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HOROSPHERIC BASIS OF THE SL(2, C) GROUP

By

M . H u s z á r
CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

(Received 24. IV. 1975)

R epresentations of the SL(2,C) groups are reduced w ith  respect to  the horospheric 
subgroup ( J { )  isomorphic to the translation  group in two dimensions. The m atrix  elements
of un itary  representations of th e  principal and supplem entary series are derived in  a basis 
defined by a two-dimensional m om entum  corresponding to the  above subgroup. M atrix 
elem ents of un itary  representations expressed in this basis assume a simpler form  th an  in 
any o ther basis considered so far. The two-dimensional m om entum  introduced proves to  be 
essentially identical w ith the im p ac t param eter.

In tro d u c tio n

Irred u c ib le  re p re se n ta tio n s  of th e  SL (2, C) g roup  can  be realized  on  th e  
fu n c tio n s space Dx [1] e lem en ts  o f  w hich are in fin ite ly  d iffe ren tiab le  fu n c tio n s 
q>(z, z*) w ith  in fin ite ly  d iffe ren tiab le  inversion

ф(г, z*) =  z2Jz*2k(p

w here i  =  ( j ,  k )  labels an  irred u c ib le  rep re sen ta tio n . F ro m  th e  p o in t o f view  
o f c lassifica tion  of th e  re p re se n ta tio n s  i t  is co n v en ien t to  in tro d u c e  j 0 an d  a 
b y  th e  re la tio n s 2j  — j 0 — 1 +  ia, 2к — —j 0 — 1 -f- ia. I n  p a r tic u la r , re p re 
sen ta tio n s  are  u n ita ry  if  on D x th e re  is a p o sitive  de fin ite  H e rm ite a n  fu n c tio n a l. 
T h is ex ists  in  tw o cases: e i th e r  2 j0 is in teg e r an d  a re a l (p rin c ip a l series) or, 
j 0 =  0 an d  a is pu re  im a g in a ry , iff =  q, —1 <  g <  1 (su p p le m e n ta ry  series). 
E x p lic it fo rm s of th e  H e rm ite a n  fu n c tio n a ls  d iffer from  each  o th e r  in  th e  tw o  
cases.

I f  one chooses a p a r t ic u la r  basis w ith in  an  irred u c ib le  re p re se n ta tio n , 
a n  in te g ra l rep re se n ta tio n  fo r  th e  m a tr ix  e lem ents o f u n i ta ry  re p re se n ta tio n s  
(U R ) can  be w ritte n  dow n w ith  th e  aid  o f th e  above fu n c tio n a l. T his can  be 
e v a lu a te d  in  p rincip le  an d  th e  re su lt depends f i r s t  o f a ll on th e  basis used. 
R e la tiv is tic  expansions o f th e  sc a tte rin g  a m p litu d e  re q u ire d  th e  know ledge 
o f  th e  ex p lic it fo rm  o f m a tr ix  e lem ents of U R  [2 — 5]. R e p re se n ta tio n s  w ere

1* Acta Physica Academiae Scientiarum Hungaricae 39, 1975
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; S tric tly  speaking we m ean here the reduction SL(2,C) 3  E (2) 3  0(2)

Acta Physica Academiae Scientiarum Hungaric.ae 39, 1975

in v e s tig a te d  th e n  m ain ly  in  SU (2), SU (1, 1), E (2)* bases [6 —10]. T h ere  are 
sev e ra l p ossib ilities  for e v a lu a tio n  of th e  m a tr ix  e lem ents in  th e  above bases, 
n am e ly , so lu tio n  o f  recu rrence  re la tio n s , c a lcu la tio n  o f th e  in te g ra l rep re sen 
ta t io n  for th e  m a tr ix  e lem en ts , so lu tion  o f th e  e igenvalue  e q u a tio n s  o f  th e  
C asim ir o p e ra to rs  e tc . H ow ever, a n y  one o f  th e se  m e th o d s  is used  th e  m a tr ix  
e lem en ts  of U R  in  th e  above b ases  can  be exp ressed  o n ly  in  te rm s  o f ra th e r  
co m p lica ted  fo rm u la s  c o n ta in in g  m u ltip le  sum s. F o r in s ta n c e , in  an g u la r 
m o m en tu m  basis  re p re se n ta tio n s  can  be given on ly  in  te rm s  o f  a tr ip le  sum  over 
W ig n e r D -fu n c tio n s  and h y p erg eo m etric  fu n c tio n . As th e se  special fu n c tio n s 
a re  sum s th em se lv es , th e  f in a l re su lt  is a c tu a lly  a six fo ld  sum . P e rh a p s  i t  is 
need less to  em p h asize  th a t  w e face here  re p re se n ta tio n s  o f  a fu n d a m e n ta l 
sy m m e try  o f  n a tu r e  ra th e r  th a n  a so lu tion  o f  an  a r tif ic ia l m odel o r so m eth ing  
lik e  th a t .  T h ere fo re  th e  obv ious question  arises as to  w hich  is th e  basis p referred  
b y  th e  in te rn a l s tru c tu re  o f th e  L oren tz  g roup  in  th e  sense t h a t  th e  m a tr ix  
e lem en ts o f U R  ta k e  a sim ple fo rm  in  it. A considerab le  s im p lifica tio n  can  be 
ach ieved  in  a n  0 (2 ) X 0(1 , 1) b as is  [11] h u t  i t  seem s t h a t  th e  so-called  horo-

1 ß  ,sp h eric  su b g ro u p  [1, 12, 13] w h ich  is fo rm ed  b y  th e  m a tric e s   ̂ p lays a

d is tin g u ish ed  ro le  in  th e  SL (2, C) group. N am ely , in  th e  basis  labe lled  b y  a tw o- 
d im ensional m o m en tu m  P  =  ( P 15 P 2) co rrespond ing  to  th e  h o rospheric  su b 
g ro u p , iso m o rp h ic  to  th e  tra n s la t io n  g roup  in  tw o d im ensions, th e  m a tr ix  
e lem en ts of U R  assum e a fo rm  sim p ler th a n  in  a n y  o th e r b asis  considered  so far. 
A c tu a lly , th is  in  n o t su rp ris in g  since th e  h o rospheric  su b g ro u p  is o f fu n d a 
m e n ta l s ign ificance  in  the  geo m etrica l ap p ro ach  p re sen ted  to  th e  re p re se n ta tio n  
th e o ry  in  [1].

I t  is w o r th  no ting  t h a t  th e  tw o-d im ensional m o m en tu m , used  in  th e  
p re se n t p a p e r  h a s  bearing  o n  a re la tiv is tic  g en e ra liza tio n  of th e  im p a c t 
p a ra m e te r, h o w ev er, for p ro v in g  th is  th e  P o in ca re  g roup  o u g h t to  be con
sidered . I t  c a n  be  show n [14] t h a t  th e  com ponen ts o f th e  im p a c t p a ra m e te r  
c a n  be defin ed  as th e  e igenvalues of th e  o p e ra to rs  (M 1 — N 2)/(p° — p 3) and  
(M 2 -)- N i)/(p °  — p 3) w here p °  a n d  p 3 den o te  th e  ze ro th  a n d  th ird  com ponen ts 
o f  th e  m o m en tu m . Since th e  in fin ite s im a l g en era to rs  o f th e  ho ro sp h eric  sub-

[1 ß\ .
g roup  I a re  ju s t  (M x — IV2), (M 2 +  N j)  an d  th e  tw o -d im en sio n a l m o m en ta

P x, P 2 are th e  eigenvalues o f  th e  above g en era to rs , th e re fo re , th e  com ponen ts 
o f  th e  im p ac t p a ra m e te r  can  be  given in  th e  fo rm  P i/(p °  — p 3), P 2/(p °  — p 3)-

П ß\
I t  should be  em phasized  t h a t  th e  subgroup   ̂ , iso m orph ic  to  th e  tw o-

d im ensional tra n s la tio n  g ro u p , has n o th in g  to  do w ith  sp a tia l tra n s la tio n s , 
th ere fo re , th e  “ m o m en ta”  Р г, P 2 are co n n ec ted  w ith  h o ro sp h eric  tra n s la tio n s
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C  SL(2, C) r a th e r  th an  w ith  tra n s la tio n s  o f  space-tim e coord inates.

The re la tio n  of th e  m o m en ta  Pv  P 2 to  th e  im p a c t p a ra m e te r  is t r e a te d  in  [14], 
here re p re se n ta tio n s  o f  th e  L o ren tz  g roup  are consid ered  only.

T h e  paper is o rgan ized  as fo llow s. F irs t  th e  rigorous m ean in g  o f th e  
m a tr ix  elem ents o f re p re se n ta tio n s  is given. T h is is req u ired  since th e  horosphe- 
ric basis  in  г-rep re sen ta tio n  tak es  th e  form  of a tw o -d im ensiona l p lane  w ave 
exp ( — P z  -(- P*z*) w ith  P  co n tin u o u s. I t  is well k n o w n  th a t  th e  t re a tm e n t of 
group re p re se n ta tio n  in  con tinuous bases req u ire s  m ore rig o u r th a n  usual, 
n am ely , th e  above tw o -d im ensiona l p lan e  w ave h as  to  be considered  as a func
tio n a l on  D x space r a th e r  th a n  an  o rd in a ry  fu n c tio n . In  th is  m a n n e r th e  s tr ic t 
m ean ing  o f  th e  m a tr ix  elem ents o f  U R  can  be g iv en  an d  an  in te g ra l rep resen 
ta tio n  c a n  be o b ta in ed  fo r them . T h is , how ever, is n o t  th e  b e s t w ay  to  ev a lu a te  
th e  m a tr ix  elem ents. T h e y  can be d e riv e d  in  a m ore  sim ple w ay  b y  solving th e  
e igenvalue  equa tions o f  th e  C asim ir o p era to rs . T h e  sim p lic ity  o f  th e  m a trix  
e lem ents o b ta in ed  is s tr ik in g  in  th e  case o f th e  “ z e ro th  co lum n”  o f rep resen 
ta tio n s  w h ich  is n o th in g  b u t a sp h e ric a l fu n c tio n . I t  w ill be show n th a t  a p a r t 
from  a n o rm aliza tio n  fac to r th e se  are  sim ple e lem en ta ry  (trigonom etric , 
ex p o n en tia l)  functions. T his occurs in  no o th e r b as is  o f th e  SL (2, C) group. 
In  S ec tion  2 th e  su p p lem en ta ry  se ries  o f U R  is tr e a te d . I t  is show n th a t  its  
m a trix  e lem ents can  b e  reduced  to  th o se  o f th e  p rin c ip a l series.

1. U nitary representations o f the principal series

T h e  in fin ite s im a l genera to rs o f  th e  SL(2, C) g ro u p  sa tis fy  th e  L ie a lgebra

=  •> N i\ =  is/tlm^m • (1-1)

[Nk, ^V/] == lEklmMm ,

w here M k a re  g en era to rs  o f ro ta tio n s  a b o u t, an d  IV* are  g en era to rs  o f boosts 
along th e  #*-axis (к — 1, 2, 3). I t  is c o n v e n ie n t to  in tro d u c e  th e  fam ilia r com 
b in a tio n s  =  (M k +  iN k)j2, K k == (M k — iN k)/2 as th e y  sa tis fy  fo rm ally  th e  
c o m m u ta tio n  re la tions o f  tw o in d e p e n d e n t a n g u la r  m o m en ta :

[»//о , / i ]  —  ÎSklm Jm i [-^46 -^ i]  = i ^ k l m ^ m  ? ( 1 • 2 )

[Jk, K,] = 0.
In  th e  follow ing, in s te a d  o f the  six H e rm ite a n  g en e ra to rs  M k, N k th e  com bi
n a tions

J+ — J i  +  iJ% =  "— [M i — N 2 +  i(M 2 -J- N J ]  , J 2, J 3, (1.3)

- i K 2 =  ±  [M x - N 2 -  i(M 2 +  N , ) l  K 2, K 3
Z

Acta Physica Academiae Scientiarum Hungaricae 39, 1975
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w ill be  used s ince  J + and g e n e ra te  th e  su b g ro u p  accord ing  to  w hich  th e  
irred u c ib le  re p re se n ta tio n s  of th e  S L (2, C) g roup  w ill be reduced . T h e  p a ra 
m e te r s  belonging  to  these  can be  d e te rm in e d  from  th e  in v arian ce  o f  th e  b ilinear 
fo rm  E  (XkMk -j- ukN k), w here y k is  a rea l ro ta tio n  angle a b o u t th e  ^ - a x is  
a n d  м/с is a r a p id i ty  o f th e  b o o st a lo n g  th e  a^-axis (к =  1, 2, 3):

3

2  (XkM k +  uKN k) =  J+ {X l — iu i) +  K -(X i  +  iu i) +
k= i

+  J*(x  2 — 4 l  — «1 — i u i) +  K i(X2 +  h i  — «1 +  iu 2) +  (1.4)

+  J a (x s  -  i u a) +  К з (Х з  +  ™ з) ■

I t  follows fro m  th is  th a t  th e  p a ra m e te rs  co rrespond ing  to  th e  g enera to rs 
(J + , K _), (J 2K 2) a n d  (JSK 3) a re  pairw ise com plex  co n ju g a te  to  each  o th er.

Irred u c ib le  rep re sen ta tio n s  o f  SL(2, C) can  be g iven in  th e  D x space in  
t h e  following w a y  [1]:

T*(g) ф )  =  ( - y z  +  x )V  ( -  y*z* +  <z*)2k <pÍ—— —
l — y z  -J-  X

(1.5)

(<pç Dx)

w h ere  Dx is th e  space of all in f in ite ly  d iffe ren tiab le  fu n c tio n s rp(z, z*) w ith

in f in ite ly  d iffe ren tiab le  in v e rs io n s  q?(z,z*) =  z2J z*2k(p | ------- , -------—j .  H ere j

a n d  k  are la b e ls  ch a rac te riz in g  irred u c ib le  re p re se n ta tio n s  w h ich  can  be 
w r it te n  in  th e  fo rm

2j  =  j 0 — 1 +  iff , 2k =  — /о — 1 +  io  ,

w h ere  j '0 ta k e s  in te g e r  and h a lf- in te g e r  values a n d  a is an  a rb i t r a ry  com plex 
n u m b er. F o r  th e  principal se ries  o f  rep re sen ta tio n s  a is rea l a n d  th e  sca la r 
p ro d u c t is d e f in e d  by

{fPvTz) =  j  d?zcpt(z) (p2(z) 

{<Pv (p2.£D/'i d2z =  dRez d lm z).

I n  th e  p re se n t sec tion  we c o n ce rn  ourselves w ith  th e  p rin c ip a l series, i.e. а 
is  rea l and  h e n c e  k  =  —j*  — 1.

Irre d u c ib le  rep re sen ta tio n s  o f  SL(2, C) w ill be reduced  acco rd in g  to  th e
(I ß\

horospheric  su b g ro u p   ̂ , iso m o rp h ic  to  th e  tw o -d im ensiona l tra n s la tio n

g roup . T h ere fo re , th e  basis w ith in  an  irreducib le  re p re se n ta tio n  w ill be labelled  
b y  a two d im en sio n a l con tinuous m om en tum . S ince th e  in fin ite s im a l g enera to rs
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of th e  above  h o ro sp h eric  subgroup  are J + a n d  K _ , th e  basis is defined  b y  th e
equations

J +0 jpP.=  РФ]рр., К -Ф ]р р .=  P * 0 Jpkp.. (1 .7)
where

P = i - ( P 1 + iPa) ,  P *  =  i - ( P 1 - i P a) .  (1.8)

These e igenvalue  eq u a tio n s  can be w ritte n  in  te rm s  o f  th e  H e rm itean  g en e ra to rs  
(1.1) a lte rn a tiv e ly  as

(M , -  N 2) Ф рр.=  P f lp p ;  (M 2 +  N ,) Ф>ркр .=  P20 Jpkp.. (1 .9)

I t  is easily  in fe rred  from  (1.5) th a t  th e  g en era to rs  J+  an d  K -  c a n  be 
rep re sen ted  o n  Dx in  th e  fo rm  J + =  —9/3z, K _  =  3/9z*. T he so lu tio n  o f  th e  
equa tions (1.7) is a tw o-d im ensional p lan e  w av e  o f  th e  form

0p p ,(z) =  0 JPkp.{z) =  (2 я ) - 1 e~ Pz+p,z* . (1.10)

I t  h a s  b een  m en tio n ed  th a t  th e  irred u c ib le  re p re se n ta tio n s  of th e  S L (2 , C 
group can  be b u ilt  up  on  th e  fu n c tio n  space  Dx. I f  th e  basis fu n c tio n s (1.10) 
were e lem en ts o f  D x, th e  m a tr ix  elem ents o f  re p re se n ta tio n s  could  be p u t  dow n 
easily  since th e  sca la r p ro d u c t is know n fo r b o th  th e  p rin c ip a l an d  su p p lem en 
ta ry  series, (cf. E q s. (1.6) an d  (2.2)) as w ell as th e  ac tio n  o f re p re se n ta tio n s  
on to  th e  basis  fu n c tio n s  0pp .(z). H ow ever, i t  is seen im m ed ia te ly  th a t  th e  in v e r 

sion of th e  basis  fu n c tio n s  (1.10) 0 PP,(z) =  (2n )~ xz2Jz*2k. exp |p ------- P *  ——J

is no t in f in ite ly  d iffe ren tiab le  a t  z — 0 a n d  th e re fo re , n o t an  e lem ent o f  D x. 
T he q u estio n  arises w h a t is th e  rigorous m ean in g  o f th e  m a tr ix  e lem en ts  o f 
re p re se n ta tio n s  w h ich  one w ould  o b ta in  n a ïv e ly  w ith  th e  a id  o f th e  basis  
functions (1.10) an d  sc a la r  p ro d u c t (1.6). I t  is a s ta n d a rd  p rocedure  [1] how  
to  t r e a t  th e  b a d  b e h av ed  func tions like (1.10). T h e y  shou ld  be considered  as 
functionals  on  D x n am e ly

y)(P, P*) =  (0 , f(z ))  =  J  d2z 0 Pp,(z) <p{z) , (1.11)

(cp(z) £DX) .

Loosely sp eak in g  we h a v e  changed  over to  th e  w ell b e h av ed  func tions гр(Р, P*) 
b y  sm earing  th e  b a d  b e h av ed  p lane  w aves w ith  an  e lem en t <p(z) o f Dx. T h e  a c tio n  
o f th e  re p re se n ta tio n s  on  th e  functions y (P , P*) a re  defined  as

T xy>(P, P*) =  J  d2z { -  yz  +  x)2J ( — y*z* +  OC*)2k0pp .
Ö z - ß  I 

— yz  +  a  J
<p{z).
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E x p ress in g  (p(z) f ro m  (1.11) an d  su b s ti tu t in g  h ere  we get

7 > ( P ,  P * ) =  {2л)~2 j  d2z e- p' z'+P’z’* ( _  yz  +  Я)У ( _ y *2* +  x*)2k ;

J  d2() eQz~ Q'z’y>{Q, 0 * ) ,  (1.12)
w h ere

z, =  Ô z - J  ' æ Q  =  d Q d Q ^  Q =  1 ((?i +  i<?2) _
— yz +  a  2

I n  th is  w ay  th e  m a tr ix  e lem ents o f th e  o p e ra to rs  T |  ap p ear as th e  k e rn e l o f  
th e  in teg ra l tra n s fo rm a tio n  (1.12),

7 > ( P ,  P*) =  J  æ Q T ^ g ) ^ ,  Q*) (1.13)
w ith

T JQP{g) =  (2 л :)-2 J  d2z ( - y z  +  a )2' ( _ y * z* +  a *)2il е~ Рг'+ р*2"  . (1.14)

H e re  we h a v e  ta c i t ly  in te rch an g ed  th e  o rd e r o f in teg ra tio n s  w ith  re sp ec t to  
z an d  Q, h ow ever, a d e ta iled  in v e s tig a tio n  show s th a t  th is  is n o t le g itim a te  
i f  e ith e r  P  =  0 o r у  =  0. T his in d ica te s  t h a t  in  (1.12) th e  o p era to rs  o f re p re se n 
ta tio n s  are w ell defined , b u t  th e ir  m a tr ix  e lem en ts have  s lig h tly  re s tr ic te d  
m ean ing . W e sh a ll re tu rn  to  th is  p o in t la te r  on.

I t  w ould  be h a rd  to  e v a lu a te  th e  in te g ra l re p re sen ta tio n  (1.14) d irec tly , 
th e re fo re  th e  m a tr ix  e lem ents o f  re p re se n ta tio n s  will be o b ta in ed  b y  so lv ing  
th e  eigenvalue eq u a tio n s of th e  C asim ir o p era to rs  J 2 =  J 2 -(- J 2 -f- J 2 an d  
K 2 =  K 2 +  К I  +  K l  To th is  en d , a p a ra m e tr iz a tio n  w hich f i ts  th e  ho ro sp h eric  
basis  well sh o u ld  be in tro d u ced . N am ely , i t  can  be show n th a t  each  g =  

I a  ß
— Ç S L (2, C) can be decom posed as

( y  Ô)
/  • \ f  $  ^ \ / ,  - \/ 1 — iw \ cos—  — s in   /1  — IW

2 2

« -  . »  »  (1Л 5) 
0 1 s i n -  co s—  0 1

\  /  V 2 2 /  V

unless у =  0. F o r  th e  p ro o f as w ell as th e  d iscussion  of th e  s in g u la r case у =  0 
w e refer to  [15]. H ere <p,&,гр a re  com plex  p a ra m e te rs  <p =  +  i<p2, $  =
=  -f- i# 2, ip =  \px -J- iy>2 w h ich  v a ry  b e tw een  th e  lim its

— 00 <  <Pi, (pi, <  °°  , — л < ' д 1 < , л .  (1.16)

I t  is e a sy  to  recognize an  ana logy  b e tw een  th e  above p a ra m e tr iz a tio n  
a n d  th e  E u le r  decom position  o f th e  SU (2) g roup . T his is re ta in e d  b y  th e  s tru c 
tu re  of th e  m a tr ix  elem ents as well. I t  is n o t  only  of fo rm al n a tu re  b u t  re s ts  
u p o n  th e  h o m o m o rp h y  betw een  SL (2, C) a n d  th e  th ree -d im en sio n a l com plex
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t a n “
Э2 1 
8#2 +  2

#  L  J 1  8
t a n —  3 +  t a n 2— ------- h

2 2 8# COS' #

8
+  — 1

8_____ L
d(p 8# 8#

sm 2#
Э2

3ç92
+

Э2
dip2

■— 2cos #-
02

8cp dip J
+

d_
2

#

8 +  8 
8 cp 8 ip

ta n -
# *  Э2

-  7(7 +  1)

#*

r & i )  -  0 ,

H------ta n  —— 13 +  t a n 2
2 Э#*2 2 2  2

#*

#*
cos“

— 2 cos #*

1 9 1
8 8 1 Í

\d<p* ' 8 гр* 8#* s in 2#* 1

02 i (

8#*

Э2
+

Э2

dtp* 9^*
а а

.  ̂ I За?* Эм*
4 sin  —  cos'1 ~т~

Z Z

*(& + 1 ) T iQ(g) =  o .
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ro ta t io n  group. E lem en ts  of th e  S L (2, C) g roup  can be p a ra m e tr iz e d  w ith  
com plex  E u le r angles b y  sandw ich ing  a com plex  ro ta tio n  a b o u t th e  ж-axis

ig-ivl2 о )
w ith  tw o  elem ents o f th e  0(2 ) X 0 (1 , 1) g roup , i.e. w ith  . I and

ie-iv/2 о I
t p . B y  m eans o f a d e fo rm a tio n  w ith in  th e  SL (2, C) g ro u p , th is

(0 e"f ;
le~im2 0 \

su b g ro u p  can be c o n tra c te d  in to  th e  h o ro sp h eric  su b group , i.e . ^

1 itp\ 1е~1Ч>12 0 ] /1 — iip\
w here  th e  arrow  s ta n d s  fo r “ deform s

v0 1 j lo e ^ 2) 0 1
in to ” . In  th is  w ay  th e  E u le r  d ecom position  deform s in to  th e  p a ra m e tr iz a tio n  
(1.15) used  here. F o r d e ta ils  refer to  [16].

W ith  th e  aid  o f th e  above p a ra m e tr iz a tio n  th e  in fin ite s im a l g en era to rs  
a n d  th e  C asim ir o p e ra to rs  can  be  exp ressed  as d iffe ren tia l o p e ra to rs  w ith  
re sp e c t to  th e  g roup  p a ra m e te rs . T h e  m a tr ix  e lem ents o f re p re se n ta tio n s  
T qp(g) can  be e v a lu a te d  by  solv ing th e  e igenvalue  eq u a tio n s

[J 2 ~  Hj  +  1)] T JQP(g) =  0 , [ K 2 — k(k  +  1)] T JQf(g) =  0

w h ich  can  be w ritte n  in  te rm s  o f th e  p a ra m e te rs  tp, # , xp as
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H ere

1 + i <t) ,  fc =  —  (-
Z

jo  — 1 +  iff) .

F o r  th e  p rin c ip a l series tr e a te d  in  th e  p re se n t sec tion  a ta k e s  rea l va lues. 
T hese  eq u a tio n s are  ra th e r  co m p lica ted , n ev erth e less  th e ir  so lu tions ta k e  
a sim ple form . F ir s t ,  th e  d ependence  on p a ra m e te rs  95, cp* an d  y , y>* can  be 
sep a ra te d ,

T JQP{g) =  e-KQv+Q'v'+P'f+P'v"» # • ) .  (1.17)

T h e  rem ain ing  e igenvalue  e q u a tio n s  fo r d^p h av e  a reg u la r  so lu tion  o n ly  i f  
ta k e s  in teg er v a lu es . T he so lu tio n  reads

d{ q(# ,# * )  =  ffpQ
exp [(@ -f- P )  co t(# /2 ) (Q* -f- P*) co t(#*/2)]

sin(# /2) sin(#*/2)

w here
[ ^ 2 J + l ( 0  ^ 2k+ l ( í* )  1 — 2 J - l(* )  -^ -2 Ä -l(* * )]  »

2]AÇP 

. ûsin  —
2

and г0Р —
1

4 sin(27y)

(1.18)

H ere  I v(t) d eno tes th e  Bessel fu n c tio n  o f im a g in a ry  a rg u m en t [17]. I t  is defined  
b y  th e  series

i v{t) =  j v  -— (*12У+2т------ .
£ 0 т \Г ( т  +  г +  1)

In  o rd e r to  d e te rm in e  I v u n am b ig u o u sly  th e  sin  —  as well as Q
( s in  # /2  ) 6 • 2

a n d  P  p lanes h a v e  to  be cu t. H ow ever, th e  d isco n tin u itie s  o f dJQP across th e  
c u ts  can  he show n to  v an ish  s im p ly  as a consequence o f th e  q u a n tiz a tio n  o f j 0. 
In d e e d , encircling  th e  in f in ity  in  th e  sin (0/2) p lan e  in  th e  p ositive  d irec tio n  
I 2j+ i(t) I 2k+i(t*) a n d  I - 2J -  i(0  12k - 1) (**) are m u ltip lie d  b y  exp  ( —4ггi j 0) =  1 an d  
ex p  ( —(-4тгг/0) =  1, resp ec tiv e ly . V an ish ing  o f th e  d isco n tin u itie s  in  Q an d  P  
p lan es can be seen  in  a sim ilar sim p le  w ay.

I t  has b een  m en tio n ed  t h a t  a t  P  =  0 th e  o rd e r o f in te g ra tio n s  c an n o t 
be  in te rch an g ed  in  (1.12); i.e. in  th is  case T JQP(g) c a n n o t be in te rp re te d  as th e  
k e rn e l o f th e  in te g ra l tra n s fo rm a tio n  (1.12). In d eed , in  (1.17) an d  (1.18) 
in  th e  exp lic it fo rm  o f TqP we m ee t an  o sc illa ting  expression  u n d e te rm in e d  
w hen  P  ten d s to  zero. D ue to  th e  sy m m e try  o f  th e  m a tr ix  e lem ents a s im ila r 
s ta te m e n t can  be  m ade on Q —► 0 to o . A t th e  sam e tim e , how ever, if  th e  lim it
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P —*-0 is p e rfo rm ed  in  (1.14) in  th e  in te g ra n d , th e  in teg ra l y ie lds a defin ite  
re su lt:

TJqP-Q(g) =  (2n) 2 J d2zeQz Q*z* ( — yz  -f- a)2-' ( — y*z* -)- <x*)2k —

( . 01 V l ■ &*\sin  — s in ----
1 2 J l 2

w here

2k О
ßQ cot — — Q* cot —  _ e ~  i(Q<p +  Q*ç>*)

Q Д -  2k)

(1.19)

L e t us now  in tro d u c e  the  fu n c tio n s

(2j +  l ) ( - 2 f e - l )  
8тг2

1/2

T^r-ofe)’ ( 1.20)

w hich  form  a com plete  o rth o n o rm a l se t o f  functions in  th e  space  o f square  
in teg rab le  fu n c tio n s  defined o n  th e  sp inors u , v. I t  has been  show n in  [22] 
t h a t  u an d  v a re  expressed in  te rm s  of p a ra m e te rs  ■&, cp as

u =  cos (#/2) — icp sin  (# /2 ) , v =  sin ( # /2 ) .

F u n c tio n s  (1.20) sa tisfy  th e  o r th o g o n a lity  re la tions 

J YJq.(ö, cp)* Yq($, cp) d2ud2v =  dJo. yo ô(a' — a) d(Qi -  Qt) ô(Q'2 — Q2) ,

w here

«Pud2» =  d  R e  ud  Im  ud Re vd  Im  v — sin  •& sin  -&* d Re $  d Im  &d R e <pd Im  cp .

I t  is a re m a rk a b le  fac t t h a t  th e  spherica l functions (1.20) a re , a p a r t  from  
th e  n o rm a liza tio n  facto r, e le m e n ta ry  fu n c tio n s. In  the  n e x t sec tio n  we proceed 
to  th e  e v a lu a tio n  o f the m a tr ix  e lem ents o f  th e  su p p lem en ta ry  series.

2. Supplementary series of the unitary representations

T he su p p le m e n ta ry  series is ch a rac te rized  b y  th e  v a lu es  j 0 =  0 and  
ice =  Q ( — 1 <  Q <  1), i.e. b e tw een  j  an d  к defined  p rev io u sly  th e  re la tio n

2j + l  =  2k +  l  =  g (2.1)

holds. T he H e rm ite a n  fu n c tio n a l on Dx now  read s [1, 12]

{<Pn 9/2} = 0) 1 J dZldz% \ z i  z 2 I 2 28 Vifai)* ^2 ^2 )  W i i  (P2^ ^ X)- (2 -2 )
Acta Physica Academiae Scientiarum Hungaricae 39, 1975
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T h is  functional is co n v e rg en t an d  po sitiv e  d e fin ite  fo r  — 1 <  q <  1, b u t  i t  
c a n  be ex tended  to  th e  values | g | >  1 b y  m ean s o f  reg u la riza to n . T h en , 
how ever, i t  fails to  re m a in  p o sitiv e  d e fin ite  an d  th e re fo re  can n o t be u sed  as 
a sca la r  p ro d u c t [1].

E q u a tio n s d e f in in g  th e  h o rospheric  basis ta k e  th e  fo rm  o f (1.7) o r  (1.9), 
ag a in :

j+0<pp. =  РФ°рр. ,  К-Ф\>р, =  Р*ФвРР,
w ith

P = i - ( P 1 +  iP2) .  P* =  l { P l - P 2) .
Z Z

I n  th e  «-space th e  g en e ra to rs  a re  g iven in  th e  fo rm  J+ — —d/dz, К _ =  Э/8z* 
a n d  th u s  th e  b asis  fu n c tio n s  are o f th e  form  0 ePp,(z) — N  exp  (—Pz  -f- P*z*). 
T hese  functions a re  o rth o g o n a l w ith  resp ec t to  th e  sc a la r  p ro d u c t o f th e  su p 
p le m e n ta ry  series (2 .2 ), how ever, th e  n o rm aliz ing  fa c to r  differs from  t h a t  o f 
th e  p rinc ipal series. I t  is d e te rm in ed  from  th e  re q u ire m e n t

{ 0 eQQ. , 0 ePP.} =  iV2P ( -  g ) - 1 J  d*zlCPz2 |* x -  z2\-*-*e0 eQQ,(z)*0ePp.(z) =

=  0(Q, -  P x) 0(Q2 -  P 2) .

In te g ra tio n  w ith  re sp ec t to  «х can  be easily  p e rfo rm ed  by in tro d u c in g  
th e  va riab le  z =  zx — z2 an d  su b seq u en tly  p o la r  co o rd in a te s  in th e  «-plane,

i d 2« l i l ------ h i  2 e eQzi—Q*z\  = 2 n e ^ - W  P ( - g ) ~ \
J Ц-Q)
f d | « |  I * I"1" 2* J 0(2| * I I Ç |) =  я  e«*-*?*« . (2.3)

J o  7 (1  +  g)

H ere  J 0 denotes th e  B essel fu n c tio n  o f  zero o rder. F ro m  th is  i t  follows im m e 
d ia te ly  th a t  N  =  (2 jr)-1  j P  |~® |AF(1 +  g)/?t a n d  th e  basis  functions a re

0 ePp.{z) =  (2тг)-1 1 P  I Д 1 +  e) e - P z+ P *z*
n

(2.4)

S im ilarly  to  th e  basis for th e  p rin c ip a l series th e se  functions are  n o t  ele
m e n ts  of space D x e i th e r , th ere fo re  th e y  are to  be  considered  as fu n c tio n a ls  
on  D x, w hich, in  th e  p re se n t case can  be w ritte n  as

yj{P, P*) =  J  d h ^ z ^ p p . i z j  K («x; z2)(p(z2) , (2.5)
w here

* ( * ! ,* * ) =  | * ! - * a I-2- 2eP ( -  e ) - 1.
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T h e ac tio n  o f th e  rep re sen ta tio n s  is d efin ed  now  by

7 > ( P ,  P*) =  j  d2z1d2z2(— yZl +  « Г - Ч -  y*zt +

Ф%Р. ---- — ] K (z t, z2) <p(z2) .
— yz  i + a j

W ith  th e  a id  o f  (2.3) cp(z) can be ex p ressed  from  (2.5)

<p(z) =  S<Pqq.(z)* v {Q, Q *)d2Q .

S u b s titu tin g  th is  in  (2.6) one gets

7 > ( P ,  P * ) =  J  d \ d 2z2( - y z t +  х)в~ ' ( -  y*zt +  a*)®-1

Ф°РP P •
dzi -  /1

— 7zi +  a ,
x ( z i ; .z2) [ > < ? Ф ы * 2 ) > ( < ? ,е * ь

( 2 .6)

C o n sequen tly , th e  m a trix  e lem en ts  o f  th e  su p p lem en ta ry  series can  be 
defined  as th e  k e rn e l o f th e  in te g ra l tra n s fo rm a tio n

T g fip ’ P*) =  Sd*QT{m y>(Q,Q*)

prov ided  th e  in te rc h a n g e  of th e  o rd e r o f in te g ra tio n s  is leg itim ate . T h e  k e rn e l 
tak es  th e  fo rm

Tfqp}(g) — J d2z id2z,/P'^Q,(z2)* K (Zl; z2) ,
(2.7)

( — yZi -j- x y - 1 ( - y*z* +  «*)e_1 Фрр* I - Zl ~  ß  •
l — 7 * i+ a

The labe ls  Q, P  h av e  been p u t  in  cu rly  b ra c k e ts  to  in d ica te  th a t  th e  sca la r  
p ro d u c t d iffers fro m  th a t  given fo r th e  p rin c ip a l series.

E v e n  th o u g h  (2.7) seems to  be  m ore  co m plica ted  th a n  (1.14), i t  can  
neverth e less  be  easily  reduced  to  (1.14). W e use (2.3) again , th e n  (2.7) b e 
comes [18]

T {QP}(g ) =  Д —  e ) _1 J d2z±d2z2 Iz 1 — z 2 | - 2 - 2® 0 ^ q . ( z 1)* .

( -  yz2 +  x y - 1 ( -  y*zî +  x * y - 1 Ф<>РР. | - &82 ~  ß  =
l —yz 2 +  <Z>

=  (2л)~2 $ d 2z e Qz- Q,z,( - y z  +  a ) e_1 ( — y*z* +  x*y~* e- pz'+p*z'* . (2 .8)

I t  is concluded  th a t

P{QP}(g) =  Pqp(s ) |g/+i=e •

i.e ., th e  m a tr ix  e lem en ts  of th e  su p p le m e n ta ry  series in  horospheric  basis  
coincide w ith  th o se  o f  th e  p rinc ipa l series, m ere ly  2j -)- 1 =  2k -j- 1 =  q h a v e  
to  be su b s titu te d . T herefo re , one gets  from  (1.17) an d  (1.18),
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T® (g) =  e - i(Q*+Q”f”+Pv+P"f'') d*QP]('d, ■&*)
w ith

dem ] ( W )  =

. « a « ? + * >  - m - i S L t p  w  w , . ) ]
sm (t//2) sm (tr*/2)

w h ere  again
P1

Q
2YQP  , „ 1t =  . / n,CTt an d  «jjp =  —

sin(#/2) 4sin(g7t)

I t  has b e e n  m en tio n ed  in  th e  case o f  p rin c ip a l series th a t  th e  d isc o n ti
n u ity  across th e  c u ts  in  t an d  t* p lanes v a n ish e s  due to  th e  q u a n tiz a tio n  o f y 0. 
I t  is easy to  see t h a t  th is  is t ru e  fo r th e  su p p le m e n ta ry  series as well. A t t =  0 
th e  Bessel fu n c tio n  I e{t) has a b ra n c h  p o in t o f  o rd er q, t h a t  is, w hen  en c irc l
in g  th e  orig in  once in  th e  po sitiv e  d ire c tio n  I e(t) an d  I e(t) J e(t*) are
m u ltip lied  b y  ex p  (2nig) exp ( — 2niq) — 1. C om pleting  th is  b y  th e  o b se rv a tio n

t h a t  in  th e  g iven  ran g e  of #  th e  v a lu e  o f c o t
0
2

is u nam biguously  d e te rm in ed

0
b y  th e  v alue  o f  sin  — , we can  see th a t  th e  d isc o n tin u ity  van ishes. A  s im ila r

s ta te m e n t can  be  m ade on th e  d isco n tin u itie s  in  th e  Q, Q* an d  P , P* p lanes.
F in a lly , I  w ould  add  th a t  th e  im p a c t p a ra m e te r  m ay  p ro v e  to  be n o t 

o n ly  useful b u t  a fu n d a m e n ta l v a riab le  in  th e  d escrip tion  o f h igh  en e rg y  
phen o m en a . I n  th is  case th e  expansion  o f  s c a tte r in g  am p litu d e  w ould  enab le  
th e  above re p re se n ta tio n s  to  in c o rp o ra te  a  g re a t deal o f dynam ics.
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The experim entally well known decrease of the m agnetic susceptibility  of oxygen in 
the liquid sta te  com pared w ith Curie’s law is explained. A physical reason is given for this 
phenomenon (spin exchange forces), and the reduction of m agnetic susceptibility  is calculated 
on the basis of the in teraction  of pairs of oxygen molecules. The critical po in t is also considered, 
b u t no special critical phenomenon is taken  in to  account. The values are therefore reference 
values for vanishing critical effects.

I. Introduction

The oxygen  m olecule is know n to  be p a ram ag n e tic . T he reason  for th is  
phenom enon  is t h a t  in  th e  g ro u n d  s ta te  — w hich will be th e  on ly  s ta te  consi
d e red  here — a non-co m p en sa ted  sp in  ex ists . O f th e  16 e lec trons p resen t, 
14 are sp in -sa tu ra te d , th e  rem ain in g  tw o , w hich  are  in  jtg -orh ita ls, h av e  para lle l 
sp ins [1].

Since th e re  is no to ta l  o rb ita l an g u la r m o m en tu m , th e  m o la r m agnetic  
su scep tib ility  accord ing  to  C urie’s law  is g iven b y  [2]:

Xmol =  1 .00 /Г  cm 3m ol—1 (cgs),* (1)

w here  T  is th e  ab so lu te  te m p e ra tu re .
In  th e  gaseous phase , th e  ex p e rim en ta l v a lues due  to  m easu rem en ts  of 

K amerlingh  On n e s  [3] agree v e ry  well w ith  th is  fo rm u la , b u t  in  th e  liq u id  
s ta te  th e  su scep tib ility  is reduced  b y  30 — 50% ; in  th e  solid  ph ase  th e  redu c tio n  
is even  g rea te r [4], [5]. In  th is  p ap e r, we re s tr ic t  o u r a t te n tio n  to  th e  liq u id  
s ta te .

Fig. 1 show s th e  m o lar su scep tib ility  in  th e  gaseous an d  th e  liqu id  
phases  (boiling p o in t: 90.2 K ; m e ltin g  p o in t: 54.3 K ). T he fu ll line  is th e  experi
m e n ta l Xmol-. th e  d o tte d  curve  show s th e  co rrespond ing  va lu es  g iven  b y  C urie’s 
law . Fig. 2 show s th e  re la tiv e  d ev ia tio n  o f  th e  ex p e rim en ta l va lues from  
C urie’s law .

A fte r th e  m easu rem en ts  ca rried  o u t by K am erlingh  On n es  several 
a t te m p ts  w ere m ade to  exp la in  th e  decrease o f  su scep tib ility , b u t  w ith o u t

* Xmol(S t) /m 3 m o l"1 =  4л/10в *mol(cgs)/cm3 m o l-1.
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Fig. 1. Molar m agnetic susceptib ility  of gaseous and liquid oxygen 
ymoi: experim ental values 

yino : susceptib ility  according to  Curie’s law

Fig. 2. R elative deviation  from  Curie’s law in th e  liquid phase

success. O ne o f  th e  m ost im p o r ta n t  s tep s  w as th e  a ssu m p tio n  o f th e  ex istence  
o f  an  0 4-m olecule in  th e  cond en sed  s ta te s  in  ad d itio n  to  th e  0 2-m olecules, 
as p roposed  b y  Lewis [6]. T h e  sp in  w ould be s a tu ra te d  in  th e  0 4-m oIecule, 
th e re fo re  th e  decrease of su sc e p tib ility  seem ed to  he ex p la ined . B u t th is  w as 
n o  rea l e x p la n a tio n  since th e  ex is ten ce  o f 0 4 w as o n ly  a p o s tu la te .

K nobler  [7] tried to  explain  the reduction effect by antiferrom agnetic  
spin  exchange but was not successful.

A m athem atical description o f a possible decrease o f  susceptib ility  inde
pendent o f the physical reason was found by B uckingham  and P ople [8]. 
I t  consists in  a virial expansion o f y moi:
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1.00
Zmol i  +

* о

J ^ r  • <ю(— | -  exp( — EJkT)  - 1  exp( -  Е ф Т )+ 1  exp( -  E Q/kT) J
f  > r  • d Q

+  i?inoI • • • (2)

w here L  is  th e  A vogadro  con stan t, к is  th e  B o ltzm an n  co n stan t, pmoi th e  m olar 
d en sity , Q  sym bolizes th e  angles fo r  a ll possible re la tiv e  o rien ta tio n s  o f  tw o 
0 2-m olecules (th ree  an g les  needed), a n d  E s, E t , E q designate  th e  in te ra c tio n  
p o te n tia l energy  o f tw o  m olecules in  th e  possible th re e  s ta te s  s in g le t, tr ip le t  
and  q u in tu p le t , re sp ec tiv e ly  (the s in g le  m olecule is  in  th e  tr ip le t  s ta te  as 
m en tioned ). T he f irs t  te r m  o f form ula (2) is th e  te rm  o f  C urie’s law . T h e  second 
te rm  ta k e s  com plexes o f  tw o  0 2-m olecules in to  a cco u n t (in d ep en d en t o f  w h e th e r 
th e re  e x is t “ rea l”  0 4-m olecules or n o t  since i t  is o n ly  a m a th e m a tic a l fo r
m alism ).

T h e  p resen t p a p e r  is based on th is  form alism . T h e  3-, 4 - . . .  b o d y  in te r 
actions a re  neglected  as th e  paper o n ly  deals w ith  th e  liq u id  s ta te , w h ere  spe
cific 3 -b o d y  forces a re  found  to  be c o m p a ra tiv e ly  sm all. C onsid era tio n  of 
2-body forces will be su ffic ien t to  c la r ify  w h e th e r t h e  decrease o f th e  su scep ti
b ility  can  be exp la ined  q u a lita tiv e ly  a n d , m aybe, e v e n  q u a n tita tiv e ly , w hich 
was n o t possib le  so fa r.

II. The physical reason for th e  decrease o f  susceptibility

I I . 1 MurreVs form alism

N ow , th e  p h y sica l reaso n  for th e  d ifference o f  E s , E T, E q has to  b e  found . 
W e have  to  s tu d y  th e  in te ra c tio n  p o te n t ia l  of tw o 0 2-m olecuIes a t a n y  d is tan ce  
and  o r ie n ta tio n . T his co n stitu te s  a r a t h e r  co m p lex  32-electron p rob lem . 
To sim p lify  th is  p ro b lem , th e  14 s p in - s a tu ra te d  e lec tro n s of one m olecule 
were assu m ed  to  co m p en sa te  14 charges o f  th e  nuclei (7 o f  each), th e  rem ain in g  
quasi-m olecule being: 2 positive  c h a rg e s  in  th e  d is ta n c e  of 1 .2 1 x l 0 _1° m, 
as in  th e  oxygen  m olecule . Two e le c tro n s  w ith  p a ra lle l spins rem a in  in  th e  
3Tg-o rb ita ls . T hus, th e  in te ra c tio n  of tw o  o x y g en  m olecules is reduced  to  a four- 
electron  p ro b lem , w hich  is m uch easier to  hand le  as fa r  as th e  a n tisy m m e tri-  
za tion  ru le  is concerned.

W ith  th is  s im p lified  m odel, we c a n  ask  w hich  p a r t  of th e  in te ra c tio n  
p o ten tia l is sp in -d e p e n d e n t and, th e re fo re , gives rise  to  d ifferen t E s, E t , E q.

2 Acta Physica Academiae Scientiarum Hungaricae 39, 1975



18 K. W. KRATKY

T o answer th is q u estion , we follow  th e  ideas o f Murrell  [9] who used pertur
b ation  theory to  exp an d  the energy o f  a system  o f two m olecules:

E  =  E 0 +  E 10 +  E 20 +  E 12 +  E 22 +  . . . , (3)

w h ere  E 0 is th e  e n e rg y  of the  g ro u n d  s ta te  (tw o in d ep en d en t m olecules) w hich 
is o f  no in te re s t . E 10 and  E 20 a re  th e  u su a l f i r s t -  an d  second-o rder te rm s in  
p e r tu rb a tio n  th e o r y  w hich are  sp in - in d e p e n d e n t. T he av erag e  p o te n tia l is 
g iv en  by  th e se  te rm s , w hich w as ta k e n  fro m  th e  l ite ra tu re  in  th is  p a p e r 
(L en n a r d -Jo nes  a n d  h ard -sphere  p o te n tia ls ) . JE12 an d  E22 a re  ex ch an g e  te rm s  
a n d  can  be d e r iv e d  b y  using th e  a n tisy m m e tr iz a tio n  ru le fo r  th e  e lec tron  
w a v e  fu n c tio n s. B o th  term s a re  sp in -d e p e n d e n t. A ccording to  Murrell , 
E 22 is m uch sm a lle r  th a n  E n , a n d  w e e s tim a te d  E 22 to  be neg lig ib le  in  th e  case 
o f  oxygen.

T herefo re, as th e  in te re s tin g  te rm  rem a in s  E 12:

E 12 =  P ÿ ( v iv n )  I w » )  * <v?vn I и  I ipiyu>— P i t { f m i )  | и \ y>mi> • (4 )
ij a

Vi (Vi i) is th e  w a v e  fu nc tion  (in c lu d in g  th e  sp in  com ponen t) o f th e  f i r s t  (second) 
m olecule. 1,2: e le c tro n s  of m olecule  I ,  3,4: e lec tro n s  of m olecule I I .  U is th e  
in te ra c tio n  o p e ra to r  w hich in c ludes th e  a t tra c t io n  o f th e  elec trons o f  one oxygen  
m olecule to  th e  n u c le i of th e  o th e r  one, as w ell as th e  e lec tro n -e lec tro n  a n d  
nuclei-nuclei re p u ls io n . P y  d es ig n a te s  th e  ex ch an g e  of one e lec tro n  o f one 
m olecule w ith  o n e  e lectron  o f th e  o th e r  m olecu le , e.g.:

P +  e ( l )  • 6(2) • c(3) • d(4) =  a ( l )  • 6(3) • c(2) • d ( 4 ) , (5)

w h ere  a, 6, c, d  a re  w ave fu n c tio n s  (inc lud ing  sp in ).
In  ou r p a r t ic u la r  case, i t  is  possib le  to  se p a ra te  the  space a n d  spin p a r ts , 

w h ich  tak es  e x p re ss io n  (4) in to

E 12 =  <Pi+3( l i ln )  I ! i ! n >  X {Sot • < W ii I U I ViVi i> —

— <^  Ptj(<P№i) I U  I çpiçpii)}  =  <РЙ (£ i l i i )  I I i I i i )  A .  (6)
U

w h ere  Sfo — Ptj{<p\<Pu) I ViVi i)  • (6 a )
U

H ere , cp is th e  s p a t ia l  p a r t of th e  w av e  fu n c tio n , a n d  i  is th e  sp in  p a r t .  T he f i r s t  
te rm  of (6) is exclusively  sp in -d e p e n d e n t, w h ereas  th e  ex ch an g e  energy  A  is  
n o t  sp in -d ep en d en t.
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O rth o gonaliz ing  th e  sp in -d ep en d en t te rm  leads to

E “ (S) =  - A ß ,  Я “ (Т ) =  0, E™(Q) =  + A  . (7)

T herefo re , th e  energies need ed  to  u se  th e  B uck in g h am -fo rm alism  (2) are:

E  =  E 10 +  E 20 — A /2 ,
E  =  E 10 +  E 20, (8)
E  — E 10 -f- E 20 +  A  .

The rem a in in g  prob lem  is th e  d e te rm in a tio n  o f th e  exchange en erg y  A .  T here
fore, th e  e x p la n a tio n  o f  th e  red u c tio n  o f  su sc e p tib ility  leads to  th e  ca lcu la tio n  
o f th e  ex ch an g e  energy  A  — a co m p le te ly  no n -m ag n e tic  p rob lem .

II .2 . The calculation o f  the exchange energy

F o r th e  ca lcu la tio n  o f  A  we need  th e  sp a tia l w ave fu n c tio n  o f  th e  elec
tro n s  in  th e  ^ - o r b i ta ls .  T hese  o rb ita ls  a re  ta k e n  as a lin ea r  c o m b in a tio n  o f the  
atom ic  p x ^ -o rb ita ls . T he fo rm ulae  fo r th e  p x>J,-functions have  been  ta k e n  from  
T utihasi [10] an d  are  g iven  b y

Px

Py
=  r» [9 .62 e x p ( — 3.16 r) - f -1.47 ex p  (— 1.32 r)]*

• ]/ 3 /4я • sin  в ■ cos cp 
sin  <p

(9)

w here r, 6, (p a re  spherica l co o rd ina tes (w ith  th e  a-axis as th e  sy m m e try  axis 
o f  th e  0 2-m olecule). r  is m easu red  in  a .u . =  5.292 X lO -11 m. (9) rep re sen ts  
an  a n a ly tic a l f i t  to  S C F -resu lts  (self c o n s is te n t fie ld -m ethod).

N ow , w e shou ld  be  ab le  to  ca lcu la te  A ,  h u t  th is  p rob lem  s till seem s to  
he  too  co m p lica ted . Mu r h e l l  [9] has show n  th a t ,  in  th e  case o f  H — H  and 
C—C in te ra c tio n , A  can  be  red u ced  to

A - k . % 2 -
" R

( 10)

w here S(R ) is th e  o v erlap  in te g ra l J dsr ■$>(!) r/:(l); <p, cp a re  sp a tia l w ave fu n c tio n s 
a ro u n d  c e n tre s  a t  a d is tan ce  R  in  a .u .). I f  th e  energy  is expressed  in  H a rtre e  
u n its  (4 .3 6 X 1 0 -18 J ) , к tu r n s  o u t to  be o f  th e  o rd er o f  1 in  th e  cases s tu d ied  
b y  Mu rrell .

T he case o f  oxygen is  m u ch  m ore co m p lica ted , since th e re  a re  n o w  tw o 
e lectrons o f  each  m olecule o verlapp ing , a n d  th e  m olecules are n o t sp h erica lly
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sy m m etric . R e p la c in g  S2 b y  S^0 (defined  in E q . (6a)) tak es  th is  fa c t in to  acco u n t. 
S qo depends on th e  d is tan ce  of th e  2 m olecules a n d  on th e  re la tiv e  o rie n ta tio n .

The a u th o r  [11] found  o u t th a t ,  in  good a p p ro x im a tio n , th e  follow ing fo r
m u la  holds:

A  =  k - ^ .  (11)
R

S qo can  he e x p re ssed  a n a ly tic a lly  b y  th e  d is tan ce  a n d  th e  re la tiv e  o r ie n ta tio n  
o f  th e  oxygen m olecules. T h erefo re , the  rem a in in g  p roblem  is to  d e te rm in e  k. 
T h is  was done b y  co m p u te r a n d  found  o u t to  be  + 1 -8  jl 0.5. T he in accu racy  
d e riv es  from  th e  red u c tio n  o f 3- a n d  4 -cen tre  in teg ra ls  to  2 -cen tre  in te g ra ls  
a n d  from  th e  fa c t  t h a t  th e  rem a in in g  term s, w h ich  h ad  to  be su b tra c te d  from  
e a c h  o ther, h a d  a lm o s t equal v a lu es .

I I . 3. Spin-independent interaction potential

The sp in -in d ep en d en t in te ra c tio n  p o te n tia l w as tak en  from  th e  l i te ra tu re ,
i.e . a L e n n a r d - J o n e s  p o te n tia l  (spherically  sym m etric) w ith  e =  115 К  
( 1 .5 9 x l 0 -21 J )  a n d  a =  3 .4 6 x l 0 ~ 10 m was chosen  [12], [13].

To assess w hether the angular dependence o f the interaction has to  be 
tak en  into accou n t, a realistic angular dependence according to  Corner [14]

Fig. 3. C om parison of the experim ental and the theoretical values of (1 — Jfmol/Xmol)
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w as u sed . H ow ever, th e  difference be tw een  these  re su lts  and  th o se  ob ta ined  
w ith  th e  sym m etric  p o te n tia l tu rn e d  o u t to  be m in im al so t h a t  th is  more 
co m p lica ted  p o ten tia l w as no longer u sed . W e also m ad e  use o f a m odel p o ten 
tia l, i.e . th e  ha rd -sp h ere  p o ten tia l w ith  a — 3.46 X 1 0 “ 10 m  (p o in t o f  zero  value 
o f  th e  Len n a r d -Jones p o ten tia l u sed ).

III. Results

T ak in g  in to  a c c o u n t th e  p o te n tia ls  m en tioned , th e  decrease o f  th e  sus
c e p tib ility  according to  th e  B uckingham  form alism  (2) w as d e te rm in ed  (Fig. 3). 
T here  is re a lly  a decrease o f  su sc e p tib ility , and  even g re a te r  th a n  t h a t  m easured . 
In  th e  v ic in ity  of th e  bo iling  p o in t, th e  resu lts  are  r a th e r  good. In te re s tin g ly  
enough , th e  ha rd -sp h ere  p o ten tia l g ives b e tte r  re su lts  th a n  th e  Le n n a r d -Jones 
p o te n tia l. T he neglect o f  th e  3 -body fo rces seems to  m ak e  th e  v a lu es  to o  high, 
w hich  is in  accordance w ith  re su lts  o f  McMahan , Gu y e r  [15]. Sum m ariz ing , 
we can  say  th a t  th e  d ecrease  of th e  su scep tib ility  o f  oxy g en  in  th e  l iq u id  s ta te  
could  be  exp lained , b u t  an  im p ro v e m e n t of th e  acc u ra cy  w ould  be  highly  
d esirab le .

T h e  c ritica l p o in t w as considered , to o , th e  re su lt  fo r th e  re la tiv e  decrease 
being  0.0595 (Len n a r d -J ones) an d  0 .0850 (hard  sp heres), re sp ec tiv e ly . These 
are re fe rence  values w ith o u t c o n sid e ra tio n  of any  spec ia l c ritica l phenom enon . 
T he co rrespond ing  e x p e rim en t is b e in g  done a t th e  I .  P h y sik a lisch es In s t i tu t  
d er U n iv e rs itä t  W ien.
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ing discussions on the problem s concerning theoretical chem istry which arose in  the course of 
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UNSTEADY FLOW OF A DUSTY VISCOUS LIQUID IN A
ROTATING CHANNEL

B y

S . N . D u b e  a n d  C. L. S h a r m a

DEPARTMENT OF MATHEMATICS, HIMACHAL PRADESH UNIVERSITY, SIMLA-5, INDIA

(Received 8. У. 1975)

The unsteady flow o f a dusty viscous liquid  in a paralle l p late  channel ro ta ting  with 
an angular velocity Q is analysed. A nalytical expressions for th e  velocities of th e  liquid and 
the dust particles are ob ta ined . These expressions contain tw o param eters: the dimensionless 
decay factor A and К 2 w hich  is the reciprocal of the E km an  num ber. The effects of these 
param eters on the velocity distributions are studied.

In tro d u c tio n

Saffm an  [1] h a s  d iscussed  th e  s ta b il i ty  o f  th e  la m in a r  flow  o f  a dusty  
gas in  w hich  the  d u s t  pa rtic le s  are u n ifo rm ly  d is tr ib u te d . H e h as  assum ed 
th a t  th e  d u s t partic les  a re  uniform  in  size an d  shape a n d  th e  bu lk  co n cen tra tio n  
o f th e  d u s t is very  sm a ll to  be neg lec ted . O n th e  o th e r  h a n d  th e  d e n s ity  of the  
d u s t m a te r ia l is large co m p ared  w ith  th e  gas d e n s ity  so th a t  th e  m ass concen
tr a t io n  o f d u s t is an  ap p rec iab le  fra c tio n  o f  u n ity . Mich ael  [2] has in v es tig a ted  
th e  K e lv in —H elm h o ltz  in s ta b ility  o f  th e  d u s ty  gas. R a o  [3] h a s  discussed 
th e  u n s te a d y  lam in ar f lo w  of a d u s ty  viscous l iq u id  u n d e r th e  in fluence  of 
ex p o n en tia l p ressure g ra d ie n t  th ro u g h  a  c ircu la r cy lin d e r.

I n  th e  p resen t p a p e r  we consider th e  u n s te a d y  flow  of a d u s ty  viscous 
liq u id  confined  b e tw een  tw o  paralle l in f in ite  w alls ro ta t in g  w ith  a n  angular 
v e lo c ity  Q  ab o u t an  a x is  p e rp en d icu la r to  th e ir  p lan es . E x a c t so lu tions of 
th e  govern ing  eq u a tio n s  a re  ob ta ined  in  closed fo rm . T h e re  are tw o  p a ram ete rs

in v o lv ed , v iz . A w hich  is  a  d im ensionless decay  fa c to r  a n d  K 2
Qz%

w hich is
V

th e  ra tio  o f Coriolis a n d  viscous fo rces. V elocity  p ro file s  for sm all an d  large 
values o f th ese  p a ra m e te rs  have been d raw n .

T he im p o rtan ce  o f  th e  s tu d y  o f f lu id  flow  p ro b lem s tak in g  in to  account 
th e  s im u ltaneous effec ts  o f  d u st an d  C oriolis force lies in  th e ir  ap p lica tio n  in 
m a n y  fie lds of in te re s t. T h ere fo re  i t  is d e s irab le  to  s tu d y  th e ir  effects in  specific 
flow  prob lem s.
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1. E quations of m otion

T he eq u a tio n s  o f  m otion a n d  c o n tin u ity  in  a ro ta tin g  fram e  o f reference 
fo r  a  viscous incom pressib le  f lu id  w ith  uniform  d is tr ib u tio n  o f d u s t  partic les  
a re  g iven  by

+  (u • у )  u  +  2£2 X u = ----- — g rad  p  +  v y 2“  +  ^  (v — u ) , (1.1 )
91 Q в

m
9v
a7

+ ( v - y )  v +  2£2 X v =  K '(u  — v ) , ( 1.2 )

d iv  и =  0 ,  (1.3)

d iv  v  =  0 . (1.4)

I n  th e s e  eq u a tio n s  u,  v are velo c ities  o f  liqu id  a n d  d u s t p artic les , resp ec tiv e ly , 
is  th e  angu la r v e lo c ity  of th e  s y s te m  (consisting o f  th e  p la te s  a n d  th e  d u s ty

liq u id )  referred  to  a  fix ed  in e rtia l f ra m e  and p  =  p ' J?
2

£2 X r  2 , p '  deno ting

th e  f lu id  pressure  a n d  r  denoting  th e  position  v e c to r  from  th e  ax is  o f  ro ta tio n , 
m  th e  m ass of a  d u s t  partic le , K '  th e  Stokes re s is tan ce  coeffic ien t w hich fo r 
sp h e ric a l partic les  o f  rad ius e is б лр е , p  being th e  v isco sity  of th e  liq u id , N 0 th e  
n u m b e r  d ensity  o f  d u s t partic les w h ic h  is a c o n s ta n t th ro u g h o u t th e  m otion , 
v, Q a re  re sp ec tiv e ly  th e  k in em atic  coeffic ien t o f  v iscosity  a n d  d e n s ity  of th e  
liq u id .

W e choose a  ca rtes ian  sy s te m  such  th a t  2-ax is  is p e rp e n d ic u la r  to  th e  
p la te s , 2 =  + 2 0. T h e  ж-axis is in  th e  d irection  o f  th e  pressure  g ra d ie n t. F o r 
s im p lic ity  th e  a n g u la r  velocity  is t a k e n  to  be p a ra lle l to  th e  2-ax is . Since th e  
p la te s  are in fin ite  in  th e  x  and y -d ire c tio n s , th e  fie ld s  set u p  fo r  th e  u n s te a d y  
s t a te  will depend  o n ly  on z and  t.

T he v e loc ities u , v m ay re a so n a b ly  be assum ed  as

u =  ( u 1? m2, 0 ) ,  

v =  (vv  v2, 0 ) .

T h e  equations o f  m o tio n  th en  re d u c e  to

2a£<* W‘2 --
1 dp

+  V-
92IÍ!

dt 9 dx dz2

du2
“j~ 2Q и j =

1 dp
+  v d2u2

91 Q 9у dz2

K 'N ° ( \ + --------- (»1 — “ 7

+

в

K ' N ,
-  (V2 -  Ui) ,

(1.5)

( 1.6)

(1.7)

( 1.8 )
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o =  - l 8p_ ? (1.9)
Q 9 z

Qv,
-— 1---- 2f2t>,

31
=  K ' ( u 1 - v 1) , (1.10)

8n, 1
—— +  2ÍJ vx 

91
=  К  (w2 v2) • (1.11)

E q s . (1.3) and  (1.4) are id e n tic a lly  satisfied  a n d  E q . (1.9) show s th e  con
s ta n c y  o f  th e  flu id  d y n am ic  p re ssu re  along th e  ax is  o f ro ta tio n . W e shall 
assum e now  th a t  th e  f lu id  flows u n d e r  th e  in fluence  o f  e x p o n en tia l pressure 
g ra d ie n t in  th e  d irec tio n  o f  th e  # -a x is  betw een  th e  p a ra lle l p la te s , z =  + z 0. 
The b o u n d a ry  cond itions to  be sa tis f ie d  are

z =  +  z 0: u l =  0, u 2 =  0; tq =  0, v2 =  0 . ( 1. 12)

W e now  m ake E qs. (1 .7), (1.8), (1.10) a n d  (1.11) d im ensionless b y  in tro d u c in g  
th e  fo llow ing  non-d im ensional q u a n tit ie s :

X — z _ n,z,X — — , z =

v0 =

u , = 1^0
, «2

u2z0 _  v,z,

zo zo

V2Z0 — Pz 0
-----  ’ P =”

V pv2

—  я —
z0 ’ V

, K 2=  c =

V

m N .

, t q = 1*0

0 mv-,
Q K 'z l

A fter d ro p p in g  th e  b a rs , E qs. (1.7), (1 .8 ), (1.10) an d  (1.11) becom e

£  +  * * 4 , — £ + - £  +  > - ‘ >’

+  2 iK 2q2 =  —  (? i  — q2) ,
oi a

(1.13)

(1.14)

w here ql =  u 1 -(- iu2 an d  q2 — v i +  iv2.
T h e b o u n d a ry  co n d itio n s th en  re d u c e  to

* =  ±  1, ï i  =  0,  q2 =  0 .
We now  assum e th a t

dx

(1.15)

(1.16)

Acta Physica Acaderniae Scienliarum Hungaricae 39, 1975
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I n  v iew  of (1.16), w e can  express

4 i  —  / ( * )  e ~ u  • (1.17)

S u b s titu tin g  (1.16), (1.17) in (1.13) a n d  solving t h a t  using  th e  b o u n d a ry  condi
tio n s  / (  +  1) =  0, w e get

w h ere

cos xz  
cos X

2 _  (Я -  2 i K 2) [(1 +  с) -  огЯ +  2 iK*a] 
(1 _  ai)  4 - 2 гК 2а

(1.18)

E q . (1.14) th en  g ives

[1 — aX — 2 iK 2a] 1 t cos xz
(1 — aX)2 -f- 4 К*о2 X2 [ cos X

(1.19)

S e p a ra tin g  real a n d  im a g in a ry  p a r ts  in  (1.18), w e get

«  i

u 2

w h ere

(A 2 -  B 2) P - 2 A B Q  
( A 2 +  B 2)2 R  

- ( A2 -  B 2)Q +  2 A B P  
( A 2 +  B 2)2 R

(A 2 -  B 2) ' 
(A 2 +  B 2)2 _

e—u

2 A B
(A 2 +  B 2)2

e- u

( 1. 20)

( 1.21)

P  =  cos A  cos hB  cos A z  cos hBz -f- sin  A  s in  hB  sin  A z  sin  hBz ,

Q =  cos A  cos hB  sin A z  s in  hBz — sin  A  s in  hB  cos A z  cos h B z .

R  =  cos2 A  cos h2B  +  sin2 A  sin h2B  ,

T A  =  x 1(ß1y 1 -f- /?2Уг) а г(^1У2 ßzYi) ■> (1.22)

Т В  =  x 1(ß1y 2 — ß2yi) +  <z2{ßiVi +  ßzYn) ’

Г 2 — (1 — сгЯ)2 +  4 K*o2,

][2 а1 =  [Я +  |/'Я2 +  4 Ю ] 1/2,

/ 2  а 2=  [ -  Я +  ]АЯ2 +  4 К 4 ] 1/2,

У2 & =  [(1 +  с) -  сгЯ +  f  {(1 +  с) -  аЯ}2 +  4 W  ] 1/2,

У2 ß2=  [огЯ -  (1 +  с) +  У{(1 + с ) - а Я } 2 + 4 К % Л 1/2’ 

У2 ух=  [1 -  о-Я +  У(1 -  оЯ)2 +  4 К % 2 ] 1/2,

У2 у2=  [аХ -  1 +  У(1 — сгЯ)2 Н- 4 i^ 4̂ ] 172-
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From (1.19), we get

V, =
(1 — oA) 2 K 2au2

Л J'i

(1 — cA) м2 — 2 K 2ou1
j'z

(1.23)

(1.24)

2. D iscussion

Typical non-dim ensional ve locity  profiles are shown in F igs. 1 to 12 
when c — 0.2, 0  =  0.8 and t  —  1.

z

Fig. 1. V elocity profiles for liquid particles in  я -direction

Fig. 2. V elocity profiles for liquid particles in  я -direction
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z

Fig. 3. Velocity profiles fo r liquid particles in  ж-direction

-*• z

Fig. 4. Velocity profiles for dust particles in  ж-direction

Fig. 5. Velocity profiles for dust particles in  ж-direction
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Fig. 6. Velocity profiles for dust particles in ж-direction

z

Fig. 7. Velocity profiles for liquid particles in y-direction

z

Fig. 8. Velocity profiles for liquid particles in y-direction
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2

Fig. 9. Velocity profiles for liqu id  particles in  y-direction

Fig. 10. Velocity profilesjfor dustfpartic les in  y-direction

Fig. 11, Velocity profiles for dust particles in  y-direction

.0004

.0003 -

v 2 .0002 K 2=25. X2=1

1 .0001 - f  k 2 =25, >Л ="г 5 S \

- 1.0 -.8 -.6 -.4 -.2 0 .2 .4 .6 .8 1.0
--------9- Z

Fig. 12. Velocity profiles for dust particles in  y-direction
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C onsider f i r s t  th e  ve lo c ity  profiles of th e  liq u id  and  th e  d u s t pa rtic le s  
in  th e  d irec tion  o f  th e  p ressu re  g rad ien t. W e observe  th e  fo llow ing p o in ts :

(i) F igs. 1 a n d  2 show  th a t  for sm all v a lu e s  o f K 2 an d  A2, th e  ve lo c ity  
profiles fo r liq u id  p a rtic le s  are  n ea rly  p a rabo lic , th e  m ax im um  o f u 1 occurring  
a t  th e  cen tre . F ro m  th ese  tw o  F igures we also  n o te  th a t  fo r sm all K 2, u x 
decreases as A2 in c rea se s  an d  a f te r  A2 exceeds a c e r ta in  c ritica l v a lu e  A?, say , 
flow  is reversed .

(ii) F igs. 2 a n d  3 show  th a t  for sm all v a lu e s  o f A2, th e  m ax im u m  of u x 
no longer occurs a t  th e  cen tre  as we increase К 2, h u t  is sh ifted  to w ard s th e  
w alls. These tw o  F ig u re s  also show  th e  o sc illa to ry  c h a ra c te r  o f  u x fo r large K 2 
an d  sm all A2. F ro m  F igs. 2 an d  3 we also n o te  t h a t  fo r large K 2, decreases 
w ith  th e  increase  o f  A2 and  a f te r  A2 exceeds a c e r ta in  c ritica l va lu e , flow  is 
reversed .

(iii) F igs. 4 a n d  5 show  th a t  fo r sm all K 2, iq  decreases w ith  th e  decrease 
o f A2 and  a fte r  A2 crosses a ce rta in  critica l v a lu e , flo w  is reversed . W e also n o te  
from  these  tw o  F ig u re s  th a t  fo r sm all values o f K 2 and  A2, th e  v e lo c ity  profiles 
for d u s t p a rtic le s  a re  n ea rly  p arabo lic . F ro m  F ig . 6 we observe t h a t  for la rg e  
values of K 2, iq  d ecreases  as A2 decreases an d  flo w  is reversed  a f te r  A2 crosses 
a ce rta in  c ritic a l v a lu e .

F rom  th e  ab o v e  d iscussion i t  is clear t h a t  th e  m otion  o f th e  liqu id  p a r 
tic les  in  th e  p o s itiv e  d irec tio n  o f  th e  ж-axis does n o t  im ply  th a t  th e  d u st p a r 
tic les also m ove in  t h a t  d irec tion . This d ifference is due to  th e  fa c t th a t  th e  
pressure  g ra d ie n t is d ire c tly  e x e rte d  on th e  f lu id , th e n  th e  d u st p a rtic le  is m oved  
b y  S tokes d rag  d u e  to  th e  difference betw een  th e  velocities o f f lu id  an d  d u s t.

L e t us co n sid e r now  th e  velocity  p ro files o f  th e  secondary  flow  of th e  
liqu id  and  d u s t p a rtic le s .

(iv) F igs. 7, 8 a n d  9 show  th a t  th e  p ro file s  fo r u2 alw ays increase  w hen  
b o th  K 2 an d  A2 in c rea se . T he shapes of th e  p ro file s  are sim ilar to  those  o f u 1 
fo r sm all v a lues o f  K 2 an d  A2. T he profiles fo r u 2 n ev e r cu t th e  ax is of ro ta tio n  
(a t least for v a lu e s  o f  К 2 and  A2 considered), th e re b y  d isco u n tin g  th e  possib i
l i ty  o f flow  re v e rsa l in  th e  y -d irec tio n . F rom  F ig . 9 we also see th e  osc illa to ry  
c h a rac te r  o f th e  p ro file s  fo r u 2 w hen  К 2 is la rg e  an d  A2 is sm all.

(v) F ig . 10 show s th a t  th e  profiles fo r d u s t  pa rtic le s  v2 a re  n ea rly  p a ra 
bolic fo r sm all v a lu e s  o f K 2 an d  A2. F o r sm all K 2, th e  o sc illa to ry  ch a ra c te r  o f  
v2 is c learly  e v id e n t from  th is  F ig u re  w hen w e increase  A2. T hese oscillations 
cause reversa l o f  th e  ve loc ity .

(vi) F o r la rg e  К 2 an d  A2, th e  oscilla to ry  c h a ra c te r  o f th e  flow  is again  
ev id en t from  th e  F ig s . 11 an d  12 an d  due to  th e se  oscilla tions th e re  is a rev ersa l 
o f flow .

F rom  th e  ab o v e  d iscussion we note  th a t  th e  liq u id  pa rtic le s  w ill m ove in  
th e  nega tive  d ire c tio n  o f th e y -a x is  (a t least fo r  v a lu es  o f К 2 an d  A2 considered) 
w hereas th e  d u s t p a r tic le s  w ill m ove in  b o th  th e  d irec tions of th e  y -ax is.
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A GENERALIZATION OF THE KLEIN—GORDON
EQUATION

By

L . P a r r a g h

AJKA, HUNGARY

(Received in  revised form 3. V I. 1975)

The E instein — Maxwell L agrangian is completed b y  a  highly non-linear te rm  describ
ing a scalar particle. B y means of the  usual variation technique the coupled equations of 
m otion are obtained for the particle as well as for electrom agnetic and g rav ita tion  fields.

Introduction

E in ste in ’s g enera l th e o ry  o f  re la t iv i ty  w as th e  f i r s t  essen tia lly  non -lin ear 
th e o ry  w hich reg is te red  enorm ous success in  d escrib in g  num erous m acroscopic 
phenom ena . N everth e less , i ts  ap p lic a tio n  to  m icrophysics is fu ll o f  d ifficu l
t ie s  [!]• W e do n o t  in te n d  to  so lve these  p ro b lem s here , m ere ly  we w ish to  
in d ica te  th a t  th e  fie ld  eq u a tio n s describ ing  e le m e n ta ry  p artic les a re  p ro b ab ly  
n o n -lin ear, to o . I n  th e  p re se n t p a p e r  an  exam ple  is  g iven o f how  a  spin-zero  
p a rtic le  can be described  by  a sim p le  non -linear te rm  in  th e  p resence  o f  g rav i
ta t io n  and  e lec tro m ag n etic  fie ld s . F ro m  th e  L a g ra n g ia n  th e  coup led  M a x w e ll-  
E in s te in  eq u a tio n s an d  th e  f ie ld  e q u a tio n  for th e  p a r tic le  are o b ta in ed . M axwell 
eq u a tio n s  co n ta in  a  slig h tly  m ore  co m plica ted  c u r re n t  d en sity  w h ich  can  be 
d e riv ed  from  th e  fam ilia r  K le in —G ordon  eq u a tio n . T h e  presence o f  th e  m a tte r  
is ex h ib ited  b y  a c o n tr ib u tio n  to  th e  en erg y -m o m en tu m  te n so r on  th e  r ig h t 
h a n d  side of th e  E in s te in  e q u a tio n s . T he p a rtic le  f ie ld  satisfies a h ig h ly  n o n 
lin e a r  eq u a tio n  coup led  to  th e  e lec tro m ag n etic  a n d  g ra v ita tio n  fie ld s  th ro u g h  
th e  v ec to r p o te n tia l  a n d  th e  m e tr ic  ten so r, re sp ec tiv e ly .

The Lagrangian

T he e lec tro m ag n etic  an d  g ra v ita tio n  fie lds a re  described  b y  th e  fam ilia r 
L ag ran g ian s. T he to ta l  L a g ra n g ia n  in v e s tig a te d  in  th e  p resen t p a p e r  has th e  
fo rm :

L  =  — R  +  ~ ~  Fls F ts — с У — грхр* o'o*. (1)
16 л  у  4  /и0

(H ere  R  is th e  sca la r  c u rv a tu re
F ik is th e  e lec tro m ag n etic  f ie ld  ten so r: fi0(A k. ,• — A / .k)

3 Acta Physica Academiae Scientiarum Hungaricae 39, 1975



34 L . P A R R A G H

ip is a g enera lized  w ave fu n c tio n

at =  —  ip; i — MoeipAi 
i

* s ta n d s  fo r  com plex c o n ju g a tio n .)
I t  c an  be e s tab lish ed  th a t  L  is a re a l scalar.

T he ac tio n  is: s =  J J J J L  y — g d X  .
T h e  f i r s t  v a r ia tio n  o f  s m ust be se t eq u a l to  zero. T h is ac tion  ca n  be varied  
w ith  resp ec t to  A t, g ik, ip (or ip*).

Field equations

T he e q u a tio n  o b ta in ed  b y  th e  v a r ia tio n  o f  ip* has th e  fo llow ing  form  

ip ip *  ( h  „ 1 / ip ip *  Й
— a‘a,tn* — Vi -  MoeAi a' a; — V1— Moe A \ V (2)

T he re su lt o f  th e  v a ria tio n  o f  th e  v ec to r p o te n tia l  is th e  M axw ell eq u a 
tio n :

—  t =  ce V „ f - J r  (y*y>„ -  W *) -  Mo<>W*A i 
Mo r — « «Г L 2 1

T he v a r ia tio n  o f  gjk resu lts  in  th e  E in s te in  eq u a tio n s:

-  к *  -  ± - g , M  = — «  -  - 1-8 яу l 2 ) /<o 4 Mo

(3)

+  с У — w *  «4* gik +
ipip*

— a 'a f
(«/«* +  «*«?) . (4)

E q . (2) looks like  th e  fa m ilia r  c o v a ria n t w av e  eq u a tio n  o f  a  sp in-zero

1 f ft . ) Г yip*
p a rtic le , how ever, th e  o p e ra to r ------ — Vi — iMoeA j  is rep laced  b y  / ------ ——

me ) i  ) — wa*

j y  Vi -  Mo*A ij •

F o r th e  in te rp re ta t io n  of E q s . (2) and  (3) le t  us consider th e m  u n d e r th e  
fo llow ing co n d itio n s:

ip =  <р(хг, X2, X3) ex p  —  (me -f- MoeA ù  x4
h

Э"  = 0 ,  i k  =  o ,  («*) =
Эя' Эл;4

(1 0 0 0\
0 1 0 0
0 0 1 0

\ o 0 0 - 1)
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A p a rt from  th e  fa c to r  me
yjy)*

г1 a*
E q . (2) reduces to  th e  co v a rian t K le in —

G ordon eq u a tio n , a n d  th e  fo rm u la  (3) has now  th e  fo rm

—  F {it ш е е  гру>* , 
/“о

1 TV e—  F l it ш  —  
Mo m

n < *
—  (V> f ia l

W * )  -  Moe ,

(here <x =  1, 2, 3). T h is cu rren t d e n s ity  is id en tica l to  th a t  well k n o w n  from  
q u a n tu m  m echanics.

I t  is w o rth  m en tion ing  t h a t  th e  c u rre n t co n se rv a tio n  can  be d e riv ed  
from  E q s. (2) an d  (3).

F in a lly , we m en tio n  th a t  th e  L ag ran g ian  could  be m odified  in s te a d  o f  
у  — yy>* ata* 5 b y  th e  expression

Y  — ipy* a*a* F xpip* asa*

QrQr

to o , w here

Qt =  —  (y>*Wu -  W *) -  Moe ,

an d  F  is an  a rb itr a ry  function .
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ANGULAR FORCES AND NORMAL VIBRATIONS IN 
NIOBIUM AND TANTALUM: I

By

V. P . Sing h , H . L . K haroo, Jyoti P rakash  and L. P . P athak

X-RAY CRYSTALLOGRAPHY AND SOLID STATE LABORATORY 
DEPARTMENT OF PHYSICS, UNIVERSITY OF ALLAHABAD, ALLAHABAD, INDIA

(Received 10. V I. 1975)

The angular force model proposed by  Cl a r k , Ga zis  and W a llis  [2] is tak en  in to  account 
to  incorporate the effect of electron—ion in terac tion  term  from  K rebs  [11] m odel. The model 
thus obtained  is applied to  compute the phonon dispersion curves for norm al m odes of vibra
tion  in  N iobium  and T antalum  along three principal sym m etry  directions and i t  is found th a t 
i t  gives an  excellent agreem ent w ith the experim ental neu tron  scattering data .

I. In tro d u c tio n

A n g u la r forces w ere in tro d u c e d  fo r th e  s tu d y  o f  la ttic e  d y n a m ic a l p ro 
p e r tie s  long  ago b y  B orn [1] in  h is s tu d y  o f th e  d iam o n d  s tru c tu re . L a te r  on, 
Clark  e t  al. [2] a n d  de  Lau n a y  [3] proposed  th e ir  an g u la r fo rce  m odels 
(k now n  as CGW  an d  D A F  m odels, re sp ec tiv e ly ) to  ex p la in  th e  C au ch y  d iscre
p a n c y  in  cubic m e ta ls . Clark e t al. h a v e  s tu d ie d  th e  la ttic e  d y n am ics  o f  iron  
an d  v a n a d iu m  (bcc) an d  la te r  th e  sam e process w as ex ten d ed  fo r  th e  s tu d y  of 
co p p er (fee) by Y u e n  an d  Varsh ni [4]. A s im ila r ca lcu la tion  fo r  c o p p e r w ith  
d e  La u n a y  ty p e  an g u la r forces w as also m ade b y  Y uen  and  V a r sh n i [5].

Q uite  recen tly , B ihari an d  T ripathi [6, 7] suggested  a m o d ifica tio n  of 
th e  CGW  an d  D A F  an g u la r force m odels b y  in co rp o ra tin g  th e  e ffec t o f  con
d u c tio n  elec trons on  la ttic e  d y n am ics o f m e ta ls  in  a m an n er o u tlin e d  b y  
re su lts  as co m p ared  to  those  given b y  D A F  m odel fo r fee s tru c tu re . H ow ever, 
b o th  m odels give a lm o st th e  sam e re su lts  fo r bcc m eta ls  (B ose e t  al. [10]), 
B u t th e  m a jo r sh o rtcom ing  o f th e se  ap p ro ach es is th a t  th e y  v io la te  th e  sy m 
m e try  req u irem en ts  in  th e  sense t h a t  frequencies o b ta in ed  a re  n o t  periodic 
in  th e  rec ip rocal space. To overcom e such  a d ifficu lty , i t  is w o rth th ile  to  incor
p o ra te  th e  effect o f  e lec tro n —ion  in te ra c tio n  on la tt ic e  dynam ics o f  m eta ls  as 
p ro p o sed  b y  K rebs [11] w hich is su p e rio r to  o th e r  m odels (de  La u n a y  [12], 
B hatia  [13], B hatia  an d  H orton [14], Sharma an d  J oshi [8, 9]) in  th e  sense 
t h a t  frequencies g iven b y  i t  sa tisfy  th e  sy m m e try  req u irem en ts  o f cu b ic  la ttic e s  
an d  h as  been  em ployed  successfully  fo r th e  s tu d y  o f  la ttic e  d y n am ica l p ro p er
tie s  o f  a n u m b e r o f cubic m eta ls  (Shukla  an d  D ayal [15], Mah esh  and  
D a yal  [16], Singh  an d  Sharma [17], P al an d  Singh  [18]).

In  th e  p re se n t p aper, we h a v e  m ade a d e ta iled  s tu d y  o f  th e  phonon  
d isp ers io n  o f tw o re p re se n ta tiv e  e lem en ts  o f tr a n s it io n  group, n a m e ly  N iobium
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a n d  T an ta lu m , b y  tak in g  in to  acco u n t th e  e ffec t o f  conduction  e lec trons on 
la t t ic e  v ib ra tio n  in  th e  sam e w ay  as ou tlined  in  K r e b s  [11] m odel. T o ta l in te r 
a c tio n  govern ing  th e  la ttic e  v ib ra tio n s  has b een  considered  to  consist o f th ree  
p a r ts :  (i) th e  io n  — io n  cen tra l in te ra c tio n  d ep en d in g  on th e  d is tan ce  betw een  
th e  ions, (ii) th e  a n g u la r  in te ra c tio n  (Clark  e t  al. [2]), w hich arises due to  th e  
re sis tan ce  to  d e fo rm a tio n  of c e r ta in  angles fo rm ed  b y  th e  ions in  q u estio n  an d  
(iii) an  e lec tron  io n  in te ra c tio n  te rm  (K rebs  [11]) th a t  is in tro d u c e d  because 
o f  th e  presence o f  conduction  e lec trons in  m e ta ls . T he cen tra l an d  an g u la r 
in te rac tio n s  are  a ssu m ed  to  be e ffec tive  only  u p  to  second neighbours. A n in d e 
p e n d e n t s tim u lu s  to  th e  p re sen t s tu d y  was im p a r te d  by  th e  a v a ila b ility  o f a 
d e ta iled  p ic tu re  o f  phonon  frequenc ies along p rin c ip a l sy m m etry  d irec tions 
o b ta in ed  from  th e  la te s t  n e u tro n  sca tte rin g  ex p e rim en ts .

II . T h eo re tica l fo rm u la tio n

P roceed ing  in  th e  usual w ay  th e  secular d e te rm in a n t for frequencies m ay  
b e  w ritten  as

D(q) -  П  *2ml 1 = 0 , ( 1 )

w h ere  q is th e  p h o n o n  w ave v e c to r , v is th e  f req u en cy , m  is th e  m ass o f th e  
io n , and  I  is a u n i t  m a trix  o f o rd e r th ree . T h e re  w ill be n ine e lem ents D y  
( i, j  =  1, 2, 3) o f  th e  (3 x 3 )  d y n am ica l m a tr ix  D , a n d  each of th e se  e lem ents 
c a n  be re p re se n te d  as th e  sum  o f  th e  th ree  in te ra c tio n  te rm s, as ex p la in ed  
ab o v e . The ex p ressio n s for tw o  ty p ic a l e lem en ts a re  g iven below ; th e  ex p res
s io n s for th e  re m a in in g  elem ents can  be d e riv ed  in  cyclic o rd er from  th e m :

Ai(î) — 8(a + 2y1 - f  y2) (1 — CfijC,) + 4-ßSj — 2yL 
(4 cos aqi — cos aqj — cos aqi — 2) -)- 3y 2 (2 — cos aqj — cos aqt) 

Í9 +  G)t (? +  G)i
+ A 2

G

G, G,
\G\* +  K

9 "l- G |2 - f  kl

'■  "2( I G I rS) j  !

Dij{q) =  8 ja  -  +  Y  y2j StSjSk

+ Л 2
G

(9  +  G)/ (g +  G)j
\q +  G\* +  k*

Gj Gj
\G\* +  K

g2( | G | r s)

ë2( I 9 +  G I rs)

g2{ I 9 +  G I rs)

(2 )
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where

Í 1 \ c  • Í 1COS
7  4  ’

S i  - sm  a qi g(x ) =
3(siníc — X cos*)

and qt is the ith  cartesian component of the phonon wave vector q, G is the 
reciprocal lattice vector, a is the lattice constant, rs is the radius of a sphere of 
atomic volume, kc is the screening parameter, A  is a constant which depends 
on the effective charge of the ions, a and ß  are the force constants associated 
with the central forces between nearest and next nearest neighbours, and y4 
and y 2 are the corresponding ones for the angular interaction.

The screening parameter kc as obtained by P ines [19] is

K c =  0.253
4от ne « g ,

i /е

w here ne is th e  e lec tro n  density , a 0 th e  B o h r  rad ius, a n d  kp  th e  F e rm i rad iu s .
T he fiv e  u n k n o w n  (a, ß, y v  y 2, a n d  A )  invo lved  in  th e  so lu tio n  o f  E q . (1) 

are d e te rm in ed  b y  ex p an d in g  th e  e le m e n t o f  th e  d e te rm in a n t in  th e  long-w ave 
len g th  lim it an d  re la tin g  i t  to  th e  th re e  e la s tic  co n stan ts  a n d  tw o zone b o u n d a ry  
frequencies (vp, a n d  vp, b o th  tra n sv e rse )  in  [ |0 0 ]  an d  [ I I I ]  d irec tio n s , respec
tiv e ly . T h e  re su ltin g  expressions a re

2« +  2/? +  12 y x -f- 6 y 2aCn a2k l

a(Cu  — C12) =  2ß  -f- 18y4 +  9 y 2, 

aCit  =  2a +  2y x +  9y 2 ,
2

] J  mv‘r1 =  4(a +  2y x +  3y2) ,
2

/ /  mv2Tt =  2a +  ß  - f  6 yx +  9y2 .

(За)

(3h)

(3c)

(3d)

(3e)

I t  is ev id e n t from  above eq u a tio n s t h a t  o u r expression  fo r th e  C au ch y  d iscre
p an cy  (C12 — C 44), w hich  arises b e cau se  o f n o n -cen tra l in te ra c tio n s  (F uchs 
20]), c o n ta in s  te rm s  due  to  an g u la r ( io n —ion) an d  vo lum e (e le c tro n —ion) forces 
only. V arious p a ra m e te rs  and  th e  c a lc u la te d  values o f  force c o n s ta n ts  are 
show n in  T ab le  I .

I I I . R esu lts  a n d  discussion

T he co m p u ted  phonon  freq u en c ies , o b ta in ed  from  th e  so lu tio n  o f  secu lar 
eq u a tio n  (1) a long  p rin c ip a l s y m m e try  d irec tions [ |0 0 ] ,  [110] a n d  [ I I I ]  o f 
tw o  re p re se n ta tiv e  elem ents o f t r a n s i t io n  group , n am e ly  th e  N io b iu m  and
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Table I
C onstants and calculated param eters for Niobium and Tantalum

Conntstas/parameters
(calculated) Niobium Tantalum

(10u  dyn/cm2) Cn 24.6 26.10
(1011 dyn/cm2) Cj2 13.4 15.74
(1011 dyn/cm2) C41 2.87 8.18
(10 ~8 cm) a 3.3008 3.303
(lO*2 c/s) vTl 6.49 6.03
(1012 c/s) vn 5.04 3.78
(103 dyn/cm) a 27.0811 20.5530
(103 dyn/cm) ß 17.6497 6.6389
(103 dyn/cm) y. 2.8974 2.1893
(103 dyn/cm) y2 — 5.6093 — 2.0518
(103 dyn/cm) A — 27.2512 51.9378

T a n ta lu m , are  show n  in  F igs. 1 a n d  2. To e v a lu a te  th e  va lu es  of five fo rce  
c o n s ta n ts  in v o lv ed  in  th e  schem e u n d e r  s tu d y , w e h av e  ta k e n  th e  ex p e rim en ta l 
v a lu e s  of e la s tic  co n stan ts  o b ta in e d  from  th e  m easu rem en ts  o f B olef [21] 
fo r  N iobium  a n d  o f  F eatherston  e t al. [22] fo r  T a n ta lu m . E x p e rim e n ta l 
v a lu e s  of p h o n o n  frequencies ta k e n  from  th e  m easu rem en ts  o f recen t n e u tro n  
sc a tte r in g  e x p e rim e n ts  (Nakagaw a  an d  W oods [23] fo r N iob ium  and  W oods 
[24] fo r T an ta lu m ) also have b een  show n in  th e  F ig u re  to g e th e r  w ith  co m p u ted  
frequencies.

Figs. 1 a n d  2 show  th a t  c o m p u te d  p h o n o n  frequencies fo r all sy m m e try  
d irec tio n s give a n  ad eq u a te  in te rp re ta t io n  o f p h o n o n  d ispersion  curves o b ta in e d  
fro m  th e  ex p e rim en ts . P honon  frequenc ies fo r  b o th  th e  m e ta ls  along [ |0 0 ]  
a n d  [ I I I ]  d irec tio n s  fu lly  sa tis fy  th e  sy m m e try  re q u ire m e n ts  o f  hcc s tru c tu re  
a t  zone b o u n d a ry . W e fin d  a fa ir ly  good a g reem en t b e tw een  ex p erim en ta l 
a n d  th eo re tica l v a lu es  for b o th  th e  m eta ls: N io b iu m  an d  T a n ta lu m  along  
[ |0 0 ]  and  [ I I I ]  d irec tio n s ex cep t som e sm all d ev ia tio n s  in  th e  region o f la rg e  
w a v e  vectors. H o w ev er, th e  d isc rep an cy  a long  [110] is co m p ara tiv e ly  s ign i
f ic a n t  for sh o rte r  w aves. The sm all d ev ia tio n s fro m  th e  m easu red  values m a y  
b e  a ttr ib u te d  to  th e  ap p ro x im a te  ca lcu la tio n  o f  e lec tron  la tt ic e  in te ra c tio n  
a n d  assum ption  o f  sh o rt range fo rces. The an a ly s is  o f th e  d a ta  on B o rn — 
V o n  K arm an  th e o ry  ind ica tes t h a t  in te ra to m ic  fo rces in  th ese  m e ta ls  are o f long  
ra n g e  n a tu re . C o m p ara tiv e ly  a la rg e  cohesive en erg y  in  case o f tra n s it io n  
m e ta ls  due to  th e  presence o f d -e lec tro n ic  shells (Mott [25]) is also ex p ec ted  
to  p la y  a s ig n if ican t role to  g overn  th e  la ttic e  v ib ra tio n .

H ow ever, as th e  resu lts  rev ea l, we m ay  conclude  th a t  th e  re su lts  o b ta in ed  
h e re  are qu ite  s a tis fa c to ry  and  ab le  to  give an  a d e q u a te  in te rp re ta tio n  o f pho-
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Fig. 1. Dispersion curves along the sym m etry directions for Niobium . Solid curves correspond 
to  computed frequencies. E xperim ental points are shown by O* • ,  д  (N akagaw a  and W oods

[23])

Fig. 2. D ispersion curves along th e  sym m etry directions for T antalum . Solid curves corres
pond to  p resent calculations. Experim ental points are shown b y  O ,  • ,  A (W oods [24])
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n o n  d ispersion  in  tra n s itio n  m e ta ls , n am e ly  th e  N iobium  an d  T a n ta lu m . Con
s id e ra tio n  o f m ore  d is ta n t n e ig h b o u rs  m a y  also im prove o u r resu lts  to  g re a t 
deg ree  o f e x te n t.
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LATTICE DYNAMICS OF CALCIUM AND STRONTIUM
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Phonon dispersion curves and h e a t capacities of calcium and stron tium  are calculated 
on  th e  basis of a m odel proposed by  us recently . In  the absence of experim ental observations, 
com puted  results are compared w ith  th e  o ther theoretical predictions.

1. Introduction

One o f th e  o u ts tan d in g  p ro b le m s for th eo re tic ian s  in  th e  s tu d y  of la ttic e  
d y n am ics  of cub ic  m etals is to  co m p are  and  rep ro d u ce  as fa r  as possible some 
o f  th e  ex p e rim en ta l results i.e . p h o n o n  d ispersion  curves a lo n g  th e  p rincipal 
sy m m e try  d irec tio n s , g(v) — v c u rv e s  and  (0 — T )  curve. A c ritic a l s tu d y  of 
l i te r a tu r e  m ay  re v e a l th a t  w hile  fo r  various m eta ls  o f cubic s t ru c tu re  ex tensive 
e x p e rim en ta l d a ta  fo r phonon freq u en c ies  an d  h e a t  capacities e x is t  such k inds 
o f  m easu rem en ts  h a v e  no t b een  c a rrie d  ou t fo r ca lcium  an d  s tro n tiu m . On th e  
o th e r  h an d , th e o re tic a l s tu d ies  o f  la ttic e  dynam ics of th ese  tw o  ra re  e a r th  
m e ta ls  have  becom e very  p o p u la r  q u ite  recen tly  as can  be seen fro m  th e  w orks 
o f  A nimalu [1], Grasko an d  G r u sk i [2], Moriarty  [3], Sw aroop e t al. [4] 
a n d  th a t  o f P rasad  and  Srivastava  [5]. I t  h a s  been fo u n d  t h a t  theo re tica l 
re su lts  o f all th e  au th o rs  w ere d iffering  in  th e  en tire  fre q u e n c y  range. T he 
p u rp o se  of th is  p a p e r  is to  p re s e n t  a new s tu d y  o f la ttic e  d y n am ics  of these  
tw o  m eta ls  on th e  basis of a n ew  m odel to  th ro w  som e lig h t on  th e  ex isting  
d iv e rs ity . The m odel chosen b y  u s  consists of ta k in g  th e  ionic she ll in te rac tio n  
on  th e  basis o f  a x ia lly  sy m m etric  forces (see Lehm an  e t al. [6]) a n d  th e  electron 
io n  in te ra c tio n  on  th e  hasis o f  K r e b s ’ [7] ap p ro ach . The choice o f  th is  m odel 
w as also en co u rag ed  b y  th e  f a c t  t h a t  such schem e has been  fo u n d  very  suc
cessfu l in  p re d ic tin g  la ttice  d y n a m ic s  of severa l cubic m eta ls  (see fo r exam ple 
Sh uk la  an d  Closs [8], Closs a n d  Shukla [9], Shukxa e t a l. [10] and  Lima 
e t  a l. [11]).

2. Theory

T he p h o n o n  frequencies a re  g iven b y  th e  so lu tion  of th e  secu lar d e te r
m in a n t

I D  — mco2I  | =  0 ,  (1)
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w h ere  D  is th e  d y n a m ic a l m a trix , со is angu la r fre q u e n c y , m  is ion ic  m ass and  
I  is 3 x 3  u n ita ry  m a tr ix . The ty p ic a l  diagonal a n d  non-d iagonal p a r t  o f th e  
d y n a m ic a l m a tr ix  D  is given b y

Du =  4 А 1(Ъ — C fij — CjCk — CkCj) +  2 B 1(2 — C fij  — C,Ck)

a4\  V (4 i +  h i )

\q +  h\
a 4 2
4 л 2 Ah)

g \ ui) -
h2i

h2 +  ^ r f ( h )
g4U2)

4 л2 '

(2)

a3; 2
Di]= 2 B 1S lS j +  —  k e ^

hjhj

(gi +  hj) (qj -f- hj)

h2 +
4 л2 ■Ah)

\q +  h\2+

s 2M

a 4 2 
4 л 2 Ah)

ё2Ы

( 3 )

w h ere  A L and  B 1 a re  th e  ax ia lly  sy m m e tric  force c o n s ta n ts  for th e  f i r s t  n ea re s t 
n e ig h b o u r.

afe,
S( =  sin ( л aki) 1 Ci =  cos (л а к /) , д,- =  —— ,

2 л

X =  C (rja 0)112 K F w ith  • 353 <  С <  • 8 1 4 ,

, , sin и  — и  cos и . . .  1 , 1  — t2 , 1 + *
g{u) = --------- Г------- , А *) =  —+ ------- Ь

” \q +  h \
h  — ~  ~  ■> 12 ~аК

л к
~аКр

41

2л  г.
и, =

а
I -  , T  I 2л:r s
I q +  h I , u2 =  — -----h ,

ki(i =  1, 2, 3) a re  cartesian  com p o n en ts  of th e  w av e  vecto r.

hi(i =  1, 2, 3) a re  cartes ian  com ponen ts o f th e  rec ip rocal w av e  vecto r.

a =  la ttic e  p a ra m e te r  

K p  — F erm i w a v e  vec to r 

rs =  rad iu s  o f  a to m ic  sphere 

a 0 =  B ohr ra d iu s

K e =  bu lk  m o d u lu s  of e lec tro n  gas.

B y  ex p an d in g  th e  secular d e te rm in a n t in  th e  longw ave le n g th  lim it 
(q —>■ 0), th e  fo llow ing re la tions a re  o b ta in ed  b e tw een  th e  elastic  co n stan ts  
a n d  force co n stan ts :

(4)

( 5 )

(6)

ÖC-Q — 4 А г -|— 2 B ± -f- я/cg, 

ÖC12 =  —4A ± -f- В  2. -f" oke ?

a c 44 =  4 A 1 +  В г
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3. N um erical co m pu ta tions

T h e  th re e  d isposab le  p a ra m e te rs  o f th e  m odel are  ev a lu a ted  in  te rm s 
o f  th e  e la stic  c o n s ta n ts  alone b y  m eans o f  th e  fo llow ing re la tions:

-®i =  a(2C 44 +  C12 Cn ) , (7)

=  —  (Cn  C12 C44) , (8)

ake =  a(2Cn  — C12 — 3C44) . (9)

T h e  elastic  c o n s ta n ts  of calcium  a n d  s tro n tiu m  w ere tak en  from  th e  w ork 
o f K oster  an d  F ranz [12]. The la tt ic e  p a ra m e te rs  w ere ta k e n  from  P earson 
[13]. W hile  in p u t d a ta  to  c lacu la te  force c o n s ta n ts  are  given in  T ab le  I ,  o u tp u t 
va lu es  o f  force c o n s ta n ts  are lis ted  in  T ab le  I I .

Table I

In p u t data  to calculate force constants

E la stic  c o n s ta n ts
L a ttic e A tom ic

M etal Cn С1г Ci 4 p a ra m e te r
A

m ass
M

1012 d y n  cm
10 8 cm 10 22 gm

Calcium .2456 .1106 .0735 5.56 .665
Strontium .2034 .0791 .0608 6.05 1.455

Table II

O utput value of force constants in  units of 103 dyn cm -1

M eta l Al Bi ake

Calcium .855 .667 8.901
Strontium .960 — .163 8.791

C alcu la ted  p h o n o n  d ispersion  cu rves o f  calcium  a n d  s tro n tiu m  a re  p lo tte d  
in  F igs. 1 an d  2 to g e th e r  w ith  th e  th e o re tic a l cu rves o f Moriarty [3] also 
show n fo r  com parison  purposes. T he p re se n t re su lts  a re  show n b y  con tin u o u s 
lines.

T o  ca lcu la te  (0 — T ) curves o f th e se  m e ta ls  we h av e  solved th e  secular 
d e te rm in a n t (1) fo r 8000 m in ia tu re  cells eq u a lly  sp aced  in  th e  f ir s t  B rillou in  
zone. T h e  c ry s ta l sy m m e try  m ade i t  possib le  to  ca lc u la te  phonon frequencies 
fo r o n ly  262 n o n -eq u iv a len t w ave v ec to rs  in c lu d in g  th e  origin. T he resu ltin g  
freq u en cy  d is tr ib u tio n  fu n c tio n s w ere u tilise d  to  ca lcu la te  c„ on th e  basis of
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Fig. 1. Dispersion curves of calcium along th e  principal sym m etry directions. Solid curves 
show  th e  present resu lts . Broken curves are  from the theoretical com putation  o f Mo r ia r t y

i
Fig. 2. Dispersion cu rves of strontium . Solid curves show th e  present results. Broken curves 

are  from  the theore tica l com putation o f Mo riarty

0 50 ’,00
1 [°«1

Fig. 3. (0— T ) curve of calcium
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B la c k m a n ’s sam p lin g  techn ique . T he re s u lta n t cv w as u tilised  to  p lo t  (6 — T) 
curves o f  calcium  a n d  s tro n tiu m  in  F igs. 3 an d  4.

A  c o m p a ra tiv e  s tu d y  of F igs. 1 an d  2 show s th e  fac t t h a t  th e  p resen t 
re su lt o f  phonon  d ispersion  curves o f ca lcium  an d  s tro n tiu m  a re  in  q u ite  
good ag reem en t w ith  Moriarty’s [3] re su lts . T he th eo re tica l re su lts  o f  P rasad 
and Srivastava  a n d  tho se  of Grasko  an d  Gr u sk i [2] were also fo u n d  very  
close to  th e  p re se n t re su lts . T he th e o re tic a l re su lts  o f Swaroop e t  al. [4] 
d iv e rte d  in  low  fre q u e n c y  ends w ith  th e  p re se n t re su lts . Also, th e  re su lts  of 
Anim alu  [1] d iffe red  a lo t n ea r th e  zone b o u n d aries .

Fig. 4. (6 — T )  curve of stron tium

4. D iscussion an d  conclusion

T h e  la ttic e  d y n am ics  and h e a t cap ac ities  o f  calcium  and s tro n tiu m  have 
been c a lc u la ted  on th e  basis of a phenom enolog ica l m odel w hich h as  b een  found 
qu ite  successfu l in  in te rp re tin g  ex p e rim en ta l d a ta  on o th e r cu b ic  m etals. 
In  th e  absence o f ex p e rim en ta l d a ta , th e o re tic a l phonon d isp ers io n  curves 
have b e e n  co m p ared  w ith  th e  th e o re tic a l re su lts  o f  Moriarty [3]. T h e  reason 
for co m p arin g  th e  p re s e n t  ca lcu la tions w ith  Moriarty  w as tw ofo ld , i.e . f irs tly , 
th a t  h is ca lcu la tio n s w ere  based on a m odel on f i r s t  princip les, seco n d ly , th a t 
his re su lts  were th e  la te s t .  The m odel em ployed  b y  us here is n o t  v e ry  m uch 
rea listic  in  th e  sense t h a t  we h av e  assum ed  th a t  th e  conduction  e lec tro n s of 
these ra re  -ea rth  m e ta ls  behave like  a free e lec tro n  gas, w hich is n o t  tru e . 
We h av e  also assum ed  th em  to  be a d iv a le n t m e ta l w hich  m eans t h a t  th e  con
duction  e lec trons o f  th e se  m etals lie in  well defined  o rb its , a h y p o th e s is  w hich 
is also o p en  to  o b jec tio n . W e have fu r th e r  assum ed  th a t  electron  sc reen in g  in 
these m e ta ls  is g o v ern ed  b y  th e  th e o ry  o f B ohm  a n d  P ines. F o r th e  ju s tif ic a tio n  
of all th e se  c rite ria  as w ell as th e  v a lid ity  o f th e  p re se n t ca lcu la tion , one  w ould 
expect e x p e rim e n ta l ph o n o n  d ispersion  re la tio n s o f  th e se  m etals to  b e  d e te r
m ined.
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N evertheless, th e  p resen t s tu d y  shows t h a t  th e  m odified ax ia lly  sym 
m e tr ic  model c o u ld  ex p la in  sa tis fa c to r ily  well la t t ic e  dynam ics o f ca lc ium  an d  
s tro n tiu m .
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Phonon spectra and la ttice  heat capacities o f copper, silver and gold have been cal
culated on th e  basis of modified B h a t ia ’s model. Calculated phonon dispersion curves as 
well as (в — Т )  curves of copper, silver and gold tire found to  give reasonable agreem ents w ith 
the experim ental data.

1. In tro d u c tio n

S evera l phenom enolog ica l m odels fo r cubic m e ta ls  have  been  developed  
so fa r  (see fo r exam ple J oshi an d  R a j g o p a l  [1] a n d  S h u k l a  e t al. [2]). The 
basic  aim  o f all these  m odels has been  th e  sam e i.e. to  p ro p o u n d  a th e o ry  w hich 
can  successfu lly  rep ro d u ce  th e  la ttic e  d y n am ica l p ro p e rtie s  (phonon d ispersion  
curves a long  th e  p rin c ip a l sy m m etry  d irec tions an d  th e  v a ria tio n  o f  в  w ith  
te m p e ra tu re )  w ith  on ly  a  few  free p a ra m e te rs .

T he in te rp re ta tio n  o f  th e  e x p e rim e n ta l ph o n o n  d ispersion  cu rv es of 
several cub ic  m eta ls  h as  rev ea led  th e  f a c t  th a t  th e  co n d u c tio n  e lec tro n s p lay  
an  im p o r ta n t role in  th e  e v a lu a tio n  o f  th e  th eo re tica l ph o n o n  freq u en c ies  of 
m etals. T h is in d ica ted  th a t  th e  e le c tro n —ion  in te ra c tio n  te rm  of th e  d y n am ica l 
m a tr ix  shou ld  be h an d led  w ith  a p ro p e r a tte n tio n .

B hatia  [3] has p ro p o u n d ed  a phenom enolog ica l m odel for la t t ic e  d y n a 
m ics of cub ic  m eta ls  as e a r ly  as 1955. H is  m odel consists  o f e v a lu a tin g  th e  
io n —ion in te ra c tio n  on ax ia lly  sy m m etric  forces ex te n d in g  betw een  th e  f irs t 
n ea re s t n e ig hbours. T he e lec tro n  ion  in te ra c tio n  in  his m odel has b e e n  consi
dered  on th e  T h o m as—F e rm i th e o ry  o f  m eta llic  screening . T hree fo rce  p a ra 
m eters o f th e  m odel w ere e v a lu a te d  in  te rm s  of th e  th re e  in d e p e n d e n t e lastic  
co n stan ts  av a ilab le  an d  la t t ic e  d ynam ics a n d  h ea t cap ac ities  of sev e ra l cubic 
m eta ls  h av e  been  s tu d ied  on  its  basis (for a d e ta il see Sangal  and  Sharma  [4] 
an d  references th e re in ). Q u ite  recen tly  Shukla  an d  Camargo [5] h a v e  d is
covered t h a t  B hatia’s [3] schem e to  e s tim a te  th e  T h o m a s—F erm i screen ing  
p a ra m e te r  o f  a  m e ta l in  te rm s  of th e  e la stic  co n stan ts  is w rong w h ich  m eans 
th a t  th e  ca lc u la ted  p h o n o n  frequencies o f  all th e  m e ta ls  b y  several au th o rs  
a re  w rong. Shukla  an d  Salzberg [6 ,7 ]  h a v e  th u s  m od ified  th e  e lec tro n  —ion 
in te ra c tio n  p a r t  o f th e  d y n am ica l m a tr ix . S uch  m o d ifica tio n s also p e rm itte d  
to  v a ry  th e  e lec tro n  screen ing  in  m e ta ls  in  be tw een  th e  lim its  p red ic ted  b y  th e

4 Acta Physica Academiae Scientiarum Hungaricae 39, 1975



50 L. A. BERTOLO and M. M. SHUKLA

th e o ry  of B o h m  — P ines and  T h o m as —F erm i. T h e y  have  also ex ten d ed  th e  
in te rio n ic  in te ra c tio n s  p resen t in  m e ta ls  o u t to  th i r d  neighbours. T he inclusion 
o f  in terion ic  in te ra c tio n s  b ey o n d  th e  f irs t n e ig h b o u r w as deem ed  necessary  
ow ing  to  th e  f a c t  th a t  e x p e rim en ta lis ts  on in te rp re tin g  th e ir  ex p erim en ta l 
p h o n o n  freq u en c ies  have  fo u n d  th a t  in te ra to m ic  in te rac tio n s  in  m eta ls  a re  
o f  a  long ran g e  in  n a tu re . W e (Sh uk la  and  Salzberg  [6, 7]) w ere of th e  op in ion  
t h a t  re s tr ic tin g  th e  in te rion ic  in te ra c tio n  in  B h a tia ’s m odel u p  to  f irs t n ea re s t 
n e ighbour on ly  h a d  p u t  a l im ita tio n  over th e  success of th e  m odel. T he schem e 
o f Shukla a n d  Salzberg [6, 7] w as ex trem ely  successful in  rep ro d u c in g  th e  
ex p erim en ta l p h o n o n  d ispersion  re la tions a lo n g  th e  p rin c ip a l sy m m etry  
d irec tions o f so d iu m  and  co p p er w ith in  th e  lim its  of th e  ex p erim en ta l e rro r. 
I n  th e  p re se n t p a p e r  we h av e  com bined  to g e th e r  th e  la tt ic e  dynam ics o f all 
nob le  m etals.

The choice o f  noble m e ta ls  for th e  p re se n t s tu d y  w as done due to  th e  
follow ing reaso n s:

(1) A ll th e se  m etals be lo n g  to  th e  sam e c ry sta llo g rap h ic  s tru c tu re  i.e. 
f .c .c . s tru c tu re .

(2) T h e y  all are  m o n o v a len t m etals.
(3) E x p e rim e n ta l m easu rem en ts  of th e  p h o n o n  d ispersion  re la tio n s ex is t 

fo r  all of th e m  along  th e  p rin c ip a l sy m m etry  d irec tions.
(4) N u m ero u s  elastic  a n d  th e rm a l d a ta  e x is t for all o f th em .

2. Theory

The secu la r  d e te rm in a n t to  de term ine  p h o n o n  frequency  is given by

I D  — mco2/1 =  0 ,  (1)

w here D is d y n am ica l m a tr ix , m  is ionic m ass, a> is an g u la r freq u en cy  an d  I  is 
u n i t  m a trix .

E ach  e lem en t o f th e  d y n am ica l m a tr ix  is sp lit  up  in to  tw o  p a r ts , th e  i o n -  
io n  in te ra c tio n  p a r t  D'/j a n d  th e  e le c tro n —io n  in te ra c tio n  p a r t ,  D lß. W ritte n  
m a th em a tica lly ,

D iJ =  D\ij + D \ eJ . (2)

T ak in g  th e  io n —ion in te ra c tio n s  u p  to  th ird  ne ighbours, th e  ty p ica l d ia 
gonal an d  n o n — diagonal p a r t  o f  th e  d y n am ica l m a trix  is g iven  by

D'/i =  2 (2 ax +  ßß) [2 — Ci(cj — c*)] +  4«!(1 — cjck) +  4 (a 2 +  ß2)

[(1 — су) +  4 a 2 2 — (cj -|- c?)] +  8/3(2/?s -(- 3«3)

[ l  +  CjCk( 1 — 2c?)] +  8/3(/S3 -f- 6 a 3) ^ (cj +  ck) (1 — 2cyck) (3)

Acta Physica Academiae Scientiarum Hungaricae 39, 1975



L A T T IC E  D Y N A M IC S  O F  N O B L E  M E T A L S 51

D/j =  2 ß , S iS j +  —  S /S ^ 3[4ca(c, +  ej) (1 -  2c*)*] . (4)

T h e  e le c tro n = io n  in te ra c tio n  has  been ta k e n  o n  th e  basis o f  th e  w ork o f 
Shukla  an d  Camakgo [5] given b y

D ie =  K t f n  1

" 1 + q2IK ’
К  q ^ jn
1 +  q*iK

w here S,- =  sin (g,a)
Cj =  cos (q,a) 
a  =  la ttic e  p a ra m e te r
qi =  i th  co m p o n e n t of p h o n o n  w ave v ec to r  
kç =  (rsla0)kpß ; rs — ra d iu s  o f  a tom ic sphere , o 0 
kp  =  F erm i w a v e  v ec to r

B o h r ra d iu s

(5)

(6)

(a„  ßi) a re  force c o n s ta n ts  for i th  ne ighbour

• 353 <  ß  ^  • 8 1 4 , 

4
n  =

B y  expand ing  th e  secu lar d e te rm in a n t in  th e  long w av e len g th  lim it 
(q —у 0), th e  follow ing re la tio n s  w ere  fo u n d  betw een  e lastic  c o n s ta n ts  and  force 
c o n s ta n ts :

ocn  =  +  2ßi. +  4 a 2 +  4/S2 -)- 2 4 a2 +  12/S3 -)- ake , (7)

aci 2 =  — 4 a x +  ßj. — 4 a 2 — 24ß3 +  6 a 3 +  ake , (8)

ac44 =  4 a x +  +  4 a 2 +  24a3 +  6ß3 , (9)

w here ke is hu lk  m o d u lu s  o f e lec tro n  gas and  is g iv en  by

8
k e =  (c12 — c44) +  —  («! +  « 2 +  6oc3) . (10)

a

3. N um erica l com puta tions

I n  o rd er to  d e te rm in e  th e  p h o n o n  frequencies, th e  e v a lu a tio n  o f  force 
c o n s ta n ts  w as necessa ry . T he seven  d isposable p a ra m e te rs  o f th e  m odel were 
e v a lu a te d  b y  using th e  eq u a tio n s  re la tin g  th em  w ith  th e  th re e  e lastic  co n stan ts  
an d  fo u r ex p erim en ta l p h o n o n  frequenc ies co rrespond ing  to  fo u r w av e  vectors
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a t  th e  zone b o u n d aries . A fter m a k in g  several choices fin a lly  lo n g itu d in a l and  
tra n sv e rsa l zone b o u n d a ry  freq u en c ies  from  th e  d irec tions [COO] an d  [CCC] 
w ere  tak en . E la s tic  c o n s ta n ts  w ere  ta k e n  a t th e  sam e te m p e ra tu re  a t  w hich 
p h o n o n  frequencies w ere m easu red . P honon  d isp ers io n  re la tio n s  fo r copper, 
s i lv e r  an d  gold h a v e  been  m easu red  respective ly  b y  Svensson  a n d  B rock- 
h o u se  [8], Kamitakahara an d  B rockhouse [9] a n d  b y  Ly n n  e t  al. [10]. 
A ll th e se  m easu rem en ts  have b een  ca rried  ou t a t  ro o m  te m p e ra tu re  only. The 
ro o m  te m p e ra tu re  va lu es  of th e  e la s tic  co n stan ts  o f  copper w ere ta k e n  from  
th e  w ork  of Overton  an d  Ga f f n e y  [11] and th o se  o f  silver an d  gold  from  th e  
w o rk  o f  N eighbours an d  A lers [12]. The in p u t  d a ta  to  c a lc u la te  atom ic 
fo rc e  co n stan ts  are  g iven  in  T ab le  I .  C alculated  v a lu es  of th e  fo rce  co n stan ts  
a re  show n in T ab le  I I .

A  know ledge o f  th e  n u m e ric a l values of th e  force c o n s ta n ts  m ade i t  
possib le  to  ca lcu la te  th e  phonon  d isp ers io n  re la tio n s in  copper, s ilv e r an d  gold. 
C o m p u ted  phonon d ispersion  cu rv es  o f  silver an d  gold  are p re se n te d  in  Figs. 1 
to  2 to g e th e r w ith  th e  e x p e rim e n ta l po in ts show n fo r com parison  purpose. 
W h ile  th eo re tica l cu rves are show n  b y  con tinuous lines, e x p e rim e n ta l po in ts 
a re  show n by  th e  d iffe ren t sym bo ls given in  th e  cap tio n s . P h o n o n  dispersion 
cu rv e s  of copper a re  n o t  given h e re  as i t  has been  a lre a d y  re p o rte d  b y  one of us 
(S h ukla  and  Salzberg  [6]) e a rlie r.

T h e  ca lcu la tio n  o f  specific h e a t  o f  these  m eta ls  h as  been m ad e  on a num e
r ic a l  sam pling o f th e  v ib ra tio n  sp e c tru m . To e v a lu a te  th e  freq u en cy  spectrum ,

Table I
Inpu t data  to  calculate force constants

Lattice 
parameter 

a (A)

Elastic constants Atomic
Phonon frequencies

Metal c n C12 Сц
mass

M VL  C o o " П  oo VL K  C VT C K

(1011 dyn cm - )
(I0-«g) (101S Hz)

Copper 3.618 16.84 12.15 7.55 1.056 7.19 5.08 7.40 3.38
Silver 4.078 12.40 9.37 4.61 1.791 4.71* 3.25* 5.07 2.24
Gold 4.07 19.23 16.30 4.20 3.270 4.61 2.75 4.70 1.86

* For the w ave vector (-8,0,0)

Table II
O u tpu t values of th e  force constants (103 dyn cm -1)

Metal «1 P, °ca P, «3 /3, ake

Copper — 1.7809 29.513 — .2615 .7689 — .2189 1.8726 — 10.204
Silver — 1.7177 26.104 — 4499 -.1 6 5 1 — .1651 .9048 — 5.875
Gold — .9410 33.574 — .1751 -.2 3 8 5 — .2385 — 1.0485 — 1.8869
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th e  en tire  B rillou in  zone was d iv id ed  in to  8000 m in ia tu re  cells a n d  th e  fre 
quencies w ere ca lcu la ted  for th e  c e n tra l p o in t o f  each  cell. T h is g av e  rise to  
24 000 frequencies . T he en tire  freq u en cy  sp ec tru m  was d iv id ed  in to  sm all 
in te rv a ls  o f w id th  Av =  .05 X Ю12 H z and  th e  specific  h ea t w as ev a lu a ted  
th ro u g h  B lackman’s sam pling  tech n iq u e  [13]. T h e  ca lcu la ted  v a lu e s  of c„ 
w ere u tilised  to  co m p u te  (0 — T )  cu rves of copper, silver and  go ld  an d  these

reduced wave vector §

Fig. 1. Phonon dispersion relations in silver. Calculated curves are shown by solid line. Experi
m ental points are shown by O, •  and A

Fig. 2. Phonon dispersion relations in gold. Calculated curves are shown by solid line. Experi
m ental points are m arked by O, •  and A

are  p lo tte d  in  F igs. 3 to  5 to g e th e r  w ith  som e ex p e rim en ta l p o in ts  fo r  com pa
rison  p u rp o se . T h e  ex p erim en ta l cv o f  copper, silver a n d  gold were ta k e n  respec
tiv e ly  from  th e  w orks o f Martin  [14], Meads e t al. [15] an d  th a t  o f  Geballe 
an d  Giauq ue  [16]. In  o rd er to  e s tim a te  th e  la ttic e  h e a t capacities th e  coeffi
c ien t o f th e  e lec tron ic  specific h e a t  has been s u b tra c te d  from  th e  experi
m e n ta l c„. Such coeffic ien t, y, has th e  value of 164.4, 155.5 an d  177.6, all in 
th e  u n its  o f 1 0 -6 cal d e g -2 g a to m -1  resp ec tiv e ly  fo r  copper, s ilver a n d  gold. 
T hese co rresp o n d  to  th e  ex p e rim en ta l m easu rem en t o f  Corak e t a l. [17] for 
co p p er an d  gold an d  to  those  o f Y ates and  H oare [18] for silver.
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Fig. 3. (6—T) curves of copper. T heoretical curve is shown by  continuous line. Experim ental
points are m arked by о

Fig. 4. (0—T) curves of silver. Theoretical curve is shown b y  continuous line. Experim ental
points are marked by о

Fig. 5. (Q—T) curves of gold. Theoretical curve is show n by  continuous line. Experim ental
po in ts are marked by  О
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4. C om parison w ith  experim en ta l results

W e shall com pare  each  m e ta l sep a ra te ly .

Copper

P h o n o n  d ispersion  re la tio n s  o f  copper a long  all th e  p rin c ip a l sy m m etry  
d irec tio n s have  g iven  an  ex ce llen t f i t  w ith  th e  ex p erim en ta l re su lts  (see 
Shukla  an d  Salzberg  [6]).

T h e s tu d y  o f  F ig . 3 show s t h a t  th e  ca lcu la ted  (6 — T)  cu rv e  o f  copper 
h as  rep ro d u ced  exceed ing ly  w ell th e  en tire  course o f th e  e x p e rim e n ta l curve. 
O u r cu rv e  lies a b o u t 3%  below  th e  ex p e rim en ta l curve. H a d  w e used  zero 
degree K elv in  v a lu es  o f e lastic  c o n s ta n ts  a n d  e x tra p o la te d  v a lu es  o f zero 
degree phonon  frequencies to  c a lc u la te  th is  cu rv e , p ro b ab ly  th is  d ifference 
could  h av e  been d ro p p ed  a l i t t le  h it .

Silver

A critica l s tu d y  o f F ig . 1 show s th a t  th e  ca lcu la ted  p h o n o n  dispersion 
curves o f silver h av e  g iven an  ex ce llen t descrip tio n  of th e  e x p e rim e n ta l curves 
of K amitakahara a n d  B rockhouse [9]. A t low  w ave vecto rs o u r  cu rves have  
a lm o st rep ro d u ced  th e  ex p e rim en ta l re su lts . A l i t t le  d iscrepancy  ex is ts  betw een  
th e  ca lcu la ted  an d  ex p e rim en ta l cu rv e  n e a r th e  zone boundaries. T h e  m ax im um  
d ev ia tio n  ex isting  b e tw een  th e  tw o  sets o f re su lts  does n o t  exceed  m ore 
th a n  8 % .

T h e  s tu d y  o f  F ig . 4 rev ea ls  th e  in fo rm a tio n  th a t  th e o re tic a l (6 — T) 
curve  o f  silver has rep ro d u ced  th e  e n tire  course o f th e  e x p e rim e n ta l resu lt. 
T he ca lcu la ted  cu rve  h as  been fo u n d  to  lie a b o u t 2 %  below th e  ex p e rim en ta l
curve.

Gold

T he s tu d y  o f F ig . 2 shows t h a t  th e  ca lcu la ted  phonon d isp ers io n  curves 
o f gold along all th e  p rin c ip a l sy m m e try  d irec tio n s have g iven  an  excellen t 
d esc rip tio n  of th e  ex p e rim en ta l re su lts  o f Ly n n  e t  al. [10]. E x c e p t a t  few  w ave 
v ec to rs  a t  th e  h igh freq u en cy  reg ion , th e  ca lcu la ted  curves h av e  a lm o st rep ro 
duced  th e  ex p e rim en ta l ones w ith in  th e  lim its  o f  th e  e x p e rim en ta l errors.

A  c ritica l s tu d y  o f  F ig . 5 rev ea ls  th e  fa c t  t h a t  th e  c a lc u la ted  (6 — T) 
cu rve  o f  gold has rep ro d u ced  th e  e n tire  course o f th e  ex p e rim en ta l find ings. 
T he ca lcu la ted  cu rve  lies ab o u t 2 %  above th e  exp erim en ta l one.
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5. C onclusion

The la tt ic e  d y n am ics an d  h e a t  capacities o f  co p p er, silver an d  gold h av e  
b een  s tud ied  on  th e  basis o f m od ified  B hatia’s m odel. A critical s tu d y  of th e  
re su lts  p resen ted  h e re  in d ica tes  t h a t  th e  p re se n t schem e has been ex trem ely  
help fu l in  e x p la in in g  th e  ex p e rim en ta l phonon  d ispersion  curves as well as 
th e  h ea t c ap ac ities  o f  all th e  noble  m e ta ls  com bined  to g e th e r. T h e  m ax im um  
d ev ia tio n  b e tw een  th e  ca lcu la ted  a n d  ex p erim en ta l p h o n o n  frequencies of all 
th e se  m etals h a s  b een  found  o f th e  o rd e r o f 10% . T h e  ca lcu la ted  an d  ex p e ri
m e n ta l 0 does n o t  d iffe r m ore th a n  5 % . T he ag reem en ts  betw een  th e  ca lcu la ted  
a n d  ex p erim en ta l 0 could  h av e  been  im p ro v ed  h a d  w e used  zero degree values 
o f  exp erim en ta l c o n s ta n ts  fo r such  ca lcu la tions. O w ing  to  th e  fa c t th a t  our 
m odel is n o t v e ry  rigo rous as fa r  as th e  ca lcu la tio n  o f  e le c tro n —ion in te ra c tio n  
is concerned, s ince  i t  does n o t m od ify  th e  tra n sv e rsa l b ranches, th is  k ind  of 
re su lt  is v e ry  m u c h  encouraging . T o  achieve s im ila r success ex p erim en ta lis ts  
Svensson  a n d  B rockhouse [6], K amitakahara a n d  B rockhouse [9] and  
Ly n n  et al. [10] h a v e  used  as m a n y  as 12 to  16 free  p a ram ete rs . T he orig inal 
m odel of B hatia  also h ad  only  a l im ite d  success in  th e  in te rp re ta tio n  o f experi
m e n ta l (0 — T ) cu rv es  o f th ese  m e ta ls . I t  is th u s  c lea r from  th e  p re se n t s tu d y  
t h a t  th e  idea  u n d e rly in g  th e  m o d ifica tio n  o f th e  B h atia ’s m odel is q u ite  ju s t i 
fied . One can  sa y  d e fin itiv e ly  t h a t  in te ra to m ic  in te ra c tio n s  in  cubic m eta ls  
(noble m etals fo r  th e  p re sen t stud ies) ex ten d  o u t to  th ird  neighbours a t  least.

W hile th e  o rig inal m odel o f B hatia [3] w as lin k e d  w ith  th e  T hom as — 
F e rm i th e o ry  o f  e lec tro n  screening , we v a ried  su c h  screening in  noble  m eta l 
ion s in  be tw een  th e  theo ries o f B ohm  an d  P ines an d  t h a t  o f T hom as an d  F erm i. 
W e cam e to  th e  conclusion  th a t  th e  b e s t resu lts  a re  o b ta in ed  w hen th e  e lec tron  
screening  in  a ll th e se  th ree  m eta ls  is considered  on  th e  th eo ry  o f B ohm  an d  
P ines. P re se n t re s u lt  does n o t co n firm  w ith  th e  h y p o th esis  of Shukla  and  
D ayal [19] t h a t  e lec tro n  screen ing  in  noble m e ta ls  is connected  w ith  th e ir  
ion ic  radii. O u r ca lcu la tio n s a p p e a r to  be m ore ju s t if ie d  in  th e  sense th a t  i t  
w as based on rep ro d u c in g  th e  ex p e rim en ta l p h o n o n  dispersion curves of all 
th e  noble m e ta ls . Shukla  an d  D a yal  [19] h a d  com e to  th a t  conclusion  w hile 
f i t t in g  th e  e x p e rim e n ta l (0 — T)  cu rves o f silver a n d  gold due to  th e  lack  of 
ex p erim en ta l p h o n o n  d ispersion  cu rves o f silver a n d  gold a t  th a t  tim e .
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Algebraic Jacobian  expressions are given describing th e  sensitivity  of upper-sta te  
ro-vibrational energy levels to  changes in  Coriolis zeta coefficients. For two and three in te rac t
ing states closed form ulae are derived. For non-degenerate, m ultiple in teractions tw o a lterna
tive approaches are used. One m ethod is novel and  consists of the application of th e  “m ixing  
matrices”, th e  other is th e  use of first-order p e rtu rba tion  theory .1

1. In tro d u c tio n

I n  o rd e r to  d e te rm in e  v ib ra tio n a l-ro ta tio n a l in te ra c tio n  p a ra m e te rs  in  
m o lecu lar sp ec tra  a f re q u e n tly  used p ro ced u re  is t h a t  o f  co m p u te r s im u la tio n . 
W hen  sev era l p a ra m e te rs  are  to  be d e te rm in e d  from  a g rea t n u m b er o f  obser
vab les, such  as ro ta tio n a l tran s itio n s  in  a v ib ra tio n a l sp ec tru m , th e  obvious 
p rocedure  to  ap p ly  — in  add ition  to  c o m b in a tio n  d ifferences — is th e  m e th o d  
of leas t-sq u ares . T he analy sis  of d iffe ren t resonances ra re ly  proceeds a long  th is  
line, because  i t  is d iff ic u lt to  o b ta in  p h y sica lly  m ean ingfu l effective ro ta tio n a l 
c o n s ta n ts  fo r th e  u p p e r  s ta te s  by  th e  le a s t-sq u a re s  tech n iq u e . In  m o st cases 
th e  reso n an ce  p a ra m e te rs  are o b ta in e d  in  th e  s im u la tio n  m eth o d  b y  tr ia l-  
an d  -e rro r, s ta r tin g  fro m  some accep tab le  se t.

T h is p ap e r deals w ith  Coriolis p e r tu rb a tio n s , an d  its  purpose  is to  derive  
expressions fo r th e  J a c o b ia n  elem ents o f  th e  u p p e r-s ta te  levels w ith  re sp ec t 
to  Coriolis z e ta  coeffic ien ts . The ex p ec ted  use o f these  fo rm ulae  is in  th e  analy sis  
o f m u ltip le , n o n -d eg en era te  in te rac tio n s , w here  several Coriolis z e ta  coeffic ien ts 
p a r tic ip a te  in  th e  ro ta tio n a l p e r tu rb a tio n s . M ultip le in te ra c tio n s  a re  allow ed 
b y  sy m m e try  in  a sy m m etric  tops, p ro v id in g  for a com plex  s tru c tu re  in  th e  
sp ec tru m , even  w hen  th e  m olecule is b u il t  on ly  from  a few  atom s.

F ir s t  we shall d ea l w ith  tw o a n d  th re e  in te ra c tin g  v ib ra tio n a l s ta te s , 
th e n  discuss th e  p ro b lem  generally.

* Presented in p a rt a t  the “ Third In te rna tiona l Colloquium on High Resolution Infrared  
Spectroscopy” , Liblice (Prague), September, 1974

1 In  a recent paper R o w e  and W ilso n  [9] have also derived formulae for the derivatives 
of ro tational energy levels in  perturbed spectra, utilizing the H ellm ann—Feynm ann theorem  
as described in  [8]. Their E quation  9. in [9] can be shown to be equivalent to  the а -type per
tu rbation  expression in  Section 5.2 if F  =  2/1 fj?s Qrs, the  approxim ation specified in  Footnote 7 
here is used, and i t  is realized th a t  in  this w ork th e  v ibrational w avefunctions are phased.
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2. Interactions betw een tw o vibrational states

The s im p le s t case to  s ta r t  w ith  is th e  а -ty p e  Coriolis in te ra c tio n  betw een  
tw o  v ib ra tio n a l-ro ta tio n a l level sy stem s. Mills [1] gave a n a ly tic a l d escrip tions 
b o th  for th e  p e r tu rb e d  energy levels an d  fo r th e  co rresp o n d in g  w avefunc tions.

The a n a ly tic a l deriv a tiv es  a re  o b ta in e d  in  a s tra ig h tfo rw a rd  m a n n e r  
fro m  the  fo rm u la  o f p e rtu rb ed  energ ies:

E ±(J , K ) =  ±  (vr +  vs) +  F ( J , K ) ±  - 1 A K ,
Z Z

w here
A \  =  16А*Щ СаГзГ Q% +  <52,

w here  vr an d  vg a re  the  frequencies of b an d -o rig in s , F (J , K )  is th e  ro ta tio n a l 
energy , A  is th e  equ ilib rium  ro ta tio n a l c o n s ta n t, trs is th e  а -ty p e  Coriolis z e ta  
coeffic ien t co n n ec tin g  th e  tw o  s ta te s ,

a n d

Qrs
1
2

'  ( V r ) 1/2 t v  A 1/2-

- +
S

L K J Vy r

Ô2 =  (vr -  vs)2 .
I t  follows th a t

ЭE *(J , К ) _  ЭЕ Ц К ) =  , A x  — ő2

0 Í ? S ~  QCrs ~  ±  2 A K C?S
( 1 )

w here  the  -|- a n d  — signs re fe r to  th e  p e r tu rb e d  u p p e r an d  low er levels, 
respective ly .

The co rrespond ing  d e riv a tiv e s  of th e  A J  =  0, A K  =  + 1  tra n s itio n s  a re  
o b ta in ed  as th e  energy d e riv a tiv e s  belonging to  (К  +  1) an d  (К  — 1), since 
th e  v ib ra tio n a l g round  s ta te  is u n p e rtu rb e d , th u s  its  d e riv a tiv e  w ith  re sp ec t 
to  Crs is id e n tic a lly  zero: 3

a n d

8 * 3 ,  Ш Ц К  +  1) QE°(K) 0 Е Ц К  +  1)

9C“S QCars 9 C?s

9 P $K 3 Е Ц К  1) Э E °(K ) d E ±(K  — 1)

9C?S 9C«S

- 03 
<3 ^
CD 9f?s

3. Interactions between three vibrational states

A lthough , s tr ic tly  speak ing , th e re  a re  no  closed a n a ly tic a l expressions 
for the  e igenvalues of a (3 X 3) H a m ilto n ia n  m a tr ix , i t  is s till possible to  give 
p rac tica lly  u sefu l form ulae. K ovács and  Sing er  [2] gave fo rm ulae  to  ca lcu la te

Acta Physica Academiac Scientiarum Hungaricae 39, 1975



R O -V IB R A T IO N A L  E N E R G Y  JA C O B IA N S 6 1

th e  ro o ts  o f a th ird -o rd e r  secu la r eq u a tio n  u tiliz ing  a M ac-L au rin -ty p e  series 
expansion . T he a d v a n ta g e  of th e se  expressions is th a t  th e  p rec ision  o f  th e  
eigenvalues can  b e  im proved  b ey o n d  an y  given degree b y  e x te n d in g  th e  su m 
m atio n s in v o lved  over m ore te rm s.

T h e  d iag o n a l te rm s o f a h e rm itia n , sy m m etric  m a tr ix  are  red u ced  b y  
th e  q u a n ti ty  W:

W  =  w +
W 1 +  W 2 +  w 3 

3
( 2)

w here th e  W ?s a re  th e  d iagonal te rm s.
T he th ree  red u ced  roo ts a re  g iven  b y  (see E q . 12 in  [2]):

_ /3 «  — 5
=  _  «!/2 __u \ =  — a b /2 a +  2  ( -  1)"

n = 2 2n
2

n — 1

bn
a ( З П -1 )/2

w.
n =2

=  6 / a +  ^ [ l - ( - l ) " ] - f -
In

Зга — 5 \

3 n — 5 )
1 bn2

. - г
1 a*3" - 1*/2

(3)

w3 =  a1'2 -  b/2a — 2  ~ ~
n = 2  2  П

2
n -- 1 ;

bn
a(3 f ! - l) /2

w here th e  d e fin itio n s  of a an d  b are  given in  E q . (6) in  [2].
Since th e  ab o v e  expressions converge v e ry  rap id ly , p ro v id ed  |33/26/2a3/2| ^  

<[ 1 — w hich  is a lw ays tru e  fo r secu la r eq u a tio n s — useful a p p ro x im a te  ex p res
sions a re  o b ta in e d  fo r th e  ro o ts  Wi w hen  only  th e  f irs t  tw o  te rm s  in  th e  su m 
m atio n s of E qs. (3) are re ta in ed . T he resu ltin g  sim plified  expressions are given 
in  E q s. (15) in  [2], an d  are rep ro d u ced  here:

w " i = — 2  w i3 i 2L i , k

w i
ik + \ H ik\2

1/2

i ë ,
W i k +  1 H r  I2Ч к  I (W u +  W lk) -  2R (H ikH klH u)

2
i , k

w 2iu
+  \ H ik\2

w \  — 2  w i +
û I

+
j 2 \3 i ,k , l , IL

W n
+  \ H i k \2 (W u  +  W lk) -  2R (H ikH klH u)

2
i , k  L

w \i k +  1 Hik\2
(4)
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=  - 2 w i +  \ 2
* i L  i,k

Wlk
+

-11/2

j 2о i,k, /,

W ik +  \Hik\*

6 4 1

(W u +  W lk) -  2 R (H ikH klH u)^

(4)

Ч 1
—i.k

H ik\*

w here  W(k =  W i — Wk, an d  R  d eno tes th e  re a l p a r t  o f  th e  off-d iagonal H am il
to n ia n  m a trix  e lem en ts . P ro v id ed  we h av e  c o n s tru c te d  th e  H a m ilto n ian  m a tr ix  
on  th e  basis o f  p h ased  w av efu n c tio n s o f th e  in te ra c tin g  v ib ra tio n a l s ta te s , 
th e  H am ilto n ian  m a tr ix  co n ta in s  on ly  rea l e lem en ts.

By d iffe re n tia tin g  th e  expressions in  E qs. (4) w ith  respect to  H ik we 
c a n  ob ta in  closed  form  expressions fo r th e  Ja c o b ia n  e lem ents o f  W [, W% 
a n d  W'l w ith  re sp e c t o f th e  o ff-d iagonal H a m ilto n ia n  m a tr ix  e lem ents.

D eno ting  b y  A  and  В  th e  follow ing su m m atio n s  in  E q s. (4):

2
i,k

ik +  ! h ,ik I

2i.k.l,
w ,ik +  | я ,ik 2j  (w ,k - H P « ) .

th e  Jaco b ian  e lem en t expressions a re  th e  follow ing:

QW

9 H n
1_ _  sign o f  H ik I _

A 2

W a  +  W ik A - В H ik +  H klH u(A  -  H I ) (5)

W l  =  sig n  o f H ik J J  W H +  W lk A  B
9 H,ik A 2

H ik — 2 H klH n{A — Щ к)

w hile
QW"
9Я ,ik

9 W'j QWl 
9 H ik +  m

1],
ik J

w h ere  th e  la s t  eq u a tio n  follows from  th e  tra c e  ru le :

^ ^ L  =  0.
i dHik

(6 )
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E qs. (5) are , in  fac t, genera lly  tru e  fo r an y  ty p e  o f off-d iagonal e lem ents, 
th e re fo re  for an y  ty p e  of p e r tu rb a tio n s . In  th e  case o f Coriolis in te rac tio n s  
th e  Ja c o b ia n  e lem en ts  are  o b ta in ed  from

dW , __ ЭW , QH,k
9 f o  ~  aH ik щ к '

F o r  th e  sim ple case o f а -ty p e  Coriolis in te ra c tio n s , w here H lk =  2 iAKÇak Qjk:

81V,
=  2 iA K  Qlk QW,

9 H ,k

4. The case of multiple Coriolis interactions

The e igenvalues o f th e  v ib ra tio n a l- ro ta tio n a l H a m ilto n ia n  m a tr ix  are 
o b ta in ed  by  a s im ila rity  tra n sfo rm a tio n :

E =  Ur H U  ,

w here  U r  is th e  tran sp o se  o f  th e  eigenvecto r m a tr ix . T he rigo rous w ay to  
ca lcu la te  th e  d e riv a tiv e s  o f E w ith  resp ec t to  som e p a ra m e te r  P  is given by :

ЭЕ 
9 P

9U T
~ЭР

(H U ) +  U T
a h  
a p U +  (U TH)

a u
a p  ‘ (7a)

U n d e r th e  a p p ro x im a tio n  th a t  U is m uch less sen sitive  to  changes in  P  th a n  
H , E q . (7a) is s im p lified :2

a e  
э р

; U T—  Ua p (7b)

As discussed in  Section 6 th e  above a p p ro x im a tio n  ho lds on ly  fo r  th e  case 
w hen  all in te rac tio n s  are  w eak . E q . (7b) can  be te s te d  ag a in st th e  case of tw o 
in te ra c tin g  v ib ra tio n a l s ta te s  (Section 2), u s in g  th e  e ig en v ec to r m a trix  
e lem ents given b y  Mills [1]

a e + 

9 C?s
0

^ u T

9 Н ц  

9 C?s
9 # 12
9 Hars

0
a e - 9 H.21 9 H 22

QCfs dC?s 9
_  I Ull U21 I 0 2 A K Q rs M11 U12

1 U12 U22 1 2 A  К  Qrs 0 U21 U22

2 Ca stellan o  and  B o t h n e r -B y  [8] have shown th a t  w ith respect to  the diagonal ele
m ents of ЭЕ/ЭP  the  approxim ate equality  in  Eq. (7b) is a rigorous one. From  th is fact it  fol
lows th a t  the trace-rule in  Eq. (6) here is, in  fact, an exact one.

3 The construction of the H am iltonian  m atrix  is done on the basis of phased wave- 
functions: 4fr and — iV s.
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C a rry in g  ou t th e  m a tr ix  m u ltip lic a tio n s  we o b ta in :

8 E+
0 2 ИцМ21 U12U21 “b U11U22

3 &
8 E ~ =  2 A K Q rs

U12U21 u l lu22 %U12U220
8 &

T h e  eigenvecto r e lem en ts  are:

П ц  =  < l[^  ,  U ^ 2  ~  , Ugl  ~  b  К  ^ 2 2  ~  ?

w h ere  aK and  b« a re  coefficien ts in  th e  lin e a r  co m b in a tio n s of u n p e rtu rb e d  
v ib ra tio n a l w av efunc tions.

I W + >  =  aK \ V r >  — ibK I Ws > >

I >  =  — ibK I Wr >  +  <*к I Vs  >  •

T h e expressions fo r  th e  coeffic ien ts  ац  and  hK a re :

aK =  [(AK +  d )ß A Ky 2 , bK =  [(AK -  i)l2A K] * .

S ince from  E q. (8): 

8 E+
— 4ui 1 и21 A K  Q rs \

8 E
- 4u,oM„ A K  Q.

1121 e g , - " « — »
a n d  since

fu r th e rm o re :

we o b ta in  th a t

a n d  sim ilarly

u 1 2 u 22  —  M1 1 M 21  —  a K b K  —
{A2K -  Ő2)1'2

2 A p

4 A K  Qr
(A2K -  ô2)1'2

t arS

4 uu u21 A K Q rs =  +  ^ — — =  —
2C?sAk

A 2K -  Ô2 8E -
2 t% A K ~  ac?s

4 U 12^22 A K  Qrs —

I t  sh o u ld  be n o ted  t h a t  since fo r w e a k  in te rac tio n s , as w ill be show n, ыи и 22 +  
-f- u 12u 21 0, th e  r ig h t  h an d  side  m a tr ix  of E q . (8) will n o t be  diagonal.
N u m erica l ca lcu la tio n s show  th e  o ff-d iagonal e lem ents to  be o ften  la rger 
th a n  th e  d iagonal ones.

O ne can p ro v e  easily  th a t  th e  energy  Ja c o b ia n  m a tr ix  is d iagona l only 
fo r  s tro n g  in te ra c tio n s  — for w h ich  th e  resu lts  re p o rte d  in  Sections 4, 5 and  6 
a re  n o t  applicable. T h e  o ff-d iagonal e lem ent is, from  E q . (8), p ro p o rtio n a l to  
u n u 22 +  Mi2u 2i- T h e  req u irem en t t h a t  th e  fo rm er be  zero can  be re fo rm u la ted :

u l l u 22 U 12M 21 =  2 u 12u  21 •
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Since th e  le f t-h an d  side is equal to  u n ity  — U  being  o r th o -n o rm a l — we 
o b ta in :

— 2 u l2u 21 =  26 k  =  1 .

The ex istence  of a d iag o n a l Ja c o b ia n  m a tr ix  th e n  requires

A K - b2 b \ \ = “ K 1 ,

which co n d itio n  is m e t on ly  for d A K, i.e ., fo r  s tro n g  reso n an ce .

5. The construction o f Jacobian elem ent expressions 
for m ultiple interactions

T h e b in a ry  in te ra c tio n  serves as recipe fo r  co n stru c tin g  th e  m a trix  
equa tions fo r o th e r in te ra c tio n  s itu a tio n s . In  th e  follow ing we seek  a  sim pli
fica tio n  o f  th e  a lg eb ra  —- in h e re n t a lre a d y  in  th e  (2 X 2) case — t h a t  allows 
us to  c ircu m v en t m a tr ix  n o ta tio n  a n d  give sim ple algebraic ex p re ss io n s  for 
th e  J a c o b ia n  e lem ents concerned.

W e shall deal w ith  tw o p a r tic u la r  cases, f i r s t  w ith  m u ltip le  a -type  
in te rac tio n s  in  a sy m m etric  tops, th e n  w ith  m u ltip le  sim u ltan eo u s a , 6 and 
c-type in te ra c tio n s  in  p la n a r  Cs a sy m m etric  to p s. T h e  tre a tm e n t g iv e n  allows 
one to  develop  special expressions fo r  o th e r  cases.

T h e  essen tia l p a r t  o f th e  m e th o d  is th a t  in  a ll in te ra c tio n  cases th e  
problem  o f d iffe re n tia tin g  th e  m a tr ix  p ro d u c t U TH U  can  be re fo rm u la te d  as

Э E  

3 f t
c o n s ta n t]U r M U , ’ (9)

w here M is a  m a tr ix  ca lled  here th e  “m ixing m atrix” , com posed o f  e lem ents 
0 and  + 1 . 4 T he p o sitio n  o f th e  +  l ’s in  th e  m ixing  m atrix  d ep en d s  on th e  
w ay th e  H a m ilto n ia n  m a tr ix  is se t u p , b u t  once som e co n stru c tio n  p rincip le  
is ad o p ted , M becom es th e  sam e c o n s ta n t m a tr ix  fo r  all ro ta tio n a l q u a n tu m  
num bers. A s we shall see la te r  th e  fu n c tio n  o f th e  m ixing  matrix is to  p e rm u te  
pairs o f co lum ns o f th e  U T m atrix , o r to  com bine som e colum ns o f  U 7 and  
perm ute  th e se  co m b in a tio n s in  bu ild in g  th e  UTM m a tr ix . All o th e r  co lum ns 
o f UT — n o t a ffec ted  b y  o th e r p e rm u ta tio n s  — w ill be m issing  fro m  th e  
fin a l m a tr ix  U TM U, th e re fo re  re la tiv e ly  sim ple exp ressions will b e  o b ta in ed  
for th e  co m b in a tio n  o f  th e  e igenvec to r m a tr ix  e lem en ts . 1

1 The condition for this is that the perturbation Hamiltonian matrix is constructed on 
the basis of phased wavefunctions ; then all matrix elements are real quantities.
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T he w ay  in  w h ich  a p a r t ic u la r  M m a tr ix  p ro d u ces th is  p e rm u ta tio n / 
co m b in a tio n  e ffec t is  closely re la te d  to  th e  fu n c tio n  o f  th e  so-called e lem en ta ry  
s im ila r ity  tra n s fo rm a tio n s ; in  p a r tic u la r , to  th e  p ro p ertie s  o f p e rm u ta tio n  
m a tr ic e s  [3]. T h e  m ixing  matrix is , how ever, n o t  id en tica l to  e ith e r  of these  
e le m e n ta ry  m a tric e s . T he sim p lest ty p e  of m ixing  matrices is en co u n te red  
in  th e  exam ple o f  m u ltip le  а - ty p e  in te rac tio n s  in  a sy m m etric  to p s .

5 .1  M ultiple а-type Coriolis interactions

The c o n s tru c tio n  of th e  p e r tu rb a tio n  H a m ilto n ia n  m a tr ix  in  th is  case 
is  su ch  th a t  th e  co rrespond ing  m ix in g  m a tr ix  is  sym m etric  a n d  h a s  - f  1 ele
m e n ts  along i t s  co-d iagonals. T h e  m a tr ix  tra n s fo rm a tio n s  can  be  illu s tra te d  
b y  using  a m a tr ix  M rs re la tin g  to  ju s t  one in te ra c tio n  e lem en t.5 T h e  corres
p o n d in g  p a r ts  o f  th e  H a m ilto n ian  m a tr ix  a n d  M rs are:

r s r S

E r Ars • M • 0 +;i
A sr E s ч a*rs • +  1 0

w h ere

Ars ~  A sr — 2 A K  QrsÇr s ,

Er =  vr +  Fr(J, K ) .

I n  th e  above case  th e  p roduc t m a tr ix  UTM w ill c o n ta in  tw o co lu m n s w hich 
a r e  th e  in te rc h a n g e d  r-th  an d  s - th  colum ns o f  U r .

r s r s

• • • Mrl• • • usl• • •
•

u s l  и П

Urr Usr . . . . . . 0  + 1 Usr u rr

. . .  urs • • . uss. . . . . . + 1  0 Uss Urs

UT Mrs u rMr,

5 Again, th e  problem  is set u p  on the  basis of phased  vibrational w avefunctions. Such 
Mrs matrices are closely related to  m atrices Iy  [3], Mrs corresponds to  th e  non-diagonal 
block of Iy.
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I f  now  UTMrs is rig h t-m u ltip lie d  b y  U , th e  i- th  d iagona l e lem ent o f th e  re su lt
in g  p ro d u c t m a tr ix  is g iven  as:

[UTM U ]„ =  2 uriusi.

M ultip ly ing  th is  expression  b y  th e  c o n s ta n t fac to r in  E q . (9), w h ich  is p re 
se n tly  2AK Q rs, th e  Ja c o b ia n  e lem en t, giv ing th e  s e n s itiv ity  of th e  ro v ib ra tio 
n a l levels in  th e  ex c ited  s ta te :  (в,- =  1, 'У'У/ — 0) to w a rd s  th e  C oriolis coeffi-

j * i
c ien t £rs is g iven  b y  th e  fo rm ula :

=  4 A K upper Qrsurius i , (10)
J  ii

w here  u r,- an d  us, are  e lem en ts of th e  eigenvecto r m a tr ix  belonging  to  some 
u p p e r  s ta te  К  ro ta tio n a l q u a n tu m  n u m b e r.

5.2 M ultiple a, b and c-type Coriolis interactions in  p lanar Cs asymmetric 
top molecules

The so m ew h at m ore co m p lica ted  problem  o f s im u ltan eo u s a, b and  
c -ty p e  in te ra c tio n s  in  p la n a r  Cs a sy m m etric  tops, such  as isocyanic  ac id  HNCO 
[4] can  be s im ila rly  h an d led . H ere  one has th ree  d iffe ren t ty p es o f  off-d iago
n a l elem ents in  th e  H a m ilto n ian  m a tr ix :

( J ,  К  I H “s j J ,  K )  =  2 iA  CsQ rsK ,

<J, К  I H rs I J ,  к  ± 1 >  =  i c : crsü rs[ j ( j  +  1) -  K (K  ±  1 )]* '*, 

a ,  к  \ n br s \ j ,  к  +i> =  ± B : brsü rs[ j ( j  + 1) -  к ( к  ±  î) ]^ .

To illu s tra te  th e  prob lem  w e consider th e  in te rac tio n s  connec ting  г4(а ') , 
vs(a') and  v6(a") o f  isocyan ic  acid . H av in g  rem oved th e  im ag in a ry  o ff-d iagonal 
e lem en ts by  p ro p e r p h asin g  o f  th e  v ib ra tio n a l w av efunc tions, we o b ta in , for 
a g iven  va lu e  o f  J ,  a sy m m etric  (9 X  9) m a trix , w hich  su bd iv ides in to  th ree  
( 3 x 3 )  blocks fo r (К  I 1)? к  an d  ( /sT l)? respective ly . T h e  s tru c tu re  o f  th e  
H a m ilto n ia n  m a tr ix  is show n in T ab le  I.

I f  fu rth e rm o re  we ap p ro x im a te  [J (J  +  1) -  K ( K ±  l ) ] 1'2 ^  [J (J  +  1) -  
— K 2]1*2, th e  p ro b lem  can ag a in  be fo rm u la te d  in  te rm s o f  th e  m ixing matrices, 
w hose co n stru c tio n  for th e  d iffe ren t Coriolis ze ta  coeffic ien ts  is show n in  
F igs. 1 and  2.

T he re s t o f  th e  above m a trices  M is filled  w ith  zero s .6

6 Off-diagonal pertu rbation  m atrix  elem ents diagonal in К  produce co-diagonal, ortho
norm al matrices, those off-diagonal in  К  by  one u n it give rise to  anti-diagonal, orthogonal 
m atrices M.
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Perturbation  H am iltonian m atrix for

J . K + l J . K + l J .K + l J . K J , K

»«(«')
+  F t( J ,K + l )

0 2 d (K + l)C ? ,e 0 C[J, К ]1,г £5 ,5

»si«')
+  F 5( J , K + 1)

2 A ( K + l) C le C (J, K )1'2 f j>5 0

vÁa")
+  F 6( J , K + 1)

B [ J K ] II4 U

VÁ a ) 0
+  F t( J , K )

vÁ a')
+  F ,(J .K )

Sym m etric

■

The c o n s ta n t fa c to rs  co rresp o n d in g  to  th e  above m a trices  in  E q . (9) a re :7 

(a, b ): 2A K Q rs, (c): C[J, K ] ^ Q rs, (d , e): B [J , K ] ^ Q rs.

T he p ra c tic a l w a y  to  c o n s tru c t Ja c o b ia n  e lem en t expressions is based  
on  th e  o b se rv a tio n  t h a t  in  th e  f in a l  ny  co m b in a tio n s tho se  e lem en ts are found  
in  p ro d u c ts  w hose  row -indices a re  p e rm u te d  b y  th e  p a r t ic u la r  M m a trix , 
th e re fo re  for e ach  in te ra c tio n  m a tr ix  e lem en t A rs th e re  w ill be p ro d u c ts  of 
th e  fo rm  uryUSi,-. I n  m u ltip le  а -ty p e  in te ra c tio n s  —w here th e  p e r tu rb a tio n  
p ro b lem  is d iag o n a l in  К — th is  is th e  end  re su lt  its e lf  (see E q . (10)), b u t  th e  
s itu a tio n  is so m e w h a t m ore in v o lv ed  in  Section  5.2.

T o  o b ta in  th e  J a c o b ia n  e lem en t expressions in  th is  ex am p le , we sp lit th e  
fu ll m atrices o f d im ension  (9 X 9) in to  tw o (6 X 6) su b m atrices , one con ta in ing  
th e  К  -)- 1 a n d  К  sub-b locks, th e  o th e r c o n ta in in g  th e  К  a n d  К  — 1 sub- 
b locks. T he rea so n  fo r  th is  d iv is io n  is th a t  one tw o-b lock  sy s tem  corresponds 
to  th e  (K  -f- 1 )/K  in te ra c tio n s , w hile  th e  o th e r  to  th e  K /(K  — 1) in te rac tio n s. 
T h e n  sim ply th e  p ro d u c ts  o f th e  n y  elem ents a re  w ritte n  d ow n  using th e  in d i
ces o f th e  ze tas  as row -indices in  th e  u y  p ro d u c ts .

7 [J, K ]1« =  [ J (J  + 1 )  -  ю у и
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V5(a') and v K( a " )  of isocyanic acid

J , K J , K - 1 J , K - 1 J , K - 1

B [J , X ]^C * I§ 0 0 0

B [J , к ] 0 0 0

0 0 0 0

2 Л К  ??6 0 C [ J ,K -

2 A K  C?e c [ j , K ~ i y ' 4 u 0 — B [J , K — l ] l/l

+  F e(J ,K )
— B [J , K — l ] l/2 fJ6 ~ B [ J , K ~ i y ß  C*6 0

vt (a')
+  F 4(J , К —1)

0 2 A (K — 1) CJ6

+  F 6(J , К — 1)
2 A (K  1) C“e

+  F 6( J , X - 1 )

T he re su ltin g  Ja c o b ia n  e lem en t exp ressions are g iven  below  an d  are  
d e riv e d  fo r th e  g en era l p la n a r Cs asym m etric  to p  m olecule w ith  to ta l  v ib ra 
tio n a l d im ension o f  N . N  =  п г +  re2, n 1 a n d  n 2 being th e  dim ensions fo r 
species a' and  a", re sp ec tiv e ly . F o r  th e  i- th  v ib ra tio n

BE,

8 f t
— 4A K  Q rs[ u r iu s i -\- u r+N>iu s+Ntj 4-  u r+2Nfi u s+2N i] ,

w here  r  an d  s sp a n  th e  species a' and  a", re sp ec tiv e ly .

QE
— L =  2C[J, K ] lß Ürs{ur+Nti(uSti + u s+ 2 N , i )  +  u s + N , i ( U r,l  +  Mr+2N ,í)}  >

w here  r  and  s b o th  sp a n  species a', b u t r ^  s.

3E  ■
- щ -  =  2B [J , K ] 1'2 Ürs{ur+Nii(usJ -  us+2JV,i) +  Us+N,i (ur,i ~  u r+2N,i)} >

w here  r  an d  s sp an  ag a in  a' a n d  a", respective ly .

T he v ib ra tio n a l in d ex  i ru n s  th ree  tim es fro m  1 to  IV in  th e  (31V X 31V) 
m a tr ix :

i: 1 —у N  in  all th re e  К  sub-blocks.

Acta Physica Academiae Scientiarum Hungaricae 39, 1975



70 L . N E M E S

K-l К K-l
1—♦1 1 — 1—  

11
1 11

♦1 11— 1—  
1

11. 1— 
♦1 1

1 1
1 *1

— 1—  
1

1— 1— 
1 ♦ 1

1 I
1----1--- i ♦! 1

(a)

K . i  к  к - t
1
! 11

♦1 [ 1 ' 
1

♦1 11.—1—  
1

1
1

-1
1

—

i1
1♦1 1

i- 4.— 
1

+1 1
—+— 1

—

i 1 +1
i__1__ 1i ♦1

( b )

Fig. 1. Mixing m atrices for а-type Coriolis interactions

K-l К K-l----,---
1 ♦1 i1
1 ♦! 11

♦1

1
1

--- t - ‘
1

1
1
11 ♦1

+1 1 ! +1--- 1---
1
I -1

111
1

—

! +1 1

__ 1__ 1

К-l К K-l
1
1 ♦11
11

11
!+i 

- , i  ■

1
1

— 1—  1 -1
1I 1

♦1 1
. 1 _ 1 1

1 -1
-  1 -
-11 1

1
1 i
1 -1 1 i

__1__
(c) (d)

K - l  К K - l

i1
— 1—

1
1 ♦1 !
1_ 1 _ 
1 
1

♦1 1
-111

♦1 1 1
1 -1

♦1 11— 1—  
1

11
— 1—  1

-1

i -1 i
i

__ 1__ -1 i
__ 1__

(e)
Fig. 2. Mixing m atrices for 6-, and c-type Coriolis interactions

I t  can  be n o te d  th a t  in  all th re e  expressions th e  sam e u,y e lem ents a re  used 
in  d iffe ren t p ro d u c ts  an d  co m b in a tio n s. Fig. 3 show s how  to  se lec t a n d  com 
b in e  th e  Ujj e lem en ts for a  g iven  v ib ra tio n a lly  ex c ited  s ta te  fo r  d ifferen t 
in te ra c tio n  coeffic ien ts . S im ilar d iag ram s can  be c o n stru c ted  fo r  a n y  m o
lecu le  and  schem e o f p e r tu rb a tio n  to  ease th e  w ritin g  of a c o m p u te r  p rog
ra m m e .
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а - t y p e  . i . a c t i o n

b  a n d  c  -  t y p e  i . a c t i o n

Fig. 3. D iagram  for th e  selection and com bination of uy  elem ents

6. Application o i first-order perturbation theory

i n  th is  Section  i t  w ill be  show n th a t  th e  resu lts  p rev io u sly  o b ta ined  
b y  th e  m ixing m atrix  te c h n iq u e  can  also be d e riv e d  from  p e r tu rb a tio n  th e o ry , 
p ro v id ed  th e  p e r tu rb a tio n  H a m ilto n ia n  m a tr ix  has sm all o ff-d iagonal ele
m en ts , i.e. w hen  th e  p e r tu rb a tio n s  are  w eak. T h e  basis fo r th is  t r e a tm e n t  is 
found  in  W ilso n’s book  [5].

T he d iag o n a liza tio n  o f th e  p e r tu rb a tio n  H a m ilto n ia n  m a tr ix  y ields th e  
eigenvalues. S ta r t in g  from  an  u n p e r tu rb e d  se t o f  H am ilto n ian  m a tr ix  e lem en ts:

E 0 =  U q H 0U 0 =  Uo^HoUo .
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N ow  if  th e  H a m ilto n ia n  m a tr ix  is p e r tu rb e d  b y  ad d in g  sm all in c rem en ts  
to  i ts  o ff-d iagonal e lem en ts, s lig h tly  d iffe ren t e igenvecto rs are o b ta in ed :

U  =  U 0 +  U x =  U 0A .

T h e  p e r tu rb e d  p ro b lem  can  be c o n s tru c te d  on th e  basis  o f  th e  u n p e rtu rb e d  one:

H U  =  (U T)~ IE  =  U E  ,

H U 0A  =  U „A E ,

[U 0-1 H U 0] A =  A E  =  [Uo H U 0] A  . (11)

F u r th e rm o re  m a tr ix  A  can  be expressed  as:

A  =  U0_1U  =  U0_1(U 0 +  U x) =  I  +  U ^ 1U 1 û î I ,  

w here  I  is th e  u n i t  m a tr ix .
W e th e n  p roceed  to  sp lit up  th e  p e r tu rb e d  H a m ilto n ia n  m a tr ix : H  =  

=  H 0 -j- H x, w h ere  H x is th e  p e r tu rb a tio n  te rm :

E x =  U o^H U o =  U(J”1H 0U 0 +  U o^H jU o =  E 0 +  Ц Г ^ и , , .

R e tu rn in g  to  E q . (11) i t  can  be re fo rm u la ted  as

E XA  =  A E  . (12)

T h e  d iffe ren t en erg y  q u a n titie s  are  defined  as:

E x =  E 0 +  E x E  ,

E 0 -  U q H 0U 0 , E x =  U0TH U 0 , E x =  U oH .U ,,. (13)

E =  U TH U .

E q . (12) can  he  w ritte n  as follows

J^EijAjk — A ikEk. 
j

T h e  so lu tion  o f th is  sy s tem  o f eq u a tio n s  is o b ta in ed  fro m  th e  secu lar eq u a tio n :

I E x -  E l  I =  0 .

I f  th e  ro o ts  o f  th is  m a tr ix  are  r e s u b s titu te d  in  E q . (12) th e  e igenvecto rs 
b u ild in g  th e  m a tr ix  U  are  o b ta in ed .
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F ro m  E q . (13) we can derive  via f irs t-o rd e r  p e r tu rb a tio n  th e o ry  [5]: 

E - E 0 = E 1 c - ü 3 ' H 1U 0 , (14)

w hose fc-th d iagonal e lem ent is:

( E J ,  =  [U lH .U o U  =  2 2 ( U oU ( U 0U  ( H .U , (15)
U V

w here  к is th e  v ib ra tio n a l in d ex , w hile  и and  v re fe r to  no rm al-co o rd in a tes  
am o n g  w hich th e  in te ra c tio n s  o ccu r.8

I f  we le t H 1—> 0 an d  E 1—> 0 in  E q . (15) th e  in te ra c tio n  Ja c o b ia n  ele
m e n t fo r t th e  i- th  v ib ra tio n a l s ta te  is o b ta ined  as:

dE i/dH uv =  2uuiuvi. (16)

( I t  is to  be rem ark ed  th a t  for asy m m etric  tops th e  d iagona l te rm s

dEi/dH uu =  I&

are  undefined , since H uu is n o t a lte re d  w hen th e  H a m ilto n ia n  is p e rtu rb ed .) 
Since in  th e  а -ty p e  in te ra c tio n  p rob lem  H uv =  2 A K upper ű uvCuvi w e o b ta in :

8E t/dCauv=  4 A K upper Quvuviu a i ,

w h ich  is iden tica l to  o u r previous re su lt:  (see E q . (10)).
F o r th e  e lem en ts o f th e  m a tr ix  A th e  fo llow ing fo rm u la  c a n  he  given 

b y  su b s titu tin g  E q . (14) back  to  E q . (12), and  re ta in in g  lin ea r te rm s  only:

A  — A  r  '■Я-Ik —  —  ~  Я кк -

fo r i  7^  j .
E k -  Е / [Ek -  E t

U sing th e  re la tio n sh ip  E x =  E 0 -f- UqH jU q th e  re su lt is:

( U 0) u j { U o ) v j ( H i ) u
Ач =  22

w hich m ay  be re w ritte n  as:

E j - E t
fo r i ^ j , (17)

A 4 =  2 A K '™ * Q m 2 2
_(U0)ui (U 0)vj

in  [7].

T i T  v f ( K ) - v f ( K )

8 E xpressions (14) a n d  (15) are b a s ica lly  id en tica l to  K ovács’ fo rm ulae  (14) a n d  (15)
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fo r  i ^ j ,  and  w h ere  Vj(K) a n d  v*(K) are p e r tu rb e d  v ib ra tio n a l origins for 
th e  d ifferen t К  su b -b ran ch es o b ta in e d  from  th e  d iag o n a liza tio n  o f  th e  p e r tu r
b a tio n  H am ilto n ian  m atrix .

T he crite rio n  o f  ap p licab ility  o f  f irs t-o rd e r p e r tu rb a tio n  th e o ry  is th a t  
A  sh o u ld  have re la tiv e ly  sm all o ff-d iagonal e lem en ts , w hich is seen  to  be th e  
case  i f  2A K upper Qm£uv ^  vjr(K) — V{(K),  th a t  is, w hen  th e  Coriolis p e r tu rb a 
t io n  is w eak in d eed .

7 . Conclusions

The p re se n t p a p e r offers a lg eb ra ic  J a c o b ia n  e lem ent expressions for 
Coriolis in te rac tio n s . A p a rt fro m  th e  cases d e a lt w ith  in  Sections 2 an d  3 th e  
fo rm u lae  app ly  fo r  w eak  in te ra c tio n s . A lthough  in  ac tu a l p e r tu rb a tio n s  th e  
s tre n g th  of in te ra c tio n s  will be  d iffe ren t am ong d iffe ren t v ib ra tio n a l s ta te s , 
th e  p resen tly  g iv en  expressions fo r  n >  3 a re  sa tis fa c to ry  to  g e t a rough f i t  
to  th e  in te ra c tio n  p a ram ete rs . I n  th e  case o f  s tro n g  in te ra c tio n s  num erical 
J a c o b ia n  e lem ent ca lcu la tions a re  advisab le .

I t  m ay be a d d e d  th a t ,  d u e  to  th e  ex istence  o f q u a d ra tic  Coriolis ze ta  
su m  rules, n o t a ll ze ta  co effic ien ts  can be in d e p e n d e n tly  re fin ed . L east- 
sq u a re s  re fin em en t procedures a p p lie d  for th is  p u rp o se  shou ld  co n ta in  con
s tr a in ts  to  ta k e  th e s e  sum  ru les  in to  account. S uch  a p ro g ram m e is in  deve
lo p m e n t in  o u r la b o ra to ry  [6].
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гшп

R . B e h r is c h , W . H e il a n d , W . P o s c h e n r ie d e r , P . St a ib  and
H . Ve r b e e k :

Io n  Surface In te rac tio n , S p u tte rin g  an d  R elated  P h en o m en a

G ordon and B reach Science Publishers, London, New York, Paris, 1974. 319 pages

Sputtering  and cleaning of solid surfaces by  ion bom bardm ent is a classical tool of 
m ateria ls science and  technology. In  the la s t 15 years the interaction of ions w ith  solid sur
faces becam e a pow erful m ethod of surface studies and surface science. A g rea t num ber of 
ou tstand ing  laboratories was devoted to  reveal physical processes taking place in  ion bom 
bardm en t. Various m ethods based on ion bom bardm ent have been developed providing infor
m ation  on the com position of the surface and  depth  profile, electronic s truc tu re  and even on 
surface topography of solids.

In  Septem ber 1972, an in ternational conference was held on ion-surface interactions 
and spu ttering  processes in  the Max-P lan ck -In stitu t fü r P lasm aphysik, Garching bei München. 
The book compiles th e  fu ll te x t of 50 papers presented a t  the conference. U nfortunately  18 
papers have no t been subm itted  for publication.

The main aspect of the conference was to  discuss the physical processes of sputtering, 
scattering  and emission (ion electron, photon) produced by  ions. Many papers deal w ith 
applications.

The main chap ters of the book are:
— Sputtering  of single crystals ( J a c k so n , H o fe r  etc.), compounds, adsorbed layers, 

oxides (K e l l y ), polycrystalline spu ttering  (A n d e r s e n , Co llig o n , E c k st e in  etc.), 
theory , com puter sim ulation and experim ents.

— Surface and depth analysis by spu ttering  and Auger spectroscopy (S t a ib ), secondary 
ion mass spectroscopy (Schulz , W e r n e r , B ie r sa c k  etc.).

— Scattering o f ions, m odels fo r sc a tte r in g  processes (P a r il is , Ma sh k o v a , Sk r ip k a  e tc .), 
e n e rg y  d is tr ib u tio n  o f b a ck sca tte red  p ro to n s  (Ve r b e e k ), ion  b o m b a rd m e n t induced  
ra d ia tio n  d am ag e  (H eil a n d  e tc .) , su rface  s tu d y  b y  a p p lica tio n  o f io n  sca tte rin g  
(A k a s h i, H e il a n d , T a g la u er).

— Secondary ion emission, physical processes ( J o y e s , B l a is e , J u r e l a  e tc .) , y ields 
(A b d u l la y e v a  e tc .) , c lusters, p o ly a to m ic  ions (H erzo g , St a u d e n m a ie r , R ic h a r d s , 
K e l l y  e tc.).

— Surface damage and topography (N e l s o n , H e r m a n n e , W il s o n , B l e w e r , K a m in sk y , 
M cCr a c k e n , Ca v a l e r u , Ba y ly  e tc .).

— Photon emission by ion bombardment, of m etals (K e r k d ijk , Ma r tel  etc.) and insulator 
com pounds (T o lk  etc.).

— Secondary electron emission d is tr ib u tio n  (Co l o m b ie , P a r il is , A r if o v  e tc .), y ield  
(K is h in e v s k y ).

— S IM S  applications (W e r n e r ).
The great deal of d a ta  recollected in  th e  papers, especially the yields of ion bom bard

m ent are very  im p o rtan t for SIMS studies. The spu ttering  yield and dam age are of great 
in te rest for L EED  and A ES work. Scattering processes and photon emission are now adays in  
the focus of in terest of cu rren t research.

The m aterial published, although n o t complete, provides an excellent review  of re
search done in  this field. The list of partic ipan ts and their in stitu tes provides inform ation about 
the research  centres.

The book is indispensable for research laboratories, universities and industry , working 
w ith surface studies, analysis and technology.

G. G er g e l y
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M. G. B o w l e r : N uclear P hysics 

Pergam on Press L td . Oxford, 1973, 420 pages

This book sets o u t clearly and logically the fundam ental concepts of low energy nuclear 
physics. From the o u tse t the concepts developed are trea ted  from  the point of view of quan
tu m  mechanics, a lthough  the author assumes an in itial knowledge of the Schrödinger equation, 
som e perturbation  th eo ry  and basic electrom agnetic theory. The book contains little  on 
experim ental techniques and  nothing on the subject of the in terac tion  of radiation  w ith  m atter. 
C hap ter 1 is prim arily concerned w ith nuclear structure  a t  a fa irly  basic level. C hapter 2 deals 
w ith  spin and sta tic  electric and magnetic mom ents. Chapter 3 is on nuclear decay treating  both  
electrom agnetic and  (?-decay using q u an tum  mechanics. C hapter 4 is devoted to  the theory 
o f nuclear reactions and  discusses the concepts of cross-section and of resonance in  considerable 
detail. In  Chapter 5 th e  nuclear physics of the fission reaction, the nuclear aspects of stellar 
physics and further application of the theory  of therm onuclear reactions: the problems of 
devising a therm onuclear pow er-plant are trea ted . F inally , th e  la s t chapter introduces the 
im p o rtan t concept o f isospin and establishes links w ith high energy physics.

Students a tten d in g  courses on nuclear physics, astrophysics and nuclear engineering 
will find  this book an  extrem ely lucid in troduction  to  more complex and specialised tex ts.

I. K ovács

'D epartm en t of A tomic Physics 
Polytechnical U niversity, B udapest

K. H . H e l l w e g e : E in fü h ru n g  in  die P h y s ik  der M olekeln

Springer Verlag, Berlin, 1974., 162 S.

Dieser B and e n th ä lt eine kurze und  elem entare E inführung in  die Molekülphysik und 
soll n ich t mehr sein als ein hoffentlich nützliches H ilfsm ittel fü r Anfänger. Deshalb wurde 
au f  stoffliche V ollständigkeit ebenso verzich tet wie auf anspruchsvollere theoretische Methoden. 
V orausgesetzt sind n u r die Grundlagen der Q uantentheorie un d  der A tom physik. Der B and 
befasst sich m it dem  Modell für zweiatomige Molekeln und m it der D otations-, Schwingungs-, 
Elektronenenergie u n d  der Gesamtenergie zweiatomiger Molekeln, m it den B andenspektren 
u n d  der chemischen B indung bei zw eiatomigen Molekeln. Im  w eiteren Teil des Bandes liegen 
Besprechungen über m ehratom ige Molekeln, den R am an-E ffek t und  die K ernspin-Effekte 
vor. Die Werte der a tom aren  K onstanten  und  eine Energie-Um rechnungstabelle befinden sich 
am  Ende des Bandes.

Es ist zu bedauern , dass der A utor als Quellenwerke grösstenteils verhältnism ässig 
ä ltere  Bücher verw endet hat. D araus erg ib t sich, dass einige Bezeichnungen altm odisch sind 
(zum  Beispiel: in  H undschem  Fall b w ird s ta t t  dem vom  A utor verw endeten V ektor und 
der Quantenzahl К  heutzutage N gebraucht und  s ta tt  dem  von ihm  bezeichneten N is t R  
gebräuchlich).

I. K ovács

Lehrstuhl der A tom physik 
Technische U niversität, B udapest

D . G. H ollo w a y : T he P hysica l P ro p ertie s  o f Glass

W ykeham Publications (London) L td ., London and W inchester, 1973 pp. xii +  220

Belonging to  th e  W ykeham Science Series, th is book provides an  elem entary and 
h igh ly  pedagogical in troduction  to  the presen t sta te  of glass science for students approaching 
or starting  their careers in  university. As w ith  other volum es in  the series, the m ain author, 
a  distinguished research  worker in  the field, is assisted b y  an experienced schoolmaster, D. A. 
T a w n e y  in the p resen t case. Judged by the result, this arrangem ent seems to  serve its  purpose 
to  reinforce the link  betw een school and higher education excellently.
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Following a general in troduction, the composition and  structure of glasses are described 
in C hapter 1. The lim its to  our present understanding of the struc tu re  of glass are also discussed.

The therm al properties of glass (hea t capacity, therm al expansion, therm al conducti
v ity) are dealt w ith in  C hapter 2.

C hapter 3 is devoted to  the electrical properties of glass, such as d.c. conductivity , the 
m echanism  of ionic conduction in solids, dielectric properties and relaxation , high frequency 
phenom ena, etc.

The optical properties of glass (refractive index, dispersion, absorption, optical glasses, 
colouring) are described in  Chapter 4.

C hapter 5 deals w ith  the elastic properties (anelasticity , relaxation, hardness) of glass.
C hapter 6 is on the fracture of glass, the field of research  in terest of the  author.
The te x t is clear and  lucid throughout, the reader is helped by  m any  illustrations 

(diagram s, drawings and photographs), by  careful in terp re ta tions attached  to  the formulae 
and by a list of symbols and  an index a t  the end, where he can also find  some suggestions 
for fu rther reading.

I t  is im portan t to po in t out th a t  while the prim ary aim  of the book is to  give a simple 
qualitative account of the  physical properties of glass as determ ined by  its  microscopic struc
ture, this also involves in troducing m ost of the fundam ental concepts of solid s ta te  physics, 
which gives the au thor th e  opportun ity  to  m ake a comparison between glasses and  crystalline 
solids. This w ay the book m ay, in fact, serve as an in troduction  to the physics of solids in 
general and as such i t  is highly recom m ended to  students and  teachers of condensed m atte r 
physics and m aterials science.

The only word of criticism  should go to  the publisher: if  all copies are as poorly bound 
as mine, th is will considerably lim it their use; even a paperback  should be able to  w ithstand 
wear w ithout falling ap a rt to  pages.

I. K ondor
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N O T E S TO  C O N T R IB U T O R S

I. P A P E R S  will be considered for publication  in Acta Physica Hungarica only if they have 
no t previously been published or subm itted  for publication elsewhere. They m ay  be w ritten 
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P apers should be subm itted  to 
Prof. I. K ovács, Editor
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II . M ANUSCRIPTS
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should be clearly distinguished, e.g. by underlin ing  in different colours: special foun ts (italics, 
script, bold  type, Greek, Gothic, etc.); cap ita l and  small le tte rs ; subscripts and superscripts, 
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6. References should be numbered serially  and listed a t  th e  end of th e  pap er in the 
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F o r books, please give the initials an d  fam ily name of the  author(s) title , nam e of 
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tures, I. McGraw-Hill B ook Company In c ., N ew  York, 1960.
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I I I .  ILLU STRA TIO N S A N D  TABLES

1. E ach paper should he accom panied b y  five sets of illustrations, one o f w hich m ust 
be read y  for the blockm aker. The other sets a ttach ed  to the copies of the m anuscrip t m ay be 
rough draw ings in pencil o r photocopies.

2. Illustrations m u s t be not inserted  in  the text.
3. All illustrations should be identified in  blue pencil by  th e  au thor’s nam e, abbreviated  

title  o f th e  paper and figure number.
4. Tables should be ty p ed  on separate pages and have cap tions describing th e ir content. 
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IV. M ANUSCRIPTS n o t in  conformity w ith  th e  above Notes will im mediately by  returned 
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th a t o f th e  receipt of th e  revised m anuscrip t.
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ANALYTIC 3d RADIAL WAVE FUNCTIONS FOR THE 
POSITIVE IONS AND ATOMS OF THE IRON GROUP

ELEMENTS
Б у

J .  K ollár
CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

(R eceived  3. V I. 1975)

H artree—Fock variational p rocedure was carried o u t for the iron group atom s in singly 
ionized and neutral s ta te s  to  optimize th e  3d orbital in a tw o exponential form . For the inner 
o rb ita ls a simplified description was g iv en  and they  w ere assumed to  be fixed  during the 
varia tional procedure. The analytic w ave  functions p resen ted  here are proposed firs t of all 
for use in  molecular an d  solid state physics  applications.

T he c o n s tru c tio n  of a n a ly tic  w av e  fu n c tio n s  has no t lo s t i ts  im p o rtan ce  
ev en  now  w hen a la rg e  num ber o f  se lf-co n sis ten t fie ld  (SCF) fu n c tio n s  h av e  
b een  ta b u la te d  (e .g . [1]) for t h e  d iffe ren t io n ized  s ta tes o f  th e  e lem ents. 
W h ereas  th e  a n a ly tic  form  is c o n v e n ie n t also in  a tom ic physics ap p lica tio n , 
i ts  a d v a n ta g e  is s tr ik in g  in m o le c u la r  an d  so lid  s ta te  physics ap p lica tio n s, 
since here , in  th e  descrip tion  o f  t h e  electrons ta k in g  p a r t  in  th e  b o nd ing , th e  
a to m ic  functions a p p e a r  ju s t as t h e  in p u t d a ta  o f  th e  ca lcu la tion . I n  th is  case, 
f i r s t ,  th e  ca lcu la tio n s can be c a r r ie d  ou t m uch  m o re  easily b y  u s in g  a sim ple 
a n a ly tic  form  w hile  th e  loss of a c c u ra c y  is ir re le v a n t. Secondly, th e  flex ib ility  
o f  th e  an a ly tic  fu n c tio n s  due to  t h e i r  v ariab le  p a ra m e te rs  m akes i t  ev en tu a lly  
possib le  to  tak e  in to  accoun t th e  re a rra n g e m e n t o f  th e  electrons in  th e  bond ing .

F o r  th e  iro n  g roup  e lem en ts  th e  a n a ly tic  ap p ro x im atio n s  are  p a r tly  
h ig h ly  accu ra te  fu n c tio n s  co n sis tin g  o f num erous basis fu n c tio n s [2], [3], [4],
[5], [6], p a r tly  s im p le r, b u t less a c cu ra te  w av e  functions a p p ro p r ia te  fo r  
m o lecu la r and  so lid  s ta te  physics ap p lica tio n s  [7], [8], [9], [10], [11], usings 
fo r exam ple , a m in im u m  basis s e t  o f  STO-s (S la te r - ty p e  o rb ita ls). A s has long 
been  know n, th e  m in im u m  basis s e t  a p p ro x im a tio n , w hich describes an  elec tron  
o f (n , 1) q u a n tu m  n u m b ers  b y  n  — 1 STO-s, rep ro d u ces fa irly  w ell th e  in n e r 
s a n d  p  functions. I n  th e  case o f  t h e  3d o rb ita l, how ever, th is  a p p ro x im a tio n  
b re a k s  dow n [12], [13], [9], [14]; a t  le a s t tw o  STO -s are needed  to  rep roduce  
th e  c h a rac te ris tic  sh a p e  of the  3 d  ra d ia l  fu n c tio n  [9], [10], [11] (A n ad hoc 
tw o-S T O  3d rad ia l fu n c tio n  was u s e d  earlier b y  F le t c h e r  [15] fo r  th e  energy  
b a n d  ca lcu la tio n  o f  n ickel). In  th e s e  papers th e  p a ram e te rs  o f th e  3d rad ia l 
w av e  fu n c tio n  w ere de term ined  b y  f i t t in g  to  th e  SC F  num erica l fu n c tio n  [9],
[10] o r b y  m in im izing  th e  H a rtre e  — F o ck  (H F ) en e rg y  w ith  re sp e c t to  th em
[11] . T h is p ap er fo llow s the  l a t t e r  p ro ced u re  as an  ex tension  o f  an  earlie r
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w ork  [11]. W hile th is  p rev io u s p ap e r c o n ta in s  re su lts  o n ly  fo r th e  s ing ly  ion ized  
s ta te s  o f  T i, Cr, F e  a n d  Cu, in  th is  w o rk  th e  v a r ia tio n  w as carried  o u t  w ith  
h ig h e r accu racy  fo r  th e  n e u tra l a to m s o f 3d”- 1 4s co n fig u ra tio n  a n d  th e  
p o sitiv e  ions of 3dn co n fig u ra tio n  o f th e  iro n  group e lem en ts . F o r th e  d e te rm in a 
tio n  o f  th e  v a r ia tio n a l energy  th e  ‘av e rag e  o f  c o n fig u ra tio n ’ m eth o d  [12] was 
used , a n d  th e  in n e r o rb ita ls  were a ssu m ed  to  be fix e d .

I t  shou ld  be em p h asized  again t h a t  th e  tw o-STO  ap p ro x im atio n  p re sen ted  
here  is b y  no m eans in te n d e d  to  co m p e te  in  accuracy w ith  some of th e  earlier, 
m uch  m ore e lab o ra te  a p p ro x im a tio n s  m en tio n ed  ab o v e . I n  m any ap p lica tio n s , 
how ever, th e  tw o-ST O  fo rm , w hich b rin g s  th e  co n d itio n s  of sim plicity , f le x i
b ility  an d  relative accuracy to g e th e r, is m ore  a p p ro p ria te  th a n  th e  m ore  com pli
c a te d  m any-ST O  ap p ro x im atio n s .

M odel w av e  functions fo r  th e  s ,  p  a n d  d  orbitals

S ince ou r p u rp o se  w as to  d e te rm in e  th e  p a ra m e te rs  of th e  3d ra d ia l  wave 
fu n c tio n , we assum ed  fo r  th e  in n er s a n d  p  o rb ita ls  th e  sim plest possib le  form  
s till re flec tin g  th e  m a in  fea tu res of th e  H F  fu n c tio n s . In s te a d  of th e  S chm id t 
o rth o g o n a liza tio n  p ro ced u re  we u sed  th e  so called  F o c k  — P e tra sh e n  o rb ita ls  
(F P O ) fo r th e  d e sc rip tio n  of th e  in n e r  s an d  p  ra d ia l  functions, w h ich  have 
th e  fo rm

R ni =  Qni(r) exP ( -  r ) » ( l a )

w here  Qnl is a p o ly n o m ia l

™ -  г$ , к г  к +  2 )Г ]«  '  *

a n d  th e  coeffic ien ts A kni are  d e te rm in ed  so as to  m a k e  JRn; o rth o g o n a l to  all 
in n e r  o rb ita ls  o f  th e  sam e sy m m etry . A ltho u g h  in  to ta l  energy ca lcu la tio n s 
th e  F P O -s do n o t  p ro v id e  such an  accu racy  th a n  th o se  m ade b y  S chm id t 
o rth o g o n a liza tio n  [16], th e y  are su ffic ien tly  a c c u ra te  fo r th e  p re se n t purpose 
w here  only  th e  d -p a r t  o f  th e  to ta l  en e rg y  is needed . T h is  is because th e  FPO -s 
d e v ia te  con sid erab ly  fro m  th e  H F  fu n c tio n s  in  th e  n e ig h b o u rh o o d  o f th e  nucleus 
o n ly , an d  — w ith  a n  ad eq u a te  choice o f th e  x nl sc reen ing  c o n s ta n ts  — th e y  
can  f i t  th e  H F  ra d ia l w av e  fu n c tio n s fa ir ly  well in  th e  reg ion  w here th e y  overlap  
w ith  th e  3d o rb ita l. T h e  screening c o n s ta n ts  o f th e  I s , 2s and  2p  o rb ita ls  were 
d e te rm in ed  b y  th e  tr a d itio n a l S la te r’s ru le

x ls — 18.70 m  ,

1 (2a)
« a  =  x 2p =  ~2~ ( 14-85 +  m) ,
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Table I

The coefficients defined in  ( lb )  for the iron group elem ents

Shell
( n , l ) k Ti V Cr Mn Fe Co Ni Cu

Is 0 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000

2s 0 0.81830 0.82644 0.83389 0.84073 0.84703 0.85285 0.85825 0.86327
1 -1.62113 -1 .6 2 6 3 5 -1.63110 — 1.63545 -1 .63944 -1 .64312 -1 .6 4 6 5 1 -1.64966

2P 1 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000

3s 0 0.40715 0.41410 0.42047 0.42631 0.43170 0.43668 0.44129 0.44558
1 -2.01656 -2 .0 3 3 9 3 -2.04970 -2 .0 6 4 1 0 -2 .07729 -2 .08942 -2 .1 0 0 6 1 -2.11096
2 2.41811 2.42782 2.43663 2.44464 2.45197 2.45869 2.46488 2.47060

3P 1 0.97208 0.98481 0.99628 1.00665 1.01609 1.02470 1.03260 1.03986
2 -1.80526 -1 .8 1 4 6 3 -1.82302 -1 .8 3 0 6 0 -1 .83746 -1.84371 -1 .8 4 9 4 3 -1.85468

w here  m is th e  n u m b e r  of d e lec tro n s b o th  fo r th e  a tom s an d  io n s w ith  th e  
a ssu m ed  3dm 4s an d  3dm co n fig u ra tio n s, re sp ec tiv e ly . In  th e  case  o f  th e  3s 
an d  3p  shells, how ever, w e m odified  S la te r ’s ru le  b y  in tro d u c in g  som e screen
ing fo r  th e  s and  p  e lec tro n s by d e lec tro n s . Such  a m od ifica tio n  is s tra ig h t
fo rw ard  in  view  o f th e  fa c t th a t  th e  m a x im u m  ra d ia l densities fo r  a ll 3s, 3p  
an d  3d elec trons occur a t  abou t th e  sa m e  rad ii. I n  ad d itio n  to  th is , a co n stan t 
te rm  w as added  as a co rrec tion  to  x 3s a n d  a 3p so as to  op tim ize th e  o rb ita l of 
th e  fo rm  (1) for th e  3s an d  3p  she lls. T he va lu es  o f  these  co rrec tio n s  were 
d e te rm in e d  by  th e  co n d itio n  th a t  th e  f irs t  m o m en ts  of th e  r a d ia l  charge 
d en sities should  he in  o p tim al a g re e m e n t w ith  th e  H F  values fo r  th e  iron  
g roup  elem ents. T h u s  th e  screening c o n s ta n ts  o f th e  3s and  3p  shells as a 
fu n c tio n  o f  m  are

x 3p =  - — (7.75 +  0.76 m ) - f  0 .39 ,
О

«з* =  «зp +  0-50 .
(2b)

T he A coefficients in  (1) d e te rm in ed  b y  th e  screen ing  c o n s ta n ts  g iven  by
(2) a re  show n in T ab le  I .  from  Ti to  C u. A s an  ex am p le , in  F ig . 1 th e  2p  and 
3s r a d ia l  fu n c tio n s P n, =  rR nl are c o m p a re d  to  th e  H F  fu n c tio n s o f  Sy n e k  [4]. 
One c a n  see from  th e  F ig u re , firs t, t h a t  th e  one-STO  fu n c tio n  is a r a th e r  good 
a p p ro x im a tio n  for th e  2p  shell, ju s t  as ex p ec ted . Secondly , ou r ap p ro x im a te  
F P O  fu n c tio n  follows genera lly  w ith  su ffic ien t accu racy  th e  fu n c tio n  given 
b y  Sy n e k  [4] for th e  3s shell except th e  reg ion  n e ighbouring  to  th e  nucleus,
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F ig . 1. Comparison o f th e  P(r) =  rR(r) rad ia l wave functions given by E q . (1) for th e  2p  
and 3s o rbitals o f Cu+ ion w ith  th e  corresponding H F  results of Synek . (S) [4]

w h ere  i t  dev ia tes considerab ly  f ro m  th e  H F  fu n c tio n . This in n e r region, how 
e v e r , is ir re le v a n t fro m  the  p o in t o f  view  of c a lc u la tin g  th e  d -p a r t  o f  th e  to ta l  
e n e rg y .

Since a to m ic  4s functions o f  3dm4s c o n fig u ra tio n  have n o t been  av a ilab le  
fo r  a ll th e  iron  g ro u p  elem ents, w e used  Cl e m en ti’s 4s w ave fu n c tio n s  [5] o f  
th e  3dm_14s2 c o n fig u ra tio n , an d  i t  is  expected  t h a t  no sign ifican t e rro r in  th e  
r e s u ltin g  d -o rb ita ls  w as th e reb y  in tro d u ced .

A s i t  w as m en tio n ed  b e fo re , th e  3d o rb ita l  c an n o t be  described  ev en  
q u a lita tiv e ly  b y  u s in g  a sim ple one-STO  fu n c tio n . In  th is  p a p e r  a tw o-S T O  
fo rm  w as assu m ed  fo r  the  3d sh e ll, w hich — as w as p o in ted  o u t  ea rlie r [13], 
[1 4 ], [10], [11] — already  re p ro d u c e s  th e  m a in  effect in  th e  c h a ra c te r is tic  
d e v ia tio n  of th e  3d  o rb ita l f ro m  th e  h y d ro g en ic  shape. T h u s  th e  3d ra d ia l  
fu n c tio n  has th e  fo rm

'■3d A i (2 ax)7 
6 !

7 \  1/2
+  A j (2 « г)

6 !

7 '. 1/2
(3)
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Table II

Param eters of the m odel 3d radial wave functions of the form (3) for the atom s (A) and ions (I) 
of the 3d transition series in  3d"4s and 3d"1 configuration, resp.

Orbital exponents Expansion coefficients

<** A A

Ti A 4.3067 1.6331 0.42885 0.72984
I  4.4487 1.7413 0.40722 0.73996

V A 4.7140 1.8323 0.43661 0.71737
I  4.8193 1.9161 0.42006 0.72568

Cr A 5.0887 2.0058 0.44325 0.70830
I  5.1821 2.0789 0.42862 0.71634

Mn A 5.4444 2.1648 0.44920 0.70103
I  5.5276 2.2303 0.43587 0.70878

Fe A 5.7891 2.3144 0.45437 0.69519
I  5.8815 2.3821 0.43976 0.70452

Co A 6.1353 2.4624 0.45770 0.69131
I  6.2170 2.5226 0.44529 0.69931

Ni A 6.4600 2.6000 0.46295 0.68600
I  6.5528 2.6631 0.44913 0.69558

Cu A 6.7810 2.7329 0.46761 0.68155
I  6.8769 2.7966 0.45400 0.69119

w here x v  x 2, A x a n d  A 2 are  v a r ia tio n a l p a ra m e te rs ; one o f th em  is f ix e d  b y  th e  
n o rm aliz ing  co n d itio n  (in  the  c a lc u la tio n  A x).

T h e  resu lts  o f  th e  H F  v a r ia tio n a l p ro ced u re  d iscussed  in  th e  n e x t  section  
are  show n in  T ab le  I I  a n d  Fig. 2. I n  th e  T ab le  th e  va lu es  of th e  p a ra m e te rs  
of th e  3d rad ia l w av e  function  are  show n  fo r th e  s ing ly  ionized a n d  n e u tra l 
s ta te s  (w ith  3dm a n d  3dm4s co n fig u ra tio n , re sp ec tiv e ly ) of th e  iro n  group 
e lem en ts from  T i to  C u. One can see from  th e  T ab le  t h a t  th e  sc reen in g  con
s ta n ts  show  an  a p p ro x im a te  lin ear d ep en d en ce  on  th e  d  e lec tron  n u m b e r m,  
w hich h as  th e  fo rm

x x =  0.34671 m  -f- 3.4346 
x 2 — 0.15006 m  1.3160

fo r ions

x x =  0.35160 m  -f- 3.3045 
x 2 =  0.15543 m  +  1.2079

fo r a tom s
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F ig . 2. Comparison o f th e  P 3d =  tR ^  rad ia l wave function  given by E q . (3) for copper ion
with the H F  resu lt of Sy n e k  (S) [4]

T h e se  expressions a re  satisfied  w ith in  0.5 an d  1 p e r  cen t fo r x 1 a n d  x 2, r e 
sp ec tiv e ly . As fo r  th e  am plitudes o f  th e  3d w av e  fu n c tion , th o u g h  th e y  show  
a  p ro n o u n ced  m o n o to n ie  dependence  on  th e  d e lec tro n  n u m b er — A 2 decreases 
a n d  A 1 increases w ith  m — th e y  v a r y  v e ry  slow ly  th ro u g h  th e  series. F ro m  
T i to  Cu the  v a r ia t io n  of A 2 a n d  A x is  7 an d  9 p e r  cen t, re sp ec tiv e ly . In  F ig . 
2 th e  rad ia l fu n c tio n  P 3d =  r R 3d is  p lo tte d  fo r  C u + to g e th e r w ith  th e  h ig h ly  
a c c u ra te  6 -STO r e s u l t  b y  S y n e k  [4]. T he co m p ariso n  shows t h a t  th e  tw o-STO  
fo rm  sim ulates w ell th e  H F  fu n c tio n  in  th e  reg ion  0 <  r  <  2 a .u ., w hile b ey o n d  
th i s  region i t  c u ts  o f f  to o  sharp ly . T h is  shows th e  lim its  o f th e  tw o-S T O  ap p ro x i
m a tio n , since m o re  STO basis fu n c tio n s  w ith  sm aller screen ing  c o n s ta n ts  
(‘e ffec tive  ch a rg e ’) are  needed to  g e t b e tte r  ag reem en t in  th is  o u te r  reg ion  
as well.

Calculation o f the total energy and the variational procedure

To d e te rm in e  th e  o p tim ized  va lu es  o f th e  p a ram e te rs  o f  th e  3d ra d ia l 
w a v e  function  th e  conven tional H F  v a ria tio n a l p rocedure  w as u sed  w ith  tw o  
re s tr ic tio n s . F i r s t ,  w e varied  o n ly  th e  p a ra m e te rs  of th e  3d o rb ita l , th e  in n e r  
w a v e  functions (in  th e  case o f  n e u tra l  a to m s th e  4s fu n c tio n  as well) b e ing  
k e p t  fixed. S eco n d ly , th e  av erag e  energy  of th e  co n fig u ra tio n  [12] w as m in i
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m ized  in s tead  o f th e  energy of th e  g ro u n d  s ta te  m u ltip le t o f th e  g iven  con
f ig u ra tio n . This l a t t e r  assum ption  re su lts  in  o rb ita ls  som ew hat m ore  ex ten d ed
[3] th a n  those w h ich  could have  b een  o b ta in e d  b y  v a ry in g  th e  g ro u n d  s ta te  
m u ltip le t energy. T a k in g  in to  ac c o u n t th e  accu racy  o f  th e  tw o-STO  ap p ro x im a 
tio n , how ever, th is  e ffec t is of no im p o rta n c e  here.

W ith  these  a ssu m p tio n  one h a s  to  m in im ize th e  d -p a rt o f th e  ‘average 
o f co n fig u ra tio n ’ H F  energy w hich  h as  th e  fo rm

(3d) (3d)

E dav =  J £ I ( i ) +  2  {(ij\g\ij) — (ij\g\ji)}av’ (4a)
i p a irs  Í J

w here th e  one- a n d  tw o-elec tron  te rm s  a re  d efin ed  b y

H i)  =  ] > ( ' )  v A r )d r ,

( i j \g \r t)  =  [(y>*(Ti)V’j { r 2) — V>r{ r i ) v t(r2) d r 1d r2 . 
JJ r12

(4b)

(4c)

T he su p e rsc rip t (3d) deno tes th a t  a t  le a s t  one o f th e  indices shou ld  m ean  a 3d 
o rb ita l, th e  ind ex  av m eans th e  av e rag e  over all m u ltip le ts  o f th e  g iv en  con
fig u ra tio n . Z  s tan d s  fo r  th e  to ta l  n u c le a r  charge . T h e  energy is g iv en  in  ryd- 
bergs. F ro m  (4) one ca n  get in  a s tra ig h tfo rw a rd  w ay  [12] th e  fo llow ing expres
sions co n ta in in g  o n ly  ra d ia l fu n c tio n s

EU  =  ml(3d)  +  m (m ~ 1) (3d, 3d) +  2  ™?((3d, i ) , (5a)
2 /#3d

w here

Щ  =  f  rRntl,(r)
d* 1 ,(1 ,+ 1 ) 2 Z
dr2 r2 r

rR nii{(r) d r ,

(m ) =  F °(n ,  /„ n, if) -  2  c v ; ^  v  - F > i l -  n i 1‘) >
кф 0 4 l j + l

(i ,j)  =  F ° (n , /„  nj lj) -  у -------^  ° ’ lj 0)-------Gk(n, /,., n . l j ) .
’ У J> - f  (41,-+2)112 (4-1 j -{- 2)1*2 K ' ' 1

(5b)

(5c)

(5d)

H ere g, is  th e  n u m b e r o f  electrons c o n ta in e d  a c tu a lly  in  th e  i- th  shell, F  and  
G are th e  Condon  — S later  cou lom b  a n d  exch an g e  in teg ra ls  d e fin e d  in  
Sla t e r ’s book  [12] a n d  th e  coeffic ien ts c are  also ta b u la te d  th e re . B y  using  
(5) an d  th e  an a ly tic  fo rm s for th e  w av e  fu n c tio n s  d e ta iled  in  th e  p rev ious 
section , one can easily  o b ta in  sim ple a n a ly tic  expressions for th e  d -p a r t  of 
th e  to ta l  energy  as a fu n c tio n  of th e  v a r ia tio n a l p a ram ete rs . F o r  ex am p le ,
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t h e  one- and  tw o -e le c tro n  in te g ra ls  co n ta in in g  o n ly  3d w ave fu n c tio n s  h a v e  
th e  fo rm

2 Г 9  7
i(3<9= 2 A‘AÀ^)2n+1Ub- — ta ’

i,i=  1 L 71

(3d, 3d) =  F °  -  —  ( F 2+ F 4) , 
63

w h e re

j *  fl ( 2 n  +  fc)!(2 n - f c - l ) ! 2
— ^  A iA iA n A .(2 n ) ! (2re)! y j L i  ;

Vu Vu
^ij^uv

2n + l

Í I  г
2 n 2n+ k  

V ( 2 n + / - k -  1 ) ! 1 i u  | ' - fc
.1 ) i £ij~\~£uv 1=0 (2n  —  к  — 1) ! 1 ! \ £ij~\~£uv 1

H  ere  we used  th e  n o ta tio n s

t  . . .  X i +  XJ , n / -----f y  — — 9---- and V u =  V « / * y

I n  th e  above exp ressions n is th e  p rin c ip a l q u a n tu m  n u m b er th a t  equals 3 for 
t h e  3d orb ita l.

In  th e  o p tim iz a tio n  p ro ced u re  x v  x 2 a n d  A 2 w ere v a ried . T h e  m in im u m  
v a lu e  of th e  e n e rg y  w as s tab iliz ed , on av e rag e , w ith in  5 • 10- 8  ry .

In  o rder to  check  th e  re su lts  — besides th e  d irec t com p ariso n  o f th e  3d 
r a d ia l  functions in  F ig . 2 — th e  energy  p a ra m e te rs  w ere co m p ared  w ith  th e  
H F  values. S u ch  a  com parison  is p resen ted  fo r  th e  F 4/ F 2 ra tio s  a n d  th e  one- 
e le c tro n  energy  v a lu e s  of th e  iro n  group e lem en ts . The ra tio  F 4/ F 2 p lo tte d  
in  F ig . 3 is c h a ra c te r is tic  fo r th e  n o n -h y d ro g en ic  shape o f th e  3d shell (as 
d iscussed  by  S later  [12] a n d  W atson [3]), since th e  hyd rogen ic  v a lu e  is 
e q u a l  to  0.6522 in d e p e n d e n tly  o f  th e  d e lec tro n  nu m b er. T he good ag reem en t 
b e tw een  our r e s u lts  and  th e  H F  values [3] show s th a t  th e  tw o-ST O  fo rm  is 
a lre a d y  su itab le  to  reproduce th e  c h a ra c te r is tic  d ev ia tio n  o f th e  3d o rb ita l 
f ro m  the  h y d ro g en ic  shape. T h e  ra tio  F 1/ F 2 c a lc u la ted  b y  using  th e  tw o-ST O  
3 d  w ave fu n c tio n  b y  R ichardson  e t al. [9] a re  also  p lo tte d  in  th e  F ig u re .

In  Fig. 4 th e  one-electron  energies o f th e  3d o rb ita ls  are p lo tte d  b o th  
fo r  th e  ions a n d  a to m s of th e  3d  tra n s itio n  series. The o n e-e lec tron  en e rg y  is 
d e fin ed  by

€ M =  /(3d) +  ( m -  l)(3d , 3d) +  2  ?/(3d, i) . (6 )

H e re  th e  sam e n o ta tio n s  w ere u se d  as in  (5). I n  th e  F igure th e  3d o n e-e lec tron  
energ ies of th e  p ositive  ions a re  com pared  w ith  W atso n ’s av a ilab le  H F  
‘average  of c o n fig u ra tio n ’ v a lu e s  [3] and  th e  ex p e rim en ta l io n iza tio n  energ ies
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0.65-

hydrogemc value

г

0.62-

0.60-1 Sc Ti V Cr Mn Fe Co Ni Си

F i g .  3 . F * / F 1 for the iron group elements in singly ionized state. The present results (solid 
line) are compared with the HF values of [3] (heavy dots) and the results of [9] (empty circles).

The hydrogenic value is also plotted.

2.000-

Sc Ti V Cr Mn Fe Co Ni Cu

F ig .  4 . d 3lf  one-electron energies for the atoms and ions of the iron group elements. Besides 
the present results (solid lines) the HF [4] and the HFS [1] values are also plotted (heavy 

dots). For ions the experimental ionization energies are also shown (empty circles).
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[17]. For a to m s th e  com parison  w as m ade w ith  th e  re su lts  of H erm an  and  
S killman [1] fo r  3dm4s c o n fig u ra tio n . T h e  ag reem en t is p la in ly  less sa tis fa c 
to r y  in  th is  case , especially  to w a rd s  th e  end  of th e  series. T h is is b ecau se  th e  
o n e-e lec tron  e n e rg y  is ra th e r  sen sitiv e  to  th e  sm all v a r ia tio n  of th e  energy  
in te g ra ls  (e.g. d  — d in te rac tio n ) a n d  th is  effect increases w ith  in c rea s in g  d 
e lec tro n  n u m b er, as one can  see fro m  (6 ).

In  conclusion , th e  tw o-ST O  ap p ro x im a tio n  is seen to  rep ro d u ce  th e  
m a in  n o n -h y d ro g en ic  fea tu res o f  th e  3d o rb ita ls  fo r th e  iro n  g roup  e lem en ts . 
O w ing  to  th e  s im p lic ity  of th is  a p p ro x im a tio n  th e  w ave fu n c tio n s p re se n te d  
h e re  are a p p ro p r ia te  f irs t o f all in  m o lecu la r an d  solid s ta te  physics ca lcu la tio n s , 
th o u g h  th e y  a ssu re  also su ffic ien t a ccu racy  in  som e less e lab o ra te  a to m ic  
a p p lica tio n s , like  s tu d y in g  tre n d s  th ro u g h o u t th e  f ir s t  tra n s it io n  series.
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HYDROMAGNETIC FREE CONVECTION FLOW 
BETWEEN TWO HORIZONTAL PLATES
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The paper deals with the free convection flow between two infinite horizontal plates 
when the applied magnetic field is transverse to the flow. An exact solution of the momentum 
and energy equations is obtained for fully developed flow. The velocity, the skin-friction and 
the rate of heat transfer are found to decrease as the magnetic effect increases.

In tro d u c tio n

T he free convec tion  flow  p a s t  h o rizo n ta l p la te s  has received  considerab le  
a t te n tio n  in  th e  recen t y e a rs  [1, 2, 3, 4] w hile effect o f m a g n e tic  forces 
o n  e lec trically  co n d u c tin g  free  convec tion  h o rizo n ta l flow s is a lm ost 
n eg lec ted . Nanda [5] has in i t ia te d  th is  fie ld  b y  deducing  th e  e q u a tio n s  of 
h y d ro m ag n e tic  free  convection  b o u n d a ry  lay e r flow  on th e  h o riz o n ta l p la te . 
Singh [6 , 7] h a s  considered  th e  so lu tio n  o f th e  b o u n d a ry  la y e r  e q u a tio n s  of 
th e  co n duc ting  f lu id  on th e  h o riz o n ta l p la te . I n  th e  follow ing, we con sid er th e  
free  convection  flow  b e tw een  tw o  in fin ite  h o rizo n ta l p la te s  u n d e r  th e  effect 
o f  th e  c o n s ta n t tra n sv e rse ly  ap p lied  m ag n e tic  fie ld .

W e ta k e  th e  *-axis a long  th e  low er p la te  an d  у -axes n o rm a l to  i t .  T he 
h y d ro m ag n e tic  sy s tem  of e q u a tio n s  p e r tin e n t to  th e  p rob lem  are

Acta Physica Academiae Scientiarum Hungaricae, Tomus 39 (2), pp. 91 — 96 (1975)

(7-V =  0 , (1)

( v  p )v  = ----- — VP - f  Vp 2v  +  —  J x B  , (2)
e e

(v • p ) T =  x A * T  -\— — Ф - f  P / qcpo , (3)
Qcp

p x H  =  J  , (4a)

V  • В  =  о , (4b)
p x E  =  0 , (4c)
p  • E  =  0  , (4d)

J =  tr[E +  v x B ]  , (4e)
H  =  fj,eB  , (40

* Presently at the Department of Applied Mathematics, Institute of Technology, BHU, 
Varanasi, India.
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w here  ц ‘е is th e  m ag n e tic  p e rm e a b ility  and  a is th e  e lec trica l c o n d u c tiv ity  of 
th e  flu id .

W e shall a ssu m e  th a t  th e  ap p lied  m ag n e tic  f ie ld  H 0 is c o n s ta n t  an d  is 
tra n sv e rse  to  th e  p la te s  w hich  are  m a in ta in e d  a t  te m p e ra tu re s  T 0 -f- A x  an d  
T 1 -)- A x .  C o n sidera tion  w ill be g iven  to  th e  reg ion  f a r  aw ay  from  th e  e n tra n c e , 
w here  th e  flow  is fu lly  developed . I n  th is  reg ion  th e  v e lo c ity , th e  m ag n e tic  
f lu x  d en sity  an d  te m p e ra tu re  fie ld s m ay  be assu m ed  as

V =  v ( u ,  0 ,  0 ) ,  H  =  Щ Н Х, Я 2, 0 ) ,  T =  A x  +  в .

Since th e  flow  is fu lly  developed ; u , H v  H 2 an d  0  w ill be fu n c tio n s o f у  only .
I t  can  he easily  show n from  (4c) an d  (4e) t h a t  E x =  E y =  0, an d  E  z=  E 0 

(co n s tan t)  ev ery w h ere . F ro m  (4a) we have  Я 2 =  Я 0. E q s. (2), (3) a n d  (4) 
th e n  reduce  to

d2u ,геН 0 dH 1 1 dp
V —  H— ---------------= ---------- , (5a)

dy2 Q dy q dx

- ^ -  =  - g [ l - ß ( T - T 0)] -  PeH0 ^  , (5b)
в дУ dy

d20
a ------

dy2
—- A u  =  0 ,

du
dy

.+
d2H 1
dy2

0 ,

( 6)

(? )

w here r]1 — (аре)~ г, T 0 is th e  re ference  te m p e ra tu re  a n d  i t  is th e  te m p e ra tu re  o f 
th e  low er p la te  a t  x  =  0 . ß  is th e  coeffic ien t o f  th e rm a l expansion , g  is th e  
acce lera tion  due to  g ra v ity . In  th e  energy  e q u a tio n  Jo u le  an d  viscous d iss ip a 
tio n  te rm s are n eg lec ted . Also in  (5b), th e  v a r ia tio n  in  d en sity  is ta k e n  in to  
acco u n t only in  th e  d e riv a tio n  o f th e  b u o y a n c y  force, w hile o th e r  d e n s ity  
v a ria tio n s  are n eg lec ted  w ith in  th e  fram ew ork  o f th e  c o n s ta n t p ro p e r ty  flu id s . 
In te g ra tio n  of (5b) w ith  resp ec t to  y  gives [4, 6 ]

P* ~  P° =  [V gß (T  -  T 0) dy =  gß (A x  -  T0) y  +  gß Г  0  d y ,
Q Jo Jo

w here  p* =  p  +  /1еЯ ( '2  and  p 0 is th e  p ressu re  a t  у  = 0 .  D iffe ren tia tio n  o f  th e  
above  e q u a tio n  w ith  re sp ec t to  x  gives

9p

Q dx
±ßg\4  \y +  •

Q dx
(8 )

H ere  positive a n d  n e g a tiv e  signs co rrespond  to  A  >- 0 an d  A  < 1 0, re sp ec tiv e ly . 
E lim in a tin g  p  fro m  (5a) w ith  th e  help  of (8 ), we h a v e

d2u
a ------

dy2
+  — Р е ^e dy ±  ßg I A  IУ +

1 dpo 
q dx
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Solution o f  th e  equations

W e in tro d u c e  th e  n on -d im ensiona l v ariab les

g ß d 2 . _  HoQgßd3ил — QU , Пх — -------------flet l x »
к /гк

0  — Т 0 = ...kfX.....Ф = — Ф,  f) — у  Id ,
(Qgßdf ка

( 10)

w here d is  th e  d istance  b e tw een  th e  tw o  p la te s , к is th e  th e rm a l c o n d u c tiv ity , 
ka — PrGrgßdlcp, is a  d im ensionless p a ra m e te r, P r =  vja is th e  P ra n d tl  
nu m b er, Gr =  gßAdi/v2 is th e  m odified  G rasho f n u m b e r  an d  cp is th e  specific 
h ea t. E q s . (6 ), (7) an d  (9) th e n  reduce  to

d 2ux 
drf

dhx
drj

± k arj +  c ,

d20
drj2 ±  R aui 5

drf drj

( И )

( 12)

(13)

w here M = H 0d j i ^ a  fa  is th e  H a r tm a n n  n u m b er, c= ß g d i/2k d p j d x  an d  R a~  
P r, Gr is th e  m odified  R ay le ig h  n u m b er.

T he b o u n d a ry  co n d itions fo r th e  v e lo c ity  re su lt fro m  no-slip co n d itio n s a t 
th e  tw o p la te s . T he m ag n e tic  b o u n d a ry  co n d itions are  o b ta in ed  from  th e  
c o n tin u ity  o f  th e  ta n g e n tia l  co m ponen t o f th e  m ag n e tic  field . M a th em atica lly  
these  a re  expressed  as

rj =  0; ux =  0, h 1 =  0, Ф = ' 0,

rj =  1; =  0, h1 =  0, Ф =  N v  (14)

w here N 1 =  k a(T x — T 0)/A d  . T he so lu tio n s o f (11), (12) an d  (13); sa tis fy in g  
th e  co n d itio n s  (14); are

К

u, =; —h- ginh Mrj -)---- — (cosh Mr] — 1) -F — — *1 •>
M  M  M 2

к=  ^  - 5 -  rj2 — cr] — cx (cosh Mr] — 1) — c2 sinh  M r],

(15)

(16)

Ф = i  Ra —— (sinh Mr] — r] sinh  M )  
M 3

v) (17)

± К
6 M 2

(v2 -  n) + {(cosh Mr] — 1 ) — r] (cosh  M  — 1)} 
M 3

+  N t f ,
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w h ere

, К  мсл =  4- ——  c o t h --------
2 M  2

К
2 ± 4

i ± i | coth"
2 4 2 2M

F low  ch arac te ris tic s

T h e  viscous d ra g  coefficient Cv ^  a t  th e  low er w all is given b y  

9ux
"Vi.

dr) j , =0

■ ka M
=  ±  —  c o t h -----

M  2

w h ile  for th e  u p p e r  p la te , we h a v e

2 ±  4 I M 2

C V[/ =  cx cosh  M  +  c2 s inh  M  ^
M 2

T h e  ra te  o f h e a t  tra n s fe r  a t  th e  p la te  rj — 0 is g iven  b y  

k A  ( ЭФ]
4 l  —

*a l 9i7 b =0 

k A

(18)

(19)

=  =F —  R a Г- i i -  (M  -  s in h  M ) -----—  (cosh  M  -  1) +  ±  (20)
fca L m 3 '  M 3 2 M  ’

ka 1

" kn
—  IV j,6M2 J

a n d  for th e  p la te  a t  »7 =  1 , i t  is

9a ——  (M  co sh  M  — sinh  M ) -f---- —  (M  sin h  M
M 3 M 3

— cosh M  1) = F2 M  3M 2
iV ,.

T h e  flow  ra te  Ç щ dr) is

Q — (cosh M  — 1 ) ----- —  sinh M  —
M 3 M 2 M  2M 2

( 21)

( 2 2 )
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R esu lts

T he exp ressions fo r u 15 h1 and  Ф in v o lv e  fiv e  p a ra m e te rs  viz. k a, M , c, 
an d  R a. I n  o rd e r  to  have  som e in s ig h t in to  th e  flow  a n d  h e a t tran sfe r, n u m erica l 
re su lts  a re  p re se n te d  in  T a b le s  I  an d  I I  fo r th e  case w hen  th e  tw o  p la te s  are 
a t  th e  sam e te m p e ra tu re . T h is  co rresponds to  N x =  0. The te m p e ra tu re  in 
th is  case w ill be p ro p o rtio n a l to  R a.

Table I

The values of viscous drag, ra te  of heat transfer and ra te  of mass flow for
A  >  0, k Q =  10

M C vL —Ста
ka ka - QA k R a U A k R a 4 n

c  =  0 0 1 .6 6 6 6 2.3333 0.1944 0 .2 2 2 2 0.4167
2 1.7174 3.2826 0.1829 0.2083 0.3913
4 1.8283 3.1716 0.1578 0.1780 0.3358
6 1.9408 3.0594 0.1323 0.1472 0.2798
8 2.0306 2.9604 0.1117 0.1239 0.2341

10 2.0999 2.8954 0.0856 0.0323 0.2170

c  = 0 0.8333 2.8333 0.1528 0.1806 0.3334
— 1 2 1.2174 2.7826 0.1436 0.1689 0.3130

4 1.3283 2.6716 0.1242 0.1445 0.2678
6 1.4408 2.5593 0.1044 0.1197 0.2241
8 1.5306 2.4697 0.0873 0.0873 0.1883

10 1.5999 2.3998 0.0657 0.0077 0.1542

Table II

The values of viscous drag, ra te  of heat transfer and ra te  of mass flow for 
A  <  0, ka =  10, Fj =  - 1

M - C t l Ста ka ka QA k R a iL A k R a 40

0 1.8333 3.8333 0.2360 0.2638 0.5000
2 2.2174 3.7826 0.2221 0.2474 0.4695
4 2.3282 3.6260 0.1869 0.2116 0.4030
6 2.4409 3.5615 0.1603 0.1757 0.3360
8 2.5306 3.4075 0.1362 0.1438 0.2813

10 2.5999 3.4019 0.1057 0.0567 0.2310
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V e  have co n sid e red  th e  v a lu e s  o f с =  0, — 1 and  ка =  10. F o r  с =  0 ,
i.e . w hen  th e  flo w  is purely  b u o y a n c y  in d u ced  th e  viscous d rag  coeffic ien t, 
th e  r a te  of h e a t t r a n s fe r  and th e  r a te  of m ass flo w  are found  to  be  th e  sam e 
in  m ag n itu d e  b u t  opposite  in  sign  fo r  A  >  0 a n d  A  <  0.

T ables I  an d  I I  in d ica te  th e  n o n -d im en sio n a l values o f  th e  r a te  o f m ass 
flo w , viscous d ra g  a n d  th e  ra te  o f  h e a t t ra n s fe r  fo r ka =  1 0 , с =  0 , — 1 a n d  
fo r  d iffe ren t v a lu e s  o f  M.  The v isco u s d rag  a t  th e  u p p e r p la te  decreases w ith  
th e  increase  o f th e  H a rtm a n n  n u m b e r  w hile a t  th e  low er p la te  i t  increases. 
T h e  ra te  of m ass flo w  and  h ea t t r a n s fe r  are  fo u n d  to  decrease as M  increases.
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NON-LINEAR SECULAR-FREE SOLUTION OF A 
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The p e rtu rba tion  technique of K ry lo v —Bogoliubov—M itropolsky is used to  derive a 
secular-free solution up  to  th ird  order of a model equation

02 ф 02 ф
С2^  +  - ^ -  +  “ »Ф +  С2ф3 =  0 ’

where C and cu0 are constan ts in space and  time. E xpressions are ob tained  for am plitude 
dependent frequency sh ifts and wave num ber shifts.

1. Introduction

T h e s tu d y  o f  freq u en cy  sh if t an d  w ave n u m b e r  sh ift is a n  im p o rta n t 
p rob lem  in  th e  p la sm a  th eo ry . M an y  a u th o rs , fo r  in s ta n c e , Mo n tg o m ery  and  
T id m a n  [1], B o y d  [2] and  D as [3] h av e  s tu d ie d  freq u en cy  sh if ts  an d  w ave 
n u m b e r sh ifts  u s in g  th e  sam e te c h n iq u e . In  th is  p a p e r  o u r a im  is to  s tu d y  
a m odel eq u a tio n  fo llow ing th e  ab o v e  au th o rs  fo r  tw o  m o n o ch ro m atic  w aves.

2. Form ulation o f the problem

O u r s ta r t in g  e q u a tio n  is
я 2 ф  8  2 ф

C2 — — +  ■— —  w2 Ф +  С2 Ф3 =  0, (1)
9*2 0t2 W

w here C an d  w0 a re  in s ta n ts  in  sp ace  an d  tim e . L e t  th e  so lu tio n  o f th e  f irs t  
o rd er a p p ro x im a tio n  fo r Ф(0) m ay  b e  ta k e n  as

Ф(0* =  (а 2 cos ip -f- а 2 sin  ip)Íy , (2 )

w here  ly  is th e  u n i t  v e c to r  along th e  d irec tio n  o f у  a n d  ip =  k^c  — cot, a1 an d  a2 
are  rea l c o n s ta n ts .

W e seek th e  K ry lo v —B o g o liu b o v —M itro p o lsk y  p e r tu rb a tio n  expression 
in  th e  form

Ф =  еФ(о)(а 1, a2, rp) +  e4>m (a-i , a2, tp) +  a2, ip) +  . . ., (3)
w here e is a sm all p o s itiv e  p a ra m e te r.
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F o r a tra n sv e rse  m o n o ch ro m atic  w ave p ro p a g a tin g  along th e  positive  
d ire c tio n  of X  ax is, th e  a p p ro x im a te  expression fo r  p h ase  a n d  am p litu d e  
v a r ia tio n s  are

8 a t
at

9a ,
at

8  ip

at 
a ax 
ax

8 a 2

Эх

8  ip

— e2 C1 (aj) +  . . .,

£2 C2 (a2) +  . . . ,

=  — со +  s2 B 1 (av  a 2) +  . . . ,  

■ =  e2 D t  (ax) - f  . . . ,

=  e2 D 2 (a2) +  . . . ,

—— =  K 0 +  s2 А ^ а »  a2) +  . . . ,
8x

w h ere  A v  B v  Cv  C2, D x an d  D 2 a re  th e  functions o f am p litu d e . 
U sing E q s. (2) — (4) in  E q . (1), one can o b ta in

o>2 - ( c 2i q  +  <»2) =  o,
Э2 ф!1)

(C2K 2 f  со2)

8 2 Ф<2>
(С2К 1 + с о 2) - ~ ^ ~ + с о 1 Ф Ы

дуг

а y>2 +  со2 Ф«1» =  0 ,

(4)

(5)

( 6)

(2К 0 С А 1— 2со B 1)(a1 cos у>+а2 siny>) +

+  (2К 0 D x — 2со Сх) sin  у> +  (2со С2 — 2К 0 D 2) cos у) —

— С2 {—  (а2 а2 +  а |)  s in  у> +  —  (cq of +  а2) cos y> +  
[ 4  4

+  тгр (3 « í а 2 — а |)  sin  3у) — — (а* — Заг а |)  cos Ъу>
4 4

fo r  f ir s t ,  second a n d  th ird  o rd er ap p ro x im a tio n , re sp ec tiv e ly .

( 7 )

3. R esu lts  an d  discussion

T he d ispersion  re la tio n  o f th e  f ir s t  o rder e q u a tio n  is g iven  b y  E q . (5). 
N e x t th e  so lu tion  o f  th e  E q . (6 ) red u ces in  th e  p e r tu rb e d  s ta te  to

Ф «  =  0  . (8 )
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I t  is d ifficu lt to  so lve E q . (7) fo r w ith o u t avo id ing  ip p ro p o rtio n a l te rm s  on 
th e  r ig h t h a n d  side o f  E q . (7). T h a t is w h y  fo r avo id ing  secu lar b e h a v io u r  in  
th e  th ird  o rd e r a p p ro x im a tio n , we eq u a te  th e  coeffic ien t o f  cos ip an d  s in  ip to  
zero an d  i t  g ives rise  to  freq u en cy  sh ifts  a n d  w ave n u m b e r sh ifts.

F o r  th e  co effic ien t o f cos ip, an  ex p ressio n  fo r freq u en cy  sh ift m a y  be

Aco =  - B x =  3C2 №  +  qi) fo r  A i  =  c 2 =  D i =  j )2 =  0 (9)

an d  fo r th e  coeffic ien t o f sin  ip, th e  f req u en cy  sh if t is

for

Aco =  — B 1 3C2 (o j +  aí)
8  C D

A 1 — Cx — D г — D 2 — 0 .

( 10 )

I t  is o b serv ed  t h a t  single freq u en cy  sh ift is o b ta in e d  h e re in  an d  since th e  te rm s  
in  th e  f ir s t  b ra c k e t on  th e  r ig h t h an d  side o f  (9) an d  (10) m a in ta in  th e  sam e 
sign, th e  freq u en cy  sh if t increases b y  th e  in te ra c tio n  o f th e  second w av e . 

P ro ceed in g  in  th e  sam e w ay , one o b ta in s  a single w ave n u m b er sh ift g iv en  b y

A k  =  A 1 =  — (a* +  a i ) , (1 1 )
o K 0

H ere  also, th e  w av e  n u m b e r sh ift in c reases  fo r th e  in te ra c tio n  o f  th e  
second w ave.

A gain , th e  so lu tio n  u p  to  th ird  o rd e r ap p ro x im a tio n  for Ф c a n  be  
w ritte n  as

3 a |)  cos 3ip

(12)

Ф — (a j cos ip +  a 2 s in  ip) — C2 I a 2(3a2 — a 2) sin  3^  +  «q (a? —
4 co l-9(co*  +  C*Kl)
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PHOTONEUTRINO ENERGY LOSS RATES UNDER 
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The neutrino  energy loss ra te  is calculated due to  the  photoneutrino  process in a ho t 
plasm a, under m agnetic  field.

The calculations done for low densities and relatively  low tem peratures m ay be used for 
astrophysical estim ations in  neutron stars.

Introduction

R ecen t p ro g ress  in  th e  p ro d u c tio n  of a s tro n g  m ag n e tic  f ie ld  in  th e  
la b o ra to ry  [1 ] h a s  focussed in te re s t  on th e  s tu d y  o f th e  e ffec t o f m agnetic  
fie lds on v a rio u s  p henom ena [2]. T h e  la rg est f ie ld  th a t  can  now  be p roduced  
in  th e  la b o ra to ry  is  of th e  o rd e r  o f 10e G, w h ich  is m uch sm alle r th a n  th a t  
ex is tin g  in  n e u tro n  s ta rs , w hich  m a y  be of th e  o rd e r of 1015 G [3].

C anonical m odels fo r th e  descrip tio n  o f  th e  w eak in te ra c tio n  am ong 
ferm ions p re d ic ts  a d irec t in te ra c tio n  betw een e lec tro n -n eu trin o  p a irs  [4]. T h e  
effec tive  H a m ilto n ia n  w hich describes th e  e lec tro n  n eu trin o  in te ra c tio n s  is

Hw =  (v>e У,(1 +  y5) Wv){ÿv TV (1 +  Ys) f e )  • (1)
o/nj,

Such an  in te ra c tio n  follow s im m ed ia te ly  in  co n v en tio n a l theories in  
w h ich  th e  w eak  in te ra c tio n  is m e d ia te d  by  a few  in te rm e d ia te  v e c to r  bosons 
[5], o r w hen th e  w eak  coupling  h a s  th e  form  p h enom eno log ica lly  a t  leas t o f 
c u r re n t—c u rre n t in te rac tio n .

A  F ierz  tra n s fo rm a tio n  o f  th e  H a m ilto n ian  of E q . (1) y ields th e  
e q u iv a le n t fo rm

H w =  —  ■ -  [V>e TV 7Д 1 +  Yb) Vv) +  (Ve  У 5 Y ^  V e ) ( f v >V Í1 +  Уз) Vvj] ,
О Wljp

(2)

w hich  ex h ib its  m o re  exp lic itly  th e  m a tr ix  e lem en t fo r a n e u tr in o —a n tin e u tr in o  
p a ir  to  be ra d ia te d  b y  an  e lec tron , b y  m eans of a v e c to r  or ax ia l v e c to r  cu rren t. 
T h e  v ec to r  c u r re n t  is analogous to  th e  coupling o f  an  elec tron  to  a p h o to n  an d
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im p lies  n e u tr in o -p a ir  ra d ia tio n  b y  a n y  acce lera ted  e lec tro n . P ontecorvo  [6] 
f i r s t  em phasized  t h a t  such  a p o ss ib ility  could  h av e  p ro fo u n d  sign ificance in  
som e stages of s te lla r  evo lu tion . J u s t  because  n e u tr in o s  are  so w eak ly  coupled 
to  m a tte r  th e y  c a n  easily  escape fro m  h o t dense s te lla r  cores w here  th e y  are 
p ro d u ced , w hile p h o to n  em ission is e ffec tively  re s tr ic te d  to  th e  re la tiv e ly  cool 
s te lla r  surface. I f  th e  in te ra c tio n  o f E q . (1) does in d eed  ex ist, som e s ta rs  m ay  
h a v e  a n eu tr in o  lu m in o s ity  over 1010 tim es  th e ir  v isu a l one. T h ey  m ay  for 
a  sh o rt period  r a d ia te  m ore energy  in  n e u tr in o  p a irs  th a n  o u r en tire  g a lax y  does 
in  lig h t. A m ong th o se  n e u tr in o -p a ir  em ission m echan ism s w hich h a v e  been 
in v e s tig a te d  a n d  h a v e  been  fo u n d  to  p la y  an  im p o r ta n t  role in  c e r ta in  stages 
o f  s te lla r  ev o lu tio n :

1) e~  e + -------V +  V

“ p a ir-a n n ih ila tio n  n e u tr in o s”  from  th e  an n ih ila tio n  o f  e lec tron—p o sitro n  pairs 
a t  v e ry  high te m p e ra tu re s  T  >  109 °K  [7].

2) y  +  e± -------V +  V -f- e*

“ p h o to n e u trin o s”  w h ich  are th o u g h t to  be im p o r ta n t  fo r low  densities, 
qI <  10s g m /cm 3 a n d  re la tiv e ly  low  te m p e ra tu re s , T  <  4 x l 0 8 °K  [8 ].

3) P lasm o n  ----- v +  v

“ p lasm a  n e u tr in o s”  from  th e  co h e ren t acce lera tion  o f  e lec trons in  a p lasm a 
in te ra c tin g  w ith  a n  e lec tro m ag n etic  w av e  [9].

In  a p rev io u s  a rtic le  [10] we h a v e  s tu d ied  th e  e ffec t of m ag n e tic  fie ld  
on  reac tion  1. I n  th is  p a p e r  th e  effect o f  a s tro n g  m ag n e tic  fie ld  on th e  p h o to 
p ro d u c tio n  o f n e u tr in o  p a irs  w ill be discussed.

T ran sitio n  probability

In  a p rev io u s  a rtic le  [10] w e h a v e  s tu d ied  th e  effect o f m ag n e tic  fie ld  
o n  reac tio n  1. I n  th is  p a p e r  th e  effect o f  a s tro n g  m ag n e tic  fie ld  on th e  p h o to 
p ro d u c tio n  o f n e u tr in o  p a irs  w ill be  discussed.

The F e y n m a n  d iag ram s fo r th e  p h o to n e u tr in o  process to  th e  low est 
o rd e r are show n in  F ig . 1. H ere к =  (к, iK ),  к '  =  (к, iK ')  are  th e  four-m o
m e n ta  of th e  in i t ia l  an d  th e  f in a l e lec trons, q=(q, q' — (q'i Що)-> an<i
tv— (w, iw0) a re  th e  fo u r m o m en ta  o f  th e  n eu tr in o , th e  a n tin e u tr in o , an d  th e  
p h o to n , re sp ec tiv e ly . e( X }  is th e  p h o to n  p o la riza tio n  v e c to r . T h e  m a tr ix  e lem ents
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Í  (ш, £ ) 

\

\ V q'>

\ /  >e«D

Ve(4 ')

V / p e (q)

f(u>,£)

/

/ '
e (k, N)

P

\
e(«k,N )

/ ’
e ( k . N)

P'

■ \
e (k'.N')

Fig. 1

fo r  th is  process a re

S a =  о i \ f - n  Я  d *X  d i y  W УÍ* ^8  mj, I waU

G(x, %pt{x) ÿ ve (у) y , ( l  +  У a) V ie  ( j )  exp  [ +  iwx] , (3)

Sb =  о 2 v~~~n Я  d'x diy vAy ) «(A) G(x’ У)8  m^, \ w0 ÍJ
У» ( !  +  Уъ) V A X ) Vve ( x )  У А 1 +  Уъ) V-e(x ) ex p  [ +  iwy] , (4)

w here  ipt, ipf , ipv, a n d  ip-, a re  th e  w av e  fu n c tio n s  o f th e  in it ia l  e lec tro n , th e  fin a l 
e lec tro n , th e  n e u tr in o , an d  th e  a n tin e u tr in o . G(x, y ) ,  g, an d  mw a re  th e  p ro 
p a g a to r , th e  coup ling  c o n s ta n t a n d  th e  m ass o f th e  v e c to r  boson, respective ly .

In  th e  p resence  o f a m ag n e tic  fie ld  th e  e lec tro n  w ave fu n c tio n  satisfies 
th e  D irac  eq u a tio n :

[ i (p  +  e Â )  +  m] ip(x) =  0, - (5)
w here

p ^ - i y ^ ô ^ ,  Â  — A ^ y ^ ,

m  is th e  m ass of th e  e lec tro n , a n d  A  is th e  m ag n e tic  v e c to r  p o te n tia l. In  th e  
case o f  a c o n s ta n t hom ogeneous m ag n e tic  fie ld  a ligned  in  th e  2-d irec tio n , th e  
fo llow ing gauge fo r th e  v e c to r  p o te n tia l  A ß can  be u sed

A 1 =  — y B  , A 2 =  A 3 =  A 4 =  0 .
I f  th e  re p re se n ta tio n  o f  th e  у-m a trice s  is chosen to  be  (k =  1, 2, 3)

0 iak
iak 0  ,

th e n  th e  so lu tions o f  th e  D irac e q u a tio n  are [11]:

v ( x ) =  ex P [i k i x i  +  i k 3 хз — iK t  — 1/2  f 2]
I L ±L 3

Г ccA s H n _ 4(f) -J 
-  S « B s H N (I)

sßAs HN_x{ß)
- ß B s H N (t )
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w h e re  th e  energy e igen v a lu e  К  is g iven  by

К  =  f r o 2 +  Щ +  2 N eB  N 0 , 1 , 2 , . . . (7)
a n d

r] =  feJ3 ,

ß  =  f  1/2 (1  - m / K )  ,

S  =  i  1 !

ç  =  n y  —  k i  h  t
« =  V1/2 (1 +  ml K ) ,

A s =  f  1 / 2 ( 1 +  sfc3/fc), 

к =  Y  K 2 -  ro2 ,
H N (I) =  [Í//71/2 2 NiV!]1/2 Ндг (I) . (8 )

H e re  H N( |)  is th e  H e rm ite  p o ly n o m ia l o f o rder N .
E ach  energy e igenvalue  is in fin ite ly  d eg en era te  since th e  energy  does 

n o t  depend  on th e  can o n ica l m o m e n tu m  k v  w h ich  on ly  d e te rm in es th e  position  
o f  th e  electron o rb it  in  th e  y -d ire c tio n . F o r N  ^  0 th e re  is a d d itio n a l sp in  
d eg en eracy  because o f  th e  q u a n tu m  n u m b er S =  i l .  F o r  iV =  0 one m u st 
h a v e  S  =  — к 3Ц k 3 \; so th e  e le c tro n  is po larized  a g a in s t th e  d irec tio n  of th e  
m a g n e tic  field.

The p ro p a g a to r  G(x, y )  o f th e  in te rm ed ia te  e lec tro n  in  o p e ra to r  form  is:

1
G =  - (9)

i (p  - f  eÂ)  +  m

b u t  since its ex ac t exp ression  in  th e  case of a m ag n e tic  fie ld  is v e ry  co m plica ted  
[ 1 2 ], we have chosen  to  a p p ro x im a te  i t  by  th e  sim p ler fu n c tio n

1 i (p  -f- eÂ°)  — m
G 0 =  - ( 10)

i (p  +  e A 0) +  m (p  +  e^40)2 +  m2

w h e re  eA^ =  — eB y°  =  c o n s ta n t, A \  =  A% =  A \  =  0 . H ere  y°  is ta k e n  to  be 
e q u a l  (kßeB), w here  k r is th e  ж-co m p o n en t of th e  fo u r-m o m en tu m  o f th e  in itia l- 
s t a t e  electron. T h u s  G0 is a free -p a rtic le  p ro p ag a to r.

The ju s tif ic a tio n  fo r th is  decision  is as follow s. A ccord ing  to  E q . (6 ) th e  
in i t i a l  wave fu n c tio n  is cen te red  a t  y°  =  k J e B  in  th e  y -d ire c tio n , an d  ex tends 
o v e r  a range of th e  o rd e r of ]/i2iV'>7_ 1  in  th is  d irec tio n . T he nodes o f th e  w ave 
fu n c tio n  (for N  >  0) are s e p a ra te d  by  a d is tan ce  Ay  ̂  I7(ß iV)—̂ 2^ -1 . F o r 
s h o r te r  in te rva ls  th a n  th is , th e  in it ia l  w ave fu n c tio n  resem bles a free p lane 
w a v e . A ssum ing t h a t  th e  life tim e o f th e  v ir tu a l e lec tro n  in  th e  m ag n e tic  fie ld  
is su ffic ien tly  sh o r t ,  such  th a t  th e  d istance  tra v e lle d  b y  i t  does n o t exceed 
A y ,  th e  p ro p ag a tio n  o f th e  v ir tu a l  e lec tron  is essen tia lly  free -p a rtic le  p ro p a g a 
t io n .  T hus Â  can  be  s u b s titu te d  b y  i ts  average v a lu e  A 0 w eig h ted  b y  th e  in itia l- 
s t a t e  wave fu n c tio n . A fte r su b s ti tu t in g  th e  free p ro p a g a to r  (10), w hich  is:

Go (», j )  =  ex P [ -  ik i(x i — J i) ]  j d4 Q exp  [ iq (ж -  у )]
(2 л р  J

IQ m
Q2 -f- m 2

( H )
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in  th e  S -m a tr ix  e lem en ts (3) and  (4), a n d  in te g ra tin g  over x, y ,  q, a n d  q' one 
gets:

S =  S a +  S(, =

2 П l V eg ( -  1 )N ' - N
U ve (?) Уц (1 +  7s) U „ e W )Q w 0 W L ^ m l  (2 N  + N ' N l N '1)1I2

[Y 2 N 7a ' A ' H N _! (0), s ' a ' B '  ( 0 ) ,  ]f Ш '  s' ß' A '  H N (0), ß' B '  F N. (0)] 

Y 2 N  <xA Ндг_! (0)

M . S x B H N(0)
V 2 N s ß A H N- i (  0 ) 

ß B H N ( 0)

d4 (w +  к — к '  — q — q'), ( 12)

in  w hich

M : 74 è  ”  7*(1 +  7s) +74 7u (1 +  7s)g2 +  m2 ^
m  a

e
^ '2 +  m2

(13)

and

el =  (ï i  +  ?() =  Mi > 

Q'i =  (?2 +  %) =  M’2 ,

Рз — +  (?з +  ?з) — +  w3 >

Po =  (?o +  ?o) +  K '  =  +  “ ’о ’ (14)

Pi =  — (?i +  q í ) =  — tv 1,

62 =  — w2 =  — (g2 +  Ï2 ),
вз =  лз — ^ з  =  *з — (?з +  ?з) »

Po =  K ' — U!0 =  K  — (q0 +  q'o). (15)

S q u a rin g  (12), averag ing  over th e  possible in it ia l  spins o f th e  electrons 
an d  p h o to n  an d  su m m ing  over th e  possib le  f in a l sp in  s ta te s  o f th e  electron , 
th e  n e u tr in o  an d  th e  a n tin eu tr in o , f in a lly  in te g ra tin g  over th e  m o m e n ta  of 
th e  n e u tr in o  an d  th e  a n tin eu tr in o  b y  u sin g  L en a r d s  [13] fo rm u la , th e  fin a l 
resu lt fo r  th e  m a tr ix  e lem ent ta k e s  th e  fo rm

w here

I  =  (2П у  27271S |2 d3q d y  , 

e3 BG2
1 =  F(k, k ' , w ) ,

3 w 0

G2 =  —
2 ™4mw

an d  F (k , k ’ , tv) is a fu n c tio n  of th e  v a ria b le s  к, к ' ,  a n d  w.

(16)

(17)
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E n e rg y  loss ra te

A ssum ing t h a t  th e  s ta rs  co n sis t of a co m p le te ly  ionized gas in  th e rm a l 
eq u ilib riu m  a t  a te m p e ra tu re  T  a n d  d en sity  g, th e  n u m b er d en sities o f th e  
e lec tro n  and  p o s itro n s  are g iven  b y  F e rm i—D ira c  d is trib u tio n s

d3p
П:¥ =  f d n T =  — -  ГJ (2Я)3 J exp

E

К  в T
T и

К в  T

(18)
+ 1

w h ere  fi is th e  ch em ica l p o te n tia l o f  an  e lec tron  (inc lud ing  th e  e lec tro n  m ass). 
P h o to n s  in  th e rm a l  equ ilib rium  h a v e  a d en sity  o f  s ta te s

dn,„ —
(277)3

l —i
ex p

K BT
d3 w .

F o r  th e  n eu tr in o  w e have

dnn d3 q
(2 П )3

w h ile  for an  o u tg o in g  electron  w e h a v e

dn
d3p  

(2 П )3
1 ex p

E
K RT K RT

-  1

(19)

( 20)

(21)

O u r calcu la tions w ill he done fo r  th e  n o n -re la tiv is tic , an d  n o n -d eg en era te  case, 
w h ere  p h o to p ro d u c tio n  is th o u g h t to  be im p o r ta n t. F o r  n o n -re la tiv is tic  e lec tron  
K BT  m a n d  fo r  densities below  10® gm /cm 3, w e m ay  drop th e  F e rm i d is tr i
b u tio n  fac to r o f  th e  f in a l e lec tro n  re la tiv e  to  th e  1 in  th e  in te g ra n d  of (2 1 ). 
I n  th e  n o n -re la tiv is tic  lim it th e  e lec tro n  en erg y  in  th e  presence o f  a ho m o 
geneous m ag n e tic  fie ld  becom es

E(k, N )  — m -\-
2m
к2

+  N w c , ( 22)

w h ere
eB

T h e  occupation  n u m b ers  of e le c tro n  s ta te s  in  a h o t  p lasm a in  th e  non-degene- 
r a te  case follow  th e  B o ltzm ann  s ta tis tic s

f ( k , N )  = / ( 0 , 0 ) ex p
к2

2m
N  w. K b T (23)

w here  the  co e ffic ien t / (0 , 0) d ep en d s  on th e  e lec tro n  n u m b e r d en sity  N e 
accord ing  to

/ ( 0 , 0 ) = ---------tg h  ■ (24)
\][2Пт К  в T 2 K BT
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T h e  energy  loss r a te  fo r e lec tron  is now  given b y  

e3 BG 2

6(2 Пу -  J dk3f ( k 3, N ) j d k '3 (1  -  f(k '3, N ' ) ) ,

J d 3 w [e KbT -  l ]  (K  +  w0 -  K ')  I . 

I n te g r a t in g  over d k3, dk3, a n d  d3w we o b ta in

e2 G2 K n T

Q =

(25)

m

1/2
N .

72 (2л ) 2'2 m 4
tg h

wr ( N w c
2 K RT eXP C ~ K b T

Иm< I 4 K r T 2 0 _N e B K BT  + 1 2  N e B K BT  +  ^ (K B T )3
+

zn*

+  340.76 +  9.33 (К в Т У 1 +
m° m

+  У Ш  m 5'2 [232 .74m  (K B T )9/2 +  77.16m 2 (K B T f 2 +  

+  17.5 N '  eB m (K B T f 2 +  32.5 N e B  m {K B T) *’2 +

+  26.25 m 3 (K B T )5'2 +  m 4 (K B T )3/2 +

+  6  N ' e B m 2 ( K B T ) 3/2 -  3 IVeB m 2 (JCB T )3'2]}  .

F o r  N  =  IV' =  0

K * T- \ * N ,
wr

(26)

e2 G2

Q = tg h
2 K r T72(2 /7 )3'2 m 4

• {[4m 7 (K B T ) +  8 .6 6 m 5 (JCB T ) 3 +  340.76 m 4 (K B T )4 +

+  9.33 m 6 ( К в Г )2] +  V2 #  [232 .74  m7/2 (K B T ) 9/2 +

+  77.16 m 9'2 ( К в Т у '2 +  26.25 m 11'2 (K B T ) 5/2 +  m 13'2 (X B T )3/2]}  .

E q s . (26) an d  (27) a re  th e  to ta l  ra d ia tio n  loss fo r  p h o to n eu trin o s  fo r  non- 
d e g e n e ra te  e lec tro n  in  th e n o n -re la tiv is tic  case a t  te m p e ra tu re s  T  <  4 X Ю8 °K .
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I t  is shown th a t  th e  consequent wave m echanical tre a tm en t of the in teraction  of an 
atom  w ith its  own rad ia tion  field leads to  a process very like th a t  of the emission of photons. 
I t  is shown th a t  th e  rad ia tion  reaction causes the transition  of an atom  in an excited sta te  to  
a lower s ta te  o f energy. The rad iation  em itted  has an energy hv confined into a narrow  cone 
unless the em itting  atom  is kep t into a volum e w ith dim ensions less th an  the wave length  of 
the  em itted light.

In tro d u c tio n

E in st e in ’s w ell-know n in te rp re ta tio n  o f th e  p h o to e lec tric  effect in  te rm s  
o f  pho tons led  to  th e  th e o ry  of th e  d u a l n a tu re  o f lig h t. E in stein  tr ie d  to  reco n 
cile to  som e e x te n t  th e  p h o to n  an d  w ave p ro p e rtie s  o f  lig h t supposing  te n 
ta tiv e ly  th e  p h en o m en o n  of “ needle  ra d ia tio n ” . A su itab le  e lec trom agnetic  
source em its  r a d ia t io n  in to  a n a rro w  cone on ly  a n d  such  an  e lec trom agnetic  
ra d ia tio n  resem bles to  w h a t a p h o to n  is supposed  to  be.

T he co n cep t o f  needle ra d ia tio n  seem ed, h o w ever, to  be c o n tra d ic te d  
b y  th e  e x p e rim e n ta l re su lts  o f Selén y i [1] an d  o f Schrödinger  [2] show ing 
c learly  th a t  a su ffic ien tly  sm all source em its  co h e ren t ra d ia tio n  in to  w ide solid  
angles. T he la t t e r  re su lts  seem ed th u s  to  su p p o rt d ire c tly  th e  concep t accord ing  
to  w hich a to m s ra d ia te  like sm all dipoles w ith  th e  ra d ia tio n  d is tr ib u te d  over 
a w ide range  o f  d irec tio n s  in  th e  w ell-know n m an n e r.

T he w av e  m ech an ica l th e o ry  o f th e  em ission o f a to m s seem ed to  su p p o rt 
fu r th e r  th e  c o n cep t o f  d ipole ra d ia tio n . In d eed , w e f in d  from  Schrödinger’s 
fo rm alism  t h a t  th e  c u r re n t d is tr ib u tio n  inside  a n  a to m  in  a m ixed  s ta te  is 
th a t  o f a sm all o sc illa tin g  d ipole. U sing th e  one b o d y  ap p ro x im a tio n  th e  d ipole 
is co n c e n tra ted  in to  a reg ion  w ith  lin ea r d im ensions o f th e  o rder o f th e  B o h r 
rad iu s  rH .

So as to  o b ta in  a d esc rip tio n  o f th e  em ission o f  p h o to n s  i t  seem ed th u s  
necessary  to  a d d  to  th e  w ave m echan ical fo rm alism  th e  second q u a n tiz a tio n . 
T h u s ex ten d in g  w av e  m echan ics b y  q u a n tu m  e lec tro d y n am ics we are  g e ttin g  
back  to  th e  c o n cep t o f th e  p h o to n .
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In  th is  a r tic le  we in te n d  to  show  t h a t  th e  concep t o f th e  p h o to n  can 
also  he o b ta in e d  from  w ave m ech an ics  w ith o u t an y  ad d itio n a l a s su m p tio n  if  
w e t r e a t  th e  p ro b lem  in  a c o n seq u en t m an n er.

I t  ap p ea rs  t h a t  b o th  th e  em ission  o f ra d ia tio n  som ew hat like  th e  needle 
ra d ia tio n , a n d  also  th e  e x p e rim e n ta l re su lts  connec ted  w ith  th e  w ide angle 
in te rfe ren ce  p h en o m en a  can  be w ell u n d e rs to o d  in  te rm s o f w ave m echan ics — 
w ith o u t m ak in g  use  o f th e  second  q u a n tiz a tio n .

Statem ent o f  the problem

W e th u s  t r e a t  th e  follow ing p ro b lem . G iven an  a tom  in  an  ex c ited  s ta te . 
F o r  sake o f s im p lic ity  we sh a ll co n sid er th e  case of th e  H -a to m . T h e  pure 
e x c ite d  s ta te  is a s ta tio n a ry  one a n d  th e re fo re  in  th is  s ta te  th e  a to m  does n o t 
e m it ra d ia tio n  a n d  th e  s ta te  p e rs is ts .

The p u re  ex c ited  s ta te  is , how ever, an  u n stab le  co n fig u ra tio n . I f  we 
consider a s ta te  w h ich  is a lm o st a  p u re  ex c ited  s ta te  b u t co n ta in s  an  a rb itra r ily  
sm all a d m ix tu re  o f  a s ta te  of lo w er energy , th e n  th is  s ta te  em its  a lre a d y  a sm all 
a m o u n t of ra d ia tio n . The re a c tio n  o f  th e  ra d ia tio n  fie ld  up o n  th e  a to m  causes 
a  p e r tu rb a tio n , as a re su lt o f th is  p e r tu rb a tio n  an  av a lan ch e  s ta r ts  an d  i t  
causes th e  a m p litu d e  of th e  e x c ite d  s ta te  to  d im in ish  an d  t h a t  o f  th e  low er 
s ta te  to  in crease  u n til  th e  c o n fig u ra tio n  o f  th e  a to m  changes in to  t h a t  o f th e  
p u re  low er s ta te .

As th e  w av e  e q u a tio n  is in  acco rd  w ith  th e  law  o f co n se rv a tio n  o f energy , 
th e  process lead s to  th e  em ission o f en erg y  eq u a l to  hv w here v is th e  frequency  
o f  th e  em ission, th u s  th e  process lead s to  th e  em ission of one p h o to n . F u r th e r 
m ore , as we show  in  th is  p a p e r  th e  d e ta iled  ca lcu la tio n  show s t h a t  in  general 
th e  em ission ta k e s  place in to  a n a rro w  cone — th u s  th e  em ission  resem bles 
so m ew hat to  th e  “ needle ra d ia tio n ”  p rop o sed  b y  E in s t e in  an d  o th e rs . B esides 
w e shall see t h a t  th e  w ave m ech an ica l th e o ry  does n o t c o n tra d ic t th e  ex p eri
m e n ta lly  o b se rv ed  fac ts  concern ing  th e  w ide angle in te rfe ren ce . In d e e d , i f  th e  
e m ittin g  a to m  is  c o n cen tra ted  in to  a su ffic ien tly  sm all region th e n  th e  opening 
ang le  of th e  cone o f th e  em ission becom es large  an d  th u s  fo r a to m s ra d ia tin g  
fro m  su ffic ien tly  sm all regions w e o b ta in  a ra d ia tio n  of th e  fo rm  as is em itted  
b y  a sm all d ipo le .

The m ethod o f the calculation

W e s ta r t  fro m  th e  u n p e r tu rb e d  w ave eq u a tio n  of th e  a to m

H 0y> — ihxp . (1)

C onsidering a so lu tio n  of (1) co rresp o n d in g  to  a m ixed  s ta te  we f in d  th a t  th e  
sy s tem  describ ed  b y  гр co n ta in s  effec tive  c u rre n t an d  ch arg e  den sities , we
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c a n  d en o te

i =  i{y>) , Q =  ç(y>) . (2 )

(2 ) s ta n d s  fo r th e  w ell-know n expression  g iv ing  c u rre n t an d  ch a rg e  densities 
o f  a sy s tem  described  b y  гр. T he  d en sities (2) p ro d u ce  an  e lec tro m ag n etic  field  
w ith  p o te n tia ls  А, Ф obeying M axw ell’s eq u a tio n , th u s

V2A -----Л  =  — 4 т п ,
c2

V2 Ф _  _L Ф — _  4я,Q t (3)
c2

1 .
d iv  A  -)------Ф =  0 .

c2

T h e  f ie ld  o b ta in ed  from  (3) causes a p e r tu rb a tio n  o f th e  o rig in a l s ta te , th e  
p e r tu rb a t io n  o p e ra to r  can  be w r it te n  sch em a tica lly  as

P  =  P(А, Ф) . (4)

T h u s  considering  th e  reac tio n  o f th e  fie ld  o f  th e  a to m  upon  itse lf , (1) has to  
be  re p la c e d  by

( # 0  +  P)v> =  Щ  • (5)

T h e  em ission  o f th e  a to m  can be o b ta in e d  b y  so lv ing  s im u ltan eo u sly  th e  system  
o f e q u a tio n s  (2), (3), (4) an d  (5).

The problem o f the reaction o f a w ave m echanical system
upon itself

T h e  p ro g ram  given  above fo r  th e  w ave m echan ical t r e a tm e n t  of th e  
r e a c tio n  o f a sy s tem  up o n  its e lf  h as  i ts  classical analogy  w h ich  is o b ta ined  
re p la c in g  (5) b y  th e  classical e q u a tio n s  of m o tio n  o f  a cloud o f ch a rg e . In  p a r t i
c u la r  ta k e n  th e  e lec tro n  to  he a c loud  h o u n d  h a rm o n ica lly  to  th e  c e n tre  of th e  
a to m , H . H ertz  developed  th e  c lassical th e o ry  o f  rad ia tio n  d a m p in g  an d  th u s  
o b ta in e d  a q u a lita tiv e ly  co rrec t e s tim a te  of th e  n a tu ra l  line w id th .

U sing in  p lace  o f th e  classical eq u a tio n  o f  m o tio n  th e  w av e  eq u a tio n  (5) 
th e  w av e  m echan ical th e o ry  of r a d ia tio n  d am p in g  w as developed  b y  W . H e it - 
L E R  [3] an d  o th ers  — th e  la t te r  th e o ry  leads to  re su lts  in  q u a n t i ta t iv e  agree
m e n t w ith  ex p erim en ts .

I n  sp ite  o f th e  success of th e  w av e  m echan ica l tre a tm e n t o f  th e  rad ia tio n  
d a m p in g  th e re  ex is ts  an  a p p a re n t d ifficu lty  w h ich  we discuss p re se n tly .
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An apparent paradox connected with the self-interaction  
o f  a  system

T he w ave e q u a tio n  of an H -a to m  in  th e  p resence  o f  a fie ld  w ith  p o te n tia ls  
А , Ф can  he w r it te n

1

2 m
ill y  H-----A

2
v  +  (F ( r )  -f- еФ)хр — ih ip, ( 6)

w h ere  V (r )= — e2/r  is  th e  p o te n tia l o f  th e  fie ld  o f th e  nucleus; th e  n uc leus is 
th u s  ta k e n  to  he  a p o in t p a rtic le . S o lv ing  (6 ) we o b ta in  s ta tio n a ry  s ta te s  
su c h  th a t

Ä  =  0 , - ? i  =  0 ,at at (? )

w h e re  gr and  i„ a re  to  be ca lcu la ted  from  (2) in se r tin g  y> =  грг. H ow ever, th e  
so u rce  densities Qr a n d  iv th u s o b ta in e d  lead  w ith  th e  help  of (3) to  p o te n tia ls  
co rresp o n d in g  to  th e  f ie ld  of th e  e lec tro n  cloud w h ich  (in  a s ta tio n a ry  m anner) 
su rro u n d s  th e  n u c leu s . The s ta tic  p a r t  o f th is  f ie ld  is  b y  no m eans negligible 
as i t  c an  be seen fro m  q u a lita tiv e  co n sid era tio n s; th u s  th e  la t te r  f ie ld  m u st 
be  ex p ec ted  to  in flu e n c e  to  a n o ticeab le  e x te n t th e  d is tr ib u tio n  of th e  e lec tron  
c lo u d . T he s ta t io n a ry  solu tions o f  th e  system  (2), (3), (4) an d  (5) — differ 
th e re fo re  co n sid e rab ly  from  th e  s ta tio n a ry  so lu tio n s  ob ta in ed  from  th e  
u n p e r tu rb e d  w ave e q u a tio n  (1). S ince, th e  so lu tions o f  (1) lead  to  a descrip tio n  
o f  th e  atom  in  a g re e m e n t w ith  ex p erim en ts , i t  m u s t  be supposed  th a t  th e  
so lu tio n s  of (2), (3), (4) and  (5) w h ich  d iffer from  th e  so lu tions of (1) le a d  to  an  
in c o rre c t m odel o f  th e  atom .

B ecause o f th is  d ifficu lty  i t  is u su a lly  supposed  t h a t  (6 ) leads to  a co rrec t 
d e sc rip tio n  of th e  a to m  if  we ta k e  A  an d  Ф to  be th e  p o ten tia ls  o f th e  “ o u te r 
f ie ld ”  only. T he f ie ld  is th u s  sp lit in to

A  =  A (0  +  A (o), Ф =  Ф(0  +  Ф(о) (8 )

th e  u p p e r  indexes sign ify ing  “ in n e r”  an d  “ o u te r”  f ie ld . I t  is su pposed  th a t  
in  (6 ) A  and Ф h a v e  to  be rep laced  b y  A (<̂ an d  Ф^°\ th e  p o te n tia ls  o f th e  
o u te r  field .

T h e  above co n sid e ra tio n  c a n n o t be a lto g e th e r v a lid . In d eed , th e  th e o ry  
o f ra d ia tio n  d a m p in g  is ju s t  based  o n  considering th e  effects of th e  in n e r  fie ld  
u p o n  th e  atom . I t  is  tru e , how ever, t h a t  in  th e  u s u a l p rocedures th is  is n o t 
d o n e  in  a co n seq u en t m anner. T h e  co rrec t d esc rip tio n  o f ra d ia tio n  d am ping  
is o b ta in e d  i f  we sp lit  th e  field n o t  in  accord  w ith  (8 ) b u t  a rb itra r ily  as

A  =  A(r) +  A (s0 , Ф =  Ф(г) +  ФЫ) , (9)
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w here th e  u p p e r  index  “ r ”  s ta n d s  for “ ra d ia t iv e ”  fie ld  a n d  “ s t”  for “ s ta t io n a ry ” 
fie ld . T he u su a l p ro ced u re  is to  rep lace in  (6 ) A a n d  Ф b y  A(r  ̂ and  Ф(г). T his 
p rocedure  lead s to  a co rrec t d escrip tion  o f  ra d ia tio n  d am p in g  and  a v o id s  th e  
large d is to r tio n  w hich w ould  be caused b y  th e  p o te n tia l  o f th e  s ta tic  f ie ld  of 
th e  e lec tro n  cloud .

T he s p littin g  o f th e  fie ld  in  accord  w ith  (9) is, how ever, q u ite  u n s a tis 
fa c to ry  — a sp littin g  o f a  f ie ld  in to  a s ta t ic  and  a r a d ia tiv e  p a r t  c a n n o t  be 
ca rried  o u t in  a co n seq u en t m an n er; am o n g  o th ers  su c h  a sp littin g  c a n n o t be 
carried  o u t in  a re la tiv is tic a lly  in v a r ia n t m an n er.

T h u s a s itu a tio n  arises w hich  com pels u s  to  n eg lec t in  an  a rb itra ry  m a n n e r 
p a r t  of th e  in n e r  fie ld . W e can  n e ith e r  n eg lec t th e  w hole  of th e  in n e r  fie ld , 
n o r can  w e consider th e  w hole o f i t  — in  b o th  cases w e are  led to  in c o rre c t 
re su lts .

The 50%  B o h r m odel

T he ab o v e  a p p a re n t d isc rep an cy  can , how ever, be  so lved  in  a s a tis fa c to ry  
m anner. T h e  d isc rep an cy  arises from  th e  fa c t t h a t  th e  w ave e q u a tio n  (6 ) 
describes th e  m o tio n  o f an  e lec tron  in  th e  f ie ld  o f th e  nu c leu s ta k e n  as a point  
particle.

In  th e  o ld  th e o ry  o f B o h r b o th  e lec tro n  an d  p ro to n  were co n sid e red  as 
p o in t p a rtic le s ; th e  la t te r  th e o ry  leads to  th e  d iff ic u lty  to  explain  w h y  th e re  
is no ra d ia tio n  e m itte d  b y  th e  e lec tron  m ov ing  on a s ta t io n a ry  o rb it?

T he ab o v e  d ifficu lty  is rem oved  b y  w av e  m ech an ic s  show ing t h a t  th e  
s ta t io n a ry  e lec tro n  d is tr ib u tio n  con ta in s s ta tio n a ry  ch a rg e  and  c u rre n t d is tr i
b u tio n  a n d  th u s  th is  d is tr ib u tio n  does n o t  em it ra d ia tio n .

H o w ev er, as long  as we describe th e  nucleus as a p o in t partic le  w e h a v e  
rem oved  o n ly  50 %  of th e  d ifficu lty  o f th e  B o h r th e o ry . In  accord w ith  w ave 
m echan ics th e  nucleus i tse lf  c an n o t be su p p o sed  to  k eep  to g e th e r p e rm a n e n tly  
in to  a sm a ll region. W e h a v e  to  rep lace th e  50%  B o h r  th eo ry  in  w h ic h  th e  
e lec tro n  is described  as a w ave b u t  th e  n u c leus is s till  supposed  to  be a  p o in t 
p a rtic le  b y  th e  w ell-know n 1 0 0 %  w ave d esc rip tio n , i.e . b y  th e  d e sc rip tio n  
in  w h ich  b o th  e lec tron  a n d  p ro to n  are  ta k e n  to  be  w av e  packets. T h u s  th e  
co n sis ten t d esc rip tio n  o f th e  H -a to m  is o b ta in e d  o n ly  i f  w e use th e  w ell-know n  
tw o -b o d y  w av e  eq u a tio n .

In  th e  la t te r  d esc rip tio n  as we h av e  show n in  fo rm e r  papers [4], [5] th e  
d ifficu lties w h ich  arise in  th e  one b o d y  t r e a tm e n t  d isa p p e a r and  w e o b ta in  
cua  r re n t ch a rg e  d is tr ib u tio n  w hich ow ing to  th e  d iffu sion  of th e  nu c leu s 
differs ap p rec iab ly  from  t h a t  o b ta in ed  fo r  th e  sy s te m  o f th e  p o in t n uc leus 
su rro u n d ed  b y  th e  e lec tron .
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T he charge  c u rre n t d is tr ib u tio n  o b ta in e d  in  th e  tw o -b o d y  d esc rip tio n  o f 
th e  H -a to m  is su ch , th a t  th e  effects o f th e  “ s ta t ic ”  p a r t  of th e  f ie ld  w hich  cause 
d isc repanc ies in  th e  50%  B o h r th e o ry  d ro p  o u t a u to m a tic a lly  an d  th e  
so lu tio n s  of (2), (3), (4) an d  (5), i f  (5) is th e  w ave eq u a tio n  v a lid  fo r th e  
tw o -b o d y  w av e  fu n c tio n  ^j(r(l), r (z), t), lead  to  a co rrect d e sc rip tio n  o f b o th  
s ta t io n a ry  a n d  m ix ed  s ta te s .

T he above consid era tio n s show  th a t  w h ile  th e  one-body  d esc rip tio n  of 
th e  H -a to m  lead s to  m any  c o rre c t resu lts  — th is  descrip tion  h as  its  severe  
lim ita tio n s  a n d  th u s  i t  m u st be  rep laced  b y  th e  tw o-body  t r e a tm e n t  i f  we 
co n sid e r e.g. th e  reac tio n  of an  a to m  upon  itse lf.

The p e rtu rb a tio n  ca lcu la tio n

P re se n tly , w e show in  som e d e ta il th a t  th e  p e r tu rb a tio n  o f  th e  ra d ia tio n  
e m itte d  b y  an  ex c ited  a tom  causes ind eed  a re a c tio n  on th e  a to m  w hich  lead s 
to  a  fa s t  tra n s i t io n  in to  a low er s ta te  of energy . T h e  ra d ia tio n  en e rg y  e m itte d  
hv is equal to  th e  difference o f th e  in itia l a n d  f in a l s ta te s  o f en erg y . F u r th e r 
m o re , we shall show  th a t  unless th e  a to m  is k e p t  to g e th e r in to  a  vo lum e w ith  
d im ensions co m p arab le  w ith  th e  w av e len g th  o f  th e  em itted  ra d ia tio n  — th e  
ra d ia t io n  is e m itte d  in to  a cone w ith  sm all o p en ing  angle.

W e h av e  th u s  to  solve th e  w av e  eq u a tio n

(H0 + Pjf = My (10)
w ith  an  in itia l co n d itio n  so t h a t  rp rep re sen ts  th e  d is tr ib u tio n  o f  an  a lm o st 
p u re  excited  s ta te  a t  t =  0. P  is th e  p e r tu rb a tio n  o p era to r re p re se n tin g  th e  
e ffe c t o f th e  ra d ia tio n  e m itted  b y  th e  a to m .

W e n o te  t h a t  in  case o f a p u re  exc ited  s ta te  obeying

H 0ipn =  ihipn (11)

n o  ra d ia tio n  is e m itte d  and  th u s  P  =  0 an d  th e  s ta te  ipn pe rsists  w ith o u t change. 
H o w ev er, as w e h a v e  a lready  p o in te d  o u t fu r th e r  above, th e  p u re  ex c ited  s ta te  
re p re se n ts  an  u n s ta b le  c o n fig u ra tio n . I f  we consider a m ix ed  s ta te  e.g. o f 
th e  form

f  =  c0Wo +  c m  a t  t =  t0 ( 1 2 )

( th e  suffices 0 , 1 rep resen t th e  low er an d  e x c ite d  sta tes , re sp ec tiv e ly ); th e n  
ra d ia tio n  w ith  th e  co m bina tion  freq u en cy  oq — eo0 is em itted  — a n d , how ever 
sm a ll th e  a d m ix tu re  of th e  low er s ta te ,  i.e ., h o w ev er sm all c0 a t  t 0 th e  ra d ia tio n  
e m itte d  s ta r ts  a  p e r tu rb a tio n  w h ich  leads to  a  tra n s itio n  in to  th e  p u re  low er 
s ta te .  T he tra n s i t io n  s ta r ts  slow ly, i ts  ra te  in creases  a t  f irs t, i t  slow s dow n again  
as  soon  as th e  ex c ited  s ta te  becom es e x h au s ted .
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W e consider th u s  a s ta te  described  b y  (11) a t  t — t0 w ith  c0 ~  0 and  
solve ( 1 0 ) w ith  th is  in itia l condition .

T h e  co n v en ien t m e th o d  to  o b ta in  su c h  a so lu tion  is to  m ak e  use o f a 
com plete  se t o f no rm alized  o rthogonal w av e  fu n c tio n s  ipn w hich are  th e  so lu tions 
of th e  u n p e r tu rb e d  w ave eq u a tio n . W e ca n  develop  th e  p e r tu rb e d  w av e  fu n c tio n  
in  te rm s  o f  th e se  fu n c tio n s, i.e.

V  =  Z c nxpn , (13)

w here th e  cn a re  fu n c tio n s o f th e  tim e. A ccord ing  to  D irac’s p e r tu rb a tio n  th e o ry  
we h av e  th u s

^  Prim  cm r
h

P„m =  J ^ P Vmd M « d ^ )  (14)

and

cx =  C<°) ~  1 , c0 =  c(00) ~  0 , a t  t  =  t 0 .

The u n p e r tu rb e d  w ave fu n c tio n s are th e  s ta tio n a ry  so lu tions o f  th e  w ave 
eq u a tio n

H 04>n =  ih Vn . (15)

у>п =  Фпе

H o w ev er, considering  a free H -a to m  th e  w ave e q u a tio n  (11) does n o t 
possess s ta t io n a ry  so lu tions w hich can  be no rm alized . T his is in d eed  th e  case, 
since th e  free  a to m  is su b jec t to  w ave m ech an ica l d iffusion an d  th is  d iffusion  
is n o t a s ta t io n a ry  process.

T h e  p e r tu rb a tio n  m e th o d  can  be ap p lied , how ever, i f  we su p p o se  th e  
H -a to m  to  be  enclosed in to  a box  th e  w alls  o f  w hich  can n o t he p e n e tra te d  b y  
th e  a to m . T h e  u n p e rtu rb e d  w ave e q u a tio n  usin g  th e  tw o-body  t r e a tm e n t  can  
th u s  be w r it te n

W  T  Vl e*
2 ^  I r(1> -  r'2> I

+  w xp =  ihÿ) , (16)

w here th e  su ffix  v =  1 , 2  refers to  m easures o f  p ro to n  an d  electron , re sp ec tiv e ly , 
W  re p re se n ts  th e  p o te n tia l o f th e  w alls w h ich  p re v e n t th e  a to m  to  le a v e  its  
co n ta in e r. I f  we ta k e  th e  co n ta in e r  to  be  a cub ic  box  w ith  side le n g th  L  th e n  
th e  s ta t io n a ry  so lu tions can  be w ritte n  in  a good ap p ro x im atio n  as follow s

w here
Vki =  &kie (17)

ф к1 =
1

L 3/2
<pk(e)eiKlH
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w ith  th e  cen tre  o f  g ra v ity  an d  re la tiv e  co o rd in a tes :

„  m ^ 1» +  m2r<2>К  = --------- ------------,
m1 +  m 2 

8 =  r(l) -  r(2>. (17a)

(pk(s) is th e  a m p litu d e  of th e  s ta t io n a ry  so lu tions o f  th e  one-body w ave e q u a tio n  
w ith  re d u ced  m a ss ; cok is th e  f req u en cy  o f t h a t  s ta te . F u rth e r ,

h K f
— ~ ~ — г  • (17b)

2 (m x +  m 2)

T h e  v e c to r  K, is th e  w ave n u m b e r o f  th e  tr a n s la tio n a l m otion  o f th e  s ta te  к, l. 
T h e  so lu tions (17) define  a co m p le te  o rth o g o n a l se t inside th e  reg ion  o f  th e  
b o x  i f  we p u t

K , =
2 jt1

(17c)

w h e re  th e  1 are  v e c to rs  w ith  in te g e r  co m ponen ts. T h e  so lu tions (17) are  s lig h tly  
in a c c u ra te  in  th e  im m e d ia te  v ic in ity  o f th e  w alls; we shall neg lect th ese  in a c c u 
ra c ie s . F u r th e r  w e suppose

%pkl =  0  if  r (l  ̂ o r p o in t o u ts id e  th e  box.

So as to  o b ta in  th e  p e r tu rb a tio n  o p e ra to r  P  we have  to  w ork  o u t  th e  
c u r r e n t  densities flow ing  in  th e  s ta te  describ ed  b y  ip. T he s ix -d im ensiona l 
c u r r e n t  den sity  C ontains c o n tr ib u tio n s  caused  b y  th e  m otions of th e  e lec tro n  
a n d  th o se  of th e  p ro to n . W e h av e

i„ (r*1!, r(2)) = ---- (y* grad„^ — com pl. conj.) —
2 m„c

- ~ ^ - W * A v, (18)
m vcz

w h ere

A , ( r 4  r (2)) =  A (rw ) .

T h e  c u rren t d e n s ity  caused b y  th e  p ro to n s is p ro p o rtio n a l to  th e  rec ip ro ca l 
p ro to n  m ass l /m 1; th is  d ensity  w ill be  neg lec ted . T h e  effective c u rre n t d e n s ity  
(in  th re e  d im ensions) w hich we con sid er is th u s

i(r) =  J i 2(r(l), r (2))d3r ( l ) . (19)

In tro d u c in g  (13) a n d  (17) in to  (18) and  (19) w e o b ta in  a n u m b er o f te rm s . 
W e can  neglect in  a good ap p ro x im a tio n  th e  te rm s  w hich arise from  th e  la s t 
te rm s  on th e  r ig h t  o f  (18) as th e se  te rm s  are  p ro p o rtio n a l to  1/c2.
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In tro d u c in g  (13) in to  (18) we o b ta in , cross te rm s  describ ing  oscillating 
c u r re n t  densities a n d  o th e r te rm s  w hich  describe  s ta tio n a ry  cu rre n ts .

F ro m  th e  co n sid e ra tio n s g iven  fu r th e r  above  i t  is su ffic ien t to  consider 
th e  osc illa ting  te rm s  as th e  s ta t io n a ry  te rm s  lead  on ly  to  neglig ib le  p e r tu rb 
a tio n s .

S upposing  fo r  th e  m o m en t t h a t  th e  w ave fu n c tio n  ip c an  be rep resen ted  
b y  th e  linear c o m b in a tio n  o f  th e  s ta te s  0  a n d  1 on ly , we o b ta in , neglecting  
sm a ll te rm s, as th e  re su lt o f a sh o rt ca lcu la tio n :

i(r) = ------ ГГ~ —----- Pot exp  {i[{K jl — K 0)r — (ft)! — co0)f]} +  com pl. conj. (20)
L 3 2 me

w here
Poi =  J(9>o g rad  <Pi — com pl. con j.)d3s

a n d  r  p o in t in side  th e  box . H ere  m , =  m.
W e n o te  t h a t  th e  c u rre n t d e n s ity  h as  th e  d is tr ib u tio n  o f a p lane  w ave 

in s id e  th e  box ; w e h av e  of course

i(r) =  0  i f  г p o in t ou ts id e  th e  box . (2 1 )

F ro m  th e  c u rre n t d is tr ib u tio n  (20) th e  v e c to r  p o te n tia l o f  th e  fie ld  can be 
w o rk ed  o u t. In tro d u c in g  (20) in to  (3) we o b ta in  p lan e  w ave so lu tio n s for A. 
S u p p o sin g  c jc 1 v a rie s  on ly  slow ly in  tim e , we f in d 1

. . .  4 л  . .  .
A(r) =  *(r) (22)

ё

w ith  g2 =  (K , -  K 0)2 -  К  -  co0) V  •

T he p e r tu rb in g  fie ld  is s tro n g  i f  th e  reso n an ce  d e n o m in a to r g2 is sm all; 
th is  m eans th a t  a s tro n g  p e r tu rb a tio n  arises i f  th e  low er s ta te  w h ich  is m ixed 
to  th e  orig inal s ta te  co rresponds to  a tra n s la tio n a l m o tio n  eq u a l to  th a t  caused 
b y  th e  recoil o f th e  p h o to n  w ith  en erg y  hv.

T h e m a tr ix  e lem en ts o f th e  p e r tu rb a tio n  c o n ta in  severa l te rm s . T he m ost 
im p o r ta n t  of th e m  a re  P 01 an d  P 10 w ith

p n m  =  ГVn (A  g ra d 2) i/>md3r (1W 2>. (23)
me J

In tro d u c in g  (20), (22) in to  (23) we f in d  th a t  on ly  th e  n m  =  0, 1 suffices 
le ad  to  no ticeab le  m a tr ix  e lem en ts. W e f in d  th a t

P o i =  П  =  ihbc0cf  , (24)

1 We note th a t  th e  simple field d is tribu tion  (22) is obtained because we have treated  
th e  H -atom  as a tw o-body system. In  the  “ 50% B ohr theory”  th e  field obtained  has a very 
com plicated d istribution . The la tte r  is difficult to  deal w ith  — b u t i t  seems also void of 
physical meaning.
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w h e re  th e  expression fo r  b does n o t  c o n ta in  th e  coeffic ien ts c0, cv  T he  eq u a tio n s  
(14) g iv ing  th e  ch an g es  of c0 an d  cx in  tim e  can  th u s  be  w ritte n

Cg — bCgĈ C* ,

Ci =  b*C1CgCg ,

T h e  so lu tions of th e  ab o v e  system  a re  ob ta in ed  as

ko I2 = 1 — I «h I2,
' • • ' ■ - T + W -

«■ ) =  ;<(> +  n *  •
T h u s  i f

b +  b * > 0  (27)

th e n  ß(t) changes f ro m  — oo to  +  00  an d  th u s  | c0 | increases from  0  —► 1 in  
th e  course of tim e . W e see th u s  t h a t  p rov ided  (27) is fu lfilled  th e  ra d ia tio n  
re a c tio n  produces a  tra n s itio n  fro m  th e  excited  s ta te  in to  th e  s ta te  o f low er 
e n e rg y . The tra n s i t io n  tak es  p lace  th e  fa ste r th e  sm alle r g2.

M ath em atica lly  th e  so lu tions o f  (26) o f  th e  p e r tu rb a tio n  eq u a tio n s  
c o n ta in  th e  fo llow ing k in d  of p rocesses. D uring  perio d s w hen  b - f  b* >  0 th e  
sy s te m  rad ia tes e n e rg y  and  loses in n e r  energy. D u rin g  th e  periods w here 
b +  6 * <C 0 th e  sy s te m  absorbs th e  en erg y  i t  has e m itte d  p rev io u sly  an d  d u rin g  
th e s e  periods th e  in n e r  energy o f  th e  system  increases. I n  periods w hen  6 -f- 
+  b* — 0 the  sy s te m  is in  eq u ilib riu m  w ith  its  ow n ra d ia tio n  fie ld . I n  th is  
co n fig u ra tio n  I c0 |, | cx | are c o n s ta n ts , th e  phases o f th e  coeffic ien ts , how ever, 
v a ry  in  tim e.

(26)

(25)

A  qualitative analysis o f the em ission

I n  the  fo llow ing we give q u a li ta t iv e  a rg u m en ts  as to  th e  m ode o f  em ission 
o f  th e  excited  a to m . T h ese  a rg u m en ts  a re  based  u p o n  th e  re su lt so fa r  o b ta in ed . 
W e h o p e  to  give a q u a n ti ta t iv e  t r e a tm e n t  of th e  process in  a fu r th e r  p u b lica tio n .

T he value o f  b as can  be o b ta in e d  from  (20), (22) (23) an d  (24) is p u re ly  
im a g in a ry . T hus th e  p e r tu rb a tio n  caused  b y  th e  c u rre n t as g iven  in  (22) 
co rresponds to  th e  co n fig u ra tio n  in  w hich  th e  ra d ia tio n  fie ld  is in  equ ilib riu m  
w ith  th e  em itting  a to m  and  th u s  i t  causes no fu r th e r  tra n s itio n .

T he above re s u l t  is n o t su rp ris in g  and  i t  is due  to  th e  fa c t  t h a t  th e  
ex p ressio n  (22) sa tis f ie s  th e  e lec tro m ag n etic  w ave eq u a tio n s  (3) on ly  in side  
th e  b ox . Thus th e  f ie ld  expressed  b y  (22) co rresponds to  th e  case w here  th e  
w alls  o f th e  box  a re  p e rfec t m irro r su rfaces an d  th u s  th e  box  p re v e n ts  n o t only  
th e  a to m  b u t also  th e  ra d ia tio n  fro m  leav ing  th e  bo x . I f  in  th is  m a n n e r no
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ra d ia tio n  leaves th e  b o x  th e n  a s ta te  em erges in  w hich th e re  is equilib rium  
b e tw een  rad ia tio n  a n d  atom ic  s ta te .

I f  we consider, how ever, a b o x  w hich keeps th e  a to m  co n fin ed  b u t  w hich 
is tra n s p a re n t  to  th e  ra d ia tio n  th e n  th e  field  m u s t be ta k e n  to  b e  th e  solu tion  
o f  (3) w here th e  c u r re n t  d is tr ib u tio n  is given b y  (20) and  (21).

W ith o u t going in to  m a th e m a tic a l de ta ils , fro m  th e  law  o f conservation  
o f  en e rg y  we can e s tim a te  th e  e ffec t o f  th e  escaping  ra d ia tio n . T h e  energy  leav 
ing  th e  box  is co m p en sa ted  b y  a n  increase o f | c0 | a n d  decrease o f  | сх | since 
th e  en erg y  leav ing  th e  system  is com p en sa ted  b y  in n e r energy .

B ecause o f th is  change th e  am p litu d e  c*c1 changes also in  tim e  and  we 
m a y  w rite

c f o  =  ey(,), (28)

w here  rea l y(t) >  0  a t  th e  beg in n in g  o f th e  p rocess, la te r  rea l y(t) <  0  .
C onsidering (28) we f in d  (supposing  y(t) to  be  a slowly v a ry in g  function) 

t h a t  th e  frequency  o f  th e  v ec to r  p o te n tia l w ill be

Q  =  ct)1 — co0 +  i y

an d  th u s  th e  resonance  d en o m in a to r

g2 =  (K , -  K 0)2 -  ß 2/c* =  com plex  . (29)

O ne sees th u s  easily  t h a t  th e  escap ing  ra d ia tio n  m odifies th e  p e r tu rb a tio n  
o p e ra to r  so th a t  we h av e

b +  b* 0  .

T he  a c tu a l value o f  b -f- b* can  o n ly  be o b ta in ed  so lv ing  e x a c tly  th e  s im u lta 
n eous system s of e q u a tio n s  (3), (4), (5).

H ow ever, as b o th  th e  w av e  equa tions a n d  also th e  e lec trom agnetic  
e q u a tio n s  sa tisfy  s tr ic t ly  th e  co n se rv a tio n  law s i t  follows t h a t  th e  process 
co n tin u es  u n til th e  w hole  o f th e  excess energy o f th e  ex c ited  s ta te  is tran sfo rm ed  
in to  ra d ia tio n  energy , i.e . th e  p rocess proceeds u n t i l  th e  en e rg y  is em itted  
b y  ra d ia tio n .

The distribution o f the radiation field

T h e rad ia tio n  f ie ld  o u ts id e  th e  box  in  a p o in t w ith  co o rd in a te  v ec to r r  is 
th e  f ie ld  derived  fro m  th e  v ec to r  p o te n tia l

A (r,
i ( r ', t ') r f V

(30)
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In se rtin g  in to  (30) th e  i ( r ',  t ')  from  (20) we f in d  th a t  for a f ix e d  value of 
r ,  w h ich  rep resen ts  a p o in t a t  a la rg e  d istance  from  th e  source, th e  in te g ra n d  in 
(30) oscillates ra p id ly . T he v a lu e  o f  A (r, i) is th e re fo re  in  m ost d is ta n t  po in ts 
г  v e ry  small.

L arger v a lu e s  o f A (r, t) a re  fo u n d  in  such reg io n s w here to  th e  elem ents 
o f  th e  source em it ra d ia tio n  w ith  id e n tic a l phases. T h e  m a th e m a tic a l analysis 
o f  th e  in teg ra l show s th e  fo llow ing:

Regions w ith  ap p rec iab le  f ie ld  ex is t only if

| K . — (31)
c

U n less  (31) is s a tif ie d  th e  em ission o f  th e  various e lem en ts  of th e  source  ex tin 
g u ish  each o th e r  to  a large e x te n t  everyw here o u ts id e  th e  source.

F u rth e r , i f  (31) is sa tisfied , th e n  noticeab le  em ission  occurs in  th e  direc
t io n  o f th e  v e c to r  — K 0 m o reo v e r no ticeab le  in te n s ity  is e m itte d  in to  
a  co n e  w ith  o p en ing  angle of th e  o rd e r  of

th u s  if  A < L  th e n  th e  em ission ta k e s  place inside a n a rro w  cone.
W e see th u s  t h a t  i f  A L  th e  tra n s it io n  o f th e  ex c ited  a to m  in to  a lower 

s t a te  produces ra d ia t io n  of to ta l  en e rg y  hv an d  th e  ra d ia tio n  is e m itte d  in to  
a  cone  w ith  sm all open ing  angle. T h is  em ission is ju s t  as we p ic tu re  th e  em ission 
o f  a  photon . I f  th e  region o f  em ission  is con fined  to  a region w ith  linear 
d im ensions o f th e  o rd e r of A o r in to  a sm aller reg ion  th e n  th e  cone o f  em ission 
o p en s  up and i f  L  A th e  ra d ia tio n  becom es of th e  ty p e  of th e  o rd in a ry  dipole 
ra d ia tio n . T he l a t t e r  effect is t h a t  w hich w as o b serv ed  b y  Se l é n y i and  
S chrödinger .

Concluding remarks

The process o f  em ission o f  l ig h t  b y  H -a to m s enclosed in  a vo lum e can 
b e  described in  th e  follow ing w ay . A s long as th e  H -a to m  is in  a  p u re  excited  
s t a te  no em ission o f  ra d ia tio n  ta k e s  p lace. H ow ever, because  of th e rm a l m otion 
( in  case of one a to m  th is  m ay  be  cau sed  as th e  re su lt  o f in te ra c tio n  w ith  th e  
w a lls  of th e  c o n ta in e r)  sm all p e r tu rb a tio n  in  th e  s ta te  of th e  a to m  appears. 
T h e  p e r tu rb a tio n  g ives rise to  o sc illa tin g  c u rre n t a n d  in n er ra d ia tio n  fields. 
T h e  la t te r  fie lds a re , how ever, in  gen era l ra th e r  ineffec tiv e . E x c e p tio n a l case 
is , i f  a p e r tu rb a tio n  happens to  a rise  w hich is in  reso n an ce  w ith  a tra n s itio n  
f ro m  th e  excited  s ta te  in to  a lo w er s ta te . I .e . a p e r tu rb a tio n  becom es effective 
i f  th e  value of g2 as g iven by  (29) a t ta in s  a su ffic ien tly  sm all va lue . I n  th e  la tte r
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case th e  p e r tu rb a tio n  in itia te s  an  ava lanche  a n d  a  p h o to n  is e m itte d  in to  th e  
d irec tio n  — K 0 .

W e n o te , t h a t  th e  value o f g2 does n o t d ep e n d  on th e  d irec tio n  o f — K 0 

b u t  on ly  on th e  a b so lu te  v a lue  o f  th is  v ec to r. F ro m  th is  we see t h a t  considering  
a n u m b e r of e x c ite d  a tom s — th e y  will em it ra d ia tio n  in d ep en d en tly  o f each  
o th e r  w h en ev er th e  th e rm a l a g ita tio n  p ro v id e s  a su itab le  p e r tu rb a tio n  to  
in i t ia te  an  em ission  process. T h e  d irections o f  su ch  em issions w ill be d is tr ib u te d  
a t  ran d o m  as th e  th e rm a l p e r tu rb a tio n s  m u s t be  assum ed to  occur w ith  ran d o m  
d irec tions.

W hen  co n sid e rin g  an  ensem ble of N  a to m s  in stead  of one H -a to m  th e n  
i t  is n ecessary  to  describe  th e  ensem ble o f a to m s  b y  a w ave fu n c tio n  w ith  2 N  
co o rd in a te  v e c to rs . T h e  la t te r  t re a tm e n t lead s, how ever, to  th e  sam e re su lts  as 
th e  p re se n t c o n s id e ra tio n  dealing  w ith  one H -a to m  only. T h is w ill be show n 
in  a su b se q u e n t p u b lic a tio n .
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The in teractions betw een waves for various m agnetoionic modes of transverse  and 
longitudinal propagation  w ith in  a cold plasm a have been investigated. The nonlinearity  of the 
m edium  is introduced th rough  the dielectric tensor. The expressions representing  the field 
com ponents and various interactions exh ib it th e  collision effect through the exponentially  
dam ping factor.

1. Introduction

N o n lin ea r in te ra c tio n  of e lec tro m ag n etic  w aves p ro p ag a tin g  th ro u g h  a 
cold  m a g n e to p la sm a  h as  been  s tu d ie d  b y  K roll, R on and  R ostoker  [1], 
Montgomery [2], B lachier  and  B ouchet [3], E tie v a n t , Ossakow , Ozizmir 
an d  S u  [4], B ajw a  a n d  S rivastava [5] th ro u g h  d iffe ren t techn iques. I n  m ost 
o f th e  cases, th e  effect o f  collision has been  neg lec ted  because of th e  a ssu m p tio n  
th a t  th e  collision tim e  is less th a n  t h a t  o f th e  tim e  o f in te rac tio n . T h e re  are 
som e m ed ia  (ionosphere) w here th e  e ffec t o f collision du ring  in te ra c tio n  is n o t 
neg lig ib ly  sm all an d  as a re su lt o f w h ich  d iffe ren t ty p e s  o f coupling a re  alw ays 
ex p ec ted  w ith in  th e  ionosphere .

In  th is  p ap e r, we h av e  en d eav o u red  to  ca lcu la te  th e  e lec tro m ag n etic  
in te n s itie s  o f  v a rio u s o rders b y  th e  he lp  o f th e  ten so ria l n a tu re  of th e  d ielec tric  
c o n s ta n t o f th e  m ed ium  w ith  th e  co n sid e ra tio n  o f th e  collision effec t. I n  our 
ap p ro ach , th e  fie ld  q u a n titie s  are d ire c tly  o b ta in ed  w ith o u t going th ro u g h  th e  
o th e r  va riab les . In te ra c tio n  co rrespond ing  to  th e  lo n g itu d in a l p ro p a g a tio n  as 
well as o rd in a ry  an d  e x tra -o rd in a ry  w aves fo r tra n sv e rse  p ro p a g a tio n  have  
been  ca lcu la ted .

2. Form ulation o f the problem

W e consider an  e lec tron -p lasm a w here  (i) th e  ions are  s ta tio n a ry  a n d  th e y  
n e u tra lise  th e  elec trons on average, (ii) an  ex te rn a l m agnetic  fie ld  a c ts  in  th e  
d irec tio n  o f г-ax is an d  (iii) collisional freq u en cy  is n o t a sm all o rder q u a n ti ty .
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T h e L o ren tz  fo rce  equa tion  is

d v  , . e
—  +  ( v  • V ) v  +  r j \  =  —  
ot m

E +
v X H

c

w h ere

e =  ch a rg e  o f an  e lec tro n , 
m — m ass o f  an  e lec tron , 
v =  av e rag e  velocity  o f an  e lec tron , 
г] =  co llision  facto r,
E  =  e lec tric  vector,
H  =  m a g n e tic  vector.

U n d e r F o u rie r tra n s fo rm a tio n  th e  fo rce  eq u a tio n  y ields

( 1 )

2 co2r  — icor/r =  -— -
m

„  . ( r x H )E  — ко ------—— (2)

In tro d u c in g  th e  p o la riza tio n  v e c to r  (P  =  N e r) and P  =  (cr)E in  (2), 
we h av e

, ш т
a 1 = -------- --

N e2

ri — i2œ - Q z Ü y  \

Q z rj — i2co — ü X

- Q y Qx rj — i2(Oj

w here

f í  = eH
тс

N ow , th e  d ielectric  ten so r (e) can  be  e v a lu a te d  as

(в) =  I  +
10)7

C0/ÁV — i2co)
X

Z.x +  Q z(v  -  *2co), Q ZQX -  Qy{rj -  i2co) \
QzQy -  QJj i  — i2co) , X y, Qy®z +  Qxkn — i 2 eo)

\Q ZQX +  Í2y(rj — i2co) , QyQz — Qx{r) — i2co) , %z

w here

4яN e 2
coi

m

X =  (v — i2co)2 +  •

(3)

(4)
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M axw ell’s e q u a tio n s  fo r fie ld  v a riab les  are

V X H
1 3D
C 0t

У Х Е  =
1 9H
с Э t

У • D =  4jre(re — n ')  , (5)

У • H  =  0 .

n =  av e rag e  electron n u m b e r d en sity , 
n '  =  av erag e  ion  n u m b er d en sity .

T o  f in d  th e  so lu tion  for d iffe ren t o rders, th e  variab les are  s tre tc h e d  in  
th e  fo llow ing w ay

( £ )  —  Í  ( e s)  1
5 = 0

E =  2 £ s ,
S =  1

h  =  2 h s ,
s —0

n =  2  ns , V =  2  V,
S = 0  S = 1

(6)

3. Dispersion relation for the first order variables

F o r  th e  f i r s t  o rd e r field  v a riab les  u n d e r F o u r ie r  tra n sfo rm a tio n  we w rite

( ? )
ICO

w here

(*o) =

1+ icopo(V — i2œ )
(°Xo

i(OpoQ0z

"Zo

0 ,

F ro m  (7) a n d  (8 )

V X H , = ---------(eo)Ei ,
c

V X E ^ - H j ,
C

i(ü~p(fioz

1 +

"Zo
icolojr] — i2co) 

“>Xo

0 ,

0

0

1 + ICOpo
co(r] — i2co)

У(У ’ E i) — V2E X =  —— (e0)E1 ,

( 8)

(9)
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T o  f in d  the  d isp e rs io n  rela tion , we assum e th a t

E x =  .

In  our case, к  =  y k y •

T h u s  th e  d ispersion  re la tio n  is

к2 —
co2

(l + ico% r) — i2co

*2 CO Xo
icocop c fio z

, H
CO2 f

c2Xo с2 Г

ÍCúCQpqQqz

c2Xo

0  , — kykz , k i
со‘

1 + СОpo
со ш(т] — i2co)

( 10)

F or lo n g itu d in a l w ave p ro p ag a tio n , th e  d ispersion  re la tio n  is o b ta in e d  as

0)2 I icolo П -  i2co 11 со2 r= 0 _
c2 l со Xo ) I c4 xl

In  case o f  tra n sv e rse  p ro p ag a tio n , th e  d ispersion  re la tio n  gives

kl

CO*
K  =  ~ r 1 + copo

со T) — i 2 co
a n d

f e 
ar

1 + ico2pо r\ — i2co
CO Xo

1 +
CO Xo

r)
(1 2 )

] +  = 0 . 
) х У

(13)

(12) an d  (13) c o rre sp o n d  to  o rd in a ry  a n d  e x tra o rd in a ry  w aves, re sp ec tiv e ly .

4 . E valuation  o f  f ir s t  o rder fields

The in te n s itie s  corresponding  to  th e  e x tra o rd in a ry  p a r t  m ay  be  w r itte n  as

Е^> =  A (ax  +  y )e k̂ r _ “ 0 _  §ее'(к2_ш()
a n d

Hi") =  -  ik , cA a „ív
CO

w h e re  A  is th e  n o rm a lisa tio n  fa c to r  an d

l£  |2
A 2 = a ÍCDpqQqz

a n d

I о I2 +  1 ' coxo +  icoloir) -  i2co)

y) =  ky — cot.

(14)
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S im ilarly , th e  in te n s itie s  fo r o rd in a ry  w aves are

E$°> =  zSn eiv

H i0» =  xky —— fijj1 
со

F o r  th e  in ten s itie s  o f  lo n g itu d in a l p ro p ag a tio n , we assum e th a t

E  1 =  &l ei0 =  G ( x + i y ) e i* .
H ere ,

and
Ф  =  k z z  — cot

G2

T h e  correspond ing  m ag n etic  v e c to r  is g iven  b y

ck,
CO

G(ix +  y )  e,<p •

(1 5 )

(1 6 )

(1 7 )

5. Derivation of second order fields

F o r th e  second  o rd er v a riab le s , M axw ell’s eq u a tio n  yields

v x e 2=  —  h 2 ,
c

w here

(£i ) =

TT ICO
v x h 2= ----------------------

c [(£o) +  2('

0 ,

i(Op0 Q l z
tiOpO {^02 ® i x

<°Xo

ICOpo г
,  o, iCOpo

o>Xo co{rj-i2co)xo

(18)

+  &i*(»7- * 2 co)}

ICOpo

co(rj — i 2 co)x 0
{ Q 0z Q l x - \- Q l y ( r] i2 co )} ,

ICOPO

co(rj-i2co)xo
{ Q 0z @ i y  z i1!  i2 co )} , О,

(19)
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F ro m  (18) we get

W V2 - - ^ ( * o )  ci
E 2 =

2 co2
( ei) E i • (20)

F o r tra n sv e rse  p ro p a g a tio n , th e  g enera l so lu tio n  o f  (20) can  be w r it te n  as

A 2a

w here

E 2 =
i 2 ecoco2pok ye i2v ^

тпс2Хо

+
CO

A 2a2
CO

а д 2
c(rj — î2cü)

c

Su A a M
c(rj — i2o>)

(D) =

cü“
1

icOppOpz

coc2Xo

0 ,  0 ,  4>ky — ——

icopo rj — i2co
CO Xo

со2
1 +

ico2po г) — i2co
c2 со Xo
ft)2

1 +
icopo 1

c2 СО r] — i2co

Wjxfio;
u>c2x  о

, 0

F o r th e  lo n g itu d in a l p a r t ,  we h av e

T. . i4efczG2ft)£o{()7 — i2co) +  iQ 0z} ПФ
il» 2 — — ^ -------------------------------------- ------- e .

тсо%0{со(г) — i 2 co) +  ico2̂ }

( 21)

( 22)

6 . D ifferen t types o f in te rac tio n

I n  E q. (20), th e  p a r t
2 m2

R e (£l)E 1 = J 5 (say) 
cz

c o n tr ib u te s  to  th e  process of in te ra c tio n  am ong v a rio u s  m odes of p ro p a g a tio n . 
W e consider th e  following cases:

(a )  Interaction between two ordinary waves

In  th is  case, th e  in te ra c tio n  p roduces a c u rre n t source w hich  is g iven  b y

J s =  èn e~ (K ^)y  [ ! ,{ (£ , k l  +  C2 К )  cos (k±y  -  co±t) ±  
cl

±  ( C l  k l — C2 K )  sin (k ± у  — ft)± t ) } i  +  i2 { (£ 3 k i  +  c4 ki) ■ (23)

• cos (k ± у  — co± t) ±  (C3 k'2 — £4 k'l) sin  (fc± у  — o)+ t ) } j ]  »
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w here

f i -
eQ0z (ûpQ S||2

me co2 co± (r f  +  4 c o |){ (ß 02 +  r f  — 4co2 )2 +  16x?2 со?.} ’ 

ecOpo S||2_________________t  ____________________________________________
me co2 co± { ( ß 02 +  r f  — 4<x>l)2 -f- 16r f  co |} 

£i =  »г^ог +  »72 — 4co2 — 8 rjco\),

Tj2 =  {2co± ( ß 2z +  Г]2 — 4со?) +  4x?2 со±} ,

С3 = ®lz + Пг -  4со|, С4 - 4Г]С0± ,
an d

ку1 =  К  +  ik i , 

ку2 =  &2 “Ь îk'2 ,
Ä+ — к, Ч- к? щ

Ю± — “ х ±  W2 >

S uffixes 1 an d  2 a re  used to  d en o te  th e  p ro p a g a tio n  v ec to rs  an d  frequencies 
in  e lec tric  an d  m a g n e tic  v ec to rs , respectively .

E q . (23) re v e a ls  th a t  th e  second o rder w av e  is an  e x tra -o rd in a ry  w ave 
b ecau se  here th e  c u r re n t source is p e rp en d icu la r to  m ag n e tic  fie ld . T hus

'  “ g  ( 'ч  X A';>)y
e2 = col

. .  . . [ i  { l22 £i (Cl kl  +  C 2 K)  -  i 12 f 2(C3 К  +  f l K) }  •
с’2 1̂1 *22 ^12 ^21

COS ( f c ± у  —  CO± t )  ±  i { / 22 f j  (C x fc2 —  C2 fe2 )  —  ^12 C2 (C3 *2 —  Cl fe2) •

sin  (k±y  — co± t )  +  y { J p f2 (C3 fc2 +  Ci*2) — h i$ i  (Ci k 2 +  C2 fe2)}-
cos(k±y  —  co±t) ± y { h  f 2 ( * 2 C3 -  *2 C4)  —  *21 f x ( C l * i  —  C2 fc2) }  •

sin ( & ± y  —  c o ± t ) . (24)
H ere

ln  — к г+ — со:

*12

1 + 2 co2
L  — 2rf

po L 2 -f- 16 r f  со2

со:
= 21 5

*22 —

col

4ft>po ßpz x? 
I ,2 +  16 X?2 со2

1 +  2 cojj0 -— —---- ^ -----
L 2 -f- 16 x̂2 со2

E  =  +  >?2 —  4co2 .

F o r  th e  collision fro m  fie ld  we p u t  77 =  0 . In  th is  case 

»   e c o po  Ф11 ^112 k ‘2 - Д

mco2 ce
cos (fc±y  — co± t) ±  у  со± sin  (k ± у  — со± t)] . (25)
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(b )  Interaction between ordinary and extraordinary waves

T h e c u rren t source  p ro d u ced  b y  th e  in te ra c tio n  b e tw een  an  o rd inary  
a n d  a n  e x tra o rd in a ry  w ave can  b e  w r it te n  as

2

Js =  * ^È-Ae-Vt+iQy [{ _  a'(Ci КЛ- UK)
c1

±  Ua"(UK — UK)  + £2(£зк2 +  UK)} cos (k±y — <°±1)

+ {± -  UK) + UK(UK + UK)

±  U(UK — UK)} sin (&+J — tu±t)] * w here a — a ’ -+- ia "  . (26)

E q . (26) shows t h a t  th e  in te ra c tio n  o f  th e  in c id en t w aves g en era tes  a second 
o rd e r  cu rren t source  in  th e  d ire c tio n  o f  z-axis. H ence  th e  second o rd e r w ave 
w ill b e  an  o rd in a ry  w ave.

T he correspond ing  electric  f ie ld  can  be w ritte n  as

E2 — Js k2 ш2± fl 2 f4 o  ]1

p  c2 >?2 +  4co2 j
(27)

(c )  Interaction between two extraordinary waves

In  th is  case th e  expressions fo r  th e  second o rd e r c u rre n t source and 
e le c tr ic  field  are  e v a lu a te d  as

CO2
J s =  —— A i ae~(k' +k*>У [ — x{U  cos (k ±y  — co±t) 

c2

±  U  sin (k±y  — co±t)} +  y { (a ’U ±  a"C5) cos (k ±y  — w±t)

+  ( ±  a'C5 — a "C 6) sin  (k±y  — co±i)}] , (28)

w h e re

c5 — Ц а ’К  — a " K )  -  4r)C0 (a'k'2 +  a ' % )  ,

U  =  Ц со(а 'К  -  a " K )  +  Ц а ’К  +  a " K ) }  ,

g _________ AecQpQ______
3 m co|(L2 +  16í;2co2 )

a n d

E 2 — J s( /l l / 22 1̂2'h i ) - '

( d )  Interaction between longitudinal waves

In  th is  case, th e  c u rre n t so u rce  is p roduced  due to  th e  in te ra c tio n  betw een 
th e  w aves g e n e ra te d  from  th e  f i r s t  o rd e r electric  a n d  m ag n e tic  in ten sities .
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T h e exp ression  fo r J s tu rn s  o u t in  th e  fo llow ing  form :

m2
J s =  — 2 —^ G 2[ ±  Gj sin  (Ф1=ЬФг) +  G2 cos (Ф4 ± Ф 2) 

с2

±  G3 cos (Ф, ±  Ф2) +  G 4 sin  (Ф, ±  ф 2)]е - ( ^ + ^  , (29)

w here

Q _ _  emlo Lxx -  Ц ы ±Х2 G _  ea>% 4,rjco±x2 —  L%x 
mco±co2 L 2 -)- 16^2co| 4 mco±co2 L 2 +  16»)2co|

c  eco2pQ 4??co±^ 1 +  L ^ 2 _
2 mco±a>2 L 2 +  16i?2co| ’ 1

Д ,

G _  eCt)po L x 2  +
Z2 =

íj2 +  4ю£

On,

№  +  2 co±fc'0  +  K ,

m ea>±a>2 L 2 +  16»?2co| r\2 +  4co2±
-  2œ ±k'i) +  K ,

an d

E 2 =

— (Ojt, Ф2 =  K z -  (o2t , (30)

“ Ï  [ j  _ 2<4o I“ 1 I (31)
«■ I V2 +  4co2,

J s .

7. D iscussion

In  o u r ca lcu la tio n s, d iffe ren t ty p e s  o f  second o rd e r c u rre n ts  a n d  fie lds 
due  to  in te ra c tio n s  am ong  d iffe ren t m odes h a v e  been ev a lu a te d . A p p ro p ria te  
e x p e rim e n ta l o b se rv a tio n s  m ay  reveal th e  im p o rtan ce  o f such  in te ra c tio n .
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A s is w ell-know n, th e  u su a l “ re s tr ic te d ”  H a r tre e —F o ck  (R H F ) m eth o d  
fails to  describe co rrec tly  th e  d isso c ia tio n  o f a closed-shell sy s tem  in to  n e u tra l  
o d d -e lec tro n  p a r ts  b u t, a t  la rg e  in te rn u c le a r  sep ara tio n s, ( if  i t  converges a t  
all) i t  g ives w av e  fu nc tions co rresp o n d in g  to  ion ic  s ta te s  or th e ir  su p erposition . 
T h e  R H F  m e th o d  is, therefo re , q u ite  in a d e q u a te  to  in v es tig a te  p o te n tia l cu rves 
a n d  surfaces. T h is  d ifficu lty  is f i r s t  o f all due to  th e  use of d o u b ly  filled  o rb ita ls  
in  c o n s tru c tin g  th e  R H F  w ave fu n c tio n s , w h ich  can  be av o id ed  w ith in  th e  one- 
e lec tro n  a p p ro ach  b y  in tro d u c in g  DO D S (“ d ifferen t o rb ita ls  fo r d iffe ren t 
sp in s” ) schem es. T h e  single D O D S  d e te rm in a n t w ave fu n c tio n  o f th e  “ u n re 
s tr ic te d ”  H a r t r e e —Fock (U H F ) m e th o d  describes p ro p erly  th e  d issocia tion  
in to  n e u tra l p a r ts  b u t, no t b e in g  an  e igen fu n c tio n  of th e  to ta l  sp in  o p e ra to r  
§ 2, i t  does n o t co rrespond  to  a n y  d e fin ite  sp in  m u ltip lic ity . A  s te p  fu r th e r  m ay  
be m ad e  i f  one considers a p u re  sp in  s ta te  (e.g. singlet) co m p o n en t o f th e  U H F  
w av e  fu n c tio n , selected  b y  u s in g  Lö w din ’s sp in  p ro jec tio n  o p e ra to r  [1]. 
I n  th is  case th e  t r ia l  wave fu n c tio n  in  th e  v a r ia tio n  procedure  is ju s t  th e  single 
d e te rm in a n t (its  energy  is o p tim iz e d  b y  so lv ing  th e  U H F  eq u a tio n s) an d  th e  
sp in  p ro jec tio n  is  applied  on ly  su b seq u en tly . T h is ap p ro ach  m a y  be called , 
th e re fo re , sp in  p ro je c te d  U H F  o r U H F  w ith  su b seq u en t sp in  p ro je c tio n  m e th o d  
a n d  i t  has th e  d isad v an tag e  t h a t  th e  f in a l sp in  p ro jec ted  w ave fu n c tio n , 
th o u g h  b e tte r , in  general, th a n  th e  n o n -p ro jec ted  one, is n o t  o p tim ized  v a ria -  
tio n a lly . I f  th e  sp in  p ro jec ted  d e te rm in a n t i ts e lf  is used as t r ia l  fu n c tio n , i.e ., 
i f  th e  o rb ita ls  a re  de te rm ined  to  m in im ize th e  energy  o b ta in e d  a f te r  th e  sp in  
p ro je c tio n , one o b ta in s  th e  (sp in  p ro jec ted ) ex ten d ed  H a r t r e e —F o ck  (E H F ) 
m e th o d  [2 — 1 1 ].

T h e  aim  o f th e  p resen t n o te  is to  p re se n t a com parison  o f  th e  p o te n tia l 
cu rv es  g iven  b y  th e  above m e th o d s  in  th e  case o f some fo u r-e lec tro n  system s 
tre a te d  a t  th e  P P P  and  CND O /2 level o f in te g ra l ap p ro x im atio n . W e desired  
to  com pare  th e  re su lts  given b y  th e  d iffe ren t one-electron  a p p ro x im a tio n s  n o t 
o n ly  w ith  each  o th e r  b u t also w ith  th e  e x a c t eigenvalues a n d  eigenvecto rs of 
th e  co rresp o n d in g  (P P P  or C N D O /2) m o d e l-H am ilton ians, w h ich  can  be called
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Table I
Comparison of different wave functions for the P P P  m odel of butadiene 

and cyclo-butadiene

Molecule Wave function
Total я -electronic 

energy 
[eV]

Error of the 
electronic energy

[*V]

Overlap with the 
exact (full Cl) wave 

function3.

R H F —77.660531 1.272469 0.941
U H F -77 .766680 1.166320 0.856

Butadiene U H F  w ith subsequent 
spin projection

—78.266616 0.666384 0.971

E H F -78.759347 0.173653 0.987
full CIb -78.933000 0 1

R H F —79.350364e 2.389109e 0.677°
U H F -81.206897 0.532576 0.683

Cyclo-butadiene U H F  w ith subsequent 
spin projection

-81.539346 0.200127 0.993

E H F -81 .739410 0.000063 0.9999986
full CIb -81.739473 0 1

a The projected  wave functions are assumed to  be renorm alized to  unity, 
b E xact for th e  given P P P  m odel H am iltonian.
0 Solution w ith o u t appropriate spatial sym m etry.

th e  fu ll C l p ro b lem . T herefo re  th e  size of th e  fu ll C l p ro b lem  (increasing  in  a 
p ro h ib itiv e  w ay  fo r  th e  la rg e r system s) s tro n g ly  m o tiv a te d  th e  selection  o f  th e  
m odels in v e s tig a te d . T he m e th o d  o f ca lcu la tio n s w as essen tia lly  th e  sam e 
as in  [9].

Two sy s tem s, (s - tran s-)b u tad ien e  a n d  cy c lo -b u tad ien e  have b een  con
sidered  on th e  P P P  level o f a p p ro x im a tio n s . T he eq u ilib riu m  geom etries and  
th e  M atag a—N ish im o to  ty p e  p a ra m e tr iz a tio n  o f th e  у -in tegra ls h a v e  been 
ta k e n  th e  sam e as in  [9, 11], w hile th e  /З-in teg ra ls  h av e  b een  de te rm in ed  to  be 
p ro p o rtio n a l to  th e  overlap  o f th e  2p z o rb ita ls  of th e  carb o n  atom s (STO ’s 
w ith  o rb ita l e x p o n e n ts  1.625) an d  b y  p u tt in g  ß tj  =  —2.39 eV for th e  case of 
R cc =  1.39 Â. T h is  w ay  of d e te rm in in g  th e  /3-integrals p e rm itte d  to  consider 
con tin u o u s changes in  th e  b o n d  leng ths. T h e  m ost im p o r ta n t  resu lts  co n cern 
in g  energies a n d  w av e  fu n c tio n s fo r th e  eq u ilib riu m  config u ra tio n  o f  b o th  
m olecules are co llec ted  in  T ab le  I* .

Figs 1. a n d  2 show  how  th e  e rro r in  th e  to ta l  ^ -e lec tro n ic  energy  (the  
d ev ia tio n  from  th e  e x a c t fu ll C l value) g iven  b y  d iffe ren t m ethods changes

* Due to  th e  d ifferent param etrization  used for the /S-integrals these results differ 
num erically (but n o t in  th e ir tendencies) from  those in  [9, 11].

Acta Physica Academiae Scientiarum Hungaricae 39, 1975



C O M P A R A T IV E S T U D IE S  O N  M O D E L  P O T E N T IA L  C U R V E S 135

Fig. 1. E rror in th e  to ta l я -electronic energy given by different m ethods for th e  P P P  model of 
butadiene as function  of the bond length  R ai

fo r  th e  case o f b u ta d ie n e  w hen th e  leng ths o f th e  b o n d  C3 — C 4 a n d  C2 — C3, 
re sp ec tiv e ly , a re  changed  w ith in  a w ide range. R ° 4 =  1.34 A  a n d  R ®3 =  1-47 A 
a re  th e  eq u ilib riu m  bond  len g th s ; accord ing ly , th e  scales are  se lec ted  in  such  a 
w a y  th a t  th e  equ ilib rium  c o n fig u ra tio n  co rresponds to  th e  v a lu es  of th e  
abscissae  eq u a l to  u n ity .

As ex p ec ted , th e  R H F  m e th o d  gives a ra p id  increase o f  th e  e rro r in  th e  
e lec tro n ic  en erg y  w ith  increasing  in te rn u c le a r  sep a ra tio n  (an d  th e n  i t  fails to  
converge) in  th e  case w hen a c e n te r  w ith  a single e lec tro n  is rem o v ed  from  th e  
sy s te m  (F ig . 1). I t  is re m a rk a b le  t h a t  an  analogous s tro n g  in crease  of th e  
c o rre la tio n  energy*  occurs w h en  th e  d istance  betw een  th e  tw o  closed-shell 
p a r ts  o f  th e  sy s tem  becom es sm all (Fig. 2). T h is la t te r  b e h a v io u r, how ever, 
m a y  be p a r t ly  d u e  also to  th e  specific  m odel an d  p a ra m e tr iz a tio n  (e.g., in  
th e  case o f th e  P P P  p a ra m e tr iz a tio n , th e  a to m ic  o rb ita ls  a re  assum ed  to  be 
o r th o g o n a l a t  a ll d istances). I t  is in te re s tin g  th a t  th e  e rro r in  th e  jr-electronic 
en e rg y  given b y  th e  U H F  m e th o d  decreases s ig n ifican tly  ju s t  in  th e  d irections 
w h ere  th e  b e h a v io u r o f th e  R H F  m e th o d  becom es v e ry  b ad , w hile  th e  U H F  
cu rv es  alm ost co incide w ith  th e  R H F  ones in  th e  opposite  l im ite d  cases. T he

* The correlation energy is defined as the difference betw een th e  R H F  and exact 
energy values, i.e., i t  is connected w ith an  approxim ate m ethod of significantly variable quality. 
T aking  into account th is fact, one should a ttrib u te  not too m uch im m ediate physical meaning 
to  th is  quan tity .
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Fig. 2. E rror in  the to ta l ^-electronic energy given by different m ethods for the P P P  model 
of ba tad iene  as function  of the bond leng th  R t3

re su lts  g iven b y  th e  U H F  m eth o d  w ith  su b seq u en t sp in  p ro jec tio n  a re  b e tte r , 
o f  course, th a n  th e  U H F  ones; a t  th e  sam e tim e  th e  sh ap e  of th e  cu rves is 
v e ry  sim ilar. T h e  E H F  m e th o d  in  a ll cases gives a s ig n ifican tly  sm aller erro r 
th a n  th e  o th e r o n e-e lec tron  m eth o d s considered.

T he re su lts  o f  an  analogous ca lcu la tio n  fo r cy c lo -b u tad ien e  a re  show n on 
F ig . 3. T he co n fig u ra tio n  o f  th e  reg u la r  sq u are  w ith  JRj2 =  jR23 =  R °4 =  R j4 =  
=  1.4 Á has been  ta k e n  as th e  eq u ilib riu m  one an d  th e  leng ths o f R 14 =  R 23 
h av e  been v a rie d  conserv ing  th e  b o n d  angles to  be re c ta n g u la r.

All th e  cu rves e x h ib it a c h a ra c te ris tic  b e h av io u r in  th e  v ic in ity  o f th e  
p o in t R u /R u  = U  w here  th e  sy stem  becom es m ost sy m m etric  (reg u la r square). 
A t th is  p o in t th e  e rro r  in  th e  e lec tron ic  energy  h as  a  m ax im u m  in  th e  R H F  
case an d  a m in im u m  fo r th e  o th e r one-e lec tron  m e th o d s  considered . M oreover, 
th e  R H F  w ave fu n c tio n  possesses no  co rrec t sp a tia l sy m m etry  p ro p e rtie s  a t  
th is  p o in t b u t  co rresp o n d s to  th e  low er sy m m etry  o f  th e  d is to rted  co n fig u ra
tio n s  only. T h e  R H F  w ave fu n c tio n  a t  all in te rn u c le a r  sep a ra tio n s describes 
one of th e  “ K ek u lé  s tru c tu re s ”  w ith  я -electron b o n d  o rders 1 a n d  0 fo r th e  
case of th e  sm aller a n d  la rg e r b o n d  len g th s , re sp ec tiv e ly . T hus, even  th e  low er 
sy m m etry  o f a rec tan g le  (w hich we h av e  if  R 14/R j4v ^ l)  is su ffic ien t to  determ ine  
u n iq u e ly  th e  R H F  o rb ita l coeffic ien ts fo r ou r я -e lec tro n  m odel a n d  th e re
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Fig. 3. E rro r in  the to ta l я -electronic energy given by different m ethods for th e  P P P  model of 
cyclo-butadiene as function  of the bond lengths R 12 =  R 3l

rem ain  effec tively  no  free  p a ra m e te rs  in  th e  R H F  w ave fu n c tio n , w h ich  could 
change c o n tin u o u sly  w ith  th e  b o n d  len g th s . Such a w ave fu n c tio n  co rresp o n d 
ing to  one o f th e  “ K eku lé  s tru c tu re s”  gives a reasonab le  d esc rip tio n  w hen th e  
bond  le n g th s  are s ig n ifican tly  d iffe ren t b u t  becom es v e ry  b a d  i f  th e  bond  
len g th s  a re  close to  each  o th e r. T h is leads to  th e  m ax im u m  o f th e  e rro r  o b ta in ed  
fo r th e  R H F  case* show n in  F ig . 3.

W e h av e  n o t fo u n d  such  a sim ple in te rp re ta tio n  fo r th e  m in im a  observed  
for th e  D O D S -ty p e  w ave fu n c tio n s a t  th e  p o in t o f th e  h ig h er sy m m e try  of 
the  sy s tem . T h e  U H F  w ave fu n c tio n  has no  sp a tia l sy m m etry  in  a s t r ic t  sense

* S tric tly  speaking, one m ay consider th e  R H F  solution w ith a lower sym m etry  than  
th a t  of th e  system  to  be incorrect. As discussed e.g., by Mu sh e r  [12], if the  R H F  wave func
tion is requ ired  to  correspond to  th e  full sym m etry  of the system  even a t th e  single point of 
the higher sym m etry, th en  one obtains there  a different solution w ith a d ifferent, generally 
higher, energy (“ sym m etry dilem m a” ) and  the R H F  energy curve becomes discontinuous at 
this point.
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F ig . 4. Deviation o f th e  overlap betw een th e  E H F  and full C l wave functions from u n ity  for 
th e  P P P  model of cyclo-butadiene as function  of th e  bond lengths R it =  R 3i. (N ote the

logarithm ic scale)

s in c e  some sy m m e try  tra n sfo rm a tio n s  lead  to  th e  in te rch an g e  o f th e  sp ins 
x  a n d  ß in  th e  s in g le  d e te rm in a n t. T h e  sp in  p ro je c te d  U H F  an d  th e  E H F  
w a v e  functions a re , how ever, n o t  single d e te rm in a n ts  an d  h av e  co rrec t 
s p a t ia l  sy m m etry  [9, 11]. I t  is especially  re m a rk a b le  th a t  th e  E H F  w ave 
fu n c tio n  becom es a lm o s t id en tica l*  w ith  th e  fu ll C l one in  th e  p o in t o f 
t h e  h ighest s y m m e try : Fig. 4 show s th a t  th e  d ev ia tio n  o f th e  overlap  
b e tw e e n  the  E H F  a n d  exact fu ll C l w ave fu n c tio n s  from  th e  u n ity  (w hich 
m a y  be considered  as th e  m easu re  o f th e  “ e rro r”  o f th e  E H F  w ave 
fu n c tio n  itself) d ec reases  a few  o rd e rs  o f m a g n itu d e  as th e  p o in t Jfî14/f? j4 =  1 

is  app roached . I t  is  in te re s tin g  t h a t  th is  b e h av io u r c a n n o t be observed  i f  th e  
s y s te m  is d is to r te d  n o t  in to  a re c tan g le  b u t  in to  a rh o m b u s: no such  s tro n g  
e x tre m a  appear w h e n  th e  ra tio  o f d iagonals becom es u n ity  an d  th e  E H F  w ave 
fu n c tio n  rem ains o f  th e  sam e ex ce llen t q u a lity  as fo r th e  co n fig u ra tio n  of 
a  sq u are .

* The E H F  an d  fu ll Cl wave functions are so close to  each other a t the configuration 
o f th e  regular square th a t  there appears th e  question w hether the ir differences could no t he 
a tt r ib u te d  to the num erical inaccuracies, only. A specific consideration shows th a t  th is is no t 
th e  case, however. W e h ave  expressed th e  E H F  wave function  as a linear com bination of the 
fu ll C l eigenvectors an d  recalculated th e  E H F  energy from  th is  expression, too, in order to  
ch eck  it. I t  was found  th a t  the accuracy o f the  E H F  energy (as follows from  th e  comparison 
o f  th is  value to th a t  calcu lated  originally by  using the E H F  form alism ) is about two orders of 
m agn itude  better th a n  th e  difference betw een the  E H F  and  full C l energies.
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Fig. 5. P o ten tia l curves for the CNDO/2 m odel of B H  molecule (The E H F  and  full Cl curves
are undistinguishable)

T h e  m ost im p o r ta n t  conclusion  one m a y  d raw  from  th e se  ca lcu la tio n s 
is t h a t  in v e s tig a tin g  p o te n tia l cu rv es  an d  su rfaces w ith  th e  re fin e d  one-e lec tron  
m e th o d s  one sh o u ld  p a y  p a r tic u la r  a t te n tio n  to  th e  cases in  w h ich  th e  system  
goes o v er to  a con fig u ra tio n  w ith  a h ig h er sy m m etry . F u r th e r  co n sid era tio n s 
o f  th e se  an d  re la te d  sy m m etry  p ro b lem s are  p lan n ed .

W e h av e  p erfo rm ed  also s im ila r c a lcu la tio n s  fo r th e  B H  m olecu le  t r e a te d  
a t  th e  CND O /2 level o f th e  in te g ra l ap p ro x im a tio n s . Fig. 5 show s th e  p o te n tia l 
cu rv es  o f  th is  m olecule ca lcu la ted  b y  th e  R H F , E H F  an d  fu ll C l m e th o d s. 
T a b le  I I  co n ta in s  th e  m ost im p o r ta n t  re su lts  concern ing  energ ies a n d  w ave

T able II

Comparison of different wave functions for the CNDO/2 model of B H  molecule

(■r b h  =  1-2 Â>

Wave
function

Total electronic energy 
[a. u.]

Overlap with the exact 
(full Cl) wave function4

Total energy1* 
[a. u.]

R H F -5.306974 0.99654 —3.984003

E H F -5.316089 0.999990 -3 .9 9 3 1 1 8

full CIc -5 .316091 1 -3 .9 9 3 1 2 0

“ The E H F  wave function is assum ed to  be renorm alized to  un ity . 
b Including the nuclear repulsion energy 1.322971 a. u.
0 E x ac t for th e  given CNDO/2 m odel-H am iltonian.
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fu n c tio n s  fo r th e  in te ra to m ic  d is tan ce  R BH = 1 . 2  A , w hich  is close to  th e  
equ ilib riu m  one. T h e  U H F  m e th o d  does n o t g ive so lu tio n s differing  fro m  th e  
R H F  ones up  to  re la tiv e ly  large in te ra to m ic  d is tan ces  (ab o u t 1.9 Á) a n d  th e  
U H F  resu lts  a re  n o t  inc luded , th e re fo re , in  th e  T ab le  a n d  F igure . As m a y  he 
seen , th e  c o rre la tio n  energy  is v e ry  sm all fo r th e  g iv en  p a ra m e tr iz a tio n  ex cep t 
fo r  th e  case o f th e  large  in te ra to m ic  d is tan ces  w h ere  th e  R H F  m e th o d  has 
th e  im p ro p er d isso c ia tio n  b eh av io u r m en tio n ed  ab o v e . A t all f in ite  in te ra to m ic  
d is tan ces  (q u ite  s im ila rly  to  th e  case of R BH =  1.2 Â  show n in  T ab le  I I )  th e  
E H F  w ave fu n c tio n  an d  energy a re  v e ry  close th o u g h  n o t  id en tica l w ith  th e  
fu ll C l ones a n d  coincide w ith  th e m  in  th e  lim it  o f  in fin ite  B —H  d is tan ce . 
(T he  significance o f  th e  d ifferences betw een  th e  R H F  an d  fu ll C l re su lts  w as 
ch eck ed  in  th e  sam e  m an n er as m en tio n ed  fo r th e  case o f cyc lo -bu tad iene.)

Besides th e  p ro p e rtie s  of th e  CNDO/2 p a ra m e tr iz a tio n , th e  su rp ris in g ly  
good  resu lts  g iv en  b y  th e  E H F  m e th o d  (and , in  fa c t,  b y  th e  R H F  m e th o d , 
to o , excep t th e  case  o f th e  large  in te ra to m ic  d is tan ces) as com pared  w ith  th e  
re su lts  of th e  fu ll C l ca lcu la tions, m a y  be a t t r ib u te d  to  som e specific fea tu re s  
o f  th e  system  co n sid ered . W e h av e  found  th a t  a t  all in te ra to m ic  d is tan ces  
a n d  fo r th e  case o f  each  g round  s ta te  w ave fu n c tio n  considered , in c lu d in g  th e  
fu ll C l one, tw o o u t  o f  th ree  2p  o rb ita ls  of th e  В a to m  (those  w hich co rrespond  
to  th e  d irections o rth o g o n a l to  th e  В — H  bond) a re  q u ite  em p ty . T h is m eans 
t h a t  th e  orig inal p ro b lem  of 4 e lec trons an d  5 a to m ic  o rb ita ls  is, in  effect, 
re d u c e d  to  th a t  o f  4  e lectrons a n d  3 a tom ic  o rb ita ls , fo r  w hich  th e  fu ll C l w ave 
fu n c tio n  co n ta in s a  sig n ifican tly  sm aller n u m b e r o f  free  p a ram ete rs .

T he aim  o f th e se  ca lcu la tions w as n o t th e  co m p ariso n  w ith  ex p e rim en ta l 
re su lts  b u t th e  co m p ariso n  of th e  d iffe ren t o n e-e lec tron  m ethods w ith  th e  full 
C l one th e  la t te r  b e in g  exact fo r th e  given C N D O /2 p a ra m e tr iza tio n . I t  m ay  
h e  m en tioned , h o w ev er, th a t  th e  equ ilib riu m  b o n d  le n g th  co rrespond ing  to  th e  
m in im u m  of th e  p o te n tia l  curve agrees well w ith  th e  ex p e rim en ta l v a lu e  1.23 A
[13], w hile th e  d e p th  o f th e  m in im u m  (th e  d isso c ia tio n  energy) is v e ry  large , 
238 kcal/m ole as co m p ared  w ith  th e  ex p erim en ta l v a lu e  70 — 77 kca l/m o le  [13, 
14], even for th e  E H F  and  fu ll C l curves. T h is is in  line w ith  th e  te n d e n c y  
o b se rv ed  genera lly  fo r  th e  b ind ing  energies c a lc u la ted  b y  th e  CNDO/2 m e th o d  
in  th e  R H F  ap p ro x im a tio n . One h as  to  conclude, th e re fo re , th a t  th e  CN D O /2 
p a ra m e tr iz a tio n  is in a d e q u a te  fo r ca lcu la tin g  rea lis tic  p o te n tia l cu rves an d  
su rfaces  even i f  th e  b e s t w ave fu n c tio n  is used  a n d  i t  is in ev itab le  to  ap p ly  
b e t te r  schem es o f  in te g ra l d e te rm in a tio n  in  such  ca lcu la tio n s.
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H . A . A t w a t e r :

In tro d u c tio n  to  G eneral R elativ ity

Pergam on Press, Oxford 1974

S tuden ts m ay approach th e  theory  of general relativ ity  e ither from the field  of m athe
m atics or from  physics. This book contains th e  answers to m any questions which keep query
ing the physics-oriented studen t while getting  a firs t acquaintance w ith  the subject. All th a t is 
required  here is some basic notion  of classical field  theory.

S ta rtin g  from  the fundam entals (coordinates, line elem ent, techniques of tensor ana
lysis etc.) th e  reader is guided th rough  im p o rtan t chapters of general re la tiv ity . The m otion of 
free particles, exact solutions of th e  grav ita tional equations, the theory  of curved-space electro
m agnetism , g ravitational waves and cosmological models come down to  earth  in th e  au thor’s 
m eticulously logical presentation. Beyond the  standard  theory, a separate chap ter outlines and 
criticises unified  field theories and  even gives a feeling of the problem  of quantization . The last 
chap te r is really  a camouflaged appendix devoted to  the description of particles and  waves in 
special re la tiv ity .

The exercises given a t th e  end of each chap te r are not supplied w ith solution, however, 
th e  reader occasionally finds useful hints and suggestions. For constan ts and num erical data, 
he m ay tu rn  to  a handy A ppendix (a declared one). The student m ust he w arned, however, 
th a t  reading th is textbook alone will no t enable him  to com prehend the cu rren t trend  of 
research in  general re lativ ity . H e would no t find  ou t from here th a t  there exists a modern 
approach to  differential geom etry and th a t  significant ideas have been developed about 
such conspicuous subjects as th e  singularities or th e  causal behaviour of the space-tim e. There 
are well-known textbooks covering these recen t achievements of the  theory  b u t one can hope 
only th a t  filling in the gaps in  th e  studen t’s understanding and answering all his questions 
in  th e  w ay th is book does will no t take ano ther ha lf century.

Z. P er jés

A . M ü l l e r :

Q uantum  M echanics: A  P hysica l W orld  P ic tu re

(Akadémiai K iadó, B udapest, Pergam on Press, O xford, 1974

The au thor is an in ternationally  repu ted  researcher in  th e  field of th e  problems 
of the borderland  of physics and philosophy. In  his work, which was f irs t published in H ungarian 
in 1967, th e  problems of the in te rp re ta tion  of quan tum  mechanics are discussed.

The book first gives a historical review  of the various in terp re ta tions o f quantum  
m echanics s ta rting  w ith de Broglie, continuing w ith the so called Copenhagen, th e  causal 
in te rp re ta tio n  reviewing finally  Fok’s ideas.

The au th o r’s view point apparen tly  represen ts a fu rther developm ent of F ok ’s in ter
p re tation . The analysis becomes especially convincing since besides confronting th e  concept of 
classical physics w ith the ideas of quan tum  m echanics the au thor endeavours to  ob tain  an 
in te rp re ta tio n  of quantum  m echanics which facilita tes the application of the basic ideas also 
to  th e  problem s of particle physics.
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The au thor’s argum enta tion  on th e  classical and quan tum  physical probability  concepts 
is in  itself rem arkable. T he central idea of the analysis consists of th e  classification of the various 
m icrophysical in terac tions which m akes i t  possible to  generalize th e  system  of the au th o r’s 
ideas so th a t it  applies no t only to  quan tum  mechanics, b u t also to  quan tum  electrodynam ics 
an d  microphysics of particles.

In  investigating  th e  problem  of physical m easurem ent the  au th o r develops a m ost 
rem arkable concept o f the  relation  betw een the po ten tia lly  possible and actually realized 
experim ent. Furtherm ore  the  objective relation  betw een th e  dynam ical and statistical laws are 
discussed.

The hook m ay  be of considerable in terest no t only  for physicists b u t also for philo
sophers and science-philosophers.

G. B iró

G. C. P o m h a n in g :

T h e E q u a tio n s  o f R ad ia tion  H ydrodynam ics

In ternational Series o f M onographs in  N atu ra l Philosophy, Volume 54, Pergam on Press, 1973

R adiation hydrodynam ics deals w ith the propagation  of rad ia tion  through and its  
in teraction  w ith hydrodynam ic m edia. This branch of science is rapidly  developing due to  the 
g row th  of our know ledge perta in ing  to  the nature and in terac tion  of rad ia tion  w ith m a tte r  
and  its  im portance in  understanding  processes in astrophysics and o ther more dow n-to-earth  
phenom ena where h igh term pera tu re  gas dynamics occurs.

The author p resen ts a system atic trea tm en t of rad ia tive  transfer, trea tin g  the Com pton 
an d  inverse Compton scattering , too. H is m ajor achievem ent is — n o t mentioning here in  
d e ta il his own contribu tions to  the sub ject — to succeed in  giving a review  of the developm ent 
o f th e  subject since th e  trad itiona l rad iative transfer reasoning transform ed to  account for 
th e  details of the in te rac tion  of rad ia tion  w ith m atter. H is im portan t step  is now to collect 
resu lts  cast over a hund red  of reports and articles w hich evaluate and involve the effects of 
rad ia tions in th e  equations of m otion of the medium. Since the m ost im portan t aspects o f  
rad ia tio n  physics (especially those of electrom agnetic rad ia tion ) require th e  consistent form  
of a relativistic form ulation , the au tho r presents th e  relativ istic equations of m otion of 
rad ia tio n  hydrodynam ics.

When congratu lating  to  th e  A uthor for a very useful and au tho rita tive  book fac ilita t
ing  th e  access for th e  field  of physicists, astrophysicists, reac to r engineers and  other colleagues, 
th e  reviewer cannot avoid m entioning w hy he is a little  b it  disappointed about the book.

As m entioned before, th e  m onograph ends w ith  th e  inclusion of th e  effects of rad ia tive  
tran sfe r into the equations of motion. U nfortunately, th e  au thor does n o t quote any exam ple 
showing the actual m odifications of th e  picture seen by  solving these equations. Since th is w ill 
be one of the m ost exciting  fields in  astrophysics and in  laser physics as well, we hope th a t  
th e  second edition will con tain  additional chapters on these questions, too.

I. Abonyi
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R-K-R-Y POTENTIAL ENERGY CURVE, FRANCK-  
CONDON FACTORS AND r-CENTROIDS FOR E12 +- X i2 + 

SYSTEM OF SiS MOLECULE
By

P . H . K a T TI and Y. M. KORWAR

RADIATION LABORATORY-2, DEPARTMENT OF PHYSICS, KARNATAK UNIVERSITY, DHARWAR-580003, INDIA

(R eceived  18. VI. 1975)

The po ten tia l energy curve for th e  E 12 + state of SiS molecule has been evaluated by 
th e  R —K —R —V m ethod. The F ranck  — Condon factors are computed b y  F ra ser  and J ar- 
m ain’s m ethod w ith  rc-shift corrections, r-centroids have been determ ined b y  b o th  quadratic 
equation  m ethod and graphical m ethod as suggested by N icholls and J arm ain . The in tensity  
d is tribu tion  in  the band  system  under consideration is explained on the basis o f F  — C factors. 
Calculation of r-centroids shows th a t  th e  sequence difference i.e. Ar =  — r„,+1 v’+i remains
constan t.

1. Introduction

T he re p re se n ta tio n  of th e  p o te n t ia l  energy o f a m olecule as a  fu n c tio n  of 
in te rn u c le a r  d is tan ce  has v ita l s ig n ifican ce  in  chem ical physics a n d  gas kinetics. 
W ith  th e  help  o f  re liab le  p o te n tia l  en e rg y  curves one m ay  p roceed  to  com pute 
F r a n c k —C ondon ( F —C) fac to rs w h ic h  have w ide ap p lica tions in  a strophysics 
a n d  physico -chem ical p roblem s. T h e  p resen t p a p e r th u s  deals w ith  th e  p o ten 
t ia l  en erg y  cu rve , F —C fac to rs  a n d  r-cen tro ids o f  SiS m olecule, w hich  has 
a s tro p h y s ic a l im p o rtan ce .

2. Com putational procedure

So fa r, th e  R  — К —R —Y [1 — 5] m ethod  o f fin d in g  th e  tu rn in g  po in ts 
o f  th e  p o te n tia l energy  curve h a s  b een  p referred  to  o th e r m e th o d s  as th is  
p o te n tia l  fu n c tio n  m akes use o f th e  d a ta  on ex p erim en ta l v ib ra tio n a l energy 
levele. T h is m e th o d  is based  o n  W — К —В a p p ro x im a tio n  a n d  y ie ld s th e  
ex p ress io n  fo r th e  tu rn in g  p o in ts  as

where

a n d

r m a x ,  m i n  —  +  / 2 j  ± / >

/  =
8  n 2fic

Z ,

g = {2n2f ' 2 2  l2a< M r 1 (^Р -  Ш )  +n i= 1

+  { 2 B , — a ,  to, (tu*),-1)}  (Z , -  Z ^ i ) ] ,
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w here

Zi

T h u s , b y  using th e se  expressions, th e  tu rn in g  p o in ts  ca lcu la ted  fo r eighteen 
v ib ra tio n a l levels of E 1U + s ta te  of SiS m olecule h a v e  b een  p resen ted  in  T able 
I I .  T he necessary  m o lecu la r p a ra m e te rs  d e te rm in ed  ex p e rim en ta lly  [6  — 8 ] 
h av e  been  ta b u la te d  in  T able I.

со,- — 2(co x)i V +

=  ( « * ) r 1/21 £0,- -  2(«*)P l / p

Table I

The molecular param eters of SiS molecule

Molecular
state me (cm-1) coe x e (cm-1) Be (cm-1) ae ■ 10-* 

(cm-1)

Е ‘ Г + 406.83 1.952 0 .22137 1.39

X l Z + 749.69 2.58 0 .30363 1.49

Table II

The po ten tia l energy curve of E lU + s ta te  of SiS molecule

V U  (cm-1) rmin (̂ -) rmax (̂ -)

0 202.927 2.1877 2.3370

1 605.853 2.1397 2.3994

2 1004.875 2.1086 2.4452

3 1399.993 2.0843 2.4842

4 1791.207 2.0640 2.5194

5 2178.517 2.0464 2.5520

6 2561.923 2.0308 2.5827

7 2941.425 2.0167 2.6120

8 3317.023 2.0038 2.6403

9 3688.717 1.9919 2.6677

1 0 4056.507 1.9809 2.6945

1 1 4420 .393 1.9705 2.7206

1 2 4780.375 1.9608 2.7463

13 5136.453 1.9516 2.7716

14 5488.627 1.9429 2.7966

15 5836.897 1.9346 2.8213

16 6181 .263 1.9267 2.8458

17 6521.725 1.9191 2.8701

18 6858 .283 1.9118 2.8943
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Table III
F — C factors and  r-centroids for E lU + — X X2J+ system  of SiS molecule

v' v " =  0 v " =  1 v" =  2 v" =  3 v" =  4 v "  =  5

0 — 0 . 0 0 0 0 2 0.00017 0 .00079 0.0028 0.0079
0 .0 0 0 0 2.083 2.099 2 .115 2.131 2.148

2.067 2.084 2 . 1 0 0 2 .117 2.133 2.149
2 .068 - — 2528.70 2576.45 —

1 0 . 0 0 0 0 2 0 . 0 0 0 2 0.0013 0 .0052 0.0151 0.0334

2 .059 2.075 2.091 2 .107 2.123 2.138

2 .059 2.075 2.093 2 .108 2.124 2.140

— — 2458.06 2503 .37 2550.06 2598.02

2 0 .0 0 0 1 0 . 0 0 1 0 0.0051 0 .0169 0.0391 0.0658
2.051 2.066 2.082 2.098 2.114 2.130

2 .050 2.066 2.083 2 .099 2.115 2.130

— 2391.36 2434.48 2478 .78 2524.27 2571.5

3 0 .00034 0.00316 0.01376 0 .0364 0.0642 0.0759

2 .042 2.058 2 .074 2 .089 2.105 2 .1 2 1

2.041 2.057 2.074 2 .090 2.107 2 .1 2 2

— 2369.01 2411.30 2454 .75 2499.37 2545.55

4 0 . 0 0 1 0 0.0078 0.0277 0 .0573 0.0724 0.0517
2 .034 2.050 2.065 2.081 2.097 2.113
2.032 2.049 2.065 2 .082 2.097 2.113

2306.91 2347 .24 2388.78 2431 .46 2475.16 —

5 0.00236 0.0156 0.0446 0 .0689 0.0559 0.0155

2 .026 2.042 2.057 2.073 2.088 2.104

2.025 2.040 2.057 2 .073 2.089 2.105

2286.60 2326.11 2366.88 2408.85 — —

As has been  a lre a d y  m en tio n ed  above F  — C fac to rs  can  be  o b ta in ed  
e ith e r  from  R  — К  — R —V p o te n tia l energy  cu rv e  o r m ay  be e v a lu a te d  by  
F r a s e r  an d  J a r m a in ’s m eth o d  [9, 10] w h ich  gives a lm ost th e  sam e resu lts 
as th e  R  —К  — R —Y  m eth o d  for b an d s  u p  to  v ' -(- v" 10. Since th e  m ole
c u la r  system  u n d e r  co n sid e ra tio n  co n ta in s  m ost o f  th e  bands w ith in  th is  lim it, 
th e  la t t e r  m e th o d  w h ich  is less co m plica ted  th a n  th e  fo rm er one, h as  been 
em p lo y ed  to  ca lcu la te  F —C fac to rs . H ere  \dx/x\ is g re a te r  th a n  5 %  so. r e-shift 
co rrec tio n s have b een  ta k e n  in to  acco u n t. T he F  — C fac to rs  have been  collected  
in  th e  first row  o f T ab le  I I I .

T he r-c e n tro id  o f  a m olecule m ay  be d efin ed  as

-  , _  Ivy r 4>V” dr
j y y y y d r
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w h ere  y)v, and y)r  r e p re s e n t th e  w av e fu n c tio n s  o f u p p e r  and  low er v ib ra tio n a l 
s ta te s ,  re spec tive ly , be tw een  w hich  th e  tra n s itio n  ta k e s  p lace. T h is is a  useful 
fa c to r  in  th e  c a lc u la tio n  of v a ria tio n  o f  e lectron  tra n s i t io n  m o m en t w ith  in te r-  
n u c le a r  d istance i f  ex p erim en ta l in te n s i ty  m easu rem en ts  are av a ilab le . T here  
are  tw o  m ethods p ro p o sed  by  N icholls an d  J arm ain  [11] to  d e te rm in e  r- 
c e n tro id s . One o f th e m  is a q u a d ra tic  eq u a tio n  m e th o d  an d  th e  o th e r  a g ra 
p h ic a l m ethod . W e h a v e  used b o th  m eth o d s in  o b ta in in g  r-cen tro id s  (Á) an d  
th e  re su lts  have b e e n  p u t  in th e  2 n d  a n d  3rd row s o f  T ab le  I I I .  T h e  la s t  row  
in  T a b le  I I I  gives th e  w aveleng ths o f th e  co rresp o n d in g  b an d s  in  Â.

3. Conclusions

I t  can  be seen  from  T ab le  I I I  t h a t  th e re  is  good a g reem en t b e tw een  
th e  ex p e rim en ta l a n d  theo re tica l re su lts  v iz ., th e  absence o f 0 ,0 ; 1 ,0 ; 2 ,0 ; 
3 ,0 ; 0 ,1 ; 0,2 an d  1,1 b an d s in th e  ex p e rim en ts  can  be a t t r ib u te d  to  th e  negli
g ib ly  sm all v a lue  o f  F —C facto rs. B u t  we feel t h a t  th e  bands 0 ,5 ; 4,5 an d  5,4 
m a y  be  observable  ex p e rim en ta lly , as bands 4 ,0 ; 5,0 an d  4,1 w hose F —C 
fa c to rs  are of th e  sam e  order of m a g n itu d e  as th e  F  — C fac to rs  o f 0 ,5; 4,5 an d  
5 ,4  b an d s .

T h e  ag reem en t betw een  th e  r-cen tro id s  ca lc u la ted  b y  b o th  ab o v e  m en 
t io n e d  m ethods is v e ry  sa tis fa c to ry . The sequence  d ifference A t =  r,c,<v. — 
— r „ ,+ lj) r+ 1  rem a in s  co n stan t. A s re, -|- re.j2 Q  r 0 0 i t  is co n c lu d ed  t h a t  th e  
p o te n tia ls  are n o t  v e ry  anharm on ic . F u r th e r  i t  is seen th a t  r — 0.01 Â  w hich 
su g g e s ts  th a t  th e  p o te n tia l  energy  cu rv es  are n o t  w ide.
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SPECTRAL INTENSITIES OF LANTHANIDE PER
CHLORATES IN AMIDE SOLVENTS

By

J a n in a  L e g e n d z ie w ic z , K r y sty n a  B u k ie t y n s k a , Z o fia  B a jsa ro w icz

and
BoGusbAWA J ezo w sk a -T rzebia to w sk a

INSTITUTE OF CHEMISTRY, UNIVERSITY OF WROCLAW, WROCLAW, POLAND

(R eceived 29. VI. 1975)

The absorption spectra  of N d, H o, E r perchlorates in  N -m ethylform am ide and N ,N '-di- 
m ethylform am ide were investigated . J u d d  — Oefelt m ethod of in tensity  analysis was applied to  
determ ine th e  sym m etry and  structu re  o f th e  lanthanide am ide solvates. The lan than ide  perchlor
ates in  am ide solvents behave as th e  electrolytes of the 1 : 3 type . In  th e  f irs t  coordination 
sphere of lanthanide ion only am ide molecules are present, hence in  the firs t approxim ation the 
sym m etry  factor is responsible for th e  changes of the in tensity  of 4 /—4 /  transitions. I t  was 
found th a t  bo th  for ligh t and  heavy lan than ide  solvates no difference exists betw een mono and 
dim ethylform am ide. The sym m etry  for ligh t lanthanide solvates was established as Csv (w ith 
possible coordination num ber 9). F o r heavy  lanthanide solvates however th e  lower sym m etry 
group of lanthanide ion environm ent should be expected (C2B).

I n  o u r recen t p a p e rs  we h a v e  considered th e  sp e c tra l in te n s itie s  of f —f  
tra n s itio n s  of la n th a n id e  ch lo rid es  in  am ide so lv en ts  [1, 2, 3]. T he Ju d d -  
O efelt in te n s ity  an a lysis  re su lts  en ab led  us to  a p p ly  th e  v a lu e  o f J u d d  —O efelt 
p a ra m e te r  r 2 ex p e rim e n ta lly  d e te rm in ed  from  th e  sp e c tra  as an  in d ica tio n  of 
th e  sy m m e try  of th e se  sy stem s. T o  elim inate  a ll o th e r  in flu en ces  on th e  in 
te n s i ty  changes we h a v e  chosen  such  system s w here  th e  co v a len cy  effect 
w as neglig ib le. T hese in v e s tig a tio n s , to g e th e r w ith  th e  co n sid e ra tio n  o f th e  
n ep h e lo au x e tic  effect a n d  ch arg e  tra n s fe r  sp e c tra , h a v e  b een  th e  a tte m p t 
to  d e te rm in e  th e  s tru c tu re  of la n th a n id e  am ide so lv a tes  [1, 2, 4 , 5 ]. W e have 
fo u n d  t h a t  am ides su ch  as fo rm am id e , N -m eth y lfo rm am id e , N ,N '-d im e th y l- 
fo rm am id e  and  N ,N -d ie th y lfo rm a m id e  form  th e  s tab le  so lv a tes , w here no 
ch loride ion  is p resen t in  th e  f i r s t  coo rd in a tio n  sphere . I t  is g en era lly  know n 
th a t  in  th e  case o f lab ile  sy stem s such  as la n th a n id e  so lv a tes , sev e ra l au th o rs  
still a rgue  a b o u t th e  p resence  or absence  of ch lo ride ions in  th e  f i r s t  coo rd ina
tio n  sphere . T he b e s t w a y  to  e s ta b lish  f irm ly  th e  s tru c tu re  o f  am id e  so lvates 
was to  perfo rm  sim ilar in v e s tig a tio n s  fo r system s w here  an ions c a n n o t com pete  
w ith  th e  so lven t m olecules. Such  system s are o b v io u sly  p e rch lo ra tes , especi
ally  in  so lven ts so p o la r  as am ides. W e have  co n sid ered  p e rch lo ra tes  of N d, 
H o an d  E r .
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Experimental

The la n th a n id e  p erch lo ra tes  w ere  p roduced  b y  d isso lv ing  la n th a n id e  ox id 
es in  1 0 % p erch lo ric  acid, e v a p o ra te d , c ry sta llized  a n d  th e n  recry sta llized . 
T h e  p ro d u c t w as d r ie d  u n d er v a c u u m  over P 20 5. T h e  so lv en ts  o f an a ly tica l 
g ra d e  were fre sh ly  p u rified  b y  th e  m e th o d  given b y  D a w so n , G o l b e n  and  
Z im m erm a n  [6 ] d r ie d  over th e  a n h y d ro u s  N a2S 0 4, red is tilled  u n d e r  vacuum , 
a n d  th is  p rocedure  w as re p e a te d  in  average te n  tim es  fo r each  so lven t. The 
re f ra c tiv e  index  o f  a so lvent w as u se d  as an  p u r i ty  in d ica tio n , (n^ =  1.4310 
a n d  n 2Ds =  1.4294 fo r  M FA an d  D M F , respective ly ). A b so rp tio n  sp ec tra  m ea
su re m e n ts  in th e  ex am in ed  ran g e  w ere  ru n  on th e  C ary-14 sp ec tro p h o to m e te r  
ta k in g  the  re sp ec tiv e  so lvent as a  s ta n d a rd  so lu tion . A ll sp ec tra  w ere m easured  
in  th e  wide c o n c e n tra tio n  ran g e  o f  la n th a n id e  io n  CLn,+ =  0.044 — 0.12M.

Results and calculations

The in te n s ity  ca lcu la tions w ere  perform ed, ta k in g  th e  com ple te  set of 
t h e  ex p erim en ta lly  availab le  b a n d s  in to  accoun t. T h e  h a n d  a reas, necessary  
f o r  th e  ex p e rim en ta l d e te rm in a tio n  of osc illa to r s tre n g th s  w ere ca lcu la ted  
n u m erica lly  on th e  O D R A  1102 co m p u te r. T he se t o f o sc illa to r s tren g th s  
d e te rm in e d  fro m  th e  spectra  w as u sed  for th e  ca lcu la tio n  of t2 p a ram ete rs

Table I

The parameters calculated from the spectra of Nd perchlorate in DMF and MFA

Solution
Concentra

tion
M/l

t 2 • 10® T j • 10® Tg • 10®

0.020 4.65 +  0.81 8.61 +  0.75 10.85 +  1.05
0.040 4.48 +  0.71 8.67 +  0.66 11.26 +  0.92

DMF
0.080 4.66 +  0.74 8.65 +  0.69 11.24 +  0.96
0.120 5.01 +  0.94 10.97 +  0.94 11.71 +  1.18

0.046 4 .64+ 0 .69 9.83 +  0.64 15.63 +  0.89
MFA

0.100 4.16 +  0.63 10.33 +  0.58 15.46 +  0.81

r f  • 10® r j - 10* r * .1 0 ®

0.020 4.36 +  0.76 8.07 +  0.70 10.17 +  0.98
0.040 4.20 +  0.66 8.12 +  0.62 10.55 +  0.86

DMF
0.080 4.37 +  0.69 8.10 +  0.65 10.53+0.90
0.120 4.69 +  0.88 10.28 +  0.86 10.97 +  1.10

0.100 3.88 +  0.59 9.65 +  0.56 14.44 +  0.76
MFA

0.046 4.33 +  0.64 9.18 +  0.60 14.60 +  0.83
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fro m  th e  re la tio n :

P  =  2  rK a( f N Vi 11 U (X) 11 f N w )2/2/+ i  •
A =  2, 4, 6

P a ra m e te rs  w ere com pu ted  b y  th e  least sq u are  m ethod  on th e  O D R A  1102 
co m p u te r . T he correc tness o f te rm  assignm ents w as con tro lled , ta k in g  in to  con  
s id é ra tio n  th e  d iffe ren t possib ilities o f th is  ass ig n m en t fo r p a r tic u la r  e x p e ri
m e n ta l band . T h e  se t of p a ra m e te rs  was ta k e n  fo r w hich th e  sm allest m ean  
sq u a re  erro r be tw een  Тд p a ra m e te rs  co m p u ted  from  th e  sp e c tra  and  th a t  
c a lc u la ted  using  th e  J u d d  O efe lt re la tion  [1] w as found . F o r  a b e tte r  com 
p a riso n  of Тд p a ra m e te rs  w ith  th e  resu lts g iven  for aqueous solu tions th e  
co rrec tio n  on th e  re frac tiv e  in d ex  of so lv en t w as in c lu d ed  as for e lectric  
d ipó l tra n s itio n s  [7]:

X  =  (n2 + 2 )2 
9 n

T h e  resu lts  o b ta in e d  by  us fo r  N d , H o and  E r  p e rch lo ra tes  a re  p resen ted  in  
T a b le s  I  and I I .

Table II

The tjl parameters calculated from the spectra of Ho and Er perchlorates in DMF and MFA

Per-
chlo
rate

Solution tion M/l T2 • 10» T| • 10» T ,  ■ 10»

0 . 1 1 0 4 .6 5  +  0.50 8.61 +  0.75 6 .2 7  +  0.30DMF
0.046 5 .49  +  0.53 8 .7 7  +  0.77 6.37 +  0.47По
0.042 3 .25  +  0.19 7 .8 3  +  0.29 5.51 +  0.17MFA
0.096 3 .36  +  0.31 7 .6 4  +  0.46 5 .73  +  0.28

0 . 1 0 0 7 .40  +  0.83 5 .39  +  1.42 3 .7 4 + 0 .7 9DMF
0.050 7 .6 9 + 1 .1 0 5.11 +  1.81 3.88 +  1.01Er
0 . 1 0 0 6 .9 4  +  0.73 4 .5 7  +  1.20 3.71 +  0.67

MFA
0.050 7 .28  +  0.70 4 .8 3  +  1.15 3.55 +  0.64

rf • 10® tJ • 10* r f - 10“

0 . 1 1 0 4 .3 6  +  0.47 8 .07  +  0.70 5.87 +  0.28DMF
0.046 5 .1 4 + 0 .5 0 8 .2 2  +  0.72 5.97 +  0.44Но
0.042 3 .03  +  0.18 7 .31  +  0.27 5 .15  +  0.16MFA
0.096 3 .14  +  0.29 7 .1 3  +  0.43 5 .35  +  0 .26

0 . 1 0 0 6 .9 3  +  0.78 5 .05  +  1.33 3 .50  +  0 .74DMF
0.050 7 .2 0  +  1.03 4 .7 9  +  1.69 3 .63  +  0.95Er
0 . 1 0 0 6 .4 8  +  0.68 4 .2 7  +  1.12 3 .47  +  0.62

MFA
0.050 6 .8 0  +  0.65 4 .51  +  1.07 3.31 +  0 .60
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Table II I

Oscillator strengths for different concentrations of Nd(C104)3 ■ xH20 in N,N'-dimethylfor-
mamide solutions

Term
Oscillator strengths *10®

0.0200 M/l 0.0399 M/l 0.0795 M/l 0.1201 M/l

4f 3/2 207.34 284.10 280.23 310.56

4 f 5 /2  2H 9/2 864.26 954.50 942 .50 986 .27

4S 3 /2 4F 7/2 1021.70 1024.02 1025.73 1 1 0 2 .2 2

4f 3/2 50.99 58.83 56.18 60 .73

"^5 /2  2̂ 7/2 1765.23 1753.15 1780.11 2074 .66

2A 13/2 4G7 /2 4Ge / 2 915.38 921.94 933 .34 1086.67

2A^15/2 2G9 /2

(2£ 2F ) 3/2 *G11/2
250.28 237.60 232.41 278.58

2J°l/2 2D b /2

4̂ 3 /2  4̂ 5 /2

70.51 62.23 61.67 69 .83

2A l /2 4G j / 2 

2b l5 /2

1407.24 1403.56 1401.41 1588.27

N  o in te n s ity  changes w ere found fo r th e  d ifferen t co n c e n tra tio n  o f th e  la n th a n id e  
io n  (Table I I I )

T he spectra  o f  neodym ium  p e rc h lo ra te s  an d  ch lo rides in  all am ides have 
s im ila r  Тд values, so w e can assum e t h a t  th e re  is n o  d ifference b e tw een  th e  
a m id e  so lvates. I t  m eans, th a t  in  th e  case of n eo d y m iu m  so lv a tes  th e  sam e 
sy m m e try  is p re s e n te d  o f C3T or C2v ty p e  p ro b ab ly  w ith  co o rd in a tio n  n u m b e r 9. 
N o  difference e x is ts  betw een  th e  p e rch lo ra tes  an d  ch lo rides, b o th  an h y d ro u s 
a n d  h y d ra ted . F ro m  th is  fac t i t  w as concluded t h a t  p u re  am ide so lv a tes  are 
fo rm e d  in  these  sy s te m s  [1 , 2 , 8 ].

T he co m p ariso n  of the  d a ta  fo r  d ifferen t H o  an d  E r  am ide  solvates 
g iv e s  a ra th e r  d iffe re n t p ic tu re . F o r  H o  and  E r  b o th  an h y d ro u s  a n d  h y d ra te d  
ch lo rid e s  in  D M F  a n d  D E F  so lu tio n , a d isting u ish ed  difference ap p ears  in  
co m p a riso n  w ith  p erch lo ra tes  in  D M F  and  w ith  ch lo rides in  F A  a n d  MFA. 
T h e  r 2 p a ram e te rs  fo r  these sy stem s are , how ever, m u ch  h igher th a n  for the  
a q u e o u s  so lu tions. T h e  sam e so lv a te s  are p re se n t in  m ono a n d  d im ethy l- 
fo rm a m id e  so lu tio n s  o f N d, H o a n d  E r  p e rch lo ra tes  an d  in  F A  a n d  M FA 
c h lo rid e  so lu tions. I t  w as rea so n ab le  to  assum e, ta k in g  in to  a c c o u n t th e  
la n th a n id e  c o n tra c tio n , th a t  so lv a te s  o f  heav y  la n th a n id e  ions h a v e  p ro b ab ly  
c o o rd in a tio n  n u m b e r  8  [9, 10] a n d  C2V sym m etry .

The ju m p  o f  r 2 p a ra m e te r  fo r  H o  and  E r  ch lo rides in  D M F  an d  D E F  
is  cau sed  by  th e  s ig n ifican t sy m m e try  low ering. T h is can  be d one  e ith e r  by  
th e  low ering of th e  coo rd in a tio n  n u m b e r  to  7, g iven b y  th e  steric  effec t, or by  th e  
nonhom ogeneous en v iro n m en t o f la n th a n id e  ion. T h e  f irs t  p o ss ib ility  has to
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be excluded , because  in  su ch  a s itu a tio n  one could  e x p e c t a s ign ifican t change 
of r 2 p a ra m e te r  fo r a ll D M F and  D E F  so lv a tes , b o th  fo r chlorides an d  p e r
ch lo ra tes. T h e  second  p o ssib ility  is to  assum e th e  p re se rv a tio n  of one ch loride 
ion  in  th e  d ire c t e n v iro n m e n t of la n th a n id e  io n  in  D M F  and  D E F  so lu tion .

T h a t is th e  good ex p la n a tio n  fo r  th e  fa c t th a t  D M F  and  D E F  so lv a tes  o f 
perch lo ra tes  do n o t  d iffer from  M FA so lv a tes . T he re p o r te d  d a ta  are  p a r t  o f a 
la rg e r re sea rch  p e rfo rm ed  b y  us to  c o rre la te  th e  in te n s i ty  of f —f  tra n s itio n s , 
in  te rm s o f th e  J u d d —O efelt m eth o d  w ith  th e  e n v iro n m e n t of la n th a n id e  ions 
[1, 2. 10, 11]. A ll sy stem s in v es tig a ted  b y  u s  [1, 2, 3, 8 , 10, 11] in  te rm s  of th e  
J u d d —O efelt m e th o d  o f in te n s ity  analysis p ro v id ed  th e  evidence of th e  forced  
d ipól m echan ism  a n d  th e  p red o m in an t in flu en ce  o f  th e  sy m m etry  of la n 
th a n id e  io n  on  th e  in te n s itie s  o f f —f  tra n s itio n s .

*
Note added in  proof. The com puter program m e ICh-31 is available from th e  authors.
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ZUR NICHTLINEAREN PLASMATHEORIE: 
OHMSCHES GESETZ DRITTEN GRADES 

IN DEN FELDSTÄRKEN UND 
NICHTLINEARE AMPLITUDENGLEICHUNGEN

B. V IE R W E L L E N -W E C H SE L W IR K U N G  

Von

J .  W . W e i l

INSTITUT FÜR THEORETISCHE PHYSIK, UNIVERSITÄT INNSBRUCK, 
INNSBRUCK, ÖSTERREICH»

(E ingegangen 22. V II. 1975)

In  der vorliegenden Arbeit w erden drei transversale Plasmawellen, die m it einer longi
tud inalen  Welle wechselwirken, b e trach te t, wobei vier D ifferentialgleichungen für die elek tri
schen Feldam plituden, über feste P hasen  gem ittelt, zugrundegelegt werden. E rhaltungssätze 
u n d  charakteristische Energieübergangszeiten für einige Spezialfälle w erden abgeleitet.

I. D as G leichungssystem

I n  Teil A d ieser A rbeit [1] s te llten  w ir D ifferen tia lg le ich u n g en  fü r  ra u m 
ze itlich  lan g sam  v erän d erlich e  F e ld am p litu d en  von  v ier w echselw irkenden  
e le k tro m a g n e tisc h en  W ellen in  e inem  P lasm a au f; von  den  a u f  den  re c h te n  
S e iten  a u ftre te n d e n  W echselw irkungsterm en  w äh len  w ir fo lgende aus (wobei 
w ir d en  F a ll d re ie r  tra n sv e rsa le r  W ellen , die m it e iner lo n g itu d in a len  w echsel
w irk en , b e tra c h te n :)
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m it d en  in  Teil A  [1] e in g efü h rten  B ezeichnungen .
B is je tz t  h a t te n  w ir ein  v ersch w in d en d es D äm p fu n g sd ek rem en t (oder 

e ine  v erschw indende  A n w ach sra te ) v o ra u sg e se tz t; w en n  w ir diese B ed ingung  
fa llen lassen , so fü g en  w ir links — y kE k h inzu , w ä h re n d  w ir rech ts  E k belassen  
u n d  einfach  als n e u e , d er D äm p fu n g  u n te rw o rfen e  A m p litu d e  u m in te rp re 
t ie re n .

D am it b ek o m m en  w ir fü r  G le ichung  (B .l) :

0

0 Í
? k  +  Y ' g r Эг E'k =

4л co$e
32 л 2 m e n0 —-(co 2 e') 

dm

d kx dk 2 d k 3 d k 4 <5(k — k 4 — k 2) X

m = f i ' ( k )

k (k -k „ )  e-«OS+».+flí»eííA
X <5(k, — k 3 — k.) — --------—  --------------------------------- - X

1 3 4' k2 ( i4  +  ß ‘)iJ ‘2f / 3 fJi

X ( К ,  Ч , • K .  eÜ  (k i • E fktek.)
w o w ir m it

EL =  E k ek , E kl =  E kl ekl, e tc . (B .la )

E in h e itsv e k to re n  in  d e r P o la r isa tio n sric h tu n g  e in g e fü h rt haben .
W ir k ö n n en  au ch  (B .la )  in  eine sk a la re  G leichung  ü b e rfü h re n , w enn 

w ir fü r  die lo n g itu d in a le  A m p litu d e  e in füh ren :

E'k =  E ' k  .
к

U m  die S tru k tu r  d e r  G leichung ü b e rs ich tlich e r zu m ach en , v e rw en d en  w ir fo l
g en d e  A bkürzung :

(k  • k 2)

Cl (k, k j, k 2, k 3, k 4) =

X

4лт%е
32я2 m e n0

1—( dm

k 2) <3(k4 — k 3 -  Ю
(Q's +  ü D ü iÜ iü i

(со2 e')
m=a\k)

(ek, • вк.) (k 4 • ekl) ,
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w o m it sich  fü r (B .l)  e rg ib t:

8
8 t

У'к +  Vgr
9 r

K  =

= j C ‘ (k, k 4, k 2, k 3, k 4) E ‘k, E ‘kt E l , eia‘< d k x d k 2 d k3 d k 4

(B .lb )

oder, w en n  w ir die In te g ra tio n  ü b e r k 4 d u rch fü h ren  (k 4 =  k 3 +  k 4):

= J e '  (k j, k 3 +  k 4, k 2, k 3, k 4) E ‘k, E'k, E ‘k, e~m  d k 2 d k 3 d k 4 (B .lc )

m it
Ф == £21 +  Q l  +  ü \  — ü l , 

Cl
c

0(к, -  k 3 -  k 4)

H ie m it is t  vo rgezeichnet, wie w ir m it d e r tra n sv e rsa le n  G le ichung  (B.2) zu 
v e rfa h re n  h ab en . (B .l)  e n th ä lt  die v ie r  U n b e k a n n te n  E lk, E l,, E ‘k,, E ‘k ; (B.2), 
geeignet d re im al als D iffe ren tia lg le ich u n g  fü r  Е 1к. angesch rieben , so llte  zusam 
m en m it (B .l)  ein S y stem  v o n  v ier G le ichungen  fü r  v ie r A m p litu d e n  ergeben.

Z u n ä c h s t s ieh t (B .2) m it analog  zu m  F all (B .l)  gew äh lten  A bkürzungen  
wie fo lg t aus:

+  К  ( r ,  t)  =
at or

=  -  j e 1 (k, k 4, k 2, k3, k 4) E l,  E l ,  E l ,  X

X e'Q‘l d k 4 d k2 d k 3 d k 4 ,

C ' (k , k 4, k 2, k3, k 4) =
4л (®k * ^ 2)

32л2 me n0 [—  co2e<
(Эсо <o=û((k)

X

ó ( k - k 1 - k 2)ó (k 1 - k 3 - k 4) ! _ k _

(О1, +  o i ) 0 a а щ  [ k ’ k,M 1 |k 2|
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o d e r n a c h  D u rch fü h ru n g  der ^ - I n te g r a t io n :

—----- yk - f v ü  E k =
dt  g d t ]  k

=  -  J e '  (k , k 3 +  k3 +  k 4, k 2, k 3, k4) E ‘ka E ‘ki Е'кг в - ‘ф‘ d k2 dk 3 d k ,

m it

Ф =  Ü*a +  Q i +  Q{ -  C‘ =
а

K )
F ü r  u n s  ste llt diese G leichung sozusagen  die “ a b s tr a k te ”  G ru n d fo rm  dar, die 
w ir  j e t z t  fü r к  — кг,  k 3, k 4 h in zu sch re ib en  hab en ; d ab e i m ach en  w ir der R eihe 
n a c h  (jeweils au f die v o rau sg eh en d e  F o rm  bezogen) fo lgende Ü bergänge:

к
k 2

к з
К

к
k 2

k 3

К

к
к .
к ,
к 4

(aus der a b s tra k te n  F orm  die G leichung  fü r  ko)

(aus der G le ichung  fü r k 2 die G le ichung  fü r  k 3)

(aus der G le ichung  fü r k 3 d ie G leichung  fü r  k 4)

so d ass  w ir also die fo lgenden  d re i tran sv e rsa len  G le ichungen  e rh a lten :

i _ t
(  3 t

y'k, +  ^ 3r
E l .=

- J а  (k2, k 3 k 4, к , — k3, k 4) Е ‘_кз E l ki E k X

X e - '( fl'+ ß- + 0 '-‘--°'’>, d k (  -  d k 3) ( - d k 4) , ( B i d )

У к . +  У « г ,
3r

E l.  =

J *1 (k 3, k 4 k 2, k , k 4, k 2) E l ki ELkl E k X

X e -(o ‘+a‘- .+ o '- ,-f li)< d k (-  d k 4) ( -  d k 2) , (B .le )
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9 t  \ J  9— - Г Я .  +  Ч , - E i

=  -  J C «  (k 4, -  k 2 -  k 3, k , -  k 2, -  k 3) ELkt ELk, E ‘k X

X e -(0'+ 0'- + ü‘- .- ° .,) ' d k ( -  d k 2) ( -  d k 3) . (В .If)

W ir verw enden  n u n  fo lgende E ig en sch aft d er E kj:

E'k (r, t) =  E'_*k (r, *) -  e _ k =  e*k ; E ' (r, t) =  -  E'*k (r, t) 

u n d  e rh a lte n  d a m it f ü r  die G leichungen (B .l  d , e, f ) :

=  - f c '  E £  Ei: E l  d k  d k 3 d k 4, (B .lg )

j  C( E f* E k* E£ e -(fl,- £3*'-0'«-°l)i d k  d k 4 d k 2 ,

___ yt I y< JM E t _
8 i Ук‘ +  V ‘ 8 r  k‘ ~

=  - Jc(f> E k* E k* E'k е - 0 -ai-úí-üíyt dk  d k 2 d k 3 ,

wo w ir v erw endet h a b e n , dass

-  ß (k )  -  Q ( - k ) .
gilt.

(B .lh )

(B .li)

I I .  W ellenpakete  m it festen  P h a se n

W ir b e tra c h te n  h ie r  W ellen p ak ete , bei d en en  in n erh a lb  des P ak e tes  
A m p litu d e  u n d  P h a se  d e r  W ellen:

E/c =  |Ek| e'>k

n u r  schw ach v e rä n d e rlich  sind , d ah e r die E in fü h ru n g  m ittle re r  A m p litu d en  
u n d  m ittle re r  P h asen  d u rc h

j" ! Б* I e'fk d k  =  |E kj  e^k, =  E ko, E{£ikl,(kMiklt =  Е 2’з4

sinnvo ll e rschein t.
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Z usätz lich  n e h m e n  w ir v o re rs t  an , dass alle a u f tre te n d en  G rössen  bloss 
z e itab h än g ig  sind . W en n  w ir j e t z t  das G leichungssystem  (B .l  g, h , i) ü b e r 
k 2, k 3, k 4 in teg rie ren , e rh a lten  w ir:

Ê ' =  c 'E ' E ' E | ,

JS,‘ = - 4  E V  E V E 1,

# 3  =  -  4  E f E V E 1,

К  =  -  с[ ЕГ EV Е ' , (B .l  j ,k ,l,m )

w o w ir у  =  0  g e se tz t u n d  w e ite rs  angenom m en h ab en , dass

Ф1 <  1

g ilt, d . h . eine K o h ä ren zb ed in g u n g  e rfü llt is t. — D am it h a b e n  w ir das ge
w ü n sc h te  G leichungssystem  v o n  v ie r  G leichungen m it v ie r  U n b e k a n n te n  
e rre ic h t.

D araus la ssen  sich n u n  ein ige  E rh a ltu n g ssä tz e  ab le iten , u . zw. m u lti
p liz ie ren  w ir n u n  (B .l  j)  m it E * \

E l* È 1 =  cl E i E { E i E l*

b ild e n  das K o n ju g ie rt-K o m p lex e :

E l Ê l* =  c' £»• E '* E[* E ‘

u n d  addieren :
(9/0t) { |E '|2/c2} = 2  Re {Ei E |  E 2 E * ) .

J e t z t  m u ltip liz ie ren  w ir (B .l)k  m it  E 2* u n d  ad d ie ren  es zu seinem  K o n ju g ie rt 
K om plexen :

Э jE | | 2 I

9i 4  I 2 Re {Ei E I E 1* E i) .

M it den  A b k ü rzu n g en

w
4 — ° 4 ,

e rh a lte n  w ir d en  E rh a ltu n g ssa tz :
0

-----1 ci} -j- ot2} =  0 , ~*-
dt

\ E f  ,
J------— S3 <xl

cl

+  *2 =  const,. (В .2a)

sow ie, w enn w ir w eite rs  e in fü h ren :

<4, д а
4

« 1 ,
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d ie  E rh a ltu n g ssä tz e

u n d  daraus

(X.1 +  «3 =  const., ocl -f- x{ =  const., (B .2b ,c)

<4 = <4 = const., — <*4 = co n st., »3  — «4 = co n st., (B .2d ,e ,f) 

also  6 , u n d  allgem ein  bei Y orliegen von  n G leichungen  m it n  U n b e k a n n te n ,

j n  I ra!
I 2 j _  2!(re — 2)!

zw eigliedrige E rh a ltu n g ssä tz e .
I n  die A b le itu n g  ging die R e a li tä t  der c’s e in , w as bei F eh len  d iss ip a tiv e r 

E ffe k te  g e re c h tfe rtig t is t  [2].
D an eb en  g ib t es einen a n d e ren  T y p  v o n  E rh a ltu n g ssä tz e n , d e r m it der 

K le in h e it von  Ф v e rk n ü p f t is t:

A us Ф 1, d . h .
Ql ^  +  Й 3 +  Q\ ,

sow ie (B .2 a, b , c) h ab e n  w ir e tw a

o d er au ch

etc .

ü l <x! -j- x t — c o n st.,
1 = 2

Q1 oi a 4 +  «2 +  x 3  — const.,

W ir b e tra c h te n  n u n  eine L ösung  des S y stem s (B .l  j ,  к , 1, m ) fü r  den 
S pez ia lfa ll v e rsch w in d en d er P h asend iffe renz  zw ischen  den  A m p litu d e n :

<P3 +  <Pi +  <PÍ —  <P* =  0 ,

w as d en  V orte il h a t ,  dass es die re c h te n  G le ichungsseiten  ree ll m a c h t. Zu 
d iesem  Zw eck m u ltip liz ie ren  w ir (B .l  j)  m it E l* u n d  b ilden  das K o n ju g ie rt-  
K o m p lex e :

E ‘* È ‘ =  cl E{ E{ E l2 E'*, E l Ê'* =  c' E*3 E l E i E 1*, à1 =  2E>3 E \ E \  E l* •

W ir q u ad rie ren  u n d  e rh a lten :

(à')2 =  4 \E‘3\2 \E{\2 \E‘2\2 |E'*|2 4cl 4  4  4  *'<4 «i«i ■
M it H ilfe  d er E rh a ltu n g ssä tz e  d rü ck en  w ir das n u n  in  а г aus:

( i )2 =  4 с '4 4 4 а ' ( а ^  +  — tx,)(a‘0 +  4 0 — а,)(аг0 +  4o — <*;) >
w o w ir

а г +  «( =  co n st. =  а +  4 о  » а о A n fan g sw erte , i  — 2, 3, 4
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v e rw e n d e t haben . W ir  führen  eine Y a ria b le n tre n n u n g  du rch  u n d  in teg rie ren :

dt • 2 Ус' с' r 1 А  —  c :i C.--------2 L3 4
dxl

У«' («' +  4 0 — x,)(x'0 +  x f3o- x,){x'0 +  a ' 0 -  oc;)

r  • 2 ] / c 'c |4  c4 =
ra'=a ш

J  a'=0
da*

V a' К  +  «20 — */)(«ó +  «зо «/) (*ó +  «40 —  «;)
(В.З)

w e n n  w ir m it т d ie  Z e it bezeichnen, d ie  das S ystem  b ra u c h t, u m  die A m p litu d e  
d e r  lo n g itu d in a len  W elle von N u ll a u f  ih r  M ax im u m  anw achsen  zu  lassen, 
d . h . also die c h a ra k te ris tisch e  Z e it fü r  den n ic h tlin e a re n  E n erg ieü b erg an g  
zw ischen  zwei W ellen ty p en .

D er A u sw ertu n g  des In te g ra ls  in  (B.3) w en d en  w ir uns n u n  zu, indem  
w ir  v o re rs t fo lgende  A b k ürzungen  e in füh ren :

A  _  « f ß  =  « 0  +  « 2o c  _  « 0  +  « 2 0

« o  +  «20  « 0  +  «30  «О «40

w o m it w ir e rh a lte n :

^ =ainax (ly}

J  ai=  о ] [ x l  ( a '  +  4 o  « ; ) ( « 0  +  «3 0  —  « / )  ( « 0  +  « «  -  « / )

________________________ d d ________________________
J 0 ] / d ( f - d ) ( l  d B ) ( T  dC)(*' +  a '0) ( 4  +  4 ^  '

D a  die W urzel n u r  reelle W erte  an n eh m en  soll, is t  a ; <  0 ausgeschlossen» 
fe rn e r  w ird  fü r  a ; n u r  V aria tion  zw ischen  0 u n d  d em  M inim um  von  (al0 -(- 
«о +  «зо» «o +  «4o) e rlau b t sein . W ir m ach en  о. B . d. A. die A n n ah m e, 
d a ss  4 o <C ocjo, aJo, d. h. a.l v a r i ie r t  zw ischen 0  u n d  xl0 -)- «20» A  zw ischen 
0  u n d  1 .

D am it b ek o m m en  w ir fü r  d ie  c h a ra k te ris tisch e  Z eit т die G leichung:

e
~1 " "  f 1 _____________ dA_____________

|Ac'444K + «3o) «  +  «io) Jo Va (i - A ) ( i - a b )(i - a c )

E s  ga lt

a lso

=  <S»
1 f 1 dA

fB C
«/ 0 ( - l ) A ( A - l ) i d - - L I

в KL
«30 oct

40 ’

B,  C <  1, 1/B, 1/C >  1 .
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W enn w ir zu sä tz lich  fo rdern , dass

В  >  C, 1 / В  <  1 \C

bekom m en  w ir fo lgende O rdnung  der N u lls te llen  des P o lynom s u n te r  der 
W urzel:

1/C >  1/B  >  1 >  0 .

H ier h a n d e lt  es sich  u m  ein P o lynom  v ie r te n  G rades, au f das fo lgende F o rm el 
an w en d b a r is t:

p(x)  =  a0(x — a ^ x  — cc2)(x — x 3)(x — oc4) , a 4 >  a 2 >  a 3 >  « 4

alle a ’s reell

J
dx

a,]/p{x) V— a0(aj -  «3)(a2 - a4)
(« i -  a 2)(a3 -  a 4)

( a l  -  « 3) ( a 2 -  * 4)

wo SK e in  v o lls tän d ig es  L egendresches N o rm a lin teg ra l e rste r G a ttu n g  ist. 
D a m it e rg ib t sich:

r =  e - Vi- c
в

J e tz t  fü h re n  w ir eine F a lld is ju n k tio n  d u rch :
а) C sei n ah e  bei О, В  nahe bei 1, d. h . die W elle E \ ü b e rtre ffe  die a n 

deren a u f tre te n d e n  bei w eitem  an  I n te n s i tä t :  d a d u rc h  w ird  fo lgende Form el 
fü r die B e rech n u n g  des N orm alin teg ra ls  a n w en d b a r:

3C {k) =  in  _ i_  ж (к' ) -  2  к
л к  v=i

г=^0

m it
0 <  к  <[ 1, a b e r n ah e  bei 1, k'  =  |A l—k2'

3t \
В

c l -  2 ln 4 ......
1 - c  1 71

f 1 -  в  l
1/ l - C

2
—  ln

16(1 -  C) Л  1
-----^ ----- ln

7t 2 (1  - B ) 2 2

1 -  В
l - C

16
1 -  в

wo w ir v e rw e n d e t h ab en :

л
; l ;  V

k2v, 0  <  A <  1 ,Si(k)  =  —  у
2 (v!)2

(m; d; v) — m(m  -f- d)(m  -|- 2d) . . . (m  -f- (v — 1 )d)
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so d ass  w ir also fü r  r  haben :

т =  <2.
f l  -  С

1 ln  1 6 ( 4  +  4 o )
2 « 3 o * 2 0

]fc' c\ 4  c\ № . .
c'2

|£ з 0|2 l^ól2 , I-Eiol2 l^ 'o l2 , l-Б'зо!2 1-Eiol2
4  c'

16
ln

№

+

+

4  Cl
+ -t rt 

c 3 c 4

'301
4

|Я 'з о |2

4
l*4ol2

4

W e n n  w ir j e tz t  w e ite rs  annehm en , dass 4  a | 0 sow ie 4  ^  4  UI1(1 |-E|0l2/ cI —
=  a  ^  2 |E 'o| / 4  s o  e rh a lte n  w ir fü r  die c h a ra k te ris tisch e  Z eit:

T fisä
\/ cl 4

ln  -
1 6 a

( 2 - 3 )  |E^0| |E 'C c‘ 4 ,
l ^ o l  I M o l  « / 2

d . h . die c h a ra k te ris tisch e  Zeit fü r  den  E n erg ieü b erg an g  von d er u n d  an  die 
lo n g itu d in a le  W elle  h ä n g t n ich t m e h r  von  d e r A m p litu d e  d ieser W elle ab , 
so n d e rn  n u r n o ch  v o n  der der s tä rk s te n  an d e ren  be te ilig ten  W ellen ; die lo n g i
tu d in a le  W elle se lb s t geh t n u r m e h r m it dem  K o p p lu n g sk o effiz ien ten  c1 ein .

b) E in  ü b ersch au b a res  E rg eb n is  lie fe rt au ch  der F a ll, dass zw ar die 
O rd n u n g  der N u lls te llen  b e ib eh a lten  w ird , a b e r С ^  В  0 g ilt. D an n  g ilt

а,ч  - Г  *20 <  «О +  *30’ * 0  +  *20 <  *Ó +  *4 0 ’ « 0  <  * i0 ’ *20 <  * 3 0 ’ *40

u n d  fü r  die c h a ra k te ris tisch e  Z eit e rh a lte n  w ir:

1 1 1

У 4 4  f«3o«!
2Щ0) 71

У с '4 |Е У |Е '40 1

d . h . w enn eine d e r  be te ilig ten  tra n sv e rsa le n  W eilen  viel schw ächer als die 
b e id e n  an d eren  is t ,  so bestim m en  ebenfalls n u r  die beiden s tä rk s te n  den  
ze itlich en  V erlau f.

c) F e rn e r sei С ^  В  ^  1, d . h . die lo n g itu d in a le  W elle ü b e rtre ffe  alle 
a n d e re n  hei w e item  an  S tärke . D a n n  h ab en  w ir fü r  r :

1
г

f< 14  4  41

f 4 4  4 \K \

v/ 12

7t

«0 +  «20 2 

* 0  +  *40 

1

l^ io l2 IК  '2J_20\
4
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d. h . w ir h ab e n  zw ar eine A b h än g ig k e it v e rk e h r t  p ro p o rtio n a l d er A m p litu d e  
d e r s tä rk s te n  W elle, d an eb en  a b e r is t die c h a ra k te ris tisch e  Z eit seh r e m p 
fin d lich  fü r  die re la tiv e  I n te n s i tä t  d er sch w äch sten  zu r s tä rk s te n  der t r a n s 
v e rsa len  — d och  in sgesam t se h r  schw achen  — W ellen. A b h än g ig k e iten  p ro 
p o rtio n a l d en  rez ip ro k en  A m p litu d e n  sin d  au ch  fü r  D reiw ellenprozesse 
b e re c h n e t w o rd en  [3].

I I I .  O rtsabhäng ige  System e

Bis je tz t  b e sc h rä n k te n  w ir u n s  a u f den  F a ll re in  ze itab h än g ig e r G rössen. 
W e n n  w ir die A m p litu d e n m itte lw e rte , m it  d enen  w ir re c h n e n , auch  o r ts a b 
h än g ig  m achen , e rh a lte n  w it fo lgendes S y stem  (w eite rh in  sei y  — 0).

E l (r, t ) - c l E i  E[ E i ,

E ‘2(r,t) =  -  с12Е Г  E ?  E l ,

E ‘3 ( r ,t)  =  — 4  E f

E '( r ,  t) =  — c[ E f  E$* E l .

H ie r  is t es sch o n  schw ieriger, E rh a ltu n g ssä tz e  n ach  dem  M uster des o r ts 
u n ab h än g ig en  F a lle s  au fzu ste llen ; n u r  fü r  d en  Spezialfall, dass die G ru p p en 
geschw ind igkeiten  vx =  V ß ~ v y =  vi =: dr/dt, re d u z ie rt s ich  der F a ll a u f  
d en  frü h er b e tra c h te te n , n u r  d ass  sich je tz t  das ganze w echselw irkende S y stem  
m it  dieser gem einsam en  G eschw ind igkeit — p h y sika lisch  re a lis ie rt e tw a  d u rch  
K o n v ek tio n  — d u rch  das P la sm a  bew egt.

a a 
1 Г +  ’,- 1 Г  

a a
—— b v p —— 
dt Эг

a a-----r Vy---
at Эг

a a
=  vü —— 

5t Эг
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ANALYTICAL EXPRESSIONS FOR THE DEPENDENCE 
OF SUPERCONDUCTING PARAMETERS ON ALLOY 

CONCENTRATION
By

I .  K lRSCHNER, K . S a j ó  and J .  BÁNKUTI

LABORATORY FOR LOW TEMPERATURE PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST

(Received 26. V III. 1975)

A nalytical expressions are given w hich describe th e  dependence of th e  critical tem per
atu re , of the critical m agnetic fields and of the GL param eter on the concentration of the alloy
ing m aterial, characterizing the phase transition  w ithin th e  superconducting s ta te  in  good agree
m ent w ith the experim ents.

I n  one o f our p rev ious papers [1] i t  was d iscovered  th a t  in  s u p e rc o n d u c t
ing  alloys of sm all G L  p a ra m e te r  x  a specific  p h a se  tra n s itio n  o f  new  ty p e  
occurs on th e  effect o f increasing  alloy  c o n c e n tra tio n . This m eans t h a t  hav ing  
reach ed  a ce rta in  c r itic a l c o n cen tra tio n  Cc th e  p rev io u s ty p e  I  su p e rc o n d u c ti
v i ty  (M eissner’s s ta te )  goes over to  ty p e  I I  (m ix ed  sta te).

O ur e x p e rim e n ts  have  been c a rrie d  o u t w ith  In -B i specim ens con ta in ing  
0 - 5  a t . %  B i [2].

T he e v a lu a tio n  o f th e  e x p e rim e n ta l re su lts  show s th a t  th is  p h ase  tra n s i
tio n  occurs a t an y  te m p e ra tu re -d e p e n d e n t x(T) a n d  a t  any  te m p e ra tu re  alw ays 
w h en ev er th e  v a lu e  x  =  1 / |/2 = и с h as  been  reach ed . T herefore  th is  is  considered  
to  be  th e  c ritica l v a lu e  of GL p a ra m e te r .

T he o ccu rrin g  p h ase  tra n s it io n  can  be ch a rac te rized  w ith  th e  follow ing 
fu n d a m e n ta l fe a tu re s :

1. T he o rd e r p a ra m e te r  » describ ing  th e  su p e rco n d u c tiv ity  becom es 
inhom ogeneous as su p erco n d u c tiv e  a n d  n o rm al dom ains appear. ( In  th e  p res
ence of an  e x te rn a l c u rre n t it  becom es an iso tro p ic  as well). T he v e c to r  p o t
e n tia l has a s im ila r  b eh av io u r to o .

2. T he su p e rc o n d u c tiv ity , be ing  p rev io u sly  a surface phen o m en o n , be
com es a v o lu m etric  one. (The tr a n s p o r t  c u rre n t an d  th e  e x te rn a l m agnetic  
fie ld  p e n e tra te  in to  th e  sam ple).

3. In s te a d  o f one critical m ag n e tic  fie ld  H c describing th e  p u re  su p er
c o n d u c tiv ity  th e  c ritic a l fields H cl an d  H c2 to g e th e r  determ ine th e  m agnetic  
p e n e tra tio n .

4. A su d d en  change occurs in  th e  value o f  th e  th e rm o d y n am ic  en tro p y  
m a tr ix  [3].

5. A q u ick  change occurs in  th e  m acroscop ic  co n d u c tiv ity  m a trix . 
(This reg is te rs  th e  su p erco n d u c tiv e -n o rm al la tt ic e  s truc tu re ).
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Fig. 1.'D ependence of th e  critical! 
tem pera tu re  on th e  a lloy  concentration

Fig. 2. D ependence of the critical m agnetic 
fields on th e  alloy concentration

Fig. 3. Dependence o f th e  GL param eter 
on the alloy concentration

Fig. 4. D ependence of the electron specific 
heat coefficient on the alloy concentration

T h e curve T c — C (Fig. 1) h a s  been d e te rm in ed  th ro u g h  d ire c t m ea
su re m e n ts  while th e  va lu es  H cV H c a n d  H c2 (F ig . 2) h av e  been o b ta in e d  from  
th e  m ag n etic  m o m e n t — m agnetic f ie ld  curves in  a  d ire c t way. F o r th e  d e te rm i
n a t io n  of th e  fu n c tio n  x  — C (F ig . 3) th e  G o r ’k o v — G o o d m a n  [4, 5] fo rm ula  
f u r th e r  th e  re sp e c tiv e  resu lts o f th e  G LAG th e o ry  have  been u sed  [6 , 7, 4].

I n  our e x p e rim e n ts  th e  cu rv e  x  — C in te rse c ts  the  v alue  x = l /]/!> a t  
1.55 a t .  %  a lloy ing  m a te ria l c o n te n t, co n seq u en tly  in  th e  p resen t case Cc — 
— 1.55 a t. %  is th e  c ritic a l co n c e n tra tio n  w here th e  change in  ty p e  o f th e  su p er
c o n d u c tiv ity  occurs.

As fa r as th e  e lec tro n  specific h e a t coeffic ien t form ula

7  =  0,17 H c( 0 )2

T \ ( 1 )

h a v in g  a p a r t  in  th e  BCS th e o ry  [8 ] is va lid  h e re , i t  leads to  an  in te re s tin g  
re s u lt  based  on o u r  m easu red  d a ta . N am ely , th e  cu rv e  y  — C o b ta in e d  from  (1) 
h a s  a sharp  b re a k  a t  th e  critical c o n c e n tra tio n  Cc (F ig . 4) w hich in d ic a te s  th e  
occu rrence  of a seco n d  order p h ase  tra n s itio n . T h e  shape of th e  cu rv e  re flec ts  
th e  presence o f sin g le  electrons, ap p ea rin g  in  th e  critical p o in t, beside th e
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e lec tro n  p a irs , an d  th e ir  p h o n o n  in te ra c tio n  w hich  is d iffe ren t from  th e  p a ir  
in te ra c tio n  [9].

T he an aly tica l, d escrip t on  of th e  ch a rac te ris tic  e x p e rim e n ta l curves 
show n in  F igs. 1, 2 an d  3 w as ca rried  o u t b y  m eans of se lec tin g  a p robe  fu n c 
tio n , ta k in g  in to  co n sid e ra tio n  th e  n u m erica l d a ta  w h ich  ch a rac te rize  th e  
in v e s tig a te d  ph y sica l q u a n t i ty  in  th e  d isting u ish ed  p o in t C =  0 a t . %  an d  
C =  Cc. T h e  d e te rm in a tio n  o f th e  n u m erica l values an d  th e  co rrec tions o f th e  
p robe  fu n c tio n s w ere ca rried  o u t on a co m p u te r  ty p e  O D R A  1304.

T hus fo r th e  c o n c e n tra tio n  dependence o f th e  c ritic a l te m p e ra tu re  in  
th e  ran g e  C <  Cc u n d e r th is  p h ase  tra n s it io n  th e  re la tio n

T c =  k jC 2 -f- k 2C -j- k 3 , (2 )

К  =  0.097, k 2 =  0.015, k 3 =  T c [In] =  3.397, 

while in  th e  ran g e  Cc <  C 5 a t . %  th e  expression

Tc =  k 4C4 +  k 5C2 +  fceC2 +  k-,C +  fc8 (3)

fc4 =  - 0 .0 2 1 ,  k 5 =  0.308, k 6 =  - 1 .7 0 8 ,  fc7 =  4.246, k 8 =  0.118 

h a s  been  o b ta in ed .
A ccord ing  to  th e  m easu rem en ts  th e  cu rve  H cl(0) — C is n ea rly  lin ear, 

i. e. i t  c an  be described  w ith  th e  re la tio n

H ci(0) =  К С  +  k 10 , (4)

k 9 — 10.77, k 10 =  H c(0)[ln] — 276.

T he fu n c tio n a l re la tio n  H c(0) — C (n a tu ra lly  in  case of C >  Cc) is ch a rac te rized  
b y  th e  fo rm u la

H c(0) =  fe11 In (C — 1.20) +  k 12 , (5)

k u  =  104.4, k la =  402.6 ,

w hile th e  H c2(0) — C can  be  described  w ith

Я с2(0) =  fc1 3 l n ( C -  1.16) +  k14, (6 )

k 13 =  594, k 14 =  859.

F o r  th e  c h a ra c te r iz a tio n  o f th e  d iag ram  x  — C in t  th e  range  above Cc 
th e  re la tio n

x =  xc +  k 15(C -  C f 5 +  A16(C -  Cc) ~ 4' 5 (7)

fe15 =  0.811, k 16 =  - 0 .1 5 1

has been  app lied .
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The fo rm u lae  o b ta in e d  re f le c t th e  ex p e rim en ta l re su lt  on F igs 1, 2 and  
3 w ith  a v e ry  good a c c u ra cy . T he average  d ev ia tio n  fro m  th e m  is 0 .15%  in  
fo rm u la  (2), 2 .5 %  in  (3), 0 .1 %  in  (4), 0 .4%  in  (5), 1 .3 %  in  (6 ) an d  fin a lly  
0 .15%  in th e  re la tio n  (7).

I t  is e v id e n t t h a t  increasin g  th e  a d d itiv e  m a te r ia l in  th e  case o f o th e r  
su p erco n d u c tin g  alloys or com pounds of sm all x w ill re su lt  in  th e  discovered 
p h ase  tra n s itio n . I t  can  be ex p ec ted  th a t  th is  w ill be ch a rac te rized  b y  curves 
o f  sim ilar shape  an d  th u s  th e  fo rm ulae  (2) — (7) w ill be app licab le  for th e m  to o .
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ON THE POSSIBILITY OF PARTICLE CONFINEMENT BY
MULTIPOLE FIELDS

By

K . L . N agy

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST

(R eceived 5. IX . 1975)

Considerations are given concerning the possible confinem ent of particles due to their 
in teractions w ith m ultipole fields. I t  is argued th a t from a certa in  formal po in t of view, a p ro
perly  chosen lim it m -► 0 for the mass param eter of the m ultipole fields should be carried ou t 
only a t th e  very end of th e  calculations. The m ethod requires an artificial unitarization .

1. T he co n sid era tio n s w hich  follow  are co n n ec ted  w ith  som e problem s 
of p a rtic le  co n fin em en t v ia  an  in te ra c tio n  o rig in a tin g  from  a G reen ’s fu nc tion  
of th e  (p 2 -j- m2) - ", n 1, in teg e r ty p e . The w o rk  w as in itia te d  b y  th e  article 
of K isk is  [1]. A t th e  beg inn ing  we w ould  like to  em phasize  t h a t  th e  fo rm u la
tio n  o f th e  questions, th e  prob lem s a n d  (p a rtia lly ) th e  answ ers a re  n o t p a r t i
cu la rly  new . H ere w e q u o te  N a k a n ish i’s excellen t rev iew  artic le  [2].

Since th e  e a rly  w orks of H eisen ber g  [3] a n d  F roissart [4] we know  
how  to  co n stru c t a u to m a tic a lly  a f ie ld  th e o ry  w ith  a p ro p ag a to r o f  th e  requ ired  
ty p e . T h e  co n stru c tio n  co n ta in in g  ex p o n en ts  n 1 supposes in d e fin ite  m etric  
q u a n tiz a tio n , lead ing  to  m u ltipo le  ghosts. This can  be d irec tly  seen from  th e  
sp ec tra l re p re sen ta tio n

A '(x)  =  J  g(m2) A(x; m2)dm2, 
w here qA /dm2 im plies

g(m2) =  — ô'(m2).

T h e so lu tion  fo r th e  v alue  m =̂= 0 is co m p le te ly  w orked  o u t, w hile th e  
case m  =  0 leads to  som e p rob lem s. P a r t  o f th e m  is connec ted  w ith  th e  possible 
non  u n ita ry  e q u iv a le n t re p re se n ta tio n s  of th e  zero  m ass th eo rie s  an d  w ith  
u ltra v io le t  d ivergences. A n o th e r  im p o r ta n t  p o in t is  t h a t  th e  fie ld  th e o ry  w ith  
m =  0 possesses no m a n ife s tly  L o ren tz  co v a rian t so lu tions fo r th e  free fields 
[2, 5], (c.f. E q . (3)) a n d ,  th e re fo re , th e  co n stru c tio n  o f P  and  th e  s ta te  v ec to r 
space, e tc ., lacks th e  elegance o f th e  m  =И= 0 case. T hese p rob lem s are  qu ite  
tra n s p a re n t  in  [1].

T herefore  we p ro c e e d  in  th e  follow ing w ay :

i) F irs t  m =A= 0 is assum ed  fo r  th e  m ass o f th e  (scalar) m u ltip o le  field  
p artic les (g luons).
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ii) T hen  th e  p ro p e r  lim it m  —»- 0 is in v e s tig a te d  lead ing  to  th e  confine
m en t o f th e  ob jec ts  (q u a rk s)  w hich ex ch an g e  these  p a rtic le s .

W e m ust confess th a t  th e  fo llow ing co n sid e ra tio n s s te m  m a in ly  from  
o u r  a ttra c tio n  to  f ie ld  th eo re tica l m odels of som e basic  ty p e . T h ere fo re  i t  is 
q u ite  fa r  from  us to  suggest, th a t  th is  is th e  u lt im a te  so lu tion  o f th e  prob lem  
o f  th e  (possible) q u a rk  co n finem en t.

2. The L a g ra n g ia n  d en sity  o f th e  F roissart m odel [4] is g iv en  b y

L  =  — 8^ Адр В  — m2A B ----- -- A 2, (1)
Zi

m2 О, A is rea l, h a v in g  a d im ension  o f m ass sq u a re . T h e  fie ld  e q u a tio n s

( □  -  m2)A  =  0,

( □  -  m2)B  =  A A ,  (2)

possess th e  so lu tions

A  =  A 0, В  =  B 0 H------ — 1 +  — -XpQ  J  A  ? (3)
mz { Z J

w h ere  A 0 and  B 0 a re  free fields.
T he canon ica l fo rm alism  g ives th e  fou r-d im ensiona l c o m m u ta to rs  as

[A(x), A (x ')]  =  0 ,

[A(x). B (x ')  ] =  i A(x — x ';  m 2) ,

[ B (x ), B (x ')  1 =  a - ? — A(x  -  x '  ; m 2) . 
dm2

F o r  th e  em ission a n d  a b so rp tio n  o p e ra to rs  of th e  free  fields we h a v e  

[a , a ] =  [6. b] =  [a. a  + ] =  [b. b + ] =  0 ,

[a (k ), b + (k ') ]  =  [b(k), a  + (k ')] =  d(k  -  k ') ,  

a n d  th e  four m o m e n tu m  o p e ra to r  is

P ,  =  J d k  кM ia+(k) *(k) +  b+(k) o(k) +  - Z -  e +(k) a(k)
т л

T h e  s ta te  v ec to r sp ace  based  on th e  v acu u m  s ta te  | 0 >■

a | 0 >  =  h | 0 >  =  0, < 0 | 0 >  =  1

(4)

(5)

(6)

(7)

sh ow s th a t  ty p ic a l d ipo le  fie ld  s tru c tu re : in  th e  one p a rtic le  sec to r dipole 
g h o s ts ; in  th e  m a n y  p a rtic le  sec to rs m ultipo le  g h o sts  em erge.
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L e t us consider th e  in te ra c tio n  o f th is  f ie ld  w ith  a fix ed  source q v ia  th e  
in te ra c tio n

Li =  e(xMx) » <P(X) = giA(x) +  g2Bix\
( Я  =  £ « № ,( * )  -  L )  , (8)

w here g1 an d  g2 are re a l coupling  c o n s ta n ts . A n  e x a c t c a lcu la tio n  g ives [6] 
th e  s ta tic  in te ra c tio n  p o te n tia l

V  = glg2 e m|r| 
4ji Irl

g U
8 пт 2

me (9)

T h is  is th e  sam e re su lt as is g iven  b y  th e  low est o rd er p e r tu rb a tio n  
ca lcu la tio n  w ith

H i(x ) =  - £ i ( * ) ( 10)

This follow s from  E q . (4), w hich  y ields

[cp(x), 9?(*')] =  2 ig lg2 A(x — x'; m2) +

+  1Ъ- - А ( х  — x'-, m2) .  (11)
am 2

T hus th e  v a cu u m  v a lu e  o f th e  T  p ro d u c t is f ix e d  b y  E qs. (3), (4), (5), (7) 
and  (11).

I n  an  a b b re v ia te d  n o ta tio n  E q . (9) m ay  be w r it te n  as
- m r

V{r)  =  ------- (oc +  ß m r ) ,  (12)

a  an d  ß  are  re a l d im ensionless c o n s ta n ts . I f  a  0, ßm  Js» 0, m  is sm a ll, th is  
p o te n tia l gives rise to  a r a th e r  s tro n g  b in d in g . E x p a n d in g  exp  (—mr) a ro u n d  
m  =  0 we have

V(r) =  ■—  +  m ( /? + a ) +  m2r -----/?j +  0 ( m 3).

I f  for m  sm all

—  — ß = ----- , К  f in i te  (13)
2 m2

lim  V(r) =  —  - j-C + K r ,  (14)
m—0 г

b u t e ith e r  a , o r C d iverges.
C onsidering E q . (3) o r (6) one n o tices t h a t  th e  lim it m  ->  0 sh o u ld  be 

carried  o u t w ith  Xm2 f ix ed .
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3. One c a n  ge t rid  qu ite  easily  of th is  p ro b lem  using th e  L a g ra n g ia n  [7]

L  =  -  —  (dliBdlLB  +  m 2B 2) (д ^ А д ^ С + т 2 AC) -  X A B  (15)
2

in s te a d  of (1). T h e n

( □  -  m2)A  =  0 ,

( □  — m2)B  - I A  , (16)

( □  -  m2)C =  XB .

I n  a n  analogous w ay  to  E qs. (3), (4) an d  (5), one can  in tro d u c e  free fie lds 
A 0, B 0 an d  C0 w ith

W k ), c + (k ') ]  =  [c + (k), a (k ') ]  =  [fc(k), b + (k ')] =  6(k -  k ') ,

o th e r  c o m m u ta to rs  van ish , from  w hich  P  can  be co n stru c ted , a n d  th e  v acu u m  
s ta te  can  be defined .*

The s ta te  v e c to r  space co rresponds to  th e  s itu a tio n  w here  in  th e  one 
p a r tic le  sec to r d ipole and  trip o le , in  th e  h ig h er secto rs m u ltip o le  g h o st s ta te s  
a re  p resen t.

W ritin g

<p(x) =  g i4 (x )  +  g2B(x) - f  g 3C(x),

\<f(x), ^ (я ') ]  =  i{a A{x — x ';  m2) +

b X ------ A(x x ' ; m2) сЯ2
Эш2

a2
9 ( m 2):

■ A (x (17)

th e re fo re  we h av e
p -m r

V(r) = -------- (a +  ßmr +  ym 2r2) ,
r

a, ß , у  re a l d im ensionless. (18)

T h e  sign of у  is positive , since i t  is p ro p o rtio n a l to  g\X2. T he  p o ss ib ility  o f a 
s tro n g  b in d in g  is ev iden t.

T ak in g  th e  lim it m —► 0, w ith  Xm~2 f ix e d ,

lim  V(r) =  —  + A  +  K r, (19)
m—0 г

i f  a  ~  a , ß  ~  А /m, у  ~  К /т 2 fo r  sm all m.

* The identity
rsA "I

i ^ = - è s < 2+x^ A
is erroneously written in [6, 7], therefore there some numerical constants are wrong. Cf. how
ever, [2, 8, 9].
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I n  [8, 9] one can  find  th e  fo rm  of th e  L ag ran g ian s w h ich  co n tin u e  th e  
seq u en ce  (17) or (18) i f  req u ired . T h e  n e x t s tep , in  th e  a p p ro p ria te  lim it, gives 
e.g . a n  o sc illa to r p o ten tia l.

4. A lthough m ultipole fie ld  theories require a quantization w ith  inde
fin ite  m etric, based m ainly on H e is e n b e r g ’s suggestion [3] i t  w as thought 
th a t such a th eory  is physically unitary. The proof m ay be called  [2] the  
A sco li—M in a r d i theorem  [10].*

I t  tu rn e d  o u t [2, 11, 12, 13], how ever, t h a t  th e  use of m u ltip o le  ghosts 
does n o t g u a ra n te e  a u to m a tic a lly  th e  u n i ta r i ty  o f th e  p h y sica l S  m a tr ix . 
G en era l u n ita r iz a tio n  m ethods are  q u o te d  in  [2, 6], fo r dipole g h o sts  (see [11, 
1 4 ,1 5 ,1 6 ]) . T herefo re , fo r p rev en tin g  th ese  ty p es  o f  gluons to  em erge in  a s c a tte r 
ing , som e u n ita r iz a tio n  m ethod  m u s t  be used. O ne o f th em  o rig in a tin g  from  
an  o ld  t r e a tm e n t o f  an  e lec tro d y n am ics w ith o u t p h o to n  p ro d u c tio n  (used  
m ore re c e n tly  b y  S udarshan  [17]) seem s to  be  in  favour n o w ad ay s  [18]. 
T h is m e th o d  ta k e s  th e  p rinc ipa l v a lu e  in te g ra l in s te a d  of th e  u su a l ie p re 
sc rip tio n .

5. E qs. (13) a n d  (18) req u ire  th a t

g2 ~  —— - ,  m2 s m a l l .
m 2

Since th e  o th e r m ass  d im ension p a ra m e te r  is f ix e d  b y  Am-2 =  consts . (Cf. 
E q s. (4), (6) an d  (15)), th e  s ta n d a rd  f ie ld  th e o re tic a l tre a tm e n t gives

M

w here M  is th e  m ass o f  th e  p a rtic le  (q u ark ) to  w h ich  th e  m u ltipo le  fie lds are 
coup led . I n  th e  m ore  so p h is tic a ted  language o f  th e  ren o rm a liza tio n  group 
m e th o d , E q s . (13) o r  (19) m ay re flec t on ly  th e  a sy m p to tica l b e h a v io u r  o f g\.

*

W e are deeply indeb ted  to Dr. K. Lad án yi for m any in teresting  discussions.
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PROPAGATION OF A HYDROMAGNETIC SHOCK WAVE 
IN A STEADY FLOW OF AN IDEAL DISSOCIATING GAS
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The propagation of a hydromagnetic shock wave in steady flow of an ideal dissociating 
gas is discussed. The variations of flow and field parameters along the direction of propagation 
of the shock are determined. It is shown that the effects of dissociation on the generation of 
vorticity and current density vanish, if the magnetic field is applied in the direction of propaga
tion of the shock.

1. In tro d u c tio n

I n  dealing  w ith  p rob lem s o f hyperson ic  f lig h t a t  h igh  a ltitu d e  a te m p e ra 
tu re  o f  m a n y  th o u sa n d  degrees o f K elv in  can  easily  he a tta in e d  d u rin g  f lig h t 
as th e  k in e tic  energy  o f th e  re -e n te rin g  c ra f t is d iss ip a ted  b y  th e  a tm o sp h eric  
gas th ro u g h  shock  co m p ress io n  a n d  viscous h e a tin g . T he a ir  m olecules, a tom s 
a n d  o th e r  species w hich  a b so rb  th is  k in e tic  energy  m a y  go th ro u g h  a change 
o f  chem ical com position . In  th e  te m p e ra tu re  range  from  1000 °K  to  7000 °K 
th e  on ly  chem ical reac tio n  in v o lved  is t h a t  o f d issoc ia tion  a n d  th u s  the  
io n iza tio n  an d  e lec tron ic  e x c ita tio n  m ay  he n eg lec ted . T he p ro b lem  of 
in c o rp o ra tin g  th e  effects o f  th e  la rg e  energy  c h an g e  in v o lv ed  in  d issocia tion  
in to  th e  s ta n d a rd  th e o ry  o f gas flow  ap p ea rs  a t  th e  sam e tim e  so im p o r ta n t 
an d  so fo rm idab le  th a t  i t  is w o rth  ap p ro a c h in g  slow ly. One ca n  usefu lly  
beg in , on b o th  th e  th e o re tic a l an d  ex p e rim en ta l sides, b y  e lim in a tin g  th e  less 
e ssen tia l com plica tions w hich  arise from  th e  d e ta iled  com position  o f  a ir , and  
s tu d y in g  th e  dy n am ics o f a p u re  d issocia ting  d ia to m ic  gas. T h u s, th e  p resen t 
w ork  is con fined  to  th e  s tu d y  of th e  effects o f  n o n -eq u ilib riu m  in  m olecu lar 
d issoc ia tion  an d  a to m ic  reco m b in a tio n  in  an  in v isc id  flow  p ro b lem  only . The 
fo llow ing assu m p tio n s are  m ade:

(i) T he m olecu lar tra n s p o r t  effects lead in g  to  v isco sity , d iffu sion  and  
h e a t  co n d u c tio n  o f th e  gases are neg lec ted ;

(ii) A d ia to m ic  gas m ix tu re  is assum ed  an d  each  c o m p o n en t o f  th e  
re a c tin g  m ix tu re  is assum ed  th e rm a lly  pe rfec t;

(iii) I n  th e  te m p e ra tu re  ran g e  1000 °K  ~  7000 °K , fo r d ia to m ic  gases, 
th e  c o n tr ib u tio n s  o f energy  from  electron ic  e x c ita tio n  an d  io n iz a tio n  are 
b o th  assum ed  negligible,
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(iv) A t te m p e ra tu re s  w here d issocia tion  is im p o r ta n t , th e  ra d ia tio n  
h e a t  loss from  th e  gas m ix tu re  m a y  n o t  be neg lig ib ly  sm all. H ow ever, in  o rd e r 
to  s im p lify  the  p ro b le m , we exclude  such  an  effect.

L ig h th ill  [1] in tro d u c e d  a n ew  gas m odel te rm e d  as ‘id ea l d issoc ia ting  
g as’ a n d  deduced th e  ob lique shock  w av e  re la tio n s  in  th e  s tro n g  shock  a p p ro 
x im a tio n . C onsidering an  ideal d isso c ia tin g  gas a n d  a ra te  e q u a tio n  o f his 
ow n , F reem an  [2] s tu d ie d  some o f th e  m ajo r fe a tu re s  o f n o n -eq u ilib riu m  flow s 
p a s t  a b lun t b o d y . E p s t e in  [3] s tu d ied  th e  p ro b lem  of n o n -eq u ilib riu m  
d isso c ia tiv e  flow  b e h in d  a p lan e  ob lique  shock. Ca p ia u x  an d  W a sh in g to n

[4] h a v e  in v es tig a ted  th e  n o n -eq u ilib riu m  d issoc ia tive  flow  p a s t a w edge b y  
a ssu m in g  the  gas to  b e  L ig h t h il l ’s d issocia ting  one. H s u  [5] d e te rm in e d  th e  
f lo w  grad ien ts b e h in d  a curved  sh o ck  in  d issoc ia tin g  gases. H s u  a n d  A n d er so n

[6] o b ta in ed  th e  v a r ia tio n s  of p re ssu re , d en sity , te m p e ra tu re  a n d  degree o f 
d isso c ia tio n  along th e  s tre a m  lines in  a n o n -eq u ilib riu m  flow  o f a d ia tom ic  gas 
b e h in d  a plane o b liq u e  shock. I n  th is  p a p e r keep ing  in  m in d  th e  a fo rem en tio n ed  
a ssu m p tio n s  (i) — (iv ), w e shall s tu d y  th e  d o w n -stream  effects o f th e  p ro p a g a tio n  
o f  a  h y d ro m ag n e tic  shock  in  a s te a d y  flow  of an  id e a l d isso c ia tin g  gas. F o r  
s im p lic ity  we shall assum e th e  u p s tre a m  flow  to  be u n ifo rm  an d  frozen .

2. B asic  equations

F o r a m ix tu re  o f  perfect gases, th e  c o n tin u ity  eq u a tio n  of th e  Ith species
is [7]

e(u • vK =  Oi > (2-1)
w h e re  g and u  d e n o te  the  d e n s ity  an d  v e lo c ity  v ec to r  fo r th e  m ix tu re . <r(- 
d e n o te s  the m ass r a te  o f p ro d u c tio n  of species i p e r  u n it  vo lum e b y  chem ical 
re a c tio n  and a,- dff' p,/p is th e  m ass frac tio n  o f th e  i th species. T h e  m ag n eto - 
g a sd y n am ic  flow  eq u a tio n s  fo r th e  m ix tu re  are

e ( w u ) +  « •  v e  =  0 » (2 -2 )

p(u • v )u  +  V iH — —  H  X (у  X H ) =  0, (2.3)
4 я

(u - v )H  — (H  • v )u  +  H ( v - u )  =  0 ,  (2.4)

pu • y h  — u  ■ VF =  0, (2.5)

w h e re  p , H  an d  h a re  re sp ec tiv e ly  th e  p ressure , m ag n e tic  f ie ld  v e c to r  a n d  th e  
e n th a lp y  w hich fo r  th e  d isso c ia tin g  gas m ix tu re  is g iven  b y  a fu n c tio n a l 
r e la t io n  of th e  fo rm :

h =  h(p, g, a,) . (2.6)
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A  sim ple d issoc ia ting  gas is d efin ed  as a gas m ix tu re  re su ltin g  from  a dissocia
tio n  re a c tio n  in  a  sy m m e tric a l d ia to m ic  gas A 2, each  A 2 m olecule being  m ade 
u p  fro m  tw o  A d a to m s. T h e  re a c tio n  is

К/
A 2 +  A 3 < * 2 A X 4- A 3,

Kr

w here  th e  species A 3 can  be e ith e r  A 2 or A d an d  Кj  an d  K r are  th e  re a c tio n  
r a te  c o n s ta n ts  fo r th e  fo rw ard  a n d  reverse  reac tio n s. T h e  th e rm a l eq u a tio n  
o f s ta te  fo r a sim ple d issoc ia ting  gas is g iven b y  [8]

P =  ( 1 +  *)eR T , (2.7)

w h ere  T , a  an d  R  a re  re sp ec tiv e ly  th e  te m p e ra tu re , a to m  m ass frac tio n  or th e  
deg ree  o f  d issoc ia tion  an d  th e  gas c o n s ta n t fo r A 2. A flow  in  w h ich  a  rem ains 
c o n s ta n t, is said  to  be frozen .

E q . (2.6) fo r a sim ple d issoc ia ting  gas u n d e r  ou r sim p lify ing  assum p
tio n s , c an  be w r itte n  as [9]

h = a) exp R T  +  x D ,

w here  T v a n d  D  are  th e  c h a ra c te r is tic  te m p e ra tu re  fo r v ib ra tio n  an d  d issocia
tio n  en e rg y  p e r u n it  m ass, re sp ec tiv e ly . F o r  L ig h t h il l ’s id ea l d issocia ting  
gas m odel th e  above e q u a tio n  red u ces  to  th e  fo rm :

h =  (4 +  ol)R T  +  xD  , (2.8)

an d  th e  c o n tin u ity  eq u a tio n  (2.1) can  he w r itte n  as [10]

u - у *
4дД2КД1 +  «)

R 2T 2d
x) exp (2.9)

w here T d an d  od a re  re sp ec tiv e ly  th e  ch a ra c te ris tic  te m p e ra tu re  a n d  ch arac 
te r is tic  d e n s ity  fo r d issoc ia tio n  d e fin ed  b y  L ig h t h il l  [1]. A lth o u g h  Qd is a 
fu n c tio n  o f T , i t  h as  been  seen t h a t  th e  v a r ia tio n  o f  gd over th e  te m p e ra tu re  
ran g e  1000 °K  ~  7000 °K  is v e ry  sligh t. H ence  fo r p ra c tic a l pu rp o ses  th e  
usefu l s im p lifica tio n s o f reg a rd in g  gd as a c o n s ta n t shou ld  le a d  to  neglig ib le 
e rro rs. T h is ap p ro x im a tio n  w ill be m ade th ro u g h o u t th e  w hole analysis .

U sing  (2.2), (2.3), (2.7), (2.8) an d  (2.9) in  (2.5) we get

u  • VP +  Qaf  V •u  =
4g K r D 2 
3 R 2T 2d

{ З р - д Д ( 1 + а ) 2} .

j? d ( l — «) exp ( 2. 10)
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w h e re  a , is the  fro z e n  speed  o f sou n d  given by

<*f = — e
dh
dg PA

dh
dp

3. Flow variations behind a shock

W e assum e t h a t  th e  shock  su rface  is a n a ly tic  a n d  all th e  flow  v ariab les  
a re  co n tinuously  d iffe ren tiab le  o v er th e  shock  su rface . T h e  o r ie n ta tio n  o f th e  
s h o c k  surface is sp ec ified  a t  an y  p o in t b y  th e  u n it  n o rm a l v ec to r n , w hich  is 
a s su m e d  to  be d iffe re n tia b le  a long  th e  surface. T h e  g eom etrica l co n fig u ra tio n  
o f  th e  shock su rface  can  be rep re se n te d  b y  r  =  r ( y I,y 11), w here y ß(ß =  I ,  I I )  
a re  th e  G aussian  co o rd in a tes . W e shall now  co n sid er all v e c to r  q u a n titie s  
decom posed  in  a fo rm  w ith  re sp ec t to  th e  shock su rface  in to  a n o rm a l com 
p o n e n t  and a tw o  d im ensional ta n g e n tia l  vec to r. T h u s  th e  E q s. (2.2) — (2.4) 
a n d  (2.10) can be  w r it te n  in  th e  fo llow ing form s:

en • (n • v)u +  e v r  u +  u nin  ■ v)(? +  ui • Vi e =  0 » (3-i)

gun (n • v )u  +  g(u, • y ,) u  +  n(n • y )p  +  —1— n(n • у )Я 2 +
8л

V/ P  +
I F
8л 4л

{Я „(п .у )Н  +  (Н г у,)Н } =  0 , (3.2)

u n(n • V)H +  (и, • V í)h  -  н п(а ■ V)u -  (h í • V í ) u +  {n  • (n • v )u  +  y< • U}H =  0,
(3.3)

uÁn ■ v)p +  QO-) n • (n • y )u  +  Qaf y , • u - f  и( • у , p  =

4g D 2 K r 
3 R 2 T l

{ 3 p - g D { l  + a ) 2} 6 d ( 1 X) exp (3 .4)

w h e re  the su b sc r ip t t on th e  n a b la  o p e ra to r  in d ica te s  th a t  on ly  th e  ta n g e n tia l 
p a r t  o f the  d e r iv a tiv e  is in c lu d ed  an d

Un =  u - n ,  H n — H - n ,  u , = n X  (u X n ) ,  H , =  n x ( H x n ) .

The fu n d a m e n ta l sy stem  o f eq u a tio n s  fo r th e  d isc o n tin u ity  in  an  ideal 
d isso c ia tin g  M G D  flow  is [11]

Qium
4 + «  !

1 +  « J
—  + * D +  A - n2+  - ± -  H 2] =  Я 1п[Н < • и?]/4тг,
Q 2

[p] +  Ql Uln [»„] +  [Н?]/8тг =  0,

Qi “ in Ы  =  H in  [H (]/4 tt,

H in [ u t] =  [ u n H , ] ,

(3.5)

(3.6)

(3.7)

(3.8)
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w here th e  sq u a re  b ra c k e t deno tes th e  ju m p  in  th e  q u a n t i ty  enclosed across 
th e  d isc o n tin u ity  i.e . [z] — z — zv  w here z(zx) are  th e  va lu es  o f  z e v a lu a te d  
ju s t  d o w n stream  (u p stream ) o f  th e  d isc o n tin u ity  surface. W e define  th e  d e n s ity  
s tre n g th  ô o f th e  d isc o n tin u ity  b y  th e  re la tio n  ô =  [ ç ] /^ .  T h en , using  th e  
cond itions [gun] =  0 an d  [H n] =  0 in  (3.6) —(3.8) we get

Ы  =  <5(47* ei <  -  <5H \n -  H in )-1 H ln u ln U l t , 

[H ,]  =  4^d(4Trp1uf„

H? 1
P +

8я

ô m n - m n) - i e i uinHu , 

= <5(1+<5)_1 U?„, (3.9)

[»n] =  — <5(! +<5) 1 »m .
T he s tre n g th  ô o f th e  shock can  be d e te rm in e d  e ith e r  b y  o p tica l m e th o d s such  
as th e  T oep le r S ch lieren  tech n iq u e  or in  te rm s  o f th e  flow  p a ra m e te rs  ju s t  
in fro n t o f th e  shock  an d  th e  degree  o f d issoc ia tio n  a  b y  using  (3.9) in  (3.5). 
Also, from  (3.9), we o b ta in

[u] =  -  <5(1 +  i ) - i  uln n  +  < 5 (4 ^  u \n +  H \n -  ÔЩ п) - г »in H ln П и . (3 .10)

[H ] =  4лвг и \п 0(4лб1 и \п -  Н \п -  0Щ п) - '  Н к  . (3.11)

I f  we su ppose  t h a t  th e  flow  u p s tre a m  fro m  th e  shock  is un ifo rm  an d  
know n, we h a v e

Vi »in — ff  ' иш Vi Я  in =  f f  ' Hi/ » (3.12)
w here К  is th e  c u rv a tu re  te n so r  o f  th e  shock  su rface . K eep ing  in  v iew  o u r 
a ssu m p tio n  on  th e  u p s tre a m  flow  a n d  u s in g  (3.12) we can  easily  o b ta in  th e  
[7 ,-d eriva tives o f flo w  v a riab le s  a t  th e  re a r  o f  th e  shock  su rface is te rm s o f th e  
know n p a ra m e te rs  [12].

B y  v ir tu e  o f  (3.2), (3.3) an d  (3.4), we o b ta in

n . S?H2 =  — {Я*( 1 -  M f) -  M f  H,2} { n . (n ■ у )  u  +  Vi •«}  +
un Mf

+  —  { H  • (H , • V/) «  -  H  • (u , • V/) H }  +  (3.13)
»n
9jfJ f  rx

4 ---------T ~ \ — - { F  + и г ^ 1 Р ) \ г - е К - { и г у , ) и -  H f V t P  ,
e»n l »n

=  v (say ),
w here

and

F

Mf =  »n/«/

4 qD 2 K r  
3R 2 T 2d

{ qD (  1 +  « )2 3 p } Pd(l — *) e x P
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N ow , ta k in g  d o t p ro d u c t of (3.2) w ith  n  an d  using  (3.4) an d  (3.13), we get

n  • (n • y )  u  =
4 7i[mn

Я 2 +  —  v , - u  +  
M- Qu2n

( F + u r V /P) +

+  H  (u r  V/) H  —H  ■ (H , • Vi) u  — 4лдип n  • (u, • y ,) u  +  

+  ^ = - H f . Vf P +  —  H ( u r V , )u
Qun

=  ß  (say)>
w here  ft =  (4л и пМ ))~ х {X{M j -  1) -

a n d  X =  4 л qu„ — H 2 .

(3.14)

T h e  eq u a tio n  (3.14) de te rm ines th e  v a lu e  o f n  • (n  • y )u  in  te rm s  o f  th e  
shock  g eo m etry  a n d  th e  flow  ju s t  in fro n t o f th e  shock . T he q u a n titie s  w hich  
c a n  be ex p ressed  in  te rm s of th e  shock  g eo m etry  a n d  th e  flow  p a ra m e te rs  
ju s t  ahead  o f  th e  shock, w ill be u n d e rs to o d  as effec tively  ca lcu la ted , because 
su ch  q u a n titie s  d ep en d  only on th e  sh ap e  a n d  s tre n g th  of th e  shock a n d  flow  
cond itions u p s tre a m  from  th e  shock  [13]. I f  we s u b s titu te  from  (3.14) in  (3.13), 
w e get th e  effec tiv e  d e te rm in a tio n  o f n  • \ /Я 2( = г ) .  U sing  (3.14) in  (3.4) an d  
(3.1) we get

n  • v p  = ----- —  {eßaj +  QOf V r  u  +  u i • Vi P  +  F )  » (3.15)

n -  v e  = ( e ß + v v t e  +  e v r u )-
F ro m  (3.2) an d  (3.3) we get

(3.16)

(n  • V) «  =  — 4 л
vu„Qßaj -  +  Qa} у« • u + u ( • Vtp + F )n + H n(Ht • V; u
8л

u, • у ,  H  — H V i  • U /ЗН) +  un H , • V i  H  — 4л()ип u , • y ,  u  —

4 ^  u n Vi ( р + Я 2/8я) 1 , (3.17)

(и • у )  H  =  —  |47igMn(H i • Vi u  — u ( • Vi H  — Н у , • u  — ßU)

—  H n H f  V/ H  -  4>л H n Vi 

4ttH

H 2 \
P +  -г— — 4nqH n u; • Vi «  +

8 л  ]

vu„
-  \Qßaf +  (?«/ V í - u + U í - V / P ----- ~  +  F

8 n
(3.18)

T h u s  E qs. (3.15) — (3.18) d e te rm in e  th e  v a ria tio n s  o f flow  an d  fie ld  p a ra m e te rs  
in  th e  d irec tio n  o f p ro p ag a tio n  o f th e  shock.
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4. Determ ination o f the curvature of stream  lines

I f  % a n d  f] are th e  u n it  ta n g e n t a n d  no rm al v e c to rs  re sp e c tiv e ly  to  a 
s tre a m  lin e , th e n  we have

kri =  —  ( u - y ) Ç ,  (4.1)
и

w here u2 =  u • u and  !* =  u /u .

I n  consequence of (4.1), we get

k2 =  u -4  {b 2 — u~2 (u • b)2} , (4.2)
w here  b =  ип( п ' у ) и + ( и ( . у , ) п .

T h e va lu e  o f  (n • y )u  in  te rm s  o f  effec tively  ca lcu la ted  q u a n tit ie s  is  g iven  b y  
E q . (3.17) a n d  (u, • y ()u is obv iously  an  effec tively  c a lc u la te d  q u a n ti ty .  
T h u s  E q . (4.2) effectively  d e te rm in es th e  c u rv a tu re  o f a  s tre a m  lin e  a t  th e  
re a r  o f th e  shock  surface.

5. Vorticity and current density generated by the shock

T he v o r t ic i ty  v ec to r to a n d  th e  c u rre n t d en sity  v e c to r  J  c an  be w r it te n  as 

to =  n x  ( n - y ) u + V f X u ;  4ttJ  =  n x  ( n - y ) H - f  y , x  H . (5.1)

T ak in g  cross p ro d u c t o f (3.17) a n d  (3.18) w ith  n an d  using  (5.1) w e g e t

to =  n x  —  { H n(U r  y ,  u — u, • v< H -  H,V; • u — /5H() + u „ H r  у , H -  
À

— 47iQun u ; • y ( u  — 4ti un y t (p  +  Н 218л)} +  y ( x u ,  (5.2)

J  = y , x H + > ) X  у { Я п H ' ' V / H  — 47iHn у t(p  +  Я 2/8тг) — 4лд Н п u , • y (u +

4тгри„(Нг у ,и  - и , * у , Н  — Н , у ( »и — /5Н,)} . (5.3)

E q s . (5.2) a n d  (5.3) e ffec tively  d e te rm in e  th e  v o rtic ity  a n d  c u rre n t d en sity  
g en era ted  b y  an  oblique h y d ro m ag n e tic  shock  in  a s te a d y  flow  o f a n  id ea l 
d isso c ia tin g  gas. W hen  th e  m ag n e tic  fie ld  is a c tin g  along th e  d irec tio n  o f  p ro p 
a g a tio n , th e  d e riv a tio n  o f v o r t ic i ty  an d  c u rre n t d en sity  g e n e ra te d  b y  a shock  
o f  g iven s tre n g th  is in d e p e n d e n t o f th e  th e rm o d y n a m ic a l b e h a v io u r o f  th e  
f lu id . H en ce , fro m  (5.2) an d  (5.3) we a rr iv e  a t  th e  follow ing conclusions:

The generation o f vorticity and current density behind a hydromagnetic 
shock in  dissociating gas flow s will, in  general, depend on the dynam ical as 
well as thermodynamical behaviour o f the gas flow . The effects o f dissociation 
on the generation o f  vorticity and current density vanish, i f  the magnetic fie ld  is 
acting in  the direction o f propagation o f the shock.
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APPROXIMATIVE METHODS IN THE SEMICLASSICAL 
THEORY OF MULTIPHOTON PROCESSES

By
J .  B e r g o u

CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

(Received 16. X. 1975)

The present work aim s a t  giving a theoretical background for the several theoretical 
m ethods existing in  th e  lite ra tu re  describing m ultiphoton processes. W ithin th e  framework of 
th e  semiclassical theory  a general expression for the m ultiphoton transition  probab ility  is given 
— using th e  form al tim e-dependent theory  of scattering and th e  general properties of the Schrô
dinger equation of the problem . The am plitude of the m ultiphoton transition  is a  generalisation 
of the sta tionary  transition  opera to r for th e  non-stationary  case. Using the general expression 
of th e  transition  probability  we compare th e  different non-perturbative approaches w ith the 
p e rtu rba tion  theory  and establish  the lim its of their applicability.

1. In. recen t y ea rs  a g rea t th e o re tic a l in te re s t  h as  deve loped  in  th e  
d esc rip tio n  of processes in v o lv in g  m a n y  ph o to n s in  one tra n s it io n  in  connec
tio n  w ith  th e  d ev e lo p m en t o f pow erfu l lig h t sources a n d  d e tec tio n  techn iques. 
A lth o u g h  p e r tu rb a tio n  th e o ry  h as  becom e fu lly  accep ted  in  sem iclassical 
e lec tro d y n am ics, its  ap p lic a b ility  to  th e  non -linear in te ra c tio n  o f v e ry  in tense 
ra d ia tio n  w ith  m a tte r  is d o u b tfu l. D ue  to  th e  k n o w n  d ifficu lties o f  p e r tu rb a 
tio n  th e o ry  som e o th e r  m e th o d s — essen tia lly  b a sed  on n o n -p e rtu rb a tiv e  
ap p ro ach es — h av e  b een  w orked  o u t d u rin g  th e  d ev e lo p m en t o f  th e  theo ry . 
T h e  m o st p rom ising  o f th e se  m e th o d s are th e  d iffe ren t k inds o f quasic lassica l 
(W K B ) ap p ro x im a tio n s . I n  th ese  ap p ro x im a tio n s  one m u s t p e rfo rm  a one-step 
p e r tu rb a tio n  th e o re tic a l ca lcu la tio n  fo r  th e  tra n s i t io n  p ro b a b ili ty  betw een 
such  s ta te s  th a t  in  one o f  th e m  — u n d e r c e r ta in  cond itions — th e  in flu 
ence o f th e  e x te rn a l f ie ld  is p ro p erly  ta k e n  in to  a cco u n t. T his s ta te  m ay  be th e  
in itia l (bound) as w ell as th e  final (free) s ta te . T h e  pu rpose  o f  th e  p resen t 
p a p e r  is to  p rov ide  a g en era l th e o re tic a l b ack g ro u n d  fo r  th ese  m e th o d s and  
to  m ake a com parison  b e tw een  th e ir  re su lts .

2. I n  th e  sem iclassical e lec tro d y n am ics o f b o u n d  system s th e  H am il
to n ia n  read s:

H = H 0 +  H ',
w here

t f o = - ^ - V 2 + U ( r )  (La)
2m

is th e  a to m ic  H a m ilto n ia n , w ith o u t e x te rn a l fie ld . H '(t)  is th e  in te ra c tio n  te rm
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betw een, th e  a to m  a n d  th e  e x te rn a l  field . W e a lw ays in tro d u c e  th e  d ipole 
a p p ro x im a tio n  in  th is  te rm , i.e . w e m ay  alw ays n eg lec t th e  sp a tia l  v a r ia tio n  
o f  th e  field. T he fo rm  of H '(t)  m a y  be fu rth e r  specia lized  b y  u sin g  e ith e r  th e  
v e c to r  p o ten tia l (w ith  th e  gauge d iv  A  =  A 0 =  0) or th e  sc a la r  p o te n tia l 
(A  =  0). The in te ra c tio n  H a m ilto n ia n  in  th e  f i r s t  case is

H[ = e  A  I eA p  +
mc 2 me2

A 2 , ( l .b )

w h ile  in  th e  second  case
H'2 =  —eEx . ( l .c )

In  th e  d ipole  a p p ro x im a tio n  (w hen E  and  A  d ep en d  on ly  u p o n  th e  tim e) 
th e  tra n s itio n  fro m  H ((t) to  H'2(t) m a y  be e stab lish ed  b y  a u n i ta ry  tra n s fo rm a 
t io n ;  fu rth e rm o re , th e  p e r tu rb a tio n  series in  te rm s  o f H[ tra n s fo rm  in to  th e  
a p p ro p ria te  series o f  H'2. W e h a v e  th e re fo re  co n c lu d ed  th a t  th e  re su lts  do n o t  
d e p e n d  on th e  specific  form  o f th e  in te rac tio n  H a m ilto n ian .

The S ch rô d in g er eq u a tio n  o f  th e  field-free p ro b lem  can  be  w ritte n  as

ihM L = HofW, (2.a)
0t

w h e re  th e  su b sc r ip t i  denotes th e  i - th  e ig en sta te  o f  H 0. F o r  an  a to m  in  th e  
p resence  of an  e x te rn a l fie ld

ih  =  H f i . (2.b)
Э t

In  our case th e  to ta l  H a m ilto n ian  ch an g es p erio d ica lly  in  tim e : 
H (t  +  T) =  H (t), w here  T = 2 jr/co  is th e  freq u en cy  o f  th e  e x te rn a l fie ld . F ro m  
g ro u p  th eo re tica l co n sid e ra tio n s [1] we th e n  o b ta in  a general so lu tion  o f th e  
fo llow ing form :

f i(x , t) =  ex p  j— y  st 

w h ere  for Uj(x, t) th e  follow ing re la tio n  holds

Ui(x, t) , (3 .a)

H/(t) =  M,(t +  T) (3.b)

a n d  e, is th e  so -ca lled  quasi-en erg y . The in itia l co n d itio n  fo r (3 .a) is yi,(t) —► 
- >  V ? \t)  if  t —>■ — oo. T he d e fin itio n  o f th e  q u asi-en erg y  is u n am b ig u o u s up  to  
a n  ad d itiv e  te rm  o f ncoh. I f  we re q u ire  £,■-> E- ( th e  e igenenergy  o f  (2 .a)) w hen  
H '  —> 0, th e n  Sj is defined  u n am b ig u o u sly .

3. The u su a l w ay  of d e fin in g  th e  tra n s it io n  p ro b a b ility  b e tw een  fie ld - 
free  s ta te s  is r e la te d  to  th e  e x p a n s io n  of ip/ g iven  as a pow er series o f 1Г  in  
te rm s  of гр^К I f  o u r so lu tion  of (2 .b) to g e th e r w ith  th e  p ro p er in it ia l  co n d itio n s
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is  n o n -p e r tu rb a tiv e  we need  a n  ex ten sio n  o f th e  d e fin itio n  o f th e  re-photon 
tra n s it io n  p ro b a b ili ty  (w ith o u t re fe rring  to  th e  a p p ro p ria te  o rd er of th e  p e r
tu rb a t io n  series). T h is ex ten sio n  w ill he ca rr ied  o u t in  th e  follow ing using  th e  
lan g u ag e  o f th e  tim e -d e p e n d e n t sc a tte rin g  th e o ry . гр( sa tisfie s  th e  follow ing 
in te g ra l e q u a tio n :

V’í(t) =  # ( 0 + j ! 00dí'Go+ (í (4)

H ere  Gg(t — t')  is th e  re ta rd e d  G reen’s fu n c tio n  o f eq u a tio n  (2 .a) an d  
th e  in d ex  i re fe rs  to  th e  in it ia l  cond itio n , i. e. in  th e  lim it  f — — oo, y)j(t) —> 
—> ipŸ\t) re p re se n ts  th e  i- th  s ta t io n a ry  so lu tion  o f  (2 .a). T h e  u p p e r  lim it o f th e  
in te g ra tio n  in  (4) is c learly  t due  to  re ta rd a tio n . U sing ad ia b a tic  sw itch ing  
o f th e  p e r tu rb a tio n  th e  se t o f in  a n d  ou t s ta te s  is th e  sam e. B y  d e fin itio n  th e  
s c a tte r in g  o p e ra to r  S  describes a ll th e  possib le tra n s itio n s  from  a given s ta te  
u n d e r  th e  in flu e n c e  o f an  e x te rn a l field . T he m a tr ix  e lem en t o f S  be tw een  tw o  
s ta te s  i an d  f  g ives th e  tra n s i t io n  betw een  th e se  s ta te s . O n th e  o th e r h a n d , 
th is  m u st co incide  w ith  th e  ex p an sio n  of (4) in  te rm s of th e  ou t s ta te s  [2]:

Sfi =  ( #  S # )  =  h m  {Vf  (t) Wl(tj) =  {Wf  (I), V(0) (t)) +
t-+ oo

+  lim  Г  d t ' t y f  (t) G+ (t -  t') H '( f ')  =  ôfi -
- oo

d t ' v f K t 'm o v ' i t ' ) ) .  (5)

H ere we h a v e  m ade use o f  expression  (4) an d  th e  connec tion  be tw een  
th e  re ta rd e d  G re e n ’s fu n c tio n s a n d  th e  tim e  d ev e lo p m en t o p e ra to r. T he f irs t  
te rm  on th e  r ig h t  h a n d  side co rresponds to  th e  tr iv ia l tra n s itio n . As a con
sequence we id e n tify  th e  second te rm  w ith  th e  am p litu d e  o f n o n -tr iv ia l t r a n s i
tio n s :

(S  -  i ) /f =  -  - L  Г  d t 'W p  (*') Я ' ( 0  y i ( 0 )  • (6)
n J - „

S u b s titu tin g  in to  (6) th e  exp ression  (3.a) b o th  u,(x, t) an d  H '(t) d ep en d  
perio d ica lly  o n  tim e  an d  th e  p erio d ica lly  chan g in g  p a r t  o f th e  in te g ra n d  can  
be  ex p an d ed  in to  F  o u rie r series o f  exp  {mare} a n d  we deno te  th e  fu ll coeffic ien t 
o f  th e  in d iv id u a l ex p  {ireare} te rm s  b y  A fte r  p e rfo rm ing  th e  tim e  in te g ra 
tio n  in  (6) we g e t th e  follow ing expression :

(ipf\S -  1) y>P) =  -  2m  T f î  ô(Ef  -  г,- +  n h œ ) . (7)
П=— oo
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T h e p h y sica l m ean ing  of th is  exp ression  is clear — from  a s ta te  w hich  
deve lops in  tim e  u n d e r  th e  in flu en ce  o f an  e x te rn a l fie ld  th e  tra n s it io n  in to  
a n o th e r  s ta te  is a one step  process due to  a f irs t-o rd e r p e r tu rb a tio n . (7) m ay  
h e  reg a rd ed  as a g en era lisa tio n  o f th e  s ta tio n a ry  th e o ry  o f sc a tte rin g  w here 
(S  — 1)^, =  —2 n iT jiô(Ej — Ej) is th e  co rrespond ing  fo rm u la . I n  th e  s ta 
t io n a r y  case th e  fo llow ing p ro p e r ty  o f th e  tra n s it io n  o p e ra to r  T  is  v a lid :

тл  = ■ ( y f H ' v f )  ) ,
(у>}->я><°>),

(8 .a)

w h ere  i p ^  and  ip^~' a re  ex ac t so lu tio n s o f E q . (2.6) w ith  d iffe ren t in it ia l  con
d itio n s : %p\+\ t  —у — o o )  =  xp ^p  a n d  —> o o )  =  ip ^ p  [3]. T h is sy m m e try
p ro p e r ty  of th e  tra n s i t io n  o p e ra to r  w ith  re sp ec t to  th e  in itia l an d  f in a l s ta te s  
a lso  ho lds for th e  n o n -s ta tio n a ry  case , in  ad d itio n  to  all th e  p a r tia l  a m p litu d es  
(8 .a) being fu lfilled :

Г<?) =
(у>}°>Я' ¥>$+))<n>, 
(у< -> Я > < 0>)<п>.

(8.b)

F in a lly  we give th e  expression  fo r th e  m u ltip h o to n  tra n s it io n  p ro b a b ili ty  
p e r  u n i t  tim e  b e tw een  %pf̂  an d  rp^

2jt 00
=  -=—  2  m * d ( E f - e t +  nhco).

Tl П = — CO
(9)

T he te rm  p ro p o r t io n a l  to  ô(Ej — ef -f- nhw) w ill th e n  be re g a rd ed  by  
d e fin itio n  as th e  n -p h o to n  tra n s it io n  p ro b a b ility . B y  using  th e  second eq u a tio n  
o f  (8 .b) th e  sy m m etric  c o u n te rp a r t  o f (9) can  be ach ieved . T h a t  is, we have  
a rr iv e d  a t a sim ple fo rm al analogue o f th e  p e r tu rb a tio n  th e o re tic a l d e fin itio n  
o f  th e  tra n s itio n  p ro b a b ility . H ow ever, in  th is  expression  in s te a d  o f  th e  in 
te n s i ty  of th e  e x te rn a l fie ld  we h av e  an  ex p ansion  in  te rm s  o f th e  n u m b e r  of 
ab so rb ed  or e m itte d  p h o to n s, w hich  agrees b e tte r  w ith  th e  co n cep t of 
m u ltip h o to n  tra n s itio n s .

4. In  th is  S ec tion  we give a sh o rt discussion of m e th o d s  b y  w h ich  one 
c a n  o b ta in  a so lu tio n  o f E qs. (2 .b) or (4) w hich  is v a lid  a t  le a s t in  a  lim ite d  
ra n g e  of p a ra m e te rs  ( in te n s ity  a n d  freq u en cy ). T he b es t k n o w n  o f th ese  m e th o d s 
is th e  s ta n d a rd  p e r tu rb a tio n  th e o ry  [4]. T he w ord ‘s ta n d a rd ’ is u sed  in  th e  
fo llow ing  sense:

a) th e  basis is th e  com plete  se t o f  H 0 e igen fu n c tio n s (u n p e rtu rb e d  
sp e c tru m );

b) th e  c a lcu la tio n  of m a tr ix  e lem en ts  is re s tr ic te d  to  th e  f i r s t  n o n 
v a n ish in g  ap p ro x im a tio n ;
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c) th e  f in a l s ta te  is a lw ays u n p e r tu rb e d  b y  th e  e x te rn a l fie ld  a n d  i t  is 
e ith e r  a c o n tin u u m  s ta te  (in  th e  case o f io n iza tio n ), o r a b o und  s ta te  (in  th e  
case of e x c ita tio n ) . W e m ay  assum e th a t  a t  le a s t  in  th e  ran g e  w here th e  e x te rn a l 
fie ld  in te n s i ty  is m uch  less th a n  th e  in tra -a to m ic  fie ld  th e  p e r tu rb a tio n  series 
converge, a p a r t  from  th e  resonances in  in te rm e d ia te  s ta te s . H ow ever, w ith  
increasing  e x te rn a l fie ld  th e re  is a need fo r so lu tions o th e r th a n  th e  p e r tu rb a 
tio n  th e o re tic a l one. T he f i r s t  of th e  so lu tio n s o f th is  ty p e  w as given b y  K el
dysh  [5]. I n  th is  w ork  th e  f in a l s ta te  p ro b lem  is so lved in  th e  fo llow ing w ay . 
T he free s ta te  o f th e  e lec tro n  is described  b y  a p lane w ave in  a hom ogeneous 
ex te rn a l e lec tric  fie ld  an d  th e  effect of th e  a to m ic  C oulom b p o te n tia l as well 
as tra n s itio n s  in  d iscre te  sp ec tru m  are co m p le te ly  ignored . D ue to  th is , th e  
w ave fu n c tio n  u n d e r co n sid e ra tio n  an d  th e  re su lts  are  a p p ro p ria te  o n ly  fo r 
th e  io n iza tio n  p rob lem  o f n eg a tiv e  an d  m o lecu la r ions in  w hich case th e  
rem ain d er o f  th e  ta rg e t is n e u tra l. T he fu r th e r  d eve lopm en t of th is  th e o ry  
m ade i t  possib le  to  consider th e  effect o f th e  a to m ic  p o te n tia l [6] an d  p o la r iz a 
tions o th e r  th a n  th e  lin ea r  one [7]. T he d isc re te  sp ec tru m  has an  essen tia l 
influence o n  th e  process w h en  in te rm e d ia te  resonances ta k e  place i.e. i f  E 2(s) — 
— Kj(e) — nhco <  y x 2(e) w here  E 1 2(e); y 1 2(e) are  en erg y  an d  w id th  o f  th e  
h o u n d  levels 1; 2 in  th e  presence  of an  e x te rn a l f ie ld  an d  we assum e th a t  
1 —> 2 is a n  a llow ed  tra n s it io n  in  dipole a p p ro x im a tio n . W ith in  th e  fram ew o rk  
o f th e  K e l d y sh  th e o ry  th e  ro le of resonances is th e  follow ing [8]: a g iven  f in a l 
s ta te  can  be  p ro d u ced  from  in te rm e d ia te  b o u n d  s ta te s , th is  is p a r tic u la r ly  
tru e  if  th e  tra n s it io n s  b e tw een  b ound  s ta te s  a re  o f re so n a n t ch a rac te r.

T here  is a n o th e r  n o n -p e rtu rb a tiv e  m e th o d  ex is tin g  in  th e  l i te r a tu r e :  
th e  m o m en tu m  tra n s la tio n  a p p ro x im a tio n  (M TA) o f R eiss  [9]. T his is b ased  
on an  idea  s im ila r  to  th a t  o f K eldysh  i.e . one has an  a p p ro x im a tiv e  so lu tio n  
to  th e  in it ia l  s ta te  p rob lem  in  th e  fo llow ing from

V4+) , • exp —  — A x Ti(o)

T ak in g  in to  co n sid e ra tio n  (8.b) we c a n  s ta te  th e  p rin c ip a l eq u iv a len ce  
o f th e  so lu tio n s to  th e  in it ia l  a n d  th e  f in a l s ta te  p ro b lem . H ow ever, as i t  w as 
p o in ted  o u t  in  [10] th e re  a re  som e p rin c ip a l d ifficu lties in trin s ic  in  th is  la s t  
so lu tion  b ecau se  i t  co rresponds to  a u n i ta ry  tra n s fo rm a tio n  b e tw een  tw o  
d ifferen t re p re se n ta tio n s  o f th e  ex te rn a l f ie ld , i.e. th e  descrip tio n  w ith  v e c to r  
an d  sca lar p o te n tia ls , re spec tive ly .

F in a lly , th e  p re sen t s ta te  o f th e  th e o ry  enab les us to  conclude t h a t  th e  
K eldysh  th e o ry  an d  i ts  fu r th e r  d ev e lo p m en t seem s to  be sa tis fa c to ry  a t  
e x trem e ly  h ig h  in ten s itie s  b u t  th e re  is a la c k  o f th e o re tic a l re su lts  in  th e  
tra n s itio n  ra n g e  w hich  has b een  ach ieved  e x p e rim e n ta lly  u p  to  now  — w here  
th e  atom ic  a n d  e x te rn a l fie ld s  are of th e  sam e o rder.
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ON THE PREDICTION OF SELFDEPOLARIZATION OF 
PHOTOLUMINESCENCE IN TWO-DIMENSIONAL

SYSTEMS
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INSTITUTE OF PHYSICS, TECHNICAL UNIVERSITY, GDANSK, POLAND*

(Received in revised form  21. X. 1975)

Based on the theory  of concentrational depolarization of photolum inescence (CDPL) 
w orked ou t for three-dim ensional systems [8] an extension has been made for two-dimensional 
system s. In  the theory  the excitation energy rem igra tion  and photolum inescence quenching 
by  non-lum inescent dimers have been taken in to  account as well. The expression obtained for 
emission anisotropy has been com pared w ith th e  experim ental results of T r o s p e r  e t al. [18] 
concerning CDPL of chlorophyll-a in two dim ensional solutions. Good agreem ent of theory  w ith 
experim ent has been found for the values of critical distances R 0 smaller th an  those obtained in  
[18] as upper limits.

1. In tro d u c tio n

T h e  in v es tig a tio n  o f C D PL  in  tw o -d im en sio n a l system s is im p o r ta n t  w ith  
re g a rd  to  th e  pieces o f in fo rm a tio n  av a ilab le  as fa r  as th e  process o f  electron ic 
m ig ra tio n  of ex c ita tio n  en erg y  in  p h o to sy n th e tic  system s is co n cern ed  [1—3]. 
R e c e n tly  Craver  [4] h as w orked  o u t a C D P L  th e o ry  for tw o -d im ensiona l sys
te m s . T h is th e o ry  ex ten d s  th o se  w orked  o u t b y  F örster [5], Ore [6] an d  K no x

[7] to  th ree -d im en sio n a l system s. N one o f th e  above m en tio n ed  th eo rie s  con
siders p h o to lum inescence  c o n c e n tra tio n a l q u en ch in g  an d  fo r t h a t  reaso n  th e y  
c a n  be  ap p lied  m erely  in  such  a range  o f  c o n c e n tra tio n  in  w hich  P L -q u a n tu m  
y ie ld  decrease is n o t observed .

N o t long  ago a new  th e o ry  o f C D P L  fo r th ree -d im en sio n a l sy stem s was 
w o rk ed  o u t b y  one of us [8], ta k in g  in to  ac c o u n t P L  quench ing  b y  non-lum ines- 
c en t d im ers as well as e x c ita tio n  energy  rem ig ra tio n .

In  th e  p re sen t w ork  th e o re tic a l re su lts  are  p re sen ted  concern ing  th e  C D PL 
p h en o m en o n  in  tw o-d im ensional system s as an  ex ten sio n  of th e  above  m en tio n 
ed  th e o ry  o f C D PL  fo r th ree -d im en sio n a l sy s tem s. A p a rt from  e x c ita tio n  energy  
re m ig ra tio n  P L  c o n c e n tra tio n a l q u ench ing  has also been  ta k e n  in to  accoun t.

2. Photo lum inescence  em ission  an iso tropy

L e t us assum e th a t :  1. In  a tw o -d im en sio n a l non -ac tiv e  m ed iu m  of a 
f in ite  su rface  S only  tw o  k in d s of ac tiv e  m olecules ap p ear: t h a t  is m onom ers 
D  a n d  d im ers D ,| a t  w h ich  th e  m ass a c tio n  law  is sa tisfied

c" =  K c '2, (1)

* A ddress: In s ty tu t F izyki, Politechnika G danska, Gdansk-W rzeszcz, Majakowskiego 
11/12, Poland.
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w h e re  К  is th e  d im e riz a tio n  c o n s ta n t, c ' and  c" a re  co n cen tra tio n s  m o n o m ers  
D  a n d  dim ers Dy, re sp ec tiv e ly . 2. T h e  d is tr ib u tio n  o f D  an d  Dy m olecules is 
r a n d o m  w ith  re g a rd  to  th e ir  p o s itio n  an d  to  th e  o rie n ta tio n s  o f th e ir  t r a n s i
t io n  m om en ts. 3. N o  ro ta tio n a l d ep o la riza tio n  occurs. 4. O nly m onom ers D 0 
p r im a r i ly  excited  b y  l ig h t  ab so rp tio n  c o n tr ib u te  to  th e  an iso tro p y  o f th e  lu m i
n escen ce  observed [9 — 11]. 5. M olecules D 0 can  lose th e ir  ex c ita tio n  en erg y  
as a  re su lt of: a) P L -em issio n  (re la tiv e  p ro b a b ility  P p), b) in n e r q u en ch in g  
(Pq), c) n o n -ra d ia tiv e  ex c ita tio n  en e rg y  tra n sfe r  to  m onom er D (P dd) a n d  d) 
n o n  ra d ia tiv e  e x c ita t io n  tran sfe r to  d im er Dy (P DO|), a t  w hich

P  F +  P q  +  P D  +  P  DD„ =  1 • (2)
S im ila r ly  as m olecules D 0 also m olecules D, ex c ited  owing to  n o n -ra d ia tiv e  
e n e rg y  tran sfe r, c a n  lo se  th e ir  en e rg y .1 In  order to  ta k e  in to  acco u n t th e  e ffec t 
o f  e n e rg y  re m ig ra tio n  on  em ission an iso tro p y  (E A ) a m odel of lum inescence  
c e n tre  h as  been a p p lie d  — called la te r  on  a m odel o f m o st p ro b ab le  p a th  (M P P ) 
[8, 13]. I t  has been  a ssu m e d  th a t  th e  ex c ita tio n  en e rg y  lo ca ted  p rim arily  a t  th e  
m o lecu le  D 0 can  be  tra n s fe r re d  in  a n o n -ra d ia tiv e  w ay  am ong m olecules D 0, 
D 15 . . . D n, w here D x is  th e  n ea rest n e ig h b o u r of D 0 an d  Dk th e  n ea re s t n e ig h 
b o u r  o f  D k_v  un less m olecule  Dk_2 is a s till nea re r n e ig h b o u r fo r D k_v  M olecules 
D 0 a n d  D n are th e  b eg in n in g  and  th e  en d  of th e  g roup , re spec tive ly . T h e y  p la y  
a ro le  o f “ re flec tin g  screens” a t  w h ich  m olecule D 0 is in  ou r m odel a to ta l ly  
re f le c tin g  screen w h e re a s  m olecule D n can  be a to ta l ly  or a p a rtia lly  re fle c tin g  
one. I n  th e  la t te r  case  ex c ita tio n  en e rg y  can  leave  th e  group  an d  pass to  m o le
cu le  D n+1 hav ing  n o  w a y  hack  (D n+1 does n o t be lo n g  to  th e  g roup).2

A ccording to  a ssu m p tio n  4. th e  P L -em ission  a n iso tro p y  can  be c a lc u la ted  
f ro m  re la tio n

r _  Vto) 7 
Г0 V

w h ere  denotes th e  P L  q u an tu m  y ie ld  of m olecules D 0 and

(4 )
m=0

th e  P L -y ie ld  of th e  w hole  solu tion . Y ie ld  r]^ can  be p re sen ted  in  th e  fo rm  [8, 
13]:

V(.0 ) =  VW +  2  К  v(m), (5)
m=2

(3)

1 A possibility of th e  excitation of molecules D as a resu lt of fluorescence light reabsorp
tion  is n o t considered. The effect of reabsorption  can be neglected in  the case of sufficiently 
th in  layers of the lum inescen t substance [12]. Thus the neglecting of reabsorption in  th e  case o f  
tw o-dim ensional system s is fully justified.

2 More inform ation as to the M PP m odel can be found in  [8, 13].
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w here  is th e  P L -q u a n tu m  y ie ld  o f m olecules of o rd e r m  th a t  is o f 
such  w h ich  o b ta in e d  e x c ita tio n  en erg y  a fte r  m  n o n -rad ia tiv e  tra n s fe rs ;  coeffi
c ien ts  hm d e te rm in e  th e  c o n tr ib u tio n  o f th e  y ie ld  rf m'> in  a t  w hich  r /m* is
d e te rm in ed  by  re la tio n  [14]:

4m) =  pF[PDD]m• (6)
F o r a p ro b a b ility  of P F an d  P DD fo r tw o-d im ensiona l system s th e  expressions 
g iven below  have b een  recen tly  o b ta in e d :

PF = Щ[1 -  F(g)l (?)

Pdd =  —  Fig), (8)
g

w here

F(g) =  g J 0°° e x P [ -  (*3 * +  g*)] dz , (9)

g  —  gD  +  gDl  — P

M y )  (Qd +  G b) =  г  i - |

( n D  S U D  +  n D \ i  s ODn) —

Rp  l 2 _£Чш_
R

+ ODn

R
( 10)

a t  w h ich  tj0 deno tes th e  q u a n tu m  y ie ld  o f so lu tion  w h en  n'D —> 0, -F(2/3) is th e  
g am m a fu n c tio n , R  th e  circle rad iu s  sa tisfy in g  re la tio n  n'DnR- =  1, w here nD 
is n u m b e r  o f m onom er m o lecu les/un it a rea ; n'D th e  analogous m a g n itu d e  for 
d im ers, R 0D an d  R 0Du d e n o te  c ritica l d is tan ces  for n o n -ra d ia tiv e  en e rg y  tra n s 
fe r from  D* to  D  a n d  fro m  D* to  D^, resp ec tiv e ly .

E xpressions (7) a n d  (8) describe th e  c o n c e n tra tio n a l d ep en d en ces of p ro 
b ab ilitie s  P F an d  P DD a n d  can  be ap p lied  to  th e  c o m p u ta tio n  o f  yields 
a n d  r). T ak in g  in to  a c c o u n t re la tio n s (3) —• (8), we o b ta in  th e  fo llow ing expression 
fo r em ission an iso tro p y :

w here

ßF ) 1 +  2 "  M W
m=2

( i i )

• ( 12)
g

M agnitude  a 0 deno tes th e  p ro b a b ility  o f th e  non-occu rrence  o f e x c ita tio n  energy 
d e g ra d a tio n  d u rin g  its  tra n s fe r  be tw een  m onom ers. T ak in g  in to  a cco u n t th e  
e x c ita tio n  energy  re m ig ra tio n  is red u ced  to  fin d in g 3 coeffic ien ts hm. In  [8]

3 Assuming th a t hm =  0 for m =  2 , 3 , . . .  means a to ta l neglecting of excita tion  remigra-
tion.
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th e  above  m en tio n ed  M P P  m odel h a s  been  app lied  in  o rd er to  e s tim a te  coeffi
c ie n ts  hm. M aking u se  o f  th e  sam e m o d e l for a sy stem  o f th re e  ac tiv e  m olecules4 
D 0, D x, D 2 and  a p p ly in g  th e  sam e p ro ced u re  as in  [8] th e  fo llow ing expression  
h a s  b een  o b ta in ed  fo r  P L -em ission  an iso tro p y :

'o
=  (1

+

ßF)

Q'av

1 +
(ß F )2 Г Q'av

1 -  QaÁ2 -  Qav)(ßF)2 
1

+

+
1 -  (1 -  Qál) (ßF)2 1 -  (1 -Q 'a V+  Q'Â) (ßF)2

(13)

w h e re  F  and  ß are  d e te rm in ed  b y  E q s . (9) and (12). M agn itude  Q' ap p earin g  in  
(13) expresses th e  p ro b a b ility  t h a t  i f  m olecule D x is  th e  n e a re s t n e ig h b o u r o f  
m o lecu le  D 0 th e n  s im u ltan eo u sly  D 0 is  th e  n ea rest n e ig h b o u r o f D v  W e assum e 
t h a t  th e re  is ra n d o m  d is tr ib u tio n  o f  ac tive  m olecules on th e  p lan e  a t  w hich :

Q'av
P av  [ ( °  +  1) &£>]
(a +  1) P qv (Sd )

i_4.il
3 ^  2л  ’

(14)

(15)

Pav (g D) =  gD Ci(gD) sin  gD— S i (gD) cos g D +  —  cos gD
A

(16)

F u n c tio n  Q’a„ w as o b ta in e d  in  th e  sam e w ay as th e  analogous fu n c tio n  Qav in  
[17] fo r th ree -d im en sio n a l sy stem s. R ela tio n  (14) w as o b ta in ed  assum ing5

Q' =  e-“t ,  (17)
w h ere

I  =  nR 2n ', (18)

a t  w h ich  n ' is th e  n u m b e r of m olecu les Dju n it a rea , R  is th e  d is tan ce  b e tw een  
m olecules D 0 a n d  D x. (13) describes th e  co n cen tra tio n a l dependence  o f P L  em is
s io n  an iso tro p y  o f  a  tw o -d im en sio n a l system  w ith in  th e  M P P  m odel of th re e  
a c tiv e  m olecules a n d  one p a r t ia l ly  reflecting  sc reen  w hich  is D 2 m olecule. 
M olecule D 2 can  b e  a p a rtia lly  o r a to ta lly  re f le c tin g  screen. T h e  “ p rim e”  a t  
r / r 0 or its  absence w ill m ean  th a t  E A  concern a g ro u p  w ith  a p a r tia lly  or to ta l ly  
re fle c tin g  screen.

N um ber 3 on  th e  rig h t side below  r / r0 in  (13) m eans t h a t  th is  group con
s is ts  of th ree  a c tiv e  m olecules a n d  n u m b er 2 on th e  le f t side above r / r 0 m eans 
t h a t  th e  fo rm ula  re fe rs  to  a tw o -d im ensiona l sy s tem . E q . (13) h a s  an  analogous

4 Schemes of th e  processes occurring in  groups of th ree  active molecules D 0, Dv  D2 and 
th e  distributions of those molecules have  been presented in  Pig. 1 in [8].

5 Q' means a p robability  th a t th ere  is no molecule D  in  p a r t a =  0.608 of the circle sur
face of radius R  d raw n  round D 1 and ly ing outside the corresponding circle draw n round D 0.
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fo rm  as E q . (36) in  [8] describ ing  th e  c o n c e n tra tio n a l dependence o f P L  em is
sion a n iso tro p y  o f th ree -d im en sio n a l so lu tio n s o b ta in e d  w ith in  th e  sam e M P P  
m odel o f  th re e  m olecules a n d  one p a r tia lly  re flec tin g  screen.

In  th e  p lace  o f m ag n itu d es  F, ß an d  g th e re  a p p e a r  th e  follow ing m ag n i
tu d es , re sp ec tiv e ly

f  =  У л  y  exp  (y2) 1 (19)

У  =  Y d  +  Y d .  = « &  +  <&,)•

(20)

(21)

F u n c tio n  Qav rep lac in g  fu n c tio n  Q'av h as  an  id e n tic a l form  as th e  la t te r ,  
how ever in  Qav in s te a d  o f g D an d  a =  1/3 j/3 /2 jr th e  m ag n itu d es y D an d
a =  11/16 a p p ea r.

In  [8] som e sim p ler cases o f th e  M P P  m odel w ere also considered , n am ely  
a group  o f  th re e  m olecules a n d  to ta l ly  re flec tin g  screens as well as g ro u p s of 
tw o and  one m olecules an d  p a r tia lly  or to ta l ly  re flec tin g  screens. T hese in v e s ti
ga tions allow ed to  o b ta in  som e in fo rm a tio n  as to  th e  co rrec tness o f th e  a p p ro 
x im a tio n  o f th e  M P P -m odel w ith  th ree  m olecules fo r a d escrip tion  o f concen t- 
ra tio n a l changes o f em ission an iso tro p y .

C onsidering  som e analogous sim pler cases fo r tw o-d im ensional sy stem s 
leads to  expressions:

=  (1 — ßF) 1
' ro 's

( r 1 1 - ß F

I r0 ; 2 2 l 1 - Q a A ß F )2

1_ (ßF)2 I
2 1 -  (ßF)2 J ’

1 - ß F

! - ( ! - & „ )  ( О Т  J ’
r__ _  1

r0 , 2 1 +  ß F

(22)

(23)

(24)

—  = 1  ~ ß F ,  
r0 11

'0

(25)

(26)

In  F ig . 1 cu rves r / r 0 a re  p lo tte d  co rrespond ing  to  M P P  m odel w ith  1, 2 
an d  3 ac tiv e  m olecules an d  to ta l ly  or p a r tia lly  re flec tin g  screens and  th u s  co r
respond ing  to  d iffe ren t ap p ro x im a tio n s  o f C D P L  th e o ry  as to  th e  degree o f 
ta k in g  in to  acco u n t e x c ita tio n  energy  re m ig ra tio n  to  m olecules D 0.
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F ig . 1. PL-emission anisotropy as a function  of reduced concentration g com puted w ithin 
M P P  model of n  =  1, 2 and 3 active molecules in th e  group. Curves 1, 2, 3 refer to the groups 
of to ta lly  reflecting screens, curves 1 ', 2 ', 3 ' refer to  the  groups of one partia lly  reflecting screen

T he curves in  F ig . l a  describe  d ep o la riza tio n  ta k in g  P L  c o n c e n tra tio n a l 
q u en ch in g  b y  n o n -lu m in escen t d im ers (Kg  >  0) also in to  acco u n t; cu rv es  in  
F ig . l b  refer to  th e  case w hen th e  q u en ch in g  o f th is  k in d  does n o t o ccu r (Kg  =  
=  0). Curves 1, 2 a n d  3 co rrespond  to  th e  g roups of to ta l ly  re flec tin g  screens 
a n d  th u s  to  th e  case  of to ta l  lo ca liza tio n  o f e x c ita tio n  energy  w ith in  a lu m in e s
cence  cen tre ; cu rv es  1 ', 2 ' an d  3 ' re fe r to  th e  case w hen  e x c ita tio n  en e rg y  can  
le a v e  th e  g roup  w ith o u t an y  p o ss ib ility  o f re tu rn in g . C urves co rresp o n d in g  to  
e a c h  p a r tic u la r  a p p ro x im a tio n  o f  C D P L -th eo ry  differ re m a rk a b ly  f ir s t  o f a ll in
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n

Fig. 2. V alues of emission anisotropy obtained for different approxim ations of CDPL theory 
and for different values of dim erization constant Kg; n is the num ber of active molecules in the 
group; в , Д, □ , О and ©, A, ■ , • -  respective values 2(r/r0)n and 2(r/rn)'n com puted for reduced 

concentration g equal to  10 (в , в ), 6 (A, A) 3 (□ , ■), 3 (O, • )  a n d a 0 =  1.0

th e  ra n g e  of h igh  co n cen tra tio n s . In  case Kg  >  0 a ll th e  cu rv es  (ex cep t curve 1) 
show  m in im a  an d  describe th e  rep o la riza tio n  process in  th e  ra n g e  o f h igh con
c e n tra tio n s , b u t  in  case Kg  =  0 curves te n d  to  zero for open  g roups (curves 1 ', 
2',  3') w ith  increasing  c o n c e n tra tio n , an d  th e y  te n d  to  c o n s ta n t va lu es  1/2 an d  
1/4 fo r closed groups (cu rves 2 an d  3). A s seen from  F ig . l a  differences 
2(r/r 0)n —2(г/г0)', decrease w ith  th e  increasin g  n u m b er o f ac tiv e  m olecules in  
th e  g ro u p  an d  we can  ex p ec t th a t

U n fo rtu n a te ly , for n >  3 we do n o t o b ta in  expressions in  a f in ite  fo rm  for r / r 0 
as w as th e  case fo r th re e  d im ensiona l sy s tem s [8]. I t  tu rn s  o u t, how ever, th a t  
th e  decrease  of th is  d ifference does n o t d e p e n d  m erely  on th e  n u m b e r o f m ole
cules in  th e  g roup  b u t  also on  th e  v alue  o f  th e  d im eriza tio n  c o n s ta n t Kg.

I n  F ig . 2 va lues 2(r/r0)n a n d  2(r /r0)„ are  p re sen ted  fo r sev e ra l va lu es  Kg  and  
for n  =  1, 2, 3. V alues r / r 0 h av e  been  co m p u ted  fo r such  v a lu es  o f  g a t  w hich 
d ifference 2(rlr0) n - 2(riro)n is m ax im al. In  th e  case o f a group  o f  th re e  m olecules 
th e  ab o v e  m en tio n ed  d ifference am o u n ts  to  0.03 fo r K g  =  0.1 a n d  to  0.005 
fo r K g  =  0.4, th a t  is fo r K g  ]>  0.1 b o th  th e  o pen  g roup  an d  th e  closed one are 
su ffic ien tly  good ap p ro x im a tio n s  of C D P L -th eo ry . F o r sm alle r v a lu es  of Kg 
difference 2(r /r0)3—2(r /r0)3 is r a th e r  considerab le . T ak in g  in to  ac c o u n t th e  ra te  
of change r / r 0 w ith  n we shou ld  recognize t h a t  an  open g ro u p  gives a  b e tte r

Acta Physica Academiae Scientiarum Hungaricae 39, 1975



198 C. B O J A R S K I  a n d  W . K O L K A

F ig. 3. Concentrational dependence of emission anisotropy (curves 1 — 6, 2 ' and 5 ') and PL -quan- 
tu m  yield (curves 2" and  5") of tw o-dim ensional systems for d ifferent values of dim erization 
c o n s ta n t Kg and p a ram e te r a 0. Curves 1 6 are determ ined b y  E q. (13); curves 2 ' and 5 '
are  determ ined by E q. (27); curves 2" and  5" taken  from [16]; curves 2', 2" and 5 ', 5" corres

pond  to  the same values K g  and a 0 as curves 2 and 5

F ig . 4. Concentrational dependence of emission anisotropy for tw o-dim ensional (curve 1) and 
three-dim ensional so lu tions (curve 2). B o th  curves have been p lo tted  for dim erization constan t 

К  =  0 and a 0 =  1. F u rth e r explanations in  th e  te x t
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ap p ro x im a tio n 6 o f th e  th e o ry  th a n  a closed one. F o r  in  th e  l a t te r  case values r / r 0 
are con sid erab ly  red u ced , f i r s t  o f  all in  th e  ran g e  of h igh  c o n cen tra tio n s , b e 
cause th e  a ssu m p tio n  o f  to ta l  loca liza tio n  o f ex c ita tio n  energy  w ith in  th e  group  
is n o t co rrec t w hen  P L  q u en ch in g  is in s ig n ifican t [13]. F ig. 3 p re se n ts  th e  d ep en 
dence (13) fo r sev era l d iffe ren t va lu es  of d im eriza tio n  c o n s ta n t K g  and  p a ra 
m e te r  a 0. W e can  see t h a t  th e  e ffec t of v a lu e  a 0 on  th e  sh ap e  o f  curves r / r 0 is 
m uch  b igger in  th e  case o f sm all v a lues of K g  (cu rv es  4, 5) th a n  in  th e  case o f  
la rge  K g  (curves 1, 2).

C urves 2 an d  5 m a y  be ap p ro x im a te d  v e ry  well b y  cu rv es  2 ' and  5 ' 
p lo tte d  w ith  d o tte d  lines a n d  described  b y  th e  e q u a tio n

(1 — ßF ) 1
1

(ßF)*

4

(27)

T his e q u a tio n  w as o b ta in e d  b y  fo rm ally  accep tin g  ÇqV= 1/2 in  exp ression  (13 ' 
(cf. re m a rk s  in  [8]).

I n  F ig . 4 th e  re su lts  o b ta in e d  for a tw o -d im ensiona l sy s te m  w ere com 
p a re d  w ith  th o se  o b ta in e d  b y  one o f us fo r th re e  d im ensional sy stem s [8]. 
D ependence  A E , 2( r / r0) 'a n d  3( r /r0) ' re sp ec tiv e ly  fo r a tw o -(th ree ) d im ensional 
sy stem , (curves 1 a n d  2) w ere p re sen ted  as fu n c tio n s  of a rg u m e n t y '= c /c 0, 
w here c is c o n c e n tra tio n  p e r  u n it  a rea , (u n it vo lum e) an d  c0 is th e  inverse of 
th e  a rea  (volum e) o f  a circle (sphere) o f rad iu s  R 0 in  tw o (th ree ) d im ensions. 
I n  th e  ran g e  o f sm all a n d  m o d e ra te  co n cen tra tio n s  curves 1 a n d  2 go v e ry  close 
to  each  o th e r, th e n  th e y  in te rse c t, s im ilarly  as th e  analogous cu rv es o b ta in ed  
in  th e  F ö r s t e r —O r e  th e o ry  (cf. F ig . 1 (a) in  [4]).

I n  F ig . 5 expression  (27) is com pared  w ith  th e  analogous expressions for 
tw o -d im ensiona l sy stem s7 d eriv ed  b y  Craver  [4]. C urve 3 illu s tra te s  th e  course 
of E A  o b ta in e d  in  th e  K n o x  th e o ry  an d  curve  2 an analogous one o b ta in e d  in  
th e  F ö r s t e r —Or e  th e o ry ;  cu rv e  1 is described  b y  expression  (27). C urve 1 
has a s im ila r shape as th e  o th e r  cu rv e  show n in  F ig . 5; i t  is sh if te d  tow ards 
sm aller y ’ in  re la tio n  to  th e  o th e rs  a n d  in  th e  en v iro n m en t o f  y ' ^  1 th e  slope 
o f cu rve  1 is a lm o st id e n tic a l w ith  t h a t  o f cu rve  3. In  th e  range  o f  h ig h  concen
tra t io n s  o f y '  th e  sh ap e  o f  E A  o b ta in e d  in  th e  p re se n t w ork  (cu rve  1) is s teeper 
th a n  t h a t  p red ic ted  b y  th e  Cr a v e r — K nox  th e o ry  (curve 3) an d  is  s im ilar to  
th a t  o f  th e  F ö r s t e r —O r e  th e o ry  (curve 2).

6 As can be seen from  Fig. 2 differences 2(r/r0)g — 2(r /r0)á am ount to  0.027 and 0.011, 
respectively for Kg  equal to  10 _2 and  10 _3. I t  results from  here th a t  (in th e  case of small Kg) 
values 2(г/г0)з will only be slightly  reduced in  relation to  value

—  =  lim  2/Г0 П-*. oo2f - V .
V to Jn

12( r / r 0) '  co rresponds to  P 2D in  Cr a v e r ’s n o ta tio n  [4].
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F ig. 5. Emission an iso tropy  r/r0 as a function  of reduced concentration  y '= c /c 0 for tw o-dim en
sional system s, 1 — Eq. (27), 2 and  3 — curves ob tained  by  Cra ver  [4]

3. F in a l rem arks

In  Fig. 6, exp ressio n  (27) w as com pared  w ith  th e  ex p e rim en ta l re su lts8 
o f  T rosper e t al. [18] and  re fe rrin g  to  th e  C D PL  ph en o m en o n  o f ch lo rophy ll-a  
in  tw o-d im ensional so lu tions o f  c a s to r  oil. A n ag reem en t of th e  ex p e rim en ta l 
r e s u lts  w ith  th e o ry  fo r  th e  c ritic a l d is tan ce  R 0 =  (53 +  4) Â w as o b ta in e d ; i t  
is  s lig h tly  sm aller th a n  value (57 £  4) Á o b ta in ed  in  [18] an d  e s tim a te d  th ere  
as u p p e r  lim it o f R 0 assum ing  t h a t  c =  c0 w hen  p  — p J 2  (cf. [19, 20]). Craver 
fo u n d  a good a g re e m e n t b e tw een  th e  th eo re tica l cu rv e  3 in  F ig . 4 w ith  th e  
ex p e rim en ta l re su lts  fo r tw o -d im en sio n a l so lu tions o f ch lo rophy ll-a  n o t  only 
in  casto r oil b u t  in  o th e r so lv en ts  as well.

As in  th e  ra n g e  w here r / r 0 changes from  1 to  ~  0.2 th e  shape o f  E A  d e te r
m in e d  by  our E q . (27) is p ra c tic a lly  id en tica l (on ly  sh ifted  to w ard s  sm aller 
y ')  w ith  Graver’s th e o re tic a l cu rv e  (curves 1, 4 in  F ig . 4), th e  ag reem en t of 
c u rv e  1 w ith  th e  o th e r  ex p e rim en ta l resu lts  of T rosper  e t al. is eq u a lly  good as 
w ith  curve 3 o b ta in e d  b y  Craver . O n acco u n t o f th is  we do n o t q u o te  a n y  com 
p a riso n s  for th e  rem a in in g  sy s tem s. T ab le  I  show s th e  c ritica l d is tan ce  values 
R 0 found  b y  a co m p ariso n  of th e  e x p e rim en ta l re su lts  o f Trosper  e t  al. w ith  
th e o re tic a l cu rv es  1 an d  3.

In  th e  T ab le  th e  values R 0 o b ta in e d  in  [18] as “ u p p e r”  lim its  are  also given.

8 Instead of rea l experim ental po in ts we have applied here the least squares stra igh t lines 
values obtained for these points in  [18].
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Fig. 6. C oncentrational changes of PL  emission anisotropy of chlorophyll-a in  tw o-dim ensional 
solutions o f castor oil; Ф — experim ental points of T r o s p e r  e t al. [18]; solid line — theoretical

curve (27)

As can  be  seen, v a lu e s  R 0 g iven  in  co lum n 4 are  sm alle r fo r a ll sy stem s th a n  
values R 0 fo u n d  as “ u p p e r”  lim its  (co lum n 2).

C r a v e r  [4] com es to  th e  conclusion  th a t  q u a n tu m  y ie ld  co n c e n tra tio n a l 
changes o b serv ed  in  th e  ran g e  o f  h ig h  y '  o n ly  s lig h tly  affect th e  v a r ia tio n  o f 
em ission a n iso tro p y . T h is conclusion  clearly  c o n tra d ic ts  our th e o re tic a l an d  
ex p e rim en ta l re su lts  concern ing  th ree -d im en sio n a l sy stem s [8, 21]. F o r  tw o- 
d im ensional sy stem s th e  th e o ry  o f P L -c o n c e n tra tio n a l d ep o la riza tio n  a n d  P L - 
c o n c e n tra tio n a l q u en ch in g  [16] p red ic ts  s im ila r re su lts .

I n  F ig . 3 g ives, am ong  o th e rs , cu rves 2" a n d  5" i l lu s tra tin g  th e  v a r ia tio n  
o f q u a n tu m  y ie ld  as fu n c tio n  o f  red u ced  c o n c e n tra tio n  g. T here  is an  obvious 
co rre la tio n  be tw een  th e  q u a n tu m  y ie ld  decrease ?j/^0 a n d  sto p p in g  th e  decrease 
o f r / r0 fo llow ed b y  a n  increase  o f r / r 0 to g e th e r  w ith  g. F o r  sm all v a lu es  o f  dim e-

ТаЫе I
Critical d istances R 0 for chlorophyll-a in  tw o-dim ensional solutions

1 2 3 4

S o lv e n t
jRe i n  A

T r o s p e r  e t  a l . Cr a v e r B o j a r s k i ,  K o l k a

castor oil 5 7 ±  4 6 2 +  3 5 3 +  4
oleyl alcohol 57 +  11 62+ 11 53+11
sulpholipid 7 8 +  9 8 6 +  9 7 4 +  9
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r iz a t io n  c o n s ta n t K g  (cu rve  5) th e  d e v ia tio n  of th e  sh ap e  o f r / r 0 cu rve  from  curve  
6 w h ic h  co rresponds to  com plete ly  n eg lec tin g  c o n c e n tra tio n a l q u en ch in g  in  
so lu tio n  is n o t considerab le  and  a p p e a rs  on ly  in  th e  range of v e ry  h ig h  con
c e n tra tio n s . A t a decrease of y ie ld  r]/r]0 to  1/2, w h ich  corresponds to  g =  9.5, 
th is  d ev ia tio n  a m o u n ts  to  0.02, b u t  fo r  a la rg e r v a lu e  K g  =  0.1 th e  analogous 
d e v ia tio n  is m u ch  la rg e r  and  am o u n ts  to  0.13 (a t  g  =  2.5). T he above d iscussed  
e x p e rim e n ta l re su lts  cover m erely  a  sm all ran g e  o f co n c e n tra tio n  { y '= g /r ( 2/3) 
<  3) and  th e re fo re  th e  decrease o f  y ie ld  tj/tj0 c a n n o t change re m a rk a b ly  th e  
sh a p e  of th e  em ission  an iso tro p y  cu rv e  if  v a lu e  K g  is n o t su ffic ie n tly  h igh . 
Cr a v e r  em phasizes in  h is w ork  [4] t h a t  th e  v a lu es  R 0 fo r c a s to r  oil an d  oleyl 
a lcoho l (see co lu m n  3) are in  good ag reem en t w ith  va lu e  (65 +  8) Á  fo r R 0 
o b ta in e d  b y  T w e e t  e t  al [22] on th e  g ro u n d  o f sp e c tra l d a ta  o f ch lo ro p h y ll-a  
in  m onolayers. S till values (R 0) ' fo u n d  b y  a co m p ariso n  of th e  e x p e rim e n ta l 
re su lts  w ith  th e  th e o re tic a l curve d iffe r from  va lu es  (R 0)" c o m p u ted  fro m  spec
t r a l  d a ta  a t  ex c itin g  lig h t freq u en cy  vexc =  r 0_ 0 w here  r 0_ 0 is th e  fre q u e n c y  cor
resp o n d in g  to  0 — 0 tra n s itio n ; n a m e ly  a t  vexc >  r 0_ 0 d ep o la riza tio n  is la rg e r 
(p a r tic u la r ly  in  th e  ran g e  of h igh  y ')  th a n  a t  vexc =  v0_ 0 th a t  is re la tiv e  E A  
v a lu e s  sa tisfy  th e  in e q u a lity  ( r /r0)„ex < ( r / r 0)v0_ 0 [23 — 25]. In  th is  case (R 0) ' <  
-<  (R 0)" w hich  ex p la in s  a sm aller v a lu e  of (R 0)' fo r ch lo rophy ll-a  in  c a s to r  oil 
a n d  oleyl a lcohol in  com parison  w ith  va lu e  (R 0)" fo u n d  b y  T w e e t  e t al. b u t  
does n o t ex p la in  a h ig h  value of R 0 fo r  ch lo rophy ll in  su lpho lip id  (see T ab le  I).

In  [18] i t  w as suggested  t h a t  h ig h  values o f  R 0 fo r su lp h o lip id  so lu tions 
a n d  n o t  reach in g  zero b y  em ission an iso tro p y  fo r h igh  y ' m ig h t be co n n ec ted  
w ith  a local o rd e rin g  o f th e  p ig m en t m olecules. T h is fa c t can  be as w ell ex p la in ed  
n o t  b y  p a r tia lly  o rien ted  ch lo rophy ll-a  m olecules b u t  b y  c o n c e n tra tio n a l q u en 
ch in g  lead ing  to  s to p p in g  th e  P L -d e p o la r iz a tio n  (see F ig . 3) a n d  th u s  to  an  
a p p a re n t  in c rease  o f  value R 0.

To solve th is  p rob lem  req u ire s  som e fu r th e r  in v es tig a tio n s , especia lly  in  
th e  range  o f h ig h e r  co n cen tra tio n s.
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C O M M U N I C A T I O  B R E V I S

COMPATIBILITY EQUATION FOR STEADY TRANSVERSE
PLANE MHD FLOWS

By

L . M. Srivastava
DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY, KANPUR, INDIA

(R eceived 26. V III . 1975)

B erker  [1] h a s  s tu d ie d  th e  s tead y  flow  o f  a n o n  co n d u c tin g , inv isc id  a n d  
com pressib le f lu id  a n d  o b ta in e d  c o m p a tib ility  eq u a tio n s. L a te r  th ese  co m p a
t ib i l i ty  eq u a tio n s  w ere used  b y  Ozoklav [2, 3] a n d  Ch a n d n a  [4] to  o b ta in  th e  
so lu tions for p la n e , a n ti-sy m m e tric , and  th re e  d im ensional flow  prob lem s. In  
th e  p re sen t p a p e r  th e  s te a d y  M H D  flow  o f an  e lec trica lly  c o n d u c tin g  flu id  u n d e r  
a u n ifo rm  m ag n e tic  fie ld  tra n sv e rse  to  th e  p lan e  o f  flow  is in v e s tig a te d . A com 
p a tib il i ty  e q u a tio n  is o b ta in ed  fo r  s tead y  p lane  tra n sv e rse  M H D  flow fo r viscous 
com pressib le f lu id . T h is s tu d y  is also carried  o u t fo r incom pressib le  an d  inv isc id  
p lan e  flow s. C o m p a tib ility  e q u a tio n s  are used  fo r o b ta in in g  so lu tions fo r p lan e  
ra d ia l  flow s.

In  th e  absence  o f  e x te rn a l forces and  h e a t  co n d u c tio n , th e  s te a d y  flow  o f 
a  v iscous com pressib le , p e rfe c tly  conducting  f lu id  is governed  b y  eq u a tio n s

Div(gV ) =  0, ( 1 )

pa +  g ra d  p  =  Iи 1 cu rl В X В - f  цу 2 V -f  —  у ( у  • V ) , (2)
3

c u rl (V X  В) =  0, (3)

V grad s =  0, (4)

P =  Ле» *), (5)

w here  g is th e  d e n s ity , p  th e  p ressu re , s th e  specific  e n tro p y , В th e  so lenoidal 
m ag n e tic  fie ld  v e c to r , V th e  v e lo c ity  vecto r, v =  jj/g th e  c o n s ta n t k in em atic  
v isco sity , p  th e  c o n s ta n t  m ag n e tic  p e rm eab ility  a n d  a  =  (V. g rad) V th e  acce
le ra tio n  v ec to r o f  th e  flu id .

A ssum ing th e  flo w  to  be p lan e  and  tra n sv e rse  in  (x , y )  p lan e , we have

B =  (0, 0 ,B )  and  —  =  0 .
dz
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T h ere fo re  (2) an d  (3) red u ce  to

f?a +  V |p  +  - ^ - J  =  W 2 V +  ~  V(V • V ) , (6)

D iv(B V ) =  0 . (7)

F ro m  (1) and  (7) i t  follow s th a t

В  - ag , (8)

w h ere  a  is a sca la r fu n c tio n  sa tisfy in g

V • g rad  a  =  0. (9)

E q s . (1), (4), (5), (6) an d  (7) c o n s titu te  a sy stem  o f n o n -lin ea r p a r t ia l  d if
f e re n tia l  eq u a tio n s com posed o f s ix  sca la r eq u a tio n s  co n ta in in g  six u n k n o w n  
sc a la r  fu nc tions. H e re  we will e lim in a te  th e  fo u r sca la r fu n c tio n  g, p ,  s a n d  В  
am o n g  th ese  e q u a tio n s  an d  get a re la t io n  c o n ta in in g  on ly  V, th e  c o m p a tib ility  
e q u a tio n .

T ak in g  th e  cu rl o f b o th  sides o f  (6) an d  fo rm ing  th e  v ec to r  p ro d u c t w ith  
V, i t  follow s th a t

V X curl a  +  (V • a) grad  log  g — (V* g rad  log g) a  =  У X vA2 w  , (10)

w h ere  u>= p x V .  E q . (1) can  be w r it te n  as

D iv  V +  V. g rad  log g =  0. (11)

N ow  e lim in a tin g  (V. g rad  log  g) a  fro m  (10) a n d  (11), we have

(V -a )g rad  log g =  cu rl a x V  — a (d iv  У ) +  У х ( г р 2ы ). (12)

T h is eq u a tio n  im plies th e  ex is ten ce  o f tw o  classes o f  flow  prob lem s acco rd 
in g  to  V -a  =  0 (u n ifo rm  m otion) a n d  У -a  ^=0.

F o r  flow  p ro b lem  V -a  ^  0, E q . (12) gives

curl
’ curl a X  V + V  X  (v\/2 u>) — a(divV )

V a
=  0. (13)

T h is eq u a tio n  is th e  c o m p a tib ility  eq u a tio n  fo r flow s w ith  V -a  =И= 0. 
N ow  we h a v e  d e te rm in ed  th e  re la tio n  fo r v e lo c ity . T h e  re la tio n  fo r den

s i ty , th e  p ressu re , an d  th e  m ag n e tic  in te n s ity  are d e te rm in ed  as follow s.

curl axV+Vx ( W 2 w ) ~  a (d iv  V) 
V -a

d r , (14)

w h e re  dr is th e  v e c to r  e lem ent o f  a rc  le n g th  fo r th e  s tre a m  line,

p =  -  Г Г (ea  — w 2 V )d r+  ---------^ - ( y V )
J  2 p  3

(15)
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a n d  В =  a.Q, w h ere  к is a n  a rb i t r a ry  fu n c tio n  co n stan t a long  each  s tream  line .
B y  rem o v in g  th e  v isc o s ity  te rm  from  th e  c o m p a tib ility  e q u a tio n  (13), 

one can  o b ta in  d irec tly  th e  c o m p a tib ility  e q u a tio n  for in v isc id  flu id  g iven  b y

curl
c u rl a  X  V a  d iv  V

V a
=  0. (16)

A nd hence  th e  re la tio n  fo r  d en sity , p ressu re  and m ag n e tic  in te n s ity  fo r 
in v isc id  flu id  are

curl a  X  V — a  d iv  V_ e xpJ -
V a

d r , (17)

P = ÍJ q a  dr -f-
B 2 - 
2/1

(18)

В  =  a Q,

T he c o m p a tib ility  e q u a tio n  fo r incom pressib le  viscous f lu id  is 

cu rl[py  X  ( у  X  w) — cu rl V x w ]  =  0.

(19)

(20)

T he c o m p a tib ility  e q u a tio n s  w ere used  b y  Ozoklav [2 , 3] to  de te rm ine  
th e  ve lo c ity  f ie ld  fo r  th e  s te a d y , ro ta tio n a l p lan e  gas flow  p ro b lem  b y  inverse  
m e th o d .

I t  m ay  be o f  in te re s t to  f in d  o u t re la tio n s  fo r ve locity  f ie ld  pressure an d  
specific  e n tro p y  fo r  several p ro b le m s by  using  th e  c o m p a tib ility  eq u a tio n  w ith 
o u t  using  th e  in v e rse  m eth o d  u se d  b y  Ozoklav  [2, 3].

H ere  we w ill use th e  c o m p a tib il i ty  e q u a tio n  to  o b ta in  so lu tio n  for p lane  
ra d ia l flow. W e consider th e  p o la r  coo rd inate  sy s tem  for w h ich  stream lin es  are  
g iven  b y

0 =  Г) =  c15 в cx <  2 л  (21)

a n d  th e  o rth o g o n a l tra je c to rie s  a re  given b y

У =  I  =  c2, в <  c2 <  oo . (22)

W e also k n o w  th a t  th e  sq u a re  o f e lem en ta l a rc  len g th  in  th is  case is g iven  
b y

ds2 =  dr2 +  тЧО2. (23)

N ow  ta k in g  as the  u n i t  ta n g e n t  v ec to r  to  curve 6 =  c1 in  th e  d irec tion  
o f r  in creasin g  a n d  e 2 as th e  u n i t  ta n g e n t v ec to r  to  curve r =  c2 in  th e  d irec tion  
o f  0 increasing , w e get

V =  V(r, 0)ev  (24)
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A fte r  using (24) in  (16) we see t h a t  F (r, 0) sa tisfies

_ ï _ logJ _ i î :  = o.
8r 90 r  8 r

T he so lu tio n  of E q . (25) is g iven by

F (r ,0 ) =  Z(r) +  m(0) + - ^ - n ( 0 ) .
A

T h is  is th e  d es ired  so lu tio n  fo r th e  v e lo c ity  f ie ld  w here  l, m a n d  n  are  
a rb i t r a ry  functions o f  th e ir  a rgum en ts.

*

The author is indebted to Prof. J a g d is h  L a l , D. Sc. Director, Indian Institute of 
Technology, Kanpur, for his guidance and helpful suggestions.

(25)

(26)
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P . W . H a w k e s :

Electron Optics and Electron Microscopy

Taylor and Francis, London, 1972, pp. 244, I —ХУ.

The author, renowned for Ыз numerous works in electron microscopy, has realized a 
well-planned programme to provide a summary to those who use electron optical equipments 
as beginners of the fundamentals and performance parameters of these equipments.

After a historical review, the book briefly describes the operating principles of up-to- 
date types (transmission and scanning microscopes, electron beam microanalysers). The Chapter 
on the principles of electron lenses begins with the general imaging properties of symmetrical 
fields and discusses typical lense defects too.

In the Chapter on the construction of electron microscopes the role and technical solu
tions of the cathode, lenses and apertures are given. Then follows the description of the modes of 
operation currently used (the bright and dark field technique, the high resolution and selected 
area diffraction, etc.) and an outline of their technical realization. An extensive chapter analys
es the theory of image contrast and the appearance of the amplitude and phase contrast and 
their role in the imgaging.

The best part of the book is that summarizing, in sufficient detail for the researcher not 
familiar with electron microscopy, the most effective microscope procedure applied in surface 
physics: the imaging technique with scanning electron beam. This Chapter also includes dif
ferent scanning beam electronoptical equipments as well as material research based on the 
velocity analyses of electrons. Without striving for completeness this Chapter offers a very good 
selection of important information on this field of electron microscopy.

The description of applications is rather poor, which is obviously due to lack of space. 
It would have been difficult to review all applications and the necessary preparative techniques 
in such a short chapter. Those who do not know these, benefit very little from this Chapter, 
whereas for experts familiar with these techniques it contains nothing new.

Comparing the deficiencies and virtues of this rather short summary of electron micro
scopy, it can be said that it is a valuable contribution to the extensive literature on this subject.

J. P Ó C Z A

Planck’s Original Papers in Quantum Physics

Classic Papers in Physics, Vol. I Hans Kangro, Editor, Taylor & Francis Ltd.
London 1972, 60 pages

In 1970 an International Working Seminar was organized by IUPAP on the Role of the 
History of Physics in Physics Education where it was agreed that original, classic papers pro
perly annotated and translated would be of great help for teachers of the history of physics. 
This book is an example of such an attempt. It comprises two basic papers by P l a n c k  on the 
spectral energy distribution of electromagnetic radiation (Über die Verbesserung der Wien’-
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sehen Spektralgleichung, Verhandlungen der Deutschen Physikalischen Gesellschaft Bd. 2 
S. 202 — 204, 1900 and Zur Theorie des Gesetzes der Energieverteilung im Normalspektrum, 
Verhandlungen der Deutschen Physikalischen Gesellschaft, Bd. 2 S. 237—245, 1900) both in 
German and English. The notes by H ans K angro making up the third chapter serve to help 
the reader in understanding the original text.

This small volume can be highly recommended to teachers of the history of physics and 
to all showing an interest in the great epochs of physics.

P . SzÉPFALUSY

Scien tific  A m erican  R esource L ib ra ry

Readings in the Physical Sciences and Technology, Vols. 1 — 3 
W. H. Freeman and Company, San Francisco

The Scientific American Research Library consists of a series of volumes containing 
hundreds of articles selected from the rich subject matter of about two decades of the Scientific 
American magazine. Readings in the Physical Sciences and Technology is one of its five subject 
classifications.

This 3-volume selection closely reflects the wide spectrum of the scientific material, all 
exposed in a popular way, of the Scientific American magazine. Let us quote only a few random
ly picked topics for illustration: What Holds the Nucleus Together (H. A. B e t h e ); The origin 
of the Elements (W. A. F ow ler); the Revival of Thermoelectricity (A. F. J offe); The Neutrino 
(P. Morrison); What is Matter (E. Sch rö ding er); The Radio Galaxy (G. W esterhout); 
The Physics of Violins (C. M. H utchins); The Mössbauer Effect (S. D e  Be n e d e t t i); Tele
phone Switching (H. S. F ed er  and A. E. Spen c er ); The Clock Paradox (J. B ronowski); 
Violations of Symmetry in Physics (E. P. W ig n e r ); Antimatter and Cosmology (H. Alfvén); 
Particle Storage Rings (G. K. O’N eill), etc.

The purpose of publishing these selected articles is twofold. Today specialization among 
physicists makes it impossible for a given specialist to be informed about what is being done in 
fields different even if slightly from his own sphere of interest. At the same time it is well known 
how fruitful the exchange of ideas in different fields has proven to be in the history of sciences. 
It is just one of the aims of publishing the Readings in the Physical Sciences and Technology 
to promote this exchange by presenting to the physicist society the most interesting develop
ments in the physical science. On the other hand, reading these fascinating stories of physics 
will certainly mean an interesting and exciting excursion into the realm of physics for the lay
man: for the nonphysicists and among them in particular for young students whose interest 
is hoped to he aroused and directed toward science in this way.

P . SzÉPFALUSY

J .  P . B a b u e l -P ey rissac :

E q u a tio n s  Cinétiques des Fluides e t des P lasm as

(Cours et Documents de Mathématique et de Physique) 
Gordon et Breach, Paris—London—New York, 1975, pp. 299.

The book of J. P. B abuel-Peyrissac  is the first part of a very useful, interesting and 
up-to-date series. (Cours et Documents de Mathématique et de Physique, Director: M. Lév y , 
Associated Director: E. Schatzman.) The editorial board of the series decided to publish quickly 
relatively inexpensive works in mathematics, physics and in information theory, which give 
a concise and modern discussion of these branches of science. Like most of the works in the 
series, J. P. Babuel-P eyrissac’s work is a result of a course organized by the Atomic Energy 
Agency for young engineers. This circumstance seems to exert a fortunate influence on the style 
and method of the discussion.
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The subject of the book is based on a certain tradition in the French literature. (J. L. 
D elcro ix , R. J an cel , T. K ahan, D. Massiguon, E. Schatzman). The author makes an effort 
not to be unfaithful to his famous pioneers, his work gives an excellent summary on the classi
cal kinetic theory of fluids and plasmas.

After the discussion of the classical theory of particle collisions the author gives an 
estimate on the influence of the collisions of third and higher order, treats the Liouville, 
BBGKY and Boltzmann equations stating clearly the conditions of application of these equa
tions. He derives the equations for the thermal equilibrium of fluids and plasmas from the kinetic 
equations. In Chapter IV the author deals with Boltzmann’s equation and its applications. In 
the next Chapter he introduces the kinetic theory in a more general form (method of Prigogine- 
Balescu, BBGKY hierarchy, Sandri’s expansion). In the last two Chapters classical hydrodyna
mics is discussed on the basis of the kinetic theory.

In the Appendix the reader can find useful mathematical and physical relations (integ
ral transforms, expressions for Landau’s equation etc.)

M. D obróka

Acta Physica Academiae Scientiarum Hungaricae 39, 1975





Printed in Hungary

A kiadásért felel az Akadémiai Kiadó igazgatója 
Műszaki szerkesztő: Botyánszky Pál

A kézirat nyomdába érkezett: 1975. X I. 24. • Terjedelem: 6,25 (A/5) ív, 11 ábra

76.2507 Akadémiai Nyomda, Budapest — Felelős vezető: Bernât György igazgató





N O TES T O  C O N T R IB U T O R S

I. PAPERS will be considered for publication in Acta Physica Hungarica only if they have 
not previously been published or submitted for publication elsewhere. They may be written 
in English, French, German or Russian.

Papers should be submitted to 
Prof. I. K ovács, Editor
Department of Atomic Physics, Polytechnical University 
1521 Budapest, Budafoki út 8, Hungary

Papers m ay be either articles w ith  abstrac ts or sh o rt com m unications. B oth should 
be as concise as possible, articles in general Dot exceeding 25 ty p ed  pages, sh o r t communica
tions 8 typed pages.

II . M ANUSCRIPTS

1. Papers should be submitted in five copies.
2. The text of papers must be of high stylistic standard, requiring minor correc

tions only.
3. Manuscripts should he typed in double spacing on good quality paper, with generous 

margins.
4. The name of the author(s) and of the institutes where the work was carried out 

should appear on the first page of the manuscript.
5. Particular care should he taken with mathematical expressions. The following 

should be clearly distinguished, e.g. by underlining in different colours: special founts (italics, 
script, bold type, Greek, Gothic, etc.); capital and small letters; subscripts and superscripts, 
e.g. Xя, x3; small I and 1; zero and capital O; in expressions written by hand: e and 1, n and u, 
V  and V ,  etc.

6. References should be numbered serially and listed at the end of the paper in the 
following form: J. Ise and W. D. Fretter, Phys. Rev., 76, 933, 1949.

For books, please give the initials and family name of the author(s), title, name of 
publisher, place and year of publication, e.g.: J. C. Slater, Quantum Theory of Atomic Struc
tures, I, McGraw-Hill Book Company Inc., New York, 1960.

References should be given in the text in the following forms: Heisenberg [5] or [5].
7. Captions to illustrations should he listed on a separate sheet, not inserted in the text"

III. ILLUSTRATIONS AND TABLES
1. Each paper should he accompanied by five sets of illustrations, one of which must 

be ready for the blockmaker. The other sets may be rough drawings in pencil or photocopies.
2. Illustrations must not be inserted in the text.
3. All illustrations should be identified in blue pencil by the author’s name, abbreviated 

title of the paper and figure number.
4. Tables should be typed on separate pages and have captions describing their content. 

Clear wording of column heads is advisable. Tables should be numbered in Roman numerals 
I, II, III, etc.).
IV. MANUSCRIPTS not in conformity with the above Notes will immediately be returned 
to authors for revision. The date of receipt to be shown on the paper will in such cases be 
that of the receipt of the revised manuscript.



Reviews of the Hungarian Academy of Sciences are obtainable 
at the following addresses:

AUSTRALIA
C. B. D. Library and Subscription 
Service
Box 4886, G. P. O.
Sydney N. S. W. 2001 
Cosmos Bookshop 
145 Acland St.
St. Kilda 3182

AUSTRIA
Globus
Höchstädtplatz 3 
A - 1 200 Wien XX

BELGIUM
Office International de Librairie
30 Avenue Marnix
1050-Bruxelles
Du Monde Entier
162 Rue du Midi
1000 —Bruxelles

BULGARIA
Hemus
Bulvár Ruszki 6 
Sofia

CANADA
Pannónia Books 
P. O. Box 1017 
Postal Station "B”
Toronto, Ont. M5T 2T8

CHINA
C N P I С O R 
Periodical Department 
P. O. Box 50 
Peking

CZECHOSLOVAKIA 
Mad’arská Kultura 
Národní trida 22 
115 66 Praha 
PNS Dovoz tisku 
Vinohradská 46 
Praha 2
PNS Dovoz tlace 
Bratislava 2

DENMARK
Ejnar Munksgaard
N örregade 6
D K — 1165 Copenhagen К

FINLAND
Akateeminen Kirjakauppa 
P. O. Box 128 
SF-00I0I Helsinki 10

FRANCE
Office International de 
Documentation et Librairie 
48, Rue Gay-Lussac 
Paris 5
Librairie Lavoisier 
11 Rue Lavoisier 
Paris 8
Europeriodiques S. A.
31 Avenue de Versailles 
78170 La Celle St. Cloud

GERMAN DEMOCRATIC REPUBLIC 
Haus der Ungarischen Kultur 
Karl-Liebknecht-Strasse 9 
D D R -102 Berlin  
Deutsche Post 
Zeitungsvertriebsamt 
Strasse der Pariser Kommüne 3 —4 
DDR-104 Berlin

GERMAN FEDERAL REPUBLIC 
Kunst und Wissen 
Erich Bieber 
Postfach 46 
7 Stuttgart 5

GREAT BRITAIN
Blackwell’s Periodicals 
P. О. Box 40 
Hythe Bridge Street 
Oxford O X I 2EU  
Collet’s Holdings Ltd.
Denington Estate 
London Road
Wellingborough Northants NN8 2QT 
Bumpus H aldane and Maxwell Ltd. 
5 Fitzroy Square 
London W IP  5AH  
Dawson and Sons Ltd.
Cannon House 
Park Farm Road 
Folkestone, Kent

HOLLAND 
Swets and Zeitlinger 
Heereweg 347b 
Lisse
Martinus Nijhoff 
Lange Voorhout 9 
The Hague

INDIA
Hind Book House 
66 Babar Road 
New Delh i I 
India Book House 
Subscription Agency 
249 Dr. D. N. Road 
Bombay I

ITALY
Santo Vanasia 
Via M. Macchi 71 
20124 M ilano
Libreria Commissionaria Sansoni 
Via Lam arm ora 45 
50Ù2I Firenze

JAPAN
Kinokuniya Book-Store Co. Ltd.
826 Tsunohazu 1-chome 
Shinjuku-ku 
Tokyo 1 6 0 -9 1  
Maruzen and Co. Ltd.
P. O. Box 5050
Tokyo International 100—31
Nauka Ltd.-Export Department
2 — 2 Kanda
Jinbocho
Chiyoda-ku
Tokyo 101

KOREA
Chulpanmul
Phenjan

NORWAY
Tanum-Cammermayer 
Karl Johansgatan 41 —43 
Oslo I

POLAND
Wçgierski Instytut Kultury
Marszalkowska 80
Warszawa
BKWZ Ruch
ul. Wronia 23
00 —840 Warszawa

ROUMANIA 
D. E. P.
Bucurefti
Romlibri
Str. Biserica Amzei 7 
Bucurefti

SOVIET UNION
Sojuzpechatj — Import 
Moscow
and the post offices in 
each town
Mezhdunarodnaya Kniga 
Moscow G — 200

SWEDEN
Almqvist and Wiksell
Gamla Brogatan 26
S - I 0 I  20 Stockholm
A. B. Nordiska Bokhandeln
Kunstgatan 4
101 10 Stockholm I Fack

SWITZERLAND 
Karger L ibri AG.
Arnold-Böcklin-Str. 25 
4000 Basel 11

USA
F. W. Faxon Co. Inc.
15 Southwest Park 
Westwood, Mass. 02090 
Stechert-Hafner Inc.
Serials Fulfillment
P. O. Box 900
Riverside N. J. 08075
Fam Book Service
69 Fifth Avenue
New York N . Y. 1003
Maxwell Scientific International Inc.
Fairview Park
Elmsford N. Y. 10523
Read More Publications Inc.
140 Cedar Street 
New York N. Y. 10006

VIETNAM
Xunhasaba
32, Hai Ba Trung
Hanoi

YUGOSLAVIA
Jugoslavenska Knjiga 
Terazije 27 
Beograd 
Forum
Vojvode MilSica 1 
21000 Novf Sad

Acta Phys. Hung. Tom. 39. No. 3. Budapest, 28. V. 1976 Index : 26.025



ACTA
PHYSICA

ACADEMIAE SCIENTIARUM  
H U N G A R I C A E

A D I U V A N T I B U S

R. G Á S P Á R ,  L. J Á N O S S Y ,  K. N A G Y ,  L. PÁL,  A. S Z A L A Y ,  I. T A R J Á N

R E D I G I T

I .  K O V Á C S

TO MUS X X X I X F A S C I C U L U S  4

■1828 .

vpTOîP]

A CTA P H Y S . H U N G .

A K A D É M I A I  K I A D Ó ,  B U D A P E S T

1 9 7 5

APAHAQ 39 (4) 215—282 (1975)



ACTA PHYSICA
A C A D E M I A E  S C I E N T I A R U M  H U N G A R I C A E

S Z E R K E S Z T I

K O V Á C S  I S T V Á N

Az Acta Physica  angol, ném et, francia  vagy orosz nyelven közöl értekezéseket. É ven te  
ké t kötetben, k ö te ten k én t 4 —4 füzetben jelenik  meg. K ézira tok  a szerkesztőség címére 
(1521 B udapest X I., B udafoki ú t 8.) küldendők.

Megrendelhető a belföld szám ára az Akadémiai K iadónál (1363 B udapest P f. 24. 
Bankszám la 215-11488), a külföld szám ára pedig a „ K u ltú ra”  K önyv- és H írlap  K ülkeres
kedelmi V állalatnál (1389 B udapest 62, P .O .B . 149. Bankszám la 217-10990 sz.), vagy annak 
külföldi képviseleteinél és bizom ányosainál.

The Acta Physica  publish  papers on physics in English, Germ an, French or R ussian, 
in  issues making up  tw o volum es per year. Subscription price: $32.00 per volume. D istribu tor: 
K ULTURA  H ungarian  T rad ing  Co. for Books and N ewspapers (1389 B udapest 62, P.O . Box 
149) or its represen tatievs abroad.

Die Acta Physica  veröffentlichen A bhandlungen aus dem  Bereich der Physik  in  d eu t
scher, englischer, französischer oder russischer Sprache, in  H eften  die jährlich  zwei Bände 
bilden.

A bonnem entspreis pro Band: $32.00. B estellbar bei: K U L T U R A  Buch- un d  Zeitungs- 
A ußenhandelsunternehm en (1389 B udapest 62, Postfach 149) oder bei seinen A uslandsvertret
ungen.

Les Acta Physica  publient des tra v a u x  du dom aine de la  physique, en français, anglais 
allemand ou russe, en fascicules qui fo rm ent deux volumes p a r an.

Prix de l’abonnem ent: S32.00 p a r volum e. On peu t s’abonner à l’Entreprise du Com
merce E xtérieur de L ivres e t Journaux  K U L T U R A  (1389 B udapest 62, P.O .B. 149) ou chez
ses représentans à l’é tranger.

« Acta Physical публикуют трактаты из области физических наук на русском, немец
ком, английском и французском языках.

вActa Physica» выходят отдельными выпусками, составляющими два тома в год. 
Подписная цена — $32.00 за том. Заказы принимает предприятие по внешней 

торговле книг и газет KULTURA (1389 B udapest 62, P.O .B . 149) или его заграничные 
1 4  едставительства и уполномоченные.



ACTA
PHYSICA

ACADEMIAE SCIENTIARUM  
H U N G A R I C A E

A D  I U V  A N T  I В U S

R. GÁ SP ÁR,  L. J Á N O SS Y ,  K.  NAGY,  L. P Á L ,  A. S Z A IA Y , I. T A R J Á N

R E D I G I T

I .  K O V Á C S

TOMU S X X X I X F A S C I C U L U S  4

ACTA P H Y S. H UNG.

A K A D É M I A I  K I A D Ó ,  B U D A P E S T  
1 9 7 5



IN D E X

W . Lucht: Phase T ransition  Phenom ena and  th e  L ippm ann—Schwinger V ariational
Principle .......................................................................................................................................  217

T. M . Karade: The N atu re  of the Singularity  in  the G ravitational Field of a Charged
Particle ...........................................................................................................................................  227

T. M . Karade and J .R .R a o :  Free Fall of a Charged Particle in Centro-Symm etric Reissner —
N ordstrom  Field .....................................................................................................................  233

B . G. Verma and K . K . Singh: Explosion W aves in  a R adiative Gas .................................  239

B. Lukács: An SU (2) Spin Coefficient A pproach to  the Problem of Rigidly R otating  F lu id  247

R. Gáspár, J . Szabó and J . Szaniszló: V ariational Calculation in th e  Universal P o ten tia l
Field w ith Even-Tem pered Functions ............................................................................... 261

COMMUNICATIO BREVIS

T . Siklós and I. Tüttő: P -V  Diagram of Q uantum  C ry s ta ls .....................................................  275

RECENSIONES 279



Acta Physica Academiae Scientiarum Hungaricae, Tomus 39 (4), pp. 217—226 (1975)

PHASE TRANSITION PHENOMENA AND THE 
LIPPMANN-SCHWINGER VARIATIONAL PRINCIPLE

I t  is shown th a t  the partition  function need no t be determ ined uniquely if a gene
ralized m atrix  eigenvalue equation of the type

possesses a non triv ia l solution У. The solution m ay be physically re levan t if the param eter 
P  is real. We derive the above eigenvalue equation and discuss its  solution. In  th is con tex t 
some basic asym pto tic  considerations are sum m arized in  a theorem .

In  th e  c o n te x t of phase tra n s fo rm a tio n s  (for ex am p le : p ressu re  in d u c e d  
tra n s itio n s)  i t  is know n th a t  a t  tra n s itio n  p o in ts  (or in  th e ir  v ic in ity ) o rd in a ry  
p e r tu rb a tio n  series m ay  be d iv e rg en t [1 — 3]. I t  is believed  th a t  th is  d ivergence  
is coupled  to  a ce rta in  s in g u la rity  of e.g., th e  p a r ti t io n  fu n c tio n . In flu e n c e d  
b y  th is  idea  t h a t  a ce rta in  ty p e  o f s ingu larities co rresponds to  th e  p h en o m e
non  o f ph ase  tra n s it io n  we use  a version  o f th e  L ippm a n n  Sc h w in g e r  
v a r ia tio n a l p rin c ip le  [4] to  show  th a t  such  s in g u la ritie s  can  ex ist. F o r  th e  
sake of g en e ra lity  we em ploy  a fo rm u la tio n  of n o n -eq u ilib riu m  s ta tis t ic a l  
m echanics.

I I .  T he physical system  and  th e  in itia l-v a lu e  problem

W e suppose  a n o n -re la tiv is tic  q u a n tu m  m echan ica l sp in -in d e p e n d e n t 
M -p a rtic le  sy s te m  w hich is enclosed in  a sphere  of ra d iu s  L  w ith  vo lu m e

By

W . L ucht
SEKTION MATHEMATIK DER MARTIN-LUTHER-UNIVERSITÄT HALLE, HALLE, GDR

(Received 17. V I. 1975)

(W t -  PW 2)Y  =  0

I .  In tro d u c tio n

3

T he H a m ilto n ia n  shall be o f th e  fo rm  [5]

h (p ) =  h  +  2  a?„rn ,
M

( 1 )

h  — j y  — p“ +  U( r l t . . . ,  t M) ,

n = l  
M  I

( 2)

( 3)
т(фп)

1* Acta Physica Academiae Scientiarum Hungaricae 39, 1975



218 W . L U C H T

T h e  q u a n titie s  m , X n , p n ,  P  a n d  A a re , re sp ec tiv e ly , th e  m ass, th e  p o sitio n  and  
im p u lse  v ec to rs  o f th e  n - th  p a rtic le , an  e x te rn a l p ressu re , a n d  th e  in te rp a r tic le  
sp ac in g . U is a p o te n tia l  fu n c tio n  (e.g. a superp o sitio n  o f tw o -b o d y  p a ir  
p o te n tia ls )  w hich  n eed  n o t be specified  a t  th is  p o in t. e^m is th e  a -co m p o n en t 
o f  a  u n i t  v e c to r  p o in tin g  from  p a rtic le  n  to  th e  n ea r n e ig h b o u r p a r tic le  a t  m. 
I n  th e  b u lk  o f th e  sy stem  i t  is =  0, since

2  =  0 •
т ( ф п )

T h e  forces in  E q . (3) are  on th e  su rface . P rescrib in g

L = L ' + y ,  0 < y < L ,  0 < y < L ' ,  ^

L ’ <, L 0 ^  L,  0 <  n 0 ^  1

w e can  w rite

2 ® nTn =  PA22 [ - n 0Loe(\Xn I - ( L - y ) ) ]  =
n  n

=  PG 2  ®( I I

w h ere

в ( х )
1 fo r я  >  0

a n d  G -A2 n0L 0. (4b)
0 fo r X <C 0

W e in tro d u ce  th e  second q u a n tiz e d  p ic tu re  to  o b ta in  th e  re p re se n ta tio n

Я (Р ) =  Я + Р Г  d rj(r) ,  dr =  dxdydz (5)
J Ql

w ith

q(l)  =  G 0 (| Г I — L')rp+(x)f(x). (6)

y>+(x) an d  тр(х) are  th e  fam ilia r fie ld  c re a tio n  u n d  d e s tru c tio n  o p era to rs  [6]. 
Я  in  (5) shall be th e  second q u a n tiz e d  fo rm  o f th e  H am ilto n ia n  g iven in  E q . (2).

N ow  we use  th e  fram e o f J a y n es  [7, 8] fo rm u la tio n  o f no n -eq u ilib riu m  
s ta t is t ic a l  m echan ics. Suppose th a t  a t  t im e  t =  0 n o t o n ly  th e  m ean  energy , 
< Я (0)> , b u t  also th e  s ta tis t ic a l  average  v a lu es  of th e  observab les Pq(x) are 
k n o w n . T hen  th e  av erag e , a t  tim e  t, of th e  observable  Pq(x) can  be expressed  
as a fu n c tio n a l d e riv a tiv e :

<Pq{ X, t)>
d(ßW) 
дЦх, t) 4v,t)=KWt)

(7 )
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w here we h av e  d efin ed  a n o n -equ ilib rium  p a r t i t io n  fu n c tio n  2  an d  th e rm o d y 
nam ic  p o te n tia l  W  b y  (we will use h =  1 th ro u g h o u t)

3  ES e - w  =  Tr{e-HH+PKß.\ß - ß} ,

К  =  Kßt =  ß ? f  dx X(x)q(x), q(x) =  q( Г, t) =  e‘" ‘q(t ) t f - " * ,

I dx . . . =  r+ “ d t f  d rJ J-» JOi

( 8 )

(9)

T he m u ltip lie rs  ß  an d  A(r) are  d e te rm in ed  fro m  th e  know n  in itia l d a ta  <(if(0 )) 
and  <Pg( r, 0 )) :

<Я (0)> =  -

< P g (t, 0)> =

9(/? IP)

ö(ßW)
<5Л(д, 0)

ч г,о = ч * т

Д(г,()=Д(гЖ0

( 10)

( 11)

T he essen tia l p h y sica l q u a n t i ty  is th e  p a r t i t io n  fu n c tio n  3  an d  we w ill s tu d y  
ti .  Id ea lly , o u r a im  w ould  be an  answ er to  th e  q u es tio n : Do th e re  e x is t rea l 
p a ra m e te rs  (/?, P )  such  th a t  S  is n o t o r n o t  u n iq u e ly  d e te rm in ed ?  I f  th e  
answ er w ere “ y es” , th e n  a p o in t w ould  be  fo u n d  a t  w h ich  a phase  tra n s i t io n  
could  occur.

I I I . T he v a ria tio n a l p rincip le

A ccord ing  to  I sihara  [9] we w rite  in  obv ious n o ta tio n  ( th e  s u b s t i tu 
tio n  ß0 =  ß  is a lw ays to  be understo o d )

2  = T r  { в-/Ч *+як)} =  Sdq. < [/(/}, 0)>(/? , (12)
w here

and
“ dq Tr e-i>H

<• • •>„, =  Tr{. . . e~pH}jTre~PH (13)

deno tes th e  eq u ilib riu m  average . T he th e rm a l ev o lu tio n  o p e ra to r  f/(. , •) s a tis 
fies th e  in te g ra l e q u a tio n

U ( г , r 0) =  1 -  P  Г  dT’ X ( r ')  U(t' ,t0). (14)
J  Te

K ( т) =  еНт K e~ H\  t re a l, K +  =  K .  (15)

T h is o p e ra to r  is n o t h e rm itia n : K +(t) K (r) .  H ow ever, K(.)  is s ta r -h e rm itia n  
in  th e  sense o f  P rigogine  [10]. T he s ta r-h e rm itia n  co n ju g a tio n  (d en o ted  b y  *)
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is  d e f in e d  as th e  co m b in a tio n  o f  th e  h e rm itia n  co n ju g a tio n  (d en o ted  b y  +) 
a n d  th e  in v ers io n  r  —> — r :

K*{x) =  K +( - x )  =  Щ  t). (16)

W ith  th is  ty p e  o f  con ju g a tio n  all th e  nice p ro p e rtie s  of th e  fam ilia r t im e -d e p e n 
d e n t  ev o lu tio n  o p e ra to r  (w here r  —► it)  are  p rese rv ed . F o r exam ple , w e h a v e  
fo r  o u r o p e ra to r  U(. , .)

U(r, t 2)U*(t, t 2) =  U*(x, x 2)U (t , t 2) =  1, (17)

u * ( r  1, r 2) =  [ / - ! ( Tl5 T2) =  U(т 2, тх).

[ /( . , .) is a s ta r -u n ita ry  o p e ra to r .
As a consequence  of th is  one can  use th e  L ippm a n n  — Sc h w in g e r  v a r ia 

t io n a l  p rinc ip le  w ith  s ta r-h e rm itia n  c o n ju g a tio n  for th e  th e rm a l ev o lu tio n  
o p e ra to r . D efine  th e  o p e ra to r-v a lu ed  fu n c tio n a l

F ( V *, V; r 2, Tj) =  1 — P  I 2 d r  [V*(x,  r 2) K (x)  +  K (x)V (x ,x1)] +

+  P  Г' d x V * (x ,x 2)K {x)V(x ,x1) +  P 2 Г  d r  Г 2 d T 'F * (r ,T 2)K (r)  X (18)
J  T1 J  Tx J  Tx

X 6 (т  -  t ' ( Щ т О ^ т ' , ^ )

w ith  G(x) g iven  in  Section I I .  T h e n  th e  fo llow ing th eo rem  is v a lid :
Theorem: T h e  values of th e  o p e ra to rs  V  a n d  V* for w hich  th e  fu n c tio n a l 

(18) is s ta tio n a ry , w ith  resp ec t to  v a r ia tio n s  ÔV and  ÔV* are  th e  ev o lu tio n  
o p e ra to rs  of th e  p e r tu rb a tio n  H a m ilto n ia n  PK(.).  F u rth e rm o re , th e  s ta t io n 
a ry  v alue  of th e  fu n c tio n a l i ts e lf  reduces to  th e  th e rm a l ev o lu tio n  o p e ra to r  
fo r  th e  in te rv a l

to  fg*

T h e  d e ta ile d  p roo f o f th is  th eo rem  follow s, e.g., from  B e ssis  [11] if  
som e obvious m od ifica tio n s co n cern in g  th e  s ta r-h e rm itia n  c o n ju g a tio n  are  
p e rfo rm ed . W e o n ly  no te  t h a t  in  fa c t

h F  Гт
-------=  0 im plies V(r, t x) =  1 — P  d t '  K (r ' )V (r ' ,  T j ) , (19a)àV* JTl

a n d
h F  f r

-------=  0 im plies V*(r, r x) =  1 +  P  Ax' V *(x ',x1) K ( x ' ) . (19b)
ÔV J Tl

(19a) is id e n tic a l w ith  E q. (14). O n  th e  o th e r  h a n d : E q . (19b) reduces to  (19a)
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w hen  we ta k e  th e  s ta r-h e rm itia n  co n ju g a te  of th e  eq u a tio n . T h e  s ta tio n a ry  
v a lu e  o f th e  fu n c tio n a l F  re ad s

F (V * V ;  r 2, r J l t  =  1 — P  Г ЛтУ*(т,т2)К(т) =  V*(tv  r 2) =  V (r 2, t j ) .  (20)
J Xx

T h is  is th e  second p a r t  o f th e  th eo rem .
T he n e x t  s tep  is th e  CiNi —F u b in i-A n sa tz  [12] fo r th e  o p e ra to rs  V 

a n d  V*. E q . (14), resp . (19a, b ) ,fo rm a lly  g enera tes th e  S tu rm —L iouv ille  e x p a n 
sion

U ( r ,  Tj) =  Uk(r, t j)  w ith  U0(r, r j  =  1, (21)
k =0

Uk+i(r, r 1) = - P  f  d r '  K (x ')U k(r ',  Tl) , (22a)J Tl

u*k+i( r , Ti) -  p J ' d r ' U £ ( t \  Т !)Х (Т ') . (22b)

A t th e  IV-th o rd e r i t  is chosen

U W (r ,  r 1) =  N2 U k(r, , (23a)
fc=0

I/W * (r, т 2) =  W ( r ,  r 2) , (23b)
ft= 0

w h ere  th e  fit an d  are o p e ra to rs  to  be de te rm in ed .
U sing  th e  sam e a lgeb ra  as in  B essis [11] one can  deriv e , w ith  th e  help  

o f  E q s. (17) a n d  (21) — (23b), th e  re p re se n ta tio n  of th e  o p e ra to r  va lu ed  
fu n c tio n a l

Ч К ,  • • •» ^-N—v> Mo’ • ■ • Pn —1? ^ 2 Ti)

1 +  z

N- 1

У  zk{ U k+1( r 2, Ti) fjik -j- A* Uk+i(x2, Tj)} — (24)
fc=0

—  2  zk+Jh { U k+j+i(t 2, Ti ) —  z U k+j+2(T2, T J ) iij 
j,k=«

H ere  we h a v e  in tro d u c e d  an  a u x ilia ry  v a riab le  z. F o r  z =  1 one o b ta in s  th e  
o rig in a l fu n c tio n a l (18):

F  =  F z\z=i .

T h e  fu r th e r  analy sis  rests  on (24) an d  th e  s ta t io n a r i ty  re la tio n  (20).
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IV . The problem  of the  s in g u la rities

F ro m  (24) w e f in d  fo r a  =  0, 1, . . ., N — 1

6K

Ô X.

N —l
-a + 1

^ a + 1  —  z k  ^ k ( U k + x + l  ~  z U k + a + z )  
k = 0

N - l
U * + i  ~~ ^  z j ( [ /J+a+1 — z U j +a+2) f i j

j=0

=  o ,

=  0 .

(25)

(26)

T h is  is a  system  o f 2 N  eq u a tio n s  fo r  th e  u n k n o w n  2iV v a r ia tio n a l o p era to rs  
Xk a n d  /íj. Since (25) a n d  (26) are  n o t  coupled  i t  is enough  fo r o u r pu rposes to  
co n sid er, say , th e  E q . (25). T he sy s tem  (26) can  be h a n d le d  in  th e  sam e w ay . 

A ccord ing  to  E q s . (22) w e rep lace  in  (25)

z b y  P  an d  U n( r 2, Tj) b y  w n =  w n(/3, 0), (27)

w h ere  fo r n 1

(ß, 0) =  — |% т 'К ( т ') г с п-1 (^ ', 0); «’„ = ! .  (28)

F u r th e rm o re , le t u s  define  tw o (N , l) -co lu m n  v e c to rs  E  an d  R,

- 1 - *0

E  = 0 an d  R  = P*i

_ 0 _

(29)

a n d  th e  tw o ( N ,  N ) - m atrices  an d  W 2:

« V + i • • •
\цг(л0_

vO,i w0,N-l+i

w N — l , i  w N - l , i + l  • • • • • • w N - l . N - l + i

T h e m a tr ix  e lem en ts a re  o p era to rs  a n d  are  g iven  b y  (28):

; £ =  1 ,2 . (30)

™j,k =  wkj  =  wj+k • (31)

W ith  th ese  d e fin itio n s  th e  system (25) can  be fo rm a lly  re w ritte n  in  th e  form

E TW[N) =  R T(W[N) -  PW i,N)). (32)

T h e  u p p e r  in d ex  T  m ean s tra n sp o s itio n . T he ta s k  is to  f in d  th e  v e c to r  R. 
T h is  w ere possib le, i f  th e  inverse  o p e ra to r  (W^O — P W ^ ) ” 1 w ould  ex ist.
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I f  th is  w ere n o t  th e  case, th e n  we w ould  n o t  h av e  a u n iq u e  so lu tio n  R  (resp . 
R T i f  an y ). T herefo re , we seek  rea l p a ra m e te rs  ß  and  P  such  th a t  th e  in v erse  
m a tr ix  (W (jN) — P W f 1)-1  does n o t ex ist. T h e  k ey  suggestion  is th e  fo llow ing 
know n lem m a [13]:

Lemma:  I f  Q deno tes an  o p era to r, th e n  @_1 is d efin ed  i f  an d  o n ly  i f  
Qu =  0 im p lies u =  0 (it Ç D(Q), th e  d o m a in  o f Q). T h u s we shou ld  t r y  to  
solve th e  fo llow ing  p ro b lem : F in d  a re a l P  an d  a n o n triv ia l v e c to r  Y  such  
th a t

W (N )y =  p W (N )y  (33)

is sa tisfied . T h is  is a well p o sed  generalized  e igenvalue p ro b lem . B ecause  of 
E q . (31) th e  m a trices  a re  sy m m etric , b u t  th e  o p e ra to rs  wn th em se lves
are  n o t h e rm itia n  (see (28) in  connection  w ith  (15)). H ence , in  g enera l, real 
P ’s are  an  ex cep tio n  (if a n o n tr iv ia l  so lu tio n  ex is ts  a t  all).

W ith  E q . (33) th e  p ro b lem  of p re ssu re  induced  p h ase  tra n s it io n s  is, 
in  p rinc ip le , re d u ced  to  th e  so lu tio n  o f a n o n -h e rm itia n  e igenvalue  p rob lem .

T he fo llow ing  q u estio n  arises: Suppose fo r fix ed  N ,  th e  n u m b e r o f tr ia l  
o p e ra to rs , a n o n tr iv ia l so lu tio n  o f E q . (33) (w ith  e igenvalue  P 0 N) ex ists . 
H ow  is th e  b e h a v io u r  of th is  so lu tio n  i f  one ad d s  n fu r th e r  t r ia l  o p e ra to rs  (on 
th e  r ig h t o f (23)) ? E specia lly  th e  case n —*■ oo is o f basic  in te re s t . T h is q u estio n  
w ill now  be s tu d ied .

V. T he asym pto tic  lim it

Som e n o ta t io n  is n eed ed . Consider th e  tw o  m atrices  W \N+n\  i  =  1, 2. 
T hese we w rite  fo r  re 1 in  th e  form

YpfN+'i) _ ‘W,B(0, N — l ; i , N - l  +  i)
W pjV, N + n  -  1; i, N  -  1 +  i)

X

W?2(0, IV — 1; JV +  i , JV +  re -  1 +  i)
W  P(JV, iV +  r e - l ;  N  +  i, N  +  n -  l  +  i), '

(34)

T h e  W ?9 are  m a trice s  w hose e lem en ts are  th e  o p era to rs  wj^.  T h e  f i r s t  p a ir  
o f  indices in  th e  b rack e ts  gives th e  range  o f  th e  row  ind ices, th e  second p a ir  
in d ica te s  th e  co lu m n  indices. F o r  exam ple , in  W )2(0, JV—1;
th e  row  in d e x  ru n s  from  0 to  N —1, an d  th e  co lum n in d ex  ru n s  from  iV-J—£ 
to  iV—f-re — 1 — Thi s  re c ta n g u la r  m a tr ix  possesses th e  fo rm a t (N,  re). C orres
p o n d in g  to  (34) th e  v ec to r Y  =  Y<JV+n) is analogous decom posed:

у(ЛГ+п)_
- Y ( N Y

y (bn).
,  Y r =

‘ 1 ^ a l > -
,  Y i n) =

1-----------
/

4

>
?

 
••

. 1 y 0N >- ■ 1 Y b n > -

(35)
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T h e  e igenvalue e q u a tio n

^№ + "1 Y <N+n) — P~W(2n у (^ + п) (36)

yields then under the assum ption (for short we suppress the argum ents of 
the matrices)

W ji Y<°"> =  P 0,N W ?  Y (ON), P 0,jv real, (37)

the inhom ogeneous system  for Y ^ :

(W j2 — P0N W ]2)Y<"> =  0 ,  (38a)

(W f1 -  P 0iiV W l1) Y<0N) +  (W 'f -  Р 0Л W !2) Y<"> =  0. (38b)

H ere  we have chosen  Y[jN* =  Y^0N\  T he  tw o  e q u a tio n s  (38) suggest th e  choice 
Y ^  —► 0. I f  a su ita b le  norm

n, th e n  we cou ld  con sid er th e  so lu tio n  o f E q . (37) as a so lu tio n  w hich  m akes 
sense in  th e  a sy m p to tic  lim it. A fte r th e se  p re lim in arie s  we s ta te  th e  fo llow ing 
th eo rem  (for som e sim ple fu n c tio n a l a n a ly tic  n o tio n s see, e.g., [14]):

Theorem: S uppose  th a t :

(I) F o r a f ix e d  N  w ith  N  >  1 th e  ex istence  of a n o n tr iv ia l so lu tio n  ( P 0 N,, 
Y(o n >) o f th e  eigenvalue eq u a tio n  (37) in  a c e r ta in  space is k n o w n . L e t 
P o.n >  0 . W e w rite  Y*0iv* as a co lum n v e c to r

(W 21 -  P o ^ 'W !1) Y<°"> II (39)

w ould  be su ffic ien tly  sm all (ideally , i t  shou ld  go to  zero) fo r su itab le  N  o r /a n d

Y ( O N )  =

Y (ß N) >J

( I I )  T he s ta te s  | Y[0JV* >■ are  no rm alized :

И I Y<ON)>  И == (< Y[0JV) I Y f N> »1'2 =  1.

( I l l )  T he fo llow ing e s tim a tes  fo r 1 <  +  2 N  a re  va lid :

m
а) П  K (ri) I y ^°N) >  < Z m W Km(ß*) I y ^°N) >  II

w ith  £ 0 an d  /3*^>0.

b)  II K m(ß*) Il ^  ô"1- 1 ||К (£ * )||т  w ith  < 5 > 0 .
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T he o p e ra to r  n o rm  is defined  b y

A  К =  sup  { H A  I Y<°"> >  [I : l < , v < , N } . (40)

U n d er th e se  a ssu m p tio n s  i t  is for n  7> 1 a n d  x  ^  1

(W f1 — P o N W !1) Y < ™ > ||^ d - 1

X

(N+iy.

{ l - x N) x N+1 (1  -  Я2" ) 1/2
1  —  X

1 + xP« ,N

N  +  2
X

(41)

w here x  =  ö£ß | | K(ß*) | | .
A lth o u g h  th e  p ro o f  is n o t d ifficu lt i t  is so m ew h at long in  d e ta il. W e 

m erely  give a
Sketch o f  the proof: T he  recu rrence  re la tio n  (28), assu m p tio n s ( I I )  an d

( I I I ) ,  th e  e q u a lity

Jo dTl j; dT2 ■ • • 1 dTm = ß ml™ '- »
th e  Schw arz in e q u a lity , th e  trian g le  in e q u a lity  an d  th e  o p era to r n o rm  (40) 
yield  for 1 <C m n +  27V th e  estim a te

U), n(ß, 0) +  P 0tN̂ d r ’K (r ' )w m(r ',  0)1 I Y<°"> >
(42)

^  1 + P0;),N 'rn 4“ 1

w ith  x  g iven  a t  th e  en d  o f th e  th eo rem . S ince b y  th e  Schw arz in e q u a lity

'(W 21 P 0,n W | i) Y<°"> ^  |j{wN+(i+u(^ d)
v,v' = l  [1=0

+  P 0,N d r 'K ( r ' )w N+ll+v(r',  0)j I Y<™ >>

+  p o,n  J J  dtK(r)irN+ÍI+„,(r,0)J I Y $N> >

0) +

we gain b y  som e e le m e n ta ry  m a n ip u la tio n s  (use o f geom etric  series etc .) 
w ith  th e  help  o f  (42) th e  assertion  (41). T h e  th eo rem  show s th a t  fo r su ff i
c ien tly  la rg e  TV a n d  x  <7 1 th e  erro r can  be  m ad e  a rb i t r a ry  sm all, even  in  th e  
lim it n —► oo. F o r  x  7> 1 th e  rig h t side o f  (41) d iverges in  th e  lim it n —>■ oo.
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V I. S um m ary

Using the n otion  of star-herm itian conjugation  in theLippMANN Sc h w in 
ger variational principle for th e  therm al evo lu tion  operator and the Cin i 
F u b in i-Ansatz i t  was shown th a t the partition  function need not be d eter
m ined uniquely, provided th at a nontrivial so lution  of the eigenvalue equation  
(37) exists. A ssum ing the ex istence o f such a solution for a fin ite  num ber of 
know n trial operators we have form ulated a theorem  which sta tes the asym p 
to tic  properties o f  this solution. Under certain  conditions w hich are g iven  
above such a so lu tion  makes sense in  the asym ptotic lim it.
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THE NATURE OF THE SINGULARITY IN THE 
GRAVITATIONAL FIELD OF A CHARGED PARTICLE
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T . M. K a r a d e
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(Received 6. V III. 1975)

On physical grounds, it  has been verified th a t  th e  so called pseudo singularity in  th e  
exterior field of a charged particle is irremovable.

I. Introduction

T he g ra v ita tio n a l fie ld  o f  a charged  p a r tic le  of m ass ‘m ’ and  charge  
iq’ is g iven b y  th e  w ell-know n R e issn e r—N o rd s tro m  s ta tic  cen tro -sy m m etric  
m e tric

ds2 =  A ~ 4 r 2 -  r2(d 0 2 +  sin2 0d<52) +  A d t2, (1)

w here  ^4 =  1 — 2(m /r) -f- (q/r)2. T h e  space-tim e  ex h ib ited  b y  (1) is s in g u la r 
a t  r  =  0 an d  r =  m ^  b w ith  b2 =  m2 — q2.

T he q u estio n  is w h e th e r th e se  are re a l s in g u la rities in  th e  g eom etry  of 
th e  m an ifo ld ?  I f  one ca lcu la tes  th e  R iem an n  — C hristo ff el c u rv a tu re  te n so r, 
i ts  n o n -v an ish in g  com ponen ts a re  given by

2
Ш 2   m 3    0 2 4    T>34   m T  41112 — Л 13 — iT24 — Л 34 — ------ ------ 9

V ~ 2 m r  ■ 
r 4

( 2 )

W e observe t h a t  th e  com p o n en ts  are  sing u la r on ly  a t  r  =  0 a n d  n o t a t  r  =  
=  m £  i .  I n  th e  l i te ra tu re  th e  s in g u la rity  a t  r  =  0 is te rm e d  as th e  rea l one 
w h ereas  th e  o th e r  tw o are a p p a re n t  in  th e  sense th a t  th e y  can  be rem oved  
b y  a su itab le  co o rd in a te  tra n s fo rm a tio n . Graves an d  Rrill [1] h av e  o b ta in ed  
a tra n s fo rm a tio n  from  th e  co o rd in a tes  (r, f) to  co o rd ina tes (u, v) on p a ra lle l 
lines o f K ruskal’s [2] w ork. T h e y  w ere able to  rem o v e  th e  sp u rio u s s in g u la rity . 
H ow ever, th e  new  coord in a te  sy s tem  w hich th e y  have  a d o p te d  cooresponds 
to  an  acce lera ted  fram e o f re ference  an d  th u s  th e  m etric  h as  lo s t its  s ta tic  
s tru c tu re . W e m a in ta in  th e  v iew  th a t  if  we re s tr ic t  ourselves to  th e  tra n s fo r
m a tio n s  th a t  p reserv e  th e  s ta tic  n a tu re  o f th e  space-tim e g iven  by  (1), th e
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s in g u la rity  th e re in  c a n n o t be rem oved . R osen  [3] has s tressed  th e  sam e view  
in  connection  w ith  th e  s in g u la rity  a t  r =  2m  in  th e  S chw arzsch ild  space-tim e . 
H ilton [4] also concluded  from  h er in v es tig a tio n s  t h a t  th e  n a tu re  of th e  
S chw arzsch ild  s in g u la r ity  a t  r  =  2m c a n n o t v a lid ly  be rem oved  a t  all; for 
th e  surface r  =  2m is fo u n d  to  be a p h y sica l b a rr ie r  w hose ex istence  is in  no 
w ay  d ep en d en t on th e  co o rd in a te  sy stem  used  to  describe  th e  p h y sica l s i tu a 
tio n  d ep ic ted  in  S chw arzsch ild  fie ld . W e in  our ea rlie r w ork  (K arade  and  
R ao [5]) also a rr iv e d  a t  a s im ila r conclusion . W e fu r th e r  rem ark ed  th a t  no 
observer co n fin ed  to  th e  reg ion  r m -f- b can  receive a n y  in fo rm a tio n  th ro u g h  
signals from  o r a b o u t th e  reg ion  r <C m -)- b in  his ow n f in ite  life tim e . I t  is 
th e  pu rpose  o f  th is  n o te  to  e s tab lish  th e  above m en tio n ed  version  on p ara lle l 
lines of H ilto n’s [4] w ork .

To in v e s tig a te  th e  p h y sica l n a tu re  of th e  s in g u la rity  a t r i  m  i  l>, 
w e suppose t h a t  an  observer, su ffic ien tly  aw ay  from  r =  m -\- b, tr ie s  to  
o b ta in  an  in fo rm a tio n  from  th e  reg ion  r  <  m -f- b. (H av in g  p h y sica l m o ti
v a tio n  in  m in d , we h av e  selec ted  th e  s in g u la rity  a t  r =  m -f- b.) T h e  m ost 
p h ysica l w ay  to  g e t an  in fo rm a tio n  is th ro u g h  th e  agency  of signalling . T here  
w ill be no loss o f  g en e ra lity  i f  we p resu m e th e  o b serv er to  be an  in te llig e n t 
being  well e q u ip p ed  w ith  som e tech n iq u e  o f rem o te  con tro lling  such  th a t  
th e  probe he is send ing  can  be rev ersed  b ack  a t  h is com m and . To serve th e  
pu rpose  he ca n  se lect e ith e r  a m a te ria l te s t  p a rtic le  or a p h o to n  as a p robe  
w hich , acco rd ing  to  his fan cy , m ay  m ove ra d ia lly  or n o n -rad ia lly  in  th e  field  
o f  (1). K eep in g  th is  in  v iew , th e  know ledge o f th e  p a th  o f th e  p ro b e  becom es 
a m u st. In  th e  n e x t  S ection  w e o b ta in  th e  possible p a th s  ta k e n  b y  th e  p robe . 
T h e  m a th e m a tic a l re su lts  th u s  ach ieved  are  in te rp re te d  in  S ection  I I I ,  on 
w hich  th e  n a tu re  of th e  s in g u la rity  is concluded.

II . T ra jec to ry  of a probe

I t  h as  a lre a d y  been  v e rified  b y  us (K arade  an d  R ao [5]) t h a t  th e  p a r 
tic le  m oving in  th e  fie ld  of (1) confines to  a p lane  0  =  ?r/2 u n d e r  ce rta in  
in itia l co n d itio n s. T he p a th  is g iven  by

r2d 0 /d s  =  h, (3a)

an d

dt/ds =  к/A ,  (3b)

w here  h an d  к  are c o n s ta n ts  of in te g ra tio n  of p h y sica l im p o rtan ce . ( I t  
shou ld  also be n o te d  th a t  a p a rtic le  can  also ca rry  o u t a ra d ia l m o tio n  p ro v id ed  
th e  in itia l co n d itio n s  a re  su ita b ly  ad ju s ted .)
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(a) Purely radial motion

I n  th is  case, th e  e q u a tio n s  o f m o tio n  y ield

± d r /d s  =  (k2 -  A ) 1'2
an d

± d r / d i  =  (A /k)(k2 -  A ) 112.

(4a)

(4b)

In  th e  d irec tio n  o f r  in c reasin g , we shall ta k e  a p o sitiv e  sign. In te g ra t in g  E qs. 
(4), we o b ta in

± s  =  x x(r) for 1* 1 > 1 , (5a)

± S  =  X2(r) fo r 1*1 =  1, (5b)

K.CO
«IIcc-H for i * i < i , (5c)

b
.

II41 for 1* 1 > 1 , (6a)

db* — ßz{r) fo r 1*1 =  1, (6b)

=  ßs(r) fo r 1 * 1 <  1, (6c)

w here a ’s an d  /?’s are  g iven  as below :

x x(r) =  — (m /F 3) log (r F 2 +  m +  rFy)  +

+  ( r / F 2)y -|- co n st., F 2 — k2 — 1,

a 2(r) =  (1/3m2) (mr -)- q2) (2mr — q2)112 -)- c o n st.,

* 3 (r) =  И Я arc  sin [(rf2 -  m) (m2 -  q2/ 2) ^ 2]
— (r j f2)y +  co n st., f 2 =  1 — k2,

(7a)

(7b)

(7c)

ßi =  k r (y lF 2) +  (k /F 2) (2 F 2 -  1) log [m +  r F ( F  +  y)]  -

— ((?/*i ) log [— b +  k x xr(k +  y)/(r — aq)] — (8a)
— (R j x 2) log [6 +  k x 2r(k +  y)l(r — a;2)] +  const.,

ß 2 =  (1/3m2) (mr 4- 6m2 4- q2) (2mr — q2)112 -\-

+
2 m2

2b
log

+  m  log [r

(mr — q2) b(2mr -  q2)112 
(mr — q2) 4  b(2mr — q2)112 

(2mr -  q2)1'2]2

+

(r -  x x)(r — x 2)
4- co n st. ,

(8b)

ß 3 =  ( k m !p ) (2 f2 4- 1) arc  sin [(rf2 m)(m2 -  g2/ 2)“ 1'2] -

-  (Qlx i) log [ 6 4- k x xr(k 4  y)/(r — aq)] — k r ( y ( f2) — (8c)
— (Щ х2) log [6 4- k x 2r(k 4- y)l(r  — x 2)] +  const.,
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w ith  x 1 — m -f- 6, x 2 =  m — 6,
y 2 =  k2 -  A ,
Q =  (1/26) [(4m 2 — ç2) ^  — 2 mq2] 

a n d  R  =  ( — 1/26) [(4m2 — ç2)x2 — 2 mq2].

(b ) Photon as a probe

F or a p h o to n  tra je c to ry  ds =  0, an d  th e n , we o b ta in

± d r / d t  =  A .  (9)

In te g ra t in g  E q . (9), we get
9  т т |2  ___ n 2  j-  ___  /V-

± t  =  r  +  m log ( r 2 — 2 mr +  q2) H-------—-----lo g ---------- -  . (10)
26 r  — x 2

(c) Non-radial motion o f  a probe

In  th is  case
kr2d0/d t — h A  ( l i a )

a n d
± d r /d t  =  A [  1 -  (A/k2)( 1 +  Л2/г2)]1/2. (11b)

III. Interpretation o f the results

(a ) The observer at rest

H ere th e  o b se rv e r m ay  a rran g e  th e  p ro b e  to  m ove ra d ia lly  or non- 
ra d ia lly .

(i) Im ag in e  th e  probe m o v in g  rad ia lly  to w a rd s  r  m 6. T h is s itu a tio n  
is  dep icted  in  th e  s tru c tu re  o f th e  functions ос,- a n d  /?,-, i =  1 , 2 ,  3. T he n a tu re  
o f  th e  func tions a,- g iven b y  th e  E qs. (7) a long  w ith  E q s . (5) p red ic ts  t h a t  
a n y  signal w ill ta k e  fin ite  p ro p e r  tim e  (s) to  cover th e  d is tan ce  betw een  
r  > m - ( - 6  an d  r =  m -(- 6, w hereas from  th e  expressions o f  th e  fu n c tio n s 
ß i  given by  E q s. (8) along w ith  (6) im p ly  th a t  th e  signal ta k e s  an  in f in ite  coo rd i
n a te  tim e ({) to  tr a v e l  th e  sam e d istance.

I f  the  o b se rv e r uses lig h t as a probe, he w ill also f in d  t h a t  th e  probe has 
a lso  tak en  in f in ite  co o rd in a te  tim e  (t) to  co v er th e  d is tan ce  w hich follows 
fro m  E q. (10).

(ii) I f  th e  s igna l is m o v ing  n o n -rad ia lly , i ts  p a th  is governed  b y  E q s . 
(11). In  th e  n e ig h b o u rh o o d  o f r  =  m -\- 6, th e  q u a n t i ty  f^dr/dt  g iven b y  E q . 
( l i b )  behaves lik e  A ,  in  consequence of w h ich  we h a v e  th e  sam e k in d  o f 
s in g u la rity  p re d ic te d  by  E q . (10) for th e  ra d ia l  m o tio n  o f l ig h t, an d  th u s , th e  
a rg u m en t of H il t o n  [4] can  be applied .
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T h erefo re  th e  observer a t  re s t, u s in g  co o rd in a te  (t) as th e  m easu re  o f 
tim e  will n o t  g e t a n y  in fo rm atio n  in  h is f in ite  life tim e from  th e  reg ion  
r  < ; m - f  b a long  th e  ra d ia l  line of sig h t.

B u t th e  q u es tio n  o f f in ite  p ro p e r-tim e  (s) s till rem ains to  be e x p la in ed . 
T o  m easu re  tim e  in  s, th e  observer i r u s t  acco m p an y  th e  signal a n d  his 
ve locity  a t  r  =  m  -f- b becom es in f in ite . O n th is  g ro u n d  R osen [3] o b je c te d  
th e  observer’s acco m p an y in g  th e  signal. T h is  v iew  has been  e la b o ra te ly  illu s
t r a te d  in  o u r p rev io u s w ork  (K arade  an d  R ao [5]).

(b) The observer in motion

F u rth e rm o re  i f  we presum e th e  o b se rv e r in  ra d ia l m o tio n  o r w ith  an  
a rb itra ry  m o tio n  in  th e  fie ld  o f (1) m an ag in g  to  get an  in fo rm a tio n  th ro u g h  
signals, i t  h a s  b een  fo u n d  th a t  a ll th e  analogous in te rp re ta tio n s  o f  H il t o n  
[4] hold  good in  th is  s itu a tio n  too .

To p u t  i t  in  a n u tsh e ll we conclude  th a t  th e  observer in  th e  reg ion  
r >  m -f- 6 a n d  a t  a la rg e r d is tan ce  fro m  r  =  m  -f- b u t te r ly  fails to  co llec t 
th e  in fo rm a tio n  from  th e  dom ain  r <[ m  -(- 6 in  his ow n f in ite  life tim e . I t  is 
in  pe rsp ec tiv e  t h a t  we claim  th a t  th e  s in g u la r ity  a t  r  =  m  -f- b is irrem o v ab le .
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FREE FALL OF A CHARGED PARTICLE IN CENTRO- 
SYMMETRIC REISSNER—NORDSTROM FIELD

By

T. M. K ä RADE* and J .  R . R ao
DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY, KHARAGPUR, INDIA
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T hem otionof a charged particle in a R eissner—N ordstrom  field is discussed and  various 
specific situations are analysed. I f  th e  relativistic correction term s are neglected, i t  has been 
shown th a t the particle moves radially  under g ravitational a ttrac tion  and electrostatic repulsion.

I. Introduction

T he p ro b lem  o f m o tio n  in  g ra v ita tio n a l th e o ry  has its  ow n im p o rtan ce . 
In  th e  N ew to n ian  th e o ry  of g ra v ita tio n , we know  t h a t  eq u a tio n s  o f m otion  
are in d e p e n d e n t o f th e  fie ld  eq u a tio n s. S im ila rly  in  ea rly  days o f general 
re la tiv ity  th e  e q u a tio n s  o f m o tio n  of a te s t  p a rtic le  w ere p o s tu la te d  as th e  
geodesic eq u a tio n s , w hich  w ere derived  fro m  a v a r ia tio n a l p rinc ip le , w ith o u t 
recourse to  th e  fie ld  eq u a tio n s  o f th e  th e o ry . T h is s itu a tio n  has been  changed  
b y  E in st e in  an d  Grommer [1] w ho m a in ta in e d  a v iew  th a t  e q u a tio n s  of 
m o tion  need  n o t be se p a ra te ly  p o s tu la te d  w hereas th e y  follow  as a conse
quence o f th e  E in st e in  g ra v ita tio n a l fie ld  eq u a tio n s . W e can  th in k  o f eq u a 
tio n s of m o tio n  as a co n d itio n  o f in te g ra b ility  fo r th e  f ie ld  eq u a tio n s . I nfeld  
[2] m u st be h ig h ly  c red ited  fo r p ro duc ing  a lo t  o f s tim u la tin g  l i te ra tu re  on 
th is  issue. D iscussion  o f m o tio n  will be in co m p le te  i f  we m iss to  m en tio n  
th e  n o te w o rth y  an d  in sp irin g  w o rk  o f E in st e in  e t al. [5], H avas e t al. [4], 
F ock [5] an d  Carm eli [6].

Since th e  m o tio n  of a te s t  p a rtic le  is in tr in s ic a lly  co n n ec ted  w ith  th e  
fie ld  eq u a tio n s , i ts  s tu d y  in  som e specific p h y sica l s i tu a tio n  w ill positiv e ly  
reveal som e o f th e  h id d en  asp ec ts  of fie ld  we e n co u n te r. R e c e n tly  H ilton 
[7] and  R osen  [8] h av e  em ployed  th e  s tu d y  o f th e  m o tio n  o f a te s t  p a rtic le  
in  th e  S chw arzsch ild  fie ld  to  conclude th a t  r =  2m  is an  irrem o v ab le  b a rrie r  
on physica l g ro u n d s w hile Mark ley  [9] u tilised  th e  an a lo g y  o f H am ilto n ian  
m ethods to  s tu d y  th e  sam e p rob lem . W e, in  o u r w ork  (K arade  an d  R ao [10], 
[11], [12]), h av e  s tu d ie d  th e  b eh av io u r of u n ch a rg ed  te s t  p a rtic le  in  d iffe ren t 
physica l s itu a tio n s . In  th e  p re se n t n o te  we h av e  e x te n d e d  th e  s tu d y  o f th e

* Perm anent address: T. M. K arade, D epartm ent of M athem atics, In s titu te  of Science, 
Nagpur-440001, India.
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m o tio n  of th e  c h a rg ed  p a rtic le  in  th e  R eissner N o rd s tro m  ( R —N) fie ld . 
W e  h av e  assum ed  t h a t  th e  m ov ing  charge  does n o t d is tu rb  th e  e lec trog rav i- 
t a t io n a l  field  o f th e  cen tra lly  f ix e d  p a rtic le  a n d  also avo ided  th e  co n tro v ers ia l 
p ro b le m  of r a d ia t io n  from  a u n ifo rm ly  acce le ra ted  ch arg e  (F ulto n  an d  
R o h r l ic h  [13], R o sen  [14] a n d  R o h r lic h  [15]). T h e  re su lts  o f  H il t o n  [7], 
R o s e n  [8] an d  Ma r k l e y  [9] com e o u t as consequences o f o u r in v e s tig a tio n  
w h e n  th e  charges on  th e  m oving  p a r tic le  a n d  on th e  fix e d  p a r tic le  a re  m ade 
ze ro . In  our case i t  has been fo u n d  th a t  if  th e  re la tiv is tic  co rrec tio n s are  neg
le c te d , the  p a r tic le  m oves ra d ia lly  u n d e r th e  N ew to n ian  g ra v ita tio n a l force 
o f  a ttra c tio n  a n d  C oulom b’s e le c tro s ta tic  force o f repu lsion . W e h av e  also 
o b serv ed , on p h y s ic a l grounds, t h a t  th e  o b serv er s itu a te d  su ffic ien tly  aw ay  
f ro m  r =  M + B  is unab le  to  o b ta in  an y  in fo rm a tio n  a b o u t th e  reg ion  
r < [ M  - f  В  in  h is fin ite  life tim e .

II. M otion o f a charged particle

T he g ra v ita tio n a l field  o f  a  charged  p a rtic le  o f m ass M  an d  charge  Q 
is  g iv en  by  th e  w ell-know n R  — N  s ta tic  m etric

ds2 =  A ~ 4 r 2 -  r2(d 0 2 +  sin2 Ш Ф 2) +  A d t2, (1)

w h e re  A =  1 — 2 (M/r) - f  Q2/r2.
The u su a l u n its  of g enera l r e la tiv ity  are  u sed , w ith  c =  1, G =  1. I f  

w e  p u t  Q =  0 in  (1), we get th e  S chw arzsch ild  m etric  as shou ld  be expec ted . 
C onsider a te s t  p a r tic le  of m ass m  a n d  an d  charge  q free ly  m ov ing  in  th e  g ra 
v i ta t io n a l  fie ld  g iven  b y  th e  m e tr ic  (1). I t s  eq u a tio n s  o f m o tio n  are  g iven  by  
TOLMAN [16]

ds2 d  s ds m  ds

w ith  th e  co n v en tio n  F j =  g lk F kj.
I f  th e  co o rd in a tes  r, 0 ,  Ф a re  se t u p  a b o u t th e  fix ed  charge , th e  su rv iv in g  

co m p o n en ts  o f  F tj  are
^41 =  — Fl4 =  - Q I F .

T ak in g  th e  coo rd ina te  t im e  t =  x4, as th e  in d e p e n d e n t v a r ia b le  in s te a d  
o f  th e  p ro p er tim e  s, we get fro m  E q s. (1) an d  (2)

i 2 = —A ~ 1i* -  r2(0 2 +  sin2 0Ф 2) +  A ,  (3a)

r -  ЪА'т2!2А  -  г А (в 2 +  sin2 0Ф 2) +  A A ' ß  +
+  (r2 -  A 2)(qQ's!A m r2) =  0, ( }
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0  - f  (rG/A)(2A rA ')  — sin 0  cos 0Ф 2 — (g /m )f0 sF ?  =  0, (3c)

0  +  {гФ1А)(2А -  rA ')  =  2 co t 0 0 Ф  -  (qlm )r0sF{ =  0, (3d)

w here  a dash  an d  a d o t d en o te  re sp ec tiv e ly  d iffe ren tia tio n  w ith  re sp ec t 
to  r an d  t.

W e fu r th e r  assum e th a t  in itia lly

0  =  я /2 , 0  =  0 an d  Ф =  0, Ф =  0. (4)

F ro m  E q s . (3c, d) an d  (4), we get

0  =  ф  =  0.

T h is  m eans t h a t  th e  p a rtic le  co n tin u es  to  m ove along th e  X -ax is . W e shall 
rep lace  r b y  x  (a n d  hence c u rre n t co o rd in a tes  are x, t) to  d e n o te  th e  d is tan ce  
a long  X -ax is . E q s . (3b) an d  (4) y ie ld

x  -  (3 A ’l2 A ) i2 +  ( A A ' /2) +  (qQklAmx2)(k2 -  A 2) =  0. (5)

A lso from  E q s. (3a) an d  (4), we h av e

s2 =  A  — x2IA.  (6)

U sing  E q . (6), we h av e  from  E q . (5) th a t

x  -  (3 A ’l2A)x2 +  (A A 'j2 )  -  A ~ ^ (q Q lm x2)(A2 -  x2)3'2 =  0 . (7)

N ow  dashes d en o te  d iffe re n tia tio n  w ith  re sp ec t to  x.
I f  in  a d d itio n  to  E q . (4) we supp o se  x  =  0 in itia lly , we conclude  from  

E q . (7) th a t  x  0 an d

mx ad ~  (m M jx2) (qQ/x2) (8)

fo r su ffic ien tly  large  values o f x.
T h u s th e  p a rtic le  seem s to  m ove u n d e r  th e  g ra v ita tio n a l force o f  a t t r a c 

tio n  an d  th e  e lec tro s ta tic  force o f rep u ls io n . In  o rder th a t  th e  p a r tic le  rem ain s 
a t  re s t th e  N ew to n ian  g ra v ita tio n a l a t tra c t io n  m u st be b a la n c e d  b y  th e  
C oulom b’s e lec tro s ta tic  repu lsion  w h ich  accord ing  to  E q . (8) is p ossib le  if

m M  =  qQ o r (m /g)(M /Ç) =  1. (9)
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I t  is easily seen th a t
X  =  A  (10a)

an d
i 2 =  A 2[l -  A (  1 -  qQ/mx) - 2] (10b)

sa tis fy  E q . (7).
W e f in d  t h a t  th e  tr iv ia l  so lu tion  (10a) co rresp o n d s to  th e  tra je c to ry  o f 

p h o to n  and  in c id e n ta lly  we sha ll exam ine i t .  A ssum ing  M  > Q ,  E q . (10a) 
gives on in te g ra tio n

x - a  +  M  log  [{(* -  M )2 -  Б 2}/{(a -  M )2 -  Б 2}] +
+  [ (M 2 +  Б 2)/2 Б ]  log [ ( x - M -  B)i(x -  M  +  B)] =  t,

w ith  th e  in itia l co n d itio n s

a t  t — 0, X  — 0 and  x  — a (v e ry  large). ( l i b )

In  E q . (11a) w e h a v e  used  th e  re su lt

Б 2 =■ M 2 — Q2. (12)

I t  is fu r th e r  o b se rv ed  th a t  th e  v e lo c ity  an d  acce le ra tio n  o f lig h t v an ish  a t  
x  =  M  ± B .

(In  th e  fo llow ing  we sha ll neg lect x  =  M  — В  because  x  behaves as a 
tim elike  co o rd in a te  fo r x  <  M  -f- Б .)

T herefore a n  o bserver, eq u ip p ed  w ith  co o rd in a te s  (x, t) m ay  conclude 
th a t  lig h t s tops a t  x  =  M  B.  B u t fo r a p ro p e r o b se rv e r th e  s itu a tio n  w ill 
be d ifferen t. W e, in  o u r ea rlie r w ork  (K a ra d e  e t al. [10], [17]) h av e  e lab o ra 
te ly  d iscussed th is  aspect.

In tro d u c in g  new  v a riab le s  и an d  v d e fin ed  b y

x  -  (M  +  В) =  и =  r2/4(M  +  Б ) , (13)

th e  space-tim e g iven  b y  (6), in  th e  n e ig h b o u rh o o d  o f x  =  M  B,  now  be  
expressed  in  tw o  fo rm s:

ds2 =  — (2 B u ) ~ \ M  +  Б )М и2 +  2bu(M  +  B )~ 2dt2, (14a)

ds2 =  — ( 2 Б ) - ! ( М  +  B)dv2 +  (Bv2l2)(M  +  B )~ 3dt2. (14b)

U sing a new  p a ra m e te r  p ,  in  p lace o f s, l ig h t ray s  obey

и =  + a :p  +  ß v

v2 =  -h&2 P +  ß n  (15)
V =  x 3 exp ( ~ ß 3t),
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w here a ’s and  ß's  a re  c o n s ta n ts  su ita b ly  know n  in  te rm s o f M  a n d  B.  W e 
rem ark  th a t  our re su lts  (15) are  e x a c tly  of th e  sam e fo rm  as th o se  o f  R osen

[8] an d  hence th e  tra je c to r ie s  (s tra ig h t lines a n d  p arabo las) are  g iven  as in  
F igs. 4,2 of R o sen  [8]. F o r  lig h t th e  co o rd in a te  tim e  ta k e n  to  re a c h  th e  su r
face X  =  M  -j- В  f ro m  a n y  p o in t x  >  M  -(- В  su ffic ien tly  la rg e  is in fin ite  
b u t  th e  p ro p er tim e  is f in ite . As a consequence o f  th is  an  o b server, s itu a te d  
a t  x  >• M  -j- В  su ff ic ie n tly  large an d  using  lig h t as a probe, m a y  fa il to  get 
any  in fo rm atio n  a b o u t th e  region x  M  -j- В  in  h is life tim e. F in a lly  we 
w ould  like to  p o in t o u t  th a t  o u r re su lts  an d  th e ir  in te rp re ta tio n s  coincide 
w ith  th o se  of H il t o n  [7] an d  R o sen  [8]. H ow ever, th e  in v es tig a tio n s  of 
F in c k e l s t e in  [18], F ro n sd a l  [19] an d  Graves a n d  B rill  [20] h o ld  a co n t
ra ry  view .

F o r th e  m o tio n  o f  a charged  p a rtic le  in  th e  n e ig h b o u rh o o d  o f x  =  M  -f- B, 
from  E q s. (10b) a n d  (14a,b) we ge t

(d u /d t)2 =  4 B 2u2( l  -  <xu)l(M +  B),  (16)

w here x  =  2 В т 2 (m M  +  m B  — qQ)~2-
C onsidering th e  m o tio n  to w ard s  u =  0, fro m  E q . (16) we o b ta in

xu  =  1 — [k exp  ( — 2 Bt)  -f- l ] 2[fe exp  ( — 2 Bt)  — l ] -2 , (17)

w ith  к as a c o n s ta n t o f  in te g ra tio n . F ro m  E q . (17), we find

t —*■ oo as и —»- 0.

T herefo re  th e  c o o rd in a te  tim e  e lapsed  to  reach  x  — M  - f  В  is in f in ite  for a 
charged  p artic le .

W e m ay  use и  =  1/« a t  ! =  0 as th e  in itia l co n d itio n  g iv ing  к =  —1. 
T h en  E q . (17 ) y ields

xu  =  1 — [1 — exp  ( —2 R t)]2[ l +  exp  ( — 2 B i)]-2 . (18)

I f  we suppose  M  =  Q, E q . (16) im plies th a t

d u /d t =  0 a n d  also d2u /d t2 =  0.

T herefo re  in  th e  n e ig h b o u rh o o d  o f th e  s in g u la rity  r  =  M  +  В  (in  fa c t here 
В  -j- = 0 )  th e  v e lo c ity  a n d  acce lera tio n  of th e  c h a rg ed  p a rtic le  v an ish . I t  is 
also in te re s tin g  to  n o te  fro m  th e  expression  (10b) t h a t  x  and  x  b o th  van ish  
i f  M  =  Q an d  m — q. W e m ay  conclude, on N ew to n ian  analogue, t h a t  th e  
charged  p a rtic le  is p e rm a n e n tly  a t  re s t  an d  hence in  th is  case th e  g ra v ita tio n a l 
a ttra c t io n  is co m p le te ly  n e u tra lise d  b y  e lec tro s ta tic  repu lsion .
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Considering th e  m oving p a r tic le  o f u n it  m ass a n d  u n it ch arg e  a n d  a p p ly 
in g  th e  cond itions s ta te d  in  E q . ( l i b ) ,  its  p a th  is g iven  b y

y 3 — e3 +  C(y — e) +  D  log [(y — E)/(y  +  £ ) ]  +
+  F l o g  [(y -  G)l(y +  G)\ =  H t ,

•where x  =  y 2, e2 =  a an d  th e  c o n s ta n ts  from  C to  H  are know n  in  te rm s of 
Q a n d  M.

F ro m  th e  m a th e m a tic a l s ta n d p o in t , one m a y  also con sid er th e  case 
M  =  0 (R osen  [14]). In  th is  case  w e get

i 2=  (1  +  <f!x2f [ l  -  (1 +  q2lx2)(l  -  qQlmx)-2] .

F ro m  th e  above expression  we f in d  th a t  th e  v e lo c ity  of th e  c h a rg ed  p a rtic le  
v a n ish e s  a t  x — (Q/2mq) (q2 — m2) b u t  for th is  v a lu e  of x  a cce le ra tio n  of th e  
p a r tic le  is nonzero  a n d  positive .

The asp ec ts  o f  non -rad ia l m o tio n  of a c h a rg ed  p a rtic le  w ill be  d iscussed , 
in  a sep a ra te  p a p e r , b y  one o f  th e  au th o rs  (T M K ).
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EXPLOSION WAVES IN A RADIATIVE GAS
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An analytic solution for propagation of explosion waves in  a radiative gas has been 
obtained. The disturbance is supposed to  be headed by a shock surface of variab le  strength, 
and the to ta l energy of wave is not constan t b u t varies w ith  tim e.

1. In tro d u c tio n

Carrus e t  al. [1] s tu d ied  th e  p ro p a g a tio n  o f  explosion w aves in  s te lla r 
m odels an d  to o k  th e  energy  release o f th e  in s ta n ta n e o u s  cen tre  ex p losion  in to  
accoun t. T h e  d is tu rb a n c e  w as ta k e n  to  be head ed  b y  a shock su rface  of con
s ta n t  s tr e n g th .Taylor  [2 ]red u ced  th e  eq u a tio n s govern ing  th e  m o tio n  o f th e  
flu id  to  a se t o f o rd in a ry  d iffe ren tia l eq u a tio n s, w h ich  w ere in te g ra te d  by  a 
n u m erica l m e th o d . K ynch  [3] an d  Taylor [4] assum ed  th e  u n d is tu rb e d  
d en sity  to  v a ry  acco rd in g  to  som e in v erse  pow er o f  th e  d is tan ce  fro m  th e  
cen tre  o f  explosion  an d  neglected  th e  c o u n te r  p ressu re . Sedov [5] to o k  th e  
c o u n te r  p ressu re  in to  acco u n t b u t  assum ed  un ifo rm  d e n s ity  in  th e  u n d is tu rb e d  
gas. I t  is now  well k n o w n  th a t  ra d ia tio n  p lay s an  im p o r ta n t  role in  m a n y  hydro - 
d y n am ic  processes re le v a n t to  s tro n g  shocks an d  explosions. The ro le  o f  ra d ia 
tio n  is n o t m erely  co n fin ed  to  th e  lum inescence o f  th e  h ea ted  b o d y  b u t  also 
affects th e  h y d ro d y n a m ic  m ovem ent o f m a tte r  in  fo rm  of energy tra n s fe r  and  
h e a t exchange. A t v e ry  h igh  te m p e ra tu re  say  one m illion  degrees o r even 
low er, th e  energy  a n d  p ressu re  of ra d ia tio n  becom e com parab le  w ith  th o se  of 
m a tte r  a n d  th e re fo re  in fluence  th e  th e rm o d y n a m ic  p ro p ertie s  of th e  m ed ium . 
W e hav e , th e re fo re , in  th is  p aper, ta k e n  in to  ac c o u n t ra d ia tio n  e ffec ts  an d  
a t te m p te d  to  give a n  a n a ly tic  so lu tio n  to  th e  p ro b lem  o f a sp h erica l shock 
w ave p ro d u ced  on ac c o u n t of a cen tra l explosion ( in s ta n ta n e o u s  or con tin u o u s) 
in  a g ra v ita tin g  m ass o f equ ilib rium . T h e  d en sity  d is tr ib u tio n  of th e  u n d is 
tu rb e d  gaseous c o n fig u ra tio n  is ta k e n  to  fa ll off fro m  th e  cen tre  as r~ a, w here 
1 <  cs <  3. T he s tre n g th  o f th e  shock p ro p a g a te d  does n o t rem ain  c o n s ta n t 
in  general, th e  M ach n u m b e r of th e  shock  being  a fu n c tio n  of tim e . C o n stan cy  
o f th e  to ta l  energy  o f  th e  w ave is n o t assum ed  a n d  in  fa c t is n o t sa tis fied , 
excep t in  a p a r tic u la r  case. In  th e  a c tu a l p ro p a g a tio n  o f explosion w aves,
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th e  ve lo c ity  o f th e  shock fro n t is ex p ec ted  to  decrease im m ed ia te ly  a fte r  
ex p lo sio n  th o u g h  m ore  and  m ore  en erg y  w ould  be  im p a rte d  in to  th e  w ave 
b y  th e  m ass o f q u iescen t gaseous m a tte r  p assin g  th ro u g h  th e  shock  fro n t. 
A s such , we h av e  ta k e n  in to  a c c o u n t th e  v a r ia tio n  of b o th  th e  M ach n u m b er 
o f  th e  shock as w ell as th e  en e rg y  o f  th e  w av e  w ith  tim e.

2. E q ua tions of m o tio n  and b o u n d ary  conditions

T he e q u a tio n s  of m otion , c o n tin u ity  a n d  energy  b eh in d  a spherica l 
sh o ck  surface in  a rad ia tiv e  gas a re ,

w h ere

d u +  u
d u

+
1 d p Gm

— ■ — ---- h ------  =
at Эг g dt Г2

d g +  U
3 g + g '

d u 2 QU

dt Эг Эг r

(2 . 1)

( 2 .2)

Э E  
dt

+  u
Э E  
dr + P

1

g- dr
=  0 ,  (2.3)

E  — E m ~\~Er , P P m  +  P r  and
dm
d r

4sngr2

th e  suffixes M  a n d  R  a tta c h e d  to  a sym bol d en o te  expressions fo r m a te ria l 
a n d  rad ia tiv e  te rm s , respective ly .

Also we h av e ,

E M—
__ P m

q(y  — !)  ’
E r = 3PR

g

w h ere  y, as u su a l, is th e  ra tio  o f specific  h ea ts . T h e  ra d ia tio n  f lu x  F  is g iven b y

F _ _ A Í £ » ,  (2.4)
eg d r

w h ere  C is th e  v e lo c ity  of ligh t a n d  e is th e  coeffic ien t of o p ac ity . Also,

so th a t ,

P m =  zP ,P r =  (1 -  г )р ,  (0 <  2 <  1)

e ( r - !)
(2.5)
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w here Г  is th e  K lim sh in ’s coeffic ien t g iven  by

p  =  4 ( y  — 1 ) +  z (4 —3y)
3(у 1) +  2 (4 -  3y) '

N ow  b y  assum ing  a d ia b a c y  fo r  each  e lem ent of th e  f lu id , w e have ,

(2 .6)

dp dp Гр h - + u l L
dt drdt dr g

I n  te rm s  of m, th e  eq u a tio n  o f  c o n tin u ity  (2.2) can  be ex p ressed  as

dm dm
+  u -------=  0 .

(2.7)

0Í 3 r
( 2 .8)

T h e  m otio n  is b o u n d ed  on th e  ou ts id e  b y  a shock  surface r  =  R  (t), m oving
d  R

o u tw a rd  w ith  a v e lo c ity  V  =  —y p  , in  te rm s  o f w hich th e  R a n k in e —H u g o n io t

con d itio n s are

Pi =

Qi

d t

I V

Г  +  1 

Po
Г  +  1 L

Q0 ( r + 1 ) M *

1
M 2"

2 Г М 2 — ( Г  +  1)

(2.9)

( 2 . 10)

(2 . 11)

w here  M 2 = V 2Qo

r Po

( Г  — 1) M 2-\- 2 

, an d  p 0, q0 a re  p ressu re  an d  den sity  in  th e  u n d is tu rb e d

reg ion  an d  p v  an d  uv are  p re ssu re , d en sity  an d  v e lo c ity  ju s t  b eh in d  th e  
shock . I n  fro n t o f th e  shock, in  th e  u n d is tu rb e d  gaseous m ed iu m , we have , by  
a ssu m p tio n  q0 =  ß r~ a, ß  b e ing  c o n s ta n t. A lso, as in  Sedov  [5 ], th e re  is a core 
ro u n d  th e  cen tre  o f  explosion , w h ich  exp la in s fo r th e  v a lu e  r  =  0. Since th e  
flu id  is in  h y d ro s ta tic  eq u ilib riu m , we h av e  from  (2.1) a n d  th e  above 
a ssu m p tio n

9P o  _  Gm0ßr - a
9r

(2 . 12)

w here  m0 is th e  m ass w ith in  a ra d iu s  r in  th e  u n d is tu rb e d  s ta te  a n d  is g iven b y

4 nßr3~am0 (r) =  4 л  J  p0r2d r =
(3 — a)

(2.13)
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A s a consequence o f  (2.12) a n d  (2.13) w e have

2 ̂ 2Gr2~ 2a 

(3 — a) (a — 1)
(2.14)

T h e  physica l re q u ire m e n ts  im posed  b y  th e  E qs. (2.14) a n d  (2.13) re s tr ic t  th e  
v a lu e  of a  so t h a t  1 <7 a  <[ 3. T h e  co n se rv a tio n  o f  m ass a t  th e  shock  
su rface  requires

m 1
4nßr3 * 
(3 — a)

"With th e  help  o f  E q s . (2.2) an d  (2.5), th e  energy  e q u a tio n  (2.3) can  be 
w r it te n  as

QP 
31

+  u dP
Qr

+  r P
Qu
dr

+
( Г -  1) ~ ( F r * )  =  0 .

ar
(2.15)

W e now  seek a so lu tio n  of E q . (2.1), (2.2), (2.7) an d  (2.15) in  th e  form

u =  —  и (rj) , (2.16)
t

p  =  rk^ t x- 2P{ri) , 

g =  rktxQ (rj) , 

m =  rk+3txZ  (rj) ,

F =  rk+3 tx~ 3 F  (rf) ,
w here

rj =  ratb .

T h e  co n stan ts  K,X, a an d  b are  fo r th e  p re sen t k e p t o p en  an d  are to  be d e te r 
m in ed  from  th e  con d itio n s of th e  prob lem .

L et th e  shock  su rface  be g iven  by

rig =  A V  ,

w h ere  A  and  are  c o n s ta n ts , so t h a t  th e  v e lo c ity  o f  th e  shock surface 
is  g iven by

y  _  P — b
a t

F ro m  th e  e q u a tio n s  (2.1), (2.2), (2.7) an d  (2.15), i t  c an  be show n th a t

^  +  ~ ^ ( u I  +  F ) =  0 ,  (2.17)
at r 2 or
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w here

an d

N ow

J? 1 2 I P Gm&bj =  —  p ir  A-------— -----------------—
2 (Г  -  1) г

f  =  i e ^ + _
2 ( P - 1 )

p  A—2 — — (ft+  2) -r , ч

Г - 1

1 2 Д-2-Г(к+2)
----- Q U 1 =  t a ф г ( î?) ,

G m p  2 Л - - (2fc+2) _ , .
•----- - = * * 0 ф з(^ )

so th a t
_  Д —2 — — (fc+2)
£ = t  'ф (г?Ь

w here  we have su p p o sed  th a t

К  a
A +  2 6

F ro m  (2.20), i t  follow s th a t

~~~ =  {a — 2 — ( K  -j- 2)
3t [ a

E  b r dE
t a t dr

(2.18)

(2.19)

( 2 .20)

( 2 .21)

(2.22)

I t  is easy  to  see t h a t  in  o rd e r to  g e t a perfec t in te g ra l o f th e  co m b in a tio n  of 
E q s . (2.17) an d  (2.22) we m u s t have

A - 2 -  —  ( K  +  2 ) =  —
a a

(2.23)

W ith o u t any  loss o f  g en era lity , w e m ay  tak e  A =  2 in  (2.23) so t h a t  К  — —5 
an d  from  (2.21) w e h av e , a — —5, b =  4. T herefo re ,

V  =
4 — fi R

5 t
(2.24)

F o r  th e  d is tu rb a n c e  to  be ch a ra c te riz e d  b y  a n  outgoing  sh o ck  w ave, we 
sh o u ld  have  /i <  4 .
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о У 2D efin ing  th e  M ach n u m b er M  a t  th e  shock w a v e  b y  M 2 =  —— we have
Co

M 2=  (4 ~ m)2 .(«. ^ н 3 . ; t 4 - V ) - 2.
50 n r ß G

(2.25)

N ow , since

w e g e t

с г  =  ^ , п 0 =  A t* =  R - H * ,
во

1 4—/х

R  =  A  5 t 5 .

F ro m  (2.25) we easily  deduce th a t  M  is a fu n c tio n  o f  tim e  and  w ill be a de-
10

creasing  function , i f  a  ■< —--------  •
jU

3. Solu tion  o f equations

F ro m  (2.16) we have

an d

dQ 10 ' V 4 V  T dQ
dt 4 — p 6 R 4 — p R  dr

dp 12 p V 4
dt l 4 - / i j P R 4 — p R  dr

(3.1)

(3.2)

N ow , from  E qs. (2.17) an d  (2.22), w ith  values of K ,  A, a and  b u sing  К  =  —5, 
A =  2, b — 4, a =  — 5, d e te rm in ed  above we h a v e ,

r2u l  +  F r 2 -  —  —  E  =  / ( t ) . 
5 t

(3.3)

T h e  fu n c tio n  / ( t ) ,  w hen  ca lcu la ted  from  th e  co n d itio n s a t  th e  in n e r  side 
o f  th e  shock surface, is g iven by ,

/(* ) = 6(3 - a)

2 a  — 5

8nß2G A ~ ^
5 (a  -  3 )(Г

(5  —2 a )  — i

t
{ 2 Г (а

(3.4)

l ) - 2 «  +  l } .
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N ow  f ( t )  — 0 fo r a given Г ,  i f  a  =  —---- —-----— and  2 = 1 ,  th e  la t te r

co n d itio n  co rresponds to  th e  n o n -ra d ia tiv e  case. H ence, in  th e  p ro b lem  u n d e r 
co n sid e ra tio n  f ( t )  w ould n o t v a n ish , an d  increases w ith  tim e  since /x <  4, 
an d  a  <  3.

In  eq u ilib riu m , th e  orig inal g ra v ita tio n a l an d  h ea t en e rg y  o f  th e  gas 
enclosed  w ith in  a rad iu s  equal to  th e  rad iu s  o f  th e  shock, is g iv en  b y

Gm0 g0
r

r2d r  =

2a —5 4 — [1

S n ^ G A  5 t 5
(5—2a)

(3 -  a ) (a -  1) ( Г  -  1) (5 -  2a)
{2Г  (a -  1) -  2 a +  1} .

1 2Г — 1 5
W h en  a  =  —— —---- — h u t n o t e q u a l to  — , th e  above exp ression  van ishes

show ing  th a t  th e  original en erg y  o f th e  gas is zero. H ence  w e have to  
m ak e  a co n tin u o u s  set of exp losions in  o rd e r th a t  th e  energy  o f th e  w ave 
m ay  v a ry  as i t  progresses.

I n  th e  p re se n t p roblem  we im ag in e  th e  c e n tra l explosion to  be  in s ta n ta 
neous so th a t  f ( t )  is n o t zero, as d educed  earlie r.

T h e  v a lu es  o f p , q and  и c an  how ever be  ob ta in ed  in  th e  case w hen  
/ ( ( )  is sm all, i t s  sm allness d ep en d in g  n o t on a  or Г  b u t  on th e  fac to rs  ß 
an d  A .  T he  d e ta ils  follow th e  sam e line of p ro ced u re  as in  [6] a n d  are n o t 
re p e a te d  here.

4. The inner boundary and the energy of the wave

T h e in n e r b o u n d a ry  of th e  w av e  is o b ta in e d  as follows. 
W hen

4 — [A

we h av e
d r i
dt 5 t

w hich  on in te g ra tio n  gives

i4/^-5  =  c o n s ta n t ,

w here rj is th e  ra d iu s  of th e  in n e r  b o u n d a ry .

(4.1)
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I n  term s o f r] w e have

rj1 --- Г!-5 *4 =  c o n s ta n t.

A f te r  th e  explosion , th e  to ta l en e rg y  q>(t) of th e  co n fig u ra tio n  is g iven  b y

9 =  4л A  - F ü l l
2 Г  -  1 r

r2dr

o r

9
4 f

= -------л
5 J, ~  Щг,) Q{rj) г ,- '  +  - ^ - т Г 1, -  GZ(V) Q(ri)

Lj 1 X
dr] , (4.2)

7]0 a n d  r]v  being th e  v a lu es  of r] a t  th e  shock f ro n t  a n d  a t  th e  su rface  of th e  
in n e r  bou n d ary , re sp ec tiv e ly . S ince r]1 has been  show n to  be c o n s ta n t an d  
r]0 =  A t 1*, (Ц =̂= 0), th e  equation  (4.2) show s t h a t  cp is va riab le  d ep en d in g  on 
t im e .
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This paper deals with the problem of a relativistic stationary, axisymmetric, rigidly 
rotating fluid by means of P e r j é s ’s three-dimensional spin coefficient formalism. The spin 
coefficient equivalents of the Einstein and Euler equations and those of Weyl and Ricci 
tensors are calculated. We show that the formalism can be applied even if the cosmological 
constant Л  is not equal to zero.

1. In tro d u c tio n

To fin d  th e  so lu tions of th e  E in s te in  eq u a tio n s  is a v e ry  d ifficu lt p rob lem . 
I f  th e  space-tim e a d m its  a K illing  v ec to r fie ld , th e  g ra v ita tio n a l equ a tio n s 
can  be re fo rm u la ted  in  a 3 d im ensional space assoc ia ted  w ith  th e  tra je c to rie s  
o f  th e  K illing m o tio n  (back g ro u n d  space) [1]. F o r s ta tio n a ry  space-tim es an  
SU (2) spin coeffic ien t m ethod  has been developed  in  [1]. T h e  ap p lica tio n  of 
th is  m e th o d  enab les one to  f in d  new  so lu tions fo r th e  v a cu u m  an d  e lec trovac  
p rob lem s [2], [3], [4]. In  th is  p a p e r  we show  th a t  th is  m e th o d  is app licab le  
fo r  th e  in v es tig a tio n  o f th e  s ta tio n a ry , r ig id ly  ro ta tin g  f lu id  p rob lem  because 
th e  sp in  coefficient fo rm  of th e  fie ld  eq u a tio n s is on ly  s lig h tly  m ore com plica ted  
th a n  th e  eq u a tio n s fo r  th e  v a c u u m  case. T he p rob lem  o f th e  r ig id ly  ro ta tin g  
f lu id  is o f im p o rtan ce  because th e  f in a l s ta te  o f  a ro ta t in g  s ta r  is such  an  
o b jec t.

In  Section 2 w e in v es tig a te  th e  m ean ing  o f rig id  ro ta tio n  in  genera l 
re la t iv i ty . In  S ec tio n  2 we ap p ly  th e  m e th o d  o f 3 d im ensional re la tiv ity  for 
th e  in v es tig a tio n  o f  th e  rig id ly  ro ta t in g  f lu id  p rob lem . In  th is  w ay  we g e t th e  
“ 3 -f- 1 decom posed”  form s o f th e  E in s te in , E u le r  an d  m a te r ia l eq u a tio n s. 
I n  S ection  4 we o b ta in  th e  sp in  coeffic ien t fo rm s o f th ese  eq u a tio n s , ap p ly ing  
th e  com plex  tr ia d  form alism  e lab o ra ted  in  [1]. T h is S ection  co n ta in s  th e  
W ey l an d  R icci te n so rs  as well, expressed  b y  th e  sp in  coeffic ien ts to o . T he 
sp in  coefficien t fo rm s o f th e  E in s te in  eq u a tio n s  a re  sim pler th a n  th e  co rres
p o n d in g  eq u a tio n s o f  th e  e lec trovac  p rob lem . In  S ection  4 w e p ro v e  th a t  th e re  
is no rig id ly  ro ta tin g  f lu id  so lu tion  w ith  a f la t  b a ck g ro u n d  space. In  S ection  6 
we show  th a t  th is  m e th o d  can  also be  app lied  in  th e  case o f  a non-zero  cosm o
log ica l co n stan t. W e d e m o n s tra te  th a t  th e  de S itte r  so lu tio n  can  also be 
s im p ly  o b ta ined  b y  th is  m ethod .
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2. The s ta tio n a ry , rigidly ro ta tin g  flu id

W e consider a s ta tio n a ry , ax ia lly  sy m m etric  m e tric . T h e  K illing  eq u a 
t io n  h as  tw o  in d e p e n d e n t co m m u tin g  so lu tions К ^  an d  Kfa, w here t =  x °, 
cp == x s, p  =  0, 1, 2 , 3. T he c o o rd in a te  system  can  be chosen  in  such  a w ay  t h a t

K(sp) =  /2 j  \
Щ  =  <%•

C on d itio n  (2.1) is p rese rv ed  b y  th e  follow ing tra n s fo rm a tio n s : (a t  le a s t for 
lin e a r  co m b in a tio n s of th e  v e c to rs  К fa an d  Kfo)

t '  =  Cyt -)- C2(p -j- F (xA);

? '  =  C3t +  Ci<P +  G(xA); (2.2)

x A ' =  x A\ x A).

(A  = 1 , 2 . )

H e re  th e  C,-s a re  c o n s ta n t, C1Ci — C 2C 3 =  0, F  an d  G a re  a rb itra ry  fu n c tio n s. 
T he en erg y -m o m en tu m  te n so r  o f a p e rfec t f lu id  has th e  follow ing fo rm :

T  =fXV e + 4 /Ç Hv -  pg,'[IV  4

U r  U „

(2.3)

H e re  th e  scalars (p, p  are th e  m ass d en sity  an d  th e  p ressu re , re sp ec tiv e ly , and  
и is  th e  fo u r -v e lo c ity .In th e  v isco u s case co n ta in s  fu r th e r  te rm s. I f  th e  flu id  
is s ta tio n a ry  a n d  th e re  is no en e rg y  supp ly  th e se  te rm s  m u st v an ish  because 
v iscous effects a re  irreversib le . T h is  cond itio n  y ields eq u a tio n s  for u “.

In  th e  r ig id ly  ro ta tin g  case viscous effects do n o t p la y  an y  ro le , q u ite  
in d e p e n d e n tly  o f th e  v isco sity  o f  th e  flu id . N am ely  in  th is  case th e  d is tan ce  
b e tw een  tw o  b a ry o n s  on a t =  const, h y p ersu rface  is in d e p e n d e n t o f t [5], 
th e re fo re  th e re  is  no  re la tiv e  m o tio n . T he ro ta tio n  is rig id  w hen  [5]

uM =  u4 K fo  +  и‘ Щ )

a n d  choosing th e  co o rd in a te  sy s te m  accord ing  to  E q . (2.1)

—  =  const. s= C .

(2.4)

(2.5)

W e ex p ec t th a t  th e  f in a l s ta te  o f a ro ta tin g  s ta r  a f te r  th e  g ra v ita tio n a l collapse 
perfo rm s rig id  ro ta t io n  because  in  th is  case th e re  is no viscous effect.
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( 2 . 1)

N ow  th e  coo rd in a te  sy s tem  can  be  chosen so — n o t  v io la tin g  cond ition  
— th a t

и? =  0. (2.6)

(T he tra n s fo rm a tio n  (2.2) g ives th is  re su lt  w hen

C4C =  C3.) (2.7)

In  th e  fo llow ing Sections we shall confine  ourselves to  th e  c o -o rd in a te  system  
chosen  acco rd ing  to  (2.1), (2.6) an d  we sha ll in v es tig a te  o n ly  a r ig id ly  ro ta tin g  
f lu id .

3. 3 -d im ensional re la tiv ity

Since w e h av e  tim e lik e  K illing  v e c to r , we m ay  a p p ly  th e  m e th o d  of 
3 -d im ensional r e la tiv ity  [1]. T h e  co o rd in a te  system  ca n  be  chosen  in  such a 
w ay  th a t

-K> =  dg. (3.1)

T h is co n d itio n  is p reserved  b y  th e  fo llow ing tra n sfo rm a tio n s :

t '  =  t +  F ‘(x) ,
x °  =  x i,(xk) , (3.2)

(t =  x°, i  =  1, 2, 3).

L e t us w rite  th e  line e lem en t in  th e  follow ing fo rm :

ds2 =  - f ~ 4 s 2 + / ( d i  +  (Ojdx')2 , 
ds2 =  g^d^ 'd*^ .

(T he tild e  den o tes  4 d im ensional q u a n titie s .)  T his fo rm  is  g e n e ra l because 
f  =  K eK e =  0. N ow  we re g a rd  g,* as th e  m etric  te n so r  o f  a  3 -d im ensional 
(b ack g ro u n d ) space. T he E in s te in  e q u a tio n s  ta k e  now  th e  fo llow ing  form :

G 'ir  — (Gr — G r)G r =  — f ~ 2R o o ,

G/iк —  &k\i +  G,- G'k — G kG j =  — i^iiti R { , f ~ 2 Ÿ g , (3.4)

R* + G, Gk + Gk Gt = f ~ 2(girgks R sr — gtk Ro o)>
w here

G, =  f n  \  m  ; V, -  Slkl cofcl '/+ 2 rg. (3.5)
4/

H ere  vt =  girV ,  th e  stroke  den o tes  3-d im ensional c o v a r ia n t  d e r iv a tio n , R ik 
is th e  R icci te n so r  of th e  b a c k g ro u n d  space . R*ß can  h e  re w r it te n  b y  m eans

3* Acta Physica Academiae Seien tiarum Hungaricae 39, 1975



2 5 0 В . LU K Á CS

of T"4* tak in g  (3.3) in to  co n sid era tio n . Also som e fu r th e r  e q u a tio n s  ex ist, e.g. 
th e  p ressu re -d en sity  connection .

L e t us co n sid er a rig id ly  ro ta tin g  flu id . W e can  p e rfo rm  a c o o rd in a te  
tra n s fo rm a tio n  in  o rd e r to  o b ta in

u* =  (u°, 0, 0, 0), (3.6)

w h ich  preserves co n d itio n s  (2.1). I n  th is  co o rd in a te  sy s tem  we m ay  w rite  
th e  line elem ent in  th e  form  (3.2). T he form  (3.6) is a d h e red  to  b y  th e  t r a n s 
fo rm a tio n s  (3.2). T h u s  th e  r ig h t h a n d  sides o f (2.4) assum e th e  follow ing sim ple 
fo rm s:

- f ~ 2Roo =  A -  B;

—  i£ikiRlof~2 fg =  0  (and ( f t  =  <p4 )  ;

f - \ g i r g ks R rs -  gik Roo) =  g ik{A  - 2 B); (3.7)

T h e  fu rth e r  f lu id  e q u a tio n s  are  th e  follow ing:
a) The p re s su re —d en sity  c o n n ec tio n .M ak in g u seo f(3 .7) th is  is as follow s:

f B = W( f A ) .  (3.8)

b) The E u le r  eq u a tio n s:

Г %  =  0. (3.9)

I n s te a d  of th e  4 E u le r  eq u a tio n s we m ay use th e  “ c o n tin u ity  eq u a tio n ”

T e° ;a U e  — 0 (3.10)

a n d  th e  3 -d im ensional c o n tra c te d  B ianchi id e n titie s

R ik — —  gikRi) =  0 (3.11)
2  /  I к

(3 equations). T hese  fo u r eq u a tio n s  are eq u iv a len t to  th e  E u le r  eq u a tio n s. I t  
is easy  to  show t h a t  (3.10) is an  id e n tity  in  th e  case o f a r ig id  ro ta tio n . F ro m  
(3.11) we o b ta in  th e  follow ing eq u a tio n :

(A  -  2 B ) j  -  —2(G, +  G,){A -  B ) . (3.12)
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N ow  we m u st in v es tig a te  th e  q u a n titie s  A  and  B.  F ir s t ,  from  th e  “ energy  
p o s itiv ity  co n d itio n ”  [6]:

A  ^  0, A  -  В  ^  0. (3.13)

O n th e  o th e r h a n d  A. R . Cu r t is  has show n th a t  th e re  ex is ts  a “ cau sa lity  
co n d itio n ” :

^  <  c2. (3.14)
do V '

O therw ise  a “ so u n d ”  could  p ro p a g a te  fa s te r  th a n  lig h t in  th e  sy s tem . A t 
sm all densities (according to  experience) p  <  pc2. T hus

0 < B < , —  . (3.15)
2

F o r th e  s im p lest cases

В  == —  А ; x  =  co n st. (3.16)
2

T he case
a  =  0 co rresponds to  a f lu id  w ith  p  =  pc2. (M axim ally  h a rd  m a tte r .)  P ro 

b a b ly  th is  case is rea lised  in  th e  v e ry  dense b a ry o n  m a tte r  [7]. 
x  =  1/2 co rresponds to  a re la tiv is tic  deg en era te  F erm i gas.
X =  6/7 co rresponds to  th e  eq u ilib riu m  s ta te s  o f th e  nucleo n -h y p ero n  system  [8] 
X  =  1 is th e  case of th e  in c o h e re n t ( p  =  0) m a tte r .

4. The com plex tr iad  form alism

T he d e ta iled  descrip tio n  o f  th is  fo rm alism  can be fo u n d  in  [1]. A n o r
m alized  com plex  basis v ec to r  t r ia d  is used  in  th e  b a ck g ro u n d  space: z'p =  V, 
m ‘, m l, (V is rea l), p =  0, —. T he n o rm aliza tio n  is: 11 =  m m  =  1,
lm  =  m m  =  0. T he follow ing sca la rs  are  defined :

x  =  — m l lk ; a  =  — liik m ‘ mk ;
p =  m' m k ; т  =  тцк m ‘ m k ; (4-1)

e =  m (|* ni1 lk .

Ç is im ag in a ry , th e  o thers a re  com plex . D efin ing  a congruence o f  cu rves w ith  
ta n g e n t 1 in  th e  b ack g ro u n d  sp ace , th ese  cu rves are geodesic i f  an d  only  if  
X — 0, an d  in  th is  case R ep gives th e  d ivergence o f th e  congruence . S im ilarly , 
Inig  is th e  ro ta tio n  and  | a \ is th e  shear.
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W e in tro d u c e  d iffe ren tia l o p e ra to rs  as follows:

. 9  . 9
D  =  V .— r  ; <5 =  m l — r 

Эя;1 dx‘

w ith  th e  c o m m u ta tio n  p ro p e rtie s

Dô  — ÔD =  (g -f- e)d +  oô -f- x D , 
<5(5 — ôô =  — dr  +  td  — (p — g)D.

T h e  tr ia d  c a n  a lw ays be chosen  in  such  a m an n e r th a t

G+ =  Gjm1 =  0;
6 =  0 ,

a n d  we have  th e  freedom

1' =  1 ; C° is re a l a n d  DC0 =  0. 
m  =  m e 'c° ;

(4.2)

(4.3)

(4.4)

(4.5)

A  p h ase  fa c to r  in  one o f th e  q u a n tit ie s  g, a, x, G c an  be  m ade zero b y  th e  
tr a n s fo rm a tio n  (4.5) i f  D ^° =  0. I n  m an y  cases th is  choice o f th e  basis vec to rs 
is co n v en ien t. I n  th e  su b se q u e n t ca lcu la tio n s we will co n fin e  our in v estig a tio n s 
to  th is  choice.

T he new  fo rm  o f E q s . (3.4), (3.7), (3.12) is th e  follow ing:

G+ — 0, s =  0,

D q — ôx =  — r x - j - x x - j -  g2 +  ffd +  G0 G0-----— A  +  B,
2

Da  —  <5« =  X X  +  X 2 +  (g +  é?)ff>

D r  =  — xe  +  QK +  dr gr  -f- G0G_,

ÔQ — ôa =  —2ar  — (g — g)x +  G0 G+ ,

ôr  +  d r  =  2 r f  -f- QQ — oa — G0 G0 +  G+ G _ ------(- B,

DG0 =  (2g +  G0 — G0)G0 — xG_  -f- A  — В,  (4-0)

D G _ — ôG0 =  gG_ — G0G_ +  xG0,

<5G0 =  — aG _  — xG0 — G + G0 ,

<5G_ =  — ( о  —  5 )G (j -f- rG _  — G + G _  ,

D(A -  2 B) =  - 2  (G0 +  G0) (A  — B ) , 

d(A -  2 B)  =  — 2G+(A  -  B)  ,
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N ow  we w rite  dow n th e  n o n v an ish in g  com ponen ts o f  th e  W ey l a n d  R icci 
tenso rs. T hese are  o b ta in e d  from  th e  N e w m a n —P en r o se  e q u a tio n s  [9] su b 
s t i tu t in g  th e  3 d im en sio n a l q u a n titie s  fo r th e  4 d im ensional ones [1]. W e ge t:

Wo =  -  CxßrA fi mß f i  та - —2oG0 ,

Wl =  —Caßyi P  hß fi rha — Y f  *G0 ,

V>2 = -----— C*ßyd (P  n ß P  — f i  n Y m v f h a)
2 (4.7)

/
2

DG0 +  (G0 -f- G0) G0 4- xG_  +  —  (A  — B)J , 

f 312W3 =  Caßyа P  hß hv ma — ——— [DG_  -j- (2G0 -f- G0)G _ — xG0] ,

Wi =  —C*ßyü й* fiiP hv fha — [<5G_ +  (2G _ -f- t)G _  — crG0] ;

Ф. t - ± - R „ ' r m > = 0 ,
Li

Фo2 =    R lß mß — 0 ,
Li

Ф\о Фох »

Ф и  «  V  ^  (Ä‘ ^  +  Ä “ ~  -4 о

ф 12  =  —  Д * /)  m*hß =  0 ,
Li

Ф20 =  ^*02 5

Ф 21 —  Ф\2 1

Ф ..  —
2 о

Л ^  —  = - ^ - ( А  -  4 В) .
24 24

(4.8)
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5. The f la t  background  problem

I t  will be sh o w n  th a t  rig id ly  ro ta tin g  f lu id  so lu tions w ith  f la t  b ack g ro u n d  
sp a c e  do no t e x is t.

I f  the  b a c k g ro u n d  space is f la t  (Rik =  0) we m ay  use C artesian  coo rd i
n a te s . W hen i — k,  E qs. (3.4), (3.7) give

| C a |» =  \G t \* =  ± - A - B .  (5.1)
£

O n  th e  o ther h a n d  for i к  w e get:

Re(G1G2) =  Re{GiG3) =  Re(G2G3) =  0. (5.2)

F ro m  Eqs. (5.1 — 2) we o b ta in : G; =  0, i.e. f  =  co n st, an d  coi =  0. T h is is 
th e  M inkow skian space-tim e, w h ich  is em p ty .

6. E in ste in  equations w ith  X ^ O

The m ost g en era l form  o f th e  E in s te in  e q u a tio n s  is as follows:

Дх/3 +  l  ̂ —К̂ 8*р =  нТар. (6.1)

H e re  A is the  cosm ological c o n s ta n t. This e q u a tio n  is eq u iv a len t to  an  E in s te in  
eq u a tio n  w ith  A =  0, in  w hich

TSß = T aß- ^ guß. (6.2)
у.

I f  th e  m a tte r is a  f lu id , is also  a flu id  en erg y -m o m en tu m  ten so r, and

A
P  — P  +

9 —

я

A
xc2

и =  и (6.3)

I f  th e  fluid r o ta te s  rig id ly , th e  p rev io u sly  described  p rocedure  can  be  used 
ag a in .

Now we sh o w  th a t  th e  de S itte r  v acu u m  so lu tio n  can  be easily  o b ta in ed  
in  th is  way.
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W e look  fo r v a c u u m  so lu tions. C onseq u en tly :

A  =  0,
В  =  A /-* .

(6.4)

(The co n d itio n s (3.13 — 15) now  c a n n o t be fu lfilled .) T he velocities do n o t 
occur in  th e  e q u a tio n s  because ./4 =  0, th e re fo re  we m ay  t r e a t  th is  p ro b 
lem as a fluid w ith  rig id  ro ta tio n .

L e t us r e s t r ic t  ourselves to  th e  case  o f  geodesic  an d  sh ea rfree  eigen-
rays :

x =  a =  0. (6 .5)

A dding E q s . (4 .6b ,g ) we o b ta in :

D(g +  G) — ( q -(- G)2. (6.6)

T he co o rd in a te  sy s tem  can  be chosen in  th e  follow ing w ay :

V =  ô[; m ‘ =  wô[ +  dU a  =  2 ,3 ;  x 1 =  r . (6.7)

A pplying th e  c o m m u ta to rs  (4.3) on th e  q u a n tit ie s  r, x a we o b ta in  e q u a tio n s  
for th e  со and

Da> =  geo -f- aw -f- x ,
D£a =  g ja +  a la ,

ÔW —  ÔW =  TW —  Tft) +  Q — Q , ( 6 .8 )

<5f° -  d|a = r#a -  rfa.
There rem ains th e  fo llow ing freedom  in  th e  choice o f th e  co o rd in a te  sy s tem :

r ' =  r +  r°(x°);
xa' =  x a'(xb).

(6.9)

T he Eq. (6.6) h as  tw o  so lu tions:

Q +  Go — 6 ,
Q +  G 0 =  —  ( r + i a 0) “ 1 ,

(6.10)

where th e  u p p e r  in d e x  0 deno tes th e  q u a n tit ie s  in d e p e n d e n t of r. In  th e  second 
case we m ade use  o f  th e  freedom  (6.9a). N ow  we p roceed  to  th e  second case. 

L ooking a t  th e  c u rv a n tu re  q u a n titie s  i t  c an  be seen th a t

%  =  Wx = Фаь =  0; Л  =  A  ■ (6-11)
6
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W e will re s tr ic t  ourselves to  th e  case y>2 =  const. In  th is  case th e  a lgebra ic  
c u rv a tu re  in v a r ia n ts  are c o n s ta n t q u a n tit ie s . A ssum ing  th is  c o n s ta n c y  th e  
th i r d  of th e  E q s . (4.7) can  be so lved  b y  th e  help  o f E q . (6.10b). I f  w e in se r t 
th is  so lu tion  in to  E q . (4.6g) an d  im pose  th e  co n d itio n  lim  /  =  1, we o b ta in :r-*0

2
V>2 =  — —  A +  Ф +  iip; Ф 1 =  ifs =  0;

О

f =  1 +  2Фа°г — y r2; 

çp =  cp° — 2 у а °  r  — Фг2 .

(6.12)

N ow  we can  ca lcu la te  q an d  G0. A fer th is  th e  “ ra d ia l”  e q u a tio n s  o f  (6.8) 
ca n  be so lved :

A  =  A 0 f ~ 1,2(r -  i x 0) - 112 eio; A  =  (со, | а); 

2Ü  =  j / “ 1 (p r d r  .

F ro m  th e  e q u a tio n  G+ I  =  0 we ge t:

3qp° =  2а ° c o 0(y )  +  i Ф )  ; 

w° +  i3 a°  =  0 ;

3 =  | a0— .
Qxa

(6.13)

(6.14)

N ow  we can  in te g ra te  th e  ra d ia l e q u a tio n  of r:

T = T/-i/2(r + ia0)-ie-<°,
T  =  2w° f f ~ 2(r — ia ° ) [ (0 2 +  y 2)r — Ф(у — 1Ф)] a °d r. 

F ro m  th e  re m a in in g  equ a tio n s (4 .6f), (6 .8c — d) we ge t:

= co° =  Q — G_ — =  0 ; Ф =  0,

9 |a0  _  g  MO _  Ÿo|ao __ т а ça  о .

3 r°  +  Зт =  2 r ° f °  +  1 .

А
3

(6.15)

(6.16)

I t  is c o n v e n ie n t to  in tro d u ce  th e  re a l q u a n t i ty  P  =  | 20 =  —i | 30 a n d  th e  
com plex c o o rd in a te  z =  x2 -f- ix 3 as in  [1]. T h en  th e  so lu tio n  o f E q . (6.16) 
h as  th e  fo llow ing  form :

1 + Z Z

~ 2 f f ;
(6.17)
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N ow  th e  4 -d im ensiona l m etric  te n so r  gXß can  be re c o n s tru c te d  an d  we g e t:

ds2 — — 1 — — 1 d r2 — r2(d2 & -f- sin2 #  dtp2) -f- 1 -  —  r2 
' 3

d t2 . (6.18)

T h is  is th e  c u s to m a ry  fo rm  o f th e  de S itte r  so lu tion .
F o r  th e  sak e  o f  com ple teness we sha ll in v es tig a te  also th e  so lu tio n  

(6 .10a). In  th is  case th e  E qs. (6.11) are  un ch an g ed . F ro m  E q s . (4 .6b), (6.10a) 
w e o b ta in :

G0 =  - Q  =  (r +  iQ)(r* +  К ) - ' ;

/ =  - Я ( г 2 +  К ) ;  (6.19)

Q r = K r =  0 .

H e re  we m ad eu se  o f  th e  freedom  (6 .9a). W e im pose again  th e  co n d itio n  l i m / = l .  
A s a consequence w e have r- °

К  =  —Я- 1 . (6.20)

In te g ra t in g  (6.8a —b) an d  (4.6a) w e get:

A  =  A °  I r2 — Я-1  | - 1/2 ein<?; A  =  (со, £a); Q « - J -  

co° +  idQ =  0; 2 (ho0 — 0<p° =  0.

d r
r2- A " 1

( 6 .21)

N ow  th e  q u a n tit ie s  r ,  cp c an  be ca lcu la ted  a n d  th e  re su lt is th e  fo llow ing :

| t °  4 -  CD0 \ q  r - i Ç | l
г 2 - Я - г  j j

Iг2 -  Я-1  |- i/2  e-taQ.

cp =  q>° Я — 2^Яг.
( 6. 22)

In tro d u c in g  again  th e  q u a n titie s  P  a n d  z we can  in te g ra te  E qs. (4 .6f), (6.8c — d) 
a n d  g e t th e  fo llow ing :

if  Я >  0, P  =  -1-+ _ g ; i f Я < 0 ,  P  =  - l  ZZ
2 У2 2 f 2

(6 .23)

a n d , in d e p e n d e n tly  o f th e  sign o f  Я:

„ 5

V  2
/ =  1 -  Яг2;

<p =  0 .

T h e so lu tions are s ta t ic  because cp =  0.

—  ; co° =  Q =  0;

(6.24)
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T he c u rv a tu re  q u a n titie s  (4.7 — 8) v an ish  ex cep t th e  fo llow ing tw o:

V>2 = (6.25)

R e c o n s tru c tin g  th e  4 -d im ensional m e tric  te n so r we get tw o so lu tions: 

Я > 0

dS2 =  (1 -  Ar2)dt2 --------1 dr2 -  A -x(d 02+ s in 2 0  d 0 2);
1 — Яг2

Я <  0 (6.26)

ds2 =  (1 — Я r2) d t2 -------- --------d r2 +  Я - ^ Х 2 +  sh2X d 0 2).
1 — Яг2

The R iem an n  spaces h av in g  a line e lem en t of th e  form  (6.26) a d m it 6 
lin e a rly  in d e p e n d e n t K illing  v ec to rs . T he o p era to rs  G ^  defined  b y

GU) =  K b )de (6.27)

a re  th e  g en era to rs  o f  an  SU(2) (g) S U (1 ,1) group  i f  Я is p ositive  and  an  S U (l,l)(g ) 
®  SU (1,1) g roup  i f  Я is n eg a tiv e . T hus th e  sy m m etries of these  so lu tions 
a re  d iffe ren t fro m  th e  “ h y p e rsp h e rica l”  sy m m etry  genera lly  req u ired  fo r th e  
U n iv erse  so lu tions.

7. C onclusion

The E qs. (4.6) are  only s lig h tly  m ore co m p lica ted  th a n  th e  co rrespond ing  
e q u a tio n s  of th e  v acu u m  prob lem . In  th e  e lec tro v ac  prob lem , w hich  can  be 
c o n v en ien tly  in v e s tig a te d  b y  th is  m e th o d  in  som e cases, 3 com plex q u a n titie s  
(H p) ap p ear in  a d d itio n  to  th e  q u a n titie s  of th e  v acu u m  eq u a tio n s. O n the  
o th e r  h an d , in  th e  rig id ly  ro ta tin g  f lu id  p rob lem  o n ly  2 rea l q u a n titie s  (A, B) 
a p p e a r . T he p re ssu re -d en sity  con n ec tio n  (3.8) h as  an  in co n v en ien t fo rm  b u t 
in  th e  im p o r ta n t  case w hen  th e  co n d itio n  (4.16) is realized  its  fo rm  becom es 
sim ple . T hus, in  som e cases, th e se  eq u a tio n s  can  be solved. Such so lu tions will 
be  p resen ted  in  fo rth co m in g  p u b lica tio n s .
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VARIATIONAL CALCULATION IN THE UNIVERSAL 
POTENTIAL FIELD WITH EVEN-TEMPERED

FUNCTIONS
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INSTITUTE OF THEORETICAL PHYSICS, KOSSUTH LAJOS UNIVERSITY, H-4010 DEBRECEN

(Received 8. X II . 1975)

Atomic one-electron energies and associated radial orthogonalized w avefunctions are 
calculated w ith  the variational m ethod. The poten tia l field was a universal one and the trial 
functions were tak en  as linear com binations of S later-type orbitals. The exponents were deter
m ined by a geometrical series w hich are sometimes called “ even-tem pered”  exponents [1]. 
Energies, linear coefficients, exponents are tabu la ted  for Li, O, Cr, Cu atom s, respectively. 
The agreem ent w ith the experim ental results and o ther theoretical ones is good.

1. In tro d u c tio n

T he fu n c tio n a l
E[W] =  0 ' \ H \  У Ж У  I Wy  (1.1)

is an  e x tre m u m  for th e  v a r ia tio n a l o f W  if  a n d  on ly  i f  W  is eq u a l to  a n  eigen
fu n c tio n  o f th e  H am ilto n ian  H .  I n  th is  p a p e r we h av e  used  th e  R a y le ig h —R itz  
v a r ia tio n a l p rinc ip le  fo r th e  d e te rm in a tio n  o f th e  w av efu n c tio n  a n d  energy. 

T he t r ia l  fu n c tio n  fo r  th e  fc-th energy  level is

M
=  2 C ki0 i  (fc =  1, . • . M ), (1.2)

1 =  1

w here  ФДг =  1, . . M )  is a se t o f th e  lin ea rly  in d e p e n d e n t fu n c tio n s  a n d  th e  
Ckj are th e  lin e a r  coeffic ien ts to  be d e te rm in ed  from  th e  cond itio n

ÔE\W] =  0, (1.3)

w here th e  v a r ia tio n  is w ith  re sp ec t to  th e  lin ea r  p a ra m e te rs . T he n o n lin ea r 
p a ra m e te rs  in  Ф(- have  been  se lec ted  b y  a special p ro ced u re  (See la te r ) .

F ro m  E q . (1.3) one o b ta in s  th e  se t o f th e  lin ea r eq u a tio n s ,

M
2  Cki(H u  -  E S tj) =  0 ( j  =  1..........M )  , (1.4)
i = 1

w here  th e  o v erlap  in te g ra l is

S , J =  <Ф, | Ф у >  =  1Ф Г Ф у d r  (1.5)
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a n d  th e  m a trix  e lem en ts  of th e  en erg y  o p e ra to r  are

H íj =  <Ф, I H  I Ф,> =  J  Ф* H 0 j  d r .  (1.6)

T h e  A ppend ix  g ives details o f th e  algebra  fo r th e  m a tr ix  e lem ents.
The set o f E q s . (1.4) has n o n tr iv ia l  so lu tions on ly  fo r th o se  values o f E  

fo r  w hich

d e t II Н у  — ESjj  | | =  0 . (1.7)

T h e  M  roots E k o f  th is  e q u a tio n  are  u p p er b o u n d s to  th e  M  low est e igen
v a lu e s  of H  [2].

2. H am iltonian and the trial functions

Consider th e  following H a m ilto n ia n

H  = T  - e V , (2 .1)

w h ere  T  = -----— V 2  e2 a0 is th e  k in e tic  energy  o p e ra to r  an d

V ( r ) =  —
о К*

+  C ' -
r  1 -j- A 0x  1 -\- A x

(2 .2)

is th e  “ u n iv e rsa l”  p o ten tia l o f a n e u tra l a to m  w ith  th e  a to m ic  n u m b e r Z. 
T h e  scaled v a r ia b le  is

0.88534137
и = ------------------- anr  ZU3 0

w ith  th e  c o n s ta n ts  [3], [4]

A0 =  0.1837 

A 0=  1.05

ж =  0.04 ,

A  =  9.0

1 /3

cZ213 ea0 1

(2.3)

(2.4)

a n d  r is th e  d is ta n c e  of th e  e le c tro n  from  th e  nuc leu s, a0 is th e  rad iu s  of B o h r’s 
sm alle st o rb ita l in  th e  hyd rogen  a to m , an d  e is th e  e lem en ta ry  charge.

The p a ra m e te r  c has b een  de te rm in ed  from  th e  n o rm a liza tio n  o f th e  
ch a rg e  d ensity  [4]. In  th is  m e a n  we get

c =  3.266243. (2.5)

Acta Physica Academiae Scientiarum Hungaricae 39, 1975



V A R IA T IO N A L  C A L C U L A T IO N  IN  T H E  U N IV E R S A L  P O T E N T IA L 263

B ecause th e  p o te n tia l  (2.2) is a sph erica lly  sy m m etrica l one, we can 
sim p lify  th e  H a m ilto n ia n  in  spherica l p o la r coo rd ina tes, so t h a t

H  s= — 1
2

1
r

d2
dT2

1 4L±R
2 r2

V (r) , (2.6)

w here  we h av e  in tro d u c e d  a to m ic  u n its  b y  se ttin g  e =  1 , a0 =  1 .

T here  are tw o  ty p e s  o f possible basis  fu n c tio n s (s =  1 or 2)

Ф%к, ns) =  N ni{Cn., к) rn‘ е-^п.,кг, (2.7)

w here  n1 =  l is th e  a z im u th a l q u a n tu m  n u m b e r for th e  co rresp o n d in g  orb ita ls, 
o r n x =  V — 1, w here  v is th e  p rin c ip a l q u a n tu m  n u m b er.

T h e  n o rm a liza tio n  co n d itio n  gives

N nt(C n . ,k )
_  W „ . J

3

[4?r(2ns -f- 2)!]1/2
(s =  1 or 2). ( 2 .8)

T h e n o n lin ea r p a ra m e te rs  are

t n . , fc =  a „ ,( 6 J \  (2.9)

where sn> 0, bn> 1 for both values o f s and к =  1, . . . M , M  is th e  dim en
sion o f the basic set. T hese exponents form  a geom etrical progression and 
m ay be called “ even-tem pered” . According to  [1] the original even-tem pered  
atom ic orbitals are th ose  w ith  s =  1, in w hich the factor r is the sam e for all 
o f th e  orbitals w ith  id en tica l l. In  the basis o f other typ e, s =  2, the factors 
rv~ 1 are different for orbitals w ith  the sam e l, but w ith  d ifferent principal 
quantum  numbers. W e have used these SLATER-type functions as basis set in 
our calculations. W e have determ ined the ащ and bni for an actual atom  by 
a special procedure based on the Slater rules [19].

T h e S l a t e r  ex p o n en ts  a re  b y  defin itio n

U -  Z - * ( ' ■ ■ * >  ,  (2. 10,
V

w here  a(v, k) are th e  sc reen in g  p a ra m e te rs . W e have  d e te rm in e d  th e  expo
n e n ts  b y  th is  m e th o d  fo r th e  o rb ita ls  (Is), (2s) resp . (2p), (3p )  a n d  so on. F rom  
these  tw o  values o f £rk we h av e  d e te rm in ed  ащ and  ЬПг an d  w ith  th e  aid
o f (2.9) th e  o th e r e x p o n e n ts . F o r  exam ple  th e  L i a to m  h as th e  e lec tro n  con
f ig u ra tio n : ( I s ) 2 (2 s ). U sin g  th e  S l a t e r  ru les we get th e  single-C exponen ts

=  2.7 an d  C°2S =  0.65 .

T he ex p o n en ts  of r  a re  0 an d  1, re spec tive ly .
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Table I
O ne-electron energies for the  Li, O, Cr, Cu atom s w ith single-double-triple-zeta approxim ation

(in  atom ic units)
E , calculated here, £ (H F S ) , H a r t r e e  — F ock  —Sla ter  [5], E(SL) experim ental values revised 
b y  S la t e r  [6], £(C L ), £ ( R ) ,  E (W ), calculated  by Cl e m e n t i, R ootha a n , and W a tso n  re

spectively [7], [8], [9], [10], X , X -ray  term s [12].

z Shell -E
Single
double
triple

— .E(HFS) -.E(SL) -E (C L ) - В Д '-Щ W) — E'(X-term)

3
Is

2.11031
2.12212
2.12239

2.199 2.385 — 2.46345* 1.8

2s
0.07821
0.07836 0.20195 0.2 — 0.07932* —

Is
19.4745
19.4881
19.4888

19.728 19.95 — — 19.65

8 2s
1.09116
1.09503
1.09625

1.072 1.19 — — —

2 P
0.46972
0.52097
0.52741

0.52045 0.585 — — 0.35

I s

218.676
218.689
218.689

217.275 220.8 220.591 220.583 220.5

2s
22.7408
23.8035
23.8055

24.9115 25.95 26.4387 26.4308 25.01

24 2p
20.1348
20.2753
20.2803

21.3895 21.5 22.3648 22.3569 21.1683

3s
2.30297
2.63070
2.63086

2.8557 3.0 3.49901 3.4911 2.62

3P
1.50621
1.57043
1.61850

1.8455 1.8 2.24828 2.2413 1.51
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Table I (continued)

Shell - E
Single
double
triple

-E (H F S ) -.E(SL) -E (C L ) -E (R )*
-E (W ) -.E(X-term)

3d
— 0.00863 

0.09654 
0.10826

0.23945 0.375 0.56886 0.5634 0.075

4s
0.08675
0.15067
0.16251

0.2156 0.285 0.24002 0.2379 —

Is
328.453
328.466
328.466

324.85 331.0 329.03416 329.0036 330.735

2s
37.2103
39.0196
39.0218

39.075 40.65 41.08504 41.0536 40.585

2 P

34.3307
34.4791
34.4837

34.51 34.8 35.87936 35.8483 34.613

3 s
3.91148
5.02853
5.02874

4.317 4.8 5.26095 5.2306 4.49

3P

3.21301
3.41866
3.51903

2.8548 3.05 3.55720 3.5287 2.8183

3d
0.289645
0.706316
0.955062

0.37155 0.39 0.74046 0.7155 0.12

45
0.372103
0.380000
0.392591

0.25455 0.285 0.28486 0.2787 —

24

29
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Table II

O rb ita l exponents and  linear coefficients for the eigenfunctions of the atom ic states. (The last 
n u m b er in  the rows for C is an exponent to  the base 10.)

Z  =  3 vl Exponents C(l*l C( 2.)

single Is 2.7 0.99788562 0 — 0.18070473 0
c 2s 0.65 0.12276234 — 1 0.10140410 1

Is 5.502866 0.60592991 — 1 -0.47643616 — 3
double Is ’ 2.7 0.92766156 0 0.19288980 0

f 2s 1.324764 0.51104000 — 1 —  0.32277556 — 1
2s’ 0.65 — 0.16267865 —  1 — 0.99218544 0

Z  =  8 vl Exponents C (b) C( 2.)

single Is 7.7 0.99707024 0 — 0.25197159 0
c 2s 2.275 0.12246278 — 1 0.10283427 1

Is 14.165940 0.27940000 — 1 — 0.18387732 —  1
double Is’ 7.7 0.95675289 0 0.27927300 0

c 2s 4.185391 0.40704787 — 1 — 0.27956196 — 1
2s’ 2.275 —  0.12648622 —  1 — 0.10108471 — 1

Z  =  8 vl Exponents C(2p)

single 2P 2.45 0.97906870 0

c 3P 0.583334 0.12423866 0

2P 5.021006 0.87090116 —  1
double 2P ' 2.45 0.77500536 0

c 3P 1.195478 0.33010809 0

3p ' 0.583334 — 0.90241496 - 1
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Table II (continued)

Z  =  24 v l Exponents C (b) C(2,)

Is 23.7 0.99726747 0 —  0.41049474 0
single 2s 9.925 0.70691362 —  2 0.10367114 1

C 3s 4.25 — 0.13776498 —  2 0.10598709 0
4s 0.8625 0.51615603 —  4 — 0.33979232 —  2

Is 36.623282 0.19555740 — 1 — 0.37752730 —  1
Is’ 23.7 0.96971345 0 0.37007582 0
2s 15.336965 0.25114313 —  1 0.22137806 0

double 2s’ 9.925 — 0.10549719 —  1 —  0.11963896 1
C 3s 6.422759 0.38643578 —  2 -0.85304755 —  1

3s’ 4.156355 — 0.21890761 —  2 0.17232924 —  1
4s 2.689670 0.81472923 —  3 -0.26936254 —  2
4s’ 1.740583 —  0.32372715 —  3 0.64407804 —  3

C(3s) C(4»)

0.18904585 0 -0.12352587 —  1
—  0.54216821 0 0.35676694 —  1

0.10721165 1 —  0.74727539 —  1
0.25077044 —1 0.10006782 1

— 0.10727826 — 1 0.65473529 —  3
0.12712990 0 — 0.36113620 —  1
0.13618615 0 —  0.63812217 —  1

— 0.57293514 0 0.21974334 0
—  0.11743885 —  2 —  0.64324998 — 1

0.10011786 1 — 0.28200065 0
— 0.20697618 — I 0.11698813 1

F o r  th e  dou b le-f ex p o n en ts  we h av e  ( th e  in d e x  n 2 is neg lec ted  here)

Cls =  a b \ CL =  ab3 =  2.7 =  £°ls, C2s =  ab2, CL =  ab =  0.65 =  CL-

F ro m  th e se  re la tions one can  d e te rm in e  th e  p a ra m e te rs  a and  b, t h e n  one
can  g e t Cu , C2s-

I f  l =  1 (for ex am p le  in  th e  case o f oxygen) th e n  we ta k e  u p  an  e lec tro n  
(V, p ),  to  th e  quasi ex c ited  o rb ita l (v -f- 1, p)  a n d  th is  co n fig u ra tio n  w ill be 
reg a rd ed  as in  th e  case of th e  o rb ita ls  (v, s).
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T able I I  (continued)

<NУN w Exponents C(2p) C(3p)

single 2 P 9.925 0.98260505 0 — 0.42128671 0
c 3p 4.25 0.46503687 —  1 0.10680976 1

2 P 15.167057 0.13430991 0 0.77194025 —  1
double 2P ' 9.925 0.79373519 0 0.23540744 0

c 3p 6.494709 0.15371002 0 0.26930198 0
3P’ 4.25 — 0.41814336 —1 — 0.12436930 1

Z = 24 pi Exponents C(3d)

single 3d 1.766667 —

c 4 d 0.25 —

3d 4.696366 0.37036312 0
double 3d' 1.766667 0.72978391 0

c 4 d 0.664580 0.17749335 0
4 d' 0.25 — 0.34495340 -1

F or th e  o th e r  orb itals th e  p ro ced u re  is th e  sam e (see T ab le  I I ) .
In  our ca se  v =  n* n a m e ly  n* =  1, 2, 3, . . . I t  is a d v a n ta g e o u s  th a t  

w e d id  no t h a v e  to  carry  o u t a  v a r ia tio n  o f th e  n o n lin ea r p a ra m e te rs .
We h av e  ca lcu la ted  th e  o n e-e lec tro n  energ ies b y  using th e  ab o v e  basis 

se ts . There is n o  sign ifican t im p ro v e m e n t in  going  from  th e  d o u b le -ze ta  basis 
s e t  to  the  tr ip le -z e ta  basis se t. T h erefo re  we h a v e  ta b u la te d  o n ly  th e  lin ear 
coeffic ien ts o f ca lcu la tions w ith  sing le-zeta  a n d  doub le-ze ta  sets.

3. Numerical calculations and results

The in v e s tig a tio n s  were p e rfo rm ed  fo r th e  L i a to m  (Z  =  3), O (Z  =  8), 
C r (Z  =  24), C u  (Z  =  29). T h e  o n e-e lec tron  energ ies are ta b u la te d  in  T ab le  
I  w ith  o ther th e o re tic a l re su lts  a n d  ex p e rim en ta l d a ta . C om paring  o u r re su lts  
w ith  the  e x p e rim e n ta l ones, a  good  ag reem en t is found .

There i s  sm a ll difference b e tw e e n  our re su lts  a n d  those  of th e  H a r t r e e  — 
F o c k — S l a t e r  (H F S ) ca lcu la tio n s, re sp ec tiv e ly , an d  th e  S l a t e r ’s io n iza tio n  
energies w h ich  w ere d e te rm in ed  b y  th e  in v es tig a tio n s  of th e  o p tic a l an d  
X -ra y  d a ta  o f  th e  atom s [6]. T h e  lin ea r  and  n o n -lin ea r p a ra m e te rs  o f  th e  one-
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Table II (continued)

Z  =  29 v l Exponents C(U) C(2.)

single Is 28.7 0.99755501 0 —  0.42268654 0

c 2s 12.425 0.61002517 —  2 0.10205207 1
3s 5.916667 -0 .12901678 —  2 0.13409941 0
4 s 0.925 0.20043162 — 4 —  0.17154587 —  2

Is 43.618894 0.17416554 —  1 — 0.40337634 —  1
Is ’ 28.7 0.97331217 0 0.38127044 0

double 2s 18.883789 0.21317796 —  1 0.25962044 0
a 2s’ 12.425 — 0.87705342 —  2 —  0.12338155 1

3s 8.175299 0.30919984 —  2 —  0.84466016 —  1
3s’ 5.379116 — 0.17304952 —  2 0.16979061 —  1
4s 3.539306 0.62413300 —  3 —  0.23968075 —  2
4s’ 2.328764 — 0.24302176 —  3 0.49650542 —  3

C(3s) C(4<)

0.23938210 0 —  0.83649162 —  2
-0.67264012 0 0.23682918 —  1

0.11094811 1 —  0.41137561 —  1
0.17601009 —  1 0.10000345 1

-0.11008711 —  1 0.83277058 —  3
0.13711095 0 — 0.42339911 —  1
0.17302396 0 -0.80908543 —  1

-0 .64584956 0 0.25033846 0
— 0.10849108 — 1 —  0.50107250 — 1

0.10469514 1 —  0.36264213 0
0.92118738 — 1 —  0.98102438 — 1

— 0.12302227 — 1 0.11205654 1

elec tro n  w av e fu n c tio n s  are  ta b u la te d  in  T ab le  I I .  T hese fu n c tio n s  are  m u tu a lly  
o rth o g o n al a n d  th e y  h av e  sim p le  an a ly tica l fo rm s.

T he d ia m a g n e tic  su scep tib ility  is an  e ffic ien t check  on th e  accu racy  o f 
th e  w av efu n c tio n s fo r g re a te r  v a lues of r. T h e  d iam ag n e tic  su scep tib ility  has 
been  ca lcu la ted  b y  th e  fo rm u la  [18]

- 1  =  0.791987 X 1 0 - « ^  <r|>  ,
к
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T able I I  (continued)

Z  =  29 vl Exponents C(2p) c m

single 2P 12.425 0.98135763 0 —  0.50197706 0

c 3P 5.916667 0.42542282 - 1 0.11014690 1

2P 18.005536 0.14398658 0 0.11414819 0
double 2 p ' 12.425 0.77906960 0 0.20432127 0

C 3 P 8.574065 0.15302140 0 0.46636989 0

3P' 5.916667 —  0.40879519 - 1 —  0.14101632 1

N II t-3 sO vl Exponents C(3d)

single 3d 2.733334 0.99996848 0

c 4d* 0.25 0.58127782 —  2

3d 9.037928 0.26198798 0
double 3d’ 2.733334 0.88767601 0

? 4d* 0.826634 0.38814302 —  2

4d*’ 0.25 0.12026091 — 3

N ote: * These orbitals are quasi excited ones.

w h ere  th e  average  v a lu e  <r2> is ex p ressed  in  a tom ic  u n its  a n d  th e  sum  h as to  
b e  e x te n d e d  over a ll e lectrons o f  th e  a to m . W e have  used  only  do u b le -ze ta  
b a s is  fo r th e  w avefunc tions.

Table II I

(
СЩО 1

—X X  10+e ----- j-J of Li, O, Cr and Cu

z S l a t e r
[21]

A n g u s
[is]

B u r n s
[1 7 ]

C l e m e n t i
[18]

H a r t r e e  — F o c k  
n o n - r e l .  [20]

P r e s e n t
w o r k

3 14.674 14.674 17.217 15.129 14.7563 14.7186

8 6.949 5.998 8.621 7.211 8.9234 9.3316

24 — — — — 31.5656 33.2774

29 34.588 34.450 17.355 18.883 25.4777 19.603
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I n  T ab le  I I I  we h av e  com pared  o u r re su lts  w ith  o th e r th e o re tic a l 
ones w h ich  w ere ca lcu la ted  b y  using  SbATER-type fu n c tio n s an d  p a ra m e te rs  
b y  Sl a t e r , A n g u s , B u r n s , re sp ec tiv e ly  [16], [17]. T h e  H a r t r e e —F ock 
n o n -re la tiv is tic  resu lts  a re  also given [18].

T h e  resu lts  c learly  show  th a t  en e rg y  e igenvalues and  w ave fu n c tio n s 
ca lcu la ted  b y  th e  u n iv e rsa l p o te n tia l f ie ld  (2.2) h a v e  com parab le  accu racy  
w ith  th e  m u ch  m ore lab o rio u s H a r tr ee  — F о с к  Sla ter  (H FS) self-consisten t- 
fie ld  v a lu es . A fu r th e r  a d v a n ta g e  o f  th e  w ave fu n c tio n s  ca lcu la ted  here  is 
th a t  w hile  th e  H F S  re su lts  ap p ea r in  a ta b u la te d  fo rm  because of th e  n u m erica l 
c h a ra c te r  o f th e  H F S  m e th o d  our w ave fu n c tio n s  h av in g  an  a n a ly tic a l form  
m ay  be u sed  m ore s tra ig h tfo rw ard ly  in  m o lecu lar ca lcu la tions.

W e h a v e  developed  a co m p u ter p ro g ra m  fo r th e  ca lcu la tions. T h is  p ro g 
ram  consists  of d iffe ren t p rocedures co n ta in in g  th e  so lu tion  o f E q . (1.4) 
w hich ca n  be  w ritte n  in  th e  m a trix  fo rm . W e h av e  used  Ja c o b i’s m eth o d  
fo r th e  ca lcu la tio n  o f th e  eigenvalues. T h e  eigenvecto rs h av e  been d e te rm in ed  
b y  th e  G auss e lim in a tio n  m ethod . T h e  co m p u te r  p ro g ram  ca lcu la tes  th e  
values o f  ex p o n en tia l in te g ra l, too.

Appendix

T h e  m a tr ix  e lem ents o f th e  H a m ilto n ia n  (2.6) w ith  th e  tr ia l fu n c tio n s 
(2.7) are

H U =  H Ji =  — ■ { W  +  1 ) - A j  +  B tj] Щ }  -

-  N t Nj [ZäF (vu  -  1, I ,  S) +  C  b F(VU, 77, b) ] ,
w here

Ai =  vÀvi ~  x)*

ß  — £ v‘j ~  * Го,,. С/ VU
^ij btj J

The o v erlap  in teg ra ls  are  given by

S a  =  S j i=  N t N j U0tJ ,

w here

vij =  vi +  vj  » f y  =  Cl +  C; » à  —  ,A
C = Cy + ^ ? V =  4— • > 6 = —  .

fi A
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T he fo llow ing in teg ra ls  occu r in  th e  ca lcu la tio n s  o f th e  m a tr ix  e lem en ts

U% =  Г x ^ - x  е-Ь *  dx =  (V;7 ~  У  ! - ,"  J o ^ - k+i

i f  Vjj and  к are  in teg e rs  C,-y >  0 a n d

F(fc, l, m) =  Г — —----da; =  (— mk el mEj(—l • m) +
Jo  m  +  X

S = 1

i f  I arg  m I <C n , Re l > 0 .  B ecause  of th e  p o te n tia l  fo rm  (2.2) we h a d  to  
in tro d u c e  th e  e x p o n en tia l in te g ra ls

f z ey
£ , ( * ) =  —  dy .

J  —00 У

F o r  neg a tiv e  re a l values

E 1(t) =  - E t ( - t ) =  Г  —  Ay.
J t  У

T h e  pow er series expansion

1 t2 t3
lW í 2 ! 2 3 ! 3

ho ld s w ith  th e  E u le r  c o n s ta n t

Е с = Г е ~ У 1  o g -  
J  о У

F o r  t 1 th e  sem ico n v erg en t series

Ay =  0.577215 . . .

m a y  be app lied .
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P - V  DIAGRAM OF QUANTUM CRYSTALS
By

T . S ik l ó s  and I .  T ü t t ő

CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST*

(Received 22. X II. 1975)

O n th e  b as is  o f th e  th e rm o d y n am ic  d o u b le -tim e  G reen’s fu n c tio n  m e th o d  
a se lf-consisten t d y n am ica l th e o ry  of th e  an h a rm o n ic  c ry s ta ls  has been  re c e n tly  
developed  [1] [2]. T h is th e o ry  in  a series o f  p rev io u s w orks [3 ]— [8] w as 
app lied  fo r th e  in v e s tig a tio n  o f dynam ic , th e rm o d y n a m ic  an d  e lastic  p ro p e r
ties of a f.c .c . la t t ic e  w ith  n e a re s t ne ighbour c e n tra l  force in te ra c tio n . A sh o rt 
su m m ary  o f th e  th e o ry  an d  th e  m ost in te re s tin g  re su lts  are g iven  in  [9].

In  th is  w o rk  com pleting  th e  prev ious re su lts  th e  eq u a tio n  of s ta te  of 
th e  q u a n tu m  c ry s ta ls  a t  T  =  0 °K  is in v es tig a ted . U sing th e  above m en tio n ed  
m odel n u m erica l ca lcu la tio n s o f P — V  d iag ram  h a v e  been  ca rried  o u t. I n  th e  
ca lcu la tio n s M orse p o te n tia l w ith  th e  choice o f  th e  p a ra m e te rs  ar0 =  6 w as 
ta k e n  as a m o d e l p o te n tia l fo r th e  descrip tion  o f th e  in te ra c tio n  be tw een  th e  
neighb o u rin g  a to m s.

In  acco rd an ce  w ith  [5] th e  se lf-consisten t eq u a tio n  d e te rm in in g  th e  
p ro p ertie s  o f th e  c ry s ta l in  th e  case of c o n s ta n t p ressu re  a t  T  =  0 °K  can  be 
w r itte n  in  th e  fo rm  of tw o coup led  eq u a tio n s:

ce2 -  (P*/24) x2 

11 [a2 -  (P*/12)*2]2 

X =  1 +  (1/12) In [a2 -  (P*/24)x2][a 2 — (P*/12) x2]-* ,

w here P* is th e  red u ced  p ressu re , x =  (l/r0) is th e  dim ensionless a to m ic  d is
ta n c e , A is th e  d im ensionless coup ling  c o n s ta n t a n d  a  is th e  p seu d o h arm o n ic  
freq u en cy  ren o rm a liz a tio n . A ll th e  n o ta tio n s  a re  th e  sam e as in  [5]. Solving 
th ese  e q u a tio n s  n u m erica lly  we can  ge t th e  P — V  d iag ram  of th e  c ry s ta l as 
th e  fu n c tio n  th e  p a ra m e te r  A.

O n th e  o th e r  h a n d  considering  th e  c ry s ta l a t  fix ed  volum e a t  T  =  0 °K , 
th e  se lf-co n sis ten t eq u a tio n  fo r th e  dim ensionless m ean  sq u are  re la tiv e  d is
p lacem en t o f n e ig h b o u rin g  a to m s у  in  acco rd an ce  w ith  [6] can  be w ritte n

* A ddress: H-1525 B udapest, PO B 49, H ungary.

=  Ja« — 0.4
[a2 -  (P* /36) x2]2 —l

( 1 )
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in. th e  fo llow ing fo rm :

уЛе~в(-х~ й  ey{2 — ee(x_1) e-M *}1/2 x

X
e6(x-l) e -3y/2j2

1 _  e6 (x -1) e - y _ t 4-----------
2Я [2  — ee(x_1) e -3 y /2]5/2

=  1 , (2)

w h ere  x  =  (Z/r0) is  fix ed , z =  12 is th e  n u m b er o f th e  n ea re s t n e ig h b o u r, 
v0 =  7,3 • 10—3. S olv ing  th is  e q u a tio n  n u m erica lly  fo r a series o f  v a lu es  of 
Я a n d  using  th e  e q u a tio n  for th e  re d u ced  p ressu re  in  th e  fo rm

P* =  (24/дс2) e - 12̂ - «  e2y {1 — e - 3>,/2} , (3)

w e can  o b ta in  as in  th e  f ir s t  case th e  P — V  d iag ram  of th e  c ry s ta l.
B o th  o f th e se  P — V  d iag ram s are  of course id en tica l. T h is is  show n 

in  F ig . 1.

Fig. 1. P — V  diagram of quantum  crystals at T  =  0 °K
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I f  th e  coup ling  c o n s ta n t o f lig h t a to m s is sm all th e  c ry s ta l becom es 
u n s tab le  ev en  a t  T  — 0 °K  as can  be ex p ec ted . I n  th is  case th e  ze ro -p o in t 
energy  is su ffic ien tly  large an d  th e  zero -p o in t v ib ra tio n s  d estro y  th e  la tt ic e . 
H ow ever, w h en  ad eq u a te  e x te rn a l p ressu re  is app lied , a  s tab le  c ry s ta l  s ta te  
ap p ears . B u t  i f  th e  d im ensionless coupling  is su ffic ien tly  sm all: A <  Ac ~  2.05, 
th is  in s ta b ili ty  phenom enon  d isappears.

T he re su lts  o f th is  w ork  are  in  acco rdanc  w ith  th e  re su lts  of ca lcu la tio n s  
fo r th e  low  te m p e ra tu re  lim it w hich  are  g iven  in  w orks [3], [4], [5], [6].

*

We should like to  th an k  D r. N. M. P lakida  for helpful discussions.
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Iw o  B lA L Y N IC K I-B lR U L A  and Z O FIA  B lA L Y N IC K A -B lR U L A  : 

Q uantum  E lectrodynam ics

Pergam on Press, O xford—New Y ork—Toronto, 1975

This book gives a system atical, well constructed building of quan tum  electrodynam ics. 
S tarting  from  the principles of quantum  theory  the authors acquain t the reader w ith different 
quan tum  theoretical p ictures. In  the light of th is the S -m atrix  is in troduced, which plays an 
im p o rtan t role from th e  p o in t of view of th e  theory. The n ex t section deals w ith  non-relati- 
vistic  quan tum  mechanics, th e  quantization  of Schrödinger field. This is followed by the  
covarian t trea tm en t of classical electrom agnetic field. W ith  th is knowledge th e  quantization 
of th e  free field is discussed. A fterw ards the  m ost classical s ta tes of field, th e  so-called coherent 
sta tes are treated , and th e  reader gets acquainted w ith  th e  coherence of electrom agnetic 
rad ia tion . Also in th is chap te r the quan tum  theory of vector field w ith  m ass is introduced.

T he nex t section is devoted to  the  D irac equation as well as to  the D irac’s field quanti
zation, and  deals in d e ta il w ith  the Green’s functions for th e  D irac equation . The coupl
ed M axw ell—Dirac field equations are in terp re ted  in  the in terac tion  p icture in  th e  nex t chapter. 
H ere th e  authors develop correspondence betw eens the F eym an diagram s and perturbation  
th eo ry , and  they  present th e  structure  of the  S-m atrix. The section last b u t one deals w ith 
th e  renorm alization, w hereas the last one describes certain applications of quan tum  electro
dynam ics. A t the end of th e  book useful appendices can be found.

I. PÉCZELI

A .  A .  S m i r n o w : M etallphysik

Akademie-Verlag, Berlin, 1974.

The book published in  the “ W issenschaftliche T aschenbücher”  series is a translation 
of th e  au th o r’s original w ork published in  U krainian language in  1966. I ts  purpose is to 
in  form  laym en interested in , or assistants dealing w ith m etal physics. Therefore it  does not 
presum e any  special knowledge b u t delivers the qualita tive survey of all domains of 
m etal physics.

S tarting  from th e  s truc tu re  of atom s the first chap te r m akes th e  reader acquainted 
w ith  th e  structure and defects of crystal la ttice  and the electronic theory  of m etals, isolators 
and semi-conductors.

In  th e  second chap te r the  problems of diffusion, phase transitions, p lastic ity  and the 
s tren g th  of metals are reviewed.

The subjects of th e  th ird  chapter are th e  electric and m agnetic p roperties of metals. 
The problem s of electric and  therm al conductivity , electronic specific heat, galvanom agnetic 
effects, optical properties, para , dia ferro and antiferrom agnetism , superconductivity , the 
connection between M össbauer effect and the plasma oscillation of electrons are discussed.

The book is very suitable for in terested  laym en to survey the properties of metals and 
alloys from  the point of view  of m etal physics.

G. Groma
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Irrev e rsib le  T herm odynam ics and th e  O rig in  o f Life

E dited  by G. F . O ster, I. L. Silver, C. A. Tobias;
Gordon and  B reach Science Publishers, NewYork, London, Paris, 1974.

This book of 69 pages is divided in to  two parts. The firs t one contains the subject 
o f fo u r reports, in w hich the authors discuss from different aspects the problem  of the ori
g in  of life by m eans of the theory of irreversible therm odynam ics. The second p art con
sis ts  of the tex t of an  informal session, th e  participants of w hich discuss th e ir point of 
v iew  about the origin of life w ith respect to  the newest resu lts in exobiology.

The report b y  A. K atchalsky (’’Chemico-Diffusional Coupling in  Heterogeneous 
P ep tid e  Synthesis” ) contains im portan t resu lts  concerning experim ental problem s, bu t the 
theo re tica l trea tm en t is ra ther poor. T he report by I. P rigogine  (“ Sym m etry  Breaking 
Chem ical Instabilities” ) represents th e  un ique  exact subject, a t  least as far as physics is con
cerned . I t  is another m a tte r  to consider how  th e  results a tta ined  by  P rigogine and  his follow
ers contribute to  th e  understanding of th e  origin of life. The reports by H . J .  Morowitz 
( “ E nergy  Flow and  Biological O rganization” ) and by H. H . P attee  (“ The V ital Statistics 
o f Q uantum  D ynam ics” ) are ra ther qua lita tive . In  our opinion, in  th e  session m eeting of the 
T h ird  International Biophysics Congress, as far as it can be judged  from  th e  contents of th is  
b ook , the solution of th e  difficult problem  of the origin of life has no t got too far.

I. Gyarmati

E . C. G. S t u e c k e l b e r g  d e  B r e id e n b a c h  et P . B . S c h e u r e r : 

T herm ocinétique  Phénom énoiog ique G aliléenne

B irkhäuser V erlag, Basel und S tu ttg a rt, 1974.

Les auteurs p résen ten t dans les sep t chapitres de ce livre les fondam ents de la  théorie 
de  la  therm ostatique e t  de la therm odynam ique classique. D ans les deux prem iers chapitres 
se trouven t les principes fondam entaux des systèmes discrets e t continus, dans une forme 
concise, axiom atique. Le troisième e t le quatrièm e chapitres décrivent la  therm odynam ique 
e t  la  therm ostatique des fluides à u n  seul composant chim ique, en les em ployant aux plus 
im p o rtan ts  problèmes. Le cinquième e t le sixième chapitres tra ite n t la  therm ocinétique et la 
therm ostatique des fluides à plusieurs com posants chimiques. Le septièm e chapitre  s’occupe 
des systèmes solides déformables à un seul com posant chimique. D ans l’appendice A se troue- 
v e n t toutes les précisions m athém atiques appliquées dans ce livre, e t la description élémentaire 
de l’espace affine e t m étrique. L’appendice B présente le troisièm e pricipe du  po in t de vue de 
la  cinétique relativ iste.

Le livre se base sur le cours du  professeur Stu eck elberg  d e  Breid enbach , qu’il 
t i e n t  depuis une dizaine d’années aux  U niversités de Genève e t de Lausanne. La manière 
d ’exposition est d’u n  caractère axiom atique, bien qu’elle est particu lière , parce qu’elle diffère 
si b ien  de la manière axiom atique de Carathéodory que de l’exposition usuelle de la therm o
dynam ique irréversible. Le livre présen te  plusieurs nouveaux problèm es e t solutions, c’est 
pourquo i nous le recom m andons en prem ier lieu à ceux qui on t déjà des connaissances dans le 
dom aine de la therm osta tique  et de la  therm odynam ique, m ais qui s’in téressent à la  nouvelle 
m an ière  d’exposition de cette théorie.

I . Gyarmati

P hysics of TV—V I Compounds a n d  Alloys

Edited b y  Schrab Rabil, Moore School of E lectrical Engineering and 
Laboratory for R esearch on the S tru c tu re  of M atter, U niversity  of Pennsylvania, 

Philadelphia, Pennsylvania, USA

The book contains the m aterial of th e  lectures on “ Physics of IV —V I Compounds and 
A lloys”  delivered a t  th e  Conference of 1972. I t  gives a wide review  of the physical properties 
o f IV —VI compounds and alloys as well as th e  means m ade from  them  and of the ir charac
teristics.
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In  the  F irst P a r t the tran sp o rt properties of th e  epitaxial film s of PbTe, PbSe? 
(PbSn)Te, PbS l_ xSe and  the properties of the means m ade by  their use are dealt w ith.

The publications in  the Second P a r t  examine the  structures of IV —V I compounds 
and alloys, their bonding conditions, energy band model, defect structures and  la ttice-dyna
m ical properties.

The Third P a rt discusses the c ry s ta l defects of Pb ,_ xSnxTe, P b!_xSnxSe and PbSi_j.Se, 
th e  m obility  of charge carriers and th e  problems of diffusion.

The Fourth  P a r t examines the op tical and m agneto-optical p roperties of the m aterial
group.

The books has th e  particular m erit of giving detailed inform ation on practical appli
cations of the metals and alloys m entioned. The studies exam ining the p ropertie s of lead-ger
m anium  telluride laser-diodes, variable ! ’bS!_x Se. lasers and hetero-transition  lasers are 
rem arkable.

J .  Gib er

L j . N o v a k o v ic :

The P seudo-sp in  M ethod in  M agnetism  an d  F erro e lec tric ity

In te rn a tio n a l Series of Monographs in  N atu ra l Philosophy Vol. 77, Pergam on Press, 1975

The book contains four large chap te rs including here 34 separate sections, 5 appen
dices, and  200 pages. The exposed m ateria l is explained by  51 tables, 22 illustrations or pic
tu res, m ore th an  451 equations, 145 references and 355 various notions or expressions.

The firs t chapter deals w ith la ttic e  dynamics of K H 2P 0 4 structures. Diffuse modes 
and  norm al hydrogen v ibration  modes are evaluated and  explained using th e  pseudo-spin 
concept. Four norm al hydrogen v ibration  modes are predicted  in  reciprocal la ttice  space and 
the  stru c tu re  and the exact identification of those modes is discussed in  detail from  a group- 
theore tica l viewpoint. I t  was concluded th a t  only the  lowest-energy v ib ra tion  mode as asso
ciated  w ith  one of the antisym m etric representations of th e  corresponding space point group 
has explicitly  the probability  of behaving in  the way w hich is required for a soft ferroelectric 
mode (also nam ed Cohran mode).

Phase transitions of ferrom agnetic and  ferroelectric substances are discussed in  general 
in  th e  second chapter. Special a tten tio n  is paid to  the  Ising model w ith  a transverse field 
(also nam ed the “ tunneling” model) in  order to  establish th e  correct form ulation  of the isotope 
effect as observed in  all hydrogen-bonded ferroelectrics. The exact solution to  th is model is 
still lacking in  the in ternational lite ra tu re , and so the au th o r restricted  him self to  a self-con
sisten t m olecular field approxim ation. A num erical analysis of the m olecular-field equations 
is given in  detail to  ob ta in  a satisfactory  explanation for a num ber of observed physical 
quan tities.

M agnetic elem entary excitations for Heisenberg ferrom agnets and antiferrom agnets a t 
low tem pera tu res are form ulated in  th e  th ird  chapter using th e  well-known H olstein—Prim a- 
koff a n d  D yson—Maleev representations. The energy of elem entary excitations, order param eter 
and  specified heat are calculated up to  th e  fou rth  order term s in  reciprocal la ttice  space, thus 
including th e  famous spin-wave dynam ical interaction. The problem of ob tain ing a correct 
boson represen tation  for th e  spin operators is reviewed in  great detail by including a num ber 
o f genuine papers devoted to spin waves.

Green functions m ethod following th e  works of K ubo, Zubarev, T yablikov and B arry 
is exposed in  the last chapter. By developing a suitable decoupling procedure for the double 
tim e tem pera tu re-dependen t Green functions for the  Heisenberg ferrom agnet a t  low tem pe
ra tu res  th e  au thor was able to  dem onstrate the equivalence existing betw een the  H olstein — 
Prim akoff and D yson—Maleev representations. Also th e  kinem atical in te rac tion  both  for 
ferrom agnetic and ferroelectric system s is considered in  detail. A particu lar contribution  is 
given to  th e  exact form ulation of the tem pera ture-dependent soft ferroelectric mode in 
hydrogen-bounded ferroelectrics. Five appendices are added a t the end of th e  book in order 
to illum inate the m athem atical basis, physical constants and energy un its  used in  the 
preceding tex t.

T. Siklós
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Prof. I. KovAcs, Editor
D epartm en t of Atomic Physics, Polytechnical U niversity 
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I I .  M ANUSCRIPTS
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following form: J . Ise an d  W. D. F re tte r , Phys. Rev., 76, 933, 1949.
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tures, I . McGraw-НШ B ook Company Inc ., New Y ork, 1960.
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rough drawings in pencil or photocopies.
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