w ith  (14) A  can  he expressed  as follows,

A  = Y '  B '  = - A F g D ’ ( J 3+ ( J  + 1)3)
о 1

В '2 X-i-----
3 j

1/2
- 2 B ’, (15)

w here th e  va lu es  of B '  a n d  D'  fo r th e  levels v ' =  0 a n d  v ’ =  1 can  be found  in  
T able I an d  th e  w ave n u m b ers  o f  R 3, R v  P 3, P 3 b ra n c h e s  for th e  (0,0) b an d
(1,0) tra n s it io n  are ta k e n  from  th e  p a p e r o f Ch r is t y  [1]. T hus th e  experi
m en ta l d a ta  g iven b y  th e  r ig h t h a n d  side o f (15) A  — A 0 are p lo tte d  vs th e  
ro ta tio n a l q u a n tu m  n u m b e r fo r v' =  0 an d  v' — 1 level in  F igs. 3a an d  3b, 
resp ec tiv e ly . F it t in g  th e  cu rv e  o f (12) (the  fu ll line) to  th e  ex p e rim en ta l d a ta  
лее o b ta in  th e  values o f  th e  Ä 0, A v  A 2 an d  A 3, o r r a th e r  A 0, A v  A 2 an d  A 3 
co n stan ts . T hese la t te r  a re  p re sen ted  in  T ab le  I  fo r  v ' =  0 and  v' — 1 levels.

T he ex p e rim en ta l d a ta  of th e  tr ip le t  sp littin g  c a n  be  o b ta in ed  in  a m an 
n er sim ilar to  (14) in  th e  follo%eing w ay :

AF& (J)  =  R 3( J  -  1) R 2( J  - l )  +  A P 32( J  -  1) =  

=  P 3( J  +  1) -  P 2(J  +  1) +  A F U iJ+ 1) , 

AF£{J) = R , ( J  -  1) -  R 2 ( J -  1) +  AF'[2 ( J  1) =  
=  P j ( J  +  1) -  P 2( J  +  1) +  AF'l2(J  +  1) ,

where ZlP32 and A F " 2 can  be ca lcu la ted  th e o re tic a lly  b y  m eans o f  th e  trip let  
form ula o f  th e  low er s ta te  w ith  th e  d ata  g iven  a b o v e  and th e  w ave  num bers  
o f  th e  bran ch es are ta k e n  from  th e  paper o f  Ch r is t y  [1 ] .

T he th eo re tica l v a lu es  o f th e  tr ip le t  sp littin g  c a n  be form ed from  th e  
B udÓ’s fo rm ulas com p lem en ted  b y  th e  cen trifuga l te rm s , th e  H f°  cen trifu g a l 
d is to rtio n  o f  th e  sp in -o rb it in te ra c tio n , th e  H ss sp in -sp in  in te ra c tio n  includ ing
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f

Figs. За and 3b. The experimental variation of the coupling constants y i— Ä 0 (Ä  taken from 
(15))vs the rotational quantum number J  without the spin-rotation interaction for v' =  0 
and v' =  1 levels (indicated by circles). The full lines show the expected theoretical variation 

taking into account the centrifugal distortion of the spin-orbit interaction
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its  cen trifu g a l d is to rtio n  in  th e  follow ing form :

A F £ { J )  =  2 B' (YÓ 2 ) * + x  +  - B'
Y i

85
18

( Y b - 2 ) *  +  x  +
1

+  4 D ' ( J  +  l ) 3 +  A H % j  +  A H f l t J ,

1 l 2

A F i f ( J )  =  2 B' (Y ' 2)* +  x  + 1 B'
YÓ — X—

85

18

(18)

( Y Ó - 2 ) 2

4 D ' P  +  A H f ^ j  +  A H f . j ,

x  +■

w here
Щ 1 и  =  н п  1 -  HJ S . A H f ° xj  =  H f +1 -  I l f ,

e tc . H ere  th e  s tro n g  sp in -o rb it in te ra c tio n  H f°  is se p a ra te d  from  th e  w eak 
cen trifu g a l d is to rtio n  H f°  t h a t  is to  say , Уд =  A J  В '  is now  c o n s ta n t an d  
w as ca lcu la ted  b y  co m p u te r  accord ing  to  (5) using fo rm ulas (6a) — (6f) and  
(8) w ith  th e  values o f  A t , A z, A 3 g iven before  and  w ith  Y'0 in  th e  e lem ents o f S. 
A H f ^  j  an d  A H f l j  are  p lo tte d  b y  fu ll lines for v' =  0 an d  v' =  1 levels in  
F igs. 4a  a n d  4b.

U sing (5), (7a) — (7f), (8) a f te r  om ission of som e sm all te rm s  we o b ta in  
fo r A H f +1J and  A H f ,  j  in  exp lic it form

w here

A K f + l J  — ( ^ 2J +  1 j )  (ßo  ß l  X ß i  X" ß i  X3) •> 

A H j f j  =  ( S l j _ x -  S l j )  (ßo  —  ß 1 x  —  ß 2 a 2 -  ß 3x 3) ,

ßo — x  — 3e, ßi =  Зт, ß2 =  3 g ,/?3 =  Зет

(19)

and  a  is re la te d  in  a sim ple w ay  to  th e  p e r tu rb a tio n  m a tr ix  e lem en t of th e  
sp in -o rb it in te ra c tio n  b e tw een  th e  3zl a n d  XA te rm s [13].

L e t us deno te  th e  r ig h t h an d  side o f  (18) a p a r t  from  l / / ss an d  A H S0 by  
A F 33(J )  an<l AF'12(J)- T h en  th e  d ev ia tio n  due to  th e  sp in -sp in  in te ra c tio n  
inc lud ing  its  cen trifugal d is to rtio n  can  be  expressed  as

A F £ ( J )  -  A F jS(J )  A H f+1J =  A H f XJ , (20)

A F - ( J )  -  Л Щ Т )  A H f , j  =  A H f , j .

U sing  (16) and  (17) th e  le ft h an d  side of (20) can  be ca lcu la ted  n u m eri
cally . F it t in g  th e  cu rve  o f  (19) to  th e  ex p e rim en ta l d a ta  o f (20) th e  values of
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Figs. 4a and 4b. The observed and calculated values of the centrifugal dis
tortion of the spin-orbit interaction of the triplet splitting for v' =  0  and

v' =  1 levels
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ß0, ß j, ß2 a n d  ß3 can  be de te rm in ed . T hese are p re sen ted  in  T ab le  I  fo r v' =  0 
an d  v' =  1 levels.

Table I

v' = 0 v' = 1

£ (0) =  0,488361* Ba) — 0,485088*
£><0) - -  6,7092.10-'* Dm = -  6,7126.10-'*
Amл о =  48,7974 A T = 48,6879
A[0) =  2,5780.10"* A T = 2,7490.10-*
a ;°> =  1,9511.10-» A T = — 3,3911.10_1°

A T =  — 7,2576.IO-1* A T = 5,5797.10-»*
y<0 ) 
■* 0 =  99,9207 y<i> x 0 = 100,3692

C =  2,492 ßT = 3,035

ßT =  6 ,0992.IO“ 5 ßT = 8,2872.10-»

ß T =  — 1,5071.10-* ß T = -  5,6305.10-»

ß T =  0 ßT = -  8,8123.10-13

‘According to C h r i s t y  [1].

W ith  th e  values o f th e  la t te r  c o n s ta n ts  we h a v e  illu s tra te d  th e  fo llow ing  
expressions:

A F £ ( J )  -  А Щ (Т ) A H f+1J =  A H j 2 i j , (21)

^ » ( J )  -  »

b y  circles in  F igs. 4a a n d  4b fo r th e  v' — 0 a n d  v' =  1 levels, resp ec tiv e ly . 
A ccording to  (16), (17) an d  (18) th e  RM S e rro rs  o f th e  differences be tw een  th e  
observed  an d  ca lcu la ted  tr ip le t sp littin g s , n am ely  th e  RMS of th e  A F 3°2 
— A F 32 a n d  AF[l — A F X2 d ifferences are  0,083 c m “"1 fo r v' =  0 an d  0,081 c m -1  
fo r v' — 1 levels (o m ittin g  2 p o in ts  h av in g  la rg e r dev ia tions t h a t  0,3 cm""1 
fo r each o f  th e  levels v' — 0 an d  v' == 1). O w ing to  th e  w idespread  sc a tte r in g  
o f th e  ex p e rim en ta l d a ta  a b e tte r  ag reem en t w ith  ex p erim en t c a n n o t be 
expec ted  (F igs. 5a an d  5b).

S um m ariz ing  i t  can  be s ta te d  th a t  th e  o b served  anom alous tr ip le t  sp li t t 
ing  of th e  C3Zl te rm  — in  acco rdance  w ith  th e  e x p e rim e n ta l d a ta  is co rrec tly  
exp la ined  in  ad d itio n  to  th e  sp in -o rb it an d  sp in -sp in  in te ra c tio n  b y  ta k in g  
th e  cen trifu g a l d is to rtio n  of th e  sp in -o rb it an d  sp in -sp in  in te ra c tio n  s im u lta 
neously  in to  acco u n t.
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Figs. 5a and 5b. Deviations between the observed and calculated triplet splitting
for v' =  0  and v' — 1 levels



ON THE ANOMALOUS TRIPLET SPLITTING 79

REFERENCES

1. A. C h r i s t y ,  Phys. Rev., 33, 701, 1929.
2. J. G. P h i l l i p s ,  Astrophys. J., 114, 152, 1951.
3. I. K o v á c s ,  J. Mol. Spectr., 18, 229, 1965.
4. R. T o r o s ,  Acta Phys. Hung., 20, 91, 1966.
5. U. U h l e r ,  Dissertation, Stockholm, 1954.

K. D. C a r l s o n  and C. M o s e r ,  J. Phys. Chem., 67, 2644, 1963.
K. D. C a r l s o n  and R. K. N e s h e t ,  J. Chem. Phys., 41, 1051, 1964.
J. G. P h i l l i p s ,  Astrophys. J., 157, 449, 1969.

6 . I. K o v á c s  and V. M. K o r w a r ,  Acta Phys. Hung., 29, 399, 1970.
7. I. K o v á c s  and B. V u j i s i c ,  J. Phys. B, 4, 1123, 1971.
8 .  I. K o v á c s ,  Rotational Structure in the Spectra of Diatomic Molecules, Akadémiai Kiadó,

Budapest and Adam Hilger Ltd. London, 1969, pp. 54 — 55.
9. ibid. p. 69.

10. ibid. pp. 49 — 50.
11. ibid. pp. 69 — 70.
12. P. P a c h e r ,  J. Phys. B., 4, 887, 1971.
13. I. K o v á c s ,  Acta Phys. Hung., 12, 67, 1960; Phys. Rev. 128, 663, 1962.

A c ta  P hysica  Acailem iae S c ien tiarum  H ungaricae 42 , 1977





R E C E N S I O N E S

A tom ic Physics and  A strophysics

Edited by M. Chrétien and E. Lipworth
Brandeis University, Summer Institute in Theoretical Physics, 1969, Volume 2, 

Gordon and Breach Science Publishers, New-York, 1973. pp. 338

This book is actually a result of the Brandeis University Summer Institute in Theore, 
tical Physics devoted to Atomic Physics and Astrophysics in 1969.

The published notes of Summer Institutes are intended to fill the gap between text 
books and review articles on the one hand and publications in scientific journals and conference 
reports on the other.

In this respect a book on the interplay between atomic physics and astrophysics bas
ed on 3 lectures is very welcome.

The first part “Some Aspects of the Physics of Gas Lasers” by W. R. B e n n e t t ,  Jr. is a 
successful review of the basic physical processes of gas lasers. It contains two sections. Based 
on the classical works by Fox and Li as well as on the publications of B o y d  and G o r d o n ,  

B o y d  and K o g e l n i c k  the first section on “Properties of Optical Cavity Modes” reviews some 
very basic considerations on the subject. Hole burning and mode-pulling effects are treated in 
the second section. This part of the lecture is basically founded upon the investigations of the 
author. In this part of the book an efficient discussion is given of the dominant physical proces
ses involved in some research done at that time with gas lasers on mode suppression, frequency 
stabilization, saturable absorption and excited-state spectroscopy. The problems are generally 
treated by using the hole burning model. This part of the book is a theoretical work, with re
ferences to the experimental investigations of the problems in question.

The second part “Experimental X-ray Astronomy” by R. N o v i c k  deals with a relatively 
new field of scientific research. In the first two chapters the aims and the techniques of rele
vant measurements are analysed with great skilfulness. The third chapter gives account of the 
investigations of the X-ray, optical and infrared continuum flux of Scorpius X -l. Of the 
possible models for Sco X -l a simple theoretical model is discussed. The second nonsolar X-ray 
source analysed is the Crab Nebula. For studying its X-ray spectrum a vast amount of observ
ational data have been referred to. In the next chapter X-ray polarimetry is discussed: after 
motivation of the problems the physical processes used in the design of polarimétere are ana
lysed. This is followed by the description of Sco X -l and Crab Nebula observations. Some 
aspects of the diffuse X-ray background are also treated. In the second part in general a state- 
of-art report is given on the experimental X-ray astronomy of that time with the analysis of 
its results, problems and perspectives of development.

The third part “Atomic Processes in Astrophysics” by A. D a l g a b n o  deals with the 
problems of radiative transitions and collision processes studying these atomic processes in 
great depth. After a brief summary of the quantum theory of radiation the sections on collision 
processes start with the definition of these processes, which is followed by the values of col
lision duration, the rate of allowed transitions and the cross sections of the processes. Most of 
the collision processes are treated in terms of quantum mechanics.

Considering the volume in its entirety it may be stated that the lectures are well com
piled and the authors and the editors defined the object of the book very clearly. The volume 
as a whole should prove useful to intermediate and advanced graduate as well as postdoctoral 
students and even to young specialists.

Z. F ü z e s s y
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C. S. W i L L E T  : A n  In tro d u c tio n  to  Gas Lasers: 
P o p u la tion  Inversion  M echanism

International Series of Monographs in Natural Philosophy, Volume 67, 
Pergamon Press, Oxford, 1974, pp 544

In the present stage of development the problems associated purely with the operation 
of lasers have already been eliminated. In the early stage of the development of lasers there 
were some working rules for the constructors which as a result of their generality have guaran
teed the work of a large variety of gas laser systems with good certainty. Modern laser construc
tion demands not only a knowledge of the atomic processes but also that they are taken into 
consideration in the design of high stability gas lasers.

During the successful years of gas laser development a number of papers have been 
published on the problems of gas discharge processes. The few books published till now have 
given either a pure theoretical consideration of the problems or have treated some special 
problems of gas laser systems independently. So by the date of publication of the book reviewed 
here a vast amount of systematic effort had been performed to clarify the details of collision 
processes involved. The book contains an admirable collection of this work. Up to the present 
there has been a conspicuous absence of a monography treating in detail gas discharge proces
ses, neutral and ionized gas laser systems, and molecular lasers in a uniform manner from the 
point of view of population inversion mechanisms.

This book is therefore to be welcomed as it helps to fill a notable gap.
The first brief chapter summarises the historical development and basic principles of 

gas lasers, where the laws promoting the understanding of the physical principles of laser 
operation are collected from a peculiar point of view and in adequate depth.

The next two chapters consist of a purposeful treatment of the selective excitation 
processes in gas discharge and of gas discharge processes. These principal problems in gas laser 
physics are dealt with thoroughly. In the sections devoted to the different problems one may 
find some remarks pointing forward on the concrete gas laser system or on the important 
processes discussed later. The remarks include references to the corresponding figure. The 
processes involved are dicussed phenomenologically on explicit physical foundation, sometimes 
with quantum mechanical background.

The subsequent chapters deal with neutral laser systems, ionized laser systems and mo
lecular laser systems. The Не-Ne laser system is treated with high accuracy. Among the prob
lems associated with population inversion mechanism the upper level excitation, the operating 
characteristics and discharge conditions are discussed in the case of different laser systems. 
The effect of additives is also discussed thoroughly.

Orientation in the field of the atomic characteristics and their usefulness in the nu
merical calculations related to laser systems is promoted by the tables in the Appendix. The 
number of references included is over thirteen hundred.

The book is nicely presented and has an extensive set of figures to accompany the text. 
It will undoubtedly be a useful aid for laser research laboratories and it really is indispensable 
for university libraries. Experimental laser scientists and graduate students will particularly 
welcome this careful and thought-provoking study of gas discharge lasers.

Z .  F Ü Z E S S Y

The P roperties of L iquid M etals

Proceedings of the Second International Conference, Tokyo, 1972, Edited by S. Takeuchi 
Taylor and Francis Ltd, London, 1973

The volume contains eighty-four papers of the Second International Conference on the 
Properties of Liquid Metals held in Tokyo, Japan, from 3 to 8 September 1972. The fields 
represented in the sections covered the following five main subjects: Electronic states and elec
tronic transport properties in liquid metals and alloys; Thermodynamic properties of liquid 
metals and alloys; Atomic transport properties in liquid metals and alloys and Melting pheno
mena of metals.
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Each section of the conference (each chapter of the book) was introduced by one or two 
invited reports summarizing the progress in the relevant field, followed by short contributions 
demonstrating the results of recent research.

The high number of problems encountered in research in this field to-day is well cha
racterised by the title of the opening lecture given by Professor J. M. Ziman : “What do we not 
yet understand about liquid metals?”

G. Groma

M. K o c s is :  H igh-Speed Silicon P lan ar-E p itax ia l Sw itching Diodes

Akadémiai Kiadó. Budapest; Adam Hilger Ltd. London; Halsted Press, New York

The book continues — from the semiconductor devices side — the previous works of 
the author in the field of semiconductor devices in switching circuits.

The Introduction is a very good and brief summary of the types of semiconductor diodes 
and their practical applications.

In Chapter 2 the reader obtains a very good survey on the switching behaviour of semi
conductor diodes.

Various structures and operation of modern switching diodes are dealt with in Chapter 3.
The development of electronics, however, made it necessary to develop diodes with 

switching times of a few nanoseconds or less. The gold atoms, diffused into the semiconductor 
wafer greatly reduced the switching time because of the very high recombination rates brought 
about by gold. The behaviour of these diodes produced by gold-diffused planar-epitaxial 
technology and operating in the nanosecond and picosecond ranges is very complicated. In 
Chapter 4 the calculation of the storage time constant is given for homogeneous and inhomoge
neous field distributions.

Chapter 5 is devoted to the relation between the inner structure and some of the im
portant parameters of semiconductor diodes.

In Chapter 7 some methods are suggested for measurements on semiconductor switching
diodes.

The style of the book is clear and easy to follow. The problems, given at the beginning 
of Chapters help the reader to systematize his knowledge.

The results of the theoretical calculations, given in this book are deduced by the author 
to the concrete devices. He compares them to the parameters of the types of diodes most widely 
applied and to the results of measurements.

The book is useful for engineers and physicists working in the field of the construction 
of semiconductor devices and of their application in switching and pulse circuits.

P . B. B arna

H . K a n g r o : E arly  H istory  of P lan ck ’s R ad iation  Law

Taylor and Francis Ltd., London 1976, pp. 282

The evolution of Planck’s radiation law at the turn of the century is generally considered 
to be a milestone in the history of physics which opened up a completely new field of research.

Such “laws” are not created in a void, and the aim of this book is to explain the histo
rical background to both the experimental techniques and the climate of opinion at the time 
against which Planck’s law was formulated.

Sources of information about Planck’s thought-steps towards the radiation equation 
and its statistical foundation are almost non-existent: the collection of Planck’s manuscripts 
in Berlin was almost completely destroyed in the Second World War. Thus one is limited 
essentially to a careful study of the publications of Planck and his contemporaries and pre
decessors. If one also takes into account the writings of the experimenters, including the nu
merical values they used, one can construct at least a rough picture of the methods and state 
of physical research in Berlin at the time.
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The general subject of Planck’s radiation theory (from 1895 onwards) is investigated 
only to the extent that this hook supplements previously published historical works. For 
example, attention is drawn to those modifications of the theory which Planck undertook 
several times following discussions with Boltzmann, as well as to his repeated reflections upon 
the nature of the resonators and to the connection of his radiation work with his early concept 
of thermodynamic entropy.

Experiment and theory, together and inseparably, determine the genesis of physical 
knowledge. This book follows both aspects in the development of one of the most important 
theories of the 2 0 th century, an in so doing it gives a fascinating insight into the birth of such 
knowledge.

This book is a translation of ‘’Vorgeschichte des Planckschen Strahlungsgesetzes, 
Messungen und Theorien der spektralen Energie Verteilung bis zur Begründung der Quanten
hypothese” . The opportunity has been taken to revise and supplement the original German 
version, and to add references to the relevant literature which has since appeared.

I .  K o v á c s

Department of Atomic Physics 
Technical University, Budapest
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This is the third of a series of volumes which presents the infrared spectra of selected 

organic compounds over a range 400—4000 cm-1, together with full details of sample 

and experimental conditions. The empirical formula, molecular weight and melting 

point of each substance is also given. The choice of spectra has been made by a panel 
of experienced spectroscopists, who have given primary consideration to covering 

compounds which have been isolated or synthesized recently. More familiar materials 
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Papers should be submitted to 
Prof. I. Kovács, Editor
Department of Atomic Physics, Polytechnical University 
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Papers may be either articles with abstracts or short communications. Both should 
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II. MANUSCRIPTS

1. Papers should be submitted in five copies.
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tures, I. McGraw-Hill Book Company Inc., New York, 1960.
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rough drawings in pencil or photocopies.
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RITZ METHOD FOR
THE ANHARMONICITY OF THE TYPE Xx2m

By

A. K. M itra
D E P A R T M E N T  O F  M A T H E M A T IC S , T E X A S  T E C H  U N IV E R S IT Y , L U B B O C K , T E X A S  79409, U SA

(Received 4. XII. 1976)

The generality of the Ritz— Givens— Householder method for finding the first few energy 
levels of the Schroedinger operator has been emphasized. The anharmonicity of the type Xx2m 
has been considered as an illustration. This method can be extended to a more general class 
of problems, even possibly to the ones involving the Dirac operator.

I. Introduction

Since the work of Bazley and Fox [1], numerous other attempts, 
based on different techniques, have been made to estimate numerically a first 
few eigenvalues of the Xx2m anharmonic oscillator:

S u  =  — и" 4" x 2u -f- Xx2m и =  eu  , (1.1)
— oo <  X <  ос, Я >  0 and и —*- 0 as х  —► ^  оо.

Among them, the work of Biswas et al. [2] is the first attempt to estimate 
these eigenvalues for higher values of Я and m  ( 3), whereas the earlier
works are mostly confined to the case m  =  2 (a complete bibliography may 
be obtained from [2]). The method of Biswas et al depends on the special 
choice of the basis { C/„} in the domain of S , where U n =  x 2n exp (— x2). 
Fortunately, the matrix representation of the Schroedinger operator S in this 
basis takes the simple tridiagonal form, of course non-symmetric. The approxi
mate eigenvalues are then obtained by using the asymptotic iteration formula 
for the Hill determinant, to extract the roots of the truncated N  X  N  determi
nant of the tridiagonal infinite matrix, for sufficiently large N .

The same problem has been solved here by a more general and attractively 
simple method, originally due to Ritz [3]. This method essentially finds a 
representation of the Schroedinger operator, as an infinite s y m m e tr ic  matrix, 
with respect to a chosen basis in the Hilbert space L 2( — oo, oo). Thereby the 
first few eigenvalues are obtained from the corresponding truncated N  X N -  
forms, where the size N  depends on the required degree of accuracy. The Ritz 
theorem tells us that, for a symmetric operator bounded from below (as is
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th e  case for th e  o p e ra to r  S  in  (1.1)), i t  is possible to  choose a basis in  th e  H ilb e rt 
space  su ch  th a t  th e  k th  e igenvalue AjJ1* o f  th e  above N  X N  fo rm  app ro ach es 
th e  e x a c t one Afc fro m  above as N  —>-oo. W ith  th is  in  m in d , one can  th e n  use 
one o f  th e  ex isting  a lg o rith m s fo r fa s t  a n d  su ffic ien tly  accu ra te  co m p u ta tio n  
o f  th e  eigenvalues o f  f in ite  real sy m m e tric  m atrices. T h e  G ivens — H ouseho lder 
tr id ia g o n a liz a tio n  m e th o d  has been  u sed  in  th is  p a p e r.

A ll one needs is, therefo re , to  f in d  a  m e th o d  fo r co m p u tin g  th e  m a tr ix  
e lem en ts  in  a co n v en ien t basis. F o r  th is  p u rpose , i t  is n a tu ra l  to  choose a 
com ple te  se t o f n o rm alized  o rth o g o n a l po lynom ials  fo r  th e  basis o f th e  ap p ro 
p r ia te  L 2' sPace- F o r  o u r  purpose, th is  w ill be g iven  in  te rm s  o f th e  H erm ite  
po ly n o m ia ls  H n [4]:

u n(*) =  v on/ , - w-~ H n i* )  exP ( - * 2/2) » (I-2)[/2n(n 1)Ул

w hich  co n stitu te  a basis  for L.2( — oo, oo), endow ed w ith  th e  in n er p ro d u c t:

</»«> =  Г f s d x  • (!-3)
— CO

O ne o f  th e  n icest p ro p e rtie s  of th e  o rth o g o n a l p o lynom ia ls  is th e ir  recu rren ce  
re la tio n , w hich can  be used to  ded u ce  an  i te ra tiv e  procedure  to  gen era te  
a la rg e  m a trix  ju s t  fro m  a few e lem en ts . T his has been  done in  th is  p ap e r.

T h e  reason  fo r reconsidering  th is  p ro b lem  over ag a in  is th ere fo re  m a in ly  to  
i l lu s tra te  one of th e  sev era l in te re s tin g  ap p lica tio n s o f  R itz ’s v a r ia tio n a l m e th o d  
in  co m b in a tio n  w ith  th e  G ivens —H ouseho lder [6] a lg o rith m , w hich  h as  n o t 
b een  used  fa irly  o fte n  in  q u a n tu m  m echan ics. A  s im ila r m e th o d  h a s  been 
a p p lie d  prev iously  b y  th e  a u th o r to  a n o th e r  ty p e  o f  prob lem  [5]. Also m ore 
co m p lex  ty p es  o f  eigenvalue p ro b lem s invo lv ing  in te ra c tio n  of th e  ty p e  
/ a:2/(1 -f- gx2) (A, g X> 0) an d  a n h a rm o n ic ity  of th e  ty p e  Хх2П цх2т h av e  been 
s tu d ie d  b y  th e  a u th o r  using  a s im ila r m e th o d . F o r all such  cases th e  m e th o d  
p ro v e d  to  be v e ry  genera l and  e ffic ien t for c o m p u ta tio n  o f th e  eigenvalues. 
A lso th e  ite ra tiv e  p ro ced u re  m en tio n ed  before becom es a lm ost in ev itab le  for 
th e  c o m p u ta tio n  o f  th e  m a trix  e lem en ts  in  severa l su ch  problem s. W e hope 
to  p re se n t th e ir  re su lts  in  th e  n e a r  fu tu re .

In  th e  n e x t sec tio n , th e  i te ra tiv e  p rocedure  to  o b ta in  th e  m a tr ix  e lem ents 
h as  b een  described in  b r ie f  and  th e  f i r s t  fiv e  e igenvalues fo r m =  4 h a v e  been 
p re se n te d  for i llu s tra tio n , th o u g h  th e  re su lts  fo r m — 2, 3 h av e  also been 
o b ta in e d , w hich ag ree  w ith  th e  ea rlie r  w orks. A lso re su lts  fo r h ig h er values 
o f  A, su ch  as A =  1000 have been  o b ta in e d , b u t  n o t  p resen ted  here .
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IL  The analysis

W e n eed  to  co m p u te  th e  m a tr ix  e lem en ts  o f S  defin ed  by

A mn = <“m—H Sun_j) . (2.1)
(m, n =  1, 2 , 3 , .  . .)

U sing th e  w ell-know n e q u a tio n  —ujj +  x2 un =  (2re -f- l ) u n, we o b ta in , using 
th e  o rth o n o rm a lity  o f u n’s w ith  respect to  th e  in n er p ro d u c t (1.3),

Aij =  (2 i -  1) 0,j - f  ЯЯу , (2.2)
w here

Н у  — Г x ím u i_ 1(x)u j^1(x) dx  . (2.3)
J  — CO

T here  are  severa l w ays o f  ca lcu la ting  in te g ra l o f th e  ty p e  (2.3), b u t  th e  re su lt 
can  in  no case be p u t  in  a nice closed fo rm . W e, th e re fo re , use an  a lte rn a tiv e  
p rocedure — an  ite ra tiv e  p rocedure, w h ich  is e x trem e ly  effic ien t fo r co m p u 
ta tio n a l p u rp o se . W e claim  th a t

ОIIS4 u n le s s  i  -f- j  is  e v e n (2.4)

Щ  =  0  

к =

u n le s s  j  — i -J- 2m — 2k 2 , 

1, 2, . . ., m - \ -  1 .

(2.5)

T he p ro o f o f  (2.4) is obv ious since un( — x) =  (— 1)ппп(лс), w hereas to  p ro v e  
(2.5) we use  th e  recu rren ce  re la tio n  [4]

2x H n =  -  (Hn + 1 +  2 n H n_ 1) 

rep ea ted ly , to  o b ta in  a  g enera l re la tio n  o f  th e  form :

(2*)2 H i—1 =  ai + 2mHj+2m—l  “Ь ai + 2m—2 + — 3 "4“ • • • “Ь ai H j—i  . . . (2.6)

w here th e  coeffic ien ts a, a re  to  he d e te rm in ed  from  th e  b ack w ard  recu rren ce  
re la tio n  o b ta in e d  b y  e q u a tin g  th e  coeffic ien ts  o f eq u a l pow ers o f x  in  b o th  
sides of (2.6):

ai + 2 =  4

- а 1+2тЬ[‘+2" - »  +  a<+2m_ 2bá,+2m- 3) =  -  б ? - «  

a n d  for к  =  2 , . . ., m  +  1

ai + 2m -2k + 2 =  ( - 1  r - ' b f c P  X 0  +  2  ( — l ) fc-r+1 + 1} a i+ 2m- 2r+ 2  .
r=1
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w here q = , th e  in te g e r p a r t  o f  (i — l) /2  and

0 = 1  i f  к <^q 1

0 =  0 i f  ft >  g +  1

a n d  &5'-1) are  th e  coefficients o f  x  in  th e  H e rm ite  po lynom ial [4]

H t - A x )  =  ( —l ) i _ 1 2  ( - 1)fĉ ' - 1)
k = 1

к ! (i — 2k) !

T h u s su b s titu tin g  th e  series (2.6) fo r (2x)2mH i- 1 in  (2.3) an d  u s in g  th e  o rth o  
n o rm a lity  o f th e  и„’s defined  in  (1.2), we o b ta in

an d

H u = -----------
2m+k~1

(i +  2m — 2k +  1) ! 1/2

(i -  1) !

j  =  i +  2m — 2k  +  2; ft =  1, . . ., m -)- 1

£ = 1 , 2 , . . .

/ + 2m— 2k + 2 9 (2.7)

H,j — 0 o therw ise.

T he b ack w ard  ite ra tio n  fo rm u la  (2.6) has been  used to  co m p u te  n u m erica lly  
th e  coefficients a, in  (2.7). I t  ta k e s  on ly  a few  seconds to  g en era te  a 100 X  100 
m a tr ix  Hj,  th ro u g h  th is  i te ra tiv e  p rocedure . I t  is also clear from  (2.5) t h a t  
A mn in  (2.2) h as  th e  follow ing sy m m etric  b a n d  fo rm  (show n fo r m =  2; h ere  
,x'> rep resen t a non-zero  e lem en t, w hose n u m b e r is m 4- 1 in  each  row)

X 0 X 0 . . . H

0 X 0 X 0 . .

X 0 X 0 X 0 .

X 0 X 0 X 0

Once these  m a tr ix  elem ents a re  o b ta in ed , i t  is a sim ple m a tte r  to  co m p u te  
a  f irs t few  eigenvalues b y  one o f  th e  com m only  used  m e th o d s  [6, 7]. T h e  
G ivens— H ou seh o ld er m e th o d  tu r n s  ou t to  be p a r tic u la rly  e ffic ien t fo r su ch  a 
b a n d  m a tr ix  a n d  has been used  in  th is  p a p e r . T his m eth o d  essen tia lly  t r id ia -
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gonalizes a g iven rea l sy m m etric  m a tr ix  b y  a sequence o f  o rth o g o n a l t r a n s 
fo rm atio n s an d  th e n  fin d s  th e  eigenvalues as th e  ro o ts  o f th e  co rrespond ing  
ch a ra c te ris tic  eq u a tio n  b y  S tu rm ’s sequence m e th o d  (for d e ta ils  see th e  excel
len t rev iew  b y  J .  O rt e g a  [7 ]).

In  th e  follow ing T ab le  we p resen t th e  f ir s t  five  e igenvalues st fo r m  =  4 
ro u n d ed  to  six  decim al p laces. I t  is c lear t h a t  th e  size N  o f th e  t ru n c a te d  
m a tr ix  h a s  to  be large en o u g h  to  o b ta in  enough  accu racy . T he sizes u p  to  
N  =  150 h av e  been  considered . In  th e  ex tre m e  rig h t co lum n of th e  T ab le , 
th e  va lu es  o f N  are g iven . A lso, fo r th e  sake  o f s tu d y in g  th e  convergence, th e  
eigenvalues (for a g iven X) fo r tw o d is tin c t, b u t  close values of N  h a v e  been  
given. A b a r  ( —) a t  a c e r ta in  position  m ean s th a t  th e  n u m b e r a t  th a t  p o sitio n  
is th e  sam e as th e  one r ig h t above it. T h e  re su lts  g iven in  [2] are in c lu d ed  
p a ren th ese s  fo r com parison .

W e conclude b y  m en tio n in g  once again  t h a t  th e  m e th o d  used  in  th is  p a p e r 
has p ro v ed  v e ry  effective in  co m p u tin g  th e  eigenvalues o f th e  S chroed inger

Table I

The first five eigenvalues for m =  4 
The dimensions N  of the corresponding truncated matrices 

have been given in the last column

A el £2 N

0.1 1.168963 3.939733 7.639991 12.281668 17.762008 45

(1.168)
3.939714 7.639984

(7 .6 3 9 -4 0 )
12.281255 17.761934 50

0.5 1.367721 4.839156 9.777363 16.071368 23.540857 100

( 1 .3 6 7 -8 )
9.777362

(9.776—8)
16.071364 23.540843 110

1 1.491020 5.368780 10.993742 18.191132 26.743556 100

( 1 .4 9 0 -1 )
5.368778 10.993741

(1 0 .9 9 3 -4 )
18.191106 26.743505 100

10 2.114548 7.929743 16.711159 28.023689 41.497129 120

(2 .1 1 5 -2 2 )
7.929700 16.711146

(1 6 .7 0 7 -1 5 )
28.023000 41.496672 130

20 2.381856 9.000620 19.064608 32.042764 47.504306 130
2.381848

(2 .3 8 3 -9 1 )
9.000575 19.064450 32.041671 47.503634 140

50 2.806129 10.685414 22.748458 38.316075 56.885390 140
2.806095

( 2 .8 0 - 1 )
10.685376 22.747379 38.315936 56.872607 150

100 3.188759 12.196253 26.036298 43.918776 65.250858 140
3.188741

( 3 .1 8 - 9 )
12.195554 26.036230 43.908603 65.244134 150
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90 A. K. MITRA

o p e ra to r  w ith  v a r ie tie s  of p o te n tia ls . W e h o p e  to  ca rry  o u t a sim ilar t r e a t 
m e n t fo r th e  D irac  o p e ra to r as w ell, a n d  e x p e c t to  p re se n t th e  re su lts  in  a 
fu tu re  pu b lica tio n .
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MEASUREMENTS OF THE RELAXATION PROCESSES 
WITH A HIGH TIME CONSTANT
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A new method is proposed which enables the measurements of the magnetic after
effect in a temperature range where the customary methods are unrealizable owing to the 
high time constant of relaxation т >  104 sec. Its usefulness in the study of very slow processes 
is illustrated by the measurement of extremely low diffusion coefficients of carbon in bcc iron. 
This method can be used in an analogous way also for measurements of anelastic relaxation.

1. In tro d u c tio n

O rien ta tio n  m agnetic  a fte re ffec t o rig in a tin g  from  th e  re o rie n ta tio n  o f 
a n iso tro p y  axis o f defects w hose sy m m etry  is  low er th a n  t h a t  o f th e  h o st 
la tt ic e  is used  increasing ly  as a n  ex trem ely  sensitiv e  te c h n iq u e  fo r in v e s tig a t
ing  p o in t defects [1]. A t p re se n t i t  is com m only  observed  as a d isaccom m oda
tio n  b y  using  v e ry  sensitive  a n d  easy -to -h an d le  ac  te c h n iq u e s  [2, 3]. T h e  iso 
th e rm a l decrease o f th e  in itia l su scep tib ility  y(t) is m easu red  a f te r  d em ag n e tiza 
tio n  o f  th e  specim en as a fu n c tio n  o f tim e . A s N eel’s th e o ry  [4] im plies, th e  
co rrespond ing  increase o f th e  re lu c tiv ity  r(t) =  l/y (t) is describ ed  b y  e q u a tio n

“Т ~ Г =  1 +  ^[1 exp  ( t/т)] (1)
r(0)

w ith  a single te m p e ra tu re  d ep e n d e n t tim e  c o n s ta n t

г  =  r0 exp  (E / k T ) (2)

correspond ing  to  a w ell-defined  diffusion coeffic ien t of defec ts .
T h e  d isaccom m odation  m easu rem en ts  a re  u su a lly  p e rfo rm ed  in  a  te m 

p e ra tu re  range  w here th e  tim e  c o n s ta n t is o f th e  o rder 102 — 103 sec a n d  th e  
su b s ta n tia l p a r t  o f  th e  iso th e rm s can  he fo llow ed ex p e rim e n ta lly  in  a  reason -
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a b le  tim e. In  th is  case e ith e r  th e  th e o re tic a l cu rve  (1) c a n  he f i t te d  to  th e  
ex p e rim en ta l p o in ts  or th e  isoch rona l re la x a tio n  curves can  be c o n stru c ted  b y  
th e  m ethod  o u tlin e d  in  [1]. T he e v a lu a tio n  y ields in  b o th  cases th e  re la x a tio n  
s tre n g th

, M - r ( _0) (3)
r(0)

w h ich  is p ro p o rtio n a l to  th e  c o n c e n tra tio n  o f  re la x a to rs  [4] a n d  th e  re la x a tio n  
tim e  co n stan t w h ich  is d e te rm in ed  b y  th e ir  m o b ility . A t h ig h er te m p e ra tu re s  
( r  =  10 “4 — 10 ~2 sec) th e  m easu rem en ts  o f  th e  lo ss-fac to r p e a k  [5, 6], w hereas 
a t  low er te m p e ra tu re s  ( r  >  104 sec) th e  m e th o d  described  below  can be used.

2. Description o f the method

A t low te m p e ra tu re s  w here th e  tim e  c o n s ta n t o f re lax a tio n  is h igh, 
r  >  104 sec, d isacco m m o d a tio n  proceeds v e ry  slow ly a n d  th e  c u s to m ary  
m eth o d s  m en tio n ed  above are  u n rea lizab le  because o n ly  a v e ry  sm all in itia l 
p a r t  of th e  iso th e rm a l cu rve  (1) can  be m easu red  in  a reasonab le  tim e  a fte r 
th e  d em ag n e tiza tio n  o f th e  specim en. N everth e less , in  th is  case we can  d e te r
m ine  th e  re la x a tio n  s tre n g th  d irec tly  an d  th e  tim e  c o n s ta n t from  th e  m easu red  
in it ia l  slope o f iso th e rm .

In  c o n tra s t  to  th e  m easu rem en ts  a t  h igher te m p e ra tu re s  th e  bridge 
c a n  be b a lan ced  before p e rcep tib le  re la x a tio n  ta k e s  p lace. A fte r d em ag n e tiza 
tio n  of th e  specim en  th e  u n re lax ed  va lu e  o f th e  r e lu c tiv ity  r(0) is th e re fo re  
m easu red  d ire c tly  an d  b y  co n tin u in g  th e  m easu rem en t a  sm all in it ia l  p a r t  
o f  th e  iso th e rm  (1) is reco rded . F ro m  th is  m easu rem en t th e  in itia l slope of th e  
iso th e rm  w h ich  can  be expressed  from  E q s . (1) an d  (3) as

dr(t) r(oo) — r(0)

dt í= о t
(4)

is de term ined . I n  o rd er to  o b ta in  th e  re la x e d  va lu e  o f  th e  re lu c tiv ity  r(oo) 
(w hich  can n o t be d e te rm in ed  from  th e  iso th e rm a l m easu rem en t a f te r  dem ag 
ne tiza tio n ) th e  sam ple  is h e a te d  to  a h ig h er te m p e ra tu re  w here  d isaccom m oda
tio n  tak es  p lace  qu ick ly . A fte r  com plete  d isacco m m o d a tio n  th e  sam ple  is 
cooled again  dow n  to  th e  orig inal te m p e ra tu re  a n d  th e  re lax ed  re lu c tiv ity  
r(oo) is m easu red . B y th e  know ledge o f r(0), r(oo) a n d  o f  th e  in itia l slope of 
th e  iso therm  th e  re la x a tio n  s tre n g th  an d  th e  tim e  c o n s ta n t a re  ca lcu la ted  from  
E q . (3) an d  (4), re spec tive ly .

I f  th e  m easu rem en ts  are  perfo rm ed  severa l tim es  a t  d ifferen t te m p e ra 
tu re s  i t  is reco m m en d ed  f ir s t  to  dem agnetize  th e  sam p le  a t  h igher te m p e ra -
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tű re  (r  102 sec), to  w a it u p  to  ( ^  Ю т, to  cool i t  dow n (t >  104 sec) and  
m easure  th e  te m p e ra tu re  dependence o f r(oo) w ith o u t d em ag n e tiza tio n  (t —> oo 
is  a p p ro x im a te d  b y  t Qd Ю т). A fte rw ard s th e  sam ple is g rad u a lly  dem agnetized  
a t  d iffe ren t te m p e ra tu re s  an d  r(0) to g e th e r  w ith  in itia l slopes o f iso th erm s are 
d e te rm in ed .

T he re su lts  o b ta in ed  b y  th e  m e th o d  p resen ted  here  can  he in fluenced  
b y  th e  presence of o th e r  ty p e s  of re la x a to rs  w hich give rise to  d is tu rb in g  
re lax a tio n s . In  th is  case th e  re su ltin g  iso th e rm al d isacco m m o d a tio n  curve 
w ill be a su m  o f e lem en ta ry  re la x a tio n  processes. In  th e  case o f  sev era l over
lap p in g  o r ie n ta tio n  a fte re ffec ts  we h av e  [7]

r(0
r ( 0 )

1 +  [1 — exp  ( -  t/т ,)]  .
i

(5)

T h e  d is tu rb in g  re lax a tio n s  can  be e lim in a ted  b y  a p p ro p ria te  tr e a tm e n t  only 
i f  th e y  h av e  su b s ta n tia lly  sh o rte r  r s т  o r su b s ta n tia lly  longer г1 т  re la x a 
t io n  tim e  c o n s ta n t. The d is tu rb in g  re la x a tio n  w ith  r s <§: r  m an ifests  itse lf  b y  
th e  c u rv a tu re  o f th e  m easu red  in itia l p a r t  of th e  iso th e rm  in  th e  tim e  in te rv a l 
t <  5 r s г  an d  can  be e lim in a ted  b y  e x tra p o la tin g  r(0) an d  th e  in it ia l  slope 
o f iso th e rm  from  th e  lin e a r  p a r t  m easu red  in  a tim e  in te rv a l 5 r s <C t <C O .lr. 
T h e  d is tu rb in g  re lax a tio n  w ith  a long  tim e  c o n s ta n t тх т in fluences th e  
re lax ed  re lu c tiv ity  r(oo) a n d  can  be e lim in a ted  b y  a p p ro x im a tin g  t °о w ith  
t fiai Ю т rl  as m en tio n ed  above.

3. Application o f the method

T he usefu lness o f th e  described  m e th o d  w ill be now  il lu s tra te d  b y  th e  
d e te rm in a tio n  o f ex trem e ly  low  d iffusion  coefficients o f ca rb o n  in  bcc iron . 
T he cy lin d rica l sam ples u sed  in  th is  ex p e rim en t h av e  been  p re p a re d  from  
zone-refined  Jo h n so n  an d  M a tth e y  sp ec tro g rap h ica lly  p u re  iron . T he sam ples 
(5 —7) • 10~2m  long an d  (1 —2) • 1 0 _3m  in  d iam ete r w ere p u rified  in  d ry  h y d ro 
gen a t  1023 К  fo r th re e  d ay s an d  fu rn ace  cooled. A fte rw ard s th e y  w ere ca r
b u rized  in  h y d ro g en  w ith  tra c e s  o f to luene  an d  w a te r q uenched . T he resu ltin g  
c o n c e n tra tio n  o f  carbon  d e te rm in ed  on  com parab le  specim en  b y  chem ical 
analysis w as 40 +  20 a t.p p m . T he d isaccom m odation  o f  th e  re a l p a r t  of th e  
in itia l su scep tib ility  has b een  m easu red  b y  th e  bridge  m eth o d  [2] described 
in  m ore d e ta il in  a p rev ious p a p e r [8]. T h e  bridge o p e ra ted  a t  a freq u en cy  of 
1 k H z  w ith  a  sen s itiv ity  b e t te r  th a n  5 • 10 _4. T he sam ples w ere d em agnetized  
b y  a 50 H z m ag n etic  fie ld  decreasing  severa l tim es from  H m =  2.5 • 10s A /m  
to  zero in  a few  seconds. T h is p rocedure  h as  been  fo u n d  to  give rep roduc ib le  
re su lts  a t  b o th  cu s to m ary  (т  =  102 — 103 sec) [9, 10] an d  low  te m p e ra tu re  
(т  >  104 sec) d isaccom m odation  m easu rem en ts .
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F i g .  1 . Determination of the initial slopes of isotherms measured at different temperatures on
carburized sample of bee iron

Л00 350 300 250 l 1K1

F i g .  2 . The diffusion coefficient of carbon in bcc iron: •  — determined by the described 
method; О — determined by customary disaccommodation and loss-factor measurement. 
Its temperature dependence D  =  D 0 exp (—E / R T )  as determined by the compilation of 
available diffusivity data. 1 — D 0 —  3.94 • 10-7 m2/sec, E  —  80 200 J/mole [11]; 

2 — D 0 =  3.3 • 10-7 m2/sec, £  =  80 800 J/mole [12]

A few m easu rem en ts  o f th e  in itia l slopes o f  iso th e rm s perfo rm ed  a t  
d iffe ren t te m p e ra tu re s  are show n in  F ig . 1. I t  m a y  be seen th a t  th e  low er 
te m p e ra tu re  o f m easu rem en t th e  longer tim e  in te rv a l o f m easu rem en t is 
re q u ire d  in  o rd er to  d e te rm in e  th e  in itia l slope o f  iso th e rm  w ith  a su ffic ien t 
accu racy . T he tim e  co n stan ts  o f re la x a tio n  d e te rm in ed  b y  th e  m e th o d  o u tlin ed  
in  th e  prev ious S ection  are show n in  F ig . 2 to g e th e r  w ith  th e  carb o n  diffusion  
coefficien ts w hich  h av e  been ca lcu la ted  by  using  eq u a tio n

D  =
36 r

(6)

w here  a is th e  la tt ic e  c o n s ta n t a n d  th e  n u m erica l fa c to r  is a p p ro p ria te  fo r 
te tra g o n a l defec ts in  bcc la ttic e  [1, 4 ]. F ig . 2 also inc ludes d a ta  on  th e  te m p e ra 
tu r e  dependence o f  th e  carbon  d iffusion  coefficien t fo u n d  in  recen t l i te ra tu re
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[11, 12] and  th e  values d e te rm in ed  from  c u s to m a ry  d isaccom m odation  an d  
lo ss-fac to r m easu rem en ts . T he pu b lish ed  d a ta  [11, 12] have b een  o b ta in ed  b y  
sum m ariz ing  th e  re su lts  o f m a n y  au th o rs  (av a ilab le  from  234 К  to  1136 К
[11]) an d  using  th e  leas t squares regression. T h e  leas t sq u ares  regression  o f 
o u r d a ta  y ielded  D 0 =  4.9 • 10 ~7 m 2/sec an d  E  =  81300 J /m o le . T h e  concen-

ТаЫе I
The concentration of carbon in solid solution 

determined by the new method on samples of bcc iron

S a m p le
N o .

c
[ a t  ■ p p m ]

l 1 2

2 11

3 16

t r a t io n o f  carbon  a to m s in  solid so lu tio n  is show n in  T ab le  I . I t  h a s  b een  o b ta ined  
b y  correc ting  th e  m easu red  re la x a tio n  s tre n g th  fo r  skin e ffec t [1, 13] an d  
using  th e  ca lib ra tio n  given in  [8].

4. D iscussion

A new m e th o d  w hich allow s th e  m easu rem en ts  o f th e  re la x a tio n  processes 
w ith  a h igh tim e  c o n s ta n t is described  and  i ts  u sefu lness is i l lu s tra te d  b y  th e  
d e te rm in a tio n  o f  ex trem e ly  low  diffusion coeffic ien ts  o f ca rb o n  in  bcc iron . 
T h e  m eth o d  allow s th e  s tu d y  o f  ex trem ely  slow  processes due to  e lem en ta ry  
ju m p s  o f re lax a to rs  on  in te ra to m ic  d istances w ith  a  m ean  tim e  o f  s ta y  longer 
th a n  104 sec. Such  ex trem ely  slow  processes a re  p ro b ab ly  u n d e te c ta b le  b y  
a n y  o th e r  m ethod . T h is  fac t is co nnec ted  no t so le ly  w ith  th e  p ro p o sed  experi
m e n ta l p rocedure b u t  also w ith  th e  m echanism  o f th e  re lax a tio n  p rocess itself. 
T h e  o th e r  b u lk  m e th o d s  d e tec t n am e ly  only a lo ng -range  d iffusion  o f defects 
in  c o n tra d is tin c tio n  to  th e  re la x a tio n  m ethods w h ich  are sen sitive  to  elem en
ta r y  ju m p s  of re la x a to rs  w ith in  th e  c ry sta l cell.

T he d isaccom m odation  m easu rem en ts  a re  b a se d  on E q . (1) o b ta in ed  
from  N eel’s th e o ry  o f  th e  o r ie n ta tio n  a fte re ffec t fo r ba llistic  m easu rem en ts
[4]. I t  is also v a lid  fo r  ac m easu rem en ts  if  th e  co n d itio n  cox 1 (со being  th e  
a n g u la r  frequency  o f  th e  m ag n etic  field) is s a tis f ie d  [6, 14]. I t  is seen th a t  
fo r  г  ]>  104 sec th is  cond ition  is  sa tisfied  v e ry  w ell fo r an y  ex p e rim en ta lly  
a t ta in a b le  freq u en cy . T he second assum ption  in  d e riv ing  E q . (1) is th a t  th e  
d em ag n e tiza tio n  is responsib le  fo r th e  iso trop ic  d is tr ib u tio n  o f re la x a to rs  a t 
t =  0. I n  nearly  a ll ex p erim en ts  p u b lish ed  in  l i te r a tu r e  th e  single d em agnetiza-
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t io n  tre a tm e n t is used . The d is tr ib u tio n  of re la x a to rs  a t t =  0 is  th e re fo re  
an iso tro p ic  an d  co rresponds to  th e  orig inal s tru c tu re  of B loch w alls . This 
d is tr ib u tio n  can  be th o u g h t to  be iso tro p ic  on ly  in  a s ta tis tic a l sense [15] i f  
m a n y  w alls are p re se n t. T rue  iso tro p ic  d is tr ib u tio n  on  dim ensions co n ta in in g  
o n ly  a few re la x a to rs  can  he o b ta in e d  b y  d em ag n e tiza tio n  rep e a te d  m a n y  tim es 
(d u ra tio n  a b o u t 3 r)  or b y  d em ag n e tiz in g  th e  specim en  during  its  cooling  from  
h ig h e r te m p e ra tu re  w here r  1 sec. I n  cu s to m ary  d isaccom m odation  m easu re
m e n ts  it  has been  fo u n d  [9, 10, 15] th a t  for su ffic ien tly  high fie ld s  u sed  for 
d em ag n e tiza tio n  (H m ]> 1,2 • 102 А /m ) th e  s ta tis t ic a lly  iso trop ic  d is tr ib u tio n  
o f  re lax a to rs  a t  t =  0 re su lts  in  th e  sam e e x p e rim e n ta l curve (1) as th e  tru e  
iso tro p ic  one. F o r low er d em ag n e tiza tio n  fields, h o w ever, th e  single d em ag n e ti
z a tio n  tre a tm e n t is in su ffic ien t to  p roduce fu ll d isacco m m o d atio n  [16, 17]. 
I n  th e  proposed  m e th o d  th e  t ru e  iso tro p ic  d is tr ib u tio n  of re la x a to rs  a t  t =  0 
c a n n o t be o b ta in e d  b y  re p e a te d  iso th e rm a l d em ag n e tiza tio n  because  r  ]> 104 
sec. I f  it  has been  ach ieved  b y  dem ag n etiz in g  th e  sam ple d u rin g  i ts  cooling 
th e  sam e re su lts  h av e  been  fo u n d  fo r  th e  re lax a tio n  s tre n g th  and  tim e  co n stan t 
as fo r th e  s ta tis t ic a lly  iso trop ic  d is tr ib u tio n  (for H m =  2.5 ■ 103 A /m ).

The p rop o sed  m eth o d  assum es also a single re la x a tio n  process. B y  over
lap p in g  of severa l re lax a tio n  processes it  gives u n c o rre c t resu lts . T h e  d is tu rb 
in g  re lax a tio n s  can  be e lim in a te d  b y  a p p ro p ria te  tre a tm e n t as described  
above only if  th e y  have  su b s ta n tia lly  h igher or low er tim e  c o n s ta n t. O therw ise 
th e  whole iso th e rm a l d isacco m m o d atio n  curve m u s t be m easured  in  o rder to  
f in d  its  decom position  in to  p a r t ic u la r  re lax a tio n s  b u t  i t  is possib le  only in  
co n v en tio n a l m easu rem en ts .

The precision  o f th e  describ ed  m ethod  is d e te rm in ed  n o t o n ly  b y  th e  
sen s itiv ity  of th e  m easu ring  b rid g e  b u t  also b y  th e  precision  of th e  d e te rm in a 
t io n  of th e  in itia l slope of iso th e rm  w hich depends on  th e  re la x a tio n  s tre n g th  
a n d  on th e  tim e  in te rv a l o f m easu rem en t in  re sp e c t to  th e  re la x a tio n  tim e  
c o n s ta n t. A t low er te m p e ra tu re s  a  longer tim e  o f m easu rem en t m u s t  be used. 
I t  is believed th a t  th e  precision  o f  th is  new  m e th o d  will be b e t te r  th a n  10%  
in  th e  m a jo rity  o f  cases. I t  can  be  im p ro v ed  b y  th e  use of least sq u a re s  regres
sion  in  ev a lu a tin g  in itia l slopes.

I t  shou ld  be fu r th e r  n o te d  th a t :  (a) b y  com bin ing  th e  p ro p o sed  m ethod  
( t 7> I0 4 sec) w ith  th e  c u s to m a ry  d isaccom m odation  (т =  102 — 103 sec) an d  
loss-fac to r p e a k  m easu rem en ts  ( r  =  10 -4 — 1 0 ~2 sec) th e  r e la x a tio n  tim e  
c o n s ta n t is d e te rm in ed  w ith in  te n  orders of m a g n itu d e  b y  usin g  n e a rly  th e  
sam e ex p e rim en ta l eq u ip m en t. T h e  values of th e  ac tiv a tio n  e n e rg y  E  and  
r 0 d e te rm ined  in  E q . (2) are  th e re fo re  m ore re liab le  th a n  tho se  o b ta in e d  by  
using  only one o f these  m eth o d s, (b) The m eth o d  can  be used in  a n  analogous 
w ay  also in  m easu rem en ts  o f  ane lastic  re la x a tio n  w hich is a  w ell-know n 
m echan ical c o u n te rp a r t  of th e  m ag n e tic  re la x a tio n  a n d  w hich is described  b y  
an  eq u a tio n  analogous to  E q . (1) [18].
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The p re p a re d  sam ples co n ta in ed  on ly  in te rs ti t ia l  ca rb o n  because th e  
h e a t t r e a tm e n t given w as su ffic ien t to  rem ove a n y  d e tec tab le  n itro g en  im p u r i
tie s  [19, 20]. T h e  presence o f h y d ro g en  in te rs ti t ia ls  is possible b u t  im p ro b ab le  
because th e ir  d iffusion  coeffic ien t a t  room  te m p e ra tu re  is a b o u t 10-11 m 2/sec 
[21] an d  th e re fo re  hyd rogen  w as p ro b ab ly  rem o v ed  b y  s to rin g  th e  p rep a red  
sam ples a few  day s a t  room  te m p e ra tu re  befo re  d isaccom m odation  m ea 
surem ents.

D is tu rb in g  re lax a tio n s  w ith  r s т  h a v e  n o t been observed  in  th is  
ex p erim en t. O n th e  o th e r h a n d , th e  d is tu rb in g  re la x a tio n  w ith  a su b s ta n tia lly  
longer tim e  c o n s ta n t т  w as p re se n t. T h is can  be a t tr ib u te d  to  th e  fac t t h a t  
ca rb o n  in te rs ti t ia ls  give rise to  th e  com bined  a fte re ffec t [1, 18, 22] because 
th e ir  re o r ie n ta tio n  in to  a new  en erg e tica lly  fav o u rab le  p o sition  o f th e  ty p e  
a/2 <100) c a n n o t ta k e  place w ith o u t an y  sh if t o f  th e  cen tre  o f  g rav ity . T he 
d is tu rb in g  re la x a tio n  w hich is caused  b y  long -range diffusion o f  in te rs itia ls  
in to  Bloch w alls [23, 24] progresses w ith  th e  tim e  c o n s ta n t 105r .  T he 
m agnetic  c o u n te rp a r t  [25, 26] o f th e  m echan ica l R o s t e r ’s  re lax a tio n  [27] 
w hich  is due to  th e  in te ra c tio n  o f in te rs titia ls  w ith  d islocations a n d  th e  m agnetic  
re lax a tio n  due to  d islocations [1, 26, 28, 29] a re  p ro b a b ly  also p re se n t b u t th e y  
h av e  even lo n g e r tim e  c o n s ta n ts  [26]. All th e se  d is tu rb in g  re lax a tio n s  h av e  
been  e lim in a ted  b y  a p p ro x im a tin g  t —у oo w ith  t a^ 10r.

T he re su lts  on  carbon  d iffusion  coefficients o b ta in ed  b y  th e  new  m eth o d  
can  be co m p ared  w ith  o th e r p u b lish ed  d a ta  [11, 12]. I t  m a y  be seen from  
F ig . 2 th a t :  (a) th e  d iffusion coeffic ien ts d e te rm in ed  b y  th e  new  m eth o d  are  
ex trem ely  low . S uch  low  values h a v e  n o t been  m easu red  b y  a n y  o th e r te c h 
n ique  u p  to  now . T h is fa c t i l lu s tra te s  th e  usefu lness o f th e  p ro p o sed  m eth o d  in  
th e  s tu d y  o f e x tre m e ly  slow processes as d iscussed  above, (b) T he o b ta in ed  
coefficients o f  d iffusion  are in  good accord  w ith  th e  e x tra p o la tio n  of th e  te m 
p e ra tu re  d ependence  o f th e  ca rb o n  diffusion coeffic ien t [11, 12] w hich  is b ased  
on  th e  co m p ila tio n  o f availab le  d iffu siv ity  d a ta  o f m a n y  au th o rs .

The re su lts  o f  th e  new  m e th o d  can  also be com pared  w ith  conven tional 
d isaccom m odation  m easu rem en ts . T he co n cen tra tio n s  of ca rb o n  in  solid so lu 
tio n  show n in  T ab le  I  agreed w ith  t h a t  d e te rm in ed  from  cu sto m ary  d isaccom m o
d a tio n  m easu rem en t w ith in  a few  p ercen t. T he accord  of b o th  m ethods in 
de te rm in in g  th e  tim e  co n stan ts  o f re lax a tio n  is seen from  F ig . 2.
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Acta Physica Academiae Scientiarum Hungaricae, Tomus 42 (2), pp. 99—102 (1977)

Potential Energy (p.e.) curves for A 1I I  and X lZ +  states of GeO molecule have been 
constructed using the RKRV ( R y d b e r g — K l e i n — R e e s — V a n d e r s l i c e )  potentials. Franck 
Condon (FC) factors and r-centroids are evaluated using wavefunctions appropriate to RKRV 
p.e. curves. The sequence difference in the computed r-centroids remains constant here also. 
On the basis of the FC-factors the appearance of some of the bands is discussed.

1. In tro d u c tio n

D u rin g  th e  s tu d y  o f  GeO m olecule u n d e r  high reso lu tio n  in  th e  region 
A2200 — Д4200 Á, i t  h as  b een  show n [1, 2] th a t  th e  tr a n s it io n  in v o lv ed  is 
(А ХП  — X 1X +) h u t  n o t (XX  — 127), as p rev io u sly  re p o rte d  [3]. I t  is know n 
th a t  th e  d ifference of th e  observed  ro ta tio n a l co n stan t “ a e”  from  th e  ca lcu la ted
[4] v a lue  is a  m easure o f th e  d ev ia tio n  o f th e  tru e  p.e. cu rves from  th e  Morse 
cu rve. A s a lread y  re p o rte d  [5], th is  d e v ia tio n  for X 1X + s ta te  is 4 6 % , w hereas 
for A 1/ ?  s ta te  i t  is 3% . T herefore  one c a n n o t ad o p t M orse p o te n tia l  fo r th e  
co m p u ta tio n  o f F C -facto rs an d  r-cen tro id s , in  such cases.

H ence  we rep o rt th e  values of th e se  p a ram ete rs  fo r th e  (A  — X ) t r a n s 
itio n  o f th e  a stro p h y sica lly  sign ifican t GeO m olecule, u sing  w avefunctions 
a p p ro p ria te  to  tru e  (R K R Y ) p.e. cu rves. I t  is also p rop o sed  to  discuss th e  
ap p earan ce  o f  some of th e  b an d s  in  th e  sa id  tran s itio n .

2. C om putational m ethods

2.1. Potential energy curves

T he sem i-classical R K R  [6 — 8] m e th o d  o f ca lcu la tin g  th e  tu rn in g  po in ts  
req u ired  to  c o n s tru c t th e  p .e . curves o f d ia to m ic  m olecules h as  been  m odified  
[9, 10] a n d  is show n to  be h igh ly  successful fo r a large n u m b e r o f  m olecules. 
This is e ssen tia lly  a W K B  ap p ro x im a tio n  a n d  m ax im um  ( r+ ) a n d  m in im um  
(r_ ) tu rn in g  po in ts  as,

r±  =  (f l g + P )1/2 ± f ,
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w here

an d

S
8 л 2 [ic - 1/2 n

2 N 7 t t i n Z (>
i=i

8 =
n r \  1/2 n

M ^ { ^ ( c o x ) ? 1 [ (u n -  Un_ ^  - ( U n -  u m  +
i=i

z , =

+  (coa:)_1/2 [2Bl -  0Ci(œx)^ соi] ln  Z,}

H  -  4 H i  t / , ] 1/2 -  2(cox)}12 (U n -  Ul)1'2
И -  4 (0 )* ) ,  [ /,—! ] 1/2 -  2 ( ^ ) P ( [ / „  -  [7 ,_ 1)1/2

U sing th e se  expressions a long  w ith  th e  re c e n tly  rev ised  [1, 2] m olecu lar 
d a ta , th e  tu rn in g  p o in ts  fo r th e  A  an d  X  s ta te s  o f GeO m olecule have  been  
co m p u ted  an d  are  given in  T ab le  I.

Table I

EKRV potential energy curves for Х г2 + and Л'П states of GeO molecule

V

A m

r m ax rmin r m ax r m in

0 1.6750 1.5721 1.8270 1.7012
1 1.7183 1.5412 1.8819 1.6608
2 1.7512 1.5192 1.9209 1.6357
3 1.7777 1.5039 1.9548 1.6152
4 1.8029 1.4912 1.9657 1.6001

5 1.8261 1.4803 2.0139 1.5862
6 1.8468 1.4699 2.0421 1.5729
7 1.6682 1.4621 2.0662 1.5622

8 1.8881 1.4538 2.0947 1.5504

9 1.9078 1.4473 2.1209 1.5409
10 1.9269 1.4403 2.1417 1.5339
11 1.9449 1.4337

12 1.9642 1.4279
13 1.9819 1.4230

14 2.0012 1.4178

2.2 . Vibrational wavefunctions

In  th e  p re se n t s tu d y , to  increase th e  accu racy , fo u r successive tu rn in g  
p o in ts  are ta k e n  a t  a tim e , fo r  each  lim b on a la rge  scale an d  th e  p .e . U(r) 
a re  recorded  a t  eq u a l in te rv a ls  o f  0.01 Á for each  v ib ra tio n a l level, ta k in g  m ore
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th a n  1000 p o in ts . E x ten s io n  of th e  p.e. cu rv es  beyond  th e  lim its  covered  b y  
th e  spectroscopic  d a ta  is ach ieved  b y  th e  s ta n d a rd  m eth o d  [11]. T he o rd in a tes  
o f  th e  w avcfun  é tions a t all th ese  r-values are  o b ta in ed  b y  in se rtin g  th ese  U(r) 
values in  W u ’s [12] expression .

2.3. FC-factors and r-centroids

In  te rm s  o f th e  v ib ra tio n a l w av efu n c tio n s, th e  F C -fac to r an d  th e  r- 
c en tro id  can  be defined  as

n  oo

g « v = J  w w d r ,

n  CO /  Г  00

W  =  I W  (r) W  dr J yy dr ,

Table II
Franck—Condon factors and r-centroids for the (A-X) transition of GeO molecule

v'v" 0 1 2 3 4 5 6

0 6.0181-2
1.6721
2659.42

1.3121-1
1.6981
2730.02

2.9221-1
1.7251
2804.17

2.4091-1
1.7514
2881.75

1.7011-1
1.7788
2963.04

9.9481-2
1.8076
3048.76

7.2813-2
1.8352

1
1.5921-1
1.6701
2614.43

1.9873-1
1.6833
2682.98

6.7013-2
1.7081

6.9941-2
1.7362

7.8232-2
1.7634
2908.1

1.6301-1
1.7910

6.1427-2
1.8197
3075.7

2
2.1806-2
1.6531
2571.83

7.4319-2
1.6713

5.1261-2
1.6947
2702.4

1.1213-1
1.7202
2779.71

8.7401-2
1.7483
2855.42

6.1832-2
1.7757

3.1431-3
1.8031

3
2.1673-1
1.6321
2531.10

5.3421-2
1.6682

1.0153-1
1.6641
2662.33

8.7156-2
1.7063
2732.3

3.1421-2
1.7324

8.1421-3
1.7605

4.2156-3
1.7879

4
1.8423-1
1.6120
2492.2

1.1784-2
1.6444

1.0426-1
1.6782
2619.5

4.1678-2
1.6862

1.2422-2
1.7173

7.4218-3
1.7456

2.1428-3
1.7725

5
9.1242-2
1.5929
2454.8

8.4216-2
1.6240
2514.88

3.1421-2
1.6566

1.0187-2
1.6892

8.1471-3
1.7025

3.1426-3
1.7284

9.4281-4
1.7578

6
5.1468-2
1.5729

6.1871-2
1.6052
2477.8

1.0187-2
1.6371

8.4721-3
1.6696

5.1231-3
1.6999

1.0132-3
1.7158

3.1042-4
1.7404

First row: FC-factors; Second row: r-centroids; Third row: wavelength. The negative 
number in each FC-factor entry indicates the power of 10 by which it is multiplied.
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w here y)v, a n d  rpv,, are th e  v ib ra tio n a l w av efu n é tio n s fo r th e  u p p e r a n d  th e  
low er s ta te s , resp ec tiv e ly , b e tw een  w hich  th e  tra n s it io n  tak es  p lace . The 
F C -factors a n d  r-cen tro ids th u s  ca lcu la ted  fo r th e  sa id  tra n s itio n  are  g iv en  in 
T ab le  I I  a long  w ith  th e  w av e len g th  o f th e  co rrespond ing  bands.

3. Conclusion

F ro m  T ab le  I I  i t  is c lear t h a t  th e  b an d s o f Av  =  0 sequence, a f te r  
v '  =  v "  =  3 a re  n o t  observed . S im ilarly , th e  b an d s  o f th e  v "  p rogression  w ith  
v ' =  4, 5 a n d  6 a f te r  v "  =  2 a re  n o t o bserved  e ith e r. N o n-appearance  o f  th e  
sa id  b an d s is n a tu ra l ly  due to  th e  low  v a lu e  o f th e ir  FC -factors.

A lthough  th e  bands (1, 2), (1, 3), (2, 1), (3, 2) an d  (4, 1) are n o t o b serv ed  
ex p erim en ta lly , th e ir  F C -facto rs ca lcu la ted  h av e  sign ifican t values as co m p ared  
w ith  th e  v a lu es  o f  th e  sa id  fa c to rs  fo r som e o f th e  o bserved  bands, as c a n  he 
seen from  th e  T ab le  I I .  T herefo re, i t  m u st be possible to  observe th e se  b an d s  
u n d e r  su itab le  p a ra m e te r  cond itions.
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FINITE LARMOR RADIUS EFFECT ON THERMAL- 
CONVECTIVE INSTARILITY OF A STELLAR 

ATMOSPHERE

By

R . C. S h ARMA  an d  K lR T I  P r AK ASH
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Thermal-convective instability of a stellar atmosphere is considered to include finite 
Larmor radius effect in the presence of a uniform vertical magnetic field. The effect of a uni
form rotation is also included. It is found that the criterion for monotonie instability is the 
same as in the absence or presence of these two effects. The growth rates are discussed.

1. In tro d u c tio n

D e f o u w  [1] has te rm e d  th e  th e rm al-co n v ec tiv e  in s ta b ili ty  as th e  con
vective  in s ta b ili ty  o f a th e rm a lly  u n s tab le  a tm o sp h ere  an d  has generalized  th e  
S chw arzschild  crite rion  fo r convection  to  inc lude  d e p a rtu re s  from  a d ia b a tic  
m otion .

D e f o u w  [1] has g iv en  a criterion  th a t  a ste llar  atm osp here w ill he  
u n stab le  i f

D =  {LT — qocL 6) +  xk2 <  0, (1)
^ p

w here L  is th e  energy  lo s t m inus th e  en erg y  gained  p e r g ram  p er second a n d  
a , Q, x, k, L T, L e denote  re sp ec tiv e ly  th e  coeffic ien t o f th e rm a l expansion , th e  
d ensity , th e  coefficient o f th e rm o m e tric  c o n d u c tiv ity , th e  w ave n u m b e r o f 
th e  p e r tu rb a tio n , th e  p a r tia l  d e riv a tiv e  o f L  w ith  re sp ec t to  T  an d  th e  p a r tia l  
d e riv a tiv e  o f  L  w ith  resp ec t to  q e v a lu a te d  in  th e  eq u ilib riu m  s ta te . Cp is th e  
specific h e a t a t  c o n s tan t p ressu re . In  general, th e  in s ta b ili ty  due to  in e q u a lity
(1) m ay  he e ith e r  o sc illa to ry  or m onoton ie .

T he criterion  for in s ta b ility  (1) has b een  fou n d  to  b e u n ch an ged  b y  th e  
presence o f  a uniform  ro ta tio n  and a u n iform  m agn etic  f ie ld  sep ara te ly  b y  
D e fo u w  [1] an d  sim u lta n eo u sly  b y  B h a t ia  [2].

In  th e  above s tud ies th e  L a rm o r rad ii o f  th e  charged  p a rtic le s  (e lectrons 
an d  p ro to n s) are  assum ed to  be zero. In  m a n y  astro p h y sica l s itu a tio n s  such  
as th e  so la r corona, in te rp la n e ta ry  a n d  in te rs te lla r  p lasm as, i t  is k n o w n  
th a t  th e  a p p ro x im a tio n  (zero L a rm o r rad iu s) is n o t v a lid . T he effect o f  th e  
fin iteness o f  th e  ion L a rm o r rad iu s , w hich  ex h ib its  itse lf  in  th e  fo rm  o f a
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m a g n e tic  v isc o s ity  in  th e  f lu id  eq u a tio n s, on  p lasm a in sta b ilitie s  h ave b een  
s tu d ie d  b y  R o s e n b l u t h  e t  al. [5] an d  R o b e r t s  and  T a y l o r  [4].

I t  is, th e re fo re , in te re s tin g  to  s tu d y  th e  m o d ifica tion , i f  an y , in  th e  c ri
te r io n  for in s ta b ili ty  w hen  th e  effects due to  ro ta tio n  an d  f in ite  L arm o r ra d iu s  
a re  inc luded  in  th e  th e rm a l-co n v ec tiv e  in s ta b il i ty  o f a s te lla r  a tm o sp h ere .

2. F o rm u la tio n  o f th e  problem

L e t us consider an  in fin ite  h o rizo n ta l lay e r w hich  is in  a s ta te  o f 
u n ifo rm  ro ta tio n  £2(0, 0, Q), a c te d  on b y  a v e rtic a l m ag n etic  fie ld  H (0, 0, H)  
a n d  g rav ity  force g(0, 0, —g). T h is lay e r is h e a te d  from  below  su ch  t h a t  a

s te a d y  te m p e ra tu re  g rad ien t /? (=  dT/dz) is m a in ta in ed . L e t ôP, ôg, q(u , v, w) 

a n d  h (x, hy, hz) d en o te  th e  p e r tu rb a tio n s  in  s tre ss  ten so r P ,  d en sity  g, v e lo c ity  
a n d  m agnetic  f ie ld  H , re sp ec tiv e ly ; g, v a n d  rj deno te  re sp ec tiv e ly  th e  g ra v i
ta t io n a l  acce lera tion , th e  k in em a tic  v isco sity  an d  th e  re s is tiv ity . T hen  th e  
lin ea rized  h y d ro m ag n e tic  p e r tu rb a tio n  e q u a tio n s  are:

g — =  -  V Ô P +  g rV 2q +  ^ - ( v x h ) x H  +  2 e(q x £ 2 )  +  gbg , 
d t  4л:

V • q =  0 , V • h  =  0

—  =  (H  • V ) q +  W 2h .  
0t

( 2)

( 3)

(4)

The f irs t  law  o f th e rm o d y n am ics  can  be w ritte n  as

Cv ^ - =  — L  +  —  v 2 T  - f  —  —  
dt q Q2 dt

(5)

w here  K , Cv, T, t an d  p  deno te  th e  th e rm a l c o n d u c tiv ity , th e  specific h e a t a t  
c o n s ta n t vo lum e, th e  te m p e ra tu re , th e  tim e  an d  th e  p ressu re , respective ly . 

The lin ea rized  p e r tu rb a tio n  fo rm  o f E q . (5), follow ing D e f o u w  [1], is

~ ~  +  Ĉ r — aQLe) 0— «V2 6 =
d t  L p

(6)

w here в is th e  p e r tu rb a tio n  in  te m p e ra tu re . In  o b ta in in g  (6), use h as  been  
m ad e  of th e  B oussinesq  eq u a tio n  o f s ta te

ôq =  —  адв . (7)
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F o r th e  v e r tic a l m agnetic  f ie ld  H  (0 ,0 , H )  th e  stress te n so r  co m p o n en ts  ÔP, 
ta k in g  in to  acco u n t fin ite  io n  g y ra tio n , h a v e  th e  com ponen ts (S h arm a  [6]):

ÖPXX =  Öp -  QV0 | ï  +  £ l | , » r „ = a r ,
d y  ox

yx QV0
du
dx

dv

9y

№>, =  г Р „  =  - 2 № ( ^ + | 1 | ,
[ a z  a y

c p  с , ( d u  dv
ьр +  t o  \ ъ + Т*

SP„ =  tP „  , SP„ =  öp .
I o x  dz

(8)

In  E q s. (8), ôp  is th e  p e r tu rb a tio n  in  th e  sca la r p a r t  o f th e  p ressu re  an d  
qv0 — NT/4sCoH, w here coH is th e  io n -g y ra tio n  frequency , w hile N  a n d  T  deno te  
re sp ec tiv e ly  th e  n um ber d e n s ity  an d  te m p e ra tu re  of th e  ions. W e consider th e  
case in  w hich  b o th  th e  b o u n d a rie s  are free a n d  th e  m ed ium  ad jo in in g  th e  flu id  
is n o n co n d u c tin g . The b o u n d a ry  cond itions a p p ro p ria te  fo r th e  p ro b lem  are 
(Ch a n d r a s e k h a r  [3])

w =  0 , 0 =  0 ,

Э2 w  

d z2
=  o, (9)

$ =  0 an d  h  is con tinuous w ith  an  ex te rn a l v a cu u m  field . H ere  £ a n d  £ deno te , 
re sp ec tiv e ly , th e  z-com ponents o f v o rtic ity  a n d  cu rren t d en sity . 3

3. D ispersion  re la tion  a n d  discussion

A nalysing  in  te rm s o f n o rm a l m odes, we seek so lu tions w hose d ependence  
on th e  space a n d  tim e  co o rd in a tes  is of th e  fo rm ,

exp  [ikx x  -f- iky у  -(- nt] sin  kzz , (10)

w here k z is an  in teg ra l m u ltip le  o f  n  d iv ided  b y  th e  th ick n ess  o f  th e  f lu id  layer, 
(k  =  Y k2 +  k2 +  k2z ) is th e  w av e  n u m b er o f  th e  p e r tu rb a tio n  a n d  n  is th e  
g ro w th  ra te .
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F rom  E q s. (2) — (4), (6) a n d  (8), we h av e :

3t
(y 2 w) =  got — -  +

Э20 , 92 в

+  V2 - 3

Зл;2 8у 2

б2 ) 3£

+  v ^ w  -  2Q —  +  — —  y 2fe2 +
dz 4 л  Q 3 z

э C

3 z2 ) dz 

dw H  3£
=  W 4  +  2 Q —  +

31 dz 4 л  q dz

dhz dw
-  =  H — + W 2 hz ,

91 „ e c  , . ,
—  =  я — +  4 V - f .

-  »0 \ v
32

0 2 2

Зге
02

п в  -J- —  (Ly- — f?aLe) +  >ífc2
L  C P 0 = = _ l / 3 + C

г«; .

( п )

( 12)

(13)

(14)

(15)
p

E lim in a tin g  в , £, hz a n d  £ from  E qs. (11) — (15) an d  using (10), we 
o b ta in  th e  d ispersion  re la tio n :

n5 -f- A 4n4 -f- A 3 n 3 -)- A sn2 А г п A 0 =  0 ,
w here

(16)

A i  — D  +  2k2(v +  v) »

=  2k2D(v +  V) +  +  4rr; +  if )  +  2 fcf V 2 +

+  Г ß + g +
к2 A 2 

к2

A2 =  k2{v +  2 r i ) r \ ß + j r -f- k4D(v2 +  4pr; +  r]2) +

+  2k2z V2D +  2fe6 vrj(v +  V) +  2k2zk2V2(v +  rj) +

+  - ^ - A 2(D +  2 Vk2) ,
k2,

А г =  2fe| к2 V2 D(v +  rj) +  2kaDvr](v +  17) +

(17)

ß +  -%~\ Ф Ъ  +  2 v ) + T \ ß  ++  Г

kz V i -J- v2i f k 8 -f- г]к\А2(т]к2 +  2D ) ,  

A 0 =  (vr?fe4 +  fe |F 2) F 2 D  +  rr/fe4 D  +  L  

+  r)2k2k 2z D A 2

_g_
Cp )

k2z V 2 +  2vtjfe4fe |F 2 +

+[ ß + - f r \ r\k2
1 Cp _
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a n d
_  g x { k 2x +  Щ ) _  J P _  

k2 ’ 4 JIQ ’
A  =  2Q +  v0(k2 -  3k2z) .

S e ttin g  V =  rj =  0 in  E q . (16) as th e  effec ts  of v isco sity  an d  re s is tiv ity  
are  negligible in  m an y  cases o f  a s tro p h y sica l in te re s t, th e  d ispersion  re la tio n  
reduces to :

n5 +  D n 4 + 2k2 V 2 +  Г  iß +  J L +  T--HV 1 cp к2

+  D 2k2V 2 - \ -— A 2
к 2

(18)

+ r \ß +  -7T к2 V 2 +  к\  F 4
. 1 Cp _

n  +  k* Vi D  =  0 .

W hen  D  <  0, i.e. w hen  in e q u a lity  (1) is sa tisfied  th e  c o n s ta n t te rm  in  
E q . (18) is n eg a tiv e . This m ean s th a t  th e  E q . (18) has a p o sitiv e  rea l ro o t, 
le ad in g  to  m onoton ie  in s ta b ility . The crite rio n  fo r in s ta b ility , therefo re , is 
th e  sam e even  i f  th e  ro ta tio n  a n d  fin ite  L a rm o r rad iu s  effects are  in c lu d ed  
in  th e rm al-co n v ec tiv e  in s ta b ili ty  o f  a ste lla r a tm o sp h ere . W e shall now  discuss 
th e  d ispersion  re la tio n  (18) in  som e detail. L e t us reg a rd  D  to  be sm all an d  
solve th e  d ispersion  re la tio n  in  o rd e r to  s tu d y  th e  n a tu re  o f in s ta b ility  an d  
g ro w th  ra te s  in  case o f in s ta b ility .

P u tt in g
n  =  n0 -)- nx D

in  E q . (18) an d  neg lecting  te rm s  invo lv ing  pow ers o f D h igher th a n  th e  f irs t , 
we get th e  follow ing eq u a tio n s d e te rm in in g  n0 a n d  n^.

ni +  P A 2 2 / +  1 +

n i + P A 2

cos2 в
nl +  P 2 A* f (  1 + / ) =  0

( - ) -------------------
5 Hq +  3 P A 2

F ro m  E q . (19), we have

2 /  +
cos2 в

ni  +  P 2 A * f 2

2f +  1 +
cos2 в

nl +  P 2A * f ( l + f )

n 0 =  0 ,

(1 +  2 / ) P +  cos20 =F УР2 +  2 P (1  +  2 / )  cos2 0 +  co s^ T

(19)

(20)

(21)

(22)
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w here

P  =
ß +

C p ,
A 2 *

s  b ïV 2 J k z
’ ^ = ~ р Ж  and  ^  =  c o s 0 ’ (23)

P , f  a n d  A 2 are  ali po sitiv e . 
C orresponding  to

n0 — 0 ,

n, = ------ /

1+ /
(24)

T he m odes (21) a n d  (24) co rrespond  to  th e  grow ing  m ode w ith  g row th  
ra te  t0 g iven b y

-I-1

=  ( - Д ) Г
/
+  /

( - ) P 1 +
ß + f )
k2V 2

T h u s  w hen D  <  0, as k z a n d  H  increase grow th  ra te  increases w hereas as 
te m p e ra tu re  g rad ien t increases g ro w th  ra te  decreases.

In  th e  E q . (22), th e  expression  w ith in  th e  square  b rack e ts  is po sitiv e  for 
all f  an d  P  w hich are  p o sitiv e  fo r v a rio u s values o f 0. T herefore all th e  four 
v a lu es  of n0 are p u re ly  im a g in a ry  occu rring  in  co n ju g a te  p a irs  so t h a t  we have 
th e  o sc illa to ry  in s ta b ili ty  w hen  D — 0. T he frequencies o f these  oscillations 
d ep en d  on k 2, k, A , f ,  P,  0 i.e . m ag n etic  fie ld , te m p e ra tu re  g rad ien t, ro ta tio n , 
f in ite  L a rm o r rad iu s  a n d  w ave n u m b ers .

N ow

n  _  _1 P [ P  +  cos2 0 — ]rP 2 +  2P (1  +  2 /)  cos2 0 +  cos4 0]

2 [(1 _  /  -  2 / 2) P 2 +  cos2 0 (2 +  3f ) P  +  cos1 0 -

-  {cos2 0 +  P ( f +  1)} }rP 2 +  2P (1  +  2f )  cos2 0 +  cos1 0]

co rrespond ing  to  th e  v a lu e  o f nl  g iven  b y  u p p e r sign  in  E q . (22) a n d

P  [p  +  cos2 0 +  f  P 2 +  2P (1  +  2 / )  cos2 0 +  cos1 0]

2 [(1 — /  — 2 / 2) P 2 +  cos2 0(2 +  3f ) P  +  cos1 0 -
-  {cos2 0 +  P ( / +  1)} V P 2 +  2P (1  +  2 / )  cos2 0 +  cos1 0]

(26)

co rrespond ing  to  th e  va lu e  o f n\ g iven b y  low er sign in  E q . (22).
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RESONATING GROUP MODEL FOR FEW-NUCLEON
PROBLEMS*

By

y .  K . S h a r m a **
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(Received in revised form 16. XII. 1976)

A simplified procedure based on the Resonating Group Approximation is proposed to 
obtain the integral equations for three- and four-nucleon problems. F a d d e e v  three-nucleon 
approach has been extended to obtain the F a d d e e v — Y a k u b o v s k y  (FY) model of four 
nucleons taking into account of their spin and isospin in two-channel resonating group approxi
mation. In this approximation we consider a completely antisymmetric wave function which 
can be written as the clustering of d +  d and n +  He3 (or p -f- H3) systems with antisymmetric 
spin-isospin states. The two nucleon interaction is assumed to be of the separable Y a m a g u c h i  
form in 3s, and 1s0 states. The equations for the states with quantum numbers S =  2, 1, 0; 
T  =  0 are obtained. It is shown that the FY equations reduce to a set of one-dimensional 
coupled integral equations with the kernels containing the functions of two- and three-nucleon 
problems. By this conjecture one can treat few-body problems involving any number of bound 
subsystems.

I. In tro d u c tio n

F ew  b o d y  prob lem s h av e  been  s tu d ie d  w ith  ris in g  in te re s t  d u rin g  th e  
la s t  s ix teen  y ears . I t  is now  becom ing  an  im p o r ta n t to o l in  s tu d ies  o f  nuclear 
reac tio n s. T h is  is p r im a rily  due to  th e  fa c t th a t  th e  in v e s tig a tio n s  on few- 
nucleon  p ro b lem s give v a lu ab le  in fo rm a tio n  ab o u t th e  nuc leon -nuc leon  in te r 
ac tio n  w h ich  is basic in  n u c lea r physics. T he m eth o d  o f th e  e x a c t in teg ra l 
e q u a tio n s  [1] is used a lm o s t exclusively  a t  th e  p re se n t tim e  in  a t te m p ts  a t 
ca rry in g  o u t  num erica l so lu tions of th e  th re e -b o d y  p rob lem . T ech n iq u es based  
on  F a d d e e v  equa tions h av e  been  u sed  successfully  fo r s tu d y in g  th ree -n u c leo n  
b o u n d  s ta te  [2], elastic  a n d  ine lastic  n  — d  sc a tte rin g  [3].

A fter th e  pioneering work o f F a d d e v  on the form ulation and solution  
o f the three-body problem s, several a ttem p ts have been m ade to  obtain  F a d - 
DEEV-type equations for /V-particles. A m ong these, the Y a k u b o v s k y  equations 
are one o f  th e  best as their hom ogeneous equations are free from  non-physical 
solutions [4 ]. In recent years the F a d d e e v —Y a k u b o v s k y  equations for the  
four-particle problems w ith  separable pair interactions are w id ely  used to  
investigate th e  properties o f  the bound and scattering states for four-nucleon

* Work supported in part by the University Grants Commission, India.
** Permanent address: 3/221, Adarsh Nagar, Marris Road, Aligarh-202001, India. 

Present address: Department of Theoretical Physics, University of Manchester, Manchester 
M139PL, UK.
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sy s te m s  [5, 6]. T o  o b ta in  th e  in te g ra l eq u a tio n s  fo r fou r p artic les , v a rio u s  
effec tive  ap p ro x im a tio n  m eth o d s [7, 8, 9] have b een  developed . In  p a r tic u la r
[9 ], progress h a s  b een  achieved in  th e  d irection  b ased  on th e  reso n a tin g  g ro u p  
ap p ro x im a tio n  w h ich  reduces th e  fo u r-p artic le  p ro b lem  in  one d im ension .

In  th is  p a p e r  we ap p ly  th e  sy s tem a tic  m e th o d  [10] fo r th e  th ree -  a n d  
four-nucleon  p ro b lem s, based  on  using  ex ac t in te g ra l eq u a tio n s o f th e  
FADDEEV-type, in  th e  reso n a tin g  g ro u p  ap p ro x im a tio n  to  o b ta in  one-d im ensional 
coup led  in teg ra l eq u a tio n s  fo r v a rio u s  q u an tu m  s ta te s . As i t  is clear t h a t  th e  
k ern e ls  of F a d d e e v  th re e -p a rtic le  eq u a tio n s c o n ta in  one d e lta  fu n c tio n  w hich  
c a n  be rem oved  b y  using no n lo ca l separab le  p o te n tia l  to  o b ta in  Equivalent 
Two Body Problem as in  M i t r a ’s form alism  [11 ]. T his form alism  p rov ides a 
co n cre te  co n cep t o f  W h e e l e r  R eso n a tin g  G ro u p  S u b s tru c tu re s  [12]. T h u s 
i t  can  be e x te n d e d  to  m ore th a n  th ree -b o d y  p ro b lem s w ith  nonlocal sep a rab le  
p o te n tia l. H o w ev er, in  c o n tra s t to  th e  th ree -b o d y  p ro b lem , th e  kernels o f th e  
F Y  four body  eq u a tio n s  c o n ta in  tw o  delta  fu n c tio n s , these  d e lta  fu n c tio n s  
d isap p ea r a fte r  ta k in g  tw o  ite ra tio n s  of th e  k e rne ls . T he e x a c t in teg ra l e q u a 
tio n s  for fo u r-b o d y  problem s w ith  nonlocal sep a rab le  p o te n tia l  lead  to  a se t 
o f  tw o -d im ensiona l coupled in te g ra l eq ua tions. I n  o u r v iew , th e  re so n a tin g  
g ro u p  s tru c tu re  w ith  nonlocal sep a rab le  p o ten tia l rem oves th ese  d e lta -fu n c tio n s 
to  o b ta in  a se t o f  one-d im ensional coupled  in te g ra l eq u a tio n s  o f F red h o lm -ty p e .

In  Section  I I ,  th e  k in em a tic s  is fixed  a n d  th e  sep arab le  tw o-nucleon  
in te rac tio n s  u sed  in  th e  fo llow ing are given. T h e  tech n iq u e  to  be follow ed is 
described  in  S ec tio n  I I I  in  case o f  th ree-n u c leo n  p rob lem s, inc lud ing  b o u n d  
a n d  sca tte rin g  s ta te s . The in te g ra l equ a tio n s fo r tw o  sub sy stem s of fou r-nucleon  
p rob lem s are g iven  in  Section IY . In  Section Y , th e  one-d im ensional coup led  
in te g ra l e q u a tio n s  for fo u r-n u c leo n  problem s (i.e. d - f  d a n d  n  -f- H e3 or 
p  -f- H 3 sc a tte r in g  an d  b o u n d  s ta te  of fou r-nuc leon  system s) w ith  d iffe ren t 
q u a n tu m  s ta te s  a re  o b ta in ed  u s in g  th e  m ethod  o f S ection  I I I .  Section V I d is
cusses briefly  th e  possib ilities o f using  th is  fram ew o rk  fo r app lica tions to  few - 
b o d y  problem s in v o lv in g  an y  n u m b e r  of b o u n d  su b sy stem s. II.

II. Kinem atics and tw o-nucleon interactions

I t  is co n v en ien t to  use th e  re la tiv e  m o m e n ta  in  th e  n o rm aliza tio n  o f 
L ovelace  [13] a n d  W e y e r s  [1 4 ]. In  th e  fou r-nucleon  sy stem , we have [9]

k 4

Рол -

2(m)1/2

1
2 (3 m )1̂2

(k, -  4  .

(к/ +  ky — 2k fc) ,
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4 t j k , l

к kl —

Sy, k l  —

2(6 m)1'*

1
2 (m )1'2 

1
2(2m )^2

(m is th e  nucleon  m ass).

(к,- +  ky -)- kÄ — Зк;) ;

( К  — к /) »

(к/ +  кj  — kfc -  к,) ,

(2 . 1)

T he n o rm aliza tio n  is chosen  such  th a t  th e  fo u r-n u c leo n  c.m . k in e tic  energy  is 
given b y

5C0 =  Щ  +  kjj +  s?j ki =  fey +  pfj,k +  4u,ki • (2-2)

S im ilarly , th e  k in e m a tic a l d escrip tion  o f th ree -n u c leo n  system  is iden tica l 
w ith  th e  k y , piy- k a n d  th e  th ree -n u c leo n  c.m . k in e tic  energy  is g iven  b y

H 0 =  kfj +  P1l k . (2.3)

H ere , ky  rep resen ts  th e  re la tiv e  m o m en tu m  in  th e  tw o-nucleon  subsystem .
L e t us consider th e  s-w ave sep arab le  p o te n tia l  m odel w hich  includes 

n e ith e r  hard-core n o r ten so r forces (for s im p lic ity ) as,

< k  I V\ k '  > =  -  £  ( b ) A  O O  Pi. , (2.4)
'a - 0 ,1

w here P (ct; — 0 ,1  are  th e  sp in-isosp in  p ro jec tio n  o p era to rs  o f d eu te ro n  an d  
v ir tu a l sing let h o u n d  s ta te , re spec tive ly . T he a n sa tz  (2.4) leads to  th e  follow ing 
form  of th e  tw o-nuc leon  i-m a trix  as

t (k , k ' ; z) =  2  g ' M  g t Á к ')  т ,J M  P u  , (2-5)
(а =  0,1

w here

and Y am ag uch i [15] form  factors as

( 2 - 7 )

T he p a ram e te rs  A0, [г0 a n d  are  d e te rm in ed  b y  th e  b ind ing  energy  of th e
d eu te ro n , th e  sing le t an d  tr ip le t  sc a tte rin g  le n g th s , an d  th e  sing le t effective 
range.
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III. Integral equations for three-nucleon system  in resonating  
group approximation

I n  th is  S ec tion  w e describe a n ew  m e th o d  [9, 10] fo r so lv ing th e  F a d d e e v  
[1] eq u a tio n s  fo r th re e  nucleons ta k in g  in to  acco u n t th e ir  sp in  a n d  isosp in . 
T h e  F a d d e e v  e q u a tio n s  for th re e -p a r tic le  tra n s it io n  opera to rs are  g iven  as

TOJ-X) (z) =  T tj(z) +  Г,.,(*) G0(z)[ T W )  (2) +  T<xU){z)] , (3 .1)

w ith  G0(z) =  (z — H 0)-1, is th e  free  th re e -p a r tic le  G reen fu n c tio n  a n d  T a is 
th e  tw o -b o d y  tra n s i t io n  o p e ra to r in  th re e -p a rtic le  space. H ere  H 0 deno tes 
th re e -p a r tic le  k in e tic  energy (see E q . (2.3)), a n d  z — E  +  is  is th e  energy  
o f  th e  system  w ith  a  sm all po sitiv e  im ag in a ry  p a r t .  (L a te r, h o w ever, we will 
r e in te rp re t  ( |0, %, Ж0, and  §> as th e  co rrespond ing  fou r-nucleon  q u a n titie s .)  
U sing  th e  re la tio n  b e tw een  th e  o p e ra to r  T  an d  to ta l  G reen fu n c tio n

G(z) =  (z -  H 0 -  V ) ~ \  G(z) =  G0(z) +  G0(z)T(z)G0(z);

one can  o b ta in ed  th e  set o f e q u a tio n s  d e te rm in in g  th e  co rresp o n d in g  G reen 
fu n c tio n  as

G<Ox)(z) =  Gjj(z) -  G0(z) +  G0(z) T u (z) [GOGn(x) +  G ^ J \ Z)] , (3.2)

w here  th e  follow ing n o ta tio n s  are  u sed

Gu(z) -  G0(z) =  G0(z)Tlj(z)Gf)(z), G ^ z )  =  G0(z)TOM(z)G0(z) ,

a n d

G(z) =  G0(z) +  2  & ilk\ z )  . (3.3)

T he a n tisy m m e tric  to ta l  w ave fu n c tio n  o f th ree-n u c leo n  system  4jar is defined  
b y  th e  expression

W™ lim  ieG (E  is) (3-4)
ê -0

w here  Фаг is an  an tisy m m etric  a sy m p to tic  fu n c tio n  w ith  a c c o u n t o f  sp in  a 
a n d  isosp in  T. U sing  o p era to r E q s . (3.2) w ith  E q s. (3.3) an d  (3.4), we get a se t 
o f  eq u a tio n s  fo r th ree -n u c leo n  w av e  fu n c tio n s as

W m )or  =  фШ)°г _|_ Qo T u{z) [У № Л «  +  WGU)oz] 5 (3.5)

w here ф ^ ’кОг is th e  in itia l w ave fu n c tio n .
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A ccording to  W h e e l e r ’s re so n a tin g  g ro u p  m ethod  [12, 16], th e  w ave 
fu n c tio n  of th e  sy s tem  of th ree -n u c leo n  W™, be in g  com plete ly  an tisy m m etric  
re la tiv e  to  th e  p e rm u ta tio n s  o f th e  nucleons, c an  be w ritten  as

S*" =  2  2  ^ n i f ar (k ij, p tJtk) I (ij , k ) > ;
am mu \3-b)

=  2 2  vu, (ky) F t  (piM) I (ij, k ) >  ,
am  nui

w here  <pt (k) is th e  space p a r t  o f  th e  no rm alized  w ave-function  fo r tw o-nucleon  
b o u n d  s ta te  ; F ^ (p )  is th e  Spectator Function  [11] o f th e  co rrespond ing  
a rg u m e n t w ith  p a r i ty  q u a n tu m  n u m b er 77; a n d  | is th e  an tisy m m etric
sp in -isosp in  s ta te s  w ith  conserv ing  q u a n tu m  n u m b ers  a an d  т o f th ree -n u c leo n  
sy s tem .

T h e  in v arian ce  o f  tw o-nucleon  in te ra c tio n  u n d e r space in v ersio n  an d  th e  
sy m m e try  of th e  to ta l  w ave fu n c tio n  of th ree -n u c leo n  sy s tem  w ith  a n tisy m 
m e tr ic  sp in-isospin  s ta te s  lead  to  th e  follow ing p a r i ty  re la tions fo r th e  func tions

¥ m a(k ’ P) and  7/s(k ) as

n Tta ( - k ,  P) =  «РЙ Лк. p).
a n d  (3-7)

< P tÁ —  k) =  V'«(k) •

S u b s titu tin g  th e  form  (3.6) o f th ree -n u c leo n  w ave fu n c tio n  War in to  
th e  F a d d e e v  e q u a tio n  (3.5), follow ing th e  re so n a tin g  g roup  m e th o d  [9, 10] 
w ith  accoun t o f S ection  I I  a n d  p a r i ty  re la tio n s  (3.7), we g e t a se t o f one
d im ensiona l in te g ra l equa tions as

F n X‘ ( p ; *) =  №  (p ; ») +  Щ  J  d p ' ~ F ¥ ° (p/ ;  Z)’

P Z (3.8)w here

t f $ ( p ,  p ';  -)  =  2 | ^ 3
У 3

Sta. ] / з  у зP+T7^P'Uíah7^P + W P '

(p 2 +  p - p '  +  p ' 2) -  Z

Уз Уз  ) Лаага
----------------------- te • (3.9)

H ere  th e  sp in-isosp in  recoup ling  coefficients are  given b y  th e  exprès,
sions [13]

K tr;  =  ( -  1)"Л  У(2*а +  1)(2I. +  1)(2Tp +  1)(2tp +  1) X

1 1 i l l__ __ f
2 2 p 2 2 ß

1 1
—  o* s* ~  Та *а
2 2

(3.10)
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The scattering o f a nucleon on two-nucleon bound state

F o r th ree -n u c leo n  sc a tte rin g  p rob lem , th e  inhom ogeneous te rm  F f f i  
a n d  energy  p a ra m e te r  z o f E qs. (3.8) are  g iven b y

Főn‘ (p ; z) =  (2л:)3 ő(p — po); z =  p 2 — b +  iO , (3.11)

w h ere  p0 is th e  re la tiv e  m o m en tu m  o f in itia l a sy m p to tic  m otion  a n d  b is th e  
b in d in g  energy o f th e  tw o-nucleon  sy stem .

In  analogy w ith  th e  tw o-nucleon  p rob lem  one shou ld  p u t th e  o u tgo ing  
w av e  b o u n d a ry  co n d itio n  as

F n T° (p; z) =  (2л)3 й(р -  p0) +  4л  f (3.12)
IP P  о — l£\

w h ere  th e  value o f A ° f a(p, p0) fo r p 2 =  p i  is th e  e x a c t am plitude  fo r  th ree - 
n u c leo n  sca tte rin g . S u b s titu tio n  o f (3.12) w ith  (3.11) in  E qs. (3.8) an d  p a r tia l-  
w av e  decom position  leads to  th e  follow ing set o f in te g ra l equations

A V ' ( p , Po) =  2tt2 K !°n°{p ,p0) +  4л  Г  d p ’ p ' 2- Kf A l n a( p ' ,  Po) ,
Jo \P — p 0 ~ IS)

(3.13)
w here

№  ( p ,p ,) =

т £ л ':!’' Г / * Р М

ët a. w (p + 2p') 8tß Y з (2p +  p ')

{p '2 +  4p • p ' +  4p2) +  b

Р Р
Ipl Ip '

(3.14)

T h e  solution  of th is  e q u a tio n  leads d irec tly  to  th e  ph ase  sh ift Ó, g iven  b y

A°h{p, Po) =
eis‘ sin 0,{p0) 

Po
(3.15)

Since d ifferent v a lu es  o f (l, 77) are n o t  coupled , su p e rsc rip t on А щ  a n d  kernels 
c a n  be dropped  fo r sim plic ity .
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The bound state o f three-nucleon system

The hom ogeneous in te g ra l e q u a tio n s  (3.8) for F°jîr‘ (p; z) w ith  F fn  =  0 
an d  z — — В  4- iO (B  is th e  b in d in g  en e rg y  o f th ree -n u c leo n  system ) de
scribe th e  th ree-n u c leo n  b o u n d  s ta te .

IV. Integral equations for tw o subsystem s of four-nucleon problem

H ere w e consider th e  sy ste m s o b ta in ed  b y  sw itch in g  o f f  all th e  in ter 
action s ex c ep t th o se  th a t are in tern a l in  th e  tw o  ch a n n e ls  o f  four-n ucleon  
p roblem . For th e  four-particle case , th e  co m p o n en ts  o f  th e  tra n sit io n  op erators  
o f  th e  sy stem  o f  three p artic les and tw o  n o n -in tera ctin g  p airs o f  p artic les  
sa t is fy  FADDEEV-type eq u ation s [4] as

M a)ß(%) =  а д  K ß +  а д  а д  2 м у^ % )  -, «, ß, у  =  i j , j k ,  ы  (4 .ia )
уфч

an d

N a>í№ )  =  ff.(&) K ß +  ff.(Ä) & (* )  2 "  N y<ß(%) ; a , ß , y  =  ij, kl, (4 .1b )
« фу

resp ec tiv e ly ; a n d  o th e r sym bols have  th e ir  u su a l m ean ing  analogous to  th e  
th ree -n u c leo n  p rob lem  (see S ection  I I I ) .

W ith  acco u n t of spin a n d  isosp in  th e  am p litu d es M aj8, a n d  N aß can  be 
ex p an d ed  in  th e  spin-isospin  space  as

an d

M,*,ß STaara
_- vSAfiTArl\  b/flCTflTo I

N a,ß = 2  \ € tf " T
S T t a t z

> N W - ß < 1 a  =  ß  

( - l ) s + T , * ^ ß

(4.2a)

(4.2b)

resp ec tiv e ly . T he am plitu d es M aß can  h a v e  nonphysica l s in g u la r ity  in  p a r t i 
cu la r, th e  poles on  th e  n eg a tiv e  rea l ax is  n o t  respond ing  to  th e  rea l b o u n d  
s ta te s  of th e  th ree-n u c leo n  sy s tem . T hese n o n p h y sica l s in g u la ritie s  cancel o u t 
w hen  one p roceeds to  th e  fo llow ing  co m b in a tio n  as

M IS;  (k, p; k ',  p ; Z) =  M & if л  (к, p; к ', p' ; Z) +

+ k, p; k', p'; Z) + М$£л(к, p; k', p' ; Z) .
(4.3a)
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Sim ilarly , i t  is m o re  co n v en ien t, how ever, to  consider th e  com binations fo r 
th e  tra n s itio n  o p e ra to r  w ith  th e  d efin ite  p a r i ty  П  o f th e  s ta te  as

(k ,x ;  k ',  x ';  Z) =  (k, x; k ',  x ';  Z) +

+ (- l f +S+T N f f i *  (k, x; k ',  x ' ; Z) .
(4 .3b)

W ith  th e  sep a rab le  fo rm  o f p a ir- in te ra c tio n  (2.4) th e  am plitudes M  an d  
can be re p re se n te d  in  th e  form

M % :  (k, p; k \  p'; Z) =  g jk ) g tß(k') r (a(Z -  p * )  r tß( Z  - p ' 2) X  

X IA f ,  <  (Z -  p*) й(р -  p') + X"ft; (p, p'; Z)]

an d

(4.4a)

л Щ г Л  (k , x; k ',  X'; Z) =  g j k )  gtt  (k ')  t / .  (Z -  **) xtß (Z -  * '2) x  

X [K<„ r ß 1 (Z -  X'Z) 6(x -  x ' )  +  Y t j U f r f  ( x ,  x ' ;  Z)] ;
(4.4b)

w here th e  fu n c tio n s  X ““*“ a n d  t- sa tis fy  th e  fo llow ing  in teg ra l eq u a tio n s:

x °t& (P» P'ï z ) —  О Д (Р ,Р '; Z J + ^ J V  U°“tÿ (p, p"; Z )rÎ7 (Z -  p"2) X

x X ? * (p ',p ';Z ) ,
(4 .5a)

an d

Y & W * »  x ' ;  Z )  =  ( -  1 ) "  ( x ,  x ' ;  Z )  +  ( -  1)я + ^ + т  ^  f  d x "  X
t y t y j

X (x, x"; Z) Т/ (Z -  x"2) y / i V i  (x", x ';  Z) ;
(4.5b)

w ith

u ï f i (p. p ';  Z) =  2 Ш ’
Уз Уз57s P +  5 í j P ' ^ Ь ^ Р + - ^ Р '

(р2 +  р- р '+ р '2) — Z
У з У з !  Л о .т ./ l t*tß’ (4 .6а)

a n d

Wt,W e  (x, x ';  Z) =  ê ‘A x ) ê ‘À%l  ôtj-e ôt-jX2 +  X '2 _  Z (4 .6b)
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V. In teg ra l equ a tio n s fo r fo u r-nuc leon  system  in  re so n a tin g  
g roup  approx im ation

In  th e  p rev ious S ections we have  discussed w h a t is e ssen tia lly  th e  prob lem  
o f th e  in te rn a l m o tion  in  th e  tw o  ty p e s  o f tw o -b o d y  channel (i.e. one nucleon  +  
th ree -n u c leo n  ty p e , a n d  b o u n d  p a ir  -f- b o u n d  p a ir  ty p e ) , a n d  we h av e  w ritte n  
v a rio u s in te g ra l e q u a tio n s  re la te d  to  th e  s c a tte r in g  in  th e  co rrespond ing  su b 
sy stem s. I t  is now  n ecessa ry  to  consider th e  F a d d e e v —Y a k u b o v s k y  (F Y ) [4] 
e q u a tio n s  so th a t  we can  in co rp o ra te  th e m  in to  th e  fo u r-nuc leon  p rob lem .

T h e  F Y  e q u a tio n s  fo r four-nucleon  w ave fu n c tio n s a re  o b ta in ed  b y  
follow ing th e  m e th o d  o f S ection  I I I  as [4, 7]

xp(tjk,l) S T  =  0 U jk ,i )S T  +  M t t y (* ) [S W M > S T  _|_ y W . ] ) S T  +

+  WUNDST +  sx m jd s t ] +  qQ(%)MijJk(%) [VWJ)st +
+  V U t W S T  _|_ x p (k i ,j l )S T  +  *p(l]Jcl) s r j  _|_ M ij  ki (% )  X

X  [I fr(]il,k)ST  ip (k jl.i)  S T  _|_ ip u j.k l)  S T  ip (jk ,il)  S T ]  ^

p a i k D S T  =  0 { i j ,k l ) S T  _|_ q o(% )  N i jJ i ( % ) [ 'P W ’i ) S T  +  +

+ q0(%) NtjjaW [ Y U t W S T  +  ÿ/WMST] .

w here M ^p  an d  N a p sa tis fy in g  th e  E qs. (4.1a) a n d  (4.1b), re sp ec tiv e ly , and  
o th e r  sym bo ls have th e ir  u su a l m ean ing  analogous to  th ree -n u c leo n  prob lem . 
T h e  free te rm s  0^Jk^ ST a n d  are  th e  a p p ro p ria te  in it ia l  a sy m p to tic
s ta te s  fo r tw o  su b sy stem s o f four-nucleon  p rob lem .

U sing  th e  re so n a tin g  g roup  m eth o d  o f th e  th ree -n u c leo n  case in  
S ection  I I I  as a guide, w e w rite  th e  com plete ly  a n tisy m m e tric  w ave fu n c tio n  
o f  fou r-nuc leon  system  as*

^ ST =  2 2 (ky. Ptjjc чаи) I C Ä  (ч% I) >+(i]k,l) n t tjoljkTtjk

+  2  2  ¥ ® > ST (k,7, k,„ s,7iW) I ф Г *  (,ij, ki) > ,
(U,kl) ntijtki 2)

=  2  2  v X *  (k,7, pij,k) KSnT (qIJkj) 11f X m  m ,  l ) >  +
(ijk,l) n tiioiikTiik

+  2  2  <ptit (k,7) (pJMki) $nT (sij}ki) ! Ü X >T (ij, Щ  > ,
(ij.kl) n t ()tu

w here ^у/[“(к, p) an d  зд (k) a re  th e  space p a r ts  o f  th e  n o rm alized  w ave func
tio n s  fo r th ree -n u c leo n  a n d  tw o -n u c leo n  (deu teron ) b o u n d  s ta te s , resp ec tiv e ly ; 
3£})T(q) a n d  o ^ T(4) are th e  co rresp o n d in g  Spectator Functions [17] o f tw o  sub-

* Here distortion effect is not taken into account.
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sy s te m s ; | a n d  | a re  th e  spin-isospin  s ta te s  defined  by*

I й " '  (Чк - l )> \ =  (8í 8y) 8a 8fc ff. 8Í SAs > I (t, tj) ia tk T j i  TXT > , (5.3a)

I (ij, M) > I =  (8, sj) sa, (sfc s;) s j SAs>j (t,1; ) ta, (tkti) ti T 1T)  . (5.3b)

S u b s titu tin g  th e  fo rm  (5.2) fo r 4*ST, th e  fo u r-n u c le o n  w ave fu n c tio n  
in to  th e  F Y  e q u a tio n s  (5.1a) a n d  (5.1b) an d  e lim in a tin g  th e  sp in-isosp in  fu n c
t io n s  an d  fu r th e r  m u ltip ly in g  successively  b y  , ç>* q>fß an d  in te g ra tin g  
o v e r  th e  in te rn a l v a riab les  using  sy m m etric  re la tio n s, we ge t a se t of th e  in teg ra l 
e q u a tio n s  w ith  non local sep a rab le  p o te n tia l  as [9, 10]

K SnT (q; Щ =  Æ ( q ;  %) +

+  У У  2  f d4 ' <f« ff« Ta I (q , q ; » )  I tß ab rby X
1^11 *)  t ß o br b J

X %SnT (q; & ) + ( - 1 ) Я 

X I K № °°r‘ ( q ,q ';

(q; Й>) =  й  (q; &) +  I

X < M ; i K f f f V i ( q , q ' ;

f  d q ' <ia <ya
tßtß J

9%  (q'; Ц  ;

,ra X
(5.4a)

2  Í  dq ' X
t ß  a bxb *

q ';  %)\tß ab гby % sJ  ( q ' ; % ) ;

(5.4b)

w h e re '

/ t  _  I T / ta . tß a bTb (  r С У  \  I f  \  _ _ _  /^ ta .a ar  а Г  Г  J  ^ t g t ß  ( P ?  Q l ?  C ? i\̂ a °a I ККК (Ч’ Ч ’ ^7 I lß ° b T'b/ ^tß(Jbrb J ^ 2  -|- g2   ^   6)
X ^ T“(P; Б ) F T (Q o ;  B) +

X

7 “ (P; B) № ( Q 3; B)-t- ' (5.5a)

'S? ГГ , „  , Q lî (?1 — b) T / J«r < 4 - .  T } \ I? a bTb m  . m  4/^ J J dPdk (J/ + 32 -  % b) (Q2, - B ) x

X - « f - к ' 2) Х ^ ; ( р , к ' ; &  -  g2) 

<t,ff0t a I (q, q ';  » )  I *Л >  =  X

X J<*r f f ’+ ’/ í ^ -ь) X (P- B>№ W  +  

v - r r  ?iL Mi* т а ( к ' ,  R t i R i - ь )+  f  JJ dpdk - с ? - + й - *  ^ 5 Г^ RlLr i r  F" Ta{p; B) ^ (Кг) x( p 2 +  qè —  &  — b)

- q 2 - k ' * )  X (̂ ( p , k ' ; & - q 2)

(5.5b)

x  Tty (% -  q2 -  fe'2) X ,° f; (P, k'; % -  g2)j ,

* Here sa - j -  t a — 1 therefore sa is omitted in the subscript
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<*„ h  I K W *  (q, q ' ; » )  I tp ab r„> =  2 B \fasj b А/“ 1 X

<P4> (s i) J g T> (S2; B ) I Г y ^ (x )  Fn*6 (S2; B)
(Sf +  g2 _ ^ - 6) J  ax  (x2 +  q2 _ % _ b)

11,(% - q 2 -  SI) У Ш у Я(х, Si; % - f )  .

H ere th e  follow ing n o ta tio n s  are  used

(5.5c)

Qi =

R i =

3q ' +  q
2 ][2 ’

]/3 q ' — q
У2

f 3 q '  +  q

1 _ — W ~ ~ '

q 2 =
3q +  q '

2 У2

r 2 =
У 3 q — q '

У2

s ~  У 3 q q 'э 2 —
У2 ’

(5.6)

w ith  a n d  D \ftfgT are  th e  sp in -isosp in  recoup ling  coefficients
w hose v a lu es  can be o b ta in ed  b y  using  th e  ex p lic it m a tr ix  rep re sen ta tio n s  of 
th e  sy m m etric  g roup  S 4 [8].

The scattering o f a nucleon on a system o f three nucleons in  a bound state

F o r n e u tro n  -f- H e3 (o rp  -f- H 3) sca tte rin g  th e  v a rio u s  q u a n tu m  n u m b ers  
fo r sp in-isosp in  s ta te s  are  S =  1, 0; T  =  0, t  -  0, a — 3/2, 1/2, т  =  1/2. The 
inhom ogeneous te rm s  an d  en erg y  p a ram e te rs  %> o f  E q s . (5.4) are  g iven b y

« 0Я =  (2л )30(Ч -  q0) ,

=  0 , % =  ql — В  +  iO ; (5.7)

w here q0 is th e  in itia l re la tiv e  m o m en tu m  an d  В  is th e  b in d ing  energy  o f th e  
H e3 (or H 3).

In  ana logy  w ith  th e  tw o- o r th ree-n u c leo n  p rob lem  (see E q . (3.12)) one 
shou ld  p u t  th e  ou tgo ing  w ave b o u n d a ry  cond itions as

%SJ  (q; ql -  В ) =  (2л:)3 ő(q -  q0) +  4 л  ^  (Ч’ Чо)

snT (q; ql — В ) =  4л

[q2 — q l  - ie) 

®sn  (q, q0)

(5.8a)

(5.8b)
t f - q l - i e ]  ’

w here th e  values o f a#}).r (q, q0) fo r q2 =  qlis  th e  e x a c t am p litu d e  fo r n +  H e3
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(o r  p -|- H 3) sc a tte rin g . S u b s titu tio n  o f E qs. (5.8) w ith  (5.7) in  E q s . (5.4) and  
p a rtia l-w av e  decom position  le a d s  to  a follow ing se t o f in te g ra l eq u a tio n s

Гео Tf%X ( t О ~D\
(5,So) =  2 ^ K u f ( q , q 0 ; ql -  B) +  4 л \  d q 'q '2 К ш ( Я , И Ъ - Щ  x

jo  (s So — l e )
(5.9a)

X * £  (q \  q0) +  ( -  1)** 4 я  Г  d q ' q ' ^ L M | i l _ B )  s r  (?% ^
Jo \q — qo — 1 8 )

(q,q0) =  2n*K ?Z(q,q0; q l - B )  +  4 л Г  dq' q'2 K̂ b 4 ' f °  ~  f  oÆfJ (q>, q<)) ;
•/o \ q  —  q o  —  i e )

w here

K m  (S, s ';  9? -  B ) 2  Г  d xP ^ x№  — so — ie) X
Ö  [/ Z  tß ab ть J  — 1

(5.9b)

(5.10a)

X  <f. o*a r a I K &  (q, q ';  ql -  B) \ tß ab r ft> 

Ъ][Ъл _  Г+1*2f (s> s'; q l - B )  =  — ^  Г  d*P , (*)(e« -  s§ -  ie) x
12 V e J - iУ 2

3 j/3  я

X  < í .  <ra Ta I К Й Г Л  (q , q ';  й  -  В ) I Ы ?> ,

K'm (s , s '  ; 9 o — B )  =  — y l —- ^  Г dxPiW iq2 —  ql — ie)
V L *раьгь j  -  0

X

(5.10b)

(5.10c)

X  < f . f ï  I < K s f V í  (q, q ';  sS — В )  I tp  a b  r by  ;

q  • q
h e re  я: — - j — j——— an d  th e  exp ressions for kernels  are  given b y  E q . (5.5). The

so lu tio n  o f E q s . (5.9) for a m p litu d e  J i f f  leads d irec tly  to  th e  phase  sh ifts ô f  
fo r  n  -j- H e3 (or p  -f- H 3) s c a tte r in g  given b y

So
(5.11)

The scattering o f  deuteron by deuteron

F or d  +  d  sca tte rin g  th e  v a rious q u a n tu m  n u m b ers  fo r sp in-isospin  
s ta te s  are S  — 2, T  =  0, t =  0, a =  3/2, т  =  1/2 . T he inhom ogeneous te rm s 
a n d  energy p a ra m e te r  % o f  E q s . (5.4) are g iven b y

3£& =  0 , % =  ql — 2b +  i0 ,

8 % h = ( 2 я ) ЩЧ ~ Чо) ;  (5.12)

Acta  P hysica  A ca d em ia e  Scien tiarum  H u n g a rica e  42 , 1977



RESONATING GROUP MODEL 123

w here  q0 is th e  in it ia l  m o m en tu m  o f re la tive  m o tio n  of th e  cen tres  o f m ass o f 
d eu te ro n  an d  6 is th e  b in d in g  energy o f th e  d eu te ro n . T he ou tgo ing  w ave 
b o u n d a ry  co n d itio n s in  th is  case are as follow s (see E q . (5.8))

g h „ i - ■ m

(q; 9o — 26) =  (2 л )Ч (ч  -  q0) +  i n  ; (5 1 3 b )

w here  th e  value o f  <®̂ T(q, q0) fo r  q2 =  q\ is th e  e x a c t  am p litu d e  fo r d - f d  s c a tte r 
ing . S u b stitu tio n  o f  (5.13) w ith  (5.12) in  E qs. (5.4) an d  p a rtia l-w av e  decom po
s itio n  leads to  a s im ila r set o f  equ a tio n s (see E q s . (5.9)) b u t  w ith  d ifferen t 
inhom ogeneous te rm s  as

(q, ín) =  2 л2( -  i f K u f  (q, q0; ql -  2b) +

(5.14a)

(q, q0) =  4л  Г“ çfyy2 Км (q,q'; q8 — 26) j js r  %) . (5.14b)
Jo (î — ?o — le)

w here

(q, q’; q20 — 2b) =  — JL ^  Г dxP , (x)(q2 — ql — is) X
°  \  2  tßaьть J  -  1

X <ia o a r a I К # " *  (q, q'; ql -  2b) I to  a b t„> ,

(5.15a)

K m  (g ,g 'î gg -  26) =  - Щ - т г  ^  Г ' dxP‘(x№  ~  «8 ~  ie) x
V2 V j J - i  (5.15b)

X <t. aa r a I Kmß°‘Tx (q, q gS -  26) 11„ ф  ,

K iï  {q-> g' ; g о — 26) =  -  Jj*- я  ^  Г d* P t(x)(q2 — ql — is) X
'2  W » J - x  (5.15c)

x  <M ï I (q, q'; g§ -  26) I tß ab r 6> .
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T h e  so lu tio n  o f E q s. (5.14) fo r a m p litu d e s  a&ff leads to  th e  phase sh ifts  Ôf  
fo r  d  d  sc a tte rin g  given b y

(q, 9o)

.oOO
íŐl . .ä  , ,e sin  öt (g0) 

Чо
(5.16)

T h is  so lu tio n  on ly  ex ists  w hen  l is even .

T he bound state o f four-nucleon system

T he energy  o f th e  system  o f fo u r nucleons in  a h o u n d  s ta te  is d e fin ed  by 
a  hom ogeneous se t o f in teg ra l e q u a tio n s  co rrespond ing  to  (5.4) w ith  =  
=  о̂ ол =  0, %> =  — $ -f- iO ($ is th e  b in d in g  energy o f th e  fou r-nuc leon  system ). 
I n  th is  case th e  energy  of th e  sy s te m  is neg a tiv e  a n d  does n o t exceed  th e  to ta l 
e n e rg y  o f possible subsystem s in  g ro u n d  sta tes .

VI. C onclusion and  discussion

W e have o u tlin ed  a sim ple m e th o d  to  o b ta in  one-d im ensional in teg ra l 
e q u a tio n s  for th ree -  and fo u r-n u c leo n  problem s w here th e  m ain  em p h asis  is 
on  th e  re so n a tin g  group s tru c tu re  o f  th e  w ave fu n c tio n . I t  is c lear t h a t  the  
in te g ra l eq u a tio n s (3.8) o b ta in e d  b y  th e  above m e th o d  a re  sim ilar to  th a t  of 
M itra  [11]. T herefo re, ou r m e th o d  could  be app lied  fo r four- o r iV-nucleon 
sy s tem s , since th e  reso n a tin g  g ro u p  m eth o d , w hich has been  app lied  successfully  
in  th e  ca lcu la tio n  o f sc a tte r in g  d a ta  of lig h t nuclei, is closely re la te d  to  th e  
m e th o d  o f pole ap p ro x im a tio n  b y  w h ich  th e  ex ac t th re e -b o d y  in te g ra l equa tions 
c a n  be red u ced  to  effective tw o -b o d y  eq u a tio n s [18]. A s regards to  th e  four- 
n u c leo n  eq u a tio n s  o b ta in ed  b y  o th e r  m ethods [7, 8, 17], our e q u a tio n s  have 
th e  follow ing ad v an tag es . F irs tly , th e y  are superio r to  th e  pole a p p ro x im a tio n  
b ecau se  th e  effect o f o th e r ch an n e ls  is  also ta k e n  in to  acco u n t. S econd ly , th e ir  
inhom ogeneous te rm s  have a tr a n s p a re n t  physica l m ean in g  in  te rm s  o f  sc a tte r
in g  m echan ism s, i.e. inhom ogeneous te rm s  are p lan e  w aves. A n d , th ird ly , 
th e  eq u a tio n s  are  one-d im ensional w ith  th e  kernels co n ta in in g  th e  functions 
o f  tw o - an d  th ree -n u c leo n  b o u n d  a n d  sc a tte rin g  s ta te s .

F o r considera tion  in  p rin c ip le , th ere fo re , o u r m e th o d  can be ex te n d e d  to  
a n  iV-nucleon sy stem  and  th e  p ro b lem  can  be red u ced  to  solve one-d im ensional 
co u p led  in teg ra l equa tions. B u t in  a m ore com plex sy s tem , one e n co u n te rs  p rac
t ic a l  d ifficu lties since in  re so n a tin g  g roup  calcu la tions one em ploys a com pletely  
a n tisy m m e tr ic a l w ave fu n c tio n  w h ich , from  a c o m p u ta tio n a l p o in t o f  view, 
is  feasib le on ly  fo r system s w ith  a re la tiv e ly  sm all n u m b e r  of n u c leo n s. T here
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fo re , b y  th is  m eth o d  a p ra c tic a l so lu tio n  o f few -body p ro b lem s invo lv ing  a n y  
n u m b e r of b ound  su b sy stem s is on ly  feasib le w ith in  th e  ran g e  of m odern  
co m p u te rs .
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DEBYE-WALLER FACTORS OF FCC METALS
By

J .  P . D i x i t  and K . N . M e h r o t k a

D E P A R T M E N T  O F  P H Y S IC S , D .A .V . C O L L E G E , K A N P U R  208001, IN D IA  

(Received in revised form 30. XII. 1976)

The Debye—Waller exponents for five face centered cubic metals (copper, silver, gold, 
nickel and aluminium) are calculated at different temperatures from the frequency distribution 
obtained from a lattice dynamical model in which in addition to the central forces (3 neigh
bours), the CGW type angular forces (2 neighbours) and the volume forces of the S h a r m a —  
J o s h i  type are considered. The results are compared with the available experimental findings 
in terms of the Debye—Waller factor temperature parameter. Reasonably good agreement 
is found.

I. In tro d u c tio n

I n  th e  recen t p a s t ,  X -ra y  d iffrac tio n  te c h n iq u e  has b een  ex ten siv e ly  
used  in  th e  ex p e rim en ta l s tu d y  o f th e  th e rm a l v a r ia tio n  of th e  D eb y e  — W aller 
fac to rs  ex p  (— 2 B T) o f  m etals. T he u su a l p rac tice  o f  in te rp re tin g  th e  experi
m e n ta l o b serv a tio n s in  te rm s  of th e  D ebye m odel fo r phonon  sp e c tru m  is found  
to  he in a d e q u a te  [1 — 2] because th e  ac tu a l la ttic e  v ib ra tio n  of a so lid  is differ
e n t fro m  th e  D ebye th e o ry . T he a im  o f o u r p re se n t w ork is to  m ak e  use of 
a m ore rea lis tic  p h o n o n  sp ec tru m  in  th e  ca lcu la tio n  to  o b ta in  D e b y e —W aller 
fac to rs . F o r  th is  p u rp o se  a phenom enological m odel w hich in c ludes (i) c en tra l 
in te ra c tio n  u p  to  th i r d  neighbours, (ii) CGW  ty p e  an g u la r in te ra c tio n  [3] up  
to  second  ne ig h b o u rs  a n d  (iii) e lec tron -ion  in te ra c tio n  on th e  lin es  o f th e  
S h a r m a — J o s h i  m odel [4] is used.

I n  th e  p resen t p a p e r  we re p o rt th e  c o m p u ta tio n  of te m p e ra tu re  v a ria tio n  
o f th e  D e b y e —W alle r exp o n en t in  f iv e  fee m eta ls : copper, s ilver, go ld , nickel 
a n d  a lu m in iu m . T hese m eta ls  have  been  se lec ted  because a s u b s ta n tia l  am o u n t 
o f e x p e rim e n ta l d a ta  fo r D eb y e—W aller fac to rs  h a s  been a c c u m u la ted  in  th e  
l i te ra tu re  over a w ide ran g e  of te m p e ra tu re . T h e  ph o n o n  sp e c tru m  o f nickel 
resem bles closely t h a t  o f  copper. N e u tro n  sc a tte r in g  ex p erim en ts  show  th a t  
in te ra to m ic  forces in  a lu m in iu m  are o f  fa irly  long  ran g e  n a tu re . T h e  inclusion 
of th i rd  n e ighbour c e n tra l  in te ra c tio n  a n d  a n g u la r  forces m ay  h av e  sign ifican t 
effect on  th e ir  la ttic e  dynam ics a n d  hence on th e  D e b y e —W aller fac to r.
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I I .  Theory

The model

The secu lar d e te rm in a n t fo r th e  phonon  frequenc ies of a cub ic  c ry s ta l 
c a n  be w ritten  as

I Acy(q) — rn ^ li àxy I =  о . ( l )

H e re  coq i is th e  a n g u la r  frequency  o f  a phonon  o f w av e  v ec to r q a n d  p o la riza 
t io n  i, m is th e  m ass  o f an  a to m  in  th e  la ttic e . F o r  a fee la ttic e  th e  ty p ic a l 
e lem en ts  Dxy(q) \x , y  — 1, 2, 3] o f  th e  d ynam ica l m a tr ix  are g iven  b y

D xy(q) =  2a, [2 -  C,(C2 +  C 3)] +  4 a2 S f +  8 a 3

- L c ,c 3(2c i  - 1) - — а д г с !  -  i )  
6 6

1 ----- --- C2C3( 2 C f - l ) -

+  4 (Х , -)- K 2) X

X [2 -  C ,(C2 +  С,)] - 2 К г (2Cf -  Cf -  Q )  +  2a3q \K eG2(qr0), x  =  y  

D xy(q) =  2 a , S ,  S 2 +  - i -  a 3 S , S2 [4C3 (C, +  C2) +  2C32 -  1] -

— 4 X , S , S 2 4- 2a3 ql q2 K e G2 (qr0) , X  Ф  y (2)

w here  Cx =  cos (aqx) and  Sx =  s in  (aqx), çx are th e  com ponen ts o f  th e  phonon  
w av e  vector, 2a  is th e  la ttice  p a ra m e te r  and  r0 is  th e  rad iu s  of th e  W ig n e r— 
S eitz  sphere, a ,, a 2 a n d  a 3 rep re sen t th e  force c o n s ta n ts  for cen tra l in te ra c tio n  
correspond ing  to  th e  f irs t, second  an d  th ird  n e ig h b o u rs  and  K v  K 2 are  th e  
n e a re s t and  n e x t  n e a re s t an g u la r force c o n s ta n ts , respective ly . K e is th e  b u lk  
m odulus of th e  e le c tro n  gas an d

sin X  —  X  cos X

S h a r m a  and  J o s h i  [4] ev a lu a ted  in  th e ir  m odel th re e  force c o n s ta n ts  in  te rm s  
o f  th ree  elastic  c o n s ta n ts . The p re se n t m odel c o n ta in s  six d isposab le  p a ra 
m ete rs  (a„  a2, a 3, K v  K 2 and K e) w h ich  are fix ed  b y  usin g  th e  re la tio n s  o b ta in e d  
fro m  the  well k n o w n  m ethod  o f long  w ave (q —у 0) expansion  o f e lem en ts an d  
com parison  w ith  th e  C hristoffel’s eq u a tio n s [5] o f  e la s tic ity , th e  zone b o u n d a ry  
lo n g itu d in a l a n d  tra n sv e rse  frequencies in  th e  [100] d irec tion  a n d  th e  long i
tu d in a l freq u en cy  a t  th e  zone b o u n d a ry  in  th e  [111] direction .
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Debye— Waller factor

T he e x p o n en t 2 B T o f th e  D ebye — W alle r fac to r  a t te m p e ra tu re  T  (in  
the  h a rm o n ic  ap p ro x im atio n ) is d efin ed  b y  [6]

2 B T =  <K  • u { I f }  , (3)

w here К  is th e  difference of th e  sc a tte re d  w av e  vec to r an d  in c id e n t w ave 
v ec to r  o f th e  w ave a n d  u(Z) is th e  d isp lacem en t o f  th e  Zth a to m . F ro m  th e  w ell 
know n  th e o ry  of sc a tte rin g  of w aves E q . (3) ca n  be w ritten  as:

(K • e,,,)2
2 B T =

"»■■•+T

m N w4,i
(4)

H ereE  ,-isthe p o la riza tio n  v ec to r o f  q, i  is th e  la t t ic e  m odel, N  is th e  to ta l  n u m 
b er o f u n it  cells in  th e  crystal a n d  req is th e  av erag e  occu p a tio n  n u m b er o f  
phonons in  th e  m ode q, i. For a m o n ato m ic  cu b ic  la ttic e  E q . (4) can  be w rit
te n  in  th e  form :

2 B T = 8jt2 h 
3 m N

sin2 в Г '"ml*x F(co)
A2 Jo o)

c o th
hw

2 k BT
dm , (5 )

w here F(a>) is th e  frequency  d is tr ib u tio n  fo r th e  phonons, в is th e  g lancing  
angle o f  incidence, A is th e  w av e leng th  of th e  in c id e n t w aves, k B is  th e  B o ltz
m an n  c o n s ta n t a n d  comax is th e  m ax im u m  freq u en cy  o f th e  v ib ra tio n  sp ec tru m .

III . N um erica l co m p u ta tio n

T he D ebye — W alle r fac to r ex p o n en t 2 B T from  E q . (5) a t  d iffe ren t 
te m p e ra tu re s  has b een  calcu lated  b y  B lack m a n’s ro o t sam pling te c h n iq u e  [7 ]. 
The f i r s t  B rillou in  zone has been d iv id ed  in to  a m esh of 8000 e q u a l p o in ts . 
The frequencies h av e  been  ca lcu la ted  from  E q . (1) fo r th e  n o n eq u iv a len t p o in ts  
ly ing  w ith in  ( l/4 8 ) th  irreducib le p a r t  o f th e  f irs t  B rillou in  zone. P ro p e r  w eight 
w as assigned  to  each  n o n -eq u iv a len t p o in t. T he n u m b er o f  frequencies 
fa lling  in  each  o f th e  in te rv a ls  of 0.10 X  1013 rad /sec  were co llected  a n d  a h is to 
gram  o f th e  v ib ra tio n a l spectrum  w as d e te rm in ed . U sing th is  h is to g ra m  2 B T 
was ca lcu la ted  from  E q . (5). The e lastic  c o n s ta n ts  a n d  o ther p a ra m e te rs  needed  
in  th e  ca lcu la tions a re  lis ted  in  T ab le  I.

T h e  resu lts  o f  calcu lations are  co m p ared  w ith  th e  ex p e rim en ta l d a ta  in  
te rm s  o f th e  te m p e ra tu re  p a ra m e te r  Y  g iven as:

Y  =  0.43
• Я2 

sin2 в
(2 В 0 -  2 В т) , ( 6)
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Table I

Constants and the parameters used in the calculation

M e ta l
A to m ic  
m a s s  in  
a  m  u *

E la s t i c  c o n s ta n t s  ( 1 0 n d y n / c m 2)

R e f . T e m p .
W

L a t t i c e
p a r a m e te r

(A)

P h o n o n  f re q u e n c ie s  
( T H z )

R e f .

C „ c„ c„ Vx(lOO) »2,(100) » r  ( i  i  i )

Copper 63.54 16.85 12.15 7.55 a 296 3.6147 7.21 5.08 7.4 e
Silver 107.87 12.399 9.367 4.612 b 300 4.080 4.93 3.39 5.07 f

Gold 196.967 19.234 16.314 4.195 b 300 4.070 4.61 2.75 4.70 g

Aluminium 26.9815 10.678 6.074 2.821 C 300 4.049 9.645 5.65 9.533 h

Nickel 58.71 24.60 15.00 1 2 .2 0 d 296 3.524 8.55 6.27 8 . 8 8 i

* AIP Handbook, edited by D. E. Gray (McGraw-Hill, New York, 1972).
** Temperature at which elastic constants are measured.

a. W. C .  O v e r t o n  and J. G a f f n e y ,  Phys. Rev., 98, 969, 1955 (as quoted in Ref. e).
b. J. R. N e i g h b o u r s  and G. A. A l e r s ,  Phys. Rev., I l l ,  707, 1958.
c. G. N. K a m m  and G. Alers, J. Appl. Pnys., 33, 327, 1964.
d. J. d e  K l e r k ,  Proc. Phys. Soc. (London), 73, 337, 1959.
e. A. P. M i l l e r  and B. N. B r o c k h o u s e ,  Canad. J. Phys., 49, 704, 1971.
f. W. A. K a m i t a k a h a r a  and B. N. B r o c k h o u s e ,  Phys. Letters, 29A, 639, 1969.
g. J. W. L y n n ,  H. G. S m i t s  and R. M. N i c k l o w ,  Phys. Rev., B8 , 3493, 1973.
h. R. S t e d m a n  and G. N i l s s o n ,  Phys. Rev., 145, 492, 1966.
i .  R. J. B i r g e n a u ,  J. C o r d e s ,  G. D o l l i n g  and A. D .  B .  W o o d s ,  P h y s .  Rev., 136, A1359, 1964.
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Fig. 1. Variation of У for copper. Solid line shows the present calculation. Experimental 
points: •  O w e n  and W i l l i a m s ;  V  C h i p m a n  and P a s k i n ;  +  F l i n n  et al.

Fig. 2. Variation of У for silver. Experimental points: O  B o s k o v i t s  et al. ; O  A n d r i e s s e n ; 

+  S p r e a d b o r o u g h  and C h r i s t i a n ;  • '  H a w o r t h  ; A S i m e r s k á  ; X  A l e x o p o u l o s  et al.
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Fig. 3. Variation of Y for gold. Experimental points: О  O w e n  and W i l l i a m s  ; 
X  A l e x o p o u l o s  et al.; A S y n e c e k  et al.

Fig. 4. Variation of Y for aluminium. Experimental points; О  O w e n  and W i l l i a m s  
■  C h i p m a n  ; A F l i n n  and M c M a n u s ;  V  J a m e s  et al.
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Fig. 5. Variation of У for nickel. Experimental points: + S i m e r s k á ;  •  W i l s o n  et al.

w here 2 B 0 is th e  ex p o n en t o f  D ebye — W alle r fa c to r  a t  te m p e ra tu re  T0. 
Y  depends on ly  upon  th e  v ib ra tio n  sp ec tru m  a n d  is in d e p e n d e n t o f 0 a n d  A. 
E x p e rim e n ta lly  dete rm in ed  in ten s itie s  o f B ragg  reflec tio n s in  th e  X -ra y  
d iffrac tio n  p a tte rn  give us Y  d irec tly . I f  X T an d  X 0 are m easu red  in ten s itie s  
o f a g iven reflec tion  a t  te m p e ra tu re  T  an d  To, resp ec tiv e ly , th e n

F rom  th is  we get

(7)

E q . (6) gives th e  th eo re tica l v a lu es  of Y  w hile E q . (7) th e ir  ex p e rim en ta l 
va lues. T h e  com p u ted  v alues o f  У  for copper, s ilver, gold, a lu m in iu m  an d  
nickel a long  w ith  tho se  o b ta in e d  b y  m an y  w orkers from  X -ra y  in te n s ity  
m easu rem en ts  are show n in  F igs. 1 — 5.

IV. R esu lts  and  discussion

(1) Copper

T h e te m p e ra tu re  d ependence  o f th e  in te n s ity  o f  X -ra y  re flec tio n s from  
a single co p p er c ry sta l h as  been  s tu d ied  b y  F l in n  e t al [8] in  th e  te m p e ra tu re  
range 4.2 — 500 °K . T heir re su lts  are expressed  in  te rm s  o f th e  effective D ebye 
te m p e ra tu re . The in te n s ity  m easu rem en t in  th e  X -ra y  sp ec tra  o f  pow der
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specim en  from  293 to  900 ° K  h as  been  s tu d ie d  b y  O w e n  a n d  W i l l i a m s  [9]. 
T h e y  have g iven  th e  v a lu es  o f  Y  a t  selected  te m p e ra tu re s . T he re su lts  of 
F l i n n  e t a l a n d  O w e n  a n d  W i l l i a m s  agree w ith  those  o f C h i p m a n  an d  
P a s k i n  [10] a t  th e  room  a n d  liq u id  n itro g en  te m p e ra tu re s  on copper pow der. 
W e have deduced  th e  va lu es  o f  Y  from  th e  effec tive  D ebye te m p e ra tu re s . 
F ig . 1 show s th e  e x p e rim e n ta l re su lts  o f  th e se  a u th o rs , ta k in g  reference 
te m p e ra tu re  T0 as 293 °K . T h e  ag reem en t be tw een  th e  th e o re tic a l an d  ex p e ri
m e n ta l v a lues is sa tis fac to ry .

(2) Silver

The te m p e ra tu re  v a r ia tio n  o f D ebye — W aller fa c to r  o f silver from  X -ra y  
d iffrac tio n  ex p erim en ts  h as  b een  d e te rm in ed  b y  severa l au th o rs  [11 —16]. 
H a w o r t h  [11] m easured  in te g ra te d  as well as p eak  in ten s itie s  o f  d iffrac tio n  
lin es  fo r pow der specim en b e tw een  286 an d  1100 °K . H e m ade co rrec tio n  for 
th e  th e rm a l c o n tr ib u tio n  to  B rag g  peaks a n d  u sed  a specim en re p e a te d ly  
an n ea led  a t 1220 °K . T herefo re  h is re su lts  are m ore re liab le  th a n  o th ers . H is 
m easu rem en ts  agree w ith  th o se  o f  S i m e r s k á  [ 1 2 ] an d  A l e x o p o u l o s  e t al [13] 
b u t  differ considerab ly  from  th o se  of B o s k o v i t s  [14], A n d r i e s s e n  [15] and  
S p r e a d b o r o u g h  an d  C h r i s t i a n  [16]. T he v a lu es  o f  all th ese  a u th o rs  are  
p lo tte d  in  F ig . 2. T he reference te m p e ra tu re  T 0 is 291 °K . A n in sp ec tio n  o f  th e  
F ig u re  show s th a t  th e  th e o re tic a l v a lues o f Y  agree sa tis fac to rily  u p to  500 °K  
w ith  th e  observ a tio n s o f A l e x o p o u l o s  e t al [13] a n d  th e re a f te r  u p to  900 °K  
w ith  th e  d e te rm in a tio n s  o f H a w o r t h  [11], b u t  b ey o n d  th a t  th e  d ivergence 
increases.

(3) Gold

T he D ebye — W aller fa c to r  te m p e ra tu re  p a ra m e te r  a t  th e  se lec ted  te m 
p e ra tu re s  in  th e  te m p e ra tu re  ran g e  293 to  900 °K  h as been  ta b u la te d  b y  
O w e n  an d  W illiam s  [9]. T h e ir re su lts  are  in  close ag reem en t w ith  th e  m easu re 
m e n ts  o f A l e x o po u l o s  e t  al. [13 ]. S y n e c e k  e t al [17] h av e  p u b lish ed  th e ir  
e x p e rim e n ta l re su lts  in  te rm s  o f  effective te m p e ra tu re s . T he deduced  values 
o f  Y  from  th ese  effective te m p e ra tu re s  an d  th e  w ork  o f o th e r  a u th o rs  are 
p lo tte d  in  F ig . 3 fo r co m p ariso n  w ith  T0 =  293 °K . T he th e o re tic a l resu lts  
ag ree  sa tis fac to rily  w ith  th e  o bserved  ones.

(4) A lum in ium

J a m e s  e t  al [18] f ir s t  re p o r te d  th e  re liab le  m easu rem en ts  o f B ragg  
re flec tio n s from  a  single a lu m in iu m  c ry s ta l a t  liq u id  a ir  a n d  room  te m p e ra 
tu re s . E a rlie r m easu rem en ts  b y  B a c k h u r s t  [19] an d  C o l l i n s  [20] lack  accu 
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racy . Ow e n  a n d  W illiam s  [9] using  p o w d er specim ens m easu red  th e  in te n s ity  
o f  X -ra y  reflec tions in  th e  te m p e ra tu re  range  293 — 900  °K . Ch ip m a n  [21] 
m easu red  th e  te m p e ra tu re  dependence  o f  in te g ra te d  in te n s itie s  o f X -ray  
d iffrac tio n  p eak s in  th e  ra n g e  6 0 — 880 °K . F l in n  an d  McMa n u s  [22] m easu red  
D ebye ch a rac te ris tic  te m p e ra tu re  in  th e  te m p e ra tu re  ra n g e  4 .2 — 400 °K . 
W e show  in  F ig . 4, w ith  T 0 =  293 °K , th e  re su lts  o f J a m e s  e t  a l, Ow e n  and  
W il l ia m s , Ch ip m a n , a n d  F l in n  an d  M cMa n u s . The ag reem en t be tw een  th e  
c o m p u ted  a n d  exp erim en ta l va lues is sa tis fa c to ry  th ro u g h o u t th e  te m p e ra 
tu re  ran g e  stu d ied .

(5) N i c k e l

Sim erska  [23] has p u b lish ed  th e  te m p e ra tu re  v a r ia tio n  o f D ebye ch arac 
te ris tic  te m p e ra tu re  of n ickel in  th e  range 293 — 873 °K  w hile W ilson  e t al [24] 
re p o rte d  th e  ex p erim en ta l re su lts  in  th e  te m p e ra tu re  range  1 0 0 — 520 °K . T heir 
re su lts  in  te rm s  of Y  are p lo tte d  in  F ig . 5 w ith  T0 =  298 °K . T h e  ex p erim en ta l 
va lues agree reaso n ab ly  sa tis fa c to rily  w ith  th e o ry .

T he v a rio u s  resu lts  o f com parison  show  th a t  th e  m od ified  Sharma and  
J oshi m odel prov ides a reaso n ab le  e x p la n a tio n  of th e  e x p e rim e n ta lly  observed  
te m p e ra tu re  v a ria tio n  o f  th e  D eb y e—W alle r fac to r te m p e ra tu re  p a ra m e te r  
w ith in  th e  fram ew ork  o f  ap p ro ach . A com parison  of th e  p re se n t w ork  w ith  
th o se  o f th e  earlie r w orkers [2 5 —27] in d ic a te s  th a t  th e re  is a sign ifican t 
im p ro v e m e n t in  th e  case o f  copper, n ick e l an d  a lu m in iu m . D iscrepancies 
b e tw een  th e  th e o ry  an d  ex p e rim en t cou ld  he th e  re su lts  o f n eg lec ting  th e  
te m p e ra tu re  v a ria tio n  o f v ib ra tio n a l frequencies [28] due to  th e rm a l expansion  
an d  o th e r  anharm on ic  effects [29 — 33]. In  th e  p resen t ca lcu la tio n  th e  v a r ia 
tio n  o f th e  elastic  c o n s ta n ts  an d  th e  la tt ic e  p a ra m e te r  w ith  te m p e ra tu re  
has n o t b een  considered. T he ex p an sio n  o f  la ttic e  a t  h ig h e r te m p e ra tu re s  
causes a decrease in  th e  v ib ra tio n a l frequencies . E v id e n tly  a t te n tio n  has to  
he p a id  to  th is  p o in t.
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C A L C U L A T I O N  O F  I N C O H E R E N T  X - R A Y  S C A T T E R I N G  

F O R  A R G O N  B Y  T H E  S T A T I S T I C A L  E L E C T R O N  

D E N S I T Y  D I S T R I B U T I O N S

By

A . D o b a y -S zeg l e th
IN S T IT U T E  O F  P H Y S IC S , T E C H N IC A L  U N IV E R S IT Y , B U D A P E S T

(Received 4. I. 1977)

The paper is concerned with incoherent form factor calculations based on three improved 
versions of the statistical atom model and the results are illustrated and discussed for Ar.

T he fo rm al th e o ry  for th e  sc a tte r in g  o f  X -ray  b y  h o u n d  e lec trons h as  
been es tab lish ed  by  W a l l er  an d  H a r t r e e  [1 ]. T hey  use th e  B orn  a p p ro x im a 
tio n  fo r th e  ca lcu la tio n  o f d ifferen tia l cross-section  of a to m s, w hich  is  v a lid  
i f  th e  X -ra y  energies are h igh  com pared  to  K -shell b ind ing  energies, b u t  sm all 
com pared  to  m e2. In  th is  ap p ro x im a tio n  th e  d ifferen tia l cross sec tio n  fo r 
inco h eren t sc a tte rin g  is g iven by :

a{x) =  acj\xp \

where

N
>7 e'*ö 

f=i
dx =  ac ^  <ys(ri-r,)>, 

i,j
( 1 )

ac -  oc(x)

is th e  T hom so n  cross section  for sc a tte r in g  b y  an  u n b o u n d  e lec tron ,

y> =  y)(x 1, . . . x N) (2)

is th e  w ave fu n c tio n  of th e  g round  s ta te  o f  th e  a tom ,

x i  =  ( rp  ° j ) ( 3 )

are th e  e lec tro n ic  space an d  spin  co o rd in a tes  a n d  dx is th e  p ro d u c t o f th e  dxj.
V a n  H o ve  [2] has show n th a t  th e  sc a tte r in g  cross sec tion  fo r X -ra y s  

b y  a sy s tem  o f in te ra c tin g  partic les c a n  be expressed  in  te rm s  o f d e n s ity  
d is tr ib u tio n  fu n c tio n s fo r th e  p artic les o f  th e  system . Follow ing V a n  H o v e , 
D . P ar k s  a n d  M. R o t e n b e r g  [3] h av e  show n th a t  fo r sy stem s w ith  la rg e  
num bers o f  pa rtic le s , th e  in co h eren t cross sec tion  has th e  fo rm :

d r e,x-r 2  [<A(r +  r -  r,)ô(r' — ry)> -

— <à{r +  rt — ry)><ő(r' — ry)>]
(4)
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a n d  in  th e  T h o m a s  —  F e r m i  a p p ro x im a tio n  th e  in co h e ren t form  fa c to r  can  
be  w ritten :

J ?  ____ a in c (x )  1 1
л  inc —  1 —  n  d F  +  — —  (3n*N)2'3 d f ' -  - ^ L  , (5)

N  Jo 4n*N Jo 36NN a ,

w here

n {r ) =  ^ < ő ( r  —  r y) >  
j

is th e  d ensity  d is tr ib u tio n  an d  R 0 is defined  b y

( 6)

n (R 0)
24 л 2 (? )

P a r k s  a n d  R o t e n b e r g  c a l c u l a t e d  t h e  i n c o h e r e n t  f o r m  f a c t o r  f o r  a r g o n ,  

u s i n g  T h o m a s  — F e r m i  a n d  T h o m a s  — F e r m i — D i r a c  d e n s i t i e s .

The aim  o f th is  p ap e r is to  ca lcu la te  th e  a tom ic  fo rm  fac to rs a n d  th e  
cross sections fo r  X -ra y  sc a tte r in g  b y  arg o n  a to m  using  th e  e lectron  d is tr i
b u tio n s  of th re e  m ore ad v an ced  form s o f th e  s ta tis tic a l m odel o f th e  a to m  
e lab o ra ted  b y  G o m b á s  an d  h is co-w orkers.

F irs t we consider th e  m odel, w hich, besides th e  exchange co rrec tion  d u e  
tó  D i r a c  [4] c o n ta in s  th e  W e i z s ä c k e r  [5] in h o m o g en e ity  co rrec tion  o f  th e  
k in e tic  energy . O w ing to  th e  effect of th e  W e i z s ä c k e r  k in e tic  energy  c o r
rec tio n  som e d efects  o f th e  s ta tis t ic a l  a to m  m odel d isap p ear. In  p a r t ic u la r , 
as a resu lt o f th is  correc tion , th e  e lec tron  d e n s ity  a t  th e  nucleus is f in ite  a n d  
falls off e x p o n e n tia lly  a t  in f in ity . The d e n s ity  d is tr ib u tio n  o f th is  m odel h a s  
been  ca lcu la ted  b y  G o m b á s  [6] fo r A r, N e, K r  an d  X e.

I t  is w ell-know n th a t  th e  energ ies o f th ism o d e l, in c lu d in g  th e  W e i z s ä c k e r  

correction , are 2 0 —25%  h ig h e r th a n  th e  em p irica l ones. T he orig in  o f th is  
d iscrepancy  h a s  been  p o in ted  o u t b y  G o m b á s  [7]. T he ad d itio n  o f F e r m i  

energy  of th e  e lec trons an d  th e  W e i z s ä c k e r  correc tion  resu lts  in  a n  e rro r , 
because th e  tw o  expressions p a r t ly  o verlap , a n d  co n seq u en tly , a p a r t  o f  th e  
k in e tic  energy  is ta k e n  in to  acco u n t tw ice. T he d isc rep an cy  can  be e lim in a te d  
b y  decom posing th e  k in e tic  en e rg y  to  a n  a z y m u th a l an d  a rad ia l p a r t  a n d  
th e n  su b tra c tin g  th e  rad ia l se lf energy  o f  e lec trons from  th e  ra d ia l k in e tic  
energy  of th e  a to m . I f  we a d d  b o th  th e  D i r a c  exchange en erg y  an d  th e  G o m b á s  

k in e tic  energy  co rrec tio n  to  th e  T h o m a s  —  F e r m i  m odel, we arrive  a t a n  a to m  
m odel, w hich b esides its  s im p lic ity , describes m a n y  fea tu re s  o f a tom s in  a  v e ry  
good a p p ro x im a tio n .

W e shall in v es tig a te  th e  X -ra y  sc a tte r in g  b y  th is  second m odel to o .
O ur th ird  m odel is th e  sim plified  se lf-consisten t ca lcu la tio n  o f G o m b á s  

a n d  S z o n d y  [8]. T h is m e th o d  w ill be b r ie fly  described  below .
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T he elec trons o f th e  a to m  are  g rouped  in to  shells co rrespond ing  to  th e  
p rin c ip a l q u a n tu m  n u m b ers , i.e . K , L , M , . . . shells ch a rac te rized  b y  th e  
p rin c ip a l q u a n tu m  n u m b ers  n  =  1, 2, 3, . . resp ec tiv e ly . T h e  w ave fu n c tio n s 
o f th e  e lec trons o f th e  га-th  shell are  ta k e n  to  he id en tica l a n d  th e  ra d ia l p a r t  
o f th e  w ave is deno ted  b y  f nr. This w ave fu n c tio n  m u st, o f  course, sa tis fy  th e  
u su a l b o u n d a ry  cond itions, so i t  m u st v a n ish  for r  =  0 a n d  r  =  со an d  i t  
m u s t be a no rm alized  fu n c tio n :

J fn{r)dr =  1 . (8)

I f  th e re  are  N n e lectrons in  th e  re-th shell, th e  rad ia l e lec tro n  d en sity  o f  th is  
shell is

D n{r) =  N nf n(r) . (9)

T he to ta l  en erg y  of th e  a to m  can  be exp ressed  b y  th e  fu n c tio n s f n

E  =  £ [ / i , / 2, • • •] (10)

an d  th e  w ave fu n c tio n  f n are  d e te rm in ed  from  th e  re q u ire m e n t th a t  E  be 
m in im al. Gombás an d  Szondy  u sed  a S la te r- ty p e  tr ia l  fu n c tio n  fo r f n

fn(r) =  A n rx" e~ ’«-r (11)

an d  th e  v a lu es  o f th e  p a ra m e te rs  in  th e  en erg y  m in im um  are lis te d  in  T ab le  I .

Table I

n *n

1 1 .0 18.515
2 2 .0 6.560
3 3.0 2.405

T he to ta l  d e n s ity  of e lectrons in  th is  m odel is given b y

Q ( r ) = ~ ^ ~ 2 N n f n ( r ) .  (12)
4яг2 „

T he d e n s ity  d is trib u tio n s  o f th e se  th re e  m odels are  i l lu s tra te d  in  F ig . 1. I n  th is  
F igu re , th e  ra d ia l  coo rd inate  r  is g iven  in  u n its  o f a0 (the  B ohr rad iu s) an d  th e  
abscissa  v a ria b le  у  =  rnl12 is g iven  in  u n its  o f
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— Gombás (see Table 2. [6])

F

The resu lts  o f ou r ca lcu la tio n s concern ing  F inc fo r A r are show n in 
F ig . 2. The abscissa  variab le  is

X к . ■&
------------- = ------------s i n  —  ,
4 n Z 2'3 2 n Z 2'3 2

(13)

w here  к is th e  w av e-n u m b er o f th e  in c id en t X -ra y , ■& th e  angle o f th e  sc a tte r in g  
a n d  Z  th e  charge  n u m b er o f th e  ta rg e t  a to m . (In  ou r ca lcu la tions Z  =  18.) 
I n  Fig. 2 th e  in co h eren t fo rm  fa c to r  of th e  o rig inal T hom as — F e r m i and
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T h o m a s  — F e r m i — D i r a c  a to m  m odels, given b y  P a r k s  an d  R o t e n b e r g  [3] 
a re  illu s tra te d  b y  crossed a n d  squared  lines, re sp ec tiv e ly . The resu lts  o f o u r 
calcu lations are  rep re sen ted  b y  th e  o th e r c h a ra c te rs , th e  line m ark ed  b y  
circles co rresponds to  th e  m odel con ta in ing  th e  W e i z s ä c k e r  correc tion  o f 
th e  k inetic  energy , th e  d o tte d  line rep resen ts  th e  ca lcu la tio n  based  on  th e  
m odel co n ta in in g  b o th  of th e  D i r a c ’s exchange en erg y  an d  G o m b á s ’s k in e tic  
energy  co rrec tio n , an d  th e  so lid  line gives th e  in c o h e re n t form  fac to r fo r th e  
sim plified  se lf-consisten t m odel o f G o m b á s  an d  S z o n d y .

O ur ca lcu la tio n s in d ic a te  th a t  th e  effect on  th e  in co h eren t fo rm  fa c to r  
o f  th e  W e i z s ä c k e r  co rrec tio n  an d  th e  com b in ed  co rrec tion  of D i r a c  a n d  
G o m b á s  are  v e ry  sim ilar a n d  th e  correspond ing  fo rm  fac to rs  lie be tw een  th e  
T h o m a s — F e r m i  an d  T h o m a s  — F e r m i — D i r a c  m odels. The sim plified  self- 
consisten t m odel due to  G o m b á s  and  S z o n d y  re su lts  in  a form  fac to r, w h ich  
also rem ains betw een  th e  T h o m a s  —  F e r m i  a n d  T h o m a s  —  F e r m i — D i r a c  

m odels, b u t  gives so m ew hat sm aller form  fa c to rs  th a n  th e  above m odels, 
especially  fo r sm all x'-s. G enerally , th e  d ev ia tio n s  in  th e  form  fac to rs  are 
im p o rta n t in  th e  reg ion  o f sm all x'-s (x <C 1 0~ 3 Á -1 ) w hich  em phasizes th e  
fa c t th a t  th e  o u te r  ta i l  o f th e  elec tron  d en sity  d is tr ib u tio n  has a v e ry  im p o r ta n t  
effect on th e  in co h e ren t fo rm  fac to r. The sh a rp e r  is th e  d isappearance  o f th e  
d en sity  d is tr ib u tio n  fo r r  - a- oo, th e  low er is th e  in co h e ren t form  fa c to r  fo r 
sm all x'-s. O n th e  o th e r h a n d , we note  t h a t  th e  in n e r  regions of th e  a to m ic  
d en sity  d is tr ib u tio n  have  n o  d ram atic  effect on F inc an d  p a rticu la rly  th e re  is 
no  sign o f th e  effect o f th e  shell s tru c tu re  on th e  in co h eren t form  fa c to r . 
(See the  solid line in  F ig . 2.)
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H E A T  T R A N S F E R  IN  A  R O T A T IN G  C H A N N E L  
W IT H  P O R O U S  W A L L S

By

V. У. R a m a n a  R ao and Y . B ala  P r a sa d
D E P A R T M E N T  O F  A P P L IE D  M A T H E M A T IC S , A N D H R A  U N IV E R S IT Y , W A L T A IR  530 00 3 , IN D IA

(Received in revised form 4. I. 1977)

An attempt has been made to investigate the effects of uniform suction and injection 
in the temperature distribution and heat transfer, when a straight channel formed by two 
parallel porous walls, through which liquid is flowing under a constant pressure gradient, is 
rotated about an axis perpendicular to the walls. Closed form solutions for temperature 0, 
Nusselt number Nu are derived. It is found that for a fixed Eckert number E  and Prandtl 
number Pr, the temperature at any point of the fluid decreases in both cases (i) for a fixed 
Taylor’s number a but with an increase in suction Reynolds number ß (ii) for a fixed /Shut 
with an increase in a. Also for a fixed E  and Pr, the Nusselt number Nu is found to decrease 
in either case. All other parameters remaining fixed, the effect of increasing E is to increase 
both the temperature at any point of the fluid and the Nusselt number.

1. In tro d u c tio n

The fu n d a m e n ta l d ifficu lty  in  solv ing th e  N av ier-S tokes eq u a tio n s  e ith e r  
e x a c tly  or a p p ro x im a te ly  is th e  n o n -lin e a rity  in tro d u ced  b y  th e  con v ec tio n  
te rm s  in  th e  m o m en tu m  eq u a tio n s . T here e x is t ,  how ever, n o n -tr iv ia l p rob lem s 
in  w hich th e  con v ec tio n  te rm s  v an ish  a n d  th e se  provide th e  sim ple class o f 
so lu tions o f  th e  eq u a tio n s  o f m otion . O ne su ch  flow  h as been  considered  
recen tly  b y  V id y a n id h i  a n d  N igam  [1] w ho h a v e  s tu d ied  th e  seco n d ary  flow  
w hen a s tra ig h t  channel fo rm ed  b y  tw o p a ra lle l walls, th ro u g h  w hich liq u id  
is flow ing u n d e r  a c o n s ta n t p ressu re  g ra d ie n t, is ro ta te d  a b o u t an  ax is  p e r
pen d icu la r to  th e  w alls. T h is prob lem  w as la te r  ex ten d ed  b y  V id y a n i d h i , 
B ala  P r a sa d  a n d  R a m ana  R ao  [2] to  in c lu d e  th e  effects o f un ifo rm  in jec tio n  
a t  th e  low er w all a n d  an  eq u a l ra te  of su c tio n  a t  th e  u p p e r w all.

H ow ever, l i t t le  effort h a s  been  m ade to  d e te rm in e  th e  effects o f u n ifo rm  
in jec tion  a n d  a n  e q u a l ra te  o f  su c tio n  a t  th e  low er an d  u p p e r w alls of a po ro u s 
ch an n e l or v ice-v ersa  on th e  te m p e ra tu re  d is tr ib u tio n  a n d  h e a t t ra n s fe r . 
I n m a n  [3] h a s  d e te rm in ed  th e  effect o f th e  v a r ia tio n  o f cross-flow  v e lo c ity  
on  th e  te m p e ra tu re  d is tr ib u tio n  an d  h ea t t r a n s f e r  for flow  in  an  a n n u la r  p ip e  
w ith  porous w alls u n d e r th e  assu m p tio n  t h a t  th e  flu id  in jec tio n  ra te  a t  one 
w all is equal to  th e  f lu id  w ith d raw a l ra te  a t  th e  o th e r w all.

In  th is  p a p e r  we have  in v es tig a ted  th e  effects o f un ifo rm  in jec tio n  a n d  
a n  equal ra te  o f  su c tio n  a t  th e  low er an d  u p p e r  w alls o r v ice-versa  on  th e
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te m p e ra tu re  d is tr ib u tio n  and  h e a t t ra n s fe r  fo r th e  flu id  flow  u n d er a c o n s ta n t  
p ressu re  g rad ien t th ro u g h  a ch an n e l fo rm ed  b y  th e  tw o  w alls an d  w hen r o ta te d  
a b o u t an axis p e rp en d icu la r to  th e  w alls. T he assu m p tio n s m ade in  th e  p re s e n t 
s tu d y  are:

(a) th e  f lu id  is incom pressib le  an d  h e a t  co n d u c tio n  is negligible;
(b) th e  w all te m p e ra tu re s  are  c o n s ta n t an d
(c) no d iffusion  tak es  p lace.

2. Basic equations an d  th e ir  so lu tion

Follow ing th e  n o ta tio n  as in  o u r ea rlie r w ork  [2], th e  equa tions o f m o tio n  
a n d  energy becom e in  non-d im ensional fo rm ,

ß d u ^ _ 2a?uy = 2 +
dz

8 - ^ + 2  a?u 
dz

d2e duv 2 duv )2
-  P r ß —  =  — P r E + У

dz2 dz dz dz )

( 1 )

(2)

(3)

a n d  are to  be so lved  sub jec t to  th e  b o u n d a ry  cond itions

ux =  uy =  0 a t  г  =  i  1 , (4)

в =  0, 1 a t  г =  =F 1 , (5)

w here we h av e  fu r th e r  in tro d u ced  th e  n on -d im ensiona l q u an titie s

к

2 Pv j

an d  i t  is assu m ed  th a t

Pr  =  |MCp ■ (P ra n d tl  n u m b er), в
T - T L
T u - T L '

I ср(Тц  — TL) (E c k e rt n u m b e r) ,

( 6)

Т ц  ( te m p e ra tu re  a t  th e  u p p e r w all) T L ( te m p e ra tu re  a t  th e  low er w all).

The so lu tio n s of E qs. (1, 2) su b jec t to  th e  b o u n d a ry  conditions o f  E q . (4) 
have  been p ro v id e d  in  E qs. (2.10), (2.11) o f  o u r earlie r w ork  [2]. S u b s titu tin g  
these  exp ressions in  E q . (3) an d  solving su b je c t to  th e  b o u n d a ry  co n d itio n s  
o f E q . (5), w e o b ta in

д =  А , +  1V " *  -  P rE f(z) , (7)
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в  i =

2 s in h  P r ß

1
2 sinh  P r ß

[ -  e ~ P r ß  +  P r E  [ e P r ß f ( — 1) -  e - p r » f {  1)}] , (8)

[ l  +  P r E { f ( l ) - f ( - l ) } ] ,  (9)

Ä \ (fei +  fe2 +  2fe4) e№ + ")* , (fc4 +  fe2 -  2fc4)eW>-»0*
J \ z) =  ~  .— Г7— г г :------;гт7гг +  ; ;  ------ г?------ — — +16a4( /3 + m ){ m + (l  -  P r ) ß }  16o4(/3 -  m ){ -  m + ( l  -  P r ) ß }

e ? z  [(/?2 — n 2 — P r ß 2)  {(fei — fe2) cos n z  +  2fc3 sin  n z} +
4- ß n (2 — Pr){(fe1 — fe2) sin  rez — 2&3 cos rez}]

S a ^ ^  -  n ^ P r / ? 2)2! -  /З Ъ * ( 2 ^ Р г ) 2} ~~
( 10)

fei =  ß 2 c l  4  +  ß 2 4 4  +  ™2 4  4  +  n 2 4  4  +  « 2 c | c i  +  ret2 c l  c§ 4-
+  2 n ß c 1 c 2 c i c i  —  2 m ß c 1 c 2 c i c e  —  2 m ß c 1 c 3 c i c 3 — 2 n ß c i c 3 c i c e  , (11)

k 2 =  ß 2 c2 Cj +  ß 2 c \  c l  4- ret2 c2 cf 4- n2 c2 c | +  m2 c2 c§ 4 - n 2 4  4  ~

— 2 m ß c 1 c 3 c i c b — 2 n ß c 1 c 2 c i c 5 — 2 m ß c 1 c 2 c i c 6 - \ -  2 n ß c 1 c 3 c i c e  ,  (12)

k 3 =  ß 2C1 C2 C i C 5 ß 2Cl C 3 C i C 3 4" "l2CiC3C4Ce /12Cj C2C4C5 4"
4- n 2 c1e3c4ce — m2c1c2c4c 5 — n ß c \ c 3  —  n ß c \ c 2 - \ -  n ß c \ c \ - \ -  re/3c2c2, (13)

fc4 =  — ß 2 c 1 c 3 c i c s  —  ß 2 c 1 c 2 c t c 0 ~ m t c 1 c 2 c i c t  —  n 2 c 1 c 3 c i c s  

—  re2 cx c2 c4 Cg — ret2 c4 c3 c4 c5 +
4- /3retc2 c | 4- ß m c \  c§ +  ß m c 2 c | ß m c 2  c§ ,

c, =
cos h  (/3/2)

sin  h 2 — |- cos2 —
2 2

. ,  m  . n
c, =  sinh -----sm  — •,

2 2

, ret n
cosh ------cos •

2 2

sinh  (/3/2)

sinh2 4- sin2 — —
2 2

. ,  m  n
c - =  s in h -----  cos — -

(14)

(15)

(16)

(17)

(18)

(19)
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. m . n 
c o s h ---- sin  -—

m =

W hen a  =  0, ß ¥= 0, we get 

в =  A 2 +  B 2 еРг?г —

e2ßZ

4 P r E
X

X

ß2 sinh2 ß 

z sin/i2 ß  2(sinh  ß) eßz

A  =

2(2 -  P r)  

4 P rE

P rß ß (l -  Pr) J

e 2,3 ^  sinh2 ß  2 (sinh /3) e ß
ß 2 sinh2 0  L 2(2 — P r)  Prß  

e- prß 2 P rE e~ Prß
/3(1 -  P r )

X

- X
2 sinh  P rß ß2 sinh2 ß  sinh Prß  

2 sinh2 ß  4 sinh2 /3Г sinh  2ß 
[ 2  — Pr

B2 =

Prß ß (l -  Pr)

2 P rE
X

X

2 sinh  P rß ß2 sinh2 ß  sinh Prß  

sinh  2 2 sinh2 4 sinh2 ß

[t P r P r ß /3(1 -  -Pr)

W hen  ß  =  0, a  =7̂  0, we get

e  = 1 +  2 +
P rE (co sh  2« — cosh 2az +  cos 2x — cos 2xz)

2a 4(sin h2a  -f- cos2 a)

W hen  ß =  0, a  =  0, we get

d =  —
2

l  +  * +  4 ^ ( ! - * 4
T he ra te  o f h e a t  t ra n s fe r  in  te rm s  o f  th e  N usselt n u m b e r is 

N u  -
L Í d T \ - ( d 0 |

T u - T L l dz'  } , ^ L l d z )

(20) 

( 21) 

(22)

(23)

(24)

(25)

• (26)

(27)

(28)
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H en ce  from  E q s. (7) and  (28), we have

N u  =  P r ß B f - P *  -  P r E f ' { -  1) . (29)

w here  d ash  d en o tes  d iffe ren tia tio n  w ith  re sp ec t to  z.
W hen a  =  0, ß 0, we ge t

N u  =  Prß B2 e ~ Prß
4 P rE  ße-W

ß2 sinh2 ß  2 - Pr
sin  h2 ß 

P rß
2e~ß s in h ß  ' 

1 — Pr
• (30)

W hen  ß — 0, t t ^ O ,  we get

N u  =
P rE  (sinh 2a  — sin 2a) 

as(sinh2 a  +  cos2 a)

W hen  ß =  0, a =  0, we get

N u  =  —  [ 1 +
2 L

8 P r E '  
3

(31)

(32)

3. R esu lts  and  d iscussion

I f  we rep lace  th e  suctions R eyno lds n u m b e r ß  by  th e ir  n e g a tiv e  values 
a n d  z b y  —z, th e  expressions fo r  b o th  th e  p r im a ry  an d  seco n d ary  velocity  
d is tr ib u tio n s  as g iven  b y  E qs. (2.10) an d  (2.11) o f  o u r w ork [2] do n o t  change.

Table I

Temperature profiles for Pr =  0.7 and E =  0

z ОII ß =  l
-0 .1 0 0
-0 .8 0.1 0.049187
-0 .6 0.2 0.105765
-0 .4 0.3 0.170845
-0 .2 0.4 0.245704

0 0.5 0.331813
0.2 0.6 0.430862
0.4 0.7 0.544795
0.6 0.8 0.675850
0.8 0.9 0.826599
1 1 1
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T h is  show s th a t  w h e n  th e re  is u n ifo rm  in jec tio n  a t  th e  low er w all, th e  p r im a ry  
a n d  secondary  flow' d is trib u tio n s  in  th e  low er h a lf  a re  th e  sam e as in  th e  u p p e r 
h a lf  fo r th e  case o f  u n ifo rm  in jec tio n  a t  th e  u p p e r  w all an d  v ice-versa . H ence 
in  th e  num erica l c o m p u ta tio n s  in v o lv ed  in  th is  p ro b le m , we have considered  
th e  positive  v a lu es  o f  th e  suction  R eyno lds n u m b e r.

F o r Pr =  0 .7 , T ab les I —I I I  show  th e  te m p e ra tu re  profiles fo r ß =  0,1, 
a  =  0, 1 and  E  =  0 , 1, 2. I t  is in fe rred  th a t  fo r f ix e d  E ck e rt n u m b e r E  an d  
th e  P ra n d tl  n u m b e r  P r , th e  te m p e ra tu re  a t  a n y  p o in t o f th e  f lu id  decreases

Table II

Temperature profiles for Pr =  0.7 and E  =  1

z a = 0 ,  /9 = 0

r-HIIоII« a = l ,  /9 = 0 a = l ,  /9 = 1

- 1 0 0 0 0

- 0 . 8 0.237760 0 .139447 0 .183449 0.097345

- 0 . 6 0.403093 0 .253919 0 .322701 0.184469

- 0 . 4 0.527360 0 .351317 0.437227 0.266538

- 0 . 2 0.632960 0.440988 0.540575 0.365985

0 0.733333 0.532700 0 .640798 0.453289

0.2 0.832960 0.634982 0.740575 0.536997

0 .4 0.927360 0.751827 0.837227 0.674524

0 .6 1.003093 0.875569 0.922701 0.799161

0 .8 1.037760 0.979636 0 .977340 0.919294

1 1 1 1 1

Table III

Temperature profiles for Pr =  0.7 and E  =  2

z R II О to II о a = 0 ,  /9 = 1

ОII<30.II8 a = l ,  /9 = 1

- 1 0 0 0 0

- 0 . 8 0.375520 0.229706 0 .266898 0.145502

- 0 . 6 0.606187 0.402074 0 .445402 0.263175

- 0 . 4 0.754720 0.531545 0 .574454 0.362233

- 0 . 2 0.865920 0.636270 0 .681159 0.486267

0 0.970000 0.733586 0 .739756 0.574764

0.2 1.065920 0.839100 0 .881159 0.677633

0 .4 1.154720 0.958348 0 .974454 0.804252

0 .6 1.206187 1.075286 1.045402 0.922471

0 .8 1.175520 1.132673 1.066898 1.011989

1 1 1 1 1
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in  b o th  th e  cases (i) for a fix e d  T ay lo r’s n u m b e r  a  b u t w ith  a n  increase in  th e  
su c tio n  R eynolds n u m b er ß  (ii) fo r  a fixed  ß  b u t  w ith  an  increase  in  a. Also 
fo r  fix ed  values o f  Pr, ß an d  a , th e  effect o f  increasing  th e  E c k e rt n u m b er is 
to  increase th e  te m p e ra tu re  a t  a n y  p o in t o f  th e  flu id .

Table IV

Values of the Nusselt number for Pr =  0.7

E ß a: 0 1 2

0 0 0.500000 0.500000 0.500000
1 0.229118 0.229118 0.229118

1 0 1.433333 1.068520 0.592070
1 0.770650 0.572602 0.274463

2 0 2.366666 1.637040 0.684140
1 1.312182 0.916085 0.319807

T able IV  show s th e  ca lc u la ted  values o f  th e  N usselt n u m b e r fo r fix ed  
Pr  b u t  for d iffe ren t values o f  E , ß  an d  a. F o r  fix e d  E  an d  Pr, th e  N usselt 
n u m b e r  N u  is fo u n d  to  decrease in  b o th  cases (i) fo r fixed  a b u t  w ith  increasing  
ß; (ii) for fixed  ß  b u t  w ith  in c rea s in g  a. F o r f ix e d  values of a  an d  ß, th e  effect 
o f  in c reasin g  th e  E c k e rt n u m b er is to  increase th e  N usselt n u m b er.
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AVERAGE HYDRODYNAMIC BEHAVIOUR OF A 
NON-LINEAR PION-PION CHIRAL LAGRANGIAN

By
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In the study of the behaviour of matter at superhigh densities (10le g/cm3),the properties 
of e+e_ and p  — p  collisions are known to provide conditions which determine the equation 
of state. In this paper, assuming that a system of pions is a good representation of p  — p  
collisions, we study the hydrodynamic behaviour of an SU(2) x SU(2) chiral Lagrangian in 
the G a s i o r o w i c z — G e f f e n  coordinates with symmetry-breaking terms included. This model 
possesses simple classical solutions. By the application of the averaging method of M i l e k h i n ,  
we obtain the equation of state and discuss its implications.

I. Introduction

In  an  a tte m p t to  describe th e  b eh av io u r o f  m a tte r  a t  densities h ig h er 
th a n  1016 g/cm 3 a n d  to  d e te rm in e  th e  eq u a tio n  o f  s ta te  p  — c2E ,  Ca n u to  a n d  
L o d e n q u a i [1] re c e n tly  m ade use o f the  d a ta  av a ilab le  on  e+e~  and  p  — p  
collisions in  th e  L a n d a u  h y d ro d y n am ic  m odel [2]. The conclusion  was t h a t  
a t  these  superh ig h  densities c2s —*■ 1, i.e ., th e  p ressu re  p  keep s on in c rea s in g  
an d  approaches E  a sy m p to tic a lly  an d  th a t  one does no t reco v e r th e  re su lt o f  
a n o n -in te rac tin g  sy stem  (i.e. c2s —> 1/3). I t  has b een  po in ted  o u t b y  H e is e n b e r g  
[3] th a t  for a la rge  n u m b er o f  p ro d u ced  p a r tic le s  th e  m eson  f ie ld  is classical 
in  th e  f irs t a p p ro x im a tio n  an d  t h a t  th e  sy s tem  is su ffic ien tly  hom ogeneous to  
use for its  d esc rip tio n  so lu tions d ep en d in g  on tim e  only . L a te r  on M il e k h in  [4] 
has developed  a m e th o d  in  w h ich  q u a n tu m  effec ts  are av e rag ed  over, a p ro 
cedure analogous to  th e  m e th o d  o f ad ia b a tic  in v a r ia n ts  in o rd in a ry  m echanics, 
on acco u n t o f th e  large  n u m b e r o f  partic les  p re se n t and  th e  fa c t th a t  one is 
dealing  w ith  large  q u a n tu m  n u m b e rs .

A ssum ing now  th a t  in  th e  in te r io r  o f a s ta r  a t  these  su p e rh ig h  densities
[1] a system  o f p ions is indeed  a good re p re se n ta tio n  of th e  p  — p  collision 
process (and  h o p efu lly  ex p ec tin g  th a t  th e  co m p lica tio n s d u e  to  th e  presence  
o f  th e  m ix tu re  o f n, Л , E,  e tc ., a l te r  th e  e q u a tio n  o f s ta te  v e ry  little ), one can  
s tu d y  th e  consequences of th e  in te ra c tio n  once we know  th e  classical so lu tio n s. 
R ealistic  in te ra c tin g  sy stem s do n o t  alw ays possess sim ple so lu tions even  in

* Alexander von Humboldt Research Fellow, on leave of absence from the Department 
of Theoretical Physics, University of Madras, Madras-600025, India.
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th e  classical case [5]. H ow ever, re c e n tly  [6] we h a v e  p o in ted  o u t t h a t  th e  
e q u a tio n  of m o tio n  o f  th e  system  w hose classical L a g ra n g ia n  is

I . - ! • [ » -  **«•*>•------ü í í — 1 (l)
U  ( l - * q * )  (1 — ЯЧ») J

a d m its  sim ple h a rm o n ic  period ic  b o u n d ed  so lu tions [7] a n d  even th e  co rre sp o n d 
in g  q u an tu m -m ech an ica l version is e x a c tly  solvable [8]. W e n o te  t h a t  th e  
m odel (1) is ju s t  th e  SU(2)jg5SU(2) ch ira l L ag ran g ian  (in  zero-space d im ension) 
w here th e  t r ip le t  fie ld  Ф (х, t) is rep laced  b y  q(i), w ith  sy m m etry -b reak in g  
non-p o ly n o m ia l te rm  [m2q2/( l  — P.q2)] ad d e d  to  it.

The aim  o f th e  p re sen t p ap er is to  in v es tig a te  th e  average  h y d ro d y n a m ic  
p ro p ertie s  o f th e  p ion ic  system  w ith  th e  a id  of th e  classical so lu tio n s  and  
derive  th e  e q u a tio n  o f s ta te . The p lan  o f  th e  pap er is as follows. I n  S ec tio n  I I  
w e give a b r ie f  a cco u n t o f th e  fo rm alism  o f M il e k h in ’s h y d ro d y n am ic  t r e a t 
m e n t of th e  p io n -p io n  L agrang ian . I n  S ec tion  I I I  we d e riv e  th e  classica l so lu
tio n s  of our m odel (1) an d  in  Section  IV  th e  h y d ro d y n a m ic  p ro p ertie s  o f our 
m odel are o b ta in e d . I n  Section  Y we b rie fly  discuss th e  resu lts  in  lieu  of 
th e  recen t so lu tio n s fo r th e  La n d a u  h y d ro d y n am ic  m odel o b ta in e d  b y  
P e r e ss u t t i [9 ].

II. The hydrodynam ic form ulation for the pion-pion Lagrangian

In  th e  L a n d a u  h y d ro d y n am ic  m odel [2] th e  ru n  o f  th e  th e rm o d y n a m ic  
a n d  h y d ro d y n am ic  v a riab les  such as te m p e ra tu re  a n d  f lu id  velo c ity  ag a in st 
space  and  tim e  d u rin g  th e  expansion  o f  th e  h ad ro n ic  m a tte r  are c o n ta in e d  
in  th e  re la tiv is tic  N a v ie r—Stokes e q u a tio n

T ^ v =  0 ,  ( 2)

w here th e  en e rg y -m o m en tu m  ten so r in  E q . (2) is o f th e  form

T fJ L V  —  p b f i v  +  { p  +  E ) U tL U V +  X f i v  • (3 )

H ere  T^v is th e  d iss ip a tiv e  te rm , an d  u^is  th e  usual fo u r velocity  in  re la tiv is tic  
h y d ro d y n am ics. In  o rd e r to  use Тм„ in  E q . (2) we n eed  an  eq u a tio n  o f  s ta te  
p  — p(E),  w here  p  is th e  pressure a n d  E  is th e  en e rg y  density . T h e  energy- 
m o m en tu m  te n so r  in  te rm s  of th e  L ag ran g ian

£ =  £(Ф°, Ф *), Ф  =  . (4)
OX
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is o f th e  fo rm

■ nv — Ф Ф^  [X ^  V (5)

As we are in te re s te d  in  th e  average  h y d ro d y n a m ic  b eh av io u r o f  £ , on com 
parison  o f E q s. (3) we p u t  тм„ =  0. T hen  d efin ing  th e  velo c ity  to  be

Ф,.
«V =  ;—( _  0 2 )1/2

— 1 (6)

we id en tify  th e  L o re n tz -in v a ria n t p ro p er p ressu re  an d  energy  d en sity  o f th e  
flu id  e lem ent to  be

,  =  E = 2 (7)

Now i f  th e  supposed  sy stem  is su ffic ien tly  un ifo rm  so th a t  th e  m o m en tu m  
is zero co rrespond ing  to  th e  p ro p er fram e, i.e. Фк =  0, th e n  th e  en erg y  d en sity  
in  E q . (7) becom es

E = < ^ - £ - (8)9  Ф

L im iting  ourse lves to  fields th a t  are periodic o f  p e rio d  r(E), th e  average p res
su re  over one cycle is given b y

P =  P(E) =  ~ ~ r  <|) £  d t , (9)

w hich is th e  desired  eq u a tio n  of s ta te . T he use o f  tim e-av erag ed  q u an titie s  is 
v a lid  only i f  th e  system  a t  a given p o in t chan g es l i t t le  over th e  period  t , 
w hich m eans th e  system  shou ld  be su ffic ien tly  un ifo rm . S im ilar averag ing  
procedures are  com m on in  m echanics w hich  goes in  th e  n am e o f th e  m eth o d  
o f ad iab a tic  in v a ria n ts  [10] an d  m o d u la tio n  m eth o d s in  non -linear w ave 
p ro p ag a tio n  p rob lem s [11, 12].

I I I . T he m odel and  its so lu tions

We now  assum e th a t  th e  p ionic in te ra c tio n  can  be rep resen ted  b y  th e  
ch ira l SU(2)g3SU(2) L ag ran g ian  in  th e  G a s i o r o w i c z — G e f f e n  coord inates 
[13] w ith  sy m m e try  b reak in g  te rm s  o f th e  form

£  =
Я(Ф • ЭмФ)з 
(1 -  АФ2)

m2 Ф 2

(1 -  АФ2) J ’ (1 0 )
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w here Ф is th e  iso tr ip le t fie ld . A ssum ing  th e  v a lid ity  of u n ifo rm ity  cond itio n  
in  accordance  w ith  Section  I I ,  we h av e  Ф к =  0, so th a t  Ф (х ,() =  Ф (1) =  q(t) an d

A(g • q)2
(1 -  Я ,2)

m2 q2

(1 -  w i .
a i )

T h e  E u ler — L ag ran g e  eq u a tio n  o f m o tio n  correspond ing  to  th e  sy s tem  (11) 
is  given by

q« +
A(q • q)

. (1 -  W )

Яд2

(1 -  W )
+

A2(q • q)2
( 1 - Я д 2)2

+
(1 -  Aq2)2J

3, =  0 .  (12)

W ith  th e  in tro d u c tio n  of th e  p o la r  co o rd ina tes

=  q sin  0 cos cp , 
q2 =  q sin  0 sin  q> , 
q3 =  q cos 0 .

(13)

E q . (12) se p a ra te s  in to  th e  fo llow ing sy stem  of d ifferen tia l eq u a tio n s :

an d

q2 sin2 0ф =  Cx =  const.

qi 02 _|-----Ç±_ =  C |=  c o n s t .
sin20

A q (q)2 , m2q =  C\( \- -  lq2)
(1 -  M2) (1 -  I f )  q2

(14)

(15)

(16)

E q . (14) a n d  (15) rep resen t th e  co n se rv a tio n  of th e  v ec to r c u rre n t. To o b ta in  
th e  peiiod ic  so lu tio n s of th e  sy s tem  (12) we in te g ra te  once E q . (16) to

g2 , m‘- 
(1 -  Xq2) X

1

(1 -  Ag2)
Cl r-----=  Co =  co n st .о л (17)

F o r  th e  iso sca la r case (C2 =  0) one im m ed ia te ly  o b ta in s  [7] th e  so lu tio n  as

q(t) =  A  sin (cot +  V}) (18a)

со2 =  [m2/ ( l  -  XA2)] . (18b)

W hen C2 0 one can  also give th e  ex ac t so lu tion  a fte r  som e m an ip u la tio n s  
in  th e  fo rm

q(t) =  A [  1 — ß  sin2 (cot +  C)]1/2 , (19)
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w here

a n d

CO2 m2 ЯС| '
(1 -  M 2) A 2

(1 _  ЯЛ2) - (m2 -  Я2С|)

( 20)

(21)

H ere  th e  a m p litu d e  A  is given in  te rm s  of th e  in te g ra tio n  c o n s ta n ts  C2 a n d  C3 
b y  th e  fo llow ing expression :

w here

A 2 =  c + (22)

(23)

O ne can  easily  n o te  th a t  w hen  Я >  0 th e  ra n g e  o f  th e  period ic  so lu tions is 
su ch  th a t  0 A  <[ Я “ 1/2, w hereas i f  Я <  0 th e re  is  no such re s tr ic tio n .

N ow  th e  can o n ica lly  co n ju g a te  m o m en ta  fo r  th e  L ag ran g ian  (11) are

p =  q + ^(q • q)
(1 -  Я ,2) 4 ’

(24)

so t h a t  th e  c lassical H am ilto n ian  becom es

*(q • q)2
(1 -  Я ,2)

p2 -  Я(р • q)2 +

m 2q2 ~

f  ( 1 - W ) .
m2q2

(1 -  W ) . ■

(25)

O n su b s titu tio n  o f  th e  periodic so lu tions (19) — (21) in  (25) we o b ta in  th e  
exp ression  for th e  classical en erg y  as

1 ' m 2A 2 + Cil 1 ’ со2 m 2

2 . (1 -  АЛ2) A 2 . 2 . я я (26)
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IV . The average  h ydrodynam ica l q u an titie s

Follow ing S ection  I I ,  th e  p ro p e r p ressu re  o f th e  p ionic sy s tem  (10) is 
g iven  by

1
[)£dt

r (A )  \r

—  (f) (92 - m2 q2) f __
1

dt
Я T ( 1 - - Aq2) 92 -
1 Г" m2A 2 sin2 г) cos2 V (27)

7T J о ( 1 - ß  sin2 7))[1 — AA2 + AA2ß  sin2 /3 ]

k A 2( 1 -  ß sin2 r]) C l  _ I
[1 — AA2 +  AA2ß  sin2 rj] A 2 (1 — ß  sin2 rj)

T h e  e lem en ta ry  in teg ra ls  in  E q . (27) m ay  he e v a lu a te d  w ith o u t m uch d iff icu lty . 
W e m ake use o f  th e  following re su lts  in  th is  e v a lu a tio n :

f dr)
(1 — ß  sin :

1 Г
=  Г '

V l - ß  Jori) y  l - ß  

л

dr\
[1 — AA2( 1 — ß  sin2 rj)] 

1
(28)

Y AA2 Y l - A A \ l - ß )

F in a lly , we o b ta in  th e  expression  fo r p ressu re  a f te r  s im plification  as

Ч2 2mmm* тЛ
AA A A

O n su b s titu tio n  o f th e  classical exp ressio n  (26) we f in d  th a t

(29)

P = —------(m2 +  2 AE) *  —  +  E
A A

(30)

W e th u s  f in d  t h a t  fo r v e ry  low  energ ies th e  p ressu re  van ishes:

p  ^  0 w hen  £ < ^ 1 .  (31a)

A n d  a t  h igh  en e rg y  densities th e  p ressu re  a sy m p to tic a lly  app ro ach es E :

p  E  w hen  E ^ >  1 . (31b)
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Y. D iscussion

W e in fer from  th e  exp ression  for p  a t  low  energ ies t h a t  th e  p ressu re  is 
n e a r ly  zero co rrespond ing  to  large m u ltip lic ity  o f p ro d u ced  p ions so th a t  
P om eranchuk’s s ta tis t ic a l  m odel [14] describes th e  sy s tem  co rrec tly . A t large 
energ ies th e  p ressu re  increases an d  th e  m u ltip lic ity  is slow ed dow n an d  as a re su lt 
h y d ro d y n a m ic  acce lera tio n  occurs. T he La n d a u ’s h y d ro d y n am ica l m odel is  
v a lid  in  such  a case. R ecen t stud ies o f P eressutti [9] also len d  credence to  
th e se  re su lts . H e h as  in v e s tig a te d  th e  La n d a u  h y d ro d y n am ica l m odel b y  
assu m in g  th e  genera lized  eq u a tio n  o f s ta te  o f th e  fo rm  p  =  cjj-E, w here  ej] is  
a c o n s ta n t p a ra m e te r  b o u n d ed  in  th e  in te rv a l (0, 1) a n d  in te rp re te d  as th e  
local ve lo c ity  of sou n d  in  th e  m edium . In  th e  case o f  an  ideal f lu id  th e  tim e  
t a t  th e  m o m en t o f d is in teg ra tio n  has b een  show n to  he

w here  E Lab is th e  to ta l  lab . energy  an d  th e  co n d itio n  on  th e  v isco s ity  £ to  he

9i(3c§+l)  _ cg .2

£ < 2 a .-C-0- £ R 1b- c°)/(1+c§),

a n d  a is th e  d iam e te r o f th e  colliding p ro to n s . T h u s we see t h a t  since a t  h igh 
en e rg y  densities cl 1 so t h a t  £ is p ra c tic a lly  zero fo r all pu rposes. T h u s th e  
La n d a u  h y d ro d y n am ica l m odel seem s to  id ea lly  ex p la in  th e  s itu a tio n .
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С В О Й С ТВА  А М О Р Ф Н Ы Х  П Л Е Н О К  C u - S b - S - I

Ю. Ю. ФИРЦАК, О. В. ЛУКША, Н. И. ДОВГОШЕЙ, А. В. НЕЧИПОРЕНКО
и Д. В. ЧЕПУР

УЖГОРОДСКИЙ ГОСУДАРСТВЕННЫЙ УНИВЕРСИТЕТ, УЖГОРОД, СССР

(Поступило 20. I. 1977)

По данным масс-спектрометрического определения состава пара при термоиспаре
нии Cu—Sb—S—I и электронномикроскопического изучения вакуумных конденсатов 
этого вещества установлено, что при формировании аморфных пленок, наряду с образо
ванием структурных единиц содержащих медь, более предпочтительней процесс образова
ния аморфной структуры, построенной на основе пространственного каркаса пирамид 
SbS3/2,B которой иод локализуется в «пустотах» и на оборванных связях сурьмы. Это об
уславливает более высокую кристаллизационную способность пленок Cu—Sb—S—I по 
сравнению с массивным стеклом. С появлением кристаллической фазы SbSI в пленках при 
определенных условиях их препарирования или последующей стимулированной кристал
лизации связаны сегментоэлектрическая активность конденсатов, обнаруженная по пиро
электрическому эффекту, особенности их электрических свойств и эффекта переключения.

Постановка задачи

Сложные сульфоиодидные стекла систем М—Sb—S—I, где М—Sn, Pd, 
Cd, Cu, являются перспективными материалами для применения в опто- и 
микроэлектронике [1]. Стеклообразные сплавы системы Си—Sb—S—I ин
тересны тем, что введение меди не только увеличивает температуру размяг
чения стекла, но и способствует образованию сложных структурных единиц 
CuSbS2, Cu3SbS3 и Cu3SbS4, способных взаимодействовать с ковалентно увя
занной сеткой сульфоиодидного стекла. Они органически входят в его струк
турное построение, препятствуя тем самы кристаллизации [2]. Поскольку 
многие из возможных применений халькогалогенидных стекол (элементы 
записи информации, быстродействующие переключатели, защитные покрытия 
и др.) перспективны в пленочном исполнении, нам представлялось важным 
провести для пленок Си—Sb—S—I комплексе физико-технологические, 
структурные и электрофизические исследования с целью установления осо
бенностей их формирования при вакуумном осаждении, структурного со
стояния и его изменений в условиях воздействий температуры, облучения 
электронным и лазерным лучами.
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Экспериментальная часть

Исходными материалами для проведения исследований служили син
тезированные стекла Cu5Sb30S45I20, Cu10Sb30S40l20 и Cu15Sb30S40l15. Отдельные 
исследования проводились на серийном усовершенствованном масс-спек
трометре МИ-1305, электронографе ЭГ-100А, электронном микроскопе и 
рентгеновском микроанализаторе MS-46.

При обычном термическом вакуумном испарении из тигля навески 
стекла Си—Sb—S—I в молекулярном пучке в зависимости от температуры 
нагрева te был обнаружены различные частицы (вакуум в масс-спектрометре 
~  1СГ7 тор, энергия ионизующих электронов ~50эв). Начиная с te^  100 °С 
и вплоть д о 300 °С в паре преобладают частицы типа Sblä- иБЬф (п=  1 : 4). 
Дальнейшее увеличение te приводит к обогащению паров комплексами 
типа SbxSy (х, у =  1 :4). Ионы Си+ регистрировались в пучке при 
U á  500 °С.

Полученные результаты указывают на то, что характер испарения суль- 
фоидидного стекла подобен сильно диссоциативному характеру испарения 
кристалла SbSI [3]. А значит вследствие большой разницы в парциальных 
давлениях компонент пара обычное термическое испрение его может привести 
лишь к фракционной перегонке в вакууме. Конденсируемые при этом пленки 
будут композиционно и структурно неоднородными по толщине. Это подтвер
ждается изучением структуры тонких конденсатов, осажденных непосред
ственно в масс-спектрометре, при испарании навески стеклаCu15Sb40S30I15 из 
танталового испарителя (te = 500 °С), а также при изучении химического 
состава сравнительно «толстых» пленок, который существенно отличен от 
химического состава исходного стекла. В частности, спосоставление данных 
локального рентгеноспектрального анализа пленок и эталона (стекла исход
ного состава) показало, что наблюдается обогащение пленки иодом по от
ношению к сере и обеднение серой по отношению к сурьме. Особенно су
щественно отличается от эталонного отношение I  гLJ I s L^  так для исходного 
стекла Cu5Sb30S45I20 оно составляет 0,049, а для пленки, полученной простым 
термическим испарением, 0,072. Тонкие конденсаты (d <  800 А), имеют мик- 
ронеоднородную аморфную структуру. Отжиг их при t =  150 °С приводит к 
появлению кристаллической фазы Sb2S3. Наблюдения за процессом кристал
лизации тонких пленок под действием электронного пучка непосредственно в 
электронном микроскопе указывает, что этот процесс сопровождается фазо
вым разделением и селективным плавлением одного из составных компонен
тов пленки, вероятнее всего, аморфного Sbl3, который в таких условиях легко 
испаряется. На рис. 1а представлены электронная микрофотография и элек- 
тронограмма отоженной тонкой пленки.

Однородные по микроструктуре аморфные пленки с химическим соста
вом, близким к составу исходного стекла Cu—Sb—S—I, получались при
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б)
Рис. 1. Электронные микрофотографии и дифракционные картины тонких конденсатов, 

полученных при обычном термическом (а) и дискретном (б) испарении Cu—Sb—S—I
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использовании метода дискретного испарения с конденсацией на охлаждение 
до 10°С подложки из очищкенного стекла, сколыслюды и NaCl. При нагрева
нии подложек до tn =  50—100 °С для микроструктуры пленок Си—Sb—S—I 
характерно появление субмикронных включений кристаллической фазы 
SbSI, обнаруженной по картинам микродифракции от тонких конденсатов 
(рис 1<5). Для аморфных пленок Cu—Sb—S—I осаждаемых на охлаждаемые 
подложки, частичная кристаллизация (появление включений фазы SbSI) 
происходит при отжиге их в вакууме при t  — 100—120 °С. Кристаллизация 
пленок Си—Sb—S—I происходит и при облучении их пучком электронов с 
энергией 60 и 75 кэв, а также лучом С02 лазера (мощность падающего излуче
ния W  ~  20 вт/см2).

Хотя с помощью метода дискретного испарения удается достичь хоро
шего воспроизведения в аморфной планке химического состава стекла 
Си—Sb — S—I, по-видимому, структура конденсата отличается от структуры 
массивного стекла. В первую очередь, это обусловлено различными характером 
достижения аморфного состояния вещества в случае получения стекла из 
расплава и конденсации пленки из сложного по составу пара, образующегося 
при взрывообразном испарении Си—Sb—S—I. Учитывая состав пара при 
тигельном испарении Си—Sb—S—I, можно предположить, что при формиро
вании пленок наряду с процессом образования сложных структурных единиц, 
содержащих медп, входящих в массивном сульфоиодидном стекле в его 
структурное построение и препятствующих кристаллизации, более предпоч
тительней процесс образования аморфной структуры на основе простран
ственного каркаса пирамид SbS3/2 (подобно структуре аморфных пленок 
Sb2S3 [4]), в которой иод локализуется в «пустотах» и на оборванных связях 
сурьмы. Структурное построение такого типа обулавливает сравнительно 
более высокую кристаллизационную способность пленки (появление фазы 
SbSI) по сравнению с массивными стеклом Си—Sb—S—I.

Подтверждением наличия кристаллической фазы сульфоиодида сурь
мы в термообработанных пленках Си—Sb—S—I, а также сконденсирован
ных на нагретой подложке является их сегнетоэлектрическая активность. 
Вывод о сегнетоэлектрическом поведении конденсатов сделан на основании 
изучения пироэлектрического эффекта. Пиротоки в пленках Cu—Sb — S— I, 
как и в поликристаллических пленках SbSI [5], измерялись в квазистацио- 
нарном режиме на конденсаторах планарного типа в напыленными контак
тами сурьмы или меди. Положение максимума пиротоков зависело от содер
жания меди в исходном стекле. Фазовый переход для пленок, полученных при 
испарении: стекла Cu5Sb30S45I20 происходит при 19 °С; стекла Cu15Sb30S40I15 
— при 17 °С; поликристаллические пленки SbSI имеют фазовый переход 
при 24 °С (рис. 2). Смещение положения фазового перехода в сторону низких 
температур в частичнозакристаллизованных пленках Си—Sb—S—I по сра
внению с конденсатом сульфоиодида сурьмы, свидетельствует о том, что
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кристаллическая фаза легирована медью, поскольку подобный результат 
наблюдали [6] при легировании кристаллов SbSI.

Величина поляризации пленок Си—Sb—S—I, определяемая из записей 
кривыхпиротоковкакР0= |^ 9 Р /8 Т  dT, и степень размытия фазового перехода, 
характеризуемая Т, наклоном зависимости Р 0 =  Р 0(Т) в области температуры 
перехода, зависит от технологических параметров препарирования пленок —

Ъ, 107кул-см"2 •град’1

Рис. 2. Записи кривых пиротоков пленок: 1 — SbSI; 2 — Cu5Sb30S43lj0; 3 — Cu15Sb30S40I13

температуры подложки во время конденсации, термообработки. Повышение 
tn от 50 до 120 °С, как и термоотжиг пленок при 120—140 °С, приводят к 
возрастанию Р 0 (рис. 3, кривые 1 и 2), что можно связать с увеличением со
держания кристаллической фазы и размеров кристаллитных областей. 
Пленки Си—Sb—S—I, сконденсированные при /„ =  160-4-200 °С, имеют 
более размытый фазовый переход (рис. 3, кривая 3), что вызвано изменениемих 
химического состава при конденсации вследствие реиспарения легколетучего 
компонента Sbl3.

Электрические измерения проводились на образцах типа «сэндвич», 
изготовленных на основе пленок Си—Sb—S—I, различающихя структурным 
состоянием и содержанием меди. Удельное сопротивление аморфных пленок 
уменьшается от q =  5 -108 ом-см дляСи58Ь30845120 до q =  3 • 10®ом-см для 
Cu15Sb30S40I15. Термическая энергия активации проводимости для пленок 
этих же составов изменяется, соответственно от 1,45 до 0,85 эв. Измерения при 
t >  130-4- 140 °С приводят к необратимым изменениям электрических пара
метров пленок Си—Sb—S—1, что вызвано их кристаллизацией. Спектр 
термостимулированных токов пленок Sb—S—I при введении меди заметно 
усложняется.

Изучение вольт-амперных характеристик (ВАХ) аморфных пленок 
Си—Sb—S—I показало, что в области малых полей вплоть до Е ^  5* 103 в/см 
имеет место омический характер проводимости. Нелинейный участок 
ВАХ может быть описан на основании механизма Пула—Франкеля, хотя в
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Рис. 3. Зависимость Р 0(Т) для пленок CuäSb30S45I20, сконденсированных при tn: 
1 -  120 °С; 2 -  80 °С; 3 -  170 °С

ЕДО'в/см

Рис. 4. ВАХ переключателей на основе пленок: 1 — Sb—S —I; 2 — Cu5Sb30S45I20; 
3 —Cul5Sb30S40I15; 4 — частично закристаллизованной Cu15Sb30S40I15

начале этого участка обнаруживается влияние на процесс проводимости 
токов, ограниченных пространственным зарядом. Переключение происхо
дит при достижении полей Е  ^  105 в/см. При этом сопротивление образца 
уменьшается на 2—3 порядка с «запоминанием» низкоомного состояния.

В зависимости от содержания меди и структурного состояния пленок 
наблюдался одно- и двухпороговый ход переключения. Это характерно для 
некоторых составов халькогалогенидных стекол [7]. Аморфные пленки, не 
содержащие меди (Sb35S40l2 5 ), а также частично закристаллизованные пленки 
Си—Sb—S—I характеризуются однопороговым переключением (рис. 4, 
кривые 1 и 4). Аморфные пленки Cu—Sb—S—I обнаруживают двухпороговое 
переключение, причем более четко это выражено для составов с большим 
содержанием меди (рис. 4, кривые 2 и 3). Следовательно сложной характер 
переключения, по-видимому, связан с наличием в аморфных пленках струк
турных единиц характерных для стекла Sb—S—I, что способствует их крис
таллизации, а также структурных образований, содержащих медь. Двухпо

A cta  Physica A ca d em ia e  S c ien tiarum  H "r\g a rica e  4 2 , 1977



ПРОЦЕССЫ ФОРМИРОВАНИЯ, СТИМУЛИРОВАННАЯ КРИСТАЛЛИЗАЦИЯ 165

роговый характер переключения вырождается при увеличении темпера
туры образцов ( t  >  130 °С) и их толщины (d > 10 мкм).

Сравнение характеристик переключения (ип — напряжение переключе
ния, 1п — ток переключения) массивных образцов [8] и частично закристал
лизованных пленок показывает, что введение одного и того же количества 
меди приводит в пленках к более значительному изменению ип, 1п. Поэтому, 
вероятнее всего, аморфная матрица в таких пленках, обогащена медью. Учи
тывая, что введение меди приводит к понижению энергии активации проводи
мости, возрастанию великейности ВАХ в допороговой области, усложению 
спектра локальных состояний, увеличению концентрации носителей в шнуре 
тока, т. е. усиливает электронный механизм переключения, проведенные 
исследования позволяют сделать вывод, что на характер переключения наи
более существенно влияют структурное состояние и кристаллизационные 
процессы в пленках Си—Sb—S—I.

Выводы

Таким образом, конденсируемые в вакууме с помощью метода дискрет
ного испарения аморфные пленки Си—Sb—S—I структурно более неодно
родны по сравнению с массивным стеклом, что позволяет легко стимулиро
вать их кристаллизацию.

Сегментоэлектрическая активность структурнонеоднородных пленок 
Си—Sb—S—I связана с появлением в них при кристаллизации полярной 
фазы SbSI, вероятно легированной медью.

Сложный характер и механизм процесса переключения в конденси
рованных пленках Си—Sb—S—I определяются соотношением структурных 
единиц, характерных для стекла Sb—S—I, и структурных образований со
держащих медь.
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Proceedings of the International School of Physics “Enrico Fermi”, Course LIX; Editors: 
K. A. Müller and A. Rigamonti. Publisher: Societa Italiana di Fisica — Bologna, Distributor: 
North-Holland Publishing Company, Amsterdam— New York—Oxford, 1976. pp. xxii +879

This book is based on the lectures and seminar talks presented at the 1973 Varenna 
Summer School Course on “Local Properties at Phase Transitions”. The central theme of the 
Course was to demonstrate the usefulness of the various resonance techniques such as NMR, 
EPR, etc. in providing information, to a large extent complementary to that obtained through 
scattering experiments, on static and dynamic local properties near phase transitions and to 
elucidate their relations to collective properties. A good coverage was also given to the applica
tions of these techniques in the field of magnetic and structural transitions and of liquid 
crystals.

The material in the book is grouped into six chapters, each containing a number of 
contributions, typically one or two introductory or review-type lectures and a few shorter, 
more specialized talks.

Chapter I — “General Introductory Topics” contains an introduction to mean field 
theory by T h o m a s ,  a series of lectures on phase diagrams, universality and scaling by S t a n l e y  
and collaborators, an introduction to NMR as a tool for investigating local properties at phase 
transitions by B o r s a ,  and a talk on double resonance by B l i n c .

Chapter II — “Structural Distortive Phase Transitions — Displacive” begins with a 
review of EPR studies in SrTi03 and LaA103 by M ü l l e r  and V O N  W a l d k i r c h ,  followed by a 
series of shorter lectures on the temperature dependence of the order parameter by B o r s a ,  on 
dynamical effects as seen by NQR by R i g a m o n t i ,  on birefrigence by C o u r t e n s ,  on the central 
mode problem by F e d e r ,  on some lattice-dynamical aspects of anharmonic crystals by M e i e r , 
and on the molecular dynamics investigation of structural phase transitions by S c h n e i d e r  
and S t o l l . Also included is in this chapter a short roundtable discussion contribution on the 
problems of critical dynamics by T h o m a s .

Chapter III — “Structural Distortive Phase Transitions — Order-Disorder” contains 
five shorter talks: on the application of double resonance to order-disorder-type ferroelectrics 
by B l i n c ,  on NMR and neutron scattering studies in NH 4C1 by M i c h e l ,  on the ferroelectric 
transition of TSCC by W i n d s c h ,  on the electric field gradient tensors as determined with 
NQR—NMR in ferro- and antiferroelectrics by K i n d ,  and on the dynamics of the antiferro- 
electric N aN 03 by Н а т т а .

Chapter IV “Phase Transitions in Magnetic Systems” begins with a huge lecture by 
H e l l e r ,  reviewing NMR and neutron scattering studies near phase transitions in uniaxial 
antiferromagnets. This is followd by R i c h a r d s ’ review of magnetic resonance in one- and 
two-dimensional systems and talks on experiments on low dimensional magnets. The chapter 
ends with T h o m a s ’ lecture on phase transitions in magnetic systems.

Chapter V — “Liquid crystals” starts with a short guide to the physics of mesomorphic 
phases by d e  G e n n e s . Order parameter fluctuations, spin relaxation and self-diffusion are 
dealt with by B l i n c ,  different aspects of NMR studies of liquid crystals by L o e s c h e  and 
G h o s h , fluorescence by B a u r ,  and EPR by S c h a r a .

Chapter VI — “Scaling and Zero-Dimensional Superconductors” contains a number of 
theoretical contributions that did not fit either of the previous chapters: the topics discussed 
here scatter from scaling functions and dynamic scaling to cooperativity in biological systems.
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On the whole, despite the three years that elapsed between the Course and the appear- 
ence of the book, the volume is an extremely useful source of information on the local aspects 
of phase transitions and the related experimental techniques. It may serve as an introduction to 
students entering the field, but it will do a good service as a broad review for specialists as well.

I. K o n d o r

M agnetism  L e tte rs  a n  In te rn a tio n a l Jo u rn a l

Gordon and Breach Science Publishers Ltd. London

Papers dealing with magnetism in solids have increased by leaps and bounds over the 
last 10 years. This is hardly surprising if one considers the outstanding results achieved both 
in the field of theory — e.g. the application of the renormalization group for the study of 
critical phenomena — and in the production of magnetic materials of great technical signifi
cance, such as memory devices based on the magnetic bubbles, or the permanent magnets 
of high field energy.

The present new journal, edited by D a v i d  E. C o x ,  will certainly help in the rapid 
publication of new achievements in magnetism research. An especially welcome feature is 
that — in addition to papers dealing with fundamental problems — articles on the results 
of material and device development are to be offered considerable space.

A number of options is provided for contributors; this, in itself, is likely to accelerate 
publication. One of these options is that manuscripts can be submitted in a “camera ready” 
form, i.e. in a version suitable for direct photographic reproduction. My view is that even if 
this involves more than the usual care in the preparation of papers, so far as Hungarian authors 
are concerned this additional requirement will cause no particular worry and it is highly likely 
that they will wish to see their new noteworthy results published in this young but most pro
mising journal.

It gave me particular pleasure to see that the first issue contained a paper written jointly 
by Hungarian and Czechoslovak authors (I. N a g y ,  T. T a r n ó c z i  and Z. F r a i t )  on the magnetic 
anisotropy of Gd-Co amorphous films.

I wish every success to this new venture, both in the name of the community of Hun
garian physicists and myself — as one who also has the honour of being a member of the E.A.B.

L. PÁL

M agnetism : Selected Topics

edited by Simon Foner

Gordon and Breach Science Publishers Ltd., London 1976

The increasing interest in the magnetism of solids is reflected by the appearance on the 
market of a great number of textbooks and manuals. The selection of a good textbook — or 
even a technical book discussing detailed problems at an adequate level — is thus no simple 
task these days, especially for a young physicist.

F o n e r ’ s  Magnetism Selected Topics can be recommended to those who wish to gain 
an insight into specific problems of magnetism by studying a relevant review paper. If, let us 
suppose, the endeavour is to acquire fundamental knowledge on band magnetism, the reader 
will certainly benefit from the first chapter of this volume written in a lucid and readable 
manner by À. B l a n d i n ,  a well-known expert on the subject. The second chapter, by E. P. 
W o h l f a r t h ,  deals with the applications of band magnetism. Among the problems discussed 
in this chapter, the sections headed Free Energy-Pressure Effects and Origin of I and Related 
Effects are of particular interest. Also worthy of mention is G. J. v a n  d e n  B e r g ’ s  review in 
Chapter IV on the experiments performed since 1964 concerning the transport properties of 
alloys. W. M. S t a r ,  the author of Chapter V expounds in a very pleasant manner the 
— answered and unanswered — questions on the Kondo effect. Chapter VI is likely to interest
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a somewhat narrower circle; however, it is hardly likely that this could be said of Chapters 
VII and VIII — by P. L e d e r e r  and A. J. H e e g e r ,  respectively. These, together with the 
following chapter by D. J. K i m  provide a brilliant summary of local spin fluctuations and of 
the problems of magnetic impurities, there is therefore no doubt at all that they will attract 
a very wide audience. In Chapter X, one can read about hyperfine interactions; Chapters XI 
and XII survey the efficiency of neutron physical methods in magnetic research. Chapter 
XIII owes its attraction to the captivating manner in which the authors — primarily, 
I should think, H .  E u g e n e  S t a n l e y  — correlate the common features of cooperative pheno
mena observable in magnetic and biological systems while discussing critical phenomena. 
In this chapter, or possibly in a separate part, a similar survey on the applications of the Wilson 
renormalization group would also have been of benefit to physicists working in other fields of 
magnetism. Among the remaining chapters the last — Chapter XVII — deserves mention 
since this deals with the relation between the exchange interaction and the photoelectron spin 
polarization and discusses all the experimental results and methods accessible in the field of 
photoelectron spectroscopy.

To sum up, Magnetism Selected Topics edited by S i m o n  F o n e r  is an excellent means 
of gaining fundamental knowledge and an orientation in the surroundings of the most topical 
problems in magnetism.

L. Pál
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A COMMENT ON TRACE CALCULATIONS 
FOR FERMI SYSTEMS

By
W .-H . Steeb

D —23 K I E L ,  W . G E R M A N Y *

(Received 8. XII. 1976)

It is shown that the calculation of the partition function for non-interacting fermions 
can be described within the framework of usual matrix calculation. An extension to inter
acting fermi systems is given.

F ro m  s ta tis tic a l m echanics i t  is know n t h a t  all equ ilib riu m  th e rm o 
d y n am ic  q u an titie s  o f  in te re s t for a system  of in te ra c tin g  p a rtic le s  can he 
d e te rm in ed  from  th e  g ra n d  p a r ti t io n  fu nc tion

Z  =  T r  exp  ( —/3 (H  — [iNc)) . (1)

H ere  H  is th e  H a m ilto n ia n  describ ing  th e  sy stem . T h ro u g h o u t, w e consider 
ferm i system s in  th e  occu p a tio n  n u m b e r  fo rm alism . N e is th e  to ta l  num ber 
o p e ra to r, p  th e  chem ical p o te n tia l, an d  ß  th e  in v erse  te m p e ra tu re . I n  general, 
th e  tra c e  can n o t be e v a lu a te d . H ow ever, o ften , th e  H am ilto n ian  consists of 
tw o  te rm s , nam ely  H  =  H 0 -f- H v  w here  H 0 is so chosen th a t  th e  properties 
described  b y  H 0 a lone a re  w ell-know n. In  m ost cases s ta te d  in  th e  lite ra tu re , 
th e  o p e ra to r  H 0 — f iN e has th e  fo rm  H 0 — p N e =  27(e(k) — p)cjcacka, w here

ko
e(k) is th e  one-partic le  energy , and  a deno tes th e  sp in . W e in v es tig a te  a la ttice  
system  a n d  therefo re  к ru n s  over th e  f ir s t  B riou llin  zone. H ere w e are able 
to  ca lcu la te  th e  tra c e  due  to  E q . (1) ex ac tly , an d  th e  re su lt can  be  found  in 
th e  te x t-b o o k s  on th is  fie ld  [1, 2].

M oreover, i t  sh o u ld  be n o ted  t h a t  th e  W ick ’s th eo rem  fo r th is  case and 
m ore com plica ted  ones a re  well developed  [3, 4].

In  th e  p resen t p a p e r  i t  is show n th a t  th e  t r a c e  ca lcu la tio n  can  easily 
be p erfo rm ed  w ith  th e  a id  of m a tr ix  ca lcu la tion . W e shall use th e  addition , 
th e  m u ltip lica tio n , th e  K ro n eck er p ro d u c t (d en o ted  b y  <g>) o f m a trice s  and 
f in a lly  th e  trace  of a m a tr ix  [5, 6].

F ir s t  of all, we w a n t to  give th e  ru les need ed  in  following. L e t A v  A 2, 
A 3 a n d  B v  B 2, B 3 be  re X re m a trices  an d  1 th e  re X re id e n ti ty  m a tr ix .

O ne has
( A 1(g>A2) ( B 1<S>B2) =  (vá1JB1)<g>(^42^ 2) (2)

* Address: D—23 Kiel, Reventlouallee 33, W .  Germany.
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a n d  th e  ex tensions

{ A & A & A M B & B & B J  =  ( A 1B 1) ® ( A 2B 2) ® ( A 3B 3)

(A ĵ ® B 1)(A 2<S> B2)(A3® B 3) =  (A 1A 2A 3) ® {B i B 2B3) •

F u rth e rm o re , from  E q . (2) follows t h a t

[A ® 1, 1 <g> B] =  (A ® 1)(1 (8> B) — ( 1 0  B )(A  <g> 1) =  0 . (4)

M oreover we need  th e  following ru le  fo r a trace  o f  a  m a trix , n a m e ly

T r ( A ® B )  =  t i ( A ) t T ( B ) .  (5)

In s id e  th e  trace  on th e  le ft-h an d  s id e  th e re  is an  n2 X n2 m a tr ix , w hile inside 
th e  trace s  on th e  r ig h t-h a n d  side th e re  are n X n  m atrices . H ence  we use th e  
n o ta t io n  “ t r ”  in s te a d  o f “T r” .

Now le t us p ro v e  th a t

T r  ex p  (A ® 1 +  1 <g> B) =  t r  exp  (A )  t r  exp ( В ) . (6)

D u e  to  E q. (4) we can  w rite

T r  ex p  (A<g>l +  1®  B)  =  T r exp (H ®  1) exp  (1 <g> B).

A n  a rb itra ry  te rm  o f th e  e-func tions on th e  r ig h t-h a n d  side ta k e s  th e  form

—--------? - ( Л ® 1 ) " ( 1 ® Б ) т  .
n  ! m l

D u e  to  E q . (3) w e o b ta in

— ------ —  (A (g) l ) n( l  <8> B)m =  —-------- —  <g) 1)(1 <g> =  —------- — (A n® B m) .
n l  m l  n l  m l  n l  m l

I t  follows, w ith  th e  aid  of E q . (5)

Tr I—------- — (A n® B m) I -- ----------- —  Tr A n® B m =
n \  m l n l  m l

n l  m l
t r  A n tr  B m = —  t r A n ) f—  t r  ß m)

n l  j ( m !  j

T h u s  th e  id e n tity  (6) has been  p ro v ed . T he ex ten s io n  to  N  su m m an d s is 
s tra ig h tfo rw ard .
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H ence we o b ta in

T r exp  (H 1<g»l<g) . . .  <g>l) +  (l<g>H2<g>l . . . ® 1) +  (1 ® 1 ®  . . .  ® A n ) =

=  t r  exp  A x t r  exp  A 2 . . . t r  exp  A N .

T his fo rm u la  is th e  m ain  re su lt. I t  rem ains to  show  th a t  th e  H am ilto n ian  
can  he b ro u g h t in to  th e  form

H  =  ( Л 1(g) . . .  ® 1) +  (l(g>H2<g)l . . .  <g>l) +  . . .  +  (1 ® 1 ®  . . .  <g>A n ) . (8)

T herefore  th e  m a tr ix  re p re se n ta tio n  for th e  ferm i o p era to rs  will be given. 
F o r th e  sake  of s im p lic ity  we consider sp inless ferm ions. T he ex tension  to  th e  
case described  above is s tra ig h tfo rw a rd . T h e  re q u ire m e n ts  o f th e  P au li p r in 
ciple are  sa tisfied  if  th e  ferm ion  o p era to rs  {c* , c;- : k , j  =  1, 2 , . . . ,  N }  sa tisfy  
th e  an tic o m m u ta tio n  re la tio n s

{ ck 1 cj )  — ^ к j  1

{ck 1 с/ } =  {cfi’ Cj} — 0 , 
+ +

fo r all k , j =  1, 2 , . . . ,

(9)

L et us now  give a fa ith fu l m a tr ix  re p re se n ta tio n  o f th e  o p era to rs . F irs t 
o f all we s ta te  th e  case w here N  =  1. T he basis is g iven b y  {c+ |0>; |0 )}  an d  
th e  d u a l one b y  {<(0|c; <0|. T h u s  one has

c + = | 0 I |loo.
c =

001
10

1 / . . \ 1
—  \P x  +  M y )  =  Y a +  ’

1 . • ч 1
—  ( o x - i c t y )  =  — « -  ■

( 10)

T he s ta te  v ec to rs  are

c + |0> = |0> ( 11)

T h u s th e  H ilb e r t space u n d e r  co n sid e ra tio n  is tw o-d im ensional, i.e. Ж =  R 2. 
N ow  th e  e x ten s io n  to  th e  case w here N  >  1 leads to  (com pare Emch[7])

A cta  P h ys ica  A cadem iae  S c ien tia ru m  H ungaricae 42 , 1977

H ere  ax, ay, a2, <r+, o_ a re  th e  u su a l P a u li m atrices . T h e  n u m b er o p e ra to r  
n  =  c+c becom es

n —  c+c =  . (12)ooj
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N  tim es

ck — • • —  о + ® 1 ® 1 ®  . . 
. 2

. ®1  ,

Cfc --  (J ( J • • . . ®стг® 1 ) , ,—  d -  ® 1 ® 1 ®  . . . ®1  .
(13)

2 j

k -th  p lace

O ne can  easily  ca lcu la te , using  ru le  (3), t h a t  th e  an tic o m m u ta tio n  re la tio n s 
accord ing  to  E q . (8) are  fu lfilled . T he n u m b er o p e ra to r  nk =  ck ck is found , 
w ith  th e  aid  o f E q . (3), to  be

n k  =  c k c k —  1 ® 1 ®

F in a lly , one has

(g» l(g)l(g ) . ® 1 . (14)

N
2  K nk

1

l ( L  0
® 1 ® 1  . . ®1 i,  ( К о ® i ®  . . 0 11 +  l ®

00 1 U o

+ ..........+
(15)

w here  Xk Ç R.  T h e  H ilb e rt space  %N o b ta in e d  in  th is  w ay  is a K ro n eck er p ro 
d u c t  of N  tw o-d im ensiona l H ilb e r t spaces

%N =  R 2® R 2® . . . .  <g)R2 . 

T h u s  th e  d e te rm in a tio n  of th e  tra c e

Z  =  T r  exp l̂cnk
iA = l

(16)

(17)

red u ces to  th e  tra c e  ca lcu la tio n  in  a su b sp ace . In  occupa tion  n u m b e r form alism  
th is  subspace is g iven b y  th e  basis {c+ |0>; |0>}, an d  in  m a tr ix  ca lcu la tio n

i t  is given b y  th e  basis

H ere i t  shou ld  be n o te d  th a t ,  fo r th e  p re sen t case, th e  tra c e  ca lcu la tio n  
h a s  been know n fo r a long tim e  [8]. H ow ever, in  m odern  te x tb o o k s  [1, 2] th is  
s im p le  re p re se n ta tio n  is n o t ta k e n  in to  co n sidera tion . M oreover, i t  is also 
possib le  w ith  sim ple m a tr ix  ca lcu la tio n  to  t r e a t  in te ra c tin g  sy stem s in  an  
a p p ro x im a tiv e  m an n er. F o r  in s tan ce , th e  BCS-m odel has been  in v e s tig a te d  
in  th is  fash ion  b y  W e h r l  [9 ]. H ere  we w a n t to  give a n o th e r  exam ple . W e
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consider th e  H u b b a r d  m odel [10]. T h e  H a m ilto n ia n  can  he w ritte n  in  B loch
re p re sen ta tio n  as

H  =  J 2  e(k) c k a c k<T +  J 2  ó(kl — k 2 +  k3 — k i ) c k i i c k ^ C f i ^ c k i i , (18)
ka kikzkaki

w here к ru n s  over th e  f i r s t  B rioullin  zone. As an  ap p ro x im a tiv e  m e th o d  we 
use th e  follow ing in e q u a lity , w hich is som etim es called B ogo lyubov  in e q u a lity , 
Q <[ T r(H  — /j,Ne)W t l / /? T r  IF, In IF, fo r  th e  g ran d  p o ten tia l. IF, is th e  
so-called t r ia l  d en sity  m a tr ix . L et us consider th e  case w here

IF, =  exp  (—ß J g  Е,(к)с^си  +  F|(fc)c^cA.,)/Tr exp (------ ) . (19)
к

B oth  E^(k) and  E ((fc) p la y  th e  role o f rea l v a r ia tio n  p a ram e te rs . 
F o r  exam ple, w e h av e  to  ca lcu la te  tra c e s  such  as

T r cAtcAtI F , , (20)

2 2  4 k i — h  +  k3 — fc4) T r  (cAltcfcitCfcltcftl)IF,) . (21)
kik̂ ksk.

Now we show  how, w ith in  th e  fram ew ork  o f th e  developed  ca lcu la tion , th e  
trace  can  be  ev a lu a ted . Since we h av e  in c lu d ed  th e  sp in , th e  re p re se n ta tio n  
of th e  o p e ra to rs  {cjk, cka : к =  1, . . .  , N ; a =  f  , |  } becom es

k - th  p lace
I

U sing exp

c k \  —  dz® • • • 0 о г0  tr+ J <01 ( 0 ............ ® 1 ,

2ЛГ tim es

c*, =  dz® • • • • ®<72® 0 + j 0  1 0 ............0 1
I

(k +  iV)-th p lace

, i t  follows th a t

exp  ^2  E t(fc)cfttc*t +  2 Ï  E i(k )ckicki"j =

и
(oo) ~ (oi)

/e E t(D 0 \ 1еЕ « Щ \
0  . . .  0[о l ]  1 0 l j

e E t(N  +  l)0 |

0 l)

e Et(2N)0

0 1

( 22)

(23)

As an a b b rev ia tio n  we h a v e  p u t  — ßE a(k) —> E„(k).
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Since

cAtCíít =  1 ®  1 ■ • •

w e have, a p p ly in g  E q . (3),

k - th  p lace
I
101 !0 l <ooj ) 1 ,

T r { 4 f Mw t) =
__exp  (E f(k))
ex p  E\(k) 1

(24)

(25)

In  th e  second case  we cast E q . (21) in  a fo rm  m ore co n v en ien t fo r our p u rp o se  
accord ing  to

^  0(к1 k 2 “b k , hj)c4 ck^ckslckil —

— ckJcki\ck,\ck,\ +  à(ki — к2 +  к3 — Au)cÂtcfc,tc*.*c/i4l •
kika kik,как,

ki^k.

(26)

F o r  th e  f ir s t  te rm  on th e  r ig h t-h a n d  side o f E q . (26) we fin d

=  1 0 1 (

T h u s, i t  follow s th a t

1

с*11сМ с*з*сЫ  —

)1 . . . )1 . . . ®1  ,

Aq-th p lace  (fe3 N )  p lace

1  e Ef(A r,) ,E \(ka)
—  у  T r  ( c h c kAc t , c k , W , )  =  —  у ----- ----------- ---------------------------
N  é a  IV í á  1 +  e£ '<A‘> 1 +

(27)

(28)

F o r  th e  second  te rm  on th e  r ig h t h a n d  side o f E q . (26) th e re  is no c o n tr ib u tio n  
to  th e  tra c e  since

w here 1/2 cr+crz =

(29)

F in a lly , i t  shou ld  he rem ark ed  th a t  th e  described  m eth o d  can  be ex ten d ed  
in  o rder to  o b ta in  b e tte r  ap p ro x im a tio n s . To th is  end  we m ak e  a u n ita ry  
tra n s fo rm a tio n  g iven b y  U — exp  (iS), w ith  S =  S +, an d  th e n  th e  tra c e  
d e te rm in a tio n  (com pare [11], fo r th e  B C S -theo ry  see [9]). A lso, in  th is  case, 
th e  trace  d e te rm in a tio n  can easily  be p erfo rm ed  w ith in  th e  fram ew ork  o f u su a l 
m a tr ix  ca lcu la tio n .
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E F F E C T  O F  A G G R E G A T I O N  O F  M O L E C U L E S  

O N  T H E  P O L A R I Z A T I O N  O F  F L U O R E S C E N C E  

S P E C T R U M  O F  E R Y T H R O S I N

By

M .  L. P a n d y a * a n d  M .  K . M a c h w e

D E P A R T M E N T  O F  P H Y S IC S  & A S T R O P H Y S IC S , D E L H I  U N IV E R S IT Y , D E L H I ,  IN D IA

(Received 20. I. 1977)

The excitation and emission wavelengths for erythrosin in aqueous solution constitute 
broad bands and the wavelengths corresponding to the maximum intensity in the band are 
found to shift with the increase of concentration. The excitation and emission peaks are ob
served at concentrations varying from ~  1 0  ~ 7 g/cc to ~  1 0 _3  g/cc in aqueous solution at 
room temperature ( ~  28 °C). The concentration vs excitation and emission wavelengths plot 
shows a break in the linearity around ~  1 0  ~ 5 g/cc which can be interpreted as due to the 
aggregation of molecules. The polarization of fluorescence is measured for concentrations 
ranging from 3 . 5 x l 0 -6  g/cc to 1 .4 X 1 0 -4 g/cc. The results indicate that the emission at very 
low concentration ~  3.5 X  10 - 6  g/cc is essentially due to monomers while at high concentration 
( ~  1.4 X  10 - 4  g/cc) it is due to dimers. For the concentration 8.7 X  10 -c g/cc, monomers and 
dimers both exist simultaneously.

In tro d u c tio n

M ost of th e  flu o re scen t dyes [1, 2, 3, 4, 5] in  so lu tion  h a v e  b een  rep o rted  
to  give a b ro ad  em ission  b an d  w hich  h as  been  in te rp re te d  as d u e  to  th e  p re 
sence o f d ifferen t fo rm s o f m olecu lar species like m onom ers, d im ers, polym ers 
e tc . In  th e  p resen t in v es tig a tio n  e ry th ro s in  in  aqueous so lu tion  is s tu d ied  for 
th e se  d ifferen t fo rm s o f m olecular ag g reg a tio n  a t  room  te m p e ra tu re  ( ~  28 °C) 
b y  s tu d y in g  (a) th e  sh ifts  in  th e  e x c ita tio n  an d  em ission p eak s  a t  d ifferen t 
co n cen tra tio n s  v a ry in g  from  10 ~7 g/cc to  10 ~3 g/cc an d  also (b) th e  po lariz
a tio n  sp ec tru m  fo r d ifferen t co n cen tra tio n s  a t  p eak  e x c ita tio n  w aveleng ths 
w ith in  th e  ran g e  o f  b ro ad  em ission b an d . I t  is observed  th a t  th e  po lariza tio n  
sp e c tru m  is m ore usefu l in  d is tin g u ish in g /id en tify in g  th e  s im u ltan eo u s  ex is t
e n ce  o f d ifferen t fo rm s of m olecu lar aggregation .

E xperim en ta l

T he ex c ita tio n  an d  em ission peaks w ere o b ta in ed  fo r each  co n cen tra tio n  
o f  th e  dye in  aq u eo u s so lu tion  a t  room  te m p e ra tu re  ( ~  28 °C) w ith  an  A m inco 
B ow m an  Spectro  p h o to  flu o ro m ete r. T he effect o f sc a tte r in g  w as checked

* Permanent address: Department of Physics, M. M. College, Modinagar (U.P.), 
201 204, India.
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b y  using  th e  b la n k  so lu tion  in  th e  c u v e tte  and  w as fo u n d  to  be less th a n  0 .5 %„ 
S e ttin g  the e x c ita tio n  m o n o ch ro m ato r to  th e  p eak  v a lu e  fo r each  c o n c e n tra tio n , 
th e  emission m o n o ch ro m ato r w as v a ried  to  cover th e  en tire  em ission b a n d  
fro m  540 nm  to  600 nm . The p o la r iz a tio n  was ca lc u la ted  using  th e  re la tio n  [6]

p  _ _  I  E E  —  I e B ( I b e / I b b )  q v

I  E E  +  I e b ( I b e I I b b )

Table I

Excitation and emission peaks at different concentrations

C oncentration
(g/cc)

о
XCOCO

О
X<N
ci

О
X

■«*

О
XCOCO

©
XCO

О
X

■4*

о
X
со
со

О
X

04С4

О
X

х*

О
X
со
оэ

A „ ( n m )

Afx(nm)
520 520 520 520 520 500

532
484
540

464
550

450
556

434
566

^ em (n m ) 556 556 556 556 560 566 568 576 580 584

Table II

Results for polarization measurements

А В С D Е F

Cone. 

>-ет ( n m ) \

3.5 X 10~в g/cc 
К х  ~  520 nm 

Р%

8.7 X 10~® g/cc 
Лех ~  520 nm

р%
2.2 X 10~б g/cc 
Хех  ~  508 nm

р%
4.4 X 10_ 6 g/cc 
Аех  ~  508 nm

Р%

1.4 X 10~4 g/cc
Хе х  ~  460 nm

р%
1.4 X Ю~4 g/cc 
Лвж~  546 nm

р%

540 16.3 17.0 — — — —

544 16.2 17.5 17.5 — — —

548 17.0 18.5 18.4 20.2 — -
552 17.2 18.7 19.1 20.3 — —
556 19.7 19.4 19.4 20.9 — —
560 19.7 19.3 20.4 21.3 — —
564 19.8 19.5 20.5 21.9 — —
568 19.2 18.8 21.7 22.5 21.1 19.8
572 17.9 17.2 21.9 22.7 21.6 21.4

576 17.5 19.5 22.3 23.4 22.4 22.0

580 17.1 22.7 23.5 23.4 22.5 22.5
584 13.3 22.7 23.5 23.7 23.0 23.3

588 — 23.5 23.5 23.7 23.6 23.6

592 — 22.8 21.2 20.1 23.4 22.8

596 — — 19.3 18.7 21.4 22.4

600 — 18.6 18.0 17.5 21.2 22.0
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w h ere  I  is th e  observed  in te n s ity , th e  f i r s t  an d  th e  second  su b sc rip ts  refer 
t o  th e  o rie n ta tio n  of th e  po la rize r and  an a ly ze r. T he re su lts  o b ta in ed  fo r ex 
c ita tio n  an d  em ission p eak s  a t  d ifferen t c o n cen tra tio n s  a re  given in  T ab le  I  
a n d  show n in  F ig . 1 w hereas th e  re su lts  fo r p o la riza tio n  m easu rem en ts  are  
g iven  in  T ab le  I I  an d  show n in  Figs. 2(A ), (B), (C), (D ), (E ), (F).

Discussion of results

a )  Variation o f  excitation and emission peaks with concentration

The e x c ita tio n  an d  em ission sp ec tra  o f o rganic m olecules can  be  d is
cussed  in  te rm s  o f  л , л*  a n d  n o rb ita ls . T h e  exc ited  s ta te s  are  essen tia lly  ob 
ta in e d  b y  th e  ex c ita tio n  o f  th e  л  and  n e lec trons a n d  th e  s ta te s  o f special 
in te re s t  are  th o se  co rrespond ing  to  low est sing lets Б^лл*  an d  БуПл*. U su a lly  
th e  nn*  ex c ited  s ta te s  a re  n o n  fluorescen t an d  genera lly  th e  m olecules f lu o r 
esce in  so lu tion  fo r w hich л л *  is th e  low est s ta te . In  th e  p resen t case w hen  
th e  co n cen tra tio n  of e ry th ro s in  is h igher th a n  1.8 x l 0 ~ 5 g/cc, i t  is fo u n d  
t h a t  ex c ita tio n  occurs b y  b ro a d  b an d  ly ing  in  tw o d iffe ren t regions. F o r  ex 
am ple  in  F ig . 1 w hich  is a p lo t o f co n cen tra tio n  vs e x c ita tio n  an d  em ission 
w aveleng th , one fin d s  t h a t  fo r co n cen tra tio n  4 . 4 x l 0 ~5 g/cc, th e  ex c ita tio n  
w aveleng ths a re  500 n m  an d  532 nm . As e ry th ro s in  is flu o rescen t, th e  low est 
e x c ite d  s ta te  m u s t be S-piл*  an d  hence th e  longest ex c ita tio n  w av elen g th  
?.ex =  532 n m  ( ~  2.326 eV) corresponds to  th is  ex c ita tio n . T he second w av e
le n g th  500 n m  ( ~  2.475 eV) gives an  en e rg y  difference betw een  th e  low est 
a n d  th e  n e x t ex c ited  s ta te  as 0.149 eV. T h is possib ly  cou ld  be th e  d ifferecne

570

550

s'
530  S . 

§
510 1  

£

«90

«70

«50

«50
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be tw een  th e  S p in *  and  Spi:r* s ta te s  an d  so A =  500 n m  m a y  co rrespond  
to  th e  f ir s t  ex c ited  singlet t r a n s it io n  n  ->  n * . B o th  th e  e x c ita tio n  w av elen g th s  
are  fo u n d  to  give only  one em ission w av e len g th  ?.em =  566 n m . T his m a y  be 
possib ly  due to  th e  fac t th a t  th e  Sp in*  s ta te  degrade to  S p rjr*  b y  in te rn a l 
conversion  an d  th e n  th e  em ission ta k e s  p lace  due to  th e  tra n s itio n  from  
S p in *  to  th e  g round  s ta te  [7, 8 , 9]. In  Fig. 1, as th e  c o n c e n tra tio n  is decreased  
from  a h igh  va lu e  to  1.8 X  10~5 g/cc, all th e se  w aveleng ths show  a lin ea r  v a r i 
a tio n  viz. (i) th e  em ission w av e len g th  decreases, (ii) th e  lo n g est ex c ita tio n  
w av e len g th  decreases and  (iii) th e  second ex c ita tio n  w av e len g th  increases. 
T h is suggests t h a t  w ith  decrease in  c o n cen tra tio n , th e  energy o f  S pur*  decreases. 
T h is change in  energy  w ith  c o n c e n tra tio n  is s im ila r to  th e  b e h a v io u r of th e se  
energy  levels w ith  th e  change in  so lven t p o la r ity  and  so lv a tio n  o f th e  ab so rb in g  
m olecule in  c e r ta in  substances [10].

F ro m  F ig . 1 i t  is obvious t h a t  th e  b re a k  in  th e  l in e a r ity  of th e  concen
tra t io n  vs em ission w av eleng th  cu rve  occurs ea rlie r (a t cone ~  8.8 X  1 0_6 g/cc) 
in  com parison  w ith  th e  ex c ita tio n  curve  w here  i t  occurs a t  cone ~  1.8 X  

X  1 0~5 g/cc. T h is should  m ean  th a t  a t  th e  cone ~  8.8 X  1 0 ~6 g/cc, th e  p ro b 
a b ility  o f excim er fo rm ation  is h ig h er th a n  th a t  o f th e  g ro u n d  s ta te  d im ers. As 
th e  c o n cen tra tio n  fu r th e r  increases, th e  g ro u n d  s ta te  d im ers a re  form ed (cone 
~  1 .8 X lO -5 g/cc) w hich u p o n  e x c ita tio n  g ive rise to  fluo rescence  em ission. 

T h e  b ro ad  em ission b an d  o bserved  can  be in te rp re te d  as due to  th e  o v erlap p in g  
o f th e  m onom er and  d im er w av e leng ths. T h is p o in t is fu r th e r  analysed  w ith  
th e  help  o f th e  p lo t o f th e  p e rcen tag e  p o la riza tio n  w ith  em ission  w av elen g th .

b) Variation o f percentage polarization with emission wavelength

T h e p o la riza tio n  of fluorescence has b een  fo u n d  to  d ep en d  upon  v iscosity , 
m o lecu lar vo lum e, te m p e ra tu re  an d  life tim e  o f th e  exc ited  s ta te  an d  is given 
b y  P e r r i n ’s  [ 1 1 ] fo rm ula :

A ssum ing  th e  m olecules to  b e  o f  q u asi-sp h erica l shape b ecau se  m an y  o rganic  
a ro m a tic  m olecules are  co m p ac t an d  fu sed  rin g  s tru c tu re s , th e  above re la tio n  
can  be a p p ro x im a ted  to  [7]

( 1 ! ]
- г  у

1 M
\Po  3 j 104 +  V IPo 3 j

V  • 10 - 4 . (3)

E q u a tio n  (3) shows th a t  p o la riza tio n  P  is d ire c tly  p ro p o rtio n a l to  m olecular 
vo lum e V  w h ich  rem ains c o n s ta n t fo r a g iven  su b stan ce . B u t i f  th e  su b stan ce  
in  so lu tion  ex is ts  in  m ore th a n  one form  o f m o lecu lar ag g reg a tio n , V  w ill be
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d iffe ren t an d , there fo re , po la riza tion  m a y  show  a change in th e  overlap p in g  
em ission b a n d  due to  th e se  d iffe ren t m olecular fo rm s. T he flu o re sc e n t p ro 
p e rtie s  v iz . em ission, ex c ita tio n  w av elen g th s , q u a n tu m  yield  an d  p o la riza tio n  
of a so lu tio n  change w ith  increase in  co n c e n tra tio n  of th e  dye. T h ese  changes 
m ay  be  d u e  to  (i) reab so rp tio n  of e m itte d  lig h t (ii) fo rm atio n  of g ro u n d  s ta te  
d im ers a n d  (iii) fo rm a tio n  of exc ited  s ta te  d im ers (excim ers). I f  e ry th ro s in  
in  so lu tio n  ex ists  in  m ore th a n  one fo rm , th e n  w ith  th e  increase in  co n cen tra tio n  
of th e  d y e , th e  possib ility  of dim er fo rm a tio n  increases. Fig. 2(A) co rresp o n d s 
to  cone ~  3.5 X 1 0~6 g/cc for w hich Xex ~  520 n m . F o r th is  case, th e  polariz-

Fig. 2

a tio n  v s  em ission w av elen g th  cu rv e  gives a p eak  a t  Xem ~  564 n m  w hich 
agrees w ith  th e  p rev ious rep o rted  v a lu e  [4] an d  co rresponds to  m o n o m er peak . 
F ig . 2(B ) co rresponds to  cone ~  8 . 7 x l 0 ~ e g/cc fo r w hich Xex ~  520 nm . 
In  th is  case  tw o  p eak s a re  observed  — one a t  ).em ~  564 n m  a n d  th e  o th e r 
a t  Xem ~  588 nm  th u s  show ing th a t  fo r th is  c o n cen tra tio n  b o th  varie ties  
ex is t s im u ltan eo u sly . T h e  m onom er p e a k  is low er (percen tage p o la riza tio n  
~  19.5) w h ereas  th e  d im er peak  is h ig h e r (p ercen tag e  p o la riza tio n  ~  23.5). 
As th e  c o n c e n tra tio n  is increased , th e  d im er fo rm a tio n  increases a n d  th e
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m onom er c o n tr ib u tio n  decreases. T his is o b v io u s from  F ig . 2(C) fo r cone 
~  2 .2 X l 0 - 5 g/cc (Aex~  514 n m ). A v e ry  sm all shoulder is observed  a t  
Xem ~  564 nm , th e  d im er p e a k  a t  }.em ~  588 n m . A t still h ig h er concen
tra t io n s  4 . 4 x l 0 -5 g/cc an d  1 . 4 x l 0 -4 g/cc (F igs. 2 D , E  an d  F ), th e  m onom er 
p e a k  com pletely  d isap p ea rs  an d  th e  full d im er p e a k  is observed. F igs. 2 (E) 
a n d  (F) co rrespond  to  th e  л л *  a n d  пл*  e x c ita tio n  w av eleng ths fo r cone 
~  1 .4 x l 0~4 g/cc show ing  a lm o st sim ilar b e h a v io u r.

T hus th e  p re se n t w ork  in d ica te s  th a t :
i) d im ers are  fo rm ed  w ith  in c reased  c o n c e n tra tio n  of e ry th ro s in  in  so lu tion . 

T he co n c e n tra tio n  correspond ing  to  th e  o n se t o f  d im eriza tion  can  be o b 
ta in e d  even  w ith  a low reso lv ing  pow er in s tru m e n t like S P F  in  te rm s  o f 
th e  sh ifts in  th e  m ax im a o f ex c ita tio n  a n d  em ission w aveleng th .

ii) th e  fo rm a tio n  o f  excim ers s ta r ts  a t a c o n c e n tra tio n  low er th a n  th e  co r
respond ing  co n c e n tra tio n  fo r d im er fo rm a tio n  in  th e  g round  s ta te .

iii) th e  effect o f c o n c e n tra tio n  on  л л * and  п л *  s ta te s  is such  th a t  л л *  s ta te  
decreases in  en e rg y  while th e  energy  o f п л*  s ta te  increases.
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ADDENDUM TO THE “CORRECTION OF ELECTRON 
CAPTURE RATIOS MEASURED BY MULTI-WIRE 

PROPORTIONAL COUNTER” [1]

By

E . Y a t a i

IN S T IT U T E  O F  N U C L E A R  R E S E A R C H  O F  T H E  H U N G A R IA N  A C A D E M Y  O F S C IE N C E S , D E B R E C E N

(Received 28. I. 1977)

The formulas for the calculation of the corrections of multi-wire proportional counters 
published in [1 ] are explained, simplified and corrected.

T he co rrec tions o f th e  m u lti-w ire  p ro p o rtio n a l coun te r ca lcu la ted  b y  us 
o r  b y  using  th e  fo rm u las  given in  [1] w ere used  in  num erous cases in  th e  la s t 
7 y ea rs  (e.g. [2], [3]). T heir use m ade i t  possib le to  increase a c c u ra cy  an d  re 
lia b ility , w hich w as especially  im p o r ta n t in  th e  m easu rem en ts o f th e  M /L  
c a p tu re  ra tio s . T hese co rrections a re  superio r to  th e  sim ilar ca lcu la tio n s [5] 
b a se d  on th e  fo rm u las  o f re a c to r  th e o ry  n o t on ly  because th e y  are  ca lcu la ted  
fo r  th e  a c tu a l sh ap e  o f th e  co u n te r, b u t  because th e  in teg ra tio n s  are  perfo rm ed  
fo r  all necessary  v a riab le s  w ith o u t s im p lifica tion . Such ca lcu la tions a re  needed 
n o w ad ay s  also [4], th ere fo re  th e  p rog ram s h a v e  been re -w ritte n  an d  th e  
ca lcu la tio n s re p e a te d . T he re su lts  agree w ith  th o se  o f p rev ious ca lcu la tions, 
nev erth e less  i t  becam e clear t h a t  1) a b e tte r  ex p la n a tio n  of th e  fo rm ulas of 
[1] is necessary  to  p ro m o te  ap p lica tio n ; 2) in  som e cases th e  fu n c tio n s  of in 
te g ra tio n  can  be sim plified ; 3) som e clerical e rro rs  in  th e  fo rm u las  should  be 
co rrec ted . T hese p rob lem s are so lved  below.

Tw o sections o f  th e  co u n te r a re  given in  F ig . 1 to  clear th e  system  of 
co o rd in a tes  an d  n o ta tio n s  used. T h e  c o u n te r  is g iven  in  cy lindrical coord inates 
(z, r,(p'). T he  d irec tio n  o f th e  ra d ia tio n  (X -ray ) from  a given p o in t of th e  
c o u n te r  is described  b y  spherica l angles <p ch an g in g  from  —я: to  -\-л  in  th e  
p lan e  p e rp en d icu la r to  th e  axis o f  th e  co u n te r z, an d  0  changing  from  0 to  я  
in  th e  p lane d e te rm in ed  by  cp an d  para lle l w ith  z. T h e  values o f  0 ,  in  Fig. 1 
a re  g iven  fo r an tico incidence  trig g erin g .

T he se lf ab so rb tio n  and  em ission of X -ra y s  from  th e  c o u n te r  are  given 
b y  in teg ra ls  o f th e  follow ing ty p e :

1 pZt p r 2 p 2 n  p n  p  71
I  =  —----- I dz r d r dcp' sin 0  d0  d<p/(z, r, 0 , cp) ,

4 я Е  J  Zl J  ri J o  J o  J  —л

w h ich  is va lid  fo r hom ogeneous d is tr ib u tio n  of a c tiv ity  and w hen  th e  escape
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Fig. 1. Multi-wire proportional counter in two sections to explain the notations used

o f seco n d ary  ra d ia tio n  from  th e  g iven  p a r t  of th e  co u n te r can  be neg lec ted . 
D ue to  cy lind rica l sy m m etry , f  is in d ep en d en t o f <p', w hich m akes an a ly tica l 
in te g ra tio n  feasib le fo r th is  co o rd in a te .

Below  we give th e  in te rv a ls  a n d  functions o f  in teg ra tio n .
N o ta tio n s

a =  r cos (f -f- (R f — r2 sin2ç))1/2 ; 

b =  r cos cp — (R \ — r2 sin2 (p)112 ;
an d

A  =  r cos (p +  (R 2 — r2 sin2 <p)112
are  used.

1. Escape from  the central counter is an in teg ra l fo r 0 <C z <C L ; 0 <C r  < . R , 
an d  — n  <T (f <  7i. T he function  f  — exp  (—/.ix) w here  x  has d iffe ren t form s 
fo r th e  th re e  in te rv a ls  o f 0 :

x  =  (L  — z)jcos 0  i f  0 <  tg  0  <  a/(L  — 2) ; 

x  =  o/sin 0  if  a/(L — 2) <  t g  0  <  ajz ;

x  =  2 /1 cos 0 1 i f  a/z <T tg  0  <T 71 .

2. Anticoincidence triggering can  be o b ta in ed  b y  su b trac tio n  from  th e  
ra d ia tio n  u n ab so rb ed  in  th e  cen tra l c o u n te r  [oc exp  ( —px)] th e  one u n ab so rb ed  
b o th  in  th e  c e n tra l and  an tico incidence  co u n te rs  [oc exp (— pty)] i.e. f  =  
=  exp  ( —px) — exp  ( —py). F u n c tio n s  of th e  sam e form  are to  be used  for 
a ll cases below . In te g ra tio n  lim its  fo r  2, r  an d  99  a re  th e  sam e as in  case 1. 
T h e  v a lu e  x =  a/sin  0  is th e  sam e fo r all 0 -s , w hile

y  =  (L  +  l ' -  z)/cos 0  if  a/(L +  Г -  z) <  tg  0  <  A /(L  +  Г -  z) =  D 2 ; 

у  =  ^4/sin 0  if  tg  0  an d  tg  (0  — я /2 ) <  (/' +  z)IA — D3;

У =  (У +  г ) /1 cos 0 1 if  D3 <  tg  (0  — n/2) <  (l' +  z)ja .
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3. Replacement is th e  ra d ia tio n  o rig inated  o u ts id e  th e  c e n tra l coun ter 
h u t  absorbed  in  i t .  W e divide th e  correspond ing  p a r t  o f th e  co u n te r in to  
th re e  p a rts  accord ing  to  th e  fo rm s o f x  and y.

3a. Replacement from  th e  p a r t  o f an tico inc idence  co u n te rs , neigh
b o u rin g  w ith  th e  cen tra l c o u n te r  is an in teg ra l fo r sin \cp\ <  r/R t, because 
ra d ia tio n  e m itted  u n d e r la rger <p does no t e n te r  in to  th e  c e n tra l coun ter. 
R 1 <  r  <  R 3, R 3 be ing  th e  ra d iu s  of th e  c o n ta in e r  an d  0 < / z < / L ; x — 
=  b/sin  0  for all va lues of 0 ,  w hile

y  =  (L — z)jcos 0  i f  b/(L — z) <. tg  0  < / a/(L — z) =  D 2 ;

y  =  al sin 0  i f  D2 < / tg  0  and  D 3 =  a/z tg  (0  — tc/2) ;

y  =  z/|cos 0 |  i f  Л>з tg  (0  — jz/2) <  b/z .

3b. Replacement from  th e  en d s of th e  an tico inc idence  co u n te rs  is an  
in te g ra l for th e  sam e in te rv a ls  o f <p and  r as in  3a, an d  —Í < / 2 < / 0. The in 
te g ra l for L <  2 ;<  L  -|- / is th e  sam e. Beside d iv id in g  th e  in te g ra l fo r 0  in to  
th re e  p a rts , i t  is n ecessary  to  d is tin g u ish  betw een  th e  cases w hen  a/(L  — z) S  
3= b/\z\.

x  =  6/sin 0  ; y  =  (L — 2)/cos 0  if  b/(L — z) <  tg  0  < / a/(L  — 2) an d  b/\z\

x  =  b/sin 0  ; у  =  a /sin  0  i f  a/(L — 2) <C tg  0  <Г 6 /|г | .

W h en  th is  co n d itio n  can n o t be fu lfilled  because a/(L  — z )7> 1°l\z\, th e n  x  =  
=  |z|/cos 0 ;  y  =  (L  — z)/c o s 0  fo r 6/Jg[ <! t g 0  <.' a /(L  — 2). T h e  fu n c tio n s are 
th e  sam e for b o th  cases in  th e  la s t  in te rv a l:

x  =  |2 |/cos 0 ;  у  =  a/sin  0  i f  fc/|«| and  a/(L — 2) <T tg  0  < / а / |г | .

3c. Replacement from  th e  en d  o f  th e  ce n tra l c o u n te r  is in te g ra l for th e  
sam e in te rv a ls  as in  case 1 for r a n d  95, and  as in  case 3b for 2. T h e  in teg ra tio n  
fo r 0  is sep a ra ted  in to  tw o p a r ts :

x  =  |2 |/cos 0 ;  y  =  (L — 2)/cos 0  if  0 < | tg  0  <  aj(L  — 2);

д; =  |2 |/cos 0 ;  у  =  а /sin  0  if  a/(L  — 2) <  tg  0  <  а / |г | .

*

The author is grateful to Prof. D. B e r é n y i , Director of the Institute, for his interest 
in this work.
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ОБ О Ц Е Н К Е  О Б Л А С Т И  Л О К А Л И ЗА Ц И И  ПОЛН О ГО  
У М Н О Ж Е Н И Я  П Р И  Л А В И Н Н О М  П Р О Б О Е  

Г Е Т Е Р О П Е Р Е Х О Д О В

К. М. ДАТИЕВ
ИНСТИТУТ ЭКСПЕРИМЕНТАЛЬНОЙ ФИЗИКИ, УНИВЕРСИТЕТ ИМ. АТТИЛА ЙОЖЕФА,

СЕГЕД, ВЕНГРИЯ*

(Поступило 1. II. 1977)

Рассматриваются методы экспериментальной оценки области локализации полного 
умножения при лавинном пробое гетеропереходов, основанных на использовании тем
пературного коэффициента напряжения лавинного пробоя и чувствительности слоя 
умножения d<PJdÙ.

Получены теоретические зависимости dtfrJdU от напряжения лавинного пробоя для 
любых гетеропереходов, в которых полное умножение сосредоточено в германиевой части 
запирающего слоя. Проводится экспериментальная проверка предлагаемых методик и 
сравнение полученных результатов с теорией.

Введение

Одним из новых перспективных направлений в развитии полупровод
никовой электроники в последнее десятилетие является исследование 
гетеропереходов — контактов двух различных по химическому составу 
полупроводников, образованных в одном монокристалле. Интерес к гетеро
переходам основывается на результатах теоретического анализа в соответ
ствии с которыми гетеропереходы должны быть перспективны как для 
улучшения параметров существующих полупроводниковых приборов, так 
и для создания принципиально новых приборов.

Известно, что большие перспективы в направлении значительного по
вышения к. п. д. лавинно-пролетного диода (ЛПД), а следовательно, и мощ
ности, отдаваемой в нагрузку генератором на ЛПД, открывает идея использо
вания двухслойной структуры запирающего слоя, сотоящей из двух слоев с 
резко отличающимися значениями пробивных напряженностей электри
ческого поля. Применение двухслойной структуры запирающего слоя, в 
частности, гетероперехода в ЛПД позволяет сосредоточить слой ударной 
ионизации в материале с узкой запрещенной зоной (с малой пробивной на
пряженностью электрического поля), а область пролета носителей — в широ
козонном материале (с большой пробивной напряженностью электрического 
поля).

* Постоянное место работы: Факультет Электронной Техники, Северо-Кавказский 
Политехнический Институт, г. Орджоникидзе (СССР).

A cta  P hysica  A cadem iae  S c ien tia ru m  H ungaricae 42 , 1977



190 К. М. ДАТИЕВ

Таким образом, одним из важных моментов при создании ЛПД на основе 
гетероперехода является выяснение вопроса о локализации полного умно
жения в области объемного заряда гетероперехода.

Настоящая работа посвящена разработке методики экспериментальной 
оценки области локализации полного умножения при лавинном пробое 
гетеропереходов, в частности, гетеропереходов на основе германий-арсенид 
галлия. Теоретические оценки области локализации полного умножения при 
лавинном пробое гетеропереходов были рассмотрены в работах [1, 2].

Результаты исследований

Для оценки области локализации полного умножения в одной из час
тей запирающего слоя гетероперехода предлагается использовать два метода, 
сущность которых заключается в следующем:

1. проводится измерение температурного коэффициента напряжения 
(ТКН) пробоя гетероперехода и сравнение его с известными ТКН пробоя 
гомопереходов, изготовленных из этих же материалов;

2. проводится измерение чувствительности слоя умножения (<1Фп1<Ш) 
гетероперехода и сравнение его с теоретическим значением этой же величины 
для гомопереходов.

Как известно, температурная зависимость напряжения пробоя р —п 
переходов описывается выражением

U np. ( T ) = U np( T 0) [ l  +  ß ( T - T 0) ] ,  (1)

где ß — температурный коэффициент напряжения пробоя, знак и величина 
которого характеризуют как механизм пробоя, так и материал из которого 
изготовлен р —п переход.

Для р —п переходов, изготовленных из германия, кремния и арсенида 
галлия температурные коэффициенты напряжения пробоя известны и лежат 
в пределах (0,7—1,5) • 10_3 град.-1 Измеряя температурные коэффициенты 
напряжения лавинного пробоя гетеропереходов и сравнивая их с извест
ными ТКН пробоя гомопереходов, изготовленных из этих же материалов, 
можно сделать заключение о локализации полного умножения в одной из 
областей запирающего слоя гетероперехода. Экспериментальные исследова
ния были проведены на ряде образцов гетеропереходов на основе Ge—GaAs в 
диапазоне температур 200—400 К-

Методика изготовления экспериментальных образцов гетеропереходов 
германий-арсенид галлия была описана ранее [5].

Анализ результатов для нескольких образцов гетеродиодов, предста
вленных в Таблице I, показывает, что у ряда приборов ТКН лавинного про-
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Таблица I

№ о б р а з ц а ß• 103, град-1 *8. [1, 2] unp„ в П р и м е ч а н и е

A-325 0,9 0,9 23 í Полное умножение 
преобладает в Ge

A-328 0,9 0,9 2 2 -части запирающего 
слоя

A-412 1,4 0 ,1 27,5 . . .  GaAs . . .
A-415 0,78 0,95 26,5 . . .  Ge . . .
A-512 1 ,6 0,05 29,3 . . .  GaAs . . .
A-553 0,9 0,9 2 2 . . .  Ge . . .
A-654 0 ,8 6 0,95 105 . . .  Ge . . .
A-659 0,9 0,95 96 ..  .1 Ge . . .
A-662 0,89 0,95 1 2 2 . . .  Ge . . .

боя лежит в пределах (0,9—0,7) 10_3 град.-1, характерных для германиевых 
р — п  переходов. Однако, вследствии того, что образцы имели гетероструктуру 
Ge—GaAs, то можно сделать вывод о локализации полного умножения в 
германиевой части запирающего слоя. Такой вывод подтверждается теорети
ческим расчетом доли полного умножения, приходящейся на германиевую 
часть (Фае) запирающего слоя гетероперехода Ge—GaAs и составляющей 
величину больше 0,9. Значения доли полного умножения в германиевой 
области запирающего слоя по данным о профиле распределения концентра
ции атомов примесей, полученным из вольтфарадных характеристик, опре
делялись по результатам работ [1,2]. Для гетеродиодов сТКН лавинного про
боя больше 1,4 • 10~3 град.-1 доля полного умножения в германиевой части 
запирающего слоя составляет величину меньше 0,1 и, следовательно, ударная 
ионизация происходит в арсенид-галлиевой части запирающего слоя. При 
промежуточных значениях ТКН лавинного пробоя, очевидно, ударная ио
низация будет происходить в обеих частях запирающего слоя.

Таким образом, по величине ТКН лавинного пробоя гетероперехода 
Ge—GaAs (а равно и любого другого) можно экспериментально оценить 
область локализации полного умножения в двухслойной структуре запи
рающего слоя.

Локализацию полного умножения в одной из частей запирающего слоя 
гетероперехода можно определить также при сопоставлении эксперимен
тально измеренной чувствительности слоя умножения d0JdU  с теорети
ческим значением этой же величины для гомопереходов, изготовленных из 
этих же материалов. Для этого производится теоретический расчет чувстви
тельности слоя умножения для германиевых p —i—n и резкого р —п перехо
дов, т. к. экспериментальные образцы гетеродиодов имели структуру типов: 
pGe—(п—ra+)GaAs (с линейным распределением электрического поля в гер
маниевой части запирающего слоя) и (р+—р) Ge—(га—ге+)GaAs (с относи
тельно однородным распределением электрического поля в германиевой 
части запирающего слоя) [2].
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Как известно, чувствительность слоя умножения по напряжению 
d0JdU  представляет собой отношение приращения полного умножения Фп к 
однородному изменению напряжения, действующего на запирающем слое 
р—п перехода, а полное умножение равно

Ф П =  J* c c { x ) d x , (2)

где а(я) — усредненный в соответствии с [3] коэффициент ударной иониза
ции носителей; w — толщина запирающего слоя р —п перехода.

Для расчета Фп и d0JdU  германиевых р —п переходов была использо
вана экстраполяционная зависимость коэффициента ударной ионизации от 
напряженности электрического поля в виде [3]

х(Е) =  АЕп, (3)

где А =  1023 в~п см"-1, п =  5,45.
Для p —i—n структуры распределение электрического поля в области 

объемного заряда достаточно однородное и, поскольку

Unp. — Егр ô ,

ф п ( и пР.)  =  J o  x(E nP)dx = 1,
то

Ф п  =

d 0 n

U
и,пР.

d u и

(4)

(5)

(6) 

(7)
пр,

где Епр — напряженность электрического поля при пробое;
Unp — напряжение лавинного пробоя; 
ô — толщина i-слоя;
U — напряжение, при котором полное умножение равно данному 

значению Ф„.

Для резкого р —п перехода распределение электрического поля в 
области объемного заряда имеет вид

X

тогда

Е(х) = Ет \ 1 - -

0 n =  A E " j f Q( l - y ) d y .

(8)

(9)
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Учитывая далее связь между напряженностью электрического поля и 
напряжением dU =  <5 • dE окончательно получим

Фп =
U Itt-1

-----  2 ,
u j

d<Pn п -f 1 1
dU ~  2 ' Unp ‘

( 10)

( 11)

Экспериментальные значения чувствительности слоя умножения по 
напряжению для ряда образцов гетеродиодов Ge—GaAs, измеренные по 
методу умножения теплового тока [3, 4] приведены на рисунке. Там же на
несены теоретические значения d0njdU согласно выражениям (7) и (11).

Анализ полученных результатов показывает, что экспериментальные 
значения чувствительности слоя умножения некоторых гетеродиодов (А-615, 
А-415, А-325 и др.) близки к аналогичным расчетным величинам германиевых 
переходов, что является подтверждением сосредоточения полного умножения 
в германиевой части запирающего слоя гетеропереходов. Сравнение этих 
данных с результатами полученными по первому методу оценки локализации 
полного умножения в одной из частей запирающего слоя, показывает доста
точно хорошее совпадение результатов обеих методов. Для ряда гетеродиодов 
(А-642, А-638, А-412, А-512) значения d0nldU сильно отличаются от соответ
ствующих теоретических значений для германиевых р —п переходов, что,, 
очевидно, связано с локализацией полного умножения в арсенид-галлиевой 
части запирающего слоя. Аналогичный вывод следует и из температурных 
измерений.

Рис. 7. Теоретические зависимости чувствительности слоя умножения для германиевых 
резкого р —п (а) и p —i—n переходов (б) (сплошные линии) и экспериментальные значения

d 0 n/dU  гетеропереходов Ge—GaAs
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Выводы

1. Предложены два метода, позволяющие оценить область локализации 
полного умножения при лавинном пробое двухслойных запирающих струк
тур.

2. Получены теоретические зависимости чувствительности слоя умно
жения от напряжения лавинного пробоя для любых гетеропереходов, в 
которых полное умножение сосредоточено в германиевой части запирающего 
слоя.

3. Экспериментальная проверка предложенных методик оценки об
ласти локализации полного умножения в двухслойных запирающих струк
турах находится в достаточно хорошем, для целей практического использо
вания, соответствии с результатами теории.
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EFFECTS OF IMPURITIES AND TENSILE LOADS 
ON ELECTRICAL RESISTIVITY BEHAVIOUR 

OF COPPER DEFORMED BY TORSION

By

G. A. H a s s a n

M E T A L  P H Y S IC S  L A B O R A T O R Y , N A T IO N A L  R E S E A R C H  C E N T E R , C A IR O , E G Y P T

(Received 8 . II. 1977)

Changes in the tensile strain and electrical resistivity associated with torsional deform
ation of copper of varying degrees of purity were investigated at room temperature. The 
results indicate that the application of tensile loads during torsional deformation of copper 
increases the tensile strain and decreases the relative changes in electrical resistivity. It was 
found also that the impurity content of the copper samples affects the shape of the graph of 
resistivity-strain. The results are explained in terms of the possible interactions of impurities 
with lattice defects.

In tro d u c tio n

D uring  th e  p a s t te n  y ea rs  m uch  a tte n tio n  has been  d irec ted  to  in v es tig a te  
th e  e lec trical re s is tiv ity  changes in  m e ta ls  d u rin g  s im u ltan eo u s  to rsiona l- 
ten s ile  d e fo rm atio n  [1—9]. M ost o f th e m  h av e  been  ca rried  o u t on high 
p u r i ty  m e ta ls  an d  a t  v e ry  low  te m p e ra tu re s . F o r th e  lack  o f th e  d a ta , th e  
p re s e n t  w ork  aim s a t  s tu d y in g  e lec trica l re s is tiv ity  changes in  co p p e r of 
•variable p u r i ty  an d  a t  room  te m p e ra tu re .

E xperim en ta l

Copper of various p u ritie s  (99 .96%  and  99.88% ) a n d  spec p u re  copper 
w ere  used. T he chem ical an a ly sis  of th e  copper sam ples is given in  T ab le  I.

Table I

Chemical analysis of copper samples

P u r i ty  w t.
%

99.96

A naly sis

As
0.00075

Bi
0.0002

Fe
0.001 R e s t  m a y  be  oxygen

p
0.0081

99.88 Fe
< 0 . 1 0

Ni
< 0 . 1 0

s
0 . 0 0 2

Si
0 .0 0 1

Pb
0 .0 0 1

Mg
0.0005

Ca
0 .0 0 0 0 1

0 2

400
P.P.M.
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W ire sam ples o f 0.50 m m  in  d ia m e te r  an d  of 150 m m  long w ere f i r s t  
an n ea led  in  a v acu u m  o f 1 0 ~5 m m  H g  a t  th e  fo llow ing te m p e ra tu re s  an d  
tim e s :

Spec p u re  co p p er: 460 °C, 4 hours 

99 .96%  p u re  Cu: 900 °C, 4 hours 

99 .88%  p u re  Cu: 500 °C, 5 hours.

T he an n ea led  w ire sam ples w ere su b jec ted  to  tw is tin g  u n d e r  vario u s 
ap p lied  ten sile  load s u p  to  f ra c tu re . T he level o f ap p lied  lo a d s  d id  n o t exceed 
even  o n e-th ird  o f  th e  y ie ld  lo ad  o f th e  fu lly  an n ea led  sam p les . T h e  e lec trical 
re s is tan ce  w as m easu red  a t  ro o m  te m p e ra tu re . T h e  o th e r ex p e rim en ta l d e ta ils  
w ere described  in  p rev ious p u b lic a tio n s  [10, 11]. In  th e  p re se n t in v es tig a tio n  
N , L 0, D , g0, A L , an d  A g a re  th e  n u m b e r o f tu rn s  o f tw is t ,  in itia l len g th  of 
th e  sam ple, d iam e te r  o f th e  sam p le , e lec trica l re s is tiv ity  o f an n ea led  sam ples, 
change in  sam ples len g th  a n d  ch an g e  in  re s is tiv ity , re sp ec tiv e ly .

R esults

Figs 1, 2 a n d  3 show  th e  re la tiv e  changes in  ten s ile  s tra in  A L/L0 in  
com p ariso n  to  e lec trical re s is tiv ity  changes A q/ q0 accom pany ing  to rs io n a l 
sh ea r s tra in  N D /L 0 a t  v a rio u s  ap p lied  ten s ile  loads, for p u re  copper an d  copper 
o f  p u r ity  99 .96%  an d  99 .88% , resp ec tiv e ly . F ro m  th ese  F ig u res  i t  is clear th a t :
1. T he h ighest app lied  ten s ile  lo a d  p roduces, in  general, th e  la rg es t changes 

in  tensile  s tra in  an d  th e  sm a lle s t changes in  A q/ q0 a t  a g iven  N D /L 0;
2. T he tensile  s tra in  increases w ith  to rs io n a l sh ea r s tra in  an d  applied  loads;
3. T he shape o f th e  g rap h s o f  A q/ q0 versus N D /L 0 depends on th e  p u r ity  o f  

th e  copper used :
(a) th e  increase  o f A q/ q0 o f spec  p u re  copper proceeds in  tw o  su b seq u en t 

stages (F ig . 1). A q/ q0 in c reases  in itia lly  a t  a re la tiv e ly  ra p id  ra te  an d  th e n  
a t  a m uch  slow er r a te  a t  h ig h  values o f  N D /L 0. T he f i r s t  s tage  ap p ears  
to  depend  on th e  m a g n itu d e  o f app lied  loads. F u rth e rm o re , Fig. 1 c learly  
in d ica tes  t h a t  A q/ q0 o f p u re  copper is h ig h ly  sensitive  to  sm all changes 
in  th e  m ag n itu d e  o f ap p lied  loads.

(b) F ro m  F ig . 2 i t  is c lear t h a t  th e  increase in  A q/ q0 o f 99 .96%  p u re  copper 
occurred  in  th ree  d is tin g u ish ab le  stages. T he A q/ q0 changes of th e  p resen t 
copper are  r a th e r  s im ila r to  t h a t  show n b y  p u re  co p p er (F ig . 1), b u t  a t  
large s tra in s  fu r th e r  in c rease  ap p ears  a t  th e  v a rious app lied  loads used . 
I t  is in te re s tin g  to  n o te  t h a t  th e  shape of th e  g rap h  A q/ q0 versus N D /L 0
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EFFECTS OF IMPURITIES AND TENSILE LOADS 197

fo r  9 9 .9 8 %  p u re  copper (F ig . 2) o b ta in ed  b y  u n id irec tio n a l to rs io n a l 
d e fo rm atio n  is s im ila r to  t h a t  rep o rted  b y  P o l a k  [12 ] fo r 9 9 .9 9 %  p u re  
co p p er cyclically  deform ed in  to rsion  a t  ro o m  te m p e ra tu re .

F ig .  1. R elationship betw een tensile stra in  4L /L 0; z1o/o0 and  torsional shear stra in  iVD/L0 
for pure copper a t  various applied loads

(c) F ig . 3 in d ic a te s  t h a t  A q/ q0 o f  99 .88%  p u re  copper increases a lm ost 
lin e a rly  w ith  N D /L 0 a t  ten sile  load s 300, 500, an d  700 gm s. A t th e  h ighest 
lo a d  used  (800 gm s) A q/ q0 a t  f i r s t  increases an d  a tta in s  a v a lu e  o f 2 .8 %  
a t  N D /L 0 — 0 .27 th e n  d rops to  a v a lue  o f 1 .5 %  w ith  a fu r th e r  increase 
o f  N D /L 0 fo llow ed by  an in c rease  up  to  2 .5 %  a t  s till h ig h er values of 
N D /L 0 ( =  0.44). I t  m ay  be  n o te d  th a t  A q/ q0 changes o f 99 .88%  pure  
c o p p e r e x h ib it low er sen s itiv ity  to  changes in  th e  level o f app lied  loads 
a s  com pared  to  p u re  copper.
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ND/L0
Fig. 2. Relationship between tensile strain ALIL0; AqIq0 and torsional shear strain NDIL0 

for 99.96% pure copper at various applied loads

D iscussion

T he p resen t re su lts  revealed  t h a t  a given to rs io n a l s tra in , N D /L 0, an  
in c rea se  in  tensile  s tra in  and a re la tiv e  decrease in  e lectrical re s is tiv ity  ta k e  
p la c e  w ith  th e  in c rea se  of m ag n itu d e  o f  app lied  loads. S im ilar b e h a v io u r w as 
n o te d  for a lu m in iu m  [10, 11] and  th e  re su lts  w ere ex p la ined  in  te rm s  o f stress- 
d e p e n d e n t d y n am ic  recovery  processes.

A n a lte rn a tiv e  in te rp re ta tio n  is t h a t  im p u ritie s  are ac ting  as d islocation  
p in n in g  po in ts  an d  an  increase in  th e  n u m b er of p in n in g  w ould  te n d  to  yield 
a la rg e r  d islocation  d en sity  and  th u s  a h igher re s is tiv ity  increase fo r  a given 
s t r a in  [13]. The A q/ q0 o f  pure  copper show ed h igher sen s itiv ity  to  sm all changes 
in  th e  m ag n itu d e  o f  applied  loads w hich  m ig h t suggests t h a t  d islocation  
p in n in g  in  th is  m a te r ia l is re la tiv e ly  w eak . T hus d islocation  seg m en ts  th a t
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ND/L„
Fig. 3. Relationship between tensile strain /IL/L0; z1p/p0 and torsional shear strain NDIL0 

for 99.88% pure copper at various applied loads

w ere loosly  p in n ed  could be easily  d e tach ed  fro m  th e ir  p inn ing  p o in ts  by  th e  
aid  o f s ligh tly  ap p lied  m echan ical stress.

T he shape o f th e  graph  (F ig . 1) w hich re la te s  A q/ q0 of p u re  copper w ith  
N D /L 0 suggests t h a t  during d e fo rm atio n  tw o  processes occurred  w hich  were 
responsib le  fo r th e  observed in c rea se  in A q/ q0. T he  firs t p rocess m a y  be th e  
co n tin u ed  gen era tio n  of d islocations and  p o in t d efec ts  w ith  in c reas in g  deform 
a tio n . T he second is believed to  b e  connected  w ith  the  m u tu a l in te ra c tio n  
an d  an n ih ila tio n  o f dislocations a n d  p o in t d efec ts . A lthough th e  f i r s t  process 
p red o m in a ted , th e  second one b eg a n  to  p re d o m in a te  and h av e  a s ign ifican t 
in fluence  a fte r  a ce rta in  am o u n t o f  N D /L0 th u s  producing  th e  decrease  a t  th e  
ra te  a t  w hich A q/ q0 increased [14].

In  case of 99 .96%  pure  co p p er th e  sh ap e  o f re s is tiv ity -s tra in  curves 
(F ig . 2) m ig h t suggests  th a t  th re e  processes a p p e a r  in  succession. D ue to  th e  
p resence of im p u ritie s  (P  and As are  th e  m ajo r e lem en ts  in 99 .96%  p u re  copper), 
i t  is like ly  th a t  vacancies c rea ted  b y  d e fo rm atio n  are p resen t in  association  
w ith  so lu te  im p u r ity  atom s. D islocations are  fav o u red  sites fo r  th e  solute- 
v a c a n c y  pairs . T he f ir s t  increase in  A q/ q0 is p o ss ib ly  due to  th e  p in n in g  of dis-
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lo ca tio n s  b y  th e  m ig ra tin g  so lu te -v acan cy  pairs . B u t  as th e  la t te r  agg rega tes 
in to  few er c lu sters , d islocation  segm en ts w ould se t free  to  in te ra c t. T h e  con
se q u e n t increase (second stage) is p ro b a b ly  due  to  th e  en h an cem en t o f  re 
reco v ery  b y  som e re a rra n g em e n t a n d  an n ih ila tio n  o f  d islocations. T h e  fu r th e r  
in crease  in  A q/ q0 ( th ird  stage) m a y  be acco u n ted  fo r  b y  th e  v iew  [15] th a t  
th e  m ovem en t o f d isloca tions d u rin g  d efo rm atio n  cou ld  resu lt in  th e  dissoci
a tio n  o f so lu te -v acan cy  clusters. T he d issociated  c lu s te rs  would form  a n  a tm o 
sp h ere  on th e  d isloca tions and  im p ed e  th e ir  m o tio n .

T he e lec trical re s is tiv ity  changes show n in  F ig . 3 revealed  t h a t  a t  th e  
h ig h es t load  used  (800 gm s) A q/ q0 decreases to  a m in im u m  and th e n  increases 
w ith  an  increase in  defo rm ation . T h is pecu lia r b e h a v io u r  of 99.88%  p u re  cop
p e r m ay  be co nnec ted  w ith  th e  ty p e  o f  im p u ritie s  p re se n t (iron a n d  nickel 
a re  th e  m a jo r e lem en ts  in  th is  g rade  o f  copper).

T he effects on  th e  electrical re s is tiv ity  o f  co p p e r due to  th e  p resence 
o f  v a rious im p u ritie s  h a v e  been rev iew ed  b y  G r e g o r y  e t al. [16]. I t  ap p ears  
t h a t  iron  has m uch  m ore  effect on th e  e lec trical re s is tiv ity  of co p p er. Cold 
w ork ing  of com m ercia lly  pure co p p er (iron  is p re s e n t as a m a jo r im p u rity )  
accelera tes th e  d ecom position  w hich th e  solid so lu tio n  undergoes. I t  seem s 
reasonab le  [17—20] to  re la te  th e  decrease an d  th e  subsequen t in c rease  in 
A qIq to  th e  processes o f im p u rity  (iron) p re c ip ita tio n .
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UNSTEADY FLOW OF A RIVLIN-ERICKSEN 
LIQUID IN A ROTATING CHANNEL
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The unsteady flow of a Rivlin—Ericksen liquid in a parallel plate channel rotating 
with an angular velocity Q is analysed. An exact solution of the governing equations is 
obtained. The solution in the dimensionless form contains two parameters: the elastic
number Ba — ■—f- and К 2 = ---— which is the reciprocal of the Ekman number. The effects

” . . .of these parameters on the velocity distributions are studied.

1. Introduction

In  th e  p re sen t p a p e r  we consider th e  u n s te a d y  flow  o f a R iv lin —E ricksen  
liq u id , confined  betw een  tw o  para lle l in fin ite  walls, ro ta tin g  w ith  a un ifo rm  
an g u la r v e lo c ity  Q ab o u t an  ax is p e rp en d icu la r to  th e ir  p lanes. E x a c t so lu tions 
o f th e  governing eq u a tio n s  are  ob ta in ed  in  closed form . T here  are  tw o  p a ra 
m eters  invo lved , v iz. th e  e lastic  nu m b er, ß 0 =  Ф2/(?го an d  К.г — Qz^jv w hich 
is th e  rec ip rocal o f th e  E k m a n  nu m b er. V elocity  profiles fo r sm all an d  large 
va lu es  o f th e  p a ra m e te r  K 2 h av e  been d raw n . I t  is observed  th a t  th e  velo c ity  
d is tr ib u tio n  in  th e  d irec tion  o f th e  p ressu re  g rad ien t fo r sm all va lues o f K 2 
is n ea rly  parabo lic  w ith  i ts  m ax im um  o ccu rrin g  a t th e  cen tre . The m ax im um  
o f th is  ve lo c ity  sh ifts to w ard s  th e  walls fo r la rge  K 2. O n th e  o th e r h a n d  th e  
v e lo c ity  o f th e  secondary  flow  alw ays decreases as K 2 increases and  fo r la rge  
K 2 th is  d is tr ib u tio n  is o sc illa to ry . T he osc illa tions cause reversa l o f th is  ve lo 
c ity  n e a r  th e  axis of th e  channels. R ecen tly  D u b e  a n d  S h a r m a  [1] have  
an a ly sed  a sim ilar p rob lem  fo r a d u s ty  v iscous liqu id .

2. Basic equations and their solution

W e choose a ca rte s ian  sy stem  such  th a t  th e  2-axis is p e rp en d icu la r to  th e  
p la te s , 2 =  i z 0. T he я -ax is is in  th e  d irec tio n  o f th e  c o n s ta n t p ressu re  g rad ien t. 
F o r  s im p lic ity  th e  an g u la r ve lo c ity  Q  is ta k e n  to  be p a ra lle l to  th e  2-axis. 
Since th e  p la te s  are  in fin ite  in  th e  x  an d  y -d irec tio n s, th e  fie lds set u p  fo r th e
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u n s te a d y  s ta te  w ill depend  o n ly  on z and  t. T h e  velocity  v ec to r v  m ay  re a so n 
a b ly  be assum ed  as

V =  (и , V, 0) . (2.1)

T h e  equations o f  m o tio n  of a R iv lin —E ricksen  liq u id  in  th e  p resen t case th e n  
red u ce  to

^ - 2  ß n  =  
dt

—  +  2 Qu =
dt

о =

1

Q dx  

1 dp

e  3 у  

4- (2B 4- v)

Op + ^ + ß  8
dz2

д2и
dt \ dz2

d2v
dz2 dt dz2 

f 0 f (9u)2 /Я,, 1

(2 .2)

(2.3)

(2.4)

w h ere  Q is th e  a n g u la r  ve lo c ity  o f  th e  system  (consisting  o f th e  p la tes an d  th e  
liq u id )  para lle l to  th e  z-axis re fe rred  to  a fix ed  in e rtia l fram e  and  p  =  p '  — 
— qI2 \Q k x r \2, p '  deno ting  th e  liqu id  p ressu re , r  d en o tin g  th e  p o sitio n  
v e c to r  from  th e  z-axis, a =  Фр'р, ß — Ф2/р an d  у — Ф3/р are  th e  k in em a tica l 
coefficien ts o f v isco sity , v isco -e lastic ity  an d  cross-v iscosity , re spec tive ly , к is 
th e  u n it v ec to r a lo n g  th e  z-axis.

E qs. (2.2) a n d  (2.3) d e te rm in e  th e  velocities u(z, t) an d  v(z, t), w h ich  
sho w  th a t  th e  coeffic ien t o f cross-v iscosity  does n o t affect th em , as in  all 
tw o-d im ensiona l flow s, b u t m odifies th e  p ressu re  field . E q . (2.4) gives th e  
v a r ia tio n  o f th e  pressure  fie ld  a long  th e  z-axis, w hich will n o t be d iscussed  
fu r th e r  in  th e  p re se n t in v es tig a tio n .

We now  assum e th a t  th e  sy stem  is a t  re s t in itia lly  an d  th e  liq u id  flow s 
u n d e r  th e  ac tio n  o f  a c o n s ta n t p ressu re  g rad ien t in  th e  d irec tio n  of th e  x -ax is 
b e tw een  th e  p a ra lle l p la tes, z =  ^ z 0. The b o u n d a ry  cond itions to  be sa tis fied  
a re

i = 0 : n  =  0 V 2  e [—z0, z0] , 

t >  0 : u = 0 ,  n =  0 a t  z =  + z 0 .
(2.5)

We now  m ak e  E qs. (2.2) an d  (2.3) d im ensionless b y  in tro d u c in g  th e  
follow ing non-d im ensional q u a n titie s :

_  X Z u z 0 _ v z 0
X  =  —  , Z =  --- , U =  ----- , V -

z o Z0 V V

p zl
P ~  o ' . K 2 = ° zi ,  f t = 4 ’ t vt

QVZ V z 2 Zo

A fter d ro p p in g  th e  b a rs , E q s. (2.2) an d  (2.3) becom e

^  +  2 iK 2q =  c +  
c t

3 ! l  , о ±  [ 9^1]
9z2 P° öt dz2 ,

( 2 .6)
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w here
dp
dx

c (co n s tan t)  for t >• 0 a n d  q =  и  -f- iv .

T he b o u n d a ry  cond itions th e n  red u ce  to

t =  0 : q =  0 V z e [—1, 1] , 

t >  0 : q =  0 a t  z =  + 1  .

W e define th e  L ap lace  tran sfo rm  o f q b y  q such  th a t

q =  Г e~slq d t .
Jo

T h e  so lu tion  of (2.6) in  te rm s of (2.8) [using (2.7)] is

c [ 7 cosh pz
9 ~  s(s +  2 iX 2)

w h ere  p 2( l  — ß0s) =  (s - f  2 ifc2).
O n inversion  we get

t1- cos h

4 =
ic

2 K 2
cosh(K z  — iK z )
cosh (K  -f- iK )

— 1 +

4c ”  ( — l ) ',e_0'ii(cos bnt — i sin  bnt I 2n 1_j------- X 1 i--------L--------—----- 2— - —:---- —  cos I------------- nz
71 n=0

w here

(2n -f- 1) 

(2л +  1)2я 2

(2 л  +  1)2я 2
ßo

b„ =
8 К 2

(2 n  +  l f n 2ß0 +  4 ” (2 n +  l ) W ß 0 +  4

S e p a ra tin g  rea l a n d  im ag in a ry  p a r ts ,  we get

1

(2.7)

(2.8)

(2.9)

и
с 2 К 2

sin  K (1  — z) sinh K (1  z) +  sin  K (  1 +  z) sin  h K (1  — z) 
cos h 2 К  cos 2 К

+

4( — l ) ne _a" 'cos (brt) 
n  (2л -)- l ) [u  -f- (2л. -)- 1)27i2/90]
4 ~

+ -2
2n - f  1 c o s -------------nz

V

c 2 K 2
cosh K (1 +  z) cos K ( 1 — z) +  cosfc K (  1 — z) cos K (  1 +  z) 

co sh 2 K  cos 2 К

и “  4 (— l ) ne~ a,‘f sin (bnt) ( 2n -)- 1------ X  --------- i - ---- ----------------------------- I c o s -------------nz
n  n=o (2л 1)[4 -f- (2л 1 )2n2ß0

- 1
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3. D iscussion

T he velocity  p ro files are show n in  F igs. 1 to  3 w hen  t =  1. F ig . 1 show s 
th e  velo c ity  p ro files in  th e  d irec tio n  o f th e  p ressu re  g ra d ie n t. F o r sm all va lu es  
o f  K 2, th e  profiles a re  n early  p a rab o lic , th e  m a x im u m  o f w hich occurs a t  th e  
c e n tre . As we in c re a se  K 2, th e  m a x im u m  no lo n g e r occurs a t  th e  c e n tre  b u t  
is sh if te d  to w ard s th e  walls and  fo r  la rg e  K 2, th e  o sc illa to ry  c h a ra c te r  o f th e

flo w  is clearly  e v id e n t from  th is  F ig u re . The oscillations cause rev ersa l o f th e  
v e lo c ity  near th e  ax is  o f th e  channe l. W e th u s  observe an  in te re s tin g  s itu a tio n  
in  w hich  the  C oriolis forces conspire  to  p roduce  a flow  s itu a tio n  a g a in s t th e  
p re ssu re  g rad ien t.

F igs. 2 a n d  3 show  th e  v e lo c ity  o f th e  secondary  flow . T hese F ig u res  
e x h ib it  th a t  th is  v e lo c ity  alw ays decreases as we increase  K 2. F o r la rg e  K 2, 
th e  profiles are o sc illa to ry , th e re b y  co u n tin g  th e  possib ility  of flow  rev e rsa l 
in  th e  y -d irec tion .

F rom  th e  F ig u re s  we also ob serv e  t h a t  th e  e lastic  p a ra m e te r  decreases 
th e  speed  of flo w .
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IN V E S T IG A T IO N  O F T H E  20N e (d ,p )21N e  R E A C T IO N  
A T  L O W  B O M B A R D IN G  E N E R G I E S

By

A. Y a l e k

IN S T IT U T E  O F  N U C L E A R  R E S E A R C H  O F  T H E  H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S , D E B R E C E N

(Received 22. II. 1977)

The reaction 20Ne(d, p)21Ne was studied in the deuteron energy range 0.5—0.66 MeV. 
Excitation functions and angular distributions of the proton groups p 0, p v p., and p i were 
measured. DWBA calculations reproduced the averaged angular distributions of the proton 
groups p, and p4, indicating the presence of direct processes at low bombarding energies.

1. In tro d u c tio n

A n g u la r d is tr ib u tio n s  and  e x c ita tio n  fu n c tio n s o f  d ifferen t p ro to n  groups 
from  th e  20N e(d, p)21N e reac tion  h a v e  been s tu d ie d  in  th e  d eu te ro n  energy 
ran g e  0.75 — 3.2 MeV [1 — 6] and  7.8 —16.4 MeV [7 — 9]. The a n g u la r  d is trib 
u tio n s  d isp lay ing  s tr ip p in g  p a tte rn s  w ere an a lysed  in  te rm s o f th e  B u t l e r  
[2, 3, 5, 7] and  D W B A  [4, 8, 9] th eo rie s . A t low  b o m b ard in g  energ ies th e  ex
c ita tio n  fu n c tio n s o f th e  p ro to n  g roups lead ing  to  th e  th re e  low est-ly ing  s ta tes 
of 21N e show ed f lu c tu a tio n s , in d ic a tin g  th a t  com pound-nucleus processes 
p la y  an  im p o r ta n t ro le  in  these  tra n s itio n s  [1, 6 ].

In  th e  p resen t ex p e rim en t th e  ex c ita tio n  fu n c tio n s  and  a n g u la r  d is tr ib u 
tio n s o f  th e  p ro to n  g roups p 0 (E x =  0 MeV), p x (0.35 MeV), p 2 (1.75 MeV) 
an d  th e  un reso lved  p 3 +  p i (2.79 an d  2.80 MeV) h a v e  been s tu d ie d  in  th e  
0.5 — 0.66 MeV d e u te ro n  energy in te rv a l. A D W B A  analysis h as  been  p er
form ed to  in v es tig a te  th e  im p o rtan ce  o f th e  d ire c t reac tio n  m echan ism  a t 
th e  p ro to n  groups p r a n d  p 4. The 20N e(d , p)21Ne re a c tio n  h ad  no t b een  in v estig 
a ted  a t  E d <  0.7 MeV prev iously .

2. E xp erim en ta l ap p a ra tu s  and  m ethod

D eu te ro n s  w ere acce lera ted  b y  th e  C ockroft—W alto n  g en e ra to r  o f th e  
In s t i tu te  o f  N uclear R esea rch , D ebrecen . A fte r passin g  a 90° m agnetic  analyser 
an d  co llim atin g  sy stem , th e  ion  b eam  crossed a th in -w a lled  gas ta rg e t  cell 
m o u n ted  in  th e  cen tre  o f  th e  reac tio n  ch am b er an d  w as collected in  a F a ra d a y  
cup. T he en erg y  of th e  b e a m  was m o n ito red  in  th e  f ie ld  o f  th e  ana ly sin g  m agnet
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b y  a N M R probe ca lib ra ted  w ith  (p , y) resonances on 7Li, 19F  a n d  27Al. The 
en e rg y  spread  o f th e  b eam  w as less th a n  1.5 keV.

T he ta rg e t m a te r ia l used  in  th e  in v es tig a tio n  was Ne gas o f n a tu ra l 
iso to p ic  com position  co n ta in ed  in  th e  gas-cell [10]. U sually , p ressu res  of ab o u t 
20 m m  H g were used . T he th ick n ess  o f  th e  ta rg e ts  w ere  2.5 keV w h en  m easuring

channel number

Fig. 1. A typical energy spectrum recorded in this experiment

th e  ex c ita tio n  fu n c tio n  and  a b o u t 5 keV in th e  an g u la r d is tr ib u tio n  m easu re
m e n ts . The u n c e r ta in ty  in  th e  effective b o m b ard in g  energy, p rim arily  due 
to  th e  changes in  th e  th ickness o f  th e  en tran ce  w indow  of th e  ta rg e ts , w as 
3 keV  in  b o th  cases.

T he p ro to n s p roduced  in  th e  reac tio n  w ere d e tec ted  b y  sem iconducto r 
d e tec to rs . F ig. 1 show s a ty p ic a l p ro to n  sp e c tru m  recorded  a t  E d =  0.64 
MeV an d  0 lab =  90°. D ue to  co n ta m in a n ts  in  th e  ta rg e t, levels  o f 13C, 15N  
a n d  170  were also exc ited . In  accordance  w ith  th e  previous w o rk s [5, 8, 9] 
w e assum ed th a t  in  th e  case o f th e  p ro ton  g ro u p  p 3 -f- p i o n ly  th e  u p p e r 
m em b er (Jp  — 1/2+) o f th e  2.80 MeV doub le t w as s trong ly  p o p u la te d . E .g . 
a t  E d =  4 MeV th e  in te n s ity  o f th e  groups p 3 an d  p 5 w as less th a n  1/10 of 
t h a t  o f th e  g roup  p 4 [11]. T he p ro to n  group p 5 (E x =  2.87 M eV), because 
o f its  sm all in te n s ity , was n o t observab le  in  th is  experim en t.
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deuteron energy in MeV

Fie;. 2. Excitation functions measured at 0 (а(, =  9О° for the proton groups p 0 (Д ), p 4 ( О ). p  2 
(□) and p j ( +  ). The statistical error of the data points at the group p 4 is smaller than the size

of the cross

centre of m ass angle
Fig. 3. Angular distributions for the p lr p t, p 2 and p t proton groups at different bombarding

energies
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3. R esults and discussion

Figs. 2 an d  3 show  th e  e x c ita tio n  functions m easu red  a t  &lab =  90° 
a n d  th e  a n g u la r  d is tr ib u tio n s  o f th e  p ro to n  groups p 0, p v  p 2 and  p 4, re s p e c t
ive ly . The e rro r  b a rs  in  th e  F ig u res  rep re sen t th e  s ta tis tic a l e rro rs  o f  th e  
m e a su re m e n t. T he d e te rm in a tio n  o f th e  abso lu te  cross-section  has an  a d d i
tio n a l erro r to  th e  s ta tis tic a l one, w h ich  is e s tim a te d  to  he ab o u t 4 %  for 
th e  ex c ita tio n  fu nc tions, an d  a b o u t 1 0 %  for th e  a n g u la r  d is trib u tio n s . Solid 
lines in  F ig . 3 show  th e  re su lts  o f f i t t in g  th e  ex p e rim en ta l a n g u la r  d is
tr ib u tio n s  b y  L egendre po lynom ials  u s in g  th e  m e th o d  o f least sq u ares . The 
ex p an sio n  coeffic ien ts A J A 0, A 2/ A 0, e tc ., th e  in te g ra te d  cross-sections ca l
c u la te d  from  th e  A 0 and  th e  %2 v a lu es  are  given in  T ab le  I.

Table I

Integrated cross-sections and coefficients of the Legendre polynomials

P ro to n
g ro u p

Ed
(MeV)

Vint
(fib) A il* . Az/A0 A3/A„ X’

Po 0.640 267 +  27 0.02 +  0.03 1.1
0.605 65.7 +  7.2 0.48 +  0.07 0.69 +  0.10 1.9
0.560 70.2 +  7.0 0.35 +  0.04 0.42 +  0.05 1.4

P i 0.640 176 +  19 0.09 +  0.05 0.31 +  0.07 -0.21 +  0.09 2.4
0.605 122 +  12 0.60 +  0.02 -0 .04 +  0.02 -0.31 +  0.03 0.2
0.560 70 +  7.0 0.77 +  0.04 -0 .06 +  0.04 -0.21 +  0.05 0.7

P i 0.640 22.6 +  3.1 -0 .07  +  0.13 0.43 +  0.18 1.4
0.605 24.9+2.8 -0 .25  +  0.04 -  0.20 +  0.05 0 .1

0.560 6.8 +  0.9 -0 .13  +  0.13 - 0.56 +  0.20 1.6
P a 0.640 633 +  63 -0 .88  +  0.02 0.00 +  0.02 0.31 +  0.04 0.4

0.605 380 +  38 -0 .79  +  0.02 0.18 +  0.03 -0.02+0.04 0.5
0.560 205 +  20 -0 .83  +  0.05 -0.28 +  0.06 0.40 +  0.08 2.1

T he ex c ita tio n  fu n c tio n  of th e  p ro to n  group p 0 show s tw o p ro n o u n ced  
resonances in  th e  energy  reg ion  in v e s tig a te d  an d  th e  shape o f th e  an g u la r 
d is tr ib u tio n  changes considerab ly  w ith  th e  b o m b ard in g  energy. T he observed  
b eh av io u r o f th is  group can  be in te rp re te d  as a re su lt o f com pound-nucleus 
processes. T he resonances ap p earin g  a ro u n d  E d =  0.560 and  0.640 M eV m ay  
be  assigned to  th e  iso la ted  levels o f  th e  com pound nucleus 22N a [6]. I f  we 
assum e opposite  p a ritie s  fo r th e se  levels , th e  in te rfe ren ce  betw een  th e m  can 
give rise to  an g u la r d is tr ib u tio n s  asy m m etric  a ro u n d  90°. D eta iled  calcul-
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a tio n s based  on th is  a ssu m p tio n  are  in  progress an d  will be p u b lished  else
w here.

T he p ro to n  group  p 2 m easu red  w ith  large  s ta tis tic a l e rro rs  due to  its  
sm all in te n s ity  show s s im ila r ch a rac te ris tic s . T he reac tio n  m echan ism  o f 
th e se  tw o tra n s it io n s  is com pound  one even  a t  la rg e r energ ies [1, 2, 5 — 9].

Fig. 4. Energy-averaged angular distribution for the proton group p t (Д  =  13)

The p ro to n  group p x an d  p 4 show ed d irec t fea tu re s  in  th e  previous 
in v es tig a tio n s  [2—5, 7 — 9]. In  our b o m b ard in g  energy  ran g e  th e  co n trib u tio n  
o f  th e  com pound-nucleus p rocesses can  also be seen, b u t i ts  in flu en ce  on th e  
ex c ita tio n  fu n c tio n s  an d  on  th e  an g u la r d is trib u tio n s  is  re la tiv e ly  sm all. 
T h e  sm all change in  th e  sh ap e  o f th e  an g u la r d is trib u tio n s  ta k e n  a t  d ifferen t 
b o m b ard in g  energ ies is p ro b a b ly  due to  th e  in te rfe rence  b e tw een  th e  com 
p o u n d -n u c leu s fo rm a tio n  an d  th e  d irec t process. T he basic  fo rm s of th e  a n 
g u la r d is tr ib u tio n s  o f each  p ro to n  group do n o t v a ry  co n sid e rab ly . To reduce 
th e  effect a rising  from  th e  com pound-nucle’us fo rm a tio n  w e averaged  th e  
an g u la r d is tr ib u tio n s  m easu red  a t  th re e  d eu te ro n  energies b y  a m ethod  
su itab le  fo r averag in g  a t  energies ly ing  fa r  below  th e  Coulom b b a rrie r  [12]. 
T h e  averaged  an g u la r d is tr ib u tio n s  fo r th e  g roups p x and  p i  a re  show n in F igs. 
4 and  5, re sp ec tiv e ly . T he e rro r  b a rs  in  th e  F igu res rep re sen t th e  la rg e r of th e  
s ta n d a rd  d ev ia tio n s  o f th e  av erag e  values an d  th e  ex p e rim en ta l e rro rs. These 
averaged  a n g u la r  d is tr ib u tio n s  w ere com pared  w ith  ca lcu la tio n s based  on 
D W B A  th e o ry .

To e s tim a te  th e  d irec t reac tio n  cross-section  we used  th e  zero-range 
D W B A  code D W U C K  [13]. T h e  o p tica l p o te n tia l b o th  in  th e  en tran ce  and  
th e  ex it ch an n e ls  w ere o f th e  fo rm :

V(r) =  VRf ( r R,

w here

an) +  * W vf(Tw, aw) — 41VDaw —~f{rw , aw)
dr

/ ( r „  « , ) = — {! +  exp [(r -  r, r f 1/3)/a,]} 1

+  Vc(r) ,
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Fig. 5. Energy-averaged angular distribution for the proton group p t (Д  =  1.5)

a n d  Vc{r) is th e  Coulom b p o te n tia l o f  a un ifo rm ly  c h a rg ed  sphere w ith  ra d iu s  
R c =  rcA 113. T he  o p tica l-p o ten tia l p a ra m e te rs  used in  th e  ca lcu la tions are  given 
in  T ab le  I I .  No sp in -o rb it te rm s w ere  included  in  th e se  p o ten tia ls . T he form

Table II

Optical-model parameters used in the DWBA calculations

P a rtic le Vr wr w D rR aR rw aw r0 R ef.(M eV) (M eV) (MeV) (fm ) (fm ) (fm ) (fm ) (fm )

deuteron 76 10 — 1.4 0.7 1.4 0.7 1.4 [4]
proton 50 — 1 0 1.25 0.65 1.25 0.47 1.25 [4, 14]

fac to r  fo r th e  tra n s fe rre d  n eu tro n  w as ca lcu la ted  w ith  a W oods— S axon p o te n 
t ia l  well w ith  r0 =  1.25 fm  an d  o0 =  0.65 fm . The d e p th  of th e  well w as a d ju s t
ed  b y  th e  p ro g ram  to  give th e  ex p e rim en ta l b in d in g  en erg y  o f th e  s trip p ed  
n e u tro n  (B n =  Qd.p+  2.226 MeV).

T he th e o re tic a l cross-section  (da(0)jdO)DR w as ca lcu la ted  accord ing  to  
th e  eq u a tio n

da(0)  I _  15 g (2J F +  1)S; da(0)  j mb

d &  1 d r  2jf -f- 1 d Q  lo w  S T

H ere  J F deno tes th e  sp in  o f th e  f in a l s ta te , S, re p re se n ts  th e  spectroscop ic  
fac to r , j  is th e  to ta l  an g u la r m o m en tu m  of th e  tra n s fe rre d  n e u tro n  an d  
(da (0 ) /d ü )DW is th e  cross-section  in  fm 2/sr g iven  b y  D W U C K .T h e  (2J F +  1 )S t 
v a lu es  o b ta in ed  in  th e  f i t t in g  of th e  av erag ed  an g u la r d is tr ib u tio n  o f th e  p ro to n  
g roups Pi  an d  p 4 an d  tho se  given b y  d ifferen t a u th o rs  are  sum m arized  in
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T ab le  I I I .  T h e  accu racy  o f th e  f i ts  w as m easu red  b y  th e  values

if M & d M ® i )  ! 1
d Q d Q  ) d r -

I Si

w here dcr(&i)/dQ an d  £,• den o te  th e  av erag e  cross-section  and  its  e rro r a t  an  
ang le  0{, re sp ec tiv e ly . T he A va lues are  g iven  in  th e  figu re  cap tions.

Table III

The (2J p  +  1)S'; values for 20Ne(d, p)2rNe reaction

L evel J5, R ef. [15] R ef. [16] R ef. [8] R ef. [9] R ef. [4] P re s e n t w o rk
(MeV) F

T h e o ry
16.4 M eV 12 M eV 3 M eV 0.6  M eV

0.35 5/2 + 2 3.72 4.0 3.7 4.0 3.1 4.0
2.80 1 /2  + 0 0.98 0.95 1 .6 1.7 0.9 0.95

The c o n tr ib u tio n  o f th e  com pound  processes to  th e  cross-section  o f th e  
p ro to n  g roup  p j h a s  been fo u n d  to  be considerab le  a t  low  b o m b ard in g  energies
[6]. To e s tim a te  th e  com pound  nucleus cross-section  th e  H a u se r—F esh b ach  th e o 
ry  is n o t su ita b le  here, since th e  levels o f th e  com pound  nucleus ffiN a a t  an  ex
c ita tio n  en erg y  o f ab o u t 12 MeV are n o t y e t  o verlapp ing . T herefo re  th e  com 
p o u n d  p a r t  o f th e  cross-section  w as rep laced  b y  an  an g u la r d is tr ib u tio n  of 
th e  form  a0 +  a2P 2(cos O) (d o tte d  line in  F ig . 4) an d  i t  w as added  in co h eren tly  
to  th e  d ire c t p a r t  in  f i t t in g  th e  av erag ed  an g u la r d is tr ib u tio n . T he values 
o f  th e  p a ra m e te rs  w ere fo u n d  to  be a0 =  2.4 and  o2 =  —’2.2, th e  in te g ra te d  
cross-section  ca lcu la ted  fro m  a0 w as in  th e  sam e o rd e r o f m ag n itu d e  as ob
served  fo r th e  p ro to n  g roup  p 2. T he  com posite  cu rv e  (solid line) describes 
fa ir ly  well th e  averaged  an g u la r d is tr ib u tio n  an d  th e  v alue  o f th e  sp ec tro 
scopic fa c to r  deduced  here  is in  ag reem en t w ith  b o th  th e  v alues e x tra c te d  
a t  h igher energ ies an d  w ith  th e  th e o re tic a l re su lts .

The sh ap e  o f th e  averaged  an g u la r d is tr ib u tio n  o f th e  p ro to n  g roup  p 4 
h as  been successfu lly  described  b y  th e  D W B A  alone (solid line in  F ig . 5). 
T h is fac t an d  th e  sm o o th  b eh av io u r o f th e  ex c ita tio n  fu n c tio n  encouraged  us 
to  suppose t h a t  th e  com pound  cross-section  w as n o t no ticeab le  a t  th is  group . 
Inc lusion  o f a com pound  c o n tr ib u tio n  co m p arab le  w ith  th e  cross-section  of 
th e  p ro to n  g roup  p 2 or th e  com pound  p a r t  o f  th a t  o f th e  group  р г m ay  decrease 
th e  spectroscopic  fac to r b y  a b o u t 10% . A t th is  tra n s it io n  we exam ined  th e  
effect of th e  o p tic a l-p o te n tia l p a ra m e te rs  on  th e  spectroscop ic  fac to r . D W B A  
calcu la tions w ere carried  o u t w ith  v a rious d eu te ro n  an d  p ro to n  o p tica l p a ra 
m eters d iffering  a few  MeV in  d e p th  from  th e  se t g iven in  T ab le  I I .  T hough  
th e  goodness o f  th e  f i t  spoiled , th e  v alue  o f  th e  spectroscopic  fac to r  w as n o t 
v e ry  sensitive  to  th ese  changes.
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O ur D W B A  ca lcu la tion  w ith  a p o ten tia l p a ra m e te r  se t used  p rev io u sly  
in  a D W B A  analysis o f th e  20N e(d , p)21Ne re a c tio n  [4] describes qu ite  w ell 
th e  shape of th e  averaged  a n g u la r  d is tr ib u tio n  o f th e  p ro to n  g roup  an d  th e  
spectroscopic  fa c to r  e x tra c te d  agrees w ith  th e  th eo re tica l re su lts  an d  w ith  
th e  v alue  deduced  b y  D W B A  an a ly sis  a t E d =  3 MeV. H ow ever, th e re  is a  
d isag reem en t w ith  th e  values e x tra c te d  a t  E d 8 MeV [8, 9]. I t  is accep ted , 
t h a t  a t h ig h er b o m b ard in g  energ ies th e  com pound-nucleus processes a re  
negligible an d  th e  D W B A  an a ly sis  m ay  give m ore re liab le  va lu es  fo r th e  
spectroscopic  fac to r. O n th e  o th e r  h a n d , in  sp ite  o f  th e  d ifficu lties arising  from  
th e  presence o f th e  com pound  processes th e  values e x tra c te d  a t  low  b o m b a rd in g  
energies for th e  spectroscopic fa c to r  are  in  ag reem en t w ith  th e  va lu es  p red ic ted  
b y  various n u c lea r s tru c tu re  ca lcu la tio n s. On th e  basis o f th e  in v e s tig a tio n s  
m ade so fa r  i t  c an n o t be d e te rm in ed  w hich of th e  values is co rrec t. In d e p e n d 
e n tly  from  th is  u n c e r ta in ty  in  th e  ex p erim en ta l va lues o f th e  spectroscop ic  
fac to r, th is  tra n s it io n  seem s to  be  en tire ly  d irec t even  a t  v e ry  low  b o m b ard in g  
energies.
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Л А З Е Р  Н А  К Р А С И Т Е Л Я Х  С Р А С П Р Е Д Е Л Е Н Н О Й  
О Б Р А Т Н О Й  С В Я ЗЬ Ю  ВТО РО ГО  П О Р Я Д К А

Т. Ш. ЭФЕНДИЕВ, А. Н. РУБИНОВ и А. Л. КИСЕЛЕВСКИЙ 
ИНСТИТУТ ФИЗИКИ АН БССР, Г. МИНСК, СССР 

(Поступило 22. II. 1977)

Приведены экспериментальные результаты исследований лазера на красителях с 
распределенной обратной связью 2-ого порядка. В качестве активной среды использова
лась бинарная смесь красителей возбуждаемая излучением основной частоты и второй 
гармоники рубинового иазера. Описанный эксперимент демонстрирует определяющую 
роль фазовой решетки, индуцируемой накачкой.

Использование принципа распределенной обратной связи (РОС) в 
лазерах на красителях позволяет получать узкую линию генерации, пере
страиваемую в широкой области спектра без применения внешнего резона
тора и селективных элементов. Механизм обратной связи и частотная селек
ция в лазере с РОС обеспечиваются брэгговским рассеянием на амплитудно
фазовой решетке, образующейся в растворе красителя при взаимодействии 
когерентных световых пучков.

В лазерах с РОС период пространственной решетки является кратной 
величиной т  половины длины волны генерируемого излучения. Обычно, дли 
получения генерации красителя использовалась РОС 1-го порядка (т — 1). 
В работе [1] получена генерация в лазере на красителях с распределенной 
обратной связью 2-го и 3-го порядка, т. е. когда т равно, соответственно, 2 и 3. 
Распределенная обратная связь высокого порядка инициировалась в этаноль- 
ном растворе родамина 6Ж при накачке излучением второй гармоники ру
бинового лазера.

В опубликованных до настоящего времени работах по лазерам на краси
телях с РОС для получения генерации в активной среде формировалась 
амплитудно-фазовая решетка. В этом случае трудно оценить роль фазовой и 
амплитудной решеток в отдельности в процессе формирования генерации в 
лазере с РОС.

Нами получен и исследован режим генерации в лазере на красителях с 
РОС для случая, когда фазовая решетка и инверсная населенность созда
вались раздельно в бинарной смеси красителей при накачке раствора из
лучением различных длин волн. Генерация красителя получена на распре
деленной обратной связи 2-го порядка.

Схема экспериментальной установки представлена на рисунке 1. В ка
честве источника накачки использовался моноимпульсный рубиновый лазер'
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Рис. 1

(1) с удвоением частоты излучения в кристалле КДП (2). Излучение основной 
частоты и второй гармоники формировалось цилиндрической (5) и сфери
ческой (6) линзами в полоску и направлялось на поверхность АС призмы (8) 
перпендикулярно ее ребру. Раствор заливался в кювету, приставленную к 
боковой грани призмы [2]. На границе раздела призма — раствор происхо
дит интерференция под углом 20 лучей, непосредственно падающих на эту 
границу, и лучей, отраженных от грани ВС. Размеры накачиваемой зоны в 
растворе 1,5 х 0,1 см.

Генерация возбуждается на длине волны (в воздухе):

Аг =  ^ 2 .  =  -Ü 2------ Ь . ----, (1)
т ппр т sin 0

где d — период решетки; пр — показатель преломления раствора красителя 
на длине волны генерации п пр — показатель преломления материала 
призмы на длине волны накачки Хн (в воздухе); 0  — угол падения накачки 
на поверхность раздела призма — раствор; m — целое число.

Для того, чтобы электрический вектор основной частоты и второй гар
моники имел одинаковое направление, на пути луча накачки помещалась 
пластинка в полдлины волны (4) для основной частоты, причем вектор Е ко
лебался в вертикальной плоскости. Этим обеспечивались оптимальные усло
вия для образования РОС и генерации красителя.

Из (1) видно, что для каждого значения угла 0  излучение основной 
частоты образует в среде решетку вдвое большего периода, чем излучение 
второй гармоники.

Таким ообразом генерация красителя на пространственных решетках, 
созданных основной частотой и второй гармоникой при одинаковом зна
чении угла 0 , будет соответственно генерацией на РОС 2-го и l-ro порядка.

В эксперименте использовалась бинарная смесь двух красителей — 
7-диэтиламино-4-метилкумарини 1,3,3; 1 ',3',3'-гексаметил-4,5,4',5'-дибензоин- 
додикарбоцианин йодид. Красители растворялись в этаноле. На рисунке 2 
приведены спектры поглощения указанных красителей (кривая 1 и 3) и 
спектр люминесценции кумарина (кривая 2). Из приведенных спектров видно, 
что полиметиновый краситель почти не поглощает излучение люминесценции
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кумарина в области спектра <  500 нм. Коэффициенты поглощения раствора 
на длинах волн Я =  694 нм и Я =  347 нм составляли 40 см-1 и 35 см-1 соот
ветственно. Перед входной гранью призмы помещался светофильтр (7) 
(рисунок 1), поглощающий излучение второй гармоники и пропускающий 
излучение основной частоты рубинового ОКГ. Светофильтр устанавливался 
таким образом, чтобы перекрывалась половина пучка накачки, состоящего 
чи основной частоты и второй гармоники. В этом случае излучение основной 
застоты, поглощаемое полиметиновым красителем, формировало в среде 
фазовую решетку, а излучение второй гармоники использовалось только для 
оптического возбуждения кумарина. В этих условиях была получена гене
рация кумарина в бинарной смеси на фазовой решетке, созданной основной 
частотой, т. е. на распределенной обратной связи 2-го порядка. Ширина линии 
второго порядка, измеренная с помощью дифракционного спектрографа, 
составляла около 1 Â. Осуществлена перестройка длины волны генерации в 
спектральной области 440—490 нм. Диапазон перестройки с длиноволнового 
края ограничивается поглощением полиметинового красителя.

На рисунке За приведен спектр генерации кумарина в бинарной смеси 
на РОС 2-го порядка. При возбуждении этого же раствора излучением второй 
гармоники без формирования в активной среде фазовой рещетки (для этого за 
кристаллом КДП устанавливался светофильтр (3), отсекающий основную 
частоту) наблюдалась люминесценция кумарина (рисунок 36).

На рисунке Зв приведена линия генерации кумарина на РОС 1-го пор
ядка. Для этого амплитудно-фазовая решетка с периодом, соответствующим 
первому порядку, формировалась излучением второй гармоники. (Свето
фильтр (7) отсутствует; основная частота отсекалась светофильтром (3). Видно 
различие в длинах волн для РОС 1-го и 2-го порядка (рисунки За и Зв) для 
одного и того же значения угла 0 . Это связано с тем, что показатель прелом
ления призмы различен для длин волн 694 нм и 347 нм.

Измерены пороговые мощности накачки, требуемые для возбуждения 
генерации кумарина на РОС 1-го и 2-го порядка. При прочих равных усло
виях пороговое значение мощности накачки для второго порядка было при
мерно в 8 раз выше, чем для первого порядка, составлявшего ~  40 k W .

При значительном превышении порога наряду с линией РОС 2-го поряд
ка в спектре наблюдалась еще одна резкая линия с длиной волны равной 
452 нм. При изменении угла падения 0  излучения накачки длина волны этой 
линии не изменялась. Наблюдаемая дополнительная линия есть генерация 
красителя на амплитудно-фазовой решетке, создаваемой в растворе излуче
нием второй гармоники в результате интерференции лучей, непосредственно 
падающих на границу раздела AB (рисунок 4), и лучей, претерпевших по
следовательное отражение на поверхностях ВС и АС. При повороте призмы 
вокруг своей оси угол 20 между интерферирующими лучами не изменяется
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и равен 90°. Длина волны дополнительной линии соответствует периоду 
решетки, образованной лучами, интерферирующими под углом 90°.

Плоскости дополнительной пространственной решетки расположены 
под углом к плоскостям решетки второго порядка. Экспериментально это 
проявляется в различном направлении распространения излучения генера
ции на РОС второго порядка и дополнительной линии. Эти направления 
совпадают лишь в случае нормального падения накачки на входную грань 
призмы.

Таким образом, настоящий эксперимент непосредственно демонстри
рует определяющую роль фазовой решетки индуцируемой накачкой в меха
низме генерации в лазерах с РОС.
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Л А З Е Р  Н А  К Р А С И Т Е Л Я Х  С Л А М П О В О Й  Н А К А Ч К О Й ,  
Р А Б О Т А Ю Щ И Й  В Р Е Ж И М Е  С А М О С И Н Х Р О Н И З А Ц И И  М ОД

С. С. АНУФРИК, в. А. МОСТОВНИКОВ, В. С. МОТКИН и А. Н. РУБИНОВ
ИНСТИТУТ ФИЗИКИ АН БССР, Г. МИНСК, СССР

(Поступило 22. II. 1977)

Приведены результаты исследования режима самосинхронизации мод в лазере на 
красителях с ламповой накачкой. Предложен ряд эффективных насыщающихся поглоти
телей (растворов полиметиновых красителей), обеспечивающих получение пикосекунд
ных импульсов в широкой спектральной области.

Как хорошо известно, оптические квантовые генераторы, работающие в 
режиме самосинхронизации мод, позволяют получать мощные световые 
импульсы пикосекундной длительности (10~п —11~12 сек). Несмотря на то, 
что уже имеется ряд работ, посвященных получению и исследованию режима 
самосинхронизации мод в лазерах на красителях [1—5], накопление экспери
ментального материала еще необходимо для создания различных типов ла
зеров на красителях с предельно короткой длительностью импульсов излу
чения и хорошо воспроизводимыми параметрами. В этом плане, одной из 
весьма важных задач является создание набора эффективных нелинейных 
поглотителей для всего спектрального диапазона работы лазеров на краси
телях. Актуальность таких исследований связана с широкими возможностя
ми практического использования перестраиваемых по спектру пикосекунд
ных световых импульсов. Особенно перспективны пикосекундные лазеры 
на красителях для создания спектрофотометров сверхвысокого временного 
разрешения.

В данной работе приведены результаты исследования режима само
синхронизации мод в лазере на красителях с ламповой накачкой, предложен 
ряд эффективных насыщающихся поглотителей, обеспечивающих получение 
пикосекундных импульсов в широкой спектральной области.

В лазере использовалась цилиндрическая кварцевая кювета длиной 
120 мм и внутренним диаметром 3 мм с брюстеровскими окнами. Осветитель 
лазерной головки представлял собой эллипсовидный кварцевый циллиндр 
минимального объема, покрытый снаружи окисью магния.

Возбуждение красителей осуществлялось излучением двух параллельно 
соединенных импульсных ламп типа ИФП-1200. Длительность импульса 
накачки составляла tHaK ^  5 мксек при максимальной энергии до 500 дж. 
Резонатор лазера с базой L  =  100 см был образован клиновыми зеркалами с
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коэффициентами отражения й, ^  Ю0% и й 2 — 70%. Кювета с нелинейным 
поглотителем имела толщину 1 мм и помещалась вблизи глухого или выход
ного зеркала под небольшим углом к оси резонатора. Временной ход излуче
ния генерации регистрировался с помощью коаксиального фотоэлемента и 
осциллографа И2—7. При подборе соответствующих нелинейных поглотите
лей, в основном полиметиновых красителей, и условий возбуждения режим 
самосинхронизации мод был получен для следующих красителей: эскулина 
(спектр генерации АХг — 470—480 нм); незамещенного родамина (АХг =  
=  550—560 нм); родамина Ж (АЛг =  570—590 нм); родаминов Б и ЗБ (АХг — 
=  590—630 нм); родамина 101 (ААг =  640—660 нм); крезил-фиолетового 
(ААг =  686 нм). Для примера на рис. 1 приведены осциллограммы генерации 
родаминов Ж и ЗБ.

©

®

Рис. 1. Осциллограммы генерации: (а) — родамина Ж, насыщающийся поглотитель № 6  в 
Табл. I; (б) — родамина ЗВ, насыщающийся поглотитель № 12 в Табл. I

Исследования показали, что глубина модуляции генерируемого излу
чения в режиме самосинхронизации мод зависит как от свойств нелинейного 
поглотителя, так и от условий возбуждения. Полная глубина модуляции 
излучения, как правило, наблюдается в случае малых превышений накачки 
над пороговой (не более, чем в 1,5—2 раза). Следует также отметить, что для 
обеспечения устойчивой и надежной модуляции большое значение имеет 
величина пороговой энергии накачки, зависящая от эффективности активной 
среды и лазерной головки. Чем ниже пороговое значение энергии накачки, 
тем меньше термооптические искажения активной среды к моменту начала 
генерации и тем благоприятнее условия для возникновения режима само
синхронизации мод [2—5]. Существенное влияние на развитие режима 
самосинхронизации мод оказывает также температура окружающей среды. 
Так, например, при изменении температуры окружающей среды на несколько 
градусов (от +23 до +  18°С) для родамина Ж (насыщающийся поглотитель — 
3,3'-диэтил-9-этокситиаоксадикарбоцианин йодид) режим синхронизации мод 
полностью срывался (генерировался обычный гладкий импульс). Механизм 
данного эффекта требует дальнейших исследований. Можно, однако, пред
положить, что он связан с процессом ориентационной релаксации молекул 
поглотителя в растворе. Так как в данном лазере генерируется линейно
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поляризованное излучение, то просветление красителя носит дихроичный 
характер. В этих условиях релаксация поглощения определяется двумя 
процессами — быстрым процессом ориентационной релаксации молекул в 
растворе, приводящим к исчезновению дихроизма (а следовательно, к увели
чению поглощения падающего поляризованного излучения) и более медлен
ным процессом дезактивации возбужденного электронного состояния. Для 
синхронизации мод основную роль, вероятно, играет менее инерционный 
процесс ориентационной релаксации молекул поглотителя, скорость которого 
сильно понижается при понижении температуры среды.

Главная роль в формировании процесса пикосекундной генерации 
принадлежит нелинейному поглотителю. Поэтому выбор эффективного не
линейного поглотителя является первостепенной задачей при создании лазе
ров, работающих в режиме самосинхронизации мод. Эффективный насы
щающийся поглотитель, как известно, должен обладать малым временем 
релаксации просветления хр (тр должно быть значительно меньше времени 
прохода светом резонатора Т); легко просветляться при невысоких интен
сивностях излучения и иметь при этом минимальное остаточное поглощение.

С целью выбора наиболее эффективных насыщающихся поглотителей 
исследовалось большое число различных по структуре полиметиновых 
красителей. Сведения об их спектральных характеристиках даны в Таблице I . 
Здесь г] — квантовый выход люминесценции; длина волны, соответству
ющая максимуму поглощения; т^-время жизни первого возбужденного 
синглетного состояния; ВSo-s^nSi) — максимальный коэффициент Эйн
штейна для перехода S0-*S1. Среди приведенных в таблице соединений 
имеются достаточно эффективные, позволившие получить полную модуляцию 
излучения, генерируемого растворами красителей. К наиболее эффективным 
насыщающимся поглотителям относятся полиметиновые красители (раство
ритель этанол) с высоким квантовым выходом люминесценции, для которых 
максимум поглощения совпадает со спектром генерации, и время жизни 
уровня Sj меньше времени прохода светом резонатора (rs! <  Т). Слабая 
эффективность модуляции, наблюдаемая для ряда красителей, обладающих 
подобными свойствами, объясняется, по-видимому, накоплением молекул в 
триплетном состоянии, что приводит к увеличению времени релаксации 
просветленного состояния (тр). Обычно для таких соединений вытеснение 
кислорода из раствора азотом сопровождается увеличением глубины мо
дуляции генерируемого излучения, что связано с уменьшением вероятности 
перехода в триплет, стимулируемой до этого кислородом.

В данной работе длительность пикосекундных импульсов не измеря
лась. Однако, по литературным данным, полученным другими авторами [2—4] 
для родамина Ж в близких к нашим экспериментальных условиях она со
ставляет 3—10 псек. С учетом этого, оценим мощность отдельного пичка ге
нерации. Так как для применяемого нами лазера общая длительность цуга
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Таблипа I

Красители, используемые в качестве насыщающихся поглотителей
Растворитель — этанол

N qNqn/n
Г л у б и - С п е к т р .

Н а з в а н и е  к р а с и т е л я V% л о г л т̂ хЮ11
с е к

B lio_ Slx 10- в 
с е к

н а  м о 
д у л я -

о б л а с т ь
р а б о т ы

ц и и н м

1 2 3 4 5 6 7 8

1. 3,3'-диэтилоксакарбоцианин йодид 4 482 с* 470- 480
2 . 1, 1',3,3,3',З'-гексаметилиндокарбо-

цианин йодид 3 545 — — с* 530- 560
3. 3,3'-диметил-4,5,4',5'-дибензо-9-

-этилтиакарбоцианин хлорид 2 575 6,0 1,4 с* 570- 585
4. 3,3'-диэтил-5,5'-дифенилоксадикар-

боцианин йодид 53 597 220 4,6 н* 570- 600
5. 3,3'-диэтил-9-этокситиаоксадикар-

боцианин йодид 16 589 136 3,4 570 -  600
6 . 3,3'-диэтил-5-фенил-9-этоксиокса-

тиадикарбоцианин йодид 26 593 260 2,8 н* 580-600
7. 3,3'-диэтил-4,5,4',5'-ди-(2"-фенил-

тиазоло-4",5")-2,2'-тиакарбоциа-
нин-п-толуолсульфонат 10 589 50 3,6 с* 570 -  600

8 . 3,3'-диэтил-6,7,6',7'-ди-(2"-фенил-
тиазоло-4/,,5")-2,2/-тиакарбоциа- 
нин йодид 8 578 43 3,0 н* 570 -  600

9. 3,3'-диэтил- 10-метилоксадикарбо-
цианин йодид 13 580 100 4,5 н* 570- 600

10. 3,3'-диэтилоксадикарбоциа нин
йодид 40 585 130 6,2 п 570- 620

11. 1,1'-дифенил-3,3'-диэтил-5,5'-ди-
-(бензоксазол-2"-ил)-2,2'-нмидо- 
дикарбоцианин йодид 40 633 248 7,0 п 620-650

12. 1,1'-дифенил-3,3'-диэтил-5,5'-диа-
цетил-2,2'-имидодикарбоцианин 
перхлорат 24 624 156 4,0 п 610-630

13. 3,3'-диэтилтиаоксадикарбоцианин
14.

перхлорат
3,3'-диэтил-10-метилтиаоксадикар-

21 620 115 2,6 н 610-630

15.
боцианин перхлорат 

3,3'-диэтил-2,2'-тиазолинотрикар-
7 620 54 5,0 н 610-630

боцианин йодид 30 652 167 4,0 н 640- 670
16. 3,3'-диэтил-5,5'-дифенил-2,2'-( 1,3,4-

-тиадиазоло)-дикарбоцианин
йодид 37 652 197 4,6 с* 640-660

17. 3,3'-диэтилтиадикарбоцианин йодид 
1,1 '-диэтилхино-4,4'-карбоцианин

29 650 7,9 н 650- 670
18.

йодид 2 707 1,5 2,4 н 670- 700

Примечание: п — полная, н — неполная, н* — неполная, усиливается при насыщении 
раствора азотом; с* — слабая, усиливается при насыщении раствора азотом

пикосекундных импульсов равна 2—3 мксек (всего насчитывается 200—300 
пичков), а энергия генерации составляет 0,01—0,02 дж, то мощность отдель
ного пичка генерации имеет величину — 10 Мвт. Следует отметить, что при 
использовании другой, более эффективной лазерной головки с кюветой,
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имеющей внутренний диаметр б мм и длину 120 мм (с насыщающимся по
глотителем 3,3 — диэтил-9-этокситиаоксадикарбоцианин йодид) была полу
чена энергия генерации —0,2 дж при полной модуляции выходящего излу
чения. В этих условиях мощность одного пичка генерации достигает —100 
Мвт. Таким образом, перспективы практического использования лазеров на 
красителях с ламповой накачкой, работающих в режиме самосинхронизации 
мод, связаны не только с чрезвычайно короткой длительностью импульсов, но 
возможностью получения весьма высоких пиковых мощностей излучения, 
трудно реализуемых в лазерах на красителях других типов.
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The potential energy curves of the two-centre HeH2+, LiH3+ and HeLi1+ heteronuclear 
systems in the lowest lying n and ô states, that is in the 2р л  and 3d<5 excited states are deter
mined with a simple analytical non-exponential wave function in elliptical coordinates using 
the variational method. All considered states are repulsive. The energy values calculated in 
the appropriate approximation agree well with the exact ones, [where they are available 
in the considered range of the internuclear distance (0.5ao <  R <  6 a0).

In tro d u c tio n

M any th e o re tic a l in v es tig a tio n s  h av e  b een  concerned  w ith  th e  ground 
s ta te  of th e  one-electron  tw o -c e n tre  p rob lem , especially  w ith  th e  H Í ;  b u t 
m uch  few er w ith  its  excited  s ta te s .

T herefo re  in  th e  prev ious p ap e rs  of th is  series [1], [2] sim ple  an a ly tica l 
po lynom ial (non -exponen tia l) w ave fu n c tio n s in  e llip tica l co o rd in a tes  were 
proposed  to  o b ta in  th e  p o te n tia l en erg y  cu rves a n d  w ave fu n c tio n s  n o t only  
fo r  th e  lscrg g ro u n d  s ta te , b u t  fo r  th e  f i r s t  2pau and  som e h ig h e r  excited , 
n am ely  th e  2 р л и, "idng, 3d<5g, 4f ô u s ta te s  o f  th e  Н / .

N ow  we in te n d  to  give a  s im ila r t r e a tm e n t  o f some o n e-e lec tron  tw o- 
cen tre  h e te ro n u c le a r  system s, th e  H e H 2+, L iH 3+, H eL i4+ in  th e  low est ly ing  
л  an d  ô ex c ited  s ta te s . E a rlie r th e  g ro u n d  s ta te s  o f  th e  la te r  m en tio n ed  d ia 
tom ics h av in g  no nuclear s y m m e try  w ere in v e s tig a te d  in  a s im ila r m an n er 
in  [3].

So le t th e  tr ia l  w ave fu n c tio n  o f th e  sy stem s in  th e  n - th  a p p ro x im a tio n  
be  a su itab le  lin e a r  co m bina tion , as follows:

П
V(n)= 2  (1)

m=l

w here th e  fo rm  o f th e  one-e lec tron  o rb ita ls , y)m, is:

0 <[ p  <L am ,
Wm =  X m( l  — р /а ту — 1 ) ( 1  — r2)P » /2 p 7 V c’”eM-»’’ , — 1  < ; v < ,  1  , (2 )

o <; <p 2n ,
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a n d  y>m =  0, if  jti >  am • ц, v, a re  th e  e llip tica l coo rd in a tes . R eg ard in g  th e  
n o ta tio n s  we re fe r e.g . to  [1]. U sing  th e  v a r ia tio n a l ca lcu la tion  to  d e te rm in e  
th e  energies an d  w av e  func tions o f th e  system s th e  o rb ita ls  of ty p e  (2) m ake 
th e  in teg ra tio n  a n a ly tic a lly  possible. T he re s tr ic tio n s  for th e  v a ria tio n a l 
p a ra m e te rs  are: k m =  0, 1, 2, . . .  ; lm — 1, 2, 3, . . .  ; am "> 0. Xm m a y  be 
a po sitiv e  in teg e r o r zero . As earlie r in  [1], [2] fo r th e  sak e  of sim p lic ity  d u rin g  
th e  v a ria tio n  th e  v a lu es  of lm a n d  am w ere k e p t eq u a l, and  th e  re s tr ic tio n  
j m =  0 w as chosen.

T he 2 р я  sta te

F o r th e  s ta te s  h a v in g  n  sy m m etry  th e  p a ra m e te rs  in  th e  basis fu n c tio n s
(2) Xm =  1; fu r th e r

k m  —  m  —  1 =  0, 1, 2 , . . . .

O ne can determ ine  th e  p o te n tia l curves for th e  low est ly in g  s ta te s  analogously  
as in  [2]. The re su lts  in  n -th  ap p ro x im atio n s as fu n c tio n  of th e  in te rn u c le a r  
d is tan ce , R,  fo r th e  H e H 2 + , L iH 3+, an d  H eL i4+ sy stem s are lis ted  in  T ab les 
la ,  l i a  and  I l i a .

F o r com parison  purposes one can  fin d  som e a p p ro x im a tiv e  th e o re tic a l 
ca lcu la tio n s for th e  2p n  s ta te  of th e  H eH 2 + , e.g. [4], [5], [6]. B u t th e  n u m erica l 
re su lts  of B a t e s  a n d  C a k s o n  [7] can  he considered  as exact, d e te rm in in g  
th e  energy  to  fiv e  dec im al places in  th e  range 0 <[ R  5er0.

F o r th e  L iH 3+ an d  H eL i4+ d iatom ics ca lcu la ted  values are n o t k now n .

T he 3dd sta te

F o r th e  s ta te s  h a v in g  ô sy m m etry  th e  p a ra m e te rs  in  th e  basis fu n c tio n s
(2) =  2; fu r th e r

km =  m — 1 =  0, 1, 2, . . . .

T h e  resu lts  concern ing  th e  p o te n tia l curves fo r th e  low est ly ing  3d<5 s ta te s  
in  n - th  ap p ro x im atio n s  as fu n c tio n  o f th e  in te rn u c le a r  d istance , R,  fo r  th e  
H e H 2+, L iH 3+ a n d  H eL i4+ system s are lis ted  in  T ab les lb ,  l i b  an d  I l l b .

A p p ro x im ate  m o lecu lar o rb ita l ca lcu la tion  can  be found  for th e  3dd s ta te  
o f  th e  H eH 2+ in  [8] fo r com parison  purposes, b u t  no  ex ac t re su lt e x is ts . 

F o r th e  fu r th e r  d ia tom ics th e re  are  no v a lu es  av ailab le .
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Table la

The total energy values, and the parameters of the wave functions, i, a, as a function of the internuclear distance, R ,  for the HeH2+, in
atomic units for the 2 p n  state. The best value of a is always in brackets under

R l E<i) ■Et«) E<»> E(i) E(,) E(.) E(?) Eexact

0 .5 23 0 2 .9 1 0 8 5
(6 3 9 )

2 .9 0 6 9 5
(6 3 7 )

2 .9 0 6 8 9
(6 3 7 )

2 .9 0 6 8 9
(6 3 7 )

2 .9 0 6 8 8

1 100 0 .9 8 3 9 1 7
(1 4 9 )

0 .9 7 2 3 3 1
(1 4 8 )

0 .9 7 1 7 1 1
(1 4 8 )

0 .9 7 1 7 0 5
(1 4 8 )

0 .9 7 1 7 0 5
(1 4 8 )

0 .9 7 1 6 8

2 80 0 .1 3 2 3 6 0
(6 7 .8 )

0 .1 0 5 3 7 7
(6 6 .2 )

0 .1 0 0 5 6 9
(6 5 .9 )

0 .1 0 0 3 7 4
(6 5 .9 )

0 .1 0 0 3 6 7
(6 5 .9 )

0 .1 0 0 3 5

3 80 - 0 .0 8 3 3 6 6
(5 0 .0 )

- 0 .1 2 3 0 4 9
(4 8 .0 )

- 0 .1 3 6 3 1 9
(4 7 .4 )

- 0 .1 3 7 5 8 2
(4 7 .4 )

— 0 .1 3 7 6 6 2  
(4 7 .4 )

- 0 .1 3 7 6 6 5
(4 7 .4 )

- 0 . 1 3 7 6 6

4 80 - 0 .1 5 9 9 5 9
(4 0 .8 )

- 0 .2 0 9 7 2 8
(3 8 .6 )

- 0 .2 3 4 2 2 5
(3 7 .6 )

- 0 .2 3 8 4 0 9
(3 7 .5 )

- 0 . 2 3 8 8 4 4
(3 7 .5 )

- 0 .2 3 8 8 6 9
(3 7 .5 )

- 0 . 2 3 8 8 7

5 90 - 0 .1 8 9 6 4 9
(3 9 .3 )

- 0 .2 4 7 1 7 4
(3 6 .6 )

- 0 .2 8 3 3 3 9
(3 5 .2 )

- 0 .2 9 2 6 5 4
(3 4 .8 )

- 0 .2 9 4 0 8 6
(3 4 .8 )

- 0 .2 9 4 2 1 2
(3 4 .8 )

- 0 .2 9 4 2 1 9
(3 4 .8 )

- 0 . 2 9 4 2 2

6 110 0 .2 0 0 0 8 1
(4 2 .2 )

- 0 .2 6 3 3 1 5
(3 8 .8 )

- 0 .3 0 9 8 2 6
(3 6 .8 )

- 0 .3 2 5 8 5 7
(3 6 .1 )

- 0 .3 2 9 2 2 9
(3 6 .0 )

- 0 .3 2 9 6 4 8
(3 6 .0 )

- 0 .3 2 9 6 8 3
(3 6 .0 )

* Ref. [7]
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Table lb

The total energy values, Ey,y and the parameters of the wave functions, l, a, as a function of the internuclear distance, It. for the HeH2+, in
atomic units for the 3dô state. The best value of a is always in brackets under

R l EM EM EM E(0 EM E(4 E*

0 .5 1000 3 .5 0 3 4 7
(4 0 4 2 )

3 .5 0 3 0 8
(4 0 3 9 )

3 .5 0 3 0 8

1 350 1 .5 1 2 8 5
(7 2 5 )

1 .5 1 1 4 5
(7 2 3 )

1 .5 1 1 4 3
(7 2 3 )

1 .5 1 1 4 3

2 200 0 .5 4 1 3 4 3
(2 2 0 )

0 .5 3 6 9 4 2
(2 1 8 )

0 .5 3 6 7 1 3
(2 1 8 )

0 .5 3 6 7 0 9
(2 1 8 )

0 .5 3 6 7 8
0 .5 3 6 8 0

3 110 0 .2 3 9 9 7 8
(8 6 .9 )

0 .2 3 2 3 1 4
(8 5 .6 )

0 .2 3 1 4 7 3
(8 5 .4 )

0 .2 3 1 4 4 5
(8 5 .4 )

0 .2 3 1 4 4 5
(8 5 .4 )

0 .2 3 1 7 3
0 .2 3 1 8 1

4 9 0 0 .1 0 3 6 9 7
(5 6 .9 )

0 .0 9 2 9 6 0
(5 5 .6 )

0 .0 9 1 0 1 5
(5 5 .4 )

0 .0 9 0 8 9 8
(5 5 .4 )

0 .0 9 0 8 9 3
(5 5 .4 )

0 .0 9 0 8 9 3
(5 5 .4 )

0 .0 9 1 6 3
0 .0 9 1 8 2

5 90 0 .0 3 1 0 7 5
(4 8 .0 )

0 .0 1 7 5 7 3
(4 6 .6 )

0 .0 1 4 0 3 1
(4 6 .2 )

0 .0 1 3 6 9 2
(4 6 .2 )

0 .0 1 3 6 7 0
(4 6 .2 )

0 .0 1 3 6 6 9
(4 6 .2 )

0 .0 1 5 1 9
0 .0 1 5 5 2

6 90 - 0 .0 1 1 3 4 4
(4 2 .0 )

- 0 .0 2 7 2 8 5
(4 0 .5 )

- 0 .0 3 2 8 3 7
(4 0 .0 )

- 0 .0 3 3 8 3 7
(3 9 .9 )

- 0 . 0 3 3 6 7 9
(3 9 .9 )

- 0 .0 3 3 6 8 2
(3 9 .9 )

- 0 . 0 3 0 9 6
- 0 . 0 3 0 4 7

* Ref. [8 ]
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Tabic l i a

The total energy values, E^ny  and the parameters of the wave functions, /, a, as a function of the iatcrnuclear distance, R ,  for the LiH3+, in
atomic units for the 2р л  state. The best value of a is always in brackets under

R 1 EU) Е(г) e (j) EUi £(•> EM E(B> Е(ч

0 .5 200 4 .1 0 3 7 3
(4 2 5 )

4 .0 7 8 5 7
(4 2 0 )

4 .0 7 8 0 1
(4 2 0 )

4 .0 7 8 0 1
(4 2 0 )

1 110 1 .2 8 6 1 0
(1 2 8 )

1 .2 1 9 2 2
(1 2 4 )

1 .2 1 3 7 5
(1 2 4 )

1 .21361
(1 2 4 )

1 .21361  
(1 2 4 )  ,

2 100 0 .1 0 3 1 1 9
(6 7 .6 )

- 0 .0 2 9 5 8 4
(6 2 .9 )

- 0 .0 6 4 9 2 4
(6 1 .9 )

- 0 .0 6 8 6 5 1
(6 1 .8 )

- 0 .0 6 8 8 6 3
(6 1 .7 )

- 0 .0 6 8 8 7 0
(6 1 .7 )

3 110 - 0 .1 7 3 2 2 5
(5 5 .4 )

- 0 .3 4 3 3 8 4
(5 0 .0 )

- 0 .4 2 1 9 0 2
(4 8 .0 )

- 0 . 4 3 9 4 5 7
(4 7 .6 )

- 0 .4 4 1 6 0 5
(4 7 .5 )

- 0 .4 4 1 7 5 9
(4 7 .5 )

- 0 .4 4 1 7 6 7
(4 7 .5 )

4 140 - 0 .2 6 2 5 2 2
(5 7 .6 )

- 0 . 4 5 1 0 8 2
(5 0 .7 )

- 0 .5 6 7 4 8 9
(4 7 .5 )

- 0 .6 0 8 1 7 4
(4 6 .5 )

- 0 .6 1 6 5 7 2
(4 6 .3 )

- 0 .6 1 7 6 1 2
(4 6 .3 )

- 0 . 6 1 7 6 9 7
(4 6 .3 )

- 0 .6 1 7 7 0 2
(4 6 .3 )

5 180 - 0 .2 9 2 0 8 4
(6 3 .5 )

- 0 . 4 8 7 8 5 2
(5 4 .8 )

- 0 .6 3 0 9 9 9
(5 0 .4 )

- 0 .6 9 7 1 4 2
(4 8 .7 )

- 0 .7 1 6 8 5 9
(4 8 .2 )

- 0 .7 2 0 5 4 5
(4 8 .1 )

- 0 .7 2 0 5 4 5
(4 8 .1 )

- 0 .7 2 1 0 4 2
(4 8 .1 )

- 0 .7 2 1 0 4 4
(4 8 .1 )

6 230 - 0 .2 9 8 4 6 3
(7 1 .8 )

- 0 . 4 9 5 1 6 5
(6 1 .1 )

- 0 .6 5 5 3 1 5
(5 5 .2 )

- 0 .7 4 4 2 6 7
(5 2 .6 )

- 0 .7 7 8 6 9 6
(5 1 .7 )

- 0 .7 8 7 5 3 6
(5 1 .5 )

-  0 .7 8 9 0 6 2  
(5 1 .4 )

- 0 .7 8 9 2 4 9
(5 1 .4 )

- 0 .7 8 9 2 6 7
(5 1 .4 )
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• Table lib

The total energy values, E(nV and the parameters of the wave functions, l, a, as a function of the internuclear distance, R, for the LiH+3, in
atomic units for the 3dô state. The best value of a is always in brackets under

R l EM EM Els) E(i> E(i> Eh) E<7)

0 .5 90 0 5 .1 2 1 8 4
(2 7 4 3 )

5 .1 1 9 1 8
(2 7 3 5 )

5 .1 1 9 1 6
(2 7 3 5 )

1 29 0 2 .1 4 9 1 1
(4 5 9 )

2 .1 3 9 8 9
(4 5 4 )

2 .1 3 9 6 6
(4 5 4 )

2 .1 3 9 6 6
(4 5 4 )

2 140 0 .7 2 2 5 6 4
(1 2 1 )

0 .6 9 6 7 7 9
(1 1 8 )

0 .6 9 4 3 9 5
(1 1 7 )

0 .6 9 4 3 0 4
(1 1 7 )

0 .6 9 4 3 0 2
(1 1 7 )

3 120 0 .2 9 5 4 7 5
(7 5 .0 )

0 .2 5 4 7 4 9
(7 1 .6 )

0 .2 4 6 9 9 1
(7 1 .0 )

0 .2 4 6 3 2 5
(7 0 .9 )

0 .2 4 6 2 9 3
(7 0 .9 )

0 .2 4 6 2 9 2
(7 0 .9 )

4 120 0 .1 0 9 1 1 9
(6 0 .2 )

0 .0 5 6 8 5 9
(5 6 .5 )

0 .0 4 1 0 9 9
(5 5 .5 )

0 .0 3 8 7 1 3
(5 5 .4 )

0 .0 3 8 5 1 1
(5 5 .4 )

0 .0 3 8 5 0 0
(5 5 .4 )

0 .0 3 8 4 9 9
(5 5 .4 )

5 120 0 .0 1 3 1 3 7
(5 1 .2 )

- 0 .0 4 7 4 6 4
(4 7 .4 )

- 0 .0 7 2 3 5 9
(4 6 .0 )

- 0 .0 7 8 0 4 2
(4 5 .7 )

- 0 . 0 7 8 7 8 9
(4 5 .7 )

- 0 .0 7 8 8 4 9
(4 5 .7 )

- 0 .0 7 8 8 5 2
(4 5 .7 )

6 140 — 0 .0 4 1 0 5 8
(5 2 .3 )

- 0 .1 0 7 4 3 8
(4 7 .7 )

- 0 .1 4 1 2 1 9
(4 5 .8 )

- 0 .1 5 1 6 4 1
(4 5 .3 )

- 0 . 1 5 3 5 7 8
(4 5 .2 )

— 0 .1 5 3 8 0 0
(4 5 .2 )

- 0 .1 5 3 8 1 8
(4 5 .2 )
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Tabic Ilia

The total energy values, E^ny and the parameters of the wave functions, Í, a, as a function of the internuclear distance, R ,  for the HeLi4+, in
atomic units for the 2р л  state. The best value of a is always in brackets under E m

R l Еы EM E M E(i) EM E(t) e (j> Е(ъ) E<»>

0 .5 120 9 .1 0 5 7 9
(2 1 0 )

9 .0 9 6 8 9
(2 0 9 )

9 .0 9 6 3 0
(2 0 9 )

9 .0 9 6 3 0
(2 0 9 )

1 70 3 .4 6 0 6 7
(6 8 .9 )

3 .4 3 8 2 4
(6 8 .4 )

3 .4 3 3 4 9
(6 8 .3 )

3 .4 3 3 4 2
(6 8 .3 )

3 .4 3 3 4 2
(6 8 .3 )

2 60 1 .0 0 7 2 8
(3 5 .3 )

0 .9 6 0 2 3 4
(3 4 .6 )

0 .9 3 3 8 1 3
(3 4 .3 )

0 .9 3 1 9 8 5
(3 4 .3 )

0 .9 3 1 8 2 7
(3 4 .3 )

0 .9 3 1 8 2 3
(3 4 .3 )

3 70 0 .3 6 2 0 5 2
(3 0 .9 )

0 .2 9 1 8 9 5
(3 0 .0 )

0 .2 3 1 3 0 9
(2 9 .2 )

0 .2 2 0 4 4 4
(2 9 .1 )

0 .2 1 8 8 2 0
(2 9 .0 )

0 .2 1 8 7 1 2
(2 9 .0 )

0 .2 1 8 7 0 6
(2 9 .0 )

4 80 0 .1 0 6 0 3 9
(2 9 .1 )

0 .0 1 4 1 8 7
(2 7 .8 )

— 0 .0 8 0 6 0 8
(2 6 .5 )

- 0 . 1 1 0 8 2 5
(2 6 .2 )

- 0 .1 1 7 6 6 1
(2 6 .1 )

- 0 .1 1 8 4 8 6
(2 6 .1 )

- 0 .1 1 8 5 5 9
(2 6 .1 )

- 0 .1 1 8 5 6 4
(2 6 .1 )

5 90 - 0 .0 1 6 0 3 0
(2 8 .3 )

- 0 .1 2 5 9 1 5
(2 6 .6 )

- 0 .2 4 6 0 4 4
(2 5 .0 )

- 0 .2 9 9 9 0 5
(2 4 .3 )

- 0 .3 1 6 7 1 7
(2 4 .2 )

- 0 . 3 1 9 8 4 9
(2 4 .1 )

- 0 .3 2 0 2 5 0
(2 4 .1 )

- 0 . 3 2 0 2 8 7
(2 4 .1 )

6 110 —  0 .0 8 0 2 9 9  
(3 0 .7 )

—  0 .2 0 3 2 1 4  
(2 8 .3 )

- 0 .3 3 9 7 0 8
(2 6 .2 )

- 0 .4 1 5 5 1 7
(2 5 .3 )

- 0 .4 4 5 7 0 4
(2 4 .9 )

—  0 .4 5 3 4 7 2  
(2 4 .8 )

—  0 .4 5 4 8 3 6  
(2 4 .8 )

—  0 .4 5 5 0 0 6  
(2 4 .8 )

—  0 .4 5 5 0 2 3  
(2 4 .8 )
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Table ШЬ

The total energy values, and the parameters of the wave functions, l, a, as a function of the internuclear distance, R, for the HeLi4+, in atomic
units for the 3dô state. The best value of a is always in brackets under E ^

R l E(o Е(з) E(0 E(s) EM E<>)

0 .5 40 0 1 0 .6 3 6 6
(9 8 6 )

1 0 .6 3 5 6
(9 8 5 )

1 0 .6 3 5 6
(9 8 5 )

1 170 4 .6 9 7 2 9
(2 2 1 )

4 .6 9 3 9 5
(2 2 0 )

4 .6 9 3 7 7
(2 2 0 )

2 100 1 .8 4 3 6 9
(7 2 .7 )

1 .8 3 4 7 9
(7 2 .3 )

1 .8 3 3 1 5
(7 2 .2 )

1 .8 3 3 1 2
(7 2 .2 )

3 80 0 .9 7 5 2 0 4
(4 2 .9 )

0 .9 6 0 9 4 0
(4 2 .4 )

0 .9 5 5 9 9 9
(4 2 .3 )

0 .9 5 5 7 2 4
(4 2 .2 )

0 .9 5 5 7 0 5
(4 2 .2 )

4 70 0 .5 8 2 9 9 1
(3 0 .7 )

0 .5 6 3 6 9 9
(3 0 .2 )

0 .5 5 3 6 4 3
(3 0 .0 )

0 .5 5 2 5 5 7
(2 9 .9 )

0 .5 5 2 4 4 2
(2 9 .9 )

0 .5 5 2 4 3 7
(2 9 .9 )

5 70 0 .3 7 0 7 2 1
(2 6 .3 )

0 .3 4 6 6 5 0
(2 5 .8 )

0 .3 3 0 0 4 9
(2 5 .4 )

0 .3 2 7 0 6 0
(2 5 .3 )

0 .3 2 6 6 1 1
(2 5 .3 )

0 .3 2 6 5 7 8
(2 5 .3 )

0 .3 2 6 5 7 6
(2 5 .3 )

6 80 0 .2 4 2 9 0 9
(2 6 .4 )

0 .2 1 4 3 1 0
(2 5 .7 )

0 .1 9 0 4 9 1
(2 5 .1 )

0 .1 8 4 1 6 4
(2 4 .9 )

0 .1 8 2 8 8 8
(2 4 .9 )

0 .1 8 2 7 4 9
(2 4 .9 )

0 .1 8 2 7 3 8
(2 4 .9 )
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R em ark s

A ccord ing  to  th e  above  resu lts  th e  low est ly ing  n  a n d  à excited  s ta te s  
o f  th e  tw o -cen tre  prob lem s can be w e ll-trea ted  w ith  sim p le  an a ly tica l n o n 
ex p o n en tia l w ave fu n c tio n s of ty p e  (2) h av in g  only tw o  no n -lin ear v a ria tio n a l 
p a ra m e te rs , n o t on ly  in  th e  hom o n u clear case, b u t in  th e  h e te ro n u c lear case 
to o , so e.g. fo r th e  H eH 2+, L iH 3+ an d  H eL i4+ in  th e  w hole considered range 
o f  th e  in te rn u c le a r  d istance . B o th  th e  in v es tig a ted  s ta te s  — sim ilarly  to  th e  
g ro u n d  s ta te s  — p roved  to  be rep u ls iv e  fo r th e  considered  system s.

T he ca lcu la ted  energy  va lu es  for th e  H e H 2+ in fo u rth -se v e n th  ap p ro x im 
a tio n  agree to  four-five decim al p laces w ith  th e  ex ac t ones, w here th e y  are 
av a ilab le ; th is  ag reem en t is co m p arab le  w ith  th e  accu racy  o f th e  ex ac t va lues.

The re su lts  are p ro b ab ly  eq u a lly  good fo r th e  L iH 3+ an d  H eL i4+ system s, 
fo r  w hich th e re  are no ex p erim en ta l or th eo re tica l co m p ara tiv e  d a ta .

T he convergence o f th e  w ave fu n c tio n s  o f ty p e  (1) is sa tis fac to ry  an d  as 
ex p ec ted  i t  is n a tu ra lly  qu icker for th e  sm all nuclear d istances.

*

The author is grateful to Mrs. J. Tiba  for her help provided in the course of the numer
ical calculations.
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O N  T H E  M O L E C U L A R  P O L A R I Z A B I L I T I E S  

A N D  I N T E R M O L E C U L A R  D I S P E R S I O N  E N E R G I E S  

O F  D E U T E R A T E D  H Y D R O C A R B O N S  

A N D  R E L A T E D  C O M P O U N D S

By

R ama K aila , La l ji D ix it  and P. L. Gupta

A N A L Y T IC A L  P H Y S IC S  S E C T IO N , IN D IA N  IN S T IT U T E  O F P E T R O L E U M , D E H H A  D U N  —248005, IN D IA

(Received 24. II. 1977)

An effort has been made to discuss the effect of replacing hydrogen by deuterium on 
electronic polarizabilities and intermolecular dispersion energies of sixteen organic compounds. 
Standard one-dimensional delta-potential function model of chemical binding has been used. 
It has been found that the model is capable enough to account for major electronic changes 
of (C —H) bond region in the form of probability amplitudes of electrons so as to explain 
H/D isotope effect on the polarizabilities (aM) and intermolecular dispersion energies

In tro d u c tio n

A b o u t four decades h av e  e lap sed  since B ell  [1] ex am in ed  th e  effect 
o f  rep lac in g  hydrogen  b y  d e u te riu m  on th e  p o la rizab ilities  o f H 2, HC1, H B r 
an d  C H 4. H e p o in ted  o u t t h a t  because  of th e  a n h a rm o n ic ity  o f  zeropoin t- 
osc illa tions, th e  increase in  m ean  in te rn u c lea r d is ta n c e  re la tiv e  to  th e  value 
o f  th e  m in im um  of th e  p o te n tia l en e rg y  curve is less fo r th e  d e u te ra te d  com 
p o u n d s . T he d ifference in  th e  in te rn u c le a r  d is tan ces  in  d e u te ra te d  m olecules 
w as believed  to  be an  a d d itio n a l cause  for th e  iso to p e  effect on po la rizab ility . 
T h e  h igh  precision  o f th e  m o d e rn  e lec tro n -d iffrac tio n  m easu rem en ts  and  
analy sis  o f th e  v ib ra tio n a l-ro ta tio n a l spectra  could  successfu lly  ex p la in  such 
effects due to  changes in  in te rn u c le a r  d istances fo r  com pounds con ta in ing  
[C — H ] bo n d  an d  i ts  d e u te ra te d  analogues. Cy v in  an d  cow orkers [2] system 
a tic a lly  s tu d ied  th e  m ean  v ib ra tio n a l am p litu d es o f  th e rm a l m o tio n s and  
succeeded  in  exp la in ing  H /D  effec ts  in  num ero u s h y d ro ca rb o n s  an d  o ther 
m olecules. In  all such stu d ies , th e  basic  concept h a s  been  th a t  th e  p o ten tia l 
en erg y  cu rve  and  force c o n s ta n ts  o f bonds re m a in  p ra c tic a lly  unchanged . 
T he fall in  p o la rizab ility  on re p la c e m en t of a lig h t iso to p e  b y  a h e a v y  one was 
ex p la in ed  b y  R abinovich  [3] on th e  basis of th e  decrease  in  zero -p o in t energy 
(E 0) of th e  a tom ic oscilla tion . I n  th e  p resen t co m m u n ica tio n  th e  sam e effect 
h a s  been  exp la ined  b y  c o n s id e rin g  changes in  in te rn u c le a r  d is tan ces , R(c-H) 
an d  R(c~d) using a su ita b le  m o d e l p o ten tia l fu n c tio n  w here th e  possib ility  
o f  considering  such chan g es ex is ts  th eo re tica lly .
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Several in v e s tig a to rs  h a d  sugg ested  th a t  (C —H )/(C —D) b o n d  leng ths 
in  m olecules were p ra c tic a lly  in sen sitiv e  to  th e  changes in  B 0 an d  C0 ro ta tio n a l 
c o n s ta n ts , as large changes in  th e  b o n d  leng ths could  alm ost e x a c tly  be com 
p e n sa te d  by  re la tiv e ly  sm all a l te ra tio n  in  Н С Н  (D ÍD )  angles. L a te r  very  
a c c u ra te  A 0 va lues w ere d e te rm in e d  to  o b ta in  p rec ise  (C—H)/(C  — D) bond 
le n g th s . R ecent s tu d ie s  b y  D u n c a n  e t  al [4] an d  M c K e e n  e t al [5] involve 
o n e  d irec tly  d e te rm in ed  c o n s ta n t A 0 along w ith  h ig h ly  a c cu ra te  B 0 and  C0 
c o n s ta n ts  to  d e te rm in e  m olecu lar geom etries w ith in  n a rro w  lim its  assum ing 
t h a t  zeropoin t en e rg y  effects cau se  a  sh o rten in g  o f  (C —H ) b o n d  len g th  on 
d e u te ra tio n . H ence b y  considering  g round  s ta te  geom etries o f m olecules, an 
e x p la n a tio n  to  th e  u n d e rta k e n  a sp ec ts  m ay  be  so u g h t. T he u se  o f one-di
m en sio n a l de lta  fu n c tio n  p o te n tia l  can  be m ore f ru itfu l to  lo c a te  coord inates 
o f  m otions of nucle i as a d o p ted  b y  L ippin c o t t  a n d  D a y h o f f  [6] to  explain  
th e  g round  s ta te  p ro p e rtie s  of d ia to m ic  m olecules a n d  bond  p ro p e rtie s  of po ly 
a to m ic  m olecules. A lso recen tly , D i x i t  e t al [7, 8] h a v e  m ad e  u se  o f th e  a p 
p ro a c h  in  expla in ing  bond  p ro p e rtie s  of several m olecules. T he basic  concept 
a n d  theo re tica l b a ck g ro u n d  o f th e  m e th o d  has b e e n  re c e n tly  d iscussed  in  th is  
jo u rn a l  b y  N a g a r a ja n  and  S in g h  [9].

T h eo re tica l considerations

Follow ing th e  v a ria tio n a l t r e a tm e n t  of H y l l e r a a s  [10] a n d  H a sse  [11] 
a n d  m aking  use o f  D irac  D e lta  fu n c tio n  p o te n tia l [ 6 ] ,  L i p p i n c o t t  an d  S t u t - 

m a n  [12] deduced a n  expression  fo r m o lecu la r p o la rizab ility  cr.M in  te rm s o f 
co o rd in a tes  of m o tio n  of nucle i in  th e  form :

4nA,off
2 —

t j «0
( 1 )

w h ere  n is bond  o rd er, A 12 th e  red u ced  d e lta -fu n c tio n  s tre n g th , cr th e  co
v a le n c y  facto r, a j  th e  a tom ic  p o la rizab ility , X j  th e  e le c tro n e g a tiv ity  of th e  
j - th  atom s. T he te rm  re p re se n ts  th e  p ro b a b ility  a m p litu d e  o f  electrons 
exp ressed  in  te rm s  o f  in te rn u c le a r  d istance  R  as

B? 1
< X 2> =  —  + ------

4 2 c L
(2)

R  is th e  in te rn u c le a r  d is tan ce  a t  th e  equ ilib rium  c o n fig u ra tio n , and

C L  =  {n in2N lN 2)lli(A 1A 2)lj2 ,
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w here Ai, ríj an d  iV,- (i =  1, 2) rep resen t th e  d -func tion  s tre n g th , th e  p rin c ip a l 
q u a n tu m  n u m b e r an d  th e  n u m b e r of e lec tro n s m aking  c o n tr ib u tio n  to  th e  
b ind ing , re sp ec tiv e ly .

Now fo r th e  g round  s ta te  geom etries o f  p a re n t  and  d e u te ra te d  m olecules, 
i t  m ay  be v e ry  w ell assum ed th a t  zero -po in t en e rg y  effects a re  lo ca ted  w ith in  
(C—H )/(C —D ) b o n d  leng ths. H ence  ta k in g  p ro b a b ili ty  am p litu d es o f  e lec trons 
in  (C—H )/(C —D) b o n d  reg ion  to  be  [(я2> ]с -я  — [<(*2)]c- d one can  v e ry  w ell 
deduce th e  expression  for change in  m o lecu lar po larizab ility  on d e u te ra tio n  as

=  V  2  { [< * 2> ] с - я  -  K ^ T c - o }  • (3 )o i a 0

T he s ign ifican t q u a n t i ty  AtxM can  be m easu red  b y  re frac to m etry  using  L o ren tz  
E q u a tio n  (4) a n d  re frac tiv e  in d e x  d a ta

Ro
(ra2 -  1)1 M  

_(n2 +  2). Q
o ,

о
(4 )

w here R 0 is th e  m o la l re frac tio n , M  is th e  m o lecu la r w eight, q is th e  d en sity , 
N  is th e  A vogadro ’s n u m b er an d  th e  su b sc r ip t in d ica tes  th e  s ta tic  va lu e  i.e . 
th e  v alue  co rrespond ing  to  a s ta tic  e lectric  f ie ld .

F u r th e r  th e  w ell-know n fo rm ula  for e lec tro n ic  p o la rizab ility  in  V o l k e n -  

s t e i n ’s  [13] n o ta tio n s  read
2 ^  »4 • P?

«  =  —  > --------------- ,

h ^  (pf)2 -  r2

w here P? re p re se n ts  th e  p ro b ab ilitie s  o f  e lec tro n ic  tra n s itio n s  an d  v th e  
freq u en cy  of in c id e n t lig h t. Since th e  e lec tro n  shells of iso tope  m olecules are  
id en tica l, one can  v e ry  w ell assum e p ro b a b ili ty  o f electronic tra n s it io n  fo r 
p a re n t m olecule P 2H  to  be a p p ro x im a te ly  e q u a l to  th e  d e u te ra te d  m olecules, 
accord ing ly  fo r th e  p o la rizab ility  «,• a t  th e  i t h  level one o b ta in s

«/о  _  vÏh — у*М н 

xiH Ad — v*IAd

also since уещ  <  V/d ( [14] — [18]) th e  above E q . w ould give

( 6)

*<D <  • (7)

T hese resu lts  h a v e  been  verified  fo r d e u te riu m  com pounds u sin g  d a ta  on th e  
d ispersion  of l ig h t [19]. T h u s  b y  ex p an d in g  (6) an d  o m ittin g  th e  su p e rsc r ip t,
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e, we o b ta in

a / , p  _  v i , H  _  v2 Í ______ 1 ____________ Vi , H

a / ,  H  v i , D  1 v i , H v i , D  v l, D .

1 Vi .H -  V6
1 v i, H

v i , H ^ i , D v i o l v i , H v i , D V1,D .

,, „2П-1
v i , H v i , D

v i , H  I
„2П+1
v i , D  )

(8)

w h ere  all th e  coeffic ien ts of v2n h a v e  a com m on fo rm  and  since v/ d  >  r,->H 
th e se  coefficients a re  positive. F o r  th e  s ta tic  p o la rizab ility  i.e. v =  0 w e get

x iD Vi H
---------  ----

a i H ViD
(9)

T h u s as a re su lt o f re la tio n  (9), th e  decrease  in  in te rm o lecu la r d ispersion  energy  
E d m ay  be easily  e s tim a ted  th ro u g h  th e  S l a t e h  — K i r k w o o d  fo rm u la  [20]

E d
3 eh 

8 /7 r6
nag ' 1/2

( 10)

w here  n is th e  to ta l  n u m b er of e lec trons in  th e  o u te r  shells of the  a to m s fo rm in g  
p a r t  o f th e  m olecule, m and  e are th e  m ass and  charge  of an  e lec tro n  an d  r 
th e  in te rm o lecu la r  d istance . F rom  th e  com p u ted  re su lts  for p o la riz a b ility  of 
h e a v y  and  lig h t iso to p ic  m olecules from  (1) th e  difference in  dispersion energies 
o f  th e  m olecules can  be easily  derived .

R esults an d  discussion

T he well k n o w n  q u a n tu m -s ta tis t ic a l  energy  o f a harm onic o sc illa to r is 
g iven  by

E  —  E q  - f -  F t h e r m ,

w h ere  th e  zero -p o in t energy  E 0 =  1/2 hco and  th e rm a l energy

-^therm  —
hco

pbwIkT _

T his c learly  show s th a t  an  increase  in  freq u en cy  will b ring  an  increase  
in  th e  zero -po in t en e rg y  E 0, b u t w ould  cause a decrease in  th e  th e rm a l energy  
(.Etherm). T hus th e  to ta l  oscillation  en e rg y  falls w ith  th e  fall in  f req u en cy
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m ore slow ly th a n  th e  zero -p o in t energy  an d  th is  effect is m ore m ark ed  a t  
h igher te m p e ra tu re s . A p lo t o f E  vs v (w here 2nv =  со) a t  d iffe ren t te m p e ra tu re s
[3] show s t h a t  even a t  500 °K , th e  th e rm a l energy  of osc illa tions is ab o u t one 
th ird  o f th e  to ta l  energy (even w ith  v =  800 c m -1). T h u s  a change in  E 0 p lay s  
a d o m in an t role in  th e  change of E  a t  average te m p e ra tu re s . As QE/dco > -0  
a t all va lues o f со, th e  en erg y  of in te rm o lecu la r o scilla tions fo r th e  h eav ie r 
iso tope w ill be  less th a n  th a t  fo r th e  lig h te r  iso tope . A n increase  in  E, th ro u g h  
increase in  E 0, will cause an  increase  in  vi, w hich  in  tu rn  w ill p roduce  a decrease 
in  a T h i s  co n cep t w hen d eriv ed  m a th em a tica lly  y ie lded  E q . (7). H y l l e r a a s

[10] and  H a s s e  [11] v a r ia tio n a l t re a tm e n t, as expressed  in  (1), (2) an d  (3), 
w hen  com bined  w ith  th e  ab o v e  re su lt of (7) im plies th a t  a decrease in  p o la riz 
ab ility  due to  su b s titu tio n  o f h ea v y  iso tope  is d irec tly  re la te d  to  th e  decrease 
in  in te rn u c le a r  d istance  R.  A nd  i t  is th is  effect w hich we h av e  used to  ex p la in  
th e  iso tope effect in  p o la rizab ility  an d  in te rm o lecu la r d ispersion  energy.

F u r th e r , accord ing  to  th e  S l a t e r — K i r k w o o d  fo rm u la  (9), th e  in te r 
m olecular d ispersion  energy  is d irec tly  re la te d  to  p o la rizab ility  w hich in  tu rn  
is re la ted  to  in te ra to m ic  forces. B ecause of th e  m ark ed  dependence of in te r 
a tom ic  forces on th e  in te ra to m ic  d istances, we h av e  b een  able to  e s tim a te  
th e  iso tope-effect in th e  in te rm o lecu la r d ispersion  energies o f m olecules.

The co m p u ted  resu lts  fo r changes in  m olecular p o la rizab ility  fo r som e 
six teen  m olecules are given in  T ab le  I. In  m ak ing  th ese  ca lcu la tio n s it  has been  
assum ed t h a t  change in  p o la rizab ility  is governed  on ly  b y  changes of in te r 
nu c lear d is tan ces . Force c o n s ta n ts , bo n d  angles an d  o th e r  ch a rac te ris tic s  
h av e  been assum ed  n o t to  be affec ted  s ig n ifican tly  b y  d e u te ra tio n . T he m o 
lecules com prise  (0  —H ) / ( 0 — D) and  (N — H )/(N  — D) b o nds in  ad d itio n  to  
(C — H)/(C — D) bonds. The v a r ia tio n s  in  a M i.e. change in  m olecu lar p o la riz 
ab ility  h av e  been w orked  o u t fo r d iffe ren t (Rc- h —1?c^ d)) (-^О-н - -^o - d) 
an d  (I?n - h —R n - d) values v a ry in g  from  0.001 A to  0.005 A.

A m ongst th e  ca lcu la ted  va lues, th e  one closest to  th e  observed  docм  
values, a long  w ith  th e  co rrespond ing  R H—R D v a lue  fo r  w hich  th e  closest 
value is o b ta in e d , are show n (T able I). D ue to  n o n -a v a ila b ility  of accu ra te  
va lues of a ll th e  bond  len g th s  invo lved  fo r th e  m olecules th ro u g h  g as-d if
frac tio n  d a ta  o r n e u tro n -sc a tte rin g  tech n iq u es , th e  ab so lu te  va lues of p o la riz 
ab ility  o f com pounds could  n o t be ca lcu la ted . T his lim ita tio n  has fu r th e r

re s tr ic te d  o u r ca lcu la tion  of E d ,  h  ~  E j  0
E,

xioo
d , H

to  a few  system s on ly .

B ased on ex tensive  s tu d ie s  [21] to  [24], i t  has b een  estab lished  th a t  
change in  b o n d  len g th  on d e u te ra tio n  i.e. R c- h —R c-D  ~  0.002 A for m o st 
o f  th e  system s w ith  (С—H) bo n d s. H e r s b a c h  an d  L a u r i e  [22] found  th a t  th e  
m o st re liab le  p a ra m e te rs  can  be o b ta in ed  assum ing  R 0 (C— H ) =  R 0 (C —D) +  

0.002 A. F u r th e r , R a b i n o v i c h  and  V o l o k h o v a  [19], on th e  basis o f R I  
d a ta  for d e u te riu m  su b s titu te d  anilines an d  e th y l a c e ta te , h av e  show n th a t
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Table I

No S y stem

O b se rv ed  l i te r a tu re  
v a lu es  1 0 -24c m 3 C alcu la ted  Aaj / W x

е„ .„ -еЛОх1(ю
Ed, я

ajf Aa-M
10 24 c m 3

O b se rv 
ed

C alcul
a te d

l. C6He 9.950
9.896 0.054 0.0227 (0.005)* 0.41 0.37

2 . C6H5CH:i
C6HSCD3

11.861
11.807 0.054 0.0320 (0.005) 0.57 0.45

3. CeHls
C6D i2

10.745
10.623 0 .1 2 2 0.0480 (0.005) 1.05 0.63

4. CHC1.,
CDClj

8.258
8.258 0 .0 0 0.0007 (0 .0 0 1 ) 0.30 0 .0 2

5. CHBr2CHBr2
CDBr2CDBr2

16.108
15.991 0.017 0.0079 (0.005) 0.26 —

6 . c h 3n o 2
c d 3n o 2

4.670
2.640 0.030 0.0094 (0.005) 1 .0 0 0.23

7. c„h 5n h 2
c6h 5n d 2

11.537
11.526 0.009 0.0058 (0.005) 0.40 —

8 . c6d 3h 2n h 2
C6D3H2ND2

11.506
11.495 0 .0 1 1 0.0058 (0.005) - -

9. CH3OH
CH3OD

3.191
3.186 0.005 0.0054 (0.003) 0.54 0.08

1 0 . C2H,OH
C2HsOD

5.010
5.006 0.004 0.0036 (0.003) 0.42 -

1 1 . CH3(CH2)2OH
CH3(CH2)2OD

6.805
6.800 0.005 0.0054 (0.003) 0.37 —

1 2 . (CH3)2CHOH
(CH3)2CHOD

6.836
6.834 0 .0 0 2 0.0018 (0 .0 0 1 ) 0.36 —

13. CH2OH • CH2OH 
CHjOD • CH2OD

4.474
4.465 0.009 0.0109 (0.003) 0.58 —

14. CH2OH • CHOH • CH2OH 
CH2OD • CHOD • CHjOD

7.751
7.730 0 .0 2 1 0.0216 (0.004) 0.71 —

15. (CH3)2C(C6H5)0 —  o h  
(CH3)2C(C0H5)O — OD

19.043
19.034 0.009 0.0090 (0.005) 0.08 —

16. CH3COOH
CHjCOOD

5.038
5.028 0 .0 1 0 0.009 (0.005) 0.43 0.615

(a) Bond lengths involved have been taken from
(i) D. C. M cK e a n  et ah, Spectrochim Acta, 29A, 1037, 1973.

(ii) M. J. S. D e w a r , Molecular Orbital Theory for Organic Compounds, McGraw 
Hill Book Co. Inc. N. Y. 1969.

(iii) Y . Ma r in o , Handbook of O rg. Structural Analysis, W . A. Benjamin Inc. 
Amsterdam, 1965.

* Value in parentheses gives the (Rx_h—Hx -d) value that would yield closest
to the observed value.

differences in  th e  re fra c tiv e  ind ices o f iso to p ic  su b stan ces are  a p p ro x im a te ly  
ad d itiv e  re la tiv e  to  th e  n u m b e r of h y d ro g en  a tom s rep laced  b y  d eu te riu m . 
T h is proves th e  v a lid ity  o f th e  a d d itiv ity  hyp o th esis  for H /D  effect on p o la riz 
ab ilities.
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F ro m  th is , one m ay  expect t h a t  A x м  fo r C6H 12—CeD 12 sh o u ld  be a p 
p ro x im a te ly  tw ice o f  CeH 6—C6D 6 sy stem . T h is h as  been observed  to  be tru e , 
as th e  change b ro u g h t b y  6 (C—D) b o n d s in  benzene is 0 .0 5 4 X 1 0 -24 cm 3, 
w hich  is  rou g h ly  h a lf  o f 0 .1 2 2 X l0 ~ 24 cm 3, b ro u g h t by  12(C—D ) bonds in  
n -h ex an e . O ur ca lcu la ted  values (T able I) show  t h a t  th e  sam e is t r u e  fo r o th e r 
C — H , О — H  an d  N — H  bonds as well. T he re la tiv e  difference in  А хм  is th u s  
d e p e n d e n t on th e  n u m b e r of bonds d e u te ra te d . H ence A xM p e r  (C — D) bond 
m a y  b e  easily  tra n s fe r re d  from  one m olecule to  an o th er u n d e r  com parab le  
e n v iro n m e n ts . A ccord ing  to  th e  p re se n t s tu d y  А хм  for CHC13/CDC13 system s 
w ould  b e  a t  least 0.001 X  10 24 cm 3 while no change in  xм has b e e n  observed  
e x p e rim e n ta lly . A s tu d y  of e igh t sy stem s w ith  О — H /O —D b o n d s also shows 
re a s o n a b ly  good ag reem en t betw een  o bserved  a n d  calcu lated  v a lu e s  o f А хм  
p er O — H /O —D b o n d . In  case o f  (N  — H ) b o n d s , how ever, th e  ca lcu la ted  
А хм  p e r  (N —H )/(N —D) bo n d  is fo u n d  to  be  ap p ro x im ate ly  h a l f  o f th e  o b 
served  v a lu es . B e tte r  ag reem ent b e tw een  o u r ca lcu la ted  changes in  xм  (i.e. 
Ахм)  a n d  th e  observed  ( lite ra tu re ) va lu es  in  m a n y  cases, how ever, has been 
o b ta in e d  for ( R x~ h —R x- d ) values d iffe ren t from  0.002 A, show ing  th a t  
(Rx-H — R x- d ) 0.002 Â should on ly  b e  reg a rd ed  as an  ap p ro x im a tio n .

A bo v e  o b se rv a tio n s  prove th e  v a lid i ty  o f  th e  a d d itiv ity  h y p o th es is  for 
p o la r iz a b ility  change p e r d e u te ra te d  b o n d . T h e  expected  d ifference in  A x M 
in  acco rd an ce  w ith  (7) is ju s tif ied  b y  th e  p re se n t s tu d y . I t  m a y  be  in ferred  
th a t  a lth o u g h  th e  m olecu lar p o la riz a b ility  c a n n o t be resolved in to  a tom ic 
co m p o n en ts , th e  change in  xM due to  H /D  iso to p e  effect m ay be sa fe ly  in te r 
p re te d  considering  b o n d  com ponen ts, a g enu ine  physical g ro u n d  suggested  
b y  D e n b i g h  [25]. T h is is also physica lly  reaso n ab le  since electrons in  th e  b o n d 
ing reg io n s a re  loosely  b o u n d  re la tiv e  to  e lec tro n s close to  th e  nu c leu s an d  are 
th e re fo re  m ore p o la rizab le . C onclusively  i t  m a y  be said th a t  th is  is a f irs t 
sy s te m a tic  s tu d y  in  w hich  we have tr ie d  to  ex p la in  H /D  isotopic e ffec t an d  th e  
re su lts  m a y  he sa id  to  be encouraging .
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In this paper Einstein’s field equations for perfect fluid distribution with a specific 
equation of state are imposed to the most general spherically symmetric space-time defined by 
S y n g e  in Kruskal coordinates. A functional relationship is obtained which culminates in a pre
scription for building the most general cosmological solutions. The de Sitter cosmological uni
verse is obtained in a systematic way.

1. Introduction

T h e  m ost genera l spherica lly  sym m etric  m e tric  defined  b y  S y n g e  in  
K ru sk a l coo rd in a tes , is [1]:

ds2 =  - 2 fdudv +  r2(d 0 2 +  sin2© d02) , (1.1)

w h e r e /  an d  r a re  fu n c tio n s  o f (u, v). T he co o rd in a tes  x 1 — u, a4 =  v are tak en  
on a 2 -space  U2. T h e  coord inates x2 — О and  x3 =  Ф belong to  a u n i t  sphere S 2. 
F o r th is  m etric  S y n g e  has exp lo red  th e  so lu tions o f E in ste in ’s f ie ld  equations 
in  v acu o  in  te rm s o f  su itab le  c o o rd in a te s ; and o b ta in e d  Schw arzschild  solution 
in  a sy s te m a tic  w ay . T he p resen t a u th o rs  h av e  im posed  E in s te in  — M axwell 
e q u a tio n s  to  th is  line-e lem en t an d  o b ta in e d  a fu n c tio n a l re la tio n sh ip  betw een 
th e  g en e ra l fu nc tions /  and  r w hich  enab les us to  ge t several so lu tio n s under 
specific  coo rd in a te  sy stem . The R eissn er — N o rd stro m  solution  is show n to  he 
a spec ia l case [2]. T h e  p resen t a u th o rs  also h av e  o b ta in ed  an  ex p lic it solution 
o f E in s te in -S ca la r  zero -rest-m ass f ie ld  equ a tio n s [3].

I n  th is  p ap e r we h av e  o b ta in e d  a fu n c tio n a l re la tionsh ip  be tw een  th e  
f u n c t io n s /a n d  r in  (1.1) sa tisfy ing  th e  E in s te in ’s f ie ld  equa tions fo r  th e  perfect 
f lu id  w ith  th e  eq u a tio n  o f s ta te  q +  P =  o. B y usin g  su itab le  a rb i t r a ry  func
tio n s  occu rrin g  in  th e  re la tio n sh ip  w e can  c rea te  spherica lly  sy m m etric  cosm o
logical un iverses w o rth y  o f s tu d y . F o r  ju s tif ic a tio n  th e  de S itte r  un iverse  is 
o b ta in e d  in  a sy s tem a tic  w ay.

* Applied Mathematics Section, Institute of Technology, Banaras Hindu University, 
Varanasi — 22 1005, India
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2. F ield equations

T h e  energy -m om en tum  te n so r  fo r  a perfect f lu id  d is tr ib u tio n  is given b y

T i j  =  ({? +  p )V iV j -  p g i j  (2.1)
to g e th e r  w ith

gijV'v'j =  1 ,

p  b e in g  th e  p ressu re , д th e  d e n s ity  and  Г/ =  (tq, 0, 0, tq) th e  flow  vecto r 
w h ich  rep resen ts th e  m o tion  of th e  f lu id  in  th e  u -d irec tio n . The fie ld  equa tions

R,j -  j  Rgjj +  Agi] =  -  8n T u (2.2)

fo r  th e  m etric  (1.1) are  as follow s:

2r14 +  2 rpr4/yrJ +  1/r2 +  Л  =  K  [ -  (q +  p )  — / ]  , (2.3)

2гн /^  +  ( / i r  - f x U f W  +  A  =  -  K p , (2.4)

2 (rn  -  ri f j f ) l f r  =  K (q +  p ) v l / f ,  (2.5)

2(r41 --  r j j f ) / f r  =  K (e +  p ) v l l f ,  (2.6)

w h ere  Л  is th e  cosm ological c o n s ta n t an d  К  =  — 8 л.  T he n ecessary  cond ition  
fo r  perfec t flu id  d is tr ib u tio n  en su res  us th e  e q u a lity  o f th e  E in s te in  tenso r 
com ponen ts GÍ, G\, Gl and  G%(G{ =  R j  — l/2ôjR). T herefo re  g +  p  =  0 is th e  
o n ly  adm issib le ph y sica l s itu a tio n  fo r  w hich th e  E q s . (2.3) — (2.6) m ay  give 
so lu tio n s. Im po sin g  th e  cond ition  д p  =  0 th e  above equ a tio n s reduce to

2r j f i  +  2 r jr4/ f r 2 +  1/r2 =  K p  — A , (2.7)

2r j f r  +  ( / 14 =  K p  — A , (2.8)

h i  -  r j j f  =  0 , (2.9)

r44 -  r 4/ 4/ / =  0 . (2.10)

T h e  suffixes 1 an d  4 a fte r  th e  sy m bo ls f  and  r d e n o te  o rd in ary  d iffe ren tia tio n  
w ith  respect to  и a n d  v re sp ec tiv e ly .

3. Solution o f the field equations

T he E q s. (2.9) an d  (2.10), a f te r  in teg ra tio n , p rov ide  

f  =  2B(v)r1 , f =  2A(u)ri  , (3.1)
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w here A (u ) and  B(v) a re  a rb itra ry  func tions o f и an d  v, resp ec tiv e ly . U sing
(3.1) th e  E q . (2.7) can  he  w ritte n  in  th e  a lte rn a tiv e  form s

( " 1)4 =  A(u)(№r2 -  l ) r 4 ,

(rr4)4 =  5(n)(A2r2 -  l ) r x ,

w here A2 =  K p  — Л. In te g ra tin g  E q s . (3.2) we o b ta in

r4 =  D/r — A (  1 — a2r2) , (3.3)

r4 =  E/r  — 5 (1  — <x2r2) . (3.4)

D  an d  E  being a rb itr a ry  fu n c tio n s o f u and  v, resp ec tiv e ly , an d  a2 =  A2/3. 
D iffe ren tia tin g  (3.3) an d  (3.4) w ith  re sp ec t to  v an d  u , resp ec tiv e ly , and  using
(3.1) we get

D  =  k A  , E  =  к В  к =  c o n s ta n t) . (3-5)

S u b s titu tio n  of (3.5) in  (3.3) an d  (3.4) p rovides

r 4 =  — A(1 — k/r — a2r2) , (3.6)

r4 =  -  5 (1  -  k/r -  a2r2) . (3.7)

O n acco u n t of th e  E q s . (3.6) an d  (3.7) th e  E q . (3.1) ta k e s  th e  fo rm

/ = - 2 ^ 5 ( 1  -  fe/r -  a2r2) . (3.8)

M aking use of th e  E q s . (3.6), (3.7) a n d  (3.8) th e  E q . (2.8) has been  found  to  be 
id en tica lly  sa tisfied .

In  M inkow skian coo rd in a te  sy s tem  th e  m etric  (1.1) ta k e s  th e  form

ds2 =  Adudv -f- r2(d 0 2 -|- sin2 0d<l>2) 

u =  (r +  t) /2 , v =  (r  — t)/2 .
(3.9)

T h ere  are  no s in g u la ritie s  in  M inkow skian  space-tim e , an d  r  =  0 is m erely  a 
tim e-lik e  geodesic. W h en  r — и -)- v, th e  E qs. (3.1) show  th a t  f  is co n stan t. 
So in  view  of th e  E q s . (3.2) — (3.9) w e m u st ta k e  /с =  0. T herefo re , (3.6) and  
(3.7) red u ce  to

r 4 =  — A (  1 -  a2r2) , (3.10)

r4 =  — 5 (1  -  a2r2) . (3.11)

F ro m  dr =  r4du +  r4dv, we o b ta in

R 2dr/(R2 -  r2) =  -  A du  -  Bdv  , (3.12)
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w here a2 =  1/Я2. T hus th e  p ro b lem  o f fin d in g  th e  fu n c tio n s f  an d  r  now  re 
duces to  in te g ra te  th e  fu n c tio n a l eq u a tio n s  (3.10), (3.11) and  (3.12).

4. Functional relationship

W e now  choose a re a l v a ria b le  Я  re la ted  to  r  b y  th e  d iffe ren tia l eq u a tio n

H d H /(H 2 -  Щ  =  f í2dr/(r2 -  R 2) . (4.1)

T h e  so lu tio n  of th is  d iffe ren tia l eq u a tio n  is

(H 2 — R 2) =  b Í—----- (b =  c o n s ta n t ) . (4-2)

F ro m  E q s. (3.12) and  (4.1) we have

H dH /{H 2 -  R 2) =  A du  +  Bdv . (4.3)

T h is eq u a tio n  provides

A  =  Я Я 4/ ( Я 2 — R 2) , В  =  Я Я 4/( Я 2 -  R 2) . (4.4)

A ssum ing th e  so lu tio n  o f (4.3) as

H 2 — R 2 =  U2 V 2 , (4.5)

w here U a n d  V  are fu n c tio n s  o f и an d  v, respective ly , one can o b ta in

A  =  U-JU , B  =  V J V  (4.6)

using  (4.4). T hen  from  (4.1) we h av e

r 4 =  Я Я 1(г2/Я 2 -  1 ) /(Я 2 -  R 2) , (4.7)

r4 =  Я Я 4(г2/Я 2 -  1 ) /(Я 2 -  R 2) . (4.8)

A  sim ple a n d  s tra ig h tfo rw a rd  ca lcu la tio n  provides th e  expression  fo r th e  fu n c
t io n  f  as

/ =  2 Я 2Я 1Я 1(г2/Л 2 -  1 ) /(Я 2 -  Я 2)2 . (4.9)

H ence fo r th e  m etric  (1.1) sa tis fy in g  th e  E in s te in ’s fie ld  eq u a tio n s  (2.1),
(2.2) an d  th e  eq u a tio n  o f s ta te  q p  =  0 th e  fu n c tio n  f  is given in  te rm s  of r 
b y  th e  fu n c tio n a l e q u a tio n  (4.9), w here r is d e te rm in ed  in  te rm s  o f Я  b y  (4.5) 
so th a t  r2 com es ou t as a fu n c tio n  o f (и, v). C onsequen tly  th e  f u n c t io n /c a n  be
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w ritte n  in  a n u m b e r o f e q u iv a len t form s as fu n c tio n s  o f (и, v). Choosing th e  
su ita b le  form s o f th e  fu n c tio n s U  an d  V  we can  o b ta in  sph erica lly  sym m etric  
cosm ological m odels w o rth y  of s tu d y . In  the n e x t  S ection  we shall o b ta in  
th e  w ell-know n de S it te r  cosm ological m odel fo r th e  specific  choice of U an d
V. T he co n stan t o f  in te g ra tio n  b, occurring  in  (4.2), m a y  be  ta k e n  u n ity .

5. Particular case

Choosing
4 II к II <5 (5.1)

E q . (4.5) becom es
H 2 -  R 2 =  u2v2 . (5.2)

B y  (5.2)
H 1H i  =  u3v3/H 2 . (5.3)

T herefo re , from  (4.9)

»p
H1IM ,II (5.4)

A gain , since
d H  — H xdu  -f- H tdv ,

we o b ta in
H dH /u2v2 =  du/u +  dv/ * (5.5)

F ro m  (4.1) and  (5.5)
du/u -f- dv/v =  R 2dr/(r2 — R 2) . (5.6)

D efine  г  by

— du/u +  dv/v =  d r  or r  =  log
V 1

—  +  co n st . 
u )

(5.7)

T h e  E qs. (5.6) a n d  (5.7) to g e th e r  give

4dudv/uv  =  dr21(l — r2/R2)~dl2. (5-8)

C om bining th e  E q s. (5.4) an d  (5.8) we o b ta in

—2fdudv  =  [(1 -  r2/R 2) - 4 r 2 -  (1 -  r2/R 2)dT2] . (5.9)

T herefo re  th e  m e tric  (1.1) reduces to

ds2 =  (1 -  r2!R2) - 4 r 2 +  r2(d&2 +  sin2 0АФ2) -  (1 -  r2IR2)dr2 . (5.10)

T h e  line-elem ent (5.10) is th e  de S itte r  cosm ological u n iv e rse  w hich  is spheric
a lly  sym m etric  so lu tio n  o f th e  E in s te in ’s fie ld  eq u a tio n s  (2.1) an d  (2.2) w ith
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th e  eq u a tio n  of s ta te  q -\- p  =  0. T h e  expression fo r th e  c o n s ta n t R  is given by

1/R2 =  _  (8Пр + Л)/3 (5.11)

w h ich  can be considered  as th e  ra d iu s  o f th e  un iverse .

The authors are thankful to Dr. К. P. Sin g h  for valuable suggestions.
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Using modern differential geometry we complete the classical analogy between dynamics 
and statics in mechanics. For every mechanical system satisfying Maxwell’s Principle a local 
variational principle is valid which in some cases can be extended to a global one. If a further 
regularity condition holds then we can get a Lagrangian function. There exist mechanical 
systems in Nature which satisfy Maxwell’s Principle but do not have a global variational 
formalism: such an example is the case of a polarized particle or a particle with spin.

§ 1. Introduction and summary

I n  classical m ech an ics  th e  e q u a tio n s  o f m otion  o f  a m echan ical system  
are g en era lly  deduced  fro m  H a m ilto n ’s p rinc ip le  (E u le r—L agrange equa tio n s). 
C onversely , i t  can  be ask ed  u n d e r w h a t cond itions can  th is  p rin c ip le  be ob
ta in e d  fro m  th e  e q u a tio n s  of m o tion .

In  m odern  m ech an ics  th e  e q u a tio n s  o f m o tio n  are  expressed  in  term s 
o f th e  so-called  sy m p lec tic  s tru c tu re s  o f d iffe ren tia l geo m etry  (S o u r ia u  [1]; 
A b r a h a m  [2]; G o d b il l o n  [6]). U sin g  th e se  too ls w e can  d raw  a perfect 
an a lo g y  betw een  d y n am ics  and  s ta tic s . O ur en tire  in v es tig a tio n  is based  
e ssen tia lly  on th is  an a lo g y .

F irs t  we b rie fly  resum e th e  a p p ro p r ia te  n o tions (§ 2) an d  fo rm u la te  
th e  “ e q u a tio n a l”  ( ty p e  I) and “ v a r ia tio n a l”  (ty p e  I I )  fo rm u la tio n s:

У e K er cr% ) , ( ty p e  I.)

w here y is a m otion  o f  th e  system , ÿ d eno tes its  “ lif te d ”  to  th e  evo lu tion  
space, a is th e  sy s tem ’s L agrange fo rm  ([1]), K er о-ц) i ts  kernel a t  th e  p o in t 
y(t) eE, a v ec to r  space  of d im ension 1.

Y (ê)  =  0 for all Y yeTy{8) , ( ty p e  I I .)

w here T v(§) is th e  ta n g e n t  space o f th e  se t o f all C°° cu rves (#) jo in in g  th e  fixed  
po in ts  a , b; y  s S’, ê  is  a  rea l v a lu ed  fu n c tio n  defined  on §, Y y(ê) d en o tes  its
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d irec tio n a l d e r iv a tiv e  in  th e  d ire c tio n  of Y v e T a(§). To co n d itio n  I I  we re fer 
as to  th e  “ a b s tra c t  E u le r—L ag ran g e  eq u a tio n ”  an d  express i ts  v a lid ity  as 
fo llow s:

The ac tu a l p a th  is a s ta t io n a ry  curve of ê.  ( ty p e  II .)

I f  a L ag ran g ian  function  is given, we m a y  define $ as L  dt; b y  in tro 

d u c in g  th e  one-form  Я called th e  C a r ta n  form  w e ge t {) as

ß(y): S’ ey —>-J_ Я =  |"o Ldt s R  .

B y ca lcu la tin g  th e  d irec tio n a l d e riv a tiv e  o f  th is , we a rriv e  a t  fo rm u la tio n  
I ,  deduced from  fo rm u la tio n  I I  (u sual calculus o f  v a ria tio n s).

The local v a r ia t io n a l  p rinc ip le  s ta te s  th a t  th e re  ex ists — a t  le a s t locally  — 
a f ie ld  of 1-forms (Я) such  th a t  th e  E u le r—L ag ran g e  eq u a tio n  belonging  to  Я 
coincides w ith  th e  eq u a tio n  g iven  b y  I  w ith  a =  dЯ.

In  § 4 we sho w  th a t  th e  n ecessary  an d  su ffic ien t cond ition  fo r a system  
to  sa tisfy  the local v a ria tio n a l p rin c ip le  is th e  v a lid ity  of M axw ell’s p rinc ip le :

da =  0 .

I f  a su itab le  cond ition  is fu lfilled , th e n  L  can  be recovered  from  ?.. 
( K l e i n  [ 8 ] ) .

I f  the e v o lu tio n  space h as  som e ad d itio n a l topo log ica l p ro p e rty , th e  Я 
ca n  be ex tended  o n to  th e  e n tire  evo lu tion  space , th a t  is, we get a global 
v a ria tio n a l p rin c ip le .

In  th e  conclusion  (§ 5) we show  th a t  fo r a p a rtic le  w ith  spin  ( T h o m a s , 

1927, [9]) no g lo b a l L ag ran g ian  fu n c tio n  can  ex is t.

§ 2. M athem atical tools

O ur ob jec tiv e  is to  find  th e  no tions d en o ted  b y  1, 2, 3 in  T ab le  I , th a t  is, 
to  f in d  analogues o f  f in ite  d im ensional ta n g e n t space, th e  p rincip le  of v ir tu a l 
w o rk  and the  d ire c tio n a l d e r iv a tiv e .

2 .1 . Tangent space o f  §  at a curve y e ®  [3]

L et M  be a n y  d iffe ren tiab le  m anifo ld , o, b e M  fixed  p o in ts , c? th e  set 
o f  a ll C“ curves w h ic h  do n o t in te rse c t and  [0, T ] an  in te rv a l o f rea l n u m bers. 
W e require th a t  y(0) =  a, y(T)  =  b fo r all y e 3.

I t  can be sh o w n  [3] th a t  §  can  be tu rn e d  in to  a locally  B an ach  m anifo ld , 
i.e . an  “ in fin ite  d im ensional m an ifo ld ” . W e n eed  only  th e  follow ing re su lt: 

Proposition: a  ta n g e n t v e c to r  o f #  a t  a “ p o in t”  у  — th a t  is, a cu rve  ly ing  
in  M  — is a d iffe ren tiab le  v e c to r  fie ld  along y. T h ro u g h o u t th is  p ap e r i t  will
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Table I

S ta t ic s D y n am ics

Q configurational space 
(n dimensional manifold)

g? the set of all Cœ paths joining 
a, b e Ç; y(0 ) =  a, y  (T ) =  b

condition to be realized
sum of forces =  0 | equation of motion

I. 44equational formulation”
principle of virtual work

o-II

<Sc>

?
°q(Yq):  =  F, ■ Yf =  0 for all 2 .  =  ?

Y„ e Tq(Q),  the tangent space of Q at q: l y ( Y )  =  0 for all Y y  £ T y (§)
Од : Tg(Q)  —► R  linear function E y  :  T y ( S )  - »  R  linear function

if [rot.F](q) =  0, there exists a function V 
defined in a neighbourhood of q such that here

4. condition for local solvability

3. directional derivative of a function■H1II>4?

on S ’

(the directional derivative of V by Yg)

if Q satisfies certain topological conditions, 5. topological condition for global
V is global solution

V \Q -* R

I I .  44variational formulation”

principle of “minimal potential” : Hamilton’s principle:

q is a stationary point of V the actual path makes the integral 
SLdt stationary

Y q( V)  =  0 for all
Y q e T q(Q)

alw ays be  supposed t h a t  an y  such v e c to r  fie ld  can  be ex te n d e d  o n to  a neigh
b o u rh o o d  of y and  g en e ra te  th e re  a  local g roup  o f d iffeom orphism s.

W e can re la te  th is  v ec to r f ie ld  to  th e  classical v a r ia tio n a l calculus as 
fo llow s: T he local g ro u p  o f d iffeom orph ism s associa ted  to  th e  above vecto r 
fie ld  ca rrie s  y to  a n e ig h b o u rin g  cu rv e  called classically  a “ v a ried  curve” . 
As th e  en d  points are  n o t  changed , o u r v ec to r fie ld  van ish es  in  a an d  6.

2 .2 . Symplectic mechanics

T h is  “ co v a rian t”  fo rm  of c lassical m echanics h as  been  evo lv ing  since 
Ca r t a n  [4 ]. M odern ex positions a re  due to  Ma c k a y  [1 2 ], G o d b il l o n  [6] 
an d  A b r a h a m  [2]. T h e closest one to  o u r line of th o u g h t is t h a t  o f S o u r ia u  
[1]. W e lim it ourselves h ere  to  a b r ie f  rev iew  o f th e  basic  ideas.

I n  classical m echan ics, s ta te s  a re  id en tified  w ith  th e  p o in ts  of th e  set

E = T(Q) x S x R  (2 .2 .1)

A c ta  P hysica  A cadem iae  S c ien tia ru m  H ungaricae 42 , 1977



254 P. HORVÁTHY and L. UR Y

ca lled  the  sy s tem ’s evolution space. H ere Q is th e  se t o f all possible con figu r
a tio n s , an n -d im ensional Сте m an ifo ld , T(Q) is its  ta n g e n t space, S a possible 
v o id  set if p a ra m e te rs  re la te d  to  in n e r degrees o f freedom ; R  is tim e .

Exam ples:

1. n-body m o tio n : Q =  R?n, S  =  0; E  — R 6n 1.
2. In  1927 L . H . T h o m a s  s tu d ied  th e  m o tio n  o f a po larized  p a rtic le  

in  e lec trom agnetic  fie ld . H e d iscovered  th a t  th is  p a r tic le  possesses a p ro p e r 
a n g u la r  and m ag n e tic  m o m en tu m . B o th  o f th e se  q u a n tit ie s  are p ro p o rtio n a l 
t o  a u n it vecto r in  th ree -sp ace , called  th e  spin  o f th e  p a rtic le  ([9], or in  re 
la tiv is tic  d escrip tion  in  B a r g m a n n  —  M i c h e l —T e l e g d i  [10]). T h is in n e r  
deg ree  of freedom  will he rep re sen ted  m a th e m a tic a lly  b y  a se t S. H ence, in  
th is  case Q =  R 3, S  =  S2 (u n it sphere  in  th ree -sp ace) th e  p ro p er an g u la r 
m o m en tu m  will b e  As, th e  p ro p e r m agnetic  m o m en tu m  fis; A, p e R , s e S 2.

The e q u a tio n s  o f m o tion  a re  given as

dq/dt =  V  ,

d[mv]/dt =  g[E  - f  v X  B] +  dB/dq(fis) , (2.2.2)

d[Xs]/dt =  fisX  В  ,

(g  is th e  electric  charge).
B y s ta te  we m ean  th a t  all m o tio n s of th e  sy stem  are  d e te rm in ed  b y  giv ing 

a  p o in t in E  in  th e  follow ing m a n n e r: th ro u g h  ev ery  p o in t o f E  passes e x a c t
ly  one C°° cu rve  called  ev o lu tio n  curve of th e  sy stem . T he m o tions can  be set 
in to  one-to-one co rrespondence  w ith  these  ev o lu tio n  cu rv es; th e y  are  ex ac tly  
th e  p ro jections o f  th e  ev o lu tio n  curves onto  Q.

The a n a ly tic a l descrip tio n  o f  these  ev o lu tio n  cu rv es is given b y  a fie ld  
o f  an tisy m m etric  2-form s d e n o ted  b y  cr and  called  th e  sy s tem ’s Lagrange 
fo rm .  For every  e e E  ae is a b ilin ea r an tisy m m etric  fu n c tio n  on th e  ta n g e n t 
sp ace , d ifferen tiab le  in  an  a p p ro p ria te  sense. In  classical te rm s  a is an  an ti- 
sy m m etrica l c o n tra v a r ia n t te n so r  field . The kernel o f or a t  a p o in t e £ E  is

K er ae =  { X e e T e(E) : ae( X e, Y e) =  0 fo r  ev e ry  Y e e  T e{E)} . (2.2.3)

K e r  ae is a v e c to r  space; i t  is req u ired  th a t  i t  h a s  th e  d im ension  1 fo r ev e ry  
e e E.

The re la tio n  betw een  th e  evo lu tion  curves a n d  a is th e  follow ing: a 
associates a one-d im ensional v e c to r  space to  ev e ry  p o in t o f E;  one verifies 
([1 ] , [6]) th a t  th ro u g h  every  p o in t of E  ex ac tly  one C “ cu rve  passes w hose 
ta n g e n t spaces coincide w ith  th e  vec to r spaces g iven b y  one in  th e  above 
m an n e r.
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In  th is  p a p e r th e  m echanical sy stem s are  ch a rac te rized  b y  th e  p a ir  of 
th e ir  evo lu tion  spaces an d  L agrange fo rm s, (E , a).

T h e eq u a tio n s o f m o tion  will h a v e  th e  fo rm

y(t) e K e r  a'W) ; (2.2.4)

here  y denotes th e  “ lif te d ”  of th e  cu rv e  y, : ÿ(t) =  (y(t), y(t), i) .

Example  1. L e t m, be th e  m ass, qt e R 3 th e  space- г>,- e R 3 th e  velocity - 
c o o rd in a te  of th e  i th p a rtic le ; Fj e R 3 th e  force app lied  on it ,  th e n

cr =  ^  (m:dvi — F\dt) Д  (dqt — v,dt) , (2.2.5)
r = l

w here A  denotes th e  e x te rio r p ro d u c t o f th e  v ec to r-v a lu ed  d iffe ren tia l form s. 
D e fin itio n : if  a, ß are  1-form s w ith  v a lu e s  in  R 3, th e n  set

(а Д  ß)(X , Y ):  =  < a(X ), ß (Y ) }  -  <«(У ), ß (X )}  (2.2.6)

w ith  < ( . . . )  th e  u su a l sca la r-p ro d u c t, X ,  Y  e T e(E). O ne v erifies  ([1]) th a t  
(2 .2 .4) now  ex ac tly  m ean s th a t  y is a  so lu tio n  o f  th e  sy stem  o f d iffe ren tia l 
e q u a tio n s

m, -  F ,-, =  Vi (* =  1, . . n) (2.2.7)
dt dt

Example  1*. Suppose given n ch a rg ed  p a rtic le s , le t th e  elec tric  a n d  m ag 
n e tic  forces be ch a rac te rized  b y  £,• a n d  B t (i — 1, . . . n). T h e  correspond ing  
L agrange-fo rm  is th e n

a =  {(m ,dr, — E idt)(dqi — vtdt) -f- <B, d q ^ d q ^ }  ; (2 .2 .8)
i=i

h e re  dq X dq denotes th e  v ec to r-v a lu ed  2-form  g iven  b y

( d q x d q ) ( X ,Y ) :  =  X qx Y q (2.2.9)

(a  v e c to r  X e e T e(E) has th e  co m p o n en ts  X q, X v, X t).

Example 2 (p artic le  w ith  spin)

a  =  (mdv — Edt) Д  (dq — vdt) +  <B , dqxdq)  +  jud{<s, В )}  — /< s, d s X d s )  .

(2 .2 .10)

H ere  d is th e  o p e ra to r o f ex te rio r d e riv a tio n  ( [ I ] ,  [2], [6], [11]).

A c ta  P h y s ic a  A cadem iae  S c ien tia ru m  H ungaricae 42 , 1977



256 P. HORVÁTHY and L. URY

According to  experience a re g u la r ity  co n d itio n  called  MaxwelVs principle  
b y  S o u r i a u  is a lw a y s  valid :

da =  0 .  (2.2 .11)

co o rd in a tes  th is  m eans (in case of exam ple 1)

8 Ej
— 0 ; d B ' ~ 0 ; 1

4CO CD II О d B l -  0CO dvk

CO dqk 9?*

ro t E k-{- 8 В
=  0 , d iv  B k = 0

dt

H ere  we recognize M axw ell’s e q u a tio n s  in  n o n -re la tiv is tic  n o ta tio n : th e  te rm s  
w ith  1/c are n eg lec ted . (dEJdqj  is th e  tra n sp o se d  o f th e  m a tr ix  dEk/dqj).

In  exam ple 2 th is  cond ition  is a u to m a tic a lly  sa tisfied , because th e  su p 
p lem en ta ry  te rm s  also v an ish  b y  ex te rio r  d iffe ren tia tio n : th e  f irs t one is i tse lf  
a  to ta l  d e riv a tiv e , an d  dd — 0 (P o in ca re ’s lem m a); th e  e x te rio r d e riv a tiv e  
o f  th e  second one  is a 3-form  on S2, a tw o -d im en sio n a l m an ifo ld , hence i t  
van ishes too.

2 .3 . Du Bois Reym ond lemma

In  order to  fo rm u la te  th e  e q u a tio n s  o f m o tio n  in  te rm s  o f a lin e a r  fu n c 
tio n  on T(§) w e m a k e  use of th e  p ro p o sitio n  called  c lassically  D u B ois R ey 
m o n d  lem m a.

Ju s t as th e  lif te d  of a cu rv e , th e  lif ted  o f a v ec to r  fie ld  in  Q m ay  be d e 
fin e d  as well [1]. D en o te  i t  b y  Ÿ ;  th is  is a v e c to r  f ie ld  in  th e  ev o lu tio n  space.

Let (ax, S]) a n d  (a2, s2) be fix e d  p o in ts  in  Q x  S, y  e §, Y v an y  d iffe re n ti
ab le  vector f ie ld  a lo n g  y  v an ish in g  a t  th e  en d  p o in ts . Suppose Y v can  be e x 
te n d e d  onto a n e ig h b o u rh o o d  o f y  an d  i t  g en era tes  th e re  a local g roup  o f  
diffeom orphism s. T h e n  for an y  a 2-form  w ith  d im  K e r ae =  1 V  e' E  i t  ho lds:

Proposition:

?(*) £ K e r  am  V  UT  i f  j_  <r(., Y )  =  0 fo r a ll Y y e T 9{8) . (2 .3 .1)

T h u s, we a rriv e  a t :

Formulation I

Let a be th e  L agrange fo rm  o f a m echan ica l sy s tem ; define  27 as

27y: Ty(8) s Y y -> Z y( Y y): =  j .  *(., У ) , (2.3.2)

th e n  according to  P ro p osition  (2.3.1) th e  eq u a tio n s  o f m o tion  are  e q u iv a len t to

27y( Y y) =  0 a ll fo r Y y e T v(8) . (2 .3 .3)
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2.4. Directional derivative o f  a function on §

D enote  th e  local g roup  o f d iffeom orphism s genera ted  b y  th e  v ec to r  field  
Y y b y  (fx: th e n  fo r a n y  ê  : S’ —> R  fu n c tio n  define V: г —* ^{(fxy). T h en  th e  di
re c tio n a l d e riv a tiv e  o f ê  a t  a p o in t y  in  th e  d irec tion  o f Y y e T v(§) (deno ted  
b y  Y y(-#)) will be th e  sim ple d e r iv a tiv e  of V  b y  т  a t  г  =  0. Suppose th is  deriv 
a tiv e  ex is ts  and  is u n iq u e ly  d e te rm in ed .

Definition. I f  Y y($)' =  0 fo r  all Y v e  TY(§), th e n  we say  t h a t  у is a s ta 
t io n a ry  curve of ê. W e re fer to  th is  cond ition  as th e  abstract E uler—Lagrange 
equation.

In  th e se  te rm s  H a m ilto n ’s p rincip le  can  be fo rm u la te d  as follows: 

Hamilton s principle: : = ^ L d t  — a real valued  fu n c tio n  on  f  —

has th e  ac tu a l p a th  as a s ta t io n a ry  curve. H ence th e  fo rm u la tio n  o f  ty p e  I I :

Y7(#) =  0 fo r all Y y e T y{8 ) .  (2.4.1)

§ 3. The local variational principle

I n  o rder to  e s tab lish  th e  re la tio n  betw een  these  tw o ty p e s  o f  descrip tions 
we exp ress H am ilto n ’s p rin c ip le  in  te rm s o f geom etrical o b jec ts . Suppose a 
L ag ran g ian  fu n c tio n  is g iven (L).

L e t  th e  Cartan fo rm  o f th e  sy s tem  belonging to  L  be d efin ed  as

A: =  È  Í —  (d9i -  ® i*)l + Ldt (3.1)i=i I 9t>f J
( H e r m a n n  [11]). T h en  one verifies

J o - L d t = J „ A ,  y e § .  (3.2)

C alcu la ting  th e  d irec tio n a l d e riv a tiv e , we get:

Yyifi)  =  J .  £ ?(A), (3.3)

w here £-(A) is th e  L ie -d e riv a tiv e  o f  th e  form  A. U sing sim ple re la tio n s we 
fin a lly  h av e

Y y(ê) =  - $ . d X ( . , Ÿ ) .  (3.4)

A p p ly in g  th e  D u B ois R ey m o n d  lem m a  (2.3.1.) gives

Y y(0) =  0 if f  K er ( d X ) m  e Щ  . (3.5)
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A (dq, — v tdt) I ,

U sing the defin ition  o f the Cartan form we can calculate dX:

d?. =  2i=l
ÍÍ7 'QL 1 QL ,\d --------- dt
ll 3 Vi d9i 1

(3.6)

th e n  th e  co n d itio n  (3.5.) is e q u iv a le n t to  th e  sy s tem  o f d ifferen tia l eq u a tio n s

d_
dt

dL

3 Vi
dL dx/ .

---------=  0 , — -  =  Vi (i =  1,
3 qt dt

. n) , (3.7)

w hich  ju stifies o u r te rm in o lo g y .
I f  we co m p are  (3.5) w ith  th e  equa tions o f m o tio n  g iven  b y  (2.2.2.) we a r

r iv e  a t:
Definition. A m ech an ica l sy stem  given b y  (E , a) is to ld  to  possess a 

variational description if  th e re  ex ists  — a t leas t lo ca lly  — а Я fie ld  of 1-forms 
fo r  w hich dX =  a.

The local v a r ia tio n a l p rin c ip le  s ta te s  th a t  ev e ry  m echan ical sy stem  has 
a  varia tio n a l d esc rip tion .

One verifies th a t  dX =  a m eans — a t  le a s t fo r  su ffic ien tly  “ sh o rt”  
cu rves — th a t  2J{ Y )  — — Y ($) in  perfec t ana logy  w ith  s ta tic s .

§ 4. T he inverse problem

4.1 . Local solvability

As we h a v e  ju s t  seen, th e  eq u a tio n a l d e sc rip tio n  can  be deduced  from  
th e  varia tio n a l one b y  d e riv a tio n . Now we a rriv e  a t  th e  prob lem  m entioned  
in  th e  in tro d u c tio n : u n d e r w h a t cond itions can  we s ta te  th a t  th e  system  given 
b y  (E, a) has a v a r ia tio n a l d esc rip tio n  and  how  can  w e co n stru c t a) a C artan  
fo rm ; b) a L ag ran g ian  fu n c tio n ?

Theorem. T h e  n ecessary  an d  su ffic ien t co n d itio n  fo r a system  (E , a) 
to  have a local v a ria tio n a l d esc rip tio n  is der =  0.

The p ro o f is an  im m ed ia te  consequence o f  P o in c a re ’s lem m a ([1], [2],
[6], [И ])-

In  th e  ab o v e  th eo rem  w e recognize ou r fu n d a m e n ta l  a ssum ption  (2.2.9) 
called  M axwell’s p rinc ip le  !

Corollary: F o r  every  m echan ica l sy stem  sa tis fy in g  M axw ell’s p rincip le  
a  local v a r ia tio n a l p rinc ip le  h o lds.

4 .2 . Construction o f  the Cartan form

In  o rder to  h a v e  a C a rta n  form  we h av e  to  solve th e  eq u a tio n  dX =  a 
fo r  X. This lead s to  p a r tia l  d iffe ren tia l eq u a tio n s. O ne verifies th a t  if  E  is con
nec ted , th e n  a n y  tw o  so lu tions d iffer b y  a to ta l  d iffe ren tia l o f a fu n c tio n  on E.
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In  case o f exam ple  1*, we h av e  th e  follow ing re su lt (for n =  1): th e re  
e x is t tw o  functions

A : Q x R ^  A (q , t )  s T f Q ) ,

V: Q x R  3 (q, t) ->  V(q, t) e R ,

called  respec tive ly  v ec to r an d  sca la r p o te n tia l, fo r w hich 

E  =  — 9 F /Эд — dAjdt  ; В  =  ro t  A  .

I f  we set

p(q, v , t ) : =  mv +  A(q, t) +  —  (q, 0  ,
dq

H(q, V,  t): =  mv2/2 +  V(q, t) — —  (q, t)
dt

(4.2.2)

(4.2.3)

w here  cp is an  a rb itra ry  fu n c tio n  on Q x R ;  an d  se t fin a lly

A: =  pdq  — H d t  , (4.2.4)

th e n  one verifies th a t  dX =  a an d  th a t  th is  is th e  m ost general expression  for 
th e  C a rtan  form .

4.3. Construction o f  the Lagrangian function

T h e procedure  w hich gives A from  a does n o t y ield  necessarily  a 1-form 
w h ich  corresponds to  a L ag ran g ian  fu n c tio n . In  a slig h tly  d iffe ren t fo rm ul
a tio n  [8] i t  is possible to  give a cond ition  fo r a w hich assures th a t  one can  re 
cover a L ag rang ian  fu n c tio n . In  o u r exam ple  1* one can ca lcu la te  d irec tly :

L(q, v , t )  =  ^~ mv2 +  (A (q ,  t), q) — V(q) +  / — , Л  +  —  . (4.3.1)
2 \  9 q  /  d t

4.4 . Conditions for a global solution

O ur la s t goal is to  te ll  w h en  a local p rinc ip le  can  be ex ten d ed  to  a global 
one. T h is depends on th e  to p o lo g y  o f E:

Theorem : I f  a second cohom ology g roup  of E  is tr iv ia l, i.e. H 2(E, R) =  0, 
th e n  A can  he ex ten d ed  o n to  E.  [7]

§ 5. C onclusion

S o u r i a u  accep ts M axw ell’s p rin c ip le  as a new  axiom  of m echanics. 
T h is req u irem en t is m a th e m a tic a lly  w eak er th a n  th a t  accepted  b y  L a n d a u

[5] w ho requ ires th e  ex istence  o f a g lobal L ag ran g ian  fu n c tion . I t  is n a tu ra l
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to  ask  w h e th e r th is  la t te r  cond itio n  is a c tu a lly  s tro n g e r. T he answ er is g iven  
b y  N a tu re : th e re  e x is t system s w h ich  sa tisfy  M axw ell’s p rinc ip le  b u t  do n o t  
h a v e  a global v a r ia tio n a l descrip tion .

Such an  ex am p le  is a p a rtic le  w ith  spin  (2 .2 .2). I f  its  L a g ra n g e  fo rm  h a d  
th e  fo rm  d& w ith  <9 defined  on th e  e n tire  E. th e n , accord ing  to  S t okes’ th eo rem

J B d 0  =  O , (5.1)

w ould hold , b u t  a n  easy  ca lcu la tio n  show s

\E<y =  fS! <У =  4лА 0 , (5.2)

hence  no global v a ria tio n a l d e sc rip tio n  can  ex is t.
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It is shown that the Lie differential equation of the modified Gell-Mann and Low 
renormalization group is a “natural tool” for obtaining the scaled equation of state of the 
Heisenberg ferromagnet.

As can  be  seen fro m  th e  t i t le  we are n o t going  to  discuss a n y th in g  new  
in  th is  sh o rt n o te , since using  reno rm alization  g roup  tech n iq u e , scaled eq u a 
tions of s ta te  h a v e  a lread y  been  o b ta in ed  [1]. T h e  p u rp o se  o f th is  w ork  is to  
d em o n stra te  t h a t  u sing  th e  Lie equa tions o f th e  m odified  version  of th e  
G e l l -Ma n n  a n d  L o w  ren o rm aliza tio n  group  (M G LR G ), ra th e r  th a n  th e  
C allan—S y m an z ik  eq u a tio n s , th e  eq u a tio n  o f  s ta te  can  be o b ta in ed  in  an  
ex trem ely  sim p le  w ay . B y  M G LR G  we m ean  a m e th o d  w orked  o u t b y  Sólyom , 
in  w hich th e  in tu it iv e  p ic tu re  o f th e  K ad an o ff c u t-o ff  scaling is com bined  w ith  
th e  Ge l l -Ma n n  an d  L o w  reno rm aliza tio n  g roup  [2 ]. T he m ethod  is based  
on an  a ssu m p tio n  th e  v a lid ity  of w hich m ust b e  checked  o rd er b y  order in  
p e r tu rb a tio n  th e o ry . M G L R G  physica lly  is m u ch  n ea re r  to  W ilson’s ideas 
th a n  th e  o rig inal Ge l l -Ma n n  an d  L ow  m e th o d , on  th e  o th e r h a n d  from  
th e  m a th e m a tic a l p o in t o f v iew  i t  uses th e  sam e sim ple Lie d ifferen tia l eq u a 
tio n s  as th e  tra d it io n a l  fo rm u la tio n . A th o ro u g h  rev iew  of th e  above m ethod  
an d  also a p p lica tio n s  can  be  found  in  th e  w ork o f  F orgács e t al. [3].

To g e t an  e q u a tio n  o f  s ta te  for th e  H eisen b erg  fe rro m ag n e t (near th e  
c ritica l p o in t) we use th e  q>4 th e o ry . T he assu m p tio n s o f M G LRG  in  th is  case 
are th e  fo llow ing [3]:

G(q2, t, Л, it) =  г,
(Л
Л

Ä
r ^ q 2, t, Л, it) == z2 \— , u

, u I G(q2, t, Л ,  й) , 

Г n(q2- G Л, ü) ,

( Ä \ -  2 ( Ä [ ÄÜ =  u ---  Z1 — , It *2 --- , ItUJ u u
(Ä

i =  tz3 H •

( 1 )

(2)

(3)

(4)
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H ere  q is th e  m o m en tu m  v a riab le , G is th e  full p ro p ag a to r, F i is th e  d im en
sionless fo u r-p o in t fun c tio n , w ith  / 14bare =  1 (th e  m o m en ta  of th e  ex te rn a l 
lines of r i  are chosen in  such  a w a y  th a t  Г i depends on ly  on one ex te rn a l 
m o m en ta  v ariab le ), t is p ro p o rtio n a l to  T  — T c, re is th e  d im ensionless coupling 
c o n s ta n t, s =  4 — d  and  d is th e  d im ension  of space. A  an d  A  a re  th e  original 
an d  th e  “ new ”  cut-offs in  m o m e n tu m  space. T he m ain  a ssu m p tio n  is th a t  
th e  2 fa c to rs  depend  only  on Л/Л  a n d  re. E q s. (1—4) de te rm ine  th e  z fac to rs 
an d  i t  can  he  show n th a t  fo r h ig h e r o rd e r v e rtex  fu n c tio n s s im ila r equ a tio n s 
are  va lid  w ith  z fac to rs  n o t in d e p e n d e n t o f zv  z2 an d  23. The z fa c to rs  as pow er 
series in  re an d  e are given in  th e  A p p en d ix . F rom  th e  above e q u a tio n s  all th e  
c ritica l ind ices an d  correc tions to  sca ling  have been  o b ta in ed  [3].

In  o rd e r to  get th e  e q u a tio n  o f s ta te  we s ta r t  w ith

F(t, re, Л )  =  F n(t, и, A )  (5)
n= 2 n !

fo r th e  free energy [4]. H ere  Г п a re  th e  p roper re-point fu n c tio n s  (no t d i
m ensionless). Г., =  G -1 . U sing d im en sio n a l analysis, dim ensionless q u an titie s  
an d  th e  tra n s fo rm a tio n  p ro p erties  (1 —4) also for h igher o rder v e r te x  func tions), 
i t  is easy  to  show  th a t

F(x, y ,  re)
Ä \ d -
— J F{x, j ,  Й) , ( 6)

w here F  is th e  dim ensionless free energy , and

M
2~ ’

A  2
У = A 2

Mz~y* _
_fi- 2 > ÿ —

A 2

t z  3
A 2 (7)

I t  has to  be stressed  th a t  (5) is o n ly  th e  m agnetic  p a r t  o f th e  free energy . I t  
is on ly  th is  m agnetic  p a r t  th a t  is m u ltip lica tiv e ly  reno rm alizab le  according 
to  (6). W e know  th a t  th e  specific h e a t is n o t m u ltip lica tiv e ly  ren o rm alizab le , 
an d  since th e  second d e riv a tiv e  o f th e  nonm agnetic  free en erg y  is ju s t  th e  
specific h e a t, th e re fo re  th e  n o n m ag n e tic  free energy  is n o t m u ltip lica tiv e ly  
ren o rm alizab le  e ither.

D iffe ren tia tin g  (6) w ith  re sp e c t to  x  an d  th e n  p u ttin g  q — A 2/A2 =  
=  y z3 (A2/A 2 =  p), one gets th e  Lie eq u a tio n  for th e  free energy .

i ïF ( x , y ,u )  Qdl2 9 e 2 , \ , w
---------  — -  = -----US znQ)z2Íe))dx ds

2— 1
S=X2j 2Q 4
e=yza

( 8)

N ear to  th e  critica l p o in t re =  rep ezfz2 can  be rep laced  b y  its  f ix  p o in t value
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u* and  from  th e  d e fin ition  of th e  z fac to rs  an d  th e ir  va lu e  given in  th e  A ppend ix  
one can see th a t

*i(e. »*) =  6a(u*) , (9)

w here
*3(e. “ *) =  q*(uV ,

o(u*) =  

<f(u*) =

<«i(g» »*)

3z«(g, u*)

з е

e = l

0=1

U sing (9) an d  (10) from  g — yz3(g) i t  follows th a t

g l - ? > ( U * )  _  y  _

( 10)

(И)

( 12)

(13)

P u tt in g  th is  v a lu e  o f g in to  (8), we fin a lly  get

H ere

dF (x ,  y, u) 1 d+2- 2a(U«)
------   - ----— =  y  4 l - ç ( u * ) j  Ф

Зл:
* • J

1 rf-8 + 3o(u*) 
4 1 —ç>(u*)

Ф(*) =  —  F (e , 1, u*) 
3s

(14)

(15)

is th e  g en e ra to r  o f th e  co rrespond ing  Lie eq u a tio n . C alcu lating  cp fro m  p e r
tu rb a tio n  th e o ry  F  can  be d e te rm in ed  from  (14). H ow ever, since we are 
in te re s te d  in  th e  e q u a tio n  o f s ta te , we do n o t h a v e  to  ca lcu la te  F .  As

— . . g F
H  (d im ensionless m ag n e tic  fie ld ) = -----

Эя
(16)

we see th a t  th e  L ie e q u a tio n  (14) is ju s t  th e  e q u a tio n  o f s ta te . C om paring(14) 
w ith

we get

H =  M 6f
M llp]

ß  =
1 d -  2 +  2<r(u*) 
4 1 — <p(u*)

(17)

(18)

d +  2 — 2o(u*) 
d — 2 -j- 2<x(u*)

(19)
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W e w ould  like  to  stress  th a t  in  th is  fo rm alism  one does n o t h a v e  to  solve 
a n y  d iffe ren tia l eq u a tio n  (unless th e  a im  is to  ge t th e  scaled  e q u a tio n  o f  s ta te ) , 
because  th e  L ie eq u a tio n  for F  co incides w ith  th e  e q u a tio n  of s ta te .  C om paring  
th is  m eth o d  w ith  o thers i t  seem s to  us th a t  th is  is th e  sim plest w ay  to  ge t th e  
scaled  eq u a tio n  o f s ta te . N o th in g  so p h is tic a ted , su ch  as re n o rm a liz ab ility  
o f  th e  th e o ry , h a s  been  used  a n d  th e re fo re  all th e  a b o v e  is  easily  d igestib le  
fo r  a s ta tis tic a l m echanician . T h e  o n ly  th in g  one h as  to  d o  is  to  ca lc u la te  th e  
z  fac to rs. I f  th e re  are  no such z fa c to rs  w hich  d ep en d  o n ly  on  th e  ra tio  o f th e  
cu t-o ffs an d  th e  dim ensionless coup lin g  c o n s ta n ts , th e  m e th o d  c a n n o t be 
u sed . As i t  h a s  b een  show n in  re fe ren ce  [3] w hen  th e r e  is scaling  in  th e  th e o ry  
eq u a tio n s  s im ila r to  (1—4) can  a lw ays be s a tis f ie d .

*

The author is indebted to Dr. S Ó L Y O M  for stimulating remarks.

A ppendix

z2 =  1 +  s

* 1 = 1  +  

3

48

e
In p ------- In2 p

4

4 .

-)- s2

In Q -)------- In2 Q ,
64

------— 111 P -(-----—  l n 2 Q
4 16

*3 =  1 + 4 "  | ( l n  e -------y i n 2 Q 48
(5 In g — 6 In2 g) .

H ere

s =  u K d , K d  =  [2<,- 1/7‘,/’jT(d/2)]_1, g =
/I2

(A .l)

(A.2)

(A.3)
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ON THE TUNNELLING EFFECT IN THE 
UNIFIED THEORY OF FERROELECTRICITY
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C E N T R A L  R E S E A R C H  IN S T IT U T E  F O R  P H Y S IC S , B U D A P E S T * * *

(Received 28. III. 1977)

The unified model Hamiltonian describing both “order-disorder” and “displacive” 
type ferroelectrics is extended by introducing simultaneously right from the beginning the 
phonon vibrations, statistical disorder and tunnelling motion of active atoms.

T he a u th o rs  have  re c e n tly  p ro p o sed  th e  un ified  th e o ry  of ferroelectrics 
[1] ta k in g  in to  acco u n t b o th  s ta t is t ic a l  d iso rder a n d  phonon  v ib ra tio n s  o f 
ac tiv e  a to m s. S ta r tin g  from  q u ite  a g enera l H a m ilto n ian

i

b y  rep re sen tin g  th e  a tom ic  co o rd in a te  as

( 1 )

R i  — I, +  a {  S j  -j- o’,- S j  , (2)

and  b y  exp ressing  th e  p o te n tia l en erg y  b y  th e  f irs t  tw o  te rm s  o f th e  T ay lo r 
expansion , som e k in d  o f a h y b rid ized  p h o n o n -Is in g  H am ilto n ian  h as  been 
ob ta ined

h  =  2 ° í<
P u
2m

C2 I R  Oi
2 i a +  4 ia +  —  2  a >-a ’ß (P 'ij ( S ‘«  -  S j ß ) 2 ( 3 ) 

^  &j,a,ß
{и., ß  — -f-, — ),

In  th e  above expressions d eno tes th e  a tom ic  s ite -p o sitio n ; Su =  bi« +  Щх 
is  th e  sum  o f th e  off-cen tre eq u ilib riu m  d isp lacem en t (6,a) and  th e  th e rm a l

* Address: YU—11001 Belgrade, P.O.B. 522, Yugoslavia.
** Address: SU —101000 Moscow, Head Post Office, P.O.B. 79, USSR.

*** Address: H —-1525 Budapest, P.O.B. 49, Hungary.
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f lu c tu a tio n  (« ,.) o f th e  a to m  m o v in g  in  a doub le  well p o te n tia l V(Ri); jp,a =  
=  mSfa re p re se n ts  th e  “ le f t”  (-|-) an d  “ r ig h t”  ( — ) atom ic m o m en tu m ; <r,a =  
=  1/2(1 +  асг/г) is th e  p ro jec tio n  o p era to r sim p ly  expressed b y  th e  2-pseudo
sp in  co m p o n en t; cp(Ri — Rj) is th e  fam ilia r in te ra c tio n  b e tw een  a p a ir  o f 
a to m s { i , j ,  =  1 ,2 ,  , N); A  a n d  В  define , respective ly , th e  h e igh t of th e
p o te n tia l b a rr ie r , Un =  A 2/4B,  an d  th e  d is tan ce  betw een  th e  tw o  p o te n tia l 
m in im a, d0 — 2 ]j A /B-

A fter th e  self-consisten t p seu d o sp in -p h o n o n  p rocedure a  closed sy stem  
o f eq u a tio n s fo r tw o o rd er p a ra m e te rs  (У В /A  (A,*) =  rj* an d  <cr,-z) =  az)
as func tions o f  th e  reduced  coup ling  c o n s ta n t ( / „ =  (l/A)S?cp'ij) an d  tem p er-

i

a tu re  has been  o b ta in ed  an d  so lved  n u m erica lly . F u rth e r  i t  follows th a t  th e  
ferroelectric  p h ase  tra n s itio n  can  be e ith e r  o f th e  o rder-d iso rder ty p e  or 
o f  th e  d isp lac ive  ty p e  and  i t  c an  h av e  m ix ed  ch a rac te r also (in  all cases th e  
tra n s itio n  o f I ,  I I  o r m ixed o rd e r is possible) — depend ing  on th e  ra tio  of tw o- 
-p a rtic le  p o te n tia l  to  th e  sin g le -p artic le  p o te n tia l.

H ow ever, in  th is  m odel th e  in h e re n t q u an tu m -m ech an ica l effect, m a n i
fested  in  a sing le-partic le  tu n n e llin g  m o tion  o f ac tive  atom s b e tw een  th e  tw o  
p o te n tia l m in im a  has n o t b een  ex p lic itly  ta k e n  in to  accoun t. Such a pecu lia i 
m o tion  im poses som e k in d  o f th e  o v er-H eisen b erg  u n c e r ta in ty  re la tio n  (in  
th e  c o o rd in a te  o r pseudospin  p ic tu re )

i.e .,

<(Ap)2> (AR)2}:
2 Qmdn 4 / d^Gz

h ° y X 2
h2

d0(2Qm)112 §> h ,

(4)

(5)

fo r  w hich no sa tis fac to ry  “ n a rro w in g ”  has b een  o b ta in ed  so fa r , even th e o re t
ically . In  th e  above re la tio n  (5) m  is th e  m ass of ac tiv e  a to m  and  2 Q ^  
^  j ipi(Ri)Hjipr(Ri)dRj, ipi(Ri) a n d  ipr(Ri) b e in g , re spec tive ly , th e  real w ave 
functions*  o f  th e  “ le ft”  an d  “ r ig h t”  a to m ic  s ta te s  of th e  sing le-partic le  H a 
m ilto n ian , Hi  (see also [2], [3]).

As an  e x a c t an a ly tic  d esc rip tio n  o f dynam ics in d u ced  b y  (1) o r (3) 
is ra th e r  im p ossib le  we p ropose  a nov e l a p p ro x im a tiv e  schem e w hich ta k e s  
in to  accoun t all th e  in tr ig u in g  fe a tu re s  o f th e  ferroelectric  phenom enon , i.e ., 
th e  tu n n e llin g , s ta tis tic a l d iso rd er an d  p h o n o n  v ib ra tio n s  o f ac tiv e  a to m s, 
in  th e  fram e o f on ly  one u n iv e rsa l m odel.

To rea lize  such  a co n cep t w e in tro d u c e  th e  “ le f t—rig h t”  rep re sen ta tio n  
o f  th e  H a m ilto n ia n  (3) using  th e  n o n -o rth o g o n a l pseudosp in  “ basis”

l > +  b k> +  ь ; ( 0 < а < [ 1 ;  a) ( 6)

* To explicit these functions, some approximative calculations can be used [4] — [7] 
provided that the ground state doublet yields a predominant contribution.
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I t  corresponds to  th e  atom ic localiza tion  in  th e  le ft (/) o r r ig h t (r) single
p a rtic le  p o ten tia l w ell in th e  l im it  o f a n o n -p e n e tra tin g  b a rr ie r  ( f /0 —>-oo). 
T h e  coefficients a an d  b are  d e te rm in ed  fro m  th e  com pleteness cond ition  
(a2 -f- b2 =  1) jo in t ly  w ith  th e  o v e rlap  in te g ra l (e =  lab =  ^pi(Ri)}pr(RfidRi).

A fter a s tra ig h tfo rw a rd  p ro ced u re  th e  H a m ilto n ia n  (3) is cast in  th e  form  
we need

H =  T  2 \ih - 4 & +  {1 +  e<T*  +  « y i  -  F2 (Tiz) +2 î a. [ 2m  2 4

4 i¥=j
a.P

—* +  ~  aix +  a
4 2

y r = r
■ aiz + ( 7 )

H--- —°ixajx +  £4
n - OixOjz +  aß

1 -
VizPjz

I t  is evident t h a t  th is  H a m ilto n ian  tak es  th e  p rev iously  c ited  form  (3) for
e =  0.

T he ad v a n ta g e s  of such a novel m odel H a m ilto n ian  are  obvious: in  
a d d itio n  to  the  co n serv ed  phonon  p ic tu re  (w hich is m issing in  earlie r approaches
[3], [8]) th e  tu n n e llin g  m otion  is also in co rp o ra ted  as an  ad d itio n a l degree 
o f  freedom  (the d isp lacem en ts  a n d  th e  p seudosp ins are  m u tu a lly  in d ep en d en t 
b u t  tim e-d ep en d en t variab les). T herefo re , o u r new  m odel can  rep roduce  
th e  pseudospin  (d iffu sive  or po la riza tio n ) w aves a b rea s t to  all phonon  m odes 
in  th e  system  as w ell as th e  co llec tive  m otion  o f a tom ic  c lusters.

In  conclusion w e po in t o u t  th a t  th e  p re se n t m odel is fav o u red  b y  
re c e n t com puter s im u la tions [9] an d , am ong  o th e rs  [10], should  be in 
v o k e d  for reasons o f  u n iv e rsa lity  (see [10] an d  cross references). F ina lly , th e  
m o d e l proposed h e re  as analyzed  b y  m eans o f a m ore  accu ra te  self-consisten t 
p ro ced u re  (including  th e  sy m m etry  p o in t o f v iew  a t  zero te m p e ra tu re s  [11],
[12]), could give a n  in itia l h in t fo r  deeper in s ig h t in to  th e  n a tu re  of ferro- 
e le c tr ic ity  in  genera l. Such in v e s tig a tio n  in  a d d itio n  to  th e  p rev io u s analysis 
w ill be  th e  sub jec t o f  ou r fu tu re  w ork .
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T here  are re la tiv e ly  few m easu rem en ts  fo r  th e  cross sec tio n s of A-she]I 
io n iza tio n  b y  e le c tro n  im p ac t in  th e  severa l h u n d re d  keV  reg ion  of bom 
b a rd in g  energy [1 — 5]. In  a d d itio n , all of th ese  m easu rem en ts  w ere perform ed 
b y  using  sc in tilla tio n  te c h n iq u e s  fo r  th e  d e tec tio n  o f X -ray s a n d  p a r tly  b e ta - 
ra y  sp ec tro m ete rs  fo r  p ro d u c in g  m onoenergetic  electrons. M odern  stud ies 
a t  accelera to rs w ith  se m ic o n d u c to r X -ra y  d e tec to rs  were ca rried  o u t only a t 
low er or h igher en e rg ies  [6, 7]. O f th e  stud ies a t  severa l h u n d re d  keV of bom 
b a rd in g  energy , h o w ev er, none exam ined  th e  process a t closely  neighbouring  
elem ents.

In  th e  p re sen t s tu d y  we d e te rm in ed  th e  К -shell e lec tron  im p a c t ion ization  
cross sections fo r 46P d , 47Ag, 49In  a n d  50Sn in  th e  300—600 keV  reg ion  of bom 
b a rd in g  energy (for P d  and  In  n o  d a ta  have  b een  pub lished  in  th is  region u p  
till  now ). The e le c tro n  beam  w as o b ta in ed  from  a C ockcroft — "Walton ac
ce le ra to r and  a S i(L i) d e tec to r w as used as X -ra y  sp ec tro m e te r. All th e  ex 
p e rim en ta l a rra n g e m en ts  w ere t h e  sam e here  as in  ou r ea rlie r s tu d ies  [8, 9].

T h e  ta rg e ts  o f  A g and  Sn w ere  se lf-su p p o rtin g , P d  an d  In  w ere ev ap o r
a te d  in  vacuum  o n to  a C b ack ing  o f 2 /ig/'cm2 th ic k . T h e  th ick n ess  o f th e  ta rg e ts  
w as 150—300 jUg/cm2.

T he resu lts  fo r  X -shell io n iza tio n  cross sec tio n s an d  K J K ß  ra tio s to 
g e th e r w ith  th e  co rresp o n d in g  th e o re tic a l va lu es  are  given in  T ab le  I . Fig. 1 
show s th e  ex p e rim en ta l po in ts  an d  th e  th e o re tic a l cu rves fo r  one o f th e  b o m 
b a rd in g  energies. A s can  be seen in  th e  F igu re  a n d  in  th e  T ab le , th e  experi
m e n ta l values o f th e  cross section  are  in  a fa irly  good ag reem en t w ith  th e  B EA  
th e o ry  [11] in  th e  reg io n  in v es tig a ted . A t th e  sam e tim e , no d ip  o r irregu la rities 
w ere observed  in sid e  th e  lim its  o f  th e  errors a ro u n d  Z =  48 sugg ested  in  [7] 
a t  2.04 MeV b o m b a rd in g  energy.

As regards th e  KJKß ra tio , th e re  are r a th e r  sy stem atic  d isagreem ents 
w ith  th e  co rrespond ing  th e o ry  [12]. I t  is a g enera l tre n d  for th e se  ra tio s  ac
co rd ing  to  th e  p u b lish ed  l i te ra tu re  (e.g. [13]).
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Fig. 1. K-shell electron impact ionization cross sections at 300 keV bombarding energy. Full 
line: calculated according to BEA [11], dashed line: calculated according to QED [10].

Table I

Electron impact К-shell ionization cross sections and K J K ß  ratios

C01c £[teV] °"*[bam]
Theor.[̂barn]
[И]

K«IKß
K(xlKß
ТЬеоГ
[12]

300 67.3+6.0 63.8 3.96+0.20
400 64.5 +  6.0 59.1 3.90 +  0.20

5.17346Pd 0.819 + 0.03
500 64.5 +  6.0 56.5 3.71 +  0.19
600 64.3 +  6.0 54.9 3.50 +  0.18

300 59.9 +  5.4 60.4 4.82 +  0.24
400 57.8 +  5.2 55.9 4.81 +  0.24

i?Ag 0.830 +  0.025 5.092
500 56.1 +  5.1 53.5 4.90 +  0.25
600 54.6 +  5.0 52.0 4.83+0.24

300 57.2 +  5.2 54.2 4.39+0.22
400 55.7 +  5.0 50.3 4.56+0.23

4.9330.850 +  0.029
500 56.3 +  5.1 48.1 4.51+0.23
600 56.6 +  5.1 46.8 4.53+0.23

300 51.0+4.6 51.5 4.41+0.22
400 48.9 +  4.4 47.7 4.53 +  0.23

4.8526oSn 0.859 +  0.028
500 48.8 +  4.4 45.7 4.37 +  0.22
600 48.5 +  4.4 44.5 4.35 +  0.22
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R E C E N S I O N E S

N a th a n  W . D e a n :

Introduction to the Strong Interactions

Gordon and Breach Science Publishers Ltd. New York, London 1976, 377 p.

At present, we do have a well-developed high energy phenomenology of the strong 
interactions which correlates various observations. This phenomenology consists mainly of 
three components: unitary symmetry, analyticity of S-matrix, Regge theory. The book of 
D r .  D e a n  provides a useful introduction to these three topics in such a way that only the 
knowledge of courses in quantum mechanics is supposed.

The three parts of the book contain standard results. Thus, in the first part the rotation 
group, the isospin symmetry and unitary symmetry are surveyed. Both particle classifications 
and applications (mass relations, electromagnetic properties, three-vertices, two-particle 
scattering) are treated. The elements of SU(6 ) and the independent quark model are also in
cluded.

In Part II the elements of potential scattering (nature of singularities, Jost function, 
scattering amplitudes) and relativistic S-matrix (unitarity, analyticity, crossing, dispersion 
relations, Mandelstam representation) are described.

An introduction to Regge theory can be found in Part III. This Part starts with the 
complex angular momentum followed by relativistic Regge poles. The problems of ghosts, 
daughters, conspiracy and evasion are also touched. A separate chapter deals with the applic
ations of Regge poles. Regge cuts and duality are treated in the closing chapters.

The book is written at a level which makes it possible for non-specialists and graduate 
students, respectively, to follow the topics easily.

G. PócsiK

L . H . R y d e r : Elem entary Particles and Symmetries
(Documents on Modern Physics)

Gordon and Breach Science Publishers Ltd. New York, London, 1975.

This is a valuable introductory book which grew out of lectures given to third year 
physics undergraduates at the University of Kent. Although quantum electrodynamics and 
all reference to quantum field theory are omitted, the book provides a great deal of useful 
information on recent advances in particle physics. Continuous and discrete space-time sym
metries, gauge transformations, and the standard internal symmetries (SU (2), SU (3), SU (4)) 
are clearly and simply explained. These symmetry properties are exploited in many con
crete applications which include Cabibbo’s theory, CP violation, current algebra and the 
unified theory of weak and electromagnetic interactions.

One might hope that the second edition of this book will cover some more recent deve
lopments such as the interpretation of the charmonium spectrum and the quantitative de
scription of deep inelastic lepton-hadron scattering data.

Contents: 1. Introduction. 2. Symmetries and conservation laws. 3. Isospin. 4. Strange
ness. 5. Isospin and strangeness selection rules in weak and electromagnetic interactions. 
6 . Electromagnetic structure of nucleons. 7. Resonances. 8 . Weak interactions and parity viol
ation. 9. К meson decays and CP violation. 10. The conserved vector current theory of unitary 
symmetry. 11. Unitary symmetry and the quark model. 12. Cabibbo’s theory, chiral symmetry 
and current algebra. 13. Unified weak and electromagnetic interactions and charm.

K. L a d á n y i
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A. M ü n s t e r : Statistical Therm odynam ics

Vols. I., II. Springer Verlag, Berlin— Heidelberg —New York, Academic Press New York—
London

Vol. L: 692 pages, Vol. II.: 841 pages

In 1956 A. M ü n s t e r  first published “Statistical Thermodynamics” in German with 
the aim to provide a textbook of level rising considerably above that of an elementary intro
duction to the subject. A revised and much enlarged version of this book appeared later in 
English — the two volumes reviewed here — the first volume in 1969, the second one in 1974. 
By completing this grandiose work the author has filled a serious gap: after thirty years, since 
the issue of the statistical thermodynamics by F o w l e r  and G u g g e n h e i m ,  this is the first, 
up-to-date textbook claiming at completeness. Among its numerous features to be praised 
rigour and balance should be mentioned in the first place.

The first 416 pages of Vol. I are devoted to the derivation of thermodynamic principles, 
to the general foundations of thermodynamics and further statements of similarly general 
character.Of the many problems treated here it is hard to mention only a few. Axiomatic 
foundations of classical and quantum statistics, ergodic theorem, generalized ensembles, 
fluctuations etc. are all given full and well-grounded discussions. Part II of Vol. I is concerned 
with the theory of gases. The treatment of ideal gases is followed by general remarks on the 
properties of real gases, various theories of the second virial coefficient, general cluster approach, 
the theory of condensation. Calculations of the molecular distribution functions close the first 
volume.

Volume II deals with the theory of condensed phases, crystals and liquids. This field 
has undergone rapid development lately. 1973 is the date up to which this development is 
traced in the present volume. Moreover, “the statistical theory of condensed phases presents 
an extraordinarily many-faceted picture. It is not possible in the framework of this book to give 
even a partially complete presentation from the physical standpoint.” . As a consequence 
severalimportant subjects like the many-body problem, superconductivity, liquid crystals, Kon- 
do effect are not covered here and modern developmental tendencies of critical phenomena are 
only briefly mentioned. Even without these topics an enormous amount of material is com
prised in this volume. The theory of ideal crystals is treated first and numerous results from 
lattice theory are cited and compared with experiments. Phase transitions in crystals are 
described in the following chapters. Several theories of superlattice transformations are deve
loped and compared with experimental data. A chapter on the Ising model is followed by 
the treatment of solid solutions of variable concentration. Critical exponents, homogeneity, 
scaling laws are introduced and discussed. Further subjects dealt with in Part III are: X-ray 
scattering by binary alloys, critical scattering in solid solutions, critical phenomena in magnetic 
systems and rotational transitions. Part IV (470 pages) is devoted to the liquid state, which 
being intermediate between the gaseous and crystalline state is by far the most difficult for 
statistical thermodynamics to describe. The treatment starts with pure liquids, giving different 
model descriptions. Scattering of X-rays by liquids, calculation of the radial distribution 
function, liquid metal and theory of melting are given detailed analyses. Solutions of non
electrolytes and solutions of strong electrolytes are described in two subsequent chapters. 
Exact derivation of the asymptotic laws for infinitely dilute solutions, application of the cluster 
method to finite concentrations, X-ray and light scattering in multicomponent systems, theor
ies based on the use of the lattice model, the Debye —Hiickel theory of strong electrolytes are 
among the topics discussed here.

Sixteen appendices, author and subject indices complete the book.
Statistical Thermodynamics is a basic textbook and can be recommended to all studying 

or working on this subject.
N. M e n y h á r d
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Statistical Physics

Proceedings of the International Conference, Budapest, Hungary, 25 — 29 August, 1975 
Editors: L. Pál and P. Szépfalusy

A joint edition of North-Holland Publishing Co., Amsterdam and Akadémiai Kiadó,
Budapest, 1976

This book comprises texts of invited lectures given at the IUPAP International Con
ference on Statistical Physics, held in Budapest in 1975. Most important tendencies of recent 
developments in statistical physics are truly reflected by these excellent review papers.

The Opening Address by L. PÁL commemorating L. B o l t z m a n n  and recalling the 
50-year-old paper by Hungarian-born L e o  S z i l á r d  in which he demonstrated that pheno
menological thermodynamics can be extended to the description of fluctuation phenomena is 
followed by the Boltzmann Medal Address of K e n n e t h  G. W i l s o n ,  first recipient of the Boltz
mann award. His talk is devoted to the renormalization group and the illustration of its ideas 
by a simple Kadanoff block spin method. The renormalization group is the central theme of 
several other talks, too. Thus L. P. K a d a n o f f ’ s  Variational Approximations for Renormaliz
ation Group Transformations and B. I. H a l p e r i n ’ s  Theory of Dynamic Critical Phenomena 
represent some of the most recent advances in renormalization group theory. Probability 
theory is the basis of the approach to renormalization group in two talks ( J a . G. S i n a i ’ s  and 
G. J o n a - L a s e n i o ’ s )  comprised in this book.

Fluctuations around the macroscopic behaviour in non-linear systems and a systematic 
approximation to the solution of the master equation are the subjects of N. G. v a n  K a m p e n ’ s  

lecture. Statistical theory of self-organizing structures by H .  H a k e n  is concerned with the 
spontaneous formation of structures out of disordered states — a phenomenon common to 
many physical and non-physical systems. A review of recent theoretical and experimental 
developments in the problem of turbulent motion of fluids forms the subject matter of the talk 
by P. C. M a r t i n .

Finally, the statistical mechanics of nucléation and phase separation, the kinetic theory 
of hard spheres and excitonic transitions in strong magnetic fields are also given outstand
ing accounts in this volume.

N. Menyhárd
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N O T E S TO C O N T R IB U T O R S

I. PAPERS will be considered for publication in Acta Physica Hungarica only if they have 
not previously been published or submitted for publication elsewhere. They may be written 
in English, French, German or Russian.

Papers should be submitted to 
Prof. I. Kovács, Editor
Department of Atomic Physics, Polytechnical University 
1521 Budapest, Budafoki út 8 , Hungary

Papers may be either articles with abstracts or short communications. Both should 
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II. MANUSCRIPTS

1. Papers should be submitted in five copies.
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e.g. X3, x3; small l and 1; zero and capital O; in expressions written by hand; e anti i, n and u, 
V and V, etc.

6 . References should be numbered serially and listed at the end of the paper in the 
following form: J. Ise and W. D. Fretter, Phys. Rev., 76. 933, 1949.

For books, please give the initials and family name of the author(s), title, name of 
publisher, place and year of publication, e.g.: J. C. Slater. Quantum Theory of Atomic Struc
tures, I. McGraw-Hill Book Company Inc., New York, 1960.

References should be given in the text in the following forms: Heisenberg [5] or [5].
7. Captions to illustrations should be listed on a separate sheet, not inserted in the text.

III. ILLUSTRATIONS AND TABLES
1. Each paper should be accompanied by five sets of illustrations, one of which must 

be ready for the blockmaker. The other sets attached to the copies of the manuscript may be 
rough drawings in pencil or photocopies.

2. Illustrations must not be inserted in the text.
3. All illustrations should be identified in blue pencil by the author’s name, abbreviated 

title of the paper and figure number.
4. Tables should be typed on separate pages and have captions describing their content. 

Clear wording of column heads is advisable. Tables should be numbered in Roman numerals 
(I, II, III, etc.).

IV. MANUSCRIPTS not in conformity with the above Notes will immediately be returned 
to authors for revision. The date of receipt to be shown on the paper will in such cases be 
that of the receipt of the revised manuscript.



Reviews of the Hungarian Academy of Sciences are obtainable 
at the following addresses:

A U S T R A L IA
C .B .D . L IB R A R Y  A N D  S U B S C R I P T I O N  S E R V I C E ,  
B o x  4 8 8 6 , G .P .O .,  Sydney N.S.W . 2001 
C O S M O S  B O O K S H O P , 145 A c k la n d  S t r e e t ,  St. 
Kilda (Melbourne), Victoria 3182 
A U S T R IA
G L O B U S , H ö c h s tä d tp la t z  3 , 1200 Wien X X  
B E L G I U M
O F F I C E  I N T E R N A T I O N A L  D E  L I B R A I R I E ,  3 0  
A v e n u e  M a rn ix , 1050 Bruxelles
L I B R A I R I E  D U  M O N D E  E N T I E R ,  16 2  R u e  d u
M id i ,  1000 Bruxelles
B U L G A R IA
H E M U S ,  B u lv á r  R u s z k i  6 , Sofia 
C A N A D A
P A N N Ó N I A  B O O K S , P .O .  B o x  1017, P o s t a l  S t a 
t i o n  “ B ” , Toronto, Ontario M5T 2T8 
C H IN A
C N P I C O R , P e r io d ic a l  D e p a r tm e n t ,  P .O . B o x  50, 
Peking
C Z E C H O S L O V A K IA
M A D ’A R S K Á  K U L T Ú R A ,  N á r o d n í  t f i d a  22 , 
115 66 Praha
P N S  D O V O Z  T I S K U , V in o h ra d s k á  46. P-aha 2 
P N S  D O V O Z  T L A C E , Bratislava 2 
D E N M A R K
E J N A R  M U N K S G A A R D , N o r re g a d e  6 , 1165
Copenhagen
F IN L A N D
A  K A T E E M IN E N  K IR  J A K  A U P P A , P .O . B o x  128,
SF-00101 Helsinki 10
F R A N C E
E U R O P E R I O D I Q U E S  S. A ., 31 A v e n u e  d e  V e r
s a ille s , 78170 La Celle St Cloud 
L I B R A I R I E  L A V O I S I E R , 11 ru e  L a v o is ie r ,  75008 
Paris
O F F I C E  I N T E R N A T I O N A L  D E  D O C U M E N T A 
T I O N  E T  L I B R A I R I E ,  48  ru e  G a y -L u s s a c ,  75240 
Paris Cedex 05
G E R M A N  D E M O C R A T I C  R E P U B L IC  
H A U S  D E R  U N G A R I S C H E N  K U L T U R ,  K a r l -  
L ie b k n e c h t-S tra s s e  9 , DDR-102 Berlin 
D E U T S C H E  P O S T  Z E I T U N G S V E R T R I E B S A M T , 
S tr a s s e  d e r  P a r is e r  K o m m ü n e  3 — 4, DDR-104 Berlin

G E R M A N  F E D E R A L  R E P U B L I C
K U N S T  U N D  W I S S E N  E R I C H  B IE B E R , P o s t fa c h
4 6 , 7000 Stuttgart 1

G R E A T  B R IT A IN
B L A C K W E L L ’S P E R I O D I C A L S  D I V I S I O N ,  H y th e  
B r id g e  S tte e t ,  Oxford 0X 1  2ET 
B U M P U S , H A L D A N E  A N D  M A X W E L L  L T D .,  
C o w p e r  W o rk s , Otney. Bucks MK46 4BN  
C O L L E T ’S H O L D I N G S  L T D .,  D e n in g to n  E s ta te ,  
Wellingborough, Nortliants NN8 2QT 
W M . D A W S O N  A N D  S O N S  L T D .,  C a n n o n  H o u se , 
Folkestone. Kent CT19 5EE
H . K . L E W IS  A N D  C O . ,  136 G o w e r  S t r e e t ,  London 
WC1E 6BS
G R E E C E
K O S T A R A K IS  B R O T H E R S ,  I n t e r n a t io n a l  B o o k 
se lle rs , 2  H ip p o k r a to u s  S tr e e t ,  Athens-143
H O L L A N D
M E U L E N H O F F - B R U N A  B .V ., B e u l in g s t r a a t  2, 
Amsterdam
M A R T I N U S  N I J H O F F  B .V ., L a n g e  V o o r h o u t  
9 — 11, Den Haag

S W E T S  S U B S C R I P T I O N  S E R V IC E , 3 4 7 b  H e e re -
w eg , Lisse 
IN D I A
A L L I E D  P U B L I S H I N G  P R I V A T E  L T D . ,  1 3 /1 4  
A s a f  A li R o a d ,  New Delhi 110001 
1 5 0  B -6  M o u n t  R o a d .  Madras 600002 
I N T E R N A T I O N A L  B O O K  H O U S E  P V T . L T D . ,  
M a d a m e  C a m a  R o a d ,  Bombay 400039 
T H E  S T A T E  T R A D I N G  C O R P O R A T I O N  O F  
I N D I A  L T S ., B o o k s  I m p o r t  D iv is io n , C h a n d r a lo k ,  
3 6  J a n p a t h ,  New Delhi 110001 
IT A L Y
E U G E N I O  C A R L U C C I ,  P .O . B o x  25 2 , 70100 Bari 
I N T E R S C I E N T I A ,  V ia  M a z z é  2 8 , 10149 Torino 
L I B R E R I A  C O M M I S S IO N  A R IA  S A N S O N I ,  V ia  
L a m a r m o r a  4 5 , 50121 Firenze
S A N T O  V A N A S IA , V ia  M . M a c c h i  5 8 , 20124
Milano
D . E . A ., V ia  L im a  2 8 , 00198 Roma 
J A P A N
K I N O K U N 1 Y A  B O O K - S T O R E  C O . L T D . ,  17-7  
S h in ju k u - k u  3 c h ô m e , S h in ju k u - k u ,  Tokyo 160-91 
M A R U Z E N  C O M P A N Y  L T D .,  B o o k  D e p a r tm e n t ,  
P .O . B o x  505 0  T o k y o  I n te r n a t io n a l ,  Tokyo 100-31 
N A U K A  L T D . I M P O R T  D E P A R T M E N T , 2 -3 0 -1 9  
M in u m i I k e b u k u r o ,  T o s h im a - k u ,  Tokyo 171 
K O R E A
C H U L P A N M U L , Phenjan 
N O R W A Y
T A N U M - C A M M E R M E Y E R , K a r l  J o h a n s g a ta n
4 1 — 4 3 , 1000 Oslo
P O L A N D
W E G I E R S K I  I N S T Y T U T  K U L T U R Y , M a rs z a l-
k o w s k a  80 , Warszawa
C K P  I W  u l. T o w a r o w a  28  00-958 Warsaw
R O U M A N I A
D . E . P .,  Bucurefti
R O M L I B R I ,  S tr .  B is e r ic a  A m z e i 7 , Bucureçti 
S O V I E T  U N I O N
S O J U Z P E T C H A T J  — I M P O R T ,  Moscow 
a n d  th e  p o s t  o ffices in  e a c h  to w n  
M E Z H D U N A R O D N A Y A  K N I G A , Moscow G-200 
S P A I N
D I A Z  D E  S A N T O S , L a g a s c a  9 5 , Madrid 6 
S W E D E N
A L M Q V I S T  A N D  W I K S E L L ,  G a m la  B r o g a ta n  2 6 ,
101 20 Stockholm
G U M P E R T S  U N I V E R S I T E T S B O K H A N D E L  A B ,
B o x  34 6 , 40125 Göteborg 1
S W IT Z E R L A N D
K A R G E R  L IB R I  A G ,  P e te r s g ra b e n  3 1 , 4011 Basel 
U S A
E B S C O  S U B S C R I P T I O N  S E R V IC E S , P .O . B o x
1 9 4 3 , Birmingham, Alabama 35201
F .  W . F A X O N  C O M P A N Y , I N C . ,  15 S o u th w e s t
P a r k ,  Westwood, Mass, 02090
T H E  M O O R  E -C O T T R E L L  S U B S C R I P T I O N
A G E N C I E S ,  North Cohocton, N. Y. 14868
R E A D - M O R E  P U B L I C A T I O N S , I N C . ,  140  C e d a r
S tr e e t ,  New York, N. Y. 10006
S T E C H E R T - M A C M I L L A N , I N C . ,  7 2 5 0  W e stf ie ld
A v e n u e ,  Pennsauken N. J. 08110
V IE T N A M
X U N H A S A B A , 3 2 , H a i  B a  T ru n g , Hanoi 
Y U G O S L A V IA
J U G O S L A V E N S K A  K N J I G A ,  T e ra z i je  2 7 , Beograd 
F O R U M , V o jv o d e  M iS iő a  1, 21000 Novi Sad

Acta Phys. Hung. Tom. 42. No. 3. Budapest, 30. XI. 1977 Index: 26.025



PHYSICA
A C A D E M I A E  S C I E N T I A R U M  

H U N G A R I C A E

ACTA

A D I U V A N T I B U S

R . G Á S P Á R , L. J Á N O S S Y , K . N A G Y , L. PÁ L , A. SZ A L A Y , I. T A R J Á N

R E D I G I T

I. K O V Á C S

TO M U S X L I I F A S C IC U L U S  4

■1828 ■

ACTA PH Y S. HUNG.

A K A D É M I A I  K IA D Ó , B U D A P E S T  

1 9 7 7

A PAH AQ  42 (4) 2 7 7 - 380 (1977)



ACTA PHYS1CA
A C A D E M I A E  S C I E N T I A R U M  H U N G A R I C A E

S Z E R K E S Z T I

KO VÁ CS  IS TV Á N

Az Acta Physica angol, német, francia vagy orosz nyelven közöl értekezéseket. Évente 
két kötetben, kötetenként 4 —4 füzetben jelenik meg. Kéziratok a szerkesztőség címére (1521 
Budapest XI., Budafoki út 8 .) küldendők.

Megrendelhető a belföld számára az Akadémiai Kiadónál (1363 Budapest Pf. 24. 
Bankszámla 215-11488), a külföld számára pedig a „Kultúra” Külkereskedelmi Vállalatnál 
(1389 Budapest 62, P. O. B. 149. Bankszámla 217-10990 sz.), vagy annak külföldi képvisele
teinél és bizományosainál.

The Acta Physica publish papers on physics in English, German, French or Russian, 
in issues making up two volumes per year. Subscription price: $32.00 per volume. Distributor: 
KULTURA Hungarian Trading Co. (1389 Budapest 62, P. O. Box 149) or its representatives 
abroad.

Die Acta Physica veröffentlichen Abhandlungen aus dem Bereich der Physik in deut
scher, englischer, französischer oder russischer Sprache, in Heften die jährlich zwei Bände 
bilden.

Abonnementspreis pro Band: $32.00. Bestellbar bei: KULTURA Außenhandelsunter
nehmen (1389 Budapest 62, Postfach 149) oder bei seinen Auslandsvertretungen.

Les Acta Physica publient des travaux du domaine delà physique, en français, anglais, 
allemand ou russe, en fascicules qui forment deux volumes par an.

Prix de l’abonnement: $32.00 par volume. On peut s’abonner à l’Entreprise du Com
merce Extérieur KULTURA (1389 Budapest 62, P. O. B. 149) ou chez ses représentants à 
l ’étranger.

«Acta Physica» публикуют трактаты из области физических наук на русском, немец
ком, английском и французском языках.

«Acta Physica» выходят отдельными выпусками, составляющими два тома в год.
Подписная цена — $32.00 за том. Заказы принимает предприятие по внешней 

торговле KULTURA (1389 Budapest 62, P. О. В. 149) или его заграничные предста
вительства и уполномоченные.



PHYSICA
A C A D E M I A E  S C I E N T I A R U M  

H U N G A R I C A E

ACTA

A D I U V A N T I B U S

R. G Á S P Á R , R. J Á N O S S Y , K . N A G Y , R. P Á R , A. SZ A R A Y , I. T A R J Á N

R E D I G I T

I .  K O V Á C S

T O M U S  X R I I F A S C I C U R U S  4

ACTA PHYS. H U N G .

A K A D É M IA I K IA D Ó . B U D A P E S T  

1 9 7 7



INDEX

B. Singh and V. B. Johri: A Critical Study of Gliddon’s Model of the Protonosphere . . .  277 
J. Sárközi, A. Tóth and Z. Morlin: The Change of the Load-Microhardness Curves of NaCl

Single Crystals Due to Heat Treatment and Impurity .........................................  283
M. Latif Pasha: Torsional Oscillations of an Elastic Half Space due to an Annular Disk 289
C. Malinowska-Adamska: Intermolecular Forces and Equation of State for Solid Molecular

in Pseudoharmonic Approximation ............................................................................  295
E. Lendvai and G. Pócsik: Many-Hadron Final States in Inclusive e+e~ Annihilation . . . 319
J. Heldt and L. Kochanowski: Investigation of Excitation Mechanisms in the He —Cd

Plasma ...........................................................................................................................  333
A. F. El-Shazly, T. A. El-Dessouky and H. K . El-Kholy: Validity of Spectrophotometric

Determination of Refractive Indices for Thin Dielectric Films and their Thicknesses 339
O. E. Badawy and A. A. El-Sourogy: Cross-Section Fluctuations of the (d, p) and (d, a)

Reactions on 31P Nucleus at 150° .............................................................................. 343
G. Forgács and A. Zawadowski: Gell-Mann and Low Type Renormalization Group and

the y6 Theory .............................................................................................................  353
B. T. Маслюк: Механизм переноса заряда в аморфных веществах в двухцентровой мо

дели (ДЦМ) ...................................................................................................................  365
P. Singh: Free Convection Effects on Fluctuating Boundary Layer from a Horizontal

Plate .................................        369
K . L. Nagy: Confinement Potential Produced by Indefinite Metric Multipole Fields of

Infinite Order.................................................................................................................  377



Acta Physica Academiae Scientiarum Hungaricae, Tomus 42 (4), pp. 277—281 (1977)

A CRITICAL STUDY OF GLIDDON’S MODEL 
OF THE PROTONOSPHERE

By
B .  S i n g h

D E P A R T M E N T  O F  M A T H E M A T IC S , S T . A N D R E W ’S C O L L E G E , G O R A K H P U R  (U P ) , IN D IA

and
Y .  B .  J o h r i

D E P A R T M E N T  O F  M A T H E M A T IC S  A N D  T H E O R E T IC A L  P H Y S IC S , G O R A K H P U R  U N IV E R S IT Y
G O R A K H P U R  (U P ), IN D IA

(Received 23. II. 1977)

This work is a theoretical study of G l i d d o n ’s  simplified model [7] to establish the fea
sibility of protonospheric mechanism of heat conduction. G l i d d o n ’s  approach has been criti
cally examined and an exact and modified solution to the non-linear heat equation for the 
protonosphere i.e. static plasma is obtained, the variation of temperature is discussed and it is 
found to agree with the experimental results. Downward flux of energy has also been calculated.

1. Introduction

T h ere  is considerab le  in te re s t  a t  p resen t in  develop ing  a th e o ry  for p ro 
to n o sp h eric  o b se rva tions su rro u n d in g  th e  e a r th . T h e  ex p e rim en ta lly  observed 
p ro to n o sp h ere  is v e ry  com plex  due  to  chem ical reac tio n s a n d  dynam ical 
m otions o f  in te rn a l as "well as e x te rn a l  origins. G e i s l e r  an d  B o w h i l l  [ 1 ] 

proposed  th a t  th e  en erg y  s to re d  in  th e  p ro to n o sp h ere  du ring  th e  d a y  is con
d u c ted  dow nw ard  d u rin g  th e  n ig h t an d  i t  is th is  f lu x  th a t  p rov ides energy 
necessary  to  m a in ta in  th e  n ig h t tim e  elec tron  te m p e ra tu re  above th a t  o f th e  
n e u tra ls  in  th e  u p p er F -reg ion . T h is h y po thesis  o f  dow nw ard  h e a t condution  
from  th e  p ro to n o sp h ere  w as also su p p o rte d  b y  ex p e rim en ta l re su lts  [2—6] 
w hich ex p lic itly  im p ly  th a t  th e  te m p e ra tu re  o f th e  p ro to n o sp h ere  falls down 
to  n e u tra l w ith in  a t im e  o f th e  o rd e r o f one second a f te r  sunset.

G l i d d o n  [7 ] has m ade th e o re tic a l ca lcu la tions using  sim plified  models 
to  es tab lish  th e  fe a s ib ility  of th e  p ro to n o sp h eric  m echan ism  assum ing  th a t  
th e  e lec tron  d en sity  is th e  sam e a t  all a ltitu d es . H ow ever, h is so lu tio n  fails 
to  express th e  tru e  n a tu re  o f th e  p roposed  p ro to n o sp h eric  m odel ow ing to  a 
fa llacy  in  tran sfo rm in g  th e  orig inal h e a t eq u a tio n . F u r th e r , we do n o t agree 
w ith  G l i d d o n ’s o b se rv a tio n  th a t  s ta n d a rd  tech n iq u es  do n o t a p p ly  to  th e  
d iffe ren tia l eq u a tio n  govern ing  h e a t conduction  in  a hom ogeneous p lasm a. 
In  fac t, th e  h ea t co n d u c tio n  eq u a tio n  is non -linear d u e  to  th e  coeffic ien t of 
c o n d u c tiv ity  of th e  p lasm a  an d  is am enab le  to  so lu tion  b y  s ta n d a rd  techn iques 
as show n in  th is  p ap e r.
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2. R em arks o n  G liddon’s ap p ro ach

The hea t e q u a tio n  for G l i d d o n ’s m odel p ro to n o sp h ere  [7 — 10] is

—  [ к т м  — I =  —  ( C T ) .  ( 1 )
d z  I 0z  j at

T h e in itia l co n d ition  is

T(z, 0) =  T 0 , 0 <  z <  oo (2)

a n d  th e  b o u n d a ry  co n d itio n  is

T(0, t) =  Т г , 0 <  t <  oo . (3)

C onsideration  h as  been m ad e  in  a hom ogeneous p lasm a w h ich  occupies 
th e  half-space z >  0 a n d  is in itia lly  a t  a uniform  te m p e ra tu re  T 0. A t th is  tim e  
t >  0, th e  te m p e ra tu re  of th e  b o u n d a ry  z =  0 is ch an g ed  to  T v  E ffec ts  due 
to  f lu x  of ion iza tio n  h av e  been ignored . E lec tro m ag n etic  fie ld  effects are n o t 
consid ered  e ith er.

In tro d u c in g  d im ensionless v a riab le  t — ar  a n d  z =  G l i d d o n  has 
tra n sfo rm e d  E q . (1) in to  th e  fo llow ing form :

9 Г 2 Ka  9 4 *----= -------- --------  . (4)
Эт 1C6 Э!2 v

W h ile  a tte m p tin g  to  solve E q . (4 ) G l i d d o n  has co m m itte d  a m is tak e  b y  m aking  
a fallacious tra n s fo rm a tio n  =  | / 2 t1,z w hich acco rd ing  to  h is  ca lcu la tio n  
c o n v e rts  th e  n o n -lin ea r p a r tia l d ifferen tia l e q u a tio n  ( 4 ) in to  an  o rd in a ry  
d iffe ren tia l e q u a tio n

Ka d2T &  , d T
1 Cb dx '2 ~ ~ X ~ W '

T h is  tra n sfo rm a tio n  is no t va lid  a n d  leads to  an  in a c c u ra te  so lu tio n . T herefo re , 
G l i d d o n ’s in te rp re ta tio n  of th e  cooling of p ro to n o sp h ere  a f te r  su n se t an d  
v a r ia tio n  te m p e ra tu re , d en sity , f lu x  and  th e  su b se q u e n t research es, based  
o n  th e  above so lu tio n  do no t rev ea l th e  exact ch a ra c te ris tic s  o f E q . (1) g o v ern 
in g  th e  b eh av io u r o f  th e  p ro tonospheric  m odel.

3. Exact solution  to the heat equation

C onsidering a so lu tion  o f (1) in  th e  fo rm [12]

T(z, t ) =  A (t) Y(z) (5)
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E q. (1) can  be  w ritten  as

C d X 2 d2Y 1/2
K X 1'2 dt 1 Y  dz2

=  A (say) (6)

N ow  solving se p a ra te ly  tw o  o rd in a ry  d ifferen tia l eq u a tio n s w h ich  are 
ob ta in ed  fro m  (6), we get

X  =

and

2 г  l 2/4 5
-  H  +  i о - *

5 l 4/s
- H  / 2/3(z +  e)4 */5,

( 7 )

(8)

w here A  is a co n stan t o f in te g ra tio n  an d  e is an y  c o n s ta n t. S u b s titu tin g  the  
value  o f X  a n d  У  from  (7) a n d  (8), in  (5), we have ,

T ( z , t )  =
2C \ 2/5 Í 5 )4/5

T +t
-2/5

(z +  £)4 *'5 . (9)
5 K  j ( 6

E lim in a tin g  co n stan ts  A, A  a n d  £ w ith  th e  help  of E q s. (2) an d  (3), we get

T(z, t) =  T 0[ l  +  t T l ^ v t 1'2 +  z p ^ 2) - 2] -2/5,
w here

I О TS
V =  (T0l \ f  '(TS12 -  T f 2) - 1/2 an d  Ц =

( 10)

w hich sa tis fy  th e  in itia l a n d  b o u n d a ry  cond itions (2) a n d  (3). U sing E q . (10), 
th e  flu x  fa c to r  G is given b y

G =  4 Х (р£)-!/2(г +  z/Yfit)- TV5/2+
z - 2 1  -18/5

(И)

4. D iscussion

E q . (10) h a s  great p h y s ic a l s ign ificance as show n b y  F igs. 1 a n d  2.
I t  is ev id en t fro m  Fig. 1 th a t  a t  an  a lt i tu d e  o f 800 k m  in  F -reg ion , th e  te m p e r
a tu re  falls dow n to  n eu tra l w ith in  a tim e  o f th e  o rd er o f  one second in  con
fo rm ity  w ith  N ag y  [11] and  W a l k e r ’s observ a tio n s. T he g rap h s co rrespond ing
to  ( =  c o n s ta n t are s tra ig h t lines show ing  u n ifo rm ity  o f  th e  te m p e ra tu re
g rad ien t in  a s ta t ic  plasm a. F ig . 1 show s th a t  te m p e ra tu re  falls dow n w ith in
a n  hour ra p id ly  to  th e  va lu e  T ^ T q. F ig . 2 also deals w ith  th e  p h en o m en o n  
o f  te m p e ra tu re  v a ria tio n  a t  c o n s ta n t  a ltitu d e  w ith  re sp ec t to  d iffe ren t tim e
scales. As ex p ec ted , th e  0 —z  g rap h s  an d  0  — t g raphs o f  Gliddon  [7] show
considerab le  d ev ia tio n  from  th e  observed  d a ta . F lu x  ca lcu la ted  fro m  (11)
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Fig. 1. Normalized temperature distribution along a field line with time as parameter

Fig. 2. Same results as Fig. 1 as a function of time with distance as parameter
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Fig. 3. Calculated night time variation of energy flux 
(experimental results shown for comparison)

A —----- - • •  -------- 6 hours average at 500 km  over Millstone (E vans [6])
В — ------ ( N a g y — Walker [ 2 ] )

C --------- X X ---------  our graph

is in  close ag reem en t w ith  ex p e rim en ta l observa tions [13, 14] (see F ig . 3 
co rresp o n d in g  to  (11)). This su p p o rts  th e  hyp o th esis  of dow n w ard  h e a t con
d u c tio n  from  th e  p ro tonosphere .

G enera lisa tion  of th e  above p rob lem  to  tw o-d im ensional case has been 
w o rk ed  o u t b y  th e  au tho rs an d  w ill he re p o rte d  la te r .
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THE CHANGE OF THE LOAD-MICROHARDNESS 
CURVES OF NaCl SINGLE CRYSTALS 

DUE TO HEAT TREATMENT AND IMPURITY
By

J. Sárközi, A. T óth and Z. Mo r l in *

IN S T IT U T E  O F  P H Y S IC S , D E P A R T M E N T  O F  E X P E R IM E N T A L  P H Y S IC S ,
T E C H N IC A L  U N IV E R S IT Y , B U D A P E S T

(Received 3. III. 1977)

In order to determine the physical meaning of the constants a and n in the equation 
H =  1854 • a ■ dn~2 describing the microhardness of the alkali halide crystals quenching 
experiments were carried out on NaCl : Ca systems. By means of combined electrical conducti
vity and microhardness measurements it was found that values of the constants a and n depend 
on the concentration and state of impurities in the crystals. The results obtained show that a 
and n are not defined by the crystal type alone, but also by the type and concentration of im
purity centres interacting with the dislocations.

Acta Physica Academiae Scientiarum Hungaricae, Tomus 42 (4), pp. 283—287 (1977)

1. Introduction

E x p e rim e n t show s th a t  th e  m icrohardness o f a lka li halide single crystals 
is given b y  th e  eq u a tio n

Я =  1854 • a ■ dn ~2 * * * (1)

[1, 2]. A ccord ing  to  lite ra tu re  th e  c o n s ta n t n in  th e  e x p o n en t of d  is th e  sam e 
fo r all ionic c ry s ta ls  [1], w here th e  v a lu e  o f a changes in  accordance w ith  th e  
surface energy . I t  follows from  th e  c o n s ta n t v a lue  o f  n t h a t  in s te a d  o f th e  
m icrohardness — w h ich  is a q u a n t i ty  d epend ing  on th e  d e p th  of in d e n ta tio n  — 
th e  a c o n s ta n t m a y  be m ore p ro f i ta b ly  u tilized  to  describe th e  resistance  
to  p lastic  d e fo rm atio n  o f th e  c ry s ta ls . T he aim  o f th e  p re sen t w ork  is to  in 
v es tig a te  m ore closely th e  p h ysica l n a tu re  of th e  c o n s ta n ts  a and  n b y  m eans 
of m easu ring  th e ir  dependence on  th e  co n cen tra tio n  o f  Ca im p u rities  an d  on 
th e  h e a t t re a tm e n t o f  NaCl single c ry s ta ls .

2. Experim ental details

The ex p e rim en ts  were ca rried  o u t w ith  specia lly  grow n O H "  — free
NaCl c ry sta ls  [3] d o p ed  w ith  d iffe ren t am o u n ts  (from  2 • 1 0 ~7 to  10 ~3 m ol/m ol)
o f Ca2+ im p u rity .

* Present address: Research Laboratory for Crystal Physics of the Hungarian Academy
of Sciences, Budapest
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T he m icrohardness as a fu n c tio n  o f th e  d e p th  o f in d e n ta tio n  w as m easured  
a n d  from  the cu rves o b ta in ed  th e  n  a n d  a values w ere d e te rm in ed  b y  E q . (1).

T he ionic c o n d u c tiv ity  o f th e  c ry sta ls  w as m easu red  in  th e  usual w ay  
w ith  a v ib ra tin g  condenser e lec tro m eter.

T he annealing  a n d  quench ing  o f  th e  c ry sta ls  w ere carried  o u t in  an  in e rt 
gas a tm osphere . A t th e  cooling r a te  w hich w as app lied  in  th e se  experim en ts 
(100  °C/min) no s tresses or p la s tic  d e fo rm ation  w ere fo rm ed , co n sequen tly  
th e  d islocation  d e n s ity  rem ained  unchanged .

3. R esults and discussion

The ex p erim en ts  w ith  p u re  c ry s ta ls  su p p o rted  th e  re su lts  o f G. P . U p i t  

a n d  S. A. V a r c h e n y a  [1] accord ing  to  w hich th e  n value is th e  sam e fo r every  
a lka li-ha lide  c ry s ta l  w hereas a is a linear fu n c tio n  of th e  su rface  energy.

If, h o w ever, fo r instance N aC l crysta ls  doped  w ith  Ca w ere in v estig a ted  
th e  n value show ed  for various Ca2+ co n cen tra tio n s a s tro n g  co n cen tra tio n  
dep en d en ce , a t  th e  sam e tim e a in c reased  a t a lread y  v e ry  sm all Ca co n cen tra 
t io n  (Fig. 1, C urves 1, 2, 3, 4, 5).

More su rp ris in g  resu lts w ere o b ta in ed  i f  N aCl c rysta ls  co n ta in in g  a cer
t a i n  level of Ca im p u rity  c o n c e n tra tio n  w ere quenched . A fte r  quenching  
f ro m  above 150 °C th e  “ c o n s ta n t”  n took  th e  value ch a ra c te ris tic  for v e ry  
p u re  crysta ls, a t  th e  sam e tim e  th e  quench ing  increased  th e  a v a lue  (F ig. 1, 
C urve  4). The m icrohardness dec reased  considerab ly , w hich show s th a t  th e  
ch an g es in th e  a a n d  H  values a re  n o t alw ays s im u ltaneous processes.

Sum m ing u p  i t  was found  t h a t  th e  a an d  n v a lu es , re sp ec tiv e ly , change 
w ith  changing im p u r ity  co n c e n tra tio n  as well as b y  h ea t t re a tm e n t .  I t  is qu ite  
c le a r , how ever, t h a t  any  h e a t t r e a tm e n t  an d  an y  change o f im p u rity  con
c e n tra tio n  rea lizes  various im p u r ity  s ta te s  in  th e  c rysta ls  con seq u en tly  th e  
changes of th e  n a n d  a values sh o u ld  be due to  th e  changes o f  th e  s ta te  o f im 
p u ritie s . I t  fo llow s th a t  in o rd e r to  o b ta in  a b e tte r  u n d e rs ta n d in g  of th e  c h a 
r a c te r  of n a n d  a, respective ly , th e  s ta te  an d  d is tr ib u tio n  o f th e  im p u rity  in  
th e  sam ple sh o u ld  be know n fo r  g iven n an d  a values. On th e  o th e r h a n d  i t  
a lso  follows t h a t  th e  c o n s ta n t a c a n n o t be used  in s tead  of th e  m icrohardness 
w h ich  depends o n  th e  dep th  o f  in d e n ta tio n  since a p p a re n tly  th e  m icrohardness 
is determ ined  b y  tw o  q u a n titie s  a an d  n chang ing  in d e p e n d e n tly  of each  
o th e r . N evertheless, it  is feasible t h a t  th e  know ledge of th e  m icroscopic beck- 
g ro u n d  of th e  a a n d  n va lues y ie ld s a b e tte r  u n d e rs ta n d in g  of th e  p h y sica l 
n a tu re  of th e  m icrohardness.

In fo rm a tio n  abou t th e  im p u r ity  (Ca2 + ) s ta te  in  th e  c ry s ta l and  its  
changes due to  an  increase in  c o n c e n tra tio n  or h e a t t re a tm e n t can  be ob ta in ed  
b y  electrical c o n d u c tiv ity  m easu rem en ts . C urves 1, 2 an d  3 o f F ig . 2 show  th a t
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th e  im p u rity  is in  a d isso lved  s ta te  accord ing  to  th e  associa tion  range in  th e  
fo rm  of single ions or im p u rity -v a c a n cy  p a irs  a t  room  te m p e ra tu re  a t w hich  
th e  m icrohardness m e a su re m e n ts  are  carried  o u t. A n y  increase of th e  co n 
c en tra tio n  on ly  in c reases  th e  n u m b er of th e se  p a rtic le s , b u t  no change occurs 
in  th e  s ta te  o f  th e  im p u rity . W ith  these  c ry s ta ls  th e  n v a lu e  rem ains unchanged

Fig. 1. Indentation diameter dependent change of microhardness for various impurity con
centrations in NaCl • Ca2+ systems (Curves 1,2,3,4 and 5). The effect of quenching NaCl;

1.6 XlO - 4  mol/mol Ca2 + systems is demonstrated by curve 4

w hereas th e  a va lues increase  w ith  increasing  c o n d u c tiv ity  values (Fig. 1, 
C urves 1, 2, 3). W ith  c ry s ta ls , how ever, co n ta in in g  an  im p u r ity  concen tra tion  
o f  1.6 X  10-4 m ol/m ol Ca2+ also th e  p rec ip ita tio n  ran g e  ap p ea rs  in  th e  electrical 
c o n d u c tiv ity  cu rves (F ig. 2, C urve 4). The a a n d  n  va lu es  as m easured  w ith  
th e se  crysta ls  d ev ia te  m a rk e d ly  from  th e  co rrespond ing  va lu es  ob ta in ed  w ith  
less doped c ry s ta ls . T he sam e applies to  c ry s ta ls  c o n ta in in g  an  even higher 
im p u r ity  c o n cen tra tio n  (F igs. 1 an d  2, Curves 5).
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T h e quench ing  o f th e  c ry s ta ls  fro m  various an n ea lin g  te m p e ra tu re s  to  
ro o m  te m p e ra tu re  leads to  th e  fo llow ing  resu lts . W ith  an  im p u r ity  c o n te n t 
less th a n  1.6 X  10 ~4 m ol/m ol Ca2+ th e  q u ench ing  changed  n e ith e r  th e  c o n d u c t
iv i ty  n o r  th e  m ic ro h a rd n ess-in d en ta tio n  d iam ete r cu rves, th u s  th e  co n stan cy  
o f  th e  a an d  n values is u n d e rs ta n d a b le . Q uenching ca rried  o u t w ith  c ry s ta ls

Fig. 2. Electrical conductivity of NaCl • CaCl2 single crystals for various impurity concent
rations. (Curves 1,2,3,4 and 5). The effect of quenching fora iNaCl, 1.6 X 10 mol/mol Ca2+

sample is demonstrated by curve 4

o f  h ig h e r im p u rity  co n cen tra tio n s  re su lte d  in  a considerab le  ch an g e  of th e  
e lec trica l co n d u c tiv ity  as well as o f  th e  a and  n va lues. T h is is il lu s tra te d  in  
F ig . 2 w here C urve 4 goes over in to  cu rv e  4, w hich m eans t h a t  b y  q u en ch in g  
th e  p rec ip ita tio n  ran g e  is ca rried  o v er in to  th e  associa tion  ran g e .

Sum m ariz ing  th e  follow ing conclusions reg a rd in g  th e  a a n d  n  v a lu es  
m a y  be d raw n from  co n d u c tiv ity  a n d  m icrohardness m easu rem en ts  on doped 
N aC l cry sta ls .
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I f  th e  im p u r ity  is in  a d isso lved  s ta te , i.e. in  th e  fo rm  o f single ions and  
im p u rity -v a c a n c y  pairs, w ith  th e  increase o f  im p u rity  c o n c e n tra tio n  n does no t 
c h an g e  only  a. If, how ever, th e  im p u r ity  becom es p re c ip ita te d  n an d  a undergo 
a  considerab le  change. If, b y  q u ench ing , th e  p rec ip ita tio n  s ta te  is te rm in a te d  
a n d  b ro u g h t over in to  th e  a ssoc ia tion  s ta te , n tak es  th e  low  v alue  belonging 
to  th is  s ta te  w hereas a increases fu rth e r . T h e  q u a n tity  n  ap p ears  to  be defined 
b y  th e  s ta te  o f co n tam in a tio n  w hereas a m a y  change a t  th e  sam e im p u rity  
s ta te  i f  fo r in s tan ce  th e  im p u r ity  co n cen tra tio n  changes. C onsequen tly  an  
u n am b ig u o u s re la tio n  b e tw een  a an d  th e  m icrohardness (H ) (increasing  H  
w ith  increasing  a) ex ists on ly  i f  no  change occurs in  th e  im p u r ity  s ta te .

I f  th e  s ta te  o f im p u rity  does n o t change one m ay  assum e th a t  th e  ch arac
t e r  of in te ra c tio n  betw een th e  d isloca tions a n d  p o in t d efec ts  does n o t change 
e ith e r . C onsequen tly  in c ry s ta ls  w ith  sm all im p u rity  c o n te n t o n ly  vacancies 
a n d  single im p u rity -v acan cy  p a irs  in te ra c t w ith  th e  d islocations. B y  increasing  
th e  im p u rity  co n cen tra tio n  o n ly  th e  n u m b e r of p o in t d efec ts  increases. T he 
increase  of a th u s  p robab ly  re fle c ts  only th e  increase of th e  n u m b e r o f dam ping  
cen tre s , w hereas th e  co n stan cy  o f  n in d ica te s  th e  co n stan cy  o f th e  ty p e  of 
in te ra c tio n . T he appearance  o f  th e  p rec ip ita te s  a p p a re n tly  lead s to  new  ty p es  
o f  in te rac tio n s . A ccording to  th e  e lec trical co n d u c tiv ity  cu rves th e  p re 
c ip ita tio n  form s dipole c lu ste rs  o f im p u rity -v a c a n cy  p a irs  in  c ry s ta ls  w ith  
1.6 X  10 ~4 m ol/m ol im p u rity  c o n c e n tra tio n , w hereas w ith  th e  co n c e n tra tio n  of 
1.4 X 10 _s m ol/m ol Ca2+ c lu sters  becom e p re c ip ita te d , i.e . a second ph ase  is 
fo rm e d . Two d iffe ren t n values be lo n g  to  th ese  tw o  form s o f  p re c ip ita tio n , whose 
in te ra c tio n  w ith  dislocations is a p p a re n tly  d ifferen t. C onsequen tly  one m ay  
s a y  th a t  th e  n v a lue  is no t d efin ed  b y  th e  c ry s ta l ty p e  alone, b u t  also b y  th e  
ty p e  of im p u rity  cen tres in te ra c tin g  w ith  th e  d islocations. T he sam e applies 
a lso  to  th e  c o n s ta n t a by  ad d in g  th a t  a m a y  also change w ith  th e  sam e ty p e  
o f  th e  cen tres i f  th e  c o n cen tra tio n  o f these  cen tres  changes.
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TORSIONAL OSCILLATIONS OF AN ELASTIC 
HALF SPACE DUE TO AN ANNULAR DISK
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B U IL D IN G , P E N N S Y L V A N IA  STA TE U N IV E R S IT Y , U N IV E R S IT Y  P A R K , P E N N S Y L V A N IA  16802 U SA

(Received 23. III. 1977)

The problem of low frequency torsional oscillations of an elastic half space due to a rigid 
annular disk is solved when the difference between the outer and the inner radii is small. For
mulae are presented for the stress distribution, the far field amplitude, and the torque requi red 
to maintain the oscillations. At the end some related problems in slow viscous flow and MDH are 
solved.

1. Introduction

T h e p rob lem  o f  low freq u en cy  to rs io n a l oscillations o f an  isotropic? 
hom ogeneous e la s tic  h a lf  space b y  a rig id  c ircu la r disk has been  a top ic  o f 
co n sid erab le  a t te n t io n  [1 ]— [6]. T h e  co rrespond ing  problem  o f to rsiona l 
o sc illa tions b y  a r ig id  annu la r d isk  o f o u te r a n d  in n e r rad ii as a a n d  b such  
th a t  b/a 1 has b e e n  considered b y  J a in  an d  K a n w a l  [7] using  an  in teg ra l 
e q u a tio n  te c h n iq u e . H ow ever, th e  co rrespond ing  p roblem  of to rs io n a l oscill
a tio n s  o f  th e  e la stic  h a lf  space b y  an  an n u la r d isk  such th a t  th e  difference 
b e tw een  its  rad ii is sm all in  com parison  w ith  i ts  e ith e r  rad ius, h as  a ttra c te d  
no a tte n tio n . Since th is  problem  is o f equal im p o rtan ce , i t  fo rm s th e  to p ic  
o f  th is  no te .

W e begin w ith  th e  in teg ra l eq u a tio n  fo rm u la tio n  of th is  p ro b lem , w hich 
is th e n  tran sfo rm ed  in to  several F red h o lm  in te g ra l equa tions o f th e  f irs t  k ind  
w ith  in v e rtib le  k e rn e ls . The u n k n o w n  charge d e n s ity  is a p p ro x im a te ly  cal
c u la te d  as a p o ly n o m ia l o f a sm all p a ra m e te r. W e p resen t th e  expressions 
of som e physica l q u a n tit ie s  like th e  fa r  field  am p litu d e .

U sing  th e  so lu tio n  of the  to rs io n a l oscilla tions problem , we consider 
an  a n n u la r  disk p e rfo rm in g  ro ta ry  oscillations in  an  in fin ite  m ass o f  viscous 
flu id  w h ich  is a t re s t a t  in fin ity  an d  also w hen an  a n n u la r  disk is r o ta t in g  w ith  
u n ifo rm  an g u la r v e lo c ity  abou t its ax is  in  an incom pressib le  viscous e lec trically  
c o n d u c tin g  flu id  in  th e  presence o f  a un ifo rm  m ag n e tic  field app lied  para lle l 
to  i ts  ax is. As fa r  as th e  au th o r is aw are  even all th e  resu lts  derived  in  S tokes 
flow  a n d  M D H  a p p e a r  to  be new.
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2. M athem atical form ulation and the solution

I t  is co n v en ien t to  in tro d u ce  cy lind rica l p o la r  coord inates (g, y , z) 
w ith  th e  elastic  m ed iu m  occupying z 0 an d  th e  d isk  given b y  z =  0, 
b <  g <  a, a lly , w ith  a and b as th e  o u te r  an d  th e  in n e r  rad ii of th e  annu lus, 
re sp ec tiv e ly . I t  is fo rced  to  oscillate w ith  period  2 тс/со a b o u t its  axis o f sy m m e try  
th u s  th e  re st o f th e  p lane z =  0 is stress-free . F o llow ing  [7], le t V  rep re sen t 
th e  o n ly  non v a n ish in g  у  com ponen t o f th e  d isp lacem en t, and  le t

V =  Vem  . (1)

T h e n  V sa tisfies th e  following b o u n d a ry  value  p ro b lem :

(y 2 k2)(V cos y) =  0, (g, y , z) n o t on th e  disk, z 0 (2)

V =  gQ, z  =  0, b <  g <  a , (3)

dv/dz =  0 on z =  0 a n d  0 < g - < 6 ,  a <  g <  00. (4)

F u r th e r  V sa tisfies th e  rad ia tio n  co n d itio n  a t  in f in ity . Here

k2 =  daP/fi,

d  =  density  of th e  elastic  m a te ria l,

Q  =  am plitude  o f  th e  oscilla tion , 

pi =  shear m odu lus o f th e  e lastic  m ateria l.

T h e  in teg ra l e q u a tio n  fo rm ula tion  o f th e  b o u n d a ry  value p rob lem  governed  
b y  E q s. (2) —(4) is [7]

w ith

a n d

e - ik L (g ,t)

L(g, t)

3v(t, z') 
3 z '

cos fdipdt, b < g < a ,

, b <  t <  a ,
Z ' = 0

( 5 )

( 6)

L(g, t) =  (g2 +  i 2 — 2gt cos y )1/2 . (7)

To solve E q . (5) for th e  u n k n o w n  fu n c tio n  cr(t), we in tro d u c e  tw o  new  
v ariab les  a an d  ß  as [8]

g — .R(l +  e cos a), t =  R(  1 +  e cos ß), 0 <  a, ß <i л  , (8)
w ith

R  =  {a -f- b)/2, e — (a — b)/(a +  b) . (9)
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T h u s b y  a ssu m p tio n  s 1. W e fu rth e r  assu m e th a t  к =  0(e). W ith  these  
defin itions, (5) can  be tra n sfo rm e d  in to

w ith

Q R(  1 +  e cos a) =
Г П  Ç 2.T I q — I K L .

a) =  u ( ß ) R -------- cos ytdipdß
Jo Jo L

u(ß) =  a(ß)Re  sin /?(! -f- s cos ß) .

( 10)

(И)

W e f ir s t  a p p ro x im a te  th e  k e rn e l o f th e  E q . (10) b y  neg lec ting  th e  te rm s of 
0(fc3) a n d  more a n d  e x p a n d  th e  k erne l in  pow ers o f  e as [8]

R cos ipdip K 0 + - j R 2k2 +  e K x +  e*K2 +  0 (e3) , (12)

w ith
K 0 =  2S  — 2 In  2 I cos a — cos ß  | ,

K l — — (cos a  -f- cos ß)(K0 — 2)/2 ,

X 2= i f 0[9(cos2 a-f-cos2 ß ) —2 cos a  cos /3]/16 — 3[(cos2 a + c o s 2/3)-|-6 cos a  cos ß]/8 

an d
S  =  In (16/e) -  2 .

W e expand  u(ß) in  pow ers o f  e as

u(ß) =  uo(ß) +  £Ui(ß) +  £2u2(ß) +  ° ( fiS) • ( I 3)

S u b s titu tin g  th e  ex pansions o f th e  kernel in  (12) an d  o f u(ß) in (31), 
in E q . (10) and  b y  e q u a tin g  th e  coefficients o f e q u a l pow ers o f s, we get a set 
of in te g ra l equ a tio n s invo lv in g  ы,- (ß). These in te g ra l eq u a tio n s can be solved 
b y  ex p an d in g  th e  fu n c tio n s  ußß) in  th e ir  F o u rie r series. T hus we f in d

w ith

an d

u(ß) =  V o  +  ebh 1 cos ß  +  e2(62 0 +  b2 2 cos 2ß) +  0(e3) , (14)

b0 о =  QR, [2 ^ (S  +  4 fí2fc2/3 )] , (15)

b11 =  3 Ü R /4 n ,  (16)

V о =  Q R(12S2 - 9 S  +  8 )/6 4 jtS2 , (17)

b2 2 =  Q R(18S  +  l)/6 4 n S  . (18)

In  view  o f E qs. (14) — (18), an d  (11) we have d e te rm in e d  th e  ap p ro x im a te  
value  o f cr(t).
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3. Expressions for sh ear s tress, to rq u e  and  the  fa r  field  am p litu d e

The non  v an ish in g  com ponen ts o f stress ten so r are given b y

d V
T e<P =

д У  V  

do Q
*Z<p =  «

8 z

so t h a t  th e  sh ea r stress т is g iven  b y

г =  — 2л[1о(о)е~ш  .

T h u s its  exp lic it fo rm  can be o b ta in e d  as

r(ß) =  — 2л^[Ь00 +  eb1A cos ß  +  e2(b2 0 +  b2>2 cos 2/5)] X 

X [f?£ sin /9(1 +  £ cos ß )] -1 exp (iwt) , 0 <  ß  <C л  .

(19)

( 20)

( 21)

W h en  we co n v e rt ß  in to  i, we f in d  th a t

a(t), %(t) =  0(o2 — î2)~ 1/2, as t —*■ a — ,
a n d

a(t), r(t) =  0(i2 — b2)~ 1/2 as t —> b- f  ,

so th a t  a an d  r sa tisfy  th e  edge cond itions.
The v a lu e  o f th e  to rq u e  M  need ed  to  m a in ta in  th e  to rs io n a l oscillations 

o f  th e  an n u la r d isk  is

M  =  (2л )2 Г  02o(g)dg =  -  4 я 3К 2р[60,0 +  £2(62,0 +  i-1;1/2)]e'»( +  0(e*). (22)J О

T o fin d  the  fa r  fie ld  am p litu d e , we in tro d u ce  th e  spherica l p o la r coord inates 
(r, 0,(p), w ith

o =  r sin  0 ,  z =  r cos 0  , (23)

a n d  we fin d  th a t  [7]

v ( q ,  z )  =  A ( 0 )  ex p  ( — ikr)/r +  0 (r~ 2) , (24)
w ith

A ( 0 ) =  i 2^t(T(t)J,(fci sin 0)dt . (25)

T h u s V does sa tis fy  th e  ra d ia tio n  cond ition  a t in f in ity  an d  th e  fa r  fie ld  am pli
tu d e  A (0 )  is given by

A (0 )  =  Ы 3Ш 0 0к sin 0  +  0(e3) . (26)
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4. S tokes flow

L et an  a n n u la r  disk be p erfo rm in g  to rs io n a l oscillations w ith  an g u la r 
v e lo c ity  Qelwt a b o u t its  axis o f sy m m e try , th e  z-ax is ; in  an  u n b o u n d e d  v iscous 
f lu id  w hich is a t  re s t  a t in fin ity . I f  ге‘ш is th e  <p v e lo c ity  co m ponen t, i t  sa tisfies 
b o u n d a ry  v alue  p rob lem  (2) — (4) w ith

k2 =  — iw/v . (27)

T h u s  in  th is  p rob lem  v can be o b ta in e d  from  th e  prev ious sec tions sim ply  b y  
su b s titu tin g  [7]

к =  ex p  ( — ni/4)R\i2ja , (28)
w here

R x =  5 a 2/r  (29)
is th e  R eynolds n u m b er

T hus th e  to rq u e  T 1 req u ired  to  m a in ta in  th e  oscillations o f  th e  a n n u la r  
d isk  is

Tj =  — 8n3R 2p [&o, о +  £2(&2,о +  &i,i/2 )] ex P (iôît) , (30)
w here  now

b0,о =  R/[2Tr(S -  4Я 2Я г/З а2)] , (31)

a n d  b2 о an d  bx j a re  given b y  (17) an d  (16).

5 . Steady ro ta tio n  in  a co n d u c tin g  fluid

L e t th e  a n n u la r  d isk  be ro ta t in g  ab o u t its  ax is  o f sy m m etry  w ith  an g u la r 
v e lo c ity  Q in  an  incom pressib le viscous and  e lec trica lly  co n d u c tin g  flu id  
u n d e r th e  in fluence  o f a un iform  m ag n e tic  fie ld  B 0 app lied  p ara lle l to  z-axis. 
I f  v deno tes th e  o n ly  non  zero (p co m p o n en t o f v e lo c ity , and  if  we w rite  2v =  
=  *»_ j_ —|— tq; vs (s =  + 1 )  sa tisfy  th e  equa tion

V?( r s cos <p) +  s K  — — cos cp =  0 , (32)
3 z

w here
K a  =  {apiey l2B 0a

is th e  H a r tm a n n  n u m b e r an d  is assu m ed  to  be sm all, a an d  fxe are re sp ec tiv e ly  
th e  c o n d u c tiv ity  a n d  th e  m agnetic  p e rm eab ility  o f  th e  flu id . F u r th e r  vs 
sa tis fy  th e  b o u n d a ry  cond ition  (2). T h is prob lem  can  be co n v e rted  to  th e  
b o u n d a ry  value  p ro b lem  (2) — (4), i f  we p u t

vs =  ex p  (— sK z/2)v's(q, z) ,  к2 =  — (К /2)2 , (33)

an d  d rop  th e  p rim es [7] and  th u s  v can  be d e te rm in ed .
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T he v alue  o f th e  to rq u e  T 2 re q u ire d  to  m a in ta in  th e  s te a d y  ro ta t io n  is

T 2 =  -  8 b4 P / í [60>0 +  e*(6a>0 +  bh J2)] , (34)
w here  now

fc0i0 =  Q R /[2n(S  -  R 2K 2/3)] , (35)

a n d  62 о an d  bx x a re  given as before .
I t  m u st be o b serv ed  th a t  w hen  w e ta k e  u> =  0 in  th e  p rev io u s Sections, 

we ge t th e  co rresp o n d in g  resu lts w h en  th e  rig id  d isk  is ro ta tin g  w ith  a con
s ta n t  an g u la r v e lo c ity  Q. As fa r as th e  a u th o r  is aw are , even all th e  lim iting  
re su lts  th u s  o b ta in e d  ap p ear to  be  new .
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INTERMOLECULAR FORCES AND EQUATION OF 
STATE FOR SOLID MOLECULAR IN 

PSEUDOHARMONIC APPROXIMATION
By

C. Malino w sk a-A damska

I N S T IT U T E  O F  P H Y S IC S , T E C H N IC A L  U N IV E R S IT Y  O F  L Ó D Z , L Ó D Z , P O L A N D *

(Received 31. III. 1977)

An analytical and numerical expression for intermolecular potentials appropriate for 
solid molecular are given in harmonic and pseudoharmonic approximations.

The given potentials are used to compute the internal energy, the specific heat and the 
coefficient of the linear thermal expansion for atoms crystallize in a face centred cubic lattice 
and in a body-centred cubic lattice.

Acta Physica Academiae Scientiarum Hungaricae, Tomus 42 (4), pp. 295 — 317 (1977)

I . In tro d u c tio n

A n y  a d e q u a te  th e o ry  o f chem ica l b in d in g  shou ld  allow  th e  d e riv a tio n  
o f  a p o te n tia l  en e rg y  fu n c tio n  d escrib in g  th e  in te rn u c le a r  law  o f force. In  
genera l, i t  shou ld  be possible to  o b ta in  such  fu n c tio n s from  th e  f i r s t  p rincip les 
o f  q u a n tu m  th e o ry . H ow ever, ex cep t fo r th e  sim plest system s [1 — 6], these  
m e th o d s  h av e  n o t y ie ld ed  sa tis fa c to ry  p o te n tia l  energy  fu n c tio n s. T h e  reason  
fo r th is  s tem s from  th e  d iff icu lty  in  h an d lin g  po lyelectron ic  p rob lem s in  
q u a n tu m  th e o ry . S o lu tions o f th e  d iffe ren tia l equations in v o lv ed  are  n o t 
o b ta in a b le  in  closed fo rm  an d  in  o rd e r to  m ake th e  p roblem  tra c ta b le , i t  is 
n ecessa ry  to  m ake sim plify ing  a ssu m p tio n s  [7, 8] an d  to  use a p p ro x im a te  
m e th o d s . To d a te  th e se  assu m p tio n s an d  ap p ro x im atio n s have  h a d  th e  effect 
o f  rem o v in g  from  q u a n tu m  th e o ry  th e  possib ility  of p red ic tin g  p o te n tia l 
en e rg y  fu n c tio n s  w h ich  w ould q u a n ti ta t iv e ly  describe th e  in te rn u c le a r  law  
o f force a n d  co rre la te  a n u m b e r o f  b o n d  p roperties such as force c o n s ta n t, 
d isso c ia tio n  energy , b o n d  len g th , a n h a rm o n ic ity  c o n s tan t e tc . M any  sem i- 
em p irica l q u a n tu m -m e c h a n ica l ca lcu la tio n s o f electronic energies o f m olecules 
h a v e  been  g iven  [9— 16]. In  genera l su ch  calcu la tions have  b een  lim ited  to  
th e  eq u ilib riu m  c o n fig u ra tio n  o f th e  m olecule or to  a lim ited  ra n g e  o f  po in ts  
in  th e  n e ig h b o u rh o o d  o f th is  p o in t. B ecause  of th ese  d ifficu lties m a n y  in 
v e s tig a to rs  h av e  p rop o sed  em pirica l p o te n tia l  energy  functions. T h e  Morse 
fu n c tio n  [17] has been  th e  m ost usefu l o f  th ese , p a r tly  because of its  s im p lic ity  
a n d  p a r t ly  because so lu tions o f th e  an h a rm o n ic  oscillator p rob lem  are  read ily  
o b ta in e d  w hen  th is  fu n c tio n  is u sed  fo r th e  p o ten tia l energy  so lv ing  th e

* Address: Institute of Physics, Technical University of Lodz, ul. Wólczanska 219, 
93-005 Lodz, Poland

A c ta  P h y s ic a  A cadem iae Sc ien tia ru m  H ungaricae 42 , 1977



296 C. MALINOWSKA-ADAMSKA

Schröd inger w ave e q u a tio n . H ow ever, th e  M o r s e  fu n c tio n  on ly  a p p ro x im 
a te ly  rep resen ts th e  a c tu a l p o ten tia l energy  cu rve  as de te rm in ed  from  e x 
p erim en ta l d a ta  fo r m o st d iatom ic m olecules. A t th e  expense of s im p lic ity  
severa l m odified  M o r s e  functions h av e  been p rop o sed  [18—21]. O ther p ro 
posed  functions a re  th o se  of K r a t z e r  [22], R y d b e r g  [23], M a n n i n g  a n d  
R o s e n  [24], P ö s c h l  a n d  T e l l e r  [25], H y l l e r a a s  [26], L i n n e t  [27], S u t h e r 

l a n d  [28], F r o s t  [29], L i p p i n c o t t  [30, 31], V a r s h n i  [32, 33], W o j t c z a k  

[34] and  T i e t z  [7, 8, 35].
In  d e te rm in in g  th e  p a ram e te rs  of p o te n tia l en e rg y  fu n c tio n  l/(r) , use  

is com m only  m ad e  o f  th e  following e x p e rim e n ta l d a ta :  th e  eecond v iria l co
effic ien ts, th e  J o u le —T hom pson coeffic ien t, th e  coeffic ien ts of v iscosity , an d  
p ro p erties  o f c ry s ta ls  [36]. The second v ir ia l coeffic ien t is a p ro p e rty  fo r 
w hich accu ra te  e x p e rim e n ta l d a ta  are  read ily  av a ilab le  [37]. I t  is also a p ro 
p e r ty  w hich is e a sy  to  calcu late  th e o re tic a lly  [38 — 41]. C onsequen tly : th e  
second v iria l coeffic ien t (and o ften  solely th e  second v iria l coefficient) h as  
becom e th e  p ro p e r ty  m ost used to  d e te rm in e  th e  a d ju s ta b le  p a ram e te rs  o f  
a p o ten tia l fu n c tio n . I t  is clear th a t  o th e r  p ro p ertie s  in  add ition  to  th e  second 
v ir ia l  coefficient m u s t he used i f  th e  p a ra m e te rs  o f an y  p o ten tia l fu n c tio n  
a re  to  be p h y sica lly  sign ifican t “ b y  th em se lv es”  [42, 43].

C o r n e r  [44] h as  show n how  th e  d e te rm in a tio n  o f p o ten tia l p a ra m e te rs  
m ay  he im p ro v ed  b y  th e  use of c ry s ta l d a ta  in  a d d itio n  to  gas p roperties d a ta  
an d  used th is  m e th o d  to  determ ine  th e  p o te n tia ls  o f  Ne and  Ar. This ap p ro ach  
w as app lied  b y  M a s o n  an d  R i c e  [45] w ho used  v isco sity  d a ta  as well as c ry s ta l 
an d  second v ir ia l coefficien t d a ta  to  ca lcu la te  th e  p a ram e te rs  of th e  (exp-6) 
p o ten tia l. B u c k i n g h a m  [46] has used  b o th  c ry s ta l a n d  second v iria l coefficien t 
d a ta  for N 2 a n d  C 0 2 to  determ ine  th e  p a ra m e te rs  o f th e  (12 — 6) p o te n tia l 
(m odified to  in c lu d e  th e  effects o f q u ad ru p o le -q u ad ru p o le  in te rac tio n ), a n d  
B a r u a  [47] has u sed  sim ilar d a ta  for K r an d  X e  to  specify th e  p a ra m e te rs  
of th e  B u c k i n g h a m  — C o r n e r  (exp-6-8) p o te n tia l. M ore recen tly , K o n o w a l o w  

an d  H i r s c h f e l d e r  [38] have used  C o r n e r ’s m e th o d  to  determ ine  th e  M o r s e  

p o ten tia l p a ra m e te rs  for Ne, A r, K r, X e, C H 4 a n d  N 2.
In  th is  p a p e r  we use C o r n e r ’s  m eth o d  to  help  to  de te rm ine  th e  p o te n tia l  

p a ram e te rs  a p p ro p r ia te  for solid m olecular.

II. The determ ination o f potential parameters from properties 
of crystals at absolute zero

T here are  th re e  properties [48] o f a c ry s ta l w hich  can be used  in  th e  
d e te rm in a tio n  o f  th e  in te rm o lecu la r forces: 1. d0, th e  d istance  betw een  n e a re s t 
ne ighbours in  th e  c ry sta l la ttic e  a t  0 °K ; 2. 0 D, th e  energy  of su b lim a tio n  
of th e  c ry sta l a t  0 °K ; 3. Oq-, th e  D ebye c h a ra c te r is tic  te m p e ra tu re  d e te rm in ed
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a t  low te m p e ra tu re . In  ad d itio n  th e  ty p e  of c ry s ta l  la ttic e  som etim es provides 
a sensitive  c rite r io n  o f th e  sh ap e  of th e  p o te n tia l  energy  fu n c tio n  [36].

The to ta l  en e rg y  of th e  c ry s ta l la ttic e  a t  abso lu te  zero U0 is th e  sum  
o f th e  p o ten tia l en e rg y  of th e  la tt ic e  0 o;and  th e  zero -p o in t energy  K 0 associa ted  
w ith  th e  zero p o in t v ib ra tio n s  o f  th e  m olecules in  th e  la ttic e :

U0 =  Ф0 +  K 0 . (1)

I f  th e  forces b e tw een  th e  m olecules in  a c ry s ta l la ttic e  are  pairw ise ad d itiv e , 
Ф0 is given by

Фо =  -\ N 2 n r U(dd,  ( 2)
^  i

w h ere  N  is th e  n u m b e r of m olecules in  th e  la tt ic e , dj is th e  d is tan ce  betw een  
a la ttic e  po in t an d  i- th  shell o f la ttic e  po in ts su rro u n d in g  it ,  n,- is th e  n u m b er 
o f  la ttic e  po in ts  in  th e  i- th  shell, and  t/(d ,) is th e  p a ir p o te n tia l fu n c tio n .

The zero -po in t energy  is g iven  a p p ro x im a te ly  in  te rm s  o f  th e  D ebye 
c h a rac te ris tic  te m p e ra tu re  0  D b y

K o =  ^ N k B0 D , (3)
8

w h ere  k B is th e  B o ltzm en n  c o n s ta n t.
The D ebye te m p e ra tu re  can  be ca lcu la ted  in  te rm s o f th e  increase  in 

p o te n tia l  energy (av erag ed  over all o rien ta tio n s) w hen  one m olecule is d is
p laced  from  its  la tt ic e  position  a n d  th e  re m a in d e r o f th e  m olecules a re  held 
fix e d  in  th e ir  la tt ic e  positions. F o r  sm all v ib ra tio n s , th e  sq u are  o f th e  fu n d a 
m e n ta l frequency  v2 is

1

12 ж2тпа
U'(dL) (4)

w here ma is th e  m ass o f th e  m olecule u n d er co n sid e ra tio n  an d  th e  prim es 
in d ic a te  d iffe ren tia tio n  w ith  re sp ec t to  dt. I f  we assum e th e  D ebye d is tr ib u tio n  
o f frequencies, th e n  th e  D ebye (o r m ax im um ) freq u en cy  is given b y

( 5 )

T h u s th e  D ebye ch a rac te ris tic  te m p e ra tu re  is g iven  b y

h ■ v n
0r

k f
( 6)
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where h is Planck’s constant. The zero-point energy is then obtained when 
Eq. (6) is substituted into Eq. (3). The equilibrium separation at absolute 
zero is found by minimizing the to ta l crystal energy,

dUg

d(d0)

d

d(d0)
(Ф0 +  K 0) =  0 . ( V

Since real substances do not have the Debye distribution of frequencies, 
Eq. (5) is only approxim ately true. For some molecules considerable error in 
U 0 m ay result from neglecting the effects of non-additivity of the intermolecular 
forces also [49]. However, K i r h a r a  [50] finds, from comparing the second 
virial coefficient w ith crystal da ta  th a t for Ne, Ar and K r the corrections 
for non-additivity are small. I t  is likely th a t the uncertainty in our results 
due to  neglecting non-additive effects is no greater than the uncertainty due 
to  the  experimental crystal data we have used [51, 52].

The combination of Eqs. (3) to (7) allows to determine 2 parameters 
of potential function. However, most of the potential energy curves for di
atom ic molecules contain three, four or more parameters [6—8, 17 — 35] 
so th a t  we get them  in the following way:

a)  From experimental data  for U0, &D and d0 we determine optimal 
param eters for the  L e n n a r d - J o n e s  potential (U L,j) widely used to describe 
the properties of the  solid state [53].

b)  Then we determine the parameters for any function t7(d,) from 
equations:

U(d0) =  ф 0 , (8a)

[/'(do) = 0 , (8b)

U"(d0) = Ul_j(d0) , (8c)
U "\d 0) =  UlUj(da) , (8d)
Ulv(d0) =  U'Llj(d 0) . (8e)

For the L e n n a r d - J o n e s  (t, s) intermolecular potential function 
[ t/(r) =  br~s — cr~‘], the potential energy of the crystal at absolute zero 
can be expressed in the form [36] :

<bCs _  c Q '

, ds0 4 , '

From  Eqs. (4) — (6) we get directly:

Фо — Uo ~~
8 2

5 № b(s — l)sC s + 2 \c ( t— l)tCi+2
72 k%n2m a [ ds0+2 4 + 2

(9 )

(10)

A cta  Physica A ca d em ia e  Scientiarum  H u ngaricae  4 2 , 1977



INTERMOLECULAR FORCES AND EQUATION OF STATE 299

so th a t  the parameters b and c are given by:

d s0

d'o —— Csdo — ACs+2s(s — 1) 
В

C)CS+ 2S(S 1) ~  CsCt+2t(t — 1)
where

A  =  2 U0 — k BG D ,
4

im«
C A  -  A C í+2t(t -  1)

X>

0 s+2S ( 5  1 ) CsCt+ 2̂ (1 1
Q2

~  C sd l  — A C s+ 2 s ( s  — 1) 
В

В  = 5/t2
72к2в л 2т а

( П )

( 12)

(13)

í^o, © о and d0 are experimental quantities, the constants Cs =  Ct+e 
and Ct are given in Table I  for two crystal types [36]: a face-centred cubic 
and a body-centred cubic. For example, the rare gas atoms and the atoms 
Ag crystallize in a face-centred cubic lattice. The atoms: Cs, Li, K , Rb, Na 
crystallize in a body-centred cubic lattice.

Table I
The constants for the potential energy of a crystal

t

c,

F ace -c en tre d
cu b ic

B o d y -c e n tre d
cu b ic

4 25.33830 22.63872
5 16.9675 14.7585
6 14.45392 12.2533
7 13.35939 11.05424
8 12.80194 10.3550
9 12.49255 9.8945

1 0 12.31125 9.5640
11 12.2009 9.31326
1 2 12.13188 9.11418
13 12.08772 8.95180
14 12.05899 8.81670
15 12.04002 8.70298
16 12.02736 8.60625

By applying the method discussed above [Eqs. (8a) — (8e)] we get 
(Table II) in the following an analytical expression for the parameters of the 
potential energy functions suggested by different authors [6—8, 17 — 35].
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Table II

An analytical expression for the parameters of the intermolecular potentials appropriate for solid molecular

Position Potential function P a r a m e te r s L i te r a tu r e

1 L e n n  a rd - J ones

» » - [ ( т Г - ( т П

C(C12 — 132C0C]4)2 
24(CS -  30 C0C8);(22 C6C14 -  5 C8C12)

Л A ( ^0 ^0^8 1
• l c l t -  132 c „ c j

[36, 53, 58]

2 Me c k e  — Su th er la n d

U(r) =  —-------L
4 ' rm rn

a =  Cd™Gnm[Cn -  n(n -  l)C„Cn+2] 

b =  C < G 4 [Cm -  m(m -  l)C0Cm_ 2]

[28, 5 4 -5 6 ]

3 R y d b e b g

U(r) =  — De[l +  b(r -  rf)] • exp [ -  b(r — re)]
b =  ]l F - M

\  D d l - E  

r, Ddl -  E
1Je — r

4 s
\ s[Ctd* -  t{t -  I)C0C<+2] ]7. 

0 1 *[С5̂ о — s(s — l)C0Cs+2] J

[23]

4 Morse

Щг) =  D J I  -  <Га<г- ге)]2
1/ F — M  

a -  1 2(D d l -E )
[17]

5 L ip pin c o t t

Г n(r-r.)2 12
Щг) =  De[ 1 -  e 2r J

F -  M
" (D — E d^ )d0

[30, 31]
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6 I Yarshni

Щ г )  =  D e[ 1 -  е~*(г’—rJ)]2
1 1/ &dl(Ddl  -  F) 
b f F  — M

[32, 33]

7 II Yarshni

t/(r) =  Df [ l - ^ e - ^ ) .
2

1 ]/ 2(Ш2 -  Е )  
а  1 F  -  М

[33]

8 I ll Varshni

t/(r) =  D e ] l - ^  e - P ^ ' - O Г ß  Щ
Г11  F ~ M  i l  
L r 2(D -  Erfr2) J

[33]

9 IV Varshni

Щ г )  =  В,(Л  +  в6'"))2

Ь =  d0( t f -  1)
A t =  exp ( H  — 1)

„ -  E 
1 (/1, -  1)2G(S

[33]

10 V Varshni

U M - B .  f l  -  (у )" ] '

1/ F -  M 
" Г 2(D -  E d» * )

[33]

11 VI Varshni

Щ г )  =  D J l  -  — е“п(г-ге)
1 r e

2
" i l

/  F - M + 1  [ 2(D -  E<fr2) '

[33]
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Table II (continued)

P o s i t io n P o t e n t i a l  f u n c t io n P a r a m e te r s L i te r a tu r e

12 YII V a r s h n i  

U(r) =  —A 1rne~ar

_ (F  -  M)dl 
Ddl -  E 

a =  ndjf1
i - D d -n CII Г ^ - М ) ^ ]  Ddl — E A , - D eda expj  ̂ D d l _ E [ V e -  Gts

[33]

13 I T i e t z  

U(r) =  De [ (o +  b)e~^r — be~Pr I
+  (1 +  ce~Pry  J

ß  =  (2Л'1г -  Г ‘‘)г 
с =  exp [(ßre)lЛ'1*] ( Г ‘1‘ -  /17.)

6 = 2  |exp(/9re)ĵ 2 -  JJ
a =  - 2 6  [2 -  ( - J ) 1'2] exp (ßre)

,  ( s[Ctdl — t(t — l)C0Ci+2] ] 1/6

[7]

" 1 t[Csdl -  S(S -  l)C0Cs+2] )

14 II T i e t z  

U(r) =  De- ( - i ) ‘
A l =  12A -  4,1(77/* -  2 

By =  1 -  8 A +  4 /1 (7 7 !î

[8]

15 III T i e t z  

Щг) =  De

—a 2( l  +  6)

1 - i tr
 ̂ [ба2 +  |л (1 + « ) 2 +

• i ) l

_ [(Г1* -  3)A ,
Го

{А*(Г? -  З)2 +  Г 0[1 +  /1(ГЧг -  2)]}1«2
г  л 0

b - ^ r - - 2 ) ( i  +  l ) . +  l  +  7 A - l )

[35]

, +  a ( i

НП
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The symbols used in Table II have the following meaning:

C =  e b B - ' d l ;  C 0 =  d S A C - 1; D  =  Cdö2(Cs -  C,);

E  =  A [ s ( s  -  l)Cs+2 -  t(t -  1 )C<+1];
F  =  Cd0 2[s(s +  1 )C, -  t(t +  1)CS];

M  =  -  A d ^ s  ■ t[(t -  l)(s +  l)C(+2 -  (s  -  l)(t +  1)CS+21;

( ’ In —  C|Cs+2S(S f) f*sQ+2*(* f)>

JT -  CK»2 -  1)Q -  t(t2 -  1 )C S]  -  A s ( s  -  l ) t ( t  -  !)[(« +  l)C<+2 -  (t +  2)C2i+2] _
3d$ ( F -  M )

_  F - M  . P - Q  .
2(D -  £ < * )  ’ 3d2(F  -  Md2) ’

Г 0 =  Л(4 -  Г ,,!) -  2;

P  =  C[s(s +  1)(* +  2)Ct -  t(t +  l)(t +  2)CS];

Q =  yl.s.i [(t -  l)(s +  l)(s +  2)C(+2 -  (s -  l)(t +  l)(t +  2)Cs+2],
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III. Num erical results for the parameters o f the intermolecular
potentials

A summary of the results of optimal param eters for intermolecular 
potentials appropriate for some solid molecular is given in Tables I I I —VII. 
In  Table V III we have compared our results with others given in literature 
[38, 45, 47, 58—62]. From this Table we can see th a t the results of this paper 
show good agreement with the M o r s e  potential parameters determined from 
the combination of crystal and the transport properties data [38, 59—62]. 
For comparison the parameters for the  L e n n a r d - J o n e s  (12 — 6) potential, 
which have been determined from crystal data [35, 48, 58], are also included 
in Table V III.

The comparison of the num erical values of the parameters for the 
R y d b e r g , L i p p i n c o t t , Va r s h n i  and the T ie t z  potential models allows us 
to sta te  th a t for Ne, Ar, Kr, Xe the three-param etrical functions by R y d b e r g , 
L i p p i n c o t t  and the I, II, I II  Y a r s h n i ’s functions (Tables IV, Y) give nearly 
the result calculated for the M o r s e  and for the B u c k in g h a m  exp-six potential. 
(At least, M e i s e l  and Cox [58] found, from analysis of the equation-of-state 
measurements, th a t  the B u c k i n g h a m  exp-six potential seems to be most 
appropriate for solid Ne and Ar). On the contrary, the parameters IV and 
VI for the V a r s h n i ’s function (Table VI) are comparable with calculation 
using the T ie t z  potentials (Table V II).

The potential constants determined from crystal structure data  allow 
to get the self-consistent potential and to compute solid-phase therm odynam ic 
functions.

IV. Self-consistent potential in  pseudoharmonic approximation

The self-consistent potential Ф (1) in pseudoharmonic approximation 
can be written as [63]:

(14)

where: U (1) is the intermolecular potential

i r - m  _ V  Y ^ c o . h ^  
N f  T  2cok 2 0

(15)

N  is the number of molecules in the lattice,

(16)
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Table III
Summary of parameters for the L e n n a r d - J o n e s  (i, s) potential function

S u b s ta n c e [°K ] u° ■ i o - 21 Ш d0 [nm] t - i - . i o - m
u 0

-JY • io "ИdS
1 2 3 4 5 6 7

Ne 64 3.1155 0.320 4 4.28945 2.08900
5 3.80835 2.73845
6 3.41265 2.86440
7 3.08660 2.76280
8 2.81365 2.65050

Ar 80 12.8655 0.383 4 3.80923 0.85108
5 3.37413 1.42625
6 3.12314 1.53779
7 2.73430 1.47440
8 2.49302 1.34833

Kr 63 18.6237 0.395 4 5.27100 1.06104
5 4.66893 1.85731
6 4.18381 2.01166
7 3.78412 1.92393
8 3.44970 1.74949

Xe 55 26.2735 0.434 4 7.60061 1.57293
5 6.73245 2.72113
6 6.03291 2.94369
7 5.45658 2.81720
8 4.97436 2.56566

A g 225 47.9643 0.288 4 91.37145 40.63484
5 80.18832 52.04313
6 71.04469 53.04068
7 59.40514 50.24125
8 55.94183 46.15109

Cs 39.5 132.4854 0.524 4 7.68800 3.24800
5 6.89600 4.35200
6 6.24900 4.64800
7 5.70800 4.62200
8 5.25000 4.47000

Li 335.0 264.3300 0.303 4 9.65100 4.07700
5 8.95700 5.46300
6 7.84500 5.83500
7 7.16600 5.80300
8 6.59000 5.61100

К 91.1 150.7482 0.462 4 9.35300 3.95100
5 8.39000 5.29500
6 7.60300 5.65500
7 6.94500 5.62400
8 6.38700 5.43800

Rb 55.5 137.2914 0.487 4 8.43000 3.56100
5 7.56200 4.77200
6 6.85200 5.09700
7 6.25900 5.06900
8 5.75600 4.90100

Na 156.0 181.0260 0.371 4 10.39600 4.39200
5 9.32500 5.88400
6 8.45000 6.28500
7 7.71800 6.25000
8 7.09800 6.04400
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Table IV

Summary of parameters for the R y dberg  potential (pos. 3) 
and the Mo r se  function (pos. 4 Table II)

S ub stan ce De • 1 0 - 2 3 [ J ] re [um ] b l - 1 ] “ Г— ]L n m  J

Ne 54.825 0.31988 25.73647 18.25353
Ar 158.535 0.39483 19.97236 14.16480
Kr 207.215 0.40720 17.18508 12.18802
Xe 308.922 0.44740 17.13890 12.15525
Ag 5457.419 0.33290 139.29676 98.4976
Cs 160.100 0.59741 23.74597 16.79094
Li 2 0 1 . 0 0 0 0.34545 13.73135 9.70953
К 194.800 0.52672 20.09371 14.80479
Rb 175.500 0.55523 23.06561 15.60338
Na 216.500 0.42297 16.81290 11,88852

Table V

Summary of parameters for the L ip p in c o t t  function (pos. 5) and the Va r sh n i functions
(pos. 6 , 7, 8 Table II)

Calculated q u a n titie s

S u b s ta n c e
a [ - 4 ' [ = ]De ■ 10 “ [J] re [nm ] n Г---1

L n m j

Ne 54.825 0.31988 24.21312 18.36360 20.83843 22.38050
Ar 158.535 0.39483 19.10652 12.81920 17.41063 15.62300
Kr 207.215 0.40720 18.61543 12.05240 16.88177 14.68850
He 308.922 0.44740 13.69392 10.98320 15.36470 12.16700
A g 5457.419 0.33290 55.88231 44.30659 80.23493 165.48574
C s 160.100 0.59741 10.59487 8.23052 13.05965 12.11135
Li 2 0 1 . 0 0 0 0.34545 18.32147 18.59650 22.53938 18.07300
К 194.800 0.52672 12.01579 11.80150 14.81227 13.55802
Rb 175.500 0.55523 11.40358 10.21350 14.05189 14.02150
Na 216.500 0.42297 14.96347 12.42850 18.44552 16.16042

соM is the harmonic frequency of vibration,

№  le) =  Y  (17)

is the  renormalization of the strength constant, f  is the harmonic strength
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Table VI

Summary of optimal parameters for the V a r s h n i  functions (pos. 9, 10 and 11 Table II)

S u b s ta n c e

C a lc u la te d  q u a n t i t i e s

b [ n m ] l n  A t B x • i o - 23 [ J ] n Л -L]
L n m  J

Ne 0.24023 0.75103 0.03800 0.08660 3.99689
Ar 0.48313 1.22365 0.18000 1.10453 5.33022
Kr 0.53750 1.29544 0.23600 1.13578 5.24503
Xe 0.56057 1.25296 0.13900 1.11803 4.73408
Ag — — — 2.83676 10.22642
Cs 1.89063 3.16471 1 . 2 0 1 0 0 1.77763 4.64945
Li 1.09319 3.16454 1.50800 1.77763 8.04061
К 1.66675 3.16441 1.46100 1.77763 5.27344
Rb 1.75774 3.16579 1.31600 1.78044 5.00772
Na 1.38847 3.16447 1.62400 1.77763 6.56696

Table VII

Summary of parameters for the T i e t z  potential models (pos. 13, 14 and 15 Table II)

S
u

b
st

an
ce C a lc u la te d  q u a n t i t i e s

ß re C b a A x В ! а b

Ne 5.07737 0.27447 -0.73639 1.94556 -9.23902 10.76510 —2.59560 6.02570
Ar 3.04151 0.17942 -0.26325 1.05300 -13.01563 16.91023
Kr 2.97901 0.18418 —0.26669 1.06677 -13.66191 17.84367
Xe 3.01451 0.18218 -0.26579 1.06318 -14.27947 17.29133

Cs 1.61221 0.38039 -0.36183 1.44732 -29.43765 41.09649 -2.7076 5.0122
Li 1.61221 0.38039 —0.36183 1.44732 -29.46618 41.09434
К 1.61221 0.38039 -0.36183 1.44732 -12.43505 41.09269
Rb 1.60658 0.38176 -0.36216 1.44864 -29.44501 41.11017
Na 1.61221 0.38039 -0.36183 1.44732 -29.43557 41.09345

constant, 0  =  kBT ; k B is Boltzmann’s constant, T  is the tem perature in degrees 
Kelvin.

As a  model potential t / ( l )  in Eq. ( 1 4 )  we take the R y d b e r g  potential 
(Table II) . This function, for example, used to describe the properties of C2 
system [ 6 4 ]  gave better results th an  the M o r s e  [ 1 7 ]  or H u l b u r t — H i r s c h 

f e l d e r  function [ 1 9 ] .  The M o r s e  potential has been used to determine the

3 A c ta  P hysica  A cadem iae S c ien tia ru m  H ungaricae 42 , 1977
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Table УШ

Potential parameters for some solid molecules

S u b -
M o r s e  p a r a m e te r s

L e n n a r d - J o n e s  (1 2 — 6 ) 
p a r a m e te r s

s t a n c e
S o u rc e a* г , [ш п ] D„ ■ 1 0 - «  [ J ] S o u r c e Ô [n m ] e  1 0 - 2S [ J ]

Ne [38.44] 18.3783 0.3152 60.7281 [38. 45, 58] 0.316 50.1121
our 18.2535 0.31988 54.8250 our 0.3172 52.4406

Ar [38, 44] 
[59, 62]

14.7666 0.3855 199.8964 [38, 45] 0.387 164.6936

our 14.1648 0.3948 158.5350 our 0.3911 169.2965
Kr [38, 59] 12.8205 0.4038 252.2173 [38, 45] 0.4040 219.9136

our 12.1880 0.4072 207.2150
Xe [38, 59] 12.6549 0.4420 379.2233 [38, 45] 0.446 314.7540

our 12.1552 0.4474 308.9220 our 0.4435 315.5908

* In reference [38], different notation was used for the Mobse parameters e =  D e, 
c/ô =  a, and rm =  r e.

properties of the  anharmonic linear chain in the pseudoharmonic approxim
ation  and in the dynamic theory of the anharmonic lattice [63, 67].

Applying th e  expansion of Eq. (14) we get the following expression 
for the self-consistent potential

Щ1) =  я 1 \ с г \ р  +  ^  +  2

+  ( 1  +  c № ) 2 Cra

b2

l + T

] ~Br (1 + l lь
B r

+

+  Cra2( 3 +  a W )  +

exp
!__ 2fl2/ 12Crla 11 +

Y  i n  i
(l +  — — a B r
( a2b

l __ L|
a a2b )

СЛ2exp ( — 2 Ы) —— (1 +  ab) — 2Cral +  B ra 
ab

1  +
a2b

+

+

- R 2 Crla 1 — 2ab +  a2b2 -\-----
a

-  B r ( l - a 2b)

+  B 3 Crla 1 +  2ab +  a2b2 +  — +  B r( l  +  a2b)

(18)
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exp
R ,

— a%2 _  bl

21
1 — erf

ab

ÿ¥
R 3 =  R 2 exp (2Ы) ,

a =  V u 2 ,
B r =  D e(bre — 1) • exp (bre) , 

Cr =  bDe • exp (bre) .

(19)

( 20)

(21)

(22)

The param eters: D e, b and re are given in Table I I , position 3.
Taking for example the first V a r s h n i ’s function as a model potential 

we get the following equation for self-consistent potential:

Ф{1) =  D e 1

where :

2 exp [Ь(т* -  B w • P)] exp [2b(r> -  CWB)] j 
(1 +  2ba2)3'2 (1 +  46a2)3/2 J ’

1 +  46a2 1 +  86a2
1 +  2 bo? ’ w ~  1 +  46a2

(23)

6 is given in Table I I , position 6, D e, re and a are the same as those found 
for the R y d b e r g  potential function.

The above formulas show th a t  $  (1) given by Eq. (23) is m uch simpler 
than  Eq. (18). However, th is self-consistent potential [Eq. (23)] tested by means 
of investigating the tem perature dependence of the pseudoharmonic strength 
constant gives good results for high tem perature only. For this reason, the 
equation of state and therm odynam ic functions will be expressed in terms 
of the R y d b e r g ’s function [Eq. (18)].

Y. Equation o f state for solid  molecular in  pseudoharm onic
approximation

The therm al equation of state is given by [53]:

р = - ^ ф ' ( 1 е)
ov

(24)
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where: v is the specific volume, z  is the num ber of nearest neighbours,

d $ ( l )  I

dl  J /- ,.
(25)$Ve)  =

le is defined by the  condition:

Ф \ 1 е ) =  О-

From Eqs. (18), (22) and (24) it follows th a t we must investigate the 
case of low and high tem perature separately.

a )  Low temperature 0  co0̂

According to  Eqs. (24, 25) and (18)—(22) we get:

P  = 

where :

Ъzf e x p ------ - ba
_________ 1 4

64 vr„

b2 a® — P x6a4 -f P 2a3 — P 3rea2 — P 2rfa , (26)

a2 =  u2 = Vf al  L4 'Wn
cc2D„b2

3 , a2i>2 ,0 2at\
4 +  60

L2    ‘* “ ‘ * 7  7,

m 5 0  ’
(27)

w ith  km =  (18 n 2)ll3/a 1 for atoms crystallize in a face-centred cubic lattice 
and in a body-centred cubic lattice.

f(&Je)
f

4 — br„
1

br„
P 2 =  4

1

br„
1 ; P 3 =  4re6 — 1

The renormalization of the strength  constant / ( 0 ,  le) defined by the condition 
(17) is given by:

h)
where :

4 /20 2Sf(0)
9S2S 2(0 )

! , 6S2D 1reS2(0)
/ 0 2S?(6>)

1/2
— 1 (28)

S -
3jr27tt>yj/ 2Ä • Vf

af ,

1 e 2 0 2/  +  2 0 2 /
bS2C1

S 2( 0 )  =  1 +  

C1 =  b - i

0 2/
3

br2„ r„

(29)

1 3
£ > i = b + -  +

re 462rf 46r-
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ал is the lattice constant, h =  hj2 л ,  h is Planck’s constant, Vj is th e  velocity 
of sound, f  is the harmonic strength constant. Then the vibrational frequency 
cok at 0  co0l is given by:

c o p «о к
4 /0 2Sf(0) f 
9S2S |(0 ) i

1 + 6 S 2D lreS 2(0 )  

f 0 2S \ { 0 )
(30)

6)  H igh  temperature 0  >
By the above approxim ations the following results are obtained with 

the help of (14), (1 8 -2 2 ) and (15)—(17):
1. The therm al equation of state:

P  =  ——|l 2  CrbD k — — —  [Dk(3D k +  2) +  bre +  1]
6v [ f(0Je)

+
60

Д 0 , Ш

1/2
Cr M (6 M  +  1) +  brt 4M  +

У n D k ) ]/n D k_
+  (31)

CrD k
B , D

k V ^ m

where: D k =  (3 -f- bre)112/9.8;

with

and

l j =  S n 0 D l f D eK 2 exp (2br() ^ / 3
3 Ql

== 3][ji 0 D 3k — reD eb exp (bre) ,

9b(2Dk +  l)ty(0, 21b2D kr f{ 0 ,
K 3( ? 2  — 1  +

К 2

2 +  bre

v(0)

K  =  i  +  2 t r , + 1 ± m  ,

30  exp (— bre) re
D e ■ b У n D k

(32)

2. The renormalized frequency:

cop
8 n 20 D \ D eK 2 exp (2bre) 

3 Q\
(33)
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VI. Thermodynamic function for solid m olecular in  pseudoharmonic
approxim ation

The coefficient of the linear therm al expansion and the specific heat a t 
constant pressure are given by the  following formulas [63, 65]:

a r
kg  3 L  
L  30

p  _
P ~  N 3 0

( E + p - V )

(34)

(35)

where the internal energy

and
L  =  N L

(36)

(37)

Using the above formulas and the expressions (18), (25) —(28) we find 
in the following an analytical expression for aT and cp if 0  со0д:

OCj*?
в

where :

Г 1 1 ! , 3 ^ 6 4S2P 1r<,S3(0) 9 S iC,br2D 1

! , 3 S 2D ,
L 2 02/S1(0)

4 /0 2S2(0) / 0 2Sf(0) / 20 4S |(0)

((38)

$з(®) — re +
1 S 2C, 3breD , S 2
2 02/  02/

c P =
3zk

Z y w l - % - Le A  _  8P  y 5 +  —
I ft2p t

г /  J 2 C
O

-I
to zPe2

+ +  ~  P 2 j&---------
r„ 16 I zP,

1 6  ^P8 P 7 -
8 P«

r _

P

— +  fa

4" (P,J>! +  7 t p *l +

+  ^ - ( р 9Р 7 -  Р °Рз

3Pez

zP„

I - 1̂0^*7 —

32 P

З Р 0Р 4,

/ , 1

/  ^  2
P 7P 3 -  — 6r,P2 -  (39)

8  I

8P0 J
У +  -7/Р7  4 ГЛ —

2 P
3zP,

« I , 8/PqP 51
I +  zPg J
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where :

y  =  b

W 1  S 3(&) S 2C,b 
5 , ( 0 )  f 0 2S 2(6 )

6 S 2D 1re0 S 3(0 )  + U S ^ b r l D ,

O f

P 0 =  b +  —  ; 
re

P A hr 1 p  — 4 1
-*i — ore

bre ’ 6re

p  1
’
1 ? 11 p l fl 2

46 brei 62 bre
9

P  1 3by ■ P l l P  — 6 -1-■L 7  — A •>
4 /

■*8
br% r2 ’ ' e

-*9 W 1

P l
210 Abre

H igh  temperature 0  >  cool

f& * S l(0 )

----- 1) ; P 3 =  4re6 - l

3У .P 6 =  l  

1

4f re
3 3

re 462r? M r 2

The application of Eqs. (34—37) and (18), and also (31) —(32) leads 
to  the results:

Cpf^i 3k B -)- ( 1  —

-  <?зЬ

6CrD kb[Dk(D k +  1) +  bre +  1] (1 -  z)

Д О ,  le)
+

+ Cr(* -  1) 
2 f  6 0 /(0 , le)

br0
Y n D k

1 +  +  (5 D k — 1 )D k — - =
][nDk .

(40)

(41)

where :
Y б я Р Ц О  | 60(2 — Q2) exp (—bre)

X

Q 1 ' L D e b

9b(2Dk +  l )  54 b2D kr,(0) 
K 2 K s

X

/ ( 0 ,  le) is given by Eq. (32).
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VII. Comparison o f the experim ental values for cp (0 )  
with values calculated in  pseudoharm onic approximation

In Table IX  the numerical values cp( 0 )  for Ag calculated from Eq. (39) 
for 0  <  1/6@D and Eq. (41) for 0  1/6 0 D in terms of the R y d b e r g ’s re
normalized potential function are given and compared with experimental data 
[53, 66] as well as with those calculated in Debye’s approximation [53].

Table IX

Comparison of the experimental data for the specific heat at constant pressure for Ag with 
the approximations given by Eqs. (39), (41) of the text

S tru c tu re <*1
w

Vf
[m /s]

в
\°к]

J I
L °-̂ molecule J

ex p e rim en t D eb y e o u r  re su lts

Face centred cubic 0.428 1794.67 20 0.2778 0.2739 0.275835
28.56 0.7142 0.7051 0.706278

190.17 3.8791 3.9013 3.901542
205.30 3.8978 3.9361 3.9113571

Table IX  shows th a t  the values of cp given by R y d b e r g  renormalized 
potential function agree quite well with experimental data. For this reason 
it seems to be possible to obtain accurate results for other thermodynamic 
functions.

V III. Conclusions

The comparative investigations of potential curves for solid molecular 
show that there are three classes of these curves in fact w ith respect to  their 
behaviour and numerical values of their parameters. The first one is represented 
by the L e n n a r d - J o n e s  potential and the M e c k e  — S u t h e r l a n d  as well 
as the V a r s h n i  (V) function belong to it. The M o r s e  function as well as the 
R y d b e r g , V a r s h n i  (I), V a r s h n i  (II) and T i e t z  (I) functions form the second 
class. The th ird  class contains o ther functions from Table I I  and the most 
representative one is the T i e t z  (II) curve. Although the last function in 
harmonic approximation allows us to find the solution of the Schrôdinger 
equation in its analytic form [68], however, it leads to very complicate cal
culations in pseudoharmonic approximation. Thus the functions belonging 
to  the third class are not convenient from the point of view of their applic
ation to the investigations of therm odynam ic properties. The first class re
presented by the L e n n a r d - J o n e s  potential is usually discussed in literature 
also in connection with the pseudoharmonic approximation [69].
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On the basis of the analysis presented in this paper we confine our 
further considerations to the second class of the potential curves which lead 
to the analytical forms in pseudoharmonic approximation. In  particular we 
consider the R y d b e r g  potential being more accurate in harmonic approxim
ation than  the M o r s e  function discussed by P l a k id a  and S ik l ó s  in pseudo
harmonic approximation [63, 67]. The investigation of various functions of 
the same class is however necessary since the calculations made for the V a r s h n i  
(I) function show th a t the functions usually applied in harmonic approxim
ation can lead to unphysical results in the case when the pseudoharmonic 
approach is taken into account. For example, the V a r s h n i  (I) function tested 
by means of investigating the tem perature dependence of the pseudoharmonic 
strength constant gives a good result for high tem perature only.

I f  we consider the property of crystal structure we cannot investigate it 
by help of the potential to isolate from the influence of lattice vibrations. 
Thus, relative merits of the potential functions must be tested by means of 
investigating the tem perature dependence of self-consistent potential ф =  
=  /(<9). This paper presents a comparative study of renormalised potential 
curves in pseudoharmonic approxim ation (in analogy to the comparative 
tests of the functions for diatomic molecules of gases which have been made 
by V a r s h n i  [33]).

From the analysis Ф =  /((9) presented in this paper it follows th a t only 
some self-consistent potentials can be used for describing the properties of 
crystal structure. Among such potentials we find R y d b e r g ’s function. In 
this paper we have given the equation of state and thermodynamic functions 
expressed in terms of the R y d b e r g ’s potential. Since the results are quite 
good (Table IX) this renormalised potential will be used to  investigate the 
spectroscopic properties of crystal structure and to compute the characteristic 
spectrum as a function of tem perature as well as other quantities, for example 
the electrical conductivity [70].
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M A N Y -H A D R O N  F I N A L  S T A T E S  IN  IN C L U S IV E  
e + e~  A N N I H I L A T I O N

By

E. L e N D V A I an d  G .  P Ó C SIK

IN S T IT U T E  F O R  T H E O R E T IC A L  P H Y S IC S , R O L A N D  E Ö T V Ö S  U N IV E R S IT Y , B U D A P E S T

(Received 31. III. 1977)

The inclusive e+e-  annihilation into many spinless hadrons is studied in one-photon 
and one-neutral Z-meson exchange approximation for arbitrarily polarized incident beams. 
Polarized e+e-  beams make the separation of the measurable combinations of the structure 
functions easier. We discuss also the separations coming from the angular behaviours of the 
produced hadrons. Several asymmetries are described including three weak ones due to the 
neutral weak current.

1. Introduction

Recently, the e+e-  annihilation into hadrons has attracted  much a tten 
tion both theoretically (e.g. [1]—[4] with further references) and experi
mentally [5]. Since exclusive hadronic final states are expected to  be sup
pressed a t high energies, the inclusive channels are of great importance pro
viding considerable cross sections. Up to now, the to tal cross section and one- 
particle inclusive cross sections have been measured, leading to im portant 
details [5] on the e+e-  annihilation into hadrons. Further features of the hadron 
production will follow from measuring n-hadron inclusive final states with 
n  =  2, 3 . . .  . Such measurements will shed light on the nature of correlations 
and restrict the theoretical models.

On the other hand, in the energy range of the next generation of storage 
rings and a t even higher energies, the weak interactions are switched on, pro
ducing interference effects with the pure photon exchange (for a review see
[6]). In  such a way, a t high energies, effects of neutral weak currents can be 
pursued in hadron production. In [3] the effects of neutral weak currents have 
been investigated in one-particle inclusive e+e-  annihilation into hadrons, 
while a discussion of the two-particle inclusive interference is also available [4].

In  the  present paper the n-hadron inclusive cross section is discussed 
in e+e-  annihilation by exchanging one photon and one neutral Z-meson 
coupled to  the  neutral weak current. The incident e+e-  beams are assumed 
to be arbitrarily  polarized. The weak current is a mixture of vector and axial 
vector currents. Indeed, the total cross section for elastic v^p scattering appears 
to  exclude pure S, P  from the interaction [7], as well as the existing measure-
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m ents of electric dipole moment of heavy atoms exclude neutral weak S —P, 
T — P T  interactions for the e~ — N  system [8].

I t  turns out th a t  the treatm ent of the case n =  3 is not more complicated 
th a n  the general case with n  hadrons, since for n  =  3 all the possible types 
of invariants emerge.

In  Section 2 we calculate the n-hadron inclusive cross section. Because 
of the  small num ber of invariants formed by the products of leptonic vari
ables and polarizations with hadronic four-momenta, the structure functions 
appear in suitable combinations in  the cross section. The measurability of these 
combinations is discussed in Section 3. I t  is shown th a t polarized e+e-  beams 
provide a partial separation of hadronic structures. (Usefulness of beam 
polarizations has been investigated in [9], [6].) In  the general case of n  hadrons 
only a small num ber of hadronic combinations can be separated, since the 
structure functions depend on too many angles and three-momenta.

For n  <C 3 all the combinations of the structure functions appearing 
in the  inclusive cross section can be separated, hut for n  >  3 only partial 
separations are possible. In particular, this concerns those structure coming 
from  the electromagnetic — weak interference. Stronger results have recently 
been published in [12].

I t  is worth emphasizing th a t  even if a lim ited number of hadronic com
binations can be gathered from the cross section with n  hadrons, the comparison 
w ith  detailed theoretical predictions will be of great importance. In particular, 
parity  violating structures can be easily identified. In Section 3 several 
asymmetries are described including three weak ones coming from the neutral 
weak current.

2. The cross section

We consider the inclusive processes

e-(fc, n) +  e+(fc', n ')  +  . . . +  hn(p n) +  X  , (1>

in which n  spinless hadrons are produced, n  (re')means the polarization of 
e~(e+) multiplied by the unit vector representing the spin direction in the rest 
frame. The cross section is calculated in one-у and one-Z exchange by means 
of the interaction Hamiltonian

I h  =  - e A J t f  +  JÇ) -  gzZ ^  +  J*)  (2)
w ith

j y  =  ёу 'Ч  j £  =  e y “(g v  +  g A y 5)e  (3)

th e  electromagnetic and neutral weak leptonic currents, g v , gA, gz are real, 
J"£, denote the corresponding Herm itean hadronic currents.
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The differential cross section is

daw  =  R e T 2 T T  - d *Pi ;
« y  U  ( 2 n ) a2 p ° i

here q2 =  (k -f- k ')2, a summation over X  is included in R e T 2,

R e T 2 =  \M y +  M z\2 ,

My =  -  . . .  hn(Pn) x \ j ; \o> <0|^|e+e->,

(4)

M z =  - ig î -Ses— M ukOÙ.

Г  (5)

<h1( p 1) ■ . ■ hn( p n) X \J £ \0 y  • <0|jzle +e—> •

The hadronic m atrix elements define hadronic tensors H„v {J А 2) appearing 
in R e T 2,

=  2x  (2л:)4ô(4)(g — P i — . . . — Pn  —  Px )  X

(6)
<hi{Pi) . . . M p n)X |J lfJ0> ( h ^ p j . .  . hn(Pn) X \ J 2v\0y*.

Introducing the characteristic param eters a, f ,  t of d(/n\

e4 e2g2 gt
a =  — , f — --------—----- , t = ------- s*------,

34 — m z) (?2 — ™f)2
as well as

<0|j>|e+e-> =  i y ^ u  =

<0|jz le+e" )  =  v y ^ g v  +  rsgA)u  =  A%,

T 2 can be written as

(? )

(8)

T 2— A * A ß*(aIIaß(yy)  +  2fgv I I aß(yZ)  +  t g l H J Z Z ) )  +

+ 2 gAA * A i * ( f H aß( y Z ) +  tgvH uß(Z Z ))  +  t g \ A \ A { ' H , ß{ZZ ) .

Eq. (9) shows clearly parity  conserving and parity violating leptonic or/and 
hadronic pieces. Neglecting the electron mass, for Tc -f- H' =  0 the leptonic 
tensors have the forms

A pA *
A  A *-л ц5-'а*5

2 i=  1 -{------H -£n')(A £fcv +  k'Jcp — A - gfiv -I----- k(n +  п')к'*кр£а1ф, ±

n n \k ' ,J tv +  K k ß — - y - g ^
Ai

+  —  Un ■ len' 
q2

k'iíkv +  k'Jt  ̂ -j-

+ XT g  A  +  Ъ Щ к /г +  kvz'M) -  2% n ( K z v + K J  — -i- ( z / ,  + z ^ )
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(—  Un, n ***
- il 2 ? , —  k n  ,n

1 q q

A ßA *g =  — U(n -f- n ') K k v +  k'vkß ----- Z~Sfiv
Zi

+

+  i 1 H------ Un ■ Un' k'*tí>ex -  ik'*z'f>(zek*

— käzv)e«,3j +  i k clzß(z'ak 'IJ' — k 'öz ,tl)exßiv .

( 10)

As can be seen, these leptonic tensors represent divergenceless currents in 
the  absence of electron mass.

To describe the structure of the hadronic tensor H aß (12) we first note 
the  elementary tensors and vectors at our disposal1

й __ „ „ „*„ß
ëlJ-v ~  SyV> b iiva ß 4  V i i

efivxßPi Pj I enviß Sqm.ß
n <f4

оq2 * *V- \ p i P ßi

Pifj- —  P r>
p , q

E ^ßyfP iP j ■

% a ß y P l P ßj P ‘k = e -  г « «/* 
p * ß y  b e * ß y  ,

q1
T\ßP i P j P k  ■■

i , j , к  == 1, . . n

( И )

These are vanishing by multiplying with q^ or q,„ The hadronic structure can 
be expressed by Lorentz invariant structure functions W , W /j ,  . . .  as follows

H a v { V \ V 2 ОГ A y A 2) =  g \ vW  +  p j ^ W i j  ,

HtUVA) = £̂ ß t P ßiWi + eU ßP lP ^ij + (Pi^vaß у + Pivey*ßy)?PßlPmWi,lm +
— (.Pifx^vccßy “f~ P iv ^ l ^ a ß y ) P l P m P n ^ ^ i  ,lmn  • ( 1 2 )

A summation is included over i, etc., Eq. (12) is valid at vanishing electron 
mass, and even the hats are negligible, so th a t the remaining terms are correct 
in order rne/q. Terms coming from e X s  are contained in Eq. (12) because of the

1 Substituting (10) into (9) at к =  (0, 0, к) it follows that only four combinations of the
tensors H ^ J tJ 2) are fixed by measuring ReT2, these are the coefficients of 1 +  nznz, nz +  nz,
ПуПу — nxn'x, nxn'y +  ПхПу. In general, however, in one H aß several structure functions may he
separated due to various angular behaviours. For each conserved J t 2 at most 9 independent 
elements Haß exist with a, ß — 1, 2, 3. In order to keep the hadrons’ symmetrically, we intro
duce all the hadronic kinematical forms.
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relation

Sav^ ßyd£xiiQ(T +  Saq£ ßyö£X[j,v(T S<xa£ ßyd̂ x̂ iyq  ̂ (13)

(14)

£CtßyÖ ĵlVQ(T EoLjl̂  ßyÖ £ VQ(T
where

£ ßyd̂ 'xvQfr EßviSyoEöir ~ EytrSdo) Ч-

~t~ EßpißyvEitr EyvEàv) Eß't^EyvEön ~ EypEßv) •

The antisymmetric combinations corresponding to W ijm, W itimn can be 
included in W,-, W t j  due to the relation

gaß̂ fj.vQ<r EziAßvpa Exv^pßoa Ч-  Exn̂ yivß<r “I-  Eio- ĵijnß • (^'^)

The structure functions depend on q-, piq, pipy, i , j = l , . . . , n .  (12) obeys 
the condition H ßv (12) =  Н щ (21)*, thus for J x =  J 2 W  is real and W j j  — 
=  W f j .  Due to the imaginary, antisymmetric p a rt of A^A*-, only the ima
ginary parts of W{ and W/j, contribute to the cross section.

Substituting (10), (12) into (9) we see th a t the cross section is determined 
by W  and the following combinations

A j  =  -  i (qW j +  2 P 4 W U) ,

A , tl =  W i t , (16)

A - i j m  =  2 ( q W j  lm +  bp°n W i tlm n )  •

At best these combinations can he separated in da п̂\ 2 da<'n'> is described most 
conveniently in a three-vector notation formed by  the leptonic terms and 
polarizations in the order of yy , y Z ,  ZZ-contributions. Therefore, let us intro
duce

Ül =  (L  g v , g v  -  g  a ), g3 =  (0 , gAi I g v g À ) ,

g2 1 +  —  Jen ■ Jen), g v  i l  +  —  Jen ■ Jen') +
q 2 V q 2

^-Ten-Ten) +  2g vgA —  Jê(n +  n ')  I ,+  g  a  Je(n +  n ') ,  (g2v  +  g \ )
q

g i  =  —  Z(n +  n'), g v —  Jê(n +  n') g A 1 +  — - Jen-Jen'\ ,

(gv  +  Еуа) Je(n +  n ')  +  2 g vg A
q

(17)

1 4------Jen-Jen'

A x = ( a A x( y y ) , 2 f A x(yZ), t A x(Z Z ) )  ,

Inynÿ  — nxn'x — (nxny +  nyn x) 6  ’
(пхпу 4 “ nynx) nxIIx

о
0

0

0

Pi --  (pixi Piyl 6 ) 1
2 Naturally, this does not mean that all A 'x s are independent. Motivated by (16) one can 

show that it is perfectly enough to introduce only the terms W ,■ ->- A W j  i,n -*■ Aj jm in (1 2 ).
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where Jc íc' =  0, p'h В  are specialized for И =  (0, 0, к), А х is given by 
Eq. (16). In this notation T 2 has the form

T2 =  q%JV + 2qJcpigiA i +  j ~ (p'i{Bgi +  gi) ~  

— q(Pix£) (iBg3 — igdjpi^i,i  + p ’A B g i + (18)

+ gi) — W p i  x £)Bg3j (pi X p m) A  i,lm •

A  scalar product is included in g2W , etc. while В  acts on p /9 etc.
Cross sections da'"\ n — 0, 1, . . . corresponding to  Eq. (18) are observ

able in the energy range of PEP as shown by Richter’s analysis [10] based 
on the pure photon exchange. Similarly, the yZ-interference seems to be ob
servable in the region 30 GeV (e.g. [4]). Eq. (7) shows th a t the funda
m ental parameters a , f , t are proportional to q~A at very high energies, q2 >  
thus the electromagnetic and weak interactions yield commensurable con
tributions (see also [6]). At high energies with q2<  ̂ m |, however, the relative 
strength of the weak and electromagnetic terms grows with q2. The cross 
section contains polarization independent (dependent) electron-one-(three-) 
hadron correlations, as well as electron-two-hadron and two-hadron, three- 
hadron ones, both polarization dependent and independent. In particular, 
a parity violating weak correlation of type (p/Xlc)pi  is present in the term 
A jti as first found by Pais and Treiman [11]. In  [4] it is emphasized tha t 
effects of neutral weak currents in the inclusive cross section differ from those 
of charmed hadrons and heavy leptons by propagator effects and the form 
of parity violation which occurs a t the hadronic vertex.

3. Separation of structure functions

In general, the separation of the terms W, A t, A i ih A i tim is possible 
in Eq. (18) due to  the different angular behaviours. The separation of the com
binations within one class A x occurs most easily by fixing the structure 
functions, th a t is q, \ p t |, p , P j .  Therefore, the num ber of the separable A'xs 
can be found by rotating all the hadronic momenta in the same way and 
looking at the transform ations of the kinematical factors К  =  (1, p u P j x  +  
+  PiyPjy, PixpJy +  PiyPjx)- PizK (*n the centre-of-mass system of the e +e~ 
beams Jcpi =  \k\Piz was taken, etc.). An element of the rotation group can be
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parameterized by the Euler angles ft, cpv  <p2 as follows

/(?9, <рг, (p2) =

cos <p t  cos <p 2 — cos #  sin  <px sin <р г — cos <p x sin  <p 2 — cos #  sin <p1 cos <p 2 sin  <p t  sin &
sin <p 2 COS <p 2 COS f t  COS ( f i sin <p 2 — sin  9 sin  <p2 -}- COS ft COS 9?! COS <p 2 — COS 9?J sin  f t
sin (p 2 sin  f t  cos <p 2 sin  f t  cos f t

(19 )
so th a t

0 \ f 0 0 0
0 -> 0 0 0

'Piz‘ 's in ft sin l/r2 sin ft cos <p2 cos ft.

/ 0 cos ft — sin

PixPiy PiyPjx Pi —cos 0

sin ft COS 9P2 — sin ft sin (f2

Pi,

sin ft sin <p2

0

Pi-

PixPjx "Ь PiyPjy~*-

^  cos\ ъ -f- cos2 ft sin2 q?2

V2

— sin2 ft sin Ц 2 

- sin 2 f t  sin Cp2

------ sin2 ft sin 2  i / o
2 42

sin2c/ 2 -(- cos2 ft c o s \ 2

— sin 2ft cos
2 4

— sin 2ft sin r r \
2

2

sin 2ft sin 9?2 

sin 2ft cos qpj 

sin2#

P p

/

(20)

PixPjx PiyPjy 
PixPjy PiyPjx.

Pi
— sin 2

cos 2срг

< COS ft sin 2 ^ 2  cos ft cos 2ф2 —sin f t  cos q>2 >

cos ft cos 2ф2 —cos ft sin 2<p2 sin ft sin cp2
V — sin ft cos q>2 sin ft sin cp2 0

+

cos 2 9?! 
sin 2<f:]

^COS2 9>2 — C°S2 $ sin2 Ÿ 2 ------(1 ~b COS2#)sin 29?2---sin2#sing^2^
2 2

------ — ( l - { -  CO S2# ) s i n 2 9 ? j  sin2 ф>2 —  CO S2#  CO S2 ф 2 —  SÍn2#COS9'2

— sin 2 # sin œ,\  2 —  sin 2 # cos w,
2 V2

— sin2#

Pi-
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Hence, the numbers of the independent combinations are in tu rn

Piz~*  3, k(j>i XPj) —*■ 3, p ip j  ► 6, 10, ( p i X f y B p j - * - 10,

Pi(P jXPi)~>  6, P B ( P jX P k ) - +  10’ {P iX lc )B (p jX p i)  —> 10

and the separable hadronic structures are lb’’, yf,- : 3, Ä j , : 29, : 26.3
I t  follows th a t W  and Ä t, Ä ( t, Ä t lm can be separated always and for ra <[ 3, 
n  <[ 5, n </ 4, respectively. In general, the inclusive cross section is valuable 
for the possibility of comparing w ith detailed theoretical predictions.

In what follows we are considering specific asymmetries of d e ' “'> 
reflecting various hadronic structures and arising under rotations around the 
z-axis and/or space reflections. Let us consider the transformations

C :

D  :

n z —> e n z , n'z —3- e n ' z , C O S *>/-->  £ C O S

71 71
+  ViVi ~>Vi Vi-*- Vi V i - > ~ Vi

a + + — —

ß + — + —

71 л
+  Vi

7 t
+

71

<p í
~ У 4 —Vi Vi 4 •e 1

£»
 1 Vi 1 ^

 
1t

—  Vi

V + ____ + —

Ô + + — —

( 22)

(e, Q, a, ß, y , ô =  +1)

furthermore, four transformations of B ik

1 a ß
2
3 for C B u -

— a
ß

ви, в 12 -*• —ß
a

4 - ß — a

1 г ô
2
3 for D B n - * '

^
 «о 

1 
1 вп, В\2 *

1 
1

4 ô V

(23)

Under these transformations the combinations of the structu re  functions 
in T2 are multiplied by + 1  as shown in Table I. Table II  contains those pieces 
of the cross section which are transform ed in the  same m anner.

3 T h a t is, w e a re  leading to  sep arab le  b u t  n o t q u ite  in d ep e n d en t A 'xs.
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Table I

Behaviour of structure functions under С/, Д ,  g[\\, mean bilinear and linear parts in the polarization, respectively

C l C 2 C3 C 4 D l D 2 D 3 D4

- g \p w + + + + + + + +
i - p w e e e e e e e e
i p k p i Â i BQ BQ Bß BQ eg BQ BQ BQ
g ^ k p j Â j e Q Q Q в Q Q Q
p ',B p i g ,A i  j + — a ß - a ß + — y ô y ô

P i P l g i " ^ i , t + + + + + + + +
p ' i p i ë z ^ u e e e e e e e e
( P i X  ^ ) B P iè ' i Â i , a ß - a ß + — - y ö y ô + —

( P i v S ) p i g (P i Ä u s a ß e a ß s a ß s a ß — s a ß — s a ß — s a ß — s a ß
( P i x S ) p , g \ l 4 Ä i:l a ß a ß a ß a ß —y ö — y ô — y ô — y ô
p 'iB ( p i X P m ) g l Â i j m o a ß - P a ß Q — o - Q y à Qyô Q •— 0

P Î Ç P t X P m W 'A j m P aß q a ß o a ß Qaß - Q y ô - Q y ô - Q y ô - p y ô

P i( .P lX P m )ÿ ï  ’■‘t / , lm e g a ß BQaß s ß a ß BQaß — BQaß — s p a ß — s p a ß —  BQaß
(P i  X k ) B ( p i  X PmYg i Â t lm Q — Q Qa ß - Q a ß в - в - Q y ô Qyô

C Oto

M
A

N
Y

-H
A

D
RO

N
 FIN

A
L STATES
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Table П

P ieces o f T 2 tran s fo rm e d  in  th e  sam e m an n er

Л  =  ?!й ,) и7 +  у Ш 1, ' Л | -

Л  =  9*$2'  w  +

\  =  2 q k p i g ^ Ä i ,

\  =  Z q k p i g i ^ ^ i ,

\ ß  =  q ( p  X ,
A eaß =  4 ( P i 'X k ) p i g \ 2)i Ä i I , 

q‘3  ̂r ^
^Qaß =  p A P l ^ P i r ú é ^ ^ i J m '

' “  g P K P i X p m)g22^ î , Zm '

„ 2

Л  =  - 2- P Í B P i g l ^ i , l ^

Zl2 =  - i q ( p i X k ) B p , g 3Ä i  , ,

4  =  — i q ( P i X ^ ) B ( P l ^ P m ) g 3 A j m  >

4  =  -y - P i B ( p i X P m ) g i ^ i , l m  ■

Finally, let us introduce the following transform ations from (22), (23)

F x : Cl(a/1 =  + ) ,  or C3(xß =  + ) ,  or Bl(y<5 =  —), or D 3(yô  =  —),
F 2 : Cl(ocß =  —), or C4(«/3 =  —), or D l(y ô  =  + ) ,  or D4(yd =  + ) ,

(24)
F 3 : C2(xß  =  + ) ,  or C4(a/3 =  -|-), or D2(yô  =  —), or D4(y<5 =  —),

F 4 : C2(xß =  —), or C3(xß — —), or D2(yd =  + ) ,  or D 3(yô  — + ) ,

and consider the sign changing terms A(e, q, F ,) under the transform ations 
e, q ,  F,-. We list the  different asymmetries A(e, q ,  F,) in Table I II  (* means 
weak asymmetry). These weak asymmetries are coming from the parity tran s
formations of the initial and final states, respectively, and from their com
bination

A i =  A ( ------F 2) =  q % 2)W  +  2 q g ^ R p iÄ i  +

- p S P  — q(pi X £) ( iB g 3 — ig(41)) p A z +

+ Ч2 ^
Pig™ qpÇPi X £) Щ з  J(PlXPm)^i, l m  ’

( 2 5 )
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A j  ~  A(-\----1 \ )  — 2qgJçpiÂ i -p y P Í ( BS i +  f t )

q i(p iX lc )B g3 (P lX  Pm)^i ,  lm ■>

Ap =  A(— t - r 2) =  q 2g f j W  +  2 q U p l Ä , g <P  +

+ Г
P i { B 4l  +  ËP)  \ (P lXPm)^i , lm  + ■ y  P ' i S f  -  q ( p ,  X  Jc)  ( i B g z  —  i g p ) PlA i , f

The terms W , A,-j give rise to parity  violations a t the leptonic vertex, 
the others are coming from the hadronic axial vector current. In general, 
A p  occurs in polarization measurements except for the terms with the cor
relations (piXJc)pi and p 'i (p iX p m)• The asymmetries in Table I I I  determine 
those in Table II.

Table III

Various asymmetries under Eq. (24)

Л (+ + Г ,)  =

0

A  a ß  +  A a ß  +
A y  +  A ,  +  A 3

\ a ß -’egaß +  4  +  Ay

>a ß A Sa ß  +  \ a ß  +  Дща/З +  A y  +  A 3

A ( - i --- T)) — A ,  +  A e,

d ( - + r , )  =  4

A ( - Гд = 4

\ a ß + ^ e q a ß + ^3 + A t *

A a ß + A e a ß + + ^ 3

A q a ß + ^ e q a ß + A y + ^2
A a ß + ^ e a ß + A y + A y

A g a ß + ^BQaß

A a ß + \ a ß + ^2 + A y *

A g a ß + ^ e q a ß + A y + A y  +  A 3 +  A ,

A  a ß + d Qaß + A y + A 3

A g a ß + \ a ß + 4 + A y

A a ß + ^BQaß + ^2 + A 3 *

A g a ß + A q a ß + A y + А  2
A a ß + ^ e q a ß + A y + A y

We are going to  examine the role of the polarization in identifying 
asymmetries.
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1. Transverse polarizations, n z = A  =  0

In this natural case A e = d £g d eâ5 - Agap == 0 and

0

A i»  + ,  A) = -daj5 Í  A*/3
A  i  A

+  -d2 
Í  A

A A  
i  A

A? +  А*/з i  dli i  A  »

-dg +  A»p i  A A A
A±»~»A) = dj +  A/s

A  i  A*/3
i  A
i  dll

+  A  
i  A

dig +  Ap i  dll i  A .
2. Longitudinal polarizations, В == 0

Then a  =  A  =  A  = A  =-  0 , A  — A, A  -= i 4, as well as

[ 0
AH— H A1,2) = [ A/3 Í  Aa/S i  A “/3 i  Aga/3 »

A +  -  A ,2) = dig +  Ag + A*p 
l А/,

i  Ag«|S 
i  -d£ap ,

A - . + Ад) = A i  Ag i Aa/3 
. Aj3

i  Ae»p
i  dlgaj3 » *

A -  -  A,2) = A +  A  i  '
A«/3 

. A p
i  A=>/3
i  Aga/3 •

3. Unpolarized beams, В  =  n z = re' =  0

(26)

(27)

Неге Г 1 =  Г 3, Г2 =  A  and we get completely weak asymmetries
0

A Í» А» A, 2) — 

А+» —, A ,2) =
(28)

Aj3 +   ̂Q*ß

A a/3 A  -dg 
А р  A  A

For the sake of completeness we note the asymmetries for re =  0, re =  1 
(while for re =  2 the general case is valid):

re =  0  : d ( - ,  + )  =  A

n =  1 : A +  +  A) =  A -  A A) -  A -  Ae =  A -  -  A) -  A -  A  =
0 * (29)

A 4 — A ) — A  — A e di +  A  
A

We thank Dr. F . Csiko r  for useful remarks.
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IN V E S T IG A T IO N  O F  E X C IT A T IO N  M E C H A N IS M S  
I N  T H E  Н е - C d  P L A S M A *

By

J. H e LDT  an d  L . K O C H A N O W SK I

IN S T IT U T E  O F  P H Y S IC S , U N IV E R S IT Y  O F  G D A N S K , G D A N S K , P O L A N D **

(Received 5. IV. 1977)

The intensity of 5337 and 5378 Â spontaneous emitted lines of Cd II were investigated as 
a function of helium pressure in the cataphoresis-type He—Cd discharge tube. The number of 
cadmium metastable atoms in the 3P 2 and 3P0 states were determined by means of the absorption 
method. The intensity changes of the Cd II lines and the variation of cadmium metastable den
sities with He pressure indicate an existence of collisions between metastable Cd(3P 2 0) and 
He(xS) atoms.

I. Introduction

In  the He — Cd+ laser, in which the cataphoresis-type discharge tube 
is used, the positive-column of the DC discharge determines the active medium 
of the laser. In this type of laser only two lines of ionised cadmium, i.e. the 
4416 and 3250 À lines, give lasing action. Now, it  is generally accepted th a t 
Penning collisions between helium triplet m etastable and neutral cadmium 
ground-state atoms are mainly responsible for the population inversion of the 
5s2 2D5/2 -a- 5p  2P 3/2 (4416 Â) and 5s2 2D3/2 —*■ 5p 2J>i/2 (3250 Á) transitions of 
the  Cd’l l  [1—4].

I t  follows from many papers [5—8] th a t in the positive-column of the 
He-metal plasma, an appreciable population of neutral m etastable metal 
atoms is also observed. The num ber of helium and cadmium metastable atoms 
in the discharge plasma is of the order 1011 and 1012 atoms per cm3, respectively, 
for 4 Torr helium pressure and a metal oven tem perature of 475 °K [3, 9]. 
Collisions between these two kinds of metastable atoms can cause a new ex
citation mechanism to appear responsible for population of higher metal ionic 
levels. In  the case of the H e—Cd discharge this excitation process is given 
by the reaction:

Cd(3P0 2) +  He*(1S0) ->  Cd+(2F) +  H e ^ )  +  e +  A E  . (1)

The yield of this reaction depends on the helium pressure and the discharge 
current.

* This work was supported by the Institute of Experimental Physics at University of 
Warszawa within the project 15 —1.05

** Address: Institute of Physics, University of Gdansk ul. Wita Stwosza 57, PL 80-952 
Gdansk, Poland
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The ex istence  o f th e  above ex c ita tio n  m ech an ism  can be con firm ed , in  
th e  case of c o n s ta n t d ischarge c u rre n t, b y  m easu rem en ts  of th e  re la tiv e  
in te n s ity  o f ion ic  cadm ium  lines an d  b y  d e te rm in in g  th e  p o p u la tio n  o f  th e  cad 
m iu m  m e ta s ta b le  a tom s (3P 0)2) as a fu n c tio n  o f  th e  helium  p ressu re  in  th e  
d ischarge tu b e .

W e re p o r t  here  th e  ex p e rim en ta l re su lts  w h ich  confirm  th e  presence of 
th e  m en tioned  e x c ita tio n  m echan ism  (1) in  th e  ca tap h o re s is -ty p e  H e  — Cd d is
charge  tu b e .

II . E xperim en t

F or re la tiv e  in te n s ity  m easu rem en ts  o f th e  cad m iu m  ion  lines th e  side
lig h t from  th e  d ischarge  tu b e  was used . This lig h t w as focused  on a g ra tin g  
sp ec tro g rap h  a n d  d e tec ted  on O R W O  ty p e  W T — 2 sp ec tro g rap h ic  p la tes. 
T h e  response o f  th e  p h o to g rap h ic  em ulsion has been  co rrec ted  due to  th e  
sp e c tra l and  en erg e tic  se n s itiv ity  o f th e  p la tes. T h e  line in ten sitie s , a t  c o n s tan t 
d ischarge c u rre n t, fo r vario u s helium  pressures w ere ach ieved  on  th e  sam e 
p la te . D u rin g  th e se  m easu rem en ts  th e  cad m iu m  pressure  in  th e  d ischarge 
tu b e  was c o n s ta n t. T his has been  reach ed  b y  c o n s ta n t te m p e ra tu re  o f th e  
cadm ium  rese rv o ir. T he te m p e ra tu re  of i t  w as co n tro lled  b y  a therm ocoup le  
w ith  an  accu racy  o f a b o u t + 0 .5  °C.

The n u m b e r  o f th e  cad m iu m  m eta s tab le  a to m s has been  dete rm in ed  
from  th e  a b so rp tio n  m easu rem en ts  a t  th e  cen tre  o f  th e  line o f th e  3P 2 —> 35 х 
a n d  3P 0 -> 3S 1 tra n s itio n s . F ig . 1 show s th e  schem e o f th e  a p p a ra tu s . In  our 
ex p erim en t tw o  H e — Cd d ischarge tu b e s  w ere app lied . T he f irs t  tu b e  was used 
as a ligh t source, th e  second as an  absorb ing  gas lay e r. T he abso rb in g  len g th  
o f  th e  exc ited  gas la y e r  am o u n ts  to  5 cm. In  o rd e r to  get in  th e  ab so rp tio n  
tu b e  a c o n s ta n t cad m iu m  v a p o u r  p ressure  b y  th e  ca tap h o resis  effect, th e  len g th  
o f  th e  d ischarge tu b e  w as longer th a n  5 cm , a b o u t 50 cm . This w as reached

Fig. 1. The experimental set-up in the measurements of the population of the 3P 2 and 3P 0
metastable levels of Cd I

M — monochromator, S15 S2 — lenses, Ch — chopper, Ph — photomultiplier
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b y  a special co n stru c tio n  of th e  ab so rb in g  tu b e  w hich  is show n in  Fig. 1. 
T he d iam e te r o f b o th  discharge tu b e s  was 3 m m . T he discharge tu b es  were 
su p p lied  from  stab iliz ed  high v o ltag e  suppliers.

In  order to  d e te rm in e  th e  n u m b e r  of th e  cad m iu m  m eta s tab le  a tom s 
tw o  ty p e s  of line in te n s i ty  m easu rem en ts have b een  ca rried  ou t using  th e  lock-in 
te c h n iq u e . F irs t th e  ra d ia tio n  from  th e  source tu b e  o f a defin ite  line , selected 
b y  th e  m o n o ch ro m ato r, was d e te c te d  b y  th e  p h o to m u ltip lie r  a f te r  passing 
th e  ab so rp tio n  cell con ta in ing  p u re  H e discharge. T hus cu rren t gives th e  
in te n s ity  of th e  in c id e n t rad ia tio n . N ex t, in  th e  sam e w ay, th e  in te n s ity  of 
th is  line  was m easu red  w hen th e  ra d ia tio n  from  th e  source tu b e  passed  th e  
a b so rp tio n  cell c o n ta in in g  He —Cd discharge. T he re su lt of th is  m easu rem en t 
can  be d eno ted  as I 2 w h ich  gives th e  v alue  of tr a n s m it te d  ra d ia tio n  th ro u g h  
th e  ab so rb in g  gas la y e r . F rom  our ea rlie r p u b lic a tio n  [12] follows, th a t  th e  
D o p p ler profile  o f th e  abso rp tion  line  is a good a p p ro x im a tio n  fo r th e  in te n s ity  
d is tr ib u tio n  of sp e c tra l lines observed  in  th e  DC discharge . T ak in g  th is  in to  
acco u n t, th e  ra tio  o f  th e  tra n s m itte d  to  th e  in c id e n t ra d ia tio n  S  =  I J I l5 
can  b e  expressed  b y  [5]:

S  = exP ( - V e - , ) f c - l - T M f  +  . . . , l  ) » - Ä = ( 2)

w here l is th e  len g th  o f  th e  a b so rp tio n  lay e r, an d  th e  abso rp tion  coefficient, 
k 0, in  th e  cen tre  o f  th e  spectra l line is defined  as

k0 A vo and ю =  i i l  y - E i j .
A vd

A vjj is th e  D oppler line  w id th .
Since th e  p o p u la tio n  of the  3S 1 s ta te  of cad m iu m  is considerab ly  sm aller 

th a n  t h a t  o f th e  3P 02 s ta te s , th e  n u m b e r  N  of th e  m e ta s ta b le  a to m s is given 
b y  [5]:

N  =
me 

2 ne2f
■ A vd ■ k0 , (3)

w here f  is th e  o sc illa to r s tre n g th  of th e  line , an d  th e  o th e r  co n stan ts  h av e  th e  
usual sense. The p o p u la tio n  of th e  cad m iu m  a tom s in  th e  m e ta s tab le  s ta te s  
3P 2 a n d  3P 0 has been  d e te rm in ed  ra n g in g  helium  p re ssu re  from  1.5 to  4.0  T orr. 
The cad m iu m  v a p o u r  p ressu re  (e s tim a ted  from  th e  te m p e ra tu re  of th e  m e ta l 
reservo ir) an d  th e  DC c u rre n t of th e  ab so rp tio n  cell fo r  th e  ab so rp tio n  an d  th e  
em ission m easu rem en ts  w ere c o n s ta n t an d  eq u a l to  8.15 • 10 ~5 T o rr  and  
100 m A , respective ly .
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III. R esults and discussion

Fig. 2 show s a detail of en e rg y  level d iag ram  of Cd I  a n d  C d I I ,  w here 
th e  in v es tig a ted  lines and  th e  en e rg y  levels o f th e  H e m e ta s ta b le  s ta te s  are 
a lso  given. As is know n from  m a n y  papers [4, 10] th e  u p p e r  lase r levels 
4/ 2-^5/2 7/2’ % 2̂ 7/a 5/2 are pum ped  b y  charge tra n s fe r  reactions o f  th e  g round  
s ta te  cad m iu m  a to m  w ith  He + ions, cascades from  h igher levels and  b y  
m e ta l  atom s a n d  e lectron  collisions. As i t  follows from  Fig. 2 in  th e  case o f  
H e — Cd p lasm a th e  2F 5/2 and 2Р 7/2 levels can also be p o p u la ted  b y  collisions 
o f  Cd and  H e m e ta s ta b le  atom s. T h is  m echan ism  is possible since th e  energies 
o f  2P 5/2 and  2F 7/2 s ta te s  are in  good  coincidence w ith  th e  sum  o f energies o f  
th e  m e ta s tab le  cad m iu m  (3P 2,o) a n d  helium  ( -̂Sq, 3S x) a tom s.

Fig. 3 gives th e  pressure dependence  of th e  re la tive  in te n s itie s  of th e  
5337 and  5378 A lines of Cd II . F ro m  F ig . 3 i t  follows th a t  th e  re la tiv e  in te n s ity  
o f  th e  tw o lines increases ra p id ly  w ith  increasing  H e p ressure , reaches th e

Fig. 2. The energy level diagram of Cd I and Cd II with the indicated lines investigated by us
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m ax im u m  v a lu e  a t  3 T o rr an d , fo r h igher H e p ressures, decreases slowly. This 
in te n s ity  d ependence  of th e  tw o green lines (A 5337 an d  5378 Á), as a fu n c tio n  
o f H e p ressure , is in  ag reem en t w ith  th e  m easu rem en ts  of G i a l l o r e n z i  

e t al [11]. T h is b eh av io u r is in  ag reem en t w ith  th e  pop u la tio n  d ep e n d 
ence o f th e  Cd (3P 2 0) m e ta s tab le  a to m  g iven  in  Fig. 4. T he m axim um  o f th e  
cadm ium  m e ta s ta b le  a tom s p o p u la tio n  falls on 2.75 T o rr  w hich is in  good 
ag reem en t w ith  th e  pressure  dependence o f th e  in ten sitie s  o f A 5337 an d  5378 Â 
lines. I t  m u st be n o te d  th a t  th e  ra tio s  of th e  in ten s itie s  { I i / I3) and popu la tio n s 
(JVj j/iVg) o b ta in e d  fo r th e  p ressures 1.5 a n d  3 T o rr are  equal and  am o u n t 
to  ab o u t 4 0 % . T h is m eans th a t  th e  collision process described  b y  E q . (1) is 
responsib le fo r th e  observed  increase of th e  2P 7/2 an d  2F 5/2 level p o p u la tio n . 
T he p a rtic ip a tio n  o f  th e  m en tioned  p u m p in g  process o f th e  2F 7̂2 and  2F 5/2 
levels can  be en la rg ed  b y  using  special gas m ix tu re s  filling  o u t th e  ca taphoresis- 
ty p e  H e —Cd d ischarge  tu b e . T his will cause an  increase o f th e  Cd I  3P 2 and  
3P 0 m eta s tab le  s ta te s  p o p u la tio n  as well as th e  p o p u la tio n  of th e  2F 7/„  2F 5/2 
s ta te s  of Cd I I .

Fig. 3. Variation of the relative intensities the 5337 and 5378 Á lines of Cd II

Fig. 4. Variation of cadmium metastable densities with helium pressure at constant discharge 
current. X  — the population of the 3P 0 level; О  — the population of the 3P 2 level
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VALIDITY OF SPECTROPHOTOMETRIC 
DETERMINATION OF REFRACTIVE INDICES 
FOR THIN DIELECTRIC FILMS AND THEIR 

THICKNESSES
By
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F A C U L T Y  O F  E D U C A T IO N , A IN  SH A M S U N IV E R S IT Y , C A IR O , E G Y P T

T. A. E l-D e s s o u k y
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and
H . K . E l-K h o ly

F A C U L T Y  O F  S C IE N C E , SA N A A  U N IV E R S IT Y , S A N A A , Y E M E N

(Received in revised form 5. IV. 1977)

»
One of the familiar methods for determining the refractive index of thin dielectric films 

and their thicknesses is the spectrophotometric method. In this work it is shown that the appli
cability of the method requires the thickness investigated to exceed A/4.The calculated refractive 
indices of thin dielectric films of optical thickness A/4 were found to be lower than the correct 
value. 1

S everal au th o rs  [1—5] app lied  sp ec tro p h o to m e tric  m e th o d s in  dete rm in in g  
th e  re frac tiv e  indices o f th in  n o n ab so rb in g  d ielectric  film s an d  th e ir  th ic k 
nesses; e ith e r  b y  m easu ring  th e  re flec tan ce  R  or th e  tr a n s m itta n c e  T  over 
a ce rta in  reg ion  o f th e  sp ec tru m . F o r ZnS film s some a u th o rs  [1, 2] used  film s 
o f o p tica l th ic k n e ss  Я/4. In  th is  case i t  w as observed  th a t  on ly  one m ax im u m  
reflec tio n  or one m in im um  tran sm issio n  o ccu rred  o v er th e  visible region 
o f sp ec tru m . T he re frac tiv e  indices of su ch  film s for a ce rta in  w av e len g th , 
a t  w hich  Л т ах or Tmin (T mjn = 1  — Umax* A  =  0) w ere ca lcu la ted  u sing  th e  
well know n re la tio n :

1 +  V'fin

L 1 -  V r „

1/2

w here n0 an d  ng are  th e  re frac tiv e  indices o f a ir an d  glass, respective ly .
U sing th e  v a lu e  of th e  re frac tiv e  in d e x  o b ta in ed  before (rij), th e  film  

th ick n ess  can  be ca lcu la ted  u sing  th e  fo llow ing re la tio n :

Я
t = ------ .

4 rij

w here Я is th e  w av e len g th  a t  w h ich  T m-m or R max occurs co rrespond ing  to  th e  
zero o rd er in te rfe ren ce  p a t te rn  a t  re flec tion .
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O ther a u th o rs  [3 — 5] p re p a re d  th ic k e r film s (t A/4), th e  th icknesses 
o f  w h ich  d e te rm in ed  b y  op tica l m e th o d s . K now ing  th e  th ick n ess  o f an y  film  
a n d  m easuring  th e  re flec tance  o r tra n s m itta n c e  over a ce rta in  region o f th e  
sp e c tru m , th e  re fra c tiv e  index  is co m p u ted , ap p ly ing  expressions fo r R  o r 
T  a s  show n in  [3 — 5]. The resu lts  o b ta in e d  b y  th e  f irs t  tw o au th o rs  using  film  
th ic k n e s s  A/4, a re  sm all as co m p ared  to  tho se  o b ta in ed  b y  o thers.

To explain  th e  difference be tw een  th e  values of th e  re frac tiv e  indices 
o b ta in e d  for th in  film s of zinc su lp h id e , th e  values of th e  re frac tiv e  indices 
o b ta in e d  from  th e  dispersion cu rv e  [3 — 5] of ZnS th in  film s w ere used in  th is  
w o rk .

The co n d ition  o f dark  in te rfe ren ce  fringes in  tran sm ission  is (m 1/2)A =
=  2  r i j t .

P u ttin g  A =  4750, 5250, 5750, 6250, an d  6750 Á for in s tan ce , th e n  using  
th e  re frac tiv e  ind ices  correspond ing  to  these  w aveleng ths, ta k in g  m =  1 a n d  2, 
th e  correspond ing  th icknesses tx a n d  t2 w ere ca lcu la ted . F o r each th ick n ess  
th e  tra n sm itta n c e  T  was co m p u ted  over a c e r ta in  range  o f sp ec tru m  (450— 
700 nm ) using th e  following re la tio n : *

__ ______________________________ 16 nsnf__________________________________
(nf  +  1)2(П/ -j- ng)2 4- (п/ — l ) 2 (nf  — Tig)2 — 2 (nf — l ) 2 (nf  — n |)  cos 4я;nf t ß

The co m p u ted  resu lts are show n in F ig . 1, from  w hich  an envelope to  
th e  tran sm ission  m in im a for th e  f i r s t  an d  second orders o f in te rfe rence  w as 
d ra w n . The cu rves A  and  В  co rresp o n d  to  th e  f irs t  and  second o rder o f in te r 
fe ren ce , resp ec tiv e ly .
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F o r  A =  5250 Â , th e  re fra c tiv e  index  rij =  2.366.
T he values of th e  film  th ick n esses  w hen m — 0 ,1  an d  2 are 555 Â , 1665 Á 

and  2775 Â, respective ly .
F ig . 2 shows th e  ca lcu la ted  tran sm issio n  curves for th e se  th icknesses 

co rrespond ing  to  th e  zero  o rder (cu rve  1), to  th e  f irs t  o rd er (cu rve  2) and  to  
th e  second  order (cu rve  3) of in te rfe ren ce .

WO 460 480 500 520 540 560 580 600 620 640 660 680 700A,nm

Fig. 2

As is well k now n , th e  th ree  m in im a m ust coincide, b u t  th e  m in im um  
o f cu rv e  (1) seems to  be  sh ifted  to w a rd s  sh o rte r w av e leng ths. I n  o u r calcu l
ations i t  seem s to  he a t  A m j n  =  4900 Á, a t  w hich  T  =  0.666. Therefore 
(#max =  1 — T min) =  0.334. H ence, th e  ca lcu la ted  re frac tiv e  in d e x  =  2.366, 
while th e  a c tu a l v a lu e  o f th e  re fra c tiv e  in d ex  of ZnS th in  film s a t  A =  4900 Â 
is 2.40.

T h e  difference b e tw een  th e  re fra c tiv e  in d ex  ca lcu la ted  here  a n d  th e  real 
one is due to  th e  d ifference b e tw een  th e  value o f th e  tra n s m itta n c e  tak en  
from  cu rv e  (1) a t  A =  4900 Â an d  th e  ac tu a l value o f  T mjn a t  th e  sam e w ave
len g th  w h ich  was ca lcu la ted  fo r h ig h er orders a t  d iffe ren t positions in  th e  spec
t r a l  reg io n  as show n in  F ig . 3.

O n th e  o th e r h a n d , w hen  th e  ca lcu la ted  value  of th e  re fra c tiv e  index  
was used  to  ca lcu la te  th e  th ickness o f  th e  film  (t =  A/4rij), th e  ca lc u la ted  value 
o f th e  th ick n ess  w as fo u n d  to  be 518 Â  w hich is less th a n  th a t  in  co m p u tin g  
T  (555 Â ).
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Conclusion. T h e  o p tica l th ick n esses  o f th in  d ie lec tric  film s to  be in v estig 
a te d  using sp e c tro p h o to m e tric  m e th o d s  m u st be s lig h tly  h ig h er th a n  A/4. 
T h is  conclusion is o f  considerab le  im p o rta n c e , because  th e  re frac tiv e  index  
a n d  th e  th ickness o f  such  film s o f  o p tica l th ick n ess  A/4 w ere found  to  be less 
t h a n  th e  correct v a lu e s .

Fig. 3
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The yield curves of the (d, p) and (d, a) reactions on 31P nucleus are measured in 10 keV 
steps from 2.000 up to 2.500 MeV deuteron energy. The analysis of the measured cross-section 
fluctuations is carried out in terms of the E r i c s o n  theory of statistical fluctuations. The average 
coherence width Г  obtained amounts to 20 +  5 keV for the 33S compound nucleus at an energy 
of excitation of 17.396 MeV, yielding a life time т =  3.0 X  10- 2 0  sec. The absence of correlation 
between the different emitted groups and channels of decay of the 33S compound nucleus is 
confirmed. Probability distribution of the cross section around their average is found to obey 
a X 2-distribution with 2iV degrees of freedom (with N  the effective channel number).

I. Introduction

T he (d , p) and  (d , a) reac tions on  31P  ta rg e ts  w ere s tu d ied  b y  m any  
au th o rs  [1 — 4], in  th e  d eu te ro n  en erg y  range  from  ab o u t 1.0 up  to  4.0  MeV, 
where th e  a n g u la r  d is tr ib u tio n s  o f th e  e m itte d  p ro to n s and  a lp h a  groups 
were m easu red , in  an  a t te m p t  to  in v e s tig a te  th e  reac tio n  m echan ism s,especially  
th a t  o f th e  s ta t is t ic a l  th e o ry . In  th e  d eu te ro n  energy  range from  7.0 up  to  
12.0 MeV, th e  (d, a) re a c tio n  on 31P  w as in v es tig a ted  [5], an d  th e  resu lts  
were an a ly zed  in  te rm s  of th e  E ricson th e o ry  o f s ta tis tic a l f lu c tu a tio n  [6].

In  th e  h ig h e r e n e rg y  ranges, th e se  reac tio n s w ere in v es tig a ted  an d  an a 
lyzed b y  ap p ly in g  th e  D W B A  th e o ry  o f d irec t reac tio n s [7, 8].

In  th e  p resen t w ork , th e  e x c ita tio n  func tions o f th e  (d, p) an d  (d, a) 
reac tions on  31P  ta rg e ts  are m easured  in  th e  d eu te ro n  energy  range  from  2.0 
up  to  2.5 MeV in o rd e r to  in v estig a te  th e  com pound  nucleus co n tr ib u tio n  
to  th e  re a c tio n  m echan ism . The resu lts  are  ana lyzed  b y  app ly ing  th e  E ricson 
th eo ry  o f th e  s ta tis t ic a l  f lu c tu a tio n s  [6].

II. Experim ental techniques and data analysis

The 2.5 MeV v e r tic a lly  m o u n ted  e lec tro s ta tic  accelera to r o f th e  A R E  
A tom ic E n e rg y  E s ta b lish m e n t served  as a source o f dou terons (w ith  energy 
reso lu tion  o f  ~  0 .2 5 % ). F o r th e  ch arg ed  partic le  de tec tio n , we used  a tw o
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sem i-co n d u c to r sp ec tro m e te r w h ich  u tilizes tw o  solid  s ta te  sem iconducto rs 
o f  (p  — n) ty p e  fo r  s im u ltaneous reco rd ing  o f th e  (d, p) an d  (d, a) reac tio n s 
on  th e  sam e ta rg e t .  These tw o  d e tec to rs  a re  m o u n ted  inside a  sc a tte rin g  
c h a m b e r  an d  a d ju s te d  a t  th e  desired  angles o f  m easu rem en ts . The d e ta ils  
o f  th e  e x p e rim en ta l p rocedures a re  given in  [9]. T he sp ec tro m e te r  is schem 
a tic a lly  show n in  F ig . 1.

31P  ta rg e ts  w ere p rep ared  b y  e v a p o ra tin g  Z n 2P 3 on to  th in  A g back in g . 
T h e  sp ec tra  o f  e la s tic a lly  sc a tte re d  d eu te ro n s gave a v a lue  fo r th e  ta rg e t  
th ick n ess  e q u iv a le n t to  ~  10 K eV  energy  loss a t  2.0 MeV energy  o f deu te ro n s.

The d a ta  a re  analyzed  acco rd in g  to  th e  E ricson , B rink  an d  Steph en  
th eo rie s  [6]. T he tw o  m ain  co rre la tio n  p a ra m e te rs  describ ing  th e  cross-section

Fig. 1. Two-detector spectrometer. C: collimator, d: deuteron beam, T: target, S: diaphragm, 
Dj and D2: two detectors and F: Faraday cup
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fluctuations are the auto-correlation and the group-cross correlation functions, 
defined by E ricson  [6] as follows:

T h e au to -co rre la tio n  fu n c tio n  R (Q

R(Q =  /  H E ) -  +  6) -  <o(E +  6)>]
\  <a(E)><a(E +  €)>

T h e group cross co rre la tion  fu n c tio n  R a b(£)

( 1 )

RaÁQ = ( I/2

+

Ы Е ) -  <aa( E ) » [ o b(E  +  €) -  <gt (£  +  Q>]

Wa(E +  6)

+  0 >]

( ffa (E  +  О Ж 0^ ^ )  — (& b{E )]

+

[Oa(£  +  Q X M E ) > ]

( 2)

T h e average cross-sections <cr(E)) a t  an  en e rg y  E  were rep re sen ted  b y  
a non -period ic  F o u rie r  series or w ith  a s tra ig h t line o b ta in ed  b y  a least square 
f i t  to  th e  ex p e rim en ta l values. Such averag in g  m e th o d s  are d iscussed in  d e ta il 
elsew here [10].

A s p red ic ted  b y  E ricson [6], th e  au to  co rre la tio n  fu n c tio n  R(£) is o f 
a L o ren tz ian  shape o f h a lf  w id th  eq u a l to  th e  level w id th  in  such an  overlapp ing  
region o f  ex c ita tio n  o f th e  fo rm ed  com pound  nuclei. The d e te rm in a tio n  
o f such  level w id th  Г  enab led  us th e n  to  ca lcu la te  th e  lifetim e r .  O n  th e  o th e r 
h an d , th e  th e o ry  p red ic ts  no co rre la tio n  to  be p re se n t betw een  th e  d ifferen t 
g roups (a  an d  b) g iven  b y  re la tio n  (2).

As s ta te d  b y  E ricson [6] th e  cross-section  f lu c tu a tio n s  w ill h av e  a X 2 
d is tr ib u tio n  w ith  2N  degrees of freedom , i.e. a T h o m as — P o rte r  d is tr ib u tio n .

P(V) =
_ N _ (N r))» -1 exp ( — Nr) ) , (3)

w here r) — cr/^o) a n d  N  is th e  n u m b e r o f in co h e ren t s ta tis tic a lly  in d ep en d en t 
co m p e tin g  channels, i.e . th e  effective channel n u m b e r of th e  reac tio n .

In  all th e  above func tions th e  average  is done over an  energy  in te rv a l 
A E  Г .  T he erro rs due to  th e  f in ite  range of d a ta  (F R D ) are ca lcu la ted  
accord ing  to  reference [11]. The analysis  o f d a ta  is ca rried  ou t w ith  a special 
p ro g ram  on th e  1905E — IC L  electron ic  co m p u te r  o f Cairo U n iversity .

I I I .  R esults a n d  discussion

1. Yield curves

T h e y ie ld  cu rves fo r th e  various s tu d ie d  p ro to n  an d  a-g roups (see T able I 
and  F ig . 2a, b fo r all in fo rm atio n ), a re  d isp layed  in  F igs 3 and  4. D ifferen t 
runs fo r p a r ts  o f th e  cu rv es  were m easu red  fo r rep ro d u c ib ility . M arked  f lu c tu 
ations o f  th e  cross-sections can be easily  seen.

Acta P hysica  A ca d em ia e  Sc ien tia ru m  H ungaricae 4 2 , 1977



346 О. Е. BADAWY and A. A. EL-SOUROGY

Fig. 2а. Typical spectrum of proton groups emitted from deuteron bombardment of a natural 
phosphorus target, recorded on the multichannel analyzer. All labelled peaks correspond

to single levels in the 32P nucleus
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Fig. 2b. Typical spectrum of the а-groups emitted from deuteron bombardment of a natura 
phosphorus target, recorded on the multichannel analyzer. All labelled peaks correspond

to single levels in the 29Si nucleus
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Fig. 3. Excitation functions of the 31P (d,p)32P reactions leading to the first five excited states 
of the 32P nucleus measured at the scattering angle 150°. The statistical errors are within the
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Fig. 4. Excitation functions of the 31P(d,ot)29Si reactions leading to the first four excited states 
of the 29Si nucleus measured at the scattering angle 150°. The statistical errors are within the
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Fig. 3. Normalized auto-correlation functions of the fluctuations in the differential cross- 
sections for some of the studied proton and а-groups at the scattering angle 150°. The dashed 

line is the theoretical Lorentzian expression

Table I

R e a c tio n G ro u p s  s tu d i e d
C o m p o u n d

n u c le u s
A v e r a g e  e x c i ta t io n  

e n e rg y  M eV
A n g le  o f  

m e a s u r e m e n t

3IP(d, p):,2P P 0,1» ^ 2 ’ ^ 3 ’ - ^ 4 33S 17.396 150°
31P(d, a)29Si a0, otj, a.%, a3 3 3 S 17.396 ООLO

2. Auto-correlation and probability distributions o f  cross sections

Fig. 5 show s a n  exam ple o f th e  no rm alized  au to co rre la tio n  fu n c tio n s  
fo r  some of th e  s tu d ie d  p ro to n  a n d  а -groups. T he L oren tz ian  exp ressions 
ca lcu la ted  for th e  sam e value o f th e  coherence w id th  Г  are show n b y  d ashed  
lines. The m a rk e d  f lu c tu a tio n s  o f th e  au to -co rre la tio n  fu nc tion  a ro u n d  th e  
Ç-axis for £ Г  re f lec ts  the  e ffec t o f th e  f in ite  range of ex p e rim en ta l d a ta  
(F R D ). T able I I  g ives the  resu lts  o f th e  a u to -co rre la tio n  analysis. T he o rd er 
o f  m ag n itu d e  o f  th e  life-tim e т =  1 0 _2° sec is in  agreem ent w ith  th e  o rd er 
o f  th e  slow re a c tio n  tim e of th e  co m p o u n d  n uc leus m echanism .

F rom  T ab le  I I  we can see th e  ag reem en t be tw een  th e  values o f th e  f lu c tu 
a t io n  dam ping  coeffic ien ts  N  c a lc u la ted  b y  th e  sp in  w eight fo rm u la  [6] an d
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Table II

Results of fluctuation analysis of 31P(d, p)32P and 31P(d, a)29Si reactions at =  2000—2500 KeV

R esid u a l
A u to C orrel. F o u r. T ech .

R e a c tio n G roup n u cleu s  
lev e l sp in

^ c a l Ŷexp Г
K eV

T
K eV

Г
K eV

T
K eV

sec

31P (<f, p)32P Род ( l + , 2 + ) — 8 +  2 16 13 3.56x10-2°
Рг 1 + 18 33 +  7 2 0 18.5 22 19.0
Ps 1 + 10 17 +  3 17 2 0

P 4 — — 20+4 21 21

31P(<f, a)29Si 0 1 /2  + 6 4 +  1 27 2 2 3.0x10-2°
1 3/2 + 12 1 0  +  2 26 2 2 23.5 20.5
2 5/2 + 18 21+4 14 16
3 3/2 + 1 2 1 1 + 2 2 1 2 0

— iVcai is the value calculated by the spin weight formula 6 .
— iVexp is the experimental damping coefficient which is equal to 1 /R(0 ).
— Г  refers to the width.
— Г  the average width.
— Four. Tech. The width obtained by the technique of Fourier analysis.
— r is the average lifetime of the compound nucleus S3S in this energy range of excitation.
— The FRD error in Г  value is --- 20%.
— The values not reported for N  are those corresponding to the levels whose spins are not 

known.

t h a t  o b ta in e d  as N  =  1/R (0) (neglecting  th e  d irec t p a r t  c o n trib u tio n ). T he 
d e v ia tio n s  o b serv ed  in  som e cases are due to  th e  presence o f som e co n trib u tio n s  
fro m  in te rm e d ia te  s tru c tu re s  a n d /o r d irec t m echan ism s.

B eside th e  au to -co rre la tio n  analysis, th e  te ch n iq u e  of F o u rie r  analysis 
[10] w as used  to  o b ta in ed  th e  coherence w id th  Г .  T hus if  an  ex c ita tio n  fu n c 
tio n  o(E) is ex p a n d e d  in  a F o u rie r  series, th e n  accord ing  to  [12], a p lo t of 
log  (a\  -f- b?<) a g a in s t к gives th e  m ean  w id th  Г  (w ith  ak an d  bk re ferring  to  
th e  co e ffic ien ts  o f  th e  cosine an d  sine te rm s o f  th e  expansion  o f o rder k, r e 
sp ec tiv e ly ) . F ig . 6 show s an  exam ple  o f th is  ana lysis , and  th e  re su lts  are given 
in  T ab le  I I .

T h e  T h o m a s—P o rte r  d is tr ib u tio n  w as fo u n d  to  describe w ell th e  p ro b a 
b ili ty  d is tr ib u tio n  o f cross-sections a ro u n d  th e ir  averages as can  be seen 
fro m  F ig . 7. T h e  dev ia tio n s in  som e cases a re  a t t r ib u te d  to  th e  neglection  of 
th e  s tru c tu re s  an d  m echan ism s o th e r th a n  com p o u n d  nucleus in  th e  ca lcu l
a tio n s . T h is w ill he tre a te d  in  d e ta il in  our fu tu re  w ork  [13].
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К
Fig. 6. The determination of the width for p4 from the reaction 31P (d,p)32P using the technique 
of Fourier analysis. Г  =  21.0 KeV which is the same as that obtained from the auto-cor-

relation analysis

Fig. 7. The cross-section probability distribution histograms for some of the studied proton and 
а-groups. The experimental histograms are fitted with the theoretical curves assuming no direct

interaction contribution
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3. Group-cross correlation

Fig. 8 p re sen ts  exam ples o f  th e  g roup-cross-co rrela tion  fu n c tio n  betw een  
som e of th e  e m itte d  alphas, p ro to n s , as w ell as betw een th e  tw o . I t  is clear, 
how  th e  co rre la tio n  betw een  th e  d iffe ren t g roups and  ch anne ls o f decay  is 
h ig h ly  suppressed  re la tiv e  to  th e  au to  c o rre la tio n  of each o f th e m  show n in

Fig. 8. Absolute auto correlation functions and cross correlation functions in the differential 
cross sections for some of the studied protons, а-groups, as well as between the two.

(Ed =  (2.0 : 2.5) MeV, © =  150°)

t h e  sam e F igu re . T he fin a l re su lts  o f g roup  cross-correlation  an a ly sis  gave an 
o v e ra ll v a lue  of 0.22 +  1.10, 0.01 +  0.10, a n d  0.9 +  2.0 (for th e  v a lu e  o f th e  
n o rm alized  g roup  cross co rre la tion  fu n c tio n  i.e . E q . 2 a t £ =  0) fo r th e  d if
f e re n t  a , p an d  a  w ith  p groups, re sp ec tiv e ly . T h is  re su lt is in  ag reem en t w ith  
th e  E ricso n  p red ic tio n s as s ta te d  in  S ection  I I .

IV . C onclusion

T ab le  I I I  sum m arizes th e  d iffe ren t p ro p e rtie s  of th e  s tu d ie d  reac tio n s , 
a n d  th e  re su lts  o f  th e  analysis of th e  s ta tis t ic a l  f lu c tu a tio n s  of th e  d iffe ren tia l 
cross-sections o f th e se  reactions a t  150°. As is c lea r, th e  overlapp ing  co n d itio n s 
Г /D  ^>1 are fu lfilled  in  th e  tw o reac tio n s . T h e  life tim e r  =  3 .2 8 0 X 1 0~ 20 sec 
o f th e  com pound  nucleus 33S c a n n o t be d e te rm in ed  by  th e  c o n v en tio n a l 
m e th o d s . The rea liza tio n  of th e  p red ic tio n s o f  th e  s ta tis tic a l th e o ry  in d ica te s
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Table III

R e a c t io n
C o m p o u n d

n u c le u s

A v e r a g e  e x c i 
t a t i o n  e n e rg y

(M e V )

6
M e V - 1

D
K e V

Г
K e V Г /D

3lP(d, p)32P 33S 17.396 1 0 0 .1 18.5 185
31P(d, a)29Si 33S 17.396 1 0 0 .1 2 2 .0 2 2 0

g is calculated according to [14].
g is the level density of the compound nucleus 33S at the excitation energy stated 
D is the level spacing D =  1 lg

t h a t  th e  in te rfe ren ce  betw een  d irec t a n d  co m p o u n d  processes in  these  s tu d ie d  
re a c tio n s  is sm all. T h e  de te rm ined  coherence w id th  Г  being m ore th a n  th e  
en e rg y  reso lu tion  o f  th e  inc iden t b eam  ru les o u t th e  observed f lu c tu a tio n s  
to  be due to  en e rg y  reso lu tion .
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The rp6 theory i s  investigated using a modified version of the G e l l - M a n n  and Low 
renormalization group. Tricritical and critical properties in (or near) three dimensions are dis
cussed.

1. In tro d u c tio n

Since W ilson’s o u ts ta n d in g  w o rk  [1] ren o rm a liza tio n  g ro u p  te c h n iq u e  
h as  been  w idely  u sed  in  h igh  energy  p h y sics  an d  s ta tis t ic a l  m ech an ic s . T h is 
m e th o d  am ong o th ers  gave new  in s ig h t in to  th e  p rob lem s of phase tra n s itio n s , 
anom alous d im ensions, a sy m p to tic  freed o m , etc . T h e  te rm  ren o rm aliza tio n  
g ro u p  is n o t new  in  ph y sics  and  th e  b e s t w ould  be to  speak  o f th e  rev iv a l 
o f  th is  ap p ro ach . R en o rm aliza tio n  g ro u p  w as successfu lly  u sed  in  q u a n tu m  
e lec tro d y n am ics b y  Ge l l —Mann  a n d  L o w  [2] to  describe u ltra v io le t  an d  
in fra re d  p ro p erties  o f d ifferen t v e r te x  fu n c tio n s. T h e  Callan — Symanzik  
e q u a tio n  [3] is also one of th e  p ossib le  fo rm u la tio n s  o f th e  re n o rm a liz a tio n  
g ro u p . So, ren o rm a liza tio n  group is n e i th e r  new , n o r u n iq u e . E ach  o f  th e  above 
m en tio n ed  m ethods ap p lied  to  th e  sam e  prob lem s gave th e  sam e  re su lts . 
B u t  w hile th e  Gell—Mann  and  L o w  th e o ry  is t ig h tly  connected  w ith  p e r
tu rb a t io n  th e o ry  (an d  th e  sam e is v a lid  fo r  th e  Callan  — Sym anzik  eq u a tio n ) 
th e  ad v an tag e  of th e  W ilson’s m eth o d  is  th a t  in  p rin c ip le  i t  can  be fo rm u la te d  
in d e p e n d e n tly  of th e  p e r tu rb a tio n  th e o r y  an d  in  special cases co n cre te  ca l
cu la tio n s  can  be p erfo rm ed  w ith o u t a n y  reference to  p e r tu rb a tio n  th e o ry , 
B esides th e  above m en tio n ed  m e th o d s  th e re  are  o thers w h ich  can  also 
d ea l w ith  th e  p rob lem s o f critical p h en o m en a , su ch  as Mig d a l’s an d  P ol- 
j a k o v ’s b o o tsrap  m odel [ 4 ] ,  [ 5 ] ,  A b r a h a m ’ s an d  T suneto ’s sk e le to n  g raph  
e x p an sio n  [6]. In  th is  p a p e r  we w o u ld  like  to  fu r th e r  in v es tig a te  th e  m e th o d  
f i r s t  used  b y  Sólyom [7]. T his m e th o d  m a y  be ca lled  th e  c o m b in a tio n  of th e  
G e l l —Ma n n  an d  L o w  an d  th e  W ilso n  m eth o d . In  th is  co n tex t th e  follow ing 
fa c t  is v e ry  im p o r ta n t. I n  th e  W il so n ’s case th e  u n d erly in g  ph y sics  is qu ite  
c lear, w hile in  th e  Ge l l —Mann  a n d  L o w  m e th o d  one can n o t sa y  th a t  (a t 
le a s t n o t i f  s ta tis tic a l m echanical m e th o d s  are in v es tig a ted ). O n th e  o th e r 
h a n d , in  our opinion, from  th e  m a th e m a tic a l p o in t o f view  th e  l a t te r  m eth o d
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is m uch  m ore tra c ta b le , since a ll th e  m a th e m a tic s  is co n ta in ed  in  th e  Lie 
eq u a tio n s , c h a ra c te r is tic  of an y  co n tin u o u s g roup . T he ad v a n ta g e s  o f b o th  
m eth o d s are  c o n ta in e d  in  SÓlyo m ’s fo rm u la tio n  o f  th e  ren o rm aliza tio n  group . 
M ore prec ise ly  i t  m ean s th a t  in  th is  v a r ia n t th e  cu t-o ff tra n s fo rm a tio n  o f  
K a d a n o ff  is e x p lic it, th e  m a th e m a tic s  is in  th e  Lie eq u a tio n s a n d  th e  m e th o d  
is app licab le  to  a n y  reno rm alizab le  th e o ry . A t le a s t th e  ap p lica tio n s so fa r , 
such  as to  th e  X -ra y  ab so rp tio n  [8], K o n d o -p ro b lem  [9], one-d im ensional 
e lec tro n  system s [7], [10], th e  ca lcu la tio n  o f anom alous d im ensions [11], 
s ta tic  c ritica l p h en o m en a  [12] a n d  d ynam ica l c r itic a l p henom ena  [13] a re  
co n sis ten t w ith  th is  s ta te m e n t. T h e  resu lts  in  th e  case of th e  above lis ted  
ap p lica tio n s w ere eq u iv a len t to  th o se  o b ta in ed  b y  d ifferen t m e th o d s . H o w 
ev er all th e se  p ro b lem s are so-called lo g arith m ic , t h a t  is if  we le t  th e  ph y sica l 
cu t-o ff in  m o m e n tu m  space te n d  to  in f in ity  lo g a rith m ic  d ivergencies w ould  
alw ays ap p ea r. T h e  re lev an t in fra re d  d ivergencies are also o f  lo g a rith m ic  
form . I t  w ould  be good to  know  th e  lim its  o f th e  ap p licab ility  o f  th is  m e th o d , 
since i t  is e x tre m e ly  sim ple and  physica lly  v e ry  c lear, so i f  kn o w n  e x a c tly  
to  w h a t p rob lem s i t  can  be app lied , m uch  w ork  cou ld  be spared .

I t  is th e  a im  o f th is  paper to  t r y  to  give an  an sw er to  th e  above q u es tio n . 
F o r th is  reason  we w ill very  b r ie fly  describe th e  m e th o d  (an  ex ten siv e  d is 
cussion o f th is  m e th o d  an d  also com parison  o f i t  w ith  th e  tr a d itio n a l Ge l l - 
Ma n n  an d  L ow  th e o ry  is given in  [12]), th e n  a p p ly  i t  to  a ren o rm alizab le , 
b u t  n o t p u re ly  lo g arith m ic  p rob lem  (th e  cpe th e o ry  in  3-e d im ensions). As a 
re su lt we will o b ta in  co rrec t tr ic r itic a l indices (co rrec t to  th e  ca lcu la ted  o rder). 
T hen  we w ill in v e s tig a te  o rd in a ry  c ritica l p h en o m en a  in  d — 3 d im ensions, 
an d  w ill see how  th e  problem  o f s tro n g  coupling  m an ifests  i ts e lf  in  th is  a p 
p roach . W e w ill see, w hen com paring  th e  re su lts  o b ta in ed  b y  th is  m e th o d  
w ith  th o se  o f th e  tra d itio n a l G e l l -Ma n n  an d  L o w  th e o ry , t h a t  n e ith e r  
m e th o d  is w orse th e n  th e  o ther in  describ ing  c ritic a l p h en o m en a  a t  d =  3. 
N o th in g  m ore d e fin ite  can be sa id  because o f th e  s trong  coup ling  reg ion .

2. The m odified Gell-Mann and Low renorm alization group

L et us assum e th a t  th e  H a m ilto n ian  % describes a ren o rm alizab le  th e o ry . 
L et

ж =  ж0 +  к м , (2.1)
w here

( 2 -2)
i = 1

H ere Ok are o p e ra to rs  co n stru c ted  o u t o f th e  basic  fields o f th e  th e o ry , a /f 
are th e  coupling  c o n s ta n ts . We associa te  w ith  each  Ok a v e rte x  fu n c tio n  Г к:

Г к = < \ О к \ у .  (2 .3)
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In  th e  fie ld  th e o ry  <( )> denotes v a c u u m  e x p ec ta tio n  va lue , in  s ta tis t ic a l  m e
chan ics i t  is th e  s ta tis tic a l av erag e . T he Г к are defined  in  such  a w ay  th a t  in  
th e  zeroeth  o rd er of th e  p e r tu rb a tio n  th e o ry  all are equal to  u n ity . I f  th e re  
are  n basic  fie lds in  th e  th e o ry , th e re  w ill be n  p ro p ag a to rs  G2, . . ., Gn. 
In tro d u c in g  a cu t-o ff A  in  th e  m o m e n tu m  space, we assum e th e  follow ing 
in v a rian ce  p ro p ertie s  to  be v a lid :

Gs(p2, m?, ak, A) — zsGs(p2, m?, &k, Ä),  s, i  =  1, . . . n; к  =  1, . . . w  . (2.4) 

r k(p v  p 2, . . .; m\, a„ A) =  гк гГ к(Р1, p„ . . .; mf, Ä); l =  1, . . . oo (2.5)

“ fc =  4  *k) ■ (2.6)

H ere  mi are  th e  renorm alized  m asses (m ass ren o rm aliza tio n  is perfo rm ed  
on  m ass shell; see below  for th e  sp ec ific  m odel), f ( z s, zk) is a p ro d u c t o f a ce rta in  
n u m b e r o f  zs an d  one zk. The e x p lic it fo rm  o f th e  f  fu n c tio n  is co n stru c ted  
in  such  a w ay  th a t  th e  follow ing re la tio n s  ho ld :

a , r ;(p i, . .  .; m% <xk, Л ) J J  C ‘(p2, mf, a ft, Л)
S= 1

ôhr,(Pn • ■ •; mh «к, A)  / /  G's‘(p2, nif, äk,Ä ) ;  i =  1 , . . .  oo; к  =  1, . . . oo , (2.7)

П
w here  ls — l /2; lp is th e  n u m b e r  o f th e  incom ing  lines in  th e  1-th v e rtex .

S =  1

N o te  th a t  th e  zs, zk fac to rs can  be  exp ressed  b y  Г к an d  Gk fro m  E qs. (2.4) 
a n d  (2.5), so t h e /  function  can  also  be w ritte n  in  te rm s o f zs, zk. W h a t do th e  
in v a rian ce  eq u a tio n s  m ean? T h ey  m ean  (if th e y  are valid) t h a t  fo r  th e  m a tr ix  
e lem ents of th e  S -m a trix  o f th e  f ie ld  th e o ry  (in s ta tis tic a l m echan ics th e  
analogue o f th e  S -m a trix  is th e  p a r t i t io n  function)

AS., =  ^  SA  +  2 — 1 ôx‘ =  0 ,
ЭЛ /Ti c oij

(2 .8)

w here th e  da,- changes are co n sis ten t w ith  (2.6). I t  is assum ed t h a t  th e  fac to rs  
Zi, zk are fu n c tio n s on ly  of ak an d  Л /A ,  b u t  are  in d ep en d en t o f  th e  m o m en ta  
a n d  m asses. W e can  prove th e  v a lid i ty  o f  th ese  tran sfo rm a tio n s  o n ly  a posterio ri 
b y  th e  help  of th e  p e r tu rb a tio n  th e o ry . In  all th e  ap p lica tions so fa r  i t  tu rn e d  
o u t th a t  th e  tran sfo rm a tio n s  (2.4) — (2.6) a long  w ith  (2.7) cou ld  be b u ilt up  
ex p lic itly .

In tro d u c in g  dim ensionless co u p lin g  co n stan ts , and  d im ension less fu n c 
tio n s  ds =  Gs/G°/(Gs are th e  b are  p ro p a g a to rs ) , a f te r  e lim in a tin g  th e  z fac to rs , 
E q s. (2.4) — (2.6) can  be cast in to  d iffe ren tia l form :

0
----- In A (x, y „  uk, A)
c w

1
w .0 f

In A (£ ,y „  u%(w, uk)) (2.9)

6 A c ta  P hysica  Academ iae S c ien tiarum  H u n g a rica e  42 , 1977



356 G. FORGÁCS and A. ZAWADOWSKI

A  can  be any  of th e  ds, Г к, uk fu n c tio n s . H ere w =  x , y v  . . . y n; x  =  р 2/Л2, 
у  I =  rríf/A2; uk are d im ensionless coup ling  c o n s ta n ts , uk (w, и ;) a re  called 
in v a r ia n t coupling c o n s ta n ts , (defined  la te r  for th e  specific  m odel), th e  t r a n s 
fo rm a tio n s  (2.4) —(2.6) leav e  th em  in v a r ia n t.

u%(w, u,) =  ù £  I Л - Л , . (2.10)

T he E q s . (2.9) are th e  L ie eq u a tio n s  o f th e  re n o rm a liz a tio n  group . T hese 
e q u a tio n s  do no t d e te rm in e  u n iq u e ly  th e  fu n c tio n s  A  [13 ']. In  th e  general 
so lu tion  a rb itra ry  fu n c tio n s  of severa l v ariab les a p p e a r . Therefore w h a t one 
can  do is to  ca lcu late  th e  r ig h t h an d  sides b y  th e  h e lp  o f  p e r tu rb a tio n  th e o ry  
and  th e n  to  solve th e  e q u a tio n s ; in  th is  w ay  im p ro v in g  th e  resu lts  o f th e  per- 
tu rb a tio n a l ca lcu la tions.

3. The <p6 theory

L e t our H am ilto n ia n  be in d d im ensional space

* =Ит!^<*>+ | | ( w -)s+ (14+-Э (Iй)] • (зл>

( I t  is a c tu a lly  th e  H a m ilto n ia n  d iv id ed  b y  k T , w h ere  к is the  B o ltzm an n  
c o n s ta n t, T  is the  te m p e ra tu re .)  T h is co rresponds to

n — N ,  0 ,  =  —  
1 4!

N

6! I?

N
(3.2)

in  th e  prev ious S ection , b u t  ac tu a lly  all th e  p ro p a g a to rs  are  equal an d  we call 
th em  G. L e t us p e rfo rm  m ass ren o rm aliza tio n  in  su c h  a w ay  th a t

G_1(fc2, m2, a 4 a 0, H )fcS=_ m* =  0 . (3.3)

The s ta tis tic a l m ech an ica l analogue o f  m  is th e  coherence  len g th  | ,  n am ely

m =  f - 1 . (3-4)

I t  m eans m d isappears on th e  c ritica l line. The e q u a tio n s  co rrespond ing  to  
(2.4) — (2.6), expressed  v ia  dim ensionless q u a n titie s , are

1 k2 m2 A 2 I k2 m2 _ _
~ (0 ’ ’ “ 4’ Ue[A2 A 2

=  zi —-  , u4, u6 
A 2 d iЖ  ’ ~Ж ’ U4’ W6

(3.5)
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Г.

r R

k2 m2 , Ä 2 к2 т2 _ _ I
— 9 Uß — z2 —— , И4, Mg Г 4 & 1 — , М4, Mg

Л2 Л 2 [ Л 2 Л2 Л 2 )

k2 m2 Ä 2 к2 т2 _ _ )
9 —* 9 Uß — z3 l —- , M4, Ug

Л2 Л 2 J A 2 Л2 Л2 )

u ,  — u.

l6 — “ 6

Л

4-d
r221

Л 2

Л2
, U4, Mg Z2

( A 2
Л2

, Ц4, Uß

Л 6-üd (Л 2 Л 2

Ä *
—  ,М4, Mg «З1 —— , М4, Мд

Л2
Неге

и, =  a4/ l d - '), Mg =  а 6Л2‘, ~

(3.8)

(3.9) 

(3.10)

a re  d im ensionless coupling  c o n s ta n ts . F o r  s im p lic ity  we choose th e  ex te rn a l 
m o m e n ta  of th e  v e r te x  functions in  such  a w ay  th a t  th e y  d ep en d  only  on a 
s in g le  ex te rn a l m o m e n ta  v a riab le . W e now  t r y  to  d e te rm in e  th e  г,- fac to rs 
to  f ir s t  order in  th e  coupling c o n s ta n ts . T h e  in v a ria n t coup ling  co n stan ts  
( u f , u f  ) are ii4 a n d  м6 w ith  Л2 re p la c e d  b y  e ith e r  k2 or m2. Since f in a lly  we will 
be  in te re s te d  in  th e  tr ic ritica l (o r c ritica l) b eh av io u r of th e  m odel we will 
n e e d  th e  c o n tr ib u tio n  of the  p e r tu rb a tio n a l  expressions in  th e  lim it k2 ->  0 
o r  m2 — 0. (The re levance  of th e  ab o v e  m odel to  th e  tr ic r itic a l p henom ena is 
describ ed  for ex am p le  in  [14]). T h is  co rresponds to  app roach ing  th e  tr ic ritica l 
p o in t in  th e  H a lp e r in —H o h en b erg  space [15] e ith e r  from  th e  d irec tion  
p a ra lle l to  th e  c r it ic a l  line or f ro m  th e  d irec tio n  p e rp en d icu la r to  th is  line. 
T h e  H a lp e rin —H o h en b erg  space is now  sp an n ed  b y  m , к an d  u4. T he m ean ing  
o f  vi will he g iven  below . In  th e  case  o f o rd in a ry  c ritica l p h en o m en a  i t  w as 
possib le  to  a p p ro a c h  th e  m2 =  k2 =  0 p o in t b o th  from  th e  d irec tio n  m2 =  0 
a n d  also from  th e  d irec tio n  к2 =  0 in  th e  H a lp e r in —H ohenberg  p lan e  (spanned  
b y  m  and  k). T h e  m eth o d  was sy m m e tric a l in  th e  m and  к v a riab le s  and  we 
c o u ld  s ta r t  th e  c a lcu la tio n  in a n y  o f  th e  tw o  lim its . In  th e  p re se n t case th is  
sy m m e try  is v io la te d  an d  we w ill h a v e  to  w o rk  w ith  k2 =  0, m2 0, th a t  is 
w e c a n n o t a p p ro a c h  th e  k2 =  m2 — 0 p o in t from  th e  d irec tio n  para lle l to  
m2 =  0. The reaso n  fo r  th a t  is t h a t  i f  m2 =  0 an d  we have u 4 a n d  u 6 in  our 
H a m ilto n ia n , th e n  in  d =  Ъ (dis  th e  d im ension  of th e  space) u n w a n te d  in fra red  
d ivergencies w ould  ap p ea r and w e c a n n o t ge t r id  o f th em .*  To d e te rm in e  th e

* This is most easily seen if we consider the graph in Fig. 1. This graph will give contri
bution to the d function. The analytic expression for this graph is

f  d3p
const'J  (P -  Я)гРп '

If q is finite and n 4 then this integral is infrared divergent.
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d,

Fig. 2. Graphs giving contributions to the vertex functions

Zj fa c to rs  up  to  f i r s t  o rd e r in th e  c o u p lin g  co n stan ts  we need th e  c o n tr ib u tio n  
o f th e  g raphs in  F ig . 2. (We do n o t  h av e  to  ca lcu la te  th e  d fu n c tio n , since 
because  o f  th e  m ass ren o rm aliza tio n  (3.3) i t  does n o t give an y  c o n tr ib u tio n  
in  th e  f ir s t  o rder.) S ince now fc2 =  0, th e  an a ly tic  expressions fo r th e  g rap h s 
a an d  b are p ro p o rtio n a l to  In m2, a n d  fo r th e  g rap h s c an d  d to  1/m. N o te  th a t  
we k eep  all in fra re d  d ivergen t c o n tr ib u tio n s . T he cross in  F ig . 2 m eans th a t ,  
since in  th e  g rap h  ca lcu la tio n  th e  Г А v e r te x  alw ays ap p ears  w ith  th e  coupling  

4 -f-TV 1
c o n s ta n t u. =  un --------- • -----  (to  f i r s t  o rder in  u R), th e re fo re  in s te a d  o f  u. we

10 2л2
can in tro d u ce  th is  co m bina tion  as a coup ling  c o n s ta n t. W e call th is  new  cou p l
ing  c o n s ta n t vv  T h e  ana ly tic  exp ressio n s fo r F 4 an d  Г в are

1  4  —  1  +

4 +  TV , m2
-----------u6 In —
32 0 л 2 Л2

8 +  TV 

12л2

r R
3TV +  22

4 8 0 л 2 Л 2
l 111иe I n ---------

14 +  TV 

6л2

л 2 I m
4 1 л

л 2
t 4

4

(3.11)

(3.12)

F ro m  th e  p o in t o f v iew  of our th e o ry  th e  in tro d u c tio n  o f vi is c rucial. I f  we use 
th e  orig inal co u p lin g  constan ts  a n d  t r y  to  d e te rm in e  th e  z, fac to rs  in  th e  
E q s. (3.5) — (3.7) i t  tu rn s  out t h a t  th e re  are no  su ch  z,- (depend ing  o n ly  on 
Л/Л  a n d  u4, ue) w ith  w hich we c a n  sa tis fy  th e se  eq u a tio n s . I f  in s te a d  o f u4 
we w rite  (3.8) fo r n4, th e  equ a tio n s c a n  be show n to  be va lid  an d  th e  z,- fac to rs
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2  1  
Z 2

4 + N  A 2
=  1 4 ------------- uR I n ------

320л2 A 2

_! 4 , 37V+ 2 2  ,
Z ,  -  1 +  ----------  « f i  I n
3 480л2 6 A

N  + 8
----------- V

12л2

A 2 N  +  14

6 л 2

- 1/2
- 1

A
A

- 1/2
— 1

(3.13)

(3.14)

In  th e  language o f  R iedel  [14] i t  m ean s t h a t  th e  p ro p e r scaling  f ie ld  besides 
m  is n o t  u 4 b u t  v4. A fte r  having d e te rm in e d  th e  zt fac to rs  th e  L ie eq u a tio n s
fo r  v4 an d  Uß can  be  se t up. T h e y  are

d v f ( y )
dy

dua(y)
dy

У

—  «6 
У

, R 4 +  N  , R 14 +  N
+  ue .  +  Щ ------------

320л2

— e +  и , 22 +  3N  
48 0 л 2

127

8 +  N  
24л2

(3.15)

(3.16)

H ere У I21 A 2, e — 3 — d (W e a re  p e rfo rm in g  th e  ca lcu la tion  in  3 — d 
d im en sio n  in  o rd e r t o  get a n o n -tr iv ia l f ix  p o in t for u f) .

B efore an a ly z in g  th e  ab o v e  e q u a tio n s  le t us w rite  dow n th e  expressions 
fo r Г i, Г 6 and  also th e  e q u a tio n s  co rresp o n d in g  to  (3.15) and  (3.16) in  th e  
tra d i t io n a l  Gell-Ma n n  and L ow  th e o ry . W e do n o t w an t to  describe  th is  
m e th o d  here, since i t  can  be fo u n d  in  m a n y  p laces (see fo r ex am p le  [13 ']; 
in  co n n ec tio n  w ith  c ritic a l p h enom ena  see also [16] an d  [12]). L e t u s  m en tio n  
on ly  t h a t  in  th is  ap p ro a c h  the e x a c t in v a ria n c e  p ro p e rty  of th e  p e r tu rb a tio n  
series is used  to  in tro d u c e  m u ltip lic a tiv e  fac to rs , w hich p e rm it a su itab le  
n o rm a liz a tio n  for th e  G reen’s fu n c tio n s  a n d  v e r te x  functions. B ecause o f th is  
n o rm a liz a tio n  th e  v e r te x  functions a re  n o t th o se  given b y  (3.11) a n d  (3.12). 
D e n o tin g  th e  n o rm alized  vertex  fu n c tio n s  b y  an d  Г в, th e y  can be w ritte n  as

r> I ,  4- [ - Лг _ . 8- j - i V ~_1/2 4 ^
1 4 =  1 + ----------- «e In у --------------- - v4(y 1/2 — 1 ),

320л2 48

P , , 22 +  3IV .  , .  14 +  N  .  , -
1 » =  1 H-----------------«R In y ------------------vAy

6 480л2 6 J  24 4U
1/2 ! ) •

(3.17)

(3.18)

H ere  ÿ  =  m2/ / 2, v4 — й4 - f
4 + N
20л2

ü e, û 4 =  a 4Ad_4, S , =  a 6A2d_6 a n d  A is con

n ec ted  w ith  th e  n o rm aliza tio n  of Г 4 a n d  I \ .  In  th e  above we a d o p te d  th e  
n o rm a liza tio n

f 4( ÿ = l )  =  A ( j = l )  =  l .  (3.19)
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D e ta ils  concerning th e  n o rm aliza tion  prob lem  can  be found  in  [12]. N ote  t h a t  
th e  r t and Г ,(i =  4 , 6) w ritten  in  te rm s  of th e  a p p ro p ria te  v a riab les  d iffe r 
o n ly  in  the  co e ffic ien ts  of the  4 -p o in t co n tr ib u tio n s , b u t  th is  is t ru e  o n ly  in  
f i r s t  o rder. In  h ig h e r  o rd e r calcu la tion  th e  coeffic ien ts in  fro n t of th e  lo g a rith m s  
a lso  m ay  be d iffe re n t [12]. In  th e  case of th e  G e l l -Ma n n  an d  L o w  th e o ry  
fo r  th e  Lie e q u a tio n s  o f  the  in v a r ia n t coupling  c o n s ta n ts  one needs a n d  P 6 
(a n d  n o t z, and  z3). T h e  Lie eq u a tio n s  now  are

dv?(j)
dÿ

1  - f f

У

-ff 4 +  N  _ R  8 +  N
111'  - - - - - - - - - - - - - - - - - - - - - - - - - - -  I  < Э 1 * Л  - - - - - - - - - - - - - - - - - - - - - - - - - - - -------1- Щ -------------- (- Щ

2 320л2 96

düe(ÿ)
dÿ

— £ +  üg
22 +  3 N  

480л2
+  V?

8 +  N '
48

(3 .2 0 )

(3.21)

L e t  us analyze e q u a tio n s  (3.15), (3.16) and  (3.20), (3.21). See also F ig . 3 .

A .  The case vt (yt ) =  0

E qs. (3.15), (3 .16) and (3.20), (3.21) h av e  th e  follow ing fix  p o in t

0 , u *
480л2 

22 +  3 N  e
(3 .22)

co rrespond ing  to  y  (ÿ)  —> 0. I f  we solve th e  above eq u a tio n s a ro u n d  th is  f ix  
p o in t  i t  tu rn s  o u t t h a t

K R(S) =  c1 sm-, (3.23)

L R(S) =  c2 s“* +  u* , (3.24)

Fig. 3. Trajectories of the Lie equations. Region 1 is the tricritical region. In region 2 perturba
tion theory can still be used to construct the right hand sides of the Lie equations. Region 3 is 

the strong coupling region. The dashed trajectories show only the trend of the changes
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w ith
, 3(4 +  N )

T-----------------
2 3iV +  22

e . (3.25)

In  (3.23) and (3.24) K r is either vR or v R, L R is either u R or UR and s is either 
у  or ÿ .  Since co1 ■< 0 the f ix  point (3.22) can he stable only i f  сх =  0. But 
K R(s =  1) =  К  (the bare vi or й4), therefore c4 =  K ,  so c4 =  0 im plies К  =  0. 
On th e  other hand we argued that К  is a scaling fie ld , therefore th e  f ix  point 
(3 .22), together w ith  К  =  0 is the tricritical f ix  point. (The tricritical f ix  point 
is th e  one, where m2 =  К  =  0).

L et us see how  to  calculate tricritical indices in th is form alism . As an 
exam ple we will calculate the tricritical index 77, the definition o f  which is

d  (at the tricritical point) ~  /с4 .
A-0

(3.26)

B eing at the tricritical point means К  =  0 and we have a purely logarithm ic  
problem . As it  was show n in [12] in such a case

lim  L R(m  =  0, k) =  lim  L R(m, к  =  0) . (3.27)
k-+ 0  m —0

This m eans we can use the expression (3.22) for u* for the determ ination of 77.

Fig. 4. The graph giving contribution to the tricritical t] indices in the lowest order

To fin d  the d  function  we calculate the right hand side o f the correspond
ing Lie equation to  second order in L , th at is we calculate the contribution  
of the graph in Fig. 4. The solution o f the Lie equation is

where

d  ~  (s)*<u>* ,
A-0

X(u*) =  ——ln d( i ,  itj)
OÇ i= l

From th e  definition o f  77 and s we fin a lly  get

V =  2 X « )
1 ( N  +  2 ) ( N  +  4) 

12 (3 N  +  22 ) 2

(3.28)

(3.29)

(3.30)
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T h is  resu lt is in  ag reem en t w ith  e a rlie r  ca lcu la tions. Since in  th e  re su lt on ly  
s a n d  u* ap p ear i t  is clear th a t  b o th  th e  cu t-o ff sca ling  version  o f  th e  m u lti
p lic a tiv e  ren o rm aliza tio n  group a n d  th e  G e l l -M a n n  an d  L o w  th e o ry  give 
th e  sam e resu lt. T h is  is an o th e r  co n firm a tio n  o f th e  equ ivalence  o f th e  tw o 
m e th o d s  in  th e  case  o f lo g arith m ic  p rob lem s. C orrections to  th e  above sca l
in g  behav iou r ca n  be o b ta ined  in  a  w ay  s im ila r to  th a t  described  in  d e ta il 
in  [12].

B . The tricritical region with К  ^  0

L et us see w h a t happens i f  К  has a sm all positive  v a lue . In  th is  case 
th e  tra jec to ries  in  F ig . 3 will be n e a r ly  para lle l to  К  =  0, up  to  som e value 
o f  s and  th en  w ill bend  and te n d  to  an o th e r f ix  p o in t. U nless th e  К  ' ( =  v± 
o r v R) te rm  in  E q s . (3.15), (3.16) a n d  (3.20), (3.21) can be neg lec ted  in  com 
p a r is o n  w ith  th e  L R te rm  we w ill h a v e  th e  sam e b eh av io u r as before. F o r th a t  
w e need  (in d =  3)

K R <^ LK , (3.31)

F o r  th e  bare co u p lin g  co n stan ts  К  an d  L  th e  cond ition  (3.31) m eans th a t  in  
t h e  low est o rd e r

(3.32)

T h is  is the sam e re la tio n  used in  [18], b u t th e re  (3.32) is th e  tr iv ia l consequence 
o f  th e  Lie e q u a tio n s  and we do n o t  have to  s ta r t  w ith  th is  cond itio n . I f  
K s ~ 112̂  L  we g e t th e  border lin e  betw een  th e  tr ic r itic a l an d  c ritica l regions 
(F ig . 2) w ith  th e  crossover e x p o n e n t 1/2 [18].

C. Critical phenomena at d =  3

W hen (3.32) is replaced b y

(3 -33)

w e are out o f th e  c ritica l reg ion , b u t  s till m ay  use p e r tu rb a tio n  th e o ry  to  con
s t r u c t  the  r ig h t h a n d  sides of th e  Lie eq u a tio n s. H ow ever we loose th e  lo g a
r ith m ic  n a tu re  o f  th e  problem  a n d  sim u ltan eo u sly  see th a t  th e  f ix  p o in t is 
n o w  outside o f th e  week coupling  reg ion . The r ig h t h an d  sides o f th e  Lie e q u a 
t io n s  ca lcu la ted  to  any  fin ite  o rd e r  in  p e r tu rb a tio n  th e o ry  can be used  only  
in  a very  n a rro w  reg ion  of th e  v a ria b le  s [19]. T he dashed  tra je c to r ie s  are ju s t  
q u a lita tiv e  lines an d  show on ly  th e  tre n d  o f th e  changes. The sam e is v a lid  
o n  th e  L =  0 lin e  since in  th is  case also an  0(1) f ix  p o in t w ould  occur in  th e
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low est order. So, in  th e  c ritica l dom ain  in  th e  case d =  3, th e  Lie eq u a tio n s 
a re  va lid  only in  a v e ry  n a rro w  region an d  we c a n n o t tra c e  th e  b eh av io u r 
o f th e  system  u p  to  th e  c ritica l po in t.

4. Conclusions

W e in v e s tig a te d  th e  срй th e o ry  n ear d =  3 in  th e  fram ew ork  o f tw o  
d iffe ren t fo rm u la tio n s  of th e  m u ltip lica tiv e  re n o rm a liz a tio n  group. W e saw  
t h a t  as in  th e  p rev io u s  w orks th e re  is no d ifference b e tw een  th e  tw o versions 
p ro v id ed  we deal w ith  a p u re ly  logarithm ic  p rob lem  (К  =  0). W h a t is new  
in  o u r analysis is t h a t  even  w hen  th e  c p i  coup ling  is considered  and  th e  th e o ry  
loses its  lo g a rith m ic  c h a ra c te r , th e  in v arian ce  e q u a tio n s  (3.5) — (3.9) can  s till 
he co n stru c ted  w ith  th e  z fa c to rs  depend ing  on ly  on th e  coupling  co n stan ts  
a n d  th e  ra tio  Л/Л.  (A lth o u g h  th e  z factors h av e  been  ca lcu la ted  only  up  to  
f ir s t  o rder i t  is n o t v e ry  d ifficu lt to  show th a t  th e  above is v a lid  also in  h igher 
o rders.) W hile in  th e  case o f lo g a rith m ic  prob lem s we cou ld  com pare th e  tw o 
th eo rie s  n um erica lly , i t  is n o t th e  case here, since in  o rd e r to  ca lcu late  critica l 
ind ices in  d — 3 we h av e  to  cross th e  border line be tw een  th e  w eak and  s tro n g  
coup ling  regions a n d  th e re fo re  th e  num erica l va lu es  o b ta in e d  in  such a w ay  
fo r c ritica l indices sh o u ld  n o t be ta k e n  too  seriously . (T hey  are as b ad  or as 
good as th e  ind ices  o b ta in e d  b y  p u ttin g  e =  1 in  th e  ca lcu la tions a round  
fo u r dim ensions.) H o w ev er, we m a y  con jec tu re  th a t  in  a ll cases ( th a t is n o t 
o n ly  in  th e  case o f lo g a rith m ic  p roblem s) w hen  we h av e  sca lin g  in  our th e o ry , 
w ith  a p p ro p ria te  n o rm a liz a tio n  fo r th e  v e rte x  fu n c tio n s in  th e  G e l l -M a n n  

a n d  L o w  th e o ry  th e  tw o  m eth o d s are eq u iv a len t. W h en  th e re  is no scaling 
th e  cu t-o ff version  c a n n o t be u sed  while th e  o rig inal G e l l -M a n n  and  L ow  
th e o ry  still w orks, b u t  does n o t im prove th e  re su lts  o f  th e  p e rtu rb a tio n a l 
ca lcu la tio n . I f  th e re  is ap p ro x im a te  scaling th e  z fa c to rs  can  he ca lcu la ted  
ap p ro x im a te ly  a n d  ag a in  th e re  is no difference be tw een  th e  tw o  m ethods [20].
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М Е Х А Н И З М  П Е Р Е Н О С А  З А Р Я Д А  В А М О Р Ф Н Ы Х  
В Е Щ Е С Т В А Х  В Д В У Х Ц Е Н Т Р О В О Й  М О Д Е Л И  (Д Ц М )

В. Т. МАСЛЮК
УЖГОРОДСКИЙ ГОСУДАРСТВЕННЫЙ УНИВЕРСИТЕТ, 294 000 УЖГОРОД, СССР 

(Поступило 19. IV. 1977)

Точный расчет Reo(a>) для ДЦМ в предположении прыжкового механизма переноса 
заряда приводит к учету многократных перескоков электронов между центрами. Экви
валентная схема проводимости для ДЦМ в этом случае должна включать индуктивность.

Известно [1,3],  что изучение процесса переноса заряда в ДЦМ во мно
гих случаях бывает достаточным для интерпретации наблюдаемой зависи
мости Rea(œ) на высокоомных веществах (кристаллах, аморфных телах). 
В таких веществах всегда имеется достаточно много пар атомов, расстояние 
между атомами внутри которых много меньше среднего. Уже при сравни
тельно низких частотах внешнего электрического поля вклад в общий ток от 
переходов электронов внутри пар близко расположенных атомов может до
минировать над выходом от протекания носителей тока по микроскопическим 
путям, включающим кластеры от 3-х и больше атомов. Поэтому всестороннее 
изучение модели, в которой один электрон может находиться на одном из 
двух атомов, причем в разных энергетических состояниях представляет не
сомненный интерес. В настоящем сообщении применяется метод 2-х времен
ных функций Грина, который ранее не применялся для такого рода задач.

Предположим, что имеется один электрон на два центра, который может 
находиться в двух состояниях: в основном, с энергией 0, находясь на одном 
центре, и в возбужденном, с энергией е на другом. Гамильтониан ДЦМ с 
учетом взаимодействия электрона с колебаниями решетки можно записать в 
виде:

н  =  н е, +  Hph Hei_ph, ( 1)
где
H el =  es+s +  |/ 2 Я (х s  +  s + а), Н рН == J J  m gbg b g,  H e i-p h  =  2  (A gbg +  A gbg)s+s •

g  g

Здесь используются обозначения работы [2], А/е <  1 , A g — Vg(\ — e ga), V g — 
константа электрон-фононного взаимодействия.

Будем считать, что электрическое поле включается в момент времени 
; =  0, т. е. E(t) =  £0(t) [1 ], тогда для плотности тока в ДЦМ можно записать:

j  (*) =  e2a2Ç —  Г п (t), n(t') >  dt' , (2)
dt Jo
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n(t) = s+(í) s(t), где s+(t), (s(í)) — операторы рождения (уничтожения) 
возбуждения в ДЦМ записаны в представлении Гейзенберга,<n(t), n(t')^>— 
двухвременная функция Грина [4]. Приближения, которые наиболее часто 
употребляются в теории прыжковой проводимости, можно записать в виде 
следующих расцеплений:

<s+(t) s(t) s+(t') s(t')> ~  <•+(*) s(t')><s(t) «+(»')> ,
<s+(í') s(t') s+(t) s(t)> — <S+(t') s(t)><s(t') *+(»)> ,

что приводит к зависимости j( t)  ~  exp ( — t/т) и й е  <т(со) ~  са2т/1 +  ю 2г 2. 
Подобные соотношения получены также Поллаком, Джабелом[1] на осно
вании квазиклассических соображений. Однако можно точно решить эту 
задачу в ДЦМ, используя метод двухвременных функций Грина. В соответ
ствие с теорией линейного отклика [3] можно записать следующее выражение 
для плотности тока:

j ( t )  =  -  — -  [ °° eimt 2 Im  Gs+s (со iO+)dco , (4)
2л  J

где а — расстояние между центрами, Gs+s(<x>) — фурье-компонента 2-х 
частичной функции Грина Gs+s(í—t') =  <Cn(t), n(t');>. Без учета электрон- 
фононного взаимодействия в (1) получаем замкнутую систему уравнений для 
определения Gs+s(co), откуда:

Gs+s(<ü) --
£ 1

2 к Т  си2 -  £2 -  4 Я2

Учет электрон-фононного взаимодействия приводит к сдвигу полюсо в 
Gs+s(œ) с действительной оси в комплексную плоскость и к конечному време
ни жизни в ДЦМ.

Окончательное выражение для плотности тока (4) имеет вид:

где

e2a2f  е - 1j ( t ) = -------- t l i -------- е 1 (cos et -J- Ят sin e t ) ,
er 2 kT

—  =  4л:^ г  2  F f  ( X -  c o sSa)(ng +  Щ е  -  C0g), ng =

(5 )

ekT +  l

Эквивалентная схема, соответствующая временной зависимости плот
ности тока (5) должна включать индуктивность (рис. 1). Из рис. 1 видно, что 
расцепление (3) эквивалентно рассмотрению только огибающей для /(f), т. е. 
постоянной слагаемой, и пренебрежению переменной слагаемой, которая
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обусловлена многократными перескоками электронов между двумя центрами. 
Вычисление Rea(co) приводит к зависимости:

Reo(co)
e2a2Ç

er
th

2 kT
со2т2(1 -f- ю2т2 — е2т2) 2Ат4ю2е 

(1  +  £2r2 -  со2т2)2 +  (2со2т2)2
( 6)

совпадающей с известными результатами [1,2] при ет<§: 1. Это неравенство и 
будет критерием справедливости приближения (3).

Отметим также, что эквивалентная схема ДЦМ (рис. 1) предполагает 
применение аналогичных схем компенсации и на экспериментальных уста
новках, где проводится измерение Rea(co).

За обсуждение данной работы и за многочисленные консультации при ее выполне
нии автор благодарный Плакиде H. М., Берче Д. М.

ЛИТЕРАТУРА

1. М. P o l l a k ,  T. H. G e b a i x e ,  Phys. Rev., 122, 1742, 1961.
2. P. G o s a r ,  phys. stat. sol., 10, 91, 1965.
3. X. Беттгер, В. В. Брыскин, ФТТ, 18, 1976.
4. Д. H. Зубарев, Неравновесная статистическая термодинамика, «Наука», 1971.

A c ta  P hysica  Academ iae S c ie n tia ru m  Hungaricae 4 2 , 1977





A c ta  P h y s ica  A ca d em ia e  S c ien tia ru m  H u n garicae , T om u s 42  ( 4 ) ,  p p .  369  — 376  (1 9 7 7 )

F R E E  C O N V E C T IO N  E F F E C T S  O N  F L U C T U A T IN G  
B O U N D A R Y  L A Y E R  F R O M  A  H O R IZ O N T A L

P L A T E
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P . S in g h

D E P A R T M E N T  O F  M A T H E M A T IC S ,  I N D I A N  I N S T I 1 L T E  C F  T E C E N O I C C Ï ,  K E A E A G F L B ,  I N D I A

(Received 26. IV. 1977)

The paper deals with the combined free and forced convection flows when the free 
stream and the plate temperature both fluctuate about non-zero mean. The basic flow is nothing 
but steady state combined free and forced convection flow past a horizontal plate while the 
oscillations in the free stream and plate temperature cause a time-dependent boundary layer 
flow and heat transfer. Two separate methods are applied for high and low frequency ranges. 
It is found that when the frequency of oscillations is extremely low, the boundary layer beha
viours can be predicted well with the steady state theory based on instantaneous velocity and 
temperature distributions. For the very high frequency, the amplitude of the skin friction in
creases with со and its phase is ahead of that of the imposed oscillations by 90° while the 
amplitude of the rate of heat transfer increases as Vw and its phase has a lead of 45°.

In tro d u c tio n

T h e  s tu d y  o f lam in ar b o u n d a ry  lay e rs  in  o sc illa to ry  flow  w ith  a non 
zero  m ean  w as in it ia te d  b y  L ig h t h il l  [1 ], w ho considered  th e  e ffec t o f  f lu c tu 
a tio n s  o f free s tre a m  velo c ity  on th e  sk in  fric tion  a n d  h e a t t ra n s fe r  fo r  p la tes 
an d  cy linders. S ince th e n  th e  v a rio u s  aspects  of th is  p rob lem  h av e  been  con
sid e red  b y  m a n y  w orkers. T he specific  a im  of th e  p re sen t p a p e r  is  to  gain 
fu r th e r  in s ig h t in to  th e  effects o f  b u o y a n c y  forces on th e  o sc illa to ry  lay er 
from  a h o riz o n ta l sem i-in fin ite  p la te . T h e  various aspec ts  o f th e  b a s ic  s tead y  
flow  o f th is  p ro b lem  were considered  b y  Spar ro w  an d  M in k o w y c z  [2] and  
G il l  an d  Ca s a l  [3].

T he u n s te a d y  b o u n d a ry  la y e r  eq u a tio n s  w ith  b u o y an cy  forces fo r  a sem i
in f in ite  h o rizo n ta l p la te  are [4]

_9_
0y

du du  , du
---------f - u ------- \ - V  -— -
dt Эх dy

du dv
Эх c'y

~ 8 ß Y ~  +

=  0 ,

Э Зи 
dy3

8 Т  , ЪТ , д Т
--------1- и --------h V -----
Эх Эх Эу

Э2Г
а ------

Эу2

(la)

(lb)

( l e )
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370 P. SINGH

w h ere  x, y  are th e  co -o rd inates a long  and  n o rm a l (m easured  u p w a rd  positive) 
to  th e  p la te  re sp ec tiv e ly , g  is th e  accelera tion  d u e  to  g ra v ity , ß  is th e  coef
f ic ie n t of th e rm a l expansion  an d  a  is th e  th e rm a l d iffu siv ity  o f th e  flu id . 

T he b o u n d a ry  cond itions to  be  sa tisfied  are

У = 0 :  и =  V =  0, T  =  Тш(х, t) =  Г в0(х)(1 - f  eeiml) ,

У -  : « - *  Щх, t) =  В Д ( 1  +  —  ->  0, T  —  Tw  (2)
3y

w h ere  со is th e  f re q u e n c y  of o sc illa tions an  d 1.
Follow ing L ig h t h il l  [1], w e can  w rite  u , v a n d  T  as th e  sum  of s te a d y  

a n d  sm all o sc illa tin g  com ponents

u =  u s +  V =  vs + 'e v 1eimt, T  =  T s +  ÇTxeiat, (3)

w h ere  us, vs, T s a re  th e  s tead y  co m p o n en ts  an d  sa tis fy

8
dy

d u .  d u .  1
+  », 1 =

d x  d y  J
3 u s d v s

-----  +
d x d y

d T. 9 T.
Us +  »,

d x d y

- g ß ^  +  v

=  o ,

3 *TS

3y 2

3 3U, 

3y3

w ith  th e  b o u n d a ry  conditions

(4a)

(4b)

(4c)

©II us =  vs ' =  0, T s — T ao(x)

у  — > oo : ws ->  U ßx), 3  Us Ei©t

3y

(5)

a n d  u v  vv  T x c h a ra c te riz e  th e  o sc illa to ry  co m p o n en t of th e  flow  an d  sa tis fy  
th e  equ a tio n s

8
8y

3 u 1 8 u s 8ui 9uä
г c o u 1 +  u s ------ b U i ------ b v s --- - +  »1--- -

9л: dx  9у  9у
dTl 9 3« !  tt. 4 

—gß — -  +  v — f , (6a)
dx dy3

3» i +  _8pl =  0 
dx dy

(6b)

• rp . 9 T.  9 T„ . 9 T l , 9T.
ш Т 1 -f- us — -----b u i —------b vs ~ ------ b »1

dx dx 3у dy
9 2T l
dy2

(6c)
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w ith  th e  b o u n d a ry  cond itions

у  =  0 : iij =  1̂ = 0 , Ti =  Т в0(х);

у  00 : «1 ->  u 0(x),
01ÍJ

8У
- > o ,  T x

(? )

M ethod o f so lu tion

S et (4) an d  (5) are th e  b o u n d a ry  la y e r  eq u a tio n s  of s te a d y  s ta te  com bined  
free-fo rced  convection  flow  p a s t a h o riz o n ta l p la te  w hich can  be re d u c e d  to  
th e  fo llow ing o rd in a ry  d iffe ren tia l e q u a tio n s

N
F IV +  (m +  l ) F F 'nI -  (3m -  1) F ' F "  =  —  [(5m -  1 )0  +  ( m -  l ) i ? 0 '] ,

2
в 11 +  o[(m +  l ) F 8 l -  (5m -  l ) F l0 ]  =  0 ,

F \ 0) =  F (0) =  F n (oo) =  0 (o o ) =  0, F \ oo) =  2, 0 (0 ) =  1 ,

by  th e  s im ila rity  tra n sfo rm a tio n s

us = ~ ~ x mF I(r]), T s
Zt

5m—1
T „  =  B x  2 0(rj),

5/n-l
w here U0(x) =  A x m, Ошо =  B x  2 , N  =  \ 6 ^ v  g ß B /A 5/2 an d  a =  vl<x. is th e

P ra n d tl  n u m b e r an d  m is a c o n s ta n t. H ere  p rim es deno te  th e  d e riv a tiv e s  
w ith  re sp e c t to  rj.

S et (6) an d  (7) are considered  n e x t. In  o rd er to  ta k e  a d v a n ta g e  o f  th e  
sim ple b eh av io u rs  o f  us an d  Ts in  (8), th e  in d ep en d en t v a riab le s  x  a n d  у  are 
tra n s fo rm e d  in to  a new  co -o rd in a te  sy s tem  ( | ,  rj), w here £ is a freq u en cy  
p a ra m e te r  defined  b y

I
4i(u
A~

xl ~m , (9)

in  a d d itio n , d ep en d en t v ariab les  u x a n d  in  (6) are tran sfo rm ed  b y

4  Я 5/Ti-i
«1 =  —  *m — M  v h  =  B x 2 Ф(£, rj) , (10)

2 drj
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372 P. SINGH

w here  th e  new  d e p e n d e n t v a riab le s  /  an d  Ф are  governed  by

d f f
drf  9 Г]

& l  +  _8_
dr/4 dr]

(m +  1 ) F - ^  -  4 m F ’ ^  +  (m +  1 ) F " /  +  2(1 -  m)5 X

ЭФ| F „ V  F , » 4  1 t  Э2/  N
1 85 959 Г] drf  2

(5m -  1)Ф +  2(1 - m ) 5  —  +  (11)

+  (m — 1)ij
8Ф
dr]

0 ,

—  —  =  5Ф -  (m -  1 )F  —  +  (5m -  1 ) F ^  +  (5m -  1 ) 0 -
a  d r f  9 Г] d r ]

(;m +  l ) / 0 ‘ +  2(1 -  m)5 F 1 —  - 0 ' - ^ -
95

9 f
95

( 12)

T h e  co rrespond ing  b o u n d a ry  cond itions are

r? =  0 : ^ = 0 ,  / = 0 ,  Ф =  1,
OTJ

Г]~> oo : ^ - > 0 ,  Ф —> 0 .
dr] drf

(13)

W hen th e  v a lu e  o f m =  1, th e  in d e p e n d e n t v a riab le  5, being now  in 
d ep en d en t o f X ,  red u ces to  an  im ag in a ry  c o n s ta n t  w hich  essen tia lly  d ep en d s 
o n ly  on freq u en cy . C onsequen tly , (11) and  (12) now  reduce  to

Æ .  +  Í2 F  ^  -  4 F ! - ^  + 2 F 11/  
drf dr] I drf dr] ,

d 2f
— 5 - ^ - 2  ЛГФ =  0 ,

drf

1 Ф’Ф
=  |Ф  -  2 F Ф , +  4 F ^  - f  4 0 / 1 -  2 0 ' / ,

g drf

w ith  / ( 0 ) = / > ( 0 )  =  / " ( ~ > )  =/(<*>) =  0 , / ‘(oo) — oo, Ф (0)—>-l;

(14)

(15)

w hich  are, fo r p resc rib ed  | ,  tw o  s im u ltan eo u s co m p lex  o rd in a ry  d iffe ren tia l 
eq u a tio n s w ith  re a l in d e p e n d e n t variab le  r]. T h e  E qs. (14) and  (15) can  be 
in te g ra te d  n u m e ric a lly  over th e  en tire  fre q u e n c y  ran g e  fo r an y  P ra n d tl  
n u m b er an d  N .  T h ese  re su lts  w ill be useful in  d iscussing  th e  possible m a tc h in g  
o f  th e  low f re q u e n c y  an d  h ig h  freq u en cy  so lu tio n s .
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Low  frequency  oscillations

F o r  va lu es  o f m ^  1, E q s . (11) an d  (12) rem ain  to  be th e  p a r t ia l  dif
fe re n tia l ones. H ow ever, fo r  low  freq u en cy  oscillations an  a sy m p to tic  series 
in  te rm s  o f in te g e r pow ers o f  £

/(£,*?)= j ?  I V »  Ф(|,Г2) =  2 " Пфп(п) (16)
n = 0  n=0

m a y  be in tro d u c e d . S u b s titu tin g  in  (11) an d  (12) an d  eq u a tin g  like  pow ers of 
£, we o b ta in  th e  follow ing se t o f  o rd in a ry  d iffe ren tia l eq u a tio n s  fo r  f n an d  Фп:

/oiv +  (m +  1) F / ” 1 -  (3m -  1) F ' f0"  -  (3m -  1) F uf 0l +  (m +  1) F " > /0 -

TV
[(5m  — 1)Ф 0 +  (m +  1 )rj0'o] =  0 ,

(17a)

ф п  +  ff[(m +  I)F4>'0 -  (5m  -  1 ) ( F ^ 0 +  0/«1) +  (™ +  1 ) 0 ' / o] =  0 ; (17b) 

an d

/ nIV +  (m +  1 )F f™  -  [2 n (l -  m) +  (3m -  l ) ] F '/ „ "  -  (3m -  l J F 11/ , 1 +

+  [(m +  1) +  2 n ( l  -  m ))F mf n =  / Л  +  ~  [{(5m -  1) +  (18a)
Li

+  2re(l — т)}Фп +  (m  — 1)t̂ £ ]  ,

Ф " — <y[Q>n-i +  (m +  1 )Р Ф \  — {(5m — 1) +  2 n (l — m ) } F ^ n +
( l o b )

+  (5m  — l ) 0 / „ '  — {(m  +  1) +  2 n ( l  — m ) } 0 lf n ] =  0 ,

w here  n  1. T he b o u n d a ry  co n d itio n s are

m  = /o '( 0 )  = f o 1(°°)  =  Ф0(°° )  =  0, fè (o о) =  2, Фо(0) =  1 ; 

W )  = f l ( 0) = / ‘' H  = / î ( o o )  =  Ф„(0) =  Ф„(оо) =  0 .

E q s. (17) h av e  e x a c t in teg ra ls  a n d  are  g iven b y

fo = - F  +  — rlF I - ~ N ~ ,  
2 2 2 37V

Ф0 =  0  -|------r)&1 -  —  TV
ЭФ
37V

(19)

( 20)

P h y sica lly , w hen  th e  freq u en cy  o f  oscillations is ex trem ely  low , th e  b o u n d a ry  
la y e r  b eh av io u r shou ld  be p re d ic te d  well w ith  th e  s te a d y  s ta te  th e o ry  based
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on  in s ta n ta n e o u s  v e lo c ity  an d  te m p e ra tu re  d is tr ib u tio n s . I t  m ay  be read ily  
show n th a t  th e  z e ro th -o rd e r so lu tio n  (20) is in d eed  th e  q u asi-s tead y  so lu tio n . 
A s th e  freq u en cy  increases, d ev ia tio n s  from  th is  so lu tio n  occur a n d  hence 
m ore  te rm s in  th e  a sy m p to tic  series (16) m u st be ta k e n  in to  acco u n t. F u r th e r  
in v es tig a tio n  o f th e  n u m erica l so lu tions to  E q . (18) are  to  be carried  ou t.

H igh  frequency  oscillations

W hen th e  freq u en cy  o f oscillations becom es v e ry  h igh, th e  b o u n d a ry  
la y e r  responses shou ld  be co n fined  in  a very  th in  reg ion  a d jacen t to  th e  p la te . 
T h u s , as th e  freq u en cy  ap p ro ach es in fin ity , L ighthill  h as show n th a t  th e  
o sc illa to ry  flow  is to  a close ap p ro x im a tio n  an  o rd in a ry  “ shear w ave”  u n 
affec ted  b y  th e  m ean  flow . In  th is  case, th e  lim itin g  so lu tio n  fo r large freq u en cy  
is read ily  o b ta in ab le . H ere we again  seek a series so lu tio n  in  th e  h igh  freq u en cy  
ran g e  u tiliz ing  th is  lim itin g  so lu tio n  as th e  ze ro th -o rd e r ap p ro x im atio n . F o r 
th is  purpose, (11) an d  (12) a re  tran sfo rm ed  in to  a n o th e r  co -o rd inate  system  
(£, z) w here z is defined  as [5, 6, 7]:

z

T h e equa tions ta k e  th e  form

ICO
- y èll2rj ( 21)

a y  _  _  A
8z4 9z2 ~~ 2

2(1 -  m) ! - 1 ------+  I "2
91

(5m — 1 )Ф - f  (r l)z
0Ф
dz

a
dz

( m + l ) £  * F n/  — 4 m £ —i F '- 3 £  +
dz

(22a)

+  1t  2 ( m + 1 ) F S + 2 (l - m) F » j y 2(1 - m ) F < a2/
d id z

1 d4> 
a dz2

- Ф  =  | - i [ ( 5 m -  1 ) F ' 0  -  (m + l ) 6 > !/ ] +  £ ^ ( 5 m  -

a l a i J
ЭФ

( m + l ) F  —
dz

+  2(1 -  m)

1)ф ^  —
dz

(22b)

Since h igh  frequencies are  considered here , o n ly  th e  reg ion  im m ed ia te ly  
n e x t to  th e  p la te  is a ffec ted , con seq u en tly  fu n c tio n s  F  an d  & in  th is  region 
can  be rep resen ted  as

F  =  a2i f  +  a 3i f  +  ap?4 +  . . . ,

=  a 2| _1z2 +  a 3f -3/2z3 +  a 4| _V  +  . . . .
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w here

0  =  1 +  M  +  M 2 +  M 3 + • • • • >
=  1 +  b ^ - ^ z  +  62| _122 +  63| - 3/ V  +  . . . ,

a2 =  F ]I(0)/2, a 3 =  F IU(0)/6, a 4 =  — ----- -- iV,

(24)

48

6X =  0 '(O ), b2 = 0 ,  63 =  (5m -  3)
3

T he follow ing series m ay  be assu m ed  fo r f  an d  Ф in  th is  case

/ ( ! ,  2) =  j ?  | - m/2F m ( z ) ,
m =0

Ф (|, *) =  J 1 | - т '2я т (2) .
m = 0

(25)

(26)

S u b s titu tio n  of th e  above series in  (22) gives fo r th e  f ir s t  ap p ro x im a tio n  

F ' v -  F ”  =  0 , Щ 1 - o H 0 =  0 ; (27)

su b je c t to  the  b o u n d a ry  cond itions

F„(0) =  F0(0) =  F o ^ o o ) =  0 ,  Я 0(оо) =  0 ,  F^(oo) =  2 , Я о(0) =  1 . (28) 

The so lu tio n  of (27) w ith  (28) gives

- У Ц уF 0 =  2 в ’ • '  + -у -  1

Я 0 =  е

(29)

(30)

w hich  is o f shear w av e  ty p e  [1]. T h e  oscilla ting  sk in  fric tion  an d  th e  ra te  of 
h e a t t ra n s fe r  are  fo u n d  to  be

Ti =  /I

?! =  —*

0И1

0T 4

m —1 1
£ e iwt =  Ç ficox  2 ,1  —  ei(ö>f+A/2) 9 (31)

0 V

ç e '“" =  £ k B f -

5 m —1
X  2 e i(<o t+n /4) ^ (32)

0dy Jy=o

T he am p litu d e  o f  th e  skin fr ic tio n  increases w ith  со an d  its  p h ase  is ahead

A cta  P hysica  A cadem iae  Sc ien tia ru m  H ungaricae 4 2 , 1977



3 7 6 P. SINGH

o f  th e  im posed osc illa tions b y  90° w hile th e  a m p litu d e  o f th e  r a te  o f h ea t 
tr a n s fe r  increases as ÿ u> and  i ts  p h ase  has a le ad  o f  45°.

I t  is qu ite  o b v io u s th a t  th e  h ig h e r order te rm s  w ill becom e increasing ly  
co m p lex  and  hence a re  no t consid ered  here.
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C O N F IN E M E N T  P O T E N T IA L  P R O D U C E D  B Y  
I N D E F I N I T E  M E T R IC  M U L T IP O L E  F I E L D S  

O F  I N F I N I T E  O R D E R
By

K . L. N a g y *
J O IN T  IN S T IT U T E  F O R  N U C L E A R  R E S E A R C H , L A B O R A T O R Y  O F  T H E O R E T IC A L  P H Y S IC S

D U B N A , U SS R

(Received 28. IV. 1977)

The possibility of obtaining some type of confinement of particles is discussed in a field 
theory with multipole fields of the iV-th order. The limiting case JV -► оо yields various forms of 
(tatic confinement potentials.

1. The d a ta  o f  th e  ch a rm o n iu m  sp ec tru m  seem  to  f i t  to  experim ents 
q u ite  well [1, 2, 3] w hen a co n fin em en t p o te n tia l betw een  c a n d  c is supposed 
in  th e  form :

V ( r ) = ± ( z  +  A r + K r * ) .  (1)
r

F o r  exam ple  [2] g ives th e  v a lu es  o f a, A, К  as

a  =  —0 ,2 , К  =  — —, a  =  0, 2 f m  .
a2

T h e  v a lu e  of A is irre le v a n t (a c tu a lly  A =  0 is ta k e n ) , i t  is an  a d d itiv e  co nstan t 
o n ly  to  th e  to ta l  energy . A g re a t  v a r ie ty  of th e o re tic a l considera tions pred icts 
th e  form  (1). W e q u o te  tw o  r a th e r  conserva tive  f ie ld  th e o re tic a l approaches 
on ly  [4, 5] (s im ila r to  ours [6 ]), w here o th e r re fe ren ces can  be found.

In  a p rev io u s w ork  [6] we h av e  called th e  a tte n tio n  to  m ultipo le  fields 
as possible sources o f  som e k in d  of p artic le  co n fin em en t. T here  th e  free 
L ag ran g ian  has b een  p roposed  to  possess th e  fo rm

L 0 =  — —  (д^Вд^В  +  m2B) -  (d^Ad^C  +  m2AC) -  M B ,  ( 2 )  
2

an d  i t  has been show n th a t  th e  fie lds А , В, C in te ra c tin g  v ia  an  in te rac tio n  
L a g ra n g ia n  L x in  th e  form

L i =  cc<p, cp =  g xA  +  g2B  - f  g3C ,

* On leave of absence from the Institute of Theoretical Physics, Roland Eötvös Univer
sity, Budapest, Hungary.
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g iv e  th e  p o ten tia l
p mr

\ (r) ------- (x  -f- Ar +  Kr2) , (3)
r

w h e re  a, A, К  arc  g iv en  fu n c tio n s o f  g„ m and A. A c tu a lly , th e  p ro p a g a to r

m
1

2 m  A  - -  — +  8 in-К
ni2 - к'1 ( niO J •)

n i“ — k r

le a d s  to  th e  form  (3). E q . (1) follow s from  Eq. (3) in  th e  lim it

I
2 — k2)2)

m  —> 0, -—  =  c o n s t , gf ■
m“

w h e re  mc is th e  q u a rk  m ass.

2. M ultipole fie ld s  seem to  p ro v id e  ano ther p o ssib ility  fo r o b ta in in g  
a s e t  o f s ta tic  p o te n tia ls  we w a n t to  describe here.

A  m ultipole f ie ld  of IV +  1 o rd e r  satisfy ing  th e  f ie ld  e q u a tio n s

( □  —  m 2)cp0 =  0 ,

( □  — m 2 ) ( p l  =  Aç90,

( □  — m 2 )c p N =  A?>n _ j ,

g iv es  th e  Green fu n c tio n  for (p
N

<p =  J £ g s < r s

in  th e  form  [7]:
5  =  0

D ( * ) =  J * a s As  (
s=o I dm2

A(x; m2) ,

(4)

(5)

w h ere  as is q u a d ra tic  in  coupling c o n s ta n ts  gs. A com parison  w ith  th e  for 
m u la e  o f [7] gives im m ed ia te ly

e N
a s 7  J S  ënëN +s--n 9 & ±  1

In tro d u c in g
s • ni>s

■ ŝ =  a s [ Л Г .
D(x)  becom es

N

in- ]

8 Is
D ( x ) = ^ A s(m2r

s=o 9m2 ) ^ m2) -
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F ro m  (6) i t  is  e a sy  to  ca lcu la te  th e  p o te n tia l  V  in  an  in te ra c tio n  =cccp 
w ith  th e  r e s u lt :

1 ÎL n 1[ i - i ] I 1—
2 l 2 j1 l

( s - 1 )
( -  mr)n

n I

=  —  ^  B(n)(— mr)n, ( ? )

n  ,
( i - 1 !

I
— • • • I
2  1Í 2  J1 l

i.e.

B(0) =  A 0 ,

J5(l) — A 0 +  —  A x +  —
1 1 I 1

2 2

B ( 2 ) r ~ ( A 0 +  A 1) .

I f  N  —*■ oo a  new  p o ss ib ility  opens u p . Suppose we w ish to  rep ro d u ce  
th e  Coulom b p o te n tia l, th e n

B(0) =  a , B(n) =  0 ,  n  ^  1 .  (8)

T h is  gives a n  in f in ite  n u m b er o f  lin ea r e q u a tio n s  fo r A ,■ from  w hich  i t  can  be 
ca lcu la ted  to  a n y  given o rd e r in  “ m r” . (D e t A \N  ̂Ф  0).

I t  is in te re s tin g  to  com pare  (8) w ith  th e  req u irem en t t h a t  th e  F o u rie r  
tra n sfo rm  D(k) o f  (6) should  be equal to  —k2. E q . (6) gives

D(k) =  £  A Âm2)s -  ( 1 )M  -  =  -  —  J £ c ( n )
( m2 -  k2)s+1 k2 n

m
k2

n l

T h e p resc rip tio n

c ( n ) = 2 A s,  v
S { П  S)*

c(0) =  a  , c(re) =  0 , n  1 ,

rep roduces (8) fo r  even n. In  fa c t

C(n) n !

B(2n)  n (n -(-l)  •• -2n

T he c o n fin em en t p o te n tia l (1) req u ires  

B(0) =  a ,  —m ß ( l)  =  A , m2B(2) =  K ,  B(n) =  0 ,  n 3 ,
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fro m  w hich A i  can  be d e te rm in ed  to  a n y  g iven  o rder. T he m ass m  c a n  be  
chosen  a rb itra r ily , a sm all v a lu e  o f  i t  m a y  be useful only  for p ra c tic a l ca l
cu la tio n s .

H av ing  o b ta in e d  th e  se t A i  in  such  a w ay , one can  su b s titu te  t h a t  in to  
E q . (6) and  s ta r t  w ith  D(x) a re la tiv is tic  ca lcu la tio n .

3. A lth o u g h  we w ished to  ca ll th e  a t te n tio n  to  m u ltipo le  fields as a fie ld  
th e o re tic a l e x p la n a tio n  of p a rtic le  co n fin em en t, D  o b ta in ed  in  such  a w a y  
c a n  also be considered  p u re ly  phenom enolog ica lly .

To m ultip o le  fie ld s L o ren tz  o r in n e r ind ices can  also be a tta c h e d .
Since m u ltip o le  fie ld  th eo rie s  im p ly  a q u a n tiz a tio n  w ith  in d e f in ite  

m e tric , a com plete  fie ld  th e o ry  as p ro p o sed  above requ ires an  a rtif ic ia l uni- 
ta r iz a tio n  [6]. O ne o f th e  s im p lest w ays is to  ta k e  th e  p rin c ip a l v a lue  in te g ra l 
in  D(k)  in s te a d  o f th e  u su a l “ te ”  p resc rip tio n .
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