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CENTRIFUGAL DISTORTIONS AND MULTIPLET
STRUCTURE*

By

I. K ovács
DEPARTMENT OF ATOMIC PHYSICS, POLYTECHNICAL UNIVERSITY, BUDAPEST

(Received 24. VI. 1971)

Expressions are derived for the rotational energy levels of doublet states and the 
state of diatomic molecules that take into account the first and second correction terms of 
the centrifugal distortions of the spin-orbit, spin-spin and spin-rotation interactions in inter
mediate cases between Hund’s cases a) and b). General formulas valid for £  terms of any 
multiplicity are given in Hund’s case b) taking into consideration the above-mentioned inter
actions. Applied to the гА states o f SnH and SnD molecules and to the 4 2  states of GeH and 
SnH molecules the new expressions show better agreement with the experimental data than 
earlier formulas.

1. In tro d u c tio n

M ost o f th e  observed  m o lecu la r sp ec tra  e x h ib it a m u ltip le t s tru c tu re . T he 
m u ltip ly in g  of a sp ec tra l line is due  to  th e  m u ltip ly in g  of th e  te rm s  in v o lved  in  
th e  tra n s itio n  g iv ing  rise to  th e  line in qu estio n . These m u ltip le t te rm s  are  n o t 
acco u n ted  for b y  expressions o b ta in ed  from  th e  separab le  w ave eq u a tio n . To 
o b ta in  m u ltip le t te rm  fo rm u las  in  ag reem en t w ith  th e  ex p e rim en ta l fin d in g s, 
sev era l in te rac tio n s  have  to  be  ta k e n  in to  considera tion .

T he m u ltip ly in g  of th e  te rm s  can be due  to  tw o reasons: (i) th e  d iffe ren t 
o rien ta tio n s  of th e  re s u lta n t sp in  m o m en tu m  o f th e  m olecule invo lve  d iffe ren t 
energ ies; or (ii) th e  d iffe ren t o rien ta tio n s  o f  th e  re su lta n t o rb ita l an g u la r 
m o m en tu m  of th e  m olecule e n ta il d ifferen t en erg y  levels. T he f i r s t  case can  be 
te rm e d  th e  case o f S,  o r sp in  m u ltip le ts , an d  th e  second th e  L -m u ltip le ts . In  
th is  p a p e r we shall dea l w ith  sp in  m u ltip le ts  on ly . In  th is  case, accord ing  as th e  
sp in  m om en tu m  is coupled  to  th e  in te rn u c le a r  ax is or to  th e  axis o f  ro ta tio n s , 
we sp eak  o f H u n d ’s case a) or b ). T he energy  va lu es  correspond ing  to  H u n d ’s 
case a) can  be read ily  o b ta in e d  from  th e  sep arab le  w ave eq u a tio n  inc lu d in g  
th e  d iagonal te rm s o f  severa l in te ra c tio n s  o f  th e  re su lta n t sp in  m o m en tu m . 
T h e  energy  expressions o b ta in e d  in  th is  w ay  w ill, how ever, seldom  lead  to  
v a lu es  in  ag reem en t w ith  ex p e rim e n t; th is is u n d e rs ta n d a b le  in a sm u ch  as th is  
lim itin g  case p ra c tic a lly  m eans neg lec ting  all b u t  a few in te rac tio n s , due to  th e  
n eg lec tion  o f th e  o ff-d iagonal te rm s  of severa l in te rac tio n s . In  th e  a c tu a l

* Dedicated to m y  friend, Prof. L. J á n o s s y , on his 60th birthday, with the h e a r t ie s t  
congratulations and the best wishes for further successful work and a long and happy life .
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6 I. KOVÁCS

m olecule all in te ra c tio n s  are o p era tiv e  to  a g re a te r  or lesser ex ten t. R esu lts  
co m p atib le  w ith  e x p e rim e n ta l find ings can  be o b ta in ed  i f  th ese  energy va lu es  
are used  in itia lly , i.e . th o se  o f th e  u n p e rtu rb e d  sy stem , an d  th e  off-d iagonal 
m a tr ix  e lem ents o f a ll in te ra c tio n s  are ta k e n  in to  co n sid e ra tio n  b y  p e r tu rb a tio n  
ca lcu la tio n . In  th is  w ay  we can  o b ta in  energies or te rm  values in te rm e d ia te  
be tw een  H u n d ’s lim itin g  cases w hich  are  capab le  o f describ ing  th e  g rad u a l 
tra n s it io n  from  one lim itin g  case to  an o th er.

A lth o u g h  th e  so o b ta in ed  te rm  fo rm ulas show  a good ag reem en t w ith  
m ost observed  m u ltip le t te rm s, in  som e cases, especially  in  th e  case o f h y d rid es , 
th e y  c a n n o t be ap p lied  successfully . T he observed  discrepancies u su a lly  co n 
sist o f an  a p p a re n t ch an g e  o f coupling  co n stan ts  w ith  th e  ro ta tio n a l q u a n tu m  
n u m b er, J ,  an d  in  a d d itio n  th e  m u ltip le t sp littin g  dev ia tes  from  th e  m u ltip le t 
te rm  fo rm ulas. In  a few  cases, especially  in  case o f 3П , 3A  an d  4I7  te rm s , th e  
reason  fo r these  d iscrepancies w as th a t  th e  sp in -sp in  an d  th e  sp in -ro ta tio n  
in te ra c tio n  were le f t o u t  o f considera tion . A fte r  ta k in g  th ese  in te rac tio n s  in to  
acco u n t th ese  anom alies can  be e lim in a ted  an d  th e  re su lta n t spin coupling  
c o n s ta n t no longer changes w ith  th e  ro ta tio n a l q u a n tu m  nu m b er, b u t  in  case 
o f d o u b le t te rm s a n d  o f  m u ltip le t 27 te rm s th e  anom alies longer ex ist. Such 
cases a re  for in stan ce , a  227 te rm  o f Y O , H g H  an d  o th e r hyd rides and d e u te n d e s , 
а 2П  te rm  of SH , S iF  an d  CCI, a 2A te rm  o f S nH  an d  S nD , a 327 te rm  o f 0 2, N 2, 
a 427 te rm  o f S nH , G eH , S iF , an d  a 7 27 te rm  of M nH  m olecules. D ev ia tions from  
th e  u su a l m u ltip le t te rm  fo rm ulas o f 27 te rm s fo r w hich  th e  H u n d ’s case b) gives 
a  good a p p ro x im a tio n , how ever, could be p a r t ly  in te rp re te d  by  th e  second- 
o rd er p e r tu rb a tio n  e ffec t o f th e  sp in -o rb it in te ra c tio n . Such cases are  th e  227 
te rm s  o f H g H  an d  Y O  m olecules, th e  327 te rm s of th e  N 2 m olecule an d  th e  7 27 
te rm  o f th e  M nH  m olecule. T hese 27 te rm s o f th e  rem ain in g  m olecules belong 
to  th e  in te rm e d ia te  case betw een  th e  tw o H u n d ’s cases due to  th e  re la tiv e  
large sp in -sp in  in te ra c tio n . T ak in g  in to  acco u n t th e  in te rac tio n  b e tw een  
ro ta tio n  and  v ib ra tio n  i t  can  be show n th a t  th e  m u ltip le t-sp littin g  c o n s ta n t or, 
in  o th e r  w ords, th e  sp in -o rb it coupling c o n s ta n t a p p a re n tly  varies w ith  th e  
ro ta tio n a l q u a n tu m  n u m b e r an d  so th e  anom alous b e h av io u r o f th e  2IJ  a n d  2A 
te rm s  could be p a r t ly  in te rp re te d . All o f  th e  rem ain in g  anom alies can  be  ex 
p la in ed  very  well b y  ta k in g  in to  accoun t th e  cen trifu g a l d isto rtions o f th e  spin- 
o rb it, th e  sp in -sp in  a n d  th e  sp in -ro ta tio n  in te ra c tio n s . I f  th e  ro ta tin g  m olecule 
is n o t  a rig id  r o ta to r  th e n  th e  cen trifugal effect w ill in fluence th e  ro ta tio n a l 
energy  an d  th e  energies of th e  sp in  in te rac tio n s  because th e  in te ra c tio n  con
s ta n ts  o b ta in ed  b y  th e  so lu tion  o f th e  e lectron ic  p a r t  o f the  w ave eq u a tio n  
co n ta in  th e  in te rn u c le a r  d istance  as p a ra m e te r  an d  th e  la t te r  increases w ith  
increasing  ro ta tio n  w hich  m ay  be v e ry  s ig n ifican t especially  in  case o f h y d ride  
m olecules. T his e ffec t for th e  ro ta tio n a l energy  is a lread y  well know n  an d  for 
th e  sp in-sp in  in te ra c tio n  w as in v es tig a ted  b y  M iz u s h im a  and  H il l  [1 ] and  
byTiNKHAM an d  S t r a n d b e r g  [2] in  th e  case o f 327 te rm s. M iz u s h im a  an d  H il l
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CENTRIFUGAL DISTORTIONS 7

to o k  into a c c o u n t th e  cen trifu g a l d isto rtion  u n d e r  th e  ad iab a tic  expansion  o f  
th e  electronic a n d  v ib ra tio n a l p a r t  of the w ave fu nc tion  b u t  assum e a harm on ic  
v ib ra tio n a l p o te n tia l ,  w hile T in k h a m  an d  S t r a n d b e r g  used  a pow er-series 
expansion a b o u t  th e  re eq u ilib riu m  d istance fo r  th e  v ib ra tio n a l p o ten tia l, fo r 
th e  ro ta tio n a l en erg y  and fo r  th e  spin-spin in te ra c tio n . In  th e  follow ing we a re  
going to  in v e s tig a te  the c e n tr ifu g a l d isto rtion  n o t  only for th e  ro ta tio n a l energy  
a n d  for the sp in -sp in  in te ra c tio n  b u t  also fo r th e  sp in -o rb it a n d  sp in -ro ta tio n  
in te rac tions a n d  th e  th eo re tica l resu lts  will be app lied  to  th e  in te rp re ta tio n  o f  
th e  d iscrepancies appearing  o n  th e  2 A term s o f  th e  S nH  and  SnD  m olecules an d  
on  th e  427 te rm s  o f  th e  SnH  a n d  G eH  m olecules.

2. Theory

I f  ce rta in  m em bers a re  o m itted  from  th e  m olecular w ave eq u a tio n

( й — wytp =  0, (1)

th e n  i t  can b e  so lved  by th e  w av e  fuction  as follows w here гр

y> =  0 R u ,  (2)

w here  Ф depends on  the e lec tro n  an d  spin co o rd in a tes , R  on th e  in te rn u c lea r 
d is tan ce  and u  on  th e  ro ta tio n a l coord inates. M u ltip ly ing  E q . (1) from  le ft by 
Ф* an d  in te g ra tin g  over all e le c tro n  and  spin co o rd ina tes we o b ta in

[H vibr+ ß rot+ n sp- ( W  -  W el(r)) ]Ru  =  0. (3)

U sing  a tw o -te rm  pow er series ex p an sio n  a b o u t th e  W ei(re) m in im um  energy to  
exp ress the  d e p e n d e n c e  of th e  e lec tro n ic  energy on th e  in te r-n u c lea r d istance , 
w e ge t for the  v ib ra tio n a l H a m ilto n ia n

# vibr =  B cr2ep ;  +  1/2 kre +  b I 3 (4)

a n d  in  sim ilar m a n n e r  for th e  ro ta t io n a l  H am ilto n ian

# rot =  B e( 1 -  2 |  +  3 ? ) R \  (5)
w here

I  =  —— — ,- £ ? ,=  , к =  4п гыг f i . (6)
re 8ji2/ir'i

[i is th e  reduced m a ss , coe is th e  v ib ra tio n a l freq u en cy  m easu red  in  sec _1, 
P r is th e  v ib ra tio n a l opera to r, a n d  R  is th e  o p e ra to r  o f th e  an g u la r m om en tum  
o f n u c lea r  ro ta tio n .
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8 I. k o v á c s

T h e  spin p a r t o f  th e  H am ilto n ian  o f  a d ia tom ic  m olecule can be w r it te n  a

f í Sp =  Û so 4- H ss +  f i SR■ (?)

l î s o ^ s s  an d  1)sr a re  th e  sp in -o rb it th e  sp in -sp in  an d  th e  sp in -ro ta tio n  o p e ra to rs , 
re sp ec tiv e ly , and  h a v e  th e  follow ing fo rm s

Ê S0= À ( r ) L S ,
Û s s = ë ( r ) [ 3 § 2 Ф ] ,  (8)

Û SR =  Ÿ ( r ) Ê g ,

w h ere  L  an d  S  are th e  opera to rs o f th e  re su lta n t o rb ita l an d  spin m o m en tu m  
re sp ec tiv e ly . O w ing to  th e  d ependence  on th e  in te rn u c lea r  d is tan ce  u sin g  a 
p o w er series expansion  ab o u t th e  m in im u m  of p o te n tia l energy we o b ta in  for 
th e  coeffic ien ts o f  (8)

Л(г) =  A 0 +  Xj £ +  X j!2,

ë(r) =  Co-Mi £ + £ ,s £2 , (9)

w here
y(r) =  Уо+ Y i ^ + Ç + Y - J 2 >

Â 0 = ( Â ) r=Ге->
ЭА -  1 _2 Э 2 A

. dr
’ a 2 re

r=re dr2 ,
( 10)

a n d  sim ilar expressions are v a lid  fo r th e  o th e r co n stan ts .
To explain  th e  ro ta tio n a l s tru c tu re  i t  is n o t necessary  to  ta k e  in to  accoun t 

th e  v ib ra tio n a l m o tio n  and  c o n seq u en tly  th e  v ib ra tio n a l dependence. T he in 
te rn u c le a r  d is tan ce  in  th e  ro ta tin g  m olecule has to  assum e a va lu e  r such  th a t  
th e  cen trifugal fo rce  is cancelled b y  th e  resto ring  force genera ted  b y  th e  slight 
d ep lacem en t r — re from  th e  eq u ilib riu m  position  re. E q u a tin g  th e  cen trifu g a l 
fo rce  to  th e  re s to rin g  force, we o b ta in

S2
( i i )

fxr\ к

P u ttin g  (11) in  (5), (9) an d  (9) in  (8) we o b ta in

# ro t  =

fiso ~  

Hss  =

ßsR  =

B W —D I P + H R 6,

( A ^ A ^ + A ^ L S ,

s0 +  ~ tR 2 +  —  л й 4) (3S j  - S 2) , 
3 3

(y0+ 2 f fR 2+2<pR4) R§,

( 1 2 )
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CENTRIFUGAL DISTORTIONS 9

w here all q u a n titie s  are m e a su re d  in  cm  1 (d iv id ing  b y  he in  (5), (9) an d  neglect 
in g  all th e  flags above th e  sym bols) an d

В
h 4, m

; D =  xB , H  =  3a2 B-\-ot? b , a  =  —
8лг[лсг?, coi

. . „ 3 з
A 1 =  a a x, A 2 =  a -  a 2 , r  =  —  a ex, g =  —  a z e 2 ,

1 1 2
a =  -Z-'tVv'P =  — a Yi- & &

(13)

S u b s titu tin g  (12) in  (3) an d  so lv ing  th e  secu lar d e te rm in a n t

|< Л ,2 7 | ä roi-\-Й5р IЛ ,27' >  F\ =  0 (14)

we o b ta in  th e  new  m u ltip le t fo rm u las .

3. A pp lica tion  fo r 2A te rm s

The sp in -sp in  in te ra c tio n  does n o t  give m em bers fo r d o u b le t te rm s  and 
so —  using  th e  exp lic it fo rm  o f th e  m a tr ix  e lem ents o f  (12) g iven  b y  K ovács 
an d V u jiS iC  [3] —  afte r so lv ing  (14) we o b ta in  th e  fo llow ing exp ression  for 
doub le t te rm s fo r th e  in te rm e d ia te  case betw een  H u n d ’s case a) a n d  b ):

F\ = ^+в'Л-ОД(Л+1)-Л2]+#л[Л(Л+з)+зл2] (1/2) Уо =f
=Р1АЛ2( Л * - 2 В * - ог)2+ 4 Л [ В * + Л 24 2- ( 1 /2 ) ( Уо+ ( г( Л - 1 ) ) ] 2,

tvhere
К  =  v0- ( l / 2 ) A 1A 2,

В ’ — В  A 2A 2- а ,

В* =  В ' -  2 Д Л + я  [Л  (3 Л + 1  ) +  Л 2] , (16)

л* = л0+лгл + л 2 [Л(Л+1)-Л2],
Л  =  ( J + 1 / 2 )  Л 2 .

In  expression (15) we have ta k e n  in to  acco u n t th e  f i r s t  a n d  second cen trifu g a l 
te rm  of ro ta tio n  energy  an d  sp in -o rb it in te ra c tio n  a n d  th e  f ir s t  one fo r spin- 
ro ta tio n  in te ra c tio n  in  in te rm e d ia te  case betw een  H u n d ’s case a) a n d  b). 
P u tt in g  D — H  =  Ay =  A 2 =  y0 =  a =  0 in  (15) we o b ta in  th e  w ell know n 
H ill—V an V leck form ula.

I t  is v e ry  in te re s tin g  to  n o te  t h a t  th e  f ir s t  c en trifu g a l te rm  o f th e  spin- 
o rb it in te ra c tio n  is sim ilar to  th e  co rrec tio n  te rm  for th e  sp in -o rb it in te ra c tio n

Acta Physica Academiae Scientiarum Hungaricae 32, 1972



10 I. KOVÁCS

o b ta in e d  by  J a m e s  [4] tre a tin g  v ib ra tio n -ro ta tio n  in te ra c tio n , w hile the  
seco n d  te rm  could n o t  be derived  fro m  th e  la t te r  in te ra c tio n . T h e  agreem ent 
o f th e  f irs t cen trifu g a l te rm  of th e  sp in -o rb it in te ra c tio n  w ith  th e  J a m e s  correc
t io n  is th e  reason t h a t  th e  J a m e s  fo rm u la  was sa tis fa c to ry  w here  th e  f irs t a p 
p ro x im a tio n  proves to  be su ffic ien t.

S n H , 2д , v=0 
•  RMS =0.022 cm'1 
о RMS=0.07 cm'1

f -i - r i i

; , 5» M » 8 8 8 M . . g 8 S « ä . ; 'as r

V

F ig . l

SnD, 2Д, v=0 
•  RMS = 0.025 cm '' 
о  RMS = 0.03 cm-1

0.1
- 0.1

FJ.l -F jC_l 
1 2 2

' § ■ * * -  15*  • » 8 t . ü i . . » 8 8 8 ^ g . » .

О

О

J

0.1

- 0.1 7 ^
I » » » » * ,

о10.5 205

Fig. 2

W hile n u m ero u s  exam ples o f 277 and  2Zl s ta te s  h av e  b een  well an a ly zed , 
o n ly  tw o 2Zl s ta te s , n am ely  th o se  of SnH  a n d  SnD  m olecule, are  selected  fo r 
com parison  w ith  th e  resu lts  h ere  o b ta ined . K l y n n in g , L in d g r e n  an d  Â s l u n d  
[5] have show n t h a t  th e  coup ling  c o n s tan t o f  th e  sp in -o rb it in te ra c tio n  fo r 
2 A  s ta tes  depends on J .  A p p ly in g  th e  fo rm u la  (15) to  th e  te rm  values o f 2A 
s ta te  of b o th  S n H  an d  SnD m olecules, i t  w as fo u n d  th a t ,  in  case of S nH , i t  is 
n o t  necessary  to  ta k e  in to  ac c o u n t th e  cen trifu g a l co rrec tion  te rm  of th e  spin-
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CENTRIFUGAL DISTORTIONS 11

ro ta tio n  in te ra c tio n  (a =  0 ). T he b lack  circles show th e  d ifferences betw een  
th e  o bserved  an d  ca lcu la ted  te rm  values accord ing  to  (15), w hile th e  e m p ty  
circles re p re se n t those acco rd in g  to  J a m e s ’ fo rm ula  ca lc u la ted  b y  K l y n n in g  
e t al. [5]. T h e  RMS erro r fo r  SnH  m olecule decreases from  th e  v alue  of 0.07 
c m " 1 given b y  K l y n n in g  e t  al. to  0.022 cm  x, and  in  case o f  SnD  m olecule 
from  0.04 c m ” 1 to  0.025 cm  11 ( K ovács an d  V u j is ic  [3]). A s we can see th e  
dev ia tion  be tw een  the o b se rv e d  and  ca lcu la ted  te rm  v a lu es  show s no sy s te 
m atic  tr e n d  ex cep t a t th e  h ig h e r J  v a lues fo r th e  SnD  m olecule, w h ich  is 
p ro b ab ly  cau sed  by  a p e r tu rb a tio n . In  his re c e n tly  p u b lished  p a p e r  Y e s e t h  [6] 
also found  t h a t  th e  firs t c e n tr ifu g a l co rrec tion  of th e  sp in -o rb it in te ra c tio n  is 
iden tica l w ith  th e  result o b ta in e d  by  J a m es  (1964) using a d iffe re n t m eth o d  of 
ca lcu la tio n  b u t  th e  second co rrec tio n s are m issing also in  h is p ap er.

4. A pplication for m ultiplet 2  states

The sp in -o rb it in te ra c tio n  in  f irs t o rder o f m ag n itu d e  does n o t  give m em 
bers for m u ltip le t  27 term s a n d  so is su ffic ien t to  ta k e  in to  a c c o u n t besides th e  
ro ta tio n a l en e rg y  th e  energies o f  th e  spin-spin  a n d  sp in -ro ta tio n  in te ra c tio n s  in
(12). T ak ing  in to  account t h a t  in  m ost o f th e  m u ltip le t 27 te rm s , in  general, 
th e  Hund's case b) form gives a good a p p ro x im a tio n  and  fo r 27 te rm s  (Л =  0) 
th e  ro ta tio n a l an g u la r m o m e n tu m  R  is id en tica l to  th e  a n g u la r  m o m en tu m  TV, 
(12) yields in  g enera l form fo r th e  energy of m u ltip le t 27 s ta te s  in  H u n d ’s case b)

Fn(N) =  Vo+ T N( N ) + H f f ( N ) + H f T ( N ) , (17)

w here

Tn (N) =  B N ( N + 1) D N % N + 1 )2+ H N 3( N + 1 ) 3, (18a)

H f f ( N )  = £0+  ~ r7 V (7 V + l)  +  —  e N 2{ N + l ) 2 
3 3

<.J , N \ 3 S 2z- S 2\bJ , N } , (18b)

H snr(N)  =  (Yo+ 2 a N ( N + l ) + 2 c p N 2( N + l ) 3] ( J ,  TV \NS[„J, TV>, (18c)

(3/2) C{C+1) - - 2 N (N + 1 )  S ( S + 1)
<J,N \3S*Z - S \ J ,  TV) =

(22V— 1) (27V +3)
(18d)

<J,TV |TVS|6J,TV> = —  C , C =  J ( J + 1 )  - N ( N + 1 )  -S(S + 1 ) , (18e)
2

N  =  J + S , J  +  S  —  1, , I J - S I ,

T h ese  form ulas a re  valid  for 27 te rm s  of any  m u ltip lic ity .
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12 I. KOVÁCS

I t  is very  in te re s tin g  to  n o te  t h a t  th e  effect o f p e r tu rb a tio n  b y  closer 
ly ing  П  te rm  of th e  sam e m u ltip lic ity  in  dependence  on th e  ro ta tio n a l q u a n tu m  
n u m b e r leads to  co rrec tio n  te rm s o f th e  sam e form  as th e  f irs t cen trifu g a l 
co rrec tio n  m em bers o f  th e  sp in-sp in  in te ra c tio n  in  (18b) and  of th e  spin- 
ro ta t io n  in te rac tio n  in  (18c). (The d e ta iled  fo rm  o f th e se  co rrec tion  te rm s  ca l
c u la te d  fo r any  m u ltip lic ity  inc lud ing  se p te t  te rm s can be  fo u n d  in th e  a u th o r ’s 
book  ( K o v á cs , [7 ]). T h ere fo re  th e  ex p e rim en ta lly  d e te rm in e d  co n stan ts  r  an d  
a c o n ta in  n o t only th e  effects o f th e  cen trifu g a l d is to rtio n  b u t  th e  p e r tu rb a tio n  
effect b y  th e  ne ig h b o u rin g  te rm s tra n s fe rre d  by  th e  sp in -o rb it in te ra c tio n , to o .

A s a very  sim ple exam ple  le t us see th e  case o f 2E  te rm . As can be  easily  
seen in  th is  case th e  sp in -sp in  in te ra c tio n  does n o t  give m em bers an d  so su b 
s t i tu te d  for N  =  J —  y2, J  -f- У2 an d  S  — y2 an d  n eg lec ted  th e  second co rrec
tio n  th e  doublet s p li t t in g  becom es

AF12(N )  =  y0( N + 1/2) -  2 c N ( N + 1) (Л Г + 1 /2 ) , (19)

T h e  f i r s t  m em ber g ives th e  usual d o u b le t sp littin g  an d  th e  second one is th e  
d e v ia tio n  from  th e  la t te r .  D ev ia tio n s o f th e  above ty p e  were found , fo r in 
s ta n c e , b y  H u l t h é n  [8] a t  th e  levels v =  0, 1,2 in  th e  X 2E + g round  s ta te  of 
th e  H g H  m olecule a n d  also b y  U h l e r  an d  A k e r l in d  [9] a t  th e  v =  0 leve l o f 
th e  B 2E  te rm  of th e  Y O  m olecule (see K o v á c s , [7] p . 65). The f i t  b e tw een  
ex p e rim e n t and  th e o ry  is seen to  be fa irly  good, b u t  as in  h is recen tly  p u b lish ed  
p a p e r  V e s e t h  [6] p o in ted  o u t here  an d  for th e  o th e r h y d rid s  and  d eu te rid es  in 
th e  ex p erim en ta lly  d e te rm in ed  a c o n s ta n t th e  cen trifu g a l d is to rtio n  gives m uch  
lo n g er co n trib u tio n  th a n  th e  p e r tu rb a tio n  effect b y  th e  neighbouring  te rm s. 
P ro b a b ly  the s itu a tio n  is th e  sam e n o t  on ly  in  th e  case o f  doub le t E  te rm s  b u t 
also  in  th e  case o f  h ig h e r m u ltip lic ities am ong w h ich  tw o  exam ples a re  m en
tio n e d  here: d e v ia tio n  from  th e  u su a l sp in  s p littin g  a t  th e  v =  0 level of 
A 3E + te rm  of th e  N 2 m olecule (observed  b y  Ca r r o l l  [10]) and  a t  th e  7E ~  
te r m  o f the  M nH  m olecule  (observed  b y  N e v in  [1 1 ]). I n  th e  la s t tw o  cases, of 
course, besides th e  sp in -ro ta tio n  in te ra c tio n  (18c) also th e  spin-spin  in te rac tio n  
(18b) is tak en  in to  ac c o u n t b o th  inc lusive  till  th e  f ir s t  corrections (see K o v á c s , 
[7 ]  p p .  75, 101).

In  case o f E  te rm s  of tr ip le t  or h igher m u ltip lic ity , how ever, especially  
w hen  th e  coeffic ien t o f  th e  sp in -sp in  in te ra c tio n  e0 is la rg e r th a n  th e  o thers, 
th e  H u n d ’s case b) ap p ro x im a tio n  is no longer su ffic ien t. This is th e  s itu a tio n  
in th e  cases o f th e  3E  te rm  o f 0 2 m olecule an d  o f 4E  te rm s  of th e  G eH  a n d  SnH  
m olecules. In  su ch  a  case one can  s ta r t  from  H u n d ’s case a) for all in te ra c tio n s  
in  (12) and ta k in g  in to  accoun t th e  off-d iagonal m a tr ix  elem ents o f  th ese  in 
te ra c tio n s  th e  secu la r d e te rm in a n t (14) is to  be so lved . T he explicit fo rm  of th e  
m a tr ix  elem ents fo r *E te rm  are  given b y  K o v á cs  an d  K o r w a r  [13 ]. The 
so lu tions of th is  secu lar e q u a tio n  p rov ide  th e  re q u ire d  m u ltip le t energies
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betw een  H u n d ’s case a) an d  b). T hese form ulas are  given b y  T in k h a m  and  
St r a n d b e r g  [2] for 3S  te rm s w ith o u t ta k in g  in to  accoun t th e  sp in -ro ta tio n  
in te ra c tio n  an d  for 427 te rm  will be g iven  as follows (see K ovács a n d  P a c h e r , 

[12]). ________

F j - 3/2— U+ — ]/ V% +  Z% ,

Fj_lfl= U _ - Y v i +  Z l ,

FJ+l/2= u ++ Y v i  +  z i ,

FJ+3ß= U _ + Y v t T z i ,
where

U± =  v0+ B ( P T j + l )  -  D(j^T2j3+ l f T  6y+ 2)+ H (/= F 3 j3+

+  18 j4T 3ly3 +  33 j2-F 18y-)-4) _ i - y 0(5 T > ) -  2 t(=Fj + 2 )

-  < т(ту 34 -ю у 2т ю у + б )  -  2 e ( T 2 f + b j 2T 6 j + 4 ) ,

V+ =  3f0+  B ( ± j  -  2) -  2D(± j 3 -  3P±3j  -  2)4-

+  Щ ± 3 j5 -  12 j4± 2 5 j 3 -  36y2± 2 4 y - 8 ) 4 -  у  y0( 2 T j )  +  (21)

+  2T (i2T j + l ) + a ( T y 4 4 j 2+ 1 0 y + 1 2 ) + 2 e( j 4=F2y34-7y2T 6 j4 -2 ) ,

Z± =  ]'3 (72~ I )  [ Я - 2 Я ( у 2Т У 4 -1 )+ Я (З у 4Т б у3+ 1 3 у 2Т Ю у + 4 )

—- у  —  У2T 2J + 6 )  ] and j  =  J-]~ 1/2 .

T he in flu en ce  of th e  p e r tu rb a tio n  b y  o th e r  te rm s in  in te rm ed ia te  case was 
in v e s tig a te d  b y  H o u g e n  [1 4 ]. H o u g e n  in  his f ir s t  expressions a d d e d  th e  
p e r tu rb a tio n  m a tr ix  e lem en ts  o f th e  fa rth e r-ly in g  te rm s  tran sfe rred  b y  th e  
sp in -o rb it in te ra c tio n  to  th e  m a trix  e lem en ts o f th e  ro ta tio n a l p e r tu rb a tio n  
an d  o f th e  sp in -sp in  in te ra c tio n  and  solved th e  m odified  secular d e te rm in a n t 
so o b ta in ed . M eanw hile, how ever, the  in te ra c tio n  betw een  th e  spin an d  ro ta tio n , 
th e  second cen trifuga l co rrec tibn  of th e  ro ta tio n a l te rm s  w ere neg lec ted  an d  
even th e  f i r s t  cen trifugal co rrec tion  w as ta k e n  in to  acco u n t only in  H u n d ’s 
case b) fo rm . In  add itio n  th e  above tre a te d  f i r s t  an d  second cen trifuga l co rrec
tions o f th e  sp in -sp in  an d  o f  th e  sp in -ro ta tio n  in te rac tio n  are  m issing.

A p p ly ing  th e  H o u g e n ’s form ula fo r th e  iE  te rm  o f th e  G eH  m olecule 
K l y n n in g  [15] has found  an  RMS erro r o f  0.137 c m " 1 fo r th e  d ev ia tio n s 
betw een  th e  o b served  an d  ca lcu la ted  te rm  va lu es  (em p ty  circles), w hile p u ttin g  
a =  g =  0, (20) and  (21) y ie ld  an  RMS e rro r o f 0.118 c m -1 (b lack circles). 
F o r th e  d e ta iled  d a ta  see K o vá cs  and  P a c h e r  [12] (F ig. 3).
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14 I. KOVÁCS

I t  is to  no te  th a t  a fte r p u tt in g  a — q =  0 fo rm ula  (20) con ta in s one 
c o n s ta n t less th a n  th e  H o u g e n ’s fo rm u la . B ecause  o f  th e  s tro n g  sc a tte rin g  o f  
th e  ex p e rim en ta l e rro rs K l y n n in g  h as neg lec ted  th e  po in ts  h av in g  la rg e r 
d ev ia tio n s  th a n  0.2 c m '1 an d  so o b ta in e d  an  RM S erro r o f 0.106 cm  x. In  th is  
case fo rm u la  (20) gives an  RMS e rro r  o f 0.082 cm  4  Ow ing to  th e  s tro n g  
sc a tte r in g  a b e tte r  ag reem en t w ith  e x p e rim en t c a n n o t be ex p ec ted  here.

0.2
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Som e fu r th e r  prob lem  is show n in  case o f  te rm  o f S n H  m olecule. 
A p p ly in g  th e  ab o v e  m en tioned  H o u g e n ’s fo rm u la  dev ia tions ap p ear u p  to  
10 cm  _1 from  th e  observed  v alues. T herefore  th e  p reced ing  H o u g e n ’s fo rm u la  
w as m odified  b y  K l y n n in g , L in d g r e n  a n d  A s l u n d  [5 ]. In  th e  m o d ified  
expressions th e  f i r s t  an d  second cen trifu g a l co rrec tions o f th e  ro ta tio n a l te rm  
w ere ta k e n  in to  acco u n t a lread y  in  th e  in te rm e d ia te  form , a lth o u g h  n o t in  th e  
e n tire ly  precise fo rm , how ever, th e  sp in -ro ta tio n  in te rac tio n  an d  th e  cen trifu g a l 
co rrec tions of th e  sp in-sp in  an d  o f  th e  sp in -ro tá tio n  are still m issing. A p p ly in g  
th e  m o d ified  H o u g e n ’s fo rm ula  an  RMS erro r o f  0.15 cm _1 w ould  be o b ta in e d  
w ith  a l i ttle  sy s te m a tic  tre n d .

T he ap p lica tio n  of our fo rm u la  in  its  fo rm  (20) an d  (21) does n o t  give 
b e t te r  resu lts  e ith e r . H ow ever, in  b o th  H o u g e n ’s form ulas (in th e  f irs t a n d  th e  
m o d ified  expressions) an  effect m issing  in  o u r expressions w as p a r tly  ta k e n  
in to  accoun t. N am ely  due to  th e  re la tiv e  s tro n g  spin-spin  in te ra c tio n  a lre a d y  
in  th e  e lectron ic  p a r t  o f th e  H a m ilto n ian , i.e. in  th e  n o n -ro ta tin g  m olecule th e  
eq u ilib riu m  in te rn u c le a r  d is tan ce  w ill be s lig h tly  d ifferen t fo r th e  s ta te s  o f
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d iffe ren t o r ie n ta tio n  o f  th e  re s u lta n t  spin m o m e n tu m  along th e  m olecular axis. 
In  case o f S n H  m olecule, for in s ta n c e , due to  th e  la rg e  coupling  co n stan t th e  
difference be tw een  th e  s ta te s  w ith  Ü  = J = 3/2 a n d  Q  =  =[; 1/2 is a b o u t 270 cm -1. 
B u t, as can  be seen from  (8) an d  (10), since all o f th e  coupling co n stan ts  depend  
on th e  in te rn u c le a r  d istance  as p a ra m e te r  i t  follow s th a t  these  co n stan ts  h av e  
a l i ttle  d iffe ren t v a lu es  in  th e  secu la r d e te rm in a n t (14) for th e  s ta te s  w ith
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ü  =  ^ 2  3/2 an d  Q =  ^  1/2 an d  i t  seem s su itab le  to  suppose th a t  in  th e  off- 
d iagonal m a tr ix  e lem en ts th e  coup ling  co n stan ts  are  ta k in g  on th e  values o f  
th e  a r ith m e tic a l m ean s of th e  ab o v e  m en tio n ed  tw o  d iffe ren t values T h e  
d e ta iled  ca lcu la tio n  leads to  th e  re su lt  th a t  'n  (21) th e  B, D co n stan ts  in  U + 
an d  V±  h av e  d iffe re n t values th a n  in  Z+ and  in  a d d itio n  in U + z* s ta n d  in stead  
o f T an d  in V+ 2 t(j2 — 4) +  2 r* (5  ^  j )  s tan d  in s te a d  o f 2x(j2 -F 7 +  1). So th e  
m od ified  form  o f (20) yields an  RM S error o f 0 .0 5 9  cm  -1 fo r lE  te rm  of th e  
S n H  m olecule w h ich  is rep resen ted  in  F ig . 4, (see K o v á cs  an d  P a c h e r , [12]) b y  
fu ll circles. T his v a lu e  com pared  to  th e  RMS e rro r  o f 0.15 c m ^ 1 ob ta ined  b y  
K l y n n in g , L in d g r e n  an d  A s l u n d  [5] seems to  be  a m uch  b e t te r  resu lt.

S um m ariz ing , i t  can  be s ta te d  t h a t  m ost o f  th e  observed  anom alies of th e  
sp in  m u ltip le ts  —  in  accordance w ith  th e  e x p e rim e n ta l d a ta  — are co rrectly  
exp la ined  by  th e  f i r s t  an d  second correc tion  te rm s  o f  th e  cen trifu g a l d is to rtion .
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ЦЕНТРОБЕЖ НЫ Е ИСКАЖЕНИЯ И МУЛЬТИПЛЕТНАЯ СТРУКТУРА
И. КОВАЧ

Резюме

Выведены выражения для вращательных уровней энергии дублетных и 42,’ состояний 
двухатомных молекул с учетом первого и второго поправочных членов центробежных 
искажений спин-орбитального, спин-спинового и спин-варщательного в заимодействий в 
промежуточном случае, распологающемся между случаями а) и б) Хунда. Даны общие 
формулы для 2  термов любой мультиплетности в случае б) Хунда, в которых учитываются 
все вышеупомянутые виды взаимодействий. Полученные выражения применены к М- 
состояниям молекул SnH и SnD, и к ^-состояниям молекул ОеН и SnH. При этом показа
но, что они дают результаты, более близкие к экспериментальным, чем дают известные 
ранее формулы.
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RELATIVISTIC CORRECTIONS TO THE UNIVERSAL
POTENTIAL*

By

R . G á s p á r  and G. E r d ő s -G y a r m a t i
INSTITUTE OF THEORETICAL PHYSICS, KOSSUTH LAJOS UNIVERSITY, DEBRECEN

(Received 12. V II. 1971)

Atomic one-electron energies were calculated with the aid of a universal potential. 
For solution of the radial Schrôdinger equation N o u m e e o v ’s method was applied, while rela
tivistic and spin-orbit coupling corrections were taken into account. The results are compared 
with experimental energy levels as well as with the results of other nonrelativistic and relati
vistic calculations.

In tro d u c tio n

A v e ry  good d escrip tion  of a tom ic sy stem s is given b y  th e  m e th o d s  of 
H a r t r e e  [1] an d  F o c k  [2 ], b u t as so lu tio n  of th e  H a r t r e e —F o c k  (H F ) 
eq u a tio n s is v e ry  lab o rious, sim pler ap p ro x im a tio n s , w hich  can  be ap p lied  to  
a tom ic  ca lcu la tio n s fo r all th e  elem ents, a re  v e ry  im p o r ta n t. L a t t e r  w as th e  
f irs t  to  give n u m erica l so lu tions of th e  S ch röd inger eq u a tio n  for all th e  ele
m en ts  w ith  an  a to m ic  one-electron  p o te n tia l  [3]. To im p ro v e  his re su lts  he 
considered  re la tiv is tic  effects. In  1963 H e r m a n  an d  S k il l m a n  [4] so lved  th e  
H F  eq u a tio n s  fo r all th e  e lem ents w ith  S la te r ’s sim plified  exchange p o te n tia l  
[5] (H F S  m e th o d ), re la tiv is tic  an d  sp in -o rb it coupling  effects w ere ta k e n  in to  
accoun t b y  p e r tu rb a tio n  m eth o d . A d isa d v a n ta g e  o f  th e  H F S  m e th o d  is t h a t  
th e  ap p ro x im a tio n  in tro d u c e d  b y  Sl a t e r  fo r  th e  exchange te rm s  in  th e  H F  
eq u a tio n s does n o t en tire ly  com pensate  fo r th e  Coulom b se lf-in te rac tio n .

In  th is  p a p e r  th e  a tom ic  one-electron  energ ies have  b een  ca lcu la ted  w ith  
a un iv ersa l p o te n tia l  [6], [7]. F o r th e  so lu tio n  o f th e  Schröd inger e q u a tio n  
N o u m e r o v ’s m e th o d  has been  applied  acco rd in g  to  [4]. T he m odel m ak es it 
possible to  d e te rm in e  th e  energies for all th e  a to m ic  n u m b ers  as well as fo r  all 
th e  s ta te s . S im ila r to  [4] th e  re la tiv is tic  a n d  sp in -o rb it co rrec tions h a v e  b een  
ta k e n  in to  acco u n t b y  p e r tu rb a tio n  m e th o d . T he resu lts  o f th e  p re se n t ca l
cu la tion  are  co m p ared  w ith  tho se  of p rev io u s calcu la tions an d  w ith  e x p e ri
m e n ta l d a ta  .The p rom ising  resu lts  m ay  s tim u la te  fu r th e r  ap p lica tio n  o f  th e  
above m e th o d , fo r in s ta n c e  to  en erg y -b an d  ca lcu la tions.

* D ed ica ted  to  P rof. L. JÁNOSSY on his 6 0 th  b ir th d a y .
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Universal potential

A ccording to  [6] th e  effective nu c lea r change, Z p, o f a n e u tra l a to m  w ith  
a to m ic  n u m b er Z  is o f th e  fo rm

7. p
-= * -  =  — ------  • (1 )

Z  1 + ^ 4 0дс

B y th e  aid o f (1) th e  un iversa l p o te n tia l  can  be  estab lished  for all th e  e lem en ts:

( 2)V  =  & ~ ,

w here  r is th e  d is tan ce  of th e  e lec tro n  from  th e  nucleus, — e is th e  charge o f th e  
e lec tron ,

10=  0 .1 8 3 7 ,

И-

4 „ =  1 .0 5 ,

0.88534137[Л — - CIqz1/3

a n d  a0 is th e  f i r s t  B ohr rad iu s .
In  th e  s ta t i s t ic a l  th e o ry  o f  a to m s  th e  p o te n t ia l  o f  th e  e x c h a n g e  e n e rg y  

w a s  g iven  b y  D ir a c  in  th e  f re e  e le c tro n  a p p r o x im a tio n  [8] as fo llow s:

У = Ka Q,1/3 (3)

F ro m  (2) an d  (3) th e  p o te n tia l fie ld  is

у  — Z P e 4 x,
, ^ p 1/3.

r 3 e

In  (4) Q is th e  d e n s ity  of th e  e lec trons in  th e  a to m  and

(4)

1 /3
0 .7 3 8 5 5 8 7 1 e2

is a  co n stan t. E x c e p t in  th e  im m ed ia te  n e ig h b o u rh o o d  o f th e  nucleus, th e  d e n 
s i ty  d is trib u tio n  o f  th e  n e u tra l a to m  can be  w ell ap p ro x im a ted  [7] b y

Q_
Z 2

^  Ce-
1-j-Ax ( 5 )

w ith
С =  3 .1a0- \  X =  0 .04, A  — 9.

Acta Physica Academiae Scientiarum Hungaricae 32, 1972



RELATIVISTIC CORRECTIONS 19

F o r th e  p o te n tia l th e  above e q u a tio n s  give th e  fo rm ula

Z p e 4 1
—  *a —  Q 
3 e

1/3- Ze o-Kx c

r 1 + A 0 x e 1 -\-Ax
(6)

w here

C  =  ~ - x a Z 2l2C.

T h e p o te n tia l (6) is spherica lly  sy m m etrica l. T he to ta l  e igen func tion  of th e  
e lec tro n  can be expressed  as a p ro d u c t o f a rad ia l w ave function  R(r), a  spherical 
h arm on ics Y($(p) an d  a sp in  fu n c tio n  /t. T he  w ave fu n c tio n  can be  ch a rac te rized  
w ith  th e  p rinc ipa l re, a z im u th a l Z, m ag n e tic  ret an d  spin s q u a n tu m  num bers

XP (n , h m, s) =  R lri(r )Y im(&(p)fis. (7)

T h e  S chrôdinger eq u a tio n  can be se p a ra te d , its  rad ia l p a r t  be ing  d e te rm in ed  in 
H a r tre e  u n its  b y

w here

d 2P,nl
dr2

(E°nl - V) - 1(1+ 1) -f*n/ — 0 ,

Pnl(r) =  rRn,(r) ■

(8)

Relativistic and spin-orbit coupling corrections

T he th eo re tica l resu lts  are  co m p ared  w ith  th e  ex p erim en ta l energies in 
T ab le  I ,  an d  i t  is fo u n d  th a t  serious dev ia tio n s ex ist. O ur re su lts  c an  be im 
p ro v e d  if  re la tiv is tic  co rrections an d  sp in -o rb it coupling  are ta k e n  in to  account. 
O u r s ta r tin g  p o in t is th e  re la tiv is tic  P au li eq u a tio n  for a one-electron  system  in 
H a r tre e  u n its

1 d2Pnl
2 dr2

V(r) +
1 ( 1 + 1 )

(E°nl- V ( r ) ) 2
o2_ dV(r) d_ 
4 dr dr

a 2 1 1 dV(r)
4 l + l r dr

E lnlPnl 5

(9)

w here a  is th e  fin e  s tru c tu re  c o n s ta n t.
E q . (9) can be solved by th e  p e r tu rb a tio n  m eth o d . L e t us in tro d u c e  the  

fo llow ing n o ta tio n s

# „  =
d2
dr2 +  I/ (r) + 1(1+1) (1 0 )

2* Acta Physica Acadcmiae Sciemiarum Hungaricae 32, 1972
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Table I

Absolute values of the unperturbed energy calculated with a one-electron universal potential 
for Cu and Hg (H a r t r e e  units). The first, second and third lines show the values of the 
present work, the results of the HFS model and the experimental energy values, respectively

z Is 2 s 2p 3 s 3p 3d 4s

328.466 39.0218 34.4837 5.02876 3.56012 0.961420 0.410164
29 325.22 39.438 34.873 4.677 3.214 0.729 —

330.735 40.585 34.613 4.49 2.8183 0.12 —

z Is 2s 2P 3s 3p 3d 4s

2795.87 437.493 452.909 108.315 100.292 83.9300 23.8111
80 2767.88 465.49 448.46 410.247 102.062 86.665 23.9669

3060.85 546.8 476.126
,

131.25 110.416 86.07 29.65

4P 4 d V 5s 5 P 5 d 6 S

20.2702 13.4457 4.21619 3.76342 2.58767 0.678814 0.287561
20.3746 13.7152 4.6928 3.6857 2.5062 0.63516 0.28266
22.8 13.7 — 4.6 2.8666 0.5 —

« 1 M11SÜ5 (E% v ( r ) Y ,

H d =  —
dV(r) d

4 dr dr

a 2 j - l 1 dV(r) ( j  = 1 + 1 /2 ),
4 i + l j  r dr u — l -1/2).

(И)

( 12)

(13)

E q . (9) th u s  ta k e s  th e  form

(H0+ H m+ H d+ H M)Pn, =  E b P nl. (14)

H ere  H 0 is th e  n o n -re la tiv is tic  H am ilto n ian . T h e  re la tiv is tic  m ass-velocity  
co rrec tio n , th e  D a rw in  correction  a n d  th e  sp in -o rb it coupling co rrec tion  are 
p ro d u ced  b y  th e  o p e ra to rs  H m, H d a n d  H s0, re sp ec tiv e ly . T he zero -o rder non- 
re la tiv is tic  w ave eq u a tio n

H 0 R°nl =  E°n, R°nl (15)
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Table II

The absolute values of the energy in various models for Cu+ (H a r t r e e  units). In the columns the corresponding results of the non-relativistic 
H a r t r e e  (NR — H), non-relativistic H a r t r e e - F ock (N R —HF), non-relativistic H a r t r e e —F ock—Sl a t e r  without and with relativistic 
correction (NR — HFS), non-relativistic universal potential without and with relativistic correction (N R —U), relativistic D ir a c— Sla te r  
(R —DS) models, and the experimental values of the X-ray-terms (—Eexp) are presented. The numbers in parentheses in the last

co lum n are  Sla te r  values

Shell N R - H N R - H F N R -H F S
N R  H FS +

N R - U N R - U  + R - D S —E
Ref. [15] Ref. [13] Ref. [4] Ref. [4] rel. corr. Ref. [15] Ref. [11], [14]

Is 1/2 328.96 329.2 325.2 330.41 328.465 333.168 329.035 330.8 (331)

2s 1/2 39.2385 41.15 39.435 40.5135 39.0218 40.0367 40.279 40.5 (40.65)

2P
1/2

35.915
35.8065 35.4619 35.59 35.15 (35.4)

34.9325 34.87 34.4837
3/2 35.049 34.6237 34.8125 34.45 (34.6)

3 s 1/2 4.49545 5.3255 4.6775 4.8525 5.02876 5.19085 4.8205 4.5 (4.8)

3P
1/2 3.3475 3.69708 3.32235 2.88 (3.13)

3.04045 3.6395 3.2145 3.56012
3/2 3.2515 3.58826 3.2235 2.8 (3.05)

3d
3/2

0.5997
0.746 0.983846 0.7311

0.8065 0.7295 0.961420 0.12 (0.4)
5/2 0.7345 0.955790 0.71975

R
E

L
A

T
IV

IST
IC

 C
O

R
R

E
C

T
IO

N
S



A
cta 

P
hysica 

A
cadem

iae 
Scientiarum

 
H

ungaricae 
32, 

1972

Table III

Absolute values of the energy in various models for Hg (H a r t r e e  units). In the columns the corresponding results of the non-relati- 
vistic H a r t r e e  without and with relativistic correction (NR — H), non-relativistic H a r t r e e  — F o ck —Se a t e r  without and with relativistic 
correction (NR —HFS), non-relativistic universal potential without and with relativistic correction (NR —U ), relativistic D ir a c —Sla ter  

(R —DS) models and the experimental values of the X-ray-terms ( —Eexp) are presented

N R - H  + N R — HFS +
Shell N R - H N R  HFS NR -  U N R U  + R - D S exp

Ref. [15] Ref. [15] Ref. [4] Ref. [4] rel. corr. Ref. [15] Ref. [11]

l* 1/2 2775.89 3044.47 2767.85 3077.35 2795.87 3055.88 3065.09 3060.85

2s 1/2 462.2 531.05 465.49 542.8 467.493 540.678 545.155 546.8

1/2 514.905 519.45 526.255 523.875 523.45
2 p 446.055 448.46 452.909

3/2 459.825 462.35 468.195 451.515 452.465

3s 1/2 108.495 125.84 110.245 130.3 108.315 127.057 130.07 131.25

1/2 117.55 120.2 118.532 120.34 120.95
3p 100.245 102.06 100.29252

3/2 106.015 107.7 106.118 104.25 105.15

3/2 88.43 91.65 89-0297 88.005 88.2
I d 85.235 86.665 83.9301

5/2 86.3 88.25 85.5060 84.535 84.65
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4 s 1/2 23.03 27.88 23.976

\ p
1/2
3/2

19.44
24.29
21.305

20.3745

4-d
3/2
5/2

12.89
13.84
13.335

13.715

4f
5/2
7/2

4.1825
4.2845
4.226

4.693

5 s 1/2 3.468 — 3.6857

5 P
1/2
3/2 2.2945

—
2.50615

5 d
3/2
5/2 0.4587

—
0.63515

6s 1/2 0.2341 — 0.28265

29.24

24.92
21.93

14.935
14.22

4.981
4.807

4.768

3.3225
2.793

0.772
0.6945

0.374

23.8111 28.6461 28.745 29.65

20.2702
24.7332 24.755 25.3
21.8222 20.84 21.55

13.4457
14.6404 13.9 14.15
13.9051 13.16 13.4

4.21619
4.48821 4.162
4.27041 3.9995 —

3.76342 4.78702 4.6255 4.6

3.42272 3.2105 3.4
2.58766 2.88820 2.5065 2.6

0.823891 0.5835 0.5
0.678814 0.733251 0.508 —

0.287561 0.380065 0.3487 0.3841
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Table IV

The relativistic and spin-orbit coupling corrections in H a r t r e e  units for alkaline elements. The notations are the following: E  (NRL) is 
the noi relativistic energy; E(VEL) is the relativistic mass-velocity correction; E(DAR) is the Darwin correction; E(S — 0 ) i s  the spin-orbit 

parameter; E  is the energy, correct to order a2; —E (K)  is the experimental X-ray term

z Shell - E (  NRL) -E (V E L ) -E (D A R ) - E (  S —O) - E - E ( K )

Is 2.12423480 0.00230352 — 0.00532406 — 2.12122420 1.8

2s 0.20058464 0.00007795 — 0.00022165 — 0.20044090 —

Is 39.6758110 0.45434824 — 0.39135161 — 39.7388080 39.465

2s 2.75827790 0.03623653 -0.02661995 — 2.76789440 2.339

11
2 P 1.71468340 0.00397394 — 0.00287359 — 0.00570700

1.72719780
1.71007670

1.3125
1.124

3 s 0.21476370 0.00172387 — 0.00136050 — 0.21512710 —

Is 131.85572 4.1146876 -3.29744620 — 132.67296 132.91

2s 12.733210 0.422953 — 0.27512523 — 12.884380 —

2P 10.203932 0.0610991 — 0.00851925 — 0.0486276
10.353768
10.207885

10.985
10.875

19
3s 1.1467713 0.0469457 — 0.02986323 — 1.1638538 1.315

3P 0.5823858 0.0056392 — 0.00121147 -0 .0042348
0.5952823
0.5825792 _

4 s 0.1409854 0.0020316 —0.00135804 — 0.1416590 0.245
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Is 552.43829 59.602946 -47.0982000 — 564.94303 559.825

2s 72.567614 7.6121224 — 4.69787630 — 75.481860 76.15

69.220581 68.715
2P 66.402153 1.2646360 — 0.00316954 — 0.7753110

66.894648 66.52

3 s 11.155614 1.3179826 — 0.77726521 — 11.696331 11.935

9.2861616 9.25
3P 8.8079478 0.2443511 — 0.00303987 — 0.1184513

8.9308078 8.8537

4.4270159 4.19
3 d 4.3286598 0.0464925 — 0.00559471 — 0.0191528

4.3312520 4.13

4s 1.1938765 0.1864710 — 0.10941173 — 1.2709358 1.135

0.69711915 0.65
4P 0.62660570 0.02716929 — 0.00091048 — 0.01312732

0.63973717

5s 0.13754984 0.00783304 — 0.00467911 0.14070377 —

Is 1276.81730 290.430170 -230.430440 — 1336.81710 1325.15

2s 192.397120 40.2318350 — 24.6822350 — 207.946720 210.7

55 197.904850 197.35
2P 182.623880 6.99929950 0.12855195 — 4.07656050

185.675170 184.55

40.9429850 44.8
3 s 37.4554880 8.31591020 — 4.82841390

36.1201350 39.4
3P 32.8567710 1.72683070 0.01448100 — 0.76102600

33.8370570 36.85
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Table IV (continued)

z Shell -E(  NRL) — E(VEL) jE(DAR) -B (S -O ) - E -ЩК)

3d 23.6283560 24.4476330 27.2
0.44842651 — 0.00493002 -0.12526020

23.8213320 26.55

4 s 6.12539980 1.67395570 -0.95867248 • 6.84068300 8.45

4.51434610
5.11687410 6.6

ip 0.32809127 0.00059440 0.13692116
4.70611060 6.2

55
id 1.68574760 0.06677810 — 0.00237684 0.01715694

1.80161970 2.9
1.71583500 2.75

5 s 0.55559829 0.21039820 — 0.12050683 — 0.64548966 —

5 P 0.24306066 0.288852510.02490105 — 0.00029706 — 0.10105939
0.25707071 —

6 s 0.10676555 0.01165528 — 0.00673305 — 0.11168778

Is 3328.96680 1803.92730 -1443.48180 — 3689.41230 —

2s 568.063760 266.906050 — 163.741930 — 671.227880 —

87 2P 552.174870 48.1306770 0.99267592 — 27.3774710
656.053160 —
573.920750 —

3 s 136.103270 63.8813490 -36.7988010 — 163.185810 —

153.648530
3p 127.093320 14.3638250 0.18978690 — 6.00080200 135.646130 —
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3d 108.687360 4.39089610

4s 31.5890250 16.7121400

4p 27.4418050 3.83286880

4d 19.3659720 1.20930430

4 / 8.13716720 0.28674932

5s 5.52737700 3.80469770

5P 4.04295370 0.80335877

5 d 1.50286920 0.18812139

6s 0.47429589 0.46660591

6P 0.20368821 0.05333439

7s 0.10089316 0.02869522

0.07253510

— 9.43286950 

0.03948497

0.00878384

— 0.00494896

— 2.13499540 

0.00625175

— 0.00028487 

-0 .26188790

0.00007092 

-0 .01616579

— 1.03090520
116.243500
111.088980

— 38.8682950

— 1.47216300
34.2584850
29.8419960

— 0.22881278
21.2704980
20.1264340

— 0.05161981
8.62544680
8.26410810

— 2.19707920

— 0.30238263
5.45732950
4.55018160

— 0.03508982
1.79597520
1.62052610

— 0.67901389

— 0.02030946
0.29771245
0.23678406

0.11342258
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Table V

The relativistic and spin-orbit coupling corrections in Hartree units for rare gases.The notations are the following: E(NRL) is the non-relativistic 
energy, E(VEL) is the relativistic mass-velocity correction, -E(DAR) is the Darwin correction, E(S—O) is the spin-orbit parameter, E  is the

energy correct to order a2, E (K )  is the experimental X-ray term

z Shell - E (  NRL) -E (V E L ) - E (  DAR) E (S -O ) — E - E ( K )

2 Is 0.90687656 0.00041395 -0.00180825 0.90548227 0.9

Is 32.0981430 0.30903203 — 0.27275672 — 32.1344190 32.6

10
2s 2.09621200 0.02332575 —  0.01783124 — 2.10170650 1.78

2P 1.21874120 0.00238062 —  0.00226511 —0.00399293
1.22684260
1.21486380

0.795
0.79

Is 117.213470 3.31040810 — 2.66232300 — 117.861550 117.85

2s 10.9890030 0.33553920 —  0.21816490 — 11.1063780 —

18 2 p 8.65510400 0.04721050 —  0.00785230 —  0.03905580
8.77257380
8.65540640

9.05
8.95

3s 0.94338050 0.03518510 —  0.02264410 — 0.95592140 —

3P 0.45346960 0.00393420 —  0.00101540 -0.00315200
0.46269260
0.45323640 0.4

Is 521.167870 53.4144190 —  42.2044880 532.377800 527.525

2s 67.7345030 6.77657210 —4.18537260 70.3257020 —
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2 P 61.7719910 1.12134420

3s 10.2207170 1.15655290

3P 7.98835750 0.21223712

U 3.75455290 0.03905798

4s 1.05850950 0.15863630

4p 0.53732028 0.02230820

Is 1228.50420 269.928750

2s 184.065220 37.2723720

2 P 174.486610 6.47311640

3 s 35.4890460 7.65011070

3p 31.0219410 1.58207230

3d 22.0694390 0.40690835

4s 5.70578020 1.51974690

0.00050992 — 0.69115241
64.2761500
62.2026920

63.59
61.69

— 0.68313490 — 10.6941350 —

— 0.00320256 — 0.10385719
8.40510650
8.09353490

7.81

— 0.00529737 — 0.01676798
3.83861750
3.75477760

—

— 0.09330153 — 1.12384420 —

-0.00085587 — 0.01094256
0.58065773
0.54783004

0.355

214.105360 — 1284.32760 1273.685

-22.8692830 — 198.468310 200.51

0.11674185 — 3.775925600
188.631320
177.303540

187.87
176.09

—4.44402320 — 38.6951340 —

0.01251947 0.69939884
34.0153310
31.9171340 34.605

— 0.00543205 -0.11497237
22.8158330
22.2409710

—

— 0.87106216 — 6.35446490 —
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Table V (continued) 8

z Shell E(N RL) - E ( V  EL) E(DAR) - E ( S - O ) - E - E ( K )

4p 4.16203230 0.29520366 0.00030841 —  0.12377812
4.70510060
4.33376630

5.065

54
4 d 1.47327830 0.05817147 -  0.00230689 -0.01525855

1.57491850
1.49862570 —

5 s 0.50382856 0.18368639 —  0.10533181 — 0.58218313 —

5P 0.21784468 0.02030443 -0.00028880 — 0.00871323
0.25528677
0.22914708

0.4

I s 3249.91440 1722.88400 -1378.29460 — 3594.50380 —

2s 553.054960 254.566860 —  156.164130 — 651.457690 —

2p 537.351380 45.8703900 0.94769222 -26.1005740
636.370610
558.068880 _

3 s 131.910810 60.7406170 —  34.9937280 _ 157.657700
86

3P 123.042270 13.6360830 0.17995580 -5.70199270
148.262290
131.156320

—

3d 104.928130 4.15690280 0.06764693 —  0.97840289
112.087890
107.195880

—

4s 30.3945430 15.8066430 —  8.92412410 — 37.2770120 —
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4 p 26.3353360 3.61490340

4d 18.441012 1.13340350

4 / 7.50078470 0.26395338

5s 5.24725780 3.56206650

5jP 3.80848570 0.74753483

5 d 1.36171490 0.17132361

6s 0.44103636 0.42175112

6p 0.18911604 0.04544038

0.03402386

0.00781439

0.00511474

1.99959400

0.00571320

0.00039328

0.23683400

0.00002843

— 1.39051090 

-0 .21541214

— 0.04822699

— 0.28193994 

-0 .03219610

— 0.01736659

32.7682850
28.5967530

20.2284670
19.1514060

7.95253130
7.61494230

6.80973020

5.12561360
4.27979380

1.62923350
1.46825300

0.62595348

0.26931805
0.21721825
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Table VI

The relativistic and spin-orbit coupling corrections in H a r t r e e  units for elements of the fourth column of the periodical table. The 
notations are the following: .E(NRL) is the non-relativistic energy; fi(VEL) is the relativistic mass-velocity correction; E(DAR) is the Dar

win correction; E(S — O) is the spin-orbit parameter; E  is the energy, correct to order a2; E (K)  is the experimental X-ray term

z Shell E(NRL) E(VEL) -E(DAR) — jE(SO) - E —ЩК)

Is 10.1925330 0.03893468 —0.04354071 — 10.1879270 10.52

6
2s 0.49793248 0.00194962 — 0.00214075 — 0.49774136 —

2p 0.20996423 0.00008694 — 0.00041073 -0.00048272
0.21060589
0.20915773 —

Is 67.6068960 1.20292470 — 0.99212571 — 67.8176950 67.85

2s 5.47458870 0.10889100 — 0.07426444 — 5.50921530 —

14 2 P 3.89942020 0.01377910 — 0.00494549 -0.01438170
3.93701740
3.89387210

3.795
3.775

3 s 0.39228890 0.00836510 — 0.00580620 — 0.39484790 —

3P 0.17051100 0.00050390 — 0.00032877 — 0.00062180
0.17192990
0.17006430 —

Is 405.453590 33.3338960 — 26.3397630 — 412.447720 408.785

32
2s 50.2436780 4.10284470 -2.54408040 — 51.8024420 —

2 P 45.0949930 0.666341520 — 0.00702412 — 0.42183136
46.5979730
45.3324790

45.855
44.71
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3s 6.97401820 0.655844410

3P 5.18826230

3 d 1.90808410

4 s 0.62817824

4p 0.27902263

Is 1044.7764

2s 152.74014

2 P 143.95819

3 s 28.244232

3 P 24.297366

3 d 16.437633

4s 4.2159560

4P 2.9316475

4 d 0.7828402

0.114612700

0.01771869

0.07727281

0.00869071

198.54839

27.034855

4.6593035

5.3812745

1.0927761

0.2689369

1.0085628

0.1880213

0.0314416

-0.39040070 —

— 0.00336749 — 0.05874349

0.00397442 — 0.00936209

-0.04598830 —

— 0.00058270 — 0.00461130

157.31351 —

-16.598230 —

0.0760644 — 2.7374845

— 3.1331209 —

0.0060681 — 0.4899751

— 0.0067455 — 0.0801690

— 0.5801892 —

— 0.0005241 — 0.0805454

— 0.0019220 — 0.0091072

7.23946190
5.41699460
5.24076410

6.51

4.51

1.94990460 0.98
1.90309420 0.96

0.65946275 —

0.29635325 —

0.28251934 —

1086.0073 1075.35

163.17676 164.415

154.16853 153.035
145.95607 144.67

30.492386 32.53

26.376161 27.855
24.906235 26.305

16.940331 18.155
16.539486 17.85

4.6443295 5.03

3.7802355
3.0385993

3.25

0.8396816 0.9
0.7941452 0.88 COсо
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Table VI (continued)

z Shell - E (  NRL) —E(VEL) -E (D A R ) 1 J4 “е
л О - E ЩК)

5s 0.3394398 0.0998748 — 0.0575892 _ 0.3817254 _
50

5P 0.1508040 0.0078585 — 0.0002197 — 0.0035278
0.1654985
0.1549149

0.05

I s 2943.36230 1425.5885 — 1139.32720 — 3229.62360 3241.3

2s 495.160270 209.42706 — 128.449000 — 576.138320 584.25

2P 480.201480 37.615524 0.78143897 — 21.435484
561.469410
497.162960

559.95
480.2

3 s 115.885170 49.325255 — 28.4320120 — 136.778410 141.9

3p 107.581090 10.9994470 0.14403464 — 4.61770340
127.959970
114.106860

131.1
113.1

82
3 d 90.6358990 3.31307270 0.05005999 — 0.78843468

96.3643360
92.4221630

95.25
91.25

4s 25.8958870 12.5515820 — 7.09438230 — 31.3530870 33.05

4p 22.1841810 2.83578680 0.02819969 -1.09779530
27.2432580
23.9503720

28.2
23.7

4 d 15.0067660 0.86508150 0.00447034 -0.16767200
16.3793340
15.5409740

16.2
15.4
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4 / 5.21106090 0.18543127

5s 4.22153670 2.70728440.

5P 2.96025890 0.55299671

5 d 0.87630804 0.11441311

6s 0.33041737 0.27118435

6P 0.14718676 0.02257056

0.00548849 -0.03623972
5.53596250
5.28228450

1.52219700 — 5.40663330

0.00385694 — 0.21038779
3.93788810
3.30622480

0.00069677 -0.02223595
1.05623220
0.94555247

0.15262655 . — 0.44897516

0.00007244 — 0.00877763
0.18724014
0.16090726

5.25
5.00

5.6

4.00 
3.30

1.2
0.7
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Table VII

The relativistic and spin-orbit coupling corrections in H a r t r e e  units for Cu29, HgSo and U92. The notations are the following: E (N R L ) is 
the non-relativistic energy; E (V E L ) is the relativistic mass-velocity correction; 2?(DAR) is the Darwin correction; E(S —0 )  is the spin-orbit 

parameter; E  is the energy, correct to order a2; E(K)  is the experimental X-ray term

z Shell -E (N R L ) E(VEL) E(DAR) - E ( S - O ) -E -E(K)

Is 328.465870 22.4700730 — 17.7673750 — 333.168570 330.735

2s 39.0218660 2.69051710 — 1.67562070 — 40.0367620 40.585

2 P 34.4837520 0.42926533 — 0.00990639 — 0.27938703
35.4618850
34.6237240

35.1
34.37

29
3 s 5.02875900 0.40524018 — 0.24315432 — 5.19084490 4.49

3P 3.56012470 0.06751074 — 0.00310143 — 0.03627346
3.69708090
3.58826050

2.875
2.79

3d 0.96142044 0.00853149 — 0.00293916 — 0.00561110
0.98384609
0.95579056

0.12

4s 0.41016398 0.04031745 — 0.02429618 — 0.42618524 —

4 d 13.44570 0.7504364 0.0030964 — 0.1470579
14.6404070
13.9051170

14.15
13.4

У 4.2161958 0.1530743 -0.00551603 — 0.0311149
4.48821380
4.27040940 :

5s 3.7634216 2.3432873 — 1.3189573 4.78702030 4.6
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5P 2.5876683 0.4714933 0.00309377 0 .1802334
3.42272220

2.88202190

3.4

2.6

5 d 0 .67881406 0.0914712 0.00077794 — 0.0181279
0.82389120

0.73325130

0.5

6 s 0.28756135 0.2119391 - 0 .1 1 9 4 3 4 5 7 — 0.38006520 0.3841

Is 2795.87660 1292.21280 — 1032.21080 — 3055.87860 3060.85

2s 467.492990 189.248560 116.063220 — 540.67830 546.8

80 2p 452.90880 33.9333330 0.70618899 - 1 9 .3 5 3 5 1 0
526.255340

468.194810

523.45

452.465

3 s 108.315240 44.2649360 — 25.5226700 — 127.05750 131.25

3p 100.292520 9.83556420 0.12802020 - 4 .1 3 8 0 7 1 5
118.53225

106.11803

120.95

105.15

3d 83.9300760 2.94303780 0.04238770 — 0 .70473948
89.029720

85.506022

88.2

84.65

4s 23.8111080 11.1293510 — 6.29438150 — 28.646077 29.65

4p 20.2702590 2.49790880 0.02436423 — 0.97036166
24.733255

21.822170

25.3

21.55

Is 3738.72800 2252.61520 — 1804.68250 — 4186.66060 4257.35

92
2s 646.328540 335.444100 — 205.844890 — 775.927750 801.3

2P 629.522550 60.7097580 1.23931700 — 34.4809900
760.433610

656.990640

771.1

632.1
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Table VII (continued)

z Shell -E(NRL) — E(VEL) -  E(DAR) -E (S -O ) . —E -ЦК)

3s 158.197610 81.455510 — 46.8976580 — ■ 192.755460 204.25

3p 148.477630 18.4517840 0.24439359 — 7.67633490
182.526470

159.497470

190.7

158.3

3d 128.606380 5.71297210 0.10015165 — 1.32642660
138.398780

131.766650

136.95

130.75

4s 37.9910260 21.8452330 — 12.3151980 — 47.5210610 52.75

92
4p 33.3973620 5.07663670 0.05344993 — 1.93653030

42.4005090

36.5909180

46.15

38.30

4 d 25.4013950 1.64788320 0.01451147 0.30557988
26.9805290

25.4526300

28.65

27.05

4 / 11.7153000 0.42233239 — 0 .00363143 — 0.07126401
12.4190570

11.9202090

14.2

13.95

5s 7.07726360 5.21267590 - 2 .9 1 9 9 7 9 8 0 — 9.36995970 11.8

5P 5.35712940 1.13138790 0.00944342 0.42189675
7.34175420

6.07606390

9.3

7.25
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5 d 2.33565700 0.28997519

5 / 0.03125908 0.00000017

6s 0.67759906 0.74058703

6P 0.30774643 0.10633405

Ы 0 .05685283 0.00029369

7s 0.11131291 0.03336578

0.00048162 — 0 .05233469
2.78311790

2.52144450

0.00001895 — 0.00001897
0.03131620

0.03118338

0.41469507 — 1.00349100

0.00040822 -0 .0 3 9 8 8 0 2 1
0.49424912

0 .37460849

0.00006325 — 0.00011631
0.05743221

0.05685065

0.01876320 — 0.12591549

COО

R
E

L
A

T
IV

IST
IC

 C
O

R
R

E
C

T
IO

N
S



4 0 R. GÁSPÁR and G. ERDŐS-GYARMATI

w as so lved  for all o rb ita ls  o f in te re s t. In  f irs t  o rder th e  co rrec ted  energy  w as 
o b ta in e d  as

E q . (15) w as so lved  w ith  th e  a lg o rith m  e lab o ra ted  b y  H e r m a n  an d  
S k i l l m a n  [4]. D e te rm in a tio n  o f th e  en erg y  correc t to  th e  o rd er oc2 w as done 
w ith  th e  aid of fo rm u la  (16). T he d iffe ren tia tio n  occu rring  in  (16) w as carried  
o u t n u m erica lly  w ith  th e  N ew to n — G regory  po lynom ial; for th e  in te g ra tio n  
S im pson’s ru le w as u sed  [10].

In  T ab le  I  th e  u n p e r tu rb e d  energ ies E°n[ are p re sen ted  to g e th e r w ith  th e  
re su lts  o f th e  H F S  m odel an d  th e  ex p e rim en ta l re su lts  for all th e  s ta te s  o f Cu 
an d  H g . I t  can be  seen  th a t  fo r Cu th e  ca lcu la ted  values agree con sid erab ly  
b e t te r  w ith  th e  ex p e rim en ta l v a lues th a n  in  th e  case o f H g.

T h e  resu lts  o f v a rio u s  m odel ca lcu la tio n s for Cu an d  H g  are  co m p ared  in  
T ab les  I I  an d  I I I ,  re sp ec tiv e ly . In  th e  co lum ns are  p re sen ted  th e  co rrespond ing  
re su lts  o f th e  n o n -re la tiv is tic  H a r t r e e  ( N R —H ), n o n -re la tiv is tic  H a r t r e e  —  

F o c k  (N R — H F ), n o n -re la tiv is tic  H a r t r e e — F o c k — S l a t e r  w ith o u t a n d  w ith  
re la tiv is tic  co rrec tion  (N R —H F S ), n o n -re la tiv is tic  un iv ersa l p o te n tia l w ith o u t 
a n d  w ith  re la tiv is tic  co rrec tion  (N R —U ), re la tiv is tic  D i r a c — S l a t e r  (R —DS) 
m odels, an d  th e  e x p e rim e n ta l va lues o f th e  X -ray  te rm s  (— E eKp). I n  th e  la s t 
co lum n  th e  n u m b ers  in  p a ren th eses  a re  S l a t e r  values. In  th e  D i r a c — S l a t e r  

m odel (R —DS) th e  D i r a c  eq u a tio n s are  solved in  S l a t e r  a p p ro x im a tio n .
T he u n co rrec ted  energy  E°nl(— E (N R L ), th e  various co rrec tions, th e  

en erg y  E lnl d e te rm in ed  in  th e  p re se n t w ork  (—E) an d  th e  ex p e rim en ta l energy 
(— E (K ))  for th e  a lk a lin e  e lem ents, th e  ra re  gases, th e  elem ents o f th e  fo u rth  
co lum n o f th e  perio d ic  tab le  an d  som e o th e r e lem ents (Cu29, H g 80, U 92) are 
p re se n te d  in  T ables IV , V, V I an d  V I I ,  re spec tive ly . T he Tables show  th a t  th is  
te ch n ica lly  v e ry  sim ple m odel gives good  resu lts  for Cu even w ith o u t re la tiv is tic  
co rrec tions. T hese co rrec tions increase  th e  abso lu te  v a lu e  o f th e  energies. I t  is 
in te re s tin g  to  n o te  t h a t  fo r Cu th is  te n d e n c y  im proves th e  ag reem en t w ith  th e  
ex p e rim en ta l v a lu e  o n ly  for th e  in te rm e d ia te  o rb ita ls , w hereas in  th e  case of 
H g  th e  co rrec ted  v a lu es  a p p ro x im a te  th e  ex p erim en ta l ones a t  ev ery  s ta te . The 
o vera ll ag reem en t is su rp rising ly  good.

The numerical calculations were carried out on the ICT 1905 computer of the Central 
Research Institute in Fortran. Thanks are due to Prof. L. PÁL for granting machine time.

( 16)

Numerical results and discussion
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THE STABILITY OF LINEAR CHAINS*

By

T. S i k l ó s * *  and У. L. A k s i e n o v

JO IN T  IN ST ITU TE FOR N U C L EA R  RESEA RCH , LABORATORY OF TH EO R ET IC A L PHY SICS, DUBNA,
USSR

(Received 6. VII. 1971)

The dependence of the instability temperature of an anharmonic monoatomic linear 
chain on the external tension is investigated in the high temperature limit.

1. Introduction

The m eth o d  fo rm u la te d  in  [1] for deriv ing  a se lf-co n sis ten t (S. C.) system  
of equ a tio n s has a lread y  b een  app lied  to  in v es tig a te  th e  p ro p ertie s  u n d er 'ow  
tension  of anharm on ic  m o n o a to m ic  lin ea r chains d isp lay in g  n earest-n e ig h b o u r 
in te ra c tio n  [2] and  o f lin e a r  chains in  p seu d o h arm o n ic  a p p ro x im a tio n  u n d er 
sm all [3] an d  a rb itra ry  e x te rn a l tension  [4]. In  th e  p re se n t p a p e r  th e  dam ping  
o f th e  S. C. phonons is ta k e n  in to  acco u n t an d  th e  b eh av io u r o f lin ea r  chains 
w ith  nearest-n e ig h b o u r in te ra c tio n  u n d e r a rb itra ry  e x te rn a l tension  are con
sidered  in th e  high te m p e ra tu re  lim it.

2. S. C. system of equations for a linear chain

A lin ea r chain  o f le n g th  L  consisting  o f IV -f- 1 a to m s of m ass M  is 
considered.

The one-phonon G reen ’s fu n c tio n  for th e  chain  is [2]

Gjt(w) — ^  A k\A k ^>и — ________ 2°Jk_________
co2—co| — 2 cok П к(со) ( 1 )

w here cok is th e  phonon fre q u e n c y  defined  in  p seu d o h arm o n ic  a p p ro x im a tio n  by

CO2
к

Д М
/

со.O k- ( 2)

H ere  cook s ta n d s  for th e  h a rm o n ic  freq u en cy  co rresp o n d in g  to  th e  s tren g th  
c o n s ta n t f  a t  ex te rn a l te n s io n  P  =  0.

* Dedicated t o  Prof. L. JÁ N O S S Y  o n  his 60th birthday.
** Present address: Central Research Institute for Physics of the Hungarian Academy 

of Sciences, Budapest, Hungary
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T he reno rm alized  ph o n o n  frequencies £k an d  ph o n o n  w id th s  Гк are 
d e te rm in ed  a p p ro x im a te ly  by

£к ^Ю к+ 1 1 еП к(со); Гк =  — I m  I l k(œ +  iô ). (3)

In  th e  effective cubic ap p ro x im a tio n  th e  self-energy o p e ra to r  ta k e s  th e  form

/7  (0J) _  _ L  g 2 ( 0 ’  О  X ’ \  ( n P + n p ' + 1 ) (C0 P + w p )
8N P ( 0 , l )  -  1 m2- ( m p+a>p-y

(rtp 11 p  {ojp - (Op')
ó i2 (cop-cop-)2

сок(ор Шр'A (p + p ’ к ) ,

(4)

w here  np =  [exp (сор/0 )  —  1] -1.
T he p seudoharm on ic  f  (0 , l) an d  th e  effective cubic g (0 , l) s tre n g th  con

s ta n ts  in  E q . (2) an d  (4) are d e te rm in ed  in  th e  S. C. m an n e r b y

(5)

w here  ф(1) is th e  S. C. p o te n tia l given by

ф ( 1 )  = °° 1 Г 1 ------ T
V —  —  u 2(0  

,,=o re! L 2
( 6 )

H ere  cp(l) s tan d s  fo r th e  in te ra to m ic  pa ir p o ten tia l. T he m ean  sq u are  re la tiv e  
d isp lacem en t o f th e  n e ig h b o u rin g  atom s u2(l) can  be expressed  using  th e  
G reen ’s fu n c tio n  (1) as

» V )
2 N f ( 0 , l )

у
к

Г  
л  Jo

dm co th  [ — Im  Gk(m-\-ià)]. (7)
261

In  ad d itio n  to  d epend ing  on  th e  te m p e ra tu re  в =  k T , th e  p ro p ertie s  o f th e  
ch a in  are  d e te rm in ed  also b y  th e  len g th  of th e  chain  L  =  N1 o r b y  th e  ex te rn a l 
ten sio n  P. A ccord ing  to  [1], [2] th e se  p a ram e te rs  sa tis fy  th e  eq u a tio n

p  =  ~  у  * '( / ) .  (8)

w here / is th e  equ ilib rium  se p a ra tio n  of n e ighbouring  a tom s.
T he th e rm a l p ro p ertie s  a re  determ ined  b y  th e  in te rn a l energy  E  an d  th e  

free energy  F :
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/V ____
E  =  <Я> =  —  {ф (1)+ Д в, l) и Щ  +  5 F s( 0 ) .

F  =  в  2  2 s inh  К / 2 0 )  +  { # / )  / ( 0 ,  Z) « D + F ^ ) ,
к 2

w here th e  effective cubic an h arm o n ic  c o n tr ib u tio n  to  th e  free energy  is

P  =  1 do.(o)2 <a|) [ I rn  Gk( c o + i ô )]

3 6 T  (e“/e 1)10,

(9)

( 10)

( П )

W e no te  here  th a t  in  [1] in  p a rtic u la r  in  E q . (45) th e  ap p ro x im atio n  
Im  Gk ■ (o) -f- iö) i)(oj2 —  w as em ployed  in  th e  in te g ra l over со. B u t in  
th is  ap p ro x im a tio n  th e  f in ite  w id th  o f phonons is n o t ta k e n  in to  accoun t. H ere 
we do n o t em ploy  th is  ap p ro x im atio n  an d  as in  [5] we ge t m ore ex ac t ex p res
sions for th e  in te rn a l an d  free energy.

T herefo re  b o th  th e  d y n am ic  (3) an d  th e rm o d y n am ic  (9), (10) p ro p ertie s  
o f th e  an h arm o n ic  lin ear ch a in  are  d e te rm in ed  b y  th e  S. C. system  o f eq u a tio n s  
(1), (2), (4)— (8). To solve th e se  we in tro d u ce  th e  in te ra to m ic  p a ir p o te n tia l 
cp(l) in to  E q . (7), w hich , as in  [2]— [4], is ta k e n  as th e  m odel Morse p o te n tia l.

L e t us consider th e  case for w hich th e  ex te rn a l ten sio n  P  =  co n st., b u t  
n o t necessarily  sm all. I t  is con v en ien t to  in tro d u ce  th e  red u ced  tension  P* =  
=  P ( r0/H ), w here D  is th e  d e p th  of th e  p o te n tia l and  r0 is th e  average d is tan ce  
betw een  neighb o u rin g  a to m s in  the  harm o n ic  ap p ro x im a tio n . In  th e  sam e w ay  
as in  [4], ta k in g  ar0 =  6, we get th e  follow ing expressions for the  p se u d o h a r
m onic ren o rm aliza tio n  o f th e  frequency  (d im ensionless):

« 2 / ( 0 . 0
/

th e  m ean sq u are  re la tiv e  d isp lacem en t of n e igbouring  a to m s (dim ensionless):

У = 36 [u2(l)/rl] =  In

th e  S. C. p o te n tia l:

ф ( 1 ) =  D

the  equ ilib rium  sep a ra tio n  o f  ne ighbouring  a to m s:

( 12)
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l =  rn H ------- In
12

P*
6

th e  effective cubic s tre n g th  c o n s ta n t:

g(G, l) =  g{a? -  P */9}, 

w here  f  =  Dar, g =  —  3Dar .
E v a lu a tio n  of th e  co-integral in  (7) is n o t  so easy  in  th e  case o f f in ite  

p h o n o n  w id th s  as in  th e  p seu d o h arm o n ic  ap p ro x im a tio n  [4] a n d  shou ld  be  done 
n u m erica lly . H ow ever, a p p ro x im a te  expressions can  be o b ta in e d  for (7) i f  we 
in v e s tig a te  th e  high- an d  lo w -te m p e ra tu re  lim its  sep a ra te ly .

3. High-tem perature lim it ( 0  5>> toD)

W ith  th e  assum ption  F (p , p ' ,  £*) =  F (p , p со*) we can  perfo rm  th e  
su m m atio n  req u ired  in  [4] in  th e  sam e w ay  as i t  was done in  [6], w hich  gives 
th e  follow ing re su lts  for (3) in  th e  h ig h -te m p e ra tu re  lim it:

CO,Ok '
m i )  

f
1 0 Í M

2 / 3(<9, l)
=  alk  <*!(©> l) ,

Гк{€к)~ Г „ { щ )  =  " l [1 + Ц п - Ы Щ я + Ы ) \ ,
16 l)

(13)

(14)

w here  (0 L =  (4f  (0,1)1 M )1!2 is th e  m a x im u m  v a lu e  o f th e  p seudoharm on ic  
v ib ra tio n a l frequency . In  th is  a p p ro x im a tio n  freq u en cy  ren o rm a liza tio n  leads 
o n ly  to  a change o f th e  s tre n g th  c o n s ta n ts  a n d  th e  ren o rm aliza tio n  fac to r  doss 
n o t  depend  on k.

U sing (13) fo r th e  S. C. e q u a tio n  (7) we ge t:

« Ы « )  =  T*
j  T *D  g2(©> 0 +

1
24

(15)

w here  T* =  0/D  is th e  red u ced  te m p e ra tu re , a n d  A =  TrH/coOL is th e  d im ension 
less coupling  c o n s ta n t of a tom s.

L e t us in v es tig a te  th e  ch a in  w ith  s tro n g  coupling  A §> 1. U sing E q s. (12) 
th e  S. C. eq u a tio n  (15) can be w ritte n  in  m ore co n v en ien t form

w here

p*

6T*

B =  0.5{2 +  [1 + (2 Р * /3 )е ^ ] -1'2}2.

( 16)
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E q. (16) h a s  a su b s ta n tia lly  sim ilar fo rm  an d  co n seq u en tly  a s im ila r 
an a ly tica l b e h a v io u r , to  the  e q u a tio n s  o b ta in e d  in  [7] for th e  f. c. c. la tt ic e , so 
we shall give o n ly  th e  results h e re . The d ep en d en ce  of th e  in s ta b ility  te m p e ra 
tu re  T* on th e  re d u c e d  tension  P *  is given in  F ig . 1. F o r P* <7 P * x 1.5 th e  
ch a in  has only  o n e  stab le  s ta te , w h ich  ex ists  i f  th e  te m p e ra tu re  is su ffic ien tly  
low  (T * <( Г* (P * )) . For T* T*  (P *) th e  lin e a r  chain  has a n o th e r s ta b le  
s ta te  only in th e  region P*x <[ P*  <C P* h u t  h e re  th e  m ean  square  re la tiv e  
d isp lacem en t o f  th e  atom s is m u c h  larger th a n  in  th e  f irs t s tab le  s ta te . T h e

Fig. 1. The reduced instability temperature T *  as a function of the reduced tension P*

c ritica l tension is ch arac terized  b y  th e  d isap p earen ce  of th e  v ib ra tio n a l in 
s ta b ili ty  of the  f i r s t  s tab le  s ta te  ,S,. In  th e  h ig h  te m p e ra tu re  lim it we ge t th e  
va lu es  P* ^  2.5 fo r  th e  critical te n s io n  and  T* я^ 0.37 for th e  c ritica l te m 
p e ra tu re .

W hen  P* P *  all stable s ta te s  o f th e  ch a in  d isap p ea r a t  th e  te m p e ra tu re  
T d(P*), w hich is g iv e n  in  Fig. 1 b y  th e  d o tted  line . C alcu lations show  th a t  E q . 
(16) h a s  only co m p lex  solutions in  th e  region T* >  T* (P *). W e n o te  h ere  t h a t  
in  th e  case of a th ree -d im en sio n a l f. c. c. la ttic e  [7] P * x is sm all a n d  th e  cu rve  
T*(P*) is ra th e r  s te e p , while in  th e  p seu d o h arm o n ic  ap p ro x im atio n  [4] th e  
cu rve  T*d(P*) is d e sc rib ed  by th e  e q u a tio n  P* =  0.

T h u s , by  ta k in g  in to  account th e  dam ping  o f  th e  S. C. phonons we h av e  
fo u n d  th a t  a t all p o s itiv e  tensions th e re  ex ists a  te m p e ra tu re  above w hich  a 
lin ear chain  has no  s ta b le  sta te , in  c o n tra s t  to  th e  cases o f th e  lin ea r chain  an d  
f. c. c. la ttic e  in th e  p seud o h arm o n ic  a p p ro x im a tio n .
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DAS LEMMA YON WEYL ALS TRANSPORT- 
UND KOPPLUNGSVORSCHRIFT*

Yon

H a n s - J ü r g e n  T r e d e r

IN S T IT U T  F Ü R  R EL A T IV IST ISC H E  U ND EX TRA G ALAK TISCH E FORSCHUNG, STER N W A R TE BABELSBERG
POTSDAM -BABELSBERG, DDR

(Eingegangen: 10. VIII. 1971)

Das Lemma von W e y l  verknüpft die koordinaten-kovarianten Ableitungen von raum
zeitlichen Tensoren mit den (lokal-) L o R E N T Z -k o Varianten Ableitungen ihrer Messwerte und 
m it den (LORENTZ-kovarianten) Spinor-Ableitungen.

Auf Grund des Weylschen Lemmas sind die Lorentz-kovarianten Ableitungen auf 
die koordinaten-kovarianten zurückführbar. —• Physikalisch bedeutet W e y l s  Lemma für 
tensorielle Grössen eine Eichungsvorschrift für den freien Transport von Messeinrichtungen. 
Ferner sichert W e y l s  Lemma, dass die durch die Fusion von Spinor-Feldern entstehenden 
Tensor-Felder derselben, aus dem EiNSTElNschen Äquivalenzprinzip folgenden Vorschriften 
für den freien raum-zeitlichen Transport genügen, wie die originären Tensor-Felder.

W e y l s  Lemma ist die allgemeine mathematische Begründung desjenigen, was mehr 
intuitiv als »Formalismus der kompensierenden Felder« verstanden wird.

I. Die m athem atische Form ulierung des W eylschen Lem m as

In  d er R a u m — Z eit-W elt Vt w ird  neben  der M etrik  gik ein o rth o n o rm ier- 
te s  V ierbein feld  hA( (T e traden fe ld ) e in g efü h rt:

h Ai hBk 7)a b  =  Sík (g A; =  1, 2, 3, 4 ; . ,
A ,  5  =  1, 2, 3 ,4 ) , G a)

hA hBkgik =  Ча в (Vab  =  M inkow sk i-T enso r). ( lb )

M it einem  T e trad en fe ld  h Bj(xc) g en ü g t au ch  die L in ea r-K o m b in a tio n

hAi =  hBt (2a)

den  G leichungen  (1), v o rau sg ese tz t, dass auch die K oeffiz ien ten  coAB den 
O rth o n o rm a litä tsb ed in g u n g en

coBA wBc =  oaAB ü)cB =  öA (2b)

genügen. D ie M atrix  d e r hom ogenen  L o ren tz -T ran sfo rm atio n  w ird  d u rc h  die 
B ed ingungen  (2b) b e s tim m t; w ir w erden  daher die T ra n sfo rm a tio n e n  (2a, b) 
ku rz  als L o re n tz -R o ta tio n e n  der T e tra d e n  bezeichnen . Die M a tr ix  dieser

* Akademiker Prof. Dr. L. J á n o s s y  zum 60. Geburtstag zugeeignet.
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L o re n tz -R o ta tio n en  is t  im  a llgem einen  eine F u n k tio n  der raum -ze itlichen  
K o o rd in a te n  coAB =  coAB(xl). D ie T ran sfo rm a tio n en  (2) lassen  sich  som it au f
fa ssen  als L o re n tz -R o ta tio n e n  in  den  M inkow skischen T an g en tia lräu m en  
Af4(P )  zu den P u n k te n  P : {x1} d e r  R a u m —Z eit-M an n ig fa ltig k e it V4 [6].

M it H ilfe d e r T e tra d e n  hAt w erd en  einem  V e k to r  T ‘ bzw . einem  T ensor 
T ‘k e tc . n a tü rlich e  K o m p o n en ten  zu geo rdne t:

T A = / T \ T ' \  (3a)

T AB =  h Ai hBk T ‘k (3b)

e tc . D ie Grössen (3a, b) sind  S k a la re  in  bezug a u f  K o o rd in a te n tra n s fo rm a tio n e n  
d e r  R a u m —Zeit

x '1 =  x 'l(xl).

(T ran sfo rm atio n en  d er EiNSTEiN-Gruppe). Sie tran sfo rm ie ren  sich  aber w ie 
V e k to re n  bzw. T en so ren  in  b ezu g  a u f  die L o ren tz -T ran sfo rm a tio n en  (2) in  den 
M inkow skischen T a n g e n tia lrä u m e n :

T A =  h '\  T ‘ =  (0 AB h Bi =  mAB T B, (4a)
bzw .

T \  =  hAi hBk T \  =  co£ coDB T g  (4b)

e tc . U m gekehrt w erd en  d u rch  die reziproken  O p era tio n en

V  =  hA‘ T A =  hA‘ h \ T k =  hA‘ T A, (5a)

П  =  hAi h \  T A3 =  hA‘ h \  T \  (5b)

e tc . den L oren tz -T enso ren  T A b zw . T AB e tc. rau m -ze itlich e  T ensoren  zuge
o rd n e t.

An die S telle  d e r M inkow skischen T an g en tia lräu m e  M 4(P )  können  auch  
d ie  Spin -R äum e S 2(P ) , S * 2(P ) t r e te n . Dem V e k to r  T, w ird  d ann  ein herm ite- 
sy m m etrisch er S p in o r zw eiter S tu fe  zugeordnet:

r̂%p — a*ßT i =  a*pATA =  ayßAhA ‘T  i (6)

e tc . H ierbei s ind  die

'(* ') =  yßvgik a6* k(x l) (7)

d ie  k o o rd in a ten ab h än g ig en  m e trisc h e n  S p in v ek to ren , die m it den  k o n s ta n te n  
P au lisch en  S p in m a trizen  a%A , gem äss

o*ßk =  °*ßAhAk{xl) (8)
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Z u sa m m e n h ä n g e n  u n d  d e m e n ts p re c h e n d  d e n  O r th o n o rm a li tä ts b e d in g u n g e n

Y&ß Y iiv =  k(Tß i l8 k i  (9 a )
u n d

gki — ka^  lYzß Yílv (9b)

genügen. H ie rb e i sind  y ^  u n d  y — die m e trisch en  S pinoren  der S p in -R äu m e 
S 2 u n d  S*2:

Y * ß = ~  Yß* > Y i2 =  Y i i  =  1 =  -  У12 == -  Y i2 ■ (10)

—  U m g ek eh rt is t  jedem  h e rm ite -sy m m etrisch en  S p in o r zw eiter S tu fe  TU =  
=  T-;l e indeu tig  ein V ek to r T ( zu g eo rd n e t:

Ti =  a ^ T ^ .  (11)

Die S p ino ren  ip und  s in d  S k a la re  in  bezug a u f  rau m -ze itlich e  T ra n s 
fo rm atio n en ; sie tran sfo rm ieren  sich  h ingegen  wie un im o d u lare  T ra n s fo rm a tio 
n en  in  den  S p in -R äu m en  gem äss den  G esetzen

VV =  ■> Vil =  S °4>V ü l a d
m it

I* /I  =  M  =  1- (11b)

Bei einem  V e k to r T ' is t d as  gew öhnliche D iffe ren tia l

d T ‘ =  T \, d x l (12a)

kein  V ektor, d en n  es gilt

дх'' в2 *■'< aV !’
(Т '‘) А х 1=  ~ -  T k , d x l =  - q * ■-  i * +  ~ ^— T k„ dxl . (12b) 

Qxk ' dxk dxl dxk } V '

D ah er w ird  das gew öhnliche D iffe ren tia l d T 1 zum  abso lu ten  D iffe ren tia l

D T ‘=  d T i+ r iklT kd x t =  T ‘ -, dxl (13a)

e rg än z t, wobei die P ‘kl die K oeffiz ien ten  des affinen  Z usam m enhanges sin d , die 
dem  T ran sfo rm atio n sg ese tz

. Эа:'1 Эхт dx" dx'1 d*xm
kl dxr dx'k дх" dxm Qx'k Qxl ’

genügen  m üssen  (u n d  L o ren tz -in v a rian te  G rössen sein sollen, d. h . n ic h t v o n  
der W ahl der T e tra d e n  (2) ab h än g en ). A usser dem  T ran sfo rm atio n sg ese tz
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b ra u c h e n  die Г ‘к1 k e in en  w eiteren  B ed in g u n g en  zu  genügen . —  D as ab so lu te  
D iffe ren tia l fü r  T en so ren  e rg ib t sich  d a n n  ein fach  aus der L eibn izschen  R egel, 
z. B .:

D T ‘k =  <1Т‘к+ ( Г ‘г1 T \ -  Г к1 T \)  dxl . (13c)

A nalog  dazu  is t  d as  gew öhnliche D iffe ren tia l eines L oren tz -Y ek to rs  T A 
se lb st k e in  L o ren tz -V ek to r, denn  es g ilt

d T A =  (coAB' ,T B+ (oAB T Bj)  dxl. (14)

In d e m  zu (14) d er A u sd ru ck

L ABlT Bdxl (14a)

m it e in e r dem  T ran sfo rm atio n sg ese tz

L ABl =  coAc o)BD l  cDl-\r mAD coBD (14b)

g enügenden  L o re n tz -A ffin itä t L ABl e in g efü h rt w ird , e n ts te h t das L oren tz- 
k o v a r ia n te  D iffe ren tia l

D T a  =  dTA+ L AB lT B dxl =  T \ i d x l . (14c)

W ied eru m  is t das T ran sfo rm atio n sg ese tz  die einzige F o rd eru n g , die an  die 
L o re n tz -A ffin itä t zu  ste llen  ist. A usserdem  is t n u r  n och  zu  v erlan g en , dass sich  
die L ABl in  bezug  a u f  die K o o rd in a te n tra n sfo rm a tio n e n  in  d e r V 4 w ie ein 
V e k to r  tra n sfo rm ie rt:

L 'ABi =  L ABk- (14d)

D ie B ildung  von  L o re n tz -k o v a ria n te n  D iffe ren tia len  fü r  L oren tz -T enso ren  
fo lg t w ieder aus d e r L eibn izschen  R egel, z. B .:

D T AB =  dT AB+ (L Aa  T cB -  L cBl T AC ) dx>. (14e)

A nalog is t  d a s  gew öhnliche D iffe ren tia l dipr eines Spinors y,, se lb st kein  
S p in o r, denn es g ilt

=  ( V . i  Wv,i) dx‘ ■ ( 15)

D u rc h  A ddition  eines Term s

A 'viV  a (16a)

m it  d e r S p in -A ff in itä t die den  T ran sfo rm atio n sg ese tzen
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u n d
A *ßi =  ocß\ ,

dxk
dx'1

Л *ßh

(16b)

(16c)

genügen  soll, is t  d ie k o v a ria n te  S p inor-A ble itung

D yv =  dxpv — A \ i  ^  dx1 =  ipvW dx1 (16d)

d e fin ie r t [2]. —  D ie  D iffe ren ta tio n sv o rsch rift fü r  S p ino ren  h ö h e re r  S tufe folgt 
w ied eru m  aus d e r  L eibn izschen  R egel.

D a die rau m -ze itlich en  A ffin itä te n  Г ‘к1, d ie L o ren tz -A ffin itä ten  L ABl 
bzw . die S p in o r-A ffin itä ten  /  1°V/ b zw - Aißi n u r a u f  G ru n d  d e r T ran sfo rm atio n s
g esetze  defin iert s in d , sind  sie zu n äch ts  völlig u n ab h än g ig  vo n e in an d er. Die 
B ez iehung  zw ischen d e r rau m ze itlich en  A ff in itä t u n d  d er L o ren tz -A ffin itä t 
u n d  die B eziehung zw ischen d er rau m -ze itlichen  A ff in itä t u n d  der Spinor- 
A ff in i tä t  w ird d u rc h  das L em m a v o n  W e y l  h e rg e s te llt1.

Dieses L em m a b esag t, dass, w enn  eine d e r G le ichungen

oder

T ,, =  0 , (17a)

^A\\l — 0 , (17b)

^111 =  0 (17c)

g ilt, au c h  die b e id en  an d eren  G leichungen e rfü llt se in  so llten , d . h ., dass die 
O p era tio n en  (3) o d er (5) bzw . (6) oder (11), die d ie  rau m -ze itlich en  G rössen m it 
d en  L oren tz-G rössen  bzw . m it den Spinoren  v e rk n ü p fe n , m it d en  O perationen  
des k o v a ria n te n  D ifferenzierens v e r ta u sc h b a r  sein  sollen.

U m  dies zu e rfassen , d e fin ie rt m a n  am e in fach sten  ein allgem ein  k o v arian 
te s  D ifferen tia l [7]: F ü r  eine G rösse T Al, die in  b ezug  a u f  den In d e x  i ein rau m 
ze itlich e r V ektor u n d  in  bezug  a u f  den In d e x  A  ein  L o ren tz -V ek to r ist, 
d e fin ie ren  wir als a llg em ein -k o v arian tes  D iffe ren tia l den  A u sd ru ck

D T Ai =  (T Aitl + L ABl T Bi+ Г ‘г1 T Ar) dx1 =  T Aim d x \  (18)

(18) is t  in  der T a t w ied eru m  in bezug  a u f  x ’1 =  x'1 (x k) ein rau m -ze itlich er und  
in  b ez u g  a u f  (4) ein L o ren tz -V ek to r. — G enau so d efin ie ren  w ir fü r  eine Grösse

1 Die Postulate über den Zusammenhang der verschiedenen kovarianten Ableitungen, 
die wir hier als »Lemma von W ey l« bezeichnen, würden —- in etwas speziellerer Form — von 
W ey l  [9], [10] in die allgemein-relativistische Formulierung der Diracschen Wellengleichung 
eingeführt und dann auf etwas andere Weise in »Semi-Vektor-Kalkül« von E in stein  und 
May er  [1] begründet.
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T vt, d ie  einen rau m -ze itlich en  u n d  einen S p in -In d ex  tr ä g t , als a llgem ein
k o v a r ia n te s  D iffe ren tia l den A u sd ru c k

D T vi =  (Tv\, + A ’[ll Т * + Г ‘г1 T") dx1 =  T ft, dx1, (19)

d e r  in  der T a t d ieselben  T ran sfo rm a tio n se ig en sch a ften  h a t  w ie T vl selbst. 
S ch liesslich  ist:

D T Ar =  dT Av-\-(LABIT Bv-\-AVpl T A») dx1 T Avw  dx1. (19a)

Insbesondere  la u te t  also die a llg em ein -k o v arian te  A b le itu n g  d e r T e trad en

hAi ■
hAi\\\i — h Ati-\-LAB, hBj r rj, h Ar , (20)

u n d  d ie  a llgem ein-kovarian te  A b le itu n g  der m etrischen  S p in -V ek to ren  la u te t

<VkH li= V V - Аа,л Aj, . (21)

D urch  a llg em ein -k o v arian tes  D ifferenzieren  d e r G leichungen  (3) u n d  (6) 
so w ie  (5) und  (11) fin d en  w ir n u n

П ,  =  n , /  =  n „ i !  T k+ h \  T k. , ,  (22a)

=  T ß; и,; =  а ^ , Т к-\-а^;Тк., (22b)
u n d

r ml =  T '., =  М и / ^ + й д ' П /  =  o/lvy T ^ + ö t - j T ^  (22c) 

D  a s  L em m a von  W e y l  v e r la n g t a b e r  nun

T \ ,  =  h \  T k., (23a)
u n d

T>*nl =  o % T k;l. (23b)

H ie ra u s  folgt, d ass  fü r  die a llg em ein -k o v arian ten  A b le itu n g en  d e r hA, u n d  der 
O pk gelten m uss

h Ai\\\i — =  0 (24)
u n d

°A a \\i =  =  0 » (25)

d . h . die T e tra d e n  u n d  die m e trisc h e n  S p invek to ren  m üssen  k o v a r ia n t  k o n s ta n t 
s e in  (W e y l  [1 0 ], E in s t e in  u n d  M a y e r  [1]). D u rch  A uflösen  v o n  (24) erhalten  
w ir  die B eziehung zw ischen d en  raum -ze itlichen  A ffin itä te n  u n d  d en  L orentz- 
A ffin itä te n

hA' hBk L AB, =  Г 1к, -  hA' hAk},

— r ' ki~\-hA h \  (26)

=  hA h \  .
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(26) is t d a h e r le sb a r als anho lonom e T ra n sfo rm a tio n  d e r Г 'к1 m it d e r T ra n s 
fo rm atio n s-M atrix  hAj(xl) u n d  dem  A n ho lonom ie-O b jek t [5]:

h l , h \ .  (26a)

In  der a llgem einen  R e la tiv itä ts th e o rie  s ind  die

L Abi —  УАВ1 =  — кв h Bk \i (26b)

die R iccischen R o ta tio n s-K o effiz ien ten  u n d  die Г ‘к1 d ie C h risto ffe l-A ffin itä t, 
so dass (26) h ie r  iden tisch  e r fü ll t  is t (vgl. E is e n h a r t  [3 ]).

D urch A uflösen  von (25) erg ib t sich eine B eziehung  zw ischen den  ra u m 
zeitlichen  u n d  d en  S p in o r-A ffin itä ten :

A*ßi= ~T~ aV>' aß!ik; / +  ~ ~  • (27)Zi Zj

S o m it is t W e y l s  Lem m a d ie jen ige  R e la tio n , die die B eziehungen  zw ischen 
dem  rau m -ze itlich en  T en so r-K a lk ü l und  dem  L o ren tz -k o v a ria n te n  K a lk ü l sowie 
dem  S p in o r-K a lk ü l defin iert. D ie  E ig en sch aften  der rau m -ze itlich en  A ff in itä t 
w erd en  über d a s  L em m a v o n  W e y l  z u  k o rre sp o n d ie ren d en  E ig en sch aften  
d e r  L o ren tz -A ffin itä t und d e r S p in o r-A ffin itä t [8]. G enau  d a n n  sind die h k 
als anholonom e K o o rd in a ten  in te rp re tie rb a r ; W e y l s  L em m a besch re ib t die 
anholonom e T ran sfo rm a tio n  d e r  A ffin itä ten .

In sbesondere  folgen au s d er M etriz itä t und  der N ic h tm e tr iz itä t der 
raum -zeitlichen  Ü b ertrag u n g  Г ‘к1 die S y m m etriee ig en sch aften  der L ABl u n d  
der Л ар1. A llgem ein gilt fü r d ie  V ertau sch u n g  d er beiden  L o ren tz -In d izes  in  
d e r L o re n tz -A ffin itä t gemäss W e y l s  L em m a (26):

L a b i  — ^Ai V ; i  =  — Aaí;Í^ S = — L ß A l F h ß j  h A k g l k . [ .  (28)

F ü r  den Fall, d a ss  die rau m -ze itlich e  A ffin itä t m e trisch  [3], [5] ist, d. h. dass 
d a s  L em m a von  R icci

g iku = g i k;i =  0 (29)

e rfü llt ist, is t d ie  L o re n tz -A ffin itä t also a n tisy m m e trisc h  in  den v o rd e ren  
In d izes  [8]:

La bi = ~  L bai - (30)

D a m it w ird g le ichzeitig  auch d ie  L o ren tz -Ü b e rtrag u n g  in  dem  M inkow ski—
R a u m  M 4 m e trisch , d. h. es g ilt:

V a b \\i  =  Q- (31)
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F ü r  die V ertau sch u n g  d er S p in -In d izes  in  der S p in o r-A ffin itä t f in d e n  
w ir m it

1

au s (27) die B ez iehung

о 1 1
A «ßi  =  —  a avr (Jß v r . ,  =  — g rk;i  <yßvr  e r / ,

Z Za ßvr u a."k~\~ çy G ß r
Za

—  A ßxi +  —  g rk. I e r ßir a Z  к •
(32)

G ilt also das L e m m a  von R icci, so w ird  die A ff in itä t Z aßi sy m m etrisch  in  den  
v o rd e re n  In d izes:

Лц/з; — -^ßiii ^äßi — Afa. (33)

G ilt d an n  noch  Л*а( =  0, so i s t  die S p in o r-Ü b e rtrag u n g  m etrisch , d. h . die 
k o v a ria n te  A b le itu n g  des m e trisc h e n  Spinors v ersch w in d e t:

Vnßwi =  — A i/ji+ A ^ j  =  0 . (34)

G elten  hingegen die L em m ata  v o n  W e y l  (25) u n d  R ic c i (29) fü r :

л * а1~ л * а1^ о

so is t  die S p in o r-Ü b ertrag u n g  sem i-sym m etrisch .

II. D ie physikalische Interpretation des W eylschen Lemmas

Die e in fach en  form alen  B ez iehungen  v o n  I  h aben  n u n  einen b em erk en s
w e rte n  p h ysika lischen  In h a lt . W ir  b e tra c h te n  zu n äch st den  d u rc h  dasW EYLsche 
L em m a im p liz ie rten  Z u sam m en h an g  zw ischen  der rau m -ze itlich en  u n d  der 
LoREN TZ-A ffinität; wir b eh a n d e ln  das WEYLsche L em m a also in  d e r Form  
(I . 24).

D er T ra n s p o r t  einer v ek to rie llen  G rösse längs einer rau m -ze itlich en  K u rv e  
£  : x l =  xl(s) i s t  gegeben d u rc h

dx' D
Т ' . , _  =  Г ' ;г ul =  ——  T ‘ 

' ds Ds
dx1
ds

( 1 )

V ersch w in d e t (1), so erfo lg t d e r  T ra n sp o r t  ausschliesslich  u n te r  dem  E in flu ss 
d e r  geom etris ie rten  un iverse llen  K ra f t  u n d  is t  d ann  ein fre ie r T ra n sp o r t  in  der 
R a u m  — Z e it-W elt (P a ra lle l-T ran sp o rt im  Sinne von  L e v i -C iv it a  [4 ]).
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Die T e tra d e n b e in e  /tA(- rep räsen tie ren  ein S y stem  von v ie r norm alen  
M assen (E ta lons) —  g en au er ein S ystem  vom  d re i N orm alm assstäben  u n d  
einer N o rm alu h r [6]. A u f diese E ta lo n s w erden  alle physikalischen  M essgrössen 
bezogen u n d  das E rg eb n is  d ieser O pera tion  sind  die rau m -ze itlich en  Skalare [7]

T A =  hAi T ‘, (2 )

die du rch  P ro jek tio n  d e r raum -ze itlichen  G rössen a u f  die N orm alm asse e n t
stehen .

Diese N orm alm asse  w erden  längs einer K u rv e  £  k rä fte fre i t ra n s p o r tie r t  
(d. h. ausschliesslich u n te r  dem  E influss der u n iverse llen  geom etrisierten  K ra f t
felder), w enn gilt

hAi ; ; =  hAi ;/ » '= 0 .  (3)
ds

A us W e y l s  L em m a (24) fo lg t m it (3) das V erschw inden  des A usdrucks

L ABlu‘ (4)

längs £ , so dass bei G ü ltig k e it von  (3) längs der K u rv e  £  fü r irgendeinen  Mess
w ert T A der gew öhnliche T ra n sp o rt

dTA
— -  =  T At , ul (5a)

ds

m it dem  L o ren tz -k o v a ria n te n  T ra n sp o rt id en tisch  w ird :

T \  ul =  (T At ,+ Ь Ав1 T B) u l =  . (5)
ds

A llgem ein b e sc h re ib t in  (5) der T erm

L ABlT B u ' (5b)

also den E in flu ss , den  die Ä n d eru n g  der M essgerä te  w äh ren d  des T ran sp o rts  
längs £  a u f  die M essw erte h a t .

A u f G rund  des L em m as von  W e y l  is t d ieser E in flu ss  der Ä nderung  der 
M essgeräte e in fach  eine F o lge der W irkung  von  n ich tg eo m etrisch en  K rä ften  
a u f  die M essgeräte:

hA‘ L ABl ul =  hBl ;, ul (6)

u n d  verschw inde t, w enn  d ie  M essgeräte längs £  frei b ew eg t w erden . — W ürde 
h ingegen das L em m a v o n  W e y l  n ich t e in g efü h rt, so w ürden  sich  auch  bei
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e inem  k räfte fre ien  T ra n sp o r t  die M essw erte  T B längs der K u rv e  £  ä n d e rn , was 
so zu  in te rp re tie ren  is t , dass, w enn gem äss sich v e rän d e rn d en  M essvorschriften  
gem essen  w ird, die E ichung  der M essgeräte  (im allgem einen S inne) beim  
T ra n s p o r t  längs £  v e rä n d e r t  w ird. —  D as WEYLSche L em m a sch liess t hingegen 
eine solche (w illkürliche) U m eichung  d e r M esseinrichtungen a u s .1

S o m it h a t fü r  tensorielle  p h y sik a lisch e  G rössen das W EYLsche L em m a 
eine m e h r gnosiologische B edeu tung . D ie  B estim m ung  der E ich u n g  d e r B ezugs
g rö ssen  d u rch  das W eylsche L em m a g e h th in g e g e n  u n m itte lb a r  in  die D y n am ik  
e in , w en n  spinorielle physikalische G rössen  zu beh an d e ln  sind.

Z u r D arste llu n g  der D y n am ik  v o n  Spinorfeldern  in  e iner allgem einen 
R a u m -Z e it V4 re ichen  b ek an n tlich  d ie  m etrischen  G rössen der U4, die gjk (und  
die K o n k o m itta n te n  ih re r  D eriv ie rten ), n ich t aus. V ielm ehr gehen in  die F e ld 
g le ichungen  fü r sp inorielle  F e ld er d ie  m etrischen  S p in v ek to ren  —  u n d
d a m it  en tsp rech en d  I  (8) die T e tra d e n  hAt — exp lic ite  ein, u n d  die F eldglei
c h u n g e n  fü r die S p ino rfe lder e n th a lte n  ü b e r die k o v a ria n te n  S p in o r-A b le itu n 
gen d ie  S p in -A ffin itä ten  (w ä h re n d  die raum -ze itlichen  A ff in itä te n  Г ‘к1
n ic h t  explic ite  a u f tre te n ) .

D em nach  is t  die D ynam ik  v o n  SpinorfeJdern zu n äch ts  u n a b h ä n g ig  von 
d e r D y n am ik  der T ensorfelder. In  d e r  T a t  sind spinorielle G rössen j a  au ch  n ich t 
u n m itte lb a r  m essb ar u n d  haben d a h e r  keine d irek te  physikalische  B ed eu tu n g . 
J e d o c h  en ts teh en  d u rc h  h e rm itesy m m etrisch e  V erschm elzungen  v o n  Spinoren 
v e k to rie lle  (und  a llgem ein  tensorielle) G rössen. E s is t d ann  zu fo rd e rn , dass die 
D y n a m ik  —  insbesondere  die T ran sp o rtg ese tze  —  fü r die d u rch  V erschm elzung  
e n ts te h e n d e n  V ek to ren  iden tisch  s in d  m it den jen igen , die sich  aus d er ra u m 
ze itlic h -k o v a rian te n  Schreibw eise d e r  en tsp rechenden  T ra n sp o rtv o rsc h rif ten  
fü r  d ie  V ektoren  ergeben .

G ilt also in  S pinor-S chreibw eise eine T ran sp o rtv o rsch rif t d e r F o rm

T^.ii\г«г =  °  (m it Tpy =  T Vfi) (7a)

(fre ie r T ran sp o rt län g s £), so e n ts te h t  bei ih r d u rch  U bersch ieben  m it aßvk die 
T ra n sp o rtv o rsc h rif t

al* k T p u Iй' =  T k-,iul - а ^ ш т ^ и 1 =  0 . (7b)

A n d ere rse its  g e h ö rt zu  TV der V e k to r  T k =  ak v TV, u n d  fü r  dessen freien 
T ra n s p o r t  längs derse lben  K u rv e  £  g ilt  die T ra n sp o rtv o rsc h rif t gem äss L e v i- 
C iv it a

T k. ,u '= 0 .  (8)

1 Nach dem in I Gesagten werden in der allgemeinen Relativitätstheorie die »natürlichen 
Komponenten« T A =  hAjT ‘ der Vektoren etc. und der Lorentz-kovariante Transport dieser 
Komponenten von vornherein so eingeführt, dass das Lemma von Weyl I (24) identisch 
erfüllt ist (siehe auch [7]).
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B eide T ra n sp o rtv o rsc h rif ten  m üssen n u n  id en tisch  sein, d a  sie denselben  
p h ysika lischen  T a tb e s ta n d  beschre iben : den  freien  T ra n sp o r t  der G rösse T k 
län g s £ . D ies v e rla n g t ab e r, dass gilt

= 0 (9)

u n d  d am it die E rfü llu n g  des L em m as v o n  W e y l  längs (der beliebigen K u rv e) £.
D as L em m a von  W e y l  so rg t also d a fü r, dass die T ra n sp o rtv o rsc h rif ten  

fü r  Spinoren zu derselben  P h y sik  der T enso rfe lder fü h re n  wie die ra u m -z e it
lichen  T ran sp o rtv o rsch rif ten . E in  V erz ich t a u f das L em m a von  W e y l  in  der 
F o rm  (9) w ürde  b ed eu ten , dass die d u rc h  die F usion  v o n  S p ino rfe ldern  e n t 
s teh en d en  tensoriellen  F e ld e r einer a n d e ren  D y n am ik  genügen w ü rd en  als 
T ensorfe lder, die n ic h t als d u rch  eine solche F usion  e n ts ta n d e n  g ed ach t w erden . 
(W enn  m an einer so lchen A nnahm e ü b e rh a u p t einen physik a lisch en  S inn zu 
rech n en  k an n , so w äre es der, dass die d u rc h  die F u sio n  von  F erm i-T eilchen  
en ts teh en d en  B ose-Teilchen g ru n d sä tz lich  a u f  andere  K ra ftfe ld e r  w irken  als 
a u f  e lem entare  B ose-Teilchen.)

D as WEYLsche L em m a fü r die S p in o r-Ü b e rtra g u n g  im p liz ie rt n a tü r lic h  
d ie  obigen A ussagen ü b e r den  T ra n sp o rt v o n  M essgrössen T  д = h ^ T  j im  folgen
den  Sinne: D er freie T ra n s p o r t  von  m e trisch en  S p in v ek to ren  längs £  im  Sinne 
v o n  L e v i-Civ it a  b e d e u te t

« у - Л « ' °- ( 10)

M it 1(27) and  I(27a) fo lg t d am it

A«ßi =  Щ  <pt . (11)

D ah er is t längs £  bei fre iem  T ra n sp o rt (10) des m e trisch en  S p in v ek to rs  der 
gew öhnliche T ra n sp o rt eines h erm itisch en  Spinors zw eite r S tufe  m it seinem  
S p in o r-T ran sp o rt id en tisch :

W u  /w' =  V V ,;«'- (12)

D as a u f  S pinoren  angew and te  W EYLsche L em m a is t  o ffenbar die ele
m e n ta rs te  u n d  p rinz ip ie lls te  F assung  desjen igen , w as m an  neuerd ings m ehr 
in tu it iv  als H erle itu n g  d e r A n k o p p lu n g sv o rsch rift fü r  un iverselle  (geom etri- 
sierte) F elder an  die spinorielle  M aterie  a u f  G ru n d  d e r F o rd e ru n g  e iner v e r
allgem einerten  »E ich-Invarianz»  erfassen  w ill, w obei die un iverse llen  F elder 
als »kom pensierende Felder» e in g efü h rt w erden . —- W as in  der a llgem ein
re la tiv is tisch en  Theorie d e r F e rm i-F e ld e r ta tsä c h lic h  gesch ieh t, is t n a c h  E in 
fü h ru n g  der k o v a ria n te n  S p in o r-A b le itu n g  gem äss 1(16) die »Eichung» dieser 
A b le itungen , d. h . die B estim m ung  d e r  z u n äch s t fre i v erfü g b aren  Spinor- 
A ff in itä t A*ßl a u f  G ru n d  des WEYLSchen L em m as.
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W ir sehen au ch , dass es k a u m  sinnvo ll sein k a n n , in  d er a llgem ein
re la tiv is tisch en  S pinor-T heorie  a u f  das W EYLsche L em m a 1(25) zu v e rz ich ten . 
D enn  —  im  G egensatz  zu  d er re in  m esso p era tiv en  B ed eu tu n g  des W EYLschen 
L em m as bei der U b e rtra g u n g sv o rsc h rift fü r  T enso rfe lder —  erm öglich t d a s  
WEYLsche L em m a be i S p ino rfe ldern  die K o n sis ten z  d er F u s io n s-O p era tio n en  
m it den  Ü b e rtrag u n g sv o rsch riften  fü r  die F eldgrössen .
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ЛЕММА ВЕЙЛЯ КАК ПРАВИЛО ПЕРЕНОСА И СВЯЗИ
Х.-Й. ТРЕДЕР

Резюме

Сформулирована лемма Вейля, которой определяются общие соотношения между 
афинными связями Г ' в ь  наложенными на перенос пространственно-временных тензоров со 
связью вида для переноса тензоров Лоренца (то есть мер пространственно-временных
тензоров) и спиноров. В частном случае метрических афинных связей, заданных уравне
ниями g ík. / =  0 , из леммы Вейля следуют свойства симметрии лоренцевых и спинорных 
связей. В общей теории относительности и в общем релятивистском спинорном исчислении 
лемма Вейла выполняется идентичным образом. В общем случае, по лемме Вейля можно 
прокалибровать процессы переноса локальных систем отсчета (нормальных эталонных 
систем), заданных тетрадами /г'4,-. Для того, чтобы ковариантный спинорный анализ был 
совместим с операциями синтеза бозонов с ферми-частицами, необходимо, чтобы соотно
шения между спинорными и Г 'кгсвязями удовлетворили лемме Вейля. Следовательно 
лемма Вейля определяет вид взаимодействия универсального геометрического поля с 
полем материи.
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WEIGHT DIAGRAMS FOR THE GENERAL LINEAR  
GROUP IN FIVE DIMENSIONS*

By

J .  M c C o n n e l l

D U B L IN  IN ST ITU TE F O R  ADVANCED STU D IES, D U BLIN , IR EL A N D  

(Received 27. IX . 1971)

Weight diagrams for irreducible representations of the Lie Algebra o f the general 
linear group in five dimensions over the complex field are classified according to the shape 
o f their boundaries. Weight multiplicities are examined and the reduction under the ortho
gonal group 0(5, C) of certain homogeneous integral irreducible representations of GL(5, C) is 
deduced.

1. W eights and  Y oung tab leaux

T he g enera l linear group  in  five  d im ensions over th e  com plex  f ie ld  GL(5, C) 
is th e  se t o f all non -singu lar 5 x 5  m a trices . I f  an  in fin ites im al tra n s fo rm a tio n  
o f  th e  g roup  is deno ted  b y  I-\- EA sA 0A, th e  in fin ites im al g en e ra to rs  0Д are 
e lem en ts o f a  Lie algebra, w h ich  we shall deno te  by gl(5, C). Since th e  0 x m ay  
b e  singu lar, th e y  are n o t e lem en ts  o f a  g roup .

The in fin ite s im a l g en era to rs  o f an y  subgroup  of GL(5, C) are  e lem en ts of 
a  Lie a lgebra . S uch  a subgroup  is th e  o rth o g o n al group 0 (5 , C) a n d  th e  corre
sp o n d in g  a lg eb ra  is deno ted  in  C a rta n ’s n o ta tio n  b y  B 2. I t  is a sem i-sim ple Lie 
a lg eb ra  of ra n k  tw o and  its  ro o t v ec to r  d iag ram  is show n in  F ig . 1. T h e  dif
fe re n t irred u c ib le  re p re se n ta tio n s  of B 2 m a y  be ch a rac te rized  b y  tw o -d im en 
siona l w eigh t d iag ram s, an d  th e  (ntj, m 2) coord inates o f th e  h ig h es t w e ig h t of 
th e  re p re se n ta tio n  deno ted  b y  0 (1 , /r), w here Я an d  fj, are each  a  positive 
in te g e r  or zero, are

( l )
2 ]/ 6

T he w eigh ts in a B 2 d iag ram  fo rm  a la ttic e , th e  d ifference betw een  
n e ig h b o u rin g  p o in ts  being a  ro o t v ec to r. T he d iagram s are  in v a r ia n t  for a 
ro ta tio n  th ro u g h  an  angle тг/2 a b o u t th e  o rig in , for reflec tions in  th e  m1m 2‘axes 
a n d  in lines th ro u g h  th e  origin t h a t  m ake an  angle я /4  w ith  th e  axes. T h e  w eight 
v ec to rs  co rrespond ing  to  d iffe ren t w eigh ts are  lin ea rly  in d e p e n d e n t, b u t  line
a r ly  in d e p e n d e n t vectors do n o t  n ecessarily  correspond to  d iffe ren t w eights. 
T h e  n u m b er o f  lin ea rly  in d e p e n d e n t v ec to rs  co rrespond ing  to  a g iven  w eigh t is

* D ed ica ted  to  Prof. L. JÁNOSSY on h is 6 0 th  b ir th d a y .
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1

called  th e  m u ltip lic ity  o f th e  w eigh t; if  th e  m u ltip lic ity  is u n ity , th e  w eight is 
said  to  be sim ple. T h e  b o u n d a ry  o f th e  w eight d ia g ra m  for a -D(A,0) is a square  
w ith  sides para lle l to  th e  axes, w hich  we d en o te  b y  □  . T he b o u n d a ry  for 
jD(0, q) is a square  w ith  sides inc lined  a t  an angle зт/4 to  th e  axes, an d  we den o te  
th is  square  b y  <Q>. T h e  b o u n d a ry  for a Z)(A, q ) re p re se n ta tio n  is o c tagonal, 
th e re  being A u n its  e ach  of le n g th  1 /|/б  in a v e r tic a l or h o rizo n ta l side a n d  q 
u n its  each  of le n g th  l / j /3  in a s la n t side. F u r th e r  in fo rm a tio n  on these  an d  
re la te d  m a tte rs  m a y  be  fo u n d  in  M c Co n n e l l  [1 ] a n d  in  th e  l i te ra tu re  quo ted  
th e re .

T h e  re p re se n ta tio n  w ith  A =  0, q  =  1 is th e  five-d im ensiona l D^  (0,1). 
A ll its  w eights are  sim p le  an d  its  w eig h t d iag ram  is d ep ic ted  in  Fig. 2. T he basis 
v ec to rs  xv  x 2, x 3, х ъ are  assigned to  th e  w eig h ts  in  descending sequence. 
N ow  th e  Lie a lg eb ra  B 3 has te n  elem ents

Fig. 2. The weight diagram for the D ^  (0,1) representation of B 2
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H v  H 2, E v  E 2, E 3, E i ,  E -  !, E  2, E_ 3, E_ 4

w hich sa tis fy  w ell-know n co m m u ta tio n  re la tio n s . T he m atrices rep re sen tin g  
H v  H 2 in  a n y  re p re se n ta tio n  have eigenvalues m v  m.2 w hich are  th e  co m p o n en ts  
of th e  w e ig h ts  of th e  rep re sen ta tio n . £ a d isp laces a  v ec to r  w ith  w eigh t m  to  a 
vector w ith  w eigh t m  -f r(oc), if  th is  ex ists  in  th e  rep re sen ta tio n ; o therw ise  i t  
ann ih ila tes th e  vec to r. T h u s for D*5* (0, 1)

x 3 X - ,  H 2 x 3 0,
1/6

E 2X5 =  co n st. x3, E  2 * 5  =  const. x 2, E SXS =  0.

Since x v  x 2, x3, x A, x s are linearly  in d e p e n d e n t, th e y  are a  basis o f a five- 
diinensional lin ea r v e c to r  space. W e m a y  ta k e  th is  as the  space on w hich  th e  
elem ents o f  th e  group GL(5, C) ac t or th a t  on w hich  th e  elem ents of th e  a lg eb ra  
gl(5, C) a c t. H om ogeneous in teg ra l irred u c ib le  rep re sen ta tio n s  of th e  g roup  or 
of the  a lg eb ra  m ay  be co n stru c ted  b y  using  Y o u n g  d iagram s (B o e r n e r  [2 ]) . 
To o b ta in  an  r th ra n k  te n so r one m akes a p a r t i t io n  [A15A2, A3, A4, A5] o f r such  
th a t

Ai ^2 ^3 ^4 As.

H aving p u t  dow n th e  co rrespond ing  d iag ram  one co n stru c ts  a Y oung ta b le a u  
by  filling n u m b ers  from  1 to  5 in to  th e  boxes in  such  a w ay th a t  in  an y  row  th e  
num bers a re  non-decreasing  tow ards th e  r ig h t a n d  th a t  in any  colum n th e y  are  
increasing  dow nw ards. L e t th e  ta b le a u  be (2)

° 1  a2 ...................  a)il

ah + l • • • • ®Ai +A2

+ A 2 + l ®Ai + A2 + A3 I
^ A ^ + A 2 +A3 + 1 ^Ai + A2 +A3 +A4

^Â  + A2 +  A g  +A4  + 1 ar

and  le t us w rite  dow n
„(1) „02
*«l *6) r<r>.

( 2)

(3)

where th e  x ’s are th e  basis vectors o f th e  five-d im ensiona l rep re sen ta tio n  a n d  
the su p ersc rip ts  labe l th e  space to  w hich  each  v ec to r  belongs. T he te n so r  
com ponen t fo r th e  ta b le a u  (2) is o b ta in ed  b y  sy m m etriz in g  (3) w ith  re sp e c t to  
the  row s an d  an tisy m m etriz in g  w ith  re sp ec t to  th e  colum ns; we d en o te  th is  
tensor co m p o n en t by  (4). T he ten so r co m p o n en ts  fo r all allowed en tries  in  (2) 
are a basis fo r th e  irred u c ib le  rep resen ta tio n s  o f  GL(5, C) or o f gl(5, C) corre-
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spond ing  to  th e  p a r titio n  [Aj, A2, A3, A4, A5], an d  th e  d im ension o f th e  re p re 
se n ta tio n  is co n seq u en tly  th e  n u m b e r o f possib le  ta b le a u x  (2) t h a t  can  b e  cons
tru c te d  for th e  p a rtitio n .

«1
«Д, + 1

®Л4+Я2 + Лз + 1
®Лх +  А2+Дз+Л4-М

a 2 ......................aÁi
..................а Дх+Л2
• * * ®̂ x-l- 2̂“t'̂ 3
■ ■ ^Дх+Д2"Ь Д3 +Д4

ar

(4)

W hen a n  in fin ites im al tra n s fo rm a tio n  I -(-27д ea Oa o f GL(5, C) is app lied  
to  *£> 4* » w e o b ta in

о ,)  4 7  4 ?  =  ( 4 7 + + a +  oa 4 7 ) ( 4 7 + ^ в  o B 4 7 ) =

=  4 7 4 7 + - 4 fiA (ол 4 7  • 4 7 + 4 7  • ° a  4 7 ) +  ■ • •
an d  therefo re

Од (4 7  4 7 )  =  Од 4 7  • 4 7 + 4 7 •  ° a  4 7  •

T h is  is th e  ru le  fo r the  ap p lica tio n  of an  in fin ite s im a l g en era to r to  a p ro d u c t.
I f  xQi, xiU a re  w eigh t vec to rs of w eights m ^ j ) ,  m (a 2),

+4(4747) — (m1(a1) + m1(a2))4747,

so th a t  th e  w e ig h t o f th e  p ro d u c t is th e  su m  o f th e  w eights. I t  follow s th a t  th e  
w eig h t o f (3) o r  o f (4) is

n i ( ° i ) + m ( a 2) +  . . . + m ( a r) . (5)

T h e  tenso r c o m p o n en t (4) w hich  has th e  h ig h e s t w eight is th a t  w h ich  h as  th e  
g rea te s t n u m b e r  o f T s , th e n  th e  g re a te s t n u m b e r of 2 's  e tc ., v iz.

Щ 1 ...........................................П
2 2  ................................... 2
3 ...................................3
4 .......................... 4

_5 ................. 5

T h e  w eight o f  th is  is

4 m (1) + + m (2) + 4 m (3) + 4 m (4) + 4  m ( 5 ) .
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O n re fe rring  to  Fig. 2 we fin d  th a t  th is  is eq u a l to

- a5 , a2 - a4). ( 6 )
1/6

No o th e r te n so r co m ponen t has th is  w e ig h t, so th e  h ighest w eig h t o f th e  
re p re se n ta tio n  of eZ(5, C) is sim ple.

W e m a y  associate th is  re p re se n ta tio n  o f gl(5, C) w ith  th e  irred u c ib le  
re p re se n ta tio n  of B 2, w hich  has (6 ) as its  h ig h est w eight. A ccord ing  to  our 
ea rlie r d iscussion and  (1 ) th e  b o u n d a ry  o f  th e  w eight d iag ram  for th is  ir re 
ducible re p re se n ta tio n  o f B 2 will be (y  w h e n  A2  —  A4  =  0  an d  th is  im plies th a t

A2 -  A3 =  A4. (7)

T he b o u n d a ry  will be П  w hen

*i A5 =  A2 —  A4
an d  therefo re

At =  A2, A, =  As. (8)

I f  n e ith e r  (7) n o r (8 ) is obeyed , th e  b o u n d a ry  will be octagonal.
In  th e  follow ing tw o  sections we a p p ly  th e  n o tio n  o f w eight d iag ram s to  

th e  irred u c ib le  rep re sen ta tio n s  of gl(5, C), s tu d y  th e  questio n  of m u ltip lic itie s  
especially  on th e  bou n d aries  and  p o in t o u t  how  th e y  m ay  give a co m p ara tiv e ly  
e lem en ta ry  m eth o d  of fin d in g  the  m a n n e r  in  w hich an  irreducib le  re p re se n t
a tio n  of GL(5, C) reduces u n d e r the  o r th o g o n a l group 0(5, C). 2

2. W eight diagrams for irreducible representations of gl(5,C )

C orresponding  to  each  tensor c o m p o n e n t (4) th e re  is a w eight a n d , i f  we 
p u t  dow n th e  w eight fo r every  ten so r co m p o n en t in accordance w ith  (5), we 
shall h av e  th e  w eight d iag ram  for th e  irred u c ib le  re p re sen ta tio n  o f gl(5, C) 
co rrespond ing  to  th e  p a r ti t io n  [A4, A3, A3, A4, As]. W e d istingu ish  b e tw een  th e  
irreduc ib le  rep re sen ta tio n s  w ith  a h ig h e s t w eigh t re la te d  to  a B 2 d iag ram  w ith  
a b o u n d a ry  <>, a b o u n d a ry  □  or an o c ta g o n a l b o u n d ary .

W e consider f ir s t  th e  re p re se n ta tio n s  associa ted  w ith  (}. I t  w ill ap p ea r 
in  th e  course o f th e  calcu lations t h a t  w e are  ab o u t to  perfo rm  t h a t  all th e  
w eights o f  th e  b o u n d a ry  o f th e  B 2 d ia g ra m  belong  to  th e g í(5 , C) rep re se n ta tio n . 
M oreover i t  m ay  easily  be checked t h a t  no  w eigh t lies ou tside , an d  hence  th e  
b o u n d a ry  o f  th e  B 2 d iag ram  is also th e  b o u n d a ry  o f th e  gl(5, C) d iag ram . T he 
ten so r co m p o n en t co rrespond ing  to  th e  h ig h es t w eigh t is:
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“1 1 ...................................1 Г
2 2 ............................2
3 3 ...................................3
4 4 ...................................4

_5 5 ........................ 5

a n d  (6 ) shows t h a t  th e  h ighest w e ig h t is (1/]/б) (Ax— As, 0). W e p roceed  from  th is  
a lo n g  the  b o u n d a ry  in  th e  u p p er h a lf-p lane  a n d  exam ine th e  m u ltip lic ities  o f  
th e  w eights. T h e  te n so r  com ponen ts a t  th e  n e x t  w eigh t, o b ta in ed  accord ing  to  
F ig . 2 by  e ith e r rep lacem en t 1 —>- 2 , 4 — 5, w ill be :

6 6  j .  McCo n n e l l

~1 1  . . . 1  2~ “ 1 1  . . . 1  1 “
2 2  . . . 2 2 2  . . . 2

3 3 . . . 3 3 3 . . . 3
4 4 . . . 4 4 4 . . . 5
5 5 . . . 5 • 5 . . .

---
1

Ю

T h e  f irs t is non -zero  w hen Ах >  A2, th e  second is non-zero  w hen A2 >  A5, so th e  
m u ltip lic ity  is 1  o r  2  according as one or b o th  th e  in eq u a lities :

Ai A2 ^ l ,  A2  —  A5 > 1

a re  satisfied. On go ing  to  th e  n e x t w eig h t we f in d  sim ilarly  th a t  its  m u ltip lic ity  
is:

4 for Aĵ  -— A2  ]>  2, 
2 for Aj —  A2 ;> 2 ,  
1 for Aj —  A2  2,

A2  A5 ^ 2

A2 — A3  =  1 or Aj —  A2 — 1, 
A2 =  Ад ОГ À-L - A2,

A2  A g ^ 2  
A2 - A 5 ^ 2 .

I f  s is th e  lesser o f  Ax —  A2  and  A2  a 5, th e n  on p roceed ing  along th e  b o u n d a ry  
we o b ta in :

a w eigh t a t  -7-- (A, —  A5, 0) w ith  m u ltip lic ity  1

]/6

a w eig h t a t  

a w eig h t a t

Уб

1

W

(Aj —  A 5 —-1 , 1) w ith  m u ltip lic ity  2  

(Ax —  As —  2 , 2 ) w ith  m u ltip lic ity  2 2

a w eigh t a t  ry=  ̂ (Aj —  As —  s, s) w ith  m u ltip lic ity  2s.
1/6
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A fter th is  th e re  is no increase in  m u ltip lic ity . In d eed  exam in ing  th e  te n so r 
com ponen ts we read ily  see t h a t  th e  m ultip lic ities w ill decrease in  a sy m m etrica l 
w ay  so as to  be eq u a l to  u n ity  a t  (1 /[ 6 ) (0, —  A5). T he sam e v a ria tio n  o f  m u l
tip lic ity  will be  fo u n d  on each  side of th e  b o u n d a ry .

I t  w ould  c learly  be d ifficu lt to  derive expressions fo r m u ltip lic ities a t  
in te rn a l po in ts  in  th e  w eig h t d iag ram  for th e  general case, so we shall specialize 
to  =  r, A2  =  =  ^ 4  =  A5  =  0. This is th e  im p o r ta n t  case w hen th e  basis
of th e  hom ogeneous in te g ra l irreducib le  re p re se n ta tio n  o f  gl(5, C) are  to ta l ly  
sym m etric  fu n c tio n s. T hen  s is zero and  all th e  w eigh ts on th e  b o u n d a ry  are  
sim ple. W e exam ine  th e  m u ltip lic ities in  th e  f irs t  q u a d ra n t  by  co n s tru c tin g  
w eig h t vecto rs.

W e f ir s t  c o n s tru c t to ta l ly  sym m etric  basis v ec to rs  associa ted  w ith  
w eights on th e  po sitiv e  m j-axis, referring  to  F ig . 2 an d  (5). F o r b ilin ea r ex 
pressions we can  h av e  a t  th e  cen tre  th e  w eigh ts:

m (3) -f- m (3), m (l)  -f- m (5), ш (2) -f- m (4) 

a n d  these  co rrespond , re spec tive ly , to  th e  lin ea rly  in d e p e n d e n t basis v ec to rs :

[33], [15], [24].

W e n o te  th a t ,  i f  a t  an y  stage  we replace 33 b y  15 or 24, we do n o t ch an g e  th e  
w eight. To o b ta in  th e  ten so r com ponen ts fo r th e  w eig h t im m ed ia te ly  to  th e  
r ig h t we m ake th e  rep lacem en t 5 - > 3  o r 3 — 1. W e th u s  h av e  for th e  orig in  
an d  for th e  tw o  w eigh ts to  th e  r ig h t of i t  on th e  mx-ax is :

[33]
[15], [13], [11], (9)
[24]

th e  m u ltip lic ities being  3, 1, 1, respectively .
F o r tr ilin e a r  expressions we s ta r t  w ith  333 a t  th e  cen tre , replace 33 b y  15 

or 24 displace:
[333] [133]
[135] , [115] , [113] , [111]. (10)
[234] [124]

T his is e q u iv a le n t to  3 b e ing  a d d ed  to  th e  f i r s t  se t o f te rm s  of (9), an d  1 b e ing  
ad d ed  to  all te rm s . T he la t te r  p roduces a sh if t w ith o u t change of m u ltip lic ity . 
F o r q u ad rilin ea r expressions we m ay  s ta r t  w ith  [3333] a n d  rep lacing  33 by 15 
an d  24 o b ta in  3 -(- 2 -f- 1 com ponen ts a t  th e  origin. O n displacing (10) b y  
ad d itio n  o f a 1  we get a lto g e th e r:
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[3333]
[1335] [1333] [1133]
[2334] , [1135] , [1115] , [1113] , [1111]
[1245]
[1155]
[2244]

[1234] [1124]

T he m u ltip lic ity  s tru c tu re  is now  ev id en t. Coming le ft from  th e  h ighest 
w e ig h t along th e  m x-axis we see t h a t  th e  m u ltip lic ity  of th e  f irs t  tw o w eights 
is 1 , th e  m u ltip lic ity  of th e  second  tw o  is 1  +  2 , th e  m u ltip lic ity  o f th e  p tb tw o 
is p (p -) - l) /2 . I f  r = 2 t  or 21 +  1, th e  m u ltip lic ity  of th e  origin is (i-(— l ) ( i—|— 2)/2.

W e n e x t exam ine how th e  m u ltip lic itie s  o f w eights v a ry  as we go from  
a  p o in t  on th e  m j-ax is along a line  in  th e  f irs t  q u a d ra n t para lle l to  th e  b o u n d a ry . 
S u ch  a d isp lacem en t is got from  1 —► 2 o r 4 —>- 5, and  we f in d  th a t  we o b ta in  
fo r  th e  b o u n d a ry  an d  for th e  n e x t  tw o lay e rs  o f w eights, resp ec tiv e ly ,

[1 1 . . . I l l ] ,  [ 1 1 . . . 1 1 2 ], [ 1 1 . . . 1 2 2 ], . . .  [1 2 . . . 2 2 ], [2 2 . . . 2 2 ];
[ 1 1 . . .1 1 3 ] ,  [ 1 1 .. .1 2 3 ] ,  [ 1 1 . . .2 2 3 ] ,  . . .  [ 2 2 . . .2 3 ] ;
[ 1 1 . . .1 3 3 ] ,  [1 1 .. .2 3 3 ] ,  [ 1 1 . . .2 2 3 3 ] ,  . . .
[ 1 1 . . .1 1 5 ] ,  [1 1 .. .2 2 4 ] ,  [ 1 1 . . .2 2 2 4 ] ,  . . .
[ 1 1 . . .1 2 4 ] ,  [ 1 1 . . .1 2 5 ] ,  [ 1 1 . . .1 2 2 5 ] ,  . . . .

W e see th a t  th e  f i r s t  tw o give sim p le  w eigh ts, th a t  in th e  case o f th e  th ird  th e  
re p la c e m en t 4 —► 5 adds n o th in g  to  1 —*- 2 a n d  th a t ,  as fa r as we h av e  gone, 
th e  m u ltip lic ity  h ere  is 3. The rea so n  for th is  co n stan t m u ltip lic ity  is th a t  once 
33 h as  appeared  i t  can  be rep laced  fo r th e  sam e w eight only b y  15 an d  24. Now 
on  com m encing  w ith  [11. . . 133] a n d  m ak in g  re p ea ted ly  th e  su b s titu tio n  1 ^ 2  
th e  33 rem ains a n d  gives m u ltip lic ity  3. T he sam e reasoning w ill ho ld  w hen  we 
s t a r t  w ith  [ 1 1 . . .  1333], [ 1 1 . . .  13333], e tc . an d  we conclude th a t  th e  m u lti
p lic ity  rem ains c o n s ta n t along a n y  line in  th e  f irs t q u a d ra n t para lle l to  th e  
b o u n d a ry . T he sam e reasoning  ho lds also fo r th e  o th e r q u a d ra n ts , so th e  
m u ltip lic itie s  a re  c o n s ta n t a long  lay e rs  p a ra lle l to  th e  b o u n d a rie s , th e  m u lti
p lic ities  being th o se  specified ab o v e  for p o in ts  on the  nq-ax is.

L e t us now  consider w e ig h t d iag ram s fo r irreducib le  re p re se n ta tio n s  of 
g /(5, C) th a t  are  associa ted  w ith  a  B 2 b o u n d a ry  A gain i t  m a y  be show n th a t  
th is  is also th e  b o u n d a ry  of th e  gl(5, C) rep re sen ta tio n . A ccord ing  to  (8 ) th e  
te n s o r  co m ponen t co rrespond ing  to  th e  h ig h e s t w eight is:

>11  . . .  11
2 2 . . .  2 2

3 . 3
4 . . . 4
5 . . .  5
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To f in d  the  m u ltip lic itie s  on the b o u n d a ry  we could s ta r t  a t the  h ig h e s t w eight 
an d  w ork  down th e  v e rtica l side. T h is  is done b y  th e  rep lacem en ts  2 —► 3, 
3 —► 4. T he 2 —* 3 w ill occur for th e  f i r s t  d isp lacem en t only  if  / 2  —  Я3  1, and  
th e  3 — 4 will occur o n ly  if  Я3  —  Я4  1. H ow ever, even  i f  Я3  =  A4, w e can for 
la te r  d isp lacem ents h a v e  3 —► 4 fro m  a  3 th a t  h a d  a lread y  been p u t  in to  th e  
second  row  by  a 2 —► 3 rep lacem en t. T h e  specification  o f  m u ltip lic ities w ill thu s 
d ep en d  on in eq u a litie s  involving A2  Я3, Я2  Я4, Я3  —  Я4. To a v o id  com pli
ca tio n s we restric t o u r  investig a tio n s to  the  p a r titio n  [r2], p u ttin g  A3  =  Я4  =
=  Я5  =  0 .

S ta rtin g  w ith  th e  h ighest w e ig h t A  (1/ [/ 6 ) (r, r) we consider th e  po in ts

ß ^ ( r , r - l ) ,  c ~ _ ( r , r  2 ) , . . .
16 |/ 6

v e rtic a lly  below A .  T h e  re la ted  te n s o r  com ponen ts a re  :

A
11
22

11
22

В
11
22

11
23

1 1  . . . I l l " 1 1  . . 1 1

2 2  . . . 233 •>
2 2  . . 24

' l l  . . . 1 1 1 1 1 1  . . I l l
2 2  . . . 2333 ?

2 2  . . 234

Since 1  is n o t a lte red  in  a  vertical d isp lacem en t, th e  f i r s t  row  rem ains un ch an g ed . 
As w e go from  A  to  В , w e change 2 in to  3 and  th is  can  be done in  one w ay  only. 
As w e go from  В  to  C, we change a n o th e r  2 in to  3. W e th en  h a v e  33 in  th e  
second  row  and  we ca n  rem ain w ith  th e  sam e w eig h t b y  rep lac ing  33 w ith  24 
b u t  n o t  w ith  15, since  th e  firs t row  is a lread y  filled  w ith  l ’s. T he m u ltip lic ity  
o f C is therefo re  tw o . O n going from  C to  D a n o th e r 2 is changed in to  3 and , as 
we can  change 333 o n ly  in to  234, th e re  is no increase  in m u ltip lic ity . E  will 
c o n ta in  in  th e  second ro w  3333, w h ic h  is rep laceab le  b y  2334 an d  2244, so we 
h av e  m u ltip lic ity  th re e  correspond ing  to  zero, one or tw o  4 ’s. The m u ltip lic itie s  
of

are, respective ly ,
A, B, C, D, E, F, G, . . .  

1, 1, 2, 2 , 3, 3, 4, . . .  .

( И )

( 12)

W e may by  co n stru c tin g  te n so r  com ponen ts f in d  th e  m u ltip lic ities  for all 
o th e r  w eights in th e  d iag ram . T h u s fo r
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A ',  B ',  C ,  D ',  Е ',  F ',  G', . . .
s itu a te d  a t

т ^ ( г 1’ r )’ 17Т(Г~ 1,Г~ 1) ’ f V ( r 1,r 2) ’ etc-’(/о j  6 1 6

t h a t  is, along a la y e r  parallel to  ( 1 1 ), th e  m u ltip lic itie s  a re , respective ly ,

1, 3, 4 ,  6, 7, 9, 10 . . .  (13)
a n d  for

A " ~ ( r  2 ,r ) , B " ~ ( r  2 , r  l ) , C " - U r  2, r —2)
]/ o \ о о

th e  m u ltip lic ities a re , respective ly ,

2, 4, 9. (14)

In  ca lcu la ting  (12), (13), (14) we h a v e  tac itly  a ssu m ed  th a t  th e  w eig h ts  are n o t 
s i tu a te d  n ea r th e  m 1 m 2-axes. W h e n  th e y  are, n o t  all th e  above rep lacem en ts 
a re  possible an d  th e  m ultip lic ities w ill be co n seq u en tly  reduced .

3. Reduction under the orthogonal group 0(5, C) of irreducible representations
of GL(5, C)

In  Section  1 w e classified th e  hom ogeneous in te g ra l irred u c ib le  rep re sen t
a tio n s  o f GL(5, C) b y  m eans o f  Y o u n g  d iag ram s. I f  th e  5 x 5  m a tr ix  for th e  
tra n s fo rm a tio n  o f  th e  basic set x x, x 2, x 3, x 4, x-  be lo n g s to  th e  co m p lex  o rth o g o 
n a l group in  f iv e  dim ensions, th e  rep re se n ta tio n  correspond ing  to  a Y oung 
d iag ram  m ay  red u ce  in to  th e  d ire c t sum  o f irred u c ib le  re p re sen ta tio n s  o f 
0(5, C). A closed fo rm u la  for su ch  a redu c tio n  is to  be found  in L i t t l e w o o d  [3] 
a n d  in  M u r n a g h a n  [4]. The d e riv a tio n  of th is  fo rm u la  requ ires a  deep s tu d y  
o f  g roup  ch a ra c te rs  a n d  also a know ledge o f re su lts  from  co m b in a to ria l m a th e 
m a tic s  th a t  are n o t  read ily  ava ilab le . T he ap p lic a tio n  of th e  fo rm u la , m oreover, 
req u ire s  th eo rem s on  th e  m u ltip lica tio n  of S ch u r fu n c tio n s t h a t  a re  n o t easily  
estab lished .

F o r these  rea so n s  i t  is w o rth w h ile  to  see w h a t  use can be m ad e  of w eight 
d iag ram s. W e sh a ll p u t  down th e  w eigh t d iag ram  fo r an  irred u c ib le  rep re sen t
a tio n  o f th e  a lg eb ra  gl(5, C) co rrespond ing  to  a  Y o u n g  d iag ram  a n d  su b tra c t 
fro m  it  th e  w eig h ts  o f  d iagram s fo r  irreducib le  re p re se n ta tio n s  o f B 2 w hich are 
id en tif iab le  b y  th e i r  highest w e ig h ts . This p ro ced u re  will give th e  reduc tion  
u n d e r  B 2 of th e  irreducib le  re p re se n ta tio n s  o f  g /(5 , C). B y e x p o n e n tia tio n  we 
m a y  deduce th e  red u c tio n  of th e  irreducib le  rep re sen ta tio n s  o f G L(5, C) un d er
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S 0 (5, C), w hich is th e  connected c o m p o n en t of th e  exp o n en tia l m a p  of B 2 
t h a t  co n ta in s  th e  id e n ti ty . H ow ever, since self-associate Y oung d iag ram s do n o t 
ex is t fo r  an odd  dim ension ( W e y l  [5]), th e  irreducib le  re p re se n ta tio n s  of 
0 (5 , C) are  th e  sam e  as those o f S 0 ( 5, C). W e m a y  therefo re  in te r p r e t  th e  
re su lts  o f  in sp ec tin g  th e  w eight d iag ram s in  te rm s o f th e  reduction  o f  irred u c ib le  
rep re sen ta tio n s  o f GL(5, C) under 0 (5 , C).

A s a f irs t  ex am p le  le t us co n sid e r th e  irreduc ib le  re p re se n ta tio n s  of 
GL(5, C) w ith  to ta l ly  sym m etric b a se s . W e saw  in th e  previous sec tio n  t h a t  th e  
w eig h t d iag ram  correspond ing  to  te n s o r  com ponen ts o f ra n k  r has a b o u n d a ry
0  a n d  consists o f la y e rs  of successive m u ltip lic ities

1, 1, 1 +  2, 1 +  2, 1 +  2 +  3, 1 +  2 +  3, . . .  .

N ow  th e  B 2 w eigh t d iag ram  for a re p re se n ta tio n  D(0, fi) has a b o u n d a ry  <}, 
th e  m u ltip lic itie s  a re  co n stan t on la y e rs  p ara lle l to  th e  b o u n d a ry  a n d  th e  
m u ltip lic itie s  as we com e in from  th e  b o u n d a ry  are  ( M c C o n n e l l  [ 6 ] )

1, 1, 2, 2 , 3, 3, . . .  .

W e ex am in e  se p a ra te ly  th e  cases o f  r  =  2» an d  r =  2í +  1. F o r th e  f ir s t  we 
p u t dow n th e  m u ltip lic ities  in la y e rs  fo r th e  rep re se n ta tio n  H [ 2 t] o f  gl(5, a) 
and  s u b tra c t  th e  correspond ing  m u ltip lic itie s  for D(0, 2t) p roceeding  from  th e  
origin to  th e  b o u n d a ry :

D[2t] l  +  2 +  . . . ( t + l ) ,  1 +  2 +  . . . +  », 1 +  2 +  . . . +  », . . . 1  +  2 +  3,
1 +  2 +  3, 1 +  2, 1 +  2, 1, 1

0(0,2») t +  1, », », . . .  3, 3, 2, 2, 1, 1

d ifference 1 +  2 + .  . .», 1 +  2 + . . . ( »  —  1), 1 +  2 + . . . +  (» —  1 ),. . . 1 +  V  
1 +  2, 1, 1, 0, 0. T h e  difference gives th e  m u ltip lic itie s  fo r H [2f —  2], so for 
every  w e ig h t o f th e  d iag ram  we h av e

m ult. D[2t] =  m ult. H [2 t —  2] +  m u lt. H (0,2t) 
m u lt. H [2 t —  2] =  m u lt. D [2 t —  4] +  m u lt. D (0,2t — 2)

m ult. -D[4] =  m ult. -D[2] +  m u lt. H (0, 4) 
m u lt. D[2] =  m ult. J9[0] +  m u lt. D (0, 2).

Since D [0 ] is th e  one-d im ensional D(0, 0), we see t h a t  th e  m u ltip lic ity  o f  an y  
w eight in  th e  D[2t] d iag ram  is th e  su m  o f i ts  m u ltip lic itie s  in  th e  d iag ram s for

D(0, 2»), D(0, 2» —  2), . . .  D(0, 2), D (0, 0).
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In  th e  case of r =  2t +  1 we no te  t h a t  D [ l]  is j u s t  D(0, 1) an d  we deduce th a t  
th e  m u ltip lic ity  o f  a n y  w eight in  th e  D[2t -f- 1] d iag ram  is th e  sum  o f th e  
m u ltip lic ities in  th e  d iagram  for

0 ( 0 ,  21 +  1), D(0, 2 t —  1), . . .  D(0, 3), D(0, 1).

T h u s  b y  rem oving  th e  w eights o f  successive B.2 d iag ram s we m ay  conclude th a t  
th e  D[r] re p re se n ta tio n  of gl(5, C) reduces u n d e r  B 2 in to  th e  d irec t sum  o f 
rep re sen ta tio n s  as follows:

D[r] =  0 (0 , r) ®  I>(0 , r 2) ® D(0, r
i-D(0 , 1 ) for r odd 
|D ( 0 , 0 ) for r even.

To re la te  th e  g roup  a lgeb ras to  th e  g ro u p s  them selves we n o te  f irs t  o f 
a ll th a t  on a c c o u n t o f  m od ifica tio n  ru les fo r th e  o rthogonal g roup  th e  ir r e 
d u c ib le  re p re se n ta tio n s  of 0 (5 , C) are  specified  b y  a p a r titio n  in to  tw o p a r ts  
o n ly . We den o te  su ch  a re p re se n ta tio n  b y  Zl(At , A2), and we d en o te  th e  ir re 
d u c ib le  re p re se n ta tio n  of GL(5, C) co rresp o n d in g  to  th e  p a r ti t io n  [A1? A2, A3, Я4, A.] 
b y  A [Ax, A2, A3, A4, As] . W e re la te  th e  re p re se n ta tio n s  o f B 2 to  th o se  o f  0 (5 , C) 
b y  poin ting  o u t t h a t  according to  ( 1 ) and  (6 ) th e  ten so r co m p o n en t o f th e  
h ig h e s t w eight o f  th e  D(k, (7) re p re se n ta tio n  o f  B 2 belongs to  A (1/2A +  /b  V2 ^)- 
W e therefo re  d e d u c e  from  th e  la s t  e q u a tio n  t h a t  th e  Zl [r] re p re se n ta tio n  o f  
GL(5, C) reduces u n d e r  0(5 , C) in to  th e  d ire c t su m  of irreducib le  re p re se n t
a tio n s  as follows:

Zl[r] =  Zl(r) e  Zl(r -  2) ©  A(r  — 4) ф  . . .
I A (1) for r odd 

I A (0 ) for r even.

I t  is n o t d iff ic u lt to  see t h a t  th e re  is no re d u c tio n  o f re p re sen ta tio n s  o f 
GL(5, C) th a t  h a v e  to ta lly  an tisy m m etric  b ases. In d eed  0 [1 ]  is D(0, 1), [ l 2]
is th e  ten -d im en sio n a l 0 (2 , 0 ), ü [ l 3] is th e  sam e as Л [ 1 2] and  U [ l4] is th e  sam e 
as Ю[1]. F in a lly  D [ l 5] has only  one ten so r co m p o n en t

_ 1  _
2
3
4

a n d  is therefo re  th e  one-d im ensional D(0, 0).
L astly  w e lo o k  a t  some re p re se n ta tio n s  w hose bases are  n e ith e r  to ta lly  

sy m m etric  nor to ta l ly  an tisy m m etric . As we h a v e  ca lcu la ted  th e  m u ltip lic itie s  
fo r  th e  p a r titio n  [r2], we shall f i r s t  o f all s tu d y  th e  rep re sen ta tio n  D [22]. B y
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em ploying  th e  m eth o d  o f th e  previous sec tio n  we c o n s tru c t exp lic itly  th e  ten so r 
com ponen ts fo r w eights in  th e  f irs t q u a d ra n t . T here w ill be re la te d  ten so r 
com ponen ts in  th e  o th e r q u a d ra n ts , a n d  a lto g e th e r th e  m u ltip lic ities o f w eights 
d iag ram  fo r th e  0 [ 2 2] re p re sen ta tio n  o f  gl(5, C) will be as show n in  F ig . 3.

1 1 2 1 1

1 3 3 3 1

2 3 6 3 2

1 3 3 3 1

1 1 2 1 1

Fig. 3. The multiplicities of weights in the D(5°) [2-] representation of gl(5, C)

The degree o f rep re sen ta tio n  being th e  sum  o f th e  m u ltip lic ities is 50. T h e  h ig h 
est w eigh t (1/|/ 6 ) (2, 2) is th e  h ig h est w e ig h t o f th e  0 (4 , 0) re p re se n ta tio n  
of B 2, by  (1). T he m u ltip lic ities  in th is  B., d iag ram  are 1 on th e  b o u n d a ry , 2 
on th e  n e x t  layer, 3 a t  th e  origin ( M c C o n n e l l  [6 ]), so th e  degree o f th e  re 
p re se n ta tio n  is 35. W h en  th e  w eights o f TK35) (4, 0) are rem oved , th e  h ig h es t 
w eigh t belongs to  TK14> (0 ,2 ) and, w hen  th e  w eights of th is  rep re se n ta tio n  are 
rem oved , th e re  rem ain s a  single w e ig h t a t  th e  origin. T he red u c tio n  of th e  
0 [ 2 2] rep re se n ta tio n  o f  gl(5, C) u n d e r  B 2 is therefo re

D(S0)[2 2] =  J)(35) (450) 0  D(W) (0,2) 0  0 (1) (0,0).

C onsequen tly  th e  re d u c tio n  u n d er 0 (5 , C) o f th e  A [22] re p re se n ta tio n  of 
GL( 5, C) is

Zl[22] = Z l ( 2 2 ) © d ( 2 )  ® /l(0 ) .

B y  a som ew hat longer calcu la tion  we f in d  th e  red u c tio n s:

£ )(175 ) [3 2 ] =  D m  (6 ,0 ) 0  £>(81) (2,2) 0  D<10> (2,0)

A [32] =  d (3 2) 0  /1(3,1) ©  /1(1,1).

In  th e  general case o f 0 [ r 2] th e  use o f  w e ig h t d iag ram s will n o t easily  give th e  
com plete  red u c tio n . I t  m ay , how ever, be seen th a t  th e re  occur in th e  red u c tio n

O (2r,0) 0  D(2r —  4,2) © 0 ( 2 r  —  8,4) © . . .  © 
© -D(2r —  4, 0).

ÍO(2, r  —  1) for r odd 
I D (0 , r) for r even
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ВЕСОВЫЕ ДИАГРАММЫ ДЛЯ ПЯТИМЕРНОЙ ПОЛНОЙ ЛИНЕЙНОЙ ГРУППЫ
ДЖЕМС МкКОННЭЛЬ

Резюме

Проведена классификация весовых диаграмм для неприводимых представлений 
алгебры ли пятимерной полной линейной группы в комплексной области по форме их 
границы. Рассмотрены кратности веса и выведена формула приведения по ортогональным 
группам 0(5,С) для некоторых неприводимых однородных интегральных представлений 
G L  (5, С).
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STOCHASTIC SPACES*

By

D. I .  B l o k h i n t s e v
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(Received 11. X . 1971)

The phase fluctuations of the wave propagating in a stochastic homogeneous medium, 
particularly in a physical vacuum, are calculated. The notion of stochastic space is introduced. 
It is shown that to obtain convergent results in the relativistic case it is necessary to introduce 
a “cut-off” factor.

1. Introduction

T his w ork  is an  ex tension  o f a m e th o d  suggested  earlie r [1] for ca lcu la tin g  
w ave p ro p a g a tio n  in  a m edium  w ith  ra n d o m  ch arac te ris tic s . A m ore  p e rfec t 
m e th o d  o f in te g ra tin g  th e  ran d o m  p h ase  eq u a tio n  is p roposed , th e  av e rag in g  
over th e  ran d o m  p h ases  is im p ro v ed , a n d  an  ap p lica tio n  to  q u a n tu m  fie ld  
th e o ry  is given.

In  som e cases i t  is found reaso n ab le  to  in tro d u ce  th e  no tion  o f stochastic 
space [2 ].

2. Propagation o f a plane wave

As th e  in itia l o b jec t we consider th e  p lane  w ave:

В Д  =  и{Р)*р\  ( í )
w here

p x  =  p a xa — Et p x , p (E , p),  E  =  1i p 2-)- M

is th e  w ave m o m e n tu m , th e  p a ra m e te r  M  p lay in g  th e  role of th e  p a rtic le  
m ass in  q u a n tu m  th e o ry , and  u(p)  is th e  w ave am p litu d e .

I f  th is  w ave is  p ro p ag a ted  in  a  m ed iu m  w ith  ran d o m  ch a rac te ris tic s , 
th en  as a f ir s t  a p p ro x im a tio n  we in tro d u c e  a co rrec tion  in  th e  w av e  phase
( 1 ) w^hich is assu m ed  to  be

S (x )  =  p x + â ( x ) ,  ( 2 )

* Dedicated t o  Prof. L. J â n o s s y  on his 60th birthday.

Arta Physica Academiae Scientiarum Hungaricae 32, 1972



7 6 D. I. BLO K HIN TSEV

w here  ff is a l in e a r  function  of a ce rta in  ra n d o m  field  ф (лг). I t  is n o t d ifficu lt 
to  show  th a t  th is  add itio n a l ph ase  in  th e  lin e a r  ap p ro x im atio n  sa tisfies th e  
eq u a tio n  [ 1 ]*:

^  +  F M  -  0 ,3 )
dr

w here  r  =  nx  a n d  n  is th e  v ec to r  w ith  co m p o n en ts  na =  p a/M .  I t  is obv ious 
t h a t  nr =  1. T h ere fo re  r  is th e  p ro p er tim e  o f th e  w ave or, in  q u a n tu m  th e o ry , 
th e  p roper tim e  o f  a partic le  w ith  m o m en tu m  p  an d  m ass M . F(x)  is th e  lin e a r  
fu n c tio n  of th e  ran d o m  fie ld  ф(х), w hich in  th e  general case can he w ritte n

F  (x) = g n a nß. . . Фар(х) , (4)

w here  g is a co u p lin g  c o n s ta n t an d  Фар{х) a re  th e  com ponen ts of th e  fie ld , 
ф (x), w hich m a y  be a ten so r o f d iffe ren t rank .**

This f ie ld  is expanded  in  th e  F o u rie r  series

&«ß...{x ) =  2 Ï  j =  <e {“ и  eikx-\-ahX ? -ikx) . (5)
\ V  k 1' 2 cok

H ere  e\p is th e  te n so r  defin ing th e  p o la riza tio n  o f th e  w ave (/.), an d

,  a k \' г----- a n d  ——
У 2  cok У 2 <Ok

a re  am p litu d es o f  th e  ran d o m  F o u rie r series. V ector к h as  co m p o n en ts  
к  =  (a>k fc), соk — со (k). In  p a r tic u la r , fo r th e  fie ld  obey ing  th e  K le in  
eq u a tio n  <ok =  }0c2 T- /t2, w here p  is th e  p a rtic le  m ass for th e  fie ld  Ф (x) ■ V  =  L 3  

is th e  n o rm a liza tio n  volum e. Below , th is  is assu m ed  to  be in fin ite . E x p ress in g  
x  as x — x  íj -j- x ± I and x  ц =  n(nx) — nr  b y  m eans of E qs. (4) and  (5), from  
E q . (1) we o b ta in

ê ( x ) =  % -77=- , 7 —  ( n ’ rF. . . eiß) {áfa e r ikx- âkx e~ikx} f ( r 0, x x ), (6^
W  к 1 / 2  cok Qk(p)

w here  f ( r 0, лгх ) is an  a rb itra ry  fu n c tio n  o f  x ±  depend ing  on th e  choice of 
in itia l co n d itio n s a t  r =  r0. In  w h a t follow s i t  is assum ed  th a t  r0 =  — 0 0  

a n d  / ( —  00, 3 7 ) =  0. The q u a n ti ty  Qk (p) is an  in v a r ia n t freq u en cy :

Q k ( p ) = 1M - ( k p ) .  (7)

* The n o ta t io n s  used here a re  som ew hat c h an g e d  from  those of [1 1 a n d  a p ro p e r tim e  
r  is in tro d u ced  in s te a d  of th e  tim e t .  л

** T he sp in o r  field  is n o t considered  w hen F ( x )  cou ld  n o t be a lin ea r fu n c tio n  o f th e  
spinor ф (x).
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In  all cases b u t  t h a t  o f a scalar fie ld , th e  q u a n ti ty  в  (ж) m a y  be rep resen ted  
in  th e  form

à(x) =  p*£*{x) , ( 8 )

w here | a (л:) has th e  m ean ing  o f a ran d o m  d isp lacem en t of th e  coo rd in a te  x. 
T his fa c t allows us to  consider n o t on ly  th e  in itia l space R é (x) (here called  
th e  reference space) b u t  also th e  stochastic space Д 4  (x ). T h e  coord inates o f 
th is  la t te r  space are connected  w ith  th e  co o rd ina tes of th e  p o in ts  o f th e  re fe 
rence space b y  th e  tran sfo rm a tio n

X  =  x + ê (x )  (9)

an d  are ran d o m  q u a n tit ie s  depend ing  on th e  ran d o m  fie ld , so th a t  labelling  
of ev en ts  in  th e  s to ch as tic  space is p ro b ab ilis tic .

T he m ean ing  o f  th e  concept o f  stochastic space or stochastic geometry 
in  general goes b ey o n d  th e  scope o f  th e  p re se n t artic le  (see [2], § 41, 44, 45).

3. C alculation  of averages

We rep re sen t th e  F ourie r a m p litu d e  àkX o f th e  fie ld  in  th e  form

«w =  A x  eje ft;., âkx =  Â kX e-ièkx ; ( 1 0 )

w here Z A kl an d  &k!i a re  real q u a n titie s . E q . ( 6 ) can  th u s  be re w ritte n  in  th e  
form

à(x) = 2 N k Â kx sin ( k x + Q kx) ,

w here

N i  =
1  1

\ V  У 2  œ k  Q k ( p )
ei-).

( И )

( 12)

In  th e  th e o ry  of classic fields th e  ra n d o m  fie ld  d is tr ib u tio n  is specified  by  th e  
fu n c tio n a l dw{<p(x)} ]> 0. This fu n c tio n a l is here  assum ed to  have  th e  form

с1гс{Ф(х)} =  e
d A k dOk
я  A k 2n

(13)

i.e. th e re  is n o rm al d is tr ib u tio n  o f am p litu d es  A k w ith  dispersion Ak, an d  
uniform  d is tr ib u tio n  o f phases Qk. (F o r th e  sake  of sim plic ity  cep A  an d  th e  
p o la riza tio n  in d ex  fo r th e  am plitudes Â kl an d  phases Qkx h av e  been  o m itted .)
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F ro m  th e  defin ition  o f dw{<p (ж)} we h av e  fo r th e  average  values o f a) th e  
w av e  4fp (X):

<¥^(ж)> — Up e‘Pk J e,orM dw{<I>(x)} (14)

a n d  b) th e  in te rfe ren ce  co rre la tion  o f  tw o  w aves Фр,(у) an d  Wp (x):

< ^ р'(у )Г ^ р( Ф  =  {Up • Г и р) exp  { — i ( p ' y - p x ) }  X

X J  exp  { — ióp'(y)} exp  { - i ô p(x)} dw {Ф(х)},
(15)

w h ere  Г  is an y  sp inor o p era to r. N o te  t h a t  a t  x  — у  an d  Г  =  у'1 (у^ is th e  D irac  
m a tr ix )  co rre la tion  (15) coincides w ith  th e  so-called “ v e r te x ”  p a r t  know n 
fro m  q u a n tu m  fie ld  th eo ry .

N ow  in se rtin g  d is tr ib u tio n  (13) in  E q . (14) an d  in te g ra tin g  over A k an d  
в к, we get

w h ere

j  exp  {йх(*)} dw (Ф(ж)} =  ex p  { Qp(x)} =  f j  R k ,

R k ----- exp A \  +  I 0

(16)

(17)

H e re  I  (z) is th e  Bessel fu n c tio n . A ccord ing  to  E q . (12), N h =  1 /^ F , so t h a t  as 
V  —>oo3  th e  sum  o f I n l 0 over к ap p ro ach es th e  o rd er o f  m ag n itu d e  0(1 / F 2) 
a n d  m ay  be o m itted . T his ju s tif ie s  th e  n a tiv e  o p era tio n  o f rep lac ing  cos 0 k 
a n d  sin  0 k in  th e  ex p o n en tia l b y  th e ir  average  values, w hich  are equal to  zero . 
In s e r tin g  (17) in  E q . (16) an d  m ak in g  th e  tra n s itio n  to  th e  lim it V  — oo3 w e 
o b ta in

A \
®k(p)

(n * /^ .  . . eip)2. (18)

T h is  e q u a tio n  is re la tiv is tic a lly  in v a r ia n t  i f  an d  if  th e  d ispersion  Ak is an  in 
v a r ia n t .  P ro v id ed  th e  fie ld  Ф (x) is n o t connected  w ith  a special d irec tio n  in  
th e  M inkovsky  space jR4  ( x ) ,  th e n  th e  o n ly  possib ility  is to  assum e th a t  Ak =  
co n st, is c o n s ta n t, i.e. t h a t  am p litu d es  A k obey one an d  th e  sam e d is trib u tio n  
la w  in d ep en d en tly  o f th e  v ec to r  k. T h is supposition  leads im m ed ia te ly  to  
d ivergences in  th e  in te g ra l (18): n am e ly

Qp{*)
o '2 Jn  Ртах

2 M
(19)

a n d  p max —*• oo. A t p  =  0 th e re  ap p ea rs  a d ivergency  on th e  low er lim it, 
to o .
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The co rre la tio n  (15) is ca lcu la ted  in  a s im ila r m anner. To m ak e  th e  ca l
cu la tio n  sim pler w e give th e  re su lt for x — y:

j  ex p  { — iôp ix}  exp  (iff(*)} dw (Ф (х)} =  exp  [ — <?pP'(*)] 

an d  in  th is case
/г 1 \ ff2  f  d3 к 
Qpp(x) — - — * 1 2  2 J 2w„ -T *aß..

® k ( p ' )  Q k( p )

( 20)

( 21)

T his corre la tion , like th e  q u a n t i ty  (18), tu rn s  o u t  to  be d iv erg en t for A \  =  
const. N ote  th a t  A \  m a y  be considered  as a fo rm  fa c to r  ensuring  convergence 
o f th e  ine tg ra ls  in  (18) a n d  (21). I f  i t  is considered  as a function  of th e  in v a r ia n t 
Qk (p ) (the  rem ain in g  in v a ria n ts  from  к and  p  are  c o n s ta n t) , th e n  th e  q u a n titie s  
Qp (x ) and  Qp'p, (x) a re  in v a r ia n t, to o  (w hich m u s t be  th e  case in  re la tiv is tic a lly  
in v a ria n t th eo ry ). T h e  q u a n tity  Qp (x) is sim ply  a  n u m b e r and  QpT (x) a fu n c
tio n  o f only q2,q =  p '—p  (if p' an d  p  are  on th e  m ass shell, th e  in v a r ia n t qp — 0 
is zero).

4. T he q u an tu m  fie ld

In  th e  case u n d e r  co n sid e ra tio n  th e  ra n d o m  a m p litu d es  áfa a n d  âkk are  
th e  opera to rs o b ey in g  th e  co m m u ta tio n  re la tio n s

— &kk' • ( 2 2 )

T he average over th e  m easu re  d w {0  (*)} shou ld  no w  be  rep laced  b y  th e  average 
over th e  w ave fu n c tio n a l 120{Ф (яг)}p, w hich is a n  analogue of th e  q u a n ti ty  
}fdwo{0(x)}cxp  iS o(0 )  w here  S (Ф) is th e  fu n c tio n a l phase an d  th e  m ark  0 
signifies th e  v a c u u m  s ta te  of th e  fie ld  Ф (x). U sing  th e  usual n o ta tio n s  we 
rew rite  E qs. (16) a n d  (20) in th e  form

e ~ Q p (x ) =  ( 0 | е 'З Д х) |0 > ,  ( 1 6 )

e  — Q p  p(x )  —  ^ 0 |  — i ô p i (x ) .  f j i â p i x ) JQу  ^ ( 2 0 )

w here < ( 0  |L| 0 )> d en o te s  th e  v a c u u m -e x p e c ta tio n  v a lu e  of th e  fie ld  ф  (x ). 
F u r th e r  ca lcu la tions a re  based  on th e  re la tio n s

<0 |e x p  (Â £  +  ̂ i)[0 > =  exp  [ Â k- Â£]  

<0 |ex p  (Â £  +  Л ) е х р ( ^  +  А ' ) | 0 > =

ex p у  [Л- Л+] + у  [A-

(23)

(23 ')
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w here [A, В] deno tes the  P oisson  b ra c k e t, w hich  is assum ed to  b e  th e  c- 
n u m b er. T he ca lcu la tion  of th e  av e rag es in  E qs. (16) and  (20) w ith  th e  help 
o f E q s. (23) a n d  (23') an d  th e  exp ression  (12) for N kk lead s ex ac tly  to  th e  classic 
fo rm u la  (18) an d  (21), if  A \  =  1.

T hus, th e  d iv e rg en t re su lt is a consequence o f  th e  a ssum ption  o f  vacuum 
isotropy (A2k =  const.), w hich follow s from  th e  req u irem en t o f re la tiv is tic  
in v a rian ce .

F o rm u la  (21) is closely co n n ec ted  w ith  th e  th e o ry  of so-called “ coheren t 
s ta te s ”  [5]. T he m odel of th e  v e r te x  in  th is  la t te r  differs from  th e  considered  
f lu c tu a tio n s  o f th e  sp inor p artic le  co o rd in a te  £ (x) in  th a t  th e  zero harm on ic  
is assum ed  to  be p red o m in an t, so t h a t  th e  d isp lacem en t f  (x) is in d e p e n d e n t 
o f X .

I t  is usefu l to  n o te  th a t  in  th e  case of th e  v ec to r  field фа (x ) th e  m ean  
sq u a re  d isp lacem en t £ (x) defined  b y  E q . (8 ) is

<£;(*)>

F o r \p i M ,  we o b ta in

< 1

M
C d*k  1  ;J 2cok Q ’-(p)

(24)

(24')

I f  g =  e is assum ed  to  be equal to  th e  elec tron  charge  and  to  d en o te  i ts  m ass, 
E q . (24') coincides w ith  th e  v a lu e  o f  th e  square  d isp lacem ent o f th e  elec tron  
co o rd in a te  <C£2 (%)^> w hich defines th e  L am b  sh ift o f  th e  level in  th e  h y d ro g en  
a to m  (see [5,6]).

5. G rav ita tion

In  [3] i t  w as show n th a t  if  one considers th e  g rav ita tio n a l f ie ld  f lu c tu a 
tio n s  w hich  arise from  flu c tu a tio n s  o f  th e  energy -m om en tum  te n so r  of th e  
fie ld s in  th e  v acu u m , one arrives a t  s tro n g ly  d iv e rg en t expressions for th e  
f lu c tu a tio n s  o f  th e  m etric  (leng th  a n d  tim e). T he m eth o d  developed h ere  m akes 
i t  possible to  ca lcu la te  th e  f lu c tu a tio n s  o f th e  w ave phase w hich  arise  from  
ze ro -p o in t f lu c tu a tio n s  of th e  free  g ra v ita tio n a l field .

I t  is n o t  d ifficu lt to  show  t h a t  in  th is  case th e  function  F  (x ) is

M  ,
F ( x ) =  —  hCili( x )n 7inß , (25)

w here
И * )  =  № ) - £  (26)

an d  g is th e  m e tric  tenso r in  th e  absence of g ra v ita tio n a l w av es. A m ong 
th e  q u a n titie s  h^  (x ) only fo u r a re  in d ep en d en t. B earin g  in m in d  th e se  com 
p o n e n ts , w e rep re sen t (x) as a series:
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И * )  =  e*ß«  e‘kx+ ai<>. e~ikx) • (27)
\ V к

In  c o n tra s t  to  (5), a  c o n s ta n t у  is in tro d u c e d  here  w h ich  is d e fin ed  in  such 
a fash ion  th a t  th e  energy  o f a g ra v ita tio n a l w ave sh o u ld  be equal to  S k nk hcok, 
w here nk are in teg e rs  an d  h(»k is th e  g ra v ita tio n a l energy . On th e  o th e r  hand , 
th is  energy  is exp ressed  in  te rm s o f th e  in teg ra l o f  th e  energ y -m o m en tu m  
pseud o -ten so r (see e.g. [7 ]).This allows to  de te rm ine  th e  c o n s ta n t y2 =  длк/с2, 
w here к  is th e  g ra v ita tio n a l co n stan t.

P erfo rm ing  th e  ca lcu la tions analogues to  th o se  described  in  § 3 we are 
led  to  fo rm ulas (18) a n d  (21) a t  Аяк =  1 a n d  g2 =  у  M 2. I f  th e  u su a l d im en
s io n a lity  is re s to red , i t  is easy  to  sa tis fy  oneself th a t  in  th e  case o f  th e  g ra v ita 
tio n a l fie ld  th e  q u a n tit ie s  Qp (x ) an d  Qp p (x ) are p ro p o rtio n a l to  V2gq, w here q 
is th e  c h a ra c te ris tic  le n g th  defin ing  th e  lim its  o u ts id e  w hich  th e  m e tric  flu c
tu a tio n s  m ay  becom e essential.

I t  is seen from  th ese  calcu la tions th a t ,  w ith o u t a rtif ic ia lly  in tro d u c in g  
a  “ cu t-o ff”  form  fa c to r , f lu c tu a tio n s  o f th e  phase à (x ) tu rn  o u t to  be  indefi
n ite . T he sam e m a y  be  sa id  ab o u t th e  f lu c tu a tio n s  o f th e  s to ch as tic  coo rd inate  
x  in  (9). T his ex trem e  dispersion o f  th e  averages (ap (#)> a n d  (я)> 
is due  to  th e  re q u ire m e n t of hom o g en e ity  o f th e  v acu u m  (Д | =  const). 
P h y sica lly  i t  is c lea r t h a t  th e  above f lu c tu a tio n s  can  be re s tr ic te d  on ly  by  
ta k in g  in to  acco u n t th e  effect of th e  p a rtic le  itse lf  on th e  v a c u u m ; in  o ther 
w ords, b y  ta k in g  in to  acco u n t a possib le d e fo rm ation  o f th e  v a c u u m  in the  
v ic in ity  o f th e  p a rtic le . T h e  in tro d u c tio n  o f  th e  “ cu t-o ff”  fa c to r  m ay  be  th o u g h t 
o f as a form al p ro ced u re  for doing th is .
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СТОХАСТИЧЕСКИЕ ПРОСТРАНСТВА
Д. И. БЛОХИНЦЕВ

Резюме

В работе вычисляются флюктуации фазы волны, распространяющейся в стохасти
чески однородной среде, в частности, в физическом вакууме. Введено понятие стохасти
ческого пространства. Показано, что в релятивистском случае для получения сходящихся 
результатов необходимо вводить обрезающий форм-фактор.
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Problems of measurement of the total energy spectrum of primary cosmic ray particles 
beyond 1017 eV are discussed, with the most recent conclusion that no significant change in 
the slope of the spectrum at higher energies has yet been established.

The determination of the nature of particles of extreme energy presents much more 
difficult problems, and the relationship of studies of primary composition to details of shower 
development in the atmosphere as these are presented in model formulations is examined.

In 1946 I collaborated w ith Lajos Jáno ssy  in a short study o f the  
interpretation o f the sea-level low-energy m uon spectrum  [1] and I feel it 
appropriate th a t m y contribution to this collection should relate to a continu
ing interest in cosm ic ray spectra.

W e are here  concerned  w ith  problem s aris in g  ab o u t th e  p rim ary  ra d ia 
tion  of h igh energy , t h a t  is to  say  o f energy  g re a te r  th a n  a b o u t 101 7  eV. In  
term s of ab so lu te  q u a n ti ty ,  w h e th e r o f n u m b e r o f  partic les or o f energy  t r a n s 
fer, th is h igh en erg y  reg ion  is in sig n ifican t; its  cosm ological im p o rtan ce  re s ts  
upon  the  v e ry  ex istence  o f  processes of acce lera tio n  to  th is  g rea t energy, a n d  
upon problem s o f su rv iv a l o f such partic les d u rin g  th e ir  lifetim e of tran sm issio n . 
F o r th is pu rpose , know ledge of th e  n a tu re  o f th e  pa rtic le s , th e  m ass-sp ec tru m , 
is as re lev an t as is th e  sp ec tru m  of to ta l-en e rg y  a n d  accordingly  th e  im m ed ia te  
problem  is to  describe  h ig h  energy cosm ic-ray  p rim aries  in te rm s of b o th  m ass 
com position a n d  o f energy  d is trib u tio n .

The to ta l-e n e rg y  sp ec tru m  is know n w ith  fa ir confidence a t  le a s t to  
energy ab o u t 10 1 9 eV: th e  m ost recen t e s tim a te  o f th e  in teg ra l sp ec tru m , 
w hich refers s tr ic tly  to  ЗЛО 1 7  eV <  E p <  10 1 9  eV is [2]:

- ( 2  ■ 2 4 ± 0• 04)
m~2 s~ 1 sr~ 1,

an expression w h ich  is un lik e ly  to  be seriously  in  e rro r a t values well below  
th e  lower lim it, an d  from  w hich th e re  is no s tro n g ly  positive evidence o f  
deviation  over th e  decade up  to  102 0  eV. T his f in a l s ta te m e n t is essen tia lly

N ( > E p) =  (4.5 ±  0.2) 10-
1017

* Dedicated to Prof. L. J á n o s s y  on his 60th birthday.
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te n ta t iv e :  i t  tak es  ac c o u n t o f th e  fa c t  t h a t  w h a t s ligh t evidence th e re  is for 
som e d ev ia tio n  b e tw een  10 1 9  eV a n d  102 0  eV is in  th e  sense to w ard s  w h ich  all 
defects o f  t r e a tm e n t m u s t be ex p ec ted  to  m ove it. I t  is th e  residue  o f  a very  
m u ch  la rg e r  d ev ia tio n  w h ich  is n o t su s ta in e d  in  th e  face of search ing  analysis, 
a n d  th e re  are  no g rounds for con fidence  t h a t  th is  residue  is n o t o f th e  sam e 
n a tu re .

I n  com parison , o u r know ledge o f  th e  m ass sp ec tru m  is ru d im e n ta ry , 
ty p ic a l w o rk  [3, 4, ;5, 6 , 7] be ing  d ire c te d  to w ard s th e  p ro b ab ly  u n rea lis tic  
d is tin c tio n  be tw een  a  p u re  p ro to n  p r im a ry  b eam  an d  a pu re  h e a v y -p a rtic le  
one. T h is s itu a tio n  b ea rs  s tro n g ly  on  th e  ideas w hich m u st be dev e lo p ed  in 
show er s tu d ies  in  th e  n e x t  few  y ea rs .

W h en  a  p rim a ry  p a rtic le  in it ia te s  a show er in  th e  a tm o sp h e re , th e re  
are  m a n y  p a ra m e te rs  describ ing  i t  w h ich  can  be derived  from  c u r re n t obser
v a tio n a l te ch n iq u es: th e se  m ay  re fe r to  a “ n u m b er of (in d istingu ishab le ) 
p a r tic le s” , energy-loss in  s ta n d a rd  d e te c to r  assem blies, th e  den sity  o f  m uons, 
ra d io  signals a t  v a rio u s  frequencies, a ll o f  these  e ith e r as p o in t v a lu es  or as 
la te ra l  d is tr ib u tio n s  from  th e  show er ax is. F o r th e  p resen t a rtic le  w e ignore 
a m a jo r  com plica tion  b y  considering  o n ly  v e rtica l show ers.

D ire c tly  m easu red  p a ram e te rs  a re  all fairly  s trong ly  re la te d  to  to ta l-  
energy  b u t  less s tro n g ly  to  m ass-com position . H ow ever, derived  p a ra m e te rs  
chosen  to  m inim ise se n s itiv ity  to  to ta l-e n e rg y  can be o b ta in ed  w h ich  are 
m ass-sensitive . I t  is th ere fo re  a n ecessa ry  p rocedure  to  o b ta in  sev era l d irec tly  
m easu red  p a ram e te rs  fo r each show er, fo r a lth o u g h  in  p rinc ip le  tw o  alone 
are  re q u ire d , for reasons w hich will now  be developed  i t  is d esirab le  t h a t  if  
possib le  m ore th a n  one m ass-sensitive  p a ra m e te r  shou ld  be o b ta in e d , so th a t  
th e  degree to  th ese  a re  co n sis ten t is p a r t  o f th e  in fo rm atio n  av a ilab le .

T h e  chain  o f  d ev e lo p m en t fro m  an  in c id en t p rim ary  p a rtic le  m ak ing  
its  f i r s t  in te ra c tio n  in  th e  a tm o sp h ere  to  th e  d e riv a tio n  of a g ro u n d  p a ra m e te r  
d e sc rip tiv e  o f th e  p a rtic le  in  som e w ay , involves a succession o f s tag es  a t  w hich 
th e re  is a lim ita tio n  o f accuracy .

1. T here  are  in s trin s ic  f lu c tu a tio n s  o f  show er deve lopm en t fro m  id en tica l 
p rim arie s , w hile th e  a c tu a l form  o f th is  d ev e lo p m en t is de te rm in ed  b y  incom ple
te ly  u n d e rs to o d  fea tu re s  o f h igh en e rg y  nu c lear in te rac tio n s. O u r ap p ro ach  
to  th e  l a t te r  fea tu re  is to  develop a ra n g e  o f “ m odels”  o f the  n u c lea r  processes, 
a n d  w h a t follows a f te r  th em  [8 ], fro m  w hich  we d iscard  tho se  w h ich  a re  no t 
c o n s is te n t w ith  w h a t is d irec tly  o b se rv ab le  o f show er deve lopm en t. T h e  in flu 
ence on  in te rp re ta tio n  w hich  arises fro m  resid u a l m odel u n c e rta in tie s  is ap 
p ro ach ed  b y  stud ies to  de te rm ine  to  w h a t e x te n t a p a r tic u la r  p a ra m e te r  is 
“ m o d el-sen sitiv e” . T hose  w hich are  n o t  fo rm  a still n arrow er ran g e  o f  accep t
ab le  m odels.

S im ilarly , chosen p a ram e te rs  m a y  o r m ay  n o t be “ f lu c tu a tio n -se n s itiv e ” , 
b u t  th e  im p lica tio n s o f  th is  are  m ore  com plex, for th e  degree o f  f lu c tu a tio n
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is likely  to  be  a fea tu re  w h ich  is s tro n g ly  m ass-sensitive (since in  a f ir s t  ap p ro x i
m atio n  show ers from  p rim aries  of m ass N  an d  to ta l-e n e rg y  E  m a y  be considered 
as superp o sitio n s of N  s e p a ra te  show ers from  p rim aries  o f m ass u n ity  an d  
o f energy E /N ) .  F o r a p a ra m e te r  chosen to  be s tro n g ly  re la te d  to  to ta l-en e rg y  
b u t  n o t to  p rim a ry  m ass, a flu c tu a tio n -in sen sitiv e  fe a tu re  is req u ired .

2. A t th ese  h igh  energ ies all show er d a ta  com e from  sam p lin g  te c h 
n iques: th e  a c tu a l sam ple a t  each  d e tec to r is su b jec t to  s ta tis tic a l v a ria tio n s , 
an d  th e  d e riv ed  signal from  t h a t  d e tec to r to  fu r th e r  in s tru m e n ta l u n c e rta in 
ties.

3. T h e  v a rious u n c e rta in tie s  n o te d  above p lace a lim it  u p o n  th e  accu racy  
o f  m easu red  show er p a ra m e te rs  in  th e  b ro a d e s t sense. F o r  exam ple , a  p a ra 
m ete r re la te d  closely to  to ta l  energy  an d , as fa r  as possib le , m ass-insensitive , 
is a p p ro p ria te  for th e  d e te rm in a tio n  o f  a to ta l  energy  sp ec tru m . H ow ever, 
n o t  only can  th e  value  o f  to ta l  energy  derived  from  such  m easu rem en ts  
differ from  th e  tru e  one, b u t  also th e  axis o f th e  show er can  be w rong ly  loca ted . 
Since th e  sp ec tru m  is on th e  form  “ partic les  m  ~2 s _ 1  s r _1” , u n c e r ta in ty  of 
core (axis) lo ca tio n  w ill be re flec ted  in  th e  re p u te d  co llecting  area  o v er w hich 
show ers h a v e  been selected .

A g a in st th is  b ack g ro u n d , ce rta in  general fea tu re s  o f show er d e tec tin g  
system s arising  a t  th e  d e te rm in a tio n  b o th  o f to ta l-en e rg y  a n d  m ass-com position  
o f  p rim a ry  pa rtic le s  can  be  se t o u t. B u t in  doing so i t  rem ains to  consider 
w h e th e r th e  aim  is to  ascribe  to  in d iv id u a lly  observed  show ers b o th  a  to ta l-  
energy  a n d  a  m ass for th e  p rim ary  p a rtic le , o r w h e th e r th e  m ore m o d est ta rg e t  
to  m ake v e ry  b ro ad  g en era lisa tions a b o u t th e  m ass-com position  o f th e  p rim ary  
b eam  is accep ted . In  te rm s  o f  scien tific  v a lue  th e  la t te r  m u s t be considered  
in su ffic ien t, unless i t  is ind eed  all th a t  can  be o b ta in ed . I t  is u n lik e ly  th a t  th e  
p rim aries, w h en  th e y  re a c h  th e  e a r th , can  ind eed  be o f  sim ple m ass-com posi
tio n .

On all g rou n d s th e  b e s t to ta l-en e rg y  estim a te  fo r each  m easu red  p rim a ry  
seem s an  e ssen tia l f ir s t  o b jec tiv e . T his is so as s tro n g ly  because  o f its  re la tio n 
sh ip  to  th e  d e riv a tio n  o f m ass-sensitive  p a ram e te rs  as in  its  ow n sign ificance, 
fo r since m o s t d ire c tly  observab le  fea tu res  are  s tro n g ly  sen sitiv e  to  to ta l-en e rg y  
th e  p recision  o f  derived  m ass-sensitive  fea tu res  m u s t d ep en d  u p o n  th e  b es t 
possible in fo rm a tio n  a b o u t to ta l-en e rg y .

This p a r tic u la r  m e asu rem en t has been  th e  su b je c t o f  d e ta iled  in v e s ti
g a tio n , a n d  g enera l fea tu res  h av e  been estab lish ed , i f  a long  ra th e r  p red ic tab le  
lines. F o r th e  im m ed ia te  fu tu re  i t  depends upon  th e  tra d it io n a l  m easu rem en ts  
e ith e r  o f all “ p a rtic le s”  or o f  m uons, r a th e r  th a n  up o n  a n y  p rospec tive  ra p id  
d ev e lo p m en t o f  th e  m ore recen tly  id en tified  show er fea tu re s . T he classical 
p a ra m e te r , s till w idely  used  in  th e  lite ra tu re , is th e  “ n u m b e r o f p a rtic le s”  
(IV) in  th e  show er in th e  p lan e  o f  ob serv a tio n . In  p ara lle l w ith  th is  is th e  “ n u m 
b e r  o f m u o n s”  (Np) w hich re fers to  a m uch  sm aller n u m b e r  o f in d iv id u a l p ar-
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t id e s ,  and  w hich  is th ere fo re  d e te rm in ed  less w ell s ta tis tic a lly  in  sam pling 
d e tec to rs  of s im ila r a rea . B o th  suffer from  th e  w eakness t h a t  th e y  peak  a t  
th e  show er ax is, w hile, fo r th e  energy  ran g e  th a t  is th e  su b jec t o f th is  artic le , 
th e  sam pling  d isposition  o f d e tec to rs  ensures th a t  for m ost show ers no near- 
ax ia l m easu rem en ts are  possible.

T here  is an  u n re a lity  in  q u o tin g  p a ra m e te rs  to w ard s w h ich  a s ign ifican t 
a n d  som etim es even  a d o m in an t p a r t  com es from  a region to ta l ly  unexplored! 
T h is is p a rtic u la rly  so as regards th e  to ta l  “ n u m b e r o f p a rtic le s” , for th is  
q u a n ti ty  is know n  to  show  v e ry  large  f lu c tu a tio n s  n e a r to  th e  ax is, an d  arising  
from  th e  d o m in an t in fluence  o f locally  in itia te d  cascades. W h a t is q u o ted , 
in  th e  even t, in  som e p u b lica tio n s, is b ased  on in fo rm a tio n  w hich  does n o t 
inc lude  any  know ledge o f th is  region, an d  for w h ich , th e re fo re , som e conven
tio n a l v a lue  is in tro d u c e d  to  cover th e  w ay  in  w hich  p a rtic le  d en sity  increases 
n e a r  th e  axis. I t  is n o t  c e rta in  th a t  th e  sam e co nven tion  fo r th is  p u rpose  is 
u sed  in  all in stan ces , an d  so th a t  th e  v a rious values of “ IV”  in  fac t all refer to  
th e  sam e th in g .

F o r m uons th is  p a r tic u la r  p rob lem  is less m ark ed , since n o t on ly  is th e  
la te ra l  s tru c tu re  fo r m uons m uch  f la t te r  th a n  th a t  of all “ p a rtic le s” , b u t  also 
th e  m uon co m p o n en t as a w hole show s less m ark ed  f lu c tu a tio n s , an d  in  p a r t i 
cu la r is n o t d o m in a te d  b y  th e  p ro d u c ts  o f la te  nu c lea r in te ra c tio n s . In  p r in 
ciple, how ever, th is  m easu rem en t also a tta c h e s  w eigh t to  an  im p o r ta n t region 
in  w hich no m easu rem en ts  are m ade.

I t  is now  w ell-understood  th a t  re la tiv e ly  local f lu c tu a tio n s  o f show er 
d ev e lopm en t becam e less im p o r ta n t  w ith  increasin g  d is tan ce  from  th e  show er 
ax is, in  fac t in  th e  reg ion  w here d ire c t observ a tio n s are  m ad e  for th e  m ore 
energetic  show ers, a n d  some w orkers, p a r tic u la r ly  th o se  assoc ia ted  w ith  th e  
co llabo ra tive  s tu d ies  from  B ritish  U n iversities a t  H a v e ra h  P a rk , n ea r Leeds, 
h av e  for some tim e  q u o te d  th e ir  o b se rv a tio n a l m a te ria l in  te rm s  w hich  exclude 
a n y  claim  to  know  w h a t is ta k in g  p lace in  th e  ax ia l zone. I t  is like ly , as in d i
c a te d  in  p rev ious p a ra g ra p h s , th a t  such  a lim ita tio n  does in  fa c t app ly  to  
o th e r  m easu rem en ts  w hich  do n o t  ex p lic itly  re fe r to  i t ,  w ith  th e  w eakness 
t h a t  th e  precise te rm s  o f exclusion, or even its  ex istance , are  n o t se t o u t.

W e p roceed  th e re fo re , from  th e  s ta r tin g  p o in t th a t  to ta l-en e rg y  m easu re 
m en ts  are to  he d eriv ed  from  o b serv a tio n s w ith in  th e  la te ra l  sp read  o f partic les 
aw ay  from  th e  ax is an d  id en tif ied  in  re la tio n  to  (i) th e  red u c tio n  of im p o r
ta n c e  o f in trin s ic  show er f lu c tu a tio n s  w ith  increasing  ax ia l d is tan ce , (ii) th e  
d isposition  o f d e te c to r  elem ents, an d  (iii) th e  s ta tis tic a l w eig h t o f th e  obser
v a tio n , w hich gains from  th e  use o f la rge  d e tec to rs , b u t  w h ich  clearly  falls 
o ff w ith  ax ia l d is tan ce . W e fu r th e r  req u ire  t h a t  th e  m an n e r o f exclusion o f 
n ea r-ax ia l d a ta  shou ld  be clearly  defined .

Two ap p ro ach es h av e  been m ade to  th is  p rob lem . T h e  earlie r o f these  
sim ply  s ta te d  ra d ia l lim its  em bracing  th e  reg ion  co n ta in in g  su itab le  m easure-
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m ents an d  w as of th e  fo rm  / ( r x , r 2) w here m ig h t fo r exam ple , h av e  been 
“ n u m b er o f  partic les”  o r “ n u m b e r o f  m uons” , b u t  w as a c tu a lly  f i r s t  a p p 
lied  a t  H a v e ra h  P a rk  w h ere  i t  w as re la te d  to  a n o th e r  fea tu re  o f  im p o r
tance .

T he d e tec to rs use a t  H a v e ra h  P a rk  are deep w a te r-C eren k o v  ta n k s , 
each u n it  is o f  area r a th e r  m ore th a n  2  m 2  an d  of d e p th  1 . 2  m . C erenkov  lig h t 
is diffused u p w ard , from  th e  lin ing  o f  th e  ta n k , and  th e  d isposition  is designed 
to  give u n ifo rm  sen sitiv ity  fo r C erenkov lig h t e m itte d  a t  an y  p o in t in  th e  
de tec to r, a n d  in  any  d irec tio n . T he m easu red  signal is th u s  closely re la te d  
to  th e  energy  loss of the  show er com plex  in a d e p th  o f  ra th e r  m ore th a n  0 . 1  

a tm osphere  o f  w ater, a n d  th u s  to  a show er p a ra m e te r  id en tif ied  b y  th e  m ode 
o f o p era tio n  o f  a p a r tic u la r  ty p e  of d e tec to r . W ith  th is  d e tec tin g  device, and  
a t  th e  re le v a n t axial d is tan ces , th e  p a ra m e te r  sam pled  can  be read ily  id en tified . 
M uons w h ich  rem ain  re la tiv is tic  th ro u g h  th e  full d e p th  o f d e te c to r  c o n tr ib u te  
a signal p ro p o rtio n a l to  th e ir  energy loss, th a t  o f an y  s ing ly -charged  relati- 
tiv is tic  p a rtic le . The e lec tro m ag n etic  cascade is a lm o st com pletely  absorbed , 
w ith  a signal p rop o rtio n a l to  th e  to ta l  energy  carried  in  it , w hile th e  residual 
co n trib u tio n s  (slower m u o n s, n o n -ab so rb ed  e lec trom agnetic  co m p o n en t) are 
b o th  sm all an d  calculable. (W hile th is  artic le  is d e lib e ra te ly  con fined , for 
b rev ity , to  problem s of v e r tic a lly  in c id e n t p rim aries, i t  is in te re s tin g  to  no te  
th a t  for s tro n g ly  inclined show ers, in  w hich  th e  co m p o n en t reach in g  sea-level 
consists e n tire ly  of energe tic  m uons, th e se  p a r tic u la r  d e tec to rs  rem a in  essen
tia lly  vo lum e-sensitive , a n d , since th e  a rea  p resen ted  in  th e  d irec tio n  o f th e  
show er does n o t  v a ry  g re a tly , o f a lm o st c o n s tan t s ta tis t ic a l  accuracy).

This p ro p e rty , th a t  d e te c to rs  b y  th e ir  m ode o f o p e ra tio n  define th e  p re 
cise fea tu re  o f  th e  show er com plex  d e tec ted , is b ro u g h t o u t in  a v e ry  clear 
w ay  in  deep w ater-C erenkov  ta n k s , b u t  i t  has to  be u n d e rs to o d  th a t  i t  is som e
th in g  com m on to  all d e tec to rs . An im p o r ta n t  p ro p e rty  o f w a te r  ta n k s  1.2 m 
deep is t h a t  th e  e lec tro -m agnetic  co m p o n en t is a lm ost com plete ly  ab so rbed . 
T his is a c lea r-cu t o p e ra tio n . H ow ever, th e  e lec trom agnetic  co m p o n en t in 
th e  show er regions un d er co n sid e ra tio n  carries b y  fa r th e  g rea te r  p a r t  o f its  
energy  as p h o to n s  ra th e r  th a n  as e lec trons, and  th e  “ n u m b e r o f  p a rtic le s”  
m easu rem en t, coun ting  e lec tro n s as u n its  an d  ignoring  p h o to n s  is a show er 
descrip tion  w hich  is d efin ab le  on ly  for v e ry  th in  d e tec to rs  in  w hich  e lec trons 
all c o n tr ib u te  equally  to  th e  signal, an d  eq u a lly  w ith  m u o n s, and  no p h o to n s  
are co n v erted  to  m ake an y  c o n tr ib u tio n . S uch  d e tec to rs h a v e  n o t been  realised  
on th e  scale o f  m any  sq u a re  m etres  re q u ire d  for th e  w ork  on large show ers. 
Geiger tu b e s , u n d e r th in  covering , p o ssib ly  offer th e  closest ap p ro x im a tio n , 
an d  i t  w as th e  use of such co u n te rs , in d iv id u a lly  o f sm all a rea  an d  re sp o n d in g  
in  a sim ple yes/no  m an n er, w hich  m ad e  th e  “ n u m b er o f  p a rtic le s”  concep t 
a ttra c tiv e . As n o rm ally  u sed  th e  sh o rtcom ings even o f G eiger tu b es  in  m eeting  
th is  crite rion  are  m anifest. S c in tilla to rs  offer y e t a d iffe ren t exam ple . T h ey
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are  n o t ‘th ic k ’, w ith  n e a r- to ta l  ab so rp tio n  p ro p e rtie s , b u t  c e rta in ly  do n o t 
a p p ro x im a te  to  th e  idea l th in  d e tec to r. T he signal in  th em  from  an e 'ec tro n  
is n o t  eq u iv a len t to  t h a t  from  a m uon , n o r a re  a ll p h o to n s igno red .

T he d e tec tio n  an d  descrip tio n  o f m uons as a  s tra ig h tfo rw a rd  coun ting  
o p e ra tio n  ap p ears , a n d  is in  fa c t, m ore n ea rly  ach ieved : m uo n s are  iso la ted  
b y  p rio r ab so rp tio n  o f th e  e lec tro m ag n etic  co m p o n en t, a n d  a re  th u s  co u n ted  
ab o v e  a w ell-de te rm ined  en erg y  th resh o ld . H ere  again , how ever, ex cep t in  
a  th in  yes/no d e tec tin g  decive, d iv ided  in to  d e te c tin g  u n its  fo r w hich th is  
sim ple response is m ean ingfu l, th e  n a tu re  o f a  d e te c to r  d e te rm in es th e  in s tru 
m e n ta l sp read  o f signal from  re la tiv is tic  m uons, a n d  in  th is  w ay  influences 
th e  s ta tis tic a l n a tu re  o f th e  reco rd ed  in fo rm a tio n .

This d iscussion has been  lim ited  to  m odes o f o b se rv a tio n  w hich lead  
to  th e  lim ited  range  o f p a ra m e te rs  w hich  in  th e  im m ed ia te  fu tu re  seem  ce rta in  
to  form  a basis o f th e  m o st re liab le  m easu rem en ts  o f  to ta l-e n e rg y  for in d iv id u a l 
p rim aries, an d  up  to  now  re la te s  specifically  to  th e  n a tu re  o f  th e  in d iv idua l 
sam ples by  w h a te v e r te c h n iq u e  w hich  form  th e  basis o f th e  d e te rm in a tio n  
o f  a  p a ra m e te r  descrip tiv e  o f an  observab le  fe a tu re  an d  in te n d e d  to  tran scen d  
de ta ils  o f sam pling .

The choice o f th is  p a ra m e te r , how ever, m u s t ta k e  acco u n t o f  th e  accu racy  
o f  sam ples, th e  d isposition  o f d e tec to rs  y ie ld in g  th e  in fo rm a tio n , an d  b a c k 
g ro u n d  know ledge reg a rd in g , fo r exam ple, th e  e x te n t to  w h ich  p ro p erties  
su ch  as th e  la te ra l  s tru c tu re  fu n c tio n  (d is tan ce  from  th e  show er axis) m ay  
be assum ed fo r a p a r tic u la r  show er on th e  basis  o f  m easu rem en ts  on o th e rs . 
H ere  tw o fea tu res  are w o rth  n o tice .

F irs tly , fo r a p a r tic u la r  d e te c to r  an d  size o f show er, th e re  will be som e 
ran g e  o f ax ia l d is tan ces  from  w hich  th e  m o st re liab le  sam ple  m easu rem en ts 
a re  derived, th is  be ing  d e te rm in ed  b y  th e  red u c in g  im p o rta n c e  of in tr in s ic  
f lu c tu a tio n s  in  th e  show er a t  la rge  d istances fro m  th e  core, se t aga in st th e  
loss o f s ta tis tic a l a ccu racy  in  a  sam pling  d e te c to r  of c o n s ta n t area  as th is  
d is tan ce  increases. I f  th e  response  o f an  a rra y  o f  d e tec to rs  to  a  show er covers 
observa tions a t  a la rg e  ran g e  o f ax ia l d is tan ces , th e re  w ill be  a selection  o f 
th e se  for w hich  th e  o b se rv a tio n s  will p rove  m o st re liab le . T h e  question  m u st 
arise w heth er a local v a lu e  b ased  en tire ly  w ith in  th is  m o st re liab le  region is 
n o t  a b e tte r  p a ra m e te r  th a n  one expressed  as an  in te g ra te d  effect over th e  
fu ll range o f d is tan ces  av a ilab le  fo r sam pling . T h is d is tin c tio n  has been e x a 
m ined  a t  H a v e ra h  P a rk  an d  in  th e  n o ta tio n  o f w ork  p u b lish ed  fo r th a t  s ta tio n  
is th a t  b e tw een’-E(r) an d  ‘p(r)’, th e  to ta l  enery  loss in te g ra te d  fro m  V  m etres  
from  th e  axis o u tw ard s  in  th e  ch a rac te ris tic  th ick n ess  a n d  m a te ria l o f th e  
d e tec to rs  used , 1 . 2  m  w a te r , a n d  th e  d en sity  o f  th is  loss m easu red  a t  a single 
chosen d istance  ‘r ’. T he sign ificance o f ‘r’ is n o t th e  sam e in  th e se  tw o  n o ta tio n s . 
I n  th e  ev en t th e  second h as  been  chosen, b o th  on acco u n t o f its  in trin sic  in te rn a l 
precision, b u t  also because  i t  can  ta k e  acco u n t o f  th e  fa c t t h a t  i t  can  be re la te d
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to  th e  a c tu a l  d isposition  o f d e tec to rs so as to  be ra th e r  in sensitive  to  th e  ac tu a l 
location  o f  th e  show er axis. T his fe a tu re  is m uch  m ore  c learly  a p p a re n t i f  
ac tu a l ex am p les  are ex am in ed , b u t  in  th e  lig h t o f th e  follow ing p a ra g ra p h s  i t  
will n o t  be  p u rsu ed  here .

T h e  second p o in t only m odifies w h a t has a lread y  been s ta te d . E v en  if  
a v e ry  fav o u rab le  p a ra m e te r, itse lf  o f  necessity  re la te d  to  d is tan ce  from  th e  
show er ax is , can  be deriv ed  w ith o u t th e  location  o f  th is  axis, its  use fo r th e  
d e te rm in a tio n  of th e  to ta l-en e rg y  sp e c tru m  and  also as basic  d a ta  u p o n  w hich 
m easu rem en ts  of o th e r  p a ram e te rs  can  be founded , c an n o t ta k e  a d v a n ta g e  
of th is  p ro p e r ty . T he sp ec tru m  d e te rm in a tio n  is essen tia lly  re la te d  to  num bers 
of show ers o f  w hich th e  axis falls w ith in  a defined  a rea : th e  d e fin itio n  of th is  
area  is as n ecessary  as th e  d e fin ition  o f  th e  show er size p a ra m e te r, a n d  a lth o u g h  
one m a y  a t te m p t  to  define th is  a rea  in  such  a w ay  th a t  u n c e rta in tie s  o f core 
location  m ove  sim ilar n u m b ers  of show ers of a p a r tic u la r  size in to  an d  o u t 
of it, th is  is an  ex p ed ien t w hich sh o u ld  su re ly  be in v o k ed  as l i ttle  as possible. 
S im ilarly  o th e r  show er p a ram e te rs  m ay  n o t  in ev itab ly  h av e  th e  sam e geo m etri
cal p ro p e rtie s  as tho se  discussed ab o v e , an d  m ay  req u ire  know ledge of th e  
ac tu a l p o s itio n  o f th e  ax is o f a m ore  precise n a tu re .

I t  th u s  appears t h a t  th e  o b se rv a tio n  of an  o p tim u m  o b servab le  p a ra 
m eter (for th e  large show ers w hich w e a re  discussing in  th is  artic le) (i) is b est 
given as a  u n it  a rea  va lu e  a t  som e m o st effective ra d ia l d is tan ce , an d  (ii) 
should  p re fe ra b ly  be re la te d  to  th e  b e s t  possible lo ca tio n  o f th e  core position . 
The a rg u m e n t has been  developed in  re la tio n  to  th e  H a v e ra h  P a rk  system , 
and  p e rh a p s  cam e f irs t  to  a tte n tio n  th e re  because th e  m easu rab le  fe a tu re  was 
n o t one o f  th o se  co nven tiona lly  u sed  in  show er descrip tio n  an d  because  th e  
a rray  h a d , from  th e  o u tse t, large d is tan ces  betw een  th e  d e tec to rs , b u t  th e  
b ro ad  a rg u m e n t seem s to  app ly  to  th e  m o st effective use of w h a te v e r  form  
o f show er d e tec tio n , w h ich  is cu rre n tly  su ffic ien tly  developed  for th e  pu rpose , 
w hich is u sed .

T h e  p ra c tic a l ap p lica tio n  o f th e se  princip les p resen ts  co m plica tions, 
since all la rg e  d e tec to r system s are co n s tra in e d  b y  e x te rn a l fac to rs, in  resp ec t 
of th e  t o ta l  dep lo y m en t o f  eq u ip m en t. A ccura te  core location  is ce rta in ly  
best accom plished  w ith  a ra th e r  closely sp aced  a rra y  o f d e tec to rs in  th e  region 
in  w hich cores are to  be lo ca ted , on th e  o th e r  h an d , th e  co rrespond ing  accu ra te  
d e te rm in a tio n  of th e  ch a rac te ris tic  p a ra m e te r  req u ires  large a rea  d e tec to rs  
a t  m uch la rg e r  spacings. T h is effect has n o t  up to  now  been  com plete ly  reso lved , 
th e  m ost fav o u rab le  conclusion will em erge i f  i t  p roves th a t  a c c u ra te  d irec t 
core lo c a tio n  is ad eq u a te  i f  availab le  o n ly  for a frac tio n  of all show ers used 
for sp e c tru m  m easu rem en ts . This will d ep en d  upon  th e  e x te n t to  w h ich  th e  
la te ra l s t ru c tu re  of show ers, w hen i t  c a n  be  m easu red , is id en tica l from  one 
show er to  a n o th e r. I f  th is  is so w ith in  sm all lim its, th e  loca tio n  of core position  
for m any  show ers w ith  axes n o t fa lling  in  an  area de lib e ra te ly  se t o u t fo r m ost
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a c c u ra te  core lo c a tio n  will be d educeab le  to  a usefu l degree, i f  n o t to  w h a t 
is availab le  fo r th e  m o st fu lly  s tu d ie d  show ers. T h is secondary  level of core 
lo ca tio n  m ay n o t be a d e q u a te  for som e w orkers now  s tu d y in g  th e  m ore recen tly  
id en tified  show er p ro p ertie s , an d  i t  m a y  be th a t  th e  m ost accu ra te ly  d e te r
m ined  core po sitio n s will alone p ro v id e  th em  w ith  su itab le  m a te ria l.

T he d iscussion o f th e  p reced in g  p a ra g ra p h s  refers to  th e  problem  o f 
th e  use of th e  b e s t u n d ersto o d , a n d  a t  p resen t th e  m ost re liab ly  m easurab le  
show er fea tu res , a n d  in  p a r tic u la r  t h a t  of th e ir  re la tio n sh ip  w ith  p a ram ete rs  
d ire c tly  chosen fo r to ta l-en e rg y  s tu d ies . T he con n ec tio n  of these  m easu rem en ts 
to  to ta l-en e rg y  h as  been  refined  to  m inim ise th e  effects o f in tr in s ic  show er 
f lu c tu a tio n s , b u t  i t  is s till su b jec t to  th e  incom pleteness of o u r know ledge o f 
th e  basic  fea tu re s  o f  show er d ev e lo p m en t w h ich  we included  in  th e  p h rase  
“ m o d e l-sen s itiv ity ” . T h e  derived  p a ra m e te rs , w h ich  m ust form  a large p a r t  
o f  th e  ap p ro ach  to  p rim a ry  m ass com position  a re , how ever, even m uch m ore 
“ m odel-sensitive”  an d  th e  t re a tm e n t o f th e  w hole prob lem  o f m odels is likely  
to  prove th e  lim itin g  fac to r in  th e  fid l in v es tig a tio n  of th e  p rim a ry  rad ia tio n  
a t  energies above 10 1 7  eV.

C ritical co m m en ts  on m odel prob lem s m u st necessarily  be o f a d e ta iled  
n a tu re  and  th e se  are  ou tside th e  scope of th is  a rtic le : on ly  som e general 
fac to rs  will be considered .

The m ain  o b je c t of s tu d y  is th e  nucleonic cascade, its  self-developm ent 
a n d  th e  w ay in  w h ich  i t  feeds en erg y  in to  th e  secondary  com ponen ts arising  
resp ec tiv e ly  fro m  charged  an d  n e u tra l  p ions. T h e  su b seq u en t g row th  an d  
tra n sfo rm a tio n s  o f  th ese  com ponen ts is considered  well u n d ers to o d . In te re s t  
cen tres  on n u c lea r  collisions, th e  su rv iv a l of a le ad in g  partic le , th e  developm ent 
o f  an  a t te n d a n t n u c le a r  com ponen t, an d  on p ion  p ro d u c tio n  th ro u g h  th e  m ed i
u m  o f double or single fireballs, isobars an d  o th e r  possible m echanism s. I t  
is in  th is  area , w here  even c u rre n tly  recognised  p h en o m en a  allow  wide scope 
fo r v a ria tio n s  o f  t r e a tm e n t  (since th e re  are no a lte rn a tiv e  sources of in fo rm a
tio n , o r for t h a t  m a tte r , w ith in  sev era l o rders on m agn itude) th a t  th e  q u ite  
s tr ik in g  differences in  m odel p red ic tio n s  arise. M oreover, i t  c a n n o t he excluded  
t h a t  h ith e rto  un recogn ised  fea tu re s  are  o p e ra tiv e  a t  these  energies. In  th e  
com parison  o f  show ers from  h e a v y  p rim aries  w ith  those from  p ro tons, th e  
n a tu re  of th e  f ir s t  in te ra c tio n  of a h e a v y  p rim ary  is a  fu r th e r  a rea  o f  u n c e rta in ty  
w here th e  a ssu m p tio n s  m ade are n o t  alw ays c learly  p resen ted .

To perfo rm  fu ll M onte Carlo s im u la tions in  su ffic ien t q u a n ti ty  for even  
th e  low er en erg y  lim it  of th e  p re se n t d iscussion (10 1 7  eV) is s till v e ry  fa r from  
p rac ticab le  a n d  hence  m ixed tr e a tm e n ts  are in v o k e d  in  w hich  average v a lu e  
ca lcu la tions are  in tro d u c e d  w henever th is  seem s perm issab le . I t  is fo r tu n a te  
fo r th is  e ssen tia l s im p lifica tion  th a t  a tte n tio n  sh o u ld  he focussed on th e  non- 
ax ia l p a rts  o f show ers w here local dev ia tio n s from  th e  average  are generally  
h e ld  to  be m in im al.
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B ro ad ly , tw o  ty p e s  of d is tin c tio n  m ay  be ex p ec ted  to  arise from  mode] 
ca lcu la tions. T he t r e a tm e n t  m ay  b rin g  o u t an  av erag e  show er dev e lo p m en t, 
an d  p a r tic u la r ly  a  reg ion  of m ax im u m  a c tiv ity , rou g h ly  th e  reg ion  a round  
show er m ax im u m , w h ich  m ay  be ex p ec ted  from  a p ro to n  p r im a ry  to  m ove 
sm o o th ly  th ro u g h  th e  a tm osphere  w ith  increasing  energy. T h is fea tu re  is 
of im p o rta n c e  for severa l reasons. I t  m u s t be co n sis ten t w ith  th e  p red ic tions 
of its  p a r tic u la r  m odel fo r general o b se rv a tio n , i t  is th e  region of specia l im p o r t
ance fo r ce rta in  o f th e  p a ram e te rs  o f  v a lu e  fo r com position  s tu d ie s  (a tm o s
pheric C erenkov lig h t, rad io  em ission), and , if  i t  behaves as we im agine, is 
som eth ing  w hich  d istingu ishes th e  b e h av io u r of p ro to n s  from  t h a t  o f h eav y  
p rim aries  in so far as th e se  m ay be th o u g h t o f as le ad in g  to  a su p erp o sitio n  o f 
p ro to n lik e  sub-show ers, each of co rrespond ing ly  red u ced  energy . H ow ever, 
it  is a c h a ra c te ris tic  o f show er d ev e lo p m en t w hich  has some w eaknesses for 
th e  p u rp o se  o f d istin g u ish in g  p rim a ry  com position . W hile its  sen s itiv ity , in  
a sim ple w ay  to  p r im a ry  com position  m ay  be co n fid en tly  ex p ec ted , i t  is 
so m eth ing  th a t  is lik e ly  to  be sensitive in  a sim ilar m an n e r to  a n y  su b s ta n tia l 
v a ria tio n  o f th e  d e ta ils  o f in te rac tio n  a t  energies n e a r  to  th a t  o f th e  p rim ary  
partic le . M oreover, i f  m easu red  fe a tu re s  such as rad io  pulses fro m  showers 
an d  C erenkov lig h t in  th e  a tm osphere  are  closely t ie d  to  it, th e y  cease to  be 
in d e p e n d e n t ch a rac te ris tic s , and  th e  sign ificance o f  su p p o rtin g  ag reem en t 
betw een  th e ir  conclusions is lim ited .

I t  is fo r these  reasons th a t  som e stress should  be p laced up o n  th e  second 
possible d is tin c tio n : th is  is th e  ex trem e  v a ria tio n s  w hich  m ay  be  expected  
to  occur in  show er deve lopm en t from  p ro to n  p rim aries , a rising  from  th e  
v e ry  d iffe ren t co n fig u ra tio n s, as re g a rd s  d e p th  in  th e  a tm o sp h ere , w hich 
are possib le  for th e  f i r s t  tw o or th re e  in te ra c tio n s  of a p ro to n  p rim ary  
w hich re ta in s  a s ig n ifican tly  h igh p ro p o rtio n  of its  in itia l energy  over these 
stages.

T he sign ificance o f th is  show er p ro p e rty  w ill be a p p a re n t. P ro b ab ly  
th e  m ost im p o r ta n t, i f  th e  sim plest, q u estio n  a b o u t p rim ary  com position  is 
w h e th e r th e re  are  or are  n o t any  p ro to n s  am ong th e  prim aries, a n d  i f  so, in  
w h a t q u a n t i ty ?  A p ro p e r ty  ch a rac te ris tic  o f p ro to n s in  th e  m ost ex trem e  flu c
tu a tio n s  o f beh av io u r w ould  be ex p ec ted  to  be to ta lly  sm oothed  o u t fo r heav ier 
nuclei, even  fo r a lp h a-p a rtic le s , b u t  w ou ld  serve, su b je c t to  m odel cap ab ility , 
to  e s tim a te  th e  a m o u n t o f th e  whole p ro to n  frac tio n . I t  w ould  have an  incidence 
w hich w ould  largely se p a ra te  i t  from  th e  considera tions of average  develop
m en t w h ich  w ere th e  o b je c t of th e  la s t  p a ra g ra p h  b u t  one, and  in  th is  w ay  
w ould a d d  in  a q u ite  im p o r ta n t w ay  to  conclusions a b o u t m ass. T h is d iv e rs ity  
of d eriv ed  p a ra m e te rs  b ea rin g  upon  th e  m ass com position  q u estio n  should 
be reg a rd ed  as u n d o u b te d ly  va luab le , n o t  le a s t because  i t  is so u n c lea r a t  
p resen t to  w h a t degree o f  d e ta il th is  p ro b lem  can be  reso lved  in th e  re la tiv e ly  
n ea r fu tu re .
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W hile th e  g en era l purpose o f  th is  artic le  is to  com m ent u p o n  w ays o f 
m easu rin g  th e  ch a rac te ris tic s  o f th e  p rim ary  ra d ia tio n , an d  in  p a r tic u la r  
u p o n  th e  b a c k g ro u n d  ag a in st w hich know ledge o f  th e  com position  o f p rim aries  
m a y  he  expected  to  b e  estab lished , a  r a th e r  d iscou rag ing  fea tu re  o f th e  to ta l-  
en e rg y  sp ec tru m , as i t  is expressed  in  p a ra g ra p h  th re e , shou ld  perh ap s be 
n o te d  in  conclusion. T he d eg rad a tio n  o f p r im a ry  cosmic ra y  pa rtic le s  b y  
in te ra c tio n  w ith  th e  3K  rad ia tio n  h a s , fo r som e tim e , been reg a rd ed  as an  
im p o r ta n t  te s t  o f th e  existence o f  th is  ra d ia tio n , a n d  is ex p ec ted  to  com e 
in to  o p era tio n  r a th e r  a b ru p tly  som ew here  in  th e  reg ion  101 9 — 102 0  eV. U n til 
re c e n tly  i t  seem ed estab lished  t h a t  th e  form  o f to ta l-en e rg y  sp ec tru m  f ir s t  
p u t  fo rw ard  b y  L i n s l e y  [9] d esc rib ed  a t  le a s t th e  earlier p a r t  o f  th is  ran g e , 
a n d  th is  sp ec tru m  w as m uch f la t te r  th a n  th a t  a t  energies one o r tw o  decades 
low er w ith  index  p e rh a p s  as low as 1 .6 . A gainst so f l a t  a sp ec tru m  an y  a b ru p t 
fa ll a rising  from  3 K  in te rac tio n  w o u ld  have  b een  re la tiv e ly  easy  to  d e tec t. 
A g a in s t th e  m u ch  steep er sp e c tru m  w hich  is now  proposed , a n d  w ith  th e  
fu lle r u n d e rs ta n d in g  o f  th e  w ay in  w h ich  w eaknesses of t r e a tm e n t  have  an  
in n a te  ten d en cy  to  f la t te n  th e  sp e c tru m , one can  on ly  accep t th a t  th e  es
ta b lish m e n t o f th is  m o st im p o r ta n t  cosm ological fea tu re  w ill p rove  v e ry  
m u ch  m ore d iff ic u lt th a n  has h ith e r to  been  su p posed .

*

In this article I have drawn widely upon discussions w ith my colleagues in four universi
ties who work at Haverah Park, and from their expert understanding of much of the detailed 
analysis upon which work in this field depends, for all of which I am most grateful.
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СОВРЕМЕННЫЕ ПРОБЛЕМЫ ИЗУЧЕНИЯ ПЕРВИЧНЫХ ЧАСТИЦ 
КОСМИЧЕСКОГО ИЗЛУЧЕНИЯ ВЫСОКОЙ ЭНЕРГИИ

Й. Г. ВИЛЬСОН

Резюме

Обсуждены проблемы измерения полного энергетического спектра первичных 
частиц космического излучения с энергией выше 10 |; эв в свете новейших итогов, согласно 
которым до сих пор ещё не было установлено существенное изменение в наклоне спектраль
ной кривой при высоких энергиях. Определение природы частиц с экстремально высокой 
энергией представляет собой более сложную задачу, и рассмотрена связь излучения первич
ного состава с деталями развития ливней в атмосфере в виде их модельных представлений.
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(Received 16. X . 1971)

Acta Physica Academiae Scientiarum Hungaricae, Tomus 32 (1 — 4), pp. 95—98 (1972)

Starting from the proposition that all quantum processes can be understood as a coopera
tion of a set of elementary processes (dichotomic processes), we prove how Bose processes 
can be represented by an enumerable set of Fermi operators.

1. In tro d u c tio n

T his p ap e r is w ritte n  on th e  occasion o f th e  s ix tie th  b ir th d a y  o f L a j o s  

J Á n o s s y  to  w hom  th a t  ex p erim en t [1] is due w hich clarifies so d rastic ly  
th e  fu n d a m e n ta l difference betw een  classical an d  q u a n tu m  physics. W e do 
n o t be lieve  th a t  i t  shou ld  he possible to  re tu rn  to  classical physics. W e ra th e r  
believe t h a t  it  shou ld  be possible to  u n d e rs ta n d  q u a n tu m  physics in d ep en d en tly  
from  classical ph y sics  w hich  only ap p ears  as an  a p p ro x im a tio n . B o th , classical 
an d  q u a n tu m  physics, s ta r t  as th eo ries  o f th e ir  own r ig h t from  fu n d am en ta l 
basic  id eas  accord ing  to  w hich e ith e r  th e  one or th e  o th e r sy stem  o f m a th e 
m a tica l p rincip les is as ev iden t [2] as th e  ax iom s of th e  E u c lid ean  geom etry  
in  its  ow n realm  o f  ideas.

C lassical ph y sics  m ay  be d eriv ed  from  th e  idea  th a t  all ev en ts  are  to  
he u n d e rs to o d  as m o tio n s  of m a tte r  po in ts  [3], q u a n tu m  physics from  th e  idea 
t h a t  all even ts a re  p roduced  b y  c rea tion  an d  an n ih ila tio n  o f  fu n d a m e n ta l 
p a rtic le s , say , u rfe rm io n s [4]. In  th e  p resen t p a p e r  we deal w ith  th e  p a r tic u la r  
q u es tio n , how  to  describe  th e  crea tio n  an d  th e  an n ih ila tio n  o f  bosons by  
u rfe rm io n  processes [5].

2. Representation o f Bose by Ferm i operators

T o th is  end w e in tro d u ce  an in fin ite  se t o f opera to rs

VmVn,  n  =  1 , 2 , 3 . . . ,  ( 1 )

w hich sa tis fy  th e  co m m u ta tio n  re la tio n  for ferm ions

{ W m i  V n }  —  { t y m i  V ’n  } =  { W m t  V n }  =  ® • ( ^ )

* Dedicated to Prof. L. JÁ N O S S Y  on his 60th birthday.
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T h e se  operators m a y  describe th e  c rea tio n  an d  th e  an n ih ila tio n  o f n  bosons 
in  o n e  po in t and  a t  once. Be \n^> th e  s ta te  v ec to r  fo r n bosons in  a single p o in t, 
w e  o b ta in  for n  =  1, 2, 3 . . .

Vn i 0 >  =  |w > , грп |re>  =  I 0 >  . (3)

T h e  la t te r  eq u a tio n  follows from  th e  f irs t one if

Vn\ 0 >  =  0 . (4)

I t  is m ore co n v en ien t to  co n sid e r th e  follow ing co m b in a tio n  o f  th e  ip+,s 
a n d  y)'s:

Xn =  Vn П  Vi V i  ,Xn=V>n 77 Vi V t  • (5)1фп 1фп
H e n c e  ’

Xn ! ° >  =  |ra>, Xn ! 0 >  =  0, (6)
a n d  i f  m, и #  0 :

X m  |n >  =  0, X m  \ n >  =  à m n  | 0 > .  (7)

T o  p rove these re la tio n s  we m u s t  ta k e  in to  acco u n t th a t

ViVi l ° >  =  |0 > .  (8)

T h e  E qs. (6 ) follow  a t  once. I f  m  ^  n , Xm an<i  Xm co n ta in  th e  fac to r ipn w hich  
an n ih ila te s  |0 > .  I f  m =  n, b o th  E qs. (6 ) a re  eq u iv a len t to

Vn ln >  =  0 ,  ipn |re >  =  0 .

The H ilb e r t space is sp a n n e d  b y  th e  v ec to rs  |0^>, |1 > ,  |2]>  . . . A ny 
H ilb e r t  vector m a y  be w ritten  as

I< P > =  У  a n | n > .  (9)

I f  w e in troduce  th e  m a trix  w ith  one colum n

Ы
Ы

« =  ( . )  ( 1 0 )

(• )
(• )
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all tran sfo rm a tio n s  in  th e  H ilb e r t space are g iven  b y  m atrices o f th e  following 
k ind :

( A 00, A 01, .......... )
( A 10, A n  , ...........)

A  =  ( . ......... ) (11)
.........)
.........)

H ence we o b ta in  fro m  (7):

(Xn)rrß =  f\o  Ößn 1 ('/.n)-xß =  àxn à ßü . (12)
I t  follow s easily:

Xm Xn — H 1 Xm Xn H 1

(XmXn)*ß =  K * K ß ,  (13)

(Xn Xm)aß 7 ^mn ^ßü ‘

T herefo re  we m ay  w rite  any m a tr ix  (11) as

A  — A 00XiXi  T~ A 0n Xn~\~ A m0 Xgn A~ A mn Xm Xn • (14)
/1=  1 /77 =  1 /77, /2 =  0

T h a t is a function  o f all % + ’s a n d  ^ ’s, and  acco rd in g  to  (5) one o f all ip+,s and  
ip's, A n y  m atrix  A  m a y  be w ritte n  as a fu n c tio n  of u rferm ion  opera to rs.

F in a lly  we a p p ly  th is  sim ple theorem  to  th e  c rea tion  an d  ann ih ila tion  
o p era to rs  for bosons:

( 0 0 0 0  . . . ) ( 0 V'ï 0 0  . • •)
( П 0 0 0  . . . ) ( 0 0 \ 2 0  . • •)

=  ( 0 P 0 0  . . . ) , a =  ( 0 0 0  у з  . . . ) . (15)

( 0 0 f 3 0  . . . ) ( 0 0 0 0  . • •)
( . . . ............ ) ( •■ • • )

I t  is well know n th a t
a+a =  N ,  aa+ =  N + l ,  (16)

w here N  is th e  o p e ra to r  for th e  n u m b er of b o sons, and

[a, o +] =  1 . (17)

A ccord ing  to  (14) w e o b ta in  from  (15):

a = X i  +  V»* +  l  X n X n + i ,  a +  =  X i +  S .  \ n  +  1 X n + i X n -  (18)
0 = 1  0 = 1

T h a t is th e  u rferm ion  re p re se n ta tio n  of bosons.

7 Acta Physica AcaHemiae Scientiarum Hungaricae 32, 1972



9 8 F. BO PP

3. Conclusion

I t  is show n th a t  we m ay  go b a c k  to  urferm ions even in  th e  case o f  bosons. 
I n  general, i t  w ill be  very in c o n v e n ie n t to  do i t  rea lly . B u t we sh o u ld  bear 
i t  in  m ind  if  we a re  dealing  w ith  th e  basic ideas o f q u a n tu m  physics.
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ПРЕДСТАВЛЕНИЕ БОЗОНОВ С ПОМОЩЬЮ ФЕРМИОНОВ
Ф . Б О П П

Резюме

Исходя из предположения, согласно которому каждый квантовый процесс может 
быть представлен как совокупность элементарных процессов (разветвляющихся процессов), 
рассмотрена возможность представления процессов, подчиняющихся статистике Бозе, с 
помощью счетного множества операторов Ферми.
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COSMIC RAYS AT MANCHESTER AND DURHAM*

By

G. D . R o c h e s t e r  a n d  A. W .  W o l f e n d a l e

D EPA RTM EN T OF PHYSICS, U N IV E R S IT Y  OF DURHAM , DURHAM , ENGLAND 

(Received 20. X. 1971)

In this paper, offered as a tribute to L. J á n o s s y  on the occasion of his 60th birthday, 
the authors describe some of the experiments at Manchester with which he was associated 
and later work in the same field by the authors themselves at Durham.

The Manchester work covered a wide range of studies o f showers, including electron- 
photon cascades and penetrating showers produced both by charged and neutral particles. 
Geiger counters were used as detectors and sophisticated arrangements were used to elucidate 
the shower characteristics and distinguish between the various types. Comparison with theory 
led to many important conclusions.

Technical innovations, in the form of neon flash-tubes and solid iron magnets, were 
used at Durham. An account is given of their use in studies o f muons, extensive air showers, 
neutrinos and the search for quarks.

L. JÁNOSSY cam e to M an ch este r in  1938 as J o h n  H arling  Fellow  shortly  
a fte r  P ro fessor B l a c k e t t  was a p p o in te d  to  th e  L an g w o rth y  C hair o f Physics 
an d  w as one of a sm all, active g ro u p  w hich in c lu d ed  H . J .  J .  B r a d d i c k , 
A. C. B . L o v e l l , G. D .  R o c h e s t e r  an d  J .  G. W i l s o n . The g ro u p  h a d  close 
connections w ith  o th e r  ex p e rim en ta lis ts  and  th eo ris ts  in  th e  U .K ., fo r exam ple, 
H . J .  B h a b h a , E . G. D y m o n d , E . P . G e o r g e , W .  H e i t l e r , R .  F . P e i e r l s  
an d  E . J .  W il l i a m s  an d  often h a d  d istingu ished  sc ien tis ts  such  as P . A u g e r , 
W . H e i s e n b e r g , G. P . S. O c c h i a l i n i  and  B. R o s s i  as v is ito rs . I t  w as an  
ex c itin g  period  w ith  m an y  new  a n d  s trange th in g s  in  th e  air, th e  p o sitro n , 
e lec tro n -p h o to n  show ers and th e  m eson. A t M an ch este r th e  e x c ite m e n t w as 
h e ig h ten ed  b y  th e  genius and  b o u n d less  energy o f B l a c k e t t .

B efore com ing  to  M ancheste r J á n o ss y  h ad  w orked  in  H o l h ö r s t e r ’s 
L a b o ra to ry  a t  P o tsd a m , w here he  h a d  m ade a  d e ta iled  s tu d y  o f  coun ters 
an d  c o u n te r  system s an d  had  p ro d u c e d  some s tim u la tin g  ideas on  th e  origin 
o f c e r ta in  geom agnetic  effects. I n  th e  n ine years a t  M anchester he  p u b lished  
som e th i r ty  le tte rs  an d  papers, h is p rinc ipa l co llab o ra to rs  be ing  D . B r o a d - 
b e n t , E . P . G e o r g e , P . I n g l e b y , P . L o c k e t t , A. C. B. L o v e l l , C. B . A. 
M c C u s k e r , G. D . R o c h e s t e r , B . R o s s i  and J .  G. W i l s o n . H e  also h a d  a 
long a n d  in tim a te  connection  w ith  H e i t l e r  and w as strong ly  in flu en ced  by  
his view s on m eson theory .

J á n o s s y ’s m ain  co n trib u tio n s  a t  M anchester w ere concerned  w ith  all 
ty p e s  o f  show ers, indeed , th e  s tu d y  o f p en e tra tin g  (or m eson) show ers, led

* Dedicated to Prof. L. J á n o s s y  on his 60th birthday.
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d ire c tly  to  th e  d isco v ery  of h eav y  m esons and  h y p ero n s  by  R o c h e s t e r  and 
B u t l e r , and  th e ir  colleagues.

JÁ n o s s y ’s f i r s t  w ork  on e lec tro n -p h o to n  show ers, th e  th e o ry  o f w hich 
h a d  been w orked  o u t in  1937 b y  B i i a b h a  an d  H e i t l e r  in th e  U .K . and by 
Ca r l s o n  an d  O p p e n h e i m e r  in  th e  U .S .A ., w as an  a tte m p t to  check the  
th e o ry  as fa r as possib le  an d  to  e s tab lish  th e  orig in  an d  n a tu re  o f th e  m any 
ty p e s  of ‘soft’ show ers a lready  o b served . This w ork  form ed an  im p o r ta n t  pre
lim in a ry  to  th e  researches on m eson  show ers fo r w h ich  th e  possib le  con tri
b u tio n  of ‘so ft’ show ers h ad  to  be m easu red  an d  allow ed for. I n  1938(a) elec
t r o n  showers p ro d u c e d  in lead , in  a ir  an d  u n d e rg ro u n d  were s tu d ie d  and  the 
conclusion  w as re a c h e d  th a t  m o st w ere secondary  to  th e  ‘h a rd ’ com ponent, 
a n d  hence w ere d u e  to  k n ock-on  electrons p ro d u ced  b y  th e  p en e tra tin g  
m esons. A gain in  1938(b) i t  w as show n th a t  th e  ab so rp tio n  in  le ad  and  alu
m in iu m  of th e  p a rtic le s  in  e lec tro n -p h o to n  show ers accorded  closely w ith  
show er th eo ry  in  t h a t  th e  sp e c tra l d is tr ib u tio n  fo llow ed a 1 /E 2  law  and  the  
ta i l  of the  a b so rp tio n  curve a Z 2  law , from  w hich i t  follow ed t h a t  m ost of the  
p a rtic le s  in  show ers w ere e lectrons an d  p ho tons a n d  n o t a m ix tu re  o f electrons 
a n d  p e n e tra tin g  p a rtic le s  as w as th o u g h t a t  th e  tim e . The p uzz ling  features 
o f  th e  tra n s itio n  cu rv e  observed  b y  S c h m e i s s e r  a n d  B o t h e , th e  so-called 
‘second  m a x im u m ’ could  n o t be re p e a te d . L a te r , how ever, G e o r g e , JÁ n o ssy  
a n d  M cCa ig  (1942) show ed th a t  a second m a x im u m  in th e  p lace  found by  
S c h m e i s s e r  a n d  B o t h e  could be p ro d u ced  sp u rio u sly  by  a su ita b le  disposi
tio n  of th e  show er p roducing  lay e r.

An im p o r ta n t  piece of w ork  on ex tensive  a ir  showers w as carried  ou t 
in  th is  period w ith  L o v e l l  (1938 c). A  co u n te r a r ra y  o f spacing ap p ro x im ate ly  
5m  was set u p  a n d  used  to  tr ig g e r a cloud ch am b er w ith  a le ad  p la te  placed 
across a h o riz o n ta l d iam eter. T h e  p h o to g rap h s  d e m o n s tra te d  t h a t  th e  shower 
p a rtic le s  w ere e lec trons. Some c loud  ch am b er p h o to g rap h s  also show ed th a t  
q u ite  high d en sitie s  of pa rtic le s  occurred , m u ch  h igher th a n  assum ed by  
A u g e r  and his co llab o ra to rs  w ho w ere th e  f irs t to  observe  ex ten siv e  a ir  showers. 
In d e e d  the  d e n s ity  found  b y  JÁ n o s s y  an d  L o v e l l  w as of th e  o rd e r o f 700 p a r
tic le s  per m 2  w h ich  m e a n t th a t  som e o f th e  show ers co n ta in ed  a t  leas t 30,000 
p artic le s  and  th e re fo re  carried  an  energy  of 10 1 5  eV. T h is p ap er b ro k e  im p o rta n t 
n ew  ground.

A t ab o u t th e  sam e tim e  J Á n o s s y  b egan  a t  f i r s t  w ith  R o s s i  and  th en  
w ith  one of th e  p re se n t au th o rs  a d e ta iled  s tu d y  o f  th e  p ro d u c tio n  o f cosmic 
ra y s  b y  n o n -ion iz ing  agents. T h e  questions posed  w ere: Is th e  non-ionizing 
ra d ia tio n  all p h o to n s  ? Can th e  non-ion izing  ra d ia tio n  p ro d u ce  p en e tra tin g  
p a rtic le s  ?

The JÁ n o s s y — R o ss i s tu d y  o f th e  p h o to n  com ponen t in  1940 was 
o n e  of th e  f ir s t  in  th is  field  an d  w as excellen t in  concep tion  a n d  execution. 
I t  w as show n t h a t  th e  cross sec tion  for p a ir  p ro d u c tio n  b y  p h o to n s  was in
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accord  w ith  th e  B h a b h a —H e i t l e r  th eo ry  fo r energies of a b o u t 108  eV. The 
dependence  o f th e  ab so rp tio n  coefficient on a to m ic  n u m b er w as also in fa ir 
ag reem en t w ith  th e o ry . T he d iffe ren tia l p h o to n  sp ec tru m  w as ag a in  as given 
b y  th e o ry , n am ely , g (E ) a  1 /Е  for E  <  E c w ith  E c =  1.5 X 10 8  eV for a ir.

A cloud ch am b er s tu d y  w ith  B o u n d  a n d  R o c h e s t e r  d id  n o t reveal 
an y  p e n e tra tin g  p a rtic le s , b u t  show ed th e  im p o rtan ce  of o th e r  effects like 
side show ers. M uch m ore  e lab o ra te  a p p a ra tu s  invo lv in g  an tico incidence  shield
ing an d  considerab le  th icknesses o f absorber w as b u ilt la te r  by  JÁNOSSY

Fig. 1. Heavily shielded Geiger counter arrangement used by J á n o s s y  and R o c h e s t e r  
(1943) in a study of showers produced by neutral particles. ABC and D comprise a coun

ter telescope to select penetrating particles

an d  R o c h e s t e r  (1943). In  th ese  ex perim en ts ex ce llen t sh ield ing  fro m  ionizing 
ra d ia tio n  e ith e r  in  th e  fo rm  of single charged  p a rtic le s  or show ers w as devised. 
O ne o f th e  m ore e la b o ra te  pieces o f eq u ip m en t is show n in F ig . 1. T h e  leakage 
ra te  w as less th a n  0 .0 3 %  of th e  sea-level cosm ic ra y  in te n s ity . A careful 
s tu d y  o f th e  ab so rp tio n  o f th e  p rim ary  non-ion iz ing  ra d ia tio n  p roved  the  
ex istence  o f a p e n e tra tin g  non-ion iz ing  rad ia tio n  w h ich  could p ro d u ce  p e n e tra t
in g  partic les . C om parison  o f th is  w ith  th e  re su lts  o f R o ss i a n d  R e g e n e r , 
a n d  S c h e i n  an d  his co-w orkers a t  g rea t a ltitu d e s , to g e th e r w ith  la te r  w ork 
o f  J á n o s s y  an d  R o c h e s t e r  on p e n e tra tin g  show ers, id en tified  th e  rad ia tio n  
as nucleonic. I t  w as assu m ed  th a t  th e  p e n e tra tin g  partic les  so p ro d u ced  were 
m esons an d  th e  nucleons n eu tro n s . A side p ro d u c t o f th is  re se a rc h  was th e  
d ev e lo p m en t of a ra p id  process fo r m ak ing  G.M. coun ters of h ig h  efficiency.
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P ara lle l w ith  th e  w ork on th e  non-ionising co m p o n en t w en t an  experi
m e n ta l  study  of th e  puzzling  p ro b lem  of meson p ro d u c tio n . This w o rk  began 
in  1939 w ith  P . I n g l e b y  and w as a s tu d y  of show ers o f  p e n e tra tin g  partic les 
since  i t  w as assum ed, follow ing ex te n s iv e  ex perim en ts on cosmic ra y s  a t  sea 
lev e l, t h a t  th e  p e n e tra tin g  show er p a rtic le s  were m esons. I t  was also assum ed 
t h a t  th e  mesons w ere closely co n n ec ted  or were even id e n tic a l w ith  th e  Y ukaw a 
m eson . JÁ n o ssy  a n d  I n g l e b y  (1940) therefore  d isp ersed  a fourfold  coincidence 
sh o w er detec to r th ro u g h o u t a 50 to n  b lock  of lead  su ch  th a t  no p a r tic le  could 
p e n e tra te  less th a n  50 cm  of lead . In  th e  m iddle o f  th e  lead  was a hodoscope 
w h ich  gave in fo rm atio n  on th e  n u m b e rs  of ionising p a rtic le s  p resen t. P e n e tra t
in g  show ers were o b serv ed  to  be p ro d u c e d  in the  le ad  p laced  above th e  a p p a ra 
tu s ,  th e  tran s itio n  effect being co m p le te ly  d ifferen t fro m  th a t  for th e  crea tion  
o f  ‘so f t’ showers. W ith  th e  th e n  w ell-estab lished  cascad e  th eo ry  is w as show n 
t h a t  th e  showers co tdd  n o t be due to  v e ry  high en erg y  electron cascades since 
e lec tro n s  of energy 10 1 9  eV w ou ld  h av e  been needed . A gain w ith  th e  help 
o f  th e  hodoscope reco rds o th e r non-genuine show er “ ev en ts”  e.g . double 
a n d  tr ip le  knock-ons could be ex c lu d ed . F u rth e r  in v es tig a tio n s  w ere carried , 
o u t  b y  JÁ n o ssy  an d  R o c h e s t e r , w ho in  a long series o f papers estab lished  
th e  follow ing fac ts :

( 1 ) showers o f p e n e tra tin g  p a rtic le s  like cosm ic ray  m esons ex ist, as 
w ere  show n also b y  cloud ch a m b e r pho tographs ( JÁ n o s s y , M c C u s k e r  and 
R o c h e s t e r , 1941).

( 2 ) these show ers are p ro d u ced  b y  a nuclear ac tiv e  ty p e  p r im a ry  w hich 
m a y  be charged or uncharged , a n d  th e y  are n o t p ro d u ced  by  th e  ‘so f t’ com 
p o n e n t (JÁ n o s s y  a n d  R o c h e s t e r  1943, 1944(a), 1944(b)).

(3) som e e x te n s iv e  a ir  sh o w e rs  c o n ta in  p e n e t r a t in g  p a r tic le s  (JÁ n o ssy  
e t  a l. 1945).

Follow ing H a m i l t o n , H e i t l e r  and  P e n g  (1943) i t  was assu m ed  th a t  
m eso n s are p ro d u ced  singly a n d  t h a t  the  observed  groups of m esons arise 
f ro m  a p lural process w ith in  th e  le a d  nucleus. O th e r  good exam ples o f  p h o to 
g ra p h s  o f groups o f  p e n e tra tin g  p a rtic le s  were o b se rv ed  over th e  p e rio d  1941— 
19 4 5  b y  R o s t ic k , H a z e n , W i l s o n  P o w e l l  in  th e  U .S.A . a n d  D a u d in  
in  F ran ce . H ow ever, perhaps th e  m ost com prehensive  series w as o b ta ined  
b y  triggering  a c loud  cham ber w ith  a p e n e tra tin g  show er se t ( R o c h e s t e r , 
1946) w here in  a d d itio n  to  g roups o f  p en e tra tin g  p a rtic le s  th e re  w ere m eson 
show ers accom pan ied  by  an  e lec tro n ic  com ponen t. I t  was show n th a t  th is  
co m p o n en t could n o t  be seco n d ary  to  the  m esons, e.g . v ia knock-on  processes 
a n d  th a t  if  it  cam e from  th e  decay  o f  mesons th e  life tim e  o f these p a rtic le s  m ust 
b e  v e ry  short, - ^ 1 0  ~ 1 0  sec. w hence could no t be one o f th e  tw o  m esons (the 
v e c to r  and  pseudoscalar) assu m ed  in  the  H a m i l t o n , H e i t l e r  a n d  P e n g  
th e o ry . Indeed , a t  a b o u t th e  sam e tim e  O p p e n h e i m e r  in  th e  U .S .A . suggested 
t h a t  th e  m ost likely  origin o f th e  so ft com ponent o f cosm ic rays w as th e  produc-
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t io n  o f e lec tron  show ers v ia  th e  d e cay  o f a very  sh o rt lived m eson  in to  tw o 
p h o to n s  h igh  in  th e  a tm osphere . T h is  m eson was fo u n d  a t th e  B ro o k h av en  
acce le ra to r in  1950. N o t u n til 1947— 48 w as th e  m y s te ry  of th e  re la tio n  b e t
w een th e  v a rio u s  m esons solved an d  th e  f in a l answ er is too  well k n o w n  to  be 
re p e a te d  here .

T h e  M ancheste r School of C osm ic R ays took  on a new  sh ap e  a t  th e  end 
o f th e  W ar w hen  B l a c k e t t , B r a d d i c k , L o v e l l  a n d  W il s o n  re tu rn e d , to 
he  jo in ed  b y  B u t l e r , E l l io t  an d  R u n c o r n  on th e  ex p e rim en ta l s ide, and  
R o s e n f e l d , H a m i l t o n , P o d o l a n s k i , R a m s e y  an d  T s u  on th e  th e o re tic a l 
side. T h a t  th e  research  got off to  an  excellen t s ta r t  w as due m a in ly  to  B l a 
c k e t t ^  drive  an d  in itia tiv e , b u t  JÁNOSSY also help ed  eno rm ously  th ro u g h  
his w ide know ledge an d  his m a jo r b o o k  on Cosmic R a y s , th en  in  m a n u sc rip t 
fo rm . J á n o s s y  le ft M anchester to  ta k e  up  a C hair in  D ublin  in  1947.

T h is is n o t  th e  p lace to  reco rd  th e  co n trib u tio n s m ad e  b y  th e  M an ch este r 
School b e tw een  th e  end  of th e  W a r a n d  1955 b y  w h ich  d a te  th e  p rin c ip a l 
m em b ers  h a d  d ispersed  to  form  d a u g h te r  schools in  m a n y  o th e r u n iv ers ities . 
W i l s o n  le f t in  1952 an d  founded  a  cosm ic ray  g roup  in  L eeds U n iv e rs ity  
w h ich  has specialised  in  ex tensive  a ir  show ers an d  th e  con tinuous reco rd ing  
o f  cosm ic ra y  n e u tro n s ; P rofessor B l a c k e t t  took  a la rg e  p a r t  o f th e  School 
to  Im p e ria l College in  1953 and , a lth o u g h  b y  th a t  tim e  his own re se a rc h  in te r 
ests  h a d  m oved  to  P a leo m ag n e tism , a s tro n g  cosmic ra y  group w as e stab lish ed  
u n d e r  B u t l e r , E l l io t  and  N e w t h .

T he D u rh a m  Cosmic R ay  G ro u p  w as s ta r te d  in  1955 w hen R o c h e s t e r  
m o v ed  th e re , an d  in  a sh o rt tim e  h a d  an  active g roup  led  b y  W o l f e n d a l e  
an d  M a j o r  from  M anchester. S ince D u rh a m  is now  one o f th e  la rg e s t cen tres 
for cosm ic ra y  resea rch  in  th e  w orld , a n d  has m a in ta in e d  close re la tio n s  w ith  
P ro fesso r JÁ n o s s y ’s School in  B u d a p e s t i t  seems a p p ro p ria te  to  g ive some 
acco u n t o f re sea rch  p ro jec ts . T he su b je c ts  chosen fo r review  an d  com m en t 
are  ex ten siv e  a ir  show ers a t  H a v e ra h  P a rk , cosm ic ra y  m uons, n eu trin o s  
an d  th e  search  for q u ark s. T he f i r s t  o f  these  has been  th e  special in te re s t  of 
R o c h e s t e r  a n d  th e  rem ain d er o f W o l f e n d a l e , who h as tak en  th e  m a in  res
p o n sib ility  fo r th e  D u rh am  p ro g ram m e (M a j o r  h av in g  m oved  over to  accele
r a to r  physics).

T h e  ex ten siv e  a ir show er w ork  s tem m ed  from  discussions b e tw een  ex- 
M an ch este r w orkers a t  D u rh am , Im p e r ia l  College, L eeds an d  a  H arw ell 
g roup  o f th e  n eed  to  se t up  a la rge  a r ra y  to  s tu d y  show ers of ab o v e  10 1 7  eV 
energy . A n ex ce llen t s ite  was o b ta in e d  a t  H av erah  P a rk  w ith in  reaso n ab le  
tra v e llin g  d is tan ce  o f Leeds and  n o t to o  fa r  from  D u rh a m  an d  Im p e ria l College. 
T h e  b asic  a r ra y  consisted  of v e ry  la rg e  volum e w a te r  C erenkov d e tec to rs  
sp aced  a t  500 m . F ro m  th e  s ta r t  a sp ec ia l fea tu re  w as accu ra te  tim in g  w hich  
en ab led  th e  d irec tio n s o f th e  show ers to  be  found . D u rh a m , th ro u g h  R o c h e s 
t e r  and T u r v e r , becam e active p a r t ic ip a n ts  in  1963 a n d  decided  to  ex ten d
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th e  facilities b y  th e  ad d itio n  o f  a large “ so lid  iro n ”  m ag n e t sp ec trog raph  
w ith  flash  tu b e  reco rd in g  b ased  on sim ilar in s tru m e n ts  developed  by  W ol- 
F E N D A i E  and  a succession of re sea rch  s tu d en ts  s ta r t in g  in 1956. D u rh am  also 
in s ta lle d  new  a rra y s  a t  50m a n d  150m sp ac ing  th u s  ex ten d in g  th e  energy 
ra n g e  dow n to  10 1 5  eV and  effectively  m ak ing  i t  possible to  look  a t  show ers 
in  th e  range 10 1 5  eV— 10 1 8  eV. L eeds la te r  ad d e d  a  2 K m  a rra y  bring ing  th e  
u p p e r  lim it to  10 1 9 — 102 0  eV. A. S o m o g y i  from  B u d ap est jo in e d  th e  group 
in  1965 and help ed  in  th e  fin a l s tages of th e  co n stru c tio n  of th e  spec trog raph . 
A ccu ra te  m uon s p e c tra  and  charge  ra tios w ere m easu red  fo r th e  f irs t tim e  
w ith  th is  in s tru m e n t in  th e  ra n g e  5 —100 GeV. T hese sp ec tra  are  im p o rta n t 
because  m uons h a v e  th e  closest links of an y  show er pa rtic le s  w ith  th e  f irs t  
in te ra c tio n  in  th e  a tm o sp h ere , a n d  th e y  ca rry  m o s t o f th e  energy  o f th e  show er. 
T h e  M ark I  sp e c tro g ra p h  ra n  successfully  from  1964 u n til  1970 w hen i t  w as 
rep laced  b y  th e  M ark  I I  w hich h a d  a m uch h ig h er m ax im u m  d e te c ta b le  m om en
tu m . T he M ark I I  in s tru m e n t is now  in o p e ra tio n . S o m o g y i ’s special c o n tr i
b u tio n  was to  w o rk  o u t for th e  f ir s t  tim e th e  e ffec t o f th e  e a r th ’s m agnetic  
f ie ld  on th e  m u o n  d is tr ib u tio n  a t  sea level.

The m ain  re s u lt  o f th e  sp ec tro g rap h  w o rk  h as  been to  show  th a t  show er 
th e o ry  accounts w ell for th e  m a in  m uon d is tr ib u tio n  ex cep t a t  th e  h ighest 
energies w here th e re  is a m ark ed  excess of p a r tic le s  over th e o ry  ( E a r n s h a w  

e t al. 1968). O r f o r d  an d  T u r v e r  have a t te m p te d  to  in te rp re t  th e  excess as 
an  ind ica tio n  t h a t  th e  p rim aries are  heavy  n u c le i (e.g. A  ~  20) b u t, such are 
th e  difficulties o f  ex tensive  a ir  show ers, an  e x p la n a tio n  in  te rm s  of p rim ary  
p ro to n s  and  a ch an g e  of p a rtic le  in te rac tio n  p ro p e rtie s  c a n n o t be ru led  o u t. 
A n o th e r en tire ly  n ew  fea tu re  w as th e  d e m o n s tra tio n , b y  K a n n a n g a r a  an d  
T u r v e r , of th e  effects of la rge  ex tensive a ir  show ers on th e  e a r th ’s e lectric  
fie ld .

A p a rt from  th ese  new m easu rem en ts o th e r  groups a t  H av e rah  P a rk  
h av e  o b ta ined  th e  p rim ary  sp ec tru m  up to  a b o u t 5 X Ю 1 9  eV, a tan ta lis in g  
lim it a lready  h ig h e r th a n  m ig h t have been ex p ec ted , an d  th e  observation  
t h a t  th e  p rim aries u p  to  ab o u t 10 1 9  eV seem to  b e  iso trop ic . T hese  observations 
ra ise  m an y  a s tro p h y s ic a l questions of g rea t in te re s t .  T he p ro b lem  of th e  ex p ec t
ed  degree of an iso tro p y  for energetic  p rim aries is be ing  ex am in ed  by  O s b o r n e  

fro m  an analysis o f  galac tic  tra je c to rie s  in  a n u m b e r  of possib le galactic  m ag 
n e tic  field co n fig u ra tio n s ; p re lim in ary  resu lts  in d ic a te  th a t  un less th e  p rim aries 
ab o v e  101 8  eV are  h ea v y  nuclei th e y  canno t be co n ta in ed  in  o u r galaxy.

W o l f e n d a l e ’ s major work at Durham has been the developm ent o f  
neon flash tubes (first introduced by C o n v e r s i  and G o z z i n i  in  1955) and solid  
iron m agnets and their application to a num ber o f Cosmic R ay problems, 
n otab ly  the m easurem ent of m uon spectra and charge ratios. The initial work 
w as made possible b y  the loan o f one of the BLACKETT-type electrom agnets 
from  the W i l s o n  D ouble M agnet Spectrograph. W o l f e n d a l e  and colleagues,
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no tab ly  A s h t o n , B k o o k e  an d  H a y m a n , used  GM coun ters for th e  selection  
o f single m uons an d  tra y s  o f neon fla sh  tu b es  to  trace  th e ir  tra je c to rie s  th ro u g h  
th e  sp ec tro g rap h . T h ey  show ed th a t  a p recision  of m easu rem en t o f a b o u t 
1  m m  a t  each level could  be a tta in e d  an d  th a t  b y  em ploying  a long  arm  th e  
M .D.M . could be ra ised  to  500 GeV/с. A “ m o m en tu m  se lec to r”  w as added  
to  help  select p a rtic le s  of th e  h ighest m o m en ta . T he f in a l sp ec tru m  due to  
H a y m a n  an d  W o l f e n d a l e  (1962) has la rge ly  been ad o p ted  as th e  ‘s ta n d a rd ’ 
a t  sea level.

T he pion sp ec tru m  w as m easu red  fo r th e  f irs t tim e  an d  th e  p ro to n  spec
tru m  was d e te rm in ed . A n in te re s tin g  analysis using th e  p ro to n  an d  m uon 
sp ec tra  an d  a sim ple in te ra c tio n  m odel y ie ld ed  a p rim ary  sp e c tru m  w hich 
w as s teeper th a n  h a d  been  p rev iously  th o u g h t. This o b se rv a tio n , w hich  has 
since been  con firm ed  b y  m ore d irec t m easu rem en ts , leads to  q u ite  a sharp  
change in  slope o f th e  p rim a ry  sp ec tru m  a t  a b o u t 101£ eV w hich has in te re s tin g  
astro p h y sica l sign ificance.

In  th e  course o f th is  w ork  i t  occu rred  to  L l o y d  and  W o l f e n d a l e  
th a t  because o f th e  sm all in te ra c tio n  cross section  of m uons “ so lid”  iron  
m agnets could be used . Such m agnets h a d  been  used fo rm erly  as m agnetic  
lenses on a sm all scale in  severa l ex p erim en ts  o f g rea t h is to rica l significance 
(e.g. th e  fam ous Co n v e r s i , P a n c i n i  an d  P ic c io n i  experim en t). T he a d v an tag es  
o f  these  m agnets are  low  e lec trical pow er fo r a given m agnetic  f ie ld  an d  th e  
p o ssib ility  of co n stru c tin g  m ag n e ts  o f g re a t size and  ap e rtu re  q u ite  cheaply .

M any ex p erim en ts  h av e  been  ca rried  o u t w ith  such m agnets a t  D u rh am  
b u t  p e rh ap s th e  m ost in te re s tin g  is one w hich  has invo lved  th e  co n stru c tio n  
o f  a 300-ton m ag n e t. A d iag ram  o f th is  g ia n t m ag n et, designed b y  W o l f e n 
d a l e  an d  T h o m p s o n , an d  co llab o ra to rs , A y r e  e t al. (1970), is show n in  Fig. 
2, an d  a p h o to g ra p h  is given in  F ig . 3. T he m ag n e t will form  p a r t  o f a sp ec tro 
g rap h  to  ex ten d  th e  m u o n  sp ec tru m  to  5000 GeV/с a t vario u s angles to  th e  
zen ith . T he sp ec tru m  w ill be m easu red  n o t ju s t  because it  is of basic  im p o rtan ce  
to  cosm ic ray s , b u t  specifica lly  to  exam ine th e  im plica tions o f an  im p o r ta n t 
o b se rv a tio n  of K e u f f e l  an d  his colleagues in  th e  U .S.A . w ho f in d  th a t  m uons 
o f  energies g rea te r  th a n  1000 GeV have a n e a r iso trop ic  d is tr ib u tio n  w hereas 
co n v en tio n a l th e o ry , w h ich  assum es t h a t  m uons a t  sea level are  p ro d u ced  
largely  b y  pions h ig h  in  th e  a tm o sp h ere , p red ic ts  a sec 0  d is tr ib u tio n  fo r 0  <  80° 
w here 0 is th e  angle  w ith  th e  zen ith . A possib le conclusion to  be d raw n  from  
th e  K e u f f e l  w ork  is t h a t  th e  p a re n ts  o f v e ry  h igh  energy m uons are  n o t  pions 
(or kaons) b u t  sh o rte r  liv ed  p artic les , p e rh ap s  in te rm e d ia te  bosons. T he 300 
to n  m ag n e t w ill h av e  sc in tilla to r  se lection  an d  fla sh  tu b e  t r a y  reco rd ing  
v ia  a d ig ita l e lec trical m e th o d  devised  b y  A y r e  and  T h o m p s o n  (1970). T he 
d ig itised  pulses from  th e  tu b es  w h ich  h av e  been  set off b y  th e  m uon  w ill be 
fed  “ on-line”  to  a co m p u te r  w hich  will w ork  o u t th e  m o m en tu m  a n d  sign. 
P re lim in a ry  m easu rem en ts  in d ica te  t h a t  th e  e q u ip m en t is w ork ing  accord ing
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Fig. 2. M.A.R.S. — the Durham spectrograph (Ay r e  et al., 1970). The trajectory of a cosmic 
ray muon is indicated. The numbers are dimensions in cm.

to  specifica tion . T h e  m uon  ra te  in  th e  v e rtic a l d irec tio n  above 7 GeV/с  is 
2200 h r “ 1  an d  ab o v e  500 GeV/c, 0.9 h r  -1. T he sp ec tro g rap h  also p rov ides 
a “ b e a m ”  of h ig h  en erg y  m uons w hose p ro p ertie s  can  be stud ied .

G roups in  D u rh a m  have also s tu d ied  n e u tr in o s  an d  looked for q u a rk s . 
T h e  n eu trin o  w ork  w as p a r t  of a co llab o ra tio n  be tw een  scien tists  from  th e
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Fig. 3. Photograph of M.A.R.S. The windings for the electromagnet and the top tray of flash
tubes can be seen

T a ta  In s ti tu te , B o m b ay , In d ia , th e  O saka C ity  U n iv e rs ity  in  J a p a n , and  D ur- 
ham . W o l f e n d a l e  w as in  charge  of th e  D u rh a m  w ork , ably su p p o rted  b y  
O s b o r n e  and  m a n y  research  s tu d en ts .

Acta Physica Acadetniue Scientiarum Hungaricae 32, 1972



1 0 8 G. D. RO CHESTER and  A. W. W O LFEN D ALE

N eu trin o  o b serv a tio n s becam e a p o ssib ility  w hen i t  w as fo u n d  a t  th e  
la rg e  accelerato rs t h a t  th e  cross-section  fo r m uon n eu trin o  nucleon  in te ra c 
tio n s  w as very  m u ch  higher th a n  h a d  been  expected , th e  v alue  up  to  10 GeV 
b e in g  rough ly  0.6 E„ 10 3 8  cm 2  p e r  nucleon  (w ith  E,, in  GeV); a n d  th a t  
m u o n s  from  th e  v e rtic a l beam  w ere a tte n u a te d  to  such  an  e x te n t  deep 
u n d e rg ro u n d  th a t  th e re  was l i t t le  d an g e r of th e ir  being  confused  w ith  the  
m u o n s  produced  by  n eu trinos. In  view' o f th is  th e  co llabo ra ting  lab o ra to rie s

iron 7 5cm  scintillators iron tubes
m agnet
b)

Fig. 4. Some of the detector arrangements used in the search for neutrino-induced muons 
deep underground ( K r is h n a s w a m y  et ah, 1971)

in i t ia te d  in  1965 a  search  p ro g ram m e in  th e  deep K o lar G old F ie ld  Mines, 
a sp ec ia l fea tu re  b e in g  th e  in tro d u c tio n  o f  neon  fla sh  tu b es as v isu a l d e tec to rs. 
S im u ltan eo u sly  w ith  th e  K o lar e x p e rim e n t a jo in t A m erican -S o u th  A frican 
p ro je c t w as in it ia te d  in  th e  E a s t R a n d  P ro p rie ta ry  M ine n e a r Jo h an n esb u rg . 
T h e  b as ic  trigger in  th e  K olar e x p e rim e n t was a t  f irs t a fourfo ld  coincidence 
b e tw e e n  th e  pulses from  a p a ir o f  p h o to m u ltip lie rs  v iew ing  1  m 2  o f  sc in tilla 
t io n  w all and  a s im ila r p a ir on th e  oppo site  w all an d  th e n  la te r  a  tw o-fold  
fro m  one wall on ly . T yp ical a rra n g e m en ts  are  show n in F ig . 4a  a n d  b . As 
seen in  Fig. 4b som e pieces of e q u ip m e n t w ere p rov ided  w ith  b locks o f m ag n e t
ised  iro n  in  order to  m easure th e  energ ies o f th e  m uons. T his d isposition  o f the  
d e te c to rs  was such  as to  favour m uo n s m oving  in  a h o rizo n ta l d irec tio n . Seven 
b lo ck s o f  de tec ting  eq u ip m en t w ere p laced  in  a galley 7 X 105  g - c m ~ 2  o f  rock, 
m ean  d en sity  3.02 g - c m - 3  below th e  e a r th ’s surface, a t  w hich  d e p th  th e  in te n 
sity  o f  v ertica l m uo n s was dow n by  a fa c to r  of 1 0 8.
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Fig. 5. Energy spectrum of cosmic ray neutrinos in the horizontal direction ( O s b o r n e  et 
al., 1965). J>|1 denotes v^ +  v^ and v'e denotes ve +  ve

M any ex am p les  o f m uons an d  m u on-type  in te rac tio n s  w ere found . T he 
expected  flu x  t f  m uon  n eu trinos from  m uon an d  k ao n  decay in th e  a tm osphere  
was ca lcu la ted  b y  O s b o r n e , Sa i d  and  W o l f e n d a l e  in 1965 a n d  b y  Co w s i k , 
P a l  and  T a n d o n  in  1966. T he resu lts  of O s b o r n e  e t al. are show n in F ig . 5 
from  w hich i t  w ill he no ted  th a t  m ost of the  n e u tr in o s  come from  m uon decay  
in th e  a tm o sp h ere . N eu trino  in te rac tio n s  are ex p ec ted  to  be m ain ly  as follows:

E lastic  N ' -\- ц
In e lastic  -f- N  —► N '  -f- ц  -f- я ' s

and  w ith  an in te rm e d ia te  boson , W ,

► IV +  /a +  W  (in co h eren t p ro d u c tio n )
Vp -j- Z  —>■ Z  /л W  (co h eren t p rod u c tio n )

and Ve -(- e —>■ W  (G lashow  R esonance)

M uons will th u s  be  g en era ted  in  all these  in te ra c tio n s  and  also b y  boson  decay.
The p re d ic te d  and  observed  ‘ev en ts’ are show n in F ig . 6  on various 

assum ptions. T h e  q u a n ti ty  E 0 signifies th e  en e rg y  a t  w hich th e  cross section
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is assu m ed  to  s a tu ra te . I t  is seen t h a t  i f  th e  in te rm e d ia te  boson  ex is ts  its  
m ass, from  th is  w ork , is lik e ly  to  be g re a te r  th a n  3 GeV. T here is som e evi
dence th a t  E 0 is f in ite , i.e. th a t  th e  cross section  s a tu ra te s  b u t  th e  conclusion 
is n o t f irm  in  view  o f a n u m b er o f u n c e rta in tie s  a b o u t th e  n eu tr in o  f lu x  and  
th e  m a g n itu d e  o f th e  coefficient in  th e  energy -p ro p o rtio n al to ta l  cross-sec
tio n . T h e  resu lts  from  In d ia  and  S o u th  A frica  are in  good accord. A fu ll accoun t 
o f th is  w ork  has re c e n tly  been p u b lish e d  b y  K r is h n a s w a m y  e t a l., 1971.

b)
E0-> л

Eo =
100 G eV

E0  =
10 GeV

} case  1
obs.
no.

boson mass / GeV 
direct boson production 
plus e la s t ic  and N

Fig. 6. Comparison of the observed number of events in the underground neutrino experiment 
(solid circle) with expectation for various assumptions about the mass of the intermediate 
boson and about the cut-off energy, E0, of the linear increase of total inelastic cross section

(K rishnasw amy et ah, 1971)

In  a d d itio n  to  th is  w ork D u rh a m  has in  th e  p a s t few y ea rs , m ain ly  
th ro u g h  A s h t o n  an d  his s tu d e n ts , been  actively  engaged  in  th e  sea rch  for 
q u a rk s , specu la tiv e  partic les  w hich  a p p e a r  in  th eo ries  of u n ita ry  sy m m etry . 
In  th e  G e l l -M a n n  an d  Z w e ig  th eo rie s  a tr ip le t  o f charge s ta te s  is p red ic ted , 
t h a t  is, -e/3, -e/3 an d  -f-2e/3. T he 2e/3 s ta te  is ex p ec ted  to  be s tab le  w hile -e/3 
s ta te  is ex p ec ted  to  h av e  a life tim e  o f th e  o rder o f  1 0  ~ 1 0  sec a g a in s t decay 
to  th e  s tab le  q u a rk  an d  a p ion. C om pound  charge  s ta te s  of th e  ty p e  4e/3, 
5e/3 etc . are  also expec ted . A lte rn a tiv e  theories p red ic t th a t  q u a rk s  occur 
in  q u a r te ts  w ith  ch arg e  e. E x p e rim e n ts  a t  th e  g re a t accelerato rs h a v e  failed 
to  f in d  th ese  p a rtic le s , suggesting  t h a t  i f  th e y  ex is t th e ir  m asses are  above 
4 GeV. Since, h o w ev er, partic les o f  enorm ous energies occur in  cosm ic rays 
i t  seem ed w orthw ile  looking for th e m  th e re .
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A careful analy sis  of th e  p ro d u c tio n  a n d  in te ra c tio n  o f q u a rk s  b y  cosmic 
ra y  p rim ary  p a rtic le s  led  A s h t o n  to  th e  conclusion  th a t  p ro v id ed  th e  m ass 
is n o t too  low  q u a rk s  could occu r a t  sea level. T he easiest to  d e te c t should  
be  th e  e/3 s ta te  since th is  p a rtic le  w ould h a v e  ch a rac te ris tic  signals m ost 
d iffe ren t from  c o n ta m in a tin g  p a rtic le s  w hich  w ill be m o stly  o f ch arg e  e.

In  th e  f ir s t  ex p erim en t (A s h t o n  e t a l., 1968) an  a p p a ra tu s  consisting  
o f  six  p lastic  sc in tilla to rs  А ,  В , C, D, E ,  F , in  coincidence a n d  crossed neon 
f la sh  tub es F a, Fb, F c, Fa, F x, F 2, F 3, F i w as se t up  as show n in F ig . 7. 
A  G.M. telescope (Ga, Gb an d  Gt) allow ed cosm ic m uons also to  be recorded .

F ig . 7. A pparatus used in the search for fractionally charged quarks by Ashton  e t al. (1968)

A fte r  a long ru n  no  even ts sa tisfied  th e  r g ’d selection  c rite r ia , le ad in g  to  th e  
fo llow ing u p p e r lim its  for th e  q u a rk  flu x  a t  9 0 %  confidence levels:

re la tiv is tic  e/3 q u ark s 1.15 X 10 ~ 1 0  c m " 2 « ' 1  s r " ' 1

re la tiv is tic  2e/3 quark s 8.0 X l 0 ~ n  c m " 2 s _ 1  s r “ 1

In  a second ex p erim en t A s h t o n  an d  K i n g  (1971) looked  fo r com pound  
ch arg e  s ta te s  b y  using  a p ro p o rtio n a l c o u n te r  sc in tilla to r  te lescope  an d  a 
tr ig g e r  re q u ire m e n t o f  an  en e rg y  release o f  g re a te r  th a n  25 GeV in  a th ick  
iro n  p la te . T he sc in tilla to r  w as u sed  to  m easu re  th e  energy an d  th e  p ro p o rtio n a l 
co u n te rs  to  e s tim a te  th e  charge  o f  th e  in it ia tin g  partic le . A gain , i t  w as con
c lu d ed  th a t  th e re  w ere no c e r ta in  q u a rk  c an d id a te s . T he lim it on th e  flu x  
o f  partic les  o f charges 4e/3, 5e/3 a n d  7e/3 q u a rk s  is less th a n  8.2 X 10 ~ 1 0  c m - 2  

s _ 1  sr -1.
In  1969, an  im p o r ta n t e x p e rim en t w as ca rried  o u t in  S y d n ey  (Ca i r n s  

e t  a l., 1969) w h ich  claim ed ev idence  for th e  ex istence  o f 2e/3 q u a rk s  in  air 
show ers. A d e ta iled  s ta tis tic a l an a lysis  of th e  p ro b lem  of q u a rk  id en tif ic a tio n
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F i s .  8 . M uon sh o w er d e tec ted  in  th e  flash -tu b e  c h am b er o f A shton  e t al. (1971)

in cloud chamber observations was made by W o l f e n d a l e  and P . K i r á l y  

(a v isitor from J a n o s s y ’s laboratory) and it was shown that providing the  
technique was satisfactory (a proviso th at had not, unfortunately, been de
m onstrated) the quarks were o f the e/3 variety . An experim ent w as then
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c a r r ie d  o u t b y  A s h t o n , T s u j i  a n d  W o l f e n d a l e  (1971) to  se a rc h  fo r  e/3 
q u a rk s  in  e x te n s iv e  a ir  sh o w ers . T h e  m e th o d  u se d  th e  fa c t  t h a t  th e  neon  f la s h  
tu b e  is se n s itiv e  to  th e  io n is a tio n  loss o f a p a r t ic le  in  a q u a n t i ta t iv e  fa sh io n  
a n d  h en c e  i t  c a n  in  p r in c ip le  d is t in g u ish  b e tw e e n  d if fe re n t ch a rg es .

T he a p p a ra tu s  ta k e s  th e  fo rm  o f a flash  tu b e  ch am b er of vo lum e 3 m  X 
1 . 5 m X l m ,  c o n ta in in g  11,670 f la sh  tubes a rra n g e d  so as to  m ake possible 
th re e  d im ensional reco n stru c tio n  o f partic le  tra je c to rie s . T he cham ber is 
tr ig g e red  b y  an  ex ten siv e  air show er array  o f  liq u id  sc in tilla tio n  coun te rs. 
A ro o f  and  w alls o f  h ea v y  ab so rb e r effectively e lim in a te  low  energy  electrons. 
P a r tic le  densities o f  u p  to  a b o u t 40 m ~ 2  can easily  be observed . A ty p ic a l 
p h o to g ra p h  o f a fa ir ly  dense show er is shown in  F ig . 8 . So fa r  th e  cham ber 
h as  been ru n  fo r 1771 hours an d  in  th is  tim e  no  charge  e/3 q u a rk  can d id a tes  
h a v e  been  seen, g iv ing  an  u p p e r lim it of 2.6 X lO “ 1 0  c m ^ 2 s_ 1 s r _ 1  a t  th e  90%  
confidence level; th is  is a lread y  below  the  S y d n ey  ra te  fo r sim ilar show ers 
a n d  p artic le  densities.

D espite  th e  absence of d e te c te d  quarks in  th e  ex p erim en ts , th e  search  
is be ing  co n tin u ed  a n d  th e  u p p e r  lim its w ill be  depressed  still fu r th e r  o r, 
m ore  hopefu lly , po sitiv e  id en tifica tio n s m ade.
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КОСМИЧЕСКИЕ ЛУЧИ В МАНЧЕСТЕРЕ И ДАРЕМЕ
Г. Д. РОЧЕСТЕР и А. В. ВОЛЬФЕНДАЛЕ

Резюме

В статье, посвященной Л. Яноши по случаю его шестидесятилетия со дня рождения 
описаны некоторые эксперименты, проведенные в Манчестере с его участием, и работы по 
той же области, которые были выполнены позднее самими авторами в Дареме.

Работы в Манчестере распространялись на довольно широкую область изучения 
ливней, включая слабопроникающие электронно-фотонные ливни, и проникающие ливни, 
образованные как заряженными так и нейтральными частицами. В качестве детекторов 
использовались счетчики Гейгера, и были применены сложные экспериментальные уста
новки с целью различать ливни различных типов и наблюдать их характеристики. Сравне
ние результатов с теорией привело к целому ряду важных выводов.

В Дареме было проведено техническое усовершенствование экспериментальной ап
паратуры, как применение неоновых вспыхивающих ламп и магнитов из железа. Подыто
жены результаты по их применению для изучения мюонов, широких атмосферных ливней, 
нейтрино , и для исследования кварков
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RECHERCHES SUR UNE RÉINTERPRÉTATION 
CAUSAUE DE LA MÉCANIQUE ONDULATOIRE 

RACCORDÉE AVEC LA POINTDYNAMIQUE
(DIFFUSIONS DES CORPUSCULES PAR U N E  MARCHE POTENTIELLE)*

Par
T .  M ÁTRAI

CH A IRE D E PH Y SIQ U E  A L’ÉCOLE S U P É R IE U R E  PÉD AG O GIQ U E »HO CH I MINH«, EG ER

(Reçu 18. X. 1971)

Dans une note précédente [2], j ’ai formulé l ’équation eikonale des ondes E R O G L lE n n e s .  
Si nous attribuons un lieu de phase toujours précis à une particule, cette équation peut être 
considérée comme la généralisation quantique de l’équation Jacobienne. —  Dans cette note 
je traite le mouvement linéaire d’une particule à quelle appartient un paquet d’onde Brog- 
lienne de profil Gauss, traversante une marche potentielle basse et s’y réfléchissant. J’ai réussi 
à démontrer qu’une telle particule — par rapport à sa situation de phase commençante —  
traverse vraiment la marche potentielle ou en rebondit, et cela précisément avec la probabilité 
donnée par la mécanique ondulatoire.

E n h a rd i p a r  les tra v a u x  critiques de M. L. d e  B r o g l i e  [1] dans une 
n o te  p récéd en te  [2], j ’ai fo rm ulé  l’éq u a tio n  eikonale des ondes B rogliennes, 
qui —  de la  m an iè re  souhaitée  —  ne co n tien t p a s  d’au tres fonctions inconnues 
sa u f  la  fo n c tio n  eikonale  réelle. D onc, si nous a ttr ib u o n s  u n  lieu de ph ase  
e t une  o rb ite  to u jo u rs  précis à une p a rticu le  lib re , ce tte  é q u a tio n  eikonale  
p e u t ê tre  considérée  —  m êm e p a r  sa fo rm e —  com m e la  généra lisa tion  de 
m écan ique o n d u la to ire  de l ’éq u a tio n  H a m ilto n —Jaco b ien n e , a p p a r te n a n t  
à une  p a rticu le . L ’in c e rtitu d e  d u  lieu  de p h ase  (q7 p)  de la  p a rticu le  selon 
H e i s e n b e r g  se m o n tre  p a r nécéssité  dans c e tte  conception  p o in td y n am iq u e  
causale  de la  m écan iq u e  o n d u la to ire  aussi, m ais seu lem ent com m e conséquence 
de la  p e r tu rb a tio n  p a r  la  m esure  de phase. D an s  m on tra v a il  m en tionné  j ’ai 
réussi à d é m o n tre r  que, m êm e d a n s  ce tte  in te rp ré ta tio n , le ca rré  de l’am p litu d e  
réelle dans la  fo n c tio n  com plexe d ’ondes B rog liennes m esure la  densité  ré la tiv e  
d ’une  m u ltitu d e  de p a rticu les  afflu en t in co h érem m en t. D ’après ce m odèle 
Zs. C s o m a  [3] e s t ré c e m m e n t p a rv e n u  à des conclusions in té ressan tes  e t p la u 
sibles co n ce rn an t le m o u v e m e n t de l’é lectron  d an s  l’é ta t  q u a n tiq u e  d’un a to m e .

P o u r v é rif ie r  la  sign ifica tion  s ta tis tiq u e  éprouvée de la  fonction  d ’ondes 
B rogliennes, j ’é tu d ie  dans c e tte  n o te  le m o u v e m e n t d ’un  p o in t auquel a p p a r 
tie n t un  p a q u e t d ’ondes B rogliennes à profil de G auss, qui tra v e rse  une m arch e  
p o ten tie lle  où s’y  re flè te . J e  d ém o n tre  q u ’u n  te l  p o in t se re je tte  ou t r a 
verse  a l te rn a tiv e m e n t la  m arch e  po ten tie lle  en  dépendence de son »lieu in i
tial« , c’es t-à -d ire , en conséquence  du  § 4 [2] p réc isém en t p a r  une fréquence 
re la tiv e  co rre sp o n d a n t à la  sign ifica tion  s ta tis t iq u e  de la  m écan iq u e  o n d u la to ire .

* Dédié à M. le Professeur L. J á n o s s y  à l’occasion de son 60ième anniversaire.
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§ 1. Introduction

Si dans u n  ch am p  de forces, d é te rm in ées p a r le po ten tie l généralisé  
V  — F(r,f) l ’on a t t r ib u te  u n  lieu  r to u jo u rs  précis et une im pulsion précise

g =  m r =  g ra d  (f ( 1 , 1 )

à  u n e  p a rticu le  lib re  de m asse m, a lo rs l’éq u a tio n

Ü2 r t  1 r*t \  QC
----- g rad 2  S - |---------- A \  A S  dt — --------g ra d 2  A S d t \ - ] -V - \ ---------=  0  (1,2)
2m 4m2 J to 2 m Jt„ J 81

p e u t  ê tre  considérée com m e g én éra lisa tio n  de l ’éq u a tio n  p o in td y n am iq u e  
Ja c o b ie n n e , p o u r  la  m écan ique o n d u la to ire . D ans c e tte  équa tion  t 0  e s t un 
te m p s  in itia l quelconque, e t la  fo nc tion  d ’ac tio n  réelle S  e s t l ’in tég ra le  to ta le  
d e  l ’éq u a tio n  (1.2). C ette  éq u a tio n  sera  linéarisée p a r  la  tra n sfo rm a tio n :

W =
■JI 1S e t  + iS_

h
(1,3)

q u i  tran sp o se  la  (1.2) dans l ’éq u a tio n  Schrod ingerienne, d ép en d an t d u  tem p s 
p o u r  la  fonction  com plexe xp des ondes B rogliennes.

§  2. L’expression analitique du paquet d’ondes transitoire traversant la m arche
potentielle et s’y reflétant

D ans le [2] j ’ai d ém o n tré  que la  fo rm e d ’ondes s ta tio n n a ire  (5,1) ex c lu t 
le  re je tte m e n t d ’u n  p o in t de m asse su r la  m arche po ten tie lle . M a in te n a n t 
j e  d ém o n tre  q u ’u n e  form e d ’ondes tra n s ito ire  p lus générale  —  donnée p a r  (3,2) 
d a n s  [2 ] —  p e rm e t le re je tte m e n t aussi e t ju s te m e n t p a r  la  fréquence ré la tiv e , 
d o n n ée  p a r  la  m écan iq u e  o n d u la to ire . —

a) P o u r co n stru ire , d e v a n t e t derriè re  une m arche po ten tie lle , le cham p  
d ’ondes B rogliennes, qu i se fo rm e p a r  u n  p a q u e t d ’ondes d iffu san t a u  p ro fil 
G aussienne, p a s sa n t vers lu i, écrivons to u t  d ’abo rd  u n  p a q u e t d ’ondes B rog 
lien n es  xp, à la  la rg eu r

a =  У Щ т  (2,1)

le  p a q u e t  passe dan s la  d irec tio n  de l ’axe  x,  à une v itesse  w a p p a r te n a n t  à un 
p o in t  de m asse m  dans u n  ch am p  au  p o te n tia l  c o n s ta n t V0, e t do it a tte in d re  
à  x  — 0 ju s te m e n t au  tem p s t =  0 [4]:

Acta Physica Academiae Scientiarum Hungaricae 32, 1972
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ip(x, t)
1

У b -)- ith

- (E t —m w x ) —m ( x - w t ) *  
2(b+Ш)

(2,2)

où jE =  (1/2) mw2 -f- V0, b et A  so n t c o n s ta n ts  (E  >  V0 > 0 ) * .
I l es t assez facile de d ém o n tre r  q u e  le (2,2) e s t v ra im e n t u n e  so lu tion  de 
l’éq u a tio n  Schrod ingerienne, qu i d an s  n o tre  cas p e u t ê tre  ré d u ite  à la  form e 
su iv an te :

JL
2 m

Э2  tp 

dx2
+  hi  —  =  V 0 y). 

Ы
(2,4)

L ’ex p o n en t n é g a tif  de (2,2) p o u r ra i t  ê tre  éc rit dan s la  form e convenab le  d u  
q u o tie n t com plexe:

I
—  (Et m w x ) - (-
h

m(x-~wt)2 
2  (b-(-ith)

—  X 2 - V 0t2-\-ib
2

E
T

t

b-\-ith

mw

(2,5)

b) C onform ém ent au  § 5 de [2 ], la  m arch e  p o ten tie lle  d o it se p la c e r  su r l ’origo 
de l’axe x, n o ta m m e n t le p o ten tie l d o it ê tre  V0 =  0 dans les lie u x  »d’au  deçà« 
X <C 0, e t V0 >• 0 dan s les lieux  »d’a u  delà« x  ]> 0.

N ous choississions la  so lu tio n  y> de la  (2,4) dan s les lieu x  d ’au  deçà sous 
form e de la  som m e

y>(x<0,V0 =  0 )==ip1 =  (p  +  Q, (2,6)

où <p signifie  u n  p a q u e t d ’ondes in c id e n t à la  v itesse  w1 0 , ta n d isq u e  g 
u n  p are il se reflétant à la  v ite sse  — wx (cf. c).
D ans ce qu i su it nous em plo ierons l’ab rév ia tio n

miCj p (2,7)
aussi.
D ans les lieu x  d ’au  delà nous vo u lo n s co n stru ire  une  un iq u e  so lu tio n  de
la  (2,4) p a ssa n t à la  v itesse w 2 0 (cf. e) qu i, en  l’a ssem b lan t avec  (cf.
f) —  nous fo u rn ira  l ’onde réfractée. Celle-ci sera  m arquée  p a r

v(x  ;>  0, V0 >  0) =  ^ 2  •

P o u r ce dom aine  (x 0) nous em plo ierons l’ab rév ia tio n :

m w 2 =  q •

( 2, 8)

(2,9)

* Entre la largeur a' et celle (a) de (3,2) dans [2], où V0 =  0, il existe la relation suivante

7 iht
2 m

(2,3)

Par conséquent on ne peut pas attendre, que la solution (3,2) de [2] puisse être transposée 
à (2,1) précédente, en choisissant le constant (a) d’une façon convenable.
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c) D ans l’espace d ’ondes d ’au  deçà, F onde q) in c id en te  sera  (pour la  sim plicité  
en p o san t A  — 1 d an s  la  (2 , 2 ), en u s a n t de la  (2,5) e t  (2,7), e t en co n sidéran t 
que  V0 =  0 dans le  dom aine x  <  0):

1
w =  -  • e

J b +  itti

~ ( H t -p x )  +  x 2
b + ith

( 2, 10)

D ans la  g se ré f ra c ta n te  il est à écrire B  ( <  A)  a u  lieu  de A  ( = 1 ) ,  e t —p  au 
lieu  de p:

Q =
B

j-(E t+ p x ) + -r x* 

b+ith

|, b-\-it%
(2Д1)

D onc dans le sens de la  (2,10) e t (2,11)

Wx

T b E t+ ~ x* 
b + ith

T bpx
b + ith

[: if ~j"" l t Ît
B(

T bpx
p + ith ( 2 , 12)

d) P o u r é tab lir  la  B  f ig u ra n t dans la  %pv  e t pour c o n s tru ire  la y>2 (cf. e), il fa u t 
écrire  la  ipi donnée p a r  (2,12) sous fo rm e d’in tég ra le  de Fourier. D ans ce b u t  
nous in trod u iso n s la  n o ta tio n  su iv an te :

=  lim  q \(x , t ) .  (2Д З)
x — - o

C ette  lim ite  ex iste  n o ta m m e n t dans le  sens de la  (2 ,12):

VÎ =  ( l + B ) - ( b  +  ith )-112-e

-bEt

b+ith (2Д 4)

N ous cherchons u n e  so lu tion  de (2,4), qui c o n tie n t dan s le dom aine  x +  0 
u n  com posan t, se re f lé ta n t  avec l ’am p litu d e  B  e t  qu i passe en  (2,14) à 
l ’en d ro it x  =  0. N ous re tro u v o n s u n e  telle le p lus sim p lem en t dan s la  form e 
de l’in tég ra le  (yjj) d ’u n e  so lu tion :

__ГЕЧ +T~PX I
C (E )-e  * U h + B - e  h I, (2,15)

où p  ^  y 2m É  >  0. A insi

Г+“  _J_(
Wi(x,t) = 1  C(E) • e h • + Ti>x +  B  • e— г  P* dE (2Д6)
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e s t aussi sans d o u te  une so lu tio n  de (2,4). P a r  la , selon n o tre  co n d ition

f + °° - - ‘- E t
V>i =  Wi(Q’ 0 = J o C(E) ■ e h (1 + B ) - d E ,

d ’où p a r le th éo rèm e  de F o u rie r  po u r l ’inversion :

(2,17)

r m _, 1  . r ~ v î '
( ) 2 J t h  J _ œ i + B

(т) +~r Et jv ' - e h dr. (2,18)

E n  la  su b s ti tu a n t en (2,16), nous recevons:

* < * •* > - - s r J . J _ . - î T B -

'+“  ,,,0 ,V°i(r) . e+T Er. e~ T Et. + ~ r px  _ ------- r -  px
e h +  B e  h d rd E .  (2,19)

Si nous y  su b s titu o n s  (2,14), la  fo rm e in tég ra le  F ourierienne de y>1 sera:

Vi{x, t)
1  Г“ Г+“  e

27lh  J 0 J
i b F r  

h ( b  + i r f )

1  b +  ir% ■ e
- E ( r - i )

ipx ipx
e h B  • e й d r d E .  (2,20)

e) U ne sim ple ca lcu la tion  nous con v in cra  d u  fa it que, po u r le dom aine  x  0 
il n ’ex iste  pas de so lu tion  de fo rm e (2 ,2 ), qu i puisse sa tisfa ire  to u te s  les exi
gences de racco rd em en t:

V2 ( 0  =  ( 2 ,2 1 )

dy)2
dx dx )x=o

( 2, 22)

C’e s t pourquo i nous cherchons ip2 aussi dans la  form e in tég ra le  F o u rie rien n e :

Лоо I
f . ( x ,  t) =  J C(E) ■ е ^ (ЧХ~ЕП d E , (2,23)

o ù  q == ] /2 m (£ —V0). A cause de (2,21):

- r - E i

Wi =  f) =  f  C (E )-e  h dE  ,
Jo

d ’où  d ’après la  form ule d ’in v ersio n  F ourie rienne :

(2,24)

(2,25)
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S u b s titu o n s  cela d a n s  (2,23) e t n o u s  recevons:

ip2(x, t)
V „ ) x -  E t ]

dr dE

e t d ’après (2,14) il en  résu lte :

(2,26)

y)2(x, t)

i b E t

(1 -\-B) e Hb+iTh) 
\  b-\-hh

+  4 - 1 Í 2  m ( £ - V , ) x - £ ( ]
• e A d r d E .  (2,27)

M ais p a r  la  c’est seu lem en t l ’ex igence de racco rd em en t (2,21) qui es t sa tis fa ite . 
P o u r  accom plir (2 ,22), nous d iffé ren tions les in tég ra les  F ourie riennes (2,20) 
re sp . (2,27) su iv a n t x , en e m p lo y a n t la  règle connue de L eibniz p a r  la  d é r iv a 
tio n  de l’in té g ra n d e :

i b E t  
ЦЬ +  irh)

e t:
У b-\-irh  

(1 + B ) -e

a + T £ p - 0 + Ш  in -.ÆL ip
, +  h . l?  B  e  * • —

П  h

i b E t  
Ц Ь  +  ixft)

+  - j -E (r - i)  -L y 2 m (E -v ,)x  i y 2 m ( E - V 0)
■ e

]/ b +  irh  w h

Les d eu x  in tég ra les  so n t égales à l ’en d ro it x  — 0, si

p ( l - B ) = q ( l + B ) ,

(2 ,27a)

(2 ,27b)

d ’où

B p  g
p + q

(2,28)

N ous voyons que , d ’un e  façon ré p o sa n te , ce tte  fo rm e B  est id en tiq u e  au  fac
te u r  d ’am p litu d e  à ré flec tion  de la  so lu tion  s ta tio n n a ire  dans la  [2] (5,1). 
f) N ous calculons l ’im pulsion  g d an s  le dom aine x  <  0 d ’après de (1,1) e t  [2 ] 
(2,12):

% Qtp^Qx % difi/Qx
2  i ipx 2 i y>l

E n  y  in tro d u isa n t le  m em bre com plexe:

% dipjdx

g (2,29)

g  i
2  i Wi

(2,30)
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la  g  réelle donnée d ans (2,29), se form e de la  façon  su iv an te :

g =  g i+ g * • (2’31)

I l  su ff it  donc de calcu ler g1 d ’ap rès (2,12) e t (2,28). Le ré s u lta t  de longues 
ca lcu la tions é lém en ta ires  sera:

où

g mK2 dxt-^-b2 pd
e2fd B 2 e-2fd+ 2B  sin (kd) 
eVd+ B 2 e-zfd +  2B  cos (kd) ’

b2+ t 2h2 ’ 

f  =  bp x t ,

k  _  2 A 2 p *
A

(2,32)

(2 ,32d)

(2,32f)

(2,32k)

S ip  =  q, la  (2,32) passe dans la  [2] (3,3) et in d é p e n d a m m e n t de cela, si b -*■ oo: 
d an s  la  [2] (5,4). D ’après (1,1) l’équa tion  o rb ita le  cherchée: x  =  x(t) sera it 
fo u rn ie  p ar l’é q u a tio n  d ifféren tie lle  o rd inaire  de p rem ier o rd re :

mx  =  g . (2,33)

M ais com m e la  fo rm e de g donnée  p a r (2,32) e s t tra n sc e n d e n te , on p e u t à 
p e in e  résoudre c e tte  éq u a tio n  d an s  la  form e ferm ée. M ême d ’u n e  façon su r
p re n a n te , la  (2,33) a un p o in t singulier à des v a leu rs

b ln^B
( 2 ra-f-l) nfi 

(2ra +  1) nU 
2  b2 p

n =  l ,  2, 3, (2,34)

des variab les x, t, p a rc e  qu ’ici la  g, donnée p a r  (2,32), p re n d ra  u n e  form e in d éfi
nie (0/0). C ette n o te  ne cro it p a s  de son devo ir d ’observer, si ce p o in t singulier 
a u n  carac tère  de p o in t nodal, u n  p o in t de tu rb u le n c e , ou de selle (cf. [5]). 
M êm e sans l’in té g ra tio n  de (2,33) nous p o u v o n s  faire  des conclusions aux  
p ro p rié té s  générales du  m o u v em en t du p o in t. N ous pouvons accep te r en tre  
a u tre s , que c ’e s t  l ’a p p a ritio n  d u  p o in t s in gu lie r qui ren d  possib le po u r le 
p o in t, p assan t v e rs  la  m arche po ten tie lle , de re to u rn e r  m êm e p lus av an t.
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§ 3. Conclusions pour la  direction du m ouvem ent orbital

I .  S i  le point de masse atteint à la marche potentielle ( x  — 0), il la traverse 
indispensablement et ne peut pas en retourner.

À  savoir l ’expression  (2,32), q u i donne l’im pu lsion  g du  p o in t à l ’endro it 
de la  m arche x  =  0 , est to u jo u rs  in d isp en sab lem en t positive , ca r d an s le cas, 
o ù  t e s t fin i, l’é q u a tio n  se fo rm e de la  façon su iv a n te :

b2 p
b2+ t 2b2

p q 2

P ± q
p  q \ 2 
p + q

ь*д
b2 +  t2h 2

> o  . (3,1)

I I .  A près la réflexion du paquet d'ondes il y  a des moments de temps t == t n 
(^> 0),  quand le point, traversant certains endroits x  =  | n(<C0 ) devant la marche 
potentielle, ne peut passer qu'en arrière {g(fn,Tn)<C0 }.

A  savoir une cond ition  su ff isa n te  pour l’a p p a ritio n  de l’im pu lsion  néga
tiv e  (g  0) est q u e  le  deuxièm e m em b re  de la  d ro ite  so it zéro dan s la  (2,32).
Cela a rriv e  in d isp en sab lem en t, si

- * - l n ^ ± i
2 лпН p  q

Sn =
h_

4 nnp
4л ;2  n 2  +  ln 2  — ^ I , n =  1 , 2 , . . .

p qi

(3.2)

(3.3)

(Il e s t  com préhensib le , que le d én o m in a te u r du  deuxièm e m em bre  dans la 
d ro ite  de la  (2,32) ne  p e u t pas ê tre  zéro à côté de t n e t  £„).

C ette  conclusion diffère d ’une  façon in té re ssa n te  du  cas de l ’onde 
B ro g lien n e  s ta tio n n a ire  tra i té  p a r  le  § 5 [2], parce q u e  celle-la a tte s te  q u e , dans 
u n  cas  tran sito ire , le  p o in t de m asse  p e u t  passer sous certa in es  co n d ititio n s  non 
se u le m e n t vers la  m arch e  p o ten tie lle . Même dan s le cas su iv a n t seu lem ent 
en  a rriè re .

I I I .  Après la reflection du paquet d'ondes (t =  0) nous trouvons pour le moment 
( t >  0 )  de temps arbitraire des lieux x t à une distance convenable, au deçà 
desquels chaque point de masse depuis le temp t ne peut que s'éloigner de la marche 
en arrière (g < ^ 0 ) .

E n  effet, en tra n s fo rm a n t le deux ièm e m em bre  de la  (2,32), en em p lo y an t 
les ab rév ia tio n s  (2,32, d, f, k ), n o u s  recevons:
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_ mxtH2(e2fd+ B 2 e-2f“+ 2 B  cos ( k d ) ) b 2 p (e2fd—B 2 e~2fd+  2 B  sin (k d )) 
g ~ d ^ ( e 2fd-\-B2e~2fd+ 2 B  cos (kd))

Ici le d én o m in a te u r e s t positif, parce que to u s  ses deux  fac teu rs  son t positifs . 
M ais le so u s-m ultip le  en p a ren th èse  du p re m ie r m em bre du  n u m é ra te u r  est 
aussi in d isp en sab lem en t p ositif, parce que le  m in im um  de celui-ci fo rm e u n  
carré  to ta l.

P o u r celà, en  cas de x  0, t >  0, la  co n d itio n  su ffisan te  de sg g =  —  1 
est que le sou s-m u ltip le  en p a ren th èse  du  d eu x ièm e m em bre d u  n u m é ra te u r:

e2fd B 2 e - 2f“+ 2 B  sin (kd)

so it négatif. M ais celà a rrive  in d isp en sab lem en t, si l ’expression

e2fd — B 2 e -2fd+ 2 B

e s t néga tive , d onc  en  e m p lo y a n t la  (2,28):

e2fd+ 2 P l Z ± < U ^ Ÿ . e-2fâ' ( 3 , 4 )
p + 4  p + q )

M ais com m e x  0, u n  xt 0 a p p a rtie n t in d isp en sab lem en t à une  t j> 0 
donnée afin  que la  (3,4) subsiste . A  savoir la  e ~2*d augm en te  sans lim ite , d ’u n e  
façon  m o no tone , ensem ble avec  |x |, alors q u ’en  m êm e tem p s la  e +2^d co n 
verge en d im in u a n t d ’une façon  m onotone v e rs  le zéro. C’es t ce que nous 
avons vou lu  a t te s te r .

IV . Même en cas d'ondes Brogliennes transitoires, ils passent par la marche 
potentielle justement tant de particules, qui peuvent être conclues d'après le 
rapport statistique légitime de la fonction d'ondes (x, t).

P o u r p reu v e , il fa u t rem p lir  en pensée a u  tem p s de d é b u t t —>- —  oo 
le dom aine x  <  0  d ’u n  tu y a u  de section  d ro ite  d y  dz p a r  une densité  un ifo rm e 
de p a rticu les. I l  f a u t  calculer, com bien de p a rtic u le s  n 2 p a ssen t p a r  la  su rface  
de la  m arche  d a n s  le dom aine x  >  0  depuis le  tem p s t —>■ — oo ju s q u ’au  t 
fin i.

D ’après le § 4 [2], su iv a n t c e tte  cond ition  de d éb u t, la  ipy* =  A 2 sign ifie  
la  d ensité  des p a r tic u le s  à l’e n d ro it du passage x  =  0 à u n  t a rb itra ire . A lors 
le nom bre  n 2  des p a rticu les  qu i tra v e rse n t la  sec tion  d ro ite  x =  0  p e n d a n t 
le tem p s —■ oo e t t, e s t donné —  selon une re la tio n  h y d ro d y n am iq u e  bien  connue 
—  p a r  l 'in té g ra le  de la
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n2 = J  у(0, t) • у*(0, t) х(0, t) dy dz dt (3,5)

où F expression  лг(0, t) =  g(0, t)/m , calcu lée d ’après la  (2,32), est p o s itiv e  dans 
la  sens de (3,1). D onc en m êm e te m p s  n 2 > 0 .

D ’après la  th è se  G aussienne, on p e u t  tran sfo rm er l ’in tég ra le  de  su rface  
en  in tég ra le  de vo lu m e , en l ’a d a p ta n t  p o u r  le vo lum e de form e de tu y a u , 
s’é te n d a n t de x  =  0  ju s q u ’ à x  —*■ -j- oo.
E n  ce cas:

1 y(0, t)y*- (0, t) . d y d z d t =  I ( d i v  (xgyy*/m) d td xd y  d z . (3,6)
J -°» m  Jx=oJ-oo

M ais ici, en v e r tu  de l’éq u a tio n  de c o n tin u ité  (1,4) e t ensu ite  en conséquence  
des équ a tio n s ( 1 ,8 ) e t (2 , 1 2 ):

d iv  (xgyy*/m)  =  d(yy*)ldt.

P o u r  cela le deux ièm e m em bre de la  (3,6) se ra  sim plifié  en e m p lo y a n t (2,21) 
e t  ( 2 ,2 2 ):

n.1 =  y 2 y* dx  dy dz ,
J X — 0

ce q u i a tte s te  ju s te m e n t n o tre  th è se  IY .
L a  conco rdance  s ta tis tiq u e , reçue  p o u r  le cas spécial p ré c é d e n t, nous 

d o n n e  l’espérance, que les ré su lta ts  s ta tis tiq u e s , calculés p a r  la  m écan iq u e  
o n d u la to ire  p o u r  les phénom ènes de d iffusion  p lus com pliqués, ré s u lte n t  
aussi du  m odèle p o in td y n am iq u e  causal.
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ИССЛЕДОВАНИЯ ПО ПРИЧИННОЙ ТОЧЕЧНО-ДИНАМИЧЕСКОЙ 
РЕИНТЕРПРЕТАЦИИ ВОЛНОВОЙ МЕХАНИКИ 

(Рассеяние на потенциальной ступени) 
т. МАТРАИ

Резюме

В предыдущей работе, исходя из критических работ Л. де Бройля, было выведено 
уравнение ейконала для волн де Бройля, в которое, согласно предварительным требова
ниям, кроме искомой реальной функции эйконала, другие неизвестные функции не входят. 
Значит, если же свободной микрочастице всегда приписываем точное значение фазы, то 
данное уравнение эйконала уже и по своему внешнему виду является одновременно и вол
новомеханическим обобщением уравнения Гамильтона-Якоби для микрочастицы.

В упомянутой работе удалось доказать и то, что вещественный квадрат амплитуды 
комплексной волновой функции де Бройля при такой интерпретации тоже является мерой 
относительной плотности потока микрочастиц, движущихся независимо друг от друга, то 
есть, плотности вероятности нахождения одной частицы.

В данной работе, с целью дальнейшей проверки принятой статистической интерпре
тации волновой функции, изучается движение такой материальной точки, к которой 
приписывается проходящий через потенциальную ступень, или же отражающийся от нее 
дебройлевский волновой пакет, имеющий вид распределения Гаусса. Доказано, что в за
висимости от «начального значения фазы», она либо отражается от потенциальной ступени, 
либо проходит через нее, причем относительная частота этих событий точно совпадает с той, 
которая получается при статистическом истолковании волновой механики.
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STATE VECTORS WITH VANISHING NORM 
AND THE PROBARILITY INTERPRETATION*

By

K . L. N a g y
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(Received 18. X . 1971)

After an analysis of why theories with dipole states do not give a unitary physical 
S-matrix automatically, a reasonable unitarizalion procedure is proposed working even for 
these pathological cases.

1. In  th e  la s t few years  several de fin ite  q u estio n s h av e  arisen  concern ing  
th e  physica l u n ita r i ty  o f  q u a n tu m  th eo ries  w ith  d ipole (or m ultipo le) ghost 
s ta te s  [1— 5]. T hese s ta te s  were in tro d u ced  in to  p h ysica l considera tions b y  
H e i s e n b e r g  in  his un ified  th eo ry  o f e lem en ta ry  pa rtic le s  [6 ] an d  in th e  L e e  
model [7]. H e found t h a t  zero-norm  energy  e ig en sta te s  w ere associated  w ith  
dipole s ta te s  also possessing zero no rm . Since th e se  s ta te s  p re v e n t us from  
app ly ing  th e  im m ed ia te  p ro b ab ilis tic  in te rp re ta t io n  accep ted  in  an  o rd in a ry  
q u an tu m  th e o ry , in  th e  professional slang  th e  s ta te s  in  question  are called 
“ ghosts” . W hile  an energy  e igensta te  sa tisfies th e  eq u a tio n

( Я  —  E ) I E  >  =  0,

Я  being th e  H am ilto n ian , the dipole g h o st s ta te  D sa tisfies

(Я  —  E ) I D >  =  AE I E >  (1)

w ith  som e in te re s tin g  consequences. F o r exam ple , from  th e  tim e-d ep en d en t 
S chrôdinger e q u a tio n

I E , t >  =  e - ‘Et | E , 0 >  ,
b u t

I D, t >  =  { I D, 0 >  —  iXEt  I  E , 0 > }  e~ iEI . (2)

In  spite  o f th e  fac t th a t  th ese  s ta te s  w ere in tro d u c e d  in  th e  fram ew ork  o f a 
s ta te  v ec to r  space w ith  in d efin ite  m etric , w here th e  possib ility  of a c lear 
p ro bab ilis tic  in te rp re ta tio n  is n o t g u a ra n te e d , i t  w as th o u g h t th a t  dipole 
theories a u to m a tic a lly  give a u n ita ry  ph y sica l S -m a tr ix . A sim plified  reason ing  
w en t as follow s [8 , 9]:

* Dedicated to Prof. L. JÁ N O S S Y  on his 60th birthday.
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In  an  in d e fin ite  m etric  th e o ry  th e  eigenvecto rs o f th e  H a m ilto n ia n  need  
n o t  form  a co m p le te  system . In  d ipole cases, th ere fo re , a lin ea rly  in d e p e n d e n t 
d ipole ghost s ta te  sa tisfy ing  ( 1 ) m u s t be a tta c h e d  to  an y  e igenvec to r w ith  zero  
n o rm  j 0; E  >

< 0 ;  E  j 0 ; E  >  =  0

in  o rd er to  com plete  th e  w hole s ta te  v e c to r  space. T hen , because o f  th e  supposed  
com pleteness, th e  physica l “ in ”  s ta te  can  be developed  as follow s:

I p h y s ; in >  =  Za(n) | p h y s ; o u t  >  - f
+  Hb(n) I 0 ; E;  o u t >  -}- Ec(n) D; o u t > .

Since th e  le f t-h a n d  side is an  e ig en sta te , th is  eq u a tio n  w as th o u g h t to  ho ld  
o n ly  fo r c(n) =  0, in  w hich case th e  ph y sica l S -m a trix  <  p h y s ; o u t I p h y s; 
in  ]> shou ld  be  u n ita ry .

H ow ever, i t  tu rn e d  o u t in  m odel th eo ries  [1, 4 ] th a t  p h y sica l u n i ta r i ty  
is v io la ted ; even  in dipole cases th e  r ig h t-h a n d  side o f (3) can  be  developed  in  
te rm s  o f en erg y  e igensta tes. This a c tu a lly  m eans, as w as clearly  d e m o n s tra te d  
b y  N a k a n is h i  [5 ], th a t  in th e  c o n tin u o u s  sp ec tru m  (sc a tte rin g  s ta te s )  th e  
dipole s ta te  can  be expressed  as an  a p p ro p ria te  superposition  o f  en erg y  eigen
s ta te s .

In  S ection  2 th is  p rob lem  w ill be  discussed in  general fo r th e  s im p lest 
case of one v a riab le . Section  3 gives a  p roposa l for e x tra c tin g  a new  u n ita ry  
p h ysica l S -m a tr ix  th a t  is app licab le  even  to  theo ries o f th is  ty p e .

2. L e t us suppose th a t  we m eet th e  follow ing s itu a tio n : In  a  ce rta in  
th e o ry , a p a r t  from  a p p a re n t ph y sica l s ta te s , we h av e  s ta te s  sa tis fy in g

(H  —  E ) I E  >  =  0, <  E  | E  >  =  0 ,
(Я  —  E)  j D >  =  AE I E  > ,  < D \ D >  =  0, (4)
< Я ' | Е >  =  < Я | Е ' >  =  b(E’ -  E)

i.e. a dipole g h o st s itu a tio n  occurs, j E  ]> an d  D ]> are su pposed  to  be lin e 
a rly  in d e p e n d e n t an d  form  a com ple te  sy stem . E  is rea l, b u t  o therw ise  co n 
tin u o u s . N ow  ! E  ]>  is a lready  an  e ig en s ta te  o f H  to  E; b u t  is th e re  a n y  o th e r 
e ig e n s ta te ?  F ro m  th e  com pleteness a g enera l s ta te  looks like

j E  > ? =  J  a(E')  I E ' >  d E ’ - f  J  b{E’) \ D ’ >  dE ',

F ro m  (H  —  E)  [ E  =  0 one gets

(E ’ -  E)b(E')  =  0,
(E '  —  E)a(E ')  =  —  А Е 'Ь(Е ')

th e  so lu tion  o f  w hich is
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b(E’) =  bô(E'  —  E),  
a(E' )  =  aö(E'  —  E)  +  / .bEô’(E'  —  E),

w here Ô’ denotes d iffe ren tia tio n  w ith  re sp ec t to  th e  f irs t  a rg u m en t. T herefore 
we h a v e  tw o lin ea rly  in d ep en d en t e igensta tes

I E  > 2  =

an d  i t  is a m a tte r  o f choice w hich  o f th e  sets { j E > ,  I D > }  o r { ] £ > ! ,  
1 E 2>  } we choose. F o r exam ple

o >  +

D >  =  I £ > 2  — AE J  d E ' I E > 1b'{E’ —  E),  (6 )

i.e. th e  d ipole ghost is a su p erposition  of e igensta tes. A general s ta te  can  be 
developed  as

I A >  =  \  « (£ )  I E  > d E  +  J  ß(E)  j D > d £  =  J  j  [a (E ')ô (E ' —  E)  —
—  Щ Е ' ) Е ' 0 ' ( Е  —  E')]  I E '  > 1d E d E '  +  j/3 (E) \ E > 2 dE.

T hus w e see th a t  th e  a rg u m en t given u n d e r (3) w as ra th e r  h a s ty , in d e e d  w rong. 
One rea lizes th e  fo llow ing: in  (3) th e  .27-sign possesses only sym bolic  m eaning , 
and  i f  th e  s ta te  I p h y s ; in  >  is developed  in th e  form  (3), b(n) w ill con ta in  
b'{E'  —  E)  when

j phys; in >  =  Za(n) \ p h y s ; o u t 7 >  +
4- 27/3(re) I E;  o u t 7 > x -j- 27c(n) \ E ; ou t > 2, ^

ß(n) a n d  c(n) m ay  b o th  h av e  only b{E'  —  E)  —  s. T his is, in  fac t, w h a t  hap p en s 
in  th e  m odel t r e a te d  in  Section 3. T he n o rm a liza tio n  p ro p erties  o f  \ E >  i, 
j 2  fro m  (4) an d  (5) are

x <  E'  I  E  > ! =  0 ,  ! <  E  I  E  > 2 =  ö(E' — E),
2<  E '  \ E  > 2 =  k E 'ô ' ( E  —  £ ')  +  2 E Ô '(E ' —  E ) =  — Щ Е '  —  E)

Thus

' £ >" =  Т Г '£ > -
and

| E > ,  =  p | E > 1 + A - | E > 2

are lin e a r ly  in d ep en d en t o rtho g o n al 4 : 1  sq u are  n o rm  eigensta tes:

l< E  \ E > u =  0 , l< E ' \ E > l = — | , <  E '| E > n =  d (E '—E ) .

( 8 )

(9)

( 1 0 )
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T h is  n o rm aliza tio n  show s th a t  in  sp ite  o f th e  “ m y ste rio u s”  b' in  (5) p roper 
e ig en sta tes  can  be  fo u n d  w hich are no rm alized  in  th e  u su a l sense. T herefo re  we 
m a y  conclude b y  s ta t in g  th a t  th e  ca lcu la tio n s a c c e p ted  so fa r  in  th e  fo rm al 
th e o ry  of s c a tte r in g  can be app lied  here  also.

A p ro ced u re  s im ila r to  (5) can  also be ca rried  o u t on th e  level o f o p era to rs . 
I n  th e  rev ersed  w ay , for exam ple , s ta r tin g  from

Я  =  J  E  [A*{E)A(E) —  B* (E )B{E )] d E ,
[A(E),  A*(E' )]  =  —  [B(E), B*(E' )] =  b(E -  E'),

a f te r  in tro d u c in g

z ( E ) = j T (A(E)  B(E)),

ß(E)  =  B(E)  -  f X E  J  d E ' b \ E ' - E )  [ A ( E ' ) ~  B(E')]

a n d  allowing a p a r t ia l  in te g ra tio n , one gets

Я  =  f E\a*(E)ß(E)  +  ß*(E)oc(E) -  Я а*(Е )а(Е )] d E  ,

[а (Е ), ß*(E')] =  [ß(E),  а *(E')[  =  Ő ( E - E ' ) ,

w h ich  co rresponds to  a dipole ghost H am ilto n ian .
3. W e h a v e  seen th a t  in  a th e o ry  w ith  on ly  d ipole ghost s ta te s  th e  u n ita r-  

i t y  of th e  p h y s ica l S -m a trix  is n o t g u a ra n te e d  a u to m a tica lly . T herefo re  in 
o rd e r to  o b ta in  a  f in ite  b u t  u n ita ry  fie ld  th e o ry  i t  is ra th e r  fru itless to  in tro d u ce  
a u x ilia ry  F r o is s a r t  fields [10]. W h a t can  be done th en , w ith  th eo ries  (e.g. 
L e e  m odel o r H e is e n b e r g ’s n o n lin ea r sp inor th e o ry )  w here a dipole s itu a tio n  
a p p ea rs?  I f  w e w ish  to  e x tra c t an  u n ita ry  p h y sica l S -m atrix , we m u s t ap p ly  
som e so rt o f  a rtifica ] u n ita r iz a tio n  p rocedure , as in  any  o ther th e o ry  w ith  
in d efin ite  m e tric . A possib ility  is B o g o l ju b o v ’s prescrip tion  [11], w hich  is 
a lw ays va lid . I n  th e  L e e  m odel H e is e n b e r g  so rts  ou t ce rta in  physica lly  
accep tab le  s ta te s  [7]. S im ilar p rob lem s are t r e a te d  also in  [2].

Below a  n ew  proposal fo r a  u n ita r iz a tio n  p ro ced u re  — seem ingly  closely 
connected  w ith  H e is e n b e r g ’s an d  S u d a r s h a n ’s [12] ideas —  is w orked  o u t 
in  de ta il for an  ea rlie r m odel [4] in  w hich  th e  H a m ilto n ia n  Я  =  Я 0  -(- Я г w ith

Я 0  =  m vy)*y)v - j - J  co(k)a*(k)a(k)dk +  ?.A*A,

Hi  =  - ту1  j - fL =(wta (k )y+V*a *{k )y>v) d k ,  
1/4 л  J \l 2  со

V  =  gy>N +  S i A  +  g i B ’ ы  =  Ii k 2 + m 2e ,

( 1 2 )
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(13)

w here th e  p resc rip tio n  for th e  co m m u ta to rs  is

ÍV» гр*} =  {y>N, W*N } =  { А ,  В * }  =  {B,  A * }  =  1,

[a(k), a*(k')] =  b(k —  к');

all o th e r  c o m m u ta to rs  (an tico m m u ta to rs) v an ish . In  th e  N  —  0  sec to r th e  
general e ig en sta te  o f  H  looks like

I E  >  =  (cap* +  Wn  S <p(k)a*(k)dk A*  j  q9 1 (/s)oc*(fc)dfc+

+  B* J  <p2 (k)a*(k)dk) I 0 > ,

w here | 0  >  th e  is real v acu u m  s ta te , w ith  ( ^  s tan d s  for in  or o u t s ta te s )

(14)

<P = 4л: к,
ô(k - k 0) +

]/ 4л  (/2ет (со—£  А1 *е)

•Pi ■ —  Ô(k кп) +  *ё2
У 4?> к0 У 4л  У 2 со —Е  “р is) (15)

У4ût У2со (со—Е  -р is) 

Е  - j /J c g + m l,

gi co—E ^ i e

а, Ь, с b e in g  a rb itr a ry  co n stan ts  (depend ing , p e rh ap s, on E).  a  can be  d e te r 
m ined from

o u t , „ ч k0 . , ч Я
H E ± i e ) «  ^  <” « + '« + '* . >  +  m

w here

k n 2 E

h(z) =  mv— z (g 2 + 2 g ! g 2)J
к2 dk

2co(co — z) h i

2 E  kn

k2 dk
2  co(co—z)2

eg*, (16)

(17)

T h u s  we h av e  found  th e re  lin ea rly  in d e p e n d e n t e igensta tes w ith  (i; 
a =  1, b =  c =  0), ( ii; a — c =  0, b =  1), ( ii i ;  a =  6  =  0, c =  1). T hese are 
norm alized  to

< T ; E '  I i ;  £  ]> Ó(fc' 0  —  к0У <C i i ;  £ '  | i i ;  E  ]> =  0,

3 £  1
-< iii; £ '[ i i i ;  £ > •  = —Я à ( K ~ K ) ,

к 2 E

<Ci; E '  I i i ;  E  =  <[ i;  £ '  | i i i ;  £  ;>  =  0,

<Cü; E '  I i i i ;  £  >  =  ô(k ' 0  —  fc0),
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(18)



132 К . L. NAGY

b u t  a p ro ced u re  sim ilar to  (9) gives o rth o n o rm a lized  e ig en sta tes . W e have 
show n  th a t  th e  p h ysica l N  —  0  sc a tte r in g  s ta te  (i) gives a n o n -u n ita ry  S- 
m a tr ix .

The p ro p o sa l is: le t us a d d  to  th e  ph y sica l sc a tte rin g  s ta te  (i) a zero-norm  
e ig en sta te  (Ü) w ith  such  a coeffic ien t t h a t  fo r th is  new  s ta te  th e  ph y sica l S- 
m a tr ix  should  be  u n ita ry . I t  is easy  to  see t h a t  th is  s ta te  [ E;  New p hys. >  is 
(15) w ith  (a =  1, c =  0, b ^  0). F ir s t  b m u s t be  d e te rm in ed  from  th e  u n ita r i ty  
re q u ire m e n t th e n  one has to  ca lcu la te

<  a =  1, b ^  0, с =  0, E in  | a — 1, b 0, c =  0; E;  o u t > .

F ro m  (14), (15) th is  m a trix  e lem en t tu rn s  o u t to  be

<[ E ' ; N ew  p h y s.; o u t E; N ew  p h y s .; in  >  =  ô(fc' 0  —  fc0) -f-

+  «Sut (fi ')  «ini*®)
h ( E - i e )  h ( E '~ i e )

E ~ E ' ~  ie E ' - E — ie

k"2 dk"Г кJ 2 co"(o/'- E '  i"(t»"- E '  ie) (to"- E  ie)

, „ ( 1  1

\ c o " - E ' - i e  co"—E — ie

B y  using fo rm al id en titie s  o f th e  ty p e

1  „  1

tf +  Zgigz ■

=  P -  +  i n  i — t tn\ x  x ) ,  
( x ' - x ) n+1 n\(x' x  ie ) " + 1

a n d  th e  exp lic it fo rm  of h from  (17), th e  S -m a tr ix  is found  to  be

S =  еа д <£> =  1 +  

F o r  th e  tr iv ia l case S  =  1

™k0(g+b*g2) (g + b g.,) 
h(E-{-ie)

b =  . 
gi

F ro m  (16) th e  co n d itio n  for th e  n o -sca tte rin g  case in  general is

h(aë+bg2+ cgi) +  A
2 E

2  E
cg -i =  0  ,

(19)

( 20 )

w h ic h  for c =  0, a =  1 gives (20). T he sole n o n -tr iv ia l u n ita ry  S -m a tr ix  for 
th e  case (a =  1 , b ^  0 , c =  0 ) is
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w hich  requires

s  h(E ie) 
h{E-\-ie)

h(E  +  ie) +  ink0(g +  b*g2)(g +  bg2) =  h(E  —  ie).

T ak in g  in to  accou n t form  (17) o f  h ,  th is  m eans

h { g + h* g M g + bgi) =  K ( g + 2gigi)
к

from  w h ich  b can be d eterm in ed .
I t  is ea sy  to  see th a t  th is  u n itariza tion  prescription  is n o t  u n iq u e —  no 

other sim ilar procedure is —  an d  sin ce it  is proposed  to  re -d efin e  th e  p h ysica l 
sta te s , th e  con crete  exam p le tre a te d  ab o v e  can  be con sid ered  as an ap p lica tion  
o f  S u d a r s h a n ’s proposal [12] for d ipole sta tes .
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ВЕКТОРЫ СОСТОЯНИЯ С НОРМОЙ, ОБРАЩАЮЩЕЙСЯ В НУЛЬ,
И ВЕРОЯТНОСТНАЯ ИНТЕРПРЕТАЦИЯ

К. Л. НАДЬ

Резюме

Проведен анализ причин, по которым теории с дипольными состояниями не обес
печивают автоматически унитарность физической S-матрицы. Предложен разумный приём 
для унитаризации, который применим и в таких необичных случаях.
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THE MAGNETIC FIELD DEPENDENCE  
OF THE ANTIFERROMAGNETIC-FERROMAGNETIC 

TRANSITION TEMPERATURE IN FeRh*
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(Received 19. X. 1971)

It was shown by measurements in static magnetic fields that, contrary to the results 
obtained by M c K i n n o n  et al. in pulsed f  elds, the critical field for the antiferromagnetic— 
ferromagnetic (AFM — FM) transition in FeRh is a nearly linear function of temperature. The 
linear temperature dependence suggests that besides the electronic contribution there must 
be a considerable lattice contribution to the entropy change observed in the AFM — FM tran
sition.

I. Introduction

T he alloy F e R h  furnishes a  v e ry  in te re s tin g  exam ple o f a f irs t-o rd e r 
a n tife rro m a g n e tic — fe rro m ag n e tic  (A FM — FM ) tra n s it io n . R ecen t exp erim en ta l 
d a ta  on th is t ra n s i t io n  have b een  analyzed  th e rm o d y n a m ic a lly  b y  J .  M. 
Lömmel [1], w ho conc luded  t h a t  th e  anom alous excess e n tro p y  o f  th e  fe rro 
m ag n e tic  over th e  an tife rro m a g n e tic  phase a t  th e  tra n s itio n  has a p red o m in 
a n tly  electronic o rig in . This is in fe rred  p rin c ip a lly  from  th e  ex p erim en ta l 
re su lts  o f McK in n o n  e t  al. [2], w ho show ed t h a t  th e  critica l f ie ld  fo r inducing  
th e  tra n s itio n  v a rie s  w ith  th e  sq u a re  of te m p e ra tu re , from  w hich  i t  d irec tly  
follows th a t  th e  excess en tro p y  h as  to  be a lin ea r  fu n c tio n  o f th e  te m p e ra tu re .

I n  co n tra s t w ith  th e  q u a d ra tic  te m p e ra tu re  dependence  observed  b y  
McK in n o n  et a l., Zavadsk ii e t al. [3] found a lin e a r  te m p e ra tu re  dependence 
in  a b o u t th e  sam e te m p e ra tu re  in te rv a l. T he l a t t e r  re su lt im plies th a t  th e  
electron ic  c o n tr ib u tio n  to  th e  e n tro p y  a t  th e  A F M —FM  tra n s it io n  is n e ith e r 
exclusive nor p re p o n d e ra n t.

I n  order to  g e t m ore co n fid en t d a ta  on th e  te m p e ra tu re  dependence o f 
th e  c ritica l field th e  m easu rem en ts  w ere re p e a te d  in  s ta tic  m ag n e tic  fields. In  
Section  I I  th e  e x p e rim e n ta l m e th o d  and  th e  e v a lu a tio n  o f d a ta  are  described, 
w hile in  Section I I I  a  de ta iled  analy sis  of th e  p ossib le  d iscrepancies is given.

* Dedicated to Prof. L. J á n o s s y  on his 60th birthday.
1 Visiting scientist. Present address: Central Research Institute for Physics, Budapest, 

Hungary.
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II. M ethod o f m easu rem en t

T he m ag n e tiza tio n  versus te m p e ra tu re  curves w ere m easu red  b y  e x tra c 
tio n  tech n iq u e  on a  spherica l specim en  o f F e 5 1 ) 7  R h 4 g j 3  o f 3 m m  d ia m e te r . The 
m a g n e tic  field, v a ria b le  from  zero to  82.3 kO e, w as g en era ted  b y  a  w ater- 
coo led  W ood-type so lenoid ; th e  f ie ld  s tre n g th  was ca lcu la ted  from  th e  p recisely  
m e a su re d  solenoid c u rre n t. The sam p le  te m p e ra tu re  could  be v a ried  fro m  77 to  
300 °K  b y  th e  use o f  a special n itro g e n  c ry o s ta t supp lied  w ith  a P ID -ty p e  
te m p e ra tu re  con tro ller. A lthough  th e  te m p e ra tu re  f lu c tu a tio n  o f th e  specim en

magnetic field (kOe)

Fig. 1. FeRh magnetization curves at different temperatures. The temperature for each 
curve is given in °K. The critical field for AFM-FM transition is given by the intersection 

points of lines n or b. Line c is the magnetization curve for the pure AFM-phase

b e fo re  ex trac tio n s w as sm aller th a n  ^ 0 .0 8  °K , d u rin g  th e  m easu rem en ts  the  
te m p e ra tu re  s ta b ility  w as n o t b e t te r  th a n  ^ 0 .4  °K . T h is resu lted  in  a te m p e ra 
tu r e  inhom ogeneity  along th e  e x tra c tio n  p a th  w h ich  could  n o t be reduced  
s ig n ifican tly . H ow ever, th is sm all u n c e r ta in ty  in  th e  sam ple te m p e ra tu re  did 
n o t  seriously  a ffec t th e  form  o f th e  c ritica l fie ld  versu s  te m p e ra tu re  curve.

T h e  flu x  ch an g e  produced  b y  sam ple e x tra c tio n  w as m easu red  w ith  a 
b a ll is t ic  g a lv an o m ete r coupled to  a G rap h isp o t l ig h t follow er. B efo re  each 
m ag n e tiz a tio n  m e asu rem en t th e  sam p le  w as cooled to  liq u id  n itro g en  te m p e ra 
tu r e ,  th e n  h ea ted  in  th e  absence o f  m ag n e tic  fie ld  to  th e  te m p e ra tu re  o f the 
a c tu a l  m easu rem en t a n d  allowed to  re a c h  th e rm a l equ ilib rium . T he m ag n e tiz a 
t io n  curves m easu red  in  increasing  m ag n e tic  fie lds a t  d ifferen t te m p e ra tu re s  
a re  show n in F ig . 1.

A lthough  th e  A F M — FM  tra n s it io n  is a f irs t-o rd e r  process, u n fo r tu n a te ly  
th e  sharpness of th e  tra n s itio n  in  re a l m a te ria ls  is n o t  so p ro n o u n ced  th a t  th e
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critica l fie ld  can be defined  u n am b ig o u sly , and  th u s  one has to  ap p ly  in  some 
sense a rb itra ry  d e fin itio n s for th e  c ritic a l field. F o r in stance , th e  c ritic a l field 
can be id en tified  w ith  th e  field  v a lu e  a t  w hich th e  fie ld  deriva tive  o f th e  m ag n e
tiz a tio n  is m ax im al ( 1 ), or the  fie ld  a t  w hich th e  m ag n e tiza tio n  reach es h a lf  its  
m ax im u m  value (2). In  the  la t te r  case it  seems to  be  necessary  to  ta k e  in to  
acco u n t also the  h igh  su scep tib ility  o f  th e  AFM  phase , while th e  re la tiv e ly  low 
in tr in s ic  su scep tib ility  o f th e  FM  p h a se  can be neg lected .

F o r  th e  d e te rm in a tio n  of th e  c ritica l field  we used  the  second defin itio n . 
T he s tra ig h t  lines a a n d  b in  Fig. 1 show  th e  c ritica l fie lds a t d iffe ren t te m p e ra 
tu re s . L ine  b gives th e  corrected  v a lu es  and  is so d raw n  th a t  i ts  in te rsec tio n  
w ith  th e  m ag n e tiza tio n  axis is eq u a l to  th a t  o f a, w hile its  angle to  a is h a lf  th e  
angle betw een  th e  m ag n etic  fie ld  ax is  and  th e  s tra ig h t line c co rrespond ing  to  
th e  m ag n e tiza tio n  o f  th e  pure A F M  phase. T he correction  for th e  in trin sic  
FM  su scep tib ility , w h ich  som ew hat increases th e  angle betw een  a a n d  b, has 
been o m itte d  here, because  its  c o n tr ib u tio n  to  th e  m ag n e tiza tio n  is v e ry  sm all.

I t  should  be n o te d  th a t  th e  d e fin itio n  o f th e  critica l fie ld  a d o p te d  here 
is co n sis ten t w ith  th e  assum ption  t h a t  a t  the  tra n s itio n  te m p e ra tu re  h a lf  th e  
sam ple  consists o f th e  AFM  phase .

F it t in g  th e  m easu red  va lu es  o f  th e  c ritica l fie ld  by  th e  le a s t  squares 
m e th o d  to  th e  p o lynom ina l

He  =  # „  +  H J  +  H 2T \

th e  follow ing coeffic ien ts were o b ta in e d  m aking  use o f the  in te rsec tio n  p o in ts  
w ith  a:

H 0 =  369.2 ±  40.0 kOe*
H ± = 1 . 2 2  ±  0.29 kO e/°K

Я 2  =  0.00025 ±  0.00051 kO e/°K 2,

w hile w ith  th e  in te rsec tio n  po in ts  w ith  b:

H 0 =  442.6 i  40.0 kOe 

H x =  1.73 ±  0.29 kO e/°K

H 2 =  0 .00114 ±  0.00051 k ° 0 e /K 2.

III. Discussion

F ir s t  o f all, i t  can  be seen t h a t  th e  coefficients o f th e  q u a d ra tic  te rm  are 
very  sm all in b o th  cases: th e  co effic ien t is p ra c tic a lly  zero, w ith in  th e  ex p eri
m e n ta l e rro r, in  th e  f i r s t  case an d  c e rta in ly  p ositive  —  n o t n eg a tiv e , as found
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b y  M cK in n o n  e t  a l. [2] —  in  t h e  se co n d  case . T h is  m e a n s  t h a t  i f  He  =  Hc(T)  
is  a  se c o n d -o rd e r  p o ly n o m ia l o f  th e  te m p e r a tu r e ,  i t s  c u r v a tu re  m u s t  h e  o p p o 
s i te  to  t h a t  o b s e rv e d  b y  M c K in n o n  e t  al.

A cc o rd in g  to  P a l ’s [4] m o d e l, th e  r e la t io n  o f  th e  tr a n s i t io n  te m p e r a tu re  
t o  th e  c r it ic a l f ie ld  is e x p re sse d  b y

T  =  T 0 —  a H ç 3,

w h ic h  can  h e  a p p r o x im a te ly  in v e r te d  in to  th e  fo rm

He  =  t f 0  +  H , T  +  H 2T°-,

w h ere  Н г is n e g a tiv e  and  H 2 p o s itiv e . T he p ositive  sign of H 2 is co n sis ten t w ith  
o u r  ex p erim en t, b u t  one has to  be  carefu l in  d raw in g  any  defin ite  conclusion 
on  th e  va lid ity  o f  P a l ’s m odel in  th is  case, since th e  coefficient o f th e  q u ad ra tic  
te rm  is only tw ice  as large as its  erro r.

The on ly  c e r ta in  conclusion is th a t  th e  ex p e rim en ta l d a ta  a re  in  closer 
ag reem en t w ith  a lin ea r  th a n  w ith  a q u a d ra tic  te m p e ra tu re  dependence  of th e  
c ritica l field. T h e  cu rv e  o f c ritica l fie ld  versus te m p e ra tu re  can be seen in  Fig. 2. 
T h e  s tra ig h t line  co rresponds to  th e  le a s t squares f i t  o f He =  H 0 -f- H XT  to  th e  
ex p erim en ta l p o in ts . In  Fig. 3 cu rv e  A  shows th e  d ev ia tio n s of th e  exp erim en ta l 
v a lu es  from  th e  expression  He  =  H 0 -f- H ^ T f i t te d  b y  th e  least sq u ares  m ethod , 
w hile  curve В  in d ica te s  th e  d e v ita tio n s  from  H e =  H 0 -f- H 2T 2. T here  is no 
d o u b t th a t  th e  d ev ia tio n s  are la rg e r  in  th e  la t te r  th a n  in  th e  fo rm er case.

L et us lo o k  now  a t  th e  possib le causes o f  th e  difference b e tw een  th e  
p u lsed  field  an d  th e  s ta tic  fie ld  d a ta . M cK in n o n  e t  al. [2] defined  th e  critical 
f ie ld  as th e  v a lu e  a t  w hich d M / d H  is m ax im al. H ow ever, th e ir  ex p erim en ta l 
m e th o d  did n o t  d e te rm in e  p rec ise ly  th e  v alue  as so defined. E ssen tia lly  the  
m e th o d  consisted  in  p lacing  th e  specim en in  one o f  a m a tch ed  p a ir  o f search 
coils belonging to  a com p en sa ted  in d u c tiv e  p ick -u p  system  th a t  w as located  
in sid e  th e  pu lse  coils in  th e  m o s t un ifo rm  reg ion  o f th e  m ag n etic  field . In  
su ch  an  a rra n g e m en t th e  vo ltage  in d u ced  in  th e  sea rch  coils o rig inates exclusi
vely  from  th e  specim en  and  is th u s  p ro p o rtio n a l to  th e  tim e  d e riv a tiv e  of 
th e  m ag n e tiza tio n . Since dM/dt  =  d M / d H  ■ dH/dt ,  th e  position  o f  th e  m ax i
m u m  is d ep en d en t on th e  pulse sh ap e . Since th e  v a lu e  o f  dH/dt  rem ain s in itia lly  
p ra c tic a lly  c o n s ta n t b u t  a t  h ig h er fields show s an  ev er m ore ra p id  decrease as 
th e  fie ld  increases, th e  m ax im um  position  o f d M /d t  is sh ifted  to w ard s  increas
in g ly  lower fie ld s  as com pared  w ith  th e  m ax im u m  o f dM/dH.  As th e  m ag
n e tic  field grow s (i.e. as th e  te m p e ra tu re  decreases) th e  sh ift becom es ever 
la rg e r. This causes a n egative  c u rv a tu re  in  th e  m easu red  He — H(T)  curve 
correspond ing  to  a  fic tiv e  q u a d ra tic  te rm  w ith  n e g a tiv e  coefficent.
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A n o th er p ro b lem  arising in  th e  m easu rem en ts by  pulsed  f ie ld  techn ique 
is th e  possible e ffec t o f th e  la te n t  h e a t  released or absorbed  in  th e  A F M —FM  
tra n s it io n . The h e a t  absorbed  in  th e  tra n s itio n  decreases the  specim en  tem pera-

Fig. 2. Temperature dependence of the critical field for AFM-FM transition in FeRh. The 
straight line corresponds to the least squares f it  of the equation Hq =  H0 -f- HjT to the experi

m ental points

Fig. 3. Deviations of the experimental values from linear (A)  and from quadratic (B)  tempera
ture dependence of the critical field F[q

tu r e ,  as in  th is  case th e  system  can  b e  regarded  as ad iab a tic . F ro m  th e  rep o rted  
d a ta  th e  la te n t h e a t c an  be tak en  as 1  cal/g and  th e  specific h ea t as 0 .08 cal/gK °, 
an d  th u s  th e  te m p e ra tu re  decrease can  be e s tim a te d  as 6 —7°. I f  th e  specific 
h e a t  an d  la te n t  h e a t  o f  th e  specim en are  tem p era tu re -d ep en d en t, th e  te m p e ra 
tu re  decrease will d e p e n d  on th e  te m p e ra tu re  w hich  we associate w ith  th e  c riti
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cal fie ld . These c ircum stances m ake questionab le  th e  p reponderance  of th e  
e lec tron ic  c o n tr ib u tio n  to  the  excess en tro p y  a t  th e  tran s itio n .

A ssum ing t h a t  th e  A F — F  tra n s it io n  in  F e R h  can  he described  b y  an 
a p p ro p ria te  c o m b in a tio n  of th e  exchange-inversion  an d  th e  e lec tron  en tro p y  
m odels, th e  tw o co n trib u tio n s  w ith  opposite  signs could “ s tra ig h te n ”  th e  
fu n c tio n  He  =  Hc(T) .  T his w ould  exp la in  th e  n e a r ly  lin ea r re la tio n sh ip  show n 
b y  o u r m easu rem en ts  in  s ta tic  fie ld s.

A cknow ledgem ent

The authors are much indebted to Professor R .  P a u t h e n e t  for putting at their disposal 
the equipment of the High Magnetic Field Laboratory of the C.N.R.S., Grenoble, and for 
his helpful interest in their work.

REFERENCES

1. J. M. L ö m m e l , J. Appl. Phys., 40, 3880, 1969.
2. J. B. M c K i n n o n , D. M e l v i l l e  and E. W. L e e , J. Phys. C: Metal Phys. Suppl., 1, S46,

1970.
3. E. A. Z a v a d s k i i  and J. G. F a k i d o v , S o v . Phys. Solid State, 9, 103, 1967.
4. L. PÁL, Acta Phys. Hung., 27, 47, 1969.

ЗАВИСИМОСТЬ ТЕМПЕРАТУРЫ АНТИФЕРРОМАГНИТНОГО- 
ФЕРРОМАГНИТНОГО ПЕРЕХОДА ОТ МАГНИТНОГО ПОЛЯ В FeRh

Л . ПАЛ, Д. ЦИММЕР, Й. Ц. ПИКОШ и Т. ТАРНОЦИ 

Резюме

Путем измерений в статическом магнитном поле было показано, что в противо
положность результатам, полученным Мак-Киннон и другими в импульсных полях, кри
тическое поле для антиферромагнитного-ферромагнитного перехода в FeRh является 
почти линейной функцией температуры. Линейная температурная зависимость позволяет 
предполагать, что наряду с электронным компонентом должен иметь место значительный 
вклад решетки в изменение энтропии, наблюдаемой в антиферромагнитном-ферромагнит- 
ном переходе.
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FURTHER MEASUREMENT ON THE К , . - К 5 
REGENERATION AMPLITUDE ON HYDROGEN 

AT HIGH ENERGIES*

DUBN A  — SE R PU K H O V  -  BUDAPEST COLLABORATION

(Received 19. X. 1971)

The transmission regeneration amplitude of the long-lived К mesons was measured 
in the 14—42 GeVenergy range.The phase of the difference of the forward scattering amplitudes, 
arg ( f —f ) ,  turned out to be (—118 + 1 3 )° , whereas its module over the kaon momentum, 
i f —-flip, fell with increasing energy.

1. In troduc tion

In  a form er a rtic le  [1] we h av e  desribed th e  a im  of the  e x p e rim en t, its 
th e o re tic a l basis, as well as th e  exp erim en ta l la y -o u t to g e th e r w ith  some 
p re lim in a ry  resu lts . H ere  we shou ld  like to  p re se n t re su lts  based  on a m uch 
la rg e r s ta tis tic s  a n d  on a com ple ted  analysis in re g a rd  of avo id ing  possible 
sy s te m a tic  biases.

T he m easu red  q u a n t i t y /  — / ,  th e  difference o f  th e  K°p an d  K°p forw ard 
sc a tte r in g  am p litu d es , can be co m p ared  wdth d iffe ren t th eo re tica l p red ic tions. 
F ir s t ,  i f  iso topic in v a rian ce  holds for h igh-energy p a r tic le  sca tte rin g , th e  follow 
in g  re la tio n  m u st be valid :

До  =  ° ш ( К + n ) ~  atot( K -  n ) =

=  atot(K°p)  <7 tot(K°P) =  (1)

=  -— I m  ( /  / ) ,
P

w here atot is th e  to ta l  cross sec tion  o f  th e  process s ta n d in g  in th e  p a ren th eses . 
T h e  la s t  re la tion  w as o b ta in ed  from  th e  optical th e o re m . M oreover, i f  th e  so- 
ca lled  P o m e r a n c h u k  th eo rem  [2] is v alid , Aa m u s t v an ish  in  th e  a sy m p to tic  
en e rg y  region. T h u s  in  observ ing  a  b eh av io u r Aa — 0 as energy increases, the  
co n d itio n s  for th e  v a lid ity  of th e  P o m e r a n c h u k  th e o re m , e.g. th e  a sy m p to tic  
c h a ra c te r  of th e  en erg y  region, can  be asce rta in ed  ex p e rim en ta lly . T h e  ac tu a l 
en e rg y  dependences o f  ] / — /  j a n d  arg  | f  — /  are  p re d ic te d  th e o re tic a lly  from

* Dedicated to Prof. L. J á n o ssy  on his 60th birthday, to whom D. K iss, E . Na g y ,
L. U rb a n  and G. V e szt er g o m b i would like to express their indebtedness and gratitude for 
the constant stimulation that his teaching has given them in their work.
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th e  dispersion re la tio n s  [3— 5] a n d  th e  R egge-pole m odels [6 —8 ]. The 
reg en e ra tio n  e x p e rim en t is th u s  a  m eans of v e rify in g  these  m odels as will be 
seen in the  n ex t Section .

2. R esu lts  an d  conclusions

T he to ta l n u m b ers  of ev e n ts  selected w h en  th e  re g e n e ra to r  was p re 
s e n t an d  w ith o u t i t  w ere 2640 a n d  450, re sp ec tiv e ly . The b ack g ro u n d s  to  be  
s u b tra c te d  from  th e se  figures w ere  16%  and  2 8 % , respec tive ly .

100

-Q
E

proper time distribution \  1 
of K° —ТГ+1Г decays \

J ____I____1____ I____1____ L -

1 2 3 A 5 6  7
*101°sec

Fig. 1. The proper tim e distribution of K L - > л +л~ events (circles). The dotted line shows 
the expected distribution calculated by Monte Carlo method

T he d e tec tio n  efficiency e(jp, t) was ca lcu la ted  as a fu n c tio n  of kaon  
m o m en tu m , p , a n d  p roper tim e , f, using  M onte C arlo m ethod . T h e  resu lt w as 
co m p ared  w ith  th e  ex p erim en ta lly  observed  d is tr ib u tio n s , such  as th e  proper 
tim e  d is trib u tio n  o f  K L —► n + n ~  ev en ts  w hen  th e  reg en e ra to r  w as n o t em 
p lo y ed . The s im ila rity  of th e  tw o  d is trib u tio n s  w as sa tis fac to ry  (F ig . 1).

In  order to  deduce q from  E q . (1) o f [1] one can p roceed  in  d ifferent
w ays.

la .  H av in g  de te rm in ed  ex p erim en ta lly  th e  n u m b er o f tran sm iss io n 
re g e n e ra te d  К  — л  + л ~  events ( th e  circles e.g. in  F ig . 4), one can  f i t  to  th em  
th e  theo re tica l cu rv e  given by  E q . (1) of [1] u sin g  th e  L eas t M ean Squares 
(LM S) m ethod. In  do ing  so k n o w n  q u an titie s  fo r y s , y ( K s —► л  + л ~ ) ,  ï)+-  and  
A m  have  been u tiliz ed  [9]. I t  is also necessary  to  determ ine  M H • S L(p), th e  
t o ta l  num ber of k ao n s  decaying  b e h in d  th e  reg e n e ra to r . This w as done using 
th e  K„3 and  К пЪ decay  m odes b y  app ly ing  M on te  Carlo ca lcu la tio n s [10],

Acta Physica Academiae Scientiarum Hungaricae 32, 1972



143

in  o rder to  ta k e  in to  acco u n t th e  u n c e r ta in ty  in  th e  K L energy  d e te rm in a tio n . 
W ith  th e  a ssu m p tio n  th a t  th e  a b so rp tio n  o f kaons does n o t  v a ry  in  th e  2 0 —50 
GeV energy  region, th e  sam e sp ec tru m  can  be o b ta in ed  from  th e  K L —*■ ж + л ~  
decays w ith o u t reg en era to r. T he observed  sp ec tru m  can  be seen in  Fig. 2 
to g e th e r w ith  a  th eo re tica l cu rve  ca lcu la ted  a fte r  T r il l in g  [11]. T he so-called 
m o n ito r, M H, tu rn e d  o u t to  be M H =  (1 .0 7 2 ± 0 .0 5 )1 0 9.

M EASUREM ENT ON T H E  K L ~ K S R EG EN ER A TIO N

PRO (Gev/c)

Fig. 2. The experimentally observed momentum spectrum of kaons behind the hydrogen 
regenerator. The full line shows theoretical expectation calculated in [11]

lb .  To deduce q b y  LMS f i t  i t  is n o t  necessary  to  k now  M HS L(p); on th e  
c o n tra ry , i f  th e re  is a su ffic ien t n u m b e r o f p ro p er-tim e  b in s  th e  f i t  a u to m a tic 
a lly  p roduces th e  value  o f  th e  p a ra m e te r . In  fa c t,  th e  ca lcu la ted  values o f  
M HS L(p) co incide ex trem ely  w ell w ith  th e  ex p e rim en ta lly  e s tab lished  ones, 
th u s  ju s tify in g  th e  above p rocedure .

2. A gain  supposing  th a t  K L a b so rp tio n  does n o t change w ith  energy  in 
hy d ro g en , we can rew rite  E q . (1) o f  [1] in  th e  form :

N ” _

N X -
1 £

2

e~  - \-2
p  I _  ум

-------  e 2  cos (zl Tnt -j- — Ф_]_)
1 1 »?+- V+-\  J ( 2)

w here iV^_ an d  M v are th e  sam e as th e  co rresponding  q u a n titie s  N +_ and  
M hS l(p ) b u t  refe r to  th e  case w hen  reg en e ra to r is ab se n t (g =  0). T he left-
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b KIEV m <j> FIT 2 I FIT 1

Gev/c Gev/c

Fig. 3. The results o f the two fitting procedures (full and empty circles). Preliminary results 
of the same experiments [1] (triangles) are also shown

« 1 0  s
Fig. 4. Proper time distribution of all K°  -» л +л~ events. The full line was obtained by an 
overall fit with constant phase hypothesis. Dotted lines correspond to no regeneration and

no interference hypotheses
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h a n d  side is know n ex p e rim en ta lly , while M Hj M v is th e  ra tio  o f th e  to ta l  n u m 
b e r o f ev en ts  w ith  an d  w ith o u t reg en era to r, w h ich  in  th e  p re se n t case was 
3 .5 ^ 0 .0 6 . T he use o f  E q . (2) in  th e  LMS f it t in g  p rocedure  has th e  v ir tu e  th a t  the  
efficiency an d  m o m en tu m  sp ec tru m  functions do n o t in te rv en e . O n th e  o ther 
han d , one needs h ig h  s ta tis tic s  concern ing  th e  v a cu u m  events.

T h e  resu lts  o f th e se  tw o  f i t t in g  procedures can  be seen in  F ig . 3. The tw o 
m ethods give essen tia lly  th e  sam e resu lts . Since a rg  ( / — / )  does n o t change 
ap p rec iab ly  w ith  th e  energy , in  ag reem en t w ith  th e  P o m e r a n c h u k  theorem  
an d  R egge pole m odels, we also ca rried  o u t an  overa ll f i t  over th e  six  m om en
tu m  in te rv a ls  w here a rg  ( /  — / )  w as k e p t fixed . T h is y ie lded  a rg  ( f — / )  =  
—  118°=1I 130, w ith  % 2  =  6 8  fo r 56 degrees o f freedom . T he curve  correspond ing  
to  th e  b e s t f i t  can  be  seen in  F ig . 4, w here fo r th e  sake of com parison  curves 
w ith  no in te rfe ren ce  an d  no reg en era tio n  are  also show n.

F o r  th e  m odules o f  ( / — / )  d iv ided  b y  p ,  th e  sam e overall f i t  y ie lded  th e  
values show n in  F igs. 5 a n d  6 . F o r com parison  va lu es  o f th e  sam e q u an titie s  
m easu red  in  p rev ious ex p erim en ts  b u t  a t  low er energies are also show n. In  
F ig . 8  tw o k inds o f  th e o re tic a l curves can be seen: th e  fu ll lines co rrespond  to  
non -v io la tio n  of th e  P o m e r a n c h u k  th eo rem  (Ao =  0), w h ilst th e  d o tte d  lines

2 3 4 6 810 20 30 50

Gev / c

Fig. 5. The results of the overall fit. Theoretical curves were calculated using Regge-pole 
models. Full line — no violation, dotted line — small violation of the P o m e r a n c h u k  theorem. 

Results of previous measurements at lower energies are also shown
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w ere  ob ta ined  su p p osing  sm all v io la tio n  (Aa =  0.54 m b) ca lcu la ted  using the  
R egge-pole m odels [5]. O ur ex p e rim en ta l p o in ts  fa v o u r th e  fo rm er case, th o u g h  
a sm a ll v io lation  c a n n o t be excluded .

In  Fig. 6  th e  th e o re tic a l cu rves w ere ca lcu la ted  using  d ispersion  re la tions
[4 ]. H ere  the  fu ll lines again co rrespond  to  th e  case o f n o n -v io la tio n  of th e  
P o m e r a n c h u k  th eo rem , d o tte d  lines signify w eak  v io la tion  {Aa =  2 m b). 
O u r exp erim en ta l re su lts  seem to  ru le  o u t th is  l a t te r  hyp o th esis  in  th e  given 
m o d e l w ith  reg a rd  to  b o th  th e  p h ase  an d  m odule o f th e  difference of th e  
fo rw a rd  sca tte rin g  am p litu d es.

Fig. 6. Results of previous measurements together with those of the present experiment. 
The theoretical curves are predictions of dispersion relations. Full line — no violation, dotted 

lines — small violation of the P o m e r a n c h u k  theorem
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ИЗМЕРЕНИЕ АМПЛИТУДЫ РЕГЕНЕРАЦИИ K L ~ K s  НА ВОДОРОДЕ 
ПРИ ВЫСОКИХ ЭНЕРГИЯХ 

СОВМЕСТНАЯ РАБОТА ДУБН А-СЕРП УХО В-БУДАП ЕШ Т

Резюме

Амплитуда регенерации долгоживущих К мезонов была„измерена при энергиях в 
14—42 Гэв. Фаза различий амплитуд рассеяния вперед arg ( / —/ )  =  (—118 ±  13)°, а мо
дуль над импульсом К-мезона ( /—/ ) / р падает вниз при возрастающей энергии.
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ON THE EXCITATION MECHANISM AND OPERATION 
PARAMETERS OF THE 4416 Â Не-Cd LASER*

B y

M. J á n o s s y , V. V. I t a g i * *  and L. C s i l l a g

CENTRAL RESEA RCH  IN ST ITU TE F O R  PHYSICS, BU DA PEST

(Received 19. X . 1971)

Measurements carried out on a 50 Hz a.c. excited Не-Cd laser operating at 4416 Â 
indicated the possibility that two processes are involved in the excitation mechanism for this 
laser transition. It is suggested that the two processes are (1) Penning ionization of neutral 
Cd atoms by collisions with He metastables, and (2) electron — Cd ion collisions. The theory 
developed on the basis of the suggested excitation mechanism gives quantitative data on opera
tion parameters of the laser.

1. In tro d u c tio n

As a re su lt o f in v estig a tio n s p erfo rm ed  on a  d. c. o p e ra ted  H e —Cd laser 
S i l f v a s t  [1] h as  p roposed  th a t  p o p u la tio n  inversion  fo r th e  4416 Â tra n s itio n  
o f C d(II) is due to  a P en n in g  ion iza tion  p rocess in  w hich  th e  u p p er lase r s ta te  is 
excited  b y  collisions of m e tas tab le  H e a to m s w ith  n e u tra l  Cd a to m s, while 
d ep o p u la tio n  o f th e  low er la se r s ta te  is ach iev ed  b y  th e  v e ry  fa s t 2144 Â  u l t r a 
v io le t tra n s itio n . M easurem ents p erfo rm ed  b y  S c h e a r e r  an d  P a d o v a n i  [2] 
show  th a t  th e  collision cross-section fo r th e  P en n in g  reac tio n  suggested  b y  
S i l f v a s t  is h igh , being  o f th e  order of 10 ^1S cm 2, th u s  v e rify in g  th a t  P en n in g  
ion ization  is in d eed  effective in  p o p u la tin g  th e  u p p e r la se r s ta te  in  th e  H e —Cd 
system .

E x p e rim e n ts  on a 50 H z a.c. ex c ited  H e —Cd laser ( C s i l l a g  e t  al. [3]) 
have  in d ica ted , how ever, t h a t  th e  ex c ita tio n  m echan ism  fo r th e  4416 Â  laser 
tra n s itio n  m a y  be m ore com plica ted  th a n  t h a t  p roposed  b y  S i l f v a s t . T he 
m easu rem en ts show ed i t  is possible th a t  tw o  processes ta k e  p a r t  in  th e  ex c it
a tio n  o f th e  u p p e r laser s ta te , i.e. th a t  P e n n in g  io n iza tio n  alone is n o t su ffic ien t 
to  exp la in  th e  p h en o m en a  observed  on th e  50 H z a.c. ex c ited  laser.

In  th is  a rtic le  all ex p erim en ta l d a ta  o b ta in e d  on th e  a.c . o p e ra te d  H e—  
Cd laser are exam ined  in  d e ta il an d  i t  is d e m o n s tra te d  t h a t  these  can  be in te r 
p re ted  b y  ta k in g  in to  acco u n t n o t only  P e n n in g  io n iza tio n  b u t  also e lec tro n  —- 
Cd ion collisions. T he th e o ry  developed on th e  basis  o f th e  suggested  ex c ita tio n  
m echan ism  gives q u a n tita tiv e  d a ta  on o p e ra tio n  p a ra m e te rs  of th e  4416 Â 
H e —Cd laser.

* Dedicated to Prof. L. J á n o s s y  on his 60th birthday.
** Marathwada University, Aurangabad, India.
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2. E x p erim en ta l resu lts

In  th e  follow ing th e  m ost im p o r ta n t d a ta  o b ta in ed  from  ex p erim en ts  
ca rr ied  o u t on th e  50 H z a.c. o p e ra te d  H e —Cd laser are sum m arized . Tw o 
d iffe ren t la se r tu b e s , b o th  of 4 m m  in n e r d iam e te r, were used  in  th e  m easu re 
m en ts . One o f th e  d ischarge tu b e s  w as 180 cm  long, th e  necessary  tu b e  te m 
p e ra tu re  being  p ro d u ced  by  a th e rm o s ta tic a lly  con tro lled  oil b a th . T he o th e r  
w as 130 cm  long  an d  w as h ea ted  b y  m eans of an  electrical fu rnace . T he d e p e n d 
ence o f laser pow er on d ischarge c u rre n t was m easured  using  a d u a l b eam

H e-Cd laser AA16 Á

instantaneous discharge current ImA'
Fig. 1. Dependence of laser power on instantaneous discharge current for the 50 Hz a.c.

excited Не-Cd laser

oscilloscope, one beam  record ing  th e  v a r ia tio n  o f laser pow er, th e  o th e r  th e  
v a r ia tio n  o f d ischarge  cu rren t, d u rin g  a single ex c ita tio n  cycle.

a) T he m easu rem en ts show ed an  u n u su a l dependence of a.c . lase r pow er 
on d ischarge  c u rre n t in  c o n tra s t to  th e  lin ea r re la tio n  found  on d.c. lasers by  
S il f v a s t  [1], [4]. In  th e  a.c. ex c ited  laser i t  w as observed  th a t  lase r p ow er 
s a tu ra te s  in  a c u rre n t range o f 5 0 — 100 m A  b u t  a t  h igher c u rre n t rises s teep ly  
ag a in  w ith  in creasin g  cu rren t (F ig . 1). T he tra n s it io n  from  th e  sa tu ra tio n  ran g e  
to  th e  increasin g  one is alw ays m a rk e d  b y  a sh a rp  b reak  in  th e  cu rve  o f  la se r 
pow er versus d ischarge  c u rren t. L ase r o u tp u t becom es v e ry  no isy  a t  c u rre n ts  
ab o v e  th e  c ritica l cu rren t, a t w h ich  th e  sh a rp  increase in  laser pow er occurs. 
T h e  c ritica l c u rre n t I c depends on  H e p ressu re , wit h increasing  H e p ressu re  i t  
sh ifts  to  low er c u rre n ts  in  p ro p o rtio n  to  th e  rec ip rocal of th e  pressure  p  (F ig . 2). 
A bove a c e r ta in  H e pressure, h ow ever, I c does n o t depend  anym ore  on p.  
T h e  c ritica l c u rre n t also varies as th e  te m p e ra tu re  (Cd co n cen tra tio n ) in  th e
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Fig. 2. Dependence of critical current on He pressure

Fig. 3. Dependence of critical current on tube temperature

d ischarge  tu b e  is changed , beco m in g  higher w ith  increasing  tu b e  te m p e ra tu re  
(F ig . 3).

b) T he sam e b re a k  in the in te n s i ty  — c u rre n t dependence w as fo u n d  for 
th e  sp o n tan eo u s 4416 Â line v iew ed  from  th e  end o f th e  laser tu b e ;  th e  effect 
w as m ore or less p ronounced  fo r o th e r  sp o n tan eo u s tran s itio n s  o f  th e  ionic 
sp e c tra  of Cd (p ronounced  for 5378 Â , 5337 Á, 3250 Â, observab le  fo r 6360 Â,
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6355 Â  and  o thers), b u t  was n o t observed  for sp e c tra l lines of n e u tra l  Cd. The 
in te n s i ty  of n e u tra l  Cd lines show ed a ten d en cy  to  s a tu ra te  in  th e  c u rre n t range 
in  w h ich  th e  s tro n g  increase  of in te n s ity  was fo u n d  fo r th e  ionic sp ec tra l lines.

c) I c was fo u n d  to  be equal to  th e  low er c u r re n t th resh o ld  fo r th e  occur
ren ce  o f ion iza tion  w aves (m oving s tr ia tio n s  [5]) in  th e  d ischarge  tu b e . The 
p resen ce  of io n iza tio n  w aves w as revealed  b y  th e  sud d en  ap p earan ce  o f very  
s tro n g , regular in te n s i ty  f lu c tu a tio n s  in  th e  4416 Â  sp o n tan eo u s side ligh t 
as th e  discharge c u r re n t  exceeded I c. The period ic  in te n s ity  m o d u la tio n  due

Ne-Cd laser 4416 Â

in stan taneous discharge cu rren t CmA]

Fig. 4. Dependence of laser power on Instantaneous discharge current for the 50 Hz a.c.
excited Ne-Cd laser

to  th e s e  f lu c tu a tio n s  w as n early  1 0 0 % , a lth o u g h  noise  am p litu d e  in  th e  laser 
o u tp u t  pow er w as o n ly  15%  an d  m o d u la tio n  o f  d ischarge  c u rre n t w as n o t  m ore 
th a n  a few % . A cco rd in g  to  d a ta  rep o rted  b y  P e p in  an d  D r o u e t  [6] for 
d .c . discharges, th e  low er c u rre n t th re sh o ld  fo r th e  occurrence o f  ion iza tion  
w aves is re la ted  to  s a tu ra tio n  of th e  m e ta s tab le  a to m  p o p u la tio n . T he rep o rted  
th re sh o ld  cu rren t fo r  a 1 cm d iam e te r  d ischarge tu b e  co n ta in in g  p u re  H e a t 
a p ressu re  of 2 to r r  is o f  th e  o rd e r o f 100 m A , w h ich  rou g h ly  agrees w ith  th e  
v a lu e  o f  I c o b ta in e d  in  our 50 H z a.c. o p e ra ted  H e — Cd discharge.

d) CW laser o sc illa tion  a t  4416 A  w as also o b serv ed  in  a 50 H z a.c. ope
r a te d  N e—Cd d isch arg e  (Cs il l a g  é t a l .  [7]). F o r  th is  lase r th e  dependence of 
la se r  pow er on d isch arg e  cu rren t is s im ilar to  t h a t  o f  th e  H e —Cd laser in  th e  
c u r re n t  range ab o v e  th e  critical c u rre n t (Fig. 4). I n  th e  N e —Cd la se r th e  th re 
sh o ld  cu rren t for la se r  action  decreases w ith  in c reasin g  Ne p ressu re  an d  
s a tu ra t io n  occurs in  la se r  o u tp u t pow er.
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3. E xcita tio n  m echan ism

T h e  b reak  in  th e  lase r pow er —  d ischarge c u rre n t curve o b serv ed  in  th e  
a.c. H e — Cd laser is n o t  due to  an y  sim ple effect connected  w ith  a change of 
Cd v a p o u r  p ressu re  caused  b y  v a r ia tio n  o f th e  te m p e ra tu re  of th e  d ischarge  
tu b e , since th e  sam e anom aly  w as n o t  o b served  in  a N e— Cd d ischarge . T he 
effect is th u s  c e rta in ly  connected  to  a to m ic  ex c ita tio n  processes in  th e  H e —Cd 
laser tu b e .

Fig. 5. Energy level diagram of the cadmium ion. Wavelengths are denoted in Â

F ig . 5 show s th e  energy level d iag ram  o f th e  Cd ion ; th e  m e ta s ta b le  and  
ion g ro u n d  s ta te s  o f  H e an d  Ne w h ich  are  im p o r ta n t  in  re sp ec t o f th e  e x c ita tio n  
m echan ism  are also in d ica ted . I t  can  be seen th a t  in  c o n tra s t to  th e  energy  of 
th e  H e  m e ta s tab le s , th e  energy o f  N e m e ta s ta b le  a to m s is n o t h igh  en ough  to  
p o p u la te  th e  u p p e r  5s2 2 D 5 / 2  level o f  th e  4416 Â  la se r tra n s itio n . T a k in g  th is  
to g e th e r  w ith  th e  ex p e rim en ta l fa c t t h a t  th e  low  c u rre n t (I  <  I c) p a r t  o f th e  
la se r pow er — d ischarge  c u rren t cu rv e  does n o t  a p p ea r in  th e  N e— Cd laser, it  
seem s p robab le  t h a t  in  th e  lo w -cu rren t reg ion  th e  d o m in an t e x c ita tio n  source 
o f  th e  5s22ű 5/2 s ta te  in  th e  H e —Cd la se r is P en n in g  io n iza tion  o f n e u tra l  Cd 
a to m s b y  collisions w ith  H e m e ta s tab le s , as suggested  b y  S il f v a s t .

O n th e  o th e r  h a n d , th e  sh a rp  increase  o f  in te n s ity  a t  c u rre n ts  I  >  I c 
w as fo u n d  n o t on ly  a t  4416 Â, b u t  also a t  o th e r  sp o n tan eo u s tra n s itio n s  o f th e  
Cd ion . F rom  F ig . 5 i t  can  be seen t h a t  th e  energies o f th e  4f  an d  6 g s ta te s  from  
w hich  th ese  tra n s itio n s  o rig inate  are  con sid erab ly  h ig h er th a n  th e  en e rg y  o f H e
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m etas tab le s . T h is  show s th a t  th e  sh a rp  increase in  in te n s ity  a t  c u rre n ts  above 
th e  critical c u r re n t  is no t co n n ec ted  w ith  a n y  selective e x c ita tio n  b y  m e ta 
s ta b le  sta tes. T h is  is also su p p o rte d  b y  th e  o b se rv a tio n  o f laser o scilla tion  a t 
4416 Â in th e  N e —Cd discharge, w here ex c ita tio n  b y  Ne m e ta s tab le s  is ru led  
o u t  on energetic  g rounds. I t  follow s th a t  th e  tw o  effects are m ost lik e ly  due to  
e lec tro n  e x c ita tio n . Since th e  b re a k  observed  in  th e  H e —Cd d ischarge  occurs 
o n ly  in  the  ion ic  sp ec tru m  of Cd, ex c ita tio n  o f  th e  5s 2  and  o th e r ion ic  s ta te s  in  
th e  h igh c u rre n t reg ion  is p ro b a b ly  due to  collisions o f electrons w ith  ground- 
s ta te  Cd ions.

In sp ec tio n  o f  th e  energy leve l d iag ram  o f th e  Cd ion show s th a t  th e re  is 
v e ry  strong  c a scad in g  to  th e  ion  g ro u n d  s ta te  from  th e  5s2  an d  o th e r  excited  
io n ic  sta tes. T h u s  i t  is clear t h a t  Cd ions are  to  a  g rea t e x te n t p ro d u ced  b y  
cascades from  h ig h e r  energy ion  s ta te s  exc ited  b y  P en n in g  collisions.

We th e re fo re  suggest th e  fo llow ing e x c ita tio n  m echan ism  fo r th e  4416 Â 
H e — Cd laser:

A) P en n in g  ion iza tion  b y  collisions w ith  H e m eta s tab le  a tom s in  th e  low 
c u r re n t  region I  <C E

H eM+ C d ^ H e + C d  + * +  e +  ЛЕ.

T h e  energy d ifference  ЛЕ  be tw een  H e m e ta s tab le s  an d  th e  u p p er la se r s ta te  is 
ta k e n  aw ay in  th e  form  of k in e tic  energy  by  th e  e lectron .

B) T w o-step  ex c ita tio n  in  th e  h igh  c u rre n t reg ion  I  >  I c th ro u g h :
I) Io n iza tio n  o f  Cd b y  P e n n in g  collisions

H eM+ C d  - H e + C d +  +  e +  AE.

II)  E lec tro n  ex cita tion  from  Cd ion g ro u n d  s ta te

e +  Cd+ -*  e +  Cd + *.

I n  process I  cascad es from  h ig h er energy  ion ic  s ta te s  m ake an  im p o r ta n t 
c o n tr ib u tio n  to  th e  pop u la tio n  o f th e  Cd ion g ro u n d  s ta te . Process I I  is s tro n g ly  
c o rre la ted  w ith  th e  appearance  o f  io n iza tio n  w aves in  th e  d ischarge tu b e . T he 
e x a c t  role of io n iz a tio n  waves in  th e  ex c ita tio n  m echan ism  is n o t clear, b u t  
i t  is possible t h a t  th e y  cause local increases in  th e  elec tron  an d  Cd ion  d en sity  
a n d  th e reb y  ra ise  th e  efficiency o f  process I I  in  p o p u la tin g  th e  u p p e r laser 
s ta te .

E x c ita tio n  o f  th e  5s2 2 D b ,2  s ta te  b y  charge tra n s fe r  collisions w ith  H e ions 
is n o t  p robab le , s ince  th e  energy o f  H e ions is fa r  o ff resonance w ith  th e  u p p e r 
la s e r  s ta te , an d  co n tr ib u tio n s  b y  cascades from  h ig h er energy s ta te s  are  also 
neglig ib le. I t  w as show n b y  W e b b  e t al. [8 ], how ever, th a t  charge tra n s fe r
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collisions w ith  He io n s a re  efficient in  pop u la tin g  th e  4f  and  6 g s ta te s  of the  
Cd ion, so i t  is likely  t h a t  a t  low c u rre n ts  ( I  <[ I c) ch a rg e  tran sfe r is th e  dom in
a n t  p rocess for e x c ita tio n  of these s ta te s .

S ingle-step e le c tro n  excita tio n  o f  th e  4416 Â laser tra n s it io n  is no t 
s ign ifican t, since b e cau se  o f the h igh H e  pressure in  th e  discharge tu b e  re la tive ly  
few h ig h  energy e lec tro n s  capable o f  e x c itin g  the  5s2 2 Z) 5 ^2  s ta te  from  th e  n eu tra l 
Cd g ro u n d  s ta te  are  p re se n t.

I t  is probable  t h a t  excita tion  o f  th e  4416 Â la se r  tra n s itio n  in  a N e —Cd 
d ischarge is analogous to  th e  tw o -s te p  process В , th e  role of H e m etastab les  
being rep laced  by N e m e tas tab le  a to m s . This su ggestion  is su p p o rte d  by the  
o b se rv a tio n  th a t  th e  o p e ra tio n  c h a ra c te ris tic s  of th e  4416 A N e —Cd laser are 
sim ilar to  those of th e  4416 Â H e — C d laser in th e  c u rre n t range  above th e  
c ritica l cu rren t I c.

4. T heory

In  th e  follow ing a n  expression a im in g  to  describe th e  dependence  of laser 
o u tp u t  pow er on v a r io u s  discharge p a ra m e te rs  is d e riv ed  on th e  b asis  of the  
suggested  excita tio n  m echanism .

W e denote th e  p o p u la tio n s o f  en e rg y  levels im p o r ta n t  in  re sp e c t of th e  
ex c ita tio n  m echanism  b y  M  (He m e ta s ta b le s ) , N + (Cd ion g round  s ta te )  and 
N  (u p p e r laser s ta te ) . T h e  p o p u la tio n  N '  of th e  lo w er laser s ta te  w ill be neg
lec ted . I f  N  N '  h o ld s , th en  th e  la s e r  o u tp u t pow er P  can be ta k e n  as p ro 
p o rtio n a l to  the  p o p u la tio n  of the  u p p e r  s ta te . In  th e  case of th e  4416 Â tra n s i
tio n  o f  C d(II) th e  sp o n tan eo u s  life tim e  o f the  u p p e r  laser s ta te  is r  =  670 
nsec ( K l e i n  and M a y d a n  [ 9 ] ) ,  w h ile  th a t  of th e  low er one t '  =  3.4 nsec 
( B a u m a n n  and S m i t h  [10]). The p o p u la tio n s  of e x c ite d  s ta te s  are  on ly  p ro 
p o rtio n a l to  th e  life tim es  if  the  e x c ita tio n  rates to  th e  tw o levels are equal. 
In  o u r case, how ever, т  is so m uch  lo n g e r th a n  %' t h a t  p o p u la tio n  inversion 
cou ld  ta k e  place even  i f  th e  ex c ita tio n  ra te  to  th e  low er level w ere tw o  orders 
o f m ag n itu d e  faste r th a n  th a t  to th e  u p p e r . On th is  g ro u n d , ta k in g  in to  account 
also th e  h igh o u tp u t p o w er o b ta in ed  from  the  H e— Cd laser sy stem , i t  is clear 
th a t  N  N '  m ust b e  sa tisfied , a t  le a s t  to  a firs t a p p ro x im a tio n .

W e can now s e t  u p  the ra te  eq u a tio n s  for th e  th ree  levels u n d e r dis
cussion.

H e  m etastab les  a re  p roduced  b y  electron ex c ita tio n  an d  are  lost by 
d iffusion  to  the w alls , b y  d e p o p u la tin g  electron collisions, and  b y  Penning 
d eex c ita tio n  due to  collisions w ith  C d atom s:

d M
dt

=  N Hen e (oe ve)  -
D

Л 2
+  n e < ° D  v e )  + ^ c d  ( , a p  v } M , ( 1 )

w here
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N He, iVc,  ne =  d ensity  o f  H e  atom s, Cd a to m s an d  e lec tro n s;
V, ve =  ve locity  o f  H e  atom s an d  e lectrons;

o>, Od =  cross-section  fo r electron ex c ita tio n  an d  de-exc ita tion  
o f  H e m e ta s ta b le s ;

op =  cross-section  fo r P enn ing  collisions o f  H e m etastab les 
w ith  n e u tra l  Cd atom s;

D  — d iffusion coeffic ien t for H e  m e ta s tab le s  in  H e;
Л =  c h a ra c te ris tic  diffusion le n g th  (d e te rm in ed  by  th e  

geom etry  o f  th e  d ischarge tube).

In  th e  case o f g ro u n d -s ta te  C d ions we assum e th a t  a p a r t  o f th e  p o pu la tion  
arises from  cascades from  th e  u p p e r  lase r level, w hile  co n tr ib u tio n s  from  o th e r 
cascades and  d irec t P en n in g  e x c ita tio n  of Cd ions are  tak en  in to  accoun t b y  
in tro d u c in g  a su ita b le  fac to r a  >  1  :

d N + N +
— —  =  * M N cd (ov)  -  — -  , (2)

dt T+
w here

a =  cross-section  for P e n n in g  collisions w h ich  p o p u la te  th e  u p p er lase r 
s ta te ,

r + =  life tim e o f Cd ions.

T he u p p er la se r  level is p o p u la te d  by  P e n n in g  collisions w ith  H e m e ta 
s ta b le s  and  b y  collisions of e lec tro n s w ith  Cd ions:

d N
—  =  M N cd (ov> +  (ne- nc) «  vey N +—y N , (3)

dt

w h ere  ag — cross-section  for e le c tro n  —  Cd io n  collisions,
y — decay  ra te  of u p p e r la se r  level. (The ra te s  of all p rocesses lead ing  

to  d ep o p u la tio n  o f  th is  level are d e n o te d  to g e th e r  here.)

T he ion iza tion  w aves ap p e a r in  th e  d ischarge tu b e  above a sh a rp  cu rren t 
th re sh o ld , th is  is ta k e n  in to  a c c o u n t b y  in tro d u c in g  a th re sh o ld  electron 
d e n s ity  nc in th e  e lec tro n  — Cd io n  collision te rm . N a tu ra lly , th is  te rm  is zero 
if  ne <i nc.

H ere we shall solve th e  e q u a tio n s  for th e  s ta tio n a ry  case. T h e  solu tion  
o b ta in e d  in th is  w ay  is va lid  fo r th e  50 H z a.c. e x c ite d  laser, since v a ria tio n s 
in  tim e  a t  50 H z ex c ita tio n  are  m u c h  slower th a n  th e  tim e  fa c to rs  of th e  
e le m e n ta ry  a tom ic  collision processes.

S ettin g  d M /d t =  0, diV+/d i =  0, dIV/dt =  0 a n d  su b s titu tin g  M  and N + 
fro m  (1) and  (2) in to  (3), we o b ta in
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N N „ e  ne <aeve) N cd(a v >

У ne ( a D ve)  •
D

A h

[l+oc(ne nc)(a+ve)  Т + ]. (4)
“1“  N  c d  n

T he f irs t  te rm  in  (4) describes ex c ita tio n  of th e  u p p e r  laser s ta te  b y  P en n 
ing collisions, th e  second  th e  tw o -step  process of P e n n in g  io n iza tio n  an d  elec
tro n  —  Cd ion collisions.

I t  follows from  (4) t h a t  a t  a c o n s ta n t c u rre n t (ne =  const) N  is p ro p o r
tio n a l to  th e  p ro d u c t M N cd• O ur fo rm u la  th u s  c o n ta in s  th e  re su lts  o f  S il f v a s t  
[ 1 1 ], w ho verified  th e  p ro p o rtio n a lity  b y  d irec t m easu rem en ts .

C onsidering th e  P e n n in g  collision te rm  in (4), i t  can  be seen th a t  by  
increasing  th e  d ischarge  c u rre n t (ne is p ro p o rtio n a l to  I)  sa tu ra tio n  occurs in 
N  as a re su lt of s a tu ra tio n  o f th e  H e m e ta s ta b le  d e n s ity . T he s a tu ra tio n  elec
tro n  d en sity  ns is a p p ro x im a te ly

1П ^  ---------- D
Л2р

f  N cd(apv}  . (5)

Since th e  th re sh o ld  c u rre n t for th e  ap p earan ce  o f  ion iza tion  w aves is 
co rre la ted  w ith  th e  s a tu ra t io n  o f th e  m e ta s ta b le  d e n s ity , we can ta k e  nc =  ns. 
W e o b ta in  th u s  th e  o b se rv ed  laser pow er —  d ischarge c u rre n t dependence. By 
increasing  th e  d ischarge  c u rre n t in te rm e d ia te  s a tu ra t io n  occurs due  to  sa tu ra 
tio n  o f th e  H e m e ta s ta b le  d en sity . A t th e  critical c u rre n t, how ever, electron 
ex c ita tio n  from  th e  Cd ion  g round  s ta te  becom es e ffec tive  an d  increases N  
sig n ifican tly  fu rth e r . A lth o u g h  th e  increase  in  lase r p o w er is due to  a tw o-step  
ex c ita tio n  process, la se r  o u tp u t  does n o t depend  q u a d ra tic a lly  b u t  only  in a 
lin ear m an n e r on d isch arg e  c u rren t. T h is can be seen c learly  from  (4), since 
w hen ne >  nc th e  H e m e ta s ta b le  d e n s ity  is a lread y  sa tu ra te d , so th a t  N  
becom es only  a lin ea r  fu n c tio n  o f ne.

T he dependence o f  th e  c ritica l c u rre n t on H e p re ssu re  an d  d ischarge  tu b e  
te m p e ra tu re  also follow s from  th e  f ir s t  te rm  o f (4). S ince nc is p ro p o rtio n a l 
to  I c a n d  nc =  ns, th is  re la tio n  is g iven by (5). A t low  H e  p ressures th e  diffusion 
te rm  in  (5) dom ina tes o v er th e  P en n in g  collision te rm , so

D
nr -—  ---------------------—  .

(a D vc}  Л 2р

Since (оюУеУ changes re la tiv e ly  slow ly w ith  v a r ia tio n  o f gas p ressu re  i t  
follows from  (6 ), in  acco rd an ce  w ith  ex p e rim en ta l re su lts , th a t  a t  low  H e 
p ressures nc is inverse ly  p ro p o rtio n a l to  p .  W hen p  becom es h ig h  N Cd(OpV) 

D/yl2 p , and  so nc is d e te rm in ed  b y  th e  P e n n in g  collision te rm  an d  no 
longer depends on H e p ressu re . T he v a lu e  o f p  w here  th e  p  - 1  dependence  of 
nc becom es c o n s tan t is g iven  b y
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=  N cd(ap v} .  (7)
Л-р

To determ ine  p  in  (7) we assum e ep ^  a a n d  a p p ro x im a te  <av)  b y  
th e  p ro d u c t (ff) ( v ) .  In se rtin g  in to  (7) th e  values I) — 470 cm2to r r  
sec -1 , given by  P h e l p s  [12], a =  4 x 1 0  ~ 1 5  cm2, m easu red  b y  S c h e a r e r  an d  
P a d o v a n i  [2], /12  =  8 x l O “ 3  cm 2, N cd =  3 X 10 1 3 /cm 3  an d  < p ) = 1 . 2 x l 0 5  

cm  sec _1, we o b ta in  p  =  3.9 to rr , w h ich  agrees fa ir ly  well w ith  th e  exp erim en ta l 
v a lu e  o f 3 to rr  p lo tte d  in  Fig. 2.

T he te m p e ra tu re  dependence o f nc a t c o n s ta n t H e p re ssu re  can be ob 
ta in e d  in  a sim ilar w ay . I t  is fo u n d  t h a t  a t  low te m p e ra tu re s  nc const., 
w h ile  a t  higher te m p e ra tu re s  nc increases in a n o n lin ea r m a n n e r  due to  th e  
n o n -lin e a r re la tion  b e tw een  N cd a n d  th e  tu b e  te m p e ra tu re  T.  T he  re la tio n  
b e tw e e n  nc and T  p red ic ted  b y  th e o ry  is clearly  d e m o n s tra te d  in  a q u a lita tiv e  
m a n n e r  by the  e x p e rim e n ta l re su lts  shown in F ig . 4.

5. O p tim um  pressure

O n the  basis o f th e  th eo ry  deve loped  in  th e  p reced ing  sec tio n  i t  is possible 
to  ca lcu la te  th e  o p tim u m  H e p re ssu re  for la se r  o p era tio n  a t  4416 Â. T his 
p re ssu re  is d e te rm in ed  m ain ly  b y  th e  pressure dependence  o f  th e  electron  —  
Cd io n  collision te rm , since th e  f i r s t  te rm  in (4) — ex c ita tio n  o f  th e  u p p er lase r 
s ta te  b y  Penn ing  io n iza tio n  — chan g es re la tiv e ly  slow ly w ith  v a r ia tio n  of H e 
p re ssu re . The reaso n  fo r th is  is d iscussed  in th e  following.

I f  th e  g eom etry  o f  th e  d isch arg e  tu b e  is fix ed , th e  energy  o f  th e  electrons 
in  a  glow discharge is d e te rm in ed  b y  th e  gas p ressu re  only. N ow  a t  su ffic ien tly  
h ig h  discharge c u rre n ts  n,  (отд>с)  g> D/A^p -f- N cd ( ap v) ,  so th e  d if
fu s io n  and P en n in g  collision te rm s  in  th e  d en o m in a to r of (4) can  be neglected . 
F u rth e rm o re , th e  dependence o f  N  on gas p ressu re  arising  fro m  v aria tio n  o f 
th e  electron  v e lo c ity  d is tr ib u tio n  f (v)  in  th e  e lec tron  e x c ita tio n  an d  de-ex- 
c i ta t io n  collision ra te s , <ct?ve~) a n d  (ffo ib ), re sp ec tiv e ly , fa lls  o u t, since 
th e s e  factors d ep en d  in  a sim ilar m a n n e r on gas pressure.

O n the o th e r h a n d , th e  e lec tro n  — Cd ion  collision ra te  ( a * vey is v e ry  
sen s itiv e  to  changes o f  gas p ressu re . In  th e  case o f e lec tron -ion  collisions th e  
d ependence  of collision cross-section  on e lec tron  energy  differs from  th a t  o f 
e lec tro n  — a to m  collisions. D ue  to  th e  C oulom b in te ra c tio n  betw een  th e  
n e g a tiv e ly  charged  elec tron  an d  p o sitiv e  ion, th e  elec tron  is a lre a d y  d is to rted  
fro m  a linear p a th  a t  very la rg e  p a rtic le  d is tan ces . C o n seq u en tly  th e  cross- 
sec tio n  for e lectron  —  ion collisions has a sh a rp  resonance  m ax im u m  a t th e  
th re sh o ld  ex c ita tio n  energy a n d  fa lls  off as E _ 1  a t  h igher energ ies (see e.g. 
M o is e iw it s c h  an d  S m it h  [13]. E x p ress in g  th e  e lec tro n  — Cd io n  collision ra te  
as a  function  of th e  energy  o f e lec trons
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< O t  v e> [ —  Г  E 4 * f ( E ) a + ( E ) d E .  
m J о

( 8 )

I t  is c lea r  th a t  the in te g ra l  in  (8 ) d ep en d s very  s tro n g ly  on th e  re la tiv e  positions 
of th e  m a x im a  of th e  collision  cross-section  о /  a n d  th e  e lectron  energy  d is tr i
b u t i o n / ^ ) .  Since in  o u r  case a/ ( E )  is given an d  th e  energy  a t  w hich  / ( E )  is 
m ax im u m  is de te rm in ed  b y  the gas p ressu re  in  th e  d ischarge  tu b e , p o p u la tio n  
of th e  u p p e r  laser s ta te  resu lting  f ro m  electron  —  Cd ion collisions is very  
sensitive  to  varia tion  o f  H e pressure.

O n th e  basis o f th e s e  considera tions, a t a d ischarge  cu rren t ne §> nc and  
c o n s ta n t Cd co n cen tra tio n  the u p p e r lase r s ta te  p o p u la tio n  N  g iven b y  (4) 
can be ap p ro x im ated  in  a  small H e  p ressu re  ra n g e  as

N  ^  cx +  c2p  <<т/ vey (9)

H ere w e h av e  tak en  N He ~  p,  an d  in  th e  f irs t  te rm  a slow v a ria tio n  of N  
p ro p o rtio n a l to  p  has b e e n  neglected; сг and  c 2  d en o te  a p p ro p ria te  co n stan ts . 
Since p  an d  f (E)  are  b o th  functions o f  th e  e lec tro n  te m p e ra tu re  k T  in  th e  
d ischarge  tu b e , we f i r s t  de te rm ine  th e  v a lu e  of k T  w h ich  gives m ax im u m  u p p er 
s ta te  p o p u la tio n . I f  th e  op tim um  e lec tro n  te m p e ra tu re  is know n , th e n  i t  is 
possible to  calculate th e  op tim um  H e  pressure  fo r la se r opera tion .

To evaluate  (<т/ v/> according to  ( 8 ) we ta k e  fo r th e  e lec tron  —  Cd ion 
collision cross-section

if E  y> E 0 , 

if E  -<  E 0,

( 10)

w here E 0 denotes th e  th resh o ld  e x c ita tio n  en erg y , (th e  energy  difference 
betw een  Cd ion g ro u n d  s ta te  and th e  u p p er la se r s ta te )  an d  a0 deno tes th e  
m ax im u m  collision cross-section .

T h e  electron e n e rg y  d is trib u tio n  in  the  d ischarge  is assum ed  to  be M ax
w ellian:

/ ( E )  d E  =  -/L - ( к Т ) - 312Е ^ 2е - Е'(кТЫЕ. ( 1 1 )
]/ л

A ccord ing  to  W a d a  a n d  H e il  [14] th e re  are  d ep a rtu re s  from  th e  M axw ellian  d is
tr ib u tio n  a t  energy v a lu e s  considerab ly  h igher th a n  th a t  co rrespond ing  to  th e  
m ax im u m  o f /(E ) .  In  th is  region, h o w ev er, the  c o n tr ib u tio n  to  th e  in teg ra l in 
(8 ) is sm a ll, so th a t  n o  considerab le  e r ro r  arises from  th e  assum ption .

O n in teg ra tio n  w e o b ta in

«  vey E 0( k T ) -112 e- E°/lkTK ( 12)
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The follow ing re la tio n  ex ists  be tw een  gas p ressu re  an d  e lec tro n  te m p e ra 
tu r e :

=  co n st k T  , (13)
P

w h ere  e denotes th e  ax ia l e lec tric  fie ld  in  th e  p o sitive  colum n o f th e  d ischarge. 
S in ce  £ varies slow ly w ith  chan g in g  gas pressure, we can ta k e  p  as inversely  
p ro p o rtio n a l to  kT.  T h e  ex ac t re la tio n  betw een  p  a n d  k T  is g iven  la te r  on b y  
(17), how ever in th e  pressure ran g e  o f in te re s t (13) is a good ap p ro x im a tio n . 

In se rtin g  (12) an d  (13) in to  (9), we o b ta in

N ^ c 1+c!i( k T ) - 3l2e - E°/lkT), (14)

w h e re  cx and c'2 a re  again  a p p ro p ria te  co n stan ts .
D iffe ren tia tin g  (14) w ith  re sp ec t to  k T  y ields th e  co n d ition  for m ax i

m u m  popu la tion

E 0 =  —-  k T . (15)
2

Since 3/2 k T  is th e  average  energy  of e lectrons in  th e  d ischarge , (15) ex 
p resses  th e  fa c t t h a t  o p tim u m  laser o p era tio n  occurs w hen  th e  av e rag e  electron  
en e rg y  is equal to  th e  energy  n ecessary  to  excite  g ro u n d  s ta te  Cd ions to  th e  
u p p e r  laser s ta te . In se r tin g  th e  en erg y  difference E 0 — 8.57 eY in to  (15) we 
o b ta in  for th e  o p tim u m  elec tro n  te m p e ra tu re

k T  =  5.71 eV. (16)

The e lectron  te m p e ra tu re  in  th e  positive co lum n is d e te rm in ed  p rim arily  
b y  th e  high io n iza tio n  p o te n tia l H e  com ponen t; because of its  v e ry  low  con
c e n tra tio n  th e  effect o f Cd is re la tiv e ly  sm all. T hus, th e  H e p ressu re  co rrespond
in g  to  a given e lec tro n  te m p e ra tu re  can  be ca lcu la ted  from  th e  follow ing fo r
m u la  (see e.g. B r o w n  [15]):

Щ  1/_ eu</(*r > =  1,16 X 10 7  c2  p 2  R 2 , 
k T

(17)

w h ere  17,- =  io n iza tio n  p o te n tia l,
R  =  d ischarge tu b e  rad iu s ,
C == c o n s ta n t depend ing  on ty p e  of gas used.

In se rtin g  in to  (17) for H e 17,- =  24.6 eV,  c — 3 . 9 х Ю _3, ta k in g  k T  =  
—  5.71 eY, an d  in tro d u c in g  fo r th e  tu b e  d iam ete r d =  2R,  we o b ta in  for o p ti
m u m  He pressure

Popt ‘ d =  9 to r r  m m . (18)
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R elation  (18) is in  good ag reem en t w ith  th e  e x p e rim e n ta l resu lts  of 
S il f v a s t  [1] an d  F e n d l e y  e t al. [16], who give a b o u t 10 to r r  m m  for the  
p ro d u c t o f op tim u m  H e  pressure a n d  tu b e  d iam ete r in  th e  case o f d .c . H e —Cd 
lasers. In  th e  ex p e rim en ts  perfo rm ed  on th e  50 H z a .c . ex c ited  la se r d  =  4 m m , 
so p opt =  2.25 to r r . T h is value is in  excellen t a g reem en t w ith  th e  m easured  
o p tim u m  pressure o f  2.3 to rr.

Fig. 6. Electron temperature as a function of gas pressure for He, Ne and Ar

I f  we assum e an  analogous tw o -s te p  ex c ita tio n  m echan ism  consisting  of 
P e n n in g  ion iza tion  a n d  electron —  C d ion collisions fo r th e  N e —Cd laser also, 
i t  is possible to  d e te rm in e  th e  o p tim u m  pressure for 4 4 1 6 Ä la se r  o p e ra tio n in  Ne. 
In  th e  case of th e  N e-C d laser th e  te rm  eq u iv a len t to  th e  f irs t  one in  (4) is 
m issing, since d irec t ex c ita tio n  of th e  u p p e r laser s ta te  b y  P en n in g  ion ization  
is n o t  possible. T h e  ca lcu la tio n  is o therw ise  th e  sam e as th a t  fo r H e. In se rtin g  
now  in to  (17) th e  d a ta  17,-= 21.5 eV  an d  c =  5.9 X 10 -3 fo r N e an d  tak in g  
k T  =  5.71 eV, we o b ta in  for o p tim u m  Ne pressure

Popt ' ^ =  4 .8  to rr  m m . (19)

F o r a 50 H z a.c. o p e ra te d  N e— Cd la se r  w ith  d =  4 m m , p opt =  1.2 to r r ,  w hich 
agrees w ell w ith  th e  v a lu e  p opt —  1 .3  to r r  m easu red  b y  Cs il l a g  e t  al. [7].
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Our resu lts  a re  illu s tra te d  in  F ig . 6 w here e lec tron  te m p e ra tu re  is p lo tte d  
on  th e  basis o f (17) as a fu n c tio n  o f  gas pressure fo r H e, Ne a n d  also  A r. I t  can  
b e  seen th a t  o p tim u m  H e an d  N e p ressures for 4416 Â laser o p e ra tio n  corre
sp o n d  to  th e  sam e  e lectron  te m p e ra tu re  in  th e  d ischarge  tu b e . I n  princip le i t  
shou ld  be possib le  to  o b ta in  la se r ac tio n  a t 4416 Â  u sin g  A r also, p ro v id ed  th e  
A r  pressure is chosen  to  give th e  p ro p er e lec tron  te m p e ra tu re . T h is does n o t 
w o rk  in p rac tice , how ever, as th e  o p tim u m  A r p re ssu re  fo r d =  4 m m  is of th e  
o rd e r of 0.1 to r r .  A t such low p ressu res  th ere  are  re la tiv e ly  few A r a to m s p resen t 
in  th e  laser tu b e , th u s  P en n in g  collisions of A r m e ta s tab le s  w ith  n eu tra l Cd 
a to m s can n o t p ro d u ce  a su ffic ien t d en sity  of Cd ions.

6. Conclusion

Our consid era tio n s on ex p e rim en ta l resu lts  o b ta in ed  w ith  a 50 Hz a.c. 
o p e ra ted  H e— Cd laser have  in d ic a te d  th a t  tw o d o m in a n t processes ta k e  p a r t  
in  th e  ex c ita tio n  m echan ism  fo r th e  4416 A tra n s it io n , th e  p rocesses being  
in te rp re te d  as P e n n in g  io n iza tion  an d  electron —  Cd ion collisions. T he th eo ry  
developed  on th e  basis of th e  suggested  ex c ita tio n  m echan ism  sucessfully 
exp la in s ex p e rim en ta l o b se rv a tio n s an d  gives q u a n ti ta t iv e  d a ta  fo r th e  opera
t io n  p a ram ete rs  o f  th e  50 H z a .c . excited  H e —Cd laser.

The q u es tio n  arises, how ever, o f w h a t is th e  s itu a tio n  in  d .c. 4416 A  
H e — Cd lasers o p e ra te d  b y  c a ta p h o re tic  techn iques ? T he p resence  o f  tw o p ro 
cesses in th e  e x c ita tio n  m echan ism  is revealed  v e ry  c learly  in  th e  50 Hz a.c. 
la se r  b y  th e  o b se rv ed  laser pow er-d ischarge  c u rre n t dependence. T h e  d a ta  on 
d .c . lasers (Silfvast  [1], [4]), in  c o n tra s t, show  t h a t  o u tp u t  pow er depends in  a 
lin e a r  m anner on  discharge c u rre n t. Two possib ilities can  be  considered  to  
ex p la in  th is  d isag reem en t:

A) F irs t o f  a ll i t  m ay  be  t h a t  th e  ex c ita tio n  m echan ism  fo r th e  4416 Â 
tra n s itio n  of C d (II)  differs in  50 H z a.c. an d  d .c . o p e ra ted  la se rs . W e feel, 
how ever, th a t  th is  is n o t v e ry  p ro b ab le , since v a ria tio n s  in  tim e  a t  50 H z 
ex c ita tio n  are  slow  com pared  to  th e  ra tes  of a to m ic  collision processes.

B) On th e  o th e r  h an d , co n sid e ra tio n  of th e  la se r  pow er-d ischarge  cu rren t 
dependence o f  th e  50 H z a.c. ex c ited  laser p lo tte d  in  Fig. 1 show s th a t  th e  
d e p a rtu re  from  lin e a r ity  due to  th e  b reak  in  th e  cu rv e  is n o t m ore  th a n  15% . 
I t  is possible, th e re fo re , th a t  since i t  is d ifficu lt to  co n tro l d ischarge  cu rren t 
a n d  Cd c o n cen tra tio n  in d e p e n d e n tly  in  d.c. o p e ra te d  c a ta p h o re tic  H e —Cd 
lase rs  th e  ex p e rim en ta l c ircu m stan ces of d.c. o p e ra tio n  are n o t d e fin ite  enough 
to  reveal th e  sm a ll 15%  difference from  lin ea rity . In  th e  50 H z  a.c. excited  
la se r  accura te  m easu rem en ts  cou ld  be perfo rm ed  w ith in  stab le  c ircum stances 
b y  recording d ischarge  c u rren t a n d  laser pow er v a r ia tio n  d u rin g  a single exc it
a tio n  period u s in g  a double beam  oscilloscope.
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О МЕХАНИЗМЕ ВОЗБУЖДЕНИЯ И РАБОЧИХ ПАРАМЕТРАХ ЛАЗЕРА 4416 1
He-Cd

М. ЯНОШИ, В. В. ИТАГИ и Л. ЧИЛЛАГ

Резюме

Измерения, проведенные с He-Cd лазером возбужденным переменным током в 
50 Гц в рабочем состоянии при 4416 А, показывают на возможность, что механизм возбуж
дения для этого лазерного перехода складывается из двух процессов. Согласно авторам 
этими двумя процессами являются пеннингова ионизация нейтральных атомов Cd путем 
столкновений с метастабильными атомами Не и столкновения электрон-ион Cd. Теория, 
разработанная на основе изложенного механизма возбуждения дает количественные данные 
о рабочих параметрах лазера.

11* А  Ли Physica Academiae Scientiarum Hungaricae 32, 1972
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A SIMPLE EXTENSION OF THE ANALOGUE 
MODEL TO THE CASE OF SCALAR CURRENTS*
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An off-mass-shell continuation of the dual multiparticle amplitude is constructed in 
the analogue model for scalar particles. It is invariant under the S L  (2; R ) group, factorizable 
in the direct channel and the hadronic form-factor has a reasonable asym ptotic behaviour; 
analytic properties, however, are not satisfactory. In the scaling limit the two-current ampli
tude shows an automatic cut-off in the transversal momentum, which is proportional to the 
momentum transfer (not fixed), so that an anomalous dimension appears in the model.

Introduction

S u s s k in d  q u ite  recen tly  p roposed  a sim ple m odel for m e so n —m eson 
in te ra c tio n s  [1], in w hich th e  m esons are considered  to  be h o u n d  sca la r qq 
pairs . D u rin g  th e  in te ra c tio n  m o m en tu m  is tra n s fe rre d  only  to  th e se  “ valence 
q u a rk s”  a n d  n o t to  th e  exchanged  q u a n ta . F ro m  th is  assu m p tio n  he  w as able 
to  get th e  V eneziano A -p o in t fu n c tio n .

N ie l s e n  an d  S u s s k in d  h av e  em phasized  th a t  in  th e  m e so n —cu rren t 
in te ra c tio n  th e  c u rre n t can  be coup led  d irec tly  to  th e  exchanged  q u a n ta  [2]. 
T h is a ssu m p tio n  seem s to  h av e  ex p erim en ta l su p p o rt in h ig h -en erg y  lep ton - 
h ad ro n  processes. T he p a r to n  p ic tu re  offers a re la tiv e ly  good d esc rip tio n  of 
th ese  processes an d  one can id e n tify  th e  exchanged  q u a n ta  w ith  p a r to n s .

S ta r tin g  from  th is  id ea  th e  above au th o rs  co n stru c ted  h a d ro n ic  form - 
fac to rs  w ith  co n v en ien t p ro p ertie s  in  th e  q2 ~  0 reg ion , (q2 is th e  m ass o f th e  
sca la r c u rre n t.)  W ith  fu r th e r  assu m p tio n s th e y  succeeded  in g iv in g  a reason 
able m odel for deep ine lastic  e le c tro n —p ro to n  sc a tte r in g  as w ell.

T he m odel con ta in s ce rta in  a rb itra rin e ss  concern ing  th e  c u t-o ff  to  be 
app lied  in d ivergences ap p earin g  in  th e  fo rm -fac to r. T he choice o f  th e  cu t-o ff 
in fluences th e  b eh av io u r o f th e  fo rm -fac to r considerab ly .

S u s s k in d  h a s  sh o w n  t h a t  th e  o rig in a l h a rm o n ic  o s c il la to r  m o d e l is 
e q u iv a le n t  to  th e  an a lo g u e  m o d e l o f  N ie l s e n  [3 ]. I t  w o u ld  b e  o f  in te r e s t  to  
k n o w  w h e th e r  th is  e q u iv a le n c e  c a n  b e  m a in ta in e d  fo r  th e  c u r r e n t  a m p litu d e s  
also  a n d  w d ie ther th e  p ro b le m  o f  d iv e rg e n c e s  a p p e a r s  in  th e  a n a lo g u e  m ode l.

* Dedicated t o  Prof. L. J á n o s s y  on his 60th birthday.
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In  Section  2 th e  ex tension  o f th e  analogue m odel to  th e  c u rre n t am p li
tu d e  is rep h rased . T h e  sc a la r-c u rre n t fo rm -fac to r fo r m esons will be co n stru c ted  
w ith o u t cu t-o ff a n d  a tw o -c u rre n t am p litu d e  d e riv ed . F rom  th e  fac to riza tio n  
o f  th e  am p litu d e  in  th e  s-channe l w e can deduce e x c ita tio n  fo rm -fac to rs.

T he dual a n d  a sy m p to tic  p ro p ertie s  o f th e  tw o -c u rre n t am p litu d e  are 
b rie fly  discussed in  S ection  3 an d  f in a lly  in S ec tion  4 th e  prob lem  o f th e  con
n ec tio n  betw een  th e  scaling  an d  d u a lity  is in v e s tig a te d  by  m eans o f a sim ple 
analogue m odel.

T he ex tension  o f the  ana logue  m odel

In  th e  an a logue  m odel th e  eq u iv a len t p ic tu re  of th e  w o rld -shee t o f 
S u s s k i n d  is a co n d u c tin g  p la te  o f  th e  sam e d im ensions —  oo^> Я < + ° ° ;  
0 0 <Ç n  an d  u n ifo rm  c o n d u c tiv ity  a (see F ig . 1). I f  th e  m eson is free, a

Л

0______ V

ÍR, 9

Fig. 1

fo u r-m o m en tu m  c u r re n t flow s in  th e  shee t from  a m o m e n tu m  source (/q ) a t  th e  
p o in t Я = — oo to  source  (p 2) a t  Я =  do. B ecause o f fo u r-m o m en tu m  con serv a tio n  
we h av e  p 1 =  — p 2. T h e  c u rre n t d is tr ib u tio n  (p (0 ; Я)) can  be ev a lu a ted  b y  solving 
th e  prob lem  of th e  D . C. g en era ted  b y  th e  source d is tr ib u tio n  given above w ith  
th e  subsid ia ry  co n d itio n  ^ p ( 0 ;  X)dB=py. F o r u n ifo rm  co n d u c tiv ity  th is  gives 
a  un ifo rm  c u rre n t d is tr ib u tio n  in d e p e n d e n t o f 0.

The am p litu d e  fo r th e  in te ra c tio n  of an  a rb i t r a ry  n u m b er o f partic les 
an d  cu rren ts  is g iven  b y  N i e l s e n ’s form ula:

A  =  Í  d (conf.) exp  { — a j j 2 d f j  
J d(conf.)

H ere  j'(0; Я) describes th e  c u rre n t d is tr ib u tio n ; a \ j 2d f  is th e  to ta l  h e a t genera tion  
in  th e  p la te  (<^4)(Я7р,) is se p a ra te d  from  A); an d  j d (conf.) denotes su m m atio n  
over all possible coup lings o f e x te rn a l m o m en ta  to  th e  m eson. W e know  [2] 
t h a t  th e  coupling o f  th e  on-m ass-shell m o m en ta  is re s tr ic te d  to  th e  b o u n d ary
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of th e  p la te  (0 =  0; л ), w hereas th e  c u rre n ts  can  couple inside th e  sheet, too . 
Tw o fu r th e r  ru les m u st be s ta te d  for co n s tru c tin g  th e  am p litu d e :

a) R eq u irin g  th e  a m p litu d e  to  be 1 in th e  case of a free h a d ro n , one has 
to  su b tra c t  th e  h ea t g en era tio n  in  th e  free h ad ro n  from  cr\j2df, so we have

A  =  j  d (conf) exp { — a J  ( j2—jl) d f}/ j  d (conf). ( la )

O ne can see th a t  th is  “ 0 -p o in t”  h e a t is

H 0 =  lim  2ap4n \ tiq | +  const., (2)
I «’l l - “

w here w1 =  e‘Zl; z1 =  в1 -f- iXj is th e  p o sitio n  o f th e  source a sso c ia ted  w ith  th e  
ingoing  m o m en ta  p v

* W=eiz
v q

______________ 2P2

Fig. 2

b) T h e  second re m a rk  concerns th e  re q u irem en t of A -transla tion  in v a ri
ance, w hich  is suggested  b y  th e  p ro p e r-tim e  in te rp re ta tio n  o f  X [1]. This is 
th e  p a r t ia l  consequence o f  th e  in v a rian ce  o f ou r am p litu d e  u n d e r  th e  tra n s 
fo rm atio n

, aw-\-b
w = ----------

cic +  d
(3)

(a ; b; c; d are  rea l p a ra m e te rs  w ith  | ab —  cd j =  1; w =  e'2, z =  d -f- iX). This 
p ro p e rty  will be d iscussed in  d e ta il in  S ection  3. B ecause of th e  in v arian ce  one 
can  f ix  th e  coupling o f one of th e  c u rre n ts  a t  X =  0.

W ith  these  tw o ru les in  m ind  le t  us c o n s tru c t th e  h ad ro n ic  fo rm  fac to r 
( th e  m eson  — c u r re n t—m eson coupling).

W e m ap  th e  sh ee t in to  th e  u p p e r  ha lf-p lane  b y  m eans o f th e  function  
w =  eiZ. In  o rder to  sa tis fy  th e  b o u n d a ry  cond ition  th e  h a lf-p lan e  will be 
re flec ted  w ith  respect to  th e  real axis, w ith o u t chang ing  th e  signs o f th e  sources 
(F ig . 2). T h e  h e a t g en e ra ted  in  th e  sh ee t can  be e v a lu a ted  from  O h m ’s law :

H P24 =  ---  aPl4  (ln  ! W4 I +  ln  ! W* I),
H qq =    (7Ç2 In I Wq   гV* I,

H plp, =  —  lim  2aP lP z  ln  I W1 U
In'll-*“’

Hpi4 =  —  lim  ap^q{ln  | wq —  wq \ +  ln  | w1 —  w* |).
l » - i l - ~

Acta Physica Academiae Scientiarum Hungaricae 32, 1972

(4 )



168 A. PATKÓS

E x p a n d in g  th e  sum  ifp 1p! +  Hpxq in  series a t th e  p o in t =  oc, one gets

P  pi p’> I P p i  q l i m  о
K|-*~ 2Pi(Pi+q) ln hil +  —Ц- (• • •) (5)

T ak in g  in to  accoun t fo u r-m o m en tu m  co n serva tion , i t  can  be seen im m ed ia te ly  
th a t  (5) ten d s  to  (2), so ifp lP2-f- Hp^  does n o t a p p e a r in  ( la ) , as a consequence 
o f  ou r f irs t  ru le. B y  th e  second ru le :

! u)q I =  1, th a t  is Hptf — 0.

W e shall now  use th e  so-called scale in v arian ce  p ro p e r ty  o f th e  h e a t g enera tion  
[3], w hich  m eans th a t  th e  expressions given by  (4) are  de te rm in ed  on ly  up  to  
an  a d d itiv e  co n s tan t. In  o rd e r to  ensure ag reem en t w ith  th e  N i e l s e n — S ü s s 

k i n d  fo rm -fac to r, th is  c o n s ta n t is req u ired  to  be —  ln  тг/Д0 in H  an d  0  else
w here (Д0 is defined  in  [2]).

HЯЧ —aq2 ln
л

(4a)

S u b s titu tin g  (4a) in to  ( la )  one gets

Fe(q2)
2A^
a (6)

O ne can  now  in te g ra te  over all possible values o f 0, w ith  a n o rm aliza tio n  fac to r  
in  th e  in te g ra n d  (o m ittin g  th e  d en o m in a to r o f ( la ) ) :

2/L (sin  (~)),J4‘ ( ? )

I f  we choose iV(0) =  sin2 0  an d  a =  1, we get th e  fo rm -fac to r o f [2] w ith o u t 
u sing  an y  cut-off. T he choice o f th e  form  of N(6) is d e te rm in ed  b y  th e  in te r 
ac tio n . In  [2] IV(0) =  sin2 0 fo r ch arg e-sy m m etric  in te ra c tio n s , iV(0) =  sin1/20 
for e lec tro m ag n etic  in te ra c tio n s . In  th e  follow ing S ection  i t  w ill be show n th a t  
fu r th e r  re s tric tio n s  a p p ea r i f  in v a rian ce  of th e  vo lu m e e lem ent u n d e r real 
M oebius tra n sfo rm a tio n s  is req u ired . In  order to  in v es tig a te  th e  e x c ita tio n  
fo rm -fac to rs  th e  tw o -c u rre n t am p litu d e  (Fig. 3) w ill be also d iscussed.

A ccord ing  to  th e  f irs t  ru le , th e  co n tr ib u tio n  o f th e  p x-source can be 
o m itte d . T he o th e r co n tr ib u tio n s  are as follows ( th e  p rocedure  is th e  sam e as 
before):
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И
И

4,

t  p,

W = ec

^  «4 ; 2P2 
Wq” 42

qi*q 1

1

F ig -3

H P,QI  =  ° ;  H qiQ, ~ ~ a9l ln  “  K i 4 1
Л

H P 2 < ? 2
aPÆ  In \wn I2;Hq2Q2 = ~ o q |ln  |u>?i ( 8 )

H ql42 =  -  f f î ig j ln  |W91 M » J + ln |w ?1 —М ^,|], 

T he am p litu d e  is

Г  d&! IГ  d&2 If 1 du
)o iV(0,)J ' 0  iV (02) J' 0  и

■ (sin 0 1)o'i ' (sin  &2)a<l‘; I 2?-o
Л

, lt!a-?.?i|e/eI_ ue- i e !|<r?1?I.

® ( « î + ? l )

(th e  new v a ria b le  n =  e- *9“ h a s  been  in tro d u ced ). T he sam e a m p litu d e  can be 
derived  (see A ppend ix ) b y  th e  p resc rip tio n s o f [1].

Now le t  u s  s tu d y  th e  po les o f  (9) in  th e  v a riab le  s. T hese poles occur from  
th e  region u  ~  0 and  th e ir  re s id u es  a re  p ro p o rtio n a l to  po ly n o m ia ls  in  q± • q2- 
T he lead in g  te rm  describes th e  exchange o f  th e  pole on th e  lead in g  tra je c to ry  
an d  for th e  s —  c =  J  (J  =  0 ; 1 ;. . .)  pole is:

R esy A d & ,  f  d 0 2— (J щел) J Щ в  a)
(sin (sin 0 2Y<d 2 L

л

<r(ql+qi)

1 (2qx q2)J (cos 0 .  cos 0 2)^
( 10)

J !

B y fa c to riz a tio n  of (10) one gets  th e  ex c ita tio n  fo rm -fac to rs show n in [2]:

FL.PÁ42) =  (1/2°)j Чих- Auj j (8т0)°-«*(со8в у
J  A  0 )

2A„ )°ft 1
Л YJ'-

a u
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Properties of the two-current amplitude

In  th is  S ection  th e  p ro p erties  o f th e  am p litu d e  (9) are b rie fly  sum m arized .

Invariance of the intergrand under Sl(2; R) transfortnation [Ъ].

U p to  now a p a r tic u la r  m ap p in g  o f th e  (<9;A) sh ee t in to  th e  u p p e r h a lf
p lan e  was used for th e  c o m p u ta tio n  o f th e  am p litu d e . In  th e  case of an a rb itra ry  
m ap p in g  realizab le  b y

aelz-\-b
W =  ---- ;-------

celz-\~d

th e  in teg ran d  in (1) becom es (cr =  1)

К  Wq i \2pi41 \ W l — W qt \2Pl4‘ [ \ w qi  —  W q 2\ K l  W 421] М ’ K l “

• \ w q2 — W q \ 4 * |m72— V}q i \2p‘41 K — W q2 \ 2p ‘4 ‘ \ W 2 —  1Л) у \ 2 Рг Ч' »

In  o rd er to  ensure in v a rian ce  o f th e  am p litu d e  u n d e r  th is  change o f th e  con
fig u ra tio n  of sources, t h a t  is u n d e r th e  SL(2; R)  tra n sfo rm a tio n s  of th e  u p p e r 
h a lf-p lan e  we h av e  to  m u ltip ly  (12) b y  a fac to r  | iv2 —  w1 \2P‘. B u t from  (2) it  
can  be seen th a t  th is  is precisely th e  fac to r b y  w hich  ( la )  differs from  (1). 
T h erefo re  th e  m ean in g  o f th e  fo rm al m an ip u la tio n  to  assure  SL(2; ^ - i n v a 
rian ce  is sim ilar to  le av in g  th e  О-p o in t energy  in  th e  case o f harm on ic  system s 
to  ensure  th a t  th e  re su lts  are fin ite  (pf =  p i  w as assum ed).

T he in v arian ce  o f  th e  vo lum e e lem ent

( 12)

N

d V t f  =  f f
i = 1

___[dwA ___2M i f
K +1 — M>,-| fc=i

d2 wk 
\wk— w*k\2

(13)

can  be d e m o n s tra te d  b y  d irec t ev a lu a tio n  (N  is th e  n u m b er o f partic les  on- 
m ass-shell, M  is th e  n u m b e r of cu rren ts). The SL (2; R)  be ing  a  th re e -p a ram e te r  
g roup  we can fix  th e  positions o f th e  tw o on-shell p a rtic le s  an d  p a rtia lly  th a t  
o f  one o f th e  c u rre n ts  (| w3 \ =  1), th e n  one a rriv es  a t  th e  sam e volum e ele
m en t as in  (9) b y  p u t t in g  N  =  2, M  =  2; IV(@) =  sin29.

Poles on the q\ and q\ planes

These poles a rise  from  th e  region w here 0X an d  0 2 are a p p ro x im a te ly  0 or 
ж an d  can  be e x h ib ite d  b y  in te g ra tin g  b y  p a r ts  a t  0t =  0;тг; th e y  occur a t  
q; =  1; —  1;. . . ; i f  w e use N(6) =  sin20. T he resid u e  o f  th e  tw o-fold  pole a t 
0i =  ? 2  =  1 com ing from  th e  region Q1 =  02 =  0 or л  is th e  dual am p litu d e

\ l d u u - s- 2( 1 и )“ '" 2; fo r N((9) =  s in 20 .
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T he c o n tr ib u tio n  o f  th e  regions 0X =  0 2 i t  я  a n d  =  0 ;я  can  b e  iden tified  
w ith  th e  p a r ts  of th e  am p litu d e  w h ich  correspond  to  th e  (s;u) an d  (i; m) d u a lity

14-
Poles on the s-plane

T h ese  poles a rise  from  th e  u  ~  0 region a t  s —  c =  J ,  J  =  0 ; 1 ; . .  
a p p e a r in g  in d e p e n d e n tly  of the  a c tu a l  v a lue  of 0.

Factorization in the s-channel

T h is  problem  h as  been  in v e s tig a te d  in  Section  2. T he residue co n ta in s  the 
p ro d u c t o f  th e  tw o form -facto rs a n d  a  po lynom ial o f  qxq2'

A  =  3 :  F } " ) F  ^  (Ч1Ч2У  +  d a u g h te r  poles, (14)
. / = 1  J ~ ( s  c)

w here

F J(q2) =  (Y‘2)J ( ——  - ( s in 0 ) ? ! (co s@)J — —I -  ■■ ■■ —  — .
K J N (0 )  K K M  л  ) l / P ( J + l )

Asymptotic behaviour in  s

T h e  m ain  c o n tr ib u tio n  com es fro m  th e  reg ion  и ~  1. T h e  a sy m p to tic s  
dep en d s s trong ly  on th e  ac tual v a lu e  o f  0. I f  th e  c u rre n ts  couple on  th e  edge of 
the  in te ra c tio n  reg ion , one ob tains th e  dual p a r t  o f  th e  a m p litu d e . B u t from  
the  reg io n  6X =  02, d iffe re n t rom  0; тс, one w ould h a v e  a tra je c to ry  o f  a slope, 
w hich is h a lf  of th a t  ap p earin g  in th e  d u a l p a r t  o f th e  am p litu d e :

lim  А в1= е ^ 0 ; n ~  [du  ( (2 p 2q2+ql)4'^  I1 e~2ie\™‘f  ( u ) . (15)
s~ ~  J J N(&)

H ere f ( u ) denotes th e  и -dependen t p a r t  of th e  in te g ra n d . T he p a r t  o f the  
a m p litu d e  w hich com es from  th e  re g io n  0 <  0X 62 <( n, has « -independen t 
a sy m p to tic s .

T h e  am p litu d e  does no t re m a in  d u a l if  we p erfo rm  an a n a ly tic  con
tin u a tio n  from  th e  m ass-shell. I t  h a s  in co n v en ien t an a ly tic  p ro p e rtie s  in th e  
i-ch an n e l due to  th e  fa c to r  | m; —  w qî ]i,9!. (The position  o f th e  t-channel 
poles dep en d s on th e  a c tu a l value o f  qf). T his fac to r c an n o t be rem o v ed  w ithou t 
fu n d a m e n ta lly  ch an g in g  th e  ph y sica l c o n te n t o f th e  m odel.

I t  can  be con c lu d ed  th a t  th e  a m p litu d e  has reasonab le  p ro p e rtie s  in  the  
d irec t ch an n e l, b u t one  is faced w ith  h av in g  to  exclude  th e  (jr^ -p o les  in the  
crossed channel. N everthe less the  g e n e ra li ty  of th e  m e th o d  p re sen ted  here  m ay 
he o f  in te re s t  for fu r th e r  in v estig a tio n s.
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Scaling in  the analogue m odel

N i e l s e n  a n d  S u s s k i n d  im p o sed  th e  scaling  p ro p e r ty  on th e ir  m odel b y  
consid erin g  th e  c o n tr ib u tio n s  of o n ly  tho se  d iag ram s in  w hich th e  tw o  cu rren ts  
c o u p le  to  the  sam e exchanged  q u a n tu m  [2]. T his a ssu m p tio n  has an  eq u iv a len t 
p ic tu re  in the  an a lo g u e  m odel, w h ich  can be r e la te d  d irec tly  to  th e  p a rto n  
m o d e l proposed b y  B j o r k e n  an d  P a s c h o s  [ 4 ] .  I f  w e id en tify  1V_ 1 (0 )  w ith  th e  
d e n s ity  of p a rto n s  [2] (th is  fac to r ea rlie r p layed  th e  ro le  of th e  w eig h tin g  fac to r 
in  th e  sum m ation  o f  th e  co n trib u tio n s  of d iffe ren t co n fig u ra tio n s), th e  longi
tu d in a l  m om entum  ca rried  by  a p a r to n  a t a given 0 is pN(0)/n. T h e  tra n sv e r
sal p a r t  of the  p a r to n ’s m om en tu m  is neglected . Choosing

a =  а0д (в  — 0 q j  ( 1 6 )

(fo r  th e  ^-curren t o n ly ), we re s tr ic t  th e  coupling o f  b o th  cu rren ts  to  th e  sam e 
p a r to n .

The hea t g e n e ra tio n  is given b y

H qq =  q- Г  <10 d?:<70 0(0  0 t) = q 2 ?.O0,
J  0

H pq =  I ' d 0 d X ’ooô(0-  6>x) =  2 pq Xan
71 J Q TL

F ro m  E q . ( la ) th e  follow ing a m p litu d e  can be e v a lu a te d :

d 0

( 1 7 )

f “  d& ГJo 1V(6>) JoЩ 0 )

dO
Щ в )

dX exp 92 +  2 /"7 N ( 0 ) a0X

( 1 8 )

2P1 N  (0)
71

T h e  im ag inary  p a r t  o f  (18) is

I m  A  =
71 - ,

d 0 -Ô
Щ в ) а 0 Г  +

2  p q N
« • Н Л

d 0

«

N ( 0 )  i
n  I

I (19)

a n d  gives the  sca lin g  law  of Im A .  In  o rder to  h a v e  a  defin ite  sca ling  function , 
w e p u t  N(d) =  л  s in 2 0

w h ere

V Im  A  =  ---------------= ------- ,
л  a 0 л х 312 ]Al — X 2

( 2 0 )
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X =
2v

V =  pq.

I t  is n a tu ra l  to  t r y  now  to  re la te  a m p litu d e  (9) in  th e  B j o r k e n  lim it [4] to  the 
above p ic tu re . T he a im  will be to  d e m o n s tra te  th a t  in  th e  scaling l im it  th e  m ain 
c o n tr ib u tio n  to  th e  a m p litu d e  comes from  th e  6, =  0 ,  region and  t h a t  th e  am 
p litu d e  show s th e  sca ling  p ro p erty . W e use (9) in  th e  form  given b y  E q . (A3) 
w ith  cu t-o ff  sum s like (A4). (A3) has on ly  tech n ica l ad v an tag es  o v e r (9 ); as we 
h av e  seen , th e  re su lts  g iven  b y  th e  tw o  a re  id en tica l. F o r  th e  fo rw ard -sca tte rin g  
(q, =  — q2), we rep lace  (A3) by

A  =
r  d 6 1 Г  d e  2 f

Jo  N ( 0 , ) . о N { 9 2) J

!  - í v “ ® -  V

d X X ~ s+c~l e k k
C O S 2 / C © 2

c o s  к в ,  c o s  к в ,  x k
„ 7  к

( 21)

L et us consider f ir s t  th e  s ~ - > - o o  lim it o n ly  (R egge lim it) . T he m ain c o n tr ib u tio n
и

com es from  th e  reg ion  X  ~ 1 .  We in tro d u c e  th ere fo re  th e  new v ariab le  X  = 1  — —
s

and  e x p a n d  X k in  N ew to n  binom ial, w h ich  y ields

A  = Г d e ,  1г d e2 (
) щ в , )  J1 Щ в 2) J

du

Ж 2'
X e

c o s  k& 1 c o s  k&n 
к

- 9 2 2 '  - r  ( c o s  к  © r - c o s  k@2)z
eu e k k X

к  (к  
V

1=1 \ /
( 22)

L e t us consider n e x t th e  q2 -ю о  lim it. T h e  f irs t e x p o n e n t ten d s to  0 i f  0X ^  02, 
so e x p an d in g  cos к 0 2 ab o u t 02 =  0,, re ta in in g  o n ly  th e  f irs t  n o n v a n ish in g  
te rm , w e acquire:

U sing th e  defin ition

ko
-  q2 /csin2*©! (©2-©,)2

lim  e k
q2-+ oo

а2 ^  к sin2 kO v
I л

(23)
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fo r  th e  ô -func tion , we have

(• d 0 1 Г d 0 2
11 in I d " 1 Г— -  г

f z z J N ( 0 , )  J N(0.2) J
du Y71
s Y 9* 2  к sin2 к 0 ,  

к

ô(02- 0 1) e u -
( 2 4 )

• exp 2g2 2
к

 ̂ co s2fe0, * / к )-------  > '
1=1

u
s

F in a lly , we keep  q2/s =  x  fixed. In  th is  case o n ly  one te rm  rem ain s fin ite  in th e  
seco n d  ex p o n en t:

lim R A  =

X

1 f  d 0 , 1 du  X
* V ¥ . J iV2̂ ) .

I 71
ex p  j

/  2  k
к

sin2 k 0 ,
1 2 a; JV  cos2 к 0 ,

T a k in g  the  u in te g ra tio n  a ro u n d  и ~  0: 

1 Í  d 0 ,
l im R A

]fq2 J Щ 0 , )

(25)

2  к sin2 k 0 ,  1 — 2 * ^ 'c o s 2 k 0 1
к  к

(26)

A fte r  sum m ing th e  d ivergen t sum s th e  O j-in tegration  for th e  im a g in a ry  p a r t  
c a n  be m ade b y  m eans of th e  ő -functions

1 Г d 0  1 / ко \
Iim B s Yq*Im  А  — = ] л  — —  ^  i  l  2x j g  cos2 k 0 ,  . (27)

л  J N ( 0 , )  ]/ к sm 2 k 0 ,  { k j
к

T h e  above d e m o n s tra tio n  confirm s th e  a ssu m p tio n  a b o u t th e  im p o r ta n t  reg ion  
o f  0 -in teg ra tio n  m a d e  in  E q . (16), b u t  th e  pow er o f  v m u ltip ly in g  I m A  in  th e  
BjORKEN lim it changes and its  v a lu e  is c h a ra c te r is tic  for th e  case o f  so-called 
anom alous d im ensions, p roposed in  som e fie ld  th e o re tic a l m odels o f scaling. 
T h e  physical b as is  fo r th is  change m a y  be th e  d iffe re n t w ay  o f c u ttin g -o ff  th e  
tra n sv e rsa l m o m e n tu m . In  th e  n a iv e  analogue p ic tu re  (E q . (16)), th e re  is no  
tra n sv e rsa l p a r t ,  b u t  (as i t  can  be  seen from  E q . (23)) in  th e  a m p litu d e  (9) th e  
c o n tr ib u tin g  reg io n  is p ro p o rtio n a l to  (|/g2) _1-

*

I w ould lik e  to  th a n k  D r . I. M o n t v a y  fo r his h e lp fu l discussions an d  e n co u rag em en t.
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Appendix

T h e tw o -cu rren t am p litu d e  is d eriv ed  b y  a p p ly in g  th e  p rescrip tio n  
o f [1].

T he c o n trib u tio n  fro m  a given co n fig u ra tio n  (@1; @2)is

Te  ije, 2  <o lr ( ? i ; 0 i) lK } >  
Wl

1

S 2  ^Пк
< { ^ } |T (g 2; 0 2)|O>, (A l)

w here | 0 )> denotes th e  g ro u n d  s ta te  o f  th e  m eson, j{n*} )  deno tes an  ex c ited  
s ta te  in  th e  occupation  n u m b e r re p re se n ta tio n , an d  T(q^; 6L) =  e,qi x 0̂1> is th e  
sca lar v e rte x -o p e ra to r  w ith  th e  second q u an tized  fo u r-p o sitio n  Х Д 0 ;А ) g iven 
in  [2]. I f  (A l)  is re w ritte n  in  th e  co h e re n t s ta te  basis an d

T У  ~Ч' Г  *Т в1в,  =  e k
cos2 nr-  cos k O i

— 1'2 У . ~ -°S - Í  * ( k )  <i

к У/с

К }

«• t _Э_ _a_ 

№n> 9 ^

n% 1
n M n." ■ (A2)

—q \ C° S- к & г + У- У  cos k&2ß(k) -g-, 1
■ e к k к

s 2  k n k c
K k

U sing th e  id e n tity

J"d x x c- %- l + s k <  =  —  1
2 k n *

we get

f 1 1II®EÍ dX2 T IJo nk iik nkl

_^2 y-т cos2 k & i  ^  ^-,cos2Ar©2 
e k k e k K

9 ^  Ч-ív. cos fc0i cos fe0:ri

,„k

(A 3)

f 1 J V Y c - s - l  Í •> ^ C O S 2 fc0! COS2 ^
=  d X X c 8 1 exp  \ ~ q i 2 ----- ;------  ?2 ^ ----- r

J 0 ( /с fc k K

X k ]
— 2 2  COS ^1 0 1 C0S ^0 2

As th e  e x p o n en t in th e  f i r s t  ex p o n en tia l is d ivergen t, i t  is n ecessary  to  in tro d u c e  
a cut-off. F ro m  [1] we h a v e :

cos2 к в
log sin  в  . (A 4)
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Th«; th ird  e x p o n en t can  be e v a lu a te d  w ith o u t an y  cu t-off:

X k 1
У  cos k& , cos kO.,

T  ‘ к
- [lnl 1 — X e  '(®i+öd| -f-AJ 1 Хе'(®*-®*)|]. (A5)

S u b s titu tin g  (A4) an d  (A5) in to  (A3) Т вгв is o b ta in ed  in  its  f in a l form  as:

»... -  f
J  о

d X X ' - 3- 1
2ХАч'+ч\

( s in O^)4' (sin @2)9*
(A6)

• A — X ed e'i+®>)|îi‘?î |1 Xe'*e i-®d|?i«2-

T h e  am p litu d e  com es from  (A6) b y  in te g ra tin g  over 0 j  an d  a n d  agrees w ith  
t h a t  given b y  (9) fo r  c r = l :

d X X c~s- 1
Л ,

(sin (sin  0^)4l .

- 11 - -X ei(®i-®d|?i92 |1 — Xe'(®i+®d|«i?2.
(A7)

T h e  fac to riza tio n  in  s is also clear from  here , an d  th e  e x c ita tio n  form -facto rs 
a re  th e  sam e as in  [1].
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ПРОСТОЕ РАСПРОСТРАНЕНИЕ АНАЛОГОВОЙ МОДЕЛИ 
НА СЛУЧАЙ СКАЛЯРНЫХ ПОТОКОВ

А. ПАТКОШ

Резюме

Продолжение дуальной многочастичной амплитуды вне оболочки массы было 
построено в аналоговой модели скалярных частиц. Оно инвариантно при SL(2; К )  группе, 
факторизируется в прямом канале, а гадронический формирующий фактор показывает 
обоснованное асимптотическое поведение. Все же его аналитические свойства не являются 
удовлетворительными. Дуальная амплитуда в скалярном пределе показывает автомати
ческий перерыв в поперечном моменте, который пропорционален переноса момента (не 
является константой). Поэтому в модели возникает аномальное измерение.
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MEASUREMENT OF THE RELATIVE DEFLECTION 
OF TWO TORSION BALANCES IN THE HD9 RAD 

SENSITIVITY RANGE*
By

K. KÁNTOR, L. OzSGYÁNI, M. PlPO and J. RÓNAKY
CENTRAL R E S E A R C H  IN ST ITU TE F O R  PHYSICS, BU D A PEST 

(Received 19. X . 1971)

Using a simple method, a d.c. signal sensitivity of about 0,3X10"® A/10-9 rad was 
achieved in an apparatus designed for the measurement of the relative deflection of two torsion 
balances. This degree of sensitivity allows the E Ö T V Ö S  experiment to be repeated with greater 
accuracy than has been attained hitherto. Signal sensitivity can be raised further by common 
electronic methods.

H igher accuracy  re p e titio n s  [1, 2] o f  th e  fam ous E ö tv ö s  ex p erim en t 
concern ing  th e  equ ivalence o f  g ra v ita tio n a l a n d  in e rtia l m ass [3] an d  a n u m b er 
o f  recently  p u b lish ed  p ap e rs  [4—7] h av e  b ro u g h t g ra v ita tio n a l re search  in to  
th e  fo reg round  o f m odern  p h ysics. A new er rep e titio n  o f th e  E ö t v ö s  experi
m e n t in H u n g a ry  requ ired  th e  reg is tra tio n  o f  changes in  th e  angle difference 
betw een  tw o  to rs io n  ba lances [8]. This w as ach ieved  b y  c o m p a ra tiv e ly  sim ple 
m eans, using  a su itab le  o p tic a l a rra n g e m en t an d  a lase r source. T his p ap e r 
p resen ts  a b r ie f  descrip tion  o f  th e  m ethod .

K n o w n  m e th o d s  fo r  m e a s u r in g  th e  d e f le c tio n  o f  a  m ir ro r  h a v e  u n t i l  now  
e m p lo y e d  p h o to e le c tr ic  a u to c o ll im a to rs ,  w h ic h  can  a t ta in  s e n s it iv i t ie s  o f  a b o u t  
10-7— 10-8  r a d ,  b u t  o n ly  i f  m ir ro r  d ia m e te r s  o f  a b o u t 40 m m  a re  u se d . R . 
H a k n e h  [9] p ro p o se d  to  u se  a n  o p tic a l p a t h  le n g th  o f  15 m  a n d  a  c o n tin u o u s  
3 W  la se r  so u rce .

In  ou r m e th o d  tw o to rs io n  balances (F ig . 1) co n sisting  o f th e  m asses 
M 1 —  M 4, re sp ec tiv e ly , w ere  p laced  a d is tan ce  820 m m  a p a r t .  T he re la tiv e  
angle difference — <p — of th e  tw o  m irrors Tl5 T 2 a tta c h e d  to  th e  tw o balances 
h a d  to  be m easu red  w ith  a se n s itiv ity  o f  10""9 rad . A serious p rob lem  arose, 
how ever, b ecau se  th e  v a r ia tio n s  of th e  g ra v ita tio n a l fie ld  s tre n g th  a t  th e  
m easu ring  p lace  can m ake th e  balances d e flec t s im u ltan eo u sly  as m uch  as 
1 0 - 5 rad .

The m o st su itab le  m e th o d  of overcom ing  th is  s trong  “ b a c k g ro u n d  noise”  
seem s to  he th e  fam iliar “ o p tica l-w edge”  —  m irro r a rra n g e m en t. In  th is  
a rran g em en t th e  deflection  ang le  of th e  in c id e n t ligh t b eam  depends only  on 
th e  value o f <p. To determ ine  th e  v a ria tio n  o f cp (viz. th e  v a r ia tio n  in  th e  deflec
tio n  (5 =  2<p o f th e  ex it b eam ), a p a ir  o f silicon p h o to d e tec to rs  D x, D 2 w as p laced

* Dedicated to Prof. L. J á n o s s y  on his 60th birthday.
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Fig. 1

a t  a given d is tan ce  (/) in to  th e  ex it beam , an d  th e  d isp lacem en t of th e  sp o t on 
th e  d e tec to rs w as m easu red  b y  th e  difference signal p ro d u ced .

A n o th e r p ro b lem  w as th a t  th e  sen s itiv ity  o f th e  b a lan ces h ad  p e rm itte d  
th e  use o f only  a v e ry  th in  fib re , w hich m eans th a t  th e  d ia m e te r  o f th e  m irro rs  
is lim ited  an d  th u s  d iffrac tio n  o f th e  lig h t b eam  is considerab le . T ak in g  in to  
acco u n t all th e  d iffe ren t a spec ts , a m irro r d iam ete r o f 20 m m  an d  a free a p e r tu re  
beam  of A  =  15 m m  w ere chosen. T he m easu ring  room  p e rm itte d  a lig h t p a th  
o f l — 5000 m m  on  th e  e x it side, so th a t  th e  d isp lacem en t of th e  sp o t w as 
10 _5 m m . T he se n s itiv ity  o f th e  silicon d e tec to r w as 0 .6 —0.8 juA//xW, th a t  of 
th e  reco rd ing  g a lv a n o m e te r  0.3 • 10-9 A. T he re q u ire d  to ta l  in te n s ity  o f th e  
m easu ring  spo t w as a b o u t 0.3 m W . T he tra n sm itta n c e  o f  th e  op tical sy s tem , 
in c lu d in g  losses b y  lenses, w indow s an d  a second re fe rence  beam  (described  
below ), w as 0.2 a n d  th u s  th e  in te n s ity  o f th e  in c id e n t b eam  1.5 m W .

F o r an  o b jec tiv e  lens (L г) h av in g  a focal le n g th  o f  840 m m , th e  o p tim a l 
source d iam e te r (a) is a b o u t 0.1 m m . T he energy  d e n s ity  in  th e  pinhole a p e r tu re  
m u s t there fo re  be 20 W /cm 2, w hich  can be ach ieved  o n ly  w ith  a lase r source. 
F o r  th is  pu rpose  a  2 m W  H e —N e lase r was used . T h e  632.8 nm  w av elen g th  
lig h t was focused in to  th e  p inho le  a p e rtu re  b y  a lens (L 2) w ith  a focal le n g th  of 
110 m m . T his te lescope sy stem  secured  an  ideal (G aussian) lig h t d is tr ib u tio n  
fo r th e  m easu ring  beam .
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Fig. 3

T h e ro le of th e  reference beam  co u p led  o u t of th e  se m i- tra n sp a re n t m irro r 
H  was to  e lim in a te  erro rs arising  from  possib le  sm all d isp lacem ents b e tw een  th e  
sep a ra te  s to n e  b locks su p p o rtin g  th e  o p tica l e lem ents and  d e te c to rs . T he 
reference sp o t fell on a second d e te c to r  p a ir  D 3, Z)4 an d  th e  tw o d e te c to r  pa irs 
w ere co n n ec ted  in  such  a w ay (F ig . 2) t h a t  a sim u ltan eo u s d isp lacem en t o f 
b o th  th e  m easu ring  an d  th e  reference sp o ts  d id  n o t a ffec t th e  m easu rin g  signal.
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C alib ra tion  o f  th e  to ta l  sy s tem  up  to  10 1 ra d  was p erfo rm ed  w ith  a 
H ilg e r  au to co llim a to r of 10 ~6 ra d  sen s itiv ity . D ev ia tio n s  from  lin e a r ity  could 
b e  observed a b o v e  10 ~ъ rad . F o r  ca lib ra tin g  th e  h ig h -sen sitiv ity  range a 
60° hollow (air) p rism  was p laced  in  th e  in c id e n t beam  an d  th e  dev ia tio n  
in sid e  th e  p rism  w as varied  b y  a ir  p ressure.

The w hole sy s tem  of op tica l r a y  p a th s , b a lan ces  and  d e tec to rs  was p laced  
u n d e r  a sep a ra te  sh ield  to  p ro te c t i t  ag a in st h e a t  an d  air tu rb u len ce . C ontro l 
a n d  re g is tra tio n  o f  a ir  p ressure ch an g e  were ca rr ied  o u t from  a n o th e r  room .

The b a lan ce  (w ith o u t sh ield) a n d  th e  ra y  p a th  a ro u n d  th e m  are show n in
F ig . 3.

In  th e  cou rse  o f th e  c a lib ra tio n  m easu rem en ts  of th e  a p p a ra tu s  a d .c. 
s ig n a l sen s itiv ity  o f  0.3 10-9 A /1 0 -9  ra d  was ach iev ed , w hich agrees well w ith  
ca lcu la ted  v a lu es .
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и з м е р е н и е  о т н о с и т е л ь н о г о  о т к л о н е н и я  д в у х  к р у т и л ь н ы х
БАЛАНСОВ В ДИАПАЗОНЕ ЧУВСТВИТЕЛЬНОСТИ 1(Г9 РАД

К. КАНТОР, Л . ОЖДЯНИ, М. ПИПО и Й. РОНАКИ

Резюме

С помощью сравнительно несложного метода в аппарате, созданном для измерения 
относительного отклонения двух крутильных балансов, была получена чувствительность 
сигнала прямого тока в 0,3F 10 !) Ä/10-9. Эта степень чувствительности позволяет повто
рить опыт Этвеша с большей точностью. Чувствительность к сигналу можно повышать далее 
с помощью обычных электронных методов.
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SYMMETRIES OF W IENER COEFFICIENTS AND 
THOMAE-WHIPPLE FUNCTIONS*

By

M. H u s z á r
CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

(Received 19. X . 1971)

Wigner coefficients of the three-dimensional rotation group can be brought into the 
form of Thomae-Whipple functions. The symmetry group of order 72, discovered by Regge, 
is a straightforward consequence of 6 forms of the l20Thomae-W hipple functions. The question 
whether the remaining 114 forms of these functions lead to new symmetries is investigated. 
I f  is shown that if the Regge group is enlarged by the transformations j  -*■ — j  — 1, a group 
or order 1440 is obtained, which is exactly the group generated by the interrelations between 
the 120 Thomae-Whipple functions.

§1. Fo llow ing  th e  d e riv a tio n  of th e  W ig n er coeffic ien ts for th e  ro ta tio n  
group  i t  w as recognized  ea rly  th a t  th e se  coeffic ien ts possess a sy m m e try  
group of tw elve  elem ents, six  o f w hich a re  th e  p e rm u ta tio n s  of th ree  a n g u la r  
m o m en ta  an d  th e  rem ain in g  ones co m b in a tio n s o f a space  reflec tion  a n d  th e  
above p e rm u ta tio n s . I t  was d iscovered  b y  R e g g e  [1] t h a t  th e  W igner coeffici
en ts  are in v a r ia n t  u n d e r a la rg e r  sy m m e try  g roup  o f 72 elem ents. T hese sy m 
m etries are e x h ib ite d  by  th e  follow ing T a b le :

J 1 Ji J 3 

m1 m2 m3

" Л + 7 2 + У з

j l + m l

7 i— Уг+Уз 

j2 +  m 2

À +72 —J3 

7з +  т з

. Í i — m  1 j 2— m 2 7з т з

(U

T h e  fu ll sy m m e try  g roup  o f th e  W igner coeffic ien ts  consists o f  th e  p e rm u ta tio n s  
o f  th ree  co lum ns a n d  th re e  row s an d  of a  re flec tio n  th ro u  gh  th e  m ain  d iagonal. 
(To be s tr ic t, th e  T ab le  has to  be  m u ltip lied  b y  (— i ) p<71+7s+7 ), w here P  is th e  
p a r i ty  of th e  p e rm u ta tio n .)  T h u s  we ge t a g roup  o f 3! 3! 2! =  72 e lem en ts , 
w hich  will be d e n o ted  b y  R 12.

A n ex p lic it fo rm  for th e  W ig n er coeffic ien ts can  b e  o b ta in e d  b y  in te g ra tio n  
o f  th e  p ro d u c t o f  th re e  R -fu n c tio n s , b y  so lv in g  recu rren ce  form ulas sa tis f ied  
b y  th e  W igner coeffic ien ts , b y  ex p an d in g  c e r ta in  sp in o r in v a ria n ts  in  p ow er 
series [1], e tc . T h e  f in a l re su lt o b ta in e d  b y  a n y  o f th ese  m e th o d s  can be b ro u g h t 
in to  th e  form  o f a generalized  h y p e rg eo m e tric  fu n c tio n  3F 2 o f u n it a rg u m e n t. 
T h e  sy m m etry  p ro p e rtie s  o f th e se  fu n c tio n s w ere d eriv ed  a long tim e  ago b y

* Dedicated to Prof. L. J á n o s s y  on h is 6 0 th  b i r th d a y .
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T h o m a e  a n d  W h ip p l e  a n d , in  f a c t ,  a ll 72 sy m m e tr ie s  a re  s tr a ig h tf o rw a r d  
c o n se q u e n c e s  o f  th e s e  m a th e m a t ic a l  th e o re m s .

§2. A sim p le  an a ly tic  d e riv a tio n  fo r th e  C lebsch—G o rd an  coeffic ien ts 
u tiliz in g  a th e o re m  of B u r c h n a l l  an d  Ch a u n d y , will be p re se n te d  f ir s t .  T h is 
d e riv a tio n  avo ids ra th e r  cum bersom e a lg eb ra ic  m an ip u la tio n s  an d  gives th e  
C leb sch —G o rd an  coefficients d irec tly  in  a 3 F 2 form , w 'hich is p a r tic u la r ly  
su ita b le  for th e  in v es tig a tio n  o f sy m m e try  p roperties. To th is  end , con sid er 
re p re se n ta tio n s  o f  th e  ro ta tio n  g roup  in  th e  form

w here

Dj,n(<P, W) =  Ve -i(mtp+ny>) j  'Lmn
fy \ m—n fy 1 m+n

Л n-\-1 ; sin2
2

n jmn
l

F (m  — n +  1)

r ( j  +  m ± l )  IJ]  n ! 1) 
r ( j  m +  1) F ( / + n  4-1)

( 2 )

a n d  rj is a p h ase  fa c to r  rj == n\+m~nr w h ich  fo r m >  n reduces to  r] = ( — l ) m+n. 
E q . (2) is v a lid  fo r m ^  n 0. T h e  rem a in in g  cases can be  o b ta in e d  b y  m a k in g  
use o f th e  sy m m e try  p roperties o f  D -fu n e tio n s.

C lebsch— G ordan  coefficients can  be defined  by  th e  follow ing decom posi
t io n :

Л+Л
П Л  /)/-> =  V  . Г./.3П3 . 1)1?, 131^m ini ^ тчпг G/i”*1; j?m2 J?rt, , -'m?n3 ■ W

j*=lji ji\

L e t us recall a th eo rem  b y  B u r c h n a l l  an d  C h a u n d y  [2] fo r th e  p ro d u c t o f  tw o  
2 JFj h y p crg eo m etric  functions:

2F j( a ,  b; c; x) 2F  ßoc, ß; у; a) =

= y  (« ) r (b ) r ( v ) r  Foi* ’ 1
,=0 r !(c )r (c + y  +  r l ) r 3 “ L V i1

■xr 2F 1(a + x - f r ,  b + ß + r ; c  +  y + 2 r ;x )

\ß ,  1 - c - r ,  — r
Г 2

y, 1—b - r  

F (a  +  r)

Д « )

(4)

H ere  3F 2 is a generalized  h y p erg eo m etric  fu n c tio n  of u n it  a rg u m e n t. I n  w h a t 
follow s i t  w ill b e  m ore co n v en ien t to  w o rk  w ith  th e  fu n c tio n s  in tro d u c e d  b y  
T h o m a e  an d  W h ip p l e  [3], in s te a d  o f  3F 2 functions. U sing  th e  id e n tity *  [3]

those

* The abbreviation Г  

of [3].

a, 6,
u, V, :]

Г(а) Г(Ь) ... Г(х) 
r ( u ) r ( v ) . . . T ( z )

is used. Further notations are
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Fp(0 ;45) =  F * 0 2 3 ’ a 024’ a 025 

O C l Q Q «  С С л п Л ш  ОС-
Fp( 1 ;2 4 ). (5)

123 ’ “ 1 2 4 ’ “ 125J

( * 3 4 5  non -p o sitiv e  in teger)
E q . (4) can be re w r it te n  as

F  i n  h ■ r -  i-i F  I rr  R • V  И   V  ( a )r ( ß ) r  ( c  a ) r  ( c Ь ) ггг  x ( a ,b , c , x ) 2b ^yx, p , y , x ) — >  . . . . . .  .
r=o И (c)r ( 7 )r (c +  y +  r -  l ) r

3^2
a, y —a , —r n F ,

1----к.I11«о
1 + a  — c—r, 1 —a  —г

O  Z
l - |- h  — c r, 1 —ß —r

X ( 6 )

X x r 2F 1( a + x + r ,  b + ß  +  r ;c + y + 2 r ;  x ) .

B efore apply ing  th e o re m  (6), E q . (2) is re w ritte n  in  th e  form

DU<P, V, W) =  П{ l ) J~m e - ' « * )  Г m — n-f-1 , 2 /+ 1  
j + m  +  l , j  re +  1

X

ê 2 j —m—n ■& m+n I 1
X sin — cos — 2F i j + m ,  j + n ; 2j;  .

2 2 1 sin2 -&I2 J

( ? )

T he series form  o f  th e  2FX func tion  en te ring  E q . (2) te rm in a te s . H ere , in E q . 
(7), th e  term s o f th e  series are m ere ly  w ritten  in  th e  reverse  o rder.

One gets th e  req u ired  decom position  (3). B y  app ly ing  th e  theo rem  o f 
B u r c h n a l l  and  C h a u n d y  in form  ( 6 )  to  th e  p ro d u c t  o f tw o H -fun c tio n s given 
b y  E q . (7) and c h a n g in g  th e  su m m atio n  index  to  j 3 =  j x j 2 —  г, th e  Clebsch- 
G o rd an  coefficients o b ta in e d  are

C f f i f t  = Ï 2 j 3+ l T

X

À + n * i + l , j 2 -  m2+ l , j 3 - m 3+ l . 

7*1 ~ m l  +  1 ’7*2 +  m 2 + l ’

73 +  m3 +  l ’7i Уг+Уз +  С * 7*i +72+7*3 +  1_|1/2 
7i +72 — 7з+ 1 ’71+72+7з+ 2

X

1

Д У з —  7*2+т 1 + 1 ’ 7 з  7 i — m 2 + l )

X 3 F  2 — 7 i + m i ’ -7 * 2 —  m 2’ -  7 1 -7 * 2 + 7 3  

7 з - 7 * i - n » 2 + l ’ 7 3 - - 7 2+ n » i  +  l

( 8)

I t  shou ld  be n o ted  t h a t  id en tifica tio n  o f  C lebsch—G o rd an  coeffic ien ts th ro u g h  
E q . (3) is no t q u ite  fre e  of a m b ig u ity , since C c a n  co n ta in  an  a rb itra ry  rea l
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fa c to r  a  =  ot(ji, j%, j 3) o f u n it m o d u lu s . In  E q . (8) th e  v a lu e  o f « h a s  been 
chosen  in  such a way th a t  no pow er o f  (— 1) should  a p p e a r  on th e  r ig h t-h a n d  
side.

W igner coeffic ien ts (1) are re la te d  to  th e  Clebsch— G ordan  coeffic ien ts by

\  2 / 3  +  i  Cj'l /773
71*7*1 ij2 m2=  ( 1 )h~J~j2~rn3 J1 J 2 j  3

m1 m 2 m 3
(9)

§ 3 . O u t of th e  72 sym m etries o f  th e  W igner coeffic ien ts , 12 a re  sim ple 
consequences o f fo rm u la  (8), as 3F 2 fu n c tio n s  are in v a r ia n t  u n d er p e rm u ta tio n s  
o f  th e  th ree  n u m e ra to r  and  tw o d e n o m in a to r  p a ra m e te rs . T his im m ed ia te ly  
g ives 3! 2! =  12 sy m m etrie s , so t h a t  in  o rder to  o b ta in  72 sy m m etrie s , six 
d iffe re n t form s o f 3F 2 function  h a v e  to  be found.

I t  is easy to  see w hich ty p es  o f  tra n sfo rm a tio n s  are  req u ired  to  get th e  
six  3F 2 functions. In  R e g g e  T able (1) th e  sum  of e lem en ts in  any  ro w  o r colum n 
is e q u a l to  S  =  j \  j 2 -j- j s and  th is  su m  rem ains u n a lte re d  by  in te rc h a n g e  of 
row s o r colum ns, o r b y  tra n sp o s itio n  th ro u g h  th e  m a in  d iagonal. A n o th er 
c h a ra c te r is tic  o f th e  3F 2 function  su m  is closely re la te d  to  S, as i t  c a n  be seen 
fro m  E q . (8) th a t  th e  sum  of th e  d e n o m in a to r  m inus th e  sum  of th e  n u m e ra to r  
p a ra m e te rs  is s =  j \  -f- j z  +  / 3  +  2 =  S  +  2. (This sum  is responsib le  fo r th e  
convergence  of 3F 2 series w hen th e y  co n ta in  an  in f in ite  n u m b er o f  te rm s . In  
th e  p re se n t case, how ever, no p ro b lem  o f convergence arises, since th e  3F 2 
series te rm in a te s .)  T h u s  we have to  se a rc h  for such 3F 2 tra n s fo rm a tio n s  w hich 
p re se rv e  th e  value o f  s. T here are e x a c tly  six  3F 2 fu n c tio n s  whose ch a ra c te ris tic  
su m  is equal to  s. T hese  are, Fp(0; 45) (b y  defin ition  th is  is p ro p o rtio n a l to  the  
3 F 2 fu n c tio n  en te rin g  eq. (8)), Fp{4 ; 05), Fp  (5; 04), Fn(  1; 23), F n (2; 13) and 
Fn(3;  21). I t  is im p o r ta n t  th a t  th e se  fu n c tio n s, a n d  ind eed  all th e  T h o m a e — 
W h ip p le  functions, a re  o b ta inab le  f ro m  F p(0; 45). I t  can  be v e r if ie d  th a t  in  
th is  w ay  all th e  R egge sym m etries a re  ob ta ined .

§4. T here e x is t 120 T hom ae —W h ip p le  func tions a n d  a lread y  six  o f  them  
in v o lv e  th e  R Ti g roup . T he question  a rises  as to  w h e th e r th e  rem ain in g  re la tions 
fo r  th e se  functions re su lt  in  new sy m m etrie s  for th e  W igner coeffic ien ts . To see 
th is , le t  us allow n e g a tiv e  values o f  a n g u la r  m o m en ta . I t  can  be seen from  E q .
(2 ) t h a t  w ith  th e  su b s titu tio n s  re p re se n ta tio n s  o f th e  ro ta tio n  g roup  a re  m erely 
m u ltip lie d  by th e  p h ase  ( —l ) m~n. H en ce , some o f th e  an g u la r m o m e n ta  j v  
j 2, j 3  m a y  be tra n s fo rm e d  in to  j  —► — j  — 1. These tra n s fo rm a tio n s  c o n s titu te  
a  g ro u p  o f eight e lem en ts  w hich fails to  com m ute  w ith  R e g g e  tra n sfo rm a tio n s , 
a n d  there fo re  th e  en la rged  R e g g e  g ro u p  G is n o t o f  o rd er 8.72. T o co u n t th e  
e lem en ts  of G con sid er th e  su b g ro u p  w h ich  leaves th e  sum  S = j 1  —(— _ / 2  +  j 3  

in v a r ia n t .  This is c learly  the  R 72 g ro u p . T he n u m b er o f  cosets in  G w ith  respect 
to  th e  subgroup  R 22 is equal to  th e  n u m b e r o f possib le  values o f  S.  I t  can be 
seen  b y  inspection  t h a t  S  can ta k e  th e  following v a lu es :
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S

î i  +  7г +  7з 1 o f  th is  ty p e
—À  +  j 2 +  7з --- 1 3 o f  th is  type*

Í i  — 72 +  7з —  2 3 o f th is  ty p e
1 Ja
.

to 1 1. w> W 1 o f th is  ty p e
i l  —  m 1 —  l 3 o f th is  ty p e

Ji +  m i —  1 3 o f th is  ty p e
—  j \  —  m1 — 2 3 o f th is  ty p e
—  j i  +  mi — 2 3 o f th is  ty p e

* The values of S not indicated here explicitly can be obtained by permutation of 
the indices.

A lto g e th e r 20 cosets a re  ob ta ined , so t h a t  if  the  T?72 g roup  is en la rg ed  b y  tra n s 
fo rm a tio n s  j  — j  —  l a  group o f o rd e r  20.72 =  1440 is o b ta in ed .

L e t us in v es tig a te , finally , th e  q u es tio n  of how  m a n y  d iffe ren t T h o m ae— 
W h ip p le  functions a re  needed to  c o v e r  th is  g roup  o f  tra n s fo rm a tio n s , w hen 
tw o su ch  functions a re  considered to  b e  d ifferent i f  th e y  can n o t be  tran sfo rm ed  
in to  each  o ther by  p e rm u ta tio n s  o f  n u m e ra to r  o r  d en o m in a to r p a ram ete rs . 
I t  is e v id e n t th a t  144/12 =  120 such  fu n c tio n s are  n ecessary , an d  th e se  are th e  
120 T h o m a e —W hipp le  functions.
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СИММЕТРИИ КОЭФФИЦИЕНТОВ ВИГНЕРА И ФУНКЦИИ ТОМЕ-ВИППЛА

М . Х У С А Р

Резюме

Коэффициенты Вигнера можно привести к виду функций Томе —Виппла. Наличие 
группы симметрий порядка 72, обнаруженной Редже, является непосредственным следст
вием шести разных видов 120 функций Томе—Виппла. Рассмотрен вопвос о том, приводят 
ли остальные 114 видов этих функпий к новым свойствам симметрий коэффициентов 
Редже. Показано, что если группа порядка 1440, которая производится с помощью соот
ношений между 120 функциями Томе—Виппла.
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ANGULAR CORRELATION IN 187Re*

By

L . K e s z t h e l y i  and  I . D e m e t e r

C E N T R A L  RESEARCH IN S T IT U T E  FO R PH Y SICS, BUDAPEST 

(Received 19. X. 1971)

The angular correlation coefficient of the 72— 134 keV cascade of 187Re was measured 
to be A 2 =  —0.006 (2). This is an order o f magnitude smaller than previous results.

1. In tro d u c tio n

In  th e  course o f  o u r  program  o f  m easu ring  g -fac to rs from  th e  observed 
ro ta tio n  of the  a n g u la r  correlation  p a tte rn s  caused  b y  in te ra c tio n  of th e  
m agnetic  m om ent o f  th e  excited  s ta te  w ith  th e  h y p e rfin e  field a t  th e  nucleus in  
F e  la ttic e s , we w a n te d  to  determ ine  th e  g -fac to r o f th e  134 keV 7 /2-sta te  of 
187R e. T his s ta te  is p o p u la te d  in 18'W  decay; th e  re le v a n t d a ta  for th e  decay 
schem e [1] are p re se n te d  in Fig. 1.

Fig. 1. R elevant features o f the decay scheme of 187W

A ccording to  th e  a n g u la r  co rre la tio n  m easu rem en t of M i c h a e l i s  [2 ]  the  
72 134 keV cascade, w h ich  can be observed  w ith  good effic iency  using a
sc in tilla tio n  coun te r, h a s  a  sm all b u t  m easu rab le  a sy m m etry  A 2 =  —-0.023 
(10), i f  no correction  is m ad e  for th e  d is tr ib u tin g  61 an d  69 keV К  X -ra y  back-

* Dedicated to Prof. L. J á n o s s y  on his 60th birthday.
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g ro u n d  p roduced  b y  th e  in te rn a l co n v ers io n  of 72 keV y -rad ia tio n . A 2 increases 
a f a c to r  o f tw o w hen  co rrec ted . W e h a v e  rem easu red  th is  va lue  u sing  2.56 X 2.56 
cm  a n d  2 .5 6 x 0 .6  cm  N a l  (T l) c ry s ta ls  an d  o b ta in ed  A 2 (uncorr) =  0.031 (2), 
w h ich  agrees w ith in  exp erim en ta l e r ro r  w ith  th e  above va lu e . N i g a m  and  
B a t t a c h a r y y a  [3] re c e n tly  re p o rte d  t h a t  th ey  go t a v a lu e  A 2 =  —  0.017 (11).

B y  using th e  k n o w n  lifetim e t  =  18 ps and  h y p e rfin e  fie ld  H y  — —- 760 
K G a u ss  values an d  assum ing  g =  1, a value

R  IF (135°, H \ )  1F (13 5 ° ,H |)

2 1 Р (1 3 5 ° ,Я |)  +  Щ 1 3 5 ° ,Я |)

can  b e  ca lcu la ted  as th e  e x p e c ta tio n  va lu e  for an  a lte rn a tin g  fie ld  m agnetic  
e x p e rim e n t. H ere, b2 is th e  a n g u la r  co rre la tion  coeffic ien t i f  cos 2d is used  
in s te a d  o f the  ex p ressio n  P 2(cos $) a n d  W  =  g ^ ^ H  is th e  L a rm o r precession 
fre q u e n c y  is th e  n uc lear m ag n e to n ). This R/2 v a lu e  is ra th e r  sm all b u t  i t  
seem ed  to  be m easu rab le . A con tro l e x p e rim en t p erfo rm ed  w ith  a liq u id  L i2W 0 4 
so u rce  and  an  e x te rn a l  po larizing m a g n e t gave Rj2  =  %  (0.3 ^  2.6) 10 ~4. 
T w o fu r th e r  m easu rem en ts  w ere p e rfo rm ed  on F eW  alloys o f 1 a to m  %  W  
c o n te n t  irra d ia te d  in  th e  reac to r o f  th is  In s ti tu te . T he f ir s t  was m easu red  w ith 
o u t  annealing , th e  second  after a n n e a lin g  in  argon  a t  900 °C fo r 9 hou rs. T he 
re su lts  were Rj2 =  (0 .4  ^  2.7) • 10 _4 a n d  (1.7 i  3.2) • 10 ~4, re sp ec tiv e ly .

T hese re su lts  show  th a t  one o f  th e  p a ram ete rs  en te rin g  in to  th e  expression 
fo r  R /2  is w rong. T h e  value of 62 c o u ld  be checked easily  b y  m easu rin g  th e  
a n g u la r  co rre la tion , u sin g  a Ge (Li) c o u n te r  to  se p a ra te  th e  61 keV  X -ra y  p eak  
fro m  th e  72 keV y -rad ia tio n .

2. Measurement o f  the angular correlation

T he source Avas a L i2W 0 4 so lu tio n  in  a 8.5 m m  d iam ete r, 6.5 m m  long  
te f lo n  con tainer. A  8 cm 3 coaxial G e (Li) de tec to r an d  a 2.5 cm  X 2.5 cm  N a l 
(T l)  de tec to r w ere p laced  4 cm a w a y  from  th e  source. O nly  th e  a n iso tro p y  
A  =  ( I lso° — ^эоОДэо0 was m easu red , th e  A i coeffic ien t being  n eg lec ted  (it is 
v e ry  sm all acco rd in g  to  M i c h a e l i s  [2]). F ig. 2 show s th e  6 1 —72 keV  p eak s 
fro m  th e  Ge (Li) d e te c to r  in co incidence  w ith  th e  134 keV p eak  in  th e  sc in tilla 
t io n  coun ter. T he efficiency of th e  G e (Li) co u n te r w as ab o u t a fa c to r  o f tw o  
sm a lle r  for 61 keV  th a n  for 72 keV  ra d ia tio n . T he 72 keV p eak  c o n ta in s  a b o u t 
1 5 %  69 keV y -ra d ia tio n . The re so lv in g  tim e  of th e  coincidence c irc u it w as 10 ~7 
sec, an d  in th e  c o n tro l ex p erim en t, w hen  th e  480 keV — 72 keV cascade  w as 
s tu d ie d , 10 ~6 sec.

F irs tly  sing le-channel e x p e rim e n ts  were p erfo rm ed , w ith  th e  single
c h a n n e l analyser w indow  set to  72 a n d  th e n  to  61 keV  peaks. T h e  sources w ere
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carefu lly  cen te red  an d  th e  coincidence num bers w ere co rrec ted  for sm all 
cen te rin g  erro rs (less th a n  0 .5 % ), for rad io ac tiv e  decays, a n d  fo r chance 
coincidences. T he alloy  source an d  liq u id  sources w ith  W  co n ten ts  o f  0.2, 2, and 
20 m g w ere used  to  te s t  w h e th e r a se lf-absoprtion  effect ex ists or n o t. The d a ta  
are  co llected  in  T ab le  I .  I t  can  be seen th a t  a v e ry  sm all a sy m m e try  exists in 
th e  72— 134 keV cascade, w hich  w ould  explain  th e  re su lt o f  th e  m agnetic 
ex p e rim en t. A h igh  a sy m m e try  w as ob ta in ed  fo r th e  480 72 keV  rad ia tio n ,

channel  number

Fig. 2. Coincidence spectrum (61 -f- 72 keV) — 134 keV y-radiations

in  acco rdance  w ith  prev ious ex p erim en t [4]. T here  w as, how ever, a — 2.5%  
a sy m m e try  on th e  61 keV  X -ray  peak , too , show ing th a t  so m eth in g  is n o t in  
o rd e r in  th e  ex p erim en t.

A b road -w indow  ex p erim en t on Ge (Li) sp e c tra  co n ta in in g  th e  61 -J- 72 
keV  peak s shou ld  y ie ld  th e  a sy m m e try  o f ab o u t — 4 %  m easu red  w ith  th e  tw o 
sc in tilla tio n  co u n te rs . T herefore  we h av e  to  get m ore  a sy m m e try  before  and 
a f te r  th e  peaks in  Ge (Li) sp ec tra . T hese po in ts  w ere illu m in a ted  b y  a series of 
ex p e rim en ts  in  w h ich  th e  coincidence spec tru m  o f th e  61— 72 keV  reg ion  was 
m easu red  w ith  a m u ltich an n e l an a lyser. As th e  d a ta  o f  T ab le  I  do n o t  show  any 
c o n c e n tra tio n  dependence, w ith in  ex p erim en ta l e rro r , th e  source conta in ing  
2 m g  W  w as used. In  th e  sing le-channel ex p erim en ts  th e  co u n te rs  w ere no t 
sh ie lded , w hereas in  th e  series m easu red  w ith  th e  m u ltich an n e l a n a ly se r  b o th  
P b  a n d  b rass shields w ere p laced  on th e  Ge (Li) c o u n te r . T able I I  sum m arizes 
th e  re su lts  o f th is  series. T he a sy m m etry  values w ere d e te rm in ed  in  fo u r sections
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Table Ï

Asym m etry values measured for different coincident radiations in IS7Re. Liquid sources are 
aqueous solutions of Li2W 04 of different W concentrations. All values are in %

Sam ple 72 keV 134 keV 61 k e V - 134 keV 480 k e V - 72 keV 480 keV 61 keV

Liquid sources :

0.2 mg W —0.7 ( 3 ) — 2.0 ( 6 )

2 mg W — 0.7 (4) — 2.4 (6) — 10.5 ( 5 ) — 2.6 (1.4)
20 mg W —0.7 ( 5 ) — 3.2 0 ) — 10 ( 1 ) 0 (3)

Alloy —  1 .1 ( 3 ) —2.9 (7) -  3.5 (4) — 2.9 ( 7 )

o f th e  coincidence sp e c tra :  1) below  61 keV; 2) a t  th e  61 keV p e a k ; 3) a t th e  
72 keV  peak; an d  4) ab o v e  72 keV (see F ig . 2) for ra d ia tio n s  in  coincidence w ith  
134 keV  and w ith  480 keV  y -rad ia tio n s .

T he results c le a rly  show t h a t  th e re  is a b a c k sc a tte rin g  e ffec t of 72 keV 
a n d  134 keV ra d ia tio n  from  th e  N a l  (T l)  crysta l. T h e  energies o f th e  y -rad ia tio n  
C o m p to n  sca tte red  a t  180° are  56 keV  and  87 keV , resp ec tiv e ly . W ith o u t an  
a b so rb e r  one gets a h ig h e r b a c k sc a tte rin g  in te n s ity  a t  90° th a n  a t  180°, w hich 
re s u lts  in negative A  va lu es  below  th e  61 keV p e a k , a t  th e  61 keV  peak , and  
a b o v e  th e  72 keV p e a k . T he la t te r  is due to  concidences betw een  th e  C om pton 
c o n tin u u m  of h ig h er energy  y -ra d ia tio n s  in th e  sc in tilla tio n  c o u n te r  and  th e  
b a c k sc a tte re d  “ 134”  keV  ra d ia tio n . T his is v e ry  h ig h  (—54% ) in  th e  case of 
coincidences w ith  th e  480 keV p h o to p e a k  (Table I I ) .  T he a sy m m e try  changes 
s ign  i f  absorbers are  u sed , because in  th is  case th e  b a c k sc a tte rin g  th ro u g h  180° 
is effec tive  b u t th a t  th ro u g h  th e  ho le  of th e  sh ie ld ing  only  p a r tia lly  so. The P b  
sh ie ld  is not v e ry  su ita b le , because th e  Pb X -ra y s  are  ju s t  in  th e  7 2 —85 keV 
reg io n  and  th e ir  c o n tr ib u tio n  s tro n g ly  depends on th e  geo m etry  o f  th e  shield- 
in g s .

T he asy m m etry  o f  th e  72— 134 keV cascade is v e ry  l i t t le  a ffec ted  b y  th e  
d iffe re n t ex p erim en ta l c ircum stances . W e believe i t  to  be A  =  0.007 (3), and

Table II

Asymmetry values measured for different coincident radiations in 18'Re in different sections
of the spectra. All values are in %

Shield
134 keV 480 keV

1 2 3 4 1 2 3 4

None - 1 2 ( 2 ) — 3.0 (3) - 0 .9  (5) — 20 (5) - 9  (2) 0 (2) - 9 ( 1 ) - 5 4  (6)
Pb +  7(4) + 3  (3) - 0 .5  (10) +  17 (4)
Brass +  3 (2) 0.3 (10) 1 О +  5(2) — 4.4 (12) - 0 .6  (12) - 9 ( 1 ) - 1 8  (3)
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co rrec ted  fo r th e  69 keV К  X -ra y s  A 72- 134 =  —  0.008 (3). H en ce  th e  an g u la r 
co rre la tion  coefficien t A 2 — —  0.005 (2), a n d  co rrec ted  fo r f in ite  angu la r 
reso lu tion  A 2 =  -— 0.006 (2).

3. D iscussion

T he th eo re tica l v a lu e  of A  2 depends on th e  <54 and  b 2 m ix in g  p a ra m e te rs  
of th e  f irs t  an d  second ra d ia tio n s  o f  th e  cascade. T h e  resu lts  o f  in te rn a l co n v er
sion m easu rem en ts  se t u p p e r lim its  fo r th e  q u ad ru p o le  c o n te n t o f  th e  tw o  
rad ia tio n s  [2] of b \ \ {  1 +  b \ )  <Ç 0.01 an d  ô |/( l  +  b \ )  <  0.25. A v a lu e  éj =  
=  0.038 can  be ca lcu la ted  from  th e  know n half-life  o f th is  s ta te  ( T J 2 — 1.3 • 
• 10 - n  s) an d  th e  В  (£ 2 ) v a lu e  [5] (B(E2)  =  1 • 5 • 10 - '18 cm4/e2 i f  th e  in te rn a l 

conversion coeffic ien t oc =  2.3). A ssum ing  =  0, an d  using  A 2 =  —  0.006 (2), 
th is  gives b 2 =  -f- 0.185 (6), w h ich  is in  v e ry  good ag reem en t w ith  th e  b 2 

ob ta in ed  above.
T he new  A 2 v a lu e  show s t h a t  th e  72 keV  ra d ia tio n  is n e a rly  p u re  £ 1  

ra d ia tio n  an d  th a t  th e  134 keV ra d ia tio n  is 96 .5%  M l  and  3 .5%  E2  in c h a ra c te r .
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УГЛОВАЯ КОРРЕЛЯЦИЯ B 187Re
Л .  К Е С Т Х Е Й И  и  И . Д Е М Е Т Е Р

Резюме

Измерено, что коэффициент угловой корреляции каскада 72—134 кэв в 1S7Re со
ставляет Аг =  —0,006 (2). Это на порядок меньше, чем следует из предварительных ре
зультатов.

Acta Physica Academiae Scientiarurn Hungaricae 32, 1972





Acta Physica Academiae Scientiarum Hungaricae, Tomus 32 (1 — 4). pp. 193 — 198 (1972)

A SINGULARITY PROBLEM OF REGGE-POLE
THEORY*

By

K. S ze g ő  and K . T óth
CEN TR A L RESEARCH IN ST IT U T E  F O R  PHYSICS, BUDAPEST

(Received 19. X . 1971)

Reggeization of the unequal-mass scattering amplitude is examined. It is shown that 
there is a proper continuation to s =  0 of the Poincaré expansion of the scattering amplitude 
which does not lead to singularity and which is compatible with the dispersion relation and 
Regge behaviour.

1

In  sp ite  of th e  growing a m o u n t o f exp erim en ta l d a ta , a com ple te , 
p red ic tiv e  th e o ry  is s till lacking in  h ig h -en e rg y  e lem en tary  p a rtic le  physics. 
H ence th e  im p o rta n c e  o f  phenom enological a n d  sem i-phenom enological m odels. 
P erh ap s th e  m ost successful o f these  is th e  R egge pole m odel, w ith  its  a b ility  
to  connect th e  h igh -energy  b eh av io u r o f th e  sca tte rin g  am p litu d e  w ith  th e  
e lem en ta ry  p a rtic le  sp ec tra , to  f i t  th e  c o n tin u a lly  grow ing d a ta  w ith  ju s t  a  few 
p a ra m e te rs , an d  to  system atize  th e  p a rtic le s .

To im prove  a m odel, or to  u n d e rs ta n d  its  roo ts, i t  is necessary  to  co n 
c e n tra te  on its  defec ts . In  w h a t follow s, wé describe a fam ous s in g u la rity  
p roblem  o f th e  R egge pole th eo ry  an d  o u r so lu tio n  to  it.

2

L e t us consider th e  1 — 2 —>- 3 -J— 4 sc a tte r in g  process d raw n in F ig . 1, 
for th e  sake o f s im p lic ity  for spinless p a rtic le s  w ith  m1 =  m 3, m 2 =  m 4. W e 
in tro d u ce , as u su a l, th e  in v a rian ts  s =  (p 4 -|- / j2)2, t — (рг —  Рз)2, и =  (рг —  
—  jр4)2, sa tisfy in g  s -f- f -j- и — rn\ -j- m\  -f- m\. T he p hysica l dom ains o f
these  v ariab les  are  show n in Fig. 2.

* Dedicated t o  Prof. L. J á n o s s y  on his 60th birthday.
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s -channel  ^

L et & be  th e  sc a tte rin g  angle in  th e  s -ch an n e l CM sy stem , th e n  th e  p a r t ia l  
w av e  expansion  o f  th e  F(s, t) s c a tte rin g  a m p litu d e  in  th e  s-channel w ill re a d

<P 3 ’Pi \T \ P n P 2 > =  (2Ti)4F (s , t) 0 \ р1+ р 2- р 3- р 4) =

=  ( 2 л У 0 Ц р 1 + р , - р 3 P i ) S — ^ ( 2 j + l ) f ( s , j ) P J(cos&),
(Po+P )* j

w here

a n d

s(t — u) +  (m | — ml)2
[s (m1 -m ,)2] [ s — ( n q - f n ^ ) 2] 

(Po+P )2 л1/ ( s , j )  =  Г d( cos«?) F(s, t) Pd  cos &) .
s J -1

( la )

( lb )

S ince the p h y sica l sca tte rin g  a m p litu d es  in  th e  d iffe ren t channels are th e  re a l 
b o u n d a ry  v a lu es  o f  th e  sam e com plex , a n a ly tic a l fu n c tio n , we know  th a t  th e  
an a ly tica l c o n tin u a tio n  o f E q . (1) will give th e  sc a tte rin g  am p litu d e  in  e.g. 
th e  м-channel.

This c o n tin u a tio n  is done b y  th e  so-called  W a tso n — Som m erfeld  tr ic k . 
W e recall its  s te p s  fo r th e  equa l-m ass case, w hen

cos ё  =  1 -|--------------- . ( le )
s — 4m 2

F ir s t ,  we w rite  th e  sum  in  E q . (1), using  th e  th eo rem  of residues, as a c o n to u r  
in te g ra l on th e  com plex  j-p la n e . To do th is , we h av e  to  e x te n d /( s , j )  to  com plex  
j  values, an d  so w e shall rew rite  ( lb )  using  th e  fix ed  s d ispersion  re la tio n :

F (s, t) —  Г  A A h l l d t '
7T J 4m2 t  ̂ ^  J  — oo t t

( 2 )

In se rtin g  th is  in to  ( lb )  an d  perfo rm in g  th e  in te g ra tio n  over ё,  we get
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f (s , j )  = f t  ( S , j ) + / „ ( s , y )  =  —  f  A,(s, t') Qj
Л Jim2

i  +

+  ( -  1)J+1 du A u(s, 4m2 s u')Qj  1 - f
Jim2 l

21' 
4m 2 

2u'

+

s 4m2
D enoting

f ±( s ^j )  =  —  I ( 4 , ( s , t ' ) i 4 „ ( s , 4 m 2 s 0)0;
^ Jim 2

we m ay  cast (1) in to  th e  follow ing form :

1 + 21'
-4m2

(3)

(4)

p (s, 0 =  V 2 " ( 2^ +  1) P ;(cos &) { ( 1 + е - ‘0 / - ( ^ У ) + ( 1  e - 0 / +( ^ j ) }  =
2 j

= dÍ{2Í+l) Pj( -с о .# ){ (1 + .-« ) /- ( . ,» + (1  e-W)/+(s,j)},
2 J Cl sin Tty

( 5 )

w here Cx is th e  co n to u r d raw n in F ig . 3.

Supposing  th a t  / * ( s ,  y) are  m erom orph ie  fu n c tio n s  on th e  com plex  
Re / ]>  —  x/2 p lane , we m ay  defo rm  to  C2:

1 Г  —1/2 +  f ~  Л
F ( M ) =  — I infinite2 / —1/2 — foo ./semicircle, sin яу

P ;(  — COST?) {. . .} +

2  ( 2 a + 91)(1- — /?«(«)^ ( « o s О . 
2 sin  ясс

( 6)

poles

I f  A t)U a re  po lyno m ia lly  b o u n d ed , th e  c o n tr ib u tio n  o f  th e  in fin ite  sem icircle is 
zero (w hich is w h y  we in t r o d u c e d /* ;  th e  sam e s ta te m e n t w ould  n o t have  been  
tru e  fo r / ( s ,  у) [1]).
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T he above ca lcu la tions w ere done in  th e  s-channel. Now, i f  we co n tin u e  
s an d  t to  su ch  u -channel p h y sica l v a lu es  th a t  [ t \ 0, s ~  0, i t  is easy  to
show  th a t  th e  pole te rm s d o m in a te  o v er th e  b ackground  in teg ra l. U sing  th e  
a sy m p to tic  fo rm  o f th e  L egendre p o lynom ia ls , we fin a lly  o b ta in

2  <2«+ I ) ( l ± , - - )
poles 2 s in  71У.

/*.(«) 1*1“ . ( ? )

T h is  b eh av io u r is in  ag reem en t w ith  ex p erim en t.

3

I f  we w ere naive enough to  p la y  th e  sam e gam e for th e  u n e q u a l m ass 
co n fig u ra tio n , w ritin g  ( la )  in s te a d  o f ( lc )  everyw here, we shou ld  ge t in to  
tro u b le  a t  s =  0 in  th e  м-channe l (w hich  is inside th e  physica l d o m ain ), since 
th e re  cos & =  1, an d  P y(-cos ■&) h as  a lo g a rith m ic  s in g u la rity  i f  j  ^  in teger. 
E x p e rim e n ts , on th e  o th e r h a n d , su p p o r t th e  b eh av io u r we go t in  E q . (7).

T his challenge of th e  R egge th e o ry  has insp ired  m an y  p h y sic is ts , and  
fro m  d iffe ren t s ta r tin g  po in ts  (an a ly tica l approaches, g ro u p -th eo re tica l con
sid e ra tio n s) th e y  have  alw ays reach ed  m ore or less th e  sam e re su lt:  if  one 
supposes n o t one b u t  an  in fin ite  n u m b e r o f  Regge poles consp iring  in  a special 
w ay , th e  n e t  re su lt of such a fam ily  is th e  observed  ] t |* b eh av io u r. A survey  
o f  th e  l i te ra tu re  can  be found  e.g. in  [2].

As th e  s in g u la rity  appears w hen  we con tinue  (6) to  s =  0, in  th e  group- 
th e o re tic a l consid era tio n s, people  t r y  to  fin d  expansions in  te rm s  o f o th e r 
g ro u p s, m o stly  in  te rm s of SL(2, c) re p re se n ta tio n s  [3]. W e suggest, how ever, 
t h a t  th e  s in g u la rity  a t  s =  0 ap p ea rs  sim p ly  because th e  c o n tin u a tio n  was 
in co rrec t. W e do n o t need expansions in  te rm s of o th e r  groups ju s t  to  f in d  th e  
c o rre c t co n tin u a tio n  of fo rm ulae  (1 — 6).

T he p a r t ia l  w ave expansion  (1) is an  expansion  o f th e  sc a tte r in g  am p litu d e  
in  te rm s  o f th e  rep re sen ta tio n s  o f  th e  P o in ca ré  group , w hich  is th e  in v arian ce  
g ro u p  of th e  S -o p e ra to r  [4]. To co n tin u e  th e  expansion , we h av e  to  con tinue  
(on  th e  one h an d ) th e  re p re se n ta tio n  m a tr ix  elem ents an d  (on th e  o th e r  hand) 
th e  expansion  coefficients. W e h av e  a lread y  discussed th e  f i r s t  q u estio n  in
[5] an d  we fo u n d  th a t  in  th e  s —► 0 lim it th e  rep re sen ta tio n  m a tr ix  e lem ents of 
th e  P o incaré  g roup  behave n icely  if

■VU +  1) =  Ф  (8)

is k e p t fixed . F o r  in stan ce , in  a special case:

lim  P:
s-0s{jr Infixed

1 + 2 st
Ts—(m, — m ,)21 \ s — ( ro ,+ m , l2 Jo (9)
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T his re su lt w as a lread y  know n in a n o th e r  con tex t. A lth o u g h  in E q . (6) the  
re p re se n ta tio n  m a tr ix  e lem ents a p p e a r  to  be “ slig th ly  defo rm ed” , one can 
p rove th a t

lim
s-» о

Pj( —  COS ■&) 

sin nj

i H P 8 ГЖ_ , fo r Im  j  >  0m [i

iH<$> 8 1
mfi , fo r Im  j  - <  0

( 10)

I t  is m ore d ifficu lt to  discuss th e  c o n tin u a tio n  of th e  ex p ansion  coefficients. 
F o r a sq u are-in teg rab le  fu n c tio n , th e  expansion  coefficien ts are d e fin ed  by  
( lb ) ,  an d  if  we t r y  to  con tinue  th is  exp ression , th e  in teg ra l diverges o u ts id e  the  
s-channe l. H ence we have to  c o n s tru c t an  expression w hich  agrees w ith  (lb )  
in th e  s-channel b u t  will n o t d iverge  elsew here. This can  he done w ith  th e  aid 
o f  th e  d ispersion re la tions for th e  eq u a l-m ass case in E q s. (3 —4). A ccord ingly , 
in th e  u-channel, w here F(s, t) is n o t  sq u a re  in teg rab le , wc h av e  an expansion  
rep ro d u c in g  th e  orig inal fu n c tio n , b u t  th e  expansion coeffic ien ts are  no t 
defined  b y  th e  inverse tra n s fo rm a tio n .

I f  th e  fu n c tio n  to  be ex p a n d e d  is given by  a d ispersion  re la tio n , i t  is 
useful to  ex p an d  th e  C auchy-kernel 1 / t —- 1' [6]. This w as done in [7], w here 
we w ere able to  show  th a t

1

t - t ’±  10

and

y ( 2 j + l ) P / &Ф0 ,

lim (11a)
S — 0

sj(j -fl)—e2/4 fixed
( l i b ) .

(11a) 

0 ( l i b )

T hese re la tions are  tru e  in a genera lized  fu n c tio n  sense. A p p ly ing  th e se  re su lts , 
one can check th a t

( 12)

T he la s t eq u a tio n  m eans t h a t  w ith  th e  above-m en tioned  te c h n iq u e  we 
h av e  been able to  con tinue  E q . (6) to  s =  0 in  such a w ay  th a t  

— no s in g u la rity  appears;
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—  a t  ev e ry  s va lu e  th e  expansion  rep ro d u ces  th e  sc a tte r in g  am p litu d e  
in  th e  form  o f E q . (2),

— a t  ev e ry  s v a lu e  we h a v e  an  expansion  in  te rm s o f  th e  rep resen ta tio n s  
o f  th e  P o incaré  g roup .

L e t us now  ex am in e  w h e th e r  our ex p an sio n  can rep ro d u ce  the  R egge 
b eh av io u r o f th e  sc a tte r in g  a m p litu d e . On th e  у-p lan e , a t  s =  0, th is  b eh av io u r 
is caused  by  th e  po le  te rm s . H o w ev er, on th e  e-p lane , a t  s =  0, th e  pole te rm s  
b eh av e  in a n o th e r  w ay , since

\ Z \ —
71:Z

sin (z я /4 ) . (13)

Sim ple assu m p tio n s  fo r A t u (e.g. t“) do n o t  lead  to  poles a t all on th e  
e-p lane  for R e e 0, b u t  th e y  do give a s in g u la rity  a t  e =  0 o f g- (2*+2) ty p e .

The “ old”  th e o ry  has p re d ic te d  on th e j - p la n e  fam ily  o f R egge poles w ith  
f in ite  j  values. T hese  poles w ill, o f  course, a p p e a r  on th e  e-p lane as well, since 
fo r s # 0  th e  ji- a n d  e-p lanes a re  com pletely  e q u iv a le n t (c.f. E q . (8)). E v e ry  pole 
a t  f in ite  j  va lu e  cu m u la te s  on th e  e-plane a t  e =  0, i f  s —*■ 0. H ence, i t  is obv ious 
t h a t  th e  e =  0 p o in t  w ill p la y  an  im p o rta n t ro le  a lth o u g h  i t  is fa r less easy  to  
see how  th e  c u m u la tio n  o f  poles can  give rise to  an  e -2 a ~ 2 ty p e  s in gu la rity . B u t 
i f  th is  is assum ed fo r f ,  u(0, e), we can rep ro d u ce  th e  ex p erim en ta lly  observed  
re su lts , and  such  a  sim ple a ssu m p tio n  on th e  e-p lane is n o t  un reasonab le . I f  
poles ex ist as w ell, th e y  w ill g ive an  o sc illa to ry  c o n tr ib u tio n , as one can  see 
fro m  E q . (13). T h is  is n o t su p p o r te d  b y  p re se n t e x p e rim e n ta l evidence.

W e o u g h t to  m en tio n  t h a t  we did n o t f in d  as sim ple an  in te rp re ta tio n  
o f  th e  value o f  x  on  th e  e -p lane  a t  s =  0, as th e re  is in  th e  “ old”  form alism : 
h e re  X does n o t ch a rac te rize  P o in ca ré  re p re sen ta tio n s . In  th is  respect fu r th e r  
in v estig a tio n s are  necessary .
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By assuming that SU(2) X SU(2) symmetry is broken by the isoscalar element of the 
representation (l, l), effective Lagrangians reproducing the results of current algebra and the 
PCAC assumption can be constructed by a direct method suggested b y  R. D a s h e n  and M. 
W e i n s t e i n . The symmetry-breaking parts of these Lagrangians are the solutions (in closed 
form) of the differential equation for the breaking parts in Weinberg’s formalism.

E ffec tive  L ag ran g ian s, w h ich  give th e  am p litu d es o f p io n s in  th e  low est 
o rd e r o f th e  m o m en ta  an d  th e  sy m m etry -b reak in g  p a ra m e te r , can  be con
s tru c te d  for an  a rb itra ry  ty p e  o f  sy m m etry -b reak in g  from  one o f  D a s h e n  an d  
W e i n s t e i n ’s id en titie s  [1]. T h e  resu lts  are  W e i n b e r g ’s phenom enolog ica l 
L ag ran g ian s in  th e  case o f th e  genera l p ion fie ld  defin ition . In d e e d , S. C o l e 

m a n  e t al. [3 ]  h av e  p o in ted  o u t th a t  th e  phenom enolog ica l ap p ro x im atio n  
w ith  non lin ear L ag ran g ian s is id en tica l w ith  th e  resu lts  o b ta in e d  b y  c u rre n t 
a lgeb ra . The m en tio n ed  id e n t i ty  is:

i f  in  th e  re su ltin g  expression  w e rep lace  th e  te rm s  a n d  q> • (linear
in  q>(x)) w ith  Q^cp ■ Ä * 1 an d  <p ■ d ^ A ' 1- H ere <p(x) is a c-num ber iso v ec to r fu n c tio n :

* Dedicated to Prof. L. J á n o s s y  on his 60th birthday.

<« +  7Ia1(P l) +  ̂ a2(P 2) + -  • • + ^ ( P n ) \ S \ ß }  = / яЛ< а |[ / (П>(р1, р 2, . . .p n) |/?> (1)

w ith  Ub)(pv  p 2. ■ ■p n) defined  to  be th e  coeffic ien t o f / *  in  th e  expansion  of 
th e  expo n en tia l

Г  (exp  [i j  d4 *£(*)]). (2)

S-(x) is in general a sum  of tw o  p a r ts , w hich can  be o b ta in ed  from

f n  Jo du {exP [ * / >  J d 3 x G (< P 2)  ■ 1  ■ A ° ( x ) ]

’ (9ДС(<р2)^) А Ч у ) )  ex p  [i/„  и j  d3 zG((p2)<P • A°(z)]} +

+ / «  Ji d u  {exP [ —*/*“  J d i  x G(<p 2 ) $  A ° W ]  •

• (G(<P2)V ■ % А Ц у))  ex p  [» /. и J  d3 zG(rp2)<p • Л°(*)]}

(3)
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<l(x) - £  «j eiPíX (4)
7=1

Sj b e ing  an iso v ec to r all of w hose com ponen ts excep t th e  oe^-tli a re  eq u a l to  
zero . O nly tho se  te rm s  o f  th e  re su ltin g  expression  sh o u ld  be k ep t fo r w hich  all 
th e  p j  are d is tin c t. A f(x )  (i =  1, 2, 3) are  th e  ax ia l v e c to r  cu rren ts  en co u n tered  
in  th e  th eo ry  o f  w eak  in te rac tio n s , an d  th e  b a rred  q u a n tit ie s  are defined  as 
e q u a l to  th e  co rrespond ing  u n b a rre d  q u a n tity  w ith  th e  p ion pole rem oved. 
G(cp2) s tan d s fo r an  a rb itra ry  fu n c tio n  o f (f2.

P erfo rm ing  th e  o p era tio n s in  th e  f irs t  te rm  o f (3), we get

( \ 1 - t W - A " )  K M  +  ri»/.Cy (8 „ . 4 , )+(a . (S)
(p (p (f2

w here

d  <p
( 6)

L e t I a >  =  I ß  >  =  I 0 >  in (1). I n  th e  low est o rd e r we get co n trib u tio n s  
from  d irec t an d  pole te rm s. L e t us look for th e  c o n tr ib u tio n  o f th e  d irec t p a rt. 
F ro m  th e  f irs t te rm  in (3) we o b ta in  a p a r t  w hich is second o rd er in pion 
m o m en ta :

< 0 ф  i)2JV(£(*) £(y)) d4* d4y I 0 > j ( ? )

In  th e  case o f th e  d irec t d iag ram  we can p u t  a ca re t ab o v e  th e  ax ia l v ec to r 
c u rre n ts  in (5), w h ich  gives

Ifd 4 X  d4y  -
2 !

( 9 ^  '  g )  P , ( * )
<P

K(<P) +
*in f„G<p

<рЛх )

<p cp

( 8 )

<  О I T(A%Avß) I О
f nJ П

H ere

< О I (A S А%) I 0 >  ô^gi"'
4 1

C learly  we o b ta in  th e  sam e re su lt b y  p u ttin g  <p[x) —* n{x) in  (8), sandw ich ing  
i t  b e tw een  n p ions, an d  ca lcu la tin g  th e  d irec t d iag ram . T h u s  th e  k in e tic  p a r t 
o f  th e  effective L ag ran g ian  is

~  ^ D lj.^(x)D "n(x),  (9)

\v here
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n * _  îb t& L a . +  <5 -y g )g .jç(*), * - ]№ ( 10)

L et us com pare th is  w ith  the  g enera l form  o f th e  co v a rian t d e r iv a tiv e  o f 
W e i n b e r g  [2]*:

Da n  =
1

+
1

(here
( / W  +  Л2)1^  у2(я 2)+ я 2

/(я * )  -  ( № 2) +  л 2+ 2 .

/ ' ( я 2) + я - э мя 2, (11)

г;(я2)
7T“

;
d f± ^)

dn1

I t  can be seen im m ed ia te ly  th a t  th e  tw o  expressions are  th e  sam e, assum ing

л
s i n / ,  Gn =

(P(n*) +  n>yi
( 12)

To f in d  th e  sy m m etry -b reak in g  p a r t  o f  th e  L ag ran g ian  le t as assum e th a t  
th e  s tro n g  in te ra c tio n  H am ilto n ian  can  be  decom posed a t  any  tim e  t in to  tw o 
p a rts

Я  =  H 0( t )+ £  ffj(t) a n d  H 1{t) =  ^% 1( x ) é P x f

w here H 0(t) possesses a ch ira l sy m m etry , a n d  e H p )  tran sfo rm s as som e sum  o f 
irreducib le  tenso rs u n d e r  th e  S U (2 )x S U (2 )  group. T h e  f irs t-o rd e r te rm  in s 
comes from

< 0 | — ( i) I d* X £(*) ! 0 >  
L  .

(13)

an d  its  v a lu e  can be o b ta in e d  by  e v a lu a tin g  th e  second p a r t  of (3). H ere  we 
m ust m ak e  a general ch ira l tra n sfo rm a tio n  on th e  dß A ll(y) op era to r, assu m in g  
th a t  th e  sy m m e try -b re a k in g  o pera to r is th e  isoscalar e lem en t of th e  re p re se n t
a tio n  (1, 1). Iso sca la r a n d  isovecto r . . . e lem en ts  arise from  th e  tra n sfo rm a tio n , 
b u t  because o f (13) we m u s t look only  fo r th e  coefficien t o f th e  isoscalar p a r t .  
T ak ing  in to  accoun t t h a t

< o i  e д а г>(о) I о >  =  — —  — - —
4 / 2 21(21+2)

(14)

one can see th a t  th e  sy m m e try -b re a k in g  p a r t  o f th e  effective L ag ran g ian  is

3
£(ад(*) =  i f M v 2)

m t
4П  i ( 2 i + l ) ( 2 1 + 2 )

\ ' d u T r { TJ « - D<»(n ,2co)},Mx)_ ixy 
Jo -  '( 1 5 )

There is a misprint in the expression of D^tz and v(n 2) in [2].
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I n  (15) d eno tes th e  rep re sen ta tio n  o f th e  SU (2) g enera to r an d  D® (n, 2со) 
th e  m a tr ix  fo r th e  ro ta tio n  2w =  2 ( — yf^Gu) a b o u t th e  axis n — y j c p  of (2 1 + 1 ) 
d im ensions (see A ppend ix ). W e f in d  from  th e  know n form  o f D®

£<'■'>(*)
4f t  1(21

(n =  1/2 if  l half-in teger).

5 1
--------------- У  [cos 2ra/ G(f
1) (2 1 + 2 )  i - i 1

л(х) (16)

W ith  th e  aid o f  (12) we get

~\lxÿ — co n st • R e p L . j  -)- co n st. (17)

w here
__ / ( л 2) +  in

4 f(n2) -  in

a n d  th e  co n stan ts  m ay  be o b ta in ed  b y  d em an d in g  th a t  th e  T ay lo r series o f  
£('.0 ( ^  g ta rt w ith  1/2 m\  л2. T he re su lts  can  be  sum m arized  in th e  follow ing 
th e o re m :

In  th e  lo w est o rder of th e  m o m en ta  a n d  £ th e  p io n ’s am p litu d es  are  
c o rre c tly  ca lcu la ted  b y  using th e  effective L ag ran g ian  (in th e  case o f (l, l) 
- ty p e  sy m m etry -b reak in g )

£(*) =  ~ y d * - d * e i + £('’0(*) ’ ( i s )

w here  DlLn(x) a n d  f}-l'l\ x )  are d efin ed  b y  (10) (or (11)) a n d  (16) (or (17)), 
re sp ec tiv e ly , ca lcu la tin g  accord ing  to  th e  u su a l F ey n m an  ru les h u t  su b je c t to  
th e  re s tr ic tio n  t h a t  one keeps o n ly  tre e  d iag ram s. We can  see, th e re fo re , an  
e x p lic it connection  betw een  th e  p o in t o f  v iew  o f broken  sy m m e try  an d  W e i n 

b e r g ’s phenom enological L ag ran g ian  fo rm alism . N am ely , &l’l\ x )  is th e  
so lu tio n  of th e  d ifferen tia l eq u a tio n

2 я 2 ( / ( л 2) + л 2 £ (л 2))2 (л 2) +  ( / ( л 2) + л 2 g(л 2)) ■

• [3 /(л 2) + л 2 g(л 2) +  2 л 2 ( / ( л 2)+ л 2 £ (л 2))'] £<'.'>'(л2) +

+  1(21 +  2) £<'■'>(л 2) =  c o n s t

, ( л  =
/ ( л 2) 2л 2/ ' ( л 2)

w h ich  gives th e  sy m m etry -b reak in g  L ag ran g ian  in  W e i n b e r g ’s m eth o d , as 
w e can  convince ourselves b y  d ire c t su b s ti tu tio n . The o th e r  so lu tions o f  (19) 
a re  ~  Im  (ql+1lq — 1), w hich are  s in g u la r w h en  л2= 0 ,  an d  so are d isreg a rd ed .

(19)
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F o r th e  special case w h e n / ( л 2) = —  1/2\fn (1 —/ , и 2) we get [4]:

£<1/2,1/2)(я 2) = mi T2 1 (20a)
2 ' 1 + / > 2 ’

£(1Д) (л:2) = m l 1
(20b)

2 ( 1 + / 2Л2)2 ’

IICO(NTqa ml 1 - 6 / 5
(20c)

2 (1 + / > 2 ) 4

20/a  is th e  on ly  closed so lu tio n  w hich w as given b y  W e i n b e r g  [2]. T h e d if
fe ren tia l eq u a tio n  for th is  special pion fie ld  defin ition  has been solved b y  W . 
S o l l f r e y  [4].

The author is very grateful for valuable discussions with A. F r e n k e l  and is indebted 
to Professor B. R e n n e r  for a critical reading of the manuscript of the present paper [5].

A ppendix

I f  Xj a n d  J i  (i =  — l, . . . 0, . . . 1) a re  th e  rep re sen ta tio n s  o f  th e  tw o 
in d e p e n d e n t SU(2) gen era to rs , th en

ж р  =  х ку * .  (A .l)

L e t us beg in  w ith  th e  second te rm  of (3). B ecause

э м^ ( * ) = - г [ ^ , б з г р ( * ) ]  (A.2)
we get

-  * Jo du [ч{у) F 5, e - '“W W y ) f  ет/*о(<р'Ш?] , ( А.З)

w here th e  Ь3(х  —  у)  ap p earin g  in  th e  eq u a l tim e  co m m u ta to rs  has been  u sed  to  
exchange A 0 —* F 5. W ith  th e  aid  of A .l  w e o b ta in

e - i u f n G f F ‘ 3£«,0 e iu f „ G v - F *  _  ( e - < > f <+l X . e i s f ^ <+))  y j  e ~ is * ? :_>) ( A.4)

=  4  (D d \n ,  со) D (l\ n ,  со))к1у* =  x k D <l)(n, 2со)к1у* (A .5)

( s = L G u )

... . . Ф
where D w(n, со) is th e  m a tr ix  o f th e  ro ta tio n  со = — sq a b o u t th e  axis n  =  —

in  (21 -j- 1) d im ensions. L e t us su b s titu te  A .5 in  A.3

-  i € /„  G j :  du xk {<P_JV ■ № ( n ,  2co)}kty* (A .6)
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d en o tin g  b y  J ^  th e  re p re se n ta tio n  of th e  S U (2) gen era to r. W e m u st look  fo r 
th e  isoscalar e lem en t from (A .6), because o f (13), and  th is  is th e  trace  tim es  
l / ( 2 l+ l ) .  On th e  o th e r  hand

< 0 | € 3 £ P ( 0 ) | 0 >  = -

a n d  so we o b ta in
4/4  21(21 +  2)

(A .7)

£ ( |.'> (* )= 11 duTr{<pJ® № ( n ,  2co) ) | ^ 2(x). (A .8)
J о4 /?  1(21+2) (21+1)

T h e  re la tio n  b e tw een  n, 2co an d  th e  a p p ro p ria te  E u le r angles is

(9 , ф'+ ф* . . 0cos —-  e z 1 sm  2 “

© f ф2: ф1 0
i s i n - -  e 1 cos - -

2 2

. 02 — Ф\ ' 
2

. 01+02

■ f i  ■COS ( O  l ---- Sin C O

<p

i ( c p 1 i(p2) ---- sin  (O
<p

i(<Pi +  iq>2) — — sin co
<P

■ ■COS CO +  l — — Sin O)
9

(A .9)

E x p ressio n  A .8 is an  isoscalar, so we can p roceed  in  a special coo rd in a te  sy stem  : 
q> =  (0, 0, cp) —► 0  =  0. I t  is easy  to  see th a t

Tr(<pjW D « \0 „ e ,4 > ,) )  =  n-<pe-in<0' +0*).
n= -i

(A .10)

B y  A .8 and  A.9 w e ge t (16). On th e  o th e r h a n d

£ a ,0 ~  J ?  cos (2 nf„G(p)\ç-»„ ,=  J ?  R e  (cos f nG<p+i sin f„G<p)fn . ( A . l l )
n= 1 n = 1 -  -

(n  =  l/2 ) (/1=1/2)

F ro m  (12) we get

(cos fß c p  +  i sin fß<p)2n

S u b s titu tin g  (A .12) in (A .l l )  we o b ta in  (17), because

,, qlie ----- =  const.
4 ~  1

(A .12)

(A -13)
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ПОСТРОЕНИЕ ЭФФЕКТИВНОГО ЛАГРАНЖИАНА ПИ-МЕЗОННЫХ ПРОЦЕССОВ 
ДЛЯ ОЦЕНКИ SU(2) X  SU(2) НАРУШЕНИЯ

П . Х А С Е Н Ф Р А Т Ц

Резюме

Исходя из нарушения симметрии SU (2) х  SU (2) изоскалярным элементом репре
зентации (1, 1) можно построить эффективный лагранжиан, воспроизводящий результаты 
алгебраических расчетов и предположения РСАС, с помощью прямого метода, который 
предложили Р. Дашен и М. Вейнштейн [1]. Нарушающие симметрию члены этих лагран
жианов являются решениями (в замкнутой форме) дифференциального уравнения для на
рушающих членов в формализме Вейнберга [2].
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SU(1,1) SPIN COEFFICIENTS*

By

Z. P e r j é s

CEN TRA L RESEARCH IN S T IT U T E  FO R PHYSICS, BUDAPEST 

(Received 19. X . 1971)

A comparative discussion of SU{2) and SU(1,1) spinor algebras is presented. Spin coeffi
cients are introduced in both formalisms. Although particular flat-space spin and coordinate 
frame is used, the fundamental relations are given in a covariant notation such that the method 
can easily be adapted to spinor fields in curved three-spaces also. The SU(1,1) spin coefficients 
are used to obtain the stationary axisymmetric gravitational equations in a form in which all 
the field quantities appear as spin coefficients of a flat hyperbolic three-space.

1. In tro d u c tio n

T he sp in  coeffic ien t tech n iq u e  w as b ro u g h t in to  being  b y  th e  p h y sic is ts ’ 
s tru g g le  w ith  th e  essen tia lly  n o n lin ea r c h a ra c te r  of th e  g ra v ita tio n a l equ a tio n s 
o f  E i n s t e i n . B u t since N e w m a n  a n d  P e n r o s e  [1] developed  th e  m e th o d , its  
uses h av e  ra p id ly  sp read  beyond  th e  th e o ry  o f general re la tiv ity , m o s tly  due to  
th e  ex trem e  fle x ib ility  le n t to  i t  b y  th e  a lte rn a tiv e  uses of sp in o r an d  v ec to r 
p ic tu re s  in  v isu a liz in g  th e  geom etric  m ean in g  of spin coefficients. I t  is h a rd  to  
give a com prehensive  su rvey  o f a ll th e  p ap ers  invo lved  in  th is  fie ld , b u t  an  
a t te m p t  has b een  m ade to  lis t som e o f th e  references co n ta in in g  th e  m o st 
im p o r ta n t  re su lts  [2].

Spin  coeffic ien ts  were in tro d u c e d  o rig inally  in  th e  SL(2, C) sp in o r cal
cu lu s , b u t  th e ir  use h a d  been e x te n d e d  to  SU(2) an d  i t  w ill be show n  in th e  
p re se n t p a p e r t h a t  th e  w ay  o f fo rm u la tin g  th e  SU(2) calculus [3] is easily  
a d a p te d  to  SU (1,1) spinors also. To fac ilita te  com parison  o f  th e  (a lready  
fam ilia r) SU(2) w ith  th e  SU(1,1) sp in  coeffic ien t form alism , a p a ra lle l d iscus
sion  w ill be g iven o f  sp ino r a lgebras (S ection  2), connecting  q u a n tit ie s  (Section  
3), th e  d y a d  n o ta tio n  (Section 4) a n d  th e  fie ld  id en titie s  (Section  5). A lthough  
a p a r tic u la r  f la t-sp a c e  coord inate  a n d  sp in  fram e will be used  th ro u g h o u t th is  
p a p e r , th e  c o v a ria n t fo rm ula tion  o f  th e  basic  re la tio n s opens th e  w a y  fo r la te r  
ap p lica tio n s  to  cu rv e d  (R iem ann ian ) spaces. F o r th e  sam e p u rp o se , th e  fie ld  
id e n titie s  given in  Section  5 c o n ta in  c u rv a tu re  te rm s, a lth o u g h  th e se  are 
a ssu m ed  to  v a n ish  in  all o ther p a r ts  o f  th e  p ap er.

I n  Section  6, SU(1,1) sp inor fo rm alism  is em ployed  to  b rin g  th e  fie ld  
e q u a tio n s  o f th e  s ta tio n a ry  ax isy m m etric  v acu u m  in to  a form  in  w h ich  all th e

* Dedicated to Prof. L. J á n o s s y  on his 60th birthday.
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f ie ld  q u an titie s  are  re p re se n te d  b y  sp in  coefficients. R esea rch  in to  th e  puzzling  
s tru c tu re  of th e  s ta t io n a ry  ax isy m m etric  g ra v ita tio n a l equa tions has com e 
in to  prom inence since  i t  w as genera lly  agreed [4] t h a t  th e  ex te rn a l g ra v ita tio n 
al f ie ld  of black ho les  m ust be re s tr ic te d  by  th e  req u irem en ts  of tim e-in 
dependence  and  a x ia l sy m m etry . W e can use here  a fla t-sp ace  sp inor calculus 
b ecause , as is well k n o w n , the  fie ld  eq u a tio n s of th e  p rob lem  can be fo rm u la ted  
on a f la t  “ b a c k g ro u n d ”  th ree-space. I t  will be seen , how ever, th a t  th e  in 
v a ria n c e  of the  fie ld  eq u a tio n s a g a in s t chang ing  th e  s ig n a tu re  o f th e  m etric  
( th u s  tu rn in g  th e  E u c lid ean  f la t  space in to  a M inkow sk i-type hyperbo lic  
space) m ust be e x p lo ite d  in  our co n stru c tio n . T he f in a l to p ic  will be th e  so lu tion  
o f  th e  s ta tic  subclass o f  th e  fields b y  th e  m eth o d  o f SU (1,1) spin coefficients.

2. A simultaneous introduction 
to the algebras of SU(2) and SU(1,1) spinors

T his Section p re se n ts  a p ara lle l discussion o f th e  elem ents o f b o th  SU(2) 
a n d  SU(1,1) sp inor a lg eb ras . The n o ta tio n  ad o p ted  h ere  w as chosen as being  th e  
m o st convenien t fo r  th e  spin coeffic ien t tech n iq u e  a n d  follows closely th e  
conven tions of [3]. W h ere  necessary , th e  para lle l t re a tm e n t of SU (^i) sp inor 
a lg eb ras  is ach ieved  b y  a double-row ed n o ta tio n . T h e  u p p e r row alw ays refers 
to  SU (2), the low er one to  SU(1,1).

A one-index c o v a ria n t sp inor £A is, b y  d e fin itio n , a q u a n tity  o f tw o 
com plex  com ponen ts (A  — 0, 1) w hich  tran sfo rm s accord ing  to  th e  ru le  [5]

£a —  U A  £ в •

H ere  th e  tra n s fo rm a tio n  m atrix  has th e  form  [6]

[ UAB]
X  ß l

« У

( 2 .1 )

( 2 . 2 )

w h ere  th e  com plex  num bers x  a n d  ß are re s tr ic te d  b y  th e  u n im o d u la rity  
co n d ition

XX dz ßß  =  1. (2.3)

T h e  2 x 2  m atrices [U AB] given b y  (2.2) an d  (2.3), w ith  respect to  th e  m a tr ix  
m u ltip lica tio n  as a  g roup  op era tio n , c o n s titu te  th e  group S U (,j) , w ith  th e  
u p p e r  and  low er signs in  th e  de fin itio n , re sp ec tiv e ly .

The tra n s fo rm a tio n  rule o f  one-index  c o n tra v a r ia n t  sp inors is given b y

£A =  fB ( U - V ,  (2.4)
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w here [7 _1 is th e  inverse o f U:

UAB(U ~ % C =  0AC,

T h u s th e  c o n tra c tio n  | A£A is an  in v a ria n t:

i A t A =  ï R ( U ^ ) RA UAs =  £ * £ * .

(2.5)

( 2 .6)

In  accordance  w ith  th e  u n im o d u la rity  o f U, th e  ru les fo r ra is in g  an d  low ering 
sp inor indices are :

£A =  €ABf B ; tA t B =  i BA- (2.7)

H ere  th e  “ m etric  sp ino r”

[ Z a b ] [ZAB] =
0 1

- 1  0
( 2 .8)

is le f t in v a r ia n t b y  spin tran sfo rm a tio n s . D efin itio n  (2.8) im plies

€AC<Esc =  ^ -  (2.9)

T here ex is ts  a n o th e r in v a r ia n t sp inor. In  o rder to  show  th is , we ta k e  th e  
com plex  c o n ju g a te  o f E qs. (2.1) an d  (2.4):

h  =  ü ab: h - ,  i A' =  SB'(ü - i )BA: . (2.10)

T he p rim ing  o f  sp in o r indices ind ica tes t h a t  com plex co n ju g a tes  o f  sp inors 
possess a d iffe ren t tra n sfo rm a tio n  p ro p e rty . W e now  in tro d u ce  th e  H e rm itian  
tw o -index  sp ino r a AB\  b y

[«AB'J
± 1  0 

0 1
( 2 . 11)

U sing th e  tra n s fo rm a tio n  ru les (2.4) an d  (2.10) for sp inor ind ices, i t  is easy  to  
check th a t  aAB is in v a ria n t. B y  defin ition  (2.11), aAB has th e  p ro p e rty

a A B '  ° CB — ( 2. 12)  

W e define th e  adjoint o f a sp inor | л by

f AA — aAB i в ' . (2.13)

F ro m  (2.12) i t  follow s th a t  by  ad jo in ing  th e  sp ino r tw ice , we again  ge t ÇA, 
b u t  in  SU(2) w ith  opposite  sign:

ÍA+ =  T ^ .  (2.14)
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W e also  have th e  re la tio n s  for th e  com plex  co n ju g a tes  o f c o n tra c te d  sp inors:

£А"па ' = ± £ а ч +а ; h - v A' =  r i £ A - (2.15)

3. The connec ting  quan tities

T h e  parallel d iscussion o f SU (2) an d  SU (1,1) sp inors w ill ex ten d  to  th is  
S ec tio n  also. W e n o w  proceed  to  in v e s tig a te  th e  connection  betw een  SU  (Д ) 
sp in o rs  and  geom etric  ob jects in  a  th ree -d im en sio n a l space. T h ro u g h o u t th is  
S ec tio n  we shall be  co n ten d in g  w ith  local re la tio n s in  th is  space. T hus a ll th e  
fo llow ing  re la tions h o ld  in  an a rb i t r a ry  b u t  fix ed  p o in t P  o f  th e  space; a n d  so 
w e sh a ll n o t he co n cern ed  w ith  w h e th e r  or n o t th is  space is cu rved . I t  w ill be 
a ssu m ed  th a t ,  a t  le a s t  locally , an  a p p ro p ria te  co o rd in a te  system  ex is ts  in  
w h ich  th e  m etric  ta k e s  th e  form

У 8 —  (d e t [gij])112 =  1 , (3.1)

SU (1,1) spinors w ill th e re fo re  be  re la te d  to  ob jec ts  in  a M inkow sk i-type th ree - 
sp ace  (w ith  in d e fin ite  m etric).

In  close an a lo g y  w ith  th e  SL (2 , C) sp ino r calcu lus [7], we in tro d u ce  th e  
co n n ec tin g  q u a n titie s  alAB w hich are to  be used  la te r  to  re la te  sp inors to  ten so rs . 
T h e  defin ing  re la tio n  fo r th e  co n n ec tin g  q u a n titie s  can  be ta k e n  as

<1?A ° B  +  o J A  ° f s  =  g i j  d A ■ (3 -2)
в
(L ow er case R o m an  indices i, j , k, . . . deno te  ten so r com ponen ts w ith  va lu es  
1,2 a n d  3 .)In  a d d itio n , sy m m etry  o f  alAB in  its  sp ino r ind ices will be req u ired :

a A B  — a B A  ■ (3.3)
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F o r SU (2) th e  con n ec tin g  q u a n titie s  are  sim ply  th e  P au li m a trices  d iv ided  b y  
a com m on ]/2 fa c to r . T he explic it fo rm s (3.4) o f  th e  SU(1,1) co n n ec tin g  q u a n 
titie s  w ill be used  in  Section 6.

U sing th e  expressions (3.4), w e can easily  p rove  th e  c o v a ria n t id e n tity

®?a <tjB~ afA ° f s  =  T  f 2  i £tjk a f  f g  • (3.5)

A n o th e r  useful re la tio n  is o b ta in ed  from  (3.2) if  we p roperly  ta k e  in to  acco u n t 
th e  s tra ig h tfo rw a rd  id e n tity  [8] Ç.A[b £cd]] — 0:

aiABaCD =  Г-(Ç-AcÇ-BD +  Ç-AD £ßc). (3.6)
Z

T here  are tw o  d ifferen t w ays o f defin ing  th e  ad jo in t o f a‘A , because we 
can  ta k e  e i th e r— ap, ,a ^  cria,, or — aAp, aBa aPia, as th e  defin ition  o f  th e  ad jo in t 
q u a n titie s . In  o rd e r to  re ta in  th e  cu s to m ary  defin ition  o f m a tr ix  a d ju n c 
tio n  in  th e  rep re se n ta tio n  used h e re , we p u t

aAP'aBQ‘ âiQ,p' ■ (3.7)

T h u s , b y  (3.4), w e a re  led to  th e  ad ju n c tio n  p roperties o f th e  connecting
q u a n tit ie s :

< a = T ° ? a . (3.8)

4 . Spinor basis  and  spin coefficients

A no rm alized  sp ino r basis a n d  sp in  coeffic ien ts for SL(2, C) sp in o r fields 
w ere f i r s t  in tro d u c e d  b y  N e w m a n  a n d  P e n r o s e  [1]. The m eth o d  w as la te r  on 
a d ju s te d  to  SU(2) sp in o r fields b y  P e r j é s  [3]. S ince spin coeffic ien ts  re fe r to  
d iffe ren tia l (nonlocal) p roperties o f  th e  fields, i t  is re lev an t to  a sk  w h e th e r or 
n o t w e are  considering  spinors in  a cu rv ed  space. A lthough  in  th e  fo llow ing we 
shall confine ourselves to  f la t  space, i t  is n o t h a rd  to  prove th a t  a ll th e  re la tio n s 
o b ta in e d  rem ain  v a lid  in  cu rv ed  spaces, p ro v id e d  p a rtia l d e riv a tiv e s  are  
p ro p e rly  rep laced  b y  co v arian t d é riv â te s . T h is assum es th e  in tro d u c tio n  o f 
c o v a r ia n t sp inor d e riv a tiv es , b u t  th is  can  be done along th e  lines o f  [7] an d  [3] 
w ith o u t m uch  d iff ic u lty  [9]. As th e  c o m p ara tiv e  (double-row ed) t r e a tm e n t  o f 
SU (2) an d  SU (1,1) sp ino r calculi is o f  special use in  th is  re sp ec t, i t  w ill be 
m a in ta in e d  th ro u g h o u t th e  p re se n t Section.

L e t rjA be an  a rb itra ry  one-index  sp inor w h ich  is no rm alized  b y

V a V + A  =  1. (4.1)
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W e choose a b a s ic  sp in o r d yad  such  th a t

Пол — Па » Via — Па  » (4-2)

w h ere  ï]aA(a — 0 ,1 ) are  e lem ents o f th e  dy ad . T h is  basis in th e  sp in  space 
defines a co m p lex  v e c to r  basis in  th e  th ree-sp ace  accord ing  to  th e  re la tio n s

=  У2Па ПваА ,

т‘ =  — rjA rjB a'%, (4.3)

m' — i  f)+A 11b aA •

A n  equ ivalen t, b u t  m ore  com pact, n o ta tio n  for th e  basic  vecto r “ t r ia d ”  will 
also  be used in  th e  following;

z'm =  (/'i m ',m ' ) , (4.4)

w h ere  m is a t r ia d  in d e x  rang ing  over th e  values 0, -(- an d  — . F rom  th e  a d ju n c 
t io n  properties (3 .8) o f  th e  connecting  q u a n titie s , i t  can  be ascerta in ed  th a t  V is 
a  rea l vector a n d  t h a t  m ‘ is indeed  th e  com plex  c o n ju g a te  of m '. T he o rth o g o n 
a li ty  properties o f  th e  basis follow from  (3.6) an d  can  be sum m arized  as

1 0 0
0 0 ± 1

_0 ± 1 0
(4.5)

The p h y sica l com ponen ts o f  an  a rb itra ry  te n so r [10], say T i]k, a re  given 
b y  Tmnp =  Tjik z ‘n z ]n  zp; conversely , as is easily  p ro v en , th e  re la tio n s  TiJk =  

=  also  h o ld . H ere we re m a rk  th a t  t r ia d  indices are  ra ise d  and
low ered  b y  m ean s o f  th e  tr ia d  m etric  gmn an d  its  in v e rse  g ma (as g iven b y  (4.5)), 
respective ly . I n  a  s im ila r fashion, sp inors can  be g iven  in  term s o f  th e ir  dyad  
com ponen ts. F o r  exam ple ,

ф л в с ' =  ф със Ha  Ив  Пс - ,  

ф аьс =  Ф В С О '  Па Иь П с ' \

(d y a d  indices a re  chosen  from  th e  low er case R o m a n  le tte rs  a, b, c, . . . and 
ta k e  th e  values 0 a n d  1). T he d y a d  com ponen ts o f  a spinor, ju s t  like th e  
p h y sica l co m p o n en ts  o f tensors, are  in v a r ia n t sca la r  q u an titie s . T h e  algebraic 
p ro p ertie s  of b o th  sp inors an d  ten so rs  rem ain  u n a lte re d  w hen tra n sv e c tin g  
w ith  th e  basis. C are  shou ld  be ta k e n , how ever, o v e r th e  order of d u m m y  sp inor 
ind ices (bo th  o rd in a ry  and  d y ad ), since c o n v e rtin g  th e  position o f  a dum m y 
in d e x  pair re su lts  in  a  change o f  sign, due to  th e  skew  sym m etry  o f  th e  spinor 
“ m e tric ”  (cf. E q . (2.8)).
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We now d efin e  th e  ЯЩ Д) sp in  coeffic ien ts b y  th e  re la tions

H ere
г  abat =  ( a ,  rjaA) r j£  a ‘CD Г]? .

д/ =  д /д х '.

(4.7)

(4.8)

As is easily in fe rre d  from  the  o r th o g o n a lity  (4.1) of th e  sp inor b ase , th e  spin 
coefficients e x h ib it sym m etry  b o th  in th e ir  f ir s t  and  th e  second p a ir  o f  indexes:

1  'abed F  harrt Р /bcicd a b d c  • (4.9)

F u rth e r  re la tio n s  am ong th e  spin coeffic ien ts  can  be d educed  b y  con
siderin g  th e ir  p ro p e rtie s  under a d ju n c tio n . T h e  ru les fo r ad jo in ing  d y a d  com 
p o n e n ts  are n eed ed  a t  th is po in t. C onsider, fo r exam ple , th e  d y ad  com ponen ts 
o f  a one-index sp in o r, £„ =  CaVo ' F ro m  (2.15) we o b ta in

(h )  =  i  £a  V A — i  £ í  » (4.10)

( f i ) = - f o + .

T h e  genera lization  o f  th is  rule for sp ino rs w ith  m ore th a n  one in d ex  is a  s tr a ig h t
fo rw ard  m a tte r .

T aking  in to  acco u n t all th e ir  sy m m etrie s , th e re  are a lto g e th e r f iv e  in 
d ep en d en t SU (Д )  sp in  coefficients. W e in tro d u c e  an  in d iv id u a l n o ta tio n  for 
th e se , according to  th e  following T able .

ab
cd 00 11

00
7 Г ^ T T~ ± W }

° i j

1 oj
1

--------- X

2
=F ^ 

2 / 2

11 1 l  _

2 f 2

T he 2 ~112 factors a re  in troduced  h e re  fo r p ra c tic a l reasons; th e  s im p lic ity  th u s  
a t ta in e d  in th e  expressions co n ta in in g  sp in  coeffic ien ts w ill becom e clear 
sh o rtly .
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T here  ex ists a  close re la tio n sh ip  b e tw een  sp in  coefficients an d  th e  w ell- 
k n o w n  Ricci ro ta t io n  coefficients given by

У mnp =  (Эj  z j j  Z Í Z n i  ■

T his is m ost easily  seen b y  using  th e  e q u iv a len t fo rm  o f (4.7),

Г  abed =  ~~~ 0aq ° c d  ^ibp •

W e h av e

mn
P - 0 + 0 +  -

0 X X 6

+ 0 o' —  f  1

— 0 e T

(4 .12)

(4.13)

(4.14)

E q . (4.14) reveals th e  a n tisy m m e try  of th e  ro ta tio n  coefficients in  th e ir  f ir s t  
a n d  second ind ices:

* imiji " ■  '  imiji ■ ( 1 . 1  5  )

H en ce  we see t h a t  th e  q u a n ti ty  £ =  y +- 0 is p u re ly  im ag in a ry , £ =  — £.
L ike an y  te n so r- ty p e  q u a n ti ty ,  th e  v e c to r  o p e ra to r  o f d e riv a tio n  can  be 

tra n sv e c te d  w ith  th e  basis to  y ie ld  th e  sca la r o p era to rs

=  Zm 3/ , (4.16)

A n  a lte rn a tiv e  in d iv id u a l n o ta tio n  fo r th e  sca la r d e riv a tiv e  o p era to rs  w ill p ro v e  
u se fu l in  th e  fo llow ing; nam ely ,

D  =  z‘0dl =  V 31 ,

ô =  z'+ dj =  т ‘ д/, (4 .17)

Ô =  z'_ Э,- =  m ‘ dj .

U sin g  th e  expressions (4.3) fo r th e  v ec to r basis  we have

D  =  — I/ 2  o h  9/,

ô =  ai00dj, (4.18)

6 =  = F * ii9 ,.
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5. T he field identities

T hough th is  p a p e r is d ev o ted  to  the  fla t-sp a c e  sp in o r calculus, com 
ple teness requ ires t h a t  we fo rm u la te  the  fie ld  id e n titie s  fo r th e  m ore general, 
curved-space  case. In  th e  p re se n t Section th e  th ree -sp ace  w ill therefo re  be 
considered  to  be a R iem an n ian  space, w ith  th e  m e tric  s ig n a tu re  ( J ; ,  ;p , -}-) 
as th e  geom etric a re n a  o f th e  S U (i *x) sp inor fie lds, re sp ec tiv e ly . T he defin ition  
o f  th e  cu rv a tu re  te n so r  Rjjia is g iven b y  th e  R icci id en titie s  •

Vn;J;a=— RrijkVr,  ( 5 - ! )
L i

w here vt is an a rb itr a ry  v ec to r  fie ld , and  sem icolon s tan d s  fo r th e  co v arian t 
d eriv a tio n  o p era tio n .

T he equ ivalence o f d y ad  a n d  tr ia d  form alism s allow s us to  p u t  dow n th e  
fie ld  iden tities in th e  m ore sim ple tr ia d  n o ta tio n . A p p ly ing  th e  R icci iden tities  
(5.1) to  th e  basic v ec to rs  zlm an d  ta k in g  th e  t r ia d  p ro jec tio n s  [3], we get

Ymnpiq Ymnq-p У mp Ylnq^Ymnliy pq У qp)~\~Y mqYlnp mnpq-

T h e c u rv a tu re  te n so r  o f  a th ree -sp ace  can be decom posed  in to  th e  R icci ten so r 
R ik =  R)'].k and  th e  c u rv a tu re  sca la r R  — R\, since th e  conform  ten so r id e n ti
ca lly  vanishes in  th is  case [11]. In  te rm s of t r ia d  co m p o n en ts  we have

mnpq 8mp Hnq~\~ 8mq Hnp 8nq ^mp~\~8np Rmq ~  R{Smq 8np 8mp 8nq) • (^*3)
Li

A n o th e r im p o r ta n t re la tio n  is th e  co m m u ta tio n  ru le  o f th e  sc a la r  derivatives
given b y  [1.3]

<f -,mm <P;n;m =  ( y j n ~  Yn-m) <P\l • (5-4)

As a sim ple exam ple o f  m a n ip u la tin g  w ith  tr ia d  labe ls  in  th e  above  iden tities, 
w e p u t  dow n here th e  d e ta ile d  fo rm  o f th e  c u rv a tu re  scalar:

R  =  g mn Rmn — Roo ±  2 R +_ . (5.5)

C om bining (5.2), (5.3) an d  (5.5) an d  using th e  d e ta iled  n o ta tio n  for ro ta tio n  
coeffic ien ts and  sca la r d e riv a tiv e s  (E qs. (4.14) a n d  (4.17)), w e ob ta in*

Do -ôx £o ^ f r x  —  X 2 u(£-|-p) ^  go =■ — R++ (5.6a)

Dq-  ôx — r x  — xx  P1 oö p1 p2 =  T  1,'2 JR00 (5.6b)

Dt — ( -f- x ô —Qx — — Çx i  to  p2 TQ =  ^p R 0_  (5.6c)

ór -p d f -p e ö —QQ P1 2rr-(-Ç( — p + p )  =  1/2 Roo-f R+~ (5.6d)

ôo — ÔQ =p г o — x(q— q) or  =  i  R 0+. (5.6e)

* Am indebted to  B . L ukács for correcting these relations.
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S im ila rly , the  re la tio n s (5.5) can be w ritte n  as

(Dô —ÔD) 9 ? =  i  i  (? i  0  d<p-\-xD<p, (5.7a)

{dô~  ôô)(p =  ^  rô(p rô(p-\-(Q — q) Dcp. (5.7b)

A n app lica tion  o f th e  SU(2) sp in  coefficient te c h n iq u e  re ly in g  m ain ly  on 
id e n ti t ie s  (5.6) an d  (5.7) has been  d iscussed  a t  len g th  in  [3]. A n o th e r  exam ple 
d e m o n s tra tin g  th e  use o f SU(1,1) sp in  coefficients w ill be g iven in  th e  following 
S e c tio n . F rom  here onw ards we sh a ll d ispense w ith  th e  doub le-row ed  n o ta tio n  
a n d  confine our a t te n tio n  to  th e  SU (1,1) sp inor calcu lus in  a f la t  hyperbolic  
sp a c e .

6 . Application of S U (1 ,1 ) spin coefficients: The stationary axisym m etric vacuum

W e consider here  th e  v a c u u m  as i t  is described  in  th e  fram ew o rk  of 
th e  general re la tiv ity  th eo ry . U n d e r th e  assum ption  o f  s ta t io n a r i ty  an d  axial 
sy m m e try , th e  v a c u u m  fie ld  e q u a tio n s  o f E in ste in  co n sid e rab ly  sim plify. 
A s K r a m e r  an d  N e u g e b a u e r  [12] h av e  p o in ted  o u t, th e  correspond ing  
L a g ra n g ia n  can be  w ritte n  in  th e  fo rm

L  =  У A  V A  +  У В У В  —  VC VC,  (6.1)

w h e re  th e  field q u a n tit i te s  A ,  В  a n d  C are  in v a ria n t sca lars in  a fic titio u s  E ucli
d e a n  three-space, each  o f th e m  b e in g  in d ep en d en t o f  th e  a z im u th a l angle. 
T h e  usu a l n o ta tio n  for g rad ien t a n d  L ap lac ian  o p e ra to rs  (V a n d  A,  corres
p o n d in g ly ) will be  ad o p ted .

B y ta k in g  acco u n t of th e  c o n s tra in t eq u a tio n

A 2 +  B* —  C2 =  __ l  (6.2)

th e  fie ld  equa tions can be d e riv ed  from  th e  L ag ran g ian  (6.1) an d  are  of th e  
fo rm

A A  =  A A ,

A B  =  AB,  (6.3)
А С  =  АС,

w h e re  А =  L  is th e  L ag range m u ltip lie r.
F rom  our p o in t o f view , i t  is essen tia l to  re m a rk  t h a t  th e  fie ld  equations 

(6 .3) are un affec ted  i f  th e  s ig n a tu re  o f  th e  m etric  is ch an g ed  from  (-)-, + »  + )  
to  (— , — , + ) .  T h is can  easily  be  seen if  we in tro d u ce , fo r exam ple , cylindrical 
co o rd in a tes  p, z, Ф, w ith
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X  — Q Sin Ф,
X  =  Q CO S Ф, (6.4)
Z = z ,

X , У  a n d  Z  being  th e  u su a l C artesian  co o rd in a tes . D ue to  th e  ax ial sy m m e try  
of th e  fie ld  v a riab le s , th e  g33 c o m p o n en t o f th e  m etric

Ы  = (6 .5)

does n o t  e n te r  th e  f ie ld  equations (6.3). T h u s in  p lace of (6.5) i t  is p erm issib le  
to  ta k e  th e  m etric

1
tin] =

N ex t, th e  c o o rd in a te  tran sfo rm a tio n

- 1 ( 6 .6)

X =  Q sh Ф, 
y  =  Q ch Ф, 
z =  z

leads to  th e  m e tric  fo rm

[.S i j 1 - 1
- 1

(6.7)

(6 .8 )

w hich w as used in  p rev ious sections w hen  develop ing  th e  fla t-sp ace  v e rs io n  
of SU (1,1) spin coeffic ien t tech n iq u e .

In  th e  c o o rd in a te  system  (6.7) we define a basic sp inor r\A w ith  th e  
com ponen ts

l  с  Г
Va  : (6 .9)

The a d jo in t sp ino r r\+A is given b y

n+A =  ïjB' aAB‘ =  (A - i B , C ) - 1  0 
0 1

( - A + i B , C ) .  (6 .10)

S° Vo a  — (Va ’ Va ) *s a  properly  n o rm alized  SU (1,1) sp inor base, w ith

Va  V+a  =  VoV+° "hVn V+1 =  С2 — A 2 — B 2= 1 . (6 .11 )

In  te rm s o f th e  b a s ic  sp inor rjA, th e  fie ld  eq u a tio n s  ta k e  th e  sp inor fo rm
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M a =  М л  (6.12)
w ith

я = — Щ А Vn+A =  3b c í?a 9bC j? + a ; двс  =  а'вс  8,-. (6.13)

A m ore c o n v en ien t form  o f th e  f ie ld  eq u a tio n s  is acqu ired  if  we observe
t h a t

M c  Ç .D E  M a  —  ( ~ ® B D  ЭсЯ +  S cD  Эв £ - - Э с £  Эв £ ) - | - Э в £  3 CD) T jA  =

=  2 (3CD 9B£ — 3bd  3C£) r)A .

M ultip ly ing  b o th  sides of E q . (6.12) b y  £BC ÇD£, we get

(3cd ®b e^ ® bd ^ c e )  =  ^ A Me M e - (6.15)

W e now proceed  to  o b ta in  th e  spin coeffic ien t version o f th e  fie ld  eq u a tio n s . 
In se r tin g  K ro n e c k e r sym bols

^A =  VrAVrB (6.16)

in to  th e  exp ression  (6.13) for A gives

Л =  Г оаЬсГ Г -  (6.17)

N e x t, we c o n tra c t th e  fie ld  equa tions (6.15) w ith  V b  V c  V d  Це • A fter re a r ra n g 
in g  p roperly  th e  d e riv a tiv e  opera to rs an d  m ak in g  use o f (6.17), we a rr iv e  a t  
th e  set o f sp in  coefficien t equa tions

^ cd -T'oabe ^hrl 1  i’b d  1  oa ce
Г Г  r0 a b r  -L e cd 0a c r  -I e b d \ - L  o a er\-*  b-cd~

+  Г огЬе Г а -cd ' Г'огсе ^ V c d  +  1 / 2  € 0a  M e M e 1  \)pqr Г [ рчг .

cbd) (6.18)

In  th e  d e ta iled  n o ta tio n  we can w rite  th e  ab o v e  form  o f th e  fie ld  e q u a tio n s  as

D x — 2 ô q  =  a(x x)-\-q(x -\-x) — 2 x q  , (6 .19a)

De — 2ÖX — — QQ-\-aö-\-2xT - х х - \ - т х  — 2 s q . (6.19Ь)

In  ad d ition , th e  sp in  coefficient eq u a tio n s  w h ich  arise from  th e  field id e n titie s  
(5.6) w ith  th e  lo w er signs (co rrespond ing  to  SU(1,1)) on im posing  th e  f la t-
space  cond ition  R mn =  0 are:

D a  ô x = -  ({?+g)cr 2£<r x x - \ - x 2,  (6 .20a)

Dq—ô x  =  — q2 —  a à - j - x r - j - x x ,  (6 .20b)

D r — ô s  =  — Q T - \ - a x  —  x a - \ - Q x - \ - ( x - \ - r ) e ,  (6.20c)

ô x - { - ô x  =  QQ —  o ö  - 2 х х - { - е ( д  —  q ) ,  (6 .20d)

dg ô a  =  2 a x  x [q - q ) .  (6 .20e)

Acta Physica Academiae Scientiarum Hungaricae 32, 1972



SU(1,1) S PIN  CO EFFICIENTS 219

T he se t co n sis tin g  of E q s. (6.19) and  (6.20) is com ple te ly  eq u iv a len t 
to  th e  s ta tio n a ry  ax isy m m etrie  v acu u m  eq u a tio n s  (6.3). T he m o st in te restin g  
fea tu re  of th e  p re se n t fo rm u la tio n  o f th e  p ro b lem  is th a t  the gravitational f ie ld  
quantities are represented here merely by spin coefficients w ith o u t an y  add itio n a l 
te rm s ap p earin g  in  th e  field  eq u a tio n s . This s itu a tio n  is to  be com pared  w ith  
th e  SU(2) sp ino r fo rm  o f th e  stationary g ra v ita tio n a l eq u a tio n s  [3], in  w hich 
th e  excess o f a com plex  v ec to r fie ld  appears in  th e  spin coeffic ien t version 
o f th e  fie ld  eq u a tio n s .

A ltho u g h  a m ore  detailed  s tu d y  of th e  s tru c tu re  o f fie ld  eq u a tio n s (6.19) 
an d  (6.20) lies b e y o n d  th e  scope o f th e  p re se n t p ap e r, i t  is p e rh ap s useful 
to  illu s tra te  here  w ith  a very  sim ple exam ple th e  w ay  of m an ip u la tin g  w ith  
SU(1,1) spin coeffic ien t eq u a tio n s. L e t us ta k e  th e  class o f so lu tions for w hich

e =  r  =  0, x'—'x, Q =  a (6.21)

ho ld . U sing th e  re p re se n ta tio n  (3.4) for th e  co n n ec tin g  q u a n titie s  and  tak in g  
th e  sp inor basis as in  (6.9), we can  prove th a t  co n d itio n s (6.21) are  ch a rac te ris 
tic  of th e  s ta tic  ax isy m m etrie  fie ld s  w ith  [12] В  =  0. W ith o u t re ly ing  on th e  
d e ta iled  s tru c tu re  o f  th e  spin coeffic ien ts , how ever, we can f in d  th e  solu tion  
o f th e  fie ld  e q u a tio n s  (6.19) a n d  (6.20) by  im p o sitio n  o f (6.21). W e fin d  th a t  
E q s. (6.19b), 6.20c) an d  (6.20d) a re  iden tica lly  sa tisfied . T he rem ain ing  fie ld  
eq u a tio n s are

D x — 2ôâ =  — a x - fa x  , (6.22a)

Da dx =  — (a - fa )  o4 -x2, (6.22b)

дд- ô a  =  x(a — a). (6.22c)

C om parison o f  E q s. (6 .22b) an d  (6.22c) w ith  c o m m u ta to rs  (5.7) show s 
th a t  th e  fo rm er a re  ju s t  th e  in te g ra b ility  co n d itio n s  fo r a  re a l sca lar fie ld  
Ф such  th a t

X -- D 0 , a =  ЬФ. (6.23)

F u r th e r , ta k in g  th e  su m  of E q s . (6.22a) an d  (6.22c) an d  in se rtin g  (6.23), we 
o b ta in

(D D — ôô—Ьд)Ф =  0, (6.24)

w hich  is th e  L ap lace  eq u a tio n  w r it te n  dow n in  sp in  coeffic ien t n o ta tio n  [13]. 
T he so lu tion  o f o u r  prob lem  is th u s  reduced  to  fin d in g  th e  so lu tions of th e  
eq u a tio n

А Ф =  0, (6.25)

w here, ow ing to  th e  ax ia l sy m m e try  requ ired  fo r a n y  so lu tion  Ф, no m a tte r  
w h a t s ig n a tu re  is chosen  for th e  m etric .
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In  our re p re se n ta tio n , as is easily  seen, th e  sca la r Ф shou ld  be  id en tified  
w ith  — 2 In (A +  C), so i t  is n o t h a rd  to  prove th a t  th e  p ro ced u re  given in 
th e  above exam ple is th e  spin co effic ien t version o f o b ta in in g  W ey l’s s ta tic  
ax isy m m e tric  so lu tions [14].
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СПИНОВЫЕ КОЭФФИЦИЕНТЫ SU (1,1)
3. ПЕРЬЕШ

Резюме

В статье излагается сравнительный анализ спинорной алгебры. Спиновые коэффи
циенты вводятся в формализм SU(2) и, соответственно, SU(1,1). Поскольку в настоящей 
статье используются спины в плоскости и координатная система, основные отношения 
ковариантной записи заданы таким образом, чтобы метод можно было легко применить также 
и относительно спинорных полей в кривом трехразмерном пространстве. Спиновые коэф
фициенты SU(1,1) используются для получения стационарных асимметричных уравнений 
притяжения в форме, где все количества полей принимают вид спиновых коэффициентов в 
плоском гиперболическом трехразмерном пространстве.
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THE PHYSICS OF THE CORE OF THE  
POLYTECHNICAL UNIVERSITY’S TRAINING

REACTOR*
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F . S z a b ó , L. F r a n k l , J .  V a l k ó  and L. T u r i
C EN TR A L RESEARCH IN S T IT U T E  FOR PHY SICS, BUDAPEST

(R eceived 19. X. 1971)

A brief description is given of the measurements and calculations of the ZR-5 project 
which worked out the nuclear design o f the Polytechnical University’s Training Reactor. 
The system of programs —  the reactor physical model — used in the calculations is described 
together with some of the experimental techniques, that have confirmed high precision and 
great potential value. It is emphasized th a t most nuclear aspects of reactor design and ope
ration can be effectively studied with such a calculation model.

In tro d u c tio n

R eac to r physics studies in  H u n g a ry  began w ith  the  in s ta lla tio n  of th e  
W W R S  reac to r a t  th e  C entral R esea rch  In s t i tu te  for P h y sic s , B udapest. 
T h e  f i r s t  problem s w ere  connected  w ith  app roach  to  critical, re a c to r  s ta rt-u p , 
a n d  re a c to r  o p e ra tio n . Zero-pow er research  —  th e  basic too l fo r  th e  investi
g a tio n  of fu n d a m e n ta l reacto r p ro b le m s — sep a ra ted  q u ite  so o n , how ever. 
A la rg e  am o u n t o f  exp erim en ta l d a t a  accu m u la ted  from  v a rio u s  clean , well- 
d e fin ed  and  precise m easu rem en ts o n  a  series of c ritica l assem blies. Som e th eo re 
tic a l in v estig a tio n s found  th e ir  d ir e c t  com parison  w ith  e x p e rim e n ts  during  
th is  tim e , b u t  on th e  whole th e  s tu d y  of re a c to r  physics ca lcu la tio n s  h ad  
to  be  developed se p a ra te ly  from  c o n te m p o ra ry  experim en ts, b ecau se  of th e  
sim p le  m odels used  a n d  the  sm all co m p u ters  availab le  a t t h a t  tim e . A new, 
th e o re tic a lly  so und  and  te c h n ic a lly  sop h is tica ted  ca lcu la tio n a l m odel was 
dev e lo p ed  over th e  y ea rs  1966 —6 9 , th e  beginning  of th is  p e rio d  h av in g  been 
m a rk e d  b y  th e  in s ta lla tio n  of a la rg e  com p u ter in  th e  I n s t i tu te .  T h is model 
w as th o ro u g h ly  ch eck ed  w ith o u r  prev ious experim en ta l re su lts  an d  o ther 
ex p erim en ts , and  i t  p roved  sa tis fa c to ry  in a w ide range of ap p lic a tio n s . As a 
re su lt, w hen  we u n d e rto o k  the  in v e s tig a tio n  to  be described b e lo w  i t  becam e 
possib le , for th e  f i r s t  tim e, to  p e rfo rm  m easu rem en ts and  th e o re tic a l calcula
tio n s  sim u ltan eo u sly  on a given, r e a l  system . C om parison o f  th e  resu lts  has 
show n good ag reem en t betw een m easu rem en ts  an d  ca lcu la tio n s in  all b u t 
a few  expla inab le  cases.

In  th e  course o f  design, c o n s tru c tio n  and  p u ttin g  in to  o p e ra tio n  of the  
tra in in g  reac to r o f  th e  P o ly tech n ica l U n iversity  in B u d ap es t, th e  Central 
R esea rch  In s t i tu te  fo r  Physics c o m p le te d  th e  follow ing ta sk s :

* Dedicated to Prof. L. J á n o s s y  on his 60th birthday.
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1. D esign o f th e  re a c to r  core; execu tion  of c r it ic a l  experim en ts to  d e te r
m ine  th e  safe an d  o p tim a l a rra n g e m en t of th e  a c tiv e  zone; th e  necessary  
re a c to r  physical m easu rem en ts  a n d  ca lcu lation  w o rk .

2. C onstruc tion , p ro d u c tio n  a n d  in s ta lla tio n  o f  th e  ac tive  zone and 
its  associa ted  e q u ip m e n t.

3. W orking o u t , design an d  b u ild in g  of th e  c o n tro l, safety  an d  m easu r
in g  system .

4. Design, p ro d u c tio n  and  assem b ly  of th e  r a b b i t  system  for ac tiv a tio n  
a n a ly tic a l purposes.

5. In itia l s ta r t -u p  an d  on-site  a d ju s tm e n t o f  th e  reac to r.
T h is paper d ea ls  on ly  w ith  th e  reac to r p h y s ic a l m easu rem en ts carried  

o u t on th e  ZR-5 c r itic a l assem bly o f  th e  reac to r a n d  th e  accom pany ing  cal
cu la tio n s. A selection  from  th e  w hole m ateria l [1], i l lu s tra tin g  p rim arily  th e  
perfo rm an ce  of th e  ca lcu la tio n  m e th o d s , is p re se n te d .

Description o f the active zone

T he re q u irem en ts  an d  lim ita tio n s  la id  dow n in  p re lim in ary  stud ies were 
th e  follow ing.:

1. O p era tio n a l pow er of th e  re a c to r: m ax . 10 k W .
2. Fuel: b u n d le s  o f  ty p e  E K -1 0  rods [7]; m a x . n u m b e r of bund les: 24.
3. V ertical i r ra d ia t io n  channels to  provide fo r  sim u ltan eo u s accom m oda

tio n  o f  65 irra d ia tio n  capsules of s ta n d a rd  d im ensions (0 2 8 x 1 0 0  m m ).
4. The re a c to r  to  be  equ ip p ed  w ith  five h o r iz o n ta l irrad ia tio n  channels, 

one o f these ta n g e n tia l ,  th e  o th e r fo u r rad ial.
5. Three ir ra d ia t io n  channels to  be serviceable b y  th e  p n eu m atic  ra b b it 

sy s te m ; of these  o n e  fo r  ir ra d ia tio n  w ith  th e rm a l n eu tro n s .
6. The u p p e r l im it  of excess re a c tiv ity : 0.7 $ .
T he fina l core o f  th e  ZR-5 c ritic a l assem bly , se lec ted  a fte r  s tud ies on 

th re e  com plete a n d  som e p a rtia l co n figu ra tions, is p re sen ted  in  F ig . 1. The 
core consists of 22.75 fu e l bund les. A  s s e e n in th e  F ig u re , th e  re flec to r is p a r tly  
g ra p h ite , p a rtly  w a te r . C ontrol o f th e  system  in  e n su re d  by  tw o safe ty  rods, 
one m an u a l and  one  au to m a tic  c o n tro l rod . T h e  ir ra d ia tio n  channels are 
s i tu a te d  in colum ns G  a n d  H  and  in  th e  8 th  an d  9 th  ro w s. The th e rm a l ra b b its  
are in  position G5, w hile  th e  fa s t r a b b i t  is in  p o s itio n  D5.

The reactor physical m odel and the calcu lation  methods

In  th e  p a s t 11 y e a rs  a considerab le  am o u n t o f  ex p erim en ta l resu lts  has 
accu m u la ted  from  m easu rem en ts  on  th e  ZR-1, Z R -2 , ZR -3 and  Z R -4 critical 
assem blies. This m a te r ia l  p rov ided  an  excellent basis  fo r  checking a n d  im prove-
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m e n t o f th e  re a c to r  p h y sica l m odel p ro g ram  p ack ag e  u sed  in  th e  re a c to r  p h y 
sical calcu la tions fo r th e  ZR -5 assem bly . T he general o rgan iza tion  o f th e  m odel 
is il lu s tra te d  b y  F ig . 2; as d e ta iled  descrip tions are p resen ted  elsew here [3], 
[4], [5], [6], [7], o n ly  a sh o rt rev iew  is given here.

Cell ca lcu la tions in  th e  th e rm a l reg ion  are m ade b y  th e  code T H E R M O S , 
th o se  in  th e  resonance reg ion  by R IF F R A F F , th e  tw o  codes to g e th e r p ro v id in g  
g roup  co n stan ts  for th e  slow ing-dow n ca lcu la tion  code G R A C E. G ro u p  con
s ta n ts  fo r hom ogeneous system s a re  ca lcu la ted  b y  code R A 0 4  in  th e  resonance  
reg ion . Few -group  diffusion  p a ra m e te rs  for th e  c r itic a lity  code S IS Y P H U S  
are g iven  by  G R A C E . T he lo g arith m ic  d e riv a tiv e  o f  th e  th e rm a l f lu x  d is tr i
b u tio n  on th e  surface o f con tro l rods is w orked  o u t b y  RA M . T he f ir s t  sy s te m a 
tic  te s tin g  of th e  T H E R M O S , R A 0 4 , G R A C E an d  S IS Y P H U S  codes was 
ca rried  o u t on th e  lig h t-w a te r-m o d e ra te d  ZR-2 sy stem , w hich is co n stru c ted  
o f E K -1 0  fuex elem ents, an d  on th e  b e ry lliu m -m o d e ra ted  hom ogeneous P F -4  
in te rm e d ia te  system  [8].
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T H E R M O S .  I n  th e  th e rm a l ra n g e  th e  in te g ra l tra n sp o r t  code T H E R M O S  
c a n  deal w ith a  cy lin d rica l e le m e n ta ry  cell (21 m esh  p o in ts , 15 energy  groups 
in  th e  region 0 — 1 eV). Besides b e in g  te s ted  on th e  ZR-2 assem bly , its  resu lts  
w e re  checked w ith  sp ec tra l in d ex  m easu rem en ts  on th e  36%  en riched , w a te r
m o d e ra te d  an d  b e ry lliu m -re flec ted  ZR-3 assem bly  and  on th e  A rgonau t 
r e a c to r  a t R o ssen d o rf. The co m p ariso n s show ed a  good ag reem en t, so th a t  
g ro u p  constan ts  p ro d u ced  b y  T H E R M O S  can  be  considered re liab le .

% g r o u p  constants for G R A C E

Fig. 2

R A 04 .  T h is  code is based  on  th e  in teg ra l fo rm ula o f th e  hom ogeneous 
reso n an ce ; in te ra c tio n s  betw een  resonances are  neglected . In a c c u ra c y  of th e  
resonance  p a ra m e te rs  influences th e  resu lts  in  g re a te r  m easure th a n  th e  s im p
lific a tio n s  of th e  p h y sica l m odel. T h is  code w as app lied  w ith  sa tis fa c to ry  resu lts  
to  th e  PF-4 a n d  th e  20%  en riched , th e rm a l, solid-hom ogeneous ZR -4 system s.

S I S Y P H U S .  S IS Y PH U S solves th e  few -group diffusion eq u a tio n  in  
tw o  dim ensions (in  X Y  or RZ co o rd in a tes). In  tw o-g roup  ca lcu la tio n s i t  covers 
th e  system  w ith  a m axim um  o f 3000 m esh p o in ts  and , s ta r tin g  from  geom etri
c a l d a ta  and  g ro u p  constan ts , d e te rm in es th e  n eu tro n  fluxes in  th ese  m esh 
p o in ts  and gives th e  keff of th e  sy stem . W ith  g roup  co n stan ts  given th is  is a 
p u re ly  m a th e m a tic a l problem , so v erifica tio n  w as carried  o u t on d ifferen t 
p u b lish ed  g eo m etrie s . The m ain  p rob lem s w ith  th is  code are  its  convergence 
r a t e  and ru n n in g  tim e.
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GRACE.  T h is code, w hich  co n ta in s  m ost o f th e  d ifficu lt physics of the  
p ro b lem , is a O -dim ensional (a sy m p to tic ) 40 -g roup  p rog ram  t h a t  provides 
th e  co n stan ts  fo r th e  fa s t g roup . T he use o f th e  a sy m p to tic  ap p ro x im atio n  
in  th e  core region is ju s tif ie d , as a cosine sp a tia l d is tr ib u tio n  is a lw ays form ed 
th e re . T he case is d iffe re n t in  th e  re fle c to r  because h e re  th e  sp ec tru m  is space- 
d e p e n d e n t; sa tis fa c to ry  resu lts  w ere  achieved , h o w ever, b y  th e  in tro d u c tio n  
o f a v ir tu a l, en e rg y -d ep en d en t buck ling .

T he T H E R M O S  an d  G R A C E  L IB R A R Y  are o rg an ic  p a rts  o f th e  m odel; 
th e y  con ta in  cross-sections an d  d e riv ed  q u a n titie s  fo r  th e  e lem ents used in  
p rac tice .

P re p a ra to ry  ca lcu la tio n s (g roup  co n stan ts)

F o r th e  c a lcu la tio n  of th e rm a l g roup  co n s ta n ts  a 17 m m  sq u are  la ttice  
w as f i r s t  considered. I n  th e  T H E R M O S  calcu la tio n s th e  cy lind rica l cell of 
e q u iv a le n t area w as described  b y  12 m esh  p o in ts , a n d  10 energy g roups were 
u sed  in  th e  0—0.625eV  range. H y d ro g en  sca tte rin g  in  th e  w a te r w as described 
b y  th e  K o ppel—Y o u n g  m odel. T h e  p ro g ram  supp lies th e  fu nc tion  Ф (r, E) 
fo r th e  cell (Fig. 3). T h e rm a l group c o n s ta n ts  w ere p ro d u c e d  from  cross-sections 
b y  averag in g  w ith  th is  Ф (r, E).  A s b y p ro d u c ts  th e  th e rm a l u tiliz a tio n  fac to r, 
/ ,  a n d  th e  average n u m b e r  of n e u tro n s  re su lting  fro m  th e rm a l a b so rp tio n  tj, 
w ere ob tained .

Fig. 3
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C onstan ts o f th e  fa s t group w ere  given b y  th e  code G R A C E  fo r several 
m a te r ia l  com positions (core, re fle c to r , etc.). B y  ite ra tio n  to  c ritic a l m ateria l 
b u c k lin g  in the  core  m ateria l G R A C E  dete rm in ed  th e  sp ec tru m  th a t  was 
to  b e  used  in th e  averag ing  o f g ro u p  co n stan ts . T he resonance  reg ion  was

t a k e n  in to  acco u n t b y  ap p ly in g  th e  so-called B IG G -type  t re a tm e n t. T he 
en e rg y -d ep en d en t buckling  in  th e  reflector w as applied  in  th e  w ay  a lready  
m en tio n ed .

G roup c o n s ta n ts  for th e  d is to r te d  la ttic e  a ro u n d  th e  c o n tro l an d  sa fe ty  
ro d s  w ere d e te rm in ed  w ith  a T H E R M O S  calcu la tio n  in  an  eq u iv a len t cell 
o f  co rrespond ing ly  d is to rted  d im ensions and  w ith  a fresh G R A C E  calcu la tion .

C alculation o f  group c o n s ta n ts  took  in to  accoun t th e  b u n d le  s tru c tu re  
o f  th e  core (Fig. 4 ). As i t  did n o t  seem  sa tis fac to ry  to  m ix  th e  A1 case ttes an d  
th e  w a te r  be tw een  th e  casettes w ith  th e  m a te ria l o f th e  cells in  a hom ogeneous
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m an n er, th e  follow ing p ro ced u re  w as a d o p te d : W ith  th e  ab o v e-m en tio n ed  
group co n stan ts , ap p ly in g  a  sy m m etry  b o u n d a ry  cond itio n  on every  side, a 
tw o-g roup  S IS Y P H U S  calcu la tio n  w as ca rr ied  o u t fo r th e  e lem en ta ry  cell 
o f th e  b u n d le  la ttic e , w h ich  b y  defin ition  consists  o f th e  16 fuel rods in  th e  
b u n d le , th e  A1 case tte  a n d  1 m m  of su rro u n d in g  w a te r. A s a  re su lts  o f  th e  
ca lcu la tion  th e  g roup  c o n s ta n ts  for th e  d iffe ren t reg ions w ere av e rag ed , 
w eigh ting  w ith  th e  f lu x  in teg ra ls  over th e  m a te r ia l reg ions, an d  in  th is  w ay  
th e  co n s ta n ts  for th e  re a l core m ateria l, b u ilt  u p  from  th e  ca se tte s , w ere o b 
ta in ed .

Calculation of flux distribution and keff

A cylindrica l ca lcu la tio n  was f irs t  ex ecu ted  for a g rap h ite -re flec ted  
core w ith  an  eq u iv a len t —  a p p ro x im a te ly  c ritica l —  d ia m e te r . T h e  ax i d  
f lu x  shape ob ta in ed  from  th is  ca lcu la tion  w as accep ted  in  th e  course o f  all 
la te r  co m p u ta tio n s , so t h a t  ax ia l leakage w as acco u n ted  fo r w ith  an  ax ia l 
buck ling  f i t te d  from  it.

C orrection  curves th a t  allow ed la ttic e  d is to rtio n s  a n d  th e  p resence o f 
co n tro l-rod  channels to  b e  ta k e n  in to  a cco u n t in  a  core o rig ina lly  t r e a te d  as 
reg u la r w ere likew ise o b ta in e d  from  cy lin d rica l ca lcu la tions.
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The c y lin d e r considered  in  these  ca lcu la tio n s w as such  th a t  in  i ts  sy m 
m e try  axis th e re  is a  co n tro l-ro d  channel a ro u n d  w hich  th e  la ttic e  is d is to r te d  
in  a region cy lin d rica l in  shape  b u t  in  o th e r  respec ts  a p p ro x im a tin g  th e  rea l 
cond itions; o u ts id e  th is  reg ion  th e  la ttic e  is reg u la r. T h e  f lu x  d is tr ib u tio n  o b 
ta in e d  was d iv id ed  b y  th e  f lu x  d is tr ib u tio n  p re se n t in  an  everyw here reg u la r  
la ttic e , th e  q u o tie n t be ing  th e  co rrec tion  cu rv e  (F ig . 5). C alcu lations w ere 
m ad e  for th e  cases w hen  th e re  is w a te r  in  th e  ch an n e l an d  w hen  th e  ro d  ch an n e l 
is dry .

A fter th e  above p re lim inaries th e  e x a c t ca lcu la tio n  o f  th e  a c tu a l core 
in  X Y  co o rd in a tes  could be ca rried  o u t. T h e  sec tion  o f th e  X Y  p lane  o f th e  
re a c to r  w as covered  b y  a  54 X 54 m esh, m ak in g  a to ta l  o f  2916 p o in ts  in  each  
group . The m esh  p o in ts  w ere c o n cen tra ted  or spaced  acco rd in g  to  th e  ex p ec ted  
C urvature o f  th e  f lu x  d is tr ib u tio n . A llow ance fo r th e  d ry  ir ra d ia tio n  ch an n e l 
(pbsition  D 5) w as m ade d iffic id t b y  th e  fa c t th a t  th e  d iffusion  a p p ro x im a tio n  
is n o t su itab le  fo r dealing  w ith  air-filled  cav ities. I t  tu rn e d  o u t, how ever, th a t  
th e  b eh av io u r a ro u n d  such  cav ities cou ld  be  described  sa tis fac to rily  w ith  
th e  b o u n d a ry  cond ition  o f zero lo g arith m ic  d e riv a tiv e .

Calculation of reactivity worth

The c r itic a lity  code S IS Y P H U S  de te rm in es an  e igenvalue X a t  w hich  
th e  system  is c ritica l w ith  a f ic titio u s  fuel h av in g  a g roup  c o n s ta n t X vUf. 
I f  X =  1 th e  sy stem  is t r u ly  critical; i f  X ^  1 th e  re a c tiv ity  is о =  1—X. 
U tiliz ing  th is , th e  re a c tiv ity  w o rth  of a n y  change in  th e  core can be ca lcu la ted . 
T h e  effect on re a c tiv ity  o f flood ing  th e  d ry  ir ra d itio n  ch an n e l an d  th e  sa fe ty  
channels w ith  w a te r  w as exam ined  in  th is  w ay . T h e  changes in  r e a c tiv ity  
re su ltin g  from  chang ing  th e  fuel e lem ent b u n d les  D4 a n d  D7 for w a te r  w ere 
also ca lcu la ted .

Methods of reactivity measurement

O f th e  m e th o d s su itab le  fo r m easu ring  re a c tiv ity  cond itions in  th e  reac to r , 
one based on doub lin g -tim e  m easu rem en t an d  a n o th e r u tiliz in g  p u lsed  n e u tro n  
source w ere a d o p te d . T h e  fo rm er is th e  sim p lest an d  qu ick est m e th o d , b u t  
its  possib ilities an d  accu racy  arc  ra th e r  lim ited . As th is  m easu rem en t is m ade 
on a su p e r-c ritic a l reac to r , th e  re a c tiv ity  ran g e  w hich  can  be d irec tly  covered 
is very  n a rro w , an d  th u s  prob lem s w ith  f i t t in g  th e  ranges arise w hen d e te rm in 
in g  h igher v a lu es  o f re a c tiv ity  in  severa l steps. S evera l fu r th e r  d ifficu lties 
are  en co u n te red  because th e  doub ling -tim e —  re a c tic v ity  re la tio n  inc ludes 
delayed  n e u tro n  p a ra m e te rs  for th e  g iven  re a c to r  core. In  th e  course o f  our 
m easu rem en ts th e  d o ub ling -tim e  —  re a c tiv ity  re la tio n  w as ca lcu la ted  w ith  
H ughes d e lay ed  n e u tro n  p a ram ete rs .
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T h e fa r  m ore co m plica ted  m e th o d  b ased  on m easu ring  th e  re a c tiv ity  
b y  m eans o f  a pulsed n e u tro n  source can  be app lied  in  a  b ro a d e r range , b u t  
only in  th e  region o f n eg a tiv e  re a c tiv itie s ; an d  i t  is n o t free of th e o re tic a l 
problem s e ith e r [10].

T h e  pulsed  n e u tro n  re a c tiv ity  m easu rem en ts  re ly  on d e te rm in in g  th e  
tim e  dependence  of th e  f lu x  Ф({) th a t  a p p e a rs  a fte r  app ly ing  th e  pulse. A n u m b er 
of slig h tly  d ifferen t re la tio n s  can be ca lc u la ted  b e tw een  th e  lin e  of th e  fu n c tio n  
Ф({) an d  th e  re a c tiv ity , a n d  the  re a c tiv i ty  m ay  accord ing ly  be in te rp re te d  
in  a n u m b e r  of w ays. F o r  ev a lu a tio n , d e te rm in a tio n  o f th e  fu n c tio n  Ф(() is 
necessary . T h is can be done from  a m ea su re m e n t b y  f i t t in g  w ith  th e  m eth o d  
of leas t squares. In  th e  m e th o d  of S im m o n s  a n d  K in g  [11] used  in  th is  w o rk  
only th e  p ro m p t fu n d a m e n ta l m ode d e cay  c o n s ta n t (sc) o f th e  system  an d  a c 
belonging to  th e  c ritica l s ta te  are re q u ire d , an d  th e  n eg a tiv e  re a c tiv ity  is 
ap p ro x im a te ly

ß e f f  ■
SC.

The ap p ro x im a tio n  is w orse a t in c reasin g  su b critica l reac tiv itie s .
F o r th e  m easu rem en ts  th e  N IG -200  n e u tro n  g en era to r of th e  C en tra l 

R esearch  In s t i tu te  for P h y sics  was u se d  [12]. T he w id th  o f th e  n e u tro n  pulse 
is 150—500 /rsec, th e  re p e titio n  tim e  1 5 —75 m sec. T he signals w ere d e te c t
ed by  B F 3 tu b es  and  p rocessed  and  d ire c tly  tap e -p u n ch ed  b y  an NTA-512 
ty p e  an a ly se r. The re q u ire d  a  p a ra m e te rs  w ere d e te rm in ed  from  th e  p a p e r 
ta p e  —  com pleted  b y  som e contro l d a ta  —  b y  ou r (R J 0 5 )  ex p o n en tia l 
function  f i t t in g  p ro g ram , u tiliz ing  th e  m e th o d  o f le a s t squares.

Methods of neutron flux measurement

D e ta ile d  flu x  d is tr ib u tio n  m easu rem en ts  on th e  Z R -5 assem bly  se rved  
a double pu rpose : to  f in d  th e  o p tim a l core co n fig u ra tio n  for th e  u tilizab le  
n eu tro n  f lu x , and  to  d e te rm in e  th e  f lu x  va lu es  a t  10 kW  h e a t o u tp u t  in  th e  
ir ra d ia tio n  a n d  h o rizo n ta l channels o f  th is  core co n fig u ra tio n . P a ra lle l to  
th is  —  as a v e ry  im p o r ta n t  “ b y -p ro d u c t”  —  th e  d e ta iled  th e rm a l n e u tro n  
f lu x  d is tr ib u tio n s  were o b ta in e d  in d iffe re n t p lanes o f th e  ac tive  zone; th ese  
served a t  th e  sam e tim e  fo r  v erifica tio n  o f  o u r co m p u tin g  m eth o d s. T he re la 
tiv e  th e rm a l n eu tro n  f lu x  d is trib u tio n s  in  th e  ac tiv e  zone a n d  in  th e  v e rtic a l 
channels w ere m easured  b y  th e  a c tiv a tio n  m eth o d , w ith  0.8 m m  d ia m e te r  
w ires co n ta in in g  10%  d ysp rosium  (a x ia l d is tr ib u tio n s)  an d  w ith  w ires c u t 
in to  0 .8 x 2 0  m m  pieces (rad ia l d is tr ib u tio n s) . T he m easu rem en t o f th e  a c t i
v ity  d is tr ib u tio n  in th e  w ires used fo r th e  ax ia l m easu rem en ts  w as ca rried  
o u t by  an au to m a tic  device o f our ow n design  w hich m ade th e  decay  correc-
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t io n  itself. W h e n  carry ing  o u t m easu rem en ts  on a large scale, D y  is v e ry  a d v a n 
tag eo u s  as a  d e te c tin g  m ate ria l, because  its  h igh  cadm ium  ra tio  ( <  Red >  100) 
m ean s th a t  th e  th e rm a l n e u tro n  f lu x  d is tr ib u tio n  is easily  m easu rab le  w ith o u t 
C d shielding, w h ich  sim plifies b o th  th e  m easu rin g  tech n iq u e  an d  e v a lu a tio n  
o f  th e  m e a su re m e n t resu lts.

M easu rem en ts of th e  n e u tro n  flu x  an d  o f in teg ra l q u a n titie s  c o n ta in in g  
in fo rm a tio n  a b o u t  th e  n e u tro n  sp ec tru m  w ith in  an  e lem en ta ry  cell h av e  been 
perfo rm ed  fo r a  long  tim e an d  w ere used  in th e  v e rifica tio n  o f cell ca lcu la tion

m ethods. F o r  th is  reason th e re  w as little  em phasis on such  m easu rem en ts  in 
th e  p resen t ex p e rim en ta l p ro g ram . F o r th e  sake  of g re a te r  com pleteness o f  
o u r accoun t, F ig . 6 shows th e  a rra n g e m en t o f a foil used  for ac tiv a tio n  in  th e  
e lem en ta ry  cell. T h e  th e rm a l u tiliz a tio n  f a c to r , / ,  m en tio n ed  la te r  w as m easu red  
in  th is a rra n g e m en t. In  view  o f th e  low  pow er o f th e  ZR -5 assem bly  (8,5 W a tt)
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in  th e  ac tiv e  zone a n d  v e rtica l channels, o n ly  th e rm a l n eu tro n  f lu x  m easu re 
m en ts w ere carried  o u t.

T he o p tim a l coupling  of th e  h o rizo n ta l ch anne ls to  th e  active zone th ro u g h  
re flec to r e lem ents w as stud ied  w ith  sc in tilla tio n  d e tec to rs in  th e  th e rm a l 
and  ep ith e rm a l energy  regions.

Comparison of calculation and measurement results

W ith  th e  m e th o d s discussed above, d e ta iled  m easu rem en ts a n d  ca lcu la 
tions w ere ca rried  o u t to  s tu d y  th e  p a ra m é te re s  o f  th e  reacto r. T h is para lle l 
use o f ca lcu la tio n s a n d  m easurem ents is of g re a tly  increased  sign ificance com 
p a red  to  earlie r p ra c tic e . Some of th e  re su lts  a re  d iscussed  below  to  il lu s tra te  
how  w ell a  ca lcu la tio n a l m odel based  on p u re ly  th eo re tica l consid era tio n s 
can ap p ro x im a te  th e  re su lts  o f w h a t are  now  h ig h ly  accu ra te  m easu rem en ts . 
(In d eed , in  a  n u m b e r o f  cases th e re  is good reason  to  believe th a t  w here m easu re 
m en ts are  d ifficu lt to  realize th e  resu lts  o f c a lcu la tio n  are  m ore a c c u ra te  th a n  
those o b ta in ed  b y  m easurem ents.)

T he ca lcu la tio n s d irec tly  gave th e  ex p ec ted  f lu x  values a t  10 kW  o p e ra t
ing pow er in  each p o in t of th e  core: th e  v a lu e  ca lcu la ted  for th e  m ax im u m  
flux in th e  m idd le  o f  th e  core and  in each ir ra d ia tio n  channel w as a p p ro x im a 
tely  2.4 X 1 0 11 n e u tro n /c m 2 sec. D irec t d e te rm in a tio n  of th is  va lu e  re q u ire d  
a v e ry  d e ta iled  f lu x  m easu rem en t, b u t  w as neverth e less  carried  o u t  in  th is  
case, w ith  th e  sam e resu lt.

In  th e  course o f th e  p re lim inary  ca lcu la tio n s a  n u m b er of q u a n titie s  w ere 
o b ta in ed  —  a lm o st as b y -p ro d u c ts  —  w hich  in  ea rlie r tim es w ere genera lly  
em ployed  an d  w h ich  are still useful in  cases w here  sim ple, quick , ap p ro x im a te  
resu lts  a re  o f  in te re s t. T hese p a ram ete rs  can  be m easu red  ro u tin e ly  to  a  q u ite  
considerab le  accu racy . To illu s tra te  th is  we m en tio n  tw o such p a ra m e te rs :

(a) T h e  ra tio  o f  th e  average th e rm a l f lu x  in  th e  m o d era to r a n d  in  th e  
fuel, Фм/Ф(/, h a d  a m easu red  value of 1 .3 1 9 3 ^ 0 .0 0 7 9 ; th e  T H E R M O S  ca lcu la 
tio n  y ie ld ed  1.3355.

(b) O ne o f th e  p a ram e te rs  of th e  fo u r-fac to r fo rm ula , th e  th e rm a l u ti l i
za tion  f a c t o r , / ,  h ad  a  m easured  value o f 0 .8 0 6 4 ^ 1 % , while th e  T H E R M O S  
ca lcu la tion  gave 0.8021. In  T H E R M O S th is  p a ra m e te r  can be ca lcu la ted  from  
th e  d e ta iled  fu n c tio n  Ф (r, E ), also d e te rm in ed  b y  th e  code, b u t  in  re a l ca lcu 
la tio n s (f lu x  an d  feeff ca lcu lations) only th e  fu n c tio n  Ф(г, E) its e lf  is used .

Reactivity measurements and calculations

O ne o f th e  im p o r ta n t aim s of ca lcu la tio n s w as to  ascerta in  th e  fee(f 
of th e  g iven  assem bly  in  d ifferen t reac to r  co n d itio n s. T he ca lcu lation  o f re a c ti
v ity  changes is a lw ays done using th e  feeff o f  tw o  cond itions. T he d ifference,
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or re a c tiv ity  w o rth , is:
<d Q —  Q 2 — Я 2 Я-̂ ,

w here Я is th e  eigenvalue a lread y  m en tio n ed  a n d  feeff =  1/Я. T he ra tio  o//5eff 
is th e  re a c tiv i ty  m easured  in  do llars. S ince ß tff <7 10 ~2, i t  is o b v ious th a t  
a re a c tiv ity  d ifference of 1 $ is sm aller th a n  a 1%  effect in  feeff.

The core con figu ra tion  show n in  F ig . 1 (used as th e  s ta r t in g  p o in t of 
m easu rem en ts) possesses an  excess re a c tiv ity  o f 0.91 $ according to  m easu re 
m en ts , w hile th e  calcu lation  y ie ld ed  feeff =  1.001585, w hich m eans t h a t  fceff 
is accu ra te  to  a b o u t 0 .5% . T h is accu racy  sa tisfies th e  req u irem en ts  ex p ec ted  
from  such ca lcu la tio n s an d  rep re sen ts  m ore or less th e  lim it of th e  possib ili
tie s  of th e  m o d e l and  m eth o d  app lied . R e a c tiv ity  w orths can be  ca lcu la ted  
m ore  a c c u ra te ly  because m ost o f th e  erro rs in  fcetf cancel o u t w hen  th e  diffe
rence  of tw o  feeff values is ta k e n .

F ro m  th e  re su lts  o f num ero u s m easu rem en ts  an d  ca lcu la tions o f reac 
t iv i ty  w o rth s  w e w ould like to  m en tio n  th e  follow ing:

(i) T he m easu red  an d  ca lcu la ted  w o rth  v alues for a fue l b u n d le  are  
4.25 $ an d  4 .8  $ in  position  D4 an d  2.3 $ an d  2.0 $ in  position  D 7, re sp ec tiv e ly .

(ii) T h e  change in  re a c tiv ity  due to  flood ing  o f th e  d ry  ch an n e l o f th e
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safe ty  rods —  an im p o r ta n t fig u re  fro m  th e  p o in t o f v iew  of re a c to r  sa fe ty  —  
is 0.21 $ w hen m easured , an d  0.18 $ accord ing  to  ca lcu la tio n .

(iii) T he flood ing  of th e  la rg e  a ir  c a v ity  in  th e  m idd le  o f  th e  core was 
also s tu d ied ; m easu rem en ts in d ic a te d  a  re a c tiv ity  change o f — 0.20 $, while 
th e  re su lt o f ca lcu la tion  w as — 0.71 $. T he considerab le  d ifference betw een  
these  re su lts  is due to  th e  fa c t t h a t  th e  m a jo rity  of erro rs en te rin g  in to  th e  
ca lcu la tio n  o rig inate  from  th e  tr e a tm e n t  o f th is  c a v ity  a n d  a p p e a r  here  as 
th e  e rro r in th e  keff difference.

Flux distributions

F igs. 7— 16 show  f lu x  d is tr ib u tio n s  m easu red  an d  ca lc u la ted  along th e  
axes passing  th ro u g h  th e  cen tres o f  th e  fuel bund les along th e  row s a n d  colum ns. 
T hese figu res can be in te rp re te d  b y  co m p arin g  th em  w ith  th e  m ap  o f th e  core 
(F ig . 1). L a ttic e  d is to rtio n s a long  th e  axes passing  beside th e  w e t an d  d ry  
ro d -ch an n e ls  are ta k e n  in to  a c c o u n t b y  th e  co rrec tion  a lread y  m en tio n ed : 
th is  is m ark ed  b y  a d o tte d  line. T h e  p o sitio n  o f th e  rod  chan n e ls  is also m arked  
in  th e  figu res: a b la n k  arrow  in d ic a te s  th e  d ry  channel a n d  a h a tc h e d  one th e
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w e t channel. I t  c a n  be  observed t h a t  in  th e  m a jo r ity  o f cases th is  co rrec tion  
co n sid e rab ly  im p ro v e s  th e  ag reem en t o f  m easu rem en ts  an d  ca lcu la tio n .

I t  m ay b e  n o te d  th a t  all m easu rem en ts  h a v e  been no rm alized  to  th e  
sam e  reac to r p o w er b y  m eans o f overlap s b e tw een  th e  d iffe ren t se ts  o f foils 
a c t iv a te d  a t  d if fe re n t tim es. T he ca lc u la ted  f lu x  values are, o f course, all 
c o n s is te n t w ith  a n o th e r  pow er. A ll m easu red  v a lu es  w ere no rm alized  (w ith  
a n  in teg ra l re q u ire m e n t)  to  th e  ca lcu la tio n s using  a  single n o rm aliza tio n  
fa c to r . The o b ta in e d  agreem ent is th u s  m uch  m ore  rem ark ab le  th a n  i t  w ould  
b e  i f  a sep ara te  n o rm aliza tio n  h a d  been  m ade in  each  figure.

T he sc a tte r in g  o f  m easu rem en ts re p e a te d  a t  d iffe ren t tim es (m ark ed  
w ith  d ifferen t signs) ind icates th e  re p ro d u c ib ility  o f  m easu rem en ts , b u t  as 
th e r e  are  p ro b a b ly  sy stem atic  erro rs so m ew h at g re a te r  errors shou ld  be p re 
su m e d  in  p rac tice .

Conclusion

In  th e  cou rse  o f  th e  calcu la tions th e  va lu es  o f  th e rm a l an d  fa s t n e u tro n  
f lu x  are  o b ta in ed  a t  approx . 3000 p o in ts  o f th e  sy stem . T he a v a ila b ility  o f  
su c h  deta iled  f lu x  d a ta  m eans th a t  a  ran g e  o f p rob lem s connected  w ith  th e  
d es ig n  and  o p e ra tio n  o f a reac to r can  be ta c k le d  w hich  can on ly  be  t re a te d  
b y  m ore  ro u n d a b o u t m ethods, w ith  ad  hoc m easu rem en ts  or m ay  in d eed  be 
ab so lu te ly  inaccessib le  to  d irect m easu rem en t. M any  d ifferen t p rob lem s can  
b e  ca lcu la ted  fo r ir ra d ia te d  cores t h a t  c an n o t be  h a n d led  or fo r w o rk ing  re 
a c to rs  th a t  m u s t n o t  be  d istu rbed , e tc . I t  is for reasons such  as th ese  t h a t  th e  
p ra c tic e  of u tiliz in g  a  lim ited  n u m b e r o f  specially  chosen an d  ex trem ely  precise 
m easu rem en ts  fo r  ch eck in g  th e  re su lts  o f th e  calc d a tio n s  has com e to  be a d o p t
ed  w orld-w ide, w h ile  in  num erous p ra c tic a l p rob lem s th e  resu lts  o f ca lcu la tio n s 
a re  u tilized  in s te a d  o f  m easurem ents. T he m easu rem en ts  and  ca lcu la tio n s on 
th e  P o ly tech n ica l U n iv e rs ity ’s tra in in g  re a c to r  h av e  p ro v ed  th a t  our ca lcu la tio n  
m o d e l is good e n o u g h  to  allow us, to o , to  follow  th is  m odern  tre n d .
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Резюме

Статья содержит краткое описание измерений и расчетов проекта ZR-5, на основании 
которых была создана ядерная конструкция учебного реактора Политехнического универси
тета. Система использованных в расчетах программ, которая получила название физи
ческой модели реактора, описывается совместно с некоторыми элементами эксперименталь
ной техники. Подтверждены высокая точность и большая потенциальная ценность таких 
расчетов. Авторы подчеркивают, что использование такой модели позволяет составить себе 
ясное представление о большинстве ядерных аспектов конструкции и функционирования 
реактора.
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SYMMETRIES IN THE CLASSICAL THREE-BODY
PROBLEM*

By

J u l ia  N y ír i
C EN TR A L RESEARCH IN S T IT U T E  FOR PH Y SICS, BUDAPEST

(Received 19. X . 1971)

Classical Lagrangian and Euler equations of the three-body problem are given in differ
ent coordinate systems. This paper supplements quantum mechanical considerations, given 
before.

Introduction

Several a u th o rs  (see e.g. [1— 8]) have  n o ticed  th a t  q u a n tu m  m echanical 
th re e -b o d y  system s possess th e  sy m m e try  o f m o tio n  of a five-d im ensional 
sphere  w ith  re sp ec t to  b o th  th e  free  m o tio n  an d  e lastic  forces. As th e  q u an tu m  
m ech an ica l p rob lem  obviously  h a s  th e  sam e sy m m etry  as th e  classical one, 
i t  seem s to  be w o rth w h ile  to  consider th e  classical equ a tio n s o f m o tio n  from  th is  
p o in t o f view.

A rb itra ry  m o tio n s  of th re e -b o d y  system  can  be described  as ro ta tio n s  
an d  defo rm ations o f  a  triangle  fo rm e d  b y  th e  th re e  partic les: th e  equa tions 
o f m o tio n  of the  tr ia n g le  tu rn  o u t to  be v e ry  s im ila r to  th e  eq u a tio n s  of tw o 
coupled  to p s, one o f  th e m  re flec tin g  th e  h idden  (non-geom etrical) sy m m etry  
o f th e  d e fo rm atio n a l m otion of th e  trian g le .

T he p resen t p a p e r  collects d iffe re n t ty p es  o f equations a n d  form ulae 
co n n ec ted  w ith  th e  classical th re e -b o d y  prob lem .

I. Non-rotating triangles (examples)

In  dealing w ith  th e  th re e -p a rtic le  system , le t  us f irs t reca ll th e  system  
o f coo rd inates in tro d u c e d  in [6]. T h e  rad iu s  v ec to rs  x t (i =  1, 2, 3) o f th e  
th ree  p artic les are f ix e d  by  th e  co n d itio n

* i + * 2 +  * 3 = ° -  (1)

T he Ja c o b i coo rd inates £ and rj are  g iven  in  th e  case of equal m asses in  th e  
form

* Dedicated to Prof. L. J á n o s s y  on h i s  60th birthday.
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~ ( x 1 +  X2) ,

Ч =  щ 1 л - Ъ .

p+ n*  =  * ? + * § +  *§ =  {?2,

( 2 )

w here  q is th e  ra d iu s  o f the  five-d im ensiona l sphere . F u rth e r , we in tro d u ce  
th e  com plex v e c to r

* =  |+ й ? ,
z* =  f - ü y  .

(3)

C onsider now  a  tr ia n g le  w ith  v e rtic e s  x v  x 2, x 3. T h e  position  o f  th is  tr ian g le  
in  space is c h a ra c te r iz e d  b y  th e  v ec to rs  /j  an d  / 2, w h ich  to g e th e r w ith  th e  v ec to r 
l =  l± X 12  fo rm  th e  m oving c o o rd in a te  system . T h e y  are co nnec ted  w ith  
v e c to rs  2  and  2 * in  th e  following w ay :

2 =  - í r
1/2

. A  /  .  a
2  | e  2  ? 1 + i e

i  °  1

2  4

. A  f . a „
I  ----  I —  1 —  7

2  e  2  Z i - i e
2  4

(4)

w here  0 <C a  <C tt, 0 <C A 2л. T h e  variab les A a n d  a d e te rm in e  th e  form  
o f  th e  triang le . U s in g  expressions (4), we can w rite  £ an d  7 ? in th e  form

i  = У 2
|sm

У 2

a  — A *  .  o  +  A  ,

co s------- Zi+sin-------- I
2 2

о — A ■? о A .* 
~ / 1 + c„s —  fe

(5)

T h is  m eans t h a t  w e can  consider £ a n d  ту as a  re su lt  o f tw o tra n sfo rm a tio n s

/i1 Q
~ У 2iy

A . A
c o s -----s i n ------

2 2
. A A

s in -----c o s -----
2 2

a . a
c o s ----- s i n ----

2 2
a  a

sm  -----cos -----
2 2

/2
(6)

T o m ake th e  p ic tu re  clearer, le t us consider th e  case o f a non ro ta t in g  trian g le . 
W e need for th is  p u rp o se  th e  expressions

£2 = -----( 1 +  sin a  sin A ),
2

f]2 = -----(1 sin a sin  A),
2

(V
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-* —» M . я
£»7 = ----- sin  a cos Я .

2

T h e  angle 0  betw een  vectors |  a n d  r?

=  |f |  \rj\ cos 0

can  be w ritte n  in  te rm s of o u r v a riab le s  as

_ cos Я sin a
C O S  0  =  . . . . . . . . -  -  .

\j 1 — sin2 a sin2 Я

( 8 )

(9)

( 10)

N o te  th a t  th e  com ponen ts of th e  m o m en t o f in e r tia  are

Q2 Sin2 ,  Q 2 C O S 2
a
2

л

4 ( И )

I t  is obv ious t h a t  i f  a =  const, th e  v a ria tio n s  o f Я lead  to  d e fo rm atio n s  of th e  
tr ia n g le  w hich do n o t  affect th e  v a lu es  of th e  m o m en ta  o f in e r tia . W e can 
ivrité

Ifi =  

tol =

][ï  + C  sin Я 1 

I! 1 C sin Я,

cos 0
( cos Я

1 / 1 - С 28 т 2 Я ’
w here С =  sind.

F o r  exam ple , i f  a — 0 (i.e. C =  0), we have

111 =  y f ’ M  =  y V ’ c o s 0  =  O-

( 12)

(13)

In  th is  case v ec to rs  |  an d  rj are o rth o g o n a l in d e p e n d e n tly  of th e  v a lu e  o f Я, 
an d  o n ly  s im ila rity  tra n sfo rm a tio n s  o f  th e  trian g le  are  possible. O n th e  o th e r 
h a n d , i f  a — я /2 , th e n

l£| =  V i+ sin я ,
\ 2

\4\ = ^ = - Y l - s i n X ,  (14)

cos 0 = 1 ,
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i .e . th e  system  is l in e a r  an d  the  ends o f  th e  vec to rs £ a n d  rj are osc illa ting  ab o u t 
th e  p o in t qI\Í2-E x p re ss in g  the  p o sitions of all th re e  p a rtic le s  in th e  c.m . system  
in  te rm s  of £ a n d  ï):

* 1

x2

*3

~ Т Г ? + 7 ^

1 / I |
3

[ 2 2n -, . 2 л
/ т c o s ----  £ +  s i n ---- Г]

3 3

[  2 4л: _ . 4л _
c o s -----£ - ■ s i n ----- rí

1 3 3 3
(15)

i t  w ill he easy to  re p re se n t th e  p o sitio n  of th e  p a rtic le s  b y  th e ir  rad iu s  vectors. 
A s an  illu s tra tio n , w e consider th e  case a =  л/2 fo r d iffe ren t va lues of A:

xi X3 \  *’ - * 3
ОAJX

1

J xi
X.1

Л- ff
X£ . 6 :rX3

У2 1 ff
/ 3 __r>

X2T f f  s"
Л 3

1

V ‘

C onsider now th o se  defo rm ations w hich  are co n n ec ted  w ith  th e  change of a 
i.e . th o se  w hich do n o t  leave th e  m o m en t of in e r t ia  u n a lte red .
L e t  A =  0, th e n

| £ | = y = - *  \v\ =  y = p  s i n a  =  C O S 0  (16)

T h e  angle b e tw een  £ and  rj is

/а л  (у = --------- a
2

a n d  we have
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W e list h e re  a few p a r t ic u la r  cases:

C onsidering th e  case А =  тг/2, from  th e  fo rm u lae

| | |  = y L - y i + s i n a ,

\v\ - ^ - V l - s i n a ,

cos 0  =  0 ,

(17)
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i t  c a n  be easily  seen th a t  f  an d  rj a re  o rth o g o n a l an d  th e ir  len g th s  can oscilla te  
b e tw e e n  zero an d  g.

II . T he free L ag ran g ian

In  th is  S ection  we p re se n t th e  E u le r  equa tions. F irs t  o f  all, we h av e  to  
c o n s tru c t th e  L ag ran g ian  L  =  T  — U. F o r  free p artic les we have

L  =  T
1
2

L e t  us begin  w ith  th e  expression

—-zdA -1------
2 2

e a ( îx z ) * d a —(dcûX 2).

(18)

(19)
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w here dw is th e  in fin ite s im a l ro ta tio n  w ith  p ro jec tio n s  dm, on to  th e  fixed  
axes. T he ro ta tio n s  a b o u t th e  m oving  axes are  d efin ed  as

dQ, =  Z, da’>. (20)

T h ey  can  be exp ressed  in  te rm s  of th e  E u le r angles in  th e  form

<Шг =  — cos <рг sin &d <p2 +  sin <p1d&, 
d Q 2 =  s in q)x sin Qdtpz -f- coscp1d&, 
di2s — — dipj — cos 0dq>2-

F ro m  (19) we get

ds2 =  \dz\2 =  p2 ----da2 -f-
4 4

—  d )2 - f  —  dQ\ +  —-  d ű 'i+ d ü 'i 
4 2 2

— sin  ad -Q, <Ш2—cos a d ü 3 dÂ +  de2.

O bviously , th e  w a n te d  expression  w ill be

( 21)

( 22)

T  =  — p 2
2

—  d 2 +  —  Я 2 + —  ß ?  +  —  ß l + ß | -
4 4 2 2

sin  aQy Q2 — cos а  Q3 A +
1 ■„

D ue to  th e  fo rm ula

we can w rite  dow n th e  m o m en ta

Pa =  — Q2“,
4

Э T
dqi

(23)

(24)

Px =  ~ q2 Ц -  A -c o s  aQ3j ,

Pax =  —  Q2 ( ^ i  — sin a ü 2) ,

Poi =  —  P2 (Й 2—sin a ß i) »

(25)

Ра3 =  —-  e2 (2 й з — cos «^) 5
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a n d  th e  co rrespond ing  p p  

P a —  e ê « +  —  g2 à , 
4 2

Px, = — p2 — Я sin  aáí23 - cos a ű 3 +  p Ip  — cos ap i23| ,

Pat =  —  p2 ( Q -  cos a à ü 2— sin aQ2)~hi? ({?Al—sin apA 2) ? 
2 (26)

Paz: 

Р оз:

1
2
1
2

p2 (i?2—cos aàQ1 — sin  ai21)4-p  (pf22—sin ® pAJ 5 

p2(2í23- |-s in aá4  — cos o 4 )+ p (2 p ß 3 — cos о р л ) ,

P e =  e-

W e can now c o n s tru c t th e  e q u a tio n s  of m otion

d  9 T  8 T
dt 9 q( dqj

=  0 . (27)

T o  o b ta in  th e  eq u a tio n s  ex p lic itly , we have  to  re tu rn  to  th e  E u le r  angles. 
In d e e d , as Qt are  n o t d e riv a tiv es  o f  an y  angles Qt ( th a t  is w h y  th e y  are called 
qu asi-co o rd in a tes), th e  E u le r eq u a tio n  in  te rm s  o f th ese  quasi-co o rd in a tes  
m u s t  he w ritte n  in  an o th e r fo rm .

T hus, in s te a d  of (23) we h a v e  to  tak e  th e  L ag ran g ian  exp ressed  in  te rm s  
o f  th e  E u ler angles:

T  =  — p2 
2

■—  a 24------ Л2+ф1-\------- 0 2 4 — — w\-\- cos2 0ф\ +
4 ' 4 2 2 ^ 2

-)-2 cos0(p1<p2-\-sina — sin  2 çq sin2 0p)2-|-cos 2 çq sin  0ф20 — (28)

—  sin  2 çq 0 2 -J-cos а(фхХ-\- cos0<p2Â) 
2 I +  Т *

The eq u a tio n s  of free m o tio n  are as follows:

ä — cos a [—  sin 2 çq s in 2 ôç^-f-cos 2 pq sin 0ф20 sin  2 pq02 -j-

+  sin  а(ф) Я -)- cos 0 ç v i) 4------ p ô =  0 ,
e

(29)
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—  Я—sin а{афх-\-cos 0d<p2)-{-cos а(ф1~ sin  0 0 ф 2-\-cos 0 ф 2) +

1 . .  2 . . . (30)
-f- рЯ -1------- cos а{фхд +  cos 0ф2 q) =  0 ,

ç>j sin  0 0 ф 2-\- cos 0ф2~\------ cos аЯ
2

------- sin  a [аЯ-1-cos 2 cpx sin2 0<p\ —2 sin 2 cpx sin 0ф20  — (31)
2

— cos 2  9 9 x 0 2] -|------ (2ф1д-\-2 cos 0ф2ф-(-cos clXq) =  0  ,
Q

—  sin a cos 2 <px0-\------ sin 0  (1 + s in  a sin 2<рг) ф2—(1 + s in  a s in 2 9 ?1) фф0 -\-

+  sin a  J cos 2 <px sin 0фгф2-\------ c o ta n  0  cos 2  <рг0 2 -f-

sin 2  cpy cos 0ф2 0 cos a

1 „• L

- sin  2  <px 0dcp2 4 - (32)

-j- —— cos 2 œ, 0 d  — -—  Я 0
2 2 +

+  —  [sin  0ф22 (1-f-sin a sin  2(рф)-\-sin  a cos 2  (рг0(>\ =  0  ,

( 1  sin  a  sin  2  срф)0-\------ sin 2  0ф \-\-2  sin  0ф хф2 +
2

+  sin  a I — 2  cos 2ср1ф10-\-  cos 2  9 9 , sin 0ф2 2 sin 2  cpx sin 0 ф1 ф2 -

1
--------sin  2  <px sin 2  0ф2\ +  cos a (cos 2  sin  0аф2 —

2
— 8т2991 а 0 + 8 т 0 ^ > 2 Я') Н------ ( 0 ß-(-sin  а cos 2 sin  0 ß9 ?2 —

Q
— sin a sin  2  9 91Q0) — 0

an d  fin a lly ,

о — £) ~ а 2+  — Я2 4 -?>х+ —  0 2+  —  ф\ +  cos2  0ф2-\-2соз0ф 1ф2-{- 
4 4 2 2 2

(33)

+  sin а sin  2 9?х sin2 0 ÿ 2+ co s  2 9 9 js in  0ф20 ---- —  sin 2 (pfo2j  +  (34)

+  cos a (9 9 ^ 4 - cos 0?>2Я) = 0 .

A few p a r tic u la r  cases are  considered in  th e  follow ing.
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1) Motion o f the triangle in the plane:

0 = ф 2 =  0 .

I n  th is  case th e  free  L ag ran g ian  can  be w ritte n

T  =  — e2 
2

or, rem em b erin g  th a t

—  à2 -)-------Í 2-|-cos a фхХ-^ф2
4 4

+
1 •„ (35)

=  —  Q2 ( 2 ^ + 2  cos 0ф2-\-соьаХ) ,
2

p  =  —  Q2 (^ 2 + c o s 2 0ф 2 — sin a sin  2 (рг sin2 0ф2

-f- 2 cos © 9 ^ -)-sin  a cos 2 <рх sin  0 ©  -f- cos a cos ©A), (36)

p e — - i -  q2 (©-(-sin a cos 2 <p1 sin  0(p2—sin a sin  2 y f ) ) ,

in  th e  form

Q2 L
2 p l  +  —

1 1
sin2 a ( 2

T h e  eq u a tio n s o f  m o tion  are in  th is  case

P2V1 2p9i P \ cos a -\-2 p 2 +  T " 1' (37)

—  ä -f- —- qd -(- s in  а ффХ =  0 ,
2 Q

—  Ä -f- qX sin  а афх cos аф1 -|------ cos а фгд =  0,
2 в Q

ф 1 -|— —  cos aX-------- sin  « я /i -(------- - (2 ф ±2  -(-cos aX q )  =  0 ,
2 2 q

e —e
1 .. . 1 ;Х2-\-ф\-\-со8 афгХ) =  0 .

(38)

2) Deforming triangle ;

® = Фг =  0 > =  0 •
T h e  free L ag ran g ian  ob ta ins th e  form

-A2 sin2 a
1 ,2 2

+  "T" <? =  - V P l + - ^ T - Pl  Ism z a Z
(39)
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I t  shou ld  be n o te d  th a t  for p Q =  0 th is  expression has th e  sam e fo rm  as th e  
L ag ran g ian  o f th e  ro ta to r . W e see here an exam ple of th e  h id d en  sy m m etry , 
w hich  can he  generalized  to  th e  case of a deform ing ro ta to r .

T he eq u a tio n s  of m o tio n  corresponding  to  th e  L ag ran g e  fu nc tion  
(39) are

1
—  ö
2

sin a

& Q

1 . .
2

------ ea
Q

1 4 1
——  Я +

2 Q

1 -, 1
—  a 2+
4 4

(40)

I f  we ad d  to  th e  rig h t-h an d  side forces depend ing  only on g, we get th e  e q u a 
tio n s  o f a no n -rig id  ro ta to r .

III. Potentials for three-body systems 

Tw o exam ples of in te ra c tin g  p artic les w ill he in v es tig a ted .

1. The harmonic oscillator potential ;

T he eq u ilib riu m  s ta te  o f  th e  th ree -p a rtic le  system  is an  e q u ila te ra l t r i 
ang le  o f  side g0, w hich can be described  b y  th e  vecto rs f 0 a n d  rj0:

(  0 _ Í  во \
fo =  Po » Vo =  I У 2 ]>

1/2 V 0 ,/

?o% =  0, * 8 - 4 5 = 0 .  (41)

T h e  p a ra m e te rs  a0 an d  Я0 co rrespond ing  to  th e  equ ilib rium  s ta te  w ill h av e  
th e  values

Uq =  7t , Я0 =  0  ,

a n d  consequen tly

2o =  e 2 Z i+ ie  ' 2 h  • (^2)
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C onsider th e  m o tion  o f th e  th ree  partic les  w ith  th e  p o te n tia l  energy

U =  Y  [(£-£<>)2+ (» ? -% )2] =  —  |e 2+Po Zqqo sin y  cos y

F ro m  th e  fo rm ula

we o b ta in

F  a UF i  . =  _  —

9?i

1 a l
=  —  ppn cos —  cos —  ,

2 2 2

P  1 . а . Я
K  =  — —  Wo s m — s m —

F  I • °  a=  — £ + £o sin —  cos —  
2 2

— F<p2 — Fe — 0 .

C o n stru c tin g  L =  T  —  U, i t  is now easy  to  get th e  e q u a tio n s  of m otion

T h e  equations

d 9 L
dt 9 qi

d 9 L
dt 9 <pi

9 L

9?«

9L

99>í
=  0

(w here <p3 =  0) s tay  u n ch an g ed ; in s tead  o f E qs. (29), (30) and  (34) we o b ta in

-—  a — cos a 
2

C l . 1
—  sin  2 (px s in 2 6>ф |+cos 2<p1 sin  0ф20 --------sin 2 <px0 2
2 2

1 A
+  sin  a  (<p]Á-|- cos 0ф>2Я) -|------ p â ----- —  cos cos —  =  0 ,

p p 2 2

—  Я -  s in a  (â ç ^ + c o s  @àÿ2)-|-cos a (ÿx— sin  0@ÿ>2 +  cos 0ф2) +
2

H------ рЯ -|------- cos a (cpiQ cos 0ф2 p )4- s in  sin —  =  0
p p p 2 2
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a n d

Q -  О —  à2-\------ №-\-cp\-1------- 0 2-|------- ф\ -\------- cos2 0ф1-\-2 cos Оф^ф0 -f-
4 4 2 2 2

sin  a s*n 2<Pi sin2 ©gpf+cos 2 (pi sin  0<p20 -----—  sin  2 1 -f- (49)

C O S  61( 99] Я  + C O S 0 ^ 2 A )
а Я

+  Q Qn s in  —  cos ■—  =  0 .
2 2

L e t us consider again  th e  case o f  a n o n -ro ta tin g  triang le :

0  =  Фг =  0 and p  =  0 , i.e. ф1 = ■ cos aA

T h e equ a tio n s of m o tion  assum e th e  form

1  .. I 1  • • 1  i o  0 0  ^  Я-—  a -\------ p a -------- sin  a cos aAi —— cos —  c o s  =  U ,
2 p 2 p 2 2

—  Я 4------ Ôa) +  sin  a cos aá?.-\- sin —- sin  —— =  0 , (50)
2 p j Q 2 2

p — p I—  ó2-|------ s in 2 аЯ2| 4-0 — Qn sin  -2— cos =  0
1 4 4 2 2

I f  in  th is  case we ta k e  p0 =  0, we w ill h a v e

1 •• I 1 1 • *  n—  a ------ p a --------- sin  a cos aA- =  0 ,
2 p 2

sin  о I—  Я -|— —  pA I -(- cos ааЯ  =  0 ,
2 Q

(51)

q— g |-—  a 2 -)- s in 2 аЯ2 
4 4

+  Q — 0.

As an  exam ple, le t  us consider so lu tions fo r c o n s tan t Я a n d  a , illu s tra tin g  
a few  cases o f th e  deform ed trian g le  in  de ta il. T he p ro jec tions o f  th e  rad ius-
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v ec to rs  xi'-, on to  th e  axes li and  / 2  are  as follows:

r ( l )  ;
а  Я 1 a — Я

s in ------ — ------==- cos — ----
2 1/3 2

4 1) =
. а  —Я 1 a — Я

s i n --------------- —  c o s --------
2 13 2

and

a i1* =  ~T7=̂  cosУз

*<2> =

a —Я

о +  Я 1 а-\-Л
---- sin

Уз

(52)

(21 Q I а + Я  1 . o-f-Яx¥> = --------c o s ------------- 1— 7=- s i n ---------
2 I 2 V3 2 j

r (2) p . а + Я  
s i n --------

1/3 2

I f  а =  const., Я =  const, and  p0  0, we o b ta in  from  (50)

во a  Я—— cos —  cos — • =  0 ,
p 2 2

p„ . а  . Я
—— s in ----sin  -— • =  0 ,
p 2 2

(53)

.. .  . 0  Я
p + p -  Pn sin  —  cos —  =  0 . 

2 2

I t  can  be easily  seen th a t  in  th is  case a an d  Я are m u ltip les o f я , and  only 
s im ila rity  tra n s fo rm a tio n s  are possib le; fo r exam ple:
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1 =  0 , a =  n  1 =  0 ,  а — Ъп

4 X> =  i - 4 »

4 W x 2 -- 6_
2

4 °  =  о 4 X) = 0

4 2> =  - l—7=- Q
2 /3

4 2> = e
2 /3

x (2) 1 4 2> = aX2
2 /3  Q 2 /3

x (2) __ J L
8 “  / з  •

xd) — s
3 ~  / 3

If , on  th e  c o n tra ry , g0 =  0, th e n  th e  fix ed  v a lu e  o f a s till does n o t de te rm ine  
th e  v a lu e  of 1, so t h a t  a rb itra ry  d e fo rm atio n s are  possible. W e give in  th e  
fo llow ing  a few exam ples:

i) 1 =  a XW  =  _  g
1 2 /3

t<2> cos a ----- = - sm  a
ь

4 X) =
2 /3

4 2) = cos a -j— —  sin  aУз

( i ) в
Уз 4 2> =  —p r  sin  a .

у  3

1 a := 0 . л  л — a —  
2

r (2) .

2
4 2> = - b  4 2) =  0 4 2) = Q-  4 2> _  , -̂ 2

2 /3 2 /3
r(2) -
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2. The three-body problem in celestial mechanics ( the Laplace case [10]^ . Self- 
consistent fie ld  in  classical mechanics

Suppose t h a t  an  a ttra c tiv e  N ew to n ian  p o te n tia l  is acting  b e tw een  th ree  
p a rtic le s . I t  can  be  show n th a t  th e re  ex ists a so lu tio n  for w hich all th re e  p a r 
tic le s  s tay  in  th e  v e rtices  of an  e q u ila te ra l tr ia n g le  w hile each p a rtic le  m oves 
a lo n g  an ellip tic  tra je c to ry  ab o u t th e  com m on center-of-m ass as i f  th e re  was 
a c e n tra l body  th e  m ass of w hich  is equal to  th e  sum  of m asses o f th e  th ree  
p a rtic le s .

Suppose à =  (9 =  <p2 is eq u a l to  zero. I f  th e  p a rtic le s  form  an  eq u ila te ra l 
tr ia n g le , we h a v e  a — 0, and  th e  d istance  b e tw een  th e  pa rtic le s  is p. The 
p o te n tia l  energy  in  th is  case is eq u a l to  U = —3jo, so th a t  th e  e q u a tio n s  o f m o
tio n  ta k e  th e  fo rm

Acta Physica Academiae Scientiarum Hungaricae 32, 1972



SYM M ETRIES IN  T H E  CLASSICAL TH R EE-B O D Y  PR O B LEM 259

Q-Q
1 .

~  -  A2+<pf+^jA

1 ..
< ^ + 9 h  +

Q . 2 . .
—  A + — <PiQ = 0 .
в e

(54)

In tro d u c in g  a new  variab le

1 .
W =  y A + ç q .

we o b ta in  the K e p le r  equations

(55)

9 9 V2 +  “  =  0 ,
É?

(56)
2 . .

ip  ~\---------о  ip  ---- - 0 .
?

I f  w e now  express x x, J 2  and in  te rm s  of p, we g e t th e  eq u a tio n s  o f th ree 
ellipses. I t  is easy to  p ro v e  th a t  in  th e  case a ^  0 th e  eq u a tio n s  w ill n o t lead  
to  th e  K epler e q u a tio n s . I t  should  b e  n o ted  th a t  th e  ty p e  o f th e  so lu tion  is 
in d e p e n d e n t of th e  fo rm  of th e  p o te n tia l ;  indeed , w e use on ly  th e  fa c t th a t  
th e  forces acting on a n y  of the th re e  p a rtic le s  are d ire c te d  to  th e  cen ter-of-m ass 
o f th e  triang le .
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VARIATIONS OF COSMIC RAY INTENSITY  
IN CONSEQUENCE OF THE COROTATION EFFECT*

By

A. J .  S o m o g y i

D EPARTM ENT OF COSMIC RAYS, CENTRAL RESEA RCH  IN ST IT U T E  OF PH Y SICS, BU DA PEST

(Received: 19. X . 1971)

It is shown that corotation of cosmic ray particles with the drift velocity v j =  cas X r, 
where cos is the angular velocity of the rotation of the sun, must also take place outside the 
solar equatorial plane wherever the general conditions for corotation are fulfilled.

Predicted secondary effects of the corotation are: annual and semi-annual waves in 
the amplitude of the solar daily variation, a semi-annual wave in the phase of the solar daily 
variation, and an annual wave and north-south asymmetry in the total intensity of cosmic 
rays. The possibility of detecting these effects is discussed.

1. Introduction

1.1. T he lack  o f d iffusion  of cosm ic ra y  pa rtic le s  in  d irec tio n s p e rp en d i
cu la r to  th e  reg u la r in te rp la n e ta ry  m agnetic  fie ld  supposed  to  be a rran g ed  
along A rchim edes sp ira ls  gives rise to  th e  so-called co ro ta tio n  effect [1, 2, 3] 
consisting  in  convec tion  o f  cosm ic ra y  partic les  w ith  a d r if t v e lo c ity  w hich, 
a t  th e  o rb it  of th e  e a r th , is know n to  be

v d =  w s X re, (1)

w here cos == 2,7 -10 ~e s e c -1 is th e  average an g u la r v e lo c ity  o f  th e  ro ta tio n  of 
th e  sun  an d  re is th e  sun  e a r th  d istance  d irec ted  from  th e  sun  to w ard s  th e  
ea rth .

T h e  co ro ta tio n  effect has been  invo k ed  to  acco u n t fo r th e  an iso tro p y  
o f cosm ic ra d ia tio n  m an ife s ted  in  th e  solar da ily  v a r ia tio n  ( =  SDV) o f th e  
cosm ic ra y  in te n s ity  [1, 2, 3]. T here  are, how ever, a  few  o th e r, sm alle r effects 
w hich  can  be p red ic ted  on th e  basis o f th e  co ro ta tio n .

Som e o f these  effects are  a t  th e  p resen t lim it o f  d e te c ta b ility , o th ers  
we c a n n o t hope to  d e te c t a t  all y e t. B u t w h a t seem s im possib le  to d a y , m ay  
well be feasib le to m o rro w ; a t  an y  ra te , effects o f  th e  sam e o rd e r o f m ag n itu d e  
an d  even  o f  th e  sam e c h a ra c te r  as tho se  to  be d e a lt w ith  in  th is  p a p e r  are 
c u rre n tly  being  in v e s tig a te d  b y  m a n y  a u th o rs . I t  th e re fo re  seem s a p p ro p ria te  
to  call a t te n tio n  to  a sim ple m echan ism  w hich is c o n tr ib u tin g  to  b u ild in g  u p

* Dedicated t o  Prof. L. J á n o s s y  on his 60th birthday, with best wishes.
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p h en o m en a  th a t  a re  cu rren tly  ab so rb in g  m uch  o f th e  in te re s t  o f cosm ic ra y  
in v es tig a to rs .

1.2. T he p h en o m en a  to  be d e a lt w ith  in  th is  p a p e r  are  th e  follow ing:
a) The d r if t  ve locity  in  th ree -d im en sio n a l space (i.e. is E q . (1) valid  

a t  p laces fa r o u ts id e  th e  so la r e q u a to r ia l p lan e? );
b) Y early  w av e  o f th e  a m p litu d e  o f th e  SDY;
c) H a lf-y ea rly  w ave o f th e  am p litu d e  o f th e  SDV;
d) H a lf-y ea rly  w ave o f th e  phase  o f th e  SDY ;
e) Y early  w av e  of th e  iso tro p ic  p a r t  o f cosm ic ra y  in te n s ity ;
f) N o rth -so u th  a sy m m e try  o f cosm ic ra y  in te n s ity  (i.e. th e  re la tio n  

ц ф ,л ) ^  I ( — Ф ,Л)  w here 1(Ф,Л) is th e  in te n s ity  o f cosm ic ra d ia tio n  ou tside 
o f  th e  m ag n eto sp h ere  in  th e  d irec tio n  ch a rac te rized  by th e  geograph ic  coor
d in a te s  (ф , Л))-

In  view  o f  th e  possib ility  sp acec raft p rov ide  o f m ak in g  m easu rem en ts 
f a r  outside th e  ec lip tic  p lane i t  is in te re s tin g  to  see w h a t th e  co ro ta tio n  velo
c i ty  sould be lik e  a t  such p laces (Section  2). R esu lts  o f S ection  2 m u s t be a p p 
lie d  even w hen ca lcu la tin g  c o ro ta tio n  effects observed  a t  th e  e a r th  since th e  
e a r th  m oves in  a  p lane  s lig h tly  d iffe ren t from  th a t  o f th e  so lar e q u a to r. In  
S ections 3— 5 i t  w ill be show n t h a t  th e  c o ro ta tio n  o f cosm ic ra y  p a rtic le s  c o n tr i
b u te s  to  th e  effects b —  f  observed  a t  th e  e a r th . T he c o n tr ib u tio n s  o f co ro ta tio n  
to  effects c an d  e have  a lread y  been  discussed b y  M c Cr a c k e n  an d  R ao  [4]. 
T h e  form ula a n d  conclusions th e y  gave are re fin ed  in  th is  paper.

1.3. T h ro u g h o u t th is  p a p e r , th e  c o ro ta tio n  effect w ill be considered 
in  its  sim plest fo rm , i.e. com ple te  absence o f d iffusion  in  d irec tions p e rp en d i
c u la r  to  th e  f ie ld  lines will be  assum ed , as w ell as absence o f b o th  energy  loss 
a n d  n e t rad ia l flo w  o f cosmic ra y  p artic les . U se w ill be m ade of th e  f irs t  ap p ro x i
m a tio n  fo rm ula

S(e) =  S(em) cos y>, (2)

w h ere  S(e) is th e  an iso trop ic  p a r t  (ex tra  c u rren t) o f cosm ic ra y  p a rtic le s  in th e  
d irec tio n  of th e  u n i t  v ec to r e, a n d  em is th e  d irec tio n  in  w h ich  S(e) is m ax im u m ; 
cos y) =  e • em. O bviously , em shares th e  d irec tio n  o f  Vd, th e  co ro ta tio n  
ve lo c ity .

A t re la tiv is tic  energies, S(em) can  be ex p ressed  (see e.g. [5]) as

S ( e J  =  (2 +fi)(vdl v ) - J ,  (3)

w here  v ^  c is th e  velo c ity  o f  th e  partic les , ц  is th e  ex p o n en t o f th e ir  energy 
spec trum , an d  J  is th e  iso tro p ic  p a r t  o f th e  in te n s ity . T ak in g  /j, =  1,65 and, 
in  th e  v ic in ity  o f  th e  e a r th , Va =  405 km /sec, E q . (3) y ields S(em) / J  =  0,63 
p e r  cent, a v a lu e  in  general ag reem en t w ith  ob se rv a tio n s.

1.4. T h e  d iscussion w ill be re s tr ic te d  to  “ free space”  an iso tro p y . The 
ac tu a l m ag n itu d es  o f th e  effec ts 1.2 b — f, as th e y  m a y  be observed  under
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th e  in fluence  of th e  e a r th ’s m agnetic  f ie ld  and  a tm o sp h ere , can be derived  
from  th e  “ free space”  values in th e  u s u a l  w ay.

2. The d rift velocity in  th re e  d im ensional space

W e shall p roceed  b y  proving t h a t  E q . (1), d e riv ed  for cond itions near 
th e  o rb it o f  th e  e a r th , is va lid  also fa r  a w a y  from  th e  eclip tic  p lane , w herever 
th e  u su a l cond itions o f  co ro ta tion , i.e . absence o f d iffusion  across th e  field  
lines an d  zero n e t ra d ia l  f lu x  of p a r tic le s , are fu lfilled .

L e t P  be an  a rb itr a ry  po in t w ith in  th e  m o d u la tio n  region w here  these 
cond itions are  m et, a n d  r  be the  ra d iu s  v ec to r p o in tin g  from  th e  su n  to  P. 
I t  will be  show n th a t  th e  d rift v e lo c ity  o f  cosm ic ra y  partic les a t th e  p o in t 
P  is

t j  =  w s X r .

To p ro v e  th is , we m u st firs t d e te rm in e  th e  sh ap e  o f th e  m ag n e tic  field  
line passin g  th ro u g h  P.  T h e  inc lin a tio n  o f  r  to  th e  e q u a to r ia l p lane o f th e  sun 
should be  d en o ted  b y  q}h\  Because o f  th e  ro ta tio n  o f  th e  sun, th e  f ie ld  line 
passing th ro u g h  P  w ill be  tw isted  ro u n d  a cone w ith  an  opening angle л /2 —cp̂h\  
I t  can easily  be seen t h a t  th e  eq u a tio n  o f  a  m agnetic  f ie ld  line in a he liocen tric  
system  w ith  x  and  у  ax es  ly ing  in th e  so la r  eq u a to ria l p lane  can be w ritte n  in  
th e  form

x  — —  (/f/^ ?Sh>) cos 9 ?(л) cos )Sĥ ,
cos

у  =  —  ( / ((/,) ;.W) cos г/.(л) sin A(,l),
0)$

2 =  Л(А(Л)-Л<л>) s in  9 ^ ) ,
(Os

w here X̂ h\  th e  h e lio long itude , is the  p a ra m e te r  of th e  e q u a tio n ; <ßh\  th e  helio
la titu d e , is c o n s ta n t; w is th e  velocity  o f  th e  solar w ind , an d  A ^ is th e  helio
long itude  a t  w hich  r  =  y # 2 _j_j2 _ | _ z 2  — 0.

A sim ple ca lcu la tio n  shows t h a t  th e  com ponen ts o f th e  u n it v e c to r  e ' 
p o in ting  a long  th e  ta n g e n t  of th e  f ie ld  lin e  in  th e  sense correspond ing  to  th e  
m ov em en t to w ard s th e  sun  are

e'x =  (ß x + y ) / d ,

ey = ( *  ßy)/d 1 (4)

e'z =  -  ßzid ,
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w here

Я =  W  — 1 n
P rœs ’

an d
d — y x 2-\-y2-\-ß2r2 У> 0 .

Fig. 1. Diagram showing the production of corotation in three dimensions. The curved 
ORPQ line is a magnetic field line, OR’P ’Q’ its projection onto the solar equatorial plane. 
PA ’AA” defines a plane tangent to the cone. PA’ is the orthogonal projection of PA, the  

diffusion vector, onto OP =  r. PA’ =  PW if there is no net radial flow of particles

T he value  a n d  d irection  of Vd can  be d e te rm in ed  on th e  basis o f  th e  a ssu m p 
tio n s  th a t :  a) d iffusion  of cosm ic ra y  pa rtic le s  ta k e s  place a long  field  lin es  
o n ly ; an d  b) th e re  is no n e t flu x  o f  cosm ic ra y  p a rtic le s  along r.  T hese  con d itio n s 
im p ly  (see F ig . 1) t h a t  Vd m u st b e  in  th e  p lan e  dete rm in ed  b y  r  and e ' i.e .

v d , x  v d , у  v d ,z  

X  у  Z
t  Г fex ey p.z

=  0 , (5)

Acta Physica Academiae Scientiarum Hungaricae 32. 1972



V A R IA TIO N S OF COSMIC RAY IN TEN SITY 265

an d  m ust be p e rp en d icu la r to  r, i.e.

« V d , x + y V d , y + z v d *  =  0  ■ (6)

A sim ple ca lcu la tion  b a se d  on E q s. (5) an d  (6) show s th a t  v d m u s t be 
para lle l to  th e  solar e q u a to r ia l p lane (i.e. Vd,z =  0) an d  ta n g e n tia l  to  th e  
para lle l circle w ith  th e  ra d iu s

I/лг2+ у 2 =  r cos cp(h).

I t  can  be  seen from  F ig . 1 th a t

vd =  w ta n  x  ,
w here

cos X =  — e 'r / r .

On th e  basis  of E q s. (4) and  (7) we have

ta n  X =  (A ^—A ^) cos (p(h\
an d  thus

vd =  rcos cos <p,(A)

( ? )

( 8 )

T his, to g e th e r w ith  th e  d ire c tio n  of v *  p ro v es th a t

vd =  ws X r .

T his is th e  v e lo c ity  of a p o in t  fix ed  r ig id ly  to  th e  sun  a t  th e  end  o f th e  rad iu s  
v ec to r r. T h u s  v d m ay  be ca lled  “ co ro ta tio n  v e lo c ity ”  in  th e  th ree  d im ensional 
case also.

The d irec tio n  of th e  an iso tro p y  v e c to r  o f cosm ic ray s is th a t  o f  vd. I t  
is th u s everyw here  para lle l to  th e  solar e q u a to r  an d  ta n g e n tia l  to  th e  p a ra lle l 
circle. The a m o u n t of a n iso tro p y  is p ro p o rtio n a l to  cos <̂ h\  i.e. th e  cosine of 
th e  h e lio la titu d e .

3. Derivation o f the general formula for the corotation effect in  free space

3.1. A  d e te c to r  v iew ing  in  the  a sy m p to tic  d irec tio n  e is sen sitiv e  to  
th e  e x tra  c u r re n t o f cosm ic ra y  p artic les

S(  e) =  S(em) cos xp,
w ith

cos ip =  — e • em
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a n d  (com pare E q s . [3] and  [8])

S (em) =  ( 2 cos  у (л>,
V

w here  J  is th e  iso tro p ic  p a r t  o f th e  cosm ic ra y  in te n s ity , r an d  cp^ are th e  h e lio 
d is tan ce  an d  h e lio la titu d e , re sp ec tiv e ly , o f  th e  p o in t of o b se rv a tio n . T h e  
re la tiv e  change o f in te n s ity  as a  consequence  o f co ro ta tio n  is  th u s

or in  v ec to ria l fo rm

d j  . rws ,h.
------=  ( 2 -j-/ и ) --------cos <p''n) c o s y ,
J  V

1.7
J

2~b/t
V

e(w s x r ) .

(9)

( 10 )

In  th e  case of o b serv a tio n s m ade a t  th e  e a r th  th is  reduces to

100 — я« 0,63 cos cos w.
J

T he p rob lem  consists of d e te rm in in g  cos cp^ and  cos yj.
3.2. Solar eclip tic  coo rd inates w ill be u sed  in  w h a t follow s: hence  cp 

w ill d en o te  th e  eclip tic  la titu d e  (cp =  0 in  th e  eclip tic  p lane) a n d  Я th e  ec lip tic  
lo n g itu d e  (Я =  0 fo r a v ec to r p o in tin g  from  th e  sun to w ard s th e  p lace o f  th e  
e a r th  a t  th e  a u tu m n a l equ inox ; see F ig . 2). L e t us re s tr ic t th e  d iscussion  to  
o b se rv a tio n s  m ade a t  th e  ea rth . I t  is easy  to  see th a t  in  th is  case

cos q№ =  [1 s in 2 # s sin2 (Я—Я5)]1/2,

w here  d s is th e  in c lin a tio n  of th e  ro ta tio n a l ax is  o f th e  sun  to  th e  d irec tio n  
n o rm a l to  th e  eclip tic , an d  Я5 is th e  eclip tic  lo n g itu d e  o f th e  position  o f  th e  
e a r th  w hen  i t  crosses th e  e q u a to ria l p lan e  o f  th e  sun in  a d irec tio n  in c lin ed  
to  th e  so u th  o f th e  so lar e q u a to ria l p lane . I t  is know n th a t

&s =  7,25°, an d  Я5 =  75,36°, (И)
see e.g. [6].

T he solar eclip tic  la titu d e  a n d  lo n g itu d e  o f th e  d irec tio n  em, w hich  is 
th e  sam e as th a t  o f v<*, should be d en o ted  by  (cpm, Ят ). I t  can  be show n th a t

cos Ят  =  — sin Я, sin  Ят  =  cos Я,

cos <pm =  cos é j  cos ydO, gin cpm — sin  # s cos (Я Я5)/соэ y60.
(12)
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3.3. e, the a sy m p to tic  d ire c tio n  of v iew ing  o f th e  d e te c to r , will be 
ch a rac te rized  by  Ф, th e  (asy m p to tic ) declina tion , an d  t, th e  angle  b y  w hich 
th e  half-p lane  of th e  m idn igh t m e rid ia n  m u st b e  tu rn e d  in  th e  sense o f th e  
ro ta t io n  of the e a r th  to  bring i t  in to  th e  position  para lle l to  e. t has th u s  th e  
c h a ra c te r  of a real so la r  tim e. I t  m a y  be called th e  rea l solar tim e  o f th e  d irec
tio n  e , expressed in  an g u la r u n its  (degrees), t is re la te d  to  {', th e  so lar m ean 
tim e  o f th e  place o f  observation  in  th e  follow ing w ay :

t =  t '  —  e — T}, (13)

Fig. 2. Diagram showing the relative position of the equator to the direction of corotation 
throughout a year. The corotation direction is shown by arrows

w here e accounts fo r  th e  m agnetic deflection  o f  th e  partic les observed  an d  r\ 
is th e  difference o f  th e  solar m ean  tim e  and th e  re a l solar tim e .

T ransfo rm ing  th e  local e q u a to r ia l  co o rd in a tes  (Ф, t) in to  eclip tic  ones 
an d  ca lcu la tin g  th e  a n g le  of this d irec tio n  form ed w ith  th a t  o f th e  co ro ta tio n , 
one a rriv es  a t th e  conclusion th a t

w here

COS (p^ C O S y) — В  cos Ф [C sin2 £ sin Л  C O S A cos t — 

— D  cos 1  sin t ] —  C sin  Ф sin у cos A ,

X =  23,45°

(14)

(15)

is th e  angle of th e  ro ta t io n  axis o f  th e  earth  to  th e  norm al d irec tio n  of th e  
ec lip tic , while
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ß  =  ( 1 sin2 X s in 2 Я )-1/2,

С =  cos $ s+ s in  cos (Я—Я„)/(1ап ^  cos Я),

D  =  cos # s—sin  cos (Я—Я5) ta n  £  cos Я.

N ote  th a t  b y  neg lec ting  th e  in c lin a tio n  o f th e  ro ta tio n  axis o f  th e  sun 
to  th e  no rm al d irec tio n  of th e  ec lip tic  (i.e. b y  p u ttin g  &s =  0) we h a v e  C =  D — 
=  1. H ow ever, th is  in c lin a tio n  does h a v e  a  sm all e ffect on co ro ta tio n  phenom e
n a , as can  be seen from  E q . (14).

On th e  basis o f  E q .(1 4 ) , th e  c o ro ta tio n  effect (E q . (10)) m ay  be  w ritten
as

—— =  S m В  cos Ф[С sin 2 X sin  Я cos Я cos t D  cos /  sin t] —

— S m C sin  Ф sin  X cos Я, (16)

w h ere  th e  n o ta tio n
rm

S m =  ( 2 - f /г )— ^ 0 , 0 0 6 3  (16/a)
V

h a s  been  used  fo r a b b rev ia tio n .
A n erro r o f th e  o rd er o f 5. 10~3 in  cos <f^ cos ip gives rise to  an  erro r o f  

^  3 .10 -5 in A J / J  a n d  m ay  th u s  be  neg lec ted . T ak in g  in to  acco u n t th e  num e
r ic a l va lues of Я5, a n d  x  ( E q s . f l l ] )  an d  [15]), we m a y  w rite , to  a n  accuracy  
o f  b e t te r  th a n  5. 10 ~3 th a t

a n d  th u s
В  =  1,043— 0,044 cos 2Я,

— - =  S m c o sФ [(0,0 2 4 +  0 ,088  sin  2Я—0,024 cos 2Я) cos t +

+  ( 0,943 +  0,025 sin  2Я +0,047  cos 2Я) sin i ] -  (17)

— S m sin Ф[0,112 s in  Я + 0 ,423  cos Я].

as

or.

4. The so la r daily  varia tio n

4.1. On th e  basis  o f E q . (16), th e  am p litu d e  o f th e  SDY m a y  b e  w ritten  

а(Ф, Я) =  B S m cos Ф[С2 sin 4 x  sin2 Я cos2 Я + Н 2 cos2 ^ ]]/2, 

on th e  basis o f  E q . (17),

а(Ф ,Я) =  0,945 cos Ф [1+ 0 ,0 5 5  sin  (2Я 116°)]. (18)
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I t  can  be seen t h a t  th e  a m p litu d e  has a sem ian n u a l w ave show ing m ax i
m um  changes of +  5,5 p er cen t o f  th e  am p litu d e  itse lf. T im es o f  m ax im a are 
4 th  o f Ja n u a ry  a n d  5 th  of J u ly , a p p ro x im a te ly .

I f  th e  sun’s ax is  w ere p e rp en d icu la r to  th e  eclip tic , th e  tim es  of m axim a 
w ould  be 22nd o f D ecem ber an d  23 rd  o f Ju n e , as can  be seen q u a lita tiv e ly  
from  F ig . 2, w hich  show s th a t  th e  d irection  o f  co ro ta tio n  is p a ra lle l to  th e  
e q u a to r  in D ecem ber a n d  Ju n e  an d  h as  its  m ax im u m  in c lin a tio n  to  th e  eq u a to r 
in  M arch an d  S ep tem b er. H ence th e  inc lina tion  o f  th e  sun ’s ax is to  th e  norm al 
o f  th e  ecliptic causes th e  tim es o f  m ax im a  of а (Ф , A) to  be d e lay ed  b y  ab o u t 
tw o  weeks.

4 .2 . а (Ф, A) th e  am p litu d e  o f  th e  SDV h as an  an n u a l w av e  as well, for 
th e  follow ing reaso n s:

E q . (9) show s t h a t  A J jJ  i.e . th e  re la tive  change of in te n s i ty  of cosmic 
ra y  p artic les , is p ro p o rtio n a l to  r. T h is m eans s im p ly  th a t  a r ig id  co ro ta tion  
w ith  th e  sun m u s t h a v e  larger velocities a t  la rg e r  d istances from  th e  sun. 
N ow , th e  sun e a r th  d istance  d isp lay s a  v a ria tio n  o f  +  1,7 p e r c e n t in  a y ear 
because o f th e  e x c e n tr ic ity  of th e  o rb it  o f th e  e a r th , w hile r is m ax im um  on 
th e  2nd  o f J u ly  (A =  280°) an d  m in im u m  on th e  1 st o f J a n u a r y  (A =  100°).

T hus
S m =  So[ l - 0 ,0 1 7 s in ( A  10°)].

C om bining th is  w ith  E q . (18), we h a v e , to  th e  accu racy  re q u ire d :

а(Ф, A) =  0,945 S 0 cos Ф [1 -0 ,0 1 7  sin (A 10°) +  0,055 sin (2A 116°)]. (19)

To illu s tra te  th e  re la tiv e  v a r ia tio n  of а(Ф, A) th ro u g h o u t a year as a 
consequence of v a r ia tio n  of th e  v a lu e  o f th e  c o ro ta tio n  v e lo c ity  a n d  its  d irec
tio n  re la tiv e  to  t h a t  o f  th e  ro ta tio n  ax is o f th e  e a r th  th e  trig o n o m e tric  function  
w ith in  th e  b rack e ts  o f  E q . (19) is p lo tte d  in  F ig . 3. I t  can be  seen from  th is  
t h a t  th e  sum m er m ax im u m  of а(Ф,  A) is in creased  an d  a m o u n ts  to  ab o u t 
7 p er cen t, w hereas th e  w in te r m ax im u m  is decreased . T here is a  peak -to -peak  
change o f a b o u t 12 p e r  c e n tin  а(Ф,  A) w ith in th e  th re e  m o n th ’s p e rio d  betw een 
a b o u t th e  1st o f A p ril and  th e  1st o f  Ju ly .

4.3 . The ph ase  o f  th e  SDV m a y  be expressed , on th e  b asis  o f E q . (14), 
as

t a n  T  =  — C s in 2 X sin  A cos A/(D cos x) ■> 

or, on th e  basis o f  E q . (17), as

0 ,0 2 4 + 0 ,0 8 8  sin  2 A - 0,024 cos 2A
ta n  T = --------------------------------------------------------

— 0,943 +  0,025 sin  2A +0,047 cos 2A

^  — 0,025 -  0 ,094 sin  2A +0,024 cos 2A.

( 20 )
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Fig. 3. Relative change of the amplitude of SDY in consequence of corotation: the trigono
metric function within the brackets of Eq. (19).Curve I: annual wave with an amplitude 
of 1,7 per cent of the amplitude of the SDY. Curve II: semi-annual wave with an amplitude 

of 5,5 per cent of the amplitude of the SDY. Curve III: sum of I and II

Fig. 4. Solid line: Annual change of the tim e of maximum (solar mean time) of the “free 
space” SDV. Dotted line: The same in real solar time, i.e. the trigonometric function on the 
R H S of Eq.(21). Dashed line: //, i.e. the difference of the solar mean time and the real

solar time
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E q . (20) yields

tm =  18" 06min +  22min sin  (2Я- 15°)

fo r th e  tim e o f m ax im u m  of th e  SDV. tm is expressed  in  “ rea l so la r tim e 
o f th e  a sy m p to tic  d irec tion  of o b se rv a tio n ”  (see Section  3.3). T h e  tim e  of 
m a x im u m  as exp ressed  in  local so lar mean  tim e  o f th e  p o in t o f  o b se rv a tio n  
will be  (see E q . (13) w here th e  m ean ings o f th e  sym bols are also expla ined)

4  =  £+ »?+ 18" 06mi" +  22min sin  (2Я— 15°). (21)

T he tim e-d ep en d en t p a r t  o f th e  r ig h t-h a n d  side o f E q . (21) is p lo tted  
in  F ig . 4. I t  can  be  seen th a t  th e re  is a g rea te r  an d  a sm aller m a x im u m  and  
s im ila r m in im a in  th e  y ea rly  ru n  o f  t'm. T he fa s te s t change tak es  p lace  betw een  
m id -M ay  and m id -A u g u st: th ere  is a successive re ta rd a tio n  o f a b o u t 36 m in u 
te s  in  th e  tim e  o f m ax im um  of th e  SDV d u rin g  these  th ree  m o n th s .

4 .4 . The effects rep o rted  on in  th is  Section  are o f th e  o rd e r  o f 10 ~4 
in  th e  to ta l  in te n s ity  o f rad ia tio n , a n d  w ould  th u s  be v e ry  d ifficu lt to  de tec t. 
In  ad d itio n , th e  v a r ia b ility  of th e  d irec tio n  an d  sc a tte rin g  effic iency  as well 
as d is to rtio n s  o f th e  spherical sy m m etry  o f th e  so lar w ind and  th e  m ag n etic  
fie ld  frozen in  to  i t  m ay  p roduce v a ria tio n s  o f th e  am p litu d e  a n d  phase  of 
th e  SDY la rger th a n  those m en tio n ed  above.

N everthe less, th e  effects described  here  ce rta in ly  c o n tr ib u te  to  the  
v a r ia b ili ty  of th e  am p litu d e  an d  p h ase  o f th e  SDY. B y  th e  use o f  pow erful 
d e tec to rs  o p e ra tin g  over very  long  u n d is tu rb e d  periods of sev era l m o n th s, 
ev en  th e  n e t effects m ig h t be revealed .

5. The annual wave and north-south asym m etry of cosm ic ray intensity

5.1. The la s t  te rm  in th e  expression  o f A J j J  (E q  (16)) shou ld  be  d en o ted  
b y  F (0 ,  Я):

F (0 ,  Я) =  — S m C sin Ф sin X cos Я. (22)

T h is is in d e p e n d e n t of t a n d  rep resen ts  an  a n n u a l change o f  th e  to ta l  
in te n s i ty  o f cosm ic rad ia tio n . U sing  n u m erica l va lues (E q . (17)), w e have , 
to  an  accu racy  o f  b e t te r  th a n  1 • 10 ~2 ,

F ( 0 ,  Я) =  -  0 ,44 S m sin Ф cos (Я 15°).

T h e  re la tiv e  a m p litu d e  of the  a n n u a l w ave rep resen ted  by  F ( 0 ,  Я) is th u s

\ A J

J
0,28 sin  Ф p e r  cen t,

annual amplitude
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w ith  th e  tim e o f m ax im u m  in th e  n o rth e rn  h em isp h ere  falling on a b o u t th e  
5 th  o f  April, i.e. a t  a b o u t th e  vernal equ inox  (not th e  a u tu m n a l one; com pare
[4])-

W ith o u t th e  in c lina tion  o f  th e  su n ’s axis to  th e  no rm al o f th e  eclip tic , 
th e  m ax im um  in  th e  n o rth e rn  h em isphere  w o u ld  h av e  been  ex ac tly  a t  th e  
v e rn a l equinox. T h is  can be seen , q u a lita tiv e ly , from  Fig. 2 w hich shows 
t h a t  detectors in  th e  n o rth e rn  h em isphere  look a t  sm aller angles to  th e  a n ti
c o ro ta tio n  d irec tio n  in  M arch th a n  th e y  do in  S ep tem ber.

5.2. T here a re  several o th e r  causes p ro d u c in g  an ann u a l w ave o f  th e  
cosm ic ray  in te n s ity .

The seasonal v a r ia tio n  o f th e  a tm o sp h eric  te m p e ra tu re  shou ld  be  m en 
tio n e d  in  th e  f i r s t  p lace . The m esonic  co m p o n en t o f  cosmic ra d ia tio n  suffers 
a n  an n u a l v a r ia tio n  o f  th e  o rder o f  several p e r c e n t in  consequence o f a tm o s
p h e ric  te m p e ra tu re  changes. I t  seem s to  be hopeless to  d e tec t a n o th e r sinuso i
d a l w ave s im u ltan eo u sly  w ith  an  am p litu d e  a t  le a s t  an o rder o f m ag n itu d e  
sm alle r, even th o u g h  th e re  is a considerab le  p h ase  la g  betw een  th e  tw o w aves. 
T h e  s itua tion  is m u c h  b e tte r  w ith  th e  nucleonic  co m ponen t, as th e  te m p e ra 
tu r e  effect of th is  is  negligible. Y e a rly  am p litu d es  o f  a few te n th s  o f a p er 
c e n t m igh t be d e te c te d  b y  n eu tro n  m on ito rs w ith  su ffic ien t s ta b ility  an d  s ta t is 
tic a l accuracy.

O ther causes p roducing  a n n u a l w ave in  th e  cosm ic ra y  in te n s ity  are 
th e  following: a) th e  com bined effect o f th e  ra d ia l  g rad ien t o f cosm ic ra y  
d e n s ity  in in te rp la n e ta ry  space a n d  th e  e x c e n tr ic ity  o f th e  o rb it o f th e  ea rth , 
a n d  b) the  co m b in ed  effect of th e  g rad ien t o f cosm ic ra y  d en sity  p e rp en d icu la r 
to  th e  solar e q u a to r ia l  p lane a n d  th e  in c lin a tio n  o f  th e  eclip tic to  th e  solar 
e q u a to ria l p lane. T h ese  effects h a v e  been considered  in  a p ap e r o f S c h n e i d e r  

a n d  K o r f f  [7].
E q . (22) (i.e. th e  underly in g  E q . (16)) show s th a t  th e  prob lem  is s till 

m ore  com plex: th e  v a ria tio n  o f  th e  angle b e tw een  th e  e a r th ’s axis a n d  th e  
co ro ta tio n  d irec tio n  co n stitu tes  a  fu r th e r , n o t neg lig ib le , source fo r th e  an n u a l 
w ave.

5.3. E q . (16) also shows t h a t  th e  d is tr ib u tio n  o f cosm ic ra y  in te n s ity  
is n o t  sym m etric w ith  respect to  th e  e q u a to r o f th e  e a r th . D eno ting  b y  (A J )N_S 
th e  difference

(AJ)N_s = J ( 0 , A ) - J ( - 0 , A )

o f cosm ic ray  in te n s itie s  m easured  in  th e  a sy m p to tic  d irections w ith  geographic  
coord inates (Ф, A)  a n d  (—Ф, Л ), E q . (16) show s th a t

(A J )n _sIJ  =  — 2 S m C sin Ф sin  X cos A, 

o r, on the  basis o f  E q . (17),

(A J ) n - s IJ  — — 0,55 sin Ф cos (A— 15°) p er cen t.
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T h e n o rth -so u th  a sy m m e try  depends on A, i.e . on th e  season; i t  changes 
sign in  J a n u a ry  and  J u ly .  I ts  m ax im u m  value am o u n ts  to  a b o u t 0,55 sin Ф 
per cen t a n d  is reach ed  in  April. T h is a sy m m etry  is a consequence of th e  
fac t th a t  in  th e  n o r th e rn  hem isphere th e  y early  w ave described  b y  E q . (16) 
has a p h ase  exactly  o p p o s ite  to  th a t  in  th e  so u th ern  hem isphere . T h is suggests 
one w ay  in  w hich th e  a sy m m e try  could  be d e tec ted . A n o th e r w ay  w ould  be 
to  in te rc a lib ra te  tw o id e n tic a l d e tec to rs , s itu a te d  on d iffe ren t hem ispheres, 
by  m eans of a th ird , m ovab le  one.

N o rth -so u th  a sy m m e try  can be p roduced  b y  a g rad ien t o f cosm ic ray  
density  in  a d irection  in c lin ed  to  th e  eq u a to ria l p lane o f  th e  e a rth , an d  especially 
by  shock w aves in th e  so la r w ind. M any  in v estig a tio n s have  been  carried  out 
along th is  line (see e.g. [8 —12]). E q . (16) po in ts to w ard s  a n o th e r  m echanism  
w hich m u s t n o t be n e g lec ted  w hen analyzing  n o rth -so u th  asym m etries.

6. Conclusion

A general fo rm u la  h as  been derived  for describ ing  th e  effect o f  co ro ta tion  
of cosm ic ray  partic les u p o n  th e ir  in te n s ity  as observed  on th e  ro ta t in g  ea rth . 
The re la tiv e  changes o f  in te n s ity  due  to  c o ro ta tio n  are  given in  E q . (10), 
(16), a n d  —  in  n u m e ric a l form  —  in  E q . (17).

E q . (10) could be  u se d  to  express cosm ic ra y  in te n s i ty  v a r ia tio n s  observed 
on a ro ta t in g  sp acec raft a t  any  p lace w ith in  th e  so la r system  w here co ro ta tion  
takes p lace.

So fa r  as o b se rv a tio n s  m ade a t  th e  e a rth  are  concerned, a n u m b er of 
in te re s tin g  p henom ena (v iz . those lis ted  in  Section  1.2) can be  p red ic ted  on 
th e  basis o f  E q . (16). A lth o u g h  th ese  effects h av e  b een  s tu d ied  ex p erim en ta lly  
b y  m an y  au th o rs , none o f  th em  is y e t  u n d ersto o d  com ple te ly . I t  is th e  purpose 
of th is  p a p e r  to  d raw  a tte n tio n  to  a n o th e r  m echan ism  c o n tr ib u tin g  to  th e ir  
developm en t.

T h e  n o rth -so u th  a sy m m e try  d ea lt w ith  in  S ection  5.3. deserves special 
in te res t. F o r  i t  follows fro m  th e  a rg u m en ts  p re sen ted  th a t  a c e r ta in  am oun t 
of n o rth -so u th  a sy m m e try  should  p rev a il even in  com plete ly  u n d is tu rb e d  
periods. F o r  po lar lo o k in g  s ta tio n s  a n d  u n d is tu rb ed  periods, its  m ax im u m  value 
am ounts to  abou t 0,5 p e r  cen t, w hich  should  n o t be d ifficu lt to  d e tec t b y  
in te rc a lib ra tin g  th e  tw o  detec to rs.
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ВАРИАЦИИ ИНТЕНСИВНОСТИ КОСМИЧЕСКИХ ЛУЧЕЙ В РЕЗУЛЬТАТЕ 
ВРАЩАТЕЛЬНОГО ЭФФЕКТА

А .  Й .  Ш О М О Д И

Резюме

В статье показано, что вращение частиц космического излучения с дрейфующей 
скоростью v d =  coj X г, где oos является угловой скоростью вращения солнца имеет место 
также и вне плоскости солнечного экватора, если выполнены общие условия вращения.

Вторичные эффекты вращения предсказаны: годовая и полугодовая волна в ампли
туде суточной солнечной вариации, полугодовая волна в фазе суточной солнечной вариа
ции, годовая волна и асимметрия север-юг в полной интенсивности космических лучей. 
Рассматривается также и возможность детектирования этих эффектов.
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LOW LIGHT INTENSITY INVESTIGATIONS 
ON THE PHOTOELECTRIC EFFECT*

By

L. C s i l l a g , M. J á n o s s y  and  Z s. N á r a y

CEN TRA L RESEARCH IN ST IT U T E  FOR PH Y SIC S, BUDAPEST 

(R ece iv ed  19. X . 1971)

Various features of the photoelectric effect were examined in a direct manner by irra
diating very short light pulses of low intensity on to the photo-cathode of a photomultiplier. 
It was shown that the probability of the emission of a photo-electron during a time т is pro
portional to the light energy absorbed by the photo-cathode, even when the absorbed energy 
is less than hv. The possibility of light energy accumulation occurring in the photoelectric 
effect process was also investigated. It was verified that during time intervals of the order 
of 10“ 9 sec such an energy accumulation phenomenon does not exist. Time statistical measure
ments of the emitted photo-electrons showed that these are released from the photo-cathode 
at random.

In tro d u c tio n

T h e  question  o f th e  n a tu re  o f  lig h t has received  g rea t a tte n tio n  th ro u g h 
o u t th e  h is to ry  o f p h ysica l re sea rch  b u t  was ta k e n  up  w ith  ren ew ed  in te re s t 
a f te r  th e  p a rtic le -w av e  d u a lity  p ro b lem  was d ea lt w ith  by  q u a n tu m  m echanics 
[1]. A lth o u g h  q u an tu m -m ech an ics  gave a sa tis fa c to ry  m a th e m a tic a l descrip
tio n  o f  th e  p h e n o m e n a , th e  consequences of th e  fo rm al m a th e m a tic a l so lu tion  
o f th e  d u a lity  p ro b lem  have been  th e  su b jec t o f  co n tro v ersy  ev er since. Also 
ex p e rim en ta l co n firm a tio n  of th e  p henom ena described  by  q u a n tu m  th eo ry  
w as r a th e r  w eak . A tte n tio n  was d raw n  to  th e  im p o rtan ce  of th e se  questions 
b y  L . J á n o s s y , w ho fo r th is  reaso n  s ta r te d  to g e th e r  w ith  co-w orkers a series 
of ex p erim en ts . T h e  f irs t  of th e se  ex p erim en ts  perfo rm ed  b y  A. A d a m , L. 
J á n o s s y  an d  P . V a r g a  [2], based  on a so m ew hat p rim itiv e  p h o to n  concep t, 
in v e s tig a te d  th e  q u estio n  of w h e th e r o r n o t p h o to n s  are  sp lit w hen a l ig h t beam  
is d iv id ed  b y  a se m i- tra n sp a re n t m irro r  in to  tw o co h e ren t co m ponen ts. As only  
acc id en ta l coincidences w ere fo u n d  betw een  th e  pu lses o f tw o p h o to m u ltip lie rs  
d e tec tin g  th e  p h o to n s  trav e llin g  in  th e  tw o lig h t beam s, th e  e x p e rim e n t re in 
forced  th e  p a rtic le  in te rp re ta tio n , t h a t  p h o to n s a re  n o t sp lit h u t  ta k e  e ith er 
one o r th e  o th e r p a th . In  a second ex p erim en t, howTever, L. J á n o s s y  an d  Zs. 
N Á r a y  [3] found  t h a t  w hen th e y  p u t  m irro rs in  p lace  o f the  tw o  p h o to m u lti
p liers, so th a t  th e  w hole system  fo rm ed  a M ichelson in te rfe ro m e te r , in te r 
ference to o k  p lace even if  only a single p h o to n  a t  a tim e  was p re se n t in  th e  
in te rfe ro m e te r.

* Dedicated to Prof. L. J á n o s s y  on his 60th birthday.
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The co n flic tin g  resu lts can  be  reconciled  b y  assum ing  th a t  l ig h t consists 
o f  classical e lec tro m ag n etic  w aves an d  th a t  th e  p ro b a b ility  dp o f  a p h o to 
e lec tro n  being  re leased  by  p h o to e lec tric  effect fro m  a p h o to ca th o d e  d u rin g  a 
t im e  dt is p ro p o rtio n a l to  th e  in s ta n ta n e o u s  l ig h t in te n s ity  I(t):

dp =  xl(t)d t , (1)

w h e re  th e  p ro p o rtio n a lity  c o n s ta n t a  deno tes th e  efficiency o f  th e  p h o to 
ca th o d e .

Seen in  th e  fram ew ork  o f th is  sem i-classical p ic tu re  th e  in te rfe ren ce  
p h en o m en o n  is th u s  explained  b y  th e  w ave n a tu re  o f ligh t, w hile in  th e  b eam 
s p lit t in g  e x p e rim e n t th e  p ro b ab ilitie s  of th e  em ission  of p h o to -e lec tro n s from  
th e  tw o p h o to m u ltip lie rs  b y  tw o  lig h t beam s o f c o n s ta n t in te n s ity  in  various 
in te rv a ls  o f tim e  a re  in d ep en d en t, a n d  so only  acc id en ta l coincidences should  
o ccu r, in  ag reem en t w ith  th e  f in d in g  o f  Adám  e t al.

A m ore com prehensive  th e o re tic a l analysis o f  th e  la tte r  p h en o m en o n  by  
L . J a n o ss y  [4] to o k  in to  acco u n t th e  fa c t th a t  a  re a l ligh t beam  show s f lu c tu 
a tio n s , w hich a re  caused  m ain ly  b y  th e  in te rfe ren ce  o f w ave b an d s  e m itte d  by  
in d iv id u a l a to m s o f th e  lig h t source. I f  such a f lu c tu a tin g  ligh t b eam  is div ided 
b y  a se m i- tra n sp a re n t m irror, th e  tw o  co m p o n en ts  are co h eren t an d  show 
id e n tic a l f lu c tu a tio n s  an d  so shou ld  produce  an  en h an cem en t o f p h o to -e lec tro n  
p u lse  co incidences, un like th e  case w hen  tw o d e te c tin g  p h o to m u ltip lie rs  are 
ir ra d ia te d  w ith  in co h e ren t lig h t b eam s an d  on ly  ran d o m  coincidences occur. 
T h e  ra te  of excess coincidences is closely co n n ec ted  w ith  th e  coherence tim e  of 
th e  lig h t beam , w h ich  is of th e  sam e o rder o f m a g n itu d e  as th e  p e rio d  of th e  
f lu c tu a tio n s .

M e a su re m e n ts  b y  Gy . F a r k a s , L . J á n o s s y , Z s . N áray  a n d  P . Y arga  [5] 
v e r if ie d  th e  e x is te n c e  o f  excess co in c id en ces  a n d  th e  e x p e r im e n ta l  r e su lts  
s h o w e d  a  v e ry  g o o d  q u a n t i ta t iv e  a g re e m e n t w i th  th o s e  p re d ic te d  b y  th e  sem i- 
c la s s ic a l th e o ry .

The excess p h o to -e lec tro n  coincidences are  d u e  to  th e  fa c t t h a t  w hen  tw o 
c o h e re n t ligh t b e a m s are in c id en t on th e  tw o p h o to -ca th o d es , lig h t f lu c tu a tio n s  
a re  in  phase a n d  s im u ltaneous em ission  of p h o to -e lec tro n s  occurs w ith  a h igher 
p ro b a b ility . T h e  en erg y  co n ta in ed  in  th e  lig h t b e a m  during  th e  av e rag e  period 
o f  a  f lu c tu a tio n  can  be ca lcu la ted  w ith  th e  fo llow ing expression:

Nxhv
E  — ---------

a

w h ere  x  deno tes th e  efficiency o f th e  p h o to -c a th o d e  used, N  th e  n u m b e r of 
p h o to -e lec tro n  p u lses  reg istered  in  u n i t  tim e , r  th e  av e rag e  period  o f  f lu c tu a tio n s  
a n d  hv th e  en e rg y  o f  th e  lig h t q u a n ta . W ith  N  — 5 • 104 se c -1, r  =  1 0 -9 sec 
a n d  x  =  5 • 10 -2, w e o b ta in

E  =  10 _3Лг,
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w hich  is m uch sm alle r th a n  th e  energy  co rrespond ing  to  a single p h o to n . T h is 
re su lt  supports  th e  assu m p tio n  th a t  th e  release o f a p h o to -e lec tro n  b y  p h o to 
e lec tric  effect is an  in s ta n ta n e o u s  p rocess th e  p ro b a b ility  o f w hose occurrence 
is p ro p o rtio n a l to  th e  in s ta n ta n e o u s  in te n s ity  o f lig h t, as expressed  in  (1). A t 
low  lig h t in ten sitie s , how ever, th e  p o ss ib ility  o f a  d iffe ren t phenom enon  arises, 
fo r i t  could be a rg u ed  th a t  u n d er th e se  co n d itions e lec trons g rad u a lly  accu
m u la te  enough en erg y  th ro u g h  ex c ita tio n  to  escape fro m  th e  p h o to -ca th o d e . 
T h e  early  ex p erim en ts  o f  E . 0 .  L a w r e n c e  an d  J .  W . B e a m s  [6] w hich  show ed 
t h a t  p h o to -e lec trons leav e  th e  p h o to -c a th o d e  im m e d ia te ly  a fte r  th e  beg inn ing  
o f lig h t irrad ia tio n  in  a tim e  sh o rte r th a n  3 x 1 0  -9 sec d id  n o t sh u t o u t th is  
p o ssib ility  as th e  m easu rem en ts  w ere p erfo rm ed  w ith  lig h t pulses o f  h igh 
in te n s ity . The lig h t-b e a tin g  ex p erim en t o f A. T . F o r r e s t e r , R . A. G efd m u n sen  
a n d  P . 0 .  J o h n s o n  [7] in d ica ted  t h a t  th e  p h o to -e lec tro n  em ission tim e  is 
sh o rte r  th a n  10 _1° sec, a lth o u g h  th e ir  conclusion is som ew hat questio n ab le , 
since i t  was o b ta in e d  in  a ra th e r  in d ire c t w ay .

In  view  o f th e  im p o rtan ce  o f th e se  co n sid era tio n s, i t  seem ed to  be necess
a ry  to  carry  o u t fu r th e r  experim en ts on th e  n a tu re  o f  lig h t, nam ely  to  in v es ti
g a te  th e  considered  fu n d a m e n ta l fe a tu re s  o f p h o to e lec tric  effect in  as d irec t 
a m an n e r as possib le. W e th erefo re  ca rried  o u t a series o f  ex perim en ts using  
v e ry  sh o rt lig h t pu lses to  verify  th e  basic  a ssu m p tio n  o f  sem i-classical th e o ry  
on th e  em ission o f p h o to -e lec trons a n d  to  in v e s tig a te  th e  question  o f lig h t 
energy  accum ula tion  w ith in  clear ex p e rim en ta l co n d itions.

I. Experim ent for verification of relation (1 )

T he ex p e rim en ta l ta s k  is to  show  th a t  b y  p h o to e lec tric  effect th e  p ro 
b a b il i ty  of th e  em ission o f a p h o to -e lec tro n  is p ro p o rtio n a l to  th e  in s ta n ta 
neous in ten s ity  o f  lig h t. To connect (1) w ith  q u a n tit ie s  conv en ien t fo r a d irec t 
ex p erim en t, consider a lig h t pulse o f  d u ra tio n  т fa llin g  on a p h o to -ca th o d e . 
T h e  p ro b ab ility  P  t h a t  a p h o to -e lec tro n  will be re leased  b y  th e  lig h t pulse 
accord ing  to  (1) is

P  =  ocE, (3)

w here  E  =  I(t) dt is th e  energy a b so rb ed  b y  th e  p h o to ca th o d e .
W e have ca rried  o u t th e  fo llow ing ex p e rim en t a im ing  to  v e rify  re la tio n

(3): th e  p h o to -ca th o d e  o f  a p h o to m u ltip lie r  w as ir ra d ia te d  w ith  v e ry  sh o rt lig h t 
pu lses and  th e  n u m b e r  o f  ph o to -e lec tro n s re leased  in  u n i t  tim e  w as c o u n ted  
as a function  o f th e  en erg y  o f th e  in c id e n t lig h t pu lses.

This ex p e rim en t w as o rig inally  p la n n e d  in  th e  course of th e  ea rlie r in 
v estig a tio n s of L . J á n o s s y  e t al. b u t  cou ld  n o t  be c a rr ie d  o u t a t  t h a t  tim e , due 
to  lim ita tio n s  fo llow ing from  th e  use o f  th e  c o n v en tio n a l lig h t sources th e n
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av a ilab le . T he m ain  problem  fro m  th e  ex p e rim en ta l p o in t o f view  w as th e  
g en era tio n  of su ffic ien tly  sh o rt, u n ifo rm  lig h t pulses w ith in  carefu lly  c o n tro l
la b le  c ircu m stan ces . T he m e th o d  a d o p te d  [9] in  th e  p re sen t ex p e rim e n t w as to  
sw eep th e  lig h t beam  of a H e —N e gas lase r across a n a rro w  s lit using  th e  
sy s te m  o f a m u ltis id ed  ro ta t in g  m irro r su rro u n d ed  b y  s ta t io n a ry  m irro rs 
d e p ic te d  in F ig . 1.

Fig. 1. Scheme of the rotating mirror system used for generation of light pulses

T he energy  o f a single l ig h t  pulse w as de te rm in ed  b y  m eans o f th e  
expression

sW
E  =  y

vhv
(4)

w h ere  th e  energy  E  is ob ta ined  in  u n its  o f lig h t q u a n ta  and  th e  o th e r  sym bols 
d e n o te  th e  follow ing q u an titie s :

V =  v e lo c ity  o f ligh t b eam  sw eeping  across th e  slit; 
s =  w id th  o f slit;
W  =  pow er carried  in  th e  n o n -ro ta tin g  l ig h t beam ; 
hv =  energy  o f ligh t q u a n ta ;  
y  =  degree of a tte n u a tio n .

D a rk -c u rre n t pulses in  th e  d e te c tin g  p h o to m u ltip lie r  g re a tly  d is tu rb  th e  
m easu rem en ts , since th e y  resem ble  th e  pulses p ro d u ced  b y  th e  p h o to -e lec tro n s 
re leased  b y  low in te n s ity  lig h t pu lses . T he d a rk  c u rre n t w as red u ced  b y  a fac to r  
o f  10 b y  using  m agnetic  defocusing  [10] an d  th e  re sid u a l effects fu r th e r  
d im in ish ed  b y  ap p lica tio n  of a g a tin g  tech n iq u e  th a t  a c tiv a te d  th e  electron ic  
c o u n tin g  system  o n ly  a t  tim es w h en  lig h t pulses w ere a c tu a lly  in c id e n t on th e  
p h o to -ca th o d e . T h e  gating  w as ach iev ed  b y  sp littin g  th e  la se r b eam  in to  tw o
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p a rts  a t  a se m i-tra n sp a re n t m irro r to  produce s im u ltan eo u sly  a ga te  lig h t pulse 
fo r th e  coincidence c ircu it connected  to  th e  p h o to m u ltip lie r  d e tec tin g  th e  
lo w -in ten s ity  lig h t pulses.

Experimental arrangement

T he a p p a ra tu s  is b u ilt up  o f tw o m ain  p a r ts :  1) an  op tica l p a r t  for gen era
tio n  of ligh t pu lses, and  2) e lectron ics for d e tec tio n  of pho to -e lec trons 
re leased  b y  lo w -in ten s ity  lig h t pu lses. (See F ig . 2)

rotating mirror

L3 % f =110 cm 
L5 f = 5 cm

Fig. 2. Experimental arrangement for measurement of photo-electron emission probability

T he lig h t sou rce  was a d .c . ex c ited  H e— N e gas lase r o p e ra tin g  a t  A =  
=  6328 Â and  0.6 m W  pow er. T h e  in n e r d iam e te r o f th e  d ischarge tu b e  w as 
2 m m , th e  laser re so n a to r  consisted  o f a large rad iu s  spherical m irro r an d  f la t  
m irro r. This re so n a to r  co n figu ra tion  ensured  T E M 00 m ode oscilla tion  an d  a 
lig h t b eam  of sm all divergence. T he tw o m irrors w ere fix ed  to  each o th e r w ith  
fo u r hollow in v a r ro d s th ro u g h  w h ich  w a te r o f c o n s ta n t te m p e ra tu re  was ru n  
to  stab ilize  th e  o u tp u t  pow er o f th e  laser. Two lenses and  L 2 helped  to  reduce 
b eam  divergence to  th e  value o f 0  =  2.5 X 10 _4 rad  m easu red  a t  h a lf- in ten s ity  
p o in ts  o f  th e  beam . A sem i-tran sp a ren t m irro r (re flec tiv ity  =  30% ) sp lit 
th e  lase r beam  in to  tw o p a r ts , th e  beam  of h ig h er in te n s ity  being  used  to  
p ro d u ce  th e  gate  l ig h t pulse. Lenses L 3 and  L 4 focused  th e  lig h t beam s to  o b ta in  
h igh  in te n s ity  on th e  slits p laced  in  f ro n t of th e  tw o  p h o to m u ltip lie rs  P M 4 and
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P M 2 detec ting  th e  lo w -in ten sity  l ig h t pulses an d  ga te  lig h t pulses, respective ly . 
A f te r  passing th ro u g h  th e  s lit th e  a t te n u a te d  lig h t beam  w as focused  w ith  
len se  Lg d irec tly  on  to  th e  ca th o d e  o f  P M V T he  a tte n u a to r  consisted  o f tw o 
p a r ts :  ligh t w as f i r s t  a tte n u a te d  b y  a f ilte r  (transm ission  =  2 -10-3) an d  th en  
p a sse d  th ro u g h  a  sy stem  co n sis tin g  o f th re e  po larizers [11]. B y  ro ta t in g  th e  
m id d le  po larizer a tte n u a tio n  cou ld  be  v a ried  betw een  1 an d  10 -3 w hile keeping 
p o la riza tio n  s ta te  o f  lig h t an d  g eo m e try  o f th e  a p p a ra tu s  c o n s ta n t. A series of 
a p e r tu re s  w as also  p laced  in  th e  p a th  o f th e  lig h t b eam s to  p re v e n t as m uch  as 
possib le  s tra y  l ig h t  from  reach in g  th e  p h o to m u ltip lie rs .

An electric  m o to r  spun  th e  h ex ag o n a l ro ta tin g  m irro r a t  7.700 ro ta tio n s  
p e r  m inu te . B y  re fle c tin g  th e  la se r  b eam  tw ice a ro u n d  th e  ro ta tin g  m irro r w ith  
th e  help  of a se m i-tra n sp a re n t m irro r  p laced  a t  th e  en tran ce  o f th e  system , 
l ig h t  pulses of h a lf  d u ra tio n  t  =  1.5 X 10 _s sec an d  a rep e titio n  ra te  o f n — 7.7 
X 102 sec-1  cou ld  be  genera ted . T h e  energy  of th e  lig h t pulses w as de te rm ined  
acco rd ing  to  (4). T h e  pow er c a rr ie d  b y  th e  n o n -a tte n u a te d  laser beam  was 
re co rd ed  w ith  a  Zeiss VTh8 ty p e  v a cu u m  th erm o co u p le . T he sen s itiv ity  of 
th e  therm ocoup le  w as con tro lled  b y  com parison  w ith  a d irec tly  c a lib ra te d  b lack  
b o d y  ca lo rim eter [12].

T he re lia b ility  of th e  energy  m easu rem en ts w as checked b y  com paring  
th e  m easured  effic iency  of th e  d e te c tin g  p h o to m u ltip lie r  w ith  th e  v a lu e  given 
b y  cathalogue. T h e  efficiency oc w as de te rm in ed  from

a  =
N E  ’

(5)

w h ere  E  =  en erg y  o f  inc id en t l ig h t  pu lse;
N  =  n u m b e r  of lig h t p u lses in c id en t in  u n it  tim e ;
n =  n u m b e r  o f p h o to e lec tro n s co u n ted  in  u n it  tim e.

The energy  o f  th e  gate l ig h t pu lses, accord ing  to  m easu rem en ts , was o f  
th e  order of 105 hv, w hich was su ffic ien t to  p roduce  electric  pulses o f co n stan t 
am p litu d e  a t th e  o u tp u t o f P M 2. T hese un ifo rm  electric  pulses w ere used 
d ire c tly  to  o p e ra te  th e  coincidence c ircu it connected  to  P M V T he  p h o to 
m u ltip lie rs  Р М г a n d  P M 2 w ere o f  R C A  6810-A ty p e , w hich  h av e  S - l l  caesium  
an tim o n id e  ca th o d es . Since th e  a m p litu d e  of electric  pulses arising  a t  th e  o u t
p u t  o f PM-y w as on ly  ju s t  su ffic ien t to  o pera te  th e  coincidence c ircu it, these  
p u lses were am p lified  b y  an  80 M H z w ide-band  am p lifie r to  o b ta in  stab le  
e lectron ic  o p e ra tio n . T he a m p litu d e  o f  th e  g a ting  pulses com ing from  P M 2 was 
considerab ly  h ig h e r th a n  th a t  o f d a rk  c u rre n t pulses, so b y  th e  g a tin g  p rocedure  
d a rk  cu rren t p u lses could be ex c lu d ed  th ro u g h  su itab le  d isc rim ina tion . B y  th e  
d e tec tio n  of th e  lo w -in ten sity  l ig h t  pulses th e  d isc rim in a to r p laced  a fte r  P M t 
w as se t to  h av e  a possible h ig h est s ignal-to -noise  ra tio , th is  w as ach iev ed  w hen 
th e  d isc rim ina tion  level was a p p ro x im a te ly  equal to  th e  am p litu d e  o f  th e  larg est
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d a rk -c u rren t pulses. T h e  tim e  reso lu tio n  of th e  coincidence c irc u it w as 
10 -8 sec.

F o r th e  co u n tin g  o f pulses a m u ltich an n e l an a ly se r was u sed  in  m u lti
scaler o p era tio n . In  th is  w ay  i t  w as possible to  o b ta in  no t only  th e  sum  o f 
pho to -e lec tro n s a rriv in g  d u rin g  th e  to ta l  m easu ring  tim e , b u t also to  coun t 
sep a ra te ly  th e  n u m b e r o f pulses a rr iv in g  in  a given u n it  tim e. T h is  m ade i t  
possible to  d iscover an d  e lim ina te  m a n y  sources o f s tr a y  ligh t an d  to  check on 
th e  s ta b ility  o f  th e  w hole a p p a ra tu s  d u rin g  th e  course of th e  m easu rem en ts .

Results o f  measurements

R esu lts  fo r th e  tw o  series o f m easu rem en ts  a re  p lo tte d  in F ig . 3. I t  can  
be seen th a t  th e  re su lts  o f  th e  tw o  series are c o n s is ten t w ith  each  o th e r  and 
verify  re la tio n  (3) dow n to  an  en e rg y  o f 0.1 hv. D a rk  cu rren t pu lses an d  th e  
frac tio n  of s tra y  lig h t pulses w ere c o u n te d  to g e th e r as b ackground  a n d  co rrec ted  
for. I n  th e  f i r s t  ru n  o f m easu rem en ts  a t  th e  low est energy  0.1 hv th e  signal-to - 
noise ra tio  w as 0.15; th is  w as im p ro v e d  in  th e  second ru n  of m easu rem en ts  by  
a carefu l a d ju s tm e n t o f d isc rim in a tio n  level to  0.5. T he lower p a r t  o f Fig. 3 
show s co u n ts  o f  pulses o b ta in ed  w ith  th e  m u ltich an n e l analyser in  th e  second 
ru n  o f m easu rem en ts .T h e  efficiency o f th e  d e tec tin g  p h o to m u ltip lie r d e te rm in ed  
from  (5) w as fo u n d  to  be  a  =  4 X 10 “ 3, w hich does n o t deviate  s ig n ifican tly

_ j _ _ _ _ _ 1_ _ _ _ _ _ I_ _ _ _ _ L_ _ _ _ _ _ _ _  I I С З С Д Г К  C . U l

10 20 30 40 10 20 30 40
channel number channel number

Fig. 3. Number of photo-electrons counted in unit time as a function of energy of light pulses. 
Circles and squares denote the results of the two series performed. The lower part of the figure 

shows counts obtained w ith the multichannel analyser
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from  th e  value 5 x l 0 ^ 3 given b y  ca th a lo g u e . T h is  agreem ent confirm s th e  
re lia b ility  o f o u r en erg y  m easu rem en ts; th e  sm all dev ia tio n  m ay  be  due to  th e  
fa c t th a t  pulse d iscrim in a tio n  in tro d u ces  som e loss in  the  e lectron  pulses being 
co u n ted .

I t  can be co n c lu d ed  th a t  th e  p ro b a b ility  o f th e  release o f a  p h o to -e lec tro n  
b y  pho to e lec tric  e ffec t is p ro p o rtio n a l to  th e  l ig h t energy ab so rb ed  b y  th e  
p h o to -c a th o d e  even  w hen  th e  energy  abso rbed  is less th a n  th a t  o f  a single lig h t 
q u a n tu m .

II. Experim ent on the question of energy accumulation

T h e p rin c ip le  o f th e  ex p erim en t is th e  fo llow ing:
Consider tw o  v e ry  short lig h t pu lses of low  in te n s ity  fa lling  on  a p h o to 

ca th o d e  w ith  th e  sh o rte s t possible tim e  delay . I f  th e re  is an energy  accum ula
tio n  phenom enon  w ith in  the p h o to -ca th o d e , a p h o to -e lec tron  shou ld  be released 
w ith  h igher p ro b a b ility  by  th e  second  pulse th a n  b y  th e  firs t pu lse .

O nly  sligh t m odifica tions w ere req u ired  to  th e  a rran g em en t used  in th e  
p reced ing  ex p e rim en t. F irs t o f all i t  w as n ecessary  to  generate l ig h t pulses of 
as sh o rt d u ra tio n  as possible. Second ly  each  l ig h t  pulse was d u p lica ted  b y  
sp littin g  a p a r t  o f  th e  laser beam  an d  delay ing  i t  on an optical p a th  w ith  th e  
help  o f  se m i- tra n sp a re n t m irrors an d  th e  tw o  lig h t pulses w ere ir ra d ia te d  on 
to  th e  p h o to -c a th o d e  o f a single p h o to m u ltip lie r . T h e  effect o f  energy  accu
m u la tio n  was e x p e c te d  to  show up  th ro u g h  an  in c rease  in the  n u m b e r o f p h o to 
e lec trons released  in  u n i t  tim e b y  th e  delayed  lig h t pulses.

T he schem e o f  o u r m odified  ex p e rim en ta l a rra n g e m en t is show n in Fig. 4. 
A new  ro ta tin g  m irro r  system  w as c o n stru c ted  to  gen era te  lig h t pu lses of h a lf
w id th  r  =  5 X 10 -9 sec w ith  a re p e titio n  ra te  o f  4.6  X 103 sec _1. As serious 
te ch n ica l d ifficu lties arose by  th e  o p e ra tio n  of th e  F o rtu n a -ty p e  e lec tric  m o to r, 
w h ich  ro ta te d  th e  hex ag o n al m irro r a t  46.000 ro ta t io n s  per m in u te , i t  was n o t 
possib le to  reduce  fu r th e r  th e  d u ra tio n  of lig h t pu lses using th is  tech n iq u e . 
A p a r t  o f th e  lase r b eam  was sp lit a n d  delayed  9 X 10 ~9 sec on a 270 cm  p a th  w ith  
th e  help  of tw o se m i- tra n sp a re n t m irro rs  M 2 an d  M 3. D ark  c u rren t w as reduced  
as before. T he g a te  l ig h t pulse w as a d ju s te d , as show n in the  in se t o f Fig. 4, 
so t h a t  th e  e lec tro n ic  system  c o u n te d  only pho to -e lec tro n s re leased  b y  th e  
d e lay ed  lig h t pu lses. To reduce d is tu rb in g  effects a rising  from  th e  d ead  tim e  
o f th e  coincidence c ircu it co nnec ted  to  th e  R C A  6810-A ty p e  detec tin g  
p h o to m u ltip lie r P M X, th e  lig h t pu lses were a t te n u a te d  to  su ch  low in te n 
sities t h a t  th e  p ro b a b ility  of p h o to -e lec tro n s b e in g  released s im u ltan eo u sly  
b y  th e  tw o successive pulses w as a p p ro x im a te ly  tw o  orders o f  m ag n itu d e  
sm alle r th a n  th e  p ro b a b ility  co rrespond ing  to  th e  release of a p h o to -e lec tro n  
b y  a single pulse. T h is  condition  w as fu lfilled  w ith  l ig h t pulses o f an  energy of 
ap p ro x im a te ly  10 hv.
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S tra y  lig h t sc a tte re d  m ain ly  from  th e  ro ta t in g  m irro r system  and  so falling  
tim e-d ep en d en tly  on p h o to m u ltip lie r P M X cau sed  serious prob lem s h u t  could 
n o t be e lim in a ted  com pletely . T he signal-to -noise  ra tio  w as ab o u t 4, th e  tim e  
reso lu tion  of th e  coincidence c irc u it 5 X 10 1 sec.

time

Fig. 4. Experimental arrangement for investigating light energy accumulation

Results o f  measurements

W e m easu red  th e  n u m b e r o f p h o to -e lec tro n s released  in  u n it tim e by th e  
delayed  lig h t pu lses w ith  th e  op tica l p a th  b e tw een  se m i-tra n sp a re n t m irro rs 
M 2 an d  M 3 u n b lo ck ed  (prev ious energy su p p ly  to  e lectrons in  p h o to -ca th o d e  
b y  und e lay ed  lig h t pulse) an d  b locked  (no p rev io u s energy  supp ly ), re spec tive ly . 
B ack g ro u n d  pulses w ere c o u n ted  sep ara te ly  in  b o th  cases; th ese , d a rk -c u rren t 
pulses and  th e  re la tiv e ly  sm all coun ting  loss o f  a b o u t 2 %  due to  d ead -tim e  
effects of th e  electron ics w ere co rrec ted  for in  th e  ev a lu a tio n  o f th e  m easu re 
m en ts . T ab le  I  sum m arizes th e  re su lts  o b ta in e d  from  nine ru n s . I t  can  be seen 
th a t  th e  difference betw een  th e  n u m b er of p h o to -e lec tro n s  released  in  th e  tw o 
cases is in all cases w ith in  th e  lim it o f th re e  tim es th e  s ta n d a rd  erro r. T he
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Table I

Differences between the number of photo-electrons released 
with and without previous energy supply to electrons

No. of ru n  I Difference %

1 — 2.5 +  2.5
2 — 5 +2 .1
3 + 4  ± 2 .5
4 +  10 ± 5
5 — 2 ± 3
6 + 4  ± 2 .5
7 +  4 .5+ 4
8 + 0 .7  +  4
9 - 3  ± 4

Weighted mean square
average (+ 0 .1  +  1.1) %

T he tim e  d is tr ib u tio n  of p h o to -e lec tro n s  released  b y  th e  lo w -in ten s ity  
l ig h t  pulses w as in v es tig a ted . T he s ta tis t ic a l  m easu rem en ts  show ed, as ex
p e c te d , th a t  p h o to -e lec tro n s are  re leased  a t  ran d o m  from  th e  p h o to -c a th o d e  
ev en  w hen th e  en erg y  o f a single l ig h t pu lse  is less th a n  th e  energy  hv o f  ligh t 
q u a n ta .  T his m eans t h a t  any o f  th e  ex trem ely  lo w -in ten s ity  lig h t p u lses is 
cap ab le  of re leasing  a pho to -c lcc tron .

A ssum ing t h a t  p h o to -e lec trons are  e m itted  in d ep en d en tly  fro m  each 
o th e r , th e  p ro b a b ility  P(N )  t h a t  a f te r  a g iven  s ta r t  tim e  N  —  1 in c id e n t lig h t 
pu lses w ill n o t, b u t  th e  IV-th pulse w ill, re lease  a p h o to -e lec tro n  is

P ( N ) =  (1 - o c E ) " - 1 • olE ,  (6)

w h ich  if  XE <4 1 can  be w ritten  to  a  good ap p ro x im a tio n  as

P (N )  =  xE e~ lxE<-N~ V . (7)

T he ex p e rim en ta l ta s k  is to  m easu re  th is  d is tr ib u tio n  a t  v a rio u s  lig h t 
pu lse  energy  values. O ur m easu rem en ts  w ere carried  o u t using  a m u ltich an n e l 
a n a ly se r  in  th e  follow ing tv ay:

A d a  Physica Acodemiae Scientiarum Hungaricae 32, 1972

w eig h ted  m ean  sq u are  average [13] o f  th e  re su lts  gives ( + 0 .1  +  1-1)%  fo r  th e  
d ifference, so i t  m a y  be concluded t h a t  no  energy  accu m u la tio n  phenom enon  
p ro d u c in g  an  effect la rg e r th a n  th e  o rd e r o f  a few p e rc e n t is like ly  to  e x is t a t 
tim e s  in  th e  10 ~9 sec range.

III. Time statistical measurements
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A pulse fro m  a  p h o to -e lec tro n  s ta rts  th e  an a lyser. E very  successive g a te  
pulse sh ifts th e  a n a ly se r  one ch an n e l fu rth e r, so th e  Z-th channel corresponds to  
th e  Z-th lig h t pu lse  in c id en t on th e  p h o to -ca th o d e . W hen  th e  n e x t p h o to 

pho to -e lec tron  pulses

f 1 I 1
s t a r t  stop s ta r t  stop s ta r t  stop

Fig. 5. Principle of the time distribution measurement oi photo-electrons

counts~p(N) ,, c o u n t s - p  (N)
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Fig. 6. Photo-electron time distributions obtained at various light-pulse energy values

e lec tron  is re leased , b y  th e  iV-th lig h t pulse, an  e v en t is s to red  in  th e  IV-th 
ch an n e l of th e  a n a ly se r , d en o tin g  t h a t  N  —  1 lig h t pulses have  n o t, b u t  exac tly  
th e  iV-th has, re leased  a p h o to -e lec tro n . The n e x t  pho to -e lec tro n  pulse s ta r ts  
th e  process ag a in , th u s  every  second tim e in te rv a l betw een  pho to -e lec trons 
re leased  from  th e  lo w -in ten s ity  lig h t pulses is analysed  an d  s to red  in  th e  
a p p ro p ria te  ch an n e l (see F ig . 5). T he d u ra tio n  o f  th e  tim e in te rv a ls  is th e  
n u m b er of n o n -e m ittin g  lig h t pu lses arriv ing  in  betw een .
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T he exp erim en ta l a rra n g e m en t w as the  sam e as th a t  in  F ig . 2. T he 
m easu rem en ts  were carried  ou t w ith  l ig h t pulses of h a lf-w id th  t  — 5 x 1 0  ~9 sec 
a n d  a rep e titio n  ra te  o f  it =  4.6 X 103 sec -1. D ue to  in stab ilities  a ris in g  from  
d am ag e  to  th e  coating  o f  th e  ro ta tin g  m irro r  the  m easu rin g  tim e o f a s ta tis tic a l 
d is tr ib u tio n  had  to  be  lim ited  to  th e  o rd e r of th ir ty  m in u tes . This a n d  th e  ra te  
o f d a rk -c u rre n t pulses se t a lim it fo r th e  low est in te n s i ty  a t  w hich th e  p h o to 
e lec tro n  d is trib u tio n  could  be m easu red .

T h e  p h o to -e lec tro n  tim e d is tr ib u tio n s  o b ta in e d  a t  various l ig h t pulse 
energy  levels (Fig. 6) h av e  th e  e x p o n e n tia l form  ex p ec ted  from  th e o re tic a l 
con sid era tio n s. In  th e  case of th e  d is tr ib u tio n  correspond ing  to  th e  low est 
en e rg y  v alue  th e  tim e  d is trib u tio n  o f  d a rk -c u rren t pu lses a rriv ing  in  betw een  
is also  ind ica ted .

C onclusion

T h e  resu lts o f o u r in v es tig a tio n s  carried  o u t on  th e  basis o f  th e  semi- 
c lassical th eo ry  of l ig h t using v e ry  sh o rt-d u ra tio n , low -in ten sity  l ig h t pulses 
v e r ify  in  a d irect m a n n e r various fe a tu re s  of th e  pho to e lec tric  effec t. Our 
m easu rem en ts  show  t h a t  th e  p ro b a b ili ty  o f the  em ission o f a p h o to -e lec tro n  is 
p ro p o rtio n a l to  th e  l ig h t energy a b so rb e d  by th e  p h o to -ca th o d e  dow n to  an 
en e rg y  o f 0.1 hv. I t  is verified  th a t  a t  tim es  of th e  o rd e r o f 10 _9 sec l ig h t  energy 
accu m u la tio n  in th e  p h o to -ca th o d e  does n o t p lay  a n y  role in th e  p h o to e lec tric  
effec t. T h e  tim e d is tr ib u tio n  m easu rem en ts  of pho to -e lec tro n s re leased  b y  the  
lo w -in te n s ity  lig h t pu lses show t h a t  th e se  are e m itte d  a t  ran d o m  from  the  
p h o to -ca th o d e .
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ИССЛЕДОВАНИЕ ФОТОЭЛЕКТРИЧЕСКОГО ЭФФЕКТА ПРИ НИЗКОЙ 
ИНТЕНСИВНОСТИ СВЕТА

Л .  Ч И Л Л А Г , М . Я Н О Ш И  и  Ж . Н А Р А И

Резюме

В статье излагаются эксперименты по исследованию фотоэлектрического эффекта, 
проведенные при очень низкой интенсивности света. Различные особенности фотоэлектри
ческого эффекта можно исследовать прямым способом путем испускания очень коротких 
световых импульсов низкой интенсивности на фотокатод фотоэлектронного умножителя. 
Путем непосредственных измерений показано, что вероятность фотоэлектронной эмиссии 
в течение времени т пропорциональна световой энергии, поглощенной фотокатодом даже 
и в том случае, если поглощенная энергия меньше, чем h v. Была исследована также и веро
ятность накопления световой энергии, которая встречается в процессе фотоэлектрического 
эффекта. Показано, что в отрезках времени порядка 10-9 сек такое явление накопления 
энергии не существует. Статистические измерения излученных фотоэлектронов показывают, 
что они беспорядочно испускаются фотокатодом.
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ANISOTROPY AND HOT ELECTRON EFFECTS 
ON SEMICONDUCTING Si SAMPLES IN THE 

TEMPERATURE RANGE 1 -3 0 0  °K*
By

I .  K lR S C H N E R ,  T .  P O R J E S Z ,  J .  B Á N K U T I  and P .  Z e NTA I
LABORATORY F O R  LOW  TEM PERA TU RE PHYSICS, ROLAND EÖTVÖS U N IV ER SITY , BU DA PEST

(R eceived 19. X. 1971)

The transport coefficients of Si single crystals were calculated assuming ellipsoid 
cquienergetic surfaces. The results were checked by means of longitudinal Hall effect and 
anisotropy investigations. Hot electron measurements reflected the role of the interactions 
arising, determined the value of the critical field and produced a detectable size effect. The 
effects were measured in the [100], [110] and [111] planes and the dependence of the longi
tudinal Hall voltage on the angle between the directions of the electric and magnetic field 
was plotted.

Introduction

L o w -tem p era tu re  physics re sea rch  in  H u n g a ry  s ta r te d  a t  th e  D e p a r t
m e n t for A tom ic  Physics of th e  R o lan d  E ö tv ö s  U n iversity . In  1963 a re 
se a rc h  group w as fo rm ed  here s e t t in g  th e  aim  to  c u ltiv a te  th is  th e m e . In  th a t  
tim e  th e  lead er o f  th e  D e p a r tm e n t was P ro fesso r L. JÁ n o s s y , fro m  w hom  
we g o t a s ig n if ic a n t support to  th e se  researches.

In  the  p a s t  y ea rs  we h av e  b een  dealing  w ith  th e  ga lv an o m ag n e tic , h o t 
e lec tro n  and  a n iso tro p y  effects o f  sem iconducto rs. These in v es tig a tio n s  have 
g iven  e n lig h te n m e n t ab o u t c h a rg e  carrier t ra n s p o r t  in  sem iconducto rs like 
In S b , Ge, Si a n d  Si- (P h— B) a n d  fu rn ished  in d u s tr ia lly  im p o r ta n t  in fo rm a
tio n  concern ing  ch arg e  m o b ility , co n cen tra tio n , b o u n d  s tru c tu re  an d  im p u rity  
levels .

In  th e  f ie ld  o f su p e rco n d u c tiv ity  we h a v e  in v estig a ted  th e  effect o f 
im p u ritie s  on th e  c ritica l p a ra m e te rs  of su p erconducto rs. In  th e  course o f  these  
researches we succeeded  in  ta k in g  in to  co n sid e ra tio n  — beside th e  change of 
th e  sca tte rin g  m echan ism  — th e  change in  th e  topo logy  of th e  F erm i-su rface  
as well.

O ur e x p e rim e n ta l in v es tig a tio n s  have  fu rn ish ed  th e  know ledge o f th e  
f lu x  flow  s ta te  o f  I n — Bi alloys. T h e  resu lt o f  o u r m easu rem en ts has given us 
im p u lse  to  e la b o ra te  a  new m odel fo r th e  c ritica l s ta te  of ty p e  I I  su p erco n d u cto rs .

O ur w ork  ca rr ied  ou t in  th e  technics o f  low  tem p era tu res  te n d e d  p a r tly  
to  b u ild  c ry o s ta te s , p a r tly  to  c o n s tru c t su p erco n d u ctin g  m agnets, an d  to  p u t 
in to  p rac tice  h ig h  pressure m u ltip lica to rs .

* Dedicated to Prof. L. JÁn o s s y  on  his 60th birthday.
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M oreover we h a v e  m ade s tu d ies  in  th e  f ie ld  o f th e rm o d y n am ica l s ta b ility , 
c e r ta in  conclusions o f  w hich  can  be app lied  to  p h y sica l phenom ena o f low 
te m p e ra tu re s  as w ell.

D uring  th e  co u rse  o f th e se  research  w orks th e  L a b o ra to ry  fo r Low  
T e m p e ra tu re  P h y s ic s  o f th e  R o la n d  E ö tv ö s  U n iv e rs ity  cam e in to  being. 
N ow , i t  is a lread y  w o rk in g  in d ep en d en tly  as a d e p a rtm e n tlik e  u n it w ith  a d e fi
n i te  research  a n d  te a c h in g  p ro g ram .

The com putation of transport coefficients

In  the  series ex p an sio n  of th e  elem ents o f  th e  e lec tric  co n d u c tiv ity  ten so r 
w ith  resp ec t to  th e  m ag n e tic  fie ld  Я  up  to  te rm s o f th e  th ird  o rder in  ff , th e re  
a p p e a r  the  follow ing coefficients [1, 2]:

%■ =  ° ij(H  =-- 0),

(QojjiH)
ЭЯ,

,To __°iji —
я=о

aijlm =

T °Jijlmn

l
2 !

1
3!

9 Ч,(Я)
эя,эя„ н = о

Э3 о ,№ )
э я ; 8Я„, ЭЯ„ н=о

( 1 )

w h ere  th e  index  zero  deno tes independence  from  th e  m agnetic  field .
Supposing ro ta t io n a l  ellipsoid equ ienergetic  surfaces, th e  co n d u c tiv ity  

coeffic ien ts can be ex p lic itly  de te rm in ed  in case o f Si sam ples. T h e  charge 
c a rr ie r  energy ta k e s  th e  form

e ( k ) = -
П2 
2

fcf+fcj

m \\ J
( 2)

w hile  th e  eq u a tio n  o f  m o tion  is

A , / f - f o (3)

w h ere  к is th e  w av e  n u m b er v ec to r , f 0 an d  f  are th e  equilib rium  a n d  n o n 
eq u ilib riu m  d is tr ib u tio n  functions, E  is th e  electric  fie ld  in ten sity , e th e  e lec tron  
ch a rg e , c th e  lig h t v e lo c ity , h th e  P la n c k  c o n s ta n t, x th e  re lax a tio n  tim e , v th e  
e lec tro n  velocity , m x =  m 2 =  m±  th e  tra n sv e rsa l a n d  m 3 =  л » ц  th e  lo n g itu d in a l 
m ass; fu rth e r  Ar a n d  A k deno te  th e  g rad ien ts  w ith  accord ing  to  th e  co o rd in a 
te s  a n d  w ave n u m b e r  v ec to r, re spec tive ly .
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If , m oreover, th e  re la x a tio n  tim e  ap p ro ach  is assum ed  to  be  v a lid , th e  
collision te rm  is

=  f  fo
9 * coll T

(4)

In  th e  case of lo n g itu d in a l H all e ffect i t  is n ecessary  to  co m p u te  Ощтп. 
T herefore  we m u st look  fo r so lu tions o f th e  form

f  =  fo+  2 f i(lft)Ej+ 2 f Ÿ r 1)E jH l
i.i

- 2  де  Е,н,нт+ 2  f f à n  E jH ,H mH n
j,l,m '

(5)

w here u p p e r indices d e n o te  pow ers o f th e  electric o r m ag n etic  f ie ld  in ten s ity . 
We shall suppose th a t  S7rf  =  0 and  we u tilize  th e  fa c t t h a t  for ellipsoids

—  V f  ç
О — ,  y jlr^rpm

С-  г, p m r m ;
(6)

th e  c o n tr ib u tio n  of th e  a - th  ellipsoid to  th e  i- th  co m p o n en t o f th e  cu rren t 
d en sity  is

№ = - ? — п1а)<*> 2  íinpíjlrírpm l E j H , H m H n , (7)
c- m i j,i,m,n,p,r mr m,j m p

w here £xyz an d  Çabc a re  th e  e lem ents o f  th e  p e rm u ta tio n  ten so r, a n d  nl“' is th e  
n u m b er o f  th e  c o n d u c tiv ity  e lectron  s ta te s  in  th e  a - th  ellipsoid. In tro d u c in g  
th e  n o ta tio n

Д/ГМ 1 _ ^ €//r £irp Ç-rpm (8)ijlmn
m jn r ,P

•>
m, mp

’ ijlmn -
e5 

6 c3
<*4> M \ f lm n (9)

and  sum m ing  for all th e  ellipsoids, th e  com plete coeffic ien t will be

a ijlmn =  e\j\mn- (1®)
a

T he e lem ents of th e  M ijlmn ten so r d iffering  from  zero are com piled  in  T able  
I  [3].
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Table I

i j l m n r MÏÏLn — Mijlmn

1 2 3 3 3 1 — —6
1 2 1 1 3 3 — 1/m 1ni2Tn3 — a
1 3 1 1 2 2 + 1/m 1m2ml a
1 3 2 2 2 1 + V m?mi b
2 3 2 2 1 1 — — a
2 3 1 1 1 2 — Vmlml —b
2 1 2 2 3 3 + 1lm \m 2m3 a
2 1 3 3 3 2 + Ymfml b
3 1 2 2 2 3 — —6
3 1 3 3 2 2 — l/m im 2m3 — a
3 2 3 3 1 1 + 1/m 1rriim3 a
3 2 1 1 1 3 +

WMJSj[ b

1 1 2 1 3 3 + 1/mfm2m3 a
l 3 2 3 3 1 + 1Jm\m2m3 a
1 1 3 1 2 2 — 1/m ï/n2m3 — a
1 2 3 2 2 1 — 1jm 2m2m3 —  a

2 1 3 1 1 2 + l/m lm2.m3 a
2 2 3 2 1 1 + ljm xjn\m3 a
2 2 1 2 3 3 — llm 1m\m3 — a
2 3 1 3 3 2 — 1/m 1mlm3 — a
3 2 1 2 2 3 + 1/m 1m2ml a
3 3 1 3 2 2 + a
3 1 2 1 1 3 - 1/m 1m2ml — a
3 3 2 3 1 1 — 1/ т 1т 2т з — a

■ . H
g

+

g(M •
¥

-Cl

(M

eoH
S

s
+

»и
g

"g

O

L o n g itud ina l H all effect

The cu rren t d en sity  j  flow ing  th ro u g h  th e  c ry s ta l, th e  m ag n e tic  field  H y 
a n d  th e  lo n g itu d in a l H all field  E y a re  in  th e  sam e p la n e .In  o u r ex perim en ts th e  
m ag n e tic  fie ld  w as ro ta te d  in  th is  p lane . To in v e s tig a te  th e  lo n g itu d in a l H a ll 
e ffec t only c o n tr ib u tio n s  of th e  th ird  order in  th e  m agnetic  f ie ld  have to  be 
considered . W e ca lcu la ted  th e  co m p o n en t of th e  cu rren t d e n s ity  p e rp en d i
c u la r  to  th e  e lec tric  fie ld  E  in  th e  th ree  c ry sta llo g rap h ic  p lanes. L e t us 
ex am in e  th e  b e h a v io u r  o f in  th e se  cases. M ak ing  th e  c o m p u ta tio n s  in  th e  
c h ie f  axis sy s tem  o f th e  e llipso ids and  re tran sfo rm in g , in  th e  la b o ra to ry  
sy s te m  we get th e  follow ing re su lts :
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a. In  th e  [100] p lane no lo n g itu d in a l H a ll effect c an  be observed , because 
th e  c o n d u c tiv ity  m a tr ix  o f th e  th ird  o rd e r in  H  has no  te rm  c o n ta in in g  only  
tw o n u m b er p e rm u ta tio n s  in  th e  ind ices ilmti;

b. In  th e  [110] p lane  th e re  is no lo n g itu d in a l H a ll effect e ith e r, because  
Hx =  —  H 2 (see Fig. 1);

c. In  th e  [111] p lane , m ak ing  use o f th e  real v a lu e  o f th e  co n d u c tiv ity  
coefficients, we get

yep) _ ----e__ ,/т4у лЕН 3  ̂ — sin 3$,
c3 9]/2 ( И )

w here ÿ  d eno tes th e  angle betw een  th e  electric  an d  m ag n e tic  fie ld  in te n s ity  
vecto rs (F ig . 2), w hile a an d  b are ta k e n  from  T ab le  I.

Since here  j  =  j ( j v  0, 0), th e  m easu rab le  q u a n ti ty  £J0'3) can be ca lc u la ted

( 12)

w here som e sm all te rm s h av e  been neg lec ted .

E [ '|3) =  — % о 2 n <r4> /, H 3 sin  3 0 ,
с3 9]/2 П

Anisotropy m easurem ents

O ur m easu ring  eq u ip m en t [4] w as orig inally  c o n stru c ted  fo r ga lvano- 
m agnetic  m easu rem en ts  [5] b u t  w as su ita b le  for c a rry in g  o u t a n iso tro p y  
in v estig a tio n s as well. T he resu lts  o f a n iso tro p y  effects m easured  on Si single 
crystals [6] are  sum m ed up  in  th e  follow ing.

T he v o ltag e  Ux m easu red  in  th e  [100] an d  [110] p lanes is p ro p o rtio n a l 
to  th e  sine o f  th e  angle §.  T his is due to  th e  tra n sv e rsa l H all v o ltag e , w hich  
can arise because  of th e  possib ility  o f d e v ia tio n  of th e  d irec tions o f E  a n d  H.
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I t  can  be show n th a t  th e  lo n g itu d in a l H a ll voltage m u s t d isap p ear in  all 
cases w hen th e  m ag n e tic  fie ld  is p ara lle l w ith  one of th e  2-, 3- or 4-fold sy m 
m e try  axes. T h u s , in  th e  case of cub ic  sy m m e try  th e  H all v o ltag e  in th e  [100] 
a n d  [110] p lan es m u s t change w ith  a p e rio d ic ity  of a t  le a s t sin 4 §.

C orrespond ing ly , an angle dependence w ith  a p erio d ic ity  o f  sin 3 ê  can  be 
ex p ec ted  in  th e  [111] plane.

The re su lts  o f  our m easu rem en ts  are  show n in  F igs. 3 a n d  4. I t  can  be 
seen  th a t  th e  lo n g itu d in a l H all v o ltag e  v aries as sin 3 $ . I ts  am p litu d e  h as  been  
m o d u la te d  b y  th e  tran sv e rsa l H a ll vo ltage  w ith  sin i). T he  lo n g itu d in a l H all 
v o ltag e  can be  se p a ra te d  from  th e  m easu red  v o ltag e  b y  m eans o f  a th ird  o rd e r 
p o lynom ia l f i t te d  b y  th e  m eth o d  o f leas t sq u ares .

The effect o f non-equilibrium  charge carriers on transport phenomena

In  in v e s tig a tin g  the  d ependence  of th e  tra n sp o rt coeffic ien ts on th e  
m ag n e tic  fie ld , i t  w as assum ed t h a t  th e y  are in d ep en d en t o f  th e  electric  fie ld  
in te n s ity . H ow ever, th is  su p p o sitio n  is v a lid  u p  to  a c ritic a l electric  fie ld  
in te n s ity  E crit o n ly . T he h o t e lec tro n  effects [8] arising  a t  fie ld  in ten sitie s  above 
-Ecrithave  led  to  th e  e labo ra tion  o f  tw o  d iffe ren t so rts  of c o m p u ta tio n  m e th o d s  
fo r  th e  dependence  on electric f ie ld  o f th e  m o b ility  of th e  ch arg e  carriers an d  
o f  th e  d iffe ren t tr a n s p o r t  p h en o m en a . (The e x a c t so lu tion  o f  th e  B o ltzm an n  
e q u a tio n  c a n n o t b e  given, because o f th e  co m plica ted  elec tron  — p h o n o a  in te r 
ac tions.) One so lu tio n  — wrh ich  neg lects s c a tte r in g  on th e  o p tic a l phonons —  
h a s  been fo u n d  fo r  a sm all in te rv a l over th e  c ritica l fie ld  [9] b u t  has o n ly  a 
sm a ll ap p licab ility . T he m odel u s in g  th e  e ffec tive  electron te m p e ra tu re  [10, 
11] is m ore g en era lly  applicable.
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O ur ex perim en ts have also ve rified  th is  fac t. In  th e  m easu rem en ts  we 
ex am in ed  th e  fu n c tio n

j  =  №  (13)

from  w hich  th e  d r if t ve locity  Vd a n d , using  th e  re la tio n

vd =  K E ’ T )E » (14)

th e  dependence o f th e  m obility  on  th e  fie ld  in te n s ity  can he co m p u ted . T he 
m easu rem en ts  w ere m ade w ith  th e  b lock  a rra n g e m en t of F ig . 5, w here  I  is 
th e  h ig h  voltage im p u lse  g en era to r, M  is th e  m easu ring  eq u ip m en t, consisting

of a  sm all resisto r a n d  a para lle l sw itch ed  oscilloscope, while К  is th e  sem i
co n d u c tin g  c ry sta l to  be m easured . T h e  h o rizo n ta l d ev ia tio n  of th e  oscilloscope 
was p ro p o rtio n a l to  th e  vo ltage g iven  on th e  sam ple , th e  v e rtic a l one to  th e  
c u r re n t th ro u g h  th e  sam ple, ta k e n  fro m  th e  resis to r.

T h e  value o f  th e  critical e lec tric  fie ld  in te n s ity  w as m easu red  w ith  th e  
b ridge  sw itch ing  sy s tem  sketched  in  F ig . 6 .T he v o ltag e  applied  to  th e  bridge 
was sm all to  ensure t h a t  linear O h m ’s law  was s till v a lid , w hich in  th is  case was 
ach ieved  by  choosing R 3 and  R 2 to  be  such  th a t  in  th e  lin ear in te rv a l a t  a given 
te m p e ra tu re  there  w as no vo ltage  d ifference be tw een  th e  po in ts a an d  b. This 
m e a n t t h a t  v ertica l d ev ia tio n  on th e  oscilloscope screen  w as observed  on ly  over 
the  c ritic a l voltage.

R esults of hot electron m easurem ents

W e m easured  th e  function  j ( E )  a t  77 °K an d  300 °K  on a sam ple  o f 1 m m  
effective len g th  w ith  2000 У p u lses (i.e. a fie ld  in te n s ity  o f 20 kV /cm ). T he 
re su lts  a re  rep resen ted  in  Fig. 7 b y  th e  b roken  lines.

T h e  d rift v e lo c ity  o f th e  ch a rg e  carriers in  a sm all electric  f ie ld  [12] is

4 el

3}' n m v  7
E (15)
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w hile  in a large one  [13] it  is

Vd =
M^cjel E

mvT
(i6 )

w h ere  l is th e  a v e ra g e  free p a th , vT th e  th e rm a l v e lo c ity , m th e  effective m ass, 
cj th e  phonon g ro u p  velocity  (or sou n d  ve loc ity ) w ith in  th e  c ry s ta l.

In  th e  tra n s i t io n a l  case b e tw een  large  a n d  sm all spaces th e  value  o f  
Vd in  (15) an d  (16) is equal, hence

E crn =  1»51 —  , (17)
V o

w h ere  we have in tro d u c e d  th e  n o ta tio n  ц0=е1/тьт, w h ich  is eq u a l to  th e  v a lu e  
o f  th e  m obility  in  zero electric fie ld .

I f  th e  v a lu e  o f  th e  c o n s tan t с/ is f i t te d  to  th e  m easu red  va lu es  p resen ted  
in  F ig . 7, we g e t th e  draw n curves. I f  Cj is so u n d  velocity  w ith in  th e  c ry sta l 
de te rm in ed  in  a n y  o th e r w ay, th e n  th e re  is a sig n ifican t d ev ia tio n  from  th e  
m easu red  v a lu es . O u r resu lts show  th a t  aco u stic  phonons a re  n o t th e  on ly  
p a r tic ip a n ts  in  in te ra c tio n s  w ith  th e  charge  carrie rs .

The a p p lic a b ility  of th e  m odel using  th e  effective e lec tron  te m p e ra tu re  
is lim ited  b y  th e  f a c t  th a t  th e  .energy d en sity  o f  th e  e lectron  gas o rig inates f irs t  
o f  all from  th e  e lec tron  —electron  in te ra c tio n  and  n o t from  th e  in te ra c tio n  
b e tw een  ph o n o n  a n d  electron.

W e m e a su re d  th e  fu nc tion  j (E )  in  th e  te m p e ra tu re  in te rv a l o f  1.6 °K — 
4.2  °K  by  ta k in g  th e  sta tic  ch a rac teris tic s  (F ig . 8). I n  th is  in te rv a l te m p e ra tu re  
changes did n o t  cause any  d e tec tab le  effect.

A t th e  te m p e ra tu re  o f liq u id  helium  a  change in  th e  n u m b e r o f charge 
carriers causes h o t  electron effects in  th e  f irs t  line  an d  n o t a change of th e
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m obility . I f  th e  energy o f th e  carriers is su ffic ien t to  ionize th e  im p u r ity , th e  
n u m b er o f  ch arg e  carriers rises like an  av a lan ch e , an d  th e  value of th e  c u rre n t 
increases su d d en ly .

T he e ffec t s tro n g ly  depends on th e  size o f th e  sam ple : in  F ig . 8 we m ea
sured  th e  c u rv e  1, on a Si sam ple w ith  d im ensions o f  5 X 1 X 1 m m  in  th e  case 
o f a lo n g itu d in a lly  flow ing  cu rren t, w hile we o b ta in ed  curve 2 on a sam ple  o f 
th e  sam e ty p e  w ith  an  effective leng th  o f  1 m m .

M ore d e ta iled  in v estig a tio n s show ed th a t  in  sam ples sm aller th a n  th e  
free p a th  th e  collision a n d  th e  energy tra n s p o r t  decrease e x p o n en tia lly  w ith  
size. In  th is  te m p e ra tu re  range, th e  c ritic a l fie ld  does n o t d ep en d  on th e  
te m p e ra tu re .
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ВЛИЯНИЕ АНИЗОТРОПИИ И ГОРЯЧИХ ЭЛЕКТРОНОВ В ОБРАЗЦАХ 
ПОЛУПРОВОДНИКА Si ПРИ ТЕМПЕРАТУРНОЙ ОБЛАСТИ 1-300  °К

И . К И Р Ш Н Е Р ,  Т . П О Р Е С , Й . Б А Н К У Т И  и  П . З Е Н Т А И

Резюме

Предполагая эллипсоидальные изоэнергетические поверхности, вычислались транс
портные постоянные монокристаллов Si. Мы проверяли результаты с помощью продоль
ного эффекта Холла и исследования анизотрош и. Наши измерения эффекта горячих электро
нов указали на роль возникающих взаимодействий, определили напряжение критичес
кого поля и было нами обнаружено и размерный эффект. Эффекты были измерены в 
плоскостях [100] [ПО] и [111] далее зависимость продольного напряжения Холла в 
функции угла между направлениями электрического и магнитного поля была решена.
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STUDY OF THE FIRST-ORDER ANTIFERROMAGNE
TIC-FERROMAGNETIC TRANSITION IN FeRh BY 

POSITRON ANNIHILATION METHOD*
By

A. Á d á m , L. Cs e r , Z s . K a jc s o s  and G. Z im m e r
CEN TRA L RESEARCH IN ST IT U T E  FOR PHYSICS, BUDAPEST

(Received 4. X I. 1971)

In order to establish whether any change occurs in the electronic structure during 
the first-oder antiferromagnetic to ferromagnetic transition in FeRh taking place between 
the temperatures T t =  300 °K and T 2 =  373 °K, the angular correlation of y-ray pairs arising 
from positron annihilation was measured in both phases. The angular correlation functions 
obtained at the two temperatures do not show any significant difference. This result is incon
sistent w ith the theory explaining as due to excess electron entropy the difference between 
the entropy change measured during the transition and that calculated from the change in 
the lattice parameter.

In tro d u c tio n

In  o rdered  F e R h  alloys of close to  s to ich iom etric  com position  a firs t-  
o rder p h ase  tra n s it io n  from  a stab le  an tife rro m ag n e tic  phase to  a s tab le  fe rro 
m ag n e tic  phase on h e a tin g  has been  o bserved  to  ta k e  place b y  m ag n e tic  [1], 
[2] a n d  n e u tro n  d iffrac tio n  [3], [4], [5] m e th o d s. T h is tra n s itio n  does n o t cause 
an y  ap p rec iab le  ch an g e  in  th e  sy m m e try  of th e  CsCl-type c ry s ta l  s tru c tu re  
b u t invo lv es  an  ex p an sio n  of 1 p e r c en t in  th e  c ry s ta l volum e [6].

To exp la in  th is  tra n s itio n , in  h is exchange inversion  m odel K it t e l  [7] 
p o s tu la te d  th a t  a rev e rsa l o f th e  sign o f th e  exchange in te rac tio n  b e tw een  th e  
su b la ttic e s  occurs w hen  th e  la ttic e  p a ra m e te r  reaches a given va lu e . T h is m odel 
was also a d o p te d  in  th e  considera tions o f PÁL e t al. [8]. The ch an g e  o f th e  
specific  e n tro p y , S,  d u rin g  th e  phase  tra n s it io n  w as ev a lu a ted  b y  K o u v e l  [9], 
using  th e  th e rm o d y n a m ic a l fo rm ula  re la tin g  th e  tra n s itio n  te m p e ra tu re  T crit 
to  th e  m ag n e tic  fie ld  H  as

ЭГсж =  4 °

8H  ‘ A S '

w here Aa  is th e  change o f m ag n e tiza tio n  d u rin g  th e  tran s itio n . T h e  m easured  
v alue  o f  A S  =  14 m j/d e g . g is, how ever, m uch  la rg e r th a n  the  c o n tr ib u tio n  to  
e n tro p y  change (ZlS)lat=  4.5 m j/d e g . g e s tim a te d  [9] from  th e  ch an g e  in  th e  
la ttic e  p a ra m e te r. T h is difference w as in itia lly  a t tr ib u te d  by  K o u v e l  to  th e

* Dedicated to Prof. L .  JÁ N O SS Y  on his 60th birthday.
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b e h a v io u r  of th e  in d u ced  m agnetic  m o m en ts  o f th e  R h  atom s [10]. T he th e o ry  
is th a t  in  th e  a n tife rro m ag n etic  p h ase  th e  d is tr ib u tio n  of th e  iron  m o m en ts  is 
su ch  th a t  th e  r e s u l ta n t  exchange f ie ld  is zero a t  th e  sites o f th e  R h  a tom s. 
I f  th is  w ere th e  case, th e  su scep tib ility  w ould b e  expec ted  to  be  s tro n g ly  
te m p e ra tu re  d e p e n d e n t. E x p e rim en ta lly , how ever, th e  su scep tib ility  in  th e  
a n tife rro m ag n e tic  p h ase  is found  to  be  c o n s ta n t [1] an d  con seq u en tly  th e  R h  
a to m s can h av e  no localized m ag n e tic  m om ents. F u rth e rm o re , th o u g h  th e  Fe 
a to m s p roduce  an  in d u ced  m ag n etic  m o m en t on th e  R h  a tom s in  th e  fe rro 
m ag n e tic  phase , th e  c o n trib u tio n  th is  m akes to  th e  en tro p y  is p ro b a b ly  o f  
l i t t le  im p o rtan ce .

M ore re c e n tly , K o u v e l  [11] considered  th e  possib ility  o f a su b s ta n tia l 
c o n tr ib u tio n  from  th e  en tro p y  of i t in e r a n t  e lectrons. T h e  en tro p y  o f  co n d u c tio n  
e lec trons is g iven b y

S  =  y T ,

w here  y  is p ro p o rtio n a l to  the  d en sity  o f  s ta te s  be lo n g in g  to  th e  F e rm i surface. 
T h e  elec tron  e n tro p y  change in v o lved  in  th e  ph ase  tra n s itio n  can  be expressed  
as

/ I S  =  ( y  F V a F ^ c rit*

T his m eans th a t  i f  th e  electron e n tro p y  change co n trib u te s  to  a m easu rab le  
e x te n t  to  th e  e n tro p y  change of th e  phase  tra n s it io n , th ere  shou ld  be a  con
siderab le  a lte ra tio n  in  th e  d ensity  o f  s ta te s  close to  th e  F erm i level. A ny  d ra s tic  
a lte ra tio n  in  th e  d e n s ity  of s ta te s  w ou ld  p re su m a b ly  affect th e  m o m en tu m  
space  an d  shou ld  th e re fo re  be d e te c ta b le  b y  e.g. p o s itro n  a n n ih ila tio n  m e th o d

Principle o f the m ethod

In  “ free a n n ih ila tio n ”  of an  e le c tro n —p o sitro n  p a ir  one or m ore  y -q u a n ta  
are  j>roduced, a lth o u g h  th e  em ission p ro b a b ility  o f  m ore th a n  3 q u a n ta  is 
neg lig ib ly  sm all. T h e  cross-section ra tio  of th e  tw o  p rac tica lly  im p o r ta n t  
an n ih ila tio n  ty p e s  is о^у/озУ =  372 [12]. A n n ih ila tio n  of an  e lec tro n -p o sitro n  
p a ir  can  be p reced ed  b y  fo rm ation  o f  an  in te rm e d ia te  H -analog  b o u n d  s ta te :  
th e  p a ra p o s itro n iu m  (p —Ps) if  th e  r e s u lta n t  sp in  S  =  0, and  th e  o r th o p o s itro 
n iu m  (a —Ps) i f  S  — 1 (w ith  life tim es r  =  1.25 ■ 10 ~10 sec an d  1.4 • 10 ~7 sec, 
re sp ec tiv e ly ). R y  th e  law  of co n se rv a tio n  o f m o m en tu m , p a ra p o s itro n iu m  
an n ih ila tio n  is accom pan ied  b y  th e  em ission o f  tw o , o rth o p o sitro n iu m  a n n i
h ila tio n  b y  em ission o f th ree  y  q u a n ta .

T he life tim e  o f th e  long-lived o r th o p o s itro n iu m  is reduced  if  i t  in te ra c ts  
w ith  its  e n v iro n m e n t an d  exchanges o r loses its  e lec tro n . As th is  red u ced  life 
tim e  is c h a ra c te ris tic  o f th e  chem ical p ro p ertie s  a n d  in te rn a l m ag n e tic  fie ld s
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of th e  en v iro n m en t, th e  m easu rem en t o f p o sitro n  life tim e  th u s  p rov ides a tool 
fo r th e  in v es tig a tio n  o f m a te r ia l  s tru c tu re .

A n o th e r po sitro n  a n n ih ila tio n  m eth o d  availab le  fo r s tru c tu ra l in v es tig a 
tio n  is to  m easu re  th e  a n g u la r  co rre la tion  o f th e  an n ih ila tio n  y -rays. This 
m eth o d  w as u sed  in  th e  p re se n t s tu d y .

Fig. 1. Dj is a point-detector, D 2 a line detector, and 0 is the point of annihilation

L e t us b rie fly  consider th e  in fo rm a tio n  o b ta in ab le  in  th is  w ay from  an 
id ea l case (see F ig . 1). T he p o sitro n s  ra p id ly  lose th e ir  en erg y  to  m a tte r  an d  are 
th e rm alized , so t h a t  th e  a n n ih ila tio n  m o m en tu m  o f th e  e le c tro n —p o sitro n  p a ir 
is p rac tica lly  equal to  t h a t  o f th e  e lec tron . T h e  tw o у-q u a n ta  E x =  E 2 =  m e2 =  
=  0.51 MeV are  e m itted  w ith  h ig h  energies an d  sm all re s u lta n t  m o m en tu m , 
hence th e  angle betw een  th e  tw o  y -rays is close to  180° a n d  th e  angle & in  F ig . 1 
is co rrespond ing ly  sm all. A ssum ing  e lectrons are free a n d  show  a F e rm i d is tri
b u tio n  h av in g  a m ax im u m  m o m en tu m  p F, w ith  an  id ea l p a ir  of d e tec to rs , one 
o f  w hich  is in fin ite ly  long , th e  o th e r  po in t-lik e , we g e t a v e ry  sim ple angu lar 
co rre la tio n  fu n c tio n  o f th e  fo rm

Щ»)  =  n  • {p-F —  pi) =  тст2с2( 0 2 —  ff2),

t h a t  is, p a rab o la  for w hich  p F — me. 0 .  In  a given ang le  & those  pulses are 
d e tec ted  w hose z-com ponen t h as  a c o n s ta n t v a lu e  p z a n d  w hich a re  s itu a te d  in 
th e  m o m en tu m  fie ld  of th e  p lan e  p ara lle l to , a t  a d is tan ce  p z from , th e  m edian 
p lan e  o f th e  F e rm i sphere, th e  a rea  o f w hich is given b y  th e  above expression.
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A p a rt from  h a v in g  a p a rab o lic  form , d is tr ib u tio n  N(0)  also ex h ib its  
“ ta i l s ”  in d ica ting  a n n ih ila tio n  on core electrons [13], [14].

A ngular co rre la tio n  m easu rem en ts  offer th e  p o ssib ility  o f  s tu d y in g  n o t 
on ly  th e  electron m o m en tu m  d is tr ib u tio n  b u t  also, i f  one chooses d iffe ren t 
re la t iv e  г-axes in  single cry sta ls , i ts  an iso tro p y , from  w hich  th e  shape o f th e  
F e rm i surface can be  in ferred .

T h e  positron  an n ih ila tio n  m e th o d  can be p a r tic u la r ly  u sefu l for th e  s tu d y  
o f  changes in  e lec tro n  s tru c tu re  d u rin g  phase tra n s itio n s  t h a t  c an n o t be 
fo llow ed  precisely o r (because a v e ry  low  te m p e ra tu re  is req u ired ) even d e tec ted  
a t  a ll by  o ther m e th o d s .

Experim ental apparatus

T he angular co rre la tio n  o f th e  0.5 MeV ra y s  from  2y an n ih ila tio n s  was 
m e a su re d  by  tw o 50 m m x 5 0  m m  N a l(T l)  sc in tilla to rs  m o u n te d  on 56 AY P 
p h o to m u ltip lie rs . O ne o f  th e  d e te c to rs  w as ro ta te d  to  d iffe ren t positions in  th e  
h o riz o n ta l plane b y  a  sem i-au to m atica lly  con tro lled  d riv ing  m o to r. T he angles 
w ere  se t b y  a m o d ified  arm  u sed  earlier for sm all-angle n e u tro n  sca tte rin g  
ex p e rim en ts . The a n g u la r  co rre la tio n  function  w as m easu red  b y  a conven tiona l 
fa s t-s lo w  coincidence u n it. T he tim e  reso lu tion  o f  th e  m easu rin g  eq u ip m en t 
w as chosen to  be x =  20 nsec.
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R e a c to r-a c tiv a te d  64Cu se rv e d  as th e  p o sitro n  source. T h e  sm all d im en
sions o f b o th  th e  F e R h  sam ple (5 m m  diám ., 1 m m  th ick) a n d  th e  N a l(T l)  
sc in tilla to rs  m ade i t  necessary to  em p lo y  a source w ith  th e  m a x im u m  a c tiv ity  
p e rm itte d  by  h e a lth  physical re g u la tio n s . T he source was p re p a re d  from  tw o 
9 9 .9 9 %  copper d iscs (5 mm d ia m , 0.01 m m  th ick ) a c tiv a te d  se p a ra te ly  to  
a b o u t 1 Ci. The th ick n ess  of th e  sam p le  was lim ited , a p a r t fro m  b y  rad ia tio n  
sa fe ty  consid era tio n s, also by  th e  effective ran g e  o f  positrons. B ecause  of its  
h igh  a c tiv ity , th e  source  was h a n d le d  in  th e  m a n ip u la to r  cell o f  th e  reac to r  in  
source an d  sam ple holders p re p a re d  for th is  p u rp o se  (Fig. 2). T h e  incidence 
in to  th e  de tec to r o f  o th e r  th an  th e  p a irs  of rays o rig inating  in  th e  sam ple w as 
p re v e n te d  b y  “ co llim atio n ”  of th e  p o sitro n  sources w ith  a p e rfo ra te d  screen.

T he te m p e ra tu re  of the sa m p le  ho lder w as con tro lled  b y  a n  au to m a tic  
th e rm o s ta t .  F o r tem p e ra tu re -d e p e n d e n c e  m easu rem en t of th e  sam p le  aT h o m p - 
son -b ridge  re s is to m e te r  was u sed . T he sam ple o f  F e 49R h 51 co m position  w as 
p re p a re d  in  th e  S olid  S ta te  P h y s ic s  D e p a rtm e n t o f  our I n s t i tu te .

T he m easu ring  a rran g em en t is show n in F ig . 3.

Experimental results and discussion

Since th e  sam p le  was found  to  be  still in  th e  a n tife rro m ag n e tic  phase a t 
Tx =  300 °K and a lre a d y  in th e  fe rro m ag n e tic  p h ase  a t T 2 =  373 °K  (Fig. 4), 
th e  a n g u la r  co rre la tio n  function w as  m easured  a t  th ese  tw o te m p e ra tu re s . The 
a n g u la r  range  covered  was abou t 50 m ra d  in b o th  cases. The a n g u la r  co rre la tion  
fu n c tio n  w as e v a lu a te d  from  th e  fo rm u la

N(&) =  210 • w T ■ et • ez • cOj • p (û , cp) ■ Aû,

w here  I 0 is th e  in te n s i ty  of the so u rc e ; air th e  solid  angle of th e  sam p le ; e15 e2 
th e  d e te c to r  efficiencies; cox the  so lid  ang le  of one o f  th e  d e tec to rs ; a n d  is
th e  p ro b a b ility  t h a t  th e  solid ang le  Q  betw een  th e  p a ir  of g am m a ra y s  coun t-
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ed b y  th e  d e tec to rs  in  th e  solid ang le  co1 and  co2, re sp ec tiv e ly , is co v ered  by  
th e  d e tec to r w ith  s lit w id th  A& in  th e  solid angle co2 (F ig . 5), w hich, assum ing 
a  F erm i d is tr ib u tio n  a n d  d e tec to r o f le n g th  Í, is g iven  b y  th e  fu n c tio n

p(&, <p)

Fig. 4. Temperature dependence of the electronic resistivity of the FeRh-sample

Fig. 5. Geometry for calculation of the detection probability

T h e n u m b er o f ra n d o m  chance coincidences w as ta k e n  to  be negligible w ith  th e  
tim e  reso lu tion  t  =  20 nsec.

The fu n c tio n  N(&) m easu red  in  b o th  phases w as expected  to  y ie ld  tw o 
curves of d iffe ren t shapes w hich  w ould  p e rm it a  change in  th e  electronic 
s tru c tu re  o f th e  F e R h  sam ple to  be  in ferred . T he m easu rem en ts  w ere rep ea ted  
severa l tim es to  av e rag e  o u t m in o r electronic in s tab ilitie s . T he resu lts  are 
d isp layed  in  F ig . 6. T h e  s im ila rity  o f  th e  tw o curves in d ica tes  th a t  no sign ifican t 
change occurs in  th e  electron ic  s tru c tu re  of F e R h  as a  resu lt o f th e  an tiferro - 
to  ferrom agnetic  tra n s itio n .
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Fig. 6. The measured angular correlation for ferromagnetic and antiferromagnetic states

O ne can n o t exclude here a possib le  dependence  of th e  e lec tron  d is tr i
b u tio n  on c ry sta llo g rap h ic  d irec tion , b u t  th e  use o f a p o ly cry sta llin e  sam ple 
av e rag ed  th is  o u t. E v e n  if  a sh a rp  d ire c tio n -d ep en d en t change does occur a t  
th e  F e rm i surface, i ts  effect w ould  be  b lu rre d  b y  averag ing . T h e  d ifference 
b e tw een  th e  av e rag ed  angu lar d is tr ib u tio n s  a t  th e  tw o  te m p e ra tu re s  o f th e  
m easu rem en t c a n n o t be m ore th a n  2 % .
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ИССЛЕДОВАНИЕ АНТИФЕРРОМАГНИТНО-ФЕРРОМАГНИТНОГО ПЕРЕХО ДА  
ПЕРВОГО РО ДА В FeRh МЕТОДОМ АННИГИЛЯЦИИ ПОЗИТРОНОВ

А . А Д А М , Л .  Ч Е Р ,  Ж .  К А Й Ч О Ш  и  Д . Ц И М М Е Р

Резюме

Для выяснения вопроса, изменяется ли электронная структура сплава FeRh при 
антиферро-ферромагнитном фазовом переходе, была измерена угловая корреляция двух
фотонной аннигиляции позитронов в обоих фазах. (Tj =  300°К и Т 2 =  373°К.) Кривые 
угловой корреляции, померенные в обоих фазах, не отличаются друг от друга в пределах 
статистической точности измерения. Этот результат не подтверждает теоретическое пред
сказание о том, что электронная энтропия является движущей силой рассматриваемого 
фазового перехода.
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Н О В Ы Е  Р Е З У Л Ь Т А Т Ы  И С С Л Е Д О В А Н И Й  
Р Е Н Т Г Е Н О В С К И Х  В С П Ы Ш Е К  Н А  С О Л Н Ц Е *

С. Л. МАНДЕЛЬШТАМ
ФИЗИЧЕСКИЙ ИНСТИТУТ ИМ. П. Н. Л Е БЕ Д Е В А  АН СССР, МОСКВА, СССР

(Поступило 8. XI. 1971)

Измерения, выполненные на спутниках Земли «Интеркосмос-1» и «Интеркосмос-4», 
показали наличие значительной поляризации рентгеновского излучения вспышек на 
Солнце в области энергий около 10—20 кэв во время «импульсивной» стадии вспышек. Это 
показывает, что жесткое рентгеновское излучение солнечных вспышек обязано направлен
ным пучкам ускоренных электронов. Исследование спектра рентгеновских вспышек, вы
полненное с помощью спектрометра с кристаллом с большим спектральным разрешением 
показало наличие в спектре линий ионов Fe XXV, Fe XXIV и Fe XXI11, причем получено 
доказательство существенной роли механизма диэлектронной рекомбинации. Электрон
ная температура плазмы в области рентгеновской вспышки оказалась равной примерно 
15— 20- 1060К, температура ионов,измеренная по допплеровскому уширению линий Mg XII 
составляет 12—15-106 °К.

1. Введение

Одним из замечательных проявлений солнечной активности, являются т. 
н. вспышки на Солнце. Уже сравнительно давно было установлено, что иногда 
в активных областях, связанных с магнитными пятнами на Солнце, возникает 
внезапное сильное уярчение некоторого участка солнечной поверхности, 
особенно заметное в свете линии На. С развитием радиоастрономии, было уста
новлено, что такие оптические вспышки, как правило сопровождаются вспле
сками радиоизлучения в сантиметровом, метровом и декаметровом диапазонах. 
Вспышки на Солнце вызывают ряд эффектов на Земле -  нарушение состояния 
земной ионосферы, магнитные бури и т. д. С появлением спутников и ракет 
удалось непосредственно обнаружить агенты вызывающие эти явления — ими 
оказались вспышки рентгеновского излучения Солнца, сопровождающиеся по
явлением очень жесткого излучения — иногда вплоть до нескольких сотен 
кэв, и потоки ускоренных частиц — электронов, протонов и тяжелых ядер со 
скоростями от десятков кэв, до субрелятивистских, а также выбросы сгустков 
плазмы.

Масштаб времени солнечной вспышки составляет от нескольких минут 
до нескольких десятков минут. Во время сильной вспышки класса 3 выделяет
ся полная энергия достигающая ^  1032эрг (полная энергия излучения Солнца 
составляет 3,8 • 1033 эрг/сек). Около половины энергии вспышки выделяется

* В честь 60-летия Профессора Л. Яноши.
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ввиде электромагнитной энергии — от жесткого рентгена до метрового радио
диапазона и около половины — в виде ускоренных частиц [1].

Сильная вспышка захватывает площадь достигающую 10 ~3 видимой 
поверхности Солнца, толщина слоя — 10 —100 км, т. е. объем области вспыш
ки составляет 102Э см3. Отсюда следует, что плотность энергии в области вспыш
ки составляет ^  103 эрг/см3. Плотность тепловой энергии в хромосфере 
около 3 эрг/см3, т. е. вспышка происходит за счет дополнительного источника 
энергии. Этим источником является энергия магнитного поля в солнечной 
атмосфере. Во время вспышки, как показали исследования А. Б. Северного, 
происходит локальное высвобождение запаса магнитной энергии, соответ
ствующее уменьшению величины магнитного поля на 100 —200 гаусс (среднее 
поле в активной группе пятен — порядка 500 гаусс).

Здесь по существу кончаются твердо установленные факты. Каков 
механизм аннигиляции магнитного поля, каков механизм появления жесткого 
и оптического электромагнитного излучения и ускорения частиц — мы не 
знаем. Существует несколько гипотез, в частности, очень детально разрабо
танная гипотеза предложена С. И. Сыроватским [2].

Существенное значение для понимания механизма солнечных вспышек 
имеет детальное исследование рентгеновского излучения вспышек. Рентге
новское излучение возникает в результате взаимодействия быстрых электро
нов с ионами в области вспышки ввиде тормозного и рекомбинационного 
непрерывного излучения и линейчатого излучения ионов. Таким образом это 
излучение характеризует электронную и ионную компоненту плазмы в об
ласти вспышки. Исследование рентгеновского излучения вспышек позволяет 
определить физические параметры плазмы — температуру и плотность частиц, 
а также локализацию, размеры и структуру области рентгеновских вспышек и 
их связь с областями оптических вспышек.

В настоящей статье приводятся результаты исследований рентгенов
ских вспышек, выполненных в последние годы в Физическом институте им. 
П. Н. Лебедева АН СССР группой в составе: И. Л. Бейгмана, Л. А. Вайн
штейна, Б. Н. Васильева, И. А. Житника, В. Д. Иванова, В. В. Крутова, С. Л. 
Мандельштама, И. П. Тиндо, А. И. Шурыгина и др.

2. Исследование поляризации излучения рентгеновских вспышек

Исследование излучения рентгеновских вспышек, показывает, что оно 
большей частью состоит из двух компонент — жесткой «импульсивной» ком
поненты с временем нарастания в несколько секунд, длящейся несколько 
десятков секунд и жестким спектром и более медленной компоненты, для
щейся до нескольких десятков минут и более мягким спектром; доминиру
ющая роль импульсивной и медленной компонент обычно проявляется со
ответственно при hv Эг 10—20 кэв [3].
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Импульсивная компонента хорошо коррелирует по времени возникно
вения и длительности с микроволновыми радиовсплесками и ее максимум 
предшествует на 0,5— 3 минуты максимуму оптической вспышки в На; 
медленная компонента хорошо коррелирует с основной фазой оптической 
вспышки. Можно полагать, что именно во время импульсивной фазы рентге
новских вспышек происходит ускорение частиц и выбросы плазмы, о которых 
говорилось выше. Поэтому представляется весьма существенным выяснить 
каков механизм возникновения жесткого рентгеновского излучения. Возни
кает ли оно благодаря нагреву плазмы до высокой температуры током или 
сжатием ее магнитным полем, как это, например, имеет место в лабораторных 
установках типа «тета-пинч», либо оно обязано направленным потокам уско
ренных электронов, возникающих или вторгающихся в область вспышки.

Непосредственным способом выяснения этого вопроса является изме
рение поляризации этого излучения. Если имеется направленный пучек 
быстрых электронов, то ими вызывается тормозное излучение, которое, как 
показали А. А. Корчак и Г. Эльверт частично поляризовано [4, 5]. В случае 
направленных потоков электронов с энергиями в несколько десятков кэв, 
тормозное излучение значительно превосходит синхротронное излучение. Ве

личина поляризации Р  =  у -— ~  , где / ±и I  соответсвенно интенсивность

излучения в плоскости перпендикулярной и параллельной референтной 
плоскости, проходящей через направление движения электронов и направле
ние движения фотонов, оказывается функцией отношения hv/e, где hv — энергия 
фотонов, а в — энергия электронов. Для монохроматического направленного 
пучка электронов при наблюдении перпендикулярно движению электронов 
величина Я изменяется от +1 до —1, проходя через ноль вблизи kv/ei^  0, 1- 
Наличие распределения электронов по скоростям, а также непрямолинейное 
движение их в магнитном поле уменьшает предельные значения поляризации, 
не меняя качественной картины [4].

Поляризация излучения рентгеновских вспышек была нами впервые 
обнаружена на спутнике «Интеркосмос-1», запущенном 14 октября 1969 г. [6]. 
Эти измерения были повторены с большей точностью на спутнике «Интер
космос-4», запущенном 14 октября 1970 г. Спутник «Интеркосмос-4» был 
идентичен спутнику «Интеркосмос-1»; продольная ось спутника была на- 
правлена на Солнце с точностью 1 —2°, спутник медленно вращался вокруг 
этой оси. Поляризация излучения рентгеновских вспышек измерялась по 
угловой анизотропии томсоновского рассеяния. Схематическое изображение 
поляриметра приведено на рис. 1. Рентг еновское излучение вспышек рассеи
вается на бериллиевых пластинах и регистрируется тремя парами пропор
циональных счетчиков фотонов, расположенными под углом в 120°. Область 
энергетической чувствительности счетчика, принимая что спектр импульсив
ной фазы имеет вид(Лт)-3'5 фот/см2 сек. кэв [7] соответствовала примерно 15^
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20 кэв. С целью уменьшения космического фона были использованы двух
секционные счетчики фотонов, включенные по схеме антисовпадений, ампли
туда импульсов дискриминировалась по верхнему и нижнему уровню. По
казания счетчиков суммировались за время 16 сек, и регистрировались на 
запоминающем устройстве спутника. Для контроля помех со стороны частиц

Р и с .  1. Схематическое изображение рентгеновского поляриметра: 1(CÍ_3, С,_3)- двух
секционные счетчики фотонов, 2-бериллиевые пластины

радиационных поясов, служил контрольный счетчик, нечувствительный к 
рентгеновскому излучению.

На рис. 2, 3 и 4 приведены результаты измерений для вспышек 24/Х кл. 
2, 5/Х1 кл. ЗВ, 16/XI кл. 1N. Величина поляризации составляет Р ^  0,2. 
Угол поляризации остается примерно постоянным в течение 2 —3 минут 
(небольшие монотонные изменения обусловлены медленным вращением 
спутника вокруг оси, направленной на Солнце, со скоростью лежащей в 
пределах 0—0,05°/сек). Затем начинаются сильные изменения угла поляриза
ции — эти изменения соответствуют конечной стадии вспышки. Оценки пока
зывают что они вероятно обусловлены «кажущейся поляризацией» из-за
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Р и с .  2 .  I loro« рентгеновского излучения, поляризация и угол поляризации
во вспышке 24/Х—70 г

Р и с .  3 .  Поток рентгеновского излучения, поляризация и угол поляризации
во вспышке 5/XI—70 г
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статистических флюктуаций показаний счетчиков в трех каналах, достига
ющих большой величины вследствие уменьшения абсолютного числа импуль
сов. Вспышки 5/XI и 16/XI показывают наличие второго максимума, что 
характерно для импульсивной фазы вспышек. Как видно из рисунков во 
время второго максимума, поляризация опять возрастает.

Р и с .  4 . Поток рентгеновского излучения, поляризация и угол поляризации
во вспышке 16/XI—70 г

Приведенные результаты подтверждают результаты полученные на 
спутнике «Интеркосмос-1» и, как нам кажется, достаточно однозначно свиде
тельствуют о наличии в области вспышек в начальной стадии изученных нами 
вспышек, а также, по-видимгму, во время вторых максимумов, направленных 
потоков электронов с энергиями в несколько десятков кэв.

Зремя термализации электронов с начальной скоростью v равно

Ï т2е у3 _  6 • 10"19 v3
0 v 8тге4 N e ln  Л N e In А

При энергии электронов <  105эв, г <  1,8 1010 см/сек, и N >  10-10 см"3, t0 
<  30 сек.

Таким образом наличие поляризации излучения в течение нескольких
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минут, по-видимому, свидетельствуют о том, что в области вспышек направ
ленные потоки ускоренных электронов с энергией в несколько десятков кэв 
сохраняются в течение некоторого времени.

3. Исследования спектра рентгеновских вспышек

Информацию о параметрах плазмы в области рентгеновской вспышки 
— о температуре электронов и ионов и плотности электронов дает спектр рент
геновской вспышки. Спектр рентгеносвих вспышек изучался неоднократно с 
небольшим спектральным разрешением, главным образом с помощью про-

С К А Н И Р О В А Н И Е  

Х - Л У Ч И  С О Л Н Ц А
К =2d sin 0

порциональных счетчиков фотонов. Однако более полную информацию можно 
получить, изучая линейчатый спектр вспышки. Мы исследовали спектр рент
геновской вспышки в области 1,8 А — здесь расположены самые «горячие» 
линии, возбуждаемые в области вспышки принадлежащие гелиеподоб
ным ионам железа.

Исследования были также выполнены на спутнике «Интеркосмос-4». 
На рис. 5 изображена принципиальная схема гелиоспектрометра. Он состоит 
из кристалла кварца с постоянной d — 1,1776 А и счетчика фотонов с берил-
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Таблица I

Экспериментальные и вычисленные значения длин волн линий

Эксперимент
Л(А)

Теоретический расчет

Д(А) переходы

1,850 1,850 FeXXV 1*21S0 -  1*2р lP ,

1,8525 1,852 FeXX IV  l s 22p 2p i(2_ l s 2p 2 2Si(2

1,8555 1,855 FeXXV Is2 iS0 — l*2p 3P 2

1,857 18565 FeX X IV  Is2 2s 2Sl/2 — ls2*2p1P 1/2

1,858 1,858 FeXXIV I*2 2p 2P 1(2 — l*2p2 2P 3/,

1,8585 1,859 FeXXV I*2 >S0 -  l*2p 3P,

1,860 1,8605 FeXXIV ls22s 2S1/2 — ls2*2p 3P.i(2

1,8615

1,863 1,8635 FeXXIV *s"̂ s l s2*2p -P 1/2 
l*22p 2P 1/2 — l*2p2 2D3, 2

1,866 1,866 FeXXIV ls 22p 2P 3;2 — ls2p2 -Dr,r,

1,868 1,868
FeXXV I*2 'S 0 — 1*2* 3Sl 
EeXXIV 1*2 2 р 2Р 3(г- 1 * 2 р 2 2Р з/2

1,870 1,870 FeXX III 1*22*2 1§о _  i s2s22p  ip ,

лиевым окном и выходом на телеметрию. Ось спутника направленная на 
Солнце, осуществляла три раза в течение каждого витка, а также по команде 
с Земли, сканирование диска Солнца. При этом изменялся угол 6  падения 
на кристалл параллельного пучка лучей от области вспышки и в соответ
ствии с законом Брегга-Вульфа — длина волны, испытывающая отражение от 
кристалла. Этим осуществлялась регистрация спектра от 1,85 до 1,89 Â, что 
соответствовало АО =  40'. На рис. б изображен спектр вспышки кл. 3 
16/XI- 1970 г. в момент времени l h 51mUT. Ввиду отсутствия достаточно на
дежных лабораторных данных о длинах волн линий спектров FeX XllI, 
FeXXIV и FeXXV, мы произвели отождествление линий, опираясь на теоре
тические расчеты длин волн линий соответствующих переходов, выполненные 
методом возмущений [8]. Как показывает таблица, совпадение эксперимен
тальных и вычисленных данных очень хорошее. Следует заметить, что впер
вые линейчатый спектр солнечной вспышки был получен в США Нейпертом 
с борта спутника OSO III; Нейпертом была сделана попытка отождеств
ления линий, также опирающаяся на данные теоретических расчетов [9]. 
Однако разрешение в спектре Нейперта и точность расчетов значительно 
уступает данным, полученным на спутнике «Интеркосмос-4».
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Таблица и рисунок показывают, что наряду с «оптическими» линиями 
иона FeXXV, наблюдаются внутриоболочечные переходы, соответствующие 
Ка линиям ионов FeXXIV и FeXXIl l .  Наблюдаются также линии, 
которые можно рассматривать как результат заселения уровня ls2p2 в ионе 
FeXXIV в процессе двухэлектронной рекомбинации иона FeXXV. Одна 
линия иона не отождествлена. Анализ условий возбуждения спектра, приве
денного на рис. 6, приводит к выводу, что наблюдавшийся спектр в смысле 
соотношения интенсивности линий FeXXV ls21S0—2s2p1P1 Я =  1,850 Á и 
FeXXIV ls22p2P3/2- ls2p22D5/2 Я = 1,866 А соответствует электронной темпера
туре плазмы в области вспышки Ге ^  20-106 °К, что хорошо согласуется с 
данными фильтровых измерений выполненных ранее [10].

Измерения ширины линии FeXXV Я =  1,850 Á, принимая форму линии 
Допплеровской, позволили впервые определить температуру ионов — она 
оказалась равной Т с̂ 30-106 °К что, учитывая неточность измерений хорошо

согласуется со значением электронной температуры. Таким образом в области 
вспышки сравнительно быстро устанавливается равенство температур обеих 
компонент. Это подтверждается теоретической оценкой: время teq нагрева 
ионов электронной компонентой плазмы до Т,- ^  Те составляет

5,87 Ai А е
- e q Zf Zf N e ln Л

T T1 e I 1 i 

А-e Ai

3/2

102 сек.
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На рис. 7 представлена форма линий дублета Mg XII А =  8,418 Á и 
А =  8,423 Á во время вспышки 24/Х—1970 г., полученная на спутнике «Ин
теркосмос-4» для двух моментов времени. Эти линии Mg XII существуют в 
плазме в области температур 4* 10е-—4* 107 °К и таким образом характеризуют 
горячие области вспышки. Измерения выполнены спектрогелиографом, ана-

Р и с .  7. Форма линий дублета Mg XII во время вспышки 24/Х 1970

логичным, изображенному на рис. 5 с кристаллом кварца с постоянной d =  
=  4,246 À и счетчиком фотонов с алюминиевым окном. На рисунке видно 
уменьшение ширины линий и соответственно остывание плазмы во второй 
момент времени по сравнению с первым.

4. Заключение

Анализ изложенных выше результатов приводит к следующим вы
водам:

В начальной стадии вспышек в активную область вторгаются или в ней 
возникают направленные пучки быстрых электронов с энергией от несколь
ких десятков до нескольких сотен кэв. Эти электроны взаимодействуя с 
ионами плазмы вызывают поляризованное тормозное рентгеновское излучение, 
характерное для импульсивной фазы вспышки. Часть ускоренных электронов 
вызывает всплески микроволнового радиоизлучения. Этот процесс протекает, 
по-видимому, в течение 10-400 сек. Быстрые электроны термализуются и 
нагревают плазму в течение времени порядка 10 секунд. Следует, однако, 
иметь ввиду, что даже небольшая доля нетермализованных электронов может
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давать существенный вклад в жесткое излучение hv >  10 кэв и поэтому жест
кое излучение в импульсивной фазе вспышек следует характеризовать как 
нетепловое. Более мягкое излучение hv <  10 кэв, по-видимому, можно харак
теризовать как тепловое. Область рентгеновских вспышек аналогична облас
ти оптических вспышек — она имеет веретенообразную структуру с длиной 
волокна ^  100" и шириной ^  10 - 20", быстро изменяющуюся во времени, с 
яркими узлами [10].

Измерения спектрального состава излучения в широком диапазоне длин 
волн от 1 до 15 Â с помощью фильтров, однако, показывают что плазму нельзя 
описывать одной температурой, по-видимому, плазма в области рентгенов
ских вспышек состоит из двух компонент. Первая — более холодная компо
нента имеет температуру Т х ^  7—9-10® °К и меру эмиссии у1 ^  0,02—0,1 
(в единицах Баумбаха -  1В ^  3,2-1049 см '3); электронная плотность 
Ne ^> 1 —2 • 1010 эл/см3, возможно достигая иногда 1011—1012 эл/см3. Для 
мощных вспышек yv  по-видимому, может быть в несколько раз больше, од
нако, сейчас трудно сказать связано ли это с большим объемом или большей 
электронной плотностью области вспышки. Вторая более горячая компо
нента плазмы имеет температуру Т2 ^  15 -20- Ю6 °К и меру эмиссии у2 
^  (0,2 — 0,1)-ух. По-видимому, эта более горячая область представляет собой 
не локализованное ядро, а совокупность горячих элементов, распределенных 
по всей области вспышки. Яркие узлы имеют, по-видимому, не большую тем
пературу, а большую электронную плотность. Аналогичный вывод о дисперс
ном распределении горячих элементов был сделан также из сопоставления 
рентгеновского потока вспышки со вспышкой в На [11].

Следует далее заметить, что время заметного охлаждения нагретой 
плазмы составляет около 30 минут, тогда как наши данные указывают для 
некоторых вспышек на сравнительное малое изменение температуры вспышки 
за такое время. Это заставляет считать, что во всяком случае для длительных 
вспышек может иметь место длительное поступление энергии в область 
вспышки ввиде ускоренных электронов, однако, в значительно меньших 
масштабах чем при возникновении вспышки.
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NEW  RESULTS OF X-RAY FLARE STUDIES
S. L . MANDELSTAM 

Abstract

Measurements carried out with the satellites “Intercosmos-1” and “ Intercosmos-4” 
showed a considerable polarization of the X-ray emission in the 10—20 krV range during the 
initial “impulsive” phase of solar flares. This shows that the hard X-rays of the solar flares 
are produced by directed beams of accelerated energetic electrons.

Investigations of the X-ray flare spectra, carried out w ith Bregg crystal spectrometers 
w ith high spectral resolving power, show lines of ions Fe X X Y , Fe X X IV  and Fe X X III; 
the important role of dielectronic recombination process is confirmed. The electron tempera
ture of the flare plasma is about 15— 20- 106 °K  and ion temperature 12— 15 -106 °K measured 
by the Doppler width of Mg X II lines was found.
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THE PROBABILITY DISTRIBUTION OF OPTICAL 
FIELD EMISSION COUNTS*

By

J . B ergou , G y . F arkas and Z. G y . H orváth
CEN TRA L RESEA RCH  IN S T IT U T E  FOR PHY SICS. BUDAPEST

(Received 19. X I. 1971)

The probability distribution of electron counts is derived for the case when electrons 
are released by the process of optical field emission, and measuring times are much shorter 
than the coherence time.

Of the several mechanisms for the detection of light that make use of the interaction 
of radiation with matter only photodetectors in which electrons are released by the incident 
light beam are dealt with. The emerging electrons carry information on the light so that a 
study of the photocount statistics allows the statistical properties of the light beam to be 
deduced.

T h e s ta tis tic s  o f  lig h t e m itte d  b y  th e rm a l sources was f i r s t  e s tab lished  b y  
JÁno ssy  [1], [2] w ho show ed t h a t  to  a v e ry  good ap p ro x im a tio n  i t  has a 
G au ssian  ch a rac te r. T h is re su lt w as confirm ed ex p e rim en ta lly  b y  JÁNOSSY 
e t  al. [3].

T h e  s itu a tio n  is s tr ic tly  m o d ified  w hen a la se r is em ployed  as th e  lig h t 
source, as b y  using su itab le  o p tica l in s tru m e n ts  th e  s ta tis tic a l p ro p ertie s  o f a 
lase r beam  can be a lte re d  in a c o n tin u o u s  m an n er from  tho se  o f th e  phase and 
am p litu d e -s tab iliz ed  case to  th o se  o f  th e  th e rm a l beam s. T he in te n s i ty  d is tr i
b u tio n  fo r th e  f irs t  case can be describ ed  to  a good a p p ro x im a tio n  b y  th e  b  

fu n c tio n . D eta iled  th e o re tic a l a n d  ex p erim en ta l in v es tig a tio n s  h av e  been 
ca rried  o u t by  m an y  au th o rs  [see e.g . A recchi [4] an d  th e  references qu o ted  
th e re in ]  using  a la se r  beam  an d  f irs t-o rd e r pho to e lec tric  e ffec t as p h o to 
d e te c tin g  process.

I t  ap p ears , how ever, th a t  w h en  h ig h -in ten s ity  lig h t b eam s are  u tilized  
—  w hich  can he o b ta in e d  to d a y  w ith  solid s ta te  lasers —  b esid es  th e  usual 
lin e a r  pho to e lec tric  ph en o m en a , e lec trons released  b y  h ig h e r-o rd e r p h o to 
e lec tric  effect an d  in  a d irec t m a n n e r  b y  op tica l fie ld  em ission m a y  p lay  a role 
in  th e  d e tec tio n  process. T he p h o to c o u n t s ta tis tic s  also has b een  in v estig a ted  
in  d e ta il fo r h ig h er-o rd er p h o to e lec tric  effect [5— 11]. T he p o ss ib ility  of op tica l 
fie ld  em ission a t  h ig h  in ten sitie s  w as su p p o rted  ex p e rim en ta lly  b y  K rasyuk  
P a sh in in  an d  P rokhorov [12].

T h e  aim  o f th is  w ork  is to  give an  ap p ro x im a te  fo rm ula  fo r  th e  p ro b ab il
i ty  d is tr ib u tio n  of o p tica l field  em ission coun ts. A ccording to  o u r  calcu lations

* Dedicated to Prof. L. J Á n o s s y  on his 60th birthday.
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th e  fie ld  em ission c o u n tin g  s ta tis tic s  differs from  t h a t  o f th e  p ho toe lec tric  
e ffec t, so i t  could  be  possib le to  d is tin g u ish  e x p e rim en ta lly  b e tw een  th e  tw o 
p rocesses on th is  basis.

T he elec tron  c u r re n t o b ta in ed  in  th e  process o f  f ie ld  em ission a t  op tical 
freq u en c ies  w as f ir s t  expressed  as th e  function  o f th e  in c id en t l ig h t in ten s ity  
I(t) b y  K eldysh  [13] an d  B u n k in  a n d  F edorov  [14]. F o r th e  following 
ca lcu la tio n s we n eed  th e  d iffe ren tia l p ro b a b ility  P(t)At o f co u n ting  one electron 
in  th e  tim e  in te rv a l t, t -\- At exp ressed  in  te rm s o f  th e  electron cu rren t:

P( t)Zl t  =  o c J ( t ) e x p | - y ^ = - J z l t ,  (1)

w h ere  a  and  ß  are  c o n s ta n ts , an d  h igh -o rd er co rrec tio n s in  th e  in te n s ity  are 
n eg lec ted . T he p ro b a b ility  p (n , T , t) o f coun ting  n e lec tro n s in  th e  tim e  in te rv a l 
(t, t -f- T) is given [9] b y  th e  P o isson  d is trib u tio n

p(n, T, t) =  ^ - [ U (T ,  t ) f  e - ^ - 9 ,  (2)
n\

w h ere  U(T, t) den o tes  th e  in teg ra l o f  th e  d iffe ren tia l e lectron  co u n tin g  p ro 
b a b ili ty  over th e  t im e  in te rv a l (i, t T )

U(T,t) =  * ^ +T m  exp J -  j L j j d t ' .  (3)

If , as is u su a lly  th e  case, th e  ra d ia tio n  fie ld  is s ta tio n a ry  an d  ergodic, 
p (u , T , t) will be in d e p e n d e n t of t a n d  m a y  he w ritte n  as p(n, T). G enerally , th e  
in te n s ity  con ta in s th e  f lu c tu a tio n s  o f  th e  rad ia tio n  f ie ld . In  th a t  case p(u, T) 
follow s from  (2) b y  av erag in g  over th e  tim e  t. In  th e  ergod ic  case th is  p rocedure 
can  be rep laced  b y  ensem ble averag ing , w here th e  av e rag e  is to  be  ta k e n  over 
th e  ensem ble of U(T, t):

p ( n , T ) =  S p ( n , T , U ) p ( U ) d U .  (Ц

W e ev a lu a te  p(n,  T)  u n d e r  th e  fo llow ing tw o assu m p tio n s:

1. T  is m uch  s h o r te r  th a n  th e  coherence tim e  o f lig h t: T  1 /Av,  so th a t
a f te r  th e  in te g ra tio n  d en o ted  in (3) is carried  o u t U(T,  t) reduces to
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2. F lu c tu a tio n s  o f  th e  ra d ia tio n  field are ig no red : p(U )dU  =  0(U  — ( m)>) 
dU,  viz. we are d ea ling  w ith  a la se r opera ting  in  a single m ode. In  th is  case th e  
ensem ble averag in g  d en o ted  in (4) y ields th e  follow ing expression :

P(n, T ) Un e ~ u ô(U -< U ) ) d U xITe  У/ exp I — otlTe f j

(5)

w here  I  deno tes th e  average in te n s ity , I t  can be seen th a t  (5) is th e  usual 
P oisson  d is tr ib u tio n  w ith  p a ra m e te r

U =  xITe УТ.

O n th ese  assu m p tio n s th e  Poisson  d is trib u tio n  also resu lts  for th e  counting  
s ta tis tic s  of lin ea r  an d  h igher-o rder p ho toelec tric  effects [5— 11], b u t  w ith  a 
d iffe ren t p a ra m e te r  ocIk, w here к is th e  order o f th e  effect. T h u s b y  m easuring 
th e  in te n s ity  dependence  of th e  p a ra m e te r  i t  becom es possible to  d istinguish  
b e tw een  p h o to e lec tric  effect an d  o p tica l field  em ission.

W e hope to  re tu rn  to  th e  p rob lem  of w h a t m od ifica tions to  th e  above 
re su lt are  to  be ex p ec ted  if  th e  s ta tis tic s  of real laser fie lds are considered  and th e  
m easu rin g  tim e  is com parab le  to  th e  coherence tim e  o f ligh t.

T he in te n s ity  ran g e  in w hich th e  pure  field em ission process occurs (i.e. 
w here  th e  fo rm ula  (1) is valid ) h igh  enough to  be p e rfec tly  rea lized . H ow ever, 
in v es tig a tio n s  ca rr ied  o u t for th e  non linear p h o to e lec tric  effects [12, 15, 16] 
h av e  recen tly  show n th a t  in  low er in ten s ity  ran g es th e  in fluence  o f  th e  field 
em ission ap p eared . T herefo re  th e  role of th e  s ta t is t ic s  is im m ed ia te ly  com 
p a ra b le  to  th e  e x p e rim en ta l re su lts .
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РАСПРЕДЕЛЕНИЕ ФОТОЭЛЕКТРОННЫХ ОТСЧЕТОВ, ЭМИССИОННЫХ
ОПТИЧЕСКИМ ПОЛЕМ

Я. БЕРГОУ, Д. ФАРКАШ и 3. Д. ХОРВАТ 

Резюме

Распределение вероятности электронных отсчетов определяется для того случая, 
когда электроны испускаются в процессе эмиссии под действием оптического поля и вре
мена измерения гораздо короче времени когерентности. Из многих механизмов детектиро
вания света, в которых используется взаимодействие света с веществом рассматриваются 
только фотодетекторы, где электроны испускаются под действием падающих пучков света. 
Испускаемые электроны несут информацию о свете, и поэтому изучение отсчета фотоэ- 
миссионных электронов позволяет делать выводы о статистических свойствах светого 
пучка.
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CHECKING MICROSCOPIC CAUSALITY AND 
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The available experiments have indicated that neutral К  decays violate CP  and T  
symmetries, but conserve C P T  symmetry, which is strictly related to local causality. The 
accuracy of this indication is discussed. The possibility that a stronger CP  and T  asymmetry 
existed at the time of the Big Bang is suggested and its implications for leptonic charge values 
are investigated.

S ym m etries an d  asym m etries in  th e  K °— K° system

The ce leb ra ted  C P T  th eo rem  sta te s  t h a t  in  a re la tiv is tic  f ie ld  th eo ry , 
su b jec t to  th e  p rin c ip le  o f  cau sa lity , C P T  m u s t be  a s tr ic t sy m m e try  [1]. As 
u su a l, C s tan d s  fo r ch arg e  co n juga tion , P  fo r space  reflec tion , T  for tim e  
rev ersa l and  C P T  is th e  p ro d u c t o f th e  th re e  tra n sfo rm a tio n s . C PT  sy m m etry  
is supp o rted  b y  th e  o b se rv ed  e q u a lity  o f th e  m asses an d  life tim es o f partic les 
a n d  an tip a rtic le s , b u t  in  th e  lig h t o f th e  o bserved  fa in t CP  a sy m m etry  o f n e u tra l 
K -m eson decays i t  h as  becom e necessary  to  check  b o th  T  and  C P T  to  th e  sam e 
accuracy . T he p o ss ib ility  o f accu ra te  in v e s tig a tio n  is offered b y  th e  K °  —  K°  
system . L e t us su m m arize  b rie fly  th e  fo rm u las  in  w hich  such in v es tig a tio n s  
re s t  [2].

S ta te  v ec to rs  d escrib ing  th e  u n stab le  n e u tra l  К  m esons h av e  th e  follow 
in g  s tru c tu re :

K ( t ) >  =  a +( t ) \ K ° >  + « _ ( * )  I >  -J- o r th o g o n a l decay  p ro d u c ts . (1)

H ere  I K°  an d  | K °  a re  s im u ltaneous e ig en v ec to rs  o f th e  s tro n g  H a m ilto 
n ian  H 0 an d  o f  th e  h y p e rc h a rg e  Y :

[H0, Y ] =  0, [H0, CP] =  0, { Y , CP}  =  0, (2)

H0 I K °  >  =  m 0 I K °  > ,  H 0 \ K ° >  =  m0 \ R °  > ,  (3)

Y \K°  >  =  +  I K°  > ,  Y  \K° >  =  —  I K°  > .  (4)

I f  we tu rn  on th e  w eak  p e r tu rb a tio n  H  w ith  th e  p ro p ertie s

* D edicated to  Prof. L. J ánossy on his 60th b irthday .

21* Acta Physica Academiae Scientiarum Hungaricae 32, 1972



324 G. M ARX

»total = H 0 + H ,  [Я , Y] *  0, (5)

K °  a n d  K °  w ill n o t be s te a d y -s ta te  so lu tio n s an y  longer. T he tim e  d ep en d en ce  
o f I K(t) У> in  E q . (1) is given b y  th e  W eisskopf—W igner th e o ry  [2]:

C
D

 
1

a + __
1

= % ' a+ "
9 1 a_ a . . (6)

w here % is th e  effective H a m ilto n ia n  in  th e  su bspace  of n e u tra l  К  m esons. 
T his n o n -H e rm itia n  tw o-by-tw o  m a tr ix  is p a ra m e trize d  as follow s:

% = M S +  M L
2

sin  2Ô 
e~2‘ cos 2Ô

e2e cos 2ô 
—sin 2ô ( ? )

Mg, M L, e an d  ô are  com plex n u m b ers . T he com ponen ts o f % a re  g iven  by  
p e r tu rb a tio n  th e o ry , e.g.

L+ + = m0+ ( K °  \ H \ K °  ) + 2  < K ° \ H \ r > •

inô(m0 — E r)
m0 - E r

ж+_ =  <к° ! h  I к°у +  2  <к° I я  I r>

,<r I Я  I i c y  +  . . .

m0 E r

T he eigenso lu tions o f E q . (6) are:

Í 7 i d ( m 0  —  E r) < r \ H \ K ° } + . . .

1 K s >  e~iMgl —

I К - l  >  e ~ i M l t  =

— [e£(cos d -f-s in ô) \ K ° > - |- e  £(co sd  —

■^k- [e£(cos d — sin  d) I JC °>  — e_£(cos (5 — 
|/2  L ' Л V

s i n ő ) | K ° > ] e - ,M<

( 8 )

s ind)  I К ° > ] е ~ ш ^ .

K s m a y  be id en tif ied  w ith  the  o b se rv ed  sho rt-liv ed  n e u tra l К  m eson , K L w ith  
th e  o bserved  long-lived  n eu tra l К  m eson . T he rea l an d  im ag in a ry  p a r ts  o f  th e  
eigenvalues M s a n d  M L give th e  e x p e rim e n ta l m ass an d  life tim e o f th e  co rre 
sp o n d in g  pa rtic le s :

M s  =  ms
i

~2rí
M L =  m L

2 t ,
(9)
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I t  w ill be show n th a t  th e  tw o  o th e r  com plex n u m b ers , e an d  <5, describe th e  
C P , T  and  C P T  a sym m etries o f  th e  n e u tra l К  subspace. I f  N a tu re  w ere de
scrib ed  ex ac tly  b y  th e  H am ilto n ia n  H 0 possessing th e  p ro p ertie s  (2), e ' ,cY■ 
■H0-eicY w ould e v id e n tly  be id e n tic a l w ith  H 0. I f  we tu rn  on th e  sm all p e r tu r 
b a tio n  H  w ith  th e  p ro p e rty  (5), th is  w ill no longer be  tru e :

H new(c) =  e - icYH toteicY =  H 0+H(c)  w ith  H(c) =  e~icY H e ic* . (10)

I t  is s till tru e , how ever, t h a t  th e  m a trix  e lem ents o f H(c) are  id e n tic a l w ith  
th o se  o f H  u p  to  som e phase  fa c to r , if  th e y  are  ta k e n  b e tw een  tw o  eigen- 
st.ät.cs of Y:

< Ji i  Щс) I y 2> =  «-*<*-*>  O h  I Я I y 2> •

T h e  hy p erch arg e  Y  is almost, a lw ays acco m p an ied  b y  elec tric  o r b a ry o n ic  
charges. T he l a t t e r  genera te  superse lec tion , a n d  co n seq u en tly  th e  p h ysica l 
s ta te s  are in  m o st cases Y  e ig en sta te s . This m ean s t h a t  for such  s ta te s  H tot an d  
H new (c) are p h y sica lly  e q u iv a len t. T he on ly  im p o r ta n t  excep tions are  th e  K s 
a n d  K L s ta te s , th e se  being superpo sitio n s o f th e  tw o  Y  e ig en sta te s  K °  an d  K°:

<  K °  I Щс) I K ° >  =  <  K°\ H  ! K °  > ,  < K °  i Щс) I R ° >  =  e~2ic <  K ° | H  \K° > ,

<  K °  ! Щс) I K °  >  =  < K °  I H  I R °  > ,

<  K °  ! Щс) I K °  >  =  e2ic <  f 0 ] Я  I K ° > ,

co n seq u en tly , rep lac in g  H tot b y  H nev/(c) en ta ils  th e  rep lacem en t 

c —*■ e —  ic, c — a rb itra ry  rea l va lue .

B y  exp lo iting  th is  freedom  th e  im a g in a ry  p a r t  o f e can  alw ays be m od ified  a rb it
ra r ily , for in s ta n c e , w ith  th e  a p p ro p ria te  c v a lu e  a  rep lacem en t H tot —► f f new (c) 
c a n  m ak e  Im e  ev en  zero.

CP  an d  C P T  tra n sfo rm a tio n s  produce  K °  fro m  K .  T he  tim e  rev ersa l T  
do es n o t affect a K °  or K°  a t  re s t ,  as b o th  are  spin less pa rtic le s :

CP  I K °  >  =  eia I K °  > ,  C P  I R °  >  =  e '5 | K°  > ,

C P T  I K °  >  =  eib \ K*  > ,  C P T  I К 0 >  =  eib \ K °  > ,

T  I K °  >  =  еНь~0) I K ° > ,  T \ R ° >  =  ei(6- a) I R °  > .

H ere  CP  is u n ita ry , while C P T  a n d  T  are a n tiu n ita ry  o p era to rs . F ro m  th e  con
d itio n s

(C P )2 =  (C PT )2 =  1 (11)
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o n e  h as  a =  —  a , b =  b. U sing th e  co m bina tions

eiaYC P  a n d  e~ibC P T

as n ew  CP  an d  C P T  opera to rs, w h ich  also obey  E q s . (2) an d  (11), one has 
s im p ly

C P  I K ° >  =  I K ° > ,  C P T  I K °  >  =  I K °  > ,  T\K<>> =  \ K ° > .  (12) 

N ow , by  m aking  use  o f E qs. (8) a n d  (12) i t  is easy  to  verify  th a t

i) i f  [Я , CP] =  0 , th e n  Ж++ -  Ж - - ,Ж + -  =  Ж -+, i.e. e  =  Ô =  0;

ii) i f  [H, C P T ] =  0, th e n  Ж+ + =  Ж - - ,  i.e. 0 =  0; (13)

iii) i f  [H, T] =  0 , th e n  Ж+ _ =  + , i.e . £ =  0.

P a ra m e te r  £ is th e  m easu re  o f C P T  a sy m m etry , w hile Ô th e  m easu re  o f T
a sy m m e try  in  th e  n e u tra l  К  su b sp ace . In  an  e x a c tly  C P-, T- an d  C P T-sy m 
m e tr ic  w orld we w o u ld  have

К г >  =  - - -  [ I K ° > +  I K °  > ] ,  C P \ K 1>  =  + \  К л> .

K 2> =  - =  [ I K ° >  -  I K ° >  ] ,  C P \ K 2>  =  - \ K 2> .
il 2

(14)

K L d ecays in d ica te  a  fa in t v io la tio n  o f  th e  CP  sy m m e try , so th e  p a ra m e te rs  e 
a n d  ô c an n o t be la rg e . F o r sm all v a lu es  o f £ an d  b th e  effective H am ilto n ian  
m a y  b e  w ritten  as

Ж = M S+ M L
2

— —----------------—  { ( f i- i-2 ie ( r2-\-2di73) , (15)

a n d  th e  eigenvecto rs are

K s > =  I K ,  > +  (e —  ö) I K 2 > ,  I К ,  > =  I K 2 > +  (e -  Ô) \ K L > .  (16)

Experim ental facts

I f  CP  were a n  e x a c t sy m m etry , K x and  K 2 w ou ld  be observab le  partic les. 
B y  conserv ing  th e  C P  q u an tu m  n u m b e r  th e  K x m eson w ould  decay  in to  nn,  
th e  K 2 m eson in to  th r e e  partic les. T h e  fa c t th a t  b o th  K s —>- л п  an d  K L —*■ nn

Acta Physica Academiae Scientiarum Hungaricae 32, 1972



CHECKING M ICROSCOPIC CAUSALITY 3 2 7

decays h av e  been o b se rv ed  m eans a breakdow n o f CP  sy m m etry . T his b re a k 
dow n is cha rac terized  b y  th e  com plex  num bers

< n + n - \ H + . . . \ K L)  =  ( л ° л ° \ Я + . . . 1 K Ly
<л+ л ~ \ Н + . . . \  K s} ’ i/0° <я»л ° \ Н + . . .  I K s}

(17)

T he ex p erim en ta l d e cay  ra tes  an d  th e  phases of th e  in te rfe ren ce  te rm s in  th e  
tim e  dependence o f К  —<■ л л  even ts enab le  us to  co m p u te  th e  em pirica l values 
of th ese  a sy m m etry  p a ra m e te rs  [3]:

I V+-  I =  (1-95 ±  0.03) • 10 - 3, 1 Voo I =  (1.95 ±  0.12) • 10 - 3,

arg  rj+ _ =  43.6° ^  3.3°, a rg  r)00 — 43° ^  19°.

S im ilar p a ram e te rs  o f  th e  К  —>■ л л л  decays are:

( л + л  л° I Д ' -f-. . .  j K s y 
( л + л~~ л° \ H . \ K Ly V ooo —

( л ° л ° л 0 \ Н + . . . \ К 5У
( л ° л ° л ° \ Н + . . . \ К ьу

(19)

T he o b served  tim e dependence o f  th e  n eu tra l К  —*■ л  + л ~ л °  decay  gives [3]

t j+ -о =  (0.15 ±  0 .15) +  i( —0.05 ±  0.24). (20)

N o a t te m p t  to  m easu re  r]000 has been  rep o rted , b u t  i f  th e  d o m in a tin g  л л л  fina l 
s ta te  is ch a rac te rized  w ith  isospin 1 = 1 ,  one m a y  ex p ec t

F o r lep to n ic  decays le t
^000 —■ V+-0- ( 21)

_  <л e + v \ H + . . . \ K sy м  _  ( л + e v \ H + . . . \ K sy•in e+v —  • iÍTi + e—v —  ' •
( n ~ e + v \ H + . . . \ K Ly < я + в - » | Н + . . . | К ь >

( 22)

T he n o n v an ish in g  v a lu e  o f these p a ra m e te rs  does n o t  necessarily  in d ica te  a 
CP  b reak d o w n , because  th e  final s ta te s  are  no t CP  e ig en sta te s . T h e  p a ram e te rs  
can be expressed  in  te rm s  o f o th e r p a ra m e te rs  w hich h a v e  m ore d irec t physical 
m eanings.

( л - e + v  \ H + . . .  j  K°y  _  ( л+e~ v \ H + . . . \ K ° y
X  = - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ,  X  = - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - — —  ( 2 3 )

< л + е - г \ Н  +  . . . \ К ° У  <л + е ~ у \ Н + . . . \ К 0у

ch a rac te rize  th e  v io la tio n  of th e  A Y  =  2l@hadron se lec tion  ru le . I t  is easy  to  
show  th a t
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1 - \ - x '
У]л—е +v —

1 x '
1 + x '

П n+e v —
1

(24)

x e  - 2e( l  +  ô) +  6 , x '  =  x e 2e( l  —  ô )  —  ô . (25)

T h e  consequences o f  sy m m etry  assu m p tio n s are  th e  follow ing:

* =  * • , if  [H, CPT]  =  0,

X  =  X *  a n d  X  — X * ,  if  [ if , T] =  0.

N u m erica l analysis  o f К  —*- nev ex p e rim en ts  [3] m akes use o f an  assum ed C PT  
sy m m e try :

=  i ± í - =  rj*+e- /  fo r [H, CPT]  =  0 . (26)
1 л;

T h e  observed v a lu e  is [3]

x  =  ( + 2 i ±  30) • 10 - 3 +  i{- 8 ±  28) ■ 10 - 3. (27)

E v id e n tly  I  =  l m ï  is a m easu re  o f  C P  and  T  b reak d o w n  in  th e  A Y  — Zl(?hadron 
v io la tin g  lep to n ic  decay.

T he charge  asy m m etry  o f  K L —*■ decays is an  easily  observable
q u a n t i ty :

r ( K L-+ n ~  e+ v) — I \ K L —> л + e~~ v)
P ( K L —»- n~  e+ v )-\-T (K L —► л + e~~ v)

= \<n-~e+v\H...\KL>:<.n+e-v\H+ . . . \ K L>\2 - 1 
\ {n -e+ v \H . . .  IK L} : < rc+e~r[tf+ . . .  \K L) \2 +  l  ’

w h ich  can be w ritte n  in  th e  s im p le  form

a =  2 R e e  1 '** .....- ß .  (28)
| l - * i 2

w h e re  ß =  0 in  th e  case o f C P T  sy m m etry . T he ex p e rim en ta l value is [3]

oc =  (3 • 27 ±  0.42) • 1 0 - 3. (29)

Numerical analysis of the К asymmetries

In  o rder to  lea rn  as m u c h  from  these d a ta  as possible we shall f irs t 
e x p lo it the  u n ita r i ty . F rom  E q . (6) one can deduce
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- 4 - < к ( 0 1 В Д > = < В Д 1 Л К ( * ) > .  (30)
dt

Н еге — 1/2 Г  is th e  an ti-H e rm itia n  p a r t  o f w hile accord ing  to  th e  ru les 
o f p e r tu rb a tio n  th e o ry  i t  is given b y  th e  fo rm u la

<К\Г\ К ' ) = 2 л  2 ( K \ H + . . . \ r } ô ( m 0 —  E r) <r \H +  . . .| K '>  .

L e t us su b s titu te  th e  expression

j K (t)  >  =  и I K s >  e~iM^ + v  I K L >  e~iMít 

in to  E q . (30). S ince и and  v are a rb itra ry  c o n s ta n ts ,

<Ks \r \  K l } =  —  ( K s \K l)
Zi

—---- 1— -— (- 2iA m
r S  T L

or, because  xs <̂  t L,

1
( K s \ r \ K Ly ~  —  <KL\Ksy ( 1  +  i  ta n  * ) , 

2rs

w here accord ing  to  th e  ex p erim en ta l d a ta  [3]

z =  ta n  _1(2 r sZlm) =  42.94° ^  0.26°.

(31)

(32)

O nly th e  fin a l s ta te s  w ith  b ran ch in g  ra tio s  ab o v e  1 %  will be ta k e n  in to  acco u n t:

<Ks IЛ  K L)  =  —  {V+_ B  (Kg  -> л+ л-)  +  r,00 В  ( K L -  7i° / ) }  +

+  —  {v+-o B  (k l -+■ л +п~л°)+г]%оо B  (K L ->- n° л°  ж°) +
TL

+  Цп-e+v B  (K L 7t~ e+ v)+ri*+e~v В  (K[ -*■ л ^  e~v) +

+  В (K L -* л~ fi+v)+ B  ( KL -> л+ [i~ v)} .

As a consequence o f  th e  sm allness o f  ts/ tl o u r fo rm u la  is too in sen sitiv e  for th e  
d a ta  to  he s u b s ti tu te d  in to  th e  second p a re n th e s is , so we shall m ake use o f 
assu m p tio n  (21) a n d  w rite

B (K S — л + л - )  =  1 —  B ( K S -  л°л°),

B (K L —*■ л  + л~ л°)  +  B ( K L — л°л°л°)  =  B (K L -*■ З я ),
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B (K L —<■ л  ~e+ V) +  B ( K L —*■ л +е ~v) -f- B ( K L —► л  ~Ц+у) +  
+  B ( K L - * n + n ~ v ) = l  —  B ( K L -* Зл),

B (K L -+ л -е+  v) —  B ( K L -* л +e-v) =  B ( K L — л ' /í+ r) —  
— B ( K L —»- л +/г _v).

W e arrive  a t  th e  re su lt

Œ s \K L} ( l + i t a n z ) V+-+ (У + - Уоо) В ( К 8 -+ л ° л ° )+

H-----~*?+— о B ( K l ^  Зл) +
r L

г,. I 2 * 2

T h e  ex p erim en ta l b ran ch in g  ra tio s are  [3]

B (K S -*  л °л°) =  0.313 ±  0.005, B ( K L 

I f  th e  sm allness o f  x '  is tak en  in to  acco u n t

[1 B { K L -+ З л )] .

-  З л ) =  0.340 ±  0 .008. (33)

(^л—e+v V*+ e~r) 1 1

“  (rh-e+v +  V*+e~v) ^ ( x  x) +  20 ,

b u t  i f  CPT  sy m m e try  is assum ed on th e  r ig h t-h a n d  side of th e  la s t  eq u a tio n  
w e can  p u t  s im p ly  2i | .  F inally ,

- i -  <K s jX L> =  R e g i Im  & =

=  --■ 4 -------- (i?+_- (Ч+---Ч0О) R ( ^ s - ^ 0) +  (34)l + i  ta n  г [

+  j s  (a  +  2 i f ) -  (a  +  2i f  -  4 *_o) B ( K L -  Зл)}.
ft. f t  J

A ll num bers on th e  r ig h t-h a n d  side o f th e  u n ita r i ty  eq u a tio n  (34) h a v e  been 
m easu red  an d  a re  q u o te d  above, so we can  co m p u te  Reg and  Im<5:

Re g =  (1.49 ±  0.09) • 1 0 - 3, Im  Ô =  ( - 0 .0 4  ±  0.18) • 10 - 3. (35)
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K now ing  R e e, th e  v a lu e  of ß  can be  o b ta in e d  from  E q . (28):

В  =  (0.15 ±  0.50) • 10 - 3. (36)

A m ore d e ta iled  know ledge o f  th e  a sy m m e try  p a ram ete rs  is offered  b y  
d e ta iled  analysis  o f К  —► л л  decays, fo r w hich th e  m o s t com plete se t o f  experi
m en ta l d a ta  is av a ilab le .

As th e  sp in  o f К  is zero, th e  o rb ita l an g u la r m o m en tu m  o f th e  л л  fin a l 
s ta te  is also zero. B ose s ta tis tic s  allow s 1 =  0 and  I  =  2 in  th is  f in a l  s ta te . The 
K s b ra n c h in g  ra tio  gives

w here

( л ° л °  1H  +  . . ■\KS> 2 1 l - V '2  p
( л + л -  |H  +  . . • 1 K sy 2 1 +  p/Y  2

( лл , 1  =  2 \ H + . . . \ K s y 
(лл,  I  =  0  \H - \ - . . .  I K s y

(37)

is th e  ra tio  of th e  A1 1/2 am p litu d e  to  th e  AI =  1/2 am plitude  in  th e  C P- 
allow ed K s — л л  decay . F rom  th e  ex p e rim en ta l v a lu e  (33) one gets

R e p  =  0.026 ±  0.006. (38)

T he C P -fo rb id d en  K L —>■ л л  tra n s itio n s  m ay  have tw o  d ifferen t sou rces: e ith e r 
th e  CP  im p u r ity  o f  th e  K L e igensta te  ( th e  presence o f  K } being ch a rac te rized  
b y  e— ô) or a d ire c t ju m p  of C P  in th e  K 2 —► л л  tra n s it io n  (to be ch a rac te rized  
b y  new  p a ra m e te rs  y0 an d  y 2; see F ig . 1). W e define

( л л ,  I  =  0| Я +  . . .  I K Ly e _  ( л л ,  1 = 2  jH -f  . . .  I K Ly 
( л л ,  1 =  0 IH +  . - .  I K sy ’ 62 ~  ( л л ,  1 = 0  \H+  . . .  I Hsy

(39)

F ig .  1 . К  -*■ n n  am p litudes
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In  acco rdance  w ith  th e  isospin decom position  o f  th e  л  + л ~  an d  л°л°  s ta te s  one 
can  w rite

Ч + -  = Voo =
£q- £ 2 l; 2 

1 - P  У2
(40)

I f  th e  on ly  source o f  K l. —► л  л  tra n s it io n s  w ere th e  K x im p u rity , one w ould h av e

e2 _  ( л л ,  I  — 2 \H - \- . .  . \ K Ly __ ( л л ,  I  =  2 |H-f~. . .  | K s } 
e0 ( л л ,  I  =  2 |H -f- . . .  I K Ly ( л л ,  I  =  0 \ H K s }

T h e  o th e r source m ig h t be th e  C P -b re a k in g  K 2 — л л  tran s itio n . L e t us w rite

( л л ,  I  IH +  . . .\ K °> =  A  j etdl, ( л л ,  I  \H + . .  . \ K °> =  A 0e,d/. (41)

H ere  0/ is th e  s c a tte r in g  phase sh if t o f th e  s tro n g  л л  final s ta te  in te ra c tio n  a t  
E  =  m0c2 w ith  iso sp in  I .  W ith  a c e r ta in  am o u n t o f  h esita tio n  jr-m eson physics 
says, t h a t  [3]

b2 — â0 =  —  39° ±  18°. (42)

In  th e  case o f C P  sy m m e try  one w ou ld  h av e  A f — A  j, so d irect C P  b reakdow n  
in  th e  K 2 —*■ л л  t ra n s i t io n  is ch a ra c te riz e d  b y  th e  tw o com plex p a ra m e te rs

У о =
-4 о A 0

^ 0  +  ̂ 0

Л  2 ^ 2
A 2-\~ Ä 2

(43)

(U p  to  th e  f irs t o rd e r  o f p e r tu rb a tio n  th e o ry  R e у  j A- 0 ind ica tes C P  an d  C P T  
b reak d o w n , Im  y r A  0 ind icates C P  a n d  T  b reak d o w n .) By m ak in g  use of E q s.
(14), (16), (39), (40), (41) and (43) one arrives a t  th e  following re la tio n s :

eo =  Уо +  £ - 0
2 ??+ _+ %

+  ~ P  (V+-~Voo) ’

У 2
=  V+--~rj0Q L

3 p

(44)

(45)

(H ere  all th e  C P  a sy m m e try  p a ra m e te rs  have been  ta k e n  in to  acco u n t in  th e  
f i r s t  o rd er; no o th e r  p a ram ete rs  h a v e  been neg lec ted .) Re p  is k n o w n  ex p e ri
m en ta lly , an d  i t  is e a sy  to  show th a t

A 2+ A 2 с,.,а._дЛ l+ y 2(e+ó)  ̂
1+Уо(е +  ̂ )
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N ow  if  К  —*■ ЛЛ is d o m in a te d  b y  th e  C P -sym m etric  w eak in te ra c tio n  for b o th  
1 = 0  an d  1 = 2  f in a l s ta te s , one can  w rite

P = ± ei№ <У _)_ £ p  asym m etric  te rm s =

=  +; (0.44 +; 0.013) e‘* 39°±18°+. CP  a sy m m etric  te rm s.
(46)

S u b s titu tin g  th e  e x p e rim en ta l v a lu es  (18) an d  (46) in to  fo rm u las  (43) an d  (44) 
one o b ta in s

I e0 I =  (1.95 ±  0.06) • 10 Л  arg  Eq =  44.7° ±  6 .7° ,

I у 2 —  Уо I =  (2 -12 ±  7-5) • 10 a rg (У2  —  Уо) =  u n k n o w n  . (47)

T h e  in fo rm atio n  av a ilab le  on C P -b reak in g  p a ram e te rs  o f th e  n e u tra l  К  m eson 
system  are  sum m arized  in  th e  follow ing T ab le :

Table I

Source
o f in fo rm a tio n

Irre v e rs ib ility  
(Т  a sy m m e try )

A ca u sa lity  
(C P T  a sy m m e try )

Unitarity Re e =  1.49 +  0.09 lm  ó  =  — 0,04 +  0.18
К  яп,  1 = 0 Im (e +  y0) =  1.32+0.24 Re (ô  -  y0) =  0.11 +  0.19
К  ля ,  1 =  2 1 Im (У2 —  Уо) ! <  9-6 Re (y2 — y„) 1 <  9.6
К  —► név 1 =  —  8 +  28 ß =  0.15 +  0.50

(all values in 10 ~3 units).

T he T ab le  show s th a t  CP  a n d  T  sym m etries are d e fin ite ly  b ro k en  in  n e u tra l 
К  m eson decays, b u t  th e re  is no  in d ica tio n  of a n y  C P T  b re a k in g  o f com parab le  
s tre n g th . N a tu re  th u s  reveals h e rse lf  to  be irreversib le  m icroscopically , a lth o u g h  
even  here  she beh av es cau sa lly  (F ig . 2).

Im

• asymmetry&
ш

- 10~3

CPTasymmet ГУ

!"10 Re

- 10~3 -

Fig. 2. Strength of T  and C P T  violation (Empirical values of e and à)
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T he m in im um  model

The only  a sy m m etry  p a ra m e te r  sig n ifican tly  d iffe rin g  from  zero is e. 
I t  is th erefo re  v e ry  te m p tin g  to  assum e th a t  all th e  o b se rv ed  asym m etries are 
ex p la in ed  b y  th is  single p a ra m e te r , w h ich  ch arac terizes  th e  tim e-odd  p a r t  of 
th e  effective H am ilto n ian  Ж [5]:

Ж =  M s +  M l + a t
M S— M L , . .
----- ---------- (- is a2 (M s — M L) (48)

L et us check the confidency o f th is “ m inim um  m odel” .
B y  exploiting the possib ility  o f the JTtot —*■ H nev/(c) replacem ent (10) 

w e can make Im  y 0 =  0 (W u — Y ang  convention [6]), w hich  gives

e =  (1.49 ±  0.09) • 10 -*  +  i(1.32 ±  0.24) • 10 ~3. (49)

B y  assum ing  th a t  ß  = R e y ; =  <5 =  0 (ex ac t C P T  sy m m e try )  a n d  I m y 2 =  I  =  
=  0 (the  m icroscopic irrev e rs ib ility  is co n cen tra ted  in to  th e  n e u tra l К  eigen
s ta te s  p roduced  b y  th e  effective H am ilto n ia n  (48) a n d  no fu r th e r  irre v e r
s ib ility  is to  be found  in  th e  decay  m a tr ix  e lem ents), w e o b ta in  th e  un ique  
re la tio n s

T)+-  =  r]00 =  e =  e0 =  p ~ 1e2 for th e  m in im u m  m odel. (50)

T h e  u n ita r ity  re la tio n  tells us th a t  th e  phase  of th is  com plex  n u m b er is equal 
to  th e  z q u o ted  in  E q . (32). I ts  rea l p a r t  can  be o b ta in ed  also from  th e  charge 
a sy m m e try  o f th e  lep ton ic  decays. So b y  w riting

, . 1 — R e x  oc
4 =  ( l + r t a n z ) ------------- - -----fo r th e  m in im um  m odel, (51)

1 +  R e x  2

w e ca n  collect th ree  in d e p e n d e n t pieces o f ex p e rim en ta l in fo rm a tio n  a b o u t th e  
s tre n g th  o f th e  tim e-rev ersa l a sy m m e try :

e
i?+ _ , I r}+- I =  (1.95 ±  0.03) • 10 - 3, arg  4 + -  =  43.6° ±  3.3°,
Чоо. I Чоо I =  (1-95 ±  0.12) • 10 - 3, arg  %0 =  43.2° ±  19°, (52)
Л, I A I =  (2.13 ±  0.27) • 10 - 3, arg  A =  42.9° ±  0.3°.

T h e  coincidence o f these  th ree  v alues m ak es i t  u n d e rs ta n d a b le  th a t  th is  “ m ini
m u m  m odel”  is v e ry  p o p u la r am ong  th e o re tic ia n s  (F ig . 3).
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Fig. 3. Consistency of the minimum model

C onclusion and  ou tlook

L e t us t r y  to  fo rm u la te  th e  m ora l o f our n u m erica l re su lts . W h a t can  we 
say  ab o u t th e  C P -odd  H a m ilto n ia n

H ' =  Y  № o t  (C P ) -1 H tot (C P ) ] , (53)

w hich  exp la ins th e  ex p e rim en ta l e v a lue  (49), b u t  gives zero fo r y 7?

e = ------2_— ----- Im  (K ° \H ’+  . . . IK °)  . (54)
1 — i t a n s

T h e  p red ic tions for th e  m easu rab le  q u a n tity

V + -~V  oo I

»7+_ + % >  I
fo r th e  case w hen  H '  is b u ilt  u p  p u re ly  from  h ad ro n ic  o p e ra to rs , an d  is ch a rac 
te rized  w ith  a de fin ite  SU(3) p ro p e r ty  (<[ Ц, Yj | H '  | J 2, Y 2 >  #  0 only for 
d efin ite  va lu es  o f A I  =  | —  I 2 \ an d  A Y  =  \ Yx —  Y 2 |) are su m 
m arized  in  T ab le  I I  [7]. (g’ is th e  d im ensionless coup ling  c o n s ta n t charac teriz ing  
th e  s tre n g th  o f i f ') .
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Table II

A Y A I g’ G)

0 I O - 3 . 137 —1

l I O - 3 1
0 2 I O - 3 1

3 i o - 1 137

1 /2 1 0 -* 1 3 7 - 1

l 3 /2 1 0 -» 1

5 /2 I O - 6 1

0 i o - 11 Ю - i o

2 1 i o - 13 Ю - ю

2 i o - 11 I O - 8

n  >  2 1 0 ~ 23+ 5 n Ю - ю

m illistrong

■*- m illiw eak

su p e rw e a k

T h e ex p e rim en ta l find ing  co <§ 1 can  be  exp la ined  in  th re e  d iffe ren t w ays: w ith  
su perw eak , m illiw eak, o r m illis tro n g  rea liza tions o f th e  m illis trong  m odel. 
A choice am ong  these  possib ilities w ould  be possible only  w ith  a sy m m e try  
ex p e rim en ts  perfo rm ed  o u tside  n e u tra l  li-m eso n  physics.

W h a t a b o u t th e  coup ling  c o n s ta n t o f a h y p o th e tic a l C P T -v io la tin g  in 
te ra c tio n  ? W e know  th a t

I* — ^ —  { K ^ H - i C P T ) - 1 H  {CPT)  +  
1 — i ta n  z

-T h ig h er o rd e r te rm s jK °/> <  3. 10“ 4 .

I f  th e  C P T -o d d  p a r t  of th e  H a m ilto n ia n  w ere ch a rac te rized  b y  th e  selection  
ru le  A Y  =  0 or 1 or 2, th e  co rresp o n d in g  u p p e r lim its  on its  coupling  c o n s ta n t 
w ould  be 10 - 14, 10 “9, 10 ~4. W e can  s ta te  th a t  a C PT  a sy m m e try  w ith  a s tre n g th  
co m p arab le  to  th e  T  a sy m m e try  can  be excluded ex p erim en ta lly  on ly  for 
A Y  =  0 tran s itio n s .

C om ing b ack  to  th e  d e fin ite ly  observed  T  a sy m m e try , we s till h av e  to  
answ er th e  puzzling  q u estio n : I f  N a tu re  is irreversib le  even m icroscopically , 
w h y  does she h ide th is  p ro p e r ty  so w ell?  Is  i t  a p rim a ry  fa c t th a t  th e  coupling  
c o n s ta n t g '  in  th e  odd coupling  (53) is sm all, or m ay  we ask  fo r an  ex p lan a tio n  
o f th e  fa in tn ess  of th e  T  a sy m m e try ?

W ell, i t  is know n t h a t  no exo tic  partic les can  be fo u n d  in  th e  recen t 
T ab le  o f P a rtic le  P ro p ertie s . F o r th is  reason  we are allow ed to  th in k  in  te rm s

Acta Physica Academiae Scientiarum Hungaricae 32, 1972



CH ECK IN G  MICROSCOPIC CAUSALITY 337

of q u a rk s : only such p a rtic le s  an d  such  vertices are o f  im p o rtan ce  fo r N a tu re , 
w hich can  be b u ilt up  s im p ly  b y  q u a rk s . O n the  o th e r  h a n d , i t  is exceedingly  
d ifficu lt to  w rite  dow n a  coupling  w hich  is in v a ria n t a g a in s t all tran sfo rm a tio n s  
b u t  C a n d  T. One is fo rced  to  use th e  sca lar p ro d u c t o f  an d  Q/, (w ith  th e  
c u rre n t odd  and  th e  m o m en tu m  even w ith  respect to  C). E x am p les:

Vry ip ■ ЭрЩ) corresponding  to  iо ■ Э^е,

VY-ßfW ' corresponding  to  A 1(t ■ Bu,

WY/J.W ’ W sV  ‘ 3fjpYsV corresponding to  (ttp ja^ ï?  •

(H ere to, e, A v  В, п, о a n d  r\ s ta n d  fo r th e  field  o p era to rs  o f  th e  co rrespond ing  
m esons.) T hese s tru c tu re s  a re  rea lized  b y  ra re  partic les  (ex c ited , b o u n d  q u a rk  
pairs) o r b y  so p h is tica ted  cen trifu g a l barrie rs . This offers an  ex p lan a tio n  o f 
w hy i t  is so h a rd  to  observe  th e  T  a sy m m e try  in  N a tu re , b u t  we h av e  still no t 
succeeded in  c larify ing  th e  CP  puzzle. W e have show n o n ly  th a t  i t  m ay  be 
re la te d  to  an o th e r u n so lv ed  prob lem  o f N a tu re : to  th e  q u a rk  puzzle.

A fu r th e r  possib ility  is th a t  C a n d  T  asym m etries are  fa in t only in  th e  
p resen t s ta te  of th e  w orld . I f  we Avant to  ivrité  a T -odd exp ression  in  p lace o f g , 
th e  s im p lest possib ility  is to  p u t  a  tim e  deriv a tiv e  th e re . I f  th e  w orld  is in  a 
m ore or less s tead y  s ta te  now , th is  tim e  deriva tive  w ill give a sm all nu m b er. 
I t  m ay  be  th a t  th is  can  p ro v id e  th e  ex p lan a tio n  fo r th e  effective fa in tn ess  o f 
C an d  T  b reakdow ns. W e shall follow  th is  line of th o u g h t in  th e  A ppend ix .

The present analysis —  following similar ones published in earlier years by other au
thors — was prepared to fulfil a request to give a review on CP  breakdown at the Conference 
on Nuclear Weak Interactions at Zagreb, in July 1971. The author is highly indebted to Dr. 
D. T a d iè  and to the staff of the Institute Ruder Boskovic for their kind hospitality in Zagreb, 
and also to Dr. A. F r e n k e l  for his stimulating discussions and criticism, especially concerning 
the phase conventions, and to Mr. A. S. Sz a l a y  for his help in computer programming.

Appendix

Charge asymmetry in particle physics and in the universe

P o n t e c o r v o  has p o in te d  o u t [8], t h a t  the  life tim e  o f th e  double  b e ta  
decay  observed  fo rT e-130  b y  T . K ir s t e n  e t al. is in acco rd an ce  w ith  th e  p red ic 
tio n  of th e  lep to n -co n serv in g  w eak  in te ra c tio n  th eo ry , b u t  th e  ra tio  o f th e  decay 
ra te s  Te-128 to  Te-130 fav o u rs  a doub le  b e ta  decay w ith o u t n eu trin o s . B o th  he 
an d  H . P r im a k o f f  [9] sp ecu la ted  t h a t  th e  CP  n o n -co n se rv a tio n  observed  in  К  
decays w ith  th e  s tre n g th  | e | g^,eak c* 10 ~3 g^,eak (gweak is th e  w eak  coupling 
co n stan t) m ay  be re la te d  to  a lep to n  non-conserv ing  in te ra c tio n  o f th e  sam e 
s tre n g th  observable  in do u b le  b e ta  decay . K eeping th is  co incidence o f th e  tw o
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coup ling  co n stan ts  in  m ind , I  w ould  like to  call a tte n tio n  to  a n o th e r possible 
re la tio n .

The iso tro p y  of b lack  b o d y  rad ia tio n  a t  2.7 °K is a s tro n g  h in t of th e  B ig 
B a n g  origin of th e  U n iverse . T h e  only  astronom ica l o b se rv a tio n  co n trad ic tin g  
th is  th eo ry  is th e  low  h e lium  c o n te n t o f ce rta in  P o p u la tio n  I I  s ta rs . I t  has been 
p o in te d  o u t b y  F o w l e r  a n d  H o y l e  th a t  th e  ex istence  o f a non-van ish ing  
le p to n ic  charge  in  th e  U n iv e rse  could  solve th is  d isc rep an cy . (The fo rm ation  
o f  helium  from  hydrogen  m ig h t be p rev en ted  b y  su rp lus n e u tr in o s .)  As charge 
a sy m m e try  an d  tim e-rev e rsa l a sy m m etry  are  connected  b y  th e  C P T  theo rem , 
one  can specu la te  a b o u t th e  p ossib ility , th a t  m a tte r  w ill b eh av e  in a very  
cha rg e -sy m m etric  m an n er d u rin g  periods w hen th e  U n iverse  is ra th e r  sy m 
m e tric  ag a in st tim e  rev e rsa l (i.e. th e  presen t) b u t  th a t  th e  sam e m a tte r  would b e 
h a v e  in  a v e ry  ch a rg e -asy m m etric  m anner, w hen th e  U n iverse  is changing v e ry  
fa s t  in  tim e  (i.e. in  th e  seconds follow ing th e  B ig B ang). P e rh a p s  th e  superw eak 
charge  a sy m m etry  of th e  le p to n ic  К  decays an d  th e  asy m m etrica lly  positive 
lep to n ic  (and  baryon ic) ch a rg e  o f  our p resen t U niverse  are  consequences of th e  
sam e in te rac tio n . Several w ay s are  open to  us w hen  we t r y  to  b u ild  up a m odel 
w h ich  is able to  realize su ch  a specu la tion . One exam ple  w ill be  sketched  here. 
A  fu n d a m e n ta l in te ra c tio n  H am ilto n ian  w hich is in v a r ia n t a g a in s t С, P  and  
T  m ay  have th e  follow ing s tru c tu re :

H  =  g' ■ H \

w here  g is a now adays slow ly v a ry in g  expression p lay in g  th e  ro le o f an  effective 
coupling  c o n s ta n t, an d  H 1 is an  effective local v e r te x  w h ich  is o d d  against CP  
a n d  T. The effective coup ling  c o n s ta n t g m ay  be so m eth in g  like

g =  a ---- In b ,
dt

w here  a is odd  ag a in st CP  a n d  b is a q u a n tity  ch a rac te riz in g  th e  cosm ologica 
s ta te  of th e  U niverse , e.g. its  d e n s ity . (g ' m u s t be sy m m etric  u n d e r  local L oren tz  
tran sfo rm a tio n s .)  T he CP- a n d  T -asym m etric  local in te ra c tio n  w ill be s tro n g  
fo r sm all v a lues o f  t b u t  v e ry  fa in t for la rge  va lues. M a tte r  b ehaved  v e ry  
ch a rg e  asy m m etrica lly  a t  th e  m om en ts o f th e  B ig B ang , b u t  i t  behaves in  a 
p ra c tic a lly  ch a rg e -sy m m etric  w ay  to d ay .

The electric  charge Q is re la te d  to  th e  long-range C oulom b force, b u t th e  
b a ry o n ic  charge  В  an d  th e  le p to n ic  charge L  are  re la te d  to  sh o r t  range in te r 
ac tio n s. I t  has been s tre ssed  b y  J .  A. W h e e l e r  th a t  a b la c k  hole (a m ass 
co n cen tra tio n  p ro duc ing  a  g eo m etrica l s ingu larity ) m a y  ab so rb  an d  p rac tica lly  
d e s tro y  В  an d  L  ( th e ir  sh o r t  ran g e  sh rinks to  zero ran g e), b u t  n o t so Q (i.e. 
e lec tric  lines o f forces re m a in  o f  in fin ite  leng th ). I t  is in te re s tin g  in  th is  connec
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tio n  th a t  ou r U n iv erse  a t  p re se n t shows its e lf  to  be charged  fro m  th e  b a ryon ic  
a n d  lep to n ic  p o in t  o f view  (m ore p ro to n s, e lec trons an d  n e u tr in o s  th a n  a n t i 
partic les), b u t  n e u tra l  from  th e  electric  p o in t o f  view . One m a y  d are  to  advance  
th e  following h y p o th esis :

The co m p le te ly  sy m m etric  H a m ilto n ian  o f our w orld  co n ta in s  a te rm  in  
w hich  th e  e ffec tive  coupling c o n s ta n t g' is b ig  fo r sm all t v a lu es  an d  sm all for 
la rg e  t values. T h is  p a r t  o f th e  H a m ilto n ia n  beh av es as C a n d  T  a sy m m etric  in  
sm all space-tim e  regions, as h a v e  been d e te c te d  in  th e  fa in t ch arg e  a sy m m etry  
o f  n e u tra l К  m eso n  decays. A t th e  tim e  o f th e  B ig B ang, how ever, th e  sam e 
in te ra c tio n  w o rk ed  m uch h a rd e r , p ro duc ing  a m u ch  stronger a ttra c t io n  betw een  
a n tib a ry o n s  (В  <  0) an d  a n tile p to n s  (L <[ 0) th a n  betw een  b a ry o n s  (B  > 0 )  
a n d  lep tons (L 0). The b lack  holes fo rm ed  b y  g ra v ita tio n a l collapse d u rin g  
th e  in fancy  o f  th e  U niverse th u s  abso rbed  m ore  an tib a ry o n s  an d  m ore a n t i 
lep to n s  and  so le f t  th e  orig inally  n e u tra l U n iv e rse  in a s ta te  w h ich  for p rac tica l 
purposes can be  described  w ith  p ositive  В  a n d  L  charges. T h is effective lep ton ic  
charge  p re v e n te d  th e  fo rm atio n  o f  a h igh  h e liu m  co n cen tra tio n .

In  th e  p re se n t und erd ev e lo p ed  s ta te  o f  em pirical cosm ology i t  is p ro b ab ly  
to o  early  to  b u ild  up  a q u a n ti ta t iv e  th e o ry  from  th is  h y p o th esis . W e m u st 
w a it for a b e t te r  u n d e rs ta n d in g  o f  th e  helium  puzzle from  astro n o m y  an d  fo r a 
b e tte r  u n d e rs ta n d in g  ‘ of ch a rg e -asy m m etric  decays from  p artic le  physics. 
N evertheless, i t  rem ains em pirica l fa c t th a t  th e  process o f th e  lep to n ic  К  decay  
is charge a sy m m etric  and  th a t  th e  s ta te  o f th e  U niverse is charge  asym m etric . 
T h e  dynam ics o f  К  m esons show s a t in y  m icroscopic irre v e rs ib ility  in  H ilb e rt 
space, and  th e  h is to ry  of th e  U n iverse  show s a shocking cosm ological irrev e rs i
b il i ty  in M inkow ski space. I t  is v e ry  te m p tin g  to  co n tem p la te  on w h a t th e  
connection  b e tw een  these  fa c ts  m ig h t be.
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ПРОВЕРКА СОХРАНЕНИЯ МИКРОСКОПИЧЕСКОЙ ПРИЧИННОСТИ 
И ОБРАТИМОСТИ В СЛУЧАЕ РАСПАДА К-МЕЗОНОВ

Г .  М А Р К С  

Резюме

Обсуждается строгость выводов, согласно которым, имеющиеся экспериментальные 
результаты свидетельствуют о том, что при нейтральном К-распаде нарушаются С Р - ,  и Т - 
симметрии, но сохраняется CPT-симметрия, которая строго связана с локальной причин
ностью. Выдвинута гипотеза о возможности существования ещё более сильной С Р -  и Т  
асимметрии во время «Биг Бенп>-а (большого взрыва). Рассмотрены вытекающиеся отсюда 
возможные следствия относительно значений лептонных и барионных зарядов.
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A NEW ATTEMPT AT A UNIFIED FIELD  
THEORY*

By

D .  I v a n e n k o

MOSCOW STATE U N IV ER SITY , MOSCOW, USSR 

(Received 14. X II. 1971)

It is attempted to construct an improved version of the non-linear spinor field theory 
originally proposed b y  the author and H E IS E N B E R G . A new perturbation theory dissimilar 
to the Tamm—Dancoff one is used for the case of degenerate vacuum. Furthermore, a new 
propagator is introduced and the existence of unitary symmetry is supposed to hold from the 
very beginning, i.e. essentially a non-linear theory of quarks is proposed.

M any b e a u tifu l p ap ers  b y  L. J Á n o s s y  have s tim u la te d  effo rts  to  bu ild  
u p  a m ore u n ified  p ic tu re  o f physica l re a lity  w ith o u t th e  need  to  dispense 
w ith  th e  o ld e r a tte m p ts  in  th is  d irec tio n . T he p resen t a r tic le  is in te n d e d  as 
a  review  of th e  s itu a tio n  o f th e  non -lin ear sp inor field th e o ry  th a t  is ad v o ca ted  
b y  th e  a u th o r  an d  in w ell-know n p ap ers  o f the  H e i s e n b e r g — D ü r r  group 
an d  w hich seem s to  offer a p rom ising  basis for such a u n if ied  th e o ry , i f  a due 
accoun t is ta k e n  of g ra v ita tio n  an d  cosm ology.

§ 1. Non-linear spinor theory

T he s ta r t in g  p o in t o f  th e  th e o ry  is th e  D irac (W eyl) eq u a tio n  su p p le 
m en ted  b y  som e non-linear te rm s o f th e  %p3 ty p e  p ro p o sed  earlie r [1, 3]: 
V ß +  12(У’3) =  0. This is a genu ine , p rim o rd ia l n o n -lin ea rity , like E in s te in ian  
G eneral R e la t iv i ty  or th e  B orn  In fe ld  m odel of e lec tro d y n am ics, as c o n tra s te d  
w ith  induced  n on-linearities in c lud ing  th o se  of y>3 ty p e  a rising  by m eans of 
q u a n tu m  v a c u u m  effects (v ir tu a l m u tu a l tra n sm u ta tio n s  o f all in te ra c tin g  
fie lds). I t  is in s tru c tiv e  to  com pare  o u r tre a tm e n t w ith  t h a t  o f H e i s e n b e r g . 

B riefly , H e i s e n b e r g  an d  D ü r r  choose as th e ir  fu n d a m e n ta l f ie ld  o p e ra to r  a spi- 
no r-isosp ino r a n d  p seu d o v ec to r ty p e  o f all fiv e  possible fo rm s of ( I v a n e n k o — - 

B r o d s k y ) n o n -lin earities ; th e y  use th e  new  (and  ra th e r  cum bersom e) T am m  — 
D an co ff ap p ro x im a tio n  m eth o d  for ca lcu la tions and  in tro d u c e  an  in d efin ite  
m e tric  in H ilb e r t  space an d  g ro u n d  s ta te  (vacuum ) d eg en eracy  w ith  re sp ec t 
to  th e  isosp in ; a specific form  of p ro p a g a to r  is co n stru c ted  an d  a ( ra th e r  a r t i 
fic ia l) spurion  m odel is in v e n te d  to  ex p la in  strangeness. T h e  p ro p a g a to r  (rem o v 
ing  in fin ities) is

* Dedicated to Prof. L. J Á n o s s y  on his 60th birthday.
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G =  { а р )
p 2-\-m2 ie

+
ie (jp2 — ie)2 ( 1 )

W ith  th is ap p ro ach  one gets th e  follow ing ch ie f re su lts :
1. the  (average) b a ry o n ic  m ass, as exp ressed  by  th e  se lf-in teraction  

c o n s ta n t, is
ml =  5,8; (1)

2. the m asses o f  th e  b a ry o n ic  o c te t a re  sem i-q u a lita tiv e ly  good, b u t  
th e  m asses of 0 _ m esons p o o r (up  to  fac to r  1/2):

Л: 1,09 (1,19)
n: 0 ,27 (0,15) (em pirica l va lu es  in  paren theses)

3. Som m erfeld’s fine  s tru c tu re  co n stan t is o b ta in e d  (h u t  by  m eans of 
som e em pirical v a lu es) in  se m i-q u a n tita tiv e  ag reem en t [2].

W ork a t  M oscow  U n iv e rs ity  has a im ed, ch ie fly  th ro u g h  in v estiga tions 
b y  N aumov an d  y o u n g e r  colleagues [4], a t th e  c o n s tru c tio n  o f  a m ore convincing  
v e rs io n  of th e  th e o ry . T his a p p ro ach  re ta in s  th e  n o n -lin ea r ip3 te rm  as well 
as H e i s e n b e r g ’ s im p o r ta n t  suggestions of a n  in d e fin ite  m e tric  and v acu u m  
degeneracy , h u t

1) i t  p e rm its  th e  a p p lica tio n  of a m o d ified  p e r tu rb a tio n  theory  in  th e  
deg en era te  v acu u m  case, 2) i t  h a s  a m ore s a tis fa c to ry  p ro p a g a to r  and  3) i t  
a d m its  u n ita ry  sy m m e try  from  th e  beginning. R o u g h ly  sp eak in g , th en , th e  g roup  
is try in g  to  b u ild  a th e o ry  o f no n -lin ear q u a rk s . L e t us e x a m in e  each of th ese  
p o in ts  in tu rn .

1) The L a g ra n g ia n  is re c o n s tru c te d  in  a fo rm  p e rm ittin g  th e  inclusion  
o f  all sy m m etry -b reak in g  effec ts in  zero th  a p p ro x im a tio n :

£ — ^O+^int — (£0 +  ̂ brok)+(£int ^brok) — ^ó+^int- (2)

F o r  th e  y 5- in v a r ia n t m odel, w ith  £ brok =  mipip, th is  y ie ld s th e  m ass v a lu e  
fro m  th e  eq u a tio n

1
m 2 In ( 1 + p i /п2) = p l +  — — (2a)

3 r

(Po is the cu t-o ff im pulse).
Convincing s u p p o r t fo r th is  p e r tu rb a tio n  m e th o d  is o b ta in e d  by  checking  

i t  w ith  the  old H e i s e n b e r g  p ro p ag a to r, w h ich  y ields even  b e tte r  h ad ro n ic  
m asses; for ex am p le ,

л: 0 ,13(0 ,15), r): 0 ,58(0,58) e tc .
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2) The new  p ro p o sed  p ro p ag a to r, w hich co rresponds to  a fie ld  o pera to r 
ta k in g  in to  acco u n t n o t  only  physica l s ta te s , b u t  also  ghost s ta te s  o f van ish ing  
norm  an d  dipole s ta te s

ip =  f(x )  +  tq Z{x) +  a 2d(x), (3)
is

Q  _____P_±im_________ p + i m  Щ /* — m)(p+ip.)
p 2-\-m2 ie p 2-\-p2 — ie (p 2-\-/u2 is)2

I f  we ana lyse  th e  am p litu d e  o f nucleon n u c leo n  sca tte rin g , app ly ing  
th e  self-consistency co n d itio n  of e q u a lity  o f th e  m ass  o f  th e  ph y sica l partic le  
an d  th e  m  value in  th e  p ro p ag a to r, we get

ml =  7,4, p  =  1,1 m.

M oreover, from  th e  re q u irem en t o f a pole a t  th e  v a n ish in g  square  o f a tra n s 
fe rred  im pulse (ex istence  of pho tons!), we o b ta in  fo r th e  fin e  s tru c tu re  co n stan t
[4]

X =  1/115. (5)

T h is la s t  re su lt can  b e  considered as sa tis fac to ry , since i t  is o b ta in e d  by  a 
c lea r-cu t m e th o d , w ith o u t use o f an y  em pirical v a lu e s , and  p e rm its  fu rth e r  
re fin em en ts .

3) L et us ac c o u n t SU(3)  sy m m etry  from  the  beg in n in g  and  choose vector 
n o n -lin ea rity  for o u r m assless q u a rk ia n  p re -m a tte r , w h ich  is in  line  w ith  th e  
suggestion  of som e g ro u p  th eo re tica l a rgum en ts ( M a r s h a k —M u k u n d a ) an d  leads 
also to  b e tte r  em p irica l va lues of m asses. C onsidering  th e  v acu u m  s ta te  to  be 
d eg en era te  w ith  re sp e c t to  ch ira lity  an d  isosp in , w e get for th e  Л -q u ark  a 
m ass w hich  is som e 17%  h eav ier th a n  o th e r q u a rk  m asses, in  n ice ag reem ent 
w ith  phenom enolog ical ev a lua tions.

L e t us consider n o w  th e  sc a tte rin g  of q u a rk  b y  an tiq u a rk  q +  Ч -+Ч +  4 
an d  th e  sca tte rin g  o f  th ree  q u a rk s , recalling  t h a t  m esons an d  b a ry o n s  are 
b u ilt  from  q u a rk  a n d  a n tiq u a rk  or, co rrespond ing ly , from  th ree  q u a rk s . T hen , 
an a ly s in g  carefu lly  th e  sc a tte rin g  an d  crossing sy m m etric  am p litu d es , one 
gets  th e  desired h a d ro n ic  m asses, viz.

71 V K * N  Л z A Q

T heory 1 4,2 7Д 8 10 11 9 12

E xp . 1 4 6,5 7 8 9 9 12

T hese resu lts  can  be considered  as sa tis fa c to ry  for th e  p re se n t in  view  
of th e  p re lim in ary , ex p lo ra to ry  s ta te  of non -linear th e o ry . I t  m ay  b e  rem ark ed
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t h a t  in  H e is e n b e r g  fo rm a lism  v e c to r  m esons do  n o t  seem  to  h e  o b ta in e d  
w i th  a n y  degree  o f  re l ia b ili ty ; t h e  d e c u p le t b a ry o n ic  m asses a re  c a lc u la te d  
b y  u s  in  n o n - lin e a r  sp in o r  th e o ry  fo r  th e  f i r s t  t im e  [4].

W ith o u t e n te r in g  in to  d e ta ils  we draw  a tte n tio n  to  th e  p o ssib ility  of 
c o n s tru c tin g  n o n -lin ea r sp inor e q u a tio n s  by ap p ly in g  th e  fo rm alism  o f n o n 
lin e a r  rep re sen ta tio n s  o f some in te rn a l  sym m etries. W ritin g  th e  tra n sfo rm a tio n s  
o f  th e  in te rn a l g ro u p  as

WaX -*• Wax =  WaX+àt^ ipbf x ) ,  (6)

w h ere  f  are in v a r ia n ts  of tra n s fo rm a tio n s  (for exam ple, f  =  \jixxp) a n d  T(J) 
a re  genera to rs o f  th e  in te rn a l g ro u p  sa tisfy ing  th e  co m m u ta tio n  re la tions 
genera liz ing  th e  lin e a r  case. In  th e  sim ple case o f th e  SU(2) g ro u p  one gets 
som e essen tia lly  non -linear so lu tio n s for T :

T ±  =  ±  u m ^ e±lH(Ârl / iT '2) г т г Н т 1+ * т 2ь4 |  |/ 4 £ + a  \ 4£ +  a ( 7 )

f  =  / i + / |  5 X =  a rc  sin u
V f i + n

D efin in g  th e  co rrespond ing  c o v a r ia n t (self-com pensating  or n o n -lin ea r) d eri
v a t iv e ,  w hich tra n sfo rm s  as

=  ( 8 )

we g e t a s tro n g ly  non-linear, a b i t  com plica ted  co n stru c tio n  fo r th is  de
r iv a t iv e :

®v W =  dvW +  !  —  [ ( / 1  d v Â  /2  9 v / i )  T3 • • • ] W (9)
i t  J  2)

fo r w hich , the co rrespond ing  n o n -lin e a r eq u a tio n  [8]

iy^np +  Фу> =  0 (10)

(Ф is an  a rb itra ry  fu n c tio n  of in v a r ia n ts )  is in v a r ia n t un d er L o re n tz  x S U (  2) 
tra n sfo rm a tio n s .

F usion  of non-linear quark equations

L e t us now  p roceed  w ith  a n  a p p ro x im a tiv e , b u t u n e x p e c te d ly  quick 
m e th o d  of dealing  w ith  non -linear q u a rk s  b y  a d m ittin g  a basic  e q u a tio n  w ith  
q u a rk  m ass a lre a d y  included  (b u t  n o t  m assless q u a rk ian  p re -m a tte r ) :

(yp)y>  -)- m xp  —  l2 (y>y>}tp =  0 (11)
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(N a m b u ’s 3 tr ip le ts  schem e u n d ersto o d ). A pp ly ing  a genera lized  fusion 
co n d ition

Э Э®
—  (W ) =  2 - - ' V ( I 2)ox ox

w ith  m eson an d  b a ry o n  o p era to rs

£
p

V ’ a b c  =  ~  ( T f A y>B f c )  ,

(13)

(T  is a  sy m m etriz in g  op era to r), one gets w ith  K u r d g e l a id z e  [5] equations 
fo r h ad ro n s, generaliz ing  th e  B a rg m a n —W igner an d  Y a n g —Mills equ a tio n s; 
e.g. fo r b aryons

(УР)а ' Va 'bc^ ™  V’abc =  \ р ( Ч Ю 2 ( ^ a Vdbc^
10 (14)

- f  o)fLflVADc +  ̂ c  V!4BD" 3 $lio Va Bc) ■

M oreover, in  th e  sam e m an n er one o b ta in s  th e  descrip tio n  of th e  in te rac tio n s  of 
q u a rk s  w ith  m esons. W e are , th e re fo re , now  in a position  to  ca lcu la te  all 
h ad ro n ic  m agnetic  m om ents an d  coup ling  c o n s ta n ts . In  som e cases th e  p rev i
ous re su lts  are o b ta in ed  by o u r easier ca lcu la tions, b u t  m an y  new  ones are 
also p red ic ted , u p  to  p ro p erties  o f  th e  Ü p a rtic le . F o r in stan ce

scalar 
ö<7i n°<h r>q2n°q2 ' Iх q Y

1
m n +  -

3m,

Pp = (15)

Ms°
ms°
9

3 , 1 , 8 1
/“л =  —

1 2_ _ !

m e
1

m <o тф 1 ’ 3 3 тф ]

(H ere  th e  m ag n etic  m om en ts a re  c o n s tru c te d  e ith e r  from  q u a rk s  or are 
o b ta in e d  from  b ary o n ic  eq u a tio n s .)  W e believe t h a t  th is  ra th e r  bo ld  m ethod  
also deserves a tte n tio n  for essen tia lly  p e rm ittin g  ra p id  reco n stru c tio n  of th e  
consequences o f g roup  th eo re tica l m eth o d  an d  fo r prom ising  fu r th e r  non 
lin e a r  corrections —  all th is  w ith  a single se lf-in te rac tio n  c o n s ta n t.
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§ 2. G rav ita tion
Tetrads

T h e te tra d ic  tr e a tm e n t  o f  G enera l R e la tiv ity  is now  very  p o p u la r  in 
co n n ec tio n  w ith  th e  analy sis  o f  reference  system s. O ne hopes th a t  th e  energy  
p ro b lem s m ay  be c la rified  in  th is  w ay . (M il l e r , R o d ic h e v , T r e d e r , S c h w in 
g e r , I v a n it s k a y a  a n d  o thers). I t  shou ld  be s tressed  once m ore t h a t  te tra d ic  
“ rev is io n ”  o f G eneral R e la tiv ity  is necessary , as th e  in te ra c tio n  o f  ferm ions 
w ith  g ra v ita tio n  req u ires  in tro d u c tio n  o f te tra d s  ( F o c k — I v a n e n k o  coefficients, 
a n a ly se d  in  su b seq u en t w orks o f  S c h r ö d in g e r , D ir a c , W h e e l e r , B e r g m a n n , 
H a y a s h i , cf. review s o f  B a d e - J e h l e , F ie r z , P e t r ia e v a ). One consequence 
o f  th is  is th a t  w e are  led  to  p ropose  te tra d s  fo,(a) —  an d  n o t  th e  m etric  
ga/5 —  as th e  basic  p o te n tia ls , or f ie ld  com ponen ts, o f  th e  g ra v ita tio n a l field . 
E v e n  considered in d ep en d en tly  fro m  ferm ionic m a t te r  (r.h . side o f eq u a tio n s), 
te t r a d ic  form alism  seem s to  lead  to  a genera lization , an d  n o t ju s t  a usefu l re fo r
m u la tio n , o f G eneral R e la tiv ity , as som e su p p lem en ta ry  cond itions are  needed  
(M0LLER, R o d ic h e v , or S c h w in g e r  types).

As to  th e  energy  p rob lem , we p o in t to  an  in te re s tin g  in v e s tig a tio n  by  
R o d ic h e v  an d  F r o l o v , w ho o b ta in e d  an  energy expression  s ta r tin g  from  th e  
te t r a d ic  L ag rang ian

£a =  - ^ ~  h(Aabc Ab“ - A ab°Açbc) (16)

(here  A abc are  R icci coefficients) a n d  using  in v a rian ce  u n d er

bxB =  / г »  ша. (17)

(O f course, one could  ju s t  as w ell b eg in  w ith  th e  fu ll sca la r L ag ran g ian  an a lo 
gous to  R  ra th e r  th a n  G.) Im p o sin g  R o d ic h e v ’s quasi-h arm o n ic  cond itions 
[6]

± - ( h h ° { a j )  =  0

one gets  th e  follow ing reasonab le  expression  for th e  energy  o f th e  g ra v ita tio n a l 
fie ld :

a) =  — 2a ' j2zl(6, It) c(la, b)--------ô(at) R ! /F(t),

1 2 ( 18)

8жу.

H e re  c is a nonho lonom  expression . (This is c o v a ria n t u n d e r  co o rd in a te  t r a n s 
fo rm atio n s  b u t n o t c o v a ria n t u n d e r  o rthogonal te tr a d ic  localized  tran sfo rm a-
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tions i.e. tho se  w ith  variab le  p a ram e te rs .)  A fin e  condition  (v e ry  an sch au lich  w hen 
co m p ared  w ith  th e  analogous e lec tro m ag n etic  case) for a p u re  g ra v ita tio n a l 
ra d ia tio n  fie ld , requ iring  iso tro p ic  c h a ra c te r  of f“(4), w as proposed  on 
th e se  lines b y  D o z m o r o v  [8]:

<"(«) t,(b) =  0. (19)

H e verified  d irec tly  th a t  th is cond itio n  is sa tisfied  by e x is tin g  w ave solu
tio n s.

One m ay  ask  abou t th e  connec tion  o f  th is  cond ition  w ith  algebraic 
c lassifica tion : In  a very  sa tis fa c to ry  w ay  one can show t h a t  th is  cond ition  
leads indeed  to  solu tions o f th e  N  ty p e  (or I I n degenerate  ty p e ) , as req u ired  
b y  o th e r c r ite r ia  o f L i c h n e r o w i c z , B e l , also o f M a l d y b a y e y a ’s proposal, 
re fin ed  b y  N i k o l a e n k o  [9]

□ A *  =  0. (20)

H ere  □  is th e  generalised d ’A lem b ertian  co n stru c ted  b y  m ean s of e x te r
n a l d iffe ren tia tio n  and  co d iffe ren tia tio n  o p era to rs , Q  =  dö =  öd, an d  is 
topo log ica lly  an d  m etrica lly  se lf a d jo in t; Dap is th e  c u rv a tu re  te n so r form  
b u i l t  from  th e  R iem ann ian  ten so r.

Compensating fields

A pow erfu l form alism  o f “ co m p en sa tin g ”  fields h as  b een  developed, 
especially  b y  S a k u r a i . C onsidera tion  o f in te rn a l space tra n s fo rm a tio n  w ith  
n o n -co n s tan t b u t  localized p a ra m e te rs  d ep en d in g  on sp ace-tim e  coord inates 
necessita te s  th e  su b s titu tio n  o f  th e  o rd in a ry  d eriva tive  b y  a co m pensa ting  
one an d  th e  in tro d u c tio n  o f co rresp o n d in g  fie lds (vector m esons). N o t only 
p h o to n s  are recogn ized  as “ com pensons” , b u t  i t  is found  t h a t  g ra v ita tio n  
also can be considered  as a k in d  o f  co m p en sa tin g  field  a fte r  one has localized 
p rev iously  g loba lly  co n stan t coeffic ien ts o f  th e  L oren tz  tra n sfo rm a tio n s  
( U t i y a m a , B r o d s k y — I v a n e n k o — S o k o l i k ; K i b b l e , F r o l o v  [10]).

In tro d u c in g  th e  com p en sa tin g  d e r iv a tiv e  (in th is  case a n  essen tia lly  
co n v en tio n a l c o v a ria n t d erivative)

Q& =  K Q $ - A am i mABQB (21)

by  m eans of g en era to rs  I mAB a n d  co m p en sa tin g  fields haa, A™ (w hich  for th e  
P o in ca re  group  coincide w ith  te t r a d s  a n d  R icci coefficients), a n d  bu ild ing  
th e  sim p lest L ag ran g ian , one gets  E in s te in ’s eq u a tio n  a longside th e  supp le 
m e n ta ry  eq u a tio n  (after v a r ia tio n  over R icc i’s)
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K ^  =  x ( S^+ö f aSß], ; \  ( 22)

w here  th e  spin m o m e n t ten so r (r.h . side) gen era tes  to rs io n  (tensor on l.h . 
side). T he L a g ra n g ia n  its e lf  is a fu n c tio n  of th e  f ie ld  ten so r, w hich in  o u r 
case coincides w ith  th e  R iem an n ian  cu rv a tu re  te n so r:

Fab =  2h\a A blv+ 2 A c" 4 ilT'a]h°a h \ - C nmq A"a A i  . (23 )

I t  has been  p o in te d  o u t (R o d ic h e v , K ib b l e , P e r e s ) th a t  p a ra lle l d is
p lacem en t, b y  th e  F o c k  — I v a n e n k o  m ethod  o f sp ino rs in  th e  space endow ed 
w ith  to rsion  leads to  a  non -linear y>3-ty p e  te rm  in  th e  D irac  eq u a tio n  o f p re 
cisely  th e  ty p e  d iscu ssed  above. T he q u a n tiz a tio n  o f  th e  to rsions has b een  
in v es tig a ted  b y  V l a d im ir o v . One sees th a t  to rsion ic  g en era lisa tion  is suggested  
s tro n g ly , b u t n o t re q u ire d , by  te tra d ic  an d  co m p en sa tio n a l tre a tm e n t o f g ra v i
ta t io n . R ecently  T r a u t m a n  and  P o n o m a r io v  considered  em pirical im p lica tio n s 
o f a sim ple co n cre te  m odel of to rsion  (C openhagen G R 6  re p o rt, 1971).

Variable constant o f  gravitation

T here h av e  b e e n  p le n ty  of theories of no n -g eo m etrized  g ra v ita tio n  as 
th e  sp in  2-field . A  re c e n t in te re s tin g  version  b y  Sa l a m  an d  St r a t h d e e  [17] 
p roposed  to  use re a l /-m eso n s  as carriers o f a g ra v ita tio n  strong  enough  to  
p la y  even th e  ro le  o f  c u ttin g -o ff fac to r.

In  recen t y e a rs  th e  discussion of sca la r-ten so r th e o ry  (STT) has becam e 
fash ionab le  in  th e  h a n d s  of J o r d a n  [11], while R r a n s — D ic k e  have rev iv ed  
D ira c ’s in te re s tin g  suggestion  of a  va riab le  g ra v ita tio n  co n stan t. STT  h as 
a tta c k e d  even th e  co llapse  prob lem . Some people in d ic a te  th a t  n o th in g  essen
t ia l ly  new is g a in ed  h ere  (K ip  T h o r n e , D u k l a ); w h ereas  others believe t h a t  
no  collapse arises in  ST T  an d  th a t  a rb itra r ily  la rge  s ta r  m asses are p e rm itte d  
(e.g. M u a t s a k a n ia n , w ho in sisted  on th e  p o in t-lik e  behav iou r of r  =  0).

W ith o u t c la im in g  to  se ttle  d e fin ite ly  th e  d ifficu lt collapse p rob lem , we 
m a y  draw  a tte n tio n  to  th e  w ork o f G o r e l ik  [12] on sev era l im p o rta n t p o in ts . 
F ir s t  o f all, i t  is e a sy  to  prove th e  com plete  equ ivalence  o f  tw o  cen tra l sy m m etric  
so lu tions in  STT : on  th e  one h an d , H eck m an n ’s fo rm , using  S chw arzschild- 
ty p e  coord inates (in  w hich  n o th in g  like a g ra v ita tio n a l rad ius appears) an d , 
on  th e  o ther h a n d , th e  B rans — D icke Salm ona fo rm , w ritte n  in iso trop ic  coo r
d in a te s , w hich e x p lic itly  exh ib its  g ra v ita tio n a l ra d iu s . Now, if  G erock’s 
n o tio n  of the  s in g u la r  region is app lied  an d  its  topo lo g ica l d im ensionality  in v e s ti
g a ted , w riting  w ith  th e  G o r e l ik  equ a tio n s o f geodetics an d  looking fo r th e ir  
b eh av io u r a t  sm all r , one sees th a t  tw o  incom plete  ra d ia l  geodetics, co rresp o n d 
in g  to  d ifferen t an g les , are  n o t eq u iv a len t in  th e  G erock  sense, so th a t ,  p a r a 
doxically , th e  m e tr ic a l “ p o in t”  r =  0 rep resen ts r a th e r  a  (2 J -  l)-d im en sio n a l
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su rface  (2-space -(- tim e ). (This analysis  can , o f  course, be p erfo rm ed  b o th  
in  H eckm ann  or B ra n s  D ic k e —S alm ona co o rd in a tes .) W e see, th e n , th a t  one 
m u s t be a t  any  r a te  cau tious in  try in g  to  co n n ec t th e  p resum ed  absence of 
collapse in  STT w ith  th e  ap p a re n t —  b u t  in  re a li ty  n o n -ex is ten t —  difference 
of tw o types o f so lu tio n s.

A nother im p o r ta n t  conclusion can  be d raw n  from  th e  geodetics eq u a
tio n s ; nam ely , t h a t  th e  tim e  needed  b y  a falling p a r tic le  to  reach  sin g u la rity , 
as ju d g ed  by  in f in ite ly  d is ta n t o b serv er’s clock, is f in ite  Д г ~ ( Д г ) 2 ' 3 ,  in  
c o n tra s t to  th e  S chw arzsch ild  G eneral R e la tiv ity  case. T hus, o b se rv a tio n  o f  
th e  la s t  stages o f a s ta r  co n trac tio n  shou ld , in  p rin c ip le , p e rm it a d istin c tio n  
to  be m ade betw een  ST T  an d  G eneral R e la tiv ity . T h is in te re s tin g  consequence 
is o b ta in ed  for p o s itiv e  values со >  0 o f th e  d im ension less in te rac tio n  co n stan t 
connecting  scalar a n d  m etrica l fields in  STT; for со 0 an d  |co|^> 1 one ob tains 
th e  sam e (2 -|- 1) -d im en sio n a lity  of a singu lar su rface , h u t th e  te s t  partic le  
will ta k e  in fin ite  t im e  to  reach  th e  s in g u la rity . In  th is  connection  i t  is necessary  
to  rem ark  also t h a t  to  pass from  STT to  G eneral R e la tiv ity  req u ires  n o t only 
co n stan cy  of th e  sc a la r  fie ld  b u t  also th a t  |co| —><», so th a t  K i p  T h o r n e ’s 

suggestion  th a t  th e  B lack  Holes o f STT are sim ilar to  co n ven tiona l G R  B lack 
H oles m ay  be too  g re a t a sim plification .

Quantum gravidynamics

W e shall n o t e n te r  here in to  d iscussion of th e  v a rio u s  d ifficu lt basic  and  
tech n ica l problem s o f  q u a n tiz a tio n  o f g ra v ity  (w h ich  is a lm ost eq u iv a len t to  
q u an tiza tio n  of sp ace -tim e  itself), b u t  d raw  a tte n tio n  to  tw o questio n s only. 
T he f irs t is co nnec ted  w ith  th e  po la riza tio n  of sp in o r vacuum  b y  th e  g ra v ita 
tio n a l field , w hich w as a lready  considered  b y  us som e tim e  ago ( B r o d s k y  —  

I v a n e n k o ) .  U sing tech n iq u es  like th e  pow erful Schw inger m e th o d , one can 
ge t th e  su p p lem en t to  th e  L ag ran g ian , expansion  o f  w hich y ields th e  f irs t 
co rrec tion  id en tifiab le  w ith  a cosim .logical te rm :

32 л 2 T 2

(t0 is th e  cu t-o ff p a ra m e te r) .
W e see here, th e re fo re , th e  n ecessary  ap p ea ran ce  o f a cosm ological te rm , 

also of a q u an tu m  c h a ra c te r . F u r th e r  te rm s  lead  to  R 2 correc tions, m oreover th e  
q u a n tu m  g rav id y n am ics seems to  fall in  th e  series o f  reno rm alizab le  theories 
(B . d e  W i t t ) .  T he ap p e a ra n ce  of q u a d ra tic  q u a n tu m  sca la r  te rm s is in  harm ony  
w ith  classical suggestions ab o u t such  genera liza tio n .

T he m ost im p o r ta n t  q u a n tu m  g ra v ita tio n a l p rocesses seem  to  be a n ti
c ip a ted  p rincipally  as m etrics f lu c tu a tio n s  ( W h e e l e r ) ,  w hich even seem  to
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le a d  to  d rastic  to p o log ica l changes (T r e d e r , D a u t c o u r t ) th a t  rea lize  in  a com 
p lic a te d  fash ion  th e  hypo thesis o f  d iscre te  sp ace-tim e (A m b a r z u m ia n —I v a 
n e n k o , Sh il d , S n y d e r , K o is h , F in k e l s t e in  a n d  others).

Secondly, th e re  is a m u lti tu d e  o f m u tu a l tra n sm u ta tio n  o f  g ra v ita tio n s  
a n d  q u a n ta  o f o rd in a ry  m a tte r  ( I v a n e n k o , developed  b y  S o k o l o v , V l a d i
m ir o v , W h e e l e r — B r il l , P i i r , K o r k in a  an d  o th e rs) and  p ro d u c tio n  o f g ra 
v ito n s  b y  e lec tro m ag n etic  s c a tte r in g  etc. ( d E  S a b b a t a , H a l p e r n  e t al.). 
A ll th is  is e x tre m e ly  im p o r ta n t fo r th e  analysis o f  th e  Big B an g  a n d  th e  f irs t 
w eeks of ex p an sio n  (Z e l d o v ic h  — N o v ik o v ), as w ell as for e v a lu a tio n  o f th e  
p re se n t day c o n c e n tra tio n  of re lic ts  and  new ly p roduced  g ra v ito n s  (V l a d i
m ir o v , d e  Sa b b a t a  [13, 14] e t a l., Ca r m e l i), n o t to  speak  o f  fu n d a m e n ta l 
ep istem ological fe a tu re s  of th e  tra n s m u ta tio n  o f o rd in a ry  m a tte r  in to  an a p p a 
r e n t ly  geom etrized  fo rm  of p h y sica l rea lity . A nyhow  such g ra v ita tio n a l t r a n s 
m u ta tio n s  help  to  u n ify  all sides o f  physical re a lity .

§ 3. Cosmology an d  e lem entary  particles

On our h y p o th es is , all cosm ological asy m m etries  induce (o r are  reflec ted  
in ) analogous a sy m m etrie s  of v a c u u m  ground s ta te s , these  la t t e r  lead ing  v ia  
th e  G oldstone th e o re m  to  real p a rtic le s . The ch ie f cosm ological a sym m etries 
a re :

1) P rep o n d e ran ce  of b a ry o n s  (p ro tons over a n tip ro to n s , e tc ). I f  conser
v a tio n  of b a ry o n ic  n u m b er ( B) is abso lu te , th is  does n o t le a d  to  goldstons. 
(B u t here one m u s t be cau tious, in  view  of W h e e l e r ’s a rg u m e n ts  in  fav o u r 
o f  a changing В  a t  collapse an d  p o in tin g  in th is  resp ec t to  th e  B r o d s k y  — 
I v a n e n k o  fo rm alism  of anom alous spinors).

2) The U n iv e rse  seems to  possess a large v a lu e  o f h y p e rch a rg e  and  n o n 
v an ish in g  stran g en ess . I f  our h y p o th es is  is a d m itte d , one is le d  to  accep t 
v io la tio n  of th e  u n i ta ry  SU(3) sy m m e try , w ith  p ro b a b ly  v ec to r  m esons p lay ing  
th e  role of go ld sto n s; s tric tly  sp eak in g , th e  v io la to rs  —  go ldstons-com pensons 
a re  here  со an d  tp m esons, being  m ix tu re  o f o c te t an d  sing le t, lik e  th e  p a r t  
p la y e d  by p h o to n s  as m ix tu re  o f  sing le t an d  iso tr ip le t, lead in g  to  th e ir  ro le 
as g o ld stons-v io la to rs of SU(2), a n d  correspond ing  com pensons a t  th e  sam e 
tim e  being.

3) A fu n d a m e n ta l a sy m m etry  is given to  th e  U niverse  b y  th e  F rie d m a n —- 
H u b b le  expansion . Is  i t  possible t h a t  in  a co n trac tin g  U niverse one w ould  have  
a  p rep o n d eran ce  o f  a n tib a ry o n s?  (The sam e p o in t was s tre ssed  b y  Sa k h a 
r o v ). K u r d g e l a id z e  tr ied  to  e v a lu a te  th e  o rder o f m ag n itu d e  o f  th e  in fluence 
o f  th e  effective cosm ological force d u e  to  expansion  b y  in tro d u c in g  th e  fac to rs 
(1 i  F) (F  =  (?/@crit) in the  fie ld  o p era to rs . T h ey  aim ed  in  th is  w a y  to  exp lain  
th e  anom alous K ° decays, w h ich  p o in t to  n o n -co n se rv a tio n  o f  T -p a rity .
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4) T he average  non -v an ish in g  c u rv a tu re  in d u ces a d e p a rtu re  from  f la t 
ness in  v acu u m  m etrics , w hich lead s to  g rav ito n s  as co rrespond ing  goldstons 
( H e i s e n b e r g  [2], I v a n e n k o , P h i l i p p s , T h i r r i n g , T r e d e r  [16]).

5) T he difference of th e  p ro to n  vs n eu tro n  co n cen tra tio n  —  w hich  yields 
a  no n -v an ish in g  cosm ological isosp in  ( I  or I 3) —  induces d egeneracy  of th e  
v acu u m  an d  leads to  p h o tons as co rrespond ing  goldstons (an d  a t  th e  sam e 
tim e  com pensons). T h is la s t ex am p le  w as th o ro u g h ly  d iscussed b y  H e i s e n 

b e r g . To be q u ite  c lear, we m ay  em phasize once m ore  th a t  is seem s u n reaso n 
able to  lim it oneself b y  connecting  p h o to n s —  as goldstons — w ith  a defin ite  
cosm ological a sy m m e try  in  isosp in : on th e  c o n tra ry , i t  is a t tra c t iv e  to  assum e 
th a t  th is  specific connection  is n o t  an  acc id en ta l one b u t  th a t  all cosm ological 
a sym m etries h av e  th e ir  c o u n te rp a r t in  v acu u m  degeneracies a n d  co rrespond
ing partic les  as goldstons.

6) C onform al in v arian ce  seem s to  be o f a fu n d am en ta l n a tu re , b u t is 
a p p a re n tly  b roken  in  th e  m icrow orld  b y  th e  re s t m asses of p a rtic le s , w hich 
in  o u r view  m ay  be due to  th e  ex istence  of th e  cosm ological te rm . M ay be elec
tro n  is th e  co rrespond ing  go ldston , possessing th e  sm allest re s t m ass ? C ertain ly  
th e  co n v en tiona l G oldstone th eo rem  leads to  m assless bosons, b u t  i t  m u st 
be generalized  to  cover th e  in d e fin ite  m etrics o f H ilb e rt space. I t  m ay  th e n  
be th a t  m assless ferm ions (neu trinos) are also go ldstons ( H e i s e n b e r g ) ;  th e  
ev id en t connection  betw een  goldstons and  com pensons also p o in ts  to  th e  possi
b ility  o f n o n -v an ish in g  m ass a t  generalized  go ldstons.

7) W e shall n o t discuss here  th e  p o ssib ility  o f goldstons re flec tin g  fu r th e r  
p lausib le  cosm ological asy m m etries  due to  le p to n s  (n on -van ish ing  lep ton ic  
n u m b er, n o n -v an ish in g  sp ira lity , m uonic n u m b er). A curious p o ssib ility  arises 
t h a t  th e  d im in ish m en t of an  e v e n tu a l a n iso tro p y  in  th e  course o f  expansion  
m a y  en ta il th e  d isappearance  o f ce rta in  co n se rv a tio n  laws as w ell as corres
p ond ing  goldstons (D irac’s m ag n e tic  m onopoles?).

C oncluding th is  sh o rt rev iew  o f som e p ro m ising  po in ts o f th is  new  un ified  
th e o ry , th e re  seem s to  be reason  to  be m o d e ra te ly  o p tim istic  t h a t  a su itab le  
basis can  be p ro v id ed  b y  a n o n -lin ea r u n ita ry  in v a r ia n t sp ino r fie ld  ta k in g  
acco u n t of q u a n tiz e d  g ra v ita tio n , p re fe rab ly  in  te tr a d ic  form , an d  o f  cosm ologi
cal ch arac teris tics .
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НОВЫЕ ВАРИАНТЫ ЕДИНОЙ ТЕОРИИ
Д. ИВА Н ЕН К О

Резюме

Мы продолжаем построение наиболее объединенной картины физической реальности, 
связывая локальную теорию с гравитацией. Базой является единая теория элементар
ных частиц, исходящая из нелинейного обобщения дираковского уравнения (Иваненко- 
Бродский—Гейзенберг), причем с унитарно симметричной волновой функцией («нелиней
ные кварки»).

Тогда улучшенный пропагатор Наумова позволяет вычислить массы адронов, в 
том числе барионных резононов декуплета в удовлетворительном согласии с опытом. 
Быстрый, хотя и более грубый метод «слияния» Курдгелаидзе позволил получить магнит
ные моменты барионов. Теория гравитации существенно использует тетрадный формализм, 
ставший необходимым для описания фермионов (коэффициенты Фока—Иваненко). Взаим
ные трансмутации гравитонов и частиц со своей стороны объединяют разные категории 
физической реальности. Мы попрежнему считаем правдоподобной нашу гиотезу о связи 
космологических и вакуумных асимметрий (расширение Вселенной, преимущественная 
концентрация барионов и т. д.).
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