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Acta Physica Academiae Scientiarum Hungaricae, Tomus 31 (1 — 3), pp. 5 —19 (1972)

THEORETICAL IMPLICATIONS OF RECENT 
ELECTRON-POSITRON COLLIDING BEAM 

EXPERIMENTS*
Б у

J. J. Sakurai

DEPARTMENT OF PHYSICS, UNIVERSITY OF CALIFORNIA, LOS ANGELES. CALIFORNIA, USA < '

The theoretical consequences o f recent electron — positron colliding beam  experim ents are 
sum m arized from  the point o f v iew  o f tests o f  pure quantum  electrodynam ics, the stu d y  o f  the  
vector m esons Q, со, cp and the frontier region beyond  the Q, со and <p.

I. In tro d u c tio n

C o n tra ry  tp  an  ea rlie r an n o u n c e m e n t of th is  su m m er sym posium , I  am  
n o t going to  ta lk  on “ V ec to r M esons— a D ecade o f P ro g ress” . I t  is c lea rly  im 
possib le to  cover th e  p a s t  te n  years  o f  v e c to r  m eson phy sics  in  ju s t  fo rty -f iv e  
m in u tes . I n  p rep arin g  m y  p resen t t a lk  on  colliding b eam  physics, how ever, 
I  h av e  fo u n d  th a t  i t  is also im possib le to  cover th is  fa sc in a tin g  su b jec t in  fo rty -  
five  m in u te s . In  fac t, n e x t  w eek a t  F ra s c a ti ,  an  en tire  conference, la s tin g  fou r 
d ay s, w ill be  devo ted  to  e le c tro n —p o s itro n  colliding beam s. In  an y  case I  w ill 
t r y  to  do m y  best [1].

A t th e  p resen t m o m en t th e re  a re  th re e  e lec tro n -p o sitro n  collid ing beam  
facilities in  opera tion  [2]:

(i) N ovosib irsk  (V E P P  I I ) ,  Y s \max =  1.5 GeV

(ii) O rsay (ACO), f s | max =  1-04 GeV

(iii) F ra sc a ti (A done), |/s]max — 2.4 GeV (3 GeV la te r)

W h a t do w e, th eo re tic ian s , hope to  le a rn  from  a series o f b e a u tifu l ex p erim en ts
perfo rm ed  a t  these  p laces ? T here are  essen tia lly  th ree  a reas  o f  in v estig a tio n s 
w hich are  o f  im m ed ia te  th eo re tica l in te re s t :

(i) T ests o f p u re  q u a n tu m  e lec tro d y n am ics.
(ii) S tu d y  o f th e  know n v e c to r  m esons, q, со a n d  cp.

(iii) E x p lo ra tio n  o f  th e  fro n tie r  region beyond  q, со and  cp.

I w ill t r e a t  these  th ree  top ics  in  th e  o rd e r  given here.

* Supported b y  the N ational Science Foundation.
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I I . P u re  q u an tu m  electrodynam ics

H is to rica lly , th e  v e ry  id ea  o f collid ing b eam s w as f irs t  conceived b y  a P r in 
ce to n  S ta n fo rd  group (O ’N e i l , R i c h t e r , P a n o f s k y , etc .) to  te s t  th e  v a lid ity  
o f  q u a n tu m  e lec tro d y n am ics in  M nller sc a tte r in g . W hen  we use e lec tro n —po^ 
s itro n  ra th e r  th a n  e lec tron—elec tro n  collid ing b eam s, we can  exam ine ,the  p h o to n  
p to p a g a to r  n o t on ly  for la rg e  space-like v a lu es  o f  q1 b u t also fo r large tim e-lik e  
va lu es  o f q2; in  ad d itio n , we can  exp lo re  th e  h ig h -m o m en tu m -tran sfe r  b eh av io r 
o f  th e  e lec tro n  p ro p a g a to r  th ro u g h  a n n ih ila tio n  in to  p h o to n s .

F ig . 1 rep resen ts  th e  F ey n m a n  d iag ram  for B h a b h a  sca tte rin g . T h e  
p re d ic te d  d iffe ren tia l cross sec tion  is

da  a? 1 +  cos4(0/2) 2 cos2(0/2) 1 +  cos3 0
d ü  ~  2s sin4(0/2) sin'2(0/2) 2

T h e  f i r s t  (last) te rm  is due  to  p h o to n  ex ch an g e  in  th e  t-(s-) channel, as r e 
p re sen ted  in  F ig . l a  f ib J , w hile th e  m iddle te rm  arises from  in te rfe ren ce  
(if th e  I wo d iag ram s. I t  is im p o r ta n t  to  n o te  t h a t  a t  fix ed  angles (n o t fix ed  t), 
th e  cross sec tion  is p re d ic te d  to  go dow n as 1/s. W hen th e  sign o f th e  e lec tric  
ch a rg e  o f  th e  lep to n s is n o t d e te rm in ed , B h a b h a  sc a tte r in g  a t  w ide angles,

F ig . 1. Diagram s for Bhabha scattering (muon pair production)

say  0 ^  я / 2 , can be seen to  be  m ore sen s itiv e  to  possible m od ifica tio n s o f th e  
p h o to n  p ro p a g a to r  in th e  ( ch an n e l, i.e. th e  f i r s t  te rm  o f E q . (1) is m ore im p o r
t a n t .

W ide-ang le  B h ab h a  sc a tte r in g  up to  | s =  2.4 GeV h as recen tly  b een  
s tu d ie d  b y  th re e  d iffe ren t g roups a t  F ra sc a ti  [3] (the “ тг—ц  G roup” , th e  “ B o 
son  G ro u p ”  and  th e  “ B o lo g n a—C E R N  G ro u p ” ). T he d a ta  o f  th e  “ тг-/г G ro u p ”  
covering  53° <  0 <  127° is show n in F ig . 2. N otice  th a t  th is  is an  ab so lu te  
cross sec tion  m easu rem en t; th e  lu m in o sity  o f A done was d e te rm in ed  s im u lta n 
eously  b y  th e  sam e g roup  th ro u g h  s tu d y  o f  sm all-angle B h ab h a  sc a tte r in g  
(3.5° <  0 <C 6°) w here no b reak d o w n  o f q u a n tu m  e lec trodynam ics is ex p ec ted  
because  o f  th e  sm all va lues o f  q2 invo lved . I f  th e  p h o to n  p ro p a g a to r  w ere m o d i
fied  acco rd ing  to  th e  p re sc rip tio n

1 1 1
q2 f qг +  A 2

(2)
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we w ould  ex p ec t a f rac tio n a l d ev ia tio n  fro m  th e  p red ic ted  cross section  g iven  by

^theoretical Л 2
(3)

p ro v id ed  A 2 §> q2. As seen from  F ig . 2, th e  d a ta  p o in ts  are  co n s is ten t w ith  
/ l = o o  (no b reakdow n  o f q u a n tu m  elec tro d y n am ics). T he ex p e rim en ta l re su lts  
o f  th e  th re e  groups a t  F ra sc a ti can  be sum m arized  b y  say ing  th a t

Л  >  3 GeV (9 5 %  confidence). (4)

F ig . 2. The integrated cross section for w ide-angle Bhabha scattering measured b y  the  
ji—ja Group” . The Figure includes a few  “ post-K iev” points 

(M. Co n v er si, private  com m unication)

L e t us now  consider

e + +  e -  f i + +  fi " .  (5)

T his tim e , o n ly  Fig. l b  c o n tr ib u te s ; so th e  ex p erim en t explores th e  p h o to n  
p ro p a g a to r  in  th e  tim e-like  region. T h e  p re d ic te d  cross section  is

— ~~~  (1 +  cos2 0) +  0 { m 2!s ) . (6)
d i i  4s

M uon p a ir  p ro d u c tio n  h as  been s tu d ie d  a t  F ra sc a ti u p  to  s =  4 GeV2 b y  th e  
“ tt- jU G ro u p ”  and  th e  “ B ologna —C E R N  G ro u p [3 ]” , and  th e  lim it of Л  o b ta in e d  
is again  in  th e  neighborhood  of 3 GeV. A s im ila r lim it has also been estab lish ed  
a t  N o v o sib irsk  [4] w here th e  m ax im u m  v a lu e  o f s ex p lo red  is ab o u t 1.7 GeV2.

Acta Physica Academiae Scientiarum Hungaricae 31, 1972
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In  a d d itio n  to  B h a b h a  sc a tte r in g  an d  m u o n  p a ir  p ro d u c tio n , th e  a n g u la r  
dependence  o f  tw o -p h o to n  an n ih ila tio n  h as  b e e n  s tu d ied  a t  F ra sc a ti  b y  co m 
p a rin g  th e  p h o to n  in te n s ity  a t  в ^  30°. H e re  th e  e lec tron  p ro p a g a to r is in 
v o lv ed , an d , as  p o in te d  o u t b y  K r o l l  [5 ] , i t  m a y  be m ore a p p ro p ria te  to  p a r a 
m eterize  th e  d a ta  using

A a  2 qi--------------- -------  -----
^theoretical / В

in  p lace o f  (3). T h is  is because th e  W ard  id e n t i ty  requ ires t h a t  an y  m od ifica tion  
in  th e  e lec tro n  p ro p a g a to r  m u s t be acco m p an ied  b y  a s im u ltan eo u s change in  
th e  v e r te x  fu n c tio n . T he F ra s c a ti  d a ta  o f th e  “ yy G ro u p [3 ]”  in d ica tes  Л  >  2.1 
GeV fo r th e  e lec tro n  p ro p a g a to r.

To su m m arize  th is  sec tio n  o f m y  ta lk , th e  lim it on Л  o b ta in ed  b y  th e se  
co llid ing  b e a m  ex p erim en ts  is now  a p p ro a c h in g  th a t  d educed  from  low -energy  
p rec ision  te s ts  o f  q u a n tu m  e lec tro d y n am ics [6 ] [e.g. (g  —  2) o f th e  m u o n ]. 
A  “ g h o st”  o f  th e  ty p e  d iscussed  b y  L e e  a n d  W ic k  [7 ] ap p ears  to  be r a th e r  
elusive.

I I I .  o, a>, and  cp regions

L e t us now  tu rn  to  e lec tro n —p o sitro n  an n ih ila tio n s  in to  had rons. A s is 
well know n, th e  process

e + - f - e _ —>-л+ +  я -  (8)

to  o rd e r a 2 in  th e  cross sec tion  m easures th e  e lec tro m ag n etic  fo rm  fac to r  o f  th e  
charged  p io n  in  th e  tim e-like  region:

ff(e + e _ — л  + 7i~) =  (ла ? ßll3s)\F„(s)\2, (9)

w here  ß„ is th e  v e lo c ity  o f  one o f th e  p ions in  u n its  of c. T h is an n ih ila tio n  r e a c 
tio n  in  th e  Q m eson  region w as f irs t  s tu d ie d  in  p ioneering  ex p erim en ts  p e r 
fo rm ed  a t  N o v o sib irsk  [8] a n d  O rsay  [9].

Can th e o re tic ia n s  guess th e  form  o f F„(s) ? N ear th e  q m eson, i t  is a lm o s t 
a  tru ism  to  sa y  th a t  th e  q d o m in a tes . A m ore  re le v a n t q u es tio n  is: D oes th e  
resonance  fo rm  o f F„(s) n e a r  s — m 2 e x tra p o la te  sm o o th ly  (in th e  sense o f  
v ec to r-m eso n  dom inance) to  low  s reg ions w h ere  F„(s) is req u ired  to  be u n i ty  
a t  s =  0 ?  O ne m ay  f irs t  t r y

F ( s )  =  2 m l  ( 1 0 )
m 2- s - i m s Je

w hich  is a f in ite -w id th  vers io n  o f  th e  sim ple о dom inance  expression  m 2pl(m 2p —  s). 
T h is is n o t  q u ite  sa tis fa c to ry  because (i) i t  does n o t  h av e  th e  c o rre c t
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th re sh o ld  b eh av io r a p p ro p ria te  fo r a p - w ave p ion  p a ir, a n d  (ii) i t  does n o t 
becom e p u re ly  rea l fo r s ■< 4 тп2л . O u r ta sk  is to  c o n s tru c t F n(s) w ith  th e  r ig h t 
p h ase  (i.e. th e  p h ase  o f  F ^ s )  id e n tic a l w ith  th e  p h ase  o f th e  p io n —pion  s c a tte r 
in g  a m p litu d e  in  T  — 1, J  =  1~  a n d  pu re ly  re a l below  th e  tw o -p io n  th resh o ld ), 
th e  r ig h t th re sh o ld  b eh av io r, th e  r ig h t n o rm aliza tio n  a t  s =  0 , a n d  th e  r ig h t  
a n a ly tic  b e h av io r (a b ra n c h  c u t s ta r t in g  a t  s =  4 тп2л); a t  th e  sam e tim e  w e 
w a n t -F^(s) to  e x h ib it a sim ple resonance  fo rm  w hen th e  jp-w ave p ion—p ion  
sc a tte r in g  p h ase  sh ift goes th ro u g h  jr/2 a t th e  q m ass, e.g. F n(s) going like th e  
p a r tia l  w ave am p litu d e

(Vs/k3) e1011 sin<5n  =
1

(*®/У»)(—* +  co t (5U)

( s - 4m £ ) i '2.
( П )

T he p ro b lem  o f fin d in g  F ^ s )  w ith  th e  desired  p ro p ertie s  lis te d  above 
has been  d iscussed  ex ten siv e ly  in  th e  l i te ra tu re  s ta r tin g  w ith  th e  h is to rica l 
p a p e r  o f F r a z e r  an d  F u l c o  [10]. O ne o f th e  s im p le s t app roaches is to  w rite

w ith
ü ( s )  =  — i(k3iy s )  +  (fe3/]As) co t <5n .

( 12)

(13)

A s a reaso n ab le  exp ression  fo r th e  p io n —pion p h ase  sh ift, one m a y  use a re la 
tiv is tic  e ffec tive-range  fo rm u la  o f  th e  k in d  d iscussed  b y  Ch e w  a n d  M a n d e l 
s t a m  [1 1 ]

(k3/]/s) cot <5n  =  k2h(s) -f- a -(- bk2. (14)

T he fu n c tio n  h(s), g iven  b y

y i + 2 k

2  m 71
(15)

is need ed  i f  D(s)  is to  be  an  a n a ly tic  fu n c tio n  e x c e p t for th e  r ig h t-h a n d  c u t 
s ta r t in g  a t  s =  4m 3 ; i t  is u n d e rs to o d  th a t  b e tw een  s =  0 and  s =  4m^, we m ake 
th e  follow ing rep lacem en t

In ( Í £ ± 2 k )1 2m, J
к —

(16)
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T he p a ra m e te rs  a an d  b in  (14) are to  be  d e te rm in ed  from  th e  m ass a n d  w id th  
o f th e  g m eson . W e can  th e n  rew rite  E q . (12) in  th e  v ic in ity  of th e  g resonance  
as follow s [12]:

m i
m e [ l - f  d (7 J //n e)]

s—im Q r e(klke)3(m Qiy  s)
(17)

w here d  is a co m p lica ted  fu n c tio n  o f  th e  g m ass a n d  is num erica lly  eq u a l to
0.48. C om paring  E q . (17) w ith  E q . (10), we can  re g a rd  [1 +  d ( r elm e) f  as a 
c o rrec tio n  fac to r  due to  th e  fin ite  w id th  o f the  g m eson ; num erica lly  i t  is abou t
1.14.

In  F ig . 3 we p re se n t th e  m odu lus sq u a red  o f th e  p ion form  fa c to r  m ea
su red  a t  N ovosib irsk  a n d  O rsay  [13]. I n  each  case th e  fu ll curve is a co v a rian t 
B re it—W ig n er f i t  w here  th e  h e ig h t (i.e. th e  ab so lu te  no rm aliza tion ) as well as 
th e  g m ass an d  g w id th  is le ft as a free p a ra m e te r  w hile th e  d o tte d  cu rv e  is a 
tw o -p a ra m e te r  f i t  b ased  on E q . (17) [14]. The fa c t t h a t  th e  tw o curves for th e

60  

50

0L - A0
>o

5  30 

20

10 

0
6 0 0  800  1000 600  7 0 0  8 0 0  900

Vr (MeV)
F ig. 3. The pion form factor measured at Novosibirsk and Orsay. In each case the dotted  
curve is a two-param eter f it  based on Eq. (17); the solid curve is a three-param eter f i t  based on 
the covariant Breit—W igner formula, |E^(s)|2 =  cm )/[(s-m ))2-1 m l  /')] where e as well as

me and Cg is adjustable

O rsay  d a ta  are p ra c tic a lly  in d is tin g u ish ab le  su p p o rts  th e  basic id ea  o f  vector- 
m eson dom inance  th a t ,  g iven th e  m ass an d  w id th  o f th e  g, th e  h e ig h t is no 
longer a free p a ra m e te r  b u t  is d e te rm in ed  b y  th e  no rm aliza tio n  cond itio n  a t  
s =  0. O ne, how ever, w orries m ore a b o u t th e  d isc rep an cy  betw een  O rsay  and  
N o v o sib irsk  a p p a re n t in  Fig. 3.

L e t us now  look  a t  th e  o th e r v e c to r  m esons, ft) an d  <p. Q u ite  generally ,
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T H E O R E T I C A L  IM P L IC A T IO N S 11

w e h av e , a t  th e  resonance p e a k  (s — m 2v) o f  th e  v ec to r m eson  V,

12л ) Г ( У  —>■ e+ e~~)
o',resonance peak

m 2v
(18)

1 tot

S om etim es th e  p a r t ia l  decay  w id th  for V  —>■ e +e~  is exp ressed  in  te rm s  o f 
th e  coupling c o n s ta n t f y j 4зт as follows

I \ V - +  e + e -)  =  i -  [*2/(/р/4л:)] m v + 0 ( m j /m b )  , (19)
О

w h ere  our n o rm aliza tio n  co n v en tio n  is su ch  th a t  we in se r t етпу/ f y  a t  a  у — V  
ju n c tio n .

C om parison o f the  lep to n ic  decay  ra te s  of th e  v a rio u s  v ec to r m esons 
is o f in te re s t b ecau se  we can  t e s t  our c u r re n t th eo re tica l ideas ab o u t b ro k en  
SU (3), со— (p m ix in g , th e  sp e c tra l fu n c tio n  (W einberg) su m  rules, e tc . T he 
s im p lest p red ic tio n  along th is  line is th a t  o f  th e  v ec to r n o n e t schem e [15] 
(inco rpo ra ted  in to  SU (6) an d  th e  q u ark  m odel)

1 1

f 2 ' pJ Q  J  m
—  =  9 : 1  : 2
/ I

( 20 )

in  t h e  l im i t  t h e  v e c t o r  m e s o n s  a r e  a ll  d e g e n e r a t e .  A m o re  s o p h i s t i c a te d  p r e 
d ic t io n  w h ic h  t a k e s  in to  a c c o u n t  s y m m e t r y  b r e a k in g  is b a s e d  o n  th e  s p e c t r a l -  
f u n c t io n  s u m  r u l e  o f  W e i n b e r g  [16]

Q<33\ m 2)

p(°8)(m 2)

dm2 =J

dm2 =  0 ,

' V 88'(m 2)
dm2 , (21a)

(21b)

w h ere  s ta n d s  fo r the  w e ig h t fu nc tion  t h a t  appears in  th e  sp ec tra l re 
p re se n ta tio n  of c u rre n ts  w ith  u n i ta ry  spin ind ices oc and  ß.  These sum  ru les 
can  be derived  from  th e  u n m o d ified  G ell-M ann  co m m u ta tio n  re la tio n s fo r 
th e  v e c to r  c u rre n ts  ( tim e -tim e  an d  tim e—space) w ith  c -n u m b e i S chw inger 
te rm s . T hey  e ssen tia lly  s ta te  t h a t  th e  S chw inger term s sa tis fy  ex ac t SU(3) 
even  i f  SU(3) i tse lf  is an  a p p ro x im a te  sy m m etry . As is w ell know n, p*33* an d  
p*88* are  d irec tly  m easu rab le  in  e le c tro n -p o s itro n  collisions

gl!t,(m2) =  (s2/16;r3a 2) a tot(e + e ~ —>- T  =  1 hadron ic  system )]s=m!

pl88*(m2) =  (3s2ll67i3oc2)c;tot( e +e ~ —*■ T  =  0 hadronic  system )Js=mî.

Acta Physica Academiae Scientiarum Hungaricae 31, 1972



12 J . J .  S A K U R A I

I f  we now  m ake th e  additional  h y p o th esis  th a t  (21a) can  b e  well s a tu ra te d  by  
g , co an d  99, we o b ta in , in  th e  narro w  w id th  a p p ro x im a tio n  [17],

e + e - )  =  m j \ w  -*  e + e~)  +  т^Цср -+  e+e~) .  (23)

S im ila rly , if  we s a tu ra te  (21b) w ith  co a n d  tp, we can p ro v e  th a t  со-cp m ix ing  
m u s t be  o f th e  “ c u rre n t-m ix in g ”  ty p e  [18] (in th e  te rm in o lo g y  o f K r o l l , L e e  

a n d  Z u m i n o  [19]).
In  o rd e r to  p re d ic t how  th e  co an d  <p c o n tr ib u tio n s  m ake up  th e  rig h t- 

h a n d  side o f E q . (23), le t  us now  look a t  th e  inverse  p ro p a g a to r  m a tr ix  fo r  th e  
c u rre n ts . In  th e  po le  a p p ro x im a tio n  we h av e

А  - 1 =  Aq* +  B . (24)

T h e  c rucia l o b se rv a tio n  to  be m ade here  is th a t ,  as a consequence o f th e  W ein 
b e rg  sum  ru les, th e re  can  be no  sy m m etry  b reak in g  in  th e  В  te rm ; th is  follows 
b ecau se  th e  e lem en ts o f  th e  A  m a tr ix  a t  ql =  0 are j u s t  [ [p^';̂ (m2)/m 2] dm2 
w h ich , accord ing  to  E q . (21) an d  its  g en era liza tions, s a tis fy  ex ac t SU (3). I f  we 
now  m ak e  th e  u su a l h y p o th es is  th a t  th e  A  m a tr ix  in  E q . (24) satisfies a  firs t-  
o rd e r sy m m etry  b reak in g  fo rm ula , we are  led  to  th e  fo llow ing inverse-squared 
m ass fo rm ula

I s in2 0 cos2 0 I 1 4
I m i  m l  J ml m \*

f i r s t  w r it te n  dow n b y  Co l e m a n  an d  S c h n i t z e r  [20]. Com ing b a c k  to  th e  
le p to n -p a ir  decay  ra te s , we can  show  th a t  th e  “ gen era lized  m ixing an g le”  0 
t h a t  ap p ea rs  in  th e  m ass fo rm u la  (25) also ap p ears  in  com parison  o f co —*■ e +e ~ 
an d  Ф —*-e + e~  [21]:

ta n 2 0 =
т шГ(со —> e+e ) 

тч,Г(<р e+ e- )
(26)

L e t us know  look  a t  th e  ex p e rim en ta l d a ta . I f  we ta k e  th e  O rsay d a ta  [22] 
fo r co an d  cp an d  d educe  0 u sin g  E q . (26), we get

0 =  (3 4 ± 2 )°  (27)

to  b e  co m p ared  w ith  0 =  28° o b ta in ed  from  th e  m ass fo rm u la  (25). T h is m ig h t 
n o t a p p e a r  to  be to o  b ad . H ow ever, if  we look  a t  th e  ra tio s  of l / /y ,  th e  O rsay 
d a ta  give

—  =  9 : 1 .2 8 ± 0 .2 8  : 1 .6 3 ± 0 .2 0  (28)
f2  f2  f2

J Q  J ( 0  J  <p
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w h ich  should  be com pared  to  th e  p red ic tions o f  o u r schem e [18, 23] 9 : 0.65 :
: 1.33. P a r t  of th e  d iscrepancy  arises from  th e  fa c t th a t  th e  W ein b erg  sum  ru le  
in  th e  form  (23) ap p ears  to  be v io la ted :

LH S o f (23) =  (1 .7 8 ± 0 .1 6 ) MeV2, 

R H S o f (23) =  (2 .4 7 ± 0 .2 1 ) MeV2,
(29)

a  d ifference o f  (0 .6 9 ^ 0 .2 5 )  MeV2.
I f  one is w illing  to  m ake m o re  assu m p tio n s, fu r th e r  p red ic tio n s  are  p os

sib le . A ssum ing th a t  th e  isoscalar fo rm  fac to r o f th e  К  m eson is d o m in a ted  b y  
th e  cp and  со m esons, we can d e riv e  [19]

ff(e+e K + K ~ )  2 —JV /IS=rr.tp
7i ac1

12 ( I * * f
cos4

4 m2K 

m l
(30)

w h ere  in  th e  c u rren t-m ix in g  schem e th e  angle 6 app earin g  h ere  m u st he th e  
sam e as th e  angle в app earin g  in  E q . (26). T h e  generalized  m ix in g  angle de
d u ced  from  th e  p e a k  cross sec tio n  for К  p a ir  p ro d u c tio n  b y  th e  O rsay  group 
tu rn s  o u t to  be (3 1 ^ 2 ) °  in  reaso n ab le  ag reem en t w ith  th e  ang le  de te rm in ed  
fro m  th e  ra tio  o f со —*■ e + e~  an d  cp — e + e~  [cf. E q s . (26) an d  (27)] [24].

I  have  no tim e  to  discuss th e  in te re s tin g  an d  co n tro v ers ia l su b jec t of 
q—со in te rfe rence . L e t m e ju s t  m en tio n  th a t  i t  is d ifficu lt to  u n d e rs ta n d  th e  
p u b lish ed  d a ta  o f  th e  O rsay g ro u p  [25] on th e  p h ase  o f со —*■ 2 n  using  reaso n 
ab le  th eo re tica l m odels [26]. (I  p erso n a lly  do n o t  believe in th e  d a ta .)

IV . F ro n tie r reg ion

T he rem ain in g  p a r t  o f m y  ta lk  is d ev o ted  to  a f ir s t  g lim pse a t  th e  ex c it
ing  “ fro n tie r reg io n ”  beyond  q, w  and  cp. N one o f  th e  ex p e rim en ta l re su lts  I  
w ill m en tion  has been  pu b lish ed , b u t  th e  d a ta  w ere re p o rte d  an d  discussed 
ex ten s iv e ly  a t  th e  K iev  C onference w hich p receded  th is  sym posium . L e t me 
em phasize  in  th e  beg inn ing  t h a t  th e  ex p erim en ta l d a ta  are  e x trem e ly  p re li
m in a ry ; so are  th e  possible th e o re tic a l in te rp re ta tio n s  I  am  going  to  p resen t. 
T h eo re tic ian s  w o rk in g  in  th is  f ie ld  sim ply  have  n o t  h ad  enough  tim e  to  d igest 
th e  v e ry  in te re s tin g  ex p e rim en ta l re su lts .

W e f irs t consider tw o -b o d y  h ad ro n ic  ev en ts . A t F ra sc a ti, m easu rem en ts  
o f  th e  cross sec tion  fo r tw o-p ion  an n ih ila tio n  [E q . (8)] h av e  b een  ex ten d ed  up 
to  f i ^ 2  GeV b y  d iffe ren t g ro u p s [3] (th e  “  7i—pc G roup”  an d  th e  “ Bologna- 
C E R N  G roup” ). T h e  d a ta  are p re lim in a ry  because  (i) th e  n u m b e r of even ts 
is s till sm all, (ii) K  + K ~  p a irs  h av e  n o t been  sep a ra te d  fro m  n  + n ~  pairs, 
a n d  (iii) th e  ra d ia t iv e  co rrec tions have  n o t b een  app lied . W ith in  errors th e
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tw o  g roups agree, an d  th e  q u o ted  va lu es  o f | -F„(s) |2 are  in  th e  n e ighborhood  of 
1/3 to  1/2 a t  s 3 GeV2. R ecall th a t  F n(s) w ould  be u n i ty  a t  all s fo r a h y p o th e 
tic a l  p o in t- lik e  p ion an d  th a t  | F n(s) |2 is as large as 50 a t  th e  g p e a k . I f  we 
ta k e  th e  n a iv e  g dom inance  expression  mp/(m2-s)  for th e  pion form  fa c to r , we 
o b ta in  I F n(s) |2 ^  0.05 a t  s ^  3 GeV2, w hich is co n sid e rab ly  sm aller th a n  th e  
m e a su re d  va lue .

E v e n  m ore in te re s tin g  are  “ m u lti-b o d y  e v e n ts”  observed  a t  N ovosi
b irsk  [27] (Ys =  1 .2 -1 .4  GeV) and  F ra s c a ti  [3] ( j / s '=  1 .6 -2 .0  GeV). B y  these  
th e  ex p e rim e n ta lis ts  u su a lly  m ean  ev en ts  w ith  tw o or m ore ch a rg ed -p artic le  
tra c k s  in  th e ir  c o u n te r-sp a rk -c h a m b e r com plex w hich , u n fo r tu n a te ly , covers 
o n ly  a lim ited  frac tio n  o f  4 л . I f  th e  n u m b e r of v isib le  tra c k s  is tw o , co p lan ar 
e v e n ts  are  excluded , w hich  m eans t h a t  th ree -b o d y  processes like л  + л ~ л °  
a n d  л  + л ~ у  a re  n o t b e ing  considered  here . I t  is g en era lly  assum ed th a t  th e  
o b se rv ed  tra c k s  are due  to  charged  h a d ro n s  ( л 1 , K ±) w hen  th e y  do n o t p roduce  
e lec tro m ag n e tic  show ers (like e lec trons), n o r do th e y  p e n e tra te  w ith o u t in te ra c 
tio n s  th ic k  ab so rb ers  (like m uons) p laced  in  f ro n t o f th e  la s t s tag e  of the  
sp a rk -c h a m b e r com plex .

T he m ost sig n ifican t fe a tu re  o f  th e  m u lti-b o d y  ev en ts  is th a t  th e  cross 
sec tio n  is co m p arab le  to , or even la rg e r th a n , th e  m uon  p a ir  cross section 
(cf. [6]). T h is, in  m y  op in ion , is one o f th e  m a jo r discoveries in h igh-energy  
p h y sic s  th is  y e a r. S ince th e  d e te c to r  covers only  a fra c tio n  o f 4 л , th e  exact 
v a lu e  o f  th e  to ta l  h ad ro n ic  cross sec tio n  depends sen sitiv e ly  on th e  average 
m u ltip lic ity  assum ed , b u t  a re la tiv e ly  m o d e l-in d ep en d en t n u m b e r can  be 
d e d u ced  for th e  cross sec tion  for fo u r charged  p a rtic le s  p lus possible n eu tra ls . 
F o r  ex am p le , assum ing  th a t  th e  six -p ro n g  processes h av e  a neglig ib le cross 
sec tio n , th e  “ B oson G ro u p ”  a t  F ra sc a ti  has deduced  [3]

b ( e +e _ - + 4  charged  p a rtic le s  -f- possib le n eu tra ls )  =

=  (31 ±  3) nb  ([fs =  1 .6-2 .0  GeV), ^

w here  к is a n u m erica l fac to r  w hich depends only  w eak ly  on th e  ra tio  o f  tw o- 
p ro n g  e v e n ts  to  fo u r-p ro n g  even ts a n d  is e s tim a ted  to  be in  th e  neighborhood  
o f 1 to  1.3. T he d a ta  are  show n in F ig . 4. W hen  th e  N ovosib irsk  ev en ts  are 
an a ly zed  in  th e  sam e m an n er, even  a la rg e r cross sec tion  is o b ta in e d  [27], 
a  (80 ^  40) nb  a t  Vs я« 1.3 GeV. To ap p rec ia te  th e  m ag n itu d e  o f th e  observ 
ed  m u lti-b o d y  cross sec tion , le t us reca ll th a t  a t  [ s =  1.3 GeV an d  1.8 GeV, 
th e  m u o n  p a ir  cross sec tion  is 52 n b  an d  26 n b , re sp ec tiv e ly . As a fu n c tio n  of 
th e  energy , th e  m u lti-b o d y  cross sec tion  does n o t a p p e a r  to  show  resonance 
s tru c tu re  even  th o u g h  a v e ry  b ro a d  resonance  or a series of overlapp ing  
reso n an ces  c an n o t be excluded  b y  th e  availab le  d a ta . [The d ip  in  F ig . 4 a t 
j/s  =  1.85 GeV is n o t s ig n ifican t because  i t  is n o t seen in  th e  d a ta  o f th e  o ther 
tw o  g roups (“ B o lo g n a -C E R N ” an d  “ я - /í” )].

Acta Physica Academiae Scientiarurn Hungaricae 31, 1972



T H E O R E T IC A L  IM P L IC A T IO N S 15

W h a t a re  th e  possib le  th e o re tic a l in te rp re ta tio n s?  B y  fa r th e  m ost 
p o p u la r  am ong  th eo re tic ian s  are “ p o in t—lik e ”  theories w h ich  a tte m p t to  re la te  
th e  large h ad ro n ic  cross sec tion  in e le c tro n  — positron  collisions to  th e  large  
cross section  fo r inelastic  — p ro to n  sc a tte r in g  m easured  in  th e  fam ous SLA C -M IT  
co llab o ra tio n . Indeed , as early  as 1967 B j o r k e n  [28] co n jec tu red  th a t  th e  
to ta l  h ad ro n ic  cross sec tion  in electron — p o s itro n  collisions m ig h t be as la rg e  as a 
p o in t-like  cross section , i.e. som eth ing  like th e  m uon p a ir  cross sec tion . T he

60
T3
c

о  40  f

X 20[О

/f£> (e+e~-»-4 charged  p artic les*  possible
neut ra ls )  

6 (2prongs)
k  = 1+0.19 6(4 prongs)

1.6 1.7 18 1.9
л/s (GeV)

20

F ig . 4. The tota l cross section for e + e~ —► 4 charged particles plus possible neutrals, as 
m easured by the “ Boson Group” . N ote that th e  num erical factor к is expected to be in the

neighborhood o f  1 to 1.3

asy m p to tic  energy  d ependence  expec ted  from  B j o r k e n ’s a rg u m en t (based  
o rig inally  on th e  q u a d ra tic  divergence o f  th e  Schw inger te rm  in th e  q u a rk  
d e n s ity  a lgebra) is of th e  fo rm  1/s, w h ich  is com patib le  w ith  th e  d a ta . T h is 
energy  dependence  can be  easily  u n d e rs to o d  on th e  basis  o f d im ensional 
consid era tio n s; i f  no “ m ass”  p lays an e ssen tia l role a t a sy m p to tic  energies, th e  
scale of th e  cross section  w hich  has th e  d im en sio n  of M  2 can  be se t on ly  b y  
1/s. In  c o n tra s t to  th is  1/s dependence, th e re  a re  a sy m p to tic  p red ic tions b a sed  
on gauge-field  a lgebra or vec to r-m eson  dom inance  w hich  p red ic t a fa s te r  
fa ll-off of th e  h ad ro n ic  cross section [29]; th e y  ap p ear to  be  ru led  o u t b y  th e  
d a ta  p ro v id ed , o f  course, t h a t  th e  N o v o sib irsk — F ra sc a ti reg ion  is a lre a d y  
asy m p to tic .

Before we ab an d o n  vec to r-m eson  dom inance  a lto g e th e r , i t  is w o rth  
exam in ing  how  la rg e  a cross sec tion  for m u lti-p io n  events is ex p ec ted  from  th e  
coupling  of th e  Q ta il  to  four-p ion  s ta te s . T h e  only  serious ca lcu la tio n  a long  
th is  line is th a t  o f  K r a m e r , U r e t s k y  an d  W a l s h  [30] who e s tim a te  a t  F ra sc a ti  
energies
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a ( А £ л т) 2 .0  n b ,

о ( А ^ л * )  3.0 n b , ^ 2 )

a (сол°) я«: 2.5 n b ,

a  (g ± p +) ^  0.3 n b .

N o tice  th a t  th e  la s t  tw o f in a l s ta te s  do n o t c o n tr ib u te  to  fou r-p ro n g  ev en ts
a n d  th a t  on ly  h a lf  o f th e  f i r s t  tw o  fin a l s ta te s  gives rise to  four-p rong  ev en ts . 
I t  appears t h a t  even  if  we a d d  th e m  all u p , w e can n o t ex p la in  th e  large cross 
sec tio n  observed  a t  F ra sca ti. H ow ever, we sh o u ld  keep in  m in d  th a t  th e  p re d ic t
e d  cross sec tio n  is n o t e n tire ly  negligible.

So fa r we h a v e  ta c it ly  a ssu m ed  th a t  th e  observed  m u lti-b o d y  even ts a re  
o n e-p h o to n  processes o f th e  k in d  rep resen ted  in  Fig. 5(a). O ne m ay  n a tu ra l ly  
a sk w h e  th e r  h ig h er-o rd e r e lec tro m ag n etic  processes m ig h t co m p ete  fav o rab ly . 
I n  p a r tic u la r  le t  us consider “ p h o to n -p h o to n  collision”  p rocesses rep re sen ted  
in  F ig . 5(b), w h ich  have rece iv ed  m uch a t te n tio n  in re c e n t w eeks. T he cross

F ig . 5. (a )  Conventional on e-p h o to n  processes; ( b)  “ photon—photon collision” processes;
(c )  Sehbo m echanism

section  for th is  ty p e  of p rocesses is large o n ly  w hen th e  v ir tu a l  p ho tons h a v e  
sm all q2 (a lm o st rea l p h o to n s); th is  m eans t h a t  th e  e lec tro n  an d  positron  te n d  
to  proceed  in  th e  beam  d ire c tio n , hence th e y  necessarily  escape  th e  d e te c to r  
p laced  a t  la rg e  angles. C rude a rg u m en ts  b a se d  on c o u n tin g  th e  pow ers o f  x  
a n d  lo g a rith m s suggest

<j(e+e e+ e -f- hadrons) (33)

u p  to  possib le  pow ers o f In (s /m 2n). M ore d e ta ile d  fo rm ulas expressing  th e  cross 
sec tion  as a n  in te g ra l o v e r o(yy  —► h ad ro n s) h av e  been  o b ta in e d  b y  B a l a k i n , 
B u d n e v  a n d  G in z b u r g  [31] an d  b y  B r o d s k y , K i n o s h i t a  and  T e Ka z a w a  
[32, 33]. I t  ap p ears  from  th e ir  form ulas t h a t  th is  ty p e  o f  m echanism s c a n n o t
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give rise  to  a cross sec tion  co m p arab le  to  th e  N o v o sib irsk — F ra s c a ti  cross 
sec tion  unless (i) th e  a sy m p to tic  cross sec tion  for y y  —*■ h ad ro n s is m o re  th a n  
an  o rd e r o f m a g n itu d e  la rg e r th a n  t h a t  e s tim a ted  b y  fac to rizab le  P o m ero n  
couplings or b y  v ec to r-m eso n  d om inance , and /o r (ii) th e  decay  w id th  of 
rj(960) —► 2y  is ab n o rm a lly  la rg e , say  >  200 keV (o r th e re  are o th e r  m esons 
w ith  v e ry  large  coup lings to  2y).  H ow ever, because th e  cross section  is p re d ic te d  
to  increase  w ith  in c reasin g  s, th e se  processes are e x p e c te d  to  d o m in a te  over 
one-p h o to n  p rocesses a t  su ffic ien tly  h ig h  energies.

E v e n  a m ore  rad ica l p roposa l h a s  been  m ade. I t  w as p o in ted  o u t  by  
Ser b o  [34] th a t  th e  cross sec tion  fo r

e +e ~ —► e +e ~ -f- e +e -  -)- e +e ~ (34)

rep re se n te d  b y  F ig . 5(c) is q u ite  la rg e :

cr(e+e _ —► e +e “ -f- e +e - -j- e +e _) =

oc \2
-— < У (у у  —»- e +e—+ e+e~) fi. |-A|]
71 ) ' m 2e  Ij

w here a (yy  —► e + e “ -f- e +e ~) is en erg y -in d ep en d en t a t  h igh  energies a n d  is 
g iven b y  [35]

a 4 I 175 1 Q I
°(УУ _  e + e -  +  e + e -)  =  — —  — - 1 ( 3 )  -  - Ц  ~  6ИЬ (36)

9 л т 2е [ 4  2 J
( f ( 3 ) ^ 1 .2 0 ) .

N otice  th a t  th e  scale o f th e  cross sec tion  fo r (34) is d e te rm in e d  n o t b y  1/s or 
l / mhadron b u t  b y  l/m ^ ^  4(137)2/m^ ; in  a d d itio n , w e gain  four pow ers of 
In (s/ml), an d  a t  F ra sc a ti  energ ies [In (s/m^)]4 ^  4(137)2. As a re su lt, d esp ite  
th e  h ig h  pow ers o f  a , th e  cross sec tion  is as large as 400  nb  a t  ]As ^  2 GeV. 
W hen  I  le a rn ed  a b o u t S e r b o ’s ca lcu la tio n , I  s ta r te d  w o n d erin g  w h e th e r  low- 
energy  e lectrons or p o s itro n s  w hich  do n o t  develop e lec tro m ag n etic  show ers 
m ig h t sim u la te  h a d ro n s . B ecause  of th e  la rg e  cross sec tio n  in d ica ted  b y  E qs 
(35) a n d  (36), even  i f  on ly  a sm all fra c tio n  o f  SERBO-type even ts get confused  
w ith  genuine h a d ro n ic  ev en ts , th e  degree o f  c o n ta m in a tio n  m igh t be a p p re c i
able. I  p e rsona lly  d o u b t th a t  th e  m a jo r ity  o f th e  m u lti-b o d y  even ts a re  of 
th is  ty p e , b u t  th e  ex p e rim en ta lis ts  shou ld  be aw are o f  possib le b ack g ro u n d s  
due to  p u re  Q E D  processes o f th is  k ind  [36]. [N ote a d d e d : T he possib ility  th a t  
th e  F ra sc a ti  (as w ell as N ovosib irsk) g ro u p s are seeing SERBO-type processes 
was ex ten siv e ly  d iscussed  in  th e  In fo rm a l M eeting on E le c tro n -P o s itro n  Col
lid ing  B eam s, w hich  to o k  p lace  a t  F ra s c a ti  a w eek a f te r  th is  ta lk  w as g iven . 
U n fo rtu n a te ly  th e re  w as no u n a n im ity  o f  op in ions on th e  v i ta l  questio n : W h a t 
p ercen tag e  o f th e  m u lti-b o d y  ev en ts  in v o lv e  e lectron  tra c k s  ?]
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V. O utlook

In  conclusion  I  w ould lik e  to  m en tio n  t h a t  th e  eno rm o u s am o u n t o f  
know ledge a c c u m u la te d  in th e  p a s t  few years  a t  O rsay, N o v o sib irsk  and  F r a s 
c a ti  m ay  w ell be  overshadow ed  b y  w h a t we are  like ly  to  le a rn  in  th e  n e x t fiv e  
y e a rs . T his is b ecau se  th ere  w ill b e  new  co llid ing-beam  fac ilities  a t  N ovosib irsk  
(V E P P  I I I ) ,  C am bridge  (th e  C E A  B y-pass), SLAC (S P E A R ) and  D E SY  
(D O R IS ) w hich  w ill explore h ig h e r  energy  reg ions w ith  lu m in o sitie s  20 to  2000 
tim e s  th e  p re s e n t A done lu m in o s ity .

T his fa sc in a tin g  field is s t i l l  in  its  in fan cy . I  hope I  h a v e  succeeded in  
co n v ey in g  to  y o u  som e of th e  e n th u s ia sm s  an d  excitem en ts  o f  ex p e rim en ta lis ts  
a n d  th e o re tic ia n s  exploring  th is  new  fro n tie r  o f  h igh-energy  physics.
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Й. Й. САКУРАИ

Резю ме

Подытожены теоретические следствия новых экспериментов по столкновению  
электронного и позитронного пучков с точки зрения прверки чистой квантовой-электро- 
динамики, а также изучения векторных мезонов о, со, <р, и граничной области выше 
Q, (о и <р.
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LIGHT CONE EXPANSIONS AND 
APPLICATIONS

By

R . A. B r a n d t *

DEPARTMENT OF PHYSICS, NEW YORK UNIVERSITY, NEW YORK, USA

D ifferent im plications o f general light cone expansions o f  th e  current products are 
review ed.

In  th is  lec tu re  I  sha ll describe som e a tte m p ts  [1—6] m ade b y  m y se lf 
an d  o th e rs  in  th e  p a s t tw o  years  to  in c rease  th e  do m ain  o f ap p lic a b ility  o f 
q u a n tu m  fie ld  th e o ry  in  p a rtic le  physics. T he in tro d u c tio n  o f c u rre n t a lg e b ra  
som e y ea rs  ago led to  a re v iv a l o f field  th e o re tic  co n fig u ra tio n  space tech n iq u es, 
b u t  th e  o b servab le  consequences of th e  eq u a l-tim e  co m m u ta tio n  re la tio n s  o f 
c u rre n t a lg eb ra  (w ith  PCAC) are  lim ited  to  low  energy th eo rem s an d  in d ire c t 
in fo rm a tio n  o b ta in ed  from  know ledge o f  am p litu d es in  th e  unphysica l BjOR- 
k e n  lim it. W e shall see h ere  how  know ledge o f th e  b e h a v io u r  of c u r re n t p ro 
duc ts  n e a r  th e  lig h t cone x 2 =  0, r a th e r  th a n  ju s t  a t  e q u a l tim e  x 0 — 0, le ad s  
to  a d esc rip tio n  o f a m u ch  rich e r class o f  physica l ph en o m en a .

T h e  re levance  o f th e  lig h t cone (LC) to  these  processes was p o in te d  o u t 
in [1], an d  fu r th e r  s tu d ied  in  [2] and  [3]. T hese in v es tig a tio n s  invo lved  essen 
tia lly  on ly  th e  LC b e h av io u r o f m a tr ix  e lem en ts  o f th e  c u r re n t p ro d u c ts . I n  th e  
la s t y e a r , P r e pa r a t a  an d  m y se lf h av e  derived  o p e ra to r  expressions w hich  
describe  th is  LC b eh av io u r [6]. M ost o f  th is  lec tu re  w ill h e  concerned  w ith  
th e  p ro p e rtie s  an d  ap p lica tio n s o f th e se  o p e ra to r  ex p an sio n s.

W e b eg in  b y  show ing w h a t p h y sica l q u a n titie s  a n d  in  w hat reg io n  o f  
m o m en tu m  space th e  LC is re lev an t.

L e t u s  f ir s t  consider th e  w eak or e lec tro m ag n etic  sc a tte r in g  o f a  lepton, 
o f a h a d ro n ic  system  x  to  p roduce  an  a rb i t r a ry  fin a l h a d ro n ic  s ta te . C alling  q 
th e  m o m en tu m  tra n s fe rre d  to  th e  le p to n  an d  q th e  to ta l  m o m en tum  o f  th e  
system  a , th e  to ta l  cross-section  of in te re s t  has th e  form

--------— oc I di W {k0) ô(k2 q2) ô ( k - p  v) I d* x e ~ ikx X <  x \ J J x )  J v(0)| a  >
dq2 dv J J in m

(1)
H ere v =  q ■ q is th e  in itia l energy  v a riab le , r  is th e  p o la riz a tio n  of th e  le p to n s  
and  J ß is th e  h ad ro n ic  c u rre n t to  w hich th e  lep to n s  couple. T h e  m atrix  e lem en t

* A. P .  Sloan Foundation Fellow.
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in  (1) is co n n ec ted  an d  spin av e rag ed . C hang ing  th e  orders o f  in te g ra tio n  in  (1) 
gives :

f  -y -  °= [ d x x A p{x,p,v ,<i')  <  a  I J ^ x )  J„(0)| a  >  £■“,<• (2)
dql dv J  >n

w here  we h a v e  defined

A + (x , p ,  V, q2) =  j  d4 ke~ ik x6(k0) Ô (k2 — q2) b { k  ■ p —  v). (3)

The fo rm  (2) is v e ry  u se fu l for ou r c o n fig u ra tio n  sp ace  purposes. T h e  
in te g ra l  (3) ca n  b e  sim ply  e v a lu a te d  in  th e  fra m e  g =  (1,0) =  q> (we ta k e  p2 =  1) 
to  give

/ \ +(x,cp,v,q2) =  - ^ - [ e i (",+43)1'’r h . c . ] e ~ ‘-1, (4)
ir

w here we h a v e  w ritte n  r =  |x j, t =  x v. W e re fe r  to  th e  B j o r k e n  [7] sca lin g  
lim it as th e  A  lim it

q^
v —+oa, q2 -->oo, со =  -3— fix e d , (5)

2v
a n d  o b ta in

A + (x, <p, V, q2) ---- ► [eM'-n+ior e-  jt{r+t)—imr̂  (g)
л  i t

O nly  th e  reg io n s r  =  ± t  in  th e  (first/second) te rm  are im p o r ta n t  an d  so w e 
can  deduce th e  c o v a ria n t re su lt

71 VX^
A +(x, p , v , q 2) - j +  s i n --------[-on (7)

A ix 2t

in  term s o f  th e  “ tra n sv e rse ”  v ariab le

T2 =  (p ■ x f  —  x 2. (8)

I t  follow s from  (7) th a t ,  in  th e  A  lim it, A +(x, p ,  v, q2) is h igh ly  o sc illa tin g  
o u tside  o f th e  region

*2 .  1 Л  2 .  3 
3 r  v со q-

and , th e re fo re , h a s  effective su p p o rt on th e  LC x2 ~  Ô. R eferrin g  b a c k  to  (2), 
w e see t h a t  th e  A  lim it o f  th e  cross-section  can  be o b ta in e d  sim ply from  th e
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b e h av io u r o f <oc| J ^ x jJ ß O )  | ß )  on  th e  LC. T h is  is p rec ise ly  th e  b e h av io u r we 
h a v e  s tu d ied  in  th e  previous sections.

F o r reac tio n s  in  w hich a h ad ro n ic  sy s te m  produces a lep to n  p a ir a n d  an  
a rb itr a ry  fin a l h ad ro n ic  s ta te , th e  analysis becom es m ore co m p lica ted  b ecau se  
o f k in em a tic  re s tr ic tio n s  on th e  к  space in te g ra tio n  reg ion  in  th e  analogue of 
(1). In  th e  fram e p  =  (|/s, 0 ), th e  physica l к  space region w ill have th e  fo rm  
{I к  ! <  x(q2, s)} fo r some fu n c tio n s  x(q2, s). P roceeding  as above, i t  c a n  be 
show n th a t  th e  re le v a n t co n fig u ra tio n  sp ace  region is g iv en  b y

\x2-  x ~ 2\?$ —  . (9)
q 2

So, fo r large q2 an d  x,  th e  LC is a g a in  th e  d o m in a n t region. T h e  e x tra  co n d itio n  
th a t  x ( q 2, s) be la rg e  can be sa tis f ie d  in m a n y  cases of in te re s t .

A n o th e r im p o r ta n t  use o f  th e  LC is to  d e te rm in e  th e  b e h a v io u r  of a m p li
tu d e s  fo r la rge  v a lu es  of a sing le  m ass v a r ia b le . W e i l lu s tra te  th is  b y  co n si
d e ra tio n  o f  a sca la r  v e rtex  fu n c tio n

A { q \  P )  =  j  d ‘» r '*■* <0 I T [ A ( x ) ,  B(0)] | p > . (10)

H ere  A ( x ) an d  B(x)  a re  scalar c u rre n ts  an d  | p  ]> is a s ta te  o f  one scalar p a r t 
icle o f m o m en tu m  p  =  q — к a n d  m ass p 2 =  m 2. W e can w rite  (10) as

A ( q L P )  =  —  (V2 m V ) “ 1'2 f d 4* A ( * .P .  Ч-) <0 IT [A (x ) ,  B ( 0)]| p \  (11)
4 л  J

w here v =  q • p  =  l/2 (g2 +  P  —  m 2). T hus, th e  beh av io u r o f  A(q2, kr) [11] 
for q 2 —>- oo an d  fix ed  q2/2v, i.e., fo r  fix ed  qr2/ P ,  is de te rm in ed  b y  th e  LC b e h a v i
o u r o f A ( x ) B ( 0). A special case o f  th is  lim it is th e  old B j o r k e n  [8] lim it g2/ P  —► 
—► 0, in  w hich  case on ly  th e  e q u a l tim e  b e h a v io u r  of A (x )B (0 )  is re le v a n t. 
A n o th e r special case is th e  lim it q2 — oo w ith  P  fixed  so t h a t  q2/2v —*■ 1. T h is 
lim it is im p o r ta n t because  i t  d e te rm in es  th e  n u m b er of su b tra c tio n s  n eed ed  
in  fix ed  P  d ispersion  re la tions.

H av in g  estab lish ed  th e  re lev an ce  of th e  LC, we tu r n  to  a d esc rip tio n  
of w h a t h ap p en s th e re .

T he b eh av io u r o f  p ro d u c ts  A (x )B (0 )  o f  (renorm alized) lo ca l fie ld  o p e ra 
to rs  a t  sh o r t d is tan ces  x ß -* 0  h a s , in  recen t y e a rs , been u n d e rs to o d  in  re n o r 
m alized  p e r tu rb a tio n  th e o ry  [9—11] an d  in  so lu b le  field th e o re tic  m odels. O ne 
o b ta in s  o p e ra to r  expansions o f th e  form

A ( x ) B (  0 ) ^ J f K * ) O , ( 0 ) ,  (12)
1=0
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w here  Ov  . . . , 0 N is a f in ite  se t o f  local f ie ld  o p era to rs  a n d  F t(x) are fu n c tio n s  
w ith  s in g u la ritie s  (1 lx)di~ CA~ dB (a p a r t  from  logs), w here th e  d ’s are the  d im e n 
sions of th e  fie ld s  [12]. T h e  m o m en tu m  sp ace  lim it co rrespond ing  to  (12) is, 
how ever, u n p h y s ic a l an d  so, a lth o u g h  th e re  a re  ap p lica tio n s , th e  usefu lness of 
expansions like  (12) is so m ew h at lim ited . O f m uch g re a te r  physical in te r e s t  
is th e  b e h a v io u r  o f p ro d u c ts  like  A ( x ) B ( 0) n e a r  th e  l ig h t  cone (LC) x 2 —*■ 0 .

I t  can  be  show n th a t  o p e ra to r  p ro d u c t expansions n e a r  th e  LC e x is t a n d  
h av e  th e  fo rm

M  oo
A (x )  B(  0) ^  Fin(x) x ^  . . .  O ft..a„( 0 ) ,  (13)

/= 0  n = 0

w here {0f t a ( is an  in f in ite  se t o f loca l fie ld  o p e ra to rs  satisfy ing

dim  Oft*...«, =  d i + n

a n d  F in(x) ~  Fj(x)  fo r x 2 —*■ O. T hus, r a th e r  th a n  a f in i te  n u m b er of f ie ld s  as 
occurs in  th e  sh o r t d is tan ce  case (12), an  in fin ite  n u m b e r  o f fields o c c u r  in  
th e  LC ex p an sio n  (13). E a c h  te rm

T in(x ) =  * ■ * ... x -  Oft>..„(О )

h as  th e  sam e d im ension  d t an d  carries th e  sam e LC s in g u la rity  ~  F t(x)  ~  
xpA+dB— Th e  sh o rt d is ta n c e  b eh av io u r o f  T in(x) is, h o w ev er, xdA+dB+di+n a n d 

hence i t  on ly  c o n tr ib u te s  a  s h o r t  d istance  s in g u la rity  i f  n  d, — dyi —  d ß .
W e sh a ll n o t  go in to  th e  d e riv a tio n  o f  expansions lik e  (13), b u t  w ill ex 

h ib it a specific  exam ple  in  <p4 th eo ry . F o r  n o ta tio n a l s im p lic ity , we sh a ll here  
ignore  all lo g a rith m ic  fa c to rs  even th o u g h  th e y  a c tu a lly  occu r in p e r tu rb a tio n  
th e o ry . W e w a n t to  d iscuss th e  ren o rm alized  sca lar c u r re n t  o p era to r j ( x )  =  
=  : (p(x) cp(x) :. H ere an d  elsew here we u se  th e  colon n o ta tio n  : A (0 )B (0 )  : 
to  deno te  a genera lized  W ick  p ro d u c t o f  ren o rm alized  fie ld s  ob tained  f ro m  the  
o rd in a ry  p ro d u c t A (x )B (0 )  b y  f irs t s u b tra c tin g  off th e  s in g u la r ex p an sio n  (12) 
(or a tr iv ia l  m o d ifica tio n  o f  i t)  an d  th e n  ta k in g  th e  lim it  x '‘ — 0 . The re s u ltin g  
q u a n ti ty  can  be  show n to  h e  a fin ite  local f ie ld  o p e ra to r  h a v in g  the  sam e q u a n 
tu m  n u m b e rs  as th e  free f ie ld  o rd in a ry  W ick  p ro d u c t : A (0 )B (0 )  : [9—11]. The 
re le v a n t d im ensions in  th e  th e o ry  u n d er co n sid e ra tio n  a re  d im  1 =  0 , d im  (p =  
=  1, d im  9jp  =  2, d im  : (pep : =  2, e tc . H e re  I  is th e  u n i t  o p e ra to r  —  th e  tr iv ia l 
local fie ld .

jV ) № -
X *

I I  d-Ca Í— + Ц г |  x * :(P d*<P: (° )-  (14)
X L

H ere an d  elsew here x 2 m ean s  x2 —  i e x 0.
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N o te  th a t ,  fo r  x  —► 0 , ( l /яг2) is a pow er m ore  singu lar th a n  ( l /* 2)*'1. N ear 
th e  LC, how ever, each  fu nc tion  h a s  th e  sam e s in g u la r ity  an d , in  fac t, an  in 
f in ite  n u m b er o f  te rm s  w ith  th is  s in g u la rity  occurs in  th e  LC expansion . T he 
re su lt is

J(x)J( 0)
1

’/  +  —  2  о).
X“ л=о

(15)

w here  d im  == n  +  2. T hus, e ach  te rm  in th e  su m  has d im ension  tw o , an d  
carries a LC s in g u la rity  1 jx2. F o r consistency  w ith  (14), we m u st h av e

Q(o) — c2j '  a n d  0d) c3 : <P 9a, 9> : •

T he o th e r  te rm s in  (15) do n o t c o n tr ib u te  to  th e  sh o r t  d istance  lim it  (14).
W e can now  ca lcu la te  th e  LC b e h av io u r of, fo r  exam ple, th e  ex p ec ta tio n  

v a lu e  o f  j(x)j(0)  in  th e  one-partic le  s ta te  of m o m en tu m  p. W e can  w rite

<Pl0£??..««(O)Lp> =  апр Л1 . . . P 'b + K g w .P « ,  . .  .p«, +  . .  - , (16)

w here th e  o m itted  te rm s  each in v o lv e  a t  least one gaj3. O nly th e  f ir s t  te rm  in 
(16) th e re fo re  c o n tr ib u te s  to  th e  le ad in g  LC s in g u la r ity  o f (15). T h u s , defin ing

we o b ta in

р(Д) =  JV  an A" ,
n = 0

< p |J (* )J (0 ) |p > c^ — / ( x - p )
X 1

(17)

(18)

as th e  lead in g  LC s in g u la rity  of th e  connected  m a tr ix  e lem ent.
E x p an sio n s o f  th e  form  (13) e x is t and  describe th e  LC b e h a v io u r o f the  

p ro d u c t o f  an y  local fie ld  opera to rs im  each order o f  reno rm alized  p e r tu rb a tio n  
th e o ry  a n d , m ore g en era lly , in an y  th e o ry  in  w hich  expansions o f  th e  form  (12) 
ex ist fo r all local f ie ld  p ro d u c ts  a t  sh o rt d is tan ces . T h ey  m ig h t th e re fo re  be 
a b s tra c te d  from  th ese  m odels and  assu m ed  to  be t ru e  in  th e  rea l w orld . The 
usefulness o f such ex pansions stem s fro m  th e  fa c t t h a t  th e y  describe  th e  con
f ig u ra tio n  space lim it co rrespond ing  to  th e  p h y sica l m o m en tu m  space lim it 
in  w hich  a v e ry  m assiv e  cu rren t in te ra c ts  w ith  h a d ro n ic  system s in  a high- 
energy  in e las tic  collision. K now ledge o f  th e  LC e x p an sio n  for th e  re le v a n t cu r
re n t  p ro d u c t de te rm in es th e  b e h av io u r o f th e  a p p ro p ria te  ine lastic  cross-sec
tions in  th e  specified lim its . T he re lev an ce  o f th e  LC b eh av io u r o f  th e  p ro to n -  
p ro to n  matrix  element o f  th e  p ro d u c t o f  e lec tro m ag n etic  cu rren ts  to  deep in 
e lastic  e le c tro n -p ro to n  sca tte rin g  h as  a lread y  b een  n o te d  [1—3]. T h e  a d v a n 
tages p ro v id ed  b y  th e  operator expansions are , how ever, num erous. F o r  exam ple,
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th e y  p re d ic t (by  d im ensional ana lysis) th e  strength o f th e  LC s in g u la rity  and 
th e re b y  p rov ide  a m eans o f m easu rin g  th e  d im ensions of in te ra c tin g  fields; 
th e y  d e te rm in e , b y  th e ir  fo rm , p ro p e rtie s  of in e lastic  form  fac to rs  in  several 
v a ria b le s , an d  th e y  p rov ide  re la tio n s  b e tw een  form  fac to rs  describ ing  different 
e x p e rim e n ts  co rrespond ing  to  d iffe re n t m a tr ix  e lem en ts  o f th e  c u r re n t p ro 
d u c ts . S evera l such  ap p lica tio n s o f LC o p era to r expansions will be described 
below . T h e  m ain  conclusion  we reach  is th e  follow ing: th e  p resen t ex p e rim en ta l 
re su lts  a re  in  good ag reem en t w ith  th e  canonical s in g u la rity  s tru c tu re  of re- 
n o rm alizab le  fie ld  theo ries —  th e y  p rov ide  no ev idence for u n ren o rm alizab le  
th eo rie s  an d /o r non -canon ical d im en sio n a lity .

E x p an sio n s  s im ila r to  (15) a re  v a lid  for an y  p ro d u c ts  in an y  renorm aliz- 
ab le  fie ld  th e o ry . As an  exam ple  w h ich  will be ap p lied  below , we d isp lay  th e  
re s u lt  fo r conserved  v ec to r  c u rre n ts :

0 )  +
n

n У)

oßß S'xußß^v~^  ]] X

X (log — я;2) X *1 .  . .  0).
n

H ere  th e  (log x2) te rm  does n o t  v io la te  our neg lec t o f logs since th e  log goes 
aw ay  a f te r  i t  is d iffe ren tia ted .

As we h av e  a lread y  m en tio n ed , an  im m ed ia te  consequence o f  our d eri
v a tio n s  is th a t  o p e ra to r  p ro d u c t ex pansions n e a r  th e  LC will be v a lid  in  any  
th e o ry  in  w hich  o p e ra to r  p ro d u c t expansions a t  sh o rt d istances a re  va lid . In  
a d d itio n  to  th e  ren o rm alizab le  p e r tu rb a tio n  th eo rie s , th is  class o f  theories 
in c lu d es all know n  e x a c tly  so luble  fie ld  th eo re tic  m odels. M ore genera lly , or 
r a th e r  m ore phenom enolog ica lly , if, as seems to  be  in d ica ted , s h o r t  d istance  
ex p an sio n s are  v a lid  in  th e  rea l w o rld , th en  so are  LC expansions.

B ecause of a phenom enon  w h ich  occurs in  th e  T h irrin g  m odel, we are 
fo rced  a t  th is  p o in t to  be m ore precise  ab o u t th e  n o tio n  of d im en sio n a lity  
w h ich  we have been  using . One say s  th a t  a local fie ld  %(х) has d im ension  d 
i f  th e re  ex ists a o n e -p a ra m e te r  g ro u p  U(s) of u n ita ry  tra n s fo rm a tio n s  such th a t

V(s)X{ x ) V ~ 1(s) =  sdx{sx). (20)

E x a m p le s  are th e  free m assless sca la r  field  w ith  d =  1 and  free sp ino r field  
w ith  d — 3/2 . W e shall re fer to  th is  no tio n  o f d im ension  as “ d y n am icaF ’di- 
m ension . F o r th e  u su a l fields in  free  fie ld  th eo rie s , d y n am ica l d im ension  coin
cides w ith  n a iv e  d im ension . W e sh a ll say  a fie ld  h as  canon ical d im ension  if
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it. has a d y n am ica l d im ension  equal to  th a t  o f  th e  co rrespond ing  free fie ld . 
In  a th e o ry  in  w hich  all local fie lds have  d im ensions and  sh o rt d is tan ce  e x p a n 
sions, such as (12), are v a lid , ap p lica tio n  o f (20) to  (12) im plies th a t  th e  Fj(x) 
b eh av e  as s ta te d  like (1 lx)di~ djt~ B, w ith  no  lo g arith m ic  fa c to r . T his is w h a t 
h ap p en s  in  free fie ld  th eo rie s .

In  any  f in ite  o rder o f a ren o rm alizab le  p e r tu rb a tio n  th e o ry , because  o f 
th e  occurrence o f  lo g a rith m ic  fac to rs , th e  reno rm alized  field« do n o t h av e  
w ell-defined  d y n am ica l d im ensions. N everth e less , th e  sh o rt d is tan ce  b eh av io u r 
o f an y  W h ig h tm an  fu n c tio n  is, a p a r t  from  lo g arith m ic  fac to rs , th e  sam e as it  
w ould  be if  th e  fie lds d id  h av e  canon ical d y n am ica l d im ensions. P u t  d iffe ren tly , 
th e  sh o rt d is tan ce  b eh av io u r is d e te rm in ed , a p a r t  from  logs, b y  th e  naïve  d i
m ensions of th e  fie ld s. In  p a r tic u la r , th e  n a tu re  o f sh o rt d is tan ce  expansions, 
an d , b y  our an a ly sis , o f LC ex p ansions are so de te rm in ed . W e shall describe  
th is  s itu a tio n  b y  say ing  th a t  th e  fields h av e  effective canon ica l d im ensions.

In  any  th e o ry  w ith  e ffec tive  canon ical d im en sio n a lity  an d  w ith  sh o r t 
d is tan ce  expansions, LC ex p an sio n s v e ry  s im ila r to  tho se  g iven above w ill 
ex is t. In c lu d ed  in  su ch  theo ries are  free fie ld  m odels, ren o rm alizab le  p e r tu r b a 
tio n  theories in  a n y  fin ite  o rd er, a n d  m ost o f th e  know n e x a c tly  soluble m odels. 
In  theories w ith  effective non -can o n ica l d y n am ica l d im en sio n a lity  an d  w ith  
sh o rt d istance  expansions, o u r d e riv a tio n s  show  th a t  LC ex p ansions will also 
ex ist. In  these th eo rie s , th e  s in g u la r fu n c tio n s w ill, of course, be som ew hat 
d iffe ren t from  th o se  en co u n te red  above. T he T h irrin g  m odel is th e  only  one 
we know  of th a t  ex h ib its  n on -canon ica l d y n am ica l d im en sio n a lity  [13].

A fin a l p o in t we should  m en tio n  concerns th e  n a tu re  o f  th e  sum  (if i t  
ex ists) o f th e  p e r tu rb a tiv e  ex pansions of th e  ren o rm alizab le  fie ld  th eo ries. 
I t  is possible, a n d  h as  been sug g ested , th a t  th e  lo g arith m ic  fac to rs  occurring  
in  each  o rder sum  u p  to  a pow er, an d  so change th e  d y n am ica l d im ensions of 
th e  fie lds. This is w h a t h ap p en s in  th e  T h irr in g  m odel. W e su sp ec t th a t  th is  
T h irr in g  m odel p h enom enon  arises because o f th e  zero m ass p a rtic le  p re se n t 
an d  will n o t occur in  rea listic  m odels w ith  no m assless p a rtic le s . T here  is no 
ev idence th a t  th e  logs of ren o rm alizab le  p e r tu rb a tio n  th eo rie s  ad d  up  to  a 
pow er [14]. In  th e  follow ing w e shall p o in t o u t th e  ex istence o f  em pirical in 
d ica tions of th e  v a lid ity  o f e ffec tive  canon ical d im ensiona lity .

O ur p u rp o se  now  is to  u se  th e  ex p an sio n  (19) to  s tu d y  th e  process 
e -)- p  —*■ e -(- a n y th in g . The re lev an ce  o f th e  LC b e h av io u r o f  th e  m a tr ix  
e lem en t <p| [ J ^ x ) ,  ./ДО)] \рУ to  th e  A  lim it in  th is  reac tio n  h as  been  know n fo r 
som e tim e  [1—3]. O u r use of th e  operator ex p an sio n  w ill, how ever, enable  us 
to  deduce  a n u m b e r o f new  re su lts  from  th e  observed  scaling  b eh av io u r. W e 
follow  th e  n o ta tio n  o f [3], w h ere  m ore d e ta ils  a n d  references can  be found . 
W e shall f irs t w ork  w ith  th e  re s u lt  (19) o f igno ring  lo g arith m ic  fac to rs  an d  a f
te rw a rd s  discuss th e  effect o f th e se  logs an d  o f th e ir  possible ro le  in  chang ing  
the  s in g u la rity  s tru c tu re .
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T h e to ta l  cross-section  (1) o f  in te re s t  can  be w ritte n  

d 2 a
dq2dv E 2 \q\2 sin2 (0/2)

0 0 ’
W 2{q2, v) cos2------ (-2 Wx (g2, v) s in2 —

2 2
( 2 1 )

w here E  is th e  in itia l e lec tron  energy  a n d  6 th e  s c a tte r in g  angle, an d  w e have 
se t th e  p ro to n  m ass equal to  u n ity : p 2 =  1. T he s tru c tu re  func tions a re  de
fin ed  b y

J  dx Х е й *  < p |[ J M(*), J v(0)][p> =  ( p ^ -  QqJ(pv C>qv)W 2(q2, v)
( 22)

4 J lv

w here  q =  — v/q2 =  (2co) -1, a n d  th e  A  lim its  are

lim  v W 2(q2, v) =  F 2( q),
A

lim  W x(q \  v) =  В Д .
A

T he tra n sv e rse  an d  lo n g itu d in a l s tru c tu re  fu n c tio n s are

F T =  F v  F l  =  qF 2 —  F v

(23)

(24)

(25)

E x p e rim e n ta lly  [15], E q . (23) is w ell sa tis fied  in  a n o n -tr iv ia l w ay  [F 2( q) ~  
~  co n st, fo r g 2] an d  F J F T is sm all, as suggested  b y  th e  gluon m odel [16]. 

I t  is co n v en ien t to  in tro d u c e  new  s tru c tu re  fu n c tio n s  b y  w ritin g

- ~ j d 4 <p\[Jß( x ) , J v(0)]\p} — [q2Pt,pv +

+ v2gfr]V2(q2,v) (q2 g ^ - q ^ q j )  Ki ' f ,  v) ■

E q s. (22)-(26) im p ly

lim  ( - v 2) V 2(q2, v) =  qF 2( q),
A
lim  v V ^ q 2, v) =  q F l ( q).
A

In  co n fig u ra tio n  space E q . (26) read s:

1

(26)

(27)

(28)

2 л
< р \ Щ х )’А»(°)]\Р> = - [ O q lip v—(p-d)(pfídv+ p vdtí) +

+ (p ■ э)2 M Ы * 2’ Х ’Р)~(ЭА -  СМ Vx(x2, х - р ) ,
( 29)
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in  te rm s o f  th e  F o u rie r  tran sfo rm s

Vi(q2, v) — J  d l х е ‘Ч'х P ,(x2, x - p ) .  (30)

T h e  A  l im it of th e  V t ’s is given b y  th e  LC b e h av io u r o f  th e  V> s a n d  th ese
can be  d e te rm in ed  from  (19). W e define  as in (4)-(7) th e  m a tr ix  e lem en ts

<jPl 2 X*X- ■ ■ *an-R(b1...a„(0)|p> —  fo(x  ' p )  0 (x 2) , (31)
n

<p\ 2  X*'- ■ . X ^ R l L .  a„(0)lp> =  g*ßf ( X ' P)+P*Pß P 2(X - p ) + 0 ( x2). (32)
n

C om parison w ith  E q . (29), using

Im  (x2 — ie x 0)' =  n e (x 0)d(x2), Im  log (— x2 +  ie x 0) =  л е (х 0)в(х2), (33)

gives th e  re su lts

F 2(*2, x  ■ p ) ^ 0 — e(x oW(x 2)f2(x ■ p ) ,  (34)

F i(* 2, x  ■ Р ) ^ Ь  — e(x0)6(x2) f0(x ■ p ) .  (35)

These a re  p rec ise ly  th e  LC beh av io u rs  show n in  [3] to  be  eq u iv a len t to  th e  
scaling  law s (27) an d  (28) or (23) and  (24). In d eed , d irec t su b s titu tio n  o f  (34) 
an d  (35) in to  (30) gives th e  re su lts  (27) a n d  (28) w ith

е Ъ ( е ) =  2 r c J d A e - '- ^ A /2(A), (36)

qFl (ô) =  - ~  \ d * в“  ai2efo W  ■ (37)

W e h a v e  th u s  d eriv ed  th e  v a lid ity  o f  th e  scaling law s (27) an d  (28) in 
th e  large class of theo ries in  w hich  (26) h o ld s . S tr ic tly  speak ing , because th e se  
theories re a lly  give e x tra  lo g rith m ic  fa c to rs , we can  only d educe  th a t  (27) an d  
(28) are v a lid  a p a r t  from  pow ers o f log q2. In d eed , i t  is a  know n fa c t t h a t  in  
low  orders th e se  theo ries give scaling  a p a r t  from  logs. T his is sa tis fac to ry , since 
th e  presence  o f  such  lo g a rith m ic  fac to rs  cou ld  easily  escape ex p e rim en ta l d e 
te c tio n  a t  p re se n t. One m ig h t th in k  th a t  th is  re su lt is tr iv ia l  because we h a v e  
b u ilt  in  sca ling  v ia  th e  m ass independence  o f  (26). T he p o in t is, how ever, th a t ,  
because o f  th e  p o ssib ility  o f  n on -canon ica l d im ensions, m ass indep en d en ce  is 
n o t eq u iv a le n t to  scaling. W e can th u s  re a c h  th e  s tro n g  conclusion t h a t  th e  
observed  sca ling  b eh av io u r is con sis ten t w ith  canon ical d im en sio n a lity , b u t  
n o t w ith  m a n y  ty p es o f n on -canon ical d im en sio n a lity . I f  a single o p e ra to r
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w ith  a n o n -v an ish in g  p ro to n -p ro to n  m a tr ix  e lem en t in (26) h a d  a d im ension  
s ig n ifican tly  less th a n  its  can o n ica l one, th e n  th e  scaling lim its  (27) an d /o r 
(28) w ould be  d iv e rg e n t b y  th e  co rrespond ing  pow er of q2. I f  we fu r th e r  believe 
in  th e  re lev an ce  o f  a p e r tu rb a tiv e  m odel, th e n  we can conclude  th a t  th e  lo g a 
r ith m ic  fac to rs  in  th e  m odel do n o t add  up  to  s ig n ifican tly  change th e  s in g u 
la r i ty  s tru c tu re . I t  is th ere fo re  an  in te re s tin g  an d  n o n -tr iv ia l fa c t th a t  non-tri- 
v ia l scaling is equivalent to the presence o f  the LC  singularity  structure required 
by canonical d im en sio n a lity .

W e h a v e  th u s  seen how  th e  ex istence  o f  o p e ra to r p ro d u c t ex pansions 
like  (19) en ab les  one to  co rre la te  ex p e rim en ta l resu lts  w ith  th e  n a tu re  of p o ss
ib le  fie ld  th e o re tic  m odels fo r th e  h ad ro n s. In  ad d itio n  to  p ro v id in g  ev idence 
fo r  essen tia lly  can o n ica l d im en sio n a lity , th e  o b serv ed  scaling  stro n g ly  suggests 
th e  re levance  o f  ren o rm alizab le  fie ld  th eo rie s . N on-reno rm alizab le  m odels, 
m ad e  fin ite , s a y , b y  th e  in tro d u c tio n  of in f ite ly  m any  su b tra c tio n  c o n s ta n ts , 
possess m u ch  w orse  LC sin g u la rities . A fu r th e r  m a jo r a d v a n ta g e  o f ou r fo r
m alism  is th a t ,  u n lik e  th e  m a tr ix  e lem en t s ta te m e n ts  like  (34) an d  (35), i t  
enables one to  com pare an d  re la te  d iffe ren t processes since these  processes 
sim p ly  in v o lv e  d iffe ren t m a tr ix  elem ents o f  th e  sam e o p era to rs .

B efore le a v in g  e lec tro p ro d u c tio n , we w ish  to  co m m en t on w h a t h ap p en s  
i f  F l =  0. I t  is  c lear from  th e  above an a ly s is  th a t ,  n eg lec ting  th e  u n lik e ly  
p o ss ib ility  t h a t  th e  p ro to n —p ro to n  m a tr ix  e lem en t of each  R 0a __ in  (19) 
v an ishes, F L =  0  m eans t h a t  th e  lead ing  a llow ed  s in g u la rity  l /я2 in  th e  f i r s t  
p iece of (19) is n o t p resen t. A ssum ing  can o n ica l d im en sio n a lity , th is  m eans 
t h a t  th e  ( l /я 2) m u s t be rep laced  b y  (log x 2). T h is  com es from  b o th  th e  n o n -lead 
in g  c o n tr ib u tio n s  o f th e  g iven  o p era to rs  sa tisfy in g  d im  R ai _ , =  re -1- 2
an d  from  th e  lead ing  c o n tr ib u tio n s  o f  ad d itio n a l o p era to rs  sa tisfy in g  
d im  R  =  re -)- 4. C alling th e  m a tr ix  e lem en t o f th e  su m  o f these  o p e ra to rs
s till f 0(x ■ p ) as in  (31), (32) becom es re p la c e d  b y

F i(* 2, я  • p)  ^  — е(яо)0(я2) [ f0(x  ■ p )  +  2f ( x  ■ p )] . ^3 8 )

To co n c lu d e , we shall b rie fly  m en tio n  som e fu r th e r  app lica tio n s o f th e  
form alism  w e h a v e  developed . D eta iled  tr e a tm e n ts  o f th e se  ap p lica tions h a v e  
been  given e lsew here [4, 5].

An esp ec ia lly  in te re s tin g  ap p lica tio n  [5] is to  s tu d y  th e  recen t m easu re 
m en t [17] o f  th e  cross-section  da/dq2 fo r th e  reac tio n  p ro to n  -j- p ro to n  —► 
jttpair-f- a n y th in g . H ere th e  d o u b le -p ro to n  m a tr ix  e lem ent <p p ' \J ß(x )J v(0) |рр 'У  
is invo lv ed  a n d  th e  re le v a n t region is g iven  b y  (9) w ith  x2 =  [(s -f- q2 —  4m 2)/ 
/  4s] — q2 ev en  th o u g h  s =  (p  -f- p ') 2 —► oo in  th e  scaling  lim it. M ost o f th e  
e x p e rim e n ta l p o in ts  co rrespond  to  th e  LC я 2 ~  0 an d  so th e  expansion  (19) 
can  be u sed . T h e  m a tr ix  e lem en t of R  =  E  я “1 . . . я а“ R 0 _ e tc ., is now  
m ore co m p lica ted , b u t R egge th e o ry  p ro v id es  an  enorm ous s im p lifica tion  in
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th a t  i t  im plies th a t ,  fo r exam ple  <(p p ' ]й [ рр'У  sa[/i(p • x) -f- h(p' ■ я:)] [5]. 
F u r th e r  use o f R egge th e o ry  for th e  d im ension less s tru c tu re  fu n c tio n s  above 
th e  v alue  p ~  2 suggested  b y  SLAC en ab les  u s  to  express th e  cross-sections 
in  te rm s o f a tw o -p a ra m e te r  fu n c tio n  w hich  can  be  f i t  v e ry  n ice ly  to  th e  d a ta  
w h ich  fall ~ 5  o rders o f m ag n itu d e  fo r 2 <  q2 6 GeV2.

A n o th e r class o f ap p lica tio n s in v o lv es  th e  d e te rm in a tio n  o f  th e  a sy m p to 
tic  b eh av io u r of v e r te x  fu n c tio n s w h en  a m ass becom es la rg e , as described  
above  [4]. K now ledge o f  th is  a sy m p to tic  b e h a v io u r , plus th e  in fo rm atio n , 
le a rn ed  from  th e  e lec tro p ro d u c tio n  a n d  p  p a ir  re su lts , th a t  a sy m p to tia  sets 
in  a t  q2 2 GeV2, enables us to  w rite  th e  an a lo g u e  of fin ite  en e rg y  sum  ru les 
in  th e  m ass v a riab le  an d  th u s  a p p ro x im a te ly  ca lcu la te  b o th  th e  “ in f in ite ”  
m ass co n tr ib u tio n s  an d  th e  co n tin u u m  c o n trib u tio n s . T hese c o n tr ib u tio n s  
give co rrec tions to  th e  re su lt o f s im ply  s a tu ra t in g  th e  m ass d ispersion  re la tio n  
w ith  a low  ly ing  m eson. In  th is  w ay  we can  u n d e rs ta n d , for ex am p le , p ion pole 
dom inance  of m a tr ix  e lem ents of th e  d iv erg en ce  o f th e  ax ia l v e c to r  c u rre n t 
a n d  we can  e s tim a te  co rrec tions to  v e c to r  m eson dom inance w h ich  are  in  good 
ag reem en t w ith  ex p e rim en t. C onsider, fo r ex am p le , th e  n —>■ 2y  off-shell a m 
p litu d e . T he a sy m p to tic  b eh av io u r in  th e  p h o to n -m ass  v a riab le  is d e te rm in ed  
from  th e  second piece o f E q . (19). T h is in fo rm a tio n  enables u s  to  o b ta in  an  
ex p e rim en ta lly  co rrec t d e te rm in a tio n  o f  th e  r a te  a n d  also to  re la te  th e  am p li
tu d e  to , say , th e  e lec tro p ro d u c tio n  ones v ia  E q . (19).
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RECENT DEVELOPMENTS IN INELASTIC 
ELECTRON NUCLEON SCATTERING*

By

F .  J .  G il m a n

STANFORD LINEAR ACCELERATOR CENTER, STANFORD UNIVERSITY 
STANFORD, CALIFORNIA 94305, USA

Inelastic electron— nucleon scattering is discussed. T he theoretical ideas are compared 
w ith recent experim ental data on proton and deuteron target. Particular a tten tio n  is nayed to  
the du ality  aspect o f th e  data.

H ig h  energy  in e lastic  e lec tro n -n u c leo n  s c a tte r in g  p ro b es th e  in s ta n ta n 
eous charge  d is tr ib u tio n  o f th e  n u c leo n  and  p ro v id es  a m e th o d  fo r  in v e s tig a t
ing  possib le  su b s tru c tu re . In  th e  y e a r  th a t  has p a ssed  since th e  In te rn a tio n a l 
S ym posium  on E le c tro n  and  P h o to n  In te ra c tio n s  a t  H igh E n e rg ie s  a t  L iv e r
pool, a n u m b er o f  im p o r ta n t  d ev e lo p m en ts  h av e  ta k e n  place in  b o th  th e  expe
r im e n ta l an d  th e o re tic a l aspects  o f  ine lastic  e lec tro n -n u c leo n  sc a tte r in g  [1]. 
T h e  K iev  conference h as , in  p a r tic u la r , seen th e  discussion o f  a  la rg e  am o u n t 
o f new  d a ta  from  SLA C , in c lud ing  d a ta  on b o th  e le c tro n -p ro to n  a n d  e le c tro n -  
n e u tro n  ine lastic  s c a tte r in g  [2]. I  p ropose  to  d iscuss here th ese  d ev e lopm en ts, 
w ith  p a r tic u la r  a t te n t io n  to  som e th eo re tica l consequences o f  th e  recen t ex 
p e rim e n ta l d a ta  a n d  to  recen t w o rk  on d u a lity  a n d  resonance  b e h a v io r. A d is
cussion  o f  o th e r a sp e c ts  o f in e lastic  le p to n —h a d ro n  sc a tte rin g  a n d  re la te d  p ro 
cesses can  be fo u n d  in  th e  p roceed ings of th e  L iverpoo l S ym p o siu m  and  th e  
m ore re c e n t N ap les m eetin g  [3].

T he process o f  ine lastic  e lec tro n —nucleon sc a tte r in g  is sh o w n  in  Fig. 1 
w here an  e lectron  (w ith  energy E )  is in c iden t on a nucleon  (of fo u r-m o m en tu m

Fig. 1. K inem atics o f inelastic  electron-nucleon scattering

* W ork supported b y  the U . S. A tom ic Energy Commission.
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P ) a n d  sc a tte rs  (w ith  re su ltin g  f in a l en e rg y  E ')  b y  a n  angle 0 due  to  th e  ex 
change o f  a single p h o to n  (o f fo u r-m o m en tu m  q). I f  w e do n o t observe th e  h a d 
ron ic  f in a l s ta te , as is th e  case in m o s t o f th e  e x p e rim e n ts  done u n t i l  v e ry  re 
cen tly , th e n  th e  doub le  d iffe ren tia l c ross section  can  be  w ritten  as

_ < P a

d Q 'd E '

4«2 E '2

54
2W 1(v,qZ) +  W2{v, q2) cos2 ( 1 )

w here  th e  s tru c tu re  fu n c tio n s  1V1 a n d  W 2 depend  on  th e  tw o (L o ren tz  scalar) 
v a r ia b le s  v =  — q ■ Р /M N an d  q2, w h ich  can  be w r it te n  in  te rm s o f  la b o ra to ry  
q u a n tit ie s  as (neg lec ting  th e  lep to n  m ass)

v =  E  —  E ',
0 ( 2)

q2 =  4 E E  sin2 — 1 .
4 2

I f  we k n o w  v an d  q2 (from  m easu ring  th e  inc id en t a n d  sc a tte re d  e lec tro n ) th e n  
th e  in v a r ia n t  m ass W  o f  th e  f in a l h a d ro n s  is fix ed  b y

s =  W 2 =  2 M Nv +  M y  —  q2. (3)

T he s tru c tu re  fu n c tio n s  W 1 and  W 2 t h a t  ap p ear in  E q . (1) arise fro m  th e  
q u a n t i ty

—  У  <P |J<em>(0)|n> <n|J<em>(0)|P> (2я)з ЙС*) ( p „ - P -  q) -  
4 я а  n ^

-  q2) [ 0 ^ -  q .q J fj+ W .A v ,  q2) [ ( P - P  • qq„/q2) ( P - P  • qq'"2)]/M § ,

w h ich  is ju s t  (1 /4я2ос) tim e s  th e  im a g in a ry  p a r t  o f  th e  F ey n m an  a m p litu d e  fo r 
fo rw ard  C om pton  sc a tte r in g  of p h o to n s  of m ass2 =  — q2. Since th e  op tical 
th e o re m  re la te s  th e  im a g in a ry  p a r t  o f  th e  fo rw ard  e lastic  a m p litu d e  to  th e  
to ta l  cross section , i t  is no  su rp rise  t h a t  one can  also  define [4] to ta l  v ir tu a l 
p h o to n —nucleon  cross sections fo r tra n sv e rse ly  a n d  lo n g itu d in a lly  po larized  
p h o to n s , aT an d  as , w h ich  are re la te d  to  W x an d  W 2 a n d  can be u se d  in s tead  
o f  th e m  to  describe th e  re su lts  o f  in e la s tic  e lec tro n —nucleon  ex p erim en ts . The 
re la tio n  o f  IFj an d  W 2 to  aT an d  as  is

m  =

w , =

к
~~й 2 °’т ’4 я 2 а

К  q2
4 я 2 а  q2 -f- vr-

(o 'r+ o 's )  •

( 5)
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w here К  =  v —  q2/2 M N =  ( W 2— M j) /(2 M N). K in em atic  c o n s tra in ts  force 
as to  v an ish  a t  q2 =  0, w hile  ar  a t q2 =  0 is ju s t  th e  to ta l  p h o to a b so rp tio n  cross 
sec tion  fo r re a l p h o tons.

A lth o u g h  th e  k in em a tic s  c e rta in ly  a re  s tra ig h tfo rw a rd  and  c o n ta in  no 
su rp rises, th e  ex p erim en ts  on inelastic  e le c tro n —nucleon sc a tte r in g  have  y ie ld ed  
one su rp rise  a f te r  a n o th e r. F irs t was i t s  la rge  size. T h is size m ay be s im p ly  
sum m arized  as being ro u g h ly  p o in t-lik e : W hen  th e  cross section a t  f ix e d  ( f  
is in te g ra te d  over v one o b ta in s  a re su lt w h ich  is th e  sam e o rder of m a g n itu d e  
as th e  M o tt cross sec tion  fo r sc a tte rin g  from  a p o in t p ro to n .

T he sam e m easu rem en ts  w hich sh o w ed  th e  p o in t-lik e  size of th e  s c a t te r 
ing  also show ed a second phenom enon , th e  scaling  b e h av io r proposed b y  B j o r - 
KEN [5]. “ S caling”  is th e  s ta te m e n t t h a t  as v and q2 —► oo, vW 2 an d  W x b e 
com e n o n -tr iv ia l fu n c tio n s o f  th e  d im ension less ra tio  oo =  2 M Nv/q2 only , r a th e r  
th a n  fu n c tio n s  o f b o th  v a n d  q2 as w ould  be  th e  case a p r io r i.  W e m ay  lo o k  for 
th e  scaling  b eh av io u r in  th e  d a ta  w h ere  v an d  q2 are f in ite  b y  s tu d y in g  th e  
b eh av io r o f v W 2 an d  W x a t  an y  fixed  v a lu e  o f  со as we v a ry  q2 (and th e re fo re  v) 
an d  see if  th e y  te n d  to  (non-zero) l im itin g  values as q2 becom es large. A n  ex 
am ple  o f th is  fo r vW 2 a t  со =  4 is show n  in  F ig . 2, w here  v W 2 is seen to  h a v e

F ig . 2. Values o f v W 2 at fixed  oo — 4 and various values o f q2

th e  sam e v a lu e  over a lm o s t a decade o f  va lu es  of q2. I t  is w o rth  em phasizing; 
here  th a t  since scaling is a s ta te m e n t o f  b eh av io r as v a n d  q2 — oo, a n y  o th e r ' 
d im ensionless v ariab le , oo' , such  th a t  со' — со as v and  q2 —*■ oo is, in  p rin c ip le , 
ju s t  as su ita b le  as со fo r s tu d y in g  th e  sca lin g  b eh av io r o f  th e  d a ta . A n o th e r  
v a riab le  cou ld  in  fac t le a d  to  the  sca lin g  b ehav io r soo n er in  th e  sense t h a t  
vW 2 an d  W 1 cou ld  becom e in d ep en d en t o f  q2 (and  hence e q u a l to  th e ir  q2 —*■ oo 
lim it) for sm alle r values o f  q2 if  th ey  a re  s tu d ie d  as fu n c tio n s  o f q2 a t  f ix e d  ft)' 
r a th e r  th a n  oo. T his in fa c t  appears to  b e  th e  case for in e la s tic  e lec tron—p ro to n
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sc a tte rin g  w h e re  th e  v a ria b le  [2, 6]

со' =  1 +  s/q2 =  ш +  Mj(/g2 (6)

re su lts , p a r t ic u la r ly  for 1 •<  ш <  4, in  a m o re  ra p id  a p p ro a c h  to  th e  sca lin g  
b eh av io r. T h is  c a n  be seen in  F ig s . 3 an d  4 w h ere  we h av e  v W 2 p lo tte d  v e rsu s  
со an d  со' fo r  v a r io u s  values o f  q2 (all co rresp o n d in g  to  W  2 GeV so th a t  w e 
s ta y  aw ay f ro m  th e  p ro m in e n t N* resonances), and  i t  is  c lea r th a t  v W 2 is 
m ore  in d e p e n d e n t o f q2 fo r sm a lle r  values o f  q2 w hen  p lo tte d  v e rsu s  со'. In  p a r t i 
cu la r, we ca n  see from  F ig . 3, t h a t  vW 2 decreases to w ard  i ts  a sy m p to tic  v a lu e  
as q2 increases fo r  fixed  со in  th e  ran g e  1 <[ со <i 4 . F ig. 4 show s th a t  vW 2 scales 
(i.e. is a fu n c tio n  o f со' only) to  w ith in  th e  accu racy  of th e  d a ta  for со' in  th e  
ran g e  1 <  со' <C 10 as long  as q2 1 GeV2 a n d  W  >  2 GeV. Such a sm all 
v a lu e  o f q2 fo r  th e  onset o f  sca lin g  is r a th e r  rem ark ab le .

In  o u r  d iscussion  o f sca lin g  and  p lo ts  o f  v W 2 we h a v e  used  a th ird  e x 
p e rim en ta l f in d in g , nam ely  t h a t  R  =  as lo T is sm all a n d  does n o t d e p e n d

5 6 7 8 9 10
CO

20

Fig. 3. V alues o f vW 2 versus со =  2Mjyv/q2 for data  w ith W  >  2 GeV and various
ranges of <f (in GeV2)
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F ig . 4. Values o f  v W 2 versus со' =  1 -f- W 2]q2 for data w ith  W  >  2 GeV and various
ranges of q2 (in GeV2)

stro n g ly  on V, q2, or со. T h e  know ledge of R  is eq u iv a len t to  b e ing  able to  e x 
p lic itly  se p a ra te  th e  c o n tr ib u tio n s  o f  W 1 a n d  IV2 to  th e  d o u b le  d iffe ren tia l 
cross section , E q . (1). T h is se p a ra tio n  is accom plished  b y  m easu rin g  sc a tte r in g  
(or in te rp o la tin g  from  m easu rem en ts) a t d iffe ren t angles, b u t  th e  sam e v a lu es  
o f  V an d  q2, a n d  h as  been  re p o r te d  [2] in  som e d e ta il a t  K iev . T he value o f  R  
o b ta in e d  b y  av e rag in g  over th e  23 in te rp o la te d  p o in ts  b e tw een  со o f  1 a n d  10 
is 0 .1 8 ^ 0 .0 5 . T h is  is c e rta in ly  sm all, and  g iven  th e  possible sy s te m a tic  erro rs 
i t  is possible, a lth o u g h  u n lik e ly , th a t  R  =  0. I n  a n y  case, i t  is now  possib le  
to  p lo t W 1 a n d  vW 2 a t  p laces w here  th e  se p a ra tio n  has been  m a d e  an d  ro u g h ly  
v e rify  th e  sca ling  b e h av io u r fo r both W 1 an d  v W 2. A lte rn a te ly , one can choose 
a  c o n s ta n t (or som e o th e r fu n c tio n a l form ) fo r  R  w hich is c o n s is te n t w ith  th e  
d a ta , an d  p lo t v W 2 an d  W 1 fo r all th e  d a ta  p o in ts , as we h a v e  done above fo r  
v W 2. Such p lo ts  a re  c o n s is ten t w ith  b o th  vW 2 a n d  W 1 scaling  fo r 1 <  со' <  10 
(ag a in , as long  as q2 ]> 1 GeV2 an d  W  >  2 GeV).

Some o f th e  m o st ex c itin g  new  d a ta  concerns th e  ine lastic  e lec tron  s c a tte r 
ing  o ff d e u te riu m , w hich  allow s dedu c tio n  o f  in e la s tic  e lec tro n —n eu tro n  cross
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sec tions. N eg lec tin g  co rrec tio n s  fo r in te rn a l  m otion , f in a l s ta te  in te ra c tio n s , 
a n d  G lau b er co rrec tions, w h ich  shou ld  a ll b e  sm all, th e  n e u tro n  cross sections 
a re  given b y  th e  difference o f  th e  d e u te riu m  an d  hydrogen  cross sections. A ssum 
ing  th a t  th e  ra tio  of lo n g itu d in a l to  tra n sv e rse  cross sec tio n s (or W ^v W ^ )  is 
th e  sam e fo r  th e  n e u tro n  a n d  p ro to n , v W 2J v W 2p =  D /H  —  1. T his q u a n t i ty  
is show n in  F ig . 5 p lo tte d  v e rsu s  co [7]. C learly  vW 2rJ v W 2p is sm aller th a n  u n ity  
in  th e  ra n g e  1.5 <  co <[ 6, a n d  fu r th e r  v W 2njv W 2P is a  fu n c tio n  o f  co w ith in  
th e  acc u ra cy  o f th e  d a ta , i.e ., th e  n e u tro n  d a ta  also a p p e a rs  to  scale. I f  one 
p lo ts  v W 2P— v W 2n from  th is  d a ta  p lus th e  earlier p ro to n  d a ta , th e n  th e re  
ap p ears  to  b e  a m ax im um  b e tw e e n  co o f 3 a n d  4, a t  w hich  p o in t  vW 2P —  v W 2n =  
=  0.1 a n d  th e  ra tio  v W 2nlv W 2P 2/3.

Fig. 5 . V alues o f (D /H -1) p lo tted  versus co. A ll data points have q2 /> 1 GeV2. A ssum ing  
R  =  о$1от is the sam e for neutron and proton and neglecting deuterium  corrections (which  

should be sm all), the ordinate is vW in !vW ip

T h e  d ifference b e tw e e n  n e u tro n  a n d  p ro to n  in e la s tic  sc a tte rin g  is d irec t 
ev idence fo r an  iso sp in -d ep en d en t an d  th e re fo re  n o n -d iffrac tiv e  (i.e. n o t  due 
to  P o m ero n  exchange in  th e  language  o f  R egge th eo ry ) co m p o n en t o f  th e  v ir
tu a l p h o to n —nucleon sc a tte r in g  a m p litu d e  [8]. A n o th e r piece o f ev idence  for 
such  a n o n -d iffrac tiv e  p a r t  lies in  th e  b eh av io r of v W 2 an d  W-, fo r la rg e  co 
(say  co > 1 0 ) .  Since a t  la rg e  v an d  f ix e d  q2, v W 2 <x <f (crT -)- crs ), one w ould 
expec t v W 2 to  fall w ith  in c rea s in g  v a t  f ix e d  q2 if  th e re  is such  a n o n -d iffrac tiv e  
c o m p o n en t. U n fo rtu n a te ly , th e re  is no  sep a ra tio n  o f  v W 2 and  fo r co >  10 
(nor a re  th e re  d a ta  av a ilab le  w ith  large  va lu es  of q2 fo r co >  10), an d  th e re fo re  
one c a n n o t even say  fo r su re  th a t  th e re  is scaling in  th is  region. I f  w e use  the  
sam e sm all v a lue  of R  fo u n d  for co <  10, th e n  th e  d a ta  are c o n s is ten t w ith
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a scaling  b eh av io r a n d  v W 2 decreasing  fo r  la rge  va lu es  o f  со. A lte rn a te ly , one 
can  con sid er d irec tly  th e  v alues o f a T a t  p o in ts  (T able I I I  o f  [2]) w h ere  a  se
p a ra tio n  h as  been m ad e  a n d  p resen ted  a t  K iev . One th e n  fin d s  th a t  aT ap p ears  
to  be a m ax im u m  b e tw een  со o f 3 an d  4 an d  a t  q2 =  1.5 GeV2 falls a t  le a s t  as 
m uch  w ith  increasin g  energy  as th e  to ta l  p h o to a b so rp tio n  cross sec tio n  does 
over th e  sam e v (or IF2) range  as a t  q2 =  0. T hus, w ith  reaso n ab le  assu m p tio n s 
i t  does a p p e a r  th a t  v W 2 an d  a T do fall w ith  increasing  со, b u t  ex ac tly  how  m uch  
is b ey o n d  th e  a b ility  o f  p re sen t acce le ra to rs  to  e s tab lish .

Som e o f th e  s tr ik in g  aspects o f th e  d a ta  d iscussed  above, p a r tic u la r ly  
th e  sca ling  b eh av io r a n d  po in t-like  m a g n itu d e  of th e  d a ta , arise n a tu ra l ly  in  
th e  p a r to n  m odel [9]. In  th is  m odel one considers th e  e lec tro n -n u c leo n  sc a t
te r in g  as ta k in g  p lace  in  an  in fin ite  m o m en tu m  fram e  a t  v e ry  large  v an d  q~ 
an d  th e  e lec tro n  is assum ed  to  s c a tte r  in s ta n ta n e o u s ly  an d  in co h e ren tly  off 
p o in t c o n s titu e n ts  (p a rto n s)  of th e  p ro to n . W ith  th ese  assu m p tio n s one finds

[9]

vW2(v, q2) =  P (N ) 2  Q* xfN i(x ) =  F A X =  q2ß m v ) , (7)
N 1= 1

w here P (N )  is th e  p ro b a b ility  o f N  p a r to n s , Qt is th e ir  charge an d  f Ni{x) is 
th e ir  lo n g itu d in a l m o m en tu m  d is tr ib u tio n  in  te rm s o f  th e  frac tio n , x  =  1 /со, 
o f th e  to ta l  lo n g itu d in a l m o m en tum  o f  th e  nucleon w h ich  th e y  c a rry  in  th e  
in fin ite  m o m en tu m  fram e . C learly, since F 2 is a fu n c tio n  only  o f x  =  1 /со in  
E q . (7), w e h av e  th e  scaling  beh av io r. T h e  p o in t-like  m ag n itu d e  has b e e n  p u t  
in  th ro u g h  th e  assu m p tio n  o f p o in t c o n s titu e n ts .

S ev era l sum  ru les  follow  from  E q . (7). I f  we assum e th e  sam e m o m en tu m  
d is tr ib u tio n  for each  o f  th e  N  p a r to n s , th e n

[0 d x ( X ifNi(xj) =  1 / N ,

an d  th e  su m  ru le
f 1 N 0 ?

F2( x ) d x =  X 'P (iV )
J o  n  f = l  TV

fo r th e  m ean  sq u ared  p a r to n  charge follow s. P a r to n s  w ith  o f  course
N

yield L' Q2/ N  =  1, w hile fo r a p ro to n  w ith  th re e  q u ark s as p a rto n s , E  Q2J 3 =  1/3, 
;= i i

an d  a q u a rk -a n tiq u a rk  sea w ith  equal a m o u n ts  of p p , nn , an d  AA q u a rk s  gives
EQ2J N  =  2/9. E x p e rim e n ta lly  [2]
i

\ 1o i dX F2p( x ) ^ O . U

(± 1 5 ° /0) (10)

ll.idxF̂ ix) ̂ ° - 10

( 8)

(9)
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f ro m  th e  v a lu es  o f  F 2(co) c o n s tru c te d  w ith  th e  sm all angle (6° a n d  10°) d a ta . 
T h e  large  ang le  d a ta  (w ith  la rg e r  v a lu es  o f q2) a n d /o r  using  со' to  c o n s tru c t F 2 
f ro m  th e  sm all an g le  d a ta  y ie ld  s lig h tly  sm alle r va lues fo r j  J dx f 2p( x). S ince 
[o'1 d x F 2(x), a l th o u g h  u n m easu red , w ith  an y  reaso n ab le  e x tra p o la tio n  o f E 2to  

x  =  0 is less t h a n  a b o u t 0 ,03, w e see th a t  j о F 2p{ x )d x  an d  [J F 2n(x)dx  a re  to o  
sm a ll to  ag ree w ith  e ith e r th e  sim p le  th re e -q u a rk  or q u a rk -a n tiq u a rk  sea m o
del. One is fo rc e d  to  e ith e r  d is re g a rd  th e  su m  ru le  because  an  a ssu m p tio n  used  
in  i ts  d e riv a tio n  is w rong (e .g ., o n  th e  sam e m o m en tu m  d is tr ib u tio n  for each  
p a r to n ) , or to  in v o k e  th e  p resen ce  o f  n e u tra l p a r to n s  in  a d d itio n  to  th e  ch arg ed  
ones in  o rd e r to  lo w er th e  m ean  sq u a re  ch arg e  below  2/9. I n  th e  f irs t  case th e  
su m  ru le  is in c o rre c t, and  in  th e  second  case i t  le a d s  to  ad hoc m odels w ith  n e u t
ra l  p a rto n s  to  p a tc h  up  th e  d isc rep an cy  w ith  ex p e rim en t. E i th e r  w ay  th e  p a r- 
to n  m odel su ffe rs a  loss in  p re d ic tiv e  pow er.

T he a ssu m p tio n  on th e  m o m e n tu m  d is tr ib u tio n  does n o t  e n te r  th e  sum
ru le

f —  Ъ(х) = 2 р№  (u)J 0 % д/ i=l

w h ich  sim p ly  fo llow s b y  in te g ra tin g  E q . (7) fo r  v W 2 w ith  re sp e c t to  x  an d  u sin g  
th e  n o rm a liz a tio n  cond ition

Г  d x f Nl(x) =  1 . (12)
0

0
T he sum  ru le  (11 ) w as o rig in a lly  p ro p o sed  b y  G o t t f r i e d  [10] in  th

fo rm

Г  —  vW2(v, q2) =  l  (13)
J o  V

fo r  th e  p ro to n  (b u t  not th e  n e u tro n )  fo r all q2 w ith in  th e  c o n te x t of th e  q u a rk  
m odel [11]. A t q2 =  0 th is  su m  ru le  for th e  p ro to n  is tr iv ia lly  sa tisfied  due  to  
th e  c o n tr ib u tio n  o f  th e  B o rn  te rm  and  v a n ish in g  (see E q . (5) ) o f th e  c o n ti
n u u m . T he d e r iv a tiv e  w ith  re sp e c t to  q2 a t  q2 =  0 of E q . (13) leads to  [10]

/о
aT (v) =  4 л 2 a

о v

<  r2 >  FjI p (Vp)2
4 M&

: 420 ju b , (1 4 )

w here  aT(v) is th e  to ta l  p h o to n —p ro to n  cross section  a t  q2 =  0. I f  crr (oo) is 
non-zero , th e  le f t-h a n d  side o f  E q . (14) d iverges lo g a rith m ica lly  (a sim ilar d i
sease affects E q s . (11) an d  (13) i f  F 2(0) or v W 2(oo, q2) is n o t  zero). T he m a n n e r 
in  w hich  E q . (13) is sa tisfied  a t  q2 =  0 (by  th e  B orn  te rm ), how ever, suggests 
t h a t  i f  we a re  to  m ak e  an y  sense o f  E q . (14), th e  c o n s ta n t p a r t  (due P o m ero n  
exchange in  R eg g e  language) o f  th e  to ta l  cross section  (or v W 2) co rrespond ing
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to  th e  d iffrac tive  p a r t  of fo rw ard  C om pton  sc a tte r in g  shou ld  n o t be  co u n ted  
in  th e  su m  ru le . R a th e r ,  we shou ld  in c lude  only  th e  d ire c t channel resonances 
an d  n o n -d iffrac tiv e  p a r t  of th e  a m p litu d e . U n fo rtu n a te ly , i t  is d ifficu lt and , 
m ore  im p o rta n tly , am biguous to  se p a ra te  an  a m p litu d e  in to  “ re s o n a n t”  and  
“ n o n -re so n a n t”  or “ n o n -d iffrac tiv e”  an d  “ d iffrac tiv e”  co n tr ib u tio n s , p a r t i 
cu la rly  a t  low  energ ies. I f  we p ro ceed  bo ld ly  an d  s u b tra c t  from  aT{v) a t  h igh  
energ ies th e  q u a n t i ty  o T(°o) 100 fih  as th e  c o n s ta n t p a r t  o f th e  p h o to n -  
p ro to n  to ta l  cross sec tio n  a t  h igh  energ ies [12], th e n  we o b ta in  v a lu es  [13] 
ran g in g  from  400 to  550 ,«h for th e  in te g ra l on th e  le f t-h a n d  side o f  E q . (14), 
d ep en d in g  on how  w e e x tra p o la te  th e  c o n s ta n t p a r t  o f a T a t  h igh  energ ies in to  
th e  low  energy  reg ion  (JV  2.0 GeV). T hus, if  we in te rp re t  E q . (13) as being  
a sum  ru le  for th e  n o n -d iffrac tiv e  p a r t  o f th e  fo rw ard  C om pton  am p litu d e , 
i t  a p p e a rs  to  be q u ite  possible t h a t  th e  re su ltin g  E q . (14) is sa tis fied  w ith in  
th e  r a th e r  large am b ig u itie s  in  d e fin in g  w h a t is m e a n t b y  th e  w ords “ non- 
d iffrac tiv e  p a r t” .

G oing to  th e  o p p o site  lim it o f  la rg e  q2 and  u sin g  th e  scaling  p ro p e r ty  o f  
v W 2, E q . (13) goes o v e r to  E q . (11) w ith  th e  r ig h t-h a n d  side eq u a l to  1 in  th e  
sim ple th re e -q u a rk  m odel [11]. E x p e rim e n ta lly , w e h a v e  th a t  [2]

Г1 tlx
—  а д  =  0.58 ( ± 1 0 % )  (15)J 1/12 X

from  th e  6° and  10° d a ta . A gain , a  f in ite  va lue  o f F 2(x) a t  x  =  0 (i.e. со or 
v =  oo) leads to  a lo g a rith m ica lly  d iv e rg e n t in te g ra l, an d  i f  we in te rp re t  E q . 
(13) as discussed ab o v e , we m u st a g a in  som ehow  e x tra c t  th e  n o n -d iffrac tiv e  
p a r t  o f  th e  am p litu d e . T h is is im possib le  to  do w ith o u t m ore com p le te  d a ta  
fo r th e  la rg e  values o f  ft). W e no te , how ever, th a t  i t  is possib le to  o b ta in  th e  
va lu e  o f  1 given in  E q . (13) for

w ith  a su itab le  n o n -d iffrac tiv e  co m p o n en t of v W 2P =  F 2p above со =  12 (be
low x  =  1/12). Then  a la rg e  p a r t  of th e  observed  F 2p both above an d  below  со —  12 
w ould  h a v e  to  be n o n -d iffrac tiv e  in  ch a ra c te r , so m eth in g  w hich  th e  p re se n t 
d a ta  does n o t d isagree  w ith , b u t  does n o t n ecessarily  show  to  be tru e , e ith er. 
In  su m m ary , i t  is p ossib le  for a su ita b ly  in te rp re te d  v e rs io n  o f  E q . (13) to  be 
t ru e  fro m  q2 =  0 to  oo, b u t  i t  is d iff ic u lt to  give a n  u n am b ig u o u s  d e fin itio n  of 
th e  p a r t  o f  v W 2p w h ich  is to  be in c lu d ed  in  th e  sum  ru le .

T h e  question  o f  e x tra c tin g  a p a r tic u la r  co m p o n en t o f  th e  a m p litu d e  is 
av o id ed  i f  we consider

C  —  i W - F in( x ) b  (16)
Jo  x
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b e c a u se  th e  c o n s ta n t  p a r t  o f  F 2(x) as x  —*■ 0 o r со — oo p re su m ab ly  cancels b e t
w een  th e  p ro to n  a n d  n e u tro n . I n  a m odel w here  th e  nucleon  is m ad e  of th ree  
q u a rk s  or th re e  q u a rk s  p lus a n y  n u m b e r o f n e u tra l  p a rto n s  ( th e  sam e n eu tra l 
p a r to n s  or q u a r k —a n tiq u a rk  sea fo r  b o th )  th e  in te g ra l in  (16) shou ld  equal 1/3. 
E x p e r im e n ta lly  [2]

Г —  № рИ - ^ И ] = Г  — [ а д - а д ]  =  0.13 (dr 40% ). (17)
J  1 CO J  1Д2 X

A  reaso n ab le  fo rm  (e.g. co n st ./со112) fo r F 2P —  F 2n fo r la rge  со (sm all x) could 
m a k e  th e  in te g ra l from  0 to  1 in  (1 to  oo in  со) equal to  1/3, a lth o u g h  i t  re 
q u ire s  p u sh in g  th e  values o f  -^2 P  F 2n to  th e  u p p e r lim its  o f  th e  e rro r bars  in
th e  p re se n tly  av a ilab le  d a ta  [2].

In  b rie f, w hile  th e  p a r to n  m odel is an  easy  w ay  to  rem em b er ce rta in  fe a t
u res o f  th e  d a ta ,  d e ta iled  q u a li ta t iv e  com parison  o f  th e  re su ltin g  sum  rules [9] 
le a d s  to  a fa ir ly  com plica ted  p ic tu re . I f  ta k e n  seriously , sum  ru les  o f th e  form  
I * d x F 2(x) in d ic a te  th e  need  fo r n e u tra l  p a r to n s , while tho se  o f  th e  form

in  a n y  reaso n ab le  q u a rk  ty p e  p a r to n  m odel [14] in d ica te  th e  n eed  for a large 
n o n -d iffra c tiv e  com ponen t to  th e  fo rw ard  v ir tu a l  p h o to n -n u c le o n  am p litu d e  
b o th  above a n d  below  со ^  10. S till, th e  s im p lest w ay  to  rem em b er th e  d a ta  
qualita tively  is a p a r to n  m odel, in  w h ich  th e  nuc leon  is m ade o f  th re e  q u ark s 
a n d  a q u a rk -a n tiq u a rk  sea, w ith  possib ly  som e n e u tra l p a r to n s  [15].

F in a lly , w ith  reg ard  to  su m  ru les , w e n o te  th a t  th e  B j o r k e n  in eq u a lity
[16]

J 0~ d v [W 2P(v, q) +  W 2n(v, q2)] ^  1/2 , (18)

w h ich  can  be  re w ritte n  a t  la rg e  q2 u sing  sca ling  as

Г — ( а д а д а д / 2, ( щ
J 1 CO

is fo rm ally  sa tis f ied  b y  th e  d a ta  i f  th e  u p p e r lim it o f in te g ra tio n  is ta k e n  to  be 
a t  со =  5. O ne p rev iously  w o rried  th a t  th e  B jo r k e n  in e q u a lity  w ould  be t r i 
v ia lly  sa tisfied  due  to  th e  c o n s ta n t  p a r t  o f  v W 2(v, q2) as v -*■ oo ( F 2(co) as со —>■ 
—*■ oo), w hich  lead s to  th e  lo g a rith m ic  d ivergence  o f th e  in te g ra l d iscussed b e 
fo re . H ow ever, since we now  k now  th a t  b e tw een  со =  1 an d  5 v W 2P is ra th e r  
d iffe ren t th a n  vIP 2n,.w e can  h a v e  som e con fidence  th a t  m o st o f  th e  in teg ran d
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in  th is  region o f ft) is n o t due to  a d iffrac tive  p a r t  o f vW 2 a n d  hence th e  in e q u a 
l i ty  m ay  well be  n o n -tr iv ia lly  satisfied . S im ila rly , th e  A d l e r  sum  ru le  [1 7 ]  
fo r in e lastic  n e u tr in o  sc a tte r in g ,

[“ dv [ W $ \v ,  g |) -  W p (v ,  c /)] =  1 , (20)

f r o m  w h ic h  th e  B j o r k e n  i n e q u a l i t y  is d e r iv e d ,  n o w  c a n  b e  p la u s ib ly  a r g u e d  
a s  b e in g  c o r r e c t ,  b u t  w e  s h a l l  n o t  k n o w  f o r  s u r e  u n t i l  a c t u a l  e x p e r im e n ts  a r e  
d o n e  w i th  n e u t r in o s  a n d  a n t i - n e u t r in o s .

In  our d iscussion  of v a rio u s  sum  rules a b o v e  we have seen  th e  im p o rta n c e  
to  th e  success o f sev e ra l sum  ru le s  in  th e  p resence  o f a large n o n -d iffrac tiv e  co m 
p o n e n t o f th e  fo rw a rd  C om pton  am p litu d e  fo r  v ir tu a l  p h o to n s . As no ted  ea rlie r, 
d irec t an d  u n am b ig u o u s  ex p e rim en ta l ev idence now  ex is ts  fo r  a t least som e 
n o n -d iffrac tiv e , iso sp in -d ep en d en t co m ponen t from  th e  o b se rv a tio n  of a  d if
ference betw een  e lec tro n —p ro to n  and  e lec tro n —n eu tro n  in e la s tic  sc a tte r in g . 
T h e  a p p a re n t d ecrease  in  v W 2 o r aT(v, q2) fo r  la rg e  со or v is also evidence fo r 
su ch  a co m ponen t. Such a n o n -d iffrac tiv e  co m p o n en t of a fo rw ard  a m p litu d e  
a n d  th e  co rrespond ing  decreasing  to ta l  cross sec tion  a t  h ig h  energy  is c o rre la 
te d  w ith  th e  p resen ce  and  b e h a v io r of resonances a t  low  en erg y , a t le a s t fo r 
p u re ly  h ad ron ic  processes. T h is co rrelation  is p a r t  of the  m o re  general co n cep t 
o f  d u a lity , and  ta k e s  q u a n ti ta t iv e  form  in te rm s  o f fin ite  e n e rg y  sum  ru les [18].

T hus we m ig h t guess t h a t  th e  resonances, an d  in p a r t ic u la r  those  re so 
nances th a t  give rise  to  p ro m in e n t bum ps in  th e  to ta l  cross sec tio n , could h a v e  
a  b eh av io r w hich is co rre la ted  w ith  o ther fe a tu re s  of in e la s tic  e lectron s c a t te r 
ing  [19]. In  p a r tic u la r , we w o u ld  like to  co m p are  th e  b eh av io r o f  the  resonances 
to  th e  b eh av io r o f  v W 2 and  W x in  th e  scaling lim it  w here v a n d  q2 —>■ oo. In  th e  
s tu d y  o f th e  b e h a v io r  of th e  resonances, th e  v a ria b le  (o' in tro d u c e d  p rev io u sly , 
w hich  resu lts  in  v W 2 and  W 1 ex h ib itin g  sca ling  for sm aller v a lu e s  of g2, h a s  an  
a d d itio n a l a d v a n ta g e . I f  v W 2 is considered as a function  o f  со, th e  resonances 
occur a t  values o f со > 1 ,  w ith  an y  p a r tic u la r  resonance m o v in g  to w ard  со =  
=  1 as q2 increases. O n th e  o th e r  han d , the  n u c leo n  pole te rm  in i ' W.,, co rre sp o n d 
ing  to  elastic  s c a tte r in g , a lw ays occurs a t  со =  1. W ith  re s p e c t to  со' =  1 +  
-(- W 2jq2, how ever, th e  nucleon  and  all o th e r  resonances o ccu r a t va lu es  o f 
ft)' >■ 1 an d  m ove to w a rd  1 as q2 increases. T h e  nucleon is th e n  n o t tre a te d  in  a 
special w ay  co m p ared  to  o th e r  resonances. A s we will s h o r t ly  see, th is  also 
allow s one to  u n d e rs ta n d  in  a n o th e r  w ay th e  connection  fo u n d  [20] in  th e  p a r-  
to n  m odel be tw een  th e  b e h a v io r  of th e  e la s tic  form  fa c to rs  and  of v W 2 as
ft) —► 1.

T he b eh av io r o f  th e  resonances in com parison  to  v W 2 in  th e  scaling lim it 
can  be seen [19] in  F ig . 6 w h ere  we have p lo t te d  th e  d a ta  fo r  v W 2 ve rsu s  со' 
(assum ing  R  =  as /a T =  0). T h e  dashed  line, w h ich  is th e  sam e  in  all cases, is a
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Fig. 6. The function v W 2p p lo tted  versus со' =  (2 М ц» - f  m2)/g2 w ith  m2 =  M n . The solid 
lines are sm ooth  curves drawn through the в  =  6° data  at various in c id en t energies. T he dashed  
curve, w hich is the same in all cases, is a sm ooth curve through large v and q2 data. A ll data 
are p lotted  assum ing R  =  о$!(ГТ =  0. E  =  7 GeV invo lves values o f  g2 all o f which are consider

ed outside th e  scaling region

sm o o th  cu rv e  th ro u g h  th e  h ig h  energy  10° d a ta  [21] in  th e  region b e y o n d  th e  
p ro m in e n t resonances ( W  >  2.0  GeV) a n d  w ith  large q2 (3 <  q2 <  7 GeV2) [22]. 
W e call th is  dashed  line, th e re fo re , th e  “ scaling  lim it  c u rv e ”  vW 2(a>'). T he 
solid lines a re  sm oo th  cu rv es th ro u g h  th e  6° d a ta  a t v a r io u s  in c id en t energies. 
As th e  in c id e n t energy  E  increases, so does q2 and th e  resonances a n d  elastic  
p e a k  m ove  to w a rd  со' =  1.

W e n o te  tw o  im p o r ta n t  th in g s fro m  F ig . 6. F ir s t ,  as sim ilar g ra p h s  of 
th e  10° d a ta  in  th e  re so n an ce  region also show  [23], th e  p ro m in e n t resonances 
do n o t d isa p p e a r a t  la rge  q2 re la tiv e  to  a  “ b a c k g ro u n d ”  u n d e r th e m  w hich
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h as th e  scaling b eh av io r. Second ly , as q2 ch an g es, th e  p ro m in e n t resonances 
ro u g h ly  follow in  m ag n itu d e  th e  sca ling  lim it cu rv e . T hus, as q2 changes b o th  
th e  p ro m in e n t resonances an d  a n y  “ b a c k g ro u n d ”  have  a b e h a v io r  w hich is 
c lose ly  co rre la ted  w ith  th e  scaling  b eh av io r o f  v W 2. N ote  t h a t  th e  ra tio  o f th e  
h e ig h t o f  th e  re so n an ce  peak  to  b ack g ro u n d  a n d  th e  co rre la tio n  o f th e  re so 
n an ce  p eak  h e ig h t to  th e  scaling  l im it  curve cou ld  be  seen if  we p lo tte d  th e  d a ta  
w ith  re sp ec t to  o th e r  variab les (in  p a rtic u la r , со). H ow ever, in  a d d itio n  to  n o t  
show ing  th e  o n se t o f  scaling b e h a v io r  for W 2 GeV a t  sm alle r values o f q2, 
th e  o th e r  p lo ts o fte n  requ ire  v e ry  care fu l in sp ec tio n  to  see th e se  re le v a n t f e a t 
u res o f  th e  d a ta , w hile  со' p lo ts a llow  one to  see i t  a t  a g lance [24].

T h u s , a t  le a s t  th e  p ro m in e n t resonances do  n o t seem  to  be  a sep a ra te  
e n t i ty  w ith  a b e h a v io r  d ivorced  fro m  th a t  of th e  re s t  o f th e  d a ta ,  b u t  in s te a d  
a p p e a r  to  be an  in tr in s ic  p a r t  o f  th e  scaling b e h a v io r. One, o f  course, c a n n o t 
d e te rm in e  w ith o u t a  d e ta iled  p a r t ia l  w ave a n a ly s is  o f th e  h a d ro n ic  fin a l s ta te  
e x a c tly  w h a t th e  m a n y  b road , low -sp in  N* reso n an ces th a t  w e know  to  ex is t 
a re  do ing  as a fu n c tio n  of q2. B u t th e  beh av io r o f  th e  p ro m in en t lV*’s th a t  we 
can  see gives us th e  clue to  w h a t is happ en in g . U sing  th e  d u a li ty  fram ew ork  
[25], we w ould  sa y  th a t  th e  n uc leon  an d  o ther resonances a t  low  energy  b u ild  
(in  th e  sense of f in ite  energy su m  ru les) the  r e le v a n t  n o n -P o m ero n  exchanges 
a t  h ig h  energy, w h ich  will re su lt in  a falling стт(д2, v) or v W 2 cu rv e  an d  a d iffe
ren ce  b e tw een  v W 2P and  v W 2n.

W h a t is u n iq u e  to  s tu d y in g  d u a lity  in e lec tro p ro d u c tio n  is th e  experi
m e n ta lly  observed  scaling  b eh av io r. This allows u s  to  consider d a ta  a t  f ix ed  
va lu es  o f  со' b u t  d iffe re n t values o f  q2 an d  IF2, b o th  w ith in  an d  o u ts id e  th e  re 
gion o f  p ro m in en t resonances. T h u s  we can co m p are  th e  data  w h ere  th e re  are 
p ro m in e n t n arro w  resonances d ire c tly  w ith  data  fo r vW 2(co') fo r  la rg e  q2 and  
W 2 w here  n a tu re  h a s  accom plished  th e  a p p ro p ria te  averag ing  o f  th e  m an y  
b ro a d  resonances a n d  th e  b ack g ro u n d  p resen t th e re .  One can give th is  co m p ari
son q u a n ti ta t iv e  fo rm  [26] in  te rm s  o f  fin ite  e n e rg y  sum  ru les w here  we fin d  
t h a t  VW 2(co') ac ts  as a  sm ooth  a v e rag in g  fu n c tio n  fo r v W 2{v, q2), i.e . th e  a rea  
u n d e r  V W 2(v, q2) sh o u ld  be th e  sam e  as th a t  u n d e r  th e  sca ling  lim it curve 
v W 2( со') i f  we in te g ra te  a t  fixed  q2 1 GeV2 up to  a  va lu e  o f v o r со' above w hich 
th e  sca ling  b eh av io r, v W 2(v,q2) =  v W 2(co'), is t r u e .

In  sp ite  o f th e  ex istence  o f  e x p lic it m odels [27] of th e  s tru c tu re  functions 
as sum s o f resonances, th e re  has b e e n  a  p o in t o f  confusion  as to  how  reso n an 
ces, w h ich  are  k n o w n  to  have e x c ita tio n  form  fa c to rs  w hich fa ll ra p id ly  w ith  
in c reasin g  q2, can  b e  co n sis ten t w ith  th e  “ deep in e la s tic ”  d a ta  w h ich  are  su p 
posed  to  be ch a rac te rized  b y  a slow  q2 v a ria tio n . T h e  confusion re su lts  from  
th e  fa c t  th a t  th e  “ deep  ine lastic”  d a ta  exh ib it (fo r fixed  W , say ) m ore th a n  
one q2 dependence. I f  1 -f- W 2̂ 2 co rresponds to  a n  со' w hich is la rg e r th a n  
я^5, v W 2(co') v a ries v e ry  slowly a n d  а т ос (1 lq2)v iV 2 oc 1/g2; b u t  i f  1 -f- lF 2/g2 
co rresponds to  со' £  3, th e n  vW 2(co') varies ra p id ly  w ith  со' an d  hence  w ith  q2
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a t  fix e d  W . T hus th e  cross sec tion  a t ,  say , W  =  3 GeV shou ld  s ta r t  fa lling  as 
1 /g2 fo r sm all g2, b u t  w hen  g2 >  4 GeV2, so th a t  we a re  below  th e  k n e e  of the  
V W 2 c u rv e , crT shou ld  fa ll m u ch  fa s te r . W e can p u t  th is  in  q u a n tita tiv e  form  as 
fo llow s: i f  G(g2) is th e  e x c ita tio n  fo rm  fa c to r  of th e  h a d ro n ic  fina l s ta te  o f m ass 
W  an d

G(g2) -  c (l/g2)"'2 (21)

as g2 —► oo, w hile v W 2 can  be p a ra m e tr iz e d  as

v W 2(co') — c'(ft)' — l ) p  (22)

as со' —*- 1, th e n  we m u st h av e

n =  p  +  1. (23)

T h u s  each  h ad ro n ic  fin a l s ta te  o f m ass W , i f  it  is to  p a r tic ip a te  in  th e  scaling 
b e h a v io r, m u s t h av e  an e x c ita tio n  fo rm  fac to r w ith  th e  sam e p o w er of fall- 
o ff in  g2 as g2 —*- oo, a n d  th is  pow er is re la te d  to  th e  p o w er w ith  w hich  v W 2 rises 
a t  th re sh o ld . I f  we ap p ly  th is  in  th e  low  energy reg io n  to  a given resonance  
o f m ass W R (inc lud ing  th e  nucleon), w e see th a t  all resonances w h ich  follow 
v W 2(co') in  m a g n itu d e  m u s t h av e  th e  sam e pow er o f  fa ll-off in  g2 as g2 —► oo 
(inc lu d in g  th e  e lastic  w ith  n  4), a n d  again  th is  is re la te d  to  th e  beh av io r 
o f  v W 2 a t  th re sh o ld . E q . (23) for th e  case o f th e  e la stic  p e a k  is ju s t  th e  relation  
o f  D r e l l  an d  Y a n  [2 0 ] f irs t  fo u n d  in  th e  p a r to n  m odel.

T h e  ra th e r  local averag in g  o f  th e  resonances b y  v W 2(co') seen  in  Fig. 6 
encourages one to  go fu r th e r  an d  m ak e  th e  v e ry  s tro n g  assu m p tio n  th a t  a t 
large g2 th e  e lastic  c o n tr ib u tio n  to  v W 2 is averaged  in  th e  sense o f f in i te  energy 
sum  ru les b y  v W 2(co'). Specifically , one assum es t h a t  th e  area  u n d e r th e  elastic  
p e a k  (d e lta  fu n c tio n ) in  v W 2 is th e  sam e  as th e  a re a  u n d e r th e  sca lin g  lim it 
cu rv e  v W 2( со'), from  со' =  1 to  an  со' co rrespond ing  to  a h ad ro n  m ass W  =  Wt 
n e a r  p h y sica l p ion th re sh o ld . T h is allow s [19] one n o t  only  to  ag a in  estab lish  
th e  conn ec tio n  (23) b e tw een  th e  e la s tic  form  fa c to r ’s b eh av io r as g2 —<■ oo 
an d  th e  b e h av io r o f v W 2 n e a r  со' =  1, b u t  also allow s a  q u a n tita tiv e  ca lcu la tion  
o f v W 2 n e a r  со' =  1 from  elastic  s c a tte r in g  d a ta  [28]. F u r th e rm o re , th e  sam e 
a ssu m p tio n  also p red ic ts  from  th e  b eh av io r of th e  e lastic  form  fa c to rs  th a t  
R  =  as la 7 0 as g2 -*■ oo an d  со' —> 1, as well as v W 2rJ v W 2P (/сп//ср)2 =  0.47 
in  th e  sam e lim it. As can be seen fro m  F ig . 5, th e  6° a n d  10° d a ta  seem  to  show 
th a t  th is  la s t  p red ic tio n  is n o t fa r  fro m  th e  t r u th ,  b u t  only  th e  larg e-an g le  d eu 
te r iu m  d a ta  to  be ta k e n  soon a t  SLAC will go to  sm all enough v a lu es  of со' 
to  rea lly  te ll  if  th is  is tru e .

T h ere  are  m a n y  o th e r  in te re s tin g  aspects o f  in e lastic  e le c tro n —nucleon 
s c a tte r in g  an d  re la te d  processes w h ich  u n fo r tu n a te ly  can n o t be d iscussed  in

Acla Physica Academiae Scientiarum Hungaricae 31, 1972



I N E L A S T I C  E L E C T R O N  N U C L E O N  S C A T T E R IN G 47

th is  ta lk , b u t w hich  are o f  g re a t im p o rtan ce  an d  will be  d iscussed  b y  o th e rs  
a t  th is  S ym posium . As a lre a d y  n o ted , th e  o b se rv a tio n  o f a d ifference b e tw een  
e le c tro n -p ro to n  an d  e le c tro n -n e u tro n  in e la s tic  sc a tte rin g  m ak es i t  v e ry  lik e ly  
th a t  n eu trin o  an d  a n ti-n e u tr in o  ine lastic  sc a tte r in g  are also  d ifferen t. O ne 
should  also ex p ec t non-zero  asym m etries in  th e  s c a tte r in g  of p o la rized  
elec trons or m uons on p o la rized  p ro tons, so m e th in g  w hich w ill likely be in v e s 
tig a te d  ex p e rim en ta lly  in  th e  n e a r  fu tu re . S lig h tly  fu r th e r  a fie ld  is th e  b e h a v io r  
o f th e  cross sec tion  fo r e ~  -f- e + —>- h a d ro n s . T h e  o b se rv a tio n  a t  F ra sc a ti o f  
la rge  (i.e. po in t-lik e) cross sec tions is v e ry  ex c itin g  an d  ag a in  in d ica tes  th e  
possible re levance  o f p a r to n  ideas. Such id eas  m a y  also be  re le v a n t in  s tu d y in g  
th e  b eh av io r o f  m uon  p a ir  p ro d u c tio n  in  h a d ro n —h ad ro n  collisions [29].

A lto g e th e r, th e  la s t few  m o n th s  h av e  seen  som e rea l p rog ress in  in e la s tic  
sc a tte rin g  b o th  ex p e rim e n ta lly  an d  th eo re tica lly . F u rth e rm o re , I  th in k  t h a t  
ou r th eo re tica l p rogress h as  n o t all been o f th e  neg a tiv e  k in d , i.e. th e  e lim in a 
tio n  of som e o f th e  p ro p o sed  theo ries and  m odels. W e n o t  on ly  have d ire c t 
ex p e rim en ta l ev idence fo r th e  p resence of a su b s ta n tia l  n o n -d iffrac tiv e , isosp in - 
d ep en d en t co m p o n en t o f th e  fo rw ard  C om pton  am p litu d e  fo r  v ir tu a l p h o to n s , 
b u t  I  th in k  we h av e  a m u ch  m ore  un ified  u n d e rs ta n d in g  o f th e  re la tio n  b e tw een  
th e  b eh av io r o f  th e  e lastic  fo rm  fac to rs  and  th e  th resh o ld  b e h a v io r  of v W 2, t h e  
b eh av io r of th e  resonance  e x c ita tio n  and  th e  scaling  b e h a v io r, e tc . H ow ever, 
we s till do n o t h av e  a d e ta ile d  q u a n tita tiv e  th e o ry  w hich does m ore th a n  r e 
la te  one k in d  o f observed  b e h a v io r  to  a n o th e r. P e rh ap s  th is  shou ld  be no s u r 
p rise , since such a q u a n ti ta t iv e  th e o ry  w ould  p ro b ab ly  h a v e  to  come q u ite  
close to  being  a com plete  th e o ry  o f s tro n g  in te ra c tio n s  an d  o f  th e  com position  
o f h ad ro n s.
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27. See in particu lar the Y eneziano-like m odel o f  P . Y . L a n d sh o ff  and J. C. P o l k in g h o r n e ,

N uclear P h ys., B19, 432, 1970, and the w ork o f G. D omokos and S. K ö v e si-D om okos, 
Johns H opkins U n iversity  preprint, 1970, unpublished.

28. The ca lcu lated  v W 2(o>') curve for 1 >  со' >  1 .5 , using an appropriate choice o f W t, averages
th e  data  in  the resonance region o f the h igh est energy (17.7 GeV) 10° data, and appears
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to agree also w ith  the scaling lim it curve w h ich  results from  th e  analysis o f th e  large  
angle data  w ith  W  <  2 GeV (see [19]). Also see the ta lk  of M. N a u e n b e h g  at th is  Sym 
posium  on  fin ite  energy sum  rules to construct v W 2((o).

29. Som e o f th ese  subjects have been covered in  th e  ta lks at this Sym posium  by Drs. K u t i , 
Gá l f i, K u n szt , Sa r to r i and B r a n d t .

РАЗВИТИЕ В ОБЛАСТИ ИЗУЧЕНИЯ НЕУПРУГОГО РАССЕЯНИЯ ЭЛЕКТРОНОВ НА НУКЛОНАХ
Ф .  ДЖ. ГИЛМАН

Резюме
Рассмотрено неупругое рассеяние электронов на нуклонах. Теоретические выводы сравниваются с новыми экспериментальными данными, полученными на протонной и электронной мишенях. В частности, обращено внимание на аспект двойственности экспериментальных данных.
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FINITE ENERGY SUM RULES AND SCALING*
B y

M. N a u e n b e r g
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Acta Physica Academiae Scientiarum Hungaricae, Tomus 31 (1 — 3), pp. 5 1 ^5 4  (1972)

A conjectured fin ite-energy sum rule is evaluated  for deep-inelastic electron— proton  
scattering. T he possibility th a t the sum rule is satisfied  locally is also exam ined.

F in ite  energy  su m  ru les have  b e e n  ap p lied  successfu lly  to  re la te  th e  
average  v a lu e  of s tro n g  in te ra c tio n  reso n an ce  cross-sections in  a tw o -p a rtic le  
reac tio n  w ith  its  R egge a sy m p to tic  h ig h  energy  b eh av io r [1]. R ecen tly  i t  has 
been  p ro p o sed  [2-4] t h a t  i f  th e  scaling  l im it  [5] is va lid  fo r ine lastic  e le c tro n -  
nucleon  sc a tte rin g , an  analogous sum  ru le  m ay  hold  fo r th e  im a g in a ry  p a r t  
W 2(v, q2) o f  fo rw ard  v ir tu a l  p h o to n —n u cleo n  sca tte rin g . F o r  large v a lu es  o f  q2 
an d  V =  q p /M , w here q a n d  p  are th e  p h o to n  an d  nucleon  m o m en ta , th e  fu n c 
tio n  v W 2 ap p ea rs  e x p e rim en ta lly  [6] to  sca le , i.e ., i t  becom es a  fu n c tio n  o f  only  
th e  ra tio  o f  v and  q2,

v W 2(v, q2) — F(co), (1)

w here со =  2 M v)q2. T h e  co n jec tu red  f in i te  en e rg y  sum  ru le  fo r la rg e q2 is

1  rZMvn/q*
dvvW2 (v, q2) = -------  dco F(co) , (2)

m  2 M  J  I

1 Г"т

T  J?72

w here th e  u p p e r  range  o f  in te g ra tio n  vm m a y  be d e te rm in ed  b y  th e  co n d itio n  
th a t  fo r v ^  vm th e  sca ling  b eh av io r, E q . (1), becom es v a lid .

In  th is  n o te  we d iscuss an ex p e rim en ta l te s t  o f th e  f in ite  energy su m  ru le , 
E q . (2), a n d  ap p ly  i t  to  th e  availab le  d a ta  [6, 7]. S e ttin g  v =  К  -j- q2/2 M , 
w here К  is th e  e q u iv a le n t re a l p h o to n  en erg y , a n d  K rn a f ix e d  energy a b o v e  th e  
resonance  reg ion , we d iffe re n tia te  b o th  sides of E q . (2) w ith  re sp ec t to  q2. 
A fte r se p a ra tin g  o u t th e  c o n tr ib u tio n  fro m  th e  elastic  fo rm  fac to rs GE and  
G mi we o b ta in

F(com) dKvW 2(v, ( 3)

* R esearch supported b y  a grant from th e  N ational Science Foundation.
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w here

p{<f)

1 W )  +  - ^ - W )
1 4 M

2 M 1 + 4M
a n d

co„ l + 2 M ^ jn _ ^  K i =  m l i +  m
2 M ,

In  th is  fo rm  i t  is v e ry  c o n v en ien t to  t e s t  th e  fin ite  sum  ru le : we can  s u b 
s t i tu te  on th e  r ig h t-h a n d  side o f  E q . (3) th e  m easu red  va lu es  o f  th e  e lastic  a n d  
in e la s tic  n u c leo n  fo rm  fac to rs  in  th e  reso n an ce  reg ion , an d  com pare  th e  re s u lt  
d ire c tly  w ith  th e  observed  a sy m p to tic  b e h a v io r  o f  vW 2. In  o rd e r to  ca rry  o u t  
th e  in teg ra l o v e r th e  resonances fo r fix ed  v a lu e s  of q2, i t  is n ecessary  to  in te r 
p o la te  th e  o b se rv ed  values o f  v W 2, w hich a re  m easu red  fo r  a d iscre te  se t o f  
v a lu es  qj =  4 E ( E  —  v{) sin2 6/2, w here E  a n d  6 are th e  in c id e n t energy  a n d  
sc a tte r in g  ang le  o f  th e  e lec tro n . W e o b ta in e d  a  good f i t  to  th e  availab le  re so 
n an ce  d a ta  [7] w ith  an in v erse  cubic p o ly n o m ia l in  g2,

vW2 =  —  — 4 —  K  +  a ^  +  a ^ - f  сад6)“ 1, (4)
V (1 + q 2lv)

w here  th e  co e ffic ien ts  at a re  fu n c tio n s  o f К  [8].
T he re s u lt  fo r  F(com), le a v in g  o u t th e  c o n tr ib u tio n  fro m  th e  elastic  fo rm  

fa c to rs  an d  s e t t in g  K m =  1.64 BeV  is show n in  F ig . 1, cu rv e  a. F o r com parison  
th e  d irec tly  m easu red  v alues o f  v W 2 an d  6° a n d  10° a re  also  show n. A ll th e se  
p o in ts  lie be low  cu rv e  a in d ic a tin g  th a t  th e  su m  ru le  is n o t  to o  well sa tisfied  a t  
th e  observed  v a lu e s  o f q2, 1 ^  q2 á  7 (BeV/с)2. T h e  e lastic  fo rm  fac to r  c o n tr i
b u te  an  a d d itio n a l 10%  to  F m inc reasing  th e  d isc rep an cy . I t  is clear t h a t  a 
b e t te r  a g re e m e n t w ould he  o b ta in e d  i f  cu rv e  a  w here sh ifted  som ew hat to  th e  
r ig h t. T h is can  b e  done b y  ch an g in g  th e  sca lin g  va riab le  со to  ft)1 =  со -(- m 2lq2 
in  E q . (2), w h ere  m  ш  1 B eV , as w as p o in te d  o u t  b y  B l o o m  an d  G il m a n  [3]. 
T hese  a u th o rs  a lso  re p o rt t h a t  fo r th is  v a r ia b le , v W 2 scales b e tte r  fo r la rg e r  
va lu es  of q2, a l th o u g h  th e  re le v a n t  d a ta  h a v e  n o t  been  m ad e  ava ilab le  y e t .

W e h a v e  also  ex am in ed  th e  p o ssib ility  t h a t  th e  sum  ru le  is sa tisfied  lo 
cally . W e co n sid e r th e  cases w h en  th e  in te g ra l co n ta in s  o n ly  th e  f irs t  p io n —n u c 
leon  resonance , an d  th e  f i r s t  a n d  second resonances, s e tt in g  K m — 0.50 a n d
0.91 BeV, re sp e c tiv e ly . T h e  re su lt , again  le a v in g  o u t th e  e lastic  form  fa c to r , 
is show n in  F ig . 1, curves b a n d  c, w hich  sh o u ld  overlap  w ith  cu rve  c, i f  sca lin g  
is v a lid . T he e la s tic  form  fa c to r  c o n tr ib u te s  an  a d d itio n a l 30%  to  cu rv e  b 
a n d  alm ost 1 0 0 %  to  cu rve  c, in creasin g  th e  d isc rep an cy .
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F ig . 1. The three curves shown g ive the values o f F(co), Eq. (3), obtained from the resonance  
data, [7], leaving out the contribution of the e lastic  from  factors, a  —  The dashed curve is 
obtained b y  including in the integral, Eq. (3), all the prom inent p ion-nucleon resonances; 
K m =  1.64 BeV; b —  the solid curve includes on ly  the 1236 and 1520 MeV pion—nucleon  
resonances; K m =  0.91 ВеУ; c —  the dotted  curve includes only the 1230 resonance; К m =  0.5 
BeV. For com parison we have p lotted  the observed values o f vW 2 above the resonance region  

obtained at 6° and 10° ([6 ]) assum ing o j o j  — 0.2

In  conclusion we n o te  th a t  w hile th e  f in ite  energy  sum  ru le is n o t  too  
well sa tisfied  in  th e  p re se n tly  observed  ran g e  1 % q2 7 (BeV/с)2, th e  re su lt  
is n ev erth e less  encourag ing , p a r tic u la r ly  i f  we leave o u t th e  c o n tr ib u tio n  from  
th e  e lastic  fo rm  fac to rs. T h e  d iffe ren t cu rves show n in F ig . 1 h av e  sim ilar shapes 
and  m ay  converge for la rg e r  values o f q2. I

I  w ould like to thank Professors C. B o u c h ia t , P. Me y e r  and J . T ran  T h a n h  Va n  fo r 
their h osp ita lity  at Orsay where this work was carried out, and Dr. G. Me n n e s s ie r  fo r  his 
assistance w ith  the com puter program.
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Broken scale invariance in  inelastic lepton—nucleon scattering is discussed stu d y in g  
current com m utators near to ligh t-cone and their equa l tim e lim its. M odels, based on W il s o n ’s 
ideas, are proposed here to provide a more general frame than canonical models.

I. In tro d u c tio n

I  shall m a in ly  rev iew  some w ork  I  h av e  done in  co llab o ra tio n  w ith  
C ic c a r i e l l o , G a t t o  an d  T ó n i n  (Sections IV , V and  Y I) [1, 2 ], and  som e p re 
v ious re la te d  re su lts  by  o th e r  au th o rs  (S ections I ,  I I  an d  I I I ) ,  concern ing  b ro 
k en  scale in v a ria n c e  and  i ts  app lica tio n s to  ine lastic  le p to n —h ad ro n  sc a tte r in g .

F in a lly  (Section  V II) , I  shall b r ie fly  com m ent on  som e re le v a n t v e ry  
re c e n t e x p e rim e n ta l re su lts  from  SLAC [40, 41].

Since th e  local a lg eb ra  o f  cu rren ts  h a s  been p ro p o sed  b y  G e l l -M a n n , 
a lo t o f sum  ru les have b een  derived  w h ich  connect m easu rab le  q u a n titie s  to  
E T C ’s b e tw een  local o p e ra to rs . P a r tic u la r ly  in te re s tin g  a re  th e  ETC’s in v o lv in g  
e .m . or w eak  cu rren ts  o r th e ir  d e riv a tiv es .

T he m o d e l-in d ep en d en t p a r ts  o f su ch  co m m u ta to rs  a re  easy to  w rite  
dow n, a t  le a s t if  one believes in some sy m m e try  schem e. M ore in tr ig u in g  to  
co m p u te  are  th e  m o d el-d ep en d en t p a r ts . To solve th e  p ro b lem , suggestions 
h av e  been  so u g h t in  can o n ica l L ag ran g ian  m odels such  as th e  q u a rk  m odel, 
the gluon m odel, field  a lg eb ra , o r o th ers .

U n fo rtu n a te ly , as J o f f e  an d  Y a i n s t e i n  [3 ] , J a c k iw  a n d  P r e p a r a t a  [4] 
a n d  A d l e r  a n d  T u n g  [5 ] h a v e  show n, e q u a l tim e  c o m m u ta to rs  ca lc u la ted  
b y  n a iv e  can o n ica l m an ip u la tio n s  o f th e  f ie ld  opera to rs genera lly  c a n n o t be 
used  in  a sy m p to tic  sum  ru les . In  fac t, th e y  do n o t a lw ay s agree w ith  th o se  
c o m p u ted  fro m  F ey n m an  d iag ram s v ia  q0 —>■ ioо lim it.

T he source  o f  tro u b le  h a s  to  be so u g h t in  th e  s in g u la r n a tu re  of p ro d u c ts  
o f local o p e ra to rs  e v a lu a ted  a t  th e  sam e sp ace-tim e p o in t. Such s in g u la ritie s  
can  h a rd ly  be  t r e a te d  c o rre c tly  unless one is able to  so lve ex ac tly  th e  m odel.

A n econom ical w ay  to  b y p ass  th e  p rob lem , h a s  b een  suggested  b y  
W il s o n  [6 ] . A ccord ing  to  W i l s o n  th e  c o m m u ta to r  o f tw o  local o p e ra to rs , 
A (x )  an d  -B(O), can  be ex p a n d e d , w hen x  —*■ 0, in  th e  fo llow ing  a sy m p to tic
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s e r ie s :

[A (x ), B (0)] ~  2  ° , ( 0 )  а д .  (1)

I n  E q . (1) th e  eq u a lity  h o ld s  in  the  w eak  sense, th e  Cn( x y s are tem p ered  
d is tr ib u tio n s  w h ich  co n ta in  th e  w hole «^-dependence a n d  fo r  lo ca lity  m u s t  
v an ish  o u ts id e  th e  lig h t cone; th e  Or (0)’s fo rm  a generally  in f in ite  set o f in d e 
p e n d e n t loca l o p era to rs .

F ro m  E q . (1), by  ta k in g  th e  lim it x 0 —► 0, one fo rm ally  gets th e  follow ing  
expansion  fo r  th e  equal tim e  c o m m u ta to r  be tw een  A (x )  a n d  B (0):

[A (x , 0), jB(0)] =  2  S" ' ' И »  B ? °) 8*. - • • 9u  ’ <5(3)(*). (2)
k= 0

S*1' " 4 , th e  /с-o rd e r Schw inger te rm , m ay  also  be in fin ite  (in  th is  sense E q . (2) 
is a fo rm al d ev e lo p m en t o f  a n  equal tim e  c o m m u ta to r): w h en  fin ite , i t  is a 
lin e a r  co m b in a tio n  of local o p era to rs  a n d  h as  physica l d im ension  (in u n its  
o f  leng th )

ls{k) — +  ̂  +  (3)
*

a  an d  I b ,  w h ich  are  n eg a tiv e  n u m b ers , are  th e  physical d im ensions of A  a n d  B .
T he r .h .s . o f E q . (2) tu r n s  o u t to  b e  ce rta in ly  a f in i te  sum  in  th eo rie s  

t h a t  do n o t c o n ta in  d im ensioned  p a ram e te rs , p rov ided  th e  n u m b e r of o p e ra to rs  
w ith  d im ensions >  Ia  -f- Ib +  3 is f in ite .

If, m o reo v er, th e  se t o f  su ch  o p era to rs  is know n, th e  r .h .s . of E q . (2) is 
d e te rm in ed  a p a r t  from  a few  n u m erica l c o n s ta n ts . T heories t h a t  do n o t co n ta in  
d im ensioned  p a ra m e te rs  a re  insensib le  to  a change o f th e  u n i t  of len g th , t h a t  
is w ith  re sp e c t to  a scale tra n s fo rm a tio n  o r, w h ich  is th e  sam e , w ith  re sp e c t to  
a d ila ta tio n  o f  space an d  t im e :

x„ e*«„; A rea lfj, y,

II. S cale  an d  co n fo rm al invariance

T h e  id e a  t h a t  sc a le  i n v a r i a n c e  c o u ld  b e  a  u s e fu l c o n c e p t  in  t h e o r e t i c a l  
p h y s ic s  is  r a t h e r  o ld  a n d  d a t e s  t o  t h e  w o rk s  o f  G u r s e y  [7 ] ,  W e s s  [8 ] , F u l t o n , 
R o h r l ic h  a n d  W i t t e n  [ 9 ] ,  a n d  K a s t r u p  [1 0 ].

K a s t r u p  [1 1 ] and  M a c k  [12 ] in  p a r t ic u la r  suggested  th a t  s tro n g  in te r 
ac tions b eco m e sc a le - in v a rian t a t  sh o rt d is tan ces , th a t  is a t  large energ ies, 
w hen  all th e  m asses and  d im ensioned  co u p ling  co n stan ts  o f  reno rm alized  in 
te ra c tio n s  loose th e ir  re la tiv e  w eights.

S uch  a sy m p to tic  scale  in v arian ce , how ever, c a n n o t b e  considered  th e  
consequence  o f  an  ex ac t sy m m e try . In  fa c t, i t  is easy to  p ro v e  th a t  in  a scale- 
in v a r ia n t th e o ry , d iscre te  s ta te s  w ith  n o n -v an ish in g  m asses a re  ru led  o u t, cross- 
sections fa ll o ff  to o  ra p id ly , th e  lack  of d im ensioned  p a ra m e te rs  p rev en ts  one
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from  defin ing  a sy m p to tic  s ta te s : to  m e n tio n  b u t a few  of th e  d ifficu lties one 
m eets.

T herefo re  a sy m p to tic  scale in v a ria n c e  m u st be  considered  on ly  as a b ro 
ken sy m m etry . This am o u n ts  to  say ing  th a t  one believes in  the  ex is ten ce  o f  a 
lim itin g  th e o ry , ca lled  b y  W ilson  sk e le to n  th eo ry , w hich  o b ta in s w h en  all 
m asses a n d  d im ensioned  coupling c o n s ta n ts  van ish .

In  such  a s itu a tio n , w henever th e  th e o ry  is ren o rm alizab le , one ex p ec ts  
only o p e ra to rs  of d im ensions >  ls (k), as g iven in E q . (3), to  c o n tr ib u te  to  th e  
k -o rder S ch w inger-te rm ; tho se  of d im ensions >• ls (k), w hen  fin ite , o ccu r su it
ab ly  m u ltip lied  b y  sy m m e try  b reak in g  p a ram e te rs .

In  L ag ran g ian  f ie ld  theories scale in v arian ce  is o ften  accom pan ied  b y  a 
la rg e r space-tim e  sy m m e try , associa ted  to  th e  group o f  conform al tra n s fo rm a 
tions. T h e  conform al g roup  is a 1 5 -p a ram e ter n o n -co m p ac t and  non-sem isim p le  
Lie g roup , isom orfic to  SO(2, 4). I t  c o n ta in s  as a su b g ro u p  th e  P o in ca ré  group , 
an d  is d efin ed  as th e  g roup  of th e  fo llow ing n o n -lin ea r tra n sfo rm a tio n s  in  th e  
M inkow sky space:

x[L =  а -\-Л ” x v, (inhomogeneous Lorentz
transformations)

x',, =  ex xp\ Я r e a l ,  (dilatations)

Хр +  СцХ2
l-\-2 cx -\-c2 X 2

(special conformal trans
formations)

T he Lie a lg eb ra  of th e  conform al group  is specified b y  th e  following c o m m u ta 
to rs  am ong  th e  g en e ra to rs  of in fin ite s im a l tra n sfo rm a tio n s :

[ M ^ D ] =  0 ,  (4a)

[ P , D ] = » P ,  (4b)

[М м„, ке] =  i(gQV - g eii K v) , (4c)

[Pll, K v] =  2 i(g liVD - M ia), (4d)

[ ^ , ^  =  0 ,  (4e)

[ D ,K J  =  i K ^  (4f)

w here an d  P^ a re  th e  g en era to rs  o f th e  P o in c a ré  group, D  is th e
d ila ta tio n  charge  an d  K jx a re  th e  g en e ra to rs  o f special conform al tra n s fo rm a 
tions.

T he c o m m u ta to rs  am ong  th e  g en e ra to rs  of th e  inhom ogeneous L o re n tz  
group are  w ell know n a n d  h av e  n o t b e e n  w ritte n  dow n.

T he f ie ld -th eo re tica lly  adm issib le re p re se n ta tio n s  o f  th e  co n fo rm al al-
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g e b r a  h a v e  b e e n  d is c u s s e d  in  a  r e v ie w  p a p e r  b y  M a c k  a n d  S a l a m  [1 3 ] . T h e y  
a r e  d e f in e d  t h r o u g h  th e  f o l lo w in g  r e la t io n s :

№ ,(* ). =  i  9 ,  Ф«(*).
[фа(х), M ßV] =  i [(xlídv-  x v 8 J  ôba{i 2 ^ ) аь ] фь(х ) ,

[4>a( x ) , D ] = i  ( - % + * * deôb) Ф„(Х),

[Фа(х), KJ =  i [  2lbaxll+ {2x llx* 9e *28J óba
-  2 » хе{2 у * )а + Х а ]  ф ь(х ) .

w h ere  Фа(х) is a f in ite  or in f in ite  se t o f local fie ld s, 2 J ,  l an d  x^  are fin ite  o r 
in f in i te  m a trice s , an d  a sum  o v e r  rep ea ted  in d ices  is u n d e rs to o d .

A ccord ing  to  th e  ty p e  o f  th e  m atrices A J ,, l an d  x /x, one g e ts  th e  follow ing 
classes of re p re se n ta tio n s :

1. « =  0. Z is real an d  p ro p o rtio n a l to  a u n it  m a trix  i f  A J  form  an  i r 
red u c ib le  re p re se n ta tio n  of th e  L ie a lgebra  o f th e  hom ogeneous L o ren tz  g roup .

2. A ^ , l a n d  x ß are f in ite  d im ensiona l; x ß 0, b u t n ilp o te n t .
3. AJ,, I a n d  xß are in f in ite  d im ensional.
A local o p e ra to r  Ф(х) sa tis fy in g  th e  a b o v e  co m m u ta tio n  re la tio n s w ill 

be  sa id  to  be c o v a r ia n t w ith  re sp e c t to  co n fo rm al tra n sfo rm a tio n s . F o r th e  1. 
c lass re p re se n ta tio n s , l will be ca lled  th e  scale d im ension o f th e  fie ld ; it  n eces
sa r ily  coincides w ith  th e  p h y sica l d im ension o f  Ф (х) only if  th e  th e o ry  is scale- 
in v a r ia n t .

III. Broken conform al invariance in  Lagrangian 
field  theories

I t  is also in s tru c tiv e  to  see how  co n fo rm al sy m m etry  com es a b o u t in  
can o n ica l L a g ra n g ia n  field th eo rie s .

T his p o in t h a s  been a n a ly z e d  for in s ta n c e  b y  W e s s  [8], M a c k  and S a l a m  
[13] an d  G r o s s  a n d  W e s s  [14].

In  can o n ica l L ag ran g ian  th eo rie s  of co n fo rm al co v a rian t fie lds a s lig h tly  
m od ified  form  o f N o e th e r’s th e o re m  teaches how  to  c o n s tru c t th e  g en era to rs  
o f  th e  con fo rm al tra n s fo rm a tio n s  ou t o f th e  canonical c o n ju g a te  va riab les .

One can  v e r ify  in  th is  w a y  th a t  th e  d ivergence  of th e  d ila ta tio n  c u rre n t 
v an ish es , as ex p e c te d , if  an d  o n ly  if  th e re  a re  no d im ensioned  p a ra m e te rs  in  
th e  th eo ry .

I t  has also  b een  p roved  [13, 14] th a t  in  a large class o f  L ag ran g ian  fie ld  
th eo rie s , in c lu d in g  am ong o th e rs  a lm ost all ren o rm alizab le  ones, th e  d iv e rg en 
ces o f  th e  specia l conform al c u rre n ts  are p ro p o rtio n a l to  th e  d ivergence o f th e  
d ila ta tio n  c u r re n t , so th a t  scale in v arian ce  im p lies in v arian ce  w ith  resp ec t to  
th e  en tire  co n fo rm al group. W h e n  such a s itu a tio n  is rea lized , one speaks o f
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m in im al b reak ing  of con fo rm al sy m m e try . A m in im al b reak in g  o f  conform al 
sy m m e try  in  canonical L ag ran g ian  f ie ld  theories allow s for a red e fin itio n , â 
la  B e lin fan te -M ölle r, o f  th e  energy m o m e n tu m  te n so r , as a sy m m etric  tenso r, 
w hich  I  shall call 6 ^ .  I n  te rm s  of 0 th e  conform al c u rre n ts , th e ir  d ivergences 
an d  th e ir  associated  charges assum e th e  follow ing sim ple fo rm :

= (5a)

= xv вц е ~ х е (5b)

DV =  x ” , (5c)

K r =  xv Df,+xeM^e, (5d)

9^0^ [XV =  0 , (6a)

&  M,ve=  0 , (6b)

9 — 0Iх (6c)

3 =  2*„ 0j), (6d)

PP = (7a)

=  J d 3 x M 0liJ x ) , (7b)

D =  J  d 3 x D 0(x ) , (7c)

к . =  J d 3 x K 0fl(x) . (7d)

I f  th e  sy m m e try  is e x a c t, is trace le ss  an d  carries p u re  sp in  2.
T h is re su lt is due  to  C a l l a n , C o l e m a n  and  J a c k i w  [15] w ho h av e  also 

p ro v ed  t h a t  th e  m a tr ix  e lem ents o f dt,v a re  less s in g u la r th a n  th e  hom ologous 
m a tr ix  e lem ents of a n y  o th e r  p e rm issib le  en erg y -m o m en tu m  ten so r, in  every  
o rd er o f  p e r tu rb a tio n  th e o ry .

IV. A non-Lagrangian m odel exhibiting sm oothly broken 
conform al and U (3 )® U (3 )  sym m etries

A fte r  th e  sho rt d ig ression  of th e  p reced in g  sec tions le t me now  leave th e  
lim its  o f  L ag ran g ian  f ie ld  theories. I  w a n t to  re ta in , how ever, th e  follow ing 
resu lts  w h ich  will be som e o f th e  d e fin in g  hy p o th eses  o f  th e  m odel w orked  ou t 
b y  C ic c a r i e l l o , G a t t o , T ó n in  an d  m y se lf [2 ] .

I  sh a ll assum e:
i )  th e  existence o f  a sym m etric  d ivergenceless energy  m o m en tu m  te n 

sor, 6MV.
i i )  T he  p o ssib ility  o f  defin ing  th e  charges

Pu- M /IV, D  an d  K lL

in  te rm s  o f  0ßv as specified  in  E qs. (6 a , b , c, d) an d  (7 ,a b , c, d).
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i i i )  T he ex istence  of a sy m m e try  lim it in  w h ich  th e  en erg y  m o m en tum  
te n so r  is trace less  a n d  tra n sfo rm s  c o v a ria n tly  w ith  re sp ec t to  th e  en tire  con
fo rm al g roup  as a  f ir s t  class te n so r  w ith  scale d im ension  - 4  a n d  sp in  2. In  
th is  lim it  th e  charges P ^, M ßv, D  a n d  K )L fo rm  a L ie a lgeb ra  w h ich  is isom orfic  
to  th e  L ie  a lg eb ra  o f  th e  co n fo rm al group .

To fu r th e r  specify  th e  m odel, w e h av e  assum ed  -  accord ing  to  W i l s o n ’s 

p h ilo so p h y  — th e  ex istence  o f th e  follow ing lin e a r ly  in d e p e n d e n t local o p era 
to rs :  »

a) T he trace le ss  p a r t  o f th e  en e rg y -m o m en tu m  ten so r.
b) T he 18 c u rre n ts  jf“,- w h ere  oc =  (a, A ), a =  0, . . ., 8 a n d  A  specifies, 

th e  p a r i ty .
T he asso c ia ted  charges

Qx = J d3xjl(x)

are  th e  g en era to rs  o f a ch ira l U (3)® U (3).
c) T he sca la r an d  p seu d o sca la r  fie lds w A w h ich  are SU(3)<g>SU(3) sing

le ts  h u t  n o t U (3) ® U{3) sing le ts .
d) T h e  sca la r  an d  p seu d o sca la r fie lds it“ w h ich  tra n s fo rm  as tensors o f  

a re p re se n ta tio n  (3,3)®  (3,3) o f  SU (3) ® SU(3).
T he tra n s fo rm a tio n  p ro p e rtie s  o f  th ese  o p e ra to rs  w ith  re sp e c t to  P , C, 

an d  P C T  a re  th e  u su a l ones.
T he b reak in g  of th e  U (3) ® U (3) sy m m e try  is specified  b y  assum ing  

t h a t  th e  o p e ra to r

°oo =  M * )  -£ ° ‘(<aa —<ua>o) — eA(ivA(x) — <мЛ>0) (8

is a U (3) ® U (3) sing let.
T h e  sy m m e try  b reak in g  p a ra m e te rs  ea an d  eA are d im en sio n ed  co n stan ts .
A n im m ed ia te  consequence  o f  th is  a ssu m p tio n  is PC A C  in  th e  form :

j ‘ =  SaBC eb wc +  Р аДу eP u \  (9)

w here SaBC an d  F A y are  re la te d  to  th e  tra n s fo rm a tio n  p ro p e rtie s  of wA an d  
u" w ith  re sp ec t to  U (3) ® U (3) tra n s fo rm a tio n s .

T he sk e le ton  th e o ry  is o b ta in e d  in  th e  lim it  ea, eA —► 0; i t  is conform al 
an d  U (3) ® U (3 )-in v a rian t an d  th e  lim it o f th e  o p era to rs  m en tio n ed  above 
tra n s fo rm  in  i t  c o v a ria n tly  as ten so rs  o f th e  f ir s t  class w ith  th e  follow ing scale 
d im ensions:

4 = 4 ;  l j =  — 3 ; lw =  A '; lu —A .
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A p art fro m  ev en tu a l d e riv a tiv e s  o f  su c h  o p era to rs  o r c-num bers, th e re  are no 
o th e r o p e ra to rs  w ith  scale d im ensions > — 4.

In  th e  tru e  th e o ry  th e  b reak in g  o f th e  con fo rm al sy m m etry  is specified  
th ro u g h  E q . (6c):

a«* Dfl = 6»
and  th e  assu m p tio n  t h a t  is n o t an  in d ep en d en t fie ld . W e have p ro v e d  th a t  
in our hypo theses*

ei =  (4!-A)e*(u*-<u*y0) +  ( 4 - A ' ) e A(wb - <wA>0). (10)

T his re la tio n  s ta te s  th e  p a r tia l  co n se rv a tio n  o f  th e  d ila ta tio n  c u rre n t. 
In  fa c t, i t  can  also b e  d e riv ed  fo llow ing th e  s ta n d a rd  p rocedure  u sed  to  prove 
PCAC p ro v id e d  one a d d s  th e  a ssu m p tio n  th a t  th e  sing le t p a r t  o f  6 , 6oo(x ) 
has scale d im ension  (— 4).

In  o u r  m odel th is  h as  n o t been  assum ed  b u t  can  be proved  to  be tru e .
L e t m e now  ju s t i f y  som e o f o u r  assum p tio n s a n d  m ake som e a d d itio n a l 

rem ark s a b o u t th e ir  significance.
T h e  use of th e  g ro u p  U(3) <g) U (3) as a b ro k en  sy m m etry  g roup  is n o t 

new ; i t  h a d  a lread y  b e e n  considered  b y  G e l l -M a n n , w ho also em phasized  th a t  
th e  n o n -co n se rv a tio n  o f  th e  ax ia l b a ry o n  n u m b er is re q u ire d  b y  th e  h ig h  m ass 
o f th e  r}' [16]. A  an d  A '  a re  n o t g en era lly  en tire  n u m b ers . W i l s o n  h as  p o in ted  
o u t t h a t  th e  ren o rm alized  fields h a v e  n o t  n ecessarily  th e  sam e d im ensions as 
th e  u n ren o rm alized  ones; in  fac t, th e y  do n o t genera lly  sa tisfy  th e  sam e  cano
n ical c o m m u ta tio n  re la tio n s . This f a c t ,  w h ich  has b een  exp lic itly  checked  in  
th e  T h irr in g  m odel b y  W i l s o n  [17] a n d  b y  L o w e n s t e i n  [18], can  be  co n sid er
ed as a re n o rm a liz a tio n  effect of th e  d ila ta tio n  charges A  an d  A \

T h e  assu m p tio n s A , A'-<C 4 ex p ress  th e  re q u ire m e n t th a t  th e  b reak in g s 
of th e  in te rn a l  and  o f th e  conform al sy m m etrie s  occur to g e th e r  an d  assu re  th a t  
th e y  are  d u e  to  a su p e rren o rm alizab le  piece of th e  H am ilto n ian .

T h e  co n d itio n  A  1 is an  im m e d ia te  consequence o f th e  sem ip o s itiv ity  
of th e  sp e c tra l fu n c tio n  in  th e  L eh m an n  re p re se n ta tio n  fo r >(0 | Т \ и л(х )и ‘ (0 )} |0> , 
w hich req u ire s  th is  o b je c t be ing  a t  le a s t  as singu lar as l /я2 w hen x  —*- 0.

A n  analogous reaso n in g  gives A '  1.
T h e  n u m b er o f lo ca l fields w ith  low  d im ensions, allow ed in  th e  m odel, 

is  th e  m in im u m  c o n s is te n t w ith  a sy m m e try  schem e b a se d  on a b ro k en  U (3) is 
® U(3).

T h e  ex istence  o f  th e  fields ivA ( f ir s t  p roposed  b y  G l a s h o w  [19]) as v e 
hicles o f sy m m etry  b re a k in g  is re q u ire d  fo r in stan ce  to  ju s tify  th e  la rg e  m ean  
m ass o f  th e  g -m u ltip le t an d  th e  m asses o f  nucleons, as has been  n o te d  b y  
W i l s o n  [ 6 ] .

* See also [12].
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V. C om puting equal tim e  co m m u ta to rs

L et m e now  com e to  th e  te ch n ica l p ro b lem  o f co m p u tin g  th e  equal tim e  
c o m m u ta to rs  am o n g  th e  local o p e ra to rs  o f th e  m odel.

W e h av e  assu m ed  th a t  th e y  a re  reg u la r  in  th e  sy m m etry  lim it  eA, ea —*• 0 , 
i.e . th a t  th e  sy m m e try  is sm o o th ly  b ro k en , a t  le a s t  as fa r as th e  equal tim e  
c o m m u ta to rs  a re  concerned , P a r tic u la r ly  s tro n g  res tric tio n s  com e from  th is  
a ssu m p tio n , i f  ta k e n  in  co n ju n c tio n  w ith  th e  h y p o th es is  o f th e  ex istence o f  
a lim ited  n u m b e r  o f  o p era to rs  w ith  low  d im ensions. A ll o th e r co n d itio n s to  he 
im posed  on th e  eq u a l tim e  c o m m u ta to rs  o f th e  m odel come from  th e  assum ed  
in te rn a l an d  sp ace—tim e  sy m m etrie s . L e t m e d iscuss th is  p o in t in  g rea te r  de
ta il ,  s ta r tin g  fro m  E q . (2). T h e  ev en tu a l te n so r  p ro p ertie s  o f A  an d  В  w ith  
re sp ec t to  tra n s fo rm a tio n s  o f som e group (w h e th e r i t  is a sy m m e try  g roup  or 
n o t)  fix  th e  te n so r  p ro p ertie s  o f th e  Schw inger te rm s  w ith  re sp ec t to  tra n s fo rm 
a tio n s o f th e  sam e group.

Such te n so r  p ro p e rtie s  can  be analyzed  co n v en ien tly  in  te rm s  o f in fin i
tesim al tra n s fo rm a tio n s . T his in  tu r n  am o u n ts  to  req u irin g  th e  v a lid ity  o f th e  
J a c o b i id e n ti ty  a t  d iffe ren t t im e s :

[Q(t2), [ A ß ,  L ), B ( 0)]] =  [[Q(t2), A ( x ,  *,)], B ( 0)] +  [A(x, t j ,  [<?(t2),B (0 )]], (11)

w here  Q(t2) is a  g en e ra to r  o f th e  g roup . I f  th e  sy m m etry  is e x a c t so th a t  Q  
does n o t d ep en d  on tim e , i t  is su ffic ien t to  ta k e  th e  lim it —*• 0 in  E q . (11) in  o r
d er to  ge t an  e q u a l tim es J a c o b i id e n tity . B u t i f  th e  sy m m etry  is b ro k en  an d  Q 
does depend  on tim e , in  o rd e r to  ge t an eq u a l tim es  Jaco b i id e n ti ty  i t  is n o t 
su ffic ien t to  ta k e  in  E q . (11) th e  tw o lim its  t2 —>- 0, —► 0, w h en  such lim its
c a n n o t he in te rc h a n g e d . T h u s, in  general, one m u s t expect th a t  th e  equal tim es 
Ja c o b i id e n ti ty , am ong  tw o c o v a ria n t local o p e ra to rs  and  a non-conserved  
charge, is v io la te d  b y  te rm s w hich  are  p ro p o rtio n a l to  th e  b reak in g  p a ram e te rs .

I t  m ay  also occur th a t  th e  eq u a l tim es J a c o b i id e n tity  is sa tis fied  in  th e  
sk e le ton  th e o ry , w here  th e  sy m m e try  is e x a c t, b u t  n o t in  th e  t ru e  th e o ry , b e 
cause in  th e  la t t e r  one or b o th  o f th e  o p era to rs  A  an d  В  loose th e ir  ex ac t co- 
va rian ce . In  th is  case too , co rrec tions p ro p o rtio n a l to  th e  b re a k in g  p a ra m e te rs  
m u s t be e x p e c te d .

In  an y  case, how ever, th e  v io la tin g  te rm s  a re  n o t com ple te ly  a rb itra ry , 
h u t  can  be d e te rm in ed  a p a r t  from  a few p a ra m e te rs  b y  a sp u rio n  ana lysis .

So, p ra c tic a lly , in  ou r m odel we m u st im pose  th e  fo llow ing se t o f co n 
d itio n s:

A) C o nd itions w hich com e from  th e  d isc re te  sym m etries P , C an d  P C T  
a re  a lm o st o bv ious an d  xvill n o t  be d iscussed.

B) P o in ca re  covariance. C onsiderab le te c h n ic a l ad v an tag es  are o b ta in ed  
b y  in tro d u c in g  a po sitiv e  tim e-lik e  v ec to r  n ^  w h ich  ac ts  as a sp u rio n  o f th e  
L o ren tz  g roup , a n d  b y  s u b s titu tin g  to  th e  eq u a l tim e  c o m m u ta to rs , th e  com -
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m u ta to rs  ô(nx) [A(x),  -B(O)] ca lcu la ted  on  th e  space-like h y p erp lan e  o f e q u a 
tio n  n ■ X  =  0. In  th is  w ay  one o b ta in s  form al covariance  b y  s ig h t. 
S T' " ' T* (A , B;  0) becom es a  fu n c tio n  of n^ an d  its  n^-dependence can be easily  
analyzed  th ro u g h  d iffe ren tia l m ethods. T h e  v a lid ity  of th e  equal tim es J a c o b i 
id en titie s  in v o lv in g  one g e n e ra to r  of th e  inhom ogeneous L o ren tz  group  allow s 
to  de te rm ine  co m p le te ly  th e  Schw inger te rm s  of th e  e q u a l tim e  c o m m u ta to r  
be tw een  A (x )  an d  J3(0).

These co n d itio n s m u s t c learly  he sa tis f ie d  b y  th e  E T C ’s of any  a c c e p t
able th eo ry , an d  in  our m odel th e y  tu rn  o u t  to  be essen tia l in  checking o r im 
posing consis ten cy  be tw een  o u r c o m m u ta to rs  and  co n se rv a tio n  or p a r t ia l  
conserva tion  p ro p e rtie s  o f th e  local o p e ra to rs  involved.

C) D  an d  K ß cov arian ce  m u s t be im p o sed  only  w ith in  th e  skeleton  th e o ry ;  
in  th e  tru e  th e o ry  th e y  a re  v io la ted  b y  te rm s  p ro p o rtio n a l to  th e  sy m m e try  
b reak ing  p a ra m e te rs . T he co n d itions w h ich  com e from  d ila ta tio n  co v arian ce  
h av e  a lread y  b een  d iscussed .

co v arian ce  gives rise  to  co m p lica ted  re la tions am o n g  th e  S chw inger 
te rm s of th e  eq u a l tim e  c o m m u ta to r  b e tw een  A  and  B .  T h e ir m ost s tr ik in g  
effects can  be ro u g h ly  resu m ed  in th e  fo llow ing  s ta te m e n t:  th e  local o p e ra to r  
8Mi . .. 0„C(O) ( j  =  1 , 2 , . . . )  co n trib u te s  in  th e  fc-order Schw inger te rm  o f 
[A(x), -B(0)]et if  C(0) c o n tr ib u te s  in th e  (fe -j- j’)-order Schw inger te rm  o f th e  
sam e c o m m u ta to r  [2].

D) F u r th e r  co n d itions m u s t be o b ey ed  b y  th e  e q u a l tim e  c o m m u ta to rs  
invo lv ing  th e  (Ojti) co m p o n en ts  o f th e  en erg y -m o m en tu m  te n so r. These c o n d i
tio n s come from  th e  co v arian ce  o f  th e  o p e ra to rs  of th e  sk e le to n  th e o ry  w ith  
re sp ec t to  tra n s fo rm a tio n s  o f  th e  con fo rm al group an d  from  th e  p a r t ic u la r  
form  th a t  has been  p o s tu la te d  for th e  g e n e ra to rs  in  te rm s  o f  в^„.

R estric tio n s  o f th is  k in d  concern  S chw inger te rm s u p  to  th e  second  o r
d e r [2]. T hose com ing  from  d ila ta tio n s  a n d  special con fo rm al tra n s fo rm a tio n s  
m ay  be v io la ted  b y  te rm s p ro p o rtio n a l to  th e  sy m m etry  b re a k in g  p a ra m e te rs .

E) C ovariance  w ith  re sp ec t to  U (3) ® U(3) tra n sfo rm a tio n s  im p lies  
obviously  th a t  a ll th e  Schw inger te rm s in  th e  equal tim e  c o m m u ta to r  b e tw een  
A  an d  В  can  g e t c o n tr ib u tio n s  on ly  from  o p e ra to rs  w hich tra n sfo rm  acco rd in g  
to  a re p re se n ta tio n  co n ta in ed  in  th e  K ro n eck e r p ro d u c t o f  th e  re p re se n ta tio n s  
accord ing  to  w hich  A  an d  В  tra n s fo rm . T h is s ta te m e n t m u s t be  tak en  in  a s t r ic t  
sense only  w ith in  th e  sk e le ton  th e o ry : in  th e  t ru e  th eo ry  i t  m u s t be s u b s t i tu te d  
b y  th e  resu lts  o f  a spu rion  analysis .

In  th is  w ay , b y  m eans o f sim ple g ro u p  th eo re tica l consid era tio n s, w e 
h av e  been able to  co m p u te  in  o u r m odel, in  te rm s  of a few  num erica l p a ra m e 
te rs , all th e  eq u a l tim e  c o m m u ta to rs  am ong  th e  local o p e ra to rs  wA, и*, j*  a n d  
в^  an d  th e  eq u a l tim e  c o m m u ta to rs  b e tw een  an d  9 Th e  only ex cep tio n s  
are  th e  equal tim e  c o m m u ta to rs  invo lv ing  o n ly  space co m p o n en ts  of th e  en e rg y - 
m o m en tu m  ten so r.
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W e h a v e  th u s  o b ta in ed  a  rea liza tio n  o f  G e l l -M a n n ’s p ro g ra m  of e x te n d 
in g  c u rre n t a lg e b ra  to  inc lu d e  th e  en e rg y -m o m en tu m  te n so r.

Som e o f th e  c o m m u ta to rs  we have  c a lc u la ted  are re p o r te d , in  tru n c a te d  
fo rm , in  T ab le s  I ,  I I ,  I I I  a n d  IV . In  th e  fo llow ing  section  I  shall discuss o n ly  
som e o f th e ir  m o s t s trik in g  asp ec ts  an d  im p o r ta n t  a p p lica tio n s .

Table I

[0 oo( í , O ) ,  0oo(O )]T =  -  i8 o 0 oo <5<3>(*) +  2 i6 o J d j ô l 3\ x )

[0 OO( Î ,  0 ) ,  0oí(O )]r  =  -  i8 0 0oi <5<3>(*) +  Щ ,  8j  +  0 OO Э,) 0 Щ х )

[0 OO( Î ,  0 ) ,  0W(O )]T =  -  i8 0 вк1 # * > (* ) +  i ( 0 oi dk  +  6 0k 8 ,) ó W ( x )

[вок(х, 0), 0oí(O )]r  =  -  i'ák 0oi 0 Щ х )  +  i ( 0 o; 8fc +  0ok 8 ,) 0 Щ х )

[вокСх, 0 ), 0 ,m( O ) l r  =  -  i3 ,t 0ím á(3)(x )  +

+  * | ~ y  ónk  ®lm H-----y  ólm 6nk  +  - у -  [0 n ( ó km  +  önm 0kl —

-  0к1в пт -  ôkm enl] ------^ - 0 п к01т[в00 - ( 4  -  A y  EB w B -

— (4 — A f e ß  J ]  -  p W W  [к<р 0к,т, +

+  к ?  ôn4, ôk,m, Ojj -  дп.,, дк,т.(к *  в? г /  +  A41’ ев  K-ß)] J 0„ * ’><*)

Рпк =  у  (<W &кк’ + ànk, ôkn, --— ônk ôn,k,)

А*/’, А™, Аз1’ and A™ are real num bers.

In  th e  r.h .s. ’s all local operators are eva lu ated  at x  =  0.

Table II

№  0), 0„o(O)]T =  № { x )  +  i f f  8r 0Щ х)

W ftO ),0om(o)]T = ij? 8 m<sww

IfflS. 0).втп( 0 ) ] т -  -  « то  [ - Ц ^ -  S "j? +  eß SaBC , / ]  0<3>(*) +

+  * [ -y J m  9„ +7  n 8m) -  2A, p^n im- v ]  <5,з)(*)

l® » . 0). еоо(0)1г =  '[8оЛ -  ЛЛ1 á<3>(*) +  У? <5(з)(ж)

№  0), 0om(O)]r  =  * [  (a, -  - y )  dkJm ~ y r k > s rn fk  +(fci +  4 - )  \ m  8 ,/Я  <5<3>(*) f

+  * [( i +  " Г  ■At)я  +  (4 "  -  J« 9* -  (4 "  +  fel) 9' ] <5t3)(J£)
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1 /,< * ,0 ),е (пп(0)]г  =  i { [л , +  - y - )  p J ‘ôkr(dSfo  -  9„Л ) +  - | - ám n)±(9oЛ )  +  (Э*Л)[ #*>(*) +

+  1 IУ о I ~2~  (àkm 9ц +  bkn 9 m) 4* ^ 1 ( \ т  9 п) + ( 9  кп дт ----- у  ômn 9A) |J  <5<3)(ж)

k t is a real number,

S “ßC =  3s j/-|- ôao 0АЛ  (<5So* ôc y - ô B*?ôCa'i )

s is an integer ^  0.

In the r.h.s. ’s ail local operators are evaluated at x  =  0.
O nly truncated com m utators are reported.

Table III

[ Ä  0 ),/(0 )]г =  i C ^ j l  &3\x)

\ f i ( h  0 ) j i ( 0 ) ] T  =  Ü 0 Щ х )

IjIC x , 0 ) ,Л (0 )]Г =  -  i{6 , C * ^ ô k l j ï  +  b2 n ^  Sklmj l  -f E « ë 0 eklm j i ï C> }â W (x )  

\ jl (x ,  0), i / ( 0 ) ] r  =  i F *ßy u y 0^>(x)

№ ,0 ) ,  u', (0)]r  =  0

N otations: a =  (a, A ):  a =  0, 1, 2, . . .  8

A  =  (vector or scalar) or oR (ax ia l or pseudoscalar).

ä  =  (a, A ):  5 = 1 ,  2, . . ., 8 

Sum m ation over repeated indices is always understood. 

f - n ß y  s j-a b c  у  A B C  . Q  Ф /  j - a b c  A B C

f abc structure constants o f U (3) 

f abc structure constants o f SU (3)

.„ A B C  __ / 0  i f  the number o f  “ axial“ indices cA is odd
" M  if  tbe number o f  “ axial“ indices aR is even

D*ßy =  dabc tpABC ; Daßy = daby xpABC
dabc are defined according to Gell-Mann’s proposal:

{Я° ; Л*} = 2dabc l l

— A B C  _  / 0 i f  the number o f  “ axial” indices <A is even
У 1 if  the number o f  “ axial” indices <JL is odd

E * ßc =  ( | / - | -  62 +  *>3j Ô*P Ô° A +  ( | / Ь г +  b4j ôab (0А'? дВсЯ +  ÔAM ôB°*) äCV.

j r ^ ß y  =  yabc у А В С  ÿ A ° V  j a b c  g A J L ^ g B M  g C  f  _  g B ° f  ÿ C J l y  

6,, 62, b3, bt , are real num bers.

O nly truncated com m utators are reported.
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Table IV

hïOc, o), a0if ( 0)]r  =  i ôkl Ojj +  c2 okl\ +

+  G {<lß)yö ô k l Ey  u ô + G  {^ >CD ô k l ec  w D +  1 - C ^ ÿ [(1 +  6 , ) .

' (PkÂ  “  9; fk) +  dkj ï  +  9; j i  — 6, ôki d'‘ jf,\ —

-  A - D * ' %m(3oJi  -  amf 0) -  eklm(Q0j%C) -  amj<°-c>} 

à<3>(*) -  i {C Ä - [ôlmj l  +  Ôkmj f  +  6, ôklj i ]  +

+  b2 D*Pv Bklmj l  +  E aßC t'klm /o°'C)} 3m à<3)(*)

f jî( î, o), a0jf(0)]r =  iC 'Pÿ a0f k ô(°\x) +  i {6, à-Pÿ ôklj î  +  ь2 eklmf m +

+  E*PC Ek,mjm C)}aL ô ^ ( x )  

cx an d  c2 a re  re a l num bers .

G {*fi)yd and g ^ cd are  se ts o f  re a l c o n stan ts .

In  th e  r .h .s . ’s a il loca l o p era to rs  a re  e v a lu a te d  a t  x  —  0 .
O nly  tru n c a te d  co m m u ta to rs  a re  re p o rte d .

V I. D iscussion o f th e  equal tim e com m u ta to rs

A) T he eq u a l tim e  c o m m u ta to rs  [0 , 6Qa] (see T ab le  I) , a t  le a s t  fo r th e  
m o m en t, a re  in te re s tin g  only from  a th e o re tic a l p o in t  o f view . In  connection  
w ith  th e m  we h a v e  red e riv ed  a s  a p a r tic u la r  case, S c h w in g e r ’s [2 3 ]  theo rem , 
a n d  checked  p rev io u s  m o d e l-in d ep en d en t re su lts  b y  B o u l a w a r e  a n d  D e s e r  
[24].

B) T he eq u a l tim e  c o m m u ta to rs  b e tw een  th e  com ponen ts o f  a SU(3) 
c u rre n t a n d  th o se  o f  th e  en erg y -m o m en tu m  te n so r  are  rep o rted  in  T ab le  I I .  
F ro m  th e  f ir s t  th re e  row s o f th e  T ab le , one realizes t h a t  th e  U(3) ® U (3) sing le t 
p a r t  o f  0^  is a n o n -c o v a ria n t o p e ra to r  w hich  d iffers fro m  0 ^  only  fo r  th e  ad d i
tio n  o f sp in  0 fie ld s:

=  £ (Л еа( « * - < и°!>о) +  е '4(м;'4 -<™л > о ) ] - ( - £ ^ + ^ о ^ о )  ‘

• | ^ у - еа(м1 —<«*><,) +  ~ s A ( w A  —  <wA>0)j . ^

As a lre a d y  n o te d , th e  m o st in te re s tin g  c o m m u ta to rs , because o f th e ir  co n n ec t
io n  to  ex p e rim e n ta lly  m easu rab le  q u a n titie s , a re  th e  c o m m u ta to rs  am ong  
c u rre n ts  an d  c u rre n ts  d e riv a tiv es . T h e y  d e te rm in e  [25-32]:
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a) T he d iv e rg en t p a r t  o f  e.m . se lf  m asses an d  th e  lead ing  d ivergences 
o f w eak  se lf m asses;

b ) T h e  a sy m p to tic  b eh av io u rs  o f  e .m . an d  w eak am p litu d es , a n d  a n u m 
b e r o f  e lectro - an d  n e u tr in o -p ro d u c tio n  sum  rules, som e o f  w hich I  sh a ll m en
tio n . To th is  end I  h av e  reca lled  in  A p p en d ix  A som e s ta n d a rd  n o ta tio n s  and  
re su lts  re le v a n t to  th e  p ro b lem  o f in e las tic  lep to n  sc a tte r in g  from  u n p o la rized  
ta rg e ts .

c) F o r th e  E T C ’s [ j “j{!] w hich a re  re p o rte d  in  T ab le  I I I ,  we h a v e  found  
an  exp ression  w hich  is m ore  genera l th a n  th e  one p ro v id ed  b y  th e  q u a rk  m odel. 
In  th e  P  —<- oo lim it th e  E T C ’s betw een  tw o SU(3) ® SU (3) c u rre n ts  d e te r 
m ine m a n y  sum  ru les, o f  w h ich  I  w ish  to  recall th e  D a s h e n - F u b i n i —G e l l - 
M a n n  sum  ru le  [33-35], th e  b a c k w a rd  B j o r k e n  a sy m p to tic  sum  ru le  [36] 
an d  th e  G r o s s  an d  L l e w e l l y n - S m it h  sum  rule [30].

R e c e n tly  J a c k iw  e t al. [31] an d  C o r n w a l l  e t al. [32] have  p ro v e d  th a t  
th e  in te g ra l

p ro v id ed  i t  converges, is p ro p o rtio n a l to  th e  g-num ber f ir s t  o rder S chw inger 
te rm  in  th e  ETC betw een  m" and  j k'm . I n  our m odel w e fin d  no  o p e ra to r  
Schw inger te rm s in  th is  E T C , so th e  in te g ra l diverges o r van ishes. I n  th e  
second case th e  sem ip o sitiv ity  o f F/(to) im plies th a t  th e  in te g ra n d  is zero.

D) T h e  equal tim e  c o m m u ta to rs  [j*,,dQj , ]  are re p o rte d  in  T ab le  IV . T h e ir 
fo rw ard  m a tr ix  e lem ents d e te rm in e  in  th e  P  —»- oo lim it  th e  a sy m p to tic  sum  
ru les re la te d  to  electro- an d  n e u tr in o -p ro d u c tio n , w hich a re  expressed  in  te rm s  
of in te g ra ls  over th e  fu n c tio n s  F^co) a n d  Fj(co) defined in  E q s (A.3) a n d  (A .7). 
O nly te rm s  w hich do n o t  co n ta in  d e riv a tiv e s  c o n tr ib u te  to  th e  in te g ra l over 
(Px o f th e se  fo rw ard  m a tr ix  e lem ents. T herefo re , as is seen from  T a b le  IV , 
only  th e  m a tr ix  e lem ents o f th e  energy  m o m en tu m  te n so r  c o n tr ib u te  to  th e  
sum  ru les . T he o th e r n o n -d e riv a tiv e  te rm s  are in  fa c t m a tr ix  e lem en ts  of 
spin 0 fie ld s , and  v an ish  w h en  —► oo. So th e  asy m p to tic  sum  rules fo r  e lec tro -
an d  n e u tr in o -p ro d u c tio n  on nucleons can  be expressed  in  te rm s o f o n ly  th e  
tw o  p a ra m e te rs  c1 and  e2, w hich  m u ltip ly  th e  com ponen ts o f 0 a p p e a rin g  in  
th e  exp ression  of th e  eq u a l tim e  c o m m u ta to r  (see T ab le  IV ), and  th e ir  r .h .s .’s 
tu rn  o u t to  be p ro p o rtio n a l to  th e  m asses o f  th e  ta rg e ts . M a c k  [37] h as  p o in te d  
o u t t h a t  th is  re su lt ho lds w h ichever is th e  ta rg e t, ow ing to  th e  u n iv e rsa li ty  
o f th e  fo rw ard  m a tr ix  e lem en ts  o f th e  en e rg y -m o m en tu m  ten so r.

T h e  C a l l a n - G r o s s  s u m  ru le s  [28], w h e n  e v a lu a t e d  in  o u r  m o d e l ,  give-

[1, 2 ]:

I, = j 2dcocoF,((o) =  — 2/3 Cj { =  2/3 c2}*, (13a>

/ ,  =  j^d cü co F tœ )  =  2/3(cx +  c2) { =  0}*. (13b)
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T h e  resu lts  m a rk e d  w ith  a s ta r  ho ld  only if  th e  sum  ru le o f J a c k iw  e t al. [3 1 ]  
converges. T h e  sam e  co n v en tio n  will be used  in  th e  sequel to o . C om paring w ith  
th e  e x p e rim e n ta l d a ta  o b ta in e d  a t  SLAC [38] fo r F )(co) we f in d :

{—  Cj =  0 .5 4 ± 0 .0 6 } *  (14)

T h e  n eu trin o  p ro d u c tio n  sum  ru les are s im ila rly  d e te rm in ed  in te rm s o f th e  
tw o  p a ra m e te rs  ct and  c2 [1, 2 ]:

i ,  =  P dcoű)j[F](ft)) +  Щ(©)} =  —4Cl { =  2.16±0.24},* (15a)

7, = J o2dco«{F[(co) +  Fj(œ)} =  - 4 ( Cl +  e2) { =  0},* (15b)

73=J" doxo{F\(co) +  E3(co)} =  0, (15c)

w here  th e  lab e l v(v) refers to  n e u tr in o  (a n ti-n e u tr in o ) processes.
N o tin g  t h a t  w hen  P z —*■ oo, th e  fo rw ard  m a tr ix  e lem en ts  o f в co incide 

w ith  tho se  o f  i ts  s ing le t p a r t  0jf', defined  in E q . (12), i t  is possib le  to  ca lcu la te  
th e  ra tio  o f th e  to ta l  n e u tr in o  -f- a n tin e u tr in o  cross-sections in to  S  =  1 an d  
S  =  0 s ta te s  [1, 2]:

fft°t.( ^ s _-  i)  tan2 e
aXot (AS-= 0)

(16)

w here  в is th e  C abibbo  angle.
BjORKEN h a s  show n [36] t h a t  w hen E  is m uch  g re a te r  th a n  M ,  b u t  n o t  

so large as to  m a k e  th e  c u t offs due to  u n i ta r i ty ,  or in te rm e d ia te  boson e x 
change, o p e ra tiv e

G2 M E  i j
a t o f F <Tt o t —*- I Jz:

71 4

G2 M E  i 
71 4

4 • 2 . ■
j  J XX ~  iJxy

4 _  f  , }
2  J xx~r ^  u xy

(17a)

(17b)

w here th e  d e f in itio n  of E q . (A .9) has been  u sed . In  o u r m odel th e  r .h .s .’s o f 
E q s . (17a an d  b) coincide a n d  can  be c o m p u ted  in  te rm s o f  cx an d  c2. T he re su lt  
is [2]

3c2—cx G2 M E
71

=  (0 .7 ± 0 .1 )
G2 M E } *

(1 8 )

I f  one neg lec ts  S  —  1 tra n s it io n s , avn =  avp is o b ta in e d  as th e  re su lt of a sim p le  
isospin  ro ta tio n  an d  th e  e x p e rim e n ta l re su lt [39]
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G2 M E«&+«St=-- ---- (1.02 ± 0 . 3 )  ' (19).
Л

\

can  be com pared  w ith  th e  s ta rre d  re su lt  o f E q . (18). T h e  ag reem en t is n o t fa n 
ta s t ic , b u t  w ith in  th e  ex p erim en ta l e rro rs. I  w ish to  recall, how ever, th a t  th é  
a ssu m p tio n  of convergence o f th e  in te g ra l

•. f d r n Ä  
Jo  «

is essen tia l to  th e  p red ic tio n  o f E q . (18).

V II. A dditional re m a rk s  and conclusion

A t th e  recen t C onference o f K iev  [40] a n d  a t  th e  beg in n in g  of th is  
S ym p o siu m  [41] som e new  d a ta  fro m  SLAC h a v e  been  re p o rte d  w hich 
seem  to  be in  d isag reem en t w ith  th e  u n iv e rsa lity  o f J  (d efin ed  in  
E q . (A .9) ) p re d ic te d  by  our m odel. In  fac t, th e  fu n c tio n  v W 2eutron(a>, g2) has 
been  fo u n d  sensib ly  d iffe ren t from  v W $ 'oton (to, q2). So, before conclud ing , I  
th in k  som e com m ents are  in  o rder a b o u t such a possib le  d isc repancy . V arious 
p ossib ilities  ex ist:

1. O ne m ay  be  so o p tim istic  as to  hope th a t  th e  fu n c tio n  r  H7i>'eutron(a), v) 
w hich  for large va lu es  (1/16<[ a> 2) o f со has b een  found  <  v W 2proton(m, r), 
a t  sm all va lues o f со becom es so la rg e  t h a t  th e  in te g ra ls  /])<()utron an d  I PnCton de
fin ed  in  E q s. (13a, b) coincide.

2. One m ay  p re fe r to  m odify  th e  m odel, for in s tan ce , b y  a d m ittin g  th e  
ex is ten ce  o f a se t o f  16 o p era to rs  w hich  ca rry  sp in  2 an d  d im ensions — 4, 
an d  tra n s fo rm  as ten so rs  o f a re p re se n ta tio n  (8, 1) +  (1, 8) o f SU(3) <8> SU(3). 
S uch  o p era to rs  can  c o n tr ib u te  in  th e  eq u a l tim e  c o m m u ta to r  [ j ^ d j ^ ]  a n d  th e ir  
c o n tr ib u tio n s  w hich  depend  on th re e  new  p a ra m e te rs , are co m p e titiv e  w ith  
th o se  o f  0 .

I f  th e  sum  ru le  o f  J a c k iw  e t al. converges, one o f th e  p a ra m e te rs  can  be 
d e te rm in ed ; besides, th e  ra tio  F /D  fo r  th e  coupling  o f  0“v to  th e  nuc leons can 
be co m p u ted  from  in d e p e n d e n t d a ta ,  so beside c1 tw o  new  p a ra m e te rs  e n te r  
th e  a sy m p to tic  sum  ru les for e lectro- an d  n e u tr in o -p ro d u c tio n  on p ro to n s  and 
n e u tro n s , an d  th e  av a ilab le  ex p e rim en ta l d a ta  are su ffic ien t on ly  to  d e te rm in e  
th e m . N o te s ta b le  p red ic tio n  can be  m ad e  in  th is  case.

I t  m u s t also be  n o te d  th a t  in  th is  w ay  one gives u p  one o f th e  m o s t ap p ea l
ing  fe a tu re s  o f th e  m odel, consisting  in  a so rt o f b o o ts tra p  w hich  realizes in  
th e  eq u a l tim e  c o m m u ta to rs  am ong th e  (m in im um  n u m b e r of) o p e ra to rs  w hich 
a re  req u ired  to  g en era te  an d  to  b re a k  th e  sym m etries .
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3 . In  a re c e n t p a p e r [4 3 ] N a u e n b e r g  has show n, th ro u g h  a phen o m en o 
lo g ica l f i t ,  t h a t  th e  e x p e rim e n ta l d a ta  fo r th e  p ro to n  are  n o t y e t  a sy m p to tic  
en o u g h  as to  a ssu re  t h a t  v W $ roton(a>, v) rea lly  scales.

I f  c red it is g iven  to  such  an  in te rp re ta tio n  o f ex p erim en ts , th e  d a ta  for 
th e  n e u tro n  to o  m u s t be co nsidered  on ly  su b -a sy m p to tic , an d  one  need n o t 
m o d ify  th e  m odel to  ju s tify  th e m . T h e  s itu a tio n  is illu s tra te d  b y  th e  following 
ex am p le . Suppose

vW2(co, v) =  F2(m) + ' M 2 

. v

nft
Fi(co) ■ ( 20)

I f  t? 0 is su ffic ien tly  sm all a n d  F^Oi) depends on iso top ic  sp in , th e  c o n tr ib u 
tio n  o f  th e  second te rm  in th e  r .h .s . o f E q . (20) can  acco u n t for th e  differences 
b e tw een  th e  n e u tro n  and p ro to n  d a ta ,  b u t  c a n n o t be d is tin g u ish ed  from  th e  
c o n tr ib u tio n  o f  an  e x a c tly  sca ling  te rm .

In  our m odel such  c o n tr ib u tio n  could  be ex p la in ed  fo r in s ta n c e  b y  sim ply  
a ssu m in g  th a t  th e  o p era to rs  ex is t, b u t  w ith  d im ensions — (4 -j- rj), so th e y  
w o u ld  c o n tr ib u te  in  W il s o n ’s [44] expansion  fo r [ / “(#), 9?j (!(0)], b u t  n o t a t  
e q u a l tim es. W hile  w a itin g  fo r m ore  precise or m ore  a sy m p to tic  exp erim en ts , 
th is  positio n  is p e rh a p s  th e  m o st ap p ea lin g  one to  a d o p t from  o u r p o in t of 
v iew .

In  an y  case, w h ichever is th e  in te rp re ta t io n  o f th e  ex p e rim en ta l d a ta , 
th e  p h ilo sophy  w h ich  is b eh in d  th e  m odel keeps its  v a lid ity .

To conclude I  w ould  s tress t h a t  m odels o f th e  k in d  p ro p o sed  here , based  
on  W il so n ’s id eas , a p p ea r to  p ro v id e  a m ore genera l fram e  th a n  canon ical 
m odels, allow ing inc lusion  o f lim itin g  cases of th e  canon ical fo rm alism . In  th is  
sense , such m odels are  re la te d  fo r in stan ce  to  th e  discussion o f possib le  lim iting  
cases o f field  a lg eb ra  [45—48], w here  am biguous p ro d u c ts  j ^ (x ) jv(x) o f  opera to rs, 
ta k e n  a t  th e  sam e p o in t, a p p e a r  in  th e  equal tim e  co m m u ta to rs . Such am b i
g u itie s  are  here  ev ad ed  essen tia lly  th ro u g h  th e  a ssu m p tio n  of th e  ex istence  of 
a  sm all n u m b er o f  low -d im ension  o p e ra to rs  w hich , a f te r  f ix in g  a b ro k en  sy m 
m e try  schem e, fo r  w a n t o f so m e th in g  b e tte r , h a v e  been  se lec ted  accord ing  
to  a p rinc ip le  o f  econom y.

Appendix

In  th is  A p p en d ix  som e s ta n d a rd  n o ta tio n s  an d  resu lts  re le v a n t to  th e  
p ro b lem  o f in e la s tic  le p to n  s c a tte r in g  from  u n p o la rized  ta rg e ts  a re  recalled .

In  th e  la b o ra to ry  fram e  E  a n d  E '  are  th e  energies o f th e  in c id en t and  
s c a tte re d  lep to n , Р /: is th e  m o m e n tu m  of th e  ta r g e t  an d  M  i ts  m ass, 0 is th e  
s c a tte r in g  angle o f  th e  le p to n ; q2 =  — 4 E E '  • sin2 6/2 an d  v — q ■ P  — M ( E  —  
—  E ')  are  th e  sq u a re d  m o m en tu m  tra n s fe r  an d  th e  energy  tra n s fe r  to  th e  lep-
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to n s , resp ec tiv e ly . T h e  s tru c tu re  fu n c tio n s  fo r e lec tro p ro d u c tio n  a re  defined  
from

JL fp  _  { P ' q)q» } (p -g)g
Pn Г d 4 X ...

A P R  q2 J R  q2 | W ’ V)
q^ 4v

5 jay X

X B7i(ç 2 ,v) =  _ JL  f A J L  ^ <p , [j ; - (* ) , r . (o )] |P > . 
M  J  2 л

(A .1)

T he in e la s tic  d iffe ren tia l cross sec tio n  in  te rm s o f  W 1 an d  W г is

dry  r/2
. . .  ■ P W .  V) cos2 в /2 + Z W ^ i  V) sin2 0/2]; (A .2)

d Ü d E  4 E 2 sin4 0/2

Fo llow ing  B j o r k e n  [26] I  shall also  define:

ft) =  — q 2l  V

F^co) =  lim  M B ^ g 2; r ) ,

E 1(co) =  lim  v /M  W 2(q2; v),
V—>  co

co fixed

Fi(co) =  Е х(со),

F l(co) =  ^ M - F 1(œ).
со

А .За)

(А.ЗЬ)

(A .4a) 

(A. 4b)

T he s tru c tu re  fu n c tio n s for n e u tr in o  p ro d u c tio n  a re  defined  from

~ r  \ d\ X в'? х < Р | [ 7 » , Ё +(0 )]|Р >  =  ^ ( 5 2; v)
M  J 2л M 2

gfLv {q2; v) -  - - — e ^ P ^ W ^ q 2; v) +  . . .

an d  th e  cross sec tion  is:

л  d a  E ’ G2
E E '  d Q d E '  E  2л

W 2(q2; v) cos2 0/2 +

(A.5)

21F x(ç2; v) s in 2 0/2 +  J q 2; v) sin2 0/2
M

(A.6)
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F o r  n e u tr in o -p ro d u c tio n  one defines:

Fi(co) =  lim  MW^q2; v) .
*>—►00
a) fixed

F 2(co) =  lim  v/M W2(q2;v ) ,
V— у  co
to fixed

F3(œ) =  lim  v/M W3{q2; v) ,
V—> co

(o fixed

(A .7a) 

(A .7b) 

(A.7c)

Hm \ d 3 X < F |[ J M( ï ,  0 ), J+ (0 )]|P z> , (A.8)
Pj-*-” J

J  =  lim
P.

Ç d 3 X  
u n  -------
- » J  Po

—  Jß{x, 0), J+(0)
dt

Pz) .  (A.9)
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НАРУШЕННАЯ КАЛИБРОВОЧНАЯ ИНВАРИАНТНОСТЬ ПРИ НЕУПРУГОМ РАССЕЯНИИ ЛЕПТОНОВ НА НУКЛОНАХ
Г. САРТОРИ

Резюме
С помощью изучения коммутаторов тока вблизи светового конуса рассматривается нарушенная калибровочная инвариантность при неупругом рассеянии лептонов на нуклонах. Предложены модели, основанные на идеях Вильсона, и обеспечивающие более общее описание, чем канонические модели.
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SCALE INVARIANCE, GOLDSTONE BOSONS 
AND THE f' TRAJECTORY*

By

Y . F u j i i

INSTITUTE OF PHYSICS, COLLEGE OF GENERAL EDUCATION, UNIVERSITY OF TOKYO, TOKYO, JAPAN

W e propose th a t th e  f' trajectory at ар =  0 can serve the role o f a G oldstone boson for 
cale invariance and discuss experim ental consequences th a t follow  from  such an association.

In tro d u c tio n

O ne o f th e  m o s t im p o r ta n t q u estio n s on scale in v arian ce  in  e lem en tary  
p a rtic le  physics is h o w  good th is  in v a ria n c e  is in th e  rea l w orld . In  th is  connec
tio n  G e l l -M a n n  [1 ] em phasized  t h a t  th e re  are tw o  w ays in  w h ich  scale in 
varian ce  m an ifests  itse lf . In  one w a y  ( i )  th e  m asses o f all th e  p a rtic le s  will be 
m assless in  th e  lim it  o f  scale in v a rian ce . T he in v a ria n c e  is v io la te d  to  th e  ex 
te n t  t h a t  th e  nucleon  m ass, for ex am p le , has a v a lu e  ~ 1  GeV. In  a n o th e r  w ay 
f i i ) ,  th e  pa rtic le s  m a y  be m assive ev en  in  th e  lim it o f  scale in v a rian ce  p rov ided  

th e re  is a N am bu  — G oldstone  boson , i.e . a m assless sca la r m eson. A  m easu re  of 
v io la tio n  o f scale in v a ria n c e  w ould  be  given b y  how  m uch  m assive  th is  Gold- 
stone boson  is in  th e  a c tu a l w orld . T h e  a rg u m en ts  on  these  p o in ts  w ill be re 
view ed b rie fly  in th e  following.

As an  illu s tra tio n  consider th e  m a tr ix  e lem en t o f th e  stress-en erg y -m o 
m e n tu m  ten so r 0 b e tw een  th e  s ta te s  of a sp in less p a rtic le . U sing  L oren tz  
co v arian ce , p a r ity  co n se rv a tio n , tim e-rev e rsa l in v a ria n c e , one can  w rite  th e  
m ost gen era l form  g iven  b y  [1]

< p 'K , \ p >  П ^ + ( * Ч р- * Л ) C i**)] ’ (!)2Ь

w here p ^ ,  p f  are th e  m o m e n ta  of th e  p a rtic le  in th e  in itia l and  fin a l s ta te s , and

Py. =  ' {Р ц + Р 'М) * К  =  P,, р'к ■

* Enlarged version  o f the paper b y  С. B . Chiu, Y . F ujii, and W . W . W ada, Lett.
N uovo C im ento, 1, 110, 1971.
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O ne can  check  th a t  th e  form  (1) is c o n s is te n t w ith  th e  co n se rv a tio n  law  —  
=  0. T h e  f irs t  fo rm  fa c to r  F (k 2) is no rm alized  as

F (0 ) =  1. (2)

O ne now uses th e  fa c t th a t  0 is traceless in  th e  lim it o f scale in v arian ce ;

=  o. (3)

T his is deriv ed  from  th e  geom etrica l co n sid e ra tio n . T h e  only  q u es tio n  is how  to  
m o d ify  th e  u su a l d e fin itio n  o f th e  “ can o n ica l”  s tre s s—energy—m o m en tu m  te n 
so r d e riv ed  from  th e  fie ld  th e o re tic  L ag ran g ian . See th e  p ap ers  b y  S t r a t h d e e  
a n d  T a k a h a s h i  [2 ] , an d  b y  G e l l -M a n n  [1 ] .

Im p o sin g  th e  cond itio n  (3) o n to  (1) one o b ta in s

0 =  < p ' |0 J p >  =  ~  [2P 2 F (k 2) +  3FG(k*)], (4)
ZrL

w h ich  gives a c o n s tra in t on tw o fo rm  fac to rs F (k 2) an d  G(k2). P a r tic u la r ly  in 
te re s t in g  is th e ir  b eh av io r fo r к2 ^  0. N o ting  P 2 p 2 ^  — m 2 in  th is  lim it 
one f in d s  tw o cases: I f  G(k2) is f in ite  a t  k2 =  0, E q . (4) gives

— 2m 2F (0 ) =  0,

w h ich  com bined  w ith  (2) gives

m 2 =  0 .

T h is  co rresp o n d s to  th e  case ( i )  m en tio n ed  ab o v e . On th e  o th e r  h an d , one 
m a y  assum e th a t  G(k2) has a  po le  a t  k2 =  0. E q . (4) is th e n  sa tisfied  b y

2 m2
G(k2) =  —  —  . (5)

3 fc2

T h is  po le  can  be in te rp re te d  as th e  em ergence o f  a m assless sca la r boson (the 
N a m b u —G oldstone  boson) w hich  w ill be  h e re a f te r  called  th e  0A m eson .

T h e  m a tr ix  e lem en t (1) is th e  “ fo rm  fa c to r”  o f  a coupling  o f  th e  p a rtic le  
to  th e  g ra v ito n , since 0M„ is a source  o f  th e  g ra v ito n . E q . (5) w ill corres
p o n d  to  th e  fa c t t h a t  th e  d iag ram  (a) o f Fig. 1 co n ta in s  a p a r t  w h ieh  is dom i
n a te d  b y  th e  exchange  of th e  0Л as il lu s tra te d  b y  th e  d iag ram  (b). O ne realizes 
a  close ana logy  to  th e  pion d o m in an ce  in th e  w eak  coupling  o f a h ad ro n  to  
th e  le p to n s .
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In  th e  d iagram  (b) th e  c o n s ta n t for th e  g ra v ito n —0Л ju n c tio n  is denoted  
b y  f e (tim es th e  g ra v ita tio n a l c o n s ta n t)  while th e  co u p lin g  of a h a d ro n  labeled  
b y  i to  is deno ted  b y  f m . The a m p litu d e  co rresp o n d in g  to  th e  d ia g ra m  (b) 
is th e n  given by

L ,  (6 )
— t

w here t — ■—k2. C om paring  th is  w ith  (5) one o b ta in s  th e  re la tio n

> {"!)

w hich  is th e  ex ac t ana logue  of th e  G oldberger—T re im a n  re la tion .

Fig. 1. D iagram s tor

N ow  th e  questio n  is w h e th e r th e re  is a scalar m eson  w hich is l ig h t  enough 
to  be considered  as an  a p p ro x im a te  G oldstone boson . T he m eson shou ld  be 
isoscalar as fa r as th e  e lec tro m ag n e tic  m ass d ifferences are n eg lec ted . T here 
are  som e can d id a te s  like  e (750 ~  900 MeV) or S* (1070 MeV). T h ey  a re , how 
ever, a lm o st as h eav y  as th e  nucleon  o r  th e  q m eson, e tc . T h is w ould  m ean  th a t  
th e re  is no preference o f  th e  second m echanism  (th e  em ergence o f  th e  Gold- 
sto n e  boson) over th e  f i r s t  one in w h ich  fin ite  m asses o f  th e  o rd in a ry  p artic les 
are  th e  m an ifes ta tio n  o f  th e  v io la tio n  o f scale in v a rian ce .

I t  w ould  be here  w orthw hile  to  recall th a t  o u r co n cep t of th e  partic les  
h ad  been  changed  d ra s tic a lly  in  th e  l a s t  decade. W e h a v e  now th e  R egge pole 
th e o ry . W h a t we are going  to  do in  th is  p ap e r is to  t r y  to  app ly  th is  new  con
c ep t to  th e  G oldstone boson  so t h a t  one m ay  consider th e  real w o rld  to  be 
v e ry  close to  th e  lim it o f  scale in v a rian ce .

B eing  m o tiv a ted  in  th is  w ay  o n e  can look a t  th e  C h e w -F ra u tsc h i p lo t 
to  fin d  im m ed ia te ly  t h a t  th e re  is a t r a je c to ry  w hich goes very  close to  th e  ori
gin. I t  is th e  (exchange degenera te) <p —  f '  tra je c to ry . T h e  value of te fo r  w hich
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th is  tra je c to ry  p asses  th ro u g h  th e  abscissa, is th e  o rder o f ± m 2„. One m ig h t 
say  th a t  th ere  is som e spinless, iso sca la r o b jec t h av in g  th e  sq u a re d  m ass te. 
O f course, no su ch  p a rtic le  h a s  b een  observed  ex p e rim e n ta lly . One usually  
a p p ea ls  to  the  so -ca lled  ghost k illin g  m echan ism . T he sim p lest o f  such is th e  
choosing  nonsense m echan ism  b y  w hich  th e  s c a tte r in g  a m p litu d e  correspond
in g  to  th e  exchange  o f th is  t r a je c to ry  co n ta in s  a n u m e ra to r  w hich  behaves 
like  ~  x( t) so t h a t  th e  pole b e h a v io r  a t  a(t) =  0 is cancelled. W e are going to  
see i f  th is  “ nonsense  p o in t”  o f  th e  f '  tra je c to ry  is id en tified  as th e  G oldstone 
boson  we are lo o k in g  for.

Consider s c a tte r in g  of th e  p a rtic le  i and  th e  partic le  j  in  th e  t channel. 
T h e  sca tte rin g  a m p litu d e  will th e n  be given b y

. (8 )
S i n  7Z0C(t)

T h e  F ey n m an  a m p litu d e , on th e  o th e r  han d , co rresp o n d in g  to  th e  exchange o f  
a m eson  0A w hose m ass is a ssu m ed  to  be e x a c tly  zero ju s t  fo r  sim plicity  is 
g iven  by

T(t)  ~  J f ü â i L .  . (9)t
C om paring  (8) a n d  (9), and  a c cep tin g  the  lin e a r  tra je c to ry , one realizes th a t  
th e  coupling  s t r e n g th  feu c a n n o t be  a c o n s ta n t, b u t  should  b e  p ro p o rtio n a l to

1 i;
feni1) =  ftgeii * (10)

w h ere  geii is a c o n s ta n t , or a t  le a s t  f in ite  a t t =  0. T h is  is, no m a t te r  how  s tra n g e  
in  m a y  appear, an  in ev itab le  conclusion  from  th e  choosing nonsense  m echa- 
itsm  an d  th e  fa c to r iz a b ili ty  o f th e  residue fu n c tio n s . N ote  also  th a t  th e  V e- 
n ez ian o  — L ovelace am p litu d e  gives th e  sam e re s u lt .  S u b s titu tin g  (10) in to  (6) 
one o b ta in s

ë0ii 1 ^
— t

T h e  second te rm  o f  (4) th en  v an ish e s  for ( — 0 if  f 0 is f in ite  a t  t =  0. The only  
w ay  in  w hich th e  second te rm  su rv ives so t h a t  th e  nonsense p o in t of th e  f '  
t r a je c to ry  serves as a G oldstone boson  is t h a t / e is inversely  p ro p o rtio n a l to  |/í ;

fe(t) = ^ Fe ,  (11)
V*

w h ere  F e is a c o n s ta n t , or a t  le a s t  f in ite  a t t =  0. One m ay  a rg u e  a t  th is p o in t 
i f  a singu lar fo rm  (11) m ay cause  a n y  serious d ifficu lty . B efore answ ering th is  
q u es tio n , we d iscuss w h a t th e  p a r tic le  p ic tu re  o f  o u r бя w ill lo o k  like.
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T h e b eh av io r as given b y  E q . (10) is supposed  to  be tru e  fo r ev e ry  h ad ro n , 
so t h a t  th e  pole t _1 is alw ays cancelled  in  an y  a m p litu d e  o f th e  h a d ro n  in te r 
ac tio n s. T h is m eans t h a t  th e  d; can  n e v e r be o bserved  as a p a rtic le  as long  as 
one is look ing  a t  th e  s tro n g  in te ra c tio n s  of h ad ro n s . T he sam e w ould  be tru e  
also fo r th e  in te ra c tio n s  of h ad ro n s an d  p h o to n s i f  th e  p h o to n s a re  abso rbed  
or e m itte d  alw ays th ro u g h  v ec to r  m esons. T he s itu a tio n  is n o t c lear fo r th e  
w eak  in te ra c tio n . I t  is ra th e r  likely  t h a t  th e  pole t -1 ap p ears  in  th e  am p litu d es  
in v o lv in g  g rav ito n s . T h e  0Л is th e n  a  rea l p a rtic le  w hich  m ay  decay  in to  a 
n u m b e r o f g rav ito n s  or be p ro d u ced  th ro u g h  th e  g ra v ito n -h a d ro n  collision, 
fo r ex am p le . In  th e  follow ing we d iscuss o th e r  q u estio n s w hich  will a rise  from  
our ap p ro ach .

I. G rav iton  — 0X m ixing

P ra c tic a lly  one does n o t h av e  to  w orry  a b o u t th e  sing u la r b eh av io r (11), 
since in  th e  low est o rd e r te rm s in  th e  ex trem ely  sm all g ra v ita tio n a l coupling  
c o n s ta n t th e  fa c to r  l f y t  is so designed  as to  be cancelled  b y  a n o th e r  fac to r  
Yt  in  (10). In  p rin c ip le , how ever, one can  in v es tig a te  th e  effect o f th e  h igher 
o rd e r te rm s . W e a re  p a r tic u la r ly  in te re s te d  in  th e  in f in ite  sum  o f th e  d iag ram s 
like th o se  in  Fig. 2. T h is m ixing p ro b lem  betw een  th e  0A an d  g ra v ito n  can  be

-------- X ' X --------

F ig . 2. E xam ples o f diagrams due to the m ixing betw een the graviton and th e  0^

so lved  b asica lly . A t th is  m om en t, how ever, we can  re p o rt only  th e  re su lts  o f  
an exercise  — th e  m ix in g  p rob lem  be tw een  a m assless v ec to r  m eson a n d  a 
sca la r m eson , бл. T h e  m ix ing  in te ra c tio n  is given b y  w here s i s  th e
p o la riz a tio n  v e c to r  an d  f e(t) will h a v e  th e  form  (11). A fte r  solving th e  D yson 
eq u a tio n  in  th e  m a tr ix  form , one o b ta in s  th e  re su lts  sum m arized  as follows:

( i )  T he  v e c to r  m eson rem ains m assless a fte r  th e  m ix ing  is tu rn e d  on.
( i i )  T he sq u a re d  m ass te is changed  to  te b y  th e  a m o u n t w hich is second 

o rd e r in  th e  g ra v ita tio n a l coupling  c o n s ta n t.
( i i i )  T he  fie ld s Vß and  cp are  re la te d  to  th e  d iagonalized  fie lds V ß and  

99 as follow s:
v p =  h í ? ?  +  fti2 9 Jp,

=  м Л  +
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T h e  co n stan ts  a re  d e te rm in ed  as

1̂1 =  ^12 1
■— 0, 622 1*

T he re su lt o f  b12 show s th a t  an  in fin ity  can  be avo ided  if

tg ^  0.

T hese q u a lita tiv e  re su lts  a re  ex p ec ted  to  rem ain  th e  sam e i f  one replaces 
th e  v ec to r  m eson  b y  th e  g ra v ito n . T he ana logue  o f th e  f ir s t  p o in t ( i)  will 
s a y  th a t  m ain  fea tu re s  o f E in s te in ’s g ra v ita tio n  th e o ry  rem ain  u n a lte red . 
I t  is clear, how ever, th a t  th e  second o rd er te n so r  field  w hich  describes th e  
g ra v ito n  is no lo n g er trace less. I f  th e  spinless p a r t  co rrespond ing  to  th is  trace  
tu rn s  o u t to  be m assless, th e  re su ltin g  m o d ifica tio n  of E in s te in ’s th e o ry  m ay  
be  som ew hat s im ila r  to  D i c k e ’s th e o ry  [3 ] .

I I . SU3 tra n sfo rm a tio n  p roperty  of 0X

I t  is w ell-know n th a t  <p an d  f ' are v e ry  close to  th e  “ id ea l”  m ix ing  of 
S U 3 so th a t  th e y  tra n sfo rm  like ДА in te rm s o f q u a rk s . I t  is n a tu ra l  to  expec t 
t h a t  o u r 0A also tran sfo rm s in  th is  w ay . I f  one appea ls to  th e  s im p le-m inded  
q u a rk  co u n tin g  m odel, one im m ed ia te ly  o b ta in s

g07I7I --  0 ,

Eo>h ^
geKK 3

( 12)

w h ere  r?8 re p re se n ts  th e  p u re ly  o c te t r\ m eson . C om bining (12) w ith  (7), one 
gets  th e  m ass re la tio n s

w 2 _  о Л Я .  =  - i -m ,  —  и , ,
ТП о

w hich  are  c o n s is te n t w ith  GMO m ass fo rm u la . I f  one applies th e  sam e p roce
d u re  to  th e  n o n e t v ec to r and  te n so r m esons, one o b ta in s  th e  fam ilia r equal 
sp ac in g  law , b u t  w ith

m l =  0, m \ a =  0 ,

since th e  q as w ell as th e  A 2 do n o t co n ta in  th e  s tran g e  q u a rk s . One realizes 
t h a t  we need  so m eth in g  else to  give th e  m asses o f th ese  low est levels. I t  is 
n o t  y e t c lear w h ich  of th e  m echan ism s ( i )  a n d  ( i i )  is responsib le  for these
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m asses. (See, how ever, th e  follow ing S ec tio n  IV ). F ocu sin g  our a t te n tio n  
to  th e  S U 3 b re a k in g  p a r t  a t  p re se n t, we m o d ify  th e  p rev io u s fo rm ula  (7) to  
th e  form

ömf = - ~ Fe gen 1 (13)

w here we h a v e  rep laced  f e a n d  f eii b y  F 0 a n d  geii, re sp ec tiv e ly , b y  using  (10) 
an d  (11).

S im ilar ca lcu la tions can  also he ca rried  o u t for th e  ferm ions. C orresp o n d 
ing to  (13) one o b ta in s  th e  re su lt,

ôm ,• =  3Fegeii. (14)

A gain th e  Qx g ives no c o n tr ib u tio n  to  th e  n o n s tra n g e  b a ry o n s  like  N or A.  C on
tra ry  to  th e  sq u a red  m ass fo rm u la  (13) fo r th e  m esons, one o b ta in s  th e  lin e a r  
m ass fo rm u la  (14) fo r th e  b a ry o n s . A gain u s in g  th e  sim ple q u a rk  co u n tin g  fo r 
th e  e s tim a te  o f th e  coupling  c o n s ta n ts , one o b ta in s  th e  e q u a l spacing  law  fo r 
th e  b a ry o n  m asses (neg lec ting  th e  m ass d ifference betw een  Л  an d  S ) .  F o r  th e  
la te r  use, we q u o te  one of th e  resu lts

2 m i  . (15)
gezz m E—m N

w hich  is easily  o b ta in ed  from  (13) an d  (14).

I I I . B ro k en  ch ira l sym m etry

A ccord ing  to  o u r schem e, we fin d  t h a t  th e  H a m ilto n ian  ( =  — 644) c o n 
ta in s  a p a r t  w hich  is d o m in a ted  b y  th e  0X. T h is p a r t  c learly  tran sfo rm s lik e  AA. 
O n th e  o th e r  h an d , GM OR H am ilto n ian

H '  =* u 0 - f  cua,

w hich  v io la tes  ch ira l S U 3 X S U 3 has th e  s im ila r S U 3 tra n sfo rm a tio n  p ro p e r ty . 
In  fac t, th e  c o n s ta n t c w as fo u n d  to  be v e ry  close to  — 2. I n  th e  a p p ro x im a 
tio n  in  w hich  th e  p ion  m ass is neg lec ted , c is e x a c tly  equal to  —  У 2 so t h a t  th e  
w hole i f '  tra n sfo rm s  like ДА. O ne m ay  sp ecu la te  th a t  th e  p a r t  o f  th e  H a m ilto 
n ian  w hich is d o m in a ted  b y  6X is id en tica l w ith  th e  G M O R H am ilto n ian . I f  
th is  is rea lly  th e  case, th e  S U 3 X S U 3 v io la tin g  H am ilto n ian  is a lm o st in v a r ia n t  
u n d e r  scale tra n s fo rm a tio n , c o n tra ry  to  G e l l -M a n n ’s c o n jec tu re  th a t  G M O R  
H am ilto n ian  also v io la tes scale in v arian ce  [1].
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ГУ. E xotic  n a tu re  o f  the  0S

As w as em phasized  in  Section  I I ,  w e need so m eth in g  w hich lif ts  up  
th e  S U 3 m u ltip le ts  o th e r th a n  p seu d o sca la r o c te t. T he v io la tio n  of scale in 
v a rian ce  asso c ia ted  w ith  th is  m ig h t be o f  th e  ty p e  ( i )  w ith o u t th e  G oldstone  
boson. I t  seem s s till w orth w h ile  to  explore th e  possib ility  th a t  th e re  is a n o th e r  
G oldstone b o so n , w hich w ill b e  called 6S. W e ex p ec t t h a t  th e re  is a n o th e r  u n i
ta r y  sing le t tra je c to ry  w h ich  is a lm ost deg en era te  w ith  th e  f ' t r a je c to ry . 
T h is t r a je c to ry  will couple to  th e  h a d ro n s  o th e r  th a n  p a irs  of o c te t p se u d o 
sca la r m esons. T h is suggests th a t  th e  new  tra je c to ry  is ex o tic  in a sense t h a t  
i t  does n o t allow  sim ple q u a rk  coun ting .

W e also  n o ticed  th a t  th e  GM OR H a m ilto n ia n  is th e  p a r t  d o m in a ted  b y  
th e  0A. O n th e  o th e r  h an d , we know  th a t  th e re  m u st be th e  p a r t  of th e  H a m il
to n ia n  w h ich  v io la tes  ch ira l U 3x U 3 b u t  conserves S U 3 X S U 3 [4]. T h e  te rm  
h av in g  th is  p ro p e r ty  m u st also be exotic  in  a sense th a t  i t  c a n n o t be re p re se n te d  
b y  th e  fo rm  hjq. I t  seems th e re fo re  n a tu ra l  to  specu la te  t h a t  th is  is th e  p a r t  
w hich  is d o m in a te d  b y  th e  ds .

In  th is  con n ec tio n  i t  is also in te re s tin g  to  n o te  th a t  A r n o l d  [5] p ro p o sed  
recen tly  t h a t  th e re  is an  ex o tic , an d  P o m ero n -lik e  tra je c to ry  w hich h as  th e  
u n it  in te rc e p t a n d  th e  “ n o rm a l”  slope. O u r 6S m ay  belong  to  a d a u g h te r  o f  
A r n o l d ’s tra je c to ry .

Y. A n exp erim en ta l test

I f  we m a k e  a full use o f  th e  s im p le-m inded  q u a rk  co u n tin g , we can  p re 
d ic t re su lts  w h ich  can  be te s te d  in  o rd in a ry  h igh  energy  physics. N o tin g  t h a t  
th e  f  (1250) c o n ta in s  only  n o n -s tran g e  q u a rk s , one o b ta in s , fo r exam ple,

gfK K    1 g  f 'KK
--  •>

g iz s  2 g r z z

w here th e  fa c to r  2 in th e  d en o m in a to r o f  th e  r ig h t-h a n d  side comes from  th e  
fa c t th a t  th e  2,’ + , for ex am p le , con ta in s tw o  p ro to n  q u a rk s , w hile i t  c o n ta in s  
on ly  one la m d a  q u ark . B y  assum ing  som e sm oothness cond itio n  a long  th e  
tra je c to ry , th e  r ig h t-h a n d  side can be rep laced  b y  (1/2) (go^i{lgozz)-> f ° r  w h ich  
one can use  E q . (15). F u r th e r  using  th e  S U 3 arg u m en t, one arrives a t  th e  r e 
la tio n

gfa+ я- =  т к
gfpp 3 т г ~  mN

In  o rder to  te s t  th is  new re la tio n , we con sid er th e  ra tio

(Tr (TrN)f

M N N ) ,  ’
( 1 6 )
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w here  егт(я:]Ч), fo r exam ple , is th e  p a r t  o f  th e  jiN to ta l  cross section  d o m in a ted  
b y  th e  exchange of th e  f. O ne m ay be ab le  to  e x tra c t su ch  a p a r t  from  th e  high 
en erg y  jiN to ta l  cross sec tio n  b y  s u b tra c tin g  th e  a sy m p to tic  cross sec tion .

W ith  th e  aid  o f th e  o p tica l th e o re m , th e  ra tio  (16) is p u t  in to  th e  form

R  1 I m F j i t S ) ,
2 mN I m F (  N N )f

w here  _F(7tN)f, w hich is th e  ttN  fo rw ard  sca tte rin g  a m p litu d e  d o m in a te d  by  
th e  ex ch an g ed  f, is p ro p o rtio n a l to  g f„„gfNN, while F ( N N )f is p ro p o rtio n a l to  
(gfNN)2 3 4 5 6 7. One f in a lly  o b ta in s

___  g i n + n -

2m N g fpp
2
3

m)

m N(m s m N)
ad 0.69 .

In  th e  sam e w ay  one o b ta in s

* r(K N )f
uT(N N )f

1
2

Я 0 .35  .7t

(17)

(18)

T he ex p erim en ta l d a ta  a re  show n in  T ab le  I . S ince th e  a sy m p to tic  values 
fo r TtN an d  N N  cross sec tio n s have la rg e  u n c e rta in tie s , we h av e  u se d  tw o  sets 
o f n u m b ers  [6 -8 ]. A lth o u g h  i t  seems p re m a tu re  to  d raw  an y  d e fin ite  conclusion, 
th e  ag reem en t is a t  le a s t encourag ing .

Table I

Experim ental data (from 6 to  20 GeV/с) for R n and

Case 1 Case 2

R * 0.39-0.45 0.84-1 .10

R k
0.19-0.22 0 .28-0 .40
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8. The asym ptotic cross sections, a œ, used are (See [6] and [7]) 
ct(K N )„  =  17.0 m b,
с ( Л ) „  - 20.5 m b and a ( N N ) œ =  34.8 m b for Case 1, 
о(яИ )„ =  18.1 m b and t7 (N N )„  =  38.9 mb for Case 2.

КАЛИБРОВОЧНАЯ ИНВАРИАНТНОСТЬ, БОЗОНЫ ГОЛЬДСТОУНА,И ТРАЕКТОРИЯ V
Я. ФУДЗИЙ

Резюме
Предложена идея, согласно которой для сохранения калибровочной инвариантности траектория С при а̂, = 0 может играть роль бозона Гольдстоуна. Дискутируются экспериментальные следствия, вытекающие из такой ассоциации.
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Spin-dependent effects in deep-inelastic electron— proton scattering are discussed.

In tro d u c tio n

In  th is  re p o r t  w e hope to  conv ince  you  th a t  sp in -d ep en d en t effects in 
deep -in e lastic  e lec tro n —p ro to n  sc a tte r in g  are  in te re s tin g  a n d  should  y ie ld  new  
in fo rm a tio n  on m a n y  questions arisen  in  th e  in ten siv e  analysis o f  th e  spin- 
av e rag ed  SLA C-M IT d a ta  [1]. T hese d a ta  shed  lig h t on th e  b eh av io u r of tw o  
fam ous s tru c tu re  fu n c tio n s  JV^q2, v) an d  W 2(q2, v) v e h em en tly  d iscussed  d u rin g  
th e  la s t  tw o y ea rs  [2].

O u r group a t  th e  E ö tv ö s  U n iv e rs ity  s ta r te d  a p ro g ram  la s t J u ly  to  in 
v e s tig a te  th e  sp in -d e p e n d e n t effects m easu rab le  b y  usin g  po larized  e lec tro n  
b eam  sc a tte re d  on po la rized  nucleon ta rg e t . T he m o tiv a tio n  for th is  p ro g ram  
w as t h a t  “ th e o re tic a l ex p lan a tio n s”  o f  th e  SLA C-M IT d a ta  on 1V ^q 2, v) an d  
W 2(q2, v) d iffered  w idely . One p o ssib ility  to  te s t  th e se  ideas is to  tu r n  to  
p o la riza tio n  effects.

I t  tu rn s  o u t from  o u r analysis [3] th a t  th e  sp in -d ep en d en t s tru c tu re  fu n c
tio n s, w hich  we d en o te  h ere  b y  d(q2, v) an d  g(q2, v) shou ld  be m ore se lec tive  th a n  
th e  p re se n t sp in -av e rag ed  d a ta .

To our know ledge, th e re  has been  on ly  little  e ffo rt in  th e  l i te ra tu re  to  
shed  m ore lig h t on sp in -d ep en d en t effects in  d eep -inelastic  e lec tro n —p ro to n  
sc a tte r in g . Som e tim e  ago (1966) B j o r k e n  w ro te  dow n a sum  ru le  fo r th e  co r
resp o n d in g  cross sec tions [4] an d  d ism issed  i t  as “ w o rth less” . T h is n eg a tiv e  
conclusion  has been  reconsidered  in  a re c e n t SLAC p re p r in t [5]. B ey o n d  th is , 
we h a v e  found  on ly  a few a tte m p ts  to  c larify  th e  p o la rizab ility  c o n tr ib u tio n  
o f th e  sp in -d ep en d en t fu nc tions to  th e  h y p erfin e  sp lit t in g  in  th e  h y d ro g en  
a to m  [6]. H y p erfin e  sp littin g  is in te re s tin g  in  itself, an d  we h av e  in v estig a ted , 
th is  p ro b lem  in  th e  l ig h t o f th e  p re se n t th eo re tica l s i tu a tio n  [3].
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I . K inem atics o f the  sc a tte rin g  process

T he s c a tte r in g  am p litu d e  is show n in F ig . 1. H ere (p , ct) d eno tes th e  four- 
m o m e n tu m  an d  p o la riza tio n  v e c to r  of th e  p ro to n ; (fcl5 ß ) an d  (fc2, ß')  are si
m ila r  n o ta tio n s  fo r th e  e lec tron  b eam  before a n d  a fte r  th e  em ission of a v ir tu a l 
p h o to n  of fo u r-m o m en tu m  q. P n s tan d s  for th e  h ad ro n s p ro d u ced  in  th e  colli
sion .

Fig. 1. In elastic  scattering of polarized electron beam  from  polarized proton target

W e Sum over f in a l had rons a n d  th e  p o la riza tio n  o f  th e  sc a tte re d  e lec tron  beam . 
T h e  d iffe ren tia l cross section  w ith  p ro to n  p o la riz a tio n  a  an d  e lec tron  p o la riza 
t io n  ß  is*:

da  a« =  —  e V M Í V F ) 2- ™ 2^ 2] - 1'2 - ! ^ - ^ ' -  — — . (1)
p 4 (2л)32Е '

T h e  lep to n ic  p a r t  is given b y

Ц . = 2  r № k i) • w №  У» w№  ■ (2)
ß'

T h e  h ad ro n  a m p litu d e  is sp lit in to  sy m m etric  an d  a n tisy m m e tric  p a r ts  in  th e  
(f i , v) indices:

W*w(p , q) =  J  d i xe“>x ( p  • * | [./„(*), J„ (0 )] |p , a> =  W % (p, q ) + i W * { p ,  q) . (3)

F ro m  (P T ) in v a rian ce  we re a d  o ff

W%(P, q) = 2  I di Xe‘4X <F’ «I Щ * )*  J..(0)]li>, *>,2 f j  (4)
q) =  <1*хе“>х { ( p ,  a |[ J M(*), J„ (0 )] | p ,  a> — «)}.

__ * N orm alization  of states <  p ' , r | p , s >  =  2р0(2 я )30(р / —p)<5rs, spinor norm alization:
W  • W  =  2m, p 2 =  M 2 and v — p  ■ q.
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T he d e fin ition  o f th e  fo u r re a l s tru c tu re  fu n c tio n s  is:

w%(p,q)=
9

9,u9 V

X P I
P v ----- -  9

я , ,)  ^ M - W ß q 2, v ) + ~  [p:

4л M  ■ W2(q2, v ) ,

РЧ
q2S _ z  % X

(5 )

w$kp • q) =  Ç̂ea qs *a d(q2’v) +  (*g) qepag{q\ *) ■ (9)

S im ilar sp littin g  can  be p e rfo rm ed  on th e  lep to n ic  piece o f  th e  am p litu d e :

L l  =  L%,+ i L * ,  L ^ = 2 m ^ vea- f ß a . (7)

In  o rder to  analyze  sp in -d ep en d en t effects, we tu rn  to  th e  a n tisy m m e tric  co m 
b in a tio n :

d 2 ff" d 2a 2 E '  1
d Q dE ' d Q d E ' n - M - E  q2 (8)

• { ( E + E '  cos 0) d{q2, v) +  (E  E ’ cos 0) ( E + E 1) Mg{q2, v)} .

H ere E  and  E '  are , re sp ec tiv e ly , th e  in itia l a n d  f in a l e lec tron  energies, as v iew 
ed in  th e  la b o ra to ry  fram e , an d  0 is th e  e lec tron  s c a tte r in g  angle. dan is 
th e  cross sec tion  w hen th e  sp ins of e lec tron  an d  p ro to n  a re  p a ra lle l and a long  
th e  d irec tion  o f m o tion  o f th e  in c id en t e lec tro n ; der'* is th e  cross sec tion  fo r 
a n tip a ra lle l sp ins. T he e lec tro n  m ass is neg lec ted  in  E q . (8).

I I . L ig h t-co n e  behav iour an d  scaling law s

I t  is w idely  recognized  [7] th a t  d eep -inelastic  e lec tro n  sc a tte rin g  m e a su 
res the ligh t-cone b e h a v io u r o f  th e  c o m m u ta to r  functions o f  tw o  e lec tro m ag n e
tic  cu rren ts  sandw iched  b e tw een  id en tica l p ro to n  s ta te s . W e go to  co o rd in a te - 
space b y  F o u rie r  tra n s fo rm a tio n :

X * ( p ,  x)  =  (2n)  -* J d ' q e - ^  W * ( p ,  q) ,

i X £ ( p ,  x) =  ~  { ( p ,  «I [ J ^ x ) ,  J v(0)]|j9, a )  — (a-*  -  a ) } .

( 9)

S im ilarly , th e  F o u rie r  tra n sfo rm s  of th e  s tru c tu re  fu n c tio n s :

A d( p , x ) =  (2 я ) ~4 J  v),

A g(p, x)  =  (2л)  “4 j  diq e~ iqx g(q2, v).
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In  te rm s o f  th e se  a m p litu d e s  we w rite :

x ) =  iÇpveo- A a(p> x) -  ( « - 9) Ç ve<r 9ep a A g(p, x ) . (10)

A d(p, x)  a n d  A g(p, x) a re  in v a r ia n t fu n c tio n s  o f tw o  in d ep en d en t L o ren tz  
sca la rs ; x 2 a n d  M  ~2(px)2 o r x 2 an d  — x 2 M  ~2(px)2 can  b e  choosen fo r conve
nience. »

W e h a v e  p roved  th a t  A d(p, x)  a n d  A g(p, x)  v a n ish  ou tside th e  ligh t- 
cone an d  th e y  h av e  co rrec t su p p o rt p ro p e rtie s  in  m o m e n tu m  space to  ap p ly  
th e  J o s t  — L eh m a n n  re p re se n ta tio n  to  th e m . In  th e  p ro to n  re s t fram e:

A d(p, x) =  i I dX2A{x, A2) q>d{xQ, A2) 
Jo

A (x ,À 2) =  — -€(*„)
2 n

Al „  м  , ч А2 J ^ A 2 x 2)
W - < K * ) T - y _

( 11)

P ro v id ed  th e  in teg ra l

ad i M ~2(Px )2) =  J0 dk2 ■ <pd( M - 2(px)2, A2)

converges, w e can  w rite  A d(p ,  x)  in  th e  fo rm

A d( p , x ) = ~  6(*o) á (*2) ad{xo) +  R d iP > x ) ,
ZTC

( 12)

w here  R d (p ,  x)  is less s in g u la r  th a n  1/x2 on th e  lig h t-co n e . T he F o u rie r  t r a n s 
fo rm ed  fo rm  o f E q . (12) y ie ld s  th e  a sy m p to tic  b eh av io u r in  th e  d eep -inelastic  
lim it w hen  со =  — 2v/q2 is f ix e d  an d  v —► oo :

1 Md(q2, v ) ----- « (  I), f = —  ,

V "  (13)
ad (x0) =  — ——ГГ j d i  eitx° X (f).

2nM  J - м

a ( | )  has to  v a n ish  fo r | I  | >  M .
R d(p ,  x )  cancels th e  le ad in g  ő -s in g u la rity  in  th e  fo rb idden  reg ion  in 

m o m en tu m  sp ace  w here d(q2, v) is fo rced  to  v an ish  b ecau se  o f su p p o rt co n d i
tio n s.

I t  m a y  h a p p e n  th a t  th e  lead ing  ő -s in g u la rity  o f  A d (p , x) is m issing  in 
special d y n a m ic a l m odels. I n  t h a t  case J  <ZA2 • cpd{x0, A2) =  0 is sa tis fied  id e n 
tic a lly . A p a r t  from  m ore s in g u la r  cases, th e  in teg ra l
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1 Г "
bd( M ~ 2(p x )2) =  —  dX2 ■ X2 • <pd( M ~ 2(p x )2)

4 Jo

converges a n d  we w rite

A d (P ,x )  =  f ç ( r o) 0 ( r 2) bd( M - * ( p x ) 2) + S d( p ,  X) ,  
2 л

(14)

(15)

w here S d( p , a;) van ishes on th e  ligh t-cone  in  th e  lim it x2 — 0. A gain, F o u r ie r  
re p re se n ta tio n  shows th a t  th e  scaling  lim it is de te rm in ed  b y  th e  lead ing  lig h t-  
cone s in g u la rity  in E q . (15):

d(q2,v) r(£)
2v2

(x o) — d £
sin

y (S ),
(16)

w here y ( |)  is re s tr ic te d  to  | 11 <[ M .
T he observed  scaling  b eh av io u r o f JVj(q2, v) an d  W 2(q2, v) p u ts  s tr in g e n t 

re s tr ic tio n s  on th e  “ scaling”  o f d(q2, v) a n d g (ç 2, v). T he g enera l co n stra in ts  h av e  
been d eriv ed  from  W “ (p ,  q) ■ o'* ■ a' * ]> 0, w hich is v a lid  fo r any  com plex  
fo u r-v ec to r aA W ith  p ro p e rly  choosen a ’s we fin d  four inequa lities :

^A q 2, v) +  M 2 ■ V2 (q2, v) ;>  0,

q2Vi(q2,v)  +  v2 • F 2(g2, v) ]> 0, (17)

<*%2, v) <, ( V ^ q 2, v) +  M 2- V 2 (q \  v)) (q2- \ \ { q 2, v) +  v2- V 2{q \  v)), 

g2(q2, v) <, M ~ 2(q2 • V, +  v2 ■ V 2) ■ V \  (v /M  ][V1 +  M 2 V2 -

] q 2 К  +  "2 Ю  ~2-

H ere  we h a v e  in tro d u ced  tw o  local fu n c tio n s  in s tead  of W ^ q 2, v) and  W 2(q2, v):

wUp, q) = [q̂ q, q2 ĝ ] • vAq2, *)+
- r  [(p^.qv+PvqH) { p q ) - p l, p v -q2--(pq)2-g>j.v]V2(q2’ v)-

We p u t in to  (17) th e  o b serv ed  b eh av io u r o f W x(q2, v) a n d  W 2(q2,v ) .  W e f in d  
in  scaling l im it  th e  v e ry  in te re s tin g  u p p e r bo u n d s on d(q2, v) an d  g(q2, v):

d(q2, v) <! —77Г ’ scaling  fu n c tio n , i f  F / ( |)  ^  0,yl '2
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d(q2, v) —— ' (scaling fu n c tio n ) if  F)( | )  =  0,

g(q2> v) 1, 3 / 2
(scaling fu n c tio n ) i f  F ; ( |)  Ф  О, ( 19)

1
g(q2, v) <Ç ----  • (scaling fu n c tio n ) if  F ,( f )  =  0.

H ere  Vi(q2, v) —*■ l /2 r  i / ( | ) * | -1 an d  F )(f)  =  0 is allow ed b y  th e  p re sen t d a ta .  
T he re s tr ic tio n  (19) on d(g2, r) is co n sis ten t w ith  a lead ing  £ (x 0)<$(x2) s in g u la rity  
in  A d(p, x).  H ow ever, d e r iv a tiv e s  o f ô(x2) a re  fo rb idden  b y  th e  b o u n d  in  a n y  
local representation  for A d(p, x).

T he <5(x2)-s in g u la rity  in  A g(p , x)  is ru led  o u t by  (19). The co rrespond ing  
' ‘sm o o th ”  sca lin g  b e h a v io u r follows from  th e  form , analogous to  (15):

A g ( p ,x )  =  £ (x0) - e ( x 2) - b g ( M 2(px)2) +  S g(p ,  x ) ,
( 20 )

g(92’ v)
2v2

bg{x0) =
1 rM-----  d f

M 2 Jo

ÍXg
/5 (f) . ( 21 )

F ro m  th is  an a ly sis , we e x p e c t th e  sca ling  law  for v • d(q2, v) o r v2 ■ d(q2, v) 
d epend ing  on  m ore d e ta iled  d ynam ics, a n d  fo r v2 • g(q2, v). F ra c tio n a l pow ers 
o f  v could  a p p e a r  in  th e  sca lin g  law s, b u t  th is  w ould im p ly  less reg u la r “ th e o 
ries”  w hich  w e do n o t w a n t to  discuss here .

T he m issing  ô(x2)-s in g u la rity  in  g(q2, v) is n o t a rea l su rp rise , because  we 
h av e  used  th e  ex p e rim en ta l in p u t  fo r V ^ q 2, v) an d  V2(q2,v).  T h e  <5(x2)-s in g u la rity  
is m issing in  V 2(q'~, v) an d  th e  fou r s tru c tu re  functions a re  coupled  th ro u g h  the  
in eq u a litie s  in  (19).

T he n e x t  step  is to  ca lcu la te  th e  eq u a l-tim e  c o m m u ta to rs . I t  is easy  to  
see from  E q s. (9), (12), (15) and  (20) th a t

X fk{p, x 0 =  0, x) =  ud(0)ô(3)(x) ■ • * ' (22)

O nly  th e  ő(x2)-s in g u la rity  o f  A d (p ,  x) c o n tr ib u te s  to  th e  eq u a l-tim e  c o m m u ta 
to r  of th e  space-space  co m p o n en ts . No g ra d ie n t te rm s a p p e a r  in (22). In  q u a rk  
a lgeb ra  [4, 5] we have

[J ,(0 , x), J fc(0)] =  — 2i £ikl ■ J[i(0) • 0(3)(x) +  g ra d ie n t te rm s. (23)
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T h e  c o m m u ta to r  a lgeb ra  in  (23) sandw iched  b e tw een  id en tica l p ro to n  s ta te s , is

X fk(p , x 0 =  0, x) =  4M  ■ Zó*'!*(x) • £ik[ ■ ocl -f- g rad ien t te rm s 

( p ,  x  I 0) I p ,  a )  =  — 2 M Z  ■ a '“.

I n  ou r analysis Z  is given in  te rm s  o f  a m easu rab le  in teg ra l:

(24)

F ro m  isosp in  a lgeb ra :

Z  =
1

4 n M 2

M

d i x  (Í)  . (25)

[2 + 1- GA
6 Gv 1

z  1 Сл
6 Gv

H ere

q u a rk  algebra ; 
p ro to n  ta rg e t ;

q u a rk  algebra ; 
n e u tro n  ta rg e t.

1.2 is th e  ra tio  of /З-d ecay  coup ling  co n stan ts  a n d  Z  is a m odel-

d ep e n d e n t iso scalar c o n trib u tio n . D ep en d in g  u p o n  th e  sign o f  Z , th e  m a g n itu d e  
o f Z  m u s t be g re a te r  th a n  0.2 fo r e ith e r  p ro to n  o r n eu tro n  ta rg e t  [5]. In  fie ld  
a lg eb ra  th e  a n tisy m m e tric  piece o f  th e  eq u a l-tim e  c o m m u ta to r  shou ld  v an ish  
id en tica lly .

I I I . J -p la n e  analysis

T he fo rw ard  v ir tu a l C om pton  a m p litu d e  is defined  b y

Щ г ( р , я )  =  i j  d4*e'?x <p, x> +  p o ly n o m ia l.

T h e  sc a tte rin g  process, described  b y  th e  S -m a tr ix  e lem ent 6*(g2) M £v(p, q) £,r(g°) 
is show n in F ig . 2. СДд2) is th e  p o la riz a tio n  v e c to r  of th e  v ir tu a l  pho to n .
W e define th e  sy m m etric  and  a n tisy m m e tr ic  pieces:

(?2)

P, d  P

F ig. 2. Virtual Compton scattering on polarized proton
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ЩЛР> ч) = -г- [м,°Цр> î) + М̂ (р, gr)],
Z

М£(р, ч) =~Y 9) q)] •

T he im a g in a ry  p a r ts  are

Im  M%,{p, q) =  W % (p, q) ,

Im  ( - i M * { p ,  q)) =  W f v{p, q ) .

T h e c o v a ria n t ex p an sio n  o f  th e  a n tisy m m e tric  a m p litu d e  is

М й ( Р ’ Ч) =  i^ v e a q 5*" '  ö (g 2, f )  +  i ( a g ) ^ re(rge p ”G{q2,v ) .  (26

T he im a g in a ry  p a r ts  o f  th e  sca la r a m p litu d e s  are th e  sp in -d ep en d en t s tru c tu re  
fu n c tio n s:

Im  D(q2, v) =  d(q2, v), Im  G(q2, v) =  g(q2, v).

D(q2, r) is even  in  v, G(q2,v )  is odd  in  v. I t  is co n v en ien t to  perfo rm  th e  R eg g e— 
S om m erfe ld—W atso n  tra n s fo rm a tio n  on tw o lin ea r com binations*  g iven  by

В Д ,  ^  [D ( î2> ”) +  (P i)  G(92, V)],

H ,( q \ v ) =  -  — — G (q \v ) .
2 (P i)

T here  a re  tw elv e  in d e p e n d e n t S -ch an n e l h e lic ity  a m p litu d e s  b u t  e ig h t o f  them  
v an ish  in  th e  fo rw ard  d irec tion . C rossing gives us H ^ q 2, v) and  H 2(q2, v) in 
te rm s o f th e  t-ch an n e l h e lic ity  a m p litu d e s :

M 4Hi (q2,v) = 4 ( v 2 _ ? 2 M 2) M

Р й ;п (Ч г^ ) )  +  W  F U ;o - i(q 2^ )

H 2 {q2, v)
M 4

4(r2 q2 M 2)

-  F ^ u i q ^ v ) )

M _ 4(g f ,v )

У 2 q2
F li;  0- i(42’ v)

(27)

* In  the first paper of [3] the im aginary parts o f H ^ q 2, v) and H 2(q2, v) are used as 
W a(q2, v) and W t(q2, v) (up to a constant factor).
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E ig h t  consp iracy  eq u a tio n s a re  deriv ed  fo r th e  e igh t v an ish in g  S -channe l 
a m p litu d es  ex p ressed  in  te rm s o f  th e  t-channel ones. A fte r R —S—W  tra n s fo rm 
a tio n  on th e  t-ch an n e l he lic ity  am p litu d es  we g e t poles -f- cu ts  -(-b ack g ro u n d :

»1 ( M  = 2  P'W) ■ ^ <0)“1 +  2 ? ß t ( q 2) ■ -  {0)~  • m ~2 +
i к **(0)

-f- c u ts  -f- b ack g ro u n d

(28)

T he signs ^  re fe r to  sig n a tu re . T h e  lead ing  P o m e ra n c h u k  tr a je c to ry  is de
coup led  from  H ß q 2, v) and  H 2(q2, v). T his can  b e  d e m o n s tra te d  b y  tu rn in g  to  
th e  consp iracy  e q u a tio n s . The lead in g  s in g u la rity , w hich sa tisfies th e  co n sp ir
acy  equa tions a n d  theo rem s on th e  sp in -dependence  o f  h ig h -en erg y  am p li
tu d e s  [8], is th e  n eg a tiv e  p a r ity  piece of th e  P o m eran ch u k  cu t:

о оd(q2, v) — ß p(q2)  --------- (- low er te rm s,
In v

pap (o)— i
g(q2,v)  = — ß p(q2) --------------- (- low er te rm s .

In V

(29)

T here  is an  a t te m p t  to  describe th e  lead ing  sca ling  b eh av io u r b y  th e  lead ing  
te rm  in  th e  R -S —W  expansion  [9]. T h is idea  tr ie s  to  id en tify  th e  lead in g  lig h t- 
cone s in g u la rity  w ith  th e  lead in g  J -p la n e  ob jec t.

T he scaling fu n c tio n s  a ( | )  a n d  /3(1) are  s in g u la r a t  £ =  0 in  t h a t  case, 
a n d  th e  residue  fu n c tio n  ßp(q2) h a s  d e fin ite  g2-asy m p to tic s  to  give rise  to  th e  
d esired  scaling b e h a v io u r  o f d(q2, v) an d  g(q2, v). In te g ra ls  invo lv in g  a(£) an d  
ß ( i )  rem ain  m ean in g fu l even w ith  a ( | )  an d  /3(1) singu lar a t  |  =  0, since 
A d(p , x)  and  A g( p , #) are tem p ered  d is tr ib u tio n s , so th a t  ev e ry  o p era tio n  
h as  to  be tre a te d  in  d is tr ib u tio n -th e o re tic  sense. In  th is  p ic tu re  we f in d  th e  
sca lin g  law :

d { q \v )  

g(q2, v) ~

F irs t , one tak es  th e  scaling o f v2g(q2, v) for g ra n te d , th e n  th e  b eh av io u r of 
<%2, v) follows fro m  (29). T he com m on ß p(q~) in  (29) gives rise  to  th e  v e ry  in 
te re s tin g  p o in t t h a t  d(q2, v) an d  g(q2, v) are  not independent  in  scaling  lim it.

T his re su lt is in d ep en d en t o f  th e  lo ca tio n  o f  th e  lead ing  J -p la n e  s in g u la r
i ty  in  th e  d eep -inelastic  lim it i f  su ch  an  o b jec t c an  be singled o u t a t  all. T he

1
2v

1
2v2

<%(£).

(30)
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c h a ra c te r  o f th e  J -p la n e  s in g u la rity  ap p ea rs  in  th e  b eh av io u r of x ( |)  n ea r to  
|  =  0. (30) follows from  th e  R —S—W  re p re se n ta tio n  an d  th e  id e n tif ic a tio n  
m e n tio n e d  above.

IV. Spin-dependent effects in  the parton model

W e h av e  ca lc u la ted  th e  s tru c tu re  fu n c tio n s d(q2, v) an d  g(q2, v) in  a sim ple 
f ie ld -th e o re tic  m odel [10] w hich in d ic a te s  p o in t-lik e  p a r to n  in te rp re ta tio n  in 
th e  sp in -d ep en d en t case, too . T he c a lcu la tio n  is ted io u s  and  len g th y . T he re 
su lts  a re  tra n s p a re n t  and  p ro v o ca tiv e  because th e y  do n o t co n ta in  a n y  free 
p a ra m e te rs .

W e h av e  fo u n d  scale in v a rian ce  fo r v ■ d(q2, v) an d  v2 ■ g(q2, v) w ith  ex 
p lic it scaling  fu n c tio n s  in  th e  deep in e la s tic  reg ion  a t  la rge  values o f  со [3].

I

p ,d. 
------

У

i f
_J___ I______

T ~
' \ ~ ~

' v 'IT mesons
X

ч  \

\ \
\ \

t X I X - - Í - I I P >  i -

T5 coupling Pn PI

F ig . 3. The current scatters on the proton. Scattering on pions does not give rise to spin-
dependent effects

W e su m m arize  here  on ly  th e  essen tia l p o in ts  in  th e  ca lcu la tio n . The 
te c h n iq u e  is th e  sam e as app lied  b y  D r e l l  e t al. to  th e  sp in -av erag ed  am pli
tu d e s . W e “ u n d re ss”  th e  c u rre n t o p e ra to r  an d  go in to  th e  in te ra c tio n  p ic tu re  
w ith  th e  f7 -m atrix

U(t)  =  W ) ) + -

T h e  free  or “ u n d re sse d ”  c u rre n t is re la te d  to  th e  fu lly  in te ra c tin g  c u rre n t b y  
J ^ (x )  =  U ~1(t)Jß(x)U (t)  w here j ß(x) h a s  th e  sam e fo rm  in  te rm s o f  in -fie ld s 
as does J^(x)  in  te rm s  o f in te ra c tin g  H eisenberg  fields.
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One proves fo r th e  sp in -d ep en d en t a m p litu d e  in  scaling lim it: 

lim IP J J p ,  q) =  j  d 1 x e ‘4x [/ lJP^\j p{x)jv(0)\U P a /]p >00

q“ • V-+ со
«>>1 \U P a l/(0)| P , a  > .

(3 1 )

E q u a tio n  (31) suggests p a r to n - in te rp re ta tio n  [10, 11] w hich m a y  he  m ore ge
n e ra l th a n  sim ple m odels, m an ifested  in  H {{t). D e ta ile d  analysis  in  th e  p seu 
do sca la r th e o ry  show s th a t  one gets th e  m ain  c o n tr ib u tio n  to  th e  sp in -d ep en d en t 
s tru c tu re  functions from  th e  la d d e r d iag ram s (F ig . 3).

W e give som e ex p lic it fo rm ulae  to  in d ica te  th e  m ain p o in ts  of the  ca l
cu la tio n . T he c o n tr ib u tio n  o f л °  m esons w ith  n  ru n g s  is

I Up* >  = const- Í Y = =  ■ n  tj=  0<3)(p  — Pn — k 1 - • • • - - К )  X 
J  V 2 E n 1' 2со,-

У ______ u { P n ,  ß )  У ъ (м  +  P n - 1  л- l )  Уэ ■ ■ ■ + _ P i )  У-о и { р , а )

ß (2E j . . .{2Е п_ 1)(Е р -  Е г -  tUj). .  . ( Е р -  Е п — о>1 — . . .  -  соп

Р п  ß i  k i  к . у . . . к п > ,
Г п  d 3 к

W % {p, q) =  const. / /  ô(q2 +  2pn q) X

(32)

(33)

T,
X

(M  + _ p )1 y s . . .  (M -\rp n)yp{ M + p n +  q )y v( M  -t- p n)y5. . .  y 5( M + p ) y b

(2E i f . . . ( 2 E nf { E p- E i - c O i Y .  . . ( E p E n- - с о , - . . .  - c o n)2

To include  th e  c o n tr ib u tio n  o f charged  p ions is o n ly  sim ple a lg eb ra . The a n t i 
sy m m etric  piece of E q . (33) p e rm its  th e  c a lcu la tio n  of d(q2, v) a n d  g(q2, v) in 
th e  pseudosca la r th e o ry :

J  n dä ti
l l  “ T—L % 2 +  2 qnq) 
Ы  2 CDi

T r { ( M + p )  i ( M + p i )  y 5. . . y ß(M -P p n +  q)yv . . . 
{2Е1)2. . . { 2 Е п)2{ Е „ - Е 1- с о 1)2 . . .

yÁM+Pi) Уs}_______

(34)

{Ep— E i  — coi— . .  . — con)2

O ne s ta r ts  from  E q . (34) to  w ork  o u t th e  p ra c tic a l de ta ils . F or th e  calcu la tions 
we re fe r to  [3]. I t  tu rn s  o u t th a t  th e  sca ling  law s (fo r p ro ton  or n e u tro n ):

1
d{q2, v)

v )

2v

1
2p2

-*(f)>

-0 (f)

(35)
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are g enera l consequences o f th e  specia l tran sv erse  m o m en tu m  c u t-o ff  [10] 
in  a la rg e  class of m odels. W e h av e  t r ie d  th is  in th e  p seudosca la r m odel an d  
in  o th e r  m odels w here th e  pions w ere rep laced  by  v e c to r  m esons [3]. A t la rge  
со we h a v e  found  th e  sca ling  fu n c tio n , b o th  for p ro to n  an d  n e u tro n , w ith o u t 
free p a ra m e te rs . This m ak es  it  possib le  to  es tim ate  th e  p o la riza tio n  effects in  
d iffe ren t p a r to n  m odels.

T h e  ph y sica l in te rp re ta t io n  is sim ple  and  tra n s p a re n t . T h e  c u rre n t is 
sc a tte re d  on p o in t-like  c o n s titu e n ts , d(q2, v) and  g(q2, v) m easure th e  spin- 
d is tr ib u tio n  o f  th e  p a r to n s  inside th e  physica l n u c leo n :

W % (p , q) =  2  p w  f 1 d x  /* (* )  W ^ ’p)(Pm q ) , (36)
N  J o

w here  p n =  xp .  P (N )  is th e  p ro b a b ility  t h a t  we fin d  N  p a rto n s  in sid e  th e  p ro 
to n , f N(x) is th e  p ro b a b ili ty  th a t  th e  “ p ro to n —p a r to n ”  has a fo u r-m o m en tu m  
x p .  T h e  p o la riza tio n  ß ( P n, x , p )  o f th is  p a r to n  d ep en d s  on th e  p o la r iz a tio n  
o f th e  p h y sica l p ro to n .

T h e  c u rre n t s c a tte rs  on th e  sp in  o ne-ha lf c h a rg ed  c o n stitu en ts  described  
b y  (Pm ?)• T he re su lts  one d educes from  these  m odels can b e  genera lized  
to  p a r to n  m odels w ith o u t concre te  fie ld -th eo re tic  b ack g ro u n d  [12]. In  o u r 
L e t te r  [3] we have  chosen  a sim ple q u a rk  m odel to  s tu d y  sp in -d e p e n d e n t 
effects. I n  th e  lig h t o f th e  fie ld -th eo re tic  analysis w e h av e  now  m o re  general 
re su lts .

W e em phasize ag a in  th a t  th e  sca lin g  law  in  (35) seem s to  be  r a th e r  com 
m on p ro p e r ty  o f d iffe re n t d y n am ica l m odels based  on  po in t-like  c o n s titu e n ts . 
T h e  sca ling  fu n c tio n s can  be ca lcu la ted  exp lic itly  a n d  we find  s izeab le  p o la ri
z a tio n  effects in  th e  deep -in e lastic  reg ion .

V. C onclusion

S p in -d ep en d en t e ffec ts  in  th e  deep -inelastic  reg io n  should b e  an a ly zed  
b y  m easu rin g  th e  a sy m m e try

A  =  daiP d a -*fi . (37)
d a aß+ d a _ eß

In c id e n t  po larized  e lec tro n  or m u o n  b eam s should  b e  focused o n to  a po larized  
ta rg e t .  S c a tte re d  e lec tro n s or m uons a t  fixed  angles a re  m o m en tu m -an a ly zed  
an d  id en tif ied  using  m ag n e tic  sp ec tro m e te rs . The th e o re tic a l e s tim a tio n s  [3, 5] 
p re d ic t ra w  a sy m m etrie s  w hich m a y  w ell be w ith in  th e  range o f e lec tro n  s c a t
te r in g  ex p erim en ts  in  th e  fu tu re .
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Table I

Predictions and correlations of the different theoretical descriptions

Scaling behaviour
Constitution of the 

proton

Light-cone singularity

Constitution of the 
electric current

Leading light-cone 
singularity

leading J-plane object

d(q2,v ) ~

I

parton-like A d(p , x)  ~  £ (x0) (5 (x2) condition of identification:

è « «

point constituent w ith nonzero 
spin

a (f)  ^  —  a (<?)

A g( p ,x )  ~  0)б (ж 2)

non- vanishing equaltime space- 
space commutator is possible

*<£) =  - № )

1 constituents w ith non-zero spin 
are expected

d(q2, v) ~
■ 5 * ^

not parton-like Л ( р ,  * ) ~ ( Ы 0 М

A g (p ,x )  ~  (  (x0) 0 (x 2) identification impossible

equal-time commutator vanishes

g(q*,v) ~ no restriction on the spin-consti
tution

g (q V ) ~
not parton-like as(q2, v) =  0-*- half-integer spin 

constituents are present
condition of identification:

2
A K(p , x) ~  Ç(x0) 0(x2) 6(x0) 

i>(x0) singular d ( q \ v ) ~ -

a ( í)  =  -  /»(f)
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L o n g itu d in a lly  p o la rized  m uon b eam s h av e  been  fo rm ed  from  th e  decay  
o f p ions in  f lig h t a t  th e  m a jo r  acce le ra to r  sites. T he S erp u k h o v  ac c e le ra to r  
an d  th e  B a ta v ia  ac c e le ra to r  will give rise  to  m ore in te n se  and  h ig h er-en erg y  
p ion  b eam s; th is  should  m a k e  m uon ex p e rim en ts  of th is  k in d  feasib le. I t  m ay 
also be possib le  to  p ro d u ce  a h igh -energy  polarized  e le c tro n  beam  a t  SLAC.

A n o th e r  a t te m p t in  th in k in g  a b o u t th e  feasib ility  o f  th e  sp in -d ep en d en t 
m e asu rem en t is to  use th e  u n po larized  SLAC beam  a n d  to  t r y  to  m e a su re  th e  
p o la riza tio n  o f th e  scattered e lectron b eam .

W e are  aw are o f  th e  ex p e rim en ta l d ifficu lties. T h e  m o tiv a tio n  fo r  our 
analyzis  is th a t  e x p e rim e n ta l d a ta  on d(q2, v) and  g(q2, v) could help  a lo t  in 
te s tin g  d iffe ren t ideas s tim id a te d  b y  th e  SL A C -M IT  ex p erim en t.

W e h a v e  in v e s tig a te d  th e  co n sis ten cy  o f F in ite -E n e rg y  Sum  R u le s  w ith  
ideas p re se n te d  here an d  th e  c o n tr ib u tio n  o f d(q2, v) a n d  g(q2, v) to  th e  h y p er- 
fine  s p littin g  o f th e  h y d ro g e n  g ro u n d -s ta te  in  d iffe ren t th e o re tic a l m odels [3].

In  conclusion , th e  p red ic tio n s o f th e  d ifferen t th e o re tic a l co n sid e ra tio n s  
are  su m m arized  in  T ab le  I .
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SCATTERING OF LIGHT BY LIGHT USING 
ELECTRON-POSITRON COLLIDING BEAMS

By

Z. KuNSZT, R. M. MuRADYAN and V. M. TeR A nTONYAJV
JOINT INSTITUTE FOR NUCLEAR RESEARCH, DUBNA, USSR

We discuss the process e_ -f- e+ y  -f- hadrons. Using automodelity, vectorsmeson 
dominance and the parton model, we give an estimate of the deep-inelastic cross section, 
showing that it might be comparable to the cross section of the deep-inelastic reaction e 
-f- e + —- H +  anything H being a singled-out hadron. Some of the one-meson contributions 
are calculated in the quark model.

I. In tro d u c tio n

As e lec tro n -p o s itro n  and  e lec tro n —electron  s to rag e  rings w ill be consider
ab ly  developed  in  th e  n e x t  few y e a rs , fu r th e r  new  in te re s tin g  ex perim en ts 
w ill be  feasib le if  th e  energies an d  lu m in o sitie s  a n tic ip a te d  a re  ach ieved  [1]. 
F ir s t  of all th e  reac tio n s o f h igher o rd e r in  e lec tro m ag n etic  in te ra c tio n s  are 
in te re s tin g . B y  sto rage  rin g  m ach ines th e  follow ing reactions m a y  be  stu d ied :

e -  -j- e + — h ad ro n s (1)
e~  -f- e + — h ad ro n s  y (2)
e “ -(- e + —*■ h ad ro n s -)- ц  ~ -f- ц + (3)
e -  -f- e+ — h ad ro n s -|- e -  -f- e+ (4)

T h e  correspond ing  F e y n m a n  d iag ram s an d  th e  ex p ec ted  o rd e r o f  th e  cross 
sec tions a re  given in  F ig . 1. P rocess (2) is o f th ird  o rd e r in th e  e lec tro m ag n etic  
coup ling  c o n s ta n t and  its  cross sec tio n  m ost lik e ly  does n o t decrease  fa s te r 
th a n  th e  cross sec tion  fo r process (1).

T he sign ificance o f process (2), w h ich  can  be  considered  as generalized  
B h a b h a  an d  M öller sc a tte r in g , is b a se d  on th e  in crease  o f th e  cross section  
n e a r  fo rw ard  d irec tion  w ith  increasing  energy . As a consequence, th e  ad d itio n a l 
fa c to rs  ex, an d  a 2 in  th e  cross sections fo r  p rocess (2) a n d  (1) will b e  com p en sa ted  
a t  h ig h er energies as f ir s t  show n by  L o w  te n  y ea rs  ago [2]. E ach  p rocess above 
gives in fo rm atio n  fo r th e  C -even h a d ro n ic  s ta te s , an d  th e ir  cross sections are  
co n n ec ted  w ith  th e  fu n d a m e n ta l p rocess o f p h o to n —p h o to n  sc a tte r in g .

T he p re sen t p ra c tic a l im p o rtan ce  o f R e a c tio n  (4) has b een  realized  a t  
O rsay  [3], N ovosib irsk  [4] and  SLAC [5]. I t  re p re se n ts  a p o w erfu l m eth o d  
especially  for th e  s tu d y  o f  p h o to n —p h o to n  sc a tte r in g . The cross section  is. 
g iven  as follows [5]:

7* Acta Physica Academiae Scientiarum Hungaricae 31, 1972
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2  r '4 ß 3 1 / ------------- \

w here  о Д О  i* th e  cross section  fo r th e  reac tio n  y y  —► h adrons, s is th e  c .m . 
en e rg y  sq u ared , a n d  f ( x )  is a kn o w n  fu nc tion

6  f ’2

Ü oC d u In* F
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f ( x )  =  (2 +  x 2)2 log - i -  -  (1 -  **) (3 +  x2).

(As to  th e  re so n a n t sc a tte r in g  of l ig h t b y  lig h t see [6]).
W e discuss on ly  R eac tio n  (2), in  th e  deep -in e lastic  region. I ts  im p o rtan ce  

in  th e  in v es tig a tio n  o f  h a d ro n  sy stem s w ith  even ch arg e  p a r ity  co n ju g a tio n  
h as  b een  s tu d ied  b y  C r e u t z  and  E i n h o r n  [7 ] . In  p a r tic u la r , th e y  th o ro u g h ly  
in v e s tig a te d  th e  у л ~ л + f in a l s ta te .

In  S ection  I I  th e  k inem atics  is p re sen ted  an d  w e discuss how  to  m inim ize 
th e  b ack g ro u n d . In  S ec tion  I I I ,  u s in g  v ec to r-m eson  dom inance (VDM ) and  
th e  p a r to n  m odel, we give a rough  e s tim a te  of th e  d eep -inelastic  cross section . 
F in a lly , in  Section  IV  we b rie fly  rev iew  th e  one-m eson co n trib u tio n s .

II. K inem atics

In  th e  one-p h o to n  exchange a p p ro x im a tio n  th e re  are tw o ty p e s  of am 
p l i tu d e s ,  as show n in F ig . 2.

F o r  ex p erim en ts  w hich  t r e a t  th e  charges sy m m etrica lly  th e  in te rfe ren ce  
te rm  b e tw een  these  tw o  ty p es  o f d iag ram s v an ish es  b y  charge co n ju g a tio n  
in v a rian ce

do =  da ~  -f  da + cc \A\2 +  \B \2. (6)

T h e  m ag n itu d e  o f  A  up  to  o rd e r e3 can  be e x a c tly  ca lcu la ted  u s in g  Q .E .D . 
a n d  th e  know ledge o f  th e  cross sec tio n  fo r R eac tio n  (3). T herefo re , we can 
m easu re  th e  m ag n itu d e  o f  В  in  a “ ch arg e  sy m m e tric ”  ex p erim en t.

T h e  c o n tr ib u tio n s  o f th e  C -odd  am p litu d es  to  th e  spin av e ra g e  cross 
sec tio n s w ith  resp ec t to  th e  v a riab le  v an d  Q  (solid angle  o f th e  f in a l  photon) 
are :

do^-^ 8vx3 (1 a2/v)2-\-cos2 0

d í i  dv q2 sin2 G
Q(q2 2 r ) ,  (7)
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w here  q is d efin ed  as follows:

е»Лч) =  Pn )< 0 |J m(0)|Pn ><Pn |J„(0)|0> =
N

= ( -q2g^+%b) Q{q2) >
( 8 )

w here  q =  q —  q ' , q2 =  q2 —  2v.
J tXx ) is th e  e lec tro m ag n etic  c u rre n t o f h a d ro n s . U sing know ledge of 

g(q2) from  R eac tio n  (3), th is  c o n tr ib u tio n  can  b e  rem oved . T h e  C-even sp in  
av e rag e  cross sec tio n  has th e  fo rm

d<7(+) 
dv dÜ

2a3»'
W \(q 2, v) -|------ s in 2 0  W l(q2, V) (9 )

w here  th e  in e lastic  fo rm -facto rs WJ  are  d e fin ed  as

w here

and

W lv  =  j y  (2л)4 ô(q q1 - p N) J  d*x diy  е ~ ‘ч(х~У) Г ^ { x ,  у )  ,
N

r ? v( * , y ) ^ < N | .Щ Д * ) J ,(0 ) |0> <ЛГ I T ( J v(y )  J e(0) |0>

( 10)

W vr ßV % 4v  1 w v ,{q 2,v )  +  1 4 A \4 v b m ( q \ v ) .  (11)

A m ore  d e ta iled  k in e m a tic a l an a ly s is  inc lud ing  sp in -d ep en d en t effects is p re 
sen ted  in  [8].

P e rfo rm in g  su ch  ex p erim en ts  one en co u n ters  th e  question  o f  d is tin g u ish 
ing  th e  in te rn a l b re m ss tra h lu n g  p rocess, re p re se n te d  b y  d iag ram  В  in  F ig . 2, 
from  th e  large b ack g ro u n d  o f e x te rn a l b re m ss tra h lu n g  and  p h o to n s  com ing 
from  n °  decays. B ecause  o f th e  k n o w n  fea tu re s  o f  th e  ex te rn a l b re m ss tra h lu n g  
p h o to n s , th e  p h o to n s  ra d ia te d  b y  th e  h ad ro n  b lo b  have  to  b e  observed  a t  
la rg e  angles w ith  re sp e c t to  th e  d ire c tio n  of th e  b e a m  and  th e  m o m e n ta  of th e  
o th e r  charged  p a r tic le s  involved . T o  reduce th e  b ack g ro u n d  one h as  to  know  
so m eth in g  ab o u t th e  p ro d u c tio n  m echan ism  of h a d ro n s . (As to  th e  b ack g ro u n d , 
see th e  analysis o f  th e  ine lastic  C om pton  sc a tte r in g  given in  [9].)

B j o r k e n  a n d  B r o d s k y  h a v e  p o in ted  o u t [10] th a t  th e re  a re  tw o p oss
ib le ex trem es. O n th e  one h an d , th e  j e t  p ic tu re , w h ere  th e  d is tr ib u tio n  o f th e  
tra n sv e rse  m o m e n ta  o f  secondaries re la tiv e  to  a p a r tic u la r  axis is g iven b y  an  
e x p o n en tia l law . T h erefo re , en e rg e tic  ph o to n s m easu red  a t  la rg e  angles w ith  
re sp e c t to  th e  j e t  ax is  should  m a in ly  be due to  in te rn a l b re m ss tra h lu n g  (see 
F ig . 3(a) ). On th e  o th e r  h an d , th e  s ta tis t ic a l  m odel p red ic ts  a d is tr ib u tio n  of
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secondaries w hich  falls o ff w ith  energy  e x p o n e n tia lly . A cco rd in g  to  th is  m odel, 
th e  m ean  v a lu e  o f th e  en e rg y  o f p ions sh o u ld  be  <(ЕЛ)  ~  400  MeV. I f  th e  p ro 
d u c tio n  o f  h a d ro n s  e x h ib its  such  a “ s ta t is t ic a l”  b e h a v io u r, v e ry  en e rg e tic  
p h o to n s  tra n sv e rsa l to  th e  b eam  d irec tio n s  shou ld  be o b se rv ed  (see F ig . 3 (h )) .

Fig. 3. G raphical schem es for th e  tw o possible extrem es  
o f the production m echanism  of hadrons

H opefu lly , m easu rem en ts  of R e a c tio n  (1) w ill p ro v id e  us w ith  th e  ne- 
cess a ry  in fo rm a tio n  to  se t u p  an  e x p e rim e n t w here p h o to n s  p roduced  b y  in 
te rn  a l h re m ss tra h lu n g  can  be  d is tin g u ish ed  from  th e  la rg e  b ack g ro u n d .

III. Estim ate for the deep-inelastic cross section

To g ive a rough  e s tim a te  for th e  en erg y -d ep en d en ce  a n d  th e  m a g n itu d e  
o f th e  cross sec tion , we use  au to m o d e lity , YM D an d  th e  p a r to n  m odel.

T h e  ap p ro x im a te  a u to m o d e lity  o r sca le  in v arian ce  p rin c ip le  was fo rm u 
la te d  fo r le p to n  -h a d ro n  p rocesses a t  h ig h  energ ies and  la rg e  m o m en tu m  t r a n s 
fers [11].

T h is p rin c ip le  gives th e  a sy m p to tic  fo rm  of th e  s tru c tu re  fu n c tio n s  
IFJXg2, v) w h ich  are hom ogeneous fu n c tio n s  o f  co rrespond ing  dim ensions u n d e r  
th e  scale tra n s fo rm a tio n

q ->- Яд, q — Яд'. (12)

F ro m  E q . (9) i t  is clear t h a t  th e  fu nc tions W vt a re  d im ensionless. F rom  th e  a u to 
m o d e lity  p rin c ip le  i t  follow s th a t

^7(Я 2д2, Г-v) =  lF>r(g2, v) i =  1 ,2
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T hese re q u ire m e n ts  can  be  sa tisfied  b y  p u t t in g

Щ ( 9 \ г) =  Р у1 Ш  i =  1 ,2  (13)

a t  h igh  b e a m  a n d  p h o to n  energies.
T he v ec to r-m eso n  do m in an ce  m odel c a n  be used fo r  th e  processes w ith  

re a l p h o to n s . I t  m ig h t, h o w ev er, n o t be u sed  fo r v ir tu a l p h o to n s  in  th e  fa r-o ff  
tim e-like  reg io n . W e use V M D  only  fo r th e  rea l p h o to n  as show n in  F ig . 4.

Fig. 4. V ector m eson dom inance for the real photon

T he m odel co n n ec ts  th e  C -even  p a r t  o f th e  cross section  fo r  R eac tion  (2) w ith  
th e  cross sec tio n  for th e  re a c tio n

e -  -f- e + —► У +  h ad ro n s, (14)

Y being a sin g led -o u t v e c to r  m eson (cf. [12] and  [13]). T h e  second ra n k  te n so r  
o f E q . (10) can  be re w ritte n  as

w: (2я)4 ô(q q ' -  PN)
N

< 0 |JM(0)|PN, V (q '))  X

X  <Pn , V (q ') \J v(Q)\y in te rfe ren ce  te rm s .

(15)

N eg lecting  th e  in te rfe ren ce  te rm , we o b ta in

y l

Зя

yl
W o  ■

( lb a )

(10b)

w here W f  a n d  W% are th e  s tru c tu re  fu n c tio n s  for th e  p rocess of E q . (14). T h ey  
are co n n ec ted  w ith  th e  s tru c tu re  fu n c tio n s  of e lec tro p ro d u c tio n  on v e c to r
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m esons b y  th e  su b s titu tio n  law :

*%(*?')= КЛъ-q')- (1 7 )

T he cross sec tio n  for e lec tro p ro d u c tio n  on v e c to r  m eson h as  th e  usual fo rm :

da

d E 'd Q  4 E 2 s in 4 0 /2
( f l W . * ) c o s * û / 2  +  2 s in 2 0 / 2 ) .  (1 8 )

In te g ra tin g  o v e r th e  p h o to n  solid angle in  E q . (9), and  in tro d u c in g  th e  new  
v a riab le

2v
CO = (19)

we can  rew rite  th e  cross sec tion  given in  E q . (9) as follows:

da
dco

2лос3 со
Щ  +  —  W \

U sing  th e  re la tio n s  given in  E qs. (16), we o b ta in

2зта3 соda

dco yl  2 y2 m v

In  t h e  l im i t  — q2 —>■ oo , v —*■ oo a n d  w h e n  со is  f ix e d ,  t h e  B j o r k e n  sc a le  i n v a r i 
a n c e  b e h a v io u r  fo r  W t is a s s u m e d  [14 ] to  b e :

lim  ——  W \  =  F%(co) , 
ч',”-*- m v
co f ixed

lim  m v W \  =  F l{co).
Q 2,  V —> со
co fixed

( 20 )

O bviously , th e  s tru c tu re  fu n c tio n s  WJ  e x h ib it th e  sam e a u to m o d e l b eh a v io u r:

lim
q 2, V— > oo
co f ixed

v y l

2  ß*Yv

(21 )

T herefo re , th e  deep-inelastic  cross section  fo r R eac tion  (2) read s  as follow s:

=  j i № |
dco q2 —  y l  1

co
Ë 2»  . (22)
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W e assum e t h a t  th e  a sy m p to tic  form  fa c to rs  F[(cu) an d  F v2(co) can be o b ta in e d  
b y  a n a ly tic  c o n tin u a tio n  o f  th e  fo rm  fa c to rs  of d eep -inelastic  e lec tro p ro d u c 
tio n  -Fi(co) a n d  Fl(co). T h is  a ssu m p tio n  h a s  been p ro p o sed  by  severa l au th o rs  
[12, 13]. I t  is w o rth  n o tic in g  th a t  such  a p ro p e r ty  can  b e  show n in  a sim ple 
fie ld  th e o re tic  m odel. I n  Y en ez ian o -ty p e  m odels, h ow ever, th e  a sy m p to tic  
fo rm  fa c to r  F 2(co) d iverges [15].

S u p p o sin g  th a t  such  an  a n a ly tic  c o n tin u a tio n  is possib le, we f in d  (see 
E q . 17):

F I H  =  Fl(a>), (23a)

FI(oj) =  - F l ( c o ) .  (23b)

F o r  a n n ih ila tio n  an d  e le c tro p ro d u c tio n  th e  physica l reg ion  has a com m on 
b o u n d a ry , th e re fo re , we can  e s tim a te  th e  m ag n itu d e  o f  th e  cross sec tio n , E q . 
(22), n e a r  со ~  1 using  th e  know ledge o f  th e  a sy m p to tic  fo rm  fac to rs o f  e le c tro 
p ro d u c tio n . T h e  p a r to n  m odel o f B j o r k e n  an d  P a s c h o s  [9] should  be  usefu l 
in  e s tim a tin g  th e  o rder o f  m a g n itu d e  o f F ^  2(co). F o r sp in  1/2 p a rto n s  we h a v e  :

F I H F |(c o ) . (24)

T here fo re , th e  cross sec tio n  (E q . (22) ) c a n  be w ritte n  as

da+

dco

2тг2 oc3 . 
----------ctr

q2
F m  ■> n e a r со ~  1. (25)

Since th e  p a r to n —a n tip a r to n  cloud gives th e  m ain  c o n tr ib u tio n s , th e  m ag n i
tu d e  o f Fl(co) is o f th e  sam e o rd er as fo r e lec tro p ro d u c tio n  on p ro to n s . T he 
b e h a v io u r o f  F v2(co) n e a r  со ~  1, how ever, is d iffe ren t fro m  Fgroton(co). I n  such  
p a r to n  m odels (th e  p a r to n  sp in  is 1/2) we h a v e  a t  co =  1 th e  follow ing th re sh o ld  
th eo rem s [12]:

for fe rm ions

F 2(co) =  Cn(co —  1)2" +1 +  . . . n =  0, 1, 2, . . ., (26a)
an d  fo r b o sons:

F 2(co) =  C >  -  l ) 2n +  . . . n  =  0, 1, 2. (26b)

T herefo re , assum ing  sm o o th  b eh av io u r n e a r  со ^  1 an d  th a t  C0 0, we fin d  
th a t  F 2(co) is la rg e r for bosons th a n  fo r ferm ions (see F ig . 5).

T h e  m o s t im p o r ta n t  c o n tr ib u tio n  com es from  th e  q m eson, U sing  th e  
e x p e rim e n ta l va lues o f th e  fac to rs  y v [1 ], we o b ta in :

dov
dco

do-v_  
dco

>  0 .1 . (27)
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B ig. 5. A sym ptotic structure functions for electroproductions and their possible continuations
to the region o f annihilation

In te g ra t in g  th e  cross section  (E q . (25)) over th e  reg ion  со =  0 .77—0.99, a t  
th e  v ir tu a l  p h o to n  m ass square  <f ^  50 GeV2 we fin d

Acs ~  10 ~35 —  10 36 cm 2.

T h erefo re , desp ite  th e  a d d itio n a l f a c to r  a  in  th e  cross sec tion  for R e a c tio n  (2), 
we e x p e c t th a t  i t  w ill b e  co m p arab le  w ith  th e  cross sec tio n  o f th e  deep -in e lastic  
re a c tio n  e + -f- e ~ —*- H  -)- a n y th in g , H  being  a s in g led -o u t h a d ro n  [12].
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РАССЕЯНИЕ СВЕТА НА СВЕТЕ, ИСПОЛЬЗУЯ СТАЛКИВАЮЩИЕСЯ ЭЛЕКТРОННЫЙ И ПОЗИТРОННЫЙ ПУЧКИ
3. КУНСТ, P. М. МУРАДЯН и В. М. ТЕР-АНТОНЯН

Резюме
Рассмотрены процессы е~ + е+ — у + адроны. Пользуясь аппроксимацией с помощью векторных мезонов, партонной моделью, и автомодельностью, сделана оценка для глубоко неупругого сечения, которая показывает, что оно сравнимо с сечением глубоко неупругой реакции е~ 4- е+ Н + что- то, где H-есть выбранный адрон. Некоторые из одномезонных вкладов вычислены по модели кварков.
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POSSIBLE BOOTSTRAP ORIGIN OF 
MATHEMATICAL QUARKS*

B y

R . H . Ca p p s **
DEPARTMENT OF NUCLEAR PHYSICS, WEIZMANN INSTITUTE OF SCIENCE, REHOVOT, ISRAEL

A set o f  self-consistency conditions based on very simple assum ptions is derived. The 
conditions im ply that hadrons have a surprising num ber of quark-m odel properties.

I. In tro d u c tio n

My ta lk  concerns th e  question , “ W h y  does th e  q u a rk  m odel w o rk ? ” 
B u t before  I a tte m p t to  answ er th is  q u es tio n , I shall a sk  a n o th e r, n am ely , 
“ W hy  d o n ’t  p h y sic is ts  w o rry  ab o u t th is  questio n  m ore th a n  th e y  d o ? ” A fte r 
all, th e  q u a rk  m odel is su rp ris in g ly  successful. F ive  or s ix  y ea rs  ago, w hen  th is  
success w as f irs t  becom ing  a p p a re n t, m o st physic ists  w ho w ere im pressed  w ith  
th e  q u a rk  m odel be lieved  th a t  th e  reaso n  beh in d  i t  w as sim ply  th a t  q u a rk s  
ex is ted , a n d  w ould  he d iscovered . This w as a reasonab le  hope. H ow ever, a f te r  
y ea rs  o f unsuccessfu l q u a rk  searches, m o st o f us do n o t  believe in  p h ysica l 
q u a rk s  a n y  m ore. So w h y  do we n o t w o rry  m ore a b o u t th e  m odel’s success ? My 
ow n op in ion  is th a t  we h a v e  becom e to o  fam ilia r w ith  th e  m odel b y  now , and  
som e o f us are  so in fa tu a te d  w ith  le a rn in g  th e  v a rio u s ru les an d  d iag ram s 
in vo lv ing  q u a rk s  th a t  we fo rg e t th a t  th e  reason  w hy th e se  ru les w ork  is s till a 
m y s te ry . In  sh o rt, som e physic is ts  to d a y  th in k  th a t  th e  q u a rk  m odel w orks 
because  i t  has alw ays w o rk ed . As th is  is n o t  rea lly  a s a tis fa c to ry  reason , I  will 
p ropose a n o th e r ; th a t  self-consistency  co n d itio n s of th e  b o o ts tra p  ty p e  force 
h ad ro n s to  b eh av e  as q u a rk  com posites.

B efore d iscussing som e self-consistency  cond itions, I  will lis t a n d  com 
m en t b rie fly  on w h a t I  consider th e  th re e  m ain  successes o f  th e  q u a rk  m odel.

1) A sim ple ru le  fo r exo tic  s ta te s .
2) S U (6)W sy m m etry .
3) A  sim ple m a tr ix  ru le  for m eson—h a d ro n -h a d ro n  coupling  ra tio s .
Y ou  all know  w h a t exo tic  m eans: in te rn a l q u a n tu m  num bers fo r w hich

no know n s tro n g ly  coup led  partic les  or resonances ex is t. T he fa c t t h a t  th e re  
are  exo tic  q u a n tu m  n u m b ers  is n o t su rp ris in g . In  an y  conceivab le  u n iv e rse  in  
w hich som e p artic les possess nonzero  v a lu es  of an a d d itiv e  in te rn a l q u a n tu m  
n u m b er, th e  n u m b er o f  in te rn a l q u a n tu m  s ta te s  co rrespond ing  to  p a rtic le s  is

* Supported in part b y  the U .S. A tom ic Energy Commission.
** On leave from Purdue U niversity, L afayette , Indiana, U .S .A .
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e ith e r  fin ite  o r in fin ite . I t  is c e rta in ly  n o t su rp ris in g  if  i t  is f in ite , and  if  i t  is, 
th e  n o n re so n a tin g  q u a n tu m  s ta te s  can be  called  exotic . F u rth e rm o re , som e 
s ta te s  m ade o f  tw o  nonex o tic  p a rtic le s  w ill b e  exo tic  in  such  a un iverse . T h u s, 
th e  q u a rk  m odel is successful n o t  because exo tics  ex ist, b u t  because th e  p re 
sc rip tio n  fo r  e x o tic ity  is s im p le  in  th e  m odel. T he p re sc rip tio n  is th a t  on ly  
q u a rk -a n tiq u a rk  an d  th re e -q u a rk  s ta te s  a re  n o t exotic.

In  o rd e r to  discuss th e  second an d  th ird  successes o f  th e  above lis t, I 
will f irs t co n sid e r w h a t th e  m eson  q u a rk  q u a rk  in te ra c tio n  should  be in  th e  
q u a rk  m odel. A c tu a lly , if  h a d ro n s  w ere com posites of h e a v y  q u ark s, b o u n d  
v e ry  re la tiv is tic a lly , i t  w ould  n o t  be easy  to  exp la in  h a d ro n s  w ith  rea lis tic  
p h ysica l in te ra c tio n s . H ow ever, m ost p h y sic is ts  to d a y  do n o t t r y  to  th in k  o f 
physica l q u a rk s  w hen th e y  d iscuss q u a rk  m odels; r a th e r  th e y  th in k  o f ru les 
t h a t  can  be  exp ressed  sim p ly  in  te rm s o f q u a rk s . T he te rm  “ m a th e m a tic a l 
q u a rk ”  is u sed  som etim es to  m ean  th a t  th e  q u ark s are n o t  supposed  to  be 
re a l ph y sica l p a rtic le s . M y m a in  aim  here  is to  f in d  w hy  th e  m a th e m a tic a l 
q u a rk  is such  a useful co n cep t.

T he fo llow ing  is a sim ple ru le  for th e  in te ra c tio n  o f m eson  w ith  m a th e 
m a tic a l q u a rk s . T he q u a n tu m  num bers a o f  a  m eson M n m a y  be expressed  in  
te rm s  o f a sq u a re  m a tr ix  A tj,  w here  th is  m a tr ix  is th e  coeffic ien t in  an  e x p a n 
sion of th e  q u a n tu m  n u m b ers  in  q u a rk —a n tiq u a rk  s ta te s . Sym bolica lly ,

а ~ £ и Ли QiQj.  ( 1)

T he b a r  d en o tes  an  a n tiq u a rk . The in te ra c tio n  c o n s ta n t for th e  process 
b —*■ M a - f  d, w here  b and  d  a re  q u ark s, is s im p ly  ?.Adb, w h ere  Я is a c o n s ta n t 
o f  p ro p o rtio n a lity . One can  re p re se n t th is  ru le  w ith  th e  d iag ram  of F ig . 1(a);

th is  d iag ram  m eans th a t  th e  in te ra c tio n  c o n s ta n t is p ro p o rtio n a l to  th e  coeffi
c ien t o f th e  QdQt te rm  in th e  expansion  o f th e  m eson w ave fu n c tio n .

I f  th e  h a d ro n s  are co nsidered  to  be com posed  o f q u a rk s , a sim ple ru le  fo r 
m e so n -h a d ro n -h a d ro n  in te ra c tio n s  is to  assum e th a t  th is  in te ra c tio n  is th e
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sum  o f th e  in te ra c tio n  o f  th e  m eson  w ith  all th e  c o n s titu e n t q u a rk s . T his is 
rep re se n te d  in  Fig. 1(b) fo r th e  in te ra c tio n  of m esons w ith  b a ry o n s  (assum ed 
com posed  o f th ree  q u a rk s).

T his ru le  a u to m a tic a lly  im p lies SU (n) sy m m e try , w here n is th e  n u m b e r 
o f th e  q u a rk  s ta te s . I f  we include th e  q u a rk  sp in -co m p o n en t q u a n tu m  n u m 
bers, SU (6) is th e  g ro u p . B ecause o f  th e  ch a rg e -co n ju g a tio n  o f th e  m eson, one 
can  show  th a t  th e  g ro u p  m u st be ap p lied  in  th e  SU(6)n, m an n er; I  do n o t have  
tim e  to  ex p la in  th is  h e re  [1]. The p o in t  is th a t  th e  q u a rk  m odel lead s to  Э Щ б)^ 
n a tu ra l ly , sc th e  success o f th is  sy m m e try  is a success o f th e  q u a rk  m odel.

W e n e x t consider th e  q u es tio n : does th e  sim p le  in te ra c tio n  ru le  given 
above im p ly  m ore th a n  Э Щ б)^ s y m m e try ?  Since th e  m esons co rresp o n d  b o th  
to  th e  sing le t and  re g u la r  re p re se n ta tio n s  o f th e  g ro u p  [i.e. to  th e  re p re se n ta 
tio n  1 -f- 35 o f SU (6)], th e  above co n s tru c tio n  re la te s  th e  in te ra c tio n s  of th e
I  an d  35 m eson s ta te s , an d  th u s  does im ply  m ore  th a n  th e  sy m m e try . T his 
e x tra  in te ra c tio n  p re d ic tio n  w orks fa ir ly  well, so I  h av e  lis ted  i t  above as th e  
th ird  success of th e  q u a rk  m odel.

W e m u st be a l i t t le  careful a b o u t app ly ing  th is  in te ra c tio n  ru le . T aken  
a t  face v a lu e  i t  says t h a t  th e  in te ra c tio n s  of th e  35 an d  1 m esons are p ro 
p o rtio n a l to  m a tr ix  e lem en ts of th e  group g en e ra to rs  and  id e n t i ty  m a trix . 
Such a ru le  w ould say  th a t  the  m eson  in te ra c tio n s  do n o t co n n ec t d iffe ren t 
re p re se n ta tio n s , such  as th e  56 a n d  70-fold re p re se n ta tio n s  of SU (6). Since th e  
o b served  even- and  o d d -p a rity  b a ry o n  Regge tra je c to r ie s  co rrespond  to  these  
tw o  rep re sen ta tio n s , th is  ru le  w ould  im p ly  th a t  su ch  o d d -p a rity  s ta te s  as th e  
A*  (1520) an d  L*  (1660) w ould n o t decay  s tro n g ly  in to  m eso n -b ary o n  s ta te s , 
in c o n tra d ic tio n  to  ex p e rim en t. Q u a rk  m odel e n th u s ia s ts  are  n o t tro u b le d  w ith  
th is  p ro b lem , because th e y  po in t o u t  th a t  th e  o d d -p a rity  b a ry o n s  co rrespond  
to  th re e -q u a rk  s ta te s  w ith  some o rb ita l  an g u la r m o m en tu m , a n d  i t  is easy 
to  w rite  th in g s  dow n so t h a t  th e  m eson-56—70- in te ra c tio n  ex ists. T h u s , th e  p h y 
sical ex istence  o f th is  in te ra c tio n  is n e ith e r  a success n o r fa ilu re  o f  th e  q u a rk  
m odel; I  m en tio n  i t  h e re  only because  i t  is so m eth in g  an y  co rrec t th e o ry  m u st 
p red ic t.

I  w ill give a sh o rt d e riv a tio n  o f  a  set o f consis ten cy  eq u a tio n s in  Section
I I  o f th is  p ap er, and  s tu d y  th e  im p lica tio n s for МММ (m eson —m eson m eson) 
in te ra c tio n s  an d  M BB (m eson  b a ry o n  baryon) in te ra c tio n s  in  S ections III(A ) 
and  I I I (B ) , re spec tive ly .

II . The consistency  conditions

Som e of the  co n sis ten cy  e q u a tio n s  th a t  I  w ill w rite  are a lg eb ra ica lly  th e  
sam e as equ a tio n s d e riv ed  from  tw o  to  seven y e a rs  ago. A m ong th e  people 
w ho h av e  c o n tr ib u te d  to  th e  d ev e lo p m en t of th e  b o o ts tra p  e q u a tio n s  are
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C u t k o s k y  [2 ] , P o l k i n g h o r n e  [3 ] , С н ш  and  F i n k e l s t e i n  [4 ] , a n d  m yself 
]5 , 6]. T h e  s ta r t in g  p o in ts  for th e  d e riv a tio n s  h av e  b een  d iffe ren t; fo r  exam ple, 
a sim ple p o te n tia l  m odel w as used  in  [2 ] and  [3 ] , a n d  N /D  d ispersion  relations 
w ere used  in  [5]. S om ew h at la te r , in [6], superconvergence  re la tio n s  were used 
to  derive  s im ila r eq u a tio n s . T he re c e n t d ev e lo p m en t o f th e  d u a li ty  princip le 
h as  led  to  g re a t p rog ress in  th is  fie ld , b y  allow ing d e riv a tio n s o f  consistency  
co n d itio n s t h a t  a re  m ore p lausib le  th a n  th e  early  d e riv a tio n s , a n d  also  lead  to  a 
m ore com ple te  se t o f  cond itio n s. I w ill give a d u a lity  a rg u m en t he re .

I  w ill con sid er b o th  M M  a n d  M B  s c a tte r in g  in  th e  s-ch an n e l, a t  an  
in te rm e d ia te  energy , n e a r th e  b a c k w a rd  (sm all u) d irec tio n . I t  is assum ed  th a t  
t-ch an n e l R egge exchange  m ay  be neg lec ted  in th is  reg ion . The d u a li ty  princip le  
m a y  be  w r itte n  [7]:

<Im  T „ fgge> =  <Im  T j f )  . (2)

H ere  i d eno tes th e  in fe rn a l q u a n tu m  n u m b ers  o f th e  am p litu d e ; i.e ., i m igh t 
re p re se n t л  +p  s c a tte r in g  in  th e  s ch an n e l, in  w hich  case i t  w ould  co rrespond  to  
л  ~p s c a tte r in g  in  th e  и channel. T h e  sym bol T^-egge deno tes th e  a m p litu d e  for 
th e  exchange o f u -ch an n e l R egge tra je c to r ie s , T £ s is th e  c o n tr ib u tio n  o f reso 
nances to  th e  s-ch an n e l am p litu d e , an d  <[ >  d en o tes  some so rt o f  sem i-local 
average  over energy . I  assum e th a t  th e  e x te rn a l p a rtic le s  be long  to  a s e t  of 
d eg en era te  m esons an d  a se t o f d eg en era te  b a ry o n s . I f  th e  a m p litu d e  i is 
exo tic  in  th e  s ch an n e l, th is  co n d itio n  im plies th a t  th e  tra je c to r ie s  o f  opposite  
s ig n a tu res  m u s t be exchange d e g e n e ra te , and  th a t  th e  residues a re  num erica lly  
equal. F ro m  now  on I w ill s im ply  assum e th e  exchange degeneracy  o f  th e  tra je c 
to rie s , a n d  c o n c e n tra te  on th e  im p lica tio n s of th e  co n d itio n  fo r th e  residues.

I  now  w a n t to  d igress a l i t t le  to  show  how  a sim ple ty p e  o f  d iag ram , 
based  on th e  d u a lity  p rin c ip le  o f E q . (2), m akes p lausib le  th e  fa c t  th a t  th e  
q u a rk  m odel m ig h t lead  to  so lu tions o f th e  co n sis ten cy  co n d itions. These are 
th e  “ d u a lity  d iag ram s”  o f R o s n e r  a n d  H a r a r i , a n d  th e y  have  in c reased  the  
p o p u la r ity  o f  co n sis ten cy  co n d itio n s b ased  on d u a lity  [7, 8]. I  w ill illu s tra te  
th is  w ith  th e  b a ry o n -ex ch an g e  c o n tr ib u tio n s  to  M B sca tte rin g . I f  th e  MBB 
in te ra c tio n s  follow  th e  ru les o f F ig . 1, th e n  th e  le f t-h a n d  side o f  E q . (2) corres
p o nds to  th e  b a ry o n -ex ch an g e  d iag ram  of F ig . 2 (a), while th e  r ig h t-h a n d  side 
o f E q . (2) co rresponds to  th e  b a ry o n -reso n an ce  d iag ram  o f F ig . 2 (b ). H ow ever, 
it  is c lear t h a t  i f  one tw is ts  th e  lines a l ittle , F igs 2 (a) and  2(b) a re  id en tica l, so 
i t  is n o t su rp ris in g  th a t  th e  q u a rk  m odel leads to  a so lu tion  o f t h e  conditions. 
T h is a rg u m e n t is q u ite  usefu l as a pedagog ical dev ice , b u t  it  does n o t  serve th e  
p u rp o se  o f  m y  ta lk , fo r tw o  reaso n s. F irs t, th e  a rg u m e n t is u n c le a r  in several 
a spec ts , am ong  th e m  th e  ro le p la y e d  b y  th e  p a r it ie s  o f th e  p a rtic le s . Second, 
th e  q u a rk  c o n s tru c tio n  is assum ed  a t  th e  beg inn ing . I am  in te re s te d  in  show ing 
n o t  ju s t  t h a t  a q u a rk  m odel sa tis fie s  th e  co n d itio n s, b u t  also t h a t  m odels n o t
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in te rp re ta b le  in  te rm s  o f  quark s do n o t  sa tisfy  th e m . T herefore, I  m u s t  w rite  
th e  consistency  e q u a tio n s  fo r th e  re sid u es in  an  a lg eb ra ic  form .

T h e  residue co n d itio n  th a t  follow s from  E q . (2) is,

« ,(Хи '(+)~  =  Z«<+>-Zsf<->, (3)

w here  x t is a k in e m a tic  fac to r, X u/  ' * is th e  sum  o f  th e  residues a t  sm all и 
o f  th e  tra je c to rie s  o f  s ig n a tu re  ( i ) ,  an d  th e  are  th e  c o n tr ib u tio n s  of
reso n an ces o f p a ritie s  ( i )  to  th e  r ig h t-h a n d  side o f  E q . (2). T he m in u s  sign in  
f ro n t o f  Z (-) is a p p ro p r ia te , b ecau se  th e  co n tr ib u tio n s  to  b a c k w a rd  elastic  
s c a tte r in g  o f resonances o f opposite  p a r itie s  are o p p o site . T he reso n an ces lie on 
s -ch an n e l Regge tra je c to r ie s , so t h a t  th e  Z si are p ro p o rtio n a l to  th e  residues 
o f  th e se  tra je c to rie s . W e  define c o n s ta n ts  b y  th e  eq u a tio n :

Z si^  =  Xi X j +- \  (4)

w here  X ^ ^  are th e  residues a t  sm a ll s o f th e  s -ch an n e l tra je c to rie s . T h e  con
s ta n ts  Xj ß (̂  invo lve  p h ase  space fa c to rs  and  also th e  v a ria tio n  o f  th e  residues 
b e tw een  th e  R egge a n d  resonances reg io n s. S u b s titu tio n  o f E q . (4) in to  E q . (3) 
y ields

x j+ ' -x j - )  = ß,M X s/ - > .  (5)

I t  is im p o r ta n t  to  rea lize  th a t  no a ssu m p tio n  has b e e n  m ade b e tw een  E q s. (3) 
an d  (5), as th e  c o n s ta n ts  are  d efin ed  by  th e  req u irem en t t h a t  E q . (4)
is tru e .

I  now  m ake th e  a ssu m p tio n  t h a t  th e  ß W  a re  in d e p e n d e n t o f th e  in te rn a l 
in d e x  i. T h is im plies t h a t  th e  resid u es o f th e  v a rio u s  tra jec to rie s  a re  p ro p o r
tio n a l as func tions o f  energy . B asica lly , th is  a ssu m p tio n  m eans t h a t  th e  dege
n e ra te  m esons are d y n am ica lly  s im ila r, an d  th e  d e g en e ra te  b a ry o n s a re  d y n a 
m ica lly  sim ilar, i.e ., th e se  degeneracies are  n o t acc id en ta l. A fu ller d iscussion  of 
th e  a ssu m p tio n  is g iv en  in  a re c e n t p a p e r  [9].
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I t  is now  easy  to  fin d  re s tr ic tio n s  on th e  v a lu e s  of ß ^ .  A p p lica tio n  of 
E q . (5) to  a p rocess exo tic  in  th e  s ch an n e l im p lies  X ui^  =  A pplica
tio n  to  th e  crossed  process (o b ta in e d  b y  rev e rs in g  th e  roles o f th e  s and  и 
channe ls) th e n  im p lies  th a t  ß =  ß^~K W e th e n  consider tw o  possib ilities; 
X u/ + )-— ei t her  is zero fo r all i ,  or is non -zero  for a t  le a s t o n e  i. In  th e  
f i r s t  case, th e  fo llow ing  con sis ten cy  cond itio n  is a u to m a tic a lly  v a lid :

x j + > - x j - )  =  ±  (XJ+Ï-XJ-)) , (6)

a lth o u g h  th e  ^  sign  on th e  r ig h t is superflu o u s in  su ch  a case. I f  X u/ + *— X u/ ~ ' 
^  0 fo r som e i, a p p lica tio n  o f E q . (5) to  th e  a m p litu d e  for th is  i  an d  to  th e  
c rossed  a m p litu d e , to g e th e r  w ith  th e  co n d itio n  ß ^  =  ß h im p lies  ß(+ 2̂ =
=  1, o r E q . (6). T h is  e q u a tio n  is th e  co n d itio n  t h a t  th e  X s/ + —̂ X s/ -  ̂ are 
co m p o n en ts  o f an  e ig en v ec to r o f th e  s- и  crossing m a tr ix , w ith  e igenvalue  ± 1 .  
T h u s , th e  co n d itio n  is a g en e ra liza tio n  o f th a t  o f  C h e w ’s rec ip ro ca l b o o ts trap  
m odel [10]. In  o u r case, th e  sign o f th e  e igenvalue depends on w h e th e r  or n o t th e  
re s id u e  changes sign  betw een  th e  reso n an ce  a n d  R egge regions.

O ur basic  b o o ts tra p  eq u a tio n s  a re  E q . (6) a n d  th e  co rrespond ing  equations 
t h a t  m a y  be o b ta in e d  for th e  s - t  a n d  и- t  p a irs  o f  channels, to g e th e r  w ith  th e  
re q u ire m e n ts  t h a t  th e  se t o f low est s ta te s  on th e  m esonic an d  b a ry o n ic  Regge 
tra je c to r ie s  shou ld  correspond  to  th e  sets o f e x te rn a l m esons a n d  b a ryons.

III. Im plications of the conditions

( А )  М М М  interactions

I  label th e  e x te rn a l p a rtic le s  in  th e  s an d  и  channels acco rd in g  to  th e  
schem e,

s: a “j- b —► c d,

u : c —(— b —► a d.
( ? )

W e consider f i r s t  th e  cases for w h ich  a and  c a re  m esons o f th e  sam e p a r ity , 
a n d  b an d  d  a re  e ith e r  b o th  b a ry o n s  o f th e  sam e p a r i ty  or b o th  m esons o f th e  
sam e p a r ity . W e u se  th e  labels to  re fe r  to  b o th  in te rn a l q u a n tu m  n u m b ers  and  
th e  г-co m ponen ts o f  th e  p a rtic le  sp in s . W e co n sid e r only b a c k w a rd  sca tte rin g , 
fo r w hich  th e  sp in -co m p o n en ts  b e h a v e  as in te rn a l  q u a n tu m  n u m b ers  u n d er 
crossing . T he se t o f  m esons m u s t in c lu d e  all th e  a n tip a rtic le s , a n d  so m ust be a 
se lf-co n ju g a te  se t. A com plete  se t o f  se lf-co n ju g a te  s ta te s  ex ists in  a  self-conju
g a te  se t, fo r conven ience, we ta k e  a ll m eson s ta te s  to  be se lf-con juga te .

W e con sid er f ir s t  th e  case o f  M M  s c a tte r in g , w here all e x te rn a l m esons 
a re  o f  th e  sam e p a r i ty .  W e define th e  coupling  c o n s ta n t o f th e  u -ch an n e l tra jec -
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to ry  r  o f even s ig n a tu re  (w hose physica l p a rtic le s  are  o f  ev en  p a rity )  w ith  th e  
f in a l s ta te  a -f- d to  be dadr an d  th e  co rrespond ing  coupling  o f  th e  tra je c to ry  s o f 
odd  s ig n a tu re  to  be f ads. T h e  q u a n titie s  are  th e n  g iven  b y

Х ш м  =  Z r  dadr dcbr\  X j - >  = Z S f ads f ch*. (8 )

I  h av e  d efin ed  th e  X  to  be  th e  residues a t  th e  sm all и a p p ro p r ia te  for b ack w ard  
s-channe l sc a tte rin g . H o w ev er, i t  is m ore co n v en ien t to  e v a lu a te  th e  re sid u es 
a t  th e  и  o f th e  low est s ta te s  on th e  tra je c to r ie s , so th a t  th e  d  a n d f  are o rd in a ry  
m eson—m eson—m eson coup lin g  co n stan ts . T h u s , th e  tra je c to r ie s  are  lab e led  b y  
th e ir  low est s ta te s . T h is c o n tin u a tio n  in  и a c tu a lly  in tro d u ces  a p ro p o rtio n a lity  
c o n s ta n t in to  each  o f th e  eq u a tio n s  of E q . (8). H ow ever, m y  a ssu m p tio n  co n 
cern in g  th e  p ro p o r tio n a lity  o f  th e  residues o f  am p litu d es o f  d iffe ren t i a llow s 
m e to  d iv ide  o u t one o f th e  c o n s ta n ts , an d  I  choose th e  re la tiv e  f / d  n o rm a liz a 
tio n  so t h a t  th e  o th e r  cancels also.

T he se lf-con jugate  p ro p e r ty  o f th e  m esons a and  c im plies th a t  th e  dtj k 
an d  f i j k a re  H e rm ite a n  in  th e  f in a l tw o ind ices. F rom  th is  an d  E q . (8), one 
m ay  w rite  th e  consis ten cy  cond itio n  of E q . (6) in  th e  fo rm ,

r d adr d a b  ^ s f a d s f c s b  ~Г a  ч—- C =  0 , (9)

w here a ^=± c deno tes th e  p reced in g  te rm s w ith  a an d  c rev e rsed . The p h y sica l 
s ta te s  on one o f th e  se ts  o f  tra je c to rie s  h a v e  th e  sam e p a r i ty  as th e  e x te rn a l 
p a rtic le s . O ur b o o ts tra p  h y p o th es is  req u ires  th a t  th e  se t o f  low est s ta te s  on 
th is  se t o f tra je c to rie s  co rresponds to  th e  se t o f ex te rn a l m esons, and  t h a t  w e 
la te r  m u s t consider a m p litu d e s  w ith  all possib le  ex te rn a l p a r i ty  co m b in a tio n s. 
F o r M M  sc a tte rin g , we n eed  n o t consider s—t an d  и- t  ch an n e l consistency  
cond itio n s, as we can  p e rm u te  indices so t h a t  every  m eson exchange is an  s—и 
channel exchange.

I  w ill describe th e  so lu tio n  to  th is  ty p e  of М М М  consistency  co n 
d itio n  on ly  b rie fly , as i t  h a s  been  w orked  o u t a few y ea rs  ago. More d e ta ils  
are given in  [6].

W e h av e  ta k e n  all th e  m eson s ta te s  to  be  se lf-con jugate . B ecause o f  th e  
Bose p rinc ip le , th e  d ’s a n d  / ’s re fe r to  in te ra c tio n s  of ev en  an d  odd o rb ita l  
p a r ity , re sp ec tiv e ly . S ince rev ersin g  th e  f i r s t  tw o ind ices co rresponds to  
reversing  th e  d irec tions o f  th e  tw o pa rtic le s  coup led  to  a tr a je c to ry  p a rtic le , th e  
d  an d  f  a re  sy m m etric  a n d  an tisy m m etric , re sp ec tiv e ly , in  th e  f irs t  tw o ind ices. 
T his, to g e th e r  w ith  th e  H e rm itic ity  in  th e  la s t  tw o ind ices, im plies t h a t  th e  
d a re  rea l an d  com ple te ly  sy m m etric , an d  th e  f  a re  im ag in a ry  an d  com pletely  
an tisy m m etric .

O ne can  show  th a t  i f  th e  low er signs in  E q s . (6) an d  (9) are  ta k e n , th e re  
is no n o n triv ia l so lu tion . So we ta k e  th e  u p p e r  signs from  h ere  on o u t. T h is  
m eans th a t  th e  e ingenva lue  o f — X*- * u n d e r  s -—v и crossing  is (-)- 1). A
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r a th e r  tr iv ia l  so lu tio n  ex is ts , w ith  only one s ta te  in te ra c tin g  w ith  itse lf  w ith  
o n e  sy m m etric  in te ra c tio n  c o n s ta n t;  we con sid er th is  to o  tr iv ia l. I f  a ll / ’ s 
v a n ish , i t  can  b e  show n th a t  o n e  can  alw ays choose an  a p p ro p ria te  basis so t h a t  
a n y  so lu tion  becom es a d ire c t sum  o f th e se  d isconnected  o n e -s ta te  so lu tio n s. 
H en ce , a n o n - tr iv ia li ty  re q u ire m e n t im plies t h a t  t h e / ’s do n o t  all v an ish .

I f  one su m s E q. (9) o v e r  all p e rm u ta tio n s  o f th e  e x te rn a l p a rtic le s , 
a, b, c an d  d , in c lu d in g  a m in u s  sign fo r o d d  p e rm u ta tio n s , th e  d  te rm s all are  
cancelled  b e cau se  o f th e  sy m m e try  p ro p e rty  di/k =  djik. T h e  resu ltin g  eq u a tio n  
c a n  be w r it te n  in  th e  fo rm

^s ( fads fcsbffacsfbsd~[~fabsfdsc) 0 . (10)

T h is  is th e  J a c o b i id e n tity  fo r  t h e / ’s. T o g e th e r w ith  th e  a n tisy m m e try  p ro p e rty , 
i t  im plies t h a t  t h e / ’s m u st b e  p ro p o rtio n a l to  th e  s tru c tu re  c o n s ta n ts  o f a  L ie 
g roup . A se t o f  partic les, a ll o f  whose in te ra c tio n s  are  o f  t h e / t y p e ,  is th e  se t 
o f  o d d -p a rity  m esons, so o u r  b o o ts tra p  e q u a tio n  im plies t h a t  th e  o d d -p a rity  
m esons w h ich  in te ra c t  w ith  e a c h  o th e r m u s t co rrespond  to  th e  reg u la r re p re se n 
ta t io n  of a  L ie g roup . The f i r s t  use of th is  ty p e  o f a rg u m e n t w as by  C u t k o s k y , 
w ho used a p o te n tia l  m odel invo lv in g  o n ly  v e c to r  m esons [2].

W e h a v e  n o t y e t e x tra c te d  all th e  in fo rm a tio n  fro m  E q . (9), so we 
co n tin u e  th e  a rg u m e n t o f [6]. I f  th e  d ’s a n d / ’s are  re g a rd ed  as m atrices in  th e  
space  of th e  l a s t  tw o  indices, a n d  th e  u p p e r s ign  in  E q . (9) is ta k e n , th is  eq u a tio n  
m a y  be w r it te n  in  te rm s o f  m a tr ix  c o m m u ta to rs , i.e.,

[da, dc] -  [fa, f c] =  0. (11)

Since th e  /  c o m m u ta to r  e x is ts , so m u st th e  d  co m m u ta to r , a n d  so p a rtic le s  o f 
b o th  p a ritie s  m u s t exist. W e m a y  th e n  co n sid e r th e  s c a tte r in g  am p litu d es  fo r 
w hich  th re e  o f  th e  ex te rn a l p a r tic le s  are o f  o d d  p a r ity  a n d  one  is o f even p a r i ty . 
O u r conclusions concern ing  th e  sy m m etry  o f  th e  d ’s a n d / ’s rem ain  v a lid  i f  we 
use  th em  to  a p p ly  to  all М М М  in te ra c tio n s , th e  d  an d  /  app ly in g  w hen  th e  
p ro d u c t o f  th e  th re e  in tr in s ic  p a ritie s  is ev en  an d  odd , re sp ec tiv e ly . O ur th re e  
odd-one even  process leads th e n  to  a co n sis ten cy  eq u a tio n  in  w hich each  te rm  is 
b ilin ea r in  th e  d  and  / .  I f  w e follow th e  p ro ced u re  u sed  in  deriv ing  E q s . (9) 
a n d  (11), th is  new  eq u a tio n  in  m a tr ix  fo rm  is,

[da, fc] -  [fa, de] = 0. (12)

T his la s t  eq u a tio n  is sy m m etric  in  th e  in te rch an g e  a  c, co rrespond ing  
to  th e  choice o f  th e  lower s ig n  in  th e  crossing  eq u a tio n , E q . (6). I t  is a p p ro p ria te  
to  choose th is  d ifferen t sign  w hen d ea ling  w ith  an  a m p litu d e  fo r w h ich  th e  
p ro d u c t o f  th e  in trin sic  p a r i t ie s  changes from  th e  in it ia l  to  th e  f in a l s ta te .
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T hese a m p litu d es  are  odd  in  th e  m o m en tu m  ks, w hich is o d d  u n d er c rossing  
for co llinear am p litu d es (i.e ., k s =  -—k u). Since th e  co u p ling  c o n s ta n ts  are  
defined  w ith  th is  k in em atic  fa c to r  rem o v ed , an  e x tra  m in u s sign is in tro d u c e d  
in to  th e  crossing  eq u a tio n s fo r th e  coup ling  co n stan ts .

B y  ta k in g  a ra th e r  co m plica ted  p e rm u ta tio n  sum  o f  th e  s ta te s  a, b, c, 
an d  d, one can  derive from  th is  eq u a tio n  th e  m a trix  e q u a tio n

[d„,fb\ = - Z r f abr(dr) .  (13)

Since th e  f abr are p ro p o rtio n a l to  s tru c tu re  c o n stan ts , th is  eq u a tio n  im plies) 
th a t  da tran sfo rm s e ith e r  as a sing let u n d e r  group tra n sfo rm a tio n s  (if a ll f ajj 
van ish ), o r as a reg u la r rep re se n ta tio n  (if  som e f aij do n o t  van ish ). F u r th e r 
m ore, i t  can  b e  show n th a t  th e  ra tio  be tw een  these  tw o ty p e s  of in te ra c tio n s  is 
fix ed . T h is re q u irem en t c a n n o t be m e t w ith  all sim ple Lie g ro u p s . F o r ex a m p le , 
th e  only  sim ple second ra n k  g roup  th a t  g ives a so lu tion  is SU (3); th e  o th e r  tw o  
(C2 an d  G2) do n o t, because  th e y  do no t possess a com plete ly  sym m etric  in te r a c 
tio n  in v o lv in g  th e  reg u la r re p re se n ta tio n  o n ly . I t  m ay  b e  ( th o u g h  I  h a v e  n o t  
p roved  it)  t h a t  only  SU(re) gives so lu tions, in  w hich case th e  consistency  co n 
d itions h av e  im plied  a n o th e r  o f th e  p ro p e rtie s  o f th e  q u a rk  m odel.

T he m eson s ta te s  o f  b o th  p a ritie s  m u s t  co rrespond  to  th e  sing le t a n d  
reg u la r re p re se n ta tio n s  ( th o u g h  th e  o d d -p a rity  sing let does n o t in te ra c t w ith  
p a irs  o f o d d -p a rity  m esons). T he q u a n tu m  num bers of each  p a r ity  se t m a y  be 
w ritte n  in  te rm s  o f th e  q u a rk -a n tiq u a rk  co n stru c tio n  o f  E q . (1). I t  h a s  b een  
show n in [6] th a t  th e  so lu tio n  to  th e  consis ten cy  eq u a tio n s is w ritten  s im p ly  in  
te rm s  o f th e se  m atrices, i.e .;

dabr =  C T r [ ( A B  +  B A )  R],  (14a)

fair =  C T r [ ( A B  — B A )  R],  (14b)

w here C is a p ro p o rtio n a lity  c o n s ta n t an d  T r  denotes th e  tra c e . In  these  e q u a 
tio n s, th e  ind ices are th o se  o f  th e  q u a rk  — a n tiq u a rk  c o n s tru c tio n ; th e re  is an  
e v e n -p a rity  an d  o d d -p a rity  m eson s ta te  fo r  each  p a ir o f v a lu es  o f th e  in d ices . 
T he d an d  f  a p p ly  w hen th e  p ro d u c ts  o f  in tr in s ic  p a ritie s  a re  even a n d  o dd , 
re sp ec tiv e ly . T his so lu tion  is a so lu tion  to  th e  consistency  eq u a tio n s o b ta in e d  
w ith  all possib le  p a r ity  com b in a tio n s for th e  ex te rn a l p a rtic le s . The m a trice s  
fo r th e  s in g le t m esons a re  m u ltip les  o f th e  id e n tity  m a tr ix . T he f  c o n s ta n ts  
invo lv ing  sing lets are zero, w hile E q . (14a) defines th e  d  c o n s ta n ts  fo r b o th  
sing let an d  reg u la r-rep re se n ta tio n  m esons. W e conclude t h a t  our consis ten cy  
eq u a tio n s  do im p ly  th a t  m esons possess som e p roperties o f  q u a rk -a n tiq u a rk  
com posites.

I  w a n t to  com m en t fu r th e r  on one fea tu re  of th e se  so lu tions. R ecall 
th a t  b y  ta k in g  a sim ple p e rm u ta tio n  sum  o f E q . (9), w ith  th e  u p p er sig n , I
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o b ta in ed  a s im p le  eq u a tio n  invo lv in g  only t h e / c o n s t a n t s .  O ne can n o t o b ta in  a 
sim ple e q u a tio n  invo lv ing  th e  d  co n stan ts  a lone. T h erefo re , i t  ap p ears  t h a t  
o d d -p a rity  m esons are th e  m o re  fu n d a m e n ta l, and  i t  is n o t  su rp rising  t h a t  
th e se  are th e  lig h te s t o b se rv ed  s ta te s  on  th e  exchange-degenera te  m eson  
tra je c to rie s . P h y sica lly , th e  low est s ta te s  on  th e  e v e n -p a rity  tra jec to rie s  a re  
one u n it o f a n g u la r  m o m en tu m  h igher th a n  th e  low est s ta te s  on th e  co rresp o n d 
in g  o d d -p a rity  tra je c to rie s . I  m u s t em phasize  again  th a t  th e  q u a n tu m  n u m b ers  
invo lved  in  th e  equ a tio n s do  n o t  include to ta l  an g u la r m o m en tu m , b u t  are  th e  
in te rn a l q u a n tu m  num bers a n d  sp in  co m p o n en t along th e  d irec tio n  of th e  colli- 
n e a r  in te ra c tio n s .

( В ) M B B  interactions

I  w ill s im p ly  assum e t h a t  s ta te s  o f b a ry o n ic  n u m b e r g rea te r th a n  one 
shou ld  n o t e x is t. (I do n o t  k now  w h e th e r o r n o t sim ple so lu tions to  th e  self- 
consistency  eq u a tio n s  e x is t t h a t  involve s ta te s  of g re a te r  b a ry o n  n u m b ers .) 
W ith  th is  a ssu m p tio n , b a ry o n —b ary o n  s c a tte r in g  is sim ple , because all s ta te s  
a re  exo tic . T h is  im plies t h a t  fo r  every  B B  —*- B B  a m p litu d e  th e  c o n tr ib u tio n - 
o f  ex ch an g e-d eg en era te  m eson ic  tra je c to r ie s  of opp o site  signatu res m u s t 
cancel. W e a lre a d y  found  t h a t  th e  q u a n tu m  num bers o f  th e  m eson se ts  o f  
opposite  p a r i ty  m u st be  th e  sam e; now  w e fin d  th a t  th e  couplings to  each  
baryon  p a ir  a re  th e  sam e fo r a p a ir o f  exch an g e-d eg en era te  tra je c to r ie s .

T his sim plifies th e  t r e a tm e n t  o f m e so n —b ary o n  sca tte rin g . W e n eed  
consider o n ly  am p litu d es  fo r w hich  th e  p a r it ie s  of th e  e x te rn a l m esons a re  th e  
sam e; th e  o n ly  im p o r ta n t p a r it ie s  in  th e  M B  p rob lem  are  th o se  of th e  b a ry o n s . 
I  w ill use th e  c a p ita l  le tte rs  D  a n d  F  to  d en o te  th e  M B B  in te ra c tio n s ; D  ap p ly in g  
w hen th e  tw o  b a ry o n s  h av e  th e  sam e p a r i ty , F  app ly ing  w hen  the  tw o b a ry o n s  
h av e  o p p o site  p a r ity .

A gain , I  u se  th e  lab e ls  o f  E q . (7) to  d escribe  th e  s c a tte r in g  in  th e  s a n d  и 
channels, w ith  a and  c se lf-co n ju g a te  m esons, and b an d  d  baryons. T h e  s—u 
channel co n sis ten cy  eq u a tio n s  th e n  follow fro m  th e  sam e a rg u m en ts  as befo re . 
I f  b and  d  h a v e  th e  sam e p a r i ty ,  th e  co n d itio n  m ay be o b ta in e d  by  rep lac in g  
t h e / a n d  d  b y  F  an d  D  in  E q . (11). I f  b a n d  d  have o p p o site  p a rity , one can  
m ake th e  sam e  rep lacem en ts  in  E q . (12). T h e  tw o re su ltin g  equa tions m a y  be  
com bined  in to  one eq u a tio n , i f  we reg ard  th e  D t and  F t as m a trices  co rresp o n d 
in g  to  th e  m eso n  i in  a sp ace  w hich is th e  d ire c t sum  o f th e  b a ry o n  s ta te s  o f 
even an d  o d d  p a ritie s . T h is  co m b in a tio n  e q u a tio n  is

[Dc —  F c, Da +  F a] =  0. (15)

W e recall a g a in  th a t  in th e  space  of even a n d  o d d -p a rity  b a ry o n  s ta te s , th e  D  
a re  non-zero  o n ly  in th e  d iag o n a l co rners t h a t  co n n ec t s ta te s  of th e  sam e  
p a r ity , an d  th e  F  are non -zero  only in th e  off-d iagonal co rners.
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In  th e  case of m eso n —b ary o n  sc a tte r in g , th e  s - t  a n d  u—t channel co n sis t
en cy  co n d itions are d iffe ren t in  n a tu re  f ro m  th e  s- и  co n d itio n s, an d  so m u s t  be 
considered  also. In  these  cond itions, th e  t-channel re s id u es involve m esonic  
tra je c to r ie s , an d  are b ilin e a r  in  an M B B  coupling c o n s ta n t an d  an  М М М  
c o n s ta n t. B ecause  of th e  sy m m e try  o f th e  М М М  c o n s ta n ts  [ th e  d ’s a n d / ’s of 
Sec. 111(A)] i t  is con v en ien t to  tak e  th e  su m  an d  d ifference o f th e  s—t a n d  u—t 
eq u a tio n s. O ne does th is  b y  w riting  th e  s - t  eq u a tion , rev e rs in g  th e  a  a n d  c 
labels , an d  ad d in g  and  su b tra c tin g . T h e  resu ltin g  tw o eq u a tio n s  are,

(s - t)  +  (u -i)

{Dcf-Pci D a+ F a} + 

(u -t)

=  К  Z m dacm(Dm+ F m), (16)

[Oc +  i [ ,  D a-\-Fa] =  K ' Z mf acm(D m +  Fm), (17)

w here К  an d  K '  are c o n s ta n ts  and th e  d  an d  f  are  th e  М М М  in te ra c tio n  
c o n s ta n ts  o f  E qs. (14b).

T hese th re e  eq u a tio n s, E qs. (15), (16) an d  (17), are  th e  consistency  e q u a 
tio n s for th e  M B B  in te ra c tio n s . The d e r iv a tio n  and  d iscussion  o f th e se  e q u a 
tio n s th a t  I  g ive here a re  co n ta in ed  in  a p a p e r  soon to  b e  p u b lished  [11]. T he 
М М М  in te ra c tio n  c o n s ta n ts  f acm o f E q . (17) are  p ro p o rtio n a l to  th e  s tru c tu re  
c o n s ta n ts  o f  th e  group, i f  a ll indices re fe r  to  reg u la r re p re se n ta tio n  s ta te s , an d  
facm =  0 if  one or m ore ind ices refer to  s in g le t s ta te s . T h u s  E q . (17) im plies 
t h a t  th e  D  +  F  are a re p re se n ta tio n  o f  th e  Lie a lgebra. I f  th e  m eson in d e x  i 
refers to  a reg u la r-rep re se n ta tio n  s ta te , (D  F ) t re p re se n ts  th e  g e n e ra to r
assoc ia ted  w ith  i; if  i  is a  s ing le t s ta te , th e  m a tr ix  (D  -j- F )j  com m utes w ith  
all th e  g en e ra to r  m atrices , a n d  th u s is d iag o n a l in  every  irreduc ib le  su b sp ace  
o f  th e  b a ry o n  space.

T he a n tic o m m u ta to r  re la tio n , E q . (16), is new, a n d  to  th e  b e s t o f  m y  
know ledge, w as f irs t  d iscussed  in  [11]. I t  is w ell-know n t h a t  th e  a n tic o m m u ta 
to rs  o f m a trice s  rep resen tin g  th e  g en e ra to rs  can  be w ritte n  as a lin ear c o m b in a 
tio n  of th e  g en era to r m a trice s  and  id e n t i ty  m a tr ix  only  in  th e  fu n d a m e n ta l 
re p re se n ta tio n ; for th is re p re se n ta tio n  th e se  m atrices fo rm  a com ple te  se t. 
T h u s E q . (16) im plies th a t  th e  D  -f- F  b e h a v e  like o p era to rs  in  quark space , i.e ., 
in  th e  space o f  th e  fu n d a m e n ta l re p re se n ta tio n . I t  is easy  to  e s tab lish  t h a t  E q . 
(16) is sa tis fied  in  th e  q u a rk  re p re se n ta tio n . In  fac t, fo r SU (3), E q . (16) is a 
s ta n d a rd  eq u a tio n  for a n tic o m m u ta to rs  g iven , for ex am p le , b y  Ga sio ro w ic z

[12]. In  Ga sio ro w ic z , th e  r ig h t-h a n d  side co n ta in s  a dacm te rm  and  а дас I  te rm , 
w here  I  is th e  id e n tity  m a tr ix  [12]. O ur d  is defined  for s in g le t as well as re g u la r  
re p re se n ta tio n  s ta te s , an d  o u r dacm te rm  co n ta in s  th e  bac I  te rm  of [12] im p li
c itly .

On th e  o th e r  hand , th e  b ary o n s c a n n o t correspond s im p ly  to  q u a rk s  o f  one
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p a r i ty . I f  b a ry o n s  o f only one p a r i ty  ex isted , th e  F  w ould v a n ish , an d  E qs. (15) 
a n d  (17) w o u ld  b e  c o n tra d ic to ry . T hus th e  co n d itio n s im p ly  th a t  th e  b a ry o n s  
c a n n o t be sim p le  qu ark s, b u t  m u s t have m a n y  qu ark -m o d el p roperties.

I  h av e  fo u n d  tw o ty p e s  o f  so lu tions to  th e  th ree  eq u a tio n s  [11]. In  th e  
f ir s t ,  th e  q u a n tu m  num bers a n d  in te ra c tio n s  o f  th e  sets o f  b aryons o f b o th  
p a ritie s  are  th e  sam e. The s im p le s t exam ple is th e  case w h ere  th e  b a ry o n s  o f  
each  p a r ity  co rresp o n d  to  th e  fu n d a m e n ta l re p re se n ta tio n . In  th is  ty p e  o f  
so lu tio n , each  o f  th e  tw o te rm s  o f th e  c o m m u ta to r  o f  E q . (15) van ishes fo r  
ev e ry  a an d  c. T h is  im plies t h a t  for M B  s c a tte r in g , each  q u a n t i ty  X uj^
— X u](~) v an ish e s , so th e re  is no  eigenvecto r o f  th e  s—u crossing  m a tr ix . I n  a  
b o o ts tra p  sense , th e  b a ry o n s  a re  b o o ts tra p p e d  en tire ly  b y  m eson ex ch an g e , 
so we can sa y  th e re  is no s ta t ic  lim it. This ty p e  o f so lu tion  does n o t co rresp o n d  
to  re a lity , as th e  q u a n ta  o f  th e  b aryons o f  o d d  and  even p a ritie s  are n o t th e  
sam e.

In  th e  seco n d  ty p e  o f so lu tio n , th e  tw o  te rm s  of th e  c o m m u ta to r  o f E q . 
(15) do n o t e a c h  v an ish  fo r a ll a an d  c. In  th e  sim plest ex am p le  th a t  I  h a v e  
fo u n d , th e  b a ry o n s  are  all s im p le  iV -quark com posites, w h ere  N  !> 2. Since th e  
choice N  —  2 w o u ld  co rresp o n d  to  in teg ra l-sp in  b a ry o n s, I  will consider th e  
th re e -q u a rk  case , an d  call th e  q u a rk s  a , ß  a n d  y.  The in te ra c tio n  D  -f- F  is in  
th e  space o f o n ly  one q u a rk , w h ich  I will call th e  a  q u ark . I n  sym bols,

D a +  F a =  X A \  (18)
w here

< « ' ß Y  \ A * \ « ß y } =  A ^ ö ß,ß dy.y.

H ere  A^.^ is th e  m a tr ix  e lem en t associated  w ith  th e  m eson s ta te  a by  E q . (1), 
a n d  X is a c o n s ta n t  o f p ro p o rtio n a lity . T h is in te ra c tio n  w ill sa tisfy  E q s. (16) 
a n d  (17). T h e  s—u  cond ition , E q . (15), will be  sa tis fied  also i f  (D c —  F c) is e q u a l 
to  xCP, since th e  «  an d  ß  q u a rk s  are  in d e p e n d e n t.

These in te ra c tio n s  w ill s a tis fy  all th e  co n d itio n s p ro v id ed  th a t  th e y  a re  
co n sis ten t w ith  o u r defin itio n s o f D  an d  F  in  th e  space o f  b ary o n s o f  b o th  
p a ritie s . I t  m u s t  be  possible to  assign each  irreduc ib le  re p re se n ta tio n  in  th e  
b a ry o n  space a  d e fin ite  p a r i ty  in  such a w ay  th a t  th e  D  co n n ec t only s ta te s  o f  
th e  sam e p a r i ty  a n d  th e  F  co n n ec t only s ta te s  o f th e  o p p o site  p a r ity . T h is  is 
e a sy  to  do w ith  o u r choice o f  in te rac tio n s , as th e  D  and  F  m a trices  are g iven  
sim p ly  b y

D a = — х (А « + А Р )
2

Fa =  x (A a— A ß) .
îu
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C learly, if  th e  b a ry o n  s ta te s  o f  opposite  sy m m e try  u n d er ex ch an g e  of th e  x  a n d  
ß  q u a rk s  are assigned  opposite  p a r ity , e v e ry th in g  will be a ll r ig h t.

I f  th e  g roup  is (SU(6), th e  th re e -q u a rk  re p re se n ta tio n s  t h a t  are s y m m e t
ric  u n d e r th e  in te rch an g e  o f th e  f ir s t  tw o q u a rk s  are th e  re p re se n ta tio n s  56 a n d  
70, w hile th o se  a n tisy m m e tric  u n d e r  th is  in te rc h a n g e  are th e  20 and  a n o th e r  
70. T h u s, th e  co rrespond ing  so lu tio n  involves th e  m u ltip le ts  5 6 +, 7 0 +, 70 ~ a n d  
20 ", w here th e  su p ersc rip t is th e  p a rity . I n  th is  so lu tion , one  can show  t h a t  
th e  5 6 + an d  70 ~ are  coupled  s tro n g ly  to g e th e r , and  re la tiv e ly  w eakly  to  th e  
7 0 + an d  2 0 “ . Since th e  o b se rv ed  b a ry o n  sp ec tru m  seem s to  co rrespond  to  
even p a r i ty  tra je c to rie s  of th e  56 re p re se n ta tio n  and  o d d -p a r ity  tra je c to r ie s  
o f th e  70 re p re se n ta tio n , th is  so lu tion  m ay  be  v a lid  a p p ro x im a te ly .

IY. C onclusion

A t p re se n t we do n o t k now  how  well th e  self-consistency  cond itions a re  
m e t ex p e rim en ta lly . The p re d ic te d  resu lts  do n o t co rrespond  ex ac tly  w ith  
ex p erim en t. O n th e  o th e r h a n d , we have m a d e  several a ssu m p tio n s  t h a t  a re  
u n n ecessary  fo r th e  deriv ing  o f  cond itions, h u t  w ere m ade o n ly  for s im p lic ity , 
an d  we know  th ese  assu m p tio n s are  no t tru e  e x a c tly . An ex am p le  is the  a s su m p 
tio n  th a t  m eson s ta te s  of th e  sam e p a r ity  ( th a t  are th e  lo w est s ta te s  on th e ir  
Regge tra jec to rie s )  are d eg en era te . I t  w o u ld  be in te re s tin g  to  see if  re a lis tic  
m odifica tions o f som e of o u r sim ple a ssu m p tio n s  lead  to  p red ic ted  h a d ro n  
sp ec tra  an d  h a d ro n —h ad ro n  — h ad ro n  in te ra c tio n  ra tio s t h a t  agree even b e t te r  
w ith  e x p e rim en t. I  hope th a t  th e  n e x t few y e a rs  illum ina te  th is  question .

I  can  su m m arize  m y m ain  re su lt in tw o  sen tences. A se t o f  se lf-consistency  
cond itions b a sed  on v e ry  sim ple  a ssu m p tio n s req u ires  th a t  th e  had rons o f  a n y  
so lu tion  h av e  a su rp rising  n u m b e r of q u a rk -m o d e l p ro p e rtie s . I f  these c o n d i
tio n s are  a p p ro x im a te ly  v a lid  physica lly , th is  m igh t be th e  reason  t h a t  th e  
q u a rk  m odel w orks so w ell, even  th o u g h  q u a rk s  them selves do n o t ex ist.
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ВОЗМОЖНОСТЬ БУТСТРАПНОГО ПРОИСХОЖДЕНИЯ МАТЕМАТИЧЕСКИХКВАРКОВ
Р. X . КЭП ПС  

Резюме
Установлен ряд условий самосогласованности основанных на очень простых предположениях. Эти условия влекут за собой то, что адроны обладают удивительно большим числом свойств модели кварков.
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A PARTON APPROACH TO DUAL MODELS
B y

P . Ö l e s e n *
CERN, GENEVA, SWITZERLAND

The problem o f correspondence o f v ery  high order unrenorm alized Feynm an diagrams 
to the dual m odel is discussed. The very h igh  order Feynm an diagrams are investigated  using  
a statistical formalism recently  developed.

T he p a r to n  p ic tu re  was ap p lie d  o rig inally  to  ine lastic  h a d ro n  h ad ro n  
sc a tte r in g  w here i t  tu rn e d  o u t to  b e  q u ite  useful. A b o u t a y ea r ago N i e l s e n  [1 ]  
p ro p o sed  a p ic tu re  fo r d u a l m odels w hich  in  som e resp ec ts  is r a th e r  sim ilar to  
th e  p a r to n  p ic tu re . In  N i e l s e n ’s v iew  d u a l m odels are  considered  as th e  lim it 
o f v e ry  h igh  o rder u n ren o rm alised  F e y n m a n  d iag ram s. N i e l s e n  also fo u n d  [1 ] 
an  elec tric  analogue fo r du a l m odels w hich expresses th e  iV -point Y eneziano 
a m p litu d e  in  te rm s o f th e  h ea t g en e ra tio n  in a co nduc ting  disc of un iform  
re s is tiv ity . A gain th is  re su lt looks ra th e r  analogous to  F e y n m a n  d iag ram s, 
w here  one can th in k  o f  th e  F e y n m a n  p a ra m e te rs  as th e  resis tan ces  of th e  
p ro p a g a to rs , an d  th e  v ir tu a l  m o m e n ta  as th e  c u rre n ts  passing  th ro u g h  th e  
p ro p a g a to rs . O f course, th e re  is a lso  th e  d ifference th a t  in  F e y n m a n  d iagram s 
th e  re sis tan ces  are v a riab le s  of in te g ra tio n s  w h ich  ru n  from  0 to  oo, w hereas 
in  th e  electric  analogue fo r dual m odels th e  re s is tan ce  is a c o n s ta n t p ro p o rtio n a l 
to  th e  u n iv e rsa l slope o f  th e  Regge tra je c to r ie s . F e y n m a n  d iag ram s also have  
co m p lica ted  cu ts  w hich  are  ab sen t in  th e  sim ple iV -point fu n c tio n .

N evertheless, i t  is an  in te re s tin g  p rob lem  to  t r y  to  fin d  o u t in  w hich sense 
do v e ry  h igh  o rder F e y n m a n  d iag ram s co rrespond  to  d u a l m odels. S a k it a  and  
V ik a s o r o  [2] an d  N i e l s e n  and  Ö l e s e n  [3 ] h av e  tr ie d  to  m ake th e  connec tion  
m ore  q u a n tita tiv e . T h e  m o tiv a tio n  fo r  th is  k in d  o f  w ork  has n o t o n ly  been  to  
o b ta in  a  nice p h ysica l p ic tu re  of d u a l m odels, b u t  also to  t r y  to  f in d  a good 
s ta r t in g  p o in t for in tro d u c in g  fe rm ions in  dual m odels. T he idea  is, o f course, 
t h a t  since every b o d y  know s how to  in tro d u ce  sp in  in  F ey n m an  d iag ram s, i t  
sh o u ld  n o t be im possib le  to  app ly  th e  p a r to n  p ic tu re  w ith  sp inn ing  p a r to n s . H ow 
ev er, th is  idea is on ly  good enough , if  f irs t o f all we know  how  to  t r e a t  th e  
sc a la r  case.

A p a r t  from  th e  p o te n tia l po ssib ilities  co n n ec ted  w ith  th e  sp in  p rob lem , 
th e  p a r to n  view  has o th e r  nice fe a tu re s . I f  we consider th e  co m p lica ted  d iag ram

* On leave of absence from  the N iels Bohr In stitu te , Copenhagen, Denm ark.
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in  F ig . 1 as rep re sen tin g  in  som e sense a du a l iV -point fu n c tio n , i t  is c lear th a t  
th e  p ic tu re  is d u a l —  th e re  is no sense in  ad d in g  th e  s- an d  i-channel s in gu la ri
t ie s  in  th e  case o f  a fo u r-p o in t fu n c tio n . In  som e sense th e  p ic tu re  in  Fig. 1 
re p re se n ts  a g en era liza tio n  o f th e  q u a rk  p ic tu re . In s te a d  o f q u a rk  lines we 
d raw  a “ w o rld -sh ee t”  filled  w ith  p a r to n s , an d  we can  s tre tc h  th e  sh ee t in 
v a rio u s  w ays so as to  illu s tra te  th e  fo rm a tio n  o f poles in  various channels (in 
m u c h  th e  sam e w ay  as in  th e  q u a rk  p ic tu re ).

(b)
F ig . 1

N ow  le t us tu rn  to  th e  q u a n ti ta t iv e  connec tion  betw een  F e y n m a n  d ia 
g ram s an d  d u a l m odels. I  shall b r ie fly  o u tline  th e  m a in  prob lem s, a n d  as fa r as a 
possib le  so lu tion  to  these  p rob lem s is concerned , I  shall use a s ta tis t ic a l  fo rm a
lism  fo r tr e a tin g  v e ry  h igh  o rd e r F e y n m a n  d iag ram s recen tly  deve loped  [4].
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As o u r s ta r tin g  p o in t, we ta k e  th e  follow ing e x a c t fo rm ula  fo r th e  F ey n m an  
am p litu d e :

F,AP, Pk- m2)
n d x ‘ n

— m2
e a )

H ere  p i  are  th e  e x te rn a l m o m en ta , a , are  th e  F e y n m a n  p a ra m e te rs , an d  m  is th e  
p a r to n  m ass. T he m o m e n ta  &,■ (a) sa tis fy  K irch o ff’s eq u a tio n s, i.e. m o m en tu m  
co n se rv a tio n  a t  each  v e r te x  and

У  <*i &,(*) =  0, (2)
1 oop

w h ere  th e  sum  goes over an y  loop  (w ith  su itab le  sign co n v en tio n s for th e  
m o m en ta ). T he fo rm u la  (1) is v a lid  in  a k in em a tica l region w ith o u t d y n am ica l 
s in g u la ritie s , an d  in  th e  follow ing w e shall re s tr ic t  o u r considera tions to  such  a 
region.

T h e  a d v a n ta g e  o f  using  E q . (1) is th a t  th e  to ta l  h e a t g en era tio n  £ а,1г((ос)2 
ap p ea rs  in  an  e x p o n e n tia te d  form , ju s t  as in  d u a l m odels. H ow ever, th e  resis
tan ces  Kj are  in te g ra tio n  v a riab les . T herefo re, th e  f ir s t  p rob lem  consists  in 
a rg u in g  th a t  th e re  e x is t effective m ean  values o f th e  a,-, sc, say . I f  so, we could 
ta k e  th e  ex p o n en t o u ts id e  th e  in te g ra l an d  we w ould  h av e  so m eth in g  th a t  
looks v e ry  m uch  like  a dual a m p litu d e .

T h e  concep t o f  a m ean  value  is o n ly  m ean ing fu l in  a  s ta tis tic a l fram ew ork . 
T h erefo re , in  [4] we h a v e  considered  v e ry  h igh  o rd e r F ey n m an  d iag ram s from  
th e  p o in t o f view  o f s ta tis tic s . I t  is r a th e r  n a tu ra l to  consider E q . (1) as a m ean  
v a lu e  o f  th e  e x p o n e n tia te d  h e a t g en era tio n  w ith  re sp ec t to  th e  no rm alized  
d is tr ib u tio n  fu n c tio n

— m zy

d »  =  e <=‘ / d » 2F„(0, m 2) . (3 )

O f course , we th e n  define  m ean  resis tan ces  b y

« i  =  I / /  d X jdn(<x,) X j ,
J j=i

(4)

an d  sim ila rly  we can  define h igher m o m e n ta  e tc . T hese q u a n titie s  h av e  v e ry  
nice p ro p e rtie s . O ne can , e.g., show  th a t  th e  av erag e  m ean  res is tan ce  <x a p 
p ro ach es a c o n s ta n t fo r n —>■ oo,

1 n
/У. 1

1
2 к

n /=1 ~  m 2 n
(5)
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w h ere  к  is th e  n u m b e r  of loop m o m e n ta  to  be in te g ra te d , and  n  is th e  n u m b er 
o f  p ro p a g a to rs . T h e  h igher m o m en ts  XjOCk-, e tc ., also sa tis fy  nice sum  rules. 
W h e n  y o u  p u t  e v e ry th in g  to g e th e r  (see [4]), i t  tu rn s  o u t th a t  y o u  can  show  th e  
fo llow ing  r a th e r  n ice re su lt:

L e t G(x) b e  a fu n c tio n  such  th a t

th e n

Ч ф ) = J  0

II« а , Ф„
1=1 l «

n

/ /  d<x.t n
i = ! -----  Q —m! У rr .

e ‘
M * ) 2

( 6)

( ? )

T h u s , th e  s ta t is t ic a l  d is tr ib u tio n  (3) is such  th a t  fo r n  —>- oo i t  p reserves th e  
fu n c tio n a l fo rm  o f G,

G (8)

p ro v id ed  th e  co n d itio n s (6) are  sa tisfied . N ow , in  p a r tic u la r  th e  fu n c tio n  G(x) =  
=  ex sa tisfies (6) p ro v id ed  Ф,- 0 an d  hence

II  d a '

n II dct-i 
^ 7 ( a ) 2

-m 2
e

n

(9 )

N otice  th a t  th e  in teg ra l on th e  le f t-h a n d  side o f  (9) w ould be th e  sam e as th e  
F e y n m a n  a m p litu d e  if  th e  Ф’s w ere rep laced  b y  fc;(oc)2. T herefo re , th e  s ta tis tic a l 
fo rm alism  has b ro u g h t us p a r t  o f  th e  w ay  to  show  th a t  th e  e x p o n e n tia te d  h ea t 
in  F n could be b ro u g h t o u tside  th e  in teg ra l. W e are  n o t  y e t fin ish ed , o f course, 
since th e  k t in  (1) depend  on th e  oc’s. H ow ever, i t  is c lea r th a t  we o n ly  h av e  a  
chance  o f a p p ly in g  (9) i f  fc? is o f  o rd e r 1/n. W h a t does th is  m ean ?

L e t us r e tu rn  to  F ig . 1. T h e  e x te rn a l h ad ro n s  are com posed o f  a  large 
n u m b e r o f p a r to n s . W e can  obv iously  d iv ide  th e  h a d ro n  m o m e n ta  (p H say) 
in  v a rious w ays am ong  th e  c o n s titu e n t p a r to n s . N ow  we h av e  to  be  v e ry  
carefu l, b ecau se  i f  w e give a few  p a rto n s  a re la tiv e ly  h igh  m o m en tu m  (w hereas
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th e  re s t  o f th e  e x te rn a l p a rto n s  a re  “ so ft” ) th e n  th e y  are n o t  like ly  to  b e  
ex ch an g ed  a lread y  a t  a few  GeV. T h is is because  th e  h a rd  p a r to n s  are like ly  
to  re ta in  th e ir  m o v em en ts  inside  th e  h ad rons p ra c tic a lly  u n a ffe c ted  b y  th e  
sc a tte r in g  process going on if  th e  energies of th e  ex te rn a l h a d ro n s  are large 
co m p ared  w ith  th e  p a r to n  m ass. Self-consistency  req u ires  m  to  b e  o f  th e  o rd e r 
a few  h u n d ered  MeV, an d  hence a t  a few GeV h a rd  p a rto n  ex ch an g es are n o t 
v e ry  im p o r ta n t. T herefo re , since w e w a n t a d y n am ica l p ic tu re  w h ich  is va lid  
u n ifo rm ly  a t  all energ ies, as a f i r s t  ap p ro x im a tio n  we shou ld  o n ly  consider 
exchange o f soft p a r to n s . N ow , i f  th e  n u m b er o f  p ro p ag a to rs  is n,  i t  follows 
fro m  th e  geom etry  o f  F ig . 1 th a t  a n  ex te rn a l h a d ro n  contains ^  j 'ü  p a rto n s. 
To m ak e  th em  soft, each  p a r to n  sh o u ld  ca rry  a m o m en tu m  o f  o rd e r p Hl]in. 
B y  K irc h h o ff’s law s th e  v ir tu a l p a r to n s  ca rry  th e n  also m o m e n ta  o f o rd e r
p Hi y n. T hus

k, (a)2 ^  0 ( p H2/n). (10)

B y  m eans o f th e  s ta tis tic a l fo rm alism  one c a n  now  argue t h a t  th e  average 
m ean  resis tan ce  a  in  E q . (5) is a good  s ta tis tic a l d esc rip tio n  o f th e  m o st im por
t a n t  reg ion  o f in te g ra tio n  w hen th e  k ’s are as sm all as given b y  (10). T herefore, 
th e  a p p ro x im a tio n

K i P i P k , '«")
n

i= 1 .2’ 4  *»(«)' ~ m' .2 Щ_  ____ p i  —l  p  t —1
0 Л„(«)2 ( 11)

sho id d  be  good w hen n  —► oo (for a  m ore d e ta iled  discussion o f  E q . (11), see 
[4]). A c tu a lly , one can  show  th a t  E q . (11) is an  u p p e r  lim it w h en  n  -*■ oo fo r 
th e  F e y n m a n  a m p litu d e  (1), and  since  th e  k ’s are  an y h o w  sm all, th is  m akes us 
r a th e r  co n fid en t t h a t  E q . (11) is a  good a p p ro x im a tio n . U sing  (9) i t  th e n  
follows th a t

n

Fn(PiPki m2) -> e*'”1 Fn(0, m2), n - + o o .  (12)

T he re su lt (12) is b a sed  on th e  p h y s ica l a ssu m p tio n  o f  soft p a r to n s , an d  on th e  
ap p ro x im a tio n  (11). I f  one is n o t c o n te n t w ith  (11) one can e x p a n d  k ;(a)2 in  a 
pow er series. This le ad s  to  q u ite  co m plica ted  p ro b lem s, since th e  d e riv a tiv e s  
o f k 2 a re  oscilla ting  in  sign. Since (11) can  be ju s tif ie d  s ta tis tic a lly  [4] for large 
n, we shall n o t go in to  th e se  p rob lem s.

H av in g  o b ta in ed  th e  G aussian  fo rm  (12) o f th e  F ey n m an  a m p litu d e , w e 
now  face th e  n e x t p ro b lem , n am e ly  to  t r e a t  a n e t  resisto rs (w ith  a  com m on 
res is tan ce  öc) in  th e  lim it  w hen th e  n u m b e r of re s is to rs  go to  in f in i ty . This is a  
well know n prob lem  to  electrical eng ineers, and  th e  so lu tion  co n sis ts  in  rep lac
ing th e  n e tw o rk  b y  a  con tinuous d is tr ib u tio n  o f  resistance . T h u s  we rep lace

Acta Physica Academiae Scientiarum Hungaricae 31, 1972



128 P . Ö L E S E N

th e  co m p lica ted  F e y n m a n  n e t b y  a  co n d u c tin g  sh e e t o f un ifo rm  resistance  
(p ro p o rtio n a l to  5c). W e re fe r  to  th is  ap p ro x im a tio n  as th e  con tinuous ap p ro x i
m a tio n . T h e  co n d u c tin g  sh ee t rem em b ers  its  o rig in  th ro u g h  th e  re s is tan ce  5c, 
w h ich  v ia  E q . (5) d ep en d s on th e  u n d e rly in g  fie ld  th e o ry  th ro u g h  th e  ra tio  
к /n  (w hich  depends on w h ich  fie ld  th e o ry  you  consider). T he re s t th e n  consists 
in  so lv ing  a p o te n tia l  th e o ry  p ro b lem , w ith  N e u m a n n  b o u n d a ry  cond itions. 
S u m m in g  over all g rap h s  o f v e ry  h ig h  o rd e r one g e ts  th e  answ er [1—4]

f J J d z ,  (13)
■J l - i  ' А/

w here p ,  a re  th e  e x te rn a l h ad ro n  m o m e n ta . E q . (13) is  th e  iV -point am plitude- 
A lth o u g h  its  d e riv a tio n  from  E q . (12) is v a lid  o n ly  in  a region w ith o u t d y n a 
m ica l s in g u la rities , we can  use E q . (13) to  con tinue  in to  a region w ith  singu lari
ties . T h is is one o f th e  m erits  o f th e  con tinuous a p p ro x im a tio n .

L e t m e fin ish  w ith  th e  re m a rk  t h a t  from  E q s . (5), (12) an d  (13) one can 
c a lc u la te  th e  R egge slope a '  in  te rm s  o f  к/n  and  th e  p a r to n  m ass m.  I t  tu rn s  ou t 
t h a t  a! v an ishes in  а Ф4 m odel, th u s  th is  m odel is useless for th e  p u rp o se  of 
c o n s tru c tin g  dual m o dels. O nly if  y o u  inc lude  Ф3 v e rtic e s  in  th e  com plica ted  
F e y n m a n  n e t  do y o u  g e t a n o n -tr iv ia l answ er. F o r  th e  n e t in  F ig . 1 one finds

a '  =  [A3 Д О л т 2 (14)

c o rre sp o n d in g  to  a  p a r to n  m ass m  =  230 MeV. N o te  t h a t  Fig. 1 h as  Ф3 as well as 
Ф4 v e r tic e s . T he la t te r  a re  in tro d u c e d  in  order to  m a k e  th e  en e rg y  spec trum  
nice.
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ПАРТОННЫЙ ПОДХОД К ДУАЛЬНЫМ МОДЕЛЯМ
П. ОЛЕСЕН

Резюме
Рассмотрена проблема соответствия неперенормированных диаграмм Фейнмана очень высокого порядка с дулальной моделью. Диаграммы Фейнмана очень высокого порядка изучены при помощи недавно разработанного статистического формализма.
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SPIN AND UNITARY SPIN IN THE DUAL 
RESONANCE MODEL

B y

I . M O N T V A Y
INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY,

BUDAPEST

The recent developm ents in constructing dual amplitudes"with spins and unitary sym  - 
m etry are briefly review ed.

I. Introduction

A considerab le  am o u n t o f w o rk  in th e  Y eneziano  th eo ry  h a s  been done in  
th e  m odel w ith  n e u tra l , sca lar R eggeons on ly . I n  th is  m odel th e re  is a single 
fam ily  o f  tra je c to r ie s , th e  g ro u n d  s ta te  being a  n e u tra l, sca la r p artic le . As a 
consequence, th e  in te rc e p t o f th e  lead in g  tr a je c to ry  is n eg a tiv e . O ne m ay  a sk  
how  m u ch  th is  sim ple m odel re f le c ts  th e  real w o rld . The m ere fa c t  th a t  p h y s i
cists consider such  m odels exp resses th e ir  s tro n g  belief th a t  th e  physica l w orld  
is n o t th e  only  one possib le m a th e m a tic a lly . O ne can  fulfil th e  ax iom s including  
unitarity  w ith o u t g-m esons. N ev erth e less  g-m esons do ex is t, th u s  one m u s t  
once ab an d o n  th e  spinless w orld . I n  fac t, a g re a t deal o f w ork  h a s  been  done in  
th e  la s t  tw o y ea rs  in  th e  d irec tio n  o f physica l R eggeons w ith  p ositive  in te r 
cep ts .

I t  is in te re s tin g  to  no te  t h a t  th e  tw o c lassica l exam ples ( th e  лллсо  a n d  
л л л л  am p litu d es) b o th  involve sp in  and  u n i ta ry  spin . In  sp ite  o f th is , th e  
sy s te m a tic  inclusion  o f positive in te rc e p t tra je c to r ie s  and  especia lly  ferm ion  
tra je c to r ie s  rep re sen ts  a lo t of n o n tr iv ia l p ro b lem s. A fter th e  success of th e  4 я  
a m p litu d e  i t  is te m p tin g  to  try  th e  m any-p ion  am p litu d es . T he isosp in  s tru c tu re  
o f th e m  w as g iven  qu ick ly  b y  P a to n  and  Ch a n  [1]. The in te g ra l re p re se n ta 
tio n  o f  th e  in v a r ia n t am p litu d e  in  th e  case o f 4 я  is [2]:

j d v  ( 1 -  I  1 a c(s) -  a ( t ) } ,

5
w here

s =  ( P i +  P 2)2; * =  (P i +  P  s)2!

P i +  P 2  +  Ря +  Pi =  0 ; «(*) =  «oU )“ 1 =  ав T  +  as.

T herefo re , th e  in v a r ia n t for th e  iV-pion a m p litu d e  can  be o f th e  general fo rm

I  d q N(v, p )  P(vu  ; stj) .

9 Acta Physica Academiae Scientiarum Hungaricae 31, 1972



130 M O N T V A Y

H ere  p  is a  p o lynom ia l in  th e  channel in v a ria n ts

si j  =  (P/+1+P/+2+ • • • +Py)2 ; 0 i < 7  IV— 1 ; P i+ i>2+  • • • + P n =  0

an d  in  th e  co rrespond ing  channel in te g ra tio n  v a riab les

vo,/ =  v t (i =  1 , . .  .,1V — 1) ;

=  r A,_1 =  0 ;

( 1 — r f+ 1 t>, + 2 . ■ . » ; _ ! )  (1  ~ V j .  • - Гу) 

( 1  — ®,+1. . .Vj) ( 1  — Vj.. -Vj-i)

( 2 < Z i + l < j ^ N - l ) .

T h e in te g ra l w ith o u t th e  po lynom ial P  is th e  spinless IV -point a m p litu d e :

§dcpN( v ,p )  =  J

■Ji
dv2 dv3. . . dv N - 2

(1 -v2v3) ( l - v 3vt ) . . . ( l - v N_ 3 vN^ )  (,i(j

=  \ JJT d V j  да—1—Ф м ) (1  — t),)“ - 1  Y 2  (1 — V i V i + 1 . . . V j ) ~ 2* P ‘P i  + l .

1=2 2<.t^j^N-2

E x p lic it expressions fo r th e  m an y -p io n  am p litu d e  w ere  given b y  O l i v e  and 
Z a k r z e w s k y  [3 ] an d  b y  R i t t e n b e r g  a n d  R u b i n s t e i n  [4 ] . These am p litu d es 
are , h o w ever, n o t co m p le te ly  s a tis fa c to ry  as th e y  do n o t  factorize  a long  th e  
d a u g h te r  tra je c to rie s .

T h e  m an y -p io n  am p litu d es are  s till  sim ple in  th e  sense th a t  e x te rn a l 
sp ins a re  n o t  p re se n t in  th em . In  th e  genera l case th e  am p litu d e  h a s  spin 
indices. In s te a d  of an  in v a r ia n t one h as  to  co n stru c t fu n c tio n s of th e  p a rtic le s ’ 
m o m en ta  show ing th e  a p p ro p ria te  co v a rian ce  p ro p e rty . In  princip le  i t  would 
be possib le  to  deal w ith  h e lic ity  a m p litu d e s  fam iliar in  th e  Regge th e o ry , or 
w ith  sev era l in v a r ia n t am p litu d es m u ltip ly in g  th e  in d ep en d en t c o v a rian ts . 
A m ore d ire c t and  sim ple w ay  is, h o w ever, to  consider th e  M -functions (“ spinor 
a m p litu d e s” ) w hich a re  th e  S -m a trix  e lem ents b e tw een  spinor s ta te s .  The 
M -fu n c tio n s are free from  k inetica l s in g u la ritie s  an d  h a v e  sim ple covariance, 
crossing a n d  fac to riza tio n  p roperties.

T h e  fa c to riz a tio n  is a severe re s tr ic tio n  an d  a t  th e  sam e tim e  a  very  
pow erfu l to o l in ev ery  zero-w id th  re so n an ce  m odel. I t  says th a t  th e  residuum  
o f a po le  co rrespond ing  to  a given in te rm e d ia te  s ta te  m u s t fac to rize  in to  the 
p ro d u c t o f  th e  a p p ro p ria te  low er p o in t  functions. I f  we have, fo r in stan ce , 
th e  6 ж a m p litu d e , th e n  b y  fac to riza tio n  w e can get А гл л п ,  А 2тслл, QQnn, etc. 
B y  su b se q u e n t fac to riza tio n s  th e  w hole  am p litu d e  can  be  traced  b a c k  to  the  
v e rtices . T herefo re , th e  on ly  p h ysica l c o n te n t of a d u a l resonance m odel is 
th e  sp e c tru m  o f p a rtic le s  a n d  th e  t r i l in e a r  couplings am ong  them . A co n stru c 
tiv e  w ay  o f  b u ild ing  u p  th e  am p litu d es is th u s to  spec ify  th e  sp ec tru m  o f p a r t 
icles (w h ich  can  be  e x te rn a l as w ell as in te rm e d ia te  s ta te s )  an d  to  f ix  th e ir  
couplings. T h en  b y  c a lcu la tin g  th e  re s id u a  and  sum m in g  u p  th e  po les, one has
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th e  am p litu d e  o f an a rb i t r a ry  process. I t  c an  be  seen t h a t  th e  procedure  is v e ry  
sim ilar to  th e  v an  H ove m odel o f R eggeiza tion . The d ifference  is th a t  a  s im u l
tan eo u s descrip tio n  o f th e  crossed chan n e ls  is also a im ed  b o th  a t  low  an d  
h igh  energies. T here are  sev era l papers w hich  s ta r t  fro m  th is  s ta n d p o in t or 
m ore prec ise ly  from  its  ad v an ced  v a r ia n t , th e  R eggeized su p e rm u ltip le t [5]. 
T he sp ec tru m  o f these m odels is, how ever, to o  m uch u n p h y s ica l as th e  in te rn a l 
s ta te s  sp an  SU (6, 6) re p re sen ta tio n s .

T he SU (6,6) sy m m e try  w hich is a re la tiv is tic  v e rs io n  of SU(6) p o in ts  
to w ard  q u a rk s . In  fac t, a lre a d y  th e  P a t o n — Ch an  u n i ta ry  sy m m etry  fac to rs  
fo r th e  JV-point fu nc tions a re  easily  in te rp re te d  in  te rm s  o f  th e  R osner—H a ra ri 
d u a lity  d iag ram s s tro n g ly  rem in iscen t o f  quarks. T h erefo re , i t  is p e rfe c tly  
reasonab le  to  t r y  to  e x te n d  th e  P a t o n -— Ch a n  SU(3) fa c to rs  to  SU(6) in  o rd e r 
to  ge t a descrip tio n  o f th e  ex te rn a l sp ins on th e  sam e  foo ting  as e x te rn a l 
u n ita ry  sp in . Indeed , th is  w as done by  Ma n d e l s t a m , B a r d a k c i and  H a l p e k n  
[6] (M BH ). In  th e  M B H  m odel th e  M -functions for th e  h a d ro n  are p ro je c te d  
o u t b y  fac to riza tio n  fro m  th e  “ sca tte rin g  a m p litu d es”  U B  o f quarks. H e re  В  
is th e  sca la r V eneziano a m p litu d e  and  U  a sp in  and  u n i ta ry  spin fac to r , be ing  
a p ro d u c t o f  q u a rk  w ave fu n c tio n s. T he m ain  failu re o f  th is  m odel is a lso  th e  
unphy sica l degeneracy  o f  in te rm ed ia te  s ta te s :  th e re  a re  144 g round  s ta te  
m esons an d  1728 g round  s ta te  baryons ( in s te a d  of 36 a n d  56, resp ec tiv e ly ). In  
sp ite  of its  u n p h y sica l fe a tu re s  th e  M B H  m odel is one o f  th e  g rea test ach iev- 
m en ts  o f th e  la s t  years, as  a consequence o f its  fa sc in a tin g  sim plicity  an d  its  
fac to riza tio n  a t  all th e  d a u g h te r  levels.

The u n p h y sica l d eg en eracy  of th e  le ad in g  tra je c to ry  in  SU(6, 6) th eo rie s  
is on th e  sam e footing  as th e  long s ta n d in g  p roblem  o f th e  p a r ity  d o u b lin g  of 
ferm ion  R egge tra je c to r ie s . I t  was d e m o n s tra te d  re c e n tly  on an  ex p lic it 
exam ple in  th e  v an  H ove m odel by  C a r l it z  an d  K i s l i n g e r  [7 ] th a t  th e re  is a 
th eo re tica l p o ssib ility  to  av o id  th e  p a r i ty  doubling  b y  m eans of s ta n d in g  j -  
p lane  cu ts . Such  s ta n d in g  cu ts  were in tro d u c e d  in th e  V eneziano m odel by 
several a u th o rs  to  avo id  th e  degeneracy  o f in te rn a l s ta te s  [8 - 1 0 ] .  I n  th e  
SU(6,6) m odels (or th e  Sl(6, C) m odel [1 1 ] )  th e  Ca r l i t z — K i s l i n g e r  c u t s  
a p p ea r b o th  in  ferm ion a n d  m eson ch an n e ls . This m ak es th e  h igh-energy  
p red ic tions a t  h igh m o m e n tu m  tra n sfe r  p ro b lem atic .

A n essen tia lly  d iffe re n t m eth o d  o f co n s tru c tin g  V eneziano  ty p e  a m p li tu 
des for g enera l processes w as proposed in  a w ork  of D o m o k o s , K ö v e si- D om o- 
kos and  S ch ö n b er g  [12]. I t  is based  on  a  general F o u r ie r— Mellin in te g ra l 
rep re se n ta tio n  w hich g ives in  pole a p p ro x im a tio n  th e  V eneziano a m p litu d e . 
In  th is  p ro p o sa l th e  in te rn a l  Sl(2, C) g roup  o f M öbius tra n sfo rm a tio n s  o f  th e  
K o ba— N ie l s e n  in te g ra n d  [13] for th e  sp in less a m p litu d e  is com bined  in  a 
n o n triv ia l w ay  w ith  th e  L o ren tz  group tran sfo rm in g  th e  ex te rn a l sp ins. T h e  
in te re s tin g  p o ssib ility  in  th is  app roach  is t h a t  i t  gives a  fram ew ork  fo r going 
beyond  th e  po le  ap p ro x im a tio n .
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T he m a in  d raw b ack  o f  a ll th e  above m odels is very  easy  to  sum m arize : 
i t  is th e  la c k  o f  fac to riza tio n . E v e n  the  fa c to r iz a tio n  of th e  sp in less a m p litu d e  
h o ld s  only in  a lim ite d  sense. S tr ic tly  sp eak in g , fac to riza tio n  w ith  ghost s ta te s  
c a n n o t be re g a rd e d  as fa c to r iz a tio n . A n o th e r u n c e r ta in ty  is d u e  to  th e  possib le  
inc lusion  o f sa te ll i te  te rm s w h ich  do n o t c o n tr ib u te  in one o r m ore  channels to  
th e  lead ing  t r a je c to ry . A n in te re s tin g  q u es tio n  is w hether i t  w ou ld  be possib le  
to  m ake o u t o f  tw o  b ad  th in g s  a good one, t h a t  is, to  use th e  sa te llite  a m b ig u ity  
fo r  ghost k illing .

II. G host killing w ith  satellites

T he p o ss ib ility  of a d d in g  sa te llite  te rm s  to  th e  genera lized  Y eneziano 
am p litu d es seem s to  leave a considerab le  freed o m  in th e  co n s tru c tio n  o f d u a l 
resonance  m odels. This a rb itra r in e ss  is p re su m a b ly  w eakened  b y  fac to riza tio n . 
N everth e less , a t  th e  f irs t s ig h t i t  seems t h a t  every  level d e n s ity  and  ev e ry  
coupling  s tre n g th  can be f i t t e d  w ith  a su ita b le  choice of sa te llite  te rm s.

L e t us i l lu s tra te  th is  in  th e  sim ple case o f scalar N  =  4 p o in t fu n c tio n s . 
T h e  in te g ra l re p re se n ta tio n  o f  a ty p ica l s a te llite  te rm  is

l
j V ( m , M ; n , N )  =  \  dv v - ' - ' M  vm( l  - v ) n(xs)N{oa)M (1)

ô
a(s) =  a + o c s .

T h is  te rm  g ives co n tr ib u tio n s  in  th e  p o in ts  s, =  (i a /a ); a (s) =  M  -(- i m, 
M  —)— i  — m  — 1, . . ., 0 (i =  m , m  +  1, to +  2, . . .) on th e  s-channel C hew — 
F ra u tsc h i p lo t,  an d  in  tj =  (j —  a/tz); oc(i) =  N  -j- j —n, N  - f -  j  -re —1, . . ., 0 
( j  ]> n) on th e  t-channel Chew — F ra u tsc h i p lo t. L e t us suppose  for the  m o m en t 
t h a t  we k now  th e  “ good”  re s id u a , co rrespond ing  to  th e  p h y sica l level d e n s ity  
a n d  p h y sica l couplings. T h e n  in  th e  re p re se n ta tio n

B(s,t) ' S
1 = 0

n  c  t v
'V' ° nv 1__
SÓ re—a(s)

oo m  T  Qf*
у  ^  °

r fto  lilt0 m  a(t)
( 2 )

th e  coeffic ien ts  S nv and  T m/I a re  know n. T h e  good residua  c a n  be b u ilt  in  an  
am p litu d e  o f  Y eneziano ty p e  i f  one adds s a te llite  te rm s in th e  following o rd e r:

B (s,t) =  <t00 V(0, 0; 1, 0) +  t 00 V ( l ,  0 ; 0, 0) +  <xu  F ( l ,  1; 2, 0) +

+  ff10 V ( l ,  0; 2, 0) +  r u  V(2, 0 ; 1, 1) +  t 10 V(2, 0 ; 1, 0) +  (3)

+  cr22 V(2, 2; 3, 0) +  a 21 V(2, 1; 3, 0) +  (t20 V(2, 0 ; 3, 0) +

+  r 22 V(3, 0; 2, 2) +  r 21 F(3, 0; 2 , 1) +  r 20 F (3 , 0 , 2, 0) +  . . .
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T he coeffic ien ts с 00, r 00, . . . are chosen  successively to  f i t  S 00, T 00, S l v  . . .
(F o r a sim ilar co n s tru c tio n  see [14].) I t  is clear t h a t  th e  physica l re s id u a  
(w ith o u t ghosts) can  be  f i t te d  b y  th is  p ro ced u re  on an y  f in ite  n u m b er (fc) o f  th e  
low est levels. T he convergence as к  —>- oo depends, h ow ever, on th e  ex p lic it 
fo rm  o f th e  p rescribed  res id u a .

A d iffe ren t p ro ced u re  for (p a r tia l)  ghost killing w as proposed  in  [15], 
w here th e  ghosts w ere “ k illed ”  ev e ry w h ere  on a f in ite  n u m b er (fc +  1) of 
h ig h est d a u g h te r  tra je c to r ie s . T he a m p litu d e  is given th e re  in  th e  fo rm

A (s ,  t )  — A s(s, t ) + A t(s, t)

A s(s, t) =  J i » »-*-■<•> (1 - t ; )+ fc- “(0 ( K 0( x ) + v K 1(x) +  . . . + v ' ‘ K k(x))
0

X  =  x ( t )  ; A t : (s i ) .

F o r  defin iteness le t us choose th e  “ g o o d ”  resid u a  to  be

(4)

R M t ) ) = { - i r m + Æ _ . (5)

T hen  th e  func tions K/(x)  a re  given e x p lic itly  [15] by

l - ô .  ..Z -Ó
Kt(x)  =  e~2x ^

fl +  2/2-b • • • +  l i i= i i t l

W ritin g  th e  am p litu d e  A (s ,  t) as a su m  o f s-channel poles

к a * '* ffc _ 2ai Í! [ft lx 1
2 1 3 " T  ' + 1)

(6)

A (s ,  t) V  * п Ш
7T" ’„=0 n  — x(s)

(7)

i t  follows from  th e  c o n s tru c tio n  th a t  th e  re s id u a  R n(x(t)) conicide w ith  „(«(*)) 
fo r n =  0, 1, . . ., k.

I n  A (s ,  t) th e  lead in g  tra je c to r ie s  o f  th e  tw o ch an n e ls  are se p a ra te d , 
th e  piece A s , for in s tan ce , co n tr ib u te s  in  th e  t-channel o n ly  to  th e  (к  +  l ) - th  
an d  low er d au g h te rs , b u t  i t  gives e n tire ly  th e  h ighest (к  +  1) tra je c to r ie s  in  
th e  s-channe l. T herefo re , questions co n cern in g  d u a lity  m a y  arise. D u a lity  
can be fo rm u la te d  req u irin g  th e  fu lf ilm e n t o f th e  fin ite  en e rg y  sum  ru le

V  R n(x(t)) =  № » + 1 — ------ (- 0 (ЛИО) ; ( N  —> 00) (8)
n=o ПКУ”  r ( a ( t )  +  2 ) V W

(r(a(t)) be ing  th e  resid u u m  o f th e  le ad in g  R egge-pole ex ch an g ed  in  th e  t-c h a n 
nel). T h is fixes th e  a sy m p to tic  b e h a v io u r o f th e  residua  in  th e  follow ing w ay :

R j a l t ) )  =  № ' )  — 1(ЖШ -  +  0 ( i \H ') - i ) . (9)
V '  r ( a ( t )  +  l )  ^  ;
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T h e  am p litu d e  A ( s , t) sa tisfies E q s . (8) and  (9) as i t  is m erom orph ic  and  R egge- 
b e h a v e d  in  s. B u t  look ing  a t  E q . (5) one sees a t  once th a t  E q . (9) can be v a lid  
o n ly  for N  k.  T h is  im plies t h a t  a d is tin c tio n  can be  m ad e  betw een  th e  
resonances o ccu rrin g  in A (s ,  t): th e  resonances o n  th e  h ig h es t к  -)- 1 tra je c to rie s  
a re  physical  ( th e y  h av e  p h y sica l couplings), b u t  those  on th e  low er d au g h te rs  
a re  supplem entary,  th e y  are  p a r t ly  ghosts a n d  th e y  are  responsib le  fo r th e  
R egge b e h av io u r in  th e  d ire c t channel. (O ne has to  re m a rk  th a t  a s im ila r 
s i tu a tio n  is to  b e  expec ted  in  ev e ry  dual m odel, as th e  a sy m p to tic  b e h av io u r 
(E q . (9)) can  o n ly  be p ro d u ced  b y  th e  fa r -o u t d augh ters.)

I I I . H igher sym m etries in  dual m odels

In  th is  S ec tio n  we give a sh o rt an d  sim p le  d e riv a tio n  o f dual m odels 
w ith  re la tiv is tic  SU (6) sy m m e try  in  th e  case o f  m eson fo u r-p o in t functions. T h e  
s ta r t in g  p o in t is th e  P a t o n — C h a n  u n ita ry  sy m m etry  fa c to r

( 10)

H ere  Aj, B t d e n o te  th e  SU (3) n o n e t indices o f  th e  i- th  m eson . An im m e d ia te  
gen era liza tio n  to  re la tiv is tic  SU (6) w ould be

'à i’ ô t ô b ( 11)

w here  <x(- =  A t a{, ß t =  B t b( a n d  at, bt d e n o te  th e  L o ren tz  sp inor indices o f  
th e  i- th  m eson. E q . (11) is, how ever, in c o rre c t as p a r ity  co n se rv a tio n  req u ire s

M (PlPiP3PÚa\Íla%ba\ =  V M ( P l s P i s P i s P i s f - ^ t  =/a1a2a3Q4

|A| fpi (A iP4|(m lb,bi m ь-Уг l m Ö3Ö3 m s,».
M (PlsP isPzsP iS)% (—

1 m űiúi
X (12)

rn ,

X Рз
m ; p s = ( p o >  p ) ’ P = p f‘ a t4 P = z P ls a lL-

H ere  M  is th e  four-m eson  A f-function , r\ —  -(- 1 is th e  p ro d u c t of th e  p a r itie s  
a n d  m  is th e  m eso n  m ass. O therw ise  we u se d  th e  n o ta tio n s  o f [9]. T he m o s t 
sim ple change o f  E q . (11) c o n s is ten t w ith  p a r i ty  con serv a tio n  is th e  fo llow ing:

}P2«1 à % à ba \ - + [ ô - { p 2Pl) t l  =  à% ®62oi P H r) 1-l m  K a J

T herefo re , a possib le  fou r-ineson  am p litu d e  is:

M ( P i  P i  P s P i )  =  J d v  « - ‘- ^ ( l  — w)_1_”(i) t*5 - { P z P i ) f l  ■

■[à ( P s P i ) f 4 [ à - ( p iP 3m ô (P i P M \ -

(13)

( 1 4 )
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H ere  a(s) deno tes th e  (negative  in te rc e p t)  tra je c to ry  o f th e  0~ p a rtic le s  in  th e  
36-p le t. T h is am p litu d e  is id en tica l to  th e  M B H  a m p litu d e  for 4 m esons. 
A p p ly in g  th e  sam e m e th o d  to  m e so n —b a ry o n  sc a tte rin g  one arrives a t  th e  
Sl(6, C) sy m m etric  am p litu d e  o f [9] w h ich  coincides w ith  th e  SU(6, 6) am p li
tu d e  if  th e  4 coupling  co n stan ts  are  p ro p e rly  choosen. L e t  us now  in v e s tig a te  
th e  fa c to riz a tio n  p ro p ertie s  of th e  sp in -d e p e n d e n t p a r t  o f  th e  above a m p litu d e , 
say  in  th e  s-channel [s =  ( p l -f- p 2)2]. T h e  f i r s t  an d  th ird  fa c to rs  belong en tire ly  
to  th e  in it ia l  an d  f in a l s ta te s , re sp ec tiv e ly . T h e  o th e r tw o fa c to rs  can be  w ritte n  
as follow s:

[<*- ( P s P z t l  =  (PsPn)ïeÎ2  [á +  (P i2T 2)]a12a +
Z

V “ [«Ж РзРтШ г (P12P2)]?1/  ’ P i k = P i + P k , p íik =  ™2- z

T he tw o  te rm s  on th e  r ig h t-h a n d  side a re  a lre a d y  fac to rized , th u s  m u ltip ly in g  
b y  th e  o th e r  tw o te rm s  com ing from  th e  la s t  fac to r in  E q . (14), one h a s  fo u r 
36 -p le ts  as in te rm e d ia te  s ta te s . I t  can  h e  show n th a t  th e re  a re  tw o 36“ -p le ts  
an d  tw o  3 6 +-plets, one o f each h a v in g  im a g in a ry  couplings (“ ghosts” ).

T he superfluous in te rm e d ia te  s ta te s  can  be easily  e lim in a ted  a t  t h e 
g ro u n d  s ta te  pole b y  th e  m eth o d  o f [16], w h ich  consists o f  m u ltip ly in g  t h e 
u n w a n te d  pieces o f th e  co v a rian ts  b y  th e  in te g ra tio n  v a r ia b le  o f th e  ch an n e l ;

M = £ r f t , „ - I - « 6 > ( 1  v) -!-*(') j - L [ á  (p 4p 23)]£3 [ Ж р 23/> зШ г+

1 — V
[<5+ ( p 4 p 23)]fr [Ô -  ( p 23 p 3) ] i f ■ [^ -(Р з Р и Ж ;Ql2

[Ô +  ( p u  p a)]“ * +  ~ [< 5  +  (p 3Pl2)]ft*, [f3 (P l2 P 2)]%2j  | y

[á - {PïPa)t l  t^ + ÍP a P i)]“ 1 [ Ж Р г Р а ) ] ^

[<5 ( P 4 iP i ) ] ï i 3J { y  [ à - ( P i P u ) ) & [ « + ( P s .р Ж Г  +  

+  y [ í + ( P x P M)]ftt [ í  ( P a iP iÆ r j  •

(16)

In  th is  a m p litu d e  th e  g round  s ta te  is a p u re  (and  p h y sica l) 36 ~-p let. T he 
exc ited  s ta te s , how ever, a re  still d eg en e ra te . T h e  degeneracy  everyw here can  be 
rem oved  b y  m u ltip ly in g  b y  some fu n c tio n s  f ( v )  a n d / ( 1 —v) in s tead  o f  v  an d  
(1— v), re sp ec tiv e ly  if

/ ( 0 )  =  0 , d " / ( 0,1) Q

/( 1 )  =  1 ,  dvn
1 , 2 , . . . ) . ( 17 )
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S uch  an a m p litu d e  was c o n s tru c te d  in [17], w here i t  w as show n th a t  in  
do in g  so th e  a m p litu d e  gets  p ieces w ith  e x p o n en tia l b e h a v io u r. T his show s 
t h a t  th e  sca la r  Y eneziano sp e c tru m  m u ltip lied  b y  pu re  SU (6) couplings is no 
m o re  du a l in  th e  sense o f sa tis fy in g  f in ite  en e rg y  sum  ru les .

A n o th e r p o ssib ility  o f  m o d ify ing  E q . (16) is to  rem o v e  th e  degeneracy  
o n  th e  f ir s t  (k  -(- 1) tra je c to rie s  b y  th e  m e th o d  o f [15]. T he re su ltin g  a m p litu d e  
is th e  fo llow ing [9]:

X( р 2р Ш д - ( Р 4 Р ЖJ о

X (1 v)k+1( — a)B° J  dTT- a -1 ( —lo g r)0»^1 „“Wd*-1) [Дб£)(|;а(*),т)-|- 

- ) - . . .  -\-vk R ^(v a .( t ) ,  т ) ]  гл "  4lAl rA 1 "  "  У

(18)

[ ^ - ( Р з Р г Ш  [<*- ÍP iP i)í\
Г ß 0+ -

X

X [(Рз P li)  ~  (P i2 P i ) t l  [ô - ( P i  P i)t\ +  [<5 -  (Рз p  J ï l K P i  P 34) -  (Psi P iÆ ;]  -i- 

+  [(Р зР 12) " ( Р 12Р 2)]^  [(P 1P 34) - (P 3 4 P 4)]ail ; M = M S +  M t,
7 (-£*0 +  1)

w here

B 0 — free p a ra m e te r , a =  а (0 ) ; p x -T P 2 +  Р з  +  P i  =  0;

R\k\ x ,  t) 2
/1+ — H‘i —I

1 +
X T

2
+  k

+ k -
Ix

/ +  1

(19)

T h e  piece M t c an  be o b ta in e d  from  M s in te rch an g in g  th e  ro les of th e  s- a n d  t- 
channels.

In  su m m a ry , the  fa c to r iz a tio n  p ro p e rtie s  of th e  d u a l am p litu d es  o f 
sp inn ing  p a r tic le s  offer a lo t  o f questions to  be s tu d ied  in  th e  fu tu re . T h e  
ap p lica tio n  o f  th e  dual m odel to  m ost of th e  p h ysica l p rocesses becom es possib le  
p re su m ab ly  o n ly  after k n o w in g  th e  answ ers to  these  questions.
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СПИН И УНИТАРНЫЙ СПИН В ДУАЛЬНОЙ РЕЗОНАНСНОЙ МОДЕЛИ
И. МОНТВАИ

Резюме
Приведён краткий обзор последних достижений в области построения дуальных амплитуд с унитарной симметрией и спинами.
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ON THE OFF-MASS-SHELL CONTINUATION 
OF THE YENEZIANO MODEL

By

F . Cs i k o r *
JOINT INSTITUTE FOR NUCLEAR RESEARCH, DUBNA, USSR

The problem  o f incorporation o f currents into th e  Veneziano m odel is studied. The case  
of axial vector current is treated in detail on the exam ple of the off-shell л л  —► л л ,  А ^ л  л  л

an d А ^ л  — А ^ л  processes.

In tro d u c tio n

R e c e n tly  som e in te re s t h as  been  d ev o ted  to  th e  in co rp o ra tio n  of c u rre n ts  
in to  th e  Y eneziano  m odel. T he case o f v ec to r  cu rren ts  has b een  ex ten siv e ly  
s tu d ied  b y  B r o w e r  an d  W e i s  a n d  o thers [1 ]  in  th e  fram ew ork  o f  th e  g enera liz
ed Y eneziano  m odel. A t th e  p re se n t stage o f d ev e lopm en t o f  th is  th eo ry  i t  is 
n o t y e t  possib le  to  s tu d y  ax ia l c u rre n ts  in  th is  fram ew ork . T herefo re , as w e 
w a n t to  s tu d y  ax ia l cu rren ts , we shall confine ourselves to  fo u r-p o in t fu n c tio n s 
on ly . T h u s  o u r t r e a tm e n t will be  m ore ph y sica l in  th e  sense t h a t  th e  p a rtic le s  
(ex te rn a l an d  lead in g  tr a je c to ry  partic les) w ill h a v e  th e ir  p h y s ica l m asses.

As a  p a r tic u la r ly  sim ple ex am p le  we shall s tu d y  th e  sc a tte r in g  am p litu d es 
o f th e  A f,л  —*■ А ^ л ,  АцЛ  —► л л ,  л л  —*■ л л  processes. The reaso n s for choosing 
these  processes are :

a) T h e  re la te d  on-shell processes have  v e ry  sim ple V eneziano  am p litu d es 
as on ly  a single tra je c to ry  c o n tr ib u te s  and  th e  problem s o f e x te rn a l p a rtic le  
sp in  can  also be  so lved  (a t le a s t to  lead ing  tr a je c to ry  level) in  th is  case.

b) T hese processes form  a re la tiv e ly  closed su bsystem  in  th e  b o o ts tra p  
schem e o f all p rocesses.

c) U sing  th e  soft p ion m e th o d , one m ay  e x tra c t  in fo rm a tio n  on th e  p io n  
e lec tro m ag n etic  fo rm  fac to r.

W e f i r s t  l is t som e fu n d a m e n ta l p ro p ertie s  o f  ou r m odel w h ich  we believe 
m ean  an  im p ro v e m e n t com pared  w ith  num erous o th e r  a tte m p ts . I n  a V eneziano 
m odel w ith  lin e a r  tra jec to rie s  a n d  d au g h te rs  i t  is n a tu ra l to  assum e th a t  th e  
ax ia l v e c to r  c u rre n t is s a tu ra te d  n o t  only  b y  th e  л  and  A 1 m esons, th ere fo re  
we ta k e  in to  ac c o u n t th e  h igher m ass я  and  A x m esons (F ig. 1), too . F u r th e r 
m ore, we h av e  care fu lly  carried  o u t  th e  off-shell c o n tin u a tio n  in  th e  m om en
tu m  o f one f in a l л  in  th e  А  л  —*■ л л ,  л л  —*■ л л  am p litudes a n d  also in th e

* On leave o f absence from R oland E ötvös U n iversity , Budapest.

Acta Physica Academiae Scientiarum Hungaricae 31, 1972



140 F . C S I K O R

m o m en tu m  of one o f  th e  in itia l p ions in  th e  л л  —► л л  am p litu d e . T h is is 
n ecessary , i f  one w an ts  to  com pare th e  Y eneziano m o d e l w ith  c u rre n t a lgeb ra  
an d  d ivergence  a lg eb ra  (e .g ., i t  is e sse n tia l in  th e  d e te rm in a tio n  o f th e  pion 
fo rm  fa c to r , too.)

F in a lly , we h av e  to  realize  th a t  a t  p re sen t we m a y  hope to  c o n s tru c t a 
m odel w h ich  is sa tis fa c to ry  on th e  le a d in g  tra je c to ry  leve l only. O ne reason 
for th is  is t h a t  i t  is th e  case for th e  А гл  —*- A ,ltt a m p litu d e  (w hich is re la te d  to  
th e  А ^ л  —*■ А ^ л  a m p litu d e ); an o th e r re a so n  will be m en tio n ed  below .

P re lim in aries

T h e  d e fin itions o f  o u r  am p litu d es a re  th e  fo llow ing:

=  J d 4 xe~‘Px ( n q ' j \ T ( A l„(x) A ? ( 0 ) ) ^ q i y  ,

=  i j d l xe~ t,px ( n q ' j \T ( A lM(x) 8 • A n(0 )) \n q i}  , (1)

w here A fi is th e  ax ia l v e c to r  cu rren t, i, l , j ,  n are iso sp in  indices, q, p ,  q ’, к are 
m o m en ta .

T h e  am p litu d es a re  connected  b y  th e  PC AC eq u a tio n s:

T il jn
11V

qpq к

T ' i l jn
p

ЯРЧ k

T
ilj  n  1

qpq' k f

F  (t)
kv =  T + i(ô„ V  -àln *ij)(q + 9 %

T p “ =  T + i r n {t),

( 2)

(3 )

w here F n(t) is th e  p io n  e lec tro m ag n etic  form  fac to r  a n d  2 ln(t) is th e  er-term:

2 In(t) =~ i j  d 4 xd(:t0) e ~ ipx (nq'j\[A'0(x), d • A n(0)]\nqi) . (3 ')

T h e  residues o f T^,  a t  th e  a p p ro p r ia te  values o f  p -  an d  к2 are p ro p o rtio n a l 
to  th e  А * ( л * ) л  —*- А * * ( л * * ) л  a m p litu d e s , w here th e  s ta rs  deno te  th e  h igher
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m ass (or л)  pa rtic les . S im ila rly  T  is co n n ec ted  to  th e  А ? ( л * ) л  —► л * * л  a n d  
T  to  th e  л * л  —* л * * л  am p litu d es .

In  c o n s tru c tin g  th e  m odel, we shall p ro ceed  in  th e  o rd e r T  — Tß —► Г  . 
T h e  n u m b e r o f in d ep en d en t in v a r ia n t fu n c tio n s  (using all th e  crossing an d  
isosp in  c o n s tra in ts )  is 2 fo r th e  am p litu d e  T , 6 for T ß an d  20 for T ßv. T h u s , 
fo r th e  sake o f  b re v ity , we sha ll deal here o n ly  w ith  th e  I s =  2 am p litu d es an d  
shall n o t w rite  dow n all th e  fo rm u las . W e re fe r th e  read er fo r d e ta ils  and  co m p 
le te  fo rm ulas to  th e  orig inal p ap ers .

T he am plitude  T

T he f ir s t  ta s k  is to  c o n s tru c t th e  л * л  —*■ л * * л  am p litu d e . T h is is given b y  
th e  sam e exp ression  as th e  л л  —► л л  a m p litu d e . E .g ., th e  I s =  2 am p litu d e  is, 
as i t  is well know n:

/ ( P M H f - ï W  « (» )) , (4)
w here

\ Г  ( l  a ( t ) ) 7 ’( l  a(u)) 1
B ( t , u ) = — ' ---------- '—  ------------ a(t) = -------------1- b(t - -m ;)

Г(  2 a(f) — a(u)) 2

a n d  b is th e  u n iv e rsa l tra je c to ry  slope. As L o v e l a c e  [2] p o in te d  ou t, th is  
expression  is a good c a n d id a te  fo r th e  off-shell am p litu d e , as i t  sa tisfies th e  
A d ler co n d itio n . L a te r  on S u u r a  [3], O s b o r n  [4] and  Cs i k o r  [5] po in ted  o u t 
th e  necessity  o f  inc lud ing  th e  h ig h e r m ass p ion  poles. So th e  off-shell a m p litu d e  
is o b ta in ed  b y  th e  rep lacem en ts:

/ ,  - 1 Ш  n  -> /(fc2)
w here

Яр2) =  r  | y  * ( r 2)J Яр2)

a n d  f ( p 2) h as  no poles a t  all. T h e  a rg u m en t o f th e  Г  fu n c tio n  is — осл(р 2), 
w hich  y ields th e  expec ted  pole s tru c tu re .

As p o in te d  o u t b y  Cs i k o r  [5] an d  E l l is  a n d  O s b o r n  [6 ],  th e  d a u g h te r  
s tru c tu re  of th is  am p litu d e  is fa r  from  being re a lis tic . In  fa c t, an  in fin ite  n u m 
b e r o f sa te llite  te rm s  are n eeded  to  co rrect th is . So we c o n te n t ourselves b y  
say ing  th a t  th e  above am p litu d e  is co rrec t o n ly  to  th e  lead ing  tra je c to ry  level.

T he ab o v e  ideas can be e x te n d e d  to  o th e r  processes, such  as К л  and  K K  
sc a tte r in g  [4, 7]. This off-shell V eneziano m o d e l is in  reaso n ab le  ag reem en t 
w ith  th e  ch ira l sy m m etry  b reak in g  m odel of G e l l -Ma n n , O a k e s  a n d  R e n n e r .*

* In the literature there has been some debate about this statem en t. We w ant to  
em phasize th a t all the diseases can be cured b y taking in to  account explicit m om entum  depend
ence o f the typ e  described above and satellites. W e refer to the recent paper by Y o n e y a  
e t al. [8], which illustrates this point.
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The am p litu d e  T ^

A n u m b e r  of a t te m p ts  have  b een  m ad e  to  c o n s tru c t th e  a m p litu d e  T'ß 
a lread y  in  th e  early  tim es o f  V eneziano th e o ry  [9]. H o w ev er, all these  a t te m p ts  
keep th e  f in a l s ta te  p ions on th e  m ass-sh e ll (and ta k e  in to  acco u n t o n ly  the  
low est л  a n d  A 1 poles). A n a m p litu d e  w hich  is o ff th e  m ass-shell in  b o th  
p ß an d  к h a s  been  given in  [10]. T his a m p litu d e  is b y  no m eans sa tis fa c to ry  as 
i t  co n ta in s  an  u n p h y sica l po le  a t  p 2 =  0. A  m odel w h ich  avoids th is  d ifficu lty  
has been  g iven  in  [11] a n d  we shall now  exp la in  th e  m a in  ideas of th is  w ork.

B efore s ta r tin g  w ith  th e  c o n s tru c tio n , i t  is c o n v en ien t to  s ta te  tw o 
sim ple th e o re m s .

a) I f  a concre te  m odel fo r T, T1 sa tis fie s  th e  PCAC E q . (3) (for all m o m en ta  
Ptii kft), e x h ib its  th e  co rrec t pole s tru c tu re  an d  satisfies th e  crossing co n d itions, 
th e n  th e  exp ression  o f T„ ta k e n  a t  =  0 will be a u to m a tic a lly  tra n sv e rsa l.

b) I f  in  ad d itio n  to  th e  cond itions o f  th eo rem  a), th e  am p litu d e  T  sa tisfies  
th e  A d le r-W eissb e rg e r co n d itio n , th e n  F n(t), as d e te rm in ed  from  T (1 in 
th e  so ft p io n  lim it, has th e  co rrec t n o rm a liza tio n .

So in  th e  co n stru c tio n  we h av e  to  co n c e n tra te  o n ly  on th e  co n d itio n s  o f  
these  th eo rem s.*  W e assum e th a t  T /( is a sum  of th re e  te rm s:

^  =  П 1Х0) +  П 0Х0) +  ̂ ,  (5)
w here co n tr ib u te s  o n ly  to  th e  on -shell am p litu d es  А *  л  —> л * * л ,  T ^ x0
c o n tr ib u te s  on ly  to  th e  on-shell a m p litu d e s  л * л  —► л * * л , and  t does no t 
c o n tr ib u te  to  th e  a m p litu d e s  on th e  m ass-shell, t en su res  th a t  th e  PCA C E q . 
(3) is fu lfilled .

T h e  A * n  —► n * * n  sc a tte rin g  a m p litu d e  is g iven  b y  th e  well know n 
Go e b e l , B lackm on , W a l i expression  [13], e.g. th e  I s — 2 a m p litu d e  is:

-  «(*) -  1) -  (9 +  9 > (  1 -  «(*)))

-2 a*' (K  +  (? +  9% )] B (t, «),

p ' , p  co rresp o n d  to  th e  s an d  d w ave-coup ling  c o n s ta n ts  o f A \  —*■ д л  decay , 
p  , p  a re  free p a ram e te rs .

T j/X°) is o b ta in ed  from  th e  ex p ressio n  (6) b y  th e  follow ing rep lacem en ts:

P-Ip-*- \ g ^ P ( p 2)

p ' - L g ^ p ' i p 2)

p ( p 2) - p ( 0 )
P/j-Px 2

/V  P).
p ' ( p 2)  A * '(0 ) ■ p  1 •)

(7)

* These theorems underline the importance of a careful continuation in the momentum
In fact, in s. [3, 12] this continuation was not carried out carefully, which led to difficulties 

in the determination of the pion form factor, namely at the kinematics k,x =  0 T ^  turned out 
to have a longitudinal component, too.

Acta Physica Academiae Scientiarum Hungaricae 31, 1972



O F F -M A S S -S H E L L  C O N T I N U A T I O N 143

w here is an  a rb itra ry  m o m en tu m . T he fu n c tio n  f ( k 2) is th e  sam e as befo re , 
and

M p 2) * ( p 2)j M p 2)

w ith  /n(p2) a n o n sin g u la r fu n c tio n
3
2 * (p 2) = < W p 2)

Sim ilarly , T ^ x0> is o b ta in e d  from  th e  л*  л  
E q . (5) b y  th e  follow ing rep lacem en ts:

*л a m p litu d e  g iven  in

f ( P 2) /(0 ) f o ^ m . (8 )

T he above co n s tru c tio n  ensures th a t  on th e  m ass-shell Г<1х0> an d  T<0x0)Ц [J,
c o n trib u te  on ly  to  th e  re le v a n t am p litu d es . M oreover p 1* (T ^x0* +  T ^ x0̂ ) — 
—  T  —  i £ lrl(t) has no s in g u la rity  in  th e  v a r ia b le  p 2, so we h a v e  a chance  th a t  

(w hich is d e te rm in ed  from  th e  PCAC E q . (3) ) is also non sin g u la r in  p 2. 
T he d e te rm in a tio n  o f t is a little  tr ic k y .*  F o r d e ta ils  we refe r to  [11]; 

here we n o te  on ly  th a t  non-V eneziano  ty p e  te rm s  necessarily  occur. To see th is  
le t  us w rite  dow n th e  PCAC eq u a tio n  (T ; d en o te  th e  in v a r ia n t fu n c tio n s o f
T  ):

s +  u 2 m 2n
Ti P - =  T ( s , t ,  u , p 2, k2) Т (т 2л, t, m l ,  0, t ) . (9)

T he la s t  te rm  is th e  a te rm , w hich  has c learly  non-V eneziano fo rm , an d  g e n e ra 
tes  a non-V eneziano ty p e  te rm  in t^, to o . T hese non-V eneziano ty p e  te rm s  
ex h ib it f ix ed  pow er b e h a v io u r for large s.

U sing th e  soft p ion  m e th o d  one g e ts  th e  following expression  fo r th e  
p ion e lec tro m ag n etic  fo rm  fa c to r:

F„(t) =  const. I (fi(t) p(0)) ( l -o c ( t ) )  +  2(p '(t) p'(0))

4t(y(t) - i j ( t , 0 ) ) + b f ( 0 ) r

+  / ( 0 ) Л у  a (0 ) | 6 |v
2

a ( 0 )

V i ~ -  “ «(*)

( 10)

' B(m%, t) ,

* Our m ain guide is th at we have to avoid un ph ysica l poles.
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w here  ip(x) — Г ,(х)/Г(х)  is th e  lo g a rith m ic  d e riv a tiv e  o f  th e  Г  fu n c tio n , 
rj(t), rj(t, 0) a re  u n k now n , n o n sin g u la r fu n c tio n s  (w hich com e from  th e  n o n u n i
queness o f  tß). T h e  pole s tru c tu re  o f th is  ex p ressio n  is as ex p ec ted . T he lesson  to  
be  d raw n  from  th is  co m p lica ted  ex p ressio n  is, t h a t  w ith o u t a d d itio n a l 
a ssu m p tio n s  one can n o t m ake an y  d e fin ite  p red ic tio n  fo r F n(t).

The T V  am p litu d e

T h e  T ßv a m p litu d e  can  be co n s tru c te d  fro m  th e  re le v a n t on-shell a m p li tu 
des using  v e ry  sim ilar id eas . O f course, th e  ca lcu la tio n s are  r a th e r  le n g th y  
(we h av e  20 in d e p e n d e n t in v a r ia n t fu n c tio n s). So we p o in t o u t here  o n ly  th e  
special d ifficu lties . F o r d e ta ils  we re fer to  [14].

T he f i r s t  d ifficu lt p o in t is th e  on-shell А гл  —*■ А ^ л  am p litu d e . T h e  new  
fea tu re s  a re  o f  course co n n ec ted  w ith  th e  non -zero  spin o f  th e  ex te rn a l p a rtic le s . 
F u r th e rm o re , we h av e  now  n o n -tr iv ia l fa c to r iz a tio n  co n d itio n s, as il lu s tra te d  in

Fig. 2

F ig . 2. A ll th e se  q u estions are  tre a te d  in  d e ta il in  [15] an d  [16]. W e h a v e  
e ssen tia lly  accep ted  th e  so lu tio n  o f L a s l e y  a n d  Ca r r u t h e r s  w ith  som e m o d i
fica tio n s.*  As a  re su lt we h av e  go t a unique  th re e -p a ra m e te r  (-f- free coup ling  
c o n s ta n ts )  so lu tion .

T h is so lu tio n  can be ex ten d ed  w ith  som e effo rt to  th e  А * л  — >- A * * n  
am p litu d es . As one of th e  in v a r ia n t fu n c tio n s  van ishes if  A *  and  A**  is th e  
sam e p a r tic le , th e  ex ten sio n  fo r A *  ^  A * *  y ields n o n tr iv ia l in fo rm atio n .

As in  th e  case of T  , T ^  w ill be b u ilt  u p  as a sum  o f severa l te rm s:

T  — T ( ,x l) T4,xo) _i_ T(oxi) г 'Т'(пхо) I f
уt v  ■* f j v  í I /UV Г juV I v [XV *

T h e m ean in g  o f th e  v a rio u s  te rm s shou ld  be clear from  th e  discussion o f  th e  
a m p litu d e . O nly  th e  co n s tru c tio n  o f  T j j f1' gives rise  to  new d ifficu lties , 

as n o t a ll p a ra m e te rs  a p p e a r  in  p ro d u c t fo rm  in th e  on-shell am p litu d es (e.g.

* F irst the Adler condition is im posed incorrectly in [15]; secondly, we have rem oved
one of the conditions of [15], w hich means a restriction  on the signature of a daughter trajec
tory; third we have kept m2 Ф  0 throughout the calculation. D etails o f  this as well as com m ents  
on W h ip p m a n ’s paper are given  in [17].
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th e  coup ling  c o n s ta n ts  o f  th e  A * A f* Q  v e r te x  do no t). C learly  som e a d d itio n a l 
assu m p tio n s a re  needed  h e re  w hich, of cou rse , increase th e  a rb itra rin e ss  o f  th e  
p rocedure .

W e w a n t to  n o te  t h a t  th e  fa c to riz a tio n  cond ition  ( illu s tra te d  in  F ig . 2) 
is n o t  sa tis fied  a u to m a tic a lly  fo r our a m p litu d e . So w e h a v e  to  im pose th is , 
w h ich  severe ly  re s tr ic ts  th e  a rb itra rin e ss  o f  t .

A f in a l re m a rk  concerns th e  F u b i n i — D a s h e n — G e l l -M a n n  sum  
ru le  [18]. O u r am p litu d e  does n o t sa tis fy  th is  sum  ru le  a u to m a tic a lly . I f  we 
im pose i t ,  w e g e t severe re s tr ic tio n s  for th e  p ion e lec tro m ag n etic  fo rm  fa c to r  
F ^ t ) .  A m ong o th e rs , th is  re s tr ic tio n  fixes th e  ra tio  o f th e  tw o  coupling  cons
ta n ts  o f A 1 —*■ Q7i decay , n a m e ly  (using th e  n o ta tio n  o f [19]) we get /GT/Gj,/ =  
=  0.90— 1.1. T h e  ex p e rim en ta l n u m b er is [20] 0.65 ^  0 .25. W hile th is  is 
q u ite  ap p ea lin g , fo r large t th e  re s tr ic te d  F n(t) behaves o n ly  as |t| ~112 log 6 |t |. So 
w e p re fe r to  say  th a t  ou r a m p litu d e  does n o t  sa tisfy  th e  FD G M  sum  ru le .

C oncluding re m a rk s

T he p ro ced u re  for th e  co n stru c tio n  o f  c u rre n t am p litu d es  ou tlin ed  above 
is c learly  ap p licab le  to  o th e r  processes, to o . T he m ain  d iff ic u lty  is t h a t  u n til  
now  we h av e  n o  rea lly  re liab le  on-shell am p litu d es  fo r th e  p h y sica lly  m o st 
in te re s tin g  cases [21], e.g. fo r  th e  case of a p ro to n  ta rg e t. A n  in te re s tin g  a t te m p t  
in  th is  d irec tio n  h as  been m a d e  b y  K o n e t s c h n y  and  M a j e r o t t o  [22], a lth o u g h  
th e  on-shell am p litu d es a n d  also th e  c o n tin u a tio n  are  v e ry  crude  y e t. C learly , 
a rea l p rog ress in  th e  c o n s tru c tio n  of on-shell am p litu d es  w ould  ind u ce  a 
p rog ress in  th e  co n stru c tio n  o f  c u rren t am p litu d es , too .*
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О ПРОДОЛЖЕНИИ МОДЕЛИ ВЕНЕЗИАНО ВНЕ МАССОВОЙ ПОВЕРХНОСТИ
ф .Ч И К О Р

Резюме
Изучена проблема включения токов в модель Венезиано. Детально рассматривается случай аксиального векторного тока на примере процессов вне массовой поверхности 

лл — пл, АуЛ лл, и А^л -*■ А^л.
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SOME REMARKS ON “ENERGY-DEPENDENT” 
REPRESENTATIONS

B y

K . S z e g ő  and K . T ó t h

C EN TR A L RESEARCH IN ST IT U T E  FOR P H Y SIC S, BUDAPEST

After explaining the m eaning of energy dependent representation, w e sketch  how it  
can be obtained for the case o f  the SL(2, C) group. Some ph ysica l applications are also treated.

Som e tim e  ago we exam ined  th e  problem  h o w  one can e x p a n d  a general 
tw o -p a r tic le —tw o -p a rtic le  sc a tte r in g  am plitude  in  te rm s of L o re n tz  group 
re p re se n ta tio n s  a t  a n y  s an d  t v a lu es  [1]. To do th is , f ir s t  one h as  to  define th e  
sc a tte r in g  a m p litu d e  as a fu n c tio n  o n  th e  group in  question . A s we no ticed  
in  [1], a possible a n d  in  som e sense desirab le  w ay  is th e  follow ing:

0 — P 2 s 2^2 |T| Рз^з^з, P4S4A4> —

=  < P = P l + P v P l ~ P v  M l sA  \A T \ P ' l P 3 - P v s3*3sA }  =  I h (a )
w here

P  = ___ — X s (m i - r o i f ,  0, 0, 1 — } s  ( m j+ m 2)2
z |/m 1m 2 2\lm 1m 2

i f  s >  (m1+ m 2)2

( i )

m , +  m ! 

2 Утп1т 2
У (т 1+ т 2) — s, 0, 0, ][{m1 — m 2)2 —s

ТП 2

if  s <  (m1 m 2)2 .

Л  is a L o ren tz  tra n s fo rm a tio n  ac tin g  on tw o -p a rtic le  s ta te s , its  d e ta ile d  form  
to g e th e r w ith  P i ~ p 2, p 3—p t can  h e  found  in  [1], P '  =  P (1  3, 2 «-*- 4).
I f  we now  p erfo rm  th e  expansion  u s in g  th e  o rd in a ry  |j 0ajm  )  basis*  of th e  
L o ren tz  group , we g e t

/н (Л)  =  2  ®i°m°rmiA )TH(sJo  (2 )

F o r c o n tin u o u s  v a riab le s , like a, in te g ra tio n  is m e a n t in  E q . (2). T h e  expansion  
coeffic ien ts , i.e. th e  T  fu n c tio n s in  E q . (2) are q u ite  co m p lica ted  due to  
< P  . . . .  I j 0ctjm . . . . ] >  ty p e  coeffic ien ts in  it. T h e  m ain  p ro b lem  w ith  th e

* In  the I j fP jm  )  basis, j 0 and a  characterize an irreducible representations. To label the  
vectors o f a representation space one chooses a subgroup o f th e  Lorentz group; generally i t  is 
the rotation  group. The | j m  )  states are representations o f th e  rotation group. For further 
details, see, e.g . [3].
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l a t te r  is th a t  th e  l i t t le  g roup  of P  is d iffe ren t from  t h a t  chosen to  la b e l vecto rs 
in  irred u c ib le  L o ren tz  re p re se n ta tio n  spaces. To s im p lify  th e  ex p an sio n  we 
h av e  to  m ak e  th e  tw o  g roups id e n tic a l. Since th e  l i t t le  group is g iv en , th is  is 
w h a t we w a n t to  in tro d u c e  as “ basis  lab e llin g ”  g ro u p . This p ro b lem , to g e th e r 
w ith  fin d in g  th e  re p re se n ta tio n  m a tr ix  e lem ents, w as solved in  [2].

As th e  f irs t  s te p , l e t  us w rite  P  in  th e  fo llow ing  w ay:

. 1  +  1) 1 —  V
P = f ( s )  1 - 4 - ,  0, 0, -

2 ' ' ' 2 ) 

th e n  P 2 =  s = f 2(s) V. C om paring  E q . (3) w ith  E q . (2):

(3)

f ( s )  =  [(m t +  m 2) у а - ( п ^ - п ь ,) 2 +  (m t  — m,) f s  ]2/ 2 V m l™i

i f  s >  (m 1 +  m 2)2

an d  a sim ilar exp ression  below  th e  p seu d o th re sh o ld , hence

V =  s l f 2(s) (5)
is a nice fu n c tio n  o f  s.

L e t М,- an d  IV,- be  th e  g en e ra to rs  of th e  L o re n tz  group co m m u tin g  a s

[M h Mj]  =  ieijkM k, [Mi, N j ] =  ieiJkN k, [IV,-, N j]  =  - i e ijkM k.

H ere  Mj  gen era tes  th e  ro ta tio n s , IV,- th e  boosts. I t  is n o t h a rd  to  f in d  ou t th a t  
th e  l i t t le  g roup  o f  P  is g en era ted  b y

1 + t) 1 —  V
2 “I----- 2--- ’ ^2 —

S 3 — M 3

1 + n
M j

1 —  V IV,
( 6)

co m m u tin g  as

[S i, S 2] =  i v S s, [S x, S 3] =  — i S 2, [S 2, S 3] =  i S v ( 7 )

T h e C asim ir o p e ra to r  o f  th is  su b g ro u p , w h a t we ca ll som etim es in te rp o la tin g  
g roup , IG , is S j +  S 2 +  vSl.  T h e  s tru c tu re  o f th is  in te rp o la tin g  group an d  
th e  co rrespond ing  a lg eb ra  as w ell as its  basis d ep en d  on th e  p a ra m e te r  v 
w h ich  is p ro p o rtio n a l to  s. One can  check  th a t  in  th e  s >  0 reg io n  i t  is iso
m orph ic  to  SU (2), a t  s =  0 to  E (2 ), in  th e  s <  0 reg ion  to  SU (1, 1) —  if  th e  
m asses are  u n eq u a l. As s an d , to g e th e r  w ith  i t ,  v  v a ry , th is  g ro u p  in te rp o l
a tes  b e tw een  th e m  sm o o th ly .

H ow ever, i f  th e  m asses a re  eq u a l, v — s/|sj, hence  going to  s =  0 from  
above, we alw ays h a v e  SU(2), a n d  com ing from  below  alw ays S U (1 , 1). Now,
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since a t  s — 0 b o th  SU (2) and  SU(1, 1) are  little  g ro u p s , th e ir  m in im al e x te n 
sion is a l i t t le  group to o , w hich is S L (2 , C). This f a c t  is w ell-know n, b u t  i t  is 
am using  to  recover i t  in  th is  w ay.

I f  we choose th e  in te rp o la tin g  g roup  as basis  labelling  g roup , th e n  the 
basis o f th e  L oren tz  g ro u p  will also d e p e n d  on s, as w ell as its  rep re se n ta tio n s ; 
an d  in  th is  sense we sh a ll w ork  w ith  e n e rg y -d ep en d en t rep re sen ta tio n s .
T he need  fo r energy  d ep en d en t re p re se n ta tio n s  a p p e a rs  n o t only in  th is  case. 
E x a m in a tio n  o f th e  d y n am ica l sy m m etrie s  of a  c h a rg ed  spinless harm o n ic  
o sc illa to r in  a c o n s ta n t m agnetic  f ie ld  p resen ts a  s im ila r p rob lem  [4]. Such 
re p re se n ta tio n s  are also useful w hen  tre a tin g  th e  f í- a to m  p ro b lem  [5].

In  th e  follow ing, w e shall b r ie f ly  sketch  how  one can fin d  th e  explicit 
basis fu n c tio n s. T he d e ta ils  can be fo u n d  in  [2]. W e s t a r t  w ith  th e  b asic  fo rm ula 
fo r SL(2, C) re p re se n ta tio n  [6]:

Ug 0 (z )  =  { ß z + ö ) ^ - 1 (ßz-\-ö) ~J°+a~ 1 ф  I ,
I ß z + ö .

(8)

w here Ф (z) are  in fin ite ly  d iffe ren tiab le  functions o f  one com plex variab le ,

g =
a  ß  
y ô

ÉSL(2, C), <x<5 ß y  =  1.

R e la tio n  (8) does n o t specify  th e  fu n c tio n s  Ф(г). T o  do th is, we can  se t ad 
d itio n a l eq u a tio n s.

F irs t  o f  all we d e riv e  from  E q . (8) th e  form  o f  th e  generato rs as d ifferen
tia l  o p e ra to rs  ac ting  on  Ф(г). I f  we fo rm  o u t of th e m  th e  o p era to rs  M iN i and 
M 2—iV2, we get sim ple n u m bers, so th e  function  sp ace  o f  Ф is irred u c ib le .

To define  basis fu n c tio n s  we fo rm  th e  S t o p e ra to rs  and  set

(Si  +  i>2 +  vS~3) Ф — v j ( j  -T 1) Ф, Б 3Ф — тФ. (9)

I f  we req u ire  th a t  Ф shou ld  be one v a lu e d  and re g u la r  a t  z =  0, we o b ta in  Ф 
u n iq u e ly . F ro m  E q . (9) we can lea rn  t h a t  th e  Ф fu n c tio n s  serve n o t  on ly  as 
basis fu n c tio n s for SL (2 , C) re p re se n ta tio n s , b u t a t  th e  sam e tim e  th e y  are 
re p re se n ta tio n  fu n c tio n s o f th e  in te rp o la tin g  group .

F ro m  our basic re la tio n  it  is n o t  h a rd  to  see t h a t  if  we re s tr ic t ourselves 
to  th e  SU (1, 1) su b g ro u p  of th e  L o re n tz  group, th e  z  p lane  b reaks u p  to  two 
d is jo in t reg ions since

\z'\ 1 if  |z| >  1 a n d  js' I <  1 i f  |z| <  1 ,

o z+ /3  
ß z - \-x

|  S U ( l , l ) c S L ( 2 ,C ) .  
\ ß  ocj

( 10)

T his m eans th a t  th e  SU (1, 1) ty p e  b as is  will ap p ea r w ith  m u ltip lic ity  tw o .
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W e do n o t  th in k  i t  is n ecessa ry  to  give h e re  th e  d e ta iled  fo rm  of th e  Ф 
fu n c tio n s , as th e y  are  ra th e r  co m p lica ted . T h e  in q u ire r can  fo u n d  i t  in  [2]. 
B u t  w e em phasize  again  th a t  th o u g h  th e  s t ru c tu re  of th e  a lg e b ra  changes 
ra d ic a lly  w ith  v, th e  Ф fu n c tio n s change sm o o th ly , w ith o u t th e  ap p earin g  o f 
a n y  ty p e  o f s in g u la ritie s .

O ne m ay  a sk  w h e th e r o u r re p re se n ta tio n  is u n ita ry  or n o t. T h is depends 
o n  w h e th e r one c a n  or one c a n n o t in tro d u ce  a  sc a la r  p ro d u c t in to  th e  space o f  
th e  fu n c tio n s. I t  tu rn s  ou t th a t  i t  is possible o n ly  fo r special j 0 a n d  a values; 
fo r  th e  o thers, th e  po sitiv e  d e fin iten ess  co n d itio n  can n o t he m a in ta in e d ; hence 
w e h a v e  to  w ork  w ith  some g en era liza tio n  of th e  sca la r p ro d u c t w h a t is called 
in v a r ia n t  b ilin e a r  fu n c tio n a l [6]. U sing th is , w e were able to  ca lcu la te  th e  
n o rm a liz a tio n  o f  th e  basis, th e  f in i te  group re p re se n ta tio n  m a tr ix  elem ents and  
o v e rla p  fu n c tio n s  betw een  d iffe re n t bases [2].

F in ish in g  o u r  discussion w e m ak e  som e re m a rk s  abou t th e  ap p lica tio n  o f 
th is  form alism  fo r generalized  p a r t ia l  w ave an a ly s is .

I f  in  th e  ex p an sio n  of th e  s c a tte r in g  a m p litu d e  we use e n e rg y  dep en d en t 
re p re se n ta tio n s  in s te a d  of \ j 0a jm  basis, th e  T  functions o f E q .  (2) will be
s im p le  reduced  m a tr ix  elem ents, w h ich , because o f  th e  W igner—E c k a r t  th eo rem  
d e p e n d  only  on  th e  C asim irians. A s th e  s c a tte r in g  am plitude  is  ex p an d ed  in  
te rm s  o f  L o ren tz  re p re se n ta tio n s , one ten d s to  w rite  L orentz C asim irians in to  
T .  H ow ever, th e  sc a tte rin g  a m p litu d e  has a la rg e r  sy m m etry  g ro u p , the  P o in 
c a re  one, an d  o u r  group  is its  su b g ro u p . H en ce  th e  reduced  m a tr ix  e lem ents 
d e p e n d  only on  P o in ca re  C asim irians, e.g. on  s an d  W 2.

Since T  does n o t depend  on  j 0 and  or, w e can  perform  th e  su m m atio n  on 
i t  in  E q . (2); in  th is  w ay  we g e t a n  expansion  o f  th e  sc a tte rin g  am p litu d e  in  
te rm s  o f  th e  in te rp o la tin g  g roup . T h is  re su lt seem s to  be tr iv ia l, b u t  th e  w hole 
p ro ced u re  is n o t  useless.

W e can conc lude  th a t  th e  gen era liza tio n  o f  th e  o rd in a ry  p a r tia l w ave 
an a ly s is  is n o t s in g u la r  a t  s =  0, w hereas in  th e  u n eq u a l case th e  o ld  fash ioned  
one  is; co n seq u en tly , th e  in tro d u c tio n  of T o lle r o r L orentz  p o les  is n o t th e  
o n ly  th eo re tica l w ay -o u t. S econd ly , as th e  re d u c e d  m a trix  e lem en ts  do n o t 
d e p e n d  oh th e  SL (2, C) C asim irians in  genera l, th e  in tro d u c tio n  of L oren tz  
po les is a b it  a r tif ic ia l. H ow ever, as generally  a t  s =  0 a large n u m b e r  of R egge 
po les c o n tr ib u te  w ith  alm ost e q u a l w eigh t, th e  S L (2 , C) ex p ansion  can  be usefu l 
to  h a n d le  th e m  since  i t  can c o rre la te  th em , a t  le a s t  in  some sense. T he d e ta iled  
d esc rip tio n  o f  th e se  and  fu r th e r  resu lts  w ill b e  pub lished  e lsew here [ lb , 7 ].
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Н Е К О Т О РЫ Е  ЗА М ЕЧ А Н И Я О ТН О СИ ТЕЛ ЬН О  П РЕ Д С Т А В Л Е Н И Й  
ЗА В И С Я Щ И Х  ОТ Э Н Е Р Г И И

к . СЕГЁ и к. ТОТ 

Резюме

П осле объяснения понятия «представление зависящ ее от энергии» рассматри
вается, как оно мож ет быть получено д л я  случая групп SL (2, С). Описываются некоторые 
физические применения.
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LEPTONIC AND SEMI-LEPTONIC WEAK 
INTERACTIONS*

B y

H . PlETSCHMANN
INSTITUTE FOR THEORETICAL PHYSICS, THE UNIVERSITY, VIENNA, AUSTRIA

N ew  results on lep ton ic  and sem i-leptonic weak processes are reviewed. R ecen t references , 
on this subject are accum ulated.

1. In tro d u c tio n

W eak  In te ra c tio n s  has becom e such  a v a s t f ie ld  th a t  i t  is c lea rly  im pos-. 
sible to  rev iew  all o f  i t  in  m ere 45 m in u te s . H ence th is  ta lk  is re s tr ic te d  b y  its  
t itle  to  lep to n ic  and  sem i-lep ton ic  w eak  in te rac tio n s . W ith in  th is  m ore  confined  
p a r t  o f th e  field , we s till p u t  accen ts : we shall em p h asize  th e  h a d ro n ic  m a trix  
e lem en ts  o f  th e  w eak  cu rre n ts , for th is  is a sym posium  on h ad ro n  spectro scopy  
a fte r  all.

N a tu ra lly , new  re su lts  re p o rte d  a t  th e  K iev  conference will fo rm  th e  m ost 
im p o r ta n t  in g red ien ts  to  th is  ta lk . F o r  all those, w h o  wish to  e la b o ra te  on a 
p a r tic u la r  aspec t o f  lep to n ic  and  sem i-lep ton ic  w eak  in te rac tio n s , w e accum u
la te  re ferences a t th e  en d  to  papers w h ich  ap p eared  d u rin g  th is  y e a r . W orking 
b ack w ard s  in to  o lder references is th e n  a m a tte r  o f  ro u tin e  even fo r  th e  less 
experienced  w orker.

T h e  reason  w h y  we chose le p to n ic  an d  sem i-lep ton ic  w eak  in te ra c tio n s  as 
th e  to p ic  o f th is  rev iew  is v e ry  sim p le : for th is p a r t  o f  w eak in te ra c tio n  th ere  
ex ists a v e ry  fine m odel w hich covers such  a w ide v a r ie ty  of d iffe ren t physical 
p h en o m en a  th a t  i t  m a y  even be ca lled  a th eo ry  ! O f course, e v e ry b o d y  know s 
th a t  h ig h e r o rder w eak  in te rac tio n s a re  as y e t co m p le te ly  u n -u n d e rs to o d  and 
th ere fo re  fo rb id  th e  s t r ic t  use of th e  w ord “ th e o ry ” . In  th e  la s t  S ec tion , we 
e lab o ra te  on various tr ia ls  to  cope w ith  th is  d iff ic u lt challenge, th e re b y  ju s t  
p rov in g  th a t  n o th in g  is rea lly  know n as y e t. H o w ev er, th e  Sections in  betw een  
will h o p efu lly  show t h a t  one can get a n  overw helm ing  a m o u n t o f fu n  o u t o f th e  
p lay  w ith  low est o rd e r a lone, show ing th a t  desp ite  th e  incom plete  fram ew ork , 
a lo t o f  good physics can  be done w ith  th e  p resen t m odel.

* Supported by “ F onds zur Förderung der w issenscbaftlichen Forschung” .
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2. The th eo re tica l m odel

L ep to n ic  and  sem i-lep ton ic  w e a k  in te ra c tio n s  can  be d esc rib ed  b y  th e  
fo llow ing  effective S -o p e ra to r w ith in  th e  V — y i-th eo ry

(S —I ) eii =  — y j d * x d * y ^ { J t ( x )  K*°(x - y )  la(y) +  h .c.}  +  0 (G 2) , (1)

w h ere  th e re  a re  e ssen tia lly  tw o co m p e tin g  m odels fo r K !'a (x), th e  cu rren t- 
c u r re n t  m odel (CiC.) an d  th e  in te rm e d ia te  v e c to r  boson m odel (I.Y.B.). In  
th e se  m odels, K Ka (x) ta k e s  th e  fo rm s

K*°{x) =  g Ь Щх )  (С. C.) , (2a)

K ’°(x) =  é p -  A*f(x,  m2w) (I . У . B . ) . (2b)
(r

O f course , in  th e  I .V .B . case, th e  effective S -o p e ra to r  (1) does n o t  describe 
p ro d u c tio n  p rocesses o f IP -bosons. So fa r, th e y  h a v e  n o t  been o b se rv ed  anyw ay. 

T h e  lep to n ic  c u rre n t is g iven  by

h{x ) =  f i ( x ) У A 1 +  7s) V>v,(x ) 1 =  е ,ц  (3)
l

a n d  th e  to ta l  w eak  c u rre n t co nsists  o f  3 p a rts

J A X) =  h (x ) +  cos Щ*(*) +  sin  0jr'f (x) , (4)

w here  j% a n d  j j f  h a v e  th e  tra n s fo rm a tio n  p ro p e rtie s  o f pions a n d  kaons, i.e. 
A I  =  1, ZlY =  0 a n d  A I  =  1/2, zlY =  AQ, re sp ec tiv e ly . The fa c t t h a t  the  to ta l 
w eak  c u rre n t c o n ta in s  th e  C ab ibbo  angle в has n o th in g  to  do w ith  S U 3 sym 
m e try . A t th is  e a rly  stag e , i t  is j u s t  th e  expression  o f th e  fac t, t h a t  th e  th ree  
p a r ts  o f  th e  w eak  c u rre n t are  g o v ern ed  b y  o n ly  tw o  in d e p e n d e n t coupling 
c o n s ta n ts . S U 3 sy m m e try  will b e  in tro d u c e d  in  S ection  5.

3. M uon  decay

T h e  on ly  e x p e rim en t w hich  te s ts  th e  S -o p e ra to r  (1) w ith o u t th e  d is tu rb 
in g  effec ts o f s tro n g  in te ra c tio n s  is th e  decay  o f  th e  m uon. F o r a  sam ple w ith  
p o la riz a tio n  P , th e  sp ec tru m  o f e le c tro n  w ith  en e rg y  E  an d  m o m e n tu m  q can  be 
p a ra m e te riz e d  in  th e  follow ing g en era l w ay:

N ( E ,  Q) =  m l q E  | з  3 *  + y  e( 4 * - 3 ) + 6  rje у
(5)

P ----cos
E

1 — x  +  2Ő l y x - 1 +  0 (£ 2),
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w here 6 is th e  angle betw een  m u o n  p o la riz a tio n  and  d irec tio n  of e lec tro n  
m o m en tu m  an d

e =  m cj

ж - 2E /m ^ ,  (6)

2 £ < ^  X  1 .

T he p re d ic te d  values from  th e  S -o p e ra to r  (1) as well as th e  b e s t e x p e ri
m e n ta l re su lts  are  co llected  in  T ab le  I .

Table I

The parameters o f m uon decay

Parameter V — A  prediction Experiment [1]

Michèl Q 3/4 0 .7518+0.0026
Shape <5 3/4 0.7540 +  0.0085
Asym m etry f  — 1 — 0.973 ± 0 .0 1 4
Eta r) 0 — 0.12 ± 0 .2 1
H elieity o f e h“ — 1 — 1.0 + 0 .1 3

I t  is rem ark ab le , th a t  in  sp ite  o f  th e  im pressive  accu racy  o f  th e  d a ta , 
o th e r  in v a ria n ts  (scalar, p seu d o sca la r, ten so r)  in  th e  S -o p e ra to r  (1) are n o t 
exc luded  w ith  g re a t p recision . In  fa c t,  we h a v e  [1]

Gs <  0.33 G,

GP <  0.33 G,

Gr  <  0.28 G

I f  th e  coeffic ien t o f th e  ax ia l v e c to r  is le f t open to  be d e te rm in ed  from  
ex p erim en ts , one o b ta in s  [1]

0.76 G < G a <  1 .20 G.

T he phase  angle o b ta in ed  betw een  th e  v e c to r  a n d  ax ia l v e c to r  is:

< ( V , A )  =  (180 ±  15)°.

4. Tests o f the  s tru c tu re  o f  th e  S -o p era to r

One of th e  im p o r ta n t consequences o f th e  S -o p e ra to r  (1) is th e  absence o f 
n e u tra l  lep to n  cu rre n ts . O f course, th o se  c u rre n ts  can  occur v ia  com bined  
w eak -e lec tro m ag n etic  in te rac tio n s . T h erefo re , th e  b e s t te s t  is t h a t  for n e u tra l
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n e u trin o  c u rre n ts  since n e u tr in o s  do n o t  p a r tic ip a te  in  e lec tro m ag n etic  i n t e r 
ac tio n s. T h e  p re se n t b e s t  v a lu e  is [3]

Г ( К + я +i’Р )/Г(К  + ) <  1.2 - IO -6 .

T h is p a r tic u la r  process fo rm s also th e  c ru c ia l te s t  fo r th e  th e o ry  o f  sem i-w eak  
C P -v io la tio n  o f  Ma r sh a k  e t al. [5] w h ich  d e fin ite ly  p re d ic ts  a ra te  o f  o rd er 
g 3, i.e. a b o u t 1 0 -7.

A n o th e r  well s tu d ie d  n e u tra l le p to n  c u rre n t p rocess is K°L —*■ p,+p ~ .  I ts  
b ran ch in g  ra tio  is now  lim ite d  b y  8,2 • 10 ~9 w ith  9 0 %  confidence lev e l [6]. 
T h is m ean s an  u p p e r  lim it  fo r th e  c u t-o ff  in  th e  second  o rd er w eak  m a tr ix  
e lem en t o f  29 GeV in  th e  I .Y .B . m odel a n d  o f 15 GeV in  th e  C.C. m odel.

T h e  S -o p e ra to r  (1) p red ic ts  th e  occu rrence  o f so-called  “ d iagonal p ro ces
ses”  w ith  a b o u t th e  sam e s tre n g th  as а̂-decay . T h e  p re se n t u p p e r l im it  for 
eve-sc a tte r in g  is [7]

On <  4-°vA-

T he L e n in g ra d  group  re p o r te d  a t  th e  K ie v  conference a m easu rem en t o f  th e  
c ircu la r p o la riz a tio n  o f  p h o to n s  from  c a p tu re  of th e rm a l n eu tro n s  in  th e  process 
n -)- p  —*• d  -f- y  in  a g reem en t w ith  th e o re tic a l p red ic tio n s .

In  a c tu a l la b o ra to ry  ex p erim en ts  i t  is v e ry  h a rd  to  de te rm ine  th e  mass, 
o f th e  n e u tre t to .  I t s  u p p e r  lim it is s till r a th e r  h igh, n am ely  1,6 MeV. P o n te c o rv o  
re p o rte d  in  K iev  a r a th e r  in d irec t cosm ological a rg u m e n t w hich lim its  th e  
n e u tre t to  m ass to

m v <  200 eV.

T he a rg u m e n t relies on s ta tis t ic a l  eq u ilib riu m  in th e  e a rly  s ta te  o f th e  u n iv e rse  
a fte r  th e  b ig  b an g  an d  on th e  energy  d is tr ib u tio n  be tw een  ra d ia tio n  a n d  m a t te r  
a t  th is  tim e . O ur know ledge on th e  age o f  th e  u n iv e rse  also en te rs  th e  a rg u 
m en t.

R a th e r  in ten se  s tu d ie s  in  v a rious p laces  are d e v o ted  to  double b e ta  decay . 
T his en o rm o u sly  in te re s tin g  fie ld  has b een  opened  w ith  th e  f irs t  d e fin ite  d e te c 
tio n  in  1968 b y  K ir s t e n  e t al. [10]. I n  K iev , F io r in i  [13] rep o rted  on  a  new  
e x p e rim en t on 76Ge ca rried  o u t in  th e  M on t B lanc tu n n e l. P re lim in a ry  resu lts, 
y ie ld

r 1/2 >  1.5 • 1021 ys

for th e  n eu trin o -less  decay  in to  76Se -f- 2e - . T he ex p e rim en t is being c o n tin u e d .

5. Baryonic matrix elem ent of the w eak current

As a  consequence o f L oren tz  in v a ria n c e , th e  m o st genera l m a tr ix  e lem en t 
o f  th e  w eak  c u rre n t b e tw een  sp in  1/2 b a ry o n  s ta te s  o f m o m en ta  p '  an d  p  can  be
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expressed  th ro u g h  six  fu n c tio n s o f one v a ria b le  (form  fac to rs) in  th e  fo llow ing 
w ay  [14]:

< P '  !Л (°) P  > =  N B ü( p ' )  {F 1(q2)y* +  F 2(q2)iaAv q +  F a(q2)q, +

+  [Gi(q2)rx +  G2 ( f ) (h  +  G3(g2)m Av?v]y5} u(p),  (7)

w h ere  q is th e  m o m en tu m  tra n s fe r

q — p' P  (8)

a n d  N b is som e u n im p o r ta n t  n o rm aliza tio n  fac to r.
A fu r th e r  re s tr ic tio n  on th e  n u m b er o f  fo rm  fac to rs  is possible i f  th e  

co n cep t o f G p a r i ty  is inv o k ed . T he v ec to r c u rre n t o p e ra to r  is even u n d e r G- 
p a r i ty  tra n s fo rm a tio n s , w hereas th e  axial v e c to r  is odd. T h erefo re , i f  no a d d itio 
n a l pieces are a d d e d  to  th e  S -o p e ra to r  (1), th e  v ec to r  an d  ax ia l v ec to r m a tr ix  
e lem en ts shou ld  show  th e  sam e b eh av io u r u n d e r  G tra n sfo rm a tio n s  since th e  
la t te r  are  good sy m m etry  o p era tio n s  w ith  re sp e c t to  s tro n g  in te ra c tio n s . T h is 
excludes th e  so-called  “ second class c u rre n ts” , te rm s w ith  F 3(q2) and  G3(g2).

A n o th e r c o n s tra in t is th e  conserved v e c to r  c u rren t (С.У.С.) h y p o th esis . 
I t  consists o f  tw o  sep a ra te  p a r ts :

( i )  th e  w e a k  v ec to r  c u rre n t is conserved
f i i )  th e  w e a k  v e c to r  c u rre n t is th e  ro ta te d  iso v ec to r p a r t  of th e  

e lec tro  m ag n e tic  c u rre n t.

T h e  f ir s t  p a r t  req u ires  t h a t  fo r tra n s itio n s  w ith in  an  iso m u ltip le t F 3(q2) 
v an ish es  id e n tic a lly . F o r tra n s itio n s  betw een  d iffe ren t iso m u ltip le t i t  req u ires
F i(0 )  =  0.

T he freed o m  in th e  b a ry o n ic  m a tr ix  e lem ents o f th e  w eak  c u rre n t is 
m o s t  severe ly  re d u ced  b y  th e  C abibbo th e o ry . W ith in  th e  fram ew o rk  of th is  
th e o ry , all fo rm  fa c to rs  F x a n d  Gj a t  v an ish in g  m o m en tu m  tra n s fe r  can  be  
exp ressed  th ro u g h  tw o  c o n s ta n ts , G{ and  Gf

F1(0)AB =  cfAB , (9a)

G1(0)AB =  c ? * G { + c f * G i ,  (9Ы

w here  Cj an d  cd a re  C leb sch -G o rd an  coeffic ien ts  f o r / - ty p e  an d  d -ty p e  c u rre n ts  
o f S U 3. T hey  a re  lis te d  in  T a b le  I I .  I t  is seen  from  th is  t h a t  in  th e  case o f  
n e u tro n  d e cay  one  has fo r ex am p le

(GxIF^np  = G / + G f .  (10 )
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Table II

Clebsch-Gordaii coefficients o f the Cabibbo theory

Matrix element cf Cd

(n, p) 1 1

(Г , Л ) 0 V W
(Л , p) —  Уз/2" — i /Уб

( £ - ,  n) — 1 1

( * - ,  Л ) V W -un

L e t us now  co n fro n t th is  re fin ed  m o d e l w ith  experience. F irs tly , th e re  is a 
f i t  to  th e  coup ling  c o n s ta n ts  for A Y  —  0 tra n s itio n s  (inc lud ing  n u c le a r  ß- 
decays) b y  P a u l  [15]. (N o te  th a t  th is  f i t  does n o t y e t  include new  re su lts  
re p o rte d  a t  th e  K iev  conference). In tr in s ic  sca lar a n d  te n so r c u rre n ts  a re  
ru led  o u t  w ith  co m fo rtin g  accu racy :

Gs /G =  — 0.001 ±  0.006 

GT/G =  — 0.0004 ±  0.0003.

T he ra tio  G J F 1 for n e u tro n  decay  becom es a b it  u n p le a sa n tly  h igh :

(G1(0)IF1(0)np =  1.262 ±  0.008.

T h is  r a t h e r  h ig h  v a lu e  is  c o r r o b o r a te d  b y  a  r e s u l t  r e p o r t e d  in  K ie v  b y  E r o z o - 
l im sk y  [16]:

(С Л 0 )/* \(0 ))„р =  1.27 ±  0.025.

T his re su lt  w as o b ta in ed  from  a m e a su re m e n t of th e  a n g u la r  c o rre la tio n  in  
/9-decay.

In  p rin c ip le , all p a ra m e te rs  o f  th e  C abibbo th e o ry  can  be d e te rm in ed  
from  A Y  =  0 tra n s itio n s  o n ly , so th a t  \A Y \  =  1 tra n s it io n s  are  th e n  co m ple te ly  
specified . T o  th is  end , one h a d  to  use (27, A )  decays. In  p rac tice , i t  is m uch  
b e t te r  to  u se  a le a s t sq u a re s  a d ju s tm e n t o f  all m easu rem en ts  to  th e  th re e  p a ra 
m eters  6, G{ an d  Gf. S uch  a  f i t  has b een  re p o rte d  in  K iev  b y  th e  H e ide lberg  
group [17]. T h e  old v a lu e  o f  1.23 for {GJ F 1)np has been  used  in  th is  f i t ,  how ever. 
T he re su lt  is

в =  0.242 ±  0.004, 

G{ =  0.460 ±  0.015, 

G? =  0.771 ±  0.016.

A da  Physica Academiae Scienliarum Hungaricae 31, 1972



L E P T O N I C  A N D  S E M I -L E P T O N I C  W E A K  IN T E R A C T IO N S 159

I f  one allow s for d iffe re n t C abibbo ang les 6 V a n d  в a  in  th e  v e c to r  an d  ax ia l 
v e c to r  m a tr ix  e lem en ts, th e  re su lts  rem a in  u n ch an g ed . T he tw o  angles ag ree 
w ith in  one s ta n d a rd  dev ia tion .

F ro m  these  v a lu es , th e  ax ial v e c to r  to  v e c to r  ra tio  for Л  d ecay  is p re d ic t
ed to  be

( а д ) Лр =  С '  +  у С ?  =  0 .7 2 .

T hree  m easu rem en ts  h av e  been re p o r te d  in  K iev :

[18]: 0.66 ±  0.14
—  0.11

[19]:

A N L :

0.65 ±  0.09 

+  0.27
0.35

0 .14 .

T he la s t  m easu rem en t is based  on 110 ev en ts  on ly  a n d  is a p re lim in a ry  resu lt- 
T he second  class p seu d o ten so r fo rm  fa c to r  in  y l-decay  is c o n s is ten t w ith  
zero [19]

(С 3( 0 ) /^ ( 0 ) Лр =  - 0 . 1  ±  0 .6 ,

an d  th e  (norm alized) w eak  m ag n etism  fo rm  fa c to r  is co n sis ten t w ith  u n ity  [19]:

( З Д / ^ ( 0 ) ) Лр =  1.1 ±  0 .6 .

F o r E  “ -decay , th e  C ab ibbo  th eo ry  p re d ic ts

& № I F № r a  =  G{ —  GÎ =  —  0.31.

On th e  basis  o f 607 e v e n ts , th e  H e id e lb e rg  g roup  g e ts  th e  oppo site  sign [17]:

0.20 ±  28.

N everth e less , th e  d isag reem en t is o n ly  tw o  s ta n d a rd  dev ia tions.

6. M esonic matrix elem ent of the w eak current

T h e  m a tr ix  e lem en t o f th e  w e a k  c u rre n t b e tw een  p seu d o sca la r m eson 
s ta te s  o f  m o m en ta  k! a n d  к  can  be ex p ressed  th ro u g h  2 form  fa c to rs

< k ’ | J A(0)| к  > =  N M{ ( V  +  k ) J + (,*) +  qx, /_  (q*)} , (11)
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w here  IVм is again  an  u n im p o r ta n t  n o rm a liza tio n  fa c to r  an d  q is again  th e  
m o m e n tu m  tra n s fe r , k '— k. T h e  fo rm  fa c to rs  are co n v en tio n a lly  p a ra m e te riz e d  
in  th e  follow ing w ay :

/±(<Z2) = / ± ( 0 ) { l + A ± - ^ + - - - } ,  (12)

w here fj, is th e  p ion  m ass. T h e  ra tio  o f  th e  fo rm  fa c to rs  is called |

/ - ( 9 2) //+ (g2) - l ( 9 2). (13)

T he im p o r ta n t  ex am p le  fo r such  a m a tr ix  e lem en t is, o f  course, K l3 
d ecay , i.e. K + —>■ n ° l+vi a n d  e q u iv a le n t m odes fo r o th e r  charge s ta te s . W e 
sha ll re s tr ic t  to  ch arg ed  k ao n s here . L e t us su m m arize  th e  u n fo r tu n a te  s itu a 
tio n  b y  sim p ly  say in g  th a t  i t  is s till -— a fte r  so m a n y  years — in  a s ta te  of 
confusion . T h e  n a iv e  K *  do m in an ce  m odel req u ests  A+ =  0,03. F o r  som e tim e, 
th e  w orld  av e rag e  fo r th is  p a ra m e te r  se ttle d  a t  th e  close en ough  v a lu e  of
0.029 ^  0.008. In  K iev , new  re su lts  w ere re p o rte d  b y  th e  SLA C—B erkeley  
co llab o ra tio n  [28]:

К ед: A+ =  0.07 0.03,

K p 3: A+ =  0.09 ±  0.02.

T h e  sam e e x p e rim en t y ie ld ed  th e  follow ing “ allow ed dom ain”  fo r A_ and
f(0 ):

—  0.30 <  A_ < 0 .1 0 ,

—  2.5 <  |(0 )  <  — 0.12,

w hereas th e  A N L , Y ale co llab o ra tio n  w ho in v e s tig a te d  th e  p o la riza tio n  o f 
ц ' s from  K p3 decay  o b ta in e d

£ == —  0.86 ±  0.08.

T h is s itu a tio n  is ra th e r  u n fo r tu n a te , because th e re  is considerab le  in te re s t 
in  th ese  p a ra m e te rs  from  c u rre n t a lg eb ra . T h e  o ld  Ma th u r - O k u b o —P a n d it — 
Callan—T r e im a n  re la tio n  h as  been  rev iv ed  an d  ex te n d e d  to  p o in ts  n ea re r o r 
inside  th e  p h y sica l reg ion  (see [41—43]). These re la tio n s  all req u ire  sm all 
n eg a tiv e  v a lu es  for £.

Som e a u th o rs  also s tu d y  th e  in flu en ce  o f th e  m u ch  d iscussed  «-m eson on  
K ,g p a ra m e te rs . T y p ica lly , a  m ass o f 1000—1100 MeV is req u ired  [30, 48] to  
o b ta in  ag reem en t w ith  th e  ex p e rim en ts . In  th is  connec tion  i t  is in te re s tin g  
to  co m m en t on som e p red ic tio n s  d eriv ed  from  th e  Y eneziano m odel [44—47].
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T hese p red ic tio n s c a n  also be b o rn  o u t from  c u rre n t a lgeb ra  ca lcu la tio n s p ro v id 
ed th e  x  m ass is f ix e d  a t  th e  K* m ass; in  o th e r  w ords, th e  x  m u s t b e  assum ed  to  
be a К ‘ -d au g h te r.

7. M odels fo r h igher orders

In  recen t m o n th s  m ore and  m ore  effo rt has been  c o n c e n tra ted  once again  
on se tt in g  u p  a th e o ry  o f w eak in te ra c tio n s  in  w hich  h ig h er o rders can  be  ca lcu l
a te d  co n sis ten tly . T h e re  are now  essen tia lly  6 d iffe ren t ap p ro ach es:

a) T he L e e - W i c k  ghost [49].
b) The G e l l -M a n n , G o l d b e r g e r , K r o l l , L o w  m odel [50]. T h is m odel 

is in  c o n tra d ic tio n  w ith  th e  ex p e rim en t on eji sc a tte r in g , because th is  m a tr ix  
e lem en t still d iverges in  h igher o rd ers .

c) K u m m e r —S e g r é  ty p e  m odels [51]. A n u m b e r  o f v a r ia tio n s  an d  
consequences o f th is  m odel have  b een  rep o rted  in  K iev . H ere , th e  in te rm e d ia te  
bosons are  sca la r a n d  a  n u m b er o f  h eav y  lep to n s are  p red ic ted . T h e  p rice  one 
p ay s  fo r  th e  re n o rm a liz ab ility  o f th e  th e o ry  is t h a t  u n iv e rsa lity  a n d  conserved  
v e c to r  cu rren ts  c a n n o t be in co rp o ra ted  in  a n a tu ra l  an d  obvious w ay.

d) A n o th e r f ie ld  th eo re tic  m odel has been  se t u p  b y  E f im o v  a n d  S e l t s e r  
[54]. T hese a u th o rs  change th e  n e u tr in o  fie ld  essen tia lly  in  th e  follow ing w ay.

гр„(х) — j  d y  K ( x —y )  rp„(y). (14)

H ence th e y  can m a n u fa c tu re  a n eu tr in o  p ro p a g a to r  w hich  d am p s h ig h er 
orders to  yield  a f in ite  num ber of in f in ite  ren o rm a liza tio n  c o n s ta n ts . T he p rice  
is, o f course, loss o f  u n ifo rm ity  am o n g  lep tons.

e) R a th e r  in te re s tin g  seem s to  be th e  a t te m p t  b y  F i v e l  an d  M i t t e r  [56] 
to  use th e  m e th o d s o f  non -p o ly n o m ia l L ag ran g ian s in  w eak  in te ra c tio n s . T his 
in v e s tig a tio n  leaves enough  room  fo r fu r th e r  dev e lo p m en ts  in  d iffe ren t d irec 
tions.

f) F in a lly , le t  m e m ention  th e  a t te m p t o f th e  V ienna g roup  [57, 58] to  
in v e s tig a te  th e  S -o p e ra to r  (1) w ith  an  u nspecified  an d  com ple te ly  genera l 
s t ru c tu re  ten so r K Xa(x).
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Л Е П Т О Н Н Ы Е  И П О Л У Л Е П Т О Н Н Ы Е  СЛ А Б Ы Е ВЗА И М О ДЕЙ С ТВИ Я

X. ПИТЧМАН

Резюме

Приведён обзор новых результатов в области изучения лептонных и полулеп  
тонны х процессов. Собраны новые работы по данной теме.
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REMARKS ON “A NEW FIT OF THE 
PARAMETERS FOR CABIRRO’S THEORY”

B y

A. F r e n k e l  and P .  H a s e n f r a t z

CENTRAL RESEA R C H  IN ST IT U T E  FO R  PHYSICS, BU D A PEST

Som e o f the theoretical uncertainties inherent in the theory o f weak interactions and 
their possible influence on the f itted  value of the Cabibbo angle are discussed. Special atten tion  
is given to  th e  problem of the (^-dependence o f th e  form factors.

A t p re se n t an  in ten s iv e  ex p e rim en ta l s tu d y  o f th e  sem ilep ton ic  d ecay s of 
th e  b a ry o n  o c te t is in  p ro g ress  in  severa l lab o ra to rie s . A t th e  X V th  In te rn a t io 
n a l C onference on H igh  E n e rg y  Physics th e  resu lts  o f “ A  N ew  F it  o f th e  P a r a 
m ete rs  fo r C ab ib b o ’s T h e o ry ”  has been p re se n te d  [1]. T h e  v a lu e  o f th e  C ab ibbo  
angle in  th e  case o f a one-ang le  f i t  в =  6 V =  бд tu rn e d  o u t to  be

6 =  0.242 ±  0 .004, (1)

i.e . th e  re la tiv e  s ta tis tic a l e rro r  is sm aller th a n  2 % .  T h e  m ean  value d ep en d s, 
how ever, o n  m an y  a p p ro x im a tio n s  w h ich  are in tro d u c e d  in  o rder to  a rriv e  
a t  w o rk ing  fo rm ulas w ith  a  reasonab le  n u m b e r  o f free p a ra m e te rs . I n  th e  p re 
se n t p a p e r  w e w ould  like to  m ake som e re m a rk s  concern ing  th ese  a p p ro x im a 
tio n s .

One o f  th e  sources o f  th e  th e o re tic a l u n c e r ta in ty  is th e  g2-dependence  of 
th e  six fo rm  fac to rs  f ß_>ß (q2), en te ring  th e  had ron ic  p a r t  o f th e  m a tr ix  ele
m e n t o f  th e  В  —*■ B4v  d ecay :

< в '  1 Д 0 )|В >  =  мв.(р ')

+ f r B' ( f )  r

f?~B'(q2) v * + i f ^ B'(q2) ^ ------- +
—  ( M + M ' )

+ f r B\ q 2) r r s+ ( 2)

Y  ( л г + л г )

+  ^ ßy 5 4ß

■ ( M + M ')
+  f r B'(q2) y s

—  ( M + M ' )
u B(p ) .

T h e  well k n o w n  n o ta tio n s  u sed  in E q . (2) are  th e  sam e as in  [2] and  [3].
B o th  ex p erim en ta l a n d  th eo re tica l in fo rm a tio n  on th e  general b e h a v io u r  

o f  th e  fo rm  fac to rs  in d ic a te  th a t  th e y  a re  slow ly v a ry in g  functions o f  q2. I n
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th e  n e ig h b o u rh o o d  of th e  p o in t  q2 =  0 th is  sm oothness co n d itio n  m ay  b e  
exp ressed  b y  say in g  th a t ,  to  a good ap p ro x im a tio n , one m a y  w rite  th e  fo rm  
fa c to rs  in  th e  fo rm

M )  =  / ( 0 ) 1 +  Я if  /(0 )  ^  0, (3)

i f  /(0 )  =  0. (4)

w ith  slopes Я o f th e  order o f  m ag n itu d e  1. E .g ., for th e  e lec tro m ag n etic  fo rm  
fac to rs  / "  an d  f f  o f  th e  p ro to n  a n d  n e u tro n , th e  ex p erim en ta l resu lts  o b ta in e d  
a t  S tan fo rd  s u p p o r t  th is h y p o th esis :*

Ш )  = / f ( 0 ) 1 +  2.05
Щ

(5)

/Г (? 2) ( 6 )

T he p h y s ic a l region o f  q2 in  th e  h y p e ro n  decays В  —*■ B 4 v  ex tends fro m  
mf to  (M — iff ')2 ^  (150 MeV)2. T h e  c o n tr ib u tio n  of th e  g2-dependence o f  th e  
fo rm  fa c to r  m a y  be re p re se n te d  on th e  a v e rag e  by

/ 75 MeV j2 
(940 Mev)

0.006 Я. ( ? )

A lth o u g h  an  accu m u la tio n  o f  th e  c o n tr ib u tio n s  com ing fro m  d ifferen t fo rm  
fac to rs  is n o t excluded , th e ir  in flu en ce  on th e  f i t te d  value o f  th e  C abibbo ang le  
is p ro b a b ly  sm alle r th a n  th e  re la tiv e  s ta t is t ic a l  e rro r in  E q . (1). This m ean s 
t h a t  from  a p u re ly  p rag m a tic  p o in t o f v iew  i t  is o f no im p o rta n c e  a t  p re se n t 
w h e th e r th e  g2-dependence o f  th e  form  fa c to rs  is neg lec ted  o r n o t. H ow ever, 
from  a th e o re tic a l p o in t o f v iew  th e  q u estio n  o f  th e  ^ -d e p e n d e n c e  is of o u tm o s t 
im p o rtan ce , a n d  th is  is w h y  w e th in k  th a t  i t  is w o rth y  to  d iscuss som e p ro b le 
m a tic  fe a tu re s  o f  th e  m e th o d  o f th e  ca lcu la tio n  of th e  slopes, ad o p ted  in  [1]. 
T his m e th o d  h as  been described  in [2 ] an d  [3 ].T he  v ec to r fo rm  fac to r f B~*B (q2) 
is w ritte n  in  th e  form

3'(9 2) = / Г В'( 0) 1 + A f -
M 2 .

( 8 )

T h e values a t  q2 =  0 are th e n  connec ted  w ith  th e  e lec tro m ag n etic  form  fa c to rs  
o f  th e  nucleons given in E q s. (5) an d  (6) th ro u g h  th e  SU (3) sy m m etry :

/ Г в '( 0) =  +  с Г в7Г(0) • (9)

* See the N o te  added in proof.
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In  E q . (9) cBp^ B' are SU (3) Clebsch—G o rd an  coeffic ien ts m u ltip lied  b y  cos 9 
fo r A S  =  0, an d  b y  sin  6 fo r A S  =  1 d ecay s . On th e  o th e r  ban d , a ll th e  slopes 
Af-*0 a re  ta k e n  to  be  equal to  each  o th e r  and  are  e q u a te d  to  th e  physica l 
slope o f  th e  form  fa c to r  f i  >p(<]2), c a lc u la te d  from  th e  slopes o f f p{<f ) and

Ш У -
=  A ^ p =  Af —  A" =  2.05— 1.05 =  1.00. (10)

T h e  only  possible th eo re tica l m o tiv a tio n  know n to  us for ta k in g  a ll the  
slopes e q u a l is th e  ap p lica tio n  of th e  v e c to r  m eson o c te t  dom inance m odel in 
i ts  p u re  fo rm . In  th is  m odel th e  iso sca la r an d  isovec to r form  fac to rs a re  equal 
to  each  o th e r  an d  h av e  th e  sim ple fo rm

f(q2)=r(q2) = —̂ ~T , ( i i )щ q-
w here m 8 is th e  SU(3) sy m m etric  m ass o f  th e  v ec to r m eson  octe t. T h e  various 
f  i B (q2) fo rm  fac to rs a re  th e n  exp ressed  th ro u g h  f s a n d  f":

f B-B'(q>) =  cB- B' f ( q * ) + c B- BT ( q2) =  ( с Г В + с ^ В') | l

i.e. a com m on slope
M 2Aß- в '  _  iM p

M l  f  
ml M l

( 12)

(13)

em erges. H ow ever, in  th is  m odel we h av e

/f(?2) = y ( /s(92)+№)) = 1 M l  q2 
m l M l  ’

(14)

- 0 , (15)

a  re su lt w h ich  is in  c o n tra d ic tio n  to  th e  ex p erim en ta l fo rm u las  (5) a n d  (6), th e  
th e  v a lu e  o f  M p/mf b e in g  1.2, if  we t a k e  m 8 =  1/2( m (lJr  m K,), and  1.5 i f  we 
ta k e  m 8 =  т й ^  т ш. T h u s  th e  th e o re tic a l m odel w hich  m o tiv a te s  re la t io n  (10) 
is in co m p a tib le  w ith  th e  exp erim en ta l d a ta  used in th is  re la tio n .

W hile  p o in tin g  o u t th is  w eakness o f  th e  m ethod  a d o p te d  by  th e  H e id e l
b e rg  g ro u p , we are  n o t ab le  to  propose a p rocedure  w hich  w ould  be su re ly  m ore 
re liab le . J u s t  to  i l lu s tra te  th e  strong  d ep en d en ce  of th e  slopes on th e  m e th o d  
o f ca lcu la tio n , we describe below  a n o th e r  w ay  of h an d lin g  th e  slopes. L e t us 
d en o te  in  th e  ex ac t SU (3) lim it th e  fo rm  fac to rs  by  f B (q2). T h ey  a re  th en  
re la te d  to  th e  form  fa c to rs  f p(q2), f n{q2) th ro u g h  th e  SU (3) re la tions g iven  in
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T a b le  I .  N ow  w e w rite  each fo rm  fac to r in  th e  form

if  Л ( 0 ) ^ 0 , (16)

(N oO
.V

 §rHII i f  £ ( 0 )  =  0, (17)

Ч2 =  (P m 8- P m8)2’ (18)

Table I

SU (3) relations between the form  factors

Decay
B -* B ’

fB -B -

n  — p cos Ö [ / f («*) — / i ( 9 * ) ]

2 > - a  Л j/f 0 0 s Of?(q!)

z - ^ л — y |  co s 0 / ? ( q 2)

Л - + р | / |  s in  0 / ? ( q 2)

s in  0 [ / f ( q 2) +  2 /? (q 2)]

S ~  -*■ Л | / |  s in  в  [ # < $ * ) + /? (« * )]

0иttn | / i  s in  0 [ / f ( q 2) - / № ) ]

w here  M 8 s ta n d s  fo r th e  SU (3) sym m etric  m ass  of th e  b a ry o n  octe t. L e t u s  
th e n  assum e t h a t  th e  SU(3) sy m m e try  b re a k in g  m ay  be describ ed  b y  ch an g in g  
o n ly  th e  m asses, i.e. th a t  w e h av e

/ i ( 0 )  — /i(0 )  = / t ( 0 ) ,
Ai Я1 =  Ai q q \

M 8 -  1/2(M  +  M ') ,
q2 —<■ q2 =  ( p M , —  p'M,)2,

w here th e  q u a n ti t ie s  w ith o u t th e  tilde s ta n d  for th e  p h y sica l values. T h e  
slopes A( are  r e la te d  to  th e  slopes At used in  E q . (8) by  th e  fo rm u la :

M p _

M + M '

( 2 0 )
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T he re su lt  o f th is  ca lcu la tio n  is p resen ted  in  T ab le  I I .  W e see t h a t  now  th e  slopes 
are  fa r  from  b e ing  equal to  each  o ther.

Table II

The slopes XB~~B

Decay
B-+B'

П — P 1.0

£ +  —  Л 0.83

t1 — 0.82

A  — p 1.7
U~ —► n 3.2
3 ~  — Л 1.8
3 -  ^ z ° 0.56

W e do n o t th in k  th a t  th e  in tro d u c tio n  o f  th e  SU(3) b re a k in g  th ro u g h  th e  
m asses on ly  is a co rrec t p ro ced u re . As p o in te d  o u t to  us b y  R e n n e r , th is  m e
th o d  su re ly  fails in  th e  m eson decays. M oreover, b o th  m e th o d s  discussed ab o v e  
e x tra p o la te  th e  ex p e rim en ta l fo rm ulas (5) a n d  (6), va lid  in  th e  region q2 0,
to  th e  dom ain  m f q2 <[ (M  —  M ')2.

A ll w h a t h a s  been sa id  a b o u t th e Jv e c to r  form  fa c to rs  c a n  be
re p e a te d  fo r th e  w eak  m ag n e tism  form  fa c to rs  f B~ B (q2). I n  th e  e v a lu a tio n  o f  
th e  slopes o f th e  o th e r  fo u r fo rm  fac to rs  m a n y  new d ifficu lties  arise , b o th  
th e o re tic a l and  ex p e rim en ta l. B u t as we h a v e  to ld  ea rlie r, th e  consid erab le  
th e o re tic a l u n c e rta in tie s  in  th e  slopes do n o t  seem  to  in flu en ce  th e  v a lu e  o f  th e  
C abibbo angle v e ry  stro n g ly . T here  are , how ever, o th e r  sources of possib le  
th e o re tic a l e rro rs, w hich m ay  be m ore im p o r ta n t . One o f  th e m  is co n n ec ted  
w ith  th e  fa c t  t h a t  th e  W ig n e r-E c k a r t  th e o re m  w hich g ives E q . (9) m a y  be 
v io la ted  also a t  th e  p o in t q2 =  0, because th e  physical b a ry o n  s ta te s  do  n o t  
form  an  e x a c t SU (3) m u ltip le t. M oreover, th e  hyp o th esis  t h a t  in th e  o c te t
c u rre n t

J *  — cv +  A*—/ 2 ~f- dv V \ _ i:i-\-dA (21)

we h av e
cv ~  c a  =  c o s  6 d v  —  d A  — sin в (22)

comes fro m  th e  w ell-know n u n iv e rsa lity  h y p o th es is  of G ell-M ann. I t  is possib le  
how ever t h a t  E q . (21) ho lds b u t  E q . (22) does n o t  hold. T he ex p ec ted  u n c e r ta in 
ties from  th ese  sources are  o f  th e  o rder o f  2 0 % , and  indeed  su ch  d iscrepancies 
h av e  been  found  b e tw een  th e  values of th e  C abibbo  angle o b ta in e d  from  m eso n
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decays, b a ry o n  decays an d  n u c le a r  ß  decays. T hus we th in k  th a t  th e  level o f 
p recision  o f th e  ex isting  th e o ry  is ab o u t 2 0 % , and  th a t  su ch  an error m a y  be 
in h e re n t in  th e  f i t te d  m ean  v a lu es  of th e  C ab ibbo  angles, am ong  o thers also  in  
th e  m ean  v a lu e  given in  E q . (1).

Note added in  proof.  W hile  th is  p a p e r  [4] was in p re ss , one of us (A .F .) 
h a d  th e  o p p o r tu n ity  to  m e e t D r. I. B e n d e r , who k in d ly  po in ted  o u t t h a t  
in  our p a p e r  w e w orked w ith  a w rong v a lu e  =  1.05 o f  th e  n eu tro n  slope. 
T h is e rro r com es from  th e  fa c t  th a t  we to o k  over a m isp rin te d  fo rm ula (V ,lb )  
o f  [2]. T he c o rre c t fo rm ula  read s

( — r )  =  -  (0,563 ±  0,001) M - 2 ,
V dq2 )qz = o

an d  i t  leads to  Aj =  —0.085. U sing th is  sm all value o f th e  n eu tro n  slope, i t  
is easily  seen fro m  our T ab le  I ,  th a t  th e  b re a k in g  p ro ced u re  defined in  E q . (19) 
gives sm all Â  =  Â  slopes fo r  th e  ^ ± —► Л  decays an d  slopes A( w h ich  are  
p ra c tic a lly  e q u a l to  th e  p ro to n  slope A* =  2.05 for th e  o th e r  decays. I f  we 
now  express th e se  slopes A( th ro u g h  th e  slopes Aj defined  in  E q . (20) we a rr iv e  
a t  th e  re su lt  (in  th e  sam e o rd e r as in  T ab le  I I )

A?^B' =  2,1 — 0,067 -  0,066 1,7 1,4 1,1 a n d  1,2,

T h u s we h a v e  fo r  exam ple ,

f f q 2) =  sin  0 1 +  1,4 м*у etc .

W e s till see an  ap p rec iab le  v a r ia tio n  in  th e  v a lu e s  of our “ n o n -z e ro ” 
slo p es. U n fo r tu n a te ly , as h a s  been  reem pliaz ised  recen tly  b y  M. R o o s [5], th e  
av a ilab le  e x p e rim e n ta l d a ta  are  fa r  from  b e in g  sen sitive  to  SU (3) b re a k in g  
effec ts  ev en  a t  q2 =  0. S till less are th e y  sen s itiv e  to  th e  b reak in g  in th e  slopes.

*

The authors are indebted to  Prof. H. P ie t sc h m a n n  and Dr. H . Str e m n itz er  for va lu  
able discussions. One of the authors (A. F .) is indebted to  Professors B . R e n n e r  and H. S c h n e i
d e r  for in teresting  discussions and com ments.
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ПРИМЕЧАНИЯ К ОДНОМУ НОВОМУ СПОСОБУ ОПРЕДЕЛЕНИЯ ПАРАМЕТРАКАБИББО
А. Ф РЕНКЕЛЬ и П. ГАЗЕНФРАТЦ

Резюме
Рассмотрены некоторые неопределенности, имеющиеся в теории слабых взаимодействий, и их возможное влияние на значение угла Кабиббо. Особое внимание уделяется проблеме (̂-зависимости форм-фактора.
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A cta P hysica  Academ iae Scien tia rum  H ungaricae , Tom us 31 ( 1 —3 ) ,  p p . 173 — 191 (1 9 7 2 )

REGULARIZATION OF QUANTUM 
EUECTRODYNAMICS THROUGH NON-POUYNOMIAU

LAGRAN GIANS
B y

P .  BUDINI
INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS, TRIESTE, ITALY

and

G . Ca l u c c i

INSTITUTE OF THEORETICAL PHYSICS, THE UNIVERSITY, TRIESTE, ITALY

A m odel for regularizing quantum  electrodynam ics through a non-polynom inal Lagran- 
gian describing the interaction o f the electron fie ld  w ith  an auxiliary field  is given. A  gauge  
invariant Lagrangian density  is obtained. This k ind  of regularization avoids the d ifficu lties  
connected w ith  indefinite m etric. Renorm alization o f quantum  electrodynam ics is perform ed  
for irreducible diagram s. In the hypothesis th at th is kind of regularization is the physical 
basis for the elim ination o f divergences in quantum  electrodynam ics, the physical im plications  
are discussed. In  particular, »the lim its o f  va lid ity  o f  quantum  electrodynam ics are discussed  
in term s of the coupling constant between the electron and the regularizing field. I t  is found  
that the present lim its o f  v a lid ity  o f quantum  electrodynam ics im ply for th is coupling con stan t  
an upper lim it larger than the w eak coupling constant. The possibility  o f  regularization through  
weak interactions is discussed. In  th is m odel, for every  reasonable coupling constant, the e lectro
m agnetic self-m ass o f the electron is only a fraction o f the total mass.

In tro d u c tio n

Q u a n tu m  elec tro d y n am ics, a f te r  ren o rm a liza tio n , c o n s titu te s  th e  o n ly  
exam ple o f se lf-consisten t re la tiv is tic  q u a n tu m  th eo ry  w here  every  p h y sica l 
process can  be  q u a n ti ta t iv e ly  foreseen in  p rin c ip le  to  an y  g iven  order o f a p p ro 
x im a tio n  o f p h y sica l in te re s t. B u t, desp ite  th e  success o f  ren o rm aliza tio n , th e  
m ere ex istence  o f  in fin itie s  rem ains so m eth in g  d ifficu lt to  accep t and , b ecau se  
of th e  d ivergence  of ren o rm aliza tio n  c o n s ta n ts , p rec ludes th e  u n d e rs ta n d in g  
of th e  fu n d a m e n ta l c o n s ta n ts  like charges an d  m asses.

All a t te m p ts  to  o b ta in  a physica l reg u la riza tio n  o f  q u a n tu m  e le c tro 
dynam ics b y  ta k in g  in to  acco u n t th e  in flu en ce  of th e  e lec tro m ag n etic  p ro p e r 
ties of s tro n g ly  an d  w eak ly  in te ra c tin g  p a r tic le s  in q u a n tu m  e lec tro d y n am ics 
were co ndem ned  to  f ru s tra tio n .

L eav in g  aside th e  p u re ly  m a th e m a tic a l reg u la riza tio n , o b ta in ed  b y  
“ c u ttin g  o ff”  th e  d iv e rg en t in teg ra ls , w h ich  has no p re ten ce  o f physica l in te r 
p re ta tio n , th e  m o st com m only  used re g u la riz a tio n  p ro ced u res  req u ested  n o t  
only th e  in tro d u c tio n  in  th e  th e o ry  of new  h igh ly  m assive  fields, b u t  also 
im posed th e ir  in te ra c tio n  w ith  th e  elec tron  a n d  p h o to n  fie lds to  be  non -p h y sica l,
i.e. w ith  im a g in a ry  charges.

R ecen t p ap ers  [1] on th e  non -po lynom ial rea liza tio n  o f  ch ira l in te ra c tio n  
L agrang ian  an d  on convergence p ro p ertie s  [2, 3] of th ese  L ag ran g ian s, w h en

Acta Physica Academiae Scientiarum Hungaricae 31, 1972



174 P . B U D I N I  a n d  G . C A L U C C I

in se rted  in  a  p ro p erly  d e fin ed  S  m a tr ix  th e o ry , have in d u ced  us to  s tu d y  a 
re g u la riz a tio n  o f  q u a n tu m  e lec tro d y n am ics w hich  m igh t h a v e  a b e tte r  chance  
th a n  th e  p rev io u s  ones o f p h y sica l in te rp re ta tio n .

W e w ill s till need a new  field in te ra c tin g  w ith  p h o to n s  and  e lec tro n s, 
b u t  th e  m ech an ism  of rem o v a l o f d ivergences will n o t be o b ta in e d  b y  s u b tra c 
tio n , i.e. b y  p o s tu la tin g  an  im ag in a ry  co u p lin g  c o n s tan t, b u t  b y  p o s tu la tin g  
for th is  f ie ld  a non -p o ly n o m ia l m ode o f  in te ra c tio n .

A s im p lified  m odel w ill be p re se n te d  in  P a ra g ra p h  2, and  i t  w ill be 
show n in P a ra g ra p h  3 t h a t  d ivergences a re  rem oved  w hile  all know n w ell- 
e s tab lish ed  re su lts  o f q u a n tu m  e lec tro d y n am ics are o b ta in e d . F o r rea l p ro ces
ses th e  reg u la riz in g  field  w ill give co rrec tio n s to  be co m p ared  w ith  th e  fo rm  
fac to rs  o f th e  u su a l “ cu t o ff”  tech n iq u es, a n d  th e  lim its o f v a lid ity  o f q u a n tu m  
e lec tro d y n am ics  will be d iscussed  in  P a ra g ra p h  5 in  te rm s  of th e  coup ling  
c o n s ta n t o f  th e  new  field  w ith  th e  e lec tro n  — p h o to n  fie ld s.

A t th e  en d  of th e  p a p e r  th e  possib le  physical in te rp re ta tio n s  o f  th is  
in te ra c tio n  w ill be d iscussed.

1. The m odel

W e s t a r t  from  th e  L ag ran g ian  d e n s ity :

where

■3’% = -  : ÿ>(9 +  m)y>:; 3 °  — ---- ~  8" A v : ,

3 ev — — ie : xp Â  y> :

are  th e  s ta n d a rd  e lec tro d y n am ics L ag ran g ian s , -3 °  is th e  free  L ag ran g ian  fo r  a 
sca lar (or p seudosca la r) f ie ld  (p and  3 *  i t s  in te ra c tio n  L ag ran g ian  w ith  th e  
D irac e le c tro n  fie ld  ip.

W e w ill assum e to  be  a n o n -p o ly n o m ia l fu n c tio n  o f  <p and  o f su ch  a 
form  as to  im p ly , b y  p o s tu la tin g  a m in im al e lec tro m ag n etic  in te ra c tio n , th e  
ex istence o f  3 *  , i.e. an in te ra c tio n  o f th e  fie lds <jp, ip a n d  th e  e lec trom agnetic  
field .

O ur f in a l aim  is to  o b ta in , by  sum m in g  3 e4 w ith  th e  n o n -p o ly n o m ia !-^ ,’’ a 
n o n -p o ly n o m ia l L ag ran g ian  d en sity

L e =  3 ev + f 3 l ‘ (2)

o f such a  fo rm  as to  reg u la rize  q u a n tu m  e lec trodynam ics fo r processes w ith  
no real (p q u a n tu m  in th e  f in a l and  in it ia l  s ta te s .
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I t  is easy  to  see th a t  a sim ple choice for is th en :

f - s r  =  i f
ip Â  ip

1 +f<Pr
(3)

W e w ill ta k e  fo r r th e  v alue  2, a n d  E q . (2) gives:

— ixp Âip
Í-J p •

l + y v

E q . (3) w ith  r =  2 im plies tw o possib le  sim ple fo rm s for 2?^ :

1 V Y * % V  .g f i  
v 2 1 + / ? 2

i f  th e  fie ld  q> is e lec trica lly  n e u tra l, a n d  also

v 2 1 + /<p2

(4)

(5a)

(5 b )

if  th e  (p f ie ld  is charged*  (in th is  case cp*q> is m e a n t fo r qp2).
W ith  these  choices th e  3 ?  will be  de v isu  gauge in v a ria n t. 
F in a lly , th e  gauge in v a ria n t in te ra c tio n  L ag ran g ian  we o b ta in  is:

L j — L e- \ - f  (6)

■where L e is , in  th e  lan g u ag e  of S a l a m  an d  S t r a t h d e e  [2, 3], su p ern o rm al, 
and  w ill give rise to  reg u la riza tio n  w hile 2?^, given b y  E q . (5a) or (5b) is n o rm a l 
(reno rm alizab le) an d  rep resen ts  th e  in te ra c tio n  o f th e  elec tron  fie ld  w ith  th e  
reg u la riz in g  fie ld  <p. F o r / —>■ 0 th e  fie lds ip and  qp becom e d isconnected  an d  L e 
reduces to  th e  s ta n d a rd  in te ra c tio n  L ag ran g ian  o f q u a n tu m  elec tro d y n am ics 
2?^ as i t  shou ld . W e w ill see th a t  in a n y  case, owing to  th e  know n ex p erim en ta l 
lim its  o f v a lid ity  o f q u a n tu m  e le c tro d y n a m ic s ,/h a s  to  be v e ry  sm all.

T he general te rm  o f th e  p e r tu rb a tio n  expansion  o f th e  S  m a tr ix  c o n s tru c t
ed from  th is  m odel w ill have  th e  fo rm :

S n =  <FI J  d x L. . .  J  d xn T ((eL e+ f J ? * ) . . .  (eLe + f J ? $ n)\ J>  (7)

in  such a w ay  th a t  fo r a given pow er o f  th e  electric  charge we h av e  a pow er 
series ex p an sio n  in /c o m in g  b o th  from  th e  d en o m in a to rs  in  L e, sum m ab le  w ith

* In th is case a Lagrangian density describing the electrom agnetic interaction o f the <p 
field  has to be added to E q . (1).
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th e  E f im o v - F r a d k i n - S a l a m  m eth o d , an d  from  th e J ? ^  L ag ran g ian  densities. 
T h e  c o n tr ib u tio n s  from  th e  la t te r  te rm s  h av e  tw o , in  a w ay  o pposite , fe a tu re s : 
in  g en era l, th e y  a re  sm all b ecau se  o f  th e  f a c t o r / " 1, m  2 ; b u t  th e y  give rise  
to  d iv e rg e n t in te g ra ls  because  is ren o rm alizah le  b u t  n o t su p ern o rm al, and  
one  shou ld  e lim in a te  these  d ivergences b y  ren o rm aliz in g  th e  in te ra c tio n .

F o r  th e  m o m en t we sh a ll leave  th e m  o u t. T he p rice  to  p a y  is th a t  th e  
re g u la riz a tio n  fo r som e processes is n o t gauge in v a r ia n t (to  th e  o r d e r / 2) and  
one  h as  to  in tro d u c e  a p h o to n  m ass ren o rm a liza tio n  (fin ite ) to  o b ta in  gauge 
in v a r ia n t  /- in d e p e n d e n t r a d ia tiv e  connections.

I t  will be  show n in  P a ra g ra p h  4 th a t  i f  th e  te rm s are  ta k e n  in to  accoun t, 
one  can  o b ta in  to  a  given p ow er in  e a  reg u la rized  ex p an sio n  o f th e  S -m a trix  
w h ich  can  be m ad e  gauge in v a r ia n t  u p  to  an  a r b i t r a r y  pow er o f / .

2. Regularization o f the primitive divergent m atrix elem ents

In  th e  fo llow ing we sh a ll assum e th e  in itia l an d  f in a l s ta te s  to  be  v acu u m  
s ta te s  fo r th e  f ie ld . T he in te ra c tio n  L ag ran g ian  w ill be  L e, g iven b y  E q . (4), and  
th e  su m m atio n  o f  th e  series ex p an sio n  in / im p l ie d  in  L e w ill be p e rfo rm ed  w ith  
th e  E f im o v —F r a d  k i n  m e th o d  a d o p tin g  th e  S a l a m  [3] co n v en tio n  fo r th e  
in te g ra tio n  in  th e  S ym anzik  reg ion .

W e w ill s ta r t  w ith  th e

A )  Electron self-energy

To low est o rd er th e  m a tr ix  e lem en t is [4]:

2 ( P )  =
ie2 f f y  *(P  - k ) - m  1

(2 J t)« JJ"*  ( p - k ) * + m *  7 (к q f
F(q2) di  qdi к

co rresp o n d in g  to  th e  g rap h  o f  F ig . 1, w here

( 8 )

F ig . 1. Self-energy d ia g r a m :-----------electron; VWW photon; —-----------propagator Eq. (10)

F(q) =  0(q) +  Г + '~  K(s)(q2Y d s  , 0 <  « <  1 ,
J  a — I «

K(*) =  - V  nS'2- ~  ( -P Y 12 П2 5)(4яГ**
(2 я )5 sin  л  s/2
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rep resen ts  th e  F o u rie r  tra n s fo rm  o f th e  e x p e c ta tio n  value:

1 1____

l+ f c p 2(x) 1 +f<p2(y),

co m p u ted  acco rd in g  to  th e  m e th o d  m en tio n ed  above.
W e  r e f e r  t o  t h e  p a p e r  o f  S a l a m  a n d  S t r a t h d e e  [3 ] f o r  a ll p r o b le m s  

r e l a t e d  to  t h e  d e f in i t io n  a n d  c o m p u t a t i o n  o f  t h e  p r o p a g a to r s  (1 0 ) a n d  f o r  t h e  
d is c u s s io n  o f  t h e  l im i t s  o f  v a l i d i t y  a n d  a m b ig u i t ie s .

I t  is to  be  p o in te d  o u t t h a t  fo r co m p u ta tio n a l reasons th e  q> field  has b een  
ta k e n  o f zero m ass.

I t  is im p o r ta n t  to  no te  t h a t  for th e  re g u la riz a tio n  of q u a n tu m  e lec tro d y 
nam ics, w h ich  is ou r f irs t  a im , th e  c o m p u ta tio n  of X(p)  fo r p  spacelike a n d  
its  a n a ly tic  e x ten s io n  of all p -v e c to rs  is a v a lid  procedure. W e will see la te r  
t h a t  th e  know n  am b ig u ities  o f  E q . (9) do n o t  a ffec t th e  o b se rv ab le  ra d ia tiv e  
co rrec tions b u t  o n ly  th e  v a lu es  o f th e  ren o rm a liza tio n  c o n s ta n ts .

T he in te g ra tio n  in  d*q can  be  perfo rm ed  w ith  th e  re su lt (see A ppend ix ):

f  n F i 9 \ *  d4« = T T +  Г "  S ( s ) { k * Y - ' d s  =  D (k ) ,  (1 1 )J  (k — q)2 к 2 JoL-ioo

w here  0 <  a  <  1 an d :

* (« ) =  "7-------. 1 Д 1 *)( - / Т 2(4я)-2 ‘ .
4 s in z rs /z

T h e  f irs t  te rm  w h en  in serted  in  E q . (8) w ould g iv e  back  th e  s ta n d a rd , d iv e rg en t 
m a tr ix  e lem en t. I f  we now  go w ith  th e  in te g ra tio n  in s from  th e  r ig h t to  th e  
le f t o f th e  im a g in a ry  axis, we h a v e  to  add  th e  co n tr ib u tio n  o f  th e  pole o f th e  
in te g ra n d  a t  s =  0. This c o n tr ib u tio n  e x a c tly  cancels th e  te rm  1/fe2. T h is  
can ce lla tio n  gives rise  to  th e  reg u la riza tio n  o f  27/(p), w hich in  fa c t becom es:

-2  i ( p  k) 4m  
(p  — k )2 4 m2

(&2)s_1 ds,

w here  now  — 1 <[ a  <  0.
I t  is c o n v e n ie n t to  w rite :

( 12)

Z ( p )  =  X ( p 2) i p + Y ( p 2) m  (13)

so th a t  4m Y  =  T r X  and  4p2 X  — iT rp  X.
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T he exp ressions X  a n d  Y  are  c o n v e rg en t fo r a  < 0  as can be seen  by  
s ig h t b y  c o u n tin g  th e  e x p o n e n t of k2.

In  E q . (12) re g u la riz a tio n  m igh t be  considered  a t ta in e d  by  a m o d ifica tio n  
o f  th e  p h o to n  p ro p a g a to r  1/fc2 w hich is su b s ti tu te d  b y  E q . (11); in th is  w ay, 
p rob lem s w ith  gauge in v a ria n c e  do n o t a rise , p rov ided  w e m odify  all th e  p h o to n  
p ro p a g a to rs  in  th e  sam e w ay .

T h e  in te g ra tio n  o f th e  euclidean  space  к can be p erfo rm ed  e x a c tly  (see 
A ppend ix ) w ith  th e  re su lt:

2p2
X (p 2) =  — -  S ( s )  [y i ( s , p 2) + y 2( s , p 2)] ds, (14')

(2тг)* J
dp% ra-j-ioo

S ( s ) y i ( s , p 2) d s ,  (14")
(2л;4) J

w ith
1 —1— ( v — l ï s  TĈ

y „ (s ,p 2) = --------------------- m 2s— :------- - F ( l  — s, — s; 17+1; p 2/m 2).
v  sin  ns

B o th  E q s . (14 ') an d  (14") are th e  co n v erg en t in te g ra ls  for / - f in i te .  Since 
s has a n e g a tiv e  rea l p a r t ,  th e y  b o th  d iv erg e  for /  —>■ 0.

In  o rd e r to  s e p a ra te  from  E q s. (14 ') and  (14") an  /- in d e p e n d e n t p a r t, 
i t  is now  co n v en ien t to  sh if t th e  in te g ra tio n  again  to  th e  r ig h t o f th e  im a g in a ry  
ax is. T he re su lt is* (see A ppend ix ):

Y (p 2)

+

(2:
4e2

e2 \ 1
—  {yH-----
; n f  [ 2

F ( l ,  1; 3; —p 2/m 2) +  ln ( f m 2j  16л2) +  199/2 ! +
(15)

dp 2 ra + ioo
.<г т г  Щ з ) У1 ( s ,p 2) d s ,
(2л)* J

X ( P 2) = ^ - Y ( p 2) +  7 ^ r | l  + У +  Т - 4 "  F i 1» У 4; Р 2/ш 2) + 1 п ( / т 2/1 6 я 2) +  
2 (4тг)2 [ 3 m 2

} 2g2 ла+i«.
To- Ï7 3{s)y2(s ,p2)ds.
(2я)4 J

(16)
0 <  а  <  1

T h e  lo g arith m ic  te rm s  diverge fo r /  —<- 0 and  re p re se n t th e  m a in  p a r t  of 
th e  m ass re n o rm a liz a tio n  c o n s ta n t dm. T he  /- in d e p e n d e n t, fin ite  te rm s  will 
give rise  to  o bservab le  ra d ia tiv e  co rrec tio n s. T he te rm  w ith  th e  in te g ra l is 
co n v erg en t an d  co n ta in s  a c o n s ta n t f a c to r  / “ w ith  x  0. I t  will th e n  go to  0 
w ith  /  —► 0. I t  obv iously  rep resen ts  th e  co rrec tion  to  th e  rad ia tiv e  co rrec tio n s 
due to  th e  regu la riz ing  fie ld .

* у  is the Euler M ascheroni constant.
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One can  easily  perfo rm  th e  ren o rm aliza tio n  b y  su b tra c tio n , w ith  th e
re su lt* :

Zren(p) =  i p X ( p 2) +  m Y ( p 2) m [ Y (  m2) - X ( - m 2) ] ~  

( i p - m2)-(-2m2[V ( - m 2) X ( m 2)]} .
(17)

H ere  th e  o n ly  /-d e p e n d e n t te rm s  are th e  in te g ra l in  s w h ich  v an ish  fo r f  —*■ 0. 
F o r  f  ̂  0 th e y  rep resen t th e  effect of re g u la riz a tio n  on ra d ia t iv e  co rrec tio n s. 
T h e  d e r iv a tiv e  functions m u ltip ly in g  (ip -(- m)  con ta in , as th e y  should , a  new  
(in fra red ) d iv e rg e n t te rm  fo r p 2 —*■ — m2 w h ich  is connected  w ith  th e  v a n ish in g  
p h o to n  m ass (see A ppen d ix  B ).

T he e lec tro n  selfm ass o f  e lec tro m ag n etic  origin is g iven , a p a r t  from  te rm s  
go ing  to  zero  w ith  f 2, b y :

dm =
3e2 

(4 я )2
у  — ln ( f m 2/ 16 л 2) -|-------- 199/2

2
(18)

The im a g in a ry  p a r t  com es from  th e  necessity  o f su b s titu tin g , in  th e  
ca lcu la tio n s, —f 2 w ith  eirpf 2. W e have th e n  to  tak e  th e  lim it  q> -h► ^  л , a n d  in  
p rin c ip le  a n y  re a l average o f  th e  lim it is accep tab le . In  E q . (18) th is  a m o u n ts  
s u b s ti tu tin g  icp/2 w ith  bn , b b e in g  any re a l co n stan t.

В )  The vertex p a r t

In  th e  s p ir i t  of considering  th e  p re se n t m odel m a in ly  as a reg u la riza tio n  
p ro ced u re , th e  sim plest rec ip e  fo r reg u la riz in g  th e  v e r te x  p a r t  is b y  d e fin in g  
i t  in  such a w a y  th a t  th e  W a rd  id e n tity  is sa tisfied :

9 " ( F )

9 TV
iy tiL - \ - i A r/Jen( p , p ), (19)

w here  Л™п(р, p ' )  is th e  f in ite  v e r te x  p a r t g iv in g  rise to  v e r te x  ra d ia tiv e  c o rrec 
tio n s . The reg u la rized  irred u c ib le  v e rtex  im p lie d  by  E q . (19) is given b y :

A , ( p \ p ) = - ~ r ÿ Y vS c( p , - k ) y llS c( p  к) yvD c(k q) F(q) <Pq d*k (20)

co rresp o n d in g  to  th e  g raph  (a) in  Fig. 2. I n  th is  case, L  is g iven  b y  th e  coeffi
c ie n t in cu rly  b races  of (ip  +  m)  in  E q. (17). T ak in g  the  m odel m ore rig o ro u sly  
as a L ag ran g ian  field  th eo ry , one would o b ta in  for th e  irred u c ib le  v e rte x  (in  x

* The dot means derivation with respect to p 2.

12* Acta Physica Academiae Scienliarum Hungaricae 31, 1972



180 P . B U D I N I  a n d  G . C A L U C C I

space) [3 ]:

ЛЛх  =  Zmn2n3(f2)n'+n'+n'
(iti+njä)! (п2 +  га3)! (из +  raj!

re3!
X

n 2l

x A n3(X l -  я;2) A nl(x2 x 3) A n2(x3— Xl) y vS c(x3 Xl) у ^ с(Х1 x 2) y vD c{xx - -x3)

(21)

co rresp o n d in g  to  th e  g ra p h  (b) in  F ig . 2.

F ig . 2. V ertex  diagram

C learly , th e  v e rte x  is s till reg u la rized  and th e  o bservab le  A ren( p ' ,  p )  
o b ta in e d  fro m  E q . (21) w ill b e  th e  sam e as th e  one o b ta in e d  from  E q . (20), 
w hile th e  /-d e p e n d e n t te rm s  co rresp o n d in g  to  th e  co rrec tio n s  to  th e  p u re ly  
e lec tro m ag n e tic  te rm s A ren( p ' ,  p )  due to  reg u la riza tio n  w ill be changed . B u t 
fo r sm all /  th e se  te rm s will in  a n y  case be  v e ry  sm all, a n d  w ill n o t give r is e  to  
o b se rv ab le  effects.*  So th a t ,  ex cep t fo r p a r t ic u la r  p u rp o ses , E q . (20) is to  be 
p re fe rred  fo r  i ts  s im p lic ity . T h e  re n o rm a liza tio n  of E q . (20) proceeds im m e d ia 
te ly  from  th e  o f  E(p)  a lre a d y  given.

C)  V a cu u m  polarization

To second  o rder th e  v a c u u m  p o la riz a tio n  is g iven [1] by :

П М
ie

(2тг)
—  r i b
n Y  'J J

w here F(q) is given by  E q . (9).
T h e  te n so r  П ^ (к ) c an  be  sp lit in  tw o  p a r ts  as u su a l

n j k )  =  gIMM ( h )  +  I K K  -  (23)

* One could obtain E q. (21), and even a m ore general form  com patible w ith th e  W ard  
id en tity  applied to  the self-energy part, if  one used  th e  LagrangianL[ =  L e -f- f  ^ in a gauge- 
invariant w ay.
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■where th e  f ir s t  te rm  is th e re  because we lo s t  gauge in v a ria n c e  in  th e  p ro cess  of 
reg u la riza tio n  so th a t  a m ass te rm  for th e  p h o to n  is p ro d u ced . (Fig. 3).

F ig . 3. Vacuum polarization

O w ing to  th e  p resence o f spin 1/2 a n d  m ass in  b o th  v ir tu a l p a rtic le s , 
th e  ac tu a l ca lcu la tio n s becom e m ore in v o lv ed  th a n  in  th e  elec tron  se lf-energy ; 
in  p a r tic u la r , i t  is m uch m ore  d ifficu lt to  p roduce  th e  f in a l resu lt as a sim ple 
in teg ra l o v e r th e  a u x ilia ry  va riab le  s.

W e can  in an y  case give th e  fo llow ing expressions fo r  M  and  N :

M ( k 2) 4л I
p 3dp

N ( k 2) =

(2л)4 J p 2 -\-k2-\-m2 

2 k p A ( p 2) J j ( k l P )],

p 3dp

[ (2 p 2A ( p 2) + 4 m 2B ( p 2) ) J 0(k ,p )

ie2 3232 Ç  

M 2 )

w here

(2л)4 3к2 J  p 2Jr k 2 +  m 2 

^ S k p A i p ^ J ^ k . p )  4p 2A ( p 2) J 2(k, p ) ] ,

[p2A ( p 2) J 0( k ,p )  +

(24)

(25)

Jo =  ~ (  1 - V Ï  * 2) ,

—  X2 l / l - * 2 , 
2 )

F x 2 ,
9

w ith  X  =

an d  (26)

B ( P 2) =  f +i”" K ( s ) b 1( s , p 2) d s ,J &—l°o

A { p 2) = \ +\ ^ ( S)[M * ^ P 2) -b 2( s ,p 2) ] d s ,J a — I °o

K is ,  p 2) =  yv(s F p 2)-

2 kp
p 2+ k 2+ m 2

(26)

(27)

(28)

L e t us consider f irs t th e  gauge in v a r ia n t  p a r t  o f л  .
S tu d y in g  th e  a sy m p to tic  b e h a v io u r o f  J )  w hen p 2 —*■ oo (x  —*• 0)
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w e see th a t  w e can  perfo rm  th e  in teg ra tio n  in  p , for —  1 <  | Re s | <  0 in  
expression  N ( k 2).

W e are  th u s  in  the  sam e s itu a tio n  as fo r th e  electron self-energy; we co u ld  
now , if  we h a d  th e  explic it expression  o f th e  in teg ran d , sh if t th e  co n to u r o f 
in te g ra tio n  in  s to  rig h t o f  th e  origin.

In  th is  case  th e  in te g ra tio n  in  p  is m ore  inv o lv ed , n ev erth e less  th e  s e p a ra 
tio n  o f th e / -d e p e n d e n t  ren o rm aliza tio n  te rm  from  th e /- in d e p e n d e n t r a d ia t iv e  
co rrec tion  can  be  shown.

W e re m e m b e r the  n ecess ity  of ren o rm a liza tio n  th a t  in  th is  case a m o u n ts , 
ro u g h ly  sp e a k in g , to  s u b tra c tin g  1V(0) from  N ( k 2):

N ( k 2) - N (  0) =  I
. ( 2 л у  3 .)

-f- 3fcp / x(/c, p )  — 4p -  J 2(k, p )  ]

p 3 dp
1

p 2-\-k2- \-m 2 k2
[p2J 0{ k ,p )  +

1 1 n  p 4 3ji p 2 1]

p 2-\-m2 . 2 ( p 2+ m 2f 4 ( p 2 +  m2)\\

(30)

A (P 2) ■

Now we n o te  th a t  th e  f i r s t  te rm  in th e  expansion  fo r p 2 со of th e  f i r s t  
sq u a re  b ra c k e t  is ju s t  th e  second  square b ra c k e t  w ith  a m in u s sign, w h ich  is 
d u e  to  th e  f a c t  th a t  th e  ex p an sio n  of J t fo r  fc2 —>- 0 is th e  sam e as fo r 
p 2 —>■ оо; th e re fo re , th e  te rm  in  curly  b races  goes, e ffec tively , like 1 /p i .

G oing b a c k  to  th e  in te g ra l re p re se n ta tio n  of A ,  E q . (27), we see t h a t  
(in v e rtin g  th e  o rd e r  o f in te g ra tio n s)  i t  is possib le  to  s h if t  th e  c o n to u r to  
q <  a  <  1 k eep in g  still th e  in teg ra l on co n vergen t. So doing we h a v e  to  
ta k e  in to  a c c o u n t th e  c o n tr ib u tio n  of th e  p o le  a t  s — 0 w h ich  is in d e p e n d e n t 
o f  /  and  a m o u n ts  to :

1
p 2 -f- k 2 -|- m 2 7 ~ [ P 2Jo (&> P) +  i k P J i  P) “ V  Л  P )] +

к 1

1 л  p i Ъл p 2 1

p 2-\-m2 2 ( p 2+ m 2)2 4 p 2-\-m2 p 2 +  m 2

(31)

a n d  re p re se n ts  th e  ra d ia tiv e  corrections.
F o r th e  re n o rm a liza tio n  te rm  1V(0) th e  shift c a n n o t be done w ith o u t 

losing th e  convergence  in  p ;  w h en  Res <[ 0 , i t  contains a  c o e f f ic ie n t / r a is e d  to  
a  neg a tiv e  po w er, and d iv erg es  when / - a- 0.

As fa r  as th e  M  te rm  is concerned, w e see th a t  th e  in teg ra tio n  in  p ,  
—  1 <7 R es <7 0, is d iverg ing . T his te rm  sh o u ld  no t show  u p  if  th e  fu ll gauge 
in v a r ia n t L ag ran g ian  L j is u sed . In  case w e w ish to  reg u la rize  M  in  th is  n o n 
gauge in v a r ia n t  fo rm u la tio n , th e  sim plest th in g  to  do is to  change th e  re g u la 
riz in g  te rm  in  th e  L ag ran g ian  L c to  th e  fo rm :

L , _  £
(1 + / 1' » 2 '
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This p roduces a s lig h tly  d iffe ren t K(s):

K'(s) =
l ns

( f y ( s  +  l ) * r ( 2  * )(4  Я)*-*»,
(2тг)5 sin ns

w hich, how ever, cause th e  d isap p earan ce  o f  th e  pole a t  s =  — 1 in A  an d  B.  
T h u s th e  c o n to u r in  s can  b e  sh ifted  b e tw een  — 2 and — 1, w here th e  in te g ra 
tio n  in p  converges. As we can verify  in  a m odel w here th e  in teg ra tio n  can  be 
a c tu a lly  done, i.e. w hen one of th e  m ass o f  th e  elec tron  is p u t to  zero, th e  
in teg ra tio n  y ields a pole a t  s =  — 1; th e  re s id u u m  of th is  po le , w hich is a  te rm  
in 1 If, in d e p e n d e n t of th e  e x te rn a l m o m e n ta , is ju s t  th e  q u a d ra tic a lly  d iv e r
g en t m ass ren o rm aliza tio n  o f  th e  p h o to n  w h ich  we expec t to  find  in non gauge 
in v a r ia n t e lec tro d y n am ics.

I t  is easily  seen th a t  th e  o th e r re su lts  are  very  s lig h tly  affected b y  th is  
change o f th e  L ag ran g ian , w hich is q u ite  u n im p o r ta n t fo r  w h a t re fers to  
e lec tron  self-energy.

W e h a v e  d iscussed th e  reg u la riza tio n  o f p rim itiv e  d ivergen t g rap h s . 
T he reg u la riza tio n  and  ren o rm aliza tio n  o f h ig h er order p rocesses will p roceed  
from  these  in  th e  usual w ay .

I t  is obvious th a t  i f  one c o n stru c ts  th e  S  m a trix  ex p an sio n  w ith  th e  fu ll 
gauge in v a r ia n t I,, given b y  E q . (6), no p rob lem s w ith  g auge  in v arian ce  w ill 
a rise ; fo r exam ple , th e  non -gauge in v a r ia n t te rm  M  in  E q . (23) will n o t a p p e a r ;  
n everthe less, th is  p ro ced u re  is cum bersone even for th e  sim plest p h y sica l 
processes.

W e w ill now  show th ro u g h  an  ex am p le  th a t  from  th e  full S m a tr ix  
expansion  a m anageab le  gauge in v a ria n t subseries can be e x tra c te d  w hich  will 
in  tu r n  ju s tify  th e  choice o f  L e given b y  E q . (4) as a reg u la riz in g  in te ra c tio n  
L ag ran g ian  d e n s ity  for sm all values o f  / .

Since we w ish to  d iscuss gauge in v a ria n c e  to g e th e r w ith  re g u la riza tio n , 
we shall f irs t s tu d y  th e  m o s t sign ifican t case o f  vacuum  p o la riza tio n  to  second  
o rder. The general m a tr ix  te rm  c o n tr ib u tin g  w ill be:

=  < F  I j  dxT( (eLe +  f & D  . . . (eLe +  • . . ( / ^ )  ) | I  > , (33)

3. Gauge in v a rian ce

w here any  n u m b e r of f  3 ^  can  be ad d ed . 
L e t us now  sp lit ag a in

1 +f<P‘
(34)
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an d  ta k e  g iven  by  E q . (5), an d  m ake th e  conven tion  t h a t  while th e  E f i - 
m o v - S a l a m  su m m atio n  is m a d e  fo r th e  d en o m in a to rs  1 -(- f  <p2 in  th e  c o n tra c 
tio n , we ta k e  in to  con sid era tio n  all te rm s o f  E q . (33) w hich a re  p ro p o rtio n a l to  
e2 f n w ith  n < _ 2 .  T h a t is:

S 2 =  e2 <F\  J  dx T( 3 ? %  +  P  &  Ie 3>  - f / 2.3 ? I  &  X  +

(35)

T his w ill give a gauge in v a r ia n t v a c u u m  p o la riza tio n  m a tr ix  e lem en t o f  
th e  form :

П  =  е2[П 0- \ - / 2(1Т1-{-П2-{-П3-\-П4)] (36)

co rresp o n d in g  to  th e  g rap h s in  F ig . 4 w h ere  th e  d o tte d  lin e  rep resen ts  th e  
p ro p a g a to r  E q . (9), w ith o u t th e  ô te rm . I t  is clear th a t  770 f zI I i is id en tica l 
w ith  th e  reg u la rized  non  gau g e  in v a r ia n t v acu u m  p o la riza tio n  of th e  la s t  
p a ra g ra p h ; I f 2 is also reg u la rized ; 773 a n d  774 in stead  a re  d iv erg en t.

Fig. 4. G auge-invariant vacuum  polarization. The dotted  line represents the Green function (9)>
w ithout the ô term

T h e d ivergences o f n 3 a n d  л 4 w hich  a re  due to  th e  in te ra c tio n  o f  th e  
e lec tron  w ith  th e  cp field  a re  to  be rem o v ed  b y  ren o rm aliza tio n . These d iv e r
gences a re  n o t  an y  m ore to  be  considered  d ivergences o f p u re  e lec trodynam ics.

O nce th e  ren o rm aliza tio n  has been do n e , one can c o n tin u e  th e  p ro ced u re  
o f re g u la riz a tio n  in tro d u c in g  tw o  o th e r fa c to rs  (Ly  -\- In  th is  w ay  th e
p rev ious g ra p h s  becom e co n v e rg en t an d  w e in troduce  o th e r  ones, re q u ir in g  
ren o rm a liz a tio n , w hich h av e  an  / 4 in  f ro n t. T he p rocedure  can  be c o n tin u ed  
p ro d u c in g  te rm s  w ith  h ig h er a n d  h igher pow ers of / .  I f  w e s to p  th e  p ro ced u re  
a t  a  c e r ta in  o rd e r f 2n, we h a v e  a set ren o rm alizab le  an d  reg u la rized  g raphs,, 
fo r w hich  gau g e  in v arian ce  ho ld s  up  to  te rm s  i n / 2” +2.
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4. P hysica l in te rp re ta tio n

In  q u a n tu m  e lec trodynam ics reg u la riza tio n  w ith  in d e fin ite  m e tric  is 
u su a lly  reg a rd ed  as a device to  in tro d u ce  m a th e m a tic a l r ig o u r  in  th e  re n o rm a 
liza tio n  p ro ced u res  of su b tra c tio n  of d iv e rg e n t in te g ra ls . C onsequen tly , 
physica l consequences are  o n ly  deduced in  th e  lim it o f  in f in ite  regu la riz ing  
m asses.

If, as in  o u r m odel, reg u la riza tio n  m ig h t have a p h y sica lly  p lau sib le  
orig in , th e n  one is te m p te d  to  ana lyse  w hich  a re  its  im p lica tio n s on th e  o b se r
vab les o f th e  co rrespond ing  th e o ry .

T he f irs t  obv ious co n sid e ra tio n  is th a t  if  th e  p h o ton  p ro p a g a to r  is m o d i
fied  as im plied  b y  E q . (11), th e n  also real p rocesses w here i t  ap p ears  as a  fa c to r  
in  th e  m a tr ix  am p litu d e  sh o u ld  be co rrespond ing ly  m o d ified . T he s im p lest 
exam ple  is M öller sca tte rin g  w hich is rep re se n te d  by  th e  g rap h  in F ig . 5.*

T he m o d ifica tio n  of th e  am p litu d e  a m o u n ts  to  s u b s ti tu te  th e  p h o to n  
p ro p ag a to r 1/fc2 w ith  E q . (11). F o r h igh spacelike v a lu es  th e  p ro p a g a to r  
behaves like — 2(4л)4/ / 2кб.

I n  a  s t u d y  o f  t h e  l im i t s  o f  v a l i d i t y  o f  q u a n t u m  e le c t r o d y n a m ic s  in  w h ic h  
t h e  p h o to n  p r o p a g a t o r  w a s  m u l t i p l i e d  w i th  t h e  f a c to r  A 2l(k2 +  A 2), t h e  e x p e r i 
m e n t a l  d a t a  o n  e le c t r o n  — e le c t r o n  s c a t t e r in g  ( F a r l e y  [5 ] )  g iv e  a  lo w e r  l i m i t  
f o r  Л:

A mln> 4 M ,  (37)

w here M  is th e  nucleon m ass.**
The co rrespond ing  u p p e r lim it for у  is:

'  ]/2Л2 M 2
(38),

* For other processes like electron-positron annihilation  one should m odify the electron  
propagator and vertices w ith both  Lagrangian L e and I A  in order to preserve gauge invariance. 

** Since th e  behaviour is k~*  the modified propagator is assum ed to  have the form
Л4/к2(Л2 +  fc2)2.
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I f  we in se r t th is  v a lu e  o f /  in th e  e lec tro n  self-m ass im p lied  by  th e  m odel 
g iven b y  E q . (18), we o b ta in  an  u p p e r  lim it for th e  e lec tro m ag n etic  m ass:

>  3 • IO“ 2 . (39)
m

In  F ig . 6 we h av e  p lo tte d  ôm/m as a  fu n c tio n  o f f  M 2. I t  is seen th a t  i f f  is 
eq u a l to  th e  w eak  co u p ling  co n stan t

f  ш ^ - 1 0 ”2 M ~ 2
J У 2

we s till o b ta in  a ôm /m  ^  5.5 • 10 _2.

Fig. 6. E lectrom agnetic self-energy as a function  o f the coupling constan t. / max corresponds 
to the present lim it o f v a lid ity  o f electrodynam ics; f \\ is the Ferm i coupling constant

T he p re se n t low er lim it  o f f  com ing from  th e  ex p e rim en ta l te s t on q u a n 
tu m  e lec tro d y n am ics is th e n  com patib le  w i th / b e i n g  o f th e  order of th e  w eak  
coupling  c o n s ta n t.

O ne is te m p te d  th e n  to  search  fo r a possib le  w eak  in te ra c tio n  cap ab le  of 
giv ing rise  to  a p h ysica l reg u la riza tio n  o f  q u a n tu m  e lec trodynam ics.

O ne o f  th e  sim p lest possib ilities w ould  be an  e lec tron  pion in te ra c tio n  of 
th e  ty p e :*

— -jy=- WV(1 + У 5) у Р 3*,  (40)

w hich  is th e  Л Q =  0 c o u n te rp a r t  o f th e  one responsib le  fo r th e  7t + —► л °  -f- 
+  e -f- r  d ecay , w ith  J y  rep resen tin g  th e  isospin c u r re n t  density  in  non-

* A n even conceptually  sim pler possibility  w ould be to take for <p a spinor fie ld  and 
identify i t  w ith  the electron itse lf. B ut in this case difficulties o f com putational and statistica l 
character are encountered.

Acta Physica Academiae Scientiarum Hungaricae 31, 1972



R E G U L A R I Z A T I O N  O F  Q U A N T U M  E L E C T R O D Y N A M IC S 187

po lynom ial form ; in o u r  m odel it sh o u ld  have  th e  fo rm :

. (41)

1 + W <I>' <P

I t  is easy  to  see t h a t  i f  (40) ex ists , i t  w ould be d ifficu lt to  observe, because 
it  is co m p e titiv e  w ith  th e  electron — pion  in te ra c tio n  th ro u g h  p h o to n  and  
Q, co, cp. F u r th e r , the  co rrespond ing  n o n -co n se rv a tio n  o f  p a r ity  w ould  o n ly  be 
q u a d ra tic  in  th e  w eak co u p ling  c o n s ta n t in pu re ly  e lec tro d y n am ica l p rocesses. 
T he e lec trom agnetic  co rrec tio n  due to  th e  em ission an d  ab so rp tio n  o f  p h o to n s  
fro m  th e  ch arg ed  cp fie ld  w ould  also b e  d ifficu lt to  observe , because th e y  are 
ru led  b y  th e  L ag ran g ian  .

F ro m  Fig . 6 it  is seen  th a t  in o rd e r  to  get ôm/m 1, th a t  is to  h av e  
a  w holly  e lec tro m ag n etic  origin o f  th e  electron m ass, one w ould  need 
f  ~  10~250 M 2, th a t  is a n  in te rac tio n  m uch  w eaker th a n  every  k n o w n  one.

T he conclusion is t h a t  if  the d esc rib ed  m odel co rresponds to  p h y sica l 
re a lity , as a consequence, th e  e lec tro m ag n etic  e lec tro n  m ass is a t  th e  m ost 
on ly  a f ra c tio n  of th e  to ta l .

5. C onclusion

I t  h a s  been  show n, th ro u g h  a p a r t ic u la r  exam ple , th a t  in p rin c ip le  th e  
n o n -lin ea r n a tu re  of p o ly n o m ia l L ag ran g ian s  is a d e q u a te  to  fu rn ish  a m a th e 
m a tica l to o l for reg u la riz in g  q u a n tu m  elec tro d y n am ics. The am b ig u itie s  
connec ted  w ith  non -po lynom ia l field th e o ry  do n o t seem  to  affect a t  all th e  
o bservab le  rad ia tiv e  c o rre c tio n , only th e  ren o rm aliza tio n  co n stan ts ; a n d  th ese  
am b ig u itie s  are  c e rta in ly  n o t  more d is tu rb in g  th a n  th e  ones co n n ec ted  w ith  
in d efin ite  m e tric  in th e  com m only u s e d  reg u la riza tio n  p rocedures, w hile  th e  
c o m p u ta tio n  a p p a ra tu s  allow s a clear in s ig h t in  th e  reg u la riza tio n  m ech an ism  
a n d  in  th e  ren o rm aliza tio n  p rocedures.

O ne is th e n  b ro u g h t to  th ink  t h a t  th is  m ight he th e  basis for a p h ysica l 
e lim in a tio n  o f d ivergences in  q u a n tu m  e lec trodynam ics.

T he basic  physical h y p o th esis  is th e  ex istence of an  in te rac tio n  L ag ran g ian  
d e n s ity  w hich  could be o f  th e  type  J /л J fL w here th e  f ir s t  c u rre n t is th e  e lec tro n  
one an d  th e  second a  n o n -p o ly n o m ia l one. Since th e  p re sen t ex p e rim en ta l 
u p p e r lim it fo r th e  coup ling  co n stan t fo r  th e  regu lariz ing  fie ld  w ith  th e  e lec tro n  
is c e rta in ly  la rg e r th e n  th e  coupling c o n s ta n t  o f th e  w eak  in te ra c tio n s , th e n  
th is  in te ra c tio n  could be  a  can d id a te  fo r  th e  regu lariz ing  fie ld . In  th e  m o m en t 
one accep ts th e  h y p o th esis  o f  a p h ysica l basis  for th e  reg u la riza tio n , th e  re n o r
m aliza tio n  co n stan ts  a c q u ire  a physica l m eaning . T he u n d erly in g  in te ra c tio n  
gives th e  c u t  fo r pure ly  e lec tro m ag n etic  effects. In  p a r tic u la r , if  the  in te ra c tio n
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w ere  th e  w eak  one , th e  e lec tro m ag n etic  self-m ass o f  th e  e lec tro n  w ould  only be a 
frac tio n  o f  th e  to ta l ,  b u t even  i f  th e  reg u la riz in g  fie ld  h ad  a m u ch  low er co u p 
lin g  w ith  th e  e le c tro n , a p u re ly  e lec tro m ag n etic  origin o f th e  e lectron  m ass 
seem s u n lik e ly .

W hile th is  w ork w as on the w a y  o f being com pleted , we learned o f  a research based on  
an idea o f A. Sa la m  who proposes gravitational field  as a regulator for renorm alizable theories. 
W e take pleasure in thanking A. Salam  and his co-workers for com m unicating us their results 
before publication , and for interesting discussions.

Appendix

A )  —  H e re  som e in te g ra ls  occu rrin g  in  th e  ca lcu la tio n s are  considered, 
a n d  i t  is show n  how  th e y  red u ce  to  a d e fin ite  ty p e  o f th e  d o u b le  in teg ra l.

L e t us co n sid e r th e  in te g ra ls  com ing  fro m  E qs. (12), (14). T hey  a re :

Ji(s> P2) =

y 2(s> P 2) =  4 я

JJ
f

_________ 1___________
p 1 -\-q2 -)- m2 — 2pq  cos x  

p q cos x

P 2 +  ?2 +  m 2 2 p q c o s x

(q2)s 1 q3 dq s in 2 x  dx  , 

(42)s l Ч3 dq s in 2 a  dx

w ith  th e  s u b s ti tu t io n  q2 =  p 2x ,  p 2 -f- m 2 =  phi  th e y  becom e:

J i ( s ,p 2) =  2 np2s I 0(s, v), 

y 2(s,p2) =  2npls 1,(8, v).

T h e  in te g ra l fo u n d  in  E q . (11) is o f th e  sam e ty p e  y ,  w ith  m  — 0, i.e. v =  1 .  
So we h av e  e ssen tia lly  to  ca lcu la te  th e  in te g ra ls

(cos x )m , A
m ’
-----;---- COS X
x-\-v

for m =  1,2 a n d  we s ta r t  consid erin g  th e m  f o r  v ^>1.
In  th is  s i tu a tio n  we can  ex p a n d  th e  in te g ra n d  in p o w er and  in te g ra te  

te rm  by  te rm

I m( Q , v ) ~ E n 2n Ï x e+m,2+n/2(x- \-v )~1~n dx  Г [ (c o s a )m+ n (cos x ) m + n+ 2] da, (A .3 )

w here th e  sum  is co n stra in ed  b y  th e  co n d itio n  m  -(- n =  even  [6]. N ow  s im p ly

Г“ Гл xQ+ml 2
Jm(S’ v) =  d x \  s in 2 X  d x ---- j—

J o  J o  x + v
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e x p an d in g  th e  b inom ial fac to r, we recogn ize  th e  form  o f an  h y p erg eo m etric  
series a n d  we o b ta in :

J m(g, V) =  X n2 "ví+m/2-л /2 ( „ )n+i
m n

2

/p-|-(m -f-n)/2 '| (m -f-n  — 1)!, 
(m + n - |-2 ) ! !

I ^ v) =  - T ve^ ^ F {e  +  h ~ e;  2; щ  =

=  - Т (г- 1)г ^  ^  ~  * 2; W  -  ’> >■
(A.4)

h (Q ,v )  =  - ~ ( e + i y ~ ~ F (Q + 2 , - 6 -, 3; l/v) =

“  ' - T (e +  1)(v ~ 1)8 ̂  ^  3; 1/(1 •

A n o th e r  fo rm ula  w h ich  we shall u se  in  an  ex p ansion  o f th e  h y p e rg e o m e t
ric  fu n c tio n  w ith  re sp ec t to  p a ra m e te rs , needed  in  E q s. (15) an d  (16), is th e  
follow ing:

F (1  —  e, —  g; Z; *) ~  1 ~ z  F(  1, 1; q +  1; z) 

for p —*• 0

(A.5)

T h is can  easily  be o b ta in e d  from  th e  series rep re sen ta tio n .
B )  —  In frared divergence. In  o rd e r  to  com pute E q . (17), we n eed  X ( p 2) 

an d  Ÿ ( p 2). W e have:

Y ( P2) =
(2 *)2

1
2m 2

F (  1 ,1 ; 3; - p 21m2)
3 m 2

F ( 2, 2; 4; p 2/m 2) +

4p2 r
—  *=(s ) ÿ i ( s ’P2) ds>

(2 л)

X ( p 2)-.
(2я)2

4e2 Г  1
—  S ( s )  P 2) d s + — Y ( p 2) .
Щ J  2

3m 2
F (  1 ,1 ; 4; p 2,m 2) F (2 , 2; 5; p 2/m 2) 

4 m 2 II
(2

Since

F (2,2; 4 ; *) =  -  —  [2* +  (2 -  z) In (1 -  *)], 
z
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we see th a t  a te rm  in Ÿ  (an d  th ere fo re  also in  Á ) d iverges log arith m ica lly  
w hen p 2 —■► —  m 2, in d ep en d en tly  o f  th e  v alue  o f  f .  This is th e  u su a l in fra red  
d ivergence  and  can  be e lim in a ted  in  th e  u su a l w ay  in  real p rocesses [4].

C ) —  W e w ish  here to  g ive exp lic itly  th e  in te g ra tio n  o f  expression (11) 
a n d  discuss th e n  a  b it  fu r th e r  th e  sca tte rin g  process.

T he in te g ra tio n  is m ade b y  sum m ing all th e  po la r c o n tr ib u tio n s  on th e  
p o sitiv e  rea l ax is , w ith  th e  re su lt:

D {k2) =  — +* 1 f  e i f ß

к2 (4л)2
w here

a n d

------ cos X - sin  X In x - \-a (x )
2

/

(C .l)

x  =  £ e '> /2 =  — —  k 2eiv/2, 
(4л)2

(  _ \ n  r 2 n + l
a(x) =  E n . y>(2n +  2) .

( 2 » + l ) !

а (ж) is an e n tire , odd  fu n c tio n  o f x ,  real for x  re a l, w hich can  be expressed in  
te rm s of th e  ex p o n en tia l in te g ra l.

As p rev io u sly  done, w e h a v e  also here  to  ta k e  th e  m ean  in  th e  lim it 
<p —> ^  л ,  o b ta in in g

D (k 2) =
k2 (4 л)2

s in h f  ( y -(- ln  I)  d------ [e s E in( — I)  — e( E in(f)]+7the {
2

E in( S ) =  Г (1
j  о

(C.2)

U sing now  th e  a sy m p to tic  expansion  o f  th e  ex p o n en tia l in teg ra l we c a n  
see th e  b e h a v io u r o f D (k2) in  som e lim iting  cases:

F o r  k2 —► -(- o o  (spacelike)

as p rev iously  seen.
F o r  fe2 —*■ —  oo (tim elike)

D ( k 2) k R

D (k 2) f
(4л )2

{ be {-(-1Л s in h  ( — I)}

show ing th e re fo re  a positive  im ag in a ry  p a r t  w hich  grows expon en tia lly , a n d  
a rea l p a r t ,  also ex p o n en tia lly  grow ing, b u t  w ith  u n d e te rm in e d  coeffic ien t. 
I t  is reasonab le  to  foresee t h a t  in  case of no n -zero  m ass cp fie ld  th e  im ag in a ry  
p a r t  will arise on ly  a fte r a  f in ite  th resho ld .
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Finally, when к2 —► 0, we have:
~  1 f+ 7 t f c ^ L _  .

к2 (4 я)2
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РЕГУЛЯРИЗАЦИЯ КВАНТОВОЙ ЭЛЕКТРОДИНАМИКИ 
С ПОМОЩЬЮ НЕПОЛИНОМИАЛЬНЫХ ЛАГРАНЖИАНОВ

П. Б У Д И Н И  и Г.  К А Л У Ч Ч И

Резюме
Предложена модель для регуляризации квантовой электродинамики с помощью неполиномиальных лагранжианов, описывающих взаимодействие электронного поля с вспомогательным полем. Получена лагранжева плотность, удовлетворяющая условию калибровочной инвариантности. При регуляризации такого рода избегаются трудности, связанные с неопределенностью метрики. Выполнена перенормировка квантовой электродинамики для несократимых диаграмм. Предпологая, что такого рода регуляризация является физической основой для устранения расходимостей в квантовой электродинамике, обсуждаются вытекающие из неё физические следствия. В частности, исследованы границы применимости квантовой электродинамики в терминах коэффициента связи между электроном и регуляризующим полем. Установлено, что эти границы применимости квантовой электродинамики включают в себя для упомянутого коэффициента связи такой верхний предел, который больше, чем коэффициент слабой связи. Обсуждается возможность регуляризации через слабые взаимодействия. В этой модели собственная электромагнитная масса электрона при любых разумных значениях коэффициента связи составляет только часть полной массы.
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SYMMETRY OF LEPTONS
B y

S. N a k a m u r a *
MAX PLANCK INSTITUTE FOR PHYSICS AND ASTROPHYSICS, MUNICH, GFR

and

S .  S a t o

DEPARTMENT OF PHYSICS, RIKKYO UNIVERSITY, TOKYO, JAPAN

B y assum ing th a t (ve, e ) and (ju+, v ^ )  belong to the spinor representations 0 and 
^ 0’ 1/2 o f  the rotation group of S U (2 )X S U (2 ), the selection rules for isospin т and hypercharge  
s pin f  are form ulated for th e  pure leptonic processes. As a result, self-current processes such as

»>(ре) +  e_ ve(de) +  e~
belong to the allowed transition, while fi —  e exchange processes such as

р±  — e± +  ve (ve) +  vß (i^) 

belong to the forbidden transition.
L eptonic bosons are introduced w hich are responsible for the m ediation o f  the pure 

leptonic processes, and their m asses and coupling constants are inferred:

M L щ  130 BeV ~  200 BeV ,

Gl
4 л

1 • 10- \

—— ai 1 • 10-3 . 
4 л

1. Classification o f lepton m ultiplets

W e are still fa r  from  th e  u lt im a te  u n d e rs ta n d in g  o f  th e  q u es tio n s : W h a t 
are le p to n s?  A nd how  do th e y  in te ra c t  w ith  each  o th e r  on th e  one h a n d  and  
w ith  h a d ro n s  on th e  o th e r?  M ore specifica lly  one m a y  ask :

I) W h y  do le p to n s  ex ist in  a d d itio n  to  b a ry o n s  ?
II) W h y  do th e  m uon  ц  and  m u -n eu trin o  v^ a p p e a r as th e  b ro th e rs  of 

th e  e lec tro n  e an d  th e  e l-n eu trin o  ve?
I l l )  W h y  are th e  m asses o f ve a n d  b o th  v an ish in g ly  sm all?

W hen  a schem e o f h a ry o n - le p to n  sy m m e try  w as in tro d u c e d  b y  S a k a ta  
[1] an d  T a k e t a n i [2], em phasis w as la id  on a u n if ied  u n d e rs ta n d in g  o f  lep to n s 
an d  b a ry o n s . A cco rd ing  to  th e ir  a u th o rs , a n y  schem e fo r  b a ry o n s  w h ich  c an n o t 
also p ro v id e  a reaso n ab le  schem e fo r le p to n s  shou ld  b e  re jec ted . F o r  in s tan ce ,

* On leave of absence from the U n iversity  o f Tokyo and N ihon U niversity , Tokyo,
Japan.
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th e  SU (3) schem e w as successful in  classify ing  e ig h t or nine h ad ro n s , b u t  seem s 
to  be  u n sa tis fa c to ry  for th e  c lassifica tion  o f th e  fou r ty p es  o f  lep to n s  [3]. 
In  fa c t, th e  in e v ita b ili ty  of th e  ex istence  o f tw o  k in d s of th e  su b g ro u p  SU(2) 
(m u o n  fam ily  a n d  e lec tron  fam ily ) is n o t p ro v ed  b y  th e  SU(3) schem e [4].

In  p rev ious a rtic le s , th e  p re se n t au th o rs  [5—6] have  classified lep to n s and  
b a ry o n s  on th e  b as is  o f th e  com posite  p a rtic le  m odel and  SU(2) X SU(2) sy m 
m e try . F irs t we decom posed  th e  w ave fu n c tio n s o f  lep tons an d  b a ry o n s  in to  
tw o  p a r ts :  one, w h ich  we call th e  “ L”  p a r t  fo r lep to n s  an d  th e  “ F 1”  p a r t  fo r 
b a ry o n s , describes th e  m otion  in  th e  M inkow ski space  and  has th e  le p to n  n u m 
b e r  n(L)  (L  p a r t)  o r th e  b a ry o n  n u m b e r n (F )  ( F  p a r t) . The o th e r , w hich we 
now  call th e  “ la d o n  p a r t” , describes th e  b e h a v io u r  in  th e  charge  space.

To describe th e  “ lad o n ”  p a r t ,  we in tro d u c e d  tw o k inds o f fu n d a m e n ta l 
sp ino rs t an d  s ( to g e th e r  w ith  th e ir  a n tip a r tic le s  t* an d  s*); t is th e  w ave fu n c
tio n  fo r isospin X w hose version w as f irs t in tro d u c e d  b y  H e i s e n b e r g  [8]:

1
r 3a  =  -\------a ,

2

x3ß = ---- ^ - ß ,

w here  r 3 is th e  th i r d  com ponen t o f  th e  isosp in  v e c to r  r .  On th e  o th e r  h a n d , 
s is th e  w ave fu n c tio n  fo r h y p e rch a rg e  sp in  £.

s =
( 1 ’VI

(1.3)

w  =  + 4 - f ,

1
(1.4)

c3v =

( 1. 1)

( 1 . 2)

T h e th ird  co m p o n en t J 3 of th e  h y p erch arg e  sp in  v ec to r f  is d e fin ed  by  th e  
G e l l -Ma n n - N is h ij im a - N a k a n o  fo rm ula  [7]:

Q — т 3+ (1.5)

V
Í 3 -  2  • (1.6)

( Y  is h y p erch arg e)
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As is w ell know n, tw o  in d ep en d en t sp ins r  an d  £ can  be acco m m o d a ted  in  a  
shem e o f  th e  fou r-d im ensional ro ta t io n  group , an d  we h av e  th e  re la tio n :

Ti — 2

f i — (^23 ^oi)»

1 ,2 ,3 ,  cyclic.

(1.7)

w here T  r, (/x, p =  1, 2, 3, 0) are g e n e ra to rs  of ro ta tio n s  in  th e  fiv p lan e . U n d e r 
re flec tio n  in  th is ch a rg e  space of S U (2 )x S U (2 ) ,

and
Ci ~ и»

t —*- s, s —► t.

i =  1, 2, 3 ( 1.8 )

(1.9)

In  o th e r  w ords, f a n d  .s belong to  a n  irreducib le  re p re se n ta tio n  in  th e  fo u r
d im ensional space in c lu d in g  re flec tio n s , and  co rresp o n d  to  # li2 0 a n d # 01/2, 
w hich  tran sfo rm  in to  each  o ther u n d e r  reflec tions. L e t us assum e th a t  th e

‘lad o n  p a r t”  o f is described  b y  t = and  th a t  o f К b y  s = £

К V
W e de

fine th e  charge of le p to n s  by  th e  fo llow ing  re la tio n :

Q ~  r 3 +  Сз +  h, (1 .1 0 )
w here

A =  +  1/2 fo r  th e  m uon fam ily ,

=  —  1/2 fo r  th e  elec tron  fam ily .

T he q u a n tu m  n u m b ers  o f lep tons th u s  in tro d u ced  a re  g iven in T ab le  I .
F o r  th e  in te ra c tio n s  invo lv ing  lep to n s , we req u ire

A h =  0, (1.11)

w hich  un ifies th e  se p a ra te  co n se rv a tio n  law s o f m uon  n u m b e r an d  o f  e lec tron  
n u m b er. I f  we p u t

A =  0, fo r  b a ryons, (1.12)

th e  re la tio n  (1.10) in c lu d es th e  Ge l l -M a n n - N is h ijim a - N ak ano  fo rm u la  (1.5) 
for h a d ro n s . M oreover, for th e  “L ”  p a r t  we requ ire  th e  con serv a tio n  law  of 
lep to n  n u m b er

A n (L )  =  0, (1.13),

w here L  L*

n ( L ) +  1 —  1
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Table I

Q uantum  num bers o f  leptons and lep tonic bosons

Represen
tation T8 Ci h Q l

0 + 1 / 2 + 1 / 2 +  1 + 1

V
tit 0 - 1 / 2 +  1 /2 0 + 1

+  1 /2 0 — 1/2 0 + 1

e~ ^1/2, 0 — 1/2 0 — 1/2 — 1 + 1

u+ +  1 0 0 + 1 0

u° К  0 0 0 0 0 0

u - — 1 0 0 — 1 0

v+ 0 + 1 0 + 1 0

V0 #o, 1 0 0 0 0 0

V - 0 — 1 0 — 1 0

w ° & o , 0 0 0 0 0 0

1: lepton number, Q: charge
h: b e lic ity  (muon number and electron num ber)

W e used here the K o n o pin sk i — U h l e n b e c k —K a w a ka m i scheme [23] where ß +( i r  ) and 
e~ ( e +) are particles (antiparticles).

W e have ta c it ly  assumed th a t ve and V/j. can be described by the four-com ponent Dirac  
spinors for m aking m ultip lets in S U (2 )X S U (2 ) in com bination  w ith e-  and /1 + , respectively. 
Prelim inarily experim ental upper lim its o f m ve and m v ^  are given as follow s:

m ,, <  60 eV, (90% co n fid en ce),

(K . E . B e r g k v is t , Top. Conf. W eak Interactions, C E R N , 1969; L. M. L a n g e r  and R. J. D ’ 
M o ffa t , P hys. R ev ., 88 , 689, 1952, H . D a n ie l , R ev. M od. Phys., 40, 659, 1968.

mvp <  700 KeV, (90% confidence).

G. B a c k e n st o ss , S. Ch a ra lm bu s , H . D a n ie l , H . K o ch , Ch . v. d . M a lsb u r g , G. P o v e l ,
H . Sch m itt , and L . T a sc h er ).
(The present authors are indebted to  Professor H. D a n ie l  for this inform ation before publica
tion .)

The values o f  m ve and m v ^  as w ell as the selection  rules have an im portant bearing on  
the cosm ological effects [24] o f th e  reactions involving ve and v^.

M any o f th e  recent m easurem ents on the energy spectra o f /З-rays in  th e  allowed transi
tions and in th e  forbidden transitions show the non-vanish ing Fierz term  (b) besides the linear  
term  (a) w hich is  g iven  by the w eak m agnetism :

C (to) =  a w +  b/w,

(C jW )  is a correction factor for the shape of /З-rays in  addition to the regular terms).
I f  we b e liev e  in the non-vanishing value of b, we need n o t necessarily abandon the tw o- 

com ponent character for vt . (D. B e r é n y i , Acta P hysica  H ungarica, 22, 25, 1967; see also H . 
D a n ie l , R ev. M odern P hys., 40, 659, 1968.)
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In  th is  w ay , we realize  t h a t  th e  ex is ten ce  o f tw o k in d s o f  lep to n s , th e  m uon  
fam ily  a n d  th e  e lec tron  fam ily , is in d ispensab le  in  o rd e r to  give th e  irred u c ib le  
re p re se n ta tio n  o f  th e  S U (2 )x S U (2 ) in c lu d in g  th e  re flec tio n s , an d  t h a t  th ese  
tw o  fam ilies w ill tra n sfo rm  in to  each o th e r  b y  th e  re flec tio n s  in  th e  charge 
space. T h is  seem s to  be one o f th e  m ost a t tr a c t iv e  fea tu re s  o f  th e  SU(2) X  SU(2) 
schem e, w hich  affords us a m ore n a tu ra l  c lassifica tion  o f lep to n s  th a n  does 
th e  SU (3) schem e.

W ith  reg a rd  to  th e  possib le in te ra c tio n s  o f lep to n s , w e h av e  tw o  clues: 
th e  m ass sp ec tra  o f lep to n s  an d  th e  w eak  in te rac tio n s  o f  lep to n s. B efore en 
te rin g  th e se  analyses, le t  us f irs t  consider th e  selection  ru les  fo r th e  lep to n ic  
p rocesses in  te rm s o f th e  q u a n tu m  n u m b ers  an d  th e  com p o site  p a r tic le  m odel 
in tro d u c e d  above.

2. Selection ru les of th e  lep tonic  processes 

To d a te  we know  o f lep to n ic  p rocesses o f th e  fo llow ing th ree  k in d s:

I) lep to n ic  processes o f h ad ro n s,
H ) w eak  processes am ong  lep to n s ,

I I I )  e lec trom agnetic  processes o f lep to n s .

In  th e  un iv ersa l th e o ry  o f th e  c u rre n t — c u rre n t m odel o f  w eak  in te ra c tio n s , 
th e  h a d ro n  cu rren ts  in  th e  non -lep ton ic  w eak  in te ra c tio n s , th e  h a d ro n  c u rre n ts  
an d  th e  lep to n  cu rren ts  in  th e  lep ton ic  in te ra c tio n s  o f h a d ro n s , an d  th e  lep to n  
c u rre n ts  in  th e  p u re  lep to n ic  w eak  in te ra c tio n s  h av e  b een  d e a lt w ith  on an  
eq u a l fo o tin g , b y  considering  th e  ana logy  w ith  e lec tro m ag n etic  cu rre n ts . A lso, 
th e ir  in te ra c tio n s  a re  m e a n t to  couple w ith  th e  sam e coup ling  c o n s ta n ts , a fte r 
a llow ance has been  m ade fo r th e  w eak  angles 9. W e h a v e , how ever, ta k e n  th e  
d iffe ren t v iew -p o in t th a t  th e se  fo u r c u rre n ts  m en tio n ed  ab o v e  shou ld  b e  t r e a t 
ed se p a ra te ly  because th e ir  b eh av io u rs  w ith  reg a rd  to  th e  selection  ru les  are 
q u ite  d iverse . F o r in s tan ce , we suggested  th a t  th e  lep to n ic  processes o f  h ad ro n s  
are  m e d ia te d  by  s tro n g  m esons, such as q, A x; K *, K c, b y  assum ing  w eak  in te r 
ac tio n s o f  th e  s tro n g  m esons w ith  th e  lep to n  cu rren ts , but the pure  leptonic 
processes should be mediated in  terms o f  the iileptonic bosons”  w hich are  en tire ly  
d iffe ren t from  th e  s tro n g  m esons.

In  th e  p re sen t m odel we see t h a t  th e  lep to n ic  boson  should  h a v e  th e  
s tru c tu re :

(L* • L ) X (ladon  p a r t) .

T he la d o n  p a r t  is m ade u p  o f an y  o f th e  t*t, s*s, t*s a n d  s*t co m b in a tio n s, 
w hile th e  s tro n g  m esons a re  m ade u p  o f

( F * ■ F )  X  (ladon  p a rt) .
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In  o th e r w ords, th e  s tru c tu re s  in  th e  “ lad o n ”  p a r t  m ay  n o t b e  th e  sam e; th e y  
d iffe r from  each  o th e r  in  th e ir  M inkow ski p a r ts , (L*L)  for th e  lep to n ic  boson  an d  
( F * F )  fo r th e  s tro n g  m eson. A s a  re su lt, we h a v e  good reaso n  to  suppose th a t  
th e  in te ra c tio n s  o f  th e  s tro n g  m esons w ith  th e  lep to n  c u rre n ts  an d  th e  in te r 
ac tio n s  o f le p to n ic  bosons w ith  th e  h ad ro n  c u rre n ts  can  never be ascribed  to  
th e  s tro n g  in te ra c tio n  ca teg o ry . H ow ever, we m a y  in tro d u c e  th e  in te ra c tio n s  
o f  th e  lep to n ic  bosons w ith  th e  lep to n  c u rre n ts  in  th e  ca teg o ry  of th e  s tro n g  
in te ra c tio n s , b y  choosing su ita b le  selection  ru les (see F ig . 1) in  th e  charge  
sp ace .

F ig . 1. Selection r u l e s ---------- a llow ed transition A t  =  0, At, =  0. Gj_; - - - - -  forbidden
transition z lr3 =  +  1, A t 3 =  1, F ^

It m ust be noted  that the se lection  rules for the forbidden transitions as w ell as those  
for the allowed transitions differ from  each other only in term s of the quantum  numbers, т and C, 
h u t both  obey the conservation o f the m uon num ber and lepton num ber, which is denoted by  
th e  selection rule:

A h =  0, h =  —  1/2 : (re, e~ ), h =  -f- 1/2 : ( j t+, v^).

The possib le  ex istence o f  s tro n g  in te ra c tio n s  am ong lep to n s  has been  co n 
je c tu re d  in  v iew  o f th e  la rg e  m ass d ifference b e tw een  m u o n  a n d  e lec tron , th e  
possib le  d e v ia tio n s  of th e  m a g n e tic  m o m en ts  o f  th e  m u o n  an d  th e  e lec tro n  
from  th e  Q E D  [9] values, a n d  th e  anom alies o f  th e  h igh  en erg y  m uons in  cos
m ic ray s [10].

Now le t us fo rm u la te  th e  selection  ru les in  th e  charge  space fo r th e  le p 
to n ic  p rocesses. F o r  th e  s tro n g  in te ra c tio n s  am o n g  lep to n s  we m ay  in tro d u c e  
ch arg e  in d ep en d en ce  an d  h y p e rc h a rg e  in d ep en d en ce  b y  ta k in g  an  an a lo g y  
w ith  th e  s tro n g  in te ra c tio n s  am ong  h a d ro n s

A x  =  0, (2 .1)

AC =  0. (2.2)

A m ong p u re  le p to n ic  p rocesses, we can  easily  classify  th e  allow ed an d  fo r
b id d e n  tra n s it io n s  b y  consid erin g  th e  co n se rv a tio n  law s o f  T , Ç an d  h.
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Allowed tra n s itio n s :

e + м * е )  - > e  + v e(ve)

1
T
о

Д + 4 - + 4 -2 2

2

0

тз ----Г—b

f .

1 i x l
~2 2 2 2 )

(0) 0 0 (0),
1 1 1 1 \— -1-----+ — —2 2 2 2 j

J r 3 =  0 ,  

ЛСз =  0 ,

A h  =  0 ,

z1 +»V(iV )-> M + vp(^ )
r 3 0 0 (0) 0 0 (0), At3 =  0 ,

^C3 =  0 , 

Ah =  0,

e +% (*,,) + v lt( i ll), 

i ^ e )  ->  Z ^ i ^ e ) -

(2.3)

(2.4)

(2 .3 ')

(2 .4 ')

A lso (2 .3 ') an d  (2 .4 ') w hich  are d e riv ed  from  th e  n e u tra l c u rre n ts  obey th e  
a llow ed  selection  ru les. F o rb id d en  tra n s itio n s :

/u + - >- ’V + e + + ’,e.

r3 0 0 -1—-—I——- ,  A t3 = - \ - 1 ,
Lj Lt

Í 3 + - J -------- - 0 0, AC3= ~  1,
2 2

h + — + —  +  —---— , Ah =  0 .
2 2 2 2

(2.5)

I t  is obvious t h a t  th e  charge exchange processes from  m u o n  to  e lec tro n  
an d  vice v e rsa  belong  to  th e  fo rb id d en  tra n s itio n s . The se lec tion  ru les for th e  
fo rb id d en  tra n s itio n  are  in ferred  as follows:

A t 3 =  i l ,
AC 3 =  ± 1, (2-6)

A h  =  0, (2.7)
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w hile w ith  re g a rd  to  th e  allow ed tra n s i t io n s  we can show  th e  c o n se rv a tio n  law 
o f t 3, C3 a n d  h.

z 1t 3 =  0 ,

=  0 , (2.8)
A h  =  0. (2.7)

W e are  n o t  su re  w h e th e r  th e  law  o f  ch a rg e  in d ep en d en ce  (2.1) a n d  th a t  o f 
h y p e rc h a rg e  ind ep en d en ce  (2.2) ho ld  o r  n o t, as fa r  as these  tra n s it io n s  are 
concerned . W ith  (2.7) w e can  exclude  th e  n e u tr in o -flip  process.

T h e  allow ed tra n s it io n s  m en tio n ed  h ere  are re la te d  to  th e  n e u tra l  cu rren t 
p rocesses o r th e  se lf c u r re n t processes. H ow ever, no co n c re te  evidence h a s  been 
p re se n te d  to  req u ire  th e  suppression  o f  th e se  processes in  th e  fram ew o rk  of 
th e  p u re  le p to n ic  processes. T he su p p ress io n  o f th e  n e u tr a l  cu rren ts  is req u ired  
in  th e  le p to n ic  w eak  processes of h a d ro n s  such  as +  p  —»- -f- p , К  —»- л  -f-
-j- e + -f- e ~ an d  К  -»• л  +  г +  г.

3. L ep ton ic  bosons

L e t us in tro d u ce  th e  lep to n ic  b o so n s  w hich coup le  w ith  th e  le p to n  cu r
re n ts  b y  th e  Y u k aw a  ty p e  in te ra c tio n s . W e m ay  u se  th e  lep ton ic  bosons o f 
th e  fo llow ing ty p es  in  th e  charge sp ace  o f  S U (2 )x S U (2 ):

: V ( U  + , U °, U - ) ,

0 o,i : V ( V + , V° ,  V ~ ) .

W e assum e be tw een  th e  le p to n ic  bosons ( [ / ,  V ) and  th e  le p to n  c u rre n ts  Y u k aw a  
ty p e  in te ra c tio n s , w hich  o bey  th e  a llow ed  selection  ru le s  (2.1)—(2.2):

H o =  G a (ve e ") Of

+ G v (/i+vfl) Of

I /°  / 2  17+ 'v e
У2 U ~ — U°  , e_ ,

tv° Y2V+)

M
l 1 1 О

к  '

+

+  h.c.

(3.1)

we can  p ro v e  th e  in v a ria n c e  of th e  H a m ilto n ia n  H a u n d e r  th e  re flec tio n s  in  
th e  T —  f  charge space o f  SU(2) X SU (2) w hich  leads to  ц —e sy m m e try . 0 % and  
0 /  re p re se n t th e  D irac  o p e ra to rs  in  th e  M inkow ski sp ace . Since w e ta k e  th e  
K o n o p in s k i-M a h m o u d - K a w ak am i schem e, we h a v e  to  assum e

Acta Physica Academiae Scientiarum Hungaricae 31, 1972

H ere  G y  a n d  G v  are th e  coupling  c o n s ta n ts  o f th e  a llow ed  tra n s it io n s . I f  we 
p u t

Gu =  G v =  Gl , (3.2)
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° ï  =  УаО +  Y sL 
O Ï  =  Y Á I - Y * ) -

S tr ic tly  speaking , th e  assu m p tio n  (3.4) b reaks th e  reflection  in v a rian ce  in th e  
r  —  f  space.

( In  th e  p re se n t discussion w e o m itted  th e  lep ton ic  bosons $ 1/2 ц 2 a n d  
&0 о fo r th e  sake o f  sim plicity . T h e  boson § 0 0 w h ich  we call W °  is usefu l fo r  
(2 .3 ') a n d  (2 .4 '). see (3.9).)

T h e  in te ra c tio n s  betw een th e  lep ton ic  b o so n s (U  an d  V)  a n d  th e  le p to n  
c u rre n ts  in  th e  fo rb id d e n  tra n s it io n s  obeying th e  selection ru les  (2.6) m ay  b e  
fo rm u la te d  as follow s:

A gain  we p u t

H F — F v(ve e ) 0%

+  F u (p+vll) °'*

П  У2
\ ß V x- - V ^

Ul  У 2 U f  
У  2 U j  -  Щ

+  h .c .

f u =  f v =  f l

(3.4)

(3.5)

for th e  sake of th e  /л—e sy m m etry .
F o r  /j, —  e d e c a y , we can m a k e  use o f th e  allow ed tra n s it io n s  (3.1) fo r 

one v e r te x , and  o f  th e  fo rb idden  tra n s it io n  (3.4) for th e  o th e r  v e r te x :

-> V +  u+, F v

U + — ê + +  Ve , G u

-  V p  +  V \ Gv
v+ -*■ è+ +  v e , F v

(3.6)

(3.7)

F o r e -  -)- r e( ie) —*• e ~ -f- r e(re), w e c a n  m ake use  o f  th e  allow ed tra n s itio n s  fo r  
b o th  ve rtices:

e _ —>- e -  +  U°,

U° + ve(ve) vt (ve), 

e -  —»- e~ +  W°,

w ° +  ’v (’v) - -  v ( v )

F ro m  (3 .6)-(3 .7) w e o b ta in  th e  r a t e  o f ц  —  e d ecay  w hich can  be co m p ared  
w ith  ex p erim en t. T h u s  we h a v e :

Gu (3.8)
Gu

Gw
(3.9)

Gw

Ol  _ gg
M l  ~  ][2, ’

(3 .10)
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w here  M L( M P) is th e  m ass o f th e  le p to n ic  boson (p ro to n ), an d  gß is the 
P e rm i coup ling  c o n s ta n t fo r th e  /1-decay of th e  n e u tro n .

8fi =
1 . 0 - 1 0 ^

M l
(3.11)

G e l l -M a n n , G o l d b e r g e r , K r o l l  a n d  L o w  [11] h a v e  proposed possib le  de
v ia tio n s  from  th e  u n iv e rsa l th e o ry  o f  th e  lep ton ic  w eak  in te rac tio n s  in  order 
to  solve th e  d ivergence  d ifficu lties in h e re n t in  th e  lep to n ic  w eak processes a t  
sm all d is ta n c e s .T h e y  p roposed  th a t  th e  d iagonal p rocesses such as (2 .3 )-(2 .4 ) 
m ig h t be  described  b y  a coupling  c o n s ta n t  la rg e r th a n  th a t  for th e  n o n -d iag o 
n a l p rocess such  as (2.5). A  n u m b er o f  d ev e lo p m en ts  [12] followed w h ich  afford 
th e  te s ts  o f  th e ir  p ro p o sa l. E x p e rim e n ta lly , th e  te s ts  w ould  be q u ite  d ifficu lt 
in  th e  case o f th e  a n tin e u tr in o  i e p ro d u c e d  as a re a c to r  fission p ro d u c t, be

cau se  c o n ta m in a tio n  b y  у -q u a n ta  m ig h t be considerab le . The p re lim in a ry  
re su lt [13] re p o rte d  favours th e  p re d ic tio n ; th e  en h an cem en t in  th e  d iagonal 
p rocess i>e -j- e ~ —► ve e ~ co m p ared  to  th a t  in  th e  non -d iagonal processes 
a m o u n te d  to  as m u ch  as a fac to r  o f 10 in  th e  effective F e rm i coupling c o n s ta n ts , 
G n d  an d  g ß i

Gd 10 Gn d  =  10 g*p. (3.12)

T h is re su lt seem s also to  agree w ith  o u r p red ic tio n  th a t  th e  p ro cess  ve -|- 
- [ - e _ —*-ve +  e _ is described  by  th e  coup ling  c o n s ta n t G2L, while th e  process

* The la test report b y  R e in e s  gives the ratio by a suppressed factor of < 4 g ^ , X V th In 
ternational Conference on H igh Energy P hysics, K iev, 1970, see [13].
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a —» e -f- vt -f- is described by the coupling constant GLF L. I f  we put
Gl =  10 F l , (3.13)

we are able to account for the data reported by Reines et al.
In order to evaluate the magnitude of the coupling constant GL, let us 

assume the following relation:
G2L : g l ^ m 0 : M 0 , (3.14)

w here m 0( M 0) are th e  b a re  m ass of le p to n s  (baryons). gs deno tes th e  coupling 
c o n s ta n t o f  th e  s tro n g  in te rac tio n s  o f  b a ry o n s . F o r  th e  sake o f com parison , 
we tak e

gl _  8e NN о 
4л 4 л

(3.15)

because we assum e th a t  th e  spin o f th e  lep ton ic  bosons now  considered  is 1. 
F u r th e r , b y  assum ing

m 0 a* 50 MeV,

M 0 s*  1,000 MeV,

we o b ta in  fro m  th e  re la tio n  (3.14):

—  a* 1 0~ x. (3.17)
4л

B y  com paring  w ith  re la tio n  (3.13) w e now  have:

F?
— ^ - a ^ l O - 3. (3.18)
4л

B y in se rtin g  (3.17) an d  (3.18) into (3 .11) we o b ta in

M L a^  130 BeV. (3.19)

In  re c e n t a s tro n o m ica l d ev e lo p m en ts  [14], th e  effects o f th e  v a rio u s  k inds 
of n eu trin o  reac tio n s h a v e  been  s tu d ied . H ow ever, w e c an n o t a d m it th e ir  con
clusions as ev idence in  th e  p resen t d iscussion , b ecau se  th e  a s tro n o m ica l in 
v es tig a tio n s  depend  e ssen tia lly  on th e  m odels used .
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4. D iscussion

W e h av e  com e to  th e  conclusion  th a t  le p to n ic  bosons h a v e  th e  m eso- 
s tro n g  in te ra c tio n s  given b y  (3.18). T his conclusion  is a p p a re n tly  in  co n trad ic 
tio n  to  th e  c u rre n t op in ion  th a t  le p to n s  have  no s tro n g  in te ra c tio n  o th e r th a n  
th e  e lec tro m ag n etic  one.

W e share  p a r t ly  th e  c u rre n t op in ion  th a t  th e  in te ra c tio n s  betw een  le p 
to n s  a n d  h ad ro n s  shou ld  he d esc rib ed  by  th e  w eak  in te ra c tio n . B u t we f in d  
t h a t  no  e x p e rim en t has co n firm ed  th e  re jec tio n  o f  s tro n g  in te ra c tio n s  am ong  
p u re  lep to n ic  processes. T he p o in t- lik e  s tru c tu re  o f lep to n  c u rre n ts  can  b e  
u n d e rs to o d  b y  th e  assu m p tio n  t h a t  lep ton ic  b o sons h av e  th e  la rg e  m ass g iven  
b y  (3.24).

A long th is  lin e  o f th o u g h t, we assum e t h a t  lep ton ic  bosons in te ra c t  
w eak ly  w ith  th e  b a ry o n  c u rre n ts ,

4тг

b y  ta k in g  an  an a lo g y  w ith  th e  w eak  in te ra c tio n s  betw een  s tro n g  m esons a n d  
th e  le p to n  c u rre n ts :

(7r± _ í ± +Ví) ,  (4 .2)
4тг

J L ^ 1 0 - 1 3 ,  ( e ± - ^ Z ± + r (,) . (4.3)
4 л

W e do n o t sh a re  th e  c u rre n t o p in io n  th a t  th e  w eak  boson in te ra c ts  w ith  t h e  
fe rm io n  c u rre n t u n iv e rsa lly  an d  w ith  th e  sem i-w eak  coupling  co n s ta n ts

^  10-7 ,
4 л

since th e re  is no  ex p e rim en ta l ev idence  in  fa v o u r  o f such  an  assu m p tio n .
W e now  h a v e  to  check  th e  re su lts  of th e  p re se n t schem e w ith  e x p e rim en t. 
S ince we assum e th a t  e ith e r  th e  in te ra c tio n  betw een  th e  s tro n g  m esons 

a n d  th e  lep to n  c u rre n ts , or t h a t  b é tw een  le p to n ic  m esons an d  th e  b a ry o n  c u r 
re n ts  a re  w eak , th e  processes re la tin g  h ad ro n s a n d  lep tons w o u ld  n o t  be e ssen 
tia l ly  m odified . F o r  in s tan ce , th e  lep to n ic  d ecays o f л ,  K ,  g . . . receive no b ig  
c o n tr ib u tio n  fro m  th e  lep to n ic  boso n  channels in  view  o f th e  w eak  co u p ling  
g iven  b y  (4.1) [21].

O ne o f th e  in te re s tin g  e ffec ts  o f th e  p re se n t schem e w ill be  found  in  th e

(4 .4)

f t i o - (4 .1)
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p ro d u c tio n  o f lep ton ic  bosons b y  n e u tr in o  im p ac t on  p ro to n s  [21]. In  th e  cu r
re n t v e rs io n  of th e  w eak  boson, we ex p ec t th e  fo llow ing  reac tion :

, ТГ/+ I _  I Coulomb
»> +  P “ *■ W  +  M + P  --------- *■ 1« +  P

j-------------------(4.5)
! --------------------------------------------- *  e +  _ j _

In  th is  case th e  b ra n c h in g  ra tio  o f W + /j,~ to  W + —*■ e + -(- ve w ill be
governed  b y  th e  fi — e sy m m etry . B u t  in  th e  lep to n ic  boso n  channel, w e ex p ec t:

» V + p ---- » ■ ! + p - ---------- + p
j--------------- M + + V  (GL) (4.6)
'--------------=- ë + + r e, ( F l )

V + P ^ ++ ^ - - i - P ^ ^ + + P
j-------------^l*++i,,(Fu) (4.7)
!--------------^  e+ +  re, (G y ) .

As a re su lt, we are led  to  ex p ec t th e  v io la tio n  of th e  ц  — e sy m m etry , in one 
case:

an d  in  th e  o th e r case:

m  1\ f l

Gl

Г(е) ' G l

F l

(4-8)

(4-9)

w here k,  th e  phase fa c to r  ra tio , is g iv en  by :

( l -  < 9 g )s (i+ 0 ;)

( 1 + & Î Y  (1 + 0 * )  ' (4.10)

T he p ro d u c tio n  cross sec tio n  itse lf  w o u ld  n o t he m od ified  d rastica lly , because  
in  th e  th re sh o ld  reg ion  i t  is d e te rm in ed  essen tia lly  b y  th e  fac to r

------  o r F L \
\ M Lj M L

(4.11)
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a n d  in  th e  h ig h e r energy  reg ion , th e  un k n o w n  fo rm  fac to r fo r th e  lep to n ic  
boson  v e r te x  sh o u ld  w ork to  su p p re ss  th e  ra p id  increase of th e  cross section .

A c tu a lly , i t  m a y  he th e  case t h a t  b o th  o f  th e  lep ton ic  b o sons, U  and  V, 
e x is t an d  c o n tr ib u te  to  th e  fj, — e decay . W e w ou ld  th en  e x p e c t th e  sim ul
ta n e o u s  occu rrence  o f  th e  tw o p rocesses, (4.6) in  F L and  (4.7) in  GL, w hich again  
p ro v es th e  fi —• e asy m m etry .

In  th a t  case, from  th e  co n sid e ra tio n s le ad in g  to  (3.19) we h av e

М и =  M v оы 200 BeV . (3.19a)

W e h av e  in tro d u c e d  th e  n e u tra l  lep to n ic  bosons, 17° and  V°, in  a d d itio n  to  
th e  ch arg ed  bosons, 17* an d  V ± , th e re b y  e n ab lin g  us to  e s ta b lish  th e  s tro n g  
in te ra c tio n s  am o n g  lep tons, sy m m e tric  in  th e  ch arg e  space o f  S U (2 )x S U (2 ). 
I f  we ta k e  th e  v a lu es  of m ass a n d  coupling  c o n s ta n t accord ing  to  (3.18) and  
(3.19) fo r th e  lep to n ic  bosons, we a re  led to  e x p e c t th e  p ro d u c tio n  of U° and  
V°  in  h ig h -en erg y  lep ton ic  re a c tio n s  in  th e  cosm ic rays, to g e th e r  w ith  th e ir  
su b se q u e n t d ecay s in to  lep to n  p a irs  an d  also in to  y-rays.

F ig . 3. Ц—e decay through the lep tonic bosons

V  ■ # 1 , 0 ,  V  : # 0 , 1 . ___ w  : K , o

(ve, e ) : 77̂ /2,о, ( f t+i V/j) : $ 0,1/2

I t  is in te re s tin g  to  no te  t h a t  in  te rm s o f th e  U° an d  V° ch an n e ls  the  b re a k 
dow n o f th e  ju — e sy m m etry  is ex p ec ted  in  th e  h igh-energy  in e la s tic  reac tio n s  
o f  m u o n  an d  e lec tro n  b y  p ro to n , w hile in te rm s  o f  th e  W °  ch a n n e l, th e  b re a k 
dow n o f th e  /j, — e sy m m etry  is n o t  ex p ec ted . T h is  w ill be easily  seen  b y  com par-
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ing the following reactions with each other:

#*- + P- ^ -  + p + V°

|- f V + +
i - ~ + e+ -f e-

f t ~  +  P  Z* “  +  P  +  U °

! oL _
I------► e + 4 -  eI 1
''~F+V+ + V ~

е - + р Д е -  +  р  +  U° (4 .12)
! gl + , _I— + e + e
i П + .
1---- >ft+ +  ft ,

e _ + p e _ p + V°

j--~-+/x + + ft~
1-5-+e + - f  e ~ .

As a result, we are led to predict the dominant processes:
Ju- + p-^iu-+p+iu++/x-, 
e--fp-*e-+p + e+ + e-,

and the suppressed processes:

/^~ + р - * 1 « - + Р  +  е+ + е~> 
e- + p ->- e~ + p -f fx+ + n~.

(4.13)

(4.14)

In cosmic rays hard showers consisting of hard muons, including no 
electrons, have been reported. Although a plausible explanation has been given 
to account for the mechanism of hard muon showers, the present scheme lead
ing to the Ц — e asymmetry may also afford a way of explanation.

We also expect contributions from the neutral leptonic boson channels 
to the collision processes of leptons:

e ~ +  e -  — e -  +  e - ,  +  /x* -*  ^  +  ц * ,

/í + -|- e ~ -V fj,+ -f- e _.
(4 .15)
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a llo w e d
. ^ 4

F ig . 4.(a) The predicted  inelastic neutrino processes (v^  comes from л + ->-jU+ +  ^  in the
K o n o p in s k i- U h l e n b e c k  scheme)

dom inant processes:

+  P — +  P +  V + -+l* + P + j « + + V  
Vp +  p -+ fi+ +  P +  V -  -+-Ц+ +  p +  +  Vp,

suppressed processes (by  a factor o f  (JF^/G/,)2 ~  1/1 0 0 ):

Vp +  P  — t*~ +  P  +  U +  —  n ~  +  p  +  e +  +  ve, 

-!- p  — jU+ +  p  +  V ~  —  f i+  +  p  +  e~  +  Se .

F ig . 4.(b). The predicted inelastic m uon (electron) processes

dom inant processes: /i +  p - « - 1a +  P +  K° /i  +  p +  +  f i +,
e +  p — e +  p +  [/°  — e +  p +  e“ + e +,

suppressed processes (by a factor o f  ( F ~  1 0 ~ 2?):

jU +  p — , a - f p  +  170 — (И +  р + е -  +  e+,  
e +  p — e +  p + F °  — e +  p +  /л~ + Ц + .
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I t  is ex p ec ted  t h a t  th e  cross sec tions of th e  processes m e d ia te d  b y  le p to n ic  
boson  in te ra c tio n s  w ould  exceed  those  m e d ia te d  b y  e lec tro m ag n etic  in te r 
ac tio n s b y  a fa c to r  o f  Gf/e2 30, w hen  th e  m ass  o f th e  le p to n ic  bosons can  b e  
ta k e n  neglig ib le co m p ared  w ith  th e  fo u r-m o m en tu m  tra n s fe r  in  th ese  processes.

F u r th e r , we a re  led to  p re d ic t  th e  fo llow ing  resonance  reac tio n s fo r th e  
collisions o f p a irs  o f  lep to n s:

e + +  e _ 17° — e + +  e _,

V ° ^ f i +  + f i ~ .

A ll th e se  lep to n ic  processes n eed  m ore th a n  1000 BeV (in th e  la b o ra to ry  sy s 
tem ) fo r th e  en erg y  o f  th e  in c id e n t lep tons, a n d  th e ir  d irec t o b se rv a tio n  w o u ld  
n o t  be  easy  ex cep t in  cosm ic ra y s , w here th e  anom alous e v e n ts  o f m uon co m 
p o n e n ts  an d  p h o to n  com ponen ts h av e  been  re p o rte d , su ch  as th e  d e v ia tio n  
o f  th e  sec 0 -d e p e n d e n c e , a lth o u g h  n o t co n firm ed  [19—21].

In  c o n tra s t  to  o rd in a ry  w eak  bosons, w e assum ed (m eso )-strong  in te r 
ac tio n s on ly  b e tw een  lep tons a n d  th e  lep to n ic  bosons. As a  re su lt , we a re  le d  
to  ex p ec t sh o rte r  life-tim es fo r lep to n ic  bosons th a n  for o rd in a ry  w eak bosons. 
W e h av e

1 G l  M L c2
----------- — —  — - —  .
xL 4 л  л

B y  in se rtin g  M L ~  100 BeV, G2J 4 n  ~  2 • 10 ~1 we o b ta in

r L osé 3 • 10 ~26 sec.

T h e  decay  schem es m a y  be a n y  o f  th e  follow ing m odes:

U± _  e± +  Ve(pe), + v M(iv)f

U° -*  e+ +  e - ,  ve +  ve, V°  ->- ц+  +  ц  - ,  v +

(4.17)

(4.18)

I f  th e  coupling  c o n s ta n ts  fo r th e  in te ra c tio n s  o f  lep ton ic  b o so n s are  as la rg e  
as G2J 4 л  10 ~1, s ign ifican t c o n tr ib u tio n s  to  th e  m agnetic  m o m en ts  o f th e
m u o n  an d  elec tron  w ould  be ex p ec ted . A ccord ing  to  recen t ex p erim en ts , th e  
d e v ia tio n  o f th ese  m ag n e tic  m o m en ts  from  th e  Q .E .D . va lues is [15, 16]:

fyim ; 
b[le

5 • 10 - 7, 

2 - 1 0  - 9.

(4.19)

(4.20)

F ro m  th e  lep to n ic  boson  channe l, th e  c o n tr ib u tio n s  to  th e  m a g n e tic  m o m en ts
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c a n  be d e te rm in e d  [15-18]:

l<Vml
_  G l 1 ( "V

\ n 2 n \ M L

\ôf*e\
G l 1 m e

471 2 л \ M L

-----  — £_ ^ 2 - 1 0 - * ,

: 5 -10-

(4.21)

(4.22)

I t  is obvious t h a t  th e  v a lu es  given b y  (4.21) an d  (4.22) do  n o t in te rfe re  w ith  
th e  e x p e rim e n ta l u p p er l im its  (4.19) an d  (4.20). More e la b o ra te  in v es tig a tio n s , 
b o th  th e o re tic a l and  ex p e rim e n ta l, are d esirab le  to  f in d  tra c e  of th e  le p to n ic  
bosons. T h e  c u rre n t version  on  lep tons, i.e . t h a t  lep tons h a v e  no s tro n g  in te r 
ac tion  am o n g  each  o th e r a n d  th a t  th e  fo rm  fac to r  for th e  p u re  lep to n ic  v e r te x  
is o f p o in t- lik e  n a tu re , m a y  b e  valid  o n ly  w ith in  th e  scope o f  th e  p re se n t s tage  
o f th e  e x p e rim e n ta l te c h n iq u e s . I f  th e  av a ila b le  energy  increases b y  an  o rd er 
o f  m a g n itu d e , o r i f  th e  p rec is io n  of th e  p re se n t o b se rv a tio n  becom es m o re  ela
b o ra te  b y  an  o rd e r of m a g n itu d e , th e  u n e x p e c te d  version  w ill be opened .

One o f  the authors (S. N .) w ishes to thank Professor W . HEISENBERG for kind discussions 
about th is work. H e has greatly  benefited from  th e  warmest h o sp ita lity  shown to  h im  by  
Professor W . H e is e n b e r g  and Professor H . P. D ü r r . In the course o f valuable discussions 
the authors ha v e  obtained v ery  m uch  useful inform ation from Professor H. D a n ie l  on  beta- 
rays and th e  m uon physics, from  Dr. N . Sc h m it z , Dr. I. D e r a d o . Dr. K. Bu c h n e r  and Dr. 
P. S chlam p on the high energy experim ents, and from  Professor S. H ayakaw a , Professor T. 
K ita m u ra , and Dr. W ada  on cosm ic rays. The authors are also grateful to Dr. A. B reg m an  
for his careful work in reading th e  manuscript.

A ppendix

In  th e  te x t ,  we h a v e  in tro d u ced  th e  sym m etric  in te rac tio n s  a n d  the  
sy m m etry  b reak in g  in te ra c tio n s  betw een  lep to n ic  bosons an d  lep tons. T h e  fo r
m er is ta k e n  to  be ro ta t io n a l  in v a ria n t in  th e  fou r-d im ensional ch arg e  space 
of SU(2) X SU (2).

T h e  la t t e r  is assum ed  to  be ax ia l sy m m etric  in  th e  sam e space. I n  view  
o f th e  e x p e rim e n ta l ev id en ce  we are fo rced  to  assum e t h a t  the  co u p lin g  con
s ta n ts  fo r a ll o f these  le p to n ic  in te ra c tio n s  (sym m etric  a n d  sy m m etry  b re a k 
ing) are  in  th e  ca teg o ry  o f  m eso-strong  in te rac tio n s .

W e sh a ll now  fo rm u la te  i )  th e  in te ra c tio n s  b e tw een  th e  h ad ro n  c u rre n ts  
and  th e  lep to n ic  bosons a n d  i i )  tho se  b e tw een  th e  le p to n  cu rren ts  a n d  the  
s trong  m esons. W e are led , b y  com parison  w ith  th e  o b se rv a tio n s, to  conclude 
th a t  th e se  in te rac tio n s  a re  o f  the  w eak  ca teg o ry  w ith  th e  coupling c o n s ta n t 
PI 4 я  10 - 13 ~  10 ~15. W e assum ed t h a t  th e  w eak  in te ra c tio n s  o f  h a d ro n s
in th e  n o n -lep to n ic  m odes are sy m m e tric  in  th e  th ree -d im en sio n a l charge 
space o f 0 (3 ):

A n  =  0 .
H ere  __ ___

к  =  r - j - f .
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p lay s  th e  role o f a g en e ra to r . This a s su m p tio n  led  to  th e  A I  =  1/2 ru le . O n th e  
o th e r  h a n d , we know  th a t  n e u tra l c u rre n ts  are to  b e  suppressed  in  th e  case of 
th e  lep to n ic  w eak  in te ra c tio n s  of h a d ro n s . T his forces us to  a ssum e th a t  th e  
in te ra c tio n  H am ilto n ian  is axial sym m etric  in  th e  th ree -d im en sio n a l charge 
space  o f  x:

A x  0, A x + =  0,
(A.3)

*± =  (* i ±  lX2)/2,
w here

(A.4)

F o r  in s tan ce , we fo rm u la te  th e  w eak  in te ra c tio n s  o f  p ions and  k ao n s w ith  lep
to n s  w h ich  obey  th e  se lection  ru le (A .3):

Н Г = Л ( * е 0 5 е '  •8хя+  +  е - 0 > е -Эхл:_) +

+  / № + 0 £ v 8 , j r + + v tlO)íia+-9x ?r-) +
+  t t  f o  O t e - -  3, K +  + ё -  О? • 8Х К “ ) +

+ / £  о>{ v  • зхх + о к  • Зх К - )  +  Ь.с.

X H-
II ( * 1  ± ix2)/2,

оо

° \ /  0 0 i

о 0 1 i ’

оIIN 0 0
0 i 0 / i 0 0

1о

° \

* 3  = i 0 ° .

оо

0  /

(А.5)

w here

Од =  Ы 1 + У 5) » o s  =  Ух(1 Vs) ■

A nd, in  accordance  w ith  th e  em pirica l fac ts  o f th e  /.i — e sy m m etry , we p u t

(A.6)

/ к  — f ' k - A.7)

In  th e  th ree-d im en sio n a l charge  space  o f  x, h ad ro n  m u ltip le ts  are reo rgan ized  
in to  tr ip le ts  an d  sing le ts:

К  :

k 0 :

л  :

K - + K +

~ П ~ '
K ° + K °

]/2

л ~ - \ - л + л~~— л

у 2 Í f 2

- К - - + К  К ^ - К 0
i f  2 У2

■— 9

(А.8)

, тг\ rj : ir\
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R :

R n

д - P
п

E ° + N

п

E  p  E°  — N

» y 2 ’ ~ ÿ T ~

“ V f

E - - E +

i f 2
E °  Л : i A .

(A .9)

I t  is in te re s tin g  to  n o te  t h a t  th e  fo rb id d en  se lec tion  ru le  (2.6) can  be 
d e r iv e d  from  th e  c o n se rv a tio n  law  o f a x  v e c to r , w h ich  is ju s t  ap p lied  to  th e  
w eak  had ron ic  in te ra c tio n s  in  th e  n o n -lep ton ic  m ode: (A .l) a n d  (A .2). W hen 
we o p e ra te  x t on  th e  lep to n  m u ltip le ts , t an d  s, w e have  to  use th e  tw o -d i
m ensiona l re p re se n ta tio n :

x l =  (îo )’ x 2 =  (/ o)> хз =  (o-i) (A.10)

in s te a d  o f th e  th re e -d im e n s io n a l re p re se n ta tio n  (A .4). W e th u s  in tro d u ce  a 
0(3) space in w h ich  x t p lays th e  ro le  o f g e n e ra to r  o f  ro ta tio n . I n  th is  x  space, 
b o th  sp inors, t a n d  s,  co rresp o n d  to  #jy2, an d  th e  lep to n ic  b o so n s, U  an d  V ,  
to  ftp, as a re su lt, th e  in te ra c tio n  H a m ilto n ia n  o f  th e  fo rb id d e n  tra n s it io n  
(3.4) is fo rm u la te d :

H  =  F u t* X/ upi +  F VS* x t S  9ot. (A .l I )

H e re  q>t rep resen ts  th e  w ave fu n c tio n  for U i or V t in  th e  x  space . As fa r  as 
fi-e  decay  is co n cern ed , one k in d  o f  (pt in  a u n iv e rsa l in te ra c tio n  w ith  th e  
se lec tio n  ru le (A .l)  w ould  be  enough . In  th is  case , th e  n e u tra l  c u rre n t p ro 
cess an d  th e  c h a rg ed  c u rre n t p rocess should  be  re la te d  b y  th e  >i-charge in d e 
p en d en ce , w hich  w ill be a m a t te r  o f  fu r th e r  e x p e rim e n ta l s tu d ies .
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СИММЕТРИЯ ЛЕЙТОНОВ
С. НАКАМУРА и С. САТО

Резюме
Сформулированы правила отбора для изоспина и гиперзарядового спина Ç для чисто лептонных процессов при предположении, что (ц+, v̂ ) и (ve, е~) принадлежат к спинорным представлениям #i/?>0 и #0,1/2 групп вращения SU(2)xSU(2). Из них следует, что в то время как процессы обмена /л-е, такие как

(ге) +  e “  (Рс) +  е -

принадлежат к запрещенным переходам, процессы с /<-е собственным током, такие как
ц± — е± + ve(ve) +

принадлежат к разрешенным переходам.Введены лептонные бозоны, благодаря которым происходит передача чисто лептонных процессов, определены их массы и коэффициенты связи.
M L sd  130 B eV  ~  200 BeV,

с* 1 • 10-1 ,4 я

- P -  =  1 • IO“ 3-
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OMEGA-RHO INTERFERENCE IN STRONG 
INTERACTIONS

B y

M. R oos*
CERN, GENEVA, SWITZERLAND

Phenom enological form alism  for со— о m ixing is given and its effect on strong in teraction  
is discussed in  m any reactions.

1. In tro d u c tio n

I t  w as f irs t  p o in te d  o u t b y  Gl a sh o w  [1] in  1961 t h a t  p—w  m ix in g  due 
to  e lec tro m ag n etism  could  be im p o r ta n t, because  of th e  n earn ess  in m ass  of 
th e  p an d  ca m esons. Since th e n  m any  th e o re tic a l p ap ers  [2 -6 ] have  t r e a te d  
th e  p ro b lem , m ost th o ro u g h ly  in  re c e n t tim es [3-6].

T he phenom enolog ica l ev a lu a tio n  o f  p—со in te rfe rence  effects is e ssen tia lly  
the  sam e w h e th e r concerned  w ith  p h o to p ro d u c tio n , co llid ing  electron b eam s, 
o r  s tro n g  p ro d u c tio n . In  th is  ta lk  I  shall re s tr ic t  m yself to  a  few b rie f re m a rk s  
o f  p a r tic u la r  concern  to  s tro n g  in te ra c tio n s . M ost o f m y  ta lk  will be a rev iew  
o f  th e  e x p e rim e n ta l s itu a tio n .

2. P henom enolog ica l form alism

O m ega—rho  m ix in g  is sim p lest d esc rib ed  [1-6] in te rm s  of th e  co m p lex  
a n d  sym m etric**  m ass m a tr ix

m = [ m * - á | ,
l-<5 M j

w here M e =  m Q —  1/2i T e, M m =  m ul —  l / 2 i / 1<0. In  th e  ab sen ce  o f e le c tro m a g 
n e tic  in te ra c tio n s ,

0 = 0 ,

a n d  th e  tw o  eigenvecto rs o f M

I e>. I
* On leave of absence from  the D epartm ent o f Nuclear Physics, U niversity  o f H elsink i, 

Finland.
** D ue to tim e reversal invariance.
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a re  (jï-parity e ig en sta te s . In  th e  presence o f  e lec tro m ag n etic  in te rac tio n s  

a n d  th e  e ig en v a lu es  of M  becom e

ш —  ± l / 2 f ( M e- M e)2+ 4 0 2 , (1)

w ith  th e  e ig e n s ta te s

|g> =  lg> -
м-в - м а

!">■>

|m>
r)

l g > + l " > -

( 2 )

F ro m  E q . (1) i t  follows t h a t

Щ -  M a =  м е -  M~.

In tro d u c in g  a  p a ra m e te r

e =  +  «/(Mr -  M J  =  Wie

th e  e ig en sta te s  (2) can be  re w ritte n

|g> - ie> —  e|«M>, 

|û)> =  +  Ф >  +  |û>>-
(3 )

T h e s ta te s  | a n d  |w> are n o t  o rth o g o n al. T o  f ir s t  o rder in  e, th e  system  b io rth o - 
gonal to  (3) is

<g'l =  <g| —
< й '| =  +  £<e| +  <ta|.

(4 )

T o th e  sam e o rd e r  in  e ,  th e  m ixed  q —со p ro p a g a to r  can  b e  w ritten

P =  |g> ( Щ  ~~ m ) _1 <ë' l  +  I " )  (M Z —  m ) -1 <<*>''

|g> <g|
Mj—m

<gl +  |g> <«>|
M~- m

(5>

+  |q>> <a)| _  e |g> { с о I + 1<»> <e|
M - - m Mz
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T he f in a l s ta te  of in te re s t  in s trong  in te ra c tio n s  is th e  2 л  s ta te  (in p r in 
ciple also th e  З я  s ta te , a lth o u g h  n o t  y e t o f  p ra c tic a l im p o rtan ce ). T he m a tr ix  
e lem ent (2 n \o i}  is o f  o rder e. To f irs t  o rder in  e, therefo re , th e  m a tr ix  e lem en t 
for th e  s tro n g  process

i —► ( q, со) —*■ 2 л
can be w ritte n

T  -,,-in M
Q, 2n T  TP 1 '•* e.i=”

M -

T  T2л I л  l ,Q  x  ©,2зг I ^ *  /,©

m M z  - 1

T  T. /,© X Q,2я
M z

( 6)

w here T (- v is th e  am p litu d e  fo r V  p ro d u c tio n  from  th e  in it ia l  s ta te  i. A t th e  
level o f th e  sim ple phenom enological d esc rip tio n  ad o p ted  he re , spins e n te r  
only  in to  th e  p ro b lem  of coherence. L e t th e  sp ins o f th e  in itia l s ta te , th e  v e c to r  
m eson, and  th e  rem ain ing  f in a l s ta te  p a rtic le s  (sam e for w a n d  p p ro d u c tio n ) 
be A,-, A v  an d  А/, resp ec tiv e ly , an d  le t  us d e n o te  th e  co llection  o f spin ind ices 
b y  ju s t  one su p e rsc rip t, A. T h en  th e  2тг m ass d is tr ib u tio n  is described  by

=  -^7- ^  Щ.2.12 — (7>
d m  iV i a

w here N k is th e  n u m b e r o f in it ia l  sp in  s ta te s . E q . (7) says t h a t  am p litu d es w ith  
th e  sam e sp ins A ad d  co h eren tly , w hereas am p litu d es  w ith  d iffe ren t sp ins A 
ad d  in co h eren tly .

In  genera l, b o th  v ec to r  m esons are p ro d u ced  from  all in itia l spin s ta te s , 
an d  I  shall consider th is  case f ir s t .  I  shall la te r  com e back  to  th e  special case o f  
p n  an n ih ila tio n  a t  re s t, w here s ta te s  of opposite  G -p arity  p roceed  from  d iffe ren t 
in itia l spin s ta te s .

2.1. General case

W e m u st now  decide w h ich  o f th e  te rm s  in  E q . (6) to  keep , for th e  o b 
vious reason  th a t  s tro n g  in te ra c tio n s  can n o t d e te rm in e  too  m a n y  p a ra m e te rs . 
T he second te rm  is obv iously  in d is tin g u ish ab le  from  th e  f i r s t  one, an d  v e ry  
sm all. T he th ird  te rm  w hich describes th e  G -v io la ting  e lec trom agnetic  decay  
со —► 2 л  in  th e  absence of m ix in g , is know n to  be  too  sm all to  accoun t a lone 
fo r an  effect o f  th e  o rder o f Г ш^ 2п >  0.1 MeV. B esides, G o u r d i n  e t al. [4] 
m a in ta in  th a t  th e  th ird  te rm  is ex ac tly  cancelled  b y  a p a r t  o f  th e  fo u rth  te rm . 
T he sim plest a p p ro ach  [3, 4] is th e n  to  n eg lec t i t ,  b u t  keep  th e  fo u rth  te rm . 
[This does n o t exclude th a t  fu tu re  large ex p e rim en ts  w ill re q u ire  th e  use o f
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these  a n d  o th e r  [6] sm all te rm s.] E q . (7) th e n  becom es

da,2or
dm

уд уд уд ул
•* i,e 1 е,2я ■* i,a 1 e,£n

+  eM - m m (8)

L et us s im p lify  E q . (8) b y  w ritin g

4  Д . 7~»Я-1 Í,Q * Q,2n
4a „  у д  у д— 1 i,a ± г,2я’

an d  in tro d u c e  th e  re la tiv e  phases (pA b e tw e e n  th e  am p litu d es  yl* and  A *. E q . (8) 
can  th e n  be  w ritten

do\2ji < l ^ l 2>
dm | M j — m

+  M
< M i l 2> +

2 ' ' ' (9)

m y
+

(M ç —m)* (M--CO)

T he sp in -av erag e  of th e  phases <px can  now  be expressed  in  term s o f an  over- all 
production phase q> and  a re a l n u m b er a  w hich  m easures th e  degree o f coherence:

( e ^ A f t  \ A l |> =  е ^ Л( \ А хеУ } ^  ( \ A i (10)

w here obv io u sly
0 < a < l . ( 11)

N ote t h a t  i f  ç>A is th e  sam e  for all sp in s, th e n  (p =  cpk, an d  if in ad d itio n  v ec to r 
m esons a re  p ro d u ced  in  o n ly  one sp in  s ta te , th en  also ж =  1. In tro d u c in g  in 
E q . (10) th e  n o ta tio n

< | ^ l 2>1/2 =  < M CI>

and  s u b s ti tu t in g  i t  in to  E q . (9), it  follow s th a t  th e  2 n  m ass  d is tr ib u tio n  can be 
w ritte n

da 2jt
dm

< 1 Л 1 >
M j m

-f- Etxe'f < I 4 .1 >
M z  - m

+  |s |2( l  ж2) < M a l>2
\ M z - m \2 •

( 12)

T hus th e  f i t  o f E q . (12) to  an  e x p e rim e n ta l d is tr ib u tio n  ideally  d e te rm in es  the
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p a ra m e te rs

l - Ç ’e + ÿ »  over-all phase ,

p  p
2. Ig12 е~>2я— = — а— 2л == p  b ran ch in g  ra t io , and

e-*-3n  «-►Зя

3. a , degree of coherence,

p ro v id ed  t h a t  < |A 6|> and  <|^4Ш|> are k n o w n  from  q —► 2тг a n d  m —► Зтг d ecay s , 
re sp ec tiv e ly . In  p rac tice  i t  m a y  be im possib le  to  de term ine  so m any  p a ra m e te rs , 
b u t  th en  th e  b o u n d s  (11) on a  can be used  to  se t lim its on R .

The p h a se  (pe can  be  estim a ted  fro m  th eo re tica l a rg u m en ts , an d  i t  can  
be d e te rm in ed  from  th e  re a c tio n  e +e _ —► n  + n ~  (ideally  th e y  should ag ree  !). 
F o r  th e  tim e  being , all s tro n g  in te rac tio n  an a ly ses  tak e  <pe =  тг/2 to  be a r e a s o n 
a b ly  well e s tab lish ed  fac t.

W hen th e  over-all p h ase

<Pt =  <Pe +  <P +  a rg [(M ~e —  m)l(M~ —  m )] (13)

is п л ,  w ith  an  n  odd (even), a d ip  (peak) ap p ears  in th e  2 л  m ass d is tr ib u tio n  
(12), due to  d e s tru c tiv e  (co n stru c tiv e ) in te rfe ren ce . I t  can  easily  be c a lc u la ted  
th a t

Voq =  a r g
Mg
M ;

m  t a n -1 Г— w ) -Fg(m~ m)
m  |_2 m) +  1/4 Fg Г-

(14)

I t  follows t h a t

1- <Pwç =  0 a t m =  m 0 ^  m -  +  2 MeV

2 . 9 n e v e r a tta in s  ^ я /2

. I m in im al ( ^  — 75°) a t  m  ^  m 0 — 1/2 У ГвГа m o
■ <Рше 1S I m ax im al ( ^  + 4 0 ° )  a t  m  ^  m 0 +  1/2 ^7^7^ •

N ote t h a t  GFQ [3] im p lic itly  assum e th a t

Mg m
M ~  JVÍ;

1 (real) . (15)

T h is is t ru e  a t  m 0 т ш, b u t  a t  m  =  m~ th e  a ssum ption  (15) a lready  r e p r e 
sen ts  a n eg lec t o f ab o u t 19°, an d  a t a b o u t 580 MeV th e  a rg u m e n t of E q . (15) 
is -)-я/2 . A t o u r  p resen t s ta te  o f know ledge, how ever, th is  n eg lec t is u n im p o r t
a n t.
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W e re p ro d u c e  in  T ab le  I  below  som e o f  th e  GFQ p red ic tio n s [3], b a se d  
on a R egge p o le  m odel.

Table I

Reaction Predicted [3] interference effect

л + p  —► л + л~  A + + Dip
л + n л + л ~  А  + Dip
Л+ п —>- 71+  7Ъ~ р Dip
п~ р  —► Л+ л ~  п Peak

л~  р  -*■ л + л ~  А 0 Peak
л~  п л + л ~  А~ Peak

К ~  р  л + л ~  А Constructive below  с о ,  
destructive above

2.2. Case o f  incoherent G-states

In  p n  an n ih ila tio n  a t  re s t, h av in g  p re d o m in a n tly  L  — 0, an d  a lw ay s  
I  =  1, i t  fo llow s th a t  C =  (— l ) s+1. T h u s  s ta te s  of o p p o site  G p roceed  from  
in itia l s ta te s  o f  opposite  sp in  S ,  and  th e re fo re  th ey  are  co m ple te ly  in co h e ren t. 
In  E q . (6) th e  f irs t  te rm  is th e re fo re  in c o h e re n t w ith  re sp e c t to  all th e  o th e r  
te rm s . A m ong  th e  la s t th re e  te rm s  we a g a in  neglect te rm  th re e  in com parison  
w ith  te rm  fo u r  (for reasons g iven above), a n d  th e  2 л  m ass  d is tr ib u tio n  (7) 
becom es

=  I ^ ' V  +  |£,г <|Л“|2> ! Ü T -------- И Г —  2-d m  |M j-  то 12 I M~ — m  M ~ -  m

O bviously  th is  cross-section  does n o t h a v e  a n y  u nknow n  in te rfe rence  p h ases , 
n o r does i t  d e p e n d  on th e  deg ree  of co h eren ce . The only u n k n o w n  is |e |2. I n  th e  
case of ab sen ce  o f any  со p e a k  in  th e  2ж m ass  d is tr ib u tio n , E q . (16) can b e  used  
to  se t an  u p p e r  lim it on |e |2.

3. R eac tio n  К  p  —*■ Лтг+ n

T his re a c tio n  has b e e n  stu d ied  b y  F l a t t é  e t al. [7 ] a t  K ~  m o m e n ta  
1 .5 , 1 .7 , 2 .1 ,  a n d  2 .6  GeV/с. T h e  reac tio n  h a s  th e  a d v a n ta g e  o f p e rm ittin g  easy  
com parison  w ith  stro n g ly  decay ing  co’s, in

К  ~p —>■ Лео —► Л л  + л  ~л°.

In  fac t, F l a t t é  e t al. h a v e  w h a t is p ro b a b ly  the  w o rld ’s la rgest in d iv id u a l 
sam ple  o f  ft) —> л  + л ~ л °  e v e n ts  (ab o u t 8000 events).

F ig . 1—4 show  th e  тг + я ~  m ass d is tr ib u tio n s  fo r th e  four d iffe ren t m o 
m en ta . O n ly  th e  sam ple w ith  1.5 GeV/с  show s a signal in  th e  co-region, th e  
o th e r sam ples are  obv iously  con sis ten t w ith  a q m eson sig n a l alone.
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Л/2(ТГ+Г) (GeV2)
1. The л +л ~  m ass-squared distribution  
from  1.5 GeV/с K ~ p  — Л л ^ л ~  [7]

M 2 (IT+i r ) (GeV2 )
F ig . 2. The л  + л  m ass-squared distribution  

from 1.7 GeV/с K ~ p  А л +л ~  [7]

2.6 GeV/e rh o+ om ega

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Л72( Г Щ  (GeV2) М2И Г 1 П  (GeV2)
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F ig . 3. The л  + л  m ass-squared distribution  
from  2.1 GeV/с К  p  — А л  + n~  [7]

F ig . 4. The л +л  m ass-squared distribution  
from  2.6 GeV/с K ~ p  —t- А л +л ~  [7]
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F l a t t é  te s ts  th e  h y p o th esis  t h a t  no tu signal ex is ts  in th e  d a ta ,  by  form ing  
th e  difference in  y~ betw een  a q f i t  an d  a q -j- ft) f i t .  The q -f- со f i t  contains th e  
te rm s

(po lynom ial b ack g ro u n d ) +  (p -B re it—W igner) +
-(- (p -background  in terference) -f- (co-B reit—W igner) -f- 
-f- (co-background in terference).

T h e  g f i t  lacks th e  tw o la s t te rm s .
In  T able I I  below , I  q u o te  th e  confidence levels g iven  b y  F l a t t é  [7 ]  

fo r accep ting  th e  hyp o th esis  t h a t  no  со signal e x is ts .

Table II

Momentum Confidence level
(GeV/c) (%)

1 .5 0 .0 7

1 .7 3 0 .0

2 .1 7 0 .0

2 .6 7 .5

F l a t t é  uses th e  1.5 GeV/с sam ple and  co n d itio n  (11) to  se t a lim it

R
Г (со—>7i+я  ) 

Г ( ю - + л + л~ л ° )
>  0 .2%

a t  th e  90%  confidence  level. H e  concludes t h a t  th e  o th e r sam ples are n o t in  
d isag reem en t w ith  th is , since th e y  essen tia lly  d e te rm in e  R  >  0.

A n o th e r w a y  o f s ta tin g  i t  is th a t  th e  1.5 GeV/с sam ple h as  a  3.4(7 со e ffec t, 
w h ereas  th e  o th e r  sam ples h a v e  none.

T he p o ss ib ility , ad v a n c e d  b y  F l a t t é , t h a t  some o f  th e  k in em atica l 
v a ria b le s  m ay  v a ry  rap id ly  w ith  to ta l  energy d u e  to  th e  n ea rn ess  of th e  re a c 
t io n  th re sh o ld , m a y  well a c c o u n t for the  d isap p ea ran ce  o f th e  со signal w ith  
increasin g  en erg y . H ow ever, n o th in g  forces u s  to  m ake t h a t  assum ption . A t 
p re se n t, u n fo r tu n a te ly , we c a n n o t therefore  ru le  ou t th e  p o ss ib ility  of a 3.4cr 
f lu c tu a tio n  a t  one  energy in  th is  ex p erim en t.

4. R eaction я  p —»- п я + я

U nlike th e  p rev ious re a c tio n , th is  re a c tio n  has an  u n d e te c te d  n e u tra l  
p a r tic le  p re se n t, a n d  so th e  re so lu tio n  is in fe rio r. On th e  o th e r  han d , th e  s t a 
tis tic s  are en o rm o u s, th is re a c tio n  having  b een  s tu d ied  ex ten s iv e ly . One w o u ld  
th e re fo re  ex p ec t to  see som e in te rfe ren ce  e ffec ts , if  n o t p eak s , th e n  shou lders.
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O nly in  th e  case o f ex cep tio n a l re so lu tio n , an d  th e  v a lid ity  of th e  G FQ a rg u 
m en ts , w ould  one e x p e c t to  see a  n a rro w  sp ike.

L e t us f irs t tu rn  to  tw o re c e n t ex p erim en ts , n e ith e r  one p u b lish ed , an d  
th e re fo re  I  do n o t k n o w  w h e th e r th e ir  re so lu tio n s  are ex cep tio n a l. S h a r o n  
H a g o p ia n  rep o rts  [8] a fa irly  la rg e  sam ple (2437 ev en ts) of 2.3 GeV/с even ts, 
w ith  m o m en tu m  tra n s fe r  3/x2 <C |<| <C 12/c2. T he d a ta  are b in n e d  in  12 MeV 
w ide b ins, ju s t  th e  wrid th  of th e  со, a n d  chosen su ch  th a t  one b in  ex ac tly  falls 
on th e  со m ass, 778—790 MeV. T his b in  show s a 4o sp ik e . F ittin g  E q . (12) u n d e r 
th e  ap p ro x im a tio n  (15), H a g o p ia n  o b ta in s

V +  % =  — 107° ±  17° +  - J -  •

T he o th e r re c e n t ex p e rim en t is due  to  R a n g a s w a m y , W e n t z e l  e t al. [9], 
an d  i t  is a sp a rk  c h a m b e r  ex p e rim en t done a t  sev e ra l m o m en ta : 3, 4 , 4.5, an d  
5 GeV/с. T h u s, if  th e  to ta l  in te rfe ren ce  phase or deg ree  of coherence  betw een  
со an d  q v a rie s  co n sid e rab ly  w ith  th e  in c id en t en e rg y , th e  со e ffec t should  ge t 
w ashed  o u t. Y e t th is  e x p e rim en t sees a 3a spike in  th e  b in  780—800 MeV, in  a 
selection  o f 0.2 <[ |t | <[ 0.4 (GeV/c)2. — 0.6 cos 6nn 0.3 (1736 even ts).

L e t m e draw  th re e  conclusions from  th ese  ex p erim en ts:
i) I f  th e  n a rro w  sp ik e  is th e  со, th e n  i t  has su rv iv ed  in  sp ite  o f  ad d itio n  

o f severa l m o m en ta  ( R a n g a s w a m y ) . I f  you  add  H a g o p ia n  and  R a n g a s w a m y , 
t h a t  is, beam  m o m en ta  ran g in g  from  2.3 to  5 GeV/с, th e  spike also su rv ives.

ii) R a n g a s w a m y  e t  al. h av e  less th a n  h a l f  th e  n u m b er o f  even ts o f  
H a g o p ia n  in  th e  q reg ion .

iii) T he d a ta  ag rees w ith  th e  G FQ  p red ic tio n  [3], cf. T ab le  1.
L e t m e now  c o n tra s t th is  in fo rm a tio n  w ith  m y co m p ila tio n  [10] o f  earlier ex 
p e rim en ts , ran g in g  fro m  1.6 to  3.2 GeV/с, an d  se lec ted  w ith  m o m e n tu m  t r a n s 
fers |t | 10/c2. Fig. 5 show s 13192 л  + л ~  even ts, k in d ly  supp lied  b y  g roups
in B ari, B N L , B ologna, C olorado, L R L  B erkeley , O rsay , P e n n sy lv an ia , P u rd u e , 
Saclay , an d  W isconsin .

As y o u  can see, th e  bins 770—790 MeV f lu c tu a te  in s ig n ifican tly  above 
th e  p u re  p-m eson f it . I f  th e re  is a n y  effect in  th e  co-region of m ore sign ificance, 
I  w ou ld  like to  suggest t h a t  th e  b in s  770—820 MeV in d ic a te  a s teep e r slope th a n  
does th e  le f t side o f th e  q peak . C e rta in ly , th e re  is n o th in g  like a  cu m u la ted  
H a g o p ia n —R a n g a s w a m y  p eak  in  th is  to ta l  h is to g ra m .

L e t m e now  d is tu rb  y o u r p eace  o f m ind  b y  F ig . 6, w hich show s a com pi
la tio n  [11] o f 12773 л ~ л °  even ts fro m  th e  re a c tio n

л  ~p  —► л  ~л°р,

also w ith  |t | <  10p2 (from  th e  sam e groups, ex c e p t fo r B N L).
T his system , o f  cou rse , co n ta in s  no co-effect. W h a t is in te re s tin g  to  n o te  

is th a t  th e  co-region looks qu ite  s im ila r to  th e  co-region in  th e  л  + л ~  sam ple:
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Fig. 5. The л +л~  m ass distribution from  a com pilation [10] o f 1.6-3.2 GeV/с n  p  ->- л +л  n
w ith  |t| <  10/t2

F ig . 6. T he л ~  л °  m ass distribution from  a com pilation [11] o f  1.6—3.2 GeV/с  л  p  л  л°р
w ith  |t| <  10jU2
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th e  b ins 780—800 MeV f lu c tu a te  in sig n ifican tly  ab o v e  th e  pu re  p-m eson f it, 
a n d  th e  reg ion  780-820  MeV suggests a s teeper slope th a n  does th e  le f t side 
o f  th e  peak .

I  do n o t  w a n t to  claim  an y  u n h e a rd -o f  I  =  1 effec t, I  ju s t  w a n t to  w arn  
t h a t  th e  s lig h t a sy m m e try  in  th e  л + л  ~ system  in  th e  ю-region sh o u ld  n o t be 
ta k e n  b lin d ly  as an  evidence for со—p in te rfe ren ce . I n  fac t, in  th e  h u n t  of 
со —>• 2 Jr d ecay , one to o  easily  fo rgets t h a t  th e  л  + л ~  sy s tem  u su a lly  is  p roduced  
in  a  s ta te  o f  m ixed  7-sp ins, and  th a t  one h ad  b e t te r  m ak e  sure t h a t  a n y  effect 
to  be  ex p la in ed  b y  th e  со indeed  is an  I  =  0 effec t, ex p erim en ta lly .

To u n d erlin e  m y  w arn ing , p lease  look  a t  F ig . 7, w hich show s th e  com 
b ined  л  + л ~  and  л ~ л °  com pila tions: th e  steep  slope on th e  r ig h t-h a n d  side 
o f th e  Q p e a k  is q u ite  obvious. I  do n o t  have  an y  n u m b ers  for its  sign ificance. 
O n th e  sam e  F ig u re  I  h av e  d raw n  in  th e  H a g o p ia n  [8] л +л ~  d a ta .  R ecall 
t h a t  th e  R a n g a s w a m y  [9] s ta tis tic s  w ere less th a n  h a lf  o f H a g o p ia n ’s s ta 
tis tic s .

F ig . 7. The data from F igs. 5 and 6 added. The solid histogram  is from  2.3 GeV/с л ~ р  -*■ л *
л ~  n  [8], З/i2 <  |t| <  12fi2
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Т о conclude, I  do n o t th in k  t h a t  th e  re c e n t evidence [8, 9] fo r q—co in 
te rfe re n ce  in  th is  re a c tio n  is v e ry  conv incing , even  a t  th e  level o f  3 o r  4 s ta n 
d a rd  d ev ia tio n s , u n less  i t  is d e m o n s tra te d  th a t  th e  reso lu tion  is m u ch  b e tte r  
th a n  in  earlie r ex p erim en ts .

5. R eaction  тт+ p —► tt+ 7t_ Д ++

In  1967 I  com piled  [12] all th e n  availab le  d a ta  for th is  re a c tio n , from  
fo u r ex p e rim en ts  done  b y  g roups fro m  A achen—B e rlin -B irm in g h a m -B o n n — 
H a m b u rg —L ondon  (I.C .)—M unich, C o lum bia—R u tg e rs , L R L  B erk e ley , and  UC 
S an  D iego-M ich igan . T he beam  m o m e n ta  ran g ed  from  2.35 GeV/с to  4.0  GeV/c 
a n d  th e  sam ple co n sis ted  of 3236 e v e n ts  of |t | <[ 30/t2, or 1250 e v e n ts  of |t| <  
<  М/с2.

T h ere  w as an  in d ica tio n  o f s tru c tu re  w hich  could  be due to  th e  со, a d ip  
in  th e  770-790 MeV bins, see F ig . 8. H ow ever, th e  effect w as h a rd ly  m ore 
th a n  1 s ta n d a rd  d ev ia tio n , and i t  h a s  a lm ost on ly  h isto rica l in te re s t  now.

F ig . 8. The л + л  m ass distribution from  a com pilation [12] o f 2 .35-4.0 GeV/с л  +p  —► л +л '
A ++, w ith  |t| <  30,u2
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T he n e x t im p o r ta n t  e x p e rim en t is due to  G o l d h a b e r  e t al. [13], w ho 
a lread y  h ad  c o n tr ib u te d  to  th e  1967 com p ila tio n , b u t  who now  h a v e  a lm ost 
th re e  tim es m ore ev en ts  th a n  th e  to ta l  1967 com p ila tio n . F ig . 9 show s a sig
n if ic a n t d ip  in one b in , 780-790 MeV, p lo ttin g  3300 even ts of ' i| <  0.22 (GeV/c)2.

N o te  th a t  th e  G FQ  p red ic tio n  [3] for th is  reac tio n  is p rec ise ly  a d ip .

m a s s  (TGlT ) (MeV)
F ig. 9. The л * л ~  m ass distribution from  3 .4 -4 .0  л  +p  л  + л~  / l ++ [13]. (a) The entire data 
(b) selection ]t| <  0.22 (GeV/с)2; (c) selection |t| >  0.22 (GeV/c)! ; (d) selection |t| <  0.22 (GeV/c) 
w ith background subtraction from both sides o f the A ++ band; (e) enlargem ent o f the o° -(»

interference region from (b)

T h e v a lid ity  o f th e  G o l d h a b e r  dip shou ld  be  ju d g ed  from  th e ir  reso lu 
tio n . T h is reac tio n  allow s a v e ry  good reso lu tion , since th e re  are  fo u r p a rtic le s , 
all charged , in th e  f in a l s ta te . G o l d h a b e r  [13] q u o te s  a (G aussian) reso lu tion  
fu n c tio n  o f full w id th  1 0 ^ 1  MeV a t  h a lf  m ax im u m  (FW H M ), w hich , i f  true,, 
ren d ers  th e  dip cred ib le .

F it t in g  the  d ip  w ith  E q . (12) u n d e r th e  assu m p tio n  (15), G o ld h ab er quo 
tes a p h ase  of

9? +  cpe =  8 6° ±  17° nJ2.
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T h e low er lim it on R  from  co n d itio n  (11) is

R  >  1 .5%  w ith  68%  confidence  
R  > -0 .2 5 %  w ith  95%  confidence.

In  th e  G FQ n o ta tio n , th e  re su lt  is ô — 2.7 MeV, and  w ith  9 5 %  confi
dence  <3 >  1.1 MeV.

T h e  beam  h a d  a m o m en tu m  o f  3.7—4.0 GeV/c in  G o l d h a b e r ’s experi
m e n t [13]. F resh  su p p o r t seem s to  com e from  J a c k s o n  e t al. [14] a t  5.5 GeV/c, 
b u t  I  h a v e  no fig u re . A t th e  W ash in g to n  A PS  m ee tin g , only  a f ra c tio n  o f a 
la rg e  exposure  w as p re se n te d  in  a p re lim in a ry  w ay , a n d  a dip of n o t to o  g rea t 
s ign ificance seem ed p resen t.

H ow ever, th is  reac tio n  is n o t  free from  serious co n tra d ic tio n , e ither. 
F l a t t é  e t  al. [15] h a v e  ab o u t th re e  tim es m ore ev en ts  th a n  G o l d h a b e r  [13], 
w ith  th e  sam e se lec tion , b u t  a t  h ig h e r m o m en tu m , 7.0 GeV/с. In  som e p re li
m in a ry  л +л ~  d is tr ib u tio n s  th e y  see no tra c e  o f  an y  k in d  o f  («-effect. B u t th e  
e x p e rim e n t is n o t  y e t  w ritte n  u p , a n d  th u s  one m a y  s till hope th a t  th e  absence 
o f  a  d ip  can be ex p la in ed  by  a re la tiv e ly  w ide reso lu tio n  fu n c tion . O bviously  
in fo rm a tio n  on th e  m o m en tu m  sp read  of th e  b eam  is crucial.

6. R eac tio n  7t_ p —*■ n + 7t— p

T h is  reac tio n  is s im ilar to  th e  prev ious one, fo r in stan ce  w h a t concerns 
th e  a tta in a b le  re so lu tio n , b u t  th e re  is no p ro m in e n t A°  p ro d u c tio n , an d  th a t  
m ak es th e  GFQ p red ic tio n s  [3] w orth less in  th is  case.

A t C E R N , A b r a m o v it c h  e t a l. [16] h av e  o v e r 4000 even ts a t  3.9 GeV/c, 
an d  th e y  claim  a  re so lu tio n  (F W H M ) in th e  co-region of ab o u t 8 M eV*. T hey  
see a  d ip  an d  a p e a k  w hich, b y  v a rio u s  selections, can  be increased  in  signific
ance  fro m  2.5 to  4(T, see F ig . 10.

T h e  d is tr ib u tio n  can be well f i t te d  w ith  a co n stru c tiv e  q —со in te rfe ren ce  
o f  a  size co rrespond ing  to

R  > 1 .1 %  w ith  95%  confidence.

T h is ex p e rim en t does n o t seem  to  be c o n tra d ic te d  b y  an y  s im ila r ex
p e r im e n t !

7. R eaction pp —► 7t+ я  тс+ 7t

In  th is  re a c tio n  one also h as  a good re so lu tio n . R ecen tly  th e re  h av e  been 
tw o  claim s [17—18], fo r со-g  in te rfe ren ce  in  an n ih ila tio n  in flig h t. L e t me d is
cuss th e se  ex p erim en ts  f irs t.

* The 0» w idth in  the reaction n~ p  -*■ л +л~ л°л~p  com es out to be 8.8 +  3 MeV.
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F ig . 10. The л  + л~  m ass distribution from  3.9 GeV/с лГ р  ->- л +л ~ л ~ р  [16]. Selection I 
corresponds to the л + л,7" com bination for which D j  >  D j  (i, j  =  1 or 2) where D t  =  /12(л ^ )-  

—/1г( л +?г7) an<l  — '-12(.л—)—'12( л + л 7  )■ Selection II is the com plem entary selection

A l l is o n  e t a l. [1 7 ] have p u b lish ed  resu lts  concern ing  1 4 4 8  ev en ts  a t  
m o m e n ta  1 .2 6 —1 .6 5  GeV/с, and  th e y  h av e  com m u n ica ted  in fo rm a tio n  a b o u t 
an  e x p e rim en t o f  a sim ilar size a t  2 .3  GeY/c. In  th e  со region, th e  2л: m ass re 
so lu tio n  o f  th e  1 .2 6 —1.65  GeY/c ex p e rim e n t is q u o te d  as l O ^ l  MeV (FW H M ). 
T h e  u n c u t d a ta  show  peaks a t  th e  w  m ass in  b o th  ex p erim en ts , cf. F ig . 11. 
F i t t in g  th e  d a ta  w ith  E q . (12) a n d  th e  a ssu m p tio n

< P e  =  Л-/2 -

A l l i s o n  e t al. f in d  th e  p a ra m e te r  v a lu es  show n in  F igs. 12 an d  1 3 . I n  th e  F ig u 
res, Ф co rresponds to  o u r ip. F ro m  th is , one can d raw  th e  conclusions:
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F ig . 11. The л +л  m ass distributions from 1.26-1.65 and 2.3 GeV/с p p  -» л  + л  л +л  [17]
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F ig. 12. The best value o f y l . th e  corresponding phase Ф =  ф, and coherence a for different 
values o f ГЦ^_ 2я- The horizontal arrow indicates the 95%  confidence lim its for 2л- at A y 2 =  

=  2.7. From  1.26—1.65 GeV/с p p  —*■ л +л~  л +л~  [17]

F ig. 13. Same as F ig. 12, bu t corresponding to the 2.3 GeV/с p p  —*• л +л  л +л  experim ent [17]

1. th e  effect seen co rresponds to  3.5c in  th e  1.26—1.65 GeV/с ex p erim en t, 
b u t  is h a rd ly  s ig n ifican t in  th e  2.3 GeV/с ex p e rim en t;

2. th e  in fo rm a tio n  on a  is n o t v e ry  s ig n ifican t, a  ~  0 .7 5 ± 0 .2 5 ;
3. th e  lim it (11) allows one to  deduce t h a t  R  ]> 1 .4%  w ith  95%  co n fi

dence in th e  1.26—1.60 GeV/с ex p erim en t ( th e  au th o rs  give /^(1_2я =  0.63 ±  
± 0 .2 3  MeV1/2).
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A t s im ila r energies, 1.63—2.20 GeV/с, Chapm an  e t  a l. [18] re p o r t  over 
3000 e v e n ts , w ith  a reso lu tio n  o f  1 1 ^ 2  MeV (FW H M ). T h e  m ass d is tr ib u tio n  
fo r th e  u n c u t  sam ple , an d  fo r  a se lection  — 0.2 >  t >  — 0.3 is show n in F ig . 14. 
A lth o u g h  th e  s ta tis tic s  are  b e t te r  th a n  e ith e r  o f  A lliso n ’s sam ples, th e re  is no 
со p eak in g . H ow ever, th e  s teep  d rop  is th e re .

M ak in g  an  analysis s im ila r to  A l l iso n  e t al. [17], Chapm an  e t a l. con
clude th a t

R  ;>  0 .75%  w ith  9 5%  confidence, 
q> =  95°-125°.

F ig. 14. T he л + я  mass distribution  from 1.6—2.2 G eV /cpp — я  + л  л +л  [18]. (a) Selection
0.2 (GeV/с)2 <  [t| <; 0.3 (GeV/e)2

T h e se lection  in  F ig . 14b to  im p ro v e  th e  со signal a c tu a lly  m ak es i t  less 
cred ib le . I t  is v e ry  h a rd  to  u n d e rs ta n d  a i-dependence w h ich  m akes th e  degree 
o f  coherence  v e ry  h igh  in  th e  sam ple  — 0.2 ]> t — 0.3 , w hereas in  o th e r
t-se lec tions no c o - q  effect ap p ears , as n o te d  b y  th e  a u th o rs  [18]. A lso , w hen 
^ -b ack g ro u n d  in te rfe ren ce  is allow ed, th e  со—Q effect in  th e  to ta l  d a ta  becom es 
q u ite  in sig n ifican t.
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Since A l l iso n  e t al. h a v e  p e rm itted  them selves to  a d d  d a ta  from  d if
fe re n t m o m en ta  (1.26-1.65 GeY/c), and  since Ch apm a n  e t  a l. h av e  p e rm itte d  
them selves th e  sam e p ro ced u re  (1 .65-2 .20 GeY/c), and  since  A lliso n ’s 2.3 
GeV/с v alue  looks n o t v e ry  d iffe ren t from  Ch a p m a n ’s, I  h a v e  p e rm itte d  m y 
se lf  to  add  all th e se  ex p erim en ts  to g e th e r. T h e  re su lt is show n in  F ig . 15. (I h a v e

GeV
F ig .  15. The data from Figs. 11 and 14 added

n o t d raw n  an y  e rro r b ars , b ecau se  th e  th e o ry  o f  s ta tis tic s  does n o t te ll us w h a t 
th e  erro rs are o f  b in n ed  combinations  of e v e n ts .)  As you  can  see, no со p e a k  
rem a in s . H ow ever, th e re  is a sp ec tacu la r d ro p  in  th e  со reg io n , o f large s ig n i
ficance , in d ic a tin g  th a t  som e v e ry  im p o r ta n t d e s tru c tiv e  in te rfe ren ce  occurs. 
I  w o u ld  hope t h a t  th e  groups w ith  these d a ta  (an d  some m o re  recen t d a ta  a t  
1.5—2 GeV/с, b e in g  analyzed  a t  M ichigan S ta te  U n iv ersity ) w o u ld  get to g e th e r, 
a n d  analyze  th e ir  to ta l  d is tr ib u tio n s .

On th e  o th e r  h an d , th is  re a c tio n  m ay c o n ta in  o th e r ty p e s  o f in te rfe ren ce , 
w h ich  could p ro d u c e  th e  d ro p  in  F ig . 15. F o r  in stan ce , q- q in te rfe ren ce  cou ld  
do it .  N o te  t h a t  F ig . 15 does resem ble  th e  a sy m m etric  p eak  in  F ig . 7, from  th e  
ad d e d  л +л ~ п  an d  л ~ л ° р  f in a l  s ta tes .

L e t m e now  b rie fly  show  Cl a y t o n  et al. [19] w ho have  less d a ta , 816 e v e n ts  
a t  2.5 GeV/с, F ig . 16. The ev e n ts  are  in  25 M eV b in s , and  th e re fo re  I  could n o t  
ad d  th e m  to  th e  prev ious F ig u re . A t th is  lev e l o f s ta tis tic s , as you  can  see, 
th e re  is n o t re a lly  a n y th in g  to  b e  learned  a b o u t  possible co— q  in terference .
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In  an n ih ila tio n  a t  re s t, no claim s fo r  co- q in te rfe ren ce  have been  m ade. 
H ow ever, th e  accu m u la ted  s ta tis tic s  is q u ite  good, an d  th e  reaction  is j u s t  as 
in te re s tin g . L e t m e ju s t  show  th e  л  + л ~  d is trib u tio n s  from  th e  tw o la rg es t 
e x p e rim e n ts , B a l t a y  e t al. [20] in  F ig . 17 and  D iaz  e t  al. [21] in F ig . 18. 
N o th in g  sp e c ta c u la r  ap p ears , an d  i t  is d e b a ta b le  w h e th e r th e re  is a conspicuous 
d ro p  in  th e  800 MeV reg ion  or n o t. D ia z  e t  al. have a re so lu tio n  of 12 -13  MeV 
(F W H M ).

F ig . 17. The n  + ~t m ass distribution from  p p  -» л +л  л +л  at rest [20]

-Acta Physica Academiae Scientiarum Hungaricae 31, 1972

F ig . 16. The 7i+n  m ass distribution from  2.5 GeV/с p p  — л  + л  л  + л  [19]
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E

Fig. 18. The л  + л  m ass distribution from p p  -*■ л  + л ~ л +л~  at rest [21]
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8. R eac tio n s pu -> л +  тс л  , л+  тс л  л ° , 2л+  Зл

As a lread y  discussed  in  S ection  2, th ese  reac tio n s  are p a r tic u la r ly  in te re s t
in g  since here  th e  G =  -f- and  G =  —  p ro d u c tio n  am plitudes o f  со and  g add  
in co h e ren tly . O ne can  th e n  use th e  in fo rm a tio n  fo r se ttin g  u p p e r  lim its  to  R  
(in  p a r tic u la r  i f  no ft) effect is seen).

B izza rri e t  al. [22] have  5156 ev en ts  (a t re s t)  o f  th e  all c h a rg ed  Ззт f in a l 
s ta te , 6019 ev en ts  o f  th e  4 n  s ta te , a n d  1496 ev en ts  o f  th e  5 л  s ta te . U n fo rtu n a 
te ly , th e re  seem s to  he v e ry  l i ttle  g p ro d u c tio n  in  th e se  reac tio n s, th e  g being 
a sm all signal on a v e ry  h igh b ack g ro u n d .

B izza rri e t al. [22] see no со—g in te rfe ren ce  effect. I f  th e y  f i t  th e  d a ta  
w ith  со, g an d  an  a rb itra ry  b a c k g ro u n d , th e y  ge t an  u p p er lim it

R  <  3 .6%  w ith  95%  confidence.

9. C onclusions

T he phenom enolog ical th e o ry  fo r со—g m ix in g  is essen tia lly  th e  sam e in  
s tro n g  in te ra c tio n s  as in  e lec tro m ag n etic  in te ra c tio n s , b u t  th e  ex p erim en ta l 
in fo rm a tio n  from  s tro n g  reac tio n s is v e ry  m eagre  and  often c o n tra d ic to ry , 
so only  a v e ry  sim ple phenom enolog ical form alism  is requ ired . T h e  p a ram e te rs  
one can  ex p ec t to  d e te rm in e  are  v e ry  few  an d  o fte n  highly  c o rre la ted . In  one 
sim ple p a ra m e tr iz a tio n , E q . (12), th e  p a ra m e te rs  are:

1. cpe -f- cp, w here cpe is th e  p h a se  o f th e  g—co m ixing p a ra m e te r  e an d  <p 
is th e  s tro n g  ft) p ro d u c tio n  ph ase  re la tiv e  to  th e  g,

r .
2. R  —  " и-*2д - =  lel2 e~ ?ir

3 . a ,  t h e  d e g re e  o f  c o h e re n c e .
I n  a l l  c a s e s  s tu d ie d  u n t i l  n o w  ( e x c e p t  f o r  B iz z a r r i  e t  a l.  [2 2 ] ) ,  ос a n d  je j 

a r e  so  s t r o n g ly  c o r r e la t e d  t h a t  o n ly  a  lo w e r  l i m i t  f o r  R  c o u ld  b e  d e d u c e d ,  u s in g  
t h e  p r o p e r t i e s  t h a t

0 < ; 1.

T he p h ase  cpe can be d e te rm in e d  in  collid ing electron b eam  ex p erim en ts , 
a n d  is u su a lly  ta k e n  to  be я /2 . I t  is possible to  ad v an ce  th e o re tic a l a rgum en ts 
[3, 4] fo r th is  v a lu e . T he s tro n g  p h a se  (p is ap p ro x im a te ly  p re d ic te d  b y  th e  
R egge pole m odel of G FQ  [3].

A p a r t ic u la r  w arn ing  app lies to  reac tio n s w here th e  possib le  ft)—g in te r 
ference  p ro d u ces on ly  a shou lder o r  a steep  fa ll-o ff on th e  g. T he  sh ap e  assum ed 
fo r th e  g th e n  becom es q u ite  im p o r ta n t . T hus a n o n -re la tiv is tic , narrow -reso-
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nance  B re i t—W igner fo rm u la  will n o t  do for th e  g m eson , no r will a n  energy- 
in d e p e n d e n t w id th  Г  .

Com piled л  + л ~  h is to g ram s fro m  th e  reactions л  ~p  —>- л  + л ~ п  [4] and  
p p  — 2 л +2тс~ [17, 18] ind eed  show su ch  s tru c tu re , a n d  are  there fo re  open  to  
th is  w arn ing .

T h e  asy m m etry  in  th e  g° peak  in  th e  reac tio n  [10] л  ~p —► л  + л ~ п  looks 
v e ry  m u ch  like an  a sy m m e try  in th e  g~ p eak  from  л ~ р  —*■ л ~ л ар  [10, 11], so 
th e re  is som e in d ica tio n  t h a t  1 = 1  e ffec ts  m ay  p la y  an  unknow n ro le  in  th e  
со—g in te rfe ren ce  region.

T h e  s teep  fa ll-off in  th e  com piled  л  + л ~  sp ec tru m  from  p p  —*■ 2 л +2 л ~  
in  f lig h t [17, 18] need  n o t  necessarily  be  associa ted  w ith  со- g  in te rfe ren ce , 
since th e  2тг+2я:~ f in a l s ta te  needs m a n y  am plitu d es fo r its  d escrip tio n , and  
som e o f th e m  could in te rfe re  in th is  reg ion  (e.g. q—q in terference).

T h e  reac tio n  К  ~p —► Л л  + л ~ ,  s tu d ie d  [7] a t  fo u r energies, show s w h a t 
looks like  an  со- g  in te rfe ren ce  effect o n ly  a t  one (the  low est) energy. T h u s  one 
has to  in tro d u ce  a fa irly  s tro n g  energy-dependence  o f  <p o r oc, or p e rh a p s  one 
is th e  v ic tim  o f a la rge  s ta tis tic a l f lu c tu a tio n .

T h e  reac tio n  л  +p  —*• л  + л ~ А + + show s a dip in som e [12-14], b u t  no t 
all [15] ex p erim en ts; th e  on ly  quo ted  low er lim it on R  is [13] 0 ,25%  (a t  95%  
confidence  lim it).

T h e  only  ex p erim en t w hich is n o t  (y e t? )  co n tra d ic te d  stud ies [16] л  p  -*  
—► л  + л ~ л ~ р ,  and derives a lower lim it

R  ^> 1.1%  (9 5 %  confidence).

F in a lly  th e re  is a p re lim in ary  u p p e r  lim it

3 .6%  (9 5 %  confidence)

fro m  p n  —*■ Ззт, 4тг, 5 л  a t  r e s t  [22], w here  no co-signal is seen . In  p n  an n ih ila tio n  
s ta te s  o f opposite  G -p arity  a re  in co h e ren tly  p roduced , a n d  th erefo re  th e y  offer 
th e  on ly  o p p o rtu n ity  to  se t an  u p p er lim it to  R  from  th e  absence o f  a signal. 
A dd ing  th e  func tions %2(R)  from  th e  ex p erim en ts  o f  A bram ovich  e t  a l. [16] 
an d  B izzarri e t al. [22], one ob ta ins

R  =  2.2 + 0-9(2-1) 
1.0(1.75) % .

w here th e  num bers in  p a ren th ese s  re p re se n t 2cr errors. T h is  R  value w o u ld  n o t 
change n o ticeab ly  if  one a d d ed  th e  %2(R)  functions o f  F latté  [7] a n d  G o ld - 
h a b e r  e t al. [13]. In  T ab le  I I I  we co llec t th e  ex p e rim en ts  m en tio n ed  in  th e  
p rev io u s sections.
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Table III

Strong interaction experim ents

Reaction Momentum Group Ref. Effect

1 K ~ p  -*■ Л л +л - 1.5 LRL/Gp. A 7 3.7 a  peak,
constructive intf.

K ~  p  Л л +л~ 1.7, 2.1, 2.6 LRL/Gp. A 7 No effect

2 л~  p  —► л +л~  n 2.3 FSU— P E N N 8 4 a  spike
3 Л~P -*■ Л + Л~П 3, 4, 4 .5 , 5 LRL/W entzel 9 3 a  spike
4 л~  p  —>• л +л ~  п 1.6-3 .2 Compilation 10 No effect

5 лГ р  -*■ л~  л  °р 1.6-3 .2 Compilation 11 1 = 1  effect?

6 . л +р  —► л+ л~  А  + + 2.35-4 .0 Compilation 12 D ip, not significant

7 л +р  -» л + л _ И++ 3 .4 -4 .0 LRL/Goldhaber 13 D ip, destructive intf.

8 л+р —► л + л _ /1 + + 5.5 Toronto 14 Prelim inary dip

9 л+р л + л - И + + 7.0 LRL/Gp. A 15 No effect

10 л~  р  -»  л +л~  л ~ р 3.9 CERN 16 4 о  peak,
constructive intf.

11 р р  — л + л “ л + л _ 1.26-1.65 ANL 17 3.5 a  peak

12 р р  - <- л +л” л + л~ 2.3 ANL 17 Sm all peak

13 р р  —► л +л ~ л +л~ 1.6-2 .2 Ann Arbor 18 Sm all interference-

14 р р  ->- л + л ~ л + л ~ 2.5 Liverpool—  
Athens

19 No effect

15 р р  -* л + л _ л + л _ at rest Columbia 20 No effect

16 р р  —►л + л _ л + л _ at rest CERN— CdF 21 No effect

17 р п  ->■ Зл, 4л , 5л at rest Rom e—Syra
cuse

22 No effect

I enjoyed usefu l discussions about the m aterial, covered in Section  2 w ith m y friend 
JÁN P is ű t , C E R N  and Bratislava. I am  also indebted to  Professor G. G o ld h a b er , B er
keley , Professor S. G l a sh o w , H arvard, and Dr. V. Ch a l o u p k a , C E R N , who have let me 
use m aterial they  had assembled for sim ilar review ta lks. I am grateful to  Drs. W. A lliso n  
and D. R h in e s , Argonne, Drs. R . B iz z a r r i, P. G u id o n i  and I. L a a k so , Rom e, and  
Dr. S. H a g o p ia n , for com m unicating to  me unpublished results.
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ОМЕГА—PO ИНТЕРФЕРЕНЦИЯ В СИЛЬНЫХ ВЗАИМОДЕЙСТВИЯХ
М. РУУС

Резюме
Построен феноменологический формализм для омега-ро смешивания, и рассмотрено его влияние на сильное взаимодействие в большом числе реакций.
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POSSIBLE RELATIONS BETWEEN CURRENT 
ALGEBRA AND MESON POLE DOMINANCE

B y

B . R e n n e r
INSTITUTE 2 FOR THEORETICAL PHYSICS, THE UNIVERSITY, HAMBURG 

GERMAN FEDERAL REPUBLIC

The suggestion is m ade there is an overlap am ong the inform ation obtained from current 
algebra and from  meson pole dom inance principles. In  sim ple models it  is shown that current 
algebra results can be rederived from  meson pole dom inance principles alone, up to an unknow n  
scale o f the w eak axial current. A  non-com pact a lternative  to the usu a l STJ2X S U 2 current 
algebra is shown to be inconsistent w ith meson pole dominance.

In tro d u c tio n

In  th is  lec tu re  I  w ill re p o rt on w o rk  in  progress. I t s  in te rp re ta t io n  is 
s till te n ta t iv e , its  fu r th e r  d ev e lo p m en t is y e t  u n ce rta in . F o r  th e  steps ta k e n  
so fa r  in  th e  p re se n t p ro g ram , th e  c red it is to  be  shared  w ith  J .  E llis an d  J .  d e  
A zcarrag a , w ho h av e  c o n tr ib u te d  m an y  o f  th e  a rg u m en ts  I  will p re se n t in 
th e  follow ing.

To m o tiv a te  th e  p ro g ram , we recall som e steps in  th e  d ev e lo p m en t of 
c u rre n t a lg eb ra . W hen  th e  th e o ry  w as p ro p o sed  b y  Ge l l -M a n n , i t  w as p r e 
sen ted  in  te rm s  of basic  q u a n tu m  m ech an ica l princip les: an  a ssu m p tio n  of 
sim ple c o m m u ta to rs  for sim ple observab les. O w ing to  a la c k  o f ex p e rim en ta l 
d a ta  on p h o to n  an d  n e u tr in o  reac tio n s i t  re m a in e d  e ssen tia lly  u n te s ta b le  fo r 
over tw o  y e a rs , u n til  A d l e r  an d  W e is b e r g e r  u tilized  th e  a p p ro x im a tio n  o f  p io n  
pole dom inance  for th e  d ivergence o f th e  w e a k  ax ial c u r re n t  to  derive th e ir  
c e leb ra ted  sum  ru le . In  th e  su b seq u en t d ev e lo p m en ts  w hich include in su cces
sive stages so ft-p ion  th eo rem s, h a rd  p ion  ca lcu la tio n s  an d  c h ira l L ag ran g ian s, 
th e  p rin c ip le  o f  p ion pole dom inance  g a in ed  a cen tra l ro le, a n d  N am b u ’s o r i
g inal in te rp re ta tio n  as p a r t ia l  co n se rv a tio n  o f  th e  w eak a x ia l v ec to r c u r re n t  
w as rev iv ed  in d ica tin g  th e  p ro x im ity  o f  a  ch ira l SU2x S U 2 sy m m etry  l im it  
as th e  p ion  m ass is ta k e n  to  zero.

So fa r, p ion  pole dom inance  has b e e n  used  m ain ly  in  an  au x ilia ry  c a 
p a c ity  to  te s t  th e  c u rre n t a lgeb ra  c o m m u ta to rs . To m y know ledge, i t  was M a n 
d e l st a m  w ho f irs t  ex p lic itly  tu rn e d  th e  a rg u m e n t ro u n d  a n d  d e m o n s tra te d  
th e  im p lica tio n s o f pion pole dom inance  on c u r re n t  algebra. I n  som e g e n e ra lity  
he show ed t h a t  in  th e  zero p ion-m ass lim it th e  c o m m u ta to r  o f  tw o w eak a x ia l 
c u rre n ts  A'^(x)

( d x ) \  А Ц у )]  =  ie'ik V f t y )  (1)
gives rise to  a conserved  v e c to r  c u rren t as a consequence o f  A d ler zeros.
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T his s ta te m e n t becom es triv ia l in  th eo rie s  w here th e  lim it o f m assless 
p ions im plies co n se rv a tio n  o f  th e  axial c u r re n t , because th e  c o m m u ta to r  o f  a 
conserved  c h a rg e  w ith  a co nserved  c u r re n t necessarily  p roduces a co n se rv ed  
c u rren t. L a te r , D a sh e n  a n d  D a sh e n  and  W e in st e in  a rg u e d  th a t  i t  is o n ly  in  
such  th eo rie s  w ith  a p p ro x im a te  chiral sy m m e try  w here  th e  use of p ion  po le  
dom inance is p lausib le . T o  il lu s tra te  th e ir  p o in t o f v iew , le t  us consider th e  
G oldberger—T re im an  re la tio n

(2mN) (gA/gv) *** ( 1' 2 F n) ( |/ 2 GNN„ , (2)

w hich co n n ec ts  th e  ax ia l v e c to r  coupling  c o n s ta n t (gA/gv) *п nucleon d e cay  
w ith  th e  p io n  decay  c o n s ta n t (][2Fn) a n d  th e  charged  p io n -n u c leo n  Y u k a w a  
coup ling  c o n s ta n t  (]/2 GNNn). T he m ost p o p u la r , th o u g h  perhaps n o t m o s t 
co n sid era te  d e riv a tio n  s ta r ts  b y  assum ing an  u n su b tra c te d  d ispersion re la tio n  
in  m o m en tu m  tra n sfe r  fo r th e  form  fa c to r  o f  th e  w eak  a x ia l divergence

w ith

and

2 m N G(A2)

<P \Q AW\ n> =  i(2 m N)U.p y i G (Æ )U n 

G(0) =  (gA/gv)

( V 2 F , : mg) Q[2GNNn)
A * - m l

disc G(s)
s - A 2

(3 )

(4)

an d  th e n  re ta in s  only th e  p io n  pole c o n tr ib u tio n  for A 2 ^  0, d isregard ing  th e  
th ree -p io n  a n d  h igher c u ts  (an d  an y  an o m alo u s th re sh o ld s) w hich s t a r t  a t  
A 2 =  9т 2л a n d  above. T h e  10%  d isag reem en t of th e  G oldberger—T re im a n n  
re la tion  is th e n  som etim es q u o te d  as an  illu s tra tio n  o f th e  princip le t h a t  th e  
in fluence o f  singu la rities can  b e  e s tim a ted  b y  th e  inverse o f  th e ir  d is tan ce  from  
th e  p o in t o f  com parison . S u ch  a p rinc ip le , how ever, w o u ld  en tire ly  d is re g a rd  
th e  p o ss ib ility  o f th e  s in g u la ritie s  h a v in g  d ifferen t s tre n g th s , i.e. d if fe re n t 
sizes o f po le  residues a n d  c u t  d isco n tin u itie s . This is p a r tic u la r ly  re le v a n t  in  
th e  p re se n t case, as th e  p io n  pole residue  co n ta in s th e  fa c to r  m l  w hich  is to  
be considered  sm all to  th e  sam e e x te n t as th e  pole d en o m in a to r is consid ered  
sm all. To m a in ta in  pole dom inance , we re q u ire  th a t  th e  c u t d isc o n tin u ity  be 
sim ilarly  sm a ll, i.e. of th e  o rd e r  O(m^) like th e  pole residue . To see how  s tr in g e n t  
a re q u ire m e n t th is  is, we consider a m odel fo r some ty p ic a l cu t c o n tr ib u tio n s  
to  th e  G o ld b e rg e r-T re im an  re la tion .

F ro m  am ong  th e  c o n tr ib u tio n s  to  th e  th ree-p io n  c u t

disc G(s) ~  E  &{m% —  s) <  0 |ЭA w \ N > <iV | np> (5)
N

we select th e  in te rm e d ia te  s ta te s  |g jt) . J u s t  to  e s tim a te  orders of m a g n itu d e , 
le t us su p p o se  th a t  th e  s tro n g  in te rac tio n  m a tr ix  e lem ent <g7r | n p )  is a d é q u a t-
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ely  ch a rac te rized  as b e ing  o f th e  sam e  o rd er o f  m ag n itu d e  as th e  p io n -n u c leo n  
coup ling  c o n s ta n t GNNn; we th e n  h av e  to  d e m an d  th a t  <0 | ЗА  | g л )  sh o u ld  
be  o f  o rd e r 0(т2л), to  m ake th e  G oldberger—T re im an  re la tio n  p lausib le . To 
il lu s tra te  t h a t  th is  is n o t obv ious, we rew rite

<0 I ÔA I дл)  =  ( i )  (p*  +  p \  < 0 | # |  длУ (6 )

a n d  we m ak e  a sim ple m odel fo r th e  te rm s <0 | A ß | д л )  o f tw o  F ey n m an  g rap h s  
(F ig . 1):

S u b s titu tin g  c o n tem p o ra ry  e s tim a tes  fo r  th e  coupling c o n s ta n ts , we f in d  
th a t  each  one of th e  c o n tr ib u tio n s  exceeds considerab ly  th e  req u ired  o rd e r  
0 (m2n), an d  th e  G oldberger—T re im an  re la tio n  can  only  be p la u s ib ly  m a in ta in e d  
i f  th e re  is a n ear-can ce lla tio n  am o n g  th em . T h e  o n ly  u n d e rs to o d  m echan ism  —  
to  o u r p re se n t know ledge —-  to  p ro v id e  su ch  a  cancella tion  is th e  p ro x im ity  
o f  o u r w orld  to  a ch ira l sy m m e try  lim it w ith  a ll m a trix  e lem en ts  of 3A  b e in g  
p ro p o rtio n a l to  m 2n. In d eed , we f in d  th e  re q u ire d  cance lla tion  i f  we s u b s titu te  
th e  coup ling  c o n s ta n ts  and  th e ir  signs as p re sc rib ed  by  th e  a p p ro p ria te  ch ira l 
L ag ran g ian s. T he d e ta ils  are p re se n te d  in [8].

In  su m m ary  we f in d  an  in te re s tin g  s itu a tio n :  p ion-pole dom inance m a y  
be  ex a c tly  v a lid  on ly  in  th e  lim it o f  ch iral sy m m e try . T he sam e  effects w h ich  
are  responsib le  for th e  n o n -co n se rv a tio n  o f  th e  ax ia l c u rre n t, also lim it th e  
ap p lica tio n  o f p ion-pole  dom inance  to  its  d ivergence . T u rn in g  th is  a rg u m e n t 
ro u n d , we m a y  a rriv e  a t  a w ork ing  h y p o th es is  w h ich  generalizes Ma n d e l s t a m ’s 
re su lt (see above) to  theo ries w ith  f in ite  p io n  m ass: To th e  sam e  accu racy  as 
we accep t p ion-pole dom inance, w e a re  b o u n d  to  fin d  th e  v e c to r  cu rren t in  th e  
c o m m u ta to r  o f tw o ax ia ls  [E q . (1)] conserved , or a lte rn a tiv e ly : an y  possib le  
n o n -co n se rv a tio n  o f th e  v ec to r c u r re n t in  th e  co m m u ta to r  o f  tw o ax ia ls  is 
asso c ia ted  w ith  co rrec tions to  p ion -po le  dom in an ce  and  c a n n o t be  seen in  th e  
te s ts  w here p ion-pole dom inance is u sed  as a n  ap p ro x im a tio n .

This is an  exam ple  of how  s ta te m e n ts  on  c u rre n t a lg eb ra  a n d  m eson-pole 
dom inance  can  becom e in te rre la te d . W e su g g est th a t  th ere  is a  ce rta in  ov erlap  
o f in fo rm a tio n . A lth o u g h  c u rre n t a lgebra  b y  its e lf  m ay be  fo rm u la ted  in  a 
v a r ie ty  o f th eo ries  w ith  or w ith o u t p ion-pole dom inance , th e  p rin c ip le  of p io n - 
pole dom inánce  for th e  ax ial d iv e rg en ce  —  w h ich  is n o t o b v io u s b y  itse lf  —• 
im plies d e fin ite  in fo rm atio n  on p ossib le  c u r re n t a lgebra  s tru c tu re s . O ur o b je c 
tiv e  w ill be  to  s tu d y  th is  in fo rm a tio n  in  d e fin ite  m odels a n d  also to  e x tra c t
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fu r th e r  c o n s tra in ts  follow ing fro m  th e  re la te d  hyp o th esis  o f  v ec to r an d  ax ia l 
v e c to r  m eson  dom inance  fo r th e  tra n sv e rsa l com ponen ts o f  th e  cu rren ts .

T here  is one piece o f  in fo rm a tio n , h ow ever, c h a ra c te r is tic  of c u r re n t a l
g e b ra , w h ich  w e can n ev er h ope  to  e x t r a c t  from  m eson-po le  do m in an ce  or 
re la te d  d y n a m ic a l p rinc ip les: th e  sp ec ifica tio n  of th e  sca le  o f the  w eak  ax ia l 
c u rre n t. T h is  is because we h a v e  alw ays b e e n  tre a tin g  w eak  in te rac tio n s  ex- 
a c ty . R eca llin g  th a t  on th is  lev e l w eak co u p lings e n te r  th e  u n ita r ity  re la tio n s  
o n ly  in a lin e a riz e d  form , w e see th a t  we c a n  n ev er d e te rm in e  th e ir  scale.

The b e s t  w e can, th e re fo re , hope to  deduce  from  m eson-pole do m in an ce  
o rl re la te d  p rin c ip les  is a s ta te m e n t th a t ,  w ith in  th e  m odel considered, w e can 
m ak e  th e  sam e  d eductions as if  we h ad  a ssu m ed  th e  fo llow ing  c u rren t a lg eb ra :

[ I A ( x )  (dx) \ J Д ( х )  (dxf ]  =  V) Jh(*) { d x f • (7)

W e have  d e n o te d  th e  c u rre n ts  o f th e  m o d e l by  a c a re t, to  d istingu ish  th e m  
fro m  th e  p h y s ic a l cu rren ts  fo r  w hich we h a v e  a. =  1, acco rd in g  to  Ge l l -M a n n . 
O bviously , once  we have  E q . (7), we can  alw ays rep lace  b y  ( X .Â \L =  A 1̂ by  
m erely  re sca lin g  w eak co u p lin g  c o n s ta n ts . T o  f irs t o rd e r, th is  does n o t cause 
a n y  in consistencies.

A t p re s e n t , we are  u n a b le  to  m ak e  a n y  fu r th e r  s ta te m e n ts  on genera l 
g rounds, a n d  w e tu rn  to  th e  s tu d y  of specific  m odels.

1. T ree -g rap h  m odel fo r p ion  am plitudes

M ost o f  th e  c red it fo r th is  Section  is due  to  J .  E l l is .
T he p re d ic tio n  of p io n  sc a tte rin g  a m p litu d es  h as  b een  a v e ry  fru itfu l 

fie ld  of a p p lic a tio n  for c u r re n t  a lgebra. U sing  ch iral L ag ran g ian s, we o b ta in  
a tre e  g ra p h  m odel, w ith  th e  one-pion irred u c ib le  p a r ts  ta k e n  to  second o rd er 
in  th e  m o m e n ta . This p re d ic tio n  is p ro p o sed  to  be v a lid  for low energ ies: 
P2 <  m e.

W e w a n t  to  see to  w h a t e x te n t we can  reproduce  su ch  a m odel w ith o u t 
assum ing  c u r re n t  a lgebra. T h e  only  a ssu m p tio n  we w ill m ak e  is th e  p o s tu la te  
o f A d l e r  ze ro s : a pion a m p litu d e  is re q u ire d  to  van ish  w h erev er we e x tra p o la te  
one p ion to  zero  en e rg y -m o m en tu m  a n d  leav e  to  th e  o th e rs  on m ass-shell. 
As i t  is w ell k now n , A d l e r  zeros are  a consequence  of p ion -po le  do m in an ce  for 
th e  d iv erg en ce  o f th e  a x ia l c u rren t.

< f \ n ( P ) , i }  = (p2 m l)
< f\Q A\i}  =

(P2 ml)
(8)

• 0 as 0 .
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As a p re lim in a ry , we s tu d y  th e  fo u r-p io n  a m p litu d e . To second  o rd er in  th e  
m o m en ta , on an d  off-shell, its m o s t general fo rm  has been given b y  W e in b e r g

^ п л710\л ул ву =  b ^ b . ^ A  +  B ( p a +  p ß)2 +  C { ( p x — p y)2 +  (Pc —  Pô)) +
(9)

-f- (p e rm u ta tio n s  in  isospin  indices).

A d ler  zeros give th e  co n stra in t

A  +  ( B  +  2 C)m l  =  0. (10)

F ro m  th e  scale o f  th e  ax ia l c u rre n t [E q . (1)], W e in b e r g  deduces

(С B )  =  1 /F 2. . (11)

To fu lly  d e te rm in e  th e  am p litu d e , y e t  an o th e r in p u t  is needed : a n  a ssu m p tio n  
on th e  m ode o f ch ira l sy m m etry  b re a k in g . E x c lu d in g  a te rm s o f  iso sp in  tw o fro m  
th e  fo u r-p ion  a m p litu d e , W e in b e r g  derives C =  0 .  This, h ow ever, is n o t a 
d ed u c tio n  from  c u rre n t algebra a lo n e , and  a n y  va lu e  of C c an  in  fac t he re 
p ro d u ced  from  a s ta n d a rd  chiral L ag ran g ian  b y  m ak ing  a su ita b le  assu m p tio n  
on th e  m ode of ch ira l sy m m etry  b reak in g .

W e see th a t  fo r th e  four-p ion  a m p litu d e , Eq. (11) is th e  o n ly  dedu c tio n  
from  c u rre n t a lg eb ra , n o t im plied in  m eson pole dom inance [Eq. (1)]. T h ro u g h  
th e  size o f  th e  p ion  decay  co n stan t F„, i t  fixes th e  scale of th e  w eak  ax ia l c u r
re n t  in  te rm s  o f  s tro n g  in te rac tio n  p a ra m e te rs , as discussed ab o v e , y e t i t  con
ta in s  a fu r th e r  piece o f  in fo rm atio n : th e  fac t t h a t  (C — В ) is p o s itiv e . T his is 
n ecessary  fo r a co m p ac t SU 2x S U 2 c u rre n t a lg eb ra  to  hold , r a th e r  th a n  a n o n 
co m p ac t SO (3, 1) o r E3. As J. Ellis h as show n in  deta il, th e  co n stru c tio n  o f  
ch ira l L ag ran g ian s can  be p erfo rm ed  w ith o u t d ifficu lties w ith  th e se  generalized  
c u rre n t a lgeb ras, an d  A d ler  zeros can  be g u a ra n te e d  by  a su ita b le  choice о f  
th e  p ion in te rp o la tin g  field

9 A 1 =  F J m 2<p‘„. (12)

N everthe less, th e re  is a s trik ing  ph y sica l d ifference  betw een  theories w ith  
co m p ac t an d  n o n -co m p ac t c u rre n t a lgebras, w h ich  can n o t be  rem oved  ju s t  
b y  rescaling  pu re  w eak -in te rac tio n  q u a n titie s . C onsider, for in s ta n c e , th e  Ad l e r  
W e is b e r g e r  re la tio n  fo r ( л л )  s c a tte r in g  w hich w o u ld  follow from  a generalized  
c u rre n t a lgeb ra :

[j A ‘0(x) ( d x f ,  § A J0(y )  (dy)3] =  iei]k • x  ■ jV g(x) (dx)3 .

ds

, ( ^  r n l f
( Æ ( s ) - C *+(*))■

2 P k w ,
л

(13)

(14)
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O bviously  a  < [ 0 w ould  d em an d  s a^+n~ , a t  le a s t  in  average, w h ich  is
to ta lly  a t  o d d s w ith  o u r p re se n t u n d e rs ta n d in g . B y assu m in g  absence o f  exo
tic  s ta te s , th e  n o n -co m p ac t c u rre n t a lg e b ra  can  be ex c lu d ed  fa irly  tr iv ia lly  (since 
n o n c o m p a c t a lgebras c a n n o t have  f in ite  d im ensional u n i ta ry  rep re sen ta tio n s) , 
b u t  we w ill see in  th e  n e x t  section  th a t  w e can also exclude  th em  th ro u g h  vec
to r  m eson  dom inance  —  w hich  m ay  b e  less tr iv ia l.

To co m p le te  th e  d iscussion o f th e  p io n  m odel, w e o u g h t to  see w h e th e r 
the  p re se n t ba lance  o f  in fo rm atio n  c o n tin u es  to  h o ld  fo r m any -p io n  am p li
tu des: g iven  an y  th re e -g ra p h  m odel fo r  p ion  in te ra c tio n s  w ith  second  order 
p o lynom ia ls  in  th e  m o m e n ta  to  a p p ro x im a te  th e  one-p ion  irred u c ib le  p a rts  
a n d  w ith  Adler zeros, w e can  alw ays f in d  a genera lized  ch iral L ag ran g ian  
w hich rep ro d u ces  th e  m o d el, u tiliz ing  th r e e  sources o f  in d e te rm in acy :

1. th e  scale o f th e  ax ia l c u rren t (x) in  te rm s o f  E q . (13);
2. th e  com pactness p ro p e rty  o f th e  a lg eb ra  (sign x  in  te rm s of E q . (13) );
3. th e  m ode o f ch ira l sy m m etry  b reak in g .
F o r th e  four-p ion  am p litu d e , th is  s ta te m e n t follow s tr iv ia lly  f ro m  the  

p reced in g  discussion : fo r th e  (21V) p ion  a m p litu d e  le t u s  use  an in d u c tiv e  a rg u 
m en t to  b a la n c e  th e  degrees of freedom .

A ssu m in g  th a t  we h a v e  chosen th e  am p litu d es fo r  (21V —  2) p ions in 
acco rd an ce  w ith  Adler zeros, we h av e  no  longer an y  freedom  in co n s tru c tin g  
th e  red u c ib le  p a r ts  o f  th e  (21V) p ion  am p litu d es , a n d  new  in fo rm a tio n  m ay 
com e o n ly  from  an  irred u c ib le  “ c o n ta c t”  c o n tr ib u tio n . A ssum ing t h a t  there  
are  tw o  possib le  choices, say  Cl an d  C2, fo r  th is  c o n ta c t te rm , we rea lize  th a t  
th e  d iffe rence  (C1 —  C2) m u s t have  a ll th e  Adler zeros b y  itself. As J .  Ellis 
has show n in  d e ta il, th e re  is only one su ch  form  fo r (21V) 6 p ions:

with an unspecified multiplicate constant y N. We now realize the restrictive 
power of the requirement of Adler zeros: only N  constants are left free in the 
construction of a (21V)-pion amplitude.

T h e sam e can be seen to  be th e  case  fo r (generalized) ch iral L ag ran g ian s. 
W e c o n c e n tra te  here on th e  case o f S U 2x S U 2; th e  cases of SO(2,2) a n d  E 3 
are  sinàilar. L e t us reca ll som e details in  th e  co n s tru c tio n  o f  ch iral L ag ran g ian s.

Öncé the pion field has been chosen according to Eq. (11) to guarantee 
Adler zeros, and the scale of the axial current has been set by identifying the 
pion decay constant F n, the kinetic part of the chiral Lagrangian is uniquely 
determined in terms of covariant derivatives, and the only freedom left is in 
the construction of the chiral symmetry breaking generalized pion mass term

(15)

I .. . ж в> =  2 в л я „ , (16)
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w here th e  o p era to rs  H n are  th e  iso sca la r p a rts  o f  th e  SU 2X SU 2 'o p e ra to r m u l
tip le ts  (re/2, re/2). T h e ir co n stru c tio n  in  term s o f  p ion fields

n n =  2  W Y  a ? )
(  =  0

is u n iq u e ly  fixed , once E q . (11) h a s  been im p o sed : how ever, th e ir  re la tiv e  
w eig h ts  are  u n co n stra in ed .

C ollecting te rm s  o f second o rd e r in the  p io n  fields we se t

2 an K -
n =  l

T erm s o f N th o rd e r give ju s t  one unspecified  c o n ta c t  te rm

n =  1

(18)

(I

w h ich  can  be g iven an y  value , to  m a tc h  th e  in d e te rm in a c y  o f y N in  E q . (15) 
b y  su ita b ly  a d ju s tin g  th e  p a ra m e te rs  an. This com ple tes th e  p re se n t d em o n stra 
tio n ; m ore  d e ta iled  a rg u m en ts  can  be found  in [8] an d  [9].

B efore leav in g  th e  su b jec t, le t  us recall t h a t  desp ite  th e  in d e te rm in ac ies  
le f t a f te r  im posing  A d l e r  zeros in  p io n  am p litu d es , Ma n d elsta m ’s suggestion  
h as  b een  verified  in  th e  p resen t m odel: th e  th e o ry  w ith  m eson-poles dom inanc 
is a lw ays e q u iv a len t to  one w here th e  c o m m u ta to r  o f  tw o axial cu rrenaep ro - 
duces a conserved  v e c to r  c u rren t.

2. The <(A, A , V ) vertex

As a f irs t s tep  to  include effects o f  vec to r a n d  ax ia l v ec to r  m eson  dom i
nan ce , we in v es tig a te  a classic o b je c t: th e  v e r te x  o f  one v ec to r a n d  tw o  ax ia l 
c u rre n ts . A fte r m a n y  a tte m p ts , i ts  s tru c tu re  has b e e n  clarified  b y  Schnitzer  
an d  W e in b e r g  w ith  th e  jo in t  use o f  cu rren t a lg e b ra  and  a specific  form  o f 
m eson-pole  dom inance . As reg a rd s m eson-pole dom inance, w e sh a ll m ake 
th e  sam e assum p tio n s as Sc h n itzer  a n d  W e in b e r g  d id : th e  on ly  s ingu larities 
we allow  w ill be poles o f  A t , q and  тг-m esons and  th e  irreducib le  v e rtic e s  will be 
c o n s tra in e d  to  be low -order po lynom ials in  the  m o m e n ta  in th e  p rob lem .

As regards c u rre n t a lgebra, w e con tinue  to  assum e th e  isosp in  algebra 
an d  th e  c o m m u ta to rs  o f ax ia l v e c to r  cu rren ts  w ith  v e c to r  c u rre n ts , b u t  we do 
n o t m ak e  an y  specific a ssum ption  a b o u t th e  c o m m u ta to r  of tw o ax ia l cu rren ts

[ J 4 ( * )  («**)». A l( y ) ] * "  =  i X ‘J ( y ) . (20).
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X ‘J(y )  is ta k e n  to  be som e unspecified  v ec to r  c u rre n t;  only  its  isosp in -one com 
p o n e n t en te rs  th e  p ro b lem .

I t  can  easily  b e  seen th a t  th e  c o m m u ta to r  o f  tw o  ax ial c u rre n ts  c o n tri
b u te s  o n ly  in  one W a rd  id e n tity :

0  =  ip* ■ \ j ' ( d x y ( d y f  e‘Px eipy < 01T x {Affix), Afifiy), П (0 )} |0 >  +

+  $ № х ) ^ у У е ‘гх е‘Р У (0 \Тх { д А ‘(х ) ,А 1 (у ) ,У Щ } \О У  +

+  i  J J (d * )4 ei(-p+4 x̂ < 0 |T X { X ÿ ( x ) ,  1^д(0)}|0> - 

i eiJk j j ( d y ) 4 eiqv < 0 |T X { A Í (y ) ,  4 ( 0 ) }  |0 > .

In  th e  th ird  te rm , o n ly  in te rm e d ia te  s ta te s  of to ta l  spin-one can  c o n tr ib u te , 
since fo r all o thers <C 0 | V k\ s  )> w o u ld  van ish . So o n ly  th e  tra n sv e rsa l com po
n e n ts  o f  X% e n te r  th e  ca lcu la tio n ; lo n g itu d in a l co m p o n en ts , if  a t  a ll possible, 
c a n n o t c o n tr ib u te . So, w ith in  th e  fram ew o rk  o f th e  p resen t ca lcu la tio n , X ‘J 
ac ts  lik e  a conserved  c u rre n t o f iso sp in  one

Щ  =  eUk X k . (22)

U sing now  our specific  m eson pole s tru c tu re , we see th a t  th e  g-m eson is th e  
on ly  possib le  in te rm e d ia te  s ta te  in  th e  th ird  te rm  o f E q . (21) to  cause  a sin 
g u la r ity  in  (p  -f- q)2. T h is has th e  e ffec t o f con fin ing  all the  in fo rm a tio n  ab o u t 
X  to  a  single co u p ling  c o n stan t:

< 0 I X k I g > =  a  < 0 I V k I g > =  < 0 I x v k I g > (23)

w ith  th e  p a ra m e te r  a be ing  d efin ed  th ro u g h  E q . (23). So, we f in d  again th e  
sam e p red ic tio n s from  m eson pole dom inance  alone as if  we h a d  assum ed  in 
a d d itio n :

[ J 4 ( * )  (d*)3, A l(y ) ]  =  ie«k a  V k( y ) . (24)

T he n o n -tr iv ia l a sp ec t o f th is  m odel is th e  fac t t h a t  th e re  we can  d e m o n s tra te  
th a t  a  h a s  to  be  p o s itiv e  for co n sis ten cy . T he d e ta ils  o f th e  a lg e b ra  are u n 
fo r tu n a te ly  so m ew hat long; th e y  h a v e  been p re se n te d  in a p a p e r  b y  J . d e  
A z c a r r a g a  and  th e  p re se n t a u th o r . T h e  im p o r ta n t fa c t is th a t ,  fo r  consistency  
o f  th e  so lu tion  o f  th e  W ard  id e n t i ty  in te rm s o f  reduced  v e rtic e s , th e  f irs t  
W ein b erg  sum  ru le  has to  be sa tis f ie d , w hich read s  in  th e  p re se n t case:

f  2 f ‘2.
П + - Ц -  =  (25)m-A ml

P o s itiv ity  requ ires oc, )> 0; a n o n -co m p ac t a lte rn a tiv e  to  th e  u su a l SU2x S U 2 
c u r re n t a lgeb ra  is n o t  com patib le  w ith  v ec to r m eson  dom inance.
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3. Hopes a n d  conclusions

I t  is fa irly  d ifficu lt to  judge w h a t has been ach iev ed  so far. T he ou tcom e 
will lie som ew here b e tw een  tw o ex trem es:

1. I t  m ay  tu rn  o u t  th a t  th e  sy s tem s  s tu d ied  so fa r  h av e  re p ro d u ced  th e  
c u rre n t a lgeb ra  s tru c tu re s  from  m eson pole  dom inance  because o f th e ir  lim ited  
degrees o f freedom . A s soon as w e s tu d y  m ore co m p lica ted  sy s tem s, new  
sources o f in d e te rm in acy  will open u p . E v e n  in  th is  case we w ould a t ta c h  some 
v a lu e  to  th e  reco g n itio n  th a t  th e  ex am p les  so fa r  s tu d ie d , w hich h a v e  been 
chosen  from  am ong th e  s ta n d a rd  a p p lica tio n s  o f c u r re n t a lgebra, h a v e  n o t 
te s te d  th e  th e o ry  to  a n y  g rea te r e x te n t  th a n  to  a scale  fac to r . W e w o u ld  have 
to  call even  m ore in te n se ly  for n e u tr in o  d a ta  to  p ro p e rly  te s t  its  v a lid ity .

2. I t  m ay  also tu r n  o u t th a t  a  v e ry  considerab le  am o u n t o f  c u rre n t 
a lg eb ra  s tru c tu re s  m a y  be  deduced  fro m  a d y n am ica l hyp o th esis  lik e  m eson 
pole dom inance. D o m inance  of single m esons in c e r ta in  channels is n o t  the  
m o st rea lis tic  p rinc ip le , how ever, in  o u r  c o n te m p o ra ry  u n d e rs ta n d in g  o f  strong- 
in te ra c tio n  dynam ics. B o th  th e  recen t successes of d u a li ty  theories w ith  in fin ite  
recu rrences an d  th e  s till u n ex p la in ed  d ipole  fits  to  nucleon  e lec trom agnetic  
form  fac to rs  c learly  d e m o n s tra te  th e  n e e d  fo r a d iffe ren t dynam ics th a n  based  
on n e a rb y  singu la rities . T h e  hope re m a in s , how ever, t h a t  th e  p re se n t m odel 
s tu d ies  m a y  lead  to  th e  fo rm u la tio n  o f  new  concep ts w hich  m ay  e v en tu a lly  
allow  us to  search  fo r re la tio n s b e tw een  c u rre n t a lg eb ra  and  m ore rea listic  
d y n am ica l theo ries, lik e  th o se  based  on  d u a lity .
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О ВОЗМОЖНЫХ СВЯЗЯХ МЕЖДУ АЛГЕБРОЙ ТОКОВ И АППРАКСИМАЦИЕЙМЕЗОННЫМИ ПОЛЮСАМИ
Б. РЕННЕР 

Резюме
Предложена идея, согласно которой между информациями, получаемыми из алгебры токов и принципов аппраксимации мезонными полюсами имеется частичное совпадение. На простых моделях показано, что результаты алгебры токов с точностью до неизвестной калибровки слабого аксиального тока могут быть получены для мезонов из одних принципов аппраксимации мезонными полюсами. Доказывается, что некомпактный вариант обычной SU2 X  SU2 алгебры токов является несовместимым с аппраксимацией мезонными полюсами.
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CURRENT COMMUTATORS AT SMALL TIME 
DIEFERENCES

B y

I. F a r k a s  and G . P ó c s ik

IN ST ITU TE FOR TH EO RETICA L PHYSICS, RO LA ND  EÖTVÖS U N IV E R S IT Y , BUDAPEST

U sing the equal-tim e current algebra and the divergence conditions, we calculate the  
current com m utators for sm all tim e differences. I t  is shown th a t th e  com m utators are exp li
c itly  m odel-dependent and the contributions o f  th e  sym m etry-breaking term s do n ot drop out. 
The physical content o f the current com m utators o f  non-equal tim e is discussed in  term s o f  
new sum  rules. W e point ou t that the disconnected contributions are necessary for the consis
tency of the sum rules. The sum  rules favour the field  algebra.

I . In tro d u c tio n

In  sp ite  of th e  enorm ous successes o f th e  eq u a l-tim e  c u rre n t a lgeb ra , 
ex ten sio n  o f th e  c u rre n t co m m u ta to rs  fo r non -equal tim es  is an  u rg e n t and  
d ifficu lt ta sk . U p to  now , th e  m o tiv a tio n  for generalized  c u rre n t a lg eb ra  is 
tw o fo ld .1 In  o rder to  c la rify  th e  m ean ing  o f th e  in fin ite  m o m en tu m  m e th o d , 
a t te m p ts  h av e  been m ad e  fo r an  ex ten sio n  o f  th e  c u rre n t a lg eb ra  n e a r th e  lig h t 
cone [1, 2 ]. 2. T he lig h t cone co m m u ta to rs  con tro l th e  h ig h  energy  b eh av io u r, 
th e re fo re  theo ries of generalized  c u rre n t a lgebras w ere developed  on th e  lig h t 
cone [3, 4 , 5] to  s tu d y  ine lastic  processes a t  h igh energies.

T hese generalized  c u rre n t a lgebras a re , how ever, p o s tu la te d  w ith  a ce r
ta in  a rb itra rin e ss , as fa r  as th e  c o m p a tib ility  w ith  th e  d ivergence co n d itio n s 
(P C A C , C V C , e tc .) an d  th e  presence o f th e  sy m m etry -b reak in g  te rm s  are  
concerned . In  Section  I I  we show  th a t  th e  equa l-tim e  c u r re n t a lgebra a n d  th e  
d ivergence cond itions d e te rm in e  th e  ex ten sio n  to  no n -eq u a l tim es, a t  le a s t  in  a 
sm all s tr ip  along th e  space-ax is. I t  is ex p lic itly  seen t h a t  th e  generalized  
c o m m u ta to rs  are  m o d e l-d ep en d en t an d , in  general, th e  co n tr ib u tio n s  o f  th e  
sy m m etry -b reak in g  te rm s  do n o t d rop  o u t.

T he n e x t questio n  concerns th e  p h ysica l c o n te n t o f th e  genera lized  
c u rre n t co m m u ta to rs  (Section  I I I ) .  In  th e  case of conserved  v ec to r c u r re n ts  
we describe  a sim ple m e th o d  lead ing  to  sum  ru les. T he new  sy stem  o f sum  ru les 
becom es in co n sis ten t i f  one neglects th e  d isconnected  c o n tr ib u tio n s . T he su m  
rules fav o u r th e  fie ld  a lgebra.
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II . N on-equa l-tim e  c u rre n t co m m u ta to rs

W e co n fin e  ourselves to  S U 3x S U 3 a lg eb ra  and  w rite  [6]

[jo(*)> -k W k = y o  =  '/abc à(x y )  [ j J l ( x ) + S ( j 0, J J . (1)

H e re  j “, J “ a re  v e c to r  or ax ia l v e c to r  c u rre n ts , S ( j ,  J )  m ean s possible g ra d ie n t 
te rm s  an d  [j  J ] is a  su itab le  v e c to r  or ax ia l v ec to r c u rre n t, [V A ]  =  [Л V] =  
=  A ,  [A A ]  =  [ W ]  =  F . W e suppose t h a t  th e  c u rre n t d ivergences are  given 
(C V C , PC A C )

Spja — dai Da- (2)

To ca lc u la te  th e  c u r re n t  c o m m u ta to rs  a t  sm all t im e  differences, we 
su b je c t jr'o(x) to  a  sm all tim e  tr a n s la tio n ; th e n  o u r ta s k  is red u ced  to  th e  c a lcu la 
tio n  of

9o Уо(*>Уо)
а д

, J bÁ y )

a n d  th is  can  b e  done for th e  f i r s t  few d e riv a tiv e s .
Case n  =  1. F irs t, le t  u s  ta k e  /л — 0 an d  su b s titu te  (1) and  (2); we g e t

[аоГо(х ,у0), Jo(y)] =  [<*“(* , Уо)> Ш ]  +

+  ifaic [j J ] ck(y) 9/t àÇ x— y )  +  Qk S ( j k, J 0), k =  1, 2, 3.
(3)

T h e  c o m m u ta to r  on th e  r ig h t-h a n d  side can  be ta k e n  from  th e  localized  
version  o f G e l l -M a n n , O a k e s  and  R e n n e r ’s c h a rg e -cu rren t d ivergence  
c o m m u ta to r  [7 ] , so, th is  te rm  carries th e  sy m m etry  b reak in g  and it  is n o t 
co m p en sa ted  b y  o th e r te rm s .

The case  [л =  к  is m ore  d ifficu lt b ecau se  o f  th e  u n k n o w n  (a lth o u g h  sm all)
[da, J bk] [8]:

[QoJoÛ y  о), J bk(y )] =  [d“(x, у  о), J k( y )] +
_  _  W

+  i У- f  abc ГУ Ш у ) дк ô ( x — y )  +  а  9, S ( j , J k),

w here а  =  0 fo r  fie ld  a lg eb ra  an d  а  =  1 fo r  q u a rk  a lgeb ra . F o r  conserved  S U 3 
v e c to r  c u rre n ts  th e  te rm  [da, J bk\ is a b se n t.

Case n  =  2. T he co rresp o n d in g  c o m m u ta to r  rem ain s, in  general, u n k n o w n  
(excep t fo r spec ia l cases) d u e  to  th e  p resence  o f th e  sy m m etry -b reak in g  te rm s . 

F o r /л =  0 one gets [9] :

Ш ( * , У о ) , Л ( у ) ]  =  [d0 d a( x , y 0) , J b0(y)] -

[®ijf{x,y0), D b( y ) ] + i fabc 90 [j J ] ck(y ) Qk à (x— J )  -  (5)

irfabc Ч ( ак ô(x  У) ГУ-Л5(т)] + Qk эо S Üio J o )— * dï  ак S ( j k, J , )  ■
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T he f ir s t  tw o co m m u ta to rs  on th e  r ig h t-h a n d  side a re  ab sen t in  th e  case o f 
S U 3-sy m m etric  v e c to r  cu rren ts , da =  D a =  0, w hile, in  general, th e y  are  d e te r
m ined  b y

9 o K , JS] -  K ,  D b] -  [da, dk J J ]  -  [0kJ2, -D6]. (6)

W e again  tak e  th e  f irs t te rm  fro m  [7]; th e  second te rm  v an ish es  in  som e 
sim ple cases, for ex am p le , b y  re q u ir in g  canonical eq u a l-tim e  co m m u ta tio n  
re la tio n s  fo r pion a n d  kaon-fie ld  o p e ra to rs , etc .

I n  case of fj, =  к

[9Î J  о), Л (У )]  =  Р Л . J o ) .  J * ( y ) ]  +  0 f [ 8 o J ? ( * ,  J o ) ,  J * ( j ) ] - ( 7 )

W h en  da 0, th e  f irs t te rm  o f  th e  r ig h t-h a n d  side is n o n -v an ish in g  [8]; 
th e  second  te rm  is k n o w n  a t p re se n t on ly  in  field  a lgebra .

F in a lly , le t us re m a rk  th a t  th e  c o m m u ta to r  n =  3 is co m ple te ly  know n in 
fie ld  a lg eb ra  for S U 3-sym m etric  v e c to r  cu rren ts . A t th e  sam e tim e , in  th e  case 
n =  4 , on ly  th e  c o m m u ta to r  /л =  0 is know n.

S um m arizing , w e see th a t  th e  c u rre n t c o m m u ta to r  of n o n -eq u a l tim e  
depends on th e  m odel from  w hich th e  equal-tim e co m m u ta to r  o f  th e  space 
co m p o n en ts  is c a lcu la ted , and, i t  d ep en d s  also on th e  v a lu e  of th e  d ivergence 
of th e  c u rre n t.

III. S u m  rules

F o r  th e  sake o f  sim plic ity  w e shall deal w ith  S U 3-sy m m etric  v ec to r  
c u rre n ts , da =  0, a n d  consider [V%(x), F?(y)], l =  1, 2, 3 for x 0 =  y 0 sm all 
enough. F ro m  S ection  I I  one w rite s

> v !
1

------------ X =  i f  a b c  ô ( x )
1

-----------X
L U 2 2

S(F0, V/) -(-

4 -  9/( 4 x) b k l f a b c i £ k l m  X

X “I- dabc Л-т

( 8 )

p ro v id ed  x 0 is sm all.
L e t us tak e  (8) b e tw een  sp in less single p a rtic le  s ta te s  of th e  sam e m ass 

an d  show  how  one g e ts  sum  rules i f  a n  expansion  like (8) is given.
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W e in tro d u c e  th e  follow ing n o ta tio n

= Y  (Pv+fv)’ у

and

A tL =  P i t i - P lp  =  Î2/X» V =  P(?, t =  ^l2 ,

*S?( Í eiQx/ p 2 v a V 0
1

----- X - V I - 4 4
J —  \ 2 2 JJ

oizd _  1
* (* )  = — :—  IZ

P i ' ) d i X (10)

(И)

(9)

w here  ô is a sm all p a ra m e te r, an d  we choose / q  p 2. A ssum ing S ( F 0, V t) is a 
e-num ber, from  (8) and  (10) w e a rriv e  a t  th e  sum  ru le :

“  Г dQo С (pú Pi'- Q)g(K~Qo) =
2я J

X

i f  abc P I F c(t) g

1

^0 „ ^0 — ixfabc F %t) P 0  X

<*g(*0
dz z — k0 — \  A0

( 12)

T h e ax ial v e c to rs  A°m, A cm an d  S ( V 0, F,) could  n o t give a n y  co n trib u tio n s  to  
E q . (12).

T he fo rm  fa c to r  F c(t) is defined  b y  th e  eq u a tio n

< P 2 | 1^(0) I P i  > =  F c(t)Pß. (13)

Since in  (8) we have  k e p t  only  th e  f ir s t  d e riv a tiv e , th e  sum  ru le  (12) 
co n ta in s  te rm s  o f  o rder ô a n d  Ő2, e v e ry th in g  else has to  be neg lec ted . I t  is, 
how ever, im p o r ta n t  th a t  th is  m u s t be done a f te r  h av in g  ca lcu la ted  th e  in teg ra l 
(12), o therw ise  e x tra  convergence problem s cou ld  appear.

T he m a tr ix  e lem ent t“® (j jx; p 2; Q) can  be  decom posed in to  its  in v a ria n t 
p a r ts  in  th e  fo llow ing w ay:

(P i-P i-  Q) =  ai Pv-\-a2 A v P^ @„ +  «4 A^ Pv-\-a- A ^ A v-\- 

+  a e ^ ti Q v Jr a T Q tl.P v Jr a » Q ti ^ v A - ^ Q lLQ v Jr a \o g iiv
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w ith  in v a r ia n ts  at d e p e n d e n t on v, t, g3, q%. S u b s titu tin g  (14) in to  (12) w e ge t:

2^  P ” dQ0(a iP 0 -f- a 4 A 0 -)- a 7 Q0)g (k0 Q0) —

ô + — iô2 К  ^ 0
2 2 °) J

Г dQ0(a2 ^о”Ьа 5 ^ o _t_a8 Qo) s(^o  Qo) —
2 л  J _ „

=  ocfabcP0 F % t ) ~ ó \

1 r~
I Ĉ Vo(a 3-f>0 “b a 6 ^ 0  ~b a 9^o) (?o) =

=  ocfabcF ‘(t)P0± - ô 2 .

(15)

(16)

(17)

As we h a v e  rem a rk e d , th e  le f t-h a n d  sides o f  E qs. (15)-(17) m u s t be considered  
in th e  o rd e r ô2 a fte r  in te g ra tio n . I f  we w o u ld  expand  g (k 0 —  Q0) in  ő, th e  sum  
ru les  o b ta in e d  im m ed ia te ly  from  th e  eq u a l-tim e  c o m m u ta to rs  [9Jjf"“, j£ ]  
w ould  he  e x a c tly  reco v ered . K eep ing  th e  te rm s  o f o rd er x l  in  (8), even th e  te rm s  
o f o rd e r <53 w ould  be e x a c t in  E qs. (15)—(17).

T he a d v a n ta g e  o f th e  equ a tio n s su ch  as (15)-(17) is th a t  th e y  in c lu d e  
in fo rm a tio n  com ing from  th e  u su a l c u rre n t a lgebra  an d  th e  tim e  d e riv a tiv e s  
(in th e  p re se n t exam ple  re -— 1, see E q . (4) ). A t th e  sam e tim e , th e y  show  th e  
u su a l d ependence  on th e  re fe rence  system  [10, 11] an d  also a m odel-dependence  
th ro u g h  a .

In  w h a t follows we d e riv e  th e  P 0 —*■ oo sum  ru les. F ir s t  le t us assum e 
th a t  th e  lim it  P 0 —► oo m a y  he  tak en  u n d e r  th e  in teg ra ls  (15)-(17); th e n  we 
a re  led  to  a  c o n tra d ic tio n . To see th is , wc f i r s t  define th e  q —► oo system  [П ]

P** =  (y W2’ 0, 0, -  y yP2), 4  =  (0, 4 , 4 , 0),

dv
(18)

Q, =  (Ö3, <?1, c>2, Q3), dQ0

У
у У P2

ql, ql becom e in d e p e n d e n t o f  v. T hen , we g e t from  E q . (15) in  th e  lim it P 0 —► oo

1
27Г

dv «J =  i f abc F c ô -f- -— iô2 k 0
2

(19)
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since Q3 ^  0, th is  could be sa tis fied  only  b y  a van ish in g  fo rm  fac to r. In  t h e  
sam e w ay , E q s . (16) and  (17) a re  co n sis ten t o n ly  i f  x F c =  0, th a t  is in  f ie ld  
a lg eb ra .

So, we conclude th a t ,  in  general, th e  in fin ite  m ass co n tr ib u tio n s  a re  
n ecessa ry  fo r th e  consistency  o f  th e  P 0 —► oo sum  ru les [11]. T h a t is, in te r 
ch an g in g  th e  lim it  P 0 —► oo a n d  th e  in te g ra tio n  over Q0, th e  co n trib u tio n s  o f  
th e  d isco n n ec ted  d iagram s m u s t be s e p a ra te ly  ta k e n  in to  acco u n t. L e t u s  
d e n o te  b y  a“f  th e  d isconnec ted  c o n tr ib u tio n s  to  th e  in v a r ia n ts  <q; th e n  th e  
c o n tr ib u tio n s  o f  th e  d isco n n ec ted  g rap h s to  th e  in teg ra ls  (15)—(17) in  th e  
lim it  P 0 —► oo a re  in  tu rn :

1 *oo

lim  —  ^ о « ? о + « ^ о ) # о  Q0) =  A 1â + - i ô * A 2 , (20)
я , - »  2тr j _ „  2

lim  J -  Г  d Q M  P0+ a Í  Q0)g (k0 Q0) =  B l ô +  ± - ió* B 2 , (21)
я . - -  2:r j _ „  2

lim  í dQ0(aÍP0 +  a$ Q0)g{k0 Q0) =  Сг д - f  ~ i ô 2 Cz , (22)
P o-~  2я: 2

w here

<?o =  J -  y  =  ( l - ( ^ - * .  (23)
y ] / P 2

T he fu n c tio n s  . . ., C2 are defined  b y  E qs. (20)—(22), th e ir  d e ta iled  
fo rm s d ep en d  on th e  d y n am ics . In  pole ap p ro x im a tio n  w e know  th a t  th e  
d isco n n ec ted  c o n tr ib u tio n s  a re  f in ite  an d  w e h av e  seen t h a t  a t  le a s t one o f  A 1 
a n d  A 2 (B x a n d  B 2, an d  C2 in  th e  q u a rk  m odel) is n o n -v an ish in g .

F in a lly , com paring  th e  coeffic ien ts o f  ô an d  Ô2 in  (15)-(17), we ge t th e  
follow ing sum  ru les for P 0 —► oo:

Г dva1+ A 1 =  i f  abc F c,
2 л  J  __

(24)

j dva1+ k 0A 1 =  A 2 , 
2 л  J

(25)

( dva2-\~B1 —  0 ,
J  _ oo

(26)

(Q3 k0) B 1p B 2 =  — ix  P0f abc F c , (27)

—-— Г dva3 -f Сг =  0 , 
2n  J

(28)

((?з~  == —ia  Pofabc F c. (29)
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Н еге (24), (26), (28) co rrespond  to  th e  usual c u rre n t a lgeb ra  sum  rules [12], 
w hile  th e  o thers are  new  ones. F o r  a  =  1 th e  r ig h t-h a n d  sides o f  E qs. (27) a n d  
(29) becom e in fin ite , since B 2 a n d  C2 c an n o t com pensa te  th e se  in fin itie s ; on ly  
th e  fie ld  a lgeb ra  (x =  0) is c o n s is te n t w ith  th e  P 0 — oo sum  ru les [13]. I t  is, 
how ever, im p o r ta n t  to  em phasize  th a t  a t  th is  conclusion w e assum e th e  
ex istence  o f th e  in teg ra ls  of a2 an d  a 3 in  E qs. (26) an d  (28).

IV. D iscussion

In  th e  p re se n t p a p e r  we h a v e  show n th a t  th e  eq u a l-tim e  c u rre n t a lg eb ra  
a n d  th e  d ivergence cond itions d e te rm in e  th e  n o n -eq u a l-tim e  c u rre n t com m u
ta to rs  in  a sm all s tr ip  along th e  space-ax is. T h e  m odel-dependence  and  th e  
sy m m etry -b reak in g  te rm s in th e  generalized  c u r re n t c o m m u ta to rs  w ere show n. 
T h e  pu rpose  o f S ection  I I I  w as to  p re se n t su ch  a m eth o d  w h ich  expresses th e  
n o n -eq u a l-tim e  co m m u ta to rs  in  te rm s of sum  rules. T hese genera lized  sum  
ru les co n ta in  also th e  in fo rm a tio n  com ing from  th e  tim e  d e riv a tiv e s  [14] a n d  
th e y  are sig n ifican t, fo r in stan ce , in connection  w ith  th e  th e o ry  o f h igh-energy  
in e lastic  sca tte rin g .

In  th e  specific  exam ple b a se d  on E q . (8) we deal w ith  conserved  v e c to r  
c u rre n ts  an d  get th e  sum  ru les (15)—(17) an d  (24)-(29), re sp ec tiv e ly , as re s tr ic 
tio n s  for th e  s c a tte r in g  o f sca la r a n d  v ec to r p a rtic le s . A lth o u g h  th e y  v erify  o u r 
genera l s ta te m e n ts  above, th e ir  im m ed ia te  e v a lu a tio n  c a n n o t be  carried  o u t 
because  o f th e  lack  o f th e  e x p e rim e n ta l d a ta  concern ing  th e  sc a tte rin g  o f  
sp in less an d  sp in -one o c te t p a rtic le s . N everth e less , i t  is im p o r ta n t  to  e s tab lish  
th e  crucia l role o f  th e  d isco n n ec ted  d iag ram s in  (24)-(29) a n d  th a t  th e  sum  
ru les are co m p atib le  w ith  th e  f ie ld  a lgeb ra  p ro v id ed  (26) a n d  (28) converge.
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КОММУТАТОРЫ TOKA ПРИ МАЛЫХ ИНТЕРВАЛАХ ВРЕМЕНИ
И. ФАРКАШ и Г. ПОЧИК

Резюме
Используя алгебру токов при равенстве времен, и условия расходимости, рассчитаны коммутаторы тока для малых интервалов времени. Показано, что коммутаторы явно зависят от модели, и вклады от членов, нарушающих симметрию не отнадают. Рассмотрено физическое содержание коммутаторов тока в терминах новых правил сумм. Показано, что для последовательности правил сумм необходимо наличие вкладов несвязанных диаграмм. Правила сумм дают предпочтение алгебре поля.
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MEASUREMENT OF THE KL +  p -i Ks +  p 
REGENERATION AMPLITUDE AT HIGH ENERGIES

D U B N A — SE R PU K H O V — B U D A P E ST  COLLABORATION*

The m easurem ent o f the K° regeneration am plitude in  the energy range 15— 35 GeV 
using the Serpukhov proton synchrotron is reported.

1. In tro d u c tio n

T h e  K ° reg en e ra tio n  ex p erim en t aim ed a t  d e te rm in in g  th e  difference 
of th e  com plex  K °p a n d  K °p fo rw ard  sc a tte rin g  am p litu d es:

4 f  =  f - l

This can  be  done b y  m easu ring  th e  K L p  —>- K s p  reg en e ra tio n  am p litu d e , q, 
since th e y  a re  re la te d  to  each o th e r b y  th e  follow ing fo rm ula :

Q{P)
n N

i m ? )
1 — e '

2
iA i

H ere N  is th e  n u m b er o f  sc a tte rin g  cen tre s  p er cm 3. N o te  th a t  q s ta n d s  fo r th e  
q u a n ti ty  know n as tran sm iss io n  reg en e ra tio n  am p litu d e , w hich is ch a rac te rized  
b y  th e  fa c t  th a t  all s c a tte r in g  cen tres  a c t co h eren tly , m  an d  p  a re  th e  m ass 
an d  m o m en tu m  of th e  incom ing k ao n , A m  is th e  K L— K s m ass d ifference, 
y s is th e  to ta l  w id th  (o r inverse  m ean  life 1 / r s) of th e  K s m eson, f in a lly , l is th e  
len g th  o f  th e  re g en e ra to r. W e neg lect th e  to ta l  w id th  o f  th e  K L, yL, in  co m p ari
son w ith  y s.

E x p e rim e n ta lly  one uses K L b eam , p u ts  in to  i t  a re g e n e ra to r  (in  our 
case a 3 m  long  liqu id  H 2 ta rg e t) , a n d  co u n ts  th e  n u m b e r of л +л ~  decays of 
th e  tran sm iss io n -reg en e ra ted  K s m esons d o w n stream  th e  reg en e ra to r . The 
n u m b er o f th is  ty p e  o f  decays is g iven  b y  th e  fo llow ing fo rm ula:

N +_U m ) =  S L(p )e (p ,t) -y (K s-*-jr+7t ) • {|(?|2e y‘t + \ v + - \ 2+

+  2 |p | |J?+ _ |  e~ -^~t cos(Am t +  0 e— Ф + _ )} ,

* Presented by E . N a g y , Central R esearch In stitu te  for P hysics, Budapest.

(1)
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w h ere  S L (p ) is th e  n u m b er o f K L m esons ju s t  b eh in d  th e  reg e n e ra to r , e(p, t) 
is  th e  d e tec tio n  efficiency , a  fu n c tio n  o f p  and  th e  p ro p e r tim e  f, e lapsed  in  th e  
K °  re s tfra m e . T h e  th re e  te rm s in  th e  b ra c k e t h a v e  th e  w ell-know n m eaning: 
close to  th e  re g e n e ra to r , say  a t  t <[ 2 r s, we observe  th e  re g e n e ra te d  K s m esons, 
th e  in te n s ity  o f  w h ich  is ra p id ly  fa llin g  off; v e ry  fa r , say  a t  t >  6 r s, th e  л  + л ~  
d ecay s occur o n ly  because  o f th e  C P  v io la tio n , th e  in te n s ity  o f th e  decays is 
ro u g h ly  c o n s ta n t  a n d  p ro p o rtio n a l to  \r]+-  |2, o ften  called F itc h  level, w hich 
is  th e  ra tio  o f  r a te s :

у (К 5 - > я + я  )

I n  be tw een  one observes th e  in te rfe re n ce  o f th e  K s —► л  + л ~  a n d  K L —»- л  + л ~  
d ecay  a m p litu d e s , w hich  offers th e  p o ssib ility  to  m easure  th e  p h ase  difference 
Фд — Ф + - ,  Фе a n d  Ф+-  be ing  th e  phase  o f q a n d  o f rj+ _ ,  re sp ec tiv e ly . In  
conclusion , th e  tim e  dependence o f  iV+ _ a t  fix e d  K L m o m en tu m , p ,  gives 
in fo rm a tio n  on th e  com plex m ore ex p lic itly  on th e  tw o  re a l num bers
I e h + - 1  an d  ф е — ф +~-

2. E x p erim en ta l lay o u t

T he K L b e a m  w as e x tra c te d  b y  th e  u su a l te c h n iq u e  from  th e  S erp u k h o v  
70 GeV p ro to n  sy n ch ro tro n , p u t t in g  an  A1 ta rg e t  in to  th e  in te rn a l p ro to n  
b e a m . C harged  p a rtic le s  w ere rem o v ed  b y  a sw ipp ing  m ag n e t, a n d  у  rays w ere 
ab so rb ed  b y  m ean s of a lead  f i l te r .  The rem a in in g  n e u tra l  co m p o n en t w as 
c o llim a ted  so t h a t  th e  average  d ivergence  o f  th e  b eam  a t  th e  e n tra n c e  o f th e  
3 m  long liq u id  h y d rogen  re g e n e ra to r  was a b o u t 0.6 m rad .

B eh in d  th e  reg en e ra to r  an  a n tic o u n te r  en su red  th a t  th e  o u tgo ing  p a r 
tic le s  w ere n e u tra l .  This c o u n te r  w as follow ed b y  a m ag n etic  sp ec tro m e te r  [1], 
show n  in  F ig . 1. T he f irs t  p a r t  o f  th e  sp e c tro m e te r  consisted  o f  a 6 m  long 
d ecay  zone w here  th e  л  + л ~  d e c a y  to o k  p lace. T he sp a tia l co o rd in a tes  of th e  
p ro d u c e d  tw o  ch arg ed  tra c k s  w ere  m easu red  b efo re  an d  b eh in d  a  2 m  long 
m a g n e t, 10 kG  in  s tre n g th , b y  w ire  sp a rk  ch am b ers  th a t  en ab led  us to  know  
b o th  th e  decay  positio n  an d  th e  th re e -m o m e n tu m  o f th e  n e u tra l  k ao n . Crossing 
g eo m etry , also in d ic a te d  in th e  F ig u re , ensu red  b y  trig g erin g  co u n te rs , s tro n g ly  
d isfav o u red  th e  re g is tra tio n  o f  K L —*• 3 л  decays, an d  co n sid e rab ly  reduced  
th e  rem ain in g  b ack g ro u n d  from  th e  lep to n ic  th ree -b o d y  d ecays as well. W e 
h a d  a n o th e r  fa c ility  to  recognize m uon ic  decay  p ro d u c ts  b y  le t t in g  th em  t r a 
v e rse  a 2 m  th ic k  iron  w all a n d  th e n  reg is te rin g  th e m  b y  co u n te rs .

T he signals  from  th e  w ire  sp a rk  cham bers an d  co u n te rs  w ere reco rded  
on-line on m ag n e tic  tap es , w h ich , in  tu rn  w ere fu r th e r  an a ly sed  using  off-line 
g eom etrica l re c o n s tru c tio n  [2] a n d  S U M E X  ty p e  p rogram s.
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F ig .  1 . T h e  m a g n e t ic  s p e c t r o m e t e r .  A  —  a n t i c o u n t e r s ,  T  —  t r i g g e r in g  c o u n te r s ,  S C  —  s p a r k  
c h a m b e r s ,  M  —  m a g n e t ,  M C  —  m u o n  c o u n t e r s ,  W  —  i r o n  w a l l

3. R esults

T h e  presence o f  K L —>-л + п ~  an d  re g e n e ra te d  К д -^ т г  + тг-  decays 
could  h a v e  been d e m o n s tra te d  b y  th e  effective m ass  d is trib u tio n  ca lcu la ted  
for th e  re c o n s tru c te d  ev en ts  assum ing  th a t  b o th  ch a rg ed  partic les w ere p ions. 
We h a v e  observed  a  n a rro w  p eak  in  th is  d is tr ib u tio n  a round  th e  K ° m ass 
w ith  a h a lf-w id th  o f  ^  5 MeV in cases w hen  02, th e  sq u a re  o f th e  m ean  d ev ia tio n  
of th e  K ° m eson fro m  th e  average b eam  d irec tion  w as less th a n  0.6 (m rad )2 
(Fig. 2). O n th e  o th e r  h an d , in sp ec tin g  th e  02 d is tr ib u tio n  we o b serv ed  sharp  
p eak  in  th e  fo rw ard  d irec tio n  (sm all (F) w hen th e  effective m ass lied  a round  
th e  K ° m ass (F ig. 3).

In  o rder to  d e te rm in e  lV+_ ( p ,  t) (cf. E q . (1) ) w e chose th e re fo re  even ts 
from  th e  m ass in te rv a l 0 .488-0 .508 GeV, and  for b a ck g ro u n d  su b tra c tio n  we 
an a ly sed  th e  в 2 d is tr ib u tio n  .T he n u m b e r  o f л +л ~  d ecay s, N +_ , w as d e te rm in -
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ed  in  each  p ro p e r  tim e  in te rv a l b y  co u n tin g  dow n th e  even ts h a v in g  в 2 < [  0.6 
(m rad )2 an d  s i tu a te d  beyond  th e  b a c k g ro u n d  level, w hich  la t te r  w as fix ed  using  
a  lin e a r  e x tra p o la tio n  from  th e  02 ]>  0.6 (m rad )2 region.

to

6  1O"7< 0 2 < 8 '1 O '7

y i n 4 -TO’7«  e 2 < 6-10' 7

1
L -7 2 -7

2 1 0  4 0 2 < 4  10

\
0 2 < 2  1СГ7

X

■ _____
4 4 0  4 6 0  4 8 0  5 0 0  5 2 0  5 4 0  

M e V / C 2

F i g .  2 .  T h e  e f f e c t iv e  m a s s  d i s t r i b u t i o n  o f  t r a n s m i s s i o n - r e g e n e r a t e d  e v e n t s .  G r a d u a l l y  g r o w in g  
p e a k  i s  o b s e r v e d  a r o u n d  t h e  K °  m a s s  w h e n  0 2 d e c r e a s e s  9

0 1 2 3 0 1  2 3 0  1 2 3  Ó 1 2 3 0 1 2 3 0 1 2 3 4
9 2

F ig . 3. T h e  0 2 d i s t r i b u t i o n  o f  e v e n t s  h a v i n g  a n  e f f e c t iv e  m a s s  a r o u n d  t h e  K °  m a s s .  T h e  f o r 
w a r d  p e a k  i s  s ig n i f i c a n t ly  e n h a n c e d  w h e n  M  c o in c id e s  w i th  t h e  k a o n  m a s s
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H av in g  ca lcu la ted  e(p, t) b y  M onte Carlo m e th o d , we h ad  all to  deduce 
ç/î?+ - .  A ssum ing 17+ -  to  be th e  sam e as m easu red  a t  low er energ ies, we 
a rr iv e d  a t  th e  f in a l re su lt, p re sen ted  also a t  th e  X V th  In te rn a tio n a l C onference 
in  K iev  [3].

F ig . 4 show s I A f\  n o rm alised  to  th e  k aon  m o m en tu m , p .  T he  difference 
o f  th e  K °p  and  K °p  to ta l  cross sec tions

is p lo tte d  in  F ig . 5.

A a  —
K ° p

I m  A f

4 л  p

F ig . 4. The quantity  \A f\/p  as a function of p

Fig. 5. The behavior o f the difference o f K °p and K°p to ta l cross sections as a function  of
the kaon m om entum , p
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In  b o th  cases errors o f tw o  k in d s are a sso c ia ted  w ith  th e  ex p e rim en ta l 
p o in ts ;  th e  sm alle r ones in d ica te  on ly  s ta tis t ic a l  f lu c tu a tio n s , w hereas th e  
g re a te r  e rro r b a rs  ta k e  possible sy s te m a tic  e rro rs  in to  acco u n t as well.

B ecause o f  th e  ra th e r  la rg e  e rro rs, no d e fin ite  conclusion can  y e t b e  
d raw n . W e h av e  in d ica tio n  fo r th e  m a in ten an ce  o f th e  P o m eran ch u k  th eo rem , 
a n d  th e re  is som e evidence a g a in s t c o n s ta n t p h ase  m odels.
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ИЗМЕРЕНИЕ АМПЛИТУДЫ РЕГЕНЕРАЦИИ KL + P — Ks +  P ПРИ ВЫСОКАХЭНЕРГИЯХ
Совместная работа Дубна—Серпухов—Будапешт

Резюме
Описано измерение амплитуды регенерации К° мезонов в интервале энергий 15—35 Гэв, проведенное на Серпуховском ускорителе.
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CALCULATION OF COMPLEX-CONJUGATE 
PAIRS OF REGGE TRAJECTORIES WITH THE 

SCALAR BETHE-SALPETER EQUATION
By

K . L a d á n y i

RESEA RCH  GROUP F O R  TH EO RETICA L PH Y SIC S OF TH E  H UN G ARIA N  ACADEMY O F SCIENCES,
BU DA PEST

The B e t h e —S a l p e t e r  equation o f scalar particles is reduced to a form w hich  is tractable  
num erically. This form alism  is applied to  the num erical calculation of R egge trajectories. 
Particular attention is paid  to  the level m ix in g  effects o f the m ass difference lead ing to com p
lex-conjugate pairs o f trajectories. The calculations include th e  im aginary part o f the to ta l 
energy at real values o f the angular m om enta.

I. Introduction

C onsiderable in te re s t  has re c e n tly  been a t ta c h e d  to  th e  p ro p e rtie s  o f th e  
re la tiv is tic  B e th e -S a lp e te r (BS) e q u a tio n s  [1, 2] in  th e  lad d er ap p ro x im a tio n . 
T he n u m erica l p ro g ram  in itia te d  b y  S c h w a r t z  [3] a n d  S c h w a r tz  a n d  Z em a c h  
[4] d e m o n s tra te d  t h a t  th e  classic w o rk  o f W ic k  [5] an d  Cu t k o s k y  [6] m ay  he 
ex te n d e d  b y  using co n v en tio n a l c o m p u ta tio n a l tech n iq u es . F o llow ing  th e  f irs t  
ca lcu la tio n s, m any  re su lts  have b e e n  o b ta in ed  b o th  in th e  b o u n d  [7] an d  
s c a tte r in g  regions [8]. T h is d ev e lo p m en t has been  ex p lo ited  in  d e ta ile d  n u m e
rica l ca lcu la tions o f R egge tra je c to r ie s  for spinless pa rtic le s  [9 -1 0 ]. C u t k o s k y  
an d  D e o  [9] found  su rp rising  co llision  p h en o m en a  am ong th e  tra je c to rie s  
w hich  in d ica te  th e  ex istence  of co m p lex  b ran ch es in  p a r tic u la r  u n e q u a l m ass 
s itu a tio n s .

T h e  ca lcu la tions o f  C u t k o s k y  a n d  D e o  are  lim ited  to  rea l a n g u la r  m o
m e n ta  a t  rea l values o f  s (s is th e  sq u a re d  energy). T h is ta lk  is co n cern ed  w ith  
e x te n d in g  th e  n u m erica l ca lcu la tio n s to  com plex energ ies. The e x p lic it com pu
ta tio n s  w ere done below  elastic  th re sh o ld  a t  rea l a n g u la r  m o m en ta . A  de ta iled  
re p o rt o f  th is  w ork w ill be p u b lish ed  elsew here [11].

II. Reduction o f the BS equation

W e consider th e  hom ogeneous BS eq u a tio n  o f  tw o scalar p a r tic le s  w ith  
m asses m 1 an d  m 2 w h ich  in te ra c t v ia  th e  exchange o f  a th ird  s c a la r  p artic le  
w ith  nonzero  m ass x.  T h e  BS w av e  fu n c tio n  гр sa tis fie s  th e  d iffe ren tia l eq u a
tio n  [4]

( L - X V ) y  =  0 ,  (1)
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w here  Я is th e  co u p ling  s tre n g th  a n d  V  deno tes th e  lad d e r a p p ro x im a tio n  o f 
th e  in te ra c tio n . In  th e  cen ter-of-m ass sy stem  th e  W ic k -ro ta ted  o p e ra to rs  L  and  
V  are

L  = — □  + 2 p j  E —------- M iS+mf .
0

□  2 fi2 E  fi2s -f- m \
.. ОЛ^4 L э я 4

V  =  — ~  K ^ x R ) ,
К

□  =
4 a2

Эя2,
R  =

( 2)

(3)

(4)

w here  s =  E 2, E  is th e  to ta l  c.m . en erg y , th e  я ;’ s ( i  =  1, 2, . . 4) den o te  th e
co m p o n en ts  o f th e  re la tiv e  co o rd in a te , an d  th e  p a ra m e te rs  an d  ц 2 a re  cons
tra in e d  b y  th e  co n d itio n  =  1- F o r  th e  K x fu n c tio n  we used  an  ap p ro x i
m a tio n  p roposed  b y  V osko [12]:

у к А у )
( 1 +  у)е~У +  а(1 +  2у) e~2y

1-j-o
a — 0 .6 6 7 4 6  .

W e can  m ake th e  u su a l sep a ra tio n

if) =rpi =  Ф; (R ,  6) Y ;m(#, <p),

( 5 )

( 6)

w here  th e  angles 0, <p are defined  b y

x x =  R  sin 0 sin  $  sin  <p, x 2 =  R  sin 0 sin §  cos <р, я 3 =  R  sin  6 cos ■&,
x t =  R  cos 0.

O ur s ta r tin g  p o in t is th e  ex p an sio n  o f yii in  te rm s  of th e  n o rm alized  fo u r
d im ensional sp h erica l harm on ic  fu n c tio n s  Y nlm(6, # , <p):

Vl =  aqh <Plqh, (7)
q = 0 Л=0

<Plqn=fqh(R )Y l+qtlm(e,{>,<p). (8)

S c h w a r t z  [3 ] s u g g e s te d  t h e  fo l lo w in g  b a s is  f u n c t io n s :

(9 )

w here  a  is a n o n lin ea r scale p a ra m e te r .
In s te a d  o f  th e  functions Cutk o sk y  a n d  D eo used b as is  fu n c tio n s
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<f>{qh o f th e  fo rm

cp'iqh =  <Piqh eyR cos 0 ( 10)

w here  th e  p a ra m e te r  y =  y (E )  w as chosen  to  in co rp o ra te  th e  d ifferences in  th e  
a sy m p to tic  b eh av io u r o f th e  so lu tion  w h en  cos 0 = ^ 1 .  O n th e  o th e r  h a n d , 
i t  shou ld  h e  n o ted  th a t  th e  red e fin itio n

7*1 v 7*1 ~ b  7*2 ~ *  7*2 ^

p roduces th e  tra n sfo rm a tio n

( И )

ip —v ip eSER cos 0 (12)

in  th e  w ave fu n c tio n  o f  th e  BS e q u a tio n  (1)—(2), b u t  th e  e igenvalue Я is  in d e 
p e n d e n t o f <5. T hus, th e  use o f th e  fa c to r  exp  [yR cos 6] (see E q . (10) ) m a y  be 
avo ided  b y  a  tra n s fo rm a tio n  o f th e  p a ra m e te rs  p l an d  p 2. I n  th e  p re se n t cal
cu la tio n s we choose th e  co n v en tio n  pi1 =  p 2 =  1/2 an d  a m ass scale in  w hich  
th e  e x te rn a l m asses are

m 1 =  1 +  A , m 2 =  1 —  A.  (13)

I t  is con v en ien t to  in tro d u c e  a second  se t of basis-fu n c tio n s Xipk-

XiPk = g i p k ( R ) Y l+P' lm(6,â,<p). (14)

In  p a r tic u la r , we m ay  choose

*/pt(R) =  R '+ P + * e- « .  (15)

W e now  can  fo rm u la te  th e  BS p ro b lem  (1)—(2) in  th e  space  o f  s ta te s  d e fin e d  b y  
th e  basis fu n c tio n s <plgh an d  Xigk' O ne o b ta in s  th e  follow ing system  o f in h o m o 
geneous lin ea r  equ a tio n s

J  J  2  9 v >  «,*>, -  о (i6 )
<7=0 h = 0 u=0

fo r

p  =  0, 1 , .  . ., Q, к  =  0, 1. . . ., Я , p  =  0 , 1, (17)

a n d  Q —*■ oo, H  —► oo. T he m a tr ix  e lem en ts  can  be w r itte n  as

<Xipk\B\<Piqh> =  j o d R R :i jo dfJ s in 2 0 j* d& sin & d<px*lpk В  <Piqh, (18)
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V  = __Vv nn --- r 111 V, r 0i =  Ую 0, (19)

^oo — D u  — - □  +  l + z ) 2------- (u2— V2)
4

(w2 — t;2)
Э2

3*“

4 d u  -
Э*,

4zl2-)------ u 2 n2 | ,
4

^ o i  — D 10 — uv

w ith

- □  + 1 + z l 2-  —  (u2- v 2) 
4

82 „ 0 
- \ -2 u v --------- \ - 4 A v ------

0*4 9*4

( 20 )

( 21)

и =  1/2 (E  +  JS*) v —  —  (E  —  E * ) .
2 (-

I n  ad d itio n , we h a v e

aahó— _ (,aqh~\~a qh)i aqhl — (aqh a qh)i2 2,-

( 22 )

(23)

w h ere  th e  aqh's  a re  th e  coeffic ien ts in  d ecom position  (7). T h e  exp lic it e v a lu a tio n  
o f  th e  m a tr ix  e lem en ts  is in c lu d e d  in  [11].

E q u a tio n s  (16)—(17) can  b e  co n tin u ed  in  th e  a n g u la r  m o m en tu m  p lan e , 
th e  R egge tra je c to r ie s  co rresp o n d  to  th e  n o n tr iv ia l so lu tio n s. A p p ro x im ate  
so lu tions of th is  p rob lem  m a y  b e  ca lcu la ted  b y  se ttin g  f in ite  va lues of Q a n d  H  
in  E q s. (16)—(17). T he co rresp o n d in g  secu la r eq u a tio n  is

D e t ID -  Щ  =  0, (24)

w here , of cou rse , th e  m a tr ix  elem ents

i X l p k l D ^  —  ̂ y ^ v W l q h )

d ep en d  on l, и a n d  v. The so lu tio n s  of th is  p ro b lem  resu lt in  th e  R a y le ig h -R itz  
ap p ro x im a tio n s  [3] b y  re q u ir in g  %lpk =  q>l p k . O n th e  o th e r  h an d , we o b ta in  
th e  m e th o d  o f m o m en ts  i f  % l p k  q>l p k  [13—14]. W e em p h asize  th a t  in  th e se  
m e th o d s  u n p le a s a n t d ifficu lties m ay  be e n c o u n te re d  because  th e  un eq u a l-m ass 
BS p rob lem  in v o lv es  n o n h e rm ite a n  or n o n d e fin ite  m a trices . O ur ca lcu la tio n s 
h a v e  been c a rr ie d  o u t by  u s in g  a generalized  leas t-sq u ares  techn ique . D e ta ils  
o f  th is  m e th o d  ca n  be found  in  [11].

I I I .  R esu lts  and  discussion

W e c o m p u te d  some R egge tra je c to r ie s  in  th e  reg ion  — 4 R es ^  3 .5 ’ 
— 0.5 <  l ^  1.5 (l =  l*). A ll ca lcu la tions w ere  done fo r  exchanged  m ass 
X —  1 and  th e  coupling  s t r e n g th  was a d ju s te d  as X =  16.38 to  p lace  th e
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h ig hest-ly ing  (p a ren t)  t ra je c to ry  of an  equ a l-m ass sy s tem  (A =  0) th ro u g h  
l =  1 a t  zero energy . T he tra je c to rie s  w ere ca lcu la ted  b y  u s in g  14 basis  fu n c 
tions <plqh. F igs. 1 -3  do n o t inc lude  re s u lts  n ear th e  th re sh o ld  an d  som e 
tu rn in g  po in ts  w here th e  convergence of th e  resu lts  is seen  to  be poor.

Fig. 1. Regge trajectories for equal-m ass system s. The parameters are A  =  0, A =  16 .38 ,
x =  1

F ig. 2. E ffect o f the m ass difference. The Regge trajectories were obtained  for A  =  0 .3 , A =  
=  16.38, X =  1. Solid lines represent real trajectories a t real squared energies. Dashed curves

are the com plex branches
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Fig. 1 show s th e  eq u a l-m ass s itu a tio n  (A  =  0). W e observe tw o in te r 
sec ting  tra je c to r ie s  w hich  co rrespond  to  ex c ited  s ta te s  w ith  opposite  tim e- 
p a r ity . T h e  effects o f th e  m ass  d ifference are  su m m arized  in  Figs. 2—3 b y  
choosing A =  0 .3 . C onsider f i r s t  th e  reg ion  w h ere  tra je c to r ie s  of th e  eq u a l-m ass 
sy s tem  a re  seen  to  cross (s ^  0.75, l ^  0 .03). Since th e  co rrespond ing  s ta te s  
h av e  o p p o site  tim e  p a r i ty , th e  m ixing e ffec t of th e  a n ti-H e rm ite a n  o p e ra to r  
4 Aud!dxt (see E q . (20) ) le ad s  to  a com plex -con juga te  p a ir  o f  tra jec to ries  w hich  
co n n ec t tw o  collid ing rea l b ra n c h e s  acco rd in g  to  p rev ious p e r tu rb a tio n  a rg u 
m en ts . F ig . 3 show s th e  d e ta ils  o f th is  co m p lex  b ran ch  in c lud ing  th e  im a g i
n a ry  p a r t  o f  th e  energy. I n  a d d itio n , Fig. 2 inc ludes tw o o th e r  com plex b ra n c h e s  
o f  th e  ty p e  a lre a d y  seen.

102 /

0.2 0.6 1.0 1.4
u 2

F ig . 3. D eta ils o f the first com plex branch o f  F ig. 2 (A — 0 .3 , Я =  16.38, x  — 1)

W e conc lude  th a t  th e  slopes of R egge tra jec to rie s  a re  v e ry  m odel d e p e n d 
e n t  an d  d e ta ile d  n u m erica l ca lcu la tio n s a re  necessary  b efo re  an y  conclusion  
c a n  be d ra w n .
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РАСЧЕТ КОМПЛЕКСНО-СОПРЯЖЕННЫХ ПАР ТРАЕКТОРИЙ РЕДЖЕ С ПОМОЩЬЮ СКАЛЯРНОГО УРАВНЕНИЯ БЕТЕ-СОЛПИТЕРА
к . Л А ДА Н И

Резюме
Уравнение Бете—Солпитера для скалярных частиц приведено к упрощенному виду, допускающему численное решение. Этот формализм применен к расчету траекторий Редже. Особое внимание уделено эффектам смешивания уровней при различных массах, приводящим к комплексно сопряженным парам траекторий. Также рассчитана мнимая часть полной энергии при вещественных значениях углового момента.
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LOCAL REPRESENTATIONS FOR FORWARD 
SCATTERING

B y

F .  N i e d e r m a y e r

IN STITU TE FOR TH EO RETICA L PH Y SICS, ROLAND EÖTVÖS U N IV ERSITY  
BUDAPEST

I t  is shown that the J o st—L e h m a n n  representation m ay be w ritten  in a more sim ple  
form in the case o f  forward scattering, which is sim ilar to the D e s e r —Gilb e r t- S u d a r sh a n  
representation. The existence condition for the DGS representation is analyzed and som e  
features o f this representation are shown.

In tro d u c tio n

L e t us consider th e  odd , local c o m m u ta to r  fu n c tio n  f ( x )  =  ( p  \ [J(x),  
J (0 )]  I p  )  w here  p  is a one-p artic le  s ta te ,  fo r sim p lic ity  w ith  u n it m ass  a t  
re s t, p  =  (1, 0, 0, 0) — f ( x )  = / ( — a) a n d  f ( x )  =  0 for x 2 <  0. The F o u r ie r  
tran sfo rm  o f f ( x )  m ay  be w ritte n  in tw o  fo rm s: in  th e  genera l J o s t —L e h 
m a n n  re p re se n ta tio n  [1 ] an d  in  th e  m ore sim ple D e s e r - G i l b e r t - S u d a r s h a n  
re p re se n ta tio n  [2]. T he D G S re p re se n ta tio n  is:

f(q) = J %o ~ ß )  b(<f — 4 o ß  — o)h{a, ß) da dß, a > 0, \ß\ < 1 . (1)
The J L  re p re se n ta tio n  is:

f(q)  =  j е(9оЖ?о — (? - u )2 — x2) Ф (x2, u) dx2 d3 и , x 2 >  0, | и \ <  1 .  (2)

The fu n c tio n s  h , Ф are  tem p e re d  d is tr ib u tio n s .
I n  th e  case o f fo rw ard  sca tte rin g , th e  fu n c tio n  f ( x )  d ep en d s only on  x 2 an d  

px ,  th e re fo re , th e  J L  re p re se n ta tio n  has a  ro ta tio n a l sy m m e try  in  th e  3-d im en- 
sional v a ria b le  u , th a t  is Ф (х2, и) depends on ly  on | и  |. T h e  o th e r v a riab le s  
m ay  be  e lim in a ted  using  th e  follow ing lem m a:

I f  F (x)  is ro ta tio n - in v a r ia n t d is tr ib u tio n , th e n  a one-d im ensional, even  
d is tr ib u tio n  F{u),  — oo <  и  <C +  °°  m a y  be defined , w h ich  for ev e ry  te s t  
fu n c tio n  cp(x) satisfies

J F(x) q(x) d3x  — j F (u )  ф(и) du ,

w here

ф(и) =  —1— j <p(x ) dQ  for и  >  0 and  <p( — u) =  <p(u) .
J|x |=u
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It may also be shown that if  F ( x )  is restricted to | x  | <  1, then F (u )  vanishes 
outside the region | u | <  1.

Now taking a  =  x 2 -f- u2 and using the rotational symmetry we get the
form:

f ( q )  =  J e(q0) 6(q2 — 2 | q | u cos & — а )  Ф г(а, и) d a  d u  —  d c o s & ,

where the one-dimensional integral over и  is understood. Here we have и  cos # 
as the argument of the ô function, but Фх depends only on u. Taking a test 
function q> instead of the ô function, we have an integral of the form:

fro (u cos 1?) F ( u ) d u  — d  cos •& =  j d u F ( u ) -----j q>(ß) d ß  .
J  2 j j  J - i -  2 u j _ „

This maybe rewritten in the form F 1(ß)q>(ß)dß,  where F ^ ß )  is a distribution 
with the same support and symmetry properties as F ( u ) .

So we can write a representation which is equivalent to the Jost—Leh
mann representation:

/(?) =  j еЫ % 2 — 2/5 \q\ — a)h1( a 1 ß )  d a  dß ,  a  >  0, \ß\ <  1. (3)

The Regge and the Bjorken limits off ( q )  are defined by the singularities and the 
asymptotic behaviour for h (a ,  ß )  or h ^ a ,  ß ) .  Since |g| =  У?2-  q 2 ~  q 0 =  v in 
the Regge and Bjorken limits, the same structure of h and h x results in the 
same asymptotic behaviour in both limits in both representations (1) and (3).

T he existence cond ition  fo r DGS rep resen ta tio n

According to Jost-L ehmann, every tempered distribution that is odd, 
local and has a support in the momentum space like the commutator 
< P  ! U i* ) ’ J ( ° ) ]  I p  > ,  may be written as f ( x )  — L (x ;  x ) ,  where L (x ;  rf) is an 
odd, Lorentz invariant distribution in x ,  and is an infinitely differentiable 
function in r], the Fourier transform of which

L ( q  ; u) =  e(q0) 0 ( q 2 ; u) =  J e ,qx+,u"^L(x ; rf) d i  x d 3rj

vanishes outside the region q2 >  0, | it | <  1.
The Fourier transform of f ( x )  gives the well known J. L. representation:

f(q) =  J L(q0, q — u; u )d 3u  =  § e ( q 0)ô(q0 — (q — и )2 — хг) Ф (x2, u) d x 2 d 3 и ,
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As L(g; u) h as  fin ite  su p p o rt in  u, acco rd ing  to  th e  P a le y  — W iener th e o re m  
L (x; rj) is an  en tire  an a ly tic  fu n c tio n  in  rj w ith  po lynom ial b e h a v io u r  a long  th e  
rea l axis an d  ex p o n en tia l b e h a v io u r  along th e  im ag in a ry  ax is . In  ou r case  
L ( x ; rj) is ro ta tio n - in v a r ia n t in  rj, so we can d e fin e  th e  fu n c tio n  L(x; v) as L (x ;  rj) 
— L(x; rj2). T h is fu nc tion  h as  in  th e  d irec tio n  v —*■ -f- oo po lynom ial, in  th e  
d irec tio n  v —*■ — oo, rou g h ly  speak ing , e x p o n en tia l b eh av io u r.

I f  th e  D G S re p re se n ta tio n  fo r f ( x )  e x is ts , th e n  th e re  ex is ts  a fu n c tio n  
K (x ;  tj0) s im ila r to  th e  J L  fu n c tio n  L(x; rj), w h ich  is even a n d  en tire  a n a ly tic  
in  rj0 an d  f ( x )  =  K (x;  x n). I t  m a y  also be  d efin ed  as K (x ;  rjjj) =  K (x ;  r]0). 
In  th is  case, one can w rite  th e  co rrespond ing  J L  re p re se n ta tio n :

f ( x)  =  K(x;  * 0) =  K (x ,  X2) =  K(x;  x2 +  x2) =  L(x; x2),
th a t  is

L(x; r f)  =  K (x; r f  +  x 2),

an d  i t  m ay be show n th a t  i t  is a conven ien t J L  func tion  or in  th e  o th e r fo rm :

L(x; ril -  x 2) =  K (x ;  rj%) =  K(x; r)0).

I f  X2 —► -f- o o ,  th en  th e  a rg u m e n t rf0 —  x 2 —у — o o .  T h erefo re , th e  le f t-  
h a n d  side m ay  increase  e x p o n en tia lly  and  in  genera l is n o t a tem p ered  d is t r i 
b u tio n , b u t  th e  rig h t-h a n d  side is alw ays te m p e re d . So we can  fo rm u la te  th e  
ex istence  co n d itio n  as follows: F o r  f ( x )  th e re  ex is ts  th e  DGS re p re se n ta tio n  i f  
an d  on ly  if  th e  co rrespond ing  J L  function  L ( x ; rj) =  L(x; r f)  h a s  th e  p ro p e r ty  
th a t  L (x;  c 2 —  яг2) is a te m p e re d  d is tr ib u tio n  in  x.

T he D GS re p re se n ta tio n  does n o t e x is t fo r exam ple in  th e  case w hen

L(q; u) =  s(q0)Ô(q2 l )ô (u 2 -  1)

L (x;  rj) Л(х, 1) cos |ij |, f ( x )  ^  A(x,  1) cos \x\,

an d  £ (  x , c2 — x 2) ^  A(x,  1) cos у c2— я:2. T he la s t  fu nc tion  b e h a v e s  as A (x ,  1) 
ch  x 0 i f  Xg —*■ oo an d  is n o t tem p ered , th e re fo re  th e  D G S re p re se n ta tio n  
does n o t ex is t in  th is  case.

T he sam e ex istence co n d itio n  is also v a lid  for even fu n c tio n s  f (x ) .  T h e  
J L  re p re se n ta tio n  fo r th is  is:

/(g) =  g0 j e(g0)ô(go — (q «)2 — ^2) Ф (*2; u) dx2 d3u
and  th e  DGS re p re se n ta tio n  m a y  also be tra n s fo rm e d  to  a s im ila r fo rm  (v =  q0):

f(q) =  j e(v — ß)ö(q2 — 2vß — o)h(o , ß) da dß  =

=  v j  e(v — ß)ö (g2 — 2vß — a)h1(a, ß) da dß,

18* Acta Physica Academiae Scientiarum Hungaricae 31, 1972
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w here  h(a, ß)  is even in  ß,  an d

K (a ,ß )  =  Л  d ß ' .

(The d is tr ib u tio n  Ax obeys th e  sam e s u p p o r t  cond ition  as h). T hus one m ay  
com pare  th e  tw o  re p re se n ta tio n s  for even  func tions as w ell.

I t  can  b e  show n in a  s im ila r m an n er t h a t  th e  “ g en era lized ”  DGS re p re se n 
ta t io n  m a y  b e  re w ritte n  in  th e  usual fo rm :

J ?  v" f e(v -  ß) b(<f — 2ßv — a) h n(a, ß) da dß =
/7 =  0

=  I e(v — ß) b(q2 — 2ßv  — a) h(a, ß) da d ß .

F in a lly , i t  w o u ld  be in te re s tin g  to  in v e s tig a te  th e  a n a ly tic  p ro p erties  o f  th e  
a m p litu d es  in  fo rw ard  sc a tte r in g  using th e  J L  re p re se n ta tio n .

The author’s thanks are due to Dr. J. K u t i  for useful discussions.
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ЛОКАЛЬНЫЕ ПРЕДСТАВЛЕНИЯ ДЛЯ РАССЕЯНИЯ ВПЕРЕД
Ф. Н И Д ЕРМ А Й ЕР

Резюме
Показано, что в случае рассеяния вперед представление Йоста—Лемана может быть написано в более простом виде, подобном представлению Дезера—Гильберта— Сударшана. Проанализировано условие существования для DGS — представления, и указываются некоторые черты этого представления.
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IMPEDANCE, EQUIVALENT CIRCUIT 
AND STABILITY BEHAVIOUR 

OF MEDIUM-PRESSURE DISCHARGES

By

H . D eutsch
SEK TIO N  P H Y S IK /E L E K T R O N IK  D E R  E.M .A.-UNIVERSITÄT G R EIFSW A LD , D DR

(R eceived  18. VI. 1970)

An equivalent circuit o f a m edium  pressure colum n is derived at low  current and  
stab ility  behaviour is considered on th is basis.

S tud ies o f  th e  dynam ic  b e h a v io u r of d ischarges [1], [2] h a v e  show n t h a t  
it  is possible to  d e riv e  q u a n ti ta t iv e  in fo rm atio n  ab o u t th e  effic iency  o f v a rio u s 
e le m e n ta ry  processes (d irec t io n iza tio n , stepw ise ion ization) in  th e  d ischarge  
m echan ism . T h is possib ility  is o f  p a r tic u la r  im p o rtan ce  in  in stan ces  w h en  
single e lem en ta ry  processes (e.g. tr ip le  collisions) have  b u t  a sm all effect on  
th e  s ta tic  ch a ra c te ris tic s  o f a d ischarge , b u t  a sign ifican t in fluence  on th e  
d y n am ic  b e h a v io u r. F ro m  in v es tig a tio n s  o f  th e  dynam ic  b e h a v io u r it  w as 
found  th a t  te n ta t iv e  suggestions a b o u t th e  s ta b il i ty  of th e  d ischarge  [3], [4] 
could  be m ade, a lth o u g h  in  o rd e r to  get easily  su rv ey ab le  s ta b il i ty  c rite ria  i t  
w as n ecessary  to  d erive  an  e q u iv a le n t c ircu it o f  th e  d ischarge [5]. T he p o sitiv e  
low -pressure co lum ns a t  w eak c u rre n ts  have  a lre a d y  been in v e s tig a te d  in  th is  
d irec tio n . The o b je c t o f th is  p a p e r  is f irs t to  d e riv e  an  eq u iv a len t c ircu it o f a p o 
s itiv e  m ed ium -pressu re  colum n a t  low c u rre n t an d  th e n  to  consider s ta b ili
ty  on th is  basis.

1. Equivalent circuit of a m edium -pressure column at low  current

T he d iffe ren tia l eq u a tio n  fo r the im p ed an ce  b eh av io u r o f  th e  p o s iti
ve co lum n o f a m ed iu m -p ressu re  colum n, w h ich  is n ecessary  to  b u ild  u p  a 
su itab le  e q u iv a le n t c ircu it, m ay  be  derived  sa tis fa c to rily  fro m  th e  follow ing 
sy s te m  o f in itia l eq u a tio n s  [2]:

dNejdt -\- N e jTe — P e —  0,

aM /9f +  M /tm  —  P m =  0, (1)

dR/dt  +  R / t r — P r — 0,

J  — n  e0r l N ebeE  =  0,

w here  P e/ N 2, P m/ N 2 e tc . are u sed  as defined  in  [2].

Acta Physica Academiae Scientiarum Hungaricae, Tomus 31 (4), pp. 277—283 (1972)
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Since p lasm a  p a ra m e te rs  E , N e , M  a n d  R  are  to  b e  su b jec ted  to  v a r ia 
tio n s  w h en ev er a d is tu rb a n c e  610 is im p ressed  on th e  d ischarge  c u rre n t J 0 and  
on ly  m in o r d is tu rb an ces  w ill be p e rm itte d

< h

ta k in g  th e  above expressions w ith

E  — E 0( 1 +  * i) =  E 0 +  u ,

N e =  Ne0( l  +  * 2) ’

M = M 0( 1 +  * 3) ,

R  =  R 0( 1 +  * 4) ,

I  =  ^o(l +  * 5) =  ^ 0 +  b  

we get th e  follow ing sy s tem  o f eq u a tio n s:

0*2
Г7 * ц * 1  - j -  * 12 * 2  * 1 3 * 3  * 1 4 * 4  »

Э*з
at * 2 1 * 1  * 2 2 * 2  “f"  * 2 3 * 3  “ Ь  * 2 4 * 4 ’

( 2)

(3 )

9*,
0( * 3 1 * 1  ” 1“  * 3 2 * 2  +  6 3 3 * 3  +  6 3 4 л:4 ,  

* 4 1 * 1  +  * 4 -

T h e  bik an d  aik de fined  in  [2] or 6„ re sp ec tiv e ly , show  th e  co rre la tions*ik

*11 =  N a  Ц, 

*12 =  — N b 1, 
*13 =  JVe,3,
* 1 4  =  N a u ,

*21 =  — N

b22 — —  Л' 

* 2 3  =  —  iV  

b

N e /N  
M / N

r [ N e /N

*21 ’

M / N  

' N e /N
M / N

b.

'2 4
jy  ( NeJJV

1 M / N

'3 1 IV
( N e / N

* 3 2  —  -----

Я/ЛГ

N e /N
R / N

«41’

* 4 2 ’

. лг / N e /N  \
Uqo   iV I I 9

33 l Я /JV J

b3i =  —  N \ A
N e /N
R /N

* 41  —  « 3 1 ’

(4 )
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T h e w a n te d  d iffe ren tia l e q u a tio n  fo r th e  d y n a m ic  b e h a v io u r  of a p o sitiv e  
co lum n w hich h as  been  su b je c te d  to  a m ino r d is tu rb an ce  is o b ta in e d  b y  s te p 
w ise e lim in a tio n  o f  x 2, x 3 an d  ж4 th ro u g h  re p e a te d  d iffe ren tia tio n  of E qs. (3):

cn d3 i c, d2 i c , di  c, ._ ---------1----- 1----- — -I-----------------I---- —I =
a0 dt3 a0 dt2 a0 dt a0

d3 и , a , d2 и , a ,  du  a4
= --------- f- — ------------ b — -----------h - - U .

dt3 a0 dt2 a0 dt  a0

( 5 )

T he s ta te  of th e  p lasm a  is ch a rac te rized  b y  th e  coefficients c0, c4 . . . a 0, a x, 
w here co m b in a tio n s of th e  bik occur. W ith  reference to  th e  th ree  in e r tia l  
fac to rs  w hich show  as a tim e  d e riv a tio n  in  th e  b a lan ce  e q u a tio n  we get a lin e a r  
hom ogeneous e q u a tio n  of th i r d  o rder.

In  earlie r ex p e rim en ta l an d  th e o re tic a l in v es tig a tio n s  (F ig . 1) i t  w as 
d iscovered  th a t  a m ark ed  reso n an ce  effect am o n g  o thers co u ld  be form ed fo r 
th e  im pedance  cond ition , w h ich  suggests t h a t  a co rrespond ing  e q u iv a le n t 
c ircu it (F ig. 2) is possible fo r w eak -cu rren t d ischarges a t  m ed iu m  pressu res. 
W ith  reference to  th e  th ree  in e r tia l fac to rs w h ich  are re flec ted  as tim e d e r iv a 
tio n s in  th e  b a lan ce  eq u a tio n s  th re e  reac tan ces  w ere ta k e n  in to  co nsidera tion  
in  th e  eq u iv a len t c ircu it.

- 0 , 5  0  0 , 5  1,0 0 , 5

Fig. 1. Calculated and m easured im pedance characteristics of a neon discharge [2]. 
[Poro — 60 torr cm; r0 =  1 cm; i/r0 =  1.5 • 10 3 А /cm ]. О theory; в  experim ent. 

Num erical values refer to the corresponding reduced frequencies in cps/torr

F ig  2. E quivalent circuit o f the p ositive  column o f  a low-current medium -pressure glow- 
discharge (. . . taking the three intertial factors into consideration)

1* Acta Physica Acadcmiae Scientiarum Hungaricae 31, 1972



280 H . D E U T S C H

T h e d iffe ren tia l e q u a tio n  for th is  a t  f ir s t  em p irica lly  in tro d u ced  eq u i
v a le n t c irc u it is:

dH dH di Á. d 3u  d2u du
ос.-------------b  ß ------------Y У ---------- b  m  = ------------- b  A -------------b  В -----------b  С и ,  (6)

dt3 dt2 dt d t3 dt2 dt

w here  coeffic ien ts a , ß, . . . a re  co m b in a tio n s  of th e  q u a n titie s  R T, _RX, R 2, 
R 31 L 2 an d  Cx.

E q s . (5) an d  (6) are  isom orph ic ; so t h a t  w ith  due  re g a rd  to  th e  p la sm a  
p a ra m e te rs  re flec ted  in  th e  i t  is im m ed ia te ly  possib le  to  c a lc u la te  th e  
re s is tan ces , in d u c tan ces  a n d  capacities b y  com paring  coeffic ien ts . I n  th e  cal
c u la tio n s  p re se n ta tio n  o f th e  q u a n titie s  o f  th e  eq u iv a len t c irc u it in a s im ila r ity  
schem e w as ab an d o n ed  fro m  th e  f irs t b o th  because a h ig h e r  pressure h a d  to  be 
ex p ec ted  w ith  g rea te r t r ip le  collision d e s tru c tio n  in  th e  m ed iu m -p ressu re  d is
charge a n d  because th is  p rocess does n o t  conform  w ith  th e  В -in v a rian t s im ila r
i ty  law  [6].

F ro m  th e  com parison  o f  coeffic ien ts  a  system  o f  sev en  eq u a tio n s  w ith  
seven  u n k n o w n  q u a n titie s  is o b ta in ed . T h e  so lu tion  o f  th e  eq u a tio n  sy s tem  
is here  re s tr ic te d  to  re a l —  and  hence  phy sica lly  su g g estiv e  — v a lu e s  for 
re a c ta n c e s : th e  so lu tion  w as carried  o u t g rap h ica lly  a n d  num erica lly .

T h e  q u a n titie s  o f th e  eq u iv a len t c irc u it w ere c a lc u la ted  b y  u s in g  th e  
c h a ra c te r is tic  q u a n titie s  o f  th e  hom ogeneous m ed ium -pressu re  neon  co lum n 
fo r a  g iv en  case of d isch arg e  [2] (p 0 =  60 to r r ;  I 0 =  1,5 • 10 ~3 A ; r 0 =  
1 cm ). T h e  d e ta iled  c a lc u la tio n  y ie lded  th e  follow ing re su lts :

L 1 — 1.55 H e n ry  

L 2 =  1 • 10 - 3 H e n ry  

C1 =  2.67 • 10 -® F a ra d  

R 3 =  1.30 • 102 O hm

R 2 =  — 1.74 • 104 O hm  

R T =  - f l . 6 0  • 104 O hm  

R 1 =  + 2 .9 0  • 104 O hm

T he c a lc u la ted  values w ere  te s te d  b y  s u b s titu tin g  th e m  in to  th e  fo llow ing 
re la tio n  fo r th e  im pedance  o f  th e  e q u iv a le n t c ircu it:

Z  =  R T +
R ^  +  j ^  +  j

Cj
R icobi — R i

1
°>cv

R-i +  ^2 +  i cüL,
1

a>CL
R 3 +  jcob2

( 7 )

T he check  d e m o n s tra te d  t h a t  th e  last, te rm  on th e  r .h .s .  o f the  r e la tio n  (7) 
c o n tr ib u te s  on ly  v e ry  l i t t le  to  Z,  hence th e  im pedance  b e h a v io u r  of th e  po sitiv e
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colum n o f a m ed ium -pressu re  d isch arg e  is essen tia lly  d e te rm in ed  b y  th e  firs t 
tw o  te rm s , i.e. b y  th e  eq u iv a len t c irc u it  o f  Fig. 3.

R t

■ А - л н Ь - ,

Ri Ci

F i g .  3 .  “ Reduced” equivalent circuit

2. S tability  considerations

T he follow ing consid era tio n s re fe r  on ly  to  d isch arg es w ith  a long  positive  
co lum n, th e  dynam ic  b eh av io u r of w h ic h  is e ssen tia lly  ch a rac te rized  b y  th a t  
o f th e  po sitiv e  co lum n a n d  are b ased  on a p rocedure  fo r estab lish in g  s ta b ility  
c rite r ia  o u tlin ed  by  G r a n o w s k i  [ 3 ] ,  e x c e p t th a t  th e  d iffe ren tia l ch a ra c te ris tic  
o f  a d ischarge  in an  e q u iv a le n t c irc u it re p re se n ta tio n  is used as th e  s ta r tin g  
p o in t in s te a d  of a d iffe ren tia l c h a ra c te r is tic  derived  im m ed ia te ly  fro m  th e  
ba lan ce  eq u a tio n .

In  th e  case in v e s tig a te d  here th e  d iffe ren tia l c h a ra c te ris tic  o f  th e  gase
ous space in  th e  e q u iv a le n t c ircu it sch em e  is:

w here

A *  —  +  ß *  —  
dt2 dt

+  D * i
, d2 и du

A --------- \- В ------- h и ,
dt2 dt

А * =  R TC1L 1 +

В *  =  R 1R jC 1 -j- R.2R t C1 -j- R.^R^C^ L j, 

D * =  R t ~h f?2?

A "  =  C A ,

B "  =  R lC1 +  R jC j .

( 8)

F o r th e  fu r th e r  d e riv a tio n  of s ta b ility  c r ite r ia  we n eed  a d iffe ren tia l c h a ra c te r 
is tic  o f th e  o u te r  c irc u it in  a genera l fo rm  (Fig. 4) w h ich  is ta k e n  o v e r from  
an  earlie r w ork  [4] (cf. also [3]):

c r l ' I A  +  l A
dt2 dt

R i = - C R
du

dt
(9)

T he gen era l ap p ro ach  in  in v e s tig a tin g  s ta tio n a r ity  prob lem s is to  p e rm it 
a sm all d is tu rb a n c e  o f  a given s ta te  a n d  to  fin d  o u t th e  tim e  changes. I f  th e
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d is tu rb a n c e  reced es a fte r  a c e r ta in  lapse o f t im e  th e  d ischarge  is a s ta tio n a ry  
one, if  n o t, i t  is n o n -s ta tio n a ry . A s th e  d iffe re n tia l eq u a tio n s (8) and  (9) are  
lin e a r  in  i a n d  u, th e  follow ing fo rm  is u sed  fo r  th e  d is tu rb a n c e s  of c u rre n t 
a n d  v o ltag e :

i =  in ewt, 
и =  ua emt,

( 10 )

w here  i 0 re fers to  th e  in itia l d e v ia tio n  of th e  c u r re n t  from  th e  s ta tio n a ry  v a lu e  
I 0, a n d  u 0 re fe rs  to  th e  in itia l v o lta g e  d e v ia tio n  ( i0 and  со a re  generally  com 
p lex  q u a n titie s ) .

R L

J
F ig . 4. E lectrical circuit for the general case: U  =  v o ltage  across the tube, E  — vo ltage  

gradient, t =  len gth  of the positive  column

W ith  (10), b y  e v a lu a tin g  th e  d iffe ren tia l c h a rac te ris tic s  o f  th e  gaseous 
space  (8) a n d  o f  th e  o u te r c irc u it (9), th e  fo llow ing eq u a tio n  fo r ca lcu la tin g  
со is o b ta in e d :

g X  +  g s “ 3 +  g 2« 2 +  g i "  +  go  =  0  ( 1 1 )
w ith

go =  R  +  R a  ,
g i =  L  -f- L ^ C R R a - ^ R R i C ^ R R 2C 1- { - R ^ R t C ^ R oR iC^ f 

g 2 — L C R  ~f- L C 1 -(- R 2} +  L 1C 1 +  R-i +  R j  +

+  CCXR  {fîjfîp  -f- R 2R T -f- R-iRx +  L jC i} , 
g 3 =  C C .L R  {R ,  +  R ,}  +  ClL L 1 +  C C .L .R  {R ,  +  R T} , 

g4 =  RC C 1L L 1 .

R a  —- R T -f- R 2 is th e  d iffe ren tia l res is tan ce  a t  zero freq u en cy . T he b eh av io u r 
is e v id e n tly  s ta t io n a ry  w hen th e  re a l p a rts  o f  a ll roo ts of E q . (11) are n eg a tiv e . 
A ccord ing  to  th e  th eo rem  o f H u r w it z  [7 ] , th e  necessary  a n d  su ffic ien t co n d i
tio n  for th is  is:

# i  =  gi >  0 ; D  2 gl go
g3 g  2

gi go 0 gl go 0 0
D 3 = g3 g 2 gl >  0; ^4 = g3 g 2 gl go

0 g4 g3 0 0 0 g4

( 1 2 )
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w here  g 0 ^> 0. T his s ta t io n a r i ty  co n d itio n  requ ires t h a t  all coeffic ien ts  gfl 
(y =  0 . . .  4) o f th e  c h a ra c te r is tic  eq u a tio n  should  be p o sitiv e  in sign . I n  th e  
follow ing we shall re s tr ic t  ourselves to  a  d iscussion o f th e  necessary  co n d itio n s 
g v (y — 0 . . . 4) ;>  0, b ecau se  i t  is ra th e r  d iff icu lt to  d ea l in  a com plex d iscu s
sion  w ith  s ta t io n a r i ty  co n d itio n s in th e  g enera l form  (12).

F ro m  th e  above n ecessary  co n d itions one im m ed ia te ly  ob ta ins th e  well- 
know n  K a u fm a n n  c rite ria

w hen  th e re  is a re s tr ic tio n  to  th e  s ta tic  c h a rac te ris tic s , i.e . w hen L v  C1 a n d  R t 
a re  m ade id en tica l w ith  zero . In  th e  gen era l case, h o w ev er, one has to  m ake 
fu ll use o f  all th e  c r ite r ia  fo r s tab ility  te s ts .

As p resu m ed  b y  K a u fm a n n  one c a n n o t change th e  f i r s t  s ta b ility  c rite r io n
(13) ju s t  b y  ta k in g  in to  acco u n t the  d y n a m ic  b eh av io u r, w hile in th e  second 
c rite rio n  i t  is n ecessary  to  ad d  th e  in d u c ta n c e  L 1 of th e  d ischarge once to  th e  
in d u c ta n c e  L  o f th e  o u te r  space (cf. [4]); fu rth e rm o re , a d d itio n a l te rm s , w hich  
are  supp lied  b y  th e  se lf-cap ac ity  of th e  d ischarge  Cx w ith  th e  re sis tan ces  R T, 
R 1, R 2 or R ,  re sp ec tiv e ly , w ill occur fo r  th e  second co n d itio n . A p a r t  from  
th ese  " e x te n d e d ”  K a u fm a n n  cond itions th re e  m ore co n d itio n s  will occu r w hich 
a re  acco u n ted  fo r only  b y  th e  co n sid e ra tio n  o f  the  d y n a m ic  b eh av io u r o f  th e  
d ischarge . C onsequen tly , th e se  cond itions becom e e ffec tive  w hen th e  d y n am ic  
b e h a v io u r o f  th e  c ircu it is со-d e te rm in ed  b y  th e  d ischarge .
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И М П ЕДАН С, Э К В И В А Л Е Н Т Н А Я  СХЕМА И СТАБИЛЬНОСТЬ Р А ЗР Я Д А  С Р Е Д Н Е Г О
Д А В Л Е Н И Я

г. д о й ч

Резюме

Определена эквивалентная схема столба маломощного разряда среднего давления  
и рассмотрены условия стабильности.

R  +  R a >  0 ,

L  +  C R R a  >  0,

(13)

(14)

R E F E R E N C E S
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AN ISOLATED CHARGED DISTRIBUTION  
IN UNIFIED FIELD THEORY

B y

D . N . P a n t

DEPARTMENT OF MATHEMATICS, BANARAS HINDU UNIVERSITY, VARANASI, INDIA

(R eceived 19. I. 1971)

E instein’s U nified  F ield Theory equations (1953) have been considered in order to  
find the external field  o f an isolated charged distribution for a special ax ia lly  sym m etric case. 
The field  equations have been solved in tw o cases. In one case the space-tim e becomes fla t  
and the electrostatic field  is found to be constan t in th e  direction of the axis o f  sym m etry. 
The solution for the other case is non-existent.

1. Introduction

I t  has re c e n tly  been  found  [1 ] t h a t  in  E i n s t e i n ’s U nified  F ie ld  T h eo ry  
th e  sph erica lly  sy m m etric  so lu tio n  re p re se n tin g  th e  ex te rn a l fie ld  of a loca l
ized charge does n o t ex ist. In  th is  p a p e r  th e  p o ss ib ility  of an  a x ia lly  sym m etric  
izo la ted  charged  d is tr ib u tio n  has been  exp lo red  in  o rder to  o b ta in  its  ex te rn a l 
fie ld . T he to ta l  fie ld  o f  such  a ch arg ed  d is tr ib u tio n  is given b y

8ij §ij ~"Ь 8ij*
w here

S n  =  “  =  g 33 =  — e g u  =  e2" , g j j  =  0  ( г Ф  j ) ,  ( 1 .1 )
Q

8 1 2  =  V ,  g 2 3 =  O', g l 3  =  g , 4  =  g 24 =  g 34 =  o .  ( 1 . 2 )
V V V  V V  V

H ere  fi, V an d  a a re  fu n c tio n s  of q a n d  £. (W e sh a ll use x1 a n d  %3 fo r q an d  Í ,  
re sp ec tiv e ly .) I n  th e  absence o f v an d  a th e  to ta l  fie ld  reduces to  th e  ax ia lly  
sy m m etric  c o n fo rm a s ta t m e tric  [2]

d.s2 =  — e - 2'1 (d ir  +  D2dr/,2 +  d£2) +  e2udt2. (1.3)

T he fie ld  eq u a tio n s  considered  h e re  are th o se  of E i n s t e i n  (1 9 5 3 ) [3 ] :

g ij ,k -g s jr ik - g isr kj =  (U (1.4a)

r fs  =  0 , (1.4b)

R<j =  о ,
V

(1.4c)

R-ij.k +  Rjk,i “Ь R-ki,j =  0 ,
V  V  V

(1.4d)

Acta Physica Academiae Scientiarum Hungaricae 31, 1972



286 D . N .  P A N T

w here

Rik  =  F ?k,a-----—  (F ?a,k +  П аа) — rfb  1 +  П ь — Г °ь r bak , (1.5a)
—  2 —  ~  —  V V

Rik =  П к,а — I \  l  ak I  lb F ak +  /'ffc / ’a(,. (1 .5 b )
—  V  V  —  V  —

T h e e x te rn a l fie ld  o f th e  iso la te d  charge is th e  v acu u m  e le c tro s ta tic  
fie ld  ch a ra c te riz e d  b y

^  =  (Y—g F^),ß =  0 ( 1.6)

w here  Q4 deno tes th e  charge  d e n s ity  o f  th e  e x te rn a l field .
T h e  in v e s tig a tio n  h as  been c a rrie d  ou t for th e  tw o  cases v 0, a — 0 

an d  v — 0, a ^  0. In  th e  f irs t case i t  is observed  th a t  th e  p resence  of th e  
e le c tro s ta tic  fie ld  rep re sen ted  b y  (1.2) does n o t a ffec t th e  g ra v ita tio n a l fie ld  
re p re se n te d  b y  (1.1). I n  th e  second case i t  is found  t h a t  th e re  does n o t e x is t 
an y  n o n -tr iv ia l so lu tio n  rep re sen tin g  th e  ex te rn a l f ie ld  o f th e  iso la ted  charge .

T he f ie ld  considered  h ere  is s ta tic . C om m a and  sem icolon p reced in g  a su ffix  
d en o te  re sp ec tiv e ly  p a r t ia l  d iffe re n tia tio n  and  c o v a r ia n t d iffe ren tia tio n  w ith  
re sp e c t to  th e  affine  connec tion  Ffj.

2. Prelim inary calculations

T h e n o n -v an ish in g  com ponen ts o f  g lJ in  (1.1), (1-2) are g iven  b y

r2P
(o2-\-q2 e 4|x), g— = ---- ov .

g
-2 p p2i*

=  ----- , g33 = ------ (v2 +  p2e 4ii) , g -  = -2p

g v  =

Also

V

g
£v =

g

g =  _ ( V2 +  a2 +  е2е-4Р).

T h e  e lec tro m ag n etic  field  te n so r  F /;- is d efin ed  b y

Fij ~  ~ ~  Ç-ijkl (Y- ggkD-

T he n o n -v an ish in g  com ponen ts o f  F :j- are

a
F u  =

r - g
^34 =

Г

( 2 . 1)

(2.2)

(2.3)
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Also

F 14 =  — a F 34 = ____ -__

E q . (1.6) th u s  tu rn s  o u t to  be
v ,3 +  On =  0.

(2.4)

(2.5)

E q s  (1.4a) d e te rm in e  64 affine connections. I n  th e  p re sen t case on ly  20 affine 
connec tions a re  fo u n d  to  be n on -van ish ing .

3. Field equ a tio n s and  th e ir  so lu tion

Case (i). I f  V ^  0 an d  a — 0, E q . (2.5) becom es

V,3 =  0, (3.1)

w hich  im plies t h a t  v is a fu n c tio n  o f  о alone. F u r th e r , E qs (1.4b) reduce  to  
th e  single e q u a tio n

v—  vn  2vu,1
9

w hich  in te g ra te s  to

y ‘°8

?-2S =  0 (3.2)

/ vb 

\ 9 .
(3.3)

w here 6 is an  a rb i t r a ry  fu n c tio n  o f  £.
E q s. (1 .5a) an d  (1.5b) d e te rm in e  R tj a n d  R jj. S u b s titu tin g  th ese  in  th e

V

fie ld  eq u a tio n s  (1.4c), (1.4d) an d  sim plify ing  th e m  w ith  th e  help  o f  (3 .1)— (3.3) 
we o b ta in

R n  =  

R n

M l -Ь * )
6 ( i + 6 2)

_  b,3 i'vn  1

R ‘22

+

46 I V  Q

■2 M l - i 2)

■ 26, §

,3 ( l + * > 2 ) 2

=  0 ,

g2 6,I

yn i vn
V V Q

1
0 ,

-  +
1 . 92

6(1 +  62) j53 (1 + 6Z): g + +

v,i 9

Rxt

262
6,3(1 6Z)

6(1+ 62)

2 1

2 g

ь, I

+  ^ _ | e +  ^ i | = o ,
v

v,u  vn  I vn
r  V2

(3.4)

0 ,

R h =  — g2 1 b, 3 , 6,1(1 +  262)11 +  1 ( e* ( 1 yu
2v2 j 63 64( l + 6 2) 262 [ r 2 ( g V

g
r6

2 lv lL  1
Г Q

í l  -  - L |  ,  о
v 2p
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an d

- ^ 1 2 î 3 - b - ^ 2 3 U ----  6
Ji3

(1  +  62

+
1
2 b

( Z i _  1 _\1 v e 1

b ,î ( l - b * )  
26(l +  62)2

I * „

b2

+

V,! в
=  0 .

I t  can  be easily  seen th a t  th e  ab o v e  eq u a tio n s  w ill be sa tis f ie d  if, and  
on ly  if,

an d
=  0 (3.5)

vn - i -  =  0 . (3.6)
V в

V = c p, (3.7)

-2/* = be =  const. (3.8)

T he co rresp o n d in g  so lu tio n  is

w here  c is a c o n s ta n t o f in te g ra tio n . F ro m  E qs. (2.2), (2.3), (3.7) a n d  (3.8)

1

=  f “  =  7 i + f
=  co n st.

I t  follow s th a t  th e  e le c tro s ta tic  f ie ld  is d is tr ib u te d  in  th e  d ire c tio n  of th e  
z-ax is o n ly  and  is c o n s ta n t. A lso, i t  is obvious from  (3.8) th a t  th e  sp ace-tim e  is 
f la t .

I t  is w o rth  m en tio n in g  here  t h a t  T iw a r i  an d  Mjsra  [3] h av e  show n th a t  
th e  e m p ty  space-tim e  fie ld  e q u a tio n s  fo r th e  m e tric  (1.3) d em an d  th a t  /z be 
a c o n s ta n t . T h is im p lies th a t  th e  p resen ce  o f v does n o t a ffec t /z.

Case (ii). I f  a  ^  0 b u t  v =  0, E q . (2.5) reduces to

<rn  =  0. (3.9)

T h u s  a  is no longer a fu n c tio n  o f p. E q . (1.4b) red u ce  to  th e  sing le  e q u a tio n

<7,3 +  2(7/7,3 =  0

w h ich  on  in te g ra tio n  gives

/z = -------- log aa  ,
2

(3.10)

(3.11)

w here  a  is an  a rb itr a ry  fu n c tio n  o f  p.
U sing  (3.9)— (3.11), we fin d  t h a t  fie ld  eq u a tio n s  (1.4c) an d  (1.4d) sim plify
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to

--------
2 —  I +

<* ) , s 2a2( l + a 2 g2)
( 1 - a 2 g2)a a ,u

2 ( l  +  3a2g2) (9 +  a 2 e 2) 2a4( l - 3 a 2 g2) l
(*,]_ и  -  : : ci,! - -  у

( l  +  a 2g2)

R li = — ^ r_ f f ’33 +  2d
( l  +  Q2 g2)

2 a 2d2
<*■>3 +

(1 +  a 2 g2)

g2( l  — a 2 g2) 
2 o (l +  a 2 g2)

( 1 - a 4 g4) J

g2( l- f -2 a 2 g2 —< 
2 a2( l + a 2 g!

+ в

(1 a 4 g4)2 [ 2a

+  l  +  3 a2 g2+ 7 a 4 g4 +  ae g5 [ =  0, 

R 33 =

(2 — a 2 g2-)-15a4 g4-f-a6 g6—a8 g8) a,

o' , 3 3  , ( 1  a 2 g2) _ ( l  +  2a2g 2 - a 4g4)
----------------------- t t , i i  Cl,

2d 2 a ( l + a 2g2) 2a2( l  +  a2 g2)2

2(1 — a 4 g4):
{ a g ( l l  a 2 g2+ 5 a 4 g4+ a 6 ge)a ,j

+  4a2( l - f  a 4 g4)} =  0,

R n
1

2a2 d2

1
2a4 d2( l  +  a 2 

+  ( 2 + a 2 g2)a ,2

—  {--(1 +  °2 e2)««uig2)

-ga3 a ,J  =  0,

an d

JR, « H  g , 3  _  Q

2 ad

5~t~-^23*1 --- +
’S

+

d,I
2ad2

2 g an

+
e2 «’ii g2( l  +  3a2 g2)

l  +  a2g2 2 a ( l  +  a 2 g2)

(1 + a 2g2);
+

a (1 4 -3 a4 g4) 
(1 a4 g4)2

0.

E q . (3.12e) gives e ith e r

d ,3 =  0, 
or

a n  =  0.

(3 .12a)

0 ,

(3 .12b)

(3.12c)

(3 .12d)

(3.12e)

21

(3 .12f)

(3 .13)

(3.14)
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F irs tly  we w ill consider (3 .13). U sing th is , (3.12d) in te g ra te s  to

an
B o2

y ï + « V  ’
(3.15)

w here В  is a n  a rb itra ry  c o n s ta n t. U sing (3.13) and  (3.15) we find  th a t  (3 .12a) 
sim plifies to

<?6+ 6 (ß 2 + ! )  «4 e4+ ( 4 7ß2) «2 е22(1 + a2 p2)3 (1—a2 p2)

- lO B a p V l  +  a2 p2 (1 —a2 p2) — 2} =  0. (3.16)

w hich will be sa tisfied  if  e ith e r

a =  0 (3 .17)

or

J32aepe +  6(1 +  B 2) a V  +  (4 —  7B 2)a2p2 —  1 0 B a p (l —  a2p2) ][ 1 +  a 2 p2 — 2 =  0 .

(3 .18)

T he la t te r  is a n  algebraic  e q u a tio n  in  ap  w h ich  on so lv ing  w ill give ap  in  te rm s  
o f  B , i.e . a c o n s ta n t. T h ere fo re  E q . (3 .15), on in te g ra tio n , gives

a p =  —
1

]/B  2 - l  '
(3.19)

F ro m  (3.19) a n d  (3.18) i t  is fo u n d  th a t  В  —  0, w hich m ak es (3.15) an d  (3.19) 
in co n sis ten t.

O n th e  o th e r  h a n d , th e  possib ility  (3.17) is inadm issib le  as a is a p p e a rin g  
in  th e  d e n o m in a to r  in th e  fie ld  eq u a tio n s  (3.12). T hus w e conclude th a t  th e  
fie ld  e q u a tio n s  (3.12) becom e in co n sis ten t if  (3.13) is considered . W e a rr iv e  
a t  th e  s im ila r  conclusion a f te r  considering  th e  p o ss ib ility  (3.14). H en ce  it 
follows t h a t  in  th is  p a r tic u la r  case, (1.1) a n d  (1.2) are  incom patib le .
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ВНЕШНЕЕ ПОЛЕ ЛОКАЛИЗОВАННОГО ЗАРЯДА В ЕДИНОЙ ТЕОРИИ ПОЛЯ
д. н. пэнт

Резюме
Изучены уравнения Эйнштейна (1Ж53) для единой теории поля с целью нахождени внешнего поля локализованного распределения заряда в случае специальнай односной симметрии. Уравнения поля решены для двух случаев. В одном из них четырехмерное пространство будет плоским и в направлении, оси симметрии, электростатическое поле сохраняет постоянное значениес Для другого случая решения не существует.
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DIE WECHSELSTROMELEKTROOSMOSE

Von

Z. L á s z l ó 1
V E R E IN IG T E  G LÜ HLAM PEN  UND EI.EK TRIZITÄ TS-A .G . BU DA PEST 

(E ingegangen: 4. I I .  1971)

Jene F lüssigkeitstransporterscheinung, die durch ein elektrisches W echselspannungs
feld in den Poren eines Diaphragm as, in  einem  K apillarensystem  oder in einer K apillare  
hervorgerufen wird, wurde von uns als W eehselstrom elektroosm ose benannt. Diese e lektro
kinetische Erscheinung tr itt in zwei G rundfällen ein:

a) D ie K apillaren des Diaphragm as sind von zylindrischer Form und an beiden Seiten  
des Diaphragm as befinden sich verschiedene F lü ssigk eiten , z. B. L ösungsm ittel— E lek tro lyt
lösung.

b) D ie K apillaren des Diaphragm as sind konusförm ig und an beiden Seiten des D ia 
phragm as befindet sich die gleiche F lüssigkeit.

E s werden die Regeln angegeben, nach welchen die Elektroosm ose abläuft. So wurde  
u. a. festgestellt, dass der elektroosm otische Druck ein e quadratische Funktion der F eld 
stärke ist. Das Zustandekom m en der E rscheinung wurde auf jene ponderom otorischen K räfte  
zurückgeführt, die in  der Doppelschicht an der K apillarenwand infolge des W echselspan
nungsfeldes auftreten.

1. E in le itu n g

A us der F a c h lite ra tu r  sind fo lgende v ie r  e lek tro k in e tisch e  E rsc h e in u n 
gen b e k a n n t:

E lek tro o sm o se ;
S trö m u n g sp o te n tia l;
E lek tro p h o re se ;
S e tz u n g sp o te n tia l.

A u f G ru n d  un se re r U n te rsu c h u n g e n  b esch rieb en  w ir eine neue e le k tro 
k in e tisch e  E rsch e in u n g  [1], u n d  b e n a n n te n  d iese als W ech se ls tro m elek tro - 
osm ose. F o lgende B e tra c h tu n g e n  fü h r te n  uns z u r  U n te rsu ch u n g  d ieser E rsc h e i
nu n g :

D as e lek trische  F e ld  ü b t  seine W irk u n g  a u f  eine S u b s ta n z  nach  d en  
G esetzen  der E le k tro d y n a m ik  a u f  zw eierlei A r t  aus:

1. E s w irk t a u f  die geladenen  T eilchen  in  d e r S u b stan z ,
2. es w irk t a u f  die S u b stan z  als D ie le k tr ik u m .

1 D r .  Z o l t á n  L á s z ló .  B u d a p e s t  X I I I .  ( U n g a r n ) ,  P o z s o n y i  ú t  24 .
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Bei d e r E lek tro o sm o se , oder g e n au e r gesagt bei d e r  G le ich stro m elek tro - 
osm ose ü b t  das e lek trische  F e ld  seine W irk u n g  a u f die geladenen  T e ilch en  d er 
D cp p e lsch ich t an  d er K ap illa ren w an d  au s , u n d  ru f t  die S trö m u n g  d e r F lü ss ig 
k e it in  d ieser W eise h e rv o r. E s m uss a b e r  in  B e tra c h t genom m en w erd en , dass 
d ie  D K  d e r F lü ssig k e it in  d e r D o p p e lsch ich t an  der K ap illa ren w an d  an d ers  
is t, als im  In n e re n  d er K ap illa re , da  d ie  Io n en  in  d e r D oppelsch ich t d ie  D K  
d e r F lü ss ig k e it v e rä n d e rn . D ies b e d e u te t, dass an d er K ap illa ren w an d  infolge 
des e lek trisch en  Feldes au c h  eine p o n d ero m o to risch e  K ra f t  a u f tr i t t .  B ei den  
ü b lich en  B ed in g u n g en  d er G le ichstrom elek troosm ose is t  aber diese p o n d e ro 
m o to risch e  K ra f t  v e r tik a l zu r K ap illa ren w an d  u n d  ru f t  so keinen I 'lü ss ig k e its - 
t ra n s p o r t  h e rv o r. W ollen  w ir die p o n d ero m o to risch e  K ra f t  zur G e ltu n g  k o m 
m en la ssen , so m üssen  die Y ersuchsbed ingungen  so v e rä n d e r t  w e rd en , dass 
die p o n d ero m o to risch e  K ra f t  eine K o m p o n en te  in  R ic h tu n g  der K a p illa re n 
achse b ek o m m e. E s b ie te n  sich zwei M öglichkeiten  d azu . D ie eine is t, d ass  die 
K a p illa re n  zy linderfö rm ig  sind , aber es s in d  an  beiden  S e iten  des D iap h rag m as  
versch ied en e  F lü ssig k e iten , z. B. L ö su n g sm itte l— E lek tro ly tlö su n g . D ie an d ere  
M öglichkeit is t , dass die K ap illa ren  des D iap h rag m as n ic h t  zy lindrisch , so n d e rn  
kon u sfö rm ig  sind , an  b e id en  Seiten des D iap h rag m as b e f in d e t sich  a b e r  die 
gleiche F lü ss ig k e it. D a m it die G le ichstrom elek troosm ose  die d u rch  d ie  pon- 
d ero m o to risch en  K rä f te  h erv o rg eru fen e  E rsch e in u n g  n ic h t v e rw äsch t, schien  
es a n g e b ra c h t, die V ersuche m it W ech se ls tro m  d u rch zu fü h ren .

D ie V ersuche bew eisen  die R ic h tig k e it der B e tra c h tu n g e n , die e rw a r te te  
E rsch e in u n g  t r i t t  auf. D a  die W echse lstrom elek troosm ose  von  einer a n d e ren  
K ra f t  h e rv o rg e ru fen  w ird , als die G le ichstrom elek troosm ose  u n d  a u c h  ih re  
G esetze an d e re  sind , m uss sie als eine neue  e lek tro k in e tisch e  E rsc h e in u n g  
b e tra c h te t  w erden .

In  d e r vo rliegenden  A rb e it, in  d er a u c h  die E rg eb n isse  frü h erer V ersu ch e  
b e rü c k s ic h tig t w urden , w erden  neue V ersuchsergebn isse  an g efü h rt, d ie  m it 
den  G ru n d lag en  der E rsch e in u n g  v e rb u n d e n  sind. F e rn e r  w ird  eine e in h e itlich e  
D e u tu n g  d e r  E rsch e in u n g  angegeben.

2. Beschreibung der Versuchseinrichtung

Als M essgefäss d ien te  ein  U -förm iges G lasrohr (A bb . 1), in  dessen  u n te r 
s te n  Teil e in  D iap h rag m a eingeschm olzen  w u rd e . In  b e id e  Schenkel des G efäs- 
ses ra g te n  P la tin b le c h  e lek tró d én . D er A b s ta n d  zw ischen d en  E lek tro d en  b e tru g  
20 m m . D ie W ech se lsp an n u n g  lie ferte  e in  H o ch sp a n n u n g s tra n sfo rm a to r. F alls 
die V ersuche m it e iner W ech se lsp an n u n g  von  50 H z d u rch g e fü h rt w u rd en , 
sc h a lte te n  w ir die N e tz sp a n n u n g  a u f  d ie  P rim ärsp u le  des T ran sfo rm a to rs , bei 
an d eren  F req u en zen  w ar die S p an n u n g sq u e lle  ein T o n freq u en zg en e ra to r. D ie 
S in u sfö rm ig k e it der S p an n u n g  w urde  m itte ls  eines O szillographen  g e p rü ft.
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D as Gefäss w u rd e  m it L e itungsw asser ( +  18 °C), oder m it e in er C 0 2-A lkohol- 
M ischung (— 78 °C) g eküh lt, o d e r im  W asse rb ad  e rw ärm t. B ei der B esch re i
b u n g  der V ersuche w ird  die F re q u e n z  der W ech se lsp an n u n g  u n d  die T e m p e ra 
tu r  der F lü ss ig k e iten  n u r d a n n  e rw äh n t, w en n  die V ersuche m it einer a n d e ren  
F req u en z  als 50 H z, u n d  n ic h t m it L eitu n g sw asser g e k ü h lt d u rch g e fü h rt 
w urden .

M
Abb. 1. M essgefäss zur W echselstrom elektroosm ose. 

a) Glasrohr, b) Diaphragm a, c) Platinelektroden

Als D iap h rag m en  m it zy lindrischen  K a p illa re n  w u rd en  Je n a e r  S in te r 
g la s f ilte rp la tte n  G2, G3, G4 bzw . G5 v e rw en d e t. E in  D iap h rag m a  aus e iner 
einzigen zy lin d risch en  K ap illa re  w urde d a d u rc h  h e rg es te llt, dass in  eine 
2,5 m m  s ta rk e  S cheidew and au s G las, die d ie  be iden  Schenkel des U -förm igen  
G efässes tr e n n te ,  eine B o h ru n g  v o n  0,2 m m  g eb o h rt w urde .

Z ur H e rs te llu n g  eines porösen  D iap h rag m as, bei w elchem  die D u rc h 
m esser der P o re n  von  der einen  Seite  zu r a n d e re n  sich e rw e ite rn , w urden  d u rc h  
M ahlen u n d  S ieben  zweierlei G laspu lver v o n  versch iedener F e in h e it h e rg e 
s te llt. D iese w u rd en  d ann  en tsp rech en d  au fe in an d e r g ep resst, u n d  g e s in te r t. 
D ie  D u rch lässig k e it eines a u f  d ieser W eise gew onnenen D iap h rag m as w ar 
k le in e r als die e in er J e n a e r  G la s filte rp la tte  G 4, ab er grösser als e iner F i l te r 
p la t te  G5. E in  D iap h rag m a m it e iner konusfö rm igen  K a p illa re  w urde d u rc h  
e in b o h ren  in  K o n u sfo rm  in d ie G lasp la tte  zw ischen  den b e id en  S chenkeln  des 
U -förm igen  G lasrohres h e rg e s te ^ t. Die B o h ru n g  h a tte  einen  D urchm esser v o n  
0,3 bzw . 1,2 m m , die D icke d e r  G lasp la tte  b e tru g  2,5 m m .

Die W echselstrom elek troosm ose o ffe n b a rt sich d a d u rc h , dass die W ech 
se lspannung  in  d en  beiden  S chenkeln  des M essgefässes eine N iveaud iffe renz  
d e r  F lü ssig k e iten  h e rv o rru ft. I n  je n e n  F ä llen , w enn  sich zu  beid en  S eiten  des 
D iap h rag m as versch iedene F lü ssig k e iten  b e fin d en , v e rsch w in d e t die N iv e a u 
differenz m it d e r Z eit, da  sich  d ie  F lü ssig k e iten  m ischen. S ind  die F lü ssig k e iten  
zu  beiden  S e iten  des D iap h rag m as die g leichen , so is t die N iveaud iffe renz  in  
d e r Z eit k o n s ta n t.
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3. V ersuche m it porösen  G lasd iaphragm en

(D ie P o ren d u rch m esse r s in d  an  beiden  F lä c h e n  des D iap h rag m as gleich,)

3.1. Der E in flu s s  der B eschaffenheit des verwendeten E lektrolyts

E s w u rd e  d er ze itliche  A b la u f d e r W echse lstrom elek troosm ose  b e i V er
w en d u n g  v e rsch ied en er E le k tro ly te  u n te rs u c h t , w obei als D iap h rag m en  J e n a e r  
G la s f il te rp la tte n , als L ö su n g sm itte l W asse r v e rw en d e t w u rd e . Die M essungen  
w u rd e n  m it L ösungen  von  1 -1 0  _3 u n d  1 • 1 0 - 4 n o rm a le r  K o n z e n tra tio n  
d u rc h g e fü h rt. B ei diesen K o n z e n tra tio n e n  lä u f t  die E rsch e in u n g  n o ch  m it 
g en ü g en d er M erk b ark e it, a b e r  ohne S tö re ffek te  infolge v o n  W ärm een tw ick 
lu n g  d u rch  den  W echse lstrom , ab . D ie be i den  U n te rsu ch u n g en  v e rw en d e ten  
E le k tro ly te  k o n n te n , a u f  G ru n d  ihres E in flu sses  a u f  die E rsch e in u n g , in  drei 
G ru p p en  e in g e te ilt w erden . In n e rh a lb  e iner G ru p p e  is t  d e r E in flu ss  der E le k tro 
ly te  p ra k tis c h  d er gleiche.

I .  G ruppe : H C l, H N 0 3, H 2S 0 4, N aO H , K O H  

I I .  G ruppe : L iCl, N aCl, K C l, CsCl, L iJ , N a J ,  K J

I I I .  G ru p p e : A1C13, A 1(N 03)3, T hC l4, T h ( N 0 3)4

D ie M essergebnisse w u rd e n  in  den  A b b ild u n g en  2, 3, u n d  4 d a rg e s te llt , 
in d em  aus je d e r  G ruppe  je  e in  E le k tro ly t h erau sg eh o b en  u n d  die m it d iesem  
E le k tro ly t  gew onnenen  E rg eb n isse  au fg e tra g en  w urden . In  den  A b b ild u n g en  
s te llen  die A bszissen  die Z e it, d ie O rd in a te n  die N iveaud iffe renz  d er F lü ss ig 
k e ite n  in  d en  beid en  S chenkeln  des G efässes d a r. W enn  im  R ohr die L ösung  
s tieg , d a n n  is t  die N iveaud iffe renz  a u f  d ie  positive  O rd in a ten ach se  au fg e 
tra g e n , w enn  ab e r das L ö su n g sm itte l, d a n n  is t die N iveaud iffe renz  a u f  die 
n e g a tiv e  A chse au fg e trag en .

W ie es aus den  A b b ild u n g en  e rs ich tlich  is t, s te ig t b e i einem  D ia p h ra g m a  
G2 in  je d e m  F a ll, d. h . u n a b h ä n g ig  vom  E le k tro ly t, v o n  d er K o n z e n tra tio n  
u n d  v o n  d e r S p an n u n g , im m er das L ö su n g sm itte l.

B ei e inem  D iap h rag m a  G4, bei V erw en d u n g  eines E le k tro ly ts  aus G ru p p e  
I  s te ig t die L ösung , u n a b h ä n g ig  von  K o n z e n tra tio n  u n d  S pannung . B e i den 
M essungen  m it den E le k tro ly te n  der G ru p p e  I I I  s tieg  das L ö su n g sm itte l bei 
b e id en  v e rw e n d e te n  L ö su n g sk o n zen tra tio n en , w u rd en  ab e r höhere  S p an n u n g en  
an g e leg t, s tieg  zw ar in  m an ch en  F ä llen  d as  L ö su n g sm itte l, dann  a b e r  die 
L ösung . D ie E le k tro ly te  d e r I I .  G ruppe  ü b en  eine W irk u n g  aus, d ie  einen  
Ü b erg an g  zw ischen  d er G ru p p e  I  u n d  I I I  b ild e t. I s t  die K o n z e n tra tio n  der 
L ö su n g  k le in , so s te ig t im m er die L ösung , b e i höheren  K o n z e n tra tio n e n  k a n n  
im  A n fan g ss tad iu m  der M essung auch  das L ö su n g sm itte l s te igen , falls k le in e re
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S p an n u n g en  an g ew en d e t w urden. I m  F alle  eines D iap h rag m as G4 k o m m t also 
die spezifische W irk u n g  der E le k tro ly te  zur G e ltu n g . Diese spezifische W ir
k u n g  b e s te h t  d a rin , dass der E le k tro ly t  das S te ig en  der L ö su n g  m ehr oder 
w eniger fö rd e rt.

Im  F a lle  eines D iap h rag m as G3 b ild e t d e r  A b lau f der E rsch e in u n g  einen 
Ü b erg an g  zw ischen d e r  E rsch e in u n g  in  V erb in d u n g  m it den D iap h rag m en  G2 
bzw . G4. B ei k le inen  K o n z e n tra tio n e n  is t die S trö m u n g sric h tu n g  d e r E lek tro - 
osm ose u n ab h än g ig  v o n  der B esch affen h eit des E le k tro ly ts  (es s te ig t im m er

Abb. 2. D ie N iveaudifferenz als F unktion der Zeit im  F alle  von 1 • 10 4 bzw. 1 - 1 0  3 n 
wässerigen H Cl-Lösungen— Wasser, D iaphragm en G4, G 3, G2 und verschiedenen Spannungen
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das L ö su n g sm itte l) , be i höheren  K o n z e n tra tio n e n  is t  die S trö m u n g srich tu n g  
e le k tro ly ta b h ä n g ig .

E s soll b e m e rk t w erden , dass b e i den  M essungen grösste S o rg fa lt ange
w e n d e t w 'urde, w en n  die M essungen m it einem  a n d e ren  E le k tro ly t fortge-

Abb. 3. D ie  N iveaudifferenz als Funktion der Zeit im Falle von  1 • IO-4  bzw. 1 • 10“ 3 n 
K Cl-Lösung in  W asser— W asser, D iaphragm en G l. G3, G2 und verschiedenen Spannungen
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se tz t w erden  so llten . I n  diesem  F a lle  w u rd e  das D ia p h ra g m a  im m er g ründ lich  
gew aschen , die L ösung  u n d  das L ö su n g sm itte l in  d as  Gefäss e in g efü llt, und 
einige S tu n d en  lan g  im  Gefäss gelassen , d am it die A d so rp tionsersche inungen  
ab lau fen  können . E r s t  d an n  w u rd en  die neuen F lü ss ig k e iten  e in g efü llt, und  
m it d er M essung begonnen .

A us den  V ersuchen  k o n n te n  fo lgende R egeln  herausgelesen  w erden :

Abb. 4. D ie Niveaudifferenz als Funktion der Zeit im F alle von  1 • 10” ä bzw. 1 • 10” 3 n 
wässerigen A1(N 03)3-L ösungen—W asser, Diaphragm en G4, G3, G2 und verschiedenen

Spannungen
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R egel 1. B ei D iap h rag m en  m it g rösseren  K ap illa ren d u rch m esse rn  
( > 4 0  /t) s te ig t b e i A nw endung  v o n  W ech se lsp an n u n g  das L ö su n g sm itte l, u n a b 
h än g ig  v o n  d er B eschaffenheit des E le k tro ly ts , se in er K o n z e n tra tio n  u n d  der 
G rösse d e r S p an n u n g .

R egel 2. M it V erringerung  des K ap illa ren d u rch m esse rs  w äch st die 
W a h rsc h e in lich k e it, dass die L ö su n g  s te ig t.

R egel 3. M it V erringerung  des K ap illa ren d u rch m esse rs  k o m m t die spe
zifische W irk u n g  des E le k tro ly ts  im m er m eh r zu r G eltung , in d em  die v e r 
sch iedenen  E le k tro ly te  das S te ig en  d er L ösung in  fo lgender R eihenfo lge fö r
d e rn : S äu ren  B asen  e inw ertige  E le k tro ly te  ]> m ehrw ertige  E lek tro ly te .

R egel 4. E in e  n iedrigere W ech se lsp an n u n g  fö rd e rt das S te igen  des L ö
su n g sm itte ls , eine höhere  das S te ig en  der L ösung .

3.2. D ie W irku n g  niedriger S p a n n u n g en

U m  die W irk u n g  von  n ied rig en  S p an n u n g en  zu  u n te rsu ch en , w urden  als 
E le k tro d e n  k re isfö rm ige  Siebe aus P la t in d ra h t  v e rw en d e t, w elche u n m itte lb a r  
a u f  die D iap h rag m en  gelegt w u rd e n . M it e inem  D iap h rag m a G 4, 5 • 10 -1-n 
H C l als w ässerige L ösung  u n d  W asse r als L ö su n g sm itte l s tieg  b e i e iner W ech
se lsp an n u n g  v o n  300 V das L ö su n g sm itte l, be i e in e r  S pannung  v o n  600 V die 
L ö sung . A u f G ru n d  des V ersuches können  w ir fes ts te llen :

R egel 5. M it A nw endung  genügend  n ied rig e r S pannung  k a n n  e rre ich t 
w erd en , dass das L ösu n g sm itte l s te ige , w as im m er der E le k tro ly t  u n d  die 
E le k tro ly tk o n z e n tra tio n  seie.

3.3. D ie W irkung  der Beschaffenheit des Lösungsm ittels

E s w urde  d e r  A b lau f d er W echselstrom elek troosm ose bei V erw endung  
v o n  v e rsch ied en en  L ö su n g sm itte ln  u n te rsu c h t. D ie L ö su n g sm itte l w aren : A ze
to n , M ethy l-, Ä th y l-  und  Iso b u ty la lk o h o l, die Lösungen ab e r lO ^ - n  K J-  
L ösu n g en  m it d iesen  L ö su n g sm itte ln , ausgenom m en die L ösung  in  Iso b u ty l
a lkoho l, bei w elcher eine solche K o n z e n tra tio n  w egen der sch lech ten  L öslich
k e it n ic h t e rre ic h t w erden  k o n n te , h ie r w urde  eine g esä ttig te  L ö su n g  verw en
d e t. W u rd e  ein D iap h rag m a  G2 an g ew en d et, so s tieg  b e ije d e m  L ö su n g sm itte l 
u n d  bei je d e r  S p an n u n g  das L ö su n g sm itte l. D ie M essergebnisse m it  den D ia 
p h rag m en  G3 u n d  G4 sind in  A b b . 5 d a rg es te llt. E s  k an n  aus d e r  A bbildung  
herausge lesen  w erd en , dass eine h ö h ere  S p an n u n g  das S teigen  d er L ösung 
fö rd e r t , wie das R egel 4 fo rd e r t. W ie diese R egel zu r G eltung  k o m m t, das 
h ä n g t ab e r au ch  v o n  der s to fflich en  B eschaffenheit des L ö su n g sm itte ls  ab. 
A m  m eisten  au sg e p rä g t is t  seine G ü ltig k e it b e im  A zeton , dessen  M olekeln 
am  w en igsten  z u r  O rdnung  ne igen , am  w en igsten  au sg ep räg t b e im  Iso b u ty l
a lkoho l, in  w elchem  die m o leku la re  O rdnung  am  grössten  is t, be i d iesem  ste ig t
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auch  noch d a n n  das L ö su n g sm itte l, w en n  eine S p an n u n g  v o n  4000 У an g e 
w en d e t w u rd e . A us den M essungen k a n n  festg este llt w erd en :

R egel 6. J e  m ehr d as  L ö su n g sm itte l eine m oleku lare  O rdnung  au fw e is t, 
u m  so k le iner is t  die T en d en z , dass die L ö su n g  bei der A n legung  einer W ech se l
sp an n u n g  s te ig t.

1 Stunden 2

Abb. 5. D ie Niveaudifferenz als Funktion der Z e it zwischen 1 • 10-4  normaler K J-L ösun g—  
L ösungsm ittel, wenn als L ösungsm ittel Azeton, M ethyl- bzw. Ä thylalkohol verwendet wurde. 
Beim  Versuch m it Isobutylalkohol als L ösungsm ittel wurde eine gesättig te  Lösung v o n  KJ
in Isobutylalkohol v e r w e n d e t .---------- als D iaphragm a diente eine G lasfilterplatte G4;
----------  als Diaphragm a diente eine G lasfilterplatte G3
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3.4. Die W irku n g  der Tem peratur

D ie W irk u n g  der T e m p e ra tu r  w urde  d a d u rc h  u n te rs u c h t, dass bei d e r 
T e m p e ra tu r  des L e itungsw assers, bzw . bei + 7 0  °C para lle le  M essungen d u rc h 
g e fü h rt w u rd e n . D ie D iap h rag m en  u n d  d ie  F lü ss ig k e itsp aa re  w aren : G 3, 
1 • 10 -4-n w ässerige  K C l-L ösung  — W asse r bzw . G4, 1 • 1 0 " l-n w ässerige 
A 1(N 03)3 L ö su n g  — W a sse r . A usserdem  w u rd e  noch eine M essung bei d e r  
T e m p e ra tu r  v o n  K o h len säu resch n ee  u n d  ^  18 °C m it e inem  D iap h rag m a G 4, 
1 • 10 ~4-n K J  ä th y la lk o h o lig e  K J  L ösung  — Ä th y la lk o h o l an gese tz t. D ie  
M essergebnisse s ind  in den  A b b ildungen  3, 4 , u n d  6 d a rg es te llt. Aus d iesen  
k a n n  fe s tg e s te llt  w erden:

R egel 7. E in e  n ied rigere  T e m p e ra tu r  b e g ü n s tig t das S te igen  des L ö su n g s
m itte ls , eine h ö h ere  die d e r L ösung.

Abb. 6. Die N iveaudifferenz als F unktion  der Zeit im  Falle von 1 • 10-4  n Lösung von  K J  
in  Ä thylalkohol— Äthylalkohol, D iaphragm a G4, W echselspannung v o n  4000 V bei einer

T em peratur von  + 1 8  bzw . — 78 °C

3.5. Die W irku n g  der E lektrolytkonzentration

D ie in  A b b . 3b a n g e fü h rte n  M essergebnisse zeigen —  im  V ergleich m it  
A bb . 3a —  d ass  eine E rh ö h u n g  d er E le k tro ly tk o n z e n tra tio n  das S teigen des 
L ö su n g sm itte ls  b eg ü n stig t. D a  ab er eine e rh ö h te  E le k tro ly tk o n z e n tra tio n  —  
bei g le ichb le ibender S p an n u n g  —  eine grössere  W ärm em enge in  der K a p illa re  
e rzeu g t, b e g ü n s tig t dies gem äss R egel 7 das S teigen  d er L ösung. D ie b e id en  
W irk u n g en  a rb e ite n  gegeneinander, u n d  dem zufo lge k a n n  eine Regel von  a ll
gem einer G e ltu n g  m it S ich e rh e it n ic h t fe s tg e leg t w erden.
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3.6. D ie W irku n g  der W echselspannungsfrequenz

D er A b la u f  der W echse lstrom elek troosm ose  w urde a u c h  bei einer W ech 
se lspannungsfrequenz , die h ö h e r als 50 H z is t , u n te rsu c h t. I s t  die F o rm el d e r 
W ech se lsp an n u n g  n ich t s in u sa rtig , so n d ern  so v e rze rrt, d ass  die S p an n u n g  
in  der einen  H albperiode  grösser is t  —  d as  k an n  m itte ls  eines O szilloskops 
k o n tro llie r t w erden  —  so t r i t t  als R e s u lta t  eine G le ichstrom elek troosm ose 
au f. B es teh t d ieser F eh ler, so d re h t sich d ie  S trö m u n g srich tu n g  der E le k tro -  
osm ose u m , w enn  bei den  E le k tro d e n  d ie  S tro m zu fü h ru n g en  a u fg e ta u sc h t 
w erden . D iessr F eh ler t r a t  be i unseren  V ersu ch en  n ich t au f.

Abb. 7. D ie Niveaudifferenz als Funktion der Zeit im  Falle von 1 • 1 0 ~ 5 n Lösung von  K J  
in A zeton— Azeton, Diaphragm a G4, W echselspannung von  4000 V. 

a) Frequenz der Spannung 50 H z. Es steigt die L ösung, b) Frequenz der Spannung 1000 H z. 
Es ste ig t das Lösungsm ittel, c) Frequenz abwechselnd 50 bzw . 1000 Hz

D er A b la u f  der E lek tro o sm o se  w u rd e  u . a. m it einem  D iap h rag m a  G4, 
1 • 1 0 - 5-n L ösung  von  K J  in  A ze to n —A zeto n  bei den F req u en zen  von 50 u n d  
1000 H z, b e i einer S p an n u n g  v o n  4000 V u n te rsu c h t. D ie M essresu lta te  sin d  
in  A bb. 7 angegeben . W ä h re n d  bei e iner F req u en z  von  50 H z die L ö su n g  
s te ig t, k e h r t  sich  die S trö m u n g srich tu n g  b e i e iner F req u en z  v o n  1000 H z u m . 
D ie M essung w urde  auch  so d u rch g e fü h rt, dass  abw echselnd  50 bzw . 1000 H z 
angeleg t w u rd e . Bei einem  D iap h rag m a G2 u n d  den angegebenen  F lü ss ig k e its 
p a a re n  h a t te  die E rh ö h u n g  d e r W echselspannungsfrequenz kein en  R ic h tu n g s 
w echsel d e r e lek tro o sm o tisch en  S tröm ung  z u r  Folge. Aus den  M essungen fo lg t: 

R egel 8. E ine  W echse lspannung  n ied rig e re r F req u en z  (50 Hz) b e g ü n 
s t ig t  das S te igen  der L ösung, eine von  h ö h e re r  F requenz  (1000 H z) das S te ig en  
des L ö su n gsm itte ls .

Es w u rd e  auch  die A b h än g ig k e it des osm otischen  D ru ck es von  d e r F r e 
quenz der W ech se lspannung  u n te rsu c h t. D ie  M essungen w u rd en  bei den  F lü s-
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sig ke iten : 1 • 10 -5-n L ösung  v o n  K J  in  A z e to n —A zeto n  d u rch g e fü h rt, m it  
e iner S p a n n u n g  von  4000 V , w obei die F re q u e n z  von  50 H z  bis 1000 H z g e ä n 
d e rt w urde . D e r osm otische D ru ck  w urde  au s den  m ax im a len  N iveaud ifferenzen  
e rm itte lt . D ass  die F lü ss ig k e iten  sich w ä h re n d  der M essung m ischen, b e e in 
flu ss t die M essw erte  n ic h t. D av o n  k o n n te n  w ir u ns ü b erzeu g en , w ir b ek a m e n  
näm lich  die g leichen  D ru c k w e rte , w enn d ie  F req u en z  in  u m g ek eh rte r  R e ih e n 
folge g e ä n d e r t w urde . D ie M essergebnisse s in d  in  A bb . 8 d a rgeste llt.

Abb. 8. Der elektroosm otische Druck als F unktion der W echselspannungsfrequenz im  F alle
von  1 ■ 10-4  n  Lösung von  K J in A zeton— A zeton, D iaphragm a G3, 4000 Y

D ie F re q u e n z a b h ä n g ig k e it des o sm otischen  D ru ck es w ar auch  in  je n e n  
F ä llen  G eg en stan d  u n se re r  U n te rsu c h u n g , als die Ä n d e ru n g  der W ech se l
sp an n u n g sfreq u en z  ein U m k eh ren  d er e lek tro o sm o tisch en  S trö m u n g srich tu n g  
n ic h t zu r F o lg e  h a tte . D iese M essungen w u rd en  m it e inem  D iap h rag m a G3 
d u rc h g e fü h rt, w obei d ie W ech se lsp an n u n g  1500 V b e tru g , u n d  1 • 10~4-n 
L ösung  v o n  K J  in  M ethy la lk o h o l bzw . M ethy la lk o h o l v e rw en d e t w urde . D ie 
M essergebnisse sin d  in  A bb . 9 d a rg es te lit.

Abb. 9. Der elektroosm otische Druck als Funktion der W echselspannungsfrequenz im  F alle  
von  1 • 10 '  n L ösung von K J in M ethylalkohol— M ethylalkohol, D iaphragm a G3, 1500 V

M itte ls  eines H o ch freq u en zg en era to rs  w urde  eine S p an n u n g  von  25 00 V 
u n d  eine F re q u e n z  von  380 k H z  e rzeu g t. M it d ieser H o ch freq u en zsp an n u n g  
k o n jite  ke in e  e lek tro o sm o tisch e  E rsch e in u n g  b e o b a c h te t w erden . E s k a n n  
fe s tg e s te llt w erd en :
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R egel 9. E rh ö h t m an  die F re q u e n z  d er W echselspannung , so v e rm in d e rt 
s ich  d er e lek troosm otische  D ru ck  u n d  w ird  endlich  g leich  N ull.

In  T abe lle  I  sind  die M essergebnisse d er v ersch ied en en  M essungen zu sam 
m engefasst, be i w elchen als L ö su n g sm itte l A ze to n  bzw . Ä th y la lk o h o l, als 
L ösung  1 • 10 'l-n L ösung  v o n  K J  in  d e n  g en a n n te n  L ö su n g sm itte ln  v e rw en 
d e t w u rd e . V ersch iedene J e n a e r  G la sfilte r  d ien ten  als D iap h rag m en , u n d  die 
W ech se lsp an n u n g  h a t te  e inen  W ert v o n  4000 V, b e i F req u en zen  v o n  50 bzw . 
1000 H z. In  d e r T abelle  b e d e u te t Z iffer 1 die L ösung , Z iffer 2 das L ö su n g sm it
te l. D ie e rs te  Z iffer in  d en  K olonnen  d e r  T abelle b e z ie h t sich a u f  M essungen 
m it 50 H z, die zw eite a u f  solche m it 1000 H z. In fo lg e  d er W ech se lspannung  
s te ig t die d er Ziffer en tsp rech en d e  F lü ss ig k e it. D ie in  d ieser T abelle zu sam m en 
gefassten  M essergebnisse s ind  m it den  o b en  angegebenen  R egeln im  E in k lan g , 
u n d  b e s tä tig e n  h ied u rch  deren  G ü ltig k e it.

3.7. D ie W irkung  der an der D iaphragm enoberfläche adsorbierten Luftschicht

R ei den  b ish er e rö r te r te n  U n te rsu c h u n g e n  b e fa n d  sich keine L u ftsc h ic h t 
an  d er O berfläche  des D iap h rag m as. D a s  k o n n te  so e rre ich t w erd en , dass im  
M essgefäss das en tsp rech en d e  L ö su n g sm itte l zu e rs t zum  K ochen  g eb rach t 
w u rd e , u n d  im  W eite ren  das Gefäss n ie  g e tro c k n e t w u rd e , das zu u n te rsu ch en d e  
L ö su n g sm itte l u n d  die L ösung  b e rü h r te  beim  E in fü llen  eine v o rh e r  bere its  
b e n e tz te  O berfläche.

W u rd e  das M essgefäss an  der L u f t  bei 300 °C au sg e tro ck n e t, u n d  die zu 
u n te rsu c h e n d e n  F lü ssig k e iten  dann  e in g efü llt, so k o n n te  in  d er S trö m u n g s
r ic h tu n g  d er W ech se lstrom elek troosm ose  eine Ä n d e ru n g  a u ftre te n , im  V er
gleich zu  d er E rsch e in u n g , w elche sich  m it  einem  D ia p h ra g m a  ohne ad so rb ie rte  
L u f t  a b sp ie lt. In  A bb . 10 is t  der A b la u f  d e r W echse lstrom elek troosm ose  m it 
D iap h rag m en  G3 u n d  G4 m it einer a d so rb ie r te n  L u ftsc h ic h t bzw . ohne die 
d a rg es te llt. H ierbe i d ien te  als L ö su n g sm itte l W asse r, die L ösung  w ar eine 
1 • 10~4-n w ässerige K J  L ösung. Es i s t  zu  sehen, d a ss  im  gegebenen F a ll die 
an  d e r O berfläche d er D ia p h ra g m e n k a p illa re n  a d so rb ie rte  L u ftsc h ic h t die 
o sm otische  S trö m u n g sric h tu n g  v e rä n d e r t  h a t.

D ie U n te rsu ch u n g en  w urden  a n  v ersch ied en en  F lü ss ig k e itsp aa ren  
(L ösung— L ö su n g sm itte l) d u rc h g e fü h rt. D ie d a ra u s  gew onnenen M essergeb
n isse  s ind  in  T abelle I I  angegeben, d ie  Z iffern in  d en  K olonnen  d e r T abelle  
geben  die K en n u m m er d e r ste igenden  F lü ss ig k e iten  an . Zum  V erg leich  sind 
a u c h  die M essdaten  d er V ersuche m it lu ftlo sen  D iap h rag m en  angegeben . D ie 
E le k tro ly tk o n z e n tra tio n e n  u n d  S p an n u n g sw erte  s in d  so gew ählt w orden , dass 
m it e inem  lu ftfre ien  D iap h rag m a  —  w en igstens zu  B eginn  d er M essung —  
das L ö su n g sm itte l s te igen  soll. W ie m a n  s ieh t, k a n n  die ad so rb ie rte  L u ft die 
S trö m u n g sric h tu n g  u m k eh ren . Diese W irk u n g  k o m m t am  s tä rk s te n  bei dem  
D ia p h ra g m a  G4 zum  V orschein , bei d e m  D ia p h ra g m a  G2 gar n ic h t. F e rn e r
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Tabelle I
в
kbk
ft. Flüssigkeitspaar
3
S'

Diaphragma G 2 Diaphragm a G3 Diaphragm a G4

t — -  78 °C 
t =  + 1 5  °C 
t --= + 4 5  °C 

50 und 
1000 Hz

t := 78 °C t -= + 15  °C t =  + 45  °C t =  -  78 °C t =  +15°C < =  + 45  °C

SP Nr. 1 1 Nr. 2 50 und 1000 Hz 50 und 1000 Hz
a

5 Azeton -f- K J —  Azeton  

^ Äthylalkohol +  K J —  Äthylalkohol
Ca

2 2 

2 2
2 2 

2 2
1 2
2 2

1 2
2 2

1 2
2 2

1 2 

1 2
1 2 

1 2

Tabelle II

Flüssigkeitspaar Konzentration 
10“* n

D iaphragm a G2 Diaphragm a G3 Diaphragm a G4

Spannung
kV

Ohne und 
m it ad

sorbierter 
Luft

Spannung
kV

Ohne ad
sorbierte 

Luft

Mit ad
sorbierter 

Luft

Spannung
kV

Ohne ad
sorbierte 

Luft

Mit ad
sorbierter 

Luft
Nr. 2 Nr. 1

Wasser -f- KJ — Wasser 6 2,0 2 2,0 2 l 1,2 2 l
Azeton -f- KJ — Azeton 6 2,5 2 2,5 2 l 1,2 2 l
M ethylalkohol -f- KJ — M ethylalkohol 6 2,5 2 2,5 2 2 1,2 2 l
Äthylalkohol +  KJ — Äthylalkohol 6 2,5 2 2,5 2 2 1,2 2 l
Isobutylalkohol +  KJ — Isobutylalkohol gesättigt 2,5 2 2,5 2 2 3,7 2 2

LÁ
SZLÓ
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Abb. 10. D ie N iveaudifferenz als Funktion der Zeit im F alle von  1 • 10-4  n wässeriger KJ- 
Lösung— W asser, a) D iaphragm a m it adsorbierter L uftschicht; b) Diaphragm a ohne L uft
schicht. ----------  Diaphragm a G4 und Spannung von  1200 У ; ----------  D iaphragm a G3 und

Spannung von  1900 У

k an n  b e o b a c h te t w erd en , dass die S trö m u n g sric h tu n g  beim  Iso b u ty la lk o h o l, 
der zu r A ssoziation  se iner M olekeln a m  m eisten  n e ig t, du rch  die ad so rb ie rte  
L u ftsc h ic h t n ich t g e ä n d e rt w erden k o n n te .

F a lls  die an  d e r D iap h rag m en o b erfläch e  ad so rb ie rte  L u ft d ie  e lek tro 
osm otische S trö m u n g srich tu n g  n ic h t  ä n d e rt, so w ird  die N iveaud ifferenz  
k le iner, wie dies aus A bb . 11 e rs ich tlich  is t. W ir k ö nnen  d ah er fe s ts te llen : 

R egel 10. Die an  d er W and  d e r  K ap illa ren  ad so rb ie rte  L u ft b eg ü n s tig t 
das S te igen  der L ösung  u n d  v e ru rsa c h t d ad u rch  en tw ed er eine R ich tu n g s-

Abb. 11. D ie N iveaudifferenz als Funktion der Zeit im Falle von  1 • 10~4 n L ösung von KJ 
in M ethylalkohol—M ethylalkohol, a) D iaphragm a m it adsorbierter L uftschicht; b) D ia
phragma ohne L uftschicht. ----------  D iaphragm a G4 und Spannung von 1200 V; ----------

Diaphragm a G3 und Spannung von 1900 V
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W echsel d er e lek tro o sm o tisch en  S trö m u n g  oder v e rr in g e r t  w en igstens das S te i
gen  des L ö su n g sm itte ls . D iese R ege l is t  fü r K a p illa re n  m it k leinen  D urchm essern  
g ü ltig . B ei g rösseren  D u rch m essern  (^> 40 fi) b e e in flu ss t die ad so rb ie rte  L u f t
sc h ic h t die E lek tro o sm o se  n ic h t. D ie  Grösse d er W irk u n g  h ä n g t a u c h  von d er 
B esch affen h e it des L ö su n g sm itte ls  ab , indem  b e i F lüssig k e iten , d ie  zu r inneren  
O rd n u n g  ih re r M olekel sehr g en e ig t s ind , die W irk u n g  k leiner is t .

E s  sei b e m e rk t , dass im  F a lle , w enn an  d e r W an d  eines porösen  D ia 
p h ra g m a s  (z. B . G4) sich eine a d so rb ie rte  L u ftsc h ic h t b e fin d e t, u n d  das D ia 
p h ra g m a  zwei F lü ss ig k e iten  v o n  v e rsch ied en er O b erfläch en sp an n u n g  vo n e in 
a n d e r  tr e n n t ,  au ch  ohne ein e lek trisch es F e ld  e in e  sehr b e trä c h tlic h e  N iv eau 
d ifferenz  e n ts te h t. B ei unseren  e lek tro o sm o tisch en  U n te rsu ch u n g en  w aren  die 
g e lö sten  S u b stan ze  k a p illa r in a k tiv , u n d  so k a m  ohne ein e lek trisches F e ld  
k e in e  N iv eau d iffe ren z  zu s tan d e , a u c h  d ann  n ic h t, w enn das D iap h rag m a  m it 
L u f t  beschaffen  w ar.

A u f G ru n d  d e r le tz tg e n a n n te n  V ersuche k a n n  R egel 1 e rg ä n z t w erden:
R egel 1. B ei D iap h rag m en  m it g rösseren  K ap illa ren d u rch m esse rn  

(> - 40 fi) lä ss t eine W ech se lsp an n u n g  das L ö su n g sm itte l s te igen , u n ab h än g ig  
v o n  d e r Q u a litä t  des L ö su n g sm itte ls  u n d  des E le k tro ly ts  v o n  der K o n 
z e n tra tio n  des L e tz te re n , von  d e r T e m p e ra tu r , v o n  d e r H öhe u n d  d e r  F requenz 
d e r  S p an n u n g  u n d  u n ab h än g ig  d a v o n , ob an  d e r O berfläche des D iap h rag m as 
sich  eine a d so rb ie rte  L u ftsc h ic h t b e fa n d  oder n ic h t.

3.8. Versuche m it D iaphragm a G5

W a r das D iap h rag m a  eine J e n a e r  G la s f ilte rp la tte  G5, so k o n n te  e rs t 
n a c h  m e h rs tü n d ig e r  B eo b ach tu n g  eine N iveaud iffe renz  von  ein igen  M illi
m e te rn  fe s tg e s te llt w erden , u n d  zw ar n u r  bei n ied rig en  S pan n u n g en  ( <  1200 V), 
w en n  E le k tro ly tlö su n g — L ö su n g sm itte l als F lü ss ig k e itsp aa r v e rw e n d e t w urde. 
I n  d iesen  F ä llen  s tie g  die L ösung . B e i einer h ö h e re n  S pannung  (4000 V) k am  
k e in  F lü s s ig k e its tra n sp o rt z u s ta n d e . E s k an n  fe s tg e s te llt w erd en :

R egel 11. B ei D iap h rag m en  m it sehr k le in en  K ap illa ren d u rch m esse rn  
(< ; 1,7 fi) k an n  n u r  bei n ied rigen  S p an n u n g en  (<C 1200 V) eine W echselstrom - 
e lek troosm ose b e o b a c h te t w erden .

3.9 . A n  beiden Se iten  des D iaphragm as befinden sich verschiedene F lüssigkeiten

B efan d en  sich  im  M essgefäss zw ei versch iedene A lkohole u . zw ar M ethyl-, 
Ä th y l- , n -P ro p y l oder n -A m yla lkoho l, und  w u rd e  eine W ech se lspannung  
an g e leg t, so s trö m te  bei lu ftfre ien  D iap h rag m en  G2, G3 u n d  G4 im m er der 
A lkoho l m it k le in erem  M oleku largew ich t zum  a n d e re n  A lkohol m it dem  grösse
re n  M oleku la rgew ich t h in ü b er.

W enn  die v e rw en d e ten  F lü ss ig k e iten  n ic h t M itglieder e in er hom ologen
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R eihe  sind , so h ä n g t die e lek tro o sm o tisch e  S trö m u n g srich tu n g  v o n  den P o ren - 
d u rch m esse rn  des D iap h rag m as  ab , u n d  es k o n n te  keine R egel fe s tg es te llt 
w erd en , w elche die S trö m u n g sric h tu n g  b e s tim m t.

E s  is t  m erk w ü rd ig , dass bei V erw endung  v o n  Ä th y la lk o h o l— W asser als 
F lü ss ig k e itsp aa r u n d  einem  D ia p h ra g m a  G2, eine W ech se lspannung  von  
4000 V  Ä th y la lk o h o l in  solchem  M asse zum  W asser d u rch strö m en  lä ss t, dass 
das W assern iveau  h ö h e r w ird  als das N iveau  des Ä th y la lk o h o ls . I n  unserem  
F a lle  w ar der spezifische W id e rs ta n d  des Ä th y la lk o h o ls  der fü n ffach e  des 
spezifischen  W id ers tan d es  des W assers. D ieser V ersuch  bew eist, dass be i g rös
seren  K ap illa ren d u rch m esse rn  n ic h t  im m er je n e  F lüssig k e it zu r anderen  
d u rc h s trö m t, w elche das grössere L e itv e rm ö g en  b e s itz t. D ies h ä t te  näm lich  
aus u n se ren  V ersuchen  m it E le k tro ly tlö su n g — L ö su n g sm itte l ev en tu e ll als 
R egel herausgelesen  w erden .

3.10. D ie A bhängigkeit des elektroosmotischen D ruckes von der Feldstärke

Z u r U n te rsu ch u n g  d er A b h än g ig k e it des e lek tro o sm o tisch en  D ruckes 
v o n  d e r F e ld s tä rk e  m ü ssen  E le k tro ly t, D iap h rag m a  u n d  S p an n u n g  so g ew äh lt 
w erden , dass die e lek troosm otische  S trö m u n g sric h tu n g  bei säm tlich en  V er
su ch en  die gleiche b le ibe . W ir v e rw en d e ten  als F lü ss ig k e itsp aa r 1 • 10 _1-n 
w ässerige H C l-Lösung u n d  W asser, u n d  als D iap h rag m a  eine F i l te rp la t te  G4. 
D ie S parm ungsw erte  w u rd en  so n ied rig  gew ählt, dass die sich e in ste llenden  
m ax im alen  N iveaud iffe renzen  m it u n se rem  M essgefäss noch  zu  b es tim m en  
seien. D iese S p an n u n g sw erte  w aren 500, 1000 u n d  1500 V, die sich e in ste llenden  
N iveaud ifferenzen  4 , 15 u n d  34 m m . U m  K o n z e n tra tio n sä n d e ru n g e n  infolge 
von  N iv eau än d eru n g en  zu  verm eid en  v e rfu h ren  w ir so, dass w ir V orversuche 
g em ach t hab en  u n d  d a n n  die F lü ss ig k e iten  in  die Schenkel des M essgefässes 
so hoch  eingefüllt h a b e n , dass die zu  e rw a rte n d en  N iv eau d iffe ren zen  a n n äh e rn d  
schon  bei R eginn a u sg eb ild e t seien. A u f  G rund  d e r M essungen k a n n  fe s tg es te llt 
w erden :

R egel 12. D er e lek troosm otische  D ru ck  is t eine q u ad ra tisch e  F u n k tio n  
d er F e ld s tä rk e .

3.11. D ie A bhängigkeit der elektroosmotischen Ström ungsgeschw indigkeit von 
der Feldstärke

D ie G esich tsp u n k te  n ach  w elchen  E le k tro ly t, S p an n u n g sw erte  u n d  D ia 
p h ra g m a  h ie r au sg ew äh lt w urden , w a ren  die gleichen wie im  P u n k t 3.10. 
So w u rd e  auch  h ie r  1 • 1 0 “4-n w ässerige  H Cl L ösung  u n d  W asser, bzw . 
D ia p h ra g m a  G4 v e rw e n d e t und  bei v e rsch ied en en  S pan n u n g en  d ie  in  d er Z e it
e in h e it sich e in ste llenden  N iv eau d iffe ren zen  gem essen. Bei der W ah l d er Z e it
e in h e it u n d  der S p an n u n g sw erte  w u rd e  d a ra u f  g e ach te t, dass die N iv eau 
d ifferenzen  im  V erg leich  zum  e lek tro o sm o tisch en  D ru ck  n ied rig  seien. Die
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S p an n u n g sw erte  w aren  1500, 2500, 3000 У , das V erh ä ltn is  der N iv eau d iffe 
ren zen  in  d er Z e ite in h e it 1 : 2,3 : 4 ,1 , w oraus fo lg t:

R egel 13. D ie e lek tro o sm o tisch e  S tröm un g sg esch w in d ig k e it is t  eine 
q u a d ra tisc h e  F u n k tio n  d er F e ld s tä rk e .

3.12. D ie A bhängigkeit des elektroosmotischen D ruckes vom K apillarenrad ius

Z ur B estim m u n g  des Z u sam m enhanges zw ischen  dem  K a p illa ren rad iu s  
des D iap h rag m as u n d  dem  elek tro o sm o tisch en  D ru ck , benö tigen  w ir w en igstens 
d ie  K e n n tn is  des V erh ä ltn isses  d e r K a p illa re n rad ii. D ieses V e rh ä ltn is  w urde  
m it H ilfe d er G le ichstrom elek troosm ose b e s tim m t, d a  d o rt der Z u sam m en h an g  
zw ischen dem  o sm otischen  D ru ck  u n d  dem  K a p illa ren rad iu s  b e k a n n t is t. D as 
V erh ä ltn is  d e r d u rc h sc h n ittlic h e n  K a p illa re n rad ii d e r  D iap h rag m en  G3 bzw . 
G4 e rgab  sich  a u f  G ru n d  u n se re r  M essungen zu  2,1 : 1. D ie m it e in er W echsel
sp a n n u n g  v o n  3500 V  d u rc h g e fü h rte n  M essungen w u rd en  an einem  F lüssig 
k e itsp a a r :  6 • 10~ s-n L ösung  von  K J  in A ze ton— A zeton  d u rch g e fü h rt. F ü r  
d en  osm otischen  D ru ck  e rgaben  sich  die W erte  v o n  43 bzw . 180 m m  A lkohol
sä u len d ru ck  [1]. D as  V erh ä ltn is  d er K a p illa re n rad ii is t  also 4,41, das V erh ä ltn is  
d e r o sm otischen  D rü ck e  4,18 das m it au sre ich en d er G enau igkeit d as  fo lgende 
E rg eb n is  b ie te t:

R egel 14. D er e lek troosm otische  D ru ck  is t  dem  Q u a d ra t des R ad iu s  
d e r D ia p h rag m en k ap illa ren  u m g e k e h rt p ro p o rtio n a l.

W ir m üssen  d a ra u f  au fm erk sam  m achen , dass die P o ren d u rch m esse r d er 
J e n a e r  G la s filte rp la tte n , die die gleiche K en n u m m er trag en , gewisse S tre u u n 
gen zeigen. D iese S tre u u n g  d er P o ren d u rch m esse r lä s s t sich im  A b la u f d e r 
W ech se lstrom elek troosm ose  —  in  d e r S trö m u n g srich tu n g  —  sp ü ren . D ie 
A bw eichungen , die bei F ilte rn  v o n  gleichen K en n u m m ern  a u f tre te n , liegen 
a b e r  s te ts  in  d er R ic h tu n g , wie das aus den  festg e s te llten  R egeln zu  e rw arten  
is t ,  w enn  die w irk lichen  K ap illa ren d u rch m esse r in  R ech n u n g  genom m en w er
den .

4. V ersuche bei w elchen  als D iap h rag m a eine G lasplatte  
m it e in er zy lindrischen  B o h ru n g  angew endet w urde

W ird  bei un serem  U -förm igen  G efäss als D iap h rag m a  ein in  eine G las
p la t te  g eb o h rtes  zy lind risches L och  g ew äh lt, (D u rch m esser der B o h ru n g  b e tru g  
0,2 m m , ih re  L änge 2,5 m m ) u n d  fü ll t  m an  in  den e inen  Schenkel ein  L ösungs
m itte l ,  in  den  a n d e ren  eine E lek tro ly tlö su n g , so erfo lg t bei A nlegen  e iner 
W ech se lsp an n u n g  au ch  in  d iesem  F alle  ein  F lü ss ig k e its tra n sp o rt. In  allen  
F ä lle n  s trö m t die L ösung  zum  L ö su n g sm itte l h in ü b e r , u n ab h än g ig  von  den  
P a ra m e te rn , die im  A b sc h n itt 3 e rö r te r t  w aren , also äh n lich  wie das be i einem  
D ia p h ra g m a  G2 d er F a ll ist.
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I n  A bb. 12 is t  diejenige N iveaud iffe renz  als F u n k tio n  d er Z e it darge
s te llt , d ie sich beim  F lü ss ig k e itsp aa r: 1 • 10 “4-n w ässerige K J -L ö s u n g —W asser 
bei A nlegen einer W ech se lspannung  von  1000 V e in s te llt (K u rv e  o). B ei der 
g leichen  Z u sam m enste llung  w urde  auch  d er A b la u f d er G le ichstrom elek tro - 
osm ose bei e iner G le ichspannung  von  500 V u n te rsu c h t, w obei d ie  n eg a tiv e  
E le k tro d e  sich im  L ö su n g sm itte l (K u rv e  b) bzw . in  d er L ösung  (K u rv e  c) 
b e fa n d . Im  le tz te re n  F a ll lie f die E lek tro o sm o se  n ic h t so ab , wie bei einem  Dia-

Abb. 12. Die Niveaudifferenz als Funktion der Zeit im Falle eines zylindrischen Lochdia
phragm as, 1 • 10“ 4 n wässeriger H Cl-Lösung— W asser, a) W echselspannung von  1000 Y; 
b) G leichspannung von  500 V, die negative  Elektrode im L ösungsm ittel; c) Gleichspannung  

von 500 V, die negative  Elektrode in der Lösung

p h ra g m a  G2, indem  zu B eginn des V ersuches die L ösung  zum  L ö su n g sm itte l 
h in ü b e rs trö m te  u n d  e rs t sp ä te r d ie K egel, die die S trö m u n g sric h tu n g  bei der 
G le ichstrom elek troosm cse  b e s tim m t, zu r G eltung  kam .

Ä hnlich  wie bei d er W echselstrom elek troosm ose m it einem  D iap h rag m a 
G2, k o n n te n  auch  h ie r die B eo b ach tu n g en , die sich  a u f  die S trö m u n g srich tu n g  
bei L ösung  — L ö su n g sm itte l beziehen , n ic h t e infach  so zusam m en g efasst w er
den , dass bei A nlegen  einer W ech se lsp an n u n g  im m er die F lü ssig k e it m it grös
serem  e lek trischen  L e itverm ögen  zu r anderen  h in ü b e rs trö m t. U m  das zu 
bew eisen  sei in  A bb . 13 der A b lau f d er W echselstrom elek troosm ose m it Ä th y l
a lk o h o l—W asser d a rg es te llt, wo d e r fü n fm al sch lech te r le iten d e  A lkoho l zum  
W asse r h in ü b e rs trö m t.

A u f G rund  v o n  au sfüh rlichen  U n te rsu ch u n g en  sind  fo lgende K egeln  bei 
d iesem  D iap h rag m a u n d  bei V erw endung  von  E le k tro ly tlö su n g — L ösungs
m itte l  gü ltig :

R egel 1. B ei A nlegen einer W ech se lspannung  flie ss t die L ösung  zam  
L ö su n g sm itte l h in ü b e r, u n ab h än g ig  von  d er B eschaffenheit des L ö su n g sm itte ls  
u n d  d e r L ösung, u n ab h än g ig  v o n  d er K o n z e n tra tio n  der L ösung , von  der 
T e m p e ra tu r  der F lü ssig k e iten , v o n  d er G rösse d er S p an n u n g , v o n  deren  F re-
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q u en z  u n d  d av o n  ob sich an d e r O berfläche  d er K ap illa ren w an d  eine ad so r
b ie r te  G assch ich t b e fin d e t oder n ic h t.

R egel 2. D er e lek tro o sm o tisch e  D ruck  is t dem  Q u a d ra t d er F e ld s tä rk e  
p ro p o rtio n a l.

R egel 3. D er e lek troosm ostische  D ru ck  is t dem  R ad iu s  d er D iap h rag - 
m en k ap illa re  u m g e k e h rt p ro p o rtio n a l.

A bb. 13. D ie N iveaudifferenz als F unk tion  der Zeit im  Falle von Ä thylalkohol—W asser, 
eines zylindrischen Lochdiaphragm as und einer W echselspannung von  3500 У

5. Versuche mit porösen Glasdiaphragmen, bei welchen die Porendurchmesser 
gegen die eine Seite des Diaphragmas hin zunehmen

5.1. Versuche m it destillierten F lüssigkeiten

W aren  beide F lü ssig k e iten  im  M essgefäss m it dem  oben g en an n ten  D ia 
p h ra g m a  re ine , d e s tillie r te  L ö su n g sm itte l (W asser, A zeton , M ethy l-, Ä th y l
a lk oho l), so s trö m t b e i A nlegung v o n  W ech se lsp an n u n g  (2— 4 kV) die F lü ss ig 
k e it  in  der K ap illa re  bei allen T e m p e ra tu re n  in  je n e  R ich tu n g , in  w elcher die 
P o re n  sich v e rjü n g en .

5.2. Versuche m it 1 ■ 10 ^-normalen E lektrolytlösungen

M it 1 • 10 _4-n o rm aler w ässerig er KCl oder A 1(N 03) 3 L ö su n g  u n d  einer 
W ech se isp an n u n g  v o n  0,5— 1,5 kV  s trö m t die F lü ss ig k e it in  d er K ap illa re  
eb en fa lls  bei allen  T e m p e ra tu ren  in  die R ich tu n g  d e r k le ineren  P o renöffnungen .
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5.3. Versuche m it 5 • 10 ^ -n o rm a len  E lektrolytlösungen

M it 5 ■ 10 ^-norm alen  w ässerigen  KCl oder A 1 (N 0 3)3 L ösungen  is t  die 
S trö m u n g srich tu n g  hei A nlegung  v o n  1000 Y je  n ach  d e r  B a d te m p e ra tu r  v e r
schieden. B ei L e itu n g sw a sse rte m p e ra tu r  s te ig t die F lü ss ig k e it an  d e r F e in 
p o ren se ite , be i einem  W a rm b a d  ( + 7 5  °C) an  d er a n d e ren , an  der g ro bporigen  
Seite des D iap h rag m as. W ird  w echselw eise k a lte s , bzw . w arm es W asser d u rch  
das B ad  g e le ite t, so ä n d e r t  sich die S trö m u n g sric h tu n g  d em en tsp rech en d . D ie 
M essergebnisse bei e iner K C l Lösung s in d  in  A bb. 14 angegeben . Die A bszissen-

Abb. 14. D ie  N iveaudifferenz als Funktion der Zeit im Falle von  5 • 10 4 n wässeriger KC1- 
Lösung, einer W echselspannung von 1000 У und eines D iaphragm as bei welchem  die Poren
durchm esser in  eine R ichtung zunehmen, a) B ei einem  W asserbad von +  18 °C. E s steigt 
die F lüssigkeit an der Feinporenseite, b) B ei einem  W asserbad von  + 7 5  °C. E s ste ig t die 
Flüssigkeit an der Grobporenseite, c) Im  F alle  einer W asserbadtem peratur von abw echselnd

+  18 bzw . + 7 5  °C

w erte  geben  die Zeit a n , die p o sitiv en  O rd in a ten w erte  die N iveaud iffe renz  
zw ischen F einp o ren se ite  u n d  G robporense ite . N ega tive  O rd in a ten w erte  b ed eu 
te n  also, dass die F lü ss ig k e it an  der G ro b p o ren se ite  stieg .

5.4. Versuche m it 1 ■ 10 "^-normalen E lektrolytlösungen

M it 1 • 10 ~3-n o rm alen  w ässerigen  KCl oder A 1(N 03) 3 L ösungen  s tieg  bei 
A nlegung einer W echselspannung  v o n  500 V die F lü ssigke itssäu le  an  d e r F e in 
p o ren se ite , bei 1000 Y a b e r  die an  d e r  G rob p o ren se ite , u n ab h än g ig  v o n  der 
B a d te m p e ra tu r . Die M essergebnisse f ü r  eine KCl L ösung  u n d  L e itu n g sw asse r
te m p e ra tu r  sind  in  A bb . 15 angegeben .
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5.5. Versuche m it  1 • 1 0 “2-norm aler E lektrolytlösung

M it e in e r 1 • 10 _2-n o rm alen  w ässerigen  K C l Lösung s tieg  bei A nlegung 
e iner W ech se lsp an n u n g  von  250 У  s te ts  die F lü ss ig k e it an  d e r F ein p o ren se ite , 
u n ab h än g ig  v o n  d e r B a d te m p e ra tu r .

Abb. 15. D ie N iveaudifferenz als F unktion  der Zeit im  F alle  von 1 • 10“ 3 n wässeriger KC1- 
L ösung, einer W echselspannung von  verschiedenen W erten und eines Diaphragm as, bei 

w elchem  die Porendurchm esser in eine R ichtung zunehm en

5.6. Die W irk u n g  der an der D iaphragm enoberfläche adsorbierten L u ft

Bei d en  b isherigen  V ersu ch en  m it konusfö rm igen  P o re n  w ar die D ia 
p h rag m en o b e rfläch e  frei v o n  e in er ad so rb ie rten  L u ftsch ich t. E in e  ad so rb ie rte  
L u ftsc h ic h t k a n n  in  der S trö m u n g sric h tu n g  d e r  W echselstrom elek troosm ose 
eine Ä n d e ru n g  h erfü h ren . E in e  solche Ä n d e ru n g  t r i t t  a u f  G ru n d  u n se re r 
M essungen n u r  d a n n  ein, w enn  ohne eine L u ftsc h ic h t die F lü ssig k e it an  d er 
F e in p o ren se ite  s tieg . A bb. 16 ze ig t einen  ty p isch en  F a ll m it  destillie rtem  
W asser be i A n leg u n g  einer W ech se lsp an n u n g  von  300 У. D er versch iedene 
A b la u f d e r E lek tro o sm o se  m it bzw . ohne eine  ad so rb ie rte  L u ftsch ich t is t 
k la r  s ic h tb a r.

5.7. D ie A bhäng igkeit der elektroosmotischen Ström ungsgeschw indigkeit von der 
Feldstärke

E s w u rd e n  die F lüssig k e itsm en g en  b e s tim m t, w elche b e i V erw endung  
v o n  W asser u n d  be i A nlegung v o n  50, 100 bzw . 200 V in v ie r  S tu n d en  d u rc h 
strö m en . D as V erh ä ltn is  d ieser M engen b e tru g : 1 : 4,2 : 15,7.

A us d en  V ersuchsergebn issen  k a n n  herausgelesen  w erd en , dass m it re i
n en , d e s tillie r ten  L ö su n g sm itte ln , u n d  m it seh r v e rd ü n n te n  E lek tro ly tlö su n g en
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(1 • 10~4-n) s te ts  die F lü ss ig k e it an  der F e in p o ren se ite  s te ig t, u n ab h än g ig  v o n  
d er B a d te m p e ra tu r  u n d  dem  W ert d er W echse lsp an n u n g . D iese S trö m u n g s
ric h tu n g  b le ib t b esteh en , w enn  die E le k tro ly tk o n z e n tra tio n  höher is t , ab e r 
die S p an n u n g sw erte  n ied rig er sind . E in e  e rh ö h te  E le k tro ly tk o n z e n tra tio n  
allein  h a t  also noch  keinen  en tsch e id en d en  E in flu ss  a u f  die S trö m u n g srich tu n g .

Abb. 16. D ie Niveaudifferenz als Funktion der Zeit im  Falle von destilliertem  W asser, einer 
W echselspannung von 3000 V und eines D iaphragm as, bei welchem  die Porendurchm esser  
in  eine R ichtung zunehm en, a) Diaphragm a ohne L uftschicht. E s ste ig t die F lüssigkeit an 
der Feinporenseite, b) Diaphragm a m it adsorbierter Luftschicht. E s steigt die F lü ssigk eit

an der Grobporenseite

E rs t  bei h ö h eren  S p an n u n g sw erten  oder bei höheren  B a d te m p e ra tu re n  d re h t 
sich  die S trö m u n g srich tu n g  um . E s k ö n n en  fo lgende R egeln  festg este llt w erd en :

R egel 1. D ie S trö m u n g srich tu n g  im  In n e re n  der D iap h rag m en k ap illa re  
r ic h te t  sich  gegen das E n d e  m it dem  k le in eren  D urchm esser, falls reine L ö su n g s
m itte l oder seh r v e rd ü n n te  E le k tro ly tlö su n g e n  (1 • 10 ~4-n) v erw en d e t w erden . 
D ie S trö m u n g srich tu n g  is t h ie rbe i u n a b h ä n g ig  vom  E le k tro ly t, von d e r S p an 
n u n g  u n d  d e r T em p era tu r .

R egel 2. E in e  E rh ö h u n g  der E le k tro ly tk o n z e n tra tio n  e rm ög lich t das 
S te ig en  d e r F lüssigkeit an  d er G robporenseite .

R egel 3. D urch  die W ah l einer genügend  n ied rig e r S p an n u n g  k a n n  
im m er e rre ic h t w erden , be i w as im m er fü r  einem  E le k tro ly t u n d  E le k tro ly t
k o n z e n tra tio n , dass die S trö m u n g  der F lü ssig k e it im  In n e re n  der D ia p h ra g 
m en k ap illa re  gegen das E n d e  m it dem  k le ineren  D urchm esser sich r ic h te .

R egel 4. E in e  E rh ö h u n g  der T e m p e ra tu r  d er E lek tro ly tlö su n g  fö rd e r t 
das S teigen  d er F lüssig k e it an  der G robporenseite .

R egel 5. E in e  V erw endung  von  h ö h e re r  W echselspannung  fö rd e r t  das 
S teigen  d e r F lüssig k e it an  d er G robporenseite .

R egel 6. E ine  ad so rb ie rte  L u ftsc h ic h t an  d er D iap h rag m en o b e rfläch e  
fö rd e rt das S teigen  der F lü ssig k e it an  d e r  G robporenseite .

R egel 7. D ie e lek troosm otische  S tröm ungsgeschw ind igke it is t  eine 
q u a d ra tisc h e  F u n k tio n  d e r F e ld s tä rk e .
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E in e  M essung des o sm otischen  D ru ck es  w ar bei d iesem  D ia p h ra g m a  
n ic h t m öglich , infolge des h o h en  o sm otischen  D ruckes u n d  der k leinen  S trö 
m ungsg esch w in d ig k e it bei d iesem  k le inen  P o ren d u rch m esse r. D a beim  V ersu ch  
5.7 kleine S p an n u n g en  ang e leg t w u rd en  u n d  W asse rk ü h lu n g  angew endet w u rd e , 
sowie die M essung eine lan g e  Z e it in  A n sp ru c h  n ah m , k a n n  die T e m p e ra tu r  
u n d  so au ch  die V isk o sitä t des d e s tillie r ten  W assers hei den  M essungen m it den  
d re i S p an n u n g sw erten  als p ra k tis c h  gleich angenom m en  w erden . D ie H ag en - 
P o iseu ille ’sche G leichung, a u f  u n se r  S ystem  angew endet, g ib t uns die M öglich
k e it  den  Z u sam m en h an g  zw ischen  dem  o sm otischen  D ru ck  u n d  d er S p an n u n g  
a u f  G ru n d  d e r D u rch strö m u n g sg esch w in d ig k e it ab zu sch ä tzen . E s k a n n  fe s t
geste llt w erd en :

R egel 8. D er w ech se ls tro m elek tro o sm o tisch e  D ru ck  is t  eine q u a d ra 
tisch e  F u n k tio n  d er F e ld s tä rk e .

6. V ersuche bei w elchen  als D iap h rag m a eine G lasp latte  
m it e iner konusfö rm ig en  B o h ru n g  verw endet w urde

6.1 . Versuche m it reinen, destillierten F lüssigkeiten

W ird  in  b e id e  Teile des M essgefässes d ie  gleiche d es tillie r te  F lü ss ig k e it 
(W asser, A ze to n , M ethyl-, Ä th y la lk o h o l) g leich  hoch  e ingefü llt, u n d  eine W ech 
se lsp an n u n g  (2— 4 kV) an g e leg t, so k o m m t eine  N iveaud ifferenz  zu s tan d e ,so  
dass die F lü ss ig k e it in  d e r B o h ru n g  in  je n e  R ic h tu n g  s trö m t, in  w elcher sich  
d as  L o ch d iap h rag m a  v e r jü n g t. D ie N iv eau d iffe ren z  s te llt sich  in  einigen M in u 
te n  nach  A n legung  der S p a n n u n g  ein.

6 .2 . Versuche m it  1 • 10 ~i -norm alen E lektrolytlösungen

M it e iner 1 • 10 _4-n o rm alen  w ässerigen  L ösung v o n  KCl oder A 1(N 03) 3 
u n d  einer W ech se lsp an n u n g  v o n  2— 4 kV  s te ig t die F lü ss ig k e it wie be i d en  
V ersuchen  6.1 an  d er schm alen  L ochseite . D ie dabei gem essenen N iv eau d iffe 
ren zen  bei K C l u n d  v ersch ied en en  S p an n u n g sw erten  w aren  fo lgende:

Spannung
kV

Niveaudifferenz
mm

2 7
3 15
4 28

M it 1 -10  3-no rm alen  E le k tro ly tlö su n g e n  k an n  die M essung w egen e lek 
tr is c h e r  D urch sch läg e  n ich t m eh r d u rc h g e fü h rt w erden.
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B ei d e ra rtig en  D iap h rag m en  h a t  eine ad so rb ie rte  L u ftsc h ic h t, die T e m 
p e ra tu r , die G rösse u n d  die F re q u e n z  der W ech se lsp an n u n g  a u f  die e le k tro 
osm otische S trö m u n g srich tu n g  k e in en  E in flu ss.

A u f G rund  d er V ersuche k a n n  fe s tg e s te llt w erden:
R egel 1. D ie F lü ssig k e it s trö m t au f die W irk u n g  der W ech se lsp an n u n g  

im  In n e re n  d er B o h ru n g  gegen die k leinere Ö ffnung .
R egel 2. D er e lek tro o sm o tisch e  D ruck  is t  eine q u a d ra tisc h e  F u n k tio n  

d er F e ld s tä rk e .

7. Deutung der Wecliselstromelektroosmose

E s lieg t n ah e , die W echse lstrom elek troosm ose  a u f  d ie  G leichstrom - 
elek troosm ose zu rü ck zu fü h ren , d a  sich  w äh ren d  der e inzelnen  H a lb p erio d en  
d e r W echselspannung  eine G le ichstrom elek troosm ose ab sp ie lt. F a lls  die W ech 
se lsp an n u n g  n ich t sy m m etrisch  sinusfö rm ig  is t , sondern  in  d e r einen H a lb 
periode die A m p litu d e  grösser is t , k a n n  auch eine E rsch e in u n g , die von  G le ich 
strom elek troosm ose  h e r rü h r t ,  b e o b a c h te t w erd en . B ei u n se ren  M essungen k a m  
d ieser F a ll n ich t v o r, w ie das in  3.6 b e h a n d e lt w urde .

B ei einem  Teil u n se re r V ersuche w ar d ie E le k tro ly tk o n z e n tra tio n  an  
beid en  S eiten  des D iap h rag m as versch ieden , deshalb  k a n n  es angenom m en 
w erden , dass die S trö m u n g sg esch w in d ig k e it in  den  n ach e in an d erfo lg en d en  
H a lb p erio d en  versch ieden  is t, a u c h  bei regelm ässig  sinusfö rm iger W echsel
sp an n u n g . D iese versch iedene  S tröm un g sg esch w in d ig k e it k ö n n te  d ann  den  
W echse lsp an n u n g seffek t h e rv o rru fe n . D a a b e r bei der G le ich s tro m e lek tro 
osm ose d er D ru ck  eine lin eare  F u n k tio n  der F e ld s tä rk e  is t , w äre  auch d ieser 
D ifferenzialeffek t eine lin eare  F u n k tio n  d e r F e ld s tä rk e , w as m it den V e r
suchsergebn issen  im  W id e rsp ru ch  s te h t.

D a  eine W echse lstrom elek troosm ose  au c h  d an n  e in t r i t t ,  w enn sich an  
beiden  S eiten  des D iap h rag m as die gleiche F lü ss ig k e it b e f in d e t (F all b), k a n n  
die E rsch e in u n g  a u f  die G le ichstrom elek troosm ose n ich t zu rü ck g e fü h rt w e r
den , in  d iesem  F a ll h e rrsc h t j a  v o lls tän d ig e  S y m m etrie  w as d ie  G le ich stro m 
elek troosm ose b e tr if f t .

Bei der G le ichstrom elek troosm ose  is t d ie  S trö m u n g srich tu n g  m it d en  
D iap h rag m en  G2, G3 u n d  G4 g leich . D eshalb  k a n n  m an aus d e r  G le ich stro m 
elek troosm ose keine E rsch e in u n g  ab le iten , b e i w elcher die e lek tro o sm o tisch e  
S trö m u n g srich tu n g  die F u n k tio n  d e r K a p illa re n rad ii ist.

D a  sich im  K ap illa re n sy s te m  d u rch  den S tro m  W ärm e en tw ick e lt, w u rd e  
das A u ftre te n  von  T h erm o d iffu sio n  in  B e tra c h t  gezogen, ab e r w eder im  
G anzen , noch  im  E in ze ln en  k o n n te  das V ersu ch sm a te ria l d a d u rc h  g e d e u te t 
w erden . So k a n n  z. B . die versch ied en e  S trö m u n g srich tu n g  b e i A nw endung  v o n  
D iap h rag m en  m it v e rsch ied en en  K a p illa re n rad ie n  m itte ls  T herm od iffusion
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n ich t g e d e u te t w erden . D as A u ftre te n  von  N iveau d iffe ren zen  k a n n  m it 
T h erm o d iffu sio n sersch ein u n g en  desw egen  auch  n ic h t e rk lä r t w erd en , weil 
die T h erm o d iffu sio n  bei L ösungen  u n d  porösen  G lasd iap h rag m en  zu einem  
u n b e a c h tlic h en  E ffek t f ü h r t  [2].

D a  sich  bei einer G ru p p e  der E rsch e in u n g en  an  b e id en  S eiten  des D ia
p h rag m as L ösungen  von  v ersch ied en en  E le k tro ly tk o n z e n tra tio n e n  b e fin d en , 
b e s te h t h ie r  die M öglichkeit eines b ip o la re n  M em brans. O hne einen e lek trischen  
S tro m  b ild e t  sich ab er ke in e  N iv eau d iffe ren z , u n d  so k a n n  ein b ip o la res  M em 
b ra n  n ic h t  angenom m en w erden . D as B ild  des S trom es am  O szilloskop zeigte 
keinen  G le ich rich te re ffek t.

E s k ö n n te  noch  d e r  G edanke a u fta u c h e n , dass die E rsch e in u n g  bei 
D iap h rag m en  m it g rösseren  P o ren d u rch m esse rn  ( >  40 /л) und  bei L o ch d ia 
p h rag m en , w enn als F lü ss ig k e itsp aa re  L ö su n g sm itte l— E le k tro ly tlö su n g  v er
w en d et w ird , a u f  die S trö m u n g  der h y d ra tie r te n  Io n en  zu rü ck g e fü h rt w erden  
k an n , d a  in  diesen F ä lle n  im m er d ie  L ösung  zum  L ö su n g sm itte l h in ü b e r
s trö m t. D ie  V ersuche a b e r , bei denen  d ie  F lü ss ig k e itsp aa re  re ine L ösungs
m itte l w a re n , h ab en  bew iesen  (P u n k t 3.9  u n d  A b sc h n itt 4) dass n ic h t u n b e 
d in g t d ie F lüssig k e it m it grösserer L e itfä h ig k e it zu r a n d e ren  h in ü b e rs trö m t. 
D ad u rch  fä l l t  die obige A n n ah m e zu r D e u tu n g  der E rsch e in u n g  weg.

W o llen  w ir zu r D e u tu n g  der W echsels tro m elek tro o sm o se  g elangen , so 
m üssen  w ir  jen e  K ra f t e ingehend  u n te rsu c h e n , w elche in  einem  e lek trisch en  
F e ld  a u f  ein  D ie lek trik u m  w irk t. L a u t  d en  G esetzen d e r  E le k tro d y n a m ik  ist 
die a u f  d ie  V o lum en ein h e it w irkende K ra f t  gleich

Й  =  J _ ( g 2 .  grade), (1)
87t

wo Q d ie L ad u n g sd ich te , e d ie D K  des S to ffes u n d  © d ie  F e ld s tä rk e  b eze ich n et.
L egen  w ir a u f  die E le k tro d e n  eine G le ich sp an n u n g  an , so r u f t  d as  erste 

G lied in  (1) die b e k a n n te  G le ichstrom elek troosm ose h e rv o r, da  sich  an  der 
D iap h rag m en w an d  eine D o p p elsch ich t au sb ild e t.

Im  F a lle  einer W ech se lsp an n u n g  v e ru rsa c h t, w ie b e re its  gezeig t w urde , 
das e rs te  G lied der Gl. (1) keine m e rk b a re  e lek troosm otische  E rsch e in u n g . 
D as zw eite  G lied lä ss t a b e r  m ehr h o ffen , d a  es dem  Q u a d ra t d er F e ld s tä rk e  
p ro p o rtio n a l is t. D abei m u ss b e a c h te t w erd en , dass s ich  die D K  d e r F lüssig 
k e iten  d u rc h  die E in w irk u n g  von Io n e n  v e rrin g e rt, u n d  zw ar d a d u rc h , dass 
M olekeln in  einer H y d ra t-  bzw . S o lv a th ü lle  von einem  äusseren  e lek trisch en  
F e ld  w en ig e r geordnet w erd en  kö n n en . D iese W irk u n g  d e r  Ionen  h a t  m an  im 
F alle  v o n  W asser u n d  M ethy la lkoho l m itte ls  M essungen bew iesen [3].

I n  u n se ren  V ersuchen , in  w elchen  je  zwei E lek tro ly tlö su n g en  v ersch ie 
dener K o n z e n tra tio n  sich  an  beiden S e iten  des D iap h rag m as b e fan d en , t r i t t  
in  d er D ia p h ra g m e n k a p illa re  ein K o n z e n tra tio n sfa ll in  A ch sen rich tu n g  auf.
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In fo lge  dessen e rsch e in t im  e lek trisch en  F e ld  eine p o n d erom oto rische  K ra ft. 
M it d ieser K ra f t  k a n n  ab er die E rsch e in u n g  n ic h t e rk lä r t w erd en , da  diese 
K ra f t  im m er das L ö su n g sm itte l zu r Lösung h in ü b e rs trö m en  liesse. D aru m  
m uss a n s ta t t  d ieser K ra f t  eine grössere gesuch t w erden . Die m it d em  Io n e n 
k o n zen tra tio n sfa ll v e rb u n d en e  p onderom oto rische  K ra f t  m uss au c h  desw egen 
verw orfen  w erden , d a  —  wie bere its  d a ra u fh in g e w iesen  w urde, —  eine W echsel- 
strom elek troosm ose  au ch  bei gleichen F lü ssig k e iten  an  beid en  S eiten  des 
D iap h rag m as a u f tr i t t .

£  80
0  70
1  60

t  50
:!  40  
£  30  
S  20
CS>

'S 10 
b  0

2 1  0 1  2 3 4 ^ , 6 7
Entfernung von der <f Ebene in А

Abb. 17. Die D ielektrizitätskonstante des W assers in der Nähe der K apillarenwand nach
Co nw ay  und M itarbeitern

a) f  =  ОД V J
b) C =  0,2 V I
c) £ =  0,1 V I
d) C =  0,2 V ]

K onzentration  =  0,1 g Ionen/1; 

K onzentration =  0,2 g Ionen/1.

In  den K ap illa ren  des D iap h rag m as v e ru rsach en  die Io n en  d er an  der 
D iap h rag m en w an d  sich  b ild en d en  D oppelsch ich t eine Ä n d eru n g  d er D K . 
C o n w a y , B o c k r i s  u n d  A m m a r  [4 ]  b erech n e ten  —  eine S te rn ’sche D oppel
sch ich t angenom m en —  den V e rla u f  der D K  an  d e r K ap illa ren w an d , w enn 
an  beiden  S eiten  des D iap h rag m as d ie Io n e n k o n z e n tra tio n  in  W asse r gleich ist. 
Ih re  E rgebn isse  s in d  in  A bb. 17 an g e fü h rt. D ie p o n d ero m o to risch en  K rä fte , 
die in  einem  e lek trisch en  F eld  infolge von  d ieser D oppelsch ich t au ftre te n , 
v e ru rsach en  n u r  d a n n  einen F lü ss ig k e its tra n sp o rt, w enn  die K rä f te  eine K o m 
p o n e n te  in  der R ic h tu n g  der K ap illa ren ach se  h a b e n . W enn d ie  K ap illa ren  
zy linderfö rm ig  sind  u n d  an  beiden  S eiten  des D iap h rag m as die Io n en k o n zen 
tra t io n  d er E le k tro ly tlö su n g  gleich is t, d an n  h a b e n  die p o n d ero m o to risch en  
K rä f te  keine K o m p o n en te  in d er A ch sen rich tu n g  u n d  das W ech se lsp an n u n g s
feld  v e ru rsa c h t —  im  E in k lan g  m it d er E rfa h ru n g  —  keinen  F lü ss ig k e its 
tr a n s p o r t .  D ie p o n d ero m o to risch en  K rä f te  b e s itzen  in  jen em  F a lle  eine K o m 
p o n en te  in  der R ic h tu n g  der K ap illa ren ach se , w en n  en tw eder d ie  K o n z e n tra 
tio n  d er E le k tro ly tlö su n g  oder d ie  K ap illa ren d u rch m esse r an  b e id en  S eiten  
des D iap h rag m as versch ieden  sind .

B evor w ir u n s  m it der G e s ta ltu n g  der D K  in der D o p p e lsch ich t e in 
g eh en d er besch äftig en , wollen w ir a u f  die V ersuchsergebnisse  g e s tü tz t  suchen ,
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w as fü r  K rä f te  a n  d e r K ap illa ren w an d  an zu n eh m en  sind  um  die E rsch e in u n g  
d e u te n  zu  k ö n n en . D ie V ersuche bew eisen , dass b e i W ahl von  e in e r e n tsp re 
ch en d  n ied riger S p a n n u n g  es im m er e rre ich t w erden  k a n n , dass b e i einem  F a ll 
des T y p s  a das L ö su n g sm itte l (3.2) be i einem  F a ll vom  T yp b d ie F lüssigke it 
an  d e r  F e in p o ren se ite  (5.4; 5.5) ste ige . D a bei D iap h rag m en  m it g rossen  P o ren 
d u rch m esse rn  n u r  die o b en erw äh n te  S trö m u n g srich tu n g  m öglich  is t, bei 
D iap h rag m en  m it k le inen  P o ren d u rch m esse rn  a b e r  diese R ic h tu n g  m it n ie 
d rig e r S p an n u n g  im m e r e rre ich b ar is t , k a n n  diese fü r  die G ru n d ersch e in u n g  
c h a ra k te ris tisch  au fg e fasst w erden . D ie e lek tro o sm o tisch en  S trö m u n g en  m it 
u m g e k e h rte r  S trö m u n g sric h tu n g  w ären  d an n  eine  Folge v o n  sek u n d ären

L ösu ng

L ösu ngsm itte l
A bb. 18. Ponderom otorische K räfte, welche im  elektrischen W echselspannungsfeld an der 
K apillarenwand wirken a) im  Falle einer zylindrischen K apillare, Lösung— L ösungsm ittel, 

b) im F alle  einer konusförm igen K apillare, hom ogener Flüssigkeit

E ffe k te n  (z. B . W ärm ee ffek t des S tro m es). E in  B ew eis d a fü r is t, dass die u m 
g ek eh rte  S trö m u n g srich tu n g , die sich  be i höheren  S p an n u n g en  e in s te llt, du rch  
in te n s iv e  K ü h lu n g  w ieder z u rü c k g e k e h rt w erden  k an n  (3.4). D em gem äss 
sc h e in t es zw eckm ässig  zu  sein zw ei, z u r  K ap illa ren w an d  paralle le  K rä f te  an zu 
n eh m en , von  den en  die eine sich  be i s te ig en d er T e m p e ra tu r  v e rr in g e rt. W enn 
w ir d iese le tz te re  K ra f t  m it der äu sseren , locker g ebundenen  u n d  au ch  du rch  
die T e m p e ra tu r  b ee in flu ssb a ren  Io n e n sc h ic h t in  V erb in d u n g  b rin g e n , en tfe r
n en  w ir u ns von  d e r W irk lich k e it n ic h t. Im  F alle  v o n  zy lindrischen  K ap illa ren  
ze ig t d ie  T em p e ra tu rab h ä n g ig e  K ra f t  (3R2) in  die R ich tu n g  zu m  L ösungs
m itte l, im  F alle  v o n  konusfö rm igen  K a p illa re n  in  d ie  R ich tu n g  zu r V erjü n g u n g  
(A bb. 18). M it d e r A n n ah m e d er b e id en  K rä f te  k a n n  die E rsch e in u n g  folgen- 
d e rm assen  g e d e u te t w erden:

Acta Physica Academiae Scientiarum Hungaricae 31, 1972



D IE WECH3ELSTROMELEKTROOSMOSE 321

D ie R egeln  3/7 u n d  5/4, die s ic h  a u f  die T e m p e ra tu ra b h ä n g ig k e it der 
osm otischen  S trö m u n g srich tu n g  b ez ieh en , folgen v o n  se lb st, da gem äss Spezi
f ik a tio n  d er K rä f te  eine E rhö h u n g  d e r  T e m p e ra tu r  d ie  K ra ft v e rr in g e rt, 
eine H erab sen k u n g  d er T e m p e ra tu r  a b e r  diese K ra f t  e rh ö h t, d a d u rc h  dass die 
T e m p e ra tu rän d e ru n g  a u f  die locker g eb u n d en e  Io n e n sc h ic h t ein w irk t.

A uch  die R egeln 3/4 u n d  5/5, d ie  sich  au f den  Z u sam m en h an g  zw ischen 
e lek tro o sm o tisch er S trö m u n g srich tu n g  u n d  S pannungsgrösse  beziehen , w erden 
v e rs tä n d lic h , da  die T e m p e ra tu r  d e r in  den  D iap h rag m en k ap illa ren  b e f in d 
lichen  F lü ssig k e it auch  v o n  der S p annungsg rösse  a b h ä n g t.

A u f u n sere  A n n ah m e der be id en  K rä f te  g e s tü tz t  können  w ir a b e r  noch 
n ic h t e rk lä ren , w arum  w ir be i üb rigens g le ichb le ibenden  V ersuchsbed ingungen  
eine versch iedene S trö m u n g srich tu n g  b ek o m m en , w e n n  die P o ren d u rch m esse r 
d er D iap h rag m en  v e rsch ied en  sind. D iese versch iedene  S trö m u n g srich tu n g  
allein  d u rch  einen W ärm eeffek t des S tro m es zu e rk lä re n  is t n ä m lic h  u n a n 
gem essen, d a  a u f  G ru n d  von  B erech n u n g en  die in  d e r V o lum en ein h e it der 
K ap illa ren  fre i w erdende W ärm e g le ich  is t u n d  v o m  K ap illa ren d u rch m esse r 
n ic h t a b h ä n g t. Die versch iedene S trö m u n g sric h tu n g  k an n  n u r so g ed eu te t 
w erden , w enn  w ir an n eh m en , dass d ie  K ra f t 3Í2 in  den  D iap h rag m en  m it 
k le ineren  P o ren d u rch m esse rn  k leiner i s t ,  als in  so lchen  m it g rösseren  P o ren 
d u rch m essern , oder w en igstens, dass a u f  E in w irk u n g  der ü b rigens gleichen 
W ärm em engen  sich diese K ra f t  bei k le in e re n  P o ren d u rch m esse rn  s tä rk e r  v e r
r in g e rt als b e i g rösseren  P o ren d u rch m esse rn . D a w ir  die K ra ft 912 m it der 
äusseren  Io n en sch ich t d e r  e lek trisch en  D o p p e lsch ich t in  B eziehung g eb rach t 
h ab en , b e d e u te t  unsere  A nnahm e, d a ss  sich die g e n a n n te  Io n e n sc h ic h t bei 
k le ineren  P o ren d u rch m esse rn  n ich t so u n g e h in d e rt ausb ilden  k a n n  als bei 
grösseren  P o ren d u rch m esse rn . A uf d ie se  W eise is t R egel 3/2 zu d e u te n .

N ach  Gl. (1) is t  d ie  W echse lspannungse lek troosm ose  eine q u a d ra tisc h e  
F u n k tio n  d e r F e ld s tä rk e , im  E in k lan g  m it den R eg e ln  3/12, 4/2, 5 /8  u n d  6/2. 
In  A n n äh eru n g  k an n  a u f  unsere K a p illa re n sy s te m e  d ie  H agen-P o iseu ille ’sche 
G leichung angew endet w erden , d a ra u s  ergeben s ich  die Regeln 3 /13, 3/14, 
4/3 und  5/7.

D ie in  d er K a p illa re  sich b e fin d lich e  F lü ss ig k e it ü b t n ach  d em  ersten  
G lied in  Gl. (1) im  W ech se lsp an n u n g sfe ld  eine oszillierende B ew egung  aus. 
D ie A m p litu d e  dieser oszillierenden B ew egung  w ird  infolge der g rossen  Masse 
d er F lü ss ig k e it bei h ö h e re n  F req u en zen  (1000 H z) k le in e r. Die F o lge is t, dass 
die A u sb ild u n g  der lo ck e r g ebundenen  Io n en sch ich t v o n  einer W ech se lsp an 
n u n g  h ö h e re r F req u en z  w eniger g e s tö r t  w ird , als v o n  einer W echse lspannung  
n ied riger F req u en z . So w ird  Regel 4 /8 , d er sich a u f  d ie  F req u en zab h än g ig k e it 
der e lek tro o sm o tisch en  S trö m u n g sric h tu n g  bezieh t, v e rs tän d lich .

W ird  angenom m en , dass bei A n leg u n g  einer W ech se lsp an n u n g  v o n  sehr 
h o h er F req u en z  (380 k H z) die H a lb p erio d en ze it d e r  W ech se lsp an n u n g  bere its  
zu k lein  im  V ergleich zu  jen e r Z eit w ird , die zu r A usb ildung  u n d  O rd n u n g
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d e r D o p p e lsch ich t n ö tig  is t, so m uss d am it g erech n e t w erden , dass sich in  
e inem  solchen H ochfrequenzfe ld  eine D o p p e lsch ich t e igentlich  n ic h t  gänzlich  
e n tfa lte n  k a n n . D a d u rc h  fä ll t  d ie  W echselstrom elek troosm ose aus, wie das 
R egel 3/9 a u ssag t.

E in e  a d so rb ie rte  L u ftsc h ic h t an  der D iap h rag m en o b e rfläch e  s tö r t die 
A u sb ild u n g  d er lo ck er geb u n d en en  diffusen Io n e n sc h ic h t in D iap h rag m en  m it 
k le in e ren  P o ren d u rch m esse rn , u n d  d ad u rch  w ird  R egel 3/10 u n d  5/6 v e rs tä n d 
lich .

G em äss S p ez ifik a tio n  d er K rä f te  is t die S tru k tu r  der äu sse ren  Io n e n 
sch ich t bei grossen  P o ren d u rch m esse rn  ( >  40 fi) b e re its  so s ta rk , dass sie von  
h ö h e re r  T e m p e ra tu r , S pannung  o d e r deren F re q u e n z  und  e in er ad so rb ie rten  
L u ftsc h ic h t n ic h t w esen tlich  b ee in flu ss t w erden  k a n n . So w erd en  die R egeln  
3/1, 4/1 u n d  6/1 v e rs tän d lich .

B ei k le in e ren  P o ren d u rch m esse rn  is t die S tru k tu r  der ä u sse ren , d iffusen 
Io n en sch ich t schw ächer, die A u sb ild u n g  der Io n e n sc h ic h t w ird  v o n  den spezi
fisch en  E ig en sch a ften  der Io n en  s ta rk  b ee in flu ss t, und  die R ege l 3/3 w ird  
v e rs tän d lich .

Im  F a lle  v o n  F lüssig k e iten , d ie zu r m o lek u la ren  O rdnung  m e h r geneigt 
s in d , k a n n  die Io n en sch ich t von  äu sseren  E in w irk u n g en  w eniger g e s tö rt w er
den , als dies bei F lü ssig k e iten  m it k le inere r N eigung  zur m o lek u la ren  O rdnung  
d e r F a ll is t. D a d u rc h  w ird  R egel 3/6 e rk lärlich .

W egen d e r k le in en  P o ren d u rch m esse r u n d  w egen des W ärm eeffek ts  des 
S tro m es b ild e t s ich  bei einem  D iap h rag m a  G5 u n d  einer h o h e n  S pannung  
k eine  solche D o p p elsch ich t, die eine W echselstrom elek troosm ose zur Folge 
h ä t te ,  wie das au c h  in  Regel 3/11 e n th a lte n  is t.

In  jen en  F ä lle n , in  w elchen sich  an beid en  S e iten  des D iap h rag m as v e r
sch iedene F lü ss ig k e iten  befinden , d ie  sich v o n e in a n d e r in  m eh reren  P a ra m e te rn  
u n te rsc h e id e n  (D K , E ig en sch aften  u n d  K o n z e n tra tio n  der Io n e n , m olekulare  
O rd n u n g  usw .) k o n n te n  keine e in d e u tig  g ü ltige  R egeln  fü r d en  A b lau f d er 
W ech se lstrom elek troosm ose  fe s tg e s te llt w erden  (3.9). Dies is t  v e rs tä n d lic h , 
w enn  w ir in  B e tra c h t  ziehen, dass d ie  oben g e n a n n te n  P a ra m e te r  den  A b lau f 
d e r W echselstrom elek troosm ose w esen tlich  b ee in flu ssen , und  d ass  sich in  den 
K a p illa re n  noch  d a z u  eine M ischung dieser F lü ss ig k e iten  b e fin d e t.

E in e  E rk lä ru n g  fü r die an o m ale  G le ichstrom elek troosm ose die in  A bb . 
12 d a rg e s te llt  is t , e rg ib t sich aus d em  2. Glied d e r  Gl. (1) w elches G lied w egen 
dem  spezialen  D ia p h ra g m a  au ch  im  Falle v o n  G le ichspannung  neben  dem  
1. G lied zur G e ltu n g  k o m m t (so lange die Io n en k o n zen tra tio n sd iffe ren z  gross 
is t) . D ies b ew eist d ie  G ü ltigke it v o n  Gl. (1).

D ie W echsels tro m elek tro o sm o se  w urde also  m itte ls  zwei, z u r  K ap illa 
re n w a n d  p a ra lle len , w illkürlich  angenom m enen  K rä f te n  e rk lä r t. D as D asein  
d ieser K rä f te  w u rd e  d ad u rch  b e s tä t ig t ,  dass die Folgerungen  m it  der E rfa h 
ru n g  im  E in k la n g  w aren . W ir w ollen  je tz t  n achw eisen , dass eine A nnahm e soi-

Acta Physica Academiae Scientiarum Hungaricae 31, 1972



D IE WECHSELSTROMELEKTROOSMOSE 323

cher K rä f te  auch  th e o re tisc h  b e g rü n d e t is t, da unsere  A nsch au u n g en  h in s ic h t
lich  d er S tru k tu r  d er D oppelsch ich t d a s  A u ftre ten  d iese r K rä fte  erm öglichen .

W en n  die F lü ss ig k e it keine E le k tro ly tz u sä tz e  e n th ä lt , u n d  das D ia
p h ra g m a  jen em  in A bs. 5 und  6 e n tsp r ic h t, genügt z u r  D eu tu n g  d e r W echsel- 
s trom elek troosm ose d ie  A nnahm e d e r S te rn ’schen D opp elsch ich t, w elche aus 
einer m onoionigen u n d  e iner d iffusen Io n en sch ich t b e s te h t  (Abb. 19a). G rad  e 
u n d  d em en tsp rech en d  d ie  pondero m o to risch e  K ra f t ,  ( $ 2) is t se n k re c h t zur 
D iap h rag m en w an d . D ie in  der A ch sen rich tu n g  lieg en d e  K o m p o n en te  (3R2) 
d ieser K ra f t  v e ru rsach t den  F lü ss ig k e its tran sp o rt. D ie  T e m p e ra tu r  h a t  a u f  die 
S te rn ’sche D oppelsch ich t p rak tisch  k e in en  E influss, u n d  so is t es v e rs tä n d lic h , 
dass die E rsch e in u n g  in  d iesem  F alle  v o n  der T e m p e ra tu r  u n d  dem  S p a n n u n g s
w e rt u n ab h än g ig  is t.

Abb. 19. D ie Struktur der elektrischen D oppelsch icht in einer konusförm igen K apillare und 
die ponderom otorischen K räfte, welche in einem  W echselspannungsfeld auftreten. a) Im  
Falle einer kleinen E lektrolytkonzentration , b) Im  Falle von  grösserer E lektrolytkonzentra

tion (1 • 10~ 3 n)

E n th ä l t  die F lü ss ig k e it bei g leichb leibendem  D iap h rag m a E le k tro ly t,  
so w ird  d a d u rc h  die D oppelsch ich t m od ifiz ie rt, in d e m  wegen d e r grösseren  
lo n e n k o n z e n tra tio n  z u r  positiven  Io n en sch ich t n a c h  A bb . 19a eine locker 
g ebundene  neg a tiv e  Io n en sch ich t h in z u k o m m t (A bb. 19b). Zw ischen den  be i
den  Io n en sch ich ten  b e f in d e t sich eine Ü b erg an g ssch ich t m it gem isch te r 
L ad u n g . E in e  B e tra c h tu n g  der L ad u n g sv erte ilu n g  in  d en  einzelnen S ch ich ten  
le h r t  u n s , dass die L ad u n g sd ich te  in  d e r gem isch ten  S ch ich t g rösser is t, als 
in  den  S ch ich ten  m it g le ichartigen  Io n e n , w elche Io n e n  sich ab sto ssen . D em 
zufolge r ic h te n  sich v o n  den  S ch ich ten  m it e in h e itlich e r L ad u n g  p o n d e ro 
m o to risch e  K rä fte  ( $ 15 Й 2) gegen d ie  S ch ich t m it g em isch te r L ad u n g . N eben 
d er K ra f t  H 2 t r i t t  a u c h  eine K ra f t  auf, w elche se n k re c h t zu r K a p illa re n 
w and  n a c h  innen  zeig t.
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B ei n ied rig e r  T e m p e ra tu r  u n d  S p an n u n g  is t die K ra f t  im Ü b er
g ew ich t. E rh ö h t m a n  die T e m p e ra tu r  oder die S p an n u n g , so m ischen  sich die 
lo ck e r geb u n d en e  Io n en sch ich t u n d  die S ch ich t m it g em isch te r L adung . D a 
h ie d u rc h  g rad  e k le in  w ird , v e rsch w in d e t d ie  K ra f t  й 2 p ra k tis c h , und  die 
K r a f t  St, k o m m t zu r G eltung . D iese B e tra c h tu n g e n  liefern  eine  E rk lä ru n g  
fü r  die T e m p e ra tu r- , S p an n u n g - u n d  E le k tro ly tk o n z e n tra tio n sab h ä n g ig k e it 
d e r  E lek tro o sm o se  im  F alle  d e r  g en an n ten  D iap h rag m en .

B ei zy linderfö rm igen  D ia p h ra g m e n k a p illa re n  nehm en  w ir  jen e  allge
m ein e re  F o rm  d e r  D oppelsch ich t an , in  w elcher au ch  die in n e re  Ion en sch ich t 
v o n  d iffuser S t ru k tu r  is t, u n d  t r a g e n  w ir der E le k tro ly tk o n z e n tra tio n sd iffe re n z  
an  b e id en  S e iten  des D iap h rag m as  R echnung . D ie L ad u n g sv e rte ilu n g  is t in  
d iesem  F alle  in  A b b . 20 d a rg e s te llt . N ach  d er äu sse ren  S ch ich t m it  gem ischter

dl2 t&j

A bb. 20. D ie Struktur der elektrischen D oppelsch icht an der K apillarenwand und die pondero- 
m otorischen K räfte, welche in einem  W echselspannungsfeld auftreten, w enn sich an dem  

einen E nde der K apillare ein L ösungsm ittel, an dem  anderen eine L ösung befindet

L a d u n g  b ild e t s ich  keine w eite re  S ch ich t m it g le ichartigen  Io n e n  aus, da an  
d e r e inen  S eite  des D iap h rag m as sich  L ö su n g sm itte l b efin d e t, so n d e rn  es b ild e t 
s ich  eine diffuse S ch ich t g em isch te r L ad u n g  aus. D ies h a t bei n ied rig e r  T em pe
r a tu r  u n d  S p a n n u n g  zur Folge, d ass  die K ra f t  ® 2 Lösung zum  L ö su n g sm itte l 
h in ü b e rs trö m e n  lä ss t.

B ei h o h e r T e m p e ra tu r  o d e r S p an n u n g  v e rsch w in d e t d ie  Ü bergangs
sc h ic h t infolge v o n  V erm ischung  d e r  F lü ss ig k e iten  m ite in a n d e r p ra k tisc h  b e i
n a h e  v o lls tän d ig , u n d  so s trö m t d u rc h  die K r a f t  das L ö su n g sm itte l zu r 
L ösung .

N ehm en  w ir an , dass au ch  im  F alle  von  D iap h rag m en  m it konusfö rm igen  
K a p illa re n  alle Io n en sch ich ten  d iffu s sind, so h a t  das a u f  die o b en  beschriebene 
A usb ildung  d er p o n d ero m o to risch en  K rä fte  ke in e  A usw irkung.

E s sei b e m e rk t, als eine m erk w ü rd ig e  E ig en sch a ft d e r W echselstrom - 
e lek troosm ose, dass  bei V erw en d u n g  von  D iap h rag m en  m it g rösseren  P o ren 
d u rch m esse rn  ( >  40 /n) m itte ls  e in e r W echse lspannung  (ohne G le ichrich tung) 
in  je d e m  F alle  (u n ab h än g ig  v o n  d en  P a ra m e te rn )  d au e rh a ft e in  F lü ssig k e its
t r a n s p o r t  in  eine R ich tu n g  h e rv o rg e ru fen  w erd en  kann .
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ЭЛЕКТРООСМОС ПЕРЕМЕННОГО НАПРЯЖЕНИЯ
3 . ЛАСЛО

Резюме
Мы назвали злектроосмосом переменного напряжения явление переноса в жидкостях, которое происходит под действием электрического поля переменного напряжения через порыстую диафрагму, капиллярную систему, или капилляр. Это электрокинетическое явление возникает в двух основных случаях.а) Капилляры диафрагмы имеют циллиндрическую форму, на двух сторонах диафрагмы находятся разные жидкости, напр. растворитель — раствор электролита.б) Капилляры диафрагмы имеют коническую форму и на двух сторонах диафрагмы находятся одинаковые жидкости.Даны правила, по которым протекает процесс электроосмоса. Так, среди прочего, установлено, что электроосмотическое давление является квадратичной функцией напряженности поля. Возникновение явления связано с пондеромоторными силами, возникающими в двойном слое у стенки капилляра под действием поля переменного напряжения.
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SPIN CUT-OFF FACTORS FROM (n,2n) REACTIONS 
OF NUCLEI WITH N  <  50

B y

D . H o r v á t h * and A. K iss
D EPARTM ENT O F ATOMIC PHYSICS, RO LA ND  EÖTVÖS U N IV E R S IT Y , BU DA PEST

(R eceived 19. IV. 1971)

The available experim ental data on isom eric ratios m easured in (n,2n) reactions are 
re-evaluated using a m ethod based on the H u i z e n g a — V a n d e n b o s c h  assum ptions. So far 
only th e  experim ental va lues o f isomeric (n ,2n) cross section ratios reported for nuclei w ith  
N  <  50 at 14 MeV have been re-analysed. The dependence o f the extracted spin cut-off 
factors on the param eters used is discussed, and the latter are compared w ith  th e  values 
predicted b y  the Fermi gas m odel; their ratios are found to be about 0.5.

Introduction

In  recen t y ea rs  m a n y  isom eric  ra tio s  m easu red  in  (n,2n) re a c tio n s  a t 
14 MeV h av e  been  e v a lu a te d  b y  m ean s o f th e  HmzEKGA—Va n d en b o sc h  
m e th o d  [1]. H ow ever, th e  sp in  c u t-o ff  fac to rs o b ta in e d  b y  d iffe ren t au th o rs  
are n o t  com parab le , as d iffe ren t a d a p ta tio n s  of th e  m e th o d , em ploy ing  various 
ap p ro x im a tio n s  and  d a ta  for n u c lea r te m p e ra tu re , tran sm iss io n  coeffic ien ts , 
level d e n s ity  p a ra m e te rs , pa iring  energ ies and g am m a m u ltip lic itie s  have 
been ap p lied . R e-an a ly sis  o f  th e  av a ilab le  ex p erim en ta l d a ta  u tiliz in g  th e  sam e 
sources fo r th e  p a ra m e te rs  m igh t m ak e  i t  possible to  in v e s tig a te  th e  dependence  
o f th e  sp in  cu t-o ff fa c to rs  on th e  choice o f  m odels. I t  is th e  aim  o f th e  au th o rs  
to  p e rfo rm  th is  ta s k  a long  th e  lines o f  a recen t s tu d y  o f  (n ,gam m a) reac tio n s 
[2]. A s a f irs t  s tep , d a ta  for th e  N  <  50 “ island  o f  isom erism ”  w ere  re -ev a
lu a te d .

T h e  m ain  fea tu re s  o f th e  ca lcu la tio n  for e x tra c tin g  th e  sp in  cu t-o ff 
fac to rs  from  (n, 2n) isom eric cross-section  ra tio s a re  essen tia lly  th e  sam e as 
describ ed  elsew here [10].

T h e  n uclear level d en sity  a d o p te d  is

<?([/, J)<x (2J  +  1) exp  j 2 )JâÜ —  j j  +  ,

w here a is th e  zero sp in  level d en sity  p a ra m e te r, a th e  sp in  cu t-o ff fa c to r , and 
J  th e  an g u la r m o m en tu m . The e ffec tive  ex c ita tio n  energy  is U  — E  —  eö,

* Present address: Central Research In stitu te  for P hysics, Budapest.
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w h ere  E  is th e  in c id e n t n e u tro n  en erg y  in  CM sy stem , ô =  16 ja  is th e  p a irin g  
en e rg y  of one n u c leo n , and  e is th e  p a r ity  fa c to r :

'2 for even
e = 1 for odd-m ass nuclei

0 for odd

T he m ean  en erg y  o f th e  e m itte d  n e u tro n s  is assum ed to  be  tw ice th e  
n u c le a r  te m p e ra tu re , T, given b y  U  =  T 2 — 4T . F o r  th e  zero -sp in  level d en sity  
p a ra m e te r  a we h a v e  app lied  N e w to n ’s fo rm u la  a =  0.095 • O'ai+ J z + 1) ' A 2'3. 
T h e  va lu es  fo r th e  averaged  sh e ll sp ins j N a n d  j z  w ere ta k e n  fro m  [2].

A ssum ing  th e re  are d ipo le  ra d ia tio n s  o n ly , th e  m ean  n u m b e r  of e m itte d  
p h o to n s  is 1/2 Y a U ' where U '  is th e  av e rag e  ex c ita tio n  en e rg y  a fte r  th e  
seco n d  n e u tro n  em ission.

T he c a lc u la te d  zero-spin lev e l d en sity  p a ra m e te rs , p a ir in g  correc tions, 
m e a n  n e u tro n  energ ies and  av e rag e  num bers o f  e m itted  p h o to n s  are show n 
in  T ab le  I . T he isom eric  ra tio s  ex am in ed  and  th e  sp in  cu t-o ff fa c to rs  ca lcu la ted  
fro m  th e m  are  d isp lay ed  in  T a b le  I I .  In  som e cases only  a low er lim it fo r

Table I

Actual va lu es o f reaction param eters
E  is the bom barding energy in CM system , a the zero-spin level density  param eter, ô the  
pairing energy correction, Е г and E 2 the  energies o f the evaporating neutrons, n the average

у  m ultip licity

T arget E
Target Residual

Jг. n
a Ô a Ô

70Zn 14.5 12.38 2.6 11.19 1.4 2.1 1.2 2
74Se 13.9 12.29 2.6 11.07 1.4 2.1 0 0
76Ge 13.8 13.06 2.4 12.95 1.2 2.0 0.7 ]
78Se 14.5 12.72 2.6 12.60 1.3 2.1 0.6 0
80Se 14.5 12.93 2.4 12.82 1.3 2.1 0.8 2
81Br 14.8 13.62 1.17 13.52 0 2.24 1.00 2

14.3 2.20 0.91 2
13.8 2.17 0.81 1

13.3 2.13 0.70 1
82Se 14.2 10.76 3.0 13.04 1.2 2.2 0.8 2
85Rb 13.9 11.62 1.4 13.97 0 2.3 0.8 1
“ Sr 14.5 12.95 2.4 15.30 1.1 2.1 0 0
87Rb 14.5 12.43 1.3 11.41 0 2.2 1.1 2
88Sr 14.5 13.77 2.4 12.75 1.3 2.0 0 0
90Zr 14.0 17.17 1.8 16.09 1.0 1.8 0 0
92Mo 14.5 17.43 1.8 16.34 1.0 1.9 0 0
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Table II
Cross-section ratios and spin cut-off factors

The reactions are considered at the bombarding energies reported in Table I. The numbers 
in parentheses after the data refer to the literature. Isomeric ratios marked were obtained 
by dividing the experimental isomeric cross-section with a computed ground-state one. 

means that the measured isomeric ratio cannot be compared with the calculated one

Residual Isom eric ratio m easurem ent Calculated spin cut-off factors
nucleus

E R a Ref. our other’s Ref.

c9Zn 14.7 0.56(11) 2.8(3) [10] 2 6 + 1*7 Z*°-0.6 —

73Se 14.1 0.86(8) — [5] 3-8ÍÜ6 2.9 [6]
14.4 0.82(5) — [17] 3 .3 ± 1 .2 2.7 [6]

4 .2 ± 0 .5 [10]
75Ge 14.8 0.62(8) 3(1) [12] 2.1 ± 0 .2 [6]

14.5 0.42(8) 1.80(15) [9]

Ö+1Г'-f-H —
15.0 0.74(5) — [15] 2 .5 ± 0 .3 6.0 [6]

"Se 14.7 0.51* 2.7 [13] 1.6 —
79Se 14.7 0.83* 3.3 [13] 3 —
8°Br 13.5 0.623(36) — [15] 3 .9 ± 0 .5 —

13.9 0.635(51) — [15] О о + 0.9 
°-y -0.4 —

14.0 0.52(4) 4.4(3) [8] 3 ± 0 .3 —
14.6 0.637(34) — [15] 4 ± 0 .4 —

0.58(7) — [18] 3 .5 ± 0 .5 6 ± 1 [12]

4 .9 iJ :26 [6]
14.7 0.72(8) 6 ± 1 [14] 5 - 6 Í r 5 —
14.9 0.635(30) — [15] 3 .9 ± 0 .3 5 .6 ± 0 .8 [6]

0.62(2) 5.4(3) [6] 3 .7 ± 0 .3 —
81 Se 14.4 0.80(5) — [17] 3 .1 ± 0 .4 « i w [6]

2 .9 ± 0 .2 [10]
14.7 0.74(2) 3.0(5) [13] 3 .6 ± 0 .1 4 .0 ± 0 .2 [6]

84Rb 14.1 0.52(5) 3.96(6) [11] 4 .2 ± 0 .6 —
14.7 0.55(20) 4.9(5) [14] 4-б1Пб —

8sSr 14.6 0.47(5) — [18] 4 .6 ± 1 .5 2 .3 ± 0 .1 [6]
2 .5 ± 0 .5 [12]

14.7 0.80(15) 3.0(5) [14] 9
* —

8GRb 14.7 0.37(12) 2.9(5) [14] 3 ± 0 .5 —
87Sr 14.7 0.74* [14] 3.5 —
89Zr 14.7 0.80(17) 3 .5 ± 0 .5 [14] 3 4 + °° —

14.8 0.72(8) 5 .5 ± 1 [12] 2 4 +1*° 9 9 +0.9 
z *^-0.4 [6]

0.82(16) 4.2(3) [10] 4 -2 Í 2“ 3 —
91Mo 14.7 0.96(38) 6(1) [14] ? —

14.8 0.91(18) 6 [10] 9 —
0.80(10) 8.5(15) [16] 3 .4 ± 1 .2 2.0 [6 |

14.9 0.82(1) 3.5(4) [6] 3 .8 ± 0 .4 ■ —
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th e  cr-value cou ld  be d e te rm in ed  (an  exam ple  is p resen ted  in  F ig . 3). T he t r a n s 
m ission  coeffic ien ts  were ta k e n  from  [3], th e  n e u tro n  b in d in g  energies an d  
n u c le a r  level sp in s  from  [4].

D iscussion

B ecause expressions fo r th e  level densities  o f  b o th  th e  ta rg e t  and  resid u a l 
n u c le i are  used  in  th e  ca lcu la tio n s , i t  m u st f i r s t  be decided w hich  of th e  tw o  
n u c le i in v o lv ed  in  th e  (n ,2n) re a c tio n  is c h a rac te rized  b y  th e  e x tra c te d  sp in  
c u t-o ff  p a ra m e te r . The case o f  th e  8eSr (n ,2n ) 85Srm,g re a c tio n , illu s tra te d  
in  F ig . 1, p ro v id es  a ty p ica l ex am p le . T he F ig u re  clearly  show s th a t  th e  f ir s t

F i g .  1 . C a l c u l a t e d  i s o m e r ic  r a t i o  c u r v e s  f o r  t h e  86S r  ( n ,  2 n )  r e a c t io n  a f t e r  t h e  e m is s io n  o f  ( a )  
1 n e u t r o n ;  (b) 2 n e u t r o n s ;  (c )  2 n e u t r o n s  a n d  1 p h o t o n ;  ( d )  2 n e u t r o n s  a n d  2 p h o to n s .  T h e  

s h a d e d  a r e a  c o r r e s p o n d s  t o  i s o m e r ic  r a t i o  m e a s u r e d  by  Str o h a l  e t  a l. [18]

n e u tro n  e v a p o ra tio n  process p lay s th e  m o st im p o r ta n t ro le  in d e te rm in in g  
th e  isom eric ra tio . This re fle c ts  th e  fac t th a t  th e  second n e u tro n  to  be e m itte d  
does n o t c a rry  aw ay  m uch o rb ita l  m o m en tu m  an d  th u s does n o t con sid erab ly  
a l te r  th e  sp in  d is tr ib u tio n . T h e  g am m a m u ltip lic ity  is low fo r th e  sam e reaso n . 
T h is conclusion  is generally  v a lid  in (n, 2n) reac tio n s  a t a b o u t 14 MeV, w hich  
m eans th a t  th e  cr-values o b ta in e d  belong p rim a rily  to  th e  ta rg e t  nucleus.

T he en erg y  dependence  o f  th e  c a lc u la ted  isom eric ra tio s  is show n in 
F ig . 2. T he ra tio s  seem  to  be  in sen sitiv e  to  sm all changes o f  th e  energy  o f th e  
in c id e n t n e u tro n  beam  a ro u n d  14 MeV (th e  in v e s tig a te d  reg ion  is 13— 15 MeV).

A lth o u g h  th e  tran sm iss io n  coefficients a re  strong ly  d ep en d en t on m ass 
n u m b e r, o rb ita l  m o m en tu m  a n d  th e  form  a n d  p a ra m e te rs  selected  for th e
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o p tica l p o te n tia l, th e  ca lcu la ted  isom eric r a t io s  are no t sen s itiv e  to  th em . T h e  
differences o f a b o u t 1%  be tw een  th e  isom eric ra tio  curves fo r th e  Se iso to p es, 
w hich  h av e  th e  sam e d a ta  ex cep t for m ass n u m b e r  and  n e u tro n  b ind ing  en e rg y , 
co rresponds to  th e  d ifferences in  th e  tran sm iss io n  coefficien ts o f th e  iso to p es.

F ig .  2 .  C a l c u l a t e d  i s o m e r ic  r a t i o  c u r v e s  f o r  t h e  81B r ( n ,  2 n )  r e a c t io n  a t  ( a )  1 4 .8 ; ( b )  1 4 .3 ;  
(c )  1 3 .8 ;  ( d )  1 3 .3  M eV  i n c id e n t  n e u t r o n  e n e r g y  ( in  C M  s y s t e m )

T h e  sp in  cu t-o ff  fac to r a n d  th e  in e r tia  m om en tum  o f nucle i are re la te d  
b y  th e  expression  a2 =  0  • T /h 2. In  th e  en e rg y  region ex am in ed  th e  F e rm i 
gas m odel p red ic ts  a rig id -b o d y  m o m en tu m  o f 0 P, w hereas pairing  m odels 
p re d ic t va lues 0 P 0 P. T he  0 / 0 p ra tio s  a re  p lo tted  a g a in s t m ass n u m b e rs  
in F ig . 4.

A ll th e  ra tio s  are fa r below  u n ity , as p re d ic te d  by  th e  pairing  m odels.

Table III
S p in  c u t - o f f  f a c t o r s  f o r  t h e  r e a c t i o n  86S r (n ,2 n )  w i t h  t h e  
m e a s u r e d  i s o m e r ic  r a t i o  o f  [1 8 ] a f t e r  e m i t t i n g  (a )  1 n e u t r o n ;
( b )  2 n e u t r o n s ;  (c )  2 n e u t r o n s  a n d  1 p h o t o n ;  (d )  2 n e u t r o n s  

a n d  2 p h o to n s

a b C d

4 .6 4 .5 4 . 4 ± 0 . 6 4 . 3 ± 0 .5
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F ig .  4 . R a t i o  o f  “ m e a s u r e d ”  a n d  r i g i d - b o d y  m o m e n t s  o f  i n e r t i a  o f  n u c le i  v s  m a s s  n u m b e r
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СП И Н О ВЫ Е К О Э Ф Ф И Ц И ЕН ТЫ  О Б Р Е ЗА Н И Я  Д Л Я  Я Д Е Р  N e  50 
ПО Р Е А К Ц И Я М  (п, 2п)

Д. ХОРВАТ и А. киш  
Резюме

Проведен пересмотр экспериментальных данны х по изомерным отношениям, по
лученны х из измерений реакций типа (п , 2п). Д ля  этого используется метод, основанный на  
предполож ениях Гюйзенги-Ванденбош а.

Д о  сих пор такой пересмотр был проведен только в случае экспериментальных зн а
чений отношений изомерных сечений (п , 2п), относящ ихся к ядрам N  <  50 при энергии  
14 MeV. Рассматрывается зависимость извлеченных спиновых коэффициентов обрезания  
от использованных параметров и параметры спинового обрезания сравниваются со значе
ниями, предсказанными моделю Ф ерми— газа; оказывается, что их отнош ения приблизи
тельно равны 0,5.
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THERMODYNAMICS
OF STRONGLY ANHARMONIC CRYSTALS I

B y

T. S ik l ó s  and У .  L . A k s i e n o v

JO IN T  IN STITU TE FO R  NUCLEAR R ESEA R C H , LABORATORY O F TH EO RETICA L PH Y SICS,
D U B N A , USSR

(R eceived 1. V I. 1971)

The properties under arbitrary external pressure o f  the face-centred cubic lattice  
disp laying nearest-neighbour central force interaction are investigated . The instab ility  tem 
perature, critical tem perature, phonon frequencies, phonon w idths and therm odynam ical 
properties o f the la ttice  are calculated in the high-tem perature lim it.

Introduction

A self-consisten t (S.C.) th e o ry  o f  s tro n g ly  an h a rm o n ic  c ry sta ls  h as  been 
re c e n tly  developed  [1 ]— [3] w hich  allow s all h ig h e r-o rd e r te rm s o f  lower- 
o rd er p e r tu rb a tio n  th e o ry  to  be ta k e n  in to  accoun t in  a S.C. m anner. P ro p e rtie s  
o f th e  th ree -d im en sio n a l face-cen tred  cubic (f.c.c.) la tt ic e  w ith  n e a re s t-n e ig h 
b o u r c e n tra l force in te ra c tio n  w ere ea rlie r in v e s tig a te d  fo r sm all p ressu res [4] 
an d , in  a p seud o h arm o n ic  a p p ro x im a tio n  for a rb i t r a ry  ex te rn a l p ressu re  [5].

In  th e  p resen t p a p e r  th e  p ro p e rtie s  o f  th e  sam e la tt ic e  u n d e r an  a rb itra ry  
e x te rn a l p ressu re  a re  considered w ith  allow ance fo r d am ping  o f  th e  S.C. 
phonons.

In  Section  1 a  S.C. system  o f eq u a tio n s  is o b ta in e d  for d e te rm in a tio n  
o f th e  ph y sica l p ro p e rtie s  of th e  c ry s ta l a t  a fix ed  (a rb itra ry )  p ressu re . In  
S ection  2 th e  in s ta b ility  te m p e ra tu re , c r itica l te m p e ra tu re , phonon frequencies , 
phonon  w id th s  and  th e rm o d y n am ica l p ro p ertie s  o f  th e  la ttic e  are  ca lcu la ted  
in th e  h ig h -te m p e ra tu re  lim it.

1. S.C. system  o f equations for strongly anharm onic crystals 
at fixed  pressure

W e consider a f.c .c . la ttic e  co n sisting  of N  id e n tic a l a tom s o f m ass M , 
using  a  p rev iously  developed  S.C. sy s tem  o f eq u a tio n s  fo r in v es tig a tin g  f.c.c. 
la ttic e s  w ith  n ea res t-n e ig h b o u r c e n tra l force in te ra c tio n  [4].

T h e  one-phonon  G reen’s fu n c tio n  is o b ta in ed  in  th e  follow ing fo rm :

Gk(m) =  < A kj A t  > B =
2

cat 2 cok n k(œ)
( 1 . 1)
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T h e frequenc ies w k (к  — {/c,j}) in  E q s . (1.1.) are  described  in  th e  p seu d o h arm o n ic  
a p p ro x im a tio n  [3] b y

CO2
к

№ ] )

f
2
Ok ? ( 1.2)

w h ere  cook is th e  h arm o n ic  fre q u e n c y  co rrespond ing  to  th e  s tre n g th  c o n s ta n t 
/  a t  P  =  0. T he e x te rn a l p ressu re  is d en o ted  b y  P .

T he ren o rm alized  phonon  frequenc ies an d  phonon  w id th s  Г k are  
d e te rm in e d  a p p ro x im a te ly  b y

€ /i  ^  m k  +  R e ^  (€fc); r k  =  ~ I m  n k  ( "  +  i0 )- (1-3)

T he self-energy  o p e ra to r  in  th e  e ffec tive  cubic ap p ro x im a tio n  ta k e s  th e  form :

( O p  +  C O p '_____
П к { ш )  =  2  \ У з ( - к , р , р ' ) \ 2 (np+Ttp '+i)

t p '  l » 2- ( ® p + « p ')

-  К  n p-)
t o 2 -  ( c o p ~ c o p-)2

w h ere  n p — [exp (o>_/0) —  1]
I n  th e  c e n tra l-p a ir  force m o d e l th e  fu n c tio n  3|2 read s

\V3( - k , p , p ' ) \ *  =  g2(0 ’ 1) F 2( - k , p , p ' )4 M 3 Ncok cop mp'

(1.4)

(1.5)

w h ere  F ( k v  k 2, k 3) is a d im ension less sum  o v er th e  la ttic e  p o in ts  [4].
T he p seu d o h arm o n ic  / ( 0 ,  l) a n d  th e  e ffec tive  cubic g (0 , l) s tre n g th  con

s ta n ts  in  E qs. (1.2) and  (1.5) a re  d e te rm in ed  in  th e  S.C. m a n n e r:

/ ( 0 ,  l) =  ф"(1); g (0 ,  l) =  ф"(1) , (1.6)

w h ere  q(l)  is th e  S.C. p o te n tia l, w h ich  in  ce rta in  ap p ro x im a tio n  [4] is given b y

m  =  2Го nlП=0
u*(l) (1.7)

H ere  u2(l) is th e  m ean  square  re la tiv e  d isp lacem en t o f n e ig h b o u rin g  a to m s 
an d  can  be w ritte n , using  th e  G reen ’s fu n c tio n  (1.1), in  th e  fo rm

W )  =  —  Г dœ  co th  - - -  [ I m G k(œ +  iô )] ,  (1.8)
z/(0,Z)iV  k ж Jo  2 0

w h ere  z is th e  n u m b e r  of th e  n e a re s t  ne ighbours (for th e  f.c.c. la tt ic e  z =  12).
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T he p ro p ertie s  o f  th e  la ttic e  are  d e te rm in ed  b o th  b y  th e  te m p e ra tu re  
0  =  k T  a n d  b y  th e  vo lu m e V  of th e  c ry s ta l or th e  e x te rn a l pressure P .  T hese  
p a ra m e te rs  sa tisfy  th e  follow ing e q u a tio n  [3], [4]:

( 1 ' 9 )

w here v —  ( V/N )  =  Z3/У 2, and  Z is th e  e q u ilib riu m  se p a ra tio n  of n e ig h b o u rin g  
a tom s.

T he th e rm a l p ro p e rtie s  of an  an h arm o n ic  c ry s ta l a re  de te rm in ed  b y  th e  
in te rn a l en erg y  E  an d  free  energy  F  and  can  be w ritte n  in  th e  follow ing form s
Ш  [3], [4]:

E  =  <ZT> =  [Ф(1) +  ~ / ( 0 ’ z)u^ }  +  5 j? 3(6>) , (1.10)

N z  í 1 ) ~~
F = F 0 +  ~ 2 -{ ф (/)  -  ~ f ( 0 J )  a 2(/)J +  F 3(0 ) , (1.11)

w here

F0 =  0  V  In {2 s in h  co j2 0 }  (1.12)
к

=  - ± - 2  |F s( к , р , р '
6  k , p , p ’

( l  +  rap) ( l  +  n p' ) ( l  +  n fc) п р п р’ пк

+

c o p J r l o p ' J r ( t i k

пк 0 - + пр + пр’) - пр п 'р,'

+
(1.13)

О),,

T herefo re  b o th  th e  dynam ic  (1.3) an d  th e rm o d y n a m ic a l (1.10, 1.11) 
p ro p ertie s  o f th e  an h a rm o n ic  c ry s ta l  are  d e te rm in ed  b y  th e  S.C. sy s tem  of 
eq u a tio n s  (1 .1)—(1.9). T o  solve th e m  we m u s t in tro d u ce  th e  in te ra to m ic  p a ir  
p o te n tia l <p(R) in to  E q . (1.7), w h ich  as b efo re  [4] is ta k e n  as th e  m odel M orse 
p o te n tia l. F o r E q . (1.7) we get

Ф(1) =  £ {e- 2*(i-Г.) e2y _  2e-a(l~r<) ey/2], (1.14)

w here £ is th e  d e p th  o f  th e  M orse p o te n tia l  an d  Г 0 is th e  average d is ta n c e  
be tw een  n e ig h b o u rin g  a to m s in  th e  h arm o n ic  a p p ro x im a tio n . The s tre n g th  
c o n s ta n t in  th e  h a rm o n ic  ap p ro x im a tio n  is g iven b y /  =  (p"(r0) =  2£a2, w hile  
у  =  (ЛЮЩГ) =  («ro)2[ M2(Z)/r„] is th e  d im ensionless m ean  sq u a re  re la tiv e  d is - 
p lacem en t o f  th e  n e ig h b o u rin g  a to m s. In  th e  follow ing w e ta k e  ar0 =  6 since 
w ith  th is  va lu e  th e  d ev ia tio n  of a L e n n a r d -J o n e s  (12-6) in te ra to m ic  p o te n 
tia l  from  th e  M orse p o te n tia l  is r a th e r  sm all in  th e  d o m a in  of th e  th e rm a l 
expansion  o f  th e  la tt ic e  [1].
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L et us con sid er th e  case in  w hich th e  e x te rn a l p ressu re  P  — co n st, b u t  
in  c o n tra s t to  [4] is no t n ecessarily  sm all. I f  P  is fixed  th e  eq u ilib riu m  la t t ic e  
c o n s ta n t d ep e n d s  on th e  te m p e ra tu re  o f  th e  c ry sta l a n d  th e  eq u ilib riu m  
sep a ra tio n  o f  n e ig h b o u rin g  a to m s can th e n  be  w ritten

1(0) — l0~\~ôl — r0 | l  +

w here l0 is th e  equ ilib rium  sep a ra tio n  a t  P  — 0, w hich can  be found  from  
E q . (1.9) a n d  (1.14). I t  is c o n v en ien t to  in tro d u c e  th e  re d u c e d  pressure  P*  =  
=  P(<r3/ 0 ,  w h ere  cr6 =  rJj/2 is th e  p a ra m e te r  o f th e  L e n n a rd -Jo n e s  (12-6) 
in te ra to m ic  p o te n tia l . E q . (1 .9), ta k e n  w ith  (1.14) and  (1 .15), th u s  read s

y- dl

r„
(1.15)

P* =
24

(l/ro)2

öl
e - y  e-6 T7 (1.16)

U sing E q s. (1 .14), (1.15) a n d  (1.16), th e  d im ension less p seu d o h arm o n ic  s tre n g th  
c o n s ta n t x  c a n  be  w ritte n  acco rd in g  to  (1 .6) as follows

f ( 0 A ) p * 1 ]2
f 12 ro ,

! l + ^ (Í H W

е~У
+  — (1+  У)

w here

Solving th e  la s t  eq u a tio n  fo r y ,  we get

y  =  In

a2 P* 1
2

24 ro ,
, P* 1 2 2

a 2 -----
12 ro

(1.17)

(1.18)

(1.19)

C o n seq u en tly , th e  exp ressions for th e  S.C. p o te n tia l (1.14), th e  e q u i
lib rium  s e p a ra tio n  of n e ig h b o u rin g  a to m s (1.15), an d  th e  effective cub ic  
s tre n g th  c o n s ta n t  (1.6) can  be  w ritte n

<P(Z) = tri-He~y
( !+ y )

P*

24

1 -)-------In
12

l

24 y r0
P *
12

l
=  1 + —  y - —  l n - Ü £  

4 6 2

ë(0J)
g

P*

18

е-У
{ i + y } .

( 1. 20)

( 1 . 21)

( 1. 22)

w here g =  q>"'(r0) — — 6Ça3.
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E v a lu a tio n  o f th e  co-integral in  (1.8) is n o t  so easy in  th e  case o f f in ite  
ph o n o n  w id th s  as i t  was in  th e  p seu d o h arm o n ic  a p p ro x im a tio n  [5] an d  has 
to  be done n u m erica lly , b u t  we can  o b ta in  an  a p p ro x im a te  expression  fo r
(1.8) b y  using  th e  exp lic it fo rm  o f th e  se lf-energy  o p era to r (1.4) in  th e  h igh- 
an d  lo w -tem p era tu re  lim its.

2. H ig h -tem p era tu re  lim it

A n expression  for th e  self-energy  o p e ra to r  (1.4) in th e  h ig h -te m p e ra tu re  
lim it w as ea rlie r o b ta in ed  [4] in  th e  form

П к(со)
/ W )

ü ) k S k ( 2 . 1)

whe^re S k(2ai/a>L) in  a d im ensionless sum  p rev io u sly  ca lcu la ted  [6] for som e 
values of { k , j } ,c o L =  \ rQ f ( e , l ) / M  is th e  m a x im u m  freq u en cy  o f th e  la tt ic e  
in  th e  p seu d o h arm o n ic  a p p ro x im a tio n , and  w D 1.05coL.

T aken  w ith  th e  exp lic it fo rm  (2.1) o f th e  self-energy o p e ra to r  E q . (1.8) 
can  be w ritte n  in  th e  h ig h -te m p e ra tu re  lim it ap p ro x im a te ly  as [4]

- / ( 0 ,  l)u2(l) =  36» 1 0.110 Д О )
/ 3 ( 0 , 0  j

+
1 “ i  ]

24 0 2 1
( 2 .2 )

U sing (1.17), (1.18) and  (1.22) th is  can  be w r itte n  ap p ro x im a te ly  as

F(y) =  M-
Г Д О ] 2 “I

1

1
1

04

------ В У

P* 1
2

1 - to J R УL  зт*

(2.3)

ey ,

w here  T* — 0 / £  is th e  red u ced  te m p e ra tu re , an d  В  — 0.22 {2 +  1 /у}2. I t  is 
also conven ien t to  in tro d u ce  th e  d im ensionless te m p e ra tu re  т  =  0 /wOl =  
=  AT*/11.76, w here  A =  is th e  d im ensionless coup ling  c o n s tan t o f
a to m s, fi),0* гы 1 .02cool is th e  zero -p o in t en erg y  p er a to m  in  th e  harm o n ic  
a p p ro x im a tio n , an d  œ 0L =  ]/8 f / M  is th e  m ax im u m  value o f  th e  harm o n ic  
v ib ra tio n a l freq u en cy .

T he S.C. eq u a tio n  (2.3) h a s  a d ifferen t n u m b e r  o f rea l so lu tio n s, d ep en d 
in g  on th e  v a lu es  o f  T* and  P * .  T he  p h ysica l so lu tio n  is th e  one w hich coin-
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cides w ith  th e  h a rm o n ic  so lu tio n  as an h a rm o n ic  te rm s  te n d  to  zero. T h e  h a r
m onic so lu tio n  is g iven b y

Jh
y*

4 o í
2 1 f.L

[ ro
+

p*

I +  -
l

ro / ft.

(2.4)

T he d ependence  of th e  re a l so lu tions o f  E q . (2.3) on th e  reduced  te m p e ra tu re  
T* an d  th e  reduced  p re ssu re  P* is show n in  Fig. 1. I f  th e  pressure (P * <  P*) 
and  te m p e ra tu re  [T* <[ T*(P*)]  are su ffic ien tly  low , E q . (2.3) has re a l solu-

F ig . 1. Real solutions of the S.C. equation

tio n s. T h e  sm allest o f th e se  is th e  p h y sica l one an d  corresponds to  a stab le  
c ry s ta l  s ta te  S x. T h e  in s ta b ili ty  te m p e ra tu re  T*(P*)  is de te rm in ed  b y  th e  
co incidence o f th e  tw o  re a l  so lu tions: J i (T * )  =  y 2{T*) an d  can th e re fo re  be 
o b ta in e d  b y  solv ing th e  eq u a tio n  sy s te m  F(y)  =  0, F '( y )  =  0. S o lu tio n  y 2 
co rresp o n d s to  an  u n s ta b le  s ta te , w h ich  in  all figures is deno ted  b y  a d o tte d  
line. F o r  T* T*(P*)  so lu tions y 1 a n d  y 2 and hence th e  phonon frequencies 
also becom e com plex  co n ju g a tes , w hich  show s th e  v ib ra tio n a l in s ta b ility  of 
th e  la t t ic e  in  th e  s ta te  co rresp o n d in g  to  th e  so lu tio n  yq. I t  shou ld  b e  no ted  
th a t  i f  P* y> 0 in  th e  reg ion  T* T*,  th e n  E q . (2.3) h a s  an o th e r rea l so lu tion , 
у 3 co rresp o n d in g  to  a s ta b le  s ta te  S 3.

In  th e  region o f  su ffic ien tly  h ig h  p ressu re  or te m p e ra tu re  P* P* or 
T* T *  th e re fo re , E q . (2.3) alw ays h as  tw o rea l so lu tio n s, th e  sm a lle s t of 
w hich , th e  p h ysica l so lu tio n , is a sm o o th  fu n c tio n  o f  te m p e ra tu re  a n d  p res
sure. In  th is  case th e  p h o n o n  frequencies are  alw ays re a l. T he c ritica l te m p e ra 
tu re  T* a n d  c ritica l p re ssu re  P* ch a ra c te riz in g  th e  d isap p earan ce  o f  th e  l a t 
tic e ’s v ib ra tio n a l in s ta b il i ty  are  d e te rm in e d  by  th e  co incidence o f  th re e  real 
so lu tions o f E q . (2.3): (у х(Т*, P*) =  y 2(T*, P*) =  y 3(T*, P*) an d  th u s  can
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be found  b y  so lu tion  o f  th e  fo llow ing sy s te m  o f eq u a tio n s: F (y)  =  0, F '( y )  =  
=  0, F " ( y )  =  0. T he dependence  o f th e  red u ced  in s ta b ili ty  te m p e ra tu re  T * 
on th e  red u ced  p ressu re  P*  is p re se n te d  in  Fig. 2. In  th e  h ig h -te m p e ra tu re  
lim it we g e t P*  1.35 fo r th e  c ritic a l p re ssu re  an d  T* ^  0 .98 for th e  c ritic a l 
te m p e ra tu re .

Fig. 2. D ependence of the instab ility  tem perature T*  on the reduced pressure P *

T ak in g  E q s. (1.17), (1.18), (1.22) a n d  (2.1), th e  frequencies of th e  re n o r 
m alized  phonons an d  th e ir  w id th s  (1.3) ca n  be w ritten  in  th e  following fo rm s:

3
• Ю - 2 -^— (2 -f-l/y )2 , (2.5)

-idО3 2 oc

J js_ =  _ L ■ i o - -2T * - L ( 2  +  l/y )2. (2.6)
cook 2 ex,

In  th e  ca lcu  la tio n s th e  ap p ro x im a te  v a lu e s  R eS k 3 X 10 ~2 and  I m S k ^  
^  1 X 10 "2 w ere tak en .)  The d ep en d en ce  of th e  ren o rm alized  p h o n o n  fre 
quencies Ç_kl(ook on th e  reduced  te m p e ra tu re  T* for som e va lu es  of P*  is p re 
sen ted  in  F ig . 3; Г к/£к is given as a  fu n c tio n  o f T* in  F ig . 4. T h e  resu lts  o b ta in e d  
here  for P*  1 coincide w ith  th o se  fo u n d  earlier [4].

In  th e  h ig h -tem p era tu re  lim it exp ressions (1.12) a n d  (1.13) can be w rit
te n  [4], [6]

F 0 — 3 N 0  ln  10.65 0

F s (0) =  — N 0 2A
g°-(0, l)

/ 3(< M  ’

(2.7)
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F ig . 3. D ependence o f the renorm alized phonon frequencies E J o ) ^  on the reduced tem 
perature T*

w here th e  n u m erica l coeffic ien t A  ^  5.6 X 10 ~2. F ro m  (1.20), (2.2) and  (2.7) 
th e  in te rn a l en e rg y  (1.10) an d  free energy  (1.11) are fo u n d  to  be

— -—  E  0 .85 T* — 2a2 (1 +  0,7 y) +  —
3 m  4

/  =
3 m

T*  In
7.8 a  T*

XT*
— 2 a2

> + f , +

( 2 . 8 )

(2 .9)

( In  c a lcu la tin g  free energy  th e  v alue  X =  20 w as used. T h e  reduced  th e rm o 
d y n am ica l p o te n tia l  g =  f  -f- P*v*  is p lo t te d  ag a in st th e  reduced  tem p era -

F ig . 4. Dependence o f  the phonon w idths Г /JE^  on tem perature T*
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tű re  T*  in  F ig . 5. I t  will be n o te d  th a t  th e  fu n c tio n  g(T*)  d isp lay s a m in im u m  
a t  a te m p e ra tu re  sligh tly  low er th a n  T*. T h e  dependence  o f  th e  red u ced  
in te rn a l energy  e on th e  red u ced  te m p e ra tu re  T*  is p re se n te d  in  Fig. 6. T h e

F ig . 5. The therm odynam ical poten tia l g = / +  P *"  as a function o f temperature T*

re d u c tio n  o f th e  in te rn a l energy  w ith  in creasin g  te m p e ra tu re  does n o t a p p e a r  
in  th e  p seu d o h arm o n ic  ap p ro x im a tio n  or in  th e  lo w -tem p era tu re  lim it; in  
b o th  cases i t  is a n  increasing  fu n c tio n  of te m p e ra tu re  a n d  its  curves h a v e  
a v a n  der W aals ch arac ter.

T h e  d ependence  of th e  red u ced  volum e v* =  V ]j2 /iVr^ — (Z/r0)3 on th e  
re d u c e d  p ressu re  P*  is show n in  F ig . 7. I t  sh o u ld  be n o te d  th a t  th e  cu rv es

T»1

F ig . 6. The internal energy e =  (1/3 N E )E  as a function of tem perature T*

5* Acta Physica Academiae Scientiarum Hungaricae 31, 1972
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h a v e  a v a n  d e r W aals c h a ra c te r . A n analogous re su lt w as o b ta in ed  b y  VON 
H e i m e n d a h l  [7 ] .

T h e ca lcu la tio n  o f  f.c .c . la ttic e  p ro p e rtie s  in  th e  lo w -te m p e ra tu re  lim it 
a n d  a d e ta ile d  d iscussion o f  th e  re su lts  w ill be given in  th e  follow ing p a p e r.

F ig . 7. Dependence o f the reduced volum e v* — (Z/r0)3 on the reduced pressure P*
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THERMODYNAMICS
OF STRONGLY ANHARMONIC CRYSTALS II

B y

T . S ik l ó s  and У . L. A k s i e n o v

JO IN T  IN STITU TE F O R  NUCLEAR R E S E A R C H , LABORATORY OF TH EO RETICA L PHY SICS,
D U B N A , USSR

(R eceived  1. VI. 1971)

The properties under arbitrary external pressure o f  the face-centred cubic la ttice  
displaying nearest-neighbour central forces interaction are investigated . The in stab ility  
tem perature, critical tem perature, phonon frequencies, phonon widths and therm odynam ical 
properties o f the la ttice  are calculated in  the low -tem perature lim it.

In  th e  p reced in g  p ap e r [1] p ro p e r tie s  of th e  f.c .c . la ttic e  show ing  n earest- 
n e ig h b o u r cen tra l fo rce  in te ra c tio n  w ere considered  in th e  case o f  an  a rb itra ry  
e x te rn a l p ressu re  a n d  th e  in s ta b i l i ty  te m p e ra tu re , c ritica l te m p e ra tu re , 
p h o n o n  frequencies , phonon  w id th s  an d  th e rm o d y n am ica l p ro p e rtie s  o f th e  
la ttic e  w ere ca lcu la ted  in  the h ig h -te m p e ra tu re  l im it.

I n  th e  p re sen t p a p e r  these q u a n ti t ie s  are c a lc u la ted  in  th e  lo w -tem p era 
tu re  lim it  and  th e  re su lts  o b ta in e d  in  b o th  p a r ts  o f  th e  w ork  are  discussed.

1. T he lo w -tem p era tu re  lim it ( 0  coD)

A n expression  fo r th e  se lf-energy  o p e ra to r  (1.1.4)* in  th e  lo w -tem p era 
tu re  lim it was ea rlie r o b ta ined  [2] in  th e  form

n k(m) = со.
f

M L
‘(» ,1 ) I

J 0k
2 CO j ^  37Г4 0 4 

,coL j 5 co3D
Slk

2 со
( 1. 1)

w here th e  d im ensionless sums S ok a n d  S lk are g iven  in  [2], [3] an d  e0 ^> 1.02a>L 
is th e  zero -po in t en e rg y  per a to m  in  th e  p seu d o h arm o n ic  a p p ro x im a tio n . T he 
n o ta tio n s  are th e  sam e  as in th e  p reced in g  p a p e r  [1].

In  th e  lo w -tem p era tu re  l im it  (1.1.8), ta k e n  w ith  th e  ex p lic it fo rm  (1.1) 
o f th e  self-energy o p e ra to r , a p p ro x im a te s  to  [2]

~ f ( e j y - ( l )  =  st 1 Vo
g2( 0 ,  l) Y 1 3 л* в

/ 3( < М  +  5
! + ¥ o

g2(6M )
/••>(0,0

( 1.2)

w ith  th e  num erica l coefficients v0 «=* 7.3 X 10 0.10 [2 ].

* The formulae o f  our previous pap er [1] are quoted as (1.1.4) and (1.2.4) respectively.
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O n in tro d u c in g  E qs. (1.1.17), (1.1.18) an d  (1.1.22), th is  tak es  th e  ap p ro x i
m a te  form

Яау(а)

+  49,6 I -

0,4
~T~

36
l \ 2

a 5

Г P *a 2 1
212

5,4 36 ro -
Я a 5

+ (1.3)

w here  th e  fu n c tio n  y ( a) is g iven b y  (1.1.19) an d  (1.1.21).
In  th e  lo w -te m p e ra tu re  lim it i t  is in te re s tin g  to  inv estig a te  c ry s ta ls  w ith  

w eak  coupling . T h e  dependence o f  th e  rea l so lu tions o f th e  S.C. e q u a tio n  (1.3) 
on  th e  red u ced  te m p e ra tu re  T*  a n d  red u ced  p re ssu re  P* for Я =  3 is given 
in  F ig . l a ,  an d  fo r Я =  2 in  F ig . l b .  I f  Я Я5 =  2.24 th e  so lu tio n s  of (1.3)

F ig . la .  Real solutions o f  the S.C. equation for Я =  3

F ig . lb . Real solutions o f the S.C. equation for A =  2
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(see F ig . l a )  b ehave s im ila rly  to  th o se  o f  E q . (1.2.3) in  th e  h ig h -te m p e ra tu re  
lim it. T h e  dependence  o f  th e  in s ta b ili ty  te m p e ra tu re  T*  on th e  re d u c e d  p res
sure P* is likew ise s im ila r to  th a t  fo u n d  in  th e  h ig h -te m p e ra tu re  l im it  (com 
p are  F ig . 2 w ith  F ig . 2 in  [1]). F o r Я =  3 we get P* ^  1.5 for th e  c ritica l 
p ressu re  an d  T*  ^  0.82 c ritica l te m p e ra tu re .

F ig . 2. D ependence o f the instab ility  tem perature T* on the reduced pressure P *  ( /  =  3

I f  th e  coupling  c o n s ta n t is su ffic ien tly  sm all (A <  =  2.24) th e  c ry s ta l
becom es u n s ta b le  even a t  т =  0, b ecau se  in  th is  case th e  zero-poin t en e rg y  is 
su ffic ien tly  large . B u t w hen  an e x te rn a l p ressure is ap p lied  a s ta b le  c ry s ta l 
s ta te  ap p ea rs  w hich b eh av es  analogously  th e  s ta te  w h e re  A As (see F ig . lb ) .

T he frequencies o f  th e  ren o rm alized  phonons a n d  th e ir  w id th s  (1.1.3), 
can  be w ritte n  acco rd ing  to  (1.1.17), (1.1.18), (1.1.22) and  (1.1) in  th e  form s

(1.4)

(1.5)

w here у  is g iven  b y  (1.18). (In  th e  ca lcu la tio n s th e  ap p ro x im a te  v a lu e s  [2] 
R e S ok ^  I m  ■ S ok ^  1.85 X 10 ~3 a n d  R e S lk ^  I m  S lk 1.25 X 10 2 were 
ta k e n .)  T h e  dependence  o f th e  ren o rm alized  ph o n o n  frequencies eft/coofc and  
phonon  w id th s  Г к1£к on  th e  reduced  te m p e ra tu re  fo r  A =  3 are p re se n te d  in  
F igs. 3 a n d  4, re sp ec tiv e ly . I t  can be seen th a t  b o th  p ro p e rtie s  d ep en d  s ligh tly  
on te m p e ra tu re  in  th e  reg ion  T* T f .  In  th e  reg io n  T* T f  th e  phonon  
w id th s  e x p a n d  rap id ly , a lth o u g h  s till rem ain in g  su ffic ien tly  sm all. T h e  resu lts  
fo r P*  1 coincide w ith  earlier f in d in g s  [2].

CO.
{2 +  1 ly y \ R e S ok +

Ok

Зл4
ReS l k

r„

J 0 k
—  { 2+1  lyyUmS, r +

Зл4 / г
I m  S l k i  i
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F ig . 3. Dependence o f  the renorm alized phonon frequencies on th e  reduced tem .
perature T* (A =  3)

In  th e  lo w -te m p e ra tu re  l im it  expressions (1.1.12) an d  (1.1.13) for th e  
free  energy can  b e  w ritten  [2], [3]

Í1 - 4 T 41
l 5 * . !

F 0 — N  coL

P ^ - N ^ ^ U L b + ^ ^ C
f 3( 0 , l )  Í 5 cab

( 1 .6 )

w ith  th e  n u m e ric a l coefficients В  ^  1.85 X 10 _3, C ^  1.25 X 10 ~2.

Fig. 4. D ependence of the phonon widths on  temperature T *  (A =  3)
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U sing  (1.1.17), (1.1 .18), (1.1.22) an d  (1.6), th e  expressions fo r th e  in te rn a l 
energy  (1.1.10) an d  free  energy (1.1.11) ta k e  th e  form s

1 F X
Л у -  1) + P* l

N co0L 2 8 ro

f =
1 тг “ I1

7Г4 l T 14
-W«0L 5 la  ) j

1 p (i+ y )  - P* 1
2 8 ro

+  5 / 3 ,

+  /3  •

(1.7)

( 1 . 8 )

T he red u ced  th e rm o d y n am ica l p o te n tia l  g =  f  ~r I P * v *, th e  re d u c e d  in te rn a l 
energy  e, an d  th e  re d u ced  en tro p y  s =  1/IV ■ S / К  are  p resen ted  in  F igs. 5, 
6 an d  7, resp ec tiv e ly , as fu nc tions o f  th e  red u ced  te m p e ra tu re  T*  for Я =  3.

T «  1

Fig. 5. The therm odynam ical potential g  — f -{ -3P*v*  as a function o f tem perature T*
(A =  3)

T « 1
A = 3

Fig. 6. The internal energy e =  1 /NcooL E  as a fun ction  o f  tem perature T *  (A =  3)
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C urves fo r th e  fu n c tio n  v*(P*)  in  th e  lo w -tem p era tu re  lim it h a v e  sim ilar 
v a n  d er W aals c h a ra c te r  to  th a t  fo u n d  in  th e  h ig h -te m p e ra tu re  lim it (see 
F ig . 7 in  [1]) a n d  th u s  are  n o t g iv en  here .

F ig. 7. The entropy S =  1 /N  S /к  as a function o f tem perature T*  (A =  3)

2. D iscussion

In  b o th  th is  an d  th e  p reced in g  p a p e r [1] th e  p roperties o f  stro n g ly  
an h arm o n ic  c ry s ta ls  u n d e r fixed  a rb i t r a ry  e x te rn a l p ressure h a v e  been in 
v e s tig a te d  in  th e  S.C. ph o n o n  fie ld  a p p ro x im a tio n  b y  allowing fo r  dam ping  
(co rre la tions) o f  S.C. phonons. T he re su lts  agree q u ite  w ell w ith  th o se  ob ta in ed  
earlie r fo r sm all p ressu re  [2] a n d  th o se  ca lcu la ted  in  th e  p seu d o h arm o n ic  
a p p ro x im a tio n  fo r a rb itra ry  p ressu re  [4].

As show n b y  F ig . 2 in  [1] ( r  1) an d  F ig . 2 in  th e  p resen t p a p e r  ( r  <  1) 
an  an h arm o n ic  c ry s ta l becom es u n s ta b le  a t  som e te m p e ra tu re  T s i f  th e  ex 
te rn a l  p ressu re  is sm aller th a n  a c ritic a l va lue  ( P  <C P c)• This m ean s  th a t  a t 
T s th e  c ry s ta l la tt ic e , w hich  is a b o u n d  s ta te  o f  a to m s due to  th e  a ttra c tiv e  
p a r t  o f th e  in te ra to m ic  p o te n tia l, becom es u n s ta b le  w ith  re sp ec t to  th e  p ro 
p a g a tio n  o f  th e  co llec tive  e x c ita tio n s , i.e. th e  S.C. p honons. N ear T s dam ping  
o f  phon o n s is su ffic ien tly  sm all [see F ig . 4 in  [1] (t 1) and  F ig . 4 in th e  
p re se n t p a p e r  ( r  1)], an d  m oreover a t  T  <  T s th e  m ean  square  re la tiv e  d is
p lacem en t o f n e ig h b o u rin g  a to m s is m u ch  sm aller th a n  th e  d is ta n c e  betw een  
th e m :

V W ) l ls ~  0.10(t >  1); У Щ Ц а ~  0 .1 4 (r < 1).

T herefo re  th e  lo ng -range  co rre la tio n s w hich  lead  to  th e  collective ex c ita tio n s  
p la y  an  essen tia l ro le in  th is  case a n d  th e  in s ta b ili ty  a t  T s in d ica te s  th e  b re a k 
d ow n  o f th is  co llec tive  ex c ita tio n s  p ic tu re .

Acta Physica Academiae Scientiarum Hungaricae 31, 1972



T H E R M O D Y N A M IC S  O F  S T R O N G L Y  A N H A R M O N IC  C R Y S T A L S , I I 351

I t  shou ld  be re m a rk e d  th a t  th e  in s ta b ility  cu rv e  in  F ig . 2 in  [1] lies 
close to  th e  reduced  m e ltin g  curves o f  in e rt-g as  solids: T „  ^  0.5 { l +  0 .2P*} 
[5]. I t  seem s likely , th e re fo re , t h a t  v ib ra tio n a l in s ta b ili ty  o f an h arm o n ic  
la ttic e s  p lay s an  essen tia l role in  m e ltin g  phenom enon  in  th e  low  p ressu re  
reg ion  (P  <C P c). I t  is in te re s tin g  to  n o te  th a t  th e  v a n  d er W aals b e h av io u r 
o f th e  p h y sica l p ro p e rtie s  of such c ry s ta ls  (see F igs. 5, an d  7 in  [1] a n d  F igs. 
5— 7 in  th e  p resen t p a p e r)  shows f irs t-o rd e r  tra n s it io n  a long  th e  cu rv e  T S(P) ■

• (P  <  P c). This is ty p ic a l o f th e  w hole  S.C. th e o re tic a l ap p ro ach . I t  should  
be s tre ssed , how ever, th a t  in  ou r o n e-phase  m odel th e  second s ta b le  s ta te , 
described  b y  th e  u p p e r p a r t  of th e  cu rv es  in  Fig. 1 [1] a n d  F ig . 1 in  th e  p resen t 
p a p e r, is also a c ry s ta l s ta te , b u t  one in  w hich th e  m ean  square  re la tiv e  d is
p lacem en t o f th e  a to m s is m uch la rg e r th a n  in  th e  f i r s t  s tab le  s ta te . T o  o b ta in  
a m ore rea lis tic  p ic tu re  o f th e  phase  tra n s it io n  th e  p o ssib ility  o f a tra n s it io n  
to  th e  liq u id  s ta te  sh o u ld  be tak en  in to  accoun t.

T h e  c ritica l te m p e ra tu re  T c an d  c ritic a l p ressu re  P c m a rk  th e  v ib ra tio n a l 
in s ta b il i ty  o f th e  la tt ic e :  above th e  c ritic a l p o in t la tt ic e  v ib ra tio n s  do no t 
d e s tro y  th e  b o u n d  s ta te  of a tom s, w h ich  is now  s tab ilized  by  th e  ex te rn a l 
p ressu re . I t  th ere fo re  seem s n a tu ra l  t h a t  a t  h ig h er p ressu res (P  P c) we 
shou ld  b e  able to  a t t r ib u te  th e  m e ltin g  phenom enon  to  an  o rd e r-d iso rd e r 
tra n s it io n  in  w hich h a rd  core co rre la tio n s  p la y  an  essen tia l role. T he in v e s tig a te  
th is  p ro b lem , th e  h a rd  core p a r t  o f th e  in te ra to m ic  p o te n tia l  an d  th e  a p p e a r
ance o f vacancies sh o u ld  be considered .
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THE ABERRATION OF COMPONENTS 
OF DOUBLE STARS

B y

L. JÁNOSSY
CENTRAL RESEA RCH  IN S T IT U T E  OF PHYSICS, BU D A PEST

(Received 8. V I. 1971)

So as to clear a prim itive m isconception about the nature o f aberration o f  light a 
short derivation o f the facts is given. In particu lar the effects are discussed w hich  appear 
when the observer or a lternatively  the source are set to m ove.

I

T here  e x is t m isu n d erstan d in g s a b o u t  th e  in te rp re ta t io n  o f th e  effect 
o f  a b e rra tio n . T here are  even  p h y sic is ts  w ho c laim ed  th a t  th e  e ffec t o f  ab e r
ra tio n  c o n tra d ic ts  th e  th e o ry  of re la t iv i ty .*  A lth o u g h  th e  p ro b lem  is qu ite  
tr iv ia l i t  ap p ea rs  w o rth -w h ile  to  d iscu ss  th e  p rob lem  in a little  d e ta il  an d  to  
show  w h y  th e  a b e rra tio n  depends in d e e d  on th e  re la tiv e  velo c ity  o f source 
a n d  observer an d  n o t on th e  absolute v e lo c ity  of th e  o b serv er as i t  wras claim ed 
erroneously .

Suppose a lum in o u s ob jec t A  to  m ove along a  s tra ig h t line w ith  a con
s ta n t  v e lo c ity  V. A t a tim e  t the  o b je c t is in  a p o in t P  an d  th u s  i t  is s i tu a te d  
in  a d irec tio n  OP  from  th e  observer О (F ig . 2). The o b se rv e r in  0  sees th e  ob jec t 
a t  th e  tim e  t n o t  in  th e  p o in t  P  b u t in  a  re ta rd e d  p o sitio n  P '  wrhere A  h a d  been 
a t  th e  tim e  t '  so th a t  th e  distance

O P ' =  (t —  t ')c.

T he angle o f  a b e rra tio n  is th e  angle b e tw e e n  th e  d irec tio n s  OP  an d  O P '  th u s  
as can  be seen from  F ig . 2

V
sin & =  ----- sin a  , (1)

c

* See e.g . G r i m s e h l , Lehrb. d. Phys., 12. Aufl. 1952, 3. B d ., S. 286 (Teubner, Leipzig), 
where we find the following statem ent:

“ Die Aberration ist unabhängig von den  Bewegungen der Sterne und daher auch nicht 
abhängig von  der R elativbew egung Stern-Erde. D ies beweisen die Beobachtungen an Doppel
sternen, wie Lenard gezeigt hat. Sie geben norm ale Aberration. W äre aber die Aberration  
abhängig von der R elativgeschw indigkeit, so  m üssten D oppelsternsystem e in den Stellun
gen C und D  der Abb. 419 [reproduced here as F ig . 1] starke seitliche Trennungen aufw'eisen. 
wovon nichts beobachtet is t .”
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w here
a  =  < £(0P , P P  ).

I f  th e  o b jec t A  is a t  re s t (re la tiv e  to  our system  o f reference) an d  th e  observer 
is m oving  w ith  a ve lo c ity  — v th e n  th e  angle o f  a b e rra tio n  is fo u n d  to  rem ain

th e  sam e. The l a t t e r  re su lt can  be seen read ily  a p p ly in g  a L o ren tz  tra n s fo rm a 
tio n . T h u s we m a y  consider A  a n d  0  in  a sy s tem  K '  re la tiv e  to  w h ich  0  m oves 
a n d  A  is a t  re s t . T h e  tra n s fo rm a tio n  shows t h a t  th e  lig h t reg is te red  b y  th e  
m o v in g  observer a t  th e  tim e t does n o t ap p ear to  com e from  P  b u t  from  a p o in t 
P '  as show n in  F ig . 3. H ow ever, as th e  effect o f  a b e rra tio n  w as erroneously  
u se d  as an a rg u m e n t aga in st th e  th e o ry  of r e la t iv i ty  —  it is u sefu l to  analyze

V
direction to Earth

F ig . 1. “ T h e  a b e rra tio n  is n o t  re la tiv e”  acco rd in g  to  Gr im se h l

P‘ ( t - t ’ )tr P

c 0 .

о
F ig . 2. A berration of the ligh t from  a source m oving with eonstaot velocity
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th e  process p roducing  th e  effect. As th e  e ffec t is of th e  f i r s t  o rd er in th e  v e lo c ity  
th e  above analysis can  be  ca rried  o u t w ith o u t th e  use o f  re la tiv is tic  con cep ts . 
W e com e b ack  to  th is  q u es tio n  a t  th e  en d  o f th is  a r tic le .

(po sit  ion  ot  
o b s e r v z r a t  t ’)

Fig. 3. E ffect o f aberration in the case of m oving observer

W e com e to  an  a p p a re n t p a rad o x  i f  we app ly  E q . (1) to  an  o b jec t w hich  
is n o t m oving  along a s tra ig h t line b u t  e.g . along a closed  o rb it. C onsider e.g. 
one co m p o n en t of a doub le  s ta r  m oving  a long  a c ircu la r p a th . I f  we w ere  to  
app ly  E q . (1) th e n  we m ig h t suppose t h a t  th e  lig h t a rr iv in g  from  th e  b o d y  
m oving  a long  th e  closed o rb it suffers considerab le a b e rra tio n . In d e e d , th e  
a p p a re n t positions of th e  o b jec t P[, P '2, . . . while th e  o b je c t itse lf  is s i tu a te d  
in p o in ts  P v  P 2, . . .  lie on a circle th e  ra d iu s  of w hich m a y  be co n sid e rab ly  
la rg e r th a n  th e  rad iu s  o f  th e  o rb it (see F ig . 4).
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I f  we w ere to  app ly  E q . (1) fo r th e  a b e rra tio n  o f lig h t e m itte d  b y  th e  b o d y  
m o v in g  a long  th e  sm all circle o f  F ig . 4 we w o u ld  expec t i ts  im age to  m ove 
a lo n g  th e  o u te r  circle and th e re fo re  th e  a b e rra tio n  m igh t be th o u g h t  to  increase 
th e  a p p a re n t  ra d iu s  of th e  o rb i t  co n siderab ly . T he above a rg u m e n t a lth o u g h  
q u ite  in c o rre c t, nevertheless i t  w as b ro u g h t as a serious a rg u m e n t aga in st th e  
th e o ry  of re la t iv i ty  and  i t  h a s , to  m y  know ledge, n o t been an sw ered  exp lic itly .

T he lig h t e m itte d  b y  th e  s ta r  can be a sc rib ed  to  o sc illa ting  atom s sh a rin g  
th e  m o tion  o f  th e  sta r. T he f ie ld  o f th e  e m ittin g  atom s can  be  expressed  in  
te rm s  of re ta rd e d  p o ten tia ls , e .g . th e  v ec to r  p o te n tia l p ro d u c e d  b y  one in d iv i
d u a l a to m  can  be  w ritten

A (R ,t)  =  i ^ U r ' ,  (2)
J  |r  - R j

t '  =  t —  [R —  r '|/c ,  (3)

w h e re  i is th e  c u rre n t d e n s ity  in sid e  th e  o sc illa tin g  a tom . S upposing  th a t  th e  
c e n tre  o f th e  a to m  m oves to g e th e r  w ith  th e  s ta r  along a n  o rb it r A(t') th e n  
th e  c u rre n t d e n s ity  i differs f ro m  zero on ly  in  a sm all v ic in ity  of its  c e n tre , 
th u s

i(r, t ')  ^  о  i f  |rA(t')  —  r 'l  <  a, ( 4 )

w h ere  rA is th e  coord inate  v e c to r  o f  th e  c e n tre  o f th e  a to m  a n d  a is so m eth in g  
lik e  th e  ra d iu s  o f  th e  atom . F ro m  (3) and  (4) w e see th a t  th e  sources of th e  f ie ld  
w h ich  is fo u n d  b y  th e  o b se rv e r 0  a t  a tim e  t a re  p laced in  a  close v ic in ity  o f  
th e  o rb it o f  P .  T h u s  in s te a d  o f  F ig . 4 we h a v e  to  draw  a  F ig u re  5. T hus a t  
th e  tim e  tv  i 2, t 3, . . . w hen  th e  observer re g is te rs  th e  ra d ia tio n , th e  source is 
s i tu a te d  in  p o in ts  P v  P 2, P 3, . . . b u t  th e  o b se rv e r reg isters th e  ra d ia tio n  w h ich
w as p rev io u sly  e m itte d  from  p o in ts  P{, P',. P.>,__of th e  o rb it. T h e  tim e d u rin g
w h ich  th e  p a r tic le  m oves f ro m  Р г to  P[ is th e  re ta rd a tio n  t im e ; th is  tim e  is 
o f  th e  o rd e r o f  |rs —  R |/c w h ere  r s is th e  c e n tre  o f th e  o rb it —  th e  tim e  t — t '  
m a y  be so la rg e  as to  allow  th e  s ta r  to  co m p le te  several rev o lu tio n s.

рз

F ig. 5. Aberration of th e  lig h t o f a source m oving along a closed  orbit
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T he source o f th e  ra d ia tio n  rece iv ed  a t  a tim e  t in О is th u s  alw ays 
con fined  to  p o in ts  o f th e  o rb it o f  P .  I t  rem ain s to  show, t h a t  th e  ra d ia tio n  
a rriv es  in  0  in  d irec tio n s 0 P ( , 0 Р 'г, . . i.e. t h a t  i t  is com ing fro m  th e  d ire c 
tio n  o f th e  r e ta rd e d  source. This is , how ever, th e  case as can  be  seen m o st 
easily  from  th e  re la tio n s  given e.g. b y  W . H e i t l e r .* T here we f in d  th e  ex p lic it 
expressions fo r th e  fie ld  o f a source m o v in g  w ith  a rb itra ry  v e lo c ity  an d  accele
ra tio n . E q . (10a) on page  20 gives th e  elec tric  com ponen t o f  th e  fie ld  in  tw o  
te rm s . T he f i r s t  te rm  is p ro p o rtio n a l to  th e  in v erse  square  o f  th e  d is tan ce , 
th e  second te rm s  giv ing  th e  ra d ia tio n  field , can  be w ritten

( 5 )

T he m ag n etic  co m p o n en t o f the  ra d ia t io n  fie ld  is ob ta in ed  from  (10b) as

H rad=  (E rad X r ) / r .  (6)

s is a sca la r defined  b y
vr

s =  r  H-------

1  ( V

Erad =  ~ Г 7 ГХ r - i ----------------T X V

S 3 C 2  ( C jj

an d  r  is th e  re ta rd e d  d is tan ce  O P ' a n d  v, v a re  ve locity  an d  acce lera tion  a t  
th e  re ta rd e d  tim e  t ' .  T h u s  in our n o ta t io n

r  - r( t ') , V =  v (t') , V =  v(f'),
so th a t

(r(t'))2 —  c2(t — t ') 2 =  0.

T h u s  in  th e  case o f th e  source m oving  along  a close o rb it r  =  r ( i ')  po in ts  a lw ays 
in to  th e  d irec tio n  o f a  p o in t of th e  o rb it.

F ro m  (5) an d  (6) we find

(E ra d  r) =  0 ,

and

P  =  f ( E radx H J = f £ - a i r / r ,

we see th u s  t h a t  th e  ra d ia tio n  f ie ld  is tra n sv e rsa l to  th e  r e ta rd e d  d is tan ce  
r ( i ')  an d  th e  P o y n tin g  v ec to r P  is p a ra lle l to  r ( t ') .  These re la tio n s  give th e  
exp lic it expressions fo r th e  re ta rd e d  p o te n tia ls  o f  an  a rb itra ry  m ov ing  source.

F ro m  th ese  re su lts  i t  follows t h a t  th e  a b e rra tio n  of th e  m oving  source 
m u s t be ta k e n  in  acco rd  w ith  F ig . 5 . T hus a t  a tim e  t th e  ra d ia tio n  ap p ears

* W . H e it l e r : The Quantum T heory o f R adiation . U niversity Press, Oxford, 1954. 
3rd ed., see p. 18— 21.
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to  com e fro m  a p o in t o f th e  o rb it o f th e  s ta r , i.e. fro m  th a t  p o in t o f  th e  o rb it 
in  w hich  th e  s ta r  w as s i tu a te d  a t th e  r e ta rd e d  tim e . T h u s  no a p p a re n t increase  
o f th e  o rb it , as show n in  F ig . 1 an d  F ig . 3, is to  be  expected .

II

T h e effect o f a b e rra tio n  depends o n ly  on th e  re la tiv e  velocity  b e tw een  
source a n d  observer. T h is can  be seen to  be th e  case  w hen considering  th e  
process in  tw o  d iffe ren t sy stem s of re fe ren ces; one w h ere  th e  source is a t  re s t 
an d  in  a n o th e r  w here th e  observer is a t  re s t.

N ev erth e less  th e  fa c t th a t  th e  a b e rra tio n  depends on  th e  re la tiv e  v e lo c ity  
only  invo lv es  a p h ysica l p rob lem  w hich  we w an t to  c la rify  briefly .

C onsider a sy stem  o f reference К  in  w hich to  beg in  w ith  b o th , source 
an d  o b se rv e r, are a t  re s t. W e shall c a r ry  o u t our fu r th e r  considera tions using  
th is  sy s tem  o f reference only .

T he follow ing tw o  possib ilities h a v e  to  be considered :
1. th e  source S  —  w h ich  a t  t  =  0 is a t  re s t re la tiv e  to  th e  observer —  m igh t 

be su b je c te d  to  acce le ra tio n  so th a t  a t  th e  tim e  t]>  T  i t  m oves w ith  a c o n s ta n t 
ve locity  V. T h e observer does n o t no tice  im m ed ia te ly  t h a t  th e  source h as  b een  set 
to  m ove. T h e  p ic tu re  S ' o f  S  s ta r ts  to  m ove  a t  a tim e  tx =  R/c w here R  is th e  
o rig inal d is tan ce  OS. S '  is seen to  acce le ra te  and  to  m ove ev en tu a lly  w ith  a 
ve lo c ity  V fo r tim es i >  T x — T  -f- R 1/c w h ere  R x is th e  d is tan ce  betw een  О an d  S 
a t  th e  tim e  T,  th e  tim e  w h en  th e  acce le ra tio n  has b een  concluded. T h e  p ic tu re  
S ' a t  a tim e  t >  tx th u s  p o in ts  in to  a d irec tio n  d iffe re n t from  th e  d irec tio n  
in  w hich  i t  is s itu a te d  a n d  th is  gives th e  effect o f a b e rra tio n .

2. I f  th e  source S rem ain s a t  re s t  re la tiv e  to  К  b u t  th e  in s tru m e n t of 
th e  o b se rv e r is acce lera ted  u n til  it m oves w ith  a ve lo c ity  — v, th en  th e  ra d ia tio n  
fie ld  in  th e  v ic in ity  o f S  rem ain s th e  sam e, b u t th e  e ffec t of th is  fie ld  on  the  
m oving  in s tru m e n t o f  o b se rv a tio n  d iffers from  th a t  on th e  in s tru m e n t a t  re s t.

T h e  in s tru m e n t o f  o b se rv a tio n  m a y  be  a te lescope , b u t  it  m ig h t also be 
sim ply  a long ish  m eta l tu b e . W e discuss th e  case o f a tu b e  a lthough  th e  a rg u 
m en t below  is va lid  fo r a n y  op tica l in s tru m e n t of o b se rv a tio n . T he ra d ia tio n  
from  S can  pass th ro u g h  th e  tu b e  if  i ts  ax is  is d ire c te d  in  a d irec tion  p a ra lle l 
to  th e  P o y n tin g  v ec to r

P  =  (E  X B ), (7)
471

w here E  a n d  В are th e  e lec tric  and  m a g n e tic  field  s tre n g th s  of th e  ra d ia tio n  
field . I f  th e  tu b e  is a t  an  angle to  P  th e n  th e  en e rg y  o f the  fie ld  en te rin g  
th e  tu b e  is abso rbed  b y  th e  w alls. T he a b so rp tio n  ta k e s  p lace  th ro u g h  th e  con
d u c tio n  e lec trons in th e  m e ta l. T he ta n g e n tia l  co m p o n en t of E  acce lera tes
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th e  e lec trons an d  th o se  tra n sfe r  energy  to  th e  m e ta l la ttic e . T he e lec trons th u s  
se t in  m otion  ex tin g u ish  by  in te rfe ren ce  some o f th e  in c id en t ra d ia tio n .

I f  th e  m e ta l tu b e  is se t to  m ove w ith  a v e lo c ity  — v th e n  th e  co n duc tion  
e lec trons o b ta in  also such  a v e lo c ity  (in a d d itio n  to  w h a tev e r velocities th e y  
a lread y  h ad ). T he ra d ia tio n  fie ld  ac ts  on th e  m o v in g  e lectrons as an  effective 
fie ld  E eff, Beff w ould  a c t on e lec trons w ith o u t th e  e x tra  v e lo c ity , w here

E eff =  E  (v X B ) /c ,

Beff =  В +  (v X E)/c ,

w here we have neg lec ted  te rm s o f h igher o rder in  v/c. T he sy stem  behaves as 
if  a ra d ia tio n  w ith  an  effective P o y n tin g  v ec to r

P e„  =  f ( E eIfX B e, ) ,  (9)
4тг

w as falling  upon  i t .  I f  we ta k e  th e  exam ple o f  th e  m e ta l tu b e  th e n  we see, 
th a t  th e  m oving tu b e  has to  be p laced  p a ra lle l to  F£ff if  we w a n t to  avoid  
a b so rp tio n  b y  th e  e lec trons in  th e  w alls.

F ro m  (7), (8) an d  (9) (neg lec ting  fu r th e r  te rm s  o f th e  second  order) 
we fin d

P ef( =  P  +  -—  [ E x ( v x E )  +  B x ( v x B ) ]  .
4jt

T he re su lt o f a sim ple ca lcu la tion  show s th a t

v
(P eff P) = ----  sin ос -)- te rm s o f h ig h e r  o rder,

c

w here  a  is th e  angle b e tw een  P  a n d  v.
W e see th u s  t h a t  th e  m oving  in s tru m e n t h a s  to  be tu rn e d  ro u n d  b y  an  

angle v/c sin oc so as to  allow to  p ass  th e  ra d ia tio n  fie ld  in  th e  sam e m an n er 
as th e  in s tru m e n t a t  re s t does i t .  T h is  analysis is v a lid  for an y  ty p e  o f in s tru 
m e n t, we have  d iscussed  th e  case o f  th e  m e ta l tu b e  fo r th e  sake  o f  s im p lic ity .

АБЕРРАЦИЯ КОМПОНЕНТ ДВОЙНЫХ ЗВЕЗД
Л . ЯНОШ И

Резюме
Для выяснения ошибочного представления в связи с аберрацией света приводится к раткий обзор фактов, уделяя особое внимание эффектам, возникающим при движении и сточника света или наблюдателя.
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PHOTOELECTRIC EMISSION 
FROM Gex Sij_x MIXED CRYSTALS*

B y

G. G e r g e l y , J .  P e i s n e r , and E . K a p i t á n y
R E S E A R C H  IN ST IT U T E  F O R  TECHNICAL PHY SICS 

OF T H E  HUNG ARIA N  A CADEM Y OF SCIENCES, BU DA PEST

( R e c e iv e d  9 . V I I .  1 9 7 1 )

P h o to e m is s io n  o f  m i x e d  c r y s t a l l i n e  G e x S i ,_ x s a m p l e s  w a s  s tu d i e d .  T h i n  e p i t a x i a l  
l a y e r s  o n  S i s u b s t r a t e s  w e r e  p r e p a r e d  b y  g a s e o u s  t r a n s p o r t  p ro c e s s .  M e a s u r e m e n t s  w e re  
m a d e  in  10  9 t o r r  U H V  o n  a to m ic  c le a n  s u r f a c e s  p r e p a r e d  b y  c h e m ic a l  e t c h i n g  a n d  h e a t  
t r e a t m e n t  in  v a c u u m .  T h e  q u a n t u m  e f f i c i e n c y ,  t h r e s h o ld  o f  p h o to e m is s io n ,  w o r k  f u n c t io n ,  
e l e c t r o n  a f f i n i t y  a n d  e n e r g y  d i s t r i b u t i o n  o f  p h o t o e l e c t r o n s  e x c i t e d  b y  4 — 6 .2  eV  p h o t o n s  w e re  
d e t e r m i n e d .  A  g r a d u a l  s h i f t  o f  c h a r a c t e r i s t i c s  w i th  c o m p o s i t io n  w a s  o b s e r v e d .  T h e  w o rk  
f u n c t i o n  ( s u r f a c e  F e r m i  l e v e l )  o f  t h e  s a m p l e s ,  d e t e r m in e d  b y  t h e  r e t a r d i n g  f i e ld  m e th o d  o f  
H u g h e s ,  c o r r e s p o n d e d  t o  t h e  b u lk  F e r m i  l e v e l .

Introduction

T he c ry sta llo g rap h ic , electrical a n d  optical p ro p e rtie s  an d  th e  b a n d  s tru c 
tu re  o f GexSix_x m ixed  c ry s ta ls  h a v e  b e e n  described  b y  several a u th o rs  [1— 5], 
b u t  on ly  a few p re lim in a ry  d a ta  on  pho toem ission  h av e  been p u b lish ed  [6].

P h o to e lec tric  em ission  stud ies o f  sem iconducto rs are of specia l in te re s t, 
since th e y  can supp ly  in fo rm atio n  a b o u t  surface p ro p ertie s , th e  F e rm i level, 
and , from  a know ledge o f  th e  energy  d is tr ib u tio n  o f  th e  p h o to e lec tro n s  [7— 9], 
th e  b a n d  s tru c tu re . T h e  b a n d  s tru c tu re  o f GexS^-* system s has b een  analysed  
from  th e  reflec tion  s p e c tra  of p o ly c ry s ta llin e  sam ples b y  S c h m i d t  [1] and  
T a u c  a n d  A b ra h a m  [4] b u t  a p a r t f ro m  some p re lim in a ry  re su lts  [6] no d a ta  
are av a ilab le  on the  p h o to e lec tro n  e n e rg y  sp ec tra  or th e  sem ico n d u c to r w ork 
fu n c tio n s (i.e. the F e rm i level). In  th e  w ork re p o rte d  in  th is  p a p e r  a m ethod  
o f d e te rm in in g  w ork fu n c tio n s  fro m  p u re ly  p h o to e lec tric  d a ta  b y  analysing  
th e  photoem ission  y ie ld  in  a re ta rd in g  fie ld  [10] w as applied .

S am ples

M ixed c rysta lline  G exS i]_x e p ita x ia l  layers o f v a rious co m position  and 
1— 50 Ц th ickness w ere  p rep ared  in  o u r  la b o ra to ry  on Si 111 su b s tra te s  b y  
a m e th o d  developed b y  S z é k e l y  a n d  cow orkers [11]. As show n b y  X -ra y  
d iffrac tio n , these h é té ro é p ita x ia l la y e rs  are single cry sta ls .

* D e d ic a t e d  to  t h e  m e m o r y  o f  P r o f .  P .  G o m b á s .
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T he com p o sitio n  o f th e  lay e rs  was d e te rm in ed  b y  X -ra y  spectroscopy  
[11] an d  from  th e ir  o p tica l re flec tio n  sp ec tra  [1, 4 ]. T he a tom ic  clean surfaces 
re q u ire d  fo r d e te rm in in g  th e  b a n d  s tru c tu re  a n d  F erm i level w ere p rep ared  
b y  chem ical e tch in g  [1, 6] an d  b y  h ea tin g  th e  sam ples in  U H V  a t  10 -9 to rr . 
T h e  sam ples w ere m o u n ted  be tw een  m o ly b d en u m  strip s  a n d  h ea tin g  w as 
ach iev ed  b y  p assin g  c u rre n t th ro u g h  th e  c ry s ta ls . T he clean ing  process w as 
checked  b y  L e e d  s tu d ies  as in  th e  earlie r p h o toem ission  s tu d ies  [6].

Experim ental techniques

T he p h o to e lec tric  m easu rem en ts  w ere ca rried  o u t a t  10 _9 to r r  in  an oil- 
free U H V  sy stem  c o n s tru c te d  b y  th e  T u ngsram  R esea rch  L a b o ra to ry . Sam ple? 
w ere m o u n ted  in  a  ch am b er w ith  a q u a rtz  w indow  an d  excited  b y  a Spectro- 
m o m  202 m o n o ch ro m a to r u sin g  a 30 W  d e u te riu m  or a 150 W  xenon  lam p.

F ig .  1 . Q u a n t u m  e f f i c i e n c y  o f  p h o to e m is s io n ,  a )  E t c h e d  s a m p l e s ,  b )  S a m p le  a f t e r  v a c u u m
h e a t  t r e a t m e n t

All q u a r tz  op tics w ere o f S pec tro sil q u a lity . A D .C . re ta rd in g  fie ld  m ethod  
u s in g  cy lin d rica l g eo m etry  w as app lied  for th e  p h o to e lec tric  m easu rem en ts 
[12]. T he co llec to r w as a glass tu b e  coa ted  w ith  S n 0 2 to  reduce  reverse  cu rren t 
effects [10]. T he p h o to c u rre n t w as d e tec ted  w ith  a K e ith le y  m odel 610B 
e lec tro m eter.

T he q u a n tu m  effic iency  Y ( E )  w as d e te rm in ed  in  ab so lu te  u n its  as th e  
n u m b e r  o f  p h o to e lec tro n s  / a b so rb ed  p h o to n , ta k in g  in to  ac c o u n t th e  reflec
tio n  losses.

In  th e  su rface  F e rm i level (w ork fun c tio n ) m easu rem en ts  [9] a S n 0 2 
co llec to r w as u sed . I t s  w ork  fu n c tio n  was d e te rm in e d  b y  em ploy ing  a high- 
p u r i ty  silver re fe ren ce  sam ple p o lished , e tched  a n d  h e a te d  in U H V .
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Experim ental results

T h e pho toe lec tric  th resh o ld  w as de te rm in ed  from  th e  in te rc e p t o f Y 1'3 
p lo ts o f  th e  q u a n tu m  efficiency. As can  be seen from  F igs, l a  an d  l b ,  re p re 
sen tin g  th e  q u a n tu m  efficiency of e tc h e d  sam ples a n d  o f th e  sam e sam ples 
a fte r th e  v acu u m  h e a t t re a tm e n t, re sp ec tiv e ly , G eYSij_ x sam ples follow  th e  
Y 1/3 re la tio n sh ip , e x h ib itin g  qu ite  w ell a g rad u a l sh if t w ith  com position . 
T he en e rg y  d is tr ib u tio n s  o f p h o to e lec tro n s d e te rm in ed  for four w av e len g th s

N (Eb)
[arbitr. units) 2000 A 6,2 eV

F ig s .  2 .a  a n d  b. E n e r g y  d i s t r i b u t i o n  o f  p h o t o e l e c t r o n s .  E b is  t h e  c o l le c to r  b i a s  v o l t a g e

on a to m ic  clean su rfaces in  U H V  a re  p resen ted  in  F igs. 2a, 2b, 2c a n d  2d. 
T he su rface  F erm i level o f  G exS i^x  c ry s ta ls  was d e te rm in ed  b y  th e  m e th o d  
o f H u g h e s .

F ig . 3 contains som e ty p ica l Y ( E )  curves e x h ib itin g  a co n stan t d isp lace
m en t A hv.

T h e pho to e lec tric  th resh o ld , e lec tro n  a ffin ity  a n d  w ork  fu n c tio n  d a ta  
are  su m m arized  in  T ab le  I .

T h e  electron a f f in ity  E A was d e te rm in ed  from  o u r pho toem ission  th re -
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Table I

Sam ple GexS ij_ x p i  cm 3 Ep E w E A e f

X  =  0 .20 3 • 1 0 17 4 .6 6 4 .4 5 3 .65 0 .2 1

ж =  0 .30 — 4 .6 7 4 .4 2 3 .67 0 .2 5

X =  0 .46 3 • 1 0 15 4 .7 4 4 .4 7 3 .7 4 0 .2 7

S i ( l l l ) p 1 0 18 4 .7 0 4 .5 8 3 .6 0 .1 2

G e  ( l l l ) p 2 • 1 0 15 4 .7 8 4 .5 8 4 .06 0 .2 0

F ig s .  2 . c  a n d  d .  E n e r g y  d i s t r i b u t i o n  o f  p h o t o e l e c t r o n s .  Е ь is  t h e  c o l l e c to r  b ia s  v o l ta g e
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shold  E p  va lues using th e  b an d -g ap  d a ta  o f B r a u n s t e i n  e t al. [ 2 ] .  W ork 
fu n c tio n  d a ta  ( E w) w ere deduced f ro m  re ta rd in g  fie ld  m easu rem en ts ,

E w  =  E r/ coh +  еЕь Ahv,

w here Еь deno tes th e  co llec to r bias v o lta g e , E Wcoll th e  collector w o rk  func
tio n  an d  Ahv  th e  sh ift o f  Y  curves. A ll sam ples w ere o f  p - ty p e , as e s tab lish ed  
b y  th e rm o e lec tric  pow er m easu rem en ts . T he ca rrie r co n cen tra tio n s  o f the  
sam ples w ere d e te rm in ed  by  th re e -p o in t p robe m easu rem en ts .

Fig. 3. Quantum efficiency spectral response determined in retarding field mode

D iscussion

A n u m b e r of p ro p e rtie s  of G exS ij- x m ixed c ry s ta ls  can be d e te rm in ed  
from  th e  ex p erim en ta l re su lts . T he sh if ts  o f th e  pho to e lec tric  th re sh o ld  in 
F igs, l a  an d  lb  co rrespond  to  clean ing  o f  th e  c ry sta l su rfaces. F rom  th e  p h o to 
elec tric  th re sh o ld  and  b an d -g a p  d a ta  [2, 3] th e  e lec tron  a ffin ity  of th e  sam ples 
w as ca lcu la ted .

S ince th e  energy ra n g e  was l im ite d  b y  using q u a r tz  optics, th e  p h o to 
e lec tron  energy  sp ec tru m  covered o n ly  a b o u t 2 eV. T hese  low -energy  p h o to 
e lec trons can  be a t t r ib u te d  to  tra n s it io n s  from  th e  u p p e r  levels n e a r  th e  top  
o f  th e  va lence  b and  to  th e  co n d u c tio n  b a n d  [7].
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As all th e  sam ples w ere o f  p - ty p e , th e  F e rm i level E F (w ith  re sp ec t 
to  th e  to p  o f  th e  valence b a n d ) is in  all cases loca ted  close to  th e  va lence  
b a n d . T he s lig h t v a r ia tio n  w ith  c a rr ie r  c o n c e n tra tio n  is in ag reem en t w ith  th e  
d a ta  p u b lished  b y  Sze [14].

P h o to e le c tr ic  em ission processes ta k e  p lace  in  a 30— 70 Â  deep su rface  
la y e r  [13, 15]. T h e  ag reem en t o f  E f values d e te rm in e d  by  pho toem ission  a n d  
fro m  th e  c a rr ie r  c o n cen tra tio n  is rem ark ab le . T h u s , th e  F e rm i level in  th e  
3 0 — 70 Á th ic k  su rface  lay er p re su m a b ly  co rresp o n d s to  th e  b u lk  F erm i level 
o f  th e  sam ples. T h e  th ickness o f  th e  surface la y e r  is m uch less th a n  th e  D ebye 
len g th .
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ВНЕШНИЙ ФОТОЭФФЕКТ СМЕШАННЫХ КРИСТАЛЛОВ GexSî x
Г. ГЕРГЕЙ , Я. П Е Й ЗН Е Р  и Е. КАПИТАНЬ

Резюме
Исследован внешний фотоэффект на образцах смешанных кристаллов типа OexSi,_х. Тонкие эпитаксиальные слои на кремниевой подложке были получены осаждением из газовой фазы. Измерения проводились в сверхвысоком вакууме с давлением 10~9 торр на атомарно-чистых поверхностях, полученных при помощи химического травления и термической обработки в вакууме. Определены квантовый выход, порог внешнего фотоэффекта, работа выхода, электронное сродство, и распределение по энергии фотоэлектронов, возбуждённых фотонами с энергией 4—6,2 эв. Обнаружено, что при изменении состава происходит постепенное изменение характеристических данных. Работа выхода была измерена методом задерживающего поля, предложенным Хайсом. Работа выхода (уровень Ферми на поверхности) образцов совпадает с уровнем Ферми в объёме
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ON SOME EFFECTS CONNECTED 
WITH EINSTEIN’S PRINCIPLE OF EQUIVALENCE
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D EU TSCH E AKADEM IE D ER  W ISSEN SCH A FTEN  ZU B E R L IN , POTSDAM -BABELSBERG, D DR 

(R eceived 22. X I . 1971)

The article discusses the role o f the 1/2 R  term appearing in E instein’s gravitational 
equations. This term did not appear in E i n s t e i n ’s  original form ulation as given in 1915; 
however, as E i n s t e i n  already noticed  w ithout th is term  the gravitational equations lead  
to a hydrostatic  pressure inside m atter. Later he introduced this term  arguing on considera
tions on sym m etry connected w ith  the principle o f  equivalence. W e show  in this article that 
this type of hydrostatic pressure would appreciably m odify the configuration of atom s. There
fore it  follow s from the observation of atoms th a t the gravitational equations either obey  
exactly  the principle o f equivalence, or if  there is a deviation from th is principle, the deviation  
m ust be very  small.

I

T he d y n am ica l e q u a tio n

n  A- =  . 1 ( V = i  Tf)k -  - h  gmn,  ттп =  о (1)
l — g  2

(w hich invo lves as consequence th a t  th e  te n so r  o f m a tte r  is free of d ivergence) 
can  be d e riv ed  e ith e r from  E in s te in ’s g ra v ita tio n a l e q u a tio n s

-R|'fc — ~  g i k R + ^ g j k  =  -  x T i k  (2)

(w ith  к  =  8,тf / c 2, f  c o n s ta n t o f g ra v ita tio n  an d  A th e  cosm ological c o n s ta n t) , 
or a lte rn a te ly  from  th e  (w eak) p rincip le  o f  equivalence. E in s te in ’s p rin c ip le  
as expressed  b y  (2) is a consequence o f th e  B ianchi id e n ti ty

(2a)

I t  follows, how ever, from  th e  p rin c ip le  o f equivalence t h a t  th e  c o v a ria n t 
fo rm u la tio n  o f  th e  fie ld  eq u a tio n s  o f m a t te r  —  in th e ir  c o v a ria n t form  —  con-
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ta in  a lread y  th e  action  o f g ra v ita tio n  up o n  fie lds o f m a t te r .  I t  follows fro m  
th is  c o v a ria n t fo rm u la tio n  t h a t  th e  d iffe ren tia l law  o f  th e  con serv a tio n  o f  
en erg y  an d  m o m en tu m  o f th e  special th e o ry  o f re la tiv ity

T U  =  0  (3 )

h a s  t o  b e  r e p l a c e d  in  t h e  g e n e r a l  t h e o r y  b y  r e l a t i o n  (1)  ( s ee  T r e d e r  [ 9 ] ) .
F ro m  th e  d ynam ica l e q u a tio n s  one o b ta in s  th u s  as a  f irs t a p p ro x im a 

tio n  th e  e q u a tio n s  of m o tio n  o f  N ew ton.
T he d y n a m ic a l eq u a tio n  (1) rem ains v a lid  if  we a d d  a ten so r M ik to  

th e  le ft h a n d  expression  o f  E i n s t e i n ’s e q u a tio n  (2), w h ere  M ik has to  b e  a 
c o n c o m m itta n t o f  th e  R ie m a n n — C hristoffel ten so r an d  its  d eriva tives, th u s

M i k —  M ik [ R ik tm i  g ik \

a n d  o n e  h a s  t o  s u p p o s e  t h a t  M ih c a n  b e  r e p r e s e n t e d  in  a c c o r d  w i t h  E i n s t e i n  [2 ]  
a n d  a lso  H i l b e r t  [4] a s  a  v a r i a t i o n a l  d e r i v a t i v e

1M ik =  ------------------.
У- g  ôg,k

In d e e d , fro m  (4) i t  follow s as consequence  of th e  covariance o f  th e  
re la tio n , m a k in g  also use o f  th e  B ianchi id e n t i ty  th a t

M U  =  0 .  (5 )

If, h o w ev er, we w ere to  a d d  to  th e  le f t h a n d  expression  of (2) a te n so ria l 
c o n c o m m itta n t

M ,k  =  Mjk [R-iklmi Sikh

w hich  c a n n o t be  expressed  as a d e riv a tiv e  o f  th e  form  (4) th e n  we h a v e  in  
general

M U  ^  0 .  ( 6 a )

A s  a  c o n s e q u e n c e  o f  th i s  o n e  f i n d s  t h a t  s u c h  a  t e n s o r  i n c l u d e d  i n t o  E i n s t e i n ’s 
e q u a t i o n  l e a d s  t o  e q u a t i o n s  o f  m o t i o n

T%k = -  —  M%k (6)
X

w hich  e q u a tio n s  o f m otion  c o n tra d ic t  th e  (w eak) p rincip le  o f  equivalence (see 
T r e d e r  [8]).
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W e see th u s  th a t  in  such  a case th e  coup ling  be tw een  g ra v ita tio n  a n d  
m a tte r  c an n o t be described  fu lly  b y  fo rm u la tin g  th e  (canon ical) eq u a tio n s o f  
th e  special th e o ry  of re la t iv i ty  in a c o v a r ia n t form . B ecause  of (6) th e re  
a p p e a r  in th e  eq u a tio n s o f  m o tion  a d d itio n a l v ec to ria l te rm s  w hich re p re se n t 
a d d itio n a l n o n -N ew to n ian  forces an d  th e  l a t t e r  do no t d isa p p e a r id e n tic a lly  
n o t even in  in e r tia l sy stem s o f reference.

T he co rrec tion  te rm s th u s  o b ta in ed  a re  v e ry  sm all i f  th e  M ik co n sis t 
o f  b ilin ea r (or o f  h igher o rder) te rm s o f  th e  R iem an n  te n so r. Suppose fo r th e  
m o m en t th e  f ie ld  eq u a tio n  to  be of th e  second  order; in  th is  case we o b ta in  
a d d itio n a l te rm s  l /ж Mf.k to  th e  energy  m o m e n t ten so r o f  th e  order o f  th e  
sm all q u a n t i ty  x.

On th e  o th e r  h an d  a lin ea r  co rrec tio n  te rm  added  to  th e  left h a n d  e x 
p ression  (2) can  be ex c lu d ed  ana ly sin g  th e  dynam ics o f  m a tte r .

T he on ly  linear c o n c o m m itta n t o f th e  R ikim w hich m ig h t be ad d ed  to  
th e  le f t h an d  o f  (2) is

M ik =  ~ ^~ g i k R ,  (7a)
Zi

w here £ is a n u m erica l c o n s ta n t. U sing  su c h  a  te rm  th e  g ra v ita tio n  e q u a tio n  
can  be w ritte n

Rki — -^rgk i(1- e) R + * g k i = - * T k l . (7)
Z

I f  e =f= 1/2 and  A =  0 one finds fo r th e  cu rv a tu re

v T
R  =  — -—  I T  =  Tf) .

1 - 2 e

( 7 b )

T hus we can  w rite  w ith  (7) also in fo rm  o f E i n s t e i n ’s f ie ld  eq u a tio n  w ith  a 
new  te n so r o f  m a tte r

R i k - — gikR  =  -  * T  J L1 ik

w ith  a c o n s ta n t

Rik =  — * Чк

2 2 e 1

1 s i
2 2e -  1 8

1 £ 1

gik т

ik

2 2e —1

w hich  resu lts  from  th e  com parison  w ith  th e  Poisson eq u a tio n .

( 8 )

(8a)
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T he B ian ch i id e n tity  gives th u s  th e  eq u a tio n  o f m o tio n  as

n *  = 4e — 2
T , . ( 9)

W e fin d  th u s  in  th e  f irs t  a p p ro x im a tio n  a co rrection  in d e p e n d e n t of th e  g ra 
v ita tio n a l f ie ld . (The g ra v ita tio n a l f ie ld  eq u a tio n  gives only  an in d ire c t 
a rg u m e n t fo r th e  in tro d u c tio n  o f such n o n -N ew to n ian  e x tra  force).

S uppo sin g  th e  ten so r o f  m a tte r  to  b e  th a t  of an  id ea l flu id , i.e.

T k, и i uk p ô k =  Giij uk pô k , ( 10)

w here

W e h av e  th e n
u h — d x ‘l d t ,  u ‘u k =  c2 

T  =  Q C2 —  3 p .

T he eq u a tio n  of m o tio n  is th u s

(Guk) k u, + G  - 5 -  u ,  p  i =  f  (qj c2 -  3 p j ) .
D  г  4e 2

F ro m  th is  we fin d

(Guk);k =
e dg 1 dp

4e — 2 dr c2 dr

4e — 2 dr
d 6 , 1 d p  , г

dr
3f

4e — 2
u t +

4e — 2

, P  ) D

£ 2 I il 3e
—  e,i c  +p,i 1 ------------------

4e 2 ’ ' 4e 2

(10a)

( П )

(11a)

( l i b )

F ro m  ( l i b )  w e see th a t  a p re ssu re  ap p ears  as
3e

4e 2
p,i an d  th e n  a p p e a rs

also th e  g ra d  o f th e  re s t en erg y  ~ p ( c2 th e re fo re  th e  d y n am ic  th u s  describ ed  
is very  d iffe ren t from  th e  N ew to n ian  d y n am ic .

T he d ev ia tio n s  th u s  o b ta in e d  from  th e  N ew ton ian  dynam ic  are co m 
p a tib le  w ith  experience i f  we suppose e ith e r  e to  be v e ry  sm all, or a l te rn a te ly  
i f  we w ere to  suppose th e  eq u a tio n  of s ta te  o f m a tte r  to  be  given b y

QC2 =  d p .

Acta Physica Academiae Scientiarum Hungaricae 31, 1972



EFFECTS CONNECTED WITH EIN STEIN ’S PRINCIPLE 371

(T hus th e  e x tra  te rm s  van ish  e.g . in  th e  p a r t ic u la r  case o f th e  e lec tro m ag n etic  
ra d ia tio n  field .)

A n  e x a m p l e  o f  h i s t o r i c a l  i n t e r e s t  is  t h e  p a r t i c u l a r  c a s e  o f  s u c h  f i e l d  
e q u a t i o n s  i n  t h e  f o r m  w h ic h  E i n s t e i n  s u g g e s t e d  o r i g in a l ly  [1 ]  i .e .*

R ik — — к T ik . (12)

T h e  l a t t e r  c o r r e s p o n d s  t o  t h e  c a s e  e =  1. T h e  r e l a t i o n  (12) w a s  l a t e r  c o n 
s i d e r e d  b y  S c h r ö d i n g e r  [7] a n d  w a s  d i s c u s s e d  r e c e n t l y  b y  J á n o s s y  [5 ] .

The d eg en e ra ted  case e =  1/2 is c o n ta in e d  in  E i n s t e i n ’s fie ld  e q u a tio n  
as fo rm u la ted  in  1919 [3]:

R *  ] s i k R =  x Tik-
4

In  th e  la t te r  case we have n ecessarily

T = 0 .  (13)

I n  t h i s  c a se  t h e  s c a l a r  o f  c u r v a t u r e  R  is  n o t  d e f i n e d  b y  t h e  s t a t e  o f  m a t t e r  
b u t  i t  is  d e t e r m i n e d  b y  t h e  g r a v i t a t i o n a l  f i e l d .

I f  th e  d y n am ica l eq u a tio n s are th u s  m o d ified  one h as

a n d  th e  r ig h t h a n d  expression gives a field o f  force w hich can  be given m o re  
or less a rb itra r ily . A ccording to  E in ste in  th is  is th e  fie ld  w hich  keeps th e  
e lec tron  to g e th e r  aga in st th e  repu lsion  of i ts  ow n e lec trom agnetic  field.

T he above p ic tu re  w hich w as o rig ina lly  th o u g h t of b y  A braham  a n d  
b y  Mie can be g iven  also using  w ave m ech an ica l concepts as we show in th e  
second  p a r t  o f  th is  article.

II

I f  th e  te rm  1/2 gik R  is le f t o u t o f th e  E i n s t e i n  g ra v ita tio n a l e q u a tio n , 
a p ressure

P g r a d  Qm (14)

* Then, in his n ext paper [1] E i n s t e i n  remarks th a t the relation (12) is only possible  
for T  =  0.
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is o b ta in e d  w here om is th e  den sity  o f  m a t te r .  I t  is in te re s tin g  to  e v a lu a te  
th e  d e fo rm atio n s  such a p ressu re  w ere to  cause on an  a to m . T he e ffec t of 
such  a p re ssu re  can  he m o s t easily  c a lc u la te d  using  th e  w ave e q u a tio n  in 
fo rm  o f th e  h y d ro d y n a m ic a l equ a tio n s d iscussed  in  d e ta il  b y  one o f  u s  [6]. 
T h e  la t te r  e q u a tio n  m ay  be  w ritten

dx
Q m  , - =  — e g r a d ( ( ) + F )  

dt
(15)

_ h 2 W /2(J =  —------------------- , V =  p o ten tia l o f  ou tside forces,
2m Q1!2

I Qmd 3r =  m.  (16)

C onsidering  an e lec tro n  un d er th e  in fluence  of th e  ou tside  p ressu re  (14) 
on ly , we m a y  p u t

F  = -----—  c2 In g1'2. (17)

T herefo re  eq u ilib riu m  co n fig u ra tio n  is o b ta in e d  if  Q -f- V  =  const., i.e. if

In p112 +  A2------------ - =  c o n s t.
Q112

w here

me

is th e  C om pton  w ave le n g th .
In tro d u c in g  In q1/2 — A  th e  e q u a tio n  can also be w ritten

4 A "  4- A ' 2 H-------A 'I +  A  =  c o n s t . (18)

p ro v id ed  we suppose  A  to  have  sp h e rica l sy m m etry . R egu lar so lu tio n s of 
(18) seem  to  ex is t on ly  o f  th e  form

A  =  a +  br2.

In tro d u c in g  th e  above expression  in to  (5) we find  b — — 1/4 Ajj and  th u s

e =  e0 е-гч2*3,

w here  g0 h as  to  be chosen  so as to  s a tis fy  th e  n o rm a liza tio n  (16).

Acta Physica Academiae Scientiarum Hungaricae 31, 1972



E F F E C T S  C O N N E C T E D  W I T H  E I N S T E I N ’S  P R I N C I P L E 373

W e see th u s  th a t  a free  electron  w o u ld  be pressed  to g e th e r  in to  a p a c k e t 
o f  rad iu s  A0 —  th is  is a p a c k e t co n sid e rab ly  sm aller th a n  th e  hyd rogen  a to m .

The e ffec t o f th e  h y p o th e tic a l p re ssu re  on a h y d ro g en  a tom  can  be 
o b ta in e d  i f  w e ad d  to  th e  p o te n tia l (17) th e  Coulom b p o te n tia l  e2/r  o f  th e  
nucleus. As th e  la t te r  a lone  produces a  p a c k e t of ra d iu s  гц  =  137A0 i t  is 
obvious t h a t  th e  effect o f  th e  p o ten tia l V  w ould  be m uch  s tro n g e r th a n  th a t  
o f  th e  C oulom b a ttra c tio n  a n d  th erefo re  th e  hyd rogen  a to m  w ould  be p ressed  
to g e th e r  to  a  p ack e t w hich , a p a r t  from  its  in side  region, w o u ld  be v e ry  s im ila r  
to  th e  p a c k e t ca lcu la ted  fo r  th e  free e lec tro n .

W e see th u s  th a t  a p o te n tia l o f  th e  fo rm  (17) w o u ld  s tro n g ly  defo rm  
a to m s an d  th e re fo re  th e  f ie ld  eq u a tio n s (12) can  be ex c lu d ed  considering  
th e  o b se rv a tio n s, e.g. o f h y d ro g en  a to m s.

I t  rem ain s the  q u es tio n  w h a t f ra c tio n  o f a p ressu re  o f th e  ty p e  (17) 
m ig h t be so sm all th a t  i t  w ou ld  have escap ed  a t te n tio n ?  W e n o te  th a t  from  
g ra v ita tio n a l equations o f  th e  form

R lh ^ - ^ S i k R  =  -  x T ik
Li

we expect a pressure
K =  e V

i f  e = l /1 3 7  th u s  th e  p a c k e t to  w hich th e  free e lectron  w as com pressed  w o u ld  
h av e  a ra d iu s  ab o u t eq u a l to  rH; th is  p re ssu re  w ould s till give a s tro n g  de
fo rm atio n  o f  th e  hydrogen  a to m . W ith o u t e s tim a tin g  p rec ise ly  th e  o b se rv a 
tio n s  i t  is c lear therefo re  t h a t  if  e >  0 a t  an y  ra te  i t  m u s t be su p p o sed  
137 I 6 |<sgl. T h u s only v e ry  sm all d e v ia tio n s  from  th e  d y n am ica l e q u a 
tio n s  (1) m a y  be co m p atib le  w ith  o b se rv a tio n .

R E F E R E N C E S

1. A. E in s t e in , Berliner B erich te, 778, 779, 1915.
2. A. E in s t e in , Berliner B erich te, 111, 1916.
3. A . E in s t e in , Berliner B erichte, 349, 1919.
4. D . H il b e r t , Göttinger N achrichten, 395, 1915.
5. L. JÁ N O S S Y , Theory of R e la tiv ity  Based on P hysica l R eality , B udapest, 1971.
6. L. J á n o ssy  and M. Zie g l e r , A cta  Phys. H un g., 16, 37, 1963.
7. E . S c h r ö d in g e r , Space-Time Structure, Cam bridge, 1950.
8. H -J. T r e d e r , Ann. d. P h ys., 27, 47, 1971.
9. H -J. T r e d e r , G ravitationstheorie und E quivalenzprinzip , Berlin, 1971.

7 Acta Physica Academiae Scientiarum Hungaricae 31, 1972



374 L . J Á N O S S Y  a n d  H -J .  T R E D E R

О НЕКОТОРЫХ ЭФФЕКТАХ СВЯЗАННЫХ С ПРИНЦИПОМ ЭКВИВАЛЕНТНОСТИЭЙНШТЕЙНА
Л . ЯНОШ И и X. Й. Т Р Е Д Е Р

Резюме
В данной статье рассматривается роль члена 1/2 gik R в гравитационных уравнениях Эйнштейна. Этот член не присутствовал в первом изложении разработанном Эйнштейном в 1915 году, и был введен позднее на Основании общих соображений, связанных с принципом эквивалентности. Как это было замечено Эйнштейном в своей оригинальной работе, отсутствие этого члена приводит к гидростатическому давлению в данной среде.Показано, что это гидростатическое давление привело бы к значительному изменению атомных конфигураций и поэтому из наблюдаемых свойств атомов следует, что уравн- нения гравитации действительны в форме, согласующейся с принципом эквивалентности или отличаются от этой формы только в незначительной мере.
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A SOLUTION TO THE RADIATIVE BLAST WAVE 
IN STELLAR INTERIORS
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(Received 29. VI. 1970)

1. Introduction

O j h a  an d  V e r m a  [ 1 ]  s tu d ie d  th e  p ro p a g a tio n  o f a sp h erica l shock  p ro 
duced  b y  a su d d en  p o in t explosion in  an  inhom ogeneous n o n -g ra v ita tin g  
system  b y  considering  ra d ia tio n  effects a n d  assum ing  th e  d e n s ity  of th e  gas 
to  v a ry  as th e  inverse  pow er o f  th e  d is ta n c e  from  th e  p o in t o f exp losion . 
T a y l o r  [2] d iscussed  th e  so lu tions of th e  eq u a tio n s  of a sp h erica l shock  w av e  
p ro d u ced  b y  a s tro n g  p o in t explosion. L i n  [3] o b ta in ed  so lu tions in  th e  case 
o f  a cy lin d rica l shock w ave p roduced  on  acco u n t o f in s ta n ta n e o u s  en e rg y  
release along  an  in fin ite  s tra ig h t line. V e r m a  [4] o b ta in ed  eq u a tio n s fo r th e  
so lu tion  o f  th e  p rob lem  o f cy lind rica l b la s t  w ave in  a co n d u c tin g  gas. T he 
problem s re fe rred  to  in  [2], [3] an d  [4] h av e  been d iscussed  w ith o u t a n y  
ra d ia tio n  effects in  a n o n -g ra v ita tin g  sy s tem  w hile in  [1] ra d ia tio n  e ffec ts  
h av e  also been  considered . Follow ing V e r m a  [4], th is  p a p e r  discusses th e  
eq u a tio n s  fo r th e  p ro p ag a tio n  o f a sy m m etrica lly  ex p an d in g  spherica l b la s t  
w ave p ro d u ced  b y  a su d d en  explosion in  a se lf-g rav ita tin g  body , su ch  as a 
s ta r , w ith  ra d ia tio n  effects ta k e n  in to  a cco u n t. T he m ed iu m  is assum ed  to  
be a p e rfec tly  co n d u c tin g  p lasm a w ith  ra d ia tiv e  p a ra m e te rs  in d e p e n d e n t of 
th e  m ag n e tic  field .

2. Equations governing the flow and field in self-gravitating bodies

T he f ie ld  e q u a tio n  a n d  th e  eq u a tio n  for th e  m o tio n , c o n tin u ity  a n d  
en erg y  o f  a ra d ia tiv e  sp h erica l shock are

du Qu 1 dp H  d H  Gm
-----L и --------1---------- — H----------------- 1------—  =  0 ,

ni dr Q dr Q dr r2
( 2 . 1 )
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3í? 9g----- К м----- h Q
dt dr

du  2 и 
dr г

=  0 ,

dH d H
--------К м --------к н

dt dr

du 2 и
dr г

=  0 ,

( 2 . 2)

(2.3)

э , э
------К м ----9í Эг

( Е + Е Я)

w here

+  ( Р + Р н )

Е  — Е м  -К E r ,

F -  И "%  — “ Г- 1

! 8 1
1 dt Q .

+  м
а
Эг

+  А г ^ ( Е г2) =  о ,
gr2 Эг

р  =  Рм +  P r , 

Я 2
Р м

(2 .4)

(2.5)

T he suffixes М ,  R  and  Н  a t ta c h e d  to  a sy m b o l deno te  expressions for m a te ria l, 
ra d ia tio n  a n d  m ag n etic  te rm s , re sp ec tiv e ly . T he q u a n tit ie s  и, p  an d  g a re  
th e  rad ia l v e lo c ity , p ressu re  a n d  d en sity  a t  d is tan ce  r  from  th e  p o in t o f e x 
plosion a t  a n y  tim e  t ; th e  m ag n e tic  fie ld  h as  com ponen ts (0, 0, Я ) . F  is th e  
ra d ia tio n  f lu x , G is th e  g ra v ita tio n a l c o n s ta n t  and  m  is th e  m ass w ith in  th e  
shock  fro n t a t  a n v  tim e t su ch  th a t

——- =  4:rg r 2 . (2.6)
dr

W e have

Е м = ~ ^ т г ,  (2 .7)
e(r- - i )  в

an d

F  =  - — d^ E ,  (2.8)
ÍQ dr

w here К is th e  coeffic ien t o f  o p ac ity  an d  C  is th e  v e lo c ity  o f  ligh t.
W e assu m e  [5] th a t

Р м  =  *P.

P r  =  ( !  —  Z)P (0 <  s <  1)
hence

E  = ----- £ ------, (2 .9)
Q(K 1)

w here

К  =  4 (y ~ 1 ) + 2 (4 M .  , (2.10)
3 (y - l ) + * ( 4  —3y)

у  being th e  u su a l ra tio  o f specific  h e a ts . W ith  th e  help  o f  E qs. (2.9), (2.2)
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a n d  (2.3), E q . (2.4) can  be w ritte n  as

QP
0t

u — +  K p
dr

du 2u 
Э r +  r

( К - l )  Э (Fr*)
+  = 0 .  (2 .11)

r “2 dr

L e t th e  m otion  be  assum ed  to  be con fined  w ith in  th e  shock f ro n t  a t  r =  l?(t), 
th e n  th e  velo c ity  o f th e  o u tw a rd  m oving  sh o ck  is given b y

V  =
d R
dt

( 2 . 12)

3. S im ilarity  considera tions

W e assum e th e  follow ing s im ila rity  fo rm s fo r th e  flow  a n d  fie ld  v a riab les:

P =  p 0 Rm Ш , (3.1)

Q=Qo<PÁri)-> (3-2)
и =  Я "Ф 1(Ч), (3.3)

H = H 0 R k g l (r,), (3.4)

F  =  F 0 R l n M ,  (3.5)

m  =  m n R b rrij^rj), (3*6)

w here  r j= r lR  is a n o n -d im ensiona l ra d ia l v a r ia b le , Ф х, g x, n 1 and  m x a re
fu n c tio n s of r\ o n ly , an d  su ffix  zero d en o tes  q u an titie s  in  th e  u n d is tu rb e d  
s ta te . P u ttin g  E q s . (2 .1 )—(2.4) an d  (2.6) in to  th e ir  s im ila r ity  form , we g e t

Л - ( Пф 1--Г1Ф[) +  ф 1 Ф[

Qo<Pi
{Po R m~2nf [  +  H 0 K2A~2" g[ +  m 0 R b — 2 n —l m i Q0 (px) ,

У'-(г1Ф’1+ 2 Ф 1) =  (р'1
V

V ---------Ф1
R n

—  krj 
R"

g i T

g i

+  Г]Ф 1 l b
g i

г)ф [ +  2Ф, =  0 ,

(3.7)

(3.8)

(3.9)

~  (m/i -  Ч/i) = K  U  Ф[ +
Л ” >7

m, = 4 я  Pn

+  ^  F () Rl-m-n
Po

R ~ b+3 ( f i f )2 .

«1»? +
2nx

4
(3.10)

(3.11)
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I n  o rd e r th a t  all th e  unkn o w n s m a y  be ex p ressib le  as fu n c tio n s  o f rj 
a lone, th e  follow ing re la tio n s  m u st b e  fu lfilled .

m =  2 re, к =  n,  1 =  i n ,  b =  2 n  -)- 1 (3.12)
an d

-----=  c o n s ta n t  =  C.  (3.13)
R n

In te g ra t in g  (3.13) we get
R l - n

Ct =  — -------- \ - A ,
1 — n

w here n  is an  a rb itra ry  p a ra m e te r  a n d  C  an  ab so lu te  co n stan t. A s t —► 0, 
R  —► 0 a n d  so we m u s t h a v e  n <  1 a n d  A  — 0. T hen

Ä =  { ( l - n )  C l } n  <  I -  (3.14)

W ith  th e  help  o f E qs. (3 .12), (3.13) a n d  (3.14) E qs. (3 .7 )— (3.11) b ecom e

С {п Ф 1-г)Ф'1) +  Ф1 Ф [ =  -  •-----—  { p 0/ í + f l o g í+ n * 0 m 1eo95i} , (З Л 5 )
во <Pi

—  {Пф1 +  2 ф 1) =  V f á c  -  Фг) . 
V

щ g i T
gi

+  г]ф 1 11 _+Г)ф'1 +  2Ф1 =  0 ,
gi

с (п А -г ,г 1) =  к \ / 1Ф[+. , 201 f l )  , ( K — 1 ) F 0

П
+

Po
n[ n +

2 ítj

(3.16)

(3.17)

(3.18)

an d  th e  s im ila rity  tra n s fo rm a tio n s  (3 .1 )— (3.6) becom e

P =  Po R2nf i ( v )  > e =  So »
и =  Rn Ф М  , H  ~  H 0 Rn g l (r]),

F =  F0 Rm n1(rj), m =  m0 R2n + 1 m^rj) 4

(3.19)

4. In itial conditions and solutions

L e t th e  explosion ta k e  p lace a t  a  p o in t a t tim e  t =  0. T hen  U  —*■ 0 as 
r —► 0, U  =  0 for r  ^  0 a n d  also Я  —> 0. I n  any  ad m issib le  so lu tion  H  an d  и 
m u st b o th  be fin ite  for t >  0 ev e ry w h ere  in  r <! Я . Below , th e  case  for
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n  =  — 3/2, an  a rb i t r a ry  choice, is considered. P u t t in g  th is  v a lu e  o f  n  in  (3.14)
w e get,

R  =  ß  t2/s, (4.1)

w here R  is th e  ra d iu s  o f the  sh o ck  a t  an y  tim e  t an d  ß  is an  a b so lu te  c o n s ta n t. 
F ro m  (4.1) th e  sh o ck  velocity  is th e n  given b y

dt  5
R
t

A gain  using  (4.1), th e  s im ila rity  tra n sfo rm a tio n s  can be w r itte n

w here

e = m ,
p  =  *-6/5/ 3( i ) ,  

F  =  t -*n № ,

h  =  * -» » /“ ( £ ) ,

m  =  t~ 4,5/ e( | )  ,

£ =  г Г 2/5.

T h e  energy  e q u a tio n  can be p u t  in  th e  form

Э1?7- 1 3
3t r2 3r

a n d

E T =  —  git2 -( 

I T =  —— git2 -f-

(4.2)

(4.3)

(4.4)

.2(uIt+F) —  0 , (4.5)

p  Я 2 Gmg (4.6)
(fe l )  2 r

kP j H 2 Gm^
(fc -1 )

(4.7)

P u tt in g  (4.6) in to  th e ir  s im ila rity  form  w e get

E T =  ] ; №  t - 6l5f №  +  - - 1—  t - 6/5/ 3( í ) +  i  t - 6/5/ I ( D  -  ‘- e/5- - r  (4 -8 >2 (/c — 1) 2 ç
or

w here
E T =  t - e,s / ( Î ) .

/(I) =  ^ г А Ш №  +  т г Ц г /»(f) +  ^ /1 (1 ) - Ä
2 (гС 1J 2 s

F ro m  (4.8) we h a v e
3 E j  

3r
■8/5

(4.9)

(4.10)
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and

=  - 6 / 5  f 11'5/ ( | )  t - 6/5/ ' ( | )  —  r í - 7'5 .
0Í

(4.11)

F ro m  E q s . (4.8), (4.10) a n d  (4.11) w e f in d

QET , 6 2 r 8 F r

or
8 i

d E T

6

5 i

T d— —  E T -\---------------— — 0
5i dr

2 8
H—-  ~  ”7  (r3 E T) =  0 .

8i 5ir2 dr 

F ro m  E q s . (4.5) an d  (4.13) we have

or or

(4.12)

(4.13)

2r2 E T

51
(4.14)

( u ! T-\-F)  —
VrET

R

H ere  th e  c o n s ta n t o f  in te g ra tio n  has b een  ta k e n  to  b e  zero and  th e  v a lu e  of 
V  is s u b s ti tu te d  from  (4.2).

E q . (4.14) can also b e  w ritte n  as

w here

F ro m  (4.15)

P  ( * - ! )

f l  ,  „  , P  , Я 2 G m p ]

l_2___________ ( f c - 1 ) ____ 2  R x  J
1 о , 2 I l e p  G m p  I

—  t / p u  2 d ---------- -----------Ь Я 2 ---------------- 1
2 ( к - l )  R x  J

и =  t u '  a n d  r =  R  x.

Vlr
(4.15)

(4.16)

C3 m
Cl U '2( x - u ' ) d - C 2 e ( x - 2 u ' ) - f — — ( u ' - x )  C4 F  (4.17)

p ( k u ’ — x)

w here  C4, C 2, C 3 a n d  C4 a re  fu n c tio n s o f  tim e , an d  H  =  cq as a consequence 
o f E q s. (2.2) an d  (2.3). F ro m  (2.2) a n d  (2.11) we o b ta in

1 dp (k  — 1) dp 1 Эр (к — 1) 8
p  dr p  dr p u  dt dr

( F r 2) +

+
(к — 1) Эр 1 8u

pu dt и dr

(4.18)
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P u tt in g  th e  values o f f  a n d  V  in E q . (4 .3), we get th e  re la tio n s

9 £  = rv 8 Q
(4.19)

91 R dr

dP = 3 p v rv dp_
(4.20)

dt R R dr

U sing  th ese  we can w rite  E q . (4.18) as

1 dp (k  — 1) dp 
p  dr p  dr

1 du 1
V dr R (k 1) u

и r

V R

и r
V R

dr
( F t*)

(4.21)

w hich  on in teg ra tio n  y ie ld s

Р(к- Г) r= u r

V R

( t - I ) u  _ g _ ( F r , ) J f

J  -  - - - ^ !  Эг
ex p R

(4.22)

S u b s titu tin g  (4.16) in  (4.22) we have

C's
p ‘k i> x 2( u ' — x) ex p

Г {k ' —  ( F x 2) dx .
J  (и - x ) X2 dx

(4.23)

E lim in a tin g  p  b e tw een  (4.23) an d  (4.18) a n d  d ropp ing  th e  prim es, w e o b ta in  
th e  e q u a tio n

Q« - k\ r - 2 u )  +  eU - k̂ D 1 u 2( r - u ) + D 2 ~ { u  r) D 3 f J

г (к 1) и d

^ Z Z l _ n №u- r )  J (u r̂ 2 dlDu(ku  . ,
— ------- ------- D 5(ku —r)

r~(u r) e xp

(Fr2)dr
(4.24)

w hich  de te rm in es g. F o r  sim plic ity  t o ta l  de riv a tiv es  c a n  be  w ritte n  in  p lace 
o f  p a r tia l ones. D v  D 2, D 3, D i an d  D 5 a re  co n stan ts  d epend ing  u p o n  tim e .
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S im ila rly , e lim in a tin g  q b e tw een  (4.23) a n d  (4.18) we get

Dk-2/(fc-i)____________________A i (rZ_2w) P 1,(k~ 1 } ______________ =
-  f  0 - 1 ) .  A ( F r V r ) a” - "

( k u - r )  — 2*1--------  J ( M - r ) r 2 dr I
[ r 2(u —r) ex p

Г ( fe - l )u  d

U u^ - u ) - A , ^ - ( , - u) - A s f \ \ — ^ -  -  J *  I
=  i ________________ r_____________ J [ r2( u - r )  exp__________________________

(feu—r) ’
(4.25)

w h ich  d e te rm in e s  p .  A v  A 2, A 3, A 4, A 5 a n d  A 6 are c o n s ta n ts  dep en d in g  
o n  tim e .

As a  consequence  o f (2 .2), (2.3) an d  (4 .24), we w rite

H (3~ kl( r - 2 u )  +  Ж 2“ «  j  B 4 u 2(r -  u ) +  B 2 —  ( u - r) -  B 3 F  j =
' Г ' (4.26)

Г (&~ 1)И —  {Fr*) d r ,
=  B 4 (fcM Г) B 5(feu -r) J (u “ r )r2 d r

r2(u —r) ex p

w h ere  B 4, B 2, B 3, _B4 and  B 5 a re  co n stan ts  d epend ing  on tim e .
F ro m  E q . (2 .2), on u s in g  (4.16) an d  (4 .17), we get

i _  № _ | =  _  1 +  ÍÍL). (4.27)
Q dr  ( r  u) d r  r

D iffe re n tia tin g  (4.24) w ith  re sp e c t to  r a n d  th e n  using (4 .27), we get

g(3-k) J (3 _ fe )  (r _ 2 u )  i - ^ -  +
_____________  l d r  г / , 1  _2J ^  I

( r - u )  ~ 4  d r ) j  '

( 2 _ f e ) Í T -  +  — ) n  1
+  e(2_k)L---------- ( Z u )  { ^ ( r  u ) +  i ^ ( „ - r )  ~  D 3f J +

+  7 - ° i  ц2(г ~ » )  +  D-2-m  (u — r) — D 3f |  =  
dr r

А Г Ti lie \ r ( f e ~ l ) u  A ( F r 2 )d r  .
=  —  -  4(fett — D5 (ku — r) J (“  r) dr J

d r L r2 (u — r) exp
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E q s. (4.28) a n d  (4.24) ex p ress  th e  re la tio n sh ip  betw een  и  an d  r, w hile E q s . 
(4.24), (4.25), a n d  (4.26) exp ress g, p  a n d  H  in  te rm s o f  r  an d  th e re fo re  give 
th e  req u ired  so lu tion .
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FRIEDMANN AND HELMHOLTZ EQUATIONS 
FOR AN IDEAL RELATIVISTIC FLUID

A c ta  P h y s ic a  A c a d e m ia e  S c ie n t ia r u m  H u n g a r ic a e , T o m u s  31 ( 4 ) ,  p p .  3 8 5 — 3 8 7  ( 1 9 7 2 )

By

I .  A b o n y i

IN STITU TE OF TH EO RETICA L PH Y SIC S, ROLAND EÖTVÖS U N IV ERSITY , BU D A PEST

( R e c e iv e d  2 . I I I .  1 9 7 1 )

T he eq u a tio n s o f  m otion  o f  an  ideal (i.e. in v isc id , n o n d iss ip a tiv e ) flu id  
in  specia l re la tiv is tic  h y d ro d y n am ics  have th e  fo rm  [1]

P° u k dk ' (l w ”
14------ u,

L c2
+  9,-p

u k u k =  — 1A

9k(p°  MÄ) =  0,

9 к Eik» ( 1 )

( 2 )

(3)

w here  uk s tan d s  fo r th e  v e lo c ity  fo u r-v ec to r, p°  is th e  m ass d e n s ity  of th e  
f lu id  in  th e  re st fra m e , th e  specific  e n th a lp y

го =  е° +  ^ ,  (4)
P°

e° b e in g  th e  specific in te rn a l en e rg y  in  th e  re s t  fram e , and  p  is th e  pressure. 
T h e  n o ta tio n  Э, =  0/0 jc,-, =  ict is used . The f lu id  is supposed  to  be su b jec t
to  th e  ac tion  of an  e x te rn a l f ie ld  th e  energy m o m en tu m  te n so r  o f w hich is 
g iven  b y  E ik. Use w ill be m ade o f  e ith e r  an  e q u a tio n  of s ta te  (e.g . b aro tro p ic ) 
or, fo r th e  sake o f g en era lity , o f th e  com bined f i r s t  an d  second law  o f th e rm o 
d y n am ics :

de°-\-pd =  0 d s  , ( 5 )

w here s is th e  specific  e n tro p y  a n d  0  is th e  te m p e ra tu re .
T he E u le r e q u a tio n  can be tra n sfo rm e d  to  e x h ib it th e  so-ca lled  Crocco— 

V ázsony i e q u a tio n  fo rm

or

h s - - n 9 k E i k ,
p °

(6)

- U
p °

P ------ - 9k E ik ,
P°

(7)
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w here

®ik —
' Í ,  W ■ (, U) \ 1

1 +  — u, -  3,- 1 d---- ~ |  u k
L I  c2 C2 ) J

— ‘ Q ki ( 8 )

is th e  v o r tic ity  ten so r.
In  o rd er to  o b ta in  th e  re la tiv is tic  form  of th e  F ried m an n  e q u a tio n , we 

m ay  no w  proceed  as follow s. I t  can  easily  be show n t h a t  th e  v o r t ic i ty  ten so r 
sa tisfie s  th e  re la tio n

9/ Q „  +  9ft Q n  +  3, Q ik =  0. (9 )

A p p ly in g  3; to  E q . (7), w e o b ta in

9/ (uk Qik) =  3/ 3, w  -  3, 3, p
p°

- 3 , 9* E jt

A n tisy m m e tr iz a tio n  w ith  re sp e c t to  th e  ind ices i an d  l gives

9; (uk Q ik) — 3,- (pk Q lk) =  Си0) - 2 [3, p° 3, p  — 3, p° d, p] +

+  (i“0)-2  [9/ 3fc E ik — 3,- p° dk E lk] — (p0) - 1 [3, Qk E ik—3,- dk E lk\ .

M aking  use  o f (9), we g e t

Uk 9„ Q,i ~  Q ik 3; +  Q lk 3; u k =  (^°)_2[3/ p° 3; p  3; p°  3, p ]  +

+  (i«0) - 2  [3 / p ° d k E ,k - d i p °  d k E ik] + (p0) - 1 [3 ß k E ik -  3,- dk E ,k] .

I t  can  b e  seen th a t  in  th e  n o n re la tiv is tic  lim it E q . (10) tak es  th e  fo rm

( 10)

3 «  _--------V X (®Xfl>) =  V X
3t

—  F
e +  —  [ V e x  V p ] ,e2

w here  g -1 F  is th e  v o lu m e-fo rce -d en sity  v ec to r a n d  5  is th e  v o r t ic i ty  vec to r, 
so t h a t  E q . (10) can  be  considered  as th e  re la tiv is tic  F ried m an n  eq u a tio n .

I f  th e  flu id  can  be  considered  to  be b a ro tro p ic , i.e. if  its  e q u a tio n  of 
s ta te  is

p °  =  ( f ( p ) ,

a n d  i f  th e  e x te rn a l fie ld  is such th a t

9/ Fj — dj Fl — 3, dk E ik- d i Qk E lk =  0 ,

th e n  i t  is n o t in  g enera l enough to  ensu re

FlQi p O - F i Ql pO =  G„ =  0 .  (11)
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L et us assum e, h o w ever, th a t  E q . (11) holds. T h e n  we have fro m  (10)

Q ik d ,u k =  0 ,  (12)

w hich  can  be env isaged  as th e  re la tiv is tic  H e lm h o ltz  eq u a tio n .

REFERENCES
E  I .  A b o n y i, A cta  P h y s .  H u n g . ,  2 3 , 1 8 5 ,  19 6 7 .
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A c ta  P h y s ic a  A c a d e m ia e  S c ie n t ia r u m  H u n g a r ic a e , T o m u s  31 ( 4 ) , p p .  3 8 9  — 3 9 3  ( 1 9 7 2 )

CONTRIBUTIONS À UN MODÈLE 
DE DYNAMIQUE PONCTUELLE 

POUR LA MÉCANIQUE ONDULATOIRE

P a r

Z s. C s o m a

IN STITU T D E PH Y SIQ U E  DE L’U N IV E R S IT É  T E C H N IQ U E D E BUDAPEST, BU DA PEST

( R e ç u  2 2 . IV . 1 9 7 1 )

T . Mátrai a publié une interprétation de l ’équation d’é ta t  de la m éca
nique ondulatoire [1], dans laquelle il avait l ’in tention  d’accorder la notion  
du point m atériel avec la description appliquée par la m écanique ondulatoire. 
I l  est arrivé à ce »modèle de dynam ique ponctuelle« comme suit:

L ’éq u a tio n  de  Schrôd inger d ép en d an te  d u  tem ps de la  p a rticu le  de 
m asse (j, se p a rta g e  p a r  la  su b s ti tu tio n  y> — A  ex p  iS /h  où T  e t S  so n t les fo n c
tio n s réelles des coordonnées sp a tia le s  e t du tem ps., en deux  éq u a tio n s  d iffé
ren tie lles  réelles:

2 jU
g rad 2S

h 2 A A  
2 fi A

Mátrai y  em ployant la formule

-  +  V +  

8 A 2

dt (1)

f -------=
dt

: 0 . (2)

grad S (3)

dûe à de  B roglie , a déduit la  relation

1S +  2u </hl —  =  0 
dt

P a r  cela il élim ina A  e t  reçu t p o u r S  une  éq u a tio n  in teg ro  d ifféren tie lle  laquelle  
on p e u t considérer com m e g én éra lisa tio n  de m écan iq u e  o n d u la to ire  de l’éq u a 
tio n  classique d ’H a m ilto n — Ja c o b i.

E x am in o n s d o n c  le cas s ta tio n n a ire  c’es t-à -d ire  celui, lo rsq u e  dS/dt =  — E  
e s t c o n s ta n t, a lo rs S  =  a — E t  e t  dA/dt  =  0. Les éq u a tio n s  p récéden tes 
d e v ie n n e n t:

g rad 2 a  —
2 fj,

h 2 A A  

2 (j, A
+  V  =  E , (1*)

d iv  ( A 2 g rad  a) =  0. ( 2 * )
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P o u r  le p ré sen t b o rn o n s  nous a u x  forces cen tra le s , c’est-à-d ire  V  ne soit 
d é p e n d a n t que d u  ray o n  v ec teu r. D an s ce cas la so lu tio n  usuelle de l ’éq u a tio n  
de S ch rô d in g er in d é p e n d a n te  du  te m p s  en  coordonnés polaires [2] e s t:

y>(r, 0 , <p) =  R (r) ,  T (0), eim * .

A lors m a in te n a n t A  =  R .  T  e t a\h  =  mi<p — mi a r c tg y /x .
L a  fo rm ule  (3) d éc rite  en d é ta il e s t en ce cas:

Qa y
— =  n m ------ -—  =  u • я  ,

Эя x 2+ y 2

да , X
----- =  h m -------------
6y  x2-j-y2

=  v ÿ ,

X  dx

j  d y
L
X

(4 )

(5 )

ix. z xx - \ -yy  =  0 .

De ceu x -là  z es t c o n s ta n t, ensu ite  я 2 4 - y 2 =  R 2 =  r2s in 2$  est aussi c o n s ta n t. 
A  e s t c o n s ta n t au  long  de  l ’o rb ite  c ircu la ire , ce qu i s u i t  aussi de la  s tab ilité  
de & e t de r. Le systèm e d ’éq u a tio n  d u  cercle

я  =  R  cos q>, y  — R  sin rp.

N ous ap p ren o n s  la  d ép en d an ce  de l ’ang le  du  tem p s, si nous dérivons les équa 
tio n s  (4) e t  (5) su iv a n t le tem p s:

я  =
h m  .

------ УfxR2 J
hm
l iR 2

X , X  =  R  cos (co t+a),

k m  .
X  = ------ —— я

[xR2

k m
/xR2

2
y  — R  - s in  (coi+a),

où со =  hm/fxR2, in d é p e n d a m m e n t d u  p o te n tie l V  de la  force cen tra le . L a  g ran 
d eu r de l’im pu lsion  es t p  =  /ми R  =  h m jR  e t sa d ire c tio n  est p e rp en d icu la ire  
su r le ra y o n  v ec teu r. L a  longeur d ’on d e  selon de B roglie  a p p a r te n a n t  à p  
e s t: A =  h/p  — 2R  тг/m  u n e  p a r tie  d u  nom bre  e n tie r  de la  c irconférence du  
cercle, com m e cela é ta i t  à a tte n d re .

L a  v a le u r absolue d u  m o m en t d ’im pulsion  qu i se rap p o rte  a u  cen tre  de 
force, com m e à l ’orig ine e s t L —h m jR  ■ r =  hm \sin &. Id en tifio n s  ce la  avec la  
v a le u r-p ro p re  h  |/ /(/ +  1) de l’o p é ra te u r  d u  m om ent d ’im pulsion ; en  ré d u isa n t 
l’ég a lité , nous recevons, q u e  m /sin«? =  у /(/ -|- 1), ce q u i signifie, q u e  l’angle 
& e s t q u a n tif ié . E n  m êm e tem p s Д А / A  =  m2/r2 s in 2 d  — 1(1 +  1 )/r2 est à
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cause de l’égalité  p récéd en te  zéro. A lors, d an s le cas d u  ch am p  c e n tra l l ’é q u a 
tio n  de S ch rôd inger d u  m odèle  soum is à l ’exam en  passe en  éq u a tio n  d ’énergie 
c lassique. C ep en d an t les so lu tions ne so n t que des o rb ite s  c ircu laires lesquels 
ne se tro u v e n t pas dan s le p lan  x y : c’e s t  que & =  я /2  s’im pose seu lem en t 
com m e cas de lim ite , si p . ex. I =  m  t e n d  à l’in fin i. L a  d irec tion  d u  v e c te u r  
d u  m o m en t d ’im pulsion  n ’e s t pas f ix e t n ’es t pas p e rp en d icu la ire  su r le  p lan  
de l’o rb ite . C ette  c o n s ta ta tio n  est en h a rm o n ie  avec ce la , que —h2/2ц  • A A /A  
nom m é »po ten tie l q u an tiq u e« , chez Mátrai le m em b re  co m p lém en ta ire  de 
l ’énergie c in é tiq u e , b ien  q u ’il so it zéro le long des o rb ite s  c ircu laires reçus, 
m ais d ép en d  en  o u tre  n o n  seu lem ent de r m ais aussi de  l ’angle d .  A insi à 
cause de cela »la force q u an tiq u e«  n ’e s t p a s  cen tra le .

Fig. 1

Si nous em ployons les susd its  spéc ia lem en t à l ’a to m e  H , alors ц  e s t la  
m asse e t — e e s t la  charge  de l’é lec tron  e t  V = — e2/r . D ’après les p récéd en ts  
les v a leu rs  possibles de l’énergie an  long  des o rb ites c ircu la ires perm ises so n t:

h2 1(1 +  1) e2
2ц r2 r

Id en tif io n s  cela avec les v a leu rs-p ro p res  de l ’o p é ra te u r  h am ilto n ien  E n =  
=  — e2/2 a 0re2 où a 0 sign ifie  le ray o n  de B o h r le plus p e t i t .  A insi de l ’éq u a tio n  
de second degré reçue p o u r  la  v a leu r abso lue  du  ra y o n  v ec teu r on o b tie n t:

*(*+ !) )
n2 j

Si l — n  —  1 e t n te n d  à l’in fin i, a lo rs  r se ra p p ro c h e  a sy m p to tiq u e m e n t 
au  ray o n  de l ’o rb ite  n-ièm e de B ohr.

Les tra je c to ire s  d isc rè tes reçues n e  ressem b len t q u e  fo rm ellem en t à la  
n o tio n  de l ’o rb ite  c ircu la ire  dans le sens de B ohr, ca r selon  [1] e t [3] le  p o in t

r  =  an n “ 1 ±
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m a té rie l est accom pagné p a r  u n  cham p de v ite sse  é ten d u  d an s  le cas s ta t io n 
n a ire  aussi. P a r  cela nous a v o n s  alors q u i t té  le cadre co n cep tionne l de la  
p h y siq u e  c lassiq u e .

E x am in o n s  com m e d eu x ièm e  exem ple le  cas de l’o sc illa teu r sp a tia l [2]. 
M a in te n a n t V  =  2 л г/лг2г2 e t  les v a leu rs-p ro p res  de l’énerg ie : (n -)- 3/2)A v. 
A lors m a in te n a n t  h2l(l -(- 1 )/8 я 2/tr2 +  2 n2fiv2r2 =  (n +  3/2)h v. De cela n o u s 
recevons p o u r  r2 u n e  éq u a tio n  d u  second d eg ré , d ’où:

^ 2n -)- 3 +  ] (2n +  3)2 4/(Z —|— 1 )
8 n 2fiv

C om m e on v o it , la  fréquence de  l’osc illa teu r n e  figu re  que d an s  le d én o m in a 
te u r .  C’est p o u rq u o i la  v ite sse  angulaire  d u  m o u v em en t c ircu la ire  est p ro 
po rtio n n e lle  à la  fréquence, en  effet

_  hmi h l( l- \-1) 1(1+1) • 4jt • v
2jrlu r2 sin 2#  2 л ц г 2т 1 m, [2// +  3 + У (2/i +  3)2-  41(1+1)]

Si m a in te n a n t rn =  l =  n —- 1, alors

4 луп-
со =  ---------------- , .

2 n -f -3 +  f l 6 / t + 9

Si encore n te n d  à l’in fin i, a lo rs  la  lim ite  de co est 2 яг.
P u isq u e  la  v itesse  a n g u la ire  est in d é p e n d a n te  du  p o te n tie l, c’est p o u r 

q u o i dans le cas d ’un  assez g ra n d  n  =  1 +  1 il re s te  valab le , n o n  seu lem ent p o u r  
l ’o sc illa teu r s p a tia l  m ais au ssi p o u r l’a to m e  H , que v =  (E n —  E n-  i)/h, la  
fréquence  »ém ittée«  s’accorde a sy m p to tiq u e m e n t avec la  fréq u en ce  du m o u v e 
m e n t c ircu la ire . (Le p rincipe de  co rrespondance.)

Le m odèle  exam iné, en  cas s ta tio n n a ire  p résen té  su r d e u x  exem ples des 
forces cen tra le s  n e  p eu t p as  ê tre  d it d é te rm in is tiq u e  d an s le  sens classique  
d ’acco rd  avec les c o n s ta ta tio n s  publiées d a n s  [1] à la  p ag e  328. C’est q u e , 
si [X ■ r signifie l ’im pulsion  de la  pa rticu le , a lo rs la  position  e t  la  v itesse in itia le  
n e  p e u v en t ê tre  données a rb itra ire m e n t, c a r  le rayon  v e c te u r  e t les v a le u rs  
abso lues de l ’im p u lse  ne p e u v e n t p rend re  des g ran d eu rs  que lconques. L a  d ire c 
t io n  du  ray o n  v e c te u r  es t q u a n tif ié e , la d irec tio n  de l’im p u lse  ne p e u t ê tre  
q u e  p e rp en d icu la ire  sur la  d ire c tio n  du ra y o n  v e c te u r e t sa  g ran d eu r d é p e n d  
de r  e t de §.

Les ré s u l ta ts  reçus p o u r  le cham p c e n tra l  p e u v e n t ê tre  généralisés. 
L ’é q u a tio n  de S ch rôd inger in d é p e n d a n te  du  te m p s  a une so lu tio n  d ifféren te  des 
fo n c tio n s  p ro p re s  écrites en fo rm e  y)n =  A n(x, y ,  z) ■ exp (i a J h ) ,  qu ’on p e u t  
n o m m é  tr iv ia l:  y> =  K  ■ exp  (is /^ ) où K  e s t c o n s ta n t e t g ra d 2 s =  2ц (Е  —  V ).
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C ette  fo nc tion  d ’onde ne p e u t  pas ê tre  n o rm é e  ainsi que  l ’onde p lane av e c  
a m p litu d e  c o n s ta n te . C ette  so lu tio n  co ïnc ide  avec les fo n c tio n s  p ro p res  %pn 
le long  des tra je c to ire s , lesquelles se d o n n e n t com m e lig n es de section  des 
tro u p e s  de su rface  A n(x, y ,  z) — K  avec la  surface g rad 2 a n =  2fx(En —  V)  
qu i e s t é q u iv a le n te  à A A n =  0. D ans le ca s  des cham ps c e n tra u x  au ssi u n  
n o m b re  in fin i des tra je c to ire s  est possib le c a r  la  sy m é trie  au to u r de Z  se 
ra p p o r te  à u n e  axe  de d irec tio n  quelconque. L es lignes de sec tio n  des su rfaces  
de la  sphère  d u  ra y o n  rn tra c é e s  du  cen tre  a t t r a c t i f  p a r les p lan s  quelconques 
se ro n t ces o rb ite s .

D ans le cas du  sp ec tre  d ’énergie c o n tin u  les su rfaces  A A e — 0 ne 
c o n s titu e n t pas u n  m u ltip le  d isc re t. P a rm i les  tra jec to ires  ob tenues on p e u t  
tro u v e r  à ch aq u e  E  de te lle s , lesquelles a p p a r tie n n e n t à la  va leur K  =  0. 
C’es t la  m êm e chose dans le cas du  spectre  d isc re t. On p e u t nom m é ces t r a je c 
to ires , qu i se d o n n e n t com m e les lignes de sec tio n  des su rfaces A ß ( x , y ,  z )  =  0 
e t  A A e =  0: »orb ites in te rd ite s« . On tro u v e  te lles  lignes chez  la  d iffrac tion  de 
l ’onde d ’élec tro n  ou rayon  ca to d iq u e  p a r  u n e  fen te  é tro ite .
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PHOTO-PRODUCTION 
OF THE A\ AXIAL VECTOR MESON

B y

M . E l - K i s h e n

PH Y SICS DEPARTM ENT, FACULTY OF SC IEN C E, CAIRO U NIV ERSITY , CAIRO, UAR

( R e c e iv e d  2 5 . У .  1 9 7 1 )

1. Introduction

T here  h as  been little  th e o re tic a l o r ex p erim en ta l s tu d y  of th e  p h o to 
p ro d u c tio n  o f  th e  A \  ax ia l v e c to r  m eson. O u r aim  is to  o b ta in  th e  to ta l  cross- 
sec tion  o f Л°  on p ro to n  v ia  one v ir tu a l p h o to n  exchange b y  usin g  th e  p a r t ia l ly  
conserved  v e c to r  cu rren t h y p o th es is  [1]. A t v e ry  sm all m o m en tu m  tra n s fe r  
an d  for tra n sv e rse  p o la riza tio n , th e  p h o to n  shou ld  ac t like a  n e u tra l m eson  p°.

I t  is w ell know n t h a t  sp in-one p a r tic le  canno t d e c a y  in to  a sy s te m  
co n ta in in g  tw o  iden tica l sp in -one p artic les [2 ], b u t  a g au g e -in v a rian t a m p litu d e  
fo r th e  A \  v e r te x  can s till be  w ritten  d o w n , since one o f  th e  partic les is o ff 
th e  m ass shell.

2. Total cross-section

The F e y n m a n ’s d iag ram  co rresp o n d in g  to  p h o to -p ro d u c tio n  o f A® on 
a p ro to n  u s in g  th e  p h o to n  p ro p a g a to r is show n in Fig. 1.

The n u c leo n  v e rte x  o f  th e  le ft-h an d  s id e  is connected  to  th e  boson v e r te x  
A j y y  by  m ean s o f a v ir tu a l p h o to n . The in te ra c tio n  a t th e  nucleon v e r te x  is

ieu(p.2)
К

F^ + J Ï Ï (P2v~ Plv) ^
U( P  i). D )

F ig .  1
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w hile a t  th e  b o son  v e rte x  th e  am p litu d e  o f  th e  A \ yy co u p lin g  is [3]

e le je i€,(*■*')- к ц е - к ) -  exkv(d k')](kx- K )  +
+  êbîo-ot ва [G  €>) к ' 1 - Ад £v (6 ' • к )] A:,,  ̂ ^

w here  F y a n d  F 2 are  th e  iso v ec to r p a r ts  o f  th e  electric  a n d  m agnetic  fo rm  
fa c to rs  for a p h y sica l single nucleon , re sp ec tiv e ly ; К  is th e  p ro to n  an o m alo u s 
m ag n e tic  m o m e n t in  u n its  o f  e/2M ; M  is th e  p ro ton  m ass; p x and  p 2 a re  th e  
4 -m o m en tu m  v e c to rs  of th e  in c id en t a n d  o u tg o in g  p ro to n ; к  and  k '  a re  th e  
fo u r m o m e n tu m  vectors o f  th e  in c id en t a n d  v ir tu a l p h o to n ; £, Ç' an d  q a re  
th e  p o la riza tio n  vecto rs o f th e  in c iden t p h o to n , v ir tu a l p h o to n  and  o u tg o in g  
A \  m eson.

T he w hole am p litu d e  fo r th e  p h o to -p ro d u c tio n  o f A ° is

A f i =  Y e u ( p 2)
К  \

У К Р 1 + — — ( Р 2 »  P l v ) a v X F 2 N P l )  '
2 M  j

- 7 7 7 e<r [ { € , , ( * ( €• * ' ) } ( *«  K ) + € v k x k ' 2] -  
к  z

Y e u ( p 2) - A - ( p 2r- p lv) a vßk ß F2 u (P i) '
(3)

j / 0  dxrjcra Qcr К  dr, ( â â) 9
к z

w here У  is th e  A \  yy  coup ling  co n s tan t. T h e  n o rm aliza tio n  conditions fo r th e  
v e c to r  p a rtic le s  are

2 d »  dv =  ößV, (4)

2 е а в , - ^ +  %ч:  , (5)
m

w here m  is th e  m ass of th e  ax ia l vec to r m eson  A , .  The u n p o la rized  d iffe ren tia l 
cross-section  is given b y

w here dO is

da  =
сУ 2 E  
2л spin

d e  =  ô4 (P i+ fe  p 2—q) d^Jh  d3 q1 
2 E 2 2 Е л ,

( 6 )

(7)

T he phase  space  o f th e  v o lu m e  elem ent dO m ay  be w r itte n  [4] as

dO  =  -—  d x  .
У

( 8 )
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T he v ariab les  x  an d  y  a re  given b y

y  =  2 < p d ü . .  (?)
M 2 M 2

T ak in g  [5]

F' - F' =  ( l , (10)
' 4 M 2

th e  to ta l  c ross-section  a  is

e2Y 2M 2 ÇXi F ( x , y ) d x
16 лу2 i  m2 2[5 4 ' 4M2 —5ot2 ' 1 >

J Xi 2 M 2 \ 2 10 M 2

T he fu n c tio n  F ( x ,y )  h as  th e  fo rm

3 тть2
F (x ,  y )  =  6bxs +  8a  +  6 c + 6  -----16 +  4y x4 +

, Г . Í ira2 , „  m2 , 2 m2 2 I

L 1 m 2] 1 m 2 j m2 (12)
Г 4m2 / m 2 П

+  4 a --------)- 2 — 2у  +  c ------------16 +  4y + 2 6  ------- у  — у 2 *3 +
' _ M 2 ' I M2 j M 2 jj

M 2
w here

_4 M 2
a =  ( l + K ) 2, 6 =  K 2, c =  4K (1 +  K ) + ----- K 2 (13)

a n d  [6]

У  =  8 -8X  lQ_  . (14)
M 2

T h e fu n c tio n  u n d e r th e  in teg ra l o f  E q . (11) h as  th e  algebraic  fo rm

F ( x , y )  . , m2 4 M 2 5 m 2 n
(Cl+ x ) 2 (c2- x Y  2 M 2 10M 2

T his can  be w ritten

F{x,y) =  A 1 +  ^ 2  +  A 3 _|_ ^ 4  +
(cl  +  * ) 2 (*  C2)4 ( * 2 ~ C2) 4 ( * - C 2 ) 3 ( * “  C2)2 ( * - C 2) ^

H------- —------- f  -— — —
(cl + * ) 2 (cl + * )



398 M. EL-K ISIIEN

w ith

and

A  =

A ,  =

A  =  

A  =

B y

В 2 =

(Cj +  л:)2

" 9 F (x ,

x = c 2

y )  '
_ Qx 

" Э2

(Cy +  x )2 _ 

F ( x , y )
Эл:2 

‘ Э3
(ci +  *)2
F ( x , y )

. 8л:3 (ci +  л:)2

F { x ,y )  '

. (x —

' d

c A  J

F (x ,

x =  —

y )  "
Эл: (ж — c2)4

Fig. 2

S u b s titu tin g  from  E q s . (15), (16) a n d  (17) in to  E q . (11) and  p erfo rm in g  th e  
in te g ra tio n , we o b ta in

e2 Y 2 M 2 
(5)4 4 тгу2

A A .,
+

3(x c2)3 2(ж - c 2)2 (л; -  c,)

By

A t ln(x — c2) +

+
x + c x

B 2 ln(x-\-Cy)
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T he lim its  o f in te g ra tio n  an d  x 2 h av e  th e  fo llow ing  values:

*2

*1

m- \ [ m2 ,
У W - * )  ~ У 1 ------ \-y

M 2 )

У
m-
M 2

-y

4(1 y)

+  У
m-

------- b j
M 2

4 (1  —y)

(19)

( 20)

F ig . 2 show s th e  to ta l  cross-section  for p h o to -p ro d u c tio n  o f  th e  axial 
v e c to r  m eson A°v  T he  ca lcu la tions w ere m ade in  th e  la b o ra to ry  sy s tem  for 
d iffe ren t p h o to n  energ ies up  to  15 nucleon  m ass u n its . I t  can b e  seen from  
th e  cu rv e  th a t  th e  cross-section  in creases  w ith  th e  p h o to n  energy . As th e  in 
c id e n t p h o to n  energy  ten d s  to  in f in i ty , th e  m o m en tu m  tra n sfe r  goes to  zero 
a t  one o f th e  lim its  o f  th e  in te g ra tio n . This show s th a t  th e  use o f  a pho ton  
p ro p a g a to r  is n o t a p p ro p ria te  fo r  ex trem ely  h igh  energies.
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T h e  b o o k  e v o lv e d  f r o m  t h e  c o u r s e  in  r a d io  a s t r o n o m y  t h e  a u t h o r  t a u g h t  f o r  t h r e e  
y e a r s  a s  A s s o c ia te  P r o f e s s o r  o f  A s t r o n o m y  a t  t h e  U n i v e r s i t y  o f  A r i z o n a .  I t  m a y  b e  f o u n d  
o f  g e n e r a l  i n t e r e s t  t o  p h y s i c i s t s ,  b e c a u s e  t h e  a u t h o r  e m p h a s iz e s  t h e  f u n d a m e n t a l  p h y s i c s  
o f  r a d i o  a s t r o n o m y  i n s t e a d  o f  o b s e r v a t i o n a l  r e s u l t s  a n d  d e s c r ip t i v e  d a t a ,  w h ic h  a r e  p r e s e n t e d  
o n ly  b y  r e f e r e n c e s  t o  t h e  l i t e r a t u r e .  A f t e r  a n  i n t r o d u c t o r y  c h a p t e r  o n  r e c e i v e r s  a n d  a n t e n n a e  
a  s u m m a r y  o f  t h e  p h y s i c s  o f  p la s m a s  i n  a  m a g n e t i c  f i e ld  fo l lo w s .  C h a p t e r s  3 a n d  4 d e a l  w i th  
s y n c h r o t r o n  r a d i a t i o n  i n  v a c u o  a n d  in  a  p l a s m a ,  a n d  C h a p t e r  5 w i th  C o m p to n  s c a t t e r i n g .  T h e  
i n t e r p r e t a t i o n  o f  t h e  s p e c t r a  o f  d i s c r e t e  r a d i o  s o u rc e s  a n d  p h y s i c a l  c o n d i t i o n s  in  r a d io  s o u r c e s  
is  b r i e f l y  d is c u s s e d  in  C h a p t e r s  6 a n d  7 . T h e  f i n a l  c h a p t e r  i s  c o n c e r n e d  w i t h  r a d io  s p e c t r a l  l in e s .

L .  Detre
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A m isp rin t (in co rrec t sign) w h ich  d is to rts  th e  m ean ing  has been  fo u n d  in  
E q . (5). E q . (5) shou ld  read

£ 2 =  я 00 +  1 (я 00- я „ )
Z

l
4 |Я „

(Я 00 -  H u f
(5 )
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D EN V ER, COLORADO 80210, USA

( A c ta  P h y s .  H u n g .  3 0 ,  3 2 5 , 1 9 7 1 )

Lines 10— 13 o f Section  IV  (page  327) shou ld  be rep laced  b y :“ f in ite  re s t 
m ass. I n  o rder to  o b ta in  e q u a tio n  (2) one m ay  m odify  th e  e lec tro m ag n etic  
e q u a tio n s  b y  ta k in g  a p o ten tia l (Ф) o f th e  form

ф  ~  e- " 7  r

for th e  e le c tro s ta tic  a n d  m onopole m a g n e to s ta tic  fie lds. Such a su b s ti tu tio n  
y ields im m ed ia te ly  a P o y n tin g  v e c to r  o f th e  fo rm ”  . . .
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