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INVESTIGATIONS OF y SPECTRA 
OF CERTAIN ( p ,  y ) RESONANCES

By

I .  D e m e t e r , I l o n a  F o d o r , L . K e s z t h e l y i , I .  Sz e n t p é t e r y , J u d it  S z ű c s , 
Z. Sz ő k e f a l v i-N a g y , L .  V a r g a , J .  Z im á n y i

CENTRAL RESEA R C H  IN ST IT U T E  FO R  PHYSICS, B U D A PEST 

and

H . U.  G e r s c h , W . R u d o l p h

CEN TRA L IN STITU TE F O R  NUCLEAR R E SE A R C H , ROSSENDORF N E A R  D RESD EN , GDR 

(Received 20. I. 1970)

The investigation of y  spectra  of the isobaric analogue resonances gives useful in form a
tion about the structure  of th e  nuclei. Our orig inal aim  was to look for isobaric analogue 
resonances in  (p, y) reactions on several nuclei, and  to  study  the system atics of their y  spectra.

Experim ental

Th e  ex p erim en ts  w ere p erfo rm ed  w ith  th e  p ro to n  b eam  of th e  2.5 MeV 
V an de G ra a ff  g en era to r w ith  an en erg y  sp read  an d  ca lib ra tio n  u n c e r ta in ty  of 
a b o u t 1 keV. T he ex c ita tio n  fu n c tio n s w ere m easured  w ith  a 3 "X 3" N aJ(T l) 
sc in tilla tio n  co u n te r w hile th e  y  sp e c tra  w ere ta k e n  b y  a 15 cm 3 Ge(Li) d e te c 
to r  lo c a te d  a t  90°. T he ta rg e ts  w ere e v a p o ra te d  on th ic k  T a  and  A u b ack in g s  
from  n a tu ra l  m eta ls , ex cep t 44Ca w h en  th e  ta rg e t  m a te r ia l  w as en rich ed  
44C aC 0 3. T h e  th ick n ess  o f  th e  ta rg e ts  w as a b o u t 1— 2 keV , fo r 2 MeV p ro to n s .

44C a(p, y)45Sc

T h is reac tion  h as  been  in v e s tig a te d  b y  several a u th o rs  [1, 2]. S u rp ris in g 
ly, th e  m easu red  ex c ita tio n  fu n c tio n s d id  n o t show a n y  s trik in g  reso n an ce  in 
th e  reg ion  o f b o m b ard in g  p ro to n  en e rg y  correspond ing  to  th e  positio n  o f th e  
isobar ana logue  of th e  E x =  1904 keV  (3 /2 —) s ta te  in  th e  45Ca nu c leu s. F ro m  
(d, p) s tr ip p in g  m easu rem en ts  [3] i t  is know n  th a t  th is  level has a re la tiv e ly  
large spectroscopic  fa c to r , nam ely  (2J  -f- l ) S n =  2.56. T h is fac t sugg ests  th e  
idea  t h a t  th e  isobaric ana logue  of th is  leve l should  be fo u n d  in th e  45Sc nuc leu s. 
F ro m  th e  e stim a tio n  o f th e  Coulom b d isp lacem en t en e rg y , th e  ex p ec ted  posi
tio n  o f th e  IA R  is a b o u t 1670 keV b o m b a rd in g  p ro to n  energy . W e h a v e  also 
m easu red  th e  ex c ita tio n  fu n c tio n  (F ig . 1) in  th e  1550— 1750 keV p ro to n  energy  
reg ion , in 2 keV steps w ith  an o vera ll reso lu tion  of a b o u t 3 keV. As is seen

1 Acta Physica Academiae Scientiarum Hungaricae 30, 1971



2 I. DEMETER e t al.

fro m  Fig. 1 i t  is v e ry  d ifficu lt to  decide on th e  basis  of in te n s itie s , w hich of th e  
p eak s belong  to  th e  IA R . I t  can  be  ex p ec ted  t h a t  th e  s tru c tu re  of th e  y -sp ec tra  
o f  th e  d iffe re n t resonances m ak es i t  possib le  to  find  o u t th e ir  fea tu res. So we 
h a v e  m easu red  th e  y -sp ec tra  on th e  d iffe ren t peaks, w ith  a  Ge(Li) d e te c to r . 
T h e  resu lts  on th e  h igh  en erg y  p a r t  o f th e  y -sp e c tra  are su m m arised  in T ab le  I .

Fig. 1. The exc ita tio n  function of th e  reaction 41Ca(p, y)45Sc taken w ith  E y  >  3.5 MeV energy
y  rays

T h e  N J N p re la t iv e  in te n s itie s  d isp layed  on i t  show  th e  ch a rac te ris tic s  o f y - 
tra n s itio n s  le a d in g  to  th e  376 keV  (3/2 ~) second  excited  s ta te  of th e  45Sc. A t 
E p =  1640, 1650, an d  1658 keV  resonances th e re  are  re la tiv e ly  s trong  t r a n s i
t io n s  to  th is  lev e l in  com parison  w ith  th e  E p =  1583 and  1619 keV resonances-

Table 1

y  yields from  the reaction 44Ca(p, y)45Sc 
N y/N p  in 10~12 units

«Sc
E x

E p keV 1
1583 1619 1640 1650 1658 1757

0 7/2“ 5 13 14 21 9 20

12 3/2 + 5 39 — - 18 20

376 3/2- 7 14 36 36 31 22

541 12 9 — ■ — — —

719 — — 34 22 3 —

940 1/2 + — 24 — — — —

973 — 23 — — — 11

1065 — 27 — — — —

Acta Physica Academiae Scientiarum Hungaricae 30, 1971



INVESTIGATIONS OF y  SPECTRA 3

A fte r th e  ap p earan ce  o f [4] it b e c a m e  ce rta in  th a t  th e  resonances fo u n d  
a t  E p =  1640, 1650 an d  1658 keV are th e  fine  s tru c tu re  m em bers o f th e  iso- 
b a r ic  ana logue  of th e  3/2 "  level in  45Ca. O n th e  basis of th is  w o rk  i t  was possib le  
to  e v a lu a te  th e  ra d ia tio n  w id th  a t E p =  1640 keV for som e o f th e  tra n s it io n s .

-1640 keV =  0.06 ±  0.02 eV a n d  7 ^ 64\ kevv =  0.15 +  0.05 eV

w ere o b ta in ed . The W eisskopf e s tim a tio n s  fo r th ese  tra n s it io n s  are Т'Уо(Е 2) =  
=  0.1 eV a n d  Г у keV (M l) =  1.63 eV. H ow ever, th e  s tre n g th  of th e  у  t r a n s i 
t io n  lead in g  to  th e  376 keV  level is o n ly  o f th e  order 0.1 W eisskopf u n i t ;  its  
re la tiv e  la rg e  in te n s ity  a t  th e  m em bers o f  IA R  in  com p ariso n  w ith  th e  o th e r  
resonances suggests t h a t  th e  376 keV  lev e l in  45Sc m ay  b e  a m em ber o f  th e  
fra g m e n te d  an ti-an a lo g u e  s ta te . E n d t  h a s  called a t te n t io n  to  th is  ty p e  o f 
M l у  tra n s it io n s  [5] in  th e  s— d shell, w here  these  tra n s i t io n s  b e tw een  th e  
analogue a n d  an ti-an a lo g u e  are  v e ry  in te n s iv e  an d  can b e  assum ed  to  b e  p u re  
single p a r tic le  tra n s itio n s . In  th e  h e a v ie r  n ucle i e.g. in  th e  f-ll2 shell i t  can  be 
ex p ec ted  t h a t  th e  s tre n g th  of th e  a n ti-a n a lo g u e  s ta te  is frag m en ted . So th e  
M l tra n s it io n  s tre n g th  w ill be d is tr ib u te d  over th e  fra g m e n ts . M ore d e ta ile d  
in v e s tig a tio n s  of у sp ec tra  o f b e tte r  s ta t is t ic s  w ould be n ecessa ry  to  d e te rm in e  
th e  w hole fra g m e n ta tio n  p a tte rn  of th e  an ti-an a lo g u e  s ta te .

iST i(p , y)i9V

T he re a c tio n  h as  also been m easu red  [6, 7] re c e n tly . D eta iled  m easu re 
m en ts  w ere m ade a t  E p =  1007, 1013 keV  an d  1362 keV resonances. F ro m  these  
e x p e rim e n ts  i t  tu rn e d  o u t th a t  th e  re fe rre d  resonances a re  th e  isobaric  a n a 
logues o f th e  1384 keV (3 /2 “ ) an d  1724 keV  (1 /2“ ) s ta te s  in  49Ti.

T h e  a im  of th is  w ork  was to  e x te n d  th e  in v es tig a ted  region of e x c ita tio n  
fu n c tio n  to  h igher b o m b ard in g  energ ies. W e have  m easu red  th e  e x c ita tio n  
fu n c tio n  be tw een  1320 keV — 2140 keV  p ro to n  energy in  2 keV steps, in c lu d 
ing  у  ra y s  above 3.5 MeV energy . F ig . 2 show s th e  e x c ita tio n  fu n c tio n . T here  
a re  85 resonances. Som e o f th em  are  o f  re m a rk a b ly  h ig h e r  in te n s ity  th a n  th e  
average . T h e  E p =  1362 keV , 1925 keV  an d  2077 keV a re  supposed to  be  iso
b a ric  analogues. I t  is s tr ik in g  th a t  in  th e  bo m b ard in g  en e rg y  region b e tw een  
1400 keV  an d  1900 keV th e re  is an  in te n s iv e  resonance  a t  E p =  1566 keV. 
In  th e  co rrespond ing  en e rg y  region th e re  is no know n leve l in  th e  49T i p a re n t 
nucleus. W e have  m easu red  th e  у sp e c tra  o f th e  resonances a t  E p =  1566 keV, 
1579 keV a n d  E p =  1392 keV. The у  y ie ld s  for th e  h igh  en erg y  tra n s it io n s  are 
co llected  in  T able I I .  I t  can  be seen from  th e  T able  t h a t  in  th e  case o f  th e  
1566 keV  resonance  th e re  is a very  s tro n g  tra n s itio n  to  th e  753 keV leve l in 
c o n tra s t  to  th e  in v e s tig a te d  analogue resonances. I t  is know n  from  [8] th a t  
th e  753 keV  level in 49V is a d.iri hole s ta te . T his m ay  suggest th a t  th e  E p =

1* Acta Physica Academiae Scientiarum Hungaricae 30, 1971
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INVESTIGATIONS OF y  SPECTRA 5

Table II

y  yields from the reaction 48Ti(p, y)4'J\  Ny/Np in 10“ 12 units

"V
E x

Ep keV

Ул
1392 1566 1579

0 7/2“ 3 20 20
90 5/2“ 6 6 32

153 3/2“ 47 27 11
753 3/2 + 21 126 18

1139 7/2“ 18 61 35
1639 1/2 + 14 25 —

=  1566 keY  resonance  has a s im ila r co n fig u ra tio n . So one cou ld  assum e t h a t  
th is  reso n an ce  m a y  be  an  isobaric  ana logue  resonance  as w ell, b u t  its  p a re n t  
s ta te  accord ing  to  its  pecu liar s tru c tu re  c a n n o t be  excited  in  (d , p)  re a c tio n . 
I f  i t  ex ists  a t  all i t  can  be found  in  p ro to n  p ick -u p  reaction  e.g . 50Y (d, 3H e)4eT i.

T he y  sp ec tra  o f  th e  1392 keV  an d  1579 keV  resonances do n o t show  a n y  
c h a ra c te ris tic  fe a tu re  to  give a n y  in d ica tio n  o f  th e ir  origin.

51 V(p, y)52Cr

T his reac tio n  w as s tu d ied  b y  T e r a n is h i  an d  F u r u b a y a s h i  [9, 10, 1 1 ]. 
T h ey  m easu red  th e  ex c ita tio n  fu n c tio n  in  E p =  0.7— 2.6 MeV b o m b ard in g  
energy  ran g e  an d  id en tified  13 resonances as isobaric  ana logues of th e  lo w  
ly ing  levels o f 52V nucleus. T he id e n tif ic a tio n  w as m ade o n ly  on th e  b as is  o f 
resonance energies.

O ur aim  w as to  s tu d y  th e  y  sp ec tra  a n d  som e a n g u la r  d is tr ib u tio n s  a t  
ce rta in  resonances, to  o b ta in  fu r th e r  ev idence  concern ing  th e ir  origin. R e so 
nances a t  E p =  1217; 1559; 1568; 1629 a n d  2333 keV  were s tu d ie d . The re su lts  
o f th e  e v a lu a tio n  o f th e  y  sp ec tra  are  su m m arized  in T ab le  I I I .  The re su lts  
of re c e n t in v e s tig a tio n s  [12, 13] on th e  leve l s tru c tu re  of 52Cr d iffer so m ew h at 
from  ea rlie r ones [14]. The p re se n t w ork  is in  a good ag reem en t w ith  th e  re su lts  
of [12, 13]. As is seen from  T ab le  I I I  th e  s tru c tu re  of y  sp e c tra  of 1559 keY  
an d  1568 keV  resonances are v e ry  d iffe ren t. T hese resonances h a v e  been a ssu m 
ed to  be fin e  s tru c tu re  sp littin g . Since th e  y  sp ec tra  th em se lv es  can n o t g ive 
su ffic ien t in fo rm a tio n  ab o u t th is  q u es tio n , i t  seem ed necessary  to  m ake a n g u la r  
d is tr ib u tio n  m easu rem en ts . T he a n g u la r  d is tr ib u tio n  of y  tra n s it io n  lead in g  to
1.434 M eV (2+) exc ited  s ta te  gives th e  fo llow ing  A 2 va lues assum ing  t h a t  th e  
tra n s it io n s  are  o f E 2  -|- M l ty p e :

E p =  1559 keV ; А г =  + 0 .1 9  +  0-p6;
E p =  1568 keV ; A 2 =  + 0 .0 9  +  0 .0 5 .
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Table III
Final state energies and widths of y-transitions of 51V(p, y)52Cr reaction

K atsanos, 
HUIZENGA [12]

M A CGREGOR,
Brown [13]

Ep =  1217 keV 2 + E p =  1559 keV 3+ Ер  =  1568 keV 3 + Ер =  1629 keV 4 + Ер  =  2333 keV 4 +

E x MeY E z  MeV E x  MeV r Y eV E x MeV r y  eV E x  MeV Г у Г р1Г, eV E x  MeV j Г у Г р/Г ,  eV E x MeV r y r Ti r t eV

1.434 2 + 1.437 1.434 0.23 1.434 0.085 1.434 0.23 1.434 0.026 1.434? 0.007
2.371 4 + 2.372 2.368 0.054 2.369 0.16 2.370 0.35 2.366 0.15 2.369 0.12
2.650 0 + 2.650
2.767 4 + 2.768 2.765 0.2 2.767 0.095 2.765 0.04 2.766? 0.015
2.965 2 + 2.964 2.965 0.013 2.965 0.07 2.966 0.013 2.965? 0.015
3.114 6  + 3.119 3.114? 0.02 3.115? 0.01
3.163 2 + 3.162 3.165 0.03 3.163 0.13 3.162? 0.01
3.416 3.413 3.412 0.14 3.414 0.042 3.409 0.053 3.418 0.04
3.472 3.470 3.469 0.08 3.473 0.078 3.471 0.026 3.467 0.03
3.619 5 + 3.617 3.622 0.025 3.615 0.026 3.615 0.07
3.772 2 + 3.772 3.762 0.01
3.947 3.944 3.927? 0.01 3.947 0.02 3.949 0.02 3.943 0.03 3.945 0.02
4.016 4.013 3.986? 0.01 4.022 0.008 4.018 0.02 4.013 0.04
4.040 4.038 4.023? 0.01 4.037 0.012 4.044? 0.01 4.037 0.042
4.563 4.563
4.630 4.630 4.630 0.08 4.630 0.02 4.630 0.062 4.630 0.04
4.706 4.706 4.704? 0.015
4.743 4.741 4.731 0.024 4.743? 0.014 4.738 0.01 4.740? 0.015
4.808 4.807
4.837 4.838 4.838 0.024 4.841 0.048 4.831 0.01
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INVESTIGATIONS OF y SPECTRA 7

T hese va lu es  are  n o t c o n tra d ic to ry  to  th e  a ssum ption  th a t  b o th  th e  
resonances h a v e  3 + spin an d  p a r ity .

R e tu rn in g  to  th e  discussion of th e  y sp e c tra , i t  is in te re s tin g  th a t  g ro u n d  
s ta te  tra n s itio n  c a n n o t be fo u n d  even in  th e  case of th e  2 + resonance . No y 
tra n s itio n s  w ere observed  to  th e  2.650 keV  (0 +) ex c ited  level e ith e r . This la t te r  
fa c t can  be ex p la in ed  b y  th e  2p — 2h c h a ra c te r  o f th is  level [15]. F u rth e rm o re , 
in  m ost of th e  y sp ec tra  th e  levels o f J n =  2 +, 4 + d o m in a ted  b y  th e  co n 
fig u ra tio n  of sen io rity  V =  2 are  p re fe rred  to  th o se  d o m in a ted  b y  v =  4 .

59Co(p, y)60N i

E arlie r, B u t l e r  a n d  G o s s e t  h a v e  d e a lt w ith  th is  reac tio n  a n d , recen tly , 
A r a i a n d  M ie s s n e r  [16, 17] h a v e  also m easu red  th e  e x c ita tio n  fu n c tio n , 
be tw een  1.5 MeV an d  2.3 MeV. T h ey  [17] c la im ed  to  h av e  fo u n d  th e  isobaric  
analogues on th e  bases of th e  p o sitions of th e  resonances. T h e  tw o  p u b lished  
ex c ita tio n  fu n c tio n s  are  v e ry  d iffe ren t.

W e h av e  also rep ea ted  th is  m e a su re m e n t a n d  we h av e  ta k e n  th e  e x c ita 
tio n  fu n c tio n  in th e  E p =  1.3 MeV— 2.5 MeV reg ion  in  1 keV s tep s . O ur re su lt 
w as v e ry  sim ilar to  th a t  o f [16] an d  c o n tra d ic to ry  to  [17], even  if  we averaged  
o u r ex c ita tio n  fu n c tio n  over 5 an d  10 keV. T h ere  w ere no p ro m in e n t resonances 
in th is  energy  ran g e  w hich could  h a v e  b een  concerned  as iso b aric  analogue 
resonances. T h ere  w ere in th e  ex c ita tio n  fu n c tio n , how ever, re la tiv e ly  in ten s iv e

Table IV

y yields from  the reaction 59Co(p, y)60Ni 
Ny/Np  10“ 12 units

Ex J n

EpkeV
1537 2114 2150 2206 2448

0
1332

0 + 
2 + 3.3 2.8 5.8 5.3

-
5.0 3.9

2159 2 + 2.9 7.9 8.7 ■ 7.7 3.0 4.0

2285 0 + — — — — — ■ —
2505 4 + 17.9 8.6 17.3 10.5 25.0 17.7

2626 3 + 13.2 7.3 10.2 14.5 14.4 5.4

3124 2 + 6.0 6.3 13.5 9.0 33.8 12.7

3190 1 + 4.6 6.3 3.7 6.7 15.9 3.1

3269 2.0 2.5 3.0 13.4 3.0 -
3390 — 2.3 - — — —

3618 3.6 2.2 4.5 1.6 6.6 5.5

3671 3.8 1.7 2.6 4.4 15.4 18.7

3732 1.0 2.1 4.3 5.2 7.1 17.0
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peaks w hich  seem ed to  be in te re s tin g  to  in v estig a te . T herefo re , we h a v e  m ea 
sured  th e  y  sp ec tra  on ce rta in  reso n an ces to  look  fo r sy stem atics in  th e ir  
s tru c tu re . T ab le  IY  show s th e  s tre n g th  of th e  p r im a ry  tran s itio n s . T h e  m ain  
fea tu re s  o f  th e  sp ec tra  a re  th e  fo llow ing: th e re  is no  g round  s ta te  tra n s it io n  
from  a n y  o f th e  reso n an ces; n o r is th e  second 0 + s ta te  a t  2285 keV p o p u la te d  
a t  all. T h e  s ta te s  a t  2.505 MeV an d  2.624 MeV e x c ita tio n  energy in  60N i are  
re la tiv e ly  stro n g ly  p o p u la te d  in th e  decay  of every  resonance. T hese  levels 
w ere fo u n d  in  p ro to n  a n d  n eu tro n  tr a n s fe r  reac tions a n d  p ro to n  an d  d e u te ro n  
sc a tte r in g  as well [18, 19, 20]. T his fa c t  refers to  th e  com plicated  s tru c tu re  
of th e se  f in a l s ta te s , so th e  tra n s itio n s  c a n n o t give a n y  in fo rm atio n  a b o u t th e  
s tru c tu re  o f th e  in itia l s ta te s . On th e  o th e r  h an d , th e  resonance a t  E p =  2448 
keV b o m b ard in g  p ro to n  en erg y  show s ap p rec iab ly  s tro n g  tra n s itio n s  to  f in a l 
s ta te s  a b o v e  3.5 MeV, to o . I t  is well know n  from  [18] th a t  th ese  levels are  
o f a re la tiv e ly  sim ple Ip — lh  c h a ra c te r . T herefore, th e  s tren g th  of th e  above 
m en tio n ed  tra n s itio n s  m ig h t in d ica te  t h a t  a sim ilar sim ple co m p o n en t ex ists  
in  th is  resonance . F u rth e rm o re , its  p o sitio n  co rresponds w ith in  th e  lim its  o f 
th e  C oulom b-energy  e s tim a tio n  to  th e  position  of th e  isoharic  analogue o f th e  
1006 keV level in 60Co; th is  level seem s to  be of re la tiv e ly  sim ple s tru c tu re  
from  (dp) spectroscop ic  d a ta  [21]. S um m ing  up , one can  suppose t h a t  th e  
2448 keV resonance  m ay  be  th e  isoharic  analogue o f th e  1006 keV level o f th e  
eoCo. T h e  ce rta in  id e n tif ic a tio n  of th is  resonance  as an  isoharic  analogue seem s 
to  be v e ry  d ifficu lt b ecau se  th e  sp in  assig n m en t o f  th e  p a re n t s ta te  is n o t  
know n y e t.

I t  c an  be seen from  these  ex p e rim en ts  th a t  m ore  de ta iled  in v e s tig a 
tions cou ld  give v e ry  im p o r ta n t  in fo rm a tio n  a b o u t th e  n a tu re  of isoharic  
analogues an d  ab o u t th e  n u c lea r  s tru c tu re . The m easu rem en ts  described  above 
m u st be  ta k e n  as p re lim in a ry  resu lts .

The au thors are very  indeb ted  to Dr. L. Poes for making his codes available for ev a lu a t
ing the y  spectra.

R E F E R E N C E S

1. B. E r l a n so n  and K. V a l l i, Arkiv f. Physik , 25, 143, 1964.
2. D. G. A lk h azov , et. al., Izv. Ak. N auk. Ser. Fiz., 28, 1683, 1964.
3. J . R a p p a p o r t , W. E. D o r e n b u s e h  and T. A. B el o t e , P hys. Rev., 156, 1255, 1967.
4. C. Ga a r d e , K . K em p  and T. N ie l s e n , N ucl. Phys., A118, 641, 1968.
5. P. M. E n d t , Nuclear S tructu re  (N orth H olland Publ. Co., A m sterdam , 1967.).
6. H . V. K l a pd o r  and B. Za u s ig , Zeitschrift fü r Physik, 210, 457, 1968.

H. V. K l a p d o r , Nucl. Phys., A114, 673, 1968.
7. I. F o d o r , et. al., Nucl. P hys., A116, 167, 1968.
8. D. J . P u l l e n , B. R o sn e r  and  O. H a n s e n , Phys. Rev., 166, 1142, 1968.
9. E . T e r a n is h i  and B. F u r u b a y a s h i, Phys. L e tt., 20, 511, 1966.

10. E. T e r a n is h i and B. F u r u b a y a s h i. Isoharic Spin in N uclear Physics, Proceedings of the
Conference on Isoharic Spin in N uclear Physics, Tallahassee, Florida, 1966, Academic 
Press, New York and  London.

11. E. T e r a n is h i and B. F u r u b a y a s h i, C ontributions to  the In ternational Conference on
N uclear S tructure, Tokyo, Japan , 1967.

Acta Physica Academiae Scientiarum Hungaricae 30, 1971



INVESTIGATIONS OF y  SPECTRA У

12. A. A. K a tsan o s  and J . R. H u ize n g a , Phys. Rev., 159, 939, 1967.
13. A. Ma cGreg o r  and G. B r o w n , Nucl. P hys., 88, 385, 1966.
14. B. S. D z s e l e p o v  and L. K. P e k e r , Decay Schemes of R adioactive Nuclei A <  100, N auka,

Moscow, 1966.
15. C. A. W h it t e n , Phys. Rev., 156, 1228, 1967.
16. J . W. B u t l e r  and C. R. Go sset , Phys. R ev., 108, 1473, 1957.
17. E . A r a i and H . M ie s s n e r , K F K . 704, 1967 (prep rin t)

E . A r a i and  H. Mie s s n e r , Phys. L e tt., 24B, 84, 1967.
18. R. B a l l in i e t al., Nucl. Phys., A l i i ,  147, 1968.
19. R. G. T e e  and A. As pin a l , Nucl. Phys., A98, 417, 1967.
20. R. W. B a r n a r d  and G. D. J o n e s , Nucl. Phys., A106, 497, 1968.
21. H. A. E n g e  e t al., Phys. R ev., 119, 735, 1960.

ИССЛЕДО ВАН ИЕ у-СП ЕКТРА  Н Е К О Т О Р Ы Х  (p, y) РЕЗО Н А Н С О В
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Р е з ю м е

Исследование у-спектра изобарных аналоговых резонансов дает полезные информа
ции о структуре ядер. Наша цель была найти изобарные аналоговые резонансы в реакциях 
(р, у) в случае некоторых ядер и изучать систематику их у-спектра.
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A SIMPLE THOMAS-FERMI MODEL FOR NUCLEI 
WITH DIFFERENT PROTON AND NEUTRON NUMRER

By

J .  N é m e t h
IN ST IT U T E  FO R TH EO RETICA L PH Y SIC S, ROLAND EÖTVÖS U N IV ER SITY , BUDAPEST

(R eceived 24. I I . 1970)

S tarting  from  realistic tw o-body po ten tia ls, and  using the • esu lts of nuclear m an y  
body calculations for infinite nuclei, a modified T hom as—Fermi th eo ry  is developed for 
nuclei w ith  d ifferent p roton and neutron  num ber. Coupled non-linear in teg ra l equations are 
deduced to  determ ine the proton and neu tron  density  distributions separately . The m ethod  
is applied for a simplified case w ith rec tangu lar density  distribution. T he range of neu tron  
and  proton density  distributions tu rn s o u t to  be equal.

I. Introduction

T he T h o m as— F erm i th e o ry  h a s  been  used  for a long tim e  to  d e te rm in e  
th e  p ro p ertie s  of fin ite  nuclei. T h e  orig inal sim ple m ethods [1] consisted  of 
exp ressing  th e  energy  of f in ite  n u c le i as a fu n c tio n  of th e  d en sity , a n d  i ts  
d e riv a tiv e s . M inim izing th e  to ta l  en e rg y  as th e  function  of th e  den sity , we can  
d e te rm in e  th e  equ ilib rium  d e n s ity  d is tr ib u tio n s  and  some o v era ll p ro p e rtie s  
o f  la rge  f in ite  nuclei.

In  re c e n t years  th e  T h o m as— F erm i th e o ry  of la rge  n ucle i has b een  
fu r th e r  developed  b y  B e t h e  [2]. S ta r tin g  fro m  rea listic  n u c le a r  forces, a n d  
using  th e  re su lts  of th e  n uc lear m an y -b o d y  ap p ro x im atio n s  ap p lied  for in f in ite  
n u c lea r  m a tte r , i t  w as found  th a t  th e  local d e n s ity  ap p ro x im a tio n  of B r u e c k - 
n e r  e t al. [3] is v a lid , w ith  c e r ta in  co rrec tions. The th e o ry  w as app lied  fo r 
sem i-in fin ite  [4] and  fin ite  [5] nuc le i, an d  th e  resu lts  fo r su rface  energy  a n d  
su rface  th ick n ess  w ere in  good a g reem en t w ith  th e  e x p e rim e n ta l values.

In  th e  p rev ious ca lcu la tio n s th e  th e o ry  w as applied  fo r n u c le i w ith  e q u a l 
n e u tro n  an d  p ro to n  n u m b er, a n d  th e  C oulom b energy w as neg lec ted . I n  th e  
p re se n t a rtic le  we in te n d  to  e x te n d  th e  p rev io u s  th e o ry  fo r  realistic  h e a v y  
nuclei w ith  d iffe ren t n e u tro n  an d  p ro to n  n u m b e r, and  to  in c lu d e  th e  C oulom b 
en erg y  in th e  ca lcu la tions. W e shall ap p ly  th e  th eo ry  fo r a special sim plified  
case w ith  re c ta n g u la r  p ro to n  a n d  n e u tro n  d is trib u tio n s , a n d  consider th e  
q u a lita tiv e  p ro p ertie s  of th e  re su lts . T he m ore  ex ac t so lu tions w ill be p u b lish ed  
in  a fo llow ing a rtic le  [6].
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II. The extended T hom as—Fermi theory

T he ex te n d e d  T h o m as— F erm i th e o ry  for th e  N  =  Z  case can be  found  
in  p rev ious artic les [2, 4 , 7, 8]. T he sam e m ethod  can  be applied for nucle i 
w ith  N  ^  Z ,  w ith  som e m odifica tions.

T h e  en erg y  of a sy s tem  w ith  N  n e u tro n s  and  Z  p ro to n s  can be w ritte n  in 
f irs t o rd e r B r u e c k n e r  ap p ro x im a tio n  as

1 кя кц
W = 2 < Фт\Т\ФтУ +  —  2 '  2  <0 m^n\GNN(kNk р)\фтфп)  +

m £ m = 0 n —0

+  -T rO s  2  <ф тФп\СРР(кыкР)\Фт Фп> +  (2,1)
£ m==o n = o

+  J  2  <ФтФп\СМр{кы кр)\ФтФп)  2 < ФтФп\К\ФтФп> ,
m = o n -o  2 m —Q f2=o

w here Vc is th e  Coulom b in te ra c tio n  a n d  G ^ n  ̂ Gnp a n d  GPP are th e  n e u tro n -  
n e u tro n , n e u tr o n —p ro to n  a n d  p ro to n  — p ro to n  in te ra c tio n  co n trib u tio n s  to  th e  
G m a tr ix , resp ec tiv e ly :

Gpp(kNk P) —  ^  G(sms ,  T  — 1 ,  T3 _  — 1; k ^ k P) ,
sm,

G^ip(k^ikp)= —— [G(sms , T  =  1, T3 =  0; k^j k P) -f-
2 sm,

-f- G(sms, T  =  0 ,  T3 =  0; k N k P) ] , (2.2)

GNN(kNkP) =  G(sms, T  =  1, T3 =  1; kN k P) ,
sm,

w here кц  is th e  n eu tro n , kP th e  p ro to n  F e rm i m o m en ta , s, ms is th e  sp in  and  
its  th ird  co m p o n en t. T , T 3 th e  isospin a n d  its th ird  co m ponen t, a n d  th e  
I Фт Фп a re  th e  fin ite  u n p e rtu rb e d  s in g le -partic le  w av e  functions. G sa tisfies
th e  u su a l m a tr ix  eq u a tio n :

Фт- Фп- |G| Фт Ф„> =  <Фт- Фп- |t)| Фт Фп> -  

Q(ab)
(2 ,3)

У  <Фт Фп-1»| ФаФь)  — -----
i t  Е(а) +  Е (Ь )~  Е (т ) Е{п)

(ФаФь |С | ФтФп} ,

w here v is th e  rea listic  tw o -b o d y  p o te n tia l ,  Q is th e  P a u li  o p e ra to r a n d  th e  
E  are th e  single p artic le  a n d  hole energies. B e t h e  has show n in his p a p e r  [2 ], 
th a t  we can  sep ara te  th e  G m a tr ix  e lem en ts  in to  a local a n d  a non-local p a r t ,  
w here th e  non-local p a r t  includes th e  lo n g  range c e n tra l  and  th e  d e n s ity
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A SIMPLE THOMAS — FERM I MODEL 13

d ep e n d e n t e ffec tive  long ran g e  te n so r  forces. T h e  local p a r t  o f th e  m a tr ix  
e lem ents can be  de te rm in ed  fro m  th e  n u c lea r m a tte r  ca lcu la tio n s, inc lud ing , 
how ever, th e  co rrec tions a ris in g  from  th e  fac t t h a t  in  E q . (2, 3) th e  single ho le  
energies are  th o se  fo r fin ite  n u c le i, n o t  for an  in fin ite  sy stem , as in  th e  case 
o f th e  m a tr ix  e lem en ts  of n u c le a r  m a tte r . T a k in g  in to  a cco u n t a ll these c o n 
sidera tio n s, th e  (2, 3) m a trix  e lem en ts  can be  w ritte n  as (see E q . (2, 11), [7 ]):

<ФтФп\С„\ФтФп>~<ФтФпЫФтФп> ~  ^

— -f- (m n  \GNM\mn} — 2AU  < | тп\£тпУ

w here vi is th e  lo n g  range  p a r t  o f  th e  nu c lea r fo rces, G^m  is th e  n u c lea r  m a t te r  
G m a tr ix , Gf th e  f in ite  one,

£mn V’mn =  — GATM \ mn  > (2,5)

is th e  d ev ia tio n  w ave fu n c tio n  fo r nu c lear m a t te r ,  and  A U  is th e  difference 
betw een  in fin ite  a n d  fin ite  single hole energies. A U  can be considered  m o m en 
tu m  in d e p e n d e n t w ith  good ap p ro x im a tio n , as  B e t h e  has show n [2 ]. W ith  th e  
above (2,4) ap p ro x im a tio n  th e  energy  of a system  w ith  eq u a l num bers o f  
p ro to n s  an d  n e u tro n s  can be w r it te n  in th e  T h o m a s— F erm i a p p ro x im a tio n  as

W  =  |V NA1(e ( r ) )d 3r +  y - J ' v f M  [ e ( '' i ) e ( ' '2 ) - e ( r 1)2]<í3 r1d3r2 +

+  y - J  ^ ) [ | e(r1r2) | | f- | e(rir2) |^ ] d 3 r ld 3r2 _  (2,6)

-  j d U ( r )  x(r) ds r + W c ,

w here

r ( r )  =  ^ | > r ' | | mf,( r ') |3 , (2 ,7)
nm J

W NM is th e  n u c le a r  m a tte r  en e rg y  as a fu n c tio n  o f  th e  den sity , Wc  th e  C oulom b 
energy , an d  t>; a n d  v* are th o se  p a r ts  of th e  n u c le a r  forces w h ich  give a d ire c t 
a n d  an  exchange te rm , resp ec tiv e ly .

I f  we ac c e p t th e  resu lt o f  B e t h e  [2] a n d  N é m e t h  a n d  B e t h e  [4], t h a t  
th e  exchange te rm  is, in good ap p ro x im a tio n , a local one, th e n  th e  fin ite  a n d  
in fin ite  exchange te rm s  cancel each  o th e r in  [2,6].

I f  th e  p ro to n  a n d  n e u tro n  n u m b ers  are  n o t  equal, th e  to ta l  energy  of th e  
system  can be  w ritte n  as
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14 J. NÉMETH

w  =  j  WNM(gN, Qp)d3r +  1/2 J V ^  qn ) [ M r i ) M r 2) —M ri)2] r i r2 -+

+  y - j  ^ i ( r ,e p )  [ M r i) e p ( r2 ) - M r i)2] d3-r i d3,-2 +

f  (2,8)
+  Vz(r,  Qm Qp ) [ M r i) M r2 ) ~ M r i)  M r i)] d 3 ri d 3 r ,  +

+  —  e2 f ep (ri)g p (ra )d 3 ra d3 r 2 -  f  [A U n {t) tn (t) + A  U P(r)rUP(r)] d 3 r.
2 J  k l —r2| J

w here
rN — r NN +  TNP , Tp — T pp -T TNP , (2,9)

1 кя ky

tNN==~&

1
-- -----

Q

2  2 d3r'\£NM(r\ r, \kn — km\)\2,
m = 0 n = 0 / 

ky kp
2 2 \m=0 n=0J

1 d:ir'\£NP(r \  r, |Л ,— k m \)\2,

(2,10)

a n d  F x(r, qn ) is th e  n e u t r o n —n e u tro n , F x(r, gP) th e  p ro to n —p ro to n  and  
V2{r,QN, Qp)  th e  n e u tro n  — p ro to n e ffe c tiV e lo n g ra n g e in te ra c tio n o c c u rrin g in  th e  
d irec t te rm . K now ing  th e  g d ependence  o f W ^ mi Тдг, rP an d  of th e  effective 
forces, we h a v e  exp ressed  th e  to ta l  e n e rg y  of th e  sy s tem  as a fu n c tio n  o f  the  
n e u tro n  a n d  p ro to n  d e n s ity . M inim izing W  accord ing  to  рдг and  qp ,  w e can 
d e te rm in e  th e se  fu n c tio n s , an d  th e  to ta l  energy of th e  nucleus.

III. Density dependence of the different term s in  the energy

a) Nuclear matter energy

T h e  ca lcu la tio n s o f  S p r u n g  [9] a n d  B e t h e  a n d  N é m e t h  [10] have 
show n t h a t  th e  n u c lea r  m a tte r  G m a tr ix  elem ents can  be  w ritten  as:

GPP (k) =  4 ox -)- fc/fcp,

Gnn  (k) =  4 a , +  462 fc/fcp, (3,1)

Gnp {k) =  2 (a3 -j- a) -f- 2 (b3 -(- ß)kjkP,

w here a  a n d  b are  th e  T  =  1 in te ra c tio n  c o n tr ib u tio n s  an d  a  an d  ß  a re  th e  
T  =  0 ones to  th e  G m a tr ix . In  th e  0 .1 g o —  2g0 d e n s ity  dom ain , w h ere  g0 is 
the n u c le a r  m a tte r  eq u ilib riu m  d en sity , a , b, oc and  ß can  be rep re se n te d  w ith 
th e  fo llow ing curves in  MeV u n its  [10]:
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A SIMPLE THOM AS-FERM I MODEL 15

a =  —  1/y —  1.13 —  1.07y +  0.25 j 2, 

b =  (0.16 +  1 .05y +  0.36y 2)kFly,  (3,2>

* =  — 8.26 /у —  0.51 —  2.61y +  1.1 f ,  

ß =  (1.66 +  5 .04y  —  0.27y2)fcF/y ,
w hore

N 1
F fo r T  —1  3 — 0 (3,3)
P — 1 .

W ith  th e  help  of (3,1) we can  determ ine  th e  to ta l  energy  o f  th e  in f in ite  
sy stem  a t  a g iven d en sity . Since th e  nu c lea r m a t te r  ca lcu la tions g ive too  l i ttle  
b in d in g , we m u ltip ly  th e  p o te n tia l  energy  b y  a fa c to r  1.22 to  g e t th e  co rrec t 
in f in ite  n u c lea r  m a t te r  b ind ing  en e rg y  for th e  N  =  Z  case. T h e  to ta l  energy  
a fte r  th is  co rrec tion  is:

WNM =  - j -  Po[^n ( 1 - 6 2 /^ 3 —  0.88 — 0.62qn 3 +  0 .7 2 ^  3) +

+  é2p ( l , 6 2 / ^ 3— 0 ,8 8  — 0,62  <$3 +  0 ,7 2  # P )  +  (3 ,4>

+  Ún Qp  ( — 5 ,5 5 /ê l/3— 0 ,6 0 —0,65 ê 1/3+ 2 , 3 0 £ 2/3) ] ,

w here  Q =  q/q0, an d
g0 =  0.1855 f m - 3. (3,5)

6)  Effective long range forces

W e h av e  to  deduce th e  e ffec tive  V/(rg) lo n g  range forces from  rea lis tic  
tw o-nucleon  p o te n tia ls . As a s ta r t in g  p o in t w e shall use th e  so ft core R e i d  
p o te n tia ls  [11]. F o r even s in g u le t forces we a c c e p t th e  fo rce  an d  for odd  
s ingu le t forces th e  XP  force. S ince th e  nu c lear m a t te r  ca lcu la tio n s h av e  show n 
th a t  th e  3P  s ta te  c o n tr ib u tio n  to  th e  nu c lea r m a t te r  energy  is negligible fo r  
every  d en sity , we ta k e  th e  fo rm  o f th e  tr ip le t  odd  forces as th e  sum  of th e  
one-pion exchange p o te n tia l a n d  a te rm  as A e ~ ixjx , w here A  is de te rm in ed  
from  th e  re q u ire m e n t th a t  th e  to ta l  3P  energy  shou ld  be zero, ju s t  as in [4]. 
T he effective force has been d e te rm in e d  from  th e  n uclear m a t te r  ca lcu la tio n s 
of Sie m e n s  [12] in  [7] as a d e n s ity  d ep en d en t expression, a n d  we can ta k e  
in to  acco u n t th e  effect of th e  1D — kS forces a c tin g  only in  th e  d -s ta te  as a 
d en sity  d ep en d en t force, ac tin g  in  every  even s ta te .

T ak in g  in to  acco u n t all th e  above co n sid era tio n s, th e  effective fo rces 
ac tin g  in  th e  d iffe ren t s ta te s  a re  given in  E q s . (3,2)— (3,7) o f  [7]. The d irec t
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16 J . NÉMETH

c o n tr ib u tio n  of th e  T  =  1 forces can  b e  w ritten  as

“  ['E ven  +  3 • 30 d d  +  {lD  —  1S )eff] , (3,6a)

a n d  t h a t  o f th e  T  =  0 forces

3
4 3E v e n +

1
3

'O dd  4- (3D  —  3S)eff (3,6b)

As a re su lt, th e  d e n s ity  d ep e n d e n t e ffec tive  long ra n g e  forces can be w ritte n  as: 

D 1 r
v n n  =  -—  {[— 7 .5 0 1 e -2* —  228 .72e~3x —  1928.8e -*x - f  

pp 4>x 1

+  9 0 8 .4 e -e* +  5768.2e~7x] — k 2N{R ) [— 3 .7 6 2 e -2*+
p (3,7 a)

- f  91 .51e_3x —  458.84e_4x +  2917.8e-«x —  3561e“7x]} =

=  M r) —  Qn (R)2 3 V2( r ) ,
p

v n p  =  — {[— 2 8 4 .5 2 3 e-2* +  2542 .81e~3x —  15 0 0 2 .9 3 e-4* +
4л:

+  70 584 .96e-6x— 66 399 .1e~7x]— k N(R) k P{R)[— 0 .8 6 e -2* +

+  467.463e_3x —  4353.4e"7x+ 4 3  000.9e-«x— 60 939.3e"7x] } =  3̂,7Ь  ̂

=  v3(r) -  qn (R )1,s eP(R )113 v 4(r) ,

w here

X =  fxr, [i =  0 .7 /m -1 . (3,8)

T h e effective long  ran g e  forces a re  no  longer c e n tra l  forces, because  of 
th e  te n s o r  forces. I t  does n o t  m ake m u ch  difference i f  in s tead  of q^ 3(R) we 
use r a th e r  p ( t1) 1̂ 'iß (r2)1/3, a n d  th e  ca lcu la tio n s  are m uch easier, so in th e  follow ing 
we shall u se  th is  a p p ro x im a tio n .

c) Determination o f  x

T h e d e riv a tio n  w av e  fu n c tio n  as a fu n c tio n  o f th e  re la tiv e  m o m e n ta  has 
been  ca lc u la ted  b y  S i e m e n s  [12] for n u c le a r  m a tte r  a t  d iffe ren t d en sitie s . His 
d a ta  can  b e  a p p ro x im a te d  in  th e  im p o r ta n t  d e n s ity  dom ain  w ith  a po ly 
nom ial:
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A SIMPLE THOMAS - FERMI MODEL 17

^ aw(^) — j  \^NN(r')\2d 3 r' — a{QN)Jt~l}(oN)k~{-c(gN) k 2-\-d(()N) k3 

WNP(k) =  J  |!jvP( r ') |2 d3 г =  oc(qn , qp) +  (3,9)

+  ß(QNi Qp) &+У(?ль Qp) й ' +  ̂ л ь  Qp) k 3 ■

F rom  (3,9) r  can  be d e te rm in ed  b y  in te g ra tio n  over k:

k y  k y  k y  k p

rN =  2 2  w » » \ (k n- U l 2 +  2  2 W" r ( \ k n~ km\) =
m=0 n — 0 m = o n=0

l

18л4
[0,7 k5N-\~5 k% kp] — B q%3-\-Cq%3 q%3 ,

k p  k p  k y  k p

*P =  2  2 WPr(\k n - k™\)+ 2  2 WNp(\k n ~ km\)
m = 0 n = 0  m= 0n =0

(3,10)

1
18 л 4

[0,7 fcp-f 5 k% kp] =  B Q f + C d f o f .

IV. The equations determ ining the densities

W ith  th e  re su lts  o f Section  I I I  we a re  a lready  ab le  to  d e te rm in e  th e  
to ta l  energy  o f th e  n uc leus as a fu n c tio n  o f th e  n e u tro n  an d  p ro to n  d e n s ity :

w  =  [w NM(eN,Qp)d3r + ^ - ^  M r )  [ M r i ) M r2 ) - M ri)2 +

+  M r i ) M M - M M 2] d3ri d3 r2 -

-  ~ ~  f M r) [ e N { r i ) i ß QN (r2) i ß - Q N ( r i ) * l3+ Q p ( r i ) i , 3 e p ( r 2) il3 ~
* J  (4,1)

-  ep{r1)8/3] d 3 r1 d 3 r2 +  J  «3(r)[eN(ri)pp(r2) —QN(r1)QP(r1) ] d 3 r1 d 3 r2

+  f®4(r) [M '-l) ,/epN(''2)1/V p (r1)1/V p(r2P  -

-  oN(rj)4/:i Ê»p(rj)4/3] d3 r, d3 r2 +  Л  e- f gp(ri)ep (ra)- d3 r, d 3 r2 +
2 J  | r t — r2|

j[z l UN(r) TN(r )+ A  UP(r) rp(r)] d 3 r .

A U n  a n d  A U p  in  (4,1) a re  e x a c tly  th e  differences be tw een  th e  f in i te  and  
in fin ite  single p a rtic le  energ ies o f  a n e u tro n  an d  a p ro to n , respective ly . M in im iz
ing w ith  th e  su b sid ia ry  cond ition

J Qn  d3r +  j  Qp d3r =  A ,  (4,2)
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18 J . NÉMETH

w e o b ta in  th e  fo llow ing e q u a tio n s :

E
aW

Qqn

9B^vm

Qqn
+  Kfr

9Hnm 
9 Qp

Q W ,_  

Э Op
+  Kp ■

(4,3)

H e re  E hi an d  E P a re  th e  F e rm i en e rg y  of a n e u tro n  and  a p ro to n , respective ly . 
F ro m  E qs. (4,3) we can d e te rm in e  th e  AU:

QW
AUn =  K „ , AUp =  -------C- + K p . (4 ,4)

Qqp

F rom  (4,1) an d  (4,3), (4,4) i t  is clear t h a t  AU  is th e  so lu tio n  of an in te g ra l-  
d iffe re n tia l e q u a tio n . Since th e  la s t  te rm  in  (4,1) is sm all, w e can solve th is  
e q u a tio n  sy s tem  b y  ite ra tio n . In  f irs t o rder

UW(ri ) =  j  » i(r ) [ М гг) íbv(r i)]  d 3r2—4/3 gjv(r i)l/3 j  v2(r)[QN(r2)413

-  M r i)4/S] d3 r2 +  j  V3(r) [Qp(r2) - e P(r j) ]  d3 r2 -  (4 ,5)

7/6  QN(riy «  MM1/e J ®4(r) [qM ™  Qp ^ - qM ' I *  e P(r1)W] d3 r2 — 

1/ 6 M r i)~ 5/eM r i)7/6 j  M r) [Qn W ' Q pW * -Q n Íu )71*Qp(ri)llt] d3r2,

a n d  we get a s im ila r  eq u a tio n  fo r  U $ (rx). S u b s titu tin g  th is  f i r s t  o rder ex p re s
sion  back  in to  (4 ,1 ) , we get U ^  an d  UPK I n  th is  w ay we g e t tw o coup led  
n o n -lin e a r in te g ra l equ a tio n s fo r  qn  and  qp. P u ttin g  th ese  b a c k  in to  (4 ,1 ), 
w e get th e  to ta l  energy:

W  =  j  'ÏUNM(QN,Qp)d:' r  +  l l2  j  гq(r) [gN(r2) -ß jv (ri ) ] [ M r i) 

2 B Q%3(rl) - 2 C QN(r1f 3 рР(г,)г/3] d3 rx d3 r 2 +

+  1/2 j ' v^ r )  [QP(r2) —QP(r1)][QP(r1) - 2 B Q P(r1)5l3 -

-  2 C p ^ (rx)2/3 ep ir j213] d3 r1 d 3 r2 -

-  1/2 J V.2( r )  Ы ^)4'3-М М 4'3] Щ  BoN(r j ) 2 -

8/3 CeN(u)  ^ ( r , ) 2'3] d 3 r x d3 r 2-  1/2 J t,a(r) [ M r 2)4/3 -

- eP ( r j ) 4/3] [ßP(ri)4,3~ 8 / 3 BQp (u )'2 — 8 /3  Q P(rx) M r i)2/3] d3r2d3r2 +

+  1/2 J v3(r) [QN(r2) ~ pN(r i)] [(?P(r i) 2Bq(r1f 3 -

-  2Cqp (tx)2/3çN(rj)2/3] d 3 r x d3 r2 -I- 1/2 J v3(r) [eP(r2) - e P(r i)] •

• [ M r i) ^BqN(ri)sl3 — 2CpAi(r1)2/3pP( r1)2/3] d3r1d3r2
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A SIMPLE THOMAS- FERMI MODEL 19

-  1/2 J v4(r) [eN(r2)1/e Qp(r2)7/e-0 N ( r 1)1,e ßP(r1)V(’] [É b v k iP 'V p k i)1'* -

-  7/3 « - 7 / 3 C g s W f i Q p W * - 1/3 B e ^ r ^ e M ™ -

-  1/3 C o p /r ,) - ' 6 0,v(^)U,e] <P Гу d3 r2 -

-  1/2 J t>4(r) [ M r 2)1/6eN(r2)7/6-  M r 1)1/6^ ( r 1)7'e] [ê»p(^i )7/6e*A/(̂ i)1/e -  

7/3 B M r i ^ M r i r -  7/ 3 C M r i)5,eM ri)5/e -

-  1/3 R M ' i ) 5'® 1/3 Q jvK ) - 1'» M ' i ) 11'"] d3 rj d 3 r2 +

+  1/2 Г  - ^ Г я ) [ M r i )  ß e p W 5,3- C M r 1) 2/3M ^ i ) 2/3] d 3 '-1rf3 ^ -J k i —
Solving th e  eq u a tio n s as a fu n c tio n  of Едг a n d  Е Р, we can  de te rm ine  th e  
d en sity  d is tr ib u tio n  o f nucle i w ith  g iven N  a n d  Z.  Since fo r s tab le  nuclei th e  
energy  o f th e  la s t n e u tro n  and  p ro to n  is th e  sam e, E N =  E P in  our ca lcu la 
tio n s. F ro m  th e  to ta l  energy  (4,1a) w e can d e te rm in e  th e  e ffec tive  long ra n g e  
tw o -b o d y  forces in  a g iven nucleus:

(v'n s U  =  Ь к )  [ 1 -  # M r i)2/3- BQN(r2f l 3 — C pp(rj)1/3 С рркг)1'3]

— v2{r) 4 /з  ^ M r i)2/3 —
-  4/3 B QN(r2f i* ~  m c e P(r iy i3- w c ßP(r2yi3]}

( v P p ) t ft =  V N N  (Q n ^ - Q p i  Q p -+ Q N )e l1  +

1 + P ;N M

+
e-

[ l - ß ß p ( r 1)2/3-  CpN(ri)2/3 Pp(r1) - 1/3] ,

(4,6a)

(4,6b)

(«Ыеи =  W O  [ i - B e M V - B Q p i r j v - C e N i r j - t o ç d r j *  -
C Q p i n r 113M b ) 213] - M O  M ri)1/eQp(riyi°QN(r2y/«ер(г2)У  • 

• ( 1 - 4 / 3  BoN(rif 3 -4 /3  BQP(ri)2/3—4/3 C M l W 3 M + ) 2/3 -

1 +Рлгм
2

4 /3C pP(r1) - 1/3 pN(r1p ] }

T he to ta l  effective force can be w r it te n  as:

[ v ( r ,  p )A ß ] e f f  =  Ga b {(?) ^ ( O  +  k v t ß i e f f  ,

w here P ^ m is th e  o p e ra to r  p ro je c tin g  in to  n u c le a r  m a tte r  s ta te .

(4 ,6c)

(4 Д )

V. R ectangular density distribution model

L et us assum e a sim ple re c ta n g u la r  d e n s ity  d is tr ib u tio n  w ith  gN a n d  
QP h e ig h ts  an d  a an d  b ranges, re sp ec tiv e ly . T h e  to ta l  energy  can  be w ritte n  as

w  =  W NM +  D + W c —  A ,  (5,1)
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w here W ^ m  is th e  n u c le a r  m a tte r , D th e  su rface; Wc th e  Coulomb energy , 
an d  A  th e  co rrec tio n  te rm . T h e  ca lcu la tio n s  were p e rfo rm ed  for th re e  nucle i, 
A  =  64, 125, 216. T he re su lts  for th e  d en sitie s  can  he  seen in T ab le  I .  The 
ran g e  o f th e  n e u tro n  a n d  p ro to n  d is tr ib u tio n  tu rn e d  o u t  to  be th e  sam e:

Table I

Param eters of the rectangular density d istribution

Q in fm ~8 r 0 in fm X Er e'cin / m_‘ < in fm E'p

vOII 0.151 1.16 0.095 — 8.32 0,138 1.19 — 7.61

A  =  125 0.135 1.20 0.123 — 7.65 0.132 1.21 — 6.14

A  =  216 0.124 1.24 0.174 —6.92 0.122 1.24 — 4.17

a =  b =  r0A 1/3, (5,2)

w here r 0 in creases  s lig h tly  w ith  in c rea s in g  m ass n u m b e r, while th e  c e n tra l 
d en sity  d ecreases . T he n e u tro n  and  p ro to n  cen tra l d e n s ity  w as w ritte n  as:

—  Gn  +  Qp •>

X  =  ~  Qp
Gn  +  Gp

(5,3)

T he c a lcu la tio n s  w ere m ad e  beside th e  m in im izing  x  v a lu e s  for th e  x  =  0 case 
as w ell, to  see th e  effect o f  th e  sy m m e try  te rm s on th e  d en sity  d is tr ib u tio n . 
Ep  is th e  F e rm i en erg y  o f  th e  nucleons.

Table II

Energy values for rectangular density  distributions in MeV

A  = 64 A  = 125 A  = 216

x =  0.095 x =  0 x  =  0.123 x = 0 * =  0.174 x =  0

^ л г м М — 13.312 — 13.530 — 13.667 —13.961 — 13.806 — 14.166
D IA 5.795 5.790 5.231 5.127 5.041 4.507
W JA 2.037 2.547 3.308 4.270 4.333 6.255
A J A —  1.347 1.338 —  1.243 1.231 — 1.256 —  1.103
A J A —  0.553 0.629 — 0.930 —  1.062 —  1.309 —  1.574
A \A —  1.900 1.967 2.173 —  2.293 —  2.565 —  2.677
D 'IA 4.448 4.452 3.998 3.896 3.785 3.403
W JA 1.520 1.918 2.379 3.208 3.024 4.681

WIA 7.344 —  7.160 —  7.300 6.857 —  6.997 6.093
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T he resu lts  concern ing  th e  energies are  show n in T ab le  I I .  I t  is easy  to  
see th a t  th e  energy  p e r  p a rtic le  is sligh tly  to o  h ig h , w hich is n o t  su rp rising , 
since th e  m in im izing  d en sity  is n o t  th e  co rrec t one. I t  is in te re s tin g  to  n o te  
t h a t  th e  effect o f th e  co rrec tion  te rm  is v e ry  im p o rta n t. T h e  n u c lea r m a tte r  
en erg y  te rm  is m u ch  less th a n  fo r an  in fin ite  system . T he rea so n  for th is  is 
t h a t  th e  C oulom b en erg y  decreases th e  c e n tra l  densities, a n d  increases th e  
ran g e  o f th e  d is tr ib u tio n s . T he v a lu e  of th e  Coulom b energies a re  th e  co rrec t 
ones, b u t  th e  su rface  te rm s  a re  a l i t t le  to o  b ig, ow ing to  th e  re c ta n g u la r  d e n s ity  
d is tr ib u tio n s .
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ПРОСТАЯ М О Д ЕЛ Ь ТОМ АСА-ФЕРМИ Д Л Я  Я Д Е Р  С РА ЗЛ И ЧН Ы М  КОЛИЧЕСТВОМ
П РОТОН ОВ И Н ЕЙ ТРО Н О В

Й. НЕЙМЕТ

Р е з ю м е

Исходя из реального двухчастичного потенциала и используя результаты  вычисле
ний задачи многих тел для  бесконечных ядер, выводится модифицированная теория Т о
маса—Ферми для ядер с различным числом протонов и нейтронов. Выведены связанные 
нелинейные интегральные уравнения для  определения распределения плотности протонов 
и нейтронов в отдельности. Метод применяется в упрощенном случае прямоугольного 
распределения плотности. Область распределения плотности нейтронов и протонов ока
зывается равной.
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ON THE BREAKDOWN MECHANISM OF EXTERNAL 
ELECTRODE DISCHARGES AT LOW FREQUENCY

By

J .  F .  B it ó  and K .  G . A n t a l

U N ITED  IN CAN D ESCEN T LAMP FACTORY, BUDAPEST 

(Received 27. I I . 1970)

The breakdow n phenom ena, taking place betw een m etal p la tes , placed outside the 
discharge space under the influence of voltage a t 50 cps, w ithout an external m agnetic field 
in the case of argon and m ercury vapour, are in te rp re ted  by us th ro u g h  a sta tistical descrip
tion on the basis of a theoretical m odel elaborated b y  us. The pressure of the discharge space 
in our experim ents was carried o u t w ith  argon, 2.5 m m H g, and w ith m ercury  vapour, 6 • 10“ 3 
m m Hg. The distance between th e  external electrodes was 20 mm. The breakdown process 
and the current peaks following th is process are in terpre ted .

1. Introduction

T he assu ran ce  of a c lean  w orking  space  con ta in in g  th e  gas or v a p o u r  to  
be ionized is a basic  re q u ire m e n t b o th  for th e  fusion ex p e rim en ts  and  th e  d is
charges b ro u g h t ab o u t for spectroscopic  p u rposes. T herefo re , ex te rn a l e lec tro d e  
d ischarges are  often  em ployed , in  such a w ay  th a t  th e  b reak d o w n  is capaci- 
ta tiv e . C o n tam in a tio n  of th e  d ischarge space w ith  th e  m a te r ia l  o f th e  e lec trodes 
can he p re v e n te d  in th is  w ay .

In  con n ec tio n  w ith  th is  m ore tre a tise s  are  know n (D a w id o w  [1 ], F r i d - 
k in  [2], G o l d s t e in  [3], G r a n o w s k i [4], G r in b e r g  [5], H a l e  [6], H e r t z  [7], 
K a p z o w  [8] an d  von  E n g e l  [9]). In  th e  case of th e  m odel exam ined  b y  H a l e  
[6] it  w as p resupposed  t h a t  th e  energy n ecessa ry  for io n iza tio n  is ta k e n  up  
b y  th e  e lec tron  du ring  th e  m o v em en t on th e  m ean  free p a th .  This m odel w as 
developed fu r th e r  by  F r id k in  [2] in so fa r  th a t  he to o k  th e  collisions in to  
acco u n t an d  so ex ten d ed  th e  a d a p ta b ili ty  of th e  m odel to  h igher p ressu res . 
G r in b e r g  [5], G o l d s t e in  [3] an d  K a p z o w  [8] app lied  fu r th e r  re fin em en ts  
w ith  th e  considera tion  o f th e  diffusion processes by  th e  ch a rac te riza tio n  of 
the  phenom ena .

B y  th e  e x a m in a tio n  o f  th e  s ta t io n a r y  case , von  E n g e l  a n d  St e e n b e c k  
[9] a n d  also  H e r t z  [7] e s ta b l is h e d  a n  e n e rg y  b a la n c e  fo r  t h e  c h a r a c te r iz a t io n  
o f  th e s e  d isc h a rg e s .

In  th e  case of low  a n d  in te rm e d ia te  frequencies th e  discharges w ere 
ch a rac te rized  b y  G r a n o w s k i  [4] w ith  th e  se ttin g  up o f th e  equa tion  c h a ra c 
teriz ing  th e  en erg y  b alance . T he energy  b a lan ce  e q u a tio n  dete rm in ed  in  th is  
w ay  w as n o t used  for th e  c h a ra c te riz a tio n  o f th e  b reak d o w n  process, b u t  for
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th e  d esc rip tio n  of th e  m icro p h y sica l p a ra m e te rs  of th e  d ischarge . Such a de
sc rip tio n  w hich  discusses a b reak d o w n  p h enom enon  of th is  ty p e  on th e  basis  
of th e  en e rg y  ba lan ce  h as  n o t  y e t been pub lished .

In  th e  follow ing, th e  b reakdow n  process will be t r e a te d  in th e  case  of 
low freq u en cy , ta k in g  in to  acco u n t th e  t im e  an d  space dependences. T h e  d is
cussion w ill deal w ith  arg o n  an d  m ercu ry  v apours, w ith  th e  d e te rm in a tio n  
of th e  en e rg y  balance .

In  th e  descrip tion  o f  b o th  th e  argon  an d  m ercu ry  v a p o u r  processes th e  
d ischarge  betw een  th e  co p p er p la te s  of 30 m m  d iam eter, a n d  a t  20 m m  d is tan ce  
from  each  o th e r w as ex am in ed  in  a w o rk in g  space of a b o u t 14 cm 3, a t  50 cps 
freq u en cy . A n e x te rn a l m ag n e tic  field  w as n o t tak en  in to  account a n d  th e  
argon p ressu re  w as ta k e n  as 2.5 m m H g.

T h e  d escrip tion  w as m ad e  w ith  th e  p re su m p tio n  o f th e  M axwell— B o ltz 
m ann d is tr ib u tio n  an d  w ith  th e  p resu m p tio n  th a t  a t  th e  m o m en t of th e  b re a k 
dow n th e  average  e lec tro n  en erg y  is n o t less th a n  th e  f i r s t  ion ization  en erg y  
c h a ra c te ris tic  for argon . W e p resupposed  on th e  basis o f o u r  previous c a lcu la 
tio n s t h a t  th e  m ean ran d o m  velo c ity  of th e  e lectrons is 2 • 108 cm/sec. T a k in g  
th e  cy lin d ric  coo rd in a te  sy s tem  as a s ta r t in g  p o in t, we d iscuss b y  d escrip tio n  
on ly  th e  changes occu rrin g  in  th e  d irec tio n  p referred  b y  th e  d irection  o f  th e  
e x te rn a l e lec tric  field. T he n u m b e r of collisions, occurring  in  th e  h a lf  perio d  is, 
in o u r case , o f 105 order.

F o r  th e  average  v e lo c ity  — d rift v e lo c ity  —  of th e  e lectrons an u p p e r  
lim it can  be given, w ith  th e  assu m p tio n  o f a co n stan t e lec tric  field s tre n g th  
and  w ith  th e  ap p lica tio n  o f  th e  re la tio n :

w here e is th e  charge of th e  e lectron , m  is th e  m ass of th e  electron , L  is th e  
m ean  free  p a th  of th e  e lec tro n , E  is th e  p o te n tia l g ra d ie n t, v is th e  av e rag e  
ran d o m  ve lo c ity  o f th e  e lec tro n .

T h e  v a lu e  of E  w as ta k e n  on th e  b as is  o f our p rev io u s  ex p erim en ts  fo r 
0.1 e. s. u . In  th is  case, th e  v a lu e  o f th e  d r if t  velocity  ud is

2. Capacitive breakdown in argon

m v ( 1 )

ü d =  7 • 106 cm /sec. (2)
B ecause

u±  _ J7_-1 ne

v 2 • l u “
( 3)
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as well as th e  q u o tie n t o f  th e  b reak d o w n  d istance  D  a n d  of th e  m e a n  free  
p a th  L  is:

L
D

3 1 0 ~ 2
2

< 1 (4>

b y  th e  d iv ision  of th e  p e r tu rb a te d  d is tr ib u tio n  fu n c tio n  in to  a s ta t io n a ry  and 
an  o th e r, b y  th e  electric  fie ld  p e r tu rb a te d  m em ber w e can  app ly  th e  follow 
ing ex ten s io n :

Л Ю = / о ( " )  +  — /i(® )  +
V

(5>

w here f e(v) is th e  com plete  d is trib u tio n  fu n c tio n , f 0(v) is th e  s ta tio n a ry  m e m b e r 
of th e  d is tr ib u tio n  fu n c tio n  fc(v), in o u r  case th e  M axw ell— B o ltzm an n  d is
tr ib u tio n  cos cp — ud/v, are  th e  p e r tu rb a te d  m em bers o f th e  com 
p le te  d is tr ib u tio n  fu n c tio n .

As w as show n b y  D a w id o w  [1] i f  w e stop  b y  th e  ex tension  a t  w e 
still get a v e ry  good a p p ro x im a tio n . T h e  m em bers o f  h ig h e r o rder w ere  n o t 
ta k e n  in to  acco u n t in  th e  following.

In  o u r case, th e  exp ression  p roposed  b y  D a w id o w  [1] was app lied  in s te a d  
of th e  collision in te g ra l in  th e  B o ltzm an n  eq ua tion , a n d  in  acco rdance  w ith  
ou r in itia l ex p erim en ts , w e do n o t deal w ith  th e  pow er effect p roduced  b y  th e  
ex te rn a l m ag n e tic  fie ld :

9 K / o )  
0Í

9K / i )
91

+  7 V W . )  +  7 ~ E B i T 7 ( * 2/ i ) -Ô ó m  t r  ov

Пе m  Э Г y3 k T g Э/о | r 4/ 0 1 _
V2 M  8t> mL(v) 9w L(v)

+  vV{ne /„ )  4-------E n e +  -  - *. f i  — 0
m ov L(v)

( 6>

(7)

w here ne is th e  e lec tron  co n cen tra tio n , M  is th e  m ass o f  th e  n e u tra l a to m , к  
is th e  B o ltzm an n  c o n s ta n t, T g is th e  gas te m p e ra tu re , L (v ) is th e  free  p a th  
of th e  elec trons.

W ith  th e  ap p lica tio n  of value f x{v) th e  üd av e rag e  o f th e  d rif t v e lo c ity  
of th e  e lec trons is as follow s:

( 8)

F ro m  E q s. (6) a n d  (7) it  is enough  to  ta k e  in to  con sid era tio n  e q u a tio n  
(7), because it was assum ed  p rev iously  t h a t  f 0(v) is a M axw ell— B o ltz m a n n
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d is tr ib u tio n . T a k in g  the tim e  dependence  as a fac to r e lmt in to  accoun t, th e  
v a lu e  of f ^ v )  is as follows:

- E - S b -
m dv 
v(v)— ico ’ (9 )

w here  v(r) =  u/L(t;) and  v(v) is th e  collision frequency .
In se r tin g  th e  value o f f j (v )  from  E q . (9) in  re la tio n  (8), in te g ra tin g  p a r t i 

a lly  an d  p re su p p o sin g  th a t  th e  v(v) can be consid ered  as ch an g in g  slowly co m 
p a re d  w ith  s ta t io n a ry  d is tr ib u tio n  function  f 0(v), for th e  v a lu e  o f üd we o b ta in :

e E
u d =■-■----- —— —  »m V—ico

( 10 )

w here  v =  vmax/L(vmax) an d  vmax is th e  m a x im u m  velo c ity  o f  th e  s ta t io n a ry  
d is tr ib u tio n  fu n c tio n .

The P x en e rg y , tak en  u p  b y  th e  e lec tro n s  w ith  th e  h e lp  o f average d r if t  
v e lo c ity  is as follow s:

e2 E-
P1 =  —  — =L— d t .  (11)

m v — ico

The P 2 en e rg y  tak en  u p  b y  th e  ex c ited  a to m s th ro u g h  secondary  co lli
sions is as fo llow s:

P 2 =  vna S aeUa dt, (12)

w here  na is th e  co n cen tra tio n  o f th e  e x c ite d  argon a to m s, S a is th e  cross- 
sec tion  o f th e  collision en erg y  tra n s fe r  in  th e  case of co llisions of th e  second  
k in d , Ua is th e  average  e x c ita tio n  energy  o f  th e  argon a to m s.

The N 1 m em b er of th e  n eg a tiv e  en e rg y  tra n sp o r t , w h ich  m ay be a t t r i 
b u te d  to  e la s tic  losses is

2m
M

e ( U - U g) n g S (13)

w here Ue is th e  p o ten tia l o f e lec trons (en e rg y  eq u iv a len t), Ug is th e  p o te n tia l  
of th e  gas a to m s  (energy e q u iv a le n t) , ng is th e  co n cen tra tio n  o f  th e  gas a to m s , 
S  is th e  e la s tic  cross-section o f  collision o f  th e  electron-gas a tom .

The loss w hich  m ay be  a t tr ib u te d  to  th e  inelastic  collisions N 2 is

N 2 =  —  vng e &i Ut dt , (14)
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T h e su ffix , c h a ra c te ris tic  fo r th e  e x c ita tio n  p h en o m en a  m ay  be n eg lec ted  
on acco u n t o f m ag n itu d e , w hen  we in se rt th e  v a lu e  of th e  c o n s ta n ts  a n d  w e are  
confined  on ly  to  th e  processes p reced ing  th e  b reakdow n . In  ad d itio n  to  th is  
th e  v a lu e  o f th e  n eg a tiv e  en erg y  t r a n s p o r t ,  ta k in g  p lace b y  th e  in e la s tic  col
lisions, m u s t be  ta k e n  in to  acco u n t, co m p le ted  w ith  a p ro b a b ility  fa c to r .

B y  th e  d iv ision  of th e  e q u a tio n  in to  rea l an d  im a g in a ry  te rm s i t  is ev i
d e n t t h a t  in  th e  expression  fo r th e  en e rg y  ta k e n  up  b y  th e  e lec trons from  
space, th e  p e rio d ic ity  of th e  fie ld  s tre n g th  supp ly ing  th e  energy  is n o t  to  be 
found in  th e  im ag in a ry  te rm . T herefo re , th e  m ore com plete  expressions o f  th e
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w here Si is th e  cross-section  o f th e  in e lastic  collisions, [/, a re  th e  e x c ita tio n  
an d  io n iza tio n  p o te n tia ls  o f  th e  argon  a to m .

W ith  th e ir  ap p lica tio n  th e  energy  b a la n c e  eq u a tio n  is as follows:

dU e 2 e 1 2 _
-----   = ----------E- —— ;------------ v n g S  X

dt 3 m V — ico 3 . .(15)

х Н ^ ( и е- с / г) +  2 - % - u ,
M  i S rig b

w here d/dt is th e  to ta l  d iffe ren tia l, b u t  th e  space dependence  m ay  be n eg lec ted  
w ith  a good a p p ro x im a tio n . A veraging  fo r  a h a lf  period  w e ge t th e  fo llow ing 
re la tio n :

Tj _  4 в [ 1 1 1 8 I /  8~ 1 / T  m u y  ,
Зл m vco V2 З л  ' л  ' тп M  L  ‘

_  ___  _  _______  ( 16)

-  ] [ —  ] [ —- Y  4 r  u i u n  1 +  i] ■+ ~  ] [ ~  ] f-  e T 1 —  %3л  \ л  \ m L  Ь Ал \ л  \j m L  ng S

w here th e  energy  dependence  o f th e  cross-sections is ta k e n  in a linear shape . 
I f  th e  re la tio n  is d iv ided  in to  rea l and  im a g in a ry  p a r ts , w e get

U 4 e l g , 8 Y 8 l j L  m U*12 _
e Зл m vco Зл I л  I m M  L

__ _________  (17)
—  V— ]/ —_ - Si u tj112 1 4 Г* V e u° n° S° u1 1 2 ,
Зл m m L  S  ' e Зл  1 л  m L  ng S

q _ 4 e 1 8 / 8 F e m Ue12
3 л  m V2 3 л  I л  ' M  M  L  .

__ (■*■”/
4 f  8 j e 1 Sj j j  j-1№ 4 /~ 8 / e U a na 1/2

3 л  1 л  1 m L  S  ' e Зл л  m L  ng e
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re a l p a r t  m a y  give us fu lle r in fo rm atio n . I n  th is  case, w e get from  E q . (17), 
co n ta in in g  th e  rea l te rm :

E ^ 2 . 2 - 1 0 ~ 1 (19)

th e  field  s tre n g th , expressed  in e. s. u ., w h ich  in p ra c tic a l u n its  is:

E  >  66 F /c m .

I t  m u s t be  m en tio n ed  th a t  th is  c r ite r io n  has th e  c h a ra c te r  o f th e  low er 
lim it, e x a c tly  because  of th e  w ay  i t  w as tre a te d  an d  because  of ou r in itia l 
cond itions.

3. Capacitive breakdown in mercury

W e m u s t s ta r t  w ith  a g iven m ercu ry  v a p o u r p ressu re , in our case from  
th e  follow ing m ic ro p a ram ete rs :

Table I

mean free p a th  for electrons (cm): 8.7
average random  velocity of electrons (cm.sec-  l): 2 • 108
average drift velocity of electrons (cm.sec~ 1): greater th an  IO8

On th e  basis  of th e  ab o v e  d a ta  i t  is ev id en t t h a t  th e  c rite ria  o f  th e  
s ta tis tic a l d e sc rip tio n , ap p lied  in  th e  case o f  argon [E q . (3) an d  (4)] a re  n o t 
fu lfilled . T h e  en e rg y  tra n s p o r t  m ay  be a n a ly sed  in d e p e n d e n tly  from  th is :  in 
th is  case, h o w ev er, th e  collision  freq u en cy  m u st be g iven  on th e  basis o f ele
m e n ta ry  co n sid e ra tio n s . T h e  e q u a tio n  of m o tio n  is, in o u r case:

dr X , dxm -------=  eE 4- v ------
dt- dt

( 20)

w here x  is th e  co o rd in a te , p re fe rred  b y  th e  d irec tion  o f th e  electric  fie ld , v is 
the  coeffic ien t o f v iscosity .

In  th is  case th e  m o b ility  will be

b = 1
m v — no

( 21 )

to g e th e r w ith  w hich  th e  en e rg y  ba lance  w ith  th e  p rev io u sly  considered te rm s  
will be

dU' 2 e

X

dt
2m

Б - — ---------- V T i g S x
v — ico 3

(Ue- U g) + 2
, S, u .

( 2 2 )

ng S
- a
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w here
d a . -  3----- = +  Ud ----
dt at dx

(23)

T ak in g  an  av e rag e , app lied  also  fo r th e  h a lf  period  — as p rev io u sly  —- 
a n d  neg lec ting  th e  tra n s p o r t  o f th e  ine lastic  a n d  second k in d  collisions, we 
ge t th e  re la tio n :

u e + —  S . - ^ 4 l + i ]  =  —  E u j l + i ]
лсо ax  mo

8 V m Ue 
Ъл L  M  со [1+i] (24)

in  w hich  th e  space  dependence is ta k e n  in to  ac c o u n t w ith  a lin e a r  energy 
dep en d en ce , s u b s ti tu tin g  Ue =  Ut:

Uj_ _2___e E
2 лсо m V  —  i(o

U±
D [ l  +  i}=

=  - E 2- -----V - [ l + i ] ~
лсо m V—ш

(25)

D iv id in g  th e  re la tio n  so o b ta in ed  in to  real an d  im ag in a ry  te rm s , we get th e  
follow ing eq u a tio n s:

Vj_ t 2 e E(v-~ со) u f
2 лсо m v2-{-co2 D

лсо m  r 2-(-co2
16

15л
8

' л  *
Í e

m
U f 2 m 
L  M

(26)

2 e E(v->r(o) Uj 
лсо m v2-\-a>2 D

3 E „ e v+(o  
лсо m V2 -(- to2

U f 2 rn 
L  M

1
CO

■ (27)

I f  th e  v iscosity  coeffic ien t is considered  as a specific  v iscosity , fo r  a non- 
e losed , in fin ite  space , we get re la tiv e ly  low critica l fie ld  s tre n g th , from  b o th  
e q u a tio n s . One possib le  m ethod  fo r th e  closing o f th e  m odel is w eigh ting  
acco rd in g  to  th e  ud/v  an d  L/D.  In  th e  case of th e  closed m odel we th e n  get 
th e  follow ing expression  as th e  b reak d o w n  crite rio n  h av in g  th e  c h a ra c te r  of 
th e  low er lim it:

E  >  6, (28)

w hich is expressed  in  p rac tica l u n its :

E  >  1800 F /cm . (29)
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B y  th e  t r e a tm e n t  of th e  m odel, concern ing  th e  processes im m ed ia te ly  
p reced in g  th e  b reak d o w n  an d  c h a ra c te ris tic  fo r th e  “ reflection  tim e ” , we have 
le ft o u t o f co n sid e ra tio n , as well as in  th e  case o f a rg o n , th e  p o sitiv e  energy 
tr a n s p o r t  re p re se n tin g  on ly  a v e ry  sm all a m o u n t o f energy  an d  depend ing  
on th e  p resence o f ex c ited  a tom s.

4. Further characteristic current peaks

In  th e  eq u a tio n s , c h a ra c te r is tic  fo r th e  en e rg y  ba lan ce  (15), (22) in th e  
in d ic a tio n  o f th e  en e rg y  tr a n s p o r t  th e re  is a sum , a t tr ib u ta b le  to  in e lastic  col
lisions. T he coeffic ien ts  be longing  to  th e  single te rm s  o f th is  sum  ch arac terize  
th e  cross-section  o f a ll processes, p roduced  b y  th e  in e lastic  collision.

In  th e  d esc rip tio n  o f th is  m e th o d  a recu rsiv e  co rrec tion  m u s t be m ade, 
how ever, w hich m a in ly  affects th e  f irs t  te rm  in th e  en erg y  balance  eq u a tio n  —  
th e  en erg y  q u a n t i ty  ta k e n  up  from  th e  elec tric  fie ld . T he co rrec tion  m u st be 
m ad e  accord ing  to  a d is tr ib u tio n  fu n c tio n , ch an g in g  in  th e  course o f th e  d is
ch arg e , e.g. w ith  th e  ap p lica tio n  o f an  i te ra tio n  m e th o d  or b y  a successive 
a p p ro x im a tio n .

F o r th e  an a ly ses  of th e  c u r re n t peaks, m an ife s tin g  them selves a t  th e  
cap ac itiv e  d ischarge  i t  is su itab le  to  use a m e th o d  ca rried  ou t over a g rea te r 
tim e  in te rv a l an d  describ ing  th e  e lem en ta ry  tim e  dependences m ore m in u te ly  
in s te a d  of b y  th e  av e rag in g  ap p lied  so fa r  fo r th e  h a lf  period . I t  is im ag inab le  
t h a t  th e  energy  accu m u la tio n , s ta r t in g  a t  th is  tim e  w ith  th e  p o p u la tio n  of th e  
ex c ited  an d  m e ta s ta b le  a tom ic  levels, w hich m ay  h a v e  been neg lec ted  in th e  
d esc rip tio n  of th e  b reak d o w n , a lte rs  th e  energy  tra n s p o r t  m ore considerab ly .

T he d e ta iled  analy sis  an d  d escrip tion  of th e se  p henom ena a n d  of th e  
n e h a v io u r of th e  t r a n s ie n t  processes in  gas m ix tu re s  ou tlined  w ill be  th e  sub 
je c ts  o f ou r fu r th e r  ex am in a tio n s .

5. Experim ental references

T he re la tio n s  estab lish ed  fo r th e  s ta te  p reced in g  th e  t ra n s ie n t  period  and 
o b ta in e d  th e o re tic a lly  w ere checked  ex p e rim e n ta lly  w ith  th e  rea liza tio n  of 
th e  fo rm erly  o u tlin e d  a rran g em en ts . I t  h as  been  fo u n d  th a t  th e  g iven b re a k 
dow n crite ria  can  be  p roved  e x p e rim en ta lly  a n d  th e  described  m odel is su it
ab le  fo r fu r th e r  d ev e lo p m en t.

T he accu racy  of th e  m easu rem en ts  w as + 0 .5  Y, th e  ca lc u la ted  values 
a n d  th e ir  e q u iv a le n ts  d e te rm in ed  ex p e rim en ta lly  a re  show n in T ab le  I I .
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Table II

breakdown voltage (V)

calculated measured

2.5 mm Hg argon 
6 • 10“ 3 m m Hg mercury

132
1800

156
below 1800 there  is no breakdown
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О М ЕХ АН ИЗМ Е П РО БО Я  Н И ЗК О ЧА С ТО ТН Ы Х  РА ЗРЯД О В  В СЛУЧАЕ В Н Е Ш Н И Х
Э Л Е К ТРО Д О В

Н а основе разработанной нами статистической модели интерпретируются явления 
пробоя, возникающие под действием напряж ения с частотой 50 гц в аргоне и парах ртути, 
причем электроды располагаю тся вне области разряда и магнитное поле отсутствует. Д авле
ние в рабочей области при экспериментах с аргоном 2,5 мм р. ст., при экспериментах с па
рами ртути 6 • 10_3 мм р. ст., расстояние меж ду внешними электродами составляет 20 мм. 
Объясняется процесс пробоя и следующие за этим скачки тока.

Й. Ф. БИТО и к . г . АНТАЛ

Р е з ю м е
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IMPURITY INDUCED T c  =  0°K SUPERCONDUCTIVITY
By

I. KlRSCHNER and A. STARK
D EPA RTM EN T F O R  ATOMIC P H Y SIC S, ROLAND EÖTVÖS U N IV ER SITY , BU D A PEST

(R eceived 5. I I I .  1970)

O ur earlier resu lt, representing th e  dependence of critical tem p era tu re  of supercon
ducting  transition  on th e  concentration o f dia- and param agnetic  im purities is applied to  th e  
case w hen T c approaches absolute zero owing to  im purities. We calculated the ra te  of spin 
flip  scatterings ЛГ$0 for an electron a t  th e  Fermi surface, when either th e  scattering p ro 
cesses or th e  change in  th e  Ferm i surface topology h ave  a dom inant role. The expressions 
obtained were verified by  a comparison w ith  experim ental da ta  and by num erical estim ation.

Introduction

In  a p rev ious p a p e r  [1] we ex am in ed  th e  e ffec t o f p a ra - a n d  d iam ag n e tic  
im p u ritie s  on th e  te m p e ra tu re  o f  su p e rco n d u c tin g  tra n s i t io n . A ssum ing a 
L ifsh itz  s in g u la rity  in  th e  d e n s ity  o f  n o rm a l sing le-e lec tron ic  s ta te s , we o b ta in 
ed th e  n e x t e q u a tio n  fo r th e  d e te rm in a tio n  o f  th e  c ritica l te m p e ra tu re  T c

fo0{e°F) R e dm
rw

J 0

i Юt h ------
2 Tc

m + ir s m  R eГ
th

m
( 1 )о T  ____ ______

dm--- - —i г  (Va — со — ]Ax* — со) = 1,co + ii]
w here  th e  firs t te rm  is th e  re su lt o f  th e  A b r ik o s o v — G o r k o v  th e o ry  [2] an d  
th e  second te rm  is due  to  th e  s in g u la rity . In  th is  form ula th e  sym bols m ean : 
A th e  p o te n tia l o f e lec tron  — e lec tro n  in te ra c tio n , v0(ep) th e  d e n s ity  of th e  
reg u la r  no rm al sing le-electron ic  s ta te s  on th e  F e rm i surface o f  th e  pu re  m e ta l 
sF, cod th e  D ebye freq u en cy , Г г a n d  Г а are th e  ra te s  of n o rm a l a n d  spin f lip  
sc a tte rin g s  for an  e lec tron  a t  th e  F e rm i su rface  (p ro p o rtio n a l to  th e  im p u r ity  
c o n cen tra tio n ), M  is a c o n s ta n t d ep en d in g  on th e  effective m ass o f e lec tron :

V 2 m 3
2ti2

an d

* =  Га A Z d r nd+YP A z p r np—i Г п ^ — " + « °e - £ c ,

( 2 )

=  V d ^ Z d  r nd+ y p A Z p r np- \ - i — — — +  e^7 — ec ,
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w here  m x a n d  m 3 a re  th e  d iagona l e lem en ts  of th e  e ffec tive  m ass te n so r , AZd 
a n d  A Z p a re  th e  d ifferences in  th e  va len ce  o f dia- an d  p a ra m a g n e tic  im p u ritie s  
a n d  th e  n o rm a l m e ta l, y d a n d  yp are  c o n s ta n ts , sc is th e  c ritica l v a lu e  o f  elec
tro n  energy .

Superconductiv ity  a t  Tc =  0  °K

T h e  v a lu e  of T c m a y  be  decreased  to  ab so lu te  zero  owing to  th e  effects 
o f im p u ritie s . T his is due  to  p a ra m a g n e tic  im p u ritie s . In  th is  case, in  E q . (1) 
we h a v e

(3)

I f  Г а =  Г в0, w here  Г в0 is th e  v a lu e  a t  w hich T c =  0 accord ing  to  A b r i 

k o s o v — G o r k o v  t h e o r y ,  t h e n

/»CO

^ o(«f ) R e J
dw

=  1 (4)

W ritin g  Г ,  =  Г в0 -f- А Г в0 an d  using  th e  ite ra tio n  m e th o d  we h a v e , in an 
a p p ro x im a tio n  of f ir s t  o rd e r,

w here

zJ /]0 =  C R e _____ i(-̂ ri~l~-̂ s)~t~2 со______
(a)+í 7]0)(jAa0—со + focj + co)

M  r s0(co*D+ r i 0)

vo(e°f) md

( 5 )

T ak in g  in to  acco u n t t h a t  / " ' „ „ / c o d  ~  1, th e  ab so lu te  v a lu es  of sq u are  ro o ts  in 
th e  d e n o m in a to r  of E q . (5) are la rge , we m ay  w rite , ap p ro x im a te ly ,

A E n =  C R e ~~ Ê(-̂ no~t~ -Co) ( io +  ir s(l) — 2œ-\-2 irs0((o-\-irs0) j"'0

Y<*o +  V « o + w |i
(6)

T he v a lu e  o f А Г В0 we ca lcu la te  in  tw o  im p o r ta n t lim itin g  cases o f  experi
m e n ta l in te re s t.

a) I f  th e  scattering processes d o m in a te , e.g. y p 1, and  assu m in g , th a t  
Г пй =  0, th e n  expression  (6) has th e  form

i { r so— r r,)] n {m D +  i r s0) - 2 ( o D i ( r s0~ r n) In  i r s0

(1  +  i) /  wd +  ~2~ - ô) /2 * / ~2~ ( r n+ r s0)
( ? )
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S e p a ra tin g  th e  rea l p a r t ,  a fte r som e ca lcu la tion  we have

л г л = с
(Pso Pnpo)

Г Г
In (со%+ jT |o) — 2 arc ta n  ——

1° D
— 4 coD cos ß

4 m 2 1 ^ipo)
œ D  +

4

1/4

(8)

=  c
|(-TsO Pnpo)

Г Г  1 
ln  (û)£,+jTf0)-f-2 a rc  t a n ——

mD
+  4 mD sin  ß

4 2  I (PsOpPnpo) ®o T
4

1/4 +

С У,'п Г, ри In Г50,
( r so+ r npor

w here
1 -C o + 1пров =  -— a rc  ta n
2 2 со

A ccording to  th is  re la tio n  i f  M  > 0  (an d  co n seq u en tly  C <  0), th e n  
ЛГ3о >  0, b u t  if  M  <  0 (and th e re fo re  C >  0), th e n  ЛГз0 <  0. In  th e  f irs t  
case we can conclude th a t  an e lec tro n  group is g e n e ra te d  in th e  B rillou in  zone

Fig. 1

in d e p e n d e n tly  of th e  fac t th a t  o th e r  m echan ism s m ay  also c o n tr ib u te  to  th e  
decrease  of th e  c ritic a l te m p e ra tu re . B u t if  A T S0 <C 0, th en  we c a n n o t reach  
such a d irec t an d  d e fin ite  conclusion.

C urve a) in  F ig . 1 rep re sen ts  th e  A b r ik o s o v — G o r k o v  th e o ry  an d  on 
co m p arin g  th e  e x p e rim e n ta l cu rve  b) [3] w ith  o u r re su lt we f in d  a good ag ree
m e n t. T he curve c) w ould  rep re sen t an  alloy w hich  has a p ositive  effec tive  m ass. 
T h e  p o in t c co rresponds to  Г5 =  Г 80, an d  th e  p o in ts  d an d  e s ta n d  for M  <  0 
an d  M  >  0, re spec tive ly .
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W e can  m ake a n u m erica l e s tim a te  to  v e rify  o u r re su lts . W e shall use 
d a ta  fo r In :

rjn
r f0= 3 ,4 ° K ,  cod = 1 0 9  °K . r s0 =  —  y =  3,5 • I O '4 c a l/g ra d 2 m ol,

2  y

v°(e°F) =  9,2  • 1033 erg  1 cm  3, 

„  m*3'2 2 7 - 1 0 - «
1,41л2 14

m* =  1,4 me,

=  2 - 1 0 - 42gr3/2,

w here  is th e  e lec tron ic  m ass, у is th e  e lectron ic  specific  h e a t c o n s ta n t, and 
th e  effec tive  m ass o f e lec tro n  is assu m ed  to  be  iso trop ic  a n d  assum ing  
Г пр0 ~  102Г 5О. C om paring  th e  B C S-form ula fo r T c

l
Tc =  1,2 coD - e ~ * ^ ~

w ith  th e  A b r i k o s o v — G o r k o v  expression  fo r Г 50

a n d  hence

CO
« 2 +  / ’lo

1

Г м  ^  ® D e

1
Ar0(e3r)

we see t h a t  Г з0 ~  1 ,2TC. F ro m  th ese  d a ta  we o b ta in e d  A T s0l Г $0 ~  0 , 1 4 - 0 ,3 - 
b) I f  th e  change in  th e  Fermi surface topology h a s  a d o m in a n t role e.g- 

yp 1, a n d  assu m in g  t h a t  F nd ^  0 an d  A Z p ]>  0 , th e n  E q . (6) h as  th e  
fo rm  (a fte r  neg lec tin g  th e  im ag in a ry  p a r t) :

w here

A R n = M  r s0(co2D+ r f  q)

”o ( ^ ) D
X

Гcn(Гзо— Гпро) a r c t a n - —  + 2 coD
œD 71 Г -  гSO * п р 0

4 | / a „][<x0—COD У 3C0 +  O)D

о =  Ур AZp Г про >  COD an d  e°F =  ec.

(9)

B u t if  AZp 0, a f te r  s im ilar ca lcu la tio n  we h a v e

-I _  M  Ц  o( И д  + ^ У о ) ( ^ 0  ~^npo) _
50 r 0(e°F) 2 cob

_  ~ l n _ j o  _  l n K + / 1 o )

- \ \ x 0 i Í K l + ^ D  +  f |* o l  J
(10>
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W ith  re sp ec t to  e x p e rim e n ta l s i tu a tio n s  w e no tice  t h a t  th e  decrease in  
th e  c ritica l te m p e ra tu re  ow ing to  th e  ch an g e  in  th e  n a tu re  o f  th e  F e rm i s u r 
face topo lo g y  can  be m easu red  in d e p e n d e n tly  o f o th e r m echan ism s. N am e ly , 
ad d in g  d iam ag n e tic  im p u ritie s  w ith  -\-AZd a n d  — AZd to  th e  pu re  su p e rc o n 
d u c to r we can  m ake th e  p o te n tia l  of e le c tro n —electron in te ra c tio n  iso tro p ic  
an d  th e re fo re  th e  K a d a n o f f — Ma r k o w it z  m echan ism  [4] does n o t c o n tr ib u te  
w ith  a fu r th e r  increase o f  im p u ritie s .
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СВЕРХ ПРО ВОДИ М О СТЬ ПРИ Tc =  0 ° K  ВСЛЕДСТВИЕ ПРИМ ЕСЕЙ

И . К И Р Ш Н Е Р  и А . Ш Т А Р К

Р е з ю м е

Ранее полученный нами результат для определения зависимости критической тем
пературы от концентрации диа- и парамагнитных примесей применяется к  случаю, когда Т с 
стремится к нулю  вследствие влияния примесей. Вычисляется число столкновений в еди
ницу времени с переворотом спина для электрона на поверхности Ф ерми A rs0, когда гл ав 
ную роль играю т либо процессы рассеяния, либо изменение топологии поверхности Ф ерми. 
Полученные результаты  проверены сравнением с опытными данными и численной оценкой.
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THE EFFECT OF THE DENSITY DEPENDENCE 
OF THE FORCES ON FIRST ORDER FINITE NUCLEAR

CALCULATIONS
By

J .  N é m e t h

IN ST IT U T E  FOR  TH EO R ET IC A L PH Y SICS, RO LA ND  EÖTVÖS U N IV ER SITY , BUDAPEST

(Received 18. I I I .  1970)

H artree—Fock type of calculations are m ade w ith  density dependent forces, and  we 
exam ine the effect of density  dependence on the resu lts . The single partic le  and to ta l energies 
and the average radii of spherical nuclei are determ ined. The results a re  compared w ith  o th er 
calculations. Good agreem ent is found betw een theo re tica l and experim ental values.

I. In tro d u c tio n

T he m ost u su a l m eth o d  to  d e te rm in e  p ro p ertie s  o f f in ite  nuclei is th e  
H a r tre e — F ock  a p p ro x im a tio n . I t  is ap p licab le  only for w eak  forces. P h a se  
sh ift an a lysis  show s, how ever, th a t  th e  tw o -b o d y  forces a re  n o t w eak forces. 
T h ere  are  tw o  w ays o f avo id in g  th is  d ifficu lty . O ne is to  d ed u ce  from  th e  tw o - 
bo d y  sc a tte rin g  som e w eak  force w hich  f its  th e  sca tte rin g  d a ta  re la tiv e ly  w ell, 
an d  w hich a re  a lre a d y  app licab le  in  f irs t o rd e r  ca lcu la tions [1, 2]. T he o th e r  
p o ssib ility  is to  use B r u e c k n e r  H a rtre e — F o ck  ca lcu la tions [3, 4]. T here  one 
rea rran g es  th e  p e r tu rb a tio n  series b y  ru n n in g  up  th e  la d d e r  g raphs, a n d  in  
th is  w ay  a new  f ir s t  o rd er te rm  is deduced  w hich  a lread y  gives a b e tte r  f i r s t  
o rd er ap p ro x im a tio n .

T he b iggest p rob lem  w ith  th e  B r u e c k n e r  H artree— F o ck  ca lcu la tio n s  
is th e  double  se lf-consistency . O ne d e te rm in es  f ir s t  a single p a rtic le  p o te n tia l , 
from  th is  th e  single p a rtic le  w ave fu n c tio n s  b y  solving th e  Schrôd inger e q u a 
tio n , th e n  one d e te rm in es th e  G m a tr ix  e lem en ts , an d  from  th is  again  th e  s in g le 
p a rtic le  p o te n tia l, an d  so on. T he single p a r tic le  p o te n tia l is non-local, b ecau se  
o f th e  exchange te rm , w hich  m akes th e  w hole ca lcu la tion  process even lo n g er. 
O ne can  m ak e  a sh o rt c u t b y  usin g  h a rm o n ic  oscilla tor w av e  fu n c tio n s , as 
th e  rea l one, an d  fo rg e ttin g  a b o u t th e  H a r tre e — Fock  self-consistency , k e e p 
ing on ly  th e  B r u e c k n e r  one; th is  is, how ever, a b a d  ap p ro x im a tio n  for h e a v ie r  
nuclei.

A new  w ay  o f dealing  w ith  th is  p ro b lem  h as been developed  in  re c e n t  
years. U sing  th e  o rig inal local d e n s ity  ap p ro x im a tio n  of B r u e c k n e r  [3 ], one 
can develop i t  fu r th e r  b y  ap p ly in g  ce rta in  co rrec tio n s [5] a n d  as a re su lt one 
can  deduce an  effective tw o-nucleon  force, w h ich  is d e n s ity  d ep e n d e n t [6— 9] 
a n d  w hich gives q u ite  good re su lts  fo r f ir s t  o rd e r ca lcu la tio n s [8 10].
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In  th is  w ork  we ex am in e  in  d e ta il th e  so lu tion  o f th e  H a rtre e — F o ck  
eq u a tio n s  fo r d iffe ren t d e n s ity  d ep en d en t forces. A sh o rt re p o r t  of th e  fo llow 
in g  resu lts  h a s  been  a lread y  pub lished  [10] in  th e  P h y sic s  L e tte rs . In  th e  
second sec tion  w e deduce th e  H a r tre e — F o ck  eq u a tio n s  fo r o u r  d ensity  d e p e n d 
e n t  force; in  th e  th ird  we ex am in e  th e  m e th o d  for th e ir  so lu tions, an d  in  th e  
fo u r th  we d iscuss th e  re su lts .

II. H artree—Fock equation w ith density dependent forces

The d e n s ity  d ep en d en t fo rce  we use fo r  th e  рдг =  Qp case can be  w r it te n  
as [7, 8]

® = f ( e ( R )) ó(ri — r2)+«e(r, e) g ( e )  , (2,i)
w h e re /(p )  can  b e  o b ta in ed  f ro m  th e  n u c lea r  m a t te r  energy  d en sity , an d  ve — 0 
i f r  < 1  fm .  T h e  d en sity  d ep en d en ce  of th e  lo n g  range fo rces can be w r itte n  as

ve(r, о) =  tq(e) —  e (rx)1/3 Q(r2)113 v 2(r), (2,2)

g(e) =  1 —  2 Bp2'3 —  2CqiIs. (2,3)

В  a n d  C a re  c o n s ta n ts , a n d  ve is d iffe re n t fo r th e  d iffe re n t p a r tia l  w aves, 
a n d  is th e  sum  o f Y ukaw a te rm s .

T he to ta l  energy  can b e  w ritte n  as

W  =  JFkin +  j w(ç(R))d3R  +  y -  j V?(r) g(Q(ri)) .

[e*(r i)e (r 2) — Qir i)2]d3rid3ri —

y j vf ( r)g (e(r i)) te(r i)4/3 е(г2)4/3— e( ri)8i3] d 3 r i d 3 r 2 +

+  у  J  v*(r) g{o(r i)) [p(r ir 2)2 —  т(гх q(R))2] d3 r1 d 3 r2 —  (2 ,4

у  I v2 (r) g(e(ri)) [e(rir2)2 Q(ri)1/3 e(r2)1/3 —

T (r , Q(R)r-Q(R)2'3] d 3r1d*r2 +

+ f j
1+ s ( ? ( r i)) eiri)Q(r2) d3r1d3r2 ,

an d  r  is th e  n u c lea r  m a t te r  exchange d e n s ity

2 s in  k F(R) r —k F(R) r cos k F(R) r
r  = (2,5)
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fcp is the Fermi momentum, v D, v x are the direct and exchange combina
tions of the total forces, respectively, l V kin is the kinetic energy and the last 
term the Coulomb energy, corrected by a factor arising from the local density 
approximation [6, 7, 8]. For the o n =f= op case the energy is a much longer 
expression and can be found in [7].

From (2,5) we can get the Hartree—Fock equations

-  T T ' F V ' t a )  +  x ( e ( r i))<PÁr i )  +2m

+  J ß ( g ( r i), g ( r 2),  r v  r 2) d 3 r2 cpi (rx) +  (2,6)

+  J у(е(н r2), Q i r J ,  e ( r 2) ,  r v  r 2) d 3 r 2 9P/(ri) +

+  J Н в (г1 гг)’ e^i), g{r3), tj, r2) 9j/(r2) d3 r2 =  e,99Дгх) ,

where the various terms are given in the Appendix.
The Hartree—Fock equations can be solved in coordinate space or on 

a harmonic oscillator wave function basis. In our case the last method is very 
difficult in practice, because we have g1̂3, q' 3̂ in our calculation. We used the 
coordinate space solution method of Vautherin and Veneroni [2] who sub
stituted the non-local potential with an equivalent local potential, namely 
after integrating out for the angle the remaining

jfe(rir2)M,(r2)d3r2 (2,7)

integral is replaced by an equivalent local expression

* . Г4 rl г г)  ui(rl) uiir2) d 3 r2 , (2,8)
M,(ri) J

and we avoid the poles of at r 1 =  r 0 by calculating (2,8) for r0 — e and
r0 -f- s values, and linearly connecting the two terms (e <g).

Because of the p dependence of the effective forces, in (2,6) we have 
dvterms coming from---- so we get the so called rearrangement expressions.
0p

This arises because when we change the wave function, the total density also 
changes and, therefore, so does the effective force. The effect of the rearrange
ment term is very important. For density independent forces the total energy 
can be written as

E  =  (*'■ +  e') (2 ’9)

where t,- is the kinetic, e,- the single particle energy. From known ei - s we 
can roughly determine E ,  because i,- is almost the same for the known models.
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W e o b ta in  \E\ as sm alle r th a n  its e x p e rim e n ta l va lue . F o r  den sity  d ep en d en t 
forces th e  to ta l  en erg y  ca n  be w ritte n  as

2  (* /+ eí) 2
и

dv

3 в
ÔQi lJ ( 2 , 10)

in s te a d  o f  as in  (2,9), a n d  th e  re a rra n g e m e n t te rm  c o rrec ts  th e  a b o v e  m en 
tio n ed  c o n tra d ic tio n . T h is  m eans t h a t  f i r s t  o rder ca lcu la tio n  can n o t g ive well 
all th e  e x p e rim en ta l re su lts , b u t  th e  d e n s ity  d ep en d en ce  o f th e  fo rces, w hich 
comes fro m  th e  inclusion  o f  h igher o rd e r  te rm s , can  p ro v id e  good re su lts .

III. Solution of the H artree—Fock equations

T h e  so lu tion  o f th e  H a rtre e — F o c k  equ a tio n s w as carried  o u t o n ly  for 
sp h erica l nucle i, w ith  th e  m ethod  o f V a u t h e r in  a n d  V e n e r o n i [2 ].

I f  w e w rite  th e  long  range fo rces in  th e  form

«  =  M « ( r x  -  r 2 )  +  W(r, e) +  B(r, Q)P a -  H ( r ,  Q)P r -  M ( r ,  q) Pa P T, ( 3 , 1 )
w here

P  = l + 0 i 0 2 p  =
1 + т г -т2

(3,2)

a re  th e  sp in  and  isosp in  p ro jec tion  o p e ra to rs , an d  w e expand  th e  Y ukaw a 
te rm s as

u ( | r i  —  г г |)  =  2  V B  ( r i r 2 ) P k  ( c o s  ô i2 )>В

th e  H a r tre e — Fock e q u a tio n  can be  w r it te n  as

A M  „  , 1(1+ 1) \ , V ,  V /  V- ■ “ » H------^ 2 ----- “ a +  K(r) Ux(r) =  ea u.(r) ,

w here Vx is th e  to ta l  eq u iv a le n t local p o te n tia l

K (r)  =  — 7 — Г  rr' Ux(rr')dr' B«(r')
M r) Jo

a n d  fo r  d e n s ity  in d e p e n d e n t forces

4 j T

U*{r 1 r2) =  —  <5(rj -  r2) I e (r3) t>0(r, r3) d3 r3 —

- « . + i ) ^ ( * v n , ( v n g ; î  J)'
r k*ß(r 1 r2) Qß{rx r 2) ds r2 ,

(3,3)

(3,4)

(3,5)

(3,6)
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w h ere  x, ß deno tes th e  j x, /a, qa q u a n tu m  n u m b er se t,

«о =  3IF0 +  ~ B o ----- T~H o — M 0 ,
3 4

К J. 1/2)

Za Iß к
0 0 0 ,

Ia Ja 1/2
jß Iß к

jß Iß к 

is th e  C lebsch— G ordon an d

th e  R acach  coefficient.

(\ a 4 ß  ~ H k \  +  B k Ö4a4ß—M k

(3,7)

In  th e  case o f d en sity  d e p e n d e n t forces th e  w hole ca lcu la tio n  becom es 
m ore  com plica ted , because  W , В , H , an d  M  now  d ep en d  on th e  d e n s ity . In  
th is  case in  (3,6) in s te a d  o f v0 a n d  Г клр we h av e  to  su b s titu te

v'o = * > o + 2 g ( r i ) 3 f0 (G  r3Q(r J  e (r3))

Г 'ш  =  A a/3 + 2  à(r1—r2) Qß(ri r3)

M ri)

9 ^ ( r i r3g(r i)g ( r3))
э е ^ )

(3,7a)

(3,8a)

To ge t good n u m erica l re su lts  we h av e  to  in tro d u ce  a single p a rtic le  
sp in -o rb it force

Vl s  =  cLS Is, (3,9)

w here c is d e te rm in ed  from  e x p e rim e n ta l f ittin g , b ecau se  th e o re tic a l ca lcu la
tio n s  c a n n o t be ca rr ied  o u t if  one ap p ro x im a te s  th e  te n so r  force w ith  a d en sity  
d e p e n d e n t effective force.

T he n u m erica l so lu tion  of th e  equ a tio n s (3,4) consists o f th e  follow ing
step s :

a) F irs t we d e te rm in e  th e

Vk(r 1 ri) =  J  «(«Л  —  r 2)P k ( COS ®)dQ 

ex pressions, w here —  r 2) is th e  sum  of Y u k aw a  te rm s

e - m \n - r , \

W e d e te rm in e  vk(rv  r 2) for every  к, ц, rx an d  r 2 v a lu es , an d  th e  re su lts  are  p u t  
on a d ru m  for ev e ry  rx v a lue  as a fu n c tio n  of ßi, к a n d  r 2.

«(r i —r 2) =
i
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b) W e solve th e  s in g le -partic le  S ch rôd inger e q u a tio n  fo r g iven  in itia l 
c o n d itio n s  an d  e q u iv a le n t local p o te n tia l . F o r th e  f irs t  ite ra tio n  th e  s ta r tin g  
p o te n tia l  is a S axon— W ood one. I n  th is  w ay  we g e t th e  single p a r tic le  energies 
a n d  w av e  fu n c tio n s.

c) K now ing  th e  w ave fu n c tio n s  we d e te rm in e  th e  n e u tro n  a n d  p ro to n  
d en sitie s  a n d  m ean  sq u a re  ro o t ra d ii.

d) W e ca lcu la te  th e  C oulom b p o te n tia l, th e  sp in -o rb it p o te n tia l ,  an d  th e  
local d e n s ity  d e p e n d e n t p o te n tia l com ing  from  th e  d irec t te rm s.

e) W e d e te rm in e  in  a su b -p ro g ram m e th e  in te g ra ls  fo r ev e ry  ц ,  к ,  a, ß 
a n d  гг v a lu e . F o r h e a v y  nuclei (like lead) к =  13, a , ß — 38 an d  r x h a s  a value 
of 150 so th a t  th is  is b y  fa r  th e  lo n g e s t p a r t  o f th e  ca lcu la tions.

f) W e d e te rm in e  in  a su b -p ro g ram m e th e  R acach  and  C lebsch — G ordon 
coeffic ien ts  n eeded  fo r  th e  exch an g e  p o te n tia l.

g) W e ca lcu la te  th e  n o n -lo ca l exchange p o te n tia l ,  an d  ex p ress  it  w ith  
th e  h e lp  o f an  e q u iv a le n t local p o te n tia l .

h) F ro m  th e  C oulom b, spin o rb it , d irec t a n d  e q u iv a len t ex ch an g e  p o te n 
tia ls  w e c o n s tru c t th e  to ta l  single p a r tic le  p o te n tia l  fo r every  s ta te  as a fu n c 
tion  o f  rv

i) W e ca lcu la te  th e  to ta l  en e rg y . This is n o w  n o t  such a sim ple calcu la
tio n  as in  th e  u su a l H a r tre e — F o ck  case, because  o f  th e  re a rra n g e m e n t te rm .

j)  W ith  th e  n ew  p o te n tia l w e ag a in  solve th e  Schrôd inger eq u a tio n  and 
re p e a t th e  whole p ro g ram m e.

S ince th e  ex ch an g e  energy  ca lcu la tio n s  are  v e ry  long, fo r th e  f ir s t  e igh t 
i te ra t io n s  we used  th e  S la te r a p p ro x im a tio n , a n d  o n ly  in  th e  la s t  f iv e  d id  we 
use th e  to ta l  exchange  p ro g ram m e.

IV. T he resu lts

T h e  ca lcu la tio n s w ere ca rr ied  o u t for tw o  d iffe ren t cases. I n  one case 
in  th e  long  range  fo rces an d  in  th e  g(g) c o rre c tio n  fa c to r  we su p p ressed  th e  
d e n s ity  d ependence  fo r  w hich we s u b s titu te d  i ts  n u c le a r  m a tte r  v a lu e . In  th e  
o th e r  case th e  long ra n g e  d en sity  d ep en d en ce  w as ta k e n  in to  acc o u n t. W e also 
ex am in ed  th e  effect o f  th e  d iffe ren t te rm s on th e  ra d ii an d  energ ies, so for 
th is  rea so n  we c h an g ed  th e  va lu es  o f  th e  d iffe re n t p a r ts  of th e  forces.

a) T h e  m ean  sq u a re  roo t ra d ii
T ab le  I  show s th e  n eu tro n  a n d  p ro ton  rad ii o f  th e  spherica l nucle i. W ith  

rc w e n o te  th e  ch a rg e  rad iu s
r2c =  r2p +  0.6.

W e also  show  th e  ra d ii  fo r th e  lo n g  range  d e n s ity  in d e p e n d e n t case. I t  can 
be  seen th a t  for th e  d e n s ity  d e p e n d e n t case th e  ra d ii  decrease. T h e  reason  for 
th is  is t h a t  th e  d e n s ity  becom es b ig g er a t  th e  c e n tre  an d  sm aller a t  th e  sur-
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Table I

The average neutron, proton, and charge radii of spherical nuclei. The A 1'- s are the results 
of the density  dependent, the A*'- s th e  density independent long range force calculations. 
r cexp is the experim ental charge density, r c^  the results of D a v ie s  and T a b b u tto n  [4], rcW the 

results of K ebm a n n  e t al. [1] and r c<8) the results o f V a u t h e b in  and V e n e b o n i [2]

r„W rp<1> re<‘ > '»<■> rc exp r.<*> -><*> rc<5>

I6Q 2.63 2.66 2.75 2.69 2.72 2.81 2.73 2.67 2.39 2.77
«°Са 3.30 3.36 3.45 3.36 3.42 3.59 3.50 3.30 2.89 3.52
,8Ca 3.66 3.43 3.52 3.69 3.50 3.57 3.49 3.34 2.79 3.60
90Zr 4.23 4.16 4.23 4.28 4.22 4.29 4.30 3.03 4.32
208pb 5.53 5.38 5.44 5.58 5.42 5.48 5.52 5.14 5.50

face. F o r  com parison , in  T able I  w e also show  th e  ex p e rim en ta l va lues an d  
th e  re su lts  of som e th e o re tic a l c a lcu la tio n s  [1, 4 , 2 ],

I f  we slig h tly  decrease th e  to ta l  value o f  th e  forces o r  decrease th e  
s a tu ra tio n  d e n s ity  o f th e  n u c lea r m a tte r , th e  m ean  square  ro o t rad ii w ill 
increase . I f  we in crease  th e  a t t r a c t io n  in th e  lo n g e s t p a r t  o f th e  long range  
forces a n d  decrease i t  in  th e  m ed iu m , th e  rad ii w ill again  increase . T he reason

Table II

The energies per particles of spherical nuclei (1), (2), (3), (4), (5) are the  same as in 
Table I, E q and E x  can be seen from  (4, 2), and E /j is the rearrangem ent energy

E / A E r Ej)

1 2 1 2 1 2

16Q —7.73 —7.60 — 4.89 — 4.65 3.33 3.52
40Ca —8.32 —8.25 — 5.65 — 5.42 2.57 2.31
48Ca —8.02 —7.9 — 5.43 — 5.25 2.32 2.12
90Zr —8.20 —8.02 — 6.05 — 5.83 1.50 1.23

208pb —7.45 —7.21 — 7.63 — 7.37 1.46 1.19

E X
( E /A ) ex p E/A<3> E/A<*> E/A<‘>

1 2

16Q 0.54 0.70 — 7.98 — 4.81 — 2.94 —6.05
40Ca 0.62 0.82 — 8.55 — 5.64 —3.96 —6.43
48Ca 0.67 0.90 — 8.67 — 5.3 —3.41 —6.10
90Zr 1 1.15 — 8.71 — 5.99 —6.28

208pb 0.82 1.00 — 7.87 — 5.20 —5.52
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Table III

The single particle energies of 160 , 40Ca and 48Ca for density-dependent (1) and density-indepen-

«0

1 2 1

neutron proton neutron proton neutron proton

1 * l/2 — 34.26 — 30.53 — 33.80 — 30.40 45.25 — 37.74

1 p 3U 
1 P xlt

— 19.39

— 14.76

(— 15.67)

— 15.85

— 11.25

(— 12.15)

— 19.21

— 14.85

— 15.92

— 11.55

— 33.19
—33.06

— 25.97

— 22.84

1 d s/2
2 s V2 

1 dV2

— 20.77

— 16.85

— 15.53

(— 15.62)

— 13.81

—  9.83

—  8.61 

(—  8.33)

1 П г

fo r th is  is clear: in  o u r case th e  a t t r a c t iv e  long ra n g e  p a r t  ac ts  as a repu lsive  
force, because

j a - ^ - — [p (r2) - p ( ri ) ] d 3 r2 (4,1)

is p o s itiv e  for n e g a tiv e  a .
b) T h e  energ ies o f nuclei
A s can  be seen in  (2,4), th e  t o ta l  energy  can  b e  w ritten  as

—r~ =  E NM-}-ED-\-Ex -{-E'C0Ul , (4,2)
A

w here E ^ M are th e  f ir s t  tw o te rm s  in  (2,4), E d d ire c t, E x  th e  ex ch an g e  cor
rec tio n s  a n d  -Ecoul th e  Coulom b en erg y . In  T able I I  w e can find  th e  energ ies p e r 
p a r tic le  o f  d iffe ren t n ucle i and  th e  d iffe ren t te rm s  in  (4,2). One can  also see 
from  T a b le  I I  th e  im p o rta n c e  of th e  re a rra n g e m e n t energy . In  T ab le s  I I I  an d  
IV  we can  find  th e  single p artic le  energ ies of d iffe re n t nuclei. In  each  T ab le  
we also  show  th e  en e rg y  values fo r th e  d en s ity -in d ep en d en t long ra n g e  forces. 
O ne can  see th a t  th e  deep  single p a r t ic le  energies becom e m ore b o u n d e d  fo r 
the  d e n s ity  d ep en d en t case, and  th e  to ta l  b in d in g  increases. T he resu lts  a re  
in  v e ry  good ag reem en t w ith  e x p e rim e n ts , as can  b e  seen from  T a b le s  I I ,  I I I ,  
IV  ( th e  ex p e rim en ta l va lues are  p u t  in  b rack e ts ) . W e also co m p ared  our 
en e rg y  re su lts  w ith  o th e r  ca lcu la tio n s.

T h e  d en sity  d e p e n d e n t effec tiv e  forces give v e ry  good re su lts  in f irs t 
o rd e r ca lcu la tio n s. T he single p a r tic le  a n d  to ta l  energ ies and  th e  ra d ii are in 
v e ry  good ag reem en t w ith  ex p e rim en ts . I t  seem s to  us th a t  b y  d ed u c in g  our 
e ffec tive  forces w ith  th e  help  of th e  m odified  local d e n s ity  a p p ro x im a tio n  we
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dent (2) long range forces. The values in parentheses mean the last nucleon’s separation energies

40Ca «Ca

2 1 2
neutron proton neutron proton neutron proton

— 44.70 — 37.26 — 42.89 — 41.03 — 43.40 — 41. 87

— 32.73 — 25.32 —31.30 — 31 — 31.75 — 31.68
— 32.41 — 22.16 —29.49 — 28.86 — 29.93 -29.51

— 20.32 — 13.51 — 19.66 — 20.11 — 19.82 — 21.93
— 16.53 —  9.63 — 16.77 — 16.50 — 16.91 — 17.15
— 15.45 —  8.70 — 16.11 — 15.08 — 16.13 — 15.72

(— 15.60)

—  7.97 —  8.12

(—  9.94)

h av e  succeeded  in f in d in g  a w ay to  ta k e  in to  accoun t th e  b iggest c o n tr ib u tio n  
of th e  h ig h e r order p e r tu rb a tiv e  te rm s  in  f irs t o rder ca lcu la tions.

Acknowledgements. T he au thor wishes to  express her th an k s  to  Prof. H. A. B e t h e  for 
his help in  deducing the effective potential. M any thanks are due to  D r. A. Va u t h e r in  for 
helping to  w rite the code of th e  H artree—Fock program m e and  to  Drs. M. Ye n e r o n i  and 
G. R ip k a  for valuable discussions. I  am very  gratefu l also to P rof. M. J ea n  and The U ni
versity  of O rsay for their k ind  hospitality.

A ppendix

I f  w e m inim ize th e  (2,7) energy  as a function  o f  we get th e  e q u a tio n  
(2,8) w here

94 e ( r i))
8e (r i)

(АД)

ß  =  vF(r) g(Q(ri) [e (r2) - e ( r i ) ]  +  » f  (r) e (rj) [e(r2) - p ( r j  X
Z 00(r jJ

x  1 Г  e (r i)1/3-

- ~  v?(r) о{г,)ф  -
2 dQirJ

9g(e(r i)) 
9e(ri)

T2( r i ^ ( r i)) + (A ,2)
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Table IV

The single partic le  energies of 208P b , 90Zr for density-dependent (1) and density-independent 
(2) long range forces. The values in  parentheses m ean the last nucleon’s separation energies

•»Zr I *°»Pb

1 2 2
neutron proton neutron proton neutron proton neutron proton

I s  V* — 50.02 — 42.92 — 49.82 — 42.70 — 50.61 —40.28 — 51.02 39.29

1 p 3U — 40.75 — 34.72 — 40.51 — 34.17 —44.97 —35.78 — 42.21 — 34.57

l  P  Чг — 38.99 — 32.75 — 38.73 — 32.23 — 44.37 — 35.14 — 44.82 — 34.39

1 d  ®/2 — 30.32 — 25.37 — 30.11 — 24.76 — 38.56 — 29.82 — 38.97 — 28.81

2 *  V2 — 27.42 — 21.33 — 27.23 — 20.87 — 36.19 — 26.92 — 36.65 24.95
1 d 3/2 — 27.60 — 22.30 — 27.41 — 21.76 — 38.35 — 28.51 — 38.77 — 27.50

1 /  7/2 — 20.39 — 15.94 — 20.18 — 15.21 — 31.55 — 23.21 — 31.97 — 21.13

2 P 3/2 — 16.40 — 10.36 — 16.21 —  9.67 — 28.09 — 19.15 — 28.51 — 18.07

i / 5/ 2 — 15.96 — 11.11 — 15.77 — 10.52 — 29.51 — 20.97 — 30.08 — 20.03

2 p  V. — 14.60 —  8.57 — 14.42 —  8.13 — 27.12 — 18.14 — 27.87 — 16.12

(—  8.36)

9/2 10.20 — 10.03 — 24.10 — 15.82 — 24.53 — 14.57
( - 1 2 )

2 d  5/2 — 19.86 — 11.12 — 20.31 — 10.35

1 «  7/ 2 — 21.02 — 12.54 — 21.76 — 11.78

3 s V2 — 17.93 — 8.83 — 18.52 —  7.67
2 d  3/2 — 18.16 — 9.40 — 18.78

1 A u /2 — 15.95 —  7.89 — 15.95 8.53

(—8.03)

2 f 7U — 11.50 — 12.03 —  7.30

1Ä  9/2 — 11.77 — 11.77

3 p  3/2 —  8.99 —  9.57

2 /  5/ 2 —  9.18 —  9.72

1 * 13/2 —  8.13 —  8.23

3 p  V* e —  7.62 —  8.21

( — 7.37)
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+  g ( Q( r i)) *(r ,Q(r :i)) ЭТ̂ 'Д(Г|) ] +
9 Q ( П  J

+  e(r1)2/3T2(r1g(r])) +
2 a ^ r j )

+  ^ - g ( e ( / - i ) ) e ( '- i ) _1/3T2( ,' ^ ( r i))  +

+  g  ( e ( r i ) )  Q(r i Ÿ 13 r  ( ® i 9 ( r i ) )  9 t ,
9e(ri)

у  =  4 - < ( r ) - 9 g (g (ri)) е(гд í-2)2 —
2 9e(r!)

-  Д - «  W е ^ г ) 1'3 Q(r2)113 +  (A,3)
2 L 9?('"i)

+  e ( r i ) - 2/3 e (r2)1/3 g  (e (rj)) e (rx r2)2,

a =  [vf(r) -  i>f(r) p ^ ) 1/3 p(r2)V3] g  (о(гг)) p(r, r2) . (A ,4)

I f  we h av e  d iffe ren t n e u tro n  a n d  p ro to n  densities, th e  to ta l  energy  can  
be  w ritte n  as

W =  Wkin .+ ju> (on(R), 6p(R)) æ  R  +

+  ~y  j ^ D(r i Qn) gi(ôn(ri)) f e n f o ) - e „ ( r i) ]  en(rj) d3 rx d3 r 2 +

+  - “- J  vlD(ri Qp) gi(ep) [ep(r 2) M r i H M r i)2] d3 *1 d3 r2 +

+  J »2D{r, Qn, Qp) g2{Qn Qp) [М Гг) - e n(ri)] M ri) d3 ri d3 r2 +

+  ®îx(ri Qp) gi{Qn) [M ri r2)2- T 2(rp„)] d3 rx d3 r2 +  (A,5)

+  ~ ~ J vlx(rQp) gi{Qp) [ M ri r2y- - x \ (rpP)] d 3 rx d3 r2 +
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+  J  v\x(rgn Qp) g2(gn Qp) [on(rL r2) Qp(ri r2) —

— rn(rQ„) Tp{rQp)] æ  r, d3 r2 +

I__ C_  Г l+ g l(g p )  gp(ri) gp(r2) ^3 r ^3 r
^  8 J 2 |rx- r 2| 1 2

an d  from  th is  we get a coup led  d iffe ren tia l-in teg ra l e q u a tio n  system  fo r Qn, Qp

h 2l2 m  ■d?>"(r1) +  * i(g n (r 1)'> g p (r i ) )  T ? (r i)  +

+  J  ßi(Qn{ri) gp(ri) g„(r2) gP(r2) ry r2) d3 r2 (pln(ry) +

+  J  yi(gn(r i гг) gp(ri r2) Qn(ry) g„(r2) gp(rx) pp(r2) d3 r2 ç>?(rx) +

+  J  < 5 ( g n ( r i  r 2 )  QP(ry r 2 )  0„ ( Г 1 )  o n ( r 2 )  ry r2) cp?{r2) d 3 r2 =  e ?  ^ ( r x )  
an d  a s im ila r eq u a tio n  fo r (рР(гу). W e can  solve th e  sy s tem  b y  ite ra tio n .

R E F E R E N C E S

1. A. K. K er m a n , J .  P . S v e n n e  an d  F . M. H. Y ill a r s , P h y s . R e v ., 147, 710, 1966.
2. D. V a u t h e r in  an d  M. V e n e r o n i, Phys. L e tt . ,  25B, 175, 1967.
3. K . A. B r u e c k n e r , J .  L. Gam m el  and H . W e it z n e r , Phys. R ev ., 110, 431, 1958.
4. K. T. R . D a v ie s , M. B a r a n g e r , R. M. T a r b u t to n  and T. T . S. K uo, P h y s . R ev., 177,

1519, 1969; M. B a r a n g e r , to  be p u b lish ed .
5. H . A. B e t h e , P h y s . R e v ., 167, 879, 1968.
6. J . N é m e t h  an d  H . A. B e t h e , Nucl. P hys., A116, 241, 1968.
7. J . N é m e t h , A cta  P h y s . H ung 28, 53, 1970
8. J . N é m e t h , to  be p u b lish ed .
9. J .  N é m e t h  an d  G. R ip k a , to  be p u b lish ed .

10. J .  N é m e t h  and  D . Va u t h e r in , P h y s . L e t t .  32B 561, 1970

В Л И Я Н И Е  ЗАВИСИМОСТИ СИЛ ОТ ПЛОТНОСТИ П Р И  РАСЧЕТАХ СВОЙСТВ 
К О Н Е Ч Н Ы Х  Я Д Е Р  В П ЕРВО М  П О РЯ Д К Е  П Р И Б Л И Ж Е Н И Я

Й . Н Е Й М Е Т

Р е з ю м е

Проведены вычисления типа Х артри—Ф ока с учетом сил, зависящ их от плотности и 
исследовано влияние зависимости плотности от сил. Определены полная и одночастичная 
энергия, средний радиус сферического ядра. Получено удовлетворительное согласие теоре
тических и экспериментальных данных.
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THE GLOBAL STRUCTURE OF THE UNIVERSE 
AND THE DISTRIBUTION OF QUASI-STELLAR OBJECTS

By

G . P a á l

KONKOLY OBSERVATORY, B U D A PEST

(R eceived 14. IY. 1970)

Periodicities in  th e  frequency d is tribu tion  of quasars according to  th e ir  redshifts (as 
well as o ther proposed regularities in th e ir d istribution  on th e  sky) are shown to  be compatible 
w ith  th e  cosmological in te rp re ta tion  o f th e  redshifts: th e y  m ay  be ap p aren t geometrical 
phenom ena in world m odels w ith m ultip ly  connected space sections. I t  is therefore  a miscon
ception th a t  significant regularities would necessarily im ply th e  existence of in trinsic  redshift 
com ponents in the spectra  of quasars as generally s ta ted  in  the astronom ical literature . 
Some fu rth er rem arks on the  connectivity  properties of cosmological models are also m ade.

T here  are  a n u m b e r  of a rg u m e n ts  to  in d ic a te  t h a t  th e  re d sh if ts  of QSOs 
are  cosm ological [1, 2]. On th e  o th e r  h an d  i t  h a s  been  argued  re c e n tly  th a t  
Q SOs ap p e a r to  e x h ib it such a n o n -ran d o m  c h a ra c te r  in  th e ir  d is tr ib u tio n  b o th  
acco rd in g  to  re d sh if t an d  position  w hich could o n ly  m ean th a t  th e  redsh ifts  
a re  an  in trin sic  p ro p e r ty  of th e  Q SO s [3]. C erta in  suggested  p ro p e rtie s  of th e  
d is tr ib u tio n  have  since  failed  to  p a ss  th e  sign ificance te s ts , b u t ,  o f  course, h av e  
n o t  b een  d isp roved  in  th is  w ay [4]. O th e rs  seem lik e ly  to  he of som e im p o rtan ce , 
w hile  m ost of th e m  h a v e  rem ain ed  w ith o u t due  ana lysis . P u t t in g  aside th e  
issue o f s ta tis tic s , th is  n o te  aim s a t  calling a t te n t io n  to  th e  fa c t,  a p p a re n tly  
un reco g n ized  b y  b o th  sides of th e  d eb a te , th a t  reg u la ritie s  in  q u a sa rs ’ d is
tr ib u tio n  ad m it th e  cosm ological in te rp re ta tio n  o f  th e  red sh ifts  in  a w ide class 
of cosm ological m odels.

L e t us consider a space-tim e described  b y  a R o b e rtso n — W a lk e r m etric . 
W e th e n  hav e , w ith  th e  usual n o ta tio n s ,

ds°- =  dt' —  Щ 1) [d%- +  S2(Z)(d<92 +  sin20d<P-)].

This line e lem ent fo r  t =  const is com patib le  w ith  in fin ite ly  m a n y  topo log ic
a lly  d iffe ren t space fo rm s of c o n s ta n t cu rv a tu re  [5]. C learly  som e cosm ological 
m odels w ith  m u ltip ly  connected  sp ace  sections a u to m a tic a lly  p ro d u ce  a p p a 
re n t period icities in  th e  d is tr ib u tio n  o f su ffic ien tly  o ld  ob jec ts —  reg ard ed  as 
neglig ib le te s t  p a rtic le s  —  w hich a re  d is tr ib u te d  in  a n o t  s tr ic tly  hom ogeneous 
m a n n e r , i.e. w hich co n s titu te  la rge-scale  “ c louds”  in  a u n iv e rse  otherw ise 
hom ogeneous in f i r s t  a p p ro x im a tio n . E ssen tia lly  th e  sam e c louds —  seen a t  
d iffe ren t stages o f th e ir  evo lu tion  —  could  be o b serv ed  re p e a te d ly  in  th e  m odels
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u n d e r  co n sid e ra tio n . I n  re a li ty  th e  c louds m ay  be “ lo ca l”  (in th e  sense o f being 
s i tu a te d  a t  th e  d is tan ce  o f th e ir  f i r s t  appearance) y e t  th e  ro u te  covered  by  
th e ir  l ig h t m ay  be m easu red  a p p ro x im a te ly  b y  th e ir  re d sh if ts  in s u ita b ly  chosen 
m odels (see la te r). In  th is  con n ec tio n  tw o  po in ts  a re  to  be n o ticed . F irs tly , 
c o n tra ry  to  th e  case o f a sim ply  co n n ec ted  spherica l space, in ou r m odels th e

cloud

f re q u e n c y  of lig h t rev o lu tio n  has n o th in g  to  do w ith  th e  c u rv a tu re  o f  th e  space 
in  q u es tio n . (Cf. th e  an a lo g y  o f th e  surface o f a n y  in fin ite ly  lo n g  cy linder, 
w h ich  h as  zero G au ssian  c u rv a tu re  ju s t  like th e  E u c lid ean  p lane .) Secondly, 
th e  l ig h t tra v e l tim e  fo r a rev o lu tio n  m a y  well be m o re  th a n  th e  age o f in d iv i
d u a l o b jec ts , if  th e  c lo u d , as such, ou tliv es  th em . —  W e see no s tro n g  reason 
w h y  th e  la t te r  a ssu m p tio n  shou ld  n o t  ap p ly  to  “ c lu s te rs”  of QSOs.

I t  is know n fro m  th e  e lem en ts  o f geom etry  [6] t h a t  an y  space  form  of 
c o n s ta n t  c u rv a tu re  can  be  derived  from  a sim ply  co n n ec ted  sp h erica l, f la t or 
h y p e rb o lic  “ u n iv e rsa l covering  sp ace”  b y  in tro d u c in g  in to  th e  la t t e r  a d is
c o n tin u o u s  group o f fix ed  p o in t free  isom etric  tra n s fo rm a tio n s  a n d  id e n tify 
ing  its  p o in ts  w hich co rresp o n d  to  each  o th e r acco rd in g  to  th e  tra n s fo rm a tio n s  
of th e  group . —  F o r  exam ple  b y  th e  group  of p a ra lle l tra n s la tio n s  (n tim es 
a g iven  len g th  d) a c y lin d e r is o b ta in e d  from  th e  tw o -d im en sio n a l E uclidean  
space . (See Fig. 1). As a consequence  one finds t h a t  th e  observab le  p ro p erties  
o f a m u ltip ly  co n n ec ted  m odel u n iv e rse  of th e  consid ered  ty p e  a re  iden tica l 
w ith  th o se  of a co rresp o n d in g  “ u n iv e rsa l covering  m o d e l”  p o p u la te d  b y  equal 
co n fig u ra tio n s  in  s tr ic t ly  co n g ru en t cells an d  all th e  k n o w n  fo rm ulae  o f  observ 
a tio n a l cosm ology h o ld  in  th is  c ry s ta l-lik e  covering . These m odels n a tu ra lly  
show  period ic ities in  th e  sp a tia l co o rd in a te  d is ta n c e , %. H ow ever, w hen  th e y  
a re  ap p lied  to  th e  re a l u n iv erse , e v o lu tio n a ry  effects a n d  o b se rv a tio n a l selec
tio n s  h a v e  to  he a c c o u n te d  for, w h ich  m ay  m ak e  th e  perio d ic ities  obscure. 
A lth o u g h  i t  is p re m a tu re  to  d iscuss th e  question  o f  th e  b est f i t t in g  m odel on 
th e  b as is  o f th e  in a d e q u a te  in fo rm a tio n  ava ilab le , th e re  are  still som e rem arks 
r e la tin g  th e se  m odels to  o b se rv a tio n s  w hich seem  to  be p e r tin e n t.
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One easily  finds m odels in w hich th e  period  is “ n o rm a l”  in one reg ion  
of th e  sky  a n d  “ doub led”  in  an  a n tip o d a l reg ion , as su g g ested  b y  B e l l  [3]. 
Such a p h en o m en o n  can b e  fo u n d  b o th  in  som e E u c lid ean  space v e rs io n s  —  
o rien tab les  a n d  n o n -o rien tab le s  alike —  a n d  in  some o f th e  sim plest sp h e rica l 
space form s w ith  cyclic fu n d a m e n ta l g ro u p s . The te n d e n c y  for th e  re d sh if ts  
to  increase o u tw ard s  from  th e  “ ce n tra l”  p o in t of a c loud  (ad m ittin g  to  d raw  
sp ira l jo in in g  lines in  it  w ith  increasing  red sh if ts )  m ay be d u e  to  a n ea rly  o r th o 
gonal view  on a f la tte n e d  c loud  or to  seco n d ary  in trin sic  red sh ift co m p o n en ts . 
T he ex istence  o f  a p p a re n tly  associated  o b je c ts  w ith  d iffe re n t redsh ifts  n e a r  to  
one line of s ig h t [3] is a g en era l p ro p e rty  o f  m odels w ith  m u ltip ly  c o n n e c te d  
spaces. T he a n g u la r  sizes o f  th e  p a rts  o f th e  cloud-im ages s itu a te d  w ith in  th e  
region of th e  sk y  su rveyed  (see Fig. 1) m a y  be  roughly  e q u a l for d iffe ren t re d 
sh ifts , as p ro p o sed  b y  B e l l , especially  in  an  e x p an d in g  m odel w h ere  th e  
an g u la r sizes o f  d is ta n t o b jec ts  rem ain  re la tiv e ly  la rg e . N evertheless, th e  
a d v a n ta g e  o f  spherical spaces in in te rp re tin g  th is  p h en o m en o n  is o b v io u s. 
O ur concep tion  is likely  to  b e  m ost v u ln e ra b le  in th e  tr a n s it io n  from  p e rio d ic 
ities in  X to  th o se  in th e  re d sh if t. These d is tan ce  p a ra m e te rs  are c o n v e rtib le  
on ly  in m odels w ith  a n e a r ly  ex p o n en tia l ex p an sio n  law  a n d  w ith  a d ece le ra tio n  
p a ra m e te r  q0 =  — {RqR ^ / R o ~  — 1, w hich  is n o t a good f i t  to  recen t H u b b le  
d iagram s [7], p ro v id ed  o u r th eo rie s  on g a la x y  evo lu tion  p ro v e  correct. I t  m u s t 
be p o in ted  o u t, how ever, t h a t  chang ing  periods in % c a n  be  found  in  som e 
m odels, th u s  q0 m ay  be h ig h e r. N ote also t h a t  th is  d iff icu lty  d isappears in  som e 
“ non -D o p p ler cosm ologies” . Sum m ing u p , w e m ay say  t h a t  a t  th e  m o m e n t no 
conclusive a rg u m e n t from  reg u la ritie s  in  th e  d is trib u tio n  o f  QSOs a g a in s t th e ir  
“ H u bb le  d is ta n c e ”  ap p ears  to  be possible.

A p a rt fro m  th e  ap p lic a b ility  or o th e rw ise  of m u ltip ly  connected  spaces 
to  th e  QSO p ro b lem  it is w o rth  m en tio n in g  th a t  a search  fo r a p p a re n t re c u r 
rences in  th e  d is tr ib u tio n  o f  observable  o b jec ts  on a cosm ological scale is an  
em pirical a p p ro a c h  to  th e  to p o lo g y  of th e  u n iv e rse  (cf. [5a]). A d irect o b se rv a 
tio n  concern ing  th e  g lobal s tru c tu re  o f th e  un iverse  m ig h t have fa r-reach in g  
consequences. F o r  exam ple  to  observe t h a t  th e  space is n o t  o rien tab le  is to  
exclude spaces o f  c o n s ta n t p o sitiv e  c u rv a tu re . This h in ts  a t  a possib ility  o f  an  
abso lu te  d e lim ita tio n  of th e  space c u rv a tu re  by  topo lo g ica l m eans. F u r th e r 
m ore, th e  sam e global ex p erien ce  w ould im p ly  th a t  th e  C P  sy m m etry  b re a k in g  
in e lem en ta ry  p a rtic le  in te ra c tio n s  is n o t  t r u e  a t least ev ery w h ere  in  th e  u n i
verse [8]. (Som e re la ted  in ferences m ig h t b e  th e  ex is ten ce  o f m irro r-p a rtic le s  
or th a t  of g a lax ies  m ade u p  o f a n tim a tte r .)  A n observed  m u ltip ly  c o n n e c te d 
ness of th e  space  w ould re q u ire  th a t  th e  f ie ld  equa tions o f  physics show p e r io d 
icities b o th  in  a geom etrica l sense and  in m a t te r  d is tr ib u tio n  which is possib le  
in  special cases [9] b u t  is b y  no  m eans se lf-ev id en t in g en era l. This w o u ld  p ro 
v ide  a m e th o d  o f te s tin g  f ie ld  equ a tio n s t h a t  is sen sitive  to  th e  h ig h er o rd e r 
te rm s u n d e te c ta b le  in la b o ra to rie s . F in a lly  b o th  h o m o g en e ity  and  iso tro p y
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o f th e  u n iv e rse  m igh t h a v e  a com plete ly  new  in te rp re ta tio n  in a “ c ry s ta l  
m odel”  [10]. I t  is c learly  a p rom ising  ta s k  to  s tu d y  th e  global a sp ec ts  of 
cosm ology in  m ore  deta il.
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ГЛОБАЛЬНАЯ СТРУКТУРА ВСЕЛЕННОЙ И РАСПРЕДЕЛЕНИЕ 
КВАЗИЗВЁЗДНЫХ ОБЪЕКТОВ

Г. ПААЛ

Р е з ю м е

Показано, что периодичности в распределении частот квазаров по красному сме
щению (а также и другие предложенные регулярности в их распределении на небе) совмес
тимы с космологической интерпретацией красного смещения: регулярности такого 
типа могут быть кажущиеся геометрические явления в моделях Вселенной с много
связными пространственными сечениями. Таким образом получено опроверждение обыч
ного в астрономической лутературе вывода о том, что обнаружение статистически зна
чимых регулярностей безусловно означало бы существование собственных компонентов 
красного смещения в спектре квазаров. Сделаны некоторые дальнейшие замечания по по
воду свойств связности космологических моделей.
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CALCULATION OF ELECTRON SCATTERING USING 
THE STATISTICAL ATOM MODEL INCLUDING THE 

INHOMOGENEITY CORRECTION
By

A. D o b a y -S z e g l e t h

D EPA RTM EN T OF PH Y S IC S , U N IV E R S IT Y  F O R  TECHNICAL SCIENCES, B U D A PEST

(Received 5. V. 1970)

The cross-sections fo r scattering  of low energy electrons are calculated using th e  sta tis
tical atom  m odel including th e  inhom ogeneity correction. R esu lts are com pared w ith  the 
em pirical da ta .

I t  is well know n t h a t  if  we in c o rp o ra te  th e  in h o m o g en e ity  co rrec tio n  of 
G o m b á s  [1] in  th e  s ta t is t ic a l  a tom  m o d e l we a rriv e  a t  an  a tom  m o d el, w hich 
besides i ts  sim plic ity  describes m an y  fe a tu re s  of a to m s in  a very  good ap p ro x i
m a tio n  [2]. T he e lec tro n  d en sity  o f th is  m odel a p p ro x im a te s  th e  w av e  m echa
n ica l H a r tre e  —Fock d is tr ib u tio n  b e t te r  th a n  th e  o rig inal m odel inc lud ing  
W e iz s ä c k e r ’S [3 ] co rrec tio n  and  i t  b eh av es  ex ac tly  like  th e  w ave-m echan ica l 
d is tr ib u tio n  a t  the  n u c le u s  an d  a t  la rg e  d istances fro m  th e  nucleus.

As is know n, th e  ca lcu la tio n  o f  th e  a tom ic cross-sections of th e  collision 
o f low en erg y  e lec trons can  be tr e a te d  b y  th e  m e th o d  o f p a r tia l w aves.

T h e  d iffe ren tia l cross-section  is de te rm in ed  b y  th e  following exp ression .

№ > > P - y r 2  (21 +  1 )eui sin 6, P, (cos # ) |2, ( 1 )

w here к is th e  w ave n u m b e r , w hich is p ro p o rtio n a l to  th e  square  ro o t  o f the  
en erg y  o f  th e  in c id en t b e a m  of e lec tro n s , l is th e  a n g u la r  m o m en tu m  q u a n tu m  
n u m b er, Ó; is th e  p h a se  sh ift of th e  1-th p a r tia l w ave. T he to ta l  cross-section  
is given b y

° ( 0 )  =  J l / W  d Q  =  ~  2  (2*+l) sin2 ô‘ - (2)
C oncrete  ca lcu la tions h a v e  been m ad e  re fe rring  to  th e  cross-section fo r sc a tte r
ing o f 0.2 keV e lec trons b y  K r a to m s. F o r th e  p u rp o se  of d e te rm in in g  phase- 
sh ift, f ir s t  o f all we h a v e  to  solve th e  rad ia l S ch rôd inger eq u a tio n , w hich is 
given in a tom ic  u n its :

d2R, 2

dr2 r
dR,
dr

+  2 [ E - V ( r ) ] - A - « * ± 1 4  = 0 ( 3)
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I f  we in tro d u c e  th e  w ave n u m b e r  defined b y  k2 =  2E  an d  rep lace  th e  rad ia l 
w ave fu n c tio n  Ri b y  th e  fu n c tio n

/ / ( r ) =  —  R,(r)
Г

th e n

аШ -  +  Ь  +  2 V ( r ) ~ *(* + ! ) )
f ( r) =  o • ( 4 )

F o r th e  eq u a tio n  (4) to  be so lub le , we h av e  to  k now  the p o te n tia l  V(r).
T he w ell-know n eq u a tio n  is va lid  b e tw een  th e  p o te n tia l  an d  d en sity

V(r) =  e, f  e ( f )
J I f — f

dv', (5)

w here  q(t) h as  been  ca lcu la ted  b y  G om bás [2 ]. W e have p u t  t h a t  d en sity  in
(5) an d  h av e  perfo rm ed  th e  in te g ra tio n  n u m erica lly . T he re su lts  are given 
in  T ab le  I.

Table I
The potential function

r V ( r ) r V{r)

0.0005 71 836.58 0.024 1343.84
10 35 836.58 28 1131.44
15 23 836.39 32 972.664
20 17 836.39 36 849.615
25 14 236.66 40 751.556
30 11 836.69 44 671.674
35 10 122.46 48 605.410
40 8 836.80 52 549.601
45 7 836.88 56 502.000
50 7 036.95 60 460.963

0.006 5 837.14 0.068 393.908
7 4 980.21 76 341.547
8 4 337.60 84 299.652
9 3 837.88 92 265.458

0.010 3 438.17 0.100 237.087
0.108 213.223

0.012 2 838.82
14 2 410.97 0.124 175.468
16 2 090.32 140 147.098
18 1 841.16 156 125.143
20 1 642.02 172 107.747

188 93.7009
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Table la

The po ten tia l function

r V(r) r V ( r )

0.204 82.1764 1.212 1.52804
220 72.5946
236 64.5348 1.340 1.09878
252 57.6892 1.468 0.799905
268 51.8235 1.596 0.587895
284 46.7576 1.724 0.435458

1.852 0.323391
0.316 38.5108 1.980 0.240732

348 32.1336 2.108 0.179554
380 27.1061 2.236 0.133318
412 23.0778 2.364 0.098807
444 19.8057 2.492 0.072002
476 17.1168 2.620 0.052183
508 14.8836 2.748 0.036779

2.876 0.024965
0.572 11.4412 3.004 0.016305

636 8.95300 3.132 0.009358
700 7.10342 3.260 0.002
764 5.70296 3.388 0.000334
828 4.62796 3.644
892 3.78890
956 3.12540

1.020 2.59270
1.084 2.16211
1.148 1.81398

As th e  p o te n tia l is given in  th e  fo rm  of a n u m erica l tab le , th e  S ch rô d in 
ger eq u a tio n  also h as  to  be  solved w ith  th e  m ethod  o f  n u m erica l in te g ra tio n . 
In  th e  p o in t r  =  0, th e  in itia l co n d itio n  is fi(r) =  0, b ecau se  th e  ra d ia l  w av e  
func tion  Ri(r) m u st be  free  from  sin g u la ritie s . As th e  second in itia l cond itio n  
we h av e  to  give th e  fu n c tio n  / '( r )  a t  th e  p o in t r =  0. S ince th e  fu n c tio n  fi(r} 
is d e te rm in ed  only  u p  to  a n o rm a lisa tio n  fac to r, th e re fo re  /;(0 ) can b e  chosen 
a rb itra r ily . W e h av e  chosen  i t  as / / (0 )  •== 1. S ta r tin g  fro m  th a t  in i t ia l  d a ta , 
we h av e  co m p u ted  th e  fu n c t io n s / ;(r) b y  th e  m ethod  o f  R u n g e -K u tta . F o r  th a t  
p u rpose , so t h a t  th e  p h ase -sh if t can  b e  de te rm in ed , w e h a v e  to  ca rry  o u t  th e se  
ca lcu la tio n s up  to  such  large  values o f  r , w here  th e  p o te n tia l  d isap p ears , as is.
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Table II

l tg Sl <51

0 11.130 1.481
1 —0.61147 2.593
2 0.14136 0.1404
3 2.4999 1.190
4 0.57154 0.5192
5 0.27362 0.2671
6 0.29026 0.2825
7 0.12502 0.1244
8 0.08722 0.0870
9 0.018836 0.0188

10 0.013692 0.0137
11 0.0012470 0.00125
12 0.0012470 0.00125
13 0.00125 0.00125
14 0.0012220 0.00122
15 0.0011704 0.00117
16 — 0.0029548 0.
17 0.

w ell know n fro m  th e  m eth o d  o f p a r tia l  w aves. A t least, th e  cross-section  h as  
b een  o b ta in ed  fro m  E q . (1) h a v in g  a know ledge of th e  p h ase -sh if t. In  o rd e r 
to  d e te rm in e  th e  p h ase -sh ift th e  m o st sim ple m e th o d  is to  seek t h a t  value o f r 0 
a t  w hich p o in t th e  rad ia l w av e  fu n c tio n  w o u ld  d isappear, in  th e  a sy m p to tic  
do m ain  of la rg e  values of r. I n  t h a t  dom ain  th e  solu tion  o f E q . (3) is of th e  
fo rm :

Ri(r) =  a, ji(kr) -+- bi ni (kr), (6)

w h ere  ai a n d  bi a re  in te g ra tio n  co n stan ts , j i  a n d  m are  th e  spherica l B essel 
fu n c tio n s. A cco rd ing  to  th e  exp ression  (6) w h en  Ri(r0) =  0

A
«/

j(Â^ro)
n i(kr0)

( ? )

L e t us in tro d u c e  th e  te rm s  оц a n d  <5/ in s te a d  o f  th e  in te g ra tio n  co n stan ts  a; 
a n d  bi, in th e  follow ing m a n n e r:

«; =  i \ 2 l  - f  1) a; COS Öl,

-i (21 1) a; sin  Öi,
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Table I I I
D ifferential cross-section as a function of angle

£

0° 28.120
10° 17.371

ооCM 4.0825

CO о о 1.2516
40° 1.1412
50° 0.15962
60° 0.26174
70° 0.075764

ООСО 0.003335
90° 0.16522

100° 0.51587
110° 0.74094
120° 0.59230
130° 0.62942

ОО

0.02740
150° 0.22784
160° 0.68326

ООt- 1.3518

оОсоf—
1 1.7610

th en  we sha ll ge t th is  expression :

Fig. 1. D ifferential cross-section for scattering  of 200 eV electrons by K r atom s

T able I I  co n ta in s  ou r re su lts  o b ta in ed  fo r th e  sca tte rin g  o f  0.2 keV e lec tro n s  
by  K r a to m s. F ro m  th e  p h ase -sh ift g iven  in  T able  I I ,  w e can easily o b ta in  
th e  cross-section  fo r sc a tte r in g  electrons acco rd in g  to  ( I ) . O u r resu lts a re  g iven  
in  T ab le  I I I .  T h e  m esh o f ■& u sed  was 10°. T h e  cross-sections as a fu n c tio n  o f 
angle 1? are  show n in Fig. 1. W e com pared  o u r resu lts w ith  th e  d a ta  m e a su re d
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b y  A rn o t, w h ich  are p lo tted  b y  sm all circles. W e can see t h a t  th e  d a ta  ag ree  
w ith  our re s u lt .  I t  is qu ite  sa tis fy in g  espec ia lly  fo r all th e  m a x im a . T he e x p e ri
m e n ta l p o in ts  o f  A rno t do n o t  e x te n d  over th e  values o f ■& =  100°. A ccord ing  
to  our re su lts  a h a rd  b a c k w a rd  sc a tte rin g  h a d  been o b ta in e d  as is show n in 
F ig . 1. F ro m  th is  i t  can be  con c lu d ed  from  o u r  calcu la tions t h a t  th e  s ta tis t ic a l  
a to m  m odel in c lu d in g  th e  in h o m o g en e ity  co rrec tio n  gives a good a p p ro x im a 
tio n  to  a d e sc rip tio n  of such  a co m plica ted  phenom enon  as th e  an g u la r d is 
tr ib u tio n  o f  th e  cross-section fo r  sc a tte rin g  o f  low energy  o f  electrons.

The au th o r  wishes to express her thanks to  Prof. Dr. P. Go m bá s  for helpful advice 
and discussions.
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РАСЧЕТ РАССЕЯНИЯ ЭЛЕКТРОНОВ НА ОСНОВЕ СТАТИСТИЧЕСКОЙ МОДЕЛИ 
АТОМА, СОДЕРЖАЩЕЙ ПОПРАВКУ НА НЕОДНОРОДНОСТИ

А. ДОБАИ-СЕГЛЕТ

Р е з ю м е

Вычисляется поперечное сечение рассеяния электронов низкой энергии, применяя 
статистическую модель атома с поправкой на неоднородность. Результаты сравниваются 
с экспериментальными данными.
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STABILITY OF STATIONARY THERMODYNAMIC
STATES

By

I. KlRSCHNER
D EPA R T M E N T FOR ATOMIC PH Y SICS, RO LA ND  EÖTVÖS U N IV ER SITY , BUDAPEST

(Received 21. V. 1970)

The stab ility  of sta tionary  therm odynam ic s ta te s  will be exam ined by  means o f a v aria 
tion  principle. The E uler—Lagrange equations, existing  as the necessary condition of th e  ex tre 
m um , provide the  to ta l sta tionary  balance equation  of the entropy production  where —  beside 
the spontaneous en tropy  production  —  the source term s also appear. This m ethod is equally  
suitable for describing stable and  unstab le  s ta tio n a ry  states, m oreover i t  contains th e  to ta l 
stationariness. I t  will be shown th a t  the stab ility  o f the sta tionary  equilibrium  is secured 
by  the  positive definite character o f the conductiv ity  m atrix . A pplying th is principle fo r the 
in teraction  of homogeneous bodies we get the sim plest model and stab ility  criteria for s ta tio n 
ariness.

introduction

T he th e rm o d y n a m ic  in te rp re ta t io n  o f  s ta tio n a ry  s ta te s  acco rd in g  to  
P rigogine a n d  de Groot [1], can  be g iven  as follows. I f  a sy stem  is c h a ra c te r 
ized  b y  n in d e p e n d e n t g en e ra l th e rm o d y n a m ic  forces X 15 X 2, . . ., X n a n d  is 
k e p t in a s ta te  w ith  fixed  X x, X 2, . . ., X k (k <C n) and  m in im u m  e n tro p y  p ro 
du c tio n  a, th e  “ c u rre n t”  d e n s ity  a,- =  j i  belong ing  to  th e  indices i =  к  —(— 1, 
к  -f- 2, . . ., n  d isappear. H e re  a,- is th e  d ev ia tio n  of th e  i- th  ex tensive  p a ra 
m ete r Xj from  th e  eq u ilib riu m :

*, -  * * ~ (* i)o , i  =  1, 2, . . . ,  re ; (1)
x n + l

w here  th e  s ta r tin g  p o in t o f  th e  scale o f th e  ex tensive p a ra m e te r  is re la te d  
to  th e  s ta te  of eq u ilib rium . (дг,-)0 d en o tes  th e  equ ilib riu m  value o f th e  i-th  
ex ten s iv e  v a ria b le  w hile # n+1 th e  vo lum e V  or m ass m  o f  th e  body . (C orres
p o n d in g ly , otj is d en sity  o r a n y  specific q u a n ti ty , an d  th e re fo re  of in te n s iv e  
ch a rac te r.)

A ccord ing  to  th e  in te rp re ta tio n  ab o v e , those c u rre n ts  w ill be zero  w hich 
as co n ju g a te  v ariab les  co rresp o n d  to  th e  fo rces X k+1, X k+2, . . ., X n n o t  being  
fixed. Such a s ta te  is ca lled  s ta tio n a ry  o f  fc-th order. ( I t  m u st be re m a rk e d  
th a t  here  e n tro p y  p ro d u c tio n  m eans th e  sp o n tan eo u s one w hich is in d e p e n d e n t 
from  th e  acc id en ta l source o f  th e  ex ten siv e  q u an titie s  ch a rac te riz in g  th e  in te r 
actions.)
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6 2 I. KIRSCHNER

T he e n tro p y  p ro d u c tio n  belonging  to  th is  s ta te  can  easily  be c o m p u te d . 
N am ely , th e  n ecessary  m in im u m  cond ition  fo r  th e  ind ices i — к - f  1, к -)- 2, 
. . n

d a

~dX~j 2  L U X <X i = 2 2 L 4 X J = 2 ^  =  0 ,  
QXi i,j= 1 j= 1

( 2)

w here  L,-; a re  th e  elem ents o f  th e  c o n d u c tiv ity  m a trix .
I t  follow s from  th is  t h a t  if  am ong th e  fix e d  X,- be lo n g in g  to  th e  in d ice s  

i  — 1, 2, . . к  th e re  is one w h ich  is n o t zero  fo r these  ind ices  x i ^  0, i =  1, 
2, . . k. T h u s  th e  m in im al e n tro p y  p ro d u c tio n  will be

2  2  L u x < x j =  2  « f* *  =  ff-in ■ ( 3>
i= i j= 1 i= i

i t  can also b e  seen th a t  b ecau se  o f à ;- ^  0, i =  1, 2, . . к th e  s ta tio n a rin e ss  
is on ly  p a r t ia l  a n d  can re la te  o n ly  to  stab le  s ta te s , n am ely  i f  L  — L[Llk\ 0. 
In  th e  v ic in ity  o f  a non s ta b le  s ta te , eq u a tio n  à  =  L X  is n o t  even v a lid , so 
th e  m in im al e n tro p y  p ro d u c tio n  can c h a rac te rize  a s tab le  s ta te  only.

I t  shou ld  b e  m en tio n ed  t h a t  if  we co n sid e r th e  e q u a tio n  X  =  —goc to o , 
th e n  we reach  a co n tra d ic tio n , since

X  =  L X ,

X  =  —gx, (4)

s im u ltan eo u sly  describe th e  n o n -s ta tio n a ry  p rocess only , th e  decay  of th e  n o n -  
equ ilib riu m  s ta te  w ith o u t e x te rn a l  c o n s tra in t. E ven  th e  cond itions of th e i r  
d ed u c tio n  ex c lu d e  s ta tio n a rin e ss . H ere g is th e  en tro p y  m a tr ix

„ _  I Э 2 « s
8ik I\ dXjdxk )0

d- «s 
9a,, Qx;

8ki '

w h e re  x s is t h e  а -p a ra m e te r  o f  e n t ro p y .
P r ig o g in e  a n d  Gl a n s d o r f f  [2], [3] l a t e r  g e n e ra liz e d  th e  m in im u m  

p r in c ip le  o f  e n t r o p y  p ro d u c tio n  in  su ch  a w a y  t h a t  fo r a s ta t io n a r y  p ro ce ss  in  
t h e  case o f  a b o u n d a r y  c o n d i t io n  b e in g  c o n s ta n t  in  t im e :

j  2  j i  d X t d V  <  0 . (5 )
V г

C om pleting  th is  th e y  have show n  [4] th a t  fo r m acroscopic m ech an ica l ch an g es 
th e  to ta l  d iffe ren tia l

d<I> =  f 2 j i  d X ’i d V <  0 (6)
V i
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STABILITY OF STATIONARY THERMODYNAMIC STATES 63

ex ists n e a r  th e  s ta te  o f  equ ilib rium . T h e y  d eno ted  th is  in eq u a lity  as th e  genera  
ev o lu tion  c rite rion .

T he p rinc ip le  can  be used if th e  co n d u c tiv ity  coeffic ien ts L ik can  depend  
on p lace a n d  tim e  o n ly  b u t  are  in d e p e n d e n t of th e  th e rm o d y n a m ic a l p a ra 
m eters. T hou g h  th e  a u th o rs  p o in ted  o u t th a t  in  a s ta te  n ea r th e  s ta tio n a ry  
equ ilib rium  th e  L ik can  b e  ta k e n  as be lo n g in g  to  th e  supposed ly  k n o w n  s ta t io n 
a ry  d is tr ib u tio n  of th e  y t:

L ik =  L ik{yio(r’ 0 )

b u t ,  since y j0 is k n o w n , th e  L ik are  s till given as fu n c tio n s  of p lace a n d  tim e , 
w here y t a re  in ten s iv e  p a ra m e te rs  ch a rac te riz in g  th e  in te rac tio n s .

The general investigation of stationariness

A v a r ia tio n  p rin c ip le  [5, 6] can  b e  applied  fo r  th e  general d esc rip tio n  
o f s ta tio n a ry  s ta te s . T h e  e x a c t e q u a tio n s  o f th e  s ta t io n a ry  s ta te  w ill b e  derived  
th e re fro m . T h e  e x p e d ie n t v a ria tio n  p rin c ip le  is:

Í f f l  £ (r i ’ rv  r3, t ; y v  y 2, ..., y n; y y v  y y 2, ..., y y n)dr,, dr2, dr3 dt =  e x tr . ,  (7)
t V

w here th e  v a riab les  o f  th e  L agrange fu n c tio n  £  a re  th e  space co o rd in a tes  
r i, r2i гз? th e  tim e  t, th e i r  functions to  be d e te rm in ed  y v  y 2, . . ., y n a n d  th e  
g rad ien ts  yyy,  p y 2, ■ ■ -, VJm  i t  does n o t ,  how ever, co n ta in  0y;-/0t. U sin g  th e  
n o ta tio n  ду/1дгк =  у\Гк\  к =  1, 2, 3 th e  E u le r— L ag ran g e  equations o f th e  v a r ia 
tio n  p rob lem  w ill be

Э Э£ _ 0 _  Э£ _0_  Э£ _ Э£ _  0
3rx 0yhi) 0г2 Эу^2) 0г3 0у,Гз 0у,-

i =  l , 2 ,  . . . ,  п

A pply ing  th e se  for th e  s ta tio n a ry  th e rm o d y n am ica l L ag ran g e  fu n c tio n :

£  =  2  У 1 9 i  +  X T  2 ?  (  FTo j i ) ,  (9)
i ^ i

w here is th e  source d e n s ity  of th e  i - th  ex tensive  q u a n t i ty ,  y y i — X t is th e  
i- th  co m p o n en t of th e  gen era l force, a n d  th u s

j i  =  L ik VJk  =  2  L ik X k ( io )
к к

Acta Physica Academiae Scientiarum Hungaricae 30, 1971



'64 I. KIRSCHNER

t h a t  is
2 (vïidi) =  2 Likivy,•> VYk) = 2 Lik(xi» x k) . (li)

I iyk i,k

T a k in g  th ese  in to  consid era tio n

0£
0j}ri)

0£
9JŸ*  

0£

Qy\rs)
a n d

L n y \ri)+  ■ • • + L inyW> 

L i i y ^ + . . . + L iny ^  

L n y [ ^ + . . . + L iny W

j ‘Ci) ’

ji(rt) 1 ( I 2)

■/Vs)

(13)

H ere  th e  L ik an d  qt are given fu n c tio n  of r x, r 2, r 3 and  i, h u t  th e y  are in d e 
p e n d e n t from  th e  y ( an d  from  th e  d e riv a tiv e s  o f  th ese .

U sing  (12) a n d  (13) acco rd in g  to  (8) we g e t

d iv  j i  —  ç, =  0, i  — 1, 2 , . . n (14)

w hich rep re sen t th e  s ta tio n a ry  v a r ie ty  of th e  c o n tin u ity  e q u a tio n s , as th e  
d iffe ren tia l e q u a tio n s  of th e  irrev e rs ib le  th e rm o d y n am ics  fo r th e  s ta tio n a ry  
case. M ultip ly ing  (14) b y  y t

УI d iv  Ji =  yi4n
w here

J i  d i v / ,  =  d iv y J i  (уУк> jt)i
t h a t  is

d i v  y , / ,  =  ytqt +  (Wfij,).
S um m ing  fo r i  a n d  using  j s =  У  у,- /,■ we ge t th e  s ta tio n a ry  b a la n c e  eq u a tio n  
o f  e n tro p y : 1

d iv  js  =  2 y i i i  +  2  (РУи Ji) • (1S)Z i

T h e s ta tio n a ry  “ m otion  e q u a tio n s”  (14) a n d  th e  en tro p y  b a la n c e  eq u a tio n  
(15) —  w hich  we h av e  go t from  it  —  correspond  to  th e  v a lid ity  o f  th e  follow ing 
e q u a tio n s :

i =  1 ,2 ,  . . . ,  n (16)
dt
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STABILITY OF STATIONARY THERMODYNAMIC STATES 65

an d
9es 
8 1

2 у <
dg/
91

0 , (17)

w hich  are  ju s t  th e  co n d itio n s  of s ta tio n a rin e ss . (H ere  Qt is th e  d e n s ity  of th e  
i- th  ex ten siv e  q u a n tity , a n d  qs th a t  o f th e  en tropy .) I f  a ll qi =  0, i = l ,  2 , . . . n. 
w hich occurs in  some cases, th e n  exp ression  (lő ) re p re se n ts  th e  sp o n tan eo u s  
e n tro p y  p ro d u c tio n

div i s  =  2  ( V J f  j /) =  2  L ik X i X k =  a  =  const (18)i iyk

since —  b ecau se  of th e  g;- b e ing  c o n s ta n t in  tim e  —  th e  y ( =  y , (gt , g >, . . , Qn) 
a n d  y y t a re  also c o n s ta n t.

T he p h ysica l m ean in g  of th is  is t h a t  en tro p y  is b e in g  p roduced  a t  each 
p lace  a n d  in  each m o m en t o f  tim e  a t  a c o n s tan t v e lo c ity  and  in such  a w ay 
th a t :

I j £  (it [instac I Ç £  dt j stac ,
th a t  is

re sp ec tiv e ly

J (̂ эГ + div Js + 2 y iq ‘ d V d t  >  j div i* + 2 yi q‘ d v  dt’ (19)

J'
^ - d V d t  > ; 0 ,

81

w here th e  sign o f e q u a lity  co rresponds j u s t  to  th e  s ta t io n a ry  s ta te . A ccord ing  
to  th is  n o n -s ta tio n a ry  e n tro p y  p ro d u c tio n  is alw ays b ig g er th a n  th a t  be long ing  
to  th e  s ta tio n a ry  s ta te .

L e t us exam ine w h e th e r  th e  e x tre m u m  (7) rea lly  m eans a m in im u m . 
In  o rd er to  sim plify th e  c o m p u ta tio n s  tw o  in d e p e n d e n t in tensive  q u a n tit ie s  
y x an d  y 2 w ill be  considered . T hen  (9) w ill be

£  = T i  Ч1 +У 2 9 2 +  ~ r - L 11(i7y 1)n- + L 12(i/ y l, y y 2) +  —  L 22( p y 2y-,
Zi z

w here

j i  =  L n P J i  +  L n  P J 2,

i t  — L2iFJi +  L 2-iVy &
and

d iv J i  =  9o 

d iv  /2 =  4i-

(9')

( 21)

( 22)
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6 6 I. KIRSCHNER

T h e E u le r— L ag ra n g e  eq u a tio n s h a v e  been o b ta in e d  by  v a ry in g  y t in th e  form :

:  Í +  e M r ,  t) =  y  I, (23)

w here  r now  d e n o te s  the  space  coo rd inates r x, r 2, r 3.
B y m eans o f  th is  th e  L ag ran g e  fu nc tion  can  be c o n s tru c te d

£  =  £ (r , t; ÿ v  ÿ 2; y ÿ v  p ÿ 2) (24)
a n d  th e  in te g ra l (7)

T(ег, £2) =  j  £  dr d t . (25)

T hese are  co m p le ted  by  a g iven  b o u n d a ry  co n d itio n , th a t  is, no  v a ria tio n  h a s  
occu rred  on th e  b o u n d a ry  w h ere  у х =  y 2 =  y.2 and  so Г)х =  r\2 =  0. 

T herefo re , th e  to ta l second  d eriv a tiv e  o f  I  is:

i<2> =  J iLnÍFV)2 +  2L12(pr)v ptj2) + b22(pt?2)2] dr dt- (26)
I is positive  if  th e  m a trix  L  is p ositive  defin ite . T hus, in th e  case of a s ta t io n 
a ry  s ta te  i t  follow s th a t

j £  dr dt =  m in . (27)

As a re su lt o f o u r  co m p u ta tio n s  we stress th a t  g  a n d  L  m u st eq u a lly  be po sitiv e  
de fin ite  to  secu re  th e  s ta b il i ty  o f th e  s ta tic  equ ilib rium  w hile  th e  s ta b ili ty  
o f th e  s ta t io n a ry  s ta te  is secu red  if  m a trix  L  a lone is p o s itiv e  definite.

I t  can b e  seen th a t  th e  th o u g h ts  fo llow ed here are  g enera l since th e y  
co n ta in  th e  case o f  total s ta tio n a rin e ss . F u r th e r  no extra su b s id ia ry  co n d itio n s 
a re  necessary  to  (9). The m e a n in g  of th e  v a r ia tio n  p rincip le  is also d iffe ren t. 
N am ely , sp o n tan eo u s  e n tro p y  p roduction  is in  accord w ith  th a t  from  th e  
L ag range fu n c tio n  only w hen  each of th e  ex ten s iv e  q u a n tit ie s  is source-free. 
T h is is n o t th e  case, for in s ta n c e , in chem ical reac tio n s w here  each co m p o n en t 
o f m a tte r  h a s  i ts  source. T h u s , beside sp o n tan eo u s  en tro p y  p ro d u c tio n  th e  p a r t  
o rig in a tin g  fro m  these sources also appears. A fu rth e r  n o te w o rth y  d ifference 
is th a t  now  s ta tio n a rin e ss  —  in  com pliance w ith  th e  fac ts  —  is n o t connected  
w ith  stability, w hich is an e ssen tia l cond ition  in  th e  in te rp re ta tio n  in physics 
l i te ra tu re  since th e re  th e  m a tr ix  L  m ust be assum ed  to  be  positive  d e fin ite , 
w hereas th e  m o tio n  eq u a tio n s  w hich can be o b ta in ed  from  th e  L agrange fu n c 
tio n s  are eq u a lly  valid  for s ta b le  and  u n s tab le  s ta tio n a rin e ss  since th e  E u le r— 
L agrange e q u a tio n s  are o n ly  necessary  co n d itio n s  of th e  ex trem u m . T he q(- 
an d  L jk to g e th e r  de term ine  w h a t sort of s ta te  sets in , in  a p a rtic u la r  case .
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STABILITY OF STATIONARY THERMODYNAMIC STATES 67

The in te rac tio n  o f  hom ogeneous bodies

I f  a hom ogeneous system  R  —  b e ing  in v e s tig a te d  —  has th e  vo lum e V  
an d  is confined  w ith  th e  surface F,  th e  n o n -s ta tio n a ry  m acroscop ic  balance  
of th e  change of th e  i- th  ex tensive  q u a n t i ty  is

A ei d V +  j  ( j h dF)  -  j  q, d V  =  0 , (28)

th a t  is, th e  change à,- p e r  un it t im e  is p u t  to g e th e r  p a r tly  from  th e  cu rren t 
Ij  th ro u g h  th e  con fin ing  surface a n d  p a r t ly  from  th e  source in sid e  th e  body . 
C onseq u en tly

a  , =  (29)

T he co n d itio n  of s ta tio n arin ess  is t h a t  <x,t =  0. T h is  can  be rea lized  if

I t  =  Qi (30)

th a t  is, th e  c u rre n t from  th e  chosen b o d y  R  in to  a n o th e r  R 1 (or in to  th e  su r
ro u n d in g s o f Ä) is eq u a l w ith  th e  so u rce  inside o f R .  As hom ogeneous system s 
are b e ing  considered , is d e te rm in ed  b y  th e  fo rces on the  b o u n d a ry  of th e

tw o sy stem s, Qt, on th e  o ther h a n d  b y  th e  in n e r  s tru c tu re  o f R.  H ence th e  
co rrespondence  o f a n d  Qj, so th is  s ta tio n a rin e ss  can  be co n sid ered  only  as 
ran d o m . T he case w hen  i t  sets in m a y  occur b u t  is n o t  from  n ecess ity . F o r th e  
u n co n d itio n a l securing  o f th e  s ta t io n a ry  s ta te  a t  le a s t th ree  b o d ies  R 1, R, R 2 
are  need ed  (F ig. 1).
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68 I. KIRSCHNER

In  th is  case i f  =  lf**R~ can a lw ay s be covered  b y  m eans o f If =  If'"*1* 
an d  Qj. In  general, th is  a rra n g e m en t can  be ta k e n  fo r th e  sim p lest m odel of 
s ta tio n a rin e ss  b u t  in  th is  case E q s . (4) need som e m odification

*, =  i f  -  i f  +  Qi =  «Î -  *,2 +  Qi =  o, (31)

w here a n y  of th e  c u rre n ts  p resen t can  he tak en  fo r ex te rn a l g en e ra tio n  G,(t) 
[7]. I f

/? = ^ Z 4 X f = G,(t),
к

th e n

à,. =  ^  1 4  X £ - G ,■(*) +  <?,(*) (32)

an d  th e  b a lan ce  e q u a tio n s  for th e  e x ten s iv e  p a ra m e te rs  are

-*) +  a , +  a? =  - I f  +  I f  ■ if  +  Qi +  if =  Q, (33)

In fo rm a tio n  ab o u t e n tro p y  p ro d u c tio n  is given b y  m eans of th e  eq u a tio n

*5 =  *S(«1> • • •> * n) :

2 ’
Э <xs 
8a,-

(34)

Since a ll th e  th ree  b od ies tak in g  p a r t  in  th e  process are  hom ogeneous th e re  is 
no in h o m o g en e ity  in  R 1, R  and R 2, b u t  only  on th e  boundaries. T h u s, th e  
b o u n d a rie s  iso la ting  th e  bodies an d  h a v in g  in te n s iv e  p a ram e te rs  y f  У\ an d  
у  I 7^  y f  on  th e ir  tw o  sides, are re sponsib le  for th e  irrev e rs ib ility . T h is  fac t can 
be ex p ressed  w ith  th e  respective  g en era l forces w h ich  give in fo rm a tio n  ab o u t 
th e  ju m p  on th e  tw o  b o u n d aries . T h e n  th e  e n tro p y  p rodu c tio n  b a la n c e  accord
ing  to  (33) and  (34) w ill be

—«I +  i s+ xf =  JV ( - y)«h + yt à,- -by? ccf) =

X?t+y,Qt) =  2 ( V х Í -GiX?,+y,Qi)
(35)

in acco rd an ce  w ith  (15) w hich was d ed u ced  from  th e  v a ria tio n  p rin c ip le . Since 
th e  s ta te  o f R  is s ta t io n a ry , in (35) a s =  0 an d  so xf  —  a* w ill b e  equal to  
th e  r ig h t  side of th e  eq u a tio n .

R e tu rn in g  to  (32) an d  o m ittin g  th e  su p ersc rip ts  w ith  th e  m a tr ix  fo rm al
ism  we h av e

x  =  L X —  G{t) +  Q(t). (36)
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I f  we consider th e  s ta te  eq u a tio n  X  =  — goc too, w e g e t th e  m otion  eq u a tio n s  
describ ing  th e  com plete  s ta tio n a ry  s ta te :

- g L X  +  g G ( t ) - g Q ( t ) , ( 3 7 )

— L g x  —  G ( t )  +  Q ( t ) . ( 3 8 )

F ro m  th e  p o in t of th e  in v estig a tio n  o f th e  s ta b ility  o f  s ta te s  we ta k e  th e  ex
te rn a l g en era tio n  for a d is tu rb an ce  b y  m ean s  of w h ich  a s ta tio n a ry  s ta te  can 
be m a in ta in e d .

In  th e  case o f G ( t )  =  G 0 =  con st a n d  Q( t )  =  Q 0 — const, th e  so lu tions 
o f th e se  eq u a tio n s  are:

X ( t )  =  e - * u  (—L ~ 1Gn +  L  lQ0 +  X initial) +  L ^ G 0 -  L~^Q0, (39)

Ф )  =  B -L* ( g - 1L - ' G 0 - g - 4 . - ' Q 0 +  * м ш ) - е - 1Ь -Ч } 0 +  g - 4 , - 4 i 0. ( 4 0 )

Th ese fo rm ulae  show th a t  b o th  X  and  a  con ta in  a te rm  co n stan t in tim e , and 
a n o th e r  w hich decreases ex p o n en tia lly  w ith  tim e p ro v id e d  gL y> 0 .  A fte r  a suf
fic ien tly  long tim e  h as  passed  e.g. t  —► oo, rem ain in g  dev ia tions a,- a n d  forces
X j  fo rm  a non -eq u ilib riu m  ground level o f  c o n s tan t v a lue

g r o u n d  =  X ( o o )  =  L - 4 ? 0 -  L - H t o  =  c o n s t, ( 4 1 )

« g ro u n d  =  * ( ° ° )  =  — g - ' L - ' G o  +  g ~ 1L ~ ' Q 0 =  const. ( 4 2 )

T his is ju s t  th e  s ta tio n a ry  lim it case w h ich  sets in  a t  t  =  o o .

T u rn in g  th e  o rd e r o f ideas, in th e  s ta tio n a ry  s ta te :

X  =  — g L X  +  g G ( t )  -  g Q ( t )  =  0 ,  ( 4 3 )

i  =  —  L g x  —  G ( t )  +  Q( t )  =  0 ,  ( 4 4 )

from  w hich we get

G ( t )  =  L X  +  Q ( t )  =  - L g x  +  <?(*) ( 4 5 )

as th e  g enera l cond ition  o f s ta tio n a rin e ss  for th e  expression  of G ( t )  prov ided  
the  d e te rm in a n t of g -m a tr ix  is n o t zero . (45) show s d irec tly  t h a t  th e  value 
of th e  e x te rn a l g en era tio n  securing th e  s ta tio n a ry  s ta te  is c o n s ta n t:

G( t )  =  G 0 =  const. (46)

C hoosing th e  v a lu e  o f th e  co n stan t G 0 in  (39) a n d  (40) accord ing  to  (45)

G 0 =  L X M t M + Q 0 =  —  ̂ « i n i t i a l  + @ o  ( 4 ^ )
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or in  th e  case Q(t) — Q0 =  0

G0 =  L X  in itia l — Lgx  in itia l ( 4 8 )

th e  s ta te  w ill be  s ta b le  s ta tio n a ry  fro m  th e  b eg in n in g . N am ely , i f  w e s u b s ti tu te  
th is  fo rm  of G0 in to  (39) and (40) w e get th e  re su lts : X  =  co n st an d  x  =  c o n s t, 
a n d  th e  m a g n itu d e  of th e  re su ltin g  p a ra m e te rs  is in  acco rd an ce  w ith  (41) 
an d  (42).

I t  shou ld  b e  n o ticed  th a t  (45) is fo rm ally  s im ila r to  th e  e q u a tio n  x =  L X .  
T h is  is th e  reason  w h y  th e  la t te r  e q u a tio n  is also su itab le  for d esc rib in g  s ta t io n 

a ry  processes. T h is  co rrespondence  is, how ever, o n ly  fo rm al s ince  — as w e 
h a v e  seen  —  G0 a n d  x  have  q u ite  a n o th e r  m ean in g . T herefo re, o n ly  a p a r tia l  
s ta tio n a r in e s s  can  b e  ch a rac te rized  w ith  th e  re la tio n  x  =  L X .

I f  th e  e s tab lish ed  s ta t io n a ry  s ta te  is p e r tu rb e d  w ith  an  e x te rn a l d is 
tu rb a n c e  th e n  i t  w ill be superposed  upon  th is  g ro u n d  level.

M oreover, a f te r  th e  d is tu rb a n c e  in tro d u ced  h a s  decayed  in  th e  w ay  o u t 
lin ed , th e  system  w ill re tu rn  (possib ly  w ith  o sc illa tion ) to  th is  s ta b le  s ta t io n a ry  
s ta te  —  as show n in  Fig. 2.
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УСТОЙЧИВОСТЬ СТАЦИОНАРНЫХ ТЕРМОДИНАМИЧЕСКИХ СОСТОЯНИЙ

И. К И Р Ш Н Е Р

Р е з ю м е

Рассматривается устойчивость стационарных термодинамических состояний с по
мощью вариационного принципа. Уравнения Эйлера—Лагранжа вытекающие как необ
ходимые условия экстремума, дают полное стационарное уравнение баланса производства 
энтропии, где кроме спонтанного производства энтропии появляются также неточные 
члены. Этот метод в одинаковой мере годится для описания устойчивых и неустойчивых 
стационарных состояний, и к тому же содержит полную стационарность. Показывается, 
что устойчивость стационарного равновесия обеспечивается уже положительно определён
ным характером матрицы проводимости. Применяя этот принцип к взаимодействию одно
родных тел, мы получим простейшую модель и критерии устойчивости стационарности
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INVESTIGATION OF 27Al(d, «)»Mg NUCLEAR REACTION 
IN THE ENERGY RANGE E d =  6 5 0 -540keV USING A 

PLASTICS TRACK DETECTOR
By

I .  H u n y a d i , B. S c h l e n k , G . S o m o g y i and D . S. Sr iv a s t a v a *

IN ST ITU TE OF NUCLEAR RESEA RCH  OF T H E  H U N G A RIA N  ACADEMY OF SCIEN CES,
D E B R E C E N

(Received 4. V I. 1970)

The angular d istributions of the a 0 and  a ; groups from  th e  27A lfd, a ) ffiMg nuclear reac
tion have been m easured a t deuteron energies E^  =  650, 585 and 540 keV using plastics track  
detec tor techniques. The angular distributions w hich are nearly  isotropic have been analysed 
in term s of the Legendre polynomials. A ssum ing sta tistica l compound reaction  mechanism 
the relative in tensity  ratio  of the two m easured alpha groups could be reproduced by a simple 
calculation giving the sta tistical weight factors for the alpha  transitions concerned.

1. In tro d u c tio n

R ecen tly  th e  ex ten siv e  s tu d y  o f  th e  p ro p e rtie s  of p lastics t r a c k  d e tec to rs  
leads to  th e ir  increasing  use in e x p e rim e n ta l n u c lea r  physics. In  ce rta in  p lastics 
th e  tra c k  d iam e te r  o f charged  p a rtic le s  en te rin g  th e  d e tec to rs a t  r ig h t angles —  
u n d e r su itab le  e tch in g  cond itions —  d ep en d s s tro n g ly  on th e  en e rg y  and  ty p e  
of p a rtic le s  [1, 2]. B y  m easu ring  th e  d ia m e te r  d is tr ib u tio n  of th e  tr a c k  holes 
an  en erg y  reso lu tio n  of 200 keV can  be  reach ed  for m o n o en erg e tic  a lp h a  
pa rtic le s  u n d e r  o p tim a l cond itions.

A possib le use o f th e se  d e tec to rs , as reco m m en d ed  b y  us ea rlie r, is th e  
m easu rem en t o f a n g u la r  d is tr ib u tio n  o f  a lpha p a rtic le s  e m itte d  in  n u c lea r 
reac tio n s. A com plete  a n g u la r  d is tr ib u tio n  can be  m easured  by  a single ir ra d ia 
tion  using  b e n t  p lastic s  sheets  a ro u n d  th e  ta rg e t. T h is m ethod  en ab les  experi
m e n ta l in v e s tig a tio n s  o f v e ry  low y ie ld  n u c lea r reac tio n s  e m ittin g  a lp h a  p a r 
tic les to  be  m ade. B y  using  p roper e tc h in g  tech n iq u es  i t  is possib le  to  d is tin 
guish th e  desired  g roups o f a -p a rtic les  fro m  th e  u n w a n te d  ones (p , t, d) e m itted  
from  th e  b a c k g ro u n d  reac tio n s. In  o u r p rev ious w o rk  we h av e  a lre a d y  p roved  
th e  u t i l i ty  o f th is  d e tec tio n  m ethod  in  th e  case o f  19F (d , a )17О n u c le a r  reac tio n  
[3, 4 ]. In  th is  p a p e r , we describe a fu r th e r  use o f  th is  m eth o d  in  th e  s tu d y  
o f 27A l(d, a )25Mg reac tio n .

T he m easu rem en ts  o f an g u la r d is tr ib u tio n s  a n d  ex c ita tio n  fu n c tio n s o f  
x -g roups e m itte d  in  th e  27A l(d, a)25Mg n u c lea r  re a c tio n  below  5 MeV, a t bom -
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b a rd in g  energies 1.2— 2.0 MeV [5], 1 .4— 2.3 MeV [6], 1.5— 2.3 MeV [7], 1.5—  
2.6 MeV [8], 2.0— 5.0 MeV [9] an d  2 .4 — 2.6 MeV [10], give re su lts  c h a ra c te r 
is t ic  o f  th e  s ta tis t ic a l  com pound re a c tio n  m echan ism . F o r in d iv id u a l « -groups 
th e  e x c ita tio n  fu n c tio n s  show reso n an ce  like m ax im a  an d  th e  sh ap e  o f  an g u la r 
d is tr ib u tio n s  v a rie s  s tro n g ly  w ith  th e  b o m b ard in g  energy . G en era lly  th e se  
re su lts  h a v e  been an a ly sed  on th e  b a s is  of th e  s ta tis t ic a l  com p o u n d  reac tio n  
th e o ry .

B elow  1.2 MeV b o m b ard in g  d e u te ro n  en erg y  no  d a ta  are  av a ilab le  fo r 
27A l(d , a )25Mg n u c lea r  reaction . O w ing to  th e  low b o m b ard in g  en erg y  com pared  
w ith  th e  C oulom b b a rr ie r , th e  c ross-sec tions in th is  region becom e so low th a t  
th e  m e asu rem en t o f a n g u la r  d is tr ib u tio n  b y  th e  tra d it io n a l  m e th o d s  becom es 
p ra c tic a lly  im possib le. U sing p lastic s  tra c k  d e te c to rs  we have  b e e n  able to  
m easu re  th e  an g u la r d is trib u tio n s  o f th e  « 0 an d  « [-g roups from  th e  27A l(d , x)25Mg 
n u c le a r  reac tio n  even  in  th e  b o m b a rd in g  energy  ra n g e  650— 540 keV .

2. E x p erim en ta l m ethod

D eu te ro n s  w ere accelera ted  b y  th e  cascade g en e ra to r  of th e  In s t i tu te  
o f  N u c lea r R esearch , D ebrecen . T h e  h ig h  vo ltage  o f th e  cascade g e n e ra to r  w as 
m easu red  to  1%  acc u ra cy  w ith a ro ta ry - ty p e  v o ltm e te r  ca lib ra ted  w ith  (p , y) 
re so n an ces on 7Li, 19F  an d  27Al. A fte r passin g  th ro u g h  a 12° m ag n e tic  an a ly ze r 
an d  co llim a tin g  sy s tem , th e  ion beam  h i t  th e  ta rg e t  p laced  in th e  c e n tre  of th e  
v acu u m  ch am b er u sed  for an g u la r d is tr ib u tio n  m easu rem en ts  [11].

T h e  a lu m in iu m  ta rg e t  was e v a p o ra te d  on to  co p p er back ing  fo ils o f a b o u t 
6 .3  m g /cm 2 th ick n ess . T he ta rg e t th ic k n e ss  was d e te rm in ed  b y  m easu rin g  th e  
sh ift o f th e  340 keV  19F (p , xy) re so n an ce  line. U n d e r su itab le  geom etrica l co n 
d itio n s  th e  a lu m in iu m  w as e v a p o ra te d  from  a p o in t  source on to  th e  copper 
b ack in g s an d  copper back ings h a v in g  a th in  5/ig/cm 2) C aF 2 film . In  th e  
la t te r  case th e  en e rg y  sh ift of th e  340 keV  19F (p , xy) resonance line c o rre sp o n d 
ing  to  th e  energy  loss o f p ro to n s in  th e  a lum in ium  lay e r was m easu red . T h e  
n u m b e r  o f ta rg e t n u c le i p e r cm2 w as d e te rm in ed  b y  using  th e  dE /dx  tab le s  
g iven  b y  C. F . W il l ia m s o n  e t al. [1 2 ]. T he th ick n ess  o f th e  a lu m in iu m  ta rg e ts  
w as 25— 30 keV.

T h e  b o m b ard in g  ion  c u rre n t w as m easured  w ith  a c u rre n t in te g ra to r  
c o n n e c te d  to  a F a ra d a y  cup.

T h e  cellulose a c e ta te  (T-Cellit) p la s tic s  d e te c to rs  were ir ra d ia te d  in th e  
reac tio n  cham ber m en tio n ed . Two d e te c to r  sheets , one in th e  a n g u la r  range 
20°— 90° an d  th e  o th e r  in  th e  ran g e  90°— 165° w ere  fixed  on th e  o u te r  side 
o f  th e  cu rv ed  w all o f  a sta in less-s tee l cy lind rica l h o ld e r of d ia m e te r  90 m m  
h av in g  c ircu la r open ings of 4.5 m m  d ia m e te r  a t th e  desired  angles. T h e  e m itted  
a lp h a  p a rtic le s  p assin g  th ro u g h  th e  open ings e n te re d  p e rp e n d ic u la rly  in th e  
su rface  o f  th e  p lastic s  d e tec to rs.
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T h e energy  d ependence  of th e  e m itte d  a lp h a  g roups on la b o ra to ry  angles 
w as e lim in a ted  w ith in  an  accu racy  o f  + 0 .1  MeV b y  using  su itab le  A l-degrad- 
in g  foils on th e  in n e r  side of th e  cy lin d rica l ho lder in  th e  position  o f  th e  c ircu lar 
open ings.

T he 3H e p a rtic le s  em itted  fro m  th e  d +  d  reac tio n  p ro d u c e d  a tra c k  
d e n s ity  on th e  e n te r in g  surface o f th e  detec to rs a b o u t th ree  o rder o f  m ag n itu d e  
h ig h er th a n  th e  exam ined  « -groups from  th e  27A l(d , a )25Mg n u c le a r  reac tion . 
T h e  tra c k s  of th e  low  energy  3H e p a rtic le s  hav in g  a  ran g e  of only  a few  m icrons 
in  th e  d e tec to r m a te r ia l  appeared  a f te r  a very  s h o r t  e tch ing  tim e . T he large 
tr a c k  d en sity  of th e  3H e partic les  re su lte d  in  c irc u la r  opal spo ts on  th e  ir ra d i
a te d  su rface  of th e  d e tec to rs  m ark in g  th e  exposed a reas  a t  v a rio u s  angles.

O w ing to  n itro g e n  c o n ta m in a tio n  on th e  ta rg e ts , only  th e  a 0 and  x x- 
groups from  th e  27A l(d , a)25Mg re a c tio n  could b e  d istingu ished  fro m  th e  d is
tu rb in g  « х an d  a 2-groups of th e  14N (d , « )12C n u c le a r  reaction  b y  e tch in g  th e  
p la s tic s  d e tec to rs  from  th e  back  su rface . In  th is  case , d e tec to rs o f  a th ickness 
eq u a l to  th e  range  o f  th e  «„-group in  th e  d e te c to r  m a te ria l h ad  to  b e  chosen. 
As th e  T-C ellit av a ilab le  in our la b o ra to ry  h ad  a th ick n ess  of a b o u t 100 p, it  
w as red u ced  to  th e  req u ired  th ic k n e ss  b y  e tch ing  i t  in  th e  fo llow ing solution 
a t  60° C:

30 g K 2C r20 7 +  95 cm 3 H 2S 0 4 +  120 cm 3 H 20 .

In  th is  so lu tion  th e  th ick n ess  of T -C ellit reduced  u n ifo rm ly  a t  q u ite  a fa s t ra te  
(21 p /h ) b u t  acco rd in g  to  our experience  th e  th ic k n e ss  reducing  process h ad  
to  be  s to p p ed  b efo re  ab o u t 5 ц  o f th e  requ ired  th ic k n e ss . The re m a in in g  lay er 
h a d  to  be  rem oved  b y  etch ing  in  th e  tra c k  rev ea lin g  solution [3]. T h is change 
w as n eeded  because th e  d ich ro m ate  so lu tion  was fo u n d  to  diffuse a few  m icrons 
in th e  d e te c to r  su rface  an d  change its  tra c k  re v e a lin g  fea tu res  as com pared  
w ith  th e  re s t o f th e  m ateria l.

U sing  th e  ab o v e  m en tio n ed  process th e  th ic k n e ss  of th e  d e te c to r  w as 
red u ced  to  such an  e x te n t th a t  a lm o s t th e  w hole of th e  e tch ab le  p a r t  of th e  
« i-g ro u p s from  th e  14N (d , a )12C re a c tio n  passed th ro u g h  th e  d e te c to r  th ickness. 
O n e tch in g  th e  d e te c to r  from  th e  b a c k  th e  tra c k s  o f  th e  a„ an d  « x-g roups from  
th e  27A l(d, a)25Mg reac tio n  ap p ea red  in  succession an d  th e y  cou ld  be d is tin 
gu ished  from  each  o th e r  owing to  th e  difference in  th e ir  ap p ea ran ce  tim e  an d  
d iam ete rs .

I t  should  be  m en tio n ed  h e re  t h a t  th e  d e te c to rs  were f ir s t  e tch ed  from  
b o th  sides for a sh o rt tim e  and  w hen  th e  dense 3H e  tra c k s  m arked  th e  b o u n d a ry  
of open ings on th e  ir ra d ia te d  su rface  o f th e  p la s tic s  sheets th en  th e  e tch in g  was 
c o n tin u ed  only  from  th e ir  back  b y  fix ing  th e m  in a su itab le  p lex i fram e in  
o rd e r to  avoid to o  m uch th in n in g  o f  th e  d e tec to rs .
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3. R esults an d  discussion

F ig . 1 show s th e  m easured  a b so lu te  d iffe ren tia l cross-sections of th e  a 0 
an d  ocj-groups from  th e  27Al(d, a )25M g n uclear re a c tio n  in th e  cen tre-o f-m ass 
sy s tem  a t  E d =  650, 585 an d  540 keY  b o m b a rd in g  energies. T h e  b a rs  in  th e  
fig u re  re p re se n t th e  e rro r  of th e  re la tiv e  an g u la r d is tr ib u tio n . A cco rd in g  to  th e  
u n c e r ta in ty  in th e  ta r g e t  th ick n ess  d e te rm in a tio n  th e  errors in  th e  abso lu te

Fig. 1. T he angular d is tribu tions of the a 0 and  a , groups of t h e 2"Al(d. a)25Mg nuclear reaction
Ed =  650—540 keV

cross-sec tions are e s tim a te d  to  be 3 5 %  in g enera l. T h e  curves in  th e  F igure 
are  th e  least sq u are  f i ts  o f th e  e x p e rim e n ta l p o in ts  to  a series o f  L egendre 
p o ly n o m ia ls .

T ab le  I  co n ta in s  th e  A 0, A v  . . . etc. L eg en d re  coefficients w ith  th e ir  
e rro rs  a n d  th e  c a lc u la ted  va lues. T h e  e x p e rim e n ta l angu la r d is tr ib u tio n s  
w ere an a ly zed  up  to  Р / needed for th e  b est f i t  in acco rdance  w ith  th e  experi
m en ta l e rro rs . T h erefo re , th e  T able co n ta in s  on ly  th o se  coefficients fo r w hich 
th e  n o rm a liz e d  v a lu e s  are n e a r u n i ty .

F ro m  th e  re su lts  i t  can be seen t h a t  th e  a n g u la r  d is trib u tio n s  a re  n early  
iso tro p ic  as ex p ec ted  a t  such low b o m b ard in g  energies. A t E d =  650 and 
585 keV , how ever, a sm all a n iso tro p y  can  be seen in  th e  case of a 0-g roup , b u t  
th e  a n g u la r  d is tr ib u tio n  o f th is  g roup  averaged  o v er th e  exam ined en e rg y  range 
also b ecom es iso trop ic .

T h ese  resu lts  a re  in  accordance w ith  th e  p rev io u s  w orks a t h ig h e r  energies 
(Ed <C 5 MeV) an d  suggest th e  a ssu m p tio n  of s ta t is t ic a l  com p o u n d  reac tio n  
m ech an ism  for th e  27A l(d , a )25Mg n u c le a r  reac tio n . I t  is, therefo re , w o rth  while
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T able I

Coefficients of the Legendre polynomials

E d (keV) ^ 0 A , A s z2

a 0 650 199.6 +  2 —9.7 + 2 .9 — 13.2 +  3.9 0.97
585 60.1 +  1.1 4.8 +  1.7 0.80
540 24.9 +  0.5 0.70

a, 650 49.7 +  0.5 0.54
585 20.6 +  0.5 0.70
540 10.0+0.2 0.60

to  see i f  th e  in tensities o f  th e  observed  a lp h a  groups co rrespond  to  th e  (21 -)- 1) 
ru le  ch a rac te riz in g  th e  s ta tis t ic a l  co m p o u n d  reaction  m echan ism . T h e  (21 +  1) 
ru le  c a n n o t he app lied  d irec tly  in o u r  case because th e  co n d itions fo r its  
a p p lic a b ility  as given b y  M ac  D o n a l d  [13 ] are , obv iously , n o t sa tis fied . H ow 
ever, w ith  th e  sim plify ing  condition  in tro d u c e d  by  o u r ex p erim en ta l co n d itions 
i t  is possib le  to  follow in  d e ta il th e  fo rm a tio n  of th e  s ta tis t ic a l  w eig h t fac to rs  
fo r th e  tw o  m easured  a lp h a  tra n s itio n s .

A t th e se  low b o m b a rd in g  energ ies in th e  inco m in g  d eu te ro n  channel 
I =  0 is m o st p robab le . T herefore, in  th e  29Si com pound  nucleus o n ly  those 
s ta te s  can  be  excited  w h ich  h av e  sp ins e q u a l to  th e  possib le  channel sp in  values 
3/2, 5/2 a n d  7/2 and  h a v e  p ositive  p a r itie s . T he tra n s it io n  from  a ce rta in  exc ited  
level o f th e  29Si co m p o u n d  nucleus to  th e  5/2 an d  1/2 s ta te s  of th e  residua l 
nucleus can  ta k e  place w ith  d ifferen t l' v a lu es , w here Г is th e  o rb ita l an g u la r 
m o m en tu m  carried  b y  th e  em itted  a lp h a  p a rtic le . (F o r exam ple th e  7/2 —*■ 5/2 
tra n s it io n  can tak e  p lace  w ith  Г =  1, 2, . . .  6, in to ta l  2 • 5/2 -+ 1 =  6, and 
th e  7/2 —► 1/2 tra n s it io n  w ith  Г =  3 , 4, in  to ta l  2 • 1/2 +  1 =  2 possible 
o rb ita l a n g u la r  m o m en tu m  values.) A cco rd in g  to  th e  p a r i ty  co n se rv a tio n  rule 
l' m u st be  even and  th is  fu r th e r  lim its  th e  possible v a lu es  of Г . T h e  possible 
Г va lu es  correspond ing  to  th e  d iffe ren t tra n s itio n s  a re  given in  T ab le  I I .

T able II

The possible l ' values in the transitions from th e  7/2+, 5/2 + and 3/2+ levels of the 29Si compound 
nucleus to the 5 /2+ ground sta te  and 1/2+ first excited state of 25Mg

J

I
7/2 + 5/2 + 3/2 +

5/2 + 
1/2 +

2, 4, 6 
4

0, 2, 4 
2

2, 4 
2
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I t  can b e  seen from  th is  T ab le  th a t  w ith  th e se  values o f Г th e  tr a n s it io n  
from  th e  ex c ited  s ta te s  of th e  com pound  nu c leu s to  th e  5/2 + g ro u n d  s ta te  a n d  
1/2 + f irs t  ex c ited  s ta te  of th e  re s id u a l nucleus can  ta k e  p lace in  e igh t an d  th re e  
d iffe ren t w ays, resp ec tiv e ly . I f  th e  p e n e tra tio n  fac to rs  in  th e  ou tgo ing  ch anne ls 
a re  n eg lec ted , th e n  —  b ecau se  o f th e  assu m ed  s ta tis tic a l c h a ra c te r  o f th e  
process —  th e  tra n s it io n s  w ith  each  possible l' v a lu e  h av e  eq u a l p ro b ab ilities . 
F u r th e r , if th e  sp in  d ep en d en ce  o f level d e n s ity  is also neg lec ted  th e n  th e  
in te n s i ty  ra tio  o f  th e  a 0 an d  x 1 tra n s it io n s  can b e  expec ted  to  b e  8/3. H ow ever, 
ta k in g  in to  a c c o u n t th e  p e n e tra tio n  fac to rs o f  th e  ou tgo ing  a lpha  p a rtic le s  
th is  ra tio  w ill change . T he p e n e tra tio n  fac to rs  fo r th e  e m itte d  a lp h a  energies 
w ere d e te rm in ed  b y  in te rp o la tio n  for Г =  0, 2, 4 using th e  T ab les given b y
J .  R . H u izen g a  a n d  G. J .  I go [14]. (The p e n e tra tio n  fa c to r  fo r Г =  6 w as 
ta k e n  to  be zero .) A m ore co rrec t ca lcu la tion  o f th e  ra tio  of a lp h a  group in te n 
sitie s  w as m ad e  b y  sum m ing u p  th e  w eigh ted  re la tiv e  freq u en cy  of occurrence 
o f  th e  possible l ’ values b y  th e i r  respective  p e n e tra tio n  fac to rs  lead ing  to  th e  
g ro u n d  s ta te  a n d  th e  f irs t e x c ite d  s ta te  of th e  residual n u c leu s. As a re su lt, 
fo r th e  in te n s i ty  ra tio  of th e  tw o  a lpha  g roups a value o f 3.04 was derived .

I f  th e  sp in  dependence  o f  th e  level d e n s ity  in  th e  u su a l fo rm  Fv =  (2 J  -j- 
+  1) exp  [— ( J  +  l/2 )2/cr2] w as also tak en  in to  accoun t th e n  only  less th a n  
4 %  change o f th e  above m e n tio n e d  in te n s ity  ra t io  was o b ta in e d .

In  th e  l a t t e r  ca lcu la tion  a v a lu e  o f th e  sp in  cu t-o ff p a ra m e te r  a1 =  6 w as 
u sed  w hich rep ro d u ced  sa tis fa c to rily  th e  re su lts  o f  27A l(d, oc)25Mg nu c lear re a c 
t io n  a t  h ig h er b o m b ard in g  energ ies [13].

Table III

The m easured and calculated relative intensities of the a 0 and ccl groups

E d (keV) a o
5/2 + 1/2

650 1 0.24
585 I 0.34
540 l 0.40

Mean l 0.327

R elative intensities calculated w ith
o u t penetration factor l 0.375

R elative intensities calculated with 
penetration  factor l 0.328

In  T ab le  I I I  th e  re la tiv e  in te n s itie s  of th e  m easu red  a lp h a  groups in te 
g ra te d  over th e  0°— 180° a n g u la r  region a n d  th e ir  m ean  v a lu es  are show'n. 
T h is T ab le  also co n ta in s  th e  re la tiv e  in te n s itie s  ca lcu la ted  b y  neg lec ting  a n d
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b y  ta k in g  in to  acco u n t th e  effect of th e  p e n e tra tio n  fa c to rs . F o r ease o f  com 
parison  th e  in te n s ity  of th e  <x0-group is no rm alised  to  u n ity .

A lth o u g h  th e  ex p e rim en ta l re la tiv e  in ten s itie s  ch an g e  w ith  th e  b o m b a rd 
ing en e rg y , th e ir  m ean  va lu es  are  found  to  be in  ag reem en t w ith  th o se  ca lcu l
a ted , w hen  th e  effect of p e n e tra tio n  is in c lu d ed . This ag reem en t b e tw e e n  th e  
ex p e rim en ta l re su lt an d  th e  fo rm er sim ple calcu la tion  fo r th e  s ta tis tic a l w eigh t 
fac to rs  su p p o rts  th e  v a lid ity  o f th e  s ta t is t ic a l  com pound  reac tio n  m ech an ism  
a ssu m p tio n  for th e  27A l(d, a )25Mg n u c le a r  reac tio n  in  th e  exam ined  en e rg y  
region.

W e wish to th an k  Prof. A. Szalay , D irector of the In s titu te  of Nuclear R esearch, 
Debrecen, for his constant in te rest in our work, D r. B. Gy arm ati fo r valuable discussions and 
the m em bers of the cascade and photo-em ulsion groups for their help in the m easurem ents. 
One of us (D.S.S.) acknowledges w ith thanks th e  special-duty leave granted  by th e  A ligarh 
Muslim U niversity , Aligarh, Ind ia .
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ИССЛЕДОВАНИЕ ЯДЕРНОЙ РЕАКЦИИ 27Al(d, a)26Mg В ИНТЕРВАЛЕ ЭНЕРГИИ 
E d =  650 -  540 КЭВ ПОСРЕДСТВОМ ПЛАСТИКОВОГО ТРЕКОВОГО

ДЕТЕКТОРА

И . Х У Н Я Д И , Б .  Ш Л Е Н К , Г . Ш О М О Д И  и Д . С. С Р И В А С Т А В А  

Р е з ю м е

Измеряются угловые распределения групп а0 и а.г в ядерной реакции 2?А1 (d, a)25Mg 
при энергиях дейтерия E d =  650, 585 и 540 КЭВ с помощью пластикового трекового детек
тора. Угловые распределения, которые почти изотропны, разлагаются в ряд при помощи 
полиномов Лежандра. Предполагая статистический составной механизм реакции, соотноше
ние относительной интенсивности двух измеренных альфа—групп можно воспроизводить 
простым вычислением, задавая статистические веса для рассмотренных альфа-переходов.
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C O M M U N I C A T I O N  E S  B R E V E S

ON THE MOMENTUM DEPENDENCE OF THE
jtow-VERTEX

By

G.  PÓC SIK  a n d  G.  F e RENCZI
I N S T I T U T E  F O R  T H E O R E T I C A L  P H Y S I C S ,  R O L A N D  E Ö T V Ö S  U N I V E R S I T Y ,  B U D A P E S T

(Received 29. X II . 1969)

1. I n  th e  G e l l -M a n n — S h a r p — W a g n e r  m odel [1] th e  ra tio s  Г(а> - * ■  

—*■ л° у)1Г(л° ~* 2y) a n d  Г(а> —► л° у)/Г(со —*■ Зл;) a re  in d e p e n d e n t o f  th e  
Ttpco-vertex an d  th e y  d e p e n d  only on  th e  lep ton ic  decays of q a n d  со, an d  
ge,m. T h is idea  could b e  te s te d  in  th e  n e w  colliding b e a m  ex p erim en ts  [2] w ith  
th e  re su lt th a t  th e re  is a n  enorm ous c o n tra d ic tio n  b e tw een  th e  above p re d ic 
tio n s of th e  G SW -m odel a n d  th e  e x p e rim e n ta l p a r tia l  w id th s . A possib le  w ay  
o u t of th is  s itu a tio n  is to  assum e t h a t  th e  yigco-vertex fu n c tio n  defines a 
m o m en tu m  d ep en d en t coup ling  [3, 4 ] . S ta r tin g  from  th is  idea we w a n t to  
show  t h a t  in  th e  c u rre n t a lgebra a p o ss ib ility  ex ists fo r exp la in ing  th e  ra tio  
Г((о —► л °  у ) /Г (л°  —>■ 2у).

2. In  o rder to  f in d  th e  ra tio  of p a ra m e te rs  of th e  Ttpco-vertex fu n c tio n , 
we recall an  a p p ro x im a te  sum  ru le [5] derived  fro m  th e  assu m p tio n  o f c- 
n u m b e r S chw inger te rm s , nam ely :

M (k2)M(F-) |p!- (pl +  q2) ^ - M ( k 2)M (l2) pl+ (p i+q2) P 20
] = 0 ,

w here M ( (p —p ')2) is th e  in v a ria n t fu n c tio n  of th e  m a tr ix  elem ent

<™t(p)\v g • (O)aNp', y)>; 
p v  p 2 a re  p ion fo u r-m o m en ta , p 2 =  m~n an d

V o  =  (P2 +  q2 +  m l)112,

k 2 =  (p  io — p io)2 —  (Pi — p 2 —  q)2>

12 =  (P-20 — P 20)2 —  q2>

U  =  (Pio +  P 2o)2 -  (Pi —  Pi —  q)2> 

p- =  (Pzo +  P 2 o)2 —  q2-

( 1 )

( 2)

(1) is v a lid  u n d er th e  co n d itions p x 0, p,q =  0, p jp 2 == 0 [5]. T he second 
te rm  o f (1) rep resen ts  som e d isconnec ted  co n tr ib u tio n s  d eriv ed  from  th e  in te r-
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m e d ia te  s ta te  |2яа> > ,  w hile th e  7rp9?-vertex an d  h ig h e r-o rd e r te rm s a re  
neg lec ted .

F o r sm all va lu es  of pf, q- (;$ (3—4)m^) w e a p p ro x im a te  M  by  a p-pole 
d o m in a te d  fo rm

Щ р 2) =  - ^ - т  +  ь (3)
™2ç ~ P -

w ith  a, b c o n s ta n ts . To e v a lu a te  (1) i t  is w o rth  w hile to  in tro d u c e  d im ension 
less p a ra m e te rs  x, y ,  z : q2 =  гш*, pf =  y m 2n, =  хт 2л. B y  su b s titu tin g  (3) 
in to  (1) we g e t a q u a d ra tic  e q u a tio n  for b/a. T h e  co rrespond ing  so lu tions w ere  
s tu d ie d  n u m e ric a lly  in th e  d o m ain  x, y ,  z =  [10 —  100]. W e o b ta in ed  t h a t  
re a l roo ts are  p re se n t only  fo r z ^  25. F u rth e rm o re , th e  one ro o t is b =  0 [5], 
a lm o s t in d e p e n d e n tly  of x, y ,  z, rep ro d u c in g  th e  w rong fo rm  o f th e  G SW - 
m odel. The o th e r  ro o t changes s lig h tly  w ith  x, y ,  z. T yp ica l cu rv es  are in d ica ted  
in  [6]. A ccord ing  to  our ca lcu la tio n s th e  av e rag e  value  o f 6/o over x, y ,  z is 
(bla)av =  1.4 G eV -* .

On th e  o th e r  h an d , b/a d e te rm in es th e  ra tio  Г(со —*- л°у)1Г(л° —*• 2у). 
N ow , if  we use  o u r  (6/а)ав a n d  o th e r  d a ta  from  [2, 7], th e  ra tio  1.9 • 105 is 
o b ta in e d  w hile th e  ex p e rim en ta l value is 1.6 • 105.
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ON THE IMPORTANCE OF USING EXACT FORMS FOR 
SCATTERING AMPLITUDE IN REGGE POLE THEORY

By

S . K r a s z n o v s z k y , G . N é m e t h  and G y . P i n t é r

CEN TRA L RESEA RCH  IN ST IT U T E  FOR PHYSICS, B U D A PEST

(Received 5. II . 1970)

A lm o st as soon as i t  h a d  been p ro p o sed  to  describe  th e  elastic  sca tte rin g  
in te rm s  o f a single R egge pole, th e  so-called v acu u m  or P o m eran ch u k  pole,
A. L . R e a d , I. O r e a r  a n d  H . A. B e t h e  [1] suggested  th e  use of e x a c t, in stead  
of a sy m p to tic  form s fo r th e  L egendre  fu n c tio n s in v o lv ed  in  th e  expression  for 
s c a tte r in g  am p litu d e , g iv ing  s im u ltan eo u sly  th e  co m p u te r  p lo ts o f th e se  fu n c
tio n s. N everthe less, in  th e  ca lcu la tio n s rep o rted  to  d a te  th e  a sy m p to tic  form s 
are u sed  a lm o st exclusively  because o f  th e  u sua lly  h ig h  energy  v a lu es  a n d  th e  
poor ex p e rim en ta l a ccu racy  of th e  d a ta .

C onsidering  th e  d a ta  o f a re p o r te d  exp erim en t [2], chosen as an  exam ple  
because o f  its  high accu racy , i t  w ill b e  show n th a t  th e  a sy m p to tic  fo rm s m ay 
lead , in  som e cases, to  su b s ta n tia lly  d iffe ren t re su lts  from  those  o b ta in ab le  
using fo rm s w hich agree in  th e  c ritica l reg ions w ith  th e  e x a c t values w ith in  1% . 
The m easu rem en t in  q u estio n  covered  th e  d iffe ren tia l cross-section  fo r p —p  
elastic  sc a tte r in g  observed  a t  a fixed  ang le  of 90° in  th e  cen tre  of m ass system  
as a fu n c tio n  of th e  sq u a red  4 -m o m en tu m  tra n s fe r  — t, a t  large v a lu es  o f — t, 
w hen th e  an g u la r m o m e n tu m  of th e  incom ing  p ro to n s  v a ried  from  5 to  13.4 
GeV/c.
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-t(GeV/cf 7,2 7,1 7,0 6,9 6,a 6.7 6,6 65 6,U

Fig. 2

T he c a lc u la tio n  serves m ere ly  for th e  i l lu s tra tio n  of th e  m e th o d  w ith o u t 
a n y  discussion o f  th e  p h y sica l im p lica tions. F o r  s im p lic ity , in s te a d  of th e  
e x p e rim e n ta l d a ta  shown in  F ig . 2, we shall use th e  po in ts  o f th e  tw o  s tra ig h t 
lines w hich a re  seen to  f i t  th e  m easu red  values fa ir ly  well ow ing  to  th e  sm all 
e rro r  o f th e  la t te r .

T he a n g u la r  m o m en tu m  v a lu es  a(t) will be  d e te rm in ed  from  th e  ex p eri
m e n ta l d a ta  in  te rm s  of th e  v acu u m  pole m odel u sing  for th e  sc a tte rin g  am p li
tu d e  a t  a  <  0 th e  form

A(s, t) =  ß(t)i.x(2x -(- 1)(1 +  exp  [— inot]) ^ - 5 —— -  ̂ (1)
n  cos not.

w here  z =  cos 0 ,  an d  th e  in d ex  t s tan d s  for th e  channel t. In  th e  p resen t case 
we h av e

2 Sz ------------------1
2 M 2 -t

w ith  M  be in g  th e  p ro ton  m ass a n d  s th e  sq u a red  to ta l  en e rg y  in  th e  cen tre  
o f  m ass. In  th e  ana lyzed  e x p e rim e n t the  v a lu e  o f  z lies in  th e  reg ion  2 ]> Z  
<  2.5 an d  th e  fu n c tio n  Q ^a_ 1 is th e  L egendre fu n c tio n  o f second  k in d  w ith  
n o n -in te g ra l in d e x  and p o sitiv e  a rg u m en t. T h is fu nc tion  is u su a lly  ap p ro x i
m a te d  b y  its  a sy m p to tic  fo rm

~ 08 (2) 
Г ( —a + 1 /2 )
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C alcu la ting  th e  d ifferen tia l cross-section  dcf/dt from  (1) a n d  p u ttin g  
m i m  =  1 and  o' T ot =  40 m b, w e get th e  expression

2 ,70748-10 -
da
dt

3z 1
3 z

+ „ (2« + 1 ) ü i № ) í í  w
cos лес

=  о ( 3 )

w hich allow s a(t) to  b e  ev a lu a ted  fro m  th e  m easu red  v a lu e  of th e  d iffe ren tia l 
cross-section  a t  a g iven  va lu e  of t (in  th e  p resen t case — t =  2p^M).

In s te a d  of th e  u su a l a p p ro x im a tio n  (2) we use th e  form

< ? - .- l ( * )  =  Í*  , ?  V ( 2 g )a +  Vя  * \  (2

Г 2 ~ Х
a

(4)
7=0

w here

To =  1
7 +

ч Т  -  --- - -  

i + Y
a 7 +  1

w =  2/z2 7 ci

0 0.997
1 0.576
2 — 0.056

< *  <  1 3 0.480

9/-1 7 = 1 , 2 . . .

I f  z ]/2 th is  form  y ie ld s  th e  values o f  Ç _ Gl_ 1 w ith  a m ax im um  e rro r  o f 1% .
T he va lu es  of a(f) ca lcu la ted  fro m  th e  expression (3) are  p lo tte d  in  F ig . 1. 

W ith  an  a p p ro p ria te  tra n s fo rm a tio n  o f  scale and b y  increasing  th e  n u m b e r 
o f p o in ts  in  th e  c ritic a l region, th e  b re a k  in cu rve  1 a t  — t =  6.8(G eV /c)2 
becom es w ell a p p a re n t (F ig . 2) and  is seen to  rep ro d u ce  fa irly  well th e  b re a k  
o bservab le  in  th e  o rig inal d a ta  (Рем  =  3.4  (GeV/с)2). F ig . 1 clearly  show s th a t  
a  is a single valu ed  fu n c tio n  of t and  te n d s  a sy m p to tic a lly  t o «  =  — 1 a t  large 
values o f — t. I t  becom es ev iden t fro m  a sim ple n u m e ric a l exam ple w h y  i t  is 
necessary  to  use E q . (4).

T ak in g  a  =  — 0.95 th e  ra tio  o f  exp ression  (4) to  (2) is 1.1985 i f  z =  2 
an d  1.1437 if  z =  2.5 w hile w ith  a =  — 0.985 these  ra tio s  becom e 1.2146 and  
1.1289, re sp ec tiv e ly . T h u s , it  can be seen  th a t  th e  co n v en tio n a l fo rm u la  in tro 
duces in th e  p resen t case a m u ltip lica tio n  fac to r  be tw een  1.2 and 1.1 in to  th e  
v alue  o f th e  sc a tte rin g  am p litu d e . I t  follow s th a t  e.g. th e  value of th e  cross- 
section  of p h y sica l in te re s t  de te rm ined  from  th e  co n v en tio n a l form ula is from  
4 0%  to  20 %  low er co m p ared  w ith t h a t  o b ta in e d  from  th e  m ore a c c u ra te  form  
(4) used in  o u r ca lcu la tio n s.
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I f  th e  v a lu e s  o f  — t are sm all, th e  s c a tte r in g  am p litu d e  in  te rm s o f th e  
v a c u u m  pole m o d e l is given b y

^4+ (s, t) =  ß(t)x(2x +  1)(1 ex p  [— inx]) —
Sin ЛОС (5)

w h ere  P a(z) is th e  L egendre fu n c tio n  of th e  f i r s t  k in d  w ith  n o n -in te g ra l in d ex  
a n d  positive  a rg u m e n t an d  th e  genera lly  u sed  asy m p to tic  fo rm  is

r |a + T
(2*)‘ .УлГ(х-{-1)

This fo rm  is obv iously  in a p p ro p r ia te , if  one  wishes to  describe  a p rocess 
w ith  2 in th e  reg io n  0 <[ z 2. T h is  is th e  case e.g. in d iffrac tio n  d issociation  
ex p erim en ts  w ith  тг-m esons a n d  h e a v y  nuclei. T h e n , owing to  th e  large nu c lea r 
m ass  an d  th e  sm a ll value of — t, a t  th e  c u r re n tly  used n o t to o  h igh energies, 
z is close to  zero .

T he fo rm  o f P  w hich sh o u ld  be u sed  in  th is  case, is

а д  =  2 4 í ? v
1= 0

fl =  1

J aj

0 1.000 P<0] =  1
1 0 . 5 0 0

2 0 . 2 4 3

3 0 . 1 2 2 p ( a )  _  _

4 0 . 0 8 8

5 0 . 0 4 4

j-\~x j — 1 —a
P % j =  1, 2, . . .

F o r m e a su re m e n ts  p e rfo rm ed  w ith  h ig h  accu racy , i f  Z  2 we reco m 
m en d  th e  fo rm u la

Г « +  — )2 j
Г (  а + 1 ) л 1/2 

4
a =

(2z)* +  y b j R f a J ,  
j =  о

R f ) =  e(P + e f ,

г

< £ > = -

№  =

Г ( х — 1)л1/2

Г 1 12 j
Г ( —а) л .1/2

(2 2)а

( 2 2 ) -
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o(l) =

a
2

• , 1 _  a  
J +  2 2

• — a 7 +  1

=
''+ i —  +  —2 2

■/ + T + a

, / 2)trj-l 1

b0 =  1.001, fq =  0.236, 62 =  0.096.

S um m ariz ing  w h a t h as  been sa id  i t  is adv isab le  to  e s tab lish  th e  possib le  
values o f  Z  before choosing  th e  fo rm u la  used  for th e  f i t .  Z  be ing  d e p e n d e n t 
on ly  on s, t an d  th e  fo u r  m asses in v o lv ed  (in th e  exam ple  chosen for i l lu s tr a 
tio n  th e  fo u r m asses w ere , of course, eq u a l), i t  can be c a lc u la ted  ex p lic itly  or 
from  a g iven  fo rm ula (e.g. [3]). I f  Z  lies in  th e  c ritica l reg ions in v e s tig a te d  
above, i t  is p referab le  to  use th e  fo rm s sugg ested  here. T h e y  a re  easy to  h a n d le  
bo th  a n a ly tic a lly  an d  b y  com pu ter. In  m u ltip o le  ap p ro x im a tio n s  th e  s c a t te r 
ing  a m p litu d e  has to  b e  w ritte n  as th e  sum  o f th e  c o n tr ib u tio n s  defined b y  (1) 
or (5) w hen  th e  su m m atio n  index  concerns obv iously  a , ß  w ith  th e  sign o f th e  
ex p o n en t v a ry in g  acco rd in g  to  th e  sign o f  th e  pole. T he use  of th e  suggested  
m ore a c c u ra te  form s seem s to  be even  m ore  im p o r ta n t in  th e  m ultipo le  a p p ro 
x im atio n .
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1. Introduction

O nly a few  so lu tions [1] describ ing  th e  g ra v ita tio n a l fie ld  inside a co m 
p o site  sphere are  c u rre n tly  availab le  in  th e  gen era l th e o ry  o f  re la tiv ity . T h is  
p a p e r describes a so lu tio n  o f th e  fie ld  e q u a tio n s  of g enera l re la tiv ity  w hich  
gives th e  in te rn a l s tru c tu re  of a com posite  sp h ere  h av in g  a core of ra d iu s  a 
a n d  of d e n s ity  q =  @0(1 —  r2/.R2) su rro u n d ed  b y  a shell o f o u te r  rad ius R  a n d  
o f  d en sity  =  K /k2 w h ere  p0 is th e  d e n s ity  a t  th e  cen tre , a n d  c o n s tan t К  is  
to  be ta k e n  as д0а2( 1 —  a2/r2) to  m ak e  th e  d e n s ity  con tin u o u s a t  th e  in te rfa c e .

2. Field equations and boundary conditions

W e ta k e  th e  line e lem en t as

Acta Physica Academiae Scientiarum Hungaricae,  Tomus 30 (1 ), pp. 89 —  92 (1971)

ds2 = — e;' dr2 —1 r2 dO2 —- r2 sin2 Od Ф2 -f- e* dt2, (2 . 1)

w here A a n d  r are  fu n c tio n s  of r a lone. The fie ld  equ a tio n s fo r th is  line e lem en t 
a re  [2]

1
8 лp

8 Tip

V 1 I 1
~r I ^  T2

v" ),'v' v'2 v ' - K
2 4 4 2r

8 ло =  e * I —---------^

( 2.2)

(2 .3)

(2 .4 )

w here p rim e deno tes th e  d iffe ren tia tio n  w ith  re sp ec t to  r.
T he follow ing co n d itio n s m u st be sa tisfied  to  o b ta in  a  so lu tion  w ith  

physica l significance:

* Presen t address: S. N. К . P. G overnm ent College, Neem K ath an a , R ajasthan, In d ia .
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(i) T h e  p ressures ея a n d  er are c o n tin u o u s  a t th e  in te rfa c e  of th e  core  and 
th e  shell.

(ii) T h e  pressure is zero  a t  th e  su rface  of th e  sp h ere  an d  bey o n d .
(iii) eA a n d  er are  co n tin u o u s  a t  th e  surface of th e  sphere.

3. S o lu tion  of th e  fie ld  equations

T h e  f ie ld  equ a tio n s (2,2), (2,3) a n d  (2,4) can be so lved  for th e  co re  [3] 
to  give

e A =  1 — лд0 5r2 -
3 r4
R 2

er =  [cx cos z/2 +  c2 sin  z/2]2,

8 лр  = -----
R

Í 2я£0 1/2

l 5 15

1/2
X

X
c2 — cx ta n  z/2

15
( 5 - 3 « ) ,

С1“Ь С2 ta n  Z/2

w here сг a n d  c2 are c o n s ta n ts  of in te g ra tio n  an d  « =  r2/R 2 and

I 1/2

z =  log
5 , 5

---------К H---------:------
3 8 n R 2 q0

(3.1)

(3.2)

(3.3)

W e n o w  solve th e  fie ld  eq u a tio n s  fo r th e  shell w h ere  d en sity  v a rie s  as 
K/r2. E q . (2,4) can be ea s ily  in te g ra te d  to  give

e A =  1 —  8 л к  +  "—  » 
r

(3.4)

w here c is a c o n s tan t o f  in te g ra tio n . E lim in a tin g  p  f ro m  E q . (2.2) a n d  (2.3) 
a n d  a ssu m in g  e^2 =  y ,  w e get

г2 [ ( 1 - 8 я А :) г + с ]  Y " — r (1 — 8jrfe)r-f- —
2

У '+  18 л к г -----^ - |  Y  =  0. (3.5)

S u b s titu tin g  X =  8лк— 1/c r, E q . (3.5) reduces to  th e  d iffe ren tia l e q u a tio n  o f 
h y p e rg eo m e tric  form

z 2( l - * ) - ^ - + z | t - -  
dx2 2

dy
dx

+
I 8 лк 3
[ 8 лк  — 1 2

y  =  0. (3.6)
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S o lu tion  of E q . (3,6) is

У =  —— IAF(<x, ß; v; x ) - \-B x5'2 E ( x + 1 —  v, /5+ 1  —  v; 2 —  v; x)], (3.7)

w here  A  an d  B  a re  co n stan ts  o f  in te g ra tio n . T h e  sym bols E  a n d  F  s ta n d  for 
h y p erg eo m etric  fu n c tio n s. T he v a lu es  of a , ß  a n d  v are

1 + y 1 -  8 л к .
-  1 у  1 - 8 лк

a n d  — 3/2, re sp ec tiv e ly . To g e t re a l values fo r x  an d  ß we m u s t  h a v e  8л:k < / 
<  1. E q . (3.7) can  be  re -w ritten  as

e” =  — - [ A  F  +  B x5l2E f . (3.8)

E q s . (2.2) an d  (3.8) are  used to  o b ta in  p ressu re  a t  a p o in t in sid e  th e  shell 
w h ich  is given b y

8 л р  =  c 8 л к  — 1
( 1 - * )

A { 2 x F ' - F )  +  2 B x 5/2 (2E + x E ')  
A F + B x 5'2E

( 8 л к  — 1) ( l - ж )

(3.9)

T he ex te rio r  so lu tion  (r R)  o f th e  field  eq u a tio n s  (2.2), (2.3) an d  (2.4) 
is know n as th e  Schw arzschild  e x te rio r  so lu tion  w hich  is g iven b y

j » , 2me A =  e =  1 --------- , p  — 0 , (3.10)

w here  и  is a c o n s ta n t of in te g ra tio n .

4. D eterm ination of the constants

A pply ing  th e  cond ition  o f c o n tin u ity  o f ед a t  т =  a a n d  r  =  R,  we get

1 6 яр 0 а 2 j c 6a2C J D ,
15 ( R 2 ]

Í 4a2 2a
m =  4 я р „ а 2 --------------------R

\ 5 R 2 3

(4.1)

(4.2)
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T he c o n s ta n t m , th e re fo re , is id e n tif ia b le  as th e  m ass o f the sphere. T he con
t in u i ty  o f  e” an d  zero  p ressu re  a t  r  =  jR give us

x R 1
A  =

2m \ l I*
2 Xr F  r — Fr

1 —
1 + x R

(8 л к — 1) ( 1 - * * )
2 x r (F'r E r —E'r Fr ) — 5 E r Fr

(4.3)

В  =

2 m l1'2

R  )
2 x R F r —Fr 1 XR

(8 л к - 1 )  (1 —* д )

-t/?2 [2 (F R E R — E r Fr ) — 5 E r F r ]
(4.4)

w here  x R, F R an d  E R d en o te  v a lu es  co rrespond ing  to  r — R. T h e  c o n s ta n ts  
cr a n d  c2 are ca lcu la ted  b y  ap p ly in g  th e  c o n tin u ity  cond itions o f e an d  p  a t 
r =  a. T h e  values o f  сг a n d  c2 are :

</i —  CO S '
Z(, I A  Fa +  Bx%2 E a

Cn =  CO S

2 I

l A F a + B x f E ,

1 - J - t a n —2-
2

xn
a 1 'jT -|-tan  ——

2 ,

(4.5)

(4.6)

w here  x a, Fa, E a a n d  za den o te  v a lu es  co rrespond ing  to  r  =  a an d

8 ло0 I5- Щ

c[A(2xaF  'a- F a)-\-2 Bx%j2(2Ea-{-xaEá)]( 1 — xa)
15 <F{AFa+ B x f E a)

4 2 лд0 1/2 \  8nQ0 a- 5 3° 2
1/2-

•
R 5 15 R 2
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1. Introduction

T h e th e o ry  of w eak  in te ra c tio n  w hich is fo rm u la ted  in te rm s  of th e  c u r 
r e n t— cu rre n t in te ra c tio n  [2] w ith  u n iv e rsa l coup ling  c o n s ta n t, has received  
considerab le  su p p o rt from  th e  co n serv ed  v e c to r  c u rren t h y p o th e s is  [3]. T h e  
h y p o th es is  w as o rig ina lly  p o stu la ted  in  an a lo g y  to  e lec trom agnetic  in te ra c tio n  
an d  w as show n to  he  t ru e  b y  m eans o f  th e  /З- ra y  sp ec tra  [4] w ith  la rg e r en erg y  
release.

A n o th e r th e o ry  assum es t h a t  th e  w eak in te rac tio n s  a re  m ed ia ted  b y  
a w eak  boson fie ld  w ith  h eav y  q u a n ta  [1 ]. T h is can  only he d e m o n s tra te d  b y  
m eans o f h igh en erg y  exp erim en ts , because  a t  low  energies th e  detec tio n  o f  
a n y  n o n -lo ca lity  is im possible. A lso, th e  p ossib le  w eak n o n -lo ca lity  is m ad e  
u n o b se rv ab le  b y  th e  s tro n g  n o n -lo ca lity  com ing  from  th e  p ion ic  form  fac to rs  
of th e  nucleons [5].

O ur aim  is to  s tu d y  th e  effect o f d iffe ren t fo rm  factors on  th e  follow ing 
reac tion

V +  p  n  +  f j +  (1)

b y  th e  w eak  boson th e o ry . I f  we ac c e p t th e  h y p o th e s is  of th e  co nserved  v e c to r  
c u rre n t, we h av e  [6]

W )  =  E (3 2) =  W ) 1 + ( 2)

2. W eak boson

I f  we consider t h a t  th e  w eak in te ra c tio n s  a re  m ed ia ted  b y  w eak  bosons, 
w e can  w rite  th e  in te ra c tio n  H a m ilto n ia n  as follow s

11 =  +  g j u (P u  • (3 )

H ere  g is th e  coup ling  c o n s ta n t, <p is th e  w ave fu n c tio n  for th e  W  boson, J ^  
an d  j  a re  th e  s tran g en ess  -— conserv ing  b a ry o n  c u rre n ts  an d  le p to n  c u rre n ts ,
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re sp ec tiv e ly . A pp ly ing  th is  H am ilto n ian  fo r  th e  re a c tio n  (1) we get th e  follow 
ing  re la tio n  b e tw een  th e  F e rm i c o n s t a n t / a n d  th e  coup lin g  c o n s tan t g  o f  w eak 
bosons.

,  V 2 g s  
J M l

(4)

3. F o rm  fac to rs

In  th is  section  we s tu d y  th e  e ffec t o f  d iffe ren t fo rm  fac to rs on th e  to ta l  
cross-section  for h igh  en e rg y  a n tin e u tr in o s , on th e  basis  of th e  conserved  
v ec to r c u r re n t h y p o th es is  an d  in te rm e d ia te  v ec to r bo so n . W e consider th e  fol-

ow ing F e y n m a n  d iag ram  a n d  assign th e  m asses an d  m o m en ta  of th e  p a rtic le s  
as in d ic a te d  in  F ig . 1.

T h e  m o s t genera l fo rm  of th e  S -m a tr ix  e lem en t o f  th e  four fe rm io n  in te r 
ac tio n  fo llow ing from  F ig . I  is:

1 4 h c M l  V 2

+  *fa {q2) Уа Уб

F i(q2) У‘ - ^ ( * 2К ^  +

1
1 +  (q lM wf

ô(kp—k n +  k v~ k e) ,

К  Уа(1 +  У5) *>е (5)

w here F 1(g2) an d  F 2(g2) a re  b o th  equal to  th e  isovecto r nucleon  e lec tro m ag n etic  
form  fa c to r , ц  is eq u a l to  th e  d ifference o f  anom alous m ag n e tic  m o m en t betw een  
p ro to n  a n d  n e u tro n  a n d , F a  is th e  a x ia l  v ec to r fo rm  fac to r.

A fte r  ted io u s  ca lcu la tio n s th e  t o ta l  cross-section  fo r th e  a b so rp tio n  o f  
a n tin e u tr in o s  accord ing  to  (5) in th e  la b o ra to ry  sy s te m  is given b y  th e  fo l
low ing:

(7  , '  ̂  I :

a(E) =  i -2 dK m.
F ( K ,  E) d K , ( 6)
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w here

F  (К ,  Е ) =
A o + A ^ + A z K *

1ß2,
Е 2 { К + х ) 2п ( K + ß ) 2 

А 0 =  4(1 +  Я2)Е 2,

А ,  =  — Е{ 4 +  4Я2+ 8Я  +  8,иЯ)+,и2Е 2+ 2(Я 2 - 1 ) ,

А 2 — —/12Е + ( 2  +  2Я2+ 4 Я + 4 /1 Я + 4 |и + ^ 2),

=  р м 2 _  j  6 10_38 сш2
2 лП2с2

О )

(8)

(9)

( 10)

^•max
2 M 2

( И )1 +  2 E ?

-^min ~
‘2

(12)
2 M 2 ’

я = 1.25, Ц = 3.71, (13)

a  =
1

~2l 3nd ß =
M l  

2 M 2. '
(14)

H ere  Е  is th e  en erg y  of th e  in c id e n t a n tin e u tr in o , К  th e  k in e tic  energy  
of th e  reco il n e u tro n , all m easured  in  nucleon m ass u n its . M -1  is th e  C om pton 
w ave le n g th  of th e  nucleon .

A ssum ing t h a t  all form  fa c to rs  are  th e  sam e an a ly tica l fu n c tio n s  of q2,
i.e.

Ш )  =  W )  =  Ш )  = 1 +
lq2
M 2

(15)

w here l a n d  n a re  p a ram e te rs . F o r  th e  p a ra m e te r  n, i t  w as m e n tio n e d  b y  
G a l il io  a n d  Ch il t o n  [7] th a t  th e  to ta l  cross-section  diverges fo r  n =  0 a n d  
n =  1 b u t  ap p ro ach es a c o n s ta n t v a lu e  for n >  2 w hen th e  en e rg y  E  of th e  
in c id e n t a n tin e u tr in o  approaches o o .

F ir s t  we ta k e  n  =  2, an d  s tu d y  th e  effect o f th e  p a ra m e te r  l on th e  
cross-section . T he to ta l  cross-sections w ere ca lc u la ted  for th re e  v a lu es  of l a s  
follow s:

a) T ak in g  1 = 6 ,  an d  M w =  У2M  E q . (6) becom es

f  ß2( A 0+ A 1K + A 2K 2) d K  

2 Jjcmln Е Ц К + ß ) 2
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F ig. 2

In te g ra t in g  we o b ta in ,

■a(E) E  A o~  A i ß + A 2p~ 
2 E 2 2 ( K + ß )

( A 1~ 2 A 2 ß) ln ( K + ß )
Kr

r̂nin
■ ( Щ

b) T ak in g  I — 1/2 a n d  M w — [A2 M , i.e. x  =  ß  E q . (6) becom es

< E )  — 2 E 2
A 0— A 1x + A 2x2 A x- A 2x A ,

5 ( K + x ) 3 4 ( K + x f  3 ( K + x ) 3

k„

k „
(17)

c) T ak in g  l =  1.25 an d  M w =  y~2 M , i.e. x ß, th e  to ta l  cross-setion  
becom es

2 E 2
102(A 0 - x A 1 +  x 2A 2) 

3 ( K + x ) 3

, 10„ ( - 2 A o +  A 1 ( 2 x + O . l ) - 2 * A 2( 0 . 1 + x )
2 ( K + x ) 2

+  10i [3Ao —  A 1( 0 . 2 + 3 x ) + A 2( 0 M + 0 A x + 3 x 2)] l (K+x)  +

+  10\ A 0 - A 1ß + A 2ß2) l ( K + ß )  -  [ - 4 Л о+ Л ( 0 . 3 + 4 « )  —

—  A 2(0.02 +  0 .6a +  4a2)]105 In ( K + x )  —  [АА д+А^ ОЛ  —  Щ  +  

+  2 ß A 2( 0.1 2/1)] 105 ln  ( K + ß ) ] * ™

( 1 8 )
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The d ep en d en ce  of th e  to ta l  cross-section  on th e  p a ra m e te r  l is show n 
in  Fig. 2. Second ly , we shall s tu d y  th e  effect o f  th e  p a ra m e te r  n on our cross- 
sec tion  b y  ta k in g  l =  5/4.

T he cross-sections w ere ca lcu la ted  n u m erica lly  b y  a 1905 E ICL co m 
p u te r  for va lues of n equal to  2, 3 an d  4. T h e  effect is show n in Fig. 3 w h ere  
th e  m ass of th e  v e c to r  in te rm e d ia te  boson is ta k e n  to  be 2 M .  F ro m  th e  F ig u re  
i t  is ev id en t t h a t  th e  cross-section  decreases w ith  increasing  values of n.
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INVESTIGATION OF THE CURRENT DEPENDENCE 
OF “VOLUME-GRADIENT” E.M.F. IN SEMICONDUCTORS

By

S. P ü s p ö k i and G. P a t a k i

R E S E A R C H  I N S T I T U T E  F O R  T E C H N I C A L  P H Y S I C S  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  B U D A P E S T

(Received 19. V. 1970)

T he ex p e rim en ta l in v es tig a tio n s  o f  inhom ogeneous sem iconducto rs h a v e  
show n [1— 4] th a t  th e  v o lta g e  difference m easu red  b e tw een  tw o p o in t c o n ta c ts  
depends on th e  d irec tion  o f  th e  c u rre n t. T h is  effect cou ld  b e  exp la ined  b y  th e  
so-called d is tr ib u te d  in je c tio n  of m in o rity  ca rrie rs  from  th e  h igh  re s is tiv ity  to  
th e  low  re s is tiv ity  p a r t  o f th e  sam ple.

In  [5] a th e o re tic a l t re a tm e n t o f  th e  p rob lem  w as g iven , assum ing  th e  
follow ing d is tr ib u tio n  o f im p u rities  (d o n o rs):

N  =  \ Nd0^  +  a'x) if  x 0 <  X  <  o o ,

(IVrfo(l +  O^o) =  c o n s t, if   oo <  X <  x 0.

F o r low va lu es  o f th e  c u r re n t , th e  a lg eb ra ic  sum  of th e  v o ltag es  m easu red  a t  
d iffe ren t d irec tio n s of th e  c u rre n t d e n s ity  e* w as ex p lic itly  de te rm in ed , e* is 
know n as th e  “ v o lu m e-g rad ien t”  e.m .f. [1]. T he e x p e rim e n ta l in v es tig a tio n s  
o f e*(i) ch a rac te ris tic s  show  th a t  i t  is in te re s tin g  to  in v e s tig a te  those im p u r ity  
d is tr ib u tio n s  fo r w hich th e  fu n c tio n  e*(i) c an  b e  given ex p lic itly  for th e  w hole 
range  of c u rre n t d en sity  i.

In  th e  p re se n t w o rk , th e  fo llow ing ty p e s  of im p u r ity  d is tr ib u tio n s  are  
in v es tig a ted :

a) sinus-like d is tr ib u tio n  along th e  x  ax is  (— o o  a  <  j -  o o ) :

N d =  N d0 1 -f- Г) sin
2л
T , ( 1 )

b) d is tr ib u tio n  com posed  of e x p o n en ts :

N d
(V d0[ l  +  r)(eax —  1)] if  x  <  0, a >  0,
[V d0[ l  +  t)(l — e-ax)] if  0 <  * , a  >  0. (2)

T he ca lcu la tio n s are  ca rr ied  o u t using  th e  follow ing assu m p tio n s:

(i) th e  am p litu d e  o f  th e  im p u rity  in h o m o g en e ity  is sm all: rj 1;
(ii) th e  im p u rity  a to m s are fu lly  io n ized ;
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(iii) su rface  reco m b in a tio n  can be n eg lec ted ;
(iv) th e  a ssu m p tio n  o f  q u a s i-n e u tra li ty  is valid .

U sing th e  usual n o ta t io n , th e  e q u a tio n s  describ ing  th e  p rob lem  in  
questio n  a re :

I . T h e  s te a d y -s ta te  e q u a tio n s  of ch a rg e  c o n tin u ity :

^ - n , p  =  —  div jn'p —  (p n  — n ? )/[(n + » x )/C p + (p  +  Pi)/C „] =  0 , (3)
at

w here  Cn, Cp, n 19 p x are th e  p a ra m e te rs  o f  th e  Shockley— R e a d — H all m o d e l

[7].
I t  is o b v io u s  from  E q . (3) th a t  th e  to ta l  c u rren t d e n s ity  i is c o n s ta n t:

e Up—In) =  i-
I I .  T h e  phen o m en o lo g ica l expressions fo r th e  e lec tron  an d  hole p a r tic le  

c u rre n t d e n s itie s :

ín  =  — ° n  grad  n —  nPn E,  

ip =  ~ D p grad  P +  PPp Ë-
(4)

I I I .  T h e  P o isson ’s e q u a tio n  :

d iv  Ë  =  —  (p - f  N d —  n) . (5)

T h e  n u m erica l es tim ates  sh o w  th a t ,  in o u r  case, th e  sem ico n d u c to r re m a in s  
e lec trica lly  n e u tr a l  to  a v e ry  good ap p ro x im a tio n . T h u s, in s te a d  of E q . (5 ), 
th e  cond ition  o f  e lectrical n e u tra l i ty  can  b e  used:

n =  P +  N d. (6)

W ith  th is  re m a rk , th e  c o m p le te  set of d iffe ren tia l e q u a tio n s  to  be so lved  is:

dn/dx =  —  ( j n +  npn E) /D n; dpldx  =  — ( j p —  pf ip E)IDp ,

djnldx  =  ~ ( P n —  nl)l[(n +  «1 )lCp + ( P  +  Pi)lC„]’ n =  P +  Nd-

T o  m ake th e  ca lcu la tions m o re  concise, d im ension less q u a n tit ie s  will be in t r o 
duced :

I  =  x/L; N  =  nl(n0+ K p 0); P  =  p / ( n 0+ X p 0); N D =  N dl(n0+ K p 0) ;

0  =  — e j j i ;  Y  =  —  [epn (n 0 +  К р 0)Щ E;  (8)

K = l / b =  р р1Ип; Л =  [LleDn(n0+ K p 0)]i; A  =  K U \ L \  ,
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w here L  is th e  c h a ra c te r is tic  leng th  o f th e  im p u rity  d is tr ib u tio n : T J 2 n  for 
case a) a n d  I /o  for case b) L 2po =  Dprp(i =  D p/Cp. U sing th e  d im ensionless q u a n 
ti t ie s  (8), th e  d iffe ren tia l e q u a tio n  sy s tem  (7) is linearized  w ith  respect to  th e  
v a riab les  N*, P*,  0 * , Y* o rig in a tin g  ju s t  from  th e  v a ry in g  p a r t  o f im p u r ity  
d is tr ib u tio n . T he decom position  o f v a r ia b le s  N,  P,  0 ,  Y  in to  tw o  p a r ts  
( N  =  N 0 -f- N*,  P  — P 0 -f- P*,  etc.) is ju s tif ie d  b y  th e  a ssu m p tio n  r] <g 1 w h ich  
leads to  th e  cond itions N * N 0, P* P 0.

T he ac tu a l c a lcu la tio n  will be re p e a te d  here b r ie f ly  fo r th e  sine like 
d is tr ib u tio n . B ased  on eq u a tio n  sy s tem  (7), fo r th e  h o le  c o n cen tra tio n  P* 
o rig in a tin g  from  th e  in h o m o g en e ity  one o b ta in s :

J 2 p *  f t p *  A '

[ 1 + Р о ( 1 - * ) ] - — Г - [ 1 - Р 0(1 +  К )]Я
d?-

1 + A '
К

d |  К  

P0 N  DO y s in !  —  ЯР0 N  Do Г) cos !  ,

[ 1 + P U( 1 ~ K ) ] P *  =

(9)

w here A '  =  A I [ N 0 +  N ,  +  ( P 0 +  P ^ C . / C J .
W ith o u t e s se n tia l re s tr ic tio n  o f g e n e ra lity  an  n - ty p e  m a te ria l c a n  be 

supposed , w here
N 0 >  P (), iVj, P v  (10)

T h e  d im ensionless fie ld  s tre n g th  Y  can  no w  be d e te rm in ed , using th e  p erio d ic  
so lu tion  o f E q . (9) an d  ta k in g  cond itio n  (10) in to  acc o u n t:

dP*
XY — ~ A + A »?sin ! +  »7c o s ! + A ( l - f  J Q P *  +  ( l - ~ i Q -------. (11)

W ith  th e  d e fin itions g iven  b y  (8) we o b ta in :

E = -  —  ^LkY.  ( 12)
T i c

Follow ing  [5], th e  “ v o lu m e-g rad ien t”  e .m .f. is defined a s :

rx +  A ll 2 r x +  All 2
г* =  A U ++ A U  _ =  (E + ~ E i ) d x + \  ( E . - E J d x ,  (13)

J x - A l / 2  J x - A l f l

w here —  is th e  e lec trica l field  a t  d iffe re n t d irec tion  o f  th e  c u rre n t, E t — 
is th e  in te rn a l fie ld  a t  zero  c u rre n t an d  Al  —  is th e  d is tan ce  betw een  th e  p ro b es.

I t  is w orth  n o tin g  th a t  th e  e lec trica l field  E , sh o u ld  be s u b tra c te d  
because th e  v o ltage  d ifference  caused b y  th is  te rm  will a lw ay s be co m p en sa ted  
for d u rin g  th e  m easu rem en ts  b y  th e  c o n ta c t  p o ten tia l d ifferences of th e  c ircu it.
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U sing  E q s . (11), (12) a n d  (13) we o b ta in

1 + 1 +b
26

T,I27

jpo

i2 +  i2c
Т/12л

-‘p  о

2л A l
s in l - ^ r l * +  — — sin

2 л
T,

Al
, (14)

w here

B 0 =  8kT/e — ( ffiK ) ! ч; a, =  e(pn+ p p) щ; ic =  - ° * Г/в .
(!  +  *)' Щ 2j,

I f  th e  co n d itio n  АЩТ^л)  <ê 1 is  va lid , E q . (14) can fu r th e r  be  sim plified  as 
follow s:

e* =  — B n
Al

Г,./2л

i 2 Í 1 + 1 + 6
T,./2л  2

26 Tpo

i2+ i 2c 1 + Til 2л

Jp о

cos
2тг
т Г

(15)

A  sim ilar c a lc u la tio n  can b e  ap p lied  for case  b ) .+ A fter te d io u s  ca lcu la tio n s  
one  o b ta in s :

e* =  F ] C 0 e x p ( - a |* | )  +  \FX sh 4 M .  +  F2 ch е х р ( - Я а |* |
2 2  i„

(16)

w here  i is th e  abso lu te  v a lu e  o f  cu rren t d e n s ity

F  =  —  8 kT/e F
(1 +  6)= К / Ч ) 2

Al
l /а i 2 —  i2 H ^ r i

2

1 BP0 ) .
6 - 1

f 1 =  ±  J 4 ±  +  + —
im 26 i 26

1 —
(1 la

-‘p  о J

F ,  =
1 + 6 i 2 1 +  36 ! 3 +  6 1 1/a 2'

46 . lm . 1 +  6 1 +  6 1 L p0
/Я ;

я = [f £ 2 + ' 1/a 2~

Tpo . .

1/2

c0 = 1- 1 + 6
26

1/a
2; a i =  e{nn+ l i p) n i-, im =

cr0kTle
1/a

+ Here th e  boundary  conditions differ from those  of case a. I t  follows from the physical 
picture, th a t  if  x  —► +  oo, P* tends to  th e  equilibrium  concentration, w hile a t  x  =  0, P*  and  
its  derivative m u s t be continuous.
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T he re su lts  o f th e  ca lcu la tio n s w ill now  be  d iscussed  b rie fly . E q s. (15), (16) 
show  th a t  e* c an n o t genera lly  be  g iven  b y  th e  local v a lu es  of a an d  da/dx 
even fo r sm all c u rre n t densities. T h is is th e  case , how ever, i f  th e  ch a rac te ris tic  
len g th  is large a n d  th e  c u rre n t is sm all [see, e .g . th e  d e n o m in a to r of E q . (15)]. 
F o r th is  lim itin g  case, E q . (15) reduces to  th e  expression (32) in  [5].

I t  is in te re s tin g  to  com pare th e  c u r re n t dependences o f  E qs. (15) a n d
(16). F o r  sine like d is tr ib u tio n  e* show s a s a tu ra tio n , w h ile  in  case b) fo r  
a fixed  va lu e  of x , one finds a lin e a r  c u r re n t dependence, s im ilarly  to  th e  
resu lts  o f [5]. T he above  ca lcu la tion  can  be ap p lied  also fo r  th e  m ore g en era l 
case w hen  th e  im p u rity  d is tr ib u tio n  is g iven  b y

N d  —  V̂do 11 +  t?
N

A„ sin
n = 1

+  B n cos
2 71 1

n -----X
Tl

(17)

I t  can be seen th a t  if  th e  co n d itions (i)— (iv) a re  still v a lid ,

2 лN

2 A n б/i n ~ j r x \ \ +  B " en lcos
2 71 

n -------—  X
T,

w here
2л * 2 лsin n ----- X
T,

an d cos n ---------- X
T, )

(18)

can be  d e te rm in ed  w ith  E q . (14).
As for th e  com parison  of th e o ry  w ith  th e  ex p erim en ta l re su lts , th e  a n a ly 

sis of ex p e rim en ta l d a ta  of [1] show s th a t  fo r th e  nearly  s ine-like  d is tr ib u tio n  
o f Fig. 2, we a c tu a lly  m eet th e  la rg e  c u r re n t case. C om paring  th e  m easu red  
v alue  o f e* w ith  th e  th eo re tica l expression  (15), we o b ta in : 
e* (x =  9 m m ) =  3.1 mV, e* =  4.1 m V ,(F ro m  Fig. 2 we re a d  r/f^O.5; Tj  =

meas theor
=  1.8 cm , Al =  0.1 cm  an d  rpo — 100 fisec is supposed).
T ak in g  in to  acco u n t t h a t  th e  sam ple h a s  a f in i te  len g th , an d  also  th e  co n d itio n  
r) <g 1 is n o t sa tisfied , th e  ag reem en t is sa tis fa c to ry . The in v e s tig a tio n  o f  e* 
vs i ch a ra c te ris tic s  a t  h ig h er c u rre n t d en sitie s , using  th e  p u lse  m eth o d  p ro 
posed in  [6], is in  progress.

The authors are indebted  to Mr. F . B e l e z n a y  for his valuable rem arks.
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5. Z. A. D e m id e n k o , К . B. T o lpig o , Ф Т Т , I I ,  11, 2753, 1960.
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7. R. A. Sm it h , Sem iconductors, Cambridge, 1959.

Acta Physica Academiae Scientiarum Hungaricae 30, 1971





R E C E N S I O N E S

I. E . M c Ca r t y : N uclear R eactions

Pergam on Press, Oxford, 1970

N owadays th ere  is a tendency fo r undergraduate studen ts to learn  physics com pletely 
from  textbooks, w ithou t becoming acquain ted  w ith th e  original lite ra tu re  and therefore n o t 
realizing how the sub jec t grew and developed.

Keeping in m ind th is tendency, a  few years ago th e  Comm onwealth and  In ternational 
L ibrary  s ta rted  to  pub lish  a new series of books u nder th e  heading: “ Selected Readings in  
Physics.”  The purpose of the series in  w hich Professor M cCa rth y ’s w ork on Nuclear R eac
tions was published is to  present a set o f books which give, for a particu lar subject or a p a r t i
cular physicist, rep rin ts o f those papers which record th e  developm ent o f new  ideas. The p re 
p rin ts  are preceded by  a careful in troduction  which places th e  papers in th e  con tex t of p resent- 
day  physics.

The idea of th is series is very welcome both  to s tu d en ts  and teachers all over the w orld. 
R eading only textbooks th e  student m ay  acquire a considerable knowledge o f his special field , 
b u t w ithou t reading well-selected orig inal papers the secrets of the c rea tive  hum an m ind  
rem ain  hidden from him  and to becom e an active w orker in  the field is alm ost impossible. 
“ N uclear R eactions”  th e  la test volum e of “ Selected R eadings in Physics” , was w ritten  and  
selected by  Professor M cCarth y  w ith  a deep understanding  of the purpose of this series.

The firs t p a rt of the  book sta rts  w ith  the “ E arly Successes and D ifficulties”  in the field  
o f nuclear reactions. In  th e  subsequent chapters the au th o r sum m arises very  clearly and  
econom ically the m ain points referring to  “The Compound Nucleus” , “ T he Optical Model” , 
“ N uclear S tructure and  N uclear Forces”  and “ D irect In te rac tions” .

This in troducto ry  p a r t of the book provides a firm  basis for the understand ing  of th e  
original papers contained in the second p a r t  of the book. I t  seems to he b e s t to  list the papers 
selected b y  Professor M cCarth y  in o rder to  give a general idea of the book:

1. “ Discussion on the S tructure  o f Atomic Nuclei” , Sir E r n est  R u t h e r f o r d , O. M., 
F . R. S. (1929).

2. “ The Theory of the Effect o f Resonance Levels on Artificial D isin tegration” , N. F . 
M o tt  (1931).

3. “ N eutron C apture and  N uclear C onstitution” , N ie l s  B ohr (1936).
4. “ Capture of Slow N eutrons” , G. B r e it  and E . W ig n e r  (1936).
5. “ F luctuations of Nuclear R eaction  W idths” , E . E. P o rter  an d  R. G. T hom as

(1956).
6. “ The Scattering  of H igh-energy Neutrons by  Nuclei” , S. F e r n b a c h , R. Se iib e r  

and T. B. T aylor  (1949).
7. “ Regularities in the T otal Cross-sections for F 'ast N eutron” , H . H. Ba rsch a ll

(1952).
8. “ Model for N uclear R eactions w ith N eutrons” , H. F e sh b a c h , C. E . P o rter  and 

V. F . W e is s k o p f  (1954).
9. “ Nuclear R eactions a t High Energies” , R. Se r b e r  (1947).

10. “ Angular D istribution  in (d, p ) and (d, n) R eactions” , A. B. B h a t ia , K. H u a n g , 
R. H u b y  and H . C. N e w n s  (1952).

11. “ Elastic and  Inelastic D iffraction Scattering” , J .  S. Bla ir  (1960).
12. “ Inform ation O btainable from  (p, 2p) R eactions” , I. E. McCa r t h y  (1965). 
F inally  one should note if it  is w orth  while, as i t  is, to  publish such books in English

then  i t  would be even m ore worth while to  publish them  in o ther languages, since the foreign 
language entails a barrie r especially for undergraduate studen ts which can be surm ounted 
only by  additional effort.

I. L ovas
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L .  D . L a n d a u ,  A .  I. A k h i e z e r  a n d  E .  M .  L i f s c h i t z :

General Physics, M echanics and Nuclear Physics

Ü bersetzt aus dem Russischen von J . B. Sykes, A. D. Petford  un d  C. L. P etfo rd , V III  -f- 
372 p ., Pergam on Press, O xford, London, E d inburgh , New Y ork , Toronto, Sydney , Paris,

B raunschw eig, 1967

T his is a general physics textbook covering mechanics, sym m etry theory , therm o
dynam ics and  solid s ta te  physics. The book em phasizes the close relationship of physics to 
physical chem istry, crystallography and p roperties of m a tte r to  a greater e x te n t th an  in 
usual textbooks.

I t  contains the following chapters: P artic le  Mechanics, F ields, Motion of a R igid  Body; 
Oscillations, The S tructure  of M atter; The T heory  of Sym m etry; H eat; Therm al Processes; 
Phase T ransitions; Solutions; Chemical R eactions; Surface Phenom ena; M echanical Properties 
o f Solids; Diffusion and T herm al Conduction and  Viscosity.

P . G ombás

G y o  T a k e d a  a n d  A .  F u j i i : Elementary Particle Physics

1966 Tokyo Sum m er L ectures in  Theoretical Physics, P a rt I I .  V I +  209 p., Syokabo Tokyo 
and W . A. B enjam in, Inc . New Y ork, 1967

This volum e contains th e  second p a r t  o f th e  second T okyo Summer L ectures. I t  con
ta ins th e  tex ts  of the tw elve principal lectures delivered during th e  second period. I t  covers 
the  following five m ain topics: Regge polology; the quark m odel of elem entary  particles; 
higher sym m etries, weak in teractions and a new  approach to fie ld  theory. I t  can  be recom
m ended to  everybody who is in terested  in th is field.

P . Gombás

M. B o r n  u . E .  W o l f  u n te r  M itw irk u n g  von  A. B . B h a t i a , P . C. C l e m m o w , 
D. G a b o v , A .  R . S t o k e s ,  A .  M. T a y l o r ,  P . A. W y m a n  u n d  W .  L. W i l c o c k :

Principles o f Optics, Electrom agnetic Theory o f Propagation, 
Interference and D iffraction o f L ight

4. A uflage, X X V III -f- 808 S., Pergam on Press, Oxford, L ondon, E dinburgh, New York, 
T oronto , Sydney, P aris , Braunschweig, 1970

Alle die Vorzüge, die in  den R eferaten  der früheren A uflagen dieses w eltbekannten 
W erkes schon öfters gew ürdigt w urden, sind auch  dieser neusten  Auflage eigen. D ie Verfasser 
haben m it äußerster Präzision und  Sorgfalt eine gründliche D arlegung der gesam ten optischen 
E rscheinungen gegeben, wobei fü r die M aterie eine kontinuierliche Verteilung zugrunde gelegt 
w urde. Dieses W erk, das in den  w eitesten K reisen der Physiker durch  ihre früheren  Auflagen 
bestens bek an n t ist, bedarf keiner W ürdigung. E s wurde zu einem  S tandardw erk , das für 
jeden  Physiker, der sich m it O ptik  befasst unentbehrlich  ist. D iese neuste A uflage begrüssen 
wir w ärm stens und w ünschen dieser denselben Erfolg wie den früheren Auflagen.

P . Gombás

M. A. P r e s t o n : P hysics of the N ucleus

X  -h 661 p. Addison-W esley Publishing Comp., Inc., R eading , M assachusetts, Palo-Alto,
London, 1962, $ 15

Dieses Buch von P r e s t o n  is t auch heu te  noch, n ach  dem  Erscheinen vor rund  8 Ja h 
ren , ein W erk das allen denjenigen, die sich m it A tom kernen befassen, w ärm stens empfohlen 
werden kann . Es is t weder re in  experim entell noch rein theore tisch ; der A uthor h a t  es ver-
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standen  die beiden G ebiete in einander zu verschmelzen und  m eisterhaft darzustellen und  den 
Leser m it einem m öglichst geringen m athem atischen A p p ara t in die T heorie der K erne ein
zuführen.

Das Buch e n th ä lt 5 K apitel. D as erste behandelt die grundlegenden E igenschaften der 
K erne, das zweite die verschiedenen Kernmodelle, das d ritte  die elektrom agnetischen E igen
schaften  der Kerne, das v ierte die R ad io ak tiv itä t und schliesslich das le tz te  die K ernreaktion . 
In  einem  Anhang b rin g t der A utor m athem atische E rgänzungen zu m ehreren  im T ex t v o r
kom m enden Grössen, Begriffen und  zu r Theorie der S treuung.

P . Gombás

К , G o t t f r i e d : Q u a n tu m  M echanics Vol. I : F u n d am en ta ls

X V II - f  494 p., W. A. B enjam in, Inc., New Y ork, A m sterdam , 1966, $. 13.50

Wie schon aus dem  U n tertite l zu sehen ist, behandelt dieser erste B and die G rundlagen 
der Q uantenm echanik und  zwar befassen sich die insgesam t 9 K ap ite l m it den folgenden 
Gebieten: K apitel I: U nbestim m theit und K om plem entaritä t. К ар. I I :  W ellenm echanik, 
К ар . I I I :  Lösungen der Schrödinger Gleichung für einige Probleme, К ар . IV: Der Prozess 
des Messens in der In te rp re ta tio n  der Q uantenm echanik, К ар . V: Transform ationstheorie, 
К ар . V I: Sym m etrien, К ар . V II: Störungsrechnung fü r stationäre Z ustände, К ар . V III : 
Das elektrom agnetische Feld, К ар. IX : Störungsrechnung zeitabhängiger Systeme.

Das Buch se tz t ziemlich viel m athem atische K enntnisse voraus und  kann all’ denen 
em pfohlen werden, die eine mehr ab s trak te  und wenig anschauliche W eise der Q uanten
m echanik vorziehen.

P. Gombás

A. V i s c o n t i : Q uantum  F ie ld  Theory

Vol. 1, X I -|- 289 p ., Pergam on P ress, Oxford, London, E dinburgh, New York, T oronto,
Sydney, P aris, Braunschweig, 1969

Dies Buch e n th ä lt den ersten T eil der ins Englische übersetzten V orträge, die der V er
fasser an verschiedenen französischen U niversitäten  u n te r  diesen auch an  der Faculté des 
Sciences d ’Aix-Marseille gehalten h a t. D er vorliegende erste  B and befasst sich m it den G rund
lagen und  behandelt nach  deren D arlegung die Skalaren und  Pseudoskalaren Felder, das 
D iracsche Feld, das Maxwellsche F eld  und  das Proca— de Broglie Feld.

Die B ehandlung des bearbeite ten  Gebietes is t au f hohem N iveau gehalten und erfor
d ert seinem Wesen nach  einen beträch tlichen  m athem atischen A pparat. D as Buch kann  a ll’ 
denen, die sich für Feldtheorie in teressieren bestens em pfohlen werden.

P . Gom bás

K . H . F u r t h : F u n d a m e n ta l P rincip les o f M odern T heore tical Physics

XV -j- 351 p., Pergam on Press, O xford, London, E d inburgh , New Y ork, Toronto, Sydney,
P aris , Braunschweig, 1970

Das Buch en th ä lt die erw eiterten  Vorlesungen, die der Verfasser fü r die S tudenten  im 
letzten J a h r  zur E rreichung des G rades B. Sc. im B irbeck College gehalten ha t. Die fu n d a
m entalen  Prinzipien der modernen P h y sik  sind für die folgenden drei H aup tte ile  der Physik 
hergeleitet und ausführlich  d isku tiert: fü r die Q uantenm echanik, die R ela tiv itä ts theorie  und 
die statistische Mechanik. Es en th ä lt auch  eine grössere A nzahl Anwendungen und am E nde 
von jedem  K apitel A ufgaben, deren L ösung zum Selbststudium  anregen.
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D er In h a lt zergliedert sich folgenderm assen. Im  ersten Teil: Q uantenm echanik, werden 
zuerst die grundlegenden Prinzipien der klassischen Physik behandelt, dann folgt ein kurzer 
Ü berblick der E ntw icklung der Q uantentheorie. D anach b ring t der Verfasser die Prinzipien 
der W ellenm echanik m it den m eist in jedem  B uch über W ellenm echanik vorfindbaren Anwen
dungen. Dem folgt die O perator- und  M atrixm echanik  ebenfalls m it m ehreren A nwendungen. 
Im  zw eiten Teil: R ela tiv itä ts theorie , befasst sich der Verfasser zunächst m it dem klassischen 
R ela tiv itä tsp rinz ip  und danach m it den Prinzip ien  der E insteinschen speziellen R e la tiv itä ts 
theorie und  ganz kurz m it der allgemeinen R ela tiv itä ts theorie . D aneben wird noch der 
Zusam m enhang zwischen der speziellen R ela tiv itä ts theorie  und  Q uantentheorie behandelt. 
Im  d ritten  Teil: S tatistische M echanik, w erden zunächst die grundlegenden Prinzipien dieses 
G ebietes gebracht, dem  dann A nwendungen au f die idealen Gase, au f den idealen Festkörper, 
au f die H ohlraum strah lung  und  die F luk tua tionen  folgen.

D en Abschluss des W erkes bildet eine Zusam m enstellung der Lösungen der Aufgaben.

P. G ombás

Printed in Hungary

A k iadásért felel az A kadém iai K iadó igazgatója
A kézirat nyom dába érkezett: 1970. X I. 4.

M űszaki szerkesztő: F arkas Sándo 
Terjedelem: 8.5 (A/5) ív , 14 ábra

71.70684 Akadémiai Nyomda, Budapest — Felelős vezető: Bernât György



The Acta Physica publish papers on physics, in  English, Germ an, F rench and R ussian 
The Acta Physica appear in  parts  of varying size, m aking up volumes.
M anuscripts should be addressed to :

Acta Physica, Budapest 502, P. O. B. 24.

Correspondence w ith  the editors and  publishers should he sent to  th e  same address. 
The rate  of subscription is $ 16.00 a  volume.
Orders m ay be placed w ith “ K u ltú ra”  Foreign Trade Com pany for Books and News

papers (B udapest I., Fő u. 32. Account No. 43-790-057-181) or w ith representatives abroad.

Les Acta Physica paraissent en français, allemand, anglais e t russe et publien t des 
travaux  du domaine de la  physique.

Les Acta Physica son t publiés sous form e de fascicules qui seront réunis en volumes. 
On est prié d’envoyer les m anuscrits destinés à la  rédaction  à  l’adresse suivante:

Acta Physica, Budapest 502, P. O. B. 24.

T oute correspondance doit être envoyée à cette même adresse.
Le prix de l’abonnem ent est de S 16.00 par volume.
On peu t s’abonner à  l’Entreprise du  Commerce E x térieu r de Livres e t Jou rnaux  

«Kultúra» (B udapest I., Fő u. 32. — C om pte-courant No. 43-790-057-181) ou à l’é tranger 
chez tous les représentants ou dépositaires.

nAcia Physica» публикую т трактаты  из области физических н аук  на русском, 
немецком, английском и французском язы ках.

«Acta Physica» выходят отдельными выпусками разного объема. Н есколько выпу
сков составляют один том.

Предназначенные дл я  публикации рукописи следует направлять по адресу:

Acta Physica, Budapest 502, P. О. В . 24.

По этому ж е адресу направлять всякую  корреспонденцию для редакции и адми" 
нистрации. Подписная цена — $ 16.00 за  том.

Заказы  принимает предприятие по внешней торговле книг и газет «K ultúra )» 
(B udapest I., Fő u. 32. Текущ ий счет: №  43-790-057-181) или его заграничные предста
вительства и уполномоченные.



I N D E X

I .  Demeter, I .  Fodor, L . Keszthelyi, I .  Szentpêtery, J .  Szűcs, Z . Szőkefalvi-Nagy, L .
Varga, J .  Z im ányi, H . U. Gersch and W. Rudolph: Investigations of y  Spectra 
of Certain (p, y) Resonances. —  И. Деметер, И. Фодор, Л. Кестхеи, И . Сентпе- 
тери, Й . Сюч, 3 . Сёкефалви-Надь, Л. Варга, Й . Зим ани, Г . У . Герш  и В. Р у
дольф: Исследование у-спектра некоторых (р, у) резонансов .............................  1

J .  Németh: A Simple Thom as—Ferm i Model for Nuclei w ith  D ifferent P ro ton  and  N eut
ron  N um ber. —  Й .Н ейм ет :  П ростая модель Томаса— Ферми для  ядер с раз
личным количеством протонов и нейтронов.....................................................................  11

J . F . Bitó  and K.G. A ntal: On th e  B reakdow n M echanism of E x te rn a l E lectrode Discharges 
a t  Low Frequency . — Й. Ф. Б ит о  и К . Г . А н т а л:  О механизме пробоя низкоча
стотных разрядов в случае внеш них электродов ..........................................................  23

I .  Kirschner and  A . Stark: Im p u rity  Induced  T c =  О °К  Superconductiv ity . —
И. Кирш нер  и А . Ш тарк : Сверхпроводимость при Т с =  О °К  вследствие примесей 33

J . Németh: The E ffec t of the D ensity  D ependence o f th e  Forces on F irs t O rder F inite
N uclear Calculations. —  Й . Неймет : Влияние зависимости сил от плотности 
при расчетах свойств конечных ядер в первом порядке приближ ения.................  39

G. Paál: The Global S tructure  of th e  Universe and  th e  D istribu tion  of Quasi-Stellar 
Objects. —  Г . П аал: Г лобальная структура вселенной и распределение квази- 
звездных о б ъ е к т о в ....................................................................................................................... 51

A . Dobay-Szegleth: Calculation of E lec tron  Scattering  Using th e  S ta tis tica l A tom  Model 
including th e  Inhom ogeneity  Correction. —  А . Добаи-Сеглет : Расчет рассеяния 
электронов на основе статистической модели атома, содержащ ей поправку на 
неоднородности.............................................................................................................................  55

I .  Kirschner: S tab ility  of S ta tionary  Therm odynam ic S tates. —  И. Киршнер : Устой
чивость стационарных термодинамических состояний...................................................  61

I . H unyadi, В . Schlenk, G. Somogyi aud  D. S. Srivastava: Investigation  of 27A l(d, a) 25Mg 
N uclear R eaction  in the  E nergy  Range E j  =  650— 540 keV U sing a Plastics 
T rack D etector. — И. Х ун я ди , Б . Шленк, Г . Шомоди и Д . С. Сривастава : Иссле
дование ядерной реакции 27А1 (d, a) 25Mg в интервале энергии Е (1 =  650—540 
КЭВ посредством пластикового трекового д е т е к т о р а .................................................  73

C O M M U N I C A T I O N E S  B R E V E S

G. Pócsik and G. Ferenczi: On th e  M om entum  D ependence o f the  jrgco-Vertex...................  81

S . Krasznovszky, G. Németh and  Gy. Pintér: On th e  Im portance of U sing E x ac t Form s
for S cattering  A m plitude in Regge Pole T heory  ..........................................................  83

M . L . Bohra and  A . L . Mehra: Composite Sphere in  General R e la tiv ity  .........................  89

M . Elkishen  and  H . M . Mansour: E ffect of Form  Factors on H igh E nergy  N eutrino
R eactions ........................................................................................................................................  93

S. Püspöki and G. Pataki: Investiga tion  of the C urrent Dependence of “ V olum e-Gradient”
e.m.f. in  Semiconductors .........................................................................................................  99

R E C E N S I O N E S  1 0 5

A cta Phys. H ung. Tom. 30, Fasc. 1. B udapest, IV. 16. 1971 Index: 26.022



ACTA
PHYSICA

ACADEMIAE SCIENTIARUM 
HUNGARICAE

A D X U V A N T I B  U S

L  J Á N O S S Y ,  I .  K O V Á C S ,  К . N A G Y . A. SZA LA Y

R E D I G I T

P . G O M B Á S

T O M U S  X X X F A S C I C U L U S  2

ЛСТА P H Y S . H U N G .

A K A D É M I A I  K I A D Ó ,  B U D A P E S T  
1 9 7 1

A P A IIA Q  30 (2) 109— 229 (1971)



ACTA PHYSICA
A  M A G Y A R  T U D O M Á N Y O S  A K A D É M I A  

F I Z I K A I  K Ö Z L E M É N Y E I

SZER K ESZT Ő SÉG  ÉS K IA D Ó H IV A TA L: B U D A PEST V ., ALKOTMÁNY UTCA 21.

Az Acta Physica  ném et, angol, francia és orosz nyelven közül értekezéseket a fizika 
tárgyköréből.

Az Acta Physica  változó terjedelm ű füzetekben jelenik meg: több füzet a lko t egy kö te te t.
A közlésre szán t kéziratok a következő címre küldendők:

Acta Physica, Budapest 502, P . O. B . 24.

U gyanerre a  címre küldendő m inden szerkesztőségi és kiadóhivatali levelezés.
M egrendelhető a belföld szám ára az A kadém iai K iadónál (B udapest V ., A lkotm ány 

u tc a  21. B ankszám la 05-915-111-46), a külföld szám ára pedig a „K u ltú ra” K önyv- és H írlap 
Külkereskedelm i V állalatnál (B udapest I., Fő u tca  32. B ankszám la 43-790-057-181 sz.), vagy  
annak  külföldi képviseleteinél és bizom ányosainál.

Die Acta Physica  veröffentlichen A bhandlungen aus dem Bereich der Physik in 
deutscher, englischer, französischer und  russischer Sprache.

Die Acta Physica  erscheinen in  H eften wechselnden Umfanges. M ehrere Hefte bilden 
einen  Band.

Die zur Veröffentlichung bestim m ten M anuskripte sind an folgende Adresse zu 
rich ten :

Acta Physica, Budapest 502, P. O. B . 24.

An die gleiche Anschrift is t auch jede fü r die R edaktion und  den V erlag bestim m te 
K orrespondenz zu senden. A bonnem entspreis pro B and : $ 16.00.

B estellbar bei dem Buch- un d  Zeitungs-A ussenhandels-U nternehm en »Kultúra« (B uda
pest I., Fő u. 32. B ankkonto Nr. 43-790-057-181) oder bei seinen A uslandsvertretungen u n d  
Kom m issionären.



T he u n ex p ec ted  d e a th  of P ro fesso r P á l  G o m b á s ,  M em ber of th e  H u n g a 
ria n  A cad em y  of Sciences and  D irec to r  of th e  A cad em y ’s R esearch  G roup  fo r 
T h eo re tica l P hysics, is a g rea t loss to  H u n g a rian  sc ien tific  life.

P ro fesso r G o m b Á s ’s  life was one o f  incessan t w ork  a n d  th ro u g h  his sc ien tific  
ac tiv itie s  over n ea rly  fo r ty  years he rose to  th e  f irs t ra n k  o f H ungarian  ph y sic is ts . 
H is y o u th  w as, h o w ev er, fu ll o f h a rd sh ip . A fte r o b ta in in g  th e  P h . D . degree  in  
physics in  1932 a t  th e  U n iv e rs ity  of B u d a p e s t, he w as ap p o in te d  to  th e  In s ti-
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t u t e  o f T h e o re tic a l Physics —  v e ry  c h a ra c te ris tic a lly  of th o se  tim es  —  to  an  
u n p a id  po st. I t  w as his u n d a u n te d  w ill an d  deep a tta c h m e n t fo r ph y sics  th a t  
h e lp ed  him  w e a th e r  ou t th is  v e ry  d ifficu lt p erio d , d u ring  w hich, besides doing 
sc ien tific  an d  e d u ca tio n a l w ork , he  h a d  to  give p r iv a te  lessons to  ea rn  a live
lih o o d  fo r h im se lf a n d  his fam ily . I n  1938 he becam e P r iv a td o c e n t an d  w orked 
fo r  a y e a r as a s s is ta n t professor a t  th e  U n iv e rs ity  of B u d ap est. H is ca reer th e n  
to o k  a su d d en  tu r n  u p w ard s: h is in te rn a tio n a lly  recognized sc ien tific  ac tiv ities 
b ro u g h t h im  an  a p p o in tm e n t to  a n  associa te  p ro fessorsh ip  a t  th e  U n iv e rsity  
o f  Szeged, th e n  to  fu ll p ro fessorsh ip  a n d  d irec to rsh ip  of th e  In s t i tu te  of T heore
t ic a l  P hysics a t  th e  U n iv e rsity  o f  K o lo zsv ár (1941). In  1944 he w as in v ite d  to  
t a k e  up  th e  p o s t  o f H ead  of th e  In s t i tu te  of P hysics a t  th e  B u d a p e s t Poly- 
te c h n ic a l U n iv e rs ity , w here to  h is d e a th  he w as to  p a y  g rea t a t te n tio n  to  th e  
t r a in in g  an d  e d u c a tio n  of m ech an ica l an d  e lec trical engineers.

In  th e  e a r ly  fifties H u n g a r ia n  physics w as g ran ted  s ig n ifican t s ta te  
sub sid ies . I t  w as th e n  th a t  th e  C en tra l R esea rch  In s t i tu te  fo r P hysics was 
fo u n d ed  and  P ro f. G o m b á s  to o k  charge  of th e  D e p a rtm e n t o f T heore tical 
P h y sic s . F ro m  1954 he w as D ire c to r  of th e  R esearch  G roup fo r T heore tical 
P h y sics  of th e  H u n g a ria n  A cad em y  o f Sciences, w hich  affo rded  a n  ap p ro p ria te  
m ed iu m  for h is w ork . This w as th e  place w here  he w orked  an d  ta u g h t  till his 
d e a th .

H is sc ien tific  ac tiv ities  w ere  m an ifo ld . A t th e  v e ry  beg in n in g  of his 
c a re e r  his a t te n t io n  was d irec ted  to w ard s  th e  s ta tis t ic a l  th e o ry  o f  th e  a tom . 
W h ile  s till an  u n d e rg ra d u a te  he  h a d  w itn essed  th e  sp lend id  ach iev em en ts  of 
F e r m i  an d  D i r a c , and  follow ing J e n s e n ’s w o rk  he s ta r te d  fu r th e r  develop
m e n t an d  a p p lic a tio n  of th e  s ta tis t ic a l  th eo ry . A s a f irs t s tep  he w orked  o u t th e  
s ta t is t ic a l  m odel generalized  for co rre la tio n , now  re fe rred  to  as th e  T h o m a s —  

F e r m i — D i r a c — G o m b á s  m odel, w h ich  p ro v ed  to  be  m uch  m ore  conven ien t 
th a n  prev ious m odels in in te rp re tin g  th e  average  p ro p ertie s  of va len ce  electrons. 
H e  also e la b o ra te d  th e  p e r tu rb a tio n  ca lcu la tio n  of th e  s ta tis t ic a l  m odel of th e  
a to m  for th e  co n sid e ra tio n  o f th e  effect of b o th  th e  o u te r fie ld  an d  an  o u te r p e r
tu rb in g  a to m . H e  w as long co n cern ed  w ith  th e  possib ilities of o b ta in in g  a b e tte r  
co n sid e ra tio n  o f k in e tic  energy . T h e  co rrec tio n  fo r inh o m o g en eity  e lab o ra ted  
b y  h im  an d  h is  co-w orkers allow s th e  d e te rm in a tio n  of v e ry  good to ta l  energy 
v a lu e s  an d  d e n s ity  d is tr ib u tio n s . H e  w orked  a g rea t deal on a g enera liza tion  
o f  th e  s ta tis t ic a l  m odel able to  describe  th e  shell s tru c tu re  o f th e  a to m ic  core. 
H is in v e s tig a tio n s  resu lted  in  a to m ic  m odels o p e ra tin g  w ith  e lec trons a rranged  
acco rd in g  to  p rin c ip a l and  a z im u th a l q u a n tu m  n u m b ers , w hich  c o n s titu te d  a 
considerab le  ad v an ce .

F rom  th e  beg inn ing  G o m b á s  h ad  b een  aw are  th a t  s ta tis t ic a l  th eo ry , 
w ith  its  com prehensive  p o ssib ilities , enables us to  t r e a t  a n u m b e r of problem s 
t h a t  can  h a rd ly  o r n o t a t  all be a p p ro x im a te d  b y  th e  m eth o d s o f w ave m echa
n ics. T he th e o re tic a l analysis o f e x p e rim e n ta l s tud ies on th e  in n e r  s tru c tu re
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of th e  E a r th ,  for ex am p le , canno t b e  perfo rm ed  w ith o u t a know ledge of th e  
b e h a v io u r of m a tte r  a t  h igh  p ressu res. G o m b á s  d e m o n s tra te d  th e  su ita b ility  
of th e  s ta tis t ic a l  m odel fo r  such an a ly s is  b y  w ork ing  o u t a rea listic  m odel th a t  
y ielded  th e  pressure —  d e n s ity  re la tio n . A n o th e r e ssen tia l p ro p e r ty  of th e  
s ta tis t ic a l  m ethod  is its  descrip tive  pow er. T he basis o f an y  m o d ern  in v e s ti
ga tion  o f th e  s tru c tu re  o f  m a tte r , th e  Schrôd inger eq u a tio n , c an  b e  app lied  
w ith o u t a n y  d ifficu lty  to  system s o f p a rtic le s  in te ra c tin g  b y  C oulom b forces. 
I t  is a m u ch  m ore d ifficu lt p ro b lem  to  fin d  th e  w ave fu n c tio n s  fo r m any- 
p a rtic le  system s and  th e i r  in te rp re ta tio n , since th ese  a re  defined  in  a m u lti
d im ensiona l co n fig u ra tio n a l space. T h e  s ta tis t ic a l  th e o ry  o p era tes  w ith  a d en sity  
fu n c tio n  in te rp re te d  in  a  th ree -d im en sio n a l space, is ex trem e ly  d esc rip tiv e  an d  
v e ry  effec tiv e  in ex p la in in g  th e  p ro p e rtie s  of a to m s, ions, m olecules a n d  solids.

T h e  com pletion  o f th e  firs t d ev e lo p m en ta l s tag e  o f th e  s ta tis t ic a l  th e o ry  
was m a rk e d  b y  G o m b Á s ’s book “ D ie  s ta tis tisc h e  T heorie  des A to m s u n d  
ih re  A n w endungen” , p u b lish e d  by  S p rin g e r V erlag , V ienna, 1949. T h is book  
clearly  se ts  ou t the  fu n d a m e n ta ls  o f s ta tis t ic a l  th e o ry , ana ly sin g  its  ap p lica 
tions a n d  giving d e ta iled  c ritica l re m a rk s . A w hole gen era tio n  of p h y sic is ts  ac 
qu ired  th e ir  know ledge o f  s ta tis tic a l th e o ry  from  th is  book , to  w hich  th e  rev iv a l 
o f th e  th e o ry  is ac tu a lly  due . The n u m b e r  of papers using  th is  w ork  as s ta r t in g  
p o in t a n d  reference a m o u n ts  to  severa l th o u sa n d . One of th e  g re a te s t ach ieve
m ents o f G o m b á s  in th is  f ie ld  is his b r i l l ia n t  m o n o g rap h  in  th e  3 6 th  vo lu m e of 
“ H a n d b u c h  der P h y s ik ”  (Springer V erlag , B erlin , 1956) pu b lish ed  u n d e r  th e  
t i t le  “ D ie s ta tis tisch e  B eh an d lu n g  des A to m s” .

G o m b á s  very  e a rly  recognized th e  possib ility  of s tu d y in g  th e  va lence  a n d  
core e lec tro n s of a tom ic sy s tem s d e ta c h e d  from  one a n o th e r. F o r th e  co n sid e ra 
tio n  of core  electrons th is  possib ility  is y ie lded  b y  a p seu d o p o ten tia l, fo r th e  
local fo rm  o f w hich he  d e riv ed  sev era l fo rm ulae . T he p se u d o p o te n tia l ta k e s  
in to  a c c o u n t p a r t  of th e  k in e tic  energy  o f valence e lec trons in  p o te n tia l  fo rm  
an d  g re a tly  simplifies th e  in v e s tig a tio n  of valence e lec trons, p a r t ly  because  
th e  d im ension  of the  co n fig u ra tio n a l f ie ld  in  w hich  o p era tio n s  m u s t be  c a r
ried  o u t, is decreased b y  severa l o rd e rs  of m ag n itu d e , p a r t ly  because  co n v er
gence is accelera ted  d u e  to  th e  re d u c tio n  of th e  s in g u la rity  o f th e  p o te n 
tia l  fie ld s. F ro m  th e  p h y s ic is t’s s ta n d p o in t  th e  g re a te s t a d v a n ta g e  of th is  
m eth o d  is th a t  the  p h en o m en a  b eco m e m ore easily  su rv ey ab le  a n d  de
m o n strab le . T hrough  G o m b á s ’s p ioneering  s tud ies d u rin g  th é  p a s t 30 y ea rs , a 
w hole series of in v es tig a tio n s  have b e e n  in itia te d  an d  h a v e  gained  recogn i
tio n  b y  phy sic is ts . H ere  reference sh o u ld  be m ade to  his w ork  “ P se u d o 
p o te n tia le ”  (Springer V erlag , V ienna, 1967) w hich gives an  excellen t su rv e y  of 
prev ious in v estig a tio n s a n d  co n tr ib u te s  to  th e ir  fu r th e r  deve lo p m en t.

A t th e  beginning o f  h is career G o m b á s  carried  o u t in v es tig a tio n s  on  th e  
s tru c tu re  o f  ionic c ry s ta ls , th e n  e s tab lish ed  a un ified  th e o ry  of a lkali- an d  
a lka line  e a r th  m etal cohesions. One o f  h is s ign ifican t o b serv a tio n s w as th a t
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o u ts id e  th e  core th e  w ave fu n c tio n  of th e  e lec trons of th ese  m e ta ls , in  resp ec t 
o f  th e  cohesion, can  b e  described  b y  th e  free e lec tro n  w ave fu n c tio n . H e succeed
ed  in  ex ten d in g  th is  th e o ry  to  noble  m eta ls . T h e  m o st genera l basis  for th e  
e x p la n a tio n  of m e ta llic  cohesion  an d  th e  co rrespond ing  m eta llic  p ro p ertie s  
is even  to d a y  g iven  b y  G o m b á s ’s th eo ry .

T he s ta t is t ic a l  th e o ry  o f  th e  nucleus w as e s tab lish ed , a f te r  th e  p a rtia lly  
successfu l ex p e rim en ts  of ren o w n ed  researchers, b y  G o m b á s , w ho succeeded in  
p o in tin g  o u t t h a t  th e  average  p ro p e rtie s  of th e  nucleus can  b e  in te rp re te d  b y  
th e  s ta tis t ic a l  th e o ry  even on  th e  basis o f v e ry  sim ple a ssu m p tio n s. In  his 
s tu d ie s  he  also p o in ted  o u t t h a t  besides th e  s tro n g ly  s in g u la r Y u k a w a -ty p e  
in te ra c tio n  i t  is w o r th  p ay in g  a t te n tio n  to  o th e r, e.g. ex p o n en tia l or G auss-type , 
in te ra c tio n s  to o . Q u ite  re c e n tly  he  carried  o u t re sea rch  o f g rea t in te re s t on 
th e  s tru c tu re s  o f p seu d o -n u c lea r m olecules an d  n e u tro n  s ta rs .

P ro fesso r G o m b á s ’s sc ien tific  career w as, in  fa c t, accom pan ied  th ro u g h o u t 
b y  in v es tig a tio n s  on a to m ic  s tru c tu re s . H is f i r s t  w ork  d e a lt w ith  th e  in te r 
p re ta t io n  of th e  d iam ag n e tic  su scep tib ility  o f th e  a to m s. A fte r es tab lish in g  th e  
p se u d o p o te n tia ls , h e  w as h ig h ly  successful in  in v e s tig a tin g , to g e th e r  w ith  his 
co llab o ra to rs , th e  o p tica l te rm s  o f a to m s w ith  one an d  tw o valence  e lectrons, 
a n d  th e o re tic a lly  d e te rm in ed  th e ir  e lec tron  a ff in ity . W ith  th e  co llab o ra tio n  
o f th e  m em bers o f his R esea rch  G roup he developed  severa l a tom ic  m odels, 
w h ich  excelled  in  th e  s im p lic ity  an d  re la tiv e  u n o s te n ta tio u sn e ss  of num erica l 
ca lcu la tio n s. T h e  la s t  of th e se  m odels, p u b lish ed  in  his book  “ Solu tions of th e  
sim p lified  se lf-co n sis ten t fie ld  fo r all a to m s of th e  period ic  sy stem  o f e lem ents 
from  Z  =  2 to  Z  — 92” , d e sp ite  its  s im p lic ity , am azing ly  w ell rep roduces th e  
re su lts  o f th e  “ se lf-co n sis ten t f ie ld ” .

G o m b á s  h as alw ays fo llow ed w ith  g re a t a tte n tio n  th e  in v estig a tio n s 
concern ing  m o lecu la r s tru c tu re , an d  w ith  ac tiv e  w ork  he h im se lf p ro m o ted  
d ev e lo p m en t in  th is  field . H is m o st p ro m in e n t w ork  on th e  su b je c t is his bo o k  
“ T heorie  u n d  L ö su n g sm e th o d en  des M ehrte ilchenprob lem s d er W ellenm echa
n ik ”  (B irk h äu se r, B asel, 1950), w hich  w as la te r  p u b lish ed  in  R u ssian  in  th e  
S o v ie t U nion . I n  th is  w ork  he  gives a c ry s ta l-c lea r analysis  o f th e  q u a n tu m  
m ech an ica l m e th o d s  know n  a t  th a t  tim e  fo r th e  t r e a tm e n t o f th e  s tru c tu re  o f  
a to m s an d  m olecules. T he v a lu e  of th e  book  is fu r th e r  in c reased  b y  th e  fa c t 
t h a t  th e  a u th o r  calls a t te n tio n  to  m e th o d s o f th e  fie ld  th e o re tic a l m a n y -b o d y  
p ro b lem  th a t  w ere on ly  la te r  in c lu d ed  in  th e  a rm o u ry  o f a to m ic  an d  m o lecu lar 
physics.

B esides h is books, G o m b á s  p u b lished  m ore  th a n  130 p ap ers , all w ritte n  
in  t h a t  luc id  s ty le  so c h a ra c te ris tic  o f h im . I t  can  be  s ta te d  th a t  on th e  basis  
o f h is p u b lic a tio n s , he h as  becom e th e  in te rn a tio n a lly  b est-k n o w n  an d  m o st 
w ide ly  c ited  H u n g a ria n  p h y s ic is t o f ou r days.

A n o th e r im p o r ta n t fie ld  o f G o m b á s’s a c tiv itie s  w as tea c h in g  a n d  ed u ca 
tio n . H is th o ro u g h n ess  an d  love  of precision  f i t te d  h im  o u ts ta n d in g ly  fo r th is
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role. H e  alw ays h ad  a deep feeling o f respon sib ility . H is u n iv e rs ity  lec tu res  
w ere ea sy  to  u n d e rs ta n d  an d  rich  in  in n e r  c o n ten t. H is special le c tu res  w ere 
tru e  sources of in sp ira tio n  for research  w ork . H is ed u ca tio n a l a c tiv itie s  can  be 
a p p re c ia ted  b e s t b y  su rv ey in g  th e  books he w ro te  for th is  purpose . As e a r ly  as 
1943, d u rin g  his years in  K olozsvár, he p u b lish ed  th e  m o n o g rap h : “ B eveze tés az 
a to m fiz ik a i tö b b te s tp ro b lé m a  k v a n tu m m e c h a n ik a i e lm éle téb e”  (In tro d u c tio n  
to  th e  Q u an tu m m ech an ica l T heory  o f  th e  A tom ic M an y -b o d y  P rob lem ) as th e  
14th  v o lu m e  of th e  P roceed ings of th e  U n iv e rs ity  of K olozsvár. V ery  im p o r ta n t  
m eans o f  scientific  e d u c a tio n  are h is books “ B evezetés az a to m elm éle tb e”  
( In tro d u c tio n  to  th e  T h eo ry  of th e  A tom ) (M érnök továbbképző  In té z e t ,  
B u d a p e s t, 1947) as w ell as “ B evezetés a h u llám m ech an ik áb a  és a lk a lm a z á 
sa ib a”  ( In tro d u c tio n  to  W ave M echanics an d  its  A pplica tions) (A kadém iai 
K iadó , B u d a p e s t, 1967). T h e  G erm an  a n d  E n g lish  ed itio n s of these  la t t e r  are  
in  th e  p ress . I t  is a g rea t p i ty  he did n o t  live  to  see th e  p u b lica tio n  of h is m o n o 
graph  on  th eo re tica l physics c u rre n tly  in  press.

A fte r  th e  end  of th e  Second W o rld  W a r ap p rec ia tio n  of G o m b á s ’ s sc ien
tific  w o rk  deepened  v e ry  qu ick ly . In  1946 he becam e in  q u ick  succession co rres
pond ing  m em ber, th e n  o rd in a ry  m em ber o f th e  H u n g a rian  A cadem y of Sciences 
and  b e tw een  1949— 1958 served  as th e  A cad em y ’s V ice-P residen t. H e  was 
aw ard ed  th e  K o ssu th  P rize  tw ice, in  1948 an d  1950, in  recogn ition  of h is w ork . 
In  1951 he  w as d eco ra ted  w ith  th e  3 rd  g rade  of th e  O rd er of th e  H u n g a ria n  
P eop le ’s R epub lic  an d  in  1969, on th e  occasion of his 6 0 th  b ir th d a y , w ith  th e  
golden g rad e  of th e  O rd er of L abour.

H e  to o k  an  ac tive  p a r t  in  th e  w o rk  o f th e  H u n g a ria n  M a th em atica l and  
P h y sica l Society , an d  la te r , w hen  th e  S oc ie ty  was d iv id ed , he p a r tic ip a te d  in 
th e  fo u n d a tio n  o f th e  E ö tv ö s  L o rán d  P h y s ic a l Society  as C hairm an.

H e  w as E d ito r-in -C h ie f of th is  jo u rn a l from  th e  y e a r  of its  fo u n d a tio n  
(1949) to  h is d e a th  an d  w as h igh ly  a t te n tiv e , so licitous a n d  carefu l in  d irec tin g  
th e  e d ito r ia l w ork.

P ro fesso r G o m b a s ’s scien tific  a c tiv itie s  a t tra c te d  considerab le  n u m b ers  of 
young  resea rch ers  a ro u n d  h im . In  h is school, his m an y  disciples h av e  le a rn t 
from  his exam ple  th e  n ecessity  of h a rd  w ork  an d  h igh  scien tific  s ta n d a rd s  
and  cou ld  alw ays re ly  on  h im , w h e th e r th e y  needed  generous aid  or f irm  an d  
o u tsp o k en  critic ism . A m a n  o f special p e rso n a l ch a rm  he  alw ays re g a rd e d  
his co lleagues as close frien d s. D esp ite  h is  frag ile  bod ily  c o n s titu tio n  he wmrked 
w ith  ceaseless energy; n e ith e r  ill h e a lth  n o r  p a in  d iv e rte d  h im  from  c rea tiv e  
w ork. To th e  im m ense sc ien tific  a c t iv i ty  o f  th e  la s t  y e a r  of his life w as 
added  to o  m u ch  o th e r s tra in  an d  th e  o rg an ism  w as u n a b le  to  c o u n te ra c t th is  
m u ltip le  b u rd en . T he g re a t n u m b er o f  his friends an d  disciples can  h a rd ly  
believe t h a t  P ro f. G o m b á s  w ith  his b o u n d less  energy  is no  longer w ith  us.

R . G á s p á r
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SEARCH FOR TRENDS IN TOTAL NEUTRON 
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D . N o v a k
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(Received 5. VI. 1970)

A survey of to tal n eu tro n  cross sections a t  14 MeV suggests the existence of different 
trends in  th e  data . In  order to  determ ine th e  re liab ility  of da ta  given by d ifferent authors, a 
sta tistical evaluation has been carried out. I t  w as found th a t the deviation in  the  d a ta , m ea
sured in  d ifferent laboratories for the same nuclei, is about one per cen t higher th a n  the  given 
lim its of error. A simple em pirical expression is given to describe the sm ooth oscillating devia
tions of m easured values from  th e  “ black-nucleus”  form ula as a function  of m ass num ber. 
E xperim ents were performed under the sam e circum stances to search for the possible fine 
trends or system atic behaviour in  the cross-sections, e.g. N — Z  dependence, od d —even effect, 
correlation betw een nuclear rad ii and binding energies.

The experim ents were carried out in th e  “ good geom etry”  arrangem ent a t  14,7 MeV 
neutron energy. Total neu tron  cross-sections were determ ined for N , O, Ar, Ca, Co, Ni, Cu, 
Zn, Ga, Ge, J ,  Cs, Ce, Pb, Bi.

1. Introduction

A m ong fa s t n e u tro n  d a ta  the  t o ta l  cross sections a re  th e  m o st com plete  
and  a c c u ra te , so th e y  g ive reliab le in fo rm a tio n  a b o u t th e  average  p ro p e rtie s  
o f nuclei. I n  fa s t n e u tro n  reac tion  cross-sections sev e ra l tre n d s  h a v e  been  
observed  [1— 5]. T herefo re , i t  seem s w o rth  while to  search  for sy s te m a tic  
b eh av io u r in  to ta l cross sections. In  o u r  in v estig a tio n s to ta l  n e u tro n  cross- 
sections a t  14 MeV w ere m easu red  u n d e r  th e  sam e c ircu m stan ces to  avo id  
sy s te m a tic  erro rs, and  th e  b e s t averages of th e  l i te ra tu re  d a ta  for th e  13— 15 
MeV in te rv a l w ere c a lc u la ted  using a s ta t is t ic a l  p ro ced u re . T he d ead lin e  d a te  
fo r th e  l i te ra tu re  su rv ey  w as M arch 1970.

2. Experim ental m ethod and results

N eu tro n s  from  th e  3H (d ,n )4H e  re a c tio n  w ere p ro d u ced  b y  d eu te ro n s  
s trik in g  a th ic k  t r i t ia te d  tita n iu m  ta rg e t .  T h e  sam ples w ere a p p ro x im a te ly  
2 cm in  d iam ete r. The le n g th s  were ch o sen  so th a t  th e  tran sm iss io n s  w ere a b o u t

* This work was supported  by the In te rn a tio n a l Atomic E nergy Agency.
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5 0 % . S tilb en e  c ry s ta ls  w ere u sed  as d e te c to r  and  m o n ito r u sin g  p u lse -shape  
d isc rim in a tio n  a g a in s t g am m a b a ck g ro u n d . To e lim in a te  in s ta b ili ty  effects 
th e  “ b ias  w in d o w ”  m eth o d  [6] w as used . T h e  m easu rem en ts  w ere p erfo rm ed  
in  a “ good g e o m e try ” a rra n g e m en t. T he ta rg e t  d e te c to r  d is tan ce  w as 60 cm  
a n d  th e  sam p le  w as p laced  m id w a y  b e tw een  th e m .

O nly  one o f th e  sam ples deserves special a t te n tio n :  th e  arg o n  sam ple w as 
a so lid  a rg o n  c ry s ta l grow n in  liq u id  n itro g en . A fte r  a few  a tte m p ts , i t  w as 
possib le  to  f in d  th e  cond itions u n d e r  w hich  a c lear u n ifo rm  arg o n  c ry s ta l filled  
th e  glass h o ld e r. T h e  m eta llic  Ca sam ple w as m easu red  in  a s im ila r glass ho lder. 
T h e  sam ple  o u t  ru n s  w ere m easu red  w ith  s im ila r e m p ty  ho lders. B ack g ro u n d  
a n d  in -sc a tte r in g  co rrec tions w ere ta k e n  in to  acco u n t.

Table I

E xperim ental to ta l cross section values a t 14.7 MeV

Element Sample <M ь) ± Jdyt(b)

N Cr.H12N 4 1.56 0.03
0 H 20 1.58 0.025
Ar Ar(solid) 1.95 0.04
Ca Ca 2.12 0.04
Co Co 2.66 0.06
Ni Ni 2.76 0.08
Cu Cu 2.83 0.03
Zn Zn 2.91 0.03
Ga Ga 3.06 0.03
Ge Ge 3.12 0.05
I I 4.89 0.05
Cs CsCl 5.01 0.07
Ce Ce2(C 03)3 5.16 0.10
Pb Pb 5.34 0.04
Bi Bi 5.33 0.04

T he m easu red  to ta l  cross sec tion  values a re  show n in  T ab le  I . In  c a lc u la t
in g  th e  e rro rs , w e used  th e  s ta n d a rd  d ev ia tio n s in s te a d  o f th e  s ta tis t ic a l  v a lu es . 
F o r  each  sam p le  15— 20 ru n s  w ere ta k e n . T h e  m easu rem en ts  fo r Ca an d  I  w ere  
re p e a te d  on d iffe ren t sam ples to  co n tro l th e  re p ro d u c ib ility  o f th e  d a ta . O ne 
o f th e  Ca m easu rem en ts  w as ca rried  o u t u n d e r  th e  sam e con d itio n s as fo r A r.
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3. Statistical treatm ent of literature data

F o r  fa s t  n e u tro n s  m o st o f  th e  to ta l  cross-sections d a ta  can  be  fo u n d  in  
th e  in te rv a l o f 13— 15 MeV. T herefo re  th is  region w as considered  in  o u r  su rv ey  
[7— 37]. T he averag in g  p ro ced u re  w as sim ilar to  th a t  described  in  [38].

F ir s t ,  d a ta  m easu red  a t  d iffe re n t energies b y  th e  sam e a u th o r  w ere 
av e rag ed . T he energy  d ependence  o f От w as ta k e n  in to  acco u n t b y  a d d in g  1%  
to  th e  e rro r  of th is  average . T h e  “ g ra n d  m ean ”  fo r a g iven  e lem en t w as cal
cu la ted  u sing  th e  w e ig h ted  av e rag e  o f  th e  m ean  v a lu es  m en tio n ed  above, 
using  as w eights th e  inverse  sq u are  e rro rs  of th e  m eans. T h e  e rro r o f  th e  g ran d  
m ean  w as d e te rm in ed  in  tw o w ay s: b y  th e  p ro p a g a tio n  o f  errors a n d  b y  th e  
s ta n d a rd  d ev ia tio n  of th e  m eans a ro u n d  th e  g ran d  m ean ; th e  la rg e r w as ac c e p t
ed. T h e  to ta l  cross sec tio n  d a ta  m easu red  b y  d iffe ren t au th o rs  a re  a p p ro x i
m a te ly  co n sis ten t w ith  th e  given e rro rs . A ltho u g h  th e re  a re  som e ex cep tio n s, 
on th e  av e rag e  th e  in co n sis ten cy  does n o t exceed 1% . T h e  g rand  m ean s and  
th e ir  e rro rs  fo r v a rio u s  e lem ents a n d  iso topes are  in d ic a te d  in  T ab le  I I .  F o r 
each a to m ic  n u m b er th e  f irs t line re fe rs  to  th e  n a tu ra l  e lem ent.

4. Conclusions

T h e  to ta l  n e u tro n  cross sec tio n s can  be a p p ro x im a te d  b y  th e  “ b lack  
nucleus”  form ula

oT =  2 л ( г 0А 113 +  Я)2. (1)

In  o rd e r to  search  fo r fine  s tru c tu re  in  th e  m ass n u m b e r d ependence  o f th e  
cross-sections, th e  ex p erim en ta l d a ta  w ere d iv ided  b y  v alues ca lcu la ted  from  
(1) accep tin g  r 0=  1.4 fm  an d  À =  1.22 (A- f- l) /A  fm . T h e  resu lts  a re  show n in 
Fig. 1 (crosses, p re se n t w ork ; circles, averages of l i te ra tu re  d a ta ) . A s can  be 
seen, th e  reduced  cross-section  v a lu es  show  a sinuso idal fo rm  as a fu n c tio n  of
A 1'3.

I t  w as fo u n d  t h a t  th e  d a ta  in  F ig . 1 can  be w ell describ ed  b y  th e  
fo llow ing em pirica l exp ression  (d ash ed  curve):

<4xp-
2 я (Я  +  Я)2

1,021 0,104 cos (2,18a 1'3—1,25). ( 2)

I n  o u r ex p erim en ts  th e  choice o f th e  sam ples w as su b o rd in a te d  to  th e  
aim  o f observ in g  possib le  N — Z  or o d d  — even effects. I n  T ab le  I I I  th e  ra tio  of 
m easu red  to ta l  cross-section  v a lu es  a n d  th o se  ca lcu la ted  b y  th e  em p irica l 
exp ression  are  p re sen ted . A lth o u g h  th e re  are  sign ifican t dev ia tio n s in  th e  ra tio  
fo r som e p a irs , th e se  c a n n o t be  d e f in ite ly  a t t r ib u te d  to  o d d — even  o r N — Z  
effect. T h e  A— Ca iso b aric  p a ir  seem ed  to  be th e  m o st su itab le  fo r checking  
th e  N — Z  dependence.
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Table II

Averages of to ta l cross section da ta  for th e  energy in terval 
from 13 to 15 MeV

Atomic
number Mass number °T (b) ±  A aT ( b)

l 1.0010 0.6935 0.0049
l 2.0000 0.8021 0.0149
l 3.0000 0.9776 0.0110
2 4.0000 1.0356 0.0162
2 3.0000 1.1400 0.0714
3 6.9225 1.4089 0.0290
3 6.0000 1.4465 0.0160
3 7.0000 1.4526 0.0206
4 9.0000 1.4772 0.0097
5 10.8097 1.3736 0.0123
5 10.0000 1.4601 0.0149
5 11.0000 1.4149 0.0204
6 12.0109 1.3268 0.0085
7 14.0036 1.5721 0.0164
8 16.0043 1.6008 0.0170
8 18.0000 1.4215 0.1848
9 19.0000 1.7599 0.0131

10 20.1758 1.5520 0.0826
11 23.0000 1.7257 0.0133
12 24.3232 1.7664 0.0088
13 27.0000 1.7412 0.0127
14 28.1067 1.8308 0.0231
15 31.0000 1.9459 0.0374
16 32.0914 1.9189 0.0116
17 35.2449 2.0211 0.0173
18 39.9850 2.0018 0.0553
19 39.1370 2.1155 0.0273
19 39.0000 2.2900 0.0729
20 40.1123 2.1790 0.0178
20 42.0000 2.6814 0.0426
20 44.0000 2.1614 0.0374
21 45.0000 2.1791 0.0339
22 47.9227 2.3000 0.0159
23 50.9976 2.3421 0.0311

Atomic
number Mass number “r(b) dizAcfj>( b)

24 52.0555 2.4185 0.0222
24 52.0000 2.4500 0.0645
25 55.0000 2.5820 0.0327
26 55.9101 2.5754 0.0179
27 59.0000 2.6940 0.0276
28 58.7716 2.6815 0.0209
28 58.0000 2.7010 0.0350
28 60.0000 2.7440 0.0364
28 62.0000 2.7960 0.0380
28 64.0000 2.8340 0.0383
29 63.6154 2.9270 0.0184
30 65.4517 2.9908 0.0214
30 64.0000 2.9650 0.0396
30 66.0000 3.0110 0.0401
30 67.0000 2.9900 0.0599
30 68.0000 3.0510 0.0405
30 70.0000 3.1160 0.0492
31 69.7933 3.1392 0.0360
32 72.6990 3.2357 0.1106
33 75.0000 3.4954 0.1008
34 79.0959 3.4793 0.0391
35 79.9872 3.4920 0.0462
36 83.8846 3.7767 0.0786
37 85.5552 3.9000 0.139«
38 87.7092 3.6800 0.0755
39 89.0000 3.8646 0.0487
40 91.3125 3.7441 0.2007
41 93.0000 4.0033 0.0444
42 95.9691 4.0128 0.0346
42 96.0000 4.0400 0.1204
43 99.0000 4.1964 0.0601
46 106.6244 4.2798 0.0406
47 107.9712 4.3237 0.0367
47 107.0000 4.3400 0.0734
47 109.0000 4.3800 0.063*
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Table II  (continued)

Atomic
number Mass number b) + ̂ (7у(Ь)

Atomic
number Mass number oj'(b) + Aoj<(b)

48 112.5139 4.4485 0.0399 60 144.3205 5.0140 0.0549
48 106.0000 4.2900 0.1129 61 148.0000 5.5992 0.1426
48 108.0000 4.3300 0.1133 62 150.0000 5.1756 0.0602
48 110.0000 4.3400 0.0834 63 152.0434 5.1992 0.0809
48 1 1 1 .0 0 0 0 4.4400 0.0844 64 157.3281 5.2311 0.0484
48 112.0000 4.5300 0.0753 65 159.0000 5.2036 0.0762
48 113.0000 4.5000 0.0750 66 162.5703 5.2650 0.0716
48 114.0000 4.5400 0.0654 67 165.0000 5.2647 0.0503
48 116.0000 4.5600 0.0756 68 167.3271 5.3644 0.0641
49 114.9151 4.5303 0.0352 69 169.0000 5.3045 0.0711
50 118.8763 4.6063 0.0331 70 173.0952 5.5350 0.0784
50 116.0000 4.4300 0.1243 71 175.0260 5.3282 0.0774
50 117.0000 4.6400 0.0964 72 178.5506 5.3447 0.0696
50 118.0000 4.7500 0.1175 73 181.0000 5.2357 0.0473
50 119.0000 4.4600 0.1446 74 183.8881 5.3655 0.0552
50 120.0000 4.6600 0.0866 74 182.0000 5.4267 0.0774
50 122.0000 4.6900 0.0869 74 186.0000 5.5191 0.0793
50 124.0000 4.7100 0.1071 75 186.2577 5.1964 0.0821
51 121.8535 4.6647 0.0382 76 190.2763 5.1545 0.0817
51 121.0000 4.6600 0.0666 77 192.2291 5.2364 0.0825
51 123.0000 4.6800 0.0768 78 195.1177 5.3701 0.0728
52 127.7164 4.8732 0.0545 79 197.0000 5.3188 0.0452
52 122.0000 4.6500 0.0865 80 200.6251 5.3473 0.0602
52 124.0000 4.6000 0.0960 81 204.4092 5.4124 0.0491
52 125.0000 4.6900 0.0869 82 207.2419 5.4006 0.0305
52 126.0000 4.7300 0.0673 82 204.0000 5.4949 0.0934
52 128.0000 4.7600 0.0776 82 206.0000 5.4154 0.0649
52 130.0000 4.8100 0.0681 82 207.0000 5.3488 0.0847
53 127.0000 4.8203 0.0431 82 208.0000 5.2950 0.0812
54 131.3835 5.0400 0.1320 82 206.3000 5.2945 0.0667
55 133.0000 5.0012 0.1090 83 209.0000 5.4090 0.0355
56 137.4206 5.0998 0.0509 90 232.0000 5.6344 0.1296
57 138.9991 4.9143 0.0750 92 237.9783 5.7493 0.0549
58 140.2081 5.0165 0.0478 92 235.0000 5.7900 0.1279
59 141.0000 4.9381 0.0574 94 239.0000 5.8300 0.1383
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Table III

R atio  of measured and calculated cross sections 
for the nuclei investigated

Odd Even N - Z N
êxp
tfcalc

в î
6

1.00 +  0.01

с 0 0.90 +  0.01

N 0 7 1.04 +  0.02
0 0 8 1.01 +  0.02

Na 1
12

0.97 +  0.01

Mg 0 1.03 +  0.01

Al 1
14

0.95 +  0.01

Si 0 0.96 +  0.01

P 1
16

1.07 +  0.01

s 0 0.98 +  0.01

Ar 4 22 0.93 +  0.02
Ca 0 20 1.01 +  0.02

Mn 5
30

1.05 +  0.01

Fe 4 0.97 +  0.01

Со 5 32 0.98 +  0.02
Ni 2— 3 30 1.02 +  0.03

Cu 0.99+0.01
Zn — — 0.99 +  0.01

Ga 0.99+0.01
Ge — — 0.97+0.02

I 21 1.01 +  0.01
Те 22— 26 1.00 +  0.01

Bi — — 0.98 +  0.01
Pb 0.98 +  0.01
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In  genera l, th e  good f i t  o f th is  sim ple  fo rm ula  to  th e  ex p e rim en ta l d a ta  
fo r m ed iu m  an d  h ea v y  nucle i suggests  t h a t  if  a n y  sy s tem a tic  tr e n d  in  to ta l 
n e u tro n  cross sections ex is ts , its  m a g n itu d e  does n o t exceed a few  p e r  cent. 
E x p re ss io n  (2) can  be used  for th e  c a lc u la tio n  of u n k n o w n  to ta l  cross sections 
in  th e  m ass n u m b e r reg ion  m en tio n ed  above.

As fo r lig h t nuclei, expression  (2) does n o t describe  well th e  v a r ia tio n  
o f red u ced  cross sections, a lth o u g h  its  sh ap e  is s im ilar. As w as show n  in our 
ea rlie r p a p e r  [36, 37] a co rre la tio n  e x is ts  b e tw een  r 0 an d  th e  b in d in g  energy 
p e r  nucleon . T his suggests th a t  th e  h ig h e r r 0 values in  th is  region a re  connected  
w ith  a loose n u c lea r s tru c tu re , g iv ing  a h ig h er cross section . T he dev ia tio n s 
or p a irs  in  T ab le  I I I  can  be m a in ly  ex p la ined  b y  th e  b in d in g  e n e rg y  effect.
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ИССЛЕДОВАНИЕ ЗАВИСИМОСТИ ПОЛНЫХ НЕЙТРОННЫХ СЕЧЕНИЙ 
ОТ РАЗНЫХ ЯДЕРНЫХ ПАРАМЕТРОВ

И . А Н Г Е Л И , Й . Ч И К А И , Й . Л . Н А Д Ь , Т .  Ш А Р Б Е Р Т , Т .  С Т А Р И Ч К А И  и Д .  Н О В А К

Резюме

Сравнение полных нейтронных сечений при 14 Мэв указывает на существование 
зависимости этих данных от разных ядерных характеристик. С целью проверки надеж
ности результатов, полученных разными авторами, была проведена статистическая обра
ботка данных. Оказалось, что данные, полученные разными лабораториями для одного 
и того же ядра дают отклонения на один процент выше чем пределы ошибок указанные 
авторами.

В статье дается простая эмпирическая формула для описания гладкого осцилли
рующего отклонения измеренных значений от рассчитанных по модели черного ядра, 
в зависимости от массового числа. Измерения были выполнены при одинаковых условиях 
чтобы найти возможные плавные зависимости или систематическое поведение в ходе 
сечений, например зависимость от N  — Z ,  нечетно-четные эффекты, коррелацию между 
радиусами ядер и энергиями связи.

Измерения были выполнены при «хорошей геометрии» и нейтронной энергии 14,7 
Мэв. Полные нейтронные сечения были определены для N, О, Ar, Са, Со, Ni, Cu, Zn, Ga, 
Ge, J, Cs, Ce, Pb, Bi.
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SUM RULE FOR THE VERTICES K *  -  K n  AND K A -  K *
By

G. F e r e n c z i 1
IN ST IT U T E  FOR TH E O R E T IC A L  PHYSICS, RO LA N D  EÖTVÖS U N IV E R S IT Y , BU D A PEST2

(Received 9. V II. 1970)

The m ethod, based on th e  techniques of cu rren t algebra and dispersion relations, is 
used for calculating the ratio  of th e  d and s wave coupling of the v ertex  <  K a \J*\ k * > .  
We obtain a lim ita tion  for th e  pole approxim ation and  applying the general results o f  L a i [1] 
the  Г(К *  * К  :т) and / (А д —► К * я)  decay w idths are calculated in  good agreem ent w ith 
recent experim ental data . In  our calculation we apply  the Weinberg broken  sum rules.

I. Introduction

In  con n ec tio n  w ith  c u rre n t a lgebra tw o  approaches h a v e  been ad v a n c e d  
to  ca lcu la te  th e  fo rm  fa c to rs  o f th e  v ec to r  a n d  ax ia l v e c to r  m esons, w ith in  
a single fram ew o rk  [1]. A lth o u g h  th e  a rg u m e n ts  used in  th e se  tw o m e th o d s  
are  d iffe ren t, th e y  lead  to  e x a c tly  th e  sam e  resu lts . O ne is b ased  on th e  th e  
te ch n iq u e  o f d ispersion  re la tio n s , an d  th e  o th e r  invo lves th e  use o f W a rd  
id en titie s  fo r v e r te x  fu n c tio n s. The ex ten sio n  o f th e  la t te r  m e th o d  to  th e  e n tire  
SU(3) o c te t o f  c u rre n t w as n o t  lucky , b ecau se  th is  e x ten s io n  p roduced  th e  
self-consistency  re la tio n  F K/F n =  m J m K. I t  is, how ever, possib le  to  generalise  
th e  d ispersion  m eth o d , n am e ly , L a i  [1] h a s  p ro v ed  th a t  th e  a ssu m p tio n  of 
so ft m esons m a y  n o t be e ssen tia l in  th e  d e te rm in a tio n  of th e  su b tra c tio n  con
s ta n t . So, u s in g  th e  d ivergence  cond itions fo r th e  c u rre n ts  th e  form  fa c to rs  
o f th e  m a trix -e lem en ts  <^л° \ V (C) | K A ^> an d  <^л° | A (С) | K *  >  can  
be  p a ra m e trise d  as fu n c tio n s o f an  u n k n o w n  p a ra m e te r  [1]. O ur aim  is to  
d e te rm in e  th e  v a lu e  of m ere ly  w ith  th e  in p u t  values o f  th e  m asses o f  th e  
m esons.

In  S ection  I I  we d escribe  th e  d e riv a tio n  of th e  sum  ru le , w hile in  S ection  
I I I  we e v a lu a te  th e  sum  ru le . F in a lly , in  S ec tio n  IV  we d iscuss th e  re su lt o f 
o u r ca lcu la tio n .

1 G raduated  in  1970.
2 P resen t address: R esearch In s titu te  for Technical Physics of th e  H ungarian A ca

dem y of Sciences, B udapest
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II. R estriction for from four-point function sum  rule

Our basic equation in the usual notation is the following :

< я ° ( р ) |И 4к -(* ) , л * +(у)]х„=У„ № ) >  =  (1)

=  <л°(р)\л°(р)У  <0|М«-(*)|Лк+(у)]*„=уо|0>,

where Я =  1,2,3. (A similar sum rule was derived in [2].) (1) follows from 
c-number Schwinger terms and C-invariance.

Now, we carry out a Fourier transform on both sides of (1) in the form 
1/(2я)3 j d 3( x —y )  e q(x~'J\  and in the spirit of F ubini and F urlan’s method [3] 
decompose the left hand side of (1) with respect to the singularity structure: 
the first term (W,) ist the direct graph, the second and third terms correspond 
to the “mass singularities” , the fourth one ( W lv) contains the so called Z  
graphs. Finally, the last contribution ( W v) is due to the disconnected diagrams; 
it is equal to the righ-hand side of (1). For the sake of simplicity we do not 
take into account the second and third graps. Thus, in the place of (1) we 
write the sum rule:

I F j - f l F . v ^ O .  (2 )

Here, we are dealing only with low-lying states:

Wx =  2 ,  [ Jd3fe(d3(qr+fe p ) - P ( q + p - k ) )  <л»(р) \A f- (0 ) \K * + (k ,  e)> •
• < * < -« ( / ,о  ' у ! ( : ; : ; ,

W i v = 2 [  J d 3k(ô3( q + k + p ) - ô 3(q к  p )) <0 j A ?~(0) | л°(Р )К*+(к, e)> •

- <n°(p )K * + (k , s) I A f +(0) i 0>],

where the invariant decomposition

<.л°(к)\А«-(0)\К *+(е,р)}М о =

=  [K i(t2) \ , + K 2(t2) K i p + k ^ + K j f )  K ( p  k ) j

can be used. N 0 =  (4p0 k 0) 1/2 (2я)3 and _K;(t2) (i =  1,2,3) are invariant func
tions. Applying (2) and (3), instead of (2) we can write :

Ai(F) е д + - ^ м # ) + е д ]  =  о (5)
Po

provided p - q  =  0, p2 =и= 0, q 2 ^  0, where

= - K M K í + Í K P ' K ^ + K M + K ^ + K , )  ,
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A ( t 2) =  [ K i - H ^ p j i K . + K j y ,
mK*

Ä'o 1 V1 ■ Ч1 тп~к' ’ Po =  ]f P2+ т л ’

<2 =  Ç2 -  (Po ^ o )2 ; I2 =  q2 -  (Ро+КГ--

Ci(l2) can  be o b ta in ed  from  Aj(t2), (i =  1,2) b y  rep lac ing  p  —*• — p.  T e rm s  
m u ltip lie d  b y  m 2 a re  negligible.

III. E v a lu a tio n  o f th e  sum  rule

To e v a lu a te  E q . (5), we use th e  p a ra m e tr ise d  form  o f th e  form  fa c to rs  
K j  w h ich  is d eriv ed  in  [ 1 ] b u t  w ith  th e  fo llow ing  m o d ific a tio n : th e  le p to n ic  
coup ling  c o n s ta n ts  g K,,g K j, F ^  F n a re  ta k e n  from  the  b ro k e n  W einberg  su m  
ru les (Cl e y m a n s  [4]) based  on  th e  S u g a w a r a  m odel [5]. So, on  th e  one h a n d  
th e se  a re  in  b e t te r  ag reem en t w ith  re c e n t ex p e rim en ts , an d  on  th e  o th e r h a n d , 
th e ir  p red ic tio n s  fo r F KIF n a n d  fo r th e  fo rm  fa c to r  /+(0) o f  th e  decay  К 1Я a re  
in  acco rd an ce  b o th  w ith  ex p e rim en ts  an d  w ith  th e  A dam ello -G atto  th e o re m .

T h e  b ro k en  W einberg  sum  ru les (we neg lec t F 2X, b ecau se  F x <g F  к  , 
[4]) are

§ К л  I p > 2 __ß)K *n К n
т К л  m K *

F? i gk.i g k *  ■

T hus, w e can  w rite  th e  form  fac to rs  K t  in  th e  following m od ified  form

К я(х) — У2 mK* 

K 2(x) =

f l  /2

У 2 d dx

1 + J _ d i | ^ ± l
2  ) x + f l

mK* / 2  Ц х + й )

K 3(x) У 2 1

тк* [ f l ( x + ß )  
d

^ /* ( * + / ! )  - 

w here w e h a d  used  th e  d e fin itions:

1 - — ( l  +  dx)
J  2

1 + T ä‘) - i (1+äJ

m e s  . т Кл r  . m K _  s  . 1  
---------- J l i  —  J 2 1  — J 3 ’ a  —mK* mK*

m fr  F% у ' 2
ml 2 F l )

0.81 i f —^ = 1 . 1 8 ,  see [4]

(7)

an d  t2 — »»к, X.
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W e solved E q . (5) n u m erica lly . F irs t, we s tu d ie d  th e  ro o ts  o f (5) w h ils t p -, q- 
w ere  ch an g in g , second ly  w e co m p ared  (5) to  0 p u ttin g  in  th e  physica lly  po ssib le  
v a lu es  T h e  tw o  p ro g ram m es led to  th e  sam e re su lt. W e could e s ta b lish  
t h a t  b o th  th e  re a l roo ts o f  E q . (5) and  th e i r  least d e v ia tio n  from  0 w ere  o b 
ta in a b le  fo r th o s e  values o f  t2, Z2 w hich a re  in side  a c irc le  w ith  rad ius 6  m 2pole 
(b o th  for К  a n d  K A poles). T h e  average v a lu e  of th e  ro o ts  o f E q. (5):

á j =  —  0.44 +  0.06. (8 )

W ith  th is  r e s u lt ,  we can easily  ca lcu la te  th e  decay w id th s  (according to  th e  
porm ulae o f  [1 ]):

Г (К *  — K n)  =  [51 +  3] MeV; Г ( К А — K*n)  =  (70 +  8 ) MeV. (9) 

T h e  e x p e rim e n ta l values [6 ]:

'Ц К *  — Kn)  => [50.1 +  0.8] MeV;

Г {К А — K * n ,  Kg, o)K, rjK) =  (9 0 + 4 0 ) MeV.

T h e  p a r tia l  w id th s  of K A a re  n o t  know n b e cau se  of th e ir  overlapp ing , b u t  i t  is 
k n o w n  th a t  th e  K A —*■ К * л  decay  m ode is d o m in an t ( th e  o thers are  less th a n  
a  few  p e rc e n t) , so th e  a g re e m e n t w ith  e x p e rim e n t is good .

I
IV. D iscussion

In  d e riv in g  ou r re su lts , th e  use of th e  b ro k en  W ein b e rg  sum  rides p la y e d  
a n  im p o r ta n t  ro le . I t  cau sed  a d ev ia tion  fro m  th e  ca lcu la tio n s  m ade b y  L a i  [1], 
b u t  our r e s u lts  a re  in  b e t te r  ag reem en t w ith  ex p erim en ts .

W e le a rn e d  from  th e  re su lts  o f th e  e v a lu a tio n  t h a t  th e  pole a p p ro x im a 
tio n  c a n n o t b e  app lied  to  a rb i t r a ry  v a lu es  o f i2, Z2. A  s ix -tim es n e ig h b o u rh o o d  
o f th e  po les , w here th e  ap p ro x im a tio n  w as still v a lid , w as u n a m b ig u o u sly  
chosen b y  th e  d ifferen t m e th o d s  of e v a lu a tio n ; our m e th o d  was ab le  to  te s t  
th e  lim it o f  th e  pole a p p ro x im a tio n , to o .

T h e  a u th o r  is in d eb te d  to  P ro f. G. P ó csik  fo r  his k in d  h e lp  a n d  valuab le  su g g estio n s 
du rin g  th e  w h o le  p re p ara tio n  o f  th e  work.
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ПРАВИЛО СУММ ДЛЯ ВЕРШИН К *  — К л  И К А  -» К * л

Г. Ф ЕРЕН Ц И

Резюме

Для вычисления соотношения d u s  волновой связи вершины <.КА \Jn\ К *у  при
меняются техника алгебры токов и дисперсионные соотношения. Получено ограничение 
для полюсного приближения. Применяя общие результаты Лаи [1], вычислялись ши
рины распадов Г  ( К *  -*■ К л )  и Г  ( К А -► К * л ) ,  находящиеся в хорошем согласии с о п ы т 
ными данными. В вычислениях использовано нарушенные правила сумм Вейнберга.
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THE HYDRODYNAMICAL MODEL OF 
WAVE MECHANICS VII

T H E  ST ER N — GERLACH E F F E C T  OF T H E  H-ATOM 

By

L . JÁ N O SSY
C E N T R A L  R E S E A R C H  I N S T I T U T E  O F  P H Y S I C S ,  B U D A P E S T  

(Received 16. V II. 1970)

I t  is shown th a t trea ting  the  S tern— G erlach effect as a one-body wave m echanical p ro 
blem — i.e. supposing the nucleus to  behave classically — the trea tm en t leads to  th e  incorrec t 
classical result. The splitting of the beam  is only ob ta ined  in the m any-body trea tm en t.

§ 1. A  b eam  of n e u tra l  a to m s is p a ssed  th ro u g h  a n  inhom ogeneous 
m ag n etic  fie ld . The field  s tre n g th  В is a b o u t p e rp en d icu la r to  th e  beam . I f  th e  
a to m s possess m agnetic  m om en ts M a fo rce

F =  g rad  (MB) (1 )

a c ts  on th e m  an d  passing  th ro u g h  th e  reg ion  o f th e  field th e y  are  deflec ted  an d  
th e y  o b ta in  a tra n sv e rsa l m o m en tu m

p =  I F dt . (2)

T he ex p erim en ts  of S te rn  and  G erlach  show ed th a t  su ch  a b eam  is in d eed  
deflec ted  b y  th e  inhom ogeneous m ag n e tic  f ie ld ; th e  beam  is found  to  b e  sp lit  
in to  a n u m b e r of d iscre te  com ponen ts.

§ 2. T h e  classical t r e a tm e n t  o f th e  e ffec t leads to  e x p e c t, th a t  c o n tra ry  
to  th e  ex p e rim en ta l re su lt, th e  b eam  sh o u ld  be  sm eared  o u t  c o n tin u o u sly . 
T h is t r e a tm e n t  can  be su m m arized  b rie fly  as follows. S upp o sin g  th e  a to m s  to  
be ro ta t in g  solids of spherica l sy m m e try  w ith  m agnetic  m o m e n t M an d  a n g u 
la r  m o m en tu m  л  so th a t

M =  a * ,  (3)

w here  oc is a c h a rac te ris tic  o f th e  s tru c tu re  o f th e  a tom . T h e  e q u a tio n  o f  m o 
tio n  of the  ro ta tio n a l p a r t  o f th e  m o tio n  c a n  b e  w ritte n

тс =  B x M .  (4

E lim in a tin g  тс w ith  th e  help  o f (3) we o b ta in  as th e  eq u a tio n  o f m o tion  o f  th e  
m ag n etic  m o m en t

M =  c t ( B x M ) .
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W hile th e  a to m  is p a ss in g  th ro u g h  th e  inhom ogeneous region th e  fie ld  
s tre n g th  В a c tin g  on th e  a to m  changes in  tim e . W e m a y  th u s  w rite  B(f) fo r 
th e  field  s tre n g th  ac ting  a t  th e  tim e  t on th e  a tom . D e n o te  the  u n it  v e c to r  
p o in tin g  in th e  d irec tio n  o f  B(t)

x(t) =  B (f)/B (l).
F u r th e r  w rite

xB(t) =  co(t),

w here m(t) is a q u a n ti ty  w ith  th e  d im ension  o f a freq u en cy . The e q u a tio n  of 
m o tio n  can  th u s  be w r itte n

M =  eo(t) (x  (t) X M ) . (5)

§ 3. M u ltip ly in g  (5) b y  M we find

MM  =  0 th u s M  =  const. (6 )

T hus th e  to ta l  m ag n etic  m o m e n t and a n g u la r  m om en t rem a in s  co n stan t. 
M u ltip ly in g  (5) by  x(t) we find

x(t) M =  0 . (7 )

I f  we supp o se  t h a t  th e  m a g n e tic  field ch an g es only slow ly , i.e. its  ch an g e  in 
a n  in te rv a l A T  — l/co(t) is sm all, th en  w e can  neglect te rm s  p ro p o rtio n a l to  
y,(t) and  cb(t) a n d  we fin d

—  (x(t) M ) =  0 , 
dt

th u s
|M (1>! =  x(t) M c o n s t .,

w here M*1* is th e  co m p o n en t o f M p ara lle l to  B. In  th e  sam e  a p p ro x im a tio n  we 
-Find also

M ® =  co2(f) M(2),

vdiere M ^  is th e  co m p o n en t o f M p e rp e n d ic u la r  to  B. T h u s  in  th is  a p p ro x i
m atio n  th e  v e c to r  M p recesses w ith  a f re q u e n c y  co(t) a ro u n d  B.

Since th e  co m p o n en t M (l) of M p a ra lle l to  В re m a in s  c o n s ta n t, th e re fo re  
an  a to m  m o v in g  across th e  field  suffers a deflec tion  p ro p o rtio n a l to  M <!* in  
accord  w ith  ( I )  and  (2 ).

C onsidering  a b eam  o f a tom s passin g  th ro u g h  th e  fie ld  one m u s t e x p e '1* 
- th a t th e  in i t ia l  d irections o f  M  were d is tr ib u te d  a t ra n d o m . Therefore th e  a to m s
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are  expected  to  e n te r  th e  fie ld  w ith  v a rio u s in c lina tions o f  M w ith  re sp e c t to
B. T h u s th e  values of M ^  fo r  th e  in d iv id u a l a tom s m u s t be  expected  to  be  
d is tr ib u te d  c o n tin u o u sly  b e tw een  — M  a n d  - j-M  and  th e re fo re  th e  deflec tions 
are  ex p ec ted  to  be d is tr ib u te d  co n tin u o u sly  b e tw een  tw o e x tre m e  values.

T he ex p erim en ta l re su lts  can  only be  exp la ined  if  one assum es t h a t  fo r 
som e reason  th e  atom s w hen  en te rin g  th e  m agnetic  fie ld  o rien t th em se lv es  
in to  specified  d irec tion . E . g. h y d ro g en  a to m s in  g round s ta te  o rien t th em selv es  
p a ra lle l or a n tip a ra lle l to  th e  d irec tion  o f th e  m agnetic  fie ld .

W e see th u s  t h a t  —  as i t  is w ell-know n —  th e  c lassica l tre a tm e n t does 
n o t lead  to  th e  co rrec t re su lt.

I t  seem s to  us im p o r ta n t, how ever, to  discuss tw o classica l effects w h ich  
h av e  a te n d e n c y  to  p roduce  a sp littin g  of th e  beam . W e show  th a t  n e ith e r  o f 
th e  effects is su ffic ien t to  ex p la in  th e  o b serv ed  sp littin g  o f  th e  beam .

§ 4. F irs tly , we no te  t h a t  we have g iv en  only  th e  a p p ro x im a te  so lu tio n  
of th e  eq u a tio n s  of m o tion  (5) hav ing  n eg lec ted  te rm s o f  th e  o rder o f x(t), 
co(t). A lth o u g h  neg lec ting  su ch  te rm s causes on ly  a sm all e rro r, th e  m o tio n  
is to  be considered  for th e  d u ra tio n  of v e ry  large n u m b ers  o f periods o f  th e  
precession an d  i t  is n o t obv ious w h e th e r o r n o t th e  e rro rs accu m u la te . T h u s  
it m u s t be in v e s tig a te d  w h e th e r or n o t th e  accu m u la tio n  o f sm all p e r tu rb a tio n s  
can  cause a sy s te m a tic  change o f M*1*?

In  p a r tic u la r  one m ig h t ra ise  th e  fo llow ing question . T h e  inhom ogeneous 
m ag n etic  fie ld  w hich  was used in  th e  ac tu a l ex p erim en ts  o f th e  S te rn  G erlach  
ty p e  are  s tro n g ly  c o n c e n tra ted  in to  th e  v ic in ity  of th e  po le  pieces of th e  p e r 
m a n e n t m ag n e t. I t  could be im ag ined  th a t  th e  a to m , w hen  i t  en ters th ro u g h  
th e  b o u n d a ry  o f th e  m ag n e tic  field , suffers a sudden  im p a c t w hich im p a c t  
m akes it  to  o rien t itse lf  p a ra lle l or a n tip a ra lle l to  th e  f ie ld . T he “ im p a c t”  
th u s  m en tio n ed  is ta k e n  as a perio d  w hen x(t) is c o m p a ra tiv e ly  large and  th u s  
th e  a c c u m u la tin g  p e r tu rb a tio n  m ig h t also becom e large.

T he ab o v e  processes do n o t lead , h ow ever, to  th e  o b se rv ed  o r ie n ta tio n  
o f th e  m ag n e tic  m om ents. T h is w as show n b y  a m a th e m a tic a l analysis ca rr ied  
o u t to g e th e r  w ith  B é k é s s y  [1]. In  th e  la t te r  analysis  we h a v e  show n th a t  th e  
ap p ro x im a te  so lu tions n eg lec ting  x, co g ive an  ad eq u a te  d escrip tion  o f th e  
m o tio n  of th e  ro ta tin g  m ag n e tic  dipole and  th e  errors cau sed  by  n eg lec tin g  
such  te rm s do n o t accu m u la te  su ffic ien tly  to  p roduce  an y  observab le  effec ts .

Second ly , we h av e  neg lec ted  in  our t r e a tm e n t  th a t  th e  precessing m a g 
n e tic  dipole em its  ra d ia tio n  a n d  th erefo re  i t  loses energy u n ti l  a s ta t io n a ry  
s ta te  is o b ta in ed . T he s ta t io n a ry  s ta te s  are  e.g. tho se  w here  th e  m agnetic  d i
pole is p a ra lle l or an tip a ra lle l to  th e  field В an d  in  such s ta te s  no ra d ia tio n  is 
e m itted . T he ra te  of em ission o f  energy  of a ro ta t in g  m ag n e tic  dipole is, h o w e
v er, neg lig ib ly  sm all an d  th u s  no no ticeab le  change of o r ie n ta tio n  of th e  d i
poles caused b y  ra d ia tio n  re a c tio n  can be ex p ec ted  in th e  perio d  th e  atom s p ass  
th ro u g h  th e  deflec tin g  field .
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§ 5 . T h e  sp littin g  o f th e  b eam  as o b se rv ed  in th e  S te r n —G erlach e ffec t 
can  only  b e  acco u n ted  fo r b y  th e  q u a n tu m  m echan ical t r e a tm e n t. A p rob lem  
n ev e rth e le ss  a rises if  we rem e m b e r th a t  th e  P au li e q u a tio n  can  he  re w r itte n  
a n d  rep laced  b y  a set of h y d ro d y n a m ic a l e q u a tio n s  w hich  give a m a th e m a tic a l 
d esc rip tio n  o f  th e  a tom  e q u iv a le n t w ith  th e  classical d e sc rip tio n  [2 ] w h ich  we 
h a v e  show n a b o v e  do n o t le a d  to  th e  c o rre c t resu lt.

So as to  see th e  p ro b lem  m ore c lea rly  we refer to  th e  tre a tm e n t o f  th e  
S te rn —G erlach  effect fo u n d  in  som e te x t  books, w here i t  is suggested , th a t  
because  o f i ts  c o m p a ra tiv e ly  large m ass, th e  m otion  o f  th e  atom ic  nu c leu s 
can  be t r e a te d  classically  a n d  i t  is su ffic ien t to  t r e a t  th e  m o tion  o f th e  elec
tro n s  in  a cco rd  w ith  q u a n tu m  m echanics.

L e t us consider a h y d ro g en  a to m  passin g  th ro u g h  an  inhom ogeneous 
m ag n e tic  f ie ld . I f  we t r e a t  th e  nucleus classica lly  th e n  w e have a one b o d y  
p rob lem . T h e  elec tron  c lo u d  can  be co n sid ered  as be in g  u n d e r  th e  in flu en ce  
o f th e  C oulom b field  o f th e  m oving  n u c leu s  and  th e  o u ts id e  m ag n etic  fie ld . 
T h e  n uc leus m oves u n d e r th e  in fluence o f  th e  ou tside  f ie ld  and  th e  e lec tro 
s ta tic  fie ld  o f  th e  e lec tron  cloud.

R e w ritin g  th e  P au li e q u a tio n  in  th e  fo rm  of th e  h y d ro d y n a m ic a l e q u a 
tio n s  we f in d  th a t  th e  e le c tro n  beh av es lik e  a charged  c loud  ro ta tin g  free ly  
a ro u n d  th e  n ucleus. The c loud  is k e p t to g e th e r  b y  th e  C oulom b a ttra c tio n  w hich  
is co m p e n sa te d  b y  th e  in n e r  forces a ris in g  from  th e  q u a n tu m m e c h a n ic a l p o 
te n tia l. T h ese  forces are m u c h  s tro n g er th a n  th e  forces p ro d u ced  b y  th e  o u te r  
m ag n e tic  f ie ld . T hus th e  sy s te m  as a w h o le  behaves like  a v e ry  h a rd  ro ta t in g  
m ag n e tized  a n d  charged  so lid  b o d y  a n d  is expec ted  to  b e h a v e  in  acco rd  w ith  
classical p h y sics .

T h e  b o d y  carries o u t a p recession  a n d  also i t  is p u lle d  aw ay b y  th e  in 
hom ogeneous m agnetic  f ie ld . B ecause o f  th e  C oidom b in te ra c tio n  b e tw een  
e lec tro n  c lo u d  and  n u c leu s, th e  nucleus is d ragged  a w a y  from  th e  s tra ig h t 
p a th  b y  th e  e lec tro n  cloud . T h e  m o tio n  c a n  be  described  ex ac tly  b y  th e  classi
cal e q u a tio n s  w hich  we h a v e  discussed fu r th e r  above.

§ 6 . S ince  th e  h y d ro d y n a m ic a l e q u a tio n s  are e x a c tly  eq u iv a len t to  th e  
P au li e q u a tio n , th e  ex ac t so lu tio n  of th e  tim e  d ep en d en t P a u li eq u a tio n  m u st 
n ecessarily  le a d  to  th e  sam e in co rrec t r e s u lt  as th e  c lassical tre a tm e n t sk e tch ed  
above. T h is  d isc rep an cy  a rises  because th e  assu m p tio n  to  th e  effect, t h a t  th e  
nucleus c a n  b e  tre a te d  classica lly , is in c o rre c t. T he c o rre c t re su lt is o b ta in e d  
on ly  i f  w e t r e a t  th e  p ro b lem  as a m a n y  b o d y  p rob lem  —  in  th e  case o f  th e  
h y d ro g en  a to m  as a tw o  b o d y  p ro b lem .

I n  th e  co rrec t q u a n tu m  m ech an ica l tre a tm e n t w e have  to  so lve th e  
S ch rô d in g er eq u a tio n

H ip =  i hxp,
w here

V> =  H rn  r 2> 0
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r t is th e  co o rd in a te  v e c to r  of th e  p ro to n , r 2 t h a t  o f th e  e lec tro n . H  co n ta in s  
th e  inhom ogeneous m ag n e tic  field.

In  th e  u su a l t r e a tm e n t of th e  effect th e  w ave fu n c tio n  is ta k e n  as th e  
su p erp o sitio n  o f tw o p a r tic u la r  so lu tions, th u s

V(r i, r , t) =  cx г р+( г г , r 2, t) +  c2 ip_{r l5 r3, t ) .

T he p a r tic u la r  so lu tions ip + an d  xp_ a re  so lu tions co rrespond ing  to  sp in  o rien 
ta tio n s  p a ra lle l an d  a n tip a ra lle l to  B.

O ften  tp + an d  гр_ are  ta k e n  as p lan e  w av e  so lu tions a n d  i t  is show n th a t  
th e  p lan e  w aves change th e ir  d irec tio n s —  th e  ou tcom ing  b e a m  can  th u s  be 
described  as th e  su p erp o sitio n  of th e  p lan e  w av es.

This tr e a tm e n t is, how ever, n o t sa tis fa c to ry . Indeed , in f in ite  p lane w aves 
do n o t sep a ra te  a t  all an d  th e  sp littin g  o f th e  b e a m  can  on ly  b e  o b ta in ed  if  we 
w ere to  t r e a t  th e  p rob lem  in  te rm s of p lan e  w aves th e  cross sec tio n  of w hich is 
ap p rec iab ly  sm aller th a n  th e  d is tan ce  o f se p a ra tio n  of th e  b eam s.

In  a s a tis fa c to ry  t r e a tm e n t  of th e  effect one m u st th u s  show  th e  fo llow 
ing : describ ing  th e  incom ing  b eam  as a su p erp o sitio n  of w av e  p ack e ts  each  
p ack e t h av in g  p o la riza tio n  in  a d irec tio n  inc lined  to  B. I t  m u s t  be show n th a t  
such  p ack e ts  w hen  passing  th ro u g h  th e  field  sp lit  in to  tw o p a c k e ts  each w ith  
opposite  p o la riza tio n s. O ne m u st show  fu r th e r  t h a t  those fra c tio n s  of th e  o ri
g inal p a c k e t p roceed  a long  th e  tw o ex trem e  p a th s .

T he la t te r  s ta te m e n t is c e rta in ly  co rrec t. In d e e d , if  w e ta k e  ip+ and  ip_ 
n o t to  be p lan e  w aves, b u t  w ave fu n c tio n s  describ ing  p a ra lle l an d  a n ti  
p a ra lle l po la rized  p ack e ts  —  th e n  i t  follows fro m  th e  w av e  eq u a tio n  th a t  
b o th  o f th e  po la rized  p a c k e ts  p roceed  along  th e  ex trem e  o rb its  in  accord  w ith  
o b se rv a tio n .

T he follow ing q u estio n  rem ain s, how ever. T h e  fu n c tio n  ip could  also be  
decom posed  in to  tw o co m p o n en ts  ip1 a n d  ip2 th e  p o la riza tio n s  o f w hich a re  
som ehow  inclined  re la tiv e  to  B. W hy  can  one assu m e th a t  th e  p ack e ts  w hich 
a re  po larized  p a ra lle l or a n ti  p a ra lle l rem ain  to g e th e r  an d  th o se  po larized  
in to  inclined  d irec tions sp lit up  ?

So as to  answ er th is  q u estio n  i t  m u s t be  rem em b ered  t h a t  every  p a c k e t 
d iffuses along its  p a th . I f  th is  d iffusion  is too  s tro n g  th e n  i t  b lu rs  th e  effect to  
be  observed . T h is is th e  rea so n  w hy  no  S te rn  — G erlach  effect c a n  be observed  
on  a beam  o f free e lectrons.

T he d iffusion  of an  e lec tro n  cloud  in  th e  a to m , w hen th e  p o la riza tio n  is 
p a ra lle l to  th e  m ag n e tic  fie ld , is fo u n d  from  th e  h y d ro d y n a m ic a l eq u a tio n  to  
b e  th e  n o rm a l d iffusion  to  be  ex p ec ted  w ith o u t m agnetic  f ie ld . If , how ever, 
a p a c k e t is p o la rized  in  a d irec tio n  in c lin ed  to  B , th e n  a n o th e r d iffu sion  process 
se ts  in  w hich  m a y  lead  e v e n tu a lly  to  s e p a ra tio n  o f  th e  p ack e t. W e discuss th is  
p rocess p re sen tly .
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§ 7. W e give th u s  a q u a lita tiv e  e x p la n a tio n  w h y  a p a c k e t w ith  m a g n e tic  
m o m e n t inc lin ed  to  th e  d ire c tio n  of th e  m ag n etic  fie ld  is se p a ra te d  in to  com 
p o n e n ts . C onsider fo r th is  p u rpose  an  e lec tron  cloud w ith  p o la riza tio n  in to  a 
d ire c tio n  T. I f  th e  cloud en te rs  a m ag n e tic  field  i t  s ta r ts  a precession  ro u n d  В 
w ith  a n  a n g u la r  v e lo c ity  p ro p o rtio n a l to  B. I f  th e  f ie ld  s tre n g th  v a rie s  across 
th e  a to m  th e n  th e  a n g u la r  v e lo c ity  o f  th e  precession  w ill also change w ith  th e  
c o o rd in a te s  an d  th u s  as a n  effect o f th e  n o n  u n ifo rm  precession  th e  s ta te  of 
p o la r iz a tio n  becom es in h o m o g en eo u s. F ro m  th e  h y d ro d y n a m ic a l eq u a tio n s  
o f m o tio n s  we fin d  th a t  as a re su lt o f  th e  inhom ogeneous p o la riza tio n  to rq u es  
a p p e a r  w h ich  t r y  to  m ak e  p o la riz a tio n  hom ogeneous aga in .

T h e  to ta l  to rq u e  b e in g  zero, th e re  ap p ears  th u s  a ten d e n c y  to  m a k e  p a r ts  
o f th e  c loud  to  ro ta te  m ore  qu ick ly , o th e rs  to  slow dow n th e  ro ta tio n . A s ta t io n 
a ry  s ta te  can  be  ach ieved  if, as a re s u lt  o f th e  in n er fo rces, th e  m o tio n  is sep a 
ra te d  in to  tw o  p a r ts . T h e  f i r s t  p a r t  o f th e  cloud is m ad e  to  be  po larized  para lle l, 
th e  seco n d  p a r t  a n tip a ra lle l to  B. In  th e  la t te r  case th e  precession ceases in  
b o th  se p a ra te d  p a r ts .

W e n o te , th a t  fo r th e  process described  above th e  in h o m o g en e ity  of th e  
fie ld  wrh ich  causes th e  se p a ra tio n  is n o t th e  in h o m o g en e ity  across th e  a tom ic  
ra d iu s , th u s  i t  is n o t s im p ly  th e  ch an g e  of field across a d istance  o f th e  o rder 
o f th e  h y d ro g en  ra d iu s , i.e . o f th e  o rd e r of 1 Á. In d e e d , describ ing  th e  a to m
e.g. w ith  a tw o bo d y  w av e  fu n c tio n , w e o b ta in  a p a c k e t w hich d iffuses v e ry  
s tro n g ly  if  it  is o r ie n ta te d  in to  a reg ion  w ith  d im enions o f th e  h y d ro g en  rad ius. 
I t  seem s m ore  reaso n ab le  to  ta k e  th e  p a c k e ts  of th e  o rd e r  com parab le  w ith  th e  
cross sec tio n  of th e  a to m ic  beam . S u ch  p ack e ts  show  o n ly  negligible diffusion 
an d  th u s  if  o r ie n ta te d  p a ra lle l or a n t i  para lle l to  B, th e y  proceed p rac tica lly  
a long  th e  classical o rb it. ■— Such a la rg e  p ack e t if  i ts  o rie n ta tio n  is inclined  
to  В w ill show  th e  e ffec t d iscussed  ab o v e  and th u s  s p li t  in to  p a r ts  po larized  
p a ra lle l to  B.

§ 8 . T he  q u es tio n  can  also be  answ ered  how  does it m a th e m a tic a lly  
com e a b o u t th a t  p a c k e ts  a p p e a r to  re m a in  to g e th e r i f  th e ir  m o tion  is tre a te d  
w ith  th e  help  of th e  one b o d y  w ave eq u a tio n  ?

T h e  answ er to  th e  questio n  is s im ple. In  th e  one  bo d y  tr e a tm e n t  th e  
e lem en ts  of th e  e lec tro n  cloud  are  k e p t  to g e th e r b y  th e  (supposed classically  
b eh av in g ) p o in t n u c leu s. T he C oulom b a ttra c t io n  is, in th is  t r e a tm e n t 
m uch  s tro n g e r th a n  th e  m ag n e tic  forces an d  th u s  ev en  if  th ere  is a te n d e n c y  
to  s e p a ra te  th e  cloud —  th is  te n d e n c y  is co m p en sa ted  b y  th e  C oulom b 
a ttr a c t io n .

I n  th e  tw o b o d y  tr e a tm e n t  th e  C oulom b force does n o t p re v e n t th e  sp lit
t in g  u p  o f a w ave p a c k e t. In d eed , th e  wrave fu n c tio n  ip can  be w r it te n  in  th e  
fo llow ing  form
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T h e fu n c tio n  b is th e  w ave fu n c tio n  of th e  one b o d y  p roblem  on ly , m  is to  be 
rep laced  b y  th e  red u ced  m ass

. m Mm — ------------.
m + M

T h e fu n c tio n  a is a slow ly v a ry in g  func tion  o f its  f irs t v a ria b le , i t  gives th e  
d is tr ib u tio n  of th e  w ave p a c k e t rep resen tin g  th e  H -a to m  as a w hole.

A ccording to  a prev ious p u b lica tio n  [3] th e  w ave fu n c tio n  (8 ) corresponds 
to  tw o  densities

6i(r ) = j  ¥’(*3 r2) d4 , 1  e2(r) = J  (̂r,, r) dr1. J
C onsidering (8 ) w e fin d  —  p ro v id e d  th e  p a c k e t as a w hole is m uch  la rg e r 
th a n  th e  rad iu s  r H o f th e  H -a to m  —  th a t

e i( r ) ^  02(r ) •

T hus th e  e lec tro n  and  th e  p ro to n  are  fo rm ing  clouds of a b o u t equal d en 
sities . T he cloud is th ere fo re  a b o u t n e u tra l an d  th e re  are no s tro n g  C oulom b 
forces w hich p re v e n te d  th e  se p a ra tio n  of th e  cloud .
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ГИДРОДИНАМИЧЕСКАЯ МОДЕЛЬ ВОЛНОВОЙ МЕХАНИКИ, VII

Л. ЯНОШИ

Резюме

Доказывается, что толкование эффекта Штерна—Герлаха квантово-механическим 
методом «одного тела», т. е. методом, при котором ядро вводится классически, приводит 
к неправильному классическому результату. Дискретное разложение луча получается 
толкованием, соответствующим проблеме «многих тел».
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THE HYDRODYNAMICAL MODEL OF 
WAVE MECHANICS VIII

SOME LIM ITA TIO N S OF T H E  O N E BODY T R EA TM EN T

By

L .  JÁ N O SSY
C EN TR A L RESEA R C H  IN ST IT U T E  O F PHY SICS, BU DA PEST

(Received 16. V II. 1970)

As we have shown in a previous publication th e  quantum  m echanical trea tm en t o f th e  
S tern—Gerlach effect of the H -atom  leads to an incorrect result if we t r e a t  i t  as a one body  
problem. H ere i t  is shown by  fu rth er exam ples th a t  th e  characteristic q u an tum  m echanical 
results are obtained only when considering m any body  problems in  w ave mechanics. T he  
schem atized trea tm en t of certain problem s as one body problem s leads to  classical results.

§ 1 . In  a p rev io u s p u b lica tio n  [1] we h a v e  show n t h a t  th e  w ave m e c h a 
n ica l t r e a tm e n t  of th e  S te m —G erlach  effect le a d s  to  th e  in c o rre c t classical re 
su lt if  th e  m o tio n  of th e  nucleus is t r e a te d  classically . T h e  co rrec t re su lt  is 
o b ta in e d  if  we use  th e  m a n y  b o d y  w av e  fu n c tio n  for th e  a to m s  an d  ta k e  th e  
nucleus as one o f th e  bodies describ ed  b y  th e  w av e  fu n c tio n .

T he re su lt o b ta in ed  fo r th e  S te r n —G erlach  effect is a ty p ic a l one. T h e  
specifically  q u a n tu m  m echan ica l fe a tu re s  o f p h y sica l sy s tem s p resen t th e m 
selves on ly  in  th e  m an y  b o d y  tr e a tm e n t .  W e il lu s tra te  th is  w ith  one m ore e x 
am ple.

§ 2. C onsidering  a H -a to m  we h av e  sh o w n  [2] th a t  th e  d is tr ib u tio n  o f 
th e  e lec tro n  is su ch  th a t

th e  line of in te g ra tio n  is to  be ta k e n  so as to  a v o id  singular p o in ts  w here q =  0 . 
I f  th e  p a th  o f in te g ra tio n  is ta k e n  to  m ove to g e th e r  w ith  th e  flow  of th e  e lec
tro n , th e n  v changes c o n tin u o u sly  on  ev ery  p o in t  of th e  lin e  of in te g ra tio n . 
T herefo re , w h a te v e r  e x te rn a l p e r tu rb a tio n s  a re  ac ting  o n  th e  system , th e  
v a lu e  o f th e  in te g ra l w ill change co n tin u o u sly .

A change o f к  from  one in teg e r v a lu e  to  a n o th e r  w ould  correspond  to  a 
d isco n tin u o u s change o f th e  v a lu e  o f th e  in te g ra l, such a ch an g e  can  th e re fo re  
n o t occur as th e  re su lt o f f in ite  p e r tu rb a tio n s .

In  th e  g ro u n d  s ta te  o f  th e  H -a to m  к  =  0 th erefo re  w e see th a t  th e re  
ex ists no p e r tu rb a tio n  w hich  can  p ro d u ce  a s ta te  w ith  к  ^  0  i f  we con sid er 
on ly  changes in  accord  w ith  th e  S ch rôd inger e q u a tio n  of th e  o n e  b o d y  p ro b lem .

v ds =
k f i

m
+  te rm s  d ep en d in g  on В and  sp in ,

к  =  0 , +  1 , . . .

( 1 )
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§ 3. W a v e  fu n c tio n s fo r  w hich к =  0 a long  an y  c lo sed  line of in te g ra t io n  
rep re sen t th e  S -s ta te s  o f  th e  H -a to m . W a v e  func tions w here | fc j 0 for 
som e line o f  in te g ra tio n  re p re s e n t P, D, . . . s ta te s  or co m b in a tio n s c o n ta in in g  
such  s ta te s . T h e  la t te r  s ta te s  co rrespond  to  a to m s w ith  o rb ita l  spin a n d  o rb ita l 
m ag n etic  m o m en ts .

T he H -a to m  possesses s ta tio n a ry  s ta te s  w ith  w av e  fu n c tio n  (neg lec tin g
spin)

ip±1 =  C±r exp -------- a r  i  i(p — iE ± tjfi
4

( 2 )

T he la t te r  s ta te s  co rresp o n d  to  values к =  +  1 for p a th s  o f  in te g ra tio n  ta k e n  
a ro u n d  th e  г-ax is . S ta r tin g  fro m  th e  g ro u n d  s ta te  w ith  th e  w ave fu n c tio n

Wo — C0 exp {—a r  —  i E 0 t/h} , (3)

no p e r tu rb a tio n  can  cause a change from  a s ta te  y>0 to  w+i o r y _ r  C hanges can, 
how ever, b e  p ro d u ced  in to  m ix ed  s ta te s  o f  th e  form

ip — — (e 'r %px-\-e~iv y>—i) =  2 Cx r cos (9p~f-y) exp
! 2

----- — a r — i E j t /й} . (4)

T h e  la t te r  w av e  fu n c tio n  is re a l there fo re  i t  co rresponds to  a d is tr ib u tio n  v  =  0 
an d  к =  0. S u ch  a s ta te  possesses th u s  no  o rb ita l  m a g n e tic  m om ent.

T h e  ab o v e  resu lts  do  n o t  re flec t th e  e x p e rim e n ta l resu lts. In d e e d , it  
is possib le  to  ex c ite  th e  a to m s  of a gas, e .g . w ith  th e  h e lp  o f ligh t o f su ita b le  
freq u en cy  a n d  th u s  to  p ro d u c e  atom s w ith  s ta te s  possessing  o rb ita l m ag n e tic  
m o m en ts . T h a t  th e  excited  gas con ta ins a to m s  w ith  o rb ita l  m agnetic  m o m en ts  
can  be sh o w n  e x p e rim e n ta lly . Indeed , th e  a to m s b ro u g h t in to  such s ta te s  can 
be  selec ted  w ith  th e  help  o f  a  m agnetic  s e p a ra to r  and  th u s  i t  can be e s tab lish ed  
w hich f ra c t io n  of th e  a to m s  o f th e  e x c ite d  gas possessed specified n o n -v a n ish 
ing  o rb ita l  m ag n e tic  m o m e n tu m .

§ 4. T h e  a p p a re n t c o n tra d ic tio n  b e tw e e n  th e o ry  a n d  e x p e rim e n t is 
solved im m e d ia te ly  if  we t r e a t  th e  p ro b le m s as m any  b o d y  problem s.

W e n o te , t h a t  an  a to m  th e  e le c tro n  of w hich is b ro u g h t in to  a m ixed  
s ta te  o f th e  fo rm  (4) can  b e  sep a ra ted  in to  com ponen ts o f  the  form  (3) b y  a 
su itab le  m a g n e tic  d eflec tio n . T he se p a ra tio n  is o f th e  ty p e  o f  th e  S te rn  — G erlach  
effect —  a n d  th e  se p a ra tio n  can  be u n d e rs to o d  if  we consider th e  s y s te m  in  
te rm s o f th e  tw o b o d y  w av e  fu n c tio n  w h ich  co n ta in s  coord inates o f  b o th  
e lec tron  a n d  nucleus.

T h e  p ro d u c tio n  o f P ,D , . . . e lec tro n  s ta te s  can  a lso  be u n d e rs to o d  if  we 
consider th e  collision of a to m s . Consider fo r  th is  p u rp o se  tw o e lec tron  p ack e ts  
w hich a re  re p re se n te d  b y  w ave fu n c tio n s  wAri) an d  y)2( r 2). (These fu n c tio n s  
m ay  c o n ta in  also th e  c o o rd in a te s  of th e  n ucle i h o ld in g  th e  p ack e ts  to g e th e r  
b u t  th is  c irc u m s ta n c e  is n o t  im p o r ta n t fo r  our an a ly s is ). I f  th e  a to m s  are
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s itu a te d  a t  a su ffic ien t d is tan ce  fro m  each o th e r , th e n  th e  p a c k e ts  p ra c tic a lly  
do n o t o v erlap ; we can  suppose t h a t

^ ( r )  ^  0  on ly  if  r  in sid e  91 lt 
y>2(r) 0  on ly  i f  r  in sid e  9 i2,

w here  9 ^  an d  9l2 a re  non  o v e rla p p in g  reg ions. I n  th is  a p p ro x im a tio n  yil 
a n d  гр2 b o th  o bey  one  bo d y  w av e  equ a tio n s o f  th e  ty p e

H x ip1 —  ih ip v  H 2 ip2 —  ihy>2,

a n d  th e re fo re  if  w e express th e se  equ a tio n s in  te rm s  of th e  h y d ro d y n a m ic a l 
v a riab le s , w e fin d

Г , „ k xh
ф т  id s j  =  2 л - ------ ,
T  m

( f )v 2 ds2 =  2 я ; М ,  
m

(5)

w here

▼r =  —  grad  S j , 
m

v2 =  —  g ra d  S2 , 
m

an d
4>1 =  R 1 e<s‘> y>2 =  R 2 eis' .

(6 )

In  p a r tic u la r , if  b o th  a to m s are  in  th e  g round s ta te  we have

Ai =  k 2 =  0 .

T h e  tw o  e lec tro n  w av e  fu n c tio n  c a n  be w ritte n

V>(rn  r 2, t) =  V iK , t) f 2(r2, t) (7)

as long  as th e  in te ra c tio n  b e tw een  th e  atom s can  b e  neglected . I n  p lace of (7) 
we shou ld  w rite

V (ri, r 2, t ) ,=  ~  (Wi(ri) M r2) ±  V2(r i) V>i(r 2)) (8 )

because  of th e  P a u li p rinc ip le , how ever, our consid era tio n s a re  n o t  affected  
i f  —- for th e  sake  o f s im p lic ity  —  w e use th e  a sy m m etric  w ave fu n c tio n  (7 ).

T he in itia l co n d itio n s (5) a re  to  be  rep laced  [3] in  th e  tw o  b o d y  p roblem  
b y  a co n d itio n

b(r15 r 2) d% =  2л
kh
m

(9)

w here  b is a six  c o m p o n en t v ec to r a n d  d§ is th e  le n g th  of th e  s ix  d im ensional 
e lem en t o f a rc . U sing  th e  fo rm alism  g iven  in  [3] w e fin d

g ra d x S (r l5 r 2, t) ds2 +  (j)  g ra d 2 S fo , r2, t) ds2 =  2 nk . ( 10)
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I f  th e  w av e  fu nc tion
y>(*v r 2’ *) =  Reis

is o f th e  fo rm  (7) th e n  w e have

S(r t , r 2, t) =  S ^ r j ,  t) -f S2(r2, t) .
T hus

0l(r l ’ r2) =  Vl(r l b  
»2(ГИ r L>) =  V2(r 2) ,

( П )

w here an d  0 2 s ta n d  fo r th e  firs t th re e  a n d  th e  last th re e  o f th e  six com ponen ts 
o f 0 . In  th is  w ay  we f in d  in  place o f (9)

ф  Vj dSj +  ф  V2 ds2 =  2л
kh
m

( 12)

R e la tio n  (12) is co m p a tib le  w ith  (5) i f  we p u t

fc =  &i -(- fc2.

W  e see th e re fo re  th a t  as long as th e  tw o  w ave p a c k e ts  a re  sep a ra ted  th e  tw o 
b o d y  w av e  fu n c tio n  can  b e  tak en  as a p ro d u c t o f tw o  one body  w ave func tions 
each  o b ey in g  an  in itia l co n d ition  o f  th e  form  (5).

I f  th e  atom s co llide an  in te ra c tio n  betw een  th e  tw o  elec trons sets in. 
F o r th e  perio d  of th e  in te ra c tio n  th e  w ave fu n c tio n  h as  no t a n y  m ore  th e  
fo rm  o f a p ro d u c t. D u rin g  th e  p e rio d  o f  th e  collision  th e  (six d im ensional) 
co n d itio n  (9) rem ains c o rre c t b u t  th is  co n d itio n  c a n n o t an y  m ore b e  sep a ra ted  
in to  tw o  cond itions (5). T h u s th e  co n d itio n  (5) w hich ca n  be reg a rd ed  as th ree  
d im en sio n a l p ro jec tions o f  (9) are n o t  v a lid  in th e  cou rse  of the  collision.

I f  th e  atom s s e p a ra te  again  a f te r  th e  collision, th e n  a s ta te  estab lishes 
i tse lf  in  w hich  th e  w av e  fu n c tio n  b ecom es again  of th e  fo rm  (7) (or (8 )). In  th e  
la t te r  s ta te  th e  co n d itio n s (5) becom e v a lid  again. T h u s  if  before th e  collision 
we h a d  a s ta te  such t h a t

кл =  к ,  — 0 a n d  th u s  к — О,

th e n  d u rin g  th e  collision we have a s ta te  w here k l a n d  k 2 are n o t d efin ed  (the 
th re e  d im ensional in te g ra ls  vidsi, l =  1,2,3 can h a v e  a rb itra ry  v a lu e s  during  
th e  period ) b u t  к — 0 rem ain s sa tis f ie d . A fter th e  collision w hen  th e  atom s 
h av e  se p a ra te d  we o b ta in  a s ta te  w h ere

к — к y - к .) — О,
b u t

к^ =  —  fc2 =  0  +  1 , i  2
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th u s  d u rin g  th e  in te ra c tio n  of th e  tw o  e lec trons, s ta te s  w ith  non  van ish ing  
o rb ita l m ag n e tic  m o m en ts  can be e s tab lish ed . T h u s  th e  in te ra c tio n s  of th e  tw o 
elec trons can  p roduce  tran s itio n s  w h ich  can n o t be  p roduced  b y  th e  p e r tu rb a 
tio n  of o u ts id e  fields on one e lec tro n  alone.

§ 5. A n o th e r a sp ec t of th e  sam e  problem  arises  in  conn ec tio n  w ith  in te r 
ference p a tte rn s  show n b y  atom ic  b eam s fa lling  on a c ry s ta l la ttic e . T ak ing  
th e  a tom ic  beam  to  co n sis t o f single a tom s th e se  a re  often co nsidered  as elec
tro n  shells su rro u n d in g  th e  c o m p a ra tiv e ly  sm all nuclei. I f  an  a to m  of such  
s tru c tu re  is ta k e n  to  collide w ith  th e  la ttic e , i t  is d ifficu lt to  u n d e rs ta n d  how  
it  is possib le, th a t  th e  de Broglie w av e  len g th  sh o u ld  p lay  an  im p o r ta n t ro le 
in  th e  collision — th is  w ave len g th  is m ain ly  d e te rm in ed  b y  th e  m ass of th e  
nucleus —  an d  th e  collision  tak es  p la c e  effec tively  betw een  th e  elec tron  shell 
a n d  th e  la ttic e , th e  nucleus p lay ing  o n ly  a passiv e  ro le in th e  collision.

T he questio n  becom es im m e d ia te ly  clear —  if  we d rop  th e  in accu ra te  
p ic tu re  o f  a to m  co n sisting  of a shell a ro u n d  a sm all nucleus. In d e e d , in  te rm s 
o f th e  m a n y  bo d y  w av e  function  th e  nucleus is sp read  over th e  w hole of th e  
reg ion  of th e  a tom  an d  a m edium  consisting  o f  sm eared  o u t e lec trons an d  
nu c lear m a tte r  falls u p o n  th e  la tt ic e . The d e n s ity  of the  la t te r  m edium  is 
p ra c tic a lly  th e  d en sity  o f th e  nucleus m a tte r  an d  there fo re  i t  is easy  to  u n d e r
s ta n d  th a t  th e  c h a ra c te ris tic  w ave le n g th  is also  m ain ly  d e te rm in ed  by  th e  
m ass of th e  nucleus.

A fu r th e r  a sp ec t is how  to  im ag in e  e.g. a gas closed in to  a co n ta in e r?  
As th e  q u a n tu m  m echan ica l diffusion o f th e  sing le  gas a tom s is lim ited  only  
b y  th e  w alls of th e  co n ta in e r  it is reaso n ab le  to  suppose  th a t  e ach  of th e  gas 
a to m s diffuses u n til i t  ex ten d s  over th e  whole o f  th e  volum e. E ffec ts  of d ensity  
f lu c tu a tio n  and  B ro w n ian  m otion can  be u n d e rs to o d  as in te rfe ren ce  effects.
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г и д р о д и н а м и ч е с к а я  М О Д ЕЛ Ь ВОЛНОВОЙ М ЕХ А Н И К И , V III
Л. ЯНОШИ 

Резю ме

В нашей предыдущей статье было доказано, что квантово-механическое толко
вание эффекта Ш терна—Герлаха приводит к  неправильному результату, если примен
яется  метод квантово-механической проблемы «одного тела». Приводятся другие примеры 
для  доказательства того, что упрощенное толкование, соответствующее квантово-меха
нической проблеме «одного тела» приводит к  классическому результату, а  результаты, 
характерны е для квантовой механики, получаются только методом квантово-механиче
ской проблемы «многих тел».
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THEORY OF THE INFLUENCE OF CONCENTRATION 
ON THE LUMINESCENCE OF SOLID SOLUTIONS

By

C. BOJARSKI
IN ST IT U T E  OF PHYSICS, TECH N ICA L U N IV ER SITY , GDA N SK , POLAND

and

J .  D o m sta
M ATHEMATICAL IN ST IT U T E  OF T H E  P O L ISH  ACADEMY OF SCIENCES, GDANSK, POLAND

(Received 23. V II. 1970)

In  the theory  presen ted  the following phenom ena have been analysed from  a uniform  
p o in t of view: 1) concentration  quenching 2) quenching by foreign absorbing substances 3) con
cen tra tio n  depolarization of photolum inescence. The participation  of prim arily unexcited  mole
cules of th e  donor in th e  process of energy tran sfe r to  the molecules of the accep tor as well as 
th e  rem igra tion  of excita tion  energy have been considered in  th e  theory. I t  has been  accepted 
th a t  in  case 1) the role of th e  molecules of th e  acceptor is carried  ou t by dim ers. Expressions 
for th e  quan tum  yield as well as emission an isotropy of photoluminescence have been obtained. 
I t  has been proved th a t  the  expression for yield, describing th e  process of quenching by  foreign 
absorbing substances in  th e  particu lar case when yp  <S у  л  tu rn s  into the expression which 
w as previously obtained by  F ö r s t e r . The expression for emission anisotropy w hich also takes 
in to  account th e  self-quenching of photolum inescence describes the  effect of repolarization 
appearing  in th e  range of large concentrations. A discussion of th e  results obtained is presented.

1. In tro d u c tio n

A n  increase  in  th e  c o n c e n tra tio n  o f th e  lu m in escen t su b s ta n c e  in  so lu
tio n s  leads to  su b s ta n tia l  changes in  th e  p ro p ertie s  o f th e  e m itted  ra d ia tio n . 
T hese  changes a p p e a r  in  d ep o la riza tio n  an d  in  co n c e n tra tio n  q u e n c h in g  (self
quen ch in g ) o f p h o to lum inescence  as well as in  sh o rte n in g  th e  m e a n  life-tim e 
o f th e  ex c ited  s ta te  o f th e  lu m in escen t m olecules. I n  som e cases one  can  also 
n o tice  considerab le  changes o f a b so rp tio n  an d  som etim es even o f  lu m inescence  
sp e c tra  o f th e  in v e s tig a te d  so lu tio n s, p a rtic u la r ly  in  a range of la rg e  concen
tra t io n s  [1 ,2 ] . T hese co n cen tra tio n  effects a re  m a in ly  exp la ined  b y  reso n an ce  
tra n s fe r  o f th e  e lec tron ic  ex c ita tio n  energy  from  th e  excited  m o lecu le  (the  
d o n o r o f energy  — D) to  th e  u n e x c ite d  one ( th e  accep to r o f e n e rg y  — A)  
as w ell as b y  m olecules a ssoc ia tion  o f th e  so lu te  [3 ,4 ] . (W e are  d e a lin g  w ith  
n o n -ra d ia tiv e  e x c ita tio n  energy  tr a n s fe r  neg lec ting  em ission  an d  re a b so rp tio n  
o f p h o to n s  [5]).

I t  is to  be  s tre ssed  th a t  th e  n o n -ra d ia tiv e  en e rg y  tra n sfe r  is u s u a lly  ac
co m p an ied  b y  ra d ia tiv e  tra n sfe r . U n d e r  la b o ra to ry  cond itions th e  in flu e n c e  of 
re a b so rp tio n  an d  seco n d a ry  fluorescence  can  som etim es be  e lim in a te d , w hen 
in v e s tig a tin g  th e  su b s ta n c e  in  sm all co n cen tra tio n s  a n d  in  su ffic ie n tly  th in  
lay e rs , o r b y  m ak in g  th e  a p p ro p ria te  co rrections w hile  e lab o ra tin g  th e  resu lts  
[6- 11].
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In  th e  case o f  so lid  or v e ry  v iscous1 so lu tio n s in  w hich d im ers  ap p ea r i t  
is a ssu m ed  [4] t h a t  c o n c e n tra tio n  quench ing  m a y  ta k e  place b y :

1 —  d irec t in a c tiv e  a b so rp tio n  of excitin g  l ig h t b y  d im ers;
2 —  energy  tra n s fe r  from  exc ited  m onom ers to  d im ers b y  q u an tu m - 

m ech an ica l resonance  as a re su lt o f a single a c t o f  exchange (sim ple resonance 
quen ch in g ) ;

3 —  energy  tra n s fe r  from  excited  m on o m ers  to  d im ers b y  m eans of 
p r im a rily  u n ex c ited  m olecules o f  th e  m onom er as a re su lt o f successive ac ts 
o f  en e rg y  exchange (m ig ra tio n  —  resonance  quen ch in g );

4 —  q u ench ing  of th e  e x c ita tio n  energy , occurring  d u rin g  its  tra n sfe r  
fro m  th e  m olecule o f one m o n o m er to  a n o th e r.

T he in fluence  o f  c o n c e n tra tio n  upon  th e  lum inescence o f  so lu tions has 
b een  th e  o b jec t o f n u m ero u s  e x p e rim e n ta l w orks fo r  n ea rly  50 y e a rs  [1,12— 20]. 
T h e  th e o ry  of q u en ch in g  b y  fo re ign  abso rb in g  su b s ta n c e s  [23— 28] has  been w o rk 
ed o u t co m p ara tiv e ly  well m a in ly  ow ing to  e la b o ra tin g  th e  idea  o f resonance  
t r a n s f e r  o f energy  b y  F ö r s t e r  [3], D e x t e r  [29], G a l a n i n  [30] a n d  K e t s k e - 

m é t y  [31]. T hese a u th o rs  h av e  p ro v ed  th a t  th e  r a te  c o n s tan t fo r  energy  t r a n s 
fe r  (p ro b a b ility  p e r  tim e  u n it)  m a y  be asso c ia ted  w ith  th e  a b so rp tio n  an d  lu 
m inescence  sp ec tra  o f th e  in te ra c tin g  D  an d  A  m olecules. I t  is , how ever, to  be 
s tre s s e d  th a t  th e  re su lts  o b ta in e d  a re  based  in  m o s t cases on th e  a ssu m p tio n  
t h a t  th e  ex c ita tio n  en e rg y  is tra n s fe r re d  only  to  th e  n ea rest n e ighbours [24, 25].

I n  th e  ca se  o f  c o n c e n t ra t io n  q u e n c h in g  th e  m a in  r e s u lts ,  as  fa r  as th e  
e x p la n a t io n  o f  th is  p h e n o m e n o n  o n  th e  b a s is  o f  th e  ab o v e  m e n tio n e d  fo rm s  
o f  q u e n c h in g  is c o n c e rn e d , h a v e  b e e n  a c h ie v e d  b y  L e v s h in  e t  a l. [5 , 32 ].

As fo r th e  ex is tin g  th eo rie s  o f c o n c e n tra tio n  d ep o la riza tio n  [12, 3, 33, 
14, 34, 21, 22] th e y  a re  in  a g reem en t only  for sm a ll ranges o f co n c e n tra tio n  of 
th e  so lu te . F o r g re a te r  c o n cen tra tio n s  d ep o la riza tio n  is less th a n  one w ould  
e x p e c t from  th e  th e o ry . This fa c t  m ay  be ex p la in ed  b y  th e  in fluence  o f self
q u en ch in g  on p o la riz a tio n  o f  pho to lu m in escen ce  [14, 35]. I n  th e  th eo ries  
q u o te d  th is  effect is e ith e r  e n tire ly  neg lected , o r  self-quench ing  is considered 
in  a n  a p p ro p ria te  w ay  [18, 36].

I n  th is  w o rk  w e p re se n t th e  th e o ry  o f co n c e n tra tio n  in fluence  upon  
ph o to lu m in escen ce  o f  solid or v e ry  viscous so lu tio n s . W e shall consider from  
a un ifo rm  p o in t o f  v iew  th e  p ro b lem  of q u en ch in g  b y  foreign abso rb ing  su b 
stan ces  an d  c o n c e n tra tio n  q u en ch in g  as well as co n cen tra tio n  d ep o la riza tio n , 
ta k in g  in to  acco u n t th e  last th re e  o f th e  above m en tio n ed  fo rm s o f quenching .

1 I t  is assumed th a t  the viscosity of the solution is so large th a t

( 1 )

w here [' <. r2 ;> is th e  m ean displacem ent of the lum inescent molecule in Brow nian diffusion 
m ovem ent during th e  m ean life-time of th e  monomer molecule in the excited state, is the 
critical distance (cf. Section 2 for definition).
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2 . A ssum ptions and  n o ta tio n s

A system  is b e in g  considered  w hich consist o f tw o ty p e s  o f m olecules : 
donor (D ) an d  a c c e p to r  (A ) o f  energy , d is tr ib u te d  a t  ran d o m  in  an  in a c tiv e  
m ed ium  (no t p a r tic ip a tin g  in  th e  process o f en e rg y  tran sfe r). I t  is assum ed  
th a t  th e  system  is o f  fin ite  v o lu m e  V  an d  possesses a n u m b er N o  o f donor a n d  
N a  o f accep to r m olecules. M oreover, th e  lum inescence  sp ec tru m  o f D  m olecules 
a n d  ab so rp tio n  sp e c tru m  o f A  m olecules p a r t ly  overlap . T h is o v erlap p in g  
of sp ec tra  co n d itions th e  n o n ra d ia tiv e  energy  tra n s fe r  from  th e  D* m olecule 
w hich is in  th e  f ir s t  exc ited  s in g le t s ta te  to  th e  A  m olecule w hich  is in th e  
g ro u n d  s ta te . A ccord ing  to  F ö r s t e r  [3] th e  r a te  c o n s ta n t fo r th e  energy  t r a n s 
fe r from  D* to  A  ( th e  p ro b a b ili ty  p er tim e  u n it)  is:

ко л  — kp (R Jr)6, (2 )

w here kp  =  1 / т 0 is th e  ra te  c o n s ta n t fo r th e  p h o to lu m in escen ce  em ission, 
r 0 th e  m ean  life -tim e  o f th e  m olecu le  of th e  d o n o r in  th e  ex c ited  s ta te  if  N a  =  
=  0, r  th e  d is tan ce  b e tw e e n !)*  a n d  A ,  R 0 th e  c r itic a l d is tan ce  fo r energy  t r a n s 
fe r  i. e. such  th a t :

k DA(R0) kp  l / r 0.

In  e lab o ra tin g  th e  th e o ry  b y  considering  th e  case of c o n c e n tra tio n  q u en ch 
ing we re s tr ic t  ourse lves to  t h a t  c o n cen tra tio n  ra n g e  only a t  w h ich  th e  a p p e a r
ance o f tr im m ers  a n d  h ig h er assoc ia tes m ay  be  neg lec ted , w h ereas  in  th e  case 
o f q u ench ing  by  fo re ign  ab so rb in g  su b stan ces to  th a t  range o f  c o n cen tra tio n  
a t  w hich  th e  assoc ia tes do n o t a p p e a r  a t  all.

T he process o f d e a c tiv a tio n  o f th e  exc ited  D* m olecule dep en d s essen ti
a lly  on th e  d is tr ib u tio n  of D  a n d  A  m olecules in  th e  neighb o u rh o o d  of !)* . 
I t  is assum ed  th a t  th e  c o n fig u ra tio n  is in v a r ia n t an d  th e  en erg y  tra n s fe r  from  
D* to  A , or D  m a y  occur b y  q u a n tu m -m e c h a n ica l resonance . T h e  co n fig u ra
tio n  w hich  is be ing  d iscussed  h e re  is com plete ly  d e te rm in ed  b y  g iv ing  (N D — 1) -f- 
+  N a num bers r ;- a n d  rhj  =  1,2, . . ., N D —  1 ; l =  1 ,2 , . . . N A d en o tin g  
th e  d istan ces  of t h e j - t h  D m olecule  and  th e  l-th A  m olecule from  D*, re sp e c t
ively .

In  th e  th e o re tic a l co n sid era tio n s below  we h a v e  assum ed  th e  p o ssib ility  
o f th e  follow ing e le m e n ta ry  p rocesses occu rring :
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Elem entary process
Designation o f 

pr ocess
R ate constant 

for th e  process

2a) Luminescence of D  molecule D* — D + h v D k p F =  k p

2b) Luminescence of A  molecule A* -*■ A-\-hVA k A F

2c) Inner quenching in D  molecule D* — D k D q =  kq

2d) Inner quenching in  A  molecule A *  — A k Aq
2e) N onradiative transfer of excitation energy 

from  D* to A D* +  A  -  D + A * k D A E t — k D A

2f) N onradiative transfer of excitation energy 
from  D* to D D * + D  -* D + D * k D D E t =  k DD

W e sh a ll n o t, ta k e  in to  acco u n t th e  tra n s fe r  o f energy  be tw een  A  m ole
cules :

A * +  A  — A  +  A*

or t h a t  fro m  A  m olecules to  D  m olecules

A*  +  D  — A  +  D*.

T h e  accep tan ce  o f  th e  p rocesses 2e) an d  2f) is e q u iv a le n t to  accep tan ce  
o f th e  p rocess o f en erg y  tra n s fe r  from  D* to  A  b y  m ean s o f p rim a rily  u n ex c ited  
D  m o lecu les, i.e.

D * + D +  ... + D + A  — D + D * +  ... + D + A  -* ... — D + D + . . .  D + A * .  (3)

I n  th e  case o f c o n c e n tra tio n  q u en ch in g  an d  d ep o la riza tio n  h a v in g  only  
one ty p e  o f  d isso lved  m olecules th e  d im ers  (D ") m a y  b e  th e  m olecules of th e  
en e rg y  accep to r. T h en , w e assum e t h a t  th e  above e le m e n ta ry  p rocesses 2a) — 
2f) o ccu r, b u t  in  th e  d es ig n a tio n  o f th e  ab o v e  p rocesses D" shou ld  be  s u b s t i tu t 
ed fo r A .  M oreover we in tro d u ce  th e  follow ing d e n o ta tio n s :

2 .1 . U p p e r in d e x  (m) d eno tes o rd e r  o f m olecu les, nam ely : D is D  
m olecu le  o f  m -th  o rd e r, i.e . th a t  w h ic h  has o b ta in e d  ex c ita tio n  en e rg y  a fte r  
its  m n o n ra d ia tiv e  tra n s fe rs :  e.g. D ^  is a m olecule o f  o rd e r zero, i.e . excited  
d ire c tly  b y  a b so rp tio n  o f  excitin g  ra d ia t io n .

2 .2 . S ym bol JV[pj|S) deno tes n u m b e r  o f D ^  m olecules, i.e. o f D* m ole
cules o f  o rd e r m, fo r  w h ich  th e  j’- t h  D  m olecule is s i tu a te d  a t  d is tan ce  r ; , 
w hile th e  1-th A  m olecu le  is a t  d is ta n c e  ri ; a t  th e  sam e tim e  r; a n d  r; sa tisfy  
th e  in e q u a litie s :

X j <  r Xj-\-dXj ; У!<Г1<.  y , + dyt .
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Ind ices (p ) a n d  (s) d en o te  a p p ro p ria te  sy stem s o f b i-ind ices (Xj,dxj) 
an d  (yi,dyi), w here  j  — 1,2,3, . . N d  —  1 ; l =  1 ,2 , . . ., N a • M oreover th e  
fo llow ing a ssu m p tio n s  h av e  been  in tro d u ced :

2.3. T he v isc o s ity  o f th e  m ed iu m  is la rg e  enough  to  fu lfil cond itions 
( l) (c f .x). This m ean s t h a t  th e  p rocess of energy  tra n s fe r  ta k e s  p lace  a t  f ix ed  
d is tan ces  be tw een  D* an d  D  an d  also  A  m olecules.

2.4. N o n ra d ia tiv e  tra n sfe r  o f  ex c ita tio n  en e rg y  occurs as a re su lt of 
d ipo le  — dipole in te ra c tio n . T he r a te  co n stan ts  fo r  th e  process fu lfil (2) fo r b o th  
2e) a n d  2f) processes. T he values R 0 fo r  processes 2e) a n d  2f) are  q u ite  d ifferen t. 
W e sh a ll d esig n a te  th e m  b y  R 0D a n d  R 0A, re sp ec tiv e ly .

2.5. C o n stan ts  Jída an d  Udd a re  in d e p e n d e n t from  m u tu a l o r ie n ta tio n  
o f th e  tra n s itio n -m o m e n ts  of in te ra c tin g  m olecules. T his sim p lify ing  assu m p 
tio n  is adm issib le  o n ly  w hen  co n d itio n  (1) has b e e n  fu lfilled  a n d  th e  v iscosity  
o f th e  m ed ium  is so sm all th a t  th e  speed  of B ro w n ian  m olecu lar ro ta t io n  m ay  
be  considered  as v e ry  large in  com p ariso n  w ith  th e  ra te  c o n s ta n t fo r  energy  
tra n s fe r . I f  solid sy s tem s a re  considered  th e  ab o v e  a ssu m p tio n  is n o t  fu lfilled  
b ecau se  th e  sp a tia l d irec tions o f  a ll m olecules re m a in  u n ch an g ed  d u rin g  r 0. 
I n  such  a s itu a tio n  th e  d ependence  o f th e  lum inescence  y ield  T] on  th e  con
c e n tra tio n  is so m ew h at d iffe ren t [37]. R ecen tly , v a r io u s  cases o f  th e  in fluence  
o f  co rre la tio n  b e tw e e n  th e  d irec tio n s of th e  tra n s itio n -m o m e n t v ec to rs  o f  
th e  in te ra c tin g  u n m o v eab le  m olecules u p o n  lum inescence  y ield  [27] h a v e  been  
an a ly sed .

2.6. T he ra te  c o n s ta n ts  for th e  e lem en ta ry  processes m ay  h a v e  various 
va lu es  fo r m olecules o f  d iffe ren t o rd e r. T hus, e.g . c o n s ta n t Uf fo r  m olecules 
o f m -th  o rd e r w ill b e  d esig n a ted  b y  k^p\  W e m u s t ex p la in  th a t  th e  ab o v e  a s 
su m p tio n  is t re a te d  in  ou r w ork  p u re ly  fo rm ally  a n d  b y  no m eans affec ts  th e  
co rrec tn ess  of th e  th e o re tic a l co n sid e ra tio n s acco m p lish ed .2 * * * I f  we assum e th e  
d ep en d en ce  o f r a te  c o n s ta n ts  on m  th e n , acco rd ing  to  2.4., we sh a ll o b ta in :

№  (xj) =  k ^ \ R № ) 6 x j \  (4 ' )

^ Ы  =  М Э Д $ ) 6УГ6, (4")

w here H gg an d  a re  “ critica l d is tan ces”  fo r  th e  energy  tr a n s fe r  from
D m olecule a p p ro p r ia te ly  to  m olecules D  an d  A .  M agn itudes (Xj) an d  
*S& (yi) m ean  th e  r a te  c o n s ta n ts  fo r  th e  energy  tra n s fe r  from  D ^  m olecule 
to  a D  m olecule w h ich  is a t  d is tan ce  Xj and  to  an  A  m olecule w hich  is a t  d is t
ance yi,  re sp ec tiv e ly .

2 A ssum ption of dependence of ra te  constan ts of order of molecules includes, of course,
cases w hen they  are m olecular constants. M oreover, i t  appears th a t  by  assuming th e  independ
ence of these constants o f o rder of molecules in  th e  final form ulae containing k 'm! one can ob
ta in  th e  sam e results as w ould be obtained assum ing this rig h t from  th e  beginning. The accepted
assum ption 2.6 will allow  us, however, to  draw  the  conclusion concerning th e  “ m echanism ” 
of quenching which we shall p resent in Section 4, case (B. 2).
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2.7. T he f in a l form ule are  o b ta in e d  as lim it va lu es  of a p p ro p r ia te  m agn i
tu d e s  c o m p u ted  fo r  a m odel o f  a f in ite  n u m b er fo m olecules p laced  in  a fin ite  
v o lu m e  (assu m p tio n s  2 .3 .— 2.6. sa tisfied ). T h is m eans th a t ,  f in a lly , we pass 
w ith  V, N d a n d  N a  to  o o ,  b y  fu lfillin g  th e  fo llow ing cond itions:

V N a  .. N  £, / r .hrn —  =  nA ; h m  — — =  n D . (5)
v-^» V  V

3. B asic  equations

W e sh a ll co m p u te  th e  ph o to lu m in escen ce  y ie ld  of a tw o -co m p o n en t 
sy s te m  c o n ta in in g  D an d  A  m olecules (ac tiv e  ones) ta k in g  in to  acco u n t th e  
e le m e n ta ry  processes from  2 a) to  2 f). T he ex c ited  m olecule can  e m it its  energy 
in  th e  fo rm  o f lum inescence (process 2 a) or lose i t  in  som e o th e r  w a y  (processes 
2c), 2e) an d  2f)). T he p ro b a b ility  o f an y  e le m e n ta ry  process ta k in g  place de
p en d s  e ssen tia lly  on  th e  c o n fig u ra tio n  of th e  u n e x c ite d  D an d  A  m olecules in  
th e  n e ig h b o u rh o o d  of D^m\  F o r  th is  reason  all th e  lu m in escen t cen tres are  
d iv id ed  in to  g ro u p s ch a rac te rized  b y  indices (p ) an d  (s) (cf. 2 .2 ).

T h e  p ro b a b ili ty  th a t  a D  m olecule chosen  a t  ran d o m  belongs to  th e  
g ro u p  o f cen tre s  (p) (s) is:

P (D e{D 0>Xs)} ) ^ P ( D  =  D (pXs)) Sj l  teixj dxj j  j  \ n y f  d y t

J=i

I t  is to  be  n o ted  th a t  m olecules m a y  tra n s fe r  th e ir  ex c ita tio n
en e rg y  to  Х)(т+1) on ly , o r p o ss ib ly  lose i t  in  one o f  th e  processes 2 a), 2 c) or 2 e). 

C o n seq u en tly  we o b ta in  th e  follow ing “ fin a l co n d itio n s” :

/=i V
(6)

0, w h e n t o o  (7)

W e assum e th a t  th e  chan g es o f n u m b ers  N ^ ŝ (t), a f te r  a n  im pulsive 
e x c ita tio n  o f th e  system  in  t =  0 , a re  described  b y  th e  fo llow ing  system  of 
e q u a tio n s3:

( S ' )

Щ Щ ( 1 )
dt =  +  4 '  ■ P (D  =  D (pXs)) ,

1,2,3, . . . ,
(S ')

3 I t  is w orthw hile to notice th a t  th e  system  of E qs. (8) is a  set of linear equations w ith 
th ree param eters —  one discrete (m) and two continuous (p) and (s). For th is reason expression 

£
(P)(s), w hich appears in Eqs. (8) (10) and  in  the others, is to  he understood as an  abbreviated 
form  of an appropriate  in tegral (cf. (24)).
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w here
k((p)(s) — &DD<p)(s) +  ̂ d 'XípHs) +   ̂- f - (9' )

/ N B- 1 N a .
k(DD(p)(s) =  JF  к(8‘Ь(х ,) » '̂/”a(p)(s) =  ^ da( J í) ■ (9")

7=1

E q . (8 ') describes th e  decrease in  tim e  of th e  n u m b e r o f —  m ole
cules cau sed  b y  em ission  o f p ho to lum inescence  {hfp), n o n ra d ia tiv e  d e a c ti
v a tio n  (k ^ ) ,  tra n s fe r  o f ex c ita tio n  e n e rg y  to  D  m olecules (fcßD(p)(s)) o r to  
A  m olecules (^оа(Р)(5))- N um bers o f D\™)(S) m olecules for m  =  1,2,3,
. . . decrease for th e  sam e reasons (E q . (8 "), th e  f ir s t  te rm  on th e  le f t-h a n d  
side). T he la t te r  te rm  o f E q . (8 ") re p re se n ts  th e  in c rease  o f n u m b er o f Dj™ ^ 
p e r u n it  tim e , co n d itio n ed  b y  n o n ra d ia tiv e  en erg y  tra n s fe r  from  Z)(m_9 
m olecules to  D̂ -m\  acco rd in g  to  th e  d e fin itio n  of o rd e r o f m olecule (cf. 2 .1). 
T he sum  from  expression  (8 ") has b e e n  m u ltip lied  b y  P(D  =  D^p^ )  since 
only  som e o f th e  n o n ra d ia tiv e  tra n s fe rs  from  D^m~ 9 to  D will be conveyed  
to  th e  m olecules o f d o n o r w ith  d is tr ib u tio n  of ne ighbours d e te rm in ed  b y  p a ra 
m eters  ( p i )  ( s ) .  This m ean s th a t  P(D  =  D (P)(s)) is t r e a te d  here  as a co n d itio n a l 
p ro b a b ility  th a t  m olecule  T?(pO(s) w*4 b e  excited  p ro v id e d  th a t  m olecule  D'm̂  
has b een  excited .

4. Q u an tu m  yield

In  o rd e r to  ca lcu la te  th e  q u a n tu m  y ie ld  of th e  so lu tio n  pho to lum inescence  
th e  follow ing a d d itio n a l m ag n itudes w ill be  in tro d u c e d :

4 .1 . S ym bol N ^  deno tes th e  n u m b e r  of p h o to n s  em itted  b y  
o v er th e  tim e  in te rv a l (0 , oo), co m p u ted  accord ing  to  th e  form ula

N t y  =  V  Г №  N$>a){t) d t , m 0 , 1 ,2 , . . . ( 1 0 )
(p)(s)Jo

4.2 . T he sym bol r / m) denotes th e  p h o to lum inescence  yield  o f  £)*m) 
m olecules, defined  as follow s:

r /m) =  N ^ ) /N 0 fo r  m  0 , 1,2 , . . . ,  (1 1 )

w here N 0 =  iV<°>(0) is th e  n u m b er o f p h o to n s  ab so rb ed  a t  th e  m o m en t t — 0 
(i.e. th e  m o m en t of im p u ls iv e  ex c ita tio n  o f th e  system ).

4.3. T he pho to lum inescence  y ie ld  r] o f th e  w hole sy s tem  is

=  J*? r /m>, (1 2 )
m =
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To ca lcu la te  th e  efficiency o f  th e  q u a n tu m  p ho to lum inescence  r/ o f th e  
w hole system  b y  m ean s of exp ressions (10 ), (1 1 ) an d  (12 ) th e re  is no need  to  
so lve th e  se t o f  E q s . (8 ), i.e. th e  d e te rm in a tio n  of lV|p^s) (t) c a n  be  o m itte d , 
b ecau se  i t  is po ssib le  to  ca lcu la te  th e  p a r tic u la r  in teg ra ls  (1 0 ) d ire c tly  from  (8 ). 
I n  o rd e r to  co m p u te  th em  le t us in tro d u ce  som e au x ilia ry  d e n o ta tio n s :

P ( p ) ( s )  —  P ” ^ ( р Н « )(* )  ’
Jo

13)

p (m )  =  2  Ш к Ш ~ г ' P (1J =  D(P)(s)) .  ( 1 4 )
(P)(s)

P (m )=  V  =  D (p)(s)) ,  (15)
(P)(s)

■Piri =  2 ' к№<Р)(4 кШ  - 1 • P (P  =  -Ptpx»)). (16)
(p)(s)

P i r i  =  2 '  fcDÍ(P)(S) № ) ] - 1 • P ( ö  =  P(P)(S)) ■ (17)
(p)(s)

O n acco u n t o f (9 ')
P ^ ) + P f ) + p W + Р Ы  =  !  ( 18  )

T h e  above v a lu e s  a re  th e  p ro b ab ilitie s  o f th e  ap p earan ce  o f th e  e lem en ta ry  
p rocesses d e n o te d  b y  2 a), 2 c), 2 e) an d  2 f) fo r m olecules of m -th  o rd e r.

In  o rd er to  ca lcu la te  î / ”9 w e in te g ra te  b o th  sides of E q . (8 ) w ith  re sp e c t 
to  t in  th e  in te rv a l  <  0 , oo): a n d  th e n  we o b ta in

_  J. (01 . Г (OJ
f = 0  “ ~ f t (P)(s> b (P)(s> ’

t =  CO

f =  0

т ж )

k<(p)%) ■ L(p)(s) +  k<iU p% s ')  k nD<P'(s ‘) ' L (i?)(s-) \ • P ( P  -  D (p)(s) )  

for m  =  1 ,2 , . . . .

T a k in g  in to  a c c o u n t th e  in itia l cond itions

jIVo • P (D  =  D (p)(s)), fo r in =  0 
(0  , for m  =  1 , 2 ,...

as w ell as th e  f in a l cond itions (7) we o b ta in

Л Ш ° )  -  N o • P ( P  =  P(p)(s)) =  * $ «  • P(g(s) , 1 9 ')

Г 2  • Р ( М  I P ( P  =  P(p)(s)) =  ■ L(% ,  m  =  1 ,2 ,3 ......  (19" )
1(p 'X s ')

A fte r  m u ltip ly in g  th e  above fo rm ulae  b y  k ^ D{p){s)l k ^ )(s) a n d  ^ û(P)(5)/Mp Ks)
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re sp ec tiv e ly , sum m ing  u p  b o th  sides o f  (19) w ith  re sp ec t to  (p)(s) and  co n sid e r
ing (17) w e can  rew rite  th e m  in  th e  fo rm  o f

"V le (-0), T (°) _  ív - P to)X* KDD(p)(s) Jj(p )(s) — i v 0 * DD 1
(p)(s)

2 k DD(p)(s)L (P)(s) =  Í >'

H ence
(P )( S ) 4p')(s' )

HI
2  = N o T J  p <£ d ■ ( 20)

I f  we m u ltip ly  E qs. (19 ') an d  (19") b y  &j?V (̂p)(s) an f* resp ec tiv e ly ,
th e n , ta k in g  in to  ac c o u n t (2 0 ), we o b ta in

(o)
• P (D  =  D(pM)^F0) -̂ (pT(s)

iV0

^F0) £(р)(*)
iV0

7. (0)
ft(p)(s)

(
m—1
U P &

W  P(D =  A pX.>)

(2 1 ')

( 21' )

S um m ing u p  b o th  sides o f  (21) w ith  re sp e c t to  (p)(s) a n d  th e n  ap p ly in g  E q s . 
(11), (10), (13) an d  (14) w e o b ta in

^(m) —
P£> , i f  m =  0

m—1
P ^ I J P % ,  if  m — 1 ,2 ,3 , ...

y =  0

( 22)

R ela tio n s (22) are  of a basic  significance fo r describ ing  th e  co n c e n tra tio n  d e 
pendence  o f p ho to lum inescence  q u a n tu m  y ie ld  as well as th e  degree o f p o la r i
za tion  o f  th e  w hole sy s tem . To m ake use  o f  th e  above re la tio n s  i t  is n ecessa ry  
to  co m p u te  exp lic itly  th e  m ag n itudes an d  P ^ q as so lu te  c o n c e n tra tio n
fu n c tions. I t  tu rn s  o u t t h a t  in  th e  case o f  d ipole-dipole in te ra c tio n  (a ssu m p 
tio n  2.4. a n d  also 2.6.) su ch  co m p u ta tio n s  are  possible.

N ow , we shall co m p u te  th e  q u a n tit ie s  P ^  an d  Р д д  as fu n c tio n s  o f 
donor a n d  accep to r m olecules co n cen tra tio n s , no  an d  п д , re sp ec tiv e ly .

5. Concentration dependence o f and P)Jd

A cco rd in g  to  n o te  2.7. we shall f i r s t  com pute  P ^ ' ( F )  and  P ^ d (V),  
w here V  is th e  vo lum e o f th e  sam ple, a n d  th e n  pass o v e r w ith  V an d  n u m b e rs  
N d an d  N a  to  in f in ity  in  an  a p p ro p ria te  w ay  (cf. (5)). T h e  lim it v a lu es  of 
P F(V)  a n d  P d d ( V )  d e te rm in e d  in  th is  w a y  w ill be d e n o te d  b y

Pp =  lim  PF(V)  ; PDD =  lim  PDD(V)  . (23)
V —> CO V—> со

F o r th e  sak e  o f  sim p lic ity , th e  u p p e r in d e x  m  w ill be n eg lec ted .
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5.1. The computation of P f(V)  a n d  P F

Taking in to  consideration Eqs. (14), (6) and (9) as well as the note3 concerning the sym bol 
V  we can w rite 

(P){s)
P F( T )  -  <*W V)(s)) • P ( D  =  D (PKS)) =

(P)(s)

çR pi? ('R j-R i 4лх{ dx,  4яя$/в_ 1 dxND_A 4яУ1- J .  - J .  J .  - J .  ' " 7  1 ' 1 <“ >
' N \  ' k 'F+*q ■ kDD(p)(s)‘ kDA(p)(s)

w here V  =  4/3 • л  R 3. The in troduction  of new variables

X j  =  ~  n x \  for j  =  1 , 2 , N d - 1  ; Y, =  - Y  ny i  i? =  1,2.......N A (25)

and  also the denotations

4 , 4 ,
»OD =  " y  nR0D  î »OA =  - y -  nRoA  (26)

as well as considering (9") give u s :1

( v  ( v  , d Y l d Y NA

P  A V )  J0 ••• .)„  ....Г  " •  F  V  ' "  V
Л ' 7 Т ~  k P + kq+ k F (vhD ^ X - ^ v 0 A ^ Y ^

F u rth e r  on, we shall use the following iden tity

кр+4 и ° + Ь) =  kF Jo” exp { - [* F + ‘ f+ M « + b )]« } *  . (2Y)
w here

N n - 1 N y i

a =  «0D ^  Y f 2 ; 6 =  vhA  Y f2. (27")
7“ 1 1=1

W e shall then  ob tain :

/ / i f  exp (—k F vöd X j '-  t) J x j \
P F(V ) =  J o kF exp [ ~ ( k F t-fc,)l] • J f  -------  p  J ■

/ f V , /  4 <“ >
I exp (—kp voA Y  i 2 t) d Y t

• Ц  {—— v--- ---- r
The above integrals over X j  are all identical as also are the in tegrals over Y\. Substi

tu tin g  и for X j  and  Y( in Eq. (28) and  denoting

aD =- k F vöd t , ocA =  k F voA t (29)
we obtain

/  r v  \ N d - 1
/ exp ( — t n  u2) du

P p =  f*  fcpexp[ (kFy k „ ) t ] - l i m  N ® _________________F Jo 1 V
(30)

Í  ÇV \ N jexp (—a A u 2) d u
- lim  • 0 ------  - dt .

V->c v V  )
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The lim its appearing in (30) can be calculated  in the following way

exp (—a u 2) du [1— ex p  ( —a u2)] du yôt \  л  -f- 0 ( - p - j

~ v  =  1 V  =  1 V  •
Hence,

/  f V  AJVo—1

,in  J .  .  lin  f l  _  J 5 - K  Г - . _
V—> со \ V  I V—>ce L J (31)

— Уло/> • lim (Nj)— 1/V) —Ула/> - riD
=  e V-*-oo =  e

An analogous formula is tru e  for the second lim it

( fV  \ N a
exp (— a.A  u 2) du ----

--- ------ V-----------) . (Ю

The substitu tion  of Eqs. (31) and  (32) into (30) and taking in to  account denotation  (29) yield 

P F = kF exp [ — (kp-\-kq) t] exp  [ — n kF t (vqd oq-^Voa  Пд)] dt. (33)

The com putation  of in tegral (33) leads to

<34>
where

f ( y )  =  у я у е г 2 (1- erf у )  , (35)

" /> ' =  -J= - I n exp (— y 2) dy , (36\ 71 J  0

У 71 I / kp
У =  Уо + У а  =  - 2 “  |/ /cf  4 fc ^n °  V° D ^  71Л V° A ^'  (37 )

In troducing a full set of indices the expressions (34) and (37) obtained for P ^p '  and y(m 
respectively, m ay be w ritten  as follows

ьШ)
P F(y(m)) =  kVp-ytfm)  [1 — У лу(т ) exp (y(™))2 (1 - e r f y ( m))] (34')

. ,<m\ Í 71 ] /  k(p) <m> <mk , , , , ,
y( ) =  T -  • F ( " ™ + « д г , од). (37 )

5.2. Computation of P Fn ( V )  and P dd

On account of (17), (6), (9), (25), (26) we have

P'dd  (v) -  2  k DD(p)(s) ■ p (D  =  D m ) )  =

(p)(s) kp +  k ? +  feü ß (p)(s)+ k üj4 (p)(s)

r v r V 1 Г\ 1 v '-s) d X , dXjyn_j dX , dYiyA1  -  J, " ' “ П  ' ) — - ~ T ^  (38)
------- — TT k p f  kq kF ÍVOD 1 .  X ,  2+V0A £  У i 2 )
^  D “1 ' -̂  л V у l J
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M aking use of the relation  

kp  • a
=  — J o exp [— (kF+ k q) t] . J L  exp  ( —kp  at) ■ exp (—k p  bt) dtkp-{-kg-\ k p ( a \ b )  

where a and b are determ ined  in  (27") we ob ta in

P dd(V )  — J "  exp [ - ( k p + k ç) «]

Г г  г exp ( — k p + V Q D t  A ’ X ,
dX , <L Jo Jo V  •••

N D- 1

r r y

• • ‘ Jo exp ( - f c f  vhA « Z  У“2) - y -
d Y N A

. . .  v

V  \  '

N;

As in  case 5.1.
PdD ~  Pdd(P)-

V~> CO

P u ttin g  the lim it u nder the sign of th e  in tegral and m aking  use of rela tions (31) and (32) 
we ob ta in

зхр [ - ( k p  lr k q) t] • exp (У л к P t v0D nD) ■

• exp ( — У л к р  tvnAtt  a) dt.

C alcu la tin g  th is  in te g ra l gives

Pdd =  ~ ~ ~  • A y ) , (39)
Y d  +  Ya

w h e re /(y )  is d e te rm in e d  b y  (35), a n d  y , yo an d  у a b y  fo rm ula  (37). E xpression  
(39) w r it te n  w ith  a ll th e  ind ices ta k e s  th e  fo rm  o f

P (sh  ( Y (d \ Y(m)) =  ! *  №  exp ( / - ) )  • [ 1 - e r f  ( y ^ ) ] , (39 ')

w here  y (m) is d e te rm in e d  b y  (37 ').

6. Exam ples o f applying the results obtained

O n th e  basis  o f  th e  re la tio n s  (12) an d  (22) as w ell as o f th e  co n c e n tra tio n  
d ep en d en ces o f P F a n d  P dd  we sh a ll consider th e  follow ing cases o f  p h o to lu 
m inescence  q u en ch in g  o f  so lu tio n s:

(A) Q uench ing  b y  fo reign  ab so rb in g  su b s ta n c e s
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(B) C o n cen tra tio n  quench ing  (self-quenching) co n d itio n ed  ex c lu siv e ly  
b y : (B .l)  —  dim ers, (B .2) —  th e  d ep en d en ce  of m a g n itu d e s  В ("0 — к 
( k f ] +  k<m>) on th e  o rd e r o f m olecules, (B .3) —  m olecules o f m o n o m er w hich  
a re  “ u n a b le ”  fo r lum inescence.

Cases (A), (B .l)  a n d  (B .2) w ill be  considered  w ith  th e  a s su m p tio n  of 
in d ep en d en ce  o f th e  a p p e a ra n ce  in  th e  th e o ry  p a ra m e te rs  of th e  o rd e r  of 
m olecules.

W e sh a ll also co n sid er th e  c o n c e n tra tio n  d ep en d en ce  of th e  deg ree  of 
pho to lu m in escen ce  p o la r iz a tio n  w hen ta k in g  se lf-quench ing  in to  a c c o u n t as 
well as th e  g enera l case o f  quench ing  a n d  d ep o la riza tio n  w ith  a s im u ltan eo u s  
o ccu rrence  o f th e  la s t th re e  form s of q u en ch in g  (cf. S ec tio n  1).

(A) Quenching by foreign absorbing substances1 4

L e t us assum e t h a t  p a ra m e te rs  k^p\ k y \  Vjfp, V oa  aa(i , h en ce , th e  
m ag n itu d es  P ^ f\  Р д д  a n d  y^m> do n o t  d ep en d  on th e  o rd e r  of th e  m olecules,
i.e .:

k f t )  =  k f t  =  k p  ; k ÿ n) =  к ^  =  k q ; г>оо =  V o b  '  v o d  5 =  v<8 \  =  v o a

an d

p (m ) =  p< 0 ) =  P p  . p(m >  =  p(0)D =  P n D - y  , =  / 0  ) =

w here P f  a n d  y  are  d e te rm in e d  b y  E q s . (34) an d  (37) re sp . w hile P d d ,  on  th e  
basis o f  (39), m a y  be  p re se n te d  as

p _
* D D  —

n D vOD
n D v O D ~ f n A  v OA

' f { y ) - (40)

S ubstitu ting  the expressions (34), and (40) found for P p  and  P[)D >"1° form ulae (12) 
and (22) we obtain

» m—1 »
P f I I  P od+ P f  = P p  2  (p DD)m•

m = l  j = l  m = 0

Since P od <  1 (cf- (13)) then

VÍV) P p  _  kp
1 ~ P dd  kp-{-kg

1 - f ( y )
VD

Vd+Va
f(y)

L et us notice th a t  f(y) -*• 0 if  у  0, hence:

Vo =  l™  VÍV)
У -  0

4 See also [38]
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U ltim a te ly  we h a v e
V
Vo

1-Яг)
Y d

Y d + Y a
■ f i r )

w here
f ( y )  =  Утг ye]'2 [1 - е г /  у ] ,

У™70
У =  Y d + Y a  = («о +  •

(41 )

(35)

(37 ')

I f  Y d  Y  a  ex p ressio n  (41) becom es

—  =  1 / ( Y  a ) =  1 — Уя Уд e"' [1 erf yA] . (42)
Vo

A n ex p ress io n  for q u a n tu m  yield of ph o to lu m in escen ce  o f th e  donor in  
th e  form  of (42) h a s  been d e riv ed  b y  F ö r s t e r  (24) and la te r  on  in  a n o th e r w ay  
also  b y  o th e r a u th o rs  [30, 26, 27].

E x p re ss io n  (41) c o n tra ry  to  expression  (42) tak es  in to  acco u n t th e  p a r t i 
c ip a tio n  of D  m olecules in  th e  process of en e rg y  tra n sfe r  fro m  D* to  A  (cf. 
case 3 in  S ec tio n  1, and also (3)). T he effec tiveness of th is  p a rtic ip a tio n  d e 
p en d s on th e  ra tio

Y d

Ya

n D

nA
v O D 4D

* vA

1/2

V q a  n A

i.e . on th e  ra tio  o f  co n cen tra tio n s  as well as o f  overlap p in g  in teg ra ls  / - [1 ] .
F o r q u en ch in g  b y  fo re ig n  abso rb ing  su b stan ces th is  k in d  of en erg y  

tra n s fe r  has b e e n  proved  ex p e rim en ta lly  [30, 40] recen tly . T h e  n a tu ra l co n 
d itio n s fo r m u ltis ta g e  e x c ita tio n  tra n sfe r  o ccu r in  p h o to sy n th e tic  system s, as 
well as in  ch ro m o p ro te in s  [37, 41].

(B .l .)  Concentration quenching conditioned exclusively by dimers

As in (A) i t  is assum ed t h a t  p a ra m e te rs  a n d  m ag n itu d es ap p earin g  in  th e  
th e o ry  do n o t d ep en d  on th e  o rd e r of m olecules, and  q u en ch in g  is co n d itioned  
exclusively  b y  th e  presence o f  d im ers, w hich a re  considered  as accep to r m o le 
cu les. In  th is  s i tu a tio n  q u en ch in g  by  d im ers is s im ply  th e  case of qu en ch in g  
b y  foreign ab so rb in g  su b s ta n c e s  considered  above.

C o n seq u en tly , we o b ta in  fo r re la tiv e  y ie ld  of pho to lu m in escen ce  o f th e  
so lu tio n

V_ = _______ i — Я г )
•>. ! УР , f M ’

Y d ' ^ t Y d "
w here

Y  = Y d , J D Y d ~ =  ~ {n D‘ v OD, J r n D ' v OD") ■: (37")
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a t  th e  sam e tim e  m olecules of m onom ers an d  d im ers have b e e n  deno ted  b y  
D ' an d  D", resp ec tiv e ly . N ote  th a t  У д-/(У д'+У о") is now a fu n c tio n  of th e  
so lu tio n  c o n c e n tra tio n  (because of th e  re la tio n  (44) betw een  th e  co n cen tra tio n s). 
O n th e  c o n tra ry  th e  ra tio  у д /(у д + ^ )  fo r a tw o -co m p o n en t so lu tio n  m ay  b e  
c o n s ta n t if  one considers so lu tions of a fixed  d o n o r and a c c e p to r co n cen tra 
tio n  ra tio  tid/tia-

T he co n sid e ra tio n  of th e  p a r tic ip a tio n  o f p rim arily  u n e x c ite d  D ' m ole
cules in  th e  process o f energy  tra n s fe r  f r o m l) '*  to  D" is n ecessa ry  in  th e  case 
(B .l) ,  b ecau se  nD,, <  n D, generally , a t  le a s t o v e r  a very  large  ran g e  of con
c e n tra tio n s .

L e t us d en o te  th e  c o n cen tra tio n  of th e  so lu tio n  b y  n, ca lcu la ted  w ith  th e  
a ssu m p tio n  th a t  all th e  D  m olecules a re  m onom ers. T hen

п =  п д '+ 2 п д . ,  (43)

w here  nD, an d  n D.. d en o te  th e  co n cen tra tio n s  o f  m onom ers a n d  d im ers , r e 
sp ec tiv e ly . M oreover,

n D- =  K n 2D- , (44)

w here К  is th e  eq u ilib riu m  c o n s ta n t in  th e  p rocess of d im er fo rm a tio n . F rom  
fo rm ulae  (43) an d  (44) i t  is possible to  co m p u te  n D., as well as n D,, if  К  an d  
n are  k n o w n , or, know ing  К  to  express n D. and  n D,, as functions o f n. M oreover, 
know ing  v 0D. an d  v 0D,■ we can express (cf. (37")) y, y D, , y D,. as fu n c tio n s  of n 
an d , in  th is  w ay , b y  m eans of (4 L ) d e te rm in e  th e  c o n cen tra tio n  d ependence  
o f  th e  re la tiv e  q u a n tu m  y ield  of p h o to lu m in escen ce  rj.

(B.2) Concentration quenching conditioned by dependence B (m̂ 
on order o f molecules

I f  d im ers do n o t a p p ea r in  th e  so lu tio n  (nD„ =  0) th en  one m a y  a tte m p t 
to  ex p la in  th e  c o n c e n tra tio n  q u en ch in g  assu m in g  th a t  k p ^ / k ^  depends 
on m.

W e assum e th a t

&F0 =  №  fo r m  =  0, 1 ,2 , . . . ,

fo r m ~  1 ,2 ,  3 , . . . .

W e shall p ro v e  th a t  assu m p tio n  (45) also leads to  an  expression w hich will 
describe  th e  y ie ld ’s d ro p  w ith  th e  in crease  o f  th e  so lu tio n  co n cen tra tio n .

I f  we s u b s titu te  th e  assu m p tio n  (45) in to  (3 4 ') , (3 9 ')  a n d  (37 '), th e n  w e o b ta in

P p  = B(0) [1 —/  ((y)(0))] ; P %  = /  (y<0))
and

P(Fr> =  P p  =  Ü0) [—/  (y(1))] ; P du =  P dd =  / ( y {1))

4*

(46)

(47)
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fo r  m  =  1 ,2 ,3 , . . ., w here

B(0) =  kP  B(i) =  kP
k p  4°) ’ kP  + k P  '

У(0) = У = -у- n D  v OD  У B(0) ; У(1) = - y  i*0 »OD У B W  ■

O n th e  b asis  o f  (12) an d  (22) a s  well as (46) a n d  (47) we have

r\ =  ?y(0 ) - j -  r)(m) =  P  f )
m = 1

<°) > ' рУт) П  p Pd =
n!=1 J = 0

U ltim a te ly ,

=  В (0)[1-/(у)Н -/(у)Б<1)[1-/(у(1))]. [ / (y ( l ) ]m - l .
m = 1

rç(y) =  B ^ - [ B ( ° ) - B ^ ] f ( y ) .  (48)
I t  a p p e a rs  th a t

r]0 =  lim  rj(y) =  В ; lim  t;(y) =  В ^  . (49)
y—»0 y—> oo

S in c e /(y )  is a m o n o to n ica lly  increasin g  fu nc tion  (0 < / ( y )  <C 1, cf. (35)) and  
b ecau se  o f  our a ssu m p tio n  (45) В ^  <  B (0), rj(y) is a decreasing fu n c tio n  o f 
c o n c e n tra tio n . I f  we assum e B ^  =  B ^ \  th e n  rj(y) — B<n\  i. e. i f  th e  ra tio  
kW /k W  is c o n s ta n t fo r m olecules o f  a rb itr a ry  o rd e r th e n  th e  y ie ld  is a con
s ta n t  m a g n itu d e  in d e p e n d e n t of c o n c e n tra tio n , a lth o u g h  &dd an d  P d d  depend  
on th e  c o n c e n tra tio n . H ow ever, th e  y ie ld  decrease w ith  th e  c o n c e n tra tio n  in 
crease re q u ire s  th e  fo llow ing  in e q u a lity  to  be sa tis fied :

k{p j k {̂  <  k p j k f

a t  le a s t fo r  one m >  1. A ssu m p tio n  (45) is one of m a n y  o th e r possib le  a ssu m p 
tio n s co ncern ing  kfP  a n d  k p  fu lfilling  th is  cond itio n .

C ases of o th e r  a ssu m p tio n s a b o u t k f f  and  k fp  have  b een  d iscussed  
in  [42].

(B .3) The quenching by monomer molecules “ unable’’’ o f  luminescence

W e shall p re se n t h ere  a n o th e r  a t te m p t  to  ex p la in  th e  c o n c e n tra tio n  
q u en ch in g  w hen  d im ers do n o t a p p e a r  in  th e  so lu tio n  (nD =  0). T h e  p re se n t 
case as w ell as case (B .2) concerns th e  s itu a tio n  w h en  quench ing  o f  p h o to 
lu m in escen ce  ta k e s  p lace  d u ring  th e  tra n s fe r  o f ex c ita tio n  en e rg y  be tw een  
m on o m ers  (cf. case 4 o f  Section  l ) .T h is  form  of q u en ch in g  has b e e n  a c c e p ted 5

5 Som e less im p o rta n ce  has la te ly  b e en  a n n o ta te d  to  th is  fo rm  of q u en ch in g  [5, 45], o r 
i t  h a s  b e e n  e n tire ly  n eg lec ted  [50]. Since w e sh a re  th e  op in ion  t h a t  so fa r su ffic ie n t p roofs o f  a 
q u a n ti ta t iv e  c h a ra c te r  h a v e  n o t  y e t  been fo u n d  w hich  w ould d e te rm in e  w hether e n e rg y  q u e n c h 
in g  d u r in g  i ts  tra n s fe r  b e tw een  m onom er m olecu les m ay  b e  re je c te d , th ere fo re  w e a d m it in  
o u r co n sid e ra tio n  a p o ss ib ility  o f such a fo rm  o f  quenching  o ccurring .
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in  m a n y  p ap ers  [4, 12, 23, 42— 44]. A ccording to  th e  above re m a rk  th e  m ole
cules o f m onom er h a v e  fo rm ally  b een  classified  in to  “ able”  a n d  “ u n a b le ”  fo r 
lum inescence [12, 20]. “ A ble”  m olecules will be  t r e a te d  as m olecules o f  a donor, 
an d  “ u n a b le ”  ones as m olecules o f accep to r. C o nsequen tly , le t  y p  =  y'p -f- y"p 
w here y'D and  y"D concern  m olecules “ ab le”  a n d  “ u n ab le”  fo r lum inescence , 
resp ec tiv e ly .

I f  we assum e th a t
Уо/Уо =  «о =  c o n s t. (50)

th e n  fo r re la tiv e  y ie ld  w e shall o b ta in  an  exp ression  fo rm ally  id e n tic a l to  ex 
p ression  (41), n am ely

4_ =  _ 1 f i r )
Vo 1 — a i / ( r )

(41")

A t th e  sam e tim e  th e  follow ing m ean in g  can b e  g iven  to  a 0: a 0 equals th e  
p ro b a b ility  th a t  as a re su lt of th e  en erg y  tra n sfe r , a n  ex c ita tio n  o f  su ch  a s ta te  
will n o t occur w h ich  leads w ith  p ro b a b ility  1 to  th e  energy qu en ch in g .

(C) Generalization o f  cases (A )  and ( B )

F ro m  th e  cases considered  concern ing  c o n c e n tra tio n  q u e n c h in g  on ly  
case (B .l)  has a c learly  d e te rm in ed  physica l sense. Cases (B .2) an d  (B .3) 
offer som e a t te m p ts  fo r a fo rm al ex p lan a tio n  o f  co n cen tra tio n  q u en ch in g  o f 
p h o to lum inescence  p ro v id ed  th a t  d im ers do n o t  ap p ear. A n a lysis  of th ese  
cases seem s us to  b e  u sefu l because i t  m ay  a p p ea r t h a t  i t  will he  im possib le  to  
ex p la in  th e  observed  y ield  d rop  exclusively  b y  d im ers. E n e rg y  quench ing  
d u rin g  its  tra n s fe r  b e tw een  m onom ers w ould th e n  be  th e  sole p o ssib ility  o f 
ex p la in in g  th e  phen o m en o n . W e h o p e  th a t  th e  y ie ld  drop is, on  th e  w hole, 
co n d itio n ed  b y  all fo u r ty p es  o f q u en ch in g  m en tio n ed  in  Section  1 p a r t ic ip a t
ing  in  th e  process to  a various degree depend ing  p a r t ly  on th e  p ro p e rtie s  of th e  
in te ra c tin g  m olecules o f donor an d  accep to r, th e ir  co n cen tra tio n  as w ell as th e  
p ro p e rtie s  of th e  m ed iu m  itself. W e p re sen t be low  a m ethod  o f generaliz ing  
expressions (41), (41 ') an d  (41") fo r r//?j0 in  such a w ay  as to  tak e  in to  co n sid era
tio n  th e  la s t  th re e  ty p e s  of q u en ch in g 6 (cf. S ec tio n  1), i.e. to  in v o lv e  sim ul
ta n eo u s ly  cases (A) a n d  (B.3) or (B .l)  an d  (B.3). (As is show n below  for th ese  
cases, cases (A), (B .l)  a n d  (B.3) m a y  be com bined).

In  o rd e r to  do th is  i t  is n ecessa ry  to  s u b s ti tu te  factors

_____D _____
Yd +  Yd +  У a

=  « о Ур

Ур +  Уа
or ___ Yd _  „ yio— !%o

Уо + уЬ + У о" Уо '+ У о"

6 The first type of quenching may be taken into account experimentally according 
to method presented in [5, 20].
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fo r fac to rs
Y d

Y d  +  Y a

or ___Y d

Y d ' +  Y d "

B ppearing in  (41) a n d  (4 1 ') , re sp ec tiv e ly , w here x 0 is de te rm in ed  b y  (50).
I n  th e  case o f co n c e n tra tio n  q u en ch in g  fo r q u a n tu m  y ie ld  o f  p h o to 

lum inescence  one o b ta in s

.U - _ ----------- /(У )----------------- (41"')

%  1 —a 0 -----  ---   ' / ( y )
Yd ' +  Yd’

T h e  above exp ression  invo lves item s (B .l)  a n d  (B.3) an d  d iffers  from  
(41 ') o n ly  b y  a c o n s ta n t fac to r x 0 in  th e  d en o m in a to r. I f  we s u b s titu te  y  a 
in s te a d  o f  yD,, a n d  yo  in s tead  o f yo- in  (41'") w e o b ta in  a genera lized  ex 
p ression  fo r w hich  invo lves item s (A) and  (B .3). W hen  th e  en erg y  quench ing  
d u rin g  its  tra n sfe r  b e tw een  th e  m olecules of d o n o r does no t ta k e  p lace, th e n  
x 0 =  1, because  y"D =  0, i.e. th e n  th e  o b ta in ed  expressions tu r n  in to  (41) or 
(41 '), re sp ec tiv e ly .

T h e  analysis o f case (B.2) leads to  th e  fo llow ing  conclusion: I f  th e re  a re  
n e ith e r  associa tes, n o r m olecules o f a donor, w h ich  are  “ u n a b le ”  fo r lu m i
nescence in  th e  so lu tio n , th e n  th e  re la tiv e  y ie ld  o f  p h o to lum inescence  does 
n o t d ep en d  on c o n c e n tra tio n  (in a ll th e  range o f  its  changes) un less k Flkq 
depends on th e  o rd e r of th e  excited  D  m olecules (p ro v id ed  th a t  th e  a p p ro p ria te  
co rrec tio n s for th e  f ir s t  ty p e  of q u en ch in g  have b e e n  m ade). T h is conclusion  is 
re g a rd e d  as th e  m a in  re su lt o f th e  analy sis  of ite m  (B .2.).

(D ) Concentrational depolarization o f  photoluminescence

T h e  th e o ry  p re sen ted  above also  enables us to  o b ta in  a n  expression  
describ in g  th e  co n c e n tra tio n a l d ep en d en ce  of p o la riz a tio n  of p h o to lum inescence  
o f  th e  so lu tio n . I t  is kn o w n  th a t  th e  degree of p o la riza tio n  P , w ith  th e  assum p
tio n  t h a t  on ly  m olecules o rig inally  ex c ite d  b y  lig h t ab so rp tio n  a re  responsib le  
fo r  th e  p o la rized  lum inescence  em ission , can  be co m p u te d  from  th e  re la tio n  [21]

P  : _____ 3 _  (514
P0 3 - [ l —rj<°)/r)]Po ’

w h e re  r/°) is th e  y ie ld  of p ho to lum inescence  o f m olecules o f o rd e r  zero (cf. 
2.1), r) is th e  overa ll q u a n tu m  y ie ld , P 0 is th e  fu n d a m e n ta l degree o f  p o lariza
tio n .
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D ependence  (51) w ill be co n sid e rab ly  sim plified  if  we in tro d u ce  em ission 
an iso tro p y  r w hich is co nnec ted  w ith  deg ree  of p o la riza tio n  P  as follow s [46]:

2 P  
3 - P

(52)

F rom  expressions (51) a n d  (52) we h a v e

rlrФ =  v (0)h  »
w here r 0 is em ission a n iso tro p y  co rresp o n d in g  to  P 0.

F i g .  1. C o n cen tra tio n  d ep en d en ce  of th e  e m iss io n  an iso tro p y  o f  pho to lu m in escen ce  co m p u te d  
acco rd ing  to  (53) fo r v a rio u s  v a lu es of e q u ilib r iu m  c o n s ta n ts  К  . 1 — 0.4; 2 — 0.2; 3 — 0.1;

4 - 0 .0 6 ;  5 - 0 .0 2 ;  6 - 0 .0 1 ;  7 - 0 .0 0

L e t us assum e t h a t  th e  last th r e e  ty p es  of q u en ch in g 7 (cf. S ec tio n  1) 
p a r tic ip a te  in  th e  c o n c e n tra tio n  q u en ch in g  (case (B .2) excluded). S ince, on 
th e  basis o f (22), (46) a n d  (49)

r P  =  Pg> =  7]0[1 — f(y)]

th e n , ta k in g  in to  acco u n t (41 "') we o b ta in

r =  rf0) =  rf0)ho =  j a Ур '
V V/Vo ° Ур ' +  Ур -

w h ere /(y ) ,  y, yD-, yD.. a n d a 0 are  d e te rm in e d  b y  (35), (37") a n d  (50), re sp ec tiv e ly .
Fig. 1 show s em ission  an iso tro p y  o f  pho to lu m in escen ce  as a fu n c tio n  of 

у  d e te rm in ed  b y  (53) fo r  x 0 =  1, fo r v a r io u s  eq u ilib riu m  co n stan ts  K y in  th e  
process o f d im er fo rm a tio n .8 The g iven  cu rv es show  m in im a  d epend ing  on  K y

7 T h e  n o n ac tiv e  a b so rp tio n  of exciting  l ig h t  b y  d im ers does n o t  in fluence th e  obse rv ed  
po lariza tio n .

8 T he c o n s ta n t K y  is d e te rm in ed  by d e p en d e n ce  =  К у - y p ' ;  K y  and  К  are  re la te d  to  
each  o th e r b y  m eans of th e  dependence

К  =  K y  • VQD,\71T]q)1 I2]vOD0 .

Я У ). (53)
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o n ly . I t  is w o rth w h ile  to  n o tice  t h a t  s im ilar ex p e rim en ta l cu rv es  have  b een  
o b ta in e d  b y  S z a l a y  e t al. [18] in  th e  case o f co n c e n tra tio n a l d ep o la riza tio n  o f  
p h o to lu m in e sc e n c e  of N a f lu o resce in  in  g lycerine  so lu tions o f d iffe ren t v isco 
s itie s . S im ilar re su lts  have  also b e e n  o b ta in e d  fo r g lycerine so lu tio n s o f tr ip a -  
f la v in  [47, 17].

7. F in a l re m a rk s

I n  th e  th e o ry  p re sen ted  ab o v e  th e  fo llow ing  p henom ena h a v e  been  d e 
sc rib ed  from  a u n ifo rm  a sp e c t: q u ench ing  b y  foreign  ab so rb in g  su b stan ces , 
c o n c e n tra tio n a l q u ench ing  a n d  also  c o n c e n tra tio n a l d ep o la riza tio n  of p h o to 
lum inescence  o f  so lu tions w ith  su ffic ien tly  la rg e  v iscosity . T h e  p a r tic ip a tio n  
o f  u n e x c ite d  d o n o r  m olecules in  th e  process o f  energy  tra n s fe r  fro m  D* to  A  
o r D" has b e e n  ta k e n  in to  co n sid e ra tio n  in  th e  th e o ry . W e hope t h a t  th is  f a c t  
w ill p e rm it th e  th e o ry  to  desc rib e  co rrec tly  th e  process of c o n c e n tra tio n a  1 
q u en ch in g  o f p h o to lu m in e sc e n t so lu tions in  w h ich  d im ers a p p e a r , as w ell as 
to  describe th e  n o n ra d ia tiv e  en e rg y  tra n s fe r  in  som e b io logical sy stem s. T h e  
th e o ry  m ay  b e  ap p lied  fo r d e sc rib in g  th e  p h en o m en o n  o f c o n c e n tra tio n a l d e 
p o la r iz a tio n  in  a b ro a d  ran g e  o f  c o n cen tra tio n s  an d  a t  th e  sam e  tim e  tak es  in to  
a c c o u n t th e  in flu en ce  of c o n c e n tra tio n a l q u en ch in g  on th is  phen o m en o n .

T here  is a  p o ssib ility  fo r a  fu r th e r  g en era liza tio n  of E q . (53) fo r em ission  
a n iso tro p y  fo r  th e  case w h en  m olecules o f o rd e r h igher th a n  zero  are  a lso  
c o n tr ib u tin g  to  th e  o bserved  p o la riza tio n .

T he th e o ry  p resen ted  o p e ra te s  b y  m ean s o f m icroscopic c o n s ta n ts .
T he c o n s ta n ts  vOD , vOA, r/0, К  ap p e a rin g  in  th e  f in a l fo rm u las  h a v e  a 

c lea rly  d e te rm in e d  p h ysica l m ean in g  and  m a y  be  d e te rm in ed  f ro m  in d e p e n d e n t 
m e a su re m e n ts . T h e  th e o ry  is a d e q u a te  to  th e  genera lly  a c c e p te d  ty p e s  o f  
q u en ch in g  w ith  p a r tic u la r  im p o rta n c e  bein g  p a id  to  th e  role o f  d im ers in  th e  
p rocess o f q u en ch in g . T he p o ss ib ility  of e x c ita tio n  energy  q u en ch in g  d u rin g  
i ts  t ra n s fe r  b e tw e e n  th e  m olecu les of donor h a s  also been  co nsidered ; th e  p ro 
cess be ing  t r e a te d  pu re ly  fo rm a lly . I t  seem s t h a t  an y  a t te m p t  to  describe th e  
c o n c e n tra tio n a l effects in  lu m in escen t so lu tio n s w ill fail w ith o u t ta k in g  in to  
a c c o u n t th is  ty p e  o f qu en ch in g  [42]. W e th in k  th a t  co n c e n tra tio n a l q u en ch in g  
s im ila r  to  th e  d ro p  of y ield  in  th e  an ti-S to k es  reg ion  [48] c a n n o t be exp la ined  
ex c lu siv e ly  b y  m eans of q u en ch in g  b y  d im ers.

W e also  h o p e  th a t  th e  th e o ry  p re se n te d  w ill help  in  m a k in g  q u a n ti ta t iv e  
e s tim a te s  o f th e  share  of p a r t ic u la r  ty p es o f  quench ing  in  th e  observed  to ta l  
quen ch in g . T h e  ex p e rim en ta l v e rif ic a tio n  o f th e  th e o ry  req u ires  a n  a p p ro p r ia te  
s e t  of e x p e rim e n ta l d a ta  w h ich  is h a rd  to  find  in  th e  l i te ra tu re . Special e x 
p e r im e n ta l w o rk  is in  p rogress.

We should like to  thank  Professor I. A d a m c ze w sk i, Director of the In s titu te  of Physics? 
for his kind in te re s t in this paper.

Acta Physica Academiae Scientiarum Hungaricae 30, 1971



THEORY OF THE INFLUENCE OF CONCENTRATION 165

R E FE R E N C E S

1. T h . F ö r s t e r , Fluoreszenz Organischer V erbindungen, V andenhoeck and R uprecht, Göt
tingen , 1951.

2. P . P r in g s h e im , Fluorescence and Phosphorescence, New Y ork, 1949.
3. Th . F ö r s t e r , Ann. Physik  (Leipzig) 2, 55, 1948.
4. V. L. L e v s h in  and J . G. R aran o va , O ptika i Spektr., 6, 55, 1959.
5. V. L. L e v s h in , Acta Phys. Polon., 26, 455, 1964.
6. A. B u d ó  and I. K e t s k e m é t y , Acta Phys, e t Chem. Szeged, 4, 86, 1958.
7. A. B u d ó  and I. K e t s k e m é t y , Z. N aturforsch., 12a, 673, 1958.
8. K . S. A d z e r ih o , I z v .  Ak. N auk SSSR, ser. fiz. 27, 613, 1963.
9. I. K e t s k e m é t y , A cta Phys. H ung., 10, 429, 1959.

10. A. B u d ó , and I. K e t s k e m é t y , A cta Phys. H ung., 14, 167, 1962.
11. J . D o m b i, A cta Phys. H ung., 25, 287, 1968.
12. S. I. V a v il o v , J . Phys. U SSR, 7, 141, 1943.
13. A. J a b l o n s k i, A cta Phys. Polon., 13, 175, 1954.
14. A. J a b l o n s k i, A cta Phys. Polon., 14, 295, 1955; 17, 481, 1958.
15. C. B o ja r s k i , A cta Phys. Polon., 19, 631, 1960; 30, 169, 1966.
16. L. Sza la y  and B. Sá r k á n y , A cta Phys, e t Chem. Szeged., 8, 25, 1962.
17. L. Sza l a y , Ann. Physik  (Leipzig), 14, 221, 1964.
18. L. Sza l a y , B. Sá rk á n y  and  E . T ombâcz, A cta Phys, et Chem. Szeged, 11, 21, 1965.
19. C. B o ja r s k i , A cta Phys. Polon., 22, 211, 1962; 34, 853, 1968.
20. J . V ie r o s a n u , Proceedings of the In ternational Conference on Luminescence, B udapest,

462, 1966.
21. E. L. E r ik s e n  and A. O r e , Physika Norvegica, 2, 159, 1967.
22. R. S. K n o x , Physica, 39, 361, 1968.
23. M. D. G a l a n in , Trudy Fiz. In s t. Ak. N auk U SSR, 12, 3, 1960.
24. Th . F ö r s t e r , Z. N a tu rfo rsch ., 4a, 321, 1949.
25. A. Or e , J .  Chem. Phys., 33, 31, 1960.
26. A. M. Sa m so n , O p tik a  i S p e k tr .,  13, 511, 1962.
27. M. Z. M a k sim o v  and  I. M. R ozman , O p tik a  i S p e k tr ., 12, 606, 1962.
28. N. S. B a g d a sa r ia n  and A. L. Mu l e r , O ptika i Spektr., 18, 990, 1965.
29. D. L. D e x t e r , J . Chem. P hys., 21, 836, 1953.
30. M. D. Ga l a n in , J . exp. theor. phys., 28, 485, 1955.
31. I. K e t s k e m é t y , Z. N aturforsch., 17a, 666, 1962.
32. V. L. L e v s h in , I zv. Ak. N auk  SSSR, ser. fiz., 27, 540, 1963.
33. G. W e b e r , Trans. F arad ay  Soc., 50, 552, 1954.
34. A. B u d ó , I. K e t sk e m é t y , E . Sa lk ov its  and L. Ga rg y a , A cta Phys. H ung., 8, 181, 1957.
35. C. B o ja r s k i , A cta Phys. Polon., 22, 211, 1962.
36. A. K a w s k i, Preprints of the  In ternational Conference on Luminescence, B udapest, 1966.
37. T h . F ö r s t e r , R adiation R esearch Supplem ent, 2, 326, 1960.
38. C. B o ja r s k i and J . D om sta , Z. N aturforsch. 25a, 1760, 1970.
39. C. B o ja r s k i , A cta Phys. Polon., 33, 573, 1968.
40. V. L. L e v s h in  and Y u. I. G r in e v a , A cta Phys. Polon., 34, 791, 1968.
41. L. N. M. D u y s e n s , Progr. Biophys. Mol. Biol., 14, 1, 1964.
42. J . D om sta  and C. B o ja r s k i, Zesz. N auk Politechniki Gdanskiej, N r. 156. F izyka V, 1969.
43. C. B o ja r s k i , Ann. Physik (Leipzig) 8, 402, 1961.
44. I. K e t s k e m é t y , Z. N aturforsch., 20a, 82, 1965.
45. J .  G. B a ra n o v a  and  V. L . L e v s h in , O p tik a  i  S p e k tr ., 10, 362, 1961.
46. A. J a b l o n s k i, Acta Phys. Polon., 16, 471, 1957.
47. P. P. F e o f il o v  and B. Sv e s h n ik o v , J .  exp. theor. phys. 10, 1372, 1940.
48. L. K ozma  and J .  H e v e s i, Proceedings of the In ternational Conference on Luminescence,

B udapest, 250, 1966.

Acta Physica Academiae Scientiarum Hungaricac 30, 1971



1 6 6 C. BOJARSKI and J . DOMSTA

ТЕОРИЯ ВЛИЯНИЯ КОНЦЕНТРАЦИИ НА ЛЮМИНЕСЦЕНЦИЮ 
ТВЕРДЫХ РАСТВОРОВ 
Ц. БОЯРСКИ и Pl. ДОМСТА

Резюме

Представлена теория, в которой проанализированы с общей точки зрения сле
дующие явления: 1) концентрационное тушение, 2) тушение посторонними веществами, 
3) концентрационная деполяризация фотолюминисценции.

В теории учтено посредничество первоначально невозбужденных молекул донора 
в процессе переноса энергии на молекулы акцептора, а также реэмиграция энергии воз
буждения. Считается, что в первом случае акцептором являются димеры. Получены выра
жения для квантового выхода и анизотропии эмиссии фотолюминесценции. Доказано, 
что полученное выражение для квантового выхода, описывающее тушение посторонними 
веществами в частном случае, когда уд <s уд, переходит в выражение, ранее полученное 
Ферстером. Выражение анизотропии эмиссии, которое учитывает также самотушение 
фотолюминесценции, описывает эффект реполяризации, появляющийся в области боль
ших концентраций. Представлена дискуссия полученных результатов.
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The higher energy region of gamm a-rays (from  480 to  810 keV) and  conversion electrons 
(from 570 to  760 keV) was stud ied  w ith a 20 cm3 Ge(Li) and a 3 m m  deep Si(Li) sem iconductor 
spectrom eter, respectively. F o r the conversion coefficients and for th e ir  ratio , <*х =  (3,6 +  
+  0.5) • 10~3 and K /L  =  5.3 +  1.6 were obtained a t  th e  636.3 keV transition  as well as =  
=  (3.9 +  0.6) • 10-3  and K jL  =  4.7 +  1,4 a t  the 722.9 keV transition . O n the basis of these and  
some o ther published data , th e  5/2+ assignm ent for th e  722.9 keV level and the 7/2+ one for 
the 636.3 keV level seem to be the  most probable.

1. In tro d u c tio n

131I  is one of th e  b e s t  know n ra d io a c tiv e  isotopes a n d  its  decay h as  been  
s tu d ied  m a n y  tim es a n d  b y  various m e th o d s  (see e.g. in  [1]— [5]). S ev era l 
m easu rem en ts  have  b een  carried  o u t on th e  spec tru m  o f th e  conversion  elec
tro n s  in th is  decay  of w h ich  th e  la te s t  a re  [6 ]— [9].

In  sp ite  o f th e  considerab le  e ffo rt sev e ra l p roblem s s till  rem ain  in  co n n ec
tio n  w ith  th e  p a ram e te rs  o f  th e  in te rn a l con v ersio n  especia lly  a t  th e  tra n s it io n s  
of h igher energy  (see th e  T ables). T he m easu red  values genera lly  h av e  la rg e  
errors here an d  some o f th e m  are c o n tra d ic to ry  beyond  th e  lim its  of th e  e rro r 
(see e.g. th e  a x  for th e  636 keV tra n s it io n , T ab le  I I I ) ,  b u t  th e  d a ta  a re  v e ry  
s c a n ty  fo r th e  K /L M  r a t io ,  (cf. T ab le  V ). P a r t ly  as a consequence o f  th is  
s itu a tio n , th e  sp in  and  p a r i ty  a ss ignm en t a t  th e  h igher en e rg y  levels o f  131X e , 
p o p u la ted  in  th e  decay  o f  131I, are in co m p le te  and  p ro b le m a tic  (see e.g . [3]). 
A t th e  sam e tim e  recen t tech n iq u es o f sem ico n d u c to r b e ta - ra y  sp e c tro m e try  
have  no t y e t been  used fo r  th e  s tu d y  o f th e  conversion  e le c tro n  spec tru m  in  th e  
decay  of 131I .

In  th e  p re sen t s tu d y  th e  h ig h est en e rg y  tra n s itio n s  (636,3 an d  722,9 
keV) in  th e  decay  u n d e r  co n sid e ra tio n  h a v e  been  in v e s tig a te d  w ith  Ge(Li) 
an d  Si(Li) sem ico n d u c to r gam m a- an d  b e ta - ra y  sp ec tro m e te rs , re sp ec tiv e ly , 
to  d e te rm in e  th e  a /K  a n d  K /L M  va lu es  fo r  th e  above tw o  tran s itio n s .
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2. E x p erim en ta l details

T he g a m m a -ra y  sp e c tru m  w as s tu d ied  w ith  a coax ial ty p e  20 cm 3 G e(Li) 
d e te c to r  ( E F K I ,  B u d ap est)  h a v in g  a re so lu tio n  (FW H M ) 4,7 keV a t  661 ,6 ’ 
keV  (137Cs). T h e  sp ec tru m  in  th e  reg ion  fro m  460 to  810 keV  w as reco rd ed  in  
a  512 -ch an n e l p u lse -h e ig h t u s in g  a w indow -am plifier.

T he en e rg y  an d  effic iency  ca lib ra tio n  o f  the  Ge(Li) sp ec tro m e te r  w ere  
ca rr ied  o u t  u s in g  ab so lu te ly  c a lib ra te d  sou rces o f 22N a, 137Cs an d  54Mn fro m  th e  
IA E A , V ien n a .

In  th e  sem ico n d u c to r b e ta  ra y  sp e c tro m e te r  th e  d e te c to r  was Si(Li) ty p e  
(S im tec  LC 200— 300— 120) w hose a rea  w as 2 cm 2 an d  sen sitive  th ic k n e ss  
3 m m . T h e  d e ta ils  o f th e  Si(L i) sem ico n d u c to r w ill be p u b lish e d  elsew here [10]. 
T h e  re so lu tio n  (FW H M ) w as 5,6 keV  fo r 624,2 keV (137Cs) conversion  e lec tro n s .

T he ca rrie r-free  ra d io a c tiv e  p re p a ra tio n  of 131I  w as supp lied  b y  th e  
Iso to p e  I n s t i tu te ,  B u d a p e s t a n d  th e  source fo r  th e  m e asu rem en t was m ad e  b y  
e v a p o ra tio n  o f  a d ro p le t o n  a ce llux  ta p e  6 m g/cm 2).

T he d e te rm in a tio n  of fo r th e  tw o  s tu d ie d  tra n s it io n s  was p e rfo rm ed  
b y  m eans o f  th e  so-called N P G  m eth o d . H e re  th e  gam m a- a n d  b e ta -ra y  s p e c tra  
o f  137Cs w ere  m easu red  u n d e r  th e  sam e co n d itio n s as th o se  o f 131I. U sing  th e  
m easu red  v a lu e  o f x к  fo r th e  661.6 keV tra n s it io n  in  th e  d ecay  o f 137Cs ta k e n  
fro m  [11] (using  th e  w e ig h ted  average  o f th e  la s t fou r v a lu es  in  th e  T ab le ) 
th e  g am m a-, an d  b e ta - ra y  in te n s i ty  va lu es  fo r 131I can b e  no rm alized  to  each

Fig. 1. The spectrum  of gam m a rays from 131I in th e  region from  480 to  810 keV tak en  w ith
a 20 cm3 Ge(Li) detector
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Table I

The relative in tensity*  of 636.3 and  722.9 keV gam m a-rays 
from  the decay of 131I

636.3 keV** 722.9 keV**
17(722.9
by(636.3)

luethod*** Reference

20 si pe M e t z g e r  and D e u t s c h , 1948 [15]

17 al pe K e r n  e t al., 1949 [16]

11.6 +  1.7 3.5 +  0.8 0.30 sl pe B e l l  e t al., 1953 [17]

10 3 0.30 si pe H a sk in s and  K u r b a t o v , 1952 [18]

13 U 0.31 sd R o se  e t al., 1952 [19]

10.2 +  1.2 2.8 +  0.4 0.27 s pe W o lfso n , 1952 [20]

11.6 +  2.3 2.4 +  0.5 0.21 sein M ija t o v ic  and  W in t e r s t e ig e r  1953 [21]

8.9 +  0.9 1.9 +  0.2 0.21 s Cp D zh elepo v  e t a l., 1959 [22]

8.8 +  0.5 2.1 +  0.1 0.24 sein H agrove e t al., 1963 [23]

8.3 +  0.3 1.9 +  0.1 0.23 sein D a n ie l  e t al. 1964 [7]

9.1 +  0.9 2.1 +  0.2 0.23 semi M oss e t al., 1966 [14]

8.2 +  0.8 1.8 +  0.2 0.22 semi Y t h ie r  e t al., 1967 [29]

8.0 +  0.4 2.1 +  0.15 0.26 semi Gh a e ff e  and W a l t e r s , 1967 [24]

9.1 +  0.9**** 1.9 +  0.2 0.24 semi P re se n t work

* In tensities relative to  364.5 keV gam m a ray  
** The energy value tak en  from  the w ork o f M oss e t al. [14]

*** The signs are the sam e as used in N uclear D ata  Sheets 
**** This value taken  equal to  the corresponding one in the w ork of Moss et al. [14]

o th e r. In  th is  w ay , th e  a b so lu te  in te n s ity  v a lu e s  fo r th e  con v ersio n  lines o f  
131I  u n d e r s tu d y  are  n o t n eed ed , only  th e  c o n s ta n c y  of th e  conversion  p e a k  
efficiency, i.e. a b so lu te  effic iency  (peak -+ ta il)  o f th e  b e ta - r a y  sp e c tro m e te r  
a n d  th a t  of th e  p e a k -to -ta il ra t io  have  to  b e  v a lid  in  th e  re le v a n t  energy  r e 
gion. T hese assu m p tio n s  are  t r u e  in  a good a p p ro x im a tio n  as is show n b y  e x 
p e rim e n ta l s tu d ies  (e.g. [12], [13] an d  [28]).

3. Results and discussion

T he g a m m a -ra y  sp ec tru m  o f 131I  in  th e  reg ion  from  480 to  810 keV  is 
show n in  F ig . 1. I n  T ab le  I  th e  p re se n t an d  th e  pub lished  e x p e rim e n ta l d a ta  
fo r th e  re la tiv e  in te n s i ty  of th e  636.3 an d  722.9  keV g am m a-ray s  are g iven . 
T h e  ag reem en t o f  o u r d a ta  w ith  recen t m easu rem en ts  of o th e r  au th o rs  on th e  
in te n s ity  ra tio  o f th e  tw o s tu d ie d  gam m a ra y s  is excellent (cf. T ab le  I).
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Fig. 3. The same spectrum  as can be seen in  F ig . 2 b u t after sub trac tion  of the continuous
beta-background

Fig. 2. T he conversion electron spectrum  from  131I  in  the region from  570 to 760 keV taken
w ith  a 2 cm2 area, 3 m m  thick Si(Li) de tec to r
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Table II

The Cf.K conversion coefficient fo r the 636.3 and  722.9 keV transitions 
in th e  decay of m I

636.3 keV
x i o - 3

722.9
XI Method* Reference

1 .9 + 0 .2 si pe  ce Y e f s t e r  e t al., 1951 [25]
3.7 +  0.9

соd+1COC4 si pe  ce B e l l  e t al., 1952 [17]
4.0 3.4 si pe  ce H a sk in s  and  K u rba to v , 1952 [18]
2.1 +  0.1 3.7 +  0.5 sd ce R o se  e t  al., 1952 [19]
4.0 +  0.6 3.1 +  0.7 s pe  ce W o lfso n , 1952 [20]
3 .9 + 0 .4 3.8 +  0.7 sein H agro v e  e t al., 1963 [23]
3 .9 + 0 .3 3.7 +  1.0 sd ce Da n ie l  e t  a l., 1964 [7]
4 .3 + 0 .4 3.7 +  0.35 semi*** Gr a e f f e  and  W a l t e r s , 1967 [24]
3 .6 + 0 .5 3.9 +  0.6 semi P re se n t w ork

4 .0+ 0 .2** 3.6 +  0.2 W eig h ted  average

5.40 3.97 M l
15.3 10.8 М2 T h eo re tica l values H a g e r  and  Se l t z e r ,

38.2 25.1 М3 1967 [26]
1.46 1.11 E l
4.06 2.96 E2

* The signs are the same as used in N uclear D ata  Sheets 
** H ere the 1.9 and 2.1 values were no t tak en  into consideration 

*** The conversion electron in tensities here w ere taken  from W o lfso n  et al. [ 3 0 1

In  F igs. 2 an d  3 th e  conversion  e lec tro n  sp ec tru m  and  th e  sam e sp ec tru m  
co rrec ted  fo r th e  con tin u o u s b e ta  b a c k g ro u n d  c a n  be seen in  th e  en erg y  reg io n  
s tu d ied . T he in te n s ity  o f th e  636,3 К  line is to  th a t  of th e  722.9 К  line as
1.9 +  0.57 i s  t o  0.49 +  0.15. T h e  s a m e  f i g u r e s  o f  W o l f s o n  e t  a l .  [ 6 ]  a r e

1.9 +  0.13 an d  0.43 +  0.5, re sp ec tiv e ly . In  T a b le  I I  th e  x K v a lu e  o b ta in ed  fo r  
th e  636.3 keV an d  th e  722.9 keV  gam m a ra y s  are  given in  com parison  w ith  
s im ila r d a ta  p u b lish ed  in  li te ra tu re . T h e  d a ta  on  th e  K jL M  r a t io  o b ta in ed  in  
th is  s tu d y  an d  th o se  pu b lish ed  b y  o th e r  a u th o rs  are ta b u la te d  in  T ab le  I I .

I t  shou ld  be  n o ted  here  t h a t  th e re  w as a co rrec tion  m a d e  fo r th e  d ecay  
o f th e  131I  source in  th e  ca lcu la tio n  o f  th e  a x  v a lu es . F u r th e rm o re , fo r th e  d e 
te rm in a tio n  of K /L M  ra tio s , th e  g am m a-ray  se n s itiv ity  of th e  Si(Li) d e te c to r  
w as also co rrec ted .

As can  be  seen from  th e  T ab les th e  p re se n t v a lue  for x K w ell agrees w ith  
recen t d a ta  in  th e  case of b o th  tra n s it io n s  an d  th e  ag reem en t is also good w ith  
th e  o th e r figures fo r th e  K /L M  ra tio s  w ith in  th e  lim it of e rro rs. F ro m  com pari-
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Table II I

The K L fM  in ten sity  ra tio s for th e  636.3 and 722.9 keV transitions 
in  the decay of 1S1I

636.3 keV 722.9 keV Reference

9.0 +  1.8 8.0+ 2.4 Bell et al„ 1952 [17]
5.2 +  0.9 R o s e  et a h ,  1952 [19]

9 +  5 Daniel et ah, 1964 [7]
5.3 +  0.7 4.7+1.4 Present work
5.9+0.7 5.5 +  1.2 Weighted average

5.93 Ml 7.18
5.22 М2 6.75
4.73 М3 6.31 Theoretical values*
6.19 E l 7.30
5.50 E2 7.03

* T he а.ц and values were taken  from  H a g e r  and  S e l t z e r  [26], the value 
w as tak en  from R o s e  [31]. (We took  h a lf  of R o s e ’s  value)

son w ith  th e  th e o re tic a l v a lu e s  i t  can  b e  s ta te d  th a t  th e  363.3 keV  tra n s i t io n  
is m o s tly  E 2  a n d  th e  722.9  keV  tr a n s i t io n  is m o stly  M l.

A ll th e  a u th o rs  ag ree  t h a t  th e  636.3 a n d  722.9 keV  tra n s itio n s  s t a r t  from  
th e  636.3 a n d  722.9 keV  lev e l o f 131X e , re sp ec tiv e ly , a n d  b o th  end on i ts  g ro u n d  
level. A s to  th e  sp in  an d  p a r i ty  a ss ig n m en ts  to  th e  636.3 a n d  722.9 keV  levels, 
even  re c e n t  w orks a re  r a th e r  u n c e rta in  a n d  c o n tra d ic to ry  (see F ig . 4 ). A t th e  
sam e tim e  th e  th e o ry  c a n n o t say  d isco u rag in g ly  a n y th in g  (see K i s s l i n g e r  

an d  S o r e n s e n ’s re su lts  o n  th e  levels o f  131X e  in  [24]).
U sin g  th e  d a ta  fo r th e  log f t  v a lu e  on  b e ta  d ecays p o p u la tin g  th e  levels 

u n d e r c o n s id e ra tio n  (7,1 [7 ], 7.1 [14], 7.0  [24] an d  6.9 [7], 6.8 [14], 6 .9  [24]), 
w hich a re  in  a n  exce llen t a g reem en t w ith  each  o th e r, a n d  u sin g  th e  p ro p o sitio n s  
fo r sp in  a n d  p a r i ty  a ss ig n m en ts  of N u c le a r  D a ta  S hee ts (see e.g. in  [27]), 7 /2 +, 
5 /2 +, 9 /2 + , 3 /2 “  an d  1 1 /2 "  a re  th e  possib le  values fo r b o th  levels considering

5/2+ (5/2+) (7/2+) 5/2+ 5/2 +

5/2+ (7/2+) (5/2+) ___________7/2+______________  7/2 +
D a n ie l  et al. [7] Moss e t  al. [14] G r a e f f e  a n d  W a l t e r s  [24] p re se n t w o rk

Fig. 4. Spin and p arity  assignm ent to  the 636,3 and  722.9 keV levels of 131Xe in recen t works
on the decay scheme of 131I
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th e  7 /2 ‘b assig n m en t to  th e  g ro u n d  s ta te  of 131I . O n th e  o th e r  h a n d , th e  M l 
m u ltip o la r ity  of 722.9 keV  g am m a rays an d  th e  E 2  one of 636.3 keV gam m a 
ray s  suggest 1 /2+ o r 5 /2 + for th e  722.9 keV an d  7 /2 + for th e  636.3 keV level, 
re sp ec tiv e ly . In  th is  w ay , th e  m o s t p robab le  a ss ig n m en t fo r th e ir  h igher level 
is 5 /2 + an d  for th e  low er one 7 /2 + . These ass ig n m en ts  agree w ith  tho se  o f 
G h a e f f e  an d  W a l t e r s  [24].

F in a lly , i t  sh o u ld  be n o ted  h e re  th a t  th e  e x p e rim e n ta l d a ta  on th e  p a ra 
m e te rs  o f th e  level seem  to  he p a r tic u la r ly  im p o r ta n t  in  th a t  reg ion  o f th e  nuclei 
w h ere  th e  th e o re tic a l p red ic tio n  a n d  in te rp re ta t io n  is so hopeless for th e  
m o m en t.

The authors are indeb ted  to Professor A. Szalay , D irector of ATOMKI, fo r the excellent 
working conditions in th is In s titu te  and to  D r. Cs. Ú j h e l y i  for the preparation  of the sources.
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ИЗУЧЕНИЕ ВНУТРЕННЕЙ КОНВЕРСИИ ПРИ ПЕРЕХОДАХ 
ВЫСОКОЙ ЭНЕРГИИ В РАСПАДЕ 1311

Д .  В А Р Г А , А . К Э В Е Р , Д .  Б Е Р Е Н И  и Т . Л А К А Т О Ш

Резюме

Изучалась область высоких энергий гамма лучей (от 480 до 810 кэв) и конверсион
ных электронов (от 570 до 760 кэв) полупроводниковым детектором 20 см3 Qe(Li) и Si(Li) 
с толщиной 3 мм. Для коэффициентов конверсий и для их отношения получены сле
дующие значения: в случае перехода 636,3 кэв ак = (3,6 +  0,5) . 10_3 и Я/L =  5,3 +  
1,6, a в случае перехода 722,9 кэв а к  =  (3,9 +  0,6) . 10_3 и Я/L =  4,7 +  1,4. На основе 
наших и некоторых опубликованных результатов можно заключить, что величины 5/2* 
для уровня 722,9 кэв и 7/2+ для уровня 636, 3 кэв оказываются наиболее вероятными.
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SIMPLE AB-INITIO METHOD OF CALCULATING 
THE COHESIVE PROPERTIES OF ALKALI METALS

By

P. M o D R A K
I N S T I T U T E  O F  P H Y S I C A L  C H E M I S T R Y ,  P O L I S H  A C A D E M Y  O F  S C I E N C E S ,  

W A R S A W ,  P O L A N D

(Received 13. X . 1970)

The quan tum -statistical model of a free a to m  in which electrons are grouped in  shells 
according to  the  principal qu an tu m  num ber has been applied to the calculations of the cohesive 
properties of alkali metals. The cohesive energies and  radii of m etal cells obtained for Li, N a, and 
К  differ from  th e  experim ental values by less th a n  30%.

Introduction

In  p a ra lle l w ith  th o se  m ethods w hose  aim  is to  rep ro d u ce  cohesive en e r
gies and o th e r  p ro p erties  o f  solids as e x a c tly  as possib le, sim ple  m e th o d s  o f an  
ab -in itio  ty p e  have been  developed  b a se d  on th e  q u a n tu m -s ta tis t ic a l  m o d e l of 
th e  a tom  [1— 3]. The p u rp o se  of these  m e th o d s  is to  exclude  th e  use o f e m p ir i
cal p a ra m e te rs  and  to  o b ta in  th e  sim p le  tre a tm e n t of so lids even a t  th e  ex
pense of th e  e x ac titu d e  o f  th e  resu lts . T h e  s ta tis tic a l m odel o f th e  free a to m  in 
w hich  e lec trons are g rouped  in  shells a cco rd in g  to  th e  p rin c ip a l q u a n tu m  n u m 
b e r, developed  by  G o m b á s  [4, 5] m akes i t  possible to  re fin e  th e  q u a n tu m -  
s ta tis t ic a l  m odel of solids. I n  th e  p re se n t w ork , we h av e  ta k e n  a d v a n ta g e  of 
G o m b a s ’s m odel in  ca lcu la tio n s of th e  cohesive  p ro p ertie s  o f  alkali m e ta ls .

Description o f the method

A n a to m  in a solid is considered  h e re  as in  th e  ce llu la r m ethod . T h u s , th e  
energy  of an  a to m  in a so lid  is defined b y  th e  energy fu n c tio n a l and  th e  b o u n d 
a ry  co n d itio n  w hich m u st be  obeyed b y  th e  w ave fu n c tio n  o r b y  th e  e lec tro n ic  
d en sity  d is tr ib u tio n . In  th e  case of th e  a lk a li m etals we c a n  assum e t h a t  o n ly  
th e  valence e lec tro n  d e n s ity  qv is a ffec ted  b y  th e  b o u n d a ry  cond itions in  th e  
solid and  rep lace  th e  a to m ic  po ly h ed ro n  b y  th e  sphere o f e q u a l vo lum e. W ith  
th e se  a ssu m p tio n s , th e  b o u n d a ry  co rrec tio n

E h =  £ ( r 0) -  E(r  J  (1)
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(e.g . th e  d ifference  betw een  th e  energy  of th e  a to m  in a m e ta l cell w ith  th e  
v a len ce  e lec tro n  in  th e  low est e lec tro n  s ta te , a n d  th e  energy  o f th e  free a to m  
I5 (rœ)) is d e te rm in e d  b y  th e  en e rg y  fu n c tio n a l an d  th e  b o u n d a ry  co n d itio n

j
Э г

ev(r0)

o ,

o, ( 2 )

w h ich  is fu lfilled  b y  o* on th e  su rface  of th e  sphere .
T he en erg y  fu n c tio n a l suggested  b y  G o m b á s  [4, 5 ] fo r  free a tom s is 

assu m ed  to  b e  v a lid  also for a to m s  of fin ite  ra d ii  in  solids. O n ly  th e  form  o f th e  
va len ce  e lec tro n  ra d ia l d e n s ity  is changed  to  o bey  th e  b o u n d a ry  cond ition  (2) 
a n d  th e  fo rm  o f th e  inner-shell e lec tron  ra d ia l  densities is le f t  th e  sam e as in  
th e  case o f  free  a to m s. T h is is:

0n(r) =  ~ L lV ,! ^ r ^ - î e - ^ r ,  (3)
4 я

w here  N n is th e  n u m b er o f e lec tro n s  in  th e  n -sh e ll, xn and  An a re  th e  v a r ia tio n a l 
p a ra m e te rs , A n is th e  n o rm a liz a tio n  c o n s ta n t

A n =  j j^" r2*” e -2S»r dr J . (4)

I n  (3) o n ly  th e  n o rm a liza tio n  c o n s ta n t A n is in fluenced  b y  th e  b o u n d a ry  c o n 
d itio n s fo r a so lid  because in  th is  case th e  n o rm a liza tio n  in te g ra l is e x te n d e d  
o v er th e  sp h ere  o f fin ite  ra d iu s  r 0. The v a len ce  electron  d e n s ity  qv has b e e n  
assum ed  to  b e  o f th e  form

Qv(r) = .— N r r2* '-2(A r e - ^ ' - B v e'«ry. (5)
4тг

T h e b o u n d a ry  cond itions (2) g ive th e  re q u ire m e n t:

B„ - 2A, го .
1 4 -r0 A„

( 6 )

w here  r 0 is th e  rad iu s  of th e  sp h ere  and  th e  c o n s ta n t A v is de te rm in ed  b y  th e  
n o rm a liz a tio n  cond ition

1 — r0 *v

xv— !  +  ro К
- 2А„ г о

( 7 )
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T he energy  fu n c tio n a l c an  be exp ressed  in  term s o f gn as follows

r
E  =  £  ESn\

n 1
(8)

£("> =  E<p+ £< ?> + £< ?> + E p + E g )+ E<">, (9)

=  e2 1 ^  d v 'd v , (10)
n '= lj  r ?

£<"> -  1 N n ~ 1 e2 Г 6"(r)0"(r') dvdv ' 
2 N n J \P r 1 ( И )

an d  th e  o th e r  sym bols h av e  th e  sam e m ean in g  as in  [5].
N ow  we seek to  e s tab lish  th e  p a ra m e te rs  xn and Xn fro m  th e  c o n d itio n  

o f th e  m in im um  of th e  energy . H ow ever, th e  m in im aliza tio n  p ro ced u re  fo r 
solids is m uch  m ore co m p lica ted  th a n  for free  a tom s. To av o id  too  m an y  d iff i
cu lties we h av e  fix ed  th e  v a lu es  o f xn in (3) a n d  (5) w hich a re  p u t  as e q u a l to  
th e ir  v a lues fo r free a to m s [6]. T hen, th e  Е л7* have been  m inim alized w ith  
re sp ec t to  Xn successively  fo r n =  1,2, . . . v, in  th e  sam e w ay  as in  [7]. O ne 
can  ex p ec t fo r tw o reasons t h a t  th e  s im p lifica tio n  of th e  m in im aliza tio n  p ro 
cedure  w ill n o t in fluence  th e  b o u n d a ry  co rrec tio n s  co n siderab ly . F irs t, i t  w as 
checked  th a t  th e  E (rm) va lu es  o b ta in ed  in  th is  m an n er are  close to  th e  a to m ic  
energies g iven  in  [6]. Second, th is  p ro ced u re  was used fo r o b ta in in g  -E(rœ) 
an d  E (r0) in  E q . (1), an d  n e ith e r  v a lue  reach ed  th e  com plete  m in im um .

In  th e  ce llu la r m e th o d  th e  cohesive en erg y  is u su a lly  assum ed to  he 
eq u a l to  th e  sum

ECoh — Eb-\-Ed -\-Ef -\-Ec , (12)

w here E ei is th e  in te ra c tio n  en e rg y  of th e  e le c tro n  d is tr ib u tio n  in  th e  v a len ce  
b a n d  (e lec tro s ta tic  self-energy  a n d  exchange energy), Ef is th e  F e rm i en e rg y  
a n d  Ec is th e  c o rre la tio n  en e rg y  p e r e lec tron  in  th e  b an d .

W e ta k e  E ei in  th e  free -e lec tro n  a p p ro x im a tio n

E ei =  ^ ~  a . u .  (13)
»0

T h e  F erm i en erg y  has been ca lcu la ted  fro m  th e  expression

E f
1.105

a. u ,

w here m* is th e  effec tive  m ass o f an  e lec tro n .

(14)
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A sim ple  fo rm u la  g iven  in  [8] has b een  used  for ca lcu la tio n s of th e  effec
t iv e  m ass. I n  te rm s  of th e  va len ce  e lec tro n  d e n s ity  qv i t  m a y  be exp ressed  as

4л
til Qv(r<>)

B o th  G o m b á s ’s [9]

E c =
a 2-| n 1 / 3

n1'3- - ß 1 l n ( l + / 8 2n 1'*) a . u .

(15)

(16)

,i/3 = 3 V '3
Pq1 an d  =  0.0357 ; a 2 =  0 .0 5 6 2 5 ; /?г =  0 .0311 ; ß2 =  2 .3 9 ,

4л:

a n d  P i n e s ’s [10]

E c =  -  0.0575 +  0 .0 1 5 5  In r0 a . u . (17)

fo rm u la e  h a v e  b e e n  u se d  fo r  th e  c a lc u la t io n s  o f  th e  c o r r e la t io n  en e rg y .

R esu lts  and  discussion

C alcu la tio n s w ere p e rfo rm ed  fo r l ith iu m , sod ium , an d  p o ta ss iu m . B y 
m eans o f th e  m e th o d  d esc rib ed  th e  cohesive  energy h as  b een  found fo r  each  
m e ta l as a  fu n c tio n  of r 0. T h e  values co rresp o n d in g  to  m in im a of th e  cu rves 
o r E coh ( r 0) a re  show n in  T ab le  I. F o r co m p a ra tiv e  p u rp o ses  th e  T ab le  also

Table I

Q uantum -statistical cohesive energies and cellular radii of alkali metals

E coh(*n Kcal/mole) 'o  (in a„)

Theory
Experim ent

0 0
Difference

experim ent-theory
%

Theory
E xperim en t

[12]
D ifference

experim ent-theory
%

Li 29.1 36.5 20.3 4.13 3.18 29.9
Na 27.0 26.1 3.3 4.60 3.92 17.3

К  20.9 21.7 3.8 6.13 4.84 26.7

co n ta in s  th e  ex p e rim en ta l values for E coh a n d  r 0. T h e  cohesive energ ies given 
in  th e  T a b le  w ere o b ta in e d  w ith  th e  P i n e s  fo rm ula fo r  th e  co rre la tio n  energy  
(E q . (17)). T hese  energies ca lcu la ted  w ith  E q . (16) a n d  th e  co rrespond ing  rad ii 
from  th e  m in im a  of E coh(r0), are  only  s lig h tly  d iffe ren t fro m  those g iv en  in  th e  
T ab le . W ith  a n  accu racy  to  th e  f irs t d ec im a l place th e  v a lu es  of E coh a re  equal 
ex cep t fo r  K ; in  th is  case E q . (16) g ives E coh =  21.0 kcal/m ole. The v a lu e s  of
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r 0 (w ith  an  accu racy  to  th e  second decim al p lace) are equal fo r  N a, w hereas 
fo r L i, E q . (16) gives r 0 =  4.14 a 0 a n d  r0 =  6 .14 a0 for K.

T he cohesive energ ies o b ta in e d  b y  th e  p re se n t m e th o d  are  g en era lly  
q u ite  close to  th e  ex p e rim en ta l v a lu es . T he v a lu e s  of r 0 are  to o  large  b u t  th e

Table II

The results of the p resen t theory as compared w ith  those of more exact methods

ro 
(in a )

E b (in Ry) m* (in a. u.)
Source of more exact 
values for Ef, and m*

Present m ethod More exact value Present m ethod More exact value

Li 3.21 — 0.2850 —0.2869 0.902 1.376 [13]
Na 3.94 —0.2336 —0.2168 0.991 0.938 [14]
К 4.84 — 0.1413 —0.1605 0.840 0.862 [15]

differences are  n o t s ig n ifican t if  th e  a p p ro x im a te  ch a rac te r o f  th e  m eth o d  is 
ta k e n  in to  accoun t.

In  o rd er to  e s tim a te  th e  in a c c u ra c y  in v o lv ed  in  d iffe ren t com p o n en ts  
o f .Ecoh? th e  ca lcu la tio n s fo r th e  v a lu e s  of r0 fo r  w hich  th e  co m p ariso n  w ith  a 
m ore ex ac t m ethod  is possible h av e  b een  p erfo rm ed . The re su lts  are given in 
T ab le  I I .  T he co m p ariso n  shows th e  m e th o d  to  b e  v e ry  usefu l fo r th e  ca lcu l
a tio n s  o f th e  b o u n d a ry  correc tion . T h e  ca lcu la tio n s  of th e  e ffec tiv e  m ass seem  
to  be th e  m ain  source o f  th e  in a c c u ra cy  of th e  p re se n t m ethod .
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ПРОСТОЙ МЕТОД ОПРЕДЕЛЕНИЯ ИЗ ПЕРВЫХ НАЧАЛ 
СВОЙСТВ СЦЕПЛЕНИЯ ЩЕЛОЧНЫХ МЕТАЛЛОВ 

П. МО ДРАК

Резюме

При вычислении свойств сцепления щелочных металлов применяется квантово
статистическая модель свободного атома, в которой электроны сгруппированы по глав
ным квантовым числам. Энергии сцепления и радиусы металлических ячеек, опреде
ленные для Li, Na и К, отличаются от экспериментальных данных менее чем на 30 про
центов.
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THEORY OF ANHARMONIC CRYSTALS 
IN PSEUDOHARMONIC APPROXIMATION

I. L IN E A R  CHAIN 

By

T . S i k l ó s

JO IN T  IN STITU TE FO K  NUCLEAR R E S E A R C H , LABORATORY OF TH EO RETICA L PH Y SIC S
D U B N A , USSR

(R eceived 20. X. 1970)

The properties of an  anharm onic chain  are considered in the pseudoharm onic approxi
m ation. T he dependence of the in s tab ility  tem perature on th e  arb itra ry  ex te rn a l tension is 
investigated . I t  is shown th a t  the in s tab ility  region of the linear chain is lim ited  b y  the critical 
tem pera tu re  and the critica l tension.

1. In tro d u c tio n

R e c e n tly  a th e o ry  of a n h a rm o n ic  crysta ls  w as developed w h ich  allows to  
ta k e  in to  accoun t a ll th e  h igher o rd e r  an h arm o n ic  te rm s in  a se lf-consisten t 
m a n n e r (see [1— 3] a n d  th e  re fe rences cited  in  [3]) in  th e  low er o rd e r p e r tu r 
b a tio n  th e o ry . In  [4 ]— [6] a sim ple m odel of th e  c ry s ta ls , th e  lin e a r  ch a in  w ith  
n e a re s t ne ighbour in te ra c tio n  w as in v es tig a ted . A lth o u g h  th is  m o d e l is v e ry  
fa r from  rea l th ree-d im ensiona l c ry s ta ls , its  in v es tig a tio n  p e rm its  us to  discuss 
q u a lita tiv e ly  some p ro p e rtie s  of th re e -d im e n s io n a l c ry sta ls . A lso, in  th is  case 
we can  o b ta in  a sim p le  so lu tion  w h ich  helps to  c la rify  some a sp e c ts  o f th e  
th eo ry .

I t  w as shown in  [4]— [6] t h a t  th e  chain  u n d e r  sm all e x te rn a l tension  
becom es u n stab le  a t  su ffic ien tly  h ig h  zero -po in t energy  or a t  a su ffic ien tly  
h igh  te m p e ra tu re . I t  w as also sh o w n  in [4] t h a t  th e  d am p in g  o f th e  self- 
c o n s is ten t phonons is su ffic ien tly  sm a ll even n e a r th e  in s ta b ility  te m p e ra tu re  
an d , co n seq u en tly , th e  m ost s im p le  p seu d o h arm o n ic  a p p ro x im a tio n  [2] can  
be  u sed . T his allows th e  ca lcu la tio n s to  be  sim plified  essen tia lly  a n d  th e  p ro 
p e rtie s  o f  th e  an h a rm o n ic  linear c h a in  over a w ide range  of te m p e ra tu re s  and  
coup ling  c o n s tan t to  b e  in v e s tig a te d . T his in v e s tig a tio n  was m ad e  in  [6] fo r 
sm all e x te rn a l tensions.

In  th e  p resen t p a p e r  we co n sid e r th e  p ro p ertie s  o f an  a n h a rm o n ic  linear 
chain  in  p seu d o h arm o n ic  a p p ro x im a tio n  in  th e  case  o f an  a rb i t r a ry  ex te rn a l 
ten sio n . Som e p re lim in a ry  resu lts  w e re  rep o rted  e a r lie r  in  [7]. I n  S ec tio n  2 we 
o b ta in  a se lf-co n sis ten t system  o f  eq u a tio n s fo r th e  d e te rm in a tio n  o f th e  
p ro p e rtie s  o f th e  a n h a rm o n ic  cha in . I n  Section  3 w e in v es tig a te  th e  b eh av io u r 
o f th e  se lf-consisten t e q u a tio n  a t  th e  h igh  te m p e ra tu re  lim it an d  w e in tro d u ce  
th e  co n cep t o f th e  in s ta b il i ty  te m p e ra tu re  an d  th e  c ritic a l te m p e ra tu re . These 
q u a n titie s  are  ca lcu la ted  in  Section  4 . In  Section  5 w e discuss th e  re su lts .
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2. Self-consistent system  of equations 
in  pseudoharm onic approximation

L e t us consider a lin ea r c h a in  o f len g th  L  w h ich  consists o f  N  -f- 1 
id e n tic a l a tom s w ith  m ass M . W e ta k e  in to  a c c o u n t only  th e  n e a re s t  neigh
b o u r  in te ra c tio n  w h ich  is described  b y  th e  in te ra c tio n  p o te n tia l d en o ted  by  
<p(Rn —- R n-i)-  I t  is co n v en ien t to  in tro d u ce  th e  eq u ilib riu m  se p a ra tio n  b e t 
w een th e  n e ig h b o u rin g  a to m s a n d  th e  re la tiv e  d isp lacem en t o p e ra to rs  b y  th e  
fo llow ing defin itio n :

Rn- R n-i = < K  - Rn~i> + m„ un_ 1 =  l+un un_x. (l)

T h e  eq u ilib riu m  se p a ra tio n  l in  th e  one-d im ensiona l case can  b e  ob ta ined  
from  th e  eq u a tio n  [3]:

P = - ~ < - ^ - < P ( R n R n- t ) >  (2)
2 9 R n

w hich  show s th a t  th e  av erag e  fo rce  ac tin g  on th e  a rb itr a ry  a to m  in  th e  e q u i  
lib riu m  p o sitio n  is e q u a l to  zero.

A p p ly ing  th e  m e th o d  w hich  w as fo rm u la te d  in  [2] a se lf-consisten t 
sy s tem  o f eq u a tio n s  fo r th e  in v e s tig a tio n  of a lin e a r  chain  w as o b ta in ed  in
[6]. I t  w as show n t h a t  th e  ren o rm alized  fre q u e n c y  of v ib ra tio n s  tak es  th e  
fo rm :

о*  -  Ш О - ы
M

kl
2 /

coi x- со:'Ok ’ (3)

w here  cook is th e  h a rm o n ic  fre q u e n c y  of th e  v ib ra tio n s  a n d  f  s ta n d s  for 
th e  h a rm o n ic  s tre n g th  c o n s ta n t. T h e  p seu d o h arm o n ic  s tre n g th  c o n s ta n t /(0,Z) 
can  be  w ritte n  as:

/ ( 0 ,  /) =  - ! _ £ » ( / ) ,
Zi

(4)

w here  we in tro d u c e  th e  se lf-co n sis ten t p o te n tia l:

m  = < v { R n - R n- i )> = -  i ’4  lui
s= o  s!

( 5 )

T h e m ean  sq u are  re la tiv e  d isp lacem en t of th e  ne ig h b o u rin g  a to m s  can be 
w r it te n  as:

1 — 0>n *• , U>k0A co th - ku2 =  <  (un~ u n_ j)2 >• = -----
N f  л 2cok 20

(6)
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In  a d d itio n  to  th e  te m p e ra tu re  0  =  k T  th e  p ro p erties  o f  th e  lin ear ch a in  
are  also d e te rm in ed  b y  th e  le n g th  of th e  c h a in  L =  N1 o r b y  th e  e x te rn a l te n 
sion P. A ccord ing  to  (2), (5) th ese  p a ra m e te rs  sa tisfy  th e  follow ing e q u a tio n :

P ~ v V )  (7)

w hich  is th e  th e rm a l eq u a tio n  of s ta te  fo r th e  linear chain .
T he caloric  eq u a tio n  of s ta te  is o b ta in e d  from  th e  in te rn a l  energy w h ich  

is g iven in  o u r a p p ro x im a tio n  b y  th e  e q u a tio n  [6]:

=  ( 8 )

In  th is  w ay  we h av e  a closed sy s tem  o f equa tions (3)— (8) w hich d e te r 
m ine th e  p ro p e rtie s  of th e  an h arm o n ic  lin e a r  chain  in  th e  p seu d o h arm o n ic  
ap p ro x im a tio n . This se lf-consisten t sy s tem  o f equations is d e te rm in ed  b y  th e  
se lf-co n sis ten t p o te n tia l (5) w hich  can  b e  ob ta in ed  if  th e  p o te n tia l <p(R) is 
know n. L e t us ta k e  th e  M orse p o te n tia l as a m odel:

(f{R) =  D {[e~ °(«+ r» )-  l ] 2 —1}. (9)

W e n o te  here  a f te r  [1], t h a t  th e  d ev ia tio n  o f  a L en n ard — Jo n e s  (12— 6) in te r 
a to m ic  p o te n tia l  from  th e  M orse p o te n tia l w ith  ar0 — 6 in  th e  dom ain  o f  th e  
th e rm a l ex p an sio n  of th e  la t t ic e  is r a th e r  sm all. T herefore, we sha ll tak e  f u r th e r  
ar0 =  6. A p p ly in g  (5), (9' w e g e t th e  fo llow ing expression fo r th e  se lf-co n sis ten t 
p o te n tia l:

V (l,y )  =  — 2 e“ 6^ - 1) e.v/2|  (10)

w here  y  =  a2u 2 =  36(й2/гр).
L e t us consider th e  case in  w hich th e  e x te rn a l te n s io n  is fixed : P  =  

=  const, b u t  c o n tra ry  to  [5], [6] we do n o t  a ssum e th a t  P  is sm all. The le n g th  
o f th e  chain  depends on th e  te m p e ra tu re  o f  th e  system  if  we keep  th e  e x te rn a l 
ten s io n  fixed . T he eq u ilib riu m  se p a ra tio n  o f ne ighbouring  a tom s l c a n  be  
w ritte n  as follow s:

1(в) =  1и +  01 -  J l - f - y - f  — j ,  (11)
I 4 r0 j

w here  l0 is th e  equ ilib rium  se p a ra tio n  a t  P  =  0 w hich can  be  d e te rm in ed  u s in g  
E q . (7) (10). I t  is conv en ien t to  in tro d u ce  th e  reduced  te n s io n  P* =  P (r0/D ).
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(W e n o te  h e re , t h a t  in  [4]— [6] th e  d im ension less ten sio n  p  =  P*/2 w as u sed ) 
T h en  E q . (7) ta k in g  in to  a c c o u n t (10) (11) re a d s :

6e  6 'о еУ 1 6 -( . - И . ( 12 )

U sing E q s . (10), (11), (12) th e  p seu d o h arm o n ic  s tre n g th  c o n s tan t x a c 
cord ing  to  (3), (4) can be w r i t te n  as follow s:

f

p*  2 . 
3 +  2

e~y +
2 P*

e~2y +  — - -  e~ у

(13)

Solving th e  la s t  eq u a tio n  fo r  у  we get:

x-

У =  In (14)

C onsequen tly  th e  exp ressions for the  se lf-consisten t p o te n tia l  (10), th e  eq u i
lib rium  se p a ra tio n  of n e ig h b o u rin g  a to m s (11) and th e  in te rn a l en erg y  (8) 
can  be w r i t te n  as follows:

W )  =  -  D

l =  r„

p *

2
P*

12
In

—  E  =
D

or2 In
X2----------

6
N 2

e L ,
2

3

+  ■

(15)

(16)

(17)

L e t us re p la c e  th e  sum  o v e r к b y  the  in te g ra l over (p =  fcZ/2 in  E q . (6). T ak in g  
in to  ac c o u n t (15) we can  re w rite  (6) as a n  eq u a tio n  fo r a :

я / 2

Aoey(a) =  dq> sin  cp co th
J  о

a  sin cp 
2t

( 18)
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w here co0L =  (4f / M ) 112 is th e  m a x im u m  v a lu e  fo r  th e  v ib ra tio n a l freq u en cy  
o f th e  chain  in  h a rm o n ic  ap p ro x im a tio n , A =  ( я  Z)/ft)oi) is th e  d im ensionless 
co u p ling  c o n s ta n t an d  x =  (0/coOL) *s th e  d im ension less te m p e ra tu re .

I t  is w o rth  w hile  to  no te  t h a t  th e  se lf-co n sis ten t eq u a tio n  (18) de te rm in es 
th e  p ro p ertie s  o f  th e  an h arm o n ic  lin e a r  chain : w h en  A, т an d  P *  a re  given, w e 
can  o b ta in  th e  ren o rm a liza tio n  o f  th e  freq u en cy  a  from  Eq. (18) w hich  acco rd 
ing to  (16), (17) de te rm in es th e  le n g th  of th e  c h a in  and  its  in te rn a l  energy . 
I t  is easy  to  see t h a t  all th e  e q u a tio n s  o b ta in ed  h e re  for P* 1 coincide w ith  
th o se  of p ap e r [6].

3. Self-consisten t eq u a tio n  in  the h ig h  tem pera tu re  lim it

L e t us now  consider th e  se lf-consisten t e q u a tio n  (18) in  th e  high te m p e 
ra tu re  lim it ( r  1). In  th is  case (18) can be re w r it te n  in th e  fo llow ing fo rm :

*-y(*) = r *
,  1 Л0С I 2
I -\------- - —  + • • •

24 ( a t *)
(19)

w here  we in tro d u c e  th e  reduced  te m p e ra tu re  T*  =  (0  /  D) =  тя/А. T ak in g  
in to  acco u n t on ly  th e  f irs t te rm  in  th e  r.h .s. o f  (19) and  using  (12), (13), (14) 
th e  se lf-consisten t e q u a tio n  can be  w ritte n  as follow s:

F(y)  =

P* 2
— У3T* •

ey У

T *

p*
\1 ~  ~WT*y

=  0 . ( 20 )

W e p o in t ou t h ere  t h a t  (20) has d iffe ren t n u m b e rs  of real so lu tio n s depend ing  
on th e  P *, T* v a lu es . T he p h y sica l so lu tion  is t h a t  w hich co incides w ith  th e  
h a rm o n ic  so lu tio n  if  th e  an h arm o n ic  te rm s te n d  to  zero. The h a rm o n ic  so lu tion
is g iven  by

Tharm
J1*
2

^harm

2 T*

csi f  2
!  +  x P* + r + T - p *

(21 )

T he d ep en d en ce  o f th e  p h y sica l so lu tion  o f  E q . (20) on th e  red u ced  te m 
p e ra tu re  T* an d  re d u c e d  tension  P* is given in  F ig . 1. I f  th e  te n s io n  (P *  <  P *) 
an d  te m p e ra tu re  [T* <[ T*(P*)] a re  su ffic ien tly  low  E q . (20) h as  real so lu 
tions, an d  th e  sm a lle s t is th e  p h y sica l one. The te m p e ra tu re  T *(P*) is d e te rm in 
ed b y  th e  co incidence o f tw o re a l so lu tions: у х(Т*) =  y i{T f)-  C onsequen tly  
th e  in s ta b ili ty  te m p e ra tu re  T*(P*) de te rm in ed  b y  th is  cond ition  c a n  be o b ta in 
ed  b y  solv ing th e  fo llow ing sy s tem  o f eq u a tio n s:

F(y) =  0 ; F'(y) =  0. (22)
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F o r  T* 7> T *(P*) th e  so lu tions y } and  y., b eco m e com plex c o n ju g a te . 
In  th e  reg io n  P* <  0 a n d  T* >  T*(P*) E q . (20) h as  com plex  c o n ju g a te  solu
tio n s o n ly  an d  c o n seq u en tly  th e  lin e a r  chain  has no  stab le  s ta te . T h e  same 
s itu a tio n  occurs a t  all te m p e ra tu re s  i f  P*  <7 0 and  [ P* I are su ffic ien tly  high.

Fig. 1. T he physical solution of the self-consistent equation in the high tem p era tu re  limit

B u t w h en  P* 0 th e re  are  real so lu tio n s  y 3 <7 y 4 in  add ition  to  com plex 
c o n ju g a te  so lu tions. T h e  sm allest o f th e s e  is th e  p h y s ica l one. In  th is  case a t 
th e  te m p e ra tu re  T* =  T *(P*) th e  s t a te  of the  c h a in  changes b y  a ju m p  from  
th e  s ta te  S 4(a t T* <[ T f)  to  some new  s ta te  S , w h ich  is stab le  a t  te m p e ra tu re  
T* ^  T f(P * ). A t th e  in s ta b ili ty  te m p e ra tu re  T f(P * ) th e  length  (16) and  th e  
in te rn a l energy  (17) o f  th e  chain  t a k e  a ju m p  a n d  th e ir  d e riv a tiv e s  —  th e  
coeffic ien t o f the  lin e a r  th e rm a l e x p a n s io n  and th e  specific h ea t a t  co n stan t 
p ressu re  —  te n d  to  in f in i ty  as T* —>■ T f(P *).

I n  th e  region o f su ffic ien tly  h ig h  tension  o r te m p e ra tu re , P *  P* or 
T* 7> T*, E q . (20) has a lw ays tw o re a l so lu tions, th e  sm allest o f w h ich  is the  
p h y sica l one. The c r itic a l te m p e ra tu re  T* and  th e  c ritica l te n s io n  P* are 
d e te rm in e d  b y  th e  co incidence  of th re e  rea l so lu tions o f  E q . (20): y ^ T * .  Pc) =
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=  y 2(T*, P*) =  y 3(T * , P*)- C o n seq u en tly , th e y  c a n  be  o b ta in e d  from  th e  
so lu tio n  o f th e  fo llow ing system  o f eq u a tio n s :

F(y) =  0; F '(y )  =  0; F"(y) =  0. (23)

In  th is  region P* >  P* or T* T* th e  ch a in  is alw ays s ta b le  an d  its  
p h y sica l q u a n titie s  —  th e  in te rn a l en e rg y  an d  th e  le n g th  —  are  sm o o th  fu n c
tions o f  th e  te m p e ra tu re  an d  th e  ten sio n .

4. Instability temperature and critical temperature

T h e analysis o f th e  so lu tions o f  th e  se lf-co n sis ten t e q u a tio n  (20) p ro v id es  
a c o n v en ien t m e th o d  fo r th e  d e te rm in a tio n  of th e  in s ta b ility  te m p e ra tu re  
Ts(P*) an d  th e  c ritica l te m p e ra tu re  t c .  A ccord ing  to  (22) th e  in s ta b il i ty  te m 
p e ra tu re  is o b ta in ed  as a s im u ltan eo u s  so lu tion  of E q . (18) and  its  d e r iv a tiv e :

A {y (* )4 -ay '(a )}  =
1 Г”'2
—  d(f sin2 w sh 2

2 t  J o

a  sin cp 
2 t

(24)

A ccord ing  to  (23) th e  c ritic a l te m p e ra tu re  is o b ta in e d  as a s im u ltan eo u s  solu- 
ion o f E q s. (18), (24) a n d  th e  second  d e riv a tiv e  o f (18):

1 \2 rnl2
A |2y'(a) +  ay"(a)} -- 2 ----  dgssin ^ ch

2 r J Jo

x  sin  <p
2t

sh
ж sin  (p 

2 r
(25)

w here th e  fu n c tio n  y(x)  is given b y  E q . (14).
T h e  resu lts  of n u m erica l so lu tio n s  o f these  sy stem s of e q u a tio n s  are  

g iven  in  F igs. 2 and  3. I n  F ig . 2 th e  d ep en d en ce  o f th e  in s ta b ility  te m p e ra tu re  
r s =  {@sIw ol)  on d im ensionless co u p lin g  c o n s ta n t A is given fo r som e v a 
lues o f P*. In  Fig. 3 th e  d ependence  o f th e  in s ta b ili ty  te m p e ra tu re  on th e  
reduced  ten sio n  is show n  for some v a lu es  o f A. I n  b o th  F ig u res  th e  c ritica l 
cu rves a re  deno ted  b y  a d o tte d  line. W e do n o t consider here  th e  case o f sm all 
v a lues o f  A < 2 w hich d em an d s  a d d itio n a l ca lcu la tio n s. This will he d iscussed  
elsew here.

in  [5], [6] we o b ta in  th e  fo llow ing  expressions fo r th e  in s ta b il i ty  te m 
p e ra tu re *  fo r high (t 1) and  low  ( r  1) te m p e ra tu re s :

A
ле

( т > 1 ;  P * <  1)

(26)

r s
1

ле
Г бr ( * - * o ) ;

( r < h  p * <  l ) .

(27)

* We note here th a t the instability  tem p era tu re  t s  was called the critical tem perature  
and denoted by tc in [4]^—[6].
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Fig. 2. The dependence of the in s tab ility  tem peratu re  rs =  (®s/íu0/.) on th e  dimensionless
coupling constan t A =  (я: D/too t)

Fig. 3. The dependence of th e  in stab ility  tem pera tu re  r s on the reduced tension P*
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T he re su lts  o f n u m erica l so lu tions agree q u ite  w ell w ith  a sy m p to tic  exp ressions 
(26), (27) for P*  < g l .

W e can  also o b ta in  th e  a sy m p to tic  expressions fo r th e  c ritica l te m p e ra 
tu re  fo r  h igh  te m p e ra tu re s  (r  8> 1). I n  th is  case, E q s. (18), (24), (25) re a d :

x~ In

p *

~6~
p *

3

__ p* l
24

5^
p* (18a)

In
6

L .  p *
2

L *  p * L .
p *

1 3 6 1

CO
1

24
(24a)

а 4 -ot~ P* + (P * )2
6

=  0 .

U sing (18a) an d  (24a) w e o b ta in  th e  in s ta b il i ty  te m p e ra tu re :

(25a)

(28)

T he c r itic a l v a lue  of th e  re n o rm a liza tio n  p a ra m e te r  xc is g iven  b y  th e  so lu tio n  
of (25a) w hich  reads:

(29)

F o r th e  c ritica l ten sio n  a n d  c ritica l te m p e ra tu re  th e  ca lcu la tio n s g ive th e  
follow ing a p p ro x im a te  exp ressions:

M 3 4  { ‘ - Ш ] -

T * ^ y 3 Pc ~  0,575 1 Уз
24

(30)

(31)

w here e q u a tio n s  (29), (18a) a n d  (28) h av e  b een  used . The re su lts  o f th e  n u m e ri
cal so lu tio n s agree q u ite  w ell w ith  th e  a sy m p to tic  expressions (30) a n d  (31) 
for A ]>  2.
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5. D iscussion

In  th is  w o rk  th e  s ta b i l i ty  region o f  a n  an h a rm o n ic  lin e a r  ch a in  w as 
in v e s tig a te d  fo r a rb itra ry  e x te rn a l ten s io n  o v er a w ide ra n g e  o f te m p e ra tu re . 
I t  w as fo u n d , c o n tra ry  to  [6], th a t  th e  in s ta b ili ty  p h en o m en o n  v an ish es  a t  
c r itica l te m p e ra tu re  T* a n d  c ritica l te n s io n  P *.

W e m a k e  som e re m a rk s  a b o u t th e  p h y s ica l m ean in g  o f th e  in s ta b ili ty  
te m p e ra tu re  T s an d  th e  c r it ic a l  te m p e ra tu re  T c. I t  is w ell k n o w n  th a t  th o u g h  
th e  f lu c tu a tio n  o f th e  av e rag e  position  o f th e  a to m s in  a lin e a r  chain  is g re a t: 
]A<C Мдг >  / I ~  ]/N  1 th e  re la tiv e  d isp lacem en t of th e  n e ig h b o u rin g  a to m s 
is sm all: [<C(Mn —~ wn- i ) 2I> ]1,2/l ^  !• T his fa c t  show s th e  ex istence  of th e  sh o r t  
ran g e  o rd e r in  a lin ea r c h a in , so th a t  i t  c a n  b e  considered  as a b o u n d  s ta te  of 
N  a to m s, w h ere  co llective e x c ita tio n s , th e  p h o n o n s , c an  e x is t [8]. I f  th e  te m 
p e ra tu re  in c reases , th e  n u m b e r  of p h o n o n s  also in creases  w hich m eans an  
increase  in  th e  a m p litu d e  o f  th e  re la tiv e  d isp lacem en t o f  th e  ne ig h b o u rin g  
a to m s. A t th e  te m p e ra tu re  T  >- T s in  th e  se lf-consisten t eq u a tio n  (18) com plex  
c o n ju g a te  v a lu e s  of th e  v ib ra tio n a l f req u en cy  a p p ea r a n d , co n seq u en tly , in 
f in ite  re la tiv e  d isp lacem en t o f  a to m s: i/n_ j)2> ] 1/2 ~  eyf (y > 0 ) .  T h is
m eans t h a t  th e  lin ear ch a in  becom es u n s ta b le  in  re sp ec t o f  th e  p ro p a g a tio n  o f 
co llective e x c ita tio n s  w h ich  d es tro y  th e  b o u n d  s ta te  of th e  atom s in  th e  cha in . 
O n th is  b as is  th e  ex te rn a l ten s io n  can  b e  considered  as som e e x te rn a l fie ld  
w hich  w hen  P  ]>• P c lim its  th e  m o tion  o f th e  a to m s in  th e  lin ea r  chain .

T he s ta b i l i ty  of th e  c h a in  w ith  fix ed  le n g th  found  in  [6] is n o t m ean ing less 
from  th e  p h y s ica l p o in t o f  v iew  as in  th is  case th e  te n s io n  increases r a th e r  
ra p id ly  w ith  th e  te m p e ra tu re : a t T  ~  T s : P  Pc an d  i t  can  stab ilize  th e  
la ttic e . W e th in k  th a t  th e  in s ta b ili ty  o f th e  la ttic e  a t  f ix e d  volum es fo u n d  in  
[1] is co n n ec ted  w ith  th e  p o ssib ility  o f a n  exchange o f th e  atom s s itu a te d  in  

t  he n e ig h b o u rin g  la ttic e  s ite s  w hich h a v e  n o t  been  ta k e n  in to  acco u n t here . 
T  о in v e s tig a te  th is  p ro b lem  th e  h a rd  core o f  th e  in te ra to m ic  p o ten tia l should  
b e ca re fu lly  ta k e n  in to  acco u n t.

T h e  th e o ry  developed  h ere  does n o t ta k e  in to  acco u n t th e  d am ping  o f th e  
p h o n o n s ; its  in fluence  on th e  p ro p ertie s  o f th e  an h arm o n ic  linear ch a in  w ill be  
co n sid ered  elsew here.
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ТЕОРИЯ АНГАРМОНИЧЕСКИХ КРИСТАЛЛОВ В ПСЕВДОГАРМОНИЧЕСКОМ
ПРИБЛИЖЕНИИ

I. Линейная цепочка

т. ш иклош  
Резюме

Исследуются свойства ангармонической линейной цепочки в псевдогармоническом 
приближении. Получена зависимость температуры неустойчивости от произвольного 
внешнего натяжения. Показано, что область неустойчивости линейной цепочки огра
ничена значениями критической температуры и критического натяжения.
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THEORY OF ANHARMONIC CRYSTALS 
IN PSEUDOHARMONIC APPROXIMATION

II . TH R E E-D IM E N SIO N A L  L A TTIC E 
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JO IN T  IN STITU TE F O R  NUCLEAR R ES E A R C H , LABORATORY O F TH EO RETICAL P H Y SIC S
D U B N A , USSR

(Received 20. X. 1970)

The properties of th e  f.c.c. lattice w ith  the central neares t neighbour in terac tion  are 
considered in the pseudoharm onic approxim ation. The dependence of the in s tab ility  tem pera
tu re  on th e  arb itrary  ex te rn a l pressure is investigated. I t  is show n th a t the in s tab ility  region 
of the c ry s ta l is lim ited b y  th e  critical tem pera tu re  and the critical pressure.

1. Introduction

In  our prev ious p a p e r  [1] th e  sim p le  m odel o f  a c ry sta l, th e  l in e a r  chain  
w ith  n e a re s t n e ig h b o u r in te ra c tio n , w as in v e s tig a te d  in  p seu d o h a rm o n ic  
a p p ro x im a tio n . T he p ro p e rtie s  o f th e  th ree -d im en sio n a l la ttic e , n am e ly  th e  
fa ce -cen tred  cubic (f.c .c .) one w ith  th e  n ea re s t n e ig h b o u r ce n tra l fo rce  in te r 
ac tio n  w as considered  in  p seu d o h arm o n ic  a p p ro x im a tio n  in  p a p e r  [2] in  th e  
case o f  low  p ressure . I t  w as show n t h a t  in  th is  case  th e  la ttic e  becom es u n 
s tab le  a t  su ffic ien tly  h ig h  zero -po in t energy  or te m p e ra tu re . I t  w as show n also  
in  [3] t h a t  th e  d a m p in g  of the  se lf-co n sis ten t p h o n o n s  is su ffic ien tly  sm all 
even  n e a r  th e  in s ta b il i ty  te m p e ra tu re  an d  co n seq u en tly  th e  m o s t sim p le  
p seu d o h arm o n ic  a p p ro x im a tio n  [4] c a n  be used.

I n  th e  p resen t p a p e r  we consider th e  p ro p e rtie s  o f  th e  f.c.c. la t t ic e  w ith  
th e  n e a re s t  ne ighbour c e n tra l force in te ra c tio n  in  th e  case o f th e  a rb itra ry  
e x te rn a l p ressu re  in  p seu d o h arm o n ic  a p p ro x im a tio n . I n  Section 2 w e o b ta in  a 
p e lf-co n sis ten t system  o f equa tions fo r  th e  d e te rm in a tio n  of th e  p h y s ic a l pro- 
ae rties o f  th e  c ry sta l. I n  Section  3 th e  in s ta b ility  a n d  th e  critica l te m p e ra tu re  
ere ca lcu la ted  as fu n c tio n s  of th e  e x te rn a l p ressu re  an d  th e  d im ension less 
co u p lin g  c o n s ta n t o f th e  a tom s. In  S ec tio n  4 we d iscuss th e  resu lts .

2. Self-consistent system  of equations 
in pseudoharinonic approximation

W e consider a f.c .c . la ttic e  c o n sis tin g  of N  id e n tic a l a to m s o f m ass M .  
T he H a m ilto n ia n  of a c ry s ta l w ith  n e a re s t  ne ighbour c e n tra l force in te ra c tio n s  
reads:
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PÎ
2 M +  ^ - 2 '  < p ( \R , -R m\),4 1Фт

( 1 )

w here  Р / an d  Ri a re  th e  m o m en tu m  a n d  th e  p o sitio n  opera to rs fo r  th e  a to m  in 
th e  la tt ic e  site  l, respective ly - T h e  in te ra c tio n  p o te n tia l  betw een  ne ighbouring  
a to m s is d en o ted  b y  <p(| Ri — R m |) • T he prim e on th e  su m m atio n  m eans th a t  
th e  second su m m a tio n  is perfo rm ed  only  over th e  z nearest ne ig h b o u rs  (for
f.c .c . z — 12).

W e in tro d u c e  th e  d isp lacem en t opera to rs и“ from  th e  eq u ilib riu m  posi
tio n s  U acco rd ing  to  th e  d e fin itio n :

P? =  < P ? > + u ?  =  /a +  u?. ( 2)

T h e  eq u ilib riu m  la t t ic e  c o n s ta n t d — !/]/]> can be  ob ta in ed  from  th e  eq u a tio n

P  =  -  -*
6 V f £ m K < 8 R

(3)

w hich  shows th a t  th e  average  fo rce  ac tin g  on each  a to m  in th e  equ ilib rium  
p o sitio n  is eq u a l to  zero [5]. In  E q . (3) th e  e x te rn a l p ressure is d en o ted  b y  P  
a n d  V  =  N v  =  IVZ3/j/2  s tan d s  fo r  th e  volum e.

A p p ly ing  th e  m eth o d  fo rm u la te d  in  [4], a se lf-consisten t system  of 
eq u a tio n s  fo r th e  in v es tig a tio n  o f  th e  f.c.c. la t t ic e  w as o b ta in ed  in  [2]. I t  w as 
show n th a t  th e  ren o rm alized  f re q u e n c y  of v ib ra tio n s  takes th e  fo rm :

шк] — f ( 0 J )

f
Oilkj =  * 2 “ oA7 » (4)

w h e re  cookj is th e  h a rm o n ic  fre q u e n c y  of th e  v ib ra tio n s  and  f  =  <p"{r0) s tan d s  
fo r  th e  h a rm o n ic  s tre n g th  c o n s ta n t. The pseud o h arm o n ic  s tre n g th  c o n s tan t 

f ( 0 ,  l) can  be w r it te n  as:

/ ( 0 ,  l) =  ? ' S(I), (5)

w here  we in tro d u c e  th e  se lf-co n sis ten t p o te n tia l w h ich  in  a c e r ta in  ap p ro x im a
tio n  can  be w r it te n  in  th e  fo rm  [3]:

1 _ <p <2">(/) . ( 6)
=0 n\

T h e  m ean  sq u a re  re la tiv e  d isp lacem en t of n e ig h b o u rin g  atom s can  be  w ritten  as:

m2 =  —  <  P ( » r U0) ] 2 >  =  — --------------- (Mfc/coth
оЛ f { 0 , l )  z N  T 1

COjij
~2в

(7)
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In  a d d itio n  to  th e  te m p e ra tu re  0  =  k T , th e  p ro p e rtie s  o f th e  c ry s ta l a re  
also de te rm in ed  b y  th e  v o lu m e  V  of th e  c ry s ta l  or b y  th e  ex te rn a l p re ssu re . 
A ccording to  (3), (6) th e se  p a ram ete rs  s a t is fy  th e  fo llow ing eq u a tio n :

zl 2 / 2
P  =  -  —— ? > ( / ) = ------ — -  Ç> (/) •

Of P ( 8 )

T he caloric  eq u a tio n  o f  s ta te  is o b ta in e d  from  th e  in te rn a l energy w h ich  
is g iven in  o u r a p p ro x im a tio n  b y  th e  e q u a tio n

1
TV { (̂0 + y / ( 0’z)“2}- (9)

In  th is  w ay  we o b ta in e d  a closed s y s te m  of eq u a tio n s  (4)— (9) w h ich  
de te rm ine  th e  p ro p ertie s  o f th e  anharm on ic  c ry s ta l  in  p seu d o h arm o n ic  a p p ro x i
m atio n . T his se lf-consisten t system  of e q u a tio n s  is d e te rm in ed  b y  th e  self- 
co n sis ten t p o te n tia l  (6) w h ich  can  be o b ta in e d  if  th e  p o te n tia l  <p(R) is k n o w n . 
L e t us ta k e  th e  M orse p o te n tia l  as a m odel:

<p(R) =  - -  l ] 2 1}. ( 10 )

As in  [1] we ta k e  ar0 =  6.
L e t us consider th e  case  in  w hich th e  ex te rn a l p re ssu re  is fixed , P  =  

=  const., b u t  c o n tra ry  to  [2] we do no t a s su m e  th a t  P  is sm all. I t  is co n v en ien t 
to  in tro d u ce  th e  reduced  p re ssu re  P* =  P  a^je w here ae =  r{j/2 is th e  p a ra m e te r  
o f th e  L e n n a rd -Jo n e s  (12— 6) in te rac tio n  p o te n tia l . T hen  in  th e  sam e w a y  as 
in  [1] we o b ta in  th e  follow ing expressions fo r  th e  p seu d o h arm o n ic  ren o rm a liz a 
tio n  of th e  freq u en cy  <x, th e  dim ensionless m e a n  square  re la tiv e  d isp lacem en t 
of n e ig h b o u rin g  a tom s y ,  th e  se lf-co n sis ten t p o ten tia l (/), th e  eq u ilib riu m  
sep ara tio n s o f ne ighb o u rin g  a to m s /, and th e  in te rn a l energy  (1/N )E :

X 2

У

p* I f  1 /  0 P* 1 12
и d  + т г  + r  + 1 T ---- e~y

ro J

P*
*2 -  —

l 2

24 r0
p*

/y2 _ 1
2'

12 ro

( И )

( 12)

~  í P*<?(/)=- e  joe2------— (13)
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I =  rn
a 2

24
1 I 2

1 In r0 )
12 p*

a2-  —— l 2

12 r0

(14)

X 2 -

p* l 2

F 6 p a2 In 24 >0
N  “ a2 P* 1

2 " 2
12 r0

+
l

(15)

L e t u s  rep lace  th e  su m  over k, j  b y  th e  in teg ra l o v e r frequency  a) in  
E q . (7) a cco rd in g  to  th e  fo rm u la :

o l y  kj  Jo 2 J o

w here  x  =  2(ft>/co0L); o j o l  =  (8 f / M ) 112 is th e  m ax im um  v a lu e  of th e  h a rm o n ic  
v ib ra tio n a l freq u en cy , G(x) is th e  d is tr ib u tio n  fu n c tio n  w h ich  was o b ta in e d  in  
[6]. T h en  e q u a tio n  (7) can  b e  re w ritte n  as a n  eq u a tio n  fo r  a :

3 ocx
Я ау(а) = -------------dxG(x) x  c o th ---------- , (16)

8 • 1,02 Jo 4t

w here  A =  z e/effl is th e  d im ension less coup ling  c o n s ta n t for a to m s, ej,0* ^  
1.02 m0L is th e  zero -p o in t energy  p e r a to m  in  th e  h a rm o n ic  a p p ro x im a tio n , 

r  =  @/ft)0L is th e  d im ensionless te m p e ra tu re . T he fu n c tio n  y (a ) is given b y  (12), 
(14). I t  is e a sy  to  see th a t  a ll th e  eq u a tio n s  o b ta in ed  h ere  fo r P* <g 1 co incide  
w ith  th o se  o f  w ork [2].

L e t u s  com pare th e  se lf-co n sis ten t e q u a tio n  (16) a n d  th e  exp ressio n s 
(11)— (15) w ith  those o b ta in e d  in [1] fo r  th e  m o n a to m ic  linear cha in . I t  is 
easy  to  see t h a t  th e y  h av e  a s im ila r fo rm  a n d  co n seq u en tly  a sim ilar a n a ly tic a l 
b e h a v io u r. T herefo re , we sh a ll no t re p e a t here  th e  d iscussions of S ection  3 of 
[1] an d  w e sha ll give th e  re su lts  only.

3. Instability temperature and critical temperature

A cco rd in g  to  [1] th e  in s ta b ili ty  te m p e ra tu re  can  be  o b ta in ed  as a s im u l
tan e o u s  so lu tio n  of E q . (16) and  its  d e riv a tiv e :

I ; " / 'y'x,
l{ y (a )-f-a y '(«)} =  —0 ,3 9 7 6 ----- dxG(x) x'2 s in h ~ 2 —

4t J„  i 4t
(17)
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T he c ritica l te m p e ra tu re  can  be o b ta in ed  as a s im u ltan eo u s so lu tion  o f  E q s . 
(16), (17) and  th e  second d e riv a tiv e  of (16):

A {2y '(a)-fay"(a)}  =  0,3676 I
4t

dx G(x) лг3 cosh
OCX

4 r
sinh

OCX

4 r
(18)

w here th e  fu n c tio n  y(oc) is g iven  b y  (12), (14).
T he re su lts  o f n u m erica l so lu tions o f th e se  system s o f  equations a re  g iven  

in  F igs. 1— 3. I n  F ig . 1 th e  dependence o f  th e  p seu d o h arm o n ic  re n o rm a liz a 
tio n  o f th e  freq u en cy  ocs — <*>jijl0okj a t th e  in s ta b ility  te m p e ra tu re  on th e  r e 
duced  p ressu re  P* is p re se n te d  for som e v a lu es  of X. I n  F ig . 2 th e  d e p e n d 
ence o f th e  in s ta b ili ty  te m p e ra tu re  xs =  @s/co0L on th e  d im ensionless co u p lin g  
c o n s ta n t X is g iven  for som e values of P * . I n  Fig. 3 th e  dependence o f  th e  
in s ta b ility  te m p e ra tu re  on  th e  reduced  p ressu re  is p resen ted  fo r som e 
va lu es  of X. In  a ll F ig u res  th e  critica l cu rv es  are d e n o te d  b y  d o t-a n d -d a sh  
lines. W e do n o t consider h e re  th e  case o f  sm all values o f X < 2 w hich d e m a n d s  
a d d itio n a l ca lcu la tio n s. T h a t  will be d iscussed  elsew here.

Fig. 1. The dependence of the pseudoharmonic renormalization of the frequency as =  ^kjl^okj  
on the reduced pressure P* at the instability tem perature
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F or th e  v a lu e s  of A ]>  12 w e o b ta in  th e  follow ing v a lu e s  for th e  c r itic a l 
te m p e ra tu re  T* ^  1.56 a n d  th e  critical p re ssu re  P* 0 .37  w here T* =  
=  0 /g  =  11.76 t/A is th e  re d u c e d  te m p e ra tu re .

Fig. 2. The dependence of th e  in stab ility  tem p era tu re  r f =  &sl0,oL on the dimensionless 
coupling constant A of th e  atom s

T he fo llow ing  exp ressions were o b ta in e d  in  [2] fo r th e  in s ta b ility  te m 
p e ra tu re*  fo r  h ig h  ( r  1) a n d  low ( r  1) te m p e ra tu re s :

T, =
1,02A

3e | 1 +  1 7
P*

24 1,02 A
(19)

( т > 1 ;  P * <  1)

1,05 Í 10
ne 3e

1/4
; A0 =  —  J1 —

2 1 7 ,12
e~

( 20)

( r  < 1 ;  P* <? 1)

* W e n o te  here th a t in [2] th e  instability  tem p era tu re  was called th e  critical tem pera tu re  
and denoted b y c r .
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Fig. 3. The dependence of th e  instability  tem p era tu re  r s on the reduced pressure P*

Fig. 4. The dependence of th e  in te rn a l energy (1/1V) E Je  on the dimensionless coupling con
s ta n t A a t  the in s tab ility  tem perature
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T h e  re su lts  o f  n u m erica l so lu tio n s  agree q u ite  well w ith  th e  a sy m p to tic  e x 
p ressions (19), (20) for P*  <§ 1.

U sing E q s . (12)— (15) a n d  th e  so lu tio n  ocs of th e  E q s . (16), (17), th e  d i
m ensionless m e a n  square  re la tiv e  d isp lacem en t of th e  n e ig h b o u rin g  a to m  y ,

Fig. 5. The dependence of the in te rn a l energy on th e  reduced pressure P* a t the in s tab ility
tem p era tu r“

th e  se lf-co n sis ten t p o te n tia l, th e  equ ilib rium  sep a ra tio n  o f n e ig h b o u rin g  a to m s 
a n d  th e  in te rn a l  energy w ere  ca lcu la ted  a t  th e  in s ta b ili ty  te m p e ra tu re . I n  
F ig . 4 th e  in te rn a l  energy o f  th e  c ry s ta l (l/lV)E/fc a t th e  in s ta b il i ty  te m p e ra tu re  
is p re sen ted  as a fu n c tio n  o f  A an d  in  F ig . 5 as a fu n c tio n  o f  P *. T he re su lts  o f  
n u m erica l ca lcu la tio n s ag ree  q u ite  well w ith  th e  resu lts  o f [2] in  th e  case o f  
sm all p ressu res .

I n  th is  w o rk  the  b e h a v io u r  of a th ree -d im en sio n a l f.c .c . la ttic e  w as in 
v e s tig a te d  in  th e  case of a r b i t r a r y  e x te rn a l p ressu re  in  a w ide  range of te m p e ra 
tu re s . I t  w as show n th a t  th e  b eh av io u r o f a th ree -d im en sio n a l la ttic e  does n o t  
d iffer q u a lita tiv e ly  from  th e  one-d im ensional la ttice  d iscussed  in  [1].

I t  is also  in te re s tin g  to  no te  th a t  th e  reduced  in s ta b il i ty  te m p e ra tu re  
T f  =  0 J e  as a fu n c tio n  o f  th e  reduced  p re ssu re  P* q u a lita tiv e ly  agrees w ith  
th e  red u ced  m e ltin g  curves o f  th e  in e rt gas solids [7]. I t  seem s, th e re fo re , t h a t  
th e  p o in t o f  d y n am ic  in s ta b il i ty  lies close to  th e  m elting  p o in t of th e  c ry s ta l. 
T h e  c ritica l te m p e ra tu re  T* a n d  th e  c ritica l p ressu re  P * fo u n d  here  lim ited  th e  
in s ta b ility  reg io n  of th e  c ry s ta l. B u t i t  sh o u ld  he n o te d  th a t  th e  d a m p in g

N 6

4. D iscussion
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of phonons ( th e  second o rd er te rm s  in  th e  se lf-consisten t th e o ry  [3]) sh o u ld  be  
ta k e n  in to  acco u n t in  o rder to  ge t m ore rigo rous re su lts . T hese w ill be considered  
in  a s e p a ra te  p ap er.
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ТЕОРИЯ АНГАРМОНИЧЕСКИХ КРИСТАЛЛОВ В ПСЕВДОГАРМОНИЧЕСКОМ
ПРИБЛИЖЕНИИ

II. Трехмерная решетка

т. шиклош
Резюме

Исследуются свойства ангармонической ГЦК решетки в псевдогармоническом 
приближении. Получена зависимость температуры неустойчивости от произвольного 
внешнего давления. Показано, что область устойчивости кристалла ограничена значе
ниями критической температуры и критического давления.
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ÜBER DIE DURCH DEN KORRELATIONSFAKTOR 
ERWEITERTEN EIGENFUNKTIONEN

\  on

F . B e r e n c z
IN ST IT U T  FÜ R T H E O R E T ISC H E  F H Y S IK , JÓ ZSEF A T T IIA  U N IV ERSITÄ T, SZEG ED  

(Eingegangen: 20. X. 1970)

A uf G rund der Methode-LCAO-MO w urde  die E lektronenergie des ls  3s kL'^-Zustandes 
des W asserstoffmoleküls berechnet. Es k o n n te  w eiterhin du rch  den Vergleich der E lektronener, 
giekorrektionen, die fü r den  G rundzustand von  F r o s t  u n d  B r a u n s t e i n  un d  fü r die 1 sns 
'X J-Z ustände vom  V erfasser m it der Hilfe d e r  Methode-LCAO-CMO erhalten w orden sind- 
festgestellt w erden, dass der K orrelationsfaktor bei den Berechnungen sowohl des Grund
zustandes ls der angeregten Zustände eine gleichwertige R olle spielt.

E in le itu n g

A us d en  zah lre ich en  q u a n ten m ech an isch en  B erechnungen  des W asser
sto ffm o lek ü ls  is t es w o h lb ek an n t, d a s s  jene  R e s u lta te , die sich  a u f  G rund  
von  E ig en fu n k tio n en  ergeben , die d ie  T endenz d e r  E lek tro n en  b e rü ck sich 
tigen , w egen  ih re r gegenseitigen  A b s to ssu n g  v o n e in a n d e r e n tfe rn t zu  b le iben , d. 
h. in  w elchen  E ig en fu n k tio n en  E le k tro n e n k o rre la tio n  v o rh an d en  is t  [1], [2], 
sich dem  em pirischen  W e rt besser n ä h e rn . D ie E ig en fu n k tio n en  w erd en  vom  
G e s ic h tsp u n k t der E le k tro n e n k o rre la tio n  aus in  d ie  G ruppen  der d ie  E le k tro 
n en k o rre la tio n  ex p liz it u n d  im plizit e n th a lte n d e n  E ig en fu n k tio n en  eingete ilt. 
W erden  d ie  R e su lta te  d e r q u an ten m ech an isch en  B erech n u n g en  des W asser
sto ffm olekü ls m ite in a n d e r  verg lichen , k a n n  m an s ich  davon  ü b erzeu g en , dass 
a u f  G ru n d  d er R ech en v erfah ren  d ie  m it  solch zah lre ich en  E ig en fu n k tio n en  
d u rc h g e fü h rt w urden , d ie  n u r im p liz ite  E le k tro n e n k o rre la tio n  e rh a lte n  und  
p h y sik a lisch  v e rsc h ie d e n artig  in te rp re t ie r t  w erden  k ö n n en , das b e s te  R e su lta t 
fü r  die D issozia tio n sen erg ie  des W asse rs to ffm o lek ü ls  der von  J a m e s  und  
Co o l id g e  [3] e rre ich te  W e rt D =  4 .2 7  eV ist.

In  d en  a u f G ru n d  d e r M ethode-M O  d u rc h g e fü h rte n  R ech n u n g en  is t die 
A u fh äu fu n g  der E le k tro n e n , ohne R ü c k s ic h t  au f d ie  A tom e im  M olekül, m ög
lich; die E le k tro n e n  bew egen  sich n ä h m lic h , der A n n ah m e  gem äss, in  einem  
d u rc h sch n ittlich en  P o te n tia lfe ld , u n d  die W echselbeziehung  zw ischen  den 
E le k tro n e n , d . h. K o rre la tio n , w ird v e rn a c h lä ss ig t, da  in  der E ig e n fu n k tio n  
die gegenseitige E n tfe rn u n g  der b e id e n  E le k tro n e n  ( =  rik) feh lt. D ie rich 
tige E ig en fu n k tio n  h a t  also folgende G es ta lt:

W = f f  Vi П  /Ы ’ !)
1 = 2 k<t
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wo •y); die von  d en  K o o rd in a te n  des i- te n  E le k tro n s  abbhäng ige  M olekü lbahn  
b e z e ic h n e t; d u rc h  f ( r ki) w ird  die W ech se lb ezieh u n g  zw ischen d en  E le k tro n e n  
b e rü c k s ic h tig t.

D ie e in fach ste  G esta lt d er F u n k tio n  f ( r kl) i s t  (1 Ргч)- wo r\ i  die gegen
se itig e  E n tfe rn u n g  d e r E le k tro n e n  b eze ich n et u n d  p  ein Y a ria tio n sp a ra m e te r  
is t , w elcher sich  be i d er M in im isierung  d er E n e rg ie  im m er p o s it iv  e rg ib t. 
D iese T a tsa c h e  s p r ic h t d a fü r, dass b e im  B in d u n g sz u s ta n d  die E le k tro n e n k o n 
f ig u ra tio n , be i d e r  die E le k tro n e n  v o n e in an d e r w e ite r  e n tfe rn t s in d , m it e iner 
g rö sseren  W a h rsch e in lich k e it a u f t r i t t ,  was d ie  M öglichkeit keinesw egs aus- 
sch lie ss t, dass d ie  E le k tro n e n d ic h te  bei der M olekü lb indung  zw ischen d en  
K e rn e n  w esen tlich  zun im m t.

D ie M olek ü lb ah n  w urde z u e rs t  bei d er B e rech n u n g  des G ru n d z u s ta n d e s  
des W assers to ffm o lek ü ls  von  F r o s t  und  B r a u n s t e i n  [4] d u rc h  d en  K o rre 
la tio n s fa k to r  (1 -j- p r 12) e rw e ite rt u n d  ko rre la tio n sm ässig e  M olek ü lb ah n  ge
n a n n t.  D ie w ird  m it CMO (C o rre la ted  M olecular O rb ita l) b eze ich n e t. D ie Id e e  
w u rd e  v o n  W i g n e r  [5] u n d  von  S e i t z  [6] v e ra n la s s t , die die k o rre la tio n sm ä s
sige B ew egung d e r  E le k tro n e n  in  M etallen  b e rü c k s ic h tig t h a b e n .

I n  frü h e ren  A rb e ite n  des V erfassers [7], [8 ], [9] w urden  die M o lek ü lb ah n 
b e re c h n u n g e n  a u f  die lsn s  L T ^-Z ustände (n =  2,3) des W assersto ffm o lekü ls 
a u sg e d e h n t u n d  d a n n  m it H ilfe d e r  M ethode LC A O — CMO im  F a lle  des ls2 s  
k S ^ -Z u s tan d es  des W assersto ffm o lekü ls e rw e ite rt. In  d ieser A rb e it  w erden  
d ie  k o rre la tio n sm ässig en  M o lek ü lb ah n b erech n u n g en  des ls3 s  k£g~-Zustandes 
des W assers to ffm o lek ü ls  an gegeben , sowie d as  F r o s t — BRAUNSTEiNsche 
R e s u l ta t  der B erech n u n g  des G ru n d z u s ta n d e s  u n d  die vom  V erfasser e rre ich 
te n  R e su lta te  d e r B erech n u n g en  d e r  an g e reg ten  Z ustän d e  des W assers to ff
m o lekü ls zu r P rü fu n g  d er R olle des K o rre la tio n sfak to rs , m ite in a n d e r v e r 
g lichen .

Die Rechenmethode

B ezeichnet m a n  die M o lekü lbahnen  d e r  einzelnen, das M olekül a u f
b a u e n d e n  E le k tro n e n  m it y>v  ip.z, . . . ,  y>n, so k a n n  gem äss H u n d  [10], M u l l i - 
k e n  [11], H ü c k e l  [12] u n d  L e n n a r d - J o n e s  [13], die E ig e n fu n k tio n  d es  
M oleküls a u f  G ru n d  des M odells d e r  E ig en fu n k tio n en  der f re ie n  System e in  
fo lg en d er W eise k o n s tru ie r t  w erd en :

У  =  Vi • V>2 • • • Wn- (2)

D ie M o lek ü lb ah n en  d er e inzelnen  E le k tro n e n  la ssen  sich ab e r a u f  G rund  d e r  
M ethode  LCAO (L in ea r C o m b in a tio n  of A to m ic  O rbita ls) [14] als L in e a r
k o m b in a tio n e n  d e r  e inzelnen  A to m b a h n e n  au fsch re iben . D ie k o rre la tio n s 
m ässige  M o lek ü lb ah n  e n s te h t d a n n  d u rch  M u ltip lik a tio n  m it dem  K o rre 
la tio n s fa k to r  (1 -f- p r 12)-
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Z u r B erechnung  des ls3 s  h ly '-Z u s ta n d e s  des W assers to ffm o lek ü ls  w ird  
es angenom m en , dass s ich  das erste E le k tro n  im  G ru n d z u s ta n d  und  das zw eite 
E le k tro n  in  an g ereg tem  Z u s ta n d  b e f in d e t. D em gem äss h a b e n  die M o lek ü lb ah 
n en  der e inzelnen  E le k tro n e n  nach d e r  LC A O -M ethode d ie  folgende G e s ta lt :

1 0 ,(1 ) =  [1sa(1) +  1sb( 1)]/| 2(1 +  S j ) , (3)

3og(2) =  [3 sA(2) +  3sb(2)]/V2(1 +  S 2) , (4)
W O

S i  =  <  IS A  I Î S B  > ,  i —  1,3, (5)

u n d  ísa  u n d  ise die W asse rs to ffe ig en fu n k tio n en  der is -Z u s tän d e  s in d . D ie 
E ig e n fu n k tio n  des ls3 s  X27+-Zustandes des W assersto ffm olekü ls n im m t also 
die fo lgende G esta lt a n :

^1S3S =  1 ^ ( 1 )  3o,(2) (1 +  />t12) -  (*! ß2 ßx * 2) 5 (6)

m it der sich  die E lek tro n en erg ie  a u f  G ru n d  des V a ria tio n sv e rfah re n s  a u f  
fo lgender W eise e rg ib t:

p _  J ̂ i s 3 s  Н Ч 'х ^  d x

“ “  i ' v ü i T ' ’ m

wo H  d e r H a m ilto n -O p e ra to r  des W assersto ffm o lekü ls is t .

D ie Ergebnisse d er B erechnungen

I n  frü h e re n  A rb e iten  [7], [8] w u rd e  v o m  V erfasser d ie  E lek tro n en e rg ie  
d e r lsras L A ^-Z ustände (n  =  2,3) des W assersto ffm o lekü ls a u f  G ru n d  d e r 
M ethode LC A O — MO b e re c h n e t. U m  d e n  E in fluss des K o rre la tio n sfa k to rs  
a u f  die B erech n u n g en  d e r  1 sns C A ^-Z ustände des W assers to ffm o lek ü ls  zu 
p rü fen , w u rd e n  die v o rig en  B erech n u n g en  m it der M eth o d e  LCAO— CMO 
w iederho lt [9], (vorliegende A rbeit). D ie  fü r  die E lek tro n en erg ie  e rre ic h ten  
R e su lta te  u n d  die sich a u f  G ru n d  der E rw e ite ru n g  der M olek ü lb ah n  d u rc h  den  
K o rre la tio n s fa k to r  e rg eb en d en  E n erg iek o rre la tio n en  b e fin d e n  sich in  d er 
u n te n s te h e n d e n  T abelle :

Zustand Methode
Elektronenergie 

at. E inheit
Energiekorrektion 

at. E inheit

ls2 s  [7] LCA O — MO 0,68086
0,02135ls2 s  [9] LCA O — CMO 0,70221

ls3 s  [8] LC A O — MO 0,63400
ls3 s  (in d e r vorliegen 0,02018

d en  A rbeit) LC A O —CMO 0,65418
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U nsere E rgebn isse  sollen  m it den a u f  G rund  d e r LC A O — MO- u n d  
LC A O — C M O -M ethode im  F a lle  des G ru n d z u s ta n d e s  des W assers to ffm o lek ü ls  
e r re ic h te n  v e rg lich en  w erden .

Weinbaum  berech n e te  [15] den  G ru n d z u s ta n d  des W asse rs to ffm o lek ü ls  
a u f  G rund  d e r M ethode LCA O — MO u n d  e rre ic h te  eine E le k tro n e n e rg ie  m it  
d em  W ert v o n  1,12755 a t. E ., F rost u n d  B raunstein [4] w ied erh o lten  d ie  
vo rig e  B e rech n u n g  au f G ru n d  d e r M ethode LC A O — CMO m it  einem  R e s u lta t  
v o n  1,15107 a t .  E . fü r die E lek tro n en e rg ie . A u f G rund  d e r E rw e ite ru n g  d e r 
M o lek ü lh ah n  d u rc h  den K o rre la tio n s fa k to r  e rg ib t sich also  im  F a lle  des 
G ru n d z u s ta n d e s  des W assers to ffm o lek ü ls  eine E n erg iek o rrek tio n  m it dem  
W e rt von  0,02352 a t. E .

W enn die von  F rost u n d  B raunstein  und vom  V erfasse r e rh a lte n e n  
E n e rg ie k o rrek tio n e n  m ite in a n d e r  ve rg lich en  w erden , k a n n  es fe s tg e s te llt 
w erd en , dass die E n erg iek o rrek tio n en  g rö ssen o rd n u n g sm ässig  gleich s in d . 
A us d ieser T a tsa c h e  k a n n  d ie S ch lussfo lgerung  gezogen w erden , dass d e r  
K o rre la tio n s fa k to r  (1 -j- p r 12) be i den B erech n u n g en  sow ohl des G ru n d z u s ta n 
des als der an g ereg ten  Z u s tä n d e  des W assersto ffm o lekü ls, eine g leichw ichtige 
R o lle  sp ie lt.

Ich danke auch an dieser Stelle Fräulein A. D ank .6 für die Durchführung der Kontroll- 
berechnungen der Integrale und Fräulein A. B o ld izsá r  für die Hilfe bei den numerischen 
Rechnungen.

A nhang

D ie M ethode  LCAO— CMO lie fe rt zah lre ich e  In te g ra le , in  w elchen d e r 
In te g ra n d  r”2(n  =  —  1 ,0 ,  1, 2) e n th ä lt . D iese seien fo lgenderm assen  b eze ich 
n e t:

7(a , ß, y, ô, i , j ,  k, m, n) =  - 1— j j  exp ( ~ x r al~ ß r bl) X X

X exp ( - yra., drb2) r‘al rJbl rka2 rfä r?2 dr1 dx2 .

( 8 )

B ei d e r B erech n u n g  der In te g ra le  w ird  d ie  M ethode von  K otani [17] u n d  se i
n en  M ita rb e ite rn  b e n u tz t.

U nsere  In te g ra le  k ö n n e n  der G e s ta lt der E x p o n e n tia lfu n k tio n e n  e n t 
sp rech en d  in  v ie r G ruppen  e in g e te ilt w erd en :

exp ( — 2 r0l) exp 

exp  ( 2 rnl) exp

2
3 Гаг ’

1 1

(9)
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ex P ( r a l ~  r b l)  exp  

exP ( ~  G l ’ r b l)  e x P

2
T rT

1

( 11)

( 12)

W egen d er grossen  Z ahl d e r  M olekü lin tegra le  w erden  a u s  jed e r G ru p p e  n u r  
einige m itg e te ilt:  E s w erd en  die fo lgenden  A b k ü rzu n g en  b e n u tz t :

(ijk) =  H lkGlkGlk m it den  A rg u m en ten  in  d e n  b e tre ffen d en  R eihen ,

C =  3 (0/1 ) +  5 (0/2) +  7 (0/3) +  9 (0 /4 ) ,

9
D =  —  (1/2) +  — -(1 /3 )  

18 72 200
(1 /4 ).

1, 1, —  , —  , 0 , 0 , 2, 2,1
3 3

R 11
512

4 [Я»(4, R ; 6, R /3) +  R °(2, R ; 8, R /3)]

16 Я
—  Я °(2 , R ; 6, R / 3 ) -------- Я ?(3 , R; 7, R /3) +

3 3

H \(2, R ; 6, R/3)

4 [Я«(4, R ; 4 , R /3 )+ Я » (2 , R ; 6, R /3)] +

+  —  Я®(2, R ; 4, R /3) -  (0/2) +
15 15

+  ~  Я ? (3, R ; 5, R /3) - - ®- Я ](2 , R; 4, R /3) +  
5 5

+  -1.2 m 4, R ; 2, R /3) +  R g(2, R ; 4, R/3)]

-  Я °(2 , R ; 2, R /3) +  —  (0/2) -
I J J

9 4  9 4
—  Я ?(3, R ; 3, R /3) +  —  Я ](2 , R; 2, R /3) -

-  - y -  [Hg(4, R ; 0, R /3) +  Hg(2, R ; 2, R/3)] +

+  f -  Я «(2, R ; 0, R /3) -  H  (0 /2) +
6 3  6 3
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+  —  Я ! ( 3 , я ; 1 ,л /3 )  ■■■—  Я ](2 , Я; О, R/3) 
9 63

- [Щ(2, К ; 6 , Я /3) +  Я «(0, R ; 8, Я/3)] +
3

64 16
+  Я °(0, R;  6 , Я /3) -  —  (0/2) +

45 45

+  —  Я?(1, К ; 7, R/3) Я; 6, Я /3) +
5 15

+  - i -  [Я®(2, Я ; 4 , Я /3) +  Я °(0 , Я ; 6, R /3)] +  (0/2) -

-  —  Я2(0, Я ; 4 , Л/3) —  (0/2) -
15 105

~ ~ Я ® (1 , Я ; 5 , Я /3) (0/3) +
ZD lé i)

о Q 9
+  —  Я ](0 , Я ; 4 , Я /3) +  — - (1/3) -  

25 525

4 32
—  [Я8(2, Я ; 2 , RI3) +  Я °(0 , Я ; 4, Я /3)] -  —  (0/2) +

5 35

79 64
+  4= -Я «(1 , Я ; 3, Я/3) +  — —  (0/3)

35 105

^ Я ] ( 0 , Я ; 2 , Я / 3 )  - (1/3) +
175 1575

+  —  [Я8(2, Я ; О, Я/3) +  Я 8(0 , Я ; 2, Я /3)] +  (0/2) -
21 63

-  —  Я«(0, Я ; О, Я/3) (0/2) +  — —  (0/4) -
945 14553 8085

о  Q9
—  Я ? (1 ,Я ;1 ,Я /3 )  - — г(0 /3 ) +  
15 165

- A - H i ( 0 , B ;0 ,K ,3 )  +  ^ ( l /3 ) | .
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I 1, 1, —  , — , 0 , 0, 2, 2,21 =
3 3 )

~ ^ r  Ï 4 M R )  A ( m  +  A 2(R) A t (RI3)] -  ^  A a(R) A g(R/3) -  
1024 ( 3

4[A 4(R )A 4(R /3 )+ A 2(R )A e( R / 3 ) ] + ^ A 2(R )A 4(R/3)  +

+  ~  [ А А(К )А а№ Р ) + А аф ) А А т ]  -  ~ A 2(R )A 2( R / 3 ) -

4 32
- —  [ A , (R )A 0(R I 3 )+ A 2(R ) A 2(R/3)] +  A 0(R)Ag(RI  3) +

7 63

4 04
-  —  [A 2(R )A 6(R I3 )+ A 0(R )A s(R!3)] +  — A 2(R )A 6(RI3) +

3 45

+  ~  [ A 2(R )A ,(R I3 )+ A 0(R )A 6(RI3)] -  A 0(R )A i(RI3)  -

■ 4 -  М 2( Я И 2( Д / 3 ) + А ( К И Д О ) ]  +  4 4 A 0(R )A 2(R/3) +
5 175

4 784 1
+  —  [A 2(R )A 0(R /3 )+ A 0(R )A 2(R/3)] A 0(R )A 0(R/3)

21 6613

2 ,0 ,  —  , — , 0, 0, 2, 2, l )  =
3 3 j

: —  {2[Я 0°(4, R; 6, R/3) + Я ° (2 ,  R; 8, R /3 )] G°0(0, Я) +

+  2 R « (2 ,R ;6 ,R /3 )G 8 (2 ,R )  +

10 4
-  —  H g (2, R ; 6, R /3) Gg(0, R ) +  —  (0/2)

3 3

-  4 Я °(3 , R ; 7, R/3) G ?(l, R ) +  2 Я }(2, R ; 6, R/3) G](0, R )

2 [Я 8(4, R ; 4 , RI3)+H°0(2, R ; 6, R /3 )] Gg(0, R) - 4 ( 0 /2 )  -

- 2 Я ° (2, R ; 4, R/3) Cg(2, R ) —4(0/2) +

14 32 4ft
+  -Í2L Щ (2,  R ; 4, R /3) Cg(0, R ) +  (0 /2) -  (0/4) +

5 7 35

+  —  Я ?(3 , R ; 5, R /3) G ? (l, R ) +  (0/3)
5 5
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-  —  Я ] ( 2, Д; 4, Д /3) G](0, К ) -----—  (1/3) +
5 1 5 .

fi 24 48
+  - J -  [Я °(4 , Д; 2, Д /3) +  Я °(1, Д ; 4, Д /3 )] —  (0/2) +  —  (0/4) +  

5 7 35

fi 48
+  Я °(2 , Д ; 2, Д /3) G8(2, Д) +  (0/2) +  ~  (0/4)

" ~ ~  Я 8(2, Д ; 2, Д /3) Gg (0, R) ~  (0/2) =  ^  (0 /4) -  
<35 V оо5

-  —  Я °(3 , Д; 3, Д /3) G j( l, Ä) -  —  (0/3) +
7 3

18 4
+  —  Я }(2, Д; 2, Д /3) G](0, Д) +  —  (1/3)

35 45

-  —  [Я8(4, Д; 0, Д /3) +  Я8(2, Д ; 2, Д /3 )] Gg(0, Д )0/2) 7
---- —  (0/2) - — ( 0 / 4 ) -

21 77

о 20 48
- —  Я 8 (2 , Д ; О, Д /3) GÍX2, Д ) -  —  (0/2) -  —  (0/4) +

+  А  Я °(2 , Д; О, Д /3) G8(0, Д) +  ^  (0/2) +  — А  (0/4) +  
63 693 11011

+  А  Я °(3, Д; 1, Д /3 ) G®(1, Д) +  А  (0/3) -
Ü

-  А  я ] ( 2 ,  Д; О, Д /3) G](4, Д) -  А  (1/3) -
Z  1 у  7

-  2 [Я8(2, Д; 6, Д /3 )+ Я 8 (0 , Д; 8, Д /3)] Gg(2, Д)

- 2 Я « ( 0 , Д ;  6, Д /3) G8(0, Д) +

+  А  Я8(0, Д; 6, Д /3) G8(2, Д) -  А  (0/2) +
3 3

+  4 Я ?(1 , Д ; 7, Д /3) G2(3, Д) -  2 Я ](0 , Д ; 6, Д/3) G](2, Д) +

+  2 [Я8(2, Д ; 4, Д /3) +  Я»(0, Д; 6, Д /3 )] Gg(2, Д )+  4(0/2) +

+  2 Я 8(0, Д ; 4, Д /3) Gg(4, Д) +  (0/2)
1Д о о до

-  Я °(0 , Д ; 4 , Д /3) G8(2, Д )-  А  (0/2) +  —  (0/4)
5 7 35
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-  ~  Щ (  1, R; 5, R /3)G ?(3, R) +  ^  (0/3) -
Э D

+  —  Я>(0, R; 4, R /3) G}(2, R) +  —  (1/3) 
D 15

5

24

[Hg(2, R ; 2, Я /3) +  ЯК(0, R ; 4, R /3)] Gg(2, R)

7 (0/2) - §  ( 0 / 4 ) - .

4 -  В Д ,  Д ; 2, Ä/3)G8(4, R ) -  4  (0 /2) -  4  (° /4) +
J / o5

+  4 H o(°’ 2 ’ Ä/3) G8(2, R) +  —  (0/2) +  —  (0/4) +
35 7 385

+  —  Щ 1, R ; 3, R /3) G?(3, R) +  —  (0/3)
7 3

-  4  H\(0,  R ; 2, RI3) G}(2, R ) -  - А -  (1/3) +
35 45

+  —  [Hg(2, R ; 0, R ß )+ H ° o(0, R ; 2, R /3)] Gg(2, R) -+

+  ^  (О/2) +  —  ( ° /4 ) +

о 20  до
+  —  flg (0 , R; 0, R /3) Gg(4, R) +  (0/2) +  —  (0/4) -

7 21 77

4  W ,  0, R /3) Gj}(2, R ) .-  - ^ T  (0/2) -  - ^ 4  (0/4)  
63 693 11011

4 56
—  H î ( l ,  R ; 1, R /3) G°(3, R) -  (0/3) +

О DO

2
21

Я ((0 , R ; 0, R /3) G i(2, R ) +  (1/3)J .

I  12’ 0’ 4 , ’ з - ’ ° ’ 0 ’ 2’ 2 ’ 2 ! =

R 12
1024

2 Ш Щ А т  +  А ^ Щ А т ]  B 0(R) +
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+  2 A 2(R )A 6(R/3) B , ( R ) -  —  B 0(R)

2 [ A t(R )A t(RI3) +  A 2(R )A t(RI3)] B 0(R)

-  2 A 2(R )A t(RI3) B n (R ) -----— B 0(R)
i)

+  —  [Л (К )А > (Д /3 )+ Л 2( Д И 4(Й /3)] b 0{R) +

+  A 2(R )A 2(RI 3)
D

Bo(Ä) b 0(R)

■ —  И 4(Д М 0( Д /3 ) + Л 2(Я )Л 2(В /3)] B o w

—  A 2(R )A 0(R/3) В 2( Я ) - - ^ В 0(Я)

2 [Л2(Я)Лв(д /з )+ А (Д )А (Д /з )]  в 2(Д)

2 A 0(R )A 6(RI3) B.i(R) —  Bn(R)
О

+

-  2 [Л 2(К М 4(К /3) +  Л ( Я )Л (Д /3 ) ]  B 2(R)

+  2 A 0(R )A 4(R/3) B t(R) — D 2(R)
D

~ Y  [A 2(R )A 2(R I 3 )+ A 0(R )A 4(RI3)] b 2(R)

- ^ r A 0(R ) A 2(RI  3) 
5

а д  — b 2(r )

+  [Л 2( Я ) Л ( Д /3 ) + А ( Д ) Л ( Д /3 ) ]  b 2(b )

+  - ^ - а д л ( Д / з ) В 4( Я ) - ^ - В 2(Я)

/  |2 , 0, —  , 0 , 0 , 0 , 1 , 0 , 1 |

В 8
64

[Я «(4, R; 3, Я /3 )+ Я ° (2 , В ; 5, В /3)] Q 0 ,  В) G8(0, В /3) +  С +

+  Я®(2, В ; 3, В /3 ) [Gg(2, В) Gg(0, B /3 )+ G g(0 , В ) Gg(2, В /3)] +  С -
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2 tf|}(3, R ; 4, RI3) Gg(l, R) Gg(l, R /3 ) - 2 C 

2 # 8 (2 , R ; 3, R /3) Gg(0, R) Cg(0, R /3 ) 2C +

+  —  # j ( 2 ,  R ; 3, R /3 ) G1(0, R/3) +  D +

+  [# o (4 , R ; 2, R /3) +  # 8 (2 , JR; 4, R /3)] Gg(0, R) Gg(l, R /3) +  C +

4- # 8 (2 , R ; 2, R/3)[Gg(2, R) Gg(l, R /3 ) +Gg(0, R) Gg(3 , R /3) +  C -  

2 # g (3 , R ; 3, R /3) G8(l, R) Gg(2, R /3 ) - 2 C -

-  2 # g (2 ,R ;2 ,R /3 )G 8 (0 ,R )G g ( l ,R /3 )  -2 C  +

+  —  # 1 (2 , R ; 2, R /3 ) G}(1, R /3) +  #
2

[H g (2 ,Ä ; 1, Л /3 )+ Я 8 (2 ,Д ; 3, Я /3)] Gg(0,Æ) G g (2 ,Ä /3 ) -C  -  

# 8 (2 , R ; 1, R /3) [Gg(2,R)Gg(2, R /3 ) +  G 8 (0 ,R )G 8 (4 ,R /3 )-C  +  

+  2 # 8 (3 , R ; 2, R /3) Gg(l, R) Gg(3, R /3 ) +  2C +

+  2 # |5(2, R ; 1, R /3) Gg(0, R) Gg(2, R /3 ) +  2C

—  # î ( 2 ,  R ; 1, R /3 ) G}(0, R) G}(2, R /3 ) D

[# 8 (4 , R ; O, R /3) + /Í8 (2 , R ; 2, R /3)] Gg(0, R) Gg(3, R / 3 ) - C  -  

# 8 (2 , R ; 0, R/3) [G8(2, R ) Gg(3, R /3 )+ G g (0 , R) Gg(5, R/3)] C +  

+  2 # « (3 , R ; 1, R /3) G8(l, R) G§(4, R /3 ) 4  2C +

+  2 # 8 (2 , R ; 0, R /3) Gg(0, R) Gg(3, R /3 ) +  2G

-  # { (2 , R ; 0, R /3) G](0, R) G](3, R / 3 ) - D

[# 8 (2 , R ; 3, R /3) +  # 8 (0 , R ; 5, R /3 )] Gg(2, R) Gg(0, R /3) C -  

# 8 (0 , R ; 3, R/3)[Gg(4, R) Gg(0, R /3 )+ G g(2 , R) Gg(2, R / 3 ) [ - C +  

+  2 # 8 (1 , R ; 4, R /3) Gg(3, R) Gg(l, R /3) +  2C +

+  2 # 8 (0 , R ; 3, R /3) Gg(2, R) Gg(0, R /3 ) +  2C -

- # ] ( 0 ,  R; 3, R /3) Gî(2, R) G}(0, R /3 ) - D -

[# 8 (2 , R ; 2, R /3) +  # 8 (0 , R ; 4, R /3)] Gg(2,R) Gg(l, R / 3 ) - C -  

#8(0 , R ; 2, R/3)[Gg(4, R ) Gg(l, R /3) +  G8(2, R) Gg(3, R / 3 ) - C +

+  2 # g ( l ,  R ; 3, R /3) Gg(3, R) Gg(2, R /3 ) +  2C +

+  2 # 8 (0 , R ; 2, R /3) Gg(2, R) Gg(l, R /3 ) +  2C
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-  —  H î(0 , Я ; 2, Я /3) G}(2, Л ) G ] ( l ,Я / 3 ) - #  +
2

+  [H®(2, R:  1, Я /3 )+ # 8 (0 ,  Я ; 3, Я/3)] Gg(2, Я ) Gg(2, Я /3 ) +  C +

+  Щ {O, R;  1, Â/3)[Gg(4, Я ) Gg(2, Ä /3 )+ G g(2 , Я ) Cg(4, Я /3 )] +  C -

-  2 # 8 (1 , Я ; 2, Я /3) Gg(3, Я ) Gg(3, Я /3) 2 C -

-  2 # 8 (0 , Я ; 1, R /3) Gg(2, Я ) Gg(2, Я /3) 2 C +

+  Я , 1, Я /3) G](2, K) GJ(2, Я /3) +  Я  +

+  [#S(2 , R;  О, Я /3 ) + # о (0 ,  Я ; 2, Я /3)] Gg(2, Я ) Gg(3, Я /3 ) + С +

+  # 8 (0 , Я ; 0, fi/3)[Gg(4, Я ) G»(3, Я /3 )+ С 8 (2 , Я) Gg(5, Я /3)] + С -

-  2 # 8 (1 , Я ; 1, Я /3) Gg(3, Я ) Gg(4, Я /3 ) - 2 С  -

-  2 # 8 (0 , Я ; О, Я /3) G8(2, R ) Gg(3, Я / 3 ) - 2 С +

+  —  # { (0 , Я ; О, Я /3) G](2, Я ) G}(3, Я /3) +  # 1 .
2

2 , 0 , ----- , 0 , 0 , 0 , 1, 0 , 2
3

Я 4 I
=  - ^ Г  [A4(R)A3( m + A 2(R)A5(RI3) -  2 ^ 2( Я ) ^ 3(Я/3)] В0(Я )Я 0(Я/3) +  

128 I
+  A 2(R )A 3(R/3) [В 2(Я )В 0(Я/3) +  В 0(Я )В 2(Я/3)] - 

2 ^ з(Я)^4(Я/3)Я1(Я)В,(Я/3) +
+  [ ^ 4( Я ) ^ 2(Я /3 )+ Л 2( Я И 4( Я / 3 ) - 2 ^ 2( Я ) ^ 2(Я /3)]Я 0(Я )В 2(Я /3 )+  

+  ^(2( Я ) # 2(Я /3 )[В 2(Я )В 1(Я/3) +  В 0(Я )В з (Я /3 ) ] -  

- 2 ^ з(Я)^8(Я/3)В1(Я)В2(Я/3)-
-  И 4(Я)^1(Я/3)+^2(Я)^з(Я/3)-2Л2(Я)^1(Я/3)]В0(Я)В2(Я/3)-

-  A 2(R )A 1(RI3) [В 2(Я )В 2(Я/3) +  В 0(Я )В 4(Я/3)] +

+  2 ^ з ( Я ) ^ а(Я /3)В 1(Я )В 8(Я/3) -

-  [Л 4( Я ) ^ 0( Я /3 ) + ^ 2( Я ) ^ 2(Я /3 ) -2 Л 2( Я ) ^ 0(Я /3)]В 0(Я )В з(Я /3 ) -

-  ^ 2( Я ) ^ 0(Я /3 )[В 2(Я )В з(Я/3) +  В 0( Я ) # 0(Я/3)] +

+  2^ з(Я )^1(Я/3)В1(Я)В4(Я/3) -
-  [ ^ 2( Я ) ^ з ( Я /3 ) + Л ( Я ) Л ( Я /3 ) - 2 ^ 0(Я )^ з (Я /3 )]В 2(Я )В 0(Я/3) -

-  ^ 0(Я )Л з(Я /3)[В 4(Я )В 0(Я/3) +  В 2(Я )В 2(Я/3)] +
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+ 2A1(R)Ai(Rß)B3(R)B1(Rß)
[A2(R ) A 2( R ß ) ^ A 0( R ) A A( R ß ) - 2 A 0(R )A 2(R ß ) ] B 2(R ) B 1( R ß ) -  

A 0( R ) A 2(RI3)[BA( R ) B 1(R I3 )+ B 2(R )B 3( R ß )] +

+  2 A 1(R )A 3(R ß )B 3( R ) B 2(R ß )  +

+ [A*(R)A1(RI3)+A0{ R ) A am - 2 A 0(R )A 1(R ß ) ] B 2)R )B 3(RI3) +  

+  A 0(R ) A 1(R/3)[Bi( R ) B 2m + B 2(R ) B 4( m ]

-  2A 1( R ) A 2(R ß )B 3(R ) B 3(R ß )  +

+  [A2(R ) A 0m + A 0( R ) A 2( R ß ) - 2 A ( R ) A 0( R ß ) ] B \ R ) B 3{RI3)+  

+  A 0(R ) A 0(Rß)]CA(R ) B :i(R ß )  +  B 2(R )B 5(Rß)]  -  

2 A 1(R ) A 1( R ß ) B 3( R ) B i (RI3)}.

[H°0(4, ß ;  0, R ß )  + H°0(2, R;  6, ß /3 )] G8(0, R)

-  4 - Я ^(2, ß ;  4, RI3) G<](0, ß )  +  —  (0 /2) +
3 3

+  H°0(2, ß ;  4 , ß /3 ) Gg(2, R )  2 H°(3, ß ;  5, R/3) G?( 1, ß )  +

+  ß ] ( 2 , ß ; 4 , ß / 3 ) G ? ( 0 , ß ) -

[H 2(4, ß ;  2, ß /3 )  +  H g(2, ß ;  4, Я /3)] Gg(0, R ) -  —  (0/2) +  
3 3

14 49
+  —  Щ ( 2, R;  2, RI3) Gg(0 , ß )  +  (0 /2) -  —  (0/4)

I d 21 35

- 4  H 8(2, ß ;  2, ß /3) Gg(2, ß )  - —  (0/2) +
3 3

+  4  t f  ?(3, ß ;  3, ß /3 ) G ? ( l , ß )  +  —  (0/3) -
5 5

—  H \(2, ß ;  2, ß /3 ) G ](0, ß )  —  (1/3) +
5 45

+  4  [ « 8 (4 *R ’ 0 ,ß /3 ) + H g ( 2 ,  ß ;  2, ß /3 ) ]  Cg(0, ß )  +
5

+  4 ~  (0 /2) +  4 "  (°/4) -

i  2 ,0 ,-  

jR9 I
60 J
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Q 2 24
- Z - Щ (2, R; 0, R I3) Gg(0, f t)  -  —  (0/2) +  —  (0/4) +

OD O I I

+  4 -  #o°(2, Л ; О, Д /3 ) G8(2, Д ) +  4 -  (0/2) +  4 -  (° /4 )5 7 35

-  —  Я °(3, Я ; 1, Д /3) G ?(l, Я ) -  —  (0/3) +
7 9

+  - 4  Я К 2 , R;  0, Д /3 ) CKO, Я ) +  (1/3)
DD ADD

-  [ Я 0"(2, Д ; 4 , Д /3) + Я £ (0 , Д ; 6, Д /3)] Gg(2, Д ) +

+  - 4  Я»(0, Д ; 4 , Д /3 ) G®(2, Д) -  ~  (0/2) -
D D

-  Я °(0 , Д ; 4, Д /3) Gg(4, Л ) +  2Н ?(1, Д ; 6, Д/3) GJ(3, Д ) -

-  Я }(0 , Д; 4, Д /3) G}(2, Д ) +

+  —  № ,  Д ; 2, Д /3 )+ Я ° (0 , Д ; 4 , Д/3)] Gg(2, Д ) +  4  (°/2 ) "  
3 3

- ~ Щ ( 0 ,  Д ; 2, Д /3) Gg(2, Д ) -  (0/2) +  (0/4) -
AD ^  A DD

-  —  Я8(0, Д ; 2, Д /3) G®(4, Д) +  (0/2) -
3  D

-  —  Я ?(1, Д ; 3, Д /3 ) G®(3, Д) -  (0/3) +
5 8

+  4 - ЯКО , Д ; 2, Д /3) G](2, Д ) +  4 г  (1/3)
5 45

-  - 4  [Я о°(2, Д ; 0 , Д /3) +  Я °(0 , Д ; 2, Д /3)] Gg(2, Д )
D

-  4 - ( 0/ 2 ) - А . ( ° / 4 )  +
1 D D

Q 3 24
+  4 -Я & (0 , Д ; о, Д /3) Gg(2, Д) +  —  (0 /2 ) -  —  (0/4)

35 Z /7

- - 4 я » ( 0 ,  Д ; О, Д /3 ) С8(4, Д ) -  4 ~  <0/2) “  * 4  ( ° /4 ) +
5 7 35
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+  - ^ - J Ï Ï ( l ,Â ; l ,Â / 3 ) G Î ( 3 , J î )  +  —  (0/3) -

~ H \ ( 0 ,  R;  0, RI3) G{(2, R ) -----(1 /3)
35 135

J | 2 , 0 , ~ , A _ ,  0 , 0 , 1 , 1 ,  2
3 3

R 10
228

М 4(Д )^ (Д /3 )+ ^ 2(Д )Л (Д /3 )-2 ^ 2(Д)Л(Д/3)] B0(ß)

+  A 2(R )A ,(R I  3)

2

B 2(R) +  —  B 0(R)
о

[A3(R )A 2(RI3) A 2(R )A i (Rj3) - 2 A 2(R )A 2(RI3)] B 0(R)

A 2(R )A 2(RI  3) - | - B 2( R )  +  ^ - ß o ( i i )

+  —  [ M R ) A 0( m + A 2(R )A 2m  2 A ,(R )A 0(R/3)] B 0(R) +

+  A 2(R )A 0(R/3) ± b 2(R) +  ^ b u(R) 
5 7

- [ 4 2(R )4 4( l i / 3 ) + 4 0( f i ) 4 e( K /3 ) - 2 .4 0( Ä ) 4 l(fi/3)] R 2(R)

A 0(R)A ,(R /3) B 4(R) +  —  B 2(R)

+  —  [A2(R )A 2(R /3 )+ A 0(R )A 4(R/3) - 2 A 0(R ) A 2(R/3)] B 2(R)  +
о

+  A n(R )A 2(RI 3) j - R 4(R) +  - ? - B 2(R)

-  —  [A2(R )A 0(R I3 )+ A 0(R )A 2( R I 3 ) - 2 A 0(R )A 0(RI3)] ß 2(R)
о

A 0(R )A 0(R/3) y -  ß 4(B) +  - y -  B 2(R)
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О СОБСТВЕННЫХ ФУНКЦИЯХ, С ПОПРАВКОЙ 
НА КОРРЕЛЯЦИОННЫЕ ФАКТОРЫ

Ф . В Е Р Е Н Ц

Резюме

Определяются электронные энергии состояния Is 3s молекулы водорода по 
методу LCAO—МО. Сопоставляя результаты расчета полученные по методу LCAO—СМО 
для основного состояния Фростом и Браунштейном, с результатами автора для состоя
ний 1 s n s  (re =  2,3) определяются коррекции к энергии электронов и показывается, 
что корреляционный фактор при вычислениях энергий основного и возбужденного со
стояний играет довольно важную роль.
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CO M M  U N I C A T  1 0  N E S  B R E V E S

A NOTE ON THE ANOMALOUS SKIN EFFECT
By

R . M . G u p t a  and N . L . V a r m a

DEPARTM ENT O F PHY SICS, U N IV E R S IT Y  OF RA JA STH A N , JA IPU R -4, IN D IA  

(Received 4. IV. 1970)

L a n d a u  [1], K u r il k o  an d  P o p o v  [2], G o r m a n  [3] a n d  M a s o n  [4] 
s tu d ie d  th e  p e n e tra tio n  of an  ex te rn a l lo n g itu d in a l e lectric  field  in to  a sem i- 
b o u n d ed  p lasm a considering  a f ra c tio n  'p '  of all in c id en t e lec trons re flec tin g  
sp ecu la rly  and  th e  re m a in in g  p o rtio n  d iffusely . T h e  au th o rs  [5] h a v e  ca lcu l
a te d  th e  p e n e tra tio n  o f tra n sv e rse  e lec tro m ag n e tic  w aves in to  a sem ib o u n d ed  
p la sm a  an d  s tu d ied  th e  sp ecu la r re flec tio n  o f e lec trons. H ere  we a re  u sing  th e  
re su lts  so ob ta in ed  to  d iscuss th e  p h en o m en o n  o f anom alous sk in  effect.

I n  th e  case o f  sp ecu la r re flec tio n  th e  fie ld  is expressed  as

rhere

Ë  =  E +{k) +  E N k )  =
2iC B{0)U

kD(k)

U  =
CO

( 1 )

D(k)

e(k)

U2 C2+ f ( f c ) ,

T ° + { .
E(vz)

( —ica-\-ikvz)
dvz ,

( O p  —  —
4ле2n0

O n ap p ly ing  in v erse  F o u rie r tra n s fo rm  fo r z >  0, we o b ta in

E(z  >  0) =
iCB{ 0)m  г

л  J_ U
„ikz

kD(k)
dk.

E(z  >  0)

E<j. (2) can  be w r it te n  in m ore ex p lic it fo rm  as 

icocB( 0)
со2 — c2 k2 — coco

2piJ  —  0

Щ*г)
(cor- k v z+icr)

—1

2 )

eikz dk,  (3)

w here a  is th e  v an ish in g ly  sm all im a g in a ry  p a r t  o f  со.
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In  th e  case o f  m e ta ls , th e  su rface  im p ed an ce  Z  is expressed  as

_  in_ E (0)
C B{0) ’

(4)

in  w h ich  th e  e lec tric  an d  m ag n e tic  fie lds a re  e v a lu a te d  a t  th e  su rface . T he 
re f le c tio n  from  th e  su rface  o f a m e ta l m ay  he  exp ressed  in  te rm s o f i ts  su rface 
im p e d a n c e  b y

i n

C
i n
~C

(5)

T h e  te rm  4 л /C re p re se n ts  th e  im p ed an ce  o f free space.
T he re su lts  o f  R e u t e r  a n d  S o n d h e i m e r  [ 6 ]  in d ic a te  t h a t  th e  electric  

f ie ld  fo r in te rm e d ia te  frequenc ies does n o t die o ff ex p o n e n tia lly  in  th e  m e ta l b u t  
ta k e s  som e co m p lica ted  fo rm . F o r  th is  reaso n  th e  u su a l d e fin itio n s  of th e  
o p tic a l c o n s ta n ts  a re  n o t ap p licab le  a n d  th e  su rface  im pedance  o f th e  m e ta l is 
c a lc u la te d  in s tead .

As th e  fie lds a re  co n tin u o u s  a t  z =  0, we g e t th e  follow ing exp ression  fo r 
su rfa c e  im p ed an ce  Z  from  E q . (3) as

F(vz)
(cûr —k v z - \ - i o )

( 6)

O ur re su lts  a re  fo u n d  to  b e  in  acco rd an ce  w ith  R e u t e r  a n d  S o n d - 

H E I M E r ’s [6] re su lts  fo r th e  th e o ry  o f anom alous sk in  effect in  m e ta ls  fo r th e  
case  o f  sp ecu la r re flec tion .
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A REPLY TO JANOSSY’S TREATMENT 
OF THE AHARANOY-ROHM EFFECT 

AND THE MANY-RODY PROBLEM

By

D. B ohm and C. P hillipidis
B1RBECK  COLLEGE, U N IV E R S IT Y  OF LONDON, LONDON, ENGLAND 

(Received 1. IV. 1971)

T he questions ra ised  b y  th e  A haranov— Bohm effect an d  th e  d ifficu lties 
a sso c ia ted  w ith  th e  m an y -b o d y  p ro b lem  are  as w ill be  show n in tim a te ly  lin k ed  
w ith  th e  concepts p re se n t in  q u a n tu m  th e o ry  a n d  physics in  genera l. A n y  
a t te m p t  to  answ er th e se  questions or reso lve th e  d ifficu lties w ill, th e re fo re , 
h av e  to  be d irec ted  to w ard s th e  co ncep ts u n d e rly in g  th e  p rob lem . A  sa tis 
fa c to ry  tre a tm e n t o f  th e se  q u estio n s m u s t n o t ap p ea l to  th o se  v e ry  co ncep ts 
w hich  a re  th e  cause o f  th e  tro u b le , o therw ise  n o th in g  rad ica lly  new  can  em erge. 
A p u re ly  m a th e m a tic a l t re a tm e n t o f a p rob lem  c a n n o t ra d ica lly  a l te r  its  
c o n te n ts ; th e  m o st i t  can  achieve is a fo rm alistic  re fo rm u la tio n  o f th e  d ifficu lty . 
T h is am o u n ts  to  n o th in g  m ore th a n  a change of lan g u ag e , w hich m a y  m ak e  th e  
p ro b lem  ap p ea r less u rg en t.

Seen in  th e  ab o v e  c o n tex t, th e  h y d ro d y n a m ic a l m odel, w ith  its  strong: 
a t ta c h m e n t to  q u a n tu m  th eo ry , does n o t reso lve ra d ic a lly  e ith e r  th e  Ahara- 
NOV— B ohm effect o r th e  m an y -h o d y  p rob lem . I t  m ere ly  re fo rm u la te s  th e m  in 
te rm s  o f  a d iffe ren t m a th e m a tic a l lan g u ag e .

T h e  details o f  th e  Aharanov— Bohm effect w ill be d iscussed  f ir s t ,  an d  
th e  d iscussion  will b e  followed b y  a n  ex am in a tio n  o f th e  m an y -b o d y  p ro b lem .

( i)  The A haranov  B ohm  effect [1,2]

Aharanov an d  B ohm (from  now  on d en o ted  AB) concluded  fro m  th e  
ex p e rim e n t th e y  sugg ested  th a t  th e  v e c to r  p o te n tia l A  has a m ore fu n d a m e n ta l 
p a r t  in  q u a n tu m  m echan ics th a n  th e  a u x ilia ry  one i t  h ad  in  classical p h y sics . 
T he e ffec t (w hich w as p red ic ted , a n d  la te r  observed) s ta te d  th a t  th e  p h a se  o f  
th e  w av e  fu n c tio n  d escrib ing  e lec tro n s in  a m u ltip ly -co n n ec ted  reg ion , w here  
cu rl A  =  0 b u t  A is f in ite , changes b y  an  a m o u n t eq u a l to  §  A • dl. T h is change 
re su lts  in  changes o f in te rfe ren ce  o f e lec trons th a t  h a v e  passed  th ro u g h  reg ions 
a t  d iffe ren t A. N ow , physics, w h e th e r classical or q u a n tu m , is s till b a sed  on 
co n cep ts  such as c a u sa lity  an d  lo c a lity  of force. T h e  e lec tron ic  w ave fu n c tio n , 
th e re fo re , has to  be  lin k ed  causa lly  to  th e  c u rre n t in  th e  coil an d  in flu en ced  
locally . T he v ec to r p o te n tia l is th e  o n ly  p h ysica l q u a n ti ty  w hich  does th a t .
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I t  can  be asso c ia ted  cau sa lly  w ith  th e  c u rre n t in  th e  coil th ro u g h  th e  re la tio n s 

Á  =  —— d3 r' a n d  has a local f in ite  va lue  w h erev er th e  fu n c tio n  is n o t zero.

O n  th e  o th e r h a n d , th e  m ag n e tic  field  is zero w here  th e  w ave fu n c tio n  is n o n 
zero  an d  th e re fo re  th e  L o ren tz  force is zero.

I t  follows from  th e  above th a t  an  e x p la n a tio n  o f th e  A B  effect w hich 
does n o t g ra n t th e  v ec to r p o te n tia l  a m ore s ig n ifican t p a r t  th a n  th a t  o f an  
a u x ilia ry  concep t w ill have  to  be based  on a th e o ry  w hich is rad ica lly  d iffe ren t 
fro m  all p re sen t th eo rie s . I f  a new  th e o ry  dep en d s in  an y  w ay  on  one o f th e  
p re se n t ones (classical, q u a n tu m , re la tiv is tic , e tc .) th e n  c a u sa lity  and  local 
th e o rie s  becom e a u to m a tic a lly  re le v a n t an d  in  consequence th e  v ec to r p o 
te n t ia l  also. T he h y d ro d y n a m ic a l m odel dep en d s h eav ily  on q u a n tu m  th e o ry  
a n d  i t  w ill be d e m o n s tra te d  th a t  th is  d ependence  gives re levance  to  th e  v ec to r 
p o te n tia l.

T he w hole v a lid ity  o f th e  h y d ro d y n a m ic a l m odel [4] re s ts  on  its  a b ility  
to  be  tra n s la te d  b a c k  in to  w ave m echanics a t  an y  tim e  t. In  m a th e m a tic a l 
te rm s , th is  m eans th a t  if  th e  w ave fu n c tio n  is w r it te n  as xp =  RelS, th e n  th e  
fo llow ing  re la tio n s  m u s t be sa tis f ied  a t  all tim es:

Q =  V *  V ,

V =  g r a d  S  C— A , 
m me ( 1 )

w here p is th e  h y d ro d y n a m ic a l d e n s ity  d is tr ib u tio n  an d  v th e  v e lo c ity  d is tr i
b u tio n . I t  is seen th a t  A ap p e a rs  a lread y  in  th e  E q s . (1) w hich a re  th e  basis of 
th e  v a lid ity  of th e  m odel. I t  w ould  have  b een  p a ra d o x ic a l i f  th e  h y d ro d y n a m i
ca l m odel could  e s tab lish  th e  u n im p o rta n c e  o f th e  v e c to r  p o te n tia l  and  a t  th e  
sam e  tim e  re ly  on  A  fo r its  v a lid ity .

I t  has fu r th e r  been  a rg u ed  th a t  A is o f seco n d ary  im p o rtan ce  [5] because , 
u n lik e  th e  S ch rö d in g er e q u a tio n , th e  h y d ro d y n am ica l eq u a tio n s  o f m otion  do 
n o t  co n ta in  th e  v e c to r  p o te n tia l  exp lic itly , on ly  th e  L o ren tz  force ap p ea rs :

d iv  pv +  —  =  0  ,
31

-  g r a d ( @ + F ) +  —  [E ( v x B ) ] ,  [ v x B ] ,  (2)
c

- h  у 2 e1,!i 
m  p1'2

A s p o in te d  o u t ab o v e , th e se  e q u a tio n s  h av e  to  be  e q u iv a le n t to  th e  Schröd inger 
w av e  eq u a tio n s fo r all tim e  t. T h a t  is to  sa y  th a t  su b s ti tu tio n  o f th e  re la tio n -

d v
m -----

dt
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ships (1) in  th e  E qs. (2) m u s t p roduce  th e  S chrôdinger e q u a tio n  for a ll t. I t  is 
found  th a t  th e  tr a n s la tio n  b a c k  in to  w av e  m echanics is possible o n ly  i f  th e  
follow ing b o u n d a ry  co n d itio n s are sa tisfied :

J  odr =  1

( f j v d S  =  2n h —--------—  I B -d S  =  2 я й — -  - - ( f ) A -dl (3)
J m me J m me J

— 0 ) i  1, i  2 , . . .

A ny h y d ro d y n a m ic a l p ro b lem  has to  s a tis fy  E qs. (2) w h ich  are  in d e p e n d e n t 
of A an d  also th e  b o u n d a ry  cond itions (3). N ow  the  b o u n d a ry  co n d itio n s can  
he expressed  e ith e r  in  te rm s  o f ( В • dS o r  §  A • dl. B ecau se , how ever, В =  0 
everyw here  along  th e  p a th  o f  th e  e lec tro n s, th e  p h ysica l m ean ing  o f th e  f ir s t  
in teg ra l is u n c lea r. O n th e  o th e r  hand , A is non-zero  a long  th e  p a th  an d  th e re 
fore I A • d l can  m ean in g fu lly  be  e v a lu a te d  in  th e  sam e reg ion  as th e  w av e  
fu n c tion . So even  th o u g h  th e  h y d ro d y n a m ic  equa tions co n ta in  th e  L o re n tz  
force in s tead  o f th e  v ec to r  p o te n tia l, th is  fo rce  is zero in  th e  AB e x p e rim e n t. 
I t  is th e  v e c to r  p o te n tia l w h ich  w ill a p p e a r, th ro u g h  th e  B .C .’s, in  th e  e x p re s 
sion for Q. As p o in ted  ou t ab o v e , th is  is th e  consequence o f  th e  re q u ire m e n t fo r 
co rrespondence  w ith  w ave m echanics.

To conclude  th e  d iscussion  on th e  A B  effect, th e  a b o v e  o b serv a tio n s a re  
sum m arised  as follow s: A re ta in s  its p h y sica l im p o rtan ce  even  th o u g h  i t  h as  
been  ex p lic itly  e lim in a ted  fro m  th e  h y d ro d y n am ic  e q u a tio n s  of m o tio n . T h e  
im p o rtan ce  o f th e  v ec to r  p o te n tia l  is e s ta b lish e d  th ro u g h  its  necessity  fo r  th e  
v a lid ity  o f th e  m odel an d  also  because o f its  ap p earan ce  in  th e  d en sity  d is t r i 
b u tio n  th ro u g h  th e  b o u n d a ry  cond itions w h ich  are e sse n tia l for th e  c o rre s 
pondence  w ith  w ave m echan ics. B y  e lim in a tin g  A from  th e  equ a tio n s o f  m o 
tio n , th e  m odel has m erely  o b scu red  its s ign ificance.

( ii)  The m anv-body problem

Som e o f th e  serious d ifficu lties  th a t  w av e  m echanics en coun ters w ith  th e  
m an y -b o d y  p ro b lem  arise b ecau se  th e  th e o ry  s till ta c i t ly  accep ts  th e  c o n c e p t 
of a p a rtic le . T herefo re , w h en  p resen ted  w ith  an  ensem b le  of in te ra c tin g  
p a rtic le s , q u a n tu m  th e o ry  h as  to  re so rt to  th e  so lu tion  o f  S ch röd inger’s e q u a 
tio n  for a 3-ZV d im ensional w av e  in  co n fig u ra tio n  space. S u ch  an  a p p ro a c h  is 
physica lly  u n sa tis fa c to ry , b ecau se  it  g ives n o  concept o f  th e  s tru c tu re  o f  a 
system  or its  m o v em en t in  a re a l th ree-d im en sio n a l sp ace . Q u an tu m  th e o ry , 
how ever, d ism isses th e  idea  o f  partic les  loca lised  in a th ree -d im en sio n a l sp ace , 
an d  ad o p ts  as b asic  th e  a b s t r a c t  c o n fig u ra tio n  space fo rm ed  ou t o f a ll co 
o rd in a tes  o f th e  p a rtic le s  in  p h y sica l space [6 ].
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I t  seem s reaso n ab le  to  assum e th a t  a n y  th e o ry  w h ich  aim s a t  a m o re  
sa tis fa c to ry  so lu tio n  th a n  th e  q u a n tu m  m ech an ica l one w ill h av e  to  m ak e  use 
o f  concep ts w h ich  are n o t lin k ed  to  th e  c u r re n t  ideas o f d iffe ren t p a rtic le s  
in te ra c tin g  w ith  each o th e r , described  o n ly  b y  a w ave in  3iV d im en sio n a l 
c o n fig u ra tio n  space.

As w ith  th e  case o f th e  A B  effect, th e  h y d ro d y n am ic  m odel in  th e  m a n y - 
b o d y  p ro b lem  is n o t free o f  th e  q u a n tu m  ideas of in d iv id u a l p artic les . T h e  
re q u ire m e n t o f  its  co rrespondence  w ith  w av e  m echanics h a s  th e  sam e fo rm  as 
E q s . (1) e x c e p t t h a t  these  re la tio n sh ip s  now  h a v e  to  occur in  a 31V d im en sio n a l 
c o n fig u ra tio n  space.

p (r, . . . rN) =  R 2 ,

fby v (r, . . . rN) = ----- grad,, S , (4)
mv

YV(r, • • • rN) = R eiS, V =  1 ,2 ,  . . .  N .

rv =  xv, y v, £v is th e  p o sitio n  v e c to r  of th e  r th  p a rtic le  in  co n fig u ra tio n  sp ace . 
E q s . (4) p ro v id e  a h y d ro d y n a m ic a l d e n s ity  d is tr ib u tio n  p(r, . . . rN) a n d  a 
v e lo c ity  d is tr ib u tio n  vv(r, . . . rN) b o th  in  31V d im ensional space . T hese d is t r i 
b u tio n s  o b ey  h y d ro d y n a m ic a l eq u a tio n s  s im ila r to  (2 ) w ith  one im p o r ta n t  
d ifference. W h ereas  E qs. (2) describe  a f lu id  in  3 d im ensiona l E u c lid ean  space , 
th e  e q u a tio n s  fo r th e  m a n y -b o d y  p rob lem  describe a f lu id  in  31V d im ensiona l 
co n fig u ra tio n . T his poses a co n cep tu a l p ro b lem  because  h y d ro d y n am ics  w as 
in v e n te d  to  d escrib e  real 3 d im ensiona l f lu id s  an d  n o t a b s tr a c t  m u ltid im en sio n a l 
ones. C o n seq u en tly , such a n  a b s tra c t  f lu id  is n o t v e ry  u se fu l as i t  is of no  p h y s i
ca l s ig n ifican ce  and , th e re fo re , i t  is u n c le a r  how  p h y sica l in sig h t can  b e  o b 
ta in e d  from  it .  Q u an tu m  th e o re tic a l re q u ire m e n ts  th e re fo re  force th e  a b s tra c t  
c o n fig u ra tio n  space  in to  th e  co n te x t o f h y d ro d y n a m ic s , m ak ing  th e  l a t te r  
p h y sica lly  q u ite  m eaningless.

In  th e  h y d ro d y n a m ic  t r e a tm e n t  o f th e  m an y -b o d y  p rob lem , th e  ab o v e  
co n cep tu a l d ifficu lties can  b e  rem oved  b y  red u c in g  th e  d im en sio n a lity  o f  th e  
h y d ro d y n a m ic  d is tr ib u tio n s  fro m  31V to  N  th re e  d im en sio n a l ones b y  fo rm in g  
averages o f  th e  follow ing k in d :

o„(r) -  j ,v - i  J e  (*•,-■ ■ »V-i riV+i ■ ■ - r N) X
X d3 r, . . .  d3 rv_ x d 3 rv+1 . . .  d3rN ,

вЛг) v,(r) = Jat- i • • • J ev(r’ ■ • • r„-i rr„+i • ■ • r.v) X
X d :l r , . . .  d3 rv_.L d3 r„+1 . . .  d3 rN .

T h u s  b y  in te g ra tin g  th e  31V d im en sio n a l d is tr ib u tio n s  q and pv o v e r th e  
c o -o rd in a te s  o f  each p a r tic le  excep t th e  r th ,  say , th re e  d im ensional d is tr ib u 
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tio n s  fo r th e  Pth p a r tic le  are o b ta in e d . These co rresp o n d  to  as m a n y  averages 
o f  th e  ty p e  (5) as th e re  a re  p a rtic le s . T he v a riab le s  (5) are  th e n  show n  to  obey  
h y d ro d y n a m ic a l e q u a tio n s  of th e  sam e ty p e  as E q s . (2). A c o n cep tu a l p roblem  
how ever, s till re m a in s , because a lth o u g h  re la tio n s  (5) are th re e  d im ensional 
h y d ro d y n am ic  d is tr ib u tio n s , th e  in teg ran d  on th e  r ig h t-h a n d  side has no 
m ean in g  in  te rm s o f  th re e  d im ensiona l flu ids. M oreover, av e ra g in g  over co
o rd in a te s  o f localised  in d iv id u a l p a rtic le s  in  p h y sica l space m ak es th e  m eaning  
of pv(r) an d  o,,(r) v,,(r) even m ore obscure. T he fa c t th a t  q u a n ti t ie s  such as 
evv vQiJc can  be d en o ted  b y  iy and  ca lled  cu rren t ( ju s t  as evQv is d e n o te d  b y  gel,,) 
an d  called charge d e n s ity  does n o t  give a p h y s ic a l m eaning to  qv and  gvvv. 
R a th e r  i t  is ju s t  a q u es tio n  of lin g u is tic  conven ience, in  w hich a b s tra c t  q u a n 
ti t ie s  are  given n am es sim ilar to  th o se  used in  th e  h y d ro d y n am ics  of rea l 
flu id s .

If, fo r th e  sak e  o f a rg u m en t, one ignores th e  concep tual d ifficu lties an d  
p u rsu e s  th e  fo rm alism , i t  is seen th a t  th e  e q u a tio n s  for Qv(r) an d  ^v(r)vv(r) 
h a v e  to  obey  b o u n d a ry  cond itions

o) =  e? (r) ,

e„(r, 0 ) v„(r, 0 ) =  o?(r) vj?(r)

Th ese cond itions tu r n  ou t to  be  in a d eq u a te  fo r th e  u n am b ig u o u s  d e te r
m in a tio n  o f q(t, . . . r„) an d  о v (r, . . . rN) w hich  in  tu rn  d e te rm in e  th e  3N  
d im ensiona l w ave fu n c tio n  ip(r, . . . r y). T he need th u s  arises fo r a c rite rio n  th a t  
w ill decide w hich choice of d is tr ib u tio n  gv(r) a n d  g„(r)vv(r) w ill p roduce  an  
a p p ro p ria te  w ave fu n c tio n . The m a n y -b o d y  p ro b lem  is th ere fo re  re fo rm u la ted  
in  a h y d ro d y n a m ic a l c o n te x t so as to  fin d  a w a y  of p icking o u t o f a w hole 
se t o f  th re e  d im ensiona l so lu tions o f h y d ro d y n a m ic  equations o b ey in g  b o u n d 
a ry  co n d itions (6 ), th o se  d is tr ib u tio n s  w hich can p ro d u ce  a “ p ro b a b le ”  w ave 
fu n c tio n . Som e r a th e r  rough  q u a n tu m  th eo re tic  ru le s  are n ecessa ry  to  define 
a p ro b ab le  w ave fu n c tio n , as fo r ex am p le  a fu n c tio n  w hich is sm o o th , co n ti
nuo u s an d  possesses a m in im um  p ro p e rty . I t  is th e n  possible to  choose N  
d is tr ib u tio n s  oy(r) a n d  pv(r)vy(r) fro m  w hich 3IY dim ensional d is tr ib u tio n s  
o(r), . . . Гд, an d  {?v(r, . . . tn ) can  b e  co n stru c ted  to  f in a lly  give th e  “ p ro b ab le”  
w ave fu n c tio n  in c o n fig u ra tio n  sp ace  ip(r, . . . rN).

A p a rt from  th e  con cep tu a l d ifficu ltie s  o u tlin ed  above in  co n n ec tio n  w ith  
th e  m ean in g  of c o n fig u ra tio n  space  an d  h y d ro d y n am ica l m u ltid im en sio n a l 
d is tr ib u tio n s , th e re  e x is t serious d o u b ts  as to  th e  effectiveness o f  th e  m odel in  
ex p la in in g  th e  AB effec t and  th e  m an y -b o d y  p ro b lem . T hese d o u b ts  arise 
b ecau se  of th e  in a b ility  o f th e  m odel to  prov ide its  ow n ex p la n a tio n  o f some of 
th e  concep ts th a t  i t  m ak es use of. O ne case of su ch  a failure w as fo u n d  in  th e  
la s t sec tion  w here th e  decision of w h a t c o n s titu te s  a probab le  w av e  function  
s le f t to  w ave m echan ics. The m odel does n o t p resc rib e  its  own ru les  fo r select-

( 6 )
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ing  th e  d esirab le  so lu tio n s o f its  eq u a tio n s . A n o th e r case is th e  use o f  th e  po
te n t ia l  te rm

0  =  y ±  v 2 g1/2
m g1/2

in  E q s . (2). In  th e  AB effect w here  th e  q u a n tu m  p o ten tia l Q is associated  
w ith  3 d im ensional d is tr ib u tio n s , i t  m ay  he p ossib le  to  give h y d ro d y n am ic  
e x p la n a tio n s  to  th e  m ean in g  of Q as o rig in a tin g  fro m  in te rn a l s tre sses  in th e  
flu id . S uch  suggestions h av e  a lre a d y  been  m ade in  th e  p a s t [7]. W hen , how 
ever, Q is assoc ia ted  w ith  m u lti-d im en sio n a l d is tr ib u tio n s , th e n  i t  is n o t clear 
how  h y d ro d y n am ic  ex p lan a tio n s  o f  its  m eaning  cou ld  be p ro v id ed . The final 
re m a rk  is in  co n n ec tio n  w ith  th e  ap p ea ran ce  o f co n fig u ra tio n  sp ace  in  th e  
h y d ro d y n a m ic a l m odel. H ere  ag a in , th e  m odel does n o t ex p la in  w hy i t  is 
n ecessa ry  to  p roduce  31V d im ensiona l d is tr ib u tio n s  ex cep t in  so fa r  as is re q u ir
ed b y  w ave m echan ics, b u t  th e n  th is  is no t a h y d ro d y n am ica l condition .

B ecause o f th e  ab o v e  m en tio n ed  failu res o f th e  h y d ro d y n a m ic a l m odel 
to  ex p la in  w ith in  i ts  ow n fram ew o rk  som e im p o r ta n t  ideas i t  m ak es  use of, 
i t  c an  be  concluded  t h a t  th e  m odel is n o t a th e o ry  ra d ic a l enough to  cope in  a 
sa tis fa c to ry  w ay  w ith  e ith e r  th e  A B  effect or th e  m an y -b o d y  prob lem . I t  
red u ces m erely  to  a change of lan g u ag e  w hich does n o t req u ire  ex p lan a tio n  
a n d  w hich  is c o n s tru c te d  in  a w ay  th a t  m akes th e  cen tra l issues o f  th e  AB 
ffec t a n d  m a n y -b o d y  p rob lem  seem  less p ro m in e n t.
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A . E a r n s  h a w : In tro d u c tio n  to  M agnetochem istry

Academic Press, London and New York 1968

This book is a concise sum m ary of m agnetochem istry for research chemists who w ant 
an in troduction  into this field. The trea tm en t is as simple as possible. The author uses m any 
pictorial explanations to m ake his subject clear to the more practically  minded readers, too.

In  five chapters the au th o r gives the theoretical basis of m agnetism . A fter a short in tro 
duction dealing w ith the m agnetic properties of m aterials in the second chapter the m agnetic  
m om ent of free atom s and ions is trea ted  using the classical atom  m odel w ithout any  rigo r
ous m athem atical trea tm en t, b u t always noticing the result of the quantum -m echanical t r e a t
m ent.

As transition  m etal complexes form one of the most in teresting  fields in chem istry, the 
th ird  chapter deals w ith the m agnetic m om ent of such complexes and w ith the connection 
between the s tructu re  of a tran sition  m etal com pound and its m agnetic moment.

The fourth  chapter shows how to take account of spin-orbit coupling, the splitting  o f the 
spectroscopic term s into separate energy levels is worked out and th e  bulk susceptib ility  is 
calculated by considering the therm al d istribu tion  of ions w ithin th e  various levels.

In  the fifth  chapter fu r th e r such in teresting  topics are dealt w ith  as the case of second 
and th ird  row transition  m etal complexes or th e  co-operative or exchange phenom ena, th e  
result of which is ferrom agnetism  and antiferrom agnetism .

The last chapter gives an account of the m ost im portan t experim ental m ethods and 
shows briefly how the problems of in terp re ta tion  m ay be tackled.

References are given to  some other works in this field, w hich provide access to  the 
original lite ra tu re . Some short notes between these references make one’s way easier.

D. K i s d i

C. M. H . S m it h : A T extbook of N uclear Physics

Pergam on Press, Oxford, London, E dinburgh, New York, Paris , F rank fu rt, 1965.

This book provides a general coverage of nuclear physics. The au tho r has tried to m ake 
his book as self-contained as possible. For this reason, the first quarte r of the book deals w ith  
those parts of atom ic physics, re la tiv ity  and q u an tu m  mechanics, w hich are necessary. I t  is, 
of course, impossible to give a comprehensive account of these branches of physics in single 
chapters so the reader has to have lea rn t these subjects already or to have read more detailed  
works about it.

The second p a rt of the book, the bigger half, deals w ith low energy nuclear processes 
and nuclear structure . This p a r t includes a chap te r on the general p roperties of atom ic nuclei, 
determ inations of nuclear size, radioactive decay, detection of nuclear radiation , electronic 
techniques, alpha and gamm a rad ia tion , beta decay, the neutron, nuclear magnetism , nuclear 
fission, particle accelerators, nuclear forces and nuclear reactions and nuclear models.

The th ird  p a r t of the book is a chapter on high energy nuclear physics and elem entary  
particles. The last chapter gives an account of therm onuclear reactions in stars and one of the 
theories of the origin of the elem ents.

A lthough nuclear physics is a very rapidly  developing science, the advantage of th is 
book is th a t  i t  also contains m any of the la test results. I t  is w ritten for honours physics studen ts 
b u t lecturers can also use it  w ith  good results as a handbook.

D. K ism
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N uclear an d  P artic le  Physics

Editors: B . M argolis, C. S. Lam , W . V. B enjam in, Inc. A m sterdam , New Y ork 1968

The book contains the lectures of the 1967 Sum m er In s titu te  in  Nuclear and P a rtic le  
Physics, held a t  McGill U niversity  in  A ugust 1967. The lectures deal w ith  current research  
topics in  nuclear physics and e lem entary  particle physics.

The f irs t lecture given by  K . G o t t f r ie d  tre a ts  of collision and decay phenomena. He 
gives some old scattering  problem s as scattering of an electron by  an atom  and shows how 
these problem s can be related b y  a unifying trea tm en t. Then he deals w ith  resonance scattering  
of a particle b y  a bound system  to stu d y  radiative decay.

S. K a h a n a  in his lecture ab o u t effective in teractions in fin ite  nuclei starts w ith the  
discussion of a typ ica l shell m odel calculation. Then, he sets up a second quantized form alism  
for the m any-body  problem  sim ilar to  th a t suggested by  Sc h w in g e r  and  Ma r tin  to define 
w ithin w hich approxim ations he is w orking. The form alism  is used to  perform  a B rueckner- 
like calculation for a doubly m agic core plus two valence nucleons.

G. K X l l é n  gave a lec tu re  a b o u t  ra d ia tiv e  co rrec tions fo r w eak  in te rac tio n s  in  w h ich  
he  d iscussed  som e o ld  p rob lem s as w ell as new  d ev elo p m en ts .

The n e x t lecture, given by  D. K u r a t h , deals w ith nuclear deform ation in the shell 
model. He tre a ts  ligh t nuclei w ith  deform ed single-particle orbitals in order to see how observ
able features depend on nuclear deform ation.

W. A. B a r d e e n  and B. W. L e e  dealing w ith  chiral algebra and  dynamics w anted to  
give a critical exam ination of th is new method for trea ting  particle phenom ena. They m ade it 
clear th rough  exam ples th a t the cu rren t algebra can only make defin ite predictions for off- 
shell am plitudes. Then they discuss th e  chiral dynam ics method which gives the results of th e  
cu rren t algebra ra th e r easily.

B. M a r g o lis  in his lectures on selected topics in  nuclear reactions deals w ith resonance 
reactions, resonance scattering and  nuclear structu re , Feshbach’s approach  to resonance reac 
tions, nuclear scattering  and th e  P auli principle, use of the eikonal approxim ation in nuclear 
reactions and  nucleon— nucleus scattering  in the eikonal approxim ation.

Ma n n q u e  R ho gave lectures about m uon-capture in nuclei and  Migdal theory. H e 
showed how to  utilize inform ation from  elem entary particle physics in  the study of nuclear 
structure .

C. W il k in  spoke a b o u t h ig h  e n erg y  sc a tte r in g  fro m  nuclei a n d  a b o u t  th e  in v es tig a tio n  
o f n u c lea r s t ru c tu re  w ith  h ig h  e n erg y  p ro tons.

J . S c h w in g e r  gave a new theo ry  of particles, th e  theory of sources. This is a theo ry  in 
term ediate betw een field theory  and S-m atrix  theory , which trea ts the localizability and energy 
m om entum  properties of a partic le  in an entirely  sym m etrical way.

D. K is d i

R eadings from  Scien tific  A m erican : Lasers an d  Light

W. H. Freem an and  Co., 1969

This is a collection of th ir ty  tw o articles on lasers and related  sub jects originally pub lish 
ed in the Scientific American. E leven articles are rep rin ted  from th e  issue for Septem ber, 1968, 
while the rem ain ing  item s on various aspects of lasers and m odern optics have also been p re 
viously published in the Scientific American. The m ateria l is arranged in  seven sections: L ight, 
Form ing and  D etecting Im ages, Chemical and Biological Effects of L ight, L ight and Vision, 
Beyond th e  Visible: X -R ay to Radio W aves, L asers, P roperties and  Applications of L aser 
L ight. E ach  artic le  is reprin ted  w ith  complete te x t and is fully illu s tra ted . Many of the papers 
were w ritten  b y  ou tstanding experts in  these fields, who played im p o rtan t roles in the deve
lopm ent of th e  laser. The sections are introduced b y  A. L. Sch a w lo w . The m aterial presen ted  
is quite up -to -d a te  and covers a v e ry  broad field of m odern optics and  its applications. The 
book is well recom m ended as a supplem entary  read ing  for underg raduate  physics courses.

J .  A n t a l
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D . T e r  H a a r : Q uanten theorie

E inführung und O riginaltexte (W issenschaftliche Taschenbücher, B and 56; Vieweg und  Sohn. 
B raunschw eig, 1969; Ü bersetzung des B andes “The Old Q uantum  Theory”  aus der Reihe 

“ Selected R eadings in  Physics” , Pergam on Press, Oxford, 1967)

D er vorliegende B and  behandelt die ä ltere  Q uantentheorie von P la n ck  u n d  E in s t e in  
bis B o h r . Im  Teil I  des B uches erk lärt der A utor die Strahlungsform el fü r den schwarzen 
K örper u n d  fü h rt die Idee der L ich tquanten  ein, bespricht das RuTHERFORDsche und  B o h r- 
sche A tom m odell und legt die S trahlungstheorie auf der G rundlage der ä lteren  Q uanten
theorie d a r. Im  Teil I I  w erden die w ichtigsten Originaltexte von Ma x  P la n ck , A. E in s t e in , 
E . R u t h e r f o r d , N. B o h r , J .  F ra nck  und G. H e r t z , sowie die etw as späteren  A rbeiten  von 
A. E in s t e in  und W. P a u l i über die Q uantentheorie der S trah lung  bzw. über den Zusam m en
hang des Abschlusses der E lek tronengruppen im  Atom m it der K om plexstruk tu r der Spektren 
wiedergeben.

I J . I. H orváth  I

J .  C. G ib b in g s : T herm oinechan ics

A n in troduc tion  to the governing equations of therm odynam ics and  of the m echanics of fluids 
(Therm odynam ics and F lu id  Mechanics D ivision of the Com m onwealth and In te rn a tio n a  

L ibrary; Pergam on Press, O xford, 1970) X IX  -j- 302 pages

T herm odynam ics and  th e  mechanics o f fluids are usually  tau g h t in isolation from  each 
other. So m arked  is th is iso lation  th a t  even excellent text-books ignore the whole e x ten t of the 
mechanics o f fluids in claim ing the study of non-equilibrium  therm odynam ics as a recen t 
developm ent o f ju s t a few y ea rs’ standing. T he au thor tries to  introduce therm odynam ics 
(more precisely therm ostatics) and the m echanics of fluids (including elasticity  and  p lastic ity  
o f solids) coherently . F irst th e  Newtonian m echanics of rigid bodies and the elem ents of con
tinuum  m echanics are sum m arized, then th e  concept of tem pera tu re  is in troduced  via the 
zero’th  law  of therm odynam ics. The sim ultaneous trea tm en t m entioned above s ta r ts  w ith  the 
characterization  of solids, liqu ids and gases in  term s of continuum  mechanics and  w ith  the 
definition of sta tes and properties of changes in  term s of therm odynam ics. Then, th e  firs t law 
of therm odynam ics, the m anner of heat processes and the applications of the f irs t law  to solids 
are discussed. In  the following paragraphs th e  sta te  of m otionless fluids, the  m ixtures of 
phases, th e  characteristics o f flu id  motion, th e  conservation of m ass in a fluid flow, th e  equa
tions re la ting  process phenom ena, the m om entum  equations for flu id  in m otion, th e  applica
tions of th e  f irs t law of therm odynam ics to  f lu id  in motion and  the properties o f ad iabatic 
flow are trea ted .

This book meets the im m ediate requirem ents of the m echanical engineering studen t in 
an underg raduate  course, and  of o ther engineering students tak ing  courses in  therm odynam ics 
and  fluid mechanics.

| J .  I. H o r v á t h ]
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The bo o k  proposes to  discuss b o th  th e  special and  th e  general th e o ry  o f re la 
tiv i ty . I t  p resen ts  th e  u su a l m a th e m a tic a l fo rm alism  e lab o ra ted  b y  E in ste in  
an d  o th e r  researchers. T h e  o u ts ta n d in g  fea tu re  of th is  vo lum e is th e  new  w ay 
of t r e a t in g  th e  su b jec t m a tte r , i. e. b e in g  based  m a in ly  on e x p e rim e n ta l d a ta . 
N o te w o rth y  is th e  en d eav o u r t h a t  th e  role of special coo rd in a te  sy s tem s be 
reduced  to  its  m in im u m .

In  E n g lish  • A pp ro x . 350 pages •  1 7 x 2 5  cm • C lo th
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COSMIC RAYS

B u d a p e s t, A ugust 2 5 th  — S ep tem b er 4 th ,  1969
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T he In te rn a tio n a l C onference on C osm ic R ays is h e ld  b ienn ia lly . A t th e  11th 
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As th e  s tud ies p u b lish ed  in four v o lu m es show , re se a rc h  in to  cosm ic rays, 
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SEMICONDUCTOR DETECTORS FOR 
NUCLEAR RADIATION MEASUREMENT
T h e  a u th o r  d iscusses a ty p e  of d e te c to r  w hich in  th e  la s t decade h as  gained  wide 
in te re s t  all over th e  w orld . T he ap p lic a tio n  of th is  new  d e tec to r ty p e  opened up  
new  v is ta s  in  th e  m easu rem en t o f  n u c lea r ra d ia t io n . The book m a y  p ro fita b ly  
be  used  b y  e x p e rts  (physic ists , ch em ists , b io lo g is ts , engineers a n d  physicians 
en g an g ed  in  re se a rc h  w ork) in  n e e d  of a d e te c to r  sm all in  size a n d  hav ing  a 
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K a ry a g in  E ffec t, Surface P h en o m en a , A lloys, O xides, F ro zen  Solutions, 
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PHONON FREQUENCY DISTRIBUTION FUNCTIONS OF 
COPPER, NICKEL AND VANADIUM

B y

J a i  P r a k a s h , B.  S. S e m w a l  and P .  K .  S h a r m a

PHYSICS D EPA R T M E N T , U N IV ERSITY  O F ALLAHABAD, A LLA H ABA D , IN DIA  

(Received 28. IX . 1970)

The frequency d is tribu tion  functions of phonons in copper, nickel and vanad ium  have 
been determ ined by root sam pling technique using B hatia  and H orto n ’s model o f electron- 
ion in teraction . The results are compared w ith  curves obtained from  inelastic neu tron  sca tter
ing experim ents and o ther theoretical calculations. The calculated  distribution for copper 
agrees in its  broad features w ith  the experim ental spectrum of Sv en so n  et al. ob ta ined  by 
neutron scattering  method. In  th e  case of nickel, a reasonably sa tisfactory  agreem ent is obtained 
w ith the frequency distribution  measured by  M o zer  e t al. in incoherent neutron scattering  
experim ents. For vanadium , th e  present as well as other theoretical calculations show consi
derable discrepancies w ith experim ent. The la ttic e  specific heats and  the equivalent Debye 
tem peratures obtained from th e  calculated frequency  distributions agree reasonably well w ith 
th e  experim ental data  for copper and nickel, b u t  no t in the case of vanadium .

I. In tro d u c tio n

T he freq u en cy  d is tr ib u tio n  fu n c tio n  G(co) of th e  n o rm a l m odes o f  v ib ra 
tio n  of c ry s ta ls  is a q u a n t i ty  of consid erab le  im p o rtan ce  in  th e  s tu d y  o f  th e ir  
m an y  th e rm a l and  t r a n s p o r t  p ro perties. D u rin g  th e  la s t  few years th e re  has 
been  considerab le  in te re s t  in  th e  e x p e rim e n ta l s tu d y  o f  la ttic e  v ib ra tio n s  in 
m eta ls  th ro u g h  th e  m easu rem en t of f req u en cy  —  w ave v e c to r  d ispersion  re la 
tio n s  w ith  th e  help of in e la s tic  n eu tro n  sc a tte r in g  te c h n iq u e  [1]. A naly ses  of 
th ese  d ispersion  re la tio n s b y  m eans of th e  B o rn  —von K á rm á n  m odel h a v e  p ro 
v id ed  in fo rm a tio n  a b o u t in te ra to m ic  fo rce  co n stan ts  w h ich  in  tu rn  h a s  been  
used  to  o b ta in  th e  freq u en cy  d is tr ib u tio n  functions. F o r  ce rta in  m e ta ls  like 
n ickel an d  v an ad iu m , w h ich  sc a tte r  n e u tro n s  p rim arily  in co h eren tly , G(co) has 
been  d irec tly  m easured  b y  in co h eren t in e la s tic  n eu tro n  sc a tte r in g  ex p e rim en ts . 
I t  w ould  be  in te re s tin g  to  consider th e  th e o re tic a l side o f  th e  prob lem  in  th e  
lig h t of a su ita b le  la ttic e  d y n am ica l m odel.

I t  is now  well e s tab lish ed  th a t  co n d u c tio n  e lec trons in  m etals c o n s id e r
ab ly  m odify  th e ir  v ib ra tio n  frequencies a n d  these a re  responsible fo r th e  
fa ilu re  o f th e  C auchy re la tio n . B h a t ia  [2] an d  B h a t ia  a n d  H o r t o n  [3] h a v e  
p ro p o u n d ed  an  elastic  force m odel for s tu d y in g  the  p h o n o n  frequencies of 
cubic m eta ls  b y  considering  th e  ion e lec tro n  in te ra c tio n  th ro u g h  th e  sc re e n 
ing  o f th e  long-range C oulom b forces b e tw een  th e  ions. T h e  ion  — ion in te ra c tio n  
is described  b y  th e  f irs t tw o  term s in  a T ay lo r ex p an sio n  o f th e  p o te n tia l  
energy . T he m odel has p ro v id e d  a p lau sib le  descrip tion  o f  v ib ra tio n  s p e c tra
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a n d  h e a t c ap ac ities  o f alkali m e ta ls  [2, 4] (L i, N a , K ) and  n o b le  m etals [3, 5] 
(A g, A u). I t  h a s  also been used  to  exp la in  th e  te m p e ra tu re  v a r ia t io n  of th e rm a l 
ex p an sio n  [6 ], e lec trica l and  th e rm a l re s is tiv itie s  [7], and  th e  x - ra y  D ebye—- 
W a lle r  fac to r  [8 ] o f  a n u m b er o f  cub ic  m eta ls . R ecen tly  Sa n g a l  and  Sh a r m a  
[9] h a v e  s tu d ie d  th e  la ttic e  v ib ra tio n s  in  tra n s i t io n  m etals o f  b o d y -cen tred  
cu b ic  s tru c tu re  o n  th e  basis o f th is  m odel b y  considering  th e  seco n d-ne ighbour 
in te rio n ic  in te ra c tio n s .

In  th e  p re s e n t paper we re p o r t  a c o m p u ta tio n  of th e  p h o n o n  freq u en cy  
d is tr ib u tio n  fu n c tio n s  of co p p er, nickel an d  v an ad iu m  on th e  basis of th e  
B h a t ia  an d  H o r t o n  [2, 3] m o d e l and  co m p are  th e  re su lts  w ith  m easu red  
d is tr ib u tio n s  a n d  w ith  those o b ta in e d  by  o th e r  m odels. E a rlie r  w ork  [10— 12] 
on th e  freq u en cy  d is tr ib u tio n  o f  v an ad iu m  u s in g  force m odels does n o t show  
sa tis fa c to ry  a g re e m e n t w ith  ex p e rim en t. I t  w as th o u g h t w o rth  w hile  to  ex am in e  
th is  m e ta l in  th e  lig h t of B h a t ia ’s m odel. F ro m  th e  c o m p u ted  d is tr ib u tio n s , 
th e  la ttic e  specific  h ea ts  o f th e se  m etals a re  ev a lu a ted  an d  com pared  w ith  
av a ilab le  ca lo rim e tric  d a ta .

w h e re  M  is  t h e  m a ss  o f  th e  a to m  an d  I  is  th e  u n i t  m a t r ix  o f  o rd er th r e e .  
I n  B h a t ia  a n d  H o r t o n ’s m o d e l [2, 3 ], t h e  e le m e n ts  o f  th e  d y n a m ic a l m a t r ix  
Щч) are  g iv e n  b y

II . S ecular d e te rm in an t

T he secu la r eq u a tio n  fo r th e  d e te rm in a tio n  of an g u la r frequencies со o f  
th e  no rm al m odes o f v ib ra tio n  in  a cubic m e ta l can be w r it te n  as

D(q) — Mco2 1 1 =  0 , ( 1 )

D M  — 4 а г(3  Cj C2 C2 C 3 C3C1) -)- 

+  4(z2(2  Q C j -  Ct Ck) +

+  2 K J - '  a3 qf ,

D u( q) =  4 a 2 S,- S / + 2 K J  1 a3 q, qf ,
(2 a)

(/cc)
an d

Du(4) — 8 (* i +  a 2) (1 — C1 C2 C3) +

+  4 K ef - 3a3qf,

D,j(q) =  8 зс2 S, Sj CV +  4 K , / - 1 a 3 q, q j , 

(bcc)
(2 b)

w here

(3)
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H ere qt is th e  i th C a rte s ian  co m p o n en t of th e  ph o n o n  w ave v ec to r  q; n is th e  
n u m b e r o f  electrons p e r  u n it  v o lu m e ; a is th e  sem i-la ttice  p a ra m e te r; cc1 an d  
a 2 are  th e  force c o n s ta n ts  for the  f irs t-n e ig h b o u r io n —ion in te ra c tio n ; an d  th e  
p a ra m e te r  K e arises fro m  electron ion  in te rac tio n . A com parison  o f th e  long-

fnzquency со in rad/sec
Fig. 1. The phonon frequency distribu tion  function of copper

w ave lim it o f E qs. (2) w ith  th e  e la s tic  m a tr ix  for a cub ic  c ry s ta l y ie ld s  th e  
follow ing re la tio n s b e tw een  elastic c o n s ta n ts  and  force co n s tan ts :

a i =  (а /2)(Сц C 12 C 44),

*2  =  a (^'ll C i2 2 C 44),

K e =  (2Cn  -  C 12 -  3C44), (fee) (4a)

and

a i =  (а /2)(Сц C 12),

a 2 = -  (a/2)(Cn  C12 2C44),

K e =  C n  — C44. (bee) (4b)
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I I I . N um erica l co m p u ta tio n

T he c o m p u ta tio n  of th e  phonon  freq u en cy  d is tr ib u tio n  functions for 
co p p er, n ickel, a n d  v an a d iu m  has been m ade b y  ro o t sam p lin g  tech n iq u e  for 
a  d iscre te  su b d iv is io n  o f w ave v e c to r  space [13]. In  o rder to  g e t a  fa irly  reaso n 
ab le  su rv ey  o f frequencies , th e  rec ip rocal space  w as d iv ided  in to  m in ia tu re  
cells w ith  axes o n e -fo rtie th  o f  th e  len g th  of th e  rec ip rocal la tt ic e  cell. U sing

Table I

Values of constan ts used in the calculation

M etal

E lastic constants 
(1011 dynes/cm2) L attice

param eter
D ensity
(gm/cm‘)

C„ c4(

Copper 17.620 12.494 8.177 3.603 9.018
Nickel 24.60 15.00 12.38 3.524 8.91
Vanadium 22.795 11.870 4.255 3.028 6.022

sy m m e try  co n sid e ra tio n s, v ib ra tio n  frequenc ies were d e te rm in ed  from  th e  
ro o ts  o f  secu la r E q . (1) a t  n o n eq u iv a len t p o in ts  (1686 p o in ts  fo r copper an d  
n ickel, an d  1661 p o in ts  for v an a d iu m ) ly ing  w ith in  th e  l /4 8 th  irreducib le  p a r t  
o f  th e  f i r s t  B rillo u in  zone. E a c h  freq u en cy  w as w eigh ted  accord ing  to  th e  
sy m m etrica lly  e q u iv a le n t p o in ts , w hich gave 192,000 frequenc ies in th e  w hole 
B rillou in  zone. T h e  n u m b er o f frequencies fa lling  in to  in te rv a ls  Zleo =  0.05 X 1013 
rad /sec  w ere c o u n te d  and  fro m  these  th e  h is to g ra m  giving th e  frequency  d is
tr ib u tio n  w as c o n stru c ted . T h e  ca lcu la ted  freq u en cy  d is tr ib u tio n s  are d is
p la y e d  in  F igs. 1— 3 along w ith  ex p e rim en ta l curves a n d  o th e r th e o re tic a l 
ca lcu la tio n s. T h e  curves are d raw n  w ith  a rb i t r a ry  u n its  fo r G(co), b u t  are n o r 
m alized  to  th e  sam e area. T h e  num erica l v a lu e s  o f th e  e la s tic  co n stan ts  an d  
o th e r  p a ra m e te rs  used  in  th e  ca lcu la tions a re  given in  T a b le  I .  T he e lastic  
c o n s ta n ts  o f  co p p er refer to  0 °K  an d  are v a lu es  e x tra p o la te d  from  th e  m easu re 
m en ts  o f Overton and  Gaffney  [14] a t  4.2  °K . F o r n ick e l and  v an a d iu m  
th e  e lastic  c o n s ta n ts  refer to  room  te m p e ra tu re  an d  are  ta k e n  from  th e  m e a 
su rem en ts  o f  de  K lerk [15] an d  Alers [16], re spec tive ly .

U sing  th e  co m p u ted  freq u en cy  d is tr ib u tio n s , th e  c o n s ta n t volum e spec i
fic  h e a t Cv p e r  g ram  a to m  w as ca lcu la ted  in  th e  usual m a n n e r  b y  n u m erica l 
in te g ra tio n . I n  F ig . 4 th e  ca lcu la ted  Cv are  co m p ared  w ith  ex p e rim en ta l v a lu es . 
A  m ore sen s itiv e  com parison  w ith  ca lo rim e tric  d a ta  is m ad e  in  te rm s o f th e  
D ebye te m p e ra tu re  0 .  T he 0  versus T  cu rv es  fo r copper a n d  nickel are d is 
p lay ed  in  F igs. 5 an d  6 a long  w ith  em pirica l d a ta .
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IV. D iscussion

A . Frequency distribution

F o r convenience we discuss se p a ra te ly  th e  resu lts  fo r th e  th ree  m e ta ls . 
(  1 )  Copper. The freq u en cy  d is tr ib u tio n  of th e  n o rm a l m odes o f  v ib ra 

tio n  in  co p p er has been ex p e rim en ta lly  o b ta in ed  b o th  th ro u g h  diffuse sc a tte r-

Fig. 2. The phonon frequency d is tribu tion  function of nickel

ing  of x -ray s  an d  slow n e u tro n  spec tro scopy . J a c o b se n  [17 ] has d e te rm in e d  
th e  freq u en cy  d is trib u tio n  o f  copper b y  f i t t in g  th e  th ird -n e ig h b o u r B orn — von 
K árm án  force c o n s ta n t m odel to  th e  freq u en cy  versus w ave v ec to r  d ispersion  
re la tio n  o b ta in e d  from  his d iffuse x -ra y  sc a tte rin g  m easu rem en ts  a t  ro o m  
te m p e ra tu re . T oo m uch re lian ce  can n o t b e  bestow ed  on h is  re su lt, how ever, 
because o f th e  in h e ren t u n c e r ta in ty  in  d iffu se  x -ray  ex p erim en ts . S in h a  [18 ]  
an d  Sv e n s s o n  e t al. [19] h a v e  ca rried  ou t re liab le  ca lcu la tions o f  th e  fre q u e n c y  
d is tr ib u tio n  o f  copper u sin g  s ix th -n e ig h b o u r general force c o n s ta n t m odels 
d e te rm in ed  fro m  th e  analysis o f  phonon  d isp ers io n  re la tio n s m easu red  a t  ro o m  
te m p e ra tu re  b y  n eu tro n  sp e c tro m e try . T hese d is trib u tio n s  a re  show n in  F ig . 1. 
T he n e u tro n  sc a tte rin g  re su lts  agree b ro a d ly  in  th e  loca tio n  an d  in te n s ity  o f  
m a jo r peaks, b u t  differ a p p re c ia b ly  from  th o se  o b ta in ed  b y  J a c o b s e n  on  th e  
h igh  freq u en cy  side. A p e ru sa l o f  Fig. 1 show s th a t  our ca lc u la ted  sp e c tru m
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is  in  sa tis fa c to ry  ag reem en t w ith  th a t  of S v e n s s o n  e t al. T he m a jo r peaks an d  
th e  h igh  freq u en cy  end  ap p ear a t  th e  sam e p o sitio n  in b o th  th e  spectra .

(2 ) Nickel.  In fo rm a tio n  ab o u t the  freq u en cy  d is tr ib u tio n  of la tt ic e  
v ib ra tio n s  in n ick e l has been o b ta in e d  d irec tly  b y  Ch e r n o p l e k o v  e t al. [20] 
a n d  M o z e r  e t al. [21] using in co h e ren t ine lastic  n eu tro n  sc a tte r in g  tech n iq u es. 
T h ese  d a ta  are  p lo tte d  in F ig . 2 to g e th e r w ith  th e  d is tr ib u tio n  ca lcu la ted  b y  
B ir g e n e a u  e t  al. [22] from  th e  fo u rth -n e ig h b o u r Born von  K árm án  m odel 
f i t te d  to  th e ir  freq u en cy  versu s  w ave fac to r d ispersion  re la tio n s  m easured  b y  
n e u tro n  sp ec tro scop ic  m eth o d . F o r  n o rm a liza tio n , th e  cu t-o ff frequency  o f th e  
ex p e rim en ta l cu rv es  is ta k e n  as 6.84  X 1013 rad /sec . I t  w ill be  seen th a t  o u r  
sp e c tru m  q u a lita tiv e ly  resem bles th e  e x p e rim e n ta l curve o f M o z e r  e t al. T h e  
m a jo r  peaks in  th e  ca lcu la ted  a n d  ex p e rim en ta l curves a re  found  to  be a t  
n e a r ly  th e  sam e positions. T h e  h e ig h ts  of th e  ca lcu la ted  p eak s are g rea te r th a n  
th e  ex p e rim en ta l v a lues, b u t  th e ir  form  is s im ila r  to  th a t  o f  th e  ex p e rim en ta l 
c u rv e . O ur ca lcu la ted  sp e c tru m  shows s tr ik in g  s im ila rity  w ith  th a t  o f  
B ir g e n e a u  e t al. w ith  re g a rd  to  th e  loca tio n  an d  th e  in te n s i ty  of peaks.

(3) Vanadium.  E i s e n h a u e r  e t al. [23] an d  M o z e r  e t  al. [21] h a v e  
o b ta in e d  th e  freq u en cy  d is tr ib u tio n s  of v a n a d iu m  from  in co h e ren t in e la s tic  
n e u tro n  sc a tte r in g  ex p erim en ts . These d is tr ib u tio n s  are show n in Fig. 3 a lo n g  
w ith  th e  cu rves ca lcu la ted  b y  H e n d r i c k s  e t  al. [24] using  a  n o n cen tra l th re e -  
fo rce -co n stan t m odel, an d  b y  C l a r k  e t al. [25] using  a n o n cen tra l fo u r- 
c o n s ta n t m odel. B ecause o f  u n c e r ta in ty  in  th e  u p p e r end  o f  th e  ex p e rim en ta l 
cu rves, we h a v e  a rb itra r ily  c u t  th e m  off a t  5.65 X I0 13 rad /sec  fo r n o rm aliza tio n .

A p e ru sa l o f  th e  v a rio u s freq u en cy  d is tr ib u tio n s  p lo tte d  in  Fig. 3 rev ea ls  
sev era l s tr ik in g  fea tu res . T h e  ca lcu la ted  a n d  th e  ex p e rim en ta l d is tr ib u tio n s  
d iffe r w ith  re g a rd  to  th e  p o sitio n  and  in te n s ity  o f peaks. T h e  ca lcu la ted  cu rv es  
show  tw o d is t in c t  w idely sp read  m ax im a w ith  a sh arp  d ip  betw een  th e m , 
th e  h igher fre q u e n c y  p eak  h av in g  less in te n s i ty  th a n  th e  low  frequency  one, 
w hile th e  e x p e rim e n ta l cu rv es  have  f la t  m a x im a  w ith  a  sm all dip b e tw een  
th e m  and  th e  h ig h  freq u en cy  p e a k  is m ore in te n se  th a n  th e  low  frequency  p e a k . 
T h e  m a x im u m  frequency  o f  o u r ca lcu la ted  d is tr ib u tio n  is in  fa ir ag reem en t 
w ith  e x p e rim en t th o u g h  th e  ex p erim en ta l v a lu e  is no t w ell defined . An o v era ll 
com parison  o f  th e  various co m p u ted  freq u en cy  d is tr ib u tio n s  reveals th a t  th e y  
a ll resem ble each  o th e r in  th e ir  b ro ad  fe a tu re s , b u t  n one  o f th em  agree w ith  
th e  e x p e rim e n ta l curves. O u r ca lcu la ted  cu rv e  is, how ever, som ew hat n e a re r  
to  th e  e x p e rim e n ta l cu rve  w ith  reg ard  to  th e  location  o f  th e  dip and  th e  h ig h  
freq u en cy  p e a k . I t  ap p ears  from  th e  p re se n t s tu d y  th a t  n o n e  of th e  m odels is 
a sa tis fa c to ry  d e sc rip tio n  o f  v an ad iu m .

B. Specific heat

T he e x p e rim e n ta l d a ta  fo r th e  specific  h e a t of co p p er below  20 °K  h a v e  
been  ta k e n  fro m  th e  w o rk  o f  К о к  an d  K e e s o m  [26] w hile  those  for a b o v e
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20 °K  from  papers b y  G ia u q u e  a n d  M e a d s  [27] a n d  M a r t in  [28]. T he la t te r  
tw o m easu rem en ts  a re  inconsis ten t a n d  v a ry  w ith in  w ide lim its . I n  th e  case 
o f  n ickel, th e  ex p e rim en ta l h ea t c ap ac ities  h a v e  been  o b ta in e d  from  th e  
m easu rem en ts  of E u c k e n  and  W e r t h  [29] a n d  B u s e y  an d  G ia u q u e  [30], 
those  fo r v an ad iu m  fro m  th e  m easu rem en ts  of C l u s iu s  e t al. [31]. T h e  specific 
h ea ts  o f  n ickel re p o rte d  by  the  d iffe re n t w orkers are  fa irly  c o n s is te n t in  th e

»

Fig. 3. The phonon frequency distribution function of vanadium

te m p e ra tu re  range s tu d ie d . The e x p e rim e n ta l specific h e a ts  h av e  been  p lo tte d  
a fte r  co rrec tio n  for th e  electron ic c o n tr ib u tio n . T h e  va lu es  of th e  coefficient 
o f  th e  e lec tron ic  specific h e a t, y, used  fo r  th is  p u rp o se , are given in  T ab le  I I .

I t  w ill be seen fro m  Fig. 5 th a t  th e  th eo re tica l an d  ex p e rim en ta l 0  —  T  
curves fo r copper are  s im ila r in  sh ap e , a lth o u g h  th e  th eo re tica l v a lu es  are 
sy s te m a tic a lly  h igher. H ow ever, th e  d isc rep an cy  b e tw een  th e m  is now here 
g rea te r th a n  3 % . B e tw een  70 and 130 ° K , th e  th e o re tic a l 0  v a lu es  lie v e ry  
close to  th e  m easu rem en ts  o f M a r t i n . I t  is a p a r tic u la r ly  s trik in g  fe a tu re  of
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Table II
E lectronic specific heat coefficients for copper, nickel and vanadium

M etal у(|аса1/то1е deg2) Source

Copper 172 R a y n e“)

N ickel 1740 Clu sius  a n d  Schach in ger6)

V an ad iu m 1550 Clu sius  e t a l.c)

a) J .  R a y n e , Phys. R ev., 95, 1428, 1954.
b) K. C l u s i u s  and L. Sc h a c h in g e r , Z. N aturforsch., 7a, 185, 1952.
c) K. Cl u s iu s , P . F r a n z o sin i and U. P ie s b e r g e n , Z. N aturforsch., 15a, 728, 

1960.

Fig. 4. Comparison of the calculated and observed la ttice  specific heats of copper, nickel and  
vanadium . E xperim ental d a ta : О  copper; ф nickel; Д  vanadium

th e  th e o re tic a l cu rv e  th a t  th e  m in im u m  ap p ea rs  to  h av e  a b o u t th e  rig h t d e p th  
a n d  p osition .

As is seen in  F ig . 6 , th e  e x p e rim e n ta l 0  v a lu es  fo r n ickel lie v e ry  close 
to  th e  e x p e rim e n ta l va lues. T he d ifference be tw een  th e  observed  a n d  th eo re tica l 
v a lu es  now here exceeds 4 % . F o r v a n a d iu m , th e  th e o re tic a l an d  ex p e rim en ta l 
0  va lues rev ea l considerab le  d iscrepancies: th e  ex p e rim en ta l v a lu es  being 3 0%  
h ig h e r th a n  th e o re tic a l ones. T hese d iscrepancies m ay  be a t t r ib u te d  to  th e  
n eg lec t o f  th e  te m p e ra tu re  d ependence  o f e la s tic  co n stan ts  an d  o th e r a n h a r-  
m onic effects, d u e  in  p a r t  to  th e  assu m p tio n  o f  sh o rt-ran g e  in te rio n ic  in te r 
ac tio n s in  th e  th e o ry . U sing n e u tro n  sc a tte rin g  ex p erim en ts , T u r b e r f i e l d  a n d
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E g e l s t a f f  [32] h a v e  observed t h a t  th e  freq u en cy  sp ec tru m  o f v a n a d iu m  con
ta in s  a ta il  a t  h ig h e r frequency . T h e y  h av e  also fo u n d  th a t  th e  sp e c tru m  does 
n o t o bey  th e  u su a l D ebye ca2 law  in  th e  low er f req u en cy  region. T hese ab n o rm a l 
b eh av io u rs  in d ica te  th a t  th ere  is so m eth in g  special ab o u t th e  la tt ic e  d v n am ics

Fig. 5. The Debye tem pera tu re  of copper as a function of tem perature . Solid line shows the 
present calculation. Experim ental points: О К о к  and K e e s o m , X Gia u q u e  and  Me a d s ,

+  Ma r tin

Fig. 6. The Debye tem pera tu re  versus tem pera tu re  curve for nickel. Solid line represents th e  
present calculation. E xperim ental points: О E u c k e n  and W e k t h , -f- B u se y  and G ia u q u e

of v a n a d iu m . I t  em erges from  th e  p re se n t s tu d y  t h a t  B h a t i a  an d  H o r t o n ’s 

elec tron  gas m odel g ives a reaso n ab le  re p re se n ta tio n  o f th e rm a l p ro p e rtie s  o f  
copper a n d  n ickel, b u t  n o t  those o f  v a n a d iu m .
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ФУНКЦИИ РАСПРЕДЕЛЕНИЯ ЧАСТОТЫ ФОНОНОВ В МЕДИ, НИКЕЛЕ
И ВАНАДИИ

Я И  П Р А К А Ш , Б .  С . С Е М У Э Л  и П . К . Ш А РМ А

Р е з ю м е

Определены функции распределения частот фононов в меди, никеле и ванадии 
методом отбора корней, используя модель Батиа и Гортона для электронно — ионного 
взаимодействия. Результаты сравнены с кривыми, полученными из опытов по неупругому 
рассеянию нейтронов а также и другими теоретическими расчётами. Расчётная кри
вая в случае меди в общих чертах согласуется с экспериментальной кривой, получен
ной Свессоном и др. из измерения рассеяния нейтронов. В случае никеля также имеется 
приемлемое совпадение с экспериментальным распределением частоты, полученным 
Мозерем и др. из опытов по некогерентному рассеянию нейтронов. В случае ванадия, нас
тоящие, также, как и другие теоретические расчёты значительно расходятся с эксперимен
тальными результатами. Удельные теплоёмкости решёток и эквивалентные температуры 
Дебая, полученные из рассчитанных распределений частот достаточно хорошо совпадают с 
ксэпериментальными данными для меди и никеля, а в случае ванадия имеется значительное 
расхождение.
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ANGULAR MOMENTUM AND UNITARY SPINOR BASES 
OF THE LORENTZ GROUP*

By

M. H u s z á r

CENTRAL R ESEA R C H  IN ST IT U T E  F O R  PHYSICS, B U D A PEST

(Received 26. X I. 1970)

The m atrix  of the boost operator has a ra th e r  complicated form  in angular m om entum  
basis while it  reduces to a diagonal form e'0“' in th e  un ita ry  spinor basis. The overlap coefficients 
between the tw o bases tu rn  o u t to  be complex W igner coefficients o f the ro tation  group. W ith 
the aid of these coefficients an  expression for th e  boost function is derived in term s of a power 
series in e—2a.

I t  has been  show n in  [1] and  in  th e  revised  v ersions [2, 3] t h a t  i f  the  
no tion  o f sp in o r is generalized  to  the  u n i ta ry  case, th e  u n ita ry  re p re sen ta tio n s  
o f th e  L o ren tz  group can be  expressed in  a sim pler fo rm  th a n  those in  0 (3 ), 
0 (2 , I), E (2) bases. In  th e  sp in o r basis th e  L o ren tz  group figu res as an  SO (3, C) 
group (th e  g ro u p  of th ree-d im en sio n a l co m p lex  ro ta tio n s) isom orphic  w ith  th e  
p ro p er L o ren tz  group. S u ch  an  in te rp re ta t io n  is possib le  since th e re  ex ists  
a co m b in a tio n  o f th e  g en e ra to rs  sa tisfy in g  th e  co m m u ta to rs  of tw o in d e p e n 
d e n t an g u la r m om en ta . A  sim ilar decom position  holds fo r th e  0 (4 ) group . 
T hough  in  th e  above sp in o r basis Lie A lgeb ras of th e  0 (3 , I) and  th e  0 (4 ) 
groups coincide, for u n ita ry  re p re se n ta tio n s  all g en era to rs  o f th e  la t te r  g roup  
are  H e rm ite a n , w hereas in  th e  L oren tz  g ro u p  th e  g en era to rs  of th e  tw o com plex  
angu la r m o m en ta  are pa irw ise  ad jo in t to  each  o ther. In  th e  spinor b as is  th e  
u n ita ry  rep re sen ta tio n s  o f th e  0 (4 ) g roup  a re  sim ply a p ro d u c t of tw o D -func- 
tions and  th e  tra n s itio n  to  th e  angu la r m o m e n tu m  basis can  be accom plished  
b y  m eans o f th e  W igner coeffic ien ts o f th e  rea l ro ta tio n  g ro u p . H ence i t  seem s 
n a tu ra l th a t  th e  overlap  coeffic ien ts b e tw een  0(3 ) and  0 (2 , C) (spinor) bases 
of th e  L o ren tz  group can b e  in te rp re te d  as an an a ly tic  c o n tin u a tio n  o f  th e  
fam ilia r W igner coefficien ts [2]. The o v e rlap  coefficients h av e  been d eriv ed  
earlie r for a special case b y  K u z n e t so v  e t  al. [4].

The exp ression  for th e  b o o st fu n c tio n  (a) in th e  an g u la r m o m e n tu m  
basis is r a th e r  com plica ted . O n th e  o th e r h a n d , in  th e  sp in o r basis th e  m a tr ix  of 
th e  boost o p e ra to r  along th e  z-ax is is d iag o n a l an d  has th e  fo rm  e'“1’. T he p u rp o se  
o f th is  p a p e r is to  show t h a t  com plica ted  fo rm ulas co n ta in in g  m u ltip le  sum s 
fo r th e  fu n c tio n  d j f  (a) can  b e  reduced  to  th e  p ro d u c t of tw o  overlap  coeffic ien ts

* This work has been com pleted a t JIN R , D ubna, USSR.
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w h ich  accom plish  th e  tra n s it io n  betw een  0 (3 )  an d  0 (2 , C) bases. T hese  
coeffic ien ts  a re  essen tia lly  co m p lex  W igner coeffic ien ts an d  can  be t r e a te d  
easily  since th e y  possess a n u m b e r o f p ro p ertie s  w ell-know n from  th e  ro ta tio n  
g ro u p .

In  S ection  1 th e  e igen fu n c tio n s of th e  0 (3 )  and  0 (2 , C) bases are co n 
s tru c te d . In  S ec tion  2 th e  o v e rlap  coefficien ts betw een  th e  tw o bases a re  
c a lc u la ted  a n d  in  S ection  3 i t  is show n th a t  th e y  are e ssen tia lly  com plexified  
W ig n e r coeffic ien ts  o f th e  re a l ro ta tio n  g roup . In  Section 4 an  exp lic it fo rm  
fo r th e  b o o st fu n c tio n  is p re se n te d  in te rm s  o f  a pow er series of th e  fo rm  
Z k ak e-*k\

С и
1. T h e  basis fu n c tio n s

D en o tin g  th e  in fin ite s im a l g enera to rs o f  sp a tia l ro ta tio n s  and  b o o s ts  
a lo n g  th e  k -ax is  (k =  1, 2, 3) b y  M k and  N k, re sp ec tiv e ly , th e  co m b in a tio n s

±  (M k +  i N k) =  J ,  and  \ { M k -  iN k) =  K k

sa tis fy

[Jki Jl] =  -^/] — i^klm K m, [Jk, K f\  0 .

F o r  u n ita ry  re p re se n ta tio n s  J k — ho lds. T h e  C asim ir o p e ra to rs  J 2, K 2 o f 
th e  tw o  com plex  a n g u la r  m o m e n ta  J , К  are  th e  C asim ir o p e ra to rs  of th e  L o re n tz  
g ro u p :

>  1 >  =  J(7 +  1) |>,  x 2|> = y * ( j *  +  i ) i > ,  (1.1)
w here

j  =  ~  (/о- 1 +*CT)» Í1-2)

( j 0 =  0, i  — 1 i F  • ■ ч 0 <C g  < o o  for th e  p rin c ip a l series). Irred u c ib le

u n ita ry  re p re se n ta tio n s  can  b e  ch a rac te rized  b y  ( j 0, a) o r b y  {j,j* ) .
In  u n i ta ry  sp ino r basis  th e  g enera to rs M 3 an d  1V3 a re  d iag o n a l:

M 3 \jj*; [ i v >  =  n \ j j* ;  f* v> ,  ^
N 3 I//'*; pv >  =  V \jj*; [ív > ,

w here ц  ta k e s  in te g e r (h a lf-in teg er) values fo r  single-(double-) va lu ed  re p re se n t-
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a tio n s , while v is  con tinuous a n d  rea l w ith in  th e  range — o o < v < o o ,  In  
te rm s  of J 3 and  K 3 E q . (1.3) re a d s :

Jul]]*'-, mm*  >  

К
w ith

m

3\ j j  ? mm*  >  =  m* |

1

m  I jj*; mm*  > ,

j j *; "jm * >  ,

- ( f i+ iv ) , m* = _ ( a _L T

(1.4)

(1.5)

Since m p lays a p a r t  in  th e  com plex  ro ta tio n  g ro u p  analogous to  th a t  o f th e  
th i rd  com ponen t o f  th e  usual a n g u la r  m o m en tu m , we reserve th e  n o ta tio n  m 
fo r th e  eigenvalue o f  th e  com plex an g u la r m o m en tu m  J 3, an d  th e  eigenvalue 
o f th e  rea l an g u la r m o m en tu m  w ill be deno ted  b y  fx.

In  ad d itio n  to  sa tisfy ing  E q . (1.1) e igenfunctions in  th e  0 (3 ) basis 
sa tis fy :

M 2\jj*; l/i >  =  l ( l+ l) \ j j* ;  l f i > ,  ^  ^

M 3\jj*; If* >  =  p\jj* i  l,и >  •

In  o rder to  e v a lu a te  the  o v e rlap  coefficients betw een  th e  tw o  bases i t  
is co n v en ien t to  choose a re p re se n ta tio n  of th e  basis  vec to rs w h ich  m akes th e  
ca lcu la tio n  sim ple. T h e  h y p erb o lo id  an d  th e  cone p 2 =  0 a re  tw o  possible 
choices. W hichever o f  th em  is consid ered  for th e  g enera to rs M flv =  i(p M 9„—■ — fniy(j+l) =  l/2j Qa is a u to m a tic a lly  eq u a l to  zero, so we a re  re s tr ic te d
to  th e  special case j 0 =  0, or a =  0 . H ow ever, i t  w as po in ted  o u t  b y  L o m o n t  
an d  M o s e s  [4] th a t  on  th e  cone th e re  ex ists a can o n ica l tra n s fo rm a tio n  w hich 
y ie ld s g enera to rs rea liz ing  a rb itra ry  values of j 0 a n d  a, c h a ra c te ris tic  for th e  
p rin c ip a l series. T his is due to  th e  f a c t  th a t  on th e  cone th e  h e lic ity  Я =  M pj\p\ 
is a P o in care- and  L o re n tz - in v a ria n t q u a n tity . T h e  g enera to rs g iven  in  [5] are:

w hore
M  =  N  =  N " » + N W ,

M(0) =  ~  (p  X Vp), /V(0) =  1 p\rp (p  =  \p\ =  P°),
l l

(1.7)

JVf(1>= X - J £ — ,X
P + P :i p + p 3

JV<M =  I X - P — . Я — P— ,0
p + p 3 p + p 3 

Choose tw o  coo rd in a te  system s on th e  cone:

( 1.8)
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S system :

p n =  ea, p 1 =  ea sin  & cos (p, p 2 =  ea sin & sin  <p, p 3 =  e° cos 

C sy stem :

p° =  ea' ch ß, p 1 =  ea' cos (p, p 2 =  ea' sin (p, p 3 =  — ea' sh ß .

(1.9)

In  te rm s  of th e se  p a ra m e te rs  th e  C asim ir o p e ra to rs  for th e  S sy stem  are

1J2 =
k 2 = - 1

4

a2 a
— + 2 ( 1 -  Я) —  + Л 2 —2Л 
За2 За

—  +  2 ( 1 + Я)  —  + Я 2 +  2я | .
За2 За

( 1. 10)

(T he sam e expressions are va lid  for th e  C system  w ith  th e  su b s titu tio n  a —► a'.)
T h e e igen func tion  is e _ < 1  + !0)°. p ro v id ed  Я =  j 0. (The o th e r so lu tion  is 

co n n ec ted  w ith  th e  e q u iv a le n t re p re se n ta tio n  (—j 0, — a).] T he rem ain ing  
o p e ra to rs  we need  are :

2Я//
M 2 =  M <°>2 +  ■

1 +  cos #

M 3 =  — А + Я ,
i ocp

N s =  -  — —  .
i dß

( l u )

( 1. 12)

(1.13)

U sing  (1.6), (1.11) a n d  (1.12), we f in d  th e  n o rm alized  eigen functions in  0 (3 ) 
basis  to  b e :1

(a&(p\lfi} =  У2л (21+1) e - (1+ íff)ű е->(м-Я) d ^ (# )  =
(1.14)

=  )[2л (21+1) e-V+i°)a О ' ф , » , - ? )  (Я ^ у 0).

In  a sim ilar w ay  we ge t th e  sp in o r basis in  th e  fo rm

( a 1 ß<p\pivy =  г] У2 е _ 0 + <а)а' e~ ,vP, (Я = _ /0) (1.15)

H ere  rj is a ph ase  fa c to r:

2iaf]0 if  у0 =  Я ;> ,и ; Я+ jU ^ O  or Я +  / * < 0 ;

1 =
2iaVo

sin  n  (j  m) ...i f  Â=j0, À + piy>0 or Я + /г < 0
(1.16)

sin  n(j*  — m*)

1 Г d  3p1 T he sca lar p ro d u c t is defined  by  < / |  g> = ~^2л )з~ j 1-̂ * O’ I •
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w ith 2

Vo =  Г
—7 + 7 * + f + l »  7

j - j *  +  l + 1 , j*
m —(—1 , jr +  m + 1  

m* +  l ,  y* +  m* +  l

1/2

[j and m are d e fin ed  b y  (1.2) an d  (1.5).] In  w h a t follows we shall consider 4 
cases accord ing  to  th e  signs o f  Я +  [г an d  Я —  fi. T he in eq u a litie s  Я +  o 
a n d  X +  Ц <  0 in  E q . (1.16) m ere ly  in d ica te  t h a t  th e  ph ase  fac to rs  in  th e se  
cases coincide.

2. T he overlap coefficients

A fte r perfo rm ing  an in te g ra tio n  on th e  hyp erb o lo id  we o b ta in  th e  o v er
la p  coefficien ts in  th e  fo rm 3

■ Г

([xv\Ifx) =  r/* 2ia

j m '  + 1 , j '  +  m ' +  l  
X'— ц ' 1, X'-\-ia -(-1

/ 2 Z +  ! r т + Я '+ i , /  - / t '+ i
' 4л l - X ' + l , l + f i ' + l _

1/2

3 + 2
l + Я ',  l-\-X' — m ' +  l

X' n ’ +  l ,X '+ i< x+ l
w here

X' —  —  ( \X - \ - f i \  + 1 A— /t|) ,  ц '  —  —  ( |Я + ^ |  — Ц - - / r | ) ,
Z  Zu

j '  = — (Я' - 1 + ш ) ,  m' =  —  (ц ' -\-iv)
2 2

( 2 .1)

( 2.2)

a n d  3F 2 is th e  generalized  h y p erg eo m etric  fu n c tio n  o f u n it  a rg u m e n t. No p ro 
b lem  of convergence arises since th e  3F 2 fu n c tio n  e n te rin g  E q . (2.1) is a te rm i
n a tin g  series.

A ccording to  E q . (2.2) we h a v e  4 cases, n am e ly :
1) j 0 =  Я ]> |И, Я -f- (г 0, for w h ich  E q . (2.1) ta k e s  th e  form

=  2ia а + > г 7 + 7 * + ^ + 2 , l —/ t + l
4л: J  j  Î*-

Г
j  m +  1, / + m + l , F„ 7+7* ~^+l»7+7*+i+2, У -m +  1

.7 +7* -  A* +  2, 2 j - \ - 2
3A 2

7+7* + + 2 ,  2j +  2

(2.3)

2 The shorthand  no ta tion b,
V,

Г (а ) Г (Ь )  . . . Г ( х )  
r(u)r(v) . . . r(z)

is used .

3 The triv ia l fac to r ôj^j0ô(a' — о) is om itted  in the following.
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2 ) ц  А =  jo, A -f- р  0  for w h ich

п* Vio 1/ 2I + 1 r У ~ y * + i.
' 4 я У + У * + 1+ 2 , 1—

1/2

• Г -j* + m*, j+m+1
L- У - У * + м ,  j - r + p + 1

3 X 2
Z +  /z +  l> —У*4~т

;  У * + / м  ; '* + /“ + !  .

3) A =  j 0 > /г, A +  i“ <C 0, fo r w hich

Г2 / + 1
< Н / М > з =  »7* 2 /a

4л:
Г

1/2

Г - — m + 1 , J*  — m*

j + j * - H ‘+ 2J - j * — V + 1 .
3^2

" M + 2 * I—

У ~У*~М. ^+ a*~I-

— 1—fjL, l —/*—f- 1*У— m + 1
У+У* i° +  2 , У—У* — A *+1

4) =  A <C /H, A -)- p  <  0, for w h ich

2 /+ 1
< H i / i > 4 =  »?* 2 '« Г

4л
y у * + / ,  / 4 - ^ + 1  1/2

У+У*-Н+2, /—

(2.4)

(2.5)

(2.6)

T h ere  ex is t tw o  fu n d a m e n ta l re la tio n s  be tw een  th e  3F 2 hy p erg eo m etric  
fu n c tio n s  o f u n it  a rg u m e n t [6 ]. F ro m  th e  th re e - te rm  re la tio n  (see A ppend ix )

j*  +  m*, —j*  m*
■jF 2 y - y * —i -  i .  - y y * + h  y * + n » * '

[_ y j * + F ,  2 j* . У y*+A*. 2;*

sin  nßi5 Fjp(0 ;4 5 )  sin  я /?50 Fp(4;05) sin л ßoiFp(5)

^ ( * 0 1 2 ’ * 0 1 3 ’ * 0 2 з )  ^ ( * 1 2 4 ’ « 1 8 4 . * 2 3 l )  ^  ( « 1 2 5 ’ * 1 3 5 . a 2 3s)

=  0 (2.7)

we o b ta in
< Н ^ > 1  =  < H  */*>*■

In  a s im ila r w ay  th e  tw o -te rm  re la tio n

y ie ld s
Fp(0; 45) =  Fp(0; 14)

<ybtvI//x>! =  (pv \lp}3, <iur|Ziu ) 2 =  <>v|//i> 4

a n d  th u s  th e  o v erlap  coefficients (2 .3), (2.4), (2.5), (2.6) are all eq u a l. In  o rder 
to  m ak e  clear th e  m ean in g  o f th e se  equ a lities  le t  us consider th e  f ir s t  overlap  
coeffic ien t <pv \ 1рУг in  th e  ra n g e  o f  th e  second one, i.e. in  th e  q u a d ra n t
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/х —  Я >  0, /х +  Я > 0 .  D ue to  th e  p a ra m e te r  j  +  j*  —  jtx +  2 =  Я —  jix +  1 in  
th e  d en o m in a to r o f th e  3F 2 fu n c tio n  and  to  th e  fac to r 1 / F ( /  +  /*  — /x +  2), th e  
coefficien t (fiv | //х>х is an  u n d e te rm in e d  q u a n t i ty  of O .o o  ty p e . T ak ing  th e  lim it  
we a rriv e  a t  th e  coeffic ien t (/xv 1 Z/x> 2 as i t  is g iven  by  e q u a tio n  (2.4). T h e  ab o v e  
tra n sfo rm a tio n s  o f th e  T hom ae-W ipp le  fu n c tio n s  p ro d u ce  th is  lim it a u to 
m atica lly . In  th e  case of th e  re m a in in g  coeffic ien ts  we face  a sim ilar s i tu a tio n .

I t  is w o rth  m en tio n in g  t h a t  fo r an a rb i t r a ry  choice o f  th e  phase  r] th e  
overlap  coeffic ien ts in  th e  fo u r q u a d ra n ts  d iffe r by  a p h a se  fac to r. W e h a v e  
chosen th e  va lu e  o f  t] [see E q . (1 .16)] in  su c h  a w ay t h a t  th e  eq u a lity  o f  th e  
( f xv  I Z/x)x 2  3  4  shou ld  hold .

3. R elation to the W igner coefficients

One o f th e  possible form s o f  th e  W igner coefficients fo r  th e  th re e -d im e n 
sional rea l ro ta tio n  g roup  is [7]:

х Г

C (ji jajai " h  m 2) =  I / 2 / 3 + 1  X

/ i + m i  +  1 ,  / 2 — m 2 + 1 ,  / 3  — m 3 + 1 ,  / 3 + m 3 + l

/ x— mx+ l ,  / 2  +  m 2 + 1, / 1 + / 2—/з + 1 »  Л+Уг+Уз +  2

1/2

r (ji  У2+ / 3+ 1 ,—À + / 2+ J 3+ 1)1/2-
1

r ( h  j 2 + m l + W s  Jl Ш2+ 1)

p  Г J l  Уг^Н/'з» J i + m n  Ja m i 
L It+Js- m 2+l»  ~ J 2 + J 3 + OT1+1

U sing  th e  re la tio n  [6 ]

si n ^ 23 pp^Q. 4 5 ) _  F n (2)_____________ F n (3 ;24 )
лГ ( *02з) '̂(*154’ *135’ а315) *124’ *125’ *24в)

(3.1) can  be w ritte n  in th e  form

C Ü i  j a j a i  "»l m a) =  е+И Л +т.)  p

(3 .1)

/ i + " h + l , / i  m j + U /з  m3+ l  
/ 2  +  ̂ 2 + 1 , / 2  m2+ l , / 3 +  m3+ l

1/2

■Г У1+У 2 Уз+ l ’ J i  ja +Уз + 1  ’ 7i +У 2 +Уз+ 2

У1+У2+У3+1
1/2 1

А У 1 ja - т з + 1 ’ 2 /х+ 2

‘ 3 F 2
j i  ~~ja Уз’ j'i ~ ja  +Уз + 1 » Уг mi + 1
j i —ja — т з +  1’ 2j i + 2

(3 .2)
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T his form  o f th e  W igner coeffic ien ts  will be  com plexified  w ith  the  p re sc rip tio n  
for I m ( j 2 -f- m 2) % 0. N am e ly , le t us in tro d u c e  th e  n o ta tio n s :

À  =  У =  y  (Уо 1 +  i f f ) ,

У« —  J* 1 =  y  ( - / o~ l + ia) ’

m 1 =  m =  ) ,

2: =  m* =  ~ r  (/“

Уз —  ̂’ т3 = ц .

(3.3)

T h en , c o m p arin g  (3.2) w ith  th e  overlap  coeffic ien ts  (2.3), w e find :

([iv\lfiy =  , e ± i 7Ib'!+ md  -
8 Ш Я ( y r  У2 + У з)

s in  л(У2- ( - т 2) s in  я  (У2 — m2)

1/2
C ( j i ] \ j b m i m 2)

( I m  ( j \  +  m 2) 0 )

T hus th e  o v e rla p  coeffic ien t is p ro p o rtio n a l to  th e  com plex ified  W ig n er coef
fic ien ts  d e fin ed  in  (3.2). T h is  resu lt is q u ite  clear, since th e  spinor b as is  is  the  
e ig en sta te  o f  J 2, J 3; К 2, K 3 a n d  we w an t to  o b ta in  th e  a n g u la r  m o m en tu m  basis 
w hich is th e  e ig en sta te  o f (J  -)- К ) 2 =  M 2 a n d  J 3 +  K 3 =  M 3.

I t  m u s t be  em phasized  th a t  E q . (3 .2) can n o t be  considered  as d efin ing  
th e  W igner coeffic ien ts fo r a rb itra ry  co m p lex  values o f  th e  p a ra m e te rs , since 
th is  w ould  req u ire  fu r th e r  co n sid e ra tio n s. E q . (3.2) h a s  th e  sense d iscussed  
above an d  i t  is defined  fo r th e  values o f  p a ra m e te rs  g iven  b y  E q . (3.3).

In  v iew  o f th e  re la tio n s  betw een  th e  functions th e  overlap  coeffic ien ts  
possess a n u m b e r  of sy m m e try  p ro p e rtie s  w hich  are th e  com plex  c o u n te rp a r ts  
o f those  o f  th e  rea l W igner coeffic ien ts . H e re  we m ention  t h a t  as a consequence  of 
I Уо I <Ç / w e h av e  a tr ia n g le  in e q u a lity  fo r  th e  co m p lex  angu lar m o m e n ta : 
\ j j — j 2 I <C /„. P e rm u ta tio n  of 1, 2 a n d  3 o f course, is n o t  allowed now \

4. Matrix elem ents of the boost operator in  angular 
m om entum  basis

T he overlap  coeffic ien ts  m ake i t  possible to  o b ta in  an ex p ressio n  for 
the  b o o st fu n c tio n  djf^tx) defined  by

«ifc(«) =  < W W»|1V> •

Since th e  sp in o r basis is a n  e igensta te  o f  N 3, we get th e  in teg ra l re p re se n ta tio n

dK {° í ) =  I ” dv e‘m < Н г»  • (4-1)J  —  oc
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T h e re la tio n  o f  E q . (4.1) to  th e  0 (4 ) g roup  is tre a te d  in  [8 ]. As is seen from  
(2.1), th e  in te g ra n d  o f (4.1) h a s  fo u r types o f  po les on the  complex v p lane, n a m e ly

a) V =  £(A' +  1 +  /i' +  2 fc) —  a,

b) v =  i(— A' —  1 +  /л' —  2k)  4 - a,

c) v =  i(— A' —  1 —  fi' —  2k) —  cr,

d) v = i(A' + 1 — p '  + 2k) +  а ,  (к =  0, 1, 2, . . .)
v 'here  A' and  ц '  a re  defined b y  E q . (2.2). T h e  position  o f th e  poles in  th e  case 
7 o >  ^  0 is show n in th e  F ig u re . Before closing th e  c o n to u r  of in te g ra tio n

th e  asy m p to tic  b eh av io u r of th e  in teg ran d  fo r la rge  v is re q u ire d . W e fin d  fo r 
th e  overlap  coeffic ien ts th e  fo llow ing a sy m p to tic  fo rm ula:

(/uv\lp) =  Y( 2 l + l ) n __________ 1

+ ( 2.7 +  2 , — [i-\- 2 )
Г 7 +./'* +  / +  2 , Z—/t +  1

j  ^ + /* + 1 .

•2 F 2
j+j*-l+l,j+j*+l+2 .

2j  +  2 , j  -\-j * — fx 4 - 2

2Я-1+/-Л nvj 2
( l + o ( l ) )

(R e  r  ^  0).

(W e liave here o m itte d  an ir re le v a n t phase fa c to r .)  The le a d in g  te rm  o f th e  
in te g ra n d  is e ”1 a im»- gQ fo r x  q  th e  COn to u r  can be closed  on th e  upper 
h a lf  p lane . T hus, on ly  th e  poles o f  th e  a) an d  d) ty p es m ak e  a  c o n tr ib u tio n . 
T h e  f in a l resu lt is:

- е д  =  2 ( - 1 )'Z 7tl /c=0

(A'+/*' +  k)l 
kl

< H * »  </"++> "

2 ( ~ 1Уk = 0
(A '- / * ' + * ) !

+ ( j  -\~m d - l î j  * + m * 4 - 1 )  r=n
(pv\V  p>(ii.v\lp)* ! (4.2)

kl Г (У - 1 )  v = v 'k
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w here

vk =  i(k' /г' -\-2k) — a , v'k =  i(A' +  l  —,и' +  2А:) +  cr

a n d  А', p '  , j ' , m '  are  d efin ed  b y  E q . (2.2). F o r  « <  0 we ca n  o b ta in  an  analogous 
fo rm u la  b y  closing th e  c o n to u r  on th e  low er half-p lane . H ow ever, i t  is easier 
to  use th e  u n i ta r i ty  in  th e  fo rm  d/;”v  (oc) =  ( —a)* , in  w h ich  case w e h av e
to  ch an g e  th e  sign on th e  le f t  h a n d  side o f  (4.2) an d  to  su b s titu te  vk —*• v* ,

A cknow ledgem ents

I  w ould  th a n k  P ro fesso r J .  SmCRODINSKY fo r helpful d iscussions and  co m m en ts .

A ppendix

F o r  th e  read ers’ conven ience  w e c ite  th e  d e fin itio n  o f  th e  Fp  a n d  Fn  
fu n c tio n s  [6 ]. C onsider 6  q u a n tit ie s  rt ,fo r w hich

Í r ,  =  0
1 = 0

ho lds an d  define

^ Imn “  \~ Ti~\~ Tm~\~ Tn ’ ß  mn **n •
£

T h en  th e  T h o m ae— W ip p le  fu n c tio n s a re  defined  b y

Fp(l-, mn) = jp Г&gmni M'hmm a jmn 1

F fa g h ji  ß m h  ßn l) ’ 1- ß m h  ßnl

Fn(l ; mn)  = тр Г&lhji f y g j i  a Igh . -I

r{<Xlmm ß lm i ß ln )  L ß lm i ßln
•>

w here  g , h , j  re p re se n t th o se  3 n u m b ers  o u t of th e  six  in teg ers  0, 1, . . ., 5 n o t 
a lre a d y  rep re sen ted  b y  l, m  an d  n.

F o r  th e se  fu n c tio n s  tw o fu n d a m e n ta l re la tio n s  h o ld . A ccord ing  to  th e  
f i r s t  one, Fp(l; mn)  fu n c tio n s  w ith  f ix  l an d  w ith  d iffe re n t m, n a re  a ll equal. 
T h e  second  fu n d a m e n ta l th eo rem  is a  th re e - te rm  re la tio n . One of i ts  possible 
fo rm s is g iven  b y  E q . (2 .7). I n  o u r case th e  la s t  te r m  in  E q . (2.7) becom es 
zero  in  v iew  o f th e  F -fu n c tio n  in  th e  d en o m in a to r.
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БАЗИСЫ УГЛОВОГО МОМЕНТА И УНИТАРНЫХ СПИНОРОВ ГРУППЫ ЛОРЕНЦА
М. ХУСАР

Р е з ю м е

Матрица оператора «буста» имеет сложный вид в базисе углового момента, в то же 
время она сводится к диагональной форме e iav в базисе унитарных спиноров. Коэффи
циентами переразложения между двумя базисами являются комплексные коэффициенты 
Вигнера группы вращений. С домощью этих коэффициентов задается выражение для 
функции «буста» tfjU(oc) в виде степенного ряда.
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SUR LA VITESSE DE PROPAGATION DES ULTRASONS 
DANS LES SOLUTIONS AQUEUSES DE QUELQUES 

HALOGÈNES IV.
CH LO RU R ES D ES MÉTAUX A LC A LIN O -TER R EU X

D. A u s l ä n d e r  et L i a  O n i t i u

LA BO RA TO IRE D’ULTRAACOUSTIQUE, U N IV ER SITÉ «BABES-BOLYAI» C LU J, ROUM ANIE

(R eçu 10. X II. 1970)

U tilisant une m éthode de diffraction, les auteurs déterm inent la vitesse de propagation 
des u ltrasons dans les solutions aqueuses des chlorures des m étaux alcalino-terreux, dans un  
dom aine de tem pératu re  et de concentration. On présente les variations des vitesses en fonction 
des param ètres considérés, en com paraison avec les vitesses correspondantes de l’eau; les 
m odifications que l’on constate sont a ttribuées aux changem ents s tru c tu rau x  causés par la 
v a ria tio n  des valeurs de la tem pérature  e t de la concentration, aussi bien qu ’aux interactions 
électriques.

Les recherches co n cern an t ce rta in es  p ro p rié té s  des so lu tions aqueuses des 
h a logènes des m é ta u x  alcalins e t a lca lin o -te rreu x , effectuées p a r  l ’in te rm éd ia ire  
des m esurages aco u stiq u es, so n t con tinuées d a n s  le p résen t tr a v a i l  p ou r les 
sels su iv a n ts : M gCl2, CaCl2, S rC l2 e t B aC l2.

t Procédé expérimental

L a  v itesse  de p ro p ag a tio n  des u ltra so n s a é té  m ésurée p a r  la  m éthode  
de la  d iffrac tio n  de la  lum ière  m o n o ch ro m a tiq u e  su r un  faisceau  u ltra so n iq u e  
o b te n u  d ’un  g é n é ra te u r p iézo-é lectrique  p o u rv u  d ’u n  s ta b ilisa te u r de fréquence 
e t  d ’un  fréq u en cem ètre  [1 ].

Les ca rac té ris tiq u es  de l’in s ta lla tio n  so n t les su iv an tes:
F réq u en ce : v =  2 M Hz ^  2 kH z
L o ngueur d ’onde de la  lu m iè re : Я =  5460,74 Â
D istan ce  focale  de l ’in s ta lla tio n : F  =  171,9 cm .
Les m esurages o n t p o rté  su r  u n  dom aine de co n cen tra tio n  e n tre  0,2 M e t 

3 M e t u n  in te rv a lle  de te m p é ra tu re  de 15 °C ju s q u ’à 50 °C, é ta n t  é tendus 
au ss i su r  l’eau  d istillée ; les ré su lta ts  so n t affectés d ’e rreurs ju s q u ’à 3%0.

Résultats expérimentaux

L a v itesse  des u ltra so n s su b it  des m o d ifica tio n s le long  d ’une courbe 
an a lo g u e  à la  cro issance de la te m p é ra tu re  d an s  les q u a tre  so lu tions étud iées. 
O n p e u t re m a rq u e r les m êm es m o d ifica tio n s su r  les form es p a rab o liq u es  des 
co u rb es, sem blab les à celles o b ten u es p o u r l’eau  d istillée  p o u r le m êm e dom aine
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de te m p é ra tu re . D ans les figures 1, 2, 3 e t  4 son t p ré sen tée s  les v a r ia tio n s  des 
v itesses  p a r  r a p p o r t  à la  te m p é ra tu re  p o u r  les so lu tions aqueuses des ch lo ru res 
de m ag n ésiu m , calcium , s tro n tiu m  e t b a ry u m , à des c o n cen tra tio n s  d iffé ren tes. 
D an s la  g ra n d e  m a jo rité  des cas n ’o n t é té  mises en év idence que les b ran ch es  
a scen d an te s  des p arab o les , m a rq u a n t la  ten d an ce  de d im in u tio n  des pen tes  
c o n c o m ita m m e n t avec la  cro issance de la  te m p é ra tu re . E n  général, d an s l ’in te r 
va lle  rech e rch é  n ’o n t p as  é té  a tte in te s  les te m p é ra tu re s  auxquelles les v itesses 
d e v ie n n e n t m ax im ales p o u r les c o n c e n tra tio n s  données. L ’allu re des courbes 
nous p e rm e t de dédu ire  le dép lacem en t v e rs  des te m p é ra tu re s  p lus basses de la  
v itesse  m ax im a le  avec l’accro issem ent de la  c o n c e n tra tio n ; ces co u rb es on t 
é té  m ises en  év idence a u x  so lu tions d e  M gC l2 pour les co n cen tra tio n s  de 2 M et 
2,5 M e t de  SrC l2 p o u r la  c o n c e n tra tio n  de  1,5 M.

L es v ite sses  se s itu e n t à des v a le u rs  supérieu res à celles de l ’e a u  aux  
m êm es te m p é ra tu re s , d an s to u s  les cas é tu d iés  e t l ’on c o n sta te  leu r au g m en 
ta t io n  d a n s  le m êm e sens que la  c o n c e n tra tio n .

L a  fo rm u le  de W illa rd  ne p e u t p a s  ê tre  ap p liquée  à la  d ép en d an ce  de la  
v itesse  de la  te m p é ra tu re , les d év ia tio n s  cep en d an t sem b len t ê tre  in férieu res 
à celles c o rre sp o n d an te s  a u x  so lu tions de  ch lorures a lcalines.

D an s  les co n d itions de l ’acc ro issem en t de la  c o n c e n tra tio n  à des te m p é ra 
tu re s  c o n s ta n te s , les v itesses  se p la c e n t  su r des cou rbes avec coeffic ien ts 
an g u la ire s  positifs.

L ’on co n s ta te  q u e  dan s tous les cas les m o d ifica tio n s o n t lieu  en  deux 
é ta p e s : d a n s  la  p rem ière , dans le d o m a in e  des so lu tio n s diluées, d ’a p rè s  cer
ta in e s  co u rb es, dans la  seconde é ta p e  le  long d ’un e  d ro ite . Les in te rv a lle s  
dan s lesq u e ls  les v itesses p ré se n te n t des v a ria tio n s  en  ligne courbe à g rad ien ts  
de c o n c e n tra tio n s  cro issan tes , d iffè re n t selon la  so lu tio n  e t la  te m p é ra tu re ; 
a insi, d a n s  le cas de la  ch lorure  de m ag n ésiu m  ce t in te rv a lle  s’é te n d  ju s q u ’à 
la  c o n c e n tra tio n  de 0,2 M, com m e il s’e n s u it  de la  fig u re  5, e t p o u r les so lu tions 
des ch lo ru res  de: Ca, S r e t B a, p ré sen tée s  su r les f ig u re s  6 , 7 e t 8  ju s q u ’à  0,5 M 
en v iro n . A vec l ’é lév a tio n  de la  te m p é ra tu re  les v a le u rs  Av/Ac d im in u e n t, la  
v a r ia tio n  de la  v itesse  avec la  c o n c e n tra tio n  m a rq u a n t u n e  ten d an ce  p rononcée  à 
d ev en ir lin éa ire . E n  ce qu i concerne les dom aines des pen tes  c o n s ta n te s , on 
re m a rq u e  la  m êm e m ise en ordre avec les te m p é ra tu re s  p o u r to u te s  les so lu tions, 
à l ’ex cep tio n  des in te rsec tio n s  causées p a r  le d ép assem en t des v ite sses  m ax i
m ales. L ’é lév a tio n  de la  te m p é ra tu re  d im inue  sy s té m a tiq u e m e n t les v a leu rs: 
Av/Ac, de m êm e que d an s  les p a rtie s  p récéd en tes  des courbes, de la  rég io n  à une 
faib le  c o n c e n tra tio n . U n  c o m p o rte m e n t d iffé ren t a  é té  m is en év id en ce  dans 
le  cas de la  so lu tion  aqu eu se  de CaCl2, q u i p résen te  des d év ia tions de la  liné
aire à to u te s  les te m p é ra tu re s  e t c o n c e n tra tio n s  é tu d iées . A vec la  cro issance 
de ces p a ra m è tre s  a p p a ra ît  une te n d a n c e  d ’a t té n u a tio n  des d é v ia tio n s  sans 
a tte in d re  c e p e n d a n t a u x  d ro ites c a ra c té r is tiq u e s  des au tre s  é lec tro ly te s , au 
m oins d a n s  les in te rv a lle s  e x p é rim e n ta u x  respectifs .
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L a  d épendance  de la  v itesse de p ro p ag a tio n  des u ltra so n s  de la  concen 
tra t io n  p o u r: t =  co n st, m o n tre  des d iffé renc iations e n tre  les q u a tre  so lu tio n s,

1°C

Fig. 2. V ariation de la vitesse de p ropagation  
des ultrasons dans la  solution aqueuse de 

CaCl2 en fonction  de la tem pérature

Fig. 3. V ariation  de la vitesse de propagation 
des ultrasons dans la solution aqueuse de 

SrCl2 en fonction de la tem pérature

Fig. 4. V ariation de la vitesse de propagation  
des ultrasons dans la  solution aqueuse de 

BaCl2 en fonction  de la tem pérature

illu strées su r  la  fig . 9 à 30 °C . P a r  analog ie  a u x  au tre s  te m p é ra tu re s , les v ite sses  
o n t des v a le u rs  cro issan tes  avec la  d im in u tio n  d u  po ids m oléculaire  des sels 
p o u r les m êm es co n cen tra tio n s .

A des co n c e n tra tio n s  inférieures à  1,5 M, les d ifférences de v itesse  c o r
re sp o n d a n te s  a u x  d iffé ren tes  substances a u g m e n te n t avec  l ’accro issem ent d e  
la  co n cen tra tio n . L a  d é v ia tio n  co n sta tée  a n té r ie u re m e n t dans le cas de la  
so lu tion  de C aC l2 est aussi m ise en év idence , de m êm e q u e  les au tre s  o b se rv a 
tions fa ites en  ce qu i concerne  les d eu x  é tap es  de la  v a r ia tio n  de v itesse  en  
fonction  de la  co n cen tra tio n .
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Fig. 5. V ariation de la vitesse de propagation  des u ltrasons dans la solution aqueuse de MgCl2
en fonction  de la concentration

In te rp ré ta tio n  des ré su lta ts

L a v a le u r  de la  v itesse  de p ro p a g a tio n  des u ltraso n s e s t dé te rm inée  p a r  
les p ro p rié té s  é la s tiq u es  du  m ilieu  p a rco u ru , donc im p lic item en t p a r  ses c a ra c 
té ris tiq u e s  s tru c tu re lle s  dan s les é ta ts  d ’éq u ilib re  co rre sp o n d an ts  au x  m esu r
ages [2, 3].

A ux sy s tèm es étud iés, fo rm és d ’é lém en ts  s tru c tu re ls  com plexes, soum is 
a u x  in te ra c tio n s  des d ifféren ts cham ps de fo rce , co rresp o n d en t les é ta ts  d ’é q u i
lib re  im posés p a r  les p a ra m è tre s  p ris  en co n sid é ra tio n  dans le p résen t tra v a il :  
la  te m p é ra tu re  e t  la  c o n c e n tra tio n . Les d ép lacem en ts  d ’é ta ts  im posés p a r  les 
m o d ifica tio n s des variab les m en tio n n és  so n t re flé té s  p a r le s  v a r ia tio n s  de v itesse  
m ises en év id en ce  [4].

Le c o m p o rte m e n t a n o rm a l de l’eau  q u i se m an ifeste  p a r  l’au g m e n ta tio n  
de la  v itesse  av ec  la  te m p é ra tu re  ju sq u ’à u n e  v a leu r m ax im a le , suivie p a r  sa  
d im in u tio n , e s t  d û  aux  d eu x  ac tio n s d ’e ffe t opposé de l’a g ita tio n  th e rm iq u e : 
la  d ila ta tio n  e t  le dép lacem en t de l’équ ilib re  e n tre  les d eux  s tru c tu re s  p résen tes  
dan s l’eau .

L ’e ffe t de la  d isso lu tion  des sels se m an ifeste  p a r  l ’a u g m e n ta tio n  de la  
v itesse , a n a lo g u e  à celui p ro d u it  p a r  l ’a g ita tio n  th e rm iq u e , à la  su ite  de la  
d e s tru c tio n  p rogressive  des s tru c tu re s  tr id y m itiq u e s . L a su p erp o sitio n  des d e u x  
causes, a c t io n n a n t dans le m êm e sens, a p o u r conséquence d ’in s ta lle r  p lu s  
ra p id e m e n t l ’e ffe t, d ’in v e rse r  la  d ép en d an ce  de la  v itesse  de la  te m p é ra tu re , 
effet m is en  év idence  p a r le  d ép lacem en t des m ax im a v e rs  des te m p é ra tu re s  
p lus ré d u ite s .
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Fig. 6. V ariation  de la vitesse de propagation 
des ultrasons dans la solution aqueuse de 

CaCl2 en fonction de la concentration

Fig. 7. \a r ia t io n  de la vitesse de propagation 
des ultrasons dans la  solution aqueuse de 

SrCl2 en fonction de la concentration

Fig. 8. V ariation de la vitesse de propagation 
des ultrasons dans la solution aqueuse de 

BaCl2 en fonction de la concentration

L ’accro issem en t de la  co n cen tra tio n  des so lu tions e s t su iv i p a r  l’au g m e n 
ta tio n  de la  v itesse , é ta n t  d o n n é  la  réa lisa tio n  des s tru c tu re s  p lus com pactes à 
densité  p lus g ran d e . C onco m itam m en t les effe ts de l ’a g ita tio n  th e rm iq u e  so n t 
lim ités p a r  les cham ps é lec triq u es des ions, fa it  re flé té  p a r  la  réd u c tio n  des 
g rad ien ts  de te m p é ra tu re  de la  v itesse  avec l’accro issem ent de la  co n c e n tra tio n
[5, 6, 7].
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Fig. 9. V ariation com parative des vitesses de 
propagation  des u ltrasons en fonction de la 
concentration, dans les solutions aqueuses de: 
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L a d isp o sitio n  des co u rb es : v =  f(c)  d an s  le sens de la  d im in u tio n  des 
p o id s  des c a tio n s  à une  te m p é ra tu re  c o n s ta n te  s’exp lique p ro b ab lem en t p a r  
l ’a u g m e n ta tio n  d u  degré d ’h y d ra ta t io n  avec la  d im in u tio n  des d im ensions des 
c a tio n s  p o u r  les é lec tro ly tes  é tu d ié s . Les v a le u rs  des ray o n s  des ions so n t les 
su iv a n te s : M g + + : 0,65 Á, C a + + : 0,99 Â, Sr + + : 1,13 Á e t B a + + : 1,35 Â. L ’a u g 
m e n ta tio n  de la  den sité  dan s le sens de l’accro issem en t des po ids m oléculaires 
p o u r  un  n o m b re  id en tiq u e  d ’ions dans la  so lu tio n  sem ble av o ir une m o ind re  
c o n tr ib u tio n  à la  m o d ifica tio n  de la  v itesse  des u ltra so n s  q u e  l’effet de co m 
p ression  des sphères d ’h y d ra ta t io n .

C onclusions

1. L a  v ite sse  des u ltra so n s  dans les so lu tions aqueuses des ch lorures des 
m é ta u x  a lc a lin o -te rreu x  v a r ie  avec la  te m p é ra tu re , la  c o n cen tra tio n  e t  les 
p ro p rié té s  d u  ca tio n .

2. L a  v a r ia tio n  de la  v ite sse  avec la  te m p é ra tu re  ne p e u t  pas ê tre  d éc rite  
p a r  une fo n c tio n  du  ty p e  W illa rd .
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О СВЕРХЗВУКОВЫХ СКОРОСТЯХ В ВОДНЫХ РАСТВОРАХ НЕКОТОРЫХ
ГАЛОГЕННЫХ СОЛЕЙ IV.

Хлориды щелочно-земельных металлов
Д .  А У С Л Э Н Д Е Р  и  Л И А  О Н И Ц И У

Р е з ю м е

В статье описаны явления, наблюдаемые при сверхзвуковых скоростях в водных 
растворах хлоридов щёлочно-земельных металлов в некотором диапазоне температуры 
и концентрации. Наблюдения проводились дифракционным методом.

Значения изменения скорости приведены в зависимости от изученных параметров и 
сравниваются с соответствующими изменениями, которые были наблюдены в воде. Полу
ченные отклонения могут быть объяснены структурными изменениями, вызванными изме
нением концентрации и температуры, а также электрическими взаимодействиями.
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ON THE STABILITY OF AN ANHARMONIC CRYSTAL
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D U B N A ,  U S S R

(Received 5. I, 1971)
The properties of an f.c.c. lattice displaying central nearest-neighbour interaction are 

considered on the basis of P l a k i d a  and S i k l ó s ’ s  self-consistent method for investigating 
anharmonic crystals in an approximation of the lowest-order (the third and fourth inclusively) 
anharmonic terms. The cases of fixed crystal volume and constant external pressure are investi
gated and the results obtained with the belp of the Lennard-Jones (12-6) interatomic potential 
are discussed.

1. In tro d u c tio n . Basic equa tions

In  a  p rev ious p a p e r  [1] we h a v e  u sed  a re c e n tly  developed  genera l m e th o d  
fo r in v es tig a tin g  th e  p ro p erties  o f  h ig h ly  a n h a rm o n ic  c ry s ta ls  [2, 3] as th e  
basis o f a p seu d o h arm o n ic  a p p ro x im a tio n  fo r d e te rm in in g  th e  cond itions fo r  
s ta b ili ty  o f an  an h a rm o n ic  c ry sta l b y  tak in g  a c c o u n t of th e  th i r d  an d  fo u r th  
o rd e r an h arm o n ic  te rm s .

T h is re s tr ic tio n  h as  p ro v ed  to  b e  e x p ed ien t, since th e  ra t io  ]/ü2/í o f th e  
m ean  sq u are  re la tiv e  d isp lacem en t ]/ÿ? of n ea re s t-n e ig h b o u r a to m s and  th e  
m ean  d is tan ce  l b e tw een  th em  is sm all en ough  u p  to  th e  in s ta b ili ty  p o in t 
an d  b y  p e rm ittin g  one to  d im in ish  to  some e x te n t  th e  u n d esirab le  effect o f  
d is to rtio n  due to  th e  om ission  of all th e  odd  te rm s  o f  a n h a rm o n ic ity  i t  im proves 
th e  re su lts  o f th e  p seu d o h a rm o n ic  th e o ry . A lth o u g h  th e  ca lcu la tio n s  w ere 
co n sid e rab ly  sim plified , th e  resu lts a p p ro ach ed  th o se  ob ta in ed  w hen  th e  effect 
o f  d am p in g  o f p h o n o n s  w as tak en  in to  acco u n t [4].

In  th e  p re se n t p a p e r  th e  p ro p e rtie s  of a face -cen tred  cu b ic  la ttic e  d is
p lay in g  ce n tra l n ea re s t-n e ig h b o u r in te ra c tio n  a re  in v es tig a ted  in  th e  sam e 
low est-o rd er an h arm o n ic  te rm s a p p ro x im a tio n  as in  [1 ] b u t  w ith  allow ance 
fo r ph o n o n  dam ping . T h e  L e n n a rd -Jo n e s  (12-6) in te ra to m ic  p o te n tia l  is used. 
T h e  p ro p e rtie s  o f th e  c ry s ta l a t f ix e d  volum e (S ec tion  2) an d  f ix e d  ex te rn a l 
p ressu re  (Section  3) a re  considered , a n d  th e  re su lts  o b ta in ed  fo r  th e  case o f 
sm all an h a rm o n ic ity  are  com pared  w ith  those g iven  b y  co n v en tio n a l p e r tu rb a 
tio n  th e o ry .

T he in v es tig a tio n  is  based  on a  se lf-co n sis ten t system  o f e q u a tio n s  for a 
f.c .c . la t t ic e  consisting  o f  N  id en tica l a to m s of m ass  M  whose H a m ilto n ia n  in  
th e  c e n tra l p a ir  force a p p ro x im a tio n  is o f  thé  fo rm  (see [“ ])

H =  ^ i k  +  T ^ 0 t 'R r  R J h  m
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w here  Pi a n d  R[ are th e  m o m en tu m  a n d  positio n  o p e ra to rs  for th e  Z-th a tom . 
T he su m m a tio n  is p e rfo rm ed  only  over th e  z n ea re s t n e ighbours (in th is  case 
z =  1 2 ).

T h e  se lf-co n sis ten t sy stem  of e q u a tio n s  for d e te rm in a tio n  of th e  la ttic e  
c o n s ta n t d as well as expressions fo r th e  phonon  freq u en cy  sp ec tra  the
ph o n o n  d a m p in g  Г kj  an d  th e  in te rn a l en e rg y  E  of th e  an h arm o n ic  c ry s ta l  can 
be o b ta in e d  b y  using  do u b le-tim e  G reen  func tions [2 ,3 ] . H ere we shall sim ply  
w rite  dow n th e  expressions for th ese  q u a n tit ie s  w ith o u t deriv ing  th e m  (see
[3, 4]):

T h e  eq u a tio n  o f s ta te  from  w hich  th e  equ ilib riu m  la ttic e  c o n s ta n t  d =  
— I у 2  is o b ta in e d  is

P  =  -
1

3 V 2 l*l,rí ÖV
( 2)

w here P  is th e  e x te rn a l p ressu re , v =  V / N  =  Z3/] 2 a n d  Ф(1) is th e  se lf-consisten t 
p o te n tia l, defined  here  in  th e  a p p ro x im a tio n  „

ф(1) — /ф(\Я,  R 0 i)> exp

1

~  2 '  <(Mf — Mo)(M0— Mo)> Va V>[ Ф(1)
2 *,ß J (3)

Ф(1) 2  <(“ ? -  Ю ( щ  - <)>
a.,ß

Э2 Ф{1)

з K Q l ß

T he ren o rm alized  p h o n o n  frequencies and  p h o n o n  w id th s  are

£k] — (»kj +  K-e M kj(£kj) ^  àu>okj

and
Г 'kj =  I m  M kJ{£kj+ i e )  ^ - Im  M kj(ukj+ i e ) ,

j  _  Re M kj(£kj)
COkj

(4)

( 5 )

w here u>0 iCj  are th e  p h o n o n  freq u en c ies  in  th e  h a rm o n ic  a p p ro x im a tio n  a n d  
0Jkj  th o se  in  th e  p seu d o h arm o n ic  a p p ro x im a tio n ;

*2 = ĵ (2)(0 + Y $(1){l)\jfo

is th e  ren o rm a liza tio n  coeffic ien t

(/„  =  ф(2)(г0), c =  3ô 1, ô =  collœij =  2  r o l jß K j  -  1,40 [1]);
i

an d  M/.j is th e  self-energy  o p e ra to r  [4].
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T he in te rn a l energy  of th e  sy s tem  can be  w ritte n  in th e  fo rm

E = ( H )  =  Л -  {гФ(1)+е(в)} +  5 ? 3(в), ( 6 )

yhere

*(в ) =  f 0üit 2
N

1 Г“
2 m o k J  о

dco2

2 (o
cor c o t h ----- { — I m  Gk(co+ie)}  (7)

20

an d  F 3(9) is th e  an h arm o n ic  c o n tr ib u tio n  of o d d -d e riv a tiv e  te rm s  to  th e  free 
energy

1 I " , . со со2- col
-  dco co th  ------  У ---------- —

1 2 0  “k (Ou
Fs(0 )

\ 2 л
{ — I m  Gk(a>-\-ie)} . ( 8 )

Û, in  fo rm u la  (7) is th e  m ean sq u a re  re la tiv e  lo n g itu d in a l d isp lacem en t o f 
n e ig h b o u rin g  a to m s.

In  th e  high- a n d  lo w -tem p era tu re  lim its  th e  q u an titie s  M k (к =  [ kj  }), 
F 3(6 ) a n d  e(0) can  b e  w ritten  e x p lic itly . F o r h ig h  te m p e ra tu re s , i.e . 0 coD, 
w here (Oq ^  1.05 coL is th e  Debye e n e rg y  in  th e  p seu d o h arm o n ic  a p p ro x im a tio n , 
we h a v e  (see [4]):

M k(co) в Я М S k(v),

w here
Я М

S,(v) =  — !—  y A(P+ P'  f <2>( k , p , p ' )  X
32 iV £  P , P )

(9)

X ( ^ + V )2
(Xp+ X p-)2 - v 2

(A „-A

(Ap- , f  - „2 ] ’

co,J2
CO, =  £0,0 L 'Л М

f o
« 01. =

8 /o
M

<ooL is th e  m ax im u m  frequency in th e  h a rm o n ic  ap p ro x im a tio n ; th e  d im ensionless 
sum  S k(v) h as  been ca lcu la ted  for so m e  values o f { кj  } b y  M a r a d u d in  e t al. [5]. 
H ence

F 3(9) ~  -  

e ( 0 ) ^ 3 0

JV02 A  ■ 8 2̂ ’ Z)-  , (A ^  5,6 • 10~2),
Я М

1 fid e * ( M
+

or,
24 02

/ 3( M
(fi =  2A  ^  0 ,11).

( 10)

( П )
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In  th e  lo w -te m p e ra tu re  lim it (0 mD) th e  co rresp o n d in g  q u a n titie s  a re :

„  ,  ч Я 2( М )  Í О /  ч , З л 4 0 4 _  .M k{co) =  - -ш к 4  е0 S 0ft(v) +  — --------Г - S lk (v) \ ,
/ 3(М)

( 12 )

w here

S 0k{v) =

an d

2 '
, z l ( p + p '- f e )

(1,02) 82 TV ^  Я|Яр Яр, 

j d cos 0  j d 0

F°-( k , p , p ' )  Ш* р+ ХА
(Яр+ Яр') 2 - -  г2

1 , - f 1 . 2Я/гУ2

(1 2 0 ,8 ) 8 2 p j J  _ i  Jo  Я2уЯ|У2 4 (0 Ф) Я |/2— г*

T h e  n o ta tio n s  in  S o;f an d  S lft are th e  sam e as in  [4];

£0 =  eo Л М
/о

1,02 (oL

( êq is th e  zero p o in t energy  p e r a to m  in  th e  h a rm o n ic  a p p ro x im a tio n .) 
I n  th is  case

F 3( 9 ) ^ - N s 0 - ^ 4 \ e 0 B
Зл4 04

/ 3(0, l) I “ 5 cob

В  ^  1.85 • 10 -s, C ~  1.25 • 10 Л

C ,
(13)

s(0) +
Зл4 04

1 voeoJ
g2( M )  5 œè
/ 3(0 ,Z)

l + » i eo «ЧМ1
/3(0, Z)j

r 0 =  4 Б  ^  7.3 • 10 “3, iq =  8 C ^  0 .1 0 .

(14)

2. L a ttice  a t  fixed vo lum e

In  in v e s tig a tin g  th e  se lf-co n sis ten t sy s tem  o f equ a tio n s fo r th e  c ry sta l 
la t t ic e  we shall use  th e  L e n n a rd -Jo n e s  (12-6) m odel p o ten tia l

0 l- j (1) =  D
12 í r  \6 0 (15)

S u b s ti tu t in g  (15) in to  (3) an d  p erfo rm in g  th e  su m m atio n  fo r all th e  te rm s in
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th e  d e riv a tiv e s  of th e  p a ir  p o te n tia l, w e easily  get

$(l ) =  D  f M- 2 * e + y j [ ( 1 3 - c ) £ “ - ( 7 - c ) f 8 ] J ,  (16)

w here th e  n o ta tio n  | = r 0/Z an d  th e  d im ensionless v a r ia b le  y  — (6 /г 0)2й 2 have  
been  in tro d u ced .

In  th is  section th e  p ro p ertie s  o f  th e  f.c.c. la ttic e  a t  fixed  v o lu m e , w ith  
l =  r 0 =  co n st., are considered . D e te rm in in g  th e  fo rce  co n stan ts  a n d  th e  
ren o rm a liza tio n  coeffic ien t ä  w ith  th e  h e lp  o f (16) a n d  su b s titu tin g  th e m  in to  
E q . (7), we o b ta in  th e  eq u a tio n  fo r у  as a  fu nc tion  o f te m p e ra tu re  an d  e x te rn a l 
p ressu re . Below , th is  eq u a tio n  is an a ly zed  in  th e  h ig h - an d  lo w -tem p era tu re  
lim its .

2a. High temperatures (0 coD)

I n  th e  case of h ig h  te m p e ra tu re s  E q s . (7) an d  (11) give th e  fo llow ing 
eq u a tio n  fo r у :

K y
J D(Ha - H 2)

n
У ß \ 1 +

X

J | i _ ± i e j L x
Я  i l  6  f l

y  \ =  1 .D [2  H s 3 H A

/о go fo
w here

(17)

zD 4 D
3 0 144 0

f ß = < L _ < u
24 02

H i  — h0 -f- 2ën
( c - 2 ) f 0ro ' ? if 2 — ̂ 0 “f"

ro
„ 2/o60

ro

3g0 +  6/o 1
r0 ' ;

Н0 =  Ф ^ \ г 0) ,  g0 =  Ф(3) (г0).

E q . (17) show s th a t  in  th e  c o n s ta n t v o lu m e  case th e  la t t ic e  is s tab le  in  th e  
w hole reg ion  o f  te m p e ra tu re s , i.e. th e  so lu tio n  of (17) is re a l for у  >  0 in  th e  
w hole reg ion  o f th e  p a ra m e te r  Ar  H ow ever, i t  is necessary  to  n o te  t h a t  in  th e  
p re sen t case th e  p rob lem  o f th e  d y n am ica l s ta b ility  of th e  la tt ic e  can be so lved  
co n s is ten tly  o n ly  if  th e  sh o rt-ra n g e  co rre la tio n s  due to  th e  hard -co re  p a r t  o f 
th e  in te ra to m ic  p o te n tia l a re  care fu lly  ta k e n  in to  acco u n t.

I f  th e re  is a sm all o f  a n h a rm o n ic ity  (0 D, y  < 4  1) th e  so lu tion  o f  E q .
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(17) can  be w r it te n  in  the form

y =  |1 + 6
4 D  '

2 A go
/о3

J _  Я  L 

4 П
+  ß

(2 H l -  

4 /о2
( 18)

T h is  leads to  expressions for th e  ph y sica l q u a n tit ie s  coinciding w ith  th e  re su lts  
o f  th e  co n v e n tio n a l p e r tu rb a tio n  th e o ry  if  c =  0 , i.e. in  th e  ap p ro x im a tio n  in  
w h ich  only  th e  lead in g  h ig h e s t-o rd e r d e riv a tiv e s  of th e  in te ra to m ic  p o te n tia l 
f ig u re  (see [6 , 7 ]).

F ro m  (18) w e o b ta in  th e  fo llow ing exp ressions fo r th e  p h ysica l ch a rac 
te r is tic s  o f th e  c ry s ta l:

ren o rm alized  freq u en c ies :

akJ^  o.)okJ 

p h o n o n  w id ths:

1 +  4 t 4 t (1 + ^  ° 4 R eS b j \ ’® J o Jo

r k j 6  f r  “ oft/ Irn s kj ■ 
Jo

w here

N
■E>

Re S kJ =  Re S kj (Àkj) , Im  S kj =  I m  S kJ (Jkj+  ie); 

in te rn a l  energy:

* ~ 1 Г  +  З в \ 1+ ß " ' e

H I =  h0

e x te rn a l  p ressu re :

1 я , 1 A  go 1

8 f l 16 f l 3 n \
c

2go +
c/o

ro ro
•)

21 /
2 vr„

( l + a j e h  +  ß - d 0 ,2 5 -g i- - 0 ,1 0  (1  +  a ’> A . - 2A  1 1

n
w here

с /о
«1 = ------ — 1 a*

ro go

c 1

r0 Ф^(Г0)
2 hn

( 1 + « ,)  f o  f U

( c -  2 )g0 2 cf0 I

(19)

( 20 )

( 21)

( 22 )

I t  should  be  n o te d  here t h a t  in  order to  d e te rm in e  th e  in te rn a l  energy a n d  
p ressu re  w ith  an  accuracy  to  th e  te rm s o f  0 2 inc lusively  i t  h a s  been n ecessary  
to  tak e  in to  a cco u n t te rm s o f  th e  order o f  y 2 in  th e  se lf-consisten t p o te n tia l
Ф(1).
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2b. Low temperatures (в a>D)

E qs. (7) an d  (14) give th e  fo llow ing e q u a tio n  for d e te rm in in g  у  :

DH,  V“ 1'2
- y

f l

. io
П

D H 1

n

+  4  —

X

1 -I------I =  l  +  V |1 +

2H,i i DH * i1'21 d----------y\
n go

P H 2

f l
Ш ,

fo

+

X (23)

D H ,
— - y

f l  J
vo + viV

w here A =  z U / e J  is th e  d im ensionless co u p ling  p a ra m e te r  for a to m s an d

в | 4

m 0D
< 1

A ltho u g h  E q . (23) has rea l so lu tions in  th e  w hole region o f  th e  p a ra m e te r  A, 
w ith  reg a rd  to  th e  problem  o f th e  la tt ic e  s ta b ility  th e  sam e rem ark s a p p ly  
as in  th e  case o f  h igh te m p e ra tu re s . F o r sm a ll a n h a rm o n ic ity  (е° zD, у  1) 
th e  so lu tion  o f  (23) tak es  th e  form

У- zD i + f 8
go
/ 3Jo

(2 Я , Я 2)

24 П
+V

go (2Я , + Я 2) j

f l 12  f l  j

T h is gives re su lts  for th e  p h y sica l q u a n ti t ie s  coinciding w ith  those o f  co n 
v en tio n a l p e r tu rb a tio n  th e o ry  w hen c =  0, i.e . H x =  Я 2 =  h 0.

W ith  th e  help  of (24) th e  c h a ra c te r is tic s  o f th e  sy stem  are  o b ta in e d  in  
th e  follow ing fo rm :

£kj ^  OJokj [l +  £o ~  Hf }  (1 +  4 ) -  f  (R e S okj +  7] Re S lkJ) 
^  J  Ö J <)

r kj ̂  <°okj4 [ Im S0kj+7j Im S lkj] ;
Jo

----
N

zD

1 — f° X t 0

■4 l + e g
48 f l

(2H. +  2H,  H A) gl
24 f l

2Я ,) gl
f l

5 C)
fo

(5 В v0) +

(25)

(26)

(2 7 )
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21 I
6  vrn

( l + a l ) £0 j l  +  eo ж
fo 2 4 / 02 ( l  +  ° i)  /o2J

4~

+  Г) 1
уД + (2Я 1+ Н 2) (1^  M l )

П  1 2 /o2 ( l + « i )  /о2 i ll
(28)

I t  is clear t h a t  on acco u n t o f  th e  zero -po in t v ib ra tio n s  o f a to m s th e  p re ssu re  
is  d iffe ren t f ro m  zero even w hen  0 — 0. A s in  th e  h ig h -te m p e ra tu re  case, in  
o b ta in in g  th e  exp ressions fo r E  an d  P  te rm s  o f  th e  o rder o f  y 2 h av e  been ta k e n  
in to  acco u n t in  Ф(Г).

3. The lattice at constant external pressure

In  th e  case o f  iso tro p ic  e x te rn a l p re ssu re  P  =  co n st, th e  dependence  o f 
th e  m ean  d is ta n c e  l b e tw een  a to m s on te m p e ra tu re  can  be  de te rm ined  from  
E q . (2) a f te r  s u b s ti tu tin g  in to  i t  th e  exp ressio n  for d efin ed  b y  E q . (16).
In  th e  a p p ro x im a tio n  of sm all p ressure co nsidered  in  th is  w ork  l is g iven  b y

l = l0
(29)

w here

is a d im ensionless sm all p re ssu re  (i>0 =  Paj]j2). The ren o rm aliza tio n  coeffic ien t 
ä  an d  force c o n s ta n ts  in  th is  case read

«2 =  1 — ay +  o-jp, 

/= /o  |l-<ry+-^-p) , 

g ^ g o i 1 — У +  P)-

(30)

T he fo llow ing n o ta tio n s  h a v e  been in tro d u c e d  in (29)— (30):

о
35+ c  

36 ’ *1
21  -  e 

18

Below  th e  cases o f  h igh  a n d  low  te m p e ra tu re s  are considered  se p a ra te ly .
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3a. High temperatures ( 6  g> cod)

S u b s titu tin g  th e  ex p ressio n s given b y  (30) in to  E q . (7) an d  ta k in g  in to  
acco u n t (1 1 ), w e get th e  e q u a tio n  for d e te rm in in g  th e  p a ra m e te r  y  in  th e  fo rm :

ft у
i -  ■

X

~ ß l - o y +  — p
~ p

l 6
0  A ft So (1 У + p)2

f l 7 )31 ° y + — P

X

(31)

=  1 .

In  th e  region Q 6 C, w here

0ç_ f
D

0 ,5 ( l  +  2 , l p - 0 , 1 8 f t ) , (32)

th e  so lu tion  o f  (31) is real a n d  in  th e  v ic in ity  o f  th e  critica l p o in t ( r  <1 1) ta k e s  
th e  form

y ^ 0 ,4 { l +  l,2p+0,34ft-l,9fr=7},
w here  r  =  0/6c. T h e  physica l q u a n tit ie s  in  th is  case are:

Gy ^  0,8 cookj {1 +  0 ,3 2 p  +  0,48 VT- г  - 2 , 8 6 r  Re S kj} , 

2,3 nookj I m  S kj ,

N
E

zD
+  3 ft {2 — 2,2 p + 1 ,1  f t  -2 ,3  |/T ^ r } ,

1,15Cp =  —  
P N

■ A ( £ + 3 p F ) ^  3 к
p

к 91 ! kr0 0 ,1 0

Xp l .9 0  V iec y i — r

У1 —T

(33)

(34)

(35)

(36)

(37)

(38)

I t  is c lear from  th ese  expressions t h a t  the  sy s te m  is d y n am ica lly  in s tab le  i f  
в +- f t  (i.e. w hen  th e  reno rm alized  ph o n o n  freq u en cy  ft,- becom es com plex), as 
in  th e  p seu d o h arm o n ic  a p p ro x im a tio n  [1]. T h e  in te rn a l energy  rem ain s f in ite  
a t  в <  f t ,  h u t  th e  specific h e a t  a t  c o n s ta n t p re ssu re  Cp an d  th e  coeffic ien t o f  
lin e a r  th e rm a l ex p ansion  ocp te n d  to  in f in ity  as в ->  dc.

F a r  from  th e  critica l p o in t ,  i.e . in  th e  sm a ll a n h a rm o n ic ity  lim it, w hen  
в D,  y  1, th e  so lu tion  o f  E q . (31) is given b y

У
1

ft
1 + ß —f t  P  +  0 ;° +  2A n o

2 0 ,6  f l  ' f l
(33 ')
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a n d  th e  co rresp o n d in g  ph y sica l q u a n titie s  are

a h,
£ k j  ш okj I1 + f 0 5 -( 1 + ß ) +  —  R e S ki 

41,2 /о  П  П  *'

r k j ^ (° o k j 9 ~ I m  s k j ’
Jo

1 „  zD
—

N  2
30 l + ß - f p + e a hn 1 H.  A  gl

[4 1 ,2  f l  16 f l  3 f l

C . ^ 3 k \ l + ß + 6 ff Ao. , J _ H 4 2 A ^ g l  
L 20,6 f l  8 / 1  3 /о3

x p ^ - ^ ^ i i + ß + e
p 16 ID '

ff On« + 4 Л - ^
L io ,3  / I  /g

(3 4 ')  

(35 ') 

, (36')

(37')

(38')

30. Low temperatures (0 < 4  toD)

T he eq u a tio n  fo r d e te rm in in g  у  is o b ta in e d  from  E q s . (30), (7) a n d  (14) 
a n d  h as  th e  follow ing fo rm :

2y  1
49 _z_ (1 y )2  ̂ 1 1

I T T ” 0 ( l - a y )5'2 f “ . ( l ; _ e y ) i / t
1 Xpy (ffi-7/12)

(1 —oy)1*

V
(1 -  cry)2 8  Я (1 a y )5'2

(39)

T h e  c ritica l p a ra m e te rs  Я0 an d  0C re s tr ic tin g  th e  reg ion  o f ex istence  o f  real 
so lu tions o f eq u a tio n  (39) fo r у  >  О, Я >  Я„, 0 <  вс a re  given b y  th e  fo rm ulas

0 r 1
(Я- Я0)1/4 an d  Я0 ^  3,5(1 p) .

D 2,5л

T h e  so lu tio n  n e a r  th e  c ritica l p o in t (0 0C) can  be w ritte n  in th e  fo rm

у  0 ,6{1  +  0 ,8p— 0,47(Я— Я0)— 0,52 У (Я -Я 0) ( 1 - т 4) X

X [1— 0,47(Я— Я0)] +  0,6(Я— Я0)(1— т4)},

(40)

(41)

w hich  lead s to  th e  follow ing expressions fo r th e  p hysica l c h a rac te ris tic s  of the  
la ttic e  :

Zkj 0,63 (uOÄy ( l - |- 0 ,6 5 /> —0,35 (Я Я0) -j- (42)
+  0 ,4 ]А(Я—Я0)( 1 — T4) - 3 3 , 2  Re S okj- 2,07 • 102 VcRe S lkj} ,
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r kj ^  21  cookj{ I m  So;,7 +  6,25 tjc Ifn S lkj} ,

1 ZD
—  E  ^ ------------h eg {0,96 0 ,1 3 p  +  0,17(Я —Я0) -  0,11 X

x f ( A —AoH I —t*) [ 1 + 2 ,2  (Л- Я0)]},

1 2 л * 6 3  [ 1 + 2 ,2  (Д-Ар)]
P 5 < >  [’(Я Я0)(1  -+) ’

(43)

(44)

(45)

„  ~ . 1 ( M fcro З л *  б» Í [ 1  0 , 5 ( Я - Я 0)]
’ I 5 co*D 1 У Я -"Л ) ( 1 - т*)'

(46)

I t  can be seen, as in  th e  p seu d o h arm o n ic  a p p ro x im a tio n , th a t  th e  sy s tem  
becom es u n s ta b le  w hen  Я <C Я0 or в >• 6 C (see E q . (42)]. T h e  in te rn a l en e rg y  is 
f in ite  a t  0 <[ вс, b u t  th e  specific  h ea t a n d  th e  coeffic ien t o f lin ear th e rm a l 
expansion  te n d  to  in f in ity  as 6 —► 6 C.

F a r  fro m  th e  c ritic a l p o in t (Я 1, у  <g 1) the  so lu tio n  of E q . (39) is 
given by

y f zD 12

+  7J

P  +  £0

О

Ъ

[ б  • 2 0 , 6  f l

о К  I So

( 2 0 , 6  f t  ' r i f 0

jfíT
/о

+
(41')

an d  leads to  th e  follow ing expressions for th e  physical q u a n tit ie s :

Zkj UJ0kj, 1 1 1L e°r P eo
К  „ . . go9ПЙ 1 ( 1  +  V ) + - f ( R e S okJ +  v R e S lkJ)

О • ZU,O J ő  J q

r kj^ c» 0 k j£00 ~ r  { Im -Okj+V Im Sw } ,
П

(4 2 ')

(4 3 ')

w here

—  E *  
N

zD
2

+  *8 1

+  г/ 1 +

н=(Т + 12  с D H ,
4 2 /о

i + i + B - r . )
6 . 2 0 .6  f i  f i

+

(Зо—а2) К , go
3 • 20,6 п +  я

1 ,5 ;

(44 ')
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C p ^ ,
12 Л4 63

m 0D
i  +  *8

( 3 o - o 2) h 0 j j j ,

/о3

(Tj k r 0 З я 4 б 3

12 ID °> Id

1 .3 -20 ,6  f l

l  +  e°0

SC)

^ ± L + V l Â  
L 20,6 П /о J

(4 5 ')

(46 ')

4. D iscussion

U sing  th e  genera l m e th o d  developed  in  [2, 3] we h a v e  considered th e  
p ro p e rtie s  o f  a  th ree -d im en sio n a l la ttic e  in  th e  lo w est-o rd e r an h a rm o n ic  
a p p ro x im a tio n . I f  th e  re su lts  o f  th e  p re se n t w o rk  are  co m p ared  w ith  th o se  o f  
[ 1 ] in  w h ich  a  p seu d o h arm o n ic  a p p ro x im a tio n  w as used fo r th e  sam e p u rp o se , 
i t  w ill be seen t h a t  b y  a c c o u n tin g  fo r p h o n o n  d am p in g  a lo w er c ritica l te m p e ra 
tu r e  6C a n d  a  h ig h e r  c ritica l v a lu e  o f th e  d im ensionless co u p lin g  p a ra m e te r  A a re  
o b ta in e d . T h e  sam e re su lt h a s  b een  found  fo r  th e  case w h en  th e  h ig h e r-o rd e r 
a n h a rm o n ic  te rm s  are  ta k e n  in to  acco u n t [4, 8 ].

T he v a lu e s  o f  th e  c r it ic a l  p a ra m e te rs  a n d  p h ysica l q u a n tit ie s  o b ta in e d  
in  th is  p a p e r , especially  in  th é  h ig h -te m p e ra tu re  lim it, ag ree  well w ith  th o se  
a rr iv ed  a t  e a r lie r  in  [4] b y  a m e th o d  a cco u n tin g  for th e  h ig h e r-o rd e r an h arm o n i- 
c ities a n d  u s in g  th e  M orse in te ra to m ic  m o d e l p o ten tia l.

T h u s , i t  ap p ears  t h a t  b ecau se  th e  v a lu es  o f th e  m e a n  square re la tiv e  
d isp lacem en ts  o f a tom s in  th e  la ttic e  are  su ffic ien tly  sm all u p  to  th e  c ritic a l 
p o in t ( th e  e v a lu a tio n  of th e  lo n g itu d in a l d isp lacem en ts f ro m  th e  ca lcu la tio n s  
o f S ec tio n  3 gives

Yv!fc _  го^Ус 0 , 10, e > w D
lc ~  6  lc “ 1 0 , 1 1 , 6 <§C0D,

i t  is e x p e d ie n t in  m an y  cases to  use th e  lo w est-o rd e r a n h a rm o n ic  ap p ro x im a tio n  
w hen  a p p ly in g  P lakida a n d  Siklós’ se lf-consisten t th e o ry  fo r in v e s tig a tin g  
th e  p ro p e rtie s  o f an h a rm o n ic  c ry sta ls  in  w ide in te rv a ls  o f  te m p e ra tu re s  an d  
e x te rn a l p re ssu re . Such a  p ro ced u re  co n sid e rab ly  sim plifies th e  ca lcu la tio n s  
an d  m ak es i t  possib le to  use  th e  L e n n a rd -Jo n e s  p a ir p o te n tia l ,  w hich is m ore  
rea lis tic  in  com parison  w ith  o th e r  m odel p o te n tia ls . I t  sh o u ld  also he n o te d  
th a t  m ore  a c c u ra te  re su lts  h a v e  been a rr iv e d  a t  b y  ta k in g  acco u n t of all o f  th e  
lo w er-o rd er te rm s  in  c a lc u la tin g  th e  d e riv a tiv e s  of th e  p a ir  p o ten tia l, b o th  
in  th is  w o rk  [see E q . (16)] a n d  in  [1].

T h e  re su lts  o b ta in ed  in  th e  case o f sm all a n h a rm o n ic ity  agree w ell w ith  
tho se  o f th e  o rd in a ry  p e r tu rb a tio n  th e o ry . T h e  critica l te m p e ra tu re  o b ta in e d  
in  th is  w o rk  corresponds to  th e  tra n s itio n  o f  th e  system  fro m  the  c ry s ta l  s ta te  
to  th e  u n ifo rm  den sity  s ta te  a n d  is close to  th e  m e lting  te m p e ra tu re  (see d is
cussion in [4]).
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О СТАБИЛЬНОСТИ А НГАРМ О НИ ЧЕСКИ Х  КРИСТАЛЛО В

В О  Х О Н Г  А Н Ь

Р е з ю м е

С помощью самосогласованного метода развитого в [1 ,2 ]  д л я  исследования ан гар
монических кристаллов рассмотрены свойства гранецентрированных кубических реш ёток 
с центрально симметричным взаимодействием ближ айш их соседей в приближении наи- 
низших ангармонических членов (третьего и четвёртого включительно). Исследованы слу
чаи постоянного объёма и постоянного внешнего давления. Обсуждены результаты , 
полученные с помощью 12—6 меж атомного потенциала Л еннарда-Джонса,
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REARRANGEMENT CONTRIRUTION TO 
THE SYMMETRY ENERGY AND SINGLE PARTICLE

POTENTIAL

By

J. N é m e t h
IN ST ITU TE FOR TH EO R ET IC A L PHYSICS, RO LA ND  EÖTVÖS U N IV E R S IT Y , BUDAPEST 

(Received in revised form  11. I. 1971)

The G m atrix  elements are determ ined as th e  function of the  relative m om enta for the 
N  =  Z  nuclear m a tte r and the Z  =  0 neutron gas cases. From this we determ ine the sym m etry  
energy and its rearrangem ent p a r t  and the single partic le  potential and  its rearrangem ent p a rt. 
The saturation  condition is fulfilled and the rearrangem ent term s tu rn  ou t to be small.

I. The sym m etry energy

T he to ta l  energy of th e  in fin ite  n u c le a r  m a tte r  w ith  d ifferen t n e u tro n  
a n d  p ro to n  n u m b er can be  w ritte n  as

e = - c 1a + c 2
N  — Z  

A
=  .E(pot) +  I? (k in ) , ( 1 )

w here  Cx is th e  in fin ite  n u c lea r  m a tte r  en e rg y  and  C2 th e  sy m m etry  en erg y . 
B o th  Cx an d  C2 have  p a r ts  due to  th e  p o te n tia l  and th e  k in e tic  energy . T he 
p o te n tia l  energy , accord ing  to  th e  B ru eck n er -G o ld s to n e  expansion , c a n  be 
w ritte n  as

1 к я  к ц
E(p ° t)  =  —-  (km k n\GNN\km kn) -f-

"  m=0 n=0
1 kp kp к #  kp

H —  ( ^ m ^ n | C p p | k m |fen) +  2  ^n |C jv p i fc m k n) ,
^  m—0 n= 0 m=0 n=0

w here GNN is th e  n e u tro n  — n e u tro n , GNP th e  n eu tro n  p ro to n  and  Gpp th e  
p ro to n  — p ro to n  in te ra c tio n  p a r t  of th e  G m a tr ix , kN th e  n e u tro n  Ferm i m o m e n ta  
an d  k p th e  p ro to n  F erm i m o m en ta , an d  th e  exchange te rm s  are in c lu d ed  
in  G.

GPp(kN kP) — y ? G ( s m s, T — 1 , T 3 — 1; kN kP) ,
s,m,

Gn n (^n  kp) =  J ?  G (sms, T =  1, T 3 =  — 1 ; kN k P) ,
s,m, (3 )
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GNP(kN kp) — —— [G(sms, T — 1,

-b G(sms, T —0,

T 3 = 0; 

T 3= 0 ;

kN kP) -f- 

kN kP)] ,

w h e re  s,ms a re  th e  sp in  and  i ts  th ird  c o m p o n en t, T,  T3 th e  iso top ic  sp in  a n d  
i t s  th ird  c o m p o n en t.

W e can  ex p ress  th e  G m a tr ix  e lem ents as th e  fu n c tio n  o f  th e  re la tiv e  
m o m e n ta  ( th e  to ta l  m o m en tu m  d ependence  is w eak , so we c a n  ta k e  an  av e rag e  
o f  it)  an d  th e  in te g ra ls  can  b e  w r itte n  as

E (p o t)  c 
A  k 3F ,

+

w here

an d

rkp
I P± (kp, к) Срр(кдг, kp, к) dk  -{-

J o
с (*я 2 с Гкх+кр

— — I к) GNN(kN, kp, к) dk  +  —— 2 к^(кдг, кР, к) •
kp  Jo  kp Jo

■ f?ATp(kjy, k p , к) dk,

P ^ K ,  к) =  k ? d k { K - k f  (2K + k ) ,
3

J^(kN, kp, k) —

—  k3P k 2 dk if  0 < k <  —  (kN - k P)
3 2

k d k -—- k ( k 3N-\-kp-\-k3) -----—  ( к д г  — k p ) 2

3  о

Щ к % + Щ

(4)

(5)

if  —— (кдг—kp) <  к <С ——  (кдг-j-kp), 
2 2

1 1 „  2 -з 2с = -------— — (8л)~ , кр — д - — Q
2  (2 л )6 Зл2 Зл2

(6 )

w here о is th e  d en sity  of th e  sy stem . T h e  G m a tr ix  e lem en ts  were ca lc u la ted  
b y  S p r u n g  e t  al. [1] fo r th e  den sity  d o m a in  0.4 fm-1 <j k F <] 1.6 fm~1, 
usin g  th e  re fe ren ce  sp ec tru m  m eth o d  [2 ] in  th e  sam e w ay  as th e y  h ad  d one  in  
a n  earlier p a p e r  [3], only w ith  sligh t m o d ifica tions. A n e x p lic it ca lcu la tio n  of 
D a h l b l o m  [4] b ased  on th e  th re e  b o d y  c lu s te r  th eo ry  o f B e t h e  [5] has show n 
th a t  th e  in te rm e d ia te  s ta te  en e rg y  is sm all, so th a t  it  is ju s tif ia b le  to  m a k e  i t  
eq u a l to  zero  in  th e  ca lcu la tio n s . The p o te n tia ls  used fo r  th e  ca lcu la tio n  are 
th e  Soft core  R e i d  p o te n tia ls  [6 ]. The m a tr ix  elem ents w ere  dete rm in ed  fo r  th e  
N  =  Z  (n u c le a r  m a tte r) a n d  Z  =  0 (n e u tro n  gas) cases. T h e  com parison  of 
th e m  show s [7] th a t  th e  a ssu m p tio n  o f B r u e c k n e r  e t  a l. [8 ], n am ely  th a t

Gn n Í^ni  kpi k) ~  Gp/^(kN, kpj, fc) (7a)
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is ju s tif ie d  even fo r th e  tw o  ex trem e  cases Z  =  0 a n d  Z  — N.  T h e  ap p ro x i
m a tio n  is v e ry  good fo r  k F 1 f m _1, a ro u n d  n u c le a r  m a tte r  d e n s ity  th e  
d e v ia tio n  is only  a few  p ercen t. I t  becom es w orse a t  sm a ll densities, a t  k p =  
=  0.4 f m ' 1 th e  d e v ia tio n  is a lread y  20— 25% . S im ilar a p p ro x im a tio n  is v a lid  of 
course  fo r th e  p ro to n —p ro to n  in te ra c tio n . T he t r e a tm e n t  of th e  u n lik e  p a rtic le  
in te ra c tio n  is so m ew hat m ore d o u b tfu l b u t  i t  seems reaso n ab le  to  a ssum e th a t

w here
GNp(kfrii kP, k)  ~  GNP(kA, kA, k ) , 

£2 _  ^Af +  fcp

(7b)

(8)

W ith  th e  above s im p lifica tio n  we c a n  ex p an d  th e  G m a tr ix  e lem ents a ro u n d  
th e ir  av e rag e  d en sity  v a lu e . Going to  th e  fo u rth  o rd er

Gn n Í^N’’ к) — GNN(kp, fc) +
dGN N

+

1 d 2 Gn n

2 dk%

1 d4 GNN
24 dk*N

ip(h45 k) — G

1 d 2 Gnp

2 A  2 
a  A

(kN — k F ) 2

(kN fc/?)4,

d k \  ку—кр

1 d3 Gnn

(kN—k F) -j-

(kN—kF)3jr  (9a)
6  dk'p! \kN=hF

dGN P

dkA I кл-кг

(kA- k F)*.

(kA—k F) -f-
(9b)

к л = к г

S u b s titu tin g  (9a, b) an d  (5) in to  (4), w e can  ex p an d  e v e ry th in g  as th e  fu n c tio n  
of X  =  (N — Z)jA,  w here p a r t  of C 2(po t) an d  C 4(pot) is a  re a rra n g em e n t con
tr ib u tio n  arising  from  th e  fa c t th a t  GNN, GNP an d  Gpp a re  d en sity  d ep e n d e n t.

T h e  sy m m etry  en e rg y  ca lcu la tions can  be p e rfo rm ed  v e ry  easily  ow ing 
to  th e  f a c t  th a t  th e  G m a tr ix  elem ents a re  lin ea r fu n c tio n s  of

Gpp —- 4u4 —|— i b j t / kp ,
Gn n  ~  4 fe2fc/fcF, (1 0 )
G NP — 2 (e3 -f- a ) -j- 2 (i>3 -(- ß)klkF,,

w here a 1b1, asb3 an d  a 2b2 a re  th e  T  — 1 co n trib u tio n s  (T 3 =  1, 0, — 1) to  th e  
in te ra c tio n  an d  a , ß th e  T  — 0 ones. I n  th e  above g iven  d e n s ity  d o m ain  a , 6 , 
a , ß can  b e  rep resen ted  v e ry  well w ith  th e  follow ing cu rves

— 0 9898
a(jr) = ------— ------l ,1 2 7 6 — l,0 6 5 8 y + 0 ,2 4 7 5 y 2’ (11a)

У
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Ь(у) =  [1.7568 —  3.8708 у  +  3 .6925у2] к F/y,

(у) =  ~ 8 ,2 5 6 6  0 ,5 1 3 4 - 2 ,6 0 6 1 у + 1 ,1 0 0 6 у 2 ,
У

(у) =  [1.655 +  5.035у — 0.2669у2] kF/y,

w h ere
1 1

у  =  к A for II о

l - l

P u t t in g  (9) (10) in to  (4) th e  p o te n tia l  energy tu rn s  o u t to  be

=  e0 (T  =  l) +  e0(T  =  0 ) + * 2 [s2(T  =  1 ) + e 2R(T  =  1 ) +  {12)
_/jL

+  £r(T  =  0) +  e2R(7’ =  0 ) ] + я 4[е4(Т  =  1 ) +  «4r(T  =  1) +

+  e4(T  =  0 ) +  £4r(T  =  0 )] ,

w h ere  eR m eans th e  re a rra n g e m e n t energy c o n tr ib u tio n . T he T  =  1 and  T  =  0 
te rm s  have th e  sam e sign in  z e ro th  o rder h u t  d ifferen t signs in  second o rder. 
O n th e  o th e r h a n d , th e  sign o f  th e  T  =  1, T 3 =  0 te rm  is th e  sam e as th a t  o f  
th e  T  =  1, T 3 =  + 1  for th e  ze ro th  o rd er a n d  opposite  fo r second o rder. 
e2(T  =  1) an d  e2F.(T — 1) h a v e  opposite  signs a n d  th e  re la tiv e  im p o rtan ce  of e2R 
increases v e ry  fa s t  w ith  d e n s ity :  for th e  sm a lle s t kF values e2(T  =  1) ~  2 s2R 
(T  =  1), h u t  fo r  large kF e2 (T  =  1) ~  1/6 e2R (T =  1). A t nuclear m a t te r  
d e n s ity  th e  fa c to r  is a ro u n d  2/3. O n th e  o th e r  h a n d  for T  =  0 e2 is alw ays m ore  
th a n  a m a g n itu d e  h igher th a n  eiR and  since e2(T  =  0) is also m uch h ig h er 
th a n  e2(T  =  1) (for sm all kF v a lu es  th e  fa c to r  is a ro u n d  6 , fo r high ones i t  
is a ro u n d  20) so th e  d o m in a tin g  te rm  is a lw ays th e  s2(T  =  0). e2R(T =  1) a n d  
e2R(T  =  0) h a v e  d ifferen t signs an d  p a r tly  cancel each o th e r . T his reduces th e  
im p o rta n c e  o f  th e  re a rra n g e m e n t te rm s even  m ore.

Since S p r u n g ’s re su lts  [1] give v e ry  sm all b ind ing , w e h av e  to  m u ltip ly  
th e  m a trix  e lem en ts  (so th e  a , b, oc, ß) by  a co rrec tion  fa c to r  to  get th e  co rrec t 
n u c lea r m a t te r  vo lum e en erg y . W e are  u s in g  here tw o ty p e s  of co rrec tio n : 
f i r s t  we m u ltip ly  a ll th e  T  =  1 an d  T  =  0 te rm s  to  get th e  co rrect b in d in g  
( th e  co rrec tio n  fa c to r  is th e n  1.2239) an d  in  th e  second case we suppose t h a t  
th e  3-body c lu s te rs  w ould g ive  a m uch g re a te r  c o n tr ib u tio n  fo r ten so r forces 
th a n  for c e n tra l  ones [4], a n d  so all th e  m issing  b ind ing  is due  to  th e  T  =  0 
te rm s , so we m u ltip ly  on ly  a , ß  (th e  co rrec tio n  fac to r in  th is  case is 1.5432). 
T h e  resu lts  fo r  th e  energy  in  th e  tw o cases are show n in  Figs, l a  an d  b , 
resp ec tiv e ly . T h e  m in im izing  d en sity  for th e  f ir s t  ty p e  o f co rrec tion  is a ro u n d

( l i b )

( 11c)

( l i d )
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k F =  1.43 fm  1 an d  fo r th e  second one a round  1.38 fm  1. T h e  sy m m etry  
energy  in  th e  tw o cases is

16.35 +  14.13 =  30.48 MeV and  19 +  13 =  32 MeV. (13}

Fig. 1. In fin ite  nuclear system  energy as th e  function of th e  Ferm i m om enta. The th ree 
curves represen t the zeroth, second and fourth  order terms in x. a) and b) are the values for the

firs t and second type of correction

Fig. 2. as the function of the Fermi m om enta. The three curves represent the  zeroth-
firs t and second order term s in  x. a) and b) are th e  values for th e  f irs t and second type  of cor

rection

T he f irs t te rm  comes in  b o th  cases fro m  th e  p o ten tia l energy , th e  second  one 
from  th e  k in e tic  energy . T he e x p e rim e n ta l energy is (31 +  1) MeV, so th e  
ag reem en t is v e ry  good. T he re a rra n g e m e n t c o n tr ib u tio n  in  th e  f irs t  case is 
1.3 MeV a n d  0.1 MeV in  th e  second case, w hich  shows t h a t  i t  is m ore im p o r ta n t  
fo r re la tiv e ly  la rg e r T  =  1 forces. I f  we increase  th e  v a lu e s  of a, b b y  a fac to r  
of 2 an d  co rresp o n d in g ly  decrease a , ß , th e  d en sity  increases to  k F =  1.6  
f m -1 , an d  th e  sy m m etry  energy  is

(18 + 1 0  +  3) MeV,

w here th e  f i r s t  te rm  is th e  k inetic  en e rg y , th e  second th e  p o te n tia l energy  
w ith o u t re a rra n g e m e n t a n d  th e  th ird  th e  rea rran g em en t c o n trib u tio n .

One can  see, th a t  th e  re a rra n g em e n t te rm s are v e ry  sm all in ou r re su lts . 
B r u e c k n e r  e t al. [8 ] on  th e  o th e r h a n d , o b ta ined  m u ch  h igher v a lu es .
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T h e y  used , h ow ever, G am m el—T h a le r  p o te n tia l, w h ich  o v e re s tim a te s  th e  T  =  1 
fo rces , an d  as w e see, la rg e r T  =  1 forces give la rg e r  re a rra n g em e n t expressions. 
T h e  use  o f th e  G a m m e l—T h ale r p o te n tia l  can  be  th e  reason  o f th e ir  d ifferen t 
re s u lts .

I t  is in te re s tin g  to  no te  t h a t  th e  coeffic ien t o f th e  x4 te rm  is ex trem ely  
sm a ll. I t  show s t h a t  C a m e r o n  p ro b a b ly  o v e re s tim a te d  th e  im p o rta n c e  of th is  
te r m  [9 ] w hen  he  su pposed  t h a t  fo r  b ig  nuclei i t  c a n  give a b ig  c o n tr ib u tio n  to  
th e  b in d in g  en erg y  (of course fo r  f in ite  nuclei th e  surface sy m m e try  energy 
c a n  g ive q u ite  la rg e  c o n tr ib u tio n  to  th e  4th o rd e r te rm ).

T h e  m in im iz in g  d en sity  o f  th e  in fin ite  n u c le a r  system  changes if  th e  
n u m b e r  of p ro to n s  a n d  n eu tro n s  d iffers . T he to ta l  energy  o f a n u c lea r  system  
is :

— / i ( e ) + / 2(e )* 2>A

a n d  th e  m in im u m  cond itio n

d(E /A)  d f ; [ df 2 x 9

dg dg dg

I f  x  — 0, th e  so lu tio n  o f (15) is p 0. F o r  x  ^  0, th e  so lu tio n  o f (15) can  be w ritte n  
as

0 =  Poi1 +  a*2)’ (16)
w here

„ =  _ Г .  j M L l f i i
dg I dg2

F o r  th e  tw o  d iffe re n t co rrec tio n s  a is J—1.06 an d  — 0.96, re spec tive ly . So
fo r  la rge  nucle i pmin decreases slig h tly .

I I . One p a rtic le  energy a t  th e  F erm i su rface

T he en erg y  o f a p a rtic le  a t  th e  F erm i su rface  can  be w r it te n  as

£{kP) =  T(kF) + U { k F) ,  (18)

w here  th e  p o te n tia l  energy  c o n s is t o f tw o te rm s  (8 )

U ( k F) =  V(kP) + U R(kF) ,  (19)

a n d  for a n e u tro n  i t  can  be  w r i t te n  as

Un(kN) =  E(kN, kp) E ( k N^ ,  k P) . (20)

(17)

(14)

(15)
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A gain  using  th e  (7a ,b ) ap p ro x im a tio n s

— 2 * ^ n n  
m= 0

\kN km I
*N1 '

kp
+  2 ? &NP

m = 0

\^N I
( 21)

Fig. 3. 7д>(А'\') as the function  of the Ferm i m om enta. The th ree  curves represen t th e  zeroth» 
firs t and second order term s in x. a) and b) are the values for the firs t and second type  of cor

rection

Fig. 4. One particle po ten tia l energy as th e  function of the Ferm i mom enta. The th ree curves 
represent the zeroth, f irs t and second order term s in x. a) and  b) are values for th e  f irs t and

second ty p e  of correction

Fig. 5. T o tal one particle energy as function of the Fermi m om enta. The three curves repre
sen t the zeroth, first and second order terms in  x, a) and b) are values for the first and  second

type of correction
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1 kjf кя
V r^ n ) =  ^  [Gn n ^ n * fe) Gn n Í^n - i Д )] +

^  /77 =  0  /7  =  0

kp
+  k) GNF(kA_ 1, k)] ,

m = 0  n = l

2

( 2 2 )

w h ere  we neg lec ted  th e  te rm s p ro p o rtio n a l to  A 0 com pared  w ith  th o se  p ro 
p o rtio n a l to  A.

T h e  c a lcu la tio n  o f  (21) is s tra ig h tfo rw a rd . W e ag a in  ex p an d  th e  in teg rals 
as a fu n c tio n  o f x,  b u t  keep only  th e  lin ear an d  q u a d ra tic  te rm s

Vn(kF) =  V S (T =  1)+ VS(T =  0 ) + x [ V i ( T  =  I )+ V ?R(T =  1) +
+  V?(T =  0 ) ]+x* [V 2(T  =  l ) + V n2R(T =  l ) +  (23)

+  Vn2(T =  0 )+V"R(T =  0)],

w h ere  F ”(T  =  0) is again  m uch b ig g e r (by  a fa c to r  10) th a n  V"(T =  1), (w here 
th e  T 3 =  +  1 a n d  th e  T 3 =  0 te rm s  p a r tly  can ce l each o th e r), a n d  V^R is 
a g a in  th e  sam e o rd e r of m ag n itu d e  as F f  (a t n u c le a r  m a tte r  d e n s ity  sligh tly  
sm alle r) so it is n o t too  im p o r ta n t.

F o r  th e  ca lcu la tio n  o f VR(kN) we have to  expand  GNN(kN_ v k) and  
GNP(kA^v k) a ro u n d  th e  kN, kA v a lu e s

w here

Gn n Í^n ^ )  GNN(kN_ 1 , k )  — — №—~ { k N_ i -  kN),
dkN

Gnp  {kA, k) -  GNP (kA_ x, k)  = -----A — (кА^ г—кА),
d/Cjy

kN -i ~~kN
Qk■N

“A-l кл =
J.ÎJ /íyAy

(24)

(25)

In te g ra t in g  an d  ex p an d in g  as th e  fu n c tio n  o f  x  we can d e te rm in e  V"R(kr ).
Figs. 2 a n d  3 co n ta in  th e  V n(kN) and  V R(kN) curves, re sp ec tiv e ly , F ig . 4 

th e  one p a rtic le  p o te n tia l energy  a n d  Fig. 5 th e  to ta l  one p a rtic le  energy  a t  th e  
F e rm i surface fo r th e  tw o ty p e s  o f  co rrec tion . A t n uclear m a t te r  d en sity  th e  
en e rg y  of th e  la s t  partic les  is Ç (kF) ~ —  16 MeV, w hich is as i t  shou ld  be. T h e  
re a rra n g e m e n t en erg y  is 11.5— 12 MeV, in  good ag reem en t w ith  B r u c k n e r ’s 

v a lu e  [10]. O n th e  o th e r h a n d , th e  coeffic ien t o f th e  x  te rm  is h igher fo r us 
( Ux =  35.5 MeV or 41 MeV in s te a d  o f 31.5 MeV) an d  th e  re a rra n g em e n t en erg y  
c o n tr ib u tio n  is v e ry  u n im p o r ta n t.
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ПЕРЕСТАНОВОЧНЫЙ ВКЛАД В ЭНЕРГИЮ СИММЕТРИИ И В 
ОДНОЧАСТИЧНЫЙ ПОТЕНЦИАЛ

Й . НЕЙМЕТ

Резюме

Определяется ядерная матрица как функция относительно импульса для случаев 
N  =  2  и Z  = 0. На основе этого определяются энергия симметрии и её перестановочная 
часть, и одночастичный потенциал с его перестановочной частью. Условие насыщения 
удовлетворяется, зависимость от импульса слаба, и так имеется возможность для усред
нения, и написания интегралов.
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The triax ial shapes of the first excited sta te  of 160  and of the ground sta tes of 24Mg 
and 32S are studied in detail. M ultipartite  nucleon—nucleon in teraction  potentials, coupling 
W igner central forces to  M ajorana exchange forces w ith both  having Gaussian rad ia l depend
ence, are employed in a variational calculation carried ou t in a Cartesian harm onic oscillator 
basis of states.

Among the fundam ental nuclear quan tities computed are binding energies, equilibrium  
oscillator energies, quadrupole mom ents Q0 and Q2, monopole m om ents, B (E 2)  transition  
probabilities, and root-m ean-square radii. For 160 ,  ample com parisons are m ade betw een the 
ground and excited sta tes, while for 24Mg and  32S, comparisons are m ade am ong th e  oblate, 
p ro late , and triaxial shapes of the ground sta tes of this pair of nucleides.

1. Introduction

I n  th e  l i te ra tu re  [1— 6], i t  h a s  been  asserted  t h a t  th e  tr ia x ia l  or asym 
m e tric  shape o f th e  f i r s t  excited  s ta te  o f leO and  of th e  g round  s ta te s  o f  24Mg 
an d  32S lie low er in  en erg y  th a n  co rrespond ing  o b la te  a n d  p ro la te  sh ap es, as 
d e te rm in e d  from  H a r tr e e —F o ck  ca lcu la tio n s em ploy ing  effective nucleon- 
n u c leo n  in te ra c tio n  p o te n tia ls .

H ow ever, d esp ite  th e  fac t t h a t  a  C artesian  h a rm o n ic  o sc illa to r basis  of 
s ta te s  w as u tiliz ed  in  each  of th e  re ferences cited  above , n o t a single one p re 
sen ts  th e  resu lts  o f a fu ll-fledged  en erg y  m in im iza tio n  w ith  re sp ec t to  a d if
fe re n t o sc illa to r energy  along each o f  th e  th ree  c o o rd in a te  d irec tions. T h is  can  
p ro b a b ly  be tra c e d  to  th e  o v errid in g  co m p u te r costs  arising  fro m  such  a 
d e ta iled  in v es tig a tio n .

T h e  goal of th e  p a p e r  a t  h a n d  is to  p re sen t th e  re su lts  o f a co m p le te  
tr ia x ia l  v a r ia tio n  in v o lv in g  th e  a fo rem en tio n ed  nu c lea r s ta te s . T he ca lcu la tio n  
is a v a r ia tio n a l one, p erfo rm ed  in  a re c ta n g u la r  basis o f s ta te s . T h ree  d iffe ren t 
effec tive  nucleon  -  nuc leon  in te ra c tio n  p o te n tia ls  are an a ly sed  in  th is  conn ex io n . 
T hese a re  d iscussed in  S ection  2. In  S ec tion  3, th e  nucleon  co n fig u ra tio n s  u n d e r  
s tu d y  a re  rev iew ed. S ections 4, 5, a n d  6  capsulise th e  p re d ic te d  fu n d a m e n ta l 
p ro p e rtie s  o f leO*, 24Mg, an d  32S, re sp ec tiv e ly . A nd, la s tly , conclusions are  
d raw n  in  Section  7.

* W ork supported in p a r t by the N ational Science Foundation of America.
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2. The effective n u c leo n — nucleon  in te ra c tio n  po ten tia ls

T h e  nucleon  nuc leon  in te ra c tio n  p o te n tia ls  em ployed  in  th is  s tu d y  include 
th e  b ip a r t i te  p o te n tia ls  o f [1] a n d  th e  t r ip a r t i te  p o te n tia ls  o f  [7]. E ach  p a r t  
o f  ev e ry  one o f th e se  p o te n tia ls  is associa ted  w ith  th e  coupling  o f a W igner 
c e n tra l  force to  a M ajo ran a  exchange force, w here  b o th  have  G aussian  rad ia l 
d ep en d en ce . T he fo llow ing fo rm u la  m ay  be used  to  genera te  th e se  p o ten tia ls

v ( r )  =  2  S ‘ [1 - M l + M i PM] e - r > ! . (1)
i= i

H e re , th e  p a ra m e te rs  S  are s tre n g th s  in  u n its  o f  MeV, th e  p a ra m e te rs  [i re p re 
s e n t ranges in  u n its  o f  fm , th e  d im ensionless p a ra m e te rs  M  sign ify  M ajorana  
ex ch an g e  coeffic ien ts , an d  P m is th e  M ajo ran a  exchange o p e ra to r .

T he tw o -p a r t  in te ra c tio n s  a re  g en era ted  b y  se ttin g  К  =  2 in  E q . (1), 
a n d  th e  th re e -p a r t  in te ra c tio n s , b y  le ttin g  К  — 3. B y  im posing  specific in itia l 
co n d itio n s  on th e se  in te ra c tio n s , p a ra m e te r  se ts  a re  evolved fro m  w hich ca lcu 
la t io n s  of b in d in g  energies an d  o th e r fu n d a m e n ta l nu c lear q u a n tit ie s  m ay  be 
c a rr ie d  ou t.

T he p a ra m e te r  se t B 4 o f B rink  and  B oeicer (В В) [1] w as dete rm in ed  
b y  assum ing  a g ro u n d  s ta te  b in d in g  energy  (B .E .)  o f  — 28.3 MeV and  an eq u i
lib r iu m  h arm o n ic  o sc illa to r en e rg y  Hco o f 2 1 .0  M eV for 4H e, an d  a b ind ing  
en e rg y  p e r n u c leo n  o f  n uc lear m a t te r  of 15.75 MeV an d  an  eq u ilib riu m  F erm i 
m o m e n tu m  /tp o f  1.45 f m -1. E v o lu tio n  of th e  В В set C4 in v o lv ed  only  one 
d iffe rin g  a ssu m p tio n , th a t  of an  equ ilib riu m  Hco fo r  4H e o f 23.8 MeV.

T he t r ip a r t i te  S В p a ra m e te r  sets S B 4, SB ,, and  SB 6 [7 ], w h ich  d isp lay  
s ig n ifican tly  g re a te r  accu racy  th a n  th e  В -  В se ts  in  p red ic tio n s o f g round  s ta te  
b in d in g  energies fo r  th e  lig h t nucle ides, assum ed  va lu es  of — 29.1 MeV and  24.1 
MeV fo r th e  4H e  B .E . an d  eq u ilib riu m  Hco, re sp ec tiv e ly , in  e x a c t ag reem en t 
w ith  e x p e rim en ta l re su lts . T he n u c lea r  m a t te r  v a lu es  were as fo r th e  B ^  В sets, 
b o th  also being in  accord  w ith  ex p erim en t.

A nd, th e  t r ip a r t i te  N — В p a ra m e te r  se ts  N B j, N B 3, an d  N B fi [7], w hich 
y ie ld ed  d ra m a tic a lly  im p ro v ed  equ ilib riu m  o sc illa to r energ ies for th e  lig h t 
nucle ides as w ell as im p ro v ed  B .E . values in  com parison  to  b o th  th e  S —В an d  
В  — В p a ra m e te r  se ts , im posed  cond itions on th e  B .E . an d  Hco o f th e  f in ite  
nuc le id e  40Ca r a th e r  th a n  on th e  n u c lea r m a t te r  p ro p erties . T h e y  were a B .E . 
o f  — 419.6 MeV a n d  an  Hco o f  9.9 MeV, b o th  in  congruence w ith  ex p erim en ta l 
re su lts . T he a ssu m p tio n s  fo r 4H e m irro red  th o se  of th e  S B sets.

A co m p ila tio n  of th e  e ig h t p a ra m e te r  se ts  B x, Cl5 S B 4, S B 4, SBe, N B 15 
N B 3, an d  N B 6 is given in  T ab le  I .  I t  shou ld  be  n o ted  th a t  no  acco u n t of th e  
C oulom b rep u ls io n  w as ta k e n  in  d e te rm in in g  th e m .
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3. The nucleon configurations

In  T ab le  I I ,  th e  n uc leon  co n fig u ra tio n s  for th e  160  g ro u n d  s ta te  a n d  f irs t 
ex c ited  s ta te , an d  th e  th re e  s ta te s  o f 24M g an d  32S, a re  g iven  for a re c ta n g u la r  
h arm on ic  osc illa to r b as is  o f s ta te s . T h e re in , th e  le tte r  О designates an  o b la te  
shape , th e  le t te r  P, a p ro la te  shape , th e  le t te r  S, a sp h e rica l shape, a n d  th e  
le t te r  T.  a tr ia x ia l s ta te .

Table I

R epresentative B —B, S —B, and N —В param eter sets. The streng th s S are in MeV and  the
ranges /t are in fm

Set [X1 s, Mi w2 S 2 M2 Мз s3 AÍ,

в, 0.7 389.5 — 0.529 1.40 — 140.60 0.4864 — ___ ___

G 0.7 271.0 — 1.635 1.40 — 117.40 0.3815 — — —
SBt 0.3 41868.0 62.680 0.45 — 10203.53 -  60.4320 0 . 6 -173 5 .1 0 37.981
SB 4 0.5 1686.0 — 8.430 1 .0 0 — 404.51 -2 .1 6 6 0 1.5 - 1 .5 8 60.026
SB 6 0.5 1630.0 — 5.270 1 .0 0 — 392.30 — 0.7870 . 2 . 0 - 1 .8 0 6.273
NB4 0 . 8 415.0 — 26.160 1 .2 0 — 237.93 13.2280 1 . 6 - 5 .4 7 83.013
NB3 0.5 453.0 — 48.140 1 .0 0 — 132.28 -11 .6560 1.5 -1 7 .4 2 8.301
N B 6 0 . 6 477.0 — 33.560 1 .2 0 — 154.94 — 5.5260 2.4 - 5 .9 6 3.720

Table II

Nucleon configurations for leO, 24Mg, and 32S

Nucleide
Configuration
Designation Configuration

16Q O (S) ( 0 0 0 )4( 1 0 0 ) 4( 0 1 0 ) 4( 0 0 1 ) 4

O (T ) ( 0 0 0 )4( 1 0 0 ) 4( 0 1 0 ) 4( 2 0 0 ) 4

2,Mg M G fO ) ( 0 0 0 )4( 1 0 0 ) 4( 0 1 0 ) 4( 0 0 1 )4( 2 0 0 )4( 0 2 0 )4

M G (P ) ( 0 0 0 ) 4( 1 0 0 ) 4(0 1 0 ) 4( 0 0 1 ) 4( 1 1 0 )4( 1 0 1 ) 4

M G (T ) ( 0 0 0 )4( 1 0 0 ) ' ( 0 1 0 ) 4( 0 0 1 ) 4( 2 0 0 )4( 1 1 0 )4

32S S(O ) ( 0 0 0 ) 4( 1 0 0 ) 4( 0 1 0 ) 4( 0 0 1 ) 4( 2 0 0 ) 4( 0 2 0 )4( 0 0 2 ) 4( 1 1 0 ) 4

S ( P ) ( 0 0 0 ) 4( 1 0 0 ) 4( 0 1 0 ) 4( 0 0 1 ) 4( 1 1 0 )4( 1 0 1 )4( 0 1 1 ) 4( 2 0 0 ) 4

S ( T ) ( 0 0 0 ) 4( 1 0 0 ) 4( 0 1 0 ) 4( 0 0 1 )4(2 0 0 )* (0 2 0 )4( 1 1 0 ) 4( 101 )4

4. The ™0* state

T he f ir s t  excited  s ta te  o f 160  is g en era lly  assum ed to  be  a 4p  — 4/i ex c i
ta t io n  o f th e  g ro u n d  s ta te  [1, 2]. G iven th e  spherica l co n fig u ra tio n  in T a b le  I I  
for th e  160  g ro u n d  s ta te , th e  e x c ita tio n  inv o lv es  ra is in g  a partic le  q u a r te t
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f ro m  th e  (OOl)4 leve l to  th e  (200 )4 level, y ie ld in g  a tr ia x ia l  co n fig u ra tio n . 
E x p e r im e n ta lly , th is  f ir s t  ex c ited  s ta te  is a О + level ly ing  6 .06 MeV above th e  
g ro u n d  s ta te . I n  o rd e r to  c o m p u te  its  e x c ita tio n  energy, th e  d ifference in  
b in d in g  energ ies b e tw een  th e  160  g round  s ta te  a n d  th e  4p —  4 h excited  s ta te  
m u s t  be ta k e n . T h e  b ind ing  e n e rg y  eq u a tio n  is expressed  as follows for 160 *

B .E .( ieO*) =  9.75 hcox +  5.75 Пшу +  3.75 Hmz +  38.25 F (0 0 0 )

+  32.5 F(100) +  17.5 F(010) +  10.5 F(200) +  3 .0  F(020) (2)
+  6 .0  F(110) +  2.5 F(210) +  7.5 F(300) +  2.25 F(400).

H e re , th e  p o te n t ia l  energy m a tr ix  elem ents V (nx, ny, nz), ex p re ssed  as fu n c tio n s  
o f  re la tiv e  q u a n tu m  num bers n x, ny, an d  n z, a re  defined  in  [1 ].

T ab le  I I I  lis ts  b o th  th e  160  g round  a n d  ex c ited  s ta te  e n e rg y  p red ic tio n s  
o f  th e  o c te t o f  p a ra m e te r  se ts  u n d e r  e x a m in a tio n . On th e  av erag e , th e  В 
se ts  ach ieve  an  average  e x c ita tio n  energy  A E  o f  24.3 MeV, th e  S B se ts , an  
av e rag e  v a lu e  o f  40.8 MeV, a n d  th e  N  — В se ts , an  average o f  41 .6  MeV. A ll a re  
s u b s ta n tia lly  h ig h e r th a n  th e  ex p e rim en ta l va lu e . Also, i t  shou ld  be n o te d  
t h a t  th e  В —В v a lu es  of АE  m a y  n o t be a n y  m ore  accu ra te  th a n  th e  S —В  a n d  
N —В v a lu es , fo r  th e  fo rm er re p re se n t e x c ita tio n s  from  g ro u n d  s ta te s  w hich  a re  
n o tic e a b ly  u n d e rb o u n d  in  c o n tra s t  to  th e  la t te r ,  as in d ic a te d  in  T ab le  I I I .

A lth o u g h  th e  m ag n itu d es  o f  th e  p re d ic te d  tr iax ia l %ю va lu es  are g re a te r  
fo r  th e  S —В se ts  th a n  for th e  В — В an d  N  — В se ts, an  o b je c tiv e  com parison  is 
b e s t  a ffo rded  th ro u g h  an a n a ly s is  o f v a rio u s  fu n d a m e n ta l n u c le a r  q u a n titie s . 
A m ong  th e se  a re  th e  q u a d ru p o le  m om en ts Q0 an d  Q2, th e  m onopole m o m e n t 
( R 2),  th e  В ( £ 2 )2+_>0+ tra n s i t io n  p ro b a b ili ty , and  th e  ro o t-m ean -sq u a re  
(r.m .s.) ra d iu s  < /2>*. T able IV  ta b u la te s  th e se  q u a n titie s  fo r  th e  exc ited  s ta te  
i 60 *.

T he in tr in s ic  q u ad ru p o le  m o m en t Q0, w h ich  m easures th e  charge d e fo rm 
a tio n  of a n u c leu s , is c a lcu la ted  from  th e  e q u a tio n

2 N x

Ц hcoy
(3)

w here  th e  to ta l  q u a n tu m  n u m b e rs  JVX, N y, a n d  N z a long  th e  x-, y - ,  a n d  z 
d irec tio n s , re sp ec tiv e ly , a re  g iven  by

N r (4)

N y = (5)
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Table II I

Energy results for leO, including the triaxial В. E. ( Т Е )  and three triaxial equilibrium lio> 
values of the first excited state, and spherical В. E. (SE ) and equilibrium hw of the ground state

Set Т Е tœ x to jj to jz S E toj a r

в, —  82.3 8.0 17.0 11.0 —  106.7 13.4 24.4

C, — 75.4 8.0 17.0 12.0 —  99.6 13.7 24.2
SB, — 99.2 10.0 21.0 15.0 —  140.0 17.2 40.8
SB, ' — 100.6 10.0 21.0 15.0 —  141.8 17.2 41.2
SB„ —  99.7 10.0 20.0 14.0 - 1 3 9 .6 17.0 39.8
NB, —  100.6 8.0 15.0 12.0 —  142.3 12.8 41.7
NB 3 —  100.9 8.0 15.0 12.0 —  142.5 12.8 41.6
NB„ —  101.3 8.0 15.0 12.0 —  142.7 12.7 41.4

Table IV

Various fundamental nuclear properties of 160 * ,  as computed from the В —В, 
and N —В parameter sets

Set <?„ Q, <R-> B(E*) <r‘>*

B t 74.01 0.89 81.61 196.10 3.19

C, 75.27 —  1.63 80.36 202.83 3.17
SB , 60.08 — 1.58 64.42 129.21 2.84
SB,, 60.08 —  1.58 64.42 129.21 2.84

SB„ 58.69 —  1.19 65.81 123.33 2.87
N B , 78.32 —  5.53 82.31 192.44 3.21
N B 3 78.32 —  5.53 82.31 192.44 3.21
N B 6 78.32 —  5.53 82.31 192.44 3.21

an d

^  = 2  (и*+ y ) ’ (6)

H ere , th e  q u a n t i ty  (fe2/m) =  41 .5  MeV • fm2, a n d  A  rep resen ts  th e  to ta l  n u m 
b e r  o f nucleons in  th e  nucleus. T h e  m ag n itu d e  o f  Q0 is so m ew h at less fo r th e  
S B p a ra m e te r  se ts  th a n  for th e  В В and  N  — В sets.

A n o th er q u ad ru p o lc  m o m en t, Q2, is d e fin ed  for a sy m m etric  nucleides b y

h2 Г N , iVy 1

m %wz Hcoy ( ? )

T h e values for Q2 a re  of m u ch  sm aller m a g n itu d e  th a n  th o se  for Q0, w ith
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d iffe ren t v a lu es  being  p re d ic te d  b y  each o f  th e  th ree  g ro u p s o f  p a ram e te r  se ts .
In  o rd e r  to  com pu te  th e  m onopole m o m e n t <JR2) ,  th e  follow ing e q u a tio n  

is invoked
Л2 Г N x 1 Ny

2m tm x %cav U(oz
( 8 )

A gain , th e  S — В p red ic tio n s  fo r <й2> a re  lo w er th a n  correspond ing  В В an d  
N — В p red ic tio n s .

T he B (E 2 )2+_).0+ v a lu es  gauge th e  s tre n g th s  of e lec tric  quad ru p o le  t r a n s 
itio n s b e tw een  th e  2 + an d  0 + levels o f a deform ed n u c leu s . The re la tio n sh ip  
betw een  B(E 2)  an d  th e  in tr in s ic  q u ad ru p o le  m om ent Q0 is

B (E 2 )2+^ 0+ =  —  e*Ql, (9)
lOTT

w here e2 =  0 .36, assum ing  a n  effective ch a rg e  of |  e fo r  p ro to n s. T h e  B(E2)  
re su lts  follow  th e  tre n d  o f  th e  Q0 va lues, w ith  th e  p re d ic te d  S — В p ro b ab ilitie s  
b e ing  th e  lo w est.

L a s tly , th e  r.m .s . ra d iu s  is d e te rm in e d  from  th e  eq u a tio n

<r2>>2\ l /2 — h2
2mA

JV y
Леи,

+  i  +  N
\ 1/2

hœ.
( 10)

A nd , once ag a in , th e  S — В v a lu es  are low er th a n  th e  В — В a n d  N — В p red ic tio n s , 
c h a ra c te riz in g  th e ir  d ifferences in p red ic tio n s  of eq u ilib riu m  oscillator energies.

I t  sh o u ld  be em p h asized  th a t  th e  v a r io u s  eq u a tio n s  fo r  nuclear p ro p e rtie s  
p re sen ted  in  th is  section  s tr ic t ly  ap p ly  to  4n  doub ly  ev en  nucleides, su ch  as 
160 ,  24Mg, a n d  32S.

5. The triax ia l s ta te  of 21Mg

E n e rg y  resu lts  for th e  nucleide 24M g are  ta b u la te d  in  Table V. In c lu d ed  
in  th a t  T ab le  are  th e  p re d ic te d  o b la te  a n d  p ro la te  en e rg y  m inim um  fo r  each 
p a ra m e te r  se t as well as th e  d ifference A E  betw een  th e  b e tte r  o f th e  la t te r  
tw o an d  th e  tr ia x ia l en e rg y . The co n fig u ra tio n  of th e  tr ia x ia l sh ap e  is given 
in  T ab le  I I ,  w hile th e  co rrespond ing  e q u a tio n  for its  g ro u n d  s ta te  B .E . is

B.E.(2iMg) =  13.75 %cox +  9.75 ficoy +  7.75 Uwz +  69.0 F(000)
+  56.25 F (100) +  38.75 F (010) +  25.0 F (001)
+  17.25 F (200) +  7.5 F (020) +  3.0 F(002) +  8.25 F(110)
+  7.5 F(101) +  4.5 F(011) +  8.75 F(210) +  2.5 F(201)
+  5.0 F(120) +  2.5 F ( l l l )  +  11.25 F (300) +  1-5 F(220)
+  2.25 F (400) +  2.25 F (310). (11)
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F o r 24Mg, th e  tr ia x ia l  s ta te  d oes indeed lie low est, w ith  A E  averag in g  9.3 
M eV fo r th e  В В se ts , 17.9 MeV fo r  th e  S В se ts , and  12.3 MeV fo r th e  N — В 
se ts . T h is m eans t h a t  th e  th e o re tic a l 24Mg B .E . is b ro u g h t th a t  m u c h  closer to  
th e  ex p erim en ta l В . E . o f —228.3 MeV.

Table V

Energy results for 24Mg, including the th re e  triaxial equilibrium  hot values, tr iax ia l B. E. (ТЕ),  
oblate В. Е . (ОЕ), p ro la te  В. Е. (РЕ), a n d  the difference A E  between the b e tte r  of the la tte r  

two and  Т Е ,  for the В — B , S —В, and N —B param eter sets

Set J tw x to iy fi (tíz Т Е OE P E AE

9.0 1 2 . 0 15.0 —  153.0 —  143.9 -1 3 9 .5 9.1
9.0 13.0 15.0 — 143.1 —  133.7 —  130.2 9.4

SB, 1 2 .0 16.0 19.0 —  200.9 — 185.9 —  178.8 15.0
SB 4 1 2 .0 16.0 19.0 — 202.3 —  188.8 —  182.2 2 0 .1

SB 6 1 2 .0 16.0 18.0 —  2 0 0 . 0 —  187.2 —  181.5 18.5
NB, 9.0 1 2 . 0 14.0 -2 0 6 .8 — 193.5 —  193.6 13.2
NB3 ! 9.0 1 2 . 0 14.0 —  206.4 —  193.6 — 193.6 1 2 .8

NB„ 9.0 1 2 . 0 14.0 -2 0 7 .1 —  194.9 —  196.1 1 1 .0

Table VI

Various fundam ental nuclear properties o f  th e  tr iax ia l s ta te  of 24Mg, as com puted from the 
B B, S—В, a n d  N —B param eter sets

Set <?„ Q, <R=> B(E2) <>■>*

в, 72.39 -2 4 .9 0 121.27 187.63 3.18

с, 75.05 19.58 118.61 201.57 3.14
SB , 53.42 16.93 91.83 102.17 2.77
SB, 53.42 16.93 91.83 102.17 2.77
SB„ 52.45 14.99 92.80 98.49 2.78
iNB, 70.81 -2 1 .7 4 122.85 179.52 3.20
N B 3 70.81 -2 1 .7 4 122.85 179.52 3.20
>iBc 70.81 -2 1 .7 4 122.85 179.52 3.20

T h e equ ilib rium  tr ia x ia l %ю v a lu e s  for the  S — В p a ram e te r  se ts  a re  g rea te r 
th a n  th o se  for the  В — В an d  N —В s e ts , as was th e  case for 160 * . T ab le  V I re 
flec ts  th e  effect o f su ch  a difference in  te rm s of th e  quad rupo le  a n d  m onopole 
m o m en ts , tra n s itio n  p ro b  abilities, a n d  r.m .s . r a d i i . l t  is seen th a t  th e  m ag n itu d es 
for all o f  th ese  q u a n tit ie s  are d e f in ite ly  low er for th e  S —В sets.
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6 . The tr ia x ia l sta te  of 32S

A lth o u g h  th e  en h an cem en ts  o f  th e  32S g ro u n d  s ta te  b in d in g  energy  
a ffo rd ed  b y  th e  t r ia x ia l  s ta te  are less th a n  those a ffo rd ed  to  th e  24M g ground 
s ta te , th e  tr ia x ia l s ta te  s till lies low er th a n  th e  o th e r possib le  shapes, as dep ic ted  
b y  T ab le  V II . The av e rag e  ЛЕ  gains a re  3.6 MeV fo r th e  В — В sets, 7.5 MeV fo r 
th e  S — В se ts, and  1.9 MeV for th e  N  — В sets. T hese th u s  b ring  th e  ca lcu la ted  
32S B .E . n ea re r  its  e x p e rim en ta l v a lu e  o f  — 322.7 M eV. T he tr ia x ia l 32S b ind ing  
energ ies are d e te rm in ed  from  th e  fo llow ing e q u a tio n

B .E .(32S) =  17.75 hcox +  15.75 hœy +  11.75 %wz +  101.25 F(000)
+  80.0 F (100) +  72.5 F (010) +  47.5 F (001) +  24.75 F (200)
+  18.75 F (020) +  7.5 F (002) +  18.0 F (110) +  10.5 F (101)
+  12.0 F (011) +  13.75 F (210) +  11.25 F(201) +  12.5 F(120)
+  3.75 F (021) +  5.0 F (102) +  15.0 F (300) +  11.25 F (030)
+  7.5 F ( l l l )  +  2.25 F (400) +  2.25 F (040) +  2.25 F (220) +
+  1.5 F (202) +  1.5 F(211) +  0.75 F (121) +  2.25 F (310)
+  2 .25F (130) +  2.25 F (301). (12)

W ith  resp ec t to  th e  tr ia x ia l fico values, once ag a in  th e  S — В p re d ic tio n s  
are  g re a te r  th a n  th e  В — В an d  N — В p red ic tio n s. T h ese , in  tu rn , le a d  to  low er 
v a lu es  o f  th e  q u ad ru p o le  an d  m onopole  m om en ts, tra n s it io n  p ro b ab ilitie s , and  
r .m .s . ra d ii. T ab le  V I I I  p rov ides a b reak d o w n  o f th e se  q u an titie s .

7. S um m ary  and  conclusions

A  4p  —  4/i e x c ita tio n  of th e  160  ground s ta te  to  a tr ia x ia lly  deform ed 
s ta te , w hile th e o re tic a lly  feasib le, y ie ld s  an  e x c ita tio n  energy fa r  in  excess o f  
th e  ex p e rim e n ta lly  d e te rm in ed  v a lu e  o f 6.06 MeV as com pu ted  fro m  various 
m u lt ip a r t i te  effec tive  nucleon  — n u c leo n  in te ra c tio n  p o ten tia ls . T h e  В — В p re 
d ic tio n s  for th e  e x c ita tio n  do a p p e a r  to  be b e tte r  th a n  th e  S —В a n d  N —В p re 
d ic tio n s , y e t  are s till m u ch  too  h igh .

H ow ever, th e  a ssu m p tio n  o f a tr ia x ia l d e fo rm a tio n  for th e  g ro u n d  s ta te s  
o f  th e  nucleides 24M g an d  32S is c e r ta in ly  ju s tif ie d , as tang ib le  g a in s  over th e  
b in d in g  energies p re d ic te d  b y  co rrespond ing  o b la te  and  p ro la te  shapes are 
rea lized  w hen i t  is considered .

T h e  S —В p red ic tio n s  for th e  equ ilib riu m  tr ia x ia l  hœ va lues a re  g rea te r 
th a n  th o se  of th e  В — В an d  N  —В p a ra m e te r  se ts , w ith  th is  re su ltin g  in  S —В 
v a lu es  fo r th e  q u ad ru p o le  an d  m onopole m o m en ts , B (E 2 )2+_>0+ transition- 
p ro b ab ilitie s , an d  r .m .s . rad ii t h a t  a re  of s ig n if ican tly  low er m a g n itu d e .
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Table VII

E nergy results for 32S, including the three tr iax ia l equilibrium hco values, triaxial В. E . (ТЕ), 
oblate В. E . (OE), prolate В. Е. (РЕ),  and the difference AE  betw een the better of th e  la tte r  

two and Т Е ,  for the В — B, S —В, and N —B p aram eter sets

Set ta>X twy ТЕ OE PE AE

в, 1 0 . 0 1 1 . 0 14.0 — 220.9 — 206.1 -2 1 7 .6 3.3

Ci 1 0 . 0 1 1 . 0 14.0 — 209.1 — 193.8 — 205.3 3.8
SB, 1 2 . 0 13.0 17.0 — 292.1 — 266.4 — 283.0 9.1
SB, 1 2 . 0 14.0 17.0 — 292.5 — 270.0 -2 8 5 .3 7.2
SB„ 1 2 . 0 13.0 17.0 — 290.6 269.0 -2 8 4 .5 6 . 1

N B, 9.0 1 0 . 0 13.0 — 297.8 — 277.0 — 294.7 3.1
NB3 9.0 1 0 . 0 13.0 — 295.8 — 277.1 — 294.4 1.4
NB„ 9.0 1 0 . 0 13.0 — 297.8 -  278.8 -  296.7 1 .1

Table V III

Various fundam ental nuclear properties of the tr iax ia l sta te  of 32S, as com puted from th e  В — В.
S —B, and N —В param eter sets

Set 0 o Q, <«!> ЩЕ2 ) <г*>*

B , 53.46 -4 9 .5 8 170.64 102.33 3.27
C, 53.46 — 49.58 170.64 102.33 3.27
SB, 44.13 — 43.57 142.62 69.72 2.99
SB, 47.78 -3 6 .2 7 138.97 81.72 2.95
SB„ 44.13 — 43.57 142.62 69.72 2.99
NB, 61.29 — 56.18 187.71 134.49 3.42
NB3 61.29 — 56.18 187.71 134.49 3.42
NB„ 61.29 — 56.18 187.71 134.49 3.42
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ТРЕХОСНЫЕ СОСТОЯНИЯ ЛЕГКИХ ЯДЕР

Ф. Р . РУЭЛ (мл.)

Р е з ю м е

Детально изучены трехосные формы первого возбужденного состояния 160  и основных 
состояний 21Mg и 32S. В расчетах применялся вариационный принцип с учетом многочастич
ного нуклон-нуклонного потенциала в предположении, что центральносимметричные 
силы Вигнера и обменные силы Майорана зависят от расстояния как функция Гаусса, а в 
качестве базисных функций использовались волновые функции гармонического осцилля
тора.

Среди прочих основных ядерных характеристик рассчитаны энергии связей, равно
весные осцилляторные энергии, квадрупольные моменты Q„ и Q2, монопольные моменты, 
вероятности перехода В ( Е 2 )  и среднеквадратичные радиусы. Для 160  проведено подроб
ное сравнение основного и возбужденного состояний, а для 24М и 32S сравнены сжатые, 
растянутые и триаксиальные формы основных состояний этих пар ядер.
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ИССЛЕДОВАНИЕ РЕАКЦИЙ РАДИАЦИОННОГО 
ЗАХВАТА БЫСТРЫХ НЕЙТРОНОВ, 

ПРИВОДЯЩИХ К СПОНТАННО-ДЕЛЯЩИМСЯ ИЗОМЕРАМ
242А т  и 244А т

Т. НАДЬ, А. Г. БЕЛОВ, Ю. Г1. ГАНГРСКИЙ, Б. Н. МАРКОВ,
И. В. СИЗОВ и И. Ф. ХАРИСОВ

О Б Ъ Е Д И Н Е Н Н Ы Й  ИНСТИТУТ Я Д Е Р Н Ы Х  ИССЛЕДОВАНИЙ, Л А БО РА ТО РИ Я  Я Д Е Р Н Ы Х  
РЕАКЦИЙ , Л АБО РАТО РИ Я Н Е Й ТРО Н Н О Й  Ф И ЗИ К И , Д У Б Н А , СССР

(Поступило 12. I. 1971 г.)

Измерена зависимость отношения сечений образования спонтанно делящихся 
изомеров 24zAm и 244А т  и мгновенного деления в реакциях 24IAm +  п и 243Аш +  п от 
энергии нейтронов вплоть до 16 Мэв. Эти отношения оказались одного порядка для обоих 
изомеров и монотонно уменьшаются с ростом энергии нейтронов. Полученные результаты 
обсуждаются на основе модели двугорбого барьера деления.

Исследования спонтанно делящихся изомеров показали, что эти состоя
ния характеризуются рядом необычных свойств:

1. вероятность спонтанного деления повышена до 1030 раз по сравнению 
с основным состоянием [1, 2].

2. изомерное отношение остается постоянным при изменении вноси
мого в ядро момента [3].

3. наблюдается корреляция между образованием спонтанно делящихся 
изомеров и вынужденным делением [4, 5].

Эта корреляция четко проявляется в реакциях радиационного захвата 
нейтронов, приводящих к спонтанно делящимся изомерам 242Аш и 244Аш 
[4, 6]. Измеренные функции возбуждения указывают на пороговый характер 
этих реакций. При этом порог реакции образования делящегося изомера 
оказывается близким к порогу деления (6,4 Мэв для 242А т  и 6,2 Мэв для 
244А т), хотя энергия изомерного состояния составляет около 3 Мэв [7, 8].

Такие свойства изомерных состояний, повидимому, связаны со сложной 
структурой барьера деления. Проведенные В. М. Струтинским расчеты обо
лочечных поправок к капельному барьеру деления показали, что в ряде ядер 
при значениях параметра деформации ~ 0 ,6  реальный барьер деления имеет 
минимум [9] (фиг. 1). Если этот минимум достаточно глубокий, то в нем будет 
иметь место система уровней, нижний из которых является изомерным. Сече
ние реакции образования ядра в изомерном состоянии, а также ход функции 
возбуждения существенно зависят от параметров двугорбого барьера. 
Поэтому исследование таких реакций позволяет получить ряд сведений о 
структуре барьера деления.
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Целью данной работы являлось измерение функций возбуждения реак
ций образования спонтанно делящихся изомеров 242А т и 244А т  при радиа
ционном захвате нейтронов до энергии 16 Мэв.

Измерения были проведены на электростатическом генераторе Лабора
тории нейтронной физики ОИЯИ. Схема экспериментальной установки пред
ставлена на фиг. 2. Пучок протонов или дейтонов падал на мишень, укреплен
ную на дне цилиндра Фарадея, который служил для измерения тока пучка. 
Модуляция пучка производилась при помощи прямоугольных импульсов 
напряжения с амплитудой до 4 кв, которые подавались на плоскопараллель
ные пластины. Для регистрации осколков деления использовался многони- 
тевой искровой счетчик [10], наполненный смесью 1Ч2(10торр),иНе (750 торр).

мг
Облучаемые мишени из241 Am и243Аш весом 0 ,4 -----и площадью 12 см2 находи-

см2
лись внутри счетчика. При надлежащем выборе рабочего напряжения счет
чик был практически нечувствителен к интенсивному потоку а-частиц из 
мишени (фон счетчика не превышал 1—2 импульсов в час). Импульсы со 
счетчика, вызываемые осколками деления, подавались на временной ана
лизатор, работа которого была синхронизована с модуляцией пучка уско
ренных частиц. Измерялось число импульсов во время облучения мишени (это 
число определяло выход осколков мгновенного деления), а также временное 
распределение импульсов, когда пучок не попадал на мишень. В этом слу
чае выход осколков связан с распадом спонтанно делящихся изомеров, об
разующихся в реакциях радиационного захвата нейтронов. Идентификация 
спонтанно делящихся изомеров производилась по их периодам полурас
пада (14 мсек для 242А т и 1,1 мсек для 244А т  [11]). Изомеры, которые 
могли бы получаться в реакциях (п, п') и (п, 2п) имели заметно мень
шие периоды полураспада, и их выход не мог исказить полученные ре
зультаты.

Источником нейтронов служили реакции 7Li(p,n)7Be, 3Т(р,п)3Не, 
2D(d,n)3He, 3T(d,n)4He. Толщина мишени дейтерия или трития соответство
вала потери энергии дейтонов ~ 1  Мэв. Спектр нейтронов из такой мише
ни в реакции D -ф d при энергии дейтонов 3,5 Мэв представлен на фиг. 3. 
Этот спектр рассчитан из известного сечения реакции и углового распреде
ления нейтронов для телесного угла, определяемого геометрией опыта. Для 
получения нейтронов с энергией до 2,3 Мэв использовалась толстая литиевая 
мишень. Спектры нейтронов из этой мишени при различных энергиях прото
нов, рассчитанные аналогичным способом, также представлены на фиг. 3. 
В этом случае измеренный выход осколков мгновенного и запаздывающего 
деления относится к широкому диапазону энергий нейтронов (от порога 
реакции до максимальной энергии, определяемой энергией протонов). Выход 
осколков, относящийся к более узкому интервалу энергий, равен, очевидно, 
разности выходов при двух соседних энергиях. Энергия протонов менялась
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от 2,75 Мэв до 4,0 Мэв с интервалом 0,25 Мэв, что соответствовало диапазону 
энергий нейтронов от 0,8 до 2,0 Мэв.

Из измеренного на опыте отношения выходов осколков запаздывающего 
и мгновенного деления после введения поправок на распад изомера можно

V мэв

Ф и г . 1. Двугорбый барьер деления. V  — энергия деформации; ß  —  параметр деформации; 
fî; — энергия изомерного уровня; B lt  В ,  — высоты первого и второго барьеров; ß „  ß ,  — 

параметры деформации основного и изомерного состояний

Отклоняющие ЦилинЗр

Ф и г. 2 . Схема экспериментальной установки

получить отношение сечений этих процессов. Зависимость этих отношений 
от энергии нейтронов представлена на фиг. 4. В случае реакции 241Am +  п при
ведено также отношение сечений для тепловых нейтронов, измеренное с 
использованием той же методики и мишени [5]. Из фиг. 4 видно, что отноше
ние сечений образования изомера и мгновенного деления в реакциях 241Аш + п  
и 243Am +  п близки по порядку величины и монотонно убывают с ростомэнер- 
гии нейтронов. Для энергии нейтронов 16 Мэв спонтанно делящийся изомер 
242А т  уже не наблюдался, поэтому для отношения сечений приведена верхняя 
граница. Выход изомера244А т  при этойэнергии нейтронов невозможно увидеть
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на фоне изомера242А т , который образуется со значительно большим сечением в 
реакции 243А т  (п, 2п). Сечения деления 241А т  и 243А т  нейтронами известны 
[12, 13], поэтому из измеренных отношений сечений запаздывающего и мгно
венного деления можно получить функции возбуждения реакций образования 
спонтанно делящихся изомеров 242А т и 244А т . Эти функции возбуждения для 
реакции 241А т  +  п представлены на фиг. 5. Для реакции 243А т +  п функции 
возбуждения имеют аналогичный вид. Чтобы показать, как меняются с 
ростом энергии нейтронов сечения реакций, приводящих к основным состоя
ниям 242А т  и 244А т , на фиг. 5 представлена функция возбуждения реакции 
238U (n, y)239U [17] (для 241А т  и243А т подобные измерения еще не проведены).

Из фиг. 5 видно, что функции возбуждения реакций, приводящих к 
основному и изомерному состояниям, подобны лишь при энергиях нейтронов 
выше 1,5 Мэв. При уменьшении энергии нейтронов ниже 1,5 Мэв сечение 
реакции для изомера не растет, как для основного состояния, а падает, 
обнаруживая такой же пороговый вид, как сечение мгновенного деления 
241А т  нейтронами. Более подробно вид функции возбуждения реакций 
образования 242А т  и 244А т  вблизи порога исследован в работах [4, б].

Как уже отмечалось [4—6], пороговый ход функции возбуждения реак
ций образования спонтанно делящихся изомеров трудно объяснить на основе 
прежних представлений об изомерных состояниях, но он получает естествен
ное объяснение в модели двугорбого барьера. В этой модели для заселения 
изомерного состояния необходимо преодолеть барьер, разделяющий первый и 
второй минимум, и этот же барьер в ряде случаев определяет порог деления.

Анализ функции возбуждения реакции образования изомерного состоя
ния на основе модели двугорбого барьера позволяет получить ряд сведений о 
параметрах этого барьера. При этом предполагается, что процессы деления и 
образования изомера можно рассматривать как двухступенчатые. После 
захвата нейтрона образуется составное ядро, в котором устанавливается теп
ловое равновесие (энергия возбуждения сосредоточена на одночастичных 
степенях свободы). Когда энергия возбуждения переходит на колебательные 
степени свободы, то ядро может преодолеть первый барьер и оказаться во 
второй потенциальной яме. Если эта яма достаточно глубока, то в ней будет 
иметь место сильное взаимодействие между колебательными и одночастич
ными степенями свободы. В результате этого во второй яме может снова 
наступить тепловое равновесие, и образуется такое же составное ядро, как и 
после захвата нейтрона, характеризующееся, однако, большей деформацией 
и меньшей тепловой энергией. Испускание у-квантов из такого ядра приводит 
к образованию спонтанно делящихся изомеров, а переход через второй барьер 
— к делению. Отношение сечений этих процессов имеет вид [14, 16]:
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где Гу 2 и Г/2 — радиационная и делительная ширина уровней во второй 
яме.
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( 2)
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Y отн.еб.

Фиг. 3. Спектры нейтронов в реакциях, a) 7Li +  р (Е„ =  3,5 Мэв); б) 7Li 4 - р 
(Ер =  4,0 Мэв); в) 2D +  d (Ed =  3,5 Мэв)
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Фиг. 4. Зависимость отношения сечений образования спонтанно делящ егося изомера и 
деления (ff,7oy) отэнергии нейтронов (Е п). а) в реакции 241А т  +  п; б) в реакции 243А т  +  п
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где е(Е)  — плотность уровней во второй яме при энергии возбуждения Е; 
N .j — число открытых каналов для перехода через второй барьер; Е*—энергия 
возбуждения составного ядра, равная сумме энергии связи нейтрона и его 
кинетической энергии; £ , — энергия изомерного уровня. Для ядра 242Аш 
значение £,■ принималось равным 3,2 Мэв [8]. При расчетах плотности уровней 
во второй яме и числе открытых каналов на втором барьере значение пара
метра плотности уровней а принималось равным 28,6 [18] (как и для первой 
ямы). При энергии возбуждения ниже вершины второго барьера число от
крытых каналов заменялось проницаемостью для перехода через этот барьер. 
Приэтом параметр Тш, характеризующий кривизну второго барьера выбирался 
равным 600 кэв. В расчетах радиационной ширины принималось, что Г у2 =  
=  0,03эв при Е* =  5,5 Мэв (энергия связи нейтрона в ядре 242А т). Кроме того, 
в расчетах отношений Гу2\Гп  предполагалось, что к изомерному состоянию 
приводит лишь испускание таких у-квантов, после которых ядро остается с 
энергией возбуждения ниже вершины второго барьера; в противном случае 
произойдет деление после испускания у-кванта. Распределение у-квантов по 
энергиям определяется выражением (3).

Из выражений (2), (3) можно видеть, что радиационная ширина сравни
тельно мало меняется с ростом энергии возбуждения, в то время как делитель
ная ширина при этом быстро растет, пока энергия возбуждения не достигает 
вершины барьера деления; после этого рост сильно замедляется. Поэтому 
рассчитанные по формулам (2), (3) зависимости отношений Гу2/Г12 от энергии 
возбуждения для различных значений высоты второго барьера (фиг. б) об
наруживают излом при знергии возбуждения, близкой к энергии второго 
барьера. При других значениях параметров а, %ы и Г у2 при Е* — 5,5 Мэв 
форма рассчитанных кривых остается практически такой же, меняются лишь 
абсолютные значения отношений Гу2 \ г п- Поэтому по излому кривой, описы
вающей зависимость отношения сечений образования изомера и деления от 
энергии возбуждения, можно определить высоту второго барьера, оставаясь, 
естественно, в рамках рассмотренного выше двухступенчатого хода реакции.

Из фиг. 4 видно, что измеренные отношения сгг-/оу мало меняются во 
всем используемом на опыте диапазоне энергий нейтронов (0— 2 Мэв для 
242Am и 0,8—3,0 Мэв для 244А т). Отсюда можно заключить, что, повидимому, 
высоты вторых барьеров у обоих ядер не превышают минимальных получен
ных на опыте энергий возбуждения (5,55 Мэв для 242А т  и 6,0 Мэв для 244Ат). 
Из сравнения измеренных значений <т(/оу и рассчитанных отношений -Гу2Д /2 
можно предполагать, что высоты вторых барьеров для обоих ядер близки к
5.5 Мэв.

Из приведенных выше оценок следует, что высота второго барьера 
относительно дна второй ямы (энергии изомерного уровня) не превышает
2.5 Мэв. Такой малой высоте второго барьера при параметре Ноо =  600 кэв 
соответствуют времена жизни по отношению к делению порядка 10-9 сек.
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Чтобы объяснить наблюдаемые времена жизни изомеров242 А т  и 244А т , кото
рые на 6 ^ 7  порядков выше, необходимо предположить, что либо второй 
барьер аномально широкий (параметр hœ не более 300 кэв), либо канал деле
ния со спином, соответствующим спину изомерного состояния, лежит по 
крайней мере на 1 Мэв выше вершины второго барьера.

Ф и г . 5 . Функции возбуждения реакций: 
a) 24lAm(n, y ) - i2mfA m ;  

б) 241Am (n, f) 
в) 238U (n, y)238U

Ф и г. 6 . Рассчитанные зависимости отноше
ний Г у г / Г р  от энергии возбуждения состав
ного ядра (Я*) для различных значений 
высоты второго барьера (В2). а) В2=6,0 

Мэв; б) В 2= 5,5 Мэв; в) В„ =  5,0 Мэв

Если принять сечение образования основного состояния 242Аш при 
радиационном захвате нейтронов с энергией 1 Мэв того же порядка, что и для 
239U (фиг. 5), то изомерное отношение оказывается ~5 .104, т. е. практически то 
же, что и для реакций с заряженными частицами [3]. В то же время для 
тепловых нейтронов изомерное отношение составляет ЗЛО-7 или в 1000 раз 
меньше. Такую большую разницу изомерных отношений можно объяснить 
тем, что барьер, разделяющий первую и вторую ямы выше энергии связи 
нейтрона и поэтому препятствует заселению изомерного состояния. Из кор
реляции процессов образования изомера и деления следует, что этот барьер 
определяет порог деления и составляет 6,4 Мэв для 242А т  и 6,1 Мэв для 
244 А т .

В работе [15] отмечалось, что функции возбуждения реакций образо
вания спонтанно делящихся изомеров при радиационном захвате нейтронов 
должны характеризоваться двумя максимумами, которые связаны с диполь
ными колебаниями ядра. Расстояние между максимумами зависит от дефор
мации ядра в изомерном состоянии. В случае 242А т  один из максимумов дол
жен лежать при энергии 1 —2 Мэв, а другой — при энергии 7- 10 Мэв. Из
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фиг. 5 видно, что наблюдается максимум при малых энергиях, однако в области 
больших энергий ошибки измерений и малое число экспериментальных точек 
не позволяют сделать окончательно вывода.

*

В заключение авторы выражают благодарность Г. Н. Флерову, И. М. Франку и 
Ф. Л. Шапиро за постоянный интерес к работе. Авторы благодарят также эксплуатацион
ную группу во главе с И. А. Чепурченко за бесперебойную работу электростатического 
генератора.
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IN V ESTIG A TIO N  OF T H E  R A D IA T IV E  CA PTU RE OF FAST NEU TRO NS PR OD UCIN G  
T H E  SPO NTAN EOU SLY  D ECAYING ISOMERS M!Am AND 214Ain

Т. NAGY, A. G. B E L O V , YU. P. G A N G RSK Y , B. N. M ARKOV, 1. V. SIZOV and 
I. F. H A RISO V

A bstrac t

The ra tios of th e  production  cross-sections of the spontaneously decaying isomers 
242Am and  244Am and of th e  p ro m p t fissions tak ing  place during the  reactions 241Am +  n and 
243Am n have been m easured as functions of th e  energy o f neutrons up to  16 MeV. Our 
m easurem ents show th a t  these ratios are o f th e  same order of m agnitude for b o th  isomers 
and  decrease m onotonously w ith  the increase of the energy of neutrons. The resu lts  obtained 
can be in terp re ted  on th e  basis of the double-peak potential ba rrie r model.
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THEORY OF ANHARMONIC CRYSTALS 
IN PSEUDOHARMONIC APPROXIMATION

I I I .  CRYSTAL W ITH  W EAK  COUPLING 

By

T . S ik l ó s

JO IN T  IN ST IT U T E  F O R  NUCLEAR R ES E A R C H , LABO RATORY  OF T H EO R ET IC A L PHYSICS
D U BN A , USSR

(R eceived 12. I. 1971)

The dependence of the in stab ility  tem perature on the arb itra ry  ex ternal pressure is 
investiga ted  for a crysta l w ith weak coupling.

In  a p rev ious p ap e r [1] th e  p ro p erties  o f an  an h a rm o n ic  lin ea r  chain  
u n d e r  a rb itra ry  e x te rn a l tension  w ere  considered in  a p seu d o h arm o n ic  a p p ro x i
m a tio n . In  th is  p a p e r  I  p resen t a n  ad d itio n a l in v es tig a tio n  o f th e  p ro p e rtie s  of 
a c h a in  in  w hich th e  coupling o f a to m s is w eak [A =  (jrU/(W0L) < , 2]. As I  e s ta b 
lish ed  in  th e  earlie r p a p e r i t  is n ecessa ry  in  th is  case to  in v e s tig a te  th e  p ro p e r
tie s  o f  th e  chain  in  th e  low  te m p e ra tu re  lim it.

I t  was show n in  [1] th a t  th e  se lf-consisten t eq u a tio n  w h ich  de te rm in es 
th e  p ro p ertie s  o f th e  chain  can b e  w ritten

ЯаМ«) =  Г ^ Вт » с о 1 Ь ^ 1 ^ ,  (1)
Jo 2r

w h ere  th e  n o ta tio n s  are  th e  sam e as in  [1 ] an d

*  p< :

=  , p Y  (2 )

Г т )
In  th e  low  te m p e ra tu re  lim it th e  se lf-consisten t eq u a tio n  (1) can  be re w ritte n  
in  th e  form

Аау(а) =  1 + - Í - J A - J  . (3)

T h e  in s ta b ili ty  te m p e ra tu re  can  be  o b ta in ed  as a s im u ltan eo u s so lu tion  of 
E q . (3) an d  its  d e r iv a tiv e  [1]:

2tt2 t-2A (y(*)+ «/(*)} = -- - -- -  • (4)3 or
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T h e c ritica l te m p e ra tu re  can  be o b ta in ed  as a s im u ltan eo u s so lu tio n  of 
E q s . (3) an d  (4) a n d  th e  second d e riv a tiv e  o f (3):

A {2/(a)+*y"(a)} == 2л2 (5)

I t  is co n v en ien t to  rew rite  E q s . (3) —(5) in  th e  follow ing form :

1 + л- I T

/. =
3 a

ay(oe)

1 +  n 2

* / ( « )

(6 )

(? )

l  =  2

1 +  2 л 1 I—

<x3y" ( a )
( 8 )

I t  is easy  to  see t h a t  i f  P* =  0 E q s. (7) a n d  (8 ) a re  in co m p a tib le  a n d  conse
q u e n tly  th e re  can  be no c ritica l te m p e ra tu re . T he a n a ly tic a l so lu tio n  of th e

Fig. 1. The dependence of the instability  tem perature  t s =  0 S/a>oL on the dimensionless coupling
constan t À of the atom s
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sy stem  o f equa tions (6 ) — (8 ) in  the  c a se  of t  =  0 g iv es  a value fo r th e  critica l 
ten sio n  o f  P* =  0.055, w ith  xc ^ 0 . 2 6 6 ,  an d  Xc0 ^  1 .21.

T h e  resu lts  of n u m e ric a l so lu tio n s  of these  sy s tem s  of e q u a tio n s  are 
given in F igs. 1 and 2. I n  F ig . 1 th e  d ep en d en ce  of th e  in s ta b ility  te m p e ra tu re

t s

Fig. 2. The dependence of th e  instability  tem perature r s on th e  reduced tension P f

t s =  (0s/ft>ol) 011 the  d im ensionless c o u p lin g  co n stan t X =  (7rö /o )0L) is given 
fo r som e v a lu e s  of P*. I n  F ig . 2 th e  in s ta b ili ty  te m p e ra tu re  is p re se n te d  as 
a fu n c tio n  o f reduced  te n s io n  P* fo r som e values o f  X. In  b o th  f ig u re s  th e  
c ritica l cu rv es  are  d en o ted  b y  the  d o t te d  line.

T he re su lts  a t th e  te m p e ra tu re  r =  0.1 — 0.2 ag ree  q u ite  well w ith  th e  
re su lts  o f [1 ] fo r the sam e te m p e ra tu re  a n d  w ith  th e  a sy m p to tic  ex p ressio n s 
o f [2] for P*  1.

I t  is in te re s tin g  to  p o in t  ou t t h a t  th e  critical te m p e ra tu re  is e q u a l to  
zero a t  th e  f in ite  p ressure P *  =  0.055. A s w as shown in  [3], th e  b e h a v io u r  o f 
a th ree -d im en sio n a l la tt ic e  does not d if fe r  q u a lita tiv e ly  fro m  th a t  o f  th e  one
d im ensiona l la tt ic e  d iscussed  in  [1 ] a n d  consequen tly  a n  analogous s itu a tio n  
shou ld  ho ld  in  th e  th ree-d im ensiona l ca se . F o r the  f.c .c . la ttic e  in th e  case o f  
T =  0 n u m e ric a l solution g ives a value fo r  th e  critical p re ssu re  of P* ~  0.052, 
w ith  A(0C) ~  1.27. I

I would like to thank D r. N. P lakida  fo r helpful discussions and  Dr. J . E ssz e n sz k i 
for his help in th e  numerical calculations.
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ТЕОРИЯ АНГ АР;МОНИЧЕСКИХ КРИСТАЛЛОВ В ПСЕВДОГАРМОНИЧЕСКОМ
ПРИБЛИЖЕНИИ

III. Кристаллы со слабой связью 

т. шиклош 
Р е з ю м е

Исследуется зависимость температуры неустойчивости от натяжения в случа 
кристалла со слабой связью атомов.
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ON THE GEODESICS OF CERTAIN SYMMETRIC
SPACES

B y

A . S e b e s t y é n

CENTRAL R ESEA R C H  IN ST IT U T E  FO R PHYSICS, B U D A PEST

(Received 5. I I I .  1971)

Geodesics of R iem annian spaces adm itting  certain types of K illing’s m otions are con
sidered. I t  is shown th a t corresponding to  the geodesics there are curves in a lower-dimensional 
space w hich reveal a striking resemblance to  th e  force laws of general relativity . T he forces 
which emerge are of the electrom agnetic and of the potential ty p e . Some connections w ith 
K a l u z a ’s  five-dimensional theo ry  are discussed. The so-called to ta lly  covariant calculus for 
such spaces is also developed.

In tro d u c tio n

I t  w as show n b y  K a l u z a  soon a f te r  th e  d iscovery  o f  general r e la tiv ity  
t h a t  one can  re ta in  th e  gen era l fea tu res  o f an  e lec trovac  th eo ry  fro m  a f iv e 
d im ensiona l form alism  [1]. I t  was essen tia lly  th is  w ork  w hich  s tim u la te d  th e  
n u m ero u s u n ified  th eo ries  in  the  tw e n tie s  and  th e  e a r ly  th irtie s . T h e  f iv e 
d im ensiona l R iem an n ian  spaces in v o lv ed  in  these th e o rie s  generally  possess 
som e sy m m e try  p ro p e rtie s ; in  K a l u z a ’s th e o ry , for ex am p le , th is  sy m m e try  
is a K illin g  m o tion , and  i t  is show n t h a t  th e  equation

R^p b e in g  th e  five-d im en sio n a l Ricci te n s o r , can be sp lit  in to  tw o e q u a tio n s

Â,* =  Tifc- - L î f t i ï ,

F [ . r =  0 .

H ere F ik is th e  e le c tro m a g n e tic  ten so r, T ik is its en erg y -m o m en tu m  ten so r, 
R ik is th e  R icci ten so r in  fo u r  d im ensions, an d  F ik is re la te d  to  th e  K illing  
v ec to r  o f  th e  five-d im en sio n a l space.

A tte n tio n  has been  m a in ly  d irec ted  to  such fie ld  eq u a tio n s, Avhile th e  
fea tu re s  o f th e  geodesics o f  th e se  va rie tie s  h av e  n o t been in v e s tig a te d  in  d e ta il. 
H ow ever, i t  can  he show n t h a t  to  th e  five-d im ensiona l geodesics th e re  co rres
p o n d  cu rves in  fou r d im ensions and t h a t  th e  f irs t c u rv a tu re  of these  cu rves 
is equal to  an  e lec tro m ag n etic  force.
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T he aim  o f th is  p ap e r is to  e x te n d  th is  re s u lt  an d  show  t h a t  in  a R iem an - 
n ia n  space o f a rb i t r a ry  d im ensions a d m ittin g  several K illin g  m otions, geo
desics can  be p ro je c te d  onto  a  v a r ie ty  of low er d im ensions a n d  th a t  th e  f ir s t  
c u rv a tu re  o f th e  cu rv es  o b ta in ed  in  th is m a n n e r  is an e lec tro m ag n etic  force. 
A n a d d itio n a l te rm  w hich m a y  be  p resen t in  th e  cu rv a tu re  is a force of th e  
p o te n tia l  ty p e  (i.e. a g rad ien t o f  a scalar), a lth o u g h  th is te rm  can alw ays be 
re m o v ed  b y  m ean s  o f a conform  tra n s fo rm a tio n  o f the  m e tr ic  of th e  lo w er
d im en sio n a l space . T h e  v a r ie ty  o b ta in ed  is g en era lly  n o t a  subspace o f th e  
o rig in a l one, th o u g h  i t  is a R iem an n ian  space w hose m e tric  is fixed  b y  th a t  
o f  th e  la rg e r space. T h is s tru c tu re  o f  th e  geodesics is easily re v e a le d  if the K illing  
m o tio n s  o f th e  em b ed d in g  space  fo rm  an A b e lian  group.

T he f irs t  S ec tio n  of th e  p a p e r  recalls th e  p ro o f  of a th e o re m  which s ta te s  
t h a t  to  req u ire  a R iem an n ian  space  to  ad m it sev era l K illing  m otions fo rm ing  
an  A belian  g roup  is n o th in g  else b u t  to  req u ire  th e  existence o f  a  special coo rd i
n a te  system  in  w h ich  th e  m e tric  te n so r is in d e p e n d e n t of som e variab les.

A general c o v a ria n t t r e a tm e n t  of such R iem an n ian  sp aces  is developed  
in  th e  second S ec tio n  and  th e  co n cep t o f a p a ra m e te r  sp ace  correspond ing  
to  th e  m o tions is in tro d u ced . I n  o rd er to  h a n d le  b o th  th e  p a ra m e te r  an d  th e  
c o v a ria n t ind ices in  a u n ifo rm ly  co v arian t w a y , p a ra -c o v a ria n t and  to ta l ly  
c o v a r ia n t d iffe re n tia tio n  are a lso  defined . T h is  form alism  is th e n  app lied  to  
th e  special co o rd in a te  system  o f  Section  I .

T he th ird  S ection  is d e v o te d  to  th e  decom position  o f  th e  equa tions o f  
geodesics. T h e  special c o o rd in a te  system  is u se d  here to  show  th a t  cu rv es  
co rresp o n d in g  to  geodesics a re  ac tu a lly  fo rce  law s in a lo w er d im ensional 
v a r ie ty .

I

W e f irs t  reca ll and  give th e  p roo f o f a th eo rem  a ris in g  in  th e  th eo rie s  
o f  R iem an n ian  spaces and  p a r t ia l  d iffe ren tia l eq u a tio n s. I n  a form  a d a p te d  
to  o u r p ro b lem , th is  s ta te s  t h a t :

T he n ecessa ry  and  su ffic ien t cond itions o f  th e  ex is ten ce  of a co o rd in a te  
sy s tem  (C.S.) in  w hich  th e  m e tr ic  ten so r o f  an  n -d im en sio n a l R iem an n ian  
space  Vn is in d e p e n d e n t o f th e  coo rd inates x \  . . ., xr (r<Cn) are th a t  th e re  
e x is t r lin ea rly  in d e p e n d e n t K illin g  v ec to rs, K A and t h a t  th e se  vectors fo rm
an  A belian  g ro u p  o f m otions, i.e . th e  g en e ra to rs

*

GA\ =  K M*d, ** (1)

* The stroke in  _Кд,а means th a t  the preceding subscript or supercrip t is not a covarian t 
index b u t is sim ply th e  name of th e  quan tity . Such indices will also ap p er in bold face type.

** Greek indices will alw ays ru n  from 1 to n , while capital L a tin  ones from 1 to  r . 
For any types of index we adopt th e  usual sum m ation convention.
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fu lfil th e  re la tio n s
Ga \ GBI -  GBI Ga I =  0 . (2)

B y  lin ea r ind ep en d en ce  o f  th e  v ec to rs  К  A * we m ean  th a t  th e  re la tio n

Xr ' K r i« =  0

in  any  p o in t o f the  sp ace  can only b e  sa tis fied  by  th e  tr iv ia l set o f th e  scalars

XA =  0 .

T h is g u a ran tee s , for in s ta n c e , th a t  n o n e  o f th e  v ec to rs  К  a * can v a n ish  a t  any  
p a r tic u la r  p o in t.

B efore p rov ing  th e  theo rem  we re c a ll th a t  b y  d e fin itio n  a K illin g  vec to r 
K A|s sa tisfies  K illing’s eq u a tio n

^Ч4|ауЗ+-^Л|/5;а =  0 * . (3)

E x p ressin g  th e  C hristoffel sym bols b y  g^  an d  th e  d e riv a tiv e s  o f (3) can 
be cast in  th e  form

K Aie,ßge* + K Me:Xgeß+ K Me g,ßie =  0 .  (4)

I t  shou ld  also be rem ark ed  th a t  in  consequence o f  th e  sy m m e try  o f  the  
C hristoffel sym bols {ß a -y} in  the  tw o  su b sc rip ts , (2) can  be w ritte n  in  th e  
follow ing w ay :

Gai Gb I -  GBl GA i — K MQ K BI °;e da K B|e К A|°;e Эа =  0.

T h is o p e ra to r  eq u a tio n  s till  does no t seem  to  be c o v a ria n t, because th e  o p e ra to r  
K A|®.a is n o t  a c o v a r ia n t vector. H ow ever, i f  w e dem and  (2) to  be 
v a lid  for a n y  fu n c tio n  in  a p a rticu la r C .S ., th en , a p p ly in g  i t  to  th e  fu n c tio n  
/ =  we get

(GAi Gb I — GB[ GA |) я “ — K Ale K B,a.e K Ble K A1a.g — 0 ,

w hich is c o v a ria n t and  w ill g uaran tee  t h a t  (2) is fu lfilled  in  any  C.S.
The p ro o f  of the  th e o re m  goes as fo llow s. A ssum e f i r s t  th a t  th e re  ex ists

* The semicolon denotes covariant d ifferen tia tion  with respect to a variable indicated  
by  a subscript, providing th e  subscrip t does n o t precede a stroke or is no t a bold face index; 
the  sign Эа or a comma instead of the semicolon denote the ord inary  partia l derivative.
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a C .S. in  w hich  g^p depends on ly  on  xr + 1, . . ., x n, an d  define ?• lin ea rly  in d e 
p e n d e n t vecto rs*  b y

K Af  =  ô*A . (5)

T h ese  w ill s a tis fy  (4) according to  th e  a s su m p tio n

Я ъ в .А  =  0  •

U sin g  (1) an d  (5) one can read ily  v e rify  th a t  (2) is also sa tis fied .
T h e  p ro o f o f  th e  reversed  s ta te m e n t is a b i t  m ore  in v o lv ed . A ssum e th a t  

th e re  ex is t r l in e a r ly  in d e p e n d e n t vecto rs К А * sa tis fy in g  (2) a n d  (3). F ir s t  
w e w ill show  t h a t  one can choose a  C.S. in  w h ich

K J  =  à \ .

T h e re  ex ists a C .S. in  w hich th e  n o n -v an ish in g  v e c to r  К и х h as  th e  form  [4]

K ^  =  ôl. (6 )

U sing (6 ), w e u tilize  (2) fo r  th e  case A  =  1, В  =  2 b y  a p p ly in g  i t  to  th e  
fu n c tio n  xa, w h ich  gives

K 2 ,‘д =  0.
T h u s  th e  e q u a tio n

j g  K 2lew,e =  0
e = 2

h as  re —  2 in d e p e n d e n t so lu tions y>k(x2, . . ., xn), (k =  3, . . ., re), a ll in d e p e n d e n t 
o f  X1. P e rfo rm in g  a coo rd ina te  tra n s fo rm a tio n

x '1 =  Xх.
x '2 =  h{x2, . . ., xn),
x ' k' =  ipk(x2, . . ., xn); (fc =  3, . . ., re).

w h ere  h is chosen  so as to  av o id  th e  v an ish in g  o f  th e  J a c o b ia n , we have

a n d
| ,ct=<5* [i.e. (6 ) is u n ch an g ed ]

K 2/ k =  . V  ^ 2IS =  0 ;  (fc =  3, . . ., re).
e = 2

* By vectors we naturally  m ean  vector fields hav ing  continuous derivatives of a t  le a s t 
th e  firs t order.
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K 2I'2 c a n n o t be zero as i t  w ould n o t  th e n  be lin e a rly  in d e p e n d e n t o f  K ltm. 
A tra n s fo rm a tio n  o f th e  k in d

гх'г к Z 1Г - b L _ d x '2Jo K2I'2
1

K 2] '2
dx '2 ,

r"k (k =  3, . . n)

eaves (6 ) u n ch an g ed  a n d  leads to  th e  d e s ir e d  form  o f K 2I"*:

K 2r  =  ô«2.

B y re p e a tin g  th is  p ro ced u re  we f in a lly  en d  up  w ith  a C .S. where

K At° =  à°A . (7)

W e still h a v e  to  show t h a t  i f  (7) is va lid  ga(5 is in d e p e n d e n t o f  x A. B y a ssu m p tio n  
K A * is a K illin g  v e c to r; th u s  i t  fu lfils (4), w hich, u sin g  (7), will give

§rxß,A ^ 9
w hich  w as to  be p roved .

T h e  C.S. in  w hich (7) is va lid  is ca lled  a special c o o rd in a te  system  (S .C .S .). 
S im ilar sy stem s p lay  an  essen tia l role in  th e  group th e o re tic a l c la ssifica tion  
o f th e  space-tim es of gen era l re la tiv ity  [3].

T he m o st general tra n sfo rm a tio n s  leav in g  (7) u n c h a n g e d  have th e  form

x ' A =  X A  + f A ( x r + \

x'j = f J(xr+1, . . . , x n) ; ( j  =  r +  1 . . . ., n).

W e call su ch  a tra n s fo rm a tio n  a special coord inate  tra n s fo rm a tio n  (S .C .T .). 
T he subgroup

^  + f A(xr+ \  . . . ,Xn),

x'j =  X*-, { j  — Г +  1’ • • •’ n)

of th e  S .C .T .-s is called  th e  group of g auge  tra n sfo rm a tio n s  (see th e  en d  o f  
Section  I I ) ,  w hile a tra n s fo rm a tio n  of th e  fo rm

x ’J =  f ( x r+ 1 , . . . ,  xn); ( j  =  r +  1 , . . ., n)
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is  a re s tr ic te d  c o o rd in a te  tra n s fo rm a tio n .
A R ie m a n n ia n  space a d m itt in g  r lin e a rly  in d ep en d en t K illing  v ec to rs  

fo rm in g  an  A belian  group of m o tio n s  w ill be d e n o ted  by  V rn.

II

In  th is  S ec tio n  we ex am in e  th e  s tru c tu re  o f a V rn in  d e ta il. W e sh a ll 
a ssu m e  th a t  th e  m a tr ix  кАв ji o f  th e  sca lar p ro d u c ts

^ASI — K Aie K Bi-

o f  th e  K illing  v e c to rs  is n o t  s ingu la r. T h e  inverse j| k AB | o f [ j  k AB j j  c a n  
b e  u sed  to  ra ise  th e  cap ita l L a tin  su b sc rip t o f  a K A,a:

K A \  =  kAR' K * |a .

N o te  t h a t  K A|e is generally  n o t  a  K illing  v e c to r .
In  a V r th e re  ex ists a se t of n —  r in d ep en d en t sca la r fu n c tio n s 

<ph( x \  . . ., x n) sa tisfy in g
0 * .  ( 8 )

In  fa c t, th e  re q u ire m e n t (8 ) is fu lfilled  b y  th e  fu n c tio n s  (pk =  xk in  th e
S.C .S. o f a V rn. O bv iously , g iven  such  a se t a n y  function  F(<pT+ , . . ., cpn) w ill 
also  sa tisfy  (8 ). In tro d u c in g  th e  n o ta tio n

Го =  <pV  (9)
w e have

K Af  y$ =  K A'° y% =  0 . (10)

O w ing to  th e  indep en d en ce  o f th e  func tions q p k  th e  vecto rs y k  a re  linearly  in d e 
p e n d e n t. T h u s , accord ing  to  (10) th e  vecto rs

* Mle> 7 k ( П )

fo rm  a se t o f n lin ea rly  in d e p e n d e n t v ec to rs  in  a V rn. W e m a y  th e n  in tro d u c e  
th e  “ in v erse”  y-s:

K Aie Ук =  9 ,

ye 7k =  ôk ; ( 12)

th e se  n(n — r) eq u a tio n s  u n iq u e ly  define th e  n(n  — r) q u a n ti t ie s  y“.

* From  now on small L atin  indices (except r  and  n) will run  from  r +  1 to it.
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To ch arac te rize  u n am b ig u o u sly  a v ec to r [ /“ лее can u se  an y  one o f  th e  
follow ing fo u r sets of sca la rs :

Vя =  Y'e U°,
V A\ =  K A|fi j j e .

u a — yea Ue ,

ZJA\ =  K A'* u e ,

Vя =  у* U*. 
UAt =  K Aie 17«; 
u ,  = f a Ue , 

u Al =  K M• Í7e

(13)

S im ilar q u a n titie s  for ten so rs  o f h ig h er o rder can  also be fo rm ed , e.g.

T AWU =  K A 'ay n * * v .
T he te n so r

*}= -rtY Î  (14)
is a p ro jec to r , i.e.

in  accordance  w ith  (12). E q u a tio n s  (10) an d  (12) give

£a К  л ® К  \ ~— 0°Q JV^ | ca lv A|g v
an d

1%Уе =  Уa; eS-yJ =  У« • (15)

W e can  express b y  m ean s o f th e  v ec to rs  К АЫ in  th e  fo llow ing w ay:

% =  Ъ - К * * К я ,р =9} K Si' K * ß. (16)

T h is re la tio n  is p roved  b y  m u ltip ly in g  i t  b y  a n d  th e n  c o n tra c tin g  i t  w ith  th e  
n  linearly  in d e p e n d e n t v e c to rs  (11) an d  f in a lly  ta k in g  (15) in to  accoun t.

B y  m eans o f (16) one can  decom pose th e  fu n d a m e n ta l fo rm  of a V rn:

gxß dx« dxß =  g,,, (eeß+ K Rls K Rlp) dx« dxß =

= gtr ( e î+ K ™  K Tla) e*ßdx*dxß+ K R'^ K Rlßdx*dxß =  (17)

=  gm 4  £ß dx* dxß+ K R ,  K Rlß dxy dx>\

w here  in  th e  la s t  step  (16) h a s  been used . In tro d u c in g

(17) can he re w ritte n
gik =  У? Ук E n a ,

g*ls dxJ dx>‘ =  grs y l  y | dxy d xß 4-  К  R 1 e K Rlß dx“ dxß.

(18)
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T he q u a n ti t ie s  gik form  a n o n sin g u la r m a tr ix ;  one can  re a d ily  show  th a t  in  
consequence  o f (10 ) an d  (1 2 ) we have

if
girgik =  à'i

gk =  Уе Уко^°-

T he g.k-s a re  th e  co m p o n en ts  o f  a m e tric  te n so r  of a Vn_ r a n d  p lay  an  im p o r ta n t  
p a r t  in  th e  d e riv a tio n  o f fo rce  laws in  S ec tio n  I I I .

W e tu r n  now  to  q u es tio n s  of te n so r  analysis . F ro m  th e  p a r tia l d e riv a tiv e s  
o f a q u a n t i ty  В  one can  fo rm  th e  expressions

-®,ai =  K Ai° В  B a ~ y eaB e . (19)

T he f i r s t  is called  th e  in n e r  d e riv a tiv e  o f  В  in  th e  d ire c tio n  of K A|, w hile th e  
second is th e  p -d e r iv a tiv e  o f  В  w ith  re sp e c t to  <рв. В  is sa id  to  be  ^ -c y c lic  if

B ,a \ ~  0 -
W e w ill show th a t  gik is  A -cyclic fo r  an y  A .  To do  th is  we ca lcu la te

gik.Al =  { g ^ y ^ y l ) ,e K A I е  =  ([w , v] +  [vq, ^ ] )  - у ^ у ^ К А[е +  ^

+  У1* yL,e • K A,e+ gilv y t  y \ tQ K Ale,

w here [x ß , у ] is th e  C hristo ffe l sym bol o f  th e  f irs t k in d . In  o rder to  e v a lu a te  
gßvУ*Ук 0 К А\ we d iffe re n tia te  th e  second  re la tio n  o f (12) an d  use (14) to  get

<Ук.е = — Ук Ут.в У?.

w hich  to g e th e r  w ith  (16) gives

Vi e =  k R " k rit- Ук.е -  Ук Ут,e yl ■

T his, m u ltip lie d  b y  y'L К A" and  c o n tra c te d  for q a n d  v, yields

у1 у^ м к а Г  (2 1 )

Since b y  defin ition  (9) y ' =  yrQZ, a n d  as a consequence  of (10)

K A\e Уе.тг =  K A *}Ty ' ,

we m a y  w rite  (2 1 ) in  th e  form

Ук,е y f g ^ K ^  =  y l y l  у; - f g ^  K A{\ X =  y l  y'i g jlv K A \ *

* I n  th e  la s t step  we h a v e  used

y ro Уг V  y 'i =  e l  y *  =  gMe Vi »
w hich is a  re su lt of (14) a n d  (16).
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I f  we s u b s titu te  in to  (19) th e  la t te r  expression  and  th e  expression  o b ta in e d  
from  i t  b y  in te rch an g in g  i a n d  k,  we get

g i k . A I  —  Y Ï y i i K A l w + K A b - J *

w hich on th e  a ssu m p tio n  th a t  K A,a is a K illing  v ec to r  gives

& .д , =  0 , (2 2 )

w hich w as to  be  p roved .
A ccord ing  to  th e  re m a rk s  follow ing (8 ) a n y  fu n c tio n  o f  th e  <pk-s w ill 

equ a lly  sa tis fy  (8 ). T hus as w ell as th e  co o rd in a tes  we m ay  also tran sfo rm  th e  
p a ra m e te r  fu n c tio n s  <pk. A tra n s fo rm a tio n

<P' k =  <P'k (<P,+ 1 , ■ ■ ■, <Pn)

is called a p a ra m e te r  or “p - tra n s fo rm a tio n ”  i f  th e  Jaco b ian

j |8 £ 4 |

il Q(P ll

is of ra n k  n — r. T he d e fin ition  o f  th e  p -te n so rs  is s tra ig h tfo rw a rd : for ex am p le , 
we call Vk a c o v a ria n t p -v e c to r  if  for a p - tra n s fo rm a tio n  i t  tra n sfo rm s  like

8 <f-r
a (f'k

К .

N o te  th a t  for a p - tra n s fo rm a tio n  th e  o rd in a ry  co o rd ina tes (o-coord inates) 
rem ain  u n ch an g ed , and  th u s  th e  o rd in a ry  te n so rs  (o-tensors) beh av e  like p -  
sca lars; likew ise fo r an o -tran sfo rm a tio n  th e  p -ten so rs  are  to  be  t r e a te d  as 
o-scalars. F ro m  d efin itio n  (9) i t  can  be read ily  show n th a t  y* is a  c o n tra v a r ia n t 
p -v e c to r  an d  a c o v a ria n t o -v ec to r. F rom  (12) is follows t h a t  y£ is a c o n tra 
v a r ia n t  o- an d  c o v a ria n t p -v e c to r . I t  can also b e  verified  t h a t  th e  in n er d e r i
v a tio n  in  an y  d irec tio n  will n o t  a lte r  th e  p -b e h a v io u r  of a p - te n s o r . T he o rd i
n a ry  p a r tia l  d e riv a tiv e  of a p - te n so r  w ith  re sp e c t to  a v a r ia b le  x*, how ever, 
is n o t a p - te n so r , an d  th e re fo re  we need  a p -c o v a r ia n t ru le  o f  d iffe re n ta tio n . 
C onsider th e  o -co v arian t d e r iv a tiv e  o f th e  o -v ec to r [/* =  y“ Ur, w here [ /“ is 
an a rb itra ry  p -v e c to r

U'-,ß =(y*r,ß+ { ß\ )  yï) U'  +  y*t U''ß.

M u ltip ly ing  th is  e q u a tio n  b y  y* an d  sum m ing  fo r a , we g e t a p -c o n tra v a r ia n t  
an d  o -co v arian t v ec to r , as 17“; ß  is a p -sca la r:

Щ р Уяе = u > '„  +  (у ; у? {е° ß} y°r r t f )  U ' . (23)
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W e call th e  R .H .S. of (23) th e  p -c o v a r ia n t d e riv a tiv e  o f  Ua w ith  re sp e c t to  
XP. The q u a n t i ty  in b ra c k e ts  can be re g a rd e d  as th e  an a lo g u e  of th e  o rd in a ry  
C hristoffel sym bols o f th e  second k in d , a n d  m ay  be d e n o te d  by

{ s  ß} =  r t r t { p a e} v l v ' o f  (24)

B y  th e  p -c o v a r ia n t  d e r iv a tiv e  of a p -c o v a r ia n t  v e c to r  za w ith  re sp ec t to  яг 
we m ean

^a,j3  { a  ß \  ■

T his can  b e  show n to  be a p -c o v a r ia n t a n d  o -co v arian t v ec to r.
W e can  define now  th e  to ta lly  c o v a r ia n t d e riv a tiv e  o f  a ten so r o f a rb itra ry  

p -  an d  o -co v a rian t c h a ra c te r  w ith  re sp e c t to  яг; th is  is th e  p a r tia l d e riv a tiv e  
o f th e  te n so r  plus te rm s  w ith  a p p ro p ria te  signs co n ta in in g  o-C hristoffel sym 
bols for о-indices an d  th e  sym bols (24) fo r p -ind ices. F o r  exam ple to ta lly  
c o v a ria n t d e riv a tiv e  o f  V “x w ith  re sp ec t to  xp is

=  V‘\ ß  +  {-*/»} +  {e% } -  { / , }  F aV

F ro m  now  on th e  sem icolon w ill a lw ays den o te  th e  to ta lly  c o v a ria n t 
d e riv a tiv e .

O b v io u sly  th e  to ta l ly  co v a rian t d e r iv a tiv e  of a p -  o r an  о-scalar coincides 
w ith  its  o- o r p -c o v a r ia n t d e riv a tiv e  re sp ec tiv e ly .

T he to ta l ly  c o v a r ia n t d e riv a tiv e  o f  an  a rb itr a ry  ten so r can  also  be 
“ p ro je c te d ”  b y  m eans o f th e  y-s. T h u s  e .g .,

U \ b =  U°.e y l  =  U%  ■ y ^ + { r a J  yi U r ,

w hich is ca lled  th e  to ta l ly  co v a rian t d e r iv a tiv e  of Ua w ith  respect to  у  . The 
q u a n titie s

{» * .} '=  { . яе} У*.

are called  p -C h ris to ffe l sym bols of th e  second k ind . A s tra ig h tfo rw a rd  h u t 
len g th y  ca lcu la tio n  show s th a t

) Ь c }  2 &  (лгЬ.с § г с , Ъ  £be,r) î

w here gab c is defined  acco rd in g  to  th e  second  re la tio n  o f  (19). I t  can  he  show n 
th a t

gab;c =  £ .ь ;е  Ус =  Ä,ab;c =  Ус =  0  r

w hich  a re  th e  analogues o f  th e  co rresp o n d in g  o -re la tions.
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W e shall now  ap p ly  th e  fo rm a lism  developed  ab o v e  to  a S .C .S. o f a Vrn 
(see Section  I). T hus we are assu m in g  (7) to  hold, a n d  there fo re

K A \*= g*e K Ate =  gxA. (26)
a n d  consequen tly ,

^ abi =: K A\QK B[e =  K A Ig =  K BlA =  g ab • (27)

In  accordance w ith  th e  re m a rk s  follow ing (8 ) we m ay  ta k e

cpk =  x k . (28)

A S.C.S. to g e th e r w ith  th is  choice o f  th e  functions <fk is called  a n a tu ra l  system  
(N .S .) of a V rn.

W e shall w ork  in  a N .S . B y d e fin itio n  (9) we h av e

Vl =  àka. (29)
T a k e n  w ith  (12) th is  gives

y f  =  Ô? an d  y A =  - K A'j,

w h ich  m ake possible th e  ca lcu la tio n  o f  gik by  m eans o f  (18):

gik gik K  \ ^ R l h '

T his eq u a tio n  an d  th e  re la tio n s  (26) a n d  (27) enable us to  express gaß b y  m eans 
o f g ik, к  AI« an d  k ABt:

gab gab~̂ ~ ̂

gaB =  ^-B\a 1 (30)

g AB — к ABI ■

T hese in  tu rn  allow  us to  ca lcu la te  :
gQb —

gaB= ~  g "  K B'r , (31)
„ A B I  _  ( fcA B |  +  K A\r K B\sg”>) .

A  N .S. is a t  th e  sam e tim e  a S .C .S ., so gap is in d e p e n d e n t of x A. T h u s  as 
a consequence  o f (30) an d  (31), kAB, k AB ,̂ kA an d  K A X̂ to g e th e r  w ith  gab 
are also in d e p e n d e n t of th e se  va riab les . T h is  in c id en ta lly  is in  ag reem en t w ith  
(22), w h ich  due to  (7) can  now  be iv r itte n  in  th e  form

3 1 .Л1 $ab,£ f ^ A l ’ gab.A ^ ■
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I t  w ill be n o te d  t h a t  in  (30) a n d  (31) p - a n d  o-indices are  m ix ed  up . I f  we 
p e rfo rm  th e  S.C.T.

X ' A  =  X A  +  f A(x (32)

x'k =  x 'k(xr+1, x n),

th e n  (7) will re m a in  va lid . O n th e  o th e r h a n d  (28), an d  co n seq u en tly  th e  
re la tio n s  (29), (30) a n d  (31), w ill becom e v o id , i.e . th e  new  sy s te m  will n o t be 
a  N .S . H ow ever, i f  s im u ltan eo u sly  w ith  th e  o - tra n sfo rm a tio n  (32) we p erfo rm  
a p - tra n s fo rm a tio n

9P'k =  * '% r+1, ...,< p ")

a n d  ta k e  (28) in to  a cco u n t, th e n  n o t  only  (7) b u t  also  (28) w ill be  le f t unch an g ed , 
a n d  th e  new  sy s tem  w ill be a N .S . again .

Such a p a ir  o f  s im u ltan eo u sly  p erfo rm ed  tra n s fo rm a tio n s  is called a 
n a tu r a l  tra n s fo rm a tio n  (N .T .). A ccord ingly  th e  gauge tra n s fo rm a tio n

x A =  x A + f A(xr+ \  . . . ,* " ) ,  

x 'k =  x k

is a N .T . calling fo r th
K'a \ü =  K ai a k Ap f R,a ,

w h ich  en ligh tens th e  d esig n a tio n  “ gauge” .

I l l

W e shall no w  in v e s tig a te  th e  n o n m in im al geodesics o f  a V rn. I f  we choose 
a  p a ra m e te r  s su ch  th a t  g ^ x 8 x a — e*, w here e —  * 1 , th e n  th e  equ a tio n s o f  a 
geodesic are

ï a +  { e\ } * ei a =  0 .  (33)

A ccord ing  to  (13) we in tro d u c e  n —  r p -v e c to rs

Vя =  у я x e
a n d  r  scalars

Ca i=  K A\ex e . (34)

W e w ish  to  show  t h a t  CA| is c o n s ta n t a long  th e  geodesic, i.e. th a t

^  =  0 .  (35)
ds

* The do t denotes the derivative w ith respect to  s.
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W e have
dCAI

ds =  К  Ate,a x ° + K A\e Xе =

=  K A[e„ & i a -  K Aie{ ITeT} x axt =
=  K Ale.v x ex ° ,

b u t  in  consequence o f  (3) K A ê.a is a n tisy m m e tric  in  q an d  er, a n d  th u s  (35) is 
in d eed  satisfied .

One can in v e r t  th e  re la tio n s (34):

K«'*CR t. ' (36)

B y  m eans of (34) an d  (16), th e  re la tio n s  (36) are seen to  be fu lfilled  id en tica lly .
W e su b s titu te  х л, o b ta in ed  b y  d iffe ren tia tin g  (36) in to  (33), a n d  use (36) 

ag a in  to  express ev e ry  X х b y  th e  F a-s an d  C^i-s. F in a lly  we m u ltip ly  th e  re su lt
in g  expression  b y  ya a n d  c o n tra c t a  to  get

F " H  *«} V ' V' =  2 y'e y° K R^ C RI V r -  y‘e K R'°.„KT'°CRl CTl ; (37)

w here  is th e  C hristoffel sym b o l (25). The f i r s t  te rm  on th e  R .H .S . can
be re w ritte n

w here

2 yl  К  CRf V х =  2 y'g*' y ; K \ T CRI V 1 =

=  y ; g . l y ° ( K \ ^ - K \ „ ) c RI v ,

r'egeT =  yrgl‘

(38)

(39)

an d  (3), to g e th e r w ith  th e  obvious re la tio n

K Ri K R]„ =  K Rl а - К к \ оx \ß  ß )x  л  a ,ß  a ,ß  i
h a v e  been used.

T he second te rm  o f (37) is re fo rm u la te d  as follow s

ye K * \ K T''CRtCTt =  y'e g*'(kRQ K Qlz);„ K ^ C m CTI =  
=  g" y% bRQ' kTV1 K Q[a.e K vf  CRi CTt =

1 

2
1

=  — f Y e' b RQ' b TV'kQv u C RICTi =

- ^ ry et k RT\ e Cm CTr

(40)

H ere  we h av e  m ade use  of (39) a n d  o f

у ; к * ь ;л =  к*<*' r e K Ql' ia,
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w h ich  is a consequence  of (10). T h e  eq u a tio n

k AB' =  - k AR> kBQ' к R Q I a 9

w hich  is a consequence  of
k AR k RBj — ôB ,

h as  also been used . In se rtin g  (38) a n d  (40) in to  (37), we get

l/a+ { r \ }  V ' Vх =  g « y l  yU C RI К \ в Сю K \ a) V 

~ ~ g al Yi kRT\ e Cr \ CTi .
(41)

T h e  sign ificance o f  th is  eq u a tio n  becom es especia lly  lucid in  a N .S .. because 
as a re su lt o f (29) w e th en  have

Vя =  x a ,

w ith  K A a nd  k ABi in d ep en d en t o f  x A, an d  m o reo v e r

K A B — k AR ■ K B| B =  k AR] k RBI =  bB .

T h u s  (41) can be c a s t  in  th e  form

+  { =  - C RiK ^ Ur) i r ^ — g?'k*T\t CRICTr  (42)

T he f irs t te rm  o f th e  R .H .S . o f (42) has th e  fo rm  of an  e lec tro m ag n etic  
force (sim ilar te rm s  in  classical m echanics are som etim es ca lled  gyroscopic 
forces). T he second force is o f th e  p o te n tia l ty p e . T h e  “ e lec tro m ag n etic”  fie ld

Frt =  CRI K R\  t - CR lK * ' t>r

is a ro ta tio n  o f th e  “ vec to r p o te n tia l”  CRK RIa.
I f  we pass fro m  one N .S. to  a n o th e r, th e  o- an d  p -ind ices beh av e  e q u i

v a le n tly . F o r such  system s (42) is th u s  a c o v a ria n t eq u a tio n . O u r re su lt can  be 
p u t  in  y e t  a n o th e r  w a y : T here ex is ts  a R iem an n ian  space V n_ r w ith  th e  m etric  
g ik in  w hich  fo r a s e t  of c o n s ta n ts  C a a cu rve  described  b y  E q s . (42) can  
be  fo u n d  th a t  co rresponds to  a geodesic of th e  o rig in a l Vrn, th e  C a -s th en  being  
g iven  b y  (34).

O ne m ay  a sk  if  i t  is possib le  to  fin d  a L a g ra n g ia n  w hich w hen  used in  a 
v a r ia tio n  p rin c ip le  w ill lead  to  th e  eq u a tio n s  (42). T he answ er to  th is  question  
is  a ff irm a tiv e , since  th e  fu n c tio n

L  =  [ ( e - C RICT lk RTl)g  ^ x<YIz+ C Rí K r W  (43)

Acta Physica Academiae Scientiarum Hungaricae 30, 1971



GEODESICS OF CERTAIN SYMMETRIC SPACES 3 1 9

w ill m e e t th is  re q u ire m e n t. W e s tre s s , how ever, th a t  th e  choice o f  th e  p a ra 
m e te r  s is such th a t

g*ßX*xß =  e ,
w hich  in  a N .S. read s

g. хгх 1+ к КТ] CRI CT] — e .

T ak in g  th is  in to  acco u n t and  using (43) in  th e  E u le r  — L agrange eq u a tio n s , (42) 
will re a d ily  be reg a in ed .

W e can  also define  a new m e tr ic  ten so r

gab =  (e C R| CTI k R I ) g ab .

U sing a p a ra m e te r  s ' fo r w hich

d x r d x 1
grl ------ - -------  =  c o n s t .

d s '  d s '

th e  E u le r —L agrange equ a tio n s

0L d QL ^
d x a d s '  Q d x a

ds'

w ith  th e  L  defined b y  (43), will lead  to

d2 xa r— I dxr dx1 
ds '2 ds’ ds'

~  gat (^R ! K R] r<t — CR , K RI t r) -,
ds

w here {6 ° c} is form ed from  gab in th e  u su a l w ay.
I t  w ill be a p p a re n t th a t  th e  p o te n tia l  force can  be rem oved  b y  redefin ing  

th e  m e tric  ten so r on ly  a t  th e  price o f  m ak in g  th e  new  m etric  d ep e n d e n t on th e  
c o n s ta n ts  CA|.

C onclusions

L ook ing  a t th e  reason ing  of S ec tio n  I I I  from  th e  o th e r w ay  ro u n d , we 
see t h a t  a p o ten tia l-lik e  te rm  of th e  f i r s t  c u rv a tu re  o f a cu rve  in  a V m can  
alw ays be rem oved  b y  redefin ing  th e  m e tric  o f Vm. T he new  m etric  te n so r is 
th e  p ro d u c t o f th e  o ld  one and  th e  so -ca lled  conform  fac to r  [4].

O n th e  o th e r h a n d , an  e lec tro m ag n etic  (or gyroscopic) force can  on ly  be 
rem oved  a t  th e  expense  of increasing  th e  d im ensions of th e  space. H ow ever, 
th e  la rg e r space o b ta in e d  th is  w ay w ill possess K illin g  sy m m etries c o n s ti tu t
ing  an  A b e lian  group o f  m otions.
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О ГЕОДЕЗИЧЕСКИХ НЕКОТОРЫХ СИММЕТРИЧНЫХ ПРОСТРАНСТВ

А . Ш Е Б Е Ш Т Е Н

Р е з ю м е

Изучены геодезические римановых прстранств, допускающих некоторые типы 
движения Киллинга. Показано, что в них геодезическим линиям соответствуют кривые в 
пространстве с меньшим числом измерений, что находится в удивительном сходстве с за
коном сил в общей теории отностельности. Встречающиеся здесь силы имеют электромаг
нитный и потенциальный характер. Обсуждается связь между этими свойствами и пяти
мерной теорией Калуцы. Развит метод так называемого полностью ковариантного расчёта 
для 'га>'их пространств.

è
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C O M M U N I C A T I O N E S  B R E V E S  

ÜBER DIE AUSBREITUNG DER COMPTON-LINIE

Von

Zs.  Csom a
P H Y S I K A L I S C H E S  I N S T I T U T  D E R  U N I V E R S I T Ä T  F Ü R  T E C H N I S C H E  W I S S E N S C H A F T E N ,

B U D A P E S T

(Eingegangen 17. X II. 1970)

A . K ó n y a  u n te rsu c h te  in  1949 [1] ein von  B u r k h a r d t  [2] b eg rü n d e te s , 
aus s ta tis tisc h e n  Ü berlegungen  s tam m en d es  V e rfah ren  u n d  w a n d te  es bei 
m eh rerle i E le k tro n e n d ic h te v erte ilu n g e n  an. D er V erfasser b e n ü tz te  diese 
M ethode fü r  das G o m b á s  —L a d á n y i  A tom -M odell [3, 4 ]. In  der vo rlieg en d en  
A rb e it fü h r t  der V erfasser B erech n u n g en  an  dem  in  1968 v e rö ffen tlich ten  
G o m b á s  — Szo n d y  M odell [5] d u rch . E s is t bei d iesem  M odell c h a ra k te ris tisch , 
dass d ie  A ustau sch en erg ie  n ich t e in g e b a u t is t. E b e n  d a ru m  is t das e rh a lten e  
E rg eb n is  m it der v o n  B r o w n  b e rech n e ten  [6] H a rtree sch en  E le k tro n e n v e r
te ilu n g  gew onnenen In te n s itä ts v e r te ilu n g  des C o m pton-B andes zu verg le ichen .

In  jed em  F a lle  w ird  der S treu p ro zess  fü r das N e-A tom  u n te rs u c h t. D er 
e in fa llende R ö n tg e n s tra h l is t die M oK a Linie u n d  d er S treu w in k e l b e trä g t  
180°. D ie In te n s i tä t  is t J(q), wo q e ine  m it der W ellen län g en v ersch ieb u n g  l p ro 
p o rtio n a le  Grösse is t.
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Die A b b ild u n g  zeigt  ̂—  . D ie H a lb w e rtsb re ite  is t a u f  G ru n d  - —-  =  — 
J (o )  J(o) ' 2

d u rc h  21 =  0 ,02066 q in Á  an g eg eb en : deren  G rösse sich bei dem  G o m b á s  —

S z o n d y  M odell als 0,026 Â u n d  bei d er H a rtree sch en  E le k tro n e n v e rte ilu n g
als 0 ,0 2 3  Â  (in  genauem  E in k la n g  m it dem  v o n  KÓNYA [1] v e rö ffe n tlic h ten
W e rt)  e rg ib t.
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TIRED LIGHT AND THE “MISSING MASS” PROBLEM
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I. Introductory rem arks

T he p a ra d o x  o f th e  d isc rep an cy  b e tw een  th e  “ n u m b er m a ss”  and  “ d y n a 
m ical m ass”  fo r c lusters  o f g a lax ies  has b e e n  know n since th e  1930’s. A ll 
a t te m p ts  to  reso lve th is  p a ra d o x  to  d a te  m u s t  be considered  inconclusive a t  
b e s t. T he so lu tion  proposed  b y  A m b a r t s u m ia n  — th a t  c lu s te rs  are ex p a n d in g  
an d  th u s  th e  V iria l T heorem  c a n n o t be  used to  ca lcu la te  th e  d y n am ica l m ass —  
is genera lly  h e ld  to  be u n ten ab le  [1, 2, 3 ,4 ]- T h e  o th e r, m ost p o p u la r , h y p o th e ti
cal so lu tion  to  th e  p a ra d o x  is th e  w ell know n “ m issing” , i.e. n o n -lum inous a n d  
as y e t u n d e te c te d , m ass. A n u m b e r o f  search es based  on th e  a ssu m p tio n  t h a t  
th is  h y p o th e tic a l “ h id d en  m ass”  ex is ts  in fa m ilia r  form s h av e  a ll y ielded n e g a 
tiv e  re su lts  [5, 6 , 7].

T he “ m issing m ass”  h y p o th es is  is a p p e a lin g  for cosm ological reasons as 
well as t h a t  i t  ap p ears  to  be th e  o n ly  feasib le  so lu tion  th a t  w ill n o t req u ire  
changes in  accep ted  th eo ry . The m o s t p o p u la r  re la tiv is tic  cosm ology , for w h ich  
th e  cosm ological c o n s ta n t is zero, req u ires  a  m ass density  fo r  th e  un iv erse  
w h ich  is su b s ta n tia lly  g rea te r th a n  t h a t  o b se rv ed . In  fac t, 90 to  99 p e rc e n t 
o f  th e  m a tte r  in  th e  un iverse  w ould  h a v e  to  b e  in  th e  form  o f “ m issing m ass” . 
T he m o st re c e n t specu la tio n  is th a t  p e rh a p s  th e  “ m issing m ass”  is in  th e  fo rm  
o f b lack  holes. H ow ever, th e  p resence  o f a b la c k  hole has, as y e t ,  never b een  
d e tec ted  and  id en tif ied . F u rth e rm o re , th e  m ass  d iscrepancy  fo r clusters o f  
ga lax ies p laces a n o th e r , ra th e r  s tr in g e n t  re q u ire m e n t on th e  fo rm  o f th e  “ m iss
ing  m ass” . As B u r b id g e  and  B u r b id g e  have p o in te d  ou t [1 ], “ I f  th is  m a te ria l 
is d is tr ib u te d  u n ifo rm ly  inside an d  o u ts id e  c lu s te rs  it  will n o t a ffe c t th e  a rg u 
m en ts  concern ing  th e  s ta b ility  of c lu s te rs . O n ly  i f  i t  is also c lu s te re d  will th e  
a rg u m en t be ch anged . I f  i t  were c o n c e n tra te d  su ffic ien tly  to  s tab ilize  loose 
c lu ste rs , th e re  w ould  h av e  to  be a m u c h  h ig h er d e n s ity  of in te rg a la c tic  m a tte r  
inside loose c lu ste rs  th a n  inside co n d en sed  c lu s te rs . This w ould  a p p e a r to  be 
im p ro b a b le ” .

All c u rre n tly  p o p u la r  cosm ologies in te rp re t  th e  cosm ological red sh ift as 
a  genuine D o p p ler sh ift. H ow ever, w h en  th e  sy s te m a tic  redsh ifts o f  th e  nebu lae
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w ere f irs t d isco v ered  it  w as p roposed  b y  M a c M il l a n  th a t  p e rh a p s  the  re d sh if ts  
w ere due to  a secu lar decrease  in  th e  fre q u e n c y  of lig h t as i t  trav e led  th ro u g h  
space [8 ] —  th e  well k n o w n  “ tire d  lig h t”  h y p o th esis . W h e n  th e  m ass d isc re 
p a n c y  for c lu s te rs  of ga lax ies w as d iscovered  in  th e  th ir t ie s ,  and  several tim e s  
since th e n , i t  h as  been sp e c u la te d  in p a ss in g  th a t  th e  t i r e d  ligh t h y p o th e s is  
m ig h t reso lve  th e  p a ra d o x ; b u t  for v a rio u s  reasons i t  a p p e a rs  th a t  th is  p o ss i
b ility  has n e v e r  been th o ro u g h ly  in v e s tig a te d  [2]. S ince th e  p a rad o x  is s till 
w ith  us a f te r  a lm o st fo r ty  y e a rs , p e rh ap s  a th o ro u g h , q u a n ti ta t iv e  in v e s tig a 
tio n  o f th e  “ t ire d  lig h t”  h y p o th es is  is ju s t if ie d .

W e m u s t  em phasize a t  th is  p o in t, how ever, th a t  w e do no t a rgue  th a t  
th e  “ tire d  l ig h t”  h y p o th es is  is th e  only a ccep tab le  so lu tio n  to  the m ass d isc re 
p an cy  p a ra d o x . O ur on ly  in te n t  is to  d e m o n s tra te  e x p lic itly  th a t  i t  is a v iab le  
solu tion  w h ich  is n o t a t  v a ria n c e  w ith  a n y  o b se rv a tio n a l re su lts . I f  one chooses 
to  te s t th e  h y p o th es is , we suggest an e x p e rim e n t a t  th e  e n d  o f th is  p a p e r  w h ich  
should  u n am b ig u o u sly  show  w heth er o r  n o t  th e  “ tire d  l ig h t”  h y p o th es is  has 
an y  value .

II. D iscussion

U n q u e s tio n a b ly , th e  m ost p o p u la r  a n d  tim e-h o n o red  device u se d  w hen 
one tin k e rs  w ith  a fie ld  th e o ry  is to  in tro d u c e  an e x p o n e n tia l in to  th e  e q u a tio n  
for th e  p o te n tia l  of th e  fie ld . Aside fro m  N e w t o n , E u l e r  and  Y u k a w a , 
others w ho  h a v e  used th is  device are N e u m a n n  [9], M i l n e  [10], F r e u n d  e t  al. 
[11], a n d  G e r a s im  [1 2 ]. L e t us assum e th e n , as a fo rm alism  for th e  “ tired  
lig h t”  h y p o th e s is , th a t  th e  frequency  o f  l ig h t (co) a t  a d is tan ce  r from  a source 
w hich h as  a  frequency  co0 is

co =  co0 ex p  ( — ar),

w here a  is an  a tte n u a tio n  coefficient. F o r  r less th a n  103 m egaparsecs (m pc) 
th e  ap p ro x im a tio n

co =  co0( l  —  ocr)

is v a lid . W e assum e now  th a t  th e  cosm ological r e d s h if t  is en tire ly  d u e  to  th e  
e x p o n e n tia l fac to r, i.e . t h a t  th e  cosm ological re d sh if t is purely  a “ t i r e d  lig h t”  
p h en o m en o n . This g ives us

co =  co0( l  —  H r/c),

H  be in g  th e  H ub b le  c o n s ta n t and  c th e  velo c ity  o f l ig h t.
T h e  m ass for a c lu s te r  of g a lax ies  d e te rm in ed  b y  the  V iria l T h eo rem  

(M„) is g iven  b y  th e  e q u a tio n :

M v =  V 2R/G,

w here G is th e  c o n s ta n t  o f g ra v ita tio n , R  tw ice th e  harm onic w e ig h ted  (b y
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m ass) m ean  d is tan ce  b e tw een  c lu ste r m em bers, an d  V  th e  ro o t-m e a n -sq u a re  
space ve lo c ity  fo r c lu s te r m em bers d e te rm in e d  from  th e  re d s h if t  d ispersion 
o f th e  galaxies in  th e  c lu ste r. R e in te rp re ta tio n  o f th e  cosm ological re d sh if t 
as due to  a “ tire d  l ig h t”  effect w ill a ffec t V  in  th e  above e q u a tio n  lead ing  to  a 
co rrec ted  V iria l T heo rem  m ass p re d ic tio n  (M c) g iven  by :

(R  1.73 H R ' f R
r — 1

w here R ’ is th e  d y n am ica l rad iu s  o f th e  c lu ste r [13]. N a tu ra lly  M c should b e  
eq u a l to  th e  n u m b e r m ass (M n); th u s , d e fin in g  th e  m ass d isc rep an cy  as A  =  
=  M v/M n, we h av e  fo r th e  m ass d isc rep an cy

V
A 1,2 =  ----- -

R — 1.73 H R '

As th e  d y n am ica l rad ii of c lu ste rs , e x c e p t in th e  case of th e  C om a cluster, a re  
n o t  well know n , we shall rea rran g e  th e  above e q u a tio n  to  give R '  in  te rm s o f  
A  an d  V. W e ge t:

R ' = —  -----(1  1I A III. 112).
1 .73Я

I t  b u t  rem ains to  check  an d  see if  th e  above e q u a tio n  leads to  reaso n ab le  
d y n am ica l rad ii for c lusters  o f galaxies.

I I I . O bservation

As th e  v a lu e  o f A  depends on M n, w h ich  in  tu r n  depends on th e  mass to  
lu m in o sity  (M /L ) ra tio s  o f th e  v a rious ty p e s  o f ga lax ies, we sh a ll b rie fly  con
sider th e  M /L  ra tio s  deduced  from  o b se rv a tio n . P e rh ap s  th e  m o s t reliable 
M /L  ra tio s  are  th o se  o b ta in ed  b y  P a g e  from  o b se rv a tio n s  of d o u b le  galaxies 
[14]. H ow ever, tw o  co rrec tions m u s t be ap p lied  to  P a g e ’s values. A s v a n  d e n  
B e r g h  h as p o in ted  o u t [3], th e  values o b ta in e d  b y  P a g e  are a lm o s t ce rta in ly  
in  e rro r as m a n y  o f th e  p a irs  used  b y  P a g e  are  lo c a te d  in  c lu ste rs  w here th e  
ap p lica tio n  o f th e  V iria l T heo rem  is h ig h ly  q u es tio n ab le . He re c o m p u te d  th e  
M/L ra tio s  exclud ing  th e  pairs th a t  a re  c lu ste r m em bers. T he exclusion  o f  
c lu s te r m em bers reduces P a g e ’s v alu e  fo r E a n d  SO system s b y  a b o u t 50% . 
A lso, as P o v e d a  has n o ted  [15], th e  a ssu m p tio n  o f  c ircu la r o rb its  fo r pairs is, 
b y  an a lo g y  w ith  d ia tom ic  m olecules, u n lik e ly  to  be  va lid . A cco rd ing ly , v an  
d e n  B e r g h ’s valu es  o f M /L  (w hich assum e c ircu la r o rb its) shou ld  be reduced  
b y  a b o u t 20% . M aking  th ese  m o d ifica tio n s, one o b ta in s  40 for th e  M /L  ra tio  
fo r E  an d  SO galax ies an d  3.5 fo r S or I r r  sy stem s. (M /L  is in  u n its  o f so lar 
m ass an d  lu m in o sity .)
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F ro m  th e  l i te ra tu re  one m ay, fo r  p a r tic u la r  c lu s te rs , get th e  v a lu es  of 
th e  v e lo c ity  d ispersion (U ), th e  p e rcen tag e  o f E an d  SO galaxies in  th e  c lu ster, 
an d  th e  av e rag e  M /L ra tio  com pu ted  fro m  the  Y iria l T heorem  (M IL)v  ( [L  3,

Table I

The predicted  values of the dynam ical radius (JF) for four clusters w ith  more th an  fifty  members 
and  the quantities for each cluster necessary to o b ta in  the predictions

Cluster V  (km/sec) % E  +  SO M/L A R ' (mpc)

Hercules 1093 30 15 1 0 0 6.7 3.9
Coma 1730 approx. 1 0 0 40 350 9.0 6.7
Virgo 1040 40 18 600 33 5.0
NGC 541 703 50 2 2 240 11 2 .8

4, 16, 17 a n d  18].) T h e  v a lu e  of A  m a y  th e n  be d e te rm in e d  b y  d iv id in g  (M/L)» 
b y  th e  av e rag e  M /L ra t io  co m p u ted  fro m  th e  p e rcen tag e  of E  an d  SO galax ies 
an d  th e  v a lu es  of M /L  g iven  above. U sin g  th e  v a lu e s  o f V  an d  A  so o b ta in e d  
(and  H  =  100 km /sec  p e r  m pc) th e  p red ic ted  d y n a m ic a l rad ii (R ') m ay  be 
co m p u te d  using  E q . (1). A ll of th e  re le v a n t va lues a p p e a r in  T ab le  I  for fo u r 
c lu ste rs  w ith  m ore th a n  f if ty  m em bers.

T h e  only  c lu ste r fo r w hich R '  is o b se rv a tio n a lly  w ell know n is C om a w here 
R '  is a b o u t 6.3 m pc. T h e  ag reem en t fo r  th is  c lu s te r  is qu ite  good considering  
th a t  A  a n d  H  are o n ly  accu ra te  to  a fac to r of a b o u t 1.5. As fo r th e  o th e r  
c lu s te rs , i t  is know n th a t  there  are  m em bers, u su a lly  m uch fa in te r  and  less 
m assive , o u tside  of th e  ce n tra l a rea  o f  co n densa tion  w here m ost o f th e  b r ig h t, 
h eav y  galax ies are  lo c a te d ; e.g. th e  “ so u th e rn  e x te n s io n ”  of th e  V irgo  c lu ste r. 
T h u s i t  w ould  seem t h a t  th e  values o f  R '  in T ab le  I  are  a t least n o t  u n re a so n 
able.

O ne o f th e  tw o  serious o b jec tio n s th a t  can be  m ad e  against th e  use of th e  
“ tire d  l ig h t”  h y p o th es is  in  th e  a b o v e  m anner is t h a t  i t  re in te rp re ts  m ost of 
th e  n o rm a l ve locity  d ispersion ( V ), ca lcu la ted  fro m  the re d sh if ts , as be in g  
s im p ly  an  in d ica tio n  o f d istance  a n d  n o t  o f ve locity  o f  recession. C o n seq u en tly , 
th e  re la x a tio n  tim e  fo r m ass seg reg a tio n , w hich is a p p ro x im a te ly  p ro p o rtio n a l 
to  th e  cube of th e  a c tu a l ve locity , m u s t in  gen era l be reduced . F o r  in s tan ce , 
in  th e  case of th e  C om a c lu ste r th e  re la x a tio n  tim e  m u s t be red u ced  b y  a fa c to r  
o f 28. T h u s  one shou ld  observe e x te n s iv e  m ass seg rega tion  if  th e  “ t i r e d  l ig h t”' 
h y p o th e s is  is to  be an  accep tab le  ex p la n a tio n  of th e  m ass d isc rep an cy  p a ra d o x .

B u t  one can  c la im  th a t  e x te n s iv e  m ass seg rega tion  is o b serv ed . L e t us 
ta k e  as an  exam ple  th e  c luster NG C 541. Z w i c k y  an d  H u m a s o n  re p o rt t h a t  
th e re  a re  th ree  d is t in c t  levels o f m ass  segregation  p resen t in  th e  c lu ste r [4]. 
1 ) a c e n tra l region w ith  five p a irs  o f  galaxies a c tu a lly  in c o n ta c t, 2 ) a reg ion
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w ith  a ra d iu s  o f ab o u t 0.47 m p c  w here p ra c tic a lly  all th e  b rig h t, m ass iv e  
galaxies are  loca ted , an d  3) a less read ily  d e lim itab le  reg ion  w here th e re  a re  
m an y  fa in t galaxies of sm all m ass assoc ia ted  w ith  th e  c lu s te r . In  th e  C om a 
c lu s te r v ir tu a lly  all of th e  m assiv e  galaxies a re  located  w ith in  a rad iu s  o f  one  
m pc o f th e  c e n te r , while sm all-m ass c luster m em b ers  are o b se rv ed  a t  d is tan ces  
o f up  to  6.3 m p c  from  th e  cen te r .

IV. M axw ell’s equa tions and  p h o ton  rest m ass

T he second  serious o b jec tio n  to  th e  “ tire d  lig h t”  h y p o th es is  is t h a t  
M axw ell’s e q u a tio n s  m u st be a lte re d . The h y p o th es is , as fo rm u la te d  ab o v e , 
im plies th a t  th e  P o y n tin g  v e c to r  (S ) n o rm ally  given by

S  ~  E x H ,
m u st be ch an g ed  to

S ~ e - « ( £ X H ) ,  (2)

w here E  and  H  a re  th e  electric  a n d  m agnetic  f ie ld  vectors fo r, in  th is  case, an  
iso tro p ic , sph erica lly  sy m m etric  fie ld . The ex p o n en tia l fa c to r  in  E q . (2) 
gives th e  e lec trom agnetic  fie ld  a f in ite  range a n d  co n sequen tly  pho tons w ith  
f in ite  re s t m ass. T he m o d ifica tio n  o f M axw ell’s equ a tio n s w hich  includes f in ite  
re s t  m ass p h o to n s  is th e  P ro ca  e q u a tio n  [19]:

3;' K v+ M 2 Л  =  ( i n /с) J „ ,

w hich  y ields a P o y n tin g  v e c to r  o f  th e  form

S - e - ^ r ( E X H ) ,

/г be ing  th e  p h o to n  rest m ass. T h u s , re in te rp re ta tio n  of th e  cosm ological red - 
sh if t as a “ tire d  l ig h t”  effect im p lies th a t  th e  p h o to n  should h a v e  a re s t m ass:

H =  Я /2с.

I t  is em p irica lly  e s tab lish ed  th a t  th e  v a lu e  o f fi in te rm s o f  th e  c h a ra c 
te r is tic  len g th  o f  th e  fie ld  is less th a n  10 ~10 c m -1  [19]. The v a lu e  of Hj2c is 
a b o u t 10  26 cm  -1 ; th u s th e  ab o v e  in te rp re ta tio n  o f th e  cosm ological red sh ift 
is n o t a t  v a r ia n c e  w ith  an y  em p irica l o b se rv a tio n s . Looking a t  th e  o th e r side 
o f  th e  coin, we m a y  say th a t  th e  cosm ological re d sh if t sets an  u p p e r  lim it o f  
a b o u t 10 -63 g ram s to  th e  p h o to n  re s t  m ass a  v a lu e  15 o rders o f m ag n itu d e  
b e t te r  th a n  th a t  o f G o l d h a b e r  a n d  N ie t o  [19].

V. A te s tab le  consequence

As we h av e  a lread y  n o te d , th e  “ tired  l ig h t”  hypo thesis  is h ig h ly  specu la
tiv e  an d  th e  p rin c ip a l aim  of th is  p a p e r  is to  d e m o n s tra te  th a t  th is  h y po thesis
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can  reso lve th e  m ass d isc rep an cy  p a ra d o x  fo r c lusters o f  galaxies, th o u g h  it  
m ay  v e ry  w ell n o t be th e  co rrec t e x p la n a tio n . A stro n o m ica lly  th e re  is no 
d irec t m e th o d  o f d is tin g u ish in g  betw een  th e  “ tired  l ig h t”  h y po thesis  an d  tho se  
theories w h ich  in te rp re t th e  cosm ological re d sh if t as th e  re s u lt  of a rea l v e lo c ity  
o f recession. In te re s tin g ly , th e re  is, h o w ev er, a consequence  of th e  t i r e d  ligh t 
h y p o th es is  t h a t  m ay  be te rre s tr ia lly  te s ta b le .

T he a b o v e  in te rp re ta tio n  of th e  cosm ological re d sh if t  dem ands t h a t  th e  
un iverse  b e  s ta tic . C o n co m itan tly , due to  th e  energy  loss of e lec trom agnetic  
ra d ia tio n  ( th e  tire d  lig h t effect), the  m ass-en erg y  d e n s ity  o f th e  un iv erse  m u st 
be d ecreasin g . T his, o f course , is a v io la tio n  of b o th  th e  perfec t cosm ological 
p rinc ip le  a n d  th e  p rincip le  o f  con serv a tio n  o f  m ass-energy . There are tw o  w ays 
of avo id in g  th is  d ilem m a. O ne is to  a ssu m e  th a t  th e  en e rg y  lost by  ra d ia tio n  
is rep laced  b y  th e  “ co n tin u o u s  c rea tio n ”  o f  m a tte r  ex nihilo  th ro u g h o u t space 
(a m ech an ism  sim ilar to  t h a t  of S tead y  S ta te  cosm ology). This we te n ta t iv e ly  
re jec t b e cau se  of its  m e tap h y sica l n a tu re . T he o th e r is to  assum e th a t  th e  lost 
energy  does n o t cease to  ex is t, b u t  is re c o n s titu te d  in to  in te rg a lac tic  h y d ro 
gen [8 ].

T h e  re c e n t ex p e rim en ts  designed  to  te s t th e  “ con tinuous c re a tio n ”  
h y p o th es is  o f  S tead y  S ta te  cosm ology su g g est th a t  an  analogous e x p e rim e n t 
m igh t be  d one  to  te s t  th is  “ con tinuous re c o n s titu tio n ”  hypo thesis . O ne w ould 
sim ply  p u m p  e lec tro m ag n etic  ra d ia tio n  in to  a co n fin in g  cav ity  to  see if  i t  
decays in to  hyd rogen . T h e  m ost e ffec tiv e  w ay to  do th is  w ould b e  to  use 
rad io -freq u en cy  ra d ia tio n  a n d  a c a v ity  w ith  su p erco n d u c tin g  walls to  m ax im ize  
th e  life tim e  o f th e  p h o to n s . In  a s tra ig h t-fo rw a rd  m a n n e r  i t  m ay be sh o w n  th a t  
th e  n u m b e r  of h y d ro g en  a to m s (n) p ro d u c e d  in  a sp h erica l cav ity  o f  rad iu s  
r w ith  a sk in  d ep th  ő in  a tim e  t is:

H rP t
n -----------,

3 ôcoE0

w here P  is th e  pow er o f  th e  source o f ra d ia tio n , a> its  frequency , H  th e  H ub b le  
c o n s ta n t, an d  E 0 th e  re s t  energy o f  th e  hydrogen  a to m . I f  we ta k e  r =  3 
m eters , со =  108 Hz, a n d  P  =  103 w a t ts ,  th is  sh o u ld  re su lt in  a p ro d u c tio n  
ra te  o f sev e ra l h y d ro g en  a tom s per d a y . I f  th e  e x p e rim e n t could be  done, th e  
resu lts  w o u ld  be of in te re s t  and it  w ou ld  e ith e r  co rro b o ra te  or lay  to  r e s t  fo rever 
th e  “ t i r e d  lig h t”  h y p o th es is .

Addendum

W h ile  th is  p a p e r  w as in  th e  p re ss , th e  w ork o f V ig ie r  [20] an d  D u c h e s n e  
an d  V i g i e r  [21] h as  com e to  our a t te n t io n . T hey  fu rn ish  em pirical ev idence  of a 
co n v in c in g  n a tu re  w h ich  ind ica tes t h a t ,  c o n tra ry  to  c u rre n t belief, th e  p h o to n
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h as a f in ite  re s t-m ass . U n fo r tu n a te ly , th e  e x p e rim e n t does n o t  a d m it o f a 
q u a n t i ta t iv e  d e te rm in a tio n  of th e  rest-m ass.

H ow ever, th e  “ t ire d  lig h t“  in te rp re ta t io n  o f  th e  cosm ological red -sh ift 
is c e rta in ly  m ore p lau s ib le  and a p p e a lin g  if  one c a n  show  from  in d e p e n d e n t 
o b se rv a tio n s  (as one ev id en tly  is ab le  to  do) t h a t  th e  p h o to n  h a s  a fin ite  
re s t-m ass . In  any  e v e n t, as we n o te d  in  our p ap e r, th e  cosm ological red -sh ift 
d em an d s  a value lim it  o f 10~ 63 g ra m s  fo r th e  p h o to n  rest-m ass. C learly , in  
th e  la b o ra to ry  it  w ill p ro v e  q u ite  d ifficu lt to  o b ta in  an  a c c u ra te  v a lu e  for 
so sm all a q u a n tity . B u t  if  it tu r n s  o u t to  be 10 -63  g ram s, th e n  th e  “ tired  
lig h t h y p o th es is”  is in  f a c t  the  c o rre c t so lu tion  to  th e  m issing m ass  problem .
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NEW MODEL FOR CRITICAL STATE OF TYPE II 
SUPERCONDUCTORS

By

I. KlRSCHNER and K .  MARTINAS
L A B O R A T O R Y  F O R  L O W  T E M P E R A T U R E  P H Y S I C S  

R O L A N D  E Ö T V Ö S  U N I V E R S I T Y ,  B U D A P E S T

(Received 13. V. 1971)

In  ty p e  I I  su p erco n d u c to rs  a su p erco n d u c tin g  n o rm a l la ttic e  sy s tem  is 
fo rm ed  in  th e  m ixed  s ta te  be tw een  th e  low er and  u p p e r  critical m ag n e tic  
fie lds (H C1 an d  H C2). A t norm al p laces th e  value o f th e  m agnetic  f ie ld  will 
be m ax im a l, a t  o th e r p laces less or ze ro . M agnetic v o rtic e s  come in to  being 
w hich  cover th e  w hole specim en like a n e tw o rk  of f ila m e n ts . In  th e  p resence 
of an  e x te rn a l fie ld  H C1 <  H  <  H C2 th e  in te n s ity  of th e  in te rn a l fie ld  is d e te r
m ined  b y  th e  d en sity  n o f th e  v o rte x  lines:

B(H)  =  пФ0, ( 1 )

w here Ф0 deno tes th e  e lem en ta ry  m a g n e tic  flu x . In  th e  equ ilib rium  case this 
va lu e  is m acroscop ically  th e  sam e th ro u g h o u t th e  specim en . I f  a n  elec tric  
c u rre n t o f d en sity  j  is passed  th ro u g h  th e  specim en in  th e  d irection  x,  p ro v id 
ing H  p o in ts  in  th e  d irec tio n  z, a v o r te x  d en sity  g ra d ie n t will be in d u c e d  in  
th e  у  d irec tio n :

4л  .
----- 7 =c

Щ Щ  _  э n ф
Эу Эу

( 2)

T he so-called  L oren tz  fo rce  p er u n it su rface  of th e  v o rtic e s  is

1 •]Х пФ 0.
c

(3)

The v o rtices  are fixed  b y  an  opposing p in n in g  force F P a rising  from  th e  p re 
sence o f inhom ogeneities, la ttic e  defec ts an d  alloy g ra in s like p inn ing  cen tre s  
in  th e  m a te ria l.

T h e  c ritica l s ta te  is considered to  be th a t  in  w hich  j  is so b ig  t h a t  F L is 
ju s t  e q u a l to  F P. In  th is  case th e  su p e rco n d u c tin g  m a te r ia l carries th e  g re a te s t  
possible su p e rc u rre n t an d  th e  inner fie ld  is defined  b y  th e  relation

7(c)x B  =  Fp , (4)
c

w here F p^  is th e  m ax im al p in n ing  force a t  th e  given te m p e ra tu re  [1 ].
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I f  F l _> Fp,  th e n  th e  f lu x  lines begin a con v ec tiv e  a n d  d issipative  flow  
w ith  a ve locity  v ch a ra c te rise d  b y  th e  v iscosity  coefficien t r] f ro m  th e  fo rm u la

F l - F p  =  Vv ■ (5)

I n  th is  “ flux -flow ”  s ta te  th e  c u r re n t  also flow s th ro u g h  th e  n o rm a l kernels o f 
th e  la tt ic e  sy stem  o f  th e  m a te r ia l a n d  is acco m p an ied  by  a m easu rab le  e lectric  
f ie ld  in te n s ity  E  a n d  b y  th e  a p p e a ra n ce  of a re s is ta n c e  Q

E  =  nv(P() =  —  vB  
c c

an d
d E  1 пФ% Ф0

Q =   —  — --------------------=  ------------J  í  .
d j  c2 rj с2 г/

B y m eans o f  th is  m eth o d  th e  c ritica l c u r re n t  can  be d e te rm in e d  in  th e  case 
w h en  all th e  v o r tic e s  are b o u n d  in  th e  sam e w a y  w ith  an  e q u a l p inn ing  force.

O ur e x p e rim e n ts  on In -  (2 —4% ) Bi a lloys have show n, how ever, t h a t  
th e  c u rre n t —v o lta g e  ch a ra c te ris tic s  have  tw o  o r m ore d iffe ren t c u rv a tu re s , or 
lin e a r  p a r ts , w h ich  p o in ts  to  th e  ex istence  of tw o  o r m ore c ritic a l cu rren t v a lu es .

In  th e  fo llow ing  ca lcu la tio n s th e  ran g e  BÂ2 1 will b e  exam ined  a n d  i t  
w ill be  supposed  t h a t  th e  spec im en  is m acroscop ically  hom ogeneous [2 ].

F u r th e r , since  th e  effective d istance  o f th e  in te ra c tio n  b e tw een  vortices is 
e q u a l to  th e  p e n e tra tio n  d e p th  A, vortices ly in g  w ith in  th is  d is tan ce  from  each  
o th e r  w ill be co n sid e red  as fo rm in g  a v o rte x  b a n d .

A ccording to  th e  p rin c ip le  o f our m odel th e  d iffe ren t c r itica l c u rre n ts  
can  be exp la ined  b y  supposing  t h a t  one p a r t  o f  th e  vortices is unbound  w hile 
th e i r  o th e r p a r t  is bo u n d . T h e  fo rce  ac ting  on a b a n d  of u n p in n e d  vo rtices is

u n p in n e d
f У X Ф0 У  F -{ 2  F bl ( 6 )

w h ere  th e  f i r s t  su m m atio n  re fe rs  to  th e  chosen  i- th  v o r te x  b an d . T he f i r s t  
te rm  o f th e  r ig h t  s id e  is th e  L o re n tz  force a c tin g  on th e  j - t h  v o r te x , th e  second  
a n d  th e  th ird  te rm s  deno te  th e  forces aris in g  from  th e  u n b o u n d  and  b o u n d  
v o rtice s , re sp e c tiv e ly . T ak ing  in to  co n sid e ra tio n  th a t  F Jk =  —  F j1 and  th e  ef
fe c ts  o f th e  d is ta n t  v o rtices co m p en sa te  each  o th e r , th e  second  te rm  v an ish es . 
In tro d u c in g  th e  q u a n t i ty

F  = 1

n u n b
(7)
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w h ich  deno tes th e  average fo rce  a bound  v o r te x  ex erts  on an  u n b o u n d  one , we 
can  w rite

Fiu n p in n e d
У ж Ф„ nb F ( 8 )

S im ila rly  if  all th e  p inning c e n tre s  e x e rt th e  sam e  p inn ing  force, th e n  th e  force 
a c tin g  on a b a n d  o f p inned v o rtic e s  w ill be

^pinned =  2 ‘
j

(9)

As 2 K i =  O w e get 
j  к

F pinned n k
J X <h +  n u F  F ( 10 )

In  a critica l s ta te  th e  re su lta n t o f  th e  forces a c tin g  on th e  v o r te x  b a n d  is zero. 
T h is s ta te  can b e  realised  in  tw o  w ays:

1) I f  F unpinned =  F pinned =  0, th e n  th e  a ris in g  forces a re  d e te rm in ed  b y  
m eans of fo rm ulas (8 ) and (1 0 ):

w here

1 У(с) X фр 
nb c

FP =
j(c) X Фо 

c

nu +  nb =  n .

( 11)

( 12 )

In  th is  case th e re  is a unique re la tio n  be tw een  th e  critica l c u rre n t an d  fie ld  
and  th e  m a te ria l ch a rac te ris tic s :

a  =  1У(с)Х-В! =  cnb \Fp\ . (13)

2) Since th e  v a lu e  0 F  F max is d e te rm in ed  b y  th e  in te ra c tio n s  
am ong  th e  vo rtices , th e  case can  b e  rea lised  w hen  F unpinned =  0 a n d  F pinned <  0 , 
th e n  o n ly  th e  u n p in n e d  v o rtices beg in  to  m ove. This is th e  f ir s t  c r itica l 
c u rre n t, for w hich th e  relation

is va lid .

he О X Фо
n b l*max ( 1 4 )
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B y  ra is in g  fu r th e r  th e  c u rre n t d e n s ity  j  we reach  a s ta te  w hen a ll th e  
v o rtic e s  ju s t  beg in  to  flow . The c ritica l c u rre n t a t  w hich  th is  occurs is d e te rm in ed  
b y  th e  re la tio n

J ( c i l )  X  Ф 0 _  p  p  Ц 5 )
— p ,lu x max-

C

C o n seq u en tly  tw o  c ritic a l c u rre n ts  ex ist. C orrespond ing  to  these  tw o  c ritica l 
c u rre n ts  tw o  c h a ra c te r is tic  oc-param eters can  be d e fin ed :

Jß
x l ~  7(d) В  —  C ^  n b ^tnax 1 (16)

p
a n  =  j i c w B  =  e —  (Fp - n u Fmax).  (17)

T h e  flu x -flo w  resis tan ces  can be ca lcu la ted  in  a sim ilar w ay  as in  th e  K im  
m odel [3], th a t  is

i?i Qn

í?ii =  Qn

В — пь Ф0 
H J T )  ’ 

в

H  J T )  ’

(18)

(19)

w here  gn is th e  n o rm a l re s is tiv ity  an d  T  is th e  ab so lu te  te m p e ra tu re . F rom  
th ese  th e  b o u n d  v o r te x  d en sity  щ  can  also be d e te rm in ed :

nb —  ten (B)
Qn

QÁB)]
H J T )

Фо
( 20 )

E q s . (14), (15) an d  (20) also m ake i t  possib le  to  ca lcu la te  th e  value F max and  
to  com pare  i t  w ith  m easu rab le  q u a n titie s :

F  —max —
Qn y’(ci) ^5

Pi i — H C2(T)
( 21)

In  genera l, if  th e re  are  N  p in n in g  forces o f d iffe ren t in ten sities  th e n  there  
w illbe a co rrespond ing  n u m b e r o f c ritic a l cu rren ts . T h u s  in  th e  above  case 1) 
now  we sim ila rly  get

* =  7«,) B =  c £  FPi nbi ■ (22)

Since F pk >  Fpi if  к >  i ,  possib ility  2) is th e  one w hen  th e  vortices g e t in to  a 
c ritic a l s ta te  in  groups. A ccord ing  to  th is  in s te a d  o f th e  force F  in  th e  fo rm ula
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(7) th e  force is exerted  b y  th e  still b o u n d  k - th  v o rtex  on  th e  u n b o u n d  i - th  ty p e  
v o rte x  w ill be

У к pui

F ik=  — ------ L---------- . (23)
” ы ” bk

In  th is  m odel th e  fc-th c ritic a l cu rren t w ill be

У  pik
j(ck) X Ф0 i<k =  F.

l bk
pk ?

and  th e  k - th  flux-flow  resis tan ce

N

6  k —  Qn

B  2  n bj  ф о
j=k  ______

H C2(T)

(24)

(25)

T hese eq u a tio n s  c o n ta in  th e  case, w h en  th ere  are  N  d ifferen t p in n in g  
cen tres a n d  forces, m o reo v er according to  th is  fac t N  d iffe ren t re s is tan ces , 
c ritica l c u rre n ts  and  fie lds.

The fo rm u la  (20) g ives a sim ple p o ss ib ility  for co n tro llin g  th e  v a lid ity  
of th e  m odel, since щ  can  be  estim a ted  w h en  all th e  o th e r  d a ta  are k n o w n . 
I f  th e  n u m b e r o f B i-a tom s on th e  u n it su rface  is co m p u te d , and  su pposed  
th a t  one p in n in g  cen tre  is com posed of th e  Bi a tom s b e in g  n o t fa r th e r  from  
each o th e r th a n  £ ~  A ?=« 1 0 0 0  Â, a new n b v a lu e  can be g o t b y  a sim ple c a l
cu la tion . H a v in g  m ade th e  co m p u ta tio n s a n d  com pared  th e se  tw o resu lts  we 
have found t h a t  th e y  are  o f  th e  sam e o rd e r. This re su lt is re la tiv e ly  v e ry  
accu ra te , so i t  verifies th e  m odel in a conv incing  ex p e rim en ta l w ay.
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L if s c h it z . The aim of the authors has been to describe th e  fundam ental physical phenomena 
and  the im portan t laws of physics. As the  authors endeavoured to reduce th e  length of the 
te x t as m uch as possible, the trea tm en t is restricted m ainly to  essentials and  details of smaller 
significance have been om itted . D eductions from form ulas are given only in so far as they  
are indispensable for the understanding  of relations betw een phenomena. The formulas are 
deduced on the simplest possible exam ples. The elem ents of algebra, trigonom etry , as well 
as vector algebra and differential calculus are assumed to be known. Likewise, a knowledge of 
the fundam ental concepts of physics and  chem istry tau g h t a t  the secondary school are required 
for the understanding of the book. The authors intend th e  book for studen ts in the physical 
faculties of universities and in high schools or technical universities where physics plays an 
im p o rtan t role, as well as for secondary school physics m asters.

In  P a rt I the book is concerned w ith point m echanics and the concept of space, the 
mechanics of rigid bodies and the theory  of vibrations. P a r t  I I  deals w ith applications in m any 
fields of physics. The chap te r on atom s, isotopes and molecules is short b u t  more detailed 
trea tm en ts are given of the problems of th e  sym metry of molecules and crystals and therm o
dynam ics; special regard is paid in the la t te r  section to phase transitions, chemical reactions 
and surface phenomena, therm al conductiv ity  and friction.

W ithout striving for completeness th e  book provides a good in troduction  to the study 
o f the more im portan t physical phenom ena and laws. A special virtue is th e  authors’ clear 
way of expression and concise language already well know n from their o th er books, which 
bring to  light relations th a t in o ther trea tm en ts  usually rem ain  concealed, owing to  the variety  
o f  partia l results. I. K ovács

D epartm ent of A tom ic Physics 
Polytechnical U niversity , B udapest

P . A. E gelstaff and  M. J .  P oole:

E xp erim en ta l N eu tro n  T herm alisa tio n

w ith  a M athem atical Appendix b y  P. Sc h o f ie l d . In ternational Series of M onographs in Nuclear 
Energy, Vol. 106, Pergam on Press, Oxford — London, E dinburgh, New York, T oronto , Sydney,

Paris, Braunschweig, 1970
Since it  became known th a t  a self-sustaining fission reaction  can take place in natural 

uranium  only if the neutrons generated in th e  fission lose th e ir  energy, slow dow n and come 
more or less into therm al equilibrium  w ith th e  moderator in w hich they move, the investiga
tion of the therm alisation of neu trons has become one of the m ost im portant fields of research 
in reactor physics. A knowledge o f the therm alisation  processes of neutrons is im portan t not 
only from  the point of view of reactor research, however, b u t also because these processes 
provide useful inform ation on the m icrophysical characteristics of m oderator m aterials.

The 13 chapters of this book by E g e l s t a f f  and P o o l e  give an excellent and almost 
complete trea tm en t of all problem s of im portance in the field, ranging from th e  elem entary 
processes of neutron therm alisation to the ir macro-consequences:

C hapter 1 is a brief sum m ary of the theo ry  of scattering. A lthough the m ateria l can be 
found in any textbook of nuclear physics, i t  could have hard ly  been om itted here.

C hapter 2 on the other hand , contain ing as it  does the theo ry  of neutron scattering in 
condensed m atter, is already devoted to problem s th a t are an essential part of th e  realization
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of fundam enta l aims. The advantages of the Y an Hove correlation m ethod are po in ted  out 
here w ith  rem arkable skill.

The conception th a t the  scattering  function describing the process of scattering underlies 
any therm alisa tion  problem is form ulated a t  th e  end of Chapter 3.

In  C hapter 4 the au thors briefly sum m arize the  procedures of neutron energy m easure
m en t, restric ting  them selves to  give a survey of m ain features only. Reference to  th e  use of 
pulsed reactors should have been included in th e  list of pulsed neutron sources. N eutron 
detectors and the m ethods of m easurem ent provided by up-to -date  com puter technique are 
also outlined here.

M ethods of m easuring the differential scattering  cross-sections of neutrons are  dealt 
w ith in C hapter 5 and the in terp re ta tion  of the scattering law based on these m easurem ents 
in the following Chapter.

As in m any cases the angular dependent differential cross-section or the so-called to tal 
cross-section are required instead of the double differential cross-section, the au tho rs  very 
sensibly devote a separate chap te r to  the theoretical and experim ental problem s of these 
cross-sections. C hapter 7 contains im portan t d a ta  on w ater and zirconium  hydride.

C hapter 8 is of d irect im portance for nuclear engineers. In  th is Chapter a sum m ary of 
m easurem ents of neu tron  spectra developing in the various m oderating  and cooling media is 
given. V aluable data  can be found for graphite, beryllium , beryllium  oxide, zirconium  hydride, 
ligh t and heavy w ater, and even for benzene and  polyethylene.

I t  is of great practical im portance to  know the equilibrium  energy spectrum  developing 
in reactors. In  C hapter 9 th e  experim ental m ethods applicable to  the determ ination  of this 
spectrum  are described. The advantages of the various procedures are analysed and  th e  errors 
im posed by the lim its of resolution are investigated.

C hapter 10 describes the  results re la ted  to  the experim ental determ ination of th e  kernel 
in th e  in tegral equation of therm alisation . For the most im p o rtan t m oderators, a beautiful 
sum m ary is given of the kernel characteristic of the energy exchange between neutrons and 
th e  m oderator.

C hapter 11 deals w ith  the tim e course of therm alisation and with the theoretical and 
experim ental efforts th a t  have been devoted to  detecting the  dynam ics of fo rm ation  of the 
equilibrium  spectral d istribution .

C hapter 12 is a theoretical and experim ental investigation  of the an iso tropy  of the 
kernel used to  describe energy transfer and finally , Chapter 13 is devoted to th e  methods of 
m easurem ent and theoretical problems of neu tron  spectra observed in particu lar reactors.

The Appendix by S c h o f ie l d , which is a brief sum m ary of the m athem atical fundam en
ta ls  required for therm alisation  investigations, is also w orth m entioning.

E g e l sta ff  and P o o l e ’s book is a useful monograph for all those engaged in reactor 
design; it  is also indispensable for experim entalists using neu tron  beams in th e ir work, where 
th e  shaping of neutron beam s and ad ju stm en t of their energy spectrum  is a v ery  frequently 
occurring problem. I t  can be warmly recom m ended th a t E g e l sta ff  and P o o l e ’s book be 
consulted on these problems. Credit is due to  Pergam on Press for having published a long- 
needed book.

L. PÁL

Gy. A. N a g y  a n d  M .  S z i l á g y i :

In tro d u c tio n  to  th e  T heory  of Space-C harge Optics

(in H ungarian) Akadém iai Kiadó, B udapest, 1967
A lthough the lite ra tu re  on general electron optics is very  extensive and  some works 

have been published on the topic even in H ungarian, no m onograph sum m ing up the whole 
field, including space-charge has been available un til the  appearance oi th e  present book. 
E ven a t present in world lite ra tu re  there is only one book of similar standard  and  of a similar 
scope. The book has therefore filled a gap bo th  in H ungarian  and world lite ra tu re .

The book is divided into six Chapters.
In Chapter 1 (by Gy . A. Nagy) the fundamental equations of the subject, the exact 

and approximate methods of calculation and the methods of measurement are worked out.
For the calculation of the electric and magnetic field a m ethod generally applicable for 

space-charge and cu rren t density is given.
Based on the rélations obtained in the calculation of fields the p a r t on the equations 

o f m otion describes the form ulae serving as a basis for subsequent chap ters.
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The m aterial of Chapter 2 (by Gy . A. Nagy) w hich deals with the trea tm en t of space- 
charge flow is a d irect introduction to  the design of electron guns. The general laws applicable 
to  any space-charge flow are described. The simplified equations underlying the tre a tm en t 
and the most general equations are also given. The conditions of space-charge-lim ited flow, th e  
scale law, the 3/2 law and several m ethods of calculating the flow p a tte rn  are included here.

The p a rt presenting theorems o f general va lid ity  is followed by a p a r t  on actual cases 
of space-charge flow, w ith detailed calculations including formulas for design.

The actual cases of space-charge flow have been selected with due regard  to their p ra c ti
cal im portance.

C hapter 3 (by M. Szilág y i) is devoted to the design and calculation of the gun types 
called for when a high current density  is required. T ak ing  the fundam ental idea suggested by 
J .  R . P ie r c e  as his starting  point Sz il á g y i determines th e  dimensions of electrodes em itting  
and accepting electron current, the  shape and potential of electrodes replacing the om itted  
electrode parts and space-charge parts . The disturbing effect of openings for transm itting  th e  
electron current and  the limits imposed by the calculation of the deviations due to the therm al 
speeds of the electron are given.

The first m ajor p a rt of C hapter 4 (by M. Sz il á g y i) describes the properties of th e  
electron beam of parallel flow and in troduces the necessary characteristics of the beam. I t  is 
shown th a t the d istribu tion  of po ten tia l, space-charge and  current density in  such beams can 
be determ ined in a relatively  simple w ay and th a t though  it  can only be found as an approxi
m ation in the actual cases the effect of these beams on th e  environment can be still taken in to  
account. Finally, inform ation is provided on the highest value of current th a t  can be tra n s 
m itted  in such beams.

The second p a r t of the C hapter goes on to investigate  real beams. The reasons for th e  
changes of the shape of the beam, the  value of the sm allest diam eter and the highest tra n s 
missible intensity  of the  current when it  comes to considering real cases are here made bo th  
apparen t and comprehensible.

Chapter 5 (by M. Szilá g y i) is concerned with beam ing, the most im p o rtan t field of the 
electron optics of space-charge. Only beam ing accom plished with the aid of electric fields is 
trea ted  here and the  detail is such as cannot be found anyw here else in the lite ra tu re . Accord
ing to the im portance of the subject th is  Chapter con tains most of the new' m aterial so far 
unpublished. The applications of beam ing, their advantages and disadvantages are trea ted  
very  thoroughly in the introductory p a rt. Using the op tical analogue the m ost im portan t 
principle of beaming, the system applying a periodical electric field is described, the charac
teristics necessary in any description of beaming systems are introduced and a general m ethod 
for calculating the dependence of beam s on the initial conditions is given.

All im portan t cases m et w ith in practice are com m ented on in a detail no t encountered 
even in original publications. N ot only trajectories near th e  axis, bu t in accessible cases, t r a 
jectories far from the axis are determ ined. The conditions of beaming are investigated in full 
and the current density  distribution necessary for a good beam ing is also considered.

The richess of the field is shown by the variety  of beaming procedures described a t 
length  in the Chapter, considering th a t  a good choice of th e  beaming procedure m ost suitable 
for a given purpose is only possible by  com paring the various procedures.

C hapter 6 (by Gy . A. Na gy) deals w ith beaming b y  magnetic field. The backbone of 
the trea tm en t is the description of the m ost im portant beam ing procedures, beam ing by the 
Brillouin procedure, w ith  a periodic m agnetic field and w ith  a quadrupole field. The conditions 
of beam ing, the consequences of the general initial conditions, and the calculation of the 
deviations due to the inaccuracy of the realization of the m agnetic field are investigated. The 
section on the beam ing problems of tubes of partially and  fully screened cathodes deserves 
particu lar emphasis.

Beaming w ith a magnetic quadrupole field is trea ted  for several cases no t mentioned 
in the lite ra tu re , including the case of an electric and a m agnetic field acting simultaneously.

A very  im portan t advantage of the  treatm ent, w hich greatly increases the usefulness 
of the book is th a t, a lthough the underlying fundam ental principles are as general as possible, 
end form ulas, diagram s and structural details suitable for dimensioning are provided at the 
end of each chapter.

E ach chapter is followed by an am ple, sometimes alm ost complete list of references. 
The best proof of the au thors’ high com petency in this field  is the large num ber of their own 
publications quoted.

I t  seems to be desirable to publish th is book of h igh theoretical standard , a t the same 
tim e suitable for direct p ractical use and containing several original results, in foreign languagesi

K . SlMONYI
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SEMICONDUCTOR DETECTORS FOR 
NUCEEAR RADIATION MEASUREMENT
T he a u th o r  discusses a ty p e  o f d e tec to r w h ich  in  th e  la s t  decade  has g a in ed  wide 
in te re s t  all o v e r th e  w orld . T h e  ap p lic a tio n  o f th is  new  d e te c to r  ty p e  o p e n e d  up 
new  v is ta s  in  th e  m easu rem en t of n u c le a r  rad ia tio n . T h e  book m ay p ro f ita b ly  
h e  used  b y  ex p erts  (p h y sic is ts , ch em ists , b io log ists, eng ineers and  p h y sic ian s 
enganged  in  research  w ork) in  need o f a  d e tec to r sm all in  size and  h a v in g  a 
good en erg y  reso lv ing  c a p a c ity . The e la b o ra tio n  m ain ly  focusses on th e  general 
questio n s o f ap p lica tio n , illu s tra tin g  th e m  w ith  a la rge  n u m b e r of ch a ra c te ris tic  
exam ples.

In English • Approx. 290 pages • 130 figures • 1 3 x 1 9  cm • Cloth

A co-ed ition  — d is tr ib u te d  in th e  so c ia lis t coun tries b y  K u ltu ra , B u d a p e s t, 
in all o th e r  coun tries b y  A dam  H ilger L td ., L ondon

PROCEEDINGS OF THE CONFERENCE ON THE 
APPLICATION OF THE MÖSSBAUER EFFECT
T ih an y , J u n e  17—21, 1969

edited by I. DÉZSI
T he ap p lica tio n  of th e  M össbauer e ffec t in  so lid  s ta te  physics, s tru c tu ra l 
c h e m is try  an d  b io logy  show s a m a rk e d ly  rising te n d e n c y , as m an ife s ted  by  
th e  a lre a d y  num ero u s conferences o n  th e  u tiliz a tio n  o f th is  new  tech n iq u e . 
C onsidering th e  w ide fie ld  of ap p lic a tio n  th e  p ap e rs  are grouped u n d e r  th e  
fo llow ing m ain  sec tions: G eneral P ro b lem s, R e lax a tio n  E ffects, th e  G oldansk ii — 
K a ry a g in  E ffec t, S u rface  P h en o m en a , Alloys, O xides, F rozen  Solu tions, 
B iology, C hem istry  an d  M iscellaneous Topics. T he s tu d ies  give a co m p reh en 
sive p ic tu re  on th e  ap p lica tio n  of th e  M össbauer E ffec t in d ifferent b ran ch es  of 
science.

In  English • 808 pages • 1 7 x 2 5  cm • Cloth
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L. Jánossy

T H E O R Y  O F R E L A T IV IT Y  B A S E D  ON P H Y S IC A L  R E A L IT Y

The b o o k  proposes to  discuss b o th  th e  special and  th e  genera l th e o ry  o f  re la 
tiv ity . I t  p resen ts  th e  u su a l m a th e m a tic a l form alism  e lab o ra ted  b y  E in s te in  
and  o th e r  researchers. T h e  o u ts ta n d in g  fea tu re  of th is  vo lum e is th e  n ew  w ay 
of tr e a t in g  th e  su b jec t m a tte r , i. e. b e in g  based  m a in ly  on  e x p e rim e n ta l d a ta . 
N o te w o rth y  is th e  e n d eav o u r th a t  th e  role of special coo rd ina te  sy s tem s be 
reduced  to  its  m in im um .

In  E n g lish  • 317 pages • 1 7 x 2 5  cm  • C loth

P R O C E E D IN G S  O F T H E  11th IN T E R N A T IO N A L  C O N F E R E N C E  ON 
COSMIC R A Y S

B u d ap est, A u g u st 2 5 th — S ep tem ber 4 th ,  1969
(S u p p lem en t to  A cta P h y sica  A cadem iae  S cien tiarum  H ungaricae) 

ed ited  b y  A . Somogyi

T h e  In te rn a tio n a l  C onference on Cosmic R ay s  is held b ien n ia lly . A t th e  11 th  
C onference in  B u d ap est, 485 so fa r u n p u b lish ed  scientific p a p e rs  were p re se n te d . 
As the  s tu d ie s  pub lished  in  four vo lu m es show , re sea rch  in to  cosm ic ray s , 
especially  p ro b lem s closely connected  w ith  space research , has deve loped  a t  
a g rea t p ace  since th e  la s t  conference in  1967 (Calgary, C anada).

In  E n g lish  . 1 7 x 2 5  cm  • P a p e rb a c k

Vol. 1: 571 pages • N um erous fig u res
Vol. 2: 767 pages • N um erous f ig u res
Vol. 3: 767 pages
Vol. 4: A pprox . 480 pages
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A MAGNETOHYDRODYNAMICAL DYNAMO MODEL

By

J .  F ir t k ó
D E P A R T M E N T  O F  P H Y S I C S ,  U N I V E R S I T Y  F O R  H E A V Y  I N D U S T R Y ,  

M I S K O L C

(Received 10. II. 1970)

The solution of a magnetohydrodynamical system of equations for an incompressible 
real conducting medium is given for the instationary case. I t  is shown th a t the results of 
S z a b ó  for ideal media are reobtained in the case when the hydrodynamical viscosity of the 
real medium tends to zero.

In tro d u c tio n

I t  is know n th a t  th e  flow  o f e lec trica lly  co n d u c tin g  m edia  in  a m agnetic  
fie ld  m a y  re su lt in  an  in crease  in  th e  m agnetic  f ie ld . T he p rob lem  belongs to  
th e  sphere  o f so-called m ag n e to h y d ro d y n am ica l d y n am o  th e o ry , w h ich  is a t 
p re se n t also used  to  ex p la in  th e  o rig in  o f th e  m ag n e tic  fie ld  of th e  E a r th  and  
s ta rs .

T h is p a p e r is co n cern ed  w ith  a dynam o m odel w hich ta k e s  as its  s ta r t 
ing  p o in t an  in fin ite , hom ogeneous, incom pressib le , h y d ro d y n am ica lly  real, 
e lec trica lly  co n d u c tin g  m ed iu m  w ith  a velocity  d is tr ib u tio n

w here
vx — «о Д2) i vy = 0 » «г — 0 »

I(z) =
1
0

for
for

г <  0 
z 0

( 1 )

a t  th e  in s ta n t  t — 0 in  a hom ogeneous H 0 =  { 0, 0, H 0 } m ag n e tic  field .
I t  w ill be show n t h a t  th e  in d u ced  m agnetic  a n d  electric  f ie ld  in ten sities  

an d  th e  v e lo c ity  d is tr ib u tio n  for t >  0  can  be ex p lic itly  ev a lu a ted .
T he so lu tion  o f th is  m odel fo r  a h y d ro d y n am ica lly  ideal m ed iu m  has 

been  solved b y  Szabó  [1 ]. T h e co rrespond ing  s ta t io n a ry  p rob lem  w as solved 
a lre a d y  in  1937 b y  H a r t m a n n  [2 ].

T he th eo re tica l an d  p ra c tic a l im p o rtan ce  o f th e  p roblem  is c le a r  w hen  i t  
is rem em b ered  th a t  th e  s tro n g  m a g n e tic  fields co n n ec ted  w ith  su n sp o ts  can  
be ex p la ined , a t  le a s t q u a lita tiv e ly  as re su lting  fro m  th e  flow  o f  th e  h ighly  
co n d u c tin g  plasm a^ a n d  t h a t  b y  u s in g  th is  effect i t  is possible to  g e n e ra te  v e ry  
s tro n g  m ag n e tic  fields u n d e r  la b o ra to ry  cond itions [3].
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T h e m ost e ssen tia l conclusion o f  th is  p ap e r is t h a t  an a d d itio n a l m agnetic  
fie ld  is g en era ted  in  th e  d irec tio n  o f  flow  of th e  m ed ium , w hile an  electric 
fie ld  is induced  a t  r ig h t  angles to  th e  d irec tion  o f  flow  and  th e  d irec tio n  of 
th e  m ag n e tic  fie ld . I n  th e  a sy m p to tic  case t —► oo, th e  abso lu te  v a lu es  o f th e  
in d u c e d  m ag n etic  a n d  electric  fie ld s  are

H x

E y —  HoH ovo-

T h e v e lo c ity  d is tr ib u tio n  for ( —>■ oo in  th e  w hole in f in ite  m ed ium  is

( 2)

(3)

(4)

As can  be  seen fro m  E q s. (2)— (3) th e  values o f  th e  induced  m ag n e tic  and  
e lec tric  fie ld  in  th e  a sy m p to tic  case (w hen th e  s ta tio n a ry  s ta te  se ts  in) are 
in d e p e n d e n t of th e  h y d ro d y n a m ic a l v iscosity  o f th e  m ed ium  an d  depend  only 
on th e  va lu es  v 0 a n d  H 0 d e te rm in ed  b y  th e  in itia l cond itions, th e  d en sity  (o) 
o f th e  flow ing  co n d u c tin g  m edium  a n d  the  m ag n e tic  p e rm eab ility . T h is m eans 
t h a t  m o m en tu m  is tran sfe rred  fro m  th e  h a lf  sp ace  г <  0  to  th e  h a lf  space 
z 0  u n til  th e  v e lo c ity  of th e  m ed iu m  in th e  tw o  h a lf  spaces is equalized. 
A cco rd ing ly , th e  v e lo c ity  d is tr ib u tio n  develop ing  in  th e  flow ing  co n ducting  
m ed iu m  is such t h a t  th e  m ag n e tic  energy d e n s ity  p er u n it  vo lu m e of th e  
m ed iu m  is c o n s ta n t in  tim e . S uch  a velocity  d is tr ib u tio n  resu lts  in  th e  con
s ta n c y  o f th e  in d u ced  m ag n etic  a n d  electric  fie ld , as is also show n b y  E q s. (2) 
an d  (3).

Instationary m agnetohydrodynam ical flow  
[of incom pressible real m edia

F o r  our m odel we ta k e  an  in f in i te , hom ogeneous, incom pressib le , hydro- 
d y n am ica lly  rea l, e lec trica lly  c o n d u c tin g  m ed ium  a t  in s ta n t  t =  0  in  a hom o
geneous m agnetic  f ie ld  o f in te n s ity  H 0, w here Л 0 is p ara lle l w ith  th e  positive 
2 ax is  o f  th e  re c ta n g u la r  C artesian  co o rd in a te  sy s tem . The velo c ity  d is tr ib u tio n  
a t  th e  in s ta n t  t =  0  is

vy =  0  ; vz =  0  an d  vx =  vt) I ( z ) , w here I ( z )  =  1 i f  z  <[ 0 , 
and  I ( z )  =  0  if  г >  0 .

T he  p ro b lem  is to  d e te rm in e  th e  in d u ced  m agnetic  a n d  electric f ie ld  in tensities 
an d  th e  velocity  d is tr ib u tio n  for t > 0 .
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T h e in itia l co n d itio n s of th e  p ro b lem  are

vx =  v0 7(z); vy =  0 ; vz =  0 

H x =  0; H y =  0 ; H z =  H 0 for t =  0.

P =  Po

In  th is  case th e  basic  m ag n e to h y d ro d y n am ica l equ a tio n s a re  [4]:

01? -* —> —>
g(v grad) t> = — g ra d  p —p0 H  X ro t 77 +  r j A v ,

div 9 =  0 ,

=  ro t  (V X H ) + v m A  77 ,
8t

9t

div H  =  0,

ro t E  =  - ■ H o -
ЭЯ
9t

(5)

( 6 )

(7)

( 8 ) 

(9)

( 10)

T he ab o v e  eq u a tio n s  a re  w ritten  in  th e  G iorgi M K SA  sy stem  o f u n its  u sin g  
th e  s ta n d a rd  n o ta tio n s , i.e. E  an d  I Í  are  th e  e lec tric  and  th e  m ag n etic  f ie ld  
in ten s itie s , re sp ec tiv e ly , fx0 is th e  m ag n e tic  p e rm e a b ility  of th e  v acu u m , p  is  
p ressu re , щ an d  v a re  th e  h y d ro d y n am ica l v isc o s ity  and  th e  v e lo c ity  of th e  
m ed ium , re sp ec tiv e ly , v,n — {o^0) - 1 is th e  m a g n e tic  v iscosity  o f  th e  m ed ium .

O w ing to  th e  sy m m e try  of th e  p rob lem  th e  q u an titie s  in  E q s . (6 )— (10) 
depend  on ly  on th e  co o rd in a te  2 a n d  tim e  t a n d  hence

dvy , 9»v
7 b
91 82

dvzp ------= -

8 H x Э2 v
Ho + rl9 2 Э22

8t

8 H x 
81

8 H z 
81

Э Ey
9  2

8 Hz
9 2 

dvz 
dz

a Í , H i

=  I E

Ho'

82

8 2H Z
Э22

a h x 
91

+  Vn
Э2 77x

Э22

= 0 ,

=  0

( 11)

( 12)

(13)

(14)

(15)

(16) 

(17)
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F ro m  E q s . (16)—(17) a n d  th e  in itia l co n d itio n s  we o b ta in

Я -  =  H 0 a n d  vz =  0.

T ak in g  E q . (18) in to  co n sid e ra tio n  E q s . (11)—(15) c a n  be  w ritten

Q
Öi

0 =  -7— P  +  P 0
dz

3Я ,  TT dvx Э2 I I x
------ =  H n- ^ + v n

9VX T T  Q H x  , 94 x
— Po **0~Z------ г  V -

a t 3z Эг2

т

a t

дЕу
3  Z

=  / v

3s

ЭЯ,

3*

Эг2

(19)

( 20) 

( 21) 

( 22)

(18)

F ro m  E q s . (19)—(22) th e  induced  m a g n e tic  and  e lec tr ic  field as w ell as th e  
v e lo c ity  d is tr ib u tio n  vx fo r  t >- 0 can  b e  de te rm in ed .

I t  is usefu l to  in tro d u c e  th e  fo llow ing  new d im ensionless v a r ia b le s  and  
q u a n tit ie s :

I  =  n0 a v0 z; r  =  a м0 t

и =  — ; h = - ^ ~ ;  E  =
H n v0 [i0 H 0

; P
_ 2 p _

«О  Я о

Д2 _  Po H() .
Qvl

; V
Qvm

(23)

E q s. (19 )— (22) now  ta k e  th e  form

3u
Зт 3 |  Э!2

0 =  —— ( P + A 2) , 
91

ЗА _  du 32 h
Эг ~  3 |  3 f2

3 E
91

ЭЛ
Эг

F o r th e  new  v ariab les th e  in itia l co n d itio n s  for t  =  0 a re  th e  fo llow ing:

A =  0; и =  I ( | ) ;  - ^ - = - < 5 ( £ ) ;  P  = - % - •
9 Í /t0 Я 0

(24)

(25)

(26)

(27)

(28)
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E q s. (24) an d  (26) a re  coupled d iffe ren tia ] e q u a tio n s  for u an d  ft, th e  so lu tion  
o f w h ich  m u s t be  soug h t by  th e  L ap lace  tra n s fo rm a tio n . F o r  th e  L ap lace  
tra n s fo rm  we o b ta in  th e  follow ing d iffe ren tia l eq u a tio n s :

р й  — I  (I)

ph = д й

9 | +  d£ 2

d£ 9 |2 
8 2ft

(29)

(30)

D iffe re n tia tin g  E q . (29) w ith  re sp e c t to  f  and  ta k in g  in to  acco u n t t h a t  !'{£) —
=  —  ô ( |) ,  we get

+  Щ ) =  X (31)

E x p ress in g  Ut from  E q . (30) a n d  su b s titu tin g  i t  in to  E q . (31) w e o b ta in  th e  
fo llow ing d iffe ren tia l equa tion  fo r th e  L aplace tra n s fo rm  of ft:

8Lft P( l + » )  +  V  Э2ft о2 _ Щ )  = o

d£4 ê  8 |2 ^  & ê

Since th e  expression
F{cp<">} =  (ik)n F{cp}

(32)

(33)

is v a lid  fo r th e  F o u rie r  tra n sfo rm  o f a d e riv a tiv e  [5] and  th e  F o u r ie r  t r a n s 
fo rm  o f th e  D irac  d is equal to  u n i ty ,  th e  F o u rie r  tran sfo rm  o f th e  u nknow n  
fu n c tio n  ft(£, p)  w ith  resp ec t to  f  w ill be

h(k ,p)  =
_____________ 1______________

Щ р + ? . 2) + р 2+ & (fc4+ f t2p ) '

U sing  th e  fo llow ing n o ta tio n s

E q . (35) becom es

b р{1 + & )+ Л 2
2 #

and с =  .
ê

h(k ,p) =  - ±
tr

1
ft4+26fc24-c

(34)

(35)

(36)

A p p ly in g  th e  in v e rse  F o u rie r tra n s fo rm a tio n , w e o b ta in  for f t( |,  p)

h (£ ,p )=
s

2 $ rs (r2 S2)
(37)
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w here
_  } /р (1 + 0 )+ Л 2 1 [У(Т + # )+ Я 2 ]2  _  4 ^ 2

][23

Vр ( 1 + # ) + # +  f [  р ( 1 + # ) + Я 2]2 -1*У
S ]Í2&

(38)

(39)

S u b s titu tin g  in to  E q . (37) th e  exp ressions for r  a n d  s g iven b y  E q s . (38) and 
(39), we get

Л ( |,р )  =  — g1{p,  A) exp 1 /р ( 1 + # )+ Я * -У [р (1 + # )+ А » ]а  “ 4űp*
-------------------------|f|

~ g 2 (P » Я) exp  

w here

]/p(l+fl)+A2+  V [p(l +  #) +  A2]2 -  4V
f 2 0  1 '

„ / ,  : ч _  1/ P( 1 +  #  ) +  A2 +  ] ' [ p (  1 +  &) +  А2]2 -  4flj>2
c l  /  ’ ' 2 У 2p  1 [ p ( l  + # )  +  A2]2 -  U p 2

e J  ^ ?)_  | р ( 1 + ^ ) + я 2 i - [ p ( i + ^ ) + ; . 2]2 - 4 ^ 2

Ур ( 1 + # ) + ; .2+  \ I p( \ ■ V?) + 1 2]2 « p

(40)

(41)

T h e  lim it  #  —>- 0 co rresponds to  th e  case w hen  th e  h y d ro d y n am ica l v iscosity  
is zero.

To d e te rm in e  th e  fu n c tio n  h(£, t ) th e  inverse  L ap lace  tra n s fo rm  of th e  
fu n c tio n  Ä (|, p)  g iven  b y  E q . (40) m u s t  be e v a lu a te d .

T h is  is n o t possib le  in  a d irec t w a y  ow ing to  th e  com plica ted  fo rm  of th e  
fu n c tio n . W e m ay , how ever, d e te rm in e  th e  v a lu e  o f  A (|, r)  for t  —*■ o o  w ith o u t 
c a rry in g  o u t th e  in v erse  tra n s fo rm a tio n . T he fo llow ing  th eo rem  [6] is valid  
fo r th e  b e h a v io u r o f  th e  fu n c tio n  in  in f in ity :

lim  A (£,t) =  lim  [pA (l, j» )]. (42)
T—> со p —>0

U sing  th is  th eo rem , E q . (40) y ields

l i m [ p h { ^ , p ) ] = — ~ ,  (43)
p^o 2A

th u s

Щ ,  » ) =  — - 1 .  (44)

T h e  a sy m p to tic  b e h a v io u r  o f th e  fu n c tio n  /i(f, r) fo r viscous flo w in g  m edia 
agrees w ith  th e  re su lt  (rj =  0) o b ta in e d  fo r idea l flow ing  m edia [1].
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F o r th e  fu r th e r  b eh av io u r o f th e  fu n c tio n  A (|, t ) ,  h o w ever, we m u s t  
consider its  ex p an sio n  in  series.

D e te rm in a tio n  of th e  fu n c tio n  A(£, r )  by expansion in  series 

W rite  th e  expression  d e te rm in ed  b y  E q . (34) in  th e  fo rm

h(k, p) =
1 1

Щ р + Л2)+ Р 2 , к '  к - [> ~

Щ р  +  &)+ р2

(45)

E x p a n d in g  exp ression  (45) in  series in  te rm s  o f $  and  n eg lec tin g  th e  h ig h e r  
pow ers te rm s  in  $ , we o b ta in

h(k ,p)
1

Щ р  +  №)+Р

k \ k 2+ p )  p
fe2( p + A 2 ) + p 2 _

(46)

T he ex p an sio n  is v a lid  if

k W + p )  p
Щ р + № ) + р 2

< 1 . (47)

F o r liq u id  m e ta ls  th e  v a lu e  of & is o f  th e  order of m a g n itu d e  1 0 “° (for 
gases i t  is a t  le a s t tw o  orders o f  m ag n itu d e  sm aller), so th e  in e q u a lity  (47) is 
fu lfilled  fo r th e  values of k,  th e  o rd er of m a g n itu d e  of w h ich  is less th a n  10s. 
T he fu n c tio n  h(k, p)  te n d s  to  zero  as 1/fc4, th u s  th e  abso lu te  v a lu e  o f  th e  in te g ra n d  
o f  th e  in te g ra l ex p an d in g  th e  fu n c tio n  A (|, p)  te n d s  to  zero fo r la rge  values o f  k. 
C onsequen tly , la rg e  values o f  к m ake on ly  a v e ry  sm all c o n tr ib u tio n  to  th e  
fu n c tio n  o f A (|, p)  a n d  we do n o t  com m it a n y  essen tia l e rro r —  a t  least n o t  as 
reg ard s  th e  sh ap e  o f th e  fu n c tio n  h(f ,  p) —  i f  th is  c o n tr ib u tio n  is tak en  to  be 
zero. T h u s, in  th e  expansion  in  series we k eep  on ly  th e  v a lu es  o f к which fu lf il  
in e q u a lity  (47); fo r la rg e r к v a lu es  h(k, p)  is ta k e n  to  be zero .

T he in v erse  F o u rie r tra n s fo rm  of li(k, p )  is

A ( |,p )  =
1 f"  elkí dk

2n ( p + V )  J - ,  k 2 , _ P 2 _
p + À 2

k l -\-k2p
[k2( p  +  V ) + p 2] 2

dfc.(48)

W e shall d en o te  th e  v alue  o f  th e  f irs t  te rm  o f th e  sum  on th e  r ig h t h a n d  side 
o f E q . (48) b y  Äx( | ,  p).  A fte r in te g ra tio n  w ith  resp ec t to  th is  te rm  becom es

hi ( S , p ) = -
1

2P Mp +№
ex p p\£\

Y p + № ,
(49)
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T he second  te rm
v + v P dk

[fc2(p  +  A2) + p 2]2

since

_a4 _  э2 j e№e _
9 | 4 ?> 3sM J J _ œ e [ Щ Р - f  Я2) +  p 2]2

A4+ F p  = J )4____
э£4 p  э р

( 5 0 )

(51)

T h e  in te g ra l o f  E q . (50) c a n  be  ev a lu a ted  b y  app ly ing  th e  convo lu tion  th eo rem
[5]. T he fo llow ing  re su lt is o b ta in ed  fo r  A (l, p):

A ( | , p ) = -
e x p [ — p | | |  (р + Я 2) 1/2]

2p  l p + л 2

1

1 + 0 ----- —  0Я2 — —
2 р + Я 2

+

+  —  0 | l | ------ ^ ------
( р + Я 2)2 2 (р + Я 2)5/2

(52)

K now ing  th e  fu n c tio n  A (f, p )  th e  a sy m p to tic  b eh av io u r o f  th e  fu n c tio n  A (|, r) 
can  be d e te rm in e d . I f  x —► те , b y  using  (42) we o b ta in  fro m  (52)

lim[pÀ(£,p)] =  — - L ,  (53)
p -> 0 2 Я

i.e.

A(f, oo) =  -  - i -  , (54)

w hich  ag rees w ith  th e  re s u lt  o b ta in ed  fro m  E q . (40) on th e  basis o f a s im ila r 
co n sid e ra tio n , an d  is th e re fo re  a d irec t p ro o f  of th e  v a lid i ty  o f th e  ex p an sio n .

T h e  fu n c tio n  A({, x) is d e te rm in ed  from  E q . (52) b y  inverse L ap lace  
tra n s fo rm a tio n  te rm  b y  te rm . The in v erse  L ap lace  tra n s fo rm s  of th e  f i r s t  and  
second te rm  in  th e  sum  on  th e  r ig h t-h a n d  side of E q . (52) are know n [1], th e  
L ap lace  tra n s fo rm  of fu r th e r  te rm s can  b e  d e te rm in ed  on  th e  basis o f  th e  
c o n v o lu tio n  th eo rem  [6]. H en ce  for th e  fu n c tio n  A (|, r )  w e ob ta in

A (l,T) =  ( 1 + 0 ) | -  —  + I I I  e—Л2г + - Г2 л  J  &
e~Rrg(R,  £) d R +

a-V z
—  2Я2 Ц |т е - » Ч  -

г- i ’r
— fae-*-4 — Я4 T2 |£| е~ дЧ  +
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w here

+  _ £ ! 1 # Ц | 2 т 1 '2 в -Л * г  h  -----—  Я2 T  J ----- —  Я1 T;
15

+  ^ | f | Tl/2e-Vr
]/л:

-)-------#Я2 I e_i?r

Я2
—  r  —

3 2
—) -  —  W.2 e-A'r I ‘
2 )  4л  J a

g(R , i ) _ dR
(55)

Я  —Я2

Г  e~*r Г  » !  * (Я , I)  d R  +
J a. Я - Я 2 4л  J a.

f°w,e(Jt,£)AR+—£ ^ 0 |£ |  Г ю 3в(Я,|)ЛЯ
2 У тг л: J a" я  у  я : J a.

Я6

л  }гл

W,

# |1 | wi g ( R , Ç ) d R ,
/А’

-А!г те -Агг o - f í r

(Я —Я2)2 Я - Я 2 (Я -Я 2)2

У?тre2 =  e_í?T | ^ хг J *

e - Rr r í
Я - Я 2

L f Vr2 Jo e(R—>-‘)x‘ Jx T1/2 e ~ A'T

Я - Я 2 (56)
т3/2е -АЧ 3  T l / 2 e - A 4  3  e - R r  r y ;

гс. = ----------------------------- —-----h
Я  Я2 2 (Я -Я 2)2 2 (Я

R Ï

fh

—Я2)2 J о e(R-A.)x. dx  5

CO S

* (* ,£ )  =
: я  я2

я у я - я 2

K now ing  A(f, p ) , th e  fu n c tio n  i i ( | ,  p )  can  be d e te rm in e d  from  E q . (30)

w here

Л =

A e ~ a,il В  ia - - P - +  c (i +  ^ l  + C * - - c |£ |
L I  a J a 2 J a J

1 —  ; a =  —- p ■ c  ?i4p2
2p , р + Я 2 L p + Я 2

В  — 1 -I-# ----—  W 2 1
2

WJ

2 (р + Я 2)5'2 

1
р + Я 2 2 ( р  +  Я2)2

. (57)

(58)

E q . (27) y ie ld s  th e  d iffe ren tia l d e riv a te  of th e  L ap lace  tra n s fo rm  of E  w ith  
re sp e c t to  f

QE

9£
=  ph. ( 5 9 )
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H en ce

Щ Ь р )  = — e x P
p \ £  !

p p  p-
(60)

w here  B  an d  C are  th e  a b b re v ia tio n s  in tro d u ced  in  E q . (58). T h e  a sy m p to tic  
b e h a v io u r  of th e  fu n c tio n s  u ( | ,  r )  a n d  E ( | ,  t) can  be  d e te rm in ed  fro m  E qs. (57) 
an d  (60), if  p  —*■ 0, (i.e . г  —*■ oo). I n  th is  case

lim  u ( f ,t) =  lim  [/>«(£,/>)] = ---- (61)
T-> to P ^ O  2

an d

lim  E ( i , r )  =  lim  [ р Ё ( |,р ) ]  — —  . (62)
T—> OD p —>o 2

O n th e  basis ol E q s . (54), (61) a n d  (62) one can  conclude  th a t  th e  a sy m p to 
tic  b e h a v io u r  ( r  —*■ с о )  o f th e  fu n c tio n s  A (|, r) , u ( | ,  r )  and  E(£, r) is th e  sam e 
fo r re a l (rj ^  0) h y d ro d y n a m ic a l m ed ia  as for idea l (rj =  0) m edia [1].

I f  H(i, p)  a n d  E ( ^ , p )  are k n o w n , th e  fu n c tio n s  u(£, r) an d  £ ( | ,  t) can 
be c a lc u la te d  in  a s im ila r  w ay  as A (|, t )  from  A (|, j»). H ence for r  —► oo(t —► o o )  

th e  in d u c e d  m ag n e tic  a n d  electric  fie ld s  and  v e lo c ity  d is trib u tio n  a re

H ,  =
1 7  j _ v

' T Po

E y =
l

Ö « О2

(63)

(64)
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МАГНЕТОГИДРОДИНАМИЧЕСКАЯ «ДИНАМО» МОДЕЛЬ
Я . ФИРТКО  

Резюме
Приведено решение системы магнетогидродинамических уравнений для неста

ционарного случая несжимаемых реальных проводящих сред. Показано, что в случае, 
когда гидродинамическая вязкость среды стремится к нулю, полученные результаты 
приводят к результатам Й. Сабо.
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ON THE TRACE OF THE PRODUCT OF PAULI AND
DIRAC MATRICES

By
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D E P A R T M E N T  O F  T H E O R E T I C A L  P H Y S I C S  

I N D I A N  A S S O C I A T I O N  F O R  T H E  C U L T I V A T I O N  O F  S C I E N C E  

J A D A V P U R ,  C A L C U T T A  -  3 2 ,  I N D I A

(Received 5. V. 1970)

Several methods for the determination of the trace of the product of an arbitrary num 
ber of Pauli matrices are established. Formulae are derived for the evaluation of various types 
of products of two traces when terms of thejtype o'i1a i2 . . . Oin occur in bo thof them. Expressions 
are found for the product of two different traces and the square of the trace of an arbitrary 
number of Pauli matrices. Similar formulae are obtained when Dirac matrices occurring as

5

SJ y ,A  ; are considered instead of Pauli matrices. From this all previous results in which y5 has
i-i '
been considered separately are recovered. A useful identity for traces involving either Pauli or 
Dirac matrices is given.

In tro d u c tio n

O ne o f th e  pu rposes o f th is  p ap e r is to  reduce  th e  p ro b lem  of th e  c a lc u la 
tio n  o f th e  tra c e  of th e  p ro d u c t o f any  o d d  or even n u m b e r of P au li m a trice s , 
to  one in v o lv in g  a sm alle r n u m b er —  in  th e  fin a l s tag e , tw o  or th re e  —- of 
P au li m a tric e s . F irs t  th e  fo rm ulae  for th e  d e te rm in a tio n  o f various ty p e s  of 
p ro d u c ts  o f  tw o  trace s  w hen  crll ai2 • • • o in occur in  b o th  tra c e s  (su m m atio n  
over th e  d u m m y  suffixes i r is im plied) a re  derived  a n d  th e n  expressions for 
th e  p ro d u c t o f tw o d iffe re n t trace s  and  th e  sq u are  of th e  tra c e  of an  a rb i t r a ry  
n u m b e r o f P a u li  m a trices . N ex t, th e  f iv e  D irac  m atrices  y v  y 2, y3, y 4 a n d  y 5 
are  considered  s im u ltan eo u sly  in s te a d  o f th e  P a u li m a trices  an d  sim ilar e x p re s 
sions are  o b ta in e d . M ore exp lic itly , th e  D irac  m atrices occu r in  th e  t r a c e  as

3

p ro d u c t o f  an  a rb itra ry  n u m b e r of e lem en ts  like N  A,-y,-. F ro m  th e  re su lts
i=i

o b ta in ed  in  th is  second s tag e  all th e  re su lts  o f th e  a u th o r ’s p rev ious p a p e r  [1],
4

in  w hich  D irac  m atrices  occu r in  th e  fo rm  ^  А {]>1 and  y5 m a y  occur se p a ra te ly ,
;= i

can be  rep ro d u ced . A n id e n ti ty  for tra c e s  invo lv ing  e ith e r  P au li or D irac  
m a trices  h a s  been  e s tab lish ed . T his is fo u n d  to  be u sefu l in  th e  re d u c tio n  of 
th e  fo rm u lae  an d  in  d e m o n s tra tin g  th e  equ ivalence  o f som e o f th e  re su lts  in  
ou r d ed u c tio n . I n  th is  con n ec tio n  i t  sh o u ld  be m en tio n ed  th a t  C h i s h o l m  [ 2 ]

3  3

has e v a lu a te d  th e  sum s огоаОь ■ • • <Аго> an d  . . . a y . . . Sp(arau<yb • • • a</).
r= i r=i

C h i s h o l m  [2] h a s  also so lved  th e  sam e p ro b lem  for D irac  m a trice s . C a i a n i e l l o
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a n d  F u b i n i  [3] an d  K a h a n e  [4] have  in v e s tig a te d  v a r io u s  aspects o f  th e  
p rob lem  o f e v a lu a tin g  th e  tr a c e  o f  th e  p ro d u c t  of D irac  m a tric e s . T he c a lc u la 
tio n s  are  s e t  o u t  in  th ree  sec tio n s : S ec tion  I  deals w ith  th e  P au li m a tr ic e s  
w hereas S ec tio n s I I  and  I I I  w ith  D irac m a trice s . I  h a v e  genera lly  fo llow ed 
th e  n o ta tio n  a n d  m ethod  o f  [1].

1

All th e  fo rm ulae  d e riv ed  here  are b a se d  on th e  fo llow ing  algebraic  p ro 
p e rtie s  o f P a u li  m atrices:

a i a j  +  a j  a i — 2 ô j j , (1)

a i ° j  —  £ i jk  a k +  &ij 1 (2)

w here is th e  L ev i C iv ita  te n s o r  of th e  th i r d  ra n k . L e t us u se  th e  a b b re v ia te d  
n o ta tio n

trace  ( A 2A 2A 3 . . . A n) =  ( A 2A 2A 3 . . . A n) , (3 )

A  =  Aj at , (4)

A B  =  A i B i . (5)

S u m m atio n  o v e r i =  1, 2, 3 is to  be done. (T h ro u g h o u t th is  p a p e r  su m m atio n  
is im plied  w h en ev e r re p e a te d  suffixes occur.)

L e t u s  d e n o te  (A 1A 2A 3 . . . A n) b y  S,  i.e .

S  =  {A2A 2A 2 . . . A n) . (6)

W hen  n is e v e n  w e a lread y  k n o w  th e  re su lt

S  =  2 ( - 1)'- A x • A , ( A 2A 3 . . . A ,_  1 A i+1 . . .  A n).  (7)
i= 2

F o r  n odd  w e sh a ll develop o th e r  m ethods fo r  th e  ev a lu a tio n  o f  S,  some of w h ich  
m a y  be ap p licab le  fo r even n  also.

W e can  w rite

S  =  A U A ij К  ai A 3 ■ ■■ A n)  —
i.j

= A 2 ■ A 2(A3A 4 . . . A n) +  iÇ,ijk A u A 2j(ak A 3 A 4  . . .  A n) =  (8 )

=  A i  ' А г(АзА4 • ■ ■ A n)  ~  ^  ( l ) r( A i A 2A r)
2 г^з

( A 3A i ■ • ■ A r —l A r + l  ■ • • A n)  •

T h is  fo rn n d a  is v a lid  w hen n  is odd .
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S  can  also be  w ritte n  in  th e  fo rm

S  — A 2j A 3k (o’/ Gj &k A 4 A 3 • • • A n).  (9)
i.j.k

T h e  su m m atio n  h e re  can  be sp lit u p  in  th e  fo llow ing m an n er:

2 - =  У  +  2  +  2  +  2  +  2 -  ( io )
i,j,k i^j¥--k i=j¥=k i = k j í j  i¥=j=k i—j = k

A p p lica tio n  of E q . (10) prov ides th e  th ird  fo rm u la  for S,  w h ich  is v a lid  for 
a n y  n,  even  or o d d :

S  — Ay • A 2( A 3A 4 . . .  A n) +  A 2 ■ А 3( А ХА 4 . . . A n) -

A i  ■ A 3(A.2A 4 . . .  A n) +  —  ( A 1A 2A 3)(AjA 5 . . .  A n) . ( И )

L e t us now  discuss som e re la tions in v o lv in g  th e  p ro d u c t of tw o tra c e s . W e have

К  A 3A 2 . . .  Л Ж  A[A'2 . . .  A'm) =  V  ( -  1)Í+1 ( A A  ■ ■ ■ А - l  A+1 ■
i= l

- (At A[A' t . . .  A'm).

H ere  n is odd an d  m  m ay  be e ith e r  even or odd . K now ing  th a t

• A„) • 

( 12)

2  =  2 +  2 - ( 1 3 )
ÍJ i= J  ij=j

W e o b ta in  w ith  th e  help  of E qs. (1) an d  (2)

— (cr, Oj A XA 2 . .  . A^)[Oi Gj A x A .2 . . .  A m)

=  3 ( A 1A 2 . . . A n)(A[ A 2. . .  A J  - 2  (ex* A 4A 2 . . .  A n)(akA ' A '

B y  re p e a te d  ap p lic a tio n  of E q . (14) we get

тз =  (°i <*j ak A xA 2 . . .  A n)(at Gj Gk A[  A 2 . . .  A ' )  =  ^

=  - 6  ( A xA 2 . . . A„)(A[A2 . . .  A'm)+ 7 ( o i A 1A 2 . . .  А п)(а ,А[А^ . . . A ’J .

I n  genera l, if  we w rite

Tm+1 =  (ah gi2 . . . ex,m+1 A xA 2 . . .  A n) • (tr(1 сг/2 • • • a>m+ i  A XA 2 . . .  A J  =

=  *т( А хА 2 . .  . A n)(A[A'2 . . .  A ' J + f l J a ^ A ,  . . .  A„) (ex, A[A'2 . . .  A  J  (16)

th e n
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*m + 1 =  3 ßm, ßm+1 =  x m- 2 ß m\  (17)

a n d  w e easily  o b ta in
m —2

ß m =  2  ( - з г - г с - з г - 1 (18)
г— О

a n d
=  (19)

In  E q s . (14), (15) a n d  (16) b o th  n a n d  m  can  be  e ith e r  even or o d d . W ith  th e  
h e lp  o f  E q . (12) w e o b ta in

{ai<fjA1A2 . . . Ап)(<т,-űj A[A 2 . . . A J  =  3(A1A 2 . . .)(A[A'2 .. .) —
- 2  ^ ( - 1  )г+\ А , А 2. . . y [ ( A r A sA [ A ' .  . . ) - A rA s( A ' A '  . . . ) ] .  ( Щ

r>s

H ere  n m u s t be ev en  b u t  m can  be  e ith e r  even o r odd .
In  E q . (20) th e  n o ta tio n  o f  d o u b le  p rim es over th e  tra c e  ( A 1A 2 . . .)" 

im p lie s  t h a t  th e  tw o  u n p rim ed  P a u li  m a trices  (in  th is  case A r a n d  A s) w hich 
a re  n o w  p re se n t in  th e  o th e r te rm , a re  now  a b se n t from  th e  tra c e  (A 2A 2 . . .). 
T h is  n o ta tio n  in  th e  general fo rm , w ith  an y  n u m b e r o f  p rim es over th e  n o ta tio n  
o f  tra c e , w ill be w id e ly  used  in  th is  p a p e r.

C om paring  E q s . (14) an d  (20) we h av e

(0 7A xA 2 . . . А п){а( А [ А '2 . . .  A J  =  v ( - 1 ) ™ { A J ,  . . . ) ' x
r>s

X [ ( A r A s A ' A ' 2 . . . ) -  A r - A s ( A i A ' 2 . . . ) ] .
( 21)

W h en  n an d  m a re  b o th  even, E q . (12) is n o t ap p licab le  an d  m u st b e  rep laced  
b y  E q . (21).

A  p a r tic u la r  case o f E q . (21) is

(er, A ^ X c r ,  A ' A ' . . .  A J  =  2 (A,  A 2 A'1A'2. . . A J - 2 A 1- A 2(A{ A J . . A J .  (22)

I f  w e use  th e  re la tio n  (7) in  th e  le f t h a n d  side o f E q . (22), ta k in g  m  to  be odd, 
we o b ta in  E q . (8) fo r d e te rm in in g  S . W ith  th e  help  o f E q . (1) we can  w rite

(A±A2 • ■ ■ A n) =  2 ( 1)' A ± • A / (A 2A 3 . . .  A /_  1 A l+ 1 . . .  A n)
i = 2  ( 2 5 )

( A 2A 3 . . .  A 2A n)
w here n  is odd.

F ro m  E q . (23) we o b ta in  th e  id e n ti ty

2  ( —■!)' A  • A i (A  2 A 3 . . .  A /_ x A i+1. . .  A n) =  0 . (24)
1 = 2
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T his id e n tity  p ro v es to  be very  u sefu l in  red u c in g  th e  n u m b er o f  te rm s occu rring  
in  th e  expansion  o f  som e trace s .

T h ro u g h  successive ap p lica tio n  of E q . (12) we can w rite

К  Oj ok A 1 A Z . . .  A n) (cr,- aj ak A[ A z . . . A'm) =  7(<r,- A XA Z . . . A n)
(25)

К  A'i A '2  . . . A ' J +  2  ( ~ I ) i+i+k(A i A 2  . . . A n)"'2  ôPP (AiA j A kA'1 A z . . .A 'm).
i> j> k P

In  E q . (25) an d  elsew here, P  is an y  p e rm u ta tio n  of th e  su ffix es  (in th is  case 
i , j  an d  k), and  ôp =  i  1 d ep en d in g  on w h e th e r  P  is an  ev en  o r odd p e rm u ta 
tio n . T he n o ta tio n  2  denotes su m m atio n  o v e r all th e  possib le  p e rm u ta tio n s . 

p

N ow  it  can  be show n  th a t

2 0 p P ( A i A j A k A'1 A'2 . . . )  =
P

— 6  ([A{ Aj  A k— A,  ■ A j  A k-\-A,-• A k A j —Aj ■ A k А{\ А г A z. . .

E q . (25) com bined  w ith  E q . (15) enables us to  e s tab lish  t h a t  

(A 1 A 2 . . . A n) ( A ' A ' . . . A ' J =  2  ( 1
о i> j> k  (27)

• 2  ôp p (A,  A j A kA'l A '2  . . . A'm).
p

W ith  th e  help  o f  E q s . (27) a n d  (26), and  ta k in g  n — 3 a n d  m  as e ith e r even  
or odd , we o b ta in  fo rm ula  (11) fo r th e  d e te rm in a tio n  of S.

E q . (27) c a n  also be re w ritte n  in  th e  fo llow ing a l te rn a tiv e  form :

( A 1A 2. . . A n)(A[A'2. . . A ' m) =  2  ( l ) i+J+k( A 1A 2. . . A n)'" ■
i> J> k

■ 2  ( - 1  Y +s(Ai ■ A'r A j . A ' - A j ■ A ' A i  ■ A's)(Ak A[ A '2 . . . A'm)• . .
(28)

=  -  2  (- l ) i+j+k( A 1A 2. . . A ny" •
i> j> k

■ 2  ( — l ) r+i+t (A i  A i . . .  A'm)'" 2  ÔP p [Ai • A'r A j  ■ A ' А к -А{] .
r>s>t P

T h e general re la tio n  (29) lead s to  th e  p a r tic u la r  re la tions

(29)

( А 1А 2А й){ А{ А’2. . . А ' т) =

= - 2  2  ( ~ i y +s+t2 ôpp [A P A 'rA *- A '*A 1-A !1(A i A 2- ■ - ^ У " ’
r> s> t P

(30)
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( A 1A 2A 3)(A'rA ' A ; ) = -  4 2  àp P [ A 3 ■ A \ A 2 . A ' A X • A'r]. (31)
p

( A ^ . - . A ^ - -  2  ( ~ i y +J+k( A ^ 2 - - - A r  •
i>j>k (32)

• 2  (  - l ) r + t * t 2 ^ p P [ A r A r A j - A t A k - A l ] ( A 1A t . . . A n r f
r> s> t P

In  E q s . (2 9 )—(32) p e rm u ta tio n  P  of th e  suffixes r, s a n d  t is im plied .
B y  p u t t in g  А г, A 2, Ад  =  av  cr2, a3 in  re la tio n  (30) w e ge t a n o th e r fo rm u la  

fo r th e  d e te rm in a tio n  o f S :

(A iA 2. . .A n) =  i -  2  ( l)r+s+,(A tA sAr)(A iA 2. . . An)'". ( 3 3 )
^  r>s>t

In  E q s . (2 8 )—(33), b o th  n  a n d  m m u s t be  odd.
W e h av e  now  estab lish ed  four e q u a tio n s  (7), (8), (11) an d  (33) fo r  d e te r 

m in ing  ( A 1A 2 . . . A n).
F o r  n — 5, using  id e n t i ty  (24), we g e t accord ing  to  b o th  E qs. (8) a n d  (11)

S 5 =  ( A l A 2A 3A t A a )  =  A l  • A ‘Â A 3 A i A a )  +  A  2 • А з ( А 1А 4А 5 ) —  ( 3 4 )

A 1 ’ A  4 ‘ А о( А 1А 2А з )  *

E q . (33) gives 10 te rm s fo r  S e, w hich  can  be  reduced  to  fo u r te rm s w ith  th e  
help  o f th e  id e n t i ty  given b y  E q . (24). F o r  o th e r odd  v a lu es  o f n , E q s . (8) 
an d  (33) give m ore  te rm s th a n  E q . (11).

S n fo r even  values o f  n  are fo u n d  from  E qs. (7) a n d  (11). F o r  n =  6 
we ge t fro m  E q . (11)

S e =  { А :А . А . А (А . А е) =  A x • А 2{ А . А ГА , А Ъ) +  A 2 ■ А 3{ А ХА ^ А ЪА 3) —  (35)

A 1 ' А з(А 2А 4А 5А б) “1“ 2  (А 1А 2А з)(А 4А 3А в) •

E q . (11) gives as expression  fo r S n s h o r te r  th a n  th a t  o f  E q . (7) an d  is th u s  
m o st c o n v e n ie n t fo r d e te rm in in g  S rl fo r b o th  odd  and  ev en  values of n.

U

T h e  n o ta tio n  an d  m e th o d  o f S ection  I  are m o stly  follow ed in  S ections 
I I  a n d  I I I  also. F o r  D irac  m atrices , th e  a n tic o m m u ta tio n  re la tio n  (1) is 
rep laced  b y

V i V j + V j y i = 2 ô i j ,  (36)
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-where th e  suffixes o f y m atrices  can b e  1, 2 , 3, 4 an d  5. W e use th e  a b b re v ia te d  
n o ta tio n  g iven  b y  E q . (3), excep t t h a t  h ere

A  =  A i V i , (37)

A B — A / B j , (38)

У& — Ух У г Уз УI • (39 )

S u m m atio n  over i =  1, 2 , 3, 4 and  5 is to  be done.
W ith  th e  help  of r e la tio n  (10) we c a n  w rite

S  — ( А гА 2 . . .  A n) — ^  A u A 2jA 3k (у, У]Ук А 4А 5. . . A n) •

— A  i -A  2( A 3A  4 . . . )  ~j~ A  2 • - A ( A A . . . )  A x • A 3(A 2A 4. . . )
(40)

Ç-ijklm A 4i A 2j A 3k (У[ у m A q A 3. . . A n) ,

w here £yWm is a L evi C iv ita  tensor.
I t  can  be  easily  show n th a t  th e  la s t  te rm  of E q .  (40) is

£ ( - i r s( A A A A A ) ( A A  ■ • • A ) " -

T his is th e  p a r t  o f A j,/t an(' c an  be  re w ritte n  in  th e  form  (as in  [1])

Now

2  =  2 A l i A 2j A 3kA 4l(y i yj y k yl A s A e . . .  A n)
1ф]фк i^j^k

=  2 + 2 + 2  +  2
1ф]фкф1 1ф]фк 1ф']фк '1Ф]фк 

l= i  L  l= j l—к

— Ç-ijklm Aii  -^2/ -^Зк Á Al (Ут -^5 - ^ 6  * * * ^n)  *

(41)

(42)

W ith  th e  help  of E q s . (41) and  (42) w e o b ta in  th e  second fo rm u la  fo r  S :

S  =  ( [A i • A 2 A 3A  4  A  i • A 3 A 2A  4  ~t~ A 2  A 3 A XA 4  -J-

+  - A  ■ A 4 A 2 A 3  a 2  • A A A  4- -A  ' A  4 A 1 A  2 ]

a ^ A q . . .  A )  , (a xa za 3a 4) • (a 5a 6 . . .  A )
4

4 -  J A  1)г( А А А А А ) ( А А  . . . A r_ xA r+1. , . A n).  
4 S

(43)

P ro ceed in g  in  a w ay  s im ila r to  t h a t  u sed  in  d e riv in g  E q . (41), w e o b ta in

2 2  +  2  +  2  +  2 2  ■
^ ф к ф 1  1ф]фкф1фт {ф]фкФ1 i ф]Фкф1 1ф]фкф1

m = i rn= j  m = k  m = l
(44)

2 Acta Physita Academiae Scientiaruiïi Hutïgaricae 30, 1971



358 S. SARKAR

A p p ly in g  re la tio n s  (44) an d  (10) w e h av e  th e  th ird  fo rm ula fo r S :

S  =  A u  A 2j A 3k A 4i A bm (yt yj yk y , y m A BA 7 . . .  A n) =

=  ( [Ax• A 2A 3A 4 A x• A 3A 2A 4 +  A 2• A 3A XA 4 -h A x• A 4A 2A 3

A 2‘ A  4A XA 3 -)- A 3‘A 4A 1A 2] A 3A e . . .)

- - ^ - ( A . A ^ A . X A . A ,  . . .) +  ( [ - A - А ,  [ A 2A 3A 4] +  (45)

~b A 2■ A à [ A jA 3A 4] A 3- A 5 ( A 4A 2A 4J —)— A 4-A- {A xA 2A 3}] x

X A bA 7 . . .) "b ( A 4A 2A 3A 4A 5) (A 6A 7 . . .).

I n  th is  eq u a tio n  te rm s o f  th e  ty p e  {A 2A 3A 4J s tan d  for

{A 2A 3A  4} =  A 2A 3A  4 A  2 • A 3A  4 -)- A  2 A  4A 3 A 3 • A 4A 2. (46)

U sin g  re la tio n  (10) we arrive  a t  th e  follow ing re su lt  for th e  p ro d u c t  o f tw o 
tra c e s :

(Vi Yj Yu A 4 A 2 . . .  A n) (y, yj y k A[  A 2 . .  . A ' J  =

=  3 (У/У;А, A 2 . . .  A n) ( y , y j A ' A'2 . . . A ' m) +  (47)

+  1 3 ( y ^ ^ 2 . . .  А п)(У1А ' А '  . .  . A ' J - U A A ,  . . . A n)-

■ (a ; a ' . . . a j .

B y  re p e a te d ly  a p p ly in g  E q . (47) we o b ta in

(YiYjVkyiAl A2 .... A n) (y i yj yky l A'1A 2 . . .  A J  =

=  22 (у,- yj A 1A 2 . . .  A n) (yiVj A [ A 2 . . .  A ' J  +  (48)

+  24 (у,- A 4A 2 . . .  A J  (7i A(A'2 . . .  A J  -  45 (A,  A 2 . . .  A J -

■ (A[A'2 . . . A J ,

(Yi Yj Yk Yi Ym A 1A 2 . . .  A n)(y; y} yky , ym A [ A 2 . . .  A J  =
=  90 (yt уj A x A 2 . .  . A J  (yt yj A [ A 2 . . .  A J  +

+  241 (yi A 1A 2 . . . A J - ( y i A'1A'2 . . . A J  

— 330 (A XA 2 . . .  A J  (A(  A ' . . . A  J  .

In  genera l, p roceed ing  in th is  w ay  we can e v a lu a te

(Yt 1Y/2 • • ■Yin A 1A 2 . . .) (yi4 y i2 . . . y inA [ A 2 . . . ) .
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F o r odd  values o f  n  w e h av e  a re la tio n  sim ilar to  E q . (12):

(yi A 1A 2 . . .  A) (yi A'1A'2 . . . A ' m) =

=  2  ( -  1)'+1(AA- • -A-i A+i-. . a )(AA A . . . A ’m).
1 = 1

C orrespond ing  to  E q s . (20) and (25) we have th e  re la tio n s

(50)

(vt Vi A A • • • A) (Vi Vj A A • • • A) =
=5 (A A • • • A) (A A • • • A) -  2 Д  ( - 1)<+'( A A  • • • АГ x

,>У (51)
x [(A A A A • • • A ) - A ■ A(A A • • • A)]

an d

(у,- У; n  A  A  • • • А) (У/ Уу Ук A A • • • A ) =
= 13 (у,- A A • ■ • A) (y< A A ■ • • A ) + (52)
+ Д  (-1)^'+а-(А А ---АГ^А-Р(ААААА ---A)-

i > j > k  P

F ro m  E q s. (52) a n d  (47) we h av e  fo r  odd values o f  n and  m

(у/ Vj A A • • • а ) (у/ уу A A • • • A) (53)

=  2  ( -  1),+/+*(AA- • • А Г  0РР ( А ^ А кА[А'2. . .A' , )
3 i > j > k  P

+  5 ( A A - . - A )  ( A A - . - A ) .

R e la tio n  (51) can  b e  app lied  w h en  e ith e r  re or m is even. In  a s im ila r  m anner 
we o b ta in

(у,- Vj Vk Vi A  A - ■. A) (Vi Vj Vk Vi A A • • • A ) =
= -  442 ( —i)i+i(AA' • • A)"([AA- A-A] A A • • • A) +

i > j

+ Д  (_1)I+R*+I(^1̂ 2. . .^ n)"x (54)
i > j > k > l

X ^ ô p P  ( A i  A j  A  A A A • • • A ) +
P

+ 65 (A A • • • A) (A A • • • A)
an d
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(У/ V] Ук УI Ут Л 1 А 2 . . .  А п) (у I Yj у к У[ утА[А'2 . . . А'т) =

=  24 (Vi У / А 1А 2 . . .  А п) (У1 уI А'хА 2 . . .  А'т) +

+  241 { у , А хА г . . . A n) ( y i A'1A l . .А'т) - 1 2 Ъ { А , А 2. . . А п) х

Х ( А [ А '2 . . . А ' т) +  22 V  ( 1 y +̂ ( A l A 2. . .  A n)'" X
i > j > k  ( 55)

X 2 ôP P ( A i A j A k A ^ . . . A ' m) -
p

-  _V ( _ i y + j +k+l+m (AiA z  . . . A n)"'" X
i > j > k > l > w

X 2 Ô p P  (A t A j A ,  A,  A m A [ A i . : .  A'm) .
P

C om p arin g  E qs. (48) a n d  (54), we h a v e  for even v a lu e s  of n an d  m  th e  resu lt

(У/ A x Az  . . .  A n) (y, A [ A 2 . . .  A'm) =

=  ~  2  ( - l ) i+i+k+l( A 1A 2 . . . A n) " " x  (56)
^4 i > j > k > l

X 2  ôp P  (A i A j  A k A ,  A l  A i . . .  A'm) .
p

F o r th is  case w here  n an d  m a re  b o th  even re la tio n  (50) is n o t  a p p lic a b le  
In  E q s . (52), (54) a n d  (55) p e rm u ta tio n  P  of th e  su ffixes i, j ,  k, l an d  m is 
im p lied .

S im ilarly  from  E q s . (49) a n d  (55) we o b ta in  fo r  odd  values o f  n  and  m

( A 1A 2 . . . A n) ( A ; A 0 . . . A ' m) 

1
120 i > j > k > l ;

( — iy+j+k+l+m(A i A 2 • • A n).... x |
(57)

X 2  ôp P  (Ai Aj  A k A t A m A [ A ’2 . . .  A ' J  .
p

P u t t in g  n — m  a n d  A )  =  A t w e ca n  o b ta in  fro m  E q . (57) a  re la tio n  for
( A 1, A 2 : . . A n) [2 ]:

T a k in g  A v  A 2, A 3, A 4, A s — y v  y 2, y 3, y 4, y 5 a n d  n =  5, we o b ta in  from  
E q . (57)

S  =  (A xA 2 . . . A n) =  

1
(58)

2  ( -  ^) i+J+*c+*+m( A iA JA kA lA m)(A1A 2. . . A„) ..... .
4  i> j> k> l> m
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In  a  m a n n e r  given in  S ection  I ,  ta k in g  n — 3 an d  m ev en , we o b ta in  fro m  
E q s. (52) an d  (47) th e  f i r s t  re la tio n  (40) fo r S.  S im ilarly , ta k in g  n — 4 , m  odd  
in  E q s . (54), (48) an d  n  == 5, m  a rb itra ry  in  E q s. (55) a n d  (49) we d e riv e  th e  
second a n d  th ird  re la tio n s  (43) an d  (45), re sp ec tiv e ly , fo r S.

E q s . (40) an d  (43) b o th  give th e  sam e n u m b er o f te rm s  in  th e  ex p an sio n  
o f S  fo r n  =  7 an d  9. O n th e  o th e r h a n d , (45) gives 11 te rm s  for n =  7 . B u t  
th ese  can  be  reduced  to  9 te rm s  b y  using  th e  id e n tity  (24), w hich  is also v a lid

5
w hen  A  s ta n d s  for F o r all va lu es  o f n  >  13 E q . (45) gives th e  sm a l
le s t n u m b e r  o f te r m s .1=1

III

F ro m  th e  re su lts  o f  Section  I I  w e sha ll now  go on  to  derive s im ila r
4

re su lts  to  th o se  o b ta in e d  in  [ l ] , i n  w hich  A  s tan d s  for ^  A ^ j  and  th e  d u m m y  
suffixes in  te rm s like

(Yn Y/2 • • • Yin A  A 2 ■ ■ ■ ) (Yi i Yiz ■■■YinA' iA2 • • • )

are  re s tr ic te d  to  th e  v a lu es  1, 2, 3 an d  4. To do th is  w e s p lit  th e  su m m a tio n  
over th e  d u m m y  suffixes occu rring  in  S ection  I I  in  th e  follow ing m a n n e r:

5 4

У  =  5 "  +  te rm s  co rrespond ing  to  i =  5 on ly .
,= i i= i

|B y  follow ing th is  p re sc rip tio n  we o b ta in  from  E q . (40), ta k in g  Ay  =  y5

S ’=  ( y -о 4 , A 3 . . .  A n) =  A 2 • A 3 (y5 A 4 A 3 . . .  A n) —

-  Л  2  ( 1)Г+° М А 3А ГА 3) ( A 4A 3 . . . A ny . (59)
4 £Tr

A ssum ing  th a t  in E q . (43) A 4 on ly  in v o lv es  y5 we can  h a v e  th e  re la tio n

S  —  ( Y ó [ A 1 '  A 2A 3 A 1 '  ^ 3 ^ 2  “ b  ^ 2  '  A 3A l \  A 4A 5 • • •)

+  4 -  ̂ ( - 1 ) Ь з А хА 2А зА . ) ( А А 5 . . . Л ,_ 1 A i+1 . . . ) .  (60)
4 i^4

S im ilarly , assum ing  t h a t  in  E q s. (43) a n d  (45) A .  on ly  in v o lv es  y5, we o b ta in  
th ird  fo rm u la  for S ’:

S  — (y3[A3‘A 2A 3A 4 A-y• A 3A 2A 4 -f- A 4’A 4A 2A 3 -\-

“Ь ^42 ' А з А 1А 4 A 3 * A  4A 4A s -j-  ^4з * A  4A 4A 2] X

X A 3A 6 . . .) — ( A 1A 2A 3A j)(y3A 3A B . . .)  +
4

+  —  ( Y hA 1A 2A 3A 4) ( 4 Л  ■ ■ ■)■
4

Acta Physica Academiae Scientiarum Hungaricae 30, 1971



362 S. SARKAR

T a k in g  n a n d  m  to  be even a n d  odd  successively , we ge t fro m  E q . (47)

Cy& Yt Yj A 1A 2 . . .  A n) (y5 Yt yt A[A'2 . . .  A'm) =

=  4 (ys A XA 2 . . . )(y5 A 1A 2 . . . )  4 ( A XA 2 ■ ■ ■ )(A[ AÓ ■ ■ . ) +  (62)

+  (Yt Yj Ay A 2 . . . ) (yj yj A[ A 2 . . . ) ,
a n d

(Yi Yj YkAl A 2 . . .  A n) (yt Yj yk A [ A 2 . . .  A'm) =

=  6 (y5 Y i A 1 A 2  . . . ) (YbY iA[A 2  . . .) +

+  10(YiA1A 2 . . . ) ( Y i A'1A'2 . . . ) .

S im ila rly  fro m  E q . (48) we o b ta in

(YtYjYkYiA1A 2 . . . A n){YiYjYkYiA[A ' . . .  A'm) =

=  10 (Yi Yj A 1A2 . . . )  (у I YjA ; A ' . . . )  +
+  6 (y5 Yi Yj A 1A 2 . . . )  (YbYiYj A [ A 2 . .  . )

a n d
(YsYtYjYkA1A 2 . . . A n)(Y5YiYjYkA(A2 . . . A'm) =

— 10 (Ys Yí A í A 2 . . .) (y^Yi A'2A[ . . . ) - ( -  
+  6 ( y i A 1A 2 . . .  ) (yt A [  A!2 . . . ) .

I n  an  id e n tic a l m a n n e r E q . (49) yields

(YöYiYJYkYiA1A 2 . . . A n)(Y5YiYjYkYiA[A'2 . .  . A'm) =

=  40 (y5A 1A 2. . . )(y 5A 1A 2. . .)  —40 (A 1A 2. . . ) ( A ( A 2. . .  ) +  (66) 

+  1 6  (YíY/A1A 2 . . . )(YiYjAÍ4í  ■ ■ ■)
a n d ,

(YiYjYkYiYmA1A 2 . . •) (YiYjYkYiYmA [ A 2 . . .) =

=  120 (y5 у, A XA 2 . . . )  (y5Yí A[ A 2 . . .) +  (67)

+  136 (yt A 1 A 2 . . . ) ( Y i A [  A ' . . . ) .
I n  genera l

(Yil Yiz ■ ■ ■ Yin A  A 2 ..  . ) (yix y i2 . . . yin A[ A 2 . . .  )
a n d

(YsYí iY‘2 ■ ■ ■ Yin-i A xA 2 . . . ) (ys YiXyi2 . .. y<>,--:L̂ 4î 2  ■ • •) 

c a n  be easily  e v a lu a te d , in  a s im ila r  w ay, fro m  th e  expression  fo r

(Yi 1 Yiz • • • УЫ A x A 2 . . .  ) (y(1 y,-2 . . .  yin A[ A 2 . . .  )

in  w hich  case A ' s an d  su m m a tio n  over d u m m y  suffixes a re  defined  in  th e  
m a n n e r  of S ec tio n  I I .

(63)

(64)

(65)
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T hese g enera l resu lts an  n o t tre a te d  in  [1].
R e la tio n  (50) o f Section I I  rem ains u n a lte re d  in  th is  S ec tion . E q . (51) y ie ld s

(YiYjAi 'A2 . .  )(YiYjA{ A'2 . . .) =  4 ( A 1A 2 . . - ) (A4AÓ. . . )  ^

- 2 Д ( - 1  )'+'0 M 2 . . . Y U A t A j A l A ' , . . . ) - A r  A / A ^ A ' . .
i > j

F ro m  E q . (53) th e  follow ing re la tio n  is o b ta in e d :

(YhYí A-í A ,  . . . ) ( y - y , A 4A  à • • •) =  ■

=  4-  2  ( -
o  r > s > t  P

(69)

E q . (56) leads to

(у5 а 1 а 2 . . . а „) ( у5 а ; а ' . . . ) =  V  ( - iy+J+k+‘(A l  a 2 . . .)" " X
l>j>k>l (70)

X 2  (■ 1)г+5+,+иЩ А ' 2 . . . ) " "  X 2 dp P [ A i -A'r A j - A ' s A k - A [ A r Ä u\ .
r > s > t > u  P

In  E q s. (69) a n d  (70), p e rm u ta tio n  P  of th e  suffixes r, s, t a n d  и is im p lied . 
P u t t in g  n =  4 and  А г, A 2, A 3, A 4 =  y 4, y 2, y3, y 4 in  E q . (70), we o b ta in

s ' =  (y 5a 1a 2 . . . )  = 4  2  ( 1)№ ‘% Д  ^ Л ^ ) ( М . . . ) " " -  (71)

T ak in g  ^4' =  v4,- an d  n — m,  w e can o b ta in  from  E q . (70) an  expression fo r 
th e  sq u are  o f S' .  5

In  id e n t i ty  (24), w here in  general A =  У ' А (у/ for D irac  m atrices, i f  we
Z — I

assum e th a t  A n only  invo lves y 5, th en  E q . (24) reduces to  th e  fo llow ing  
id e n tity :

У  (- 1 У Л ‘ Л ( М  • • • A i_ 1 A i+l . . . A n ys) =  0 . (72)
i= 2

I n  th is  S ection  all th e  re la tio n s  ex cep t th a t  given b y  E q s . (59) an d  (67) 
re a  d eriv ed  in  [1] in  a d iffe ren t m anner. I t  is found  th a t  am o n g  th e  v a r io u s  
fo rm ulae  fo r d e te rm in in g  S ' ,  t h a t  given b y  E q . (61) is th e  m o st c o n v e n ie n t 
fo r n >  8.
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О СЛЕДЕ ПРОИЗВЕДЕНИЯ МАТРИЦ ПАУЛИ И ДИРАКА
С. САРКАР

Резюме

Предложено несколько методов для определения следа произведения любого числа 
матриц Паули. Даны формулы для вычисления произведений двух следов различного
типа в случае, когда в обоих имеются члены типа «г,-, a i a .......... a in. Выведены выражения
для произведений двух следов и квадрата следа в случае произвольного числа матриц

5
Паули. Подобные формулы получены и для матриц Дирака, построенны как £  y tA i  вме-

i=i
сто матриц Паули. Из них также можно получить все наши предыдущие результаты, 
когда же у 5, были рассмотрены в отдельности.

Выведено очень полезное тождество для следов, содержащих либо матрицы Паули, 
либо матрицы Дирака.

(
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ON THE ELASTIC MODULI OF 
ALKALINE AND NOBLE METALS III

By

J .  A n t a l
R E S E A R C H  G R O U P  F O R  T H E O R E T I C A L  P H Y S I C S  

O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  B U D A P E S T

(Received 5. X II. 1970)

A new term  is given in the energy expression for the elementary cell of a monovalent 
metal under uniaxial tension. This term  accounts for the  interaction of the quadrupole moment 
of the deformed elementary cells. The calculated values of cu  and c12 for potassium and silver 
are given.

1. In  th e  tw o  previous p a p e rs  of th is series [1, 2] th e  a u th o r  has describ ed  
a m e th o d  fo r o b ta in in g  th e  e la stic  m oduli cu  and  c12 o f  a lka line  and  n ob le  
m e ta ls  u sing  th e  th eo ry  of m o n o v a len t m e ta ls  developed b y  G om bás [ 3 — 8 ]. 
T he m eth o d  lead s to  an  a p p ro x im a te  exp ression  fo r th e  en erg y  o f th e  W ig n e r— 
Seitz cell o f a m o n o v alen t m e ta l su b jec ted  to  un iax ia l e la s tic  d e fo rm a tio n , 
th e  e lem en ta ry  cell in  th is  case b e ing  reg a rd ed  as a ro ta tio n a l ellipsoid in s te a d  
of a sphere. T h e  ra tio  of th e  ellipso idal ax es  is o b ta in ed  a t  th e  m in im u m  of 
th e  cell en erg y  an d  th is  y ie ld s  th e  Poisson  ra tio  for th e  cell v e ry  n e a r  th e  
u n s tra in e d  eq u ilib riu m  s ta te , w hile  th e  com pressib ility , th e  u n s tra in e d  e q u i
lib riu m  energy  a n d  rad ius o f  th e  cell are k n o w n  from  G o m b a s ’s th e o ry . T h en  
th e  elastic  m o d u li cn  and  c12 can  be ca lcu la ted  from  these  q u a n titie s .

G o m b a s ’s th e o ry  of m o n o v a le n t m e ta ls  accoun ts fo r th e  cohesion o f  th e  
a lk a lin e , a lk a lin e  e a r th  an d  n o b le  m etals on  a  p u re ly  th e o re tic a l basis, w ith o u t 
in tro d u c in g  a n y  em pirical o r sem iem pirica l p a ra m e te r  g iv ing  th e  en e rg y  of 
th e  e le m e n ta ry  cell as a fu n c tio n  of th e  ce ll rad ius, th e  W igner— S eitz  cell 
b e ing  a p p ro x im a te d  b y  a sp h ere  of equal v o lu m e . T he com pressib ility , en e rg y  
an d  eq u ilib riu m  la ttic e  c o n s ta n ts  of th e  cell can  be e v a lu a te d  for th e  e q u i
lib riu m  case, w h en  th e  cell en e rg y  is m in im u m , giving re su lts  in  ex ce llen t 
ag reem en t w ith  ex p erim en ta l va lu es  m easu red  a t  an  a d e q u a te ly  low  te m p e ra 
tu re  or even e x tra p o la te d  to  ab so lu te  zero.

T he m e ta l is tre a te d  in  G o m b a s’s th e o ry  as a sy s te m  com posed o f  a 
po sitiv e  m e ta l io n  la ttic e  a n d  an  a p p ro x im a te ly  free gas o f  valence e lec tro n s. 
T h e  valence e lec trons are t r e a te d  in  a m o d ified  la ttic e  p o te n tia l co n sis tin g  
o f  th e  e le c tro s ta tic  p o te n tia l o f  th e  ion cores a n d  a nonclassica l p se u d o p o te n tia l 
be in g  th e  re s u lt  o f th e  P a u li p rinc ip le . In  c a lcu la tin g  th e  en erg y  of an  e lem en 
ta r y  cell i t  is now  u n n ecessa ry  to  o rth o g o n alize  th e  eigen functions o f  th e  
v a lence  e lec tro n s to  those  o f  th e  core e lec tro n s , since th e  p seu d o p o te n tia l
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a u to m a t ic a l ly  c o m p e n sa te s  fo r  th is ,  a n d  th u s  one o b ta in s  th e  d e e p e s t p o ss ib le  
e n e rg y  s ta te s  fo r  th e  v a le n c e  e lec tro n s .

G o m b Ás ’s e n e rg y  e x p re s s io n  fo r a n  e le m e n ta ry  ce ll ca n  b e  w r i t t e n  as 
fo llow s:

U = U E + U W +  H ,  (1)

w h e re  UE is  th e  t o t a l  se lf  e n e rg y  o f  th e  v a le n c e  e le c tro n s , Uw th e  t o t a l  i n t e r 
a c tio n  e n e rg y  o f  th e  v a le n c e  e le c tro n s  w i th  th e  io n  co res a n d  H  th e  in te r a c t io n  
e n e rg y  o f  th e  io n  cores.

UE a n d  Uw c a n  b e  w r i t te n  f u r th e r  as

UE — Ec-\-EA-\-Ew -\-EF (2 )

u w=  Wc+WE+WA+Ww+WK, (3 )

w here th e  ind ices  are C fo r C ou lom b-type , A  for exchange, W  for co rre la tio n , 
F  for z e ro -p o in t an d  E  fo r no n -C o u lo m b -ty p e  e lec tro s ta tic  energy, a n d  th e  
in d ex  К  re p re se n ts  th e  en e rg y  resu ltin g  fro m  th e  p seu d o p o ten tia l.

T he in te ra c tio n  en erg y  o f  th e  ion  cores H  is a p p ro x im a te ly  zero  for 
a lka line  m e ta ls , an d  for nob le  m eta ls  can  b e  given as an  average  v a lue , so the  
e lem en ta ry  cells are to  be  reg a rd ed  as e lec trica lly  n e u tra l  in  eq u ilib riu m  con
f ig u ra tio n , since th e y  can be  a p p ro x im a ted  b y  spheres. G o m b á s  has show n th a t  
in  th is  case th e  ca lcu la tio n s can  he ca rried  o u t using free-e lec tron  e ig en fu n c
tio n s  for th e  va len ce  e lec trons (while as reg a rd s  th e  ion cores th e  re su lts  for 
free a tom ic  ions ca lcu la ted  b y  th e  se lf-co n sis ten t fie ld  m eth o d  w ere used). 
E x p ressio n  (1) w as ca lcu la ted  b y  G o m b á s  fo r some m o n o v a len t m e ta ls  a t 
d iffe ren t e le m e n ta ry  cell ra d ii. F o r a lkaline  m e ta ls  U can  be given in a sim ple  
a n a ly tic a l fo rm  as a fu n c tio n  o f th e  cell ra d iu s :

c2
R ‘‘

(4)

(for c1 an d  c2 see [3]). F o r n ob le  m eta ls  th e  n u m erica lly  co m p u ted  v a lu e s  of 
U can  be a p p ro x im a te d  a n a ly tic a lly  in  th e  fo rm :

(5 )

w here  A ,  В  a n d  n are  c o n s ta n ts .
I t  m u s t be  stressed  th a t  th e  an a ly tica l fo rm s [4], [5] a re  alw ays co n n ec ted  

w ith  co m p le te  spherica l sy m m e try , i.e. th e  shape  of th e  W igner—S eitz  cell 
does n o t  ch an g e . I t  follows t h a t  in  c a lc u la tin g  th e  en erg y  o f th e  e le m e n ta ry
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cell every  e lem en ta ry  sp h ere  has to  b e  ta k e n  e lec trica lly  n e u tra l fro m  th e  
ou ts id e , so th e re  is no d ire c t in te ra c tio n  te rm  betw een  d iffe ren t cells, as th e  
ion  core in te ra c tio n  occu rring  in  th e  u n s tra in e d  sy m m etry  cond itions h a s  been  
ta k e n  in to  acco u n t a lread y  w ith  th e  te rm  H  in  (1).

N ow  we h av e  th e  e lem en ta ry  cell energy  as a fu n c tio n  of th e  sphere  
rad iu s  U(R),  th e  eq u ilib riu m  cell rad iu s  R 0 an d  m in im al cell energy U 0 can  
he o b ta in ed  form  th e  eq u ilib riu m  co n d itio n

( 6)

F o r  sp h erica l sy m m etric  d e fo rm a tio n  of the e le m e n ta ry  cell (i.e . iso
tro p ic  com pression  or d ila ta tio n )  th e  ce ll rad iu s  is

R  =  R 0( 1 +  Л). (? )

N ear th e  eq u ilib riu m  s ta te  Л  is a sm all q u a n ti ty , and  th e  cell energy  c a n  be 
g iven  u p  to  th e  second o rd e r as

U = U , +  Ш . I-— }
I+  2 1 d R 2 )

A 2. ( 8 )

F ro m  (8) one gets for th e  co m p ressib ility  к (see [1])

or, in tro d u c in g

and

a n d  usin g  (5):

T hus

1 1 d2 U
r. 12 n R lt d R 2

K  =
4 л Щ  

3

IV0 --

1 niv0
V. 9

9
U = u 0 1

2w0 y.

(9)

( 10)

( И )

( 12)

2. I f  a u n iax ia l te n s io n  stress defo rm s th e  W igner— S eitz  cell, th e  sp h erica l 
sy m m e try  is lo s t and  hence  th e  e le m e n ta ry  cell is m ore a ccu ra te ly  re p re se n te d  
b y  a ro ta t io n a l  ellipsoid th a n  b y  a sp h e re . L e t th e  tw o  m ain  axes a a n d  b o f 
th e  ro ta tio n a l ellipsoid be g iven , by
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а = Л 0(1 +  Л ) }
b — в д  +

a n d  le t  th e  d ire c tio n  of th e  s tre ss  be th e  d ire c tio n  of th e  ax is  a.
To a f i r s t  ap p ro x im a tio n  (see [1]) th e  cell energy can  b e  tak en  as

U -г — U 0( l  —  (рцЛ2) , (14)
w here

9V =  - - 3 —  (3 + 4 U  +  8//2)- (15)
10 w0 к

A fu r th e r  te rm  h a s  to  be in tro d u c e d  in to  th e  energy  ex p ressio n  (14) b ecau se  
o f th e  change o f  th e  e le c tro s ta tic  in te ra c tio n  be tw een  th e  io n  core and v a len ce  
e lec tron ic  ch a rg e , re su ltin g  fro m  non  sy m m etrica l d e fo rm atio n  of th e  e lem en 
ta r y  cells:

U 2 =  U 0( l  —  Ф,лЛ2) , (16)
w here

^  =  +  (17)

3. In  th e  case  o f u n ia x ia l ten sio n  s tress p la in ly  th e  w hole  la ttice  w ill b e  
defo rm ed . E v e ry  W igner — S eitz  cell or e le m e n ta ry  sp h ere  will change its  
sh ap e  to  a ro ta t io n a l  ellipsoid  o f  para lle l r o ta t io n a l  axis, a n d  w ith  th is  th e re  
w ill be a change in  th e  in te ra c tio n  energy o f  th e  ionic la t t ic e . L e t us assum e, 
how ever, th a t  th e  ion cores them selves do n o t  a lte r d u rin g  th e  defo rm atio n  
o f th e  la ttic e  a n d  th a t  even th e  eigen functions o f  th e  va lence  electrons re m a in  
th e  sam e as in  th e  u n s tra in e d  equ ilib rium  ( th is  assu m p tio n  is sim ilar to  t h a t  
u sed  in  th e  u su a l f ir s t  o rd e r p e r tu rb a tio n ) . T h e  change in  th e  ion core in te r 
a c tio n  energy  can  now  be c a lc u la ted  as an  e lec tro s ta tic  in te ra c tio n  b e tw een  
th e  deform ed W ig n e r—Seitz  cells because th e  ro ta tio n a l ellipsoids are n o t  
e lec trica lly  n e u tra l  i.e. th e  defo rm ed  e le m e n ta ry  cells h a v e  a linear e lec tric  
q u ad ru p o le  m o m en t.

I t  is k n o w n  [9] th a t  a  ro ta tio n a l e llip so id  w ith  axes a and  b (a  >  b) 
h as  a lin ea r e lec tric  q u ad ru p o le  m o m en t d ire c te d  along th e  a axis if  i t  h as  a 
p o in t charge -\-e a t  th e  orig in  a n d  a un ifo rm  n eg a tiv e  ch a rg e  d en sity  of

3e
7T •4тга62

T he q u a d ru p o le  m o m en t (?n  is th en  g iven  as

<?n =  “ («2- b 2)

a n d  all o th e r Qik a re  zero.

(1 8 )

(13)
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U sing (13)

& i = ( i 9 )

u p  to  th e  f irs t  o rd er in  A.
L e t V(r) he th e  p o te n tia l in  th e  c ry s ta l d u e  to  all su c h  quad ru p o le  

m o m en ts . T hen , ow ing  to  th is  f ie ld , th e  energy o f  th e  e lem en ta ry  cell p laced  
in  th e  orig in  w ill be

( 20 )

u p  to  th e  second o rd er.
T he e lec trical p o te n tia l o f  a  lin ea r q u a d ru p o le  m om ent a t  a p o in t 

g iven  re la tiv e  to  b y  (r, #) is

F  =  - ^ - ( 3 c o s 2#  1).
2 r3

( 21)

L e t th e re  be a q u ad ru p o le  m o m en t Qn  a t  th e  p o in t  (r, Û) an d  a p ara lle l q u a d 
ru p o le  m o m en t @n  a t  th e  origin. T h e  in te rac tio n  en e rg y  of these  tw o  q u ad rupo le  
m o m en ts  to g e th e r  can  be ca lcu la ted  from  (20) a n d  (21). The h a lf  o f  th is  be long
in g  to  each  m o m en t is:

R V
_9_ i f  y
8. r 5

33
1 — 10 cos2 $  -4------- cos4 1

3
( 22)

T he in te ra c tio n  energy  fo r one e lem en ta ry  cell is found  b y  sum m ing u p  
(22) fo r th e  w hole la t t ic e  and  u s in g  (19):

I F =  —  е2Щ( 1 v)2A* y —  f 1 —10 cos2 -f - co s4 û, (23)
5 ..............  T  r? ‘ 3

L e t th e  sm alle st d is tan ce  b e tw een  tw o a to m s  in  a given la tt ic e  be Ő,

r, =  0 | .  (24)

à =  ß R 0, (25)
I t  is know n t h a t

w here

an d
ß =  (У3тг)1/3 fo r  s.c.c. la ttic e s  

_12л }113
ß  == У 2 —— I fo r  f.c.c. la ttic e s .
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L e t us ta k e

and

S =  £ f5 (1 — 10 cos2 $,■ -)-------co s4 #,■
i 3

27
8

ß~'°-

( 2 6 )

(27)

The U 2 in  (16) has to  b e  co rrec ted  f u r th e r  b y  W  g iven  b y  (23) an d  so th e  to ta l 
cell en e rg y  will be

U =  U 0( l  +  «Р,Л2), (28)
w here

^  =  ^ h ( l - ^ ( l + v S)  (29)
an d

4e2h =
75 R 0 U0

T h e energy te rm  (28) has its m in im u m  if

9 t/  = 0

and
3/*

817 I
ЭЛ I

=  0 , 
Л-+ 0

F ro m  (30) лее o b ta in  th e  e q u ilib riu m  Poisson r a t io  as

t*o =  —

 ̂ 1 +  —  xw0 h(\-\-ri S )

4 1 ---------xw0h ( l  +  n S )
12

L e t us fina lly  in tro d u c e  a n o th e r c o n s ta n t g as in  [2], w ith

(30)

(31)

5 e2
g  = ---- woll — —— —

12 60 R i
T hen

Ио
_ __1 l+4gx(l+>yS)

" 4 l - f f t ( l + v S)

(32)

(33)

T h e  elastic  m oduli cn  and  c12 c a n  now  be o b ta in e d  in th e  sam e  form  
as in  [2], i.e.

ci i  =  7 r - [ 4 - 8 g * ( l+ > ? S ) ]  (34)
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and

ci2 =  ~ - [ l + 4 g x ( l + J 7 ) S ] .  (35)
by.

E q . (26) w as th e n  ca lcu la ted  for s.c .c . an d  f.c.c. la tt ic e s .
T he n u m erica l re su lts  are  g iven  in T ab le  I ,  w here cu  a n d  cI2 were 

ca lcu la ted  from  E q s . (34) and  (35) assum ing s.c .c . la ttic e  for p o ta ss iu m  and  
f.c.c. la ttic e  for silver. T h e  resu lts  o f  F u c h s ’ c a lc u la tio n  for p o ta ss iu m  and  th e  
av a ilab le  ex p e rim en ta l va lues w ere qu o ted  a lre a d y  in  [1] and  [2].

Table I

All data in 10u dyne/cm2

К Ag

(34) 0.479 17.87
cll F uchs 0.440 —

experiments 0.457* 12.4
(35) 0.374 7.63

C12 F uchs 0.380 —
experiments 0.374* 9.34

* Measured at 73°K

As can be  seen, th e  re su lts  a re  fa r b e tte r  fo r  po tassium  th a n  for silver. 
T h ere  is, how ever, a q u ite  re m a rk a b le  o v erlap p in g  o f th e  ion cores w ith  silver 
an d  so som e o f th e  basic  assu m p tio n s of th is a n d  o f th e  p rev ious artic les are 
on ly  ro u g h  a p p ro x im a tio n s  for n ob le  m etals, e v e n  w hen th e  cells are  a t  th e  
eq u ilib riu m  s ta te . F o r  u n s tra in e d  equ ilib rium  o r for spherica lly  sym m etric  
d e fo rm atio n s th e se  d iscrepancies can  be co rrec ted  b y  using  a m ore  so p h is tica ted  
p seu d o p o ten tia l [10], b u t  for nonspherica lly  sy m m etric  d e fo rm atio n s  th e  
p re se n t m eth o d  is on ly  ad e q u a te  fo r  alkaline m e ta ls , where such  overlapp ings 
are p ra c tic a lly  neglig ib le.
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i  О МОДУЛЕ УПРУГОСТИ ЩЕЛОЧНЫХ И БЛАГОРОДНЫХ МЕТАЛЛОВ III.
Й. АН ТАЛ  

Резюме

В данной работе, являющейся продолжением предыдущих двух статей [1, 2], 
выведен новый член выражения энергии элементарной ячейки одновалентных металлов 
в случае одноосного растяжения. Появление этого члена вызвано взаимодействием квад- 
рупольных моментов деформированных элементарных ячеек. Рассчитаны значения сц и с12 
для калия и серебра.

I
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ON THE DERIVATION OF THE HARTREE FOCK
EQUATIONS

By

I . M a y e r
C E N T R A L  R E S E A R C H  I N S T I T U T E  F O R  C H E M I S T R Y  O F  T H E  

H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  B U D A P E S T

(Received 4. II. 1971)

A simple general derivation of th e  H artree—Fock equations is given. The derivation 
is based on the Brillouin theorem  which is proved in its m ost general form for a Slater deter
m inan t built up from  n o t necessarily orthogonal spin orbitals. The H artree— Fock equations 
can be obtained as a specific form ulation of the Brillouin theorem  for the case of orthogonal 
spin orbitals.

As the possib ility  o f finding alternative derivations of the Hartree.—Fock  
equations has been the subject o f  recent discussion in the literature [1, 2], it  
seem s to be o f interest to present th e  following sim ple and general derivation  
based on the Brillouin theorem . This theorem is treated  not as a consequence 
o f the H artree— F ock equations b u t is first proved to  be a necessary condition  
w hich should he satisfied  for th e  Slater determ inant wave function  with the  
low est energy value. I t  is then show n that the theorem  is also a necessary and 
sufficient condition for the stationariness of th e  energy expectation  value  
and that the H artree— Fock equations can be obtained  as consequences of the  
Brillouin theorem . This second part o f the treatm en t has som e similarities 
to  those given b y  D a h l  et al. [ 2 ]  and L e f e b v r e  [ 3 ]  but is more general (and 
also more general than  the usual derivation [4]) because no restriction is put 
on the variations o f the one-electron orbitals. I t  is usual either to  consider 
specified variations [1— 3 ]  or to  introduce Lagrangian m ultipliers [ 2 ,  4] in 
order to  ensure th a t the one-electron orbitals rem ain orthogonal even after 
variation. Since, how ever, any Slater determ inant w ave function can also be 
built up from orthonorm alized spin orbitals, the conservation o f  the orthogo
n a lity  of the spin orbitals puts no physically m eaningful restriction on the  
variations o f the w ave function; accordingly, as w ill he seen, there is no need  
for such a condition.

The Brillouin theorem  for the Slater determinant 
with the low est energy value

The Brillouin theorem  sta tes that: The m atrix  elem ent o f th e  n-electron  
H am iltonian vanishes between th e  n-electron single Slater determ inant wave 
function giving the low est expectation  value for th e  energy (the “ best” Slater
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determ inant) and any single Slater determ inant w ave function w hich  can be 
obtained  from the form er b y  replacing one filled spin orbital w ith  an arbitrary 
unfilled  spin orbital orthogonal to  th e  filled orbitals (i.e. there is no mixing  
betw een these w ave functions).

I f  the interchanged spin orbitals have different spins the theorem  is 
triv ia l, owing to th e  orthogonality o f  the spin functions; and if  th ey  have the 
sam e spins, an indirect proof can be given.

L et us assume th a t the “ b est”  Slater determ inant is

' F 0 =  о Я  [(p1( l ) « p 2( 2 )  . .  . <p ,(i) .  .  .  < jP „ (n )] , ( 1)

i.e. for a given n-electron H am iltonian Й  the low est expectation  value H =  
=  H 00 belongs to }F0. W e denote b y  Wi  the wave function  which can be obtained  

,from F 0 b y  replacing th e  spin orbital <p,- w ith a sp in  orbital :

(2)

ЙРк I Vi У ~  0» hence ( 4 J0 | ¥/1)  =  0. There is no need  to  assume th a t  the spin 
orbitals <pk are m utually  orthogonal; the appropriate norm alization coefficients 
should be included in th e  antisym m etrizing operator аЯ.

L et us assum e th a t the theorem  is not valid , i.e . that F 0 is th e  “ best” 
Slater determ inant b u t H ol ф  0.

F irst we form a linear com bination

F  =  ClW 0 +  , (3)

and determ ine the coefficients in such a w ay as to  obtain  a m inim um  energy 
for th e  w ave function F .  The low est root of the secidar equation

is

H 00 ^  H  01
Hoi H n - E

E, / / 00  +  - - (Я (Ю Нц) b
m o i l 2 !

1 ( Я о о - Я п ) 2

(4)

(5)

(The notation  =  <¥*■ | Й  | F j )  is used).
According to our assum ption H 00 <( H n , therefore if  H 01 0 , then E 2

w ill be sm aller than H 00. I t  is easy to  see, however, th a t the w ave function  F  
is the sum  o f two determ inants differing only in one row  and thus can be written  
as a single determ inant:

F  =  сЯ[(р1( 1 й 2(2) . . . (ci9p,. +  c iWi)(i) . . . <p„(n)]. (6)
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(The appropriate norm alization coeffic ien ts should be included in th e  c;-s 
and оЯ.)

The w ave function W can thus be w ritten  as a single Slater determ inant. 
Its energy E 2 is lower than  H 00 and consequently  W0 can n ot be the “ b e st”  
Slater determ inant. This contradicts the original premise, thus the theorem  is 
proved. (If, however, H 01 =  0, th e  low est root of the secular equation  is 
E  =  H 00.)

The Brillouin theorem  for a Slater determ inant 
w ith  a stationary energy value

To vary  the w ave function W 0 =  аЯ ■ . . <pn(n) ]  norm alized to
1 the spin orbitals m ust be varied. There is no need to regard the spin orbitals  
as orthonorm alized, accordingly there is no need to require th at this property  
be conserved during the variation. I t  should be noted th a t the norm alization  
of the determ inant w ave function can change during the m ost general variation .

Let

H k  =  V ^ скх Ух Ч'/.к,У.х), (?)
Л = 1

(х  =  *  or ß )

where Jj is an arbitrary com plex q u an tity  tending to zero. This variation  is 
the m ost general one, because one can construct a com plete system  of functions  
from the filled  orbitals having spin %k and from  arbitrary unfilled orbitals of 
the sam e spin which are orthogonal to  the filled  orbitals. T he only requirem ent 
is th a t the function represented b y  the sum  should be finite and regular. 
E vid en tly  an arbitrary num ber o f ckll-s, can be equal to  zero, which perm its  
the realization of specific variations. The w ave function obtained after the  
variation is a determ inant for w hich every  elem ent is th e  sum  of tw o term s  
[(qo,f 4* ô<p;<)(i)] , and it  can therefore be w ritten  as a sum  o f  2n determ inants. 
The m ajority of these, however, are proportional to th e  square or to higher  
powers o f rj and are therefore negligible as compared w ith  term s of the first  
order in  rj (“ independence o f the variations” ). Accordingly,

Я  [<^(1) Ç>2(2) . . . ôcpk( k )  . . . cpn{ n ) ]  =
к

П оо

=  ri2  2  ckkô(xk,Xx) ° * I > i ( 1 ) ç>2(2) • • • VÁk) ■ ■ ■ <Рп(п)]-
к= 1 А=1

Sum m ing over Я separately up to n and from л +  1:

( 8 )

Ó V =  Yj ^  c kk %  
k = l

2 Ï  У  скХЬ{хк, х к) Ж [ ч 1(\)<рг{2)...(рк(к).,.<рп(п)] 
k = 1 A = n + 1

(9)
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In the sum  corresponding to  the values Я <  n we have taken  into account 
th a t i f  Я =7̂  к th e  determ inants have tw o equal rows.

The norm  o f the w ave function after variation  is

+  bW I W0 +  ÔF) =  1 +  (SV  I V 0> +  (W0 I dwy +  <ôV ! ЙУ). (10)

The la st term  is proportional to rf  and can be om itted . I t  is easy to  see
th a t

<àY\%> =  П* У  c*k »
k= 1

< ^ 0 1 ^У/ > =  V j y  ckk
k= 1

because У*,, is orthogonal to  all terms o f th e  second sum in th e  expression for 
ÔW. ((cpk I <рл> =  0 , i f  к <  n,  Я >  n.)

Thus w e obtain

<У'о+<5¥/ 1¥'о+<5¥/ > =  1 +  4* c*kk +  V V  c ,fc. (12)
fc=l A:=l

The expectation  value o f  the H am iltonian after variation  is

<¥'0 + д « Р |# |¥ ' - М У '>
H  +  <5Я =  H 00-\-óH

<'F0+Ô'P\'P0+ÔV)

1 + »?*  ^  Ckk +  V j g  c
Уо|1 +  Ч ^ « »  f l + 4  Ckk )  +

fc=i k = l

ft= l A= 1 (13)

+  V* j ?  ckkô(Xk,XkK°K[yi(l)<P2(2) --<PÀk) - <Pn(n)] \Ü \ ' i o'> +
k = 1 Я=п+1

+  *7 ^  È  ck \à(Xk,Xk)<'Io\Û\a&[<p1(l)(p2(2)...<Pb(k)...(pn(n)]y\.
к= 1 Я=я + 1

W e have again dropped th e  term s proportional to rf.  A fter a further term  
containing r f  has been om itted  and the d ivision  by the denom inator stand ing  
at the beginning o f the expression has been carried out, the first m atrix elem ent 
gives ju st H no =  ( XF 0 I f í  I xF oy,  and we obtain

rl* 2 ;  j v  с^0(Хк,ХхК°я-[(Р 1 ^ ) (Р 2 (2 ) -П { к) - (Рп{п)]\Й\Ч/0)
d H  = к— 1 Л=п-\

+
l + v *  У  ch  +  V скк

к= 1 к= 1

+  com plex conjugate.

(14)
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It  follows th a t for arbitrary variations ÔH =  0 if, and on ly  if, the B rillouin  
theorem  is satisfied , i.e. th e  S later determ inant W 0 has a stationary value o f  
H  (dH  =  0) if, and only if , th e  m atrix elem ent of the H am iltonian is zero  
betw een 4/ 0 and any Slater determ inant w hich  can be ob ta in ed  from W 0 b y  
replacing one filled  orbital b y  an unfilled orbital which is orthogonal to  th e  
filled  orbitals. Lefebvre [3] earlier gave a derivation of the Brillouin theorem  
for the case o f a Slater determ inant w ith  a stationary energy value, using a 
sim ilar but not identical m ethod.

I t  follows from the com parison of the above two theorem s that if  there  
exists a Slater determ inant for which the energy reaches its  ex a ct lower lim it  
(for the set o f w ave functions w hich can be w ritten  w ith a single Slater determ i
nant), this S later determ inant w ill have a stationary energy value too. T his 
is usually  assum ed in all approaches based on th e  variation principle, although  
it  is questionable whether it  m ay  be regarded as evident a priori  for all ty p es  
o f trial w ave functions.

The Hartree — F ock  equations as consequences o f  the  
Brillouin theorem

U sing an appropriate orthogonalization procedure one can alw ays 
arrange th at the w ave function W 0 considered in  the discussion o f the Brillouin  
theorem  be given as a Slater determ inant built up from orthonorm alized spin  
orbitals. In th is case we can obtain  the H artree—Fock equations expressing  
the Brillouin theorem  in term s o f  one-electron orbitals.

According to  the Brillouin theorem

< F 0 \Й\ W J  =  0 , (15)
where

h  =  2 H N(i) +  J ' — . (i6 )
l Kk rlk

H N is the one-electron part o f th e  H am iltonian.
W0 and XP 1 differ in one sp in  orbital, as above: instead o f  cpi in XF 0, there  

is y)r in  Wx. Since th e  Brillouin theorem  is trivial i f  %i =И= %r, we assum e =  %r. 
A ll spin orbitals concerned are orthonorm alized, and so, using th e  known for
m ulae [4], Eq. (15) can he rew ritten  in terms o f th e  integrals over the spatial 
parts of the orbitals:*

JV r(l) № *(1 )^ (1 )* ;,+  J j J j V ? ( ! )  <P* ( 2 )  —  < L ( 1 )  V A 2 ) d v i  d v 2
'12

-  Zi)Jj <P* ( 1 )  <P*(2 )  у  w A ! )  < u ( 2 )  d v i d v

(17)

: 0 .

* Here and fu rth e r on cp and \p denote  only those p a rts  of the orbitals w hich depend on 
th e  spatial coordinates.
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T aking the com plex conjugate o f  th is  equation, u sin g  the herm iticity  
of the operator Н л in the fir st  integral and interchanging the notations o f  the  
variables o f  integration in th e  second one, w e obtain

v ; ( l ) H " ( l M l ) < 4 +  2 ’
1Ф1

jj 1) <P?{2) 9»,-(2) 95/(1) d v  1 d v 2

(18)

0  .-  à(Xi,  x i ) J J 9>*(2) —  95/(1) 9!/(2) < 4  du2

T aking the in tegration  over r1 separately  and contracting:

Jv?(l){ff"(l)9> ,(l) +  2

à(Xt, Xi)

fl9>/(2)|2 —  «
J  Г12

Г  9,f(2) 9>/(2) —— d v 2\ 95,(1 ) 
U  t 12 j

95,(1) -  

d v x =  0 .

(19)

T his equation show s th a t the fu n ction  of zq in th e  brackets is orthogonal 
to грг. A ccording to the derivation o f th e  Brillouin theorem  грг m ay  be any 
function  orthogonal to  all orbitals in  W 0 which have a spin xi- Consequently, 
the fu n ction  in the brackets can be expressed as a linear com bination of the 
functions occurring in  W 0 and having spin xi-

H N (1) 95,(1) +
1Ф1

Г 195/(2) I2——
J r 12

dv« 95/(1) ~ ^ ( Z c Z / )  
/#/

95*(2) 95/(2)---- dv2\ 95, (1) =

=  7.,) 9 5 / ( 1 ) .  ( / = 1 , 2  . . .  n)
i

T hese are the H a rtree—Fock equations [4].
T he herm iticity o f  th e  A m atrix can be easily seen if  one m ultip lies this 

equation b y  and th e  corresponding equation for cpk by ç>f(l) and then
in tegrates both  over rx, and makes th e  necessary interchanges of variables of 
integration .

T he equation can b e transform ed w ith  the aid o f  th e  usual u n itary  trans
form ation [4] into a pseudo-eigenvalue equation w hose solutions for different 
orbital energies are au tom atically  orthogonal, while solutions w ith equal orbital 
energies can be orthogonalized in such  a w ay that th e  functions obtained also 
sa tisfy  th e  H artree—F o ck  equations. On the other h an d  the Brillouin theorem  
fo llow s from the H artree—Fock equations, so these are fully equivalent for 
the case o f orthonorm alized spin orbitals.

In  the usual derivation the Lagrangian m ultipliers are introduced in 
order to  ensure the orthonorm ality o f  the orbitals. A s can be show n, in the

Acta Physica Academiae Scientiarum Hungaricae 30, 1971



DERIVATION OF H A R T R E E -FO C K  EQUATIONS 379

usual derivation the fact th a t in  the case of equal orbital energies th ere can 
be solutions w hich are not necessarily orthogonal (even i f  th ey  m ay b e ortho- 
gonalized) is connected w ith  a n o t fully consistent application of the Lagrangian  
m ultipliers.

E xcep t for the first theorem , the present derivation can be applied  w ith 
out any essential change for th e  case o f  doubly filled orbitals; one has on ly  to 
take into account th at the spatia l parts o f  the orbitals and their variations  
and the term s in  formula (14) describing the variation o f th e  energy are equal 
in pairs.
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О ВЫВОДЕ УРАВНЕНИЙ ХАРТРИ-ФОКА
И. МАЙЕР

Резюме

Приводится простой и общий вывод уравнений Хартри— Фока. Вывод основан на 
теореме Бриллюэна, которая доказывается в наиболее общем виде для детерминантной 
волновой функции, построенной из не обязательно ортогональных спин-орбиталей. 
Система уравнений Хартри—Фока может быть получена как специальная формулировка 
теоремы Бриллюэна для случая ортогональных спин-орбиталей.
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Non-local theory  is applied to stu d y  the strong in terac tion  a t very high energies. The 
Regge poles are considered in a non-local S-m atrix theory. The S-m atrix satisfying un itarity  
on the mass shell, re la tiv istic  covariance and m acrocausality is established. T he form-factor 
characterizing the non-locality is found by  using the asym pto tic  behaviour of scattering 
am plitudes for E  -«- oo and the requirem ent th a t the to ta l sections of elastic scattering  tend  
to constan t lim its as E  —► oo.

A non-local theory  of scalar fields and non-local quantum  electrodyna
mics in which the u ltraviolet in fin ies are absent w ithout any regularization  
was constructed in [1, 2]. As th e  non-locality is characterized b y  a certain  
constant having th e  sense of elem entary length  l in order to  fin d  the non
loca lity  effects it  is necessary to  study the reactions in the region of high  
energies E  >  1 -1. The m ost useful w ay of stu d y in g  the phenom ena in this 
high energy region seem s to be the Regge pole theory , and thus the task set 
out in th is paper w ill be the construction of the R egge poles in th e  non-local 
theory.

The results obtained provide a check on th e  non-locality a t very high  
energies.

§ 1. The perturbation expansion of quantized field  theory enables us to  
replace the local propagator Ac(k) b y  a certain non-local propagator D'(k)  as 
follows [1, 2 J :

* ,  =  Л с{ к )  -  Щ к )  =  V ( k 2) A c( k )  =  .
k- m- k- nr

Here, the form -factor V(k2) is a certain generalized analytical function  
o f the V e k u a  type [ 3 ] ,  decreasing in any direction o f the fc-plane as к2 —► oo. 

It is possible to  choose adequate form-factors V(k~) such th at th e  theory is 
freed from ultraviolet divergences and the S-m atrix  satisfies the unitary and 
m acrocausality conditions [1].

In order to establish  a non-local theory of strong interactions, however, 
the perturbation theory cannot be used [4, 5], and so it  is necessary to  construct 
a S-m atrix satisfy ing all the fundam ental physical requirements and next to 
study the ana ly tic ity  o f  the m atrix elem ents of th is m atrix.
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T he S-m atrix is an operator m apping the space o f in-states Фш on the  
space o f  out-states 0 Out-

< Z > ou t= S 0 in .

W ith th e  help of th is m atrix the corresponding fie ld  operators transform  as 
follows:

S<Pm S - 1 =  9 W -

A s in the earlier papers [1, 2 ], <pjn and <pout are considered to  be local, 
and th e  non-locality  appears only in the interaction, i.e. only in the S-m atrix.

T he first physical requirem ent o f  a S-m atrix is th at it should be unitary  
on the m ass shell:

( a \ S S + \ b )  =  (a \b y ,  (1.1)

where | a )  and | b~) are tw o arbitrary physical sta tes.
T he second requirem ent is th a t the relativistic covariance

ЩЛ, a ) S U  -1(Л, a) =  S  (1.2)
should hold.

U(A,  a) are th e  irreducible u n itary  representations of the Poincaré group. 
T hirdly, the m acrocausality principle m ust be form ulated in agreement 

w ith  th e  relativistic covariance:

— —  S “ 1
<M *) w M

=  0 (1.3)

beside the regions G and Gi, where

G: x° >  y °  (X - у ) 2 >  0  

G , : - l 2 <  { x - y f  <  Z2 .

In  the region G;, (1.3) is proportional to a certain relativistic-invariant 
generalized function A / ( x — y)  h avin g  the property that, arbitrary functions 
f ( x ), nonvanishing in  a certain lim ited  region G/  o f space-tim e, transform  to  
functions

F(x)  =  f  d* y  A , ( x ~ y )  f ( y )

non-vanishing on ly  in a lim ited region of space-tim e Gf =  Gj - ÔG/, where 
6Gf is lim ited and belongs entirely to  the interior o f region G//, so th a t x  £ Gji 
i f  and only if  — Z2 <  {x — y)2 <  Z2. Here y  £ G/.

I t  is clear th a t the m acrocausality principle (1.3) and th e  relativistic  
covariance (1.2) are com patible.
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§ 2. Let us exam ine the scattering process

a  b —► c -f- d . (I)
w ith  m atrix elem ents

<с(Рг) d ( q 2) \ S  l \ a ( p 1) b ( q l ) }  =  (2ti)1 ó4(p2+g2 P l  q j  M lb{ p z,  q , ;  P l , q j .

The relativistic covariance m eans th at is a certain function  of the  
M andelstam  variables s and t :

M la (p2, q2; P l , qx) =  T ]a (s , t) .

L et T lc(s, t) be the scattering am plitude of the process (I) in local theory. 
This is related to th e  am plitude T^^s, t) of the crossing process

a -f- d —*■ c -f- Í) (II)
b y  the crossing sym m etry

T J(n ,t) =  r »  (M )*. (2.1)

In  non-local theory  the m icrocausality principle is violated  in the region 
G i ,  and therefore th e  analytic ity  o f th e  scattering am plitudes T(s, t) is probably  
also v io lated . Follow ing [6], how ever, we shall assum e th at the m icrocausality  
is v io la ted  only minimally, so that:

a) TJ(s, t) have a spectrum  sim ilar to  that o f T /(s , {) i.e. T Ja and T-1 have  
the sam e singular poin ts in the fin ite  planes of the argum ents and th ey  have  
the sam e asym ptotic behaviours at in fin ity . O therwise, if  the com plex angular 
m om enta plane is considered, then their partial am plitudes have the same 
behaviour in this plane.

b) TJ(s, t )  verify  the crossing sym m etry (2.1).
c) TJ(s , t )  sa tisfy  the m acrocausality principle (1.3).
In  the set of th e  analytical functions, the tw o analytical functions which  

verify  condition a) are identical. Therefore, follow ing [1, 2, 7, 8, 9, 10], we 
assum e th at T£(s,t)  are generalized analytical functions of the V e k u a  type  
i.e . th ey  have the form  [3]:

TJ(s , t )  =  e ^ ) T J ( s , t ) ,  (2.2)

where T /(s , t) can be the causal scattering am plitudes o f the corresponding  
process.

B y  u s i n g  a n  a s s u m p t i o n  w e a k e r  t h a n  a ) ,  B l o k h i n t s e v  [ 6 ]  a s s u m e d  i n  

h i s  n o n - l o c a l  m o d e l  t h a t  T{(s,  t) a r e  t h e  a n a l y t i c a l  f u n c t i o n s  h a v i n g  t h e  f o r m s  

s i m i l a r  t o  ( 2 . 2 ) :
TJ(s, t )  =  T J ( s , t ) QJ(s, t) .
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B u t the form -factors { /(s , t) possess poles in the fin ite  planes o f  arguments. 
I t  is possible to  prove easily  th a t T^(s, t) g iven b y  (2.2) are to ta lly  com 

p atib le  w ith  the non-locality  introduced in [1, 2 ]. In effect, le t us assume 
T c(s , t) to  be the causal scattering am plitude and le t us study th e  scattering  
in the f-channel b y  exchanging a particle w ith spin equal J.  The polar approxi
m ation  o f the am plitude gives

r , ( M )  ~  ** - 5 4 ^  -  *;>■ ~  * •  - ^ - r .
t — m-j t m~j t — m-j

The non-locality  is introduced as follows:

_  I . V ( s , t )
t m ’j  t n f j

w here V(s , () is a certain  generalized analytical function  of V ek u a  type. Then

Tc(s , t) Ta(s , t)
t — m~i

w hich agrees w ith  (2.2) in the (-channel.
Therefore, fo llow ing the results obtained in [1, 2] it can be concluded  

th a t th e  S-m atrix w hose m atrix elem ents are given by form ula (2.2) satisfies 
all th e  physical requirem ents expressed by (1.1), (1.2) and (1.3).

In  order to  verify  the crossing sym m etry (2.1), it  is necessary that

co'(u, t) — 0 n (s, t)* (2.3a)
and

T ‘(u ,t)  =  T y (s ,t )* . (2.3b)

§ 3. In the s-channel the scattering am plitude o f process (I) has the form  

A(s ,  t) =  emI(S>'1 <jr(s, ().

E xpanding th is  into the partial am plitudes fi(s),  we obtain

A ( s ,  t ) =  У  (2/ —|— 1 ) cose»)y;(s) P /(cos Gs).  (3.1)
l=o

B y  using the W atson  -S om m erfield  transform ation, (3.1) becom es

A(s,  t )=-  - V  I (2 / + 1 )  e ^ c o e . )  PA ~ J 0S в °У/ ( 1, s) d l ,
2i J r  sin  nl

w here Г  is the w ell кполуп contour in the 1-plane.
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U se o f assum ption a) o f § 2 allows us to  represent A ( s , t) in the form

A(s ,  t ) =  —  f + '” (21+ 1) emI(s> cos в.) Р;( ~ с08^ ) / ( / ,  s) dl +
2 i J  Sln7tl (3.2)

+  я  V  ( 2 « „ ( s )  + 1 )  e “ 1  <s - c o s  ® * >  c t ) s  6 > s )  _
0 = 0 Sill лэсл (s)

where /5n(s) are the residues of / ( / ,  s )  at the pole l n =  <xn( s ) .

Sim ilarly, the am plitudes A x ( s ,  t) of the odd and even states are given  
as follows:

A ±(s, t ) =  —  f + '“ ( 2 /+ 1 )  e“1 (*• с08®*> 1 ± e'*' P ,(cos s) d l +
2 i J b-i°>  sin л/ ^  ^
П  I  p i n a *

+  л V  (2 a fc(s) + 1 )  e“1 <s-cos ®*) —--------- P %1(cos 0 S) ß k( s )  .
k = 1 smra„(s)

A s (cos 0 S) 1 and s is fixed , the integral can be neglected, and we
obtain

A  ±(s, t) ^  л  у  _2g fc (* )+ L  ( 1  e/^i(s)) еш1 (s,cos®,)(cos @s)4 (s) ^ ( s ) . ( 3 .4 )
fc=i 2sin7raA(s)

Passing to the i-channel, (3-4) becom es

A ±( s , t ) = n  £  -  • (3.5)
k t \ i 2 sin nxk(t) 2 p(i) p  (r)

I f  there is at least a leading pole a0(t), then A  + (s, t) are equ ivalent to

2a If 1-1-1 « WO
A ±{ s , t ) ~ n  - fl,(f) (1 ±  ei™„(0) —  • (3.6)

2sm rca0(i) 2 p ( t ) p ( t )  J

In order to eva lu ate the asym ptotic form o f coll(t, s) for large s, le t us 
consider the forward elastic scattering o f the equal m ass particles. In th is  case 
A  ± (s, t) are rew ritten as

2 s ao(0
A±(s ,  t ) ~ n -  : A >-±- ß Q( t ) e""(t,s){ 1 ±  ei».<0) .

2 8 т л ж 0(«) \ Im~

The im aginary parts are thus g iven by

I m  A+(s,  t) sB^(t)  -bins e«>u(<,s)?

where B^(t)  are the functions o f t.
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E xpanding 0)U(í, s) and a 0(í) into the pow er series o f t and restricting  
in th e  first term s for small t, w e have

eon (t, s) ^■coy(s) + oi}I(s) t ,
and

*o ( t ) ™ ß + y t -
Then

A ±(s, t) ^  ti — ° ^  ̂ 1 ß0(l)(l ±  е'Л1»<0) e®F(î)+/5in#s, +(™lT(s)+y) t _
2 sin7ta0(()

T he differential sections are defined  by

d<T±(S,t) ~  |Л ± ( » , | ) 1*
dt

or

dff±(a'*). - >  IE(0I2 exp 2 U ' ( s ) +  (/3 -  1) In —  +  « ( s )  +  y) t] . (3.7)
dt L «о J

T he to ta l sections are given by

o ±{ s ) =  —  I m A ±(s ,0)**Bö~(0)eaVM+V,- » lna) . (3.8)
s

U tilizing th e  experim ental finding th a t cr±(s) tend to con stan t values as 
s —► o o ,  we see th a t a>J'(s) behaves like

c o ' ' ( s ) ^ ( l  ß ) l n s  for s — o o .  (3.9)

To define un iquely  the form o f  co0(s) it is n ot sufficient to take (3.9) together  
w ith  the condition  expressing th e  principle correspondance

e “ ( s , 0  _ >  1  a s  /  —>- 0 .  ( 3 . 1 0 )

H ow ever, the actu al experim ental data suggest that we can assum e that the  
non-locality  dam ps very quickly as l —► 0. M athem atically th is m eans that

exp  {co(s, «)} —  1 «s; 0(ln) (3-11)

for l —*■ 0 and arbitrary p ositive  natural n.
Eqs. (3 .9), (3.10) and (3.11) allow <uj'(s) to  be defined as follows:

expcOo'(s) =  exp ( ß ~  l ) * o (3.12)
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where K 0(x) is th e  H ankel function  of the im aginary argum ent

K 0(x ) =  Ĵ e~xchlp dq>.

I t  is clear th a t the asym ptotic  region o f ft)J'(s) given b y  (3.12) is higher 
than  th a t of P /(cos 0), hence form ula (3.8) can also give the non-local effect 
at very  high energies.

I f  we assum e th a t the non-locality  is universal, i.e. th at all the scattering  
am plitudes are given  by form ula (2.2), then

Ta(s, t) =  em(s’<)Tc(s, t)

with a unique function co(s, ().
I t is possible to write co(s, t) in the form

w(s, t )  =  w(s) co(t) . (3.13)

Taking this and (3.7), we obtain

A ± ( s , t )  ^  F ( t ) e x p  [(1 - ß ) K 0 — î—  +  ( ß  1) In s i x
1 1 |V  J (3.14)

X exp |( l  /3) exp - + y | i .

and drJ±jS,t) 1^(012 exp 2 1(1 - ß ) K 0 p —| +  ( / î - l ) ln  s) X
d t  1 ’ (3.15)

X exp 2 (1 — ß )  e x p --------- + y ! t .
Г I Щ 2 ) J

§ 4. With the function co(s, t) given by (3.13), not all the pictures of the 
local Regge pole theory are varied for un-large s and fixed t. For example, 
in the reaction

Л - + 5 Т ° —>■ p  П

the R egge pole has an isotopic spin equal to 1, and barionic charge and strange
ness equal to zero, G =  -f- 1 and odd spin. A ssum ing th at th is  Regge pole 
corresponds to a p-meson, we fin d

A  ( S ,  t) : - [ 2 * -(0 + 1 Щ | )  -
1  е‘лхе№

X
2 p ( t ) p ' ( t )

sin лх 0 (t) 

exp {co(s)+co(t)}.

X

(4.1)
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For I г I l 1 the differential section  given b y  (4-1) agrees w ith  the 
picture given by th e  experim ental data  [11].

I t  should be noted  th at the classification  o f the elem entary particles 
w ith  respect to the fam ilies of Regge trajectories is identical w ith th a t in  local 
theory.
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Н Е Л О К А Л Ь Н А Я  Т Е О Р И Я  ПОЛЮСОВ Р Е Д Ж Е
Т Р А Н Ь  Х У У  Ф А Т

Резюме

В данной работе применена нелокальная теория к  изучению сильных взаимодей
ствий при очень высоких энергиях. Рассмотрены полюсы Редж е в теории нелокальных 
S-матриц. Установлено существование S -матрицы, удовлетворяющей условиям унитар
ности на массовой оболочке, релативистической ковариантности и макропричинности. 
И спользуя асимптотическое поведение амплитуды рассеяния при Е  <=о, и требование, 
чтобы полное сечение упругого рассеяния стремилось к постоянному пределу при Е->-оо, 
найден формфактор, характеризирую щ ий нелокальность.
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ENTROPIC CHANGES IN A MEASURED 
QUANTUM-MECHANICAL OBJECT

By

Y. Ma j e r n i k
IN ST ITU TE O F PHYSICS, SLOVAK ACADEMY OF SCIEN CES,

BRATISLAVA 9, CZECHOSLOVAKIA

(R eceived in revised form  24. IY. 1971)

The processes connected w ith  the entropy of m easured quan tum  mechanical objects are 
investigated. The entropie characteristics of th e  m easurem ent process are determ ined by 
m eans of th e  so-called en tropy  balance. I t  is shown th a t the Shannon entropy of quan ta l 
objects described by non-com m utative operators is always positive in the post-m easurem ent 
state. From th e  entropy balance of quantum  m echanical m easurem ent also follows th a t  the 
m easurem ent of the characteristics of quantal objects provides some information on quan 
tities not m easured.

Introduction

In the last decades the conceptual and m athem atical apparatus of 
inform ation theory has been successfully applied in various fields o f physical 
science [1, 2, 3]. These applications h ave been possible because the physical 
phenom ena in question are to a great ex ten t describable by means o f  pro
bability  or statistical form alism . The probabilistic interpretation of quantum  
m echanics perm its a direct application o f th e  terms o f inform ation theory  also 
in the description of an individual particle, as to each quantal object can be 
attached a value of its probability  uncerta in ty , the m easure o f which is called  
the (inform ation-theoretical) entropy [4].

A lthough the entropy o f a quantal object m ay generally change in any  
physical process, the change that takes p lace during a m easurem ent is especially  
im portant. Before m easurem ent (the pre-m easurem ent state) the m easured  
observable generally has a non-zero entropy. After th e  m easurem ent (the  
post-m easurem ent state) th is  entropy is decreased, and in  the optim al case it  
com pletely vanishes. A s th e  measured quantal object is described b y  a set 
of observables which are m utually stochastically  related, the rem oval o f th e  
entropy o f a measured observable generally affects th e  entropy of the non- 
measured observable o f th e  object. The determ ination o f these various entropie  
changes form s the subject o f this paper.

The entropie changes in a measured object play an im portant role in th e  
physical description of th e  link between th e  measured m icro-object and m easur
ing m acrophysical instrum ent, since according to the entropy law the to ta l  
entropy o f th e  whole m easuring com plex — measuring instrum ent and m easured
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object —  should increase (or at least be constant) during th e  m easurem ent, so 
th a t the n egative entropie change o f the m easured object m ust be com pen
sated for b y  a corresponding positive entropie change o f th e  m easuring in stru 
m ent. B y  considering the m easuring instrum ent as a physical sta tistica l 
system , it is possible to determ ine this necessary positive change of its physical 
entropy using the well know n relation betw een the physical and inform ation- 
theoretical entropy [5].

From  th e point o f  v iew  o f inform ation theory, the m easuring process 
m ay be sim ulated  by a m athem atical m odel, called the entropie m odel o f  
quantum  m easurem ent [6]. In  th is m odel th e  measured ob ject and m easuring  
instrum ent are represented b y  tw o probability  system s. The measured observ
able r 0, a random  variable, is determ ined on the set of th e  physical states o f  
the m easured object. The m easuring instrum ent m ay occur in one of its pointer  
positions representing the basic set on w hich the random variable xm is defined  
through the scale values attached  to the pointer positions. D uring the m easure
m ent a sta tistica l linkage is established betw een the random  variables x0 and  
xm, b y  m eans o f which the m easuring instrum ent obtains inform ation about th e  
m easured ob ject. The m easure o f the sta tistica l linkage betw een the random  
variables T0 and xm is in inform ation theory  given by a q u an tity  called th e  
inform ation [7].

W e shall first recall som e term s of inform ation theory w hich will he used  
in the further physical considerations. The m easure of the probability uncer
ta in ty  o f a quantal observable represents th e  inform ation-theoretical entropy, 
w hich is defined as follows [8]:

A random  variable (observable) x  defined on a com plete set of physical 
sta tes S  w ith  the probability distribution given by the schem e

s A A  I . . . A
p Pi P 2 • . . Pn
x  j x1 x 2 xn

has an inform ation-theoretical entropy (the m agnitude o f  its probability  
uncertainty) o f

H =  —  J^PíbgaP, .  (I)
1 =  1

I f  not otherw ise stated , w e shall take a =  e. The entropy as a function o f th e  
variables p v  p 2, . . ., p n (i.e. th e  elem ents o f the probability distribution o f the  
random variable x)  fulfils a system  o f im portant m athem atical axioms [8].

In order to  qu an tita tively  characterize the statistical linkage betw een  
the random  variables x and y  w e need the data given by the transfer m atrix [9] :
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!  rX(l)  • • - г »  \

* =  í i ’
r n (! )  rÁ n ) J

where rt(j) is th e  conditional probability for assuming th e  jf-th value o f  the  
random  variable у  when the random  variable x  has its i-th  va lue. The in form a
tion  contained in the random variable у ab ou t the random variable x  is given  
[10] b y  the form ula

1 (*  ; ÿ )  =  P ‘ r‘ ( i ï  l o s  —  ’ (2 )
‘•j 2 . Pk rk(j)

к

which can be rearranged in the form

I  =  2 : 4i lo g 4i +  > ’ P t r‘ (j ) lo s r ' (^’) ’ ( 3 a )
i i j

where

4i =  y . P k r k{ i)-
к

I f  the random  variables x  and у  are continuous w ith th e  density fu nctions  
p(x)  and q(y),  respectively, form ula (2) ta k es the form

I =  I I P (x ) rx(y) lo g r~ ~  dx d y , (3)
J y J x  q(y)

where rx(y)  represents the transfer function  between th e  random variables  
x  and у .

The entropy of a m easured quantal object changes b y  various w ays, 
depending on  th e  measuring conditions. W hen  only one observable is m easured, 
not only does its probability uncertainty change but also the probability  
uncertainties o f  those observables of th e  measured ob ject w ith w hich it  is 
statistica lly  linked. D epending on the p h ysica l situation o f  the m easurem ent, 
one m ay use various entropie characteristics of the m easured quantal object 
in its  description. The m ost im portant o f  these are the following: The to ta l 
probability uncertainties o f  th e  measured object in its pre-or post-m easurem ent 
sta te  (Ht, or H n, respectively) and their difference (AH — H a — Hi,), th e  pre- 
and post-m easurem ent probability  uncertainties of the m easured observable, 
the entropie change of the non-m easured observables during the m easurem ent, 
etc. W hich o f them  is used depends on th e  character o f th e  problem.
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1. The entropie changes in a quantal m easurem ent

The basic assum ption o f  the theory o f  quantum  m easurem ents is th a t in 
m easuring a quantum -m echanical object one marks a sy stem  o f eigenfunctions 
o f the m easured observable [11] and the resu lt of a m easurem ent represents 
one o f these eigenvalues. T he general w ave function o f th e  quantal ob ject is 
thus reduced to  an eigenfunction. This change o f  wave fu nction  is accom panied  
b y  a corresponding change in  the entropy o f  the m easured object, here con 
sidered as an inform ation source. We shall n ow  determ ine th is  entropie change  
for the m easured quantal object.

Consider the general quantal object 27 described b y  an assem bly of 
observables Gx, G2, . . ., Gs to  w hich the operators 0 X, 0 2, . . ., 0 S are associated . 
W e shall d enote b y  sym bols { cp,г } , { ç>,2 } , . . . ,  { q > J the se ts  o f eigenfunctions 
o f the operators Ox, 0 V . . ., Os satisfying th e  quantal eigenvalue equations

<5j<pi, =  gi,<Pi,, j  =  1, 2, . . ., s

where gif denotes the i-th  eigenvalue of the operator Oj. W e shall further d enote  
b y  Uhlm the elem ents of th e  operator o f th e  unitary transform ation betw een  
the system s o f  eigenfunctions and {q9/ [ , whence

4>h— £  Uhim<Pl* ■
lm

L et the quantal object 27 under study be described by the w ave function

^(*) =  Hi, Vi, =  2  Pb Vit =  • ■ ■ =  ^  Hi. Vi. •
<1 i. i.

The elem ents o f  the probability  distributions P x, P2, . . ., P s, which are g iven  
on the sets o f  physical s ta te s  o f the q u an ta l object 27 for the observable  
Gv  G2, . . ., Gs are determ ined b y  means o f  th e  well-known equation

Pi,  =  Hi,Hi, =  \Hi,\2  • i =  1, 2, .  .  . ,  n.  (4)

B etw een the observables Gx, G2, . . ., Gs certain  statistical dependences m a y  
ex ist which are described b y  means o f th e  assembly o f  transfer m atrices 
R ( p ,  t ) ,  p ,  t  =  1 , 2 , . . . ,  s, w hose elem ents are determ ined by the elem ents  
Ti (j t ) of the operator of th e  unitary transform ation U j  between the />-th 
and i-th sets o f  eigenfunctions:

n,Ut)  =  U ipJl ■ U fa =  I Uipi,I2 • p , t =  1, 2, . . ., s. (4a)

The to ta l probability uncertainty H ( P ^ )  of the quantal object 27 is 
given by the entropy of the jo in t  probability distribution P ^  [12], which is de-
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fined on the product set Z =  S j®  S 2@ . • .  ®  Ss, where S-l =  {s]1*, s ^  },
S 2 =  |s f ) , .  . s ^ } ,  . . S s =  {4S), • • •■> are the sets o f quantum  states
o f observables Gx, G2, . . Gs. The elem ents o f the product set Z  represent all 
ordered re-groups of quantum  states (s^, s j2\  . . ., s $ ) ,  on which a vecto r  ran
dom  variable z =  [gq, g ,2, . . g, } is determ ined, w here g it represents fc-th 
eigenvalue o f th e  observable G(-. D en otin g  by P ; is г- the elem ents of 
the jo in t probability distribution P ^ \  the total en tropy o f the m easured  
quantal object is, according to Eq. (1), given by the relation

Я ( Р « )  = . -  2  • (5)
iiihiht ■ • • As

The elem ents o f  the jo in t probability  distribution P ^  can also be w ritten  
in the form

p U i f  - i. =  Ph ■ ri,(i'2) ‘ ri,(h) ■ • • ri , - Á h ) , (6)

where rik(ik+ j), к =  1, 2, . . s — 1, represents the elem ent of the transfer  
m atrices R(k , к -j- 1), and p t is an elem en t of the probability  d istribution of 
the i-th  observable.

Substituting Eq. (6) into (5) w e find

h (P (z)) =  у  p u log Pil -  2  p ÏÏ • У  riAi2) •
•\ i 1

• rd h ) ------• log r,,(i2) ru(i3) • • ■ r i ,_ .Ah) ■
CO

E q. (7) determ ines the to ta l entropy o f the measured quantal object w ith  the 
jo in t probability  P*z* in its  pre-m easurem ent state. Since there are generally  
statistica l dependences betw een the observable describing this ob ject, its 
entropy has a smaller va lue than th e  sum  o f the entropies of the ind ividual 
observables. W e have [13]

H ( P ^ )  <  Я (Р 1) +  Я ( Р 2) + ... . H ( P S) , (7a)

where P v  P 2, . . ., P s are the probability  distributions o f the observables 
G1? G2, . . ., Gs. In the relation (7a) th e  sign =  is to be tak en  only w hen all the 
observables are stochastically  independent from each other, i.e. when

s

/í= 1

wrhere p v represents the elem ent o f th e  probability distribution o f th e  fc-th 
observable.

The entropy change o f the m easured quantal object 2J during th e  m ea
surem ent is given by the entropy balance o f m easurem ent, i.e. by the difference
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betw een the to ta l entropy o f th e  object in its pre-m easurem ent state H b{P'A) 
and in its post-m easurem ent sta te  H a[ P ^):

A H t =  H a( P V ) - H b(P M) .  (8)

D uring the m easurem ent of th e  observable Gx th e  probability distribution o f  
th e  measured ob ject changes. D enoting  by w  =  { w^, tvti, . . t»ni } the p o st
m easurem ent probability  distribution of the m easured observable, we can  
w rite according to  E q. (8) the to ta l entropy change

A H t = — ^  w tl log w h +  ^ P i ,  logp q  ^  (W ii-P ii) • 2
H U li (8 a )

Di(*2) • rh(h) ■ ■ ■ D ._,(g ) • log rh(i2) ■ rh( i j ) . .  . r ^ X i s ) .

A ccording to th e  entropy law  a change AHt  in  the entropy o f the measured  
quantal object requires a m inim al change — kA H t  in the physica l entropy o f  
th e  m easuring instrum ent, к being B oltzm ann’s constant.

Let us п о л у  turn to the determ ination o f  the total post-m easurem ent 
entropy Ha(P^)  o f  a m easured quantal object. W hen only  one observable is 
m easured (for exam ple Gj), th e  post-m easurem ent entropy is

H a =  log гг,-,— ^ ? w ix ^  r„ (i2) rh{i3) rh(i4) . . . •
Z'l 11 12 » 13 » " • * > 1*4

■ D ,.,(is) ’ log rh{ i2) ri2(i3) rh{it) . . . riuJ i s).

Tf the probability  uncertainty o f the m easured observable is to ta lly  rem o
v ed , we have

H a( P M )  =  H b( P V )  Щ Р x).
T aking into account the relations (5) and (6), as well as the equation

we find

ЩРу)
n
У  Pii-fogp.-j*

ii = l

H a( P ^ )  = y , P i x г ф г )  riA h)  ■ • • »■/._,(»*) • l°g  L ,(l ) ri2{i3) ■ rh{i4) . . .  (9)
11»12j •••»!*

i.e . the total post-m easurem ent entropy o f th e  measured quantal object is 
equal to its general conditional entropy [13].

W e shall n ex t determ ine the foregoing entropie characteristics for the  
sake o f sim plicity , only for tw o observables Gi and G2. In th is  case relation  
(9) turns out to  be

Н„(РМ) =  -  ph 2  г‘,(ч) log r,!(i2) . (10)
ll 1*2
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Substituting E qs. (4) and (4a) in to  E q. (10), w e have

Я 0( Р « ) = -  2  Ы 2^  I ^ J 2 l0 g l ^ l 2- (lOa)
il i2

From  E q. (10) it  is easy  to see th a t the post-m easurem ent en trop y H a ( P ^ )  
vanishes when

| t / , v J 2 =  < W  ( 1 1 )

C onsequently, for th e  corresponding operators Ox and 0 2 it holds th at

Ö A  —  0 Д  =  0 , ( 1 2 )

i .e .  the operators Oi  and 0 2 com m ute. Thus we can sta te  th at on ly  in the case 
when the operators associated w ith  the observables G 1 and G 2 com m ute does 
th e  to ta l entropy o f the m easured object vanish  through the m easurem ent o f  
one o f the observables.

W hen the observables G t , G 2,  . . . ,  G m possess continuous spectra, then  
th e  eigenvalue problem  can be w ritten  in the form

Ôi X) =  ju(li) <p(lh x ) . ( 1 3 )

L et the w ave function  W^x)  o f the considered quantum -m echanical system  be

Wc{x) =  j  ^(Ij) • (f(lv  x) d/j =  J p (l2) (p(l2, x ) d l 2 . . .  =  J p( lm) ■ cp(lm, x) dlm. (13a

The unitary transform ation o f th e  observables in  th is case turns ou t to be the  
integral one:

<p(h, x) =  J  !/(/,-, lj) x)  dlj  . (14)

The fu n ction sp(lj) =  | /x(Z,) \2,p(l2) =  \ ц{12)\2, . . ., p ( l m) =  | p{lm) |2 and r,i(lj ) =  
=  j U(lj, lj) \2 g ive the probability  density functions o f the observables G ±, 

G 2, . . . ,  G m and the transfer functions r;(.(/y) determ ining the sta tistica l depend
ences betw een them , respectively . The change o f  the total en tropy during 
th e  m easurem ent and the post-m easurem ent en tropy o f the m easured object, 
w hile the observable Gx is being com pletely  m easured, are found in a sim ilar w ay :

A H t =  H a( P M ) - H b(PU)  =  - J  »(/,) log «(ÍJ  dl,  +  Jp(Zt) lo g Р ( 1 Ж -  

-  П • • • II (u(h) -  p{l i)  -  POi)) G ß i )  rh{l3) . . .  r,„_1 (lm)

log [rh(l2) ■ rh(h)  • • • ri™-i (L )] dlx d l2 . . .  dlm,

H a( m = -  J j  . . • J p(h)  • rlt  (l2) ■ r,2{l3) . .  . rIm_ ß m) • log r„(Z2) •

■rh(l3) . . . r lm_ ^ m ) d h d l 2 . . . d l m. (15)
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The foregoing quantities occurring in the entropy balance of m easurem ent 
represent basic q u an tita tive  characteristics of the m easuring process from the  
entropie point of v iew .

2. Inform ation and the m easurem ent

In the preceding Section we have dealt w ith th e  change of the probability  
uncertainty  o f  a m easured system  w hen perform ing th e  m easurem ent of one 
of its observables. W e now  turn to  th e  problem , of how  the probability  uncer
ta in ty  o f  an observable Gp changes w hen we m easure the observable Gx, or 
in other words how m uch inform ation about the observable Gp is contained  
in the observable Gx. Consider again the physical system  described in the 
preceding Section. D eterm ining the i-th  value of the observable Gx, th e  entropy
balance o f  the variable Gp is H p — — E p { log in th e  pre-m easurem ent state

h
and H'/ — Ejit г^{]р) log  r^(jp) in the post-m easurem ent state. Therefore, the  
m ean change of the probability  uncerta in ty  in th e  observable Gp when a 
m easurem ent o f the observable Gx is performed is

A H  = H p "Vpi H \  =  I(GX; Gp) =  -  J ? p ip lo g p ip +  
« b

+  2 -  P ‘< 2 :  r n ( i /> ) In rh ( i P) ■
zi jp

( i 6 )

W e can see th at th e  expression for th e  m ean entropy change A H  is identical 
w ith  th a t for the inform ation (see E q . (2)).

The change o f  th e  to ta l entropy o f the jo in t probability distribution of 
an assem bly o f observables G2, . . ., Gs during the m easurem ent o f  th e  observ
able Gx is

A H  =  f(G x; G2, . . . ,  Gs) =  — 2  p i.i, i . l° ë P i , и - ! .  +
Í2)Ísy •••>!«

+  Pil • rii(*2) ■ r/2(i3) • • • ri .-Áh)  log rh(i2) ri2{i3) . . .  rlt_Xis)-
h titf-J e

(17)

Since th e  elem ents . . . { and o f the jo in t probability distributions
o f the observables G2, G3, . . ., Gs and th e  measured observable Gv  respectively , 
as w ell as the elem ents o f  the transfer m atrices R(  1, 2), R (2,3), . . ., are linked  
w ith  th e  physical param eters of th e  measured quantum -m echanical object 
according to  the relations (4) and (4a), when we su b stitu te  these relations in 
to  E qs. (16) and (17) we get expressions in which on ly  th e  quantum -m echanical 
term s occur.

W here the observables have a continuous probability  distribution  it is 
possib le to  give the m ean m agnitude o f  the entropie change o f observables G2, 
G3, . . ., Gs b y  m easurem ent of th e  continuous observable Gr  In  accordance 
w ith  E qs. (17), (13) and (13a), we find
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/.= -  JJ • • • J НУ I21 УУ У I2 -1Щ1>. У I2 • • • I Щ/s-i, У I2 •
• ЗДМУПЩУУ12-|ЩУУ12--- №-1,УИ«н« •
■di 3 . . . d i s +  t t  . . .  Л М У 1 2 |1/(УУ12- И ( У У 1 2--- • (18)
• I U ( i_ i ,  у  I2 • log [ | t / ( y  у  I2 -1 U(l2, у  I2 - . .  I t /( /s- ! ,  у  I2] •
• dlx dl2 • ■ • dl§ >

It can be shown that th e  m axim um  entropy change during the m easurem ent 
will he obtained when | f / ^ j 2 =  rfi(jfp) =  ó,- ^ or when | [/(Z,-, Z;) |2 =  ő(Z,-— Z;), 
i.e. when th e  observables Gx and Gp are com patible. This shows that th e  cri
terion o f sim ultaneous m easurability  o f th e  physical observables can be exp res
sed by m eans of their entropie characteristics. This is o f  im portance in  the  
m athem atical analysis o f  the quantum -m echanical form alism  [14].

Since the general aim  of a m easurem ent is to  reduce the probability  
uncertainty o f the m easured system  as m uch as possible, one m ay, using the  
relations (8a), (15) and (18), find param eters of the m easured object and  
m easuring instrum ent (e.g . elem ents o f  transfer m atrices, etc.) for w hich  
the entropy balance o f  m easurem ent becom es optim al.
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ИЗМЕНЕНИЕ ЭНТРОПИИ КВАНТОВО-МЕХАНИЧЕСКИХ ОБЪЕКТОВ ПРИ
ИЗМЕРЕНИИ
В . М А Е Р Н И К  

Резюме
Обсуждаются процессы, связанные с энтропией системы, при измерении квантово

механических объектов. Определены энтропийные характеристики процесса измерения, 
при измерениях проведенных в так называемом режиме баланса энтропии. Показано, что 
энтропия Шеннона квантованных объектов, которая описывается с помощью некомму
тирующих операторов, после измерения всегда положительна. Далее, из баланса энтропии 
квантово-механических измерений следует, что измерение наблюдаемых характеристик 
квантовых объектов дает некоторые информации и о неизмеренных величинах.
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VALIDITY OF KOVÁCS AND NAGY’S EQUATION 
AS A MEASURE OF THE TOTAL EQUIVALENT MEAN 

SHEAR STRAIN IN TWISTED 99.7% A1 WIRES
By

M. R. S o l im a n , F . H . H a m m a d * and G. A. H a s sa n
M E T A L  P H Y S I C S  L A B O R A T O R Y ,  N A T I O N A L  R E S E A R C H  C E N T R E ,  C A I R O ,  E G Y P T ,  U A R  

(Received 28. IX . 1970)

K o v á c s  and F e l t h a m  [1] and K o v á cs  and N a g y  [2] derived an equa
tion  for th e  to ta l equivalent mean shear strain y o f a wire p lastically  tw isted  
about its ax is at constant tensile load. In th is equation y  consists of a torsional 
shear strain  N D / L  and the shear strain com ponent equivalent to the associated  
tensile strain  as follows:

ÿ  =  осяN D /L  +  ß A L /L 0 , (1)

where N  is  the num ber o f turns of tw ist, D  is the diam eter o f  the w ire, L 0 
and L  are th e  initial and instantaneous lengths o f the wire, x  and ß  are constants. 
K o vá cs  and F e l t h a m  [1] took  the num erical values of x  and ß  to be 1/3 and  
2.24, respectively , but th ey  indicated th a t these values were underestim ated  
because th e  mean torsional strain was evaluated  on the assum ption th a t the  
wire w as purely elastic: th ey  pointed out th at G a y d o n ’s [3] assum ption of 
ideal p la stic ity  would be more appropriate. R ecent work [4, 5] has ind icated  
th a t the va lues of x  and ß  are 2я/3 and 3, respectively.

E q. (1) can be w ritten  in the form:

ALIL0 =  - ( x l ß ) N D I L  +  ylß

or e =  —  (*lß)@ +  r i ß , (2)

where £ =  A L jL 0 and 0  =  N D /L .
B y  partial differentiation o f £ w ith  respect to в at constant ÿ w e get

* A tom ic Energy E stablishm ent, E gypt, U .A.R.
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' 9g '

8 0  )ÿ Ш

- 2 jt/ 9

=  —  0.698

(3)

E q. (3) shows th a t the rate o f  change o f tensile  strain per unit torsional strain  
at constant ÿ has a constant value of — 0.698 determ ined b y  the constants

oc and ß.  S ince the value o f can be determ ined experim entally, th is

Fig. 1. Schem atic diagram of tw isting machine

gives a  direct te s t  o f the v a lid ity  o f the K o v á c s — N a g y  equation [Eq. ( 1 ) ] .  

W e have used th is approach in  an investigation  on wires m ade of com m ercial 
purity A1 (99.7%  A1 +  0.25%  Fe).

A nnealed A1 wires (0.05 cm diam eter, 15 cm long) were subjected  to  
uniform  tw istin g  at room tem perature using the m achine shown in F ig. 1. 
The associated change in sam ple length w as m easured up to  fracture w ith  an 
accuracy o f 10 -3 cm. The axial stresses applied on the sam ple undergoing  
torsional deform ation varied from 0.75 to 2.25 kg/m m 2; such stresses did not 
exceed the y ie ld  stress.

Fig. 2 show s that for sam ples w ith th e  sam e therm al history, АЬ/Ь0 at 
certain N D / L  increases as th e  m agnitude o f  the applied stress is increased.

8 £
The values o f ——— w ere calculated from  Fig. 2 using the least squares

o ( y  у

m ethod. These values are g iven  in Table I  and are p lotted  against ÿ in F ig. 3.
8 Ç

The average va lu e o f —-— over the whole range o f y  is approxim ately equal
Э 0  y

to  the constant x/ß  =  — 0.7 . The resem blance o f  the experim entally determ ined  
values o f a / /?  to  th a t given b y  E q. ( 3 )  indicates th at the K o v á c s — N a g y  equa
tion  is valid .
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№ load
gm

stress 
kg/mm2

1 450 2.25
2 400 2.00
3 350 1.75
4 250 1.25
5 200 1.00
6 150 0.75

0 0.5
amount of torsional shear strain ÍLE.-------------------------------------------------  L

Fig. 2. Tensile strains dL /L 0 associated with p lastic  tw isting N D /L  in pre-annealed alum inium
wires under different constant loads

For specim ens annealed at 500 °C before testin g , scattered va lu es of 
ос/jő are noted  for у <  100. Ünder these conditions the va lues of a//? range b et
ween — 0.6 and — 0.4. This m ay be attributed  to the effect o f  annealing. A nneal
ing at 250, 350 and 500 °C for 5 hours was found to  influence the va lu es of 
N D/L  and A L j L 0 as well as the angle o f  inclination betw een  the torsional lines
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Table I

Y
a u
V a ©  '

250 °C 350 °C 500 °C

0.435 —  0.65
0.440 —  0.52
0.450 —  0.62
0.480 —  0.60
0.500 — 0.80
0.600 —  0.60
0.620 — 0.61
0.630 —  0.70
0.640 — 0.82
0.700 — 0.65 — 0.40 —  0.40
0.800 —  0.52
0.920 — 0.50
1 .0 0 0 —0.70 —  0 .6 8

1 .2 0 0 —  0.63 —0.70 — 0.70
1.400 —  0.72 —  0.65
1.500 —  0.70
1.600 —  0.67 —  0.63
1.700 —0.82
1.790 —  0.76
1.800 —  0.80
1.880 —  0.62
2 .0 0 0 —  0.60 —  0.70

Table II

Sample history Ф N D /L A L \L 0

As received and tw isted 47° 0.198 0.0069
A nnealed a t 250 °C 56° 0.924 0.0289
A nnealed a t 350 °C 75° 1 .1 0 0 0.0420
A nnealed a t 500 °C 6 6 ° 1 .0 2 0 0.0377

and wire axis, as shown in T able II . The appearance of torsional lines, w hich  
w as used for determ ining Ф, is shown in F ig. 4 . I t  is apparent th a t annealing  
at 250 and 350 °C causes the values o f Ф, N D / L  and dL /L 0 to  increase w hile  
annealing at 500 °C causes th ese values to  decrease. Since Ф represents th e
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deform ability of th e  specimen, annealing at 500 °C makes th e  m aterial less 
deform able. This is also indicated b y  the decrease o f N D/L  and A LfL0.

The changes m ay be attributed  to  the presence of A l3F e, which has 
been observed to  form  under sim ilar conditions [6, 7]. This is in  agreem ent 
w ith  the observations of P e t t y  [8] on the relation of deform ability to the  
shape and size distribution of precip itate particles.

Tt %

Fig. 3. V ariation of th e  relative change of tensile stra in  w ith  plastic to rsion  ( W  versus y)
from  th e  K ovács and  Na g y  va lue
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Fig. 4. Photographs of surfaces of Al samples tw isted till frac tu re  a t  room tem perature . 50X .
In itia l history:

a) As received; b) A nnealed a t 250 C; c) Annealed a t 350 C; d) Annealed a t 500 C
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A. J . L y o n : D ealing  w ith D a ta

Pergam on Press, Oxford -N e w  Y o rk -  Toronto -S y d n e y —Braunschw eig, 1970, X V II f  392 p.

The book is an excellent guide for g raduate  students and young scientists to  problems 
arising in connection w ith d a ta  analysis. A lm ost every discipline in the natural sciences is 
based on experim ental da ta  and dealing w ith them  is not alw ays as easy as often im agined.

C hapters 1 and 2 give a review on th e  possible sources of experim ental and  com pu
ta tiona l errors. These are recom m ended to s tuden ts  who are beginning laboratory studies.

C hapters 3, 4 and 5 deal w ith  such basic sta tistica l problems as standard  errors, p ropaga t
ion of errors, significance tests. Special in terest is devoted to range m ethods: these m ake o ther
wise com plicated statistical studies straightforw ard and rapid to apply  even a t the laboratory  
bench. A ny research worker who does not have a thorough grounding in statistical studies will 
find in teresting  topics in these chapters.

C hapter 6 gives a guide to  fitting  a s tra ig h t line in an elem entary  bu t effective m anner. 
Some of the practical advice given on the choice of the scales of a graph and rejection  of o u t
liers is very  useful. The generally more difficult problem of f ittin g  of curves is tre a ted  in 
C hapter 9.

C om putational errors and numerical m ethods such as in teg ra tion  and differentiation 
are briefly discussed in C hapters 7 and 8. T he use of slide rules, logarithm  tables and  desk 
calculating machines is also described. This p a r t  can be recom m ended to studen ts of non- 
m athem atical sciences such as biology or m ineralogy. Electronic com puters and th e ir  related 
special problem s, such as M onte Carlo m ethods and double precision variables are, however, 
no t discussed. As these are generally applied in physics, chem istry and many o ther fields, it 
would have been useful for a young expert to  find  something ab o u t them  in the book.

The num erous well-chosen examples and  problems form an  im portan t p a rt o f the  book. 
These exam ples will be helpful to tu to rs in se tting  effective teaching courses of th e ir students 
and greatly  facilitate self-education. Some very  useful tables and sum maries in the appendices 
complete th e  book and make it easy to use d irectly  in the laboratory .

G. N á r a y -S za b ó

Jo h n  P ech am  and  th e  Science of O ptics

(P erspectiva communis) E d ited  w ith an In troduction , E nglish  translation an d  Critical
N otes by D a v i d  C. L i n d b e r g

The U niversity  of W isconsin Press, Madison, Milwaukee and  London, 1970, 300 pages

Over the past few decades historians have considerably neglected m edieval contri
butions to  the science of optics. This has m ainly  been due to the  fac t th a t modern editions of 
basic tex ts  have simply no t been available. H owever, w ith the publication  of the f i rs t English 
edition of J o h n  P e c h a m ’s study  “ Perspectiva comm unis” D a v i d  C. L in d b e r g  has m ade this 
m ost w idely known and cited of all medieval wmrks on optics available for scientists.

A lecturer of the F ranciscan schools a t  the universities of Paris and Oxford and later 
A rchbishop of C anterbury, J o h n  P e c h a m  (1292) was one of the m en most actively engaged in 
the criticism  and assimilation of the science of Islam  and ancient Greece newly discovered in 
the X IH th  century. In addition  to partic ipating  in the philosophical controversies associated
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w ith  the new A ristotelianism , Pecham  was interested in  several technical aspects of scientific 
th inking. The rev ival in the W est of th e  ancient trad itio n s of optics in particu lar, developed 
to  a high level by  th e  Greeks, b u t enriched by the new er discoveries of Islamic scientists 
—  especially A l h a z e n  ( I b n  a l - H a i t h a n ) — was largely due to the efforts firs t of R o b e r t  
G r o s s e t e s t e  and la te r  R o g e r  B a c o n . P e c h a m  was heir to  th is trad ition , and  in “ Perspectiva 
Communis” he a ttem p ted  to reconcile all available au thorities on optics and  to express their 
conclusions in easily understandable term s.

In  P a rt I P e c h a m  discusses th e  propagation of lig h t and colour, the conditions of visual 
perception, the ana tom y  and physiology of the eye, th e  physiology of vision and the errors 
of d irect vision. P a r t  I I  contains a discussion of vision by  reflected rays. P a r t  I I I  is devoted 
to  vision by refracted  rays as well as to  th e  rainbow and th e  Milky W ay. T hus P e c h a m  in tended 
his study  as in troduction  to the science of optics, especially to  the optical theo ry  of its original 
source, A l h a z e n .

L i n d b e r g ’s edition  of “ P erspectiva Communis”  strikes a m arvellous balance betw een 
a lite ra l and in te rp re ta tive  transla tion . The Latin te x t, based on 11 early  m anuscripts, is 
p rin ted  w ith the E nglish  translation  on th e  opposite pages. L in d b e r g  also provides the reader 
w ith  an in troduction  placing P e c h a m  in an appropriate h istorical perspective and  gives detailed 
explanations of th e  te x t  and references to  many o ther m edieval works.

The book review ed here is of value to scientists study ing  medieval science, particularly  
w ith  regard to the developm ent of optics in the late M iddle Ages and th e  Renaissance. A rt 
historians will find  th is book exceedingly useful, as m any renaissance pain ters relied on 
P e c h a m ’s study  of th e  theory of perspective. The book is an excellent exam ple of a medieval 
un iversity  tex tbook  and  as such will be of interest to  studen ts of the h is to ry  of education.

I. K o v á c s

D epartm ent of A tomic Physics 
B udapest Polytechnical U niversity
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