
АСТЛ
PHYSICA

A C A D E M IA E  S C IE N T IA R U M  
H U N G A R IC A E

A D I U V A N T I B U S

L . J Á N O S S Y ,  I .  K O V Á C S , К . N A G Y , A. S Z A L A Y

H U N C  TOMUM CURA V IT

I. KO V Á CS

1

T O M U S  X X V I I F A S C I C U L I  1— 4

41

ACTA P H Y S. H U N G .

A K A D É M I A I  K I A D Ó ,  B U D A P E S T
1 9 6 9



ACTA PHYSICA
A  M A G Y A R  T U D O M Á N Y O S  A K A D É M I A  

F I Z I K A I  K Ö Z L E M É N Y E I

SZERKESZTŐSÉG ÉS KIADÓHIVATAL : BUDAPEST V. ALKOTMÁNY UTCA Î1.

Az A cta Physica ném et, angol, francia és orosz nyelven közöl értekezéseket a fizika 
tárgyköréből.

Az A cta Physica változó terjedelmű füzetekben jelenik meg: több füzet a lko t egy kötetet. 
A közlésre szánt kéziratok a következő címre küldendők:

Acta Physica, Budapest 502, P. O. B . 24.

Ugyanerre a címre küldendő minden szerkesztőségi és kiadóbivatali levelezés.
Az A cta Physica előfizetési ára kötetenként belföldre 120 forint, külföldre 165 forint. 

Megrendelhető a belföld számára az A kadém iai Kiadónál (B udapest V., A lkotm ány utca 21. 
Bankszámla 05-915-111-46), a külföld szám ára pedig a „K u ltú ra ”  K önyv- és H írlap K ül­
kereskedelmi Vállalatnál (Budapest I„  Fő u. 32. Bankszámla 43-790-057-181 sz.), vagy annak 
külföldi képviseleteinél és bizományosainál.

Die Acta Physica veröffentlichen Abhandlungen aus dem Bereich der Physik in 
deutscher, englischer, französischer und russischer Sprache.

Die Acta Physica erscheinen in H eften wechselnden Umfanges. Mehrere H efte bilden 
einen Band.

Die zur Veröffentlichung bestim m ten M anuskripte sind an folgende Adresse zu 
richten:

Acta Physica, Budapest 502, P. O. B. 24.

An die gleiche Anschrift ist auch jede  für die R edaktion  und den Verlag bestim m te 
Korrespondenz zu senden.

Abonnementspreis pro Band: 165 F o rin t. Bestellbar bei dem  Buch- und Zeitungs-Aussen- 
handels-Unternehmen »Kultúra« (Budapest I ., Fő u. 32. B ankkonto  N r. 43-790-057-181) 
oder bei seinen Auslandsvertretungen und Kommissionären.



ACTA
PHYSICA

A C A D  EMI AE S C IE N T IA R U M  
H U N G A R IC A E

A D I U V A N T I B U S

L. J Á N O S S Y ,  I .  K O V Á C S ,  К . N A G Y , A. S Z A L A Y

H U N C  TOMUM CURA V IT

I .  KOVÁCS

T O M U S  X X V I I

ACTA PH Y S. HUNG.

A K A D É M I A I  K I A D Ó ,  B U D A P E S T  
1 9 6 9





T H I S  V O L U M E  OF
A C T A  P H Y S I C A  H U N G A R I C A  I S  D E D I C A T E D  TO 

PRO F.  P.  G O M B Á S
O N  T H E  O CCASIO N OF H I S  S I X T I E T H  B I R T H D A Y





Acta Physica Academiae Scientiarum Hungaricae, Tomus 27, pp. 5—10 (1969)

GENERAL FORM OF THE CENTRIFUGAL TERM 
IN THE ROTATIONAL SPECTRA*

B y

I .  K o v á c s

DEPARTMENT OF ATOMIC PHYSICS, POLYTECHNICAL UNIVERSITY, BUDAPEST

(Received 28. X I. 1967)

The explicit form of th e  centrifugal te rm  is known so fa r only for the H und’s lim iting 
cases. The presen t paper presents its explicit form  in the in term ediate  case between H u n d ’s 
case a) and b) for terms of any  kind.

A t th e  th eo re tica l ex am in a tio n  o f  th e  s tru c tu re  o f  th e  ro ta tio n a l sp e c tra  
o f d ia to m ic  m olecules sev e ra l in te ra c tio n s  m u st be ta k e n  in to  consid era tio n  
s im u ltan eo u sly  b y  m eans o f  th e  p e r tu rb a tio n  ca lcu la tion . T hese are  th e  te rm s  
o m itte d  a t  th e  sep ara tio n  o f  th e  w ave e q u a tio n , th e  te rm s  o f  th e  sp in —o rb it , 
sp in  —sp in  a n d  ro ta tio n  — sp in  in te ra c tio n s , as well as th e  n o n -d iag o n a l te rm s  of 
th e  cen trifu g a l te rm . T he s im u ltan eo u s ta k in g  in to  co n sid e ra tio n  of a ll th e se  
te rm s  w ould m ake th e  f in a l fo rm  of th e  m u ltip le t fo rm ulae  v e ry  com p lica ted . 
Since th e  p e r tu rb a tio n  b e tw een  th e  m u ltip le t  com ponen ts a n d  th e  s p in -  o rb it  
in te ra c tio n  is com m only  la rg e r  th a n  th e  o th e rs , i t  seem s su ita b le  to  consider 
f ir s t  these  in te rac tio n s  b y  m eans of th e  p e r tu rb a tio n  c a lcu la tio n  (these give 
th e  w ell-know n m u ltip le t fo rm ulae) a n d  th e n  th e  re m a in d e r b y  a m e th o d  of 
ap p ro ach  w h ich  gives th e  te rm s  d eriv ed  fro m  th e  la s t in te ra c tio n s  in  a d d itiv e  
fo rm  to  th e  m u ltip le t fo rm u lae  a lread y  e s tab lish ed . Such a co n sid e ra tio n  o f  th e  
sp in  — spin  in te ra c tio n , as w ell as th e  in te ra c tio n  betw een  th e  ro ta tio n  a n d  sp in  
is a lread y  well know n [1 ], [2 ]. I n  th e  case o f  th e  sp in  sp in  in te ra c tio n  a n u m b e r  
o f  th e  ex p erim en ta l exam p les  show ed a  good  ag reem en t w ith  th e  th e o re tic a l 
re su lts . In  th e  p resen t p a p e r  th e  sam e p ro ced u re  is ap p lied  fo r th e  case o f  th e  
cen trifu g a l te rm . B y e s tab lish in g  th e  fo rm  o f th e  c en tr ifu g a l te rm  fo r th e  
H u n d ’s case a) an d  b), as well as th e  no n -d iag o n a l p e r tu rb a tio n  m a tr ix  e le ­
m en ts , th e  fo rm  of th e  c e n tr ifu g a l te rm  m a y  be given in  th is  w ay  in  th e  in te r ­
m ed ia te  cases betw een  H u n d ’s case a) a n d  b ) , fo r te rm s o f a n y  k ind  a n d  m u l­
tip lic ity .

L et H () deno te  th e  en e rg y  o p e ra to r  o f  th e  separab le  w ave e q u a tio n  a n d  
H 1’, on  th e  one h an d , th e  p e r tu rb a tio n  o p e ra to r  of th e  te rm s  o f  h igher o rd e r  
o f  m ag n itu d e  neglected  a t  th e  se p a ra tio n , w hich  describes th e  p e r tu rb a tio n

* This paper is dedicated to  m y friend, Academ ician P á l  G o m b á s , on the occasion o f  
his six tieth  b irth d ay , as a m ark of m y high esteem  and  heartfelt feelings. I wish him all fu r­
th e r success in  his activities and a long life.
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6 I. KOVÁCS

betw een  th e  co m p o n en ts  o f  th e  sam e m u ltip le t te rm , an d  on th e  o th e r h a n d , 
th e  p e r tu rb a t io n  o p e ra to r  o f  a  h ig h er o rd e r o f  m ag n itu d e  o f  th e  sp in  —o rb it  
in te ra c tio n . H p shou ld  d en o te  th e  p e r tu rb a tio n  o p e ra to r  o f  th e  sm aller in te r ­
ac tions (e.g . cen trifu g a l te rm , sp in —sp in  o r  ro ta tio n  — sp in  in te ra c tio n ) to  
be  ta k e n  in to  acco u n t la te r .

(H' +  H P - W Ï ) t f  =  0 ,  (1)

w here H '  =  H 0 -(- H p a n d  W" =  -f- A W{. H ere ip" is th e  new  p e r tu rb e d
w av e fu n c tio n , a n d  W ,' th e  e igenvalue  o f th e  o p e ra to r  H ' ,  a n d  th is  re p re se n ts  
th e  w ell-know n m u ltip le t fo rm u lae . I f  H p is sm all (as acco rd in g  to  th e  e x p e ri­
m en ts  th e  v a lu e  o f th e  c en tr ifu g a l te rm , th e  sp in  —spin  in te ra c tio n  an d  in te r ­
ac tio n  b e tw e e n  th e  ro ta tio n  a n d  spin  is sm all co m p ared  w ith , fo r in s tan ce , th e  
sp in  - o r b i t  in te ra c tio n  w hich  gives th e  g re a te s t  p a r t  o f  th e  m u ltip le t sp littin g ) 
th e n  A W'i is also  sm all a n d  no g rea t e rro r  is co m m itted  i f  ip” is rep laced  b y  
ip 'i, th e  a lre a d y  once p e r tu rb e d  w ave fu n c tio n  of th e  o p e ra to r  H' .  T h u s, le t  
\p" ^  y)j. T h e n , since

(H' w[) y»; =  о ( 2)

w ith  a good  a p p ro x im a tio n  i t  can  o ften  be w ritte n  (1 ) an d  (2 ) th a t

(HP-AW'i) V'i =  0 (3)
an d

AW\ =  J y>V HP y>\dx, (4)
resp ec tiv e ly .

I t  is k n o w n , how ever, t h a t  ip'j =  £  Sikipk, w here ipk is th e  u n p e r tu rb e d  
w av e fu n c tio n  o f  th e  o p e ra to r  H n a n d  S-ik th e  elem ents o f  th e  tra n s fo rm a tio n  
m a tr ix , a r is in g  from  ta k in g  in to  ac c o u n t th e  o p e ra to r  H p. T he la t te r  a re  
know n  e x p lic itly  for th e  d o u b le t, t r ip le t ,  a n d  q u a r te t  te rm s  as fu n c tio n s  o f 
th e  ro ta t io n  q u a n tu m  n u m b e r  fo r a ll k in d s  o f  te rm s. B y  th e  use o f  th is  (4) 
can  be w r it te n

and

AW \ =  2  S% 2  s lk H pkl
к l

H kl =  j> *  HP ip, d t .

(5)

( 6)

A pplied  to  th e  spin  —sp in  in te ra c tio n  th is  fo rm u la  could , in  m a n y  cases, ex ce l­
le n tly  in te rp re t  th e  d ev ia tio n s  from  th e  u su a l m u ltip le t fo rm u lae  even  if  th e  
te rm s  m e n tio n e d  belong  n o t  to  H u n d ’s lim itin g  cases, b u t  to  th e  in te rm e d ia te  
case. T h is can  be seen in  th e  cases o f th e  3I7  te rm s o f th e  N H , P H , P F  a n d  T iO  
m olecules, re sp ec tiv e ly , o f  one SA te rm  o f th e  CO m olecule a n d  o f one 4/7 te rm  
o f th e  O2 molecvde [3].
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G EN ERA L FORM OF T H E  C EN TR IFU G A L TERM 7

As is know n , w ith  th e  increase o f  th e  ro ta tio n  o f th e  m olecule th e  e q u i­
lib riu m  n u c lea r  d istance  becom es g re a te r  w h ich  is m an ifested  in  th e  a p p a re n t 
decrease o f  th e  ro ta tio n a l c o n s ta n t, o r  a n  a d d itio n a l te rm  is a tta c h e d  to  th e  
energy  expression , th e  fo rm  o f w hich in  H u n d ’s case b) is as follow s:

Щ (Л, N ; Л , IV) =  — D R ‘ =  -  D [N 2 -  A 2] 2 =  — D [N (N  +  1) -  A 2]2, (7)

w here N  is th e  ro ta tio n a l q u a n tu m  n u m b e r  in  case b ), Л is th e  p ro jec tio n  a lo n g  
th e  m olecu lar axis o f th e  re su ltin g  o rb ita l  an g u la r m o m e n tu m , an d  D  th e  
c o n s ta n t o f th e  cen trifuga l te rm . H ow ever, (7) is ex ac t only  w hen  th e  e lec tro n  
sp in  is coup led  to  th e  v e c to r  N- I f  we w a n t to  follow th e  p rocess of th e  suc-

Fig. 1

cessive decoup ling  from  th e  m olecular ax is a n d  th e  coupling to  v e c to r  N,  th e  p e r ­
tu rb a tio n  ca lcu la tio n  o f q u a n tu m  m echan ics h a s  to  be em ployed . T h is, how ever, 
req u ires  a know ledge o f th e  p e r tu rb a tio n  m a tr ix  e lem ent. F o r  its  ca lcu la tio n  
le t  us s ta r t  from  (7) b y  expressing  th e  v e c to r  N  b y  vec to rs J  a n d  S- O n th e  
basis o f th e  F ig u re  i t  can  be  seen th a t

H c =  -  D [N 2 -  A 2] 2 =  -  D [ ( f -  S ) 2 -  Л2]2 =  -  D [ ß + S 2 -  Л2 -  2 ( J  S ) ] 2 =

=  - D [ J 2 +~S2 - A 2 - 2 J t S i - 2 ( J i S ( +  J v S ri)Y  =

=  - D { [ f i  +  S 2 - A 2 ~ 2 j c S (]2 +  (8 )

+  4 (Jr Sr +  J v S v ) 2 -  4 ( J 2 +  S 2 -  A 2) (Je S e +  J v S v) +

+  4 Jr, Sr (Jç S j +  J u S„) -|- 4 (JçS ç -J  J v S rj) Jr  S t}.

In  th e  course of th e  d e ta iled  ca lc u la tio n , b y  m aking  use o f a few o f th e  
w ell-know n re la tio n sh ip s  p e rta in in g  to  th e  ch a ra c te ris tic s  o f q u a n tu m  v e c to rs ,
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8 I. KOVÄCS

th e  fo llow ing m a tr ix  e lem en ts  are  g iven w hich  ho ld  good for a te rm  o f a n y  
m u ltip lic ity  a n d  ty p e :

Щ (й ,  Z; Q Z)  =  -  D { [ f (J )  + f(S )Y -  +  2 f l J ) f ( S )  +  2 Q Z},

Щ ( й ,  Z; Q ±  1, Г  ±  1) =  -  2 D [ f(J ,  Q) + f ( S ,  Z)  -  1 ] { f (J ,  Q )f(S ,  Z )}V*, (9) 

Щ(0, Z ; Q ± 2 , Z ± 2 )  =  -  D {/(J, Q )f ( J ,  Q  ±  1 )f(S, Z ) f ( S ,  Z  ±  1)}1/2,
w here

f ( x )  =  x(x  - f  1 ) — Я2,

f ( x ,  x)  =  *(* +  1) — x (x  ±  1), (9a)

f ( x ,  x  ±  1 ) =  x(x +  1 ) — (x ±  1 ) (x ±  2 ),

a n d  x  is th e  co m p o n en t o f  x  a long th e  m o lecu lar a x is . I t  can  be seen th a t  
ta k in g  in to  acco u n t th e  decoup ling  o f  th e  sp in  also m odifies th e  d iagonal te rm  
co rresp o n d in g  to  case a) w hich  has b een  exp ressed  so f a r  in  th e  form

- D [ J ( J +  l ) - ß 2]2. ( 1 0 )

T ak in g  in to  acco u n t (9) on th e  basis  o f  (5) fo r d o u b le t te rm  leads to  th e  
follow ing exp ression  fo r th e  cen trifu g a l te rm  in th e  in te rm e d ia te  case b e tw een  
H u n d ’s cases a) an d  b)

H CN(J) — — D (J 2a +  1) +  Л 2 -f-

+  2  Л J 2a [S2a _1!2'N — S*A+1I2>N) 4 S A_rli2iN S a - i /2,n  J a} ■>

w here N  =  J  — 1/2 a n d  J  -j- 1/2, re sp ec tiv e ly , th e  fo rm s o f S  are k n o w n
[4] and

Л  =  ( j +  1 / 2 )2 - Л 2. ( 1 1 a)

(11) is s im p ly  to  be a d d e d  to  th e  w ell-know n H ill a n d  van  Vleck d o u b le t fo r ­
m u la . A lm y  an d  H orsfall [5] have  p ro d u ced  (9) fo r a special case, n a m e ly , 
t h a t  o f  2/7 te rm s , b u t  d id  n o t  give a  so lu tio n  on th e  basis  o f (5), b u t  so lved  
th e  secu la r eq u a tio n  su p p lem en ted  b y  th e m  (i.e. (9)) d ire c tly  w hich b ro k e  u p  
th e  s tru c tu re  o f th e  o rig in a l H ill  a n d  van  V leck fo rm u la  an d  re su lte d  in  a 
co m p lica ted  expression  d ifficu lt to  h a n d le . This is fu r th e r  co m plica ted  in  th e  
case o f h ig h e r m u ltip le ts , a n d , in  a d d itio n , i f  fu r th e r  co rrec tions are ta k e n  in to  
acco u n t (e.g . sp in —sp in  in te ra c tio n , r o ta t io n  —spin in te ra c tio n ) , th e  w hole p ro ­
cess has to  be s ta r te d  ag a in  a n d  i t  is r a th e r  d ifficu lt to  see th e  ac tu a l effects o f  th e  
resp ec tiv e  co rrec tions. T hese h in d ran ces c a n  be av o id ed  b y  th e  ap p lic a tio n  o f
(5) , since th e  co rrec tions th u s  ca lcu la ted  a re  given in  an  ad d itiv e  w ay  to  th e  
w ell-know n m u ltip le t fo rm u lae  a n d  th e ir  re sp ec tiv e  effects can  be s tu d ie d  
se p a ra te ly  (cf. th e  re su lt show n a t  th e  sp in  — spin  in te ra c tio n ) . T h a t  th e se  s ta te -
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G EN ERA L FORM OF TH E CEN TRIFU G A L TERM 9

m ents are valid  can be seen from  the fact th a t with the procedure m entioned  
for doublet term s Gilbert  [6] was not able to  supply exp lic it formulae for the  
case o f 3/7 term s for centrifugal corrections, on ly  a procedure for determ ining  
the m ultip let sp litting constant A .

B y  th e  use o f (5) an d  (9) th e  in te rm e d ia te  fo rm  o f th e  cen trifu g a l c o r­
rec tio n  v a lid  fo r all t r ip le t  te rm s  can easily  be  given. T h is w ill be

Н Щ ) — ^ /I  + L N Н СЛ+ l,/l+l +  H AA +  i f /1-1,Л-1 +

+  2 5л+1,лг 5л д  Н А+1,л -f- 2 SAN SA_1N f /л ,л - 1 +  %SA -1 ,N

( 12)

Л-l.N Н СЛ + 1,Л-11

w here N  — J  — 1 , J ,  J  -j- 1, a n d  th e  e lem en ts  o f H c are to  be  ta k e n  from  (9), 
an d  th e  ex p lic it form s o f S a re  a lread y  k n o w n  [7]. (12) is s im p ly  to  be ad d e d  
to  th e  B u d ó  t r ip le t  fo rm u la . S u b s titu tin g  Y  =  0 in to  (12) i t  is tra n sfo rm e d  
in to  (7), w hereas fo r Y  —*- сю i t  supplies th e  d iagonal e lem en ts  o f (9).

T he ca lcu la tio n  m ay be ca rried  ou t in  a sim ilar w ay  fo r  a q u a r te t  case. 
T hen  we o b ta in :

H Cn ( J )  =  3/2.N H lA -t-3/2,A +3l2 ~b ^ / 1+1/2,N f//L  1/2,/1+1/2 /̂1-1/2,N -H/l-lfö,И- 1/2 +

+  ^/1-3/2, N f / l —3/2,Л-3/2 +  2 S A + 3I2 'N  Sa . j /2, N H A 4.3/2,Л - 1/2 +

+  2  5 л+1/2,Л1 Sa - 1I2,N H A 1/2.Л-1/2 2 S A_1/2,N 5 >Л-3/2,ЛГ й л - 1/2,Л-3/2

"Ь 2 5л+3/2,ЛГ *̂ /1 - 1/2,N -^Л+3/2,Л-1/2 2 S a +1I2,N Sa -3I2,N -^Л + 1/2,Л-3/2 5

(13)

w here N  — J  — 3/2, J  — 1/2, J  -f- 1/2, J  -)- 3/2, an d  th e  e lem en ts  o f  f / c are  
to  be ta k e n  fro m  (9), while th e  fo rm s of th e  S  tra n s fo rm a tio n  m a tr ix  e lem en ts 
fo r 4/7 te rm  are  a lread y  k n o w n  [8 ].

B y  ta k in g  all th ese  in to  acco u n t th e  com ple te  m u ltip le t  fo rm ulae can  
be w ritte n  as follow s:

а д  =  TN(J) +  H'N(J) +  H f f U )  +  HfT(J)  , (14)

w here T N(J) d eno tes th e  u su a l m u ltip le t fo rm u la  (for d o u b le t te rm  th e  k n o w n  
H ill  a n d  v a n  V leck , for tr ip le t  te rm  th e  B udó  a n d  for q u a r te t  te rm  th e  B randt  
fo rm u lae), H \ ( J )  is th e  c en tr ifu g a l co rrec tio n  o f a genera l fe rm  given ju s t  
ab o v e , H%S(J) is th e  genera l fo rm  o f th e  spin sp in  in te rac tio n  a n d  las tly  
th a t  o f  th e  in te ra c tio n  b e tw een  ro ta tio n  a n d  sp in . All th e  fo u r  te rm s re fe r to  
th e  in te rm e d ia te  case b e tw een  H u n d ’s cases a) a n d  b).

A d o p tin g  th e  p rocedure  w ritte n  here th e  ca lcu la tion  fo r  th e  cen trifu g a l 
te rm  o f th e  in te rm e d ia te  case be tw een  H u n d ’s cases b) a n d  d) m ay  also be 
ca rried  o u t. F ro m  th ese  th e  fo rm s ca lcu la ted  fo r  th e  p-  an d  d -te rm s-com plexes 
can  be found  in  th e  a u th o r’s b o o k  [9].
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RADIATIVE CORRECTIONS TO MUON DECAY 
WITH FINITE NEUTRETTO MASS*

By

F.  C s i k o r  and K . N a g y
INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST

(R eceived 23. I. 1968)

R adiative corrections to m uon decay are calculated , assuming a fin ite  neu tre tto  m ass. 
The corrections are shown to be free of infra-red divergences even a t th e  end point of the 
spectrum .

1. In tro d u c tio n

R ecen t m easu rem en ts  [1] in d ica te  an  u p p e r  lim it of 1 — 2 MeY for th e  
m ass o f th e  n e u tre t to .  Several a u th o rs  [2] h a v e  suggested  t h a t  an  u p p e r lim it 
can  be  se t on th e  n e u tre t to  m ass b y  observ ing  th e  shape of th e  e lec tro n  energy- 
sp e c tru m  n ear th e  h igh -energy  en d  in th e  m u o n  decay . In  f a c t ,  th e  shape o f 
th e  sp ec tru m  is m o re  sensitive to  th e  m ass mv' o f  th e  n e u tre t to  th a n  th e  e n d ­
p o in t itself. The sp ec tru m  is g iven  b y  th e  fo rm u la

P(E) dE g2  m;1—  \rE- -  l2 1(El2 +  E  — 2Г-) 1 
(2ti)3 12 Г 1

— E 2m  T  3n2 —
rn-

dE,

2 n B
m3

( 1 )

w here m =  1 T  Z2 — 2 E,  an d  th e  electron  e n e rg y  E,  as w ell as th e  e lectron  
a n d  th e  n e u tre tto  m asses l, n a re  expressed  in  te rm s  of th e  m u o n  m ass. T he 
sp e c tru m  (1) is show n  in Fig. 1 fo r som e v a lu es  o f m,'.

W e see th a t  fo r m ÿ  =  0 th e  sp ec tru m  gives a fin ite  v a lu e  fo r th e  m ax im al 
e lec tro n  energy, m eanw hile  i t  g ives zero for m v' 0. This seem s to  be e x tre ­
m ely  fav o u rab le  fo r th e  d e te rm in a tio n  of m , ' . H o w ev er, if  ra d ia t iv e  co rrections 
are  ta k e n  in to  a c c o u n t, th e  sp e c tru m  decreases fo r high energies even in th e  
m ’v =  0 case. In  fa c t,  because o f uncancelled  in fra -re d  d ivergences for m = 0  
th e  sp ec tru m  te n d s  to  m inus in f in ity  a t  th e  u p p e r  end  [3] (F ig . 3).

In  th is  n o te  we give th e  ra d ia tiv e  co rrec tio n s for th e  m '  =И= 0 case, a n d  
show  th a t  th e y  a re  n o t d iv e rg en t a t  th e  u p p e r  en d  of th e  sp e c tru m , b u t  give 
e x a c tly  zero .1

* Dedicated to  Prof. P. G o m b á s  on his 60th b irth d ay .
1 This fact has n o t been observed in [7], where the same problem  is trea ted  in a 

certa in  approxim ation.
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12 F. CSIKOR and  K. NAGY

2. The e lec tro n  spectrum

T he in te ra c tio n  responsib le  fo r th e  decay  of m u o n  is

Hmt =  g 1 + 7 5We Y i ----- — 5- Wv
1 +  7s )

V v ’ Y i ------ “ " V J

+  ie We Yi WeA i +  ie Wu Yi Wy. A h ( 2)

w here гре, y>v, ipv, a re  th e  D irac  f ie ld  o p era to rs  o f m u o n , e lec tro n , n eu tr in o  
a n d  n e u tr e t to ,  re sp e c tiv e ly ; Ai  is th e  e lec tro m ag n etic  fie ld . W e use h e rm itic  
D irac  m a trices , w ith  th e  c o m m u ta tio n  ru le  {у/, y^} =  2 Ьц( (i, к =  1, . . .  4). 
T h e  g rap h s  g iv ing  c o n tr ib u tio n s  to  th e  elec tron  sp e c tru m  up  to  second  order 
in e a re  show n in  F ig . 2.

F ig . 2a gives th e  u n c o rre c ted  sp e c tru m , F ig . 2b th e  in n er B rem sstrah lu n g  
co rrec tio n , an d  F ig . 2c th e  v ir tu a l p h o to n  co rrec tions.

Fig. 2

Acta Physica Academiac Scientiarum Hungaricae 27, 1969



R A D IA TIV E CO RRECTIO N S TO MUON DECAY 13

I t  is co n v en ien t to  reo rd e r th e  w eak  p a r t  of th e  H a m ilto n ia n  (2) b y  m eans 
of a F ierz  tra n s fo rm a tio n  (4) w hich y ie ld s

— 1 +  У5
We Vi----- -----  Wp — 1 + 7 5

W  Vi----— 1-Wv +

+  i«WeViWeAi +  (3)

In  th is  fo rm  th e  n eu tr in o  p a r t  o f th e  m a tr ix  elem ent can  be ca lc u la ted  in d e ­
p en d en tly  o f  th e  re s t o f th e  m a tr ix  e lem en t. L et us ca lc u la te  it  in d e ta il. The 
m a tr ix  e lem en t assum es th e  form

M  =  Ca N u d4 (<jr — p' p ” ) (4)

w here N a is th e  n eu tr in o  p a r t  of th e  m a tr ix  e lem ent; N a — u,.. ya — vv
2

an d  p ' , p'  m e a n  the  n e u tre t to  and th e  n e u tr in o  four m o m en ta , re sp ec tiv e ly . 
T he v alue  o f  q is p 11 — p e fo r th e  g rap h s o f  F ig . 2a, c a n d  p '1 — p e — к fo r  F ig . 
2b (k is th e  p h o to n  m o m en tu m ). S u m m in g  over th e  sp in s  we get

2  N a =  - 2 (Pa Pb +  Pb Pa ~  àab pY p ) -Spin h, bj

- P c > d W - 2 d M (6 =  4)), (5)

w here E " ,  E ’ m ean  th e  n e u tre t to  a n d  n eu trin o  energ ies, re sp ec tiv e ly . By 
(6  == 4) we d en o te  all th e  te rm s  s ta n d in g  before, ta k e n  a t  b =  4. eabcd is th e  
L ev i—C iv ita  sym bol.

C arry ing  o u t th e  in te g ra tio n  over th e  n eu trino  a n d  n e u tre tto  m o m en ta  
we e n co u n te r  w ith  in teg ra ls  o f th e  fo llow ing  ty p e

Iab =  {d3ppd3pp’ö * ( q - p ppp' ) J ^ -  . 
J  E" E"’

U sing th e  re la tiv is tic  p ro p e rtie s  of I ab w e easily  find

I ab (q, q, + n‘!f  — -7
4b

ÍЪ  4 t?

4 a  4b 4 i4 iôab_ (q q + n 2 ) ,

4q, q,i~

( 6)

( ? )

U sing (7) we g e t in te g ra tin g  (5)

N ab =  N a N ;  Ô* (q -  p v -  p ”), d3p vd3p v'
(2 л:)6

(2ti) 

w ith  A  —
3

6 (2Aq„ Чь +  B  Ôab — 2ôab (b =  4))

3 n 4 2 ne

(?<• q>? (?/ qî?
2q, qt +  3  n-

( 8)

(4 i4 iY
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14 F . CSIKÓI! and К . NAGY

O u r n e x t ta s k  w ould  be to  e v a lu a te  CaC*Nab fo r all th e  g ra p h s  (tak ing  in to  
ac c o u n t also th e  cross te rm s b e tw een  th e  d iffe ren t g raphs), to  ca rry  ou t th e  
e lec tro n  sp in  su m m atio n , to  av e rag e  for th e  m u o n  sp in  an d  in te g ra te  over th e  
e lec tro n  d irec tio n . F o r th e  in n e r  b re m ss tra h lu n g  c o n tr ib u tio n  we m ust average  
o v er th e  p h o to n  p o la risa tio n  a n d  in teg ra te  o v e r th e  p h o to n  m om en tum , to o . 
T h e  c a lcu la tio n  is ra th e r  le n g th y , so we give no  deta ils , o n ly  m ake som e 
rem ark s .

T here  is no  p rob lem  w ith  u ltra -v io le t d ivergence , as th e  th e o ry  is ren o r- 
ina lizah le  [5]. N everth e less , in fra -red  d ivergences occur. T h e y  are rem oved  
in  th e  u su a l w ay  b y  in tro d u c in g  a fin ite  p h o to n  m ass A. N a tu ra lly  A occu rring  
in  th e  in n e r b re m ss tra h lu n g  co rrec tion  cancels ex ac tly  a g a in s t th e  in fra red  
d ivergences in  th e  v ir tu a l p h o to n  co rrec tions. I t  is r a th e r  sa tis fac to ry  t h a t  
a f te r  th is  can ce lla tio n  th e re  rem ain s no in f ra re d  d ivergence  in  th e  e lec tro n  
en erg y  sp e c tru m  in  th e  case m /  ^  0 , to  be c o n tra s te d  w ith  th e  case m /  =  0 . 
(This p o in t w ill be  d iscussed in  som e d e ta il la te r .)  In te g ra tio n  according to  к 
w as ca rried  o u t w ith  specia l care , ta k in g  th e  A —*• 0 lim it on ly  a fte r  th e  
in te g ra tio n . O u r re su lt is

P(E) d E  =  Pd E  j P0 -  - -  (A  +  B )j =  1(E) dE, (9)
(2 я ) 3 • 4 [ 4л  J (2 л:)3 4

w here  P 0 is th e  u n co rrec ted  sp ec tru m , A  th e  v ir tu a l p h o to n  correction , В  th e  
in n e r b re m ss tra h lu n g  co rrec tio n .

P0 =  — (l2E  +  E -  212) f l  -
3 m2 m 3

E
— 2 m -f- 3n2

n r

w here m =  1 Г2 — 2 E; E  a n d  p  are th e  e lec tron  en erg y  an d  m o m en tu m . 
/, n a re  th e  re s t  m asses o f  e lec tro n  an d  n e u tr e t to ,  re sp ec tiv e ly , expressed  in 
te rm s  o f th e  m u o n  m ass.

4 E h i  - 2p J 2P 1Г 0 
P 1 l2 - E - p 1 — E  +  p  j

+

+  lg (E  +  P) lg P- - P - -  у  lg
Z(1 — -E + jp )  2 E  — p

h l

+
(m  — n2)2

m-
lg l ■ 4 (£  — 1 ) +  2E (1 -  Г- -  2 n2) +

+ 4(1 - E ) l 2 m - \ ------ (m -  n2) (3m +  4p 2) +
3

2ra2 (3 +  l2) (1 — E ) —
2 (1  — Z2) n2 (m +  2p2)

m~
+
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!g
E  +  P 
E - P

m  3/"+  2”2----— +  —  I n 2 ( m  +  2p 2) +
2 p  2p

-j— - (3m -j- 4p 2) (m  — n2) +  2(1 — E ) [m -f- re2 (2E  — 1) +  

+  (Z2 +  2 E) (Z2 +  n- -  1 )] -  (1  -  Z2) (m +  Z2 +  2 n2) J +
1

2m p
4ra2 p 2 ( 1 E) -  n2 ( l  +  Z2) (m +  2p2) +

+  2(1 - E ) [ l  - Z 2)[2Z2 ( l - E )  +  n 2 +  

8 E  -  1 —+  Z2 (Z2 +  n 2 —  1) + (m -  n2) (3m  +  4p2) -

2 n 2 p ( m  +  2p2) I 8  (3m +  4p 2) (m  — ri1)
+

m

+  2(1 -  E) (4(1 -  Z2) -  3n2) -  (m +  2p 2) ] )  ,

L ( x )  =  f
J П

l g i l  -  t|
dt

w here

4 E
В  = ---- P0a  +  6 +  c +  <Z.

P

a  —  L P_
E

P
E

-  -  lg2 (E  +  P) +  ~  lg 2 ( E - p )  
4 4

i  Ig 2 E l g - ^ £ -  
2 ё E  +  p

E - p
2 E

H-------L
2

( E  +  p j 
2 E  I

+

+  lg (m -  a2) Í2 -  lg — - + P  

M  E  °  E  — p
+  E (E +  p )  — L  ( E  — p)  +

*2 lg ( l - E - p )  _ E _  l g ( l - E  +  p )  
2 E  E  +  p  2 E  p - E

Z2 ,
4---------lg

2 E
E  +  p E  +  p
E  — p  1 — E  — p

_  J-lgJLiLP
2 E - p

_  J L i g m  +  l
2 E  2 E

E  , 1 - E
-  l£

l - £  +  P
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4 R
b =  — | (2 l2 — E  — E l 2)

3P

Зге4

+  lg- 2  —----- lg

m-

e + p \
E

l - E  +  p

2 ree 
m 3 

m — re*5 

re2

+
re«E m — re-

+

1 -  E - p
Z2 m — re:

2 E  re2

^  E  — 1 ,
E -------------lg

2 E  — 1

- l g

E  — p )  +  
l - E - p  
l - E  +  p  

E 2 +  E  -  1 
I 2 E  — 1 
1 — E  — p  1 +  E

E 2 +  E  -  1
1 -  2 E  

E  +  p

h

E  

E - P
E  +  p

(1 +  E )  lg
E - P

2 E 2 +  E  -  1

l - E  +  p  Z2
2

C = —  re6 (2 Z2 — E  — EZ2) —  —  П 
3 rre

2 E  

P

Z2 »г -  n 2

l g + t ! L  +

2 re4
E 2 +  E  ■

+

2 E 2 +  E  -  1 
2 E

4 m — n2

! + + £ - + E

2 E  — 1 
1 +  E  

l - E  +  p  Z2

1 n  1 - - E - P  E l g

+

Ti­
ni — re

re*

2 E

2 E  — 1

l l l g l ± P  +
re2 p  °  E - p

Z E 2 +  E  — 1 Z E  — p  l - E  +  p  1
re* I 1 — 2 E !g E  +  p  1 E

!g
1 - E -

<Z= -

l - E  +  p
(rei — n 2)2

^ _ ( 1  +  E ) l g ^ | ) .
E - p j j

i ± ^ + 3  ™

+

m
m — re2 . re2
------—  + l g  —m

n 4( 1 +  l2)

2 Pre2 ( l  +  Z2 )  ( m  -  re2 ) 2
6 p rei

lg

- 2 E  E  +  p I

4 ^  8  í T -  p  j Г
E  +  p
E - p

, E + p  re® re2
!g —---- --- -  —  l g ----Ь — p  6  m

-L + 4_lgl±JL| -  ^t"1 -  »I -  2m).
m p  E  -  p  ) 3 m2

* %| ± i _î(1 + 4 + l « , g|± t i i
p  E  — p  p  E — p  — r

3 6
( 1 1  re4 — 4 m2) ------- 1------- lg

m
E  +  p )  
E - p

-  (re2(3 m — re2) — (3 m — 2 E ) m) (2  -  —  lg .
3 m p  E  — p  j

A n a p p ro x im a te  fo rm ula  m a y  b e  found  in  [7].
T he sp e c tru m  (9) is show n in  F ig . 3 fo r som e values o f re
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3. The problem  o f in fra -red  d ivergences

T he prob lem  o f in fra -red  d ivergences arises in  an  acu te  fo rm  in  th e  zero 
n e u tre t to  m ass case. In  fa c t, ta k in g  th e  lim it in  (9), i t  is easy  to  see th a t  a t  
th e  m ax im al e lec tron  energy  th e  sp e c tru m  te n d s  to  m inus in f in ity  w hich is 
ev id en tly  an  u n sa tis fa c to ry  re su lt. T h e  usu a l e x p la n a tio n  for th is  is th e  follow ­
ing [3]. N ear th e  e n d -p o in t of th e  sp e c tru m  th e  s tro n g  dam ping  effect o f  v ir tu a l 
soft p h o to n s  is o n ly  p a r tia lly  co m p en sa ted  b y  em ission  of rea l so ft p h o to n s, 
owing to  phase space  res tric tio n s  fo r rea l em ission . A t th e  e n d -p o in t real 
em ission is co m p le te ly  in h ib ited , a n d  so th e  in f ra - re d  d iverg en t p a r t  of th e  
v ir tu a l p h o to n  c o n tr ib u tio n  fails to  b e  cancelled  b y  rea l p h o to n  te rm s .

L e t us see h o w  th e se  ideas are  re flec ted  in  o u r  fo rm ulae. T h e  in te re s tin g  
p a r t o f th e  inner b re m ss tra h lu n g  co rrec tion  is

4 71
Ы>

4 E  

L P

+

JL 1g E ± P .
E  E - p j  

2(1  - E )

(IgA -f- lgm) +
( 10)

!g (! — E  ~  p)  — 2  lg m

á t  th e  m ax im al e lec tro n  energy  E max =  (1 -|- l2 — A2)/2, th e  above  expression 
gives a fin ite  v a lu e , depend ing  lo g a rith m ica lly  on A. In  th e  lim it A — 0 
th is  v a lu e  ten d s  to  m inus in f in ity , w h ich  show s t h a t  our fo rm u la  gives an 
un p h y sica l resu lt even  for th e  em ission of rea l p h o to n s . As is w ell know n, 
th e  su m m atio n  of th e  pow er series p ro v id ed  b y  th e  to ta l i ty  of in fra -re d  te rm s 
w ould lead  to  a f in ite  re su lt [6 .] L e t us tu rn  n o w  to  th e  m,v ^  0 case. As we
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18 F. C SIK O R  and K. NAGY

m e n tio n e d  befo re , th e  sp ec tru m  is f in ite  even a t  th e  en d -p o in t. I n  fac t, for 
th e  m a x im a l e lec tro n  energy  P (E )  is ex ac tly  0. T h e  te rm s c o n ta in in g  A are 
o f th e  fo rm  ~ P 0E  (2 p /E  — lg E - \ -p /E  — p)  lg A. As P 0 —► 0 if  E —*■ E max we see 
t h a t  a t  th e  m ax im a l energy  th e re  is n o  need  for th e  cancella tion  o f th e  in fra -red  
d iv e rg e n t te rm s . N e ith e r  th e  in n e r  b re m ss tra h lu n g  n o r th e  v i r tu a l  pho ton  
co rrec tio n  is d iv e rg e n t a t  th e  m a x im a l energy . A  p robab le  e x p la n a tio n  for 
th is  is t h a t  th e  av a ilab le  phase  sp ace  is co n fined  to  a single p o in t  a t  E max. 
(In  th e  m v, =  0 case к  ^  0 rea l p h o to n s  are  also  allow ed, a lth o u g h  in  b o th  
cases th e  av a ilab le  in v a ria n t p h ase -sp ace  v o lu m e  is zero a t  E max-) T hus, 
in  th e  m Vr 0  case we are ab le to  give a sp e c tru m  com ple te ly  sa tis fa c to ry  
even  a t  th e  end  p o in t.

R E F E R E N C E S

1. L. G. H y m an  e t al., Phys. Letters, 25В, 376, 1967.
P . S. L. B o oth  e t al, Phys. L etters, 26B, 39, 1967.

2. J .  B a cha ll  and R . B. Cu r t is , N uovo Cimento, 21, 422, 1961.; R. F r ie d b e r g , Phys. Rev.,
129, 2298, 1963; K . N a gy , A cta P hys. H ung., 17, 163, 1964.

3. E .g. T . Kinoshita and A. S ir l in , Phys. Rev., 107, 593, 1957 and 113, 1652, 1959.
4. M. F ie r z , Zeitschrift für Physik 104, 553, 1937.
5. J a . A. Sm o r o d in sk y  and H e  T so -H sm , JE T P  38, 1007, 1960.
6. J .  M. J auch  and F . R o h r ilc h , The T heory  of Photons and  Electrons (R eading, Mass. 1955).
7. G. R . A llcock , Proc. Phys. Soc., 85, 875, 1965.
8. K . M it c h e l , Phil. Mag., 40, 351, 1949.

РАДИАЦИОННЫЕ КО РРЕКЦИИ К РАСПАДУ МЮОНОВ 
С КОНЕЧНЫМИ МАССАМИ НЕЙТРЕТТО 

Ф. ЧИКОР и к. НАДЬ 

Р е з ю м е

В работе вычисляются радиационные коррекции к распаду мюонов с предположением 
конечной массы нейтретто. Коррекции свободны от инфракрасных расходимостей даже 
при конечной точке спектра.
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MEASUREMENT OF THE CROSS SECTION FOR THE 
ISOMERIC ACTIVATION OF “Tn RY y -RAYS FROM

2iNa SOURCE*
By

A. V e re s  and L. Lakosi

INSTITUTE OF ISOTOPES OF THE HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST

(Received 1. X . 1968)

The activation cross section of 115In  fo r a 150 Ci 24Na source em itting  1.38 and 2.75 MeV 
gamma photons has been determ ined. The value found on the  basis of the induced 115mIn  
activ ity  proved to  be 1 3 .5 x 1 0 “ 32 cm2, being about threefold of 4 .9 x 1 0 “ 32 cm2, the value 
determ ined w ith  the aid of 60Co photons.

This deviation gives evidence of the  existence of higher, 1.42, 2.13 and 2.63 MeV ac ti­
vation  levels in addition to th e  first 1.078 MeV, which have already been m easured when using 
accelerators for excitation.

T h e isom eric a c t iv i ty  re su ltin g  from  th e  115In (y , y ’) llsmIn  re a c tio n  has 
a lread y  b een  m easu red  an d  s tu d ied  b y  several au th o rs . F o r its  a c tiv a tio n  n o t 
only th e  b rem ss tra h lu n g  from  p a r tic le  accelerato rs [1 ] b u t  also som e o f th e  
у-e m ittin g  rad io iso topes w ere u sed . T he ac tiv a tio n  cross sec tion  p e r gam m a 
q u a n tu m , as ev a lu a ted  fo r  th e  1.17 a n d  1.33 MeV y -rays from  60Co [2— 4] was 
fo u n d  to  lie in  th e  ra n g e  (1 .3—8.3) X 10 ~ 32 cm2, v a ry in g  w ith  th e  e x p e rim e n ta l 
co n d itio n s. F o r a c tiv a tio n  w ith  y -ray s from  th e  54 m in  half-life  llemI n  p ro d u ced  
b y  in d iu m — gallium  reac to r-lo o p , A b r a m s  e t al. [5] o b ta in e d  a 115In  a c tiv a tio n  
cross sec tio n  of (1.5 +  0 Л ) х Ю " 31 cm 2. The reac tio n  cross sec tio n  is obv iously  
d ep e n d e n t on th e  en e rg y  of th e  p r im a ry  y-rays o f th e  ra d ia tio n  source  used. 
T he re la tio n  betw een  th e  energy o f  th e  ac tiv a tio n  level an d  th a t  o f th e  p rim a ry  
gam m a q u an tu m  is a lw ays E a <7 E y, since a m e ta s ta b le  s ta te  in  a n y  nucleus 
c an n o t be  p roduced  ex c e p t by  d e c a y  from  a h ig h er ex c ited  level. T h e  isom eric 
a c tiv a tio n  cross-section  also v a rie s  w ith  th e  e x p e rim e n ta l co n d itio n s u n d e r  
w hich th e  C om pton sc a tte rin g  re su ltin g  in  th e  у -q u a n tu m  w ith  an  en erg y  
equal to  th a t  of th e  ac tiv a tio n  lev e l is being p ro d u ced . In  ad d itio n , i t  depends 
on th e  n u m b er of h ig h e r levels w h ich  can  be ex c ited  in  th e  nucleus.

T o  ex ten d  th e  n u m b er o f ra d ia t io n  sources av a ilab le  fo r th e  p ra c tic a l 
a p p lica tio n s  of th e  n u c le a r  ph o to  e ffec t, like a c tiv ity  m easu rem en t a n d  a c tiv a ­
tio n  an a lysis  [6 — 7 ], fo r w hich th e  effective a c tiv a tio n  cross sec tio n  m u s t be 
k now n , i t  seem ed o f in te re s t to  m easu re  th e  115In  a c tiv a tio n  cross sec tio n  for 
th e  1 .38 and  2.75 M eV y-rays fro m  24N a.
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E xperim en ta l

a) Preparation o f  2iNa source

S o d iu m  ca rb o n a te  o f c. p . g rade , com pressed  to  19 m m  X 44 m m  c y lin d ri­
ca l fo rm  o f 19.108 g was ir ra d ia te d  for 71 h o u rs  in  a th e rm a l n e u tro n  flu x  o f 
4 .33 • 1013 n  c m - 2  sec - 1  o f th e  W W R S — 2M re a c to r . O ne h o u r  a f te r  te rm in a tio n  
o f th e  ir ra d ia t io n  th e  24N a a c t iv i ty  was fo u n d  to  be  145 Ci. T h e  a c tiv i ty  m easu re ­
m e n t ta k e n  25 h o u rs  a f te r  ir ra d ia tio n  w ith  th e  use o f th e  P h ilip s -ty p e  io n iza tio n  
ch a m b e r o f  th e  N a tio n a l B u re a u  o f  M easu rem en ts c a lib ra te d  to  + 3 %  show ed 
4 5 i f  Ci, in  good ag reem en t w ith  th e  v a lu e  p re d ic te d  from  th e  re a c to r  flu x  w ith  
co rrec tio n  fo r d ecay  tim e.

b) Isomeric activation by 2iN a  source

N a tu ra l in d iu m ^ targ e ts , each  3 g a n d  0 10 m m  b y  6  m m  in  size, were 
used  fo r th e  a c tiv a tio n  o f llsmIn . T he 24N a source  w as p laced  in  a p a p e r  cup

Fig. 1. The position o f the indium  ta rg e ts  during the gam m a-irradiation  by  24N a source

lo c a te d  400 m m  fro m  th e  b o tto m  a n d  a t  a so m ew h at g re a te r  d is ta n c e  from  th e  
to p  an d  th e  side-w alls o f th e  h o t  cell. F o u r  in d iu m  ta rg e ts  w ere m o u n ted  
a ro u n d  an d  tw o  ab o v e  th e  source  in  th e  a rra n g e m e n t show n in  F ig . 1. B ecause 
o f  th e  15h half-life  o f  th e  24N a a c tiv ity , th e  ir ra d ia tio n  tim e  w as chosen  to  be, 
g en era lly , 3 ho u rs .

c) Measurement o f  isomeric activity

T he ir ra d ia te d  sam ples w ere m easu red  b y  S iem ens single ch an n e l ana lyzer
3

co u p led  to  a 2 in . x l  — in. N a l  (T l)  w ell-type  sc in tilla tio n  co u n te r. T h e  energy
4

a n d  half-life  o f  th e  m easu red  ra d ia tio n  w ere fo u n d  to  be  E  =  335 keV and
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T i '2 =  4.5 h , i.e. th e  ch a ra c te ris tic  d a ta  fo r  115mIn . T he reso lu tio n  o f th e  
d e tec to r, as checked w ith  th e  661 keV lin e  o f 137Cs— 137rt1B a  w as 13.7% . F o r  
th e  323 keV line  of 51Cr used  fo r th e  c a lib ra tio n  o f th e  effic iency  an d  geom etric  
fac to r  o f th e  w ell-type  N a l  (T l)  c ry s ta l a n d  th e  se lf-ab so rp tio n  o f th é  sam p le , 
th e  co u n tin g  efficiency in  th e  channel w id th  u sed  was m easu red  as 28% . T h e  
a c tiv ity  m easu rem en ts  la s te d  from  5 to  10 m in u tes . T he b ack g ro u n d  in  th e  
channel co rrespond ing  to  th e  335 keY p h o to p e a k  of llsmIn  w ith  a c h an n e l 
w id th  of 14 У  (174 keV) w as fo u n d  to  b e  32 cpm .

D iscussion

The a c tiv a tio n  cross sec tio n  per p r im a ry  gam m a q u a n tu m  o f th e  ra d ia tio n  
source can  be  ev a lu a ted  from  th e  m easu red  isom eric a c tiv ity  b y  m aking  use o f 
th e  expression

/(«  +  !)  . ___ A ____ J _
° m ÜU N .  a. m. f -S

w here th e  f ir s t  fac to r  on th e  r ig h t h a n d  side gives th e  isom eric  a c tiv ity  as 
de te rm in ed  b y  th e  co u n tin g  ra te  I  in  cps, th e  in te rn a l conversion  coeffic ien t 
is x  and  th e  co u n tin g  effic iency  is ÜH. T h e  second fac to r  gives th e  n u m b e r of 
ta rg e t nucle i as d e te rm in ed  b y  th e  a to m ic  w e ig h t A , th e  A vogadro  n u m b e r N ,  
th e  w eight m  an d  th e  iso top ic  ab u n d an ce  a o f th e  ta rg e t. T h e  th ird  fac to r s ta n d s  
fo r th e  p r im a ry  у -flux  f  an d  th e  s a tu ra t io n  fa c to r  S  =  1 — exp . (— 0.693t • T -1 ) 
w ith  t be ing  th e  ir ra d ia tio n  tim e  an d  T  th e  half-life  of th e  isom eric nuc leu s. 
T he a c tiv a tio n  cross sec tion  ev a lu a ted  fo r  th e  p rim ary  у -q u a n ta  of 24N a  w ith  
th e  use of th is  fo rm ula , gives 1.35 ±  0.27 X 10 ~ 31 cm 2 as co m p ared  w ith  t h a t  o f 
4.9 • 10 ~ 32 cm 2 o b ta in ed  in  an  earlier m e asu rem en t [8 ] fo r 60Co of th e  sam e  
size as th e  24N a source a n d  w ith  s im ila r in d iu m  ta rg e ts . T h e  d ifference o f  th e  
tw o values can  be ex p la in ed  b y  th e  f a c t  t h a t  th e  1.17 an d  1.33 MeV y-lines 
o f eoCo can  excite , th ro u g h  C om pton  sc a tte r in g , only  th e  f i r s t  a c tiv a tio n  level 
in  ind ium  a t  1.078 MeV [9], while th e  2.75 MeV lines o f  24N a are cap ab le  
o f also ex c itin g  th e  h ig h er levels o f 1.42, 2.13 and  2.63 MeV, th e  ex is ten ce  of 
w hich h av e  a lread y  been  showm in  e x p e rim e n ts  w ith  b re m ss tra h lu n g  (F ig . 2).

T he effective a c tiv a tio n  cross sec tio n  u n d e r th e  g iven  ex p e rim en ta l co n ­
d itions can  be p red ic ted  [1 0 — 1 1 ] if  one uses th e  fo rm ula

У  A 0ei oai
. „H id  2  „/<2 в4Ű 1

ft’li 7*2
[ l  _  /«г-''A e]

(1 —fl-f A  2) +

/b /b
+

-p.l

/ V

( 2)

w here A 0 ej th e  d iffe ren tia l cross-section  fo r e lec tron  sc a tte r in g  to  th e  i- th  
ac tiv a tio n  level i.e. to  th e  range o f energ ies co rrespond ing  to  th e  level w id th .
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/ 1Ф(|- can  be  e v a lu a te d  from  th e  K le in— N ish in a  form ula. aai is th e  cross-sec tion  
fo r reso n an ce  ab so rp tio n  a t  th e  i- th  level. T h e  te rm s in  th e  b rack e ts  s ta n d  fo r 
th e  source, th e  ab so rb er a n d  th e  ta rg e t, as d e te rm in ed  b y  th e  elec tron  d en sities 
n ol, n 02 a n d  n oi, th e  a b so rp tio n  coefficients /л2 an d  /j,i a n d  th e  th ick n esses  
d, о, l, re sp e c tiv e ly .

T he cross sec tion  fo r ex c ita tio n  to  th e  f irs t, 1.078 MeV level in  in d iu m  
w ith  s u b se q u e n t decay  to  th e  m e ta s ta b le  s ta te  was e v a lu a te d  from  E q . (2), 
as a =  5.15 X 10 32 cm 2 b y  ta k in g  th e  re so n an ce  level w id th  to  be 4 • 10 3 eV, 
as e s tim a te d  b y  G u t h  [1 2 ], w hich gives oa =  1 0 ~ 22 cm 2 fo r th e  a b so rp tio n  
cross sec tion .

C o m parison  o f th e  v a lu e  p red ic ted  fo r  th e  f irs t  ex c ited  level a t  1.078 
MeV w ith  th e  m easu red  cross section  o f 13.5 x l O -8 2  cm 2 show s clearly  t h a t  
th e re  m u s t b e  a n  ap p rec iab le  c o n tr ib u tio n  to  th e  a c tiv a tio n  from  th e  second  
a n d  po ssib ly  h ig h e r  ex c ited  levels o f in d iu m . The in d iv id u a l c o n tr ib u tio n s , 
how ever, c a n n o t be e v a lu a te d  w ith o u t a know ledge of th e  ab so rp tio n  cross 
sec tion  an d  leve l w id th  d a ta  involved.

Acta Physica Academiae Scientiarum Hungaricae 27, 1969
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ИЗМЕРЕНИЕ ЭФФЕКТИВНОГО СЕЧЕНИЯ АКТИВАЦИИ ЯДЕРНОГО 
ИЗОМЕРА 1151п у-ЛУЧАМИ 24Na

А. ВЕРЕШ и Л. ЛАКОШИ 

Р е з ю м е
Определяется эффективное сечение активации изомера llsIn, относящееся к гамма- 

лучам энергии 1,38 и 2,75 Мэв радиоактивного источника 24Na при активности 145 кюри. 
Из измерения активности изомера И5ш1п данное значение получилось равным 13 5 х  10~32см2, 
что примерно в три раза больше значения полученного гамма-лучами 60Со (4.9 х Ю -31 см2). 
Степень расхождения подтверждает, что наряду с первым активационным уровнем при 
1,078 Мэв существуют и высшие уровни с энергией 1,42; 2,13, 2,63 Мэв, уж е наблюден­
ные ускорителями.
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ON THE KINETICS OF THE PHASE TRANSFORMATION 
OF CsCl CRYSTALS II*

By

I .  G a á l

RESEA RCH  IN STITU TE FO R TECHNICAL P H Y SIC S O F TH E  H U N G A R IA N  ACADEMY O F SCIEN CES,
B U D A PEST

Z. MORLIN

RESEA RCH  LABORATORY FOR CHEM ICAL STRUCTURES OF T H E  H UNGARIAN A CADEM Y
OF SCIEN CES, BUDAPEST

and

I.  T a r j á n

RESEA RCH  GROUP FO R  CRYSTAL PHY SICS O F T H E  H UN G ARIA N  ACADEMY OF SCIEN CES,
B U D A PEST

(Received 10. X II. 1968)

The kinetic curve of th e  B2 , v / i , phase transform ation observed during un iform  hea t­
ing m ay be divided into th ree  different stages. In the first stage disk-like nuclei are formed 
which grow rapidly along th e  B 2 phase boundaries. In  the second stage no nuclei are formed 
and the grow th takes place norm al to the original grain boundaries. Finally, th e  decrease of 
th e  transform ation  ra te  in stage I I I  m ay p robab ly  be associated w ith  the Clausius-Clapeyron 
type  decrease of the driving force. In  the fram ew ork of this v isualization of the k inetic  curve 
some previous results are also in terpretable.

1. In tro d u c tio n

T h e  (CsCl ty p e  la ttic e )  (N aC l ty p e  la ttice ) p h a se  tra n s fo rm a tio n  in 
CsCl is connected  w ith  a p ro n o u n ced  change in  th e  electrical c o n d u c tiv ity  
[1, 2, 3, 4 , 5] w hich gives a good o p p o r tu n ity  to  in v e s tig a te  th e  k in e tic s  o f th is  
tra n s fo rm a tio n  [5, 6 ]. T h e  c o n d u c tiv ity  o f  various s in te re d  Jo h n so n — M a tth e y  
specpure  CsCl sam ples w as found  to  b e  a w ell-defined  fu n c tio n 1 o f  t im e  w hen 
h e a tin g  th e  sam ples a t  a c o n s ta n t r a te  above th e  eq u ilib riu m  te m p e ra tu re  of 
tra n s fo rm a tio n  (Tc =  726 °K ) (Fig. 1 [6 ]). The aim  o f th is  p ap er is to  p re se n t 
th e  ex p e rim en ta l d a ta  in  te rm s of th e  fo rm al th e o ry  o f  phase  tra n s fo rm a tio n .

I t  w ill be assum ed  th a t  th e  B x B 2 tra n s fo rm a tio n  is of th e  n u c léa tio n  
and  th e rm a lly  a c tiv a te d  g row th  ty p e , i.e. th e  vo lu m e frac tio n  o f th e  stab le  
phase  (I)  is given b y  th e  eq u a tio n

£(«) =  1  — exp ' i f f  Г к , ( Т ( | ' ) * ' ) О Д T ) , T ) d r l ,
0 \ i =  1 J  г

( 1 )

* D edicated t o  Prof. P . G o m b á s  on his 60th  birthday.
1 I t  should be noted th a t  the data  were corrected for various experim ental errors.
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w here  T(t) is th e  te m p e ra tu re  p ro g ra m m e  of h e a tin g , I(T(t)t) is th e  te m p e ra tu re  
a n d  tim e -d e p e n d e n t ra te  o f n u c lé a tio n  an d  V v  V 2, V s, d en o te  th e  g row th  
velocities in  th re e  m u tu a lly  p e rp e n d ic u la r  d irec tio n s . The g ro w th  velocity  is 
d e te rm in ed  b y  th e  p h ase  b o u n d a ry  m o b ility , B,  a n d  th e  driv ing  fo rce , AG : V  — 
=  BAG. T he m o b ili ty  depends on  th e  te m p e ra tu re , co n c e n tra tio n  o f dissolved 
im p u ritie s  an d  th e  re la tiv e  o r ie n ta tio n  of th e  a d ja c e n t phases. T h e  te m p e ra ­
tu r e  d ependence  o f  th e  m o b ility  is ch a ra c te riz e d  b y  an  en erg y  o f  ac tiv a tio n  
d en o ted  b y  E M. T h e  d riv ing  force is g iven  b y  th e  free  energy d ifference  betw een  
th e  a d ja c e n t p h ases  along th e  p h a se  b o u n d a ry  a n d  b y  th e  c u rv a tu re  and  free 
en erg y  o f th e  m ig ra tin g  b o u n d a ry  (see e.g. [7])-

2 . R elation  between conductivity and the transformed volum e

D ebye— S c h e rre r  p a tte rn s  o b ta in e d  b y  e lec tro n  d iffra c tio n  prove th a t  
th e  B i  an d  B 2 p h ase s  form  a tw o -p h ase  ag g reg a te  in  th e  course o f  th e  B 2
tra n s fo rm a tio n  [8 ]. T here  are m a n y  fo rm ulae  to  d e te rm in e  th e  e ffec tive  e lec tri­
cal o n d u c tiv ity  o f tw o -p h ase  ag g reg a tes  [9]; w e :u sed  th e  fo rm u la  o f Od a l e v - 
s k i  [10] an d  L a n d a u e r  [11]

< y1 —  O’,e f f

ai -f- 2 er, +
e f f

7 e f f

O, +  2 o,e f f
*2  =  0  , ( 2)

w here  oq, cr2 a re  th e  an d  B 2 p h ase  co n d u c tiv itie s , re sp ec tiv e ly , aq, x 2 are 
th e  vo lum e f ra c tio n s  of th e  c o m p o n en t phases. T h is eq u a tio n  is v a lid  for r a n ­
dom  g eo m etry , since  it  w as d e riv ed  from  th e  assu m p tio n  t h a t  th e  m ean  
e lec tric  an d  c u r re n t  field in  th e  c o n s titu e n t 1 (o r 2 ) m igh t b e  d e te rm in ed  b y  
consid erin g  a sp h e re  1 (or 2 ) em b ed d ed  in  an  in fin ite  co n d u c tin g  m ed iu m .2

L a n d a u e r  [11] has show n  th a t  E q u . (2) accoun ts q u ite  fa irly  for th e  
o b serv ed  c o n d u c tiv itie s  in  e q u ia x ia l tw o -p h ase  m atrices  even  w h en  oq and  oq 
d iffe r b y  a fa c to r  o f  10. H ow ever, i t  shou ld  be em phasized  t h a t  th is  s ta te m e n t 
is lim ited  to  ra n d o m  geo m etry . M odel e x p e rim e n ts  show  t h a t  fo r d isk-like 
second  phases p e rp en d icu la r  to  th e  m ean  d ire c tio n  of th e  c u r re n t  th e  ex p eri­
m e n ta l re su lts  m a y  dev ia te  fro m  th e  values c a lc u la ted  w ith  E q u . (2) b y  a fa c to r  
o f  30 if  oq/<72g>l [12].

W hen  a p p ly in g  E qu . (2) to  e v a lu a te  aq one  has to  ta k e  in to  accoun t t h a t  
<7 2 an d  oq are  in h e re n tly  te m p e ra tu re -d e p e n d e n t. The a c tu a l co n d u c tiv ities  
m ig h t be d e te rm in e d  b y  e x tra p o la tin g  from  th e  B., and  B Y d a ta  using th e  
re la tio n s

oq(T) =  oq(T2) exp

° ï (T) =  gA T2) exp

l _  J J ]-
h T

_  A 1 1

T T T ) .

(3a)

(3b)

2 I t  is w orth  noting  th a t the derivation  of Eq. (2) m akes use of the  Maxwell equations 
and Ohm ’s law only and  so it applies eq' ally to m etals, sem iconductors and  insulators.
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In  E q u . (3) J ^ a n d  T 2 a re  te m p e ra tu re s  a t  w hich  CsCI ex ists  in  th e  B 2 an d  B x 
phase , re sp ec tiv e ly ; E x an d  E 2 are a c tiv a tio n  energies o f th e  co n d u c tiv itie s  in  
th e  re sp ec tiv e  phases.

A t th e  ev a lu a tio n  o f th e  c o n d u c tiv ity  values from  th e  m easured  d a ta  
co rrec tions m u s t be m ade to  acco u n t fo r  th e  vo lum e change of th e  sam ples 
due to  th e  tra n sfo rm a tio n . Since th e  e la s tic  m oduli o f B 1 an d  B.2 a t  th e  tem -

0 __
726 730

T(°K)
7 3 5 7 4 0 745

Fig. 1. The decrease of the effective conductivity  in th e  B 2 —>- B 1 tran sition . (The m easurem ents 
were carried out on 8 different sam ples)

p e ra tu re  o f tra n s fo rm a tio n  are n o t k n o w n  equal e la s tic  m od u li w ere assum ed  
for b o th  phases. A ccord ing  to  th is  a ssu m p tio n  [16]

v(xL) — v(x2^  !)  Vx ц ;
V(X2 =  1 )

•> (4)

w here v deno tes th e  vo lum e o f th e  sam p le  an d  V  th e  m ole vo lum e of th e  p h ase  
(V 1— V 2IV 2 =  0.12 [13]). K now ing  th e  d im ensions o f  th e  sam ple befo re  th e  
phase  tra n s fo rm a tio n  (Z0, q0), th e  effec tive  c o n d u c tiv ity  is g iven  b y  th e  re la tio n

T  1 +  Al\l T  l0
V  1 +  Aq/q V  q0

A rends  and  N ijbo er  [2] h av e  fo u n d  th a t  Е Вг an d  E Bl are  1.35 eV and  
1 .65eV, r e s p e c t i v e l y . (744.5) a n d o ß2  (729) a m o u n t to  0.16 • 10 “ 5 O h m _ 1c m ~ 1 

an d  40 • 1 0 ~ 5 O h m _ 1c m _ 1  (F ig. 1). W ith  th ese  d a ta  x x w as ca lcu la ted  from
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Fig. 2. E ffective conductiv ity  as a function  of xh2 or xbj (Curve 1 visualizes th e  conductiv ity  
by  linear in terpo la tion . Curve 2 was calculated from  (2), (3) and (5) w ith  tem peratu re  correc­

tions, Curve 3 was calculated  w ithout any  tem perature  correction

E q u . (2), (3) a n d  (5) (Fig. 2). S ince th e re  is som e d isag reem en t in  th e  l i te ra tu re  
a b o u t th e  a c tiv a tio n  energy  v a lu e s  E 2 an d  E ± tho se  x 1 v a lu es  a re  also g iven  
in  F ig . 2 w hich  w ere ca lcu la ted  w ith o u t a n y  te m p e ra tu re  co rrec tio n .

3 . The interpretation o f the kinetical curve

In  F ig . 3 log  1/1-—x x is p lo t te d  a g a in s t T — Tc =  a • t. T h e  cu rve  has 
th re e  q u ite  w ell se p a ra te d  s tag es . T he f ir s t  is p arab o lic , th e  second lin ear, 
a n d  th e  th i rd  begins w ith  a s ig n if ican t decrease  of log 1 / 1 — x x w ith  tim e  (or 
w ith  T — T c =  a • t).

L et us f i r s t  consider th e  second  stag e . I t  is clear th a t  t) 0, an d
if  i t  is assu m ed  t h a t  th e  g ro w th  v e lo c ity  is n o t a decreasing  fu n c tio n  of T — T c =  
=  a • f 3 th e  l in e a r ity  of th e  k in e tic a l cu rve  leads to  th e  conclusions t h a t  in  
th is  s tag e : i) th e  g row th  o f th e  equ ilib riu m  p h ase  grains is re s tr ic te d  to  one 
spec ia l d ire c tio n  on ly , th e ir  g ro w th  in  th e  o th e r  tw o  d irec tions b e ing  v an ish in g ly  
sm a ll; ii) no  new  nuclei a re  fo rm ed ; iii) th e  d riv in g  force is c o n s ta n t. T his 
m ean s th a t :

log
1 — x 1

=  c o n s ta n t
0

M 0 e- E« lkT dt ( 6 )

In  good a p p ro x im a tio n

1

T ( ? )

3 The m obility  of the grain boundaries is an increasing function  of th e  tem perature, 
and  so the quasi-constan t velocity o f the  phase boundary  m igration needed to explain the 
linearity  of stage I I  would mean a com pensation of th e  E ^  determ ined increase of the m obility  
b y  the Clausius-Clapeyron type decrease (see la ter) of the driving force. A t present, we do 
n o t th ink  there is any  support for such kind of assum ption.
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o t- T - T c  (°K )

Fig. 3. The kinetic curve (the m axim um  possible error in  log 1/1 — .r, and 
AT  is m arked by  +  1)

because in the investigated  tem perature interval

A T

Tc

at
= y r < : o , i 5 .

P utting  (1) into (6) and assum ing th at

E m
k f c

A T

~*T < 1

the expansion into power series yields

=  co n st A T  ( l +  — !5Í- 
1 — x x ( kTc

( 8 )
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T his eq u a tio n  acco u n ts  for th e  observed  lin e a r ity  if

E m
kTc

A T
TXC

< 1

T h e observed  d ev ia tio n  from  e x a c t l in e a r ity  gives an  u p p e r  lim it 0.6 eV fo r 
th e  a c tiv a tio n  en e rg y  of th e  p h a se  b o u n d a ry  m o b ility . B y  su p p osing  th e  tw o  
c o n d u c tiv ity  v a lu es  to  be  s lig h tly  m ore a c c u ra te  th a n  w as a c tu a lly  fo u n d  in  
th e  ex p erim en ts  one o b ta in s th e  v a lu e  0.2 eV fo r E M. T hese v a lu es  (0.6— 0.2 eV) 
a re  qu ite  rea so n a b le , since th e  a c tiv a tio n  en e rg y  o f th e  g ra in  b o u n d a ry  m ig ra ­
t io n  was fo u n d  to  be eq u a l o r  low er th a n  t h a t  of v acan cy  m ig ra tio n  in  th e  
cases in v e s tig a te d  [14].

A t f ir s t  s ig h t i t  appears t h a t ,  in  sp ite  o f  o u r suggestion , th e  d riv ing  force 
o f  th e  phase b o u n d a ry  m ig ra tio n  ou g h t to  be  a n  increasing  fu n c tio n  of T — T c =  
— a • t, since th e  free energy  d ifference b e tw een  th e  s tab le  a n d  u n stab le  p h ase  
increases w ith  increasing  T — T c. One has, h o w ev er, to  keep  in  m ind  th a t  th e  
p h ase  tra n s fo rm a tio n  co n n ec ted  w ith  a v o lu m e  change gives rise  to  accom m o­
d a tio n  stresses. T h is stress f ie ld  can n o t be fu lly  re lax ed  b y  p la s tic  d e fo rm ation , 
since th e  flow  s tre ss  has a f in i te  value an d  o n ly  th e  sh ea r com ponen ts o f th e  
s tre ss  ten so r ca n  in it ia te  th e  flow . A ccording to  th e  C lausius-C lapeyron  eq u a tio n  
th e  stress fie ld  is connected  w ith  a change in  th e  equ ilib rium  tra n s itio n  te m ­
p e ra tu re  in  th e  follow ing w ay  [15]

uik (B i) l l ik (B 2)
TC0A H

(9)

I n  th e  fo rm u la , T Co and  Tc a re  th e  eq u ilib riu m  tra n s itio n  te m p e ra tu re s  in  th e  
stress-free  s ta te  a n d  in th e  e la s tic a lly  d is to r te d  s ta te , re sp ec tiv e ly , и deno tes 
th e  stress te n so r  a t  th e  p h ase  b o u n d a ry  an d  u ^ B j )  and  ицс(В2) a re  th e  co m p o ­
n e n ts  of th e  d is to r tio n  te n so r a t  th e  В г an d  th e  B 2 side o f th e  p h ase  b o u n d a ry . 
(T he stress te n s o r  and  th e  d isp lacem en t v e c to r  are  m easu red  w ith  re sp ec t to  
th e  single p h a se  m atrices in  th e  s tre ss-free  s ta te .)  A H  am oun ts to  
7.5 K /m ole [17].

The o rd e r o f  m ag n itu d e  o f  th e  C lausius-C lapeyron  e ffec t can  be e s tim a te d  
w ith  th e  help  o f  th e  follow ing m odel. L e t a sp h erica l B.2 p h ase  be su rro u n d ed  
co n cen trica lly  b y  a spherica l B 1 phase , a n d  le t  th e  b o u n d a ry  betw een  th e m  
b e  an  in c o h e re n t one. A ssum ing  th a t  no p la s tic  flow  ta k e s  p lace , an d  u sin g  
th e  w ell-know n s tre ss  field  v a lu es  [15, 16] one gets 100 °K  fo r T c— TC(j. W hen  
p la s tic  d e fo rm a tio n  relaxes th e  stress fie ld  to  th e  v a lu e  o f  th e  flow  stress 
( ~ 1  hg • m m - 2  [18]) th e  ch an g e  in  th e  tra n s fo rm a tio n  te m p e ra tu re  is 5 °K . 
A ccord ing  to  th e se  consid era tio n s a c o n s ta n t d riv in g  force re su lts  owing to  an  
in te rp la y  b e tw e e n  th e  C lausius-C lapeyron  ty p e  change in  th e  equ ilib rium
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tra n sfo rm a tio n  te m p e ra tu re  and  th e  re s tr ic te d  p la s tic  d e fo rm atio n  o f  th e  
m a trix . T he one-d im ensional grow th m a y  be  exp la ined  in  th e  follow ing w ay : 
in th e  f irs t s tag e  disk-like nuclei are fo rm ed  in  th e  g ra in  boundaries o f  th e  
p o ly c ry sta llin e  B.2 phase; th e se  nuclei g row  rap id ly  a long  th e  B 2 p h ase  g ra in  
boun d aries; d u rin g  th is g ro w th  th e  th ic k n e ss  of th e  B 2 p h ase  grains rem a in s  
as sm all as t h a t  of th e  n uc le i. A t th e  e n d  o f th e  f irs t  s tag e  th e  a rea  o f  th e  
orig inal J32 g ra in  boundaries is covered w ith  B 1 phase g ra in s , w hose slow g ro w th  
n o rm al to  th e  surface o f  th e  orig inal B 2 p h ase  is co nsidered  to  ac c o u n t fo r 
th e  one d im ensional g ro w th  c h a ra c te ris tic  o f th e  second s tage .

I f  th e  n u c léa tio n  ra te  w ere c o n s ta n t d u rin g  stage  I ,  log  1/1— x 1 w ou ld  be  a 
th ird  order p a rab o la . I f  th e  n u c léa tion  r a te  w ere a ra p id ly  decreasing fu n c tio n  
o f  tim e, ow ing to  th e  decrease  of th e  g ra in  b o u n d a ry  a re a  of th e  B 2 p h ase , 
log 1/1—x x w ould  be a second  order p a ra b o la . A n u m erica l te s t  h as  show n  
th a t  th e  ex p erim en ta l cu rv e  has an  in te rm e d ia te  p o sitio n  betw een  th e se  tw o  
ex trem e possib ilities.

I t  shou ld  be n o ted  t h a t  th e  fo rm a tio n  o f d isk-like n ucle i in  th e  o rig inal 
g ra in  b o u n d aries  is fav o u red  b y  tw o e ffec ts : i) d isk-like nuclei in d ic a te  th e  
sm allest possib le  accom m odation  en e rg y  in  th e  tw o p h ase  aggregate , as w as 
show n by  N abarro  [19]; ii) th e  rap id  g ro w th  along th e  g ra in  bou n d aries  m ig h t 
be  assoc ia ted  w ith  th e  C lausius-C lapey ron  ty p e  change in  th e  eq u ilib riu m  
tra n s itio n  te m p e ra tu re . (T he p lastic  r e la x a tio n  is c e r ta in ly  favoured  b y  th e  
p las tic  sh ea r o f th e  g ra in  b o undaries. T h is gives rise to  a ra th e r  easy  s tre ss  
re lax a tio n  w hich  in  consequence m akes th e  C lausius-C lapeyron  ty p e  decrease  
o f th e  d riv ing  force less e ffec tive  in th e  d ire c tio n  para lle l to  th e  grain  b o u n d aries  
th a n  in  th e  d irec tion  n o rm a l to  it.)

The decrease of th e  tra n s fo rm a tio n  ra te  in  stag e  I I I  m ay  p ro b a b ly  also 
be assoc ia ted  w ith  th e  C lausius-C lapeyron  ty p e  decrease o f  th e  d riv ing  force. 
To show th is , le t us assum e th a t  the  p la s tic  flow  resu ltin g  from  th e  acco m m o d a­
tio n  stress h as  ex h au sted  th e  lower y ie ld  p o in t reg ion  o f  th e  m a trix , a n d  now  
w ork  h a rd en in g  becom es a d o m in an t fa c to r . W hen th e  ra te  of reco v ery  does 
n o t co m p en sa te  th e  h a rd e n in g  in  e x a c tly  th e  sam e ra te  as th e  phase  tra n s fo rm a ­
tio n  goes on, a decrease o r a n  increase m ig h t b o th  be observab le . This depends 
o n ly  on th e  re la tiv e  ra te  o f  these  tw o reac tio n s .

4 . D iscussion

L et us now  discuss som e o ther e x p e rim e n ta l re su lts  su p p o rtin g  th e  m odel 
suggested .

One o f us described  som e iso th e rm ic  c o n d u c tiv ity  m easu rem en ts  ca rried  
o u t s lig h tly  above Tc [6 ]. T h e  change o f  th e  c o n d u c tiv ity  w as n o t a m o n o to n ie  
fu n c tio n  o f tim e ; an  in creasin g  tra n s fo rm a tio n  ra te  w as follow ed by  a consider-
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able slow ing  dow n a fte r  w h ich  th e  tra n s fo rm a tio n  ra te  in c rea sed  again . T h is  
process w h ich  w as re p e a te d  sev era l tim es seem s to  be v e ry  s im ila r to  th e  “ fin e  
s t ru c tu re ”  o f  p h ase  tra n s fo rm a tio n  o b serv ed  b y  A rends  [20]. These effec ts 
m a y  h e  a sso c ia te d  w ith  th e  C lausius-C lapey ron  ty p e  changes in  th e  d r iv in g  
force (see s ta g e  I I I ) .  T he in te rn a l s tress fie ld  w hich p lay ed  a n  im p o r ta n t ro le  
in  th e  su g g ested  m odel ap p ea rs  d irec tly  in  th e  anom alous ch an g e  of th e  la t t ic e  
p a ra m e te r  o f  th e  p h ase  d u rin g  ph ase  tra n s fo rm a tio n  o b served  in  [8]. F ro m  th e  
a m o u n t o f  th e  anom alous change in  th e  la t t ic e  p a ra m e te r  a v a lu e  o f sev e ra l 
degrees arises fo r  T c— Т с„.

In  a n o th e r  se t of ex p e rim en ts , p u b lish e d  earlier, i t  w as show n th a t  th e  
tra n s fo rm a tio n  process is e x trem e ly  s tru c tu re -se n s itiv e  w hich  m eans t h a t  th e  
tra n s fo rm a tio n  k in e tics  d ep en d s s tro n g ly  on th e  defect s ta te  o f th e  la ttic e  [5]. 
T he e x p e rim e n ta l fac ts  can  easily  be ex p la in ed  w ith  ou r sugg ested  m odel b y  
considering  th re e  effects o f  a h e a t t r e a tm e n t  slig h tly  ab o v e  T c: i) som e B x 
grains a re  fo rm ed ; ii) th e  g ra in  size o f th e  B 2 grains decreases as a re su lt o f  
th e  d riv in g  fo rce  b ro u g h t a b o u t from  th e  decrease  of th e  to ta l  g ra in  b o u n d a ry  
a rea ; iii) th e  o v era ll d islo ca tio n  d e n s ity  decreases b y  a n n ih ila tio n , an d  th e  
d e n s ity  o f  m o v ab le  d islo ca tio n  decreases b y  im p u r ity  reac tio n s . If, a f te r  th e  
h e a t t r e a tm e n t  a t  th e  eq u ilib riu m  te m p e ra tu re  o f tra n s fo rm a tio n , th e  sam p le  
is q u en ch ed  a n d  th e n  w arm ed  u p  ag a in  (as th e y  a c tu a lly  w ere  in  th e  e x p e r i­
m en ts d esc rib ed  in  [5]), th e  n u c léa tio n  a n d  tw o  d im ensional g ro w th  a long  th e  
g ra in  b o u n d a rie s  w ill cover a sm alle r to ta l  g ra in  b o u n d a ry  a rea  th a n  b efo re  
th e  h e a t  t r e a tm e n t .  C on seq u en tly , th e  r a te  o f tra n s fo rm a tio n  decreases. 
A second e ffec t in  th e  sam e line arises from  th e  fac t th a t  p la s tic  d e fo rm a tio n  
becom es m o re  d ifficu lt a f te r  h e a t t re a tm e n t .  T h is shou ld  be  ex p ec ted  b ecau se  
an  increase  o f  th e  y ield  s tre ss  m akes th e  C lausius-C lapeyron  ty p e  decrease o f  
th e  d riv in g  fo rce  m ore effec tive. W hen  th e  in crease  in  y ield  s tre ss  is e x tre m e ly  
large th e  r a te  o f  tra n s fo rm a tio n  m ay  becom e v an ish in g ly  sm all before  o b ta in in g  
a single p h a se  m a tr ix .

F in a lly , i t  shou ld  b e  m en tio n ed  t h a t  th e  sim p lest d ire c t te s t  o f  th e  
suggested  m o d e l shou ld  be  g iven  b y  th e  m ic ro g rap h ie  in v e s tig a tio n  of th e  p h a se  
tra n s fo rm a tio n . W e hope to  p re se n t som e re su lts  in  th is  line in  due tim e.

The au th o rs  are m uch indeb ted  to  D r. J .  Arends for letting them  know  his results ab o u t 
the “ fine s tru c tu re ”  of transform ation before publication . I t  is a pleasure to  thank  Prof. 
Dr. S.L e n g y e l  for his helpful in terest.
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О КИНЕМАТИКЕ ФАЗОВОГО ПЕРЕХОДА КРИСТАЛЛОВ 
CsCl II

И. ГАЛ, 3. МОРЛИН и И. ТАРЬЯН

Р е з ю м е
Кинетическая кривая фазового перехода B 2 ^ - B v  наблюдаемого при равномерном 

нагреве, может быть разделена на три разные фазы. В первой фазе формируются диско­
образные ядра, которые быстро растут в направления фазовых граничных линий В2. 
Во второй фазе ядра не образуются и рост протекает в направления, перпендикулярные 
к контурам первоначальных зерен. Наконец, уменьшение скорости перехода в третьей 
фазе вероятно можно связать с уменьшением возбуждающей силы типа Клаузиуса—К ла­
пейрона. В рамках данного представления кинетической кривой имеется возможность 
для объяснения некоторых ранних результатов.
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THE HYDRODYNAMICAL MODEL OF 
WAVE MECHANICS*

T H E  MANY BODY PROBLEM  

By

L. JÁ N O S S Y

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST

(R eceived 19. X II . 1968)

The problem of how to ex tend  the hydrodynam ical model — described in previous 
publications — to m any body problem s is discussed and  i t  is shown th a t  th e  difficulties w hich 
arise in such an a tte m p t are no t o f m athem atical n a tu re , bu t they re flec t upon a physical 
problem  which in our opinion is unsolved so far. I t  is suggested th a t in th e  correct trea tm en t 
o f a m any body problem  one should try  to  select betw een the possible w ave functions such 
functions which are very  likely in a statistical sense. This proposed selection resembles th e  
selection of the very likely configurations in sta tistical mechanics.

Arin Pkysica Academiae Scientiarum Hungaricae, Tomus 27, pp. 35—46 (1969)

§ 1. We h av e  show n in  a num ber o f p u b lica tio n s [1— 5] how th e  w ave 
eq u a tio n  describ ing  a one-body  problem  c a n  be tra n sfo rm e d  in to  a m a th e ­
m a tica l eq u iv a len t fo rm , so t h a t  in  the  new  fo rm  th e  v a riab le s  have  a good 
m ean ing  in th e  classical sense.

I t  is genera lly  believed to  be  im possible to  ca rry  ou t a s im ila r  tra n s fo rm a ­
tio n  o f th e  w ave eq u a tio n  describ ing  th e  m o tio n  of a sy s tem  consisting  o f 
sev era l partic les.

W e analyse th e  la t te r  p ro b lem  and show  th a t  th ere  are  d ifficu lties ind eed  
to  express th e  m an y -b o d y  p ro b lem  in te rm s o f  h y d ro d y n am ica l variab les , b u t  
th e se  d ifficu lties a re  n o t o f m a th e m a tic a l n a tu re  b u t  are  co nnec ted  w ith  a 
p hysica l p rob lem  w hich does n o t  seem to  b e  so lved  so far.

I

§ 2 .
influence

The w ave eq u a tio n  describ ing th e  m o tion  of N  p a rtic le s  un d er th e  
o f a p o te n tia l V  can  be  w ritten

N

2
h2

2 m v
v f v  +  Vip =  ifiip , ( 1 )

* This article is dedicated to  the 60th b ir th d ay  of my good friend, A cademician 
P . G ombás, whom I sincerely wish m any  more years o f undiminished ac tiv ity . I  always follow­
ed w ith great in terest his work, in particu lar on th e  sta tistical m ethods o f obtaining th e  s ta ­
tionary  states of m any body system s. Since many years I am  wondering, w hether a dynam ical 
version of this theory  could be found? I t  m ay be th a t  th e  ideas developed in this article have 
some connection w ith the la tte r problem .
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w here
гр =  v»„(t, О , Г =  r v r 2, ----- r N

an d  \ / v is th e  n ab la  o p e ra to r  ac ting  u p o n  th e  com p o n en ts  of r v. 
V  m a y  he supposed  to  h av e  th e  fo rm

( 2)

v (* )=  2  ^  (r -) +  2  '*v) ■ (3)
V

A  ty p e  o f e q u a tio n  w hich  so m ew hat resem bles to  th e  h y d ro d y n am ica l re la tio n s  
can  be  o b ta in e d  from  (1) b y  w riting

W =  R e iS, (4)

w here R  a n d  S  depend  on  r and  also on  th e  tim e t.
M aking  use o f th e  re la tio n  (4) one fin d s

V’- V -  S' K ■ (g r ,d „ 5 ) 2 +  t ( + y ; s
ip R  ( R

In tro d u c in g  (5) in to  (1) one finds se p a ra tin g  real an d  im ag in a ry  p a r ts

(5)

2 ’div^b, +  -^ - =  0 
, 31

w ith

Q =  R 2 b„ = - grad„ S .

( 6)

(?)

(W e use g o th ic  b fo r th e  v e lo c ity  d is tr ib u tio n  in  3N  d im ensions). 
F ro m  th e  real p a r t  o f (5) we fin d

-  gra d ,,
ÏÏ1 V?0l/2 I

+  —  m v b2
2m nl/2 ; "V V ( 8)

§ 3. E q u a tio n s  (6), (7) an d  (8) g ive a se t of d iffe ren tia l eq u a tio n s w hich 
can  be  so lved  for g iven in itia l co n d itio n s. These e q u a tio n s  can be re g a rd e d  as 
“ h y d ro d y n a m ic a l eq u a tio n s  in  a 3W -dim ensional sp a c e ” . R elations (5), (6) 
an d  (7) do n o t seem , how ever, to  h av e  p a r tic u la r  p h y sica l significance as th e y  
express th e  m o tion  of a p h ysica l sy s te m  in  a 3IV -dim ensional co n fig u ra tio n  
space. S u ch  a d escrip tion  reveals ju s t  as l i t t le  th e  p h y s ica l significance o f  the  
process in v o lv ed  as th e  orig inal w ave eq u a tio n .
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I I

§ 4. W e o b ta in  sets o f equations re fe rr in g  to  th ree -d im en sio n a l d is tr ib u ­
tions b y  fo rm in g  su itab le  averages. W e m ay  in tro d u c e  th ree -d im en sio n a l 
densities b y  w ritin g

& ,(* • )= /•  • • Je (»V  • *•„+!■ • •TN) d 4 \ . . .й 3г „ _ ^ 3г г+1. . .d3r N . (9)

In  place of (9) we can  also w rite  sh o rte r

Qv(r) =  (10)
W

w here th e  sy m bo l on th e  r ig h t  h and  side  o f (10) is su p p o sed  to  s ta n d  fo r  th e  
r ig h t h an d  expression  of (9).

S im ilarly  we m ay  in tro d u c e

Qv(r) v v(r) =  I • • • I {?t>(»*1 . . . r v_  1, r ,  r v+1. . . r N) d r , . . . d r v_ x d r ,.+3. . drN . (11)
‘ (N-1)

O r w riting  sh o rt

v v(r) =  I Qbv d 3(-N~1)r  . (12)
«

§ 5. In te g ra tin g  th e  c o n tin u ity  re la tio n  (6) in to  (iV— 1) c o o rd in a te  
vecto rs r v V =  1 , 2 , . . .  (I— 1, ^  +  1 . . .  IV, i.e. in te g ra tin g  over all co o rd in a te  
vecto rs w ith  th e  excep tion  o f  r ß we fin d  t h a t  N — 1 of th e  te rm s  u n d e r th e  sum  
v an ish  and  we o b ta in

d iv  ({?„ V^) -\— =  0 /л =  1,2, . . . ,  N .  (13)
Э t

W e see th u s  t h a t  th e  th ree -d im en sio n a l d is trib u tio n s  p/((r)  an d  r ;j( r )  // =  
=  1, 2, . . ., N  rep re sen t flow s each sa tis fy in g  a c o n tin u ity  re la tio n  in  th re e  
dim ensions.

I I I

§ 6. So as to  show  t h a t  th e  N  flow s so o b ta in ed  h a v e  a good p h y sica l 
significance, we n o te  th a t  w e m a y  in tro d u c e  c u rren t a n d  charge  densities

i v  =  e v  V J o vj c ,  Qt \v =  e v Q v ,  v = l , 2  , . . . , N ,  (14)
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w here ev is th e  e lec tric  ch arg e  ca rried  b y  th e  i'-th  p a rtic le . F o rm in g  re ta rd e d  
p o ten tia ls

A ,  =  f  i b L  d:i r ' , Ф„ =  Г [ge'^  d3 r' (15)J \r — r ’\ J \r — r'\

in  th e  u su a l w ay , we can  supp o se  th a t  th e  e lec tro m ag n etic  f ie ld  of th e  sy s tem  
can  be d e riv ed  from  p o ten tia ls

A  =  Z A V, 0  =  Z 0 V. (16)

In d e e d  th e  f ie ld  o b ta in ed  from  A  an d  Ф as g iven  b y  (15) a n d  (16) is e x a c tly  
eq u a l to  th e  e x p e c ta tio n  v a lu es  o f  th e  co rresp o n d in g  q u a n tit ie s  o b ta in ed  in  
te rm s  o f  th e  u su a l o p e ra to r  fo rm alism .

§ 7. S im ila rly  we can  in tro d u c e  q u a n tit ie s  like m o m e n tu m  and a n g u la r  
m o m en tu m  w ritin g

Рг =  I Qv Vv d3r , M v =  I ( r  X qv v v) d3r , (17)

an d  i t  can  b e  verified  easily  t h a t  th e  sy s tem  as a w hole b e h a v e s  as a sy s te m  
w ith  to ta l  m o m e n tu m  re sp e c tiv e ly  a n g u la r  m o m en tu m  g iven  b y

p  =  Z p v , M  =  Z M V .

W e see th e re fo re  t h a t  th e  b e h av io u r o f  th e  N  p a r tic le  system  can  be  
c h a ra c te riz e d  in d eed  w ith  th e  help  of th e  d en sities q,,V„ a n d  qv. T ak in g  th e  
sp in  o f th e  p a rtic le s  in to  co n sid e ra tio n  we h a v e  to  in tro d u ce  fu r th e r  v a riab le s , 
e.g. T„ w h e re  T,, =  T,.(r, t) a re  u n it  v ec to rs  ch a rac te riz in g  th e  d irections o f  
sp ins o f  th e  v a rio u s  p a rtic le s .

§ 8. M u ltip ly in g  b o th  sides of (8) b y  p a n d  in te g ra tin g  o v e r N — 1 co o rd i­
n a te  v e c to rs  r v r fl we o b ta in  th ree -d im en sio n a l eq u a tio n s  o f  m otions o f th e  
form

=  /* =  1 , 2 , . . . , IV, (18)
w here

F =m g ra < l f e ( Q  +  Ä +  V)d^n~1)r ,
p)

D  =  y -, fp V? p1'2
->3/2

' mv Ü2.

IV

(19)

§ 9. T h e  re la tio n s (18) a n d  (19) h av e  th e  fo rm  of th ree -d im en sio n a l e q u a ­
tions o f m o tio n s  w hich describe  th e  m o tio n  o f  N  m edia  s im u ltan eo u sly . H o w ­
ever, th e re  is a n  essen tia l d ifference b e tw een  th e  one-body p ro b lem  w ith  N  — 1
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an d  th e  m o re -b o d y  p rob lem s N  >  1. In d e e d , in  th e  case  N  =  1 th e  w ave 
fu n c tio n  ip c an  be u n am b ig u o u sly  d e te rm in e d  from  th e  d is tr ib u tio n s  V a n d  q. 
T herefo re  in  th e  one-body  p rob lem  th e  r ig h t h an d  ex p ressio n  (18) c a n  be 
expressed  in  te rm s  of V a n d  q an d  th u s  (18) to g e th e r w ith  th e  c o n tin u ity  re la tio n  
(13) gives a se t o f d iffe ren tia l eq u a tio n s  w hich  for a g iv en  in itia l co n d itio n  can 
he  in te g ra te d . T herefo re  if  we describe a one-partic le  sy s te m  b y  giv ing

v(r ,  0) =  V(0)(r) a n d  n(r, 0) =  o(0)( r ) ,

th e n  we can  d e te rm in e  th e  m o tio n  o f th e  system  u n am b ig u o u sly .
§ 10. I n  th e  case o f severa l p a rtic le s  th e  p o sitio n  is d iffe ren t. L e t us 

consider N  =  2.
G iving in it ia l  cond itions

K ir n  »V 0) =  üí0,(»*i> r 2) V =  1, 2
e fa ,  r 2, 0) =  !?(°)(г1, r 2)

W e can  d e te rm in e  th e  m o tio n  o f th e  sy s tem  in an  u n am b ig u o u s  m an n e r. 
H ow ever, i f  we give only

e<°M0)(r)  _  J  gbi(î% 0) d3 r ,  Q[°\r) =  J  Q(r, r ' ,  0) d3 r '  I 

Q(20)v £ \ r )  =  f oti2(r', r ,  0) d3t*', Q(2 )(r ) =  f Q(r ' i r ’ 0) d 3r '  j

th e n  we c a n n o t d e te rm in e  y>(r1, r 2, 0) fro m  th e  in itia l co n d itio n ; exp ressing  
0  ̂re sp ec tiv e ly  q in  te rm s o f ip =  Reis m a k in g  use of (8) w e f in d  th a t  th e re  ex is t 
a v e ry  la rg e  n u m b e r o f fu n c tio n s -ip sa tis fy in g  (21).

§ 11. I n  fa c t th e  densities a n d  q2V2 can  be ta k e n  as tw o  th re e -d im e n ­
siona l m o m en ts  of a s ix -d im ensional d is tr ib u tio n . A n u m b e r o f th re e -d im e n ­
sional m o m en ts  re s tr ic t  a s ix -d im en sio n a l d is tr ib u tio n  o n ly  to  a v e ry  s lig h t 
e x te n t. In d e e d , we m a y  ap p ro x im a te  ip b y  a step  fu n c tio n  d iv id ing  each  of 
th e  co o rd in a te  axes in to  n sections a n d  g iv ing  th e  av e rag e  va lu e  o f ip in  an y  
o f  th e  m =  n'lN 3iV -dim ensional cubes th u s  o b ta ined . T h e  n u m b er o f cond i­
tio n s w hich  can  be im posed  b y  giv ing th e  th ree -d im en sio n a l m om en ts  co rres­
pond ing  to  th e  d is tr ib u tio n  (21) is

M  =  8 N n 3 <§; m .

I f  we w ere to  give som e m ore th ree -d im en sio n a l fie lds we could in crease  th e  
n u m b er o f co n d itions b u t  s till we cou ld  n o t d e te rm in e  ip from  a n u m b e r  of 
such  m o m en ts .

V

§ 12. W e n o te  t h a t  th e  fa c t t h a t  ip depends on 3iV space  v a riab le s  in t ro ­
duces a la rg e  am b ig u ity  concern ing  th e  v a ria tio n  o f  th e  th ree -d im en sio n a l 
densities. In d e e d , if  we give n o t o n ly  V^ an d  for t — 0 b u t  also th e  tim e
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d e riv a tiv e s  v f„ th e n  we s till c an  c o n s tru c t a g re a t m an ifo ld  o f  yi-functions w h ich  
rep ro d u ce  th is  ex ten d ed  in it ia l  cond ition .

D iffe re n tia tin g  th e  e q u a tio n s  of m o tio n  (18) an d  (19) in to  th e  tim e, we can  
e lim in a te  w ith  th e  help  o f th e  w ave eq u a tio n s  (1) th e  t im e  deriva tives o f  ip  

w hich  a p p e a r  in  th e  r ig h t h a n d  side of th e  d iffe re n tia ted  exp ressions. W e o b ta in  
th u s  re la tio n s  o f th e  ty p e

dlv
-----— =  fu n c tio n  o f ip a n d  sp ace  d e riv a tiv e s  in te g ra te d  o v e r th e  r„, v ^  pi.

dv
(21a)

H o w ev er, th e  le ft h a n d  expressions d e p e n d  fo r a f ix e d  pc on th e  co o r­
d in a te  Г /j o n ly , w hile th e  r ig h t  h a n d  ex p ressio n  co n ta in s  th e  ip  an d  its d e r iv a ­
tiv e s  s u ita b ly  av e rag ed  o v er th e  v a riab les  r v ^  Г,,. T h e re fo re  th e  r ig h t h a n d  
expressions can  be ta k e n  to  be  3 -d im ensional m om en ts  o f  th e  3iV -dim ensional 
d is tr ib u tio n  ip .  O ne can  th e re fo re  fin d  an  in f in ite  n u m b e r  o f  d is trib u tio n s  
ip  w hich  sa tis fy  th e  con d itio n s (21a) a t  t  =  0 fo r a rb i t r a r i ly  given va lu es  
o f  th e  a n d  th e ir  tim e  d e riv a tiv e s .

T he fa c t t h a t  we can  im pose  a rb itra ry  in it ia l  co n d itions fo r  th e  v f s a n d  
th e ir  tim e  d e riv a tiv e s  m eans t h a t  we can  p resc rib e  th e  ch an g e  of tim e of th e  
v f s  th em se lv es . I .e . we can give Vß(r, t) for an extended interval o f  time and f i n d  
a ip-function which corresponds to a motion in which Vt,(r, t) takes up values in  
this arbitrary prescribed manner.

T he ab o v e  re su lt show s th a t  so m eth in g  is m issing in  th e  th eo ry . T h e  
ta s k  of a th e o ry  is to  d e te rm in e  th e  m o tio n  o f  a system  fro m  su itab le  in it ia l  
co n d itio n s. H ere  we m ee t a s ta te  o f affairs su ch  th a t  we can  p resc rib e  a rb itra r ily  
th e  m o tio n  o f  a sy s tem  a n d  th e  th e o ry  y ields in n e r  p a ra m e te rs , i.e. th e  w av e  
fu n c tio n  ip ,  w hich  leads to  th e  m o tio n  we p rescrib ed .

T he u n sa tis fa c to ry  fe a tu re  o f th e  th e o ry  fo r  N  1 cou ld  he  avoided in  a 
fo rm a l w ay  i f  we w ere to  a d m it th a t  th e  in it ia l  cond itio n  o f a physica l sy s tem  
h as  to  be  g iven  b y  a 3iV -dim ensional w av e  fu n c tio n  or b y  3iV -dim ensional 
d e n s ity  d is tr ib u tio n s  r a th e r  th a n  b y  th e  averages re fe rr in g  to  th e  th re e -  
d im en sio n a l space.

§ 13. So as to  see th e  p h y sica l co n ten ts  o f  th e  d iff ic u lty  m ore c learly  
we give th e  fo llow ing  a n a lo g y : consider o p aq u e  bodies m o v in g  before a screen  
a n d  le t us observe  th e  tw o -d im en sio n a l shadow s w hich th e  th ree -d im en sio n a l 
bodies th ro w  on th e  screen .

S tu d y in g  th e  m o tio n  o f  th e  shadow s we f in d  th a t  th e ir  m otions c a n n o t 
b e  d e te rm in ed  from  in itia l co n d itio n s. In d eed , bodies of q u ite  d iffe ren t shap es 
m a y  p ro d u ce  in  one in s ta n t  s im ila r  sh ap ed  sh adow s, b u t  th e  shadow s o f th e  
d iffe re n tly  sh a p e d  bodies w ill change in  d iffe re n t m an n e r accord ing  to  th e  
sh a p e  of th e  m o v ing  th ree -d im en sio n a l body .
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§ 14. To re tu rn  to  our o rig in a l problem  w e can  tak e  th e  densities gf,(r) 
a n d  velocities to  rep re sen t a k in d  of th ree -d im en sio n a l p ro jec tio n s  o f th e
37V dim ensional d is tr ib u tio n s  p(t) an d  b,.(r). I f  th e  s ta te  of th e  system  is in  
fa c t d e te rm in ed  b y  th e  37V-dimensional d is tr ib u tio n , th en  th e  m o tio n  of th e  
“ sh ad o w s”  described  b y  th e  th ree -d im en sio n a l d is tr ib u tio n s  c a n n o t be d e te r ­
m in ed  from  th e ir  th ree -d im en sio n a l in itia l co n d itio n s. In d e e d , considering  
p h y sica l system s describ ed  b y  tw o  w ave fu n c tio n s  t) a n d  y>2(r, *) w hich  
lead , sa y  a t  t =  0, to  th e  sam e th ree -d im en sio n a l d is tr ib u tio n s . T h e  system s 
s ta r t in g  from  id en tica l th ree -d im en sio n a l in itia l cond itions w ill show  en tire ly  
d iffe ren t m otions fo r  t 0.

§ 15. T he in itia l cond itions g iv ing  th e  th ree -d im en sio n a l d is tr ib u tio n s  a t  
t =  0 do n o t d e te rm in e  th e  m o tio n  o f  a system  if  th e  equa tions o f  m otions can  
be  exp ressed  in  th e  fo rm  of w ave eq u a tio n

H y  =  ifirjj, y> =  y>(i,t). (22)

T he p h y sica l p ro b lem  o f d escrib ing  th e  m o tio n  o f  a tom s seem s, how ever, to  
re q u ire  p red ic tions o f th e  m o tio n  o f atom s d esc rib ed  b y  th ree -d im en sio n a l 
d is tr ib u tio n s  as we show  p re sen tly .

In d eed , if  we observe  a tom s w e can observe  th e ir  e lec tro m ag n etic  fie lds,
i.e . we can  observe e lec tro m ag n e tic  fields e m itte d  in  form  o f  ra d ia tio n ; we 
can  also  observe e lec tric- or m a g n e tic  dipole m o m en ts  arising  i f  th e  atom s are  
p o la rized . W e can fu r th e r  observe energy  and  m o m e n tu m  of a to m s in  p a r tic u la r  
if  th e y  collide w ith  a m acroscop ic  b o d y . W e can  observe a n g u la r  m o m en tu m  
an d  o th e r  sim ilar p a ra m e te rs  o f  a n  atom . A ll th e se  q u a n titie s  en u m era ted  
above  can  be observed  m ore or less d irec tly  a n d  th e y  can be ex p ressed  using  
th ree -d im en sio n a l d is tr ib u tio n s  o n ly . Thus th e  fe a tu re s  of an  a to m  w hich are  
o b serv ed  in  u su a l ex p erim en ts  seem  to  give in fo rm a tio n  a t  m o s t upon  th e  
th ree -d im en sio n a l d is tr ib u tio n s .

§ 16. W hen  we m ak e  th e  ab o v e  s ta te m e n t w e re s tr ic t ou rse lv es  to  q u a n ­
titie s  w hich  can be m easu red  in d e e d  b y  real ex p e rim en ts . W e d is re g a rd  q u a n ­
titie s  w hich  are  su p p o sed  to  be “ m easu rab le”  in  te rm s  of an  a b s t r a c t  th eo ry . 
To i l lu s tra te  our p o in t o f view  le t  us consider a  Н е -atom  a n d  th e  supposed  
m easu rem en t of th e  positions of b o th  of its e lec tro n s.

T h e  w ave fu n c tio n  rp(rv  r 2, t) describ ing a tw o -b o d y  co n fig u ra tio n  is 
su p p o sed  to  give

P (rv  r 2) d3 tq  d3 r 2 =  \y>\2 d3 r ± d3 r 2 , (23)

w hich  q u a n ti ty  is su p p o sed  to  g ive th e  p ro b a b ility  to  find  th e  f i r s t  p artic les 
o f th e  sy stem  inside a vo lum e e lem en t d3r v  th e  seco n d  inside d3r 2. T ak ing  th e  
sy s tem , say , to  consist o f th e  tw o  e lectrons of a H e -a to m , (23) g ives th e  p ro ­
b a b ili ty  d e n s ity  o f f in d in g  th e  e lec trons v e ry  n e a r  to  po in ts г л a n d  r 2 inside 
th e  a to m .
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C onsidering  rea l e x p e rim e n ta l co n d itio n s, we fee l th a t  i t  is im p ossib le  to  
lo ca te  b y  re a l m easu rem en ts  th e  p o s itio n  o f  even one  e lec tron  in sid e  a n  atom  
a n d  i t  ap p ea rs  ab so lu te ly  p h a n ta s tic  to  t r y  to  m ak e  s ta tis tic s  o f  “ w here  we 
f in d  th e  second  e lec tron  once we h av e  fo u n d  th e  f irs t  e lec tro n  inside a n  elem ent
d V 2” .

§ 17. T h e  p ro p o sitio n  th a t  b y  a series of h y p o th e tic a l m ea su re m e n t of 
co o rd in a te s  we can  d e te rm in e  ex p e rim e n ta lly  tp(r1, r 2) seems to  b e  absurd . 
N ev erth e less , th e  w ave fu n c tio n  ip h as  a good p h y s ica l significance. A n y  real 
m e a su re m e n t w ill lead  to  th e  d e te rm in a tio n  of m o m en ts

M fc =  Jv> *(r)2«fc( t ) V( r )d 3N r ,  (24)

w here  Шк(t)  is a fu n c tio n  o f  X or so m e  o p e ra to r  a c tin g  on th e  w av e  fu nc tion  
ip(x). H ow ever, d e te rm in in g  m o m en ts  o f  th e  ty p e  (24) we o b ta in  o n ly  very  
w eak  re s tr ic tio n s  as to  th e  d is tr ib u tio n  o f  ip(x) in  a 3 iV -dim ensional space .

W e m a y  d e te rm in e  th e  fie ld  o f a n  a to m  w hich d e te rm in a tio n  am o u n ts  to  
d e te rm in in g  som e m o m e n t М/( as fu n c tio n  of th e  c o o rd in a te  v e c to r  r .  In  th is  
w ay  w e o b ta in  re la tio n s  w hich  can  be  w ritte n  sym b o lica lly

M k(r) =  j  ip*(r) âHfc(ï)  ip(t) d3N~3 X. (25)

г
T h e  re la tio n  (25) —  if  M/((r)  is o b ta in e d  b y  m e asu rem en t for all v a lu es  of r  — 
gives m ere ly  a th ree -d im en sio n a l re s tr ic tio n  up o n  ip(x). As ex p la in ed  in  § 11 
even  a n u m b e r o f such  re s tr ic tio n s  a re  u t te r ly  in su ffic ie n t for th e  d e te rm in a ­
tio n  o f th e  d is tr ib u tio n  ip(x) itself.

W e see th e re fo re  t h a t  th e  em p irica l in fo rm a tio n  we can  o b ta in  as to  
p h y sica l s ta te  o f an  a to m  is re s tr ic te d  to  th ree -d im en sio n a l m o m en ts  o f  ip and 
th e re fo re  a usefu l th e o ry  m u s t a t te m p t  to  m ake conclusions a b o u t th e  m otion 
o f  a to m s b ased  on in fo rm a tio n  co n sis tin g  of such th ree -d im en sio n a l m om ents 
only .

V I

§ 18. L ogically  th e re  seem  to  b e  tw o  possib ilities  to  avoid th e  am b ig u ity  
in v o lv ed  in  th e  m o re -b o d y  p ro b lem s. One m ig h t suppose t h a t  th e  w ave 
e q u a tio n  (22) gives o n ly  a necessary condition fo r th e  m otion  o f  ip(x, t). One 
m ig h t suppose  th a t  th e  fu ll eq u a tio n s  o f  m otion  h a v e  th e  form

Hip =  ih ip , (a) I ,26^

Aip =  0 ,  (b) ]

w here  th e  second  co n d itio n  is su p p o sed  to  be an  a u x ilia ry  co n d ition  com patib le  
w ith  th e  w ave eq u a tio n . I f  th e  co n d itio n  (26b) is a  su ffic ien tly  s tro n g  con­
d itio n  th e  so lu tions o f (26a), (26b) red u ce  to  a m an ifo ld  of th e  o rd e r o f th a t  of
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th ree -d im en sio n a l d is tr ib u tio n s . I f  such a co n d itio n  (26b) ex is ted , th e n  th e  
re la tio n s  (10) a n d  (12) to g e th e r  w ith  (26b) w o u ld  be su ffic ie n t to  d e te rm in e  
^(r) u n iq u e ly  an d  th u s  h y d ro d y n am ica l e q u a tio n s  of m otion  cou ld  be o b ta in ed
in th e  case N  1 also.

§ 19. A co n d itio n  of th e  fo rm  (26b) is o b ta in e d  e.g. b y  re q u ir in g  th e  w av e  
fu n c tio n  to  be  a n tisy m m e tric  in  certa in  v a r ia b le s . Such a co n d itio n  is c o m ­
p a tib le  w ith  (26a) b u t  it  gives a v e ry  w eak re s tr ic tio n  on ly  o n  th e  w ave fu n c ­
tio n . T h e  co n d itio n  th a t  th e  w av e  function  sh o u ld  be a n tisy m m e tr ic  does n o t  
p e rm it to  reduce  th e  m anifo ld  o f  so lu tions of (26a) su ffic ien tly  so as to  m ake th e  
so lu tions to  co rrespond  to  th ree -d im en sio n a l d is trib u tio n s .

T h e  g ro u n d  s ta te  o f an  a to m  is u n iq u e ly  d e te rm in ed  b y  a v a ria tio n a l 
cond itio n . I .e . th e  g ro u n d  s ta te  is described b y  th e  wave fu n c tio n  for w hich

d\xp*H xpd*N r =  0 .  (27)

One m ig h t be te m p te d  to  th in k  th a t  the  a u x ilia ry  cond ition  co u ld  be ta k e n  to  
be a v a r ia tio n a l co n d itio n  of th e  ty p e  (27). T h e  cond ition  (26b) m igh t re q u ire  
to  look  fo r th e  m in im u m  of th e  en erg y  am ong th o se  fu n c tio n s y> w hich lead  to  
a g iven  th ree -d im en sio n a l c u r re n t charge d is tr ib u tio n

V ^ r )  and Qtl( r ) .  (28)

T hus one m ig h t t r y  to  p o s tu la te  t h a t  a sy s tem  w hich  ex h ib its  a ( th ree -d im en ­
sional) c u rre n t ch arg e  d is tr ib u tio n  (28) is to  b e  described  b y  t h a t  w ave fu n c tio n  
ip w hich  leads in  te rm s  of (10), (11) to  th e  d is tr ib u tio n  (28) a n d  w hich  possesses 
th e  m in im um  en erg y  w hich is com patib le  w ith  th e  c o n fig u ra tio n  (28).

§ 20. T he so lu tions o b ey ing  (27) to g e th e r  w ith  th e  c o n d itio n  (28) o b ey  
ce rta in  d iffe ren tia l equa tions w h ich  are so m e w h a t sim ilar to  th e  tim e -in d e ­
p e n d e n t S ch rôd inger eq u a tio n . H ow ever, one  fin d s th a t  in se r tin g  as in it ia l  
co n d itio n  in to  (22) a w ave fu n c tio n  w hich possesses a re la tiv e  m in im um  th u s  
described  — one fin d s from  (22) t h a t  in  th e  co u rse  of tim e  th e  fu nc tion  loses 
th e  m in im um  p ro p e r ty . T hus th e  conditions (27) and (28) are  in g en era l 
incompatible w ith  th e  w ave e q u a tio n  (22).

§ 21. W e th in k  i t  likely  t h a t  conditions o f  th e  form  o f (26b) do no t e x is t  
w hich a re : 1) co m p a tib le  w ith  th e  w ave e q u a tio n  (26) and  2) red u ce  th e  s e t  o f 
so lu tions to  a su ffic ien t degree. W hether o r  n o t  th is su p p o s itio n  is c o rre c t 
could  be  in v e s tig a te d  in  th e  fo llow ing  way.

W e m ay  supp o se  th a t  th e  g ro u n d  s ta te  o f  a n  atom  —  w h ich  is described  
a t , say , t =  0 b y  a w ave fu n c tio n  ip0(x) — is a  possible s ta te .  L e t us con sid er 
a n o th e r  s ta te  w hich  a t  som e fix e d  tim e  t =  tl >  0 is described  b y  an  a rb itra r ily  
g iven w ave fu n c tio n  щ(т).
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T he q u estio n  arises w h e th e r we can  f in d  some o u ts id e  p e r tu rb a tio n s  w hich 
e.g . can  be  described  b y  a p o te n tia l

F ( r  ,«) =  (29)
t ' = l

su ch  th a t  in  th e  in te rv a l t =  0 to  t — t1 th e  action  of th e  p o ten tia l m a k e s  the 
w av e  fu n c tio n  to  tra n sfo rm  from

W =  Wo to  W =  Wi-

S uppose  e.g. a w ave eq u a tio n  o f th e  form :

H2
2 mv

V? Vv(rv, t )  + V 0 ip =  ih ip , (30)

w here  V 0 rep re sen ts  th e  in te ra c tio n  b e tw e e n  th e  N  p a rtic le s . T he q u es tio n  
arises w h e th e r  we can  f in d  p o te n tia ls  Vv(rv, t) such th a t  s ta r t in g  from  a n  in itia l 
co n d itio n  ip =  ip0 th e  so lu tio n  o f (3) w ill b e  equal to  y> =  ip1 a t  t =  t±.

§ 22. T h e  answ er to  th e  above q u e s tio n  is n o t t r iv ia l  for th e  fo llow ing 
reaso n . T h e  change bip of ip in  an  in fin ite s im a l in te rv a l bt can  be w r i t te n

bip =  ipbt — -----— Hip, (31)
fi

we can  choose th e  p o te n tia ls  Vv a t  a g iv en  tim e t a rb itra r i ly . N ev erthe less 
b ecau se  H  co n ta in s  th e  su m  o f p o te n tia ls  Vv each d ep en d in g  on one v a ria b le  
o n ly , (31) c a n n o t be sa tis f ie d  fo r an  a rb itr a r i ly  given bip.

In  a fo rm a l w ay  we can  suppose  ip a n d  ip bip to  rep resen t tw o  p o in ts  
in  H ilb e r t  space . W e f in d  t h a t  using  p o te n tia ls  of th e  fo rm  (29) we c a n  o b ta in  
direct transitions from  a p o in t  ip of H ilb e r t  space only  to  ex cep tional p o in ts  in 
its  v ic in ity  i f  we re s tr ic t  ourselves to  p o te n tia ls  of th e  fo rm  (29). T h u s m o s t of 
th e  p o in ts  in  th e  v ic in ity  o f  a p o in t ip a re  inaccessible b y  direct transition.

F ro m  th is  i t  does n o t  follow  t h a t  th e se  po in ts c a n n o t he re a c h e d  on a 
ro u n d  a b o u t w ay . In  fa c t w e th in k  t h a t  m o st of th e  p o in ts  of H ilb e r t  space 
c a n  be reach ed  from  an  in it ia l  p o in t ip0 as th e  effect o f a su ffic ien tly  w ell chosen 
— ra th e r  co m p lica ted  —  p e r tu rb a tio n  o f  th e  form  (29).

W e h o p e  to  co m eb ack  to  th e  m a th e m a tic a l d iscussion  of th is q u e s tio n  in a 
la te r  p a p e r.

§ 23. T h e  second log ica l p o ss ib ility  is to  suppose t h a t  th e re  ex ist n o  s trong  
re s tr ic tio n s  as to  th e  у -fu n c tio n s w hich  a re  accessible -— b u t  like in  s ta tis t ic a l  
m echan ics th e  s ta te s  d esc rib ed  b y  ip h a v e  v e ry  d iffe ren t p ro b ab ilitie s  to  becom e 
rea lized . I f  th e re  ex is t ^ -fu n c tio n s  w h ich  give v e ry  l ik e ly  co n fig u ra tio n s and 
o th e rs  w h ich  give v e ry  u n lik e ly  ones, th e n  we can  p o s tu la te  t h a t  a  given 
d is tr ib u tio n  (28) is re p re se n te d  in  m o st cases b y  a “ v e ry  like ly”  ip. T herefo re
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th e  m o tio n  of th e  sy s tem  w ill in  m o s t cases ta k e  p lace  in  a v e ry  good  ap p ro x i­
m a tio n , in  a m a n n e r to  be  ex p ec ted  in  te rm s of a “ v e ry  like ly”  ^ -fu n c tio n .

T h e  analogy  o f th e  concept a n d  th a t  of s ta t is t ic a l  m echan ics is a very  
deep one. In d eed , in  s ta tis t ic a l  m echan ics th e  m o tio n o f  say  a gas c a n  be  ca lcu l­
a te d  ex a c tly  i f  th e  in it ia l  co n d itions a re  given, c o n ta in in g  th e  co o rd in a tes  
an d  velocities of all th e  N  a tom s o f th e  gas a t  t =  0.

F ro m  th e  m ech an ica l eq u a tio n s  of m otion , th e  m o tion  o f  th e  gas as a 
w hole can  he d e te rm in ed . H ow ever, i f  we give on ly  th e  m acroscop ic  d en sity  
d is tr ib u tio n  an d  th e  d is tr ib u tio n  o f  v e lo c ity  of flow , th e n  these  d is tr ib u tio n s  
do n o t  de te rm ine  th e  in it ia l  cond itions fo r th e  m o tio n  o f th e  in d iv id u a l a tom s. 
C o n stru c tin g  su ffic ien tly  a rtific ia l in it ia l  cond itions fo r th e  a to m s, we come 
to  con figu ra tions w hich  s ta r tin g  fro m  a given m acroscopic  in it ia l  co n d ition  
b eh av e  in a v e ry  ab n o rm a l m an n er. W ith  su ffic ien t sk ill we can  f in d  in itia l 
cond itions fo r th e  a to m s w hich lead  to  an  alm ost a rb i t r a ry  p resc rib ed  m acro ­
scopic m o tion  of th e  gas.

T he equa tions o f m o tio n  w hich  give th e  co rrec t m acroscopic  m o tio n s  of a 
gas a re  o b ta in ed  if  we choose am o n g  th e  possible m icroscopic co n fig u ra tio n s  
th e  v e ry  likely  ones. D ev ia tions fro m  th e  m acroscopic  eq u a tio n s o f  m otions 
arise  because of f lu c tu a tio n s , i.e. b ecau se  occasionally  th e re  occur d is tr ib u tio n s  
w hich d ev ia te  from  th o se  w hich a re  th e  m ost likely  ones.

§ 24. In  th e  case o f th e y - fu n c tio n  one im agines t h a t  “ sm o o th ed ”  fu nc tions 
are  m ore  like ly  th a n  th o se  w hich show  a g rea t deal o f irreg u la r  f lu c tu a tio n s . 
I t  seem s to  be an  u n so lv ed  prob lem  w hich  yj’s are  th e  v e ry  likely  ones.

A lth o u g h  we can  give no m e th o d  o f a c tu a lly  se lec ting  th e  “ v e ry  likely  
^ -fu n c tio n s”  i t  seem s p lausib le  th a t  th e se  func tions a re  som ew here n e a r  those 
possessing m in im um  p ro p ertie s  o f th e  ty p e  described  in  § 18. In d e e d , if  an 
a to m ic  system  is in  a s ta te  possessing a g re a t deal o f  energy , th e n  i t  is likely  
to  em it e lec tro m ag n etic  ra d ia tio n  a n d  th u s  to  red u ce  its  energy . W e expect 
th e re fo re  a ten d en cy  of a to m s to  a p p ro a c h  s ta te s  w ith  low  energy .

§ 25. W e close th e se  q u a lita tiv e  considera tions w ith  a n o th e r  rem ark . 
F ro m  th e  so lu tions o f th e  w ave e q u a tio n s  va lid  fo r m a n y -b o d y  sy stem s we 
fin d  —  in  excellen t ag reem en t w ith  o b se rv a tio n  —  th e  sp ec tra  of m a n y  elec tron  
sy stem s, e.g. we fin d  th e  sp ec tru m  o f th e  H e a tom . A  ra d ia tin g  H e  a to m  is a 
m oving  system  an d  th e re fo re  we a re  in  fa c t in  a p o sitio n  to  d e te rm in e  co rrec tly  
th e  m o tio n  of th e  charge  o f th e  e lec trons inside a H e a tom .

I t  m u st be em phasized , how ever, th a t  ta k in g  th e  su p erp o sitio n s  o f an  
a rb itra r ily  large n u m b e r o f s ta t io n a ry  so lu tions o f th e  w ave e q u a tio n  —  we 
can  f in d  a co m b in a tio n  w hich  p roduces fo r a lim ited  p e rio d  an  o sc illa tio n  w ith  
an  a rb itra r ily  given freq u en cy  v —  th is  freq u en cy  need  n o t be an y w h ere  near 
to  th e  o p tica l frequencies o f th e  H e a to m .

T h a t as th e  re su lt o f  th e  b e a t  o f th e  n a tu ra l frequencies o f  H e  we can 
o b ta in  a s ta te  in  w hich an  a rb itra ry  freq u en cy  v arises, is analogous to  th e
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p ro b lem  o f th e  F o u r ie r  ana lysis . U sing  a la rg e  n u m b e r  o f F o u rie r  com ponents 
we can  o b ta in  (in side  a lim ited  in te rv a l)  a h a rm o n ic  fu n c tio n  w ith  an  a rb itra ry  
p e rio d  V w hich m a y  d iffer from  th e  periods o f th e  te rm s  of th e  series.

T h e  s ta te  in  w h ich  a H e a to m  oscillates fo r  a tim e  w ith  an  u n u su a l fre ­
q u e n c y  V co n ta in s  obv iously  co m p o n en ts  o f r a th e r  h ig h er energy  —  an d  a fte r  
a c e r ta in  tim e  th e  acc id en ta l p h a se  re la tions b e tw e e n  th e  n a tu ra l  frequencies 
w hich  produce  th e  b e a t  freq u en cy  v will d isap p ea r.

W hen  we s ta te  th a t  acco rd in g  to  th e  th e o ry  a H e a to m  genera lly  em its 
w ell-defined  c o m b in a tio n  freq u en c ies  only , th e n  we m ake a lre a d y  a s tro n g  
re s tr ic tio n  on th e  w ave fu n c tio n s  y> w hich w e th in k  likely  to  occur -— we 
su p p o se  th a t  in  th e  observed  s ta te s  th e  w ave fu n c tio n  of th e  d iscre te  s ta te s  
a re  p re d o m in a n t.
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ГИДРОДИНАМИЧЕСКАЯ МОДЕЛЬ ВОЛНОВОЙ МЕХАНИКИ
ЗАДАЧА МНОГИХ ТЕЛ 

Л. ЯНОШИ

Р е з ю м е
Дискутируется проблема расширения гидродинамической модели—описанной в 

предыдущих работах — к задаче многих тел. Показывается, что появляющиеся в при­
ложении трудности не математического характера, они отображают физическую проб­
лему, не решенную по нашему мнению до настоящего времени. Оказывается возможным, 
что в точном решении проблемы многих тел удается выбирать из возможных волновых 
функций те, которые очень подобны в статистическом смысле. Предполагаемый отбор 
напоминает отбор очень подобных конфигураций в статистической механике.
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FIRST-ORDER MAGNETIC PHASE TRANSITIONS*

B y
L. P ál

CEN TRA L RESEARCH IN ST IT U T E  FOR PH Y SICS, BUDAPEST

(Received 9. I. 1969)

The general properties of the first-o rder magnetic phase transitions betw een ordered 
structures have been investigated. The num ber of possible m odels has been lim ited by  suppos­
ing the sensitiv ity  of th e  exchange energy to  the interatom ic distance to be responsible for the 
phase transition . I t  is shown th a t the m agnetic phase tran sition  occurs as a re su lt of a sign- 
change in  the proper com bination of the exchange param eters. The transition  m ay  be influ­
enced by  the  variation  of the pressure and th e  magnetic field . The actual phase transition  is, 
however, hindered in  b o th  directions by th e  elastic energy wall, separating the free energy 
m inim a of the different phases. The T— P  phase diagram bas been calculated and th e  condi­
tions for th e  existence of a triple point in the  T —P  plane have been investigated in th e  case of 
antiferrom agnetic ferrom agnetic transitions. The tem peratu re  hysteresis, i.e. th e  difference 
between the  upper (Tsup) and lower transition  tem pera tu res has been determ ined a t
different pressures and  for both  tem pera tu res a linear dependence has been obtained. The 
character of the disappearance of the m agnetic order has been also studied and i t  has been 
found th a t  under certa in  conditions the order of the ferrom agnetic—param agnetic transition  
may be different from th a t  of the antiferrom agnetic param agnetic  one.

The T—H coexistence curve betw een the ferrom agnetic and the spin-flop antiferro­
m agnetic phases has been determ ined. The upper and the low er phase transition  tem perature  
versus m agnetic field curves are calculated and it  is found th a t  w ith increasing m agnetic field 
and decreasing tem perature  the difference betw een these two curves (i. e. the hysteresis w idth) 
becomes increasingly sm all until a t a critical field (H t) and  tem perature  (T,) they  end in a 
common po in t w ith th e  coexistence curve. Below Tt the varia tion  of the m agnetic field does 
not lead to a first-order antiferrom agnetic ferrom agnetic transform ation. The ferrom agnetic 
phase is nothing, b u t the  antiferrom agnetic phase in a m agnetic field strong enough to tu rn  
the m om ents parallel to  th e  field direction. Above if, bu t below H c the  variation  of th e  tem pe­
rature  brings about also a second-order ferrom agnetic antiferrom agnetic transition .

The discontinuous change of the la ttice  param eter and  th a t  of the sublattice m agnetiza­
tion have been calculated a t the coexistence tem perature and  a t  both  the upper and lower 
transition  tem peratures. I t  has been shown th a t  the en tropy  change of the transition  has two 
contributions: one of them  is associated w ith  the volume change while the o ther w ith  th e  m ag­
netization change. U nder certain conditions the order of m agnitude of both contributions may 
be the same.

1. In tro d u c tio n

T h e  su b jec t o f  th is  p ap e r is re la te d  to  f irs t-o rd e r  m agnetic  p h ase  tr a n s ­
itions. T h e  expression , f irs t-o rd e r p h ase  tra n s itio n  is used  in  its  u su a l th e rm o ­
d y n am ic  sense, i.e. th e  f irs t  d e riv a tiv e s  o f th e  s y s te m ’s G ibbs free -en erg y  w ith  
in tensive  p a ra m e te rs  ( te m p e ra tu re , p ressu re, m ag n e tic  field , e.g.) ex h ib it a 
d isc o n tin u ity  a t  th e  c ritica l values o f  these  p a ra m e te rs . In  o th e r  w ords, th e

* Dedicated to Prof. P. G o m b á s  on his 60th b irthday.
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m o la r e n tro p y , m o la r  vo lum e, m o la r  m ag n e tiz a tio n , an d  o th e r  m o la r  p a ra ­
m e te rs  suffer d isco n tin u o u s change . I n  th e  h ig h e r-o rd e r phase  tra n s it io n s  th e  
m o la r  p a ra m e te rs  a re  con tin u o u s b u t  th e ir  d e riv a tiv e s  are  d isco n tin u o u s. I t  is 
w o rth w h ile  to  n o te  h ere  th a t  th e  m o s t c h a ra c te ris tic  fe a tu re  of th e  h ig h er-o rd e r 
p h a se  tra n s fo rm a tio n s  is th e  d isco n tin u o u s ch an g e  in  sy m m etry  o f  th e  system  
w ith  th e  co n tin u o u s  change o f th e  s ta te  of sy s tem . T his a p p ro ach  was v e ry  
successfu lly  d ev e lo p ed  m an y  y ea rs  ago b y  La n d a u  an d  Lifshitz  [1].

I n  o rd er to  sy s tem a tize  in  a v e ry  sim ple w a y  th e  m ag n etic  p h ase  t r a n s ­
fo rm a tio n s  a “ fa m ily  tre e ”  has b een  co n s tru c te d  fro m  d ifferen t ty p e s  of tr a n s ­

itio n s . This “ fa m ily  tre e ”  is show n  in  Fig. 1. Som e m ag n etic  sy stem s th a t  
e x h ib it tra n s itio n s  o f  f irs t-o rd e r a re  lis ted  in  T ab le  I .  I t  is clear t h a t  th e  sim plest 
case is w hen  th e  c ry s ta l  s tru c tu re  does n o t change d u rin g  th e  m ag n e tic  s tru c tu re  
tra n s i t io n  and  w h en  th is  la t te r  ta k e s  place b e tw een  o rdered  m ag n e tic  phases. 
As s u b s ta n tia l  th e o re tic a l d ifficu lties are a sso c ia ted  w ith  th o se  p h ase  t r a n s ­
fo rm atio n s  w here  th e  m agnetic  o rd e r d isap p ears , such  tra n sfo rm a tio n s  w ill be 
ex c lu d ed  from  o u r co nsidera tions.

I t  has been  k n o w n  since th e  la s t  c e n tu ry  t h a t  th e  onset o f th e  m agnetic  
o rd e r (e.g. fe rro m ag n etism ) re su lts  in  a sm alle r o r la rger d is to r tio n  of th e  
c ry s ta l  la ttic e  (in  m an y  cases w ith o u t an y  c ry s ta l  sy m m etry  change). This 
p h en o m en o n  is re la te d  to  th e  d ependence  of th e  exchange energy  o n  th e  in te r ­
a to m ic  spacing .

As a re su lt o f  th is  d ependence  th e  free -en erg y  of th e  c ry s ta l  m ay  be 
low ered  b y  a d is to r tio n  of th e  la t t ic e  in  th e  d ire c tio n  of decreasing  exchange- 
energy . The d is to r tio n  will in tro d u c e  to  th e  free -en erg y  a te rm  in  s tr a in  energy
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Table I

Some magnetic system s th a t exh ib it transition  of first-order

M aterial
Type 
of the 

transition

Transition
tem perature

°K
M aterial

Type 
of the 

transition

Transition
tem perature

°K

MnAs F  -» P 318 Mn3GaC A F  - »  F 150
Cr2As2 F i - P 213 Mn3Ge2 A F - »  F 113
Cr A F  -» P 311.7 Mno,9Lio,iSe A F  - »  F 71
u o 2 A F  - » P 30.8 (Mn1_xCrx)2Sb A F  - »  Fi T(x)
TiCl3 A F  - » P 210 R bF eF 3 F - » A F 86
MnBr2 A F - » P 2.16 Dy F - » S 85
KM nF, A F  -» P 88.3 M nSn2 A F - » A F 73
FeRh A F  - » P 350 Mn3P t A F - » A F 365

w hich will in crease  th e  free-energy , and  th u s , a com prom ise be tw een  d is to r tio n  
an d  exchange is reached , w h ich  m inim izes th e  free-energy . I n  th e  case o f 
o rd e r-d iso rd e r p h ase  tra n sfo rm a tio n s  (i.e. fe rro m ag n e tic  ^  p a ra m a g n e tic , a n t i ­
fe rro m ag n e tic  p a ram ag n e tic )  th e  m ag n e to -e la s tic  coup ling  b e tw een  th e  
m ag n e tic  an d  e lastic  p a r t  o f  th e  sy stem ’s free-energy  m a y  d ra s tic a lly  a l te r  
th e  c h a ra c te r  o f phase  tra n s itio n s . I f  th e  ex ch an g e  p a ra m e te r  dependence  on 
th e  in te ra to m ic  spacing  is r a th e r  s tro n g  a f irs t-o rd e r  p h ase  tra n s it io n  w ill be  
observed  in s te a d  of th e  u su a l second-order one.

T he reaso n  fo r th is  is q u ite  obvious. T h e  elastic  d is to r tio n  ten d s to  s t a ­
bilize th e  m ag n e tic  o rd er a n d , th u s , slows d ow n  its  decrease w ith  te m p e ra tu re . 
A t a ce rta in  te m p e ra tu re , h o w ever, th e  m ag n e tic  o rd er can  fin d  no w ay  fo r 
decreasing  sm o o th ly  to  zero since th e  s tab iliz in g  influence  o f th e  la ttic e  d is ­
to r tio n  ceases to  a c t below  a c e r ta in  m ag n etic  o rd er, i.e. a t  a c r itica l te m p e ra tu re  
th e  m ag n etic  o rd er and  la t t ic e  d is to rtio n  go to  zero d isco n tin u o u sly . U sing  
B ea n ’s fo rm u la tio n  [2] th e  s itu a tio n  is like  t h a t  o f a m an  w ho has ru n  b ey o n d  
th e  b rin k  o f a cliff; th e re  is no  gentle  w ay  dow n.

O f course, n o t only  th e  ap p earan ce  a n d  d isap p earan ce  o f th e  m ag n e tic  
o rd e r b u t  in  m a n y  cases th e  s tru c tu re  changes in  th e  o rd e red  p h ase  m ay  also 
lead  to  a rem ark ab le  v a r ia tio n  of th e  c ry s ta l  d is to rtio n . In  th e  fo llow ing 
th ese  s tru c tu re  changes w ill b e  discussed a n d  th e  aim  o f th is  p a p e r is to  give 
an  e lem en ta ry  in tro d u c tio n  to  th e  physics o f  th ese  phenom ena .

2 . M agnetic structure and the m odel

F irs t  o f all, we have  to  discuss th e  co n d itio n s fo r th e  ex istence  of v a rio u s 
m ag n e tic  s tru c tu re s  in  a g iven  c ry sta l la t t ic e  since ou r goal is to  s tu d y  th e  
phase  tra n s itio n s  b e tw een  th e se  s tru c tu re s . To do th is  in  g enera l is a v e ry
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com plex  ta s k  an d , th e re fo re , we h av e  to  lim it  o u r consid era tio n s to  th e  s im p le s t 
case w hich  is p ro b a b ly  d is tin c t from  a n y  re a l s i tu a t io n b u th a s  a g rea t a d v a n ta g e , 
th e  p o ss ib ility  o f an  e le m e n ta ry  t r e a tm e n t  w ith o u t in c u rrin g  an y  su b s ta n tia l  
losses in  th e  p h y sica lly  im p o r ta n t  conclusions.

T h e  s ta b i l i ty  co n d itio n s req u ired  fo r  a g iven m ag n e tic  s tru c tu re  c a n  be  
derived  w h e n  we f irs t  an sw er th e  fo llow ing  q u estio n : w h a t are th e  possib le  
m ag n e tic  s tru c tu re s  in  a g iven  c ry s ta llo g ra p h ic  sy m m e try ?

A ssu m in g  seco n d -o rd er c h a ra c te r  o f  th e  fo rm a tio n  o f  v a rious m a g n e tic  
s tru c tu re s  f ro m  th e  m ag n e tic  d iso rd e r (i.e. from  th e  p a ra m a g n e tic  phase) th is  
q u es tio n  ca n  be  answ ered  in  p rinc ip le  v e ry  rigorously .

Fig. 2.  L attice  points w ith  sublattice num bers

O ne h a s  to  n o tice  h e re  th a t  th e  a s su m p tio n  of th e  second-o rder c h a ra c te r  
o f th e  m a g n e tic  s tru c tu re  fo rm a tio n  does n o t  invo lve  a n y  serious re s tr ic tio n  
on th e  c h a ra c te r  o f th e  p h ase  tra n s it io n s  betw een  th e  o rdered  s tru c tu re s . 
T h erefo re , w e could  s ta r t  o u r co n sid e ra tio n s  in  th is  w ay .

U n fo r tu n a te ly , in  answ ering  th e  f i r s t  q u estio n  th e  p rob lem  of f in d in g  
th e  c r ite r ia  fo r  th e  ex is ten ce  o f v a rio u s m a g n e tic  s tru c tu re s  in  te rm s o f p h y s ic a l 
p a ra m e te rs  rem ain s s till unso lved . I f  w e w a n t to  so lve th is  p rob lem  to o , w e 
need  a m o re  o r less d e fin ite  m odel c o n ta in in g  im p o r ta n t  in fo rm a tio n  a b o u t 
th e  e x ch an g e  in te ra c tio n s  in  th e  c ry s ta l.

W e do  n o t  w a n t to  go in to  th e  d e ta ils  of th e  m e th o d  w ith  th e  h e lp  o f 
w hich w e c a n  answ er th e  f ir s t  q u es tio n ; w e re fe r on ly  to  som e basic  w orks in  
th is  fie ld . O rig in a lly  La n d a u  an d  L ifsh itz  [1] p ro p o sed  th is  th e o ry  fo r  th e  
in v e s tig a tio n s  o f th e  o rd e red  s tru c tu re s  in  alloys. L a te r  D zyaloshinsky  [3] 
an d  K ovalyov  [4] ap p lied  i t  to  th e  case o f m ag n etic  p h ase  tra n s fo rm a tio n s  
an d  v e ry  re c e n tly  a fu r th e r  g en e ra liza tio n  w as m ade b y  Sólyom [5].

T h is  rigo rous m e th o d  can  be u sed  o n ly  fo r fin d in g  th e  possible m ag n e tic  
s tru c tu re s  b u t  fo r th e  a c tu a l ca lcu la tio n  w e alw ays need  a d efin ite  m odel. N ow  
we w a n t to  choose th e  s im p le s t one w h ich  is s till u sefu l enough to  i l lu s tra te  
th e  m o st im p o r ta n t  q u a lita tiv e  p ro p e rtie s  o f th e  phase  tra n sfo rm a tio n s .

In  th e  fo llow ing w e sha ll p roceed  fro m  an  im p ro v ed  v e rsion  o f th e  m odel 
p roposed  b y  A n d e r s o n  [6] an d  S m a rt  [7]. F irs t  o f all, we choose a sim p le
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cub ic  la ttic e  fo r th e  ca lcu la tio n s an d  assum e th e  exchange in te ra c tio n  be tw een  
th e  localized m ag n e tic  m o m en ts  to  be o th e r th a n  zero on ly  fo r  th e  n ea re s t an d  
fo r  th e  n e x t-n e a re s t ne ighbours. I n  o rder to  en su re  th a t  w ith in  a given d is tan ce  
each  la ttic e  p o in t shou ld  be  su rro u n d ed  b y  la t t ic e  po in ts  b e lo n g in g  to  d iffe ren t 
su b la ttic e s  one h as  to  in tro d u c e  a specified  n u m b er o f d iffe re n t su b la ttic e s  
only . I f  th is  c h a ra c te ris tic  d is tan ce  is th e  in te ra to m ic  sp ac in g  betw een  th e  
n e x t-n e a re s t n e ig h b o u r a to m s, e ig h t su b la ttic e s  are  req u ired . T h e  la ttic e  p o in ts  
w ith  th e ir  su b la ttic e  n u m b e r a re  show n in  F ig . 2.

W e den o te  b y  M j( j  =  1, . . . , 8) th e  th e rm a l av e rag ed  m ag n e tic  m o m e n t 
in  th e  j ’th  su b la ttic e  an d  w rite  dow n th e  in te rn a l energy o f th e  c ry s ta l p er u n it  
vo lum e in  m o lecu la r fie ld  a p p ro x im a tio n . W e get

w here

Um — — Mt Ajj M j ,
U

is th e  in te ra c tio n  m a tr ix  an d

(0 a b a\
( b

a b ° \
a 0 a b . A  о = 0 b a b
b a 0 a

ч J 2
b 0 b a

\a b a oJ [a b 0 bJ

H ere  we used th e  n o ta tio n s

a =  — N J 1, b =  N J 2.
4 2

( 2. 1)

( 2 .2 )

(2.3)

(2.4)

J l and  J 2 a re  th e  effective exch an g e  p a ra m e te rs  b e tw een  th e  n e a re s t an d  th e  
n e x t-n e a re s t n e ig hbours, re sp ec tiv e ly , a n d  N  is th e  n u m b e r  o f  a tom s in  th e  
u n it  volum e.

T ak in g  in to  acco u n t t h a t  th e  effective in te rn a l fie ld

(2.5)
1 8 M ,

( j =  1 , 2 , . . . , 8 )

m u st h av e  th e  sam e d irec tio n  as th e  co rresp o n d in g  su b la ttic e  m ag n e tiza tio n , i.e.

H j =  IM j (2 .6 )
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we m a y  g e t im m ed ia te ly  th e  possible m ag n e tic  s tru c tu re s  fro m  th e  eigen-value  
e q u a tio n

(A -  ЯЁ) M  =  0 , (2.7)

w here E  is th e  u n it  m a tr ix  and

M  =

( М Л
M ,

\M 8J

(2 .8)

is th e  s t ru c tu re  m a trix . O ne has to  n o te  t h a t  th e  in d ep en d en ce  o f th e  p ro p o r tio n ­
a lity  f a c to r  A o f s u b la tt ic e  m a g n e tiz a tio n  is v a lid  o n ly  n e a r th e  o rd e rin g  
te m p e ra tu re .

M ak ing  use o f som e th eo rem s fo r b lo ck -m atrices  th e  eigenvalues o f  e q u a ­
tio n  (2.7) can  be easily  ca lcu la ted . O ne finds

A1 =  3 (o - f6 ) ,  A2 = — 3(o— b ) , A3 =  A4 =  A5 =  — (a + b )

^ 6  = ^7 = ^ 8  = (a )̂ ■
T h e m a g n e tic  s tru c tu re s  a re  d e te rm in ed  b y  th e  co rresp o n d in g  e igen-vecto rs 
be long ing  to  th e se  e igen-values. R esu lts  o f  th e  ca lcu la tio n s  are  su m m arized  
in  T ab le  I I .  As can  be  seen  one fe rro m ag n e tic  an d  th re e  a n tife rro m ag n e tic  
s tru c tu re s  a re  possib le in  th e  fram e o f th is  v e ry  sim ple m odel. T he a n tife r ro ­
m ag n e tic  u n i t  cells are  d o u b led  in  all th re e  d irections w hile  th e  fe rro m ag n e tic  
one is id e n tic a l w ith  th e  chem ical u n i t  cell.

T h e  eigen -value  o f  a  g iven s tru c tu re  is p ro p o rtio n a l to  th e  o rd e rin g  
te m p e ra tu re . O f tw o phases t h a t  is th e  m o re  s tab le  w hich  h as  a h igher o rd e rin g

Table II

Eigen-values and  eigen-vectors for different struc tu res

Eigen-value | Eigen-vector S tructure In te rnal energy

3(a +  b)
My — M 2 =  . . . .  =  M s =  M ferromagnetic

F
— 12(a +  b)M 2

S
'1CO"1 M y = M 3 =  M & =  M 7 =  M  

M 2 =  M t =  I ,  =  M  „ =  —M
antiferrom agnetic 

A F  I
12(o +  b)M2

— (a +  b)
My =  M 3 =  M e =  iVig =  M
м 2 =  My =  м ь =  м 7 =  —M

antiferrom agnetic 
A F  II

4(n +  b)M2

a — b
My =  M 2 — M 3 =  My — M  
M 5 =  м е =  My =  M s =  — M

antiferrom agnetic 
A F  I I I

—4(a — b)M2
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Fig. 3. D ifferent s truc tu res and phase boundaries

te m p e ra tu re . T he p h ase  boundaries b e tw een  the  d iffe ren t phases a re  show n in
Fig. 3.

F o u r  s tru c tu re  changes are possib le , nam ely

F  ^ A F l , if  J 2 >  0 and J i changes its sign,
A F Ï  ä  A  F I I , if  J x <  0 and 4 J 2—J , changes its sign,
A  F U  A F I I I , if  J 2 <  0 and Л changes its sign,
A  F i l l  ^  F, if  J i  0 and 4 J 2+ J  j changes its sign.

A sim ple phenom enolog ica l d esc rip tio n  o f th e  s tru c tu re  changes can  be m ade 
in  th e  follow ing w ay. O ne finds t h a t  du ring  th e  tra n s it io n  c e r ta in  an tiferro - 
m ag n e tica lly  o rien ted  p a irs  tra n s fo rm  to  fe rro m ag n e tic  ones a n d  vice versa . 
L e t 2 0  be th e  angle b e tw een  th e  m o m en ts  of tra n sfo rm in g  p a irs  in  an  in te r ­
m ed ia te  (non -equ ilib rium ) s ta te  an d  d en o te  b y  m th e  cosine of 0 ,  i.e.

m  - c o s 0 . (2.9)
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T h e  m ag n e tic  p a r t  o f th e  in te rn a l en e rg y  m ay  be  w r it te n  as

Um = -  (A + y B ) M l  <r2 -  В M l  o2 (2m2- 1 ), (2,10)

(A  >  0 ) ,

w h ere  th e  p a ra m e te r  В  w hich  is an  a p p ro p ria te  co m b in a tio n  o f  in te rac tio n  
c o n s ta n ts  changes its  sign d u rin g  th e  p h ase  tra n s it io n , a is th e  av e rag e  re la tive  
m a g n e tiz a tio n  p e r a to m  a t  te m p e ra tu re  T , i.e.

M

w here  M 0 is a to m ic  m ag n e tic  m o m e n t a t  T  = 0 .  T h e  values o f  A ,  В  and  у 
fo r  d iffe ren t s tru c tu re  changes a re  lis te d  in  T ab le  I I I .

W h en  th e  sign  of th e  p a ra m e te r  В  is ch an g in g  th e  m h as  to  v a ry  from  
m  — 0 to  m =  1, o r v ice v e rsa ; in  o th e r  w ords p h ase  tra n s fo rm a tio n  takes 
p lace . I t  is im p o r ta n t  to  n o te  t h a t  p h y sica l m ean in g  can  be a t t r ib u te d  to  m 
o n ly  in  th e  case o f a n tife rro m a g n e tic  — fe rro m ag n e tic  tra n s itio n s . In  th is  
case th e  m ean in g  is e v id e n t; m is a m easu re  of th e  b e n d in g b e tw e e n  th e m o m e n ts .

I t  is ab so lu te ly  clear t h a t  th is  oversim plified  m odel can n o t g ive  p rac tica lly  
u sefu l re su lts  b u t ,  as we sh a ll see la te r , a lo t o f p h y sica lly  in te re s tin g  q u a lita tiv e  
conclusions c a n  be  d raw n  from  it.

T he n e x t  s te p  in  p e rfec tin g  th e  m odel is to  ex p lo it th e  s e n s itiv ity  of th e  
exchange p a ra m e te rs  a g a in s t th e  la t t ic e  d is to rtio n s . F ir s t  N éel  [8] and  la te r  
Smart [7], B ean  an d  R odbell  [2], K ittel [9] a n d  m a n y  o th e rs  [10] have  
em phasized  th e  im p o rtan ce  of th is  se n s itiv ity  an d  in v e s tig a te d  its  in fluence on 
th e  te m p e ra tu re  b e h a v io u r  o f m ag n e tiza tio n . N ow , w e shou ld  like  to  app ly  
som e o f th e ir  re su lts  to  th e  th e o ry  o f those  m ag n e tic  s tru c tu re  tran sitio n s 
w hich  are  asso c ia ted  w ith  la tt ic e  d is to rtio n s .

L e t lc be  th e  d is ta n c e  b e tw een  th e  n ea re s t n e ig h b o u r a to m s a t  w hich 
th e  p a ra m e te r  В  changes its  sign . So, one m ay  e x p a n d  A  an d  В  in to  a pow er

Table III

P aram eters for various transitions

Ft±AF I AFI^tAFIl AFlI^tAFlU A Fillet F

A 6 NJz ~  Y  NJl - 2 1VJ2 T NJ'

В 3 JVJj N(4 J 2- J d — N J , -N (4 J 2- J d

У 0
1
2

0
1
2
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series o f l— h- F o r th e  sake  o f s im p lic ity , term s h ig h er th a n  lin ear a re  neg lec ted , 
i.e.

A  — A 0 4 

(dB(l)

dA (l)
dl

( l- lc )  ,

В
dl

( l - l c ) .
1=1,

( 2 . 11)

As has a lread y  been  m en tio n ed , th e  dependence o f exchange in te ra c tio n s  on 
th e  in te ra to m ic  spacing  leads to  a  sp o n tan eo u s d is to r tio n  o f th e  la tt ic e . T he 
co m p e titio n  betw een  th e  bo n d in g  a n d  exchange forces w ill d e te rm in e  th e  
a c tu a l v a lu e  o f th e  d is to r tio n . L e t l 0 b e  th e  d istance  b e tw een  th e  n e a re s t  ne igh­
b o u r  a to m s a t  te m p e ra tu re  T  =  0 in  th e  absence o f d is to rtio n  a n d  le t  s be 
th e  re la tiv e  d ila tion  a t  te m p e ra tu re  0.

O ne gets from  (2.11)

w here

and

while

л “ Т /о

e, =  3

an d  В  =  B j(e— £c) , (2.12)

dA(l)
dl l=‘c

(2.13)

dB(l) 
dl

? (2.14)

l0 (2.15)

In  th e  p resence  of la tt ic e  d is to rtio n  one  has to  ad d  to  th e  in te rn a l en erg y  an  
elastic  en erg y  te rm  w hich  in  its s im p le s t form  is

w here

(2.16)

1_
R

1
V

QV 
ЭP it

( 2 . 1 7 )

is th e  com pressib ility .
T h e  th e rm o d y n am ics of th e  p h a se  tra n s itio n  can  be  founded  o n  th e  G ibbs 

free-energy  p er u n it vo lum e. D en o tin g  th e  m agnetic  an d  th e  la tt ic e  e n tro p y  
b y  S m a n d  Si we can  w rite

G = U m +  Ue +  P ' - T ( S m+ S , ) .  (2.18)
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T his is th e  a p p ro p ria te  form  o f th e  free-energy  n eed ed  in  ou r case. I n  accordance 
w ith  th e  m o lecu la r-fie ld  ap p ro x im a tio n  th e  m ag n e tic  e n tro p y  m ay  be 
exp ressed  as

S m =  N k  jlo g  2 ----- --  (1 - f  a) log (1 +  a ) ----- (1 — a) log (1 — <r)J. (2.19)

T h e  la ttic e  e n tro p y  is a p p ro x im a te d  as

S t =  Ra.e,
w here

dV
ЭТ ,

(2.20)

(2 .21)

is th e  vo lum e th e rm a l ex p an sio n  coefficient. In tro d u c in g  th e  follow ing d im en­
sionless q u a n titie s

A  M o
an d

Q  =  , со =  
Ло

В г

B 0
R V k T (2.22)

А д  И 2 ’ 2 A 0M 2

Ra.
=  AT, . : N k

E Г«

II (2.23)

th e  G ibbs free-energy  can  be w ritte n  in  th e  fo rm

G — A 0 Mg j — a2 — [£? - f  со (y -f- 2m2 — 1)] <т2(е — ec) +  

H— re2 -|- p s  — 2 т&е — 2 rW (a)  j ,
(2.24)

w here  A 0 is a d e fin ite ly  p o sitiv e  q u a n tity .
T he equ ilib riu m  v alue  o f th e  d efo rm atio n  c a n  be found  from  th e  equation

8 G = 0 .  (2.25)

(2.26)

Эе

со
O ne gets

e =  2 ——- T ----—  +  ( ß  +  ye>) +  — - c2(2 m2 — 1).
r r r r

T h e change of th e  d efo rm atio n  a t  th e  phase tra n s it io n  p o in t is

о , 14 , 2  a2 03oe =  e (m  =  1) — e (m  =  0) = ---------- (2.27)
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th e  sign of w hich  is d e te rm in ed  b y  th e  s ign  o f  B v  M aking u se  of th e  exp ression  
(2.26) fo r th e  G ibbs free-energy  one can d e riv e  th e  fo rm u la

G =  A 0 M$ -- IT2 1 -|------- ( 2 0 r  — rec — p)

1 p2 л n , . 1
—-------- a4 — 2 r w(a) —  ----- r
2 r 2

2 0 т  — p IT
w here

p  =  Q w (y -\- 2 тп2 — V).

(2.28)

(2.29)

T he re la tiv e  su b la ttic e  m a g n e tiza tio n  p e r  a to m  can b e  expressed  from  th e  
eq u a tio n

dG 
8 a

A fter a sh o rt ca lcu la tio n  one finds

(2.30)

w here

(2.31)

hm o l  — i  + (20T — rec — p) (2.32)

In  th e  m a jo r ity  of cases th e  ra tio  pjr is sm aller th a n  o n e  an d , th u s , m a k in g  
use of th e  in e q u a lity

q =  (pa2 +  20T — rec — p)  1 (2.33)
T

one m ay  ex p an d  G in to  a p ow er series of q a n d  i t  seems su ffic ie n t to  re ta in  o n ly  
tho se  w hich a re  n o t h igher th a n  linear. To do  th is , firs t o f  a ll, we rew rite  (2.31) 
in  th e  form

a — ao +  ° i q ~  <h> +  ffi ?o, (2 .34)
w here

q0 =  —  (pa2 +  20T — rec — p)  (2.35)
r

and

aQ= t h . (2.36)
T

T he G ibbs free-energy  is g iven  b y

G (a, m) =  G0 (a 0, 0) +  q0 Gx (a0, m) +  0 (q%). (2.37)
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A  sh o rt c a lc u la tio n  shows t h a t  th e  lin ea r co rrec tions to  a2 a n d  2 rw(a) cancel 
each  o th e r o u t, a n d  th u s , w e ge t

1 t 2 © r_V ' 2
G o { ^ ° ) = zA 0M ^ \ —a l - 2 r w (a0) — - j - r l

a n d

Gj (a0 m) = ---------A 0 M%rrl\l +
20T — rec — p

pa l  +  2 0 r  — rec — p

(2.38)

(2.39)

T h e  second te rm  on th e  r ig h t  side of (2.37) can  be re -ex p ressed  in  th e  fo rm  

q0 Gj(ff0, m) =  A 0 M l a\ coôe0 { f (m ,  и) +  / u(u )}  , (2.40)
w here

an d

f ( m ,  u) — — m4 -f- 1 —

/o (“.) =  — 1 — у I L
О)

и
СО

1
2 1 + У  +

Ü

H ere , we h a v e  in tro d u ced  th e  n o ta tio n

20T  — rec — p  . n  .
u  — --------------------------  -|- Í 2  -f- у  со .

(2.41)

(2.42)

(2.43)

I t  can  be seen  from  (2.40) t h a t  th e  re d u ced  free-energy  f ( m ,  u) has to  b e  u sed  
fo r  th e  in v e s tig a tio n  of p h a se  tran s itio n s  ch a rac te rized  b y  d ifferen t v a lu es  of 
y , lis ted  in  T a b le  I I I .  I n  v e r y  fo r tu n a te  cases the  re la tiv e  m ag n e tiza tio n  a 0 
does n o t v a r y  s ig n ifican tly  w ith  te m p e ra tu re  in  th e  n e ig h b o u rh o o d  o f th e  
tra n s it io n  p o in t  an d , th u s , th e  p a ram e te r  и  in tro d u c e d b y  (2.43) m ay b e  re g a rd e d  
as a lin ear fu n c tio n  of te m p e ra tu re . In  th e  follow ing th is  l in e a r  dependence will 
be  assum ed  un less th e  re f in e m e n t of th e  th e o ry  requires a m o re  rea listic  d e p e n d ­
ence.

3 . P hase transitions w ith  constant a0

M aking  use  o f th e  p reced in g  m odel, we should  lik e  to  app ly  i t  to  th e  
phase  tra n s it io n s  betw een  a n tife rro m a g n e tic  s tru c tu re s . I n  th is  case th e  f ir s t  
ta s k  is to  f in d  th e  n ecessa ry  an d  su ffic ien t conditions fo r  th e  loss a n d  o n se t 
o f s ta b ili ty  in  th e  s ta te s  m =  0 (or m =  1), a n d  m =  1 (or m  =  0), re sp ec tiv e ly .

T he consid era tio n s a re  v e ry  tr iv ia l, n everthe less, a  s h o r t  review  o f th e m  
w ill be u se fu l fo r th e  b e t t e r  u n d e rs ta n d in g  of th e  p h y s ic a l co n ten t o f  th e  
th e o ry .
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T he equ ilib riu m  v a lu e  o f th e  p a ra m e te r  m  has to  b e  chosen from  th e  roo ts 
of th e  eq u a tio n

d f =  2 m l l -  m2)1'2 , 1 -  —  -  2 m 2 
d 0  { to

: 0 (3.1)

w hich has th re e  so lu tio n s, nam ely

m 1 =  0; (3.2)

The p h y sica lly  allow ed 0  values in  th e se  solutions h a v e  to  sa tisfy  th e  co n ­
d ition  0 0  <[ jt/2.

L e t us follow  th e  v a r ia tio n  of th e  p a ra m e te r  m  in  th e  equ ilib rium  s ta te  
w ith  in creasin g  u/co. (As h as  a lread y  b e e n  m entioned  и/œ  is a linear fu n c tio n  
of te m p e ra tu re , if  cr0 is c o n s ta n t w ith in  th e  te m p e ra tu re  in te rv a l u n d e r  co n ­
s id era tio n .) I f  u/ft) <  — 1, th e n  am ong th e  solu tions (3.2) only tw o , n am e ly  
m 1 an d  m 3 h av e  physica l m ean ing , m =  m 1 m inim izing th e  reduced  free  en erg y  
since

d2f
d&2

f ,  U
2 1 ----------CO

f_ и
2 1 +  —

if  m =  m, 

if  m =  m 3.

T he second so lu tion  gives m 2 >  1. T h erefo re , i t  has to  b e  excluded.
W hen  — 1 <[ u/űi 1, th e n  am ong  th e  solu tions (3.2) sa tisfy ing  th e  co n ­

d itio n  0 0  <[ л/2,  tw o , co rrespond ing  to  m =  m x a n d  m — m3, m in im ize ,
w hile th e  th ird  m =  m 2 m axim izes th e  free  energy as one can see fro m  th e  
expression

d2f
d 0 2

9 I __ u 1ÍJ X —
CO j

__2
u2
CO2

2 | i +
и

Ю -

tw o m in im a

if  in =  m , , 

if m — m 2,

if  m =  m 3.

energy  of th e  s ta te  m  =  m 3 is equal to  t h a t  o f th e  s ta te  m  =  m 1 a t te m p e ra tu re  
ujco =  0, b u t  th e  a c tu a l p h ase  tra n s it io n  m l —*■ m3 ta k e s  place only  a t  th a t
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te m p e ra tu re  w h ere  th e  en e rg y  b a rrie r  b e tw e e n  th e  s ta te s  d isap p ears . S ince

/ ( m ,  r) =
u
CO

, i f  m — ’

, if  m =  m2 ,

“ .p----- , it m — m..

th e  —► m 3 tra n s i t io n  w ill be  rea lized  w hen

u (l —► 3) —со =  0 . (3.3)

F in a lly , i f  u/co ]> 1, th e n  ag a in  only  tw o  so lu tions, n a m e ly  m =  m 1 an d  
m =  m 3 h a v e  p h y s ica l m ean in g  an d  th e  free  en erg y  is m in im ized  b y  m =  m 3. 
T h e  so lu tio n  m 2 is im ag in a ry  a n d  there fo re  m u s t  be excluded .

N ow , w h en  we follow th e  change o f th e  equ ilib rium  v a lu e  of th e  p a r a ­
m e te r  m in  th e  d irec tion  o f  decreasing  te m p e ra tu re  we f in d  q u ite  a s im ila r 
p ic tu re . A t th e  te m p e ra tu re  u/co =  0 th e  fre e  energy o f th e  phase  m =  m 1 
becom es th e  sam e  as th a t  o f th e  ph ase  m =  m 3. T ran sitio n , h o w ev er, can n o t b e  
o b serv ed  b ecau se  th e  energy  m ax im u m  b e tw e e n  th e  co ex is tin g  phase h in d ers  
th e  tra n s it io n  p rocess. T he p h a se  tra n s fo rm a tio n  ac tu a lly  ta k e s  place a t  t h a t  
te m p e ra tu re , w h ere  th e  s y s te m ’s free energy  in  th e  s ta te  m  =  m 3 will be eq u a l 
to  th a t  in  th e  m ax im u m . T h is co n d itio n  is p rec ise ly

(3.4)

T h e  opposite  in e q u a lity  is v a lid  w hen  со -< 0. I n  th e  n ex t sec tio n s  we shall use 
th e  follow ing n o ta tio n s :

MSUp =  m a x { u ( l — 3) ; n ( 3 - > l ) }  
uinf =  m in  { u (l —► 3) ; u(3 —► 1)}.

T h e  eq u ilib riu m  te m p e ra tu re  ue w here th e  tw o  phases co ex is t lies betw een  th e  
u p p e r  an d  lo w er tra n s itio n  te m p e ra tu re s . ( In  o u r case ue — 0.)

T he fe rro m ag n e tic  íz; a n tife rro m a g n e tic  tran s itio n s  in  th e  absence o f an  
e x te rn a l m a g n e tic  field  h av e  to  be tre a te d  in  a sim ilar w ay .

n _  1 L « |2
со 4 со

i.e.
u (3  —► 1) -|- со =  0 .

I f  со >  0 (i.e. J51 >  0), th e n

u(l — 3) >  u(3 —>- 1).
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IPci parameter of bending

Fig. 4. Dependence of the reduced Gibbs p o ten tia l on the p aram eter o f bending 
for different values o f u/oo

T he dependence o f th e  red u ced  G ibbs p o te n tia l on th e  p a ra m e te r  m  is 
show n in  F ig . 4 fo r d ifferen t va lu es  o f u/co. T h e  v a r ia tio n  of th e  equ ilib riu m  v a lu e  
o f  m  w ith  te m p e ra tu re  in  th e  ideal case is i llu s tra te d  in  F ig . 5 (see th e  fu ll 
line).

F rom  th e  equations (3.3) and  (3.4) o n e  gets

w here

^sup =  W ) - 4 - —  ; Tlnf =  Te ( p ) -
l  a 2 a

T,(P) =  _ L  +  J L  _  J _  £ ± 2 5 1  л  M S . 5 . 
2 R x  2 a 2 f ía

(3 .6)

(3.7)

In tro d u c in g  th e  expression  fo r th e  d ila tio n  d isco n tin u ity  a t  th e  tra n s it io n  
te m p e ra tu re  th e  w id th  o f th e  te m p e ra tu re  hysteresis  c an  b e  given in  th e  
follow ing form

sup
a

(3.8)

T his fo rm ula  is va lid  on ly  i f  th e  su b la ttic e  m ag n e tiza tio n  cr0 h a rd ly  changes 
in  th e  in te rv a l T inf <C. T  T sup. T he e q u iv a le n t w id th  in  p re ssu re  is

P sup ~  p ta,  =  2R ôe0 .
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Fig. 5. V aria tion  of the equilibrium  value of m w ith  tem perature  (the  full line corresponds to 
the com pletely  homogeneous transition  while th e  dashed line to  th e  inhomogeneous one)

I n  p ra c tic a l cases th e  sharpness o f th e  tra n s itio n  is r a th e r  sm oothed b ecau se  
o f m ore o r  less in h o m o g en e ity  in  in te rn a l  stresses e x is tin g  in  any  rea l c ry s ta l. 
(See th e  d a sh e d  line in  F ig . 4.) As a r e s u l t  o f th is  in h o m o g en e ity  one  m a y  
ex p ec t a d e fin ite  c a n t in  th e  hy ste resis-lo o p . The c a n tin g  angle Ф is e x a c tly

Ф =  а г с с „ , а „ « ^ ,  (3.9)
2 й а

w here  < (őP )> 2 is th e  m e a n  sq u are  d e v ia tio n  of th e  lo ca l p ressu re.
F ro m  th e  ue =  0 one  m a y  see t h a t  th e  coex istence te m p e ra tu re , i.e . th e  

te m p e ra tu re  w here th e  G ibbs p o te n tia ls  o f  b o th  p h ases  m =  0 an d  m  — 1 
a re  eq u a l, sa tisfie s  th e  e q u a tio n

dTe 1

dP  ~  2Rcc
(3.10)

w hich is e x a c tly  th e  sam e as th a t  deriv ed  fro m  th e  C lausius-C lapeyron  e q u a tio n  
if  one assu m es th a t  th e  d isco n tin u o u s ch an g e  in  e n tro p y  is due to  th e  d is ­
co n tin u o u s change in  la t t ic e  p a ra m e te r  o n ly . The l a te n t  h e a t is g iven  b y

Qt =  Te Rtxôe0 . (3.11)
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In  o rd er to  e x te n d  o u r in v estig a tio n s to  th e  case of a n tife rro m ag n etic  
fe rro m ag n e tic  tra n s itio n s  in  an  e x te rn a l m a g n e tic  field one h as  to  add  to  th e  
G ibbs free energy  (2.34) a new  te rm  ex p ressin g  th e  in te ra c tio n  betw een  th e  
m ag n e tic  m om en ts an d  field . D en o tin g  th e  m ag n e tiza tio n  p e r  a tom  in th e  
su b la ttic e  a an d  b b y  M a an d  M b, re sp ec tiv e ly , one can w rite  th is  a d d itio n a l 
te rm  in  th e  fo rm

GH =  - ~ N H ( M a +  M b).  (3 .12)
Zi

L e t us in tro d u c e  th e  vecto rs

w here

M a - M b
2 M 0 a

an d M a +  M b 
2M 0a

M 0a  =  \Ma\ == \M b\ .

(3.13)

(3 .14)

I f  one neglects th e  m ag n etic  an iso tro p y  in  th e  cry sta l th e n  th e  v ec to r l is 
p e rp en d icu la r an d  th e  v ec to r m  is p a ra lle l to  th e  ex te rn a l fie ld  d irec tio n . 
T herefo re, in s te a d  of (3.12) one gets

GH =  — 2A0 Mg a hm  , (3 .15)
w here

1_ N H
2 Ag Mg '

an d  here  m is th e  ab so lu te  v a lu e  o f m. T he  ro le  o f m is th e  sam e  as in  (2.10) 
b u t  in  th is  case i t  has a d e fin ite  p h ysica l m e a n in g ; m being th e  n e t m a g n e tiz a ­
tio n  o f th e  a n tife rro m ag n etic  phase . One h a s  to  n o te  th a t  in  th e  m a jo rity  o f  
th e  p ra c tic a lly  im p o r ta n t cases th e  o rder o f  m ag n itu d e  o f h is th e  sam e as 
t h a t  o f fi/r. T herefo re , in s te a d  o f (3.15) we w rite

GH -------2A 0 M l  Og hm  . (3 .16)

One m a y  ex p ec t th a t  th e  p resence o f  th e  ex te rn a l m a g n e tic  fie ld  w ill 
p ro m o te  th e  a n tife rro m ag n etic  —*- fe rro m ag n e tic  tran s itio n . N e a r th e  coex istence  
te m p e ra tu re  a re la tiv e ly  w eak  m ag n e tic  fie ld  m a y  a lready  p ro d u c e  a s ig n if ican t 
n e t m ag n e tiza tio n . In  o th e r  w ords, th is  m eans t h a t  w ith  th e  in creasin g  m a g n e tic  
fie ld  th e  an tife rro m ag n e tica lly  coup led  m o m en ts  g radua lly  t u r n  in to  th e  f ie ld  
d irec tio n , i.e. th e  angle b e tw een  th e  m o m en ts  decreases. H ow ever, c o n tra ry  
to  th e  u su a l b e h a v io u r o f a n tife rro m a g n e ts , in  th is  case th e  angle b e tw e e n  
th e  m om ents decreases to  a d e fin ite , te m p e ra tu re  d ep e n d e n t va lue  o n ly  a t  
w hich  th e  u m bere lla -like  a n tife rro m ag n e tic  s tru c tu re  w ill su d d en ly  co llapse , 
an d  th u s , a sim ple fe rro m ag n e tic  s tru c tu re  w ill be  form ed.
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Fig. 6. R educed  Gibbs free-energy versus “ m agnetization” a t  constan t tem perature  b u t
different m agnetic  fields

I f  th e  tra n s it io n  is in d u ced  b y  te m p e ra tu re  v a r ia tio n  in  th e  p resence  o f a 
m agnetic  f ie ld  th e  c h a ra c te r  of th e  v a r ia t io n  in  m  w ill be  th e  sam e as in  th e  
fo rm er case.

W ith  h e lp  of (3.15) th e  reduced  free  energy  m ay  be  w ritten  in  th e  fo rm

w here

f ( m ,u ,A )  =  — m4 +  1

A h
со2 <x0 coôe0

(3.17)

(3.18)

T h e  red u ced  free  energy  v e rsu s  “ m a g n e tiz a tio n ”  a t  a g iven  te m p e ra tu re  b u t  
fo r d iffe ren t m ag n e tic  fie lds is show n in  F ig . 6, w hile in  F ig . 7 s im ila r cu rves 
can  be seen  b u t  here th e  m ag n etic  f ie ld  is c o n s tan t a n d  th e  te m p e ra tu re  is 
chang ing  fro m  curve to  c u rv e . The v a lu e  o f  со has been  supposed  to  be  p o s itiv e
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Fig. 7. Reduced Gibbs free-energy versus “ m agnetization”  a t  constant m agnetic field  b u t
different tem peratures

and  th is  m eans th a t  th e  ferro m ag n etic  s ta te  is s ta b le  a t  в  >  0 in  th e  absence 
of a m ag n etic  field . I t  c an  be  seen in F ig . 6 th a t  a t a g iven  fie ld  th e  free  en erg y  
o f th e  fe rro m ag n etic  s ta te  is equal to  t h a t  of th e  an tife rro m ag n e tic  s ta te . 
N evertheless, th e  tw o s ta te s  are en e rg e tica lly  se p a ra te d , i.e. th e  p h ase  t r a n s ­
itio n  is h in d ered . A fu r th e r  increase in  th e  m agnetic  f ie ld  is needed  to  overcom e 
th e  energy  b a rr ie r  o f e la s tic  origin. T h e  s itu a tio n  is q u ite  sim ilar in  th e  case 
illu s tra te d  in  F ig . 7 b u t  th e  role of th e  m ag n e tic  f ie ld  is rep laced  h ere  b y  th a t  
o f th e  te m p e ra tu re .

In  th e  follow ing we sh a ll ca lcu la te  th e  field  d ep en d en ce  of th e  coex istence  
te m p e ra tu re  an d  also t h a t  o f the  u p p e r  an d  low er tra n s itio n  te m p e ra tu re s . 
In  o rder to  do th is  we h a v e  to  find , f i r s t  o f  all, th e  co n d itions fo r th e  ex istence  
o f p h ysica l so lu tions o f th e  equation

d f
dQ

=  2
■ u A
— 2m3+ 1 ----------- m ----------

CO CO2
(3.19)
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I t  is c lear t h a t  one has to  dea l w ith  th e  so lu tio n s sa tisfy in g  th e  in e q u a lity  
0 < , m < ,  1. D en o te  b y  m v  m 2, m s th e  ro o ts  o f  th e  th ird -o rd e r  eq u a tio n

1 —
CO

=  0 .
CO*

(3.20)

an d  le t m 4 be  th e  so lu tio n  o f th e  e q u a tio n  dm/dO =  0. T ak in g  in to  acco u n t th e  
cond ition

d2f  _ 0
d®2

-6m 2 +  1 -  —
CO

dm  12
W J

+  4 - m 3 +

1
Í1 “  ) m  1

A 1 d2 m
2 I 2 CO2 d&2

>  0

(3.21)

one can  im m e d ia te ly  fin d  th e  m in im izing  so lu tio n s.
I t  is e a sy  to  show  th a t  am ong  th e  ro o ts  m v  m 2 and  m 3 o n ly  one is re a l 

i f  и and A  s a tis fy  th e  in e q u a lity

u
CO

4co2 )2/3 .
------  <  6

A  )
(3.22)

O ne has to  n o te , how ever, t h a t  in  th is  case th e  re a l ro o t is a lw ays n eg a tiv e .
I t  follow s from  th is  th a t  o n ly  th e  so lu tio n  m4 =  1, w h ich  co rresponds 

to  th e  fe rro m ag n e tic  s ta te , has p h ysica l m ean in g . In d eed , th e  ro o t m4 =  1 
m inim izes th e  free  energy  if

<*2/ )
d<92 Jm=n

2 1 + +
CO CO*

> 0 . (3.23)

T h is co n d itio n  is alw ays sa tisfied  w hen  th e  in e q u a lity  (3.22) is tru e .  The p ro o f  
is v e ry  e le m e n ta ry . R ep lace  и/со in  (3.23) from  (3.22) b y  th e  q u a n t i ty  
I — 6 (А/4co2)2' 3 w hich  is a lw ays sm alle r th e n  и/со an d  w rite  dow n th e  in e q u a lity

Since

1 +  —  +  —  > 2 - 6  
CO CO2

A
4  со2

2/3
+  4

A
4co2

4д:3 —  6 a;2 +  2  ] >  0  ; x  =
\2/3

4co2

fo r every  x  0 th e  s ta te m e n t is p roved . O ne h as  to  no tice  t h a t  th e  fe rro ­
m ag n e tic  s ta te ,  in  acco rdance  w ith  (3.23), rem a in s  stab le  fo r v a lu es  и and  A 
n o t sa tisfy in g  th e  in e q u a lity  (3.22).
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W hen in s tead  of (3.22) th e  in e q u a lity

i l  u
4co2

со A
(3.24)

is t ru e  th e n  all th ree  ro o ts  o f  (3.20) a re  re a l and  i t  is e a sy  to  show  th a t

and

m, <  — (3.25)

0 <1 <  '«a- (3.26)

M aking use o f these in eq u a litie s  one c a n  prove on th e  basis  o f (3.21) t h a t  th e  
free energy  is m in im ized  b y  th e  so lu tio n  m =  m2 =  in an d  m ax im ized  b y  
m  =  m3. T h e  so lu tion  m =  m1 has to  b e  excluded b ecau se  of its  n o n -physica l 
n a tu re .

T he u m bre lla -like  so lu tio n  in, w h ich  will be n a m e d  sim p ly  as th e  a n t i ­
fe rro m ag n e tic  so lu tion  rem ain s s tab le  u n til

m 2(u, I) <

In s ta b ili ty  sets in  w hen

Ци,А) = 1 -

u
CO

и
CO

(3.27)

and  th e n  th e  a n tife rro m ag n etic  p h ase  sudden ly  tra n s fo rm s  in to  th e  fe rro ­
m agnetic  one.

E lim in a tin g  th e  n e t m ag n e tiza tio n  m in (3.20) w ith  th e  help  o f (3.27) 
one gets a v e ry  im p o r ta n t  e q u a tio n  fo r th e  field d ep en d en ce  of th e  a n tife rro ­
m agnetic  —*- fe rro m ag n etic  tra n s itio n  te m p e ra tu re . T h is eq u a tio n  can  be w rit­
te n  in th e  form

A
4co2 CO I

(3.28)

I t  follows from  th is  t h a t  th e  local s ta b ili ty  of th e  a n tife rro m a g n e tic  s ta te  
in  th e  presence  of a m ag n e tic  field  b re a k s  dow n w h en  th e  te m p e ra tu re  reaches 
a ce rta in  c ritica l v a lu e

s  1 a 2/3
CO 1 — 6 -------

1 4 со2
(3.29)
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T h e o n se t o f  th e  s tab le  fe rro m ag n e tic  phase  re su lts  in  a d isco n tin u o u s change 
o f  th e  n e t  m ag n e tiza tio n . I t s  m ax im al v a lu e  in  th e  a n tife rro m ag n e tic  s ta te  
before  th e  su d d en  change is

m sup(^)
_ f A 11/3 

4 со2
(3 .30)

W hen  th e  te m p e ra tu re  is fix e d  an d  th e  in c reasin g  m ag n e tic  f ie ld  brings a b o u t 
th e  tra n s i t io n  one observes i ts  s ta r t  on ly  a t  a c e r ta in  c ritic a l v a lue  of th e  
m ag n e tic  f ie ld , n am ely  a t

(3.31)

I n  th is  case th e  m ax im al n e t m a g n e tiz a tio n  in  th e  an tife rro m a g n e tic  s ta te  
can  be exp ressed  b y

(3.32)

V ary in g  th e  te m p e ra tu re  a n d  m ag n e tic  fie ld  in  opposite  d ire c tio n  th e  ferro  
m ag n e tic  —> a n tife rro m a g n e tic  tra n s i t io n  w ill be  observed  w h en

1 +  —  +
CO

i.e . in  a c o n s ta n t fie ld  a n tife rro m ag n e tism  w ill a p p e a r  a t  te m p e ra tu re

A
« i n f  =  — CO 1 +

Or
(3.33)

w h ere  th e  n e t  m a g n e tiz a tio n  changes d isco n tin u o u sly  from  th e  v a lu e  of m =  1 
to  th a t  of

" » i n f  ( A )
1
2 . + 2 4 -со2 (3.34)

A t c o n s ta n t te m p e ra tu re  th e  s ta b il i ty  o f th e  fe rro m ag n e tic  p h a se  d isappears 
w h en  th e  m ag n e tic  fie ld  is low ered  to

A nf = —со2 u
CO

(3.35)

T h e  p a ra m e te r  fn show s a d e fin ite  ju m p  from  m =  1 to

™ i n f ( « )  =  —  
A

1 + 2 1 . (3.36)
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Fig. 8. T —H  (i.e. u/co.—.Zl/co2) phase diagram  and v a ria tio n  of the m agnetization  along th e
coexistence curve

Since b o th  p a ra m e te rs  /Jinf an d  injnf m u s t b e  p o sitiv e  one can  p ro d u ce  a fe rro ­
m ag n etic  — a n tife rro m ag n e tic  tra n s it io n  w ith  decreasing  m a g n e tic  field  o n ly  
i f  u/co — 1. I n  o th e r w ords, th e  m ag n e tic  f ie ld  induced  a n tife rro m a g n e tic  —►
— ferro m ag n e tic  phase  tra n s it io n  is rev e rs ib le  on ly  w hen u/co -<  — 1. In  th is  
case, b y  low ering  th e  m ag n e tic  fie ld  below  th e  c ritica l v a lu e  A n f  th e  en e rg y  
b a rr ie r  se p a ra tin g  th e  th e rm o d y n a m ic a lly  s ta b le  an tife rro m ag n e tic  s ta te  fro m  
th e  fe rro m ag n e tic  one d isap p ears , m ak in g  th e  w ay  for th e  tra n s i t io n  free.

In  F ig . 8 one can  see th e  coex istence  cu rv e  ис(Л) b e tw e e n  th e  cu rv es 
Msup(^) an d  Winf(-d)- A long th e  cu rve  uc(A) th e  G ibbs free en e rg y  o f th e  fe r ro ­
m ag n etic  p h ase  is equal to  th a t  o f th e  a n tife rro m a g n e tic  phase . E x p lic it fo rm u la  
fo r th e  coex is ten ce  curve  c an n o t be g iven ; a p a ram e tric  e q u a tio n , how ever,
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(3 .37)

can be  e a s ily  derived . O ne finds

CO

A_
CO2

w here in is th e  so lu tio n  o f  (3.20). T he coex istence  cu rv e  ue(A) reaches th e  curves 
U s u p ( ^ )  a n d  U jn f ( / 1 )  in  th e  p o in t

A
O)2

=  — m (2 +  3 m ), 

=  in ( 1 +  in)2,

4  =  4 ,  ^  =  _ 5 ,
О*

(3.38)
«

w hen и / is h ig h e r th a n  ab so lu te  zero.
T h e  f irs t-o rd e r  c h a ra c te r  of th e  p h a se  tra n s it io n  d isappears in  th is  p o in t. 

I t  is seen  t h a t  w hen th e  m ag n etic  fie ld  is h igh  en o u g h , i.e.

_ A  _ Ar
o r or

th e n  th e  fe rro m ag n e tic  zA. an tife rro m a g n e tic  tr a n s it io n  w ill be of seco n d -o rd e r. 
One m a y  ex p e c t la rge  f lu c tu a tio n s  o f  th e  p a ra m e te r  m  w hen  th e  t r a n s i t io n  is 
of seco n d -o rd e r. In  th e  p o in t given b y  (3.38) th e  q u a n t i ty

din
~dA

1

CO

(3.39)

w hich is p ro p o rtio n a l to  th e  su sc e p tib ility , becom es in fin ite . One h as  to  n o te  
th a t  a t  fie ld s  h ig h er th a n  Ac/co2 th e  te m p e ra tu re  v a r ia t io n  does n o t  r e s u l t  in  a 
rea l p h ase  tra n s it io n , th e  o n ly  change is th a t  th e  fe rro m ag n e tic  phase tra n s fo rm s  
a t  и =  0 to  a phase w h ich  is n o th in g  b u t  th e  an tife rro m ag n e tic  p h a se  in  a 
m ag n etic  f ie ld  s tro n g  eno u g h  to  tu rn  th e  m o m en ts  p a ra lle l to  th e  fie ld  d irec tio n .

I n  th e  u p p e r p a r t  o f  F ig . 8 th e  v a r ia t io n  of th e  n e t  m a g n e tiza tio n  o f  th e  
a n tife rro m a g n e tic  p h ase  a long  th e  coex is ten ce  cu rve  is also show n. F o r  fie lds 
h igher t h a n  At/co2 th e  n e t  m a g n e tiza tio n  is equal to  1.

T h e  p h a se  tra n s it io n  is alw ays o f  f irs t-o rd e r  a n d  is h indered  if  th e  p a r a ­
m eters A  a n d  и s a tis fy  th e  in eq u a litie s : 0 <[ A/co2 <C 4 an d  — 5 <4 « /&> 1,
re sp ec tiv e ly . T he h in d ra n c e  of th e  tr a n s i t io n  —  as h a s  a lready  b een  p o in te d  
o u t —- re su lts  in  a d e fin ite  hyste resis . T h e  w id th  o f  th e  th e rm a l h y ste re s is  
depends o n  th e  m ag n etic  fie ld  and  as ca n  be  seen fro m  th e  expression

*inf 2 со i  +  — — 3 J  Г 13

2w2 4 со2 )
(3.40)
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Fig. 9. N et m agnetization versus tem pera tu re  a t d ifferen t magnetic fields in  the antiferro
m agnetic sta te

it^decreases w ith  increasing  fie ld  an d  v an ish es  a t  th e  fie ld  co rrespond ing  to  
A t. T he sam e w ill be  tru e  fo r th e  te m p e ra tu re  dependence o f  th e  m ag n e tic  
hy ste resis  w id th  since

Jsup 4 n f  =
Il 1 /  2 1

и 3/2

1 “Ь n / - Q -со 3 \ 3 ft) (3.41)

I n  F ig . 8 th e  arrow s in te rsec tin g  th e  phase  b o u n d a ry  i l lu s tra te  th e  d iffe ren t 
ty p es  o f p h ase  tra n s itio n s . T h e  circles on th e  arrow s in d ica te  th e  p a ra m e te rs  
и  an d  A ch a rac te riz in g  th e  tra n s it io n .

F o r th e  sake  of com pleteness we show  in  F ig . 9 th e  te m p e ra tu re  dependence  
o f  th e  n e t m ag n e tiz a tio n  in  th e  a n tife rro m a g n e tic  phase a t  v a rio u s  m ag n e tic
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fie ld s. O ne can see on  th e  curves t h a t  th e  n e t m a g n e tiz a tio n  su ffers a sudden  
ch an g e  fro m  msup 1 to  M =  1 w h e n  th e  te m p e ra tu re  и reaches a critica l 
v a lu e  nsup due to  a g iv en  m ag n etic  f ie ld . The d a sh e d  curve  in  F ig . 9 show s th e  
fu n c tio n  msup(u) w h ich  gives th e  m a x im a l n e t m a g n e tiz a tio n  a v a ila b le  in th e  
a n tife rro m ag n e tic  s ta te  a t  c o n s ta n t te m p e ra tu re  in  a n  ex te rn a l m a g n e tic  field .

Fig. 10. N e t m agnetization versus m agnetic field  a t various tem peratures in  the  antiferro­
m agnetic state

I n  F ig . 10 th e  m a g n e tic  fie ld  d ependence  of m  is illu s tra te d  fo r d iffe ren t 
te m p e ra tu re s . C o n tra ry  to  th e  p rev ious case, th e  d a sh e d  curve in  th is  figure  
show s th e  m ax im um  o f th e  m a g n e tiz a tio n  mSUp(^J) a v a ilab le  in  th e  an tife rro -  

.m ag n e tic  p h ase  w ith  in c reas in g  te m p e ra tu re  b u t a t  c o n s ta n t m ag n e tic  field .
F in a lly , i t  seem s to  b e  useful to  re w rite  th e  m o s t im p o rta n t fo rm u lae  in  

such  a w a y  th a t  on ly  d ire c tly  m e a su ra b le  q u a n titie s  shou ld  occur in  th em . 
M aking  u se  o f  th e  exp ressions (2.27) a n d  (3.6) one g e ts  from  (3.29) a n d  (3.33) 
th e  fo rm u lae :

an d

Tsup(H ) =  T up- 3 ( T sup- T inf) IT

H t

2/3
(3.42)

^inf (H) — TM  — 2(TsUp — 7]nt) — — ,
H t

(3.43)
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w here

Н , =  4(Г„р - ^ _  ̂  (3 .44 ,

is th e  c ritic a l m ag n etic  f ie ld  The c r i t ic a l  te m p e ra tu re  T t can  be ex p ressed  in 
a v e ry  sim ple form , n am ely

r wpm  =  Tw (H t) =  T t =  3TM  -  2Tsup. (3.45)

T he te m p e ra tu re s  Tsup a n d  T mf m ay  b e  o b ta in ed  fro m  m easu rem en ts  w ith o u t 
m ag n etic  field .

4 . Variation o f the average m agnetization per atom

L e t us exam ine, f ir s t  o f all, th e  co rrec tio n  te rm  to  th e  m a g n e tiz a tio n  per 
a to m . To ge t a se lf-consisten t so lu tion  w e w rite  th e  e q u a tio n  (2.31) in  th e  form

O' =  Co +  ° i  q = th a°— - ( V +  °a) ?  - ~ < t0 + ( 1 —f g i K + f f i ) —  (4.1)
г  T

an d  rep lac in g  q b y  q0 we get

w here

ôa =  aiqо =  —  o0 , (iual +  2 0 r  — rec — p ) , 
r 1 — Я

Я = Л ^ 1

(4.2)

(4.3)

I t  can  be  easily  show n th a t  Я is a m o n o to n ica lly  in c reasin g  fu n c tio n  o f т  in  th e  
in te rv a l 0 т 1. O ne finds th a t

lim  A(t) =  0 a n d  lim  Л(т) =  1 . (4.41
r-»0 r—>1

F ro m  (4.2) i t  can  be  seen th a t  th e  v alue  o f m a g n e tiza tio n  p e r  a to m  a t 
th e  coex istence te m p e ra tu re , i.e. w here

2&re — rec — p  =  — (ß-f-yco) Uq (4-5)

is n o t th e  sam e in  th e  phases m =  1 a n d  m  =  0. W e fin d

< 4(m  =  1) =  в > [Д +  ( ! + ? ) < » ]
1 - L

Oe

and
t / n4 c o [ß  — (1 — y)w] Àe
óae(m =  0 ) = -------- 1-------- i------ \  <

Г 1 — A0

(4.6)

(4.7)
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w h ere  th e  su b sc r ip t e in d ica tes  t h a t  each te m p e ra tu re  d e p e n d e n t q u a n tity  
sh o u ld  be  ta k e n  a t  th e  coex istence  te m p e ra tu re . T h e  d iscon tinuous change in  
m a g n e tiz a tio n  p e r a to m  b rings a b o u t a sim ilar change in  m ag n e tic  e n tro p y  to o , 
w h ich  leads, obv io u sly , to  th e  a p p ea ran ce  of a m ag n e tic  la te n t  h e a t  c o n tr ib u tio n . 
T h is is given b y

Q m = 4 A  M 02
co(Q +  y)

1 - -  L
j 4 TJ0e e (4.8)

As h as  a lread y  b een  m en tio n ed , th e  phase tra n s i t io n  is h in d ered  a n d , th u s , th e  
fo rm a tio n  o f th e  p h ase  m =  1 ta k e s  place o n ly  a t  th e  te m p e ra tu re  T — tsup.

Fig. 11. T em p era tu re  depen d en ce  a n d  d isco n tin u o u s ch an g e  o f th e  av erage  m ag n e tic  m o m en t
per a to m

T h e  change in  th e  m ag n e tiz a tio n  p e r a to m  a t  th is  te m p e ra tu re  can be
ex p ressed  b y

д
<x(m =  1, T =  Tsup) — a(m  =  0, r =  rsup) =  [Q  - f  (1 +  у )  со] - — aos (4-9)

1 A s

w h ere  th e  su b sc r ip t s ind ica tes  t h a t  each te m p e ra tu re  d ep e n d e n t q u a n ti ty  
sh o u ld  be  ta k e n  a t  th e  te m p e ra tu re  r  =  Tsup. A  s im ila r d isco n tin u o u s change 
in  th e  m ag n e tiz a tio n  has to  be  ex p ec ted  a t  th e  te m p e ra tu re  r  =  Tjnf w here 
th e  in v erse  tra n s i t io n  tak es  p lace. O ne gets

X-
a(m  =  1, r  =  r inf) — a(m =  0, r  — r inf) =  [Q — (1 — y )c o ] -— ooiôeoi, (4.10)

1 —  Я,

w here th e  su b sc r ip t i show s ag a in  t h a t  each te m p e ra tu re  d e p e n d e n t q u a n ti ty  
is ta k e n  a t  r  =  r lnf. T h e  sch em atic  b eh av io u r o f  th e  te m p e ra tu re  dependence 
o f  о is show n in  F ig . 11, w hen  Q =  у =  0.
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In  Section  3 we d eriv ed  a sim ple fo rm u la  for th e  d iscon tinuous change 
of th e  la tt ic e  d is to rtio n  [see (2.27)]. N ow , ta k in g  in to  a c c o u n t th e  m a g n e tiza tio n  
change w e should  like to  refine  th is  fo rm u la . A sh o rt c a lcu la tio n  show s th a t  
a t  th e  tra n s it io n  te m p e ra tu re  т =  r sup w e should  w rite

des — <5sos J 1 2 +  У +
Q

[ ß  +  ( l+y)cu] ° o s  fi>Eos ! (4.11)

an d  s im ila rly  a t  т =  Tjnf we get

I 1 -
Q

2 - y --------- [Q (1 y)co] ^ l, .
°0I K i

1 CO - 0
(4.12)

T he correc tions b o th  in  (4.11) an d  (4.12) are  u su a lly  sm all, n ev erth e less , it  
seem s usefu l to  ta k e  in to  acco u n t these  co rrections in  e v a lu a tin g  th e  p a ra m e te rs  
Q  an d  (o from  th e  m easu red  d a ta  of ôe.

M aking  use o f th e  re su lts  o b ta in ed  fo r th e  d isco n tin u o u s change o f a th e  
eq u a tio n  (4.5) g iv ing  th e  coexistence te m p e ra tu re  can  b e  also refined . I t  is no t 
n ecessary  to  rep ro d u ce  h ere  th e  d e ta ils  o f ca lcu la tio n s since th e y  a re  v e ry  
e lem en ta ry ; i t  is b e t te r  to  c ite  th e  f in a l re su lt. T he co rre c ted  eq u a tio n  can  be 
w ritte n  in  th e  form

=  « Ç  P 
20

Q  ±  У°> „2
20  ° '

1 &*) (4.13)

I t  can  be  seen from  th is  t h a t  in  th e  case o f n o n -v an ish in g  Ű  and  y th e  p ressu re  
coeffic ien t o f re is g iv en  b y

d r ^ _ _ 1____________1___________
dp ^ 2 0  ] +  Q + yco  a daQc

0  Пе dre

(4.14)

if  one neglects th e  sm all co rrection  te rm  in (4.13). T h e  second fa c to r  on th e  
r ig h t side of th is  fo rm u la  m ay  becom e v e ry  la rg e  w hen Ü yco 7> 0, 
since da0eldre <7 0. T h erefo re , in  m o st cases th e  ex p ressio n  for dte/dp  given 
earlie r b y  (3.10) m u s t be rep laced  b y  (4.14).

N ow , we h av e  to  discuss in  m ore  d e ta il th e  in flu en ce  of th e  te m p e ra tu re  
dependence of cr0 on th e  tra n s itio n . I n  th e  p reced ing  considera tions w e d ea lt 
on ly  w ith  th e  d isco n tin u o u s change in  a b u t  w hen do ing  th is  we alw ays assum ed 
th e  v a r ia tio n  of a0 in  th e  in te rv a l т  „{ <[ r  <[ r sup to  b e  sm all. In  a d d itio n  to  
th is  we supposed  th e  in e q u a lity
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to  be  sa tis f ied  also  in  th e  w hole te m p e ra tu re  ra n g e  0 <Ç r  <Ç Tsup. T he co rrec tion  
Ôa d e riv ed  b y  lin e a r  a p p ro x im a tio n  in  q is obv io u sly  w rong  n e a r  th e  o rd e rin g  
te m p e ra tu re , since  a0 ten d s  to  zero, an d  u n fo rtu n a te ly , ôa goes to  in f in ity . 
O ne has to  n o te  t h a t  th is b e h a v io u r  of ôa is a d ire c t consequence  of th e  lim ited  
v a lid i ty  o f  th e  lin ea r  a p p ro x im a tio n . N ev erth e less , if  we w a n t to  use in  o u r 
co n sid e ra tio n  correc tions lin e a r  in  q only, w e h a v e  to  in d ic a te  th e  te m p e ra tu re  
l im it  below  w h ich  th e  lin ea r a p p ro x im a tio n  is ce rta in ly  c o rre c t. This p rob lem  
c a n  be so lved  easily  in  a s lig h tly  refo rm ulized  m an n er b y  re q u ir in g  th e  lin e a r  
a p p ro x im a tio n  to  be valid  u n t i l  т  >  r sup a n d  th en ce  d e riv in g  a crite rion  fo r 
th e  basic  p a ra m e te r  of th e  th e o ry . P roceed ing  from  (4.9) w e g e t

r
a>[Q +  {l+y)a>]

(4.15)

U sin g  th is  in e q u a lity  one can  alw ays decide fo r a g iven s e t  o f p a ram e te rs  
w h e th e r  th e  l in e a r  a p p ro x im a tio n  is tru e  o r n o t  below  th e  te m p e ra tu re  Tsup.

In  o rd e r to  sa y  m ore a b o u t th e  te m p e ra tu re  dependence o f  ôa one shou ld  
re w rite  th e  ex p ressio n  (4.2) in th e  form

w h ere

2aa0 +(ba% — are) log j  ^  ° u
ôa(an) =  a0( 1 -  o%)---------------------------------

2 g o —  (1  ao) l o g  ,  - 9-
l  — o-o

a n d  b =  co(2m2— 1). 
r

(4.16)

(4.17)

I t  c a n  be  seen  im m ed ia te ly  t h a t

lim  a0 ô0(a0) =  a ( l  — r e) ,
as->0

i.e .

lim  ôa(a0) =
Or-* о

+  00)
—  °o,

i f  [Л > 0 , 
i f  [л < 0 .

(4.18)

(4.19)

A n o th e r  in te re s tin g  p ro p e rty  fo llow s from  (4.16) w hen  a0 is ap p ro ach in g  its  
s a tu r a t io n  v a lu e . T h e  co rrec tion  te rm  ôa becom es zero a t  a0 =  1 b u t  its  f ir s t  
d e r iv a tiv e  w ith  an goes to  in f in i ty  un less b— are= 0 .  F u rth e rm o re , th e  eq u a tio n

M go) =  0

c a n  alw ays be  sa tis f ie d  if  m =  0 b u t  w ith  m  =  1 one gets a so lu tio n  only  if  
2 6 r e со. T h e  ch a rac te ris tic s  o f  th e  te m p e ra tu re  dependence  o f  ôa are  lis ted
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Table IV

Characteristics of the tem p era tu re  dependence of ÔO

Ы г )
ôa{ar ) — о

in =  1 dcr(cr0 =  0)
20Te > £0 2@те < œ 20те > w 2St,  < m

+  00 ----- CO yes no +  00
/« i< ° ----- CO +  ~ yes no ----- CO

m =  0 / dôcr \
\ daQ / £T0 =  1 őo-(íTo) =  0 0o-(a0 =  0)

iu e< 0 +  00 yes +  «
/ t6< 0 yes --- oo

in  T ab le  IV  w hile th e  bo cu rves versus o0 a re  sk e tch ed  in  F ig . 12 for Q  =  y  =  0. 
F o r com pleteness th e  v a r ia tio n  of bo d u rin g  th e  p h ase  tra n s it io n  is also 
in d ica ted  an d  one can o b se rv e  th a t  th e  b e h a v io u r  is in  p rin c ip le  q u ite  s im ila r 
to  th a t  in  F ig . 11. The ch a ra c te ris tic  fe a tu re  o f  th e  v a r ia tio n  o f bo is t h a t  an  
increase o f m ag n e tiza tio n  occurs a t  b o th  tra n s it io n  te m p e ra tu re s , n a m e ly  a t  
T =  Tsup an d  r  =  Tjnf. O ne has to  n o tic e , how ever, t h a t  i t  is h a rd ly  to  be 
ex p ec ted  th a t  th e  change o f m ag n e tiz a tio n  is alw ays p ositive  a t  bo th  tra n s i t io n

Fig. 12. Correction to  average m agnetic m om ent per a tom  versus oa
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te m p e ra tu re s . In d e e d , it  can  b e  easily  show n t h a t  th is  is th e  case on ly  if

fin =  ß  —  (1  —  у) со <  0 , (4 .20 )
b u t

ц х =  ß + ( l  -f у) со >  0.  (4.21)

F in a lly , i t  is im p o r ta n t to  no tice  t h a t  th e  te m p e ra tu re  v a r ia tio n  o f bo 
m a y  be r a th e r  sh a rp  n ea r a b so lu te  zero, i.e . a t  tho se  te m p e ra tu re s  w here  cr0 
does n o t v a ry  m ark ed ly . T h ere fo re , if  th e  p h a se  tra n s it io n  ta k e s  p lace a t  v e ry  
low  te m p e ra tu re s  (tjnf ~  0) one  shou ld  p a y  sp ec ia l a tte n tio n  to  th e  te m p e ra tu re  
v a r ia tio n  o f do.

L et us e x te n d  our co n sid era tio n s to  th e  h igh  te m p e ra tu re  reg ion  n e a r  
th e  o rd erin g  te m p e ra tu re  w h ere  th e  m a g n e tiz a tio n  о can  b e  reg a rd ed  as a 
sm all p a ra m e te r . F irs t, le t  us ex p an d  th e  G ibbs free-energy  in  pow er series o f 
о an d  neg lec t a ll th e  term s w h ich  are sm alle r th a n  th e  fo u r th  pow er o f a. A fte r  
a sh o rt c a lc u la tio n  we get

l-4 -r 20T —  p 2 1 — T -f— —  (20T —  rec —  p)I 2 r r

1 /*2 4-I A  + 0(<r*).
2 r 3 1 1

(4.22)

As a so lu tio n  o f  th e  eq u a tio n  dG/do — 0 th e  m a g n e tiz a tio n  can  be g iven  b y

w here
r

1 — —  (rec+  p )  
r

2fiO

(4.23)

(4.24)

is th e  o rd e rin g  (Curie o r N éel) te m p e ra tu re . I t  can  be easily  show n t h a t  
Tc(m  =  1) is a lw ays h ig h er th a n  rc(m  — 0) o n ly  if

2 0  — rec -  p  >  0 . (4 .25)

In  o rder to  en su re  the  seco n d -o rd e r c h a ra c te r  of th e  d isap p earan ce  of a  one 
has to  re q u ire  th e  fu lfilm en t o f th e  co n d itio n

^ 0 ,  (4.26)
da-
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w hich can  be rew ritten  in  th e  form

tc >  3 (4.27)

One has to  m en tio n  th a t  in  m an y  cases th e  la ttic e  d is to r tio n  caused  b y  th e  
m ag n eto -e lastic  in te ra c tio n  is large enough  to  lead  to  a f irs t-o rd e r  tra n s it io n  
in  a. In  th e se  cases, n a tu ra lly , an  in e q u a lity  opposite  to  (4.27) shou ld  be  s a t is ­
fied . I n  B e a n ’s p a p e r [2] a sim plest v e rs io n  o f th is  w as d iscussed .

In  th e  follow ing we sh a ll s till supp o se  th e  d isap p ea ran ce  of a to  be  of 
second-o rder, and  t r y  to  fin d  th e  co n d itions fo r th e  ex is ten ce  o f a tr ip le  p o in t 
in  th e  T — P  p lace. To do th is  we sh o u ld  derive , f irs t o f  all, th e  p ressu re  
dependence  o f th e  coex istence  te m p e ra tu re . F rom

we get
G(m =  1) =  G(m =  0)

r
al(m =  0) (4.28)

w hich —  m ak in g  use o f th e  expression  (4.23) —  gives th e  u n k n o w n  p re ssu re  
d ependence  r <■(/>). In  o rd e r to  fin d  th e  “ c o o rd in a te s”  of th e  tr ip le  p o in t in  th e  
T — P  p lan e  i t  is n o t n ecessary  to  solve th e  eq u a tio n  (4.28) because i t  c a n  be 
seen im m ed ia te ly  th a t

rc(m =  1) =  rc(m — 0) =  re =  1 , (4.29)

when th e  eq u a tio n
2 0  — rsc — p  =  0 (4.30)

is sa tisfied . In  o th e r w ords, th e  cu rves rc(m  =  1, p),  r c(m =  0, p) an d  t e(p) 
have a com m on p o in t (th is  is th e  tr ip le  p o in t) a t  th e  p ressu re

Pi =  2 0  — rec. (4.31)

In  Fig. 13 th e  ty p ic a l p h ase  boun d aries  a n d  th e  p o sition  o f  th e  tr ip le  p o in t 
are show n. T here  is an  in te re s tin g  p o ss ib ility  fo r chang ing  th e  o rder o f p h ase  
tra n s itio n  a t  th e  tr ip le  p o in t. L e t us supp o se  th e  tra n s i t io n  from  th e  s ta te  
m — 1 to  th e  p a ra m a g n e tic  one to  be  o f second-o rder ev en  v e ry  n e a r  th e  
trip le  p o in t. This m eans th a t  th e  in e q u a lity

r
(4.32)
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pressure
Fig. 13. T —P  (i.e. т —p ) phase diagram

h a s  to  be  sa tis f ie d . F u r th e r , le t  us assum e t h a t  th e  t r a n s i t io n  from  th e  s ta te  
m  =  0 to  th e  p a ra m a g n e tic  one is of f irs t-o rd e r , i.e.

3 I t > 1
r

(4.33)

w hen  y — 0 a n d  th e  sign o f  Q  is d iffe ren t fro m  th a t  o f со, b o th  in eq u a litie s  can  
be  sa tisfied  if

ß 2 - f  CO2 = (4.34)

I n  o rd er to  en su re  th e  fu lf ilm e n t of (4.34) b o th  ß  an d  со m u s t be fa ir ly  la rg e , 
n ev erth e less , fi1 rem ains sm a ll enough b ecau se  i t  is m ere ly  th e  d ifference 
b e tw een  ß  a n d  со. The p ossib le  change in  o rd e r of th e  d isap p ea ran ce  o f a  is 
o f g rea t im p o r ta n c e  in  u n d e rs ta n d in g  som e re c e n t o b se rv a tio n s  [11].

5 .  F in a l re m a rk s

T he p rev io u s  v e ry  e le m e n ta ry  co n sid e ra tio n  can  h e  sucessfu lly  ap p lied  
in  m an y  cases lis ted  in  T ab le  I . N ev erth e less , one sh o u ld  keep  in  m in d  th a t  
n o b o d y  can  e x p e c t q u a n ti ta t iv e  b u t  o n ly  q u a lita tiv e  a g reem en t b e tw een  th e  
th e o re tic a l a n d  e x p e rim e n ta l re su lts  an d  th e re fo re  we do n o t  w a n t to  m ak e  
h e re  an y  d e ta ile d  com p ariso n  b e tw een  th e o ry  an d  ex p e rim en ts . H ow ever, i t  
seem s to  be  w o rth w h ile  to  m e n tio n  one ex am p le  w hich h as  b een  in  th e  c e n tre  
o f  in te re s t fo r th e  la s t fiv e  —  six  years.
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This exam ple  is th e  iron -rh o d iu m  allo y  of eq u ia to m ic  com position  w hich 
is fe rro m ag n e tic  a t  h igh  a n d  an tife rro m ag n e tic  a t  lo w  tem p era tu res . T h e  alloy 
possesses a b o d y c e n tre d  cub ic  la ttic e  in  w hich  th e  chem ical o rd e r is o f CsCl- 
ty p e  an d  th e  m ag n etic  s tru c tu re  in  th e  a n tife rro m a g n e tic  s ta te  co incides w ith  
th e  s tru c tu re  A P I  show n  in  Fig. 3 .T h is  is th e  so -ca lled  G -type s t ru c tu re  in  
w hich ev e ry  p o sitive  F e  sp in  in su rro u n d e d  b y  s ix  negative F e  sp in s . The 
m ag n etic  u n i t  cell edge is th u s  double t h a t  of th e  chem ica l cell. T h e  R h  a tom , 
w hich is lo ca ted  a t  th e  b o d y  cen tred  p o sition  is now  su rro u n d ed  b y  four 
positive  a n d  fo u r n e g a tiv e  F e  spins. T h u s  th e  R h m o m e n t m ay n o t  b e  ordered . 
In d eed , acco rd ing  to  th e  n e u tro n  d iffra c tio n  m easu rem en ts  [12] th e  ex istence 
o f a non-zero  m ag n etic  m o m en t a t  th e  R h  sites in  th e  a n tife rro m ag n etic  s ta te  
can  be excluded .

I t  is o f  in te re s t to  n o te  th a t  i t  can  be sh o w n  on a p u re ly  th e o re tic a l 
basis t h a t  th e  average  m ag n etic  m o m e n t of th e  R h  atom s m u s t  b e  zero if 
th e  iron  la tt ic e  possesses a collinear a n tife r ro m a g n e tic  s tru c tu re . T o  do th is  i t  
is enough to  assum e th e  ex istence o f a  tr ip le  p o in t in  th e  T— P  p h a se  d iag ram  
sim ilar to  t h a t  in  F ig . 13 and  th e  seco n d -o rd e r c h a ra c te r  o f th e  a n tife rro ­
m ag n etic  —► p a ra m a g n e tic  phase t r a n s i t io n  o ccu rrin g  a t  p ressures h ig h e r th a n  
th e  tr ip le  p o in t p ressu re . O n the  b as is  o f these  a ssum ptions m a k in g  use of 
th e  g ro u p -th eo re tica l m e th o d s one c a n  prove th e  d isappearance  o f  th e  R h  
m om en t. T he p ro o f w as done b y  H a r g it a i [13] several y e a rs  ago and  
th e  ex is ten ce  o f th e  tr ip le  p o in t in  th e  T — P  p la n e  w as ex p e rim en ta lly  show n 
b y  W a y n e  [11] v e ry  re c e n tly . One h a s  to  m en tio n , how ever, t h a t  th e  m easu re ­
m en ts o f W a y n e  u n fo rtu n a te ly  in d ic a te  th e  a n tife rro m ag n e tic  —*- p a ra ­
m ag n etic  p h ase  tr a n s it io n  to  be o f  f irs t-o rd e r, th e  possib ility  o f  w hich we 
discussed in  Section  4. T h is fac t a lte rs  th e  s itu a tio n  because th e  L a n d a u  th eo ry  
can n o t be  app lied  in  th is  case. H o w ev er, th e  ex is ten ce  of a zero  effective 
exchange fie ld  a t  th e  R h  sites fu r th e r  suggests th e  R h  m om ents m u s t  be zero. 
In  th e  fe rro m ag n e tic  s ta te  th e  R h  a to m s  have a f a ir ly  large m a g n e tic  m om en t 
it^Rh ~  1.0 fiß) w hich  m u s t p lay  a n  im p o r ta n t ro le  in  th e  p h a se  tra n s itio n .

T h e  a n tife rro m ag n e tic  ^  fe rro m ag n e tic  p h a s e  tran s itio n  is o f  firs t-o rd e r 
an d  is asso c ia ted  w ith  a re la tiv e ly  la rg e  d isco n tin u o u s change o f  th e  la ttic e  
p a ra m e te r. I n  F ig . 14 th e  te m p e ra tu re  d ep en d en ce  of th e  la t t ic e  p a ra m e te r  
m easu red  b y  Zso ldo s  [14] is show n. T he sp ec im en  w ith  49.6 a t .  p er cen t 
rh o d iu m  w as p rep a red  b y  m elting  a n d  w as q u e n c h e d  in  w a te r a f te r  10 hours 
annealing  a t  1000 °C. O ne can see th e  h y ste re s is  w id th  to  b e  v e ry  sm all. 
In  o rd er to  illu s tra te  th e  influence o f  th e  inhom ogeneities on th e  sh ap e  of th e  
hyste resis  loop th e  la t t ic e  p a ra m e te r  change in  a chem ically  p re p a re d  pow dered  
sam ple  o f  eq u ia to m ic  com position  w as also m easu red . T he re su lts  of th e  
m easu rem en ts  are  show n  in  Fig. 15. O ne has to  n o te  th a t  the  sh ap e  o f  th e  h y s­
teresis  loop  derived  fro m  th e  th eo ry  is co m p le te ly  d iffe ren t from  t h a t  o b ta in ed  
in  th e  ex p e rim en t.
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Fig. 14. L attice  p a ram e te r versus tem pera tu re  for F e R h  w ith  49,6 a t p e r cent Bh

Fig. 15. L attice  param eter versus tem peratu re  and hysteresis for chemically p repared  FeR h
of equiatom ic com position
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In  accordance  w ith  th e  th e o ry , b o th  tr a n s it io n  te m p e ra tu re s  
T ( A F  —► F, P )  =  Tsup(P )  a n d  T (F  —>■ A F ,  P) =  Tjnf(P )in c rease  w ith  increasin g  
p ressu re  a n d  th e  te m p e ra tu re  w id th  o f  th e  h y ste re s is  (i.e. th e  d ifference 
ï ’sup— Tjnf) decreases w ith  increasing  p ressu re  if  th e  tra n s it io n  in  th e  tr ip le  
p o in t is o f  second-order.

M aking  use o f th e  re su lts  of S ec tio n  4 th e  p ro p e rtie s  o f th e  m ag n e tic  
fie ld  in d u ced  A  F  <=± F  tra n s it io n  can  b e  exp la ined  v e ry  easily . O ne f in d s  b o th  
tra n s it io n  te m p e ra tu re s  T sup(H) an d  T inf(H) as well as th e  h ysteresis  w id th  (i.e. 
P su p  T in f)  decreasing  w ith  increasin g  m agnetic  f ie ld . T he v a lu es  o f  th e  
m ag n etic  fie ld  and  te m p e ra tu re  w here  th e  h y ste resis  d isappears c a n  be  ca l­
cu la ted  fro m  th e  e x p e rim e n ta l d a ta .

I t  c a n  also be sh o w n  th a t  th e  tra n s it io n  A  F  —*■ F  induced  b y  ex te rn a l 
m ag n e tic  fie ld  is n o t rev e rs ib le  above a g iven  te m p e ra tu re . In d eed , w e observed  
th a t  a f te r  sw itch ing  o ff th e  e x te rn a l m ag n etic  f ie ld  th e  th e rm o d y n am ica lly  
u n s ta b le  F  s ta te  does n o t  tra n sfo rm  in to  th e  s ta b le  A  F  one b ecau se  of th e  
energy  b a rr ie r  b e tw een  th e  m in im a co rrespond ing  to  th e  A  F  an d  F  phases.

I n  S ection  4 i t  w as show n th a t  th e  average m a g n e tic  m o m en t p e r  a tom  
suffers a d isco n tin u o u s change a t  b o th  tra n s itio n  te m p e ra tu re s  T sup an d  T inf. 
To observe  th is  ch an g e  b y  m easu rin g  th e  te m p e ra tu re  d ependence  o f th e  
su b la ttic e  m a g n e tiza tio n  w ith  th e  n e u tro n  d iffrac tio n  tech n iq u e  seem s to  be 
v e ry  d ifficu lt because o f  th e  lim ited  se n s itiv ity  o f  th is  te ch n iq u e . I t  is well- 
know n, how ever, t h a t  a  sm all ch an g e  in  th e  a to m ic  m agnetic  m o m e n t m ay  
p ro d u ce  a fa irly  la rge  ch an g e  in  th e  in te rn a l field a c tin g  on th e  n u c leu s. In  th e  
iro n -rh o d iu m  alloys th e  te m p e ra tu re  dependence o f  th e  in te rn a l fie ld  a t  th e  
iron  n ucle i has been m easu red  b y  sev e ra l au th o rs  [15] an d  th e y  fo u n d  a defin ite  
ju m p  in  i t  a t  th e  tra n s i t io n  te m p e ra tu re , in  good ag reem en t w ith  th e  th eo ry .

I n  th e  p reced in g  Sections w e alw ays n eg lec ted  th e  in flu en ce  o f th e  
m ag n e tic  b eh av io u r o f  th e  rho d iu m  a to m s on th e  p h a se  tra n s itio n . I t  w ould  be, 
how ever, a serious m is ta k e  to  th in k  t h a t  th e  o n se t o f  th e  rh o d iu m  m o m en t in  
th e  fe rrom agnetic  p h a se  does n o t b r in g  a b o u t a n y  s u b s ta n tia l  in flu en ce  on th e  
th e rm o d y n am ics  o f th e  p h ase  tra n s it io n . Now, w e do n o t w a n t to  go in to  th e  
deta ils  o f  th e  p rob lem  here , b u t  w e sh o u ld  like to  m ak e  a few  re m a rk s  only.

I t  is obvious t h a t  th e  R h  a to m s m a y  have m a g n e tic  m o m en t i f  th e  a n ti­
fe rro m ag n e tic  s tru c tu re  is n o t co llinear. F o r in s ta n c e , th e  p resen ce  of an  
e x te rn a l m ag n etic  f ie ld  induces a d e v ia tio n  of th e  m om en ts fro m  th e ir  a n t i ­
p a ra lle l o r ie n ta tio n  a n d  th is  re su lts  in  a m ag n etic  m o m en t o f th e  R h  atom s. 
T he o n se t o f th e  m o m e n t on R h  a to m s w ill acce le ra te  th e  A  F  —► F  tra n s itio n . 
In d eed , th e  ca lcu la tio n s show  th e  tra n s i t io n  te m p e ra tu re  to  be  low er th a n  in  
th e  fo rm er case i f  one tak es  in to  acco u n t th e  m ag n e tic  p ro p e rtie s  of th e  
R h  a to m s.

F in a lly , one sh o u ld  n o t fo rge t t h a t  in  a co llin ea r a n tife rro m a g n e t, w here 
th e  av e rag e  exchange fie ld  is zero a t  th e  rh o d iu m  sites, th e  a c tu a l  va lu e  of
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th is  fie ld  is n e v e r e x a c tly  zero  b u t  f lu c tu a te s  a b o u t zero. T h is f lu c tu a tin g  
ex ch an g e  fie ld  p roduces a f lu c tu a tin g  m o m en t on  th e  rh o d iu m  a to m s, an d  in  
tu r n ,  th is  w ill re su lt in  a f lu c tu a tin g  d ev ia tio n  o f  th e  iron  m o m en ts  from  th e ir  
a n tip a ra lle l o r ie n ta tio n . I f  th e  e n h an cem en t of th e  f lu c tu a tio n s  is la rge  enough 
th e  s ta b il i ty  o f th e  a n tife rro m a g n e tic  s ta te  m a y  d isap p ear, i.e. p h a se  tra n s itio n  
w ill ta k e  p lace.

In  th e  s ta b le  a n tife rro m a g n e tic  s ta te  sm all f lu c tu a tio n s  s till  ex ist an d  
i f  th e  c h a ra c te r is tic  decay  tim e  o f th ese  f lu c tu a tio n s  has th e  sam e  o rder of 
m a g n itu d e  as th e  period  o f th e  L a rm o r’s precession  o f th e  iron  n u c le a r  m om ents, 
a line  b ro a d e n in g  in  th e  M össbauer sp ec tru m  is to  be o b se rv ed . This line 
b ro a d e n in g  w as fo u n d  b y  Cs e r  a n d  K e sz t h e l y i [16] in  th e ir  v e ry  recen t 
m e asu rem en ts . T h e  p h y sica l s i tu a tio n  is v e ry  s im ila r  to  th e  B row nian-like  
m o tio n ; th e  f lu c tu a tin g  rh o d iu m  m o m en t as a s to c h a s tic  d riv in g  fo rce  induces 
ra n d o m  d ev ia tio n s  o f th e  iro n  m o m en ts  from  th e ir  a n tip a ra lle l o rien ta tio n . 
T h e  d e ta ils  o f th e se  ca lcu la tio n s w ill be p u b lish ed  elsew here.
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МАГНИТНЫЕ ФАЗОВЫЕ ПЕРЕХОДЫ  ПЕРВОГО РОДА 
Л. ПАЛ

Р е з ю м е

В работе исследованы общие термодинамические свойства магнитных фазовых 
переходов первого рода. С целью ограничения возможных физических моделей пред­
положено, что причиной фазового превращения является изменение знака выражения, 
состоящего из констант обменного взаимодействия, чувствительно зависящих от межатом­
ного расстояния. Показано, что фазовому переходу препятствует энергетический барьер 
упругого происхождения, который разделяет минимумы свободной энергии, связанные 
с участвующими в переходе фазами. Исследовано влияние внешнего давления и магнит­
ного поля на температуру перехода. В случае антиферромагнитных %  ферромагнитных 
переходов определена кривая сосуществования в плоскости Т — Р  и рассмотрены условия 
существования тройной точки на диаграмме Т —Р .  Вследствие энергетического барьера 
возникает гистерезис в переходе. Определены верхняя (T s up) и нижняя (7’inf) температуры 
перехода и их зависимость от внешнего давления. Показано, что при определенных усло­
виях фазовая граница АФ—Ф соединяется с фазовыми границами АФ - П  и Ф- II и в 
плоскости Т — Р  образуется тройная точка.

Исследован характер исчезновения магнитного порядка для обеих магнитных фаз 
и доказано, что род фазового превращения может быть различным в переходах Ф —П и 
АФ—П.

Определялась кривая сосуществования плоскости Т — Н  между ферромагнитными 
и антиферромагнитными фазами. Вычислялась зависимость верхней и нижней температур 
превращения от внешнего магнитного поля. Найдено, что с возрастанием магнитного 
поля разница между верхней и нижней температурами превращения (т. е. ширина гисте­
резиса) уменьшается, а при критическом значении внешнего поля и температуры сливается 
с кривой сосуществования. При температуре ниже критической, магнитное поле не может 
вызвать истинного антиферромагнитного —> ферромагнитного перехода первого рода, 
т. к. его действие проявляется только в непрерывном повороте спинов в направлении 
внешнего поля.

Определена величина скачка параметра решетки и намагниченности при верхней 
и нижней температурах перехода и также при температуре сосуществования. Показано, 
что изменение энтропии в переходе вызвано двумя причинами. Одна из них связана с 
изменением параметра решетки, а другая — с изменением намагниченности. При опре­
деленных условиях обе составляющие могут быть по величине одинакового порядка.
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MILLISTRONG C VIOLATION AND v DECAY*

B y

A. F r e n k e l

CENTRAL RESEA R C H  IN ST IT U T E  FOR PHYSICS OF T H E  H UN G ARIA N  ACADEM Y OF SCIENCES,
BU DA PEST

and

G. Ma r x

IN ST IT U T E  FO R TH E O R E T IC A L  PHYSICS OF T H E  ROLAND EÖTVÖS U N IV E R S IT Y ; B U D A PEST

(R eceived  13. I. 1969)

The isospin properties o f  the (assum ed) m illistrong C v io lation  have  been investigated . 
The consequences o f a A I  =  0 and A I  =  2 selection rule are discussed for the rj —+ л +л °л ~  and  
r} — л °е+е~ decays. If the observed charge asym m etry of the rj —► л +л °л ~  is realistic, the  
C violating 3 л  final state  is m ain ly  an I  — 2 eigenstate, produced b y  a A I  — 2 coupling w ith  a 
constant g2 сы 10” 2. Since the 1 =  0 eigenstate is here very much suppressed by the centrifugal 
barrier, the A I  =  0 coupling m ay be m uch stronger, e.g. g 0 10” 1, lim ited  only by the nega­
tiv e  results o f the r/ —► л ° +е~ experim ents. So the A I  =  0 dom inance o f the m illistrong C 
violation, suggested  by the ind ication |e| :> |e'[ in the K °  decays, is by  no means in contra­
diction w ith the observed A I  =  2 character of the rj ->- л +л°л~  asym m etry . The im portance  
o f  more accurate experim ents is em phasized.

1 . Possible m odels o f CP v io lation

T he C P v io la tio n  h as  been  d iscovered  in th e  d ecay s  o f th e  Кц  m eson  
(7C£ —► л +л ~ ,  л °л° ,  eлv, /х л у ) .  A ssum ing a CPT sy m m e try , in  th e  case o f a 
com plete phenom eno log ica l analysis o f th e  K °  system  tw o  pieces of in fo rm a tio n  
m ay  be e x tra c te d  co n cern in g  th e  n a tu re  of th e  CP v io la tio n : th e  com plex  
p a ram e te rs  e an d  e ' . T h ese  are  defined  as follows:

2 i f 1 1 I -
rnL — mS ------ Г- — —

2 rL TS -

У2 |e '| - Im

s =  (K° \H'  -|-------I K°y -

<7171, I =  2 [ • • • I K °y
<7t7ï, 1 = 0  \ i r - i ------I K°>

<.К°|Н'Н------ 1 K°y
( 1 )

H ere H '  is th e  sum  o f th e  w eak  H am ilto n ian s  an d  of th e  C P v io la tin g  H a m il­
to n ian s , an d  Tl,s a re  th e  m asses an d  life tim es of th e  n e u tra l  m esons. T h e
ac tu a l va lues of e an d  в a re  s till u n c e r ta in , b u t  acco rd ing  to  th e  m ost p o p u la r  
su p p o sition  [1]

И  =  2 - 1 0 - з > | £' | .  (2)

* D edicated  to Prof. P . G ombás on his 60th birthday.
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(T he p u b lish ed  ex p e rim en ta l d a ta  [1] s till seem  to  be in  co n flic t w ith  each o th e r, 
so th e  p o ss ib ility  |e| |e '|  is n o t  y e t co m p le te ly  excluded .) F ro m  E q u . (1) we
can  deduce th e  follow ing a l te rn a tiv e  conclusions:

I. I f  th e  CP v io la tin g  H a m ilto n ia n  is ch a rac te rized  b y  th e  s trangeness 
se lection  ru le  A S  — 2, th e n  th e  r ig h t-h a n d  side of E q u . (1) m a y  be in te rp re te d  
as a f irs t o rd e r  expression ; c o n se q u e n tly  (/„ ,s in 0 )2£ ~ g . (H e re  g  is th e  coupling  
c o n s ta n t in  th e  CP v io la tin g  H a m ilto n ia n , f w is th e  w eak  coup ling  c o n s ta n t 
a n d  0  is th e  C abibbo  angle .) I n  th is  case th e  CP v io la tio n  is a b o u t 104 tim es  
w eak er th a n  a second o rd e r w eak  in te ra c tio n . (S uperw eak  C P  v io la tion .)

I I .  I f  A S  =  1, one gets  A S  =  2 on th e  r ig h t-h a n d  side  o f  E q u . (1) as th e  
re su lt o f a n  in te rp la y  b e tw een  w eak  an d  C P v io la tin g  in te ra c tio n s ; co n seq u en tly  
( f wsin6)2e ^ g f wsinQ. In  th is  case th e  C P v io la tin g  coup ling  m a y  be a b o u t 1000 
tim es w eak e r th a n  th e  w eak  in te ra c tio n . (M illiweak CP v io la tio n , acco rd ing  
to  th e  n o m e n c la tu re  of L . B . Okun .)

I I I .  I f  A S  =  0 for th e  C v io la tin g  H a m ilto n ian , one re a d s  from  E q u . (1) 
t h a t  ( fws in0 )2e ^ g ( f wsm 0 )2. T h e  C v io la tin g  coupling is n o w  o f th e  o rd e r o f 
je |~ 2  • 1 0 -3  (M illistrong C v io la tio n .)

IV . I f  A S  =  0 b u t  th e  em ission o f one p h o to n  is a sso c ia ted  w ith  th e  
C v io la tin g  v e r te x , th is p h o to n  m u s t be  reab so rb ed  b y  a co n v en tio n a l e le c tro ­
m ag n etic  in te ra c tio n , so fro m  E q u . (1) one arrives a t  th e  e s tim a te  ( /ws in 0 )2e ~  
~ eë(fws in 0 )2, w hich  m ay  b e  so lv ed  b y  w ritin g  g =  e, b ecau se  e2 =  4 я  • 137 -1 . 
(E le c tro m a g n e tic  C v io la tio n .)

V. I f  A S  =  1, b u t  th e  C P v io la tio n  is associa ted  w ith  th e  em ission of 
one p h o to n , E q u . (1) gives ( f wsin0)2e ^ e g ( f wsm 0),  w h ich  m a y  he so lved  b y  
w ritin g  g =  efws in 0 . (W eak  e lec tro m ag n etic  CP v io la tio n .)

T he e s tim a tio n  of g is e v id e n tly  on ly  a v e ry  a p p ro x im a te  one. T he va lu es  
o f  e an d  £ a re  sensitive  n o t  o n ly  to  th e  S  c h a ra c te r  h u t  also  to  th e  l  c h a ra c te r  
o f  th e  CP v io la tin g  H a m ilto n ia n . T he m o s t in te re s tin g  possib ilities  are  lis ted  
in  T ab le  I .  I n  each co lum n  w e have in d ic a te d  th e  m o st c ru c ia l te s ts  of th e  
ty p e  of C P v io la tio n  u n d e r  co n sid e ra tio n . T he m ost im p o r ta n t  im p lica tions 
a re  as follow s:

a) V ery  s tr ic t  re s tr ic tio n s  are  im posed  b y  th e  e lec tric  d ipo le  m o m en t of 
th e  n e u tro n . B y  d im ensional a r g u m en ts th e  e lec tro m ag n etic  m odel of C v io la tio n  
p red ic ts  dnc ^ \ fwMn =  1 0 ~ 19 c.mJ A m ore  d e ta iled  c a lc u la tio n  suggests 1 0 ~21 
cm  in th e  sam e  m odel [11]. T he m illis tro n g  p re d ic tio n  is so m eth ing  like 
dn<=*;\e\fwMn — 10-22 cm . T h e  m ost re c e n t ex p e rim en ta l v a lu e  is dn =  (2 A: 
+ 2 )1 0 ~ 23 cm  [1]. This a p p a re n tly  ru les o u t th e  possib ility  o f a n  e lec tro m ag n etic  
C v io la tio n  w ith  g =  e.

b) T h e  ex p erim en ta l u p p e r  lim it on th e  C v io la tin g  d ecay  r\ — n ° e +e~ 
is [13]

B(?7 л° e + e  ) =  Г(г) —> n° e+ e ) :Г (г ] )<  10 4. ( 4 )
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Table I

AS 0
AI 0 1 2 3

CP violating 
vertex works 
only 
among 
hadrons

в e '
n  dipole m om ent

?1 -*■ л +л°л~  
nuclear reaction

[2, 3, 4]

e  e '

n  dipole mom ent
со л +л°л~  

nuclear reaction

В ~  e'
n  dipole mom ent

TJ -t- л  + л°л~

[5, 6]

e  e'

CO ->■ л +л°л~

m illistrong C violation

CP violating e  ~  s ' e  ^  e ' e  ~  e' e  ^  e '

vertex among n  dipole m om ent n dipole mom ent n  dipole mom ent
hadrons Г] — Л + 7 1 ° Л ~ 7] -*■ Л + Л ПЛ ~ 7] - f  л +л°л~ TJ л +л°л~
plus г] -*■ 7i°e+e~
one 7] -*■ Л + Л ~ у

photon [10,11]

electrom agnetic C violation

A S 1 2

A I 1/2 3/2 5/2 any

CP violating e  >  s '
,e  ~  e

,
E E c S> f  '

vertex works
only
among
hadrons [7, 8] [5] [9]

milliweak CP violation superweak

CP violating e ~  e ' E ~  E' e  e ' s  S> e '

vertex among
hadrons
plus
one К  —► л л у К  -г  л л у
photon [12]

weak electrom agnetic C violation superweak

T his is in co n flic t w ith th e  p red ic tio n  o f  e lec tro m ag n etic  C v io la tio n  w ith
A I  =  1.

c) All th e  decays rj —<■ 3n (I f  =  0 ,2), ы —► 3n(I j  =  1 ,3), q —>- 3n(If =  1,3) 
v io la te  th e  C sy m m etry . A n in te rfe ren ce  b e tw e e n  th e  C conserv in g  and  C v io lá t-
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in g  a m p litu d e s  can  p ro d u ce  a charge a sy m m e try

A =
N (E+ > E_)  -  N (E _  > E+) 
Щ Е +  > E _)  +  N (E _  >  E+)

(5)

w hich  is o f  th e  f ir s t  o rd e r in  th e  ra tio  o f th e  C v io la tin g  a n d  C conserv ing  
coup ling  c o n s ta n ts  (g/G). T h e  m o st a p p ro p r ia te  s itu a tio n  is affo rded  b y  th e  
rj —► я +я ° л ~  d ecay , w here  th e  b a c k g ro u n d  m a y  be (m ore o r  less) e lim in a ted  
b y  m ak in g  use  o f th e  sm all rj w id th ,*  a n d  w here  th e  C v io la tio n  is co m p e tin g  
w ith  a C -sy m m etric , b u t  / -a s y m m e tr ic  tra n s it io n . As a m a t te r  o f fac t, from  th e  
an a ly sis  o f  36800 rj —► я  + я ° я ~  decays an  a sy m m etry

A =  (1.52 ±  0 .5 )%  (6)

h as  b een  fo u n d  [14], w hich  d iffers from  zero  b y  th re e  s ta n d a rd  dev ia tio n s.*
d) T h e  d iffe ren t I  a n d  S  se lec tion  ru les  p re d ic t d iffe re n t in eq u a lities  (or 

a p p ro x im a te  eq ua lities) fo r  e an d  e '. I f  w e accep t th e  r e s u lt  [13] as a re a lis tic  
one, o n ly  th re e  possib ilities o f T ab le  I  m u s t  be  k e p t in  m in d :

1) S u p erw eak  CP v io la tio n
2) M illiw eak CP v io la tio n
3) M illis trong  C v io la tio n

{AS =  2),
(AS =  1 , A I  =  V2), 
(AS  =  0, A I  =  0).

I f  w e con sid er th e  e lec tro m ag n e tic  m odel of C v io la tio n  as exc luded  b y  
th e  e x p e rim e n ts , an  rj —► л  + л ° л ~  charge  a sy m m e try  o f th e  o rd er of %  o r % 0 
m a y  be  g iv en  on ly  b y  th e  m illis tro n g  m odels A I  =  0 or A I  =  2. The sy m m e try  
p ro p e rtie s  o f th e  я +я ° л ~  f in a l s ta te  m a y  be  v isua lized  on  th e  D a litz  p lo t  
(F ig . 1). T h e  N i  d en o te  th e  n u m b ers  o f rj-* л  + л ° л ~  ev e n ts  in  th e  i- th  s e x ta n t  
o f th e  D a litz  dom ain . T h e  m easu red  v a lu es  a re  [14]:

N y =  1850
N , 4931
N 3 =  12771

N i =  12419 
iV5 =  4723 
N 6 =  1824

(7)

T h e a sy m m e try  A is d efin ed  acco rd ing  to  E q u . (5) as

A = jVx +  iV2 +  l V 3 - i V , - i V 5- iV e
+  iV3 +  1V4 +  1V5 +  N e

( 8 )

an d  th e  n u m b ers  (7) give th e  a sy m m e try  v a lu e  q u o ted  u n d e r  (6). I t  h a s  b e e n  
em p h asized  b y  M. N a u e n b e r g , t h a t  in  th e  case of a p u re  I  =  0 fina l s ta te  th e

* R ecently  it  has been pointed  ou t b y  H. Y u ta  and S. Ok u b o  [15] th a t in th e  experi­
m ent [14] th e  asym m etry m ay be caused by a 10% background effect. This warning m u s t be 
taken  into account in fu rther experim ental work. In  our paper we a rb itra rily  suppose th a t  th e  
bulk of the asym m etry  is due to  the C violation [1].
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odd-even  “ s e x ta n t  a sy m m e try ”

j  __ N)  — N 2 +  N 3 — N t +  IV 5 — jV6 
iVi +  N 2 -f- iV3 +  iV4 +  iV5 +  iV6

(9)

is th ree  tim es b igger th a n  th e  sim ple “ r ig h t- le f t”  a sy m m e try  (F ig. 2). T h e  
ex p e rim en ta l va lues (7) g ive, how ever,

F ig. 1 Fig. 2

w hich  seems to  be sm aller th a n  A given in  (6) an d  is co n sis ten t w ith  zero w ith in  
one s ta n d a rd  d ev ia tio n . T h e  ex p e rim en ta l in d ica tio n  A 7> A (in stead  o f A =  
=  A/3) suggests th a t  i t  is n o t  th e  1 = 0 ,  b u t  th e  1 = 2  f in a l s ta te  th a t  g o v ern s 
th e  €  v io la tin g  tra n s itio n .

A n a p p a re n t c o n tra d ic tio n  arises: both the К £ —»• л л  decay and the 
r] —у л +л ° л ~  charge asymmetry can be explained by the tnillistrong model o f  C 
violation, but the experimental indication | e |  j e ' j  suggests the A I  =  0  version; 
the result A A suggests the A I  =  2 version o f  this model. T h e  aim  o f th e  
p re se n t p a p e r is to  p resen t a m ore  de ta iled  d iscussion  of th e  ch arg e  a sy m m e try  
in  th e  r\ —► л +л ° л ~  decay , in  o rd e r to  c la rify  th is  d iscrepancy .

2 . T he 7]~>-л+л ° л  decay

In  an a ly z in g  th e  r] —>- л +л ° л ~  decay  w e sha ll w rite  T +, T0, T_ fo r th e  
p ion  k in e tic  energies, P + , P 0, P _  for th e  p io n  fo u r m om en ta . I n  th e  re s t sy s te m  
o f th e  r) m eson  we ev id en tly  h av e :

P+ +  P:i +  P^ =  0 ,

T+ +  Tu +  T_  =  m  — 3 [Л =  Q .

(W e shall d en o te  th e  m asses o f th e  л ,  rj a n d  g m esons b y  ц, m  and  M.  F o r  
sim p lic ity  we sh a ll tak e  /л : m  ; M =  1 :4 :5 .5 5  an d  we sha ll d isreg ard  e lec tro -
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m ag n e tic  m ass  sp littin g s .)  W e sha ll also m a k e  use of th e  M andelstam  v a ria b le s  
s, t, и w h ich  m a y  be exp ressed  in  th e  r e s t  sy s tem  of th e  r] m eason  as fo llow s:

s =  (p+ +  p _ )2 =  {m — p)2 — 2 mT0,

t — (p _  +  p 0)2 =  (m — p)2 — 2 mT+ , (11)

и =  (p+ +  p 0)2 =  (m  — p f  — 2 m T _ .

T he decay  m a y  be  an a ly zed  c o n v en ien tly  on  th e  D a litz  d iag ram  (Fig. 1). L e t 
us in tro d u c e  th e  D a litz  v a riab les  q an d  0  accord ing  to  th e  fo rm ulae

t  Q it 1 й Уз . J1+ = —  1 ---- — QCOS 0 ------ — pSinfcl ,

To =  - | - ( l  +  e c o s 0 ) ,  (12)
Ö

t  Q it  1 e  , Кз . J/ _  =  —  11 ----- “  Q CO S 0  +  —  Q sin  0 j  .

In  te rm s o f  D a litz  v a riab le s  th e  decay  p ro b a b ili ty  can  be w ritte n  as fo llow s:

02 , rR(&)
Г(г]^>-л+ л ° л  ) =  (4тг) 3---- —----  d 0  dq q \A(q, 0 )\2. (13)

6 ]/3 m  Jo Jo

T he 3 0 % — 100%  e x p e rim en ta l e rro rs o f  th e  m easu red  asym m etries (6) an d  
(10) m ak e  v e ry  a c cu ra te  ca lcu la tio n  u n n ecessa ry . W e p u t  sim ply  R (0 )  =  1, 
allow ing a n  in a c c u ra cy  o f  20%  on th e  b o u n d a ry  o f  th e  D alitz  p lo t.*

T he d o m in a tin g  decay  m ode is th e  A I  — 1 channe l, w hich can be described  
b y  th e  C conserv ing  v e r te x

H 1 =  Gj г)л°(лл) =  Gy rj \ л + л ° л  -)— —  л °л °л °
2 1 2

(14)

I f  we h a d  o n ly  th is  coup ling  am ong 7/ a n d  3?r, th e  p e r tu rb a tio n  th e o ry  w ould  
give A ±(q, 0 )  — Gx =  co n st fo r th e  in v a r ia n t  a m p litu d e . T he o bserved  
rj —*• л  + л ° л ~  w id th  [13]

Г(г] ->  л+ л°  л  ) =  (0,237 ±  0,017) Г(г)) =  (0,237 ±  0 ,017) (2,3 ±  0,5) k e v  (15) 

m ay  be o b ta in e d  if  we p u t

|Gil =  0,32 ±  0 ,04 . (16)

* W e have checked th a t  the conclusions o f the present paper rem ain unchanged if the 
electrom agnetic mass differences and the exact boundary  of th e  D alitz  domain are tak en  into 
account. Some figures are of course changed, som etim es by a fac to r o f 2.
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T he observed  v a lu e  o f  Г(г) — л ° л ° л ° )  in d ica te s  a sm all 7 = 3  im p u rity  
in  th e  f in a l s ta te , h u t  th e  co rresp o n d in g  coupling c o n s ta n t  is v e ry  sm all and  
m ay  be ta k e n  to  zero w ith in  th ree  s ta n d a rd  d ev ia tio n s . So in  o u r an a ly s is  we 
shall d isreg a rd  th e  A I  =  3 po ssib ility .

T he C conserv ing  A I  =  1 t r a n s i t io n  am p litu d e  А ±(д, 0 )  is in flu e n c e d  by  
th e  f in a l s ta te  in te ra c tio n s  of th e  p io n s . T he in co m p le te  know ledge o f th is  
m o d ifica tio n  is p e rh ap s th e  w eakest p o in t  in  th e  an a ly s is  o f th e  rj —*■ З л  decay. 
T he observed  en h an cem en t in  th e  lo w er p a rts  o f th e  D a litz  d iag ram  m a y  be 
s im p ly  described  b y  a fo rm u la  lin ea r in  T 0 [17]

Mi(g(o)i= icii «и»(1+H
w ith

ß =  -  0 ,55  ±  0 ,02. (18)

T he im ag in a ry  p a r t  o f  A x(q, 0 )  c a n  be  ob ta in ed  o n ly  from  specific  a ssu m p ­
tions concern ing  th e  f in a l s ta te  in te ra c tio n . B. B arret e t  al. [18]h a v e  sugg ested  
th e  follow ing fo rm ula :

А ( е , в )
a

1 — ia0 q(s)
+  b

D(t)
+

s — t
(19)

This tak es  in to  acco u n t а л л  in te ra c tio n  in  th e  I  =  0, L  =  0 s ta te  (described  
b y  th e  sc a tte r in g  len g th  a 0) an d  а л л  in te ra c tio n  in  th e  I  =  1, L  —  1 s ta te  
(described  b y  th e  q m eson  pole). H e re  q(s) =  l /2 (s— 4/l2)12 and  D(s) comes 
from  th e  q p ro p a g a to r, b e in g  D ( s ) = M 2— s— iM _171(p)g3(s)/J/fs . T h e  em pirica l 
co n stan ts  a a n d  b are re a l i f  th e  CPT sy m m e try  ho lds.

T he re c e n t analysis [19] suggests a value

fia0 =  0 ,2 . ( 20)

I t  is show n in  A ppen d ix  I  t h a t  the  fo rm u la  (19) m a y  b e  well a p p ro x im a te d  
w ith  a lin ea r  expression  if  w e m ake u se  o f  th e  n u m erica l values (18) a n d  (20). 
So we shall use th e  fo llow ing expression  fo r  th e  C co n se rv in g  am p litu d e :

A x(g, 0 )  =  Gx eICC
1 -)- ßq cos 0

1
1  +  —  ß2

4

1/2

nth

X =  arc  ta n
1 2 3 „11/2]

«0

^
 1

1 1------- m() —
3 t H ] =  8° 40'

( 21)

( 22)
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com ing  from  f i t t in g  (21) to  (19). T h e  possible consequences o f  th e  non linear 
te rm s  in  (21) a n d  o f  th e  v a r ia tio n  o f  th e  s c a tte r in g  leng th  a 0 a re  discussed in  
A p p e n d ix  I I .

L e t us now  tu r n  to  th e  C v io la tin g  p a r t  o f  th e  in v a r ia n t  am p litu d e  
A (g ,  0 )  com ing fro m  th e  1 = 0  a n d  1 =  2 f in a l s ta te s . B. B a r r e t  e t al. [18] 
h a v e  used  th e  fo llow ing  expression :

A 0({?, 0 )  +  A 2(q, 0 )  =  ic
L D{s)

и ^  и s s — t
D(t) D(u)

+  id
t —  и
D{s)

(23)

Fig. 3

I n  th e  p re se n t w o rk  we assum e t h a t  th e  C v io la tin g  tra n s itio n s  r] — л л л ( 1  =  
=  0,2) are  d o m in a te d  by  th e  q m eson  (Fig. 3) a n d  th e  C v io la tio n  is due to  
th e  г)дл v e r te x  [4 ]:

H 0 =  go [еД тг- %rj — rßy.n-)  +  Q°t(n° Э^ — rjdu л °) +

+  e íC * + 8 (1??-J?8 ít7r+)],

H2 =  g2 [  —  еЛ Л~ У — удр Л~) +  29°ЛЛ° Уда Л°) —
— ч9мя +) ] .

T h e  С sy m m etric  д л л  v e rtex  is th e  know n s tro n g  in te rac tio n

H e =  Ge [ А (л° 8^ n~  — n ~  dß л°) +  д°(л~ д„ л+ — л+  8^ л ~ )  +

+  е^(л+  9^ л° — л° dß я +)].

T h e  observed  q w id th  Г(д) =  130 +  20 MeV [13] gives

Ge =  5,6 +  0 ,4 .

T h e  in te rp la y  o f  th e  couplings (24) an d  (25) w ith  (26) re su lts  in  

A 0(e, 0 )  +  A ^ e ,  0 )  =  i(g 0 — g 2) Ge

S —  t

t — u
M 2 — s

M 2 -
+  i 3 g2 G

и — s 
M 2- t  

t —  и 
M 2 — s

(24)

(25)

(26)

(27)

(28)
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(The rea l p a r t  com ing from  th e  g w id th  m a y  be neg lec ted  com pared  w ith  the  
im a g in a ry  c o n tr ib u tio n  o f  A x(g, 0 )  co m in g  from  th e  f in a l s ta te  in te ra c tio n s .)  
C om paring  th e  exp ression  (28) w ith  th e  fo rm ula  (23) o n e  can  see t h a t  th e  
p a ra m e te rs  c an d  d do n o t  s im p ly  d esc rib e  th e  A I  =  0 a n d  A I  =  2 tra n s it io n s , 
b u t  are  co m bina tions o f  g 0 and  g2. I n  o rd e r to  avo id  a n y  m isu n d e rs ta n d in g  
w e sha ll ana lyze  th e  r) a sy m m e try  in  te rm s  of th e  p u re  isosp in  c o n s ta n ts  g 0 
a n d  g2 in s te a d  of th e  u su a l c and  d.

B y  perfo rm ing  a p ow er ex p an sio n  acco rd in g  to  th e  new  v ariab les  l ^ +t0>_ =  
=  3Q~1 T +i0r_— 1 (see A p p en d ix  I) a n d  b y  in tro d u c in g  th e  sm all c en tr ifu g a l 
b a rr ie r  p a ra m e te r

к  =
mQI 3

M 2 -  (m — /л)2 +
2 mQ =  0 ,054 , (29)

one arrives a t  th e  fo rm ula

A ( e ,0 )  +  A 2(e, 0 )  — i 6  f3 G n &
ко sin  0

1 +  2 kg cos 0  

w hich m ay  be w ritte n  in  th e  m ore c o n v e n ie n t form

+  (&o — g2)k3gs sin 3 0  +  ...

A 0(g, 0 )  +  A 2(g, 0 )  =  i 6 [ 3 [g2( ^ + * 303) sin 0  — g2krg2 sin 2 0  +

+  go Ч  в3 s in  3 0  +  0(A4) ] .
(30)

W e h a v e  now  ev e ry th in g  re a d y  to  c o n s tru c t  th e  th e o re tic a l d is tr ib u tio n  on 
th e  D a litz  circle. L e t us ca lcu la te  th e  0  d is tr ib u tio n  f ( 0 )  u p  to  f irs t  pow ers 
of g 0/GX’ + / A  ancl tip to  /с3. E v id e n tly ,

m  =  ~ —  i \A{Q, Ö) +  A 0(g, 0 )  +  A 2(p, 0 ) \2 g dg.
G \n  Jo

B y  su b s titu tin g  th e  fo rm u lae  (21) a n d  (30) one gets th e  fo llow ing exp ressio n :
) —l I

4
2 n f (0 )  =  1 -

4

24 Уз sin  a  Gn

ß  cos 0 -----—  /32 cos 2 0 \  +
3 4

i +  4 a
1/2

Gr

к ßk2 к3
10 5

Í kß k2 k3ß  I k3ß
go8 4 12 J 12

sin 0

2 0  + (31)

+
k2ß  , к3 

ël ---- Ь go -
10 5

=  2 л  хп cos п 0  +  у п s in  п 0

sin  3 0  +  g0 ^ sin 4 0  +  0(А;4) } =
12
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9 6 A. FRENKEL and G. MARX

T he charge  a sy m m e try  is g iven b y  th e  s in  nQ te rm s . T h e  a sy m m etry  
p a ra m e te rs , d e fin ed  in  (8) a n d  (9) m ay  he o b ta in e d  f r o m / ( 0 ) :

1

i.e.

A = -  П [ Я 0 ) - / ( - 6 > ) ] < * 0 = - 4
J 0

_  /vr/З г 2 л / 3

à  =  - \  [ / ( 0 ) - я -  0 )] d e  +  [ / ( в )  - Я -  0 ) ]  d e  -
Jo  J п/ 3

[ / ( 0 ) - / ( - 9 ) ] d e ------ 4 ЛГ'. /  2я/г

/1 =  —

Л =

16 У 3 sin  a

5л: í l  +  — /?

/сз
1/2 Cx g o + g 2 |—

2/8 +  3

16 1 3 sin  a
1 1/2

5л ! +  —  ß 2
4

0! L
3g„

(32)

(33)

S u b s titu tin g  th e  n u m e ric a l values q u o te d  in  E q u s. (16), (18), (22), (27) 
a n d  (29), we h a v e , finally ,

A =  7 -1 0 "*  (g,, +  1720 g2) ,  (34)

Л =  7 • 10~4 (3 g0 +  15 g 2) . (35)

F o r  s im p lic ity  w e ta k e  th e  s ig n  o f th e  p ro d u c t  — G yG f'sina as positive . I f  i t  
tu rn s  o u t to  h e  n e g a tiv e , w e h a v e  to  change th e  sign o f  g 0 an d  of g2.

R em em b erin g  th a t  th e  cen trifu g a l b a r r ie r  p a ra m e te r  к in tro d u ced  in  
E q u . (29) is sm a ll, we a rr iv e  a t  th e  follow ing conclusions:

a) In  th e  case  of a p u re  A I  — 0 c h a rg e  a sy m m e try  (i.e. w ith  g2 =  0) 
one w ould  h a v e  A  =  ЗЛ. T h e  s e x ta n t  a sy m m e try  A was o rig in a lly  in tro d u c e d  
b y  M . N a u e n b e r g  [16] m ere ly  as a good to o l to  d e m o n s tra te  th e  presence o f  
a p u re  Zll —  0 a sy m m e try  in  th e  r) —>- л  + л ° л ~  decay. H o w ev er, one c a n n o t 
live  w ith  a p u re  A I  =  0 C v io la tio n : r a d ia tiv e  co rrec tions in tro d u ce  a A I  =  1 
a n d  a A I  =  2 im p u r ity  n ecessa rily , and  fro m  E q u . (34) w e see th a t  in  A th e  
c o n tr ib u tio n  o f  th e  A I  =  2 ch an n e l w ill d o m in a te  ev en  i f  p2̂ ^ 0/137. T h e  
e x p e rim e n ta l in d ic a tio n  A >  A th e n  b ecom es u n d e rs ta n d a b le . L et us also  
re m a rk  th a t  to  re p ro d u ce  th e  o b serv ed  o rd e r o f  m ag n itu d e  fo r  th e  A a sy m m e try  
w ith  g2 — 0 one  h as  to  ta k e  g o~ 2 0 .  Such a  s tro n g  C v io la tin g  Г]дл coup ling  
w ould  lead  to  v e ry  large ch a rg e  asym m etries in  m a n y  s tro n g  a n d  e lec tro m ag n etic  
tra n s it io n s , w h e re  th e  c e n tr ifu g a l h a rrie r e ffe c t, specific  fo r  th e  rj —*■ л  + л ° л ~  

d ecay , is a b se n t. T hus we conclude  th a t  w e a re  forced  to  re je c t th e  g 2 — 0 
so lu tio n .
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b) I f  g 2 ^ 0 ,  th e  s itu a tio n  becom es m ore  invo lved . T h e  f i r s t  th ing  to  n o te  
is th a t  th e  e x p e rim e n ta l v a lu e  zJz^zlO-2 ca n  b e  rep roduced  i f  g 2~ 1 0 -2, w h ich  
is a reaso n ab le  “ m illis tro n g ”  va lu e . A t th e  sam e  tim e  g 0 m a y  be  zero, b u t  th is  
is b y  no m eans a necessity . E q u . (34) c le a r ly  show s th a t  ev e n  if  g 0~ 1 0 0  g 2, 
th e  c o n tr ib u tio n  of g 0 w ill be  p rac tica lly  u n d e te c ta b le  in  A.  L e t us also lo o k  
a t  th e  s e x ta n t a sy m m e try  A. I t  is im p o r ta n t  to  rem ark  t h a t  while in  A  th e  
coeffic ien t o f g2 is a lm ost e n tire ly  given b y  th e  c o n s tan t 5k2z ^ l7 0 0 ; in  A  th is  
coeffic ien t depends also on ß, i.e. i t  is se n s itiv e  to  th e  e n e rg y  dependence o f 
th e  C conserv ing  m a tr ix  e lem en t. In  A p p en d ix  I I  we show  t h a t  th e  v a lu e  o f  
th is  coeffic ien t is also in flu en ced  b y  th e  sm all q u a d ra tic  te rm  o f th e  C c o n se rv ­
in g  m a tr ix  e lem en t, neg lec ted  in  th e  fo rm u la e  given in  th e  te x t . T hus, th e  
c o n tr ib u tio n  of g 2 to  A c a n n o t be firm ly  e s ta b lish e d , and  th e  ca lcu la ted  v a lu e  
“ 15”  in  E q u . (35) can be u sed  on ly  for o r ie n ta tio n . I t  j u s t  show s th a t  w ith  
g 2̂ 1 0 - 2, g 0 <  100 g2 A is ex p ec ted  to  be m u c h  sm aller th a n  zl, a resu lt w h ich  
is fu lly  co n sis ten t w ith  th e  m easu red  v a lu e  A  =  (0.44 +  0 .5 )% .

T he basic  ex p e rim en ta l in fo rm atio n  zdz^lO “ 2 and  A  +> A  given in  E q u s . 
(6) an d  (10) are  ju s t  a t  th e  lim it o f s ta tis t ic a l  significance. I t  w ou ld  be o f g r e a t  
im p o rtan ce  to  a sce rta in  th e se  ex p e rim en ta l re su lts . In d e e d , le t us su p p o se  
t h a t  th e  so lu tio n  |e| >  |e'| ho lds for th e  decays. T h en  th e  CP v io la tio n  
m a y  be superw eak  (z lS = 2 ) o r m illis trong  (ZlS =  0), b u t in  th e  К ц  decays th is  
can  no longer be  decided. T h e  ex p erim en t c ru x  m ay  th e n  b e  th e  fj — л +л ° л ~  
decay . I f  th e  v a lu e  A ^ 1 0 ~ 2 tu rn s  o u t to  be  rea lis tic ,*  th e n  th e  CP v io la tio n  is 
m illis trong . W e h av e  ju s t  seen  th a t  th e  re su lts  A ^ 1 0 ~ 2, A  +> zl are fu lly  
co m p atib le  w ith  |e| |e'|, since th e  do m in an ce  o f th e  A I  =  2 channel in  th e
fj —*• л  + л ° л ~  decay  does n o t  necessarily  m e a n  th a t  g2 g 0. T he p o ss ib ility  
g 0 5ï> g 2 is also open , due to  th e  s tro n g  d a m p in g  of th e  A I  =  0 channel b y  th e  
cen trifu g a l b a rr ie r  effect.

L e t us p o in t o u t th a t  u sefu l su p p le m e n ta ry  in fo rm a tio n  on th e  m e c h a ­
n ism  o f th e  C v io la tio n  in  th e  rj -* л +л ° л ~  d e cay  can be e x tra c te d  from  th e  
s tu d y  o f th e  p a r t ia l  a sy m m e try  p a ram e te rs  A x, A 2, As. T hese p a ram e te rs  h a v e  
also b een  considered  b y  M. N a u e n b e r g  fo r  th e  pu re  A I  =  0 case. T hey  a re  
defined  as follows (see F ig . 1):

A
j V i - i V a  .  A N 2 - N 5 _ N 3 —
N x +  N e ’  2  N 2 +  N 5 ’  3  N 3 +  N 4

(36)

S ta r tin g  from  our d is tr ib u tio n  fu n c t io n / ( 0 )  given in  E q u . (31), th e  th e o ­
re tic a l expressions fo r these  a sy m m e try  p a ra m e te rs  can be  easily  ca lcu la ted . 
T h e  com parison  w ith  th e  ex p e rim en ta l v a lu es  ta k e n  from  (7) a re  p resen ted  in  
T ab le  I I .  W e see th a t  th e  av a ilab le  e x p e rim e n ta l d a ta  on th e  p a rtia l a sy m -

* See foo tno te  on page 90.
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Table II

T  H E 0 R  Y
as

ym
m

et
ry

pa
ra

m
et

ei

experim ent
[17]

linear approximation

g „ =  22
gî = 0

( |g .+  2g2| =  22 >  0.4)

go= 0 
g 2=  0.0124

(|go +  2g2| =  0.0248 <  0.4)

g .=  25 g ,=  0.3075 
g s=  0.0123

(lg .+ 2 g 2| = 0.33 < 0.4)

10s A 15.2  ±  5 15.2 15.2 15.2

№  A 4 .4  ±  5 45 .6 0.13 0.82

103 A 1 7 .06  ±  16 60 .8 15.3 16

103 A t 21 .6  ± 9 — 48 24 22.3

103 4 , 13 .9  ±  6 .4 39 .5 9.6 10.1

ae
ym

m
et

ry
pa

ra
m

et
er

experim ent
[17]

T  H E  О R  Y

quad ra tic  approximation

g » =  35,5 
g 2= ’0

(!£о+ % 2 | =  35.5 > 0.4)

go=  0
g ,=  0.0126

( |g . +  2ga| =  0.0252 <  0.4)

g „=  25g î=  0.3125 
g ,=  0.0125

( |g .+ ? * .r  =  0.34 <  0.4)

103 A 15.2 ±  5 15.2 15.2 15.2

io3 A 4 .4  ±  5 64 .5 — 0.41 0.16

io3 4 7 .06  ±  16 56 10.4 10.8

103 A , 21 .6  ±  9 — 79 23.4 22.4

Ю 3 A 3 13.9  ±  6 .4 52 .5 10.2 10.6

m etries —  w ith  th e  large s ta t is t ic a l  e rro rs  ta k e n  in to  a c c o u n t —  s u p p o r t  our 
conclusions, b a sed  on th e  s tu d y  of th e  A  a n d  A  p a ra m e te rs  alone. The in flu en ce  
o f th e  q u a d ra t ic  energy te rm s  in  th e  C co n se rv in g  m a tr ix  e lem en t on th e  p a r t ia l  
a sy m m etrie s  is discussed in  A ppen d ix  I I .

L e t us conclude th is  d iscussion  w ith  th e  rem ark  t h a t  th e  d a ta  av a ila b le  
on  th e  7j —<- л + л ° л ~  ch arg e  a sy m m e try  d o  n o t give a n  effective u p p e r  lim it 
fo r th e  c o u p lin g  c o n s tan t g 0 . As n o ted  a b o v e , such a l im it  m ay  com e fro m  C 
v io la tin g  e ffec ts  in  s tro n g  o r  e lec tro m ag n etic  processes. I t  tu rn s  o u t t h a t  the  
w ork ing  l im it  is given b y  th e  7] —*■ n ° e + e ~  decay , w hich w e shall discuss sh o rtly .

3 . The 7 ] - т - л ° е + е  decay

I t  h a d  a lre a d y  been  em phasized  in  1965 [20], t h a t  th e  m illis trong  m odel 
o f  th e  C v io la tio n  p red ic ted  a s tr ic t  c o rre la tio n  b e tw een  th e  b ran ch in g  r a t io  of 
th e  7i —*■ л ° е + е ~  decay a n d  th e  charge a sy m m e try  in  th e  r; =  л + л ° л ~  decay , 
if  th e  Q p o le  dom inance w as assum ed in  b o th  reac tio n s . In  th e  lig h t o f  the  
a c cu ra te  u p p e r  lim it (4) i t  looks w o rth w h ile  to  re in v e s tig a te  th is  q u es tio n .
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In  th e  Q do m in an ce  m odel (F ig . 4) we ca n  express the  rj — л ° е + е ~  d ecay  
p ro b a b ility  in  te rm s o f th e  coup ling  c o n s ta n ts  g 0 an d  g2. I f  th e  q— у  coupling  
is g iven b y  /  =  eG“ 1, we have  [18]:

Г(г] ->  тс° e+ e~) =  42 eV |  j* (37)

i.e.

B(t] ->  л 0 e+ e~) =  Щ  ->  7T° e+ e~) : Г(г]) =  2 • 10"s ( g-°-+  2ga Y .  (38)
' Gß I

Fig. 4

W e can  express g 0 and  g2 th ro u g h  A a n d  A using  th e  e q u a tio n s  (32) a n d  
(33). In tro d u c in g  th e se  expressions in to  (38) w e see th a t  В  is in d e p e n d e n t o f  
Gr  U sing th e  know n  num erica l va lu es  of th e  o th e r  p a ra m e te rs , we get

B(rj — 7i° e+ e~) =  132 (A — 0,00525 A f .  (39)

T he ex p e rim en ta l lim it q u o te d  in  E q u . (4) p u ts  th e  re s tr ic tio n

\A — 0,00525 -A I <  IO -3 (40)

on th e  charge asy m m etries  A a n d  A.  C o n seq u en tly  (4) and  (6) p re d ic t A to  b e  
sm aller th a n  1 0~ 3. T his is a m uch  m ore s tr in g e n t  re s tric tio n  th a n  th e  e x p e ri­
m en ta l lim it (10). I t  m u st be em phasized  t h a t  th e  u n c e r ta in ty  of th e  “ 15”  
v alue  o f fo rm u la  (35) influences o n ly  th e  “ 0 .00525”  on th e  le f t  h an d  side o f  
E q. (40), an d  th is  u n c e r ta in ty  does no t se rio u sly  affect th e  re s tr ic tio n  on A.  

I f  we are re a d y  to  use th e  rj w id th  q u o te d  in  (15), fo rm u la  (38) gives

\ga +  2 g 2| =  40 [B(V - *  e+ e - )Y »  (41)

an d  using  th e  lim it (4) we get

igu + 2 g 2|< 0 , 4 .  (42)
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I t  c a n  now  be seen  th a t  g2 is r e s tr ic te d  b y  th e  rj —>- п +л ° л ~  r e s u l t  (6) 
due  to  fo rm u la  (34); g 0 on  th e  o th e r h a n d  is re s tr ic te d  b y  fo rm ula (42) m uch 
m ore se v e re ly  th a n  b y  th e  re su lt (10) th ro u g h  fo rm u la  (35). All th e se  re la tio n s 
a re  v isu a liz e d  in  F ig . 5. I t  can  be seen t h a t  th e  e x p e rim e n ta l lim its 1%  <  A <  
2 %  (one s ta n d a rd  d e v ia tio n ), 0 <  4  <  1 %  (one s ta n d a rd  dev iation) a n d  В  <  
1 0 al low e ssen tia lly  th e  following possib ilities :

— 0,1 < g 0<  +  0,4 ; 0,008 <g2< 0 ,0 1 6 . (43)

I f  we use th e  m ore lib e ra l lim its  0 .5%  <C A  < 2 . 5 %  (tw o  s ta n d a rd  d ev ia tio n s), 
В  <  2 • 1 0 ~ 4 (the  v a lu e  g iven by  B a z i n  e t al. [21] w ith  90%  confidence) 
th e  po ssib ilities  are w ider:*

— 0,6  < g n< + 0 ,6  ; 0 ,0 0 4 <  g2< 0 ,0 2  ; (44)

th e  e x p e rim e n ta l A v a lu e  does n o t g ive a n y  fu r th e r  re s tr ic tio n  if  ta k e n  w ith  
tw o  s ta n d a rd  d ev ia tions.

L e t us n o te  a t  th is  p o in t th a t  in  th e  rj — n ° e +e~  decay a A I  =  1 C 
v io la tin g  rjccm coupling m a y  in terfere  w ith  th e  A I  =  0 a n d  A I  =  2 couplings. 
T he A I  — 1 ty p e  of C v io la tio n  is d iscu ssed  b rie fly  in  A ppend ix  I I I .

W e n o w  tu rn  to  T a b le  I I ,  w here th e  e x p e rim e n ta l va lues of th e  A, A , Av  
A 2 and  A 3 a sy m m e try  p a ra m e te rs  are  co m p ared  w ith  th o se  ca lcu la ted  fo r  som e 
specific choices of th e  g 0, g 2 coupling c o n s ta n ts . F o r s im p lic ity  we h a v e  alw ays 
chosen g 0 a n d  g 2 to  re p ro d u c e  th e  o b se rv ed  m ean  v a lu e  1.52%  of th e  A  a sy m ­
m e try  p a ra m e te r . I t  c a n  b e  seen from  T ab le  I I  t h a t  th e  possib ility  g 2 =  0 
c o n tra d ic ts  b o th  th e  r) —*■ л ° е +е~ l im it (g iven in  p a ren th es is  a t  th e  to p  of 
each co lu m n ), and  th e  m easu red  v a lu e  o f  th e  o th e r a sy m m etry  p a ra m e te rs . 
O n th e  o th e r  h an d , th e  cases g2 0 a re  seen to  be  in  ag reem ent w ith  the
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t

7] —► л +л ° л ~  re su lts , a n d  u p  to  g o^ 3 0  g 2 also  w ith  th e  7] —*■ л ° в +е~ lim it. 
W e h av e  seen from  F ig . 5 t h a t  if  A  is also allow ed to  change, th e n  g „ ^ 5 0  g 2 

(one s ta n d a rd  d ev ia tio n  fo r A) and  ev en  g o~ 1 0 0  g 2 (tw o s ta n d a rd  dev ia tio n s 
fo r A) is possib le. This m eans th a t  th e  m easu red  C v io la tin g  effects in  th e  
7] —*■ л +л ° л ~  decays allow  a pu re  A I  =  2 C v io la tio n  w hich  is m illis trong  
indeed , being

&2 : =  5 • 10- 3 . (45)

In  th is  case an  |e |^ |e 'J  so lu tio n  w ould  be ex p ec ted  in  K£  decays. A m ore  
in te re s tin g  p o ssib ility  is offered  b y  th e  so lu tio n  g 0 g2. In  th is  case a co m ­
p a ra tiv e ly  s tro n g  iso sy m m etric  C v io la tio n  (g 0) is accom pan ied  b y  a m uch  
w eaker isosp in  asy m m etric  C v io la tio n  (g2). T h e  la t te r  m ay  p e rh a p s  be in te r ­
p re te d  as an  e lec tro m ag n etic  co rrec tion  to  th e  iso sy m m etric  C v io la tio n . In  th is  
case th e  |e| |e '| p ro p e rty  o f  th e  IC£ decay  can  be  exp la ined  b y  th e  dom inance
o f th e  iso sym m etric  C v io la tio n . In  th e  7} —*■ л  + л ° л ~  decay  th e  A I  =  0 t r a n s ­
itio n  is v e ry  m u ch  suppressed  b y  th e  c en tr ifu g a l b a rr ie r  ( d r ^ lO -3  is p red ic ted ), 
a n d  as a ra d ia tiv e  co rrec tio n  th e  A I  =  2 t ra n s i t io n  appears in  th e  r ig h t- le ft 
a sy m m e try  A ^ 1 0 ~2.

A n in te re s tin g  p o ss ib ility  (no t y e t  u n d e rs to o d ) is p ro v id ed  b y  th e  follow ing 
choice:

go =  Gi =  e =  0,3 ;
2 g n 10  gn
-5 2 -  <  e9 < -----—  .
137 137

* L e t u s  m en tio n  t h a t  in  th e  e lec tro m ag n e tic  m o d el o f C v io la tio n  [21] E q u . (4) g ives 
th e  re s tr ic tio n  g 0 <  O.le fro m  w hich  A <  0 .17%  follow s, in  c o n tra d ic tio n  w ith  th e  ex p eri­
m en ta l re su lt (6).

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



102 A. FR E N K E L  and G. MARX

This re p ro d u c e s  th e  o b se rv ed  values o f  Г(г) —► л +л ° л ~ )  a n d  of th e  fiv e  a sy m ­
m e try  p a ra m e te rs , re sp ec ts  th e  rj —*■ л ° е +е~ lim it a n d  explains J e |  5s> | e ' |  a t 
th e  sam e tim e .

T h e  “ b ig  g 0”  p o ss ib ility  im plies com e p rob lem s. F ir s t ,  one h as  to  find  
o u t h o w g 0 £^0.1 leads to  |e | =  2 • 10-3 . S econd, one h a s  to  check w h e th e r  th e  
b ig  coup ling  c o n s ta n t is co m p a tib le  w ith  th e  re s tr ic tiv e  u p p e r lim it 4 • 10 ~23 
cm  of th e  n e u tro n  dipole m o m en t or n o t. T h ird , one h as  to  look fo r processes 
w here a  g 0 >  0.1 coup ling  can  m a n ife s t itse lf  d ire c tly . E .g . Г(@ + —► л +Г)): 
m  > 1 0  3 is p red ic ted . N N  a n n ih ila tio n  m ay  also be  sensitive  to  a b ig  g 0. 
U p to  n o w  th e  low est l im it  for g 0 is g iven  b y  th e  rj —► л ° е +е~ ex p e rim en t. 
I t  w ould b e  desirab le  to  im p ro v e  th e  a c c u ra cy  of th is  e x p e rim en t, w h ich  offers 
th e  b e s t m e th o d  o f te s tin g  th e  A I  =  0 m odel.

F in a lly  le t  us fo rm u la te  th e  im p o r ta n t  n eg a tiv e  conclusion  t h a t  th e  
availab le  e x p e rim e n ta l d a ta  on th e  rj —*■ л +л ° л ~  ch a rg e  a sy m m e try  an d  on 
th e  rj — л ° е +в~ lim it do n o t  co n ta in  a n y  serious re s tr ic tio n  for th e  |e| : |e '| 
ra tio .

A ppendix I .  The C a llow ed  rj-+ л +л ° л  decay

W e sh a ll  now  e s ta b lish  th e  n u m e ric a l values o f  th e  rea l c o n s ta n ts  a and  
b in th e  C conserv ing  m a tr ix  e lem en t A v  w hich we rew rite  from  E q . (19):

A i  =
ia0 q ( s )

+  b
s — u s — t

r

e ( s ) = —  f s  — 4/Í2 , D(s)
2

D(t)

=  M 2 -

D(u)

. m j V )
M Y s

( 1. 1)

The ra tio  b : a w ill be d e te rm in ed  b y  th e  ex p e rim e n ta lly  e s tab lish ed  energy  
d ependence  o f  th e  rj — л +л ° л ~  d ecay  [17], and  th e n  |a | w ill he  fo u n d  from  
th e  k n o w n  Г(г) —► л +л ° л ~ )  w id th . T h e  im ag in a ry  p a r t  o f  th e  D(s) fu n c tio n  is 
less th e n  3%„ o f th e  re a l p a r t ,  an d  w ill be  neg lec ted . F o r  th e  л л  s c a tte r in g  
leng th  a 0 w e shall use th e  n u m erica l v a lu e  a 0j i  — 0.2 [19]. T he in flu en ce  of 
th e  v a r ia t io n  o f a 0 on th e  a sy m m e try  fo rm u lae  will be  d iscussed  in  A p p en d ix  I I .

I n  [17] 7170 rj —»• л  + л ° л ~  decays w ere  used  to  f in d  th e  energy  d ependence  
of a p u re ly  phenom eno log ica l C co n se rv in g  rj —*■ л +л ° л ~  m a tr ix  e lem en t M,  
defined  as follow s:

M  =  l + ß Y n +  y Y 2 +  ÖY+ Y _ .  (1 .2)

The d im ension less en erg y  variab les Y  a re  re la ted  to  th e  k in e tic  energ ies of th e  
pions in  th e  follow ing m a n n e r:

y + li0 r  =  | r + i 0 r - i .  (1.3)
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In  te rm s o f th e  p o la r  co o rd in a tes  q, 0  o f th e  D alitz  p lo t th e  Y -s read :

Y0 =  q cos 0  , Y± = ----- — g (cos 0  ±  УЗ sin 0 ) .  (1.4)
2

T hese  v ariab les  are  com m only  used  because i t  is ex p ec ted  th a t  th e  non  linear 
te rm s  tu rn  th e n  up  w ith  sm all coeffic ien ts in  th e  am p litu d e  M .

T he m a tr ix  e lem en t M  is in tro d u c e d  in  [17] only  fo r th e  s tu d y  of th e  
en e rg y  dependence, a n d  its  n o rm a liz a tio n  a n d  overa ll p h ase  a re  a rb itra ry . 
T h is m eans th a t  o u r m a tr ix  e lem en t A x m ay  be  w ritte n  as fo llow s:

A 1 =  h M , (1.5)

w here  h is a com plex n u m b er, in d e p e n d e n t o f th e  energies o f  th e  p ions. L e t 
us p u t  A 1 in to  th e  fo rm  (1.5). T he second  te rm  in  A 1 is easily  e x p an d ed  in to  
pow er series o f th e  Y -s:

s — и 
M 2 -  t

+
f Y - - Y  
( 1 + k Y +

Y+ _  y °

1 + k Y ~

=  - 6  kY0 -  4 &2(Y 2 +  2 Y+ Y _) +  0 (к3) ;
(1.6)

[A; is th e  cen trifuga l b a rr ie r  p a ra m e te r , defined in  (29)]. In  th e  f i r s t  te rm  o f A r 
th e  fu n c tio n  q(s) c a n n o t be  c o n v en ien tly  ex p an d ed . A fa irly  good ap p ro x im a­
tio n  to  i t  is p rov ided  b y  a p a ra b o la , f i t te d  to  th e  po in ts  qmax =  1.12 fi, q0 =  
=  0.765 /I an d  5 mi„ =  0. T hese v a lu es  co rresponds to  Y 0min =  — 1, Y 0 =  0 
an d  Y 0max =  0.875, re sp ec tiv e ly . I n  th is  ap p ro x im a tio n  we h a v e

q(s) =  q(Y0) =  (0,765 -  0,629 Y0 -  0,274 Y 2) p .

W ritin g  now

1
1 — ia0q(s)

1
l  +  agç2(s)

(1 +  ia„q(s)),

(1.7)

( 1. 8 )

a n d  ex p an d in g  th e  f ir s t  fa c to r  in to  pow er series o f Y  and  u s in g  (1.7) in  th e  
second , we fin d  from  (1.6) an d  (1.8) th e  desired  expression  fo r A x

A > =  r r ~ .г г  Í 1 +  ia° ?'») (!  +  №  +  y Y l  +  dY+ Y _ ) , (1.9)
1 +  eg ql
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w here

ß =  E  — F a 0 [a 0 ,48 -  i F  0 ,629  -  6 —  fe(l — iag q0) ,
a

у  =  E 2 — E F a () fi 0,48 — F a0ju 0,189 —

-  iF ( E  0,629 +  0,247) -  4 —  F (1  — iau q0) ,
a

à — — 8 ---- - Щ 1 — ia0 g„) ;
a

E=
al Qfi a0fi

«oîS 1 +  Oo <&

3o =  9 ( ^  =  0 ) =  | ^ - w 2 -------—  2
4 3 4

1/2

( 1. 10)

(1-11)
=  0,765 [a .

L e t us now  rem in d  th e  re a d e r t h a t  in  [17] th e  a u th o rs  used  sev era l w ork ing  
a ssu m p tio n s  to  f in d  th e  coefficien ts ß, y, ô in  (1.2). N am ely , th e y  tr ie d  to  f i t  
th e  e x p e rim e n ta l en e rg y  d is tr ib u tio n  w ith : a) y  =  ô =  0, ß a rb itr a ry  com plex 
n u m b e r b) ß, y  a n d  ô a rb i t r a ry  rea l n u m b ers  an d  c) ß, y  a n d  <5 a rb itra ry  com plex 
n u m b ers . I t  tu rn e d  o u t  t h a t  o n ly  th e  rea l p a r t  o f  ß  =  ßx iß2 h a d  a stab le  
v a lu e  in  all cases:

f t  =  — 0,55 ±  0,02 , (1.12)

th e  m ean  values o f a ll th e  o th e r coeffic ien ts change v io le n tly  from  case to  case, 
a n d  ow ing to  th e ir  v e ry  large  s ta t is t ic a l  errors are  a lw ay s co n sis ten t w ith  zero.

T ak in g  in to  a c c o u n t th is  s ta te  o f affairs, we sh a ll use only  th e  v a lu e  of 
f t  in  o u r ca lcu la tio n . F ro m  (1.10) a n d  (1.12) we h a v e

E  — F a g /и 0,48 — 6 k —  =  f t  = — 0,55 . 
b

W ith  a 0[A =  0.2 we f in d

—  =  1,65 . 
a

(1.13)

(1.14)

In tro d u c in g  th e se  values o f a 0 a n d  of b/a in to  (1 .10) and  th e n  in to  (1.9), 
we a rr iv e  a t  th e  d e s ired  re su lt:

A 1 =  --------- (1 +  i  0,153) [1 +  ( -  0,55 -  i 0 ,037) Yt) +
1,023

+  ( -  0 ,028  -  i 0,053) У» +  ( — 0,0416 +  i  0,0063) Y+ Y _ ] .
(1.15)
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W e see th a t  l/l-J is m u ch  b igger th a n  th e  o th e r  coeffic ien ts . This re su lt is con­
s is te n t w ith , b u t  does n o t  follow fro m  th e  e x p e rim e n ta l analysis [17]. I f  we 
keep o n ly  ß =  ßx — — 0.55 an d  in tro d u c e  th e  n o ta tio n

Gj eH

1 + -ß 1

1/2
1 +  05  ql

(1  -f- ia0 q0) , (1.16)

we a rr iv e  a t  th e  m a tr ix  e lem ent, g iv en  in  E q u .(2 1 ) .T h e  v alue  of |a | i.e . th e  
v alue  o f IGJ, is th e n  fo u n d  from  th e  Г(г\ —► л +л ° л ~ )  w id th  [see E q u . (16)]:

[n| =  0,31 : I G ^ O ^ .  (1.17)

Appendix II
The asym m etry parameters of the 17—>-л +л °л ~  decay in the quadratic

approxim ation

In  § 2 we neglec ted  th e  im ag in a ry  p a r t  o f th e  Y 0 te rm  an d  all th e  q u a d ra tic  
energy  te rm s of th e  C conserv ing  m a tr ix  e lem en t (1.9). W e h av e  also chosen  a 
va lu e  fo r  th e  л л  sc a tte r in g  len g th  (a 0 =  0 .2  / i -1 ) w hich , even  if  i t  is co rrec t, 
m ay  be  to o  low to  describe  th e  1 = 0  f in a l s ta te  in te ra c tio n  in  th e  w hole 
p h ysica l dom ain  4/x2 <  s <  (m  —  fi)2 =  9/г2 of th e  л л  sy stem .

B elow  we shall in v e s tig a te  th e  e ffec t o f th e  n eg lec ted  te rm s a n d  o f  th e  
v a r ia tio n  o f a 0 on th e  charge  a sy m m e try  p a ra m e te rs  o f th e  rj —*■ л  + л ° л ~  d ecay . 
W e sh a ll see th a t  no d ra m a tic  changes a re  p ro d u ced  if  th o se  te rm s a re  ta k e n  
in to  ac c o u n t an d  i f  a 0 goes u p  to  l / i - 1 . T h is ju s tif ie s  a p o s te rio ri th e  u se  o f 
th e  sim p lified  e lem ent (21). A d m itte d ly , th ese  re su lts  a re  m odel d e p e n d e n t. 
N everthe less, th e y  illu s tra te  th e  in flu en ce  of a possib le 10%  c o m p lex ity  an d  
n o n -lin e a rity  o f th e  C conserv ing  m a tr ix  e lem en t on th e  ca lcu la ted  v a lu es  of 
th e  charge  a sy m m e try  p a ra m e te rs .

T h e  fu ll am p litu d e  o f th e  r/ —>■ л +л ° л ~  decay  is g iven  b y  th e  exp ression

+  (A 0 +  A 2) =  A c +  A Cv, (IT-1)

w here A x =  A c is th e  C conserv ing  m a tr ix  e lem en t (1 .1 ) or (1-9), and^4 0 +  A a =  
=  A Cv is th e  C v io la tin g  m a tr ix  e lem en t given in  E q u . (30). L e t us d en o te  th e  
rea l a n d  th e  im ag in a ry  p a r t  o f A  b y  A ^  an d  A (‘l\  re sp ec tiv e ly . W e also 
in tro d u ce  th e  cu m u la tiv e  n o ta tio n  á fo r  th e  a sy m m e try  p a ra m e te rs  A, A , A x, 
A2, A3 de fin ed  in  E q u s. (8 ) (9) an d  (36). T h e  genera l exp ression  fo r ô is easily  
seen to  be

j ' s dO Ç >] dQ Q A p ia ,  0 )  A<ct&, 0 )

J s& f o(0> dQe( \A c(Q,0 )\2 +\A Cv{q, 0) 12) (IT-2)
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w h ere  th e  sy m bo ls and  m ean :

a n d

( I I . 3)

L e t us f ir s t  d iscuss th e  in te g ra l

^ e )d ç A ^ \Q , 0 ) A ^ Q, 0 ).

W e again  n eg lec t th e  v e ry  sm all c o n tr ib u tio n  o f  th e  g w id th . T h en  we f in d :

w here

A $  =  Im
a

1 — iaa q
— a °o 4

1 +  a l l 2

= a—ft»—(l +  c1 Y0 +  ca Y g +  ...), 
1 +  a 0 qa

cx =  £  — 0,82 ,

c2 =  £ 2 - 0 , 8 2  £ — 0 ,357 .

(И .4 )

(И .5 )

F o r  th e  d e fin itio n  of £  an d  q0 see E q u . (1 .11).
L e t us re m a rk  th a t  th e  dependence  o f Cj an d  c2 on a 0 is w eak. In d e e d ,

if

if

a n d  if

a0g =  0 .2 , th e n Cl =  — 0.794, c2 - — 0.377,

a0/u =  0 .6 , th e n Cj =  — 0.623, c2 =  — 0.46,

«oi0 =  !» th e n

ОII»HО c2 =  — 0.525.

N ow  th e  ra t io  o f  th e  c o n tr ib u tio n  o f th e  C v io la tin g  coup ling  c o n s ta n ts  g 0 

a n d  g 2 to  th e  a sy m m e try  p a ra m e te rs  is d e te rm in e d  b y  th e  p ro d u c t

(1  - f  cl Y 0 + c2 Y * ) A {&  ( I I .6 )

a n d  we m a y  e x p e c t th a t  th e  ra tio  g2 : g 0 is o n ly  w eak ly  in flu en ced  b y  a 500%  
change in  a 0.

T he coeffic ien ts eq a n d  c2 can  also be  w ritte n  in  th e  form

ci — ßi  +
ß* Ч

а оЧо
С2 =  Yl

У2

« о 9 о
(П .7 )
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w ith  ß =  ßx -f- iß2, у  =  y l -f- iy2 d e fin ed  in  A ppen d ix  I .  T he lin ear a p p ro x im a ­
tio n  used  in  § 2 w ith  а 0ц =  0.2 co rresponds to  th e  su b s titu tio n  o f cx — — 0.55 
in s tead  o f Cĵ  =  — 0.794 an d  of c2 =  0 in s te a d  of c2 =  — 0.377.

F ro m  ( I I .4) a n d  (30) we find  in  th e  R (0)  =  1 ap p ro x im atio n *

w here

I don =  6 \  3 aGg ° 0 u n sin  n(~),
' о 1 ~b a o 9o n —l

fc3
5

a, к2 , с Л 3

10 28 ’

(И.8)

M2 — á>2

U 3 = g 2

к2 , 1 к к3------- ------- e1
4 2

------- 1-------
4 6

c. k2 , 1 f к к.3
—------ 1-------C, ------ ------

10 2 1 5 7

c2
12 +  go

Cj fe:l

12 ’

c2fe3
14

c2k2
24

+  go
Cj /ca 

12

(I I .9 )

«5 =  go
c2 fc;i 
28

L e t us now  look a t  th e  d en o m in a to r in  E q u . ( I I .2). T h e  c o n tr ib u tio n  o f  |A Co|2is 
v e ry  sm all in  com parison  w ith  th a t  o f  |A c |2, and  can b e  neg lec ted . T h is  m eans 
th a t  th e  d en o m in a to r does n o t in fluence  th e  ra tio  of th e  c o n tr ib u tio n  o f  g 0 and 
g2 to  th e  a sy m m etry  p a ra m e te rs , b u t  o n ly  m odifies th e ir  com m on m u ltip lic a tiv e  
fac to r. T his allows us to  use th e  lin e a r  ap p ro x im a tio n  fo r A ç  in  th e  in teg ra l 
of th e  d en o m in a to r. A s tra ig h tfo rw a rd  ca lcu la tio n  leads to  th e  fo rm u lae

2 %  +  ■
A 12 УЗ a0 q0^

12 ! 3 a0 q0

J L ' 1  +  J L
2 4 ,

2 и,
а л fi +  A ]

1

2 4

1
—  и

Ge 2 4
а J L  Í1 +  ÍL)

6 1 4

u3 --------u 4 H-------- u5
8 10

+  Ä  +  я У з
УЗ 32

( I I . 10)

See footnote on page 92.
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4  — 12 |, 3 a0 qt) -

U-1 Uo
3

—  \ i  +  Ê -6 ^ 4 ,
ß \ n

16

4  — 12 j/З  a0

3 , J _U* I“ Me
8 10 5

л
6

1 + ßl ßi I
1/3 ^  32

L e t us den o te  b y  an  a sy m m e try  p a ra m e te r  in  th e  lin e a r  a p p ro x im a tio n  
(cx =  — 0.55, c2 =  0) and  th e  sam e  p a ra m e te r  in  th e  q u a d ra tic  ap p ro x im a tio n  
b y  ô(q\  W ith  a oiu =  0.2 we ge t th e  follow ing n u m e ric a l re su lts  (if a 0Ge/a  <C 0):

4'> =  7 -1 0 -4  [g 0 +  i7 4 0 fe] ,

Л® =  7 • 10=4 [3g0 +  15,3 f t ] ,

4«) =  7 . 10 - ‘ [ 4 f t +  1 7 6 0 ft ] ,

4 « ) = 7 . 1 0 - ‘ [ - 3 ,2 g ,+ 2 7 6 0 f t ] ,

4 « > = 7 .1 0 - * [ 2 ,6 f t + 1 1 0 0 f t ] ,

A«>=  7 -1 0 = 4 [0 ,6 2 g o +  1720 f t ] ,  

Лй) =  7 -1 0 -«  [ 2 , 6 f t - 4 7 Д & ] ,  

/,й) =  7 . 10=4 [2 ,25 go+ 1 1 8 0  f t ] ,  

4 « ) =  7 - 1 0 “ 4[ - 3 , 2 f t  +  2640g2] ,  

4 ?) =  7 • 10-4  [2 ,16g0 +  1160g2] ;

(И-11)

7 • 10=4 = 12 p a 0 q0 Ь -  
a

4

7Г

1 4

15
j

W e see ( I I .  11) an d  also fro m  T able IY  a n d  F ig . 6, t h a t  th e  q u a d ra tic  
a p p ro x im a tio n  —  p e rh ap s  o n ly  fo r tu ito u s ly  —  m akes th e  ag reem en t w ith  th e  
e x p e rim e n t b e t te r  a n d  fav o u rs  th e  b ig  g 0 : g 2 ra t io , if  we re sp e c t th e  ex p e ri­
m e n ta l in d ic a tio n  sign  A =  sign  A.

A ppendix I I I
The z ll =  1 w ay of C v io la tion

In  c la rify in g  th e  isosp in  p ro p e rtie s  of th e  C v io la tin g  m illis tro n g  H a m il­
to n ia n  u n d o u b te d ly  th e  rj —► л  + л ° л ~  a sy m m e try  is th e  m o st co n v en ien t too l, 
b ecau se  th e  C v io la tio n  is co m p e tin g  on ly  w ith  an  I  fo rb id d en  C conserv ing  
tra n s it io n . T h e  C v io la tio n  is, h ow ever, re s tr ic te d  to  th e  A I  =  0 and  A I  =  2 
ch an n e ls . To le a rn  so m eth in g  a b o u t th e  o th e r iso sp in  possib ilities A I  — 1 an d  
3 is a m uch  m o re  d ifficu lt ta s k . I n  p rin c ip le  a n y  charge a sy m m e try  in  th e  
ft) —*■ л +л ° л ~  d e c a y  w ould p ro v e  a C v io la tio n  w ith  A I  =  1 o r 3, b u t  th e  C
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v io la tio n  is com peting  h ere  w ith  a C co n se rv in g  s tro n g  in te ra c tio n  (A I  =  0), 
so th e  p re d ic te d  va lu e  o f th e  a sy m m e try  is ra th e r  sm a ll. The c e n tr ifu g a l 
s itu a tio n  effects are  m ore fav o u rab le  th a n  in  th e  a) —> л  + л°л~  d ecay , b u t  
ow ing to  th e  h igh  Q v a lu e  th is  help is n o t  to o  effective. T h e  la rg e r 10 w id th  
m akes th e  e lim in a tio n  of th e  b a c k g ro u n d  m ore  d ifficu lt. So one c an n o t e x p e c t 
an y  in fo rm a tio n  from  со befo re  we co llec t s ta tis tic s  a b o u t 100 or 1000 tim es 
b igger th a n  now  availab le .

T he A I  — 3 w ay  o f C v io la tio n  h as  a lre a d y  been  an a ly zed  in  d e ta i l  [6]. 
T h a t p o ssib ility  does n o t look  v e ry  in te re s tin g  because i t  p red ic ts  |e | |e '|,
an d  th is  is c o n tra d ic te d  b y  th e  л ~  P  v a sy m m e try  ex p erim en ts . W e
sh a ll now  discuss th e  A I  =  1 case to  so m e e x te n t.

CP v io la tio n  w ith  C PT  sy m m etry  m ean s a v io la tio n  o f th e  tim e  re v e rsa l 
in v a rian ce . T h e  u p p e r lim it on th e  v io la tio n  o f th e  d e ta iled  ba lance  is 4 • 1 0 ~ 3 
in  th e  .nuclear reactions 24M g(d, p)25Mg an d  24Mg(x, p )27Al [22]. T his is n o t 
enough to  p ro v e  or exclude th e  m illis tro n g  C v io la tion  in  th e  reac tio n  ch an n e l 
A I = 0 ,  because  th e  C v io la tio n  is co m p e tin g  here  w ith  th e  iso sym m etric  s tro n g  
in te ra c tio n . A  m ore fav o u rab le  s itu a tio n  m a y  be ex p ec ted  in  those n u c le a r  
reac tio n s w hich are  pu re  A I = \  tra n s itio n s . (The C v io la tio n  is com peting  h e re  
w ith  a coupling  Z 2/137). T h e  m ain  d iff ic u lty  in  observ ing  th e  re v e rs ib ility  of 
A I  =  1 tra n s itio n s  is th e  fo llw ing: th e  iso sp in  in  th e  g ro u n d  s ta te  o f  s ta b le  
J 3 =  0 nuclei is alw ays 1 = 0 , so i t  looks d ifficu lt to  f in d  a 0 ^ 1  t ra n s i t io n , 
w hich can he observed  in  b o th  d irections w ith  suffic ien t a ccu racy . (The n u c le a r  
reac tio n  ex p erim en ts  are, on th e  o th e r h a n d , sensitive o n ly  to  long ra n g e  
in te rac tio n s .)

P ossib ly  th e  b e s t w ay  to  p u t  an u p p e r  lim it on th e  C v io la tin g  v e r te x  
w ith  A 1= 1  is ju s t  th e  7] =  я:°е+е~ decay . A possible w ay  fo r  th is  t r a n s i t io n  
is th ro u g h  th e  со pole (F ig. 4 , w ith  со in s te a d  o f th e  q m eson).

B y  assum ing  a C v io la tio n  of the  ty p e

H ’i  =  gx V  —  V  Эм л ° ) ,

we a rriv e  a t  th e  follow ing fo rm  o f th e  r\ —>• л ° е +е~  w id th :

Г(г)->л°е+е=) =  0 ,4 7 k e V [(g „  +  2 g 2) / e + g l / J 2. ( I I I .  1)

Н еге/p is th e  p —■ у  coupling  c o n s ta n t, w h ich  is u sua lly  ta k e n  to  b e f e =  eGe =  
=  0.05. fa, is th e  со —  у  coupling , w hich is a b o u t 0.1 [20].

T he u p p e r  lim it (4) now  gives the  re s tr ic tio n

£o +  2 g2

fe
8 i < 0 ,4 . ( I I I .  2 )
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W e now  h a v e  tw o  possib ilities: I f  g 0 =  0, g 2 a n d  gx m ay  be  expected  in  th e  
“ m illis tro n g ”  ra n g e  10-2—  1 0 ~ 3 an d  c o n seq u en tly , ( I I I .  2) is fulfilled. I f  g 0 is 
th e  d o m in a tin g  coup ling  c o n s ta n t  o f C v io la tio n  an d  g15 g 2 a re  only  “ ra d ia tiv e  
co rrec tio n s” , ( I I I .  2) is e ssen tia lly  a l im ita tio n  on  g 0, and th e  g2, gj te rm s a re  
negligible.
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МИЛЛИСИЛЬНОЕ НАРУШ ЕНИЕ С СИММЕТРИИ И РАСПАД п  МЕЗОНА
А. ФРЕНКЕЛЬ и Г. МАРКС

Р е з ю м е
Рассматриваются изоспиновые свойства (предполагаемого) миллисильного нару­

шения С чётности. Обсуждаются правила отбора с A I  =  0 и A I  =  2 для ' / -*■ л * л ° л ~  и 
для 1] — - л°е*е~  распадов. Если наблюдуаемая зарядовая асимметрия в г) -*■ л * л ° л г  рас­
паде возникает за счёт нарушения С чётности, то в конечном состоянии З л ,  нарушающем 
С, преобладает компонент с I  =  2, порожденный переходом л \  =  2 с константной связи 
g2 ci- 10-2. Т ак как состояние З л  с I  —  0 оказывается очень сильно подавленным центри- 
фугальным барьером, связь с 4 1  =  0 может быть много сильнее, например g 0 >  10-1, 
ограниченной лишь отрицательным результатом экспериментов по я - .  л°е+е~ распаду. 
Поэтому преобладание перехода с A I  =  0 в нарушающих С чётность распадах К° мезона, 
выраженное соотношением |е| §> |е '|, отнюдь не противоречит наблюдаемому преоблада­
нию перехода с 41  =  2 в ^ л * л°л~  асимметрии. В работе подчёркивается важность 
выполнения более точных экспериментов.
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ONTHE THEORY OF FERMION DENSITY OPERATORS. I.*
T H E  D E F IN IT IO N  OF T H E  O N E-PA R TIC LE STATES AND C LU STER  EX PA N SIO N S

OF T H E  D EN SITY  O PERA TO RS

By

J .  I.  H o r v á t h  a n d  I .  K.  G y é m á n t

D EPA RTM EN T OF TH EO R ET IC A L PHYSICS, JÓ Z S E F  ATTILA U N IV E R S IT Y , SZEGED

(Received 13. I. 1969)

A fter the definitions of density  operators (§2), th e  concept o f single particle s ta te s  is 
defined via the pure sta tes of th e  first order reduced density  operators ( §3). Then the concepts 
of the NSO’s and NSG’s, as well as expansions in  th e ir term s are tre a te d  (§4). Furtherm ore , 
K i a n g ’s variational approach is discussed and im proved (§5). F inally , cluster expansions 
of the ЛГ-particle density  operators are obtained in term s of the f irs t order reduced density  
operators in various cases.

§ 1 . In tro d u c tio n

T he in d ep en d en t p a rtic le  m odel is th e  m ost fam ilia r ap p ro x im a tio n  for 
tre a tin g  m an y -p a rtic le  sy s tem s. I t  was o rig in a lly  suggested  b y  its  v a lid ity  fo r 
perfec t system s w ith  co m p le te ly  sep arab le  H am ilto n ian . H ow ever, fo r rea l 
m an y -p artic le  system s w here owing to  th e  in te rac tio n s  o f  th e  partic les  th e  
collective b eh av io u r o f th e  sy s tem  is m ore d o m in an t a n d  c h a ra c te ris tic  i t  is 
clear t h a t  th e  in d e p e n d e n t p a rtic le  m odel loses its v a lid i ty . N evertheless i t  
can  be accep ted  if  th e  “ b a re ”  partic les  a n d  th e  concept o f  th e  “ bare  p a r tic le  
s ta te s”  are  rep laced  b y  w ay  o f som e k in d  o f  re n o rm a liz a tio n  processes (such  
as tho se  o f H a r tre e — F ock  o r B rueckner) b y  th e  so-called “ dressed”  p a rtic le s  
or “ dressed  p a rtic le  s ta te s ” . B u t, in  these  v e ry  fam iliar cases too , i t  is a p rio r i 
n o t q u ite  ev id en t th a t  (a) in d iv id u a l or sing le  p a rtic le  s ta te s  exist a t  all; 
(b) how  th e y  are  re la ted  to  th e  classical co n cep t o f p a rtic le s ; an d  (c) in w hich  
w ay th e  co rre la tio n  prob lem s of th e  p a rtic le s  h av e  to  be  fo rm u la ted .

B earing  in  m ind  th is  an tag o n ism  b e tw een  th e  fu n d a m e n ta l ideas o f  th e  
co llective an d  in d ep en d en t p a rtic le  m odels, th e  re m ark ab le  successes o f  th e  
in d ep en d en t p a rtic le  m odels m o stly  based on  th e  m ethods o f  p seu d o -p o ten tia ls  
— m ore recen tly  su m m arized  and im p ro v ed  b y  P ro fesso r G o m b á s  in  h is 
excellen t m onograph  [1] —  suggest once m ore a re in v es tig a tio n  o f  its  th e o re tic a l 
b ackground  in  te rm s of th e  new  m ethods t h a t  have  a p p e a re d  recen tly  in  th e  
th e o ry  of m a n y -b o d y  (ferm ion) system s.

T he m ethods m en tio n ed  —  n o tab ly , th e  m ethods o f  d e n s ity  o p e ra to rs  
and  c lu s te r expansions in c lu d in g  th e  m ost im p o r ta n t in fo rm a tio n  ab o u t th e

* Dedicated to Prof. P. G o m b á s  on his 60th b irthday .
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co llec tive  b e h a v io u rs  of th e  sy s te m s  —  a re , s tr ic t ly  sp eak in g , n o t new a t  a ll, 
b u t  in te re s t h a s  again  fo cu sed  on th e m  a n d  th e y  h av e  h e lp ed  in  m a k in g  
re m a rk a b le  p ro g ress  in  th is  im p o r ta n t  fie ld .

I t  can  b e  h o p ed  th a t  th e y  w ill be of h e lp  also in  re p la c in g  th e  a p o s te rio ri 
ju s tif ic a tio n  o f  th e  v a lid ity  o f  th e  in d e p e n d e n t partic le  m o d e l b y  a d irec t one. 
T hus th e  a im  o f th e  p re se n t series o f p a p e rs  is to  s im p lify  th e  co n c e p tu a l 
b a c k g ro u n d  o f  th e  problem s in v e s tig a te d , to  find  a com prom ise  in c e r ta in  
h o tly  d iscussed  questions a n d  to  o b ta in  a c le a r  in sigh t in to  th e  ideas in v o lv ed . 
Im p ro v e d  m a th e m a tic a l too ls  a re  used w h ich  a re  re la ted  to  sim p le  and  n a tu ra l  
p h y sica l c o n cep ts  an d  som e re la tio n sh ip s  a re  b ro u g h t o u t w h ich  m ay be  u se fu l 
in  m ak ing  f u r th e r  im p ro v em en ts .

In  th is  f i r s t  p a r t  a f te r  th e  defin itions o f  th e  d e n s ity  o p era to rs  a n d  th e  
b r ie f  su m m a ry  o f  th e ir  fu n d a m e n ta l p ro p e rtie s  needed in  th e  follow ing a r g u ­
m e n ta tio n  (§2), th e  co n cep t o f  single p a r tic le  s ta te s  is d e fin ed  v ia th e  p u re  
s ta te s  of th e  f i r s t  order re d u c e d  d en sity  o p e ra to r  (§3). T h e n , the  co n cep ts  
o f  th e  n a tu ra l  sp in  o rb ita ls a n d  gem inals, as well as e x p an sio n s  in th e ir  te rm s  
a re  tre a te d  (§4), fu rth e rm o re  K iang’s v a r ia t io n a l  a p p ro a c h  is d iscussed an d  
im p ro v ed  (§5). F ina lly , c lu s te r  expansions o f  th e  iV -particle d ensity  o p e ra to r  
a re  o b ta in e d  in  te rm s of th e  f i r s t  o rder re d u c e d  d en sity  o p e ra to rs  in d iffe re n t 
cases.

§ 2 . The definitions o f density operators and their most 
fundam ental properties

I t  seem s th a t  in lo o k in g  for a c o n s is te n t m ethod  o f fin d in g  an  a p p ro x i­
m a tio n  m e th o d  in  term s o f  p a r tic le  s ta te s  one  has to  use th e  m ethod  o f d e n s ity  
o p e ra to rs , w h e re  in  th e  case  o f  H a m ilto n ia n s  w ith  tw o -b o d y  in te rac tio n s  th e  
e x p e c ta tio n  va lu es  of an y  im p o r ta n t  o b se rv ab le  can be o b ta in e d  in te rm s o f  th e  
so-called one  a n d  tw o p a r t ic le  reduced  d e n s ity  o p era to rs  alone.

T he density  or as i t  is som etim es a lso  called: statistical operator a n d  in  a 
ce rta in  re p re se n ta tio n  m o s tly  in  co -o rd in a te  re p re se n ta tio n  th e  density matrix, 
re sp ec tiv e ly , w ere in tro d u c e d  b y  von N eum ann  [2, 3] a n d  b y  D irac [4] to  
describe s ta t is t ic a l  concep ts in  q u a n tu m  physics. T h e ir f i r s t  version is m ore 
com m on in  th e  case of s ta t is t ic a l  m echan ics, i.e ., in  th e  case  o f  m any , p ra c tic a lly  
in fin ite  deg rees of freedom ; th e  second v e rs io n  ra th e r  in  q u a n tu m  ch em is try , 
i.e ., for a to m ic  and  m o lecu la r system s w ith  lim ited  degrees of freedom .

T he th e o ry  of d en sity  o p era to rs  a n d  its  ap p lica tions h a s  been in v e s tig a te d  
in  d e ta il fro m  v e ry  d iffe ren t aspects  b y  se v e ra l au th o rs . T h e  ex istence o f g enera l 
references [5 —8], and o f m o re  recen t sp ec ia l in v e s tig a tio n s  w hich h a v e  been 
focused on  th e  prob lem s: (a) how fa r  a n d  u n d er w h ich  cond ition  th e  w ave 
fu n c tio n  o f  th e  m any p a r t ic le  system s c a n  be rep laced  b y  th e  one a n d  tw o 
p a rtic le  d e n s ity  m atrices a lo n e  [9— 12]; (b) w h a t k in d  o f  collective p rob lem s
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of th e  sy s te m ’s b e h a v io u r  can  b e  ex p la in ed  [13— 19]; (c) in  w h a t m a n n e r  th e  
u su a l v a r ia tio n a l m e th o d  could  be  re fo rm u la te d  in  te rm s  o f d en sity  m a tr ic e s  
[20], e tc ., m akes a n y  ex ten d ed  d iscussion  o f th e  p rev io u s resu lts  u n n e c e ssa ry  
an d  we reca ll on ly  th e  sa lien t fa c ts  p a r t ly  in  te rm s o f n ew  arg u m en ts .

H av in g  in m in d  atom ic  a n d  m o lecu la r system s w ith  lim ited  d eg rees of 
freedom  we s ta r t  w ith  D ir a c ’s d efin itio n  o f  th e  d e n s ity  o p e ra to r. S ince in  th is  
case th e  n u m b e r o f  e lec trons does n o t ch an g e  du ring  th e  discussion i t  m a y  be 
specified  im p lic itly  a n d  fo r a sy s tem  of N  p a rtic le s  in  a s t a t e  w ith  th e  n o rm a lized  
w ave fu n c tio n  У*, th e  d e n s ity  m a tr ix  D o f th e  system  a n d  th e  p th  o rd er re d u c e d  
d e n s ity  m a tr ix  D;, —  th e  so-called  p -m a tr ix  — , re sp ec tiv e ly , m ay  be  re g a rd e d  
as an  in te g ra l o p e ra to r  w ith  kernels:

D f o , . . . , x'1 , . - - ,x 'N) ^ 4 / (x 1 , . . . , x N)4 / * ( * [ , . . -,x'N) (2.1)

and

П p (л^, • • ■, Xp ; X i , • • •, Xp)

J' * * * dxpj  У^( x ^, ■ • •, X n ) У* (x 11 • • • 9 x p ? X p + i , • • ■, (2 2)

w here each  co -o rd in a te  Xi o f th e  “ co n fig u ra tio n a l sp ace”  is a co m b in a tio n  of 
th e  space co -o rd in a te s  r, and  sp in -co o rd in a te  s, of th e  p a r tic le s  considered . T h e  
in te g ra tio n  w ith  re sp e c t to  th e  L ebesgue— S tie ltjes m easu re  dxp+x . . . dxN 
in d ica tes  an  in te g ra tio n  over th e  co -o rd in a tes  f p+1? . . ., гдг an d  a su m m a tio n  
over th e  d icho tom ic  sp in -v a riab les  sp+ i, . . ., in  th e  case  o f  sp in -h a lf p a r tic le s  
(e.g ., fo r system s of e lectrons).

In d e p e n d e n tly  o f  an y  p a r tic u la r  re p re se n ta tio n  le t  us ch a rac te rize  a 
d efin ite  s ta te  o f th e  sy s tem  b y  th e  no rm alized  J97)  b e in g  an  e lem ent o f  th e  
a b s tra c t H ilb e r t space  This m eans t h a t  th e  s ta te  v e c to r  in  c o o rd in a te  
re p re se n ta tio n  in tro d u c e d  above is an  e lem en t

y/ {xl , . . . , x N) =  { x N , . . . ,x -^F )l (2 .3)

of th e  H ilb e r t space o f th e  sq u a re  in te g ra b le  fu n c tio n s  o v er th e  IV -particle 
co n fig u ra tio n  space {xx, . . ., x N}.

In  a d efin ite  s ta te  —  i.e ., u s in g  von  N e u m a n n ’s te rm s : in  a pure  s t a te  —  
of th e  sy stem  considered , th e  d e n s ity  o p e ra to r  D is th e  p ro je c to r  of th e  c o rre s ­
p ond ing  subspace  o f th e  a b s tra c t  H ilb e r t  space i.e .,

D =  |y/ ><¥/ | (2.4)

being  an  id e m p o te n t o p e ra to r

D 2 =  D , (2 .5)
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a n d  th e  e x p e c ta tio n  value o f a n y  d y n am ica l q u a n ti ty  A c a n  b e  ob ta in ed  as

<A> =  tr {AD} , (2.6)

w h e re  trM in d ic a te s  th e  tra c e  (i.e ., th e  su m  o f th e  d iag o n a l elem ents) o f  a 
m a tr ix  M.

T he m o s t im p o r ta n t p ro p e rtie s  of D c a n  be  su m m arized  as follows:
(1) T he c o n d itio n  th a t  <A> h as  to  be re a l fo r  every  H e rm itia n  o p e ra to r A , 

re q u ire s  D to  b e  H erm itian  to o ,

D =  D + . (2 .7)

(2) K e e p in g  in  m ind t h a t  th e  u n it  o p e ra to r  1 h as  th e  m ean  v a lu e  1, 
req u ires

t r { D } = l .  (2 .8)

(3) T h e  co n d itio n  th a t  e v e ry  o p e ra to r  w ith  n o n -n e g a tiv e  sp ec tru m  h a s  
n o n -n e g a tiv e  m e a n  value, re q u ire s  D to  be p o s itiv e  defin ite , i.e ., every  d iag o n a l 
e lem en t <(n lD ! n У m u s t be n o n -n eg a tiv e

< n | D | n > ^ 0 .  (2 .9)

(4) O w ing  to  E qus. (2.8) a n d  (2.9) i t  is easy  to  p ro v e  t h a t

tr  { D * } ^ 1 ,  (2 .10)

w h ich  lim its  th e  value  o f e v e ry  single e le m e n t of th e  d e n s ity  m a trix . T h e  
e q u a lity  h o ld s  o n ly  for p u re  s ta te s .

§ 3 . The defin ition  o f single  particle states

In  o rd e r  to  fin d  a n a tu ra l  d e fin ition  o f  sing le  p a rtic le  s ta te s  o fan iV -p artic le  
sy s tem  we u se  th e  concept o f  p u re  s ta te s  w h ich  are n o t o n ly  o f  im p o rtan ce  in  
d e n s ity  m a tr ix  th eo ry , b u t  a lso  are a d e q u a te  to  th e  c lassica l ideas in  th e  
b a c k g ro u n d  o f  th e  in d e p e n d e n t partic le  m o d e l. W e recall th e  a rg u m en t w hich  
Coleman [11] u sed  to  p ro v e  t h a t  i t  is su ff ic ie n t to  dea l w ith  pu re  s ta te s  to  
so lve th e  iV -rep resen tab ility  p ro b lem  fo r a  p -m a tr ix .

T he s e t  o f  all IV -particle d en sity  m a tr ic e s  {1)д>} is id e n tic a l w ith  th e  se t 
& N of p o s itiv e  H e rm itian  o p e ra to rs  of u n i t  t ra c e  on th e  H ilb e r t  space o f  a n t i ­
sy m m etric  IV -particle fu n c tio n s . T he se t is convex a n d  i ts  ex trem e e lem en ts  
a re  th e  p u re  s ta te s  in th e  case  of w hich  is id e m p o te n t. The IV -particle 
s ta te  in tro d u c e d  above in d ic a te d  b y  a s ing le  s ta te  v e c to r  is, o f cou rse , a
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p u re  s ta te  an d  th e  co rrespond ing  JV -particle d e n s ity  o p era to r D is id em p o ten t. 
T herefo re , D is an  ex trem e  e lem en t o f  th e  se t =  {D^}-

F o r ferm ions, th e  se t consists  o f all p o s itiv e  H e rm itian  o p era to rs  of 
u n it  tra c e  on  th e  space  o f a n tisy m m e tric  p -p a r tic le  functions. W h ereas , th e  
se t o f all D jv coincides w ith  <i^v, th e  se t o f {Dp} is a  p ro p e r su b se t o f  w hich 
w e d en o te  b y  •Sfip'’. I t  consists of th o se  positive  o p e ra to rs  of u n i t  t r a c e  on th e  
H ilb e r t space  of th e  a n tisy m m e tric  p -p a r tic le  fu n c tio n s  w hich a re  p -m a trice s  
d eriv ed  from  th e  iV -particle p u re  s ta te  w ith  th e  s t a te  vector O f course,

is a convex  su b se t o f  to o , a n d  its  ex trem e  elem ents are  th e  p -m a trice s  
Dp* b e ing  also id e m p o te n t and  th e y  in d ic a te  pu re  s ta te s ,  as well. I n  accordance  
w ith  K re in — M ilm an’s th eo rem  w hich  asserts t h a t  a com pact co n v e x  set is 
d e te rm in ed  b y  its  e x tre m e  e lem en ts, o u r p -m a tr ix  D p can be s e t  u p  in  te rm s 
o f th e  p u re  s ta te s  p -m a tric e s  in  th e  form

Dp =  2  ™pi D « , ( 2 ’ W? =  1) (3.1)

w here wp-s a re  again  th e  s ta tis t ic a l  w eights o f th e  p u re  s ta te s . T h is  m eans 
t h a t  th e  D p is, in  g enera l, no longer in  a p u re  s ta te , | [ Dp 11 ( j Dp 11, b u t  is in  a
m ixed  s ta te  be ing  a su p erp o sitio n  o f p u re  s ta te s  D p/.

F o r if  p  =  1, D : m eans th e  o n e-p a rtic le  re d u c e d  d ensity  o p e ra to r  which 
is in  a m ixed  s ta te  o f  th e  one-p artic le  p u re  s ta te s

D 3 = 2 4 D i ' - > ,  (Г А ,=  1 ). (3.2)
i

B earing  in  m ind  th a t  D r an d  co n seq u en tly  also D ^  - s co rrespond ing  to  pure  
s ta te s , are  deduced  from  th e  iV -particle d en sity  o p e ra to r  D, th e y  in c lude  all 
th e  in fo rm a tio n  w hich  follows from  th e  collective b eh av io u r o f  th e  system  
considered . E q u . (3.2) is n o th in g  else b u t  th e  sp ec tra l reso lu tion  o f th e  o p era to r 
D x an d  th e  o p era to rs  D (̂  are  th e  p ro jec to rs  of its  e ig en s ta te s  w hich a re  usually  
d en o ted  as th e  natural spin-orbitals, N S O ’s [9].

T h e  N SO ’s as th e  e igensta tes o f th e  o n e-p a rtic le  reduced  d e n s ity  m a trix  
a re  co n n ec ted , on th e  one h an d , to  a single p a rtic le  degree of freed o m  of th e  
iV -particle sy stem s; on th e  o ther, th e y  a re  u n iq u e ly  dete rm in ed  b y  K re in — 
M ilm an’s th eo rem . In  fa c t, th e y  can  be  in te rp re te d  as th e  single p a r t ic le  s ta te s  
o f th e  iV -particle sy s tem  looked fo r, includ ing  a ll in fo rm atio n  a b o u t th e  
co llective b e h a v io u r o f th e  rea l sy s te m  needed .

§ 4 . Natural expansions o f the sta te  vector

Suppose th a t  we h a v e  an  iV -particle q u a n tu m  sy s tem  in a b o u n d  s ta te  
I*?), w ith  no rm  u n ity . I f  th e  system  is im ag ined  to  co n sis t of tw o  p a r ts  each 
w i th p  a n d  N —p p a r tic le s , h av in g  re sp ec tiv e ly  3 f  P a n d  Ж q as th e ir  com plete
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s ta te  v e c to r  spaces, th e n  th e  orig inal a b s tra c t H ilb e r t  space can b e  fo rm ed  as a 
co m p le te  te n so r p ro d u c t  space, 3 f = 3 ? P®3i?q. I .e . ,  if  |P>Ç<5TP a n d  |Q}Ç.3fq 
are  a rb i t r a ry  u n it  v e c to rs , and  {|P,)>} an d  { |()y)} a re  com plete o rth o n o rm a l 
b ases in  P a n d  3Z*Q, resp ec tiv e ly , { \PiQj)}  is a com ple te  o r th o n o rm a l basis
o f 3 ?  w ith  \P iQ j)=  \Pj)\Qi) =  |éy> |P i> , so th a t ,  e .g .,

Ю  =  2  c[Pi ; Qj] I Pi Qj> (■c[Pt ; Qj] =  <Qj P, \ P » ,  (4.1)
ij

w here i t  seem s d es irab le  to  em p h asize  b y  th e  n o ta t io n  th a t  th e  coefficients 
c\Pi\Qj\  a re  fu n c tio n a ls  o f th e  s ta te  vec to rs |Pi) a n d  |Qj), re sp ec tiv e ly .

L e t us consider th e  m app ings 3 i f  q — 3i?P a n d  3 if P —*■ q, rea lized  b y

< № >  =  2 « [ f t ;  Pj]\Pj>> (4.2)

<Pj\P> =  Z b [ P ]-,Qi]\Qi\i
w ith

a[Q, ; Pj] =  <Q, P j \P У , b[Pj ; Qt] =  < P ; Q, |P>  . (4.3)

I t  is easy  to  check  th e  theorem s:
Theorem 1. T h e  coefficients a[Qt; Pj] and  6 [P ,;  Qj] g en e ra tin g  th e  m a p p ­

ings (4.2) <3? q in to  3Í?  p  and 3f  P in to  3i f  q , re sp ec tiv e ly , are
(a) sy m m e tric a l an ti-lin ea r fu n c tio n a ls  o f |()/)> and  jP j):

a[Qr, Pj] =  a[P j ; ( ? ,] ;  b[Pj ; <?,] =  b[Qt ; Pj] , (4.4)

(b) th e y  a re  eq u iv a len t a n d  th e  re la tion

a[Q ,iP j]  =  b[P jiQ ,]  (4.5)

rem ain s v a lid  fo r a n y  linear c o m b in a tio n  of th e  vecto rs |Ç,)> a n d  |P y) ,  e.g .,

a [a i |<?1> +  a 2 !(?г) ; ßi  |4\>  +  ßi I-P2) ]  ~  b[ß 1 1P i)  +  /?2 [^2)  ? a i [Qù "b x 2

O f course, th e  rela tions

2  m  2 \PjXPj\ -  ip <4-6)
i j

are  th e  re so lu tio n  o f  th e  u n it o p e ra to rs  in  3? q a n d  3f  P, re sp ec tiv e ly .
L e t us in tro d u c e  th e  red u ced  opera to rs

D p 2  < № >  < m >  =  2  IPj> A f  < P /| ( 4.7)
i 1У

Acta Physica Academiae Scicntiarum Hunearicae 27, 1969



TH EO R Y  O F FERM ION  D EN SIT Y  OPERATORS 117

w ith

Л)Р  -  2  *[Qi ; Pj] «* [ f t  ; P f \ ; (4.8)i
an d

D q Ш 2 "  =  2 1ft) л<§> «?И  (4.9)
i i ï

w ith

4 P  -  2  b[Pj ; f t ]  6*[Py; f t-]  =  2  « [ f t  ; -Ру] «*[(?, ; Р у ] , (4 .W )
j  j

re spec tive ly , w h ere  th e  re la tio n s  (4.2) and  (4.5) were used. O n th e  one h a n d , 
ow ing to  th e  H e rm itia n  c h a ra c te r  of th e  m a trice s  Ap)  an d  A p )

A)p*  =  A f t  and  /ip>* =  A f t ,  (4.11)

i.e ., th e ir  d iag o n a l elem ents a re  rea l. On th e  o th e r  h and  ow ing to  th e  fa c t t h a t  
th e  norm  of th e  s ta te  v ec to r W')  is u n ity :

^W\W)  =  2  < m - >  < ft |P >  =  2  k f t  ; Py]|2 =  1 ,  (4.12)
' ij

b o th  H erm itian  o p era to rs  Dp a n d  D q have  u n i t  traces:

i r { D p } = l  and < r { D ç } = l .  (4 .13)

Theorem 2. T here  ex ist o rth o n o rm al basis  system s, { |ç ,)}  in  o f  q an d
{jp,->} in 3 í f  p, resp ec tiv e ly , su ch  th a t

«[?i ;Py] =  ci àij (4.14)

a n d  th e  m app ings (4.2) m ay  be  rep laced  by

< ч Ю  =  с,|р,-> , (4.15)
w ith  с,- =  <9 , p , |9 / > .

<Pi iP>  =  ck i ) ,

Indeed , fo r an  a rb itra ry  o rth o n o rm a l basis  system  {jpi)}€<^%  th e  s ta te  
v e c to r  jî// )Ç c^’ c a n  be ex p an d ed  in  th e  form

I'P / *= 2 « [ p / ;  Qj\\PiQj> =  2 ( 2 e [ p / ; f t ] | ( ? y > ) |p / >  =  2 ’ê /|g i> |p f> .
i j  i j  i

T he vecto rs |g,) o f th e  set { |g,> } a re  in d ep en d en t an d  th e y  can  be  norm alized  
to  u n ity , b u t th e y  are  no t n ecessarily  o rth o g o n a l. H ow ever, fo r an  ad eq u a te
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{\p,)}Çc%*p th e  se t {|g,-)} can  be rep laced  b y  m eans o f  th e  G ram — S ch m id t 
p ro ced u re  b y  an  o r th o n o rm a l one so th a t

\^> =  2 c i \ q iPiy (4.16)
i

and , th u s ,  th e  s ta te m e n t (4.14) is p roved .
T h e  v ec to rs  |g,-> a re  lin e a r  expressions of th e  v e c to rs  of th e  se t {|g,->}, 

b u t ,  ow ing  to  T heorem  1 /b ., if  acco rd ing  to  (4.14) a[g,-; p t ] is rep laced  by  
d ôij th e n  b[pj;qi] =  Cidij, to o , for th e  g iven  o r th o n o rm a l basis {[p,) P. 
In d eed ,

<р № >  = 2 |9/><9/l (P tl^ y = 2 \4jXPi\ <9/1 ФУ =
j  j

=  2  Ií / X p í It / )  cj =  ск(У  •
j

This m ean s  t h a t  th e re  e x is t  such  o r th o n o rm a l bases { }  in  3Í?P a n d  (I?/)} 
in  Q t h a t  th e  m ap p in g s  (4.16) are  fu lfilled  fo r i =  1 , 2 , . . .  and , th u s ,  th e  
p ro o f o f  th e  th eo rem  is com ple ted .

T h e  o r th o n o rm a l s e t  o f  vec to rs {| p i y } ^ ^ ” p is  th e  s e t  o f e igensta tes o f th e  
o p e ra to r  D p i.e ., th e  N S O ’s in  eft?P

DP |P/> =  b \pi> witb b  =  |c/|2 • (4-17)
T h en

Theorem  3. (C arlson  an d  K eller) I f  th e  se t o f v e c to rs  {[p/)}& ^TP a re  th e  
N SO ’s o f P, i.e ., th e  e ig en sta te s  o f th e  p -m a tr ix  D p co rrespond ing  to  th e  
e igenvalues :/,• =  |c,|2 th e n  in  S f  q th e  e igenvalues of th e  g -m atrix  D (/ a re  also 
А,- a n d  th e  co rresp o n d in g  e ig en sta tes  {|g,>} are  th e  N S O ’s in  c%?q.

In d e e d , b y  th e  d e fin itio n s  (4.7) an d  (4.9) an d  fro m  E qus. (4.15)

D p =  2 (gipPX SPlif) =  2 "  I P,y b  <p, \ , (4.18)
i i

D , =  2 "  < p i^ y < ^ \p ,y  =  2  |®> b  <9/1. (4.19)
i i

w hich  a re  ju s t  th e  sp e c tra l  reso lu tions o f th e  o p e ra to rs  D p an d  D,j, re sp ec tiv e ly , 
w ith  th e  e le m e n ta ry  p ro je c to rs  an d  |g,><g,|.

Theorem' ;4. T h e re  ex ists such  a  p a r tia lly  iso m e tric  o p e ra to r  Spq =  
=  ^ , |pi><g,j o f 3 ?  t h a t

I

Spq  SpQ == Ip  a n d  SpQ Spg =  I q

a n d , fro m  th is  p o in t o f  v iew , Dp a n d  D q are  u n ita r i ly  eq u iv a len t:

—  ■ : • • • S£ç Dp SpQ =  D ,. (4.20)
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T his s ta te m e n t ca n  be p ro v ed  easily  and  i t  is a n o th e r fo rm u la tio n  o f 
C arlson— K elle r’s th e o re m  m en tio n ed  p rev io u sly  b y  K iang  [20], a lth o u g h  he 
d id  n o t go in to  th e  p rec ise  details.

I t  is easy  to  see t h a t  th e  o p e ra to r  Dp in  co -o rd in a te  re p re se n ta tio n  is 
ju s t  th e  p -m a tr ix  D (x x, . . x p; x[, . . ., xp) defined  b y  E q u . (2.2).

In  o rd e r to  s im p lify  th e  w ritin g  le t us in tro d u c e  th e  n o ta tio n s  x p =
=  { x ± ,  . . - ,  X p } ,  Xq  =  ,•  • • , X /v}, ^  {x p i  x q) ~  ( x q х р \ ^ У ч  P i  {x p )  =
a n d  g, (*„) =  <*,|g,-> , th e n

^ ( хр1 x q) — cl ( Xq x p\Pi ?;') - ci <x p\Pi) <*,!?/> " _  *■/ Pi (xp) Qi {xq) • (4.21)
Í i i

As Coleman [11] p o in ted  o u t C arlson— K elle r’s th eo rem  w as p rev io u sly  
d iscovered  b y  S ch m id t an d  fo rm u la ted  in  th e  fo llow ing  w ay :

Theorem 5. (S chm id t) G iven a  sq u are  in te g ra b le  fu n c tio n  y>(xp, xq) 
suppose t h a t  for u <  v, f ( x p) w ith  1 <1 i <[ и a n d  gy(x9)w ith  1 j< L  v are  
lin ea rly  in d e p e n d e n t sq u a re  in teg rab le  functions, th e n  th e  m in im um

m i 2 -  2 \ci\2
/=l

of

A = \ T ( x p, x q) -  2 А цМ хр) 8 ] (хч) [2,
ij

w here Aij  a re  a rb i t r a ry  com plex n u m b e rs , is o b ta in e d  i f  we p u t

an d  choose

Aij =
c, , j  <, и 

0 , j > u

f i  (xp) =  Pi (x p)■> 8 i (Xq) =  4i (xq) »

w here p,(x p) and  q,(xq) in d ic a te  th e  f i r s t  и N SO ’s.
T he p ro o f  of th is  im p o r ta n t  th e o re m  can  also b e  fo u n d , e.g., in  Colem an’s 

p ap e r [11].
In  o th e r  w ords, th e  b e s t le a s t-sq u a re  a p p ro x im a tio n  as a su m  o f uv 

p ro d u c ts  o f  th e  form  f , ( x p)gi{xq) is J £ ciPi(x p)Çh(xq)-
i

So fa r  th e  sy m m e try  p ro p erties  o f  ip(xp, xq) h a v e  n o t been  u sed . I t  is, 
how ever, w ell-know n a n d  on th e  basis o f  its  d efin itio n  i t  can  be easily  checked
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t h a t  fo r bosons a n d  ferm ions th e re  is a u n iq u e  /» -m atrix  assoc ia ted  w ith  a given 
sy s te m . W e sh a ll in v es tig a te  th e  fe rm ion  case below .

F ro m  (4.12) a n d  Theorem 5 i t  follows th a t ,  ex cep t possib ly  on  a se t o f 
m easu re  zero, in  acco rdance  w ith  (4.21), s e tt in g  p =  1 a n d  q =  N -— 1, 
w e h av e

*,) =  2  a  p p  (*i) q\N- x) (* ,) (4-22)i
w ith

c, q\N- 1} (xq) =  j  dxxpf> (%) W{xx, x q) . (4.23)

Theorem 6. (Colem an) A n y  fu n c tio n  x(x i) ф  0 belonging  to  th e  zero space 
of th e  o p e ra to r  on i.e ., be ing  o r th o g o n a l to  all th e W  — N SO ’s,

is o rth o g o n a l to  q<;N~ 1\ x q), too .
In d eed , b y  (4.22)

0  =  2  Ci q\N O (xq) J  dxx X* { x j  p lp  (%) =  j  dxx %* (*i) Т ( х х, x2, x3, . . . ,  xN) =
i

=  — j d * i X* (*i) ^ ( x 2, x3 , . . . . x N) =  —

=  ~  2  CiPP  ( % )  J  dx  1X* ( * i )  9 i N _ 1 )  (x v  x3, . . . ,  xN)
i

fo r all C( a n d  p Ÿ \ x 2), th e re fo re

J dx 1X* (*i) g/N_1> (*i, *3, • • ■, xN) =  0 , (4.24)
q u . e. d.

Corollary. S ince E q u . (4.24) is v a lid  fo r a n y  fixed  x 3, . . ., x 
qfN~ 1\ x 2, x 3, . . ., Xx) can be ex p a n d e d  in  te rm s  o f p Ÿ \ x 2), i.e .,

c, q\ N ~ 0  (x2, . . . ,  x N) =  2  Cijp'p (x2) q ^ -V  (x3, . . . ,  x N) . 
j

T herefo re , b y  in d u c tio n  i t  can  im m ed ia te ly  be  o b ta in ed  th a t

4/ (x1, . . . , x N) =  2  cklki...ksp^> (*i) p jg  (x2) . . .  p {̂  (xN), (4.25)
fc.fcj.-.fcjf

or in  th e  lan g u ag e  o f th e  a b s tra c t  H ilb e rt space  form alism

1^; 2  cklkt...k„\P$ p f i . . . p i y y . (4.26)

In  th e  fac to r-sp ace  o f  th e  r th  p a r tic le  one has to  define  th e  
p a rtic le  d e n s ity  o p e ra to r  in  th e  fo rm

D w =  2 ; | p £ )>**r < p £ )l 
к

(4.27)

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



TH EO RY  OF FER M IO N  D EN SIT Y  OPERATORS 121

w ith  th e  N SO ’s jp[r >̂ or in  co -o rd in a te  re p re se n ta tio n  th e  f i r s t  o rder re d u c e d  
d en sity  m a tr ix

D± ( /̂-5 x r) — \ dx^ . . . d x r—̂  d x r±^ . .. dxfrj , x r, ■ ■ •, x * P  ( x j , • • •, x r, • -. , x n )

w ith  its  e igen functions pj^(xr). O w ing to  th e  u n i ta ry  equ iv a len ce  of th e  o p e ra ­
to rs  D(r) an d  D(s) in  re sp ec t of th e  p a r tia lly  isom etric  o p e ra to r

s  („) -  2 '  |p !r)> <p <ís)\i

Sirs) DW S(re)= D W ,

one does n o t have  to  d istingu ish  th e  e igenvalues of D<r) fo r th e  d iffe ren t 
r  =  1, 2, . . N.

I t  is re m ark ab le  th a t  th e  f irs t-o rd e r e igenvalues are  n o n -n eg a tiv e  a n d  
b o u n d ed  above b y  l /N ,  i.e.,

0 < h r< ~ -  (4.28)

T he p ro o f is s tra ig h tfo rw a rd  and  can  be fo u n d  in  [9] and  in  papers dealing  
w ith  th e  p ro b lem  of th e  iV -resp resen tab ility  (e.g . [10,11]).

T he se t of th e  N SO ’s {|p/^>} is com plete  o rth o n o rm al s e t  in  
w here th e  zero-space o f th e  o p e ra to r  D^r> defined  on . This m eans,
how ever, t h a t  if  th e  s ta te  v ec to r (У ) considered  is ex p an d ed  in  te rm s of th e

N
N SO ’s, as in  E q u . (4.26), on ly  th e su b sp a c e  ® o f ■З’Х  is needed. As a

r = l
consequence, one has to  ta k e  in to  acco u n t th a t ,  of course, fo r each  s ta te  
v ec to r  [ï7)  o f th e  system  a special su b sp ace  o f  is given. I n  fa c t, one has to  
be  carefu l i f  th e  u su a l p e r tu rb a tio n  prob lem s o f th e  system  are  in v es tig a ted  
in  te rm s o f th e  d en sity  o p e ra to r  te ch n iq u e .

A se lec tion  of N  indices k 1k 2 . . . k ^  w ill in  th e  fo llow ing be called  a 
co n fig u ra tio n  and  in  o rd e r to  s im p lify  th e  w ritin g  it  will be  ab b re v ia te d  b y  
К  =  {fcjfc2 . . . k N}. S im ilarly , th e  n o ta tio n  \ркУ =  Ipi'V/.-f • • • Р ^ У  will be 
in tro d u c e d  fo r th e  p ro d u c t of th e  N S O ’s. F in a lly , if  th e  r th  in d e x  is ab sen t in  
th e  co n fig u ra tio n  i t  will be d en o ted  b y

K [ r ]  =  { k v  . .  A v _ j  k r +1 . . . k N}  ,  j p , f W >  =  I p ^ .  - p C -V  P Í X V -  ■ - p № )

a n d  analogously  K [rs]  =  {Äq . . . kr_ 1k r + 1  . . . fes__ifes+1 . . . k N} e tc . U sing th is  
new  n o ta tio n  (4.26) can  be rep laced  b y

i n =  2 4 ÍPk> • (4.29)к
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T h e iV -particle d e n s ity  o p era to r is th u s  given b y

D =  2 1РмУ cm  c*n  <Pn \ • (4 -30)
M N

Since, ow ing  to  th e  o r th o n o rm a lity  o f th e  |p m ) ‘s

У Р м \ Р ы У  ~  ^ M N  == ^mmi ^ тг пг1 ■ ' ^ т я п ц  » (4.31)

th e  sq u a re  o f  D can easily  be  c a lcu la ted :

D 2 =  2  IРмУ cm  c*n <Pn \Pr> cr c |  < p s | =  2  IРмУ c m |cn |2 c j < ps | .
M N R S  M N S

H ow ever, ow ing  to  th e  u n i t  no rm  o f |W )  i t  holds t h a t

< ?T >  =  2 "  <Pm \c*m cN\pNy =  2  Ы 2 =  1 (4.32)
M N  N

so, fin a lly ,

D 2 =  2 1РмУ cM c* (P s \ =  D (4-33)
M S

is o b ta in e d  as was ex p ec ted . S im ilarly

tr{D} =  2  <P r |P m ) cm c?v <P n |P/?> =  =  1 • (4-34)
R M N  R

F u rth e rm o re , h a v in g  its  d e fin itio n  (4.7) in  m in d ,

D<'> trфГ {D} =  2  < Р К И |^ Х ^ |Р К И >  =
KLr]

=  . 2  / Р к [ г] \ р 1т1 Р м [ г]? Cm,M [ ' \ c *,N[r] / P!\'[r] ph}\P!<[r] =  2 i  'p \n r)  4 ) V r ; n ,  \ P f i ? l
M N K [  ] m rnr

(4.35)
w ith

4 й ;л г  =  2  C,n,K[r] C*rK[r] — > (4.36)
K i r ]

w here th e  a b b re v ia tio n  m eans cm к;[Г] =  Cki-.,iCr_lmrkr+l...k„i e tc . H ow ever, th e  se t 
{ [p f ')}  is th e  se t o f th e  eigenvecto rs o f  D (r). T herefo re ,

о (г)И г)> =  Ш г)> ;
since

D<r) \p (ir)y = 2  \Pml> A  "nr <p W >  = 2  л % \р й У  = A,|i>ír)>
TTlfflf ITIt

and

h  =  2  a %  <р\г)\р(т1У =  4 8  -  2  \clKir]I2 , (4.37)m, K[r]
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an d  b y  (4.35) we h av e

Л%  =  <jPyr> | D JjP/r>> =  Я, <p)r)\p\r)y =  Af <5,7 ; (4.38)

th e  im p o rta n t re la tio n

2  C;kH  с;*к И =  <5,7 kiK b#
K [r] K [r]

is o b ta ined .
W e o bserved  th a t ,  indeed ,

(4.39)

*r{DW} =  2  Я,- -  ^  |cK|2 =  1 ,  (4.40)
i К

b u t

ir{D (r)'2} =  tr{ 2  \ p ï y> h  <p\rW >  h  ( Ш  =  2 ’4 <  1 (4.41)
i j  t

as w as expected . N am ely , th e  o n e-p a rtic le  s ta te  is a m ixed  one in  th e  N -p artic le  
p u re  s ta te .

F ina lly , i t  seem s to  be w o rth -w h ile  to  se t up  th e  s tru c tu ra l  p ro p ertie s  of 
th e  tw o -p artic le  red u ced  d e n s ity  o p e ra to r, th e  2 -o p era to r. I t  is d efin ed  by

D<rs> ÍH t r ^ riS (D ) =  2  < Р к ы \Р м >  cM c*N ( p N\pK[rs]> =
M N K [rs ]

w ith

2  I pttpïï>A%U-,nrn.<P%P%\ (4-42)
mrm enrns

Л (2)11тгт в’, ПгП»  - 2 c mrm sK [ rs ] cnrn , K \ rs ]  

K[rs]
/1(2)*пгп«;ттпь 1 (4.43)

T he e ig en sta tes  o f th e  2 -o p e ra to r  are  u su a lly  called  natural spin-gemi- 
nals (in th e  follow ing NSG ’s). L e t th em  be d e n o ted  b y  a n d  th e  cor­
re sp o n d in g  e igenvalues of b y  yv, th e n  th e  sp e c tra l re so lu tio n  o f is 
g iven  as

D (rs) =  2  |glrs)> y„ <gïrs)I • (4.44)

T he N SG ’s |g(rs )̂> are d e fin ed  in  th e  com plete  te n so r-p ro d u c t space 
{ ^ f  <r) e ^ (or)} ® ;0  a n d  th e y  can be ex p an d ed  in  te rm s o f th e  basis
{ \ p P p f y } as follows

|girs)> =  2 g b \ p \ r)p <js)>- (4.45)
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B y  th e  defin itio n s (4.43) an d  (4.44), th e  re la tio n

<p \s)p V  I D <rs) \p4?pf>  =  2  <p\s) Á r)\gírs)> n  <glrs)\p p p \ 'y> =
V

— ~  gklVvgk’l' =  ^kl-.k'V (4.46)
V

an d , ow ing  to  E q u s. (4.42) and  (4.43),

y„ -  <gí,rs):D<rs)!g(/ s>> =  <irS)\Pkr)PP> Щ ' Г  <PP PP\girS)> =
klk'i

=  (4-47)
k l k T

m a y  be o b ta in ed , b y  w'hich the  connections be tw een  th e  eigenvalues yv and  
th e  e ig en m a trix  are  ex p lic itly  given.

§ 5 . R em arks on K ian g ’s v a ria tio n a l approach

L e t us consider again  ou r sy s tem  of e q u a tio n s  (4.15) g e ttin g  a special 
m a p p in g  betw een  P and  q . I t  w as p roved  in  Theoiem 2 t h a t  o rth o n o rm al 
basis  sy stem s { q and  { [рг)}£<э^ p ex ist w hich  a re  so lu tions of E q u s . (4.15). 
F u rth e rm o re , it  w as show n by  m eans o f C arlson and  K e lle r’s Theorem 3 th a t  
th e y  a re  ex ac tly  th e  co rresp o n d in g  e igensta tes of D , an d  D p, re spec tive ly .

E ssen tia lly , th e  sam e sy s tem  o f equ a tio n s w as o b ta in ed  b y  K iang  [20] 
in  th e  form

< # '>  =  C\P><
<p|»F> =  C q> ,

(5.1)

b ased  on th e  re q u ire m e n t t h a t  th e  fu n c tio n a l

(qpl'T'} <W\pq) =  liqplT ' ) ] 2 (5.2)
has to  be  s ta tio n a ry .

T h is s ta t io n a ry  cond ition  m a y  be  d en o ted  as th e  “ p rinc ip le  o f m ax im um  
o v e rla p ” . A p p a re n tly , K iang  d id  n o t observe t h a t  th e se  princip les a re  solely 
a spec ia l case o f  S c h m id t’s Theorem 5 for и =  1. In d eed , th e  cond ition  
<(çp|Î')>|2 =  m a x im u m  is eq u iv a len t to  th e  co n d itio n  [J1/7 — c !p ? ) ||2 =  m in im um .

In  o rd er to  d e te rm in e  th e  e ig en sta tes  of D 9 an d  D p based  on th is  v a ria tio n a l 
p rin c ip le  K iang  assum ed  th e  ex istence  of th e  so lu tio n s c„ jg,> an d  |p,> for 
i =  1, 2, . . . As a co ro lla ry  o f Theorem 2 th e  ex is ten ce  of such  so lu tions is 
p ro v ed , as m e n tio n e d  above.
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In  reverse : due to  Theorems 2, 3 a n d  5 th e  solutions o f  E q u s . (4.15) m ak e  
th e  fu n c tio n a l (5.2) s ta tio n a ry .

A n o th e r p o in t should b e  em phasized , to o . Kiang h as n o t  observed  th a t  
th e  so lu tions a n d  {\pi' ) } ^ ^ f P a re  com plete o rth o n o rm a l basis
system s only  in  th e  subspaces o f  q © an d  P © p \  re sp ec tiv e ly . As
a m a tte r  of fa c t, ju s t  this is th e  reason w h ile  th e  v a r ia tio n a l app ro ach  an d  
th e  i te ra tio n  m e th o d  p rop o sed  b y  Kiang is on ly  a d e q u a te  to  d e te rm in e  th e  
h ig h e s t N SO ’s in  th e  case o f a  g iven j ï7) .  H ow ever, th is  re so lu tio n  of th e  sy s ­
te m  s ta te  v ec to r in  term s o f  th e  m ax im al N S O ’s is a v e ry  in te re s tin g  a n d  
rem ark ab le  re su lt ob ta ined  b y  K iang.

In  o rder to  im prove th e  above s ta te m e n ts  to  a c e r ta in  ex ten t l e t  us 
consider again  th e  expansion  (4.29) of th e  s ta te  vec to r in  te rm s of N S O ’s:

У Р У  =  c k ' \P k )  • ( 5 - 3 )
к

In  fa c t, in  ou r case |!P> is an tisy m m e tric . T h is  m eans t h a t  ckis a n tisy m m e tric  
in  its  indices К  =  (kv  . . ., kjv}. I f  one in tro d u c e s  th e  o rd e re d  co n fig u ra tio n  
X =  {Aq, . . ., км} w ith  kx <Z k 2 <C . . . <[ к ^  in s tead  of K ,  E q u . (5.3) c a n  be  
w ritte n  in  th e  fo rm  [9]

l^>  =  cx V m  a n  |pjj>. . .  p g ) > , (5 .4)
X

w here  th e  o p e ra to r  A N deno tes th e  a n tisy m m etrize r

a n  =  4 - 2 ( - 1)p (5 ’5 )! p

w ith  su m m atio n  o v e r all p e rm u ta tio n s  of th e  p a rtic le  indices b ea rin g  in  m in d  
th e  co n ven tion  t h a t  odd p e rm u ta tio n s  h a v e  to  be ta k e n  w ith  negative  a n d  
even  ones w ith  p o sitiv e  sign. T h is  m eans t h a t  E qu . (5.4) is th e  expansion  o f 
i*?7)  in  te rm s of th e  S la ter d e te rm in a n ts  of th e  N SO ’s, and

с» =  <р № - - - р % \ ± » Ш \V>. (5 .6)

P rimas [21] p o in ted  o u t th a t,  o w ing  to  th e  th e o re m  of Schmidt— Golomb [23], 
if  |cx|2 =  m ax im um  an d  the o rb ita ls  fulfil th e  re la tions

<p №  ■ ■ ■ P l y  P t y  ■■■№ Ю  =  G \ ш \  p V > ,  (5 .7)

th en

\Ф> =  I N ! A N| p ^ . . . p ^ > >  (5 .8)
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is a u n iq u e ly  d e te rm in ed  o p tim a l S la te r-d e te rm in an t, th e  so-called  B ru eck n e r 
d e te rm in a n t. I t  w ill be p ro v e d  in  th e  n e x t  p a ra g ra p h  t h a t  th e  firs t h ig h e s t 
N S O ’s fulfil co n d itio n  (5.7), i.e ., th e y  are  e x a c tly  th e  B ru e c k n e r  orb ita ls.

§ 6 . Cluster expansions o f th e  density operator

N ow , le t  us investigate th e  resolution o f  D in term s o f the one-particle  
d en sity  operators, essentia lly , using the m eth od  of the c lu ster expansion su g ­
gested  by P rim as [21].

C onsider th e  id e m p o te n t o pera to r

I — 2 Pkl — 2 \Pk X P l \ — —  \Pk X P l\ + 2 \PkX P l \ —
KL KL К КФЬ

< * * 2 * K  +  2 V K + L  =  lä  +  lnd*  (6 -1)
K  KL

w hich  is a u n i t  su p e r-o p e ra to r*  in  re sp ec t to  D. In d eed ,

Î{D} gS* 2  P kl{D} -  2 ’ tr (P * L D} P KL =  D , (6.2)

ow ing to  th e  fa c t  th a t

^ { I P l X P k I V }  =  2  < P r \ P m > c M Cn ( P n \ P r > =  c K c*L . (6.3)
R M N

I f  we in tro d u ce  th e  n o ta t io n

D =  2 |P m ) |cm |2< P m | +  2 \рмУ см cn  (Рлг| — ö d  +  Dn</ a (6-4)
M МФЫ

i t  can  be ch eck ed  easily  t h a t

tr  { P J c « D }  =  0  and  tr { P K D n d }  =  0 .  ( P K  =  P * )  (6.5)

Since, b y  (6.2) fo r

I { D d }  = 2 P £  { D d }  = 2 * г { Р к О }  P K  = 2 Ы2Рк =  D d  (6.6)
к  к  к

* A super-operator is a function  w ith th e  opera to r algebra of all operators as its  dom ain 
and  range. A ny  one-electron super-operator can  be represented b y  P  {X} =  t r  {P+X} P  for 
all operators X  where P  is a ce rta in  H erm itian one-electron o pera to r o f the dynam ical system 
considered.
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an d , also, th e  id e n tity

p к  -  \p k X p k \ -  7 7  \p$><ptt\ =  7 7  [ ° (г) +  ( Ш  < Я ’1 -  D (r))] (6-7)
r = l  r = l

holds, th e  rem ark ab le  re so lu tio n  of

=  2  Ick I2Í / 7  D(r) +  J *  ( |p fc ’> <pfc>l -  D (,,)) 7 7  D (r) +
К  l r = l  n = l  г й п

+  (№ >  </»&>! -  D(n)) (1р Ё?> <p £?I -  D (m)) 7 7  D(r) +  ■ • • I (6-8)
" •  n # m  r # n ,m  1

can  be o b ta in ed . B u t ow ing  to  th e  defin itio n s (4.29) a n d  (4.42) a n d  to  E q u . 
(4.40), we h a v e  th e  re so lu tio n  of Dd as follow s:

Dd =  7 7  D<r> ; +  —  J ?  (D jfm) — D (n) D(m)) TJ J  D (r) +  . . .  . (6.9)
r = l  2 !  n ^ m  ' i ¥ = n ,m

I t  is s tra ig h tfo rw a rd , ev en  i f  i t  is to  a c e r ta in  e x te n t ted io u s , to  p ro v e  th a t  
th e  su p e r-o p e ra to r  PK ^t{D /id} ob tains th e  te rm s D ^ m*, e tc . a t  th e  re so lu tio n  
of D.

O w ing to  th e  P au li p rin c ip le  th e  d e n s ity  o p era to r h a s  to  be a n tisy m m e tric  
in  th e  sense:

D =  Ân {D} =  A n DAn , (6.10)

w here A N is th e  a n tisy m m e triz e r  in E q u . (5.5).
T hus, th e  reso lu tio n  o f  D in  te rm s  o f  th e  o n e-p a rtic le  d en sity  o p e ra to rs  

can  be  o b ta in e d  as follows

D =  A N f /  D<r> j+  —  ^  c<™> т у  D (r) -|— — £  £ (rml) 7 7  D<r)+ -
r = l  2!  n ^ m  r * r n , m  3 !  п ч - n i ^ l  r ^ n , m , l

w ith  th e  c lu s te r  opera to rs

£ (n m ) def j j(n m )  __  J )(n )  jj(m )

(6. 11)

( 6. 12)

w here, e.g., À 2{C^nm }̂ is re la te d  to  th e  tw o -p a rtic le  c o rre la tio n  o p e ra to r  o f  th e  
e lec trons, w hich  will be d iscussed  in th e  n e x t  p a r t  of th is  in v es tig a tio n .

W e can  g e t an o th e r u sefu l w ay  o f  ex pand ing  th e  d en sity  o p e ra to r  in 
te rm s o f o n e-p artic le  d e n s ity  o p era to rs . L e t us consider th e  f irs t N  h ig h e s t 
e igen sta tes  o f  th e  one- a n d  tw o -p artic le  d e n s ity  o p era to rs  e tc ., and  in tro d u c e
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th e  se t of t ru n c a te d  o p era to rs

D<r) = 2  К < .  ß(rs) = 2  !̂ rs)> Vv< r̂s)i • (6ЛЗ)
ß=l V=l

T h e n , ta k in g  in to  acco u n t t h a t  th e  su m m atio n  over th e  co n fig u ra tio n  К  =  
=  {кг, k 2, . . ., k N} is n o t t ru n c a te d , we h a v e , e .g .,

2
т ф т

= 2  lc*l2 П  iß(r) + W > <p%I -  ß(r))> =
K r = l

=  J J  D<r> +  2  (D<,°  -  ß(,I)) Г 1 ß<r> +  (6.14)
r = l  /7 =  1 г ф п

_  D(n) D (m) — D (f!) D (m) — D (n) D (m>) ■ J[£  D (r> .
гф п .т

I f  th e  n o ta tio n s

J)(n) - g(n) _|_ v (n) 5 j y ( nm )  _  g(nm) _j_ v ( nm )  (6 .15)

a re  in tro d u c e d , one o b ta in s  easily  th a t

D =  Ájvj_/7 D «  +  —  2  {C("m) +  v<"m>} / /  D<r> + . . . }  (6.16)
| r = l  2 !  r # n , m

w here  th e  c lu s te r  o p era to rs

C(nm> =  D ("m) — D (n) D(m) (6.17)

a re  re la te d  to  th e  co rre la tio n  elec trons in  th e  g ro u n d  s ta te s  co rrespond ing  to  
th e  f irs t  h ig h e s t N SO ’s an d  y'nrrV> de term ines th e  co rre la tions v ia  excited  s ta te s .

I t  is re m a rk a b le  t h a t  th e  f irs t o rd er c lu s te r  o p era to rs  co rrespond ing  to  
th e  single p a r tic le  e x c ita tio n s  are  ab sen t in  b o th  c lu s te r expansions (6.11) 
an d  (6.16); i.e.

ír#r {Pfe D} =  XkJ>kr (P fcr =  I№ >  (p £ \) .  (6 .18)

I n  th is  w ay  th e  s ta tm e n t a t  th e  end o f §5 th a t  th e  N S O ’s are ju s t  th e  
B ru eck n er o rb ita ls  is p ro v ed . T h is p rob lem , as well as th e  p rob lem s co n n ec ted  
w ith  th e  c o rre la tio n  b e tw een  th e  e lectrons in  te rm s of th e  c lu s te r o p e ra to rs  
w ill also be  d iscussed  in  th e  n e x t  p a r t  o f  th is  in v es tig a tio n  in  m ore d e ta il.
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F in a lly , le t  us still m e n tio n  th a t  i f  th e  h igher o rd e r c lu s te r  te rm s C^nm\  
C(nmk), . . . a re  ab sen t, i.e ., i f  th e  system  o f  th e  N  e lectrons is a perfec t one , th e  
well know n re su lt  [9]:

D j * ; . . .x'Ny =
D (x 1 ; x[) . . . D (x1 ; x'N) 

D ( x n  ; x[) . . . D(x n  ; x ’N)
(6 .19)

an d  a sim ilar expression  in  th e  case of th e  tru n c a te d  f irs t  o rd e r  reduced  d e n s ity  
o p era to rs  are  o b ta in ed .

REFERENCES

1. P. Gombás, Pseudopotentiale, Springer, W ien, 1967.
2. J . von Neumann, Göttinger Nachr. 245, 1927; 273, 1927.
3. J .  von Neumann, M athem atische Grundlagen der Q uanten-M echanik. Springer, B erlin ,

1932.
4. P . A. M. D ibac , Cambridge Phil. Soc., 27, 240, 1930.
5. U. F ano , Rev. Mod. Phys., 29, 74, 1957.
6. R. McWeeny, Rev. Mod. P hys., 32, 335, 1960.
7. D. T e r  H a ar , R ept. Progr. P hys., 24, 304, 1961.
8. J . I. H o rv á th , MTESZ É vkönyv, Szeged, 1964.
9. P. О. L ö w d in , Phys. Rev., 97, 1474, 1955; 97, 1490, 1955; 97, 1509, 1955.

10. С. N. Y a n g , R ev. Mod. Phys., 34, 694, 1962.
11. A. J . Co lem a n , Rev. Mod. P hys., 33, 668, 1963.
12. T. A n d o , Rev. Mod. Phys., 35, 690, 1963.
13. K. K um ar , Nuel. Phys., 21, 99, 1960.
14. A. J .  Coleman and S. P r u s k i, Canadian Jou rn . Phys., 43, 2142, 1965.
15. A. J . Co lem a n , Canadian Jo u rn . Phys., 45, 1271, 1967.
16. W. Kutzelnigg, Zs. f. Naturforsch., 18, 1058, 1963.
17. R. McWeeny, Proc. Roy. Soc. London, A253, 242, 1959; A259, 554, 1960.
18. R. McWeeny and W. Kutzelnigg, Intern. Jo u rn . Quant. Chem., 2, 187, 1968.
19. M. M. Me t e c h k in , In tern . Jo u rn . Quant. Chem., 1, 675, 1967. 4
20. H. S. Kiang, The natu ra l expansion and reduced  density opera to rs (Thesis, In d ian a

U niversity , 1966.); Jou rn . M ath. Phys., 8, 450, 1967.
21. H. P rim as , M odern Q uantum  Chemistry, ed. by  O. Sinanoglu; A cadem ic Press, New Y ork ,

1965, p . 45 .
23. M. G olomb, On Numerical A pproxim ation, ed. b y  R. E. Langer; W isconsin Univ. P ress, 

Madison, 1959.

О ТЕО РИ И  ОПЕРАТОРОВ ПЛОТНОСТИ ФЕРМИОНОВ 1.

ОПРЕДЕЛЕНИЕ ОДНОЧАСТИЧНЫ Ч СОСТОЯНИЙ И КЛЧСТЕРНОЕ РАЗЛОЖЕНИЕ
ОПЕРАТОРОВ ПЛОТНОСТИ

Я. И. ХОРВАТ и И. К. ДЬЕМАНТ

Р е з ю м е
После определения операторов плотности (§ 2) вырабатывается понятие простых 

частичных состояний на основе чистых состояний приведенных операторов плотности 
первого порядка (§ 3). Далее рассматривается понятие NSO и NSQ и разложения по ним 
(§ 4). Дискутируется и развивается дальше вариационное приближение Кианга (5 §). 
Наконец в различных случаях даются кластерные разложения операторов плотности 
N -частиц по приведенным операторам плотности первого порядка.
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BERECHNUNGEN DER ZUSTÄNDE 1 s n s 'Z f  DES 
WASSERSTOFFMOLEKÜLS AUF GRUND DER METHODE 

DER KORRELATIONSMÄSSIGEN MOLEKÜLBAHNEN*

V on

F. B erencz

IN ST ITU T FÜR TH E O R E T ISC H E  P H Y SIK , JÓ Z S E F  ATTILA U N IV E R SIT Ä T , SZEGED 

(E ingegangen: 13. I. 1969)

E s w u rd e  d ie E lek tro n en en erg ie  des Z u s tan d e s  ls2s '£g d es W assersto ffm olekü ls au f 
G ru n d  de r M e th o d e  der k o rre la tionsm ässigen  M olekülbahnen  b e re c h n e t. E s w urde w e ite rh in  
festg es te llt, d a ss  d u rch  die E rw eite ru n g  d e r  E ig en fu n k tio n  d u rc h  den  K o rre la tio n sfak to r, 
n u r d an n  eine w esen tliche E n erg iek o rrek tio n  e n ts te h t ,  wenn d o r t  g a r  keine K o rre la tio n  der 
E lek tro n en  v o rh a n d e n  w ar.

E in le itu n g

Aus den  physik a lisch en  E x p e rim e n te n  ist es w o h lb ek an n t, d ass  das 
W asserstoffm olekül zw eierlei angereg te  Z u stän d e  h a t . Im  ers ten  Z u s ta n d  ist 
das eine E le k tro n  im  G ru n d zu stan d  u n d  das andere in  angereg tem  Z u s ta n d ; 
d an n  g ib t es au ch  solche angereg ten  Z u s tä n d e , in  w elchen  sich beide E le k tro ­
nen in  angereg tem  Z u s tan d e  befinden .

Im  F a lle  des W assersto ffm olekü ls w urden  ü b e r d ie E nerg ie d e r  an g e ­
reg ten  Z u stän d e  viele B erechnungen  d u rch g e fü h rt. S chon  ganz frü h , einige 
J a h re  d an ach , dass die S chröd inger’sche  G leichung an g eg eb en  w urde, k o n n te  
m an  über U n te rsu ch u n g en  d er an g ereg ten  Z ustände des W assersto ffm olekü ls 
bei G uillem in  u n d  Zen er  [1], bei P r e se n t  [2] und be i J am es, Coolidge u n d  
P resent  [3] lesen.

D er e rs te  Teil der gen au en  B erech n u n g en  der a n g e re g te n  Z u stän d e  des 
W asserstoffm oleküls w u rd e  m it F u n k tio n e n , d a rg es te llt in  e llip tischen  K o o r­
d in a ten , d u rch g e fü h rt. A u f G rund  so lcher F u n k tio n en  w u rd e  die E nerg ie  des 
n ied rig sten  angereg ten  Z u stan d es 327g+ des W assersto ffm olekü ls von Coolidge 
und  J ames [4], die E n e rg ien  der n ie d rig s te n  an g ereg ten  Z u stän d e  hZ*
und  3Zu von  K o to s  u n d  R oothaan [5], die Energie des an g ereg ten  Z u s ta n d e s  
lZg von  D avidson  [6], u n d  die E n e rg ien  der an g e reg ten  Z ustän d e  X h Z ^ , 
Ь3£ ц ,  С 1П ц  u n d  BhZ^ v o n  K o to s  u n d  W olniewicz [7] berech n e t.

D er zw eite Teil der genauen  B erech n u n g en  der an g e reg ten  Z u stän d e  des 
W asserstoffm oleküls w u rd en  m it e in fach en  B ah n -F u n k tio n e n  d u rch g e fü h rt. 
P hillipson  u n d  Mu llik en  [8] b e re c h n e ten  au f G ru n d  so lcher F u n k tio n e n

* H errn  P ro f. Dr. P . G o m b á s  zum  60. G e b u r ts ta g  gew idm et.
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d ie  n ied rig s ten  an g ereg ten  Z u s tä n d e  Ú  u n d  3S u  , B erencz [9] den an g ereg ­
te n  Z u stan d  'g u n d  B rowne [10] die an g e reg ten  Z u s tä n d e  1П и, 3TIg, 1/7й,
3n g, 4 a, 4 U, 1 4 , »4 .

D er d r i t t e  T e il der g en au en  B e rech n u n g en  der an g e reg ten  Z ustän d e  des 
W asse rs to ffm o lek ü ls  w urde m it  solchen W ellen fu n k tio n en  d u rch g e fü h rt, 
d ie  d u rch  B ild u n g  d e r L in ea rk o m b in a tio n en  so lcher A to m fu n k tio n e n  en ts te h e n , 
d ie  a u f  den M itte lp u n k t der K e rn v e rb in d u n g s lin ie  z e n tr ie r t  s in d . A uf G ru n d  
so lch e r W ellen fu n k tio n en  w u rd e n  die an g e reg ten  Z ustän d e  des W assersto ffm o­
le k ü ls  von  H uzinag e  [11], T a m á ssy -Le n t e i [12], Taylor  [13] und  K ato , 
H a y e s  u n d  D u n c a n  [14] b e re c h n e t.

Zung  u n d  D uncan [15] v e rö ffe n tlic h ten  auch  B erech n u n g en  des an g e ­
re g te n  Z u stan d es  des W assersto ffm o lekü ls, d ie  denen v o n  P hillipson  u n d  
MuLUKEN ä h n lic h  sind, ab e r d iese V erfasser v erw en d e ten  o rth o -n o rm ie rte n  
M olekü lbahnen .

Zum  S ch luss m üssen n o c h  die V erfasser R othenberg  u n d  D avidso n  
[16] e rw äh n t w e rd en , die d ie  n a tü r lic h e n  B a h n e n  der a n g e reg ten  Z u stän d e  
127̂ h, , in e, 1IJU, 1Ag, 3Eg , 327„, 3IJU, 3IJg, 3Ag des W assersto ffm olekü ls a n ­
gegeben  h a b e n .

In  einer f rü h e re n  A rb e it des V erfassers [17] w urde u n te rs u c h t, w ie die 
B e rü ck s ich tig u n g  des K o rre la tio n sfak to rs  (1 -|- p r 12) die B erech n u n g en  des 
G ru n d z u s ta n d e s  des W assersto ffm olekü ls b ee in flu ss t. In  d iese r A rbeit w erden  
d ie  frü h eren  U n te rsu c h u n g e n  a u f  die B erech n u n g en  d er Z u s tä n d e  lsn sh Z ^  
au sg ed eh n t. M it diesen B e rech n u n g en  v e rm e h r t sich die Z ah l d er b e k a n n te n  
M olekü lin teg ra le  zw ischen ls^ u n d  n s -E le k tro n e n  in  grossem  M asse.

D ie Rechenm ethode

Zur B estim m u n g  von  Z u s ta n d s fu n k tio n e n  fü r  die Z u s tä n d e  1 snshZ’g 
(n  2) des W assersto ffm o lekü ls w ird  es angenom m en , dass sie ih ren  U rsp ru n g  
a u s  einer B a h n -K o n fig u ra tio n  n ehm en , in  w elcher sich das e rs te  E lek tro n  im  
G ru n d z u s ta n d  u n d  das zw eite  E le k tro n  in  angereg tem  Z u s ta n d  b efinde t. Im  
F a lle  n  =^ 2 b a b ç n  die M olekü lbahnen  d e r e inzelnen  E le k tro n e n  die fo lgende 
G e s ta lt;

l ? i = ( l S A + . l S B) I V 2 ( l+ S l ), (1)

2ag =  ( 2 S A +  2 S B) l f 2 ( l  +  S 2), (2)

Si =  <iSA\iSB) , i — 1,2. (3)

D ie  W asse rs to ffe ig en fu n k tio n en  d er n s-Z u stän d e  w erden  d u rc h  den fo lgenden  
Z u sam m en h an g  geliefert:

ns(r)
1

n312 jn
exp Rn(r) , (4)
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WO

R n(r) = 1 - n — 1 
1! 2!

(n — 1) (re — 2)
2! 3!

(5)

Die Z u s ta n d sfu n k tio n  is t  das an tisy m m etrisch e  P ro d u k t  der e inzelnen  
log u n d  2ag M olekü lbahnen , d u rch  den  K o rre la tio n s fa k to r  (1 -f- p r u ) e rw ei­
te r t .

s2s =  1 °g (l)  2 <*g (2) (1 +  p r 12) (ax ß2 x 2 ßx) ■ (6)

Die E lek tro n en en erg ie  w ird  d an n  a u f G ru n d  des fo lgenden  Z usam m enhanges 
b erech n e t:

f W
(?)

wo

H  = (8 )

D ie R esu lta te  der B erechnungen

M it d e r k o rre la tio n sm ässig en  M olekü lbahn  (6) e rg ab  sich  hei R  =  1.95 
a.u . K e rn a b s ta n d  fü r  die E lek tro n en en erg ie  des an g ereg ten  Z u standes l s 2 s 1i ^ ’ 
des W assersto ffm olekü ls d e r W e rt 0,70221 a .u . In  e in er frü h e re n  A rb e it des 
V erfassers [9] w urde  dieselbe E nerg ie  a u f  G rund  der (6) ähn lichen  M olekü l­
b a h n  m it einem  R e su lta t  v o n  0,68086 a .u . fü r  die E lek tro n en en erg ie  b e re c h n e t. 
D ie E rw e ite ru n g  der M olekü lbahn  d u rch  d en  K o rre la tio n sfa k to r  (1 -j- p r 12) 
g ib t also eine E n erg iek o rrek tio n  m it dem  W ert von 0,02135 a .u .. D ieselbe 
K o rre k tio n  h a t  bei d er B erech n u n g  der E lek tro n en en erg ie  des G ru n d zu stan d es  
des W assersto ffm olekü ls den  W e rt 0,02352 a .u ., wie m a n  sich  davon  au s d er 
A rb e it von  F rost u n d  B raunstein [18] überzeugen  k a n n . D a  die zwei E n e r ­
g iek o rrek tio n en  g rössenordnungsm ässig  gleich sind, k a n n  es auch be i den  
B erech n u n g en  d er an g ereg ten  Z u stän d e  fe s tg e s te llt w e rd en , dass m it d e r  E r ­
w eite ru n g  d e r E ig en fu n k tio n  d u rch  den  K o rre la tio n s fa k to r  (1 -f- p r 12) n u r  
d an n  eine w esen tliche E n e rg iek o rrek tio n  e n ts te h t , w enn d o r t  g ar keine K o rre ­
la tio n  d e r E le k tro n e n  v o rh a n d e n  w ar.

Ich  d an k e  au ch  an  d ieser S te lle  F räu le in  A. B old izsár  fü r d ie  H ilfe , die sie m ir m it  d e r 
V ornahm e d e r n u m erisch en  R ech n u n g en  geboten  h a t.
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A nhang

Bei d e r B erechnung  d e r  E lek tro n en erg ie  m ussten  m ehrere  M olekül- 
In te g ra le  b e s tim m t w erden, d ie  in  der L i te ra tu r  b ish er n o ch  n ich t v o rg e ­
k o m m en  sin d . D iese seien fo lg en d erm assen  b ezeichnet:

I(ix, ß, y, ö, i , j ,  к , m, n) =  —  J J e x p  ( — ocral — ßrbl) X

X exp  ( — yra2 — ôrb2) r‘al rJbl rka2 r& drx d r2.

B ei der B e rech n u n g  der In te g ra le  w ird  die M ethode  von K o t a n i [19] u n d  se in e r 
M ita rb e ite r  b e n u tz t .  U nsere In te g ra le  w u rd e n  m it H ilfe d e r  folgenden H ilfs ­
in te g ra le  a u sg e d rü c k t:

Л ( а )  =  е-*» ц п dfx ,

B n(ß) =  e~ßv vn d v , 

c ;( / ,  ß) =  £ )  P fr , )  e-»'< *1(1 -  r?)-'2 dv t ,

H ’(i, а ; к, ß) =  J “  J ” e~a'4 e ~ ^  /л[ //' Q\([i+) X

X И  — 1)”  {/4 — 1 Y 12 d f t  •

D ie  neuen  In te g ra le  k ö n n en  in  v ier G ru p p en  davon  a b h än g en d  e in g e te ilt 
w erden , dass d ie  E x p o n e n tia lfu n k tio n e n  d ie  fo lgenden  G e s ta lte n  h ab en :

exP ( — 2al) exP ( Га2) ,

ral -  Гы) e x p ( — ra2) ,

2 ral) exp 1 1 \]
rb2 •>

2 2 /1
Í 1 1

rai — rb\) e x p ----- — r02-
l 2 2

W egen d e r grossen Z ah l d er M olekü lin tegra le  w erd en  aus jed e r G ru p p e  
n u r  einige m itg e te ilt:

1 (2 ,0 ,1 ,0 ,  0 , 0 ,0 ,0 ,1 )  =

32
fjo
n o

R R
4, Ä ;2, —  G° (0, R) Gg 0 , - ^ 1  + 3 (°) +  5(!>) +  7(°) +  9(°) +
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Л R
+  Щ  2 ,Л ;4 ,-^ -  G8(0, Л) Cg 0 , - ^  +  3(»)+ 3(g) — 7(g) +  9(g) +

+  Щ

+  щ

R R
2, Л ; 2, A  Gg(2, R)  G° 0, ~ \  +  3(°) + 5(g) +  7(g)+  9(°) +

2, R i  2, y |G § ( 0 ,Ä ) G § 2 , A |  +  3(°) +  5(g) +  7(g) +  9(°)

2 Я ° |3 , Л ; 3 ,  A G g(l, Л ) Gg
' ■ ' I ,

6(?) -  10(g) -  14(g) -  18(g)

- 2 t f ° 2, Л ; 2, A |  Gg(0, R )  Gg fo, A l  _  10(g) -  10(g) -  14(g) -  18(g) +

+ > +1^ ) + Ж (̂+  А я 1 [ 2 ,й ; 2 , А | С1(0, й ) Gg 

-  Я °  [4, Л ; 0 , A J  Gg(0 , Л ) Gg (2 , A j  _  3 (0) _  5(g) -  7(g) -  9(g) -

-  Д5 2, Л ; 2,
Л

Gg(0, Л , ) Gg 2, - А  I — 3(g) — 5(g) — 7(g) — 9 (2;

_ xl0

Щ  2, Л ;0 ,

R
2

R

2, Л ; G°(2,R)G° 2,
R

G°o(0, R)  Gg

+  2Я »

+  2 Я »

Л
3 , Л ; 1 , у -  G g(l, Л)

2, Л ; 0, -AJ Gg(0, Л) Gg

,  Л
4’ T

3 А
’ 2

-  3(g) -  5(g) -  7(g) -  9(g) -

-  3(g) -  5(g) -  7(g) -  9(g) +

+  6(?) +  10(g) +  14(g) +  18(g) +

А
2, Л : 0, А  

2
GJ(0, Л) Q\

R

+  6(g) +  10(g) +  14(g) +  18(g) -

—  Н п 11 о 2, Л ; 2,
Л

Л

С8(2,Л ) Gg О,
Л

-  Я “ |0 ,Л ;  4 , —  G8(2, Л) Gg А
Я 0° |0 ,Л ;  2 , А Gg(4, Л) Gg О,
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+  3(2) +  5(g) +  7(g) +  9(2) +
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+  3(2) +  5(g) +  7(g) +  9(2) =
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ВЫ ЧИСЛЕНИЕ СОСТОЯНИЯ 1ms l E +  МОЛЕКУЛЫ ВОДОРОДА НА 
ОСНОВЕ МЕТОДА КОРРЕЛЯЦИОННО-УМ ЕРЕННЫ Х М ОЛЕКУЛЯРНЫ Х ОРБИТ

Ф. БЕРЕН Ц

Р е з ю м е
Определяется электронная энергия состояния ls2s ISJ молекулы водорода на основе 

метода корреляционно-умеренных молекулярных орбит. Далее показывается, что расши­
рением собственной функции с корреляционным фактором достигается значительное 
улучшение в энергии только в случае, если там не имеет место корреляция электронов
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ON THE STRUCTURE AND SPECTRA OF 
^-ELECTRON SYSTEMS*

By

C . S Á N D O R F Y

D ÉPA R T EM EN T D E  C H IM IE , U N IV ER SITÉ D E  M ONTRÉAL, M ON TRÉAL, Q UÉBEC, CANADA

(Received 13. I. 1969)

R ecent advances in th e  theories of sa tu ra ted  hydrocarbons are briefly reviewed. The 
problem  of the non-additiv ity  of certain ground sta te  properties of these molecules is discussed 
as well as their electronic absorption spectra.

In tro d u c tio n

T h e  in te re s t o f q u a n tu m  chem ists  in  th e  p ro p e rtie s  o f la rg e r s a tu ra te d  
o rgan ic  m olecules is re la tiv e ly  recen t. T he a p p ro x im a te  a d d itiv ity  o f ce rta in  
physico-chem ical q u a n titie s  in  th e  case o f p a ra ff in s  seem ed to  re n d e r  ca lcu la ­
tions on  th ese  of no g re a t in te res t. F i r s t  a tte m p ts  to  t r e a t  cr-electron system s 
b y  a p p ro x im a tiv e  w ave m echanical m e th o d s  w ere b ased  on group  -— o r bond  
o rb ita ls . T hese h av e  b een  review ed [1,2] and  we sh a ll re fra in  from  do ing  th is  
again . W e p re fe r to  ta k e  th e  a t t i tu d e  t h a t  lo ca lizab ility  or a d d itiv ity  re la tio n ­
sh ips, i f  th ese  ap p ly , sh o u ld  be a re su lt o f  th e  ca lcu la tio n s and  n o t th e ir  s ta r tin g  
p o in t.

T h ere  are  a t  le a s t tw o  p ro p ertie s  of s a tu ra te d  m olecules w h ich  ex h ib it 
a clear d e p a rtu re  o f a d d it iv i ty  or loca lizab ility .

1) T he h ea ts  o f fo rm a tio n  show  a sligh t b u t  w ell e s tab lish ed  d e fa u lt o f 
a d d itiv ity  (T able I).

2) T he f irs t  io n iza tio n  p o ten tia ls  o f  n o rm a l-p a ra ffin s  show  an  o u tsp o k en  
d im in ish ing  tre n d  w ith  increasing  ch a in  len g th  (T ab le  I I ) .  T h ey  d rop  from  13.17 
ev for m e th a n e  to  10.19 fo r n -decane.

Table I

Observed heats of form ation of paraffins in  u n its  of resonance in tegral ß  =  — 38.866 kcal-M 
after sub tracting  the contributions of the  C—H bonds. A fter K l o p m a n  [6]

M ethane 0
E thane 2
Propane 4.06
Isobutane 6.20
Neopentane 8.34
Cyclohexane 12.43

* D edicated to  Prof. P . G o m b á s  on his 60th b irthday . The au thor wishes to  express 
his deep appreciation of the lifetim e scientific work of Professor P . G o m b á s  from  whom 
he received his firs t tra in ing  in  theoretical physics in the early  forties.
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Table II

O b serv ed  io n iza tio n  p o ten tia ls  o f p a ra ffin s  in  ev. A fte r F u k u i , K ato a n d  Y o nezaw a  [5]
a n d  K lo pm a n  [6]

M ethane 13.17
E thane 11.76
Propane 11.21
n-B utane 10.80
n-Pentane 10.55
n-H exane 10.43
n-H eptane 10.35
n-Octane 10.24
n-Decane 10.19
Isobutane 10.40
N eopentane 10.30
Cyclohexane 10.40

A n y  th e o ry  concerned  w ith  single b o n d ed  system s sh o u ld  b e  able to  
in te rp re t  these  fa c ts .

T h e  f irs t “ in d iv id u a l e le c tro n ”  ca lcu la tions on s a tu ra te d  h y d ro ca rb o n s  
w ere  m ad e  in  1954 b y  Sá ndo rfy  a n d  D a u d el  [3] a n d  b y  Sá n d o r fy  [4]. T hese 
w orks exp lo red  th e  p o ssib ility  o f ap p ly in g  th e  sim ple H iickel m o lecu la r o rb i­
ta l  m e th o d  in  a ll-valence e lec tro n  ca lcu la tions.

H iick e l-ty p e  m ethods s im ila r to  th e  above m en tio n ed  w ere ex ten siv e ly  
u sed  an d  im p ro v ed  b y  F u k u i, K ato and  Y onezaw a  [5] an d  b y  K lopman

[6] w ith  th e  m a in  pu rpose  o f  e x p la in in g  th e  b e h a v io r of th e  io n iza tio n  p o te n ­
tia ls  a n d  h ea ts  o f  fo rm a tio n  in  series of n o rm al an d  b ran ch ed  p a ra ff in s . T his 
w as successfu lly  ach ieved  b y  th e se  a u th o rs  w ith  a  su itab le  choice o f  p a ra m e te rs . 
A n u m b e r o f p ro b lem s re la tin g  to  chem ical r e a c tiv i ty  h a v e  also b een  tre a te d
[ 7 ]  . T hen H offman  [8] introduced the very sim ple W olfsberg— H elmholtz

[9] p a ra m e tr iz a tio n  in to  cr-Hiickel ca lcu la tions th u s  p ro v id in g  th e m  w ith  th e  
f le x ib ility  n ecessa ry  to  t r e a t  s tereo ch em ica l p rob lem s. P ople a n d  Santry

[10] , in  a m ore e lab o ra te  tr e a tm e n t ,  exam ined  th e  causes of de loca lization  an d  
n o n -a d d itiv ity  in  p araffin s.

T h e  n e x t s ta g e  in  th e  ev o lu tio n  s ta r te d  in  1964 w hen  th e  P a r is e r  P a rr  
P o p le  m ethod  w as ad a p te d  to  or-electron p rob lem s. T his has b een  done b y  se ­
v e ra l au th o rs  a t  a lm o st th e  sam e tim e : K lopman [11], P ohl, R e in  an d  Appel  
[12], P ople , Sa n tr y  an d  Segal [13], K aufman  [14], K atagiri a n d  Sándorfy  
[15], Skancke [16], Y onezaw a , Y amaguchi an d  K ato [17].

These m eth o d s  use e ith e r  th e  zero d iffe ren tia l o v erlap  ap p ro x im a tio n  
o r M u llik en’s ap p ro x im a tio n  a n d  differ m a in ly  in  th e  w ay  o f h an d lin g  th e  
in te ra c tio n s  b e tw een  electrons in  o rb ita ls  on  th e  sam e a to m  an d  b y  th e  e x te n t 
in  w hich  a to m ic  sp e c tra l d a ta  a re  used  for o b ta in in g  p a ra m e te rs .

In  th e  w r ite r ’s o p in io n ,th e  H iickel an d  P a r is e r—P a r r  -  P o p le  m ethods 
h a v e  now  a tta in e d  th e  sam e deg ree  o f usefulness in  cr-electron p ro b lem s as th e y  
h a v e  in  я -e lec tro n  problem s.
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Delocalization and ground state properties

In  th e  em pirica l m ethods, i f  h y b r id  o rb ita ls  are  used, th e  in te ra c tio n  
betw een  electrons on  th e  sam e a to m  b u t  in  d iffe ren t o rb ita ls  is re p re se n te d  by  
th e  resonance  in te g ra l mß  w here m  is a n u m b er chosen  to  be m uch  less th a n  
u n ity  an d  ß is th e  resonance  in te g ra l fo r a C— C b o n d . I t  is im m ed ia te ly  clear 
(Fig. 1) t h a t  th e  degree of de loca lization  depends on th e  value of m  a n d  th a t  
fo r  m =  0 we o b ta in  com pletely  localized  bonds.

Fig. 1. Carbon hybrid ized sp3 orbitals in  n-butane

I t  is in te re s tin g  in  th is  re sp ec t to  com pare a c h a in  of C— C b o n d s linked  
b y  sp3 h y b rid  o rb ita ls  an d  a co n ju g a ted  chain  in  w hich  we consider th e  n — n  
bonds on ly .

I f  all th e  ß w ere e q u a l in  th e  n  ca lcu la tio n  ev e ry  л  o rb ita l w ould  h a v e  tw o 
eq u iv a len t neighbors a n d  i t  is th is  s i tu a tio n  w hich we call “ c o n ju g a tio n ” , 
(benzene, fo r  exam ple). I n  an open  c h a in  co n ju g a ted  m olecule like b u ta d ie n e  
large ß  a lte rn a te  w ith  sm all ones. I n  s a tu ra te d  m olecules th e  m v a lu e  d e te r ­
m ined  b y  Y oshizumi [18] is ab o u t 0 .35.

T hus we can see t h a t  the  d ifference  betw een  s a tu ra te d  an d  co n ju g a ted  
chains is less fu n d a m e n ta l th a n  i t  m ig h t ap p ear a t  f ir s t  s igh t. P ro p a n e , for 
exam ple, becom es s im ila r to  b u ta d ie n e . (S impson [19] [20] was ab le to  t r e a t  
th e  e lec tron ic  sp ec tra  o f  b o th  b y  a n  exciton ic  a p p ro ach  th a t  is, su p p osing  
loca liza tion  in  in d iv id u a l bonds in th e  g ro u n d  s ta te  an d  fo rm ing  com b in a tio n s 
o f w ave func tions ex c ited  in  anyone b o n d  for th e  e x c ite d  s ta te s).

K lopman has show n  [21] b y  ex am in in g  th e  secu la r d e te rm in a n ts  th a t  
th e  in tro d u c in g  of th e  2 — 3 in te ra c tio n  in  th e  H iickel ty p e  t re a tm e n t is eq u i­
v a le n t to  in tro d u c in g  th e  nonne ig h b o r 1— 4 in te ra c tio n  (F ig . 1). T h is can  be 
exp lo ited  in  th e  t r e a tm e n t  of stereo ch em ica l p rob lem s [22].

I f  we use pure atom ic orbitals instead  of hybridized ones in the o-bond  
problem (like H offm ann  [8] or P ople and Santry [10] the relation betw een  
delocalization and interactions betw een orbitals on th e  sam e atom is no more 
evident.

P ople and San tr y  w ho used perturbation calculations to establish the 
causes of delocalization in  saturated hydrocarbons found that there are three
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o f th e se : th e  en e rg y  d ifference b e tw een  2s a n d  2p  o rb ita ls ; th e  resonance  in ­
te g ra ls  be tw een  chem ica lly  n o n -b o n d ed  atom s a n d  th e  in te ra c tio n s  betw een  
th e  2pz ( =  л)  o rb ita ls . I t  is in te re s tin g  to  n o te  t h a t  if  th e  axes o f  th e  la t te r  
a re  p a ra lle l —  as in  th e  a ll-tran3  isom ers —  e v e ry  л  e lec tron  h as  tw o  e q u iv a ­
le n t  neighbors a lth o u g h , n a tu ra l ly ,  th e  d is tan ces  b e tw een  ne ighbors are  
n o w  a b o u t 1.54 Â.

T hese co n sid e ra tio n s m a y  h e lp  in  th e  u n d e rs ta n d in g  o f th e  b eh av io r of 
io n iza tio n  p o te n tia ls  an d  h e a ts  o f  fo rm a tio n  in  th e  p a ra ffin  series (cf. Tables 
I  a n d  II) .

+0,0590-0,0590 0,9970 +0,0508-00523

*0,0539

-00543
-Q0060+Q0069

+ 0,0496

-Q 0484
0,9925

о
CDCOЮ00

0,9936

+0,0532-0,0533 0,9^47 0,9930 +

*00543

*0,0539

00540:00541

о
CO
CDCOCD

0,9947

pcDCOrOCO

0,9935
+0,0003 +0,0003

Fig. 2. Effective o rb ita l charges and  bond charges in  m ethane, staggered and  eclipsed ethane
an d  in  propane

T he fo llow ing  d iagram s (F ig . 2) re p re se n t th e  d is tr ib u tio n  o f e lectron ic  
ch a rg e  densities  in  m e th an e , e th a n e  and  p ro p a n e  co m p u ted  b y  th e  P P P - ty p e  
a p p ro x im a tio n  o f  K atagiri a n d  S ándorfy [15]. T he h y d ro g en  a to m s are seen 
to  loose n e g a tiv e  charges a m o u n tin g  to  a b o u t 0.05 e lec tron ic  charges. T hese 
a re  p icked  u p  e ssen tia lly  b y  th e  Csp3 o rb ita ls  lin k ed  d irec tly  to  th e  hydrogens. 
H yd ro g en s on  seco n d ary  ca rb o n s  loose s lig h tly  less charge th a n  tho se  on  p r i ­
m a ry  ones. B a n d  ordere in  b o th  C —C an d  C —H  bonds are  close to  0.99. T h is 
d is tr ib u tio n  as w ell as th e  C —H  b o n d  d ipole a re  seen to  be  in  co n fo rm ity  w ith  
g enera l chem ica l know ledge.

I t  is in te re s tin g  to  n o te  t h a t  while d e lo ca liza tio n  causes an  ap p reciab le  
a m o u n t o f n o n -a d d itiv ity  in  io n iza tio n  p o te n tia ls  an d  h e a ts  o f  fo rm atio n  i t  
a ffec ts  ch arg e  d is tr ib u tio n  o n ly  sligh tly .

The electronic spectra o f  ст-electron system s

T he e lec tro n ic  sp ec tra  o f  s a tu ra te d  h y d ro c a rb o n s  a re  lo c a te d  in  th e  fa r  
u ltra v io le t  a n d  th i3  is p ro b a b ly  th e  reason  w h y , u n til  re c e n tly , th e y  received  
so l i ttle  a t te n t io n . M ethane seem s to  be th e  o n ly  excep tion . T h e  m ost com plete
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w orks re la tin g  to  th is  m olecule are  th o se  o f D itchburn [23] an d  Sun a n d  
Weissler [24], w ho also su m m arized  th e  p rev ious l i te ra tu re .  More gen era l 
w orks on a lip h a tic  h y d ro ca rb o n s  s ta r te d  ap p ea rin g  fo u r o r five  years ago. 
A m ong th e se  we h a v e  to  m en tio n  th o se  of Okabe and  Becker [25], Partridge 
[26], Schoen [27] an d  Raytmonda an d  Simpson [20]. T h e  ab so rp tio n  s p e c tra  
o f a n u m b er o f gaseous n o rm al a n d  b ra n c h e d  paraffin s w ere  m easu red  in  th e  
a u th o r’s la b o ra to ry  on a M cP herson  m odel 225 vacuum  u l t r a v io le t  m o n o ch ro ­
m a to r  u n d e r a p p ro x im a te ly  0.2 Â  re so lu tio n  from  2000 to  1150 Â u s in g  a 
double b eam  a tta c h m e n t, a h y d ro g en  lig h t-so u rce  and  p h o to e lec tr ic  re c o rd ­
ing. O ur d iscussion w ill be b ased  on  th ese  sp e c tra  [28] [29].

Fig. 3. F a r u ltrav io let absorption  spectra of m ethane, ethane, propane and  n-butane. Molecu­
lar extinction  coefficients — against wavenumbers

A lthough  a n u m b e r of th e o re tic a l w orks are  now a v a ila b le  on g ro u n d  
s ta te  p ro p erties  of s a tu ra te d  h y d ro ca rb o n s  we know  on ly  fo u r  concern ing  
th e ir  e lectron ic  sp ec tra . T hese a re : Mulliken’s u n ited  a to m  tre a tm e n t [30] 
[31], th e  P a r is e r—P a r r — P ople ty p e  ca lcu la tio n s of Katagiri a n d  Sándorfy 
[15] and  o f B rown an d  K rishna [32] an d  th e  excitonic a p p ro a c h  of Ra y - 
monda an d  Simpson [20].

T he follow ing o b serv a tio n s can  be m ade .
a)  T he b an d s a re  u su a lly  diffuse an d  no  v ib ra tio n a l s t ru c tu re  is o b se rv ­

ed. E th a n e  is a sig n ifican t ex cep tio n  to  th is .
b) T here  seem  to  be one or tw o  w eak b an d s , or a t le a s t  a p ronounced  

in flec tio n  b e tw een  1630 an d  1575 Â, in  all th e  sp e c tra  excep t t h a t  o f m eth an e . 
T hese sh ift g rad u a lly  to  longer w av e leng ths.

c) A t sh o rte r  w ave leng ths s tro n g  b an d s  follow  w ith  m o lecu la r  ex tin c tio n  
coefficients in  th e  10®— 104 range. T h e  b an d s e x h ib it m uch la rg e r  sh ifts  to w ard  
low er frequencies, am o u n tin g  to  4200 c m -1 fro m  e thane  to  p ro p a n e  for th e  
f ir s t  s tro n g  b an d , th e n  becom ing  g rad u a lly  less an d  reach ing  an  ap p ro x im a te  
lim it of ab o u t 1420 A fo r n -p en tan e . A t th e  sam e  tim e  th e  in te n s itie s  increase 
g rad u a lly  (T able I I I ) ,  (F ig . 3).
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Table II I

The wavelengths and  molecular ex tinc tion  coefficients of the first tw o strong  bands of norm al
paraffins

Compound 1 I I

Л (A) e(l. mole- ’em-1) A (A) e(l. mole-1cm -1)

M ethane 1277 5 839

E thane 1318 8 751

Propane 1395 11 240 1285 13 010

n-B utane 1410 15 420 1335 17 950

n-Pentane 1415 17 330 1345 20 360

n-H exane 1425 19 560 1335 24 080

n-H eptane 1430 20 950 1340 25 980

n-Octane 1415 24 550 1340 28 960

According to Mulliken , the united atom configuration of CH4 is, om it­
ting carbon Is orbitals:

M M 6 4 ,

w here <q a n d  f 2 are  th e  u su a l group th e o re tic a l sym bols u n d e r Та sy m m etry . 
T he lo w est exc ited  o rb ita ls  th e n  w ould  b e  R y d b e rg -ty p e , la rge  a tom ic o rb ita ls  
3s, 3p ,  3d . . . w ith  3s lo w est. Mulliken p o in ted  ou t, h o w ev e r, th a t  an ti-b o n d in g  
localized  C— H  orb ita ls  a re  q u a lita tiv e ly  v e ry  s im ila r to  those  o f 3s a n d  3p  
orb ita ls  o f  an  atom . T h u s  in  th is u n ite d  a to m  ap p ro ach  th e  f irs t ex c ited  s ta te  
of m e th a n e  w ould h av e  co n fig u ra tio n  [seq]2 [p /2]5 [3sa1\ 1F 2 and th e  co rres­
pond ing  tra n s it io n  w ould  b e  of ty p e

’F 2 •*------ 1A 1 a n d  allow ed .

T he o b se rv ed  in te n s ity  (e =  5800, o sc illa to r  s t r e n g t h /  =  0.26) seem s to  ju s t i ­
fy  th is  ass ig n m en t a lth o u g h  the  p o ss ib ility  th a t  th e  b a n d  is a fo rb id d en  one 
b o rrow ing  in te n s ity  fro m  a s tro n g er tra n s it io n  a t  h ig h e r  frequencies is no t 
ru led o u t. I n  fac t we k n o w  from  Schoen’s [27] w ork t h a t  the  1277 Â b a n d  of 
m e th an e  is followed b y  ev en  s tro n g e r b ands.

I n  K atagiri a n d  Sandorfy’s schem e (F ig. 4) w hich  is b a se d  on  th e  
C2s, C2p  an d  H is  o rb ita ls  only, th e  m o lecu la r o rb ita ls  a re , in  order o f in c rea s­
ing en e rg y , <q, f 2, eq, f 2 so  th a t  th e  tra n s i t io n  of lo w est energy  is cq ■*— f 2, th a t  
is ag a in  ’ F 2 1A l . T h e  sequence o f th e  excited  o rb ita ls , how ever, d ep en d s in  
a de lica te  w ay  on th e  cho ice  of c e r ta in  p a ram e te rs . I f  th e  order w as <q, f 2, f 2, 
cq th e  f i r s t  tra n s itio n  w o u ld  be / 2 -<— f 2 y ielding F 2 X F 2 — d j  -|- £  -f- F j  - f  
F 2 th e  tra n s it io n  to  F 2 b e in g  allowed a n d  th e  o thers fo rb id d en . The la t t e r  could 
be m a d e  allow ed b y  v ib ro n ic  in te ra c tio n s  and th e  b a n d  we observed  m ay  be
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Fig. 4. Energies of the lower singlet— singlet electronic levels of m ethane, ethane and  propane. 
C—C m eans th a t the orb ita l from  w hich th e  transition  departs (in absorption) has a high 
population  in  the C—C bonds; M (m ixed) th a t  i t  has a fairly large population in  the C—C bonds. 
I f  the s ta te  is unm arked then  all the charge is in  C—H bonds in the o rb ita l of departure. 

A fter K a t a g ir i and S ándort  y [15 ]

due to  th ese . I t  is also possib le th a t  th e  shou lder a t  1425 Á rep resen ts  a se p a ­
ra te  e lec tro n ic  h a n d  due to  one o f  th e se  fo rb id d en  tra n s itio n s . W e h a v e  no 
m eans o f  checking u p o n  th e se  te n ta t iv e  assig n m en ts , how ever.

T h e  g round  s ta te  o f e th a n e  in  Mulliken’s u n ite d  a to m  tre a tm e n t h a d  th e  
follow ing co n figu ra tion :

[ s a j 2 [ s a j 2 [я е ]4 [я е ]4 [er -f- or]2 1A 1 

C H 3 CH3 CI13 CH3 C -  C

H ere th e  tw o  m e th y l g roups a re  t r e a te d  as tw o  se p a ra te  u n ite d  a to m s ex cep t 
th a t  a C— C m olecu lar o rb ita l  is fo rm ed  fo r th e  tw o  2p a  e lec trons fo rm in g  th a t  
b o n d . T h is yields [сГ;£сг] th e  p lus sign  ap p ly in g  to  th e  o rb ita l o f low er energy . 
F o r th e  low est exc ited  s ta te  an  e lec tro n  w ould  go to  an  o rb ita l fo rm ed  b y  th e  
tw o c a rb o n  3s a tom ic  o rb ita ls , [3s 3s]. T h en  we o b ta in  th e  co n fig u ra tio n
[s«i]2 [sax]2 [яе]4 [яе ]4 [a -f- cr] [3s -f- 3s] 1A 1 i f  th e  e lec tro n  is ta k e n  from  th e  
C— C b o n d . T he tra n s it io n  to  th is  s ta te  w ould  be 1A i  ■*— 1A 1 an d  fo rb id d en . 
F ro m  co n sid era tio n s b ased  on io n iza tio n  p o ten tia ls  Mulliken p re d ic te d  th a t  
th e  co rresp o n d in g  b a n d  sh o u ld  be a t  a b o u t 1600 Â. N o such  b a n d  w as know n  
a t  th e  t im e  b u t  we a re  now  m ak in g  th e  te n ta t iv e  su ggestion  th a t  th e  w eak  
h an d  we f in d  in  th e  sp e c tru m  of e th a n e  corresponds to  th is  tra n s it io n .
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T h e f ir s t  s tro n g  b a n d  w ou ld  th e n  he due  to  th e  tr a n s it io n  o f  an  elec tron  
in  a C— H  b o n d  to  th e  sam e ex c ited  o rb ita l:

[seq]2 [ s a j 2 [тге]4 [ne]3 [a +  a]2 [3s -f- 3s] 1E.

T h e 1jE ■<— A4 tra n s it io n  is allow ed.
In  Katagiri a n d  Sandorfy’s P a rise r  an d  P a r r  ty p e  ca lcu la tio n s th e  

f i r s t  tra n s it io n  is o f  th e  AE <— A4 ty p e  b u t  we f in d  no e q u iv a le n t fo r  M u l l i- 
k en ’s low  ly ing  1A 1 1A 1 tra n s it io n .

M ore e x te n d e d  3s +  3s +  3s +  . . . ty p e  o rb ita ls  m a y  acco u n t fo r th e  
b a th o c h ro m ic  sh if t w hich is o b serv ed  w hen  th e  n u m b e r of ca rb o n  a to m s in ­
creases.

M ore e la b o ra te  ca lcu la tio n s using  a  basis o f a to m ic  o rb ita ls  inc lud ing  
e x c ite d  ones w ill p ro b a b ly  be  n eed ed  befo re  we can  pass th e  sp ecu la tiv e  stage  
in  th e  in te rp re ta t io n  of th e se  sp ec tra .

I t  is a m a t te r  o f som e in te re s t  to  know  if  th e  f ir s t  io n iza tio n  leaves th e  
“ h o le”  in  th e  C— C bonds or in  th e  C— H  bon d s or if  i t  is d is tr ib u te d  over b o th . 
I n  Mulliken’s u n ite d  a to m  schem e th e  h ig h e s t o rb ita l filled  in  th e  g round  
s ta te  is o f C— C c h a ra c te r  in  e th a n e . T he H iick e l-ty p e  ca lcu la tio n s o f F ukui, 
K ato an d  Y onezawa [7], K lopman [6] [21] a n d  H offmann [8] all seem  to  
fa v o r  th e  C— C.

Raymonda a n d  Simpson [20] assum e th a t ,  in  f ir s t  ap p ro x im a tio n , th e  
C— C elec trons can  be tr e a te d  se p a ra te ly  (like th e  n  e lec trons in  c o n ju g a ted  
sy s tem s b u t  w ith  less ju s tif ic a tio n )  so t h a t  th e  f ir s t  io n iza tio n  is ag a in  C— C in 
th e ir  m eth o d . H ow ever, th e  P a r is e r— P a r r —P o p le  ty p e  ca lcu la tions o f Katagiri 
a n d  Sandorfy [15] y ield  e lec tro n  d ensities m a in ly  c o n c e n tra ted  in  th e  C— H  
b o n d s  in  th e  u p p e rm o s t o ccup ied  o rb ita ls , fo r a t  le a s t e th a n e  an d  p ro p an e .

F ro m  th e ir  p h o to e le c tro n  sp ec tra  Al-Joboury a n d  T urner [33] also 
conc luded  to  th e  in v o lv em en t o f C— H  ra th e r  th a n  C— C b o n d s. T h e ir b an d s 
w ere  b ro ad , h o w ev er, an d  th e y  h av e  allow ed fo r th e  p o ssib ility  t h a t  th e y  re su lt 
fro m  io n iza tio n  fro m  m ore th a n  one close-ly ing  o rb ita l.

T he m a tte r  does n o t seem  to  be d e fin ite ly  se ttle d . C hanges from  C— H  to  
C— C m ig h t o ccu r in  going fro m  one p a ra ff in  m olecule to  th e  o th e r  and , in  
p a r tic u la r , b e tw een  isom ers w ith  d iffe ren t degrees of b ran ch in g .

T he d iffuse c h a ra c te r  o f  th e  b an d s  in  th e  sp e c tra  of th e  s a tu ra te d  h y d ro ­
carb o n s is u su a lly  a t t r ib u te d  to  d issoc ia tion  o r p red isso c ia tio n  in  th e  exc ited  
s ta te s  w hich  a re  indeed  v e ry  p ro b ab le  in  v iew  o f th e  h igh  e x c ita tio n  energies 
w hich  are  in v o lv ed . In  re la tiv e ly  sm all m olecules w here th e  s ta te s  are  n o t v e ry  
c row ded  th e  chances for p red isso c ia tio n  are  ex p ec ted  to  be low er an d  th is  m ay  
be  th e  reason  w h y  e th an e  [6] ex h ib its  som e v ib ra tio n a l fin e  s tru c tu re .

D esp ite  o f  th e  im p o r ta n t  ro le p la id  b y  d issoc ia tion  we sh o u ld  be cau tious 
in  a t t r ib u tin g  a ll th e  d iffuseness w h a t is o b serv ed  to  th ese  p h en o m en a . W e h av e
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to  rem em b er in  th is  re sp ec t t h a t  because o f ro ta t io n a l  isom erism  ou r sp ec tra  
are  a c tu a lly  sp e c tra  of m ix tu re s  a n d  th a t  th e  n u m b e r o f ro ta t io n a l  isom ers as 
w ell as th e  n u m b e r o f to ta lly  sy m m etrica l v ib ra tio n s  increase  ra p id ly  w ith  th e  
increase  in  th e  n u m b e r of a to m s in  th e  m olecules.

T h ere  are  som e sig n ifican t d ifferences b e tw een  th e  sp e c tra  o f th e  b ran ch ed  
ch a in  p a ra ffin s , especially  th o se  o f  th e  h ig h ly  b ra n c h e d  ones, an d  th o se  of th e  
n o rm a l p ara ffin s .

A  ty p ic a l ex am p le  is show n  in  Fig. 5. T h e  f ir s t  b an d s  are  m u ch  s tro n g e r 
th a n  in  th e  sp e c tra  o f th e  n o rm a l p a ra ffin  a n d  th e y  are  follow ed b y  a fa irly

Fig. 5. F a r u ltrav io let absorption spectra  of n-pentane and  neopentane. M olecular extinction
coefficients against w avenum bers

deep m in im um  to w a rd  h ig h er freq u en c ies . W e h a v e  no q u a n tu m  chem ical 
ca lcu la tio n s av a ilab le  to  help  in  th e  in te rp re ta t io n  o f  th ese  sp e c tra . I t  is p os­
sible t h a t  in  th is  case th e  f irs t  b a n d s  co rre la te  to  th e  f irs t  strong b a n d s  o f th e  
n o rm al p ara ffin s . T h is w ould a g a in  m ean  th a t  th e re  has b een  a ch an g e  in  th e  
o rd er o f  th e  h ig h est occupied  m o lecu la r o rb ita ls  in  th e  g ro u n d  s ta te .

A ll e lec tron ic  tra n s itio n s  m e n tio n e d  in  th is  co m m u n ica tio n  w ere sing le t — 
sing le t. T he f irs t  s in g le t — tr ip le t  tra n s itio n s  w ere p re d ic te d  b y  K a t a g i r i  and  
S á n d o r f y  [1 5 ]  to  lie b y  ab o u t l e v  to  low er frequenc ies from  th e  f i r s t  s in g le t— 
sing le t b an d s . N one o f  th em  h as b een  found  u p  to  th e  p re se n t tim e .

W e conclude b y  say in g  th a t  m u ch  rem ains to  be  done. T he so lid  th e o re ­
tic a l basis  for th e  d iscussion  o f cr-electron sp ec tra  is y e t  to  be  c rea ted .
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О СТРУКТУРЕ И СПЕКТРЕ a -ЭЛЕКТРОННЫ Х СИСТЕМ
Ц. ШАНДОРФИ

Р е з ю м е

В первой части работы дается краткий обзор новейших исследований по теорети­
ческой химии, касающихся насыщенных углеводородов. Во второй части рассматри­
ваются расхождение некоторых относящиеся к основному состоянию физико-химических 
свойств от аддитивности и переходы о-электронов (далекий ультрафиолетовый спектр).
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QUANTUM AND CORRELATION CORRECTIONS TO THE 
THOM AS-FERMI POTENTIAL*

By

T .  T lE T Z  and S. K r ZEMINSKI

D EPA R T M E N T OF TH EO R ET IC A L PHYSICS, U N IV E R S IT Y  OF LÓDZ, L Ó D Z, POLAND

(Received 13. I. 1969)

This paper studies the correction to the Thom as— Ferm i potential arising from the exi- 
change inhom ogeneity and correlation effects. Using th e  B a r a f f  equation  and the approxi­
m ate solution of the Thomas— Fermi equation for free neu tra l atoms, given by  one of the au thors 
there has been considered the low and high density approxim ation. I t  is found th a t the m ain  
contribution to the solution of the B a r a f f  equation arises from the inhom ogeneity, screening 
and exchange term s.

L as tly  th e  s tu d y  of co rre la tio n  effects in  m an y -b o d y  sy s tem s  has a t t r a c t ­
ed  th e  a tte n tio n  o f  a n u m b er o f scien tific  w ork ers  [1]. T h is p a p e r  stud ies th e  
co rrec tion  of th e  T hom as — F e rm i p o te n tia l fo r free  n e u tra l a to m s from  th e  e x ­
change, inh o m o g en eity  an d  co rre la tio n  effects b y  using th e  d iffe ren tia l e q u a ­
tio n  of B a r a f f  a n d  a sim ple a n a ly tic  exp ression  o f th e  T h o m as —F erm i p o te n ­
tia l  w ith  a co rrec t a sy m p to tic  b eh av io u r fo r la rg e  d istances.

I t  has b een  show n b y  B a r a f f  [2] th a t  th e  f irs t  nonzero  co rrec tio n  Ф2 to  
th e  T hom as — F e rm i p o te n tia l [3 ]Ф 0 is given b y  th e  so lu tio n  o f  th e  d iffe ren tia l 
e q u a tio n

у 2Ф2 -
4 me2
яЙ3

P f ® ï  =
яЙ5

P f  (Е  ex +  Е  corr ) +
12я  h3 p F

ф  , 2m d® о 2'
4'V У-’о 1

(Pf)2 dr
( 1 )

w here p F deno tes th e  T hom as — F erm i m o m en tu m , E ex — — е2р Р1лЙ an d  
E corr deno te  th e  exchange an d  co rre la tio n  energ ies o f th e  sy s te m , resp ec tiv e ly . 
T he f irs t te rm  on th e  r ig h t-h a n d  side of E q u . (1) rep resen ts th e  c o n tr ib u tio n  
aris in g  from  exchange an d  co rre la tio n  effects a n d  th e  second te rm  gives th e  
inh o m o g en eity  co rrec tio n . T he second  te rm  o n  th e  le f t-h a n d  side  in tro d u ces 
th e  screen ing  effec t, w hich is one of th e  im p o r ta n t  consequences o f th e  long- 
ran g e  Coulom b in te ra c tio n  of e lec trons. T he r ig h t-h a n d  side o f E q u . (1) depends 
on Ф 0, th e  T hom as — F erm i p o te n tia l, an d  in  so lv ing  th e  d iffe re n tia l E q u . (I)

* D edicated to  Prof. P. G o m b á s  o n  his 60th b irthday .
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we sh a ll use  th e  sim ple a n a ly tic  so lu tio n  o f  th e  T hom as — F e rm i eq u a tio n  g iven 
b y  one o f  th e  au th o rs  [4]

< M r) =
________ Ze2_________
r ( l  + A x ) 2( l  +  B x)  ’

( 2)

w here  x=r/fi  an d  ji t= 0 .8 8 5 3 4 a 0/Z 1/3. Z  is th e  a tom ic  n u m b e r  and  o 0 is th e  f irs t  
rad iu s  o f  th e  h y d ro g en  a to m . T he n u m erica l values o f th e  c o n s ta n ts  A ,  В  a p p e a r ­
ing in  E q u . (2) are  g iven  b y : A =  0.05367 Z 1 3, C =  0 .0 3 5 Z 1' 3. In  th e  follow ing 
we use  a to m ic  u n its  a n d  so p u t  e =  h =  m =  a 0 = l .  T h e  co rre la tio n  energy  
of an  e lec tro n  gas h as  b een  in v e s tig a te d  b y  severa l a u th o rs  and  i t  d ep en d s on 
th e  d e n s ity  o f th e  sy s tem .

L e t rs den o te  th e  m e a n  spacing  b e tw een  tw o e lec tro n s m easu red  in  u n its  
of B o h r ra d ii in  th e  sy s tem . W e th e n  sa y  th a t  th e  sy s te m  has h igh or low  d en ­
s ity  acco rd in g  to  r s 1 o r  r s 1. A cco rd ing  to  Gellman and  B rueckner 
[5] th e  co rre la tio n  en erg y  o f  a h igh  d e n s ity  gas is g iv en  b y

E rorT =  G — E  In p y  ? w here G =  — 0.05546 a n d  £  =  0.0622. (3)

F o r an  e lec tro n  gas fo r low  d en sity  th e  co rre la tio n  en e rg y  in  a to m ic  u n its  is 
g iven  b y  th e  W ig n er  [6] fo rm ula

ту _ i 4  U/3
£ corr =  — (0.89 а  я  — 1) —- , [where a  =  ——  . (4)

71 ( 9  л I

F irs t  we sh a ll solve th e  B araff e q u a tio n  fo r Ф 0 g iven  b y  E q u . (2) in  th e  case of 
h igh  d e n s ity ; th is  m eans we use E corr g iven  b y  E q u . (3). T hen  w e solve th e  
B araff  eq u a tio n  fo r  Ф 0 in  th e  case o f low  d en sity  w h en  E corr is g iven  b y  th e  
la s t  fo rm u la .

Solution o f Baraff equation for high density

In  th e  h igh  d e n s ity  lim it th e  B araff e q u a tio n  accord ing  to  E q u . (3) in 
a to m ic  u n its  is

V 2Ф2 - У~ 2Ф0 Ф-2 =  {-4 ^  я  2Ф°- +  л  -  В  ln У -  2Ф0|  +

12я  У(— 2 Ф0)

~  +  -А -

1 Ы Ф 0

Фо dr

( 5)
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w here Ф0 is g iven  in  a to m ic  u n its  b y  E q u . (2). T he gen era l so lu tio n  o f Ф2 g iven  
b y  th e  la s t  d ifferen tia l e q u a tio n  is th e  su m  o f th e  so lu tio n  o f  th e  hom ogeneous 
eq u a tio n  an d  th e  p a r tic u la r  in teg ra l. D e n o tin g  th e  so lu tio n  o f  th e  hom ogeneous 
e q u a tio n  b y  Ф and  p u ttin g  a series o f th e  form

Ф =  —  ^  OLk tk+s , w here  t =  r112 (6)
r fc='l

fo r Ф we o b ta in  a fte r  re sp e c tin g  th e  in i t ia l  e q u a tio n  s =  0, w hen  a 0 ^  0 an d  
x i =  a a =  0 fo r th e  ex p an sio n  coeffic ien t Xk th e  follow ing recu rren ce  fo rm u la :

n ( n  -  2) an -  i 6- У 2Z  2  ( -  1У D j «„_3- 2; , (7)
^ j —0

Adhere

Dj =  A> +  У  l 2k ~  1) !! ■ A>~k Ck , D0 =  1. (8)
; Á  2 kV. ’

T he n u m b e r l tak es  th e  fo llow ing  v a lu es : l = n — 1/2 for ev en  n and  l = n  —  3/2 
fo r odd  re, w here  re =  3, 4, 5, . .. S e ttin g  Ф2 =  Ф - f  ip, w h ere  гр is th e  p a r t ic u la r  
so lu tio n  o f E q u . (5) we see t h a t  th e  p a r t ic u la r  so lu tion  гр a f te r  som e s im p lif ic a ­
tio n  sa tisfies th e  follow ing d iffe ren tia l e q u a tio n

d2W 2 dW 4 У 2Z
dr2 r dr r1'2 (1 +  A r)  ( l  +  Cr)1'2 n

(9)

^here

Ф  =  Ф2 4- G — E in  \^2Z 4— ~ E l n r  - f  E l n ( l  4- A r ) ----- — E l n ( l  + C r )  4-

+
1

+
4^4

+
2C 20 A 2

96 L r2 ' r ( l  4 -  Ar)  r ( l  +  Cr) (1 4 -  A r)2 

IC 2 12 AC
(1 +  Cr)2 (1 4 -  Ar)  (1 4- Cr)

an d  f (r )  can  be expanded  in  ascend ing  pow ers of r, an d  one has

( 10)

f ( r ) =  2  ßin r"*
Л= —4 ( 11)
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w here  th e  e x p a n s io n  coeffic ien ts /?2„ are  g iv e n  b y  th e  fo llow ing recu rren ce  
re la tio n s

ß - s  =  — , ß - e  =  0 ,  ß _ , =
48

E

ß_ . =  2E A  4- ЕС  — ------- h —  А я +  —  A 2C +  —  А С 2 +  —  С3
2 я 2 12 4 4 3

I n 4 - 3  8 Z  n+1
(n +  3) E A n+2 +  2+ JLl E C n+2----------У  (к +  1) Cnil~k A k

2 n2 k=0

—  A 2 C2 j ? ( n  -  k  +  l)(k  +  l ) A n~k Ck + - l- A C  
4 /с=o 4

^2 V  (fe~bf)(fc+2) Qn-кдк  4_ £2 у  . (fc +  l)(fc +  0  j n-kQkk= 0

+  —  Л С  
4

^  k =  1 ^

n + 1  /1 + 1

4  • (Ä +  1) C"+1- fc A k +  c  2  (k + l ) An+1~k c k +
k = 0 k = 0

_l_ (n  +  2)(re +  3) 7 ( ra + l)(n . +  2)(ra +  3) ^ n+i
2 -3 16 1 - 2 - 3

15 (ra +  l)(re +  2 ) (n - f3 )  ^ „ +4 H  (n + 2 )(re-|-3) ^ n+4 
12 1 - 2 - 3  12 2

a n d  n =  0, 1, 2 , 3, . . ..
E q u . (9) c an n o t he sa tis f ie d  b y  a p o w er series a lone, a n d  a com plete  so lu ­

tio n  of i t  sh o u ld  also c o n ta in  a te rm  in v o lv in g  Int. T h ere fo re  in  o rder to  so lv e  
E q u . (9) w e p u t  ip in  th e  fo rm

у  =  2  <**** +  2 bs tS' ln t '
k = - 4 s = 0

w here  t =  r 12. S u b s titu tin g  th is  in  E q u . (9) an d  co m p arin g  d ifferen t pow ers o f 
tK and  tslnt o n  b o th  sides o f  th e  d iffe ren tia l eq u a tio n  w e o b ta in  fo r th e  e x p a n ­
sion  co e ffic ien ts  ak and  bs t h e  follow ing recu rren ce  fo rm u lae  *

* 4 ~ ß —8, o_3 — a_2 — Uq —• 0, a _ i  — 16 Y  2Z

1 1 (4  +  2 ) bn

К  — 2/?_4, b1 — —A>i — 0 ,

1 6 f 2 Z  + , f _ l V

( 1 2 )

2 ( ~ l )iD jb n- 3-2i =  o ,
j =0
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w here

also

for even  n, l = n — 3
fo r  odd n, a n d  n — 3, 4, 5, . .

n (n +  2) a„ +  2(n +  l)6 „
16 V 2 Z  £

я  j=о 1У D j  a n—3—%j — ^ßn—i 1 (13)

w here l = for  even  n, l =  for o d d
2 2

ß in + i =  0 an d  n = 1 ,  2, 3, . . .  .

T he  sym bols D j  ap p ea rin g  in  fo rm ulae  (12) a n d  (13) are  g iv en  b y  E q u . (8). 
T he so lu tio n  o f E q u . (9) s till co n ta in s  one a r b i t r a r y  c o n s ta n t a 0. This ca n  be

e v a lu a ted  from  th e  b o u n d a ry  co n d itio n  a t  th e  orig in . F o r an y  n e u tra l  a tom  th e  
p o te n tia l n e a r  th e  orig in  is d o m in a te d  b y  th e  n u c lea r a t t r a c t io n  an d  th is  is 
equal to  — Ze2/r. S ince th e  T hom as — F erm i p o te n tia l  Ф0 also te n d s  to  —Ze2/ r  
as r —► 0, i t  is c lear th a t  th e  co rre la tio n  to  th e  T h o m a s — F erm i p o te n tia l  co n ta in s  
a n y  1/t2, so t h a t  ос0= 2 Л -)-С /4 8 . W hen  a 0= 2 y l-(-C /4 8  is s u b s ti tu te d  in  E qu . (8) 
we ge t th e  co rrec tio n  Ф2 to  th e  T h o m a s—F e rm i p o ten tia l.

W e h av e  s tu d ie d  th e  n a tu re  o f v a r ia tio n  o f  Ф2 w ith  r fo r th e  atom s silicon  
an d  nickel w hich  h av e  a to m ic  n u m b ers  Z  =  14 a n d  Z  =  28, re sp ec tiv e ly . F ig s . 
1 a n d  2 give th e  g rap h s of Ф2 as a fu n c tio n  of r. O u r resu lts  h a v e  b e e n  co m p ared  
w ith  th o se  o f Y e n k a t a r a n g a n  [7], w hich a re  b a se d  on a n o th e r  ap p ro x im a te  
so lu tio n  of th e  T hom as — F erm i p o te n tia l g iven  b y  th e  a u th o r  [8].

F ro m  th e  g rap h s i t  follows th a t  Ф2 s ta r ts  from  in fin ity  fo r  v e ry  sm a ll 
va lu es  of r, decreases to  a m in im u m  v alue  a n d  ag a in  increases.
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Fig. 2. G raph  of — Ф2 ag a in s t r  for Z  =  14. the results of P. Venkatarangan,
------the results of the authors

Solution o f  the Baraff equation for low  density

F o r a n  e lec tron  gas o f  low  d en sity  th e  co rre la tio n  en erg y  is g iven  b y  th e  
W ignek  fo rm u la , i.e. b y  E q u . (4 ).The o n ly  difference in  th e  d iffe ren tia l e q u a tio n  
(1) now  a rises  from  th e  te rm  (E s — y>fi/2m) w hich in  th is  case is equal t o — 0.89 
xn(e2p Flnh).

A fte r  som e c a lc u la tio n  i t  can be  sh o w n  th a t  in  th is  case th e  co rrec tio n  
Ф2 to  th e  T h o m as — F e rm i p o te n tia l c a n  b e  w ritte n  as

Ф, r =2.C76 УкГ k ~
k~ 0 96

4 A

20 A 2 7 C2

r ( l  +  A r) 

12 AC
(1 - M r ) 2 ( 1 + C r ) 2 ( l - M C ) ( l  +  Cr)

w here th e  ex p ansion  coeffic ien ts d2P a re  given by

+
2C

r ( l  +  Cr)

2 d2Pr
P=0

2p  +  4 
2

d L - 0 ,

(re +  2 )(n  +  4)

2 4 /  2Z
71A l ~ c

16 /  2Z A 16
n A ' 7 Г

an
n A

2 7  1 

CG y_ l
IVD'j dn^ j ■ =  4d„ (15)

for even  n , an d  zero fo r  o d d  n, w here l = n / 2  for even  n, an d  l ~ n — 1/2 fo r odd 
n, an d  n  =  2, 3, 4, . . ., th e  expansion  coeffic ien t yp sa tisfies  th e  fo llow ing  fo r­
m ulae:

1
s =  -  

9 1 +  ГnA
2 Z 
C

2.676 , w hen (16)

( s - f n  — l) ( s + n )
n A

2 Z
Vn

n A

9 7  n
2  iyD ', Y n - j  =  o .  

ь  j  =  0
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T he sym bols Dj an d  ôn app earin g  in  the  last fo rm u la  are:

Dj =  A -J  +  У  - { 2 k ~ - 1 ) !!_  A k~> C~k 
ÄTo 2 kV.

and
s я 7

■ 0 .89  ä*4 =
5

U

(17)

л  A 2 С

àn =  ( - 1 ) " -
11 (n  -  3)(n — 2) 1 (n -  3)(n -  2)
12

C~n+4 +

f  —  " y  (k +  1) Ck~n+i A ~ k +  —  V  (fc +  1) A k~n+i C~k -
4 k=o 4 k=o

(fc i- l) ( /c + 2 )  A k - n + i _ Q - k _
4 о 2

-  —  ,£>" (fe+ 1)(fc+ j L  c k~n+i A ~ k -  -  ky ( n - k -  3 ) ( fe + l)  • 
4 k= о 2 4 k^cI

. ^ л - п + 4  с -«  -  —  ( "  ~  3 )  ( "  ~  2 )  ^  A ~ n+* -
12 1 • 2 • 3

7 (n — 3 ) (n — 2) (n — 1)
16 1 - 2 - 3

C~n+i

Я 7  n - 4
------— 0 .8 9 â  2 ? ( k  +  l ) C k- n+iA - k .
л A “ С к— о

for n  =  5, 6, 7, . . ..
F ro m  E q u . (18) i t  follows t h a t  Ф2 a sy m p to tic a lly  ten d s to  zero  as r -2 . 

This is an  u n sa tis fa c to ry  fea tu re  o f  th e  B a r a f f  e q u a tio n  since one w ould  ex ­
p ec t th e  co rrec tion  to  converge m ore ra p id ly  th a n  th e  T hom as — F e rm i p o te n tia l
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КВАНТОВЫ Е И К О РРЕЛЯ Ц ИО Н Н Ы Е ПОПРАВКИ К ПОТЕНЦИАЛУ
ТОМАСА—ФЕРМИ

Т. ТИТЦ и С. КРЗЕМИНСКИЙ

Р е з ю м е
В данной работе изучается корреляция к потенциалу Томаса—Ферми, обуслов­

ленная неоднородностью обмена и корреляционными эффектами. Применяя уравнение 
Бараффа и приближенное решение уравнения Томаса—Ферми для свободных нейтраль­
ных атомов, данное одним из авторов, рассматривается приближение малой и высокой 
плотности. Найдено, что основной вклад в решение уравнения Бараффа вносят неодно­
кратные, экранирующие и обменные члены.
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REMARKS CONCERNING THE 
THEORETICAL EXPLANATION OF HUND’S RULE* **

B y

A.  Lemberger and R. Pauncz

D EPA RTM EN T OF CH EM ISTR Y , ISRA EL IN ST IT U T E  OF TECHN O LO GY , H A IFA , ISR A E L

(Received 13. I. 1969)

According to the accepted  theoretical explanation  of H u n d ’s rule the electronic inter­
action energy is sm allest in the ground state w hich is o f the h ighest m ultip licity . A breakdown  
of the total energy into one- and two-electron contributions in the case o f carbon atom  based  
on self-consistent field calculations and configuration interaction treatm ent shows th a t this 
assum ption is not valid. A ccording to our results the m ain differences in the energies o f  different 
term s arising from  the sam e electronic configuration are due to differences in the one-electron  
energies.

1. In tro d u c tio n

T he sim p lest t r e a tm e n t  of a to m ic  sp ec tra  is b a se d  on th e  a ssu m p tio n  
th a t  a single e lectron ic  co n fig u ra tio n  c a n  be  a t tr ib u te d  to  each a tom ic  energy  
level. T he positions of th e  d iffe ren t te rm s  a rising  from  a g iven  e lec tron ic  co n fi­
g u ra tio n , a re  de te rm in ed  th eo re tica lly  b y  d iagonaliz ing  th e  m atrices o f e le c tro ­
s ta tic  an d  sp in -o rb it in te ra c tio n  [1, 2, 3 ]. F o r  ligh t a to m s th e  sp in -o rb it in te r ­
ac tio n  is w eak  an d  can  be  tr e a te d  as a p e r tu rb a tio n , so t h a t  th e  d iffe ren t te rm s 
can  s till be ch a rac te rized  b y  th e ir  L S  v a lu es  and  p a r ity .

A ccord ing  to  H u n d ’s em pirical ru le  [4 ], of all te rm s  arising  from  a ce r­
ta in  e lec tron ic  co n fig u ra tio n , th e  te rm  w ith  h ig h est m u ltip lic ity  has th e  low est 
energy . T his ru le  p red ic ts  co rrec tly  th e  g ro u n d  s ta te  o f  m ost a to m s, b u t  it  
u su a lly  does n o t  hold  fo r ex c ited  s ta te s .

T he accep ted  th e o re tic a l ex p la n a tio n  fo r th is ru le  is b ased  on th e  p h e n o ­
m enon of th e  “ F erm i h o le” . I t  is well k n o w n  th a t  a n tisy m m e tr iz a tio n  o f  th e  
w ave fu n c tio n  in tro d u ces s tro n g  c o rre la tio n  betw een  e lec trons w ith  p a ra lle l 
spins. L ö w d in  [5] has sh o w n  th a t  th e  d iag o n a l e lem en t o f  th e  second  o rd e r 
d en sity  m a tr ix , Г { х 1х 2\х1х^) is zero for x 1 =  x 2, a t  leas t u p  to  th e  second o rd e r; 
th a t  is, th e  p ro b a b ility  o f f in d in g  tw o e lec tro n s w ith  p a ra lle l spins a t  th e  sam e 
p o in t in  space  is zero, w h ereas  th e  p ro b a b ili ty  of f in d in g  tw o e lectrons w ith  
a n tip a ra lle l sp ins a t  th e  sam e  p o in t can  b e  d ifferen t fro m  zero. This can  be 
v iew ed as if  each  e lec tron  is su rro u n d ed  b y  a “ hole”  —  th e  “ F erm i h o le”  —  
w hich c a n n o t be  p e n e tra te d  b y  electrons w ith  spins p a ra lle l to  its  own. I n  th e se

* D ed icated  to Prof. P . G o m b á s  on his 60th  birthday. One o f  the authors (R. P .) would  
like to express his gratitude for the stim ulus and advice  th a t he received  at the beginning o f his 
research work from  Professor P . G o m b á s .

** Part o f  a thesis (A. L .) subm itted  to the Senate o f the Israel In stitu te  o f Tec hnology  
in partial fu lfilm ent of the requirem ents for the M. Sc. degree.
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c ircu m stan ces , i t  m a y  be ex p e c te d  th a t  th e  e lec tro n  repu lsion  energy  w ill be 
lo w est in  th e  te rm  w ith  th e  h ig h e s t m u ltip lic ity  as th e  la t te r  h as  th e  g re a te s t 
n u m b e r  of e lec tro n s w ith  p a ra lle l spins.

I f  we now  assum e th a t  th e  one-e lec tron  en erg y  is eq u a l, o r only  s lig h tly  
d iffe ren t, fo r th e  d iffe ren t te rm s  aris in g  from  th e  sam e e lec tron ic  co n figu ra tion , 
th e n  th e  en e rg y  differences b e tw e e n  te rm s a re  m a in ly  due to  d ifferences in  th e  
e lec tro n  re p u ls io n  energy . As th e  la t te r  is ex p e c te d  to  be low est in  th e  te rm  w ith  
h ig h e s t m u ltip lic ity , th is te rm  m u s t h av e  th e  low est to ta l  en erg y .

W hen  th is  e x p lan a tio n  is ex am in ed  m ore  carefu lly , i t  is w orthw hile  to  
p a y  a tte n tio n  to  th e  follow ing p o in t:  T he ex is ten ce  of th e  F e rm i ho le  is a d ire c t 
re su lt  o f th e  a n tisy m m e try  o f  th e  w ave fu n c tio n  an d  does n o t  depend  on a n y  
a p p ro x im a tio n  m e th o d  used  to  ca lcu la te  th e  w ave fu n c tio n . H ow ever th e  
a s su m p tio n  t h a t  th e  one e le c tro n  energ y is  e q u a l fo r th e  d iffe re n t te rm s, a rising  
fro m  th e  sam e e lec tron ic  c o n fig u ra tio n , is b a se d  on th e  accep ted  a p p ro x im a tio n  
m e th o d  u sed  in  a to m ic  sp ec tro sco p y , th a t  is , th e  a t tr ib u tio n  o f  a single co n fi­
g u ra tio n  to  each  atom ic  en e rg y  level an d  th e  use of th e  sam e  atom ic  o rb ita ls  
fo r  th e  c o n s tru c tio n  of th e  w av e  fu n c tio n  o f  each  te rm . (T he w ay  b y  w h ich  
th e  “ b e s t”  o rb ita ls  are fo u n d  is u n im p o r ta n t  to  th is  d iscussion). This m e th o d  
o f a p p ro x im a tio n  has th e  a d v a n ta g e s  of b e in g  sim p ler th a n  th e  u su a l H F  m e th ­
od an d  i t  c an  easily  be e x te n d e d  fo r th e  p e r tu rb a tio n  c a lc u la tio n  of th e  m a g n e ­
tic  in te ra c tio n s  (L S -coup ling ). Sinanoglu  [6] used  th is  a p p ro x im a tio n  as a 
c o n v en ien t s ta r t in g  p o in t fo r h is  ca lcu la tio n s of th e  c o rre la tio n  energy.

N ev erth e less , we h av e  no  reason  to  assu m e a p rio ri t h a t  a sim ilar re su lt  
fo r th e  o n e-e lec tro n  energy  o f  th e  te rm s w ill be  o b ta in ed  w h en  a m ore e x a c t 
c a lcu la tio n  o f  th e  w ave fu n c tio n  is m ade , t h a t  is, w hen  th e  v a r ia tio n a l c a lc u ­
la tio n  is p e rfo rm ed  se p a ra te ly  fo r each te rm , w ith in  th e  fram ew o rk  o f  th e  
single c o n fig u ra tio n  a p p ro x im a tio n , o r w h en  th e  m ore e x a c t m e th o d  o f su p e r ­
p o sitio n  o f co n fig u ra tio n s  is u sed  to  ca lcu la te  th e  w ave fu n c tio n . M oreover, i t  
is know n t h a t  a s e p a ra te  v a r ia tio n a l ca lcu la tio n  fo r each  te rm  m a y  g ive 
a p p rec iab ly  d iffe ren t o rb ita ls  fo r d iffe ren t te rm s  [7]. T he in fluence  of su p e r ­
p o sition  o f co n fig u ra tio n s c a n  h av e  even  m ore  d ra s tic  effec ts  on th e  en e rg y  
differences b e tw een  te rm s [8], especially  in  th e  case of Z -degeneracy .

T he o b je c t of th is  s tu d y  w as to  ex am in e  th e  v a rious c o n tr ib u tio n s  to  th e  
energy  d iffe rences be tw een  te rm s , w hen  a v a r ia tio n a l c a lc u la tio n  is ca rried  o u t 
s e p a ra te ly  fo r  each  te rm , a n d  th u s  to  check  th e  v a lid ity  o f th e  accep ted  e x p la ­
n a tio n  fo r H u n d ’s ru le. 2

2 . B reakdow n  of th e  en erg y  fo r lig h t a tom s from  SCF calculations

T h e  f i r s t  s tep  in  th e  in v e s tig a tio n  co n sis ted  in  th e  c a lcu la tio n  of th e  d if  
fe ren t co m p o n en ts  of th e  en e rg y  (k inetic  energy , nu c lea r a t t r a c t io n  en erg y  a n d  
e lec tro n  in te ra c tio n  energy) fo r th e  low  ly in g  te rm s of th e  a to m s from  th e  f ir s t
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Table I

E nergy components fo r the three low est terms o f th e  carbon atom  as calculated from
C l e m e n t í s 1 SCF-functions*

Term K inetic N uclear attraction Electronic repulsion T otal
energy energy energy energy

3P 37.689 — 88.137 12.760 — 37.689
'D 37.632 — 87.992 12.728 37.631
lS 37.550 — 87.769 12.669 — 37.550

* Energy values in  th is and the following tables are  given in atom ic units.
1 See [9].

tw o row s of th e  p e rio d ic  tab le . T h e  ca lcu la tions w ere based  on se lf-consisten t 
w ave func tions o b ta in e d  b y  Clem enti [9] u sin g  th e  R oothaan —  SCF m e th o d  
[10]. T hese fu n c tio n s w ere chosen fo r  tw o  rea so n s: 1. The v a r ia tio n a l ca lcu la tio n  
was m ad e  se p a ra te ly  fo r each te rm , th u s  o m ittin g  th e  u su a l s im p lifica tio n . 2. 
T he o rb ita ls  are o f a n a ly tic  form  so th e y  are e a sy  to  deal w ith  a n d  s till are v e ry  
close to  th e  H a r tr e e —Fock fu n c tio n s .

T he expressions fo r th e  e n e rg y  as a lin ea r co m b in a tio n  o f ra d ia l in teg ra ls  
are ta b u la te d  fo r each  te rm  [11]. A ll th e  in te g ra ls  can  be ca lcu la ted  ex ac tly  
b y  a n a ly tic  fo rm ulas.

R esu lts  fo r th e  d ifferen t en e rg y  com p o n en ts  ex h ib ited  th e  sam e b e h a ­
v io u r in  all cases. I n  th e  follow ing tab le s  we sh a ll p re se n t d a ta  fo r th e  case of 
ca rb o n  a to m  as an  i l lu s tra tio n  o f th e  general t r e n d . T ab le  I  co n ta in s  th e  d iffer­
e n t com ponen ts o f th e  energy fo r th e  th ree  lo w est te rm s o f ca rb o n  arising  from  
th e  e lec tron ic  co n fig u ra tio n  l s 22s22p2.

T h e  energy  seq u en ce  of te rm s  is 3P  <[ 1D  <" *S in  acco rd an ce  w ith  expe­
rim e n t a n d  H u n d ’s ru le , b u t th e  e lec tro n  rep u ls io n  energy  is g re a te s t in  th e  
3P  te rm , in  com plete  c o n tra d ic tio n  to  th e  a c c e p ted  ex p la n a tio n  fo r th is  ru le. 
T he fa c to r  w hich de te rm in es th e  energ y -seq u en ce  o f te rm s tu rn s  o u t to  be th e  
d iffe ren t n uc lear a t t r a c t io n  energy  an d  n o t th e  d ifference in  e lec tro n  repu lsion  
energy.

Closer e x a m in a tio n  of th e  re su lts  (Tables I I ,  I I I )  show s t h a t  th e  fac to r  
responsib le  for th is  b eh av io u r is a  c o n c e n tra tio n  o f th e  e lec tro n ic  charge of 
th e  2p  o rb ita l, closer to  th e  nucleus, in  th e  te rm  w ith  h ig h es t m u ltip lic ity . This 
causes a n  ap p rec iab le  decrease in  th e  n uclear a t t r a c t io n  energy , as com pared  
w ith  th e  o th e r te rm s , an d  a t th e  sa m e  tim e, an  in c rea se  in  th e  rep u ls io n  energy  
of th e  charge  in  th e  2p  o rb ita l w ith  th e  charge in  th e  closed shell, a lth o u g h  to  
a lesser degree. C om parison  of th e  ra d ia l charge  d is tr ib u tio n  in  th e  2p  o rb ita l 
for th e  th re e  te rm s (F ig . 1) verifies th is  find ing .

T h e  difference in  th e  energies a n d  charge d is tr ib u tio n s  b e tw een  th e  closed 
shell o rb ita ls , Is , 2s, o f th e  th ree  te rm s  are sm a lle r  an d  h av e  sm alle r in fluence
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Table II

C om ponents of one-electron energy (k inetic energy and nuclear a ttrac tio n  energy) for the 
th ree low est term s of the  carbon atom  calculated from  C l e m e n t i ’s 1 SC F-functions

K inetic energy -f  nuclear a ttrac tion  energy
lerm

(b) (2») (2p) Total

3P —35.869 — 7.684 -6 .8 9 5 — 50.448

'D — 35.870 — 7.704 6.786 — 50.360
'S — 35.871 —7.732 — 6.616 -5 0 .2 1 9

See [9].

Table III

Com ponents of electronic repulsion energy for the three lowest term s of the carbon  atom 
calculated from  C l e m e n t i ’s 1 SCF-functions

Term
Closed-shell 

repulsion energy
Inter-shell 

repulsion energy
Open shell 

repulsion energy
T otal

repulsion energy

3P 7.222 5.048 0.490 12.760
'D 7.237 4.959 0.532 12.728
'S 7.260 4.822 0.587 12.669

1 See [9].

Fig. 1. Mean charge d istribution  in  the 2p-orbital for the three lowest term s of carbon atom 
calculated from  C l e m e n t i ’s SCF functions
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on th e  en erg y  d ifferences b e tw een  th e  te rm s. T h is re su lt could  be ex p ec ted  
since th e  in n e r shell o f th e  a to m  is k n o w n  to  be in flu en ced  on ly  s lig h tly  b y  
changes in  th e  o u te r  shell.

A n o th e r in te re s tin g  p o in t w hich is observed  in  T ab le  I I I  is th a t  th e  re p u l­
sion en erg y  in  th e  o p en  shell o n ly  is in  th e  o rd e r 3P  <( 1T> <  1S. T h a t  is 
a lth o u g h  th e re  are d ifferences in  th e  2p  o rb ita ls  o f th e  th re e  te rm s , i t  can  s till 
be o bserved  th a t  a n tisy m m e tr iz a tio n  o f th e  w ave fu n c tio n  in tro d u ces  a m easu re  
o f co rre la tio n  b e tw een  elec trons w ith  p a ra lle l sp ins. H ow ever, th is  co rre la tio n  
has a s lig h t in fluence  on  th e  energy  differences b e tw een  te rm s an d  th e  m ain  
fac to r  is, as was m en tio n ed  above, th e  difference in  n u c le a r  a t tr a c t io n  en erg y  
of th e  2p  o rb ita l.

E x a c tly  analogous resu lts  w ere o b ta in e d  for th e  o th e r  a to m s ex am in ed  —  
N(4S°, “H 0, 2P °), 0 ( 3P , 1D , 4S) an d  th e ir  c o u n te rp a r ts  in  th e  second row  o f th e  
period ic  ta b le  —  Si, P , S.

3 . Configuration interaction calculations

I n  o rd e r to  a sc e r ta in  w h e th e r th e  above re su lts  a re  n o t lim ited  to  th e  
single co n fig u ra tio n  a p p ro x im a tio n  (it is w ell know n th a t  SC F -functions do n o t 
y ield  a good d escrip tion  o f  tw o e lec tron  observab les) th e  d iffe ren t com ponen ts 
of th e  to ta l  energy  w ere ca lcu la ted  for th e  th re e  low est te rm s  o f ca rb o n , u sin g  
C l fu n c tio n s.

T hese functions w ere  ca lcu la ted  b y  us fo llow ing a p rev ious ca lcu la tio n  
m ade b y  B oys [12]. T h e  f irs t  s tep  co n sis ted  in  re c a lc u la tin g  B oys’ re su lts  
an d  in  th e  second —  o th e r  con fig u ra tio n s w ere a d d ed  to  th e  fu n c tio n  in  v iew  
of im p ro v in g  th e  energy . C om pu ter p ro g ram s h av e  b een  w ritte n  fo r th e  ca lcu l­
a tio n  of m a tr ix  e lem ents b e tw een  th e  a to m ic  co n fig u ra tio n s invo lved  a n d  fo r 
th e  so lu tio n  o f th e  secu la r eq u a tio n . F o r  th e  la t te r  we used  th e  p a r titio n in g  
tech n iq u e  o f  Löw din  [13], w hich w as fo u n d  to  be  v e ry  co n v en ien t fo r such  
ca lcu la tions.

R esu lts  fo r th e  w av e  func tions a n d  energies a re  lis ted  in  T ab le  IV . 
C om parison o f th e  en e rg y  values o b ta in e d  in  th e  d iffe ren t a p p ro x im a tio n s  
is g iven in  T ab le  V. T h e  fo u rth  co lum n p resen ts  th e  b e s t va lues know n  in 
li te ra tu re  fo r  th e  ca rb o n  a to m , pu b lish ed  re c e n tly  b y  W eiss  [14]. A n o th e r 
com parison  to  ex p erim en t is o b ta in ed  b y  th e  in te rv a l- ra tio  *S— 4D/ 1D  —3P  fo r 
ca rbon  (T able  V I).

S u p erposition  of co n fig u ra tio n s ap p rec iab ly  im p ro v es th e  q u a n ti ta t iv e  
ag reem en t o f  th e  in te rv a l-ra tio  w ith  ex p e rim en t, so t h a t  i t  can  be ex p ec ted  
th a t  th ese  fu n c tio n s w ill g ive a b e t te r  d esc rip tio n  o f  th e  energy-d ifferences 
betw een  th e  various te rm s  o f  th e  carb o n  a to m . R esu lts  fo r th e  d iffe ren t co m ­
p o n en ts  o f th e  energy as ca lcu la ted  from  th ese  fu n c tio n s a re  g iven  in  T ab le  V I I
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Table IV

Cl functions and  energies for the th ree  lowest term s of the carbon a tom  (present w ork)

Configuration
coefficient

3 P w iS

(sA2)(sB2)pA2 1.0 1.0 1.0
(sAsC)(sB2)pA2 0.00931 0.00925 0.00907

(sC2)(sB2)pA2 — 0.01511 -0 .01510 — 0.01505

(PC2)(sB2)pA 2 0.01604 0.01604 0.01602

(sA2)pA 4 0.12462 — 0.12361 — 0.24778

(sA2)(sBsC)pA2 0.00797 0.00905 0 .01469

(sA2)(sBsD)pA2 — 0.07872 — 0.08039 — 0.09033

(sA2)(sB2)pA pB 0.04275 0.07925 0 .13294

(sA2)(sBdA)3 D(pA2f p 0.09996 0.14982 —

(.sA2)(sBdA )3 D(pA2)'D 0.12085 -
(sA2)(s BsC) p A  p  В 0.03357 0.03387 0.03473

(sA2)(sBsD)pApB — 0.05449 - 0 .0 5 7 3 6 — 0.06209

(.sA2)(sB2)pB 2 -0 .0 4 0 8 9 — 0.05698 — 0.07736

(.sA2)(sB2)dA2 0.03614 0.04780 0.09714

(sA2)(s B2)pA p D  ' * 0.13952 0.17279 0.22358

(sA2)(sB2)pApC 0.03912 0.04454 0.05233

(sA2)(dA2)pA 2 — 0.03496 — 0.03482 — 0.00544

(.sA2)(pB2)pA 2 0.01861 0.01893 0.00278

(.sAsB)(sC2)pA 2 — 0.00542 — 0.00543 — 0.00549

(sB2)(sCsD)pA2 — 0.00375 — 0.00376 — 0.00380

E( a.u.) — 37.7600 — 37.7030 — 37.6416

* The o rb ita l pD '  is no t th e  one used by  B o y s  — it  is ra th er a linear com bination of 
B o y s ’ p D  and  pC, which is orthogonal to pC.

Table V

Comparison of energies for different calculations for the carbon atom

Term
S C F

(C l e m e n t i 1)
C l

( B o y s 2)
C l

(present work)
C l

(W e i s s 3) E x p .2

3 p — 37.689 — 37.747 —  37.760 —  37 .779 — 37.841

'D - 3 7 .6 3 1 —  37.689 —  37.703 —  37.731 — 37.795

■S - 3 7 .5 5 0 —  37.633 —  37.642 —  37 .679 —  37.742

1 See [91.
2 See [12].
3 See [14].
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Table VI

Comparison of the in terval ra tio  ( 'S — 'D )j( 'D —SP)  for the d ifferen t calculations

S l a t e r 1
SCF

(C l e m e n t i 2)
CI

(present work)
CI

(W e i s s 3) E xp .4

1.50 1.43 1.08 1.09 1.13

'S e e  [2]
2 See [9]
3 See [14]
4 See [2]

Table VII

Energy com ponents for the three lowest term s of th e  carbon atom , calcu lated  from the Cl
functions of Table IV

Term
K inetic
energy

Nuclear a ttrac tion  
energy

Electronic repulsion 
energy

T otal
energy

3 p 37.635 — 87.958 12.563 —  37.760

'D 37.583 — 87.821 12.535 —  37.703

'S 37.553 — 87.677 12.483 — 37.642

Fig. 2. Mean charge d istribution  in  th e  /.-shell for th e  th ree lowest term s of carbon atom  as 
calculated from  the Cl functions given in  Table TV
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T hese  resu lts  in d ic a te  ex ac tly  th e  sam e b e h a v io u r as th e  one o b se rv ed  
using  SC F fu n c tio n s: T h e  e lec tro n  re p u ls io n  energy is h ig h e s t in th e  te rm  w ith  
h ig h es t m u ltip lic ity  an d  th e  fac to r re sp o n sib le  fo r th e  o rd e r  3P  <  1D  <  is 
the  d ifference  in  n u c lea r  a t tra c t io n  en erg y .

C om parison  o f th e  m e a n  ra d ia l ch a rg e  d is tr ib u tio n  of th e  th re e  te rm s  
ind ica tes t h a t  th e  d ifferences in  th e  in n e r  shell (K  shell) a re  v e ry  sm all b u t  th e re  
are  d ifferences in  th e  o u te r  shell (L  she ll). T h e  rad ia l c h a rg e  d is tr ib u tio n  in  th e  
L  shell o f ca rb o n  fo r th e  th re e  low est te rm s  is g iven in  F ig . 2.

T h e  charge  in  th e  3P - te rm  is c o n c e n tra te d  closer to  th e  nucleus th a n  in  
th e  o th e r  te rm s , an d  th is  seem s to  b e  th e  reason  fo r  th e  decrease in  n u c le a r  
a t t r a c t io n  energy  an d  fo r  th e  increase  in  th e  e lec tro n  repu lsion  energy .

4 . S u m m ary

R esu lts  of th e  ca lcu la tio n s in d ic a te  th a t  th e  a c c e p ted  e x p la n a tio n  fo r 
H u n d ’s ru le  is b ased  on a n  ap p ro x im a tio n  an d  i t  does n o t  rem ain  v a lid  i f  m ore  
e la b o ra te  m eth o d s are  u se d  for th e  d e te rm in a tio n  of th e  a to m ic  w ave fu n c tio n . 
I t  seem s t h a t  a t  le a s t fo r  th e  th ree  lo w est te rm s o f  th e  ca rb o n  a to m  th e  d iffe r­
ences in  te rm  energies a re  d u e  to  changes in  sp a tia l ch a rg e  d is tr ib u tio n , so t h a t  
th e  m a in  fa c to r  responsib le  fo r th e  o rd e r  o f  energies is th e  difference in  n u c le a r  
a t t r a c t io n  energy , n o t in  th e  e lec tro n  repu lsion  energy .

A lth o u g h  we c a n n o t conclude t h a t  th is  re su lt is c h a ra c te ris tic  o f  all 
a to m s ( it  is p ro b ab ly  n o t  th e  case w ith  p ositive  ions), th e  above re su lts  s till 
em p h asize  th e  fac t t h a t  th e  differences in  one-e lec tron  en e rg y  be tw een  v a rio u s  
te rm s a re  o f  th e  sam e o rd e r  o f m ag n itu d e  as th e  d ifferences in  e lectron  rep u ls io n  
en erg y  a n d  th e ir  n eg lec tio n  is, th e re fo re , u n ju s tif ied .
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ПРИМЕЧАНИЯ ОТНОСИТЕЛЬНО ТЕОРЕТИЧЕСКОГО ТОЛКОВАНИЯ
ПРАВИЛА ГУНДА

А. ЛЕМ БЕРГЕР и Р. ПАУНЦ

Р е з ю м е
Согласно принятому теоретическому толкованию правила Гунда энергия электрон­

ного взаимодействия наиболее низка в основном состоянии, что обусловливается высокой 
мультиплетностью. Распад полной энергии в одно- и двухэлектронный вклады в случае 
атома углерода, определенный на базе метода самосогласованного поля и конфигурацион­
ного взаимодействия, говорит о недействительности данного предположения. Наши 
результаты показывают, что главное различие в энергиях различных термов, происходя­
щих от одной и той же электронной конфигурации, обусловливается различием в одно­
электронных энергиях.
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DEVELOPMENTS IN THE SEPARATED PAIR THEORY*

By

E.  K a p u y

R ESEA R C H  GROUP FO R TH EO RETICA L PH Y SICS OF T H E  H UN G ARIA N  ACADEM Y OF SCIENCES
BU DA PEST

(Received 28. I. 1969)

In  recent years, it  has become possible to com pute strongly o rthogonal geminals fo r 
several sm aller systems and  to  investigate the effectiveness of the conventional separated 
p a ir theory. The results are compared w ith  those obtained by  other m any-electron theories and  
the sources of the main deficiencies are pointed  out. E xtensions of the separa ted  pair theory  
using the optimized orbitals of the single antisym m etrized geminal p roduct w ave function are 
also discussed.

In tro d u c tio n

I t  w as F o c k  w ho firs t p roposed  th a t  tw o -e lec tro n  fu n c tio n s  should be 
used  as b u ild ing  blocks in  c o n s tru c tin g  th e  to ta l  w av e  function  [1]. T his m ethod  
seem ed to  be th e  m o st n a tu ra l ex ten s io n  of th e  H a r tre e —F o ck  schem e. I t  w as 
ex p ec ted  th a t  in  th is  w ay  th e  m o st im p o r ta n t p a r t  o f th e  c o rre la tio n  energy  
cou ld  be accoun ted  fo r an d  th e  tw o -e lec tro n  fu n c tio n s  are tra n s fe ra b le  a t le a s t 
in  ce rta in  “ localized”  sy stem s. T he ca lcu la tio n  o f  th e  energy (a n d  o f  o ther p h y ­
sical q u an titie s) is, how ever, r a th e r  cum bersom e unless special re s tr ic tio n s  are  
im posed  on th e  tw o -e lec tro n  fu n c tio n s  [2, 3]. T o  avo id  th is  d iff ic u lty  th e  co n ­
c ep t of s tro n g  o rth o g o n a lity  was in tro d u c e d  [4]. G iven  an 2 IV -electron system  
th e  to ta l  w ave fu n c tio n  4* „ can be w ritte n  as a n  a n tisy m m e tr iz e d  p ro d u c t o f 
N  gem inals tpK (1, 2), К  =  1, 2, . . .  N .  I f  th e  gem inals are

a)  no rm alized  to  u n ity :

j  Wk (1,2) Wk (L 2) d l  d2 =  1 ,  (1)

b) an tisy m m etric  in  th e  (space-spin) v a r ia b le s  of th e  e le c tro n s :

У к (! , 2) = - V k (1, 2) ,  (2)

c) m u tu a lly  o rth o g o n a l in  th e  s tro n g  sen se :

J  W’k  (1, 2) fL  (1, 2 ')  d l  =  0, i f  К  =f=L, (3)

* D edicated to Prof. P. Gombás on his 60th b irth d ay . The author wishes to express 
his thanks to  Professor P. G ombás for continuously encouraging and supporting  research 
concerning many-electron problems.
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th e  to ta l  w av e  fu n c tio n  4/ 0 no rm alized  to  u n ity  h as  th e  following fo rm :

ï ' o -
[ 2n *11/2 

m i .
1)P Р У>1 ( ! ’ 2 ) %  ( 3 , 4 ) . . .  4>N (2N  -  1 , 2N ) . (4)

p

H ere  th e  su m m a tio n  sh o u ld  be ex te n d e d  over only th o s e  p e rm u ta tio n s  w hich 
in te rc h a n g e  th e  e lec trons b e tw een  gem inals.

B y  u s in g  (4) an d  ta k in g  in to  a c c o u n t re s tric tio n s  (1), (2), (3), th e  energy 
exp ression  can  be easily  ca lcu la ted  [4, 5, 6, 7, 8]

E 0 =  Щ 0) +  2  f  V * (1 .2 ) [Щ 1)  +  H (2) +  rr2x] Wk (1, 2) dl d2 +

K=1 (5)

+  2  2  2  i d l  d2 d 3  d 4  rw [1 -  -P13] W*k  (1% 2) Vk (1 ,2) y î  (3 ', 4) rpL (3 ,4 ) .
К Z-(^K)

T he m ean  v a lu e  of an  o p e ra to r  0 , b e in g  th e  sy m m etrica l sum  of one-e lec tron  
o p era to rs

2 N
0  =  2  0 ( i ) ,

i = l

has th e  fo llow ing sim p le  form

0 = 2 Jv&(l,2)0(l)yK(l,2)dl<!2.
K“ l ‘

T h e  above fo rm alism  has been  genera lized  so t h a t  group fu n c tio n s  o f an  
a rb itr a ry  n u m b e r o f e lec tro n s  were u se d  as bu ild ing  b lo ck s  in stead  o f  gem inals
[7, 8, 9].

B y  u sin g  energy  expression  (5) a n d  au x ilia ry  cond itions (1), (2 ), (3), a 
se t o f co u p led  in teg ro -d iffe ren tia l e q u a tio n s  has b e e n  derived  w ith  th e  help 
o f th e  v a r ia t io n  th e o ry  fo r  d e te rm in in g  th e  b est p o ss ib le  gem inals [5, 8, 10]. 
T he e q u a tio n s  so o b ta in e d  were in co n v en ien t fo r p ra c tic a l use o w ing  to  th e  
o ff-d iagona l L ag ran g ian  m u ltip lie rs . T o  c ircu m v en t th is  d ifficu lty  P a r k s  and  
P a r r  su g g ested  th a t  th e  gem inals sh o u ld  be c o n s tru c te d  of given o n e-e lec tron  
fu n c tio n s  <b in th e  fo llow ing  w ay

y K(l,2)  =  ^ C £ * x( l ) M 2 ) .  (6)
x,A

T h e s tro n g  o rth o g o n a lity  cond itions (3) are s a tis f ie d  w hen each o f  th e  one- 
e lec tro n  fu n c tio n s фх e n te rs  th e  se ries  (6) of o n ly  one  gem inal. P a r k s  and 
P a r r  also  p roposed  t h a t  th e  coeffic ien ts С*д should  b e  ca lcu la ted  se lf-consisten t- 
ly  b y  m in im izing  th e  en erg y  ex p ressio n  of th e  in d iv id u a l gem inals [5, 8].

T h e  m ean ing  o f  th e  s tro n g  o r th o g o n a lity  c o n d itio n  (SC) w as la te r  c la ri­
fied  b y  A r a i  [11], a n d  b y  L ö w d in  [12]. T hey  p ro v e d  th e  fo llow ing th eo rem :
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G iven  N  s tro n g ly  o rth o g o n a l gem inals ipK, th e r e  alw ays e x is ts  a t  leas t 
one com ple te  se t o f o rth o n o rm a l one-e lec tron  fu n c tio n s  {ç>}, w hich  can  he p a r ­
titio n e d  in to  N  su b se ts  hav in g  no com m on e lem en ts

(Piv (Pi2i Via, ■ ■ ■ Vkv fK'ii <Pkv ■ ■ ■ 'Pni -, <Pn 2’ Tnv ■ ■ ■ 
such  th a t  each  of th e  gem inals c a n  be  ex p an d ed  in  te rm s  of i ts  ow n su bse t 
on ly :

V * :( l,2 )  = ^ 'a £ < ? V * ( l ) ? > /a ( 2 ) .  (7)
x,A

This m eans th a t  th e  re p re se n ta tio n  o f  th e  s tro n g ly  o rthogonal g em ina ls by  
series (7) is co m ple te ly  genera l p ro v id e d  th e  coeffic ien ts ax) and  th e  one-elec­
tro n  fu n c tio n s  <pKx a re  su ita b ly  d e te rm in ed .

T h is th eo rem  m ad e  i t  possible to  w ork ou t m e th o d s  su itab le  fo r  th e  p ra c ­
tic a l d e te rm in a tio n  o f s tro n g ly  o rth o g o n a l gem inals. A t th e  sam e  tim e  th e  
se p a ra te d  p a ir  th e o ry  becam e e sse n tia lly  a p a r tic u la r  case of th e  m e th o d  of 
“ co n fig u ra tio n  in te ra c tio n  w ith  o p tim a lized  basis fu n c tio n s” .

The conven tional separa ted  pa ir th eo ry

G em inals are u n iq u e ly  defined  b y  th e  coefficients ax!i and th e  one-e lec tron  
fu n c tio n s cpKx- (The converse  is n o t n ecessa rily  tru e .)  U sing  th e  v a r ia t io n  th e o ry  
we can  derive  eq u a tio n s  fo r d e te rm in in g  th e  coeffic ien ts  axi a n d  th e  one- 
e lec tro n  fu nc tions (pKx [5, 7, 8, 13— 15]. S u b s titu tin g  (7) in to  th e  en e rg y  exp res­
sion (5) an d  v a ry in g  th e  coefficients su b je c t to  th e  au x ilia ry  co n d itio n s

2 K \ 2 = l ,  К  =  1 ,2 , . .  . N ,
х,Л

we o b ta in  N  se ts of eq u a tio n s

- e k

for all л,  Л, an d  K,  w here

H «  =  H ( l )  +  tf (2 )  +  r f /  +

( 8 )

+  2 V f  d3 d4 [rfs1 (1 -  P 13) +  r^1 (1 -  P 23)] ip*L (3 ',4 ) Wl (3, 4).
ЦФЮ

E qus. (8) rep re sen t N  p seu d o -e ig en v a lu e  eq u a tio n s because  th e  o p e ra to rs  
HK d ep en d  on th e  coeffic ien ts ax\ o f a ll th e  o th e r g em inals.

V ary ing  th e  energy  expression  w ith  resp ec t to  th e  one-e lec tron  fu n c tio n s  
<pKx ta k in g  in to  acco u n t th e  fo llow ing au x ilia ry  co n d itio n s

J  <Pk* ( ! )  <Pu ( ! )  d l =  ôkl >
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we o b ta in  a se t o f  o n e-e lec tron  e q u a tio n s  of th e  fo rm

F ? V K * =  ^ 2 e* L<PL Я- (9)
L A

H ere  th e  o n e-e lec tro n  opera to rs F x depend  on a ll th e  coeffic ien ts ax\ and  all 
th e  o n e-e lec tron  fu n c tio n s  e x c e p t <p̂ x.

E q u s. (8) d e fin e  th e  coeffic ien ts  ax> o f  th e  best possib le  gem inals 
w ith  fix ed  <Pk„ s, a n d  E qus. (9) define  th e  o n e-e lec tro n  fu n c tio n s  (pKx o f 
th e  b e s t possib le  gem inals w ith  fix e d  ax̂ s.  T h e  ax̂ s  and  th e  ^ „ ’s are, how ­
ev er,—n o t in d e p e n d e n t because a n y  u n ita ry  tra n s fo rm a tio n  o f th e  cpKx s (and  
th e  s im u ltan eo u s  tra n s fo rm a tio n  o f  th e  a*[’s w ith  th e  co rresp o n d in g  ad jo in t) 
leaves грк  in v a r ia n t .  In s te a d  o f  a d d in g  fu r th e r  a u x ilia ry  co n d itio n s  it  is m ore 
p ra c tic a l to  use th e  n a tu ra l sp in -o rb ita l e x p a n s io n  o f th e  g em inals. A ssum ing 
t h a t  th e  <рцх a re  th e  n a tu ra l sp in -o rb ita ls  o f th e  co rrespond ing  gem inal, for 
re a l грк, on ly  th o se  coefficients ax\ d iffer from  zero  in  th e  scries (7) for w hich 
<рю1 =  ср*к. As a consequence, E q u s . (8) an d  (9) sim plify  to  som e e x te n t 
[14, 15]. To o b ta in  th e  b est possib le  gem inals th e s e  equa tions sh o u ld  be solved 
s im u lta n e o u s ly  [15]. T he n a tu ra l  sp in -o rb ita ls  o f  th e  gem inals a re  a u to m a tic a lly  
n a tu ra l  sp in -o rb ita ls  of th e  to ta l  w ave fu n c tio n .

All m e th o d s  h ith e r to  a p p lie d  to  o b ta in  th e  b est possib le  gem inals are 
e ssen tia lly  e q u iv a le n t to  som e a p p ro x im a te  so lu tio n  of E q u s. (8) an d  (9) w ith  a 
basis  <pKx t ru n c a te d  to  fin ite  size.

A )  I f  a se t o f  o rth o n o rm a l one-e lec tron  fu n c tio n s  фКх is k n o w n  w hich  is 
p re su m a b ly  close to  th e  o p tim a l one, only th e  p seud o -e ig en v a lu e  equ a tio n s (8) 
h a v e  to  be so lved . T h e  so lu tion  c a n  be carried  o u t  b y  ite ra tio n  sim ila rly  to  th e  
H a r tre e  — F o c k — R o o th a a n  e q u a tio n s  [16, 17].

B )  T he ab o v e  p rocedure  can  be c o m b in ed  w ith  t h a t  o f m ixing th e  
cpK x s b y  u n i ta ry  tra n s fo rm a tio n . T he u n ita ry  tra n s fo rm a tio n  is d e te rm in ed  
b y  m in im izing  th e  to ta l en erg y . T he tw o p ro ced u re s  h a v e  to  be  co n tin u ed  
a lte rn a te ly  u n t i l  se lf-consistency  is achieved [18, 19].

C) A n i te r a t iv e  p ro ced u re  fo r  solving E q u s . (8) an d  (9) w as p rop o sed  
b y  K utzelnigg [15, 20]. As a f i r s t  s tep  he s im p lified  E q u s . (8) and  (9) b y  
decoup ling  th o se  co rrespond ing  to  coefficien ts ax!i and  o n e-e lec trt n  fu n c tio n s 
фКх of d iffe ren t gem inals. T h e  f i r s t  n a tu ra l o rb ita l  in  each o f th e  gem inals w as 
id en tif ied  w ith  a su itab le  “ lo ca lized ”  u n ita ry  tra n s fo rm  of th e  occupied H a r t ­
r e e — F ock  o rb ita ls . B y u s in g  th e se  deco u p led  equs. h e  d e te rm in ed  th e  
“ e x c ite d ”  n a tu ra l  o rb ita ls , w h ich  w ere req u ired  to  be o rth o g o n a l to  all occupied  
H a r tre e  — F ock o rb ita ls  and  to  a ll “ ex c ited ”  n a tu r a l  o rb ita ls o f th e  sam e gem inal 
b u t  n o t to  th e  “ ex c ited ”  n a tu ra l  o rb ita ls  of th e  o th e r gem inals. I n  th e  case o f 
B e and  L iH  th e  co rrection  ow ing  to  th e  n o n o rth o g o n a lity  o f th e  “ e x c ite d ”
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n a tu ra l o rb ita ls  w as fo u n d  to  be sm all as th e  “ e x c ite d ”  n a tu r a l  o rb ita ls  o f d if­
fe ren t gem inals are localized  in  d iffe ren t sp a tia l reg ions. N evertheless th is  
m eth o d  of a p p ro x im a tio n  does n o t belong  rigo rously  to  th e  sep a ra ted  p a ir  
th e o ry  h u t  is closely re la te d  to  th e  in d e p e n d e n t p a ir  m o d e l of Sinanoglu 
[21, 22] an d  o f N esbet  [23].

S im ilar sim plified  eq u a tio n s w ere app lied  fo r d e te rm in in g  th e  n a tu ra l  
o rb ita ls  of gem inals b y  E dm iston  and  K kauss [24].

D ) T he m eth o d  of “ o p tim ized  valence  c o n fig u ra tio n s”  is also a special 
case of th e  se p a ra te d  p a ir  ap p ro x im a tio n  [25]. O nly  th e  b o n d in g  p a ir  was c o r­
re la ted  b u t all th e  one-e lec tron  func tions w ere o p tim ized . T h e  E qus. (9) 
w ere solved b y  ex p an d in g  th e  <pKx in  te rm s o f a fix ed  se t a n d  th e  off-d iagonal 
L ag ran g ian  m u ltip lie rs  w ere ab so rbed  in  th e  o p era to rs  F x .

M ethod B )  was ap p lied  to  L iH  [18] an d  to  b e ry lliu m -lik e  system s [26]. 
In  th e  la t te r  case 15 d iffe ren t S la te r o rb ita ls  w ere used  as basis fu n c tio n s 
an d  th e  ex p o n en ts  £ w ere also varied . In  th e  case of th e  Be a to m  89.8%  of th e  
to ta l  co rre la tio n  energy  w as recovered . S im ilar re su lts  w ere o b ta in e d  for o th e r  
system s.

M ethod C)  was ap p lied  to  Be, L iH  [20] an d  to  B e H 2, B H 3, C H t [26]. 
F o r Be and L iH  th e  resu lts  a re  sim ilar to  th o se  o b ta in e d  b y  m e th o d  В ).  T h e  
co rre la tion  en erg y  per eq u iv a le n t gem inal co rrespond ing  to  th e  bond  X — H  
w as found  to  decrease c o n tin u o u sly  from  L iH  to  C H 4. A co m p ariso n  w ith  th e  
em pirical co rre la tio n  energies in d ica ted  th a t  th e  sum  o f th e  in trag em in a l 
co rre la tio n  energies com prises a c o n tin u o u sly  decreasing  fra c tio n  of th e  to ta l  
co rre la tio n  energy . This m eans th a t  th e  in te rg em in a l c o rre la tio n  energies 
shou ld  also be  ta k e n  in to  ac c o u n t and  th a t  th e  co rre la tio n  en e rg y  of th e  X — H  
b o nds is n o t tra n sfe ra b le .

W e can  easily  recognize th e  sho rtcom ings of th e  c o n v e n tio n a l sep a ra te d  
p a ir  th e o ry  b y  com paring  i t  w ith  o th e r  th eo ries  o f th e  c o rre la tio n  energy .

T he m o st developed  m eth o d s  are  th e  “ m an y -e lec tro n  th e o ry ”  of Sin a ­
noglu [21, 22] an d  th e  “ th e o ry  of n-tli o rd e r B e th e  — G old sto n e  e q u a tio n s”  o f 
N esbet [23]. T h e y  are closely  re la te d  b u t  th e  la t te r  is m o re  co n v en ien t fo r 
com parison  because  i t  app lies one-e lec tron  fu n c tio n  e x p an sio n s . The e x a c t 
w ave fu n c tio n  o f  a 21V -electronsystem is d e te rm in ed  b y  th e  successive  v a r ia tio n ­
al so lu tion  of effective S ch röd inger eq u a tio n s  fo r c lu ste rs  o f  one, tw o, th re e  
e tc ., e lectrons. S la te r  d e te rm in a n ts  Ф/г o f 2iV-th o rd er a re  u se d  as basis fu n c ­
tions, w hich are  c o n stru c ted  o u t of a se t o f o rth o g o n a l o n e-e lec tro n  func tions
{Ф}:

Фк — [(21V)!]-12 d e t  \ФХ1ФХ2. . .Ф ХJ .

T h e  se t {ф} is d iv id ed  in to  tw o  sets фх, x  =  1, 2,. . . 2 N ,  a n d  фе, q =  2N  -)- 1, 
21V -f-2, . . . , th e  f ir s t  of w liich is u su a lly  id en tified  w ith  th e  o ccu p ied  H a r tre e — 
F o ck  sp in -o rb ita ls . T he S la te r  d e te rm in a n t c o n ta in in g  on ly  th e  fu n c tio n s  of th e
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f i r s t  s e t  is d en o ted  b y  Ф0 a n d  S la te r d e te rm in a n ts  in  w h ich  th e  occupied  фх, 
Фх,Ф^, e tc ., a re  rep laced  b y  фв,фа,фт, etc.,  a re  d e n o ted  b y  • • •• T h e  f irs t  
o rd e r co rrec tio n s ex to  th e  H a r t r e e —F o c k  energy  a re  ca lc u la ted  b y  m in i­
m izing s e p a ra te ly  th e  exp ressions

< ■ № !/»>
</*!/*>

— E hf ( 10)

w ith  re sp e c t to  th e  coeffic ien ts  of tr ia l  fu n c tio n s

/ ,  =  ф  o +  2 ь«ф «-
í?

( i i )

T h e  second  o rd er co rrec tio n s ехЛ a re  ca lcu la ted  b y  m in im iz ing  se p a ra te ly  
th e  expressions

(fxX \H\fxÙ
Kx1. — E H F  ~  v x

w ith  re sp e c t to  th e  coeffic ien ts  o f tr ia l  functions

( 12)

fxx =  <h +  У1>хф1 +  2  Ь'{ф'1+ 2  b*°> Ф Я  ■ (13)

T he p ro ced u re  can be c o n tin u e d  b y  ca lcu la tin g  h ig h e r  o rd e r co rrec tions. 
T h e  to ta l  co rre la tio n  energy  u p  to  second o rd e r equals

2 N  2 N

e c =  2 e* +  e*x•
х = 1  х > Л = 1

As th e  f i r s t  sum  in  closed shell sy stem s (B e, Ne) w as fo u n d  to  be zero, th e  
to ta l  c o rre la tio n  energy  in  th is  a p p ro x im a tio n  consists o f  th e  sum  of th e  in d e ­
p e n d e n t p a ir  co rre la tio n  energ ies exli. C alcu lations c a rr ie d  o u t on  sim pler sy s ­
tem s in d ic a te d  th a t  in  th is  a p p ro x im a tio n  97— 9 8 %  o f  th e  to ta l  co rre la tion  
en erg y  cou ld  be  reco v e red  using  a fa ir ly  large basis .

T h e  low ering  o f th e  energy  is b ro u g h t ab o u t b y  te rm s

j  d l  d2 (1 -  P 12) Ф* (Г )  Ф: (2 ') фе (1) Фа(2) (14)

in th e  exp ression  (12) o f  eX/l w here th e y  are  m u ltip lied  b y  a p p ro p ria te  coeffi­
c ien ts bexx. As th e  m a tr ix  e lem ents (14) rep re sen t ex ch an g e-lik e  in te rac tio n s  
th e ir  v a lu e  is s ig n ifican t o n ly w h en  фд a n d  фа are  loca lized  in  th e  sam e regi-
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ons o f space w here  th e  co rrespond ing  фх a n d  фд are a p p re c ia b ly  d iffe ren t 
fro m  zero [28]. T he elec trons in  фх an d  фд c a n  be excited  to  a n y  фе an d  ф„.

T he co rre la tio n  energy  o b ta in ed  by  th e  sep a ra ted  p a ir  th e o ry  can be  
w ritte n  a p p ro x im a te ly  in  th e  follow ing fo rm  [19, 20]

~ек »
к

w here d e n o te s  th a t  p a r t  o f th e  co rre la tio n  energy  w hich com es from  th e  
gem in a l грк .

This m eans th a t  th e  s e p a ra te d  p a ir th e o ry  has tw o m a in  deficiencies:
a)  I t  ta k e s  in to  acco u n t o n ly  N  p a ir  co rre la tio n s (th e  so called  in trag e -

/2Л
m inai co rre la tions) in s tead  of

b) E v en  th e  p a ir  co rre la tio n s inc luded  a re  re s tr ic te d  to  som e e x te n t 
because  th e  elec trons in  фх an d  фд can n o t be e x c ite d  to  an y  фea n d  фа b u t  o n ly  
to  a su b g ro u p  o f th em  as a consequence  of th e  SC’s.

These defects are  n o t serious if  th e  sy s te m  consists o f N  com plete ly  iso ­
la te d  p a irs  because  th e n

У к  ( 1 ’  2 ) y>L (1, 2 ') =  0, i f  К ф  L ,

a u to m a tic a lly . T h is case is, how ever, an  ex cep tio n a l one. F o r s tro n g ly  localized 
system s as e.g. fo r th e  Be a to m , th e  e rro r in  th e  co rre la tio n  en e rg y  caused b y  
defic iency  b) is n o t s ign ifican t (2% ). F o r w eak ly  localized sy s tem s even th is  
e rro r m ay  be m ore serious [29]. T h e  neglect o f in te rg em in a l co rre la tio n s  (d e fi­
c iency a))  is inadm issib le , even  fo r s tro n g ly  localized  system s. T h e  im p o rtan ce  
o f th e  in te rp a ir  co rre la tio n  en e rg y  was s tre ssed  b y  M c K o y  a n d  S i n a n o g l u  

[30]. I f  accu ra te  re su lts  are  n eeded  th e  co n v en tio n a l se p a ra te d  p a ir  th eo ry  
sh o u ld  be co rrec ted .

Extension o f the separated pair theory

j  У Kit (1» 2) Vk ; (1»2) d 1 d2 — ök!, 

J > M 1 . 2 )Y’u ( 1 .2 ,)«ü  =  0, i f  К ф Ь .
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P a r t  of th e  in te rg em in a l co rre la tio n  e n e rg y  w ith in  th e  fram ew o rk  of 
th e  se p a ra te d  p a ir  th e o ry  can  b e  ta k e n  in to  acco u n t as follow s [7, 9, 31].

к пкE ach  se t o f th e  equ a tio n s (8) w ith  fixed  H  h as  lin ea rly  in d ep en d en t
2

so lu tions one of w hich, ip ^ ,  is id en tica l w ith  th e  b es t p ossib le  gem inal; 
th e  o th e rs  rep re sen t “ ex c ited ”  gem inals. (n^  is th e  n u m b er o f  one-e lec tron  
fu n c tio n s (pKx in  th e  subspace  K.)  T h e y  obey  th e  follow ing o r th o g o n a lity  re la ­
tions
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T h e m o st general 2IV -electron fu n c tio n  of th e  se p a ra te d  p a ir th e o ry  can 
be  w r itte n  in  the  form

FSP =  y ;  ,
Ci7..i

(15)

w here th e  an tisy m m e triz e d  p ro d u c ts

O N  "11/2
—  2 ( -  i y  P Wli (1 , 2 ) ^ ( 3 ,  4 ). . .y>Nl (2N -  1, 2JV) (16)
( 2 / V ) !  J  p

co n ta in  one gem inal o f  each  of th e  N  subspaces. (T he fu n c tio n  i =  j  =  . . .  =  
=  Z =  1 corresponds to  *F0.)

I n s te a d  of so lv ing  th e  secu lar e q u a tio n  co rresp o n d in g  to  (15) i t  is m ore 
p ra c tic a l to  use th e  R ay le ig h  - S ch rö d in g er p e r tu rb a tio n  th e o ry  b ased  o n  p a r t i ­
tio n in g  tech n iq u es  [7, 31, 32]. W e h a v e  fo r th e  co rrec tio n  to  th e  se p a ra te d  p a ir 
g ro u n d  s ta te  energy (5) u p  to  th ird  o rd e r

w here

у
г о

/1 2

En llr Г> 0 (Eg
S >  0

Hgr HrS H sg
H rr)(Eg / / , , )  ’

H, s =  J  F* H'FS d r , f  F* Fs dr =  ôrs .

(17)

T he m a tr ix  elem ent H or is d iffe ren t fro m  zero o n ly  w hen  th e  co n fig u ra tio n  
F r c o n ta in s  tw o “ e x c ite d ”  gem inals.

I t  c an  easily be  show n  th a t  th e  f i r s t  sum  of (16) inc ludes th e  in te rg em in a l 
co rre la tio n s  co n sis ten t w ith  th e  SC’s. I f  th e  H a rtre e  —F ock  a p p ro x im a tio n  is 
a fa ir ly  good one th e  n a tu ra l  o rb ita ls  in  th e  lead ing  te rm  of th e  b e s t possible 
gem inals are n ea rly  id e n tic a l w ith  som e u n ita ry  tran sfo rm s of th e  doub ly  
occup ied  H a r tre e — F o ck  o rb ita ls . I n  th is  case we f in d  am ong th e  “ e x c ite d ” 
gem inals tho se  th e  le ad in g  te rm  o f w h ich  is n e a r ly  id en tica l w ith  one of th e  
possib le  s ing ly -exc ited  co n fig u ra tio n s  w ith in  th e  co rrespond ing  subspace . 
T hese “ s in g ly -ex c ited ”  gem inals in  th e  f i r s t  sum  o f (17) acco u n t fo r  a ll double 
e x c ita tio n s  w hich con fo rm  to  th e  SC’s. T hree- an d  fo u r-p a rtic le  e x c ita tio n s  are 
also in c lu d ed .

I t  can  be show n t h a t  co n fig u ra tio n s  (16) above do n o t ex h a u s t a ll th e  2N- 
e lec tro n  s ta te s  w hich  can  be c o n s tru c te d  ou t of th e  know n o n e-e lec tro n  fu n c­
tions As a consequence  of th e  SC’s th e  n u m b e r o f  electrons N K in  each of 
th e  subspaces are  co n serv ed  and  e q u a l to  2 [31]. To g e t all linearly  in d e p e n d e n t 
2iV -electron fu n c tio n s , . n x  w hich  can  be d e riv ed  from  th e  ( p ^ s  we have
to  c o n s tru c t also th e  fu n c tio n s co rresp o n d in g  to  a ll possible p a r t i t io n s  of th e  
se t N v  N 2, . . . N n , E N k  =  21V, e x c e p t for th o se  w here =  N 2 =  . . .  =  
=  N n  =  2.
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T h e func tions Ï / w n,...n v a re  expressed  as a n tisy m m e tr iz e d  p ro d u c ts  co n ­
ta in in g  one group fu n c tio n  y>NKk o f  each of th e  N  subspaces [31]:

U/ij.,.1 
r  NlN2...Nn

iVr! N 2l . . . N n \
(2N)l

1/2

.> ’ ( l ) p Py>Nu V>Nii- ■ ■ VNxl ,
p

w here

y>Ngk =  1* if  N K =  0 , 

fNKk — ŸKxi if  N K =  1 ,

V>Ngk —  VKki if  N K =  2 ,

an d  fo r N K 2

V ft/i =  (N K'.)~112 d e t  \<Pkx (1) <Pkx (2) • • •<PKv(n k )\ ■

E v e ry  can  b e  derived b y  “ excitin g ”  e lectrons o u t o f  th e  îf'g by
e le m e n ta ry  ex c ita tio n s o f two k in d s

— sim ple e x c ita tio n : replaces o n e  group fu n c tio n  b y  a n o th e r  be longing  to  
th e  sam e subspace  a n d  occupation  n u m b er

УЫкк WNkI ■ k=j=l ,

— e lec tro n  tra n s fe r  ex c ita tio n : t ra n s fe r  one e le c tro n  from  one subspace  to  
a n o th e r, a lte rin g  tw o g roup  fu n c tio n s  s im u ltan eo u sly

V'Nsk V N l I ~ V N k —U V N L + 1 j •

T he m in im u m  n u m b er o f sim ple e x c ita tio n s  n ecessa ry  to  tra n s fe r  a given s ta te  
in to  a n o th e r  is alw ays unique. T h is  m eans t h a t  all s ta te s  h a v in g  nonzero  
m a tr ix  e lem en t w ith  W 0 can  be d e riv ed  from  W 0 b y  tw o  e lem en ta ry  ex c ita tio n s. 
I t  is e x a c tly  these  s ta te s  w hich sh o u ld  be tak en  in to  acco u n t in  ca lcu la tin g  th e  
co rrec tio n  u p  to  th ird  o rd er (17). T he co rresp o n d in g  fu n c tio n s  ..JVv
can  be g ro u p ed  acco rd ing  to  the  m in im u m  n u m b e r of necessary  e lem en ta ry  
ex c ita tio n s  to  connect th e m  w ith  W  0:

I) tw o  sim ple exc ita tio n s. T h e  co rrespond ing  con figu ra tions describe 
th e  co rre la tio n s conform ing  to  th e  SC ’s.

I I )  one e lectron  tra n s fe r  e x c ita tio n s .
I I I )  one sim ple ex c ita tio n  -f- one  electron  tra n s fe r  ex c ita tio n ,
IV) tw o  elec tron  tra n sfe r  e x c ita tio n s .

I t  can  be show n th a t  th e y  include a ll possible tw o -e lec tro n  e x c ita tio n s  and  in  
a d d itio n  som e of th e  m an y -e lec tro n  exc ita tio n s.

This p rocedure  w as applied  to  th e  я -electrons o f  tra n s -b u ta d ie n e  in  th e  
Goeppert— Mayer— Sklar a p p ro x im a tio n  [33, 34]. T h e  se p a ra te d  p a ir  g round 
s ta te  w as ca lcu la ted  u s in g  eq u iv a len t o rb ita ls  c o n s tru c te d  from  th e  SCF o rb i­
ta ls  of Parr an d  Mulliken [35], an d  a ll second o rd e r corrections w ere  év a lu â t-
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ed . I t  w as fo u n d  th a t  th e  in tra g e m in a l co rre la tio n  en e rg y  accoun ted  fo r  is 93%  
o f th e  s ta n d a rd  v a lu e  w hich  w as id e n tif ie d  w ith  t h a t  o b ta in ed  b y  th e  “ full” 
C l. A b o u t 75%  of th e  in te rg em in a l co rre la tio n  energy  cam e from  one electron 
tr a n s fe r  co n fig u ra tio n s o f ty p e  I I )  a n d  I I I ) .  The c o n tr ib u tio n  from  co n fig u ra ­
tio n s  o f  ty p e  I) w hich conform  to  th e  SC’s was less, 2 5 % , an d  p ra c tic a lly  the  
w hole cam e from  co n fig u ra tio n s c o n ta in in g  tw o  “ sin g ly -ex c ited ”  gem inals. 
T h e  c o n tr ib u tio n  from  tw o  e lec tro n  tra n s fe r  co n fig u ra tio n s  was fo u n d  to  be 
neg lig ib le . T he re su lt w as su p e rio r to  th o se  o b ta in ed  b y  o th e r v a r ia n ts  of the  
R a y le ig h — S chröd inger p e r tu rb a tio n  th e o ry .

T h e  above p ro ced u re  is co n v en ien t especially  w hen  p e r tu rb a tio n  theo ry  
is u sed .

Miller an d  R uedenberg  w o rk ed  o u t a d iffe re n t m ethod  to  o b ta in  all 
2 iV -electron fu n c tio n s w hich  can  be  co n s tru c te d  fro m  th e  cp̂ s  [26]. U sing 28 
co n fig u ra tio n s  a b o u t 94%  o f th e  em p irica l co rre la tio n  energy w as recovered  
fo r  bery lliu m -lik e  sy stem s. T h e  n a tu ra l  o rb ita ls o b ta in e d  from  th e  sep a ra ted  
p a ir  w ave fu n c tio n s w ere v e ry  s im ila r to  th o se  c a lc u la ted  from  th e  28 configu­
ra t io n  w ave fu n c tio n .

C onclusions

T he co n v en tio n a l se p a ra te d  p a ir  th eo ry  has n o t com plete ly  fu lfilled  all 
e a r lie r  ex p ec ta tio n s . T he single an tisy m m e triz e d  p ro d u c t of s tro n g ly  o rthogo­
n a l gem inals accoun ts fo r on ly  a f ra c tio n  of th e  to ta l  co rre la tion  energy . E ven  
fo r s tro n g ly  localized  sy stem s (Be, C H 4) th is  f ra c tio n  is ab o u t 9 0 — 50% . The 
tr a n s fe ra b ili ty  of th e  gem inals seem s to  depend  s tro n g ly  on th e  en v iro n m en t of 
th e  co rresp o n d in g  p a irs .

To achieve “ chem ical a c c u ra cy ”  i t  is n ecessary  to  go b ey o n d  th e  conven­
t io n a l se p a ra te d  p a ir  th e o ry . T he ex tensions up  to  th e  p resen t h a v e  used th e  
o n e-e lec tron  fu n c tio n s op tim ized  in  th e  co n v en tio n a l th eo ry  a n d  for small 
s tro n g ly  localized  sy stem s h a v e  g iven  p rom ising  resu lts . T he ap p licab ility  
dep en d s m ain ly  on th e  convergence  o f  th e  ex p an sio n  used  in  th e  ex tensions. 
I f  th e  n a tu ra l  o rb ita ls  o f th e  se p a ra te d  p a ir  w av e  fu n c tio n  are  v e ry  close to  
th e  n a tu ra l  o rb ita ls  of th e  e x a c t w ave fu n c tio n  th e n  th e  ra te  o f  convergence 
is n e a rly  o p tim a l an d  th e  second a n d  th ird  o rd e r co rrec tion  o f  p e r tu rb a tio n  
th e o ry  m a y  be su ffic ien t. T he e v a lu a tio n  of th e  h ig h e r  o rder co rrec tio n s seems 
to  be  v e ry  clum sy. T he p ra c tic a b ili ty  of th e  th e o ry  can  be dec id ed  only w hen 
th e  re su lts  o f fu r th e r  n u m erica l ca lcu la tions on v a rio u s  system s is available.
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РАЗВИТИЯ В РАЗДЕЛЕННОЙ ПАРНОЙ ТЕОРИИ 
Э. КАПУИ

Р е з ю м е
В последние годы стало возможным определить строго ортогональные геминалы 

для некоторых малых систем и исследовать эффективность конвенциональной разделен­
ной парной теории. Результаты сравниваются с полученными путем применения других 
многоэлектронных теорий. Обращается внимание на источники главных недостатков. 
Рассматривается дальнейшее расширение разделенной парной теории, применяющей 
оптимизированные орбитали волновой функции просто антисимметризированного гемн- 
нального произведения.
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EINIGE BEMERKUNGEN ZUM KOMBINIERTEN 
NÄHERUNGSVERFAHREN  

UND ZUM EFFEKTIVEN POTENTIAL* **

Von

H.  P r e u s s

M AX-PLANCK-INSTITUT FÜ R  P H Y S IK  UND A STRO PH Y SIK , 8000 M ÜN CH EN  23, BRD 

(Eingegangen 3. I I . 1969)

Nach einer kurzen E inführung in  das kom binierte N äherungsverfahren werden dam i 
die Bindungsenergien und  A bstände der Alkalimolekülionen berechnet und  die Frage nach  der 
Existenz von Alkalihydridm olekülionen aufgeworfen. Bezüglich einer Verbesserung des V er­
fahrens wird ein A tom funktionenansatz benutzt, der sich nur aus E xponentialausdrücken auf­
baut. W eitere Verbesserungsmöglichkeiten werden diskutiert.

Ausgehend von diesen U ntersuchungen w ird die Rolle des effektiven Poten tia ls im 
Rahmen von M ehrzentrenproblem en un tersuch t und  ganz allgemein gezeigt, dass sich im R ah ­
men einer naiven E inteilchennäherung kein effektives Potential definieren lässt, sondern die 
sinnvolle E inführung eines solchen nur dann möglich ist, wenn gewisse Züge des E in teilchen­
bildes fallen gelassen werden. Dabei w ird eine D efinition des Z usatzpotentials angegeben, die 
auf einem V ariationsprinzip basiert und  M öglichkeiten aufzeigt, wie das effektive P o ten tia l 
bestim m t werden kann. Ferner wird eine vor einiger Zeit vom V erfasser angegebene G ü te­
definition der Näherungslösungen der Schrödingergleichung m it einem schon bekannten V aria­
tionsverfahren in Zusam m enhang gebracht, wobei der Begriff des effektiven Potentials n o t­
wendig ist.

1 . E in fü h ru n g

D as fü r  die V a len ze lek tro n en  eines A to m s geltende B ese tzu n g sv e rb o t 
fü r  die von  den  R u m p fe lek tro n en  voll b e se tz te n  Q u an te n z u s tä n d e  b e w irk t, 
dass diese in  höhere  Z u stän d e  g e d rä n g t w erd en . M it H ilfe s ta tis t is c h e r  B e tra c h ­
tu n g e n  lä ss t sich dieses B ese tzu n g sv erb o t fü r  d en  aus abgesch lossenen  S cha len  
b esteh en d en  R u m p f als eine n ic h t k lassische A b sto ssu n g sk ra ft fo rm ulie ren , 
die zw ischen R um pf- u n d  V a len ze lek tro n en  w irk t und  die e in  Z u sa tz p o te n tia l 
fü r  die V alen ze lek tro n en  lie fe rt, das die E rfü llu n g  des P a u lip rin z ip s  zw ischen 
R um pf- u n d  V a len ze lek tro n en  a u to m a tisc h  re g e lt [1]. D ieses Z u sa tz p o te n tia l 
is t, en tsp rech en d  u n se re r  V o rau sse tzu n g  abgesch lossener S cha len , k u g e lsy m ­
m etrisch  u n d  e n th e b t uns der M ühe, die E ig en fu n k tio n en  d e r  einzelnen  V a len z ­
e lek tro n en  a u f  die d e r einzelnen  R u m p fe le k tro n e n  zu o rthog o n alis ie ren . D er 
d a fü r nö tige  R ech en au fw an d  is t bei g rösseren  R üm pfen  se h r  b e trä c h tlic h .

* H errn Prof. P . Gombás in V erehrung zum 60. G eburtstag gew idm et.
** Die vorliegende A rbeit ste llt eine Zusam m enfassung der vom V erfasser in den le tz ten  

Jah ren  zu diesem Them a vorliegenden Publikationen un d  Diskussionen dar.
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M an f ü h r t  d a h e r  fü r  das i- te  Y a len ze lek tro n  ein m od ifiz iertes P o te n tia l  
<p e in , w elches au s einem  e le k tro s ta tisc h e n  A n te il u n d  aus d em  Z u sa tz p o te n tia l 
b e s te h t

0 ( i )  =  V ( i )  +  Vz ( i ) ,  (1)

u n d  h a t  im  A n sa tz  fü r  die Y a len ze lek tro n en  d ie  einzelnen E in e le k tro n e n fu n k ­
t io n e n  v o n e in a n d e r  o rth o g o n a l zu m achen  u n d  b ra u c h t b e i der B erech n u n g  
d e r  E n e rg iew erte  keine R ü c k s ic h t au f die R u m p fe le k tro n e n  zu  nehm en.

Das V ie le lek tro n en p ro b lem  durch eine  k o m b in ie rte  M ethode zu lösen , 
in d em  die R u m p fe le k tro n e n  s ta tis tisc h  u n d  die Y alen ze lek tro n en  n ach  d e r  
W elleng le ichung  b e h a n d e lt w erd en , h a t  z u e rs t  H ellmann  [2] d u rch g e fü h rt. 
E in e  a n a ly tisc h e  F o rm  des Z u sa tz p o te n tia ls  w urde d a n n  v o n  Gombás [1]
[3] u n d  F é n y e s  [4] a u f versch ied en e  W eise herge le ite t.

F ü r  d ie  p ra k tisc h e  A nw en d u n g  s e tz te  H ellmann d as Z u sa tz p o te n tia l 
a n a ly tisc h  an

Ц(г )  =  —  е~2Г '  (2)
Г

u n d  b e s tim m te  3 F  u n d  A  d a d u rc h , dass d ie  tie fs te n  T erm e  des freien A tom s 
m öglichst g u t  ü b e re in s tim m e n . Dieses V o rg eh en  ist o ft m it  R ech t k r i t is ie r t  
w orden , da  d as  Z u sa tz p o te n tia l, wie Gombás gezeigt h a t  [1], davon  a b h ä n g t, 
in  w elchem  Z u s ta n d  sich d as  jew eilige V a len ze lek tro n  b e f in d e t. M it a n d e re n  
W o rten , das Z u sa tz p o te n tia l , w elches a u f  e in  herausgeg riffenes V alen ze lek tro n  
w irk t, is t g le ich ze itig  auch  e in e  F u n k tio n  des Q u a n te n z u s ta n d e s  des E le k tro n s . 
M an m uss d a h e r  dem  A n sa tz  (2) diei B e d e u tu n g  eines M itte lw ertes be im essen  
u n d  d a rf  d a n n  e rw a rte n , d a ss  auch  de E rg eb n isse  n u r in  d iesem  Sinne v e r s ta n ­
den  w erden  k ö n n en .

A n d e re rse its  geh t d ieses h a lb th e o re tisc h e  V erfah ren  im  P rinz ip  ü b e r  die 
s ta tis tisc h e  M eth o d e  h in a u s , da es au ch  d e r  P o la risa tio n  des R um pfes du rch  
das V a len ze lek tro n  und  d e r A u stau sch w ech se lw irk u n g  des V a lenze lek trons m it 
d en  R u m p fe le k tro n e n  R e c h n u n lg  trä g t . M an  m uss d ah e r d as  k o m b in ie rte  N ä h e ­
ru n g sv e rfa h re n  als eine M o d e lrech n u n g  an seh en , bei d e r  m an  freilich  sch o n  
ungefähr d ie  g em ach ten  V ern ach lässig u n g en  ü b e rs ieh t u n d  d a rf  d iesen  R e c h ­
nungen  d a h e r  m eh r o r ie n tie re n d en  C h a ra k te r  zum essen . D ie E rg eb n isse , au f 
die w ir n o ch  n ä h e r  zu sp re c h e n  k o m m en  w erden , zeigen  aber, dass in  v ie len  
F ällen  a u c h  eine  q u a n t i ta t iv e  D iskussion  noch  m öglich is t .

B ei d e r  B erech n u n g  v o n  M olekü lp rob lem en  t r e te n  w eite re  Schw ierigkei­
te n  auf, d ie  b eso n d ers  d en  E in sa tz  des Z u sa tz p o te n tia ls  a ls F u n k tio n  d e r  E le k ­
tro n e n z u s tä n d e  m it e inem  grossen rech n erisch en  A u fw an d  b e la s ten . Zw ar 
k ö n n te  m a n  in  e rs te r N ä h e ru n g  die W ech se lw irk u n g en  d e r  R üm pfe u n te re in ­
an d e r v e rn ach lä ss ig en , d a  es ohne w e ite res  m öglich w äre , diese zum  B eispiel 
nach  d e r S tö ru n g s re c h n u n g  von  Lenz [5] u n d  J e n se n  [6] ausre ichend  genau
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zu  b e rü ck sich tig en , doch t r e te n  S chw ierigkeiten  au f, Z u sa tz p o te n tia le  der 
v e rsch ied en en  Z en tren  so a u fe in a n d e r  ab zu stim m en , dass sich d ie  V alenzelek ­
tro n e n  eines M oleküls noch in  e inem  sinnvo llen  e ffek tiv en  P o te n tia l  befinden .

2 . B isherige  A nw endungen

N ach  S ep a ra tio n  d er W elleng le ichung  e rg ib t sich  fü r  d en  R a d ia la n te il 
jR(r) d e r  -^-Funktion  die D iffe ren tia lg le ich u n g  (Z  b e d e u te t Z -fach  geladener 
R u m p f) des A tom prob lem s zu

- ± Щ г ) - — Щ г )  +
A T — * ( / + 1 ) 4 -2 г2

R (r) =  E R (r ) . (3)

D ie B estim m u n g  d er 3 ?  u n d  A  (2) w u rd e  m it H ilfe  eines V aria tio n sv e rfah ren s  
d u rc h g e fü h rt [2] [7], in  dem  m a n  fü r  die e rsten  d re i tie fs ten  Z u s tä n d e  des 
A tom s d ie F u n k tio n e n

R (ls )  =  e~cr, R{2p) =  re~a r ,

R(2s) (4)

a n se tz te  u n d  die E n erg ien  (5) bei fe s tem  A  u n d  3Í? zum  M inim um  m a ch te :

E ( ls )  =  — £2 — Ze -\- A e
2

E(2p) = (0* Ш -  +  А -  
2 2

е +  з г )

CD CD

CD -} - 3 Í ?  t
( 5 )

E(2s) =  rf- Ц -  

2

________ 1_________
1 — (e/t?) +  (e/rj)2

2 — (e/t?)

1 — (eh )  +  (eh ) 2 .
+

+  Ar]
3 - 2 1 +  e/y

1 +  з г м
1_ 1 +  3 f \r]

2 1 +  ф  I
(1 +  а д 2( 1 -  m  +  (ö ipy)

D an n  w u rd e n  3Í? u n d  A  so g ew äh lt, d ass  -E(ls) m it d em  em pirischen  tie fs te n  
T erm  vö llig  ü b e re in s tim m te . D ie fo lgende T abelle I  g ib t die ^ u n d  H -W erte  
w ieder sow ie einen  V ergleich d er E n e rg iew erte , w obei die höheren  T e rm e  m ög­
lich st g u t z u r Ü b ere in stim m u n g  m it d e n  E x p e rim e n ta lw erte n  g e b ra c h t w u r­
den.
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Tabelle I

D ie K onstan ten  Ж  und  A  sowie Energiew erte in  eV für A lkaliatom e und einige Erdalkali-Ionen

A tom
K onstanten s-G rundterm s-Terrn angeregt p-G rundterm

« А theor. exp. th e o r . exp. theor. exp.

Na 0,536 1,826 5,12 5,12 1,85 1,94 2,92 3,02
К 0,449 1,989 4,32 4,32 1,63 1,73 2,73 2,71
Rb 0,358 1,640 4,16 4,16 1,69 1,68 2,56 2,58
Cs 0,333 1,672 3,87 3,87 1,53 1,59 2,45 2,46
Mg + 0,844 4,656 14,96 14,96 5,75 6,35 10,48 10,55
Ca + 0,506 3,653 11,81 11,81 4,91 5,37 8,80 8.69

M it d iesen  ju s t ie r te n  Z u s a tz p o te n tia le n  w urde  u . a. in  die B e rech n u n g  des 
m e ta llisch en  Z u s ta n d s  e ingegangen  [7].

F ü r  das K 2-M olekül im  G ru n d z u s ta n d  w u rd e n  von  H ellm ann  [2] m it 
d em  H e itle r—L o n d o n sch en  F u n k tio n s  ans a tz  in  e in e r  groben  u n d  o rien tie ren d en  
R ech n u n g  eine B in d u n g sen erg ie  (B E ) v o n  — 0,19  eV bei einem  K e rn a b s ta n d  
(R ) v o n  4,0 Â e rh a lte n . (E x p erim en te lle  W erte : R  =  3,9 Â, B E  =  — 0,51 eV.) 
F ü r  die E ig e n fu n k tio n e n  der V a len ze lek tro n en  w a re n  n u r  E x p o n e n tia lfu n k ­
tio n e n  v e rw en d e t w orden .

E benso  w u rd e  von  H ellm ann  [2] das K H -M olekü l b e h a n d e lt, wobei 
zu m  H e itle r — L o n d o n sch en  A n sa tz  ein Io n e n te rm  h in z u a d d ie r t w urde. Die 
p ro z e n tu a le  B e te ilig u n g  des Io n en zu stan d es  w u rd e  aus der M in im um sforde­
ru n g  der E n erg ie  gew onnen . D ie E rgebn isse  la u te n :  R  =  2,1 Â  (E x p e rim en t
2,2 Â) und  B E  =  — 0,8 eV (— 2.06 eV). Die zu k le in en  E nerg ien  bei K 2 und  K H  
b e ru h e n  a u f d er v e rn a c h lä ss ig te n  E lek tro n en w ech se lw irk u n g , w as H ellmann 
d u rc h  eine Ü b erleg u n g  am  К — H  zeigen k o n n te .

E in en  se h r  e rm u tig en d en  Bew eis fü r  die G ü te  des kN -V erfahrene lie ­
fe r te  die B eh a n d lu n g  des G ru n d zu stan d es  des M g-A tom s. M it d en  W erten  von 
3t? u n d  A n ach  T ab e lle  I  w urde  das M g-A tom  als Z w eie lek tronenprob lem  b e ­
h a n d e lt  [2] u n d  m it  einem  v o n  H ylleraas [8] a m  He m it E rfo lg  b e n u tz te n  
V  a ria tio n san s  a tz

y(l,2) = e-<ri+'*>(l + ß r n )

d e r die E lek tro n en w ech se lw irk u n g  b e rü c k s ic h tig t, berech n e t. E s ergab sich 
eine E nerg ie  v o n  22,21 eV, die v o m  ex p e rim en te llen  W ert u m  0,39 eV n ach  
o ben  abw eich t.

D iese e rw ä h n te n  R ech n u n g en  gehören zu  d en  frü h e s te n  d ieser A rt. In  
d en  le tz te n  J a h r e n  h a t  G o m b á s  m it seinen  M ita rb e ite rn  zah lre ich e  R ech n u n ­
gen d u rc h g e fü h rt [1], besonders m it dem  an a ly tisc h e n  Z u sa tz p o te n tia l im  
R ah m en  d er s ta tis t is c h e n  T heorie , so dass w 'ir h e u te  die M öglichkeit so lcher 
V erfahrensw ege g u t ü b erseh en  kö n n en . D an ach  k a n n  fes tg e s te llt w erden , dass
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fü r  A to m rech n u n g en  die A n w endung  des Z u sa tz p o te n tia ls  n a c h  der s ta t i s t i ­
schen  T heorie  einem  an a ly tisc h e n  A nsatz  n a c h  H ellmann vorgezogen  w erd en  
m uss, w enn es d a ru m  geh t, d ie  D iskussionen  q u a n ti ta t iv  zu  fü h ren . Es h a t  
sich  d a rü b e r h in au s  gezeigt, dass sich m it H ilfe  d er s ta tis t is c h e n  Theorie e ine  
grosse A nzah l v o n  a to m a re n  E ig en sch aften  in  g u te r Ü b ere in s tim m u n g  m it  
dem  E x p e rim e n t ergeben u n d  auch  in  v ie len  F ällen  V o rau ssag en  m öglich  
sind  [1].

A n d ererse its  s tö ss t, w ie oben  schon b e m e rk t, die A n w en d u n g  der s t a ­
tis tisc h e n  T heorie  a u f  M olekülproblem e a u f  eine R eihe v o n  S chw ierigkeiten , 
die h e u te  noch n ich t zu friedenste llend  gelöst s ind . Es e m p fieh lt sich d a h e r , 
v o re rs t im  S inne des k o m b in ie rte n  N äh eru n g sv erfah ren s w ie o b en  besp rochen  
die W erte  A  u n d  3t? an  freien  A to m en  zu ju s t ie re n  u n d  d an n  m it  diesem  P o te n ­
tia l  in  die M olekü lrechnungen  einzugehen. D a b e i b e a c h te n d , dass m an  a u f  
diese W eise ein N äh e ru n g sv e rfah ren  vor sich  h a t ,  welches b e s ten fa lls  n u r d ie  
w esen tlich sten  Züge d er chem ischen  B indung  zu  d isk u tie ren  g e s ta t te t .  D ennoch  
b le iben  auch in  d iesem  R ah m en  eine R eihe v o n  F ragen  offen , so dass es n ü tz ­
lich e rsch e in t, an  H a n d  ein iger k le iner R ech n u n g en  w eitere  E in b lick e  in  d ie  
M öglichkeiten  des k o m b in ie rten  V erfahrens (kN -V erfahren) zu  e rh a lten .

D azu  h a lte n  w ir die B erech n u n g  der E in e le k tro n e n b in d u n g  fü r b e so n ­
ders geeignet, w eil die B erü ck sich tig u n g  d er E lek tro n en w ech selw irk u n g  w eg ­
fä llt  u n d  som it d er rechnerische  A ufw and b e sc h rä n k t b le ib t.

F ü r  die A lkalim o lekü lionen  e rg ib t sich so m it nach (1) u n d  (2) der H a m il­
to n o p e ra to r  zu (in  a to m aren  E in h e iten )

óT  = ! h
-1

ib. - 1 e-2.jГ г  a -p _ L  e - 2  Ж г ъ

r b  1 r a  Г Ь

( 6 )

m it den  W erten  von  A  und  3t? n ach  Tabelle I ,  u n d  es is t die E nerg ie

e =  j- гр+ J f ’y) drj\ y>+ y> d r ( ? )

m it dem  V a ria tio n san sa tz  y> zum  M inim um  zu m ach en . B ezüglich  des le tz te ren  
en tsch e id en  w ir u ns fü r  die F o rm  (ce, ß V a ria tio n sp a ram ete r)

v  { l + y * ( r 0 -  rb)2} , ( 8 )

die im  F alle  des H^ -Ions (A =  0 in  (6)) p ra k tis c h  die ex p erim en te llen  W erte  
fü r R  u n d  B E  erg ab  (B E -A bw eichung  etw a 7%0). D er G rund  lieg t zum  T eil 
d a rin , dass (8) m it y  =  0 schon k e in  sch lech te r V a ria tio n sa n sa tz  is t , denn d e r 
sich fü r  diesen F a ll ergebende E n e rg ieau sd ru ck  (7) nach R -V aria tio n

x 2 +  X [2x-(2x  -j- 1) 1 +  2x (9)
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m it

R  =  2*2 (1 +  2x) ( ^ - x 2 +  * — I ,
/ 1 3  2

h a t  sein M in im um  v o n  e =  0,58135 a t .  E . fü r  x — x R  =  1,275 u n d  d a m it 
R  =  0,98 Á , w as einer B E  v o n  2,20 eV e n tsp r ic h t. D ie  ex p erim en te llen  W erte  
s ind  R  =  1 ,06 Â (2,00 a t .E .)  u n d  B E  =  2 ,79 eV.

In  d iesem  Z u sam m en h an g  sei e rw ä h n t, dass d e r  naheliegende A n sa tz  
(10), d er n ic h t  so e in fache  In te g ra le  e rg ib t wie d er A n sa tz  (8)

y> =  e ar» +  e (10)

im  M inim um  R  =  1,06 Â u n d  eine B E  v o n  2,25 eV lie fe rte . N ach E in fü h re n  
v o n  e llip tisch en  K o o rd in a te n ,

ra +  rb =  E /Г, ra — rb =  Rv,

1 <  /г < — oo, — 1 <  r <  +  1, <p u m  R,

e rh ä lt (8) d ie F orm

e~aRf,( l  + y 2R 2v2) ,  (11)

u n d  m an  k a n n  das E rg eb n is  von  (9) so in te rp re tie re n , dass die A n n ah m e  einer 
e llip so id ischen  L ad u n g sv e rte ilu n g  (ц =  con st sind  E llip so ide  um  die  K erne  
als Z en tren ) eine g u te  N äh e ru n g  d a rs te ll t .

M it (8) e rg ib t sich  also  fü r  A lkalim o lekü lionen

e =  ( - H A - H 1 +  2AHa)/N  +  -± -
К

( 12)

m it

R
HA — —— I — 2oc A ± + ■ (0> 5 +  a) c —

15
A 0(9,5 +  a)

R 2
2

4 2
-------A ± с “I- —  A ±

3 5

2
3

A 0 +  2c +
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w obei A n das In te g ra l

A n (1, 2a) =  J ” x n e~2ax dx (13)

d a rs te llt  u n d  a =  x R  u n d  c =  y2R 2 b ed e u te n .
F ü r  H A e rh ä lt  m an d a n n

Ha  =  ^  { ( A  B 0 -  A 0 B J  +  2c (A , B 2 -  A 0 B ,) +  c2 (A x B 4 -  A 0 B 5)}
4

m it

A n =  A n ( l ,2 a  +  ^ R )  (14)
u n d

B n =  B n (JTR )  =  n" е - 2-ГКх dx ■

E in  grosser V o rte il des kN -V erfah rens e rg ib t sich  daraus, d a ss  sich der Ü b e r ­
gang  zu einem  a n d e re n  M olekül der A lka lire ihe  n u r  in e in er geringfügigen  n u ­
m erischen  Ä n d e ru n g  in  (12) ze ig t. D enn  um  d as E n erg iem in im u m  zu e rh a lte n , 
m üssen  fü r ein ige a-, c- u n d  R -  W erte  die In te g ra le  H A, Н 1? H A u n d  N  b e re c h ­
n e t  w erden , die a u c h , m it A u sn ah m e  von  H a , fü r  die a n d e re n  M oleküle v e r ­
w en d e t w erden k ö n n en , da n a c h  (12) u n d  (14) S f  n u r  in  H A e in g e h t u n d  A  als 
F a k to r  vo r H a s te h t .

T abelle I I  g ib t die im  M in im um  der E n e rg ie  (für c =  0) m it den W e rte n  
von  A  u n d iT n a c h  T abelle I  e rh a lte n e n  B indungsenerg ien  (B E ) an , sowie d ie  
in  d iesem  F a ll e rh a lte n e n  K e rn a b s tä n d e  (R) u n d  o-W erte.

Tabelle II

B indungsenergien von Alkaliionen un d  -molekülen

B E  [eV] R  [ a t .E .] а BE [eV] R  [at.E .]

N a2 + — 1,06 6,82 1,88 N a2 —0,77 5,80
K 2 + — 0,93 8,47 2,08 K 2 -0 ,5 1 7,39
R b 2+ — 0,80 8,60 2,20 R b 2 -0 ,4 9 8,00
Cs2 + — 0,80 9,17 2,22 Cs2 -0 ,4 5 8,60

Z um  V ergleich s in d  in  Tabelle I I  ebenfalls d ie en tsp rech en d en  W erte  fü r  die 
A lkalim oleküle  au fgenom m en  w o rd en  [9]. D ie V a ria tio n  in  c e rg ib t  keinen  w e­
sen tlich en  E nerg iegew inn  m eh r; so e rh ä lt m a n  fü r  N a eine B E  v o n — 1,13 eV, 
fü r  c =  — 0,35, R  =  6,53 a t .E . u n d  а =  2,0. D ie  V erhä ltn isse  fü r  K , R b u n d  
Cs liegen ähnlich . D e r  re la tiv  geringe  E nerg ieg ew in n  fü r с -ф 0 le g t, u n te r  d e r 
A n n ah m e, dass d ie  V erh ä ltn isse  äh n lich  wie b e im  I I2 liegen, d ie  V erm u tu n g
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n a h e , dass m it  d em  A n sa tz  (8) eine gu te  N äh e ru n g  fü r d ie E in e le k tro n e n fu n k ­
tio n e n  g e fu n d en  w orden  is t  u n d  die e rh a lte n e n  B E -W e rte  n ic h t  viel v o n  d en  
w irk lich en  E n e rg iew erten  v o n  (7) u n d  (7) abw eichen  k ö n n e n .

D a d ie  B estim m u n g  d e r  A -und  S f -W e rte  noch seh r g ro b  ist, is t v o n  e iner 
V a ria tio n  v o n  c fü r  K , B b  u n d  Cs ab g eseh en  w orden, z u m a l die E rg eb n isse  
(T abelle  I I )  w ie gesag t n u r  o rien tie ren d en  C h a rak te r  h a b e n  sollen.

L e ider liegen  keine ex p e rim en te llen  W erte  fü r  d ie  A lkalim olekü lionen  
v o r , doch w ird  m a n  a u f G ru n d  der R e ch n u n g en  sagen  k ö n n e n , dass d ie  B in ­
d u n g sen erg ien , im  G egensa tz  zum  V erh ä ltn is  bei H 2 u n d  H ^ ,  wo sich f ü r  B E  
(H 2) =  — 4,72 eV (R  =  1,42) und  B E  (H ^ )  =  2,79 eV (R  =  2,00) e rg ib t, 
b e i den  A lkalim o lek ü lio n en  grösser (h ö ch sten s  gleich) als d ie  der e n tsp re c h e n ­
d en  A lkalim o lekü le  sein  w erd en . D agegen  is t  die V erg rö sseru n g  des K e rn a b ­
s tan d es  b e i d e n  E in e le k tro n e n b in d u n g e n  d u rch g eh en d  v o rh a n d e n , d e r  w ohl 
d a ra u f  b e ru h t ,  dass sich im  F alle  d er Z w eie lek tro n en b in d u n g  zwei n e u tra le  
A tom e en tg eg en k o m m en , d ie  ih re  E le k tro n e n  a u s ta u sc h e n , w ährend  b e i V o r­
h an d en se in  eines V alen ze lek tro n s dieses sch o n  bei g rö sse ren  K e rn a b s tä n d e n  
u n g e s tö rt v o n  den  » P o ten tia lm u lden«  d e r  beiden  K e rn e  G ebrauch m ach en  
k an n .

D as u n te rsch ied lich e  V erh ä ltn is  d e r  B in d u n g sen erg ien  fü r Zw ei- u n d  
E in e le k tro n e n b in d u n g  b e im  W asse rs to ff u n d  den A lk a lien  schein t se in e  U r­
sache in  d en  v e rsch ied en en  P o te n tia le n  zu  h ab en , in  d en e n  sich die E le k tro n e n  
befinden . W ä h re n d  fü r  H 2 (H 2f ) das C o u lo m b -P o ten tia l (V z  =  0) v o rlie g t, 
is t  bei N a, K , R b , Cs Ф(г) =  — 1/r - f  V z (r)\{\),  (2)] fü r  r  =  0 p o sitiv  u n e n d ­
lich  (A  1,0) u n d  b e s itz t  zw ischen 1,0 <  r 3,0 e in  endliches M in im um . 
A us d iesem  G ru n d e  k a n n  d e r  E nerg ieg ew in n  bei H in zu k o m m en  eines zw eiten  
E lek tro n s  g e rin g er sein  als beim  C o u lo m b -P o ten tia l u n d  die d ann  e rh a lte n e  
G esam ten erg ie  n u r  w enig  u n te r  der zw eifachen  Io n isie rungsenerg ie  (R  — o o )  

liegen.
G anz äh n lich  g e s ta l te t  sich die B eh an d lu n g  d e r  A lk a lihyd rid ionen . 

S ta t t  (12) e rg ib t sich

e =  ( Н л Я , +  A H a )/N  +  1 /R  , (15)

w obei d er V a ria tio n sa n sa tz  (8) wegen d e r  feh lenden  S y m m etrie  des G ebildes 
in  der F o rm

w =  e- W K r b){ J + у ц Га_ Гьу }  (]6 )

an g ese tz t w u rd e . D am it e rgab  sich fü r  die einzelnen In te g ra le  in  (15)

[ (A2 B 0 - A 0 B 2) +  2c ( A 2 В., -  A 0 В л) +  c2 ( A 2 B 4 -  A 0 B 0)] ,
8

R2
H x =  ■— [ A 1B 0 2c A 1 В 2 -f  c2 A x ß 4] ,

4
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H A =  ^ -  [ОЪАо В x -  a A x Bo) +  A 0 (2cB 0 -  46сВ4 +
4

+  B 2 {262 c +  2c2 -  6c} +  46c {2 - c } B 3 +  (17)

+  {62 c2 — 262 c -  6c2} B 4 +  66c2 B 5 -  62 c2 B e) -  

— {2cB 2 +  c2 B J ]
m it

A n =  A n (l ,2 a ) ,  B „ =  B n (26)

und

a  =  A (a +  /3), fe =  A  (a  _  /?), c =  (y B )2

sowie
R2

HA =  —  [ ( Л  B e -  Л  B J  +  2c(Aj B 2 -  А  B 3) +  с2 ( А  В 4 -  A  B 5)]
4

m it
А  =  А  (1, 2a +  JTR),- B n =  B n (26 +  J T R )  .

D ie G leichungen  (17) gehen fü r  <x =  ß (6 =  0) in  die v o n  (12) ü ber. N ach  a b ­
w echselnder V a ria tio n  von  a u n d  6 bis zu m  abso lu ten  M in im um  der E n e rg ie  
bei vo rgegebenen  K e rn a b s tä n d e n  ergab s ich  m it den A-  u n d  W erten  des 
N a triu m s k eine  B indungsenerg ie . A llerd ings w ar bei R  5 a t.E . (2.65 Á) 
schon  die Ion isierungsenerg ie  ( — 13,54 eV) des H -A tom s e rre ich t [ s ( o o )  =  

= — 13,54 eV], w obei sich ос m  1 u n d  ß  ^  0 e rgab  ( ls -F u n k tio n e n ) . F ü r  R  < 7  5 
a t .E . s tieg  d a n n  die £ (K )-K u rv e  an .

B em erkensw erterw eise  ergab  die c -V aria tio n  keine w esen tliche  V e rb e s ­
serung . F ü r  R  >  5 a t .E . w ürde fü r  c =  0 ,00 das E n erg iem in im u m  g e fu n d en , 
w äh ren d  sich  z. B . bei R  =  4,2 a t .E .  fü r c =  — 0,1 eine geringfügige E rn ie d r i­
gung  von  — 13,40 eV a u f  — 13,42 eV fü r e e rg ab .

F ü r  die ü b rig en  A lkalien  w u rd en  ä h n lic h e  E rg eb n isse  e rh a lten . M an  
w ird  auch  h ie r  v e rm u te n  k ö n n en , dass (16) m it  у  =  0 schon  ein  b e fried ig en d er 
V a ria tio n sa n sa tz  is t. D ass keine B in d u n g  a u f t r i t t ,  lieg t eben fa lls  an  den P o te n ­
tia lv e rläu fen  d e r A lkalien  u n d  des W assers to ffs , indem  d as E le k tro n  des Ei- 
A tom s (ос я&г 1, ß  ^  0) zw ar von  d e r  g eb o ten en  endlichen tie fe n  P o te n tia lm u ld e  
des B in d u n g sp a rtn e rs  G ebrauch  m a c h t, a b e r  der E nerg iegew inn  is t g e rin g , 
um  gegen die be i N äh ern  des A lkaliions anw achsende C o u lom b-A bstossung  
au fzukom m en . D agegen  k a n n  j e tz t  e in  zw eites E lek tro n  n e b e n  dem  a u sg e p rä g ­
te n  ls -Z u s ta n d  des H -A tom s, wo es sich b e v o rz u g t a u fh ä lt (h e te ro p o la re r A n ­
te il) , auch v o n  d e r fa s t  fre ien  P o te n tia lm u ld e  des A lkaliions G ebrauch  m a c h e n , 
so dass die E n erg ie  en tgegen  den  V e rh ä ltn isse n  bei den A lkalim olekü len  n o c h  
seh r ab fa llen  k a n n . M an b e o b a c h te t auch  d e m e n tsp rech en d  bei den A lk a li­
h y d rid e n  B E -W e rte  zw ischen 1,0 u n d  2,0 eV [9].
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Die E rg e b n isse  bezüg lich  d e r B in d u n g sen erg ien  v o n  Zw ei- und  E in e le k ­
tro n e n b in d u n g e n  lassen  sich  n o ch  durch  e in  grobes q u a n ti ta t iv e s  V e rfa h ren  
h e rle iten , w elches die vo rlieg en d en  V erh ä ltn isse  n äh er e r lä u te rn  soll.

B e fin d e t s ich  ein E le k tro n  ( l) im  P o te n tia lfe ld  V  (1) d e r  beiden  g le ichen  
A to m rü m p fe  a u n d  b, so e rg ib t sich d er H a m ilto n o p e ra to r  fü r  das M olekül 
2n

Я+(1) =  - у 4 — v a ( l ) ~  E6(l) , (18)

w äh ren d  e r s ic h  fü r  den F a ll  zw eier E le k tro n e n  in  der F o rm

Я (1 .2 ) =  Я + (1 )  +  Я + ( 2 ) + —  (19)
Da

sch re iben  lä s s t .  M it diesen A u sd rü ck en  b e re c h n e n  w ir u n te r  v e re in fach en d en  
A n n ah m en  d ie  G esam ten erg ien  E + u n d  E ,  in d em  w ir d e n  l / r 12-Term  in  (19) 
v e rn ach lä ss ig en  u n d  die ^ -F u n k tio n e n  (xp+,cp) in  der ü b lic h e n  W eise aus A to m ­
fu n k tio n e n  cp b e s te h e n d  a n se tz e n :

W+ =  <Pa (1) +  <Pb (1)

V =  (1 )^ (2 )  +  Po (2) 9>6 (1) (20)
(H e i t le r—L o n d o n -A n sa tz ).

W ir e rh a lte n  u n te r  B erü ck sich tig u n g  d e r C ou lom b-A bstossung  der K ern e  d ie  
A usdrücke

E+ =  (H aa +  H ab)/(1 +  S)  +  1 /R,  (21)

E  =  2 (H aa +  S H ab)l( 1 +  S2) +  1/R (22)

H aa =  H bb =  J  cp* (1) Я +  (1) cpa (1) dr,

=  J % * (1 )H +  ( 1 ) ^ ( 1 ) * , , (23)

H ab =  H ba =  J  y j ( l )  Я +  (1) cpb (1) drx

=  S<pS(l)H+(l)<pa(l)dr1
u n d

s  =  J > i ( i ) M i ) * i .
J"IVel2( ! ) =  1, J|ç>i|2(l)d ti =  1.

N achdem  (21) u n d  (22) d u rc h  V aria tio n  v o n  R  zum  M in im um  gem ach t w o rd en  
sind , e rh ä lt  m a n  die B in d u n g sen erg ien  ( B E +, B E) b e k a n n tlic h  d a d u rc h , dass 
m an  die e r s te n  Io n is ie rungsenerg ien  (— I a =  — I b) d e r f re ie n  A tom e ab z ieh t,*

* Dies g ilt nur dann, w enn keine A nregungen in den V alenzzustand vorliegen u n d  es 
sich um reine Zwei- oder E inelektronenbindungen handelt, wie dies h ier der Fall ist.
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u n d  e rh ä lt  som it, w e n n  die W erte  v o n  R  und  d e r  In te g ra le  (23) im  M inim um  fü r  
(21) u n d  (22) m it d e n  Zeichen u n d  0 u n te rsc h ie d e n  w erden , d ie  G leichungen

B E +  =  - *Я °а +  H+ab) +  ——  +  I  , (24)
(1 +  S+) R+

B E ° =  2(HOa° +  S ° H °°b) R0 +  21 . (25)
(1 +  S m) +  1

U n te r  B erü ck sich tig u n g  der T a tsa c h e , dass d ie  çs-Funktionen  (20) L ösungen  
eines A to m prob lem s sind ,

A - K ( i ) 9>e(l) Ia<Pa (26)

(en tsp rech en d  fü r ерь),

e rg ib t s ich  fü r die In te g ra le  (23)

H aa  =  —  I a —  j\ < P% V b <P a d T =  —  I a — K a ,

H ab =  -  S I a =  J  cp- Vb <pbd r = -  S I a -  Vab, (27)

so dass sich  die B E -A usdrücke  (24), (25) v e re in fach en :

B E +  =  -  (V-a +  V-ab)l( 1 + s+)  + 1IR+ , (28)

BE« =  -  2(Vnaa +  S  V°ab)l(l +  S 02) +  1 IR° ■ (29)

Zu w e ite ren  D iskussionen  bilden w ir  d ie  D ifferenz d e r B E -W e rte  (Ó) v o n  E in - 
u n d  Z w eie lek tro n en b in d u n g  und e rh a lte n

& =  jBE+l -  |BE°j

V L  +  Vi„ 2(V°aa +  S°V°ab) 1 1 )
(1 +  S+) 1 +  S02 R° R + )

(30)

Im  F a lle  des H 2 u n d  H% lä ss t sich  (30) s tren g  d u rch rech n en  u n d  e rg ib t das 
b e k a n n te  E rg eb n is . M an k a n n  aber g an z  grob sch o n  einsehen, dass fü r  W asser­
s to ff  ô <  0 g ilt, weil d e r  grossen V ersch ied en h e it v o n  R °  u n d  R + (1 / R °— 1 /Л  + =  
0,2) w egen in  g u te r N äh eru n g  S + =  S 02 gilt u n d  som it auch  V^a u n d  
viel k le in e r als die In te g ra le  Vaa u n d  Vab sein  m ü ssen .

B ei d en  A lkalien  dagegen k ö n n e n  w ir in  e in e r  fü r  unsere  Z w ecke au s­
re ich en d en  N äh eru n g  S °  — S + an n eh m en * *  (1/-R0— 1 /R + =  0 ,02 fü r  K 2,

** F ü r Na ergibt sich z.B. mit 3s-S Iater-Funktionen S+ =  0.54, S° =  0.59. F ü r die 
anderen Alkalimoleküle w ird die prozentuale Ä nderung von R°, R + noch geringer (s. Tabelle
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К £ ) ,  so dass auch  Vaa =  K a  u n d  K b  =  K b  e rfü llt se in  w ird. F ü h re n  wir 
n och  das V erh ä ltn is  VablVaa =  со ein, so e rh ä lt  (30) d ie  F o rm

(1 -  'S2) — -----— - 2  S +
со -f- 1 (со +  1 )R + R °  

=  (1 +  S2) ( l  +  S )d .

(1 +  S  +  S2 +  S 3) =

(31)

Z u r  B e rech n u n g  v o n  со w u rd e  fü r  Vb d as  P o te n tia l

rb rb

n ach  (1), (2) b e n u tz t  u n d  <p als E x p o n e n tia lfu n k tio n  angenom m en. E s  e rg ib t 
s ich  d a m it  fü r  со ein W e rt zw ischen 1,0 u n d  2,0, m it  dem  aus (31) ta tsä c h lic h  
fo lg t, dass fü r  k leine S  (S  0,2) ô p o s itiv  ist.

D ie  e rh a lte n e n  Z ah len w erte  h a b e n  n u r  o rien tie ren d e  B e d e u tu n g , doch 
is t  es b em erk en sw ert, dass in  d ieser g ro b en  N äh eru n g  d ie  V erhä ltn isse  q u a lita ­
t iv  r ic h tig  w iedergegeben  w erden .

D ie  b isherigen  E rg eb n isse  e rm u tig e n  dazu , d as  kN -V erfah ren  zu  v e r­
sc h ä rfe n . D ies lä s s t sich  n u r  in  d e r W eise d u rc h fü h re n , dass die P a ra m e te r  
a f , A  im  a n a ly tisch en  A n sa tz  fü r  d as  Z u sa tz p o te n tia l Vz g en au er b e s tim m t 
w erd en . E r s t  w enn  dies m öglich is t , k ö n n te  erw ogen w erden , einen  v e rb esse r­
te n  A n sa tz  fü r  Vz zu  v erw en d en , w o fü r w ir beispielsw eise

v o rsch lag en . P rin z ip ie ll w äre  es d a m it  m öglich, А ,  В  u n d  J3T so zu  b es tim m en , 
dass die e rs ten  d re i E n e rg ie z u s tä n d e  des A tom s m it  d en  em pirischen  ü b ere in ­
s tim m e n . M an g eh t k a u m  feh l in  d e r  A n nahm e, dass die w eite ren  T e rm e  a u to ­
m a tisc h  g u t h e rau sk o m m en  w erd en , d a  d an n , wo d ie höh eren  A to m fu n k tio n en  
w esen tlich  von  N u ll versch ied en  s in d , n u r  noch  d as  C o u lo m b -P o ten tia l v o r­
lieg t.

B ei allen  V erbesserungen , die w ir h ie r d isk u tie re n , dürfen  w ir a b e r n ich t 
v erg essen , dass es sich  doch n u r  u m  eine grobe R ech n u n g  h a n d e lt  u n d  dass 
h ie r des g u ten  n ic h t zuviel g e ta n  w erd en  darf, z u m a l ja  der a n a ly tisc h e  A n­
sa tz  fü r  das Z u sa tz p o te n tia l eine M itte lw e rtb ild u n g , wie oben b esp rochen , 
d a r s te l l t .  W ir w ollen  u ns d a h e r v o re rs t  n u r  a u f  zw ei P a r a m e t e r ^ 7u n d  A b e ­
sc h rä n k e n  u n d  u ns die F rag e  v o rleg en , wie g u t d ie  b ish e r b e r e c h n e te n ^ ”-und

3 . Verbesserung der Variationsansätze

V z  =  (A ir  +  B ) e~2̂ r . у  =  _  i / r  +  Vz (32)
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^4-W erte (T abelle I) s in d . O hne Zweifel liegen  die w irk lich en  E n erg iew erte  fü r 
d ie < ^ -u n d  A -  W erte  der T abelle  I  tie fe r, d e n n  diese s ind  m itte ls  des R itz sch en  
V erfahrens gew onnen w orden , w obei w ir die v e rw en d e ten  V a ria tio n s fu n k tio ­
nen  (4) noch  einm al au fsch re ib en  w ollen:

s -G ru n d te rm : y> =  e er , 

p -G ru n d te rm : y) =  re~mr ,

s-T erm  an g ereg t: гр =  1
1

3
(e - f  rj) r e nr

(33)

(34)

(35)

U m  diese zu v e rb esse rn , k ö n n te  d a ra n  g ed ach t w erd en , m it d en  von  
Morse , Y oung  u n d  H aUrwitz [10] angegebenen  F u n k tio n e n

m it

y>(ls) =  A e  *r , 

y(2p)  =  Bre ß r, 

rp(2s) =  C(re~yr t)e~dr)

A  =  2 f a 3 - В =  2 \ ß 5/3 ,

C —
1

12 Q
(y 4- 0)4

o2
4(5:!

und o =  3 (q +  ÓY

( * + y ÿ

(36)

(37)

(38)

die E n erg ie  z u b e re c h n en . M an m uss a b e r bed en k en  d ass  im  kN -V erfab ren  
kein  reines C o u lo m b -P o ten tia l v o rlieg t u n d  dass zu r B estim m u n g  v o n  AX* 
u n d  A  besonders die g enaue B erechnung  des G ru n d z u s ta n d e s  erfo rderlich  ist. 
Aus diesem  G runde  h ab e n  w ir u n s, en tgegen  den b ish er v e rw en d e ten  F u n k ­
tio n s ty p e n , zu  einer a n d e ren  F o rm  des V a ria tio n sa n sa tz e s  en tsch lossen , der 
ganz allgem ein  (n o rm ie rt) als

У> =  (e xr +  ye ßr) A  (a , ß, y) ,

A(a, ß, y) =  — - 2 (39)

1 a3 (a - f  ß )3/8 ß :3

geschrieben w erden  k an n  [11]. D ieser A n sa tz  le is te t eben fa lls  alles, was m a n  
schon  v o n  v o rn h e re in  a n a ly tisc h  von  s- u n d  p -F u n k tio n e n  v e rlan g t, u n d  
b ie te t  d a rü b e r  h in au s, n eb en  einer R eihe noch  sp ä te r  zu  d isk u tie re n d e r V o r­
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te ile , die M ög lichke it, m ehr P a ra m e te r  zu v a riie ren . F ü r  d ie  w asse rs to ffäh n ­
lic h e n  F u n k tio n sa n sä tz e  e rg ib t sich  aus (39):

y ( ls )  =  e~*ir A (aj, 0, 0) (40)

4>(2p) =  (e~*>r -  в-**) A (x2, ßv  -  1 ) , (41)

y){2s) =  ( e - ^ r ~ y 3e - ß>r) A ( x 3,ß 3, — y3) , (42)

w obei die O rth o g o n a litä t v o n  y>(2s) au f y>(ls)

Уз =  [ К  +  ßs)Kxi  +  а з)?

e rg ib t. W ie g e fo rd e rt, v e rsc h w in d e t %p(2p) fü r  r  —> 0 lin e a r  in  r. U m  ein M ass 
f ü r  die G ü te  d ie se rF u n k tio n sa n sä tz e  zu e rh a lte n , sind  m it (40), (41) u n d  (42) 

z u r  K o n tro lle  d ie  E n erg iew erte  des H -A tom s b e rech n e t w o rd en . Die fo lgende 
T ab e lle  I I I  g ib t die E rg eb n isse  w ieder.

Tabelle II I

E nergieterm e des H -Atom s

Zustand
Wirkliche 

Energie (at.E.)
а/3-Werte im Energieminimum Berechnete 

Energie in 
at. E.а ß У

ls —0,5 1,0 0 0 —0,5
2s —0,125 0,460 0,545 -1 ,1 8 5 —0,124998

2p —0,125 0,414 0,618 - 1 ,0 —0,124998

D ie E n e rg ie n  zeigen völlige Ü b ere in stim m u n g . D ie  N ullste lle  v o n  
rp(2s), r0 =  ln \y3\l(ß3—a 3) e rg ib t  sich eben fa lls  zu r 0 =  2 ,0  (a t.E .) , w ie dies 
au ch  fü r  d ie  s tre n g e  L ösung  g ilt.

F ü r  d ie  R e c h n u n g e n d e s  kN -V erfah rens soll d ah e r d ie  V erw endung  der 
A n sä tze  (43), (44), (45)

s-G ru d te rm : y) =  (e-air — yx e~ßir) A(<x1, ßv  — yx) , 

p -G ru n d te rm : y> — (е~с‘2Г — е~РгГ) A(oc2, ß2, — 1 ) ,  

s-T erm  a n g e re g t:  y> =  (е -а“г — у3е ^ г) ^ ( а з’ ß v  ~  Уз) *

m it

=  l / ( « i  +  «3)3 — Уг/(а з +  ß i f
3 m ^ + ß 3)2 - v x K ß i + ß 3f

vorgesch lag en  w erden. D ie  A nw endung  d ieser F u n k tio n s ty p e n  em p fieh lt 
sich  noch  au s einem  a n d e re n  G runde: d a  sie n u r  aus E x p o n e n tia lfu n k tio n e n

(43)

(44)

(45)

(46)
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b esteh en , sind  die m it ih n e n  b e rech n e ten  W echselw irk u n g sin teg ra le  e in fach e r. 
A u f die in  d iesem  Z u sam m en h an g  w ich tig en  P roblem e d e r In te g ra lb e re c h n u n g  
is t in  e iner a n d e ren  A rb e it au sfü h rlich e r e ingegangen  w o rd e n  [11]. N u r sov iel 
soll gesag t w erden , dass die Menge d e r  erfo rderlichen  H ilfs fu n k tio n en  zu r 
B erechnung  d er Z w eizen trenw echse lw irkungsin teg ra le  d e r  K -  u n d  L -S ch a le  
gegenüber d er V erw endung  v o n  S la te r-F u n k tio n e n  s ta r k  red u z ie rt w e rd en  
k an n , u n d  d er a llen  F u n k tio n e n  gleiche a n a ly tisch e  A u fb a u  (39) eine V e re in ­
fach u n g  in  d er an g ew en d e ten  F orm el f ü r  d ie  E nergie b ie te t ,  indem  diese fü r  
versch iedene Z u s tän d e  n u r  in  den  P a ra m e te rn  g eän d ert zu  w erden  b ra u c h t .  
E in  V orte il, d e r sich  b esonders bei den  h ie r  zugrunde lieg en d en  e lek tro n isch  
d u rch g e fü h rten  R ech n u n g en  seh r b e m e rk b a r  gem acht h a t .

N achdem  w ir die A n sä tze  (43), (44), (45) am  H -A to m  g ep rü ft h a b e n , 
sollen diese zu r B estim m u n g  d er ersten  d re i Z ustände  am  N a-A tom  h e ra n g e ­
zogen w erden , w enn  fü r  A u n d ^ F  die W e r te  d er T abelle I  g e lten  (A =  1 ,826; 
æ = o  ,536). D iese R ech n u n g en  w erden zeigen , au f w elche W eise die A- u n d  

-W erte  ab zu ä n d e rn  sin d . M it

— — J  — —  + —  e - 2̂ «
2 r  r

(47)

und  dem  A nsa tz

У> =  

e rg ib t sich

m it

( 2 / + 1 )  ( / - I m  |)1 
4tt(/ -f-| m I !

1/2
A (x ,ß ,y ) { e  “r -f- ye P) P\,m\w&)eim'p (48)

E =  (Z0 +  Z lY +  y2 ) /( l +  N lV +  N 2f )

x  ) 2
Zo

2 i  =

X -f- A x
a + ^ r l

Ч- Щ 4" 1) *2 ?

/ *
X -j- ß \

[xß  — X — /3] +  2 4 a ( a

2
*  4 -  ß  

\ 2
+  Щ

4~  2 /(14" 1)
2 a 3

^2 =
\ ß l  2 \ ß + m

X +  ß  

+  ß 2l ( l + l ) \ ,

N x =  2
2a

X . +  ß
iV2 =

X  ' 3

~ß

(49)

(50)
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D ie E nerg ie  (49) w urde d a n n  f ü r  / =  0 (s -G ru n d te rm ) in  ос, ß  u n d  zum  M inim um  
g em ach t, d a n n  w urde  / =  1 u n d  у =  — 1 g e se tz t u n d  in  a  u n d  ß v a r iie r t (p - 
G ru n d te rm ) u n d  schliesslich fü r  1 = 0  d e r an g ereg te  s-T erm  b erechne t, in d e m  
у  nach  (46) e in g ese tz t w u rd e  u n d  w iederum  in  а  u n d  ß  d ie  Energie m in im a l 
gem ach t w u rd e . T abelle IV  e n th ä l t  die E rg eb n isse  im  V erg leich  zu den  w irk ­
lichen  E n e rg iew erten  sowie d ie  im  M inim um  e n th a lte n e n  P a ra m e te rw erte

Tabelle IV

Energieterm e des N a-Atom s

Zustand а ß У Яьег [eV] ^em p [e^  ]

s-Grundterm 0,491 1.093 —0,848 — 5,55 (5,12) — 5,12
p-G rundterm 0,424 0,380 - 1 , 0 2,93 (2,92) — 3,02
s-Term angeregt 0,271 0.197 — 0,734 - 1 ,8 6  (1,85) — 1,94

Die in  K lam m ern  g e se tz te n  E n erg iew erte  w urden  m it  den w a sse rs to ff­
ähn lichen  F u n k tio n sa n sä tz e n  (4) e rh a lten . W ie m an  s ie h t, lieg t der j e t z t  sich  
ergebende G ru n d z u s ta n d  w esen tlich  tie fe r , w äh ren d  die h ö h eren  T erm e k e in e  
grossen A bw eichungen  g eg en ü b er den E n e rg iew erten  m it w asse rs to ffäh n lich en  
F u n k tio n e n  zeigen, da das M axim um  d er y -F u n k tio n e n  d e r  höheren  T erm e  an 
S tellen  liegen , wo das C o u lo m b -P o ten tia l sch o n  s ta rk  ü b erw ieg t.

A u f G ru n d  dieser E rg eb n isse  u n te r  H in zu n ah m e  d e r  em pirischen  W e rte  
und  der A n n ah m e , dass d e r G ru n d z u s ta n d  besonders w esen tlich  in die B e re c h ­
nu n g  von A  u n d  J ^ e in g e h t ,  k a n n  m an , w ie schon oben v e rm e rk t, an n e h m e n , 
dass die e rh a lte n e n  B E -W e rte  der A lkalim o lekü lionen  u n d  die E n e rg iew erte  
der S y stem e A lkaliion  u n d  W assers to ff n a c h  den A -  u n d  A ^-W erten  v o n  T a ­
belle I  u n te re  G renzen d a rs te lle n .

D a rü b e r  h inaus h a t  s ich  ergeben, d a ss  die F u n k tio n sa n sä tz e  (43), (44), 
(45) fü r  d as  k o m b in ie rte  N äherungs v e rfa h re n  g ee ig n e te r sind. Z u sam m en  
m it dem  e rw e ite rten  A n sa tz  fü r  das Z u sa tz p o te n tia l (32) können  p rin z ip ie ll 
die P a ra m e te r  А ,  В  u n d  3ÍAso b es tim m t w erd en , dass d ie  e rs ten  drei E n e rg ie ­
te rm e  m it d en  em pirischen  ü b e re in s tim m en , w as fü r die p ra k tisc h e  A n w en d u n g  
völlig a u sre ich en  sollte.

V e rz ic h te t m an  a u f  d ie  V erw endung  des P a ra m e te rs  В , so können  je d e n ­
falls m it H ilfe  der v e rb e sse r te n  F u n k tio n sa n sä tz e  A  u n d  a f  genauer als b ish e r 
b e s tim m t w erden .

E in  w eite res P ro b lem  w irft die V erw en d u n g  n eu e r F u n k tio n sb a se n  auf. 
In  den le tz te n  J a h re n  s in d  in  v e rs tä rk te m  M asse G au ssfu n k tio n en  bei M o lek ü l­
rech n u n g en  v erw en d e t w o rd en  [12], d ie fo lgendes A u sseh en  haben

(51)<Pp
2 rd w d r - r  PY
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Diese F u n k tio n e n  w u rd en  au ch  zur B esch re ibung  von  A to m z u s tä n d e n  h e r a n ­
gezogen u n d  h a b e n  sich ganz  besonders b e i allen  w ellenm echan ischen  V e rfa h ­
ren  der Q u an ten ch em ie  b e w ä h r t [13]. In  d iesem  F alle  w ä re  zu  überlegen , ob 
auch  d er A n sa tz  fü r  das Z u sa tz p o te n tia l e n tsp rech en d  m od ifiz ie rt w erd en  
so llte , d a m it die In te g ra tio n e n  so einfach b le ib en , wie d ies b e i den G aussfunk- 
tio n en  der F a ll is t. Es k ö n n te  d ah e r d a ra n  ged ach t w e rd e n , in  A b ä n d e ru n g  
von  (32) den  fo lgenden  A n sa tz  fü r  das Z u sa tz p o te n tia l

Vz = e-2.jГг‘ (52)

zu verw enden . In  diesem  F a lle  sind  bei d e r E n erg ieb e rech n u n g  keinerlei n eu e  
In te g ra le  zu e rw arten .

4 . A llgem eine F ragen  in  der Q u an tenchem ie

In  einer R eihe von  V erfah ren  der q u a n te n th e o re tis c h e n  Chemie w ird  
ebenfalls m it dem  B egriff des e ffek tiven  P o te n tia ls  (Z u sa tzp o ten tia l)  o p e rie rt, 
so z. B. in der Methode von G öppert M ayer -  S k la r, im  k o m b in ie r te n  N ä h e ru n g s­
v e rfah ren , oder besonders im  ffiick e l-V erfah ren  m it se inen  E rw eite ru n g en  u n d  
V arian ten . Schliesslich  g eh t au ch  die E le k tro n e n g a sm e th o d e  von  einem  e ffek ­
tiv e n  P o te n tia l  aus, in  w elchem  sich die E le k tro n e n  b e fin d en . Die V o rste llu n g  
des Z u sa tz p o te n tia ls , w elche in  irgende iner F o rm  die E lek tro n en w ech se lw ir­
k u n g  a u f  e in fache W eise b e rü ck sich tig en  he lfen  soll, is t a lso  ganz v e rsch ied en ­
a rtig en  M ethoden  gem einsam . A us diesem  G ru n d e  ist es n o tw en d ig , sich d a r ü ­
ber k la r  zu w erden , ob auch  h ie r eine so lche K o n zep tio n  ü b e rh a u p t s in n v o ll 
is t, oder ob diese n u r  m it gew issen E in sch rän k u n g en  a u f re c h t e rh a lten  w erd en  
k an n .

E s is t b em erk en sw ert, dass solche Ü berlegungen  b ish e r  noch  n ich t d u rc h ­
g e fü h rt w orden  sind , u n d  z. B . die M einung v o rh e rrsc h t, dass ein effek tives 
P o te n tia l d u rch  kein  V aria tio n sp rin z ip  e rh a lte n  w erden k a n n , obw ohl g e rad e  
das H ückel-V erfah ren  u n d  die E lek tro n en g asm eth o d e  g an z  w esentlich  v o n  
der T a tsach e  eines e ffek tiv en  P o te n tia ls  ausgehen . D er G ru n d g ed an k e  is t 
dabei der, dass die W irk u n g en  d er ü b rigen  E le k tro n e n  a u f  e in  h e rau sg eg riffe ­
nes du rch  ein P o te n tia l  V  d a rg e s te llt w erden  können , so dass es m öglich is t, 
die B ew egungen  eines je d e n  E lek tro n s  in  F o rm  einer E in te ilch en -S ch rö d in g er- 
g leichung zu b eh an d e ln .

H '0 j  =  e'j 0 j , (53)

H '  =  -  —  Л +  U{t) (H '  in a t. E .) .  (54)
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D a das P o te n t ia l  U auch  n o ch  die W echselw irkungen  m it d e n  K ernen  e n th ä lt ,  
so  is t  d er Z u sam m en h an g  m it  V, w enn N  Z en tren  (A tom e) d er L ad u n g en  Z* 
(A =  1. . N )  vo rliegen , in  d e r  fo lgenden  F o rm  gegeben

U =  - 2 ~  +  V(x).  (55)
д- i  r x

V(l)  s te h t  a lso  re p rä s e n ta tiv  fü r  die W irk u n g e n  von n— 1 E le k tro n e n  a u f  das 
b e tra c h te te . D e m e n tsp re c h en d  e rg ib t s ich  die G esam tenerg ie  e des au s  n 
E le k tro n e n  b es teh en d en  S y stem s zu

*, =  2 * U  (56)
J

w enn  e n tsp re c h e n d  dem  P a u lip r in z ip  die Z u s tän d e  Фу b e s e tz t  w erden , w obei 
sich  die G esam tw e llen fu n k tio n  als D e te rm in a n te  der Фj s c h re ib t

rps — d e t (Фу(£)} (a, ß  : S p in fu n k tio n e n ) . (57)

G egebenenfalls t r e te n  S u m m en  von  D e te rm in a n te n  au f, w en n  keine ab g e ­
sch lossenen  S ch a len  (im S in n e  des E in te ilch en sb ild es) v o rlieg en . D er In d e x  
s an  'e in  (56) w eis t a u f  die v e rsch ied en en  Z u stän d e  des G esam tsy stem s h in , 
die du rch  versch ied en e  S u m m ieru n g en  e rh a lte n  w erden  k ö n n en  (an g ereg te  
Z u stän d e).

In  W irk lic h k e it w äre fü r  ein solches S ystem  die S ch rö d in g erg le ich u n g

Ws ; j  VxV d t  =  1 (58)

zu  b e h a n d e ln , m it

i n  n N r  n—1 n r n n—1 n

2 , = 1  i = i  л = 1  D . i  j = 1  y = , _ i  rtj / = 1 í = i  j=i+iTij
(59)

w obei

A = 1 rki
(60)

W ü rd e  k î in e  E lek tro n en w ech se lw irk u n g  vorliegen , so i s t  V(t) — 0 u n d

so dass au ch

u n d

H  =  H \ (61)

(62)

(63)
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gilt. In  diesem  F a lle  z e r f ä l l t ^ ” in  eine S um m e von  E in e le k tro n e n o p e ra to re n
H(i).

D ie p rim itiv e  V orste llung  v o n  einem  Z u sa tz p o te n tia l b e s te h t also d a r in ,

2  H '{i) (64)
i=l

zu  se tzen , obw ohl E lek tro n en w ech se lw irk u n g  vorlieg t. D a m it  w äre  d a n n  d e r 
A u sg an g sp u n k t fü r  Gl. (53) u n d  die fo lgenden  bis (57) g e fu n d en . G ib t es n u n  
ein  H '  (bzw. V) v o n  d er A rt, dass (58) m it (64) in  Ü b e re in s tim m u n g  g e b ra c h t 
w erden  k a n n  ? O ffensich tlich  n ic h t, denn  die B ese tzu n g sv o rsch rift, die s ich  in  
(56) zeig t, m it d en  E nerg ien  aus (53), m a c h t keinen  U n te rsc h ie d  in  den  v e r ­
sch iedenen  S p inste llungen  d er E le k tro n e n , so dass im  E in k la n g  m it dem  P a u li­
p rin z ip  fü r  Z u s tän d e  m it v e rsch ied en er S p in m u ltip liz itä t d ie  gleiche E n erg ie  
e rh a lte n  w ird , obw ohl in  W irk lich k e it die E lek tro n en w ech se lw irk u n g  zu e in er 
A u fsp a ltu n g  d er E nerg ie  g e fü h rt h a t .  M an e rs ie h t das z. B . au s  d er F orm  (39) 
von  H ,  w enn m a n  im  R ah m en  e in er S tö ru n g srech n u n g  m it

H '0» =  J f f ( i ) j  (65)
/=1

als n u llte  N äh eru n g  b eg in n t u n d  d an n  die R ech n u n g  m it d em  »S tö roperato r«
n- 1 n 1

H'(°) =  2  —  (66)
1 = 1 j= i  + l r ij

v e rb e sse rt, d er d a n n  eine A u fsp a ltu n g  der E n erg ie  m ilite r N ä h e ru n g  lie fe rt, 
w enn  diese u rsp rü n g lich  fü r  v ersch iedene S p in zu stän d e  gleich w ar. M an p fleg t 
das b ild lich  e tw a so d a rzu ste llen  (F ig . 1, 2):
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------------------- 1----------------- £ * — 1---------------

_____________ .

— 1 4 1----------------  So --------------1 1

'■'1

£o

Fig. 1, 2

Im  E in te ilch en b ild  n ach  (53) k ö n n en  z.B . n ach  F ig . 1 und  2 T r ip le t t-  u n d  Sin- 
g u le tt-Z u s tä n d e  en tsp rech en d  d er V orsch rift (56) n ic h t u n te rsc h ie d e n  w erden , 
obw ohl die yiÿ n ach  (57) v e rsch ied en  sind.

W ir k ö n n en  d a h e r  v o re rs t d ie  noch  ziem lich  triv ia le  F e s ts te llu n g  tre ffen , 
dass ein  effek tives P o te n tia l  n ach  (53) u n d  (55) n ic h t  in  aller S tre n g e  gefunden  
w erd en  k an n . D ie p rim itiv e  D a rs te llu n g  (64) fü r  e r l ä s s t  sich  n ic h t  e x a k t b e ­
g rü n d en . M it an d eren  W o rten : Z erleg t m an  in  d er F orm  [14]
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J T =  j f H ' ( i )  +  2  —  +  N [H(i) -  =  ^ (0) +  ^ (1), (67)
ï = l  [ i —1 j = i + 1 r i j  i = l  J

so lä ss t s ich  m it ke inem  P o te n tia l  F  d e r  O p e ra to r  З ^ ф )  a n n u llie re n , d e n n  es 
g ilt, w egen  (54), (55), (59) u n d  (60)

^ (1)=  > ’ (68)
1= 1  7= 1  +  1 r i j  1 =  1

M an s ie h t le ich t, dass

n—1 « 1  Л
2  2 - — =  2  n o
i = l  y=i  +  l  r i j  i - l

(69)

n ic h t g e lten  k an n , w enn  m a n  z. В. Т,- =  t ;  s e tz t . O der au c h  anders a u sg e d rü c k t: 
Es lassen  sich  m it k e inem  P o te n tia l  V(i) d ie  G le ichungen

=  (* ,/ =  0 ,1 , 2 .  .)  (70)

b e fried igen , w enn alle L ö su n g en  ips n a c h  (57) und  (53) b e rü c k s ic h tig t w erden . 
W ie k a n n  m a n  n u n  zu  e in e r  sinnvo llen  D efin itio n  eines Z u sa tz p o te n tia ls  ge­
langen  ?

O ffen b a r is t die F o rd e ru n g  (70) zu  w eitg eh en d . M an w ird  d a h e r  als 
n äch s te  E rle ic h te ru n g  a n  d ie  F o rd e ru n g en

^ V s ^ 1)Vl d r =  0 ;  (s, / =  0 ,1 ,  2 . . ) (71)

( в ф 1 )

den k en , so dass die N ä h e ru n g e n  e rs te r  O rd n u n g

(72)

d er S tö ru n g srech n u n g  n o ch  üb rig  b le ib en  u n d  so m it z. B . die in  F ig . 1 u n d  2 
gezeig te en ergetische  G le ichhe it au fg eh o b en  w erden  k a n n . L eider is t  auch  
diese F o rd e ru n g  zu s ta rk ,  denn  sie b e d e u te t,  dass (62) noch  e rh a lte n  b le ib t, 
w ie m a n  aus der S tö ru n g sre c h n u n g  e rk e n n t. A uch m it  (71) k an n  d a h e r  kein  
Z u sa tz p o te n tia l d e fin ie rt w erden , w as d iesm al so g ar sch o n  n ich t m e h r in  der 
p r im itiv s te n  F orm  (63) e n th a lte n  is t, d enn  n a c h  (68) b ra u c h t n a c h  (72)
n ic h t m e h r  zu v e rsch w in d en .

W en n  (72) b e ib e h a lte n  w erden  soll, so k ö n n te  e in  Z u sa tz p o te n tia l noch
durch

f y>£ Vi dr — m in  ; ( * , / = 0 , 1 , 2 . . )  (73)
(*ф 1)

d e fin ie rt w erden . W ir fa ssen  eine R e ih e  v o n  B ed in g u n g en  (73) zu sam m en  u n d  
e rh a lte n  d arau s die sch w äch eren  F o rd e ru n g en  (gegebenenfalls S u m m ieru n g  
in  s)

2  [ J  Ws Vi]2 dr  =  m in  ; (s =  0 , 1 , 2 . . ) .  (74)
! 5^
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D iese sollen  als D efin itio n sg le ich u n g en  fü r  ein  Z u sa tz p o te n tia l V  v e rw en d e t 
w erden . Sie sind  in  v ie lerle i H in s ic h t sinnvo ll. E n tw ic k e ln  w ir im  R a h m e n  d er 
S tö ru n g srech n u n g  die e x a k te  L ösung  d er S ch röd ingerg le ichung  (m it 3 t )  n ach  
den  L ösungen  des u n g e s tö rte n  S ystem s ( 3 t ^ )

w. ■ (75)

so seh en  w ir, dass die F o rd e ru n g en  (73) a u f ein M inim isieren  d er e in ze ln en  T e r­
me d e r  rech ts  s teh en d en  S um m en h in au släu fen , so dass a u f  diese W eise die 
V aria tio n sg le ich u n g en  (73) m it d en  F o rd eru n g en

j- (ys — y s)2dT =  m in  ; (s =  0 , 1 . . )  (76)

Z usam m enhängen , w enn  yjÿ nach  (57) zu  v e rs teh en  is t. D ie V a ria tio n  in  (76) 
w ird  m it H ilfe des e ffek tiv en  P o te n tia ls  V  d u rc lig e fiih rt, so dass (im m er im  
S inne d e r  F o rd eru n g en  (73) u n d  sch w äch er n ach  (74)) die beste  D e te rm in a n ­
te n d a rs te llu n g  nach  (57) gesuch t w ird . D iese d ü rf te  k a u m  m it d e r H a r tr e e — 
F ock-L ösung  id en tisch  sein , da d iese b e k an n tlich  d u rch  die F o rd e ru n g en  [15]

=  0 ;  (* =  0 , 1 . . )  (77)

festg e leg t w ird  u n d  als effek tives P o te n tia l  das H a r tre e  — F o c k -P o te n tia l lie ­
fe rt. M an w ird  d ah e r e rw a rte n  d ü rfen , dass die aus (76) sowie aus (73) bzw . 
(74) e rh a lte n e n  ^ -F u n k tio n e n  zw ar n ic h t  die G esam tenerg ie  im  S inne d e r  E n e r ­
g iev a ria tio n  m in im isieren , ab er d a fü r N äh eru n g en  d a rs te lle n , die gegebenenfalls 
bezüg lich  gew isser E rw a rtu n g sw e rte  u n d  U b erg an g se lem en te  zu  besseren  
E rg eb n issen  fü h ren  k ö n n e n  [16]. H ie r  w ären  noch  w e ite re  U n te rsu c h u n g e n  
n o tw en d ig , besonders ü b e r  den  Z u sam m en h an g  v o n  (73), (74) m it (76) u n d  den  
d a rau s  re su ltie ren d en  F ra g e n  n ach  d e r G üte von  N äh eru n g slö su n g en . V o r­
läu fig  lä s s t  sich aus (74) m it H ilfe des Ü berganges

N' [ j" rj>£ 3 t (V) y)[ d r ] 2 =  f y  * 3 t (1)2 yjs dr —- ( J  гр* 3 t w  y>s d r)2 =  m in  (78)
i*s

bei dem  die  D efin itionsbere iche  von  3 t ^ u n d  ( 3 t ^ ) 2 b e a c h te t  w erd en  m üssen , 
zeigen, dass (74) in  die F o rd eru n g en

J  [( 3 t —\  y>s 3 t d t)  yisf  dr  =  m in (s =  0 ,1 .  . . ) (79)

ü b e rg e fü h rt w erden  k a n n .
D ab e i is t  v e rw en d e t w orden , dass die гр$ E ig e n fu n k tio n e n  v o n  3t®*  s ind . 

D as V aria tio n sp rin z ip  (79), u n d  eine E rw e ite ru n g  d a v o n , s in d  in  d e r L ite ra tu r  
schon  b e k a n n t [17, 18, 19].
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B ezüglich  e in e r p ra k tisc h e n  D u rc h fü h ru n g  d e r V a ria tio n  (78) k ö n n te  
e tw a  d a ra n  g e d a c h t w erden ,

V = 2 C XK (  r) (80)
a

fü r  das E in te ilc h e n p o te n tia l zu  se tzen  (m it fe s tg ew äh lten  Va) u n d  die R ech n u n ­
gen m it e inem  b e s tim m te n  S a tz  v o n  Ca zu  b eg in n en . M it d en  dazug eh ö ren d en  
y s -F u n k tio n e n  (gegebenenfalls näh eru n g sw eise  als L in ea rk o m b in a tio n en  a n ­
g ese tz t) , w ird  d a n n  in  (78) o d er (79) e ingegangen  u n d  die Cx v a r iie r t .  D am it 
i s t  ein  i te ra tiv e s  V erfah ren  gew onnen , in  w elchem  n u r  so lche Vx v e rw en d et 
w erd en  d ü rfen , d ie  die E x is te n z  d e r In te g ra le  in  (78) g a ra n tie ren . A uch h ier 
m ü ssen  w eite re  U n te rsu c h u n g e n  angeschlossen  w erden .

D ie Ü b erleg u n g en  dieses A b sc h n itts  u n te rsc h e id e n  sich  in  der I n te r ­
p re ta t io n  w esen tlich  von  d en jen ig en  d er v o rh e rg eh en d en  A b sc h n itte . W ä h ­
re n d  im  F a lle  d e r  A tom e die Z u sa tz p o te n tia le  so gew ählt w o rd en  sind , dass 
A u s tau sch  u n d  P a u lip rin z ip  b e rü c k s ic h tig t w u rd en , ging es h ie r d a ru m , ein 
P o te n tia l  a u fz u b a u e n , w elches in  gew isser W eise so g u t wie m öglich  einen Teil 
des H a m ilto n o p e ra to rs , n äm lich  die E lek tro n en w ech se lw irk u n g  du rch  eine 
S um m e v o n  E in te ilc h e n p o te n tia le n  e rse tz t. D a m it is t  die S chw ierigke it eines 
jew eils  v o m  E le k tro n e n z u s ta n d  ab h än g ig en  Z u sa tz p o te n tia ls  b e se itig t. A n ­
d ere rse its  is t  m it  d e r V a ria tio n  (78) ein  W eg b e sc h r it te n  w o rd en , d er zu einer 
a n d e ren  A u ffassu n g  des Z u sa tz p o te n tia ls  g e fü h rt h a t .  M an d a r f  n ich t v e r ­
gessen, dass au c h  h ie r w ieder die T a tsa c h e  zu b e a c h te n  is t ,  dass sich in  der 
GoMBÁs’sch en  F assu n g  des Z u sa tz p o te n tia ls  v ö llig  r ich tig  eine A b h än g ig k e it 
v o n  den  E le k tro n e n z u s tä n d e n  e rgeben  m uss. D ie M itte lw e rtb ild u n g  im  kN - 
V erfah ren  dag eg en  zeig t Z u sam m en h än g e  m it d e r h ie r  angegebenen  D efin ition  
des e ffek tiv en  P o te n tia ls , w obei in  jed em  F a lle  jedes E le k tro n  u n ab h än g ig  
sich  im  g le ichen  e ffek tiv en  P o te n tia l  b e fin d e t.

5 . Z u sam m en h än g e  z u r G üte der W ellen fu n k tio n

In  e in e r f rü h e re n  A rb e it des V erfassers [20] w urde  a u f  die M öglichkeiten  
v o n  G ü te d e fin itio n e n  d er N äh eru n g slö su n g en  lp d e r S ch röd ingerg le ichung

(« Я Г -в )%  =  0 ;  J  <P* Ws dr =  1 (81)

eingegangen  u n d  v o rgesch lagen , diese in  d er F o rm

I  [f(y>s ~  Vs)]2 dr =  r f  ( / ,  y s) (82)

e in zu fü h ren , in d em  die G rösse v o n  ?f(/,V s) e in  M ass d a fü r is t , w ie g u t die m it 
(s =  0 ,1 . . . ) zu  b ild en d en  E rw a rtu n g sw e rte  u n d  Ü b erg an g se lem en te  v o n
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f  zu  e rw arten  s in d . D abei e rg ab  sich  u n te r  an d e re m , dass rf(  1, xj)s) kein  M ass fü r  
In te g ra le  der F o rm  f f v s i  d r  ist.

Es w äre d a h e r  g ru n d sä tz lic h  m öglich, e in  V a ria tio n sv e rfah ren

V2 (/ , Vs) =  m in  (83)

e inzu füh ren , in  w elchem  îps v a r i ie r t  w ird. L e id e r is t dies in  d iese r F o rm  n ic h t 
ohne  w eiteres m ö g lich , da in  (82) auch die e x a k te  L ösung xp a u f t r i t t .  D ie F o r ­
d e ru n g  (83) lä s s t  s ich  aber, w en n  m an  in ä h n lic h e r W eise w ie in  e iner frü h e ren  
A rb e it des V erfassers [21] v o rg e h t, n u r in sch w äch e rer F assu n g  a u f  ein b ra u c h ­
b ares  V aria tio n sp rin z ip  z u rü ck fü h ren .

Zerlegen w ir  in (81) in  d er Form

J r +  ЗГЫ  (84)

w obei Ж  so d e f in ie r t  sein soll, dass

Ж  Vs =  ës yjs ; j  xpf YV dr  =  <5SS- (85)

g ilt, so liefert d ie  S tö ru n g srech n u n g  die D a rs te llu n g

? .  =  ? , +  v l W ^ ä f L
es — Ss'

(  S=h s') ( 86)

W ie oben  gezeig t, k a n n  in d iesem  Z u sam m en h an g  durch

.S ’ [ I w* y>s’ d t ] 2 =  ( yjs xps dr ( ( xp+ yjs dr)2 =  m in
si's- ' ' (87)

ein effek tives P o te n tia l  d e fin ie rt w erden , w en n  J ’’aus einer S um m e von E in ­
e le k tro n e n o p e ra to re n  b es teh t, w o b e i xp aus e in e r  R eihe v o n  D e te rm in a n te n  
(b esteh en d  aus E in e le k tro n e n fu n k tio n cn ) a u fg e b a u t w erden m uss. Gl. (87) 
k a n n  d a n n  u m g efo rm t w erden in

& (1* Vs) =  i  [{Ж’— j  xp* Ж’хр!! dr) Y)s ] 2 dr =  m in , (8 8 )

w enn v o n  (85) G eb rau ch  g em ach t w ird.
B ei der e rs te n  O rdnung  d e r  S tö ru n g srech n u n g  nach (8 6 ) s in d  auch in  

d er S um m e, w enn v o rh a n d e n , d ie  Z ustän d e  des K o n tin u u m s zu  b e rü c k s ic h ti­
gen. D ies is t p ra k tisc h  u n d u rc h fü h rb a r . Aus d iesem  G runde h a t  m a n  v e rsu ch t, 
die e rs te  N äherung  in  (8 6 ) d a d u rc h  zu  erfassen, dass  m an  einen M itte lw e rt den 
»Energienenner«  v o r  die Sum m e zog

Vs “  Vs +  -^7 £  (  J V* ^ (1) Vs dr)  у,.- (s ф  s ' ) . (89)
^  S '
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D iese A p p ro x im a tio n  is t, w ie die E r fa h ru n g  gezeigt h a t ,  re c h t g u t [22], und  
k a n n  u n te r  U m stä n d e n  n och  einen  T eil d e r zw eiten  N äh e ru n g  m it e rfassen  
[23]. Im  R a h m e n  dieses N ä h e ru n g ss ta n d p u n k te s  k a n n  rj1 (1, гр) m it  (88) in 
Z u sam m en h an g  g e b ra c h t w erden , d e n n  aus (89) fo lg t.

V2 (1> Vs) = [ * ( ¥ > * — Vs)2 dr ^  - h -  [ J £  ( j  yit Ж (1) y s' dr) yjs- +  . .  . f d r .

(90)

U n te r  d e r  A n n ah m e, dass die xps, ein  o rth o n o rm ie rte s  S y stem  d a rs te lle n , folgt 
b e i a lle in iger B erü ck sich tig u n g  d e r e rs te n  N äh eru n g

V2 (i> Vs) ** 2  { S v t ^ w vs d r y  =
E  S ' (S '^S)

=  [  J  v i  < ^ (1)2 Vs dr  -  ( J  arv> y s d r y ] ,
h  “

w en n  (87) b e a c h te t w ird . D ie re c h te  S eite  v o n  (91) is t d a n n  m it (88) iden tisch , 
w obei fü r  jed es  гр3 d e r H am iltonoperator Ж  nach (84) u n d  (85) zerlegt g e d a c h t wird. 
D ie A p p ro x im a tio n , die in  (91) d u rch  die be id en  äu sse ren  S eiten  d a rg es te llt 
w ird , h a t  die b em erk en sw erte  E ig e n sc h a ft, dass (88), welches im m e r positiv  
is t , fü r  die e x a k te  L ösu n g  v o n  Ж  v e rsch w in d e t, ebenso  w ie rf(l,^5s). M an  w ird 
d a h e r  d a ra u s  d en  Schluss ziehen k ö n n e n , dass m a n  d u rc h  das V a ria tio n sv e r- 
f a h re n  (88) e in  y s e rh ä lt , w as im  w esen tlich en  d u rc h  einen  k le inen  W e rt von 
rj2(l,ips) c h a ra k te r is ie r t  is t . A nders a u sg e d rü c k t: B eim  A nsetzen  eines b e s tim m ­
te n  îj>s als V a ria tio n sa n sa tz  (m it b e s tim m te n  fre ien  P a ra m e te rn )  w ird  das aus 
d e r  E n e rg ie v a ria tio nr  J  îji* Жтр5 dr  =  m in  (92)

re su ltie re n d e  yis an d e re  P a ra m e te rw e r te  e n th a lte n , als das gleiche an a ly tisch e  
yis, w elche aus (88) fo lg t. E in fach e  T estrech n u n g en  b e s tä tig e n  d iesen  Z usam ­
m e n h an g  [24, 20]. E r s t  w enn xps seh r g u t in  fa s t a llen  R au m b ere ich en  m it ys  
ü b e re in s tim m t, d ü rf te  d e r U n te rsc h ie d  in  den P a ra m e te rw e rte n  n ic h t  m ehr 
gross sein . F ü r  die e x a k te  L ösung g ilt ó2( l ,  y>s) — 0, d a n a c h  v e rsch w in d en  nach
(91) alle G lied e r 'in  der1 m ittle re n  Sum m e, es g ilt also
‘ .. . • ,1 , .............. • ••. : ; . j'hf. •'» «

( j V s Í ^ W Vs' d r y  =  0, (s' =  0 , 1 .  . . ). (93)
. : wJ vi .

D er O p e ra to r  Ж ^  i s t  bezüg lich  y s zu  einem  N u llo p e ra to r  g ew o rd en . Es is t 
n a c h  (84)

• v ' : Ж = Ж . (94)
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D iese B eziehungen  k ö n n en  prinzip ie ll n u r  e rfü llt w erden , w enn  vom  E in te i l ­
chenb ild  abgegangen  w ird . A ndernfalls k a n n  durch

( J  y ' S t ™  f s '  dr)2 =  m in  ; (s ' =  0, 1 . . . ) (95)
(* '¥= *)

m it S t  n ach  (84) ein effek tives E in te ilc h e n p o te n tia l (effek tives P o te n tia l)  
e in g efü h rt w erden , wie oben  gezeigt. D ie b ish e rig en  Ü berlegungen  k ö n n en  n u n  
auch  fü r  d en  A u sd ruck  p (f , lp s) angew en d et w erden . H ie r e rh ä lt  m an  m it H ilfe  
v o n  (89) die B eziehung

rf ( / ,  Vs) =  S f 2(Vs -  Vs)2 dr  ~  - i -  Г[ 2  ( J  V Î Vs- dr)fy>s- +  . . . ] 4 r
b  J s- (96)

aus d er w e ite r fo lg t

rr  ( / ’ Vs) ~ г  У  2 l  ( ,f V* ^ (1) Vs’ dr)( j  y>* S t™  y y  dr)( J  y i f - f2 y y  dr) .
E  s- s- (9 7 )

A nalog des Ü berganges v o n  (87) is t die re c h te  Seite  v o n  (97) m it

<52 ( / ,  Vs) =  J / 2 [ { З Г -  I  V t  3?V s dr) Vs]2 dr  (98)

'V
id en tisch , w obei zw ischendurch  bei der H e rle itu n g  e i n ^ 7 n a c h  (84) u n d  (85) 
e in g efü h rt w ird . D abei is t  n och  zu b e a c h te n , dass in  der R egel

J P  S ty *  S txps dr =/= j  y ,? p  S t 2 &  dr  (99)

gilt. D er Z u sam m en h an g  zw ischen (97) u n d  (98) k an n  d a h e r  m it H ilfe v o n  S t  
n ach  (84) u n d  (85) e rk a n n t w erden . Das P o te n t ia l  in  S t  sp ie lt h ie r  die Rolle des 
b e k a n n te n  F e h le rp o te n tia ls  [25], welches im  F alle  der E in te ilc h e n n ä h e ru n g , 
w enn d am it die F o rd eru n g en  b2(f,y>s) =  m in  v e rk n ü p f t w erd en , in  das e ffek tiv e  
P o te n tia l  ü b e rg e h t. D ieses k a n n  som it als F u n k tio n  von  f  d e fin ie rt w erd en . 
W ir w ollen ab e r die in  A b sc h n itt 4 angegebene D efin itio n  bevorzugen , w eil 
d a m it auch in  d er B estim m u n g  der E n erg ie  die b e k a n n te n  G leichungen d e r  
S tö ru n g srech n u n g  1. O rd n u n g  e rh a lten  b le ib en , die zu r A u fsp a ltu n g  d e r u r ­
sp rüng lich  e n ta r te te n  Z u s tä n d e  fü h ren  k ö n n en . D agegen is t (98), im  H in b lick  
a u f  die ^ -B erech n u n g , ein b rau ch b a res  V a ria tio n sv e rfah re n , w elches g e rad e  
im  H inb lick  a u f  die sp ä te r  zu b e rech n en d en  E rw a rtu n g sw e rte  u n d  Ü b erg an g s­
elem ente  von  f  bessere E rgebn isse  zu e rw a rte n  g e s ta tte t  [20], d a  es m it (82) 
zu sam m en h än g t. D ie v o r ein igen  J a h re n  g em ach ten  V ersuche, die H a n d h a ­
b u n g  des V aria tio n s V erfahrens nach  (98) u n d  v e rw a n d te r  F o rm e n  (»gesteuerte  
V erbesserung«) zu  e rle ich te rn , zeigen sch o n  hoffnungsvo lle  A nsätze  [28].
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W e ite r  zu u n te rsu c h e n  w äre n o ch  der E in flu ss  d er p o sitiv en  G rösse E 12 in  (90). 
E r s t  d an n  is t es m öglich, gegebenenfalls d en  vollen Z u sam m en h an g  zw ischen  
r f  u n d  ö2 au fzu k lä ren .

6 . A usblicke

Die P ro b le m a tik  des e ffek tiv en  P o te n tia ls  h a t  sich  in  einer u m fa n g re i­
ch en  L i te ra tu r  n iedergesch lagen , und  so lange  m an  im  R ah m en  der W e llen ­
m ech an ik  v e rs u c h t  h a t ,  m ög lich st alle E le k tro n e n  eines S ystem s zu b e rü c k ­
sich tig en  (ab -in itio -V erfa liren ), is t auch p a ra lle l dazu  im m er die F rag e  a u f ­
gew orfen w o rd en , ob diese R ech n u n g en  n ic h t  v e re in fach t w erden  k ö n n te n , 
in d em  die W irk u n g en  e in iger b e s tim m te r  E le k tro n e n te ilsy s te m e  d u rch  P o ­
te n tia le  e rs e tz t  w erden  k ö n n en , obw ohl m a n  sich im m er d a rü b e r  k la r w ar, d ass  
diese ein N ä h e ru n g ss ta n d p u n k t is t, der zu  e in er R eihe re c h t  diffiziler F ra g e n  
fü h re n  m uss. H e u te , n ach d em  die ab -in itio -V erfa liren  so grosse E rfo lge a u f ­
zuw eisen h a b e n , is t das P ro b lem  des Z u sa tz p o te n tia ls  v o n  gleicher A k tu a li tä t .  
M an k a n n  n ä m lic h  aus d en  A b so lu trech n u n g en  ersehen , dass auch  in  d en  
M olekülen  e in  grosser Teil d e r  k e rn n a h e n  E le k tro n e n  w e itg eh en d st d ie  g le i­
che D ic h te v e rte ilu n g  h a b e n  w ie in  d en  fre ien  A tom en , obw ohl die E in te il-  
chcnerg ien  des S C F -V erfahrens von  d e r chem ischen  B in d u n g  abhän g ig  sin d . 
M it a n d e ren  W o rten , die a b -in itio -V erfah ren  im p liz ieren  noch e in m al die 
B e rech tig u n g , näherungsw eise  die A nzah l d e r  zu b e h a n d e ln d e n  E le k tro n e n  zu 
red u z ie ren , in d em  effek tive  P o te n tia le  e in g e fü h rt w erden . I n  diesem  Z u sa m ­
m en h an g  sei au ch  an  die V ersionen  des S C F -V erfahrens e r in n e rt, die n u r  e in en  
T eil d er E le k tro n e n d ic h te n  i te ra t iv  b e h a n d e ln  [27].

In  d iesem  Z u sam m en h an g  sollte absch liessend  n och  d a ra n  e rin n e rt w e r­
den , dass es in  der Q u an ten ch em ie  zwei A sp ek te  g ib t. E in m a l k an n  v e rs u c h t 
w erden , die R e su lta te  m ög lich st genau  zu  h a lte n , w obei h eu te  b esonders die 
F rag en  d e r K o rre la tio n sen e rg ie  eine grosse Rolle sp ielen , zum  an d e rn  g e n ü g t 
es m a n ch m a l n u r , q u a lita tiv e  E rgebn isse  zu  haben , die fü r  die C hem ie (b e ­
sonders w as die R e a k tiv i tä t  b e trifft)  v o n  grossem  N u tz e n  sein k ö n n en . D ie 
M ethoden , d ie m it e ffek tiv en  P o te n tia le n  a rb e iten , w erd en  w ohl im m e r a u f  
se iten  d e r q u a lita tiv e n  D iskussionen  s te h e n , und  sie w erd en  sich im m er d a n n  
b e h a u p te n  k ö n n en , w enn ih re  H a n d h a b u n g  einfach u n d  der W eg zu  ih re n  
E rg eb n issen  le ic h t zu ü b e rseh en  is t. O hne Zweifel ab e r w ird  m an  in  d en  m e is­
te n  F ä llen  w oh l doch den  V erfah ren  den  V orzug  geben, die alle E le k tro n e n  b e ­
rü ck sich tig en , w obei die V erw endung  v o n  Z u sa tz p o te n tia le n  eine O rien tie ru n g  
erm öglichen  k a n n , b ev o r d e r  R ech en au fw an d  aus d iesen  oder jen en  G rü n d en  
v e rg rö sse rt w erden  m uss.

F ü r  d ie  h ie rz u  d u rc h g e fü h rten  R ech n u n g en  sei besonders F ra u  I .  F u n k e  h e rz lic h  ge­
d a n k t. H e rrn  P ro f . W . A. B in g e i. d an k e  ich  fü r  D iskussionen  zu e in igen  P u n k te n  d ieses T h e ­
m as.
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Н Е К О Т О Р Ы Е  ЗА М ЕЧА Н И Я  К К О М БИ Н И РО В А Н Н Ы М  П РИ Б Л И Ж Е Н Н Ы М  
МЕТОДАМ И ЭФ Ф ЕК ТИ В Н Ы М  ПОТЕНЦИАЛАМ

Г. ПРАЙС

Р е з ю м е
После короткого введения в комбинационные приближенные методы вычисляются 

энергии связи и равновесные расстояния ионов щелочных молекул и рассматривается 
вопрос существования ионов щелочно-гидридных молекул. По отношению усовершенст­
вования методов предлагается одна исходящая атомная функция, состоящая только из 
экспоненциальных членов. Дискутируются дальнейшие возможности усовершенство­
вания методов.

Исходя из данного исследования, рассматривается роль эффективных потенциалов 
в рамках проблемы многих центров и в самом общем случае показывается, что в рамках 
наивного одночастичного приближения нельзя определять эффективного потенциала, 
однако, имеется возможность для умного введения данного потенциала при отказе от 
определенной, характерной для одной частицы, картины. Далее дается одно определение 
добавочного потенциала, основанное на вариационном принципе, и показывается воз­
можность определения эффективного потенциала. Наконец, приводится недавно сформу­
лированное автором определение доброты приближенного решения уравнения Шредин- 
гера в связи с уже известным вариационным приемом, причем понятие эффективного 
потенциала оказалось лишним.
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ON THE CANONICAL TRANSFORMATION IN  
CLASSICAL AND QUANTUM MECHANICS* **

B y

V . F o c k

IN ST ITU TE O F PHY SICS, LE N IN G R A D  U NIV ERSITY , L E N IN G R A D , USSR

(R eceived 3. II . 1969)

A m ore exact form ulation for Dirac’s proposition on the analogy between th e  unitary  
transform ations in quantum  theory  and the co n ta ct transform ations in classical theory  is given. 
It is shown th a t approxim ate expressions for th e  m atrix elem ents o f  the unitary operator de­
fining the transform ation can be constructed in term s of classical quantities. One can thus 
speak n ot on ly  of an analogy betw een un itary  and contact transform ations, bu t also of an 
approxim ate equality betw een the quantum  m echanical and sem i-classical expressions for the 
corresponding quantities.

In  h is fam ous bo o k  on th e  p rin c ip les  of q u a n tu m  m echanics D i r a c  fo r­
m u la tes  (in  § 26) th e  fo llow ing p ro p o s itio n : “ for a q u a n tu m  d y n am ica l sy stem  
th a t  has a classical an a lo g u e , u n ita ry  tra n s fo rm a tio n s  in  th e  q u a n tu m  th e o ry  
are  th e  analogue o f c o n ta c t tra n s fo rm a tio n s  in  th e  c lassical th e o ry ” . N o d e ta i l­
ed d esc rip tio n  of th is  a n a lo g y  is, h o w ev e r, given in  D i r a c ’s book. I n  th e  fo l­
low ing w e in te n d  to  in v e s tig a te  th is  a n a lo g y  in  som e m o re  detail.

L e t f t ,  q2, . . . qn; p 2, - . . p n b e  th e  original an d  Qlt Q2, . . . Qn; P v  P v  
. . . P„ th e  tran sfo rm ed  co o rd ina tes a n d  m o m en ta  o f a d y n am ica l sy s te m  w ith  
n degrees o f  freedom . W e consider th e  case w hen  th e  tra n s fo rm a tio n  fu n c tio n  
S  depends on  th e  old a n d  on th e  new  co o rd in a tes:

S  =  S(qv  - - - qn\Q v  ■ ■ ■ Qn)- ( 1 )

T he c o n ta c t tra n s fo rm a tio n  is defined b y  th e  re la tio n  b e tw een  th e  d iffe ren tia ls

from  w hich  i t  follows

Г
J g P r d 4r 
r =  1

JV  Pr dQr =  dS
r= 1

Э s
9 Qr '

( 2)

( 3 )

* D ed icated  to Prof. P . G ombás on his 60 th  birthday.
** F irst published in Russian in the B u lletin  (Viestnik) o f  the Leningrad U n iversity , 

№  16, p. 67, 1959. See also A ppendix to the R u ssian  edition of D i r a c ’s  book “The Principles 
of Quantum  M echanics” , M oscow, 1960. The present English te x t prepared for A cta P hysica  
Hungarica has been partly revised by the author.
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T h e  expressions fo r  th e  q u a n titie s  q, p  in te rm s  o f  Q, P  an d  th e  inverse  exp res­
sions are  o b ta in e d  b y so lv in g  E q u s .(3 ) . T he so lu tio n  is a lw ays possible, since 
th e  d e te rm in a n t

D  =  Det -  d~-S—  ф  0 (4)
dqr dQs ^

is assum ed  to  b e  d iffe ren t fro m  zero.
T he c o n ta c t  tra n s fo rm a tio n  th u s  defined  corresponds in  q u a n tu m  m e­

ch an ics  to  a u n i ta r y  tra n s fo rm a tio n  from  th e  re p re se n ta tio n  in  w hich  th e  q u a n ­
ti t ie s  q a re  “ d ia g o n a l”  to  th e  re p re se n ta tio n  in  w hich th e  q u a n titie s  Q a re  
“ d iag o n a l” .*

T his u n i ta ry  tra n s fo rm a tio n  has th e  fo llow ing  form . L e t ipq(q) he a co m ­
p le te  se t o f  s im u ltan eo u s  e igen fu n c tio n s o f th e  o p era to rs  Qlt . . . Qn expressed  
in  th e  v a riab le s  qt , . . . qn. L e t F  be  th e  o p e ra to r  undergo ing  th e  tra n s fo rm a ­
tio n . T h en  th e  k e rn e l (or th e  m a tr ix )  of th e  tra n sfo rm e d  o p e ra to r  w ill have  th e  
fo rm

(Q'\F*\Q)--=$y}Qi q ) F WQ(q)dq,  (5)

w here  dq d en o tes  th e  p ro d u c t o f th e  d iffe ren tia ls

dq =  dq1 . . . dqn . (6)

In  D i r a c ’s n o ta tio n

VcM) =  <q\Q> (?)
an d  fo rm u la  (5) ta k e s  the  form

(Q'\F*\Q) =  f (Q’\q> F  ( q m  dq. (8)

T he e ig en fu n c tio n  y<j(q) can  be co n sid ered  as th e  k e rn e l (q\U\Q) o f a 
u n i ta ry  o p e ra to r  U  =  l / -1  a n d  fo rm ula  (8) c a n  be w ritte n  as

F * ^ U F U ~ 1. (8*)

In  th e  case F  =  1, fo rm ula  (5) reduces to  th e  o r th o g o n a lity  cond ition , a n d  
th e  k e rn e l o f  th e  u n it  o p e ra to r  expressed  in  v ariab les  Q m u s t ap p ear on  its  
le f t-h a n d  side , i.e . th e  ex p ressio n

= Q')^ö(Qi- Q\ ) - - -4Qn Qn), (9)

* The set of variables ql, . . . qn will often be denoted  by a single le tte r  q; a similar m ean­
ing will be assigned to  the symbol Q and  also to p  and  P .
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where ô is D irac’s delta function.
In semi-classical approximation we m ay take as f ç ( q )  the quantity

Vo(q)  = c
Э2 s

|/ 8 q 8 Q
,aih)s

W e h av e  p u t  fo r b re v ity
d2S

dqdQ
= D e t - Э 2 S

3 qr э  Qs
D

( 10)

( И )

a n d  u n d e r th e  sq u a re -ro o t sign  in  (10) s tan d s  th e  abso lu te  v a lu e  o f th e  d e te r ­
m in a n t. T he c o n s ta n t c equals

с =  (2лЛ )-"/2. (12)

L e t us verify  th a t  th e  sem i-classical fu n c tio n s  (10) a p p ro x im a te ly  s a tis ­
fy  th e  o rth o g o n a lity  re la tio n s . In se r tin g  exp ressions (10) in  th e  in teg ra l an d  
ta k in g  F  =  l , w e  o b ta in  u n d e r  th e  in te g ra l sign  a rap id ly  v a ry in g  expo n en tia l 

' I i 1 I
exp —  (S — S')  , w here  S  is th e  v a lu e  o f  S  w ith  Q re p la c e d  b y  Q'. T hisfa c to r

fa c to r  ceases to  be ra p id ly  v a ry in g  o n ly  if  Q' is n e a r  Q; th is  is th e  cond ition  
th a t  th e  in teg ra l should  n o ticeab ly  d iffe r from  zero . C o nsequen tly , th e  d iffe r­
ence S — S '  in  th e  ex p o n en t m a y  be rep laced  b y  th e  expression

[ 13)

Qr) Pr, (14)

or

S - S '  =  2 ( Q ’r - Q r) P r
r= 1

w here  P r has th e  value (3). F o rm u la  (14) m ay  be  b rie fly  w r itte n  as

S - S '  =  ( Q ' - Q ) P .  (15)

In  all fac to rs  o f th e  e x p o n en tia l we m a y  p u t  Q' =  Q. We th e n  h a v e

J v>Q'(q) Vo(q) d q  =  c2 j" e*(Q ~ Q)P 8 2 S

8 Qdq
dq. (16)

N ow , if  P r has th e  v alue  (3), th e  d e te rm in a n t u n d e r  th e  in teg ra l s ig n  in  (16) is 
th e  J a c o b ia n  fo r th e  tra n s fo rm a tio n  from  P  to  q, so th a t

82 S
8 Q 8 q

dq — dP1 . . . dPn =  dP. (17)
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T h u s, fo rm u la  (16) m a y  b e  w ritte n  as

J WQ'(q) WQ(q) dq =  c*S  Ä(Q' - Q)P d P .  ( 1 8 )

B u t th e  rem ain in g  in te g ra l (m u ltip lied  b y  c2) is s im p ly  th e  p ro d u c t (9) o f the 
d e lta  fu n c tio n s . W e o b ta in  fina lly

J vq'(?) Vq{q) d q =  \(Q  -  <?') ( 1 9 )

an d  th e  o rth o g o n a lity  co n d itio n  (as w ell as th e  n o rm a liz a tio n  co n d itio n ) is 
th u s  sa tis fied .

W e now  consider th e  m a tr ix  fo r  a n  a rb itra ry  o p e ra to r  F  ex p ressed  in  
te rm s o f  qr an d  of p r =  -— ih d/dqr.

L e t

F  =  F (q ,p )  =  F ( 20)

W hen ap p lied  to  th e  e x p o n en tia l fu n c tio n  exp th e  o p e ra to r  F  y ields

a p p ro x im a te ly  th is  fu n c tio n  m u ltip lied  b y  F(q, dS/dq). T hus

F iq, — ih -^-1  ehS esi ehS F 8S  
q ,---l 9g| Qq

( 21)

A sim ila r  re la tio n  h o ld s  if  we rep lace  th e  e x p o n en tia l in  (21) b y  th e  fu n c tio n  
ifQ(q) w h ich  is a p p ro x im a te ly  equal to  (10). A cco rd ing ly , we m ay  m e a n  b y  F  
in  fo rm u la  (5) n o t th e  d iffe ren tia l o p e ra to r  on th e  le f t-h a n d  side o f (21), b u t  th e  
fu n c tio n  on  th e  r ig h t-h a n d  side o f th is  eq u a tio n . P u t t in g ,  as before , Q’ =  Q in  
all fa c to rs  o f th e  e x p o n e n tia l, we o b ta in

Г F  L  dS ) > - S° 82 S

Г Г  Э q ] 6 dQ dq
dq. ( 22)

As in  fo rm u la  (18), w e ta k e  in  (22) th e  q u a n titie s  P  as in te g ra tio n  v a riab les . 
T ran sfo rm in g  to  th e  sa id  v ariab les th e  fu n c tio n  F ,  w e shall have

F{q, p )  =  F  (q (Q, P ) ,  p(Q, P)) =  F*(Q, P ) , (23)

w here  p  an d  P  a re  th e  classical exp ressions (3). U sin g  th e  a p p ro x im a te  ex p res­
sion  (15) fo r th e  q u a n t i ty  in  th e  e x p o n e n t, we m a y  w rite

(Q'\F*\Q) =  c2 f  F*(Q, P) e^ Q'~Q)P dP.  (24)

To e v a lu a te  th is  in te g ra l we n o te  t h a t  th e  m u ltip lic a tio n  of th e  ex p o n en tia l 
in  th e  in te g ra n d  b y  P  is eq u iv a len t to  th e  ap p lica tio n  o f  th e  o p e ra to r  — ih д/дQ'.
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W e also use ou r p rev io u s s ta te m e n t (w hich led  us to  (16)) t h a t  in  th e  fac to rs  
o f th e  ex p o n en tia l we m a y  p u t  Q' =  Q. W e m a y  th e n  w rite

eh (Q’—Q)P d P . (25)

T ak in g  th e  o p e ra to r  F*  o u t o f th e  in te g ra l sign  a n d  using  (18) a n d  (19) we 
o b ta in

mm Q ' , - i h - ^ - \ ô 0( Q - Q ' )
c(J

(26)

an d  in te rch an g in g  Q' a n d  Q

(Q\F\Q') =  F* M Q - Q ' ) - (26*)

N ow , th e  re su lt o f ap p ly in g  t h e  o p e ra to r  F*  to  a given fu n c tio n  ÎP(Ç) is 
b y  de fin itio n ,

F * P ( Q ) =  ^(Q \F *lQ ')W (Q ')dQ '.  (27)

U sing  (26*) we o b ta in

F*P(Q ) 4'(Q). (28)

T h is eq u a tio n  gives ( a p a r t  from  te rm s  dep en d in g  on  th e  o rder o f  fa c to rs  in  
F*(Q, P ) ) th e  form  of th e  tran sfo rm ed  o p e ra to r  as ap p lied  to  th e  fu n c tio n  F(Q).

O u r ca lcu la tions can  be su m m arized  as follow s. T he a p p ro x im a te  e q u a ­
tio n  (21) has been used  tw ice . F irs t , w e m ade a tra n s i t io n  from  th e  o p e ra to r  
F(q, — ilid/dq) to  th e  fu n c tio n  F(q, p);  th is  fu n c tio n  w as expressed  b y  m eans of 
classical form ulae  in  te rm s  o f new  can o n ica l v a riab le s  Q, P.  Second, w e m ade 
th e  inverse  tra n s itio n  from  th e  re su ltin g  fu n c tio n  F  == F*(Q, P) to  th e  o p e ra ­
to r  F *(Q ,— ihd/dQ). T h is tra n s it io n  p re se n te d  its e lf  n a tu ra l ly  w hen  w e app lied  
th e  m e th o d  of d iffe re n tia tio n  w ith  re sp e c t to  a p a ra m e te r  to  th e  c a lcu la tio n  
of th e  in te g ra l fo r th e  m a tr ix  e lem en t o f  th e  o p e ra to r  considered .

T h e  resu lts  of o u r ca lcu la tio n s c a n  b e  s ta te d  as follow s. L e t th e  o p e ra to r

F  =  F (q ,p )  ; p = - i h - ^ ~ ,  (29)
Qq
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f ir s t  exp ressed  in  v a ria b le s  q, be  th e n  tra n s fo rm e d , b y  m eans o f a  u n ita ry  
tra n s fo rm a tio n , to  n ew  v ariab les  Q. W hen  ex p ressed  like (29), th e  re su ltin g  
o p e ra to r  F* w ill h a v e  th e  form

F* — F*(Q, P)  ; p  =  - i h —  . (30)
QQ

S uppose  t h a t  th e  u n i ta ry  tra n s fo rm a tio n  is p e rfo rm e d  b y  m eans o f e igen func­
tio n s  h a v in g  in  c lassica l a p p ro x im a tio n  th e  fo rm  (10) (so th a t  th e ir  ph ase  is

-j— S(q,Q)). T hen  th e  fo rm  o f F* can  be  o b ta in ed  from  th a t  of F  (if one  d isregards

th e  o rd e r o f th e  fa c to rs )  b y  m eans o f  a p u re ly  a lg eb ra ic  tra n s fo rm a tio n  ex p ress­
ed  b y  th e  fo rm u lae

F(q-> p)  —  F*(Q, P ) ,  ( 3 l )
P =

Э S '
Qq

(32)

w here  S  is th e  fu n c tio n  invo lved  in  th e  phase  o f  th e  u n ita ry  tra n s fo rm a tio n . 
T hese  fo rm ulae  re p re se n t a c o n ta c t tra n s fo rm a tio n  o f classical m echan ics.

W e see t h a t  one can  sp eak  n o t  on ly  of a n  a n a lo g y  be tw een  u n i ta ry  an d  
c o n ta c t  tra n s fo rm a tio n s  b u t  also  on  an  a p p ro x im a te  e q u a lity  b e tw een  th e  
co rresp o n d in g  q u a n tu m  m ech an ica l an d  c lassical expressions.

О КАНОНИЧЕСКОМ ПРЕОБРАЗОВАНИИ В КЛАССИЧЕСКОЙ И КВАНТОВОЙ
МЕХАНИКЕ

в. ФОК

Р е з ю м е
Уточнено утверждение Дирака об аналогии между унитарными преобразовани. 

ями квантовой механики и касательными преобразованиями классической механики- 
Показано, что для матричных элементов оператора унитарного преобразования могут 
быть построены приближенные выражения через классические величины. Таким 
образом можно говорить не только об аналогии между унитарными и касательными 
преобразованиями, но и о приближенном равенстве между квантово-механическими и 
полу-классическими выражениями для соответствующих величин.
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VERGLEICH EINER LCAO-MO- 
UND EINER VB-ZUSTANDSFUNKTION 

DES LL-MOLEKÜLS*

Von

N.  Grün  und B.  K ockel

IN STITU T F Ü R  TH EO R ET ISC H E P H Y S IK  D E R  U N IV ERSITÄ T, G IESSEN, BRD

(Eingegangen, 3. I I .  1969)

E ine neu berechnete V B -Zustandsfnnktion des Li2-G rundzustands w ird verglichen m it 
einer von B. J . R a n s il  angegebenen LCAO-MO ohne C J-Zustandsfunktion.

E in e  einfache, n ic h t m it K o n fig u ra tio n sü b e rla g e ru n g  a rb e ite n d e  von  
Ransil1 angegebene L C A O -M O -Z ustandsfunk tion  des L i2-G ru n d zu stan d s  soll 
verg lich en  w erden  m it e iner aus d e r  V B -V orstellung  en tw ick e lten  Z u s ta n d s ­
fu n k tio n . B eide gehen aus von  S la te rfu n k tio n e n  s 0, S q ,  s ,  s ' ,  z , z ' , x , x ' , y ' , y .

*S0 — f  e-k0r s =  
71 i — re-k'О 9 R 4 N II

s'o = /  3 . e-k0r' 5 s< _  
71

f~kT  , __kr,
Ы г е  ’

x ' , y ' .  z’ —

n

1F_
Л

e-kr ( x , y , z ) ,  

e-kr' ( x ' , y ' , z ' ) .

r ,  r '  =  A b stän d e  von  den  beiden  K e rn e n ; R ich tu n g  d er x ' , y ' ,  z '-A chsen  e n tg e ­
gengese tz t zu r R ic h tu n g  d er x ,  y ,  z - A chsen.

Ransil se tz t seine Z u s ta n d sfu n k tio n  an  als

V =  I lü g 2ag • 1 ag l o u 2ag\ ,

w obei 1 og, 2 f f g  L in eark o m b in a tio n en  v o n  s 0 -f- Sq, s -f- s ' ,  z  -f- z  s in d , l a u 

eine L in ea rk o m b in a tio n  v o n  s 0— Sq, s —s ' ,  z —z '  is t. D ie V B -Z u stan d sfu n k tio n  
b e lässt b e id en  L i-A tom en  ih re  K -S ch a len -E lek tro n en  s 0 u n d  Sq m it  be id en  
Spins (die deshalb  in  den  fo lgenden S la te rd e te rm in a n te n  n ic h t m it au fg esch rie ­
ben w erden ) u n d  ü b e rla g e rt alle m it zwei L -S ch a len -E lek tro n en  m öglichen  
l£g  -K o n fig u ra tio n en . So e n ts te h t en tw ed er bei V erw endung  v o n  n u r  a- 
E le k tro n e n  der A nsa tz  a u n d  bei M itb e rü ck sich tig u n g  d e r y r-E lek tronen  der 
A nsa tz  1»

6 8

Va =  cia Vi > Vb =  J ?  Cib Vi »
i - l  i=l

* H errn  Prof. Dr. P . G ombás zum 60. G eburtstag  gewidmet.
1 B. J .  R a n s il , Rev. Mod. Phys., 32, 245, 1960.
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m it

Vi =  y | - { l s -s' l + l s , -sl}2 ’

V2 =  J ^ { \ S -S\ + \ S'-S '\},

V>3 =  ^ - { | s - 2 ' l  +  |z'-S|+|S'-2H-|«-S'|},

Vi =  - ^ - { | s - 2 |+ l * - s |+ | s ' - 2 ,H-|2, 'S, |} >
\ 4

W5= i - ^ - { \ z ' z' \ + \ i ' - г ! } ’
V ^

■4>в =  - у ^ { \ г - г \  +  \г' - z ' \ } ,

Wi =  -tfj-{\x-x'\ +  \x'-x\ +  \y'-y\ +  \ y y ' \ } ,
\ 4

Vs =  ^ { l * - * l + l : r y l  +  l*, -*'l +  l / - / | }  .
1/4

D ie P a ra m e te rw e r te  k 0 u n d  k, d e r K e rn a b s ta n d , die G esam tenerg ie  u n d  die 
B indu n g sen erg ie  s in d 3

bei R ansils
F u n k tio n  I  b e i A nsa tz  a bei A n sa tz  b

k 0 2 ,70 2,68 2,68
к 0 ,65 0,67 0,67
k R  3,5 3,55
R  5 ,0514 5,224 5,224
E  _  14,840 75 — 14,851 48 — 14,863 66
E B 0,151 eV 0,462 eV 0,794 eV

D ie B ind u n g sen erg ie  w urde  jew eils b e re c h n e t als D ifferenz d e r m it denselben  
P a ra m e te rw e r te n  b e rech n e ten  A tom energ ien  u n d  der M olekülenergie. B ev o r 
d ie  be iden  Z u s ta n d s fu n k tio n e n  n ä h e r  m ite in a n d e r  verg lichen  w erden , sei noch

2 Die N enner / 2  und /4  bew irken natürlich  N orm ierung nur bei Trennung der A tom e, 
sind aber günstig fü r die Berechnung und die anschauliche A usdeutung. A uch die Faktoren  
1 //6 ! sind u n te rd rück t.

3 In  a tom aren  Einheiten, Bindungsenergie in  eV.
1 5.051 is t der experim entelle Abstand.
5 A nsatz b fü h rte  bei V ariation  von R  zu einem Energiem inim um  in unm itte lbarer Nähe 

von кR =  3.5
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einm al d a ra n  e r in n e rt, dass b e id e  M eth o d en  (LCAO-MO u n d  YB) n ach  V e r­
w endung  b e s tim m te r  A nzah len  von  K o n fig u ra tio n en  im m er w ieder e in m al zu 
id en tisch er, n u r  versch ieden  gesch rieb en en  Z u s ta n d sfu n k tio n e n  fü h ren  m ü s ­
sen. B eim  H 2-G ru n d zu stan d  t r i t t  das zum  e rs te n  Mal hei zw ei K o n fig u ra tio n e n  
au f

l(so + só) • (so+«ó)l u n d  |(s0 +  só)-(so - só)l

bzw . is0 - sól +  I V sol und  ls0 -s0| +  |só-só| .

Bei d er g rösseren  E le k tro n e n z ah l des L i2-M oleküls t r i t t  das fü r  den G ru n d z u ­
s ta n d  ab er e rs t b e i einer v ie l h ö h eren  A n z a h l von  K o n fig u ra tio n en  auf, n ä m ­
lich bei V erw endung  von 92 K o n fig u ra tio n e n , w enn n u r die zw ölf cr-F unk tionen  
s0x  bis z'ß, u n d  e rs t  bei 412 K o n fig u ra tio n e n , w enn  auch die a c h t  y r-F unk tionen  
xx  bis y 'ß  v e rw en d e t w erden . D ie Ü b e rlag e ru n g  einer so grossen Z ah l v o n  
K o n fig u ra tio n en  w äre  aber w en ig  s innvo ll, w eil d ann  v ie le  v o n  ih n en  m it  
ex trem  k le inen  K oeffiz ien ten  a u f tre te n  u n d  n u r  geringe V erbesserungen  b e i 
allen aus der Z u s ta n d sfu n k tio n  b e re c h n e ten  M oleküleigenschaften  b rin g e n  
w ürden .

V erg le ich t m a n  eine LCAO-M O- u n d  eine  V B -Z u stan d sfu n k tio n  g e rin g e ­
re r  K o n fig u ra tio n szah l m ite in a n d e r, indem  m a n  eine F u n k tio n  d er e inen  A r t  
als L in ea rk o m b in a tio n  der F u n k tio n e n  d e r  anderen  A rt s c h re ib t, so e rh ä lt  
m an  im  F alle  des L i2-G ru n d zu stan d s  eben fa lls  so fo rt 92 bzw . 412 A nte ile  in  
der L in ea rk o m b in a tio n . Die v o n  Ransil angegebene, von  ih m  m it I  bezeich- 
n e te  F u n k tio n  w ird  bei Z u sam m en se tzu n g  aus V B -F u n k tio n en  zu

I l(Tg la u 2 cr? ■\ag \a u 2crg| =  0,38924(y1 -f- y>2)

+  0 -12432(^3 +  VÀ )

+  0,01985(y>ä +  yj6)

-f- 86 w eitere  S um m anden , in  d en en  die /С-Schalen  au fg eb ro ch en  sind, also  
n u r  3, 2, 1 oder k e in  E lek tro n  e n th a lte n .

D er w ich tig s te  Teil dieses R estes is t — 0,02584 (% -f- ip10) m it

V> »  —  —  {l*o *ó s '  ■ s o **'1 +  l*o s ó * ' *0 s s 'l  +  lsus*' • so so s'l +1*0 **' • s0 *0 s |}Zt

y>10 =  — {1*0 *0 s • *0 *s'l +  1*0 *0 s ' • só **'l +  1*0 **' • So *0 *1 +  1*0 **' • *0 *0 *'!}•

Alle w eite ren  G lieder haben  w esen tlich  k le in e re  K oeffiz ien ten . D ie nach  d e r 
V B -V orstellung  au fg eb au ten  Z u s ta n d s fu n k tio n e n  heissen
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Fig. 1. Dichte auf der Kernverbindungslinie. ---------für V’Ransil’ ---------  für г/)),; О für xpa

b e i A nsa tz  а

ц1а == 0 ,900  03^! —  0,084 04yj2
+  0 ,266  14y>3 —  0,021 02y>4 
—  0 ,026  10ip5 —  0,095 31^e

bei A n sa tz  b

tfb =  0,772 91у>! +  0,011 37y2
+  0,255 12y>3 4- 0,004 35y4 
—  0,017 02tp5 —  0,077 39 
+  0,120 13yt7 —  0,129 03y>8

Bei dem  d ire k te n  V erg leich  d er be id en  V B -F u n k tio n e n  m it der M O -F u n k tio n  
is t also w en ig  Ä h n lich k e it zu e rkennen . A llenfalls k a n n  m a n  d a ra u f verw eisen , 
dass die b e i d e r R A N SiL-Funktion zw angsw eise g le ichen  K oeffiz ien ten  v o n  
\p1 u n d  y>2 b zw . гр3 u n d  u n g e fäh r das a r ith m e tisc h e  M itte l der en tsp rech en d en  
K o effiz ien ten  in  den  b e id e n  V B -F u n k tio n e n  sind. V erg le ich t m an dag eg en  bei 
den n ach  d e n  beiden  M ethoden  b e s tim m te n  Z u stan d sfu n k tio n en  die E le k tro ­
n en d ich te  im  3-d im ensionalen  R au m , so f in d e t m an  n u r  geringfügige U n te r ­
schiede. A ls B eleg d a fü r  s in d  in  den  F ig . 1 und  2 die E le k tro n e n d ic h te  längs 
d er K e rn v e rb in d u n g s lin ie  u n d  längs e in e r  in  d er M olekü lm itte  e r r ic h te te n  
S en k rech ten  zu r V erb indungslin ie  g eze ich n e t, und  zw ar in  gestrich e lten  K u r ­
ven  fü r  d ie  R a n s ilfu n k tio n , in  ausg ezo g en en  K u rv e n  fü r  у>ь u n d  n u r  d u rch  
einige K re ise  a n g e d e u te t fü r  y>a. O bgleich  n u n  die A b b ild u n g en  fü r  das D ich te  
»plateau« u m  die M o lek ü lm itte  d eu tlich  einen  h ö h e ren  W ert bei d e r R a n s il - 
fu n k tio n  zeigen , is t doch  die F o lg eru n g  zu  ziehen, d ass  die drei F u n k tio n e n  
^Ransih fa , у>ь in  d iesem  G eb ie t zu fa s t  g le icher D ich te  fü h ren  w ü rd en , w enn  
die K e rn a b s tä n d e  gleich w ären ; d en n  b e i der V e rk ü rzu n g  des A b s ta n d s  von

5 ,224  I3
5,224 a u f  5,051 is t n a tü r lic h  eine E rh ö h u n g  d er D ich te  u m  den F a k to r

5,051
d .h . u m  1 1 %  zu e rw a rte n . N u r der ü b e r  diese 11%  h inau sg eh en d e  U n te rsch ied  
zw ischen d en  D ich ten  is t  also als e c h te r  U n te rsch ied  anzusehen . E r  is t  seh r

7 Physica Academiae Scientiarum Hungaricae 27, 1969



V ERG LEICH  E IN E R  LC A O -M O  U N I) E IN E R  V B-ZUSTANDSFUNKTION 2 2 9

Fig. 2. D ichte längs einer Senkrechten zur V erbindungslinie, e rrich te t in  der M olekülm itte. 
---------  fü r VKansli;--------- fü r щ;  О für rp 0

k le in  u n d  r ü h r t  h e r  v o n  d e r  G le ic h h e it d e r  K o e ff iz ie n te n  f ü r  h o m ö o p o la re  u n d  
io n isch e  A n te ile  u n d  d e m  A u fb re c h e n  d e r  K -S c h a le  b e i d e r  RA N SiLschen Z u ­
s ta n d s f u n k tio n .

СРАВНЕНИЕ ФУНКЦИЙ СОСТОЯНИЯ LCAO-MO И VB
Н. ГРЮН и Б. КОКЕЛЬ 

Р е з ю м е
Вновь определенная функция состояния VB основного состояния Li2 сравнивается 

с функцией состояния LCAO-MO (без GJ), данной Б. И. Ранзилом.
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COSMIC RAYS AND THE ORIGIN 
OF THE SOLAR SYSTEM*

By

A. J .  R . P rentice and D. ter Haar

D EPARTM ENT OF TH EO RETICA L PH Y S IC S , OXFORD U N IV E R SIT Y , O XFO RD  0 X 1  3PQ,
G R E A T  BRITA IN

(R eceived 3. II. 1969)

I t  is shown th a t cosmic rays m ay have caused sufficient ionisation in  a solar disc in a 
K a n t — v o n  W e i z s ä c k e r  type  of theory ab o u t the origin of th e  solar system  to  produce a con­
duc tiv ity  high enough for m agnetohydrodynam ic effects to  be im portant.

I t  is well know n th a t  all th eo rie s  p roduced  so fa r  to  ex p la in  th e  fo rm atio n  
o f o u r so la r system  w ith  its  p la n e ts  m oving  in  re g u la r  o rb its  a n d  falling  in to  
tw o  fam ilies —  th e  in n e r  or te r re s tr ia l  and  th e  o u te r  or m a jo r p la n e ts  —  have  
ru n  in to  d ifficulties o f one k ind o r a n o th e r. T he th e o ry  w hich seem s to  in tro ­
duce few est special ad -hoc assu m p tio n s is th e  K ant—von W eizsäcker  th e o ry  [1] 
in  w hich th e  sun  m ore  o r less in  i ts  p resen t s ta te  is su rro u n d ed  b y  a gaseous 
d isc in  w hich  th e  p la n e ts  are  fo rm ed  b y  co n d en sa tio n . This k in d  o f  th e o ry  is 
ab le  to  exp la in  q u ite  sa tis fa c to rily  th e  d ifferences b e tw een  th e  tw o  fam ilies 
o f  p lan e ts  [2], b u t it  ru n s  in to  serious difficulties because  th e  life t im e  o f such a 
disc a g a in s t tu rb u le n t d iss ip a tio n  is m uch sh o rte r  th a n  th e  t im e  needed  to  
fo rm  th e  p lan e ts  [3, 4 ]. A lthough  v o n  W eizsäcker’s reg u la r p a t t e r n  of v o r­
tices [ I ]  m ay  increase th e  life tim e , p e rh ap s  b y  as m u ch  as an  o rd e r  o f m agn i­
tu d e , th is  w ill n o t be su ffic ien t a n d  i t  seem s th a t  th e  on ly  possib le w a y  to  save 
th is  k in d  o f th e o ry  w o u ld  be to  in v o k e  e lec tro m ag n etic  p h en o m en a . T his k ind  
o f  ap p ro ach  has been  u sed  b y  Alfv én  [5] and  H oyle [6] has show n ho w  elec tro ­
m ag n e tic  effects m ay  lead  to  a slow ly  ro ta tin g  su n  (com pare also [7]).

A t f ir s t  s igh t i t  seem s u n lik e ly  th a t  e lec tro m ag n etic  e ffec ts  can  have  
p lay ed  a sign ifican t ro le in  th e  ev o lu tio n  of th e  so la r disc in  a Kant —von Weiz­
säcker th e o ry . The re la tiv e  im p o rta n c e  of h y d ro m ag n e tic  effects as com pared  
to  h y d ro d y n am ic  effects is m easu red  b y  th e  so -ca lled  H a r tm a n n  n u m b e r M  
w hich  in  G aussian  u n its  is given b y  th e  eq u a tio n  [8, 9, 10]

( 1 )

w here  I f  is a ch a ra c te ris tic  m ag n e tic  field , L  a c h a ra c te ris tic  le n g th , a th e  
e lec trica l co n d u c tiv ity , r] th e  v isco s ity , and  c th e  v e lo c ity  of lig h t. I f  M  1, 
h y d ro m ag n e tic  effects w ill he im p o r ta n t.

* D edicated t o  Prof. P . G o m b á s  on his 60th birthday.
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In  o rd e r to  ge t a sa fe  low er lim it  fo r  M,  we sh a ll assum e th a t  in  th e  solar 
disc H  >  10~e gauss, L  ~  1 A U  =  1 .5 .1013 cm, r] ~  1 0 -4 poise, a n d  w e shall 
use fo r a th e  gas-k in e tic  fo rm ula

a =  n e e2 Я/тр , (2)

w here  ne is th e  e lec tro n  den sity , v th e  average  e lec tro n  velocity , Я th e  electron  
m ean  free  p a th , a n d  e an d  m th e  e lec tro n  charge  a n d  m ass. As w e sh a ll see 
la te r  on , on ly  a f ra c tio n  of th e  so la r disc will he io n ised  so th a t  Я is governed  
b y  collisions b e tw een  e lectrons a n d  n e u tra l h y d ro g e n  atom s. I t  h as  been 
c a lc u la te d  b y  Tempkin an d  Lamkin [11] w ho fin d

Я ~  3 • 1014 nj]1 (3)

w here  n H is th e  n e u tra l  h y d ro g en  d e n s ity . E x p ress in g  v in  te rm s o f  th e  te m p e ­
ra tu re  T  an d  using  th e  various fo rm u lae  and  e s tim a te s  w hich w e h a v e  ju s t  
g iven , w e fin d  for th e  H a r tm a n n  n u m b e r  M  (T  in  ° K ):

M >  2 - 1 0 7
1/2

y-l/4_
Пн

(4)

I f  w e ta k e  for nH a n d  T  th e  values c h a ra c te ris tic  fo r  a d istance  o f a b o u t 1 AU 
fro m  th e  sun  [2, 3] —  L, nH, an d  T  w ill all d ep en d  on  th e  d is tan ce  from  th e  
sun  —  w e have T  ~  300 °K , ~  1014 cm -3 , an d  th u s

M ^ n ] l 2. (5)

O ne can easily  show  th a t  io n isa tio n  b y  so la r ra d ia tio n  is to ta l ly  absen t
[2], a n d  fo r th e  io n isa tio n  b y  th e rm a l m otion , we g e t from  th e  u su a l th e rm o ­
d y n a m ic  a rg u m en t (see [2], p. 32)

ne < 10“ 40 cm -3 , (6)

show ing  p rac tica lly  to ta l  n e u tra l i ty , an d  M  <  I-
H ow ever, i t  is w ell know n (i) t h a t  cosm ic ra y s  p roduce  io n isa tio n  in  th e  

e a r th ’s a tm o sp h ere  a n d  (ii) t h a t  th e  cosm ic ra y  in te n s ity  h as  p ro b a b ly  n o t 
v a r ie d  g rea tly  d u rin g  th e  life tim e o f ou r sun. I t  is th e re fo re  o f in te re s t  to  see 
w h e th e r  th e y  m ay  p ro d u c e  su ffic ien t ion isa tion  in  a so la r disc to  b rin g  abou t 
a  la rg e  H a r tm a n n  n u m b e r. W e also  rem ind  ou rse lves th a t  in  a d iffe ren t con­
n e c tio n  P ottasch [12] re c e n tly  h a s  considered  th e  ion isa tion  p ro p ertie s  of 
cosm ic rays.

T h e  degree o f  io n isa tio n  p ro d u c e d  by  cosm ic ray s  can be  e s tim a ted  in 
tw o  d iffe ren t, b u t  e q u iv a le n t w ay s. W e can e ith e r  u se  th e  d a ta  a b o u t ionisa-
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tio n  p ro d u ced  in  th e  te r re s tr ia l  a tm o sp h ere  or we can  t r y  to  sketch  a th e o re ­
tic a l t r e a tm e n t of th e  p rob lem .

I f  d is th e  m ass p a th  trav e rsed  b y  th e  cosm ic ra y s , e n te rin g  th e  a tm o ­
sphere  (Q: m ass d en sity ),

d = \ ‘0Qdl, (7)

it was found by Millik a n , N eher , and P ickering  [13] th a t the num ber of 
ion pairs W,(d, air) created per unit volum e o f air per u n it tim e at depth  d is 
given b y  th e  expression

1V,(d, air) ~  750 e ~ dl160 , (8)

w here d is in  g c m -2 . T h e  ex p o n en tia l fa c to r  derives from  th e  a tte n u a tio n  of 
th e  cosm ic ra y  in te n s ity  d u e  to  cascade a n d  io n isa tio n  processes. I t  w ill d iffe r 
s lig h tly  b e tw een  a ir an d  th e  h y d rogen  a tm o sp h e re  in th e  so la r disc. R o u g h ly  
speak ing  we expec t a fa c to r  exp (-d/Л) w here

’У  . (9)
/l(a ir)  crH A  (air)

w here th e  a are th e  re le v a n t nu c lear cross-sections and  A  th e  m ass n u m b er. 
We fin d  th e n

/1 (H )-----^ - H ( a i r ) .  (10)

C orrecting  also fo r th e  d ifference in  d e n s ity  in  th e  te r re s tr ia l  a tm o sp h ere  an d  
in th e  so la r disc, we fin d

W i ( d , H ) ~  Щ ( 0, a i r ) -------- -------------------«-4МСH), ( Ц )
ra(air)la tm,20°c

or

Wt(d ,l l)  ~  2 - 10~18 reH e~d,14°. (12)

A sim ilar expression is obtained b y  using Ginzburg  and Syro vatsk ii’s 
expression [14] for the rate o f  ionisation, Gloeckler and J o k ipii’s estim ate  
[15] for the proton flu x  in th e  cosmic rays, and D algarno’s discussion [16] 
of ionisation processes.

As d fo r th e  so lar d isc w ill be of th e  o rd e r of 100 (co m p are  th e  d a ta  in
[2]) we can  safe ly  p u t  th e  ex p o n en tia l in  (12) eq u a l to  u n ity , so th a t  th ro u g h ­
o u t th e  so la r disc we can  use

Wt(d, H ) ~  2 • 10 18 n H io n  p a irs /cm 3 s e c . (13)
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F ro m  A l l e n ’s d a ta  [17] i t  follows t h a t  th e  ra te  o f  reco m b in a tio n  R
w ill be  g iven b y  th e  eq u a tio n

R  =  10—9 T~314 n2 c m -3  sec-1 , (14)

a n d  from  (13) an d  (14) and  th e  ba lan ce  e q u a tio n  W t =  R  i t  follows th a t

nc ~  4 • 1 0 -5 n]{2 T 3/8 c m " 3 , (15)

w hich  fo r п и  ~  10u  c m -3 , T  ~ 3 0 0 °K , lead s to

ne ~  3 ■ 103 cm _:3. (16)

C om bining th is  w ith  (5) we ge t

M Z  102 , (17)

show ing  th a t ,  in d eed , h y d ro m a g n e tic  effec ts m u s t be ta k e n  in to  acco u n t, es­
pec ia lly  since th e  value o b ta in e d  is c e r ta in ly  a co n se rv a tiv e  low er lim it.
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КОСМИЧЕСКИЕ ЛУЧИ И НАЧАЛО СОЛНЕЧНОЙ СИСТЕМЫ
А. Й. Р. П РЕН ТИ С  и Д. ТЕР Х А А Р 

Р е з ю м е
Показывается, что космические лучи смогли обеспечить достаточную ионизацию 

в солнечном диске, соответствующем теории типа Канта—фон Вайцзеккера о начале 
солнечной системы, для создания вполне достаточной проводности, необходимой при 
протекании важных магнетогидродинамических эффектов.
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POLYNOMIAL WAVE FUNCTIONS IN ELLIPTICAL 
COORDINATES FOR MOLECULES*

By

R . Gá s p á r  and I . T a m á s s y -L e n t e i

IN STITU TE OF TH EO RETICAL PH Y SICS, KOSSUTH L A JO S U N IV ERSITY , D E B R E C E N

(R ece iv ed  3. I I .  1969)

P o ly n o m ia l w ave fu n c tio n s in  e llip tic a l co o rd in a tes  are  suggested fo r  m olecules. C al­
cu la tio n s hav e  been m ad e  in  th e  case o f H t .  A th ree - te rm s  fu n c tio n  a p p ro x im a te s  th e  g ro u n d  
s ta te  en erg y  w ith  h igh  accuracy .

In  m o lecu lar ca lcu la tions S la te r  ty p e  o rb ita ls  are th e  fu n c tio n s m ost 
used  as ra d ia l fac to rs  in  m o lecu lar o rb ita ls  [1]. F o r  sm all m olecu les, o rb ita ls  
in  e llip tica l co o rd in a tes  are used  fo r v e ry  p rec ise  calcu la tions [2]. G aussian  
o rb ita ls  are  also u sed  fo r th e o re tic a l p red ic tions [3]. In  all o f th e se  ca lcu la tions 
a com m on fa c t is t h a t  th e y  use ex p o n en tia l fa c to rs  to  achieve convergence o f 
th e  in teg ra ls  in  u n b o u n d  space, so t h a t  n o rm a liza tio n  can be  assu red . U nder 
such  cond itions som e of th e  in te g ra ls  can  be ca lc u la ted  e x a c tly ; o thers w ith  
fa ir  a p p ro x im a tio n .

T here  is an  o th e r  w ay  to  ach ieve  convergence. T h eo re tica lly  th e  possi­
b il i ty  o f b o x  n o rm a liza tio n  has b een  fre q u e n tly  m en tioned . I f  a su ffic ien tly  
large  b o x  is selected  th e  co rrec tion  caused  by th e  sh a p e  of the  b o x  w ill be u n im ­
p o r ta n t . R ecen tly , G im arc  [4] h as  d e m o n s tra te d  th a t  p o ly n o m ia l functions 
o f th e  form

R (r) =  P ’(1 - r / ° ) ' rk 0 < : r < >  (!)
|0  r  >  a

are  su itab le  as rad ia l p a r ts  in  th e  th e o ry  of a tom s. In  (1) a, к a n d  l a re  positive 
v a r ia tio n a l p a ra m e te rs  an d  for te c h n ic a l reasons к  an d  l m u st b e  selected  as 
in teg e rs; b is a n o rm aliza tio n  fac to r . T he se lection  o f th e  w ave fu n c tio n  (1) is 
e q u iv a len t to  enclosing th e  e lec tro n  in  a sp h e rica l box. F o r th e  hyd ro g en  
a to m , one obv iously  gets b ack  to  th e  ex ac t g ro u n d  s ta te  w av e  fu n c tio n  b y  
choosing fo r th e  p a ra m e te rs  th e  va lu es

k =  0 ,  l / a  =  l / / ,  l —> oo  .

* D ed ica ted  to  P ro f. P . G o m b á s  on  h is 60 th  b ir th d a y .
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F o r th e  H 2 -m o lecu la r ion one ea s ily  selects

( ) < > < > , ,

V>i =  b,( 1 -  л /« ,) '1 e 'X  - 1  ^  V <, 1 ,  ' (2)

0  <  V <L ,

as a o n e-e lec tron  tr ia l  fu n c tio n , w here

/«==“ - ( ra +  rb) , V =  —  (r„ -  r ft) and  9) (3)К к

are e llip tic a l co o rd in a tes , a and  b, i t s  reference c en tre s  coincide w ith  th e  
s ite  o f  th e  p ro to n s. R  is th e  d is ta n c e  o f th e  p ro to n s , a,-, &,• a n d  Я,- are
v a r ia tio n a l p a ra m e te rs  w ith  th e  re s tr ic tio n s  fe, =  0, 2, 4, =  1, 2, 3,
. . . ; a, >> 0; b, is th e  n o rm a liza tio n  fa c to r . 9), is zero w ith  V  —>• qq i f  a , <T ^  <C 00  

co rrespond ing  to  an  o rb ita l  enclosed w ith in  an  ellipso id . I f  one ta k e s  a s u it­
able lin e a r  co m b in a tio n  o f th e  o rb ita ls  w ith  th e  fo rm  (2) like

n
V(n) =  C Í  Vi  (4)

í= i

one ex p ec ts  i t  to b e  p ossib le  to  a p p ro x im a te th e  e x a c t o rb ita l as c lose ly  as pos­
sible.

F o r  th e  H 2 -m o lecu la r ion  th e  g ro u n d  s ta te  is 227g , w hich m eans th a t  
Яi=r- 0 m u s t  be se lec ted . One gets th e  m a tr ix  e lem en ts  o f  th e  H a m ilto n ia n  and  
th e  o v e rlap  m a tr ix  easily  w ith o u t a n y  a p p ro x im a tio n . We h a v e  solved th e  
secu lar eq u a tio n  o f th e  lin ea r co m b in a tio n  m e th o d . T ab le  I  gives th e  p a ra ­
m eters  an d  th e  c a lc u la ted  and  e x p e rim e n ta l energy  v a lu es . W e h a v e  re s tric ted  
th e  v a r ia tio n  of th e  p a ra m e te rs  b y  th e  cond itions /,■ =  l and  a, =  a  for all 
va lues o f  i.

E v id e n tly  one can  get

VW =  Vi =  Ы 1 —  a* / « ) '  e~c>l =  Vi
and

V(2) =  c i V i + c 2 V 2 =  C M 1 —  f i l a ) ' + c 2 b2( l  - n l a ) l v 2 {l=ac^  N u e ~ ctl( l + b v 2) = V u -

w here N \  an d  N ц a re  n o rm a liza tio n  fac to rs  an d  b is a  linear v a r ia tio n a l p a ra ­
m ete r. i f n  is th e  tr ia l  fu n c tio n  of J a m e s  [5] giv ing  th e  su rp ris in g ly  good re su lt 
q u o te d  in  T ab le  I .

T h e  t r ia l  fu n c tio n s  у)(Г) an d  ц give b e t te r  en erg y  values th a n  th e  co r­
resp o n d in g  ex p o n e n tia l form s an d  in  sp ite  of its  s im p lic ity  gives a va lue  
fo r th e  energy  w h ich  a p p ro x im a te s  th e  ex ac t c a lc u la te d  one w ith  h ig h  accuracy .

Acta Physica Academiae Scientiarum Hungaricae. 27, 1969



POLYNOM IAL WAVE FUNCTIONS 2 3 9

Table I

Energy values for the H i-m olecular ion calculated w ith d ifferen t polynom ial w ave functions 
in  atom ic u n its  (in e2/a„) a t  the internuclear distance R  =  2a0

n i 1 k i

1
l a

E
(present work) E

1 1 0 44 34.86 —  0 .579933 — 0 .5 7 9 7 5 “

2 1 ,2 0 ,2 47 36.56 —  0 .602553 -0 .6 0 2 3 8 b

3 1 ,2 ,3 0 , 2 ,4 47 36.56 — 0 .602620 0 .6 0 2 6 3 4 “

a calculated with y>\
b calculated with xpjj (James type wave function [5]) 
C Inexact [6]

In  th e  ab o v e  m en tio n ed  ca lcu la tions th e  value o f  l was fa irly  h ig h , differing 
little  in  th e  various cases. F u rth e rm o re , th e  va lu e  o f  l a fte r v a r ia tio n  coincides 
for y (2) a n d  )• T h e  s itu a tio n  w ith  a is s im ilar, w hich m eans t h a t  th e  size 
of th e  enclosing  ellipso id  is nearly  th e  sam e for a ll th e  tr ia l fu n c tio n s .

B ecause  of th e  h ig h  value o f  l w e h ad  to  u se  doub le  p recision  su b -ro u tin ­
es on th e  e lectron ic  ca lcu la tin g  m ach in es .

W e do n o t see a n y  problem  in  th e  fu tu re  a p p lic a tio n  of th is  m e th o d  for 
o th e r po ly -e lec tron ic  sy stem s and w e p la n  to  e x te n d  th e  ca lcu la tio n s fo r them .
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ПОЛИНОМИАЛЬНЫЕ ВОЛНОВЫЕ ФУНКЦИИ В ЭЛЛИПТИЧЕСКИХ 
КООРДИНАТАХ ДЛЯ МОЛЕКУЛ
Р. ГАШПАР и И. ТАМАШИ-ЛЕНТЕИ

Р е з ю м е

Предлагаются полиномиальные волновые функции в эллиптических координатах 
для молекул. Вычисления проведены в случае Нг\  Функцией в три члена энергия основ­
ного состояния определяется с высокой точностью.
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SOME ACCURATE RESULTS 
FOR THREE-PARTICLE SYSTEMS*

By

W . K o l o s

D EPA RTM EN T O F TH EO RETICA L CHEM ISTRY, U N IV E R S IT Y  OF W ARSAW , W ARSAW , POLAND

(Received 3. I I . 1969)

R esults of a variational calculation of the nonadiabatic  ground s ta te  energy of H J  are 
presented. Diagonal corrections for nuclear motion have  also been calculated  for the electronic 
ground sta te  of H J. The adiabatic po ten tia l energy curve has been em ployed to calculate the  
ro tational and v ibrational levels for th e  H J ion and for muonic molecules. N onadiabatic energy 
corrections are discussed. For p pd  th e  adiabatic w ave function is com pared w ith the corre­
sponding nonadiabatic result.

I . In tro d u c tio n

T h ree -p a rtic le  m o lecu lar sy stem s, such  as H^", are su ffic ie n tly  sim ple  to  
m ake a c cu ra te  calcu la tions o f  th e ir  p ro p e rtie s  feasible. R e su lts  o f th ese  ca l­
cu la tions m ay  give an  in s ig h t in to  some fu n d a m e n ta l a p p ro x im a tio n s  w h ich  
a re  u n av o id ab le  w hen  dealing  w ith  m ore co m p lex  m olecules. In  p a r tic u la r , 
th is  applies to  th e  a d iab a tic  a p p ro x im a tio n  w hich  p lays a  fu n d a m e n ta l ro le  
in  th e  th e o ry  o f m olecular s tru c tu re .

In  th e  p re se n t a rtic le  new  resu lts  are p re se n te d  o b ta in e d  fo r th e  io n , 
an d  fo r m uonic m olecules. T h e y  are  used to  discuss som e prob lem s o f th e  
a d ia b a tic  a p p ro x im a tio n  an d  o f  its  accu racy .

I I .  T he ad iabatic  app rox im ation

L e t us express [1] th e  e x a c t H a m ilto n ia n  o f a d ia to m ic  m olecule in  th e  
cen tre  o f m ass sy stem  as

H  == H°  +  H ',  (1)

w here H °  is th e  “ e lec tron ic”  H a m ilto n ia n  w h ich  is in d ep en d en t o f th e  n u c le a r  
m asses M a an d  Mb, an d  H '  re p re se n ts  th e  k in e tic  energy of th e  re la tiv e  m o tio n  
of th e  nucle i a n d  th e  coupling  b e tw een  e lec tro n ic  and  n u c le a r  m otion . E x p li­
c itly , H '  has th e  form

H ' =  Я, +  H 2 +  H 3, (2)

* D edicated to  Prof. P. Gombás on his 60th b irth d ay .
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w here

TT l
A  о1 1  \

2 Ц
ZJ/?9

H 2 =  -
1

8/t
U v O 2,

i

H 3 =  -
1

2 R a
v R 2  v <-’

i

(3 )

an d  th e  sym bo ls used  in  (3) h av e  th e  fo llow ing  m ean in g : R  =  R a— R& w here 
R a an d  Rft d e n o te  th e  ra d iu s  v ec to r  fo r th e  nuclei a a n d  b , resp ec tiv e ly ; th e  
in d ex  i lab e ls  th e  e lec tro n s; г,- are  m easu red  from  th e  g eo m etrica l cen tre  o f  th e  
m olecule; ц - 1  =  M ^ 1 -f- M ^ 1 and  /л̂ 1 =  — M^“1 -)- M ^ 1.

L e t us also assum e [2] th e  co m p le te  w ave fu n c tio n  in  th e  form

v  =  2 ^ ,  R)Xn(K)- (4)

w here r d en o tes  th e  co o rd in a te s  of all th e  e lectrons a n d  W n is th e  so lu tio n  of

H °'Fn( r , R ) = U n(R)'Fn( r ,R ) .  (5)

U sing (1) a n d  (4) in  th e  co m p le te  S ch rô d in g er eq u a tio n

H W  =  E W  (6)

one gets  th e  follow ing se t o f  coupled  d iffe ren tia l e q u a tio n s  for th e  fu n c tio n s 
X n

- J - A R +  Un(R )+ H U R )-E \x n (R )  =  -  2  (Нпт +  Впт?п)Хт(Щ, ( ? )
J тфп

w here

Н'пт=  ^ n H 'W mdrr , (8)

В пт =  -  í  Vn [— V * +  - i -  2  A  (9 )J 1 R ZRa i J

T h e  a d ia b a tic  a p p ro x im a tio n  [2] is o b ta in e d  b y  neg lec tin g  th e  r ig h t-h a n d  
side o fE q u s . (7). In  c o n tra s t  to  th e  B o rn  —O p penheim er (clam ped nuclei) appro-
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x im a tio n  i t  inc ludes th e  d iagona l co rrections fo r  n u c lea r  m o tio n , H'nn, in  th e  
a d ia b a tic  p o te n tia l

U°n«(R) =  Un(R) +  H U R )  (10)

w hich  governs th e  nu c lear m o tio n .

I I I .  N o n ad iab a tic  energy fo r  H i

N o n a d ia b a tic  ca lcu la tions fo r  a d iatom ic m olecu le  can  he  ca rried  ou t in  
tw o d iffe ren t w ays: (a) One can  so lv e  th e  set of E q u s . (7); (b) O ne can  em ploy 
tli • R itz  v a r ia tio n a l m eth o d  u sin g  th e  com plete H a m ilto n ia n  (1) a n d  assum ing  
th e  tr ia l  fu n c tio n  in  th e  form

J Cn<Z>n( r ,R ) ,  (11)
n = l

w here Фп(г, R) is som e se t of fu n c tio n s  in  th e  space o f r , R . F o r H Í  b o th  a p ­
p roaches are  feasib le .

C alcu lations b a se d  essen tia lly  on th e  se t o f E q u s . (7) h a v e  b e e n  carried  
o u t b y  H unter a n d  P ritchard [3], an d  w ith  o n ly  a few  te rm s in  th e  e x p an ­
sion (4) accu ra te  energ ies have b e e n  o b ta in ed . T h is ap p ro ach , h o w ev er, does 
n o t seem  to  be p ra c tic a l for m ore com plex  system s a n d , th e re fo re , in  th e  p re ­
sen t w o rk  th e  second ap p ro ach  h as  b e e n  te s ted . T h is  m e th o d  h as  a lre a d y  been 
used b y  severa l a u th o rs  [4, 5, 6 ], b u t  th e  w ave fu n c tio n s  em ployed  w ere n o t 
flex ib le  enough to  y ie ld  accu ra te  re su lts .

F o r  a n o n -ro ta tio n a l s ta te  th e  w ave fu n c tio n  does n o t d ep en d  on th e  
o rie n ta tio n  of R , a n d  in  th e  p re se n t ca lcu la tion  th e  follow ing b as is  se t was 
em ployed

Фп =  ex p  ( — a£) cosh (ßrj) f r* rjSn exp ( — x2/2) ^k„{x)R~312- (12)

T he sym bols used in  (12) have th e  fo llow ing  m ean ings: £ an d  rj d en o te  th e  e llip ­
tic  co o rd in a tes ; 3 ^ к is th e  /с-th  H e rm itia n  po ly n o m ia l; x  =  у  (R — R e); and  
a , ß, у, Re are  tre a te d  as v a ria tio n a l p a ra m e te rs , in  a d d itio n  to  th e  lin e a r  p a ra ­
m eters c, in  th e  ex p an sio n  (11).

C onvergence o f  th e  energy re su ltin g  from  th e  w ave fu n c tio n  (11) w ith  
th e  basis s e t  (12) is d isp lay ed  in  T ab le  I  fo r th e  g ro u n d  s ta te  of H j  . N  deno­
tes  th e  n u m b e r of te rm s  in  th e  ex p an sio n  (11), (r -f- s )max th e  m a x im u m  value 
o f  th e  su m  o f pow ers o f  £ and  7] in c lu d e d  in  th e  e x p an sio n , and  kmax th e  m ax i­
m um  degree of th e  H e rm itia n  p o ly n o m ia ls . All energ ies given in  T ab le  I  w ere 
o b ta in ed  w ith  one se t o f  th e  n o n lin e a r p a ram e te rs  w h ich  w ere o p tim ized  for 
th e  m ax im u m  n u m b e r o f term s. T h e  p ro to n  m ass u sed  was M p =  1836.12. 
F o r th e  second  low est v ib ra tio n a l s ta te  a still la rg e r  n u m b er o f te rm s  was 
needed to  g e t th e  f in a l v a lue  of th e  energy .
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Table I

Convergence of the nonadiabatic energy, E, and of the binding energy, D, for th e  ground
s ta te  of H f

N (r +  s)max W E  (a.u.) D  (cm-1)

24 3 3 -0.5971166 21 374.3
30 3 4 —0.5971356 21 378.5
40 4 4 —0.5971367 21 378.8
44 4 5 —0.5971380 21 379.06
51 5 5 —0.5971381 21 379.08
55 5 6 —0.5971385 21 379.l r
57 5 7 —0.5971387 21 379.2J

IV . A d iaba tic  energy fo r HT

T h e  a d ia b a tic  energy  is o b ta in e d  b y  solv ing E q u . (7) w ith  th e  rig h t-h an d  
side  eq u a l to  zero. A ssum ing  %(R) = f vk(R ) Y /K,(0,(p)R~ 1 th e  a p p ro p r ia te  eq u a ­
t io n  fo r th e  v ib ra tio n a l w ave fu n c tio n  reads

1
2 /г

d2
d R 2

+  Un(R) H'nn( R )

J ( J + 1)
2 /xR2

M R )  =  o , (13)

w h ere  v an d  J  d e n o te  th e  v ib ra t io n a l  and  ro ta t io n a l  q u a n tu m  n u m b ers , re ­
sp ec tiv e ly .

V ery  a c c u ra te  c lam ped  n u c le i p o te n tia l h a s  recen tly  b e e n  pub lished  
[7, 8 ], an d  a d ia b a tic  energies h a v e  also been  co m p u te d  [7]. H ow ever, in  th e  
la t t e r  c a lcu la tio n  re la tiv e ly  p o o r v a lu es  [9] o f H'nn w ere used . T o  get reliab le 
n o n -a d ia b a tic  effec ts, w hich a re  v e ry  sm all a n d  w hich  are  re p re se n te d  b y  th e  
d ifferences b e tw een  th e  n o n -a d ia b a tic  and  a d ia b a tic  v a lues, h ig h ly  accu ra te  
re su lts  a re  in d isp en sab le . T h ere fo re  th e  d iagona l nu c lea r m o tio n  corrections
(3) h a v e  b een  co m p u ted  u sin g  fo r  th e  w ave fu n c tio n  an  ex p an sio n  in  term s o f 
10 basis fu n c tio n s  o f th e  fo rm

Фп =  ex p  ( — a f)  cosh (ßr/) £r”r/s* (14)

a n d  th e  re su lts  a re  lis ted  in  T ab le  I I .  AD  g iven  in  th e  la s t co lu m n  (in c m -1 ) 
is defin ed  as < H ' ( o o ) ) — <H '(R )y  a n d  rep resen ts  th e  co rrec tion  to  th e  b ind ing  
en erg y  due  to  th e  d iagonal n u c le a r  m o tion  correc tions.

U sing  th e  ca lcu la ted  v a lu es  o f H'nn, an d  a c c u ra te  c lam p ed  nuclei p o te n ­
t ia l  Un, th e  v ib ra tio n a l e q u a tio n  (13) has b een  so lved  fo r se v e ra l v ib ra tio n a l
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Table II

Clamped nuclei energy, E, and diagonal corrections fo r nuclear m otion (2) for H£ calcu lated
for various in ternuclear distances R

R E H1X lo3 H,x 103 AD

0 0.54463 — 59.766
0.3 1.4666385 0.07470 0.45537 — 56.571
0.4 0.6992462 0.08327 0.41811 — 50.275
0.5 0.2650120 0.09104 0.38414 — 44.526
0.6 —0.0048180 0.09556 0.35388 — 38.875
0.7 —0.1826248 0.09794 0.32718 — 33.537
0.8 — 0.3044800 0.09899 0.30371 —28.617
0.9 —0.3902705 0.09925 0.28307 — 24.144
1.0 — 0.4517863 0.09905 0.26489 — 20.109
1.1 —0.4964118 0.09859 0.24884 — 16.486
1.2 —0.5289745 0.09803 0.23462 — 13.241
1.3 —0.5527406 0.09743 0.22199 — 10.338
1.4 —0.5699835 0.09686 0.21074 — 7.744
1.5 —0.5823232 0.09635 0.20069 — 5.426
1.6 —0.5909372 0.09592 0.19169 — 3.358
1.7 —0.5966963 0.09559 0.18362 — 1.513
1.8 — 0.6002536 0.09536 0.17636 0.131
1.9 —0.6021058 0.09522 0.16983 1.593
2.0 —0.6026342 0.09519 0.16395 2.891
2.1 —0.6021349 0.09527 0.15864 4.039
2.2 —0.6008396 0.09544 0.15386 5.052
2.3 — 0.5989309 0.09570 0.14954 5.941
2.4 —0.5965536 0.09606 0.14565 6.718
2.5 —0.5938235 0.09650 0.14214 7.391
2.6 —0.5908332 0.09702 0.13898 7.968
2.7 —0.5876573 0.09762 0.13615 8.459
2.8 —0.5843560 0.09830 0.13361 8.868
2.9 —0.5809780 0.09904 0.13134 9.204
3.0 —0.5775628 0.09984 0.12932 9.471
3.1 — 0.5741424 0.10070 0.12753 9.676
3.2 —0.5707425 0.10161 0.12595 9.822
3.3 — 0.5673841 0.10257 0.12457 9.915
3.4 — 0.5640840 0.10357 0.12337 9.959
3.5 — 0.5608555 0.10461 0.12233 9.958
3.6 — 0.5577092 0.10567 0.12146 9.917
3.7 — 0.5546535 0.10676 0.12073 9.838
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Table II  (continued)

R E Ну X103 я 2хюз AD

3.8 —0.5516947 0.10787 0.12013 9.725
3.9 —0.5488373 0.10899 0.11966 9.582
4.0 —0.5460848 0.11012 0.11930 9.412
4.1 — 0.5434394 0.11126 0.11905 9.219
4.2 —0.5409022 0.11239 0.11890 9.005
4.3 —0.5384735 0.11351 0.11883 8.772
4.4 —0.5361531 0.11463 0.11884 8.525
4.5 —0.5339400 0.11572 0.11893 8.265
4.6 —0.5318328 0.11680 0.11908 7.996
4.7 —0.5298295 0.11785 0.11930 7.718
4.8 —0.5279281 0.11888 0.11956 7.435
4.9 -0 .5261259 0.11987 0.11987 7.148
5.0 - 0.5244202 0.12084 0.12022 6.859
5.1 —0.5228082 0.12176 0.12061 6.571
5.2 —0.5212866 0.12265 0.12103 6.284
5.3 —0.5198521 0.12350 0.12147 6.000
5.4 —0.5185016 0.12432 0.12193 5.720
5.5 —0.5172315 0.12509 0.12241 5.446
5.6 —0.5160385 0.12582 0.12290 5.177
5.7 —0.5149192 0.12652 0.12340 4.916
5.8 —0.5138701 0.12718 0.12390 4.661
5.9 —0.5128878 0.12779 0.12440 4.415
6.0 —0.5119690 0.12838 0.12490 4.178
6.1 —0.5111105 0.12892 0.12540 3.949
6.2 —0.5103089 0.12943 0.12589 3.729
6.3 —0.5095612 0.12991 0.12638 3.518
6.4 —0.5088644 0.13035 0.12685 3.317
6.5 —0.5082155 0.13077 0.12731 3.124
6.6 —0.5076116 0.13115 0.12776 2.940
6.7 —0.5070501 0.13151 0.12820 2.766
6.8 —0.5065282 0.13185 0.12862 2.600
6.9 —0.5060437 0.13216 0.12903 2.442
7.0 —0.5055940 0.13245 0.12942 2.292
7.1 —0.5051769 0.13271 0.12980 2.151
7.2 —0.5047902 0.13296 0.13016 2.017
7.3 —0.5044319 0.13319 0.13051 1.891
7.4 —0.5041001 0.13340 0.13084 1.772
7.5 —0.5037929 0.13360 0.13115 1.660
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Table I I  (continued)

R E Hx X Ю 3 H2xl0 3 AD

7.6 —0.5035087 0.13378 0.13145 1.554
7.7 — 0.5032458 0.13395 0.13174 1.454
7.8 —0.5030027 0.13411 0.13201 1.361

7.9 —0.5027780 0.13425 0.13226 1.273
8.0 — 0.5025704 0.13438 0.13251 1.190
8.2 —0.5022013 0.13462 0.13295 1.040
8.4 —0.5018866 0.13483 0.13335 0.908
8.6 — 0.5016184 0.13500 0.13370 0.792
8.8 —0.5013900 0.13516 0.13401 0.691
9.0 —0.5011954 0.13529 0.13428 0.603
9.2 —0.5010298 0.13540 0.13452 0.526
9.4 —0.5008887 0.13549 0.13473 0.458
9.6 — 0.5007685 0.13558 0.13492 0.400
9.8 — 0.5006661 0.13565 0.13508 0.349

10.0 —0.5005787 0.13571 0.13522 0.305
10.5 —0.5004121 0.13583 0.13549 0.218
11.0 —0.5002992 0.13591 0.13568 0.158
11.5 — 0.5002221 0.13597 0.13582 0.115
12.0 —0.5001683 0.13601 0.13591 0.085
13.0 —0.5001035 0.13607 0.13602 0.049
14.0 —0.5000689 0.13610 0.13608 0.030
15.0 —0.5000490 0.13611 0.13611 0.020
17.5 —0.5000247 0.13614 0.13613 0.009
20.0 —0.5000143 0.13615 0.13614 0.005

CO -0.5COOOOO 0.13616 0.13616 0.000

All results in a. u. only AD in cm *.

an d  ro ta tio n a l s ta te s . T h e  resu lting  a d ia b a tic  energ ies for th e  g ro u n d  e lec tro ­
n ic  s ta te  o f Н £  are  show n in T able I I I .

B y  com paring  th e  ad iab a tic  energ ies fo r К  =  0 and  v =  0 , 1, 2 w ith  
th e  co rrespond ing  n o n a d ia b a tic  re su lts  [3] one g e ts  th e  n o n a d ia b a tic  energy  
co rrec tio n  A E  =  E nonad— E ad =  0.12, 0.21 and  0 .35 c m “ 1 for th e  th re e  low est 
v ib ra tio n a l s ta te s , resp ec tiv e ly . T he co rrec tio n  is v e ry  sm all an d  is seen  to  be 
ro u g h ly  a lin e a r  fu n c tio n  o f  th e  v ib ra tio n a l ex c ita tio n . T he d ifferences betw een  
th e  a d ia b a tic  and  c lam p ed  nuclei [10] d issoc ia tion  energies (for J  =  0) are 
show n in  T ab le  IV . T h e ir  m ax im um  fo r  v =  8 re su lts  from  th e  sh a p e  of th e  
H'nn ve rsu s  R  curve w h ich  has a m in im u m  a t  R  —  3.4 a .u ., an d  th e  ex p e c ta ­
tio n  v a lu e  o f th e  in te rn u c le a r  d is tan ce  fo r  v =  8 is j u s t  <(B) =  3.362 a.u .
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Table III

A diabatic energies (in a.u .) for various v ibrational (t>) and ro tational (J )  levels in  the ground
electronic sta te  of Hi;

J
V  'S\ .

0 1 2 3 4 5 6

0 — 0.5971382 —0.5968729 -0.5963443 -0.5955567 -0.5945162 —0.5932307 —0.5917097

1 —0.5871538 —0.5869025 — 0.5864018 —0.5856557 —0.5846702 — 0.5834528 —0.5820126
2 — 0.5777492 —0.5775113 —0.5770375 -0 .5763316 —0.5753992 —0.5742476 —0.5728856
3 —0.5689050 —0.5686802 —0.5682324 —0.5675654 —0.5666846 —0.5655969 —0.5643107
1 —0.5606050 —0.5603929 — 0.5599706 -0.5593415 —0.5585109 —0.5574855 — 0.5562733

5 —0.5528359 —0.5526363 — 0.5522388 —0.5516469 -0.5508655 -0.5499012 —0.5487615

6 —0.5455872 —0.5453999 —0.5450269 —0.5444716 -0.5437387 — 0.5428344 —0.5417663

7 —0.5388515 —0.5386763 —0.5383276 — 0.5378085 —0.5371235 —0.5362789 —0.5352817
8 —0.5326241 —0.5324611 —0.5321365 —0.5316534 —0.5310164 —0.5302311 —0.5293048
9 —0.5269037 —0.5267527 —0.5264523 —0.5260055 —0.5254165 —0.5246910 —0.5238358

10 —0.5216918 —0.5215531 —0.5212772 —0.5208670 —0.5203266 —0.5196617 — 0.5188788

11 -0.5169938 -0.5168676 -0.5166167 -0.5162438 -0.5157531 — 0.5151500 -0.5144411

12 —0.5128188 — 0.5127055 —0.5124802 —0.5121459 —0.5117064 —0.5111673 —0.5105349
13 —0.5091802 — 0.5090803 — 0.5088818 — 0.5085875 —0.5082015 — 0.5077292 — 0.5071770
14 —0.5060962 —0.5060104 — 0.5058401 — 0.5055881 —0.5052587 —0.5048572 —0.5043904
15 -0.5035904 —0.5035197 —0.5033796 —0.5031730 — 0.5029044 —0.5025794 —0.5022052

16 -0.5016922 —0.5016379 -0.5015307 -0.5013740 — 0.5011722 —0.5009319 —0.5006612

17 -0.5004349 -0.5003989 —0.5003287
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Table IV

Differences between the ad iabatic and clam ped nuclei dissociation energies (in cm -1) for
various v ib ra tio n a l levels of H J

V ^ad. ^cl.n. V ■̂ ad. X>d.n.

0 3.23 9 6.13
1 3.96 10 5.95
2 4.60 11 5.66
3 5.12 12 5.27
4 5.54 13 4.76
5 5.86 14 4.15
6 6.08 15 3.43
7 6.19 16 2.57
8 6.22 17 1.59

V. Adiabatic results for muonic m olecules

T h e c lam ped n ucle i p o te n tia l en e rg y  curve w ith  d iagonal co rrec tions 
for n u c le a r  m otion , co m p u ted  fo r th e  ion, can  b e  d irec tly  em p lo y ed , by  
chang ing  only  th e  m ass ra tio , to  c a lc u la te  th e  a d ia b a tic  energies fo r  m uonic 
m olecules. These consist o f tw o s ing ly -charged  n u c le i (p ro ton , p , d eu te ro n , 
d, t r i to n , t) b ound  b y  a m uon  p. T h e  resu lts  are l is te d  in  T able У  w h ere , in 
ad d itio n  to  th e  energy , th e  e x p e c ta tio n  values of R  a n d  R ~2 are a lso  given. 
In  th e  sam e T ab le  we give th e  n o n a d ia b a tic  energies ca lcu la ted  re c e n tly  by  
Carter  [11] using  th e  R itz  v a r ia tio n a l m ethod . C onvergence o f th e  energy  
becom es slow er w ith  decreasing  ra tio  o f th e  m uon m ass, m, to  th e  re d u ced  m ass 
of th e  tw o  nuclei. In sp ec tio n  of Ca r t e r ’s resu lts  show s t h a t  th e y  h a v e  co n v er­
ged to  ro u g h ly  4 figures ex cep t for th e  ex c ited  s ta te  o f dpd  w here th e  accu racy  
is s ig n ifican tly  low er a n d  th e re fo re  th is  energy is n o t  g iven  in  T a b le  Y . The 
prev ious n o n ad iab a tic  re su lts  (see e.g . [12]) also seem  to  be  of a low er accu racy  
an d  are  n o t  included  in  th e  T ab le . F o r  com parison  th e  re su lts  for th e  ion 
are lis ted  in  th e  la s t co lum n . T he co rresp o n d in g  n o n a d ia b a tic  resu lts  a re  those  
o f H u n ter  an d  P ritchard [3].

T h e A E  values g iven  in  T ab le  Y  rep re sen t th e  n o n a d ia b a tic  en e rg y  co r­
rec tio n , i.e ., A E  =  -Enonad— E ad. T h e y  a re  seen to  be o f  th e  expec ted  o rd e r of 
m ag n itu d e , i.e ., of th e  o rd e r o f (m/fj)2. T h e y  are also seen  to  he la rg e r fo r th e  
excited  v ib ra tio n a l s ta te s  th a n  fo r th e  g round  s ta te s . F o r  th e  s ta te s  u n d e r 
co n sid e ra tio n  th e  n o n a d ia b a tic  effects a re  due to  in te ra c tio n  w ith  h ig h e r  s ta te s  
o f th e  sam e Л, w here Л  is th e  q u a n tu m  n u m b er for th e  co m p o n en t o f  th e  a n ­
gu lar m o m en tu m  along th e  in te rn u c le a r  ax is. The en e rg y  differences b e tw een  
these  u p p e r  s ta te s  an d  th e  s ta te  u n d e r  co nsidera tion  a re  sm aller w h e n  th e
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Table V
Energies and other properties of the muonic molecules

Molecule
m(Me +  M b)IMaM b

PPP
4.4400

pfxd
5.9185

PHt
6.65648

dfxd
8.87324

dfit
10.64216

t[Mt
13.29192

H 2
917.06

^ a d —0.4885066 —0.5080172 —0.5148851 -0.5294507 —  0.5372619 —  0.5455846 —0.5971382

-^ n o n a d —0.49437 -0 .51266 -0 .53097 —0.53840 —0.5971387

4оIIa —0.00586 —  0.00464 -0 .00152 —0.00114 —0.0000005

<R> 3.303708 3.081971 3.003851 2.838290 2.749622 2.655254 2.063922

< R -2> 0.1492881 0.1618795 0.1667037 0.1776637 0.1839713 0.1910392 0.2439225

•^ a d —0.4777144 —0.4860214 —0.4957138 —0.5871537

^ n o n a d -0 .48773 —0.5871548

r  =  1 AE —0.00171 —0.0000011

<R> 5.743900 5.067744 4.481494 2.199147

<R~%> 0.0720091 0.0870771 0.1036442 0.2310860

All results in “ natu ra l un its” , i.e. assuming m =  1, where for the muonic molecules and for the H j  ion m denotes the muon and 
electron mass, respectively.
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l a t te r  is an  ex c ited  v ib ra tio n a l s ta te . T here fo re , b y  a com m on arg u m en t of th e  
p e r tu rb a tio n  th e o ry  one m ay  conclude  t h a t  th e  n o n a d ia b a tic  effects sh o u ld  
increase w ith  increasin g  v ib ra tio n a l e x c ita tio n . T ab le  Y p ro v e s  th a t  th is  is 
indeed  th e  case, an d  th e  resu lts  g iven  in  th e  prev ious S ec tio n  show  th a t  th e  
conclusion  is also v a lid  fo r h igher v ib ra tio n a l s ta te s  of H^-.

VI. Adiabatic and nonadiabatic vibrational wave functions

I t  m ay  be also o f  som e in te re s t  to  co m p a re  th e  a d ia b a tic  an d  n o n a d ia ­
b a tic  v ib ra tio n a l w ave fu n c tio n s. A co m p ariso n  o f th is  ty p e  h a s  a lready  b e e n  
m ad e  [13] fo r th e  g ro u n d  s ta te  o f th e  h y d ro g e n  m olecule. H o w ev er, in  t h a t

case th e  n o n a d ia b a tic  ca lcu la tions [14] w ere n o t  su ffic ien tly  a c c u ra te  to  m ake 
such  a fine  com parison  o f th e  w ave fu n c tio n s  m ean ingfu l. S im ila r  and  m ore 
a c cu ra te  ca lcu la tions h a v e  recen tly  b een  c a rrie d  o u t for th e  p/-id system  [15]. 
I n  th is  case one m a y  ex p ec t th a t  th e  n o n a d ia b a tic  effect in th e  w av e  fu nc tion  
is su ffic ien tly  large to  be  re liab ly  d e te c ta b le  in  a fa irly  a c c u ra te  ca lcu lation . 
T he 128-term  n o n a d ia b a tic  w av efu n c tio n  c a lc u la te d  [15] fo r  p p d  has been  
used  in  th e  p re se n t w ork  to  ca lcu la te  th e  v ib ra t io n a l  p seudo-w ave  fu nc tion  
defined  as

/n o n a d (K ) =  R  [  Í  №  R )\2 K Y 12, (15)

w here  ¥  deno tes th e  com plete  w ave fu n c tio n  fo r  p/id  and th e  in te g ra tio n  is to  
be ca rried  o u t on ly  over th e  co o rd ina tes of th e  m u o n . The c a lc u la te d  pseudo­
w ave fu n c tio n  can  be co m p ared  w ith  th e  a d ia b a tic  v ib ra tio n a l w av e  function  
/ eK( = / ad) discussed in  S ection  IV.

T he ca lcu la ted  d ifference / n0n a d —fad does n o t  vanish  w ith  increasing 
in te rn u c le a r  d is tan ce  (for R  <  10 n .u .) w hich is p ro b a b ly  due to  a re la tiv e ly  
large  e rro r in  th e  w ave fu n c tio n  fo r la rg e  R.  T h e re fo re , i t  seems t h a t  a w eighted  
d ifference, i.e.,

d  =  ( / n o n a d  -  fad) f id  (16)
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h a s  m ore p h y s ic a l m ean in g , a n d  th is  d ifference  is p re se n te d  in  Fig. 1 w h e re  the  
a d ia b a tic  v ib ra tio n a l w av e  fu n c tio n  is also  show n. T h u s  th e  n o n a d ia b a tic  
effects seem  to  increase th e  m ean  v a lu e  o f  th e  in te rn u c le a r  d istance  in  sp ite  
o f  th e  fa c t  t h a t  th e y  in crease  th e  b in d in g  o f  th e  tw o n u c le i. This is su p p o r te d  
b y  th e  re su lts  o f Tipping  a n d  Herman [16] who c o n c lu d ed  th a t  th e  n o n a d ia ­
b a tic  effects decrease th e  ro ta tio n a l c o n s ta n t  of H 2. T h e  b ind ing  is m o re  d i­
re c tly  r e la te d  to  th e  p iling  u p  of n e g a tiv e  charge b e tw e e n  th e  tw o n u c le i. F o r 
H 2 i t  h as  b e e n  found  [13, 14] th a t  th e  n o n a d ia b a tic  v a lu e  of <z2> is sm alle r 
th a n  th e  a d ia b a tic  one, w h ere  z d eno tes th e  sum  o f th e  e lectron ic  co o rd in a te s  
in  th e  d ire c tio n  o f th e  m o lecu la r ax is. T h is  is c o n s is ten t w ith  th e  in c rea se  of 
b in d in g  b y  th e  n o n a d ia b a tic  effects.

A cknow ledgm ent

The au th o r is indebted to  Dr. L. W o l n i e w i c z  for in teresting  and helpful discussions.
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НЕСКОЛЬКО ТОЧНЫ Х РЕЗУЛЬТАТОВ ДЛЯ СИСТЕМ ТРЕХ ЧАСТИЦ
В. КОЛОС 

Р е з ю м е
Сообщается о результатах вариационного вычисления неадиабатической энергии 

основного состояния HJ. Д ля электронного основного состояния Н+ определялись и 
диагональные поправки для ядерного движения. Кривая адиабатической потенциальной 
энергии используется для вычисления ротационных и вибрационных уровней молекуляр­
ного иона H J и для мюонных молекул. Дискутируются поправки к неадиабатической 
энергии. Адиабатическая волновая функция для p f i d  сравнивается с соответствующим 
неадиабатическим результатом.
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LEE MODEL AS A Z  LIMIT*

By

K.  L.  N a g y

IN ST ITU TE F O R  TH EO RETICA L PH Y SIC S, ROLAND EÖ TV Ö S U NIV ERSITY , BU D A PEST 

(Received 3. II . 1969)

Lim its are investigated  in a generalized Lee model w ithout cut off w hich reproduce 
the elem entary  +  com posite particle case found in the original model.

1. O ne of th e  m o st in te re s tin g  problem s in  p a rtic le  physics is to  fin d  
som e answ er to  th e  q u estio n  as to  w hich  p a rtic le s  am ong th e  v a s t  n u m b er of 
stab le  o r in stab le  p a rtic le s  are e le m e n ta ry  an d  w h ich  are com posed  som ehow  
from  o th e rs . D iffe ren t lines of a t ta c k  offer ce rta in  ty p e s  of c rite r ia  w h ich  m ig h t 
be especia lly  usefu l in  b o o ts tra p  ca lcu la tions. I n  a  L ag ran g ian  fie ld  th eo ry
e.g. Z  —*■ 0 lim its a re  assum ed  to  tu r n  an  e le m e n ta ry  p artic le  in to  a com posite 
one. D e ta iled  references concern ing  th e se  p rob lem s can  be fo u n d  in  [1].

F o rm e r in v es tig a tio n s  of th e  L ee m odel w ith o u t cu t-o ff (i.e. w h en  a ghost 
is p resen t) h av e  show n th a t  th e re  th e  ty p ic a l e le m e n ta ry  +  com posite  p artic le  
case arises [2 ], w ith  th e  consequence th a t  one o f  th e  partic les is e lem en ta ry  
an d  th e  o th e r  com posite , b u t  one c a n n o t say  w h ich  belongs to  e ith e r  ty p e .

H ere  we deal w ith  th e  q u estio n  o f th e  k in d  o f  lim it w hich p roduces th is 
s itu a tio n . T he m odel w hich  we h av e  chosen is th e  generalized  m odel w ith  tw o 
F -p a rtic le s  [3], w hich  w ith  a cu t-o ff, h as  been  in v e s tig a te d  a lre a d y  from  th e  
p o in t o f v iew  of a Z  l im it [4], w here, o f course, i t  g ives a d iffe ren t re su lt.

I n  th e  Lee m odel all in fo rm a tio n  arises [5] fro m  a fu n c tio n  h(z) h av in g  
th e  form

o, b f in ite

h(z) =  a - f  62  -f- z2 G(z)

k 2 dk
2  co3(co — z)

T hus, rep ro d u c in g  th e  re su lts  o f th e  Lee m odel m ean s ju s t  rep ro d u c in g  th e  
above fo rm  fo r th e  co rrespond ing  fu n c tio n  of th e  generalized  th e o ry .

* De d icated  to  Prof. P . G o m b á s  on his 60th b irthday .
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2. T h e  genera lized  m odel we are  d iscussing  is d esc rib ed  b y  th e  H a m ilto n ia n

H  =  H 0 +  II,
2

rn, <5, v>* V>4 +
í = 1

H , =  - 2  ~ S = - f 17==- [у>ы У>щ «*(*)+'&t Wvi V>Na{k)] d k ,
,•=>1 |/47ï J y2o>

ft) =  |/ - f  №■

^  co(k) a*(k) a(k) d к ,

( 1 )

W e h a v e  ta k e n  tw o  И-p a rtic les, a n d  fix e d  th e  en e rg y  scale b y  se t t in g  =  0. 
T he c o m m u ta tio n  re la tio n s  are  th e  c o n v en tio n a l ones ex cep t for th e  H -partic les, 
fo r w hich

{ w  V»*} =  ôi (2)

is p resc rib ed . 6,- =  +  1 fo r a n o rm a l p a rtic le , ôj =  — 1 fo r a p a rtic le  q u an tized  
w ith  in d e fin ite  m e tric , m, an d  g, a re  th e  b a re  m asses an d  coupling  c o n s ta n ts . 
W e h a v e  ta k e n  th e  c o n v en ien t fo rm  (1) in  o rder to  re ta in  th e  m a x im a l possible 
sy m m etrie s  in  th e  fo llow ing e q u a tio n s  [5]. H  is H e rm itia n  if  g ; is re a l w ith  
ôj =  — 1, an d  p u re  im a g in a ry  fo r <5, =  — 1. N ow  w e w ish to  solve th e  problem  
o f th e  N — в  sec to r. H ere  a genera l s ta te  possesses th e  form

\ E >  =  (Z a , ôi y>* +  y>% J  <р(к) a*(k) d fc)]0> ,

xpv.\0 >  = y> w |0>  = a ( k ) | 0 >  = 0 ,  < 0 |0 >  == 1 ,

w ith  th e  norm

<  E\ E  > =  Z  ôj a f  a,- +  f <p*(k) (p(k) d к . (4)

T h e  e igenvalue  eq u a tio n

gives

H \ E >  =  E \E >

_gi  f  dfc

(со — E) (p(k)

]/4л: J 2 ft)

E  a igi

(5)

T h u s, fo r rea l p a r tic le  s ta te s

cp(k) =

У4л У 2ft) 

E *i Sí
У4л  ]^2ft) (E  — co-f- ie)

( 6 )
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in th e  con tin u o u s sp ec tru m  (S  w ave)

<p(k) =  ^ - ô ( k - k 0) 
k 0

. _____
) 4я[. 2 со (E  —co-\-íb)

(ou tgoing  w aves). S u b s titu tin g  (6) a n d  (7) in to  (5) one gets

or

H ere

A 1 cq +  Btx2 =  0 , 
B<x1 -f- A 2 <x2 =  0 ,

A  «1 +  B * 2  =  E i * 
Вес 1 -f- A 2 oc2 — E2 •

A  =  Щ — E  +  g
4 Í

k2 dk
2co(E — со -f- is)

к 2 dk  _  
2co(E — œ is)

E  =  +  k l .

( ? )

( 8 )

(9)

F rom  (8) th e  necessary  co n d ition  fo r f in d in g  real p a r tic le  s ta te s  is

A i A 2 — B 2 =  0 . (10)

F o r c o n tin u u m  sta te s  fro m  (9)

Z * iS i  =  ^  Ы ( т 2 -  E ) + g 1 (m, -  £ ) ]  ( ^  Л 2 -  В 2)- 1 . (11)

N ex t we d istin g u ish  fo u r special cases:

i.) m 1 =  m,, =  m. ii.) m1 =f= m 2.

a )  g \  =  —  g \ ,  a )  g \  =  -  g i ,

b) g? ф — gl ,  b) g? ф - g l .

In  cases a) one o f th e  p a rtic le s  is n o rm a l; th e  o th e r is a b n o rm a l b y  p re sc r ip ­
tion .

F o r th e  case i. a) (10) gives

(m — E ) 2 =  0 .
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-  т Ь "  ( =  maí ’|/4зг J  \l 2  со 

(со -  m) Ф(к) =  ~ ß £ f  Щ
У&л Y  2 со

F ro m  these

Ф(/с)
Г d k ___ ]/4я: l/2w (/и — со)

J 2 oj (т — со)

an d  th e  s ta te

D >  = — ß'Pn +
/

g ig2
ä2 dfc — —  ß \  +  V>N J Ф (к)а*(к)d к

2  co(m — со) 

O bviously  < E |D >  0. C hoosing  ß and

У =
gi

k 2 dk
J 2 co(m — со)

|0 >  -

Acta Physica Academiae Scientiarum Hungaricae 27, 1969

F rom  (6) a n d  (8) (p =  0, n am e ly

A
Z * ig t  =  * 1 8 1 ----- --  ■ * 2 8 2  =  0 ■

-D E = m

A ctu a lly , th e  e ig e n s ta te  w ith  (fo r th e  sake  o f  def ini teness)— =  Ö2 =  1

|E >  =  — « (? ? ! |0 >  (12)
l  82

possesses zero  n o rm
< E | E >  = 0 .

T h e n  from  g e n e ra l princip les i t  follows th a t  a  dipole gh o st sa tisfy ing

(H  — E )\D >  — E |E >

m u s t ex ist. In d e e d , rep lacing

I D >  = ( Z ß i  ôi y?( +  y fi  J  Ф(к) a*(к) dk) \ 0 >  

a n d  (12), b y  E  — m, one gets
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one can a p p ro p ria te ly  p rescrib e

< D \D >  =  0, < E \ D >  =  1.

Sim ilarly  fro m  (11) one can  see th a t  th e re  is no sc a tte r in g  S  =  1. T hese  tw o  
in te ra c tio n s  o f  eq u a l s tre n g th  d is to r t  th e  tw o  b a re  e igenvecto rs in to  a co m p le te  
d ipo le ghost s itu a tio n . I t  is in te re s tin g  t h a t  o n ly  th e  d ipole g h o s t is su rro u n d e d  
b y  a m eson cloud , o therw ise a co m p en sa tio n  h as  occurred  w h ich  is, o f cou rse , 
tr iv ia l.

F o r th e  o th e r  cases i t  is m ost c o n v e n ie n t to  in tro d u c e  th e  fu n c tio n  o f 
th e  com plex  v a riab le

h(z) (m 1 — z)(m 2 — z) 
gl(m2 — z) +gl[ml — z)

+
kr d k

2 w(u> — z)
(13)

F ro m  (8), (9), (10) an d  (11) b y  s ta n d a rd  m e th o d s  one can  see t h a t  th e  d re ssed  
p a rtic le  e igenvalues are  g iven  b y

h(E) =  0 , (14)

an d  th e  N —0  sc a tte r in g  S  m a tr ix  is

S = 1  -
ink,. h (E  — is)

(15)
h(E  +  is) h (E  +  ie)

F u rth e rm o re , th e  norm s o f th e  dressed p a r tic le  e igenvecto rs a re  (for E  rea l)

„ F, F  ̂ d/kl2 [g?("b -  E ) +  ê l\mi -  E )] 1 ч  M< E \ E >  -- ---------------------------— --------- h (16)
1  j — E  +  gj

1 1 1 2w (E  -  (o)

i=fcj, i.e. i — l , j  =  2 o r  i — 2 , j  =  1 . 

N ow , w ith o u t c u t off, h(z) w ith

G(z )  =
k 2 dk

2 co3(fe) — z)

•b) h(z) =  a bz +  z2 G (z),

a — —

6 =

t f + S l

g \ + g \

+

+i

k2dk
2 си2

k2 dk
2 w3

(17)
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ii.a) h(z) — a bz -f- ez2 +  z2 G(z) ,

TÏI2 +J- k2d k
gf(mj — m 2) 1 2 со2

m ] m 2
+

Г k2d k

g i(m2 — "h ) 1 2o>3

1

g i(™i — m 2)

ii.b) h(z) =  — —— - -f- a -\- bz +  z2 G(z) ,
E0 - z

a — _  gf m i +  g | m2 I Г fc2 dfc ь _  1 [' fc2dfc
(ê ï +  gÜ)2 J 2 co2 g? + g | J 2 «Л

^  _  (8 igA ”h  — "h]}2 E  _ gi m2 +  Û  m i (19)
(gi +  g l)3 gi +  g l

All (real) c o n s ta n ts  a, b, c, A ,  E 0 are k e p t  fin ite . A fte r  f ix in g  th em  a m odel 
th e o ry  is d efin ed . F rom  th e  form s of b w e see also t h a t  in  cases i, ii, b) one  or 
b o th  o f th e  V  p artic les m u s t  be q u a n tiz e d  w ith  in d e fin ite  m etric . h(z) in  the  
case o f i.b) co rresponds co m p le te ly  to  t h a t  o f  th e  Lee m o d e l im ply ing  th e  sam e 
resu lts , e x c e p t, o f course, t h a t  th e  tw o re a l s ta te s  a re  p ro d u ced  now  b y  tw o 
b a re  fie lds. T h e  rea l p a r tic le  s ta te  s t ru c tu re  of ii.a) is th e  sam e as t h a t  of 
th e  Lee m o d e l; th e  s t ru c tu re  o f ii.b) co rresponds to  th e  m odel d esc rib ed  in 
[6] im p ly in g  th re e  rea l V  p a r tic le  s ta te s .

3. L e t us now  tu rn  to  th e  p roblem  o f  w h a t ty p e  o f  lim its  rep ro d u ce  the  
re su lts  o f th e  orig inal Lee m odel. F rom  case  i.a.) th e re  is no  tra n s itio n , o f  co u r­
se. (17) co rresp o n d s to  th e  L ee m odel as i t  s tan d s, (18) requires c =  0, (19) 
A  =  0. O n th e  o th e r h a n d , th e  e lem en ta ry  com posite  p a r tic le  case can  b e  a t t r i ­
b u te d  to  ja,(E) |2 =  0, i =  1 o r  2 w ith  h(E)  =  0. The co n n ec tio n  and  d ifference 
be tw een  th is  cond itio n  a n d  d e t Z  =  0 c a n  be  found  in  [1,4]. T herefo re  le t  us 
s tu d y  th e  b e h a v io u r  o f a,-. S ince h '(E )  are fin ite  |a, |2 is essen tia lly  d e te r ­
m ined  fro m  (16) b y  th e  f a c to r

« ,  =

mj — E  +  gj  j
k2 d к

2 co(E — со) 
g?(m 2 — E )  +  g\{mv — E )

w ith  h(E) == 0 .

Since in  a ll cases we a re  d iscussing  h e re  a  fie ld  th e o ry  w ith  in d efin ite  m etric , 
|a,|2 is n o t  re s tr ic te d  to  0 <  |a ,|2 <  1. A c tu a lly , in  g en e ra l, i t  diverges. A ny w ay  
|a, J2 v an ish es  i f  and  o n ly  i f  Bj =  0. U sing  (13)

Acta Physica Academiae Scientiarum Hungaricae 27, 1969
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, =  gf i mj  -  E ) 2________
7 " [gl(m2-E )+ g l (mi-  E)Y ' ( 20 )

H ere  we are  dealing  w ith  d iv e rg en t q u a n titie s . T herefore, d o u b le  care is n e ­
cessary . T hese are  th e  sam e as in  th e  o rig inal m o d e l; th e  c o n s ta n ts  in  eq u a tio n s 
(17), (18), (19) are  k e p t f in ite , also th e  d iv e rg e n t in teg ra ls  b y  c u t  off a t  <x>; f i ­
n a lly  o) —> T  o o .  B u t th e n  one has to  t r e a t  th e  cases sep a ra te ly .

In  case i.b)

B j =  — —  = gj lb -  f  J ^ - k-  .

( g í + á l ) 2 l J  2 co3 J

T herefo re , |oc, j2 v an ishes i f  gf  =  0; i.e. from  th e  beg in n in g  th e re  is n o  in te ra c tio n  
a t  all w ith  one o f th e  p a rtic le s . F o r  case ii.a)

B , =  ëKmj  =  c*gf(mj -  E f .
ëi(m2 -  "ii)2

F ro m  (18)

m, =

gt á

l
2c 

b +

b +
g\

* k2dk

k2d k
2w 3 ,

2 со3
— 4c a  —

fc2 dk
: or

th e re fo re  from  c =  0, |a, |2 v an ishes fo r th e  p a r tic le  w ith  gj  0. T h a t  is, th e  
rem ain in g  one h as  to  be q u an tized  w ith  in d e fin ite  m etric .

F o r th e  la s t case, from  (19)

, , .. 1 ± П - А Р
01 2 G gl = I T ] 1 - A D  

~ 2 G

TYl± TTliy —
l
G

-  E о ’

4
D =  --------- -,  G =  b

(m1 — m2)2 G
к2 dk
2  со3

T h e n  А  =  0 leads to  a p a r tic u la r  g,, le t  us say  g2, eq u a l to  zero, |a 2|2 =  0 as in  
th e  f irs t case.

4. W e h av e  seen th a t  th e  o rig in a l Lee m odel w ith o u t c u t o ff can  be ge­
nera lized  to  th e  case of tw o V  p a rtic le s . T he th e o ry  requires q u a n tiz a tio n  w ith  
in d efin ite  m etric . Case i.a) is q u ite  d iffe ren t fro m  th e  Lee m o d e l; =  m 2,

17* A da Physica Academiae Scientiarum Hungaricae 27, 1969
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gf 7^ —g\  rep roduces th e  re su lts  o f th e  orig inal m o d e l w ith o u t re q u ir in g  th e  
cond itio n

М£у)12 = 1 < 0 , а д > 1 г =  0, у = 1 , 2 .  (21)

W hen  (21) is req u ired  g , m u s t be zero . m 1 ^  m 2, g \  =  -—gf, c =  0 a n d  m 1 ф  
m 2, g 1 ^  —g%, A  =  0 co rresp o n d  to  th e  Lee m odel. I n  th e  f irs t case  gj ^  0 
a t  th e  b eg in n in g , in  th e  second case one of th e  gt is equal to  zero  giv ing 
|а,- (E .) |2 =  0 fo r one i  a n d  all j  in  b o th  cases.

I t  is in te re s tin g  to  n o tice  th e  v a r io u s  b eh av io u rs  o f  th e  d iffe ren t v a r ia n ts  
o f th e  e x te n d e d  m odel. I t  can  also b e  seen th a t  th e  m o st general case (19) 
w ith  i ts  th re e  rea l p a r tic le  s ta te s  ca n  b e  p ro d u ced  fro m  an  a p p ro p ria te  m odel 
w ith  th re e  free V  fie ld s.
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МОДЕЛЬ ЛИ К А К  2-П РЕД ЕЛ
К. Л. НАДЬ

Р е з ю м е
Исследуются пределы в общей модели Ли без отреза, которые воспроизведут слу­

чай, элементарный +  составной частицы, найденный в оригинальной модели. •

•  и  4 I ‘
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IS POINCARÉ INVARIANCE COMPATIRLE WITH 
GENERAL RELATIVITY?*

By

M.  Süveges

RESEA RCH  GROUP F O R  TH EO RETICA L PHY SICS OF T H E  H U N G A RIA N  ACADEMY O F SCIENCES
BU DA PEST

(R eceived 3. I I .  1969)

We have shown previously th a t an  invariance principle is defined in curved  space by 
invariance under the B ran d t groupoid consisting of elem ents given by parallel displacem ents 
along all possible curves in space-time. I t  is argued here th a t  th e  B randt groupoid m ight con­
ta in  th e  Poincaré group as a local group in each tangent space b u t then space-tim e m ust have 
non-vanishing torsion. Such a conclusion m ight also be im plied by recent m easurem ents of 
Sa d e h  e t al. For an E instein  manifold, on th e  other hand, th e  B rand t groupoid contains only 
the homogeneous Loren tz group.

Acta Physica Academiae Scientiarum Hungaricae, Tomus 27, pp. 261— 268 (1969)

1 . In tro d u c tio n

Sa d e h , K now les an d  Y a plee  [1,2] o b se rv ed  an  an om alous decrease 
o f  freq u en cy  in  th e  21 cm  a b so rb tio n  line from  T a u ru s  A. T hey  a lso  found  th e  
e ffec t w hen  a te r re s tr ia l  source w as u sed  and  th e y  fo u n d  th e  d ec rease  rough ly  
p ro p o rtio n a l to  d is tan ce . This decrease  c an n o t b e  accoun ted  fo r  b y  general 
re la t iv i ty  an d  in  a re c e n t p a p e r Szekeres [3] argues th is  in d ica tes  t h a t  space- 
tim e  is n o t E in s te in — R iem an n ian  (a space w ith  a sy m m etric  m e tr ic  an d  sym ­
m e tric  connection). H e  assum es a lin e a r  connection  w ith  n o n -v an ish in g  to rsion  
a n d  ca lcu la tes th e  c o n tr ib u tio n  o f th e  to rs io n  p a r t  to  th e  sh if t o f  frequency  
a n d  fin d s i t  in  ag reem en t w ith  th e  observ a tio n s o f  Sadeh  e t al. H e  there fo re  
concludes t h a t  th e se  m easu rem en ts  do suggest a p h y sica l sp ace -tim e  o f n o n ­
v an ish in g  to rsion .

In  th is  p ap e r, w hile we do n o t  a rgue  w ith  h is p hysica l in te rp re ta t io n  of 
th e  to rs io n  ten so r, we w a n t to  p o in t o u t th a t  a s im ila r  conclusion  is a lready  
im p lied  b y  ou r p rev io u s w ork , th o u g h  in  an in d ire c t w ay . M ore p re c ise ly , our 
p rev io u s resu lts  im p ly  t h a t  e ith e r  th e  P o incare  g ro u p  is a good loca l sy m m e try  
g roup  an d  th e n  sp ace-tim e  has to rs io n  or general re la t iv i ty  ho lds (no  torsion) 
an d  th e n  th e  local in v a rian ce  g roup  is th e  hom ogeneous L oren tz  g ro u p  w ith o u t 
tra n s la tio n s .

I n  ou r earlier p ap e rs  we m ad e  an  a t te m p t to  in tro d u ce  a n  in v a rian ce  
p rin c ip le  in  cu rved  space-tim e . T h e  f ir s t  th in g  in  su ch  an  a t te m p t  is to  face

* D edicated to  Prof. P. Gombás on  his 60th b irthday.
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th e  fa c t th a t  th e re  a re  o n ly  local in e r tia l  system s, n a m e ly  th e  geodesic system s 
a t  each  p o in t x. W e assum ed  th a t  th e se  local in e r t ia l  system s are  s till p h y s i­
ca lly  com ple te ly  e q u iv a le n t an d  th e n  d e te rm in ed  th e  in v arian ce  tra n s fo rm a ­
tio n s connec ting  th e m . L e t T x an d  T y deno te  en n u p le s  of u n it v e c to rs  in  th e  
local in e r tia l  sy s tem s, th e  geodesic sy stem s, in tro d u c e d  a t  sp ace -tim e  po in ts 
x  an d  y ,  re sp ec tiv e ly . T h en  one o f o u r  m ain  re su lts  is as follows [4]. T he in ­
v a r ia n c e  tra n s fo rm a tio n s  m ap p in g  T x in to  Ty a re  d e fin e d  b y  L ev i-C iv ita  p a ra l­
lel d isp lacem en t a long  all possible cu rv es  connec ting  x  and  y . D iffe ren t experi­
m e n ta l consequences o f th is  in v a ria n c e  have  b een  w o rk ed  o u t [4, 5, 6]. F o r 
ex am p le  i t  has b een  show n th a t  th e  th re e  e x p e rim e n ta l te s ts  o f g en era l re la ­
t iv i ty  follow.

C onsider now  th e  se t B(x, y )  o f  tra n sfo rm a tio n s  defined  b y  p a ra lle l d is­
p la c e m e n t along all possib le  o rien ted  curves c o n n ec tin g  x  and  у  a n d  den o te  by  
В  th e  s e t  as x  an d  у  ru n  th ro u g h  a ll p o in ts  of sp ace -tim e . T here is n o th in g  th a t  
w o u ld  d istin g u ish  one  sp ace-tim e p o in t  am ong th e  o th e rs , th e re fo re  each ele­
m e n t o f  th e  se t В  is an  in v arian ce  tra n s fo rm a tio n . T herefo re  th e  s e t  В  defin­
es an  in v arian ce  p rin c ip le  in  c u rv e d  space and  a n  im p o r ta n t  p ro b lem  is th en  
w h a t is th e  s tru c tu re  o f B. C learly  i t  c an n o t be a g ro u p  b u t one ca n  show  [7] 
t h a t  i t  is a B ra n d t groupo id .

T h e  fu n d a m e n ta l fa c t in  o u r p re se n t a rg u m e n t is th a t  th e  L o re n tz  group 
is c o n ta in e d  in  th e  g roupo id  В  as a su b se t w ork ing  in  each ta n g e n t space T x, 
i t  is in d eed  th e  h o lo n o m y  group  ipx, defined b y  p a ra lle l d isp lacem en t along 
all possib le  closed cu rves th ro u g h  x  o f th e  u n d e rly in g  space-tim e  m anifold , 
d iscussed  ex ten s iv e ly  [5, 10]. In d e e d , th e  id e n tity  com ponen t*  o f  th e  ho lono­
m y  g ro u p  (hg) is th e  s ix -d im ensiona l hom ogeneous L o ren tz  g roup  fo r a non ­
v a c u u m  E in s te in  m an ifo ld . H ow ever, th e  P o in ca ré  g roup  P  can  n e v e r  be re a ­
lised  as th e  hg  o f an  E in s te in  m an ifo ld  since th e  h g  asso c ia ted  w ith  a  sym m etric  
c o n n ec tio n  is a lw ays hom ogeneous.

N ow  it  is k n o w n  th a t  th e  h g  associa ted  w ith  a  linear, n o n -sy m m etric , 
co n n ec tio n  is inhom ogeneous a n d  th e re fo re  th e  P o in c a ré  group cou ld  be  in te r ­
p re te d  as a local in v a ria n c e  g roup  in  such a space.

H ow ever, o u r in v a rian ce  p rin c ip le  in  cu rv e d  space is d e fin ed  b y  th e  
B ra n d t  g roupoid  В  w hich  is an  o b je c t m ore gen era l th a n  a g roup . To see th e  
in t im a te  re la tio n sh ip  b e tw een  m easu rem en ts  o f th e  red -sh ift ty p e  an d  local 
in v a ria n c e  g roups, such  as th e  L o re n tz , or P o in c a ré , group we f i r s t  give in 
S ec tion  3 a re m a rk a b le  decom p o sitio n  theo rem  fo r th e  g roupoid  B.

* I t  can be show n [10] th a t the existence of inversions in ipx depends on the  topological 
p roperties of space-tim e. Introduce topology by defining space-tim e to be a differentiable 
m anifold M n. Let nx be th e  first hom otopy group of M n and  у £ the identity  com ponent of y \ .  
Then one can prove [10] th a t  the homom orphism  nx ipxly J exists and the problem  of the 
existence of inversions is therefore reduced to  the com putation  of щ.
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2 . The B ran d t groupoid

A B ra n d t groupoid  [8] (also [9], p . 121) is a se t G o f  elem ents in  w hich  
th e  p ro d u c t ex is ts  only fo r c e r ta in  pairs a n d  w hich  sa tisfies  th e  follow ing co n ­
d itions.

I . I f  fo r th re e  e lem ents a, b, c, Ç, G th e  re la tio n

ab =  c

ho lds, th e n  each  of th em  is u n iq u e ly  d e te rm in e d  b y  th e  o th e r  tw o.
I I .  I f  ab an d  be ex is t th e n  th ere  e x is t  also (ab)c an d  a(bc), if  ab a n d  (ab)c 

ex is t, th e n  th e re  ex ist also be an d  a(bc), i f  be an d  a(bc) e x is t, th e n  th e re  ex is t 
also ab an d  (ab)c. In  all th re e  cases th e  e q u a lity

(ab)c =  a(bc)
holds.

I I I .  F o r  every  e lem en t b £ G th e re  ex is ts  a u n iq u e ly  d e te rm in ed  e lem en t 
i(b), th e  r ig h t u n it , a u n iq u e ly  d e te rm in ed  e lem en t i'(b), th e  le ft u n it , a n d  a 
u n iq u e ly  d e te rm in ed  inverse  e lem ent b~ x su ch  th a t

bi(b) =  i'(b)b =  b,

Ь~ЛЬ =  i, bb -1  =  i '.

IV . F o r  an y  tw o u n its  i and  i' th e r e  ex ists  a t  le a s t  one e lem en t b ^ G  
such  th a t  i is th e  rig h t u n it  an d  i' is th e  le f t  u n it  o f b.

I t  is e a sy  to  see th a t  o u r se t В  o f in v a ria n c e  tra n s fo rm a tio n s  d e fin ed  b y  
p a ra lle l d isp lacem ents sa tisfies  these  ax iom s. In d eed , fo r a n y  p a ra m e tr ise d  curve  
x a =  Xх(t), th e  equations

=  a>} (t) uß, (1)

w here (Op(t) =  —  {̂ y} d*r/d i, h av e  a u n iq u e  se t  of so lu tions of th e  fo rm  [7, 11]

u “ (t) =  Ц (t, t0) uß (t0) , (2 )

w here th e  m a trice s  bß a re  n o n -sin g u la r ( a t  le a s t  u n d e r th e  cond itions d iscussed  
below ). T his defines a lin e a r  hom ogeneous iso m e try  u ( t0) —> u(t) from  th e  t a n ­
gen t space a t  x( t0) to  t h a t  a t  x(t) .  The m a tr ic e s  also s a tis fy  [11]

b*ß(t , t ')bß(t\t") =  b;(t,t") 
b*ß(t,t')bß(t',t) =  ö*Y.
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D e n o te  now  b y  b(ty,tx) a n y  cu rv e  w ith  p a ra m e te r  f co n n ec tin g  x  a n d  у  
an d  d en o te  th e  m a tr ix  (2) d efin ed  b y  th e  cu rv e  also b y  th e  sam e sy m b o l 
b{ty,tx).

E le m e n ts  o f  th e  g ro u p o id  В  are o f th e  fo rm  b(ty,tx) (w e use  m a tr ix  n o ta ­
tio n ) fo r th e  o rien ted  cu rves fro m  x  to  y ,  in  th is  o rder, as x  a n d  у  ru n  th ro u g h  
all p o in ts . D efin e  m u ltip lic a tio n  in  В  as : T w o e lem ents b(tx, tz) an d  b(tm, ty) c a n  
b e  m u ltip lie d , in  th is  o rd e r, i f  z =  to a n d  o n ly  in  th is  case  a n d  th e  p ro d u c t  
is th e n  g iven  b y  th e  a p p ro p r ia te  fo rm  o f E q u s .(3 ). T he se t  В  w ith  th is  m u l t i ­
p lica tio n  is c le a rly  a B ra n d t  g roupo id .

In d e e d , consider f ir s t  C ond ition  IV . O u r tra n s fo rm a tio n s  (2) defined  b y  
E q u s . (1) a re  d e te rm in ed  b y  th e  C hristoffel sym bols, w h ich  in  tu rn  are  fu n c ­
tio n s o f th e  m e tric  te n so r a n d  its  d e riv a tiv e s . IV  th u s  im plies th a t  a c o n t i ­
nuous m e tr ic  te n so r  m u st e x is t everyw here . I t  w as p o in te d  o u t  [10] t h a t  to p o ­
logical p ro p e rtie s  m u st he  in tro d u c e d  in to  th e  d efin itio n  o f space-tim e . O ne 
w ay  to  do th is  is to  supp o se  [10] sp ace -tim e  to  be a d iffe ren tiab le  m an ifo ld  
M n. N ow  a d iffe ren tiab le  m an ifo ld  a lw ays a d m its  a p o s itiv e  de fin ite  m e tr ic  
te n so r, b u t  a d m its  a co n tin u o u s  m e tric  te n so r  o f s ig n a tu re  (3,1) if  an d  o n ly  if
th e  E u le r—P o in c a ré  c h a ra c te r is tic  ^  =  N (— l)v /„  w here  is th e  kth B e t t i

A
n u m b er, v a n ish e s  ([1 2 ],p . 18). I n  th is  case th e n  th e  m a tr ix  in  E q u . (2) is n o n ­
sin g u la r.

C o n d itio n  I I  is t r iv ia lly  sa tis fied  a n d  th e  n o n -s in g u la r n a tu re  of [b(ty,t, )\ 
ensures I .  I l l  is also sa tis f ie d : F o r a n y  e lem en t b(tx,ty) th e  le ft a n d  r ig h t  
u n its  b(tx,tx) a n d  b(ty,ty), th e  (u n it)  m a tric e s  asso c ia ted  w ith  th e  p o in ts  x  a n d  
y ,  re sp e c tiv e ly , a n d  th e  in v e rse  b~'(tx,t у) =  b(ty,tx) a sso c ia ted  w ith  th e  in v e r ­
se ly  o rie n te d  c u rv e , c learly  ex is t. T his p ro v es th e  g roupo id  n a tu re  o f В  u n d e r  
th e  above  re s tr ic tio n .

3 . Direct product decom position of the groupoid

W e n o w  c o n s tru c t tw o  su b se ts  o f В  a n d  th e n  show  t h a t  В  is th e  d ire c t 
p ro d u c t o f  th e se .

I t  is c le a r  from  axiom s I  to  IY  t h a t  th e  co n d ition  fo r  В  to  be  a g ro u p  is 
t h a t  i t  sh o u ld  co n ta in  a sin g le  u n it  e lem en t. T herefo re  В  c a n  n ev er b e  g ro u p  
in  cu rv ed  sp ace , n ev erth e less  i t  co n ta in s  g roups.

C onsider indeed  th e  su b se t o f all th o se  e lem ents b fo r  w hich  th e  le f t a n d  
r ig h t u n its  co incide  i(b) — i'(b) =  ix. I t  is c lea r from  th e  ax iom s th a t  th is  s e t  
is a g roup  co n sis tin g  of th e  e lem en ts d efin ed  b y  tra n s fo rm a tio n s  a long  a ll 
closed cu rves th ro u g h  th e  p o in t  x. I t  is in d eed  th e  h o lo n o m y  group y)x(M n) 
a t  x  d iscu ssed  ex ten s iv e ly  [5,10].

W e n o w  c o n s tru c t a n o th e r  su b se t o f В  as follow s. T a k e  th e  r ig h t a n d  le f t  
u n i t  e lem en ts  i(x) an d  i '(y)  a t  tw o  a rb i t r a ry  b u t  fixed  p o in ts  x  an d  y ,  in  th is

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



IS  PO IN CA RÉ INVA RIA NCE COM PATIBLE W IT H  G EN ERA L R EL A T IV ITY ? 2 6 5

o rd er, an d  co n n ec t x  an d  y  b y  a single, b u t  a rb itra r ily  chosen , cu rve  b(y,x) .  
D eno te  th e  tra n s fo rm a tio n  a long  th e  cu rve  also  b y  th e  sam e sy m bo l b(y,x)  £ B.  
W hen x  an d  y  ru n  th ro u g h  all po in ts  of M n w e o b ta in  a su b se t S t  of В  w h ich  
is also a g rou p o id . Since S* h as  th e  sam e s e t  o f  u n its  as В  i t  is a su b g ro u p o id  
o f В  an d  i t  is also clear from  th e  c o n s tru c tio n  th a t  th is  is th e  m in im al s u b ­
groupo id  w h ich  h as  th e  sam e se t of u n its  as B.

I f  we co n n ec t x  an d  у  w ith  an y  d iffe re n t b u t  w ell d efin ed  curve  c (y ,x )  
we ge t a n o th e r  su b groupo id  S c w hich  is iso m o rp h ic  w ith  Si, since  th e y  h a v e  th e  
sam e se t o f u n its .

L e t us now  fix  St  an d  le t  x  £ M n b e  a n y  a rb itra ry  b u t  fix e d  p o in t. W e 
w a n t to  p ro v e  th a t  B  =  S t  ® ipx( M n) w h ere  ® is d irec t p ro d u c t.

To th is  en d  we f irs t  re m a rk  th a t  a n y  a rb itr a ry  e lem en t t(z,  y )  of В  can  
be  w ritte n  as th e  p ro d u c t b(z ,x)a(x)b(x,y) , w here  a(x) £ tpx a n d  b(z,x),  b(x ,y)  £ 
St ,  in  a u n iq u e  w ay . To see t h a t  th is  is so one has on ly  to  choose a(x)  — 
b ~ 1(z ,x) t (z , y)b~1(x,y)  w hich is c learly  a tra n s fo rm a tio n  d e fin ed  b y  th e  closed 
loop b ~ 1(z ,x ) t ( z ,y )b~1(x,y)  th ro u g h  x.

L e t now  t(v,co) =  b(v,x)a'(x)b(x,<x>), w h e re  a'(x)  £ ipx a n d  b(v,x),  b(x,co) £ 
St ,  be th e  above  p ro d u c t decom position  o f  a n y  o th e r a rb i t r a ry  e lem ent t (v,  со) 
o f B.  T h en  th e  p ro d u c t t(v,  a>)t(z,y) ex is ts  on ly  if  со — z  a n d  i t  is in  th is  case 
t{v,y) — b(v,x) a' (x)a(x)  b(x,y).

Th is show s th a t  in  th e  p ro d u c t of a r b i t r a r y  elem ents t(y,u>) an d  t ( z , y) o f  B ,  
elem ents o f S t  a n d  e lem ents o f y>x are  m u ltip lie d  se p a ra te ly . I n  o th e r w ords 
we have

В  =  S b ® y>x (Af„) . (4)

4 . Local groups

W e are  now  able to  discuss th e  p ro b lem  p u t  fo rw ard  in  th e  In tro d u c tio n . 
In  our e ffo rt to  in tro d u ce  an  in v arian ce  p rin c ip le  in  cu rv ed  space  th e  s ta r t in g  
p o in t w as [4] th e  p rob lem  o f how  to  co m p are  physica l q u a n tit ie s  in  th e  ( in e r­
tia l)  ta n g e n t spaces a t  d iffe ren t sp ace -tim e  p o in ts . W e h a v e  seen  th a t  w e can  
com pare p h y sica l q u a n titie s  b y  m eans o f  th e  tra n sfo rm a tio n s  co n ta in ed  in  th e  
groupo id  B.

O b v iously , th e  decom position  (4) c lassifies physica l m easu rem en ts  in to  
tw o  classes:

a) local m easu rem en ts , in  w hich q u a n ti t ie s  in  th e  sam e  ta n g e n t sp ace  
T x are  co m p ared , can  be  e v a lu a te d  b y  th e  loca l in v a rian ce  g ro u p  ipx,

b) m easu rem en ts , in  w hich  q u a n titie s  in  th e  ta n g e n t spaces a t  d iffe re n t 
space-tim e p o in ts  are  co m p ared , can  be  e v a lu a te d  b y  e lem en ts  o f th e  m in i­
m al su b -g ro u p o id  Sb.
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S u p p o sin g  now  g enera l re la tiv ity , th e  th re e  c rucia l te s ts  fall in to  class
b ). R ed  sh if t  b e tw een  a n y  x  a n d  у  has b een  sh o w n  [4,6] to  follow  from  in v a r ia n c  
u n d e r  p a ra lle l d isp lacem en t a long  an y  cu rv e  con n ec tin g  x  an d  y ,  i.e. fro m  in ­
v a ria n c e  u n d e r  an  e lem en t o f  Sf,. A lso, i f  one chooses geodesics fo r e lem en ts  
o f Sb th e n  th e  geodesic ax iom s follow.

As to  c lass a) i t  is w ell know n  th a t  th e  ho lonom y g roup  y>x is su b g ro u p  
o f th e  hom ogeneous L o ren tz  group  fo r a n  E in s te in  m an ifo ld  and  th e  L ie -a l­
geb ra  o f tpx, w h ich  defines loca l in v a rian ce  in  th e  ta n g e n t space T x, is sp a n n e d
[13] b y  th e  д-dom ains o f th e  c u rv a tu re  te n so r  and  its  c o v a ria n t d e r iv a tiv e s

p*qßRZß*,qmVoP°‘qßRSßb ■ ■ (<f Ув) " р а qßRlßx , (5)

w here  th e  a rb i t r a ry  v ec to rs  p,q  an d  th e  c u rv a tu re  te n so r  R  and  its  c o v a r ia n t 
d e riv a tiv e s  a re  to  he  u n d e rs to o d  a t  x.

I t  is seen  from  expression  (5) t h a t  ipx is red u ced  to  th e  id e n tity  fo r  a 
f la t  m an ifo ld . W e h av e  on th e  o th e r  h a n d  th e  im p o r ta n t th e o re m  of B eiglböch
[14] , w h ich  say s  th a t  th e  L ie -a lgeb ra  o f ipx is alw ays six -d im en sio n a l fo r a n o n ­
v acu u m  E in s te in  m an ifo ld . T herefo re  th e  re s tr ic te d  L o re n tz  group  L\_ (fo r 
inversions see [10] an d  also th e  fo o tn o te  o n  p. 262) can  be  in te rp re te d  as a loca l 
p ro p e r ty  o f  a n o n -v acu u m  E in s te in  m an ifo ld . H ow ever, th e  local in v a ria n c e  
g roup  ipx( M n) is a lw ays hom ogeneous fo r  an  E in s te in  m an ifo ld . T his fo llow s 
from  th e  fa c t  t h a t  th e  hg  asso c ia ted  w ith  a sy m m etric  connec tion  is h o m o ­
geneous. T h is  is an  u n p le a sa n t fe a tu re  o f  local in v a ria n c e  since tr a n s la t io n  
in v a rian ce  h a s  deep p h y s ica l consequences an d  th e re  is th ere fo re  in te re s t  in  
m ore g en era l spaces for w h ich  th e  hg  is non-hom ogeneous.

M aybe th e  s im p lest su ch  g en e ra liza tio n  is in  w hich  th e  C histoffel sy m bo ls 
a re  rep laced  b y  a n o n -sy m m etric  co n n ec tio n  I ^ v. I t  is in d eed  well k n o w n  t h a t  
th e  hg  a sso c ia te d  w ith  su ch  a co n n ec tio n  is non-hom ogeneous and  th e  in f in i­
te s im a l tra n s la t io n s  a t  x  a re  g en era ted  b y  expressions o f  th e  form  ([13] p . 362)

- T l d p \  (6)

w here d f ?v is an  in fin ite s im a l face t a t  x  a n d  T*,, =  I 'ßv -— {![,,} is th e  to rs io n  
ten so r.

C onsider now  th e  se t B '  (Section  2) o f  in v a rian ce  tra n sfo rm a tio n s  d e fin ed  
b y  p a ra lle l d isp lacem en t asso c ia ted  w ith  th is  new  connec tion . B '  is a g a in  a 
B ra n d t g ro u p o id  and  th e  d ecom position  o f  Section  3 also  holds. In  th is  w ay  
th e  P o in c a ré  g roup  m ig h t b e  o b ta in ed , j u s t  as L;r_ h a s  b een  in  th e  case o f  an  
E in s te in  m an ifo ld , as th e  h g  o f th is  genera lized  space.

S u p p o se  now  th a t  th e  P o in ca re  g ro u p  is a local in v a rian ce  group . T h e n  
if  our in v a ria n c e  p rin c ip le , i.e. in v a r ia n c e  u n d er th e  B ra n d t g ro u p o id , is 
v a lid , th e n  in v a ria n c e , in  m easu rem en ts  o f  class b ), u n d e r  S'b m u st also h o ld  
as can  be  seen  from  th e  d eco m position  (4). B u t th is  is ju s t  th e  in te rp re ta t io n  
o f Szekeres o f th e  anom alo u s freq u en cy  sh if t found  b y  Sadeh et al.
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Clearly, the measurements of Sadeh  et al. belong to class b) and what 
Szekeres calculates is just the contribution to parallel displacement of the 
non-symmetric part of the connection when Sj, is constructed from geodesics.

W e do n o t w a n t h e re  to  a rg u e  a b o u t th e  p h y sica l in te rp re ta t io n  of th e  
to rsion  te n so r, only w a n t to  p o in t o u t  th a t ,  if  th e  P o in ca re  g ro u p  is to  be 
in te rp re te d  as a local in v a rian ce  g ro u p  in  a cu rved  sp ace , th e n  a n o n -v an ish in g  
to rs io n  te n so r  m ust be invo lved .

5 . D iscussion

R ecen t cosm ological o b se rv a tio n s  seem  to  co n firm  th a t  p h y s ica l space- 
tim e is cu rv ed . The L o re n tz , or th e  P o in ca re  g roup  c a n n o t th en  be in te rp re te d  
as th e  m o tio n  group o f t h a t  space. I n  a cu rv ed  space we h av e  only loca l in e rtia l 
system s an d  in  th is  case  th e  co n sid e ra tio n s of th is , a n d  prev ious p a p e rs  (see 
th e  In tro d u c tio n )  are  re le v a n t. W e w a n t here  to  em phasise  t h a t  o u r basic  
a ssu m p tio n  is th a t  th e se  local sy stem s are  still p h y s ic a lly  e q u iv a len t. A t th e  
basis of th is  assu m p tio n  is rea lly  th e  E ö tv ö s  e x p e rim en t. T he choice of th e  
connection , w hich defines th e  in v a ria n c e  tra n sfo rm a tio n s  co n n ec tin g  these  
sy stem s, is a m a tte r  o f ex p erim en t.

O nce, how ever, a p a r tic u la r  co n n ec tio n  is se lec ted  th e n  th e  s t ru c tu re  of, 
fo r ex am p le , th e  local in v a rian ce  g ro u p  is d e te rm in ed . I n  p a r tic u la r  th e  a rg u ­
m en t p re se n te d  here su g g ests  th a t  e i th e r  general re la t iv i ty  holds a n d  th e n  th e  
local in v a ria n c e  group is on ly  th e  hom ogeneous L o re n tz  g roup  in  each  ta n g e n t 
space, or th e  P o incare  g ro u p  is good a n d  th e n  th e  u n d e rly in g  sp ace -tim e  m an i­
fo ld  has n o n -v an ish in g  to rs io n .

In  conclusion  i t  m u s t  be em p h asized  th a t  o u r fu ll in v a rian ce  p rinc ip le  
js defined  n o t  b y  a g ro u p  b u t  a B ra n d t g roupo id  w h ich  is a m ore gen era l ob jec t.
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ИНВАРИАНТНОСТЬ ПУАНКАРЕ СОВМЕСТИМА С ОБЩЕЙ ТЕОРИЕЙ
ОТНОСИТЕЛЬНОСТИ?

М. ШЮВЕГЕШ 

Р е з ю м е
Предварительно показали, что определен инвариантный принцип в искривленном 

пространстве инвариантностью по отношению группоиде Брандта, состоящего из элемен­
тов, данных параллельными смещениями по всем возможным кривым в пространстве 
времени. Доказывается, что группоид Брандта может содержать группу Пуанкаре как 
локальную группу в каждом тангенциальном пространстве, но в этом случае простран­
ство-время должно иметь неисчсзающую крутизну Такое условие может быть применено 
и современными измерениями Саде и др. С другой стороны, в случае одного множества 
Эйнштейна группоид Брандта содержит только однородную группу Лоренца.
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SMALL AMPLITUDE WAVES AND WEAK 
DISCONTINUITIES IN THE RELATIVISTIC 
HYDRODYNAMICS OF AN IDEAL FLUID*

By

I.  Abo nyi

IN ST IT U T E  OF TH EO R ET IC A L PHYSICS, R O LA N D  EÖTVÖS U N IV E R SIT Y , BUDAPEST

(Received 7. I I . 1969)

W aves of small am plitude and the propagation  of the surfaces o f weak d iscontinuity  
(jum ping derivatives) are studied in relativistic flu id  dynamics. I t  is shown th a t in analogy 
w ith classical flu id  dynamics, sm all am plitude w aves and weak discontinuities have sim ilar 
character. B o th  small am plitude waves, and surfaces of weak discontinu ity  are p ropagated  
w ith the velocity  of sound, which, however, con tains a relativistic correction.

1 . Introduction — B asic assumptions

In  th is  p a p e r we consider a re la tiv is tic  ideal flu id . T h e  eq u a tio n  o f  s ta te  
of a sim ple one com ponen t flu id  can h e  w r it te n  in  th e  fo rm

ß° =  p° (p ,  s ) ,  (1)

w here is m ass of th e  flu id  in  u n it co -m ov ing  volum e, p  is th e  p ressu re , s is 
th e  e n tro p y  o f th e  flu id  in  u n i t  co-m oving  volum e.

I t  is req u ired  th a t  th e  eq u a tio n  o f  s ta te  should  b e  v a lid  follow ing th e  
m o tion  of th e  vo lum e e lem en t

/ QuP I 3uP ^
млэ /.-/“° =  ------- uk dkp  +  \------- Uk Qk s .  (2)

l 9p  L  I 3s ) p

H ere  uk s ta n d s  fo r th e  fo u r v e c to r  v e lo c ity  o f th e  flu id  a n d  dk denotes th e  fo u r 
v ec to r  g ra d ie n t. (S u m m atio n  co n v en tio n  is u n d ers to o d  fo r  doub ly  o ccu rrin g  
L a tin  ind ices, w ith  =  ic .)

As is w ell know n, th e  en e rg y -m o m en tu m  ten so r T ik o f an  ideal f lu id  
has th e  form

T ik =  (e +  p )  u, uk - f  pôik , (3)
cz

* D edicated to Prof. P . G ombás on his 60th  b irthday .
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w here  e is th e  energy  o f th e  f lu id  in  u n it  co -m oving  v o lu m e. W e m ay  d efine  
th e  m ass d e n s ity

И =  “7  (£ +  P) (4)
cr

th e  m ass e q u iv a le n t of all energies in  a u n i t  co-m oving v o lu m e. This, c lea rly , 
d iffers from  /i° , since e m a y  be  decom posed  to  give

~  =  ^  +  " V  ^  £° ’ (5)c* cl

w here  p° s ta n d s  for th e  r e s t  m ass d e n s ity , w hile £° is th e  specific in te rn a l  
en erg y  o f th e  f lu id .

So we s h a l l  w rite

/* =  /? 1 + +
jU°C2

/1° V =  /Л0 1 + ' IV (6 )

w here  th e  sy m b o l v is th e  so called  “ in d e x ”  o f  th e  flu id , a n d  w s tan d s  fo r th e  
specific e n th a lp y .

T h en , th e  energy  m o m e n tu m  te n so r is

T ik =  Ц0 vut uk +  ôik p ,  (7)

a n d  th e  e q u a tio n s  of m o tio n  o f th e  flu id  a re

dk T ik =  o. (8)

W e h a v e  to  a ssu re  th e  in te rp re ta t io n  o f u, as a v e lo c ity  fou r v e c to r  
th ere fo re

Uk uk =  — c2 (9)

an d  th e  c o n se rv a tio n  of th e  n u m b er o f p a rtic le s

9 , ( ^ V , )  =  0 .  (10)

F ro m  eq u a tio n s  (8), (9) an d  (10) i t  is easy  to  ded u ce  b y  m eans o f  th e  
th e rm o d y n a m ic  re la tio n

dw  — -d p  — T d s ,  (11)
f*°

th a t  th e  m o tio n  of th e  f lu id  is isen tro p ic , n am ely

uk Qk s =  0 .  (12)
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So th e  eq u a tio n  o f s ta te  (2) tak es  th e  s im p le r  barotropic fo rm : p° =  p°(p),  i.e .:

w here
Щ Qk p° — a2 uk dkp  =  0 , (13)

T hen  th e  basic eq u a tio n s  of th e  sim p le  one-co m p o n en t re la tiv is tic  flu id
are :

P° uk d k (vUj) +  0, P  =  0 
3* (p° u k) =  0 
uk uk =  — c2 
uk 3k P° — a2 uk 8k p  =  0

(14)

T here  are  seven  eq u a tio n s fo r seven  v a ria b le s  (uk, p , p° a n d  u). W e stre ss  th a t  
p, /Iй a n d *  a re  in v a r ia n t scalars w ith  re sp e c t to  L o re n tz -tran s fo rm a tio n s .

In  th is  tre a tm e n t th e  flu id  is assu m ed  to  have an  in f in ite  e x te n t to  av o id , 
fo r th e  tim e  being , b o u n d a ry  cond itio n  prob lem s.

2 . Sm all am p litu d e  waves

I t  can  be seen t h a t  th e  basic  e q u a tio n s  (14) a re  so lved  b y  th e  sy stem  
of v ariab les

uk
P

V

c o n s ta n ts  in  space an d  tim e ,

if  uk is chosen so as to  obey  (9). W e th e n  superpose sm a ll p e r tu rb a tio n s  of 
th e  form

ôuk ' àuk
ôp ôp
ôp0 ô/in
ôv ôv

(15)

w here th e  am p litu d es (ôuk, èp, ôp°, èv) a re  sm all q u a n tit ie s  o f th e  f ir s t  o rd e r, 
an d  any  te rm  co n ta in in g  a t  least tw o  f ir s t  o rd e r fac to rs w ill be o m itted . T h en  
th e  eq u a tio n s of m o tio n  w ill be

p° uk Qk (vôuk -)- U/ ôv) +  9,- ôp — 0 , 

дк (р° ô ик + u k ôp°) =  0 ,

(ик +  дйк) (ик +  дй к) =  — с2 , 

ик дк ôр° — а2 ик дк ô p  =  0 .
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I n  such a w ay  w e arrive  a t  a  s e t  o f lin e a r  a lgeb ra ic  e q u a tio n s , nam ely :

U j  [A° L ô v  +  p °  V  L  ô U j  -f- k j  ôp =  0 , 
L ôp° +  p° k r ô ur =  0 , 
ur ô ur =  0,
L ôp°  — a 2L ô p  =  0 .

(16)

H ere  L =  urk r. T h e  ex is ten ce  o f a n o n tr iv ia l  so lu tion  fo r  th e  a m p litu d es  
(ôuit, ôp, ôp,0, ôv) is g u a ra n te e d  b y  th e  v a n ish in g  of th e  d e te rm in a n t

pP Lv 0 0 0 p° L u 3 0 к i
0 p° Lv 0 0 p° L u2 0 k 2
0 0 p° Lv 0 p° Lu3. 0 k3
0 0 0 p° Lv p °L u i 0 К

p° p ° k 2 p° k 3 p° к, 0 L 0
Ml Щ u 3 м4 0 0 0
0 0 0 0 0 L — a2L

T his re q u ire m e n t gives

D =  p05 vi  L 4 |L 2 (a2 c2v — 1) — c2 kr k r} =  0 , (18)

w hich is a re la t io n  b e tw een  k r an d  th e  p ro p e rtie s  of th e  f lu id . T herefo re , i t  
can  be en v isag ed  as th e  d isp ers io n  re la tio n  o f sm all a m p litu d e  w aves. T h e  
sy stem  (15) c a n  be a w ave so lu tio n  to  th e  linearized  b a s ic  equ a tio n s (14) if  
a n d  only  if  k r is chosen so as to  sa tisfy  (18).

T h ere  a re  tw o  p o ssib ilities . The f i r s t  w here  L  ^  0, is

L 2 =  (1 — a2 c2 v)~1 c2 k r kr ,

i.e.
(ur k r)2 (a2 c2 V  — 1) — c2 k r kr — 0 (19)

w hich, fo r  th e  co-m oving sy s te m  of re fe ren ce , w here

gives

ur (0 , 0 , 0 , ic} , k r = k%, k^,

V 2 (20)
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fo r th e  sq u are  o f th e  p h ase  v e lo c ity  V  of th e  w av e  w ith  r e s p e c t to  th e  f lu id . 
Since a is th e  rec ip rocal o f th e  c lassical v e lo c ity  o f sound cs, w e have

V 2 =  cs 1 +
pP c2 /1° c2

( 21 )

T his co rresponds to  th e  sound  w av e  in  th e  c lassical lim it.
T he o th e r p o ssib ility  is th a t

L  =  0

w hich m eans t h a t  in  th e  co-m oving  fram e со — 0, there fo re

V* =  —  =  0 ;  (22)
к

th is  p e r tu rb a tio n  does n o t  p ro p a g a te  w ith  re sp e c t to  th e  f lu id . 
In  th e  f irs t  case equ a tio n s (16) yield

kr ôur =  — —— ôp°, ôiij — — ——-----ífc, +  —  и,- j ô/л° ,
L  /J° vL  [ с2 I

öv =  (/il0 c2 a 2)-1  ô/i°, dp =  a ~2 ô/i° ,
(23a)

th e  am p litu d es of th e  lo n g itu d in a l v e lo c ity  p e r tu rb a tio n , th e  “ index”  an d  
p ressu re  p e r tu rb a tio n s  can  be given in  te rm s o f  th e  d en sity  p e r tu rb a tio n  ô/i°. 
T herefo re  ôp° m u s t be d iffe ren t from  zero , o th erw ise  th is  ty p e  o f  sm all a m p litu d e  
w ave c an n o t ex ist.

In  th e  second case, because  L  — 0, a f te r  som e m an ip u la tio n s  we o b ta in  
from  (16)

kr ôur =  0 , дщ =  0 , 
ôp =  0, 
ôv =  0 ,
ô/i° =  a r b i t r a r y .

(23b)

B ecause o f  (22), we m a y  realize th is  p e r tu rb a tio n  as a s tra t if ic a t io n  in  th e  
f lu id  w hich is im m obile w ith  re sp ec t to  th e  f lu id , and  since now  <5/t° is th e  
o n ly  v a riab le  o f th e  e n tro p y , th e  s tr a tif ic a tio n  causes an  im m o b ile  v a r ia tio n  
of e n tro p y  w hich does n o t  p ro p a g a te  w ith  re sp e c t to  th e  flu id  (e n tro p y  w ave). 
A nd  since th e  flu id  is an  id ea l one, th is  s tra t if ic a t io n  of e n tro p y  can  m ove o n ly  
to g e th e r  w ith  th e  flu id .

18 Acta Physica Academiae Scientiarum Hungaricae 27, 1969



2 7 4 I. A BO N Y I

3 . W eak d iscon tinu ities

W h en  th e  h y d ro d y n a m ic  q u a n titie s  (uk, p ,  /x°, v) them selves a re  c o n ti­
nuous, b u t  th e ir  d e riv a tiv e s  have ju m p s  along a su rface , we sp eak  o f  th a t  
surface as a  surface o f w e a k  d isco n tin u ity .

L e t u s  deno te  b y

f ( x v  x 2, x 3, дг4) =  0

th e  e q u a tio n  o f th e  su rface , across w h ich  th e  d e riv a tiv e s  o f  th e  h y d ro d y n am ic  
q u a n titie s  a re  n o t co n tin u o u s .

T h e  u n i t  no rm al to  th is  h y p e rsu rface  has th e  co m p o n en ts

( Q j Q r f ) 11*

an d  fo llow ing  [1, 2] we u se  V  =  cU  as th e  velocity  o f  th e  hy p ersu rface  along 
its  n o rm a l, w ith  th e  d e fin itio n

2SrsQrfQsf
L — L72 =  — l- -------------------,

2 v 0e/ 8- /1

w here grs is th e  four d im en sio n a l m e tric  te n so r, w hile aar is th e  th ree  d im ensional 
one. So

1V4 =
iU

[1 _  u 2] 1/*
(24)

I t  is o b v ious t a t  e in h th e r  th e  phase  v e lo c ity  of sm all am p litu d e  w av es, nor 
th e  v e lo c ity  o f th is  su rfa c e  is a c o v a r ia n t notion .

B y  defin ition , th e  d isco n tin u itie s  along th e  su rfa c e  in q u es tio n  of th e  
h y d ro d y n a m ic a l q u a n t i ty  F  can be w r it te n  in th e  fo rm

[ds F] =  N s ÔF,

w here th e  difference

[9S F ]  =  Hm 0s F  — lim  ds F

invo lves th e  lim its ta k e n  on th e  d iffe re n t sides of th e  h y p ersu rfaces , an d  ÔF 
re p re se n ts  th e  ju m p  o f QSF.
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E ffec ting  th e  lim itin g  processes we o b ta in  fro m  th e  basic  eq u a tio n s:

p °  Uj Aô V -j- p° V Aô Uj -j- N j Ôp =  0 
/(° N k ô uk -j- Aô/u° =  0 
uk ô u k =  0 
Aôp°  — a2 A ô  p  =  О

(25)

w here
A  =  uk N k .

T he (25) is a hom ogeneous l in e a r  system  o f sev en  a lgebra ic  equ a tio n s 
fo r seven  unknow ns, th e  cond ition  o f  th e  ex istence  o f  a n o n tr iv ia l so lu tio n  is 
th a t  th e  d e te rm in an t

p° Av 0 0 0 p° A u x 0 N ,
0 p° Av 0 0 p °  A u 2 0 n 2
0 0 /л° Av 0 p° A u 3 0
0 0 0 p °A v p ° A u i 0

p° n .2 P °N 3 P ° N , 0 A 0

ui u2 us u \ 0 0 0
0 0 0 0 0 A - a 2 A

w hich has th e  sam e s tru c tu re  as (17). This re q u ire m e n t gives 

A =  /г05 v4 A 4 {A 2 (a2 с2 V — 1 ) - c2 N r N r} =  0 .

T here  are  tw o  possib ilities again. F i r s t  le t us ta k e  A  0, th e n

A 2 =  e2 ( 1 - a2 c2 v)

an d  we o b ta in  in  th e  co -m oving  sy s tem  

U2 — 1 p*

P
1 +  —  +  - ^ -  

/л° c2 p° e2

s ta t in g  th a t  th is  ty p e  of th e  surface o f  w eak  d isc o n tin u ity  p ro p ag a te s  w ith  th e  
v e lo c ity  of sound. In  th is  case th e  ju m p s  are  co nnec ted  b y  th e  re la tio n s  (23a).

In  th e  second case /1 =  0, w hich  in  th e  co -m oving  fram e  m eans t h a t  th e  
su rface  does n o t p ro p a g a te  w ith  re sp e c t to  th e  flu id , th e  ju m p s a re  th e n  con­
n ec ted  b y  th e  re la tions (23b).
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4 . C onclusions

W e h av e  sh o w n  th a t  th e  v e lo c ity  of p ro p a g a tio n  o f sm all am p litu d e  
w aves is m odified  in  th e  re la tiv is tic  case b y  th e  presence  of a  fa c to r

1 +
[Л0  c2 jM0 c2

- 1/2

T his m ean s th a t  i f  th e  specific in te rn a l  energy  a n d  th e  p ressu re  o f  th e  system  
is co m p arab le  to  its  r e s t  energy  d e n s ity , th e  co rrec tiv e  fac to r  m a y  h e  im p o rta n t. 
T h e  w ell know n m o d ifica tio n  o f so u n d  v e lo c ity  [3] because o f th e  ex trem e 
re la tiv is tic  eq u a tio n  o f  s ta te

P

w h ere  e m eans th e  to ta l  en erg y  d e n s ity  of th e  sy s tem  m akes i ts  im p o rta n t 
c o n tr ib u tio n  p a r tic u la r ly  to  cs, a n d  n o t to  th e  co rrec tin g  fac to r .

F in a lly  we h a v e  show n t h a t ,  as in  classical h y d ro d y n a m ic s , th e  surfaces 
o f  w eak  d isc o n tin u ity  p ro p a g a te  w ith  th e  sam e v e lo c ity  as do sm a ll am p litu d e  
w av es, an d  can  be  classified  in  a n  analogous m a n n e r .
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ВОЛНЫ НЕБОЛЬШ ИХ АМПЛИТУД И СЛАБЫЕ РАЗРЫ В Ы  
В РЕЛЯТИВИСТИЧЕСКОЙ ГИДРОДИНАМИКЕ ИДЕАЛЬНОЙ ЖИДКОСТИ

И. АБОНИ

Р е з ю м е
Изучаются волны небольших амплитуд и распространение поверхностей слабого раз­

рыва (скачок производных) в релятивистской динамике жидкости Показывается, что в 
аналоге с классической динамикой жидкости волны небольшой амплитуды и слабые 
разрывы имеют подобный характер. Как волны небольшой амплитуды, так и поверхности 
слабого разрыва распространяются со скоростью звука, которая, однако, содержит реля­
тивистическую поправку,
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STUDY OF F-CENTRES STABLE AT ROOM 
TEMPERATURE IN NaCl(Ca) CRYSTALS*

B y

R . V osZ K A  and A .  WATTEBICH

CRYSTAL PHYSICS RESEA R C H  LABORATORY O F T H E  HUNGARIAN ACADEM Y OF S C IEN C ES,
B U D A PEST

(R eceived  7. I I .  1969)

Follow ing  X -irrad ia tio n  o f O H -free N aC l(C a) c ry s ta ls  a t  ro o m  te m p e ra tu re , th e  a u th o rs  
observed  new  abso rp tio n  b an d s  a t  360, 336 a n d  193 n m  w av elen g th s , in add ition  to  th e  F 2 
b an d  ap p ea rin g  in pu re  c ry s ta ls  a t  223 nm . T h ese  new  bands w ere assigned  to  Vp ,  V ^  a n d  
V£* c en tres , respec tive ly .

T he M  su p e rsc rip t re fe rs  to th e  p resence  o f th e  d iv a len t m e ta l im p u rity , th u s  d is t in ­
guishing th e  cen tres from  sim ila r cen tres in th e  p u re  c ry sta l. In  th e  case o f X - ir ra d ia tio n  a t  
— 80°C a new  b a n d  was o bserved  a t  330 n m  show n  to  be due to  Vp cen tres . The m odels o f  th e  
ap p earin g  cen tres  a re  w ell-know n, ex cep t in  th e  case  o f  V^1 cen tres fo r  w hich  th e  a u th o rs  p ro ­
pose a m odel.

I . In tro d u c tio n

In  p rev ious p ap e rs  we in v e s tig a te d  th e  F -ty p e  cen tres  c re a te d  b y  
X -irra d ia tio n  in  th e  KCl(Ca) sy stem  a n d  th e ir  conversion  [1, 2]. T he re su lts  
o b ta in ed  in  th is  sy stem  w ere c o m p a ra tiv e ly  sim ple an d  c lea r-cu t since  h e re  
only  one F -ty p e  cen tre  w hich can  be considered  s tab le  ap p ears  a t  R T , i.e. 
th e  F 2 cen tre  c rea ted  b y  th e  a sso c ia tio n  o f  VF cen tres. R u t in  th e  case  of 
N aCl(Ca), also accord ing  to  our p rev io u s  in v es tig a tio n s , w e are co n fro n te d  
w ith  a m ore  co m plica ted  s itu a tio n . W e h a d  show n e.g. th e  ap p earan ce  o f  VF 
cen tres s ta b le  a t  R T  [3], an d  th e  N aC l(C a) system  also ex h ib its  a d iffe re n t 
b eh av io u r concern ing  ionic co n d u c tio n , since its  c o n d u c tiv ity , c o n tra ry  to  
th e  KCl(Ca) system , is decreased  b y  ir ra d ia t io n  [4].

T h e  p a p e r  gives fu r th e r  d a ta  co n cern in g  th e  F - ty p e  cen tres s ta b le  a t  
R T  a p p ea rin g  in  th e  O H -free  NaCl(Ca) sy s tem .

I I . E x p e rim en ta l m ethod

T he c ry s ta ls  w ere grow n free from  O H  b y  a m ethod  w h ich  we d ev e lo p ed  
[5] from  s ta r t in g  m a te r ia l pu rified  in  o u r  la b o ra to ry  [6]. 0.1 M ole%  C aC l2 
w as added  to  th e  m e lt; th e n  to  red u ce  th e  co n cen tra tio n  o f  o th e r  im p u ritie s  
i t  w as zone-refined  sev era l tim es. D u rin g  zone-m elting  th e  Ca c o n c e n tra tio n

* D e d ica ted  to  P ro f. P . G o m b ä s  on  h is 6 0 th  b ir th d a y .
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d id  n o t change con sid erab ly  since  th e  d is tr ib u tio n  coefficien t o f Ca in  N aC l is 
a p p ro x im a te ly  1. A t th e  f in a l zone-m elting  a single c ry s ta l w as grow n a t  a 
sp eed  of 3 m m /h o u r . In  o u r ex p erim en ts  w e h a v e  used th e  low er 2/3 p a r t  o f 
th e  cy lin d rica l c ry s ta l  block o f  200 m m  le n g th  and  40 m m  d iam eter. In  th e  
m idd le  o f th e  p a r t  used th e  Ca c o n c e n tra tio n , d e te rm in ed  a fte rw ard s, w as 
fo u n d  to  be 8 X 1 0~ 4 M ole/M ole.

In  som e o f  ou r ex p e rim en ts  th e  O H -free  crysta ls  w ere su b m itte d  to  
su b se q u e n t a n n e a lin g , co n sis tin g  o f keep ing  th e m  in a fu rn a c e  a t  350°C in 
a ir  fo r ~  10 m in , th e n  cooling  to  R T  in a few  m inu tes.

W e c a rr ie d  o u t ex p e rim en ts  on c ry s ta ls  air-grow n b y  th e  K yropou los 
m e th o d  from  re a g e n t grade m a te r ia l  som e m o n th s  earlier. I n  these  cases th e  
su b se q u e n tly  d e te rm in ed  Ca c o n c e n tra tio n  w as 3 X 10 3 Mole/Mole.

T he sp ec im en s for a b so rp tio n  m easu rem en ts  w ere c leaved  to  h a v e  a 
su rface  o f 10 X 20 m m 2 an d  a th ickness o f 0 .4 — 5.0 m m . T h e  m easu rem en ts  
w ere m ade w ith  a U N IC A M  S P — 700 sp e c tro p h o to m e te r , p lac ing  a m e ta l 
c ry o s ta t  in  one  o f  its  lig h tb e a m s w hen n ecessa ry . X -ir ra d ia tio n  was c a rr ie d  
o u t  w ith  a T H X — 250 d e e p th e ra p y  a p p a ra tu s  a t  200 kV, 20 m A  using  a 3.5 m m  
A1 filte r. In  th e se  cond itions th e  dose ra te  w as ab o u t 2500 R /m in . The focussed  
lig h t of a tu n g s te n  lam p w as u sed  (0.1 W /cm 2) to  illu m in a te  th e  crysta ls .

I l l . E x p erim en ta l resu lts

I I I .  1. I n  F igs. 1 a n d  2 th e  a b so rp tio n  sp ec tra  o f  NaCl(Ca) c ry s ta ls  
g row n O H -free  an d  X -ir ra d ia te d  a t  R T  a re  show n for in c reasin g  doses. F ro m  
th e  d iffe rence-cu rves th e  fo llow ing  fac ts  c a n  b e  estab lish ed . In  th e  b eg in n in g  
of c o lo u ra tio n  ( irrad ia tio n  tim e  less th a n  ~  1 m in , Fig. 1) a w ell-defined  m a x i­
m um  in  th e  U V  region a p p e a rs  only  a t  336 n m  grow ing n e a r ly  p ro p o rtio n a lly  
w ith  th e  F  b a n d . W ith  in c rea s in g  dose th e  m ax im um  a t  336 nm  ap p ro ach es  
s a tu ra tio n  a n d  a new  b a n d  w ith  a m a x im u m  a t  193 n m  begins to  d ev e lo p  
(curves b a n d  c o f Fig. 2). T h e  193 nm  b a n d  lies n ear to  th e  lim it of th e  m e a s u r ­
ing  ran g e  o f  th e  SP — 700. T herefo re , i ts  p o sition  w as de te rm in ed  w ith  a 
v acu u m  m o n o c h ro m a to r as w ell. In  F ig . 3 i t  can  be seen  th a t  th e  193 n m  
b a n d  is su p e rp o se d  on th e  ta i l  of th e  s te e p ly  rising  ß b a n d .

I I I .  2. C urve  a o f F ig . 4 shows th e  a b so rp tio n  sp e c tru m  of a c ry s ta l  X - 
ir ra d ia te d  a t  R T , ex h ib itin g  th e  336 a n d  193 nm  b a n d s  in  th e  UV reg io n . 
C urve b w as o b ta in e d  a f te r  w arm in g  th e  c ry s ta l  to  80 °C. U n d e r th e  e ffec t o f 
th e  few  m in u te s  w arm ing  th e  F '  b a n d  d isap p ears  as ex p ec ted  and  a s lig h t 
decrease o f  th e  F  b an d  ta k e s  p lace. In  th e  course of th is  process th e  336 n m  
b a n d  becom es decom posed a n d  th e  193 n m  b an d  increases. A fte rw ard s, th e  
c ry s ta l w as illu m in a ted  w ith  w hite  lig h t a n d  its  a b so rp tio n  sp ec tru m  ta k e n  
a f te r  illu m in a tio n  is show n b y  curve c. T h e  changes in  th e  F  b an d  can  be
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Fig. 1. A bsorption spectra  of OH-free NaCl(Ca). X -irrad ia tion  and m easurem ent a t RT. 
Irrad ia tio n  times: a) 10 sec b) 30 sec c) 60 sec d) 150 sec

Fig. 2. A bsorption spectra of OH-free NaCl(Ca). X -irrad ia tion  and m easurem ent at RT" 
Irrad ia tion  times: a) 2 min b) 5 m in  c) 10 min

exp la ined  b y  b leach ing  an d  by  F  —* Z 1 conversion . F u rth e r , th e  illu m ina tion  
causes a decrease in  th e  193 nm  b a n d  an d  an  in c rea se  in  th e  336 n m  band .

I I I .  3. C urve a o f F ig . 5 w as o b ta in ed  on  a c ry s ta l grow n O H -free an d  
X -ir ra d ia te d  a t  — 80 °C (30 m in). B esid e  th e  F  b a n d  (and F') a w ell-expressed  
m ax im um  can  be seen o n ly  a t 333 n m . W arm in g  to  R T  changes th e  spec trum . 
C urve b w as o b ta in ed  a f te r  w arm in g  fo r a few  m in u te s  and  cu rv e  c a fte r 40 
m in u tes . A  decrease ta k e s  place f i r s t  in  th e  F  b a n d  m axim um  a n d  m ain ly  in  
th e  v ic in ity  of 330 nm . T he m ax im u m  o f th e  re m a in in g  b an d  lies a t  336 nm ,
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Fig. 3. A bsorption  spectrum  of OH-free NaCl(Ca) in the vacuum  UV region. X -irradiation  
(30 min) a t R T, m easurem ent a t  LINT

Fig. 4. A bsorption spectra  o f OH-free NaCl(Ca). X -irrad ia tion  and m easurem ent a t RT. 
a)im m ediately  after 2 m in X -irradiation , b) a f te r  a short w arm ing to  80 °C, c) a fte r subsequent

illum ination w ith  white lig h t

t h a t  is , a t  th e  w a v e le n g th  w here a m ax im um  also  appears in  c ry s ta ls  X - 
ir r a d ia te d  a t  R T . K eep in g  th e  c ry s ta l  a t  RT fo r 40 m inutes causes th e  F '  
b a n d  to  d isap p ear a n d  th e  336 n m  b a n d  to  dec rease . This p h en o m en o n  is 
s im ila r to  th e  p rev io u s one observed  in  crysta ls  X - ir ra d ia te d  a t R T  a n d  w arm ed
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Fig. 5. A bsorption spectra of OH-free NaCl(Ca). X -irradiation  a t  —80 °C (30 m in.), m easure­
m ent a t LAT. a) im m ediately after X -irrad iation , b) after a short w arm ing to  R T , c) after

40 m in a t RT

to  80 °C. T he on ly  d ifference is t h a t  th e  process ta k e s  p lace fa s te r  a t  80 °€  
an d  a f te r  th e  d isap p earan ce  o f  th e  F '  b a n d  th e  conversion  o f th e  336 n m  b an d  
in to  th e  193 nm  h a n d  can  also be p la in ly  observed.

I I I .  4. In  Fig. 6 th e  ab so rp tio n  sp ec tru m  of a c ry s ta l  can  be  seen  w hich 
w as grow n O H -free, th e n  annea led  an d  X -irra d ia te d  a t  R T . E v a lu a tio n  o f  th e  
curves co rrespond ing  to  increasing  doses reveals t h a t  in  less colored  c ry s ta ls  
h an d s  a p p e a r a t  223 n m  an d  360 nm  a n d  th e  193 n m  b a n d  m en tio n ed  above 
grows considerab ly  o n ly  a t  h ig h er doses. W h e th e r th e  c ry s ta l  is k e p t fo r a few 
m in u te s  in  a ir  or in  a n  in e r t  a tm o sp h e re  du ring  an n ea lin g  does n o t a ffec t th e  
re su lt. I f  an  annea led  c ry s ta l  is X - ir ra d ia te d  a fte r  sev e ra l days of reco v e ry  its 
b e h a v io u r becom es s im ila r  to  th a t  o f an  u n an n ea led  c ry s ta l.

I I I .  5. F ig . 7 show s th e  a b so rp tio n  sp ec tra  of a N aCl(Ca) c ry s ta l  grow n 
in th e  tra d itio n a l w ay  a n d  X -irra d ia te d  a t  R T for d iffe re n t ir ra d ia tio n  doses. 
F irs t, a t  a b ro ad  m ax im u m , appears 350 n m , th e n  th e  193 n m  b a n d  becom es 
m ore an d  m ore p ro n o u n ced . A n analysis o f  th e  curves show s th a t  th e  m ax im u m  
a t  350 nm  consists o f th e  p rev io u sly  o bserved  336 nm  a n d  360 b an d s. A ccord ing  
to  o u r re su lt, o b ta in ed  here  too , th e  336 nm  b an d  decreases a t  R T  m ain ly  
to g e th e r  w ith  th e  F '  b a n d , an d  a fte r th e  d isap p earan ce  o f th e  la t te r  th e  de­
crease becom es slower.

I I I .  6. The p eak  po sitio n s an d  e s tim a te d  h a lf-w id th s  o f th e  5 o bserved  
b an d s  in  th e  UV reg ion  are  su m m arized  in  T able I .  W e shou ld  like to  p o in t 
o u t t h a t  th e  ex ac t d e te rm in a tio n  of p e a k  positions in  th e  300—400 n m  ran g e  
is im possib le  because o f  th e  o v erlap p in g  of th e  F  b a n d , th e  co m p ara tiv e ly  
sm all e x tin c tio n  c o n s ta n ts  an d  th e  g re a t h a lf-w id ths. T h e  e x a c t d a ta  o f th e  
193 nm  b a n d , superposed  on th e  ta il  o f th e  ß b an d  s im ila rly  can n o t b e  d e te r ­
m ined . T h e  d a ta  are g iv en  for LINT b u t  th e y  are n o t  s ig n ifican tly  d iffe ren t
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Fig. 6. A bsorption spectra  of OH-free grow n and annealed NaCl(Ca). X -irrad iation  andm easure- 
m ent a t RT. Irrad ia tion  tim es: a) 3 m in b) 6 m in c) 10 min d) 15 m in e) 25 min

Fig. 7. A bsorption spectra  of an  NaCl(Ca) crystal air-grow n by the Ityropoulos method. X  
irrad ia tion  an d  m easurem ent a t  R T. Irrad iation  tim es: a) 3 m in b) 6 m in c) 15 min

fro m  R T  d a ta  w h ich  can he e x p la in e d  b y  th e  m en tio n ed  in a c c u ra cy  and  b y  th e  
f a c t  th a t  th e y  ch an g e  only s lig h tly  w ith  te m p e ra tu re .

I I I .  7. B y  exam in ing  a n d  com paring  th e  ab so rp tio n  an d  E S R  sp e c tra  
th e  330 nm  b a n d  can  be assig n ed  to  th e  V™ cen tres  p ro p o sed  b y  H a y e s  an d  
N i c h o l s  [7] a n d  th e  360 n m  b a n d  to  th e  V P cen tres  p ro p o sed  b y  K ä n z i g  [8]. 
E S R  signals w ere  n o t o b se rv ed  in  connec tion  w ith  th e  o th e r  b an d s.

I I I .  8. T h e  b an d s e x h ib it  a m easu rab le  decrease a t  R T  due to  b leach ing  
o r  to  th e  co n v ersio n  of th e  co rresp o n d in g  cen tre s . F rom  th e  in itia l p a r t  of th e  
decrease w hich  can  be co n sid e red  to  be e x p o n en tia l we o b ta in e d  d a ta  on th e
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Table I

Band m axim um  
(nm

Half-w idth
feV) Life-time

193 l >  1200 h
223 l ~ 5  h

330 0.7 <  0.5 min
336 0.7 45 min
360 0.7 ~  22 h

m ean  life-tim e of th e  b an d s  a t  R T  (T able 1). T h e  v alue  given fo r  th e  336 nm  
b a n d  refers to  th e  process re la te d  to  th e  d isap p ea ran ce  of th e  F '  b an d . A fte r 
th e  d isap p earan ce  o f th e  F '  b a n d  th e  life -tim e  reaches 300 h o u rs . T he values 
o b ta in e d  for th e  330 and  360 n m  b an d s  agree w ith  those o b ta in e d  from  E S R  
sp e c tra , th a t  is, in  o u r c ry sta ls  th e  m ean  life -tim e  of Vp cen tre s  is ce rta in ly  
less th a n  0.5 m in an d  th a t  oí VF cen tres  is a b o u t 22 hours.

IV . D iscussion

IV . 1. We a t t r ib u te  all UV b an d s  to  E -ty p e  cen tres. In  con n ec tio n  w ith  
th is  we should  like to  show  th a t  n e ith e r  o f th e  b an d s  found  b e tw e e n  300 an d  
400 n m  is id en tica l w ith  th e  Z 3 b a n d  due  to  in te rs ti t ia l  C a + ions found  b y  
K . K o j i m a  in  a d d itiv e ly  co loured  NaCl(Ca) c ry s ta ls  [9]. O ur a rg u m en ts  are  
th e  follow ing:

a) T he m ax im u m  of th e  Z 3 b a n d  lies a t  402 nm  a t L N T  a n d  we did  n o t 
observe  such a m ax im u m .

b) W ere th e  Z 3 b an d  p re se n t, th e  Z 2 b a n d  shou ld  a p p e a r, to o . I ts  m a x i­
m um  is a t  474 nm  on L N T  an d  i t  w idens th e  F  b a n d  on th e  lo n g  w av eleng th  
side. W e did  n o t observe th is  e ith e r; t h a t  is , w e found  only  th e  F '  b an d  on 
th e  long w aveleng th  side of th e  F  b an d .

c) W e have show n th a t  th e  360 nm  b a n d , n ea re s t to  th e  Z 3 b a n d  is due 
to  Vp  cen tres an d  th e  330 nm  b a n d  m ay  be a t t r ib u te d  to  VK cen tres . As w as 
m en tio n ed  in I I I .  1 th e  336 n m  b a n d  grows to g e th e r  w ith  th e  F  b an d  in  th e  
in itia l s tage  of co lo u ra tio n , a n d  since in  th is  s ta g e  no o ther b a n d  is observab le , 
i t  can  be considered  to  be th e  E -ty p e  “ p a r tn e r”  of th e  F  b a n d .

d) I t  is w o rth  m en tio n in g  th a t  we did  n o t  observe Z 3 a n d  Z 2 b an d s even 
in  th e  KCl(Ca) sy s tem  [1], w here  th e  V  b an d s  do n o t overlap  th e  Z 3 b an d .

IV . 2. In  th e  follow ing we deal w ith  th e  m odels for th e  c en tre s  co rresp o n d ­
ing  to  th e  observed  b an d s. To s ta r t  w ith , th e  follow ing can b e  s ta te d :

a) In  th e  case of th e  rp p lie d  ir ra d ia tio n  doses th e  o b se rv ed  b an d s are  
due  to  cen tres c rea ted  m ain ly  b y  th e  con v ersio n  of defects a lre a d y  ex isting  in
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th e  unco lou red  c ry s ta l  (so-called f ir s t  s tag e  o f co lo u ra tio n ). A tom s o r ions in  
in te r s t i t ia l  po sitio n s a re  n o t  p re se n t fo r a n y  co n sid erab le  period.

b) Ow ing to  th e  presence  o f Ca + + ions in  th e  O H -free  u n an n ea led  c ry s ta ls  
th e  ca tio n  v a c a n c y  c o n c e n tra tio n  is m uch  h ig h er th a n  th e  anion v a c a n c y  con­
c e n tra tio n . Som e o f th e  C a ++ ions an d  th e  acco m p an y in g  ca tion  v acan c ies  are 
asso c ia ted  to  each  o th e r , an d  th e  o th e r  p a r t  is in  a d isso c ia ted  s ta te , a n d  in  th e  
p rocess o f co lour c e n tre  fo rm a tio n  i t  is m a in ly  th e  l a t t e r  w hich ta k e  p a r t  [10]. 
M ost an ion  v acan c ies  are  p re se n t a t  R T  in  v ac a n c y  p a irs .T h e  O H -free  grow n 
an d  an n ea led  c ry s ta l  d iffers from  th e  u n an n ea led  one in  h av in g  a g re a te r  
n u m b e r  of iso la ted  v acanc ies . T he in crease  in  th e  n u m b e r  of iso la ted  v acan c ies  
is in d ic a te d  b y  th e  h ig h e r ionic c o n d u c tiv ity  o f a n n e a le d  cry sta ls , exceed ing  
th e  c o n d u c tiv ity  o f u n a n n e a le d  c ry s ta ls  b y  a b o u t one  o rder of m a g n itu d e . 
I n  c ry s ta ls  grow n in  th e  tra d it io n a l  w ay  one p a r t  o f  th e  calcium  form s m o lecu la r 
b o n d s [11, 12, 13] a n d  in  th e  c o lo u ra tio n  i t  is m a in ly  th e  v acan cy  p a irs  w hich 
p la y  an  ac tiv e  p a r t .

c) W e d id  n o t  observe  V  b an d s  v a ry in g  s im u ltan eo u sly  p ro p o rtio n a lly  
w ith  each  o th e r. T h ere fo re , we assum e th e  d e tec ted  f iv e  bands to  b e  due to  
f iv e  d iffe ren t c en tre s .

d) T he cen tres  g iv ing  rise  to  th e  observed  b a n d s  co n ta in  only  one  or tw o 
holes tra p p e d  b y  tw o  or th re e  h a lid e  ions.

e) B ased  on  th e  re su lts  of H . N . H ersch  o b ta in e d  on so lu tions [14] we 
assu m e th a t  b a n d s  ap p ea rin g  in  th e  300—400 n m  reg ion  are d u e  to  tw o- 
ch lo rin e  m olecules or m olecule-ions, an d  b an d s  in  th e  v ic in ity  o f 200 n m  to  
th ree -ch lo rin e  ones.

IV . 3. T h e  V™ c en tre  g iv ing  rise  to  th e  330 n m  b a n d  and  th e  V p  cen tre  
re sponsib le  fo r th e  360 n m  one sa tis fy  th e  above co n d itio n s . T he Vp  c en tre  is 
a <100) o rien ted  CljT m olecule ion  s i tu a te d  in  a v a c a n c y  pair. I ts  “ p a r tn e r”  
is a n  F  cen tre . O n th e  fo rm a tio n  o f a Vp  cen tre  a n d  a n  F  cen tre  th e  n u m b e r 
o f  ca tio n  vacan c ies  in  th e  c ry s ta l decreases b y  one. T h e  VF c en tre  is also a 
CLT m olecule ion  b u t  s i tu a te d  in  tw o  an io n  an d  one  ca tio n  v a c a n c y  n ea rly  
<110) o rien ted . I t s  “ p a r tn e r”  is an  F  c en tre . On th e  fo rm a tio n  of a Vp  c en tre  
a n d  an  F  c en tre  th e  n u m b ers  of c a tio n  an d  an ion  v acancies b o th  decrease 
b y  one.

T h e  cen tre  g iv ing  rise  to  th e  336 n m  b a n d  is d iam ag n e tic  an d  w e assum e 
i t  to  co n ta in  a Cl2 m olecule. Such a cen tre  m ay  be  fo rm ed  from  th e  V p  cen tre  
b y  c a p tu rin g  a second  hole. In  th e  fo llow ing we d e n o te  i t  b y  Vf 1, w h ere  th e  
“ 1”  su b sc rip t refers to  th e  re la tio n sh ip  w ith  th e  V1 c en tre s  observed  in  som e 
p u re  c ry s ta ls , w h ich  are  s ta b le  on ly  a t  q u ite  low te m p e ra tu re s . In  o u r op in ion  
th e  Cl2 m olecule o f  th e  V™ c en tre  is s i tu a te d  in a  v a c a n c y  p a ir <100) o rien ted  
an d  locally  n e u tra l;  i t  is m ore s tab le  th a n  th e  V p  c e n tre . I ts  “ p a r tn e r s ”  are 
e ith e r  one F '  c e n tre  o r tw o  F  cen tres . O n th e  fo rm a tio n  o f a V f1 c e n tre  an d  an  
F '  c en tre , on ly  th e  n u m b e r o f ca tio n  vacancies decreases b y  one, a n d  on  th e
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fo rm a tio n  of a F J4 cen tre  an d  tw o  F  cen tres th e  n u m b er o f an ion  v acanc ies 
decreases, too .

B ased  on th e  ab o v e  resu lts  a n d  d ed u c tio n s, th e  processes show n in  F ig . 5 
can  b e  ex p la ined  in  th e  follow ing w ay . W hen  th e  c ry s ta l is k e p t  a t  R T  fo r a few  
m in u tes  (curve b) th e  u n stab le  Vp  cen tres  are  d e s tro y e d  b y  reco m b in a tio n  w ith  
F  cen tres . As a re su lt  o f fu r th e r  w arm in g  (cu rv e  c) th e  F '  cen tre s  are to ta l ly  
an n ih ila te d  th ro u g h  reco m b in a tio n  w ith  V™ cen tre s .

L e t us n o te  t h a t  th e  c re a tio n  o f Vp  an d  V™ cen tres acco m p an ied  b y  th e  
“ p a r tn e r”  F  cen tres  equ a lly  reduces th e  n u m b e r o f an ion  an d  c a tio n  v acancies . 
C om pare now  th e  fo rm a tio n  o f V F an d  F f 1 c en tre s  in  O H -free grow n an n ea led  
c ry s ta ls  an d  in  c ry s ta ls  a ir-g row n b y  th e  K y ro p o u lo s  m e th o d . T ho u g h  th e  
an ion  an d  ca tio n  v ac a n c y  co n cen tra tio n s  are  h ig h  in  b o th  ty p e s  o f c ry s ta ls , 
y e t in  th e  in itia l s ta g e  o f co lo u ra tio n  VF cen tres  a re  c rea ted  in  th e  fo rm er ty p e  
an d  Vi  cen tres in  th e  la tte r . I n  o u r op in ion  th e  d ifference is re la te d  to  th e  
fa c t t h a t  in  O H -free , an n ea led  c ry s ta ls  im m e d ia te ly  a fte r  an n ea lin g  m a in ly  
iso la ted  vacancies a re  p resen t w hile  in  a c ry s ta l grow n in  th e  tr a d itio n a l w ay  
th e  v acancies are  assoc ia ted  ones. I n  th e  f i r s t  case cond itions are  fav o u rab le  
for th e  fo rm atio n  o f  Vp  cen tres , a n d  in  th e  second  fo r th e  fo rm a tio n  o f V  
cen tre s . In  O H -free  u n an n ea led  c ry s ta ls , to o , th e re  are  a sso c ia ted  v acancies 
p re se n t, th e re fo re  F '/4 cen tres are  also  c rea ted  h e re  a t  th e  b eg in n in g  o f co lo u ra ­
tio n . B u t since th e  n u m b er o f asso c ia ted  p a irs  is c o m p a ra tiv e ly  sm all, th e  
c o n c e n tra tio n  of V\  cen tres q u ick ly  app roaches a s a tu ra tio n  v a lu e . Vp  cen tres  
a p p e a r  in  an  o b serv ab le  n u m b er o n ly  a t  h igh  doses, w hen  we a lre a d y  reach  th e  
second  stage  of co lo u ra tio n .

A ccep ting  th e  above fa c ts , th e  c o n c e n tra tio n  of v a c a n c y  p a irs  (an ion  
vacancies) in  th e  unco lo u red  c ry s ta ls  can  be e s tim a te d  in  th e  g iven  case from  
F ig . 1. N am ely , th is  is th e  co n c e n tra tio n  a t  th e  m o m en t w hen  th e  F f 1 cen tres  
a re  n e a r  th e ir  s a tu ra t io n  va lu e  (cu rv e  c)and  no  o th e r  F - ty p e  cen tres  a re  y e t  
p re se n t in  a d e te c ta b le  q u a n tity . C alcu la tion  g ives th e  c o n c e n tra tio n  o f  an ion  
vacan c ies  in  th e  g iv en  unco lou red  c ry s ta l to  b e  ap p ro x im a te ly  9 x l 0 15 c m -3 , 
i.e . 8 x l 0 ~ 7 M ole/M ole. This v a lu e  is h igh co m p ared  w ith  th e  R T  equ ilib riu m  
co n cen tra tio n . I t  is possible t h a t  th e  c o n c e n tra tio n  is in c reased  b y  frozen-in  
an io n  vacancies , b u t  n e ith e r  do w e exclude th e  p o ss ib ility  t h a t  an ion  vacancies 
are  b ro u g h t in to  th e  c ry s ta l b y  som e tra c e  im p u r ity . In  th e  case o f N aCl even  
th e  p u r i ty  of th e  s ta r t in g  m a te r ia l is ab o u t 8 x  1 0 -7 Mole/Mole.

T h e  cen tres g iv in g  rise to  th e  193 nm  a n d  223 nm  b an d s  a re  d iam ag n e tic  
an d  in  ou r op in ion  th e y  co n ta in  ClJ" m olecule ions. T he f ir s t  we d en o te  b y  V™, 
because  we th in k  t h a t  th e y  are  c re a te d  s im ila rly  to  V% cen tres  in  th e  K Cl(Ca) 
sy s te m  from  V p  cen tre s  [1]. I n  th e  Fg cen tre s  th e  ClJ" io n  is s i tu a te d  in  2 
c a tio n  a n d  1 an io n  v acan cy  in  th e  v ic in ity  o f 2 C a ++ ions. B u t  w e leave open  
th e  q u estio n , open  in  th e  l i te ra tu re , too  [7, 10, 15, 16, 17], w h e th e r  th e  C a + + 
is c losely  b o u n d  to  th e  Vp  an d  co n seq u en tly  to  th e  F ™ cen tres o r n o t. W e con-
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s id e r  th e  cen tres  g iv ing  rise  to  th e  223 nm  b a n d  to  be  s im ila r to  th e  V 2 cen tres 
resp o n sib le  fo r th e  223 n m  b a n d  o b served  in  p u re  N aC l c ry sta ls . S ince V2 
cen tre s  in  th e  p u re  c ry s ta l a p p e a r  a t  th e  b eg inn ing  o f  co lo u ra tio n , i t  seems 
p ro b ab le  to  us t h a t  th e y  are  c re a te d  from  v acancies a lread y  ex is tin g  in  the  
c ry s ta l. T herefo re  we consider th e  V 2 c en tre  to  co nsist o f a C l^ m olecu le  ion 
s i tu a te d  in  a 2 an ion  an d  1 c a tio n  v acan cy . This m odel agrees w ith  th a t  
sugg ested  p rev io u sly  for Vs cen tres  [18]. I n  o u r op in ion  th e  V3 c e n tre  is m ore 
p ro b a b ly  re la te d  to  in te rs titia lly  p laced  halogen , w hich  a ssu m p tio n  is su p ­
p o r te d  b y  h a rd e n in g  s tud ies [15]. B o th  th e  V 2 an d  V2 cen tres m a y  b e  <^100) 
o rie n te d  b u t  we th in k  th a t  o th e r  o rie n ta tio n s  are also possible.

T he m odel c o n s tru c te d  fo r th e  V^1 c en tre  is su p p o rte d  b y  th e  ex p eri­
m e n t m en tio n ed  in  I I I .  2 concern ing  th e  fa c t th a t  th e  V^1 cen tres  m a y  be 
fo rm ed  from  V\  cen tres  b y  th e rm a l a c tiv a tio n , an d  u n d e r  th e  effect o f  w hite  
l ig h t m a y  be  tra n s fo rm e d  b a c k  in to  Vj  cen tres . T herefo re , in  ou r o p in ion  th e  
fo llow ing tra n s fo rm a tio n s  m ay  possib ly  ta k e  p lace:

Vf* +  F->F^ +  E|,
2 V™ —>- V™

a n d  V™ ■ ~~] —>- V™ -|- H  ■

I n  conclusion  we su m m arize  th e  observed  F c e n tre s  in  T ab le  I I ,  in d ic a t­
in g  th e  p o sitions o f b a n d  m ax im a  m easu red  a t  L N T , th e  possib le  m odels 
a n d  th e  p ro b ab le  o r ie n ta tio n  o f th e  cen tres . A  q u estio n -m ark  den o tes  m odels 
re q u ir in g  fu r th e r  su p p o rt. F o r th is  p u rp o se  lum inescence an d  ionic c o n d u c tiv ity  
m easu rem en ts  a re  u n d e r  w ay  an d  th e  f ir s t  in fo rm a tiv e  m easu rem en ts  in d i­
c a te  t h a t  th e  decrease o f ionic c o n d u c tiv ity  is caused  b y  V2 cen tres.

Table II

Centre A bs^m ax. | O rientation | Possible model

1  - • - - -•
у М
r к 
Vf

330

360

100

110

Cl2 in  v acan cy  p a ir (-f-C a+ ?)

Cl~ in  2 an ion  vacan cy  -f- 1 cation  v acan cy
у М  
Г 1 336 100? Cl2 in  v acan cy  p a ir?
у М  
' 1

V  g

193

223

100?

100?

CI“ in  1 an ion  and  2 ca tio n  vacancy  ( +  2 Ca + +)? 

C l3 in  2 anion and  1 ca tio n  vacancy?

A cknow ledgm ent

T he a u th o rs  exp ress  th e ir  g ra ti tu d e  to  P ro f. D r. I. T a r já n  fo r helpful d iscussions, to 
M r. K . R a k sá n y i fo r perfo rm in g  th e  chem ical ana ly sis  and  to  D r. Á. Somló fo r abso rp tio n  
m easu rem en ts  in  th e  v a cu u m  UY reg ion .

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



STUDY OF F -C E N T R E S 287

REFERENCES

1. R . V o s z k a , T. H o r v á t h  and  A. W a t t e r i c h , A cta Phys. H ung., 24, 255, 1968.
2. R . V o s z k a , T. H o r v á t h  and A. W a t t e r i c h , phys. sta t. sol., 23, K 71, 1967.
3. A. W a t t e r i c h , M. Gé c s  and  R. V o s z k a , phys. s ta t. sol., 31, 571, 1969.
4. I. T a r j á n ,  R. V o s z k a , Á. S i e g l e r  and L. B e r k e s , Journal de Physique, 28, C4 —135, 1967.
5. R. V o s z k a , I. T a r j á n , L. B e r k e s  and J . K r a j s o v s z k y , K ristall u. Technik, 1, 423, 1966.
6. К . Raksányi and R. Voszka, K ristall u. T echnik , 4, 227, 1969.
7. W. H a y e s  and  G. M. N i c h o l s , Phys. R ev., 117, 993, 1960.
8. W. K ä n z i g , J . Phys. Chem. Sol., 17, 80, 1960.
9. K. K o j i m a , J . Phys. Soc. Jap an , 19, 868, 1964.

10. M. I k e y a , N. I t o h , T. O k a d a  and T. S u i t a , J .  Phys. Soc. Jap an , 21, 1304, 1966.
11. J .  B. F r i t z , F. L. L ü t y  and  J . A n g e r , Z. fü r Phys., 174, 240, 1963.
12. N. J a n n u z z i , S. M a s c a r e n h a s  and N. F e r r e i r a  d e  S o u z a , Color Center Sym posium

Rome, 97, 1968.
13. A. K e s s l e r  and E. M a r i a n i , Czech. J . P hys., B17, 786, 1967.
14. H. N. H e r s c h , Color Centers in  Alkali H alides In t. Symp. U rbana 81, 1965.
15. W. A. S i b l e y  and J . R. R u s s e l , J . Appl. P hys., 36, 810, 1965.
16. M. B e l t r a m i , R. C a p p e l l e t t i  and R. F i e s c h i , Phys. L etters, 10, 279, 1964.
17. C. L a j , P. B e r g e , M. D u b o i s  and J . T o u r n o n , Color Centers in A lkali Halides Sym posium

Rome, 121, 1968.
18. T. P. Z a v s k i e w i c z  and R. W. C h r i s t y , Phys. R ev., 135, A194, 1964.

ИССЛЕДОВАНИЕ F-ЦЕНТРОВ, СТАБИЛЬНЫХ ПРИ 
КОМНАТНОЙ ТЕМПЕРАТУРЕ, В КРИСТАЛЛАХ NaCl(Ca)

Р. ВОСКА и А. ВАТТЕРИХ

Р е з ю м е

Авторы наблюдали в NaCl(Ca) кристаллах, несодержащих ОН, под действием 
рентгеновского облучения кроме У 2 полосы, находящейся в чистых кристаллах тоже на 
223 нм, новые полосы поглощения на длинах волн 360, 336 и 193 нм, причисленные ими 
к V р ’ =  у м  и У ™ - центрам. (Буква «М» обозначает наличие двухвалентной металлической 
примеси, чтобы различать их от соответствующих центров чистого кристалла.) В случае 
облучения при температуре —80° с наблюдалась новая полоса на 330 нм и было показано, 
что эта полоса происходит из F ^ -центров Модели перечисленных центров известны исклю­
чая У  У  центров, для которых авторы предлагают модель.
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A SIMPLIFIED METHOD FOR CALCULATING 
THE INTERNAL STRUCTURE OF NEUTRON STARS*

By

D . K i s d i

R E  SEARCH G ROU P FO R T H E O R E T IC A L  PHYSICS OF T H E  H UNGARIAN ACADEM Y O F SCIENCES,
BUDAPEST

(R eceived 13. I I .  1969)

A very economical method is proposed for solution of the hydrostatic  equilibrium  equa­
tions of neu tron  stars. As a simple exam ple the model of homogeneous in te rn a l d istribution is 
constructed . U tilizing B r u e c k n e r ’s  equation  of s ta te  th e  im portance of th e  effect of corre­
la tion  can be dem onstrated.

I . In tro d u c tio n

I t  was su g g ested  b y  Z w ic ic y  [1 ] th a t  th e  suddenness a n d  m ag n itu d e  o f  
en e rg y  gen era tio n  in  su p ern o v ae  m ig h t be e x p la in e d  as a p a r t ia l  g ra v ita tio n a l 
collapse of a s ta r  (or a gas cloud) in to  a n e u tro n  core. T here h a s  recen tly  b een  
renew ed in te re s t in  th is  p o ss ib ility  because o b serv a tio n s in d ic a te  th a t  som e 
o f th e  re m n a n ts  o f su p ern o v ae  a re  sources o f X -ra y s , and  i t  c an  b e  s ta te d  w ith  
reaso n ab le  assu ran ce  th a t  a n e u tro n  s ta r  is responsib le  d ire c tly  or in d ire c tly  
fo r X -ra d ia tio n  [2].

In  th is  p a p e r  we shall n o t  deal w ith  th e  p roblem  o f observ in g  su ch  
n e u tro n  s ta rs . In s te a d  we confine ourselves to  th e  in te rn a l s t ru c tu re  of co ld , 
d eg en era te  n e u tro n  s ta rs . To in v e s tig a te  th e  s ta t ic  s tru c tu re  o f  such  a s ta r ,  
one needs an  e q u a tio n  o f s ta te , i.e. an  en erg y  — den sity  re la tio n  fo r n e u tro n  
m a tte r . In  co n sid e ra tio n  of th is , th e re  are tw o  g re a t u n c e rta in tie s . F irs t, th e  
b eh av io u r of n u c le a r  forces in  th e  h ig h -en erg y  region is n o t  well know n. 
In  p rinc ip le , th e  n e u tro n  —n e u tro n  forces c a n b e  d e te rm in ed  from  p ro to n  —p ro to n  
p h ase  sh if t ana ly sis , assum ing  ch arg e  in d ep en d en ce  and  co rrec tin g  fo r C oulom b 
effects. V arious m odels of n u c lea r  forces h a v e  b een  c o n s tru c te d  b y  d iffe ren t 
a u th o rs  w hich f i t  th e  ph ase  sh ifts  u p  to  300 M eV b o m b ard in g  en erg y . B u t th e  
re su lts  in  th e  m a n y -b o d y  p rob lem  (in  th e  case o f  h igh  density) fo r  th e se  n u c lea r 
force m odels m a y  be  seriously  d iffe ren t, i.e. th e  eq u a tio n  of s t a t e  is sensitive  
to  th e  choice o f n u c le a r  force m odel.

T he second u n c e r ta in ty  arises from  th e  fa c t  th a t  ce rta in  te rm s  m ust be  
neg lec ted  in an y  ca lcu la tio n  m e th o d  for th e  m a n y -b o d y  p ro b lem . In  m ost o f

* D edicated to Prof. P. Gombás on  his 60th b ir th d ay .
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th e  v a rio u s  eq u a tio n s  of s ta te  w hich h a v e  been  p ro p o sed  fo r n e u tro n  m a tte r ,  
v e ry  c ru d e  m eth o d s  are  u sed  fo r so lv ing th e  m an y -b o d y  p rob lem . Oppenh eim er  
an d  V olkoff [3] assum e a n  e q u a tio n  o f  s ta te  of an  id e a l Ferm i gas, i.e . the  
n e u tr o n —n e u tro n fo rc e s  a re  com ple te ly  neg lec ted . T h e  sem i-em pirica l e q u a tio n  
o f s ta te  d u e  to  Skyrme [4] is expec ted  to  describe av e ra g e  n uclear p ro p e rtie s . 
Salpeter  [5] w orked  o u t a m ore co m p le te  eq u a tio n  o f  s ta te  a p p ly in g  th e  
sc a tte r in g  lim it th e o ry  a n d  used  an  e ffec tiv e  range a p p ro x im a tio n . To in te rp re t  
th e  effect o f  a h a rd  core o f neu tro n s W h eeler  e t a l. [6] stud ied  th e  in co m ­
pressib le  f lu id  m odel of n e u tro n  m a tte r . S evera l v e ry  s im p le  form s o f e q u a tio n  
o f  s ta te  w ere  derived  ta k in g  in to  ac c o u n t th e  nu c lear forces b y  th e  H a r tr e e  — 
F o ck  m e th o d  [7]. In  th is  p a p e r  we sh a ll u tilize  th e  n e u tro n  m a tte r  ca lcu la tio n  
o f B r u ec k n er  e t al. [8] fo r Gammel— T haler  p o te n tia l  w ith  rep u ls iv e  core. 
B r u e c k n e r ’s i-m a trix  a p p ro ach  to  th e  m a n y -b o d y  p ro b le m  takes in to  acco u n t 
th e  tw o  p a r tic le  co rre la tio n s  ex ac tly , a n d  th is  is th e  m o s t accu ra te  n e u tro n  
m a tte r  ca lcu la tio n  w hich  h as  been p e rfo rm ed  up to  now .

T h e  v a rio u s e q u a tio n s  of s ta te  m a y  be used to  c o n s tru c t n e u tro n  s ta r  
m odels b y  so lv ing  th e  eq u a tio n s  of h y d ro s ta t ic  e q u ilib riu m . Such ca lcu la tio n s 
h a v e  b een  ca rried  o u t b y  severa l a u th o rs . T he Oppe n h e im e r—V olkoff [3] 
s ta r  m odel consists of n o n -in te ra c tin g  n e u tro n s , Cam ero n ’s [9] m odel is based  
u p o n  Sk y r m e’s [4] e q u a tio n  of s ta te . T h e  ideal an d  re a l gas m odels c o n s tru c te d  
b y  A m bartsum yan  an d  Saakyan  [10] ta k e  in to  a c c o u n t strange  p a r tic le s  in 
th e  s te lla r  m a tte r . M ore re c e n tly  tw o  n e u tro n  s ta r  m odel ca lcu la tio n s have 
been  m ad e , using  H a r tre e — F ock  e q u a tio n s  o f s ta te . T su r u ta  and  Cam eron  [11] 
(h en ce fo rth  c ited  as “ T C ” ) assum ed  a n  eq u a tio n  o f  s ta te  as su g g es ted  by 
Lev in g er  an d  Simmons [7], Gombás a n d  K isdi [7] a n  e q u a tio n  of s ta te  based  
u p o n  Gom bás’s sem i-em pirica l nu c lea r fo rce  m odel (w hich  does n o t f i t  th e  two- 
b o d y  d a ta ,  b u t  th e  av e rag e  n uc lear b in d in g  energies).

T h e  in te g ra tio n  o f th e  h y d ro s ta tic  eq u a tio n s, in  p rinc ip le , can  b e  carried  
o u t w ith o u t an y  d ifficu lty . B ecause o f  th e  su ffic ien t increase  of p re ssu re  w ith 
in c reas in g  d en sity  th e  S chw arzsch ild  s in g u la r ity  does n o t occur in  n eu tro n - 
s ta r  m odels, and  an y  c o n v en tio n a l m e th o d  for n u m e ric a l in te g ra tio n  can  be 
app lied . N ev erth e less , th e  co n stru c tio n  o f  a s ta r  m odel is n o t a sim ple p roblem  
fo r i t  need s a lo t o f n u m erica l c a lcu la tio n s . In  S ec tio n  I I  of th is  p a p e r  we 
p ropose  a new  n u m erica l m ethod  fo r so lv ing  th e  h y d ro s ta tic  eq u a tio n s.*  This 
m ay  be  m ore  econom ical th a n  th e  u s u a l s te p -b y -s te p  m eth o d s a n d  m ak es i t  
possib le  to  discuss th e  n e u tro n  s ta r  m odels w ith o u t u sin g  d ig ita l co m p u te rs . 
In  th is  w o rk  we ap p ly  th is  m eth o d  in  th e  sim p lest fo rm  w hich re su lts  in  a s ta r  
m odel o f  hom ogeneous in te rn a l d is tr ib u tio n  (S ec tio n  I I I ) .  In sp e c tin g  the  
n u m erica l so lu tio n  of th e  h y d ro s ta tic  eq u a tio n s o f T C , we can co n c lu d e  th a t

* O ur m ethod is closely connected w ith  th e  method of m om enta in d ifferential eauation  
theory. See, e.g. L. Collatz, Numerische un d  graphische M ethoden. (H andbuch d e r  Physik, 
Vol. Î I . Springer, Berlin, 1955.)
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th is  hom ogeneous m odel is a reaso n ab le  a p p ro x im a tio n  if  th e  d e n s ity  is in  th e  
reg ion  o f 1014— 1015 g e m -3 , w hich is th e  reg ion  o f  th e  h eav ie s t n e u tro n  s ta rs . 
In  S ec tion  IY , we ca lcu la te  th e  g ra v ita tio n a l a n d  p roper m asses and  th e  
(co n stan t) d en sity  as functions o f th e  rad iu s , a ssu m in g  th e  e q u a tio n  of s ta te  
of B rueckner e t al. [8]. T he resu lts  a re  c o m p a re d  w ith  th o se  o f  some p re ­
vious w orks.

I I .  T he equations o f  h y d ro sta tic  equilibrium

A sp herica l n e u tro n  s ta r  in  h y d ro s ta tic  eq u ilib riu m  is d esc rib ed  b y  th e  
follow ing s tru c tu re  eq u a tio n s:

a) P ressu re  eq u a tio n  [12]

dP
dr

(e +  P) (me2 +  4лг3 P) 
„ L 2 Gm ( 1 )

w here P  an d  e a re  th e  local p ressu re  an d  en e rg y  d en sity  a t  ra d iu s  r, m is th e  
m ass inside th e  rad iu s  r, G and  c a re  th e  g ra v ity  c o n s tan t a n d  th e  velocity  o f  
lig h t, re spec tive ly .

b) C onserva tion  o f m ass:

dm
dr

c) E q u a tio n  o f  s ta te :

( 2 )

e =  e(p) =  о • (^c2 +  Е 6(о)) , (3)

w here q is th e  n e u tro n  n u m b er d en sity , ц  is th e  n eu tro n  m ass a n d  Еь is th e  
energy  p e r  p a rtic le  in  a n eu tro n  gas of d en sity  q. T h e  re la tion  b e tw e e n  E ь an d  
q m u s t be ca lcu la ted  from  a m an y -b o d y  th e o ry . I n  th is  S ection  w e do n o t fix  
th e  specia l form  o f th is  Еь —  q re la tio n .

T he p ressu re  is g iven b y

DC \ 9S 2 ! л \P (e )  =  e -------- e =  Q2 --------. (4)
Эр Эр

d) T h e  b o u n d a ry  cond itions are

m =  0 a t  r =  0 ,

Q =  0 a t  r =  R  ,

19'

( 5 )

(6)
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w here  R  is th e  rad iu s  o f  th e  n eu tro n  s t a r ;  th e  o u te r  edge  o f th e  s ta r  is assu m ed  
to  h a v e  zero  d en sity . F ro m  E q s. (3) a n d  (4) i t  th e n  fo llow s th a t  h o th  e a n d  P  are  
also zero a t  th e  su rface .

I t  is c lear th a t  E q s . (1)— (6) u n iq u e ly  d e te rm in e  th e  in te rn a l d is tr ib u tio n  
o f th e  q u a n tit ie s  p, e, P  a n d  m. T he s t a r  m odel has o n ly  one free c h a ra c te r is tic  
q u a n t i ty ,  th e  rad iu s  R.  A fte r  so lv ing  th e  h y d ro s ta tic  equations (1)-—(6), th e  
g ra v ita tio n a l an d  p ro p e r  m asses are o b ta in e d  from

M g =  m (R ) , (7)

re sp ec tiv e ly . T he g ra v ita tio n a l m ass o f  th e  s ta r  is th e  m ass as p e rc e iv e d  b y  a 
d is ta n t  o b se rv e r an d  th e  p ro p er m ass  is th e  n e u tro n  num ber o f  th e  s ta r , 
m u ltip lie d  b y  th e  n e u tro n  m ass [г.

W e define th e  m o m e n t of o rd e r x,  o f th e  n e u tro n  d is tr ib u tio n  to  he

J* e(r) r* d r , (9)

w here x  >  0. In te g ra t in g  b y  p a r ts  a n d  tak in g  in to  accoun t th e  b o u n d a ry  
co n d itio n  p(R) =  0, w e g e t:

x  +  1
* do 
d dr

P + 'd r

_  G I R s +  P  me2 +  4лт3 P  x ̂

“ (и +  1 ) Д  >  r
c2

w here
d P  Э2 e

P  = ------ — p ------- .
dp 8p2

( 10)

T his m ean s th a t  fo r e v e ry  o rder x, th e  m om en t o f p is iden tica l w ith

G
(x f  1) c4

tim es th e  m o m en t o f
e -f- P  m e2 +  4яг3 P
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N ow  w e can  in tro d u c e  a v e ry  econom ical a p p ro x im a tio n  p ro c e d u re  for so lv ing  
E q s . (1)— (6). W e ta k e  a tr ia l  fu n c tio n  for q w h ic h , besides r, d ep en d s on a s e t  
o f p a ra m e te rs  ßx, ß2, . . ., ßs.

s =  e inßvßv ■ • ч ßs)- (И)
W e suppose th a t  th e  b o u n d a ry  co n d itio n  (6) is sa tisfied  for e v e ry  value  of th e  
ß-s. T h e  energy  d e n s ity  an d  th e  p ressu re  are d e te rm in e d  from  q  b y  th e  eq u a tio n  
of s ta te  (3) an d  (4):

e =  e(r, /Si, & , . . . ,  ßs) , (12)

P = P ( r ; ß v ß2------- ßs) ,  (13)

an d  m is c a lcu la ted  from  (2) and  (5):

A y r  f r
m  = -----  er2 dr =  m(r; ßv  ß2, . . ., ßs) . (14)

c2 Jo

In s te a d  of (1) we req u ire  th a t  th e  m o m en t e q u a tio n  (10) m u s t b e  sa tisfied  fo r  
S  d iffe ren t x v a lu es . T his d e te rm in es th e  p a ra m e te rs  ßv  ß2, . . ßs. P u tt in g  
th e se  ß-s in to  th e  expressions (11)— (14) we g e t  th e  so lu tion  o f  o u r prob lem .

N a tu ra lly , w e h a v e  d raw n  o u r p rocedure  as general as p o ssib le . How to  
in tro d u ce  th e  p a ra m e te rs  ß v  ß2, . . ., ßs, and  fo r  what values o f  x  th e  m o m en t 
e q u a tio n  is sa tisfied , is, in  p rin c ip le , a rb itra ry . B u t  one can  im ag in e  th a t  th e  
accu racy  of ou r m e th o d  depends on th e  p ro p e r  choice of th e  t r ia l  fu nc tion  
and  th e  values o f th e  x-s.

III. Star model o f hom ogeneous in ternal distribution

As a sim ple exam ple  of o u r m eth o d  we t r e a t  a n e u tro n  s ta r  m odel in  
w hich th e  in te rn a l d e n s ity  d is tr ib u tio n  is hom ogeneous.

8(r) =  Sui if  r < R ,
o(r) =  0 ,  if  r >  R .

(15)

H ere  R  is th e  rad iu s  of th e  s ta r  a n d  is th e  o n ly  p a ra m e te r  o f  th e  m odel 
w hich  is to  be d e te rm in ed  from  a m o m en t e q u a tio n .

T h e  eq u a tio n  o f  s ta te  th e n  gives th e  hom ogeneous d is tr ib u tio n  for th e  
energy  d en sity  an d  p ressu re :

s(r) — e0 an d  P(r) =  Pü, i f  r < R ,
s(r) =  0 and  P(r) =  0 ,  i f  r > R ,

(16)
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w here  en — e(g0) and  P 0 =  P (q0). T he q u a n t i ty  m is d e te rm in ed  by  (2) a n d  (5):

< R ,
(17)

m(r) =
4тгг3 e0

if
3 c2

m (r) =
4nR ' s0

if
3 c2

P u tt in g  th e  expressions (15), (16) an d  (17) in to  th e  m o m en t e q u a tio n  (10) we 
o b ta in  a tra n sc e n d e n ta l e q u a tio n  fo r p 0.

gu =
4 n & G  (e„ +  if,)(e0 +  3i>) f 1

3 c4 P 'r o
Г ____ -

Jo ! _ 8

‘+2

n R 2 Ge 
3 c4

dx .
0 *2

(18)

Р'(во) =  I—

w here x  =  r\R  an d  th e  ab b re v ia tio n  P'0 s tan d s  for

Э Р )

9? Ie=e0

In tro d u c in g  th e  d im ensionless q u a n tit ie s

f  =  go £o PÓ an d  =  8 я  R 2 Gs0
( e i> +  P u )  («0 +  3ÍJ) 3  c4

E q . (18) ta k e s  th e  v e ry  sim ple  form

1 Г1 xx+2■ z= ---- rj ------
2 Jo 1 -

d x .
tjX“

(19)

( 20)

As o u r sim ple m odel has only  o n e  p a ra m e te r, p 0, th e  m o m en t eq u a tio n  
(18) or (20) can  be sa tis f ie d  only  fo r o n e  value o f th e  o rder x. W e choose th e  
v a lu e  x  — 2, because th e n  (10) g u a ra n te e s  a good ap p ro x im a tio n  fo r the  
in te g ra l

j ^ p 4 ^ r 2 dr

w hich  is closely co n n ec ted  w ith  th e  m ass  o f th e  s ta r . F o r  x — 2 E q . (20) gives

f  =
1

1 In 1 4- frj j 1 1
2 1 — frj J V 3 _

( 21)

S u m m ariz in g , th e  co n stru c tio n  o f  th e  hom ogeneous m odel consists  of 
th e  fo llow ing  steps:

a) Choose a v a lu e  fo r  q0. This c a n  be  reg a rd ed  as th e  free c h a ra c te r is tic  
q u a n t i ty  o f  th e  s ta r  m odel.
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b) D e te rm in e  e0, P n and  P„ from  th e  eq u a tio n  o f s ta te  and  |  acco rd ing  
to  (19).

c) C a lcu la te  r] fro m  (21). F o r  th is  w e need th e  in v erse  of th e  fu n c tio n  
w hich s ta n d s  on th e  r ig h t-h a n d  side o f (21). T his can be d e te rm in e d  n u m erica lly .

d) F in a lly , th e  ra d iu s  R  can  be  o b ta in e d  from  (19):

R  =  ( 3c4 . 11/2
( 8jtG e0 ]

In  th is w ay  we get a rad iu s  — n e u tro n  d e n s ity  re la tio n , w hich  is one o f th e  
fu n d am en ta l c h a ra c te ris tic  re la tions o f th e  n eu tro n  s ta r  m odel.

I f  we h av e  d e te rm in ed  R  b y  th e  above p ro ced u re , th e n  we g e t th e  
g ra v ita tio n a l and  p ro p e r m asses from  (7) a n d  (8), re sp ec tiv e ly . T he g ra v ita tio n a l
m ass is

M g =
4n R :t £0 

3 c2
(23)

and  for th e  p ro p er m ass we have

Mp — 4тгй:!
X2 dx

y i  — YjX-
4тгК3 //o0 

3

3
2 rj

arcsin  Ÿr)
п

— Kl — V ■ (24)

F rom  these  eq u a tio n s w e get M g a n d  M p as fu n c tio n s o f  q0 (or R). T hese  
m ass — d e n s ity  and  m ass — rad ius re la tio n s  a re  also fu n d a m e n ta l ch a rac te ris tic s  
of th e  m odel.

IV. R esu lts for B ru eck n er’s equation  o f  s ta te

B hüeckner  e t al. [8] have c a lc u la ted  th e  energy  p e r  p a rtic le , Еъ, in  
n eu tro n  m a tte r  as a fu n c tio n  of n e u tro n  d e n s ity  q, so lving th e  in te g ra l eq u a tio n s  
of th e  B rüeck ner ’s m an y -b o d y  th e o ry  ex a c tly . W e rep ro d u ce  th e ir  re su lt in  
Fig. 1. We h a v e  found t h a t  a co n v en ien t a n d  v e ry  a c c u ra te  an a ly tica l f i t  fo r 
B rueckner’s E b =  Fb(p) is given b y  th e  follow ing p o ly tro p ic  expression :

E b =  aQx , (25)

w here Я =  0.576 and  a =  57.9, if  E b is m easu red  in  MeV a n d  q in  1039 c m -3  
un its . A ssum ing (25), th e  eq u a tio n  o f s ta te  (3) and  (4) is

s  =  Q i / л с 2 +  a е л) ,

P = À a ç x+1.
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15

и

15 2,0 2,5 3,0

Fig. 1. T o ta l energy per partic le  in  a  neu tron  gas. The distance p a ram e te r r0 =
is given in  10 ~'3 cm, the energy Eb in  MeV un its . (From  B b u e c k n e r  e t al. [8])

In  th is case th e  q u a n tity  | ,  defined  b y  (19), is th e  fo llow ing fu n c tio n  o f q0

U tiliz ing  th is ,  th e  rad ius R ,  th e  g ra v ita tio n a l m ass M g a n d  th e  p ro p er m ass M p 
can  be d e te rm in e d  as has b e e n  described  in  S ection  I I I .  T h e  resu lts  are  g iven  
in  T able I .

I n  F ig . 2 th e  re la tio n  b e tw een  th e  en erg y  d en sity  e0 a n d  th e  g ra v ita tio n a l 
m ass Mg is show n. F o r co m p ariso n  th e  c e n tra l  energy  d e n s i ty —  g ra v ita tio n a l 
m ass re la tio n s  o f TC a n d  o f  th e  Op pe n h e im e r — Volkoff m odel a re  also 
p lo tted .

W e b e liev e  th e  re a li ty  o f our m odel lies only  in  th e  reg ion  I I  o f F ig . 2. 
I n  th e  low  d e n s ity  reg ion  (m ark ed  I) th e  n eu tro n s  are  u n s ta b le  a g a in s t th e  
decay  n —>- p  -f- e -j- v. T h e  m odels of TC h a v e  ta k e n  in to  a c c o u n t th is p o ss ib ility  
an d  in  th is  reg ion , are com posed  of n e u tro n s , e lectrons a n d  h eav y  ions. O ur 
sim plified  m o d e l w orks w ith  s tab le  “ n e u tro n s”  an d  th e re fo re  c a n n o t be 
com pared , in  th is  reg ion , w ith  th e  re su lts  o f TC. O n th e  o th e r h a n d , th e  
Oppe n h e im e r — V olkoff m odel is also com posed  of s ta b le  F erm i p a rtic le s . 
T he b ig  d iffe rence  b e tw een  o u r and  th e ir  re su lts  show s th e  im p o rtan ce  o f  th e  
effect o f n u c le a r  forces. I n  th e  region o f  superdense  n e u tro n  s ta rs  (m ark ed  I I I  
in  F ig . 2) o u r  hom ogeneous m odel is n o t  re liab le . A cco rd in g  to  TC, in  th is  
reg ion  th e  m a t te r  of th e  s t a r  accu m u la tes  n e a r th e  c e n tre  an d  th e  d e v ia tio n  
from  c o n s ta n t  d en sity  d is tr ib u tio n  becom es serious. To d ea l w ith  th is  effect, 
our sim ple  t r ia l  fu n c tio n  m u s t  be rep laced  b y  a m ore flex ib le  one.

T h e  re m n a n ts  o f th e  h eav ie s t su p e rn o v ae  lie a ro u n d  th e  m ass p e a k  in  
th e  in te rm e d ia te  d en sity  reg io n  (m ark ed  I I  in  F ig . 2). T h e  d rastic  d e v ia tio n  
am ong th e  v a rio u s re su lts  in  th is  reg ion  give an  in d ic a tio n  of th e  poorness of

A(A +  1) a9o O c2 +  ®?o] (27)
[/лс2 +  (A +  1) a fâ ][^c2 +  (ЗА +  1) apó]
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Fig. 2. G ravitational mass — energy density  re la tion : ---------  our r e s u l t , ------7 —
result of O p p e n h e i m e r  and V o l k o f f  [3] for an ideal Ferm i g a s , ------- — results of TC for

their nuclear forces Vß and l y  respectively

Table I
Characteristics of the homogeneous neu tron  sta r model w ith B r u e c k n e r ’s equation  of sta te , 

go in  g cm -3, e and P 0 in  erg cm -3, R  in  km  and , M g, M p in  M@ units

Qo P 0 f T) R M g M p

7 .1 9 X  1 0 12 6 .4 8  X 10 33 9 .9 4  x  10 30 0 .0 0 6 5 7 0 .0 6 2 6 37 .4 0 .7 9 2 0 .8 0 5

1 .4 4  X 1 0 13 1 .3 0  X 10 34 2 .9 6  x l O 31 0 .0 0 9 7 6 0 .0 9 0 8 3 1 .8 0 .9 7 6 0 .9 9 9

2 .8 8 X  1 0 13 2 .6 0  X  10 34 8 .8 3  X 1 0 31 0 .0 1 4 4 0 .1 3 0 26 .8 1 .1 7 5 1 .2 1 0

7 .1 9 X  1 0 13 6 .5 3  X 1034 3 .7 4  X lO 32 0 .0 2 4 2 0 .2 0 5 21 .3 1 .4 7 9 1 .5 6 8

1 . 4 4 x 1 0 ” 1 .31  x l O 35 1 .12  X lO 33 0 .0 3 5 4 0 .2 8 2 17.6 1 .6 8 0 1 .8 2 3

2 .8 8 X 1 0 14 2 .6 4  X 10 35 3 .3 3  X lO 33 0 .0 5 2 2 0 .3 7 7 14 .4 1 .8 3 2 2 .0 5 9

7 .1 9 X  1 0 ” 6 .7 1  X  10 35 1 .41  x  10 34 0 .0 8 3 4 0 .5 1 4 10.5 1 .8 2 8 2 .1 5 0

1 .4 4 X  1 0 ” 1 .3 7 X  10 36 4 .2 0  X 10 34 0 .1 1 8 0 .6 3 5 8 .20 1 .7 6 1 2 .1 7 8

2 .8 8 X  1 0 ” 2 .8 0  X 1036 1 .25  X 10 35 0 .1 6 3 0 .7 2 0 6 .0 9 1 .4 8 4 1 .8 9 3

7 .1 9 X  1 0 ” 7 .3 9  X  1036 5 .3 0  x  10 35 0 .2 3 8 0 .8 2 3 4 .01 1 .1 1 7 1 .482

1 .4 4  X 1 0 ” 1 .5 7  X lO 37 1 .5 8 X  10 30 0 .3 0 3 0 .8 7 7 2 .8 4 0 .8 4 3 1 .122

2 .8 8 X  1 0 ” 3 .4 0  X 10 37 4 .7 1  X lO 36 0 .3 7 1 0 .9 1 3 1.97 0 .6 0 8 0 .7 8 5

7 .1 9  X 1 0 ” 9 .9 3  X 10 37 2 .0 0  X 10 37 0 .4 5 0 0 .9 4 1 1.17 0 .3 7 3 0 .4 3 5

5 . 3 9 X 1 0 ” 1 . 3 1 x l 0 3S 4 .7 7  X 1 0 38 0 .2 0 1 0 .7 8 0 0 .2 9 3 0 .0 7 7 0 .0 4 1
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n e u tro n  s ta r  th eo ries. T he d ifference b e tw een  th e  tw o cu rves of TC show s w h a t 
u n c e r ta in ty  can  arise  from  th e  e x tra p o la tio n  of n u c lea r  p o ten tia ls  o rig ina lly  
c o n s tru c te d  fo r tw o  b o d y  p rob lem s. O ne shou ld  n o t be  su rp rised  i f  o u r re su lt 
d ev ia te s  ap p rec iab ly  from  th e  TC cu rv es, since our m odel is based  on a th ird  
n u c le a r  p o te n tia l  ( in tro d u c e d  b y  Gammel an d  T haler).

F u rth e rm o re , B rueck ner ’s e q u a tio n  o f s ta te , w h ich  we have used  in  our 
m odel, ta k e s  in to  acco u n t th e  tw o  p a r tic le  co rre la tio n s in  n e u tro n  m a tte r . 
T he co rre la tio n  h as  b een  neg lec ted  in  p rev io u s n e u tro n  s ta r  m odels a n d  th e  
d e v ia tio n  of our m odel from  o th ers  m a y  be due p a r t ia l ly  to  th is . T h e  effect 
o f co rre la tio n  seem s to  be v e ry  im p o r ta n t  an d  req u ires  fu r th e r  in v es tig a tio n s .
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УПРОЩ ЕННЫ Й МЕТОД ДЛЯ ОПРЕДЕЛЕНИЯ 
ВНУТРЕННЕЙ СТРУКТУРЫ НЕЙТРОННЫ Х ЗВ ЕЗД

д. киш ди 

Р е з ю м е

Д ля определения гидростатического равновесия нейтронных звезд предлагается 
действительно эффективный метод. В качестве простого примера подробно рассматри­
вается модель с постоянной плотностью Применением уравнения состояния Брюкнера 
для нейтронной материи сможем демонтировать важность корреляционных эффектов
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SUM RULES AND TH EIR  APPLICATION IN  
THE THEORY OF SUPERFLUID HELIUM*

By

P.  SzÉPFALUSY
IN 3 T IT U T E  FOR T H E O R E T IC A L  P H Y SIC S, ROLAND EÖTVÖS U N IV ER SITY , BU D A PEST 

(Received 17. II . 1969)

The f irs t p a rt of th is p ap e r is devoted to  investigating th e  s ta tic  response functions of 
superfluid helium  in the hydrodynam ic reg ion  which results in  obtaining a new  sum  rule. 
Sum rules are then  specialized to  zero tem pera tu re  and exploited to  determine m a trix  elements 
of the particle creation and annihilation opera to rs between the ground sta te  and th e  one quasi- 
particle sta te  in the long w avelength limit. W e exam ine the partic le  distribution function  and 
besides calculating the leading term , we are ab le  to  give a lower lim it to the Dext one in the 
expansion for small wave num bers.

1. Introduction

W e consider liqu id  h e lium below  i ts  la m b d a p o in t, w here  it  is c h a ra c te riz e d  
b y  th e  con d en sa tio n  of a f in ite  fra c tio n  o f  partic les in to  a p a r tic u la r  sing le­
p a rtic le  s ta te . T he connection  betw een  th e  m icroscopic th e o ry  based  u p o n  the  
presence o f th e  co n d en sa tio n  and  th e  phenom enolog ical tw o-flu id  h y d ro - 
d y n am ica l equ a tio n s w as f i r s t  s tud ied  b y  B ogoliubov [1] an d  by  H oh enberg  
an d  Martin  [2]. In  p a r tic u la r , in th is  w a y  various su m  rules in th e  h y d ro - 
d y n am ica l reg ion  have b e e n  o b ta in ed . I n  th e  f irs t p a r t  of th e  p re s e n t p a ­
p e r a new  su m  rule is d e riv ed  by  in v e s tig a tin g  th e  d is tu rb a n c e  in  th e  con­
d en sa te  an d  th e  partic le  d e n s ity  due to  an  ex te rn a l p o te n tia l and p a rtic le  
sources.

T hen , we are  concerned  w ith  l iq u id  helium  a t zero te m p e ra tu re  w ith  a 
hom ogeneous condensate . W e lim it o u rse lv es  to  the  long w aveleng th  b e h a v io u r  
of th e  sy s tem  an d  wish to  exp lo re  th e  consequences of th e  su m  rules. P in e s  [3] 
has p ro v ed  t h a t  th e  one q u as ip a rtic le  s ta te s  ex h au st th e  f - sum  ru le  a n d  th e  
com p ressib ility  sum  ru le in  th e  long w a v e le n g th  lim it a n d  h e  has o b ta in e d  th e  
d en sity  f lu c tu a tio n  sp e c tru m  and  th e  d y n am ic  form  fa c to r  in th is  lim it. 
W e ex ten d  his m ethod  to  o th e r  sum  ru le s  and  in th is  w ay  we are  a b le  to  
ca lcu la te  th e  m a tr ix  e lem en ts of p a r tic le  crea tio n  and  an n ih ila tio n  o p e ra to rs  
b e tw een  th e  g ro u n d  s ta te  a n d  th e  one q u as i-p a rtic le  s ta te  in  th e  long  w a v e ­
len g th  lim it, w ith o u t u sin g  p e r tu rb a tio n  th e o ry  an d  av o id in g  a ssu m p tio n s  
a b o u t th e  b e h a v io u r of self-energies. W ith  th e  aid  of th e se  m a tr ix  e lem en ts  we

* D edicated to Prof. P. Gombás on his 6 0 th  b irthday.
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c a n  exam ine th e  p a rtic le  d is tr ib u tio n  fu n c tio n  in  th e  long w av e len g th  lim it. 
T h e  lead ing  te rm  o b ta in ed  agrees w ith  th e  r e s u lt  o f th e  d e ta ile d  m icroscopic 
c a lc u la tio n  b y  Gavoret an d  N ozières [4] a n d  has also b e e n  derived  b y  
a p p ly in g  q u a n tu m  h y d ro d y n am ics  [5]. F u r th e rm o re , we a re  ab le  to  give a 
low er lim it fo r th e  n e x t te rm  in  th e  expansion . F in a lly , we d iscuss th e  sum  
ru les an d  th e  re su lts  in  th e  Bogoliubov ap p ro x im a tio n .

2 . Sum  rules

W e co n sid e r liqu id  h e liu m  a t  a te m p e ra tu re  T  below th e  lam b d a  te m ­
p e ra tu re  Tk, w h ere  i t  is c h a ra c te riz e d  b y  th e  co n d en sa tio n  o f  a  f in ite  frac tio n  
o f  p a rtic le s  in to  a  p a r tic u la r  s in g le -p artic le  s ta te .  T h e  co n d en sa te  w ave fu n c tio n  
is th e  average  v a lu e  o f th e  p a r tic le  fie ld  o p e ra to r

<>(r, t)> =  e,’,(r-i), (1)

w hich  is to  be  reg a rd ed  as a q u a s i average [6] b e in g  nonzero  b y  v irtu e  of th e  
b ro k e n  sy m m e try .

W e are  in te re s te d  in  th e  lin e a r  response o f  th e  system  d is tu rb e d  s lig h tly  
fro m  eq u ilib riu m  due to  an  e x te rn a l p o te n tia l  U  and  e x te rn a l sources fj a n d  
rj* coupled  to  th e  p a rtic le  f ie ld . T h u s, we h a v e  a  m odified H am ilto n ian

w e get
ÔH — U k nk -{- U _k n _ k -f- rjk ak -(- rj_k a t k +  ak +  V-k a-k ■ 

B y a p p ly in g  th e  u su a l p rocedure , one  can  w rite

d n j » ( r )  =  <3Re  <y(r)> =  àn}j\k)eikr +  à n ^ - k )  e~ ikr,

( 2)

( 3 )
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H  +  ÔH,
where

ôH  =  J U ( r )  n ( r )  d;i r +  J ( rj(r)  rp+ ( r )  - f  r)*{r) w ( r ) )  d3 r
w ith

n(r) =  y>+(r) y > ( r ) .

B y  ta k in g
U ( r )  =  U k e i k r +  U _ k e~'kr

w ith Uk — U*Lk and

V(r) =  Пк eikr +  V -k e~ ikr
and b y  su b stitu tin g

V(r) =  2 Ï  ak e‘kr
к
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w here

0 п У Щ = ~ [ Хи к ,  - к) +  f a+a( - k ,  -k )] r t* k +

+  [ % a a + ( ^  k) +  X a + a + (  k, fe)] X]k +

+  - k )  +  tfa+ni — k, - f e ) ]  U _ k
Zi

and
<5<n(r)> =  ôn(k) eikr - f  ô n ( - k ) e ~ ikr,

w here
ôn(k) =  Xna{k, — k) fj*k +  Xna+(k, k) r)k +  f m (k, — k) U_k .

H ere  хЬАв{к, к ') deno tes th e  s ta tic  response  fu n c tio n  g iven  b y

dm %AB(k, к ', со)
ХБАв{к, к') — Х вА (к\ к) — Р

Г“ dm 
J -со 2 л со

w here хab  is defined  by

d  Cí~í
—  т AB(k,k';co) e - W - V .

A ccord ing  to  th e  w ell-know n co m p ressib ility  sum  ru le  [7]

(4)

(5)

( 6)

( ? )

(8)

lim  X n n (k ,k ) = ------ —-  • (9)
k->o m e1

H ere  c is th e  iso th e rm al so u n d  velocity  c2 = m ~ 1 (9P /9n), w here P  d en o te s  
th e  pressure.

U sing in v a rian ce  u n d e r  tim e  re v e rsa l and  space in v ers io n  and E q u s .
(3)— (9) we f in d  th e  follow ing sum  rules

and

lim  xsan(k, — k) =  — 
k-+0

rp!2
me2

1/2 ’ d'h) \ 
9n

l>m f ó + o ( ^  k) +  Xaa(k, 
fc-0 - * ) ] = -

1 n

2 me2 n 0

I 9ra„
1 9 n и

( 10)

( И)

where the derivatives are taken at constant temperature. T he sum rule 
(10) is im plicitly present in K rasnikov’s paper [8] devoted to the 
generalization of B ogoliubov’s work to the non-ideal fluid. On the other
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h a n d , b y  using  th e  tw o-flu id  h y d ro d y n a m ic a l eq u a tio n s  th e  expression  o b ta in e d  
b y  K rasnikov  fo r  уа+а -|- %aa co n ta in s  as u n k n o w n  p a ra m e te r  th e  rea l p a r t  
o f  th e  coeffic ien t o f th e  sou rce  te rm s in  th e  h y d ro d y n a m ic a l equations.

F in a lly  le t  us q uo te  th e  follow ing sum  ru le , derived b y  B ogoliubov [1] 
a n d  H o h enberg  an d  Martin  [2]

Jim  [faa+(k, k) - %saa{k, — k)] =  — — ~  , (12)
к >0 Tls k-

w here  ns is th e  su p erflu id  d en sity . T h e  n e x t  te rm  on  th e  rig h t h a n d  
side  of E q u . (12) is a к in d e p e n d e n t one  w hich co u ld  only be d e te r ­
m in ed  from  m icroscop ic  th e o ry  o r from  k n o w in g  th e  p a ra m e te rs  of a g e n e ra ­
lized  tw o -flu id  h y d ro d y n a m ic s  tak in g  in to  accoun t d e riv a tiv e s  of th i r d  
o rder.

In  th e  n e x t  Section w e consider su p e rf lu id  helium  a t  zero te m p e ra tu re  
w here  th e  su m  ru les (9), (10) re a d

lim  > ’
k-»0

l < a K + | 0 > ! 2 n
2 me2

(13)

lim
k- + 0

2
<0|e-_A.[a> <a|nfc|0> +  <0[пл|а> <a|a_fr|0> n1/2 n 1/2 Э 71,>

ma0 2 me2 . »0 dn
(14)

w here coao =  E x —- E 0 is th e  ex c ita tio n  en e rg y . F u r th e rm o re  from  th e  su m  
o f E q u s . (11) a n d  (12) we g e t

lim  У
k^o „

|<0 |а ,|а> |2 +  |< а К |0 > |2
co„ к2

+

+
1 Э nn 8 n 0

2 me2 8 n >7 8 n
-A , (15)

w here —  A  d en o tes  th e  c o n s ta n t  te rm  on  th e  r ig h t h a n d  side  of E qu . (12).

3 . A pplication  o f th e  sum  rules

O ur p u rp o se  in  th is  sec tio n  is to  c a lc u la te  th e  m a tr ix  elem ents of p a r tic le  
c rea tio n  a n d  an n ih ila tio n  o p e ra to rs  in  th e  long  w av e len g th  lim it by m e a n s  of 
th e  sum  ru les  (13) (14), (15). F o r th is  w e need th e  m a tr ix  elem ents o f  th e  
d en sity  f lu c tu a tio n , w hich  w ere d e te rm in e d  by P in e s  [3]. F irs t le t u s  s u m ­
m arize h is re su lts . F rom  tra n s la tio n a l in v a ria n c e  it  follow s th a t

lim  <(a| J/JO) ~  ka, a > 0 ,  (16)
о

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



SUM R U LES AND T H E IR  APPLICA TIO N 3 0 3

w here Ji, is th e  c u rre n t d en sity  f lu c tu a tio n , w hich is re la te d  to  the  d e n s ity  
f lu c tu a tio n  b y  p a rtic le  co n se rv a tio n :

w,o<«WI°> =  kJ /с (17)

A n o th e r essen tia l p o in t is th a t  fo r a m u lti-p a r tic le  s ta te  |sc)> th e  e x c ita tio n  
en erg y  coao ten d s  to  a f in ite  v a lue  a> in  th e  long  w av eleng th  lim it. T h en , one 
finds for such  a s ta te  from  E qus. (16) an d  (17) th a t

lim  (at\nk |0 )  ~  — , a > 0 .  (18)
*->-0 ft)

I t  follows th a t  th e  single q u as ip a rtic le  s ta te  ex h au sts  b o th  th e  f  sum  ru le  [7]

nk2
i'fflJ<«J»í|0>|a=  —  (19)
a 2m

and  th e  com pressib ility  sum  ru le (13) in  th e  long w av elen g th  lim it, w hence

lim  cak =  ck , (20)
/с— о

lim  <( — fc|nfc|0> =  lim  <0|nfe|/c) 
k-+о

nk 1/2

2 me
( 21 )

H ere |fe) and  сок deno te  th e  single q u a s ip a rtic le  s ta te  of m o m e n tu m  к an d  its  
energy , respective ly . E q u s . (18), (20) an d  (21) w hich  are th e  re su lts  o b ta in ed  b y  
P ines [3] m ake possible th e  ca lcu la tio n  of th e  m a tr ix  e lem en ts  (0\ak\ky a n d  
<— fcloi^O) from  th e  sum  ru les (14), (15) a n d  from  th e  re la tio n sh ip

(< ° K |a >  <a|re_ft|0> — <0|re_if|a> <oc|ai;|0>) =  n}J2, (22)

w hich L a d irec t consequence of th e  c o m m u ta tio n  relation

a k  n —k  n — k a k  — a U ■

One can easily  see b y  in spec tion  of th e  su m  rule (15) t h a t  th e  m a tr ix  
e lem ents {Oja/jl«)' and  { а |а л[0) c an n o t be m o re  s ingu la r th a n  k ~ x in  the  lo n g  
w aveleng th  lim it. T hen , u sing  E q u . (18) i t  follow s th a t  th e  m u lti-p a rtic le  c o n ­
fig u ra tio n s  do n o t  c o n tr ib u te  to  th e  sum  ru les (14) and  (22) in  th e  long w a v e ­
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len g th  lim it a n d  we o b ta in  th e  equations

< 0K |fc>  <fe|n_,|0> -  < 0 |n _ fc| -  к > < -fc |e* |0 >  =  пУ2 +  О (к») (23)

<0|a/(|fc> <fe|n_fc|0> +  < 0 |n _ fc| —А;) ( - к \ а к\0) =

=  п 1/2 Qric, ) к 
дп ] 2 тс

+  0(fc1+ft),
(24)

w here 6 > a  ( th is  co n d itio n  w ill be sh a rp e n e d  in  th e  follow ing).* B y  u sin g  
E qus. (20) a n d  (21) we f in d  fo r th e  le a d in g  te rm  in  th e  sm all к limit.

<0K |fc> =  — < - f e |a fr|0> = »1 me
2 n ~k~,

(25)

W e no te  t h a t  to  o b ta in  th is  re su lt i t  h a s  b een  n ecessa ry  only  th a t  th e  r ig h t 
h a n d  side o f  E q u . (15) is n o t  m ore s in g u la r  th a n  fc~2. B y  su b s titu tin g  E q u s . 
(20) an d  (2 5 ) in to  th e  sum  ru le  (15) i t  tu r n s  ou t t h a t  th e  one p h o n o n  s ta te  
alone is re sp o n sib le  fo r th e  fc“ 2 s in g u la r te rm . As a consequence th e  m a tr ix  
elem ents ^0 [ ak j  a )  an d  <̂ a J  ak j  0) fo r a m u lti-p a r tic le  co n figu ra tion  c a n  on ly  
be less s in g u la r  th a n  k ~ 1, w hich  in v o lv es  b^> a.

L e t u s  consider now  th e  p a rtic le  d is tr ib u tio n  fu n c tio n

N k= < 0|ajf «fc|0>= |< fc|a/(|0> |2 +  ^  |< « K |0 > |2, (26)

w here th e  p r im e d  su m m a tio n  sym bol m e a n s  th a t  th e  su m m atio n  is e x te n d e d  
over th e  m u lti-p a r tic le  co n fig u ra tio n s. A ccording to  o u r above re su lts , the  
lead ing  t e r m  o f N k in  th e  sm all к l im it  is as follows

N  n0 тс 1 
n 2 к

This ag rees w ith  th e  r e s u lt  b y  Gavoret  a n d  N ozières [4] o b ta in ed  b y  a n a ­
lyzing th e  s tru c tu re  o f  th e  p e r tu rb a tio n  expansion  a n d  has also been  d eriv ed  
in  [5] b y  m e a n s  o f an  ap p lic a tio n  o f  q u a n tu m  h y d ro d y n am ics . T he d e r iv a ­
tio n  p re s e n te d  here in  o u r  opinion uses  th e  w eak est assu m p tio n s.

To o b ta in  fu r th e r  re su lts  we h a v e  to  tak e  a 1, th e  lower lim it o f  w hich  
co rresp o n d s to  assum ing  th a t  fo r  a m u lti-p a r tic le  c o n fig u ra tio n  has

* F ro m  now on a is alw ays considered to  refer to  m ulti-partic le  configurations.

(27)
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a pow er series ex p an sio n  in  к  [3 ]. In  th a t  case  6^> 1 . F u r th e rm o re  from  th e  
f  sum  ru le (19) an d  E q u . (18) w e find*

« < K |f c » 2 =  —  
cok

nk2
2m

+  o (k *) I (28)

an d  th u s  E q u s . (23) an d  (24) give

«  —*|«/r|0 » 2 +  « O!«/,!*»2 =  0)k ~  +  °(k°)
f t ”

A fte r su b s ti tu tin g  th is  in to  E q u . (15) w e a rr iv e  a t  th e  conclusion  t h a t  
<0|o/,|a> and  (aja^jO) c an n o t be s in g u la r  in  th e  sm all к l im it fo r  m u lti-p a rtic le  
co n fig u ra tio n s an d  co n seq u en tly  6 i> 2.

L e t us assum e th e  phonon  d ispersion  law  in  th e  form

a>k =  ck (l  +  0{kd)) , d >  0 .

T hen  accord ing  to  E q u . (28) we h av e  a te rm  in  <0|n^ fc) p ro p o r tio n a l to  kd 1/2 
an d  th e  so lu tio n  o f E q u s . (23) a n d  (24) can be  w ritte n  in  th e  follow ing fo rm

and

< —fc|a,(|0> =  —

<0K |fc>  =

t/2 1 !

k 1'2 +  2 

+  0 {kb-d 2) +  0 (kd~^2)

me
2

1 n  1 1/2 3 n 0
( n 0 2 me 9 n

me
2

1/2 J  , L
к1'2 +  2

n  1 1/2 9ra0 '
n0 2 me ön

к1'2 +

k ll2 +

(29)

+  0 (k b~112) +  0 (kd~112). (30)

W e recall th a t  b >  2. T he la s t te rm s  do n o t g iv e  c o n tr ib u tio n  to  E qus. (29) 
an d  (30) to  th e  o rd e r k l 2 if  d^>  1. (This is fu lfilled  b y  th e  u su a l expression 
fo r th e  ph o n o n  d isp ers io n  law , w h ich  assum es th a t  со2 has a  pow er series 
ex p ansion  in  k2 g iv ing  d =  2.) T h e n  E qus. (26) an d  (29), to g e th e r  w ith  th e  
re su lt t h a t  th e  c o n tr ib u tio n  o f th e  m u lti-p a r tic le  co n fig u ra tio n s  to  N k is n o t  
s ingu lar, give in  th e  sm all к l im it

w ith

Nv =  -

M

me
2

—  +  M  
к

(31)

1
2

' 9n0 ' 

9n j v
(32)

* We neglect the  effects connected w ith  the dam ping of the phonons, w hich being p ro ­
portional to  k5 a t zero tem perature  (see for a review [2]) m igh t not influence th e  long wave­
length properties of th e  system  to the order we are going to  calculate them .
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F o r liq u id  h e lium  p re su m a b ly  (Q njdn) <  0, while in  th e  B ogoliubov a p p ro x i­
m a tio n  fo r  th e  d ilu te  B ose gas (see below ) we have ( d n j d n ) ^ l .

F in a lly  le t us ex am in e  th e  sum  ru le  [9], [10]

„ 1 /2  L2

^ ® « o ( < 0 la / »  <a|«fc|0> +  < 0 |n /[|a> < a|aA.|0>) =  ------ (33)
, 2 m

w hich is a c o u n te rp a r t  o f th e  f  sum  ru le  com ing fro m  th e  c o n tin u ity  eq u a tio n  
an d  th e  p resence  of th e  co n densa te . B y  in se rtin g  th e  re su lts  (21), (29) a n d  (30) 
we can  see t h a t  th is  su m  ru le  is n o t e x h a u s te d  b y  th e  one phonon m ode  in  th e  
long w av e len g th  lim it un less (n jn )  is e q u a l to  (8n jd n ) .

W e conclude th is  S ec tion  w ith  so m e rem arks co n cern in g  th e  B ogoliubov 
a p p ro x im a tio n  [11]. T h e  g ro u n d  s ta te  jO) is th e  v a cu u m  s ta te  of q u as ip a rtic le s , 
i.e.

«fc|0> =  0 .

T he q u a s ip a rtic le  o p e ra to r  is given b y  th e  B ogo liubov  canonical t ra n s fo rm ­
a tio n :

w here
«л =  Щ ak -  vk a±k ,

«2 1 Г
±  1 1 +

m2 c4 192

яГ )

и к vk =
тс2

2 ~Ёк

(34)

H ere  Е к is th e  q u a s ip a rtic le  energy  g iv en  b y

E k = c2 k 2 +
Í k2 | 2 
( 2  m

(35)

w here th e  sound  v e lo c ity  c is re la ted  to  th e  in te rp a r tic le  p o ten tia l V, taken  
to  be к —  in d e p e n d e n t in  th e  sm all к  reg io n  we a re  in te re s te d  in , b y

rn
(36)

O ne can  easily  ca lcu la te  th e  m a tr ix  e lem ents b e tw een  th e  g ro u n d  s ta te  
an d  th e  one  q u as ip a rtic le  s ta te :

<0K |fc> =  «o/2K  +  vk) »
<0|a±Ä|fc>=  Vfc,

<0|afc|/c>= u k ,
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w here we h a v e  used as an  ab b re v ia tio n

|fc> =  |0> .

F u rth e rm o re , one can  easily  check t h a t  (38) an d  (39) a re  th e  on ly  n o n  zero  
m a tr ix  e lem en ts  of p a r tic le  c rea tio n  a n d  an n ih ila tio n  o p e ra to rs . B y  s u b s t i tu t ­
ing  th e  expressions (34)— (39) in to  E q u s . (22) an d  (33) we can  see t h a t  th e y  
becom e id en titie s .

In  th e  long w av elen g th  lim it we g e t from  E q u s. (34), (35) th a t

1 1 me 1/2 J к

n к +  7 f me

I t  is well know n th a t  to  th e  e x te n t t h a t  th e  B ogoliubov  a p p ro x im a tio n  is 
va lid , one can  tak e  n 0г« n, an d  c as g iven  b y  E q u . (36) agrees w ith  th e  m a c ro ­
scopic re la tio n sh ip  for th e  sound v e lo c ity : c2= (9 P /3 p ) .  T h u s , one can  easily  
te e  th a t  th e  su m  rules (14) an d  (15) are  sa tis f ie d  an d  A  — 0 in  th is  a p p ro x im a - 
sion. F u rth e rm o re  JVA is g iven  by  E q u . (31) w ith  M  =  — 1/2 in  th e  sm all к l im it.
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ПРАВИЛА СУММ И ИХ ПРИМ ЕНЕНИЕ В ТЕОРИИ СВЕРХТЕКУЧЕГО ГЕЛИЯ
П. СЕПФАЛУШИ 

Р е з ю м е

Первая часть данной работы посвящена исследованию функций статичес­
кой реакции сверхтекучего гелия в гидродинамической области, которое рсзультирует 
в выходе новое правило сумм. Правила сумм затем специализированы к нулевой темпера­
туре и использованы при определении матричных элементов операторов рождения и 
уничтожения частиц между основным и одним квазичастичным состоянием в пределе 
большой длины волны. Проводилось исследование функции распределения частиц и 
кроме вычисления начального члена, удалось определить низшую границу следующего 
члена в выражении для маленьких волновых чисел.
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OSCILLATIONS OF A RELATIVISTIC ELECTRON PLASMA 
IN AN EXTERNAL MAGNETIC FIELD*

By

G . R o t h **

IN ST ITU TE F O R  TH EO RETICAL P H Y S IC S , ROLAND EÖTVÖS U N IV E R SIT Y , BUDAPEST'

(R eceived  20. II. 1969)

A relativistic  treatm ent of plasm a oscillations is  presented. The calculations are carried  
out for the so called low  ß  plasm a, where th e  pressure is negligible as com pared to the m agnetic  
energy density. The covariant dispersion relations are derived and their m eaning is com pared  
to th a t o f the classical ones.

§ 1 . In tro d u c tio n

T he aim  of th is  w ork  is to  s tu d y  th e  sm all am p litu d e  w aves o f an  e lec tron  
p la sm a  on th e  basis o f re la tiv is tic  d y n am ics, to  deduce th e  c o v a r ia n t form s o f 
th e  d ispersion  re la tio n s o f th e  ty p ic a l m odes o f  oscillations.

In  o rd er to  m o tiv a te  th e  n ecess ity  of th e  re la tiv is tic  t r e a tm e n t  we m e n ­
tio n  on ly  a th eo re tica l rem ark . As is well k n o w n , th e  problem  o f  p lasm a oscil­
la tio n s is s tu d ied  in  classical p lasm a  physics b y  m eans of th e  N ew to n ian  e q u a ­
tions of m o tio n  an d  som e re s tr ic te d , a p p ro x im a tiv e  form s o f M axw ell’s e q u a ­
tions. T he resu lts  o f th is  classical t r e a tm e n t  a re  in  general w ell co m p atib le  w ith  
th e  ex p erim en ta l d a ta , a d isc rep an cy  arises in  th e  fac t, th a t  N ew to n ian  e q u a ­
tions are  Galilei in v a r ia n t while M axw ell’s e q u a tio n s  are L o re n tz  in v a ria n t. 
So i t  can  well h a p p e n  th a t  th is  h a l f  G alileian  h a lf  L o ren tz ian  t r e a tm e n t w ill 
lead  to  false re su lts . T herefore  it  is desirab le  to  in v estig a te  th is  p rob lem  in a 
fu lly  co v a ria n t m an n e r. I t  is g en era lly  c ited  t h a t  re la tiv is tic  effects becom e 
im p o r ta n t  on ly  a t  h igh  te m p e ra tu re s , w hich s ta te m e n t is o n ly  th e  h a lf  o f th e  
t r u th .  R e la tiv is tic  effects w ill be im p o r ta n t  also  in  th e  case w h en  th e  involved  
energies —  e.g. e lec trom agnetic  en e rg y , com pression  energy, e tc . —  are  com ­
p a rab le  w ith  th e  re s t  energy  of th e  system .

H ere  fo r th e  sake  o f s im p lic ity  w e consider an  ideal e lec tro n  p lasm a an d  
we sh a ll in v es tig a te  th e  possible m odes in  a c o v a r ia n t m an n er. I t  is supposed  
th a t  th e  e lec tron  gas is a classical one, and  i t  is n eu tra lized  b y  a hom ogeneous 
p ositive  b ack g ro u n d  w hich  is im m obile  in  th e  r e s t  fram e an d  does n o t ta k e  p a r t

* D edicated to  Prof. P . G o m b á s  on his 60th b irthday.
** Present address: In stitu te  for T heoretical P hysics, U niversity o f  M ainz, B R D .
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in  th e  osc illa tions. R e s tr ic tio n  is m ade to  th e  so called  low  ß  p lasm a case , i.e. 
i t  is su p p o sed  th a t  th e  d e n s ity  of e lec tro m ag n etic  en erg y  is m uch g re a te r  th a n  
th e  com pression  energy , so th e  la t te r  is o m itte d  fo r th e  m om ent. S ince th e  
p re ssu re  is n eg lec ted , th e re  will be no  in fo rm a tio n  concern ing  th e  aco u stic  
w aves o f  th e  e lec tro n  p lasm a  in  th is  m odel.

In  th e  t r e a tm e n t  we shall consider th e  oscillations o f th e  electron  p lasm a  
b o th  w ith o u t an d  w ith  e x te rn a l m ag n e tic  fields and  in  th e  discussion o f  the  
re su lts  co m p ariso n  w ill be m ade w ith  th e  classical d ispersion  re la tions.

§ 2 .  F u n d a m e n ta l equations

W h en  th e  e lec tro n  gas is n o t to o  dense th e  e lec trom agnetic  fie ld  ca n  be 
describ ed  b y  th e  fie ld  ten so r

0 IF H v iE x
H z 0 H x — iE y
Hy - H x 0 — iE z

iE x iE y iE z 0

w hich  sa tisfies th e  source free group  o f  M axw ell’s eq u a tio n s :

siklm Flm  =  0 . (2)

H ere  дк=  d/dxk, x i =  ict an d  eikim is th e  com plete ly  an tisy m m etric  L ev i-C iv ita  
te n so r  w ith  e1231 =  -j-1. T he su m m a tio n  co n ven tion  is u n d ersto o d  fo r  doub ly  
o ccu rrin g  L a tin  ind ices.

T h e  e lec tro m ag n etic  fie ld  F ik is coupled  to  its  sources b y  M axw ell’s 
seco n d  e q u a tio n

F i k  —  -------- ( 3 )
c

w here  th e  c u rre n t fo u r v ec to r

h =  en v i , (4)

e b e ing  th e  e lec tron ic  charge , th e  in v a r ia n t  sca la r n is th e  d ensity  o f  e lec trons 
(m easu red  in  th e  com oving  fram e o f reference), an d  v t is th e  four v e lo c ity  of th e  
e lec trons.

T h e  eq u a tio n s  of m o tio n  is

6TI
dk(nVj vk) = ------F lk vk , (5)

me
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w here th e  pressure  te rm  is o m itte d . T his a p p ro x im a tio n  is v a lid  if

< hp
1 —

- IF
8 л

P
1 F F

16л
* r s г s

i.e. we consider a low  ß  p lasm a. H e re  m is th e  re s t  m ass o f th e  e lec tron . T he 
velocity  fo u r v e c to r  m u s t sa tis fy  th e  eq u a tio n

vr vr =  — c .

T h e  charge co nserva tion

4ттв
3,- 3k F ik == —  8,- (nVi) =  0

c
leads to

Vk 3 к vi = ------ Fm vk
me

<6,

»I»

the  fin a l form  of th e  eq u a tio n  o f m o tio n  we use.
T he ex tension  o f  th e  electron p la sm a  is supposed  to  be in fin ite , to  avo id  

b o u n d ary  v alue  p rob lem s for th e  m o m en t.
T he system  of fu n d a m e n ta l e q u a tio n s  of th e  low  ß  p lasm a is th e n

F-iklm  3 к F i m  О

з  к F  ile —
4ле

llVj

3 k(nvk) =  0 
vr vr =  — c2

ß
Vk 3k vt = ------ F ik vk

me

( 8 )

which is a coupled  sy s te m  of n o n lin ea r p a r tia l  d iffe ren tia l eq u a tio n s.
In  o rd e r to  linearize  (8) we su p p o se  th a t  th e  e lec tro n  gas is in  a nonper- 

tu rb ed  equ ilib riu m  s ta te .  In  th is  s ta te  its  charge is co m p le te ly  n eu tra liz e d  b y  
the im m obile positive  b ack g ro u n d . T h e re  is no charge , no c u rre n t w ith o u t ex ­
te rn a l p e r tu rb a tio n . I n  co v arian t w ay  th is  reads

(N e+ -)- Ne~~) uk =  0 ,

where uk is th e  elec tron  equ ilib rium  fo u r  velocity , N  th e  equ ilib rium  p a rtic le
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d e n s ity . I f  Foc deno tes th e  f ie ld  in  th e  eq u ilib riu m  sy s tem , th e n  in  th e  
u n p e r tu rb e d  s ta te

F ik uk =  0 .

T h ere fo re  (F ik, u k, N ) =  (const) is a so lu tio n  to  (8), if  uku k =  — c2 in  th e  u n p e r­
tu rb e d  eq u ilib riu m  s ta te .

T h en  w e superim pose  to  th is  s ta te  som e sm all a m p litu d e  d is tu rb an ces 
(ôF u i, ôuk, ôn) a n d  re ta in  th o se  te rm s  w here on ly  one d is tu rb a n c e  occurs. 
T h is  p ro ced u re  leads to

£ ik lm  9ft d F i m  0

c
N  dr àur +  n r dr ôn =  0

e °
ukQkö u i= ------ (uk ôF ik +  F ik duk)

me
ur ô ur =  0

(9)

w h ich  is a coup led  system  o f lin e a r  p a r tia l  d iffe ren tia l eq u a tio n s  fo r th e  d is­
tu rb a n c e s . In  o rd e r to  solve th e se  coup led  f irs t  o rd e r hom ogeneous linear d if­
fe re n tia l e q u a tio n s  we use th e  t r ia l  func tions

ôn (x r) ôn
ôu, (xr) = ÔUj
à F ik (xr) àF tk

exp  ik rx r ( 10)

s ta t in g  th e  v a lid i ty  of th e  su p e rp o sitio n  p rinc ip le . H ere  ôn, ôu , a n d  0F ik w ill 
b e  a p p ro p ria te ly  chosen c o n s ta n ts , th e  d e te rm in a tio n  o f w hich req u ires  a n o n ­
tr iv ia l  so lu tio n  o f th e  a lg eb ra ic  sy s tem  of hom ogeneous eq u a tio n s

eiklm h  ÔFim — 0

K  àF ik =  (N őm  +  и,- ôn)
ic

N k r ôur ur k r ôn =  0

iur kr ôuI =  —-— ur ÔFir -j-----F ik ôuk
me me

ur ôur — 0

( H )

B efore look ing  fo r th e  so lu tions o f (11), som e tra n sfo rm a tio n s  will be 
useful.
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T he decom position  of th e  f ir s t  eq u a tio n  o f (11) gives

k/f àF i,n +  km ôFkl - f  k l ô F mk — 0. (12)

T h en  m u ltip lica tio n  w ith  um a n d  sum m ation  over m p rov ides an  eq u a tio n  fo r 
th e  q u a n tity

Щ  =  u k 0F ik , (13)

w hich  gives th e  p e r tu rb a tio n  o f th e  electric f ie ld  in  th e  com oving  fram e, n am ely

L d F ki =  k, ôФк — кк дФ ,,
w here

L =  kr u r .

T his com bined  w ith  th e  second eq u a tio n  of (11) gives

k r kr дФ{ — к, k r 0ФГ =
4neL

(N ô u j -f- и, ô n ) .

(14)

(15)

(16)

F in a lly  we in tro d u ce  th e  n o ta tio n

Q ik
me

ik • (17)

Q ik is an  a n tisy m m e tric  te n so r, b u ilt u p  fro m  th e  eq u ilib riu m  values o f  
th e  e lec tro m ag n etic  fields. S ince in  equ ilib rium  th e re  is no e lec tric  fie ld  a t  all, 
we h av e

^ ik  Uk =  F ik Uk =  0 .
me

In  o th e r  w ords Q ik con ta in s on ly  th e  com ponen ts o f th e  e lec tro n  cyclo tron  fre ­
q u en cy  We =  (°/тс)Н0, or th e  com ponen ts of th e  ex te rn a l m a g n e tic  field . 

W ith  th is we w rite  th e  fo u r th  equation  o f  (11) in th e  fo rm

iL  ô.ij — ------ôФ, -f- Q ik ôuk .
me

(18)

§ 3 . Oscillations o f  the relativistic electron plasma when  
no external m agnetic field is present

I f  th e re  is no e x te rn a l m ag n e tic  field , we h a v e  Qik =  0 a n d  th e  fu n d a ­
m e n ta l algebraic eq u a tio n s  are

(Q~ dir -  k, kr) дФг =

Lôn  +  N k r Ôur =  0

iL  óuj =  e 0Ф, 
тс

47teL
(N ôuj +  U/ôn)

( 19)
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w here
Q2 =  kr kr . (20)

I t  is easy  to  see th a t  (19) in co rp o ra te s  all th e  eq u a tio n s o f (11), m ak ing  use  of 
(13) an d  (14).

T he sy s tem  (19) can  be  w ritte n  in  th e  form

and

w here

Q9- 6ir -  ki kr

0Uj =  —---------- <5Ф( ,
imc L

(21)

N e
ôn = --------—  -  кг 0ФГ

im cL2
(22)

ml Ä u>l ui кг

Oe © "1 II о (23)~Г Oir
c2 c2 L

„ 4 я е2 N
К  = (24)

is th e  e lec tro n  p lasm a  freq u en cy , an  in v a r ia n t sca la r. O ne has to  so lve  (23) 
f i r s t  an d  th e n  use (21) a n d  (22) to  derive  th e  acco m p an y in g  p e r tu rb a tio n s  of 
th e  d e n s ity  an d  th e  v e lo c ity .

In s te a d  o f a tta c k in g  d irec tly  E q u . (23) we decom pose it  in to  t r a n s ­
verse  an d  lo n g itu d in a l p e r tu rb a tio n s .

A tra n sv e rse  o sc illa tion  of ЬФГ sa tisfies

kr 6ФГ =  0 , (25)

w hereas th e  lo n g itu d in a l one obeys

(kr k r óls к I ks) 0Ф3 =  0. (26)

T herefo re  th e  transverse amplitude  is chosen b y  th e  p ro jec tio n  tenso r

1
П П = ôjj - kj kj

kp kp
(27)

A pplica tion  of (27) to  (23) gives

Q2 +
cot n ir дФг =  0
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an d  a n o n triv ia l tran sv erse  o sc illa tion  can  e x is t if  and on ly  if

c2 kr kr +  со2 =  0. (28)

This equation is the covariant dispersion relation o f a transverse plasma oscilla­
tion without external magnetic fie ld . In  th e  re s t  fram e

an d  (28) w ill give

k r = кл, к., k~, 12

Q2 =  cal +  с2 к

in  acco rdance  w ith  th e  c lassical resu lts . T h is  tran sv erse  p e r tu rb a tio n  o f дФг 
is accom pan ied  n e ith e r  b y  d e n s ity  f lu c tu a tio n  n o r lo n g itu d in a l velocity  f lu c ­
tu a tio n  as i t  is g u a ran teed  b y  (21) and  (22).

In  th e  case o f a lo n g itu d in a l osc illa tion  fro m  (23) we o b ta in  b y  m eans of 
m u ltip lica tio n  w ith  и,-, and  som e m a n ip u la tio n

K -  L2) kr 6Ф, =  0 , (29)

w here  кгдФг 0, therefo re
(■kr ur)2 =  col

is the covariant dispersion relation o f a longitudinal plasma oscillation without 
external magnetic fie ld . In  th e  re s t  fram e th is  reduces to  th e  classical fo rm :

Ü2 =  a 2 .

This lo n g itu d in a l p e r tu rb a tio n  o f <5ФЛs acco m p an ied  b y  a lo n g itu d in a l v e lo c ity  
f lu c tu a tio n  and  a d en sity  f lu c tu a tio n , as it  c a n  be  seen from  (21) an d  (22), b u t  
th e re  is no tra n sv e rse  p e r tu rb a tio n .

In  th e  absence of ex te rn a l fie ld s, the  lo n g itu d in a l and  tra n sv e rse  oscilla­
tions decouple, a n d  th e  c o v a ria n t d ispersion  re la tio n s  reduce  to  th e  classical 
ones in th e  re s t fram e.

§ 4 . O scillations of th e  re la tiv istic  e lec tro n  p lasm a in  the 
presence o f a n  ex te rn a l m a g n e tic  field

a) Reduction o f the equations

L e t us suppose  th a t  th e  e le c tro n  p lasm a is su b jec ted  to  an  e x te rn a l m ag ­
n e tic  fie ld  in th e  re s t fram e. T h e n  th e  basic  a lgeb ra ic  e q u a tio n s  we have to
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so lve a re  th e  follow ing

Lön  -f- N k r ôur =  0 ,

ß
iL  óuj — ------ (5Ф( -j- D ík ôuk ,

(30)

(31)

zLtГр T.
(Q2 djk kj kk) ЬФТ — — ;---- (Nôiij -f- и, ô n ).

ic
(32)

W e use (31) to  express ôw, in  te rm s of ЙФ,. Since

-----ЙФ, =  (iL  ôik Qik) Ôuk

D et {iL ôik -  ü ik} =  L 2 [ L * + ~ -  Ür,  ß sr| ф  0 ,

we h av e

I f i , ,  -  í l o „  -  - 0 , , ü , ,  - \  i „ Q „ ,

őur ~ -------------------- ;---------- j -----------1 --------------------
i L  I L 2 -I— — Q pq Q qp

M aking  use o f (31)

an d  (33) we a rriv e  a t

ôn = ---------kr ôur
L

(33)

Q2 +
со:

ôir -  к,:kr -  j —  Uj kr

iL  Qi r Qit £2[r Ujkm iL Q mr -f- Q mtQ tl
1U- +   ̂ Qpq Qqp L  L 2 + \  Q pq Q qp
4 4

дФг =  0. (34)

In  th is  m odel all in fo rm a tio n  concern ing  p lasm a o sc illa tions in  th e  p resen ce  of 
e x te rn a l m ag n e tic  fie ld  is co n ta in ed  in  (34). Before d iscussing  th e  spec ia l m odes 
o f  o sc illa tion , how ever, i t  w ill be ad v an ta g e o u s  to  s im p lify  (24) b y  m ean s of 
th e  in tro d u c tio n  of a c o n v en ien t fo u r v e c to r  in  th e  p lace  of Qpq, as w e have 
done w ith  th e  in tro d u c tio n  of Ф,.

S ta r t in g  from  F lk =  — F ki, an d  fo llow ing th e  id ea  o f  A. M. P ratelli [1], 
we h a v e  defined

(l>i =  F ik uk
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w hich in  th e  r e s t  fram e h as  th e  com ponen ts

4>i =  (E„ Ey, E „  0 ) .

I f  we define th e  d u a l ten so r o f F ik b y  th e  re la tio n

we h av e  th e  o p p o r tu n ity  to  define a four v e c to r

hi = — F  ,* uk
ic

w hich in  th e  re s t  fram e has th e  com ponen ts

hi — (H x, H y, H z, 0).

T h en  i t  is possib le  to  w rite  F ik in  te rm s o f Ф,- a n d  ft/. I t  is e a sy  to  verify

i 1
E mn ~  ®i/mn U, - | (Фn Um Фт Un) .

A p p ly in g  th is  to  th e  p a r tic u la r  F ',й, we h av e

~~ in n  ^ i l m n  u l 1

c
(35)

w here  in  th e  re s t  fram e

eH x eHv eH x
,0

me me
(36)

an d  m ay  th e re fo re  be  called th e  cy c lo tro n  fre q u e n c y  four v ec to r . W e need o th e r  
re la tio n s , too , n am ely

- -  £2rs Qrs =  со, соI (37)

an d  since wquq =  0 in all in e r tia l fram es, we h a v e

£ ^m l & tr  { u m Ur C2 Ôm r )  C2 (Or (Om  J  . (38)
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M aking use o f these  n o ta tio n s  (34) can  be  w ritte n  in  th e  fo rm

<?2 +  - ^ K  M r
со2 í Uj k r L

T H-------- 77----------- epur w p u i +
L  c — co„ co„4 Q

+
U- a qwq

(со,- со,- (Op (Op ôr,-)

1 / 1
u i К щ  £ p l m r M p u !

c L z — coq coq

Uj k m
L l?  — coq wq

(39)

(шг 0 ) m  (Op (Op ô rm) 0ФГ =  0 .

b) Discussion o f the oscillations

I. Transverse waves. F o r  tra n sv e rse  oscillations th e  eq u a tio n  (39) reduces
to

С О я C O 2  1

C2
1

c2 L 2  —  ojq W4
° i r

К \ L  1 r tO p U[ -|-
C2 1 c L 2  ( o q (0 q

b p h

S p l m r  ui km 09p Uj Uj COm  0 ) r

c(L2 — (oq o)q) L(L~ — coq (oq

L 2 —  (o q w q

U rt ЬФ, == 0

(40)

w here П пЬФ1 is th e  tra n sv e rse  p a r t  o f ЬФГ
The transverse oscillations may be decomposed into two cases, po la rized  p e r­

p en d icu la rly
тг 0Фг — 0 (41)

or p a ra lle l
(àir — (ft>s « s)_1 со,. (0 r) дФг =  0, (42)

to  th e  e x te rn a l fie ld  cos. I n  th e  case (41), E q u . (40) ta k e s  th e  sim pler fo rm

{TSir +  Replir (Op U[ +  Seplmr wp щ km и,) П г1 0Ф1 =  0 , (43)
rhere

со;T  =  Q 2 ------— 1

R

L 2- ( o q(oqc*

CO2 L
c2 c L 2 — <x>q (oq

со;
c2 L 2 — coq(oq

(44)

(45)

(46)

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



OSCILLATION O F A RELATIVISTIC ELECTRON PLASMA 3 1 9

In  th is  (41) case, we m a y  consider propagation along the external magnetic 
field , kr =  accor, w ith  a co n v en ien t c o n s ta n t <x. So (43) ta k e s  th e  form

(Tdir +  Replir wp u,) n rt 0Ф, =  0 . (47)

T he ex istence o f a n o n tr iv ia l so lu tion  to  E q u . (47) is expressed  b y  th e  
v an ish ing  of its  d e te rm in a n t:

I T ] 2 1 T

R  ! 1 R
-  с2шр : 0.

F rom  T  =  0 we o b ta in

c2 kr kr {(us k s)2 — cos w s}  +  col  («s K ) 2 = :  °-

(48)

(49)

This is the covariant dispersion relation o f a transverse plasm a oscillation, which 
propagates along the external magnetic field. I n  th e  re st fram e (49) gives

Q 2
Q2 =  c2k2 +  w l -

Q2 -  о/2
(50)

I f  У = й /к  m eans p h ase  v e lo c ity  o f  th e  wave (49) in th e  rest f ra m e  of th e  p la sm a , 
th e n  accord ing  to  th e  d ispersion  re la tio n  (49)

Q2

(51)

T h is m ode of osc illa tion  can n o t p ro p ag a te  in  th e  frequency  in te rv a l

}[~ c^+ ö fí< Ü  <  oic . (52)

A p ro to ty p e  of th is  p ro p a g a tin g  w ave in  low  frequency  ap p ro x im a tio n  
(ß/coc<^ 1) is th e  A lfvén  w ave, fo r  w hich (50) y ields

L2 - 2
Q 2  (53)

w here

A  =  J -
4л  m N
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is th e  sq u a re  o f th e  A lfvén  velocity .
T his f i l te r  ty p e  b e h a v io u r  of th e  e le c tro n  p lasm a fo r th is  frequency  in te r ­

v a l is in  co n n ec tio n  w ith  th e  cyclo tron  resonance .
A lw ays in  th e  case (41) th e  v an ish in g  o f  th e  second fa c to r  in (48) y ie ld s

К  К  +
(kr Ur)2 zb ш kr ur 

(kp u p)2 — со2

w here со =  o jc —  (ft)scos) li2. I n  th e  rest f ra m e  we ob ta in

Q 2 =  c2 fc2 +  wn
Ü

Q  zb w

(54)

(55)

th e  tw o signs co rresp o n d in g  to  the  tw o  d iffe ren t c irc u la r  po lariza tions. T his 
ty p e  o f o sc illa tion  will n o t  p ro p ag a te  if

со  <  Q  <  - i -  [ — |co| -b V o>2 -f 4со2 ]

fo r th e  u p p e r  sign and

ß  >  —  [ ~  M  +  Y  О)2 +  4w2]

fo r th e  low er sign.
T he o th e r  ty p e  o f c lass tra n sv e rse  w aves p o la rized  p e rp en d icu la rly  to  

cor co n ta in s  th e  ones w h ich  propagate across the external magnetic fie ld . I n  th is 
case krcor =  0 , an d  th e  re le v a n t e q u a tio n  is:

0 = 0* +  ^
L2

c2 L 2 — со2
b,r

F'plmr Op u! ui r̂n }

r:' cd2

ЬФ.Г.

— {L splircop u,

(56)

Since in  th is  case th e  c o v a r ia n t d ispersion  re la tio n  w ould  involve th e  e v a lu a tio n  
of th e  d e te rm in a n t

U  =  d e t {a ôir — P ir +  Ui R r} , (57)
w here

(?2 +  —  ---- — ----
1 c2 L2 — со2

Ü --  2 1 ’L  1
c 3 L 2 -  со2

Pi — EpiirCOp U[ , R r — j  km P nlr,
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we w rite  here  on ly  th e  classica l lim it o f  (57):

Q2 =  c2k2 +  со2
Q2 — со2

±
coQ I

ü 2- c o 2 )
(58)

w here со =  coc =  (coscos)x 2. T h e  expression  (54) is th e  d isp ers io n  re la tio n  o f  th e  
tra n sv e rse  oscillations p ro p a g a tin g  across an d  polarized  p e rp e n d ic u la rly  to  
th e  e x te rn a l m ag n etic  field .

I I .  Longitudinal waves. F o r lo n g itu d in a l waves k r a n d  ЬФГ m u s t  be 
p ara lle l, and  kr an d  cor m ay  be  e ith e r  p a ra lle l o r p e rp en d icu la r. W e can th e re fo re  
speak  o f p ro p a g a tio n  across (cork r — 0) a n d  a long  (cor\\kr) th e  ex te rn a l m a g n e tic  
field .

In  th e  case o f p ro p a g a tio n  across th e  m agnetic  fie ld  w e have  th e  d isp e r­
sion re la tio n  from  (39) (by  m u ltip lica tio n  w ith  u,)

L 2 =  co\ +  c2
CO2

L 2-  со2

w ith  со2 =  (cOqCOq). T his in  c o v a ria n t form

(kr ur)2 =  co2 +  c2

or in th e  re s t fram e
( k r U r)2 —  COq COq

Q2 (Q2 -  со2 — col) =  0

(5 9 )

con ta in s on ly  th e  classical re su lt.
F in a lly  in  th e  case o f p ro p ag a tio n  a lo n g  th e  ex te rn a l m agnetic  f ie ld  b y  

m u ltip lica tio n  w ith  со, we o b ta in  from  (39) th e  d ispersion re la tio n

c2kr kr +co°- =  0 (60)

or in  th e  re s t fram e

Ü 2 =  c2 k2 +  col
being  also th e  classical re su lt.
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КО ЛЕБА НИ Я РЕЛЯТИВИСТИЧЕСКОЙ ЭЛЕКТРОННОЙ 
ПЛАЗМЫ ВО ВНЕШНЕМ МАГНИТНОМ ПОЛЕ

Г. РОТ 

Р е з ю м е

Дается релятивистическое рассмотрение колебаний плазмы. Вычисления про­
ведены для так называемой низкой /9-плазмы, в случае которой давлением можно пренеб­
речь по сравнению с плотностью магнитной энергии Выводятся ковариантные дисперсион­
ные соотношения и их смысл сравнивается со значением подобных классических выра­
жений.

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



SIMULATION OF THE INFLUENCE OF CORE 
ELECTRONS BY A PSEUDOPOTENTIAL II*

APPLICA TION S TO SOME M OLECULES W IT H  TWO AND T H R E E  ATOMS

By

W . A. B i n g e l , R .-J .  K o c h  an d  W . K u t z e l n ig g

TH EO RETICA L CH EM ISTRY  G ROUP, U N IV ERSITY  O F  GÖTTINGEN. G Ö TTIN G EN , GERMANY

(Received 20. I I .  1969)

Pseudopotential theo ry  is com bined w ith th e  H artree—Fock an d  natu ral expansion 
m ethod to calculate the molecular constants De, Re and  ke for N a2, K 2, NaCs and BeH2. We tr e a t  
these molecules as two- or four-electron problems respectively in the pseudopotential field of 
th e ir cores. We then  analyze the energies and wave functions in term s o f the  contributions of 
th e  different natural o rbitals to the correlation energy. The calculated equilibrium  distances 
agree well w ith the experim ental ones. T he dissociation energies are in b e tte r  agreem ent w ith  
experim ent than  those of previous calculations.

Acta Physica Academiae Scientiarum Ilungaricae, Tomus 27, pp . 323— 344 (1969)

1 . In tro d u c tio n

Ж
Ab in itio  ca lcu la tio n s are  a t  p re se n t po ssib le  w ith  r a th e r  h igh acc u ra cy  

fo r sm all m olecules a n d  w ith  m o d e s t accu racy  fo r  large m olecules.
On th e  o th e r h a n d  —  since th e  early  d a y s  o f q u an tu m  ch em is try  —  th e  

obvious sim ilarities in  th e  chem ical an d  spec tro scop ica l b e h a v io u r  of th e  e le ­
m en ts  of one colum n o f th e  period ic  system  h a v e  encouraged  p eo p le  to  sim p lify  
m an y -e lec tro n  th e o ry  b y  d iv id ing  th e  elec trons in to  core an d  v a len ce  e lec trons
[1]. I f  one lim its  onese lf to  a t r e a tm e n t  of th e  v a lence  e lec trons o f an a to m  o r 
m olecule one has to  a cco u n t for a tw ofo ld  in flu en ce  of th e  in n e r  electrons. O n 
one h a n d  th e y  sh ield  p a r t  of th e  n u c lea r  ch a rg e  fo r th e  v a le n c e  electrons, on  
th e  o th e r h a n d  th e  P a u li  p rinc ip le  req u ires  t h a t  th e  valence o rb ita ls  are o r th o ­
g o n a l to  th e  core o rb ita ls .

T he la s t  re q u ire m e n t has a lre a d y  been  recognized  in  1935 b y  H . H e l l - 
m a n n  [1] an d  P . G o m b á s  [2] w ho in d e p e n d e n tly  developed th e  concept o f  
p se u d o p o ten tia l th e o ry . T h ey  s ta r te d  from  expressions for th e  p seu d o p o te n tia l 
in  te rm s of th e  e lec tro n  d en sity  Q o f  th e  core e lec trons b ased  o n  th e  T hom as- 
F e rm i m odel. W hereas G o m b á s  re fin ed  his expressions and  re p la c e d  th e  s t a ­
tis t ic a l  e lec tron  d e n s ity  q b y  its  q u a n tu m m e c h a n ic a l analogue [3] H e l l m a n n  
chose an  an a ly tic  ‘a n s a tz ’ w ith  a d ju s ta b le  p a ra m e te rs . H e s ta r te d  from  th e  
o b se rv a tio n  th a t  th e  k in e tic  an d  p o te n tia l energies of a  v a len ce-e lec tro n  
cancel to  a h igh e x te n t inside th e  co re  region. T h e  logical consequence  of th is  
a rg u m e n t w ould  h av e  b een  to  use a c u t-o ff  C oulom b p o te n tia l (cf. E q u . (4)).

* D edicated to  P ro f P. G o m b á s  on his 60th b irth d ay .

21* Acta Physica Academiae Scientiarum Hungaricae 27, 1969



3 2 4 W. A. B IN G E L  e t  al.

For other reasons H ellm ann  preferred th e  following analytical form o f  the  
pseudopotentia l :

Z ' e~xr
W ( r ) = -  —  +  A  —  , (1)

r r

w here Z' ,  A  a n d  к  are  p a ra m e te rs  w h ich  a re  a d ju s te d  su c h  th a t  th e  low est 
s ta te s  o f  th e  a to m  are  w ell rep roduced . T h is  p o ten tia l (1) is still being  ap p lied
[4], b u t  d u r in g  th e  la s t few  years m a n y  o th e r  types o f  p seu d o p o ten tia ls  h av e  
been  d iscussed  in  th e  l i te ra tu re . W ith  th e  p o ten tia l

W{r)  -  ~ Z r - , г >  R c ,

г <  R c ,
(2)

=  0 0 ,

w here R c is th e  core ra d iu s  and  ZR th e  red u ced  n u c le a r  charge R . P arsons 
an d  Y. W eissk o pf  [5] o b ta in e d  su rp ris in g ly  good re s u lts  for th e  R y d b e rg  
series o f a lk a li a tom s. A n  a lte rn a tiv e  b u t  re la ted  p o te n t ia l  is th a t  u se d  by  
B. J .  A u st in  an d  H . H e in e  [6]

=  r > R c ,

r ( 3
=  0 ,  r < R c ,

in  a q u a lita tiv e  d iscussion  of a tom ic  p ro p ertie s  in  re la tio n  to  th e  period ic  
sy stem . As th e  d is c o n tin u ity  of th is  p o te n tia l  a t  R^ does n o t seem to  b e  very  
p h ysica l th e  p re sen t a u th o rs  p re fe rred  th e  so-called ‘c u t-o f f ’ p o ten tia l

W(r)
r

z R

Rc

In  th e  f i r s t  p a r t  o f th is  series [7] (h e re a f te r  referred  to  as p a r t  I) we h a v e  used 
th is  p o te n tia l  to  ca lcu la te  R ydberg  series of a lk a li-a to m s, a lkali-like p ositive  
ions an d  g round- an d  ex c ited  s ta te s  o f  a tom ic  tw o -v a len ce  e lec tron  system s 
(Be, Mg, Ca).

R a th e r  th a n  to  u se  one o f th o se  p seu d o p o ten tia ls  t h a t  con ta in  a d ju s ta b le  
p a ra m e te rs  one can  also  use (as Szász a n d  McGin n  [4e] have done fo r  atom s 
an d  fo r m olecules) th e  p se u d o p o te n tia l (E qu . (6)) d e riv ed  by  P h illips  and  
K lein m a n n  [8] on th e  g rounds o f rig o ro u s q u a n tu m  m echanics. I t  tu rn s  ou t

г >  R c , 

r< R c  .

(4)
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th a t  th e  b eh av io u r of th e  p se u d o p o te n tia l inside th e  co re  is re la tiv e ly  ir re le v a n t 
as fa r  as th e  to ta l  en e rg y  o f th e  v a len ce  electrons in  th is  fie ld  is concerned . 
As A. U . H a z i  an d  S. A. R i c e  [9] h a v e  p o in te d  o u t, th e  ag reem en t o f  th e  p se u ­
d o p o te n tia l e igenvalues w ith  th e  c o rre c t o rb ita l energies depends m o re  sign i­
f ic a n tly  on  th e  p ro p er b o u n d a ry  co n d itio n s  im posed on  th e  w ave fu n c tio n  by  
th e  p seu d o p o ten tia l th a n  on th e  b e h a v io u r  inside th e  core. T h is is co n s is ten t 
w ith  th e  o b se rv a tio n  (see p a r t  I) t h a t  p seu d o p o ten tia ls  w hich  are v e ry  d iffe r­
e n t in side  th e  core lead  to  q u ite  s im ila r  resu lts .

T he p seu d o p o ten tia ls  ju s t  d iscussed  (except th e  H e l l m a n n  p o te n tia l* )  
can  be  re g a rd e d  as special cases of th e  genera l exp ression :

W n(r) =  2  av r'  ,
v=0

B y choosing th e  p a ra m e te rs  o f th is  p o te n tia l  a p p ro p ria te ly  one m a y  h o p e  to  
com bine th e  ad v an tag es  o f  th e  d iffe ren t ty p e s  ju s t  m en tio n ed . T he c o m p u ta ­
tio n  o f th e  n ecessary  m a tr ix  elem ents o f  th is  p o ten tia l w ith  a basis o f G aussian - 
func tions is s tra ig h tfo rw a rd  (see th e  A p p en d ix ), w h ich  is im p o r ta n t  fo r  th e  
ap p licab ility  to  m olecules.

г <  Л е , 

t > R c .
(5)

2 . G enera l theo ry

a . Choice o f  the pseudopotential

If, in th e  atom ic case, one wants to  take care o f the orthogonality o f  the  
valence-orbitals to the core orbitals in a quantum -m echanically straightfor­
ward w ay one m ay use the P hillips— K leinm ann  p oten tia l [8]

w  =  u  + 2 ( ^ - 0  \флХ ф«\- (6)
a = l

H ere U d eno tes a C ou lom b-po ten tia l o f  th e  atom s, Фа a re  th e  core o rb ita ls  
w ith  o rb ita l energies an d  w ith  valence o rb ita l energy A lthough th e  d e r i­
v a tio n  of th is  p o te n tia l is b a sed  on a one-e lec tro n  m odel i t  c an  also be ju s tif ie d  
[9], [4b], [4c] in  th e  fram ew ork  of H a r tre e  — Fock th eo ry . T h is p seu d o p o ten tia l 
con ta in s a non-local o p e ra to r w hich p ro je c ts  a given fu n c tio n  on th e  core o rb i­
ta ls .

* Note, however, th a t  for n =  2 the  p o ten tia l (5) is very close to  th e  H ellm a n n  p o ten ­
tia l (1).
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T he q u e s tio n  w h e th e r i t  is ju s tif ie d  to  rep lace  th e  co rrec t non-local p seu ­
d o p o te n tia l b y  a loca l m odel p o te n tia l  has b e e n  discussed b y  sev era l au th o rs  
[4h, 4c, 5, 9]. A c tu a lly  th e  m odel p o te n tia ls  m en tio n ed  in  th e  In tro d u c tio n  a re  
e ith e r  local o r ju s t  /-d ep en d en t, i.e . o f th e  fo rm

. W  =  Z W 1P1 , (7)
1 =  0

w here  P  is th e  p ro jec tio n  o p e ra to r  on th e  su b sp ace  of o rb ita ls  w ith  an g u la r 
q u a n tu m  n u m b e r  /. (see also [23]).

N ow  th e  q u es tio n  arises how  to  choose th e  co rrespond ing  p seu d o p o ten ­
tia l  fo r a m olecule. As a f ir s t  a p p ro x im a tio n  one expects i t  to  b e  a sum  of a to ­
m ic c o n tr ib u tio n s . This q u es tio n  has re c e n tly  b een  d iscussed  b y  Schwarz 
[18] a n d  H azi a n d  R ice [9c]. (As to  ea rlie r w o rk  on th is  q u e s tio n  see H a r r i­
son [19] an d  Gombás [3]). In  fa c t  th e re  are  o n ly  v e ry  few p ra c tic a l experiences 
concern ing  th e  re la tio n  o f th e  m o lecu la r an d  a to m ic  p seu d o p o ten tia ls  and  a b o u t 
th e  ro le o f  co rrec tio n  te rm s [18]. M ost p ra c tic a l app lica tio n s o f  th e  p seu d o p o ­
te n tia ls  dea l w ith  a tom ic  s ta te s  o r solids [21], [9b], [18], ex cep t fo r H ellm ann’s 
e a rly  m o lecu la r ca lcu la tio n s [1]. So fa r  on ly  Szász and  McGin n  [4e] (see also 
P r eu ss  [20]) h a v e  c o n tr ib u te d  to  th e  s tu d y  o f  m olecu lar b in d in g , u sing  a 
p se u d o p o te n tia l ap p ro ach , n a m e ly  fo r th e  m olecules L i2, N a 2, K 2, L iH , N a H , 
a n d  K H . T h e  re su lts  o f th e se  a u th o rs  en co u rag e  one to  c o n s tru c t th e  m o le­
cu la r p se u d o p o te n tia l from  th o se  of th e  c o n s titu e n t a to m s. W e regard  i t  as
su ffic ien tly  ju s t if ie d  to  w rite  o u r m o lecu la r m o d e l p o te n tia l in  th e  form

n
^ " (Г /«) =  y , W l  (|r,- — ra|) =  2 Z  2  a? IG — *«Г» ri <  R c,n

Z a
— , rt >R*c’n

(8 )

fo r th e  i - th  e lec tro n , w here  a  labels th e  nuc le i, w here th e  o* a re  sem iem pirical 
p a ra m e te rs  a n d  w here n, th e  degree o f th e  po lynom ial, is f ix e d  in  ad v an ce . 
I n  fa c t, we o n ly  consider th e  possib ilities n  =  0 an d  n  =  1, i.e. we chose 
e ith e r  a c u t-o ff  C o u lo m b -p o ten tia l (IP 0) or a  p o te n tia l w ith  a lin ear rep u ls iv e  
p a r t  in sid e  th e  core reg ion  (see F ig . 1).

I n  p a r t  I  w e h av e  lim ite d  ourselves to  IP 0, i.e. th e  c u to ff  C oulom b p o te n tia l. 
T he re su lts  w ere  ra th e r  s a tis fa c to ry  fo r th e  atom ic  ca lcu la tio n s. H ow ever, 
we fo u n d  t h a t  th e  second a n d  th ird  s - ty p e  R y d b e rg  s ta te s  w ere n o t to o  w ell 
re p ro d u ced  a n d  th a t  th e  ‘ra d ii’ o f th e  ions w ere  som ew hat to o  large. In  o rd e r 
to  re m e d y  th e se  s ligh t defec ts we h av e  s ta r te d  in v e s tig a tio n s  w ith  th e  m o re  
gen era l ty p e  (8) o f p se u d o p o te n tia l w hich  in  fa c t led to  s till  b e t te r  ag reem en t 
fo r  th e  R y d b e rg  series a n d  to  sm alle r ‘ion ic  ra d ii’. W hereas in  atom s th e  n o n ­
local p ro p e rtie s  o f th e  p se u d o p o te n tia l c a n  to  som e e x te n t  be  accoun ted  fo r
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b y  th e /-d e p e n d e n t fo rm  of E q u . (7), fo r m olecules th e  use o f su ch  a n g u la r-d e p en d ­
e n t a to m ic  p seu d o p o ten tia ls  in  th e  sum  (8) w o u ld  m ean  g re a t c o m p u ta tio n a l 
d ifficu lties. C alcu la tion  o f th e  m a tr ix  e lem en ts  w ould  im p ly  th a t  ev e ry  basis  
o rb ita l h as  to  be ex p an d ed  in  te rm s  of sp h e ric a l h arm on ics w ith  re sp ec t to  a n y  
of th e  p re se n t nuclei. I n  o rd er to  avo id  th ese  d ifficu lties w e h a v e  used  local (i.e. 
/-in d ep en d en t) a tom ic  co n tr ib u tio n s  to  th e  p o te n tia l , n a m e ly  those  t h a t  a re  
a p p ro p ria te  fo r s-o rb ita ls . In  th e  case of Li a n d  N a  th e  p -o rb ita ls  (and  o f course  
d and h ig h er orb ita ls) shou ld  h a v e  a m ore a t t r a c t iv e  p o te n tia l  (i.e. a sm a lle r

Fig. 1. Pseudopotentials W° and W 1 fo r N a (in correct scale)

cu t-o ff rad iu s). So b y  using  th e  p se u d o p o te n tia l a p p ro p ria te ly  for s-o rb ita ls  
th e  c o n tr ib u tio n  of th e  p -o rb ita ls  is ex p ec ted  to  b e  u n d e re s tim a te d . This sh o u ld  
re su lt in  an  increase o f th e  energy  v alue  like t h a t  due to  th e  use of a p o o re r  
basis. F o r K , R b  and  Cs th e  cu t-o ff  rad ii co rresp o n d in g  to  s- an d  p -o rb ita ls  
do n o t d iffer m uch so th a t  a local p o te n tia l is ju s tif ie d  as long  as (/-co n trib u ­
tions to  b in d in g  are neglegible.

W e do n o t, how ever, re g a rd  th e  loca l a p p ro x im a tio n  as co m p le te ly  
sa tis fa c to ry  an d  w ork  is in  p rogress to  a c c o u n t fo r th e  /-dependence  o f  th e  
atom ic  p seu d o p o ten tia l in  m o lecu la r ca lcu la tio n s.

In  conn ec tio n  w ith  p seu d o p o te n tia l th e o ry  th e  q u es tio n  arises how  one 
shou ld  re p re se n t th e  repu lsion  of th e  cores. I f  th e  cores a re  rigo rously  n o n ­
overlapp ing  i t  is ju s tif ie d  to  rep lace  th e m  b y  p o in t  charges. So fa r  we h av e  n o t 
considered  effects due to  an  overlap  o f th e  co res. T h ey  are  su p p o sed  to  d ep en d  
ex p o n en tia lly  on th e  d is tan ce  an d  to  be n o n -neg lig ib le  o n ly  fo r v e ry  sh o r t  
in te ra to m ic  d istances.

b . Natural orbital expansions and their combination 
with the pseudopotential method

Since b y  using  th e  p se u d o p o te n tia l m e th o d  w e are le ft w ith  a ra th e r  sm all 
n u m b e r of va lence  elec trons, we can  there fo re  t r e a t  th is  sm all n u m b e r  b y  r a th e r  
so p h is tic a ted  m eth o d s w hich w ould  n o t be m a n ag eab le  in  a tr e a tm e n t o f all
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e lec trons. L e t u s  s ta r t  w ith  th e  H a m ilto n ia n  fo r  th e  va lence  e lectrons

h  =  -  4 -  2  ( 4  -  2  +  2  —  (9)
*  i « i,J r ij

in  w hich ^  W'l s ta n d s  fo r th e  p o te n tia l o f  E q u . (8). T h e  H F  eq u a tio n s  fo r  a
a

v alence  e le c tro n  in  a closed shell s ta te  w ill th e n  be

— л , - 2 т ( т ы) +  2  (2 J y -  к )
£  a  i

0i =  С Ф, , ( 10)

w here  J 1 a n d  K J are  th e  C oulom b an d  ex ch an g e  o p e ra to rs , re sp ec tiv e ly  and  
Ф,- is a H F  p seu d o -o rb ita l.

I n  o rd e r  to  com pare  th e  ca lcu la ted  to ta l  energies w ith  th e ir  e x p e rim e n ta l 
c o u n te rp a r ts  one  has to  n o te  th a t  th e  zero  o f th e  energy  scale co rresp o n d s to  
th e  sum  o f th e  core energ ies, i.e. th e  sum  o f th e  energies o f  th e  ions o b ta in e d  
from  th e  n e u tr a l  a tom s b y  ion izing  off a ll th e  valence e lec trons.

In  p a r t  I  we h av e  o b ta in e d  good a g reem en t fo r th e  o rb ita l energ ies and  
th e  to ta l  va len ce -e lec tro n  energ ies b e tw een  com plete  H a r tre e  — F ock  ca lcu la tio n s 
an d  H F  ca lcu la tio n s  in  th e  fie ld  of a p seu d o p o te n tia l. T h is a g reem en t tu rn s  
o u t to  h o ld  in  o u r m o lecu la r ca lcu la tio n s as w ell. I f  we w a n t to  ge t ev en  b e tte r  
ag reem en t w ith  ex p e rim en t w e h av e , of cou rse , to  go b ey o n d  th e  H a r t r e e — Fock 
a p p ro x im a tio n . This is w h y  we com bined  th e  p se u d o p o te n tia l a p p ro a c h  w ith 
a C I-ca lcu la tio n  in  te rm s o f ap p ro x im a te  n a tu ra l  o rb ita ls  like i t  has b een  app lied  
in  all e le c tro n  ca lcu la tions [13c].

T h e  e q u a tio n s  to  be  so lved  fo r a tw o -v a len ce  e le c tro n  system  a re  those  
d eriv ed  p re v io u s ly  [13a, b ]

i ( h + J ' )  Xi — A n ,

Qi [» /(*  +  К ‘) +  Щ  Qt X, =  h i  Z / , i Ф 1 • (11)

H ere  Xi is th e  ‘stro n g ly ’ occup ied  (sp infree) n a tu ra l o rb ita l, % is a  ‘w eak ly ’ 
occupied  o n e , Ç, a p ro je c tio n  o p e ra to r  p ro je c tin g  on to  th e  subspace  w h ich  is 
o rth o g o n a l to  th e  f irs t  (i— 1) n a tu ra l  o rb ita ls , h is th e  one-e lec tron  p a r t  of 
th e  H a m ilto n ia n  c o n ta in in g  h ere  th e  p se u d o p o te n tia l, J '  an d  K ‘ a re  C oulom b 
and  ex ch an g e  o p era to rs  o rig in a tin g  from  a n  e lectron  p a ir  in  th e  sp ace  o rb ita l 
Xi-  (lfc|Al) is a n  exchange in te g ra l in v o lv in g  o rb ita l X i  an(l Xk-  T he coeffic ien ts  
С/ in  th e  n a tu r a l  ex p an sio n  o f a tw o -e le c tro n  function*

*̂ / (r i * r2) — ci X i W  # ? (2 ) (12)
i

* F o r a  generalization to  system s w ith m ore than  two electrons, see [13b].
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are f in a lly  o b ta in ed  from  th e  secu la r  eq u a tio n s

2 c , -  h, j - j -  " V  ck (ik\ki) =  /u c j . ( 1 3 )
к

T he low est e igenvalue o f these  e q u a tio n s  is th e  g ro u n d -s ta te  energy  o f a tw o- 
e lec tro n  system  in  th e  p seu d o p o ten tia l. T he eq u a tio n s  a re  solved a lg eb ra ica lly , 
each n a tu ra l  o rb ita l (NO) being re p re se n te d  as a lin e a r  c o m b in a tio n  o f a given 
o r th o n o rm a l set o f one-e lec tron  b as is  fu n c tio n s w h ich  are  c o n s tru c te d  from  
G au ssian -ty p e  o rb ita ls  cp. W e th e re fo re  h a v e  to  e v a lu a te  th e  m a tr ix  e lem ents 
( t p a ,  IV c ,  9"b) w ith  re sp e c t to  th e  p se u d o p o te n tia l W ^ .

c. Calculation o f  the matrix elements

T h e only  m a tr ix  e lem ents n o t  know n  from  th e  l i te ra tu re  a re  th o se  in ­
vo lv ing  th e  p seu d o -p o ten tia l IF". A s basis  se t fo r th e  ex p ansion  o f th e  p seu d o ­
o rb ita ls  Xi we use G au ssian -ty p e  fu n c tio n s  of th e  fo rm

К
( 2  o c „ 3/4

exp [ — a  ( r —г )2] /л= а , b,c, (14)

T he fo llow ing m a tr ix  e lem ents h a v e  to  be ca lcu la ted

W ab,c =  (<Pcn W c V b ) -, (15)

w here IF ” s tan d s  fo r th e  p seu d o p o ten tia l. In  th is  S ection  we on ly  give th e  fin a l 
expression  (for a d e ta iled  d esc rip tio n  o f th e  e v a lu a tio n  see A p p en d ix  A).

= j -

ZR
1 2 rcp

+  -
ao

’ab 2 y e rf (Ÿy(rcp +  R))  — e r f (Уу(гср ~  f í) ) ]

2 yr,

71
[ e r f  (fy(rcp +  R))  +  e r f  ( fy(rcp — JR))] +

cp

n  r-V
CP

~f~ N  g y
V = 1 ] / y

' \ b {R ~r̂ e - ^ d u  f  ( - 1 Г  \ rnR+T'
d -УгГср J \ r r ep

epe-u2du\  +

( 16)

+  ^ С д 1) r ^ V " /2+1/2 ( TCP) « Ae -u2du +  ( - l ) - A u*e-uidu\
l Uyÿrc,, JVyrcp L
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I n  th is  ex p ressio n  S ab is th e  o v e rlap  in te g ra l (cpa, ерь)

S ab =  (ocfl ■ е-^и-гьУ -А  '

2scq • xb
a.a +  0ih

(17)
У — x a “ Ь  x b 1

an d

w ith

w hich  is a p o in t on  th e  line b e tw e e n  a an d  b w here  th e  p o sitio n  v ec to rs  o f  th e  
n u c le i a re  d e fin ed  b y

A fu r th e r  re d u c tio n  of th e  in te g ra ls  in  th is  exp ression  fo r I  is possib le  if  we 
d efine  Jx(a, b) as

O ur m e th o d  is sem iem pirica l in  th e  sense t h a t  th e  p se u d o p o te n tia l co n ­
ta in s  a t  le a s t  one  p a ra m e te r  to  be a d ju s te d  u sin g  e x p e rim e n ta l d a ta . O ur 
p h ilo so p h y  is to  a d ju s t th e  p se u d o p o te n tia l fro m  d a ta  o f th e  c o n s titu e n t a tom s 
(ion iza tio n  e n e rg y  and  p o ssib ly  h igher R y d b e rg  levels), b u t  n o t from  d a ta  o f 
th e  m olecule t h a t  we w a n t to  ca lcu la te  or fro m  a n y  re la te d  m olecule. F o r  one 
a to m  in  d iffe re n t m olecules th e  sam e p se u d o p o te n tia l shou ld  be  u sed . T h e  n u m ­
b e r  of p a ra m e te rs  should  b e  as sm all as possib le . I f  we use W° th e n  a single 
p a ra m e te r  describes th e  p a r t ic u la r  ty p e  o f (sing ly  positive) core, in  W 1 tw o 
p a ra m e te rs  a re  n ecessary  to  ch a rac te rize  th e  core, b u t  i t  tu rn s  o u t t h a t  for 
d iffe ren t a lk a li a tom s th e  o p tim u m  choice is in  good ag reem en t w ith  th e  re la ­
tio n  a 0 =  -{-Zr / R c s o  th a t  w e a re  again  le f t w ith  one p a ra m e te r . R c is th e n  f i t ­
te d  to  th e  lo w e s t R y d b erg  s ta te s  w ith  th e  re su ltin g  va lu es  o f T ab le  I.

a =  [ A x, A y, A z] , b =  [B x, B y, B z], c =  (C'x, Cy, Cz] .  (19)

W e th e n  o b ta in  th e  recu rren ce  re la tio n

M a ,  b ) =  —  [(A -  2 ) Л _ 2(в, b) +  a3~2 е~°г -  b>~2 e"*2] .

3 . The choice o f  the parameters for the model potential in 
th e  calculations o f Na2, K 2, NaCs and B eH 2
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Table I

R y d b erg  s ta te s  o f N a, K , Cs re su ltin g  fro m  th e  p se u d o p o ten tia l W ' (a ll q u a n tit ie s  in  a .u .)

Molecule °i — E  (1.) — E  ( 2 s ) — E  (35) — E ( l s )

N a

N a (exp.)

+  0.44 —  0 .399 2 .266 (0 .18886)

0.18886

0 .07242

0 .07158

0.0380

0.0376

0 .0 2 3 3

0 .0231

К
К  (exp.)

+  0.34 —  0 .236 2 .908 (0 .15952)

0.15952

0 .06507

0 .06371

0.0351

0.0344

0 .02189

0 .0216

Cs

Cs (exp.)
+  0.29 —  0 .174 3.394 (0 .14310)

0.14310

0 .05864

0 .0606

0.0323

0.0333

0 .0205

0 .0 2 0 8

a 0, a , ,  R c p se u d o p o ten tia l p a ram ete rs  a s  d e fin ed  in  E q u . (8). To be f i t te d  a t  -E(ls)

4 . Results o f  th e  calculations

One m a y  w onder w h y  in  a lm o st a ll p seu d o p o ten tia l ca lcu la tions on ly  
m olecules like N a2, K 2 e tc . h a v e  been in v e s tig a te d . A c tu a lly  th e y  p lay  th e  sam e 
ro le in  p seu d o p o ten tia l th e o ry  as does th e  H 2 m olecule in  a ll-e lec tron  c a lc u la ­
tions. In  th e  p seu d o p o ten tia l m ethod  th e s e  m olecules can  be  tre a te d  as p seu d o - 
H 2 p rob lem s. J u s t  as in  H 2, th e  ls -p seu d o -A O ’s c o n tr ib u te  m uch  m ore to  th e  
b in d in g  M O’s o f th e  g ro u n d  s ta te  th a n  d o  a n y  o ther, in  p a r tic u la r  p -A O ’s. I t  
is th ere fo re  n o t  too  cruc ia l to  ignore th e  /-dependence  o f  th e  p se u d o p o te n tia l 
an d  to  use t h a t  local a p p ro x im a tio n  w h ich  is ju s tif ie d  fo r s-A O ’s.

NaCs h as  recen tly  b e e n  in v e s tig a te d  b y  W. N eumann [22] in  m o lecu la r 
b eam  ex p erim en ts . This s tim u la te d  o u r  in te re s t  in  a th e o re tic a l s tu d y  o f  th is  
h e te ro n u c lea r m olecule.

T he choice of th e  o rb ita l  basis is su g g e s te d  b y  th e  fa c t t h a t  we are d ea lin g  
w ith  p seu d o -H 2 problem s. W e ac tu a lly  chose th e  basis o f G aussians u sed  
b y  H oyland [14] in  h is H 2 ca lcu la tio n s o m ittin g , h o w ever, th e  G aussians 
w ith  h ig h es t a^-values w h ich  in  th e  g e n u in e  H 2 p roblem  ta k e  care of th e  r e ­
p re se n ta tio n  o f th e  cusp a t  th e  nuclei, b u t  ad d in g  some G aussians w ith  sm a lle r  
a^-values in  th e  b ind ing  reg io n  as is i l lu s tr a te d  in  T ab le  I I .

Since th e  p seu d o p o te n tia l does n o t  c o n ta in  an y  s in g u la ritie s , th e  p ro b lem  
o f th e  co rrec t cusp  does n o t  m a t te r  and  a  G au ssian  basis sh o u ld  be b e t te r  th a n  
in  th e  rea l H 2 problem . T h e  resu lts  o f o u r  ca lcu la tions on  d iatom ics u s in g  
th e  tw o  m od el-p o ten tia ls  W°  an d  W 1 c a n  b e  found  in  T ab le  I I I .

T he p a ra m e te rs  a0, a Y, R c are ta k e n  fro m  T ab le  I . T h e  d issocia tion  e n e r­
gies Dc are o b ta in ed fro m  D e =  I-Eh f + согг +  2 J p | w here EW +corris th e  sum  o f H F -  
a n d  th e  co rre la tio n  energy  o f  th e  sy s te m . T h e  eq u ilib riu m  d istances r eh a v e  
b e e n  o b ta in ed  b y  4 -th  deg ree  po lynom ial f i t t in g , (see F igs. 2— 4), from  w h ich
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Table II

G aussian basis functions in  the calculation of N a2, K 2, NaCs and B eH 2. The functions are characterized by  their 3 group param eters 
(exponent/group-coefficient/origin relative to  the corresponding atom s) (see [23] for fu r th e r details). The param eters are given for the corres­

ponding atom s, no t for the molecules. The groups are no t normalized

332 
W

. A
. B

IN
G

E
L

 ct at

Na, K , Cs B eH 2

Group Nr. 1 Group Nr. 1
type param . A type param .

(*) exp. 4.76 1.24 0.377 (s) exp. 30.2 4.76 1.24

coeff. 0.06275 0.06051 -3 .3 0 6 8 coeff. 0.035598 0.235445 0.804848

orig. 0 0.2 0.08 orig. 0 0 0.12

Group Nr. 2 Nr. 4 Nr. 2 Nr. 5 Nr. 8

w 0.118 (•) 0.03 H (.) 0.377 (•) 2.1847 (*) 0.06
1 1 1 1 1

0.19 0.5 0.068 0 0

(«) Nr. 3 Nr. 5 Nr. 3 Nr. 6 Nr. 9

0.06 M 0.01 (»> 0.118 (*) 0.8590 ( P) 0.9

1 1 1 1 1 1

1.0 0.6 0.205 0 0.5

Be
Nr. 7 Nr. 10

Nr. 4
<•) 0.2 (P) 0.27

(«) 17.62 5.9326
1 1

0.1729 —  1.1347 0 1.2
0 0



Table II I
The com puted da ta  for the A 2, A B-type molecules w ith the pseudopotentiale W' an d  IF®.

All quantities are in  atom ic units

l 2 3 4 5 6Molecule a0 “ 1 - h —ehf ^HF-fcorr.

t  N a2 2.266 0.44138 — 0.38963 0 . 3 7 7 7 0.3759 0 . 3 9 9 3

1 k 2 2.91 0.3438 — 0.2364 0.3190 0.3142 0.3360
W 1

fNa 2.266 0.44138 — 0.38963
NaCs J 0.3319 0.3284 0.3510

Cs 3.39................. 0.2946 —0.1736

I — 1
1 N a2 3.25

3.25 0 0.3777 0.3700 0.3955
w °

— 1
K 2 4.16

4.16
0 0.3190 0.3100 0.3320

— 1
L i2 3.00

3.0
0 0.3963 0.3907 0.4147

7b) 8 9a) 10 11») 12
Molecule THF к Ke De De De

calc. exptl. calc. exptl. HF

Î  N a2 0.1699 5.78 5 . 8 0.0216 0.0272 -0 .0 0 7 5
K 2 0.1401 7.1 7 . 3 9 0.0170 0.0192

IF1 11

, Na
NaCs 0.1456 6.9 0.0191

1 Cs

N a, 0.1670 5.8 5 . 8 0.018 0.0272 -0 .0 0 7 5
W°

K 2 0.1350 7.1 7 . 3 9 0.013 0.0192

' L i2 0.182 3 . 0 2 0.0184 0.0419 0.006

a) E xperim ental data  from  G. H e b z b e r g , M olecular Spectra and  Molecular S truc tu re , 
I. Spectra of diatom ic Molecules (D. V an N ostrand Co., Inc. New Y ork, 1950)

1. core rad ius
2—3. pseudopotential param eters

4. Sum  of ionization po ten tia l for the free atom s
5. T o ta l H F  energy
6. H F  energy plus a and n  correlation energy
7. H F  o rb ita l energies fb) for I,i2 the o rb ita l energy is th e  sam e in an all-electron 

calculation]
8. Calculated equilibrium  distance
9. E xperim en ta l equilibrium  distance

10. C alculated dissociation energy (for L i2 only cr-correlation is included)
11. E xperim en ta l dissociation energy
12. H F  binding energy of an all-electron calculation according to  A. C. W a h l  [2! 

(for N a2) and G. D a s  [25] (for L i,)
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SIM U LA TIO N  OF TH E IN F L U E N C E  OF CORE ELECTRONS 3 3 5

Figs. 2—4. E nergy-potential for N a2, K , and NaCs as calculated by  the pseudopotential m e­
thod  w ith  pseudopotentials W ° ,  W l

H F  s= H artree— Fock approxim ation, tt-corr. =  H F  +  ст-correlation. a  -f- jr-corr. =  H F  -f 
-f- a  л -correlation, exp. =  experim ental energy curve which we obtained  by  sub tracting  
the binding energy De (see r igh t hand  scale) from  th e  level of the separated  atom s (broken line 
w ith  energy 2 Ip). The cu rvatu re  corresponds to  a quadratic  parabola obtained  from the ex ­

perim ental force-constant. See [4c]

we o b ta in ed  th e  force c o n s ta n ts  К г as w ell. T h e  resu ltin g  v a lu es  a re  co llected  in  
T ab le  IY  fo r d ifferen t ap p ro x im a tio n s . In  com paring  th e  re su lts  w ith  th e ir  
ex p erim en ta l c o u n te rp a r ts  one sees t h a t  th e  g eom etry  o f th e se  system s is 
a lread y  acco u n ted  for in  th e  H a rtree  — F o ck  a p p ro x im a tio n  like one finds in 
a ll-e lectron  H F  calcu la tio n s. The eq u ilib riu m  d istances are  in c reased  if  one 
allows for er-correlation (i.e. b y  perfo rm ing  C l w ith  co n fig u ra tio n s  co n stru c ted  
from  cr-orhitals only) b u t  a re  decreased a g a in  to  th e  co rrec t va lu es  if  я -correla- 
tio n  is tak en  in to  accoun t, too .*  (For a m o re  d e ta iled  d iscussion  o f th is  p roblem  
see [13c]). In  fa c t, the  cr-correlation en e rg y  co n trib u tio n s  increase  w ith  d is tan ce  
while th e  я -co rre la tion  decreases w ith  d is ta n c e , so t h a t  th e  sum  of b o th  re-

* A W einbaum  function (H eitler—London function -f ionic term s) as used by Szász 
and McGin n  accounts to some e x ten t for «-correlation (bu t no t for я -correlation). This is the  
reason for their too large equilibrium  distances.
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Table TV

E quilibrium  distances, force constants and  to ta l energies for N a „  NaCs, K s

r„ [a.u.] K e [a.u.] K e [mdyn/A]
Molecule approximation calc. exp. theor. theor. exp.

— E ,  [a.u.]

SCF 5.8 0.009 0 .14 0 .3759
N a2 5.8 0 .083

SCF +  corr. 5.8 0.007 0.11 0 .3993

SCF 7.0 _ 0.0057 0.0? 0 .3284
NaCs 0.051

SCF -f- corr. 6 .9 — 0.0051 0 .08 0.3510

SCF 7.1 0.0048 0 .075 0.3142
K 2 7.39 0.048

SCF +  corr.
71

0.0045 0.07 0.3360

Table V

C orrelation analysis o f N a2 for d ifferent distances r. All quantities are
in atom ic un its

r e h f —E(lcr„) - Я ( Ы ) — E i  2<r„) — Ц < г +  я)

4 .8 0.3691 0.00944 0.00686 0 .00257 0.02526

5.3 0.3744 0.00807 0.00618 0 .00325 0.02368

5.8 0.3759 0.00902 0.00544 0 .00353 0.02343

6.3 0.3745 0.01030 0.00477 0 .00373 0.02358

6.8 0.3715 0.01193 0.00419 0 .00383 0.02414

m ains a p p ro x im a te ly  c o n s ta n t  as can  b e  seen from  th e  co rre la tio n -en erg y  a n a ­
lysis fo r N a 2 in  T able V.

T h e  co rrespond ing  n a tu ra l  o rb ita ls  w hich  c o n tr ib u te  to  th e  c o rre la tio n  
energy  a re  p lo tte d  in  F igs. 5 — 8 for N aC s. A lthough  th e  accu racy  o f th ese  N O ’s 
(p a r tic u la r ly  o f those  w ith  sm all ex p an sio n  coeffic ien ts) shou ld  n o t be o v e re s ti­
m a ted  th e se  p lo ts are  q u ite  illu s tra tiv e . T he b ro k en  lines in d ica te  th e  co re  
reg ion  o f  th e  co rresp o n d in g  a tom s. In s id e  th is  reg ion  th e  n iv eau  lines h a v e  n o  
p hysica l m ean ing .

In  T ab le  V I th e  re su lts  o f our ca lcu la tio n s on B e H 2 are  sum m arized  fo r  
th e  eq u ilib riu m  d is tan ce  Гве-н  =  2 5  a .u . fo r th e  lin e a r  sy m m etric  m olecu le . 
T he re su lts  are  so m ew h at p oo rer, s im ila r to  tho se  w hich  h a v e  been  fo u n d  fo r  
h y b rid es  in  general [4e], a p h en o m en o n  w hich is n o t y e t  fu lly  u n d ersto o d .
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NaCs SCF-МО

Fig. 5. G round sta te  SCF—MO for NaCs. The broken  line indicates the core region. Insid  
this region the plots have no physical m eaning

NaCs 2-SIGMA

Fig. 6. 2a —NO of NaCs w ith  one node in the m iddle



NaCs -1-PI-

Fig. 7. In —NO of NaCs in  th e  x —y-plane

Fig. 8. 3 ít—NO of NaCs w ith  one node
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Table VI

Comparison of B eH 2 in th e  pseudopotential schem e and a com plete treatm ent. 
All quantities are in  a tom ic units

approx. R* «0 “l r e — E h  F S H F

pseudo-
potential

1.356 — 1.478 2.175 2.5 2.0558
£l =  0.5124 
e2 =  0.4019

complete 
SCF— NO 2.5 15.7624

ex =  0.4916 
e2 =  0.4559

approx. 1 —Ecorr jr71-̂ corr —ETot. TP D.calc. D,estim.

pseudo-
po ten tia l

0.0335 0.0230 2.11237 2.01184 0.1005 0.239

complete
SCF — NO 0.0322 0.0245 15.8119 0.202 15.906

Conclusions

In  perfo rm ing  m olecu lar ca lcu la tio n s in  a p se u d o p o te n tia l ap p ro ach  one 
in tro d u ces  tw o  possib le sources of e rro rs. O ne is due to  th e  ap p ro x im a tio n  
in h e re n t in  th e  chosen p seu d o p o ten tia l, th e  o th e r  to  th e  lim ita tio n s  in th e  
a n sa tz  of w ave fu n c tio n s. T he la t te r  source  of e rro r  is th e  sam e as in  all e lec tron  
ca lcu la tions an d  i t  is th ese  e rro rs  w hich w e tr ie d  to  reduce as m u c h  as possible 
b y  a im ing  a t  a r a th e r  a c cu ra te  t r e a tm e n t of th e  tw o  and  fo u r va len ce -e lec tro n  
p rob lem  in  th e  fie ld  of a p se u d o p o ten tia l th a t  h a s  a sim ple a n a ly tic  form .

W e perfo rm ed  H a rtre e  — F o ck  ca lcu la tions in  th e  p se u d o p o te n tia l fie ld  
an d  o b ta in ed  good ag reem en t w ith  a ll-e lec tron  H a r tre e  — F ock  ca lcu la tio n s (as 
fa r  as tho se  are  ava ilab le ), b o th  w ith  re sp ec t to  o rb ita l energ ies a n d  b ind ing  
energies. Since H a r tr e e —F o ck  ca lcu la tio n s g en era lly  lead  to  go o d  m olecular 
geom etries i t  is n o t  su rp ris in g  th a t  th e  b o n d  d is tan ces  of our p se u d o p o te n tia l 
H a rtre e -F o c k  ca lcu la tions ag ree w ell w ith  th e  e x p e rim en ta l ones.

T he b in d in g  energies o b ta in e d  in  th e  H a r t r e e —Fock  a p p ro x im a tio n  are 
as p oo r in  a p se u d o p o ten tia l as in  an  a ll-e lec tron  tre a tm e n t. I n  o rd e r  to  o b ta in  
th e  co rrec t values one has to  acco u n t fo r e lec tro n  co rre la tion . I f  one does so, 
b y  using  th e  n a tu ra l  o rb ita l ex p ansion  m e th o d  one  o b ta in s a b o u t  60— 80%  o f 
th e  ex p erim en ta l b in d in g  energies. (W hereas in  th e  H a rtree  — F o c k  approach  
n o t even  th e  sign o f th e  b in d in g  energy  is co rrec t) . In  those  cases w here we 
could  m ake th e  com parison , th e  co rre la tio n  energ ies and  th e  c o n tr ib u tio n s  of
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th e  d iffe re n t N O ’s to  i t  w e re  q u ite  s im ila r  in  a p se u d o p o te n tia l an d  in  an  a ll­
e lec tron  ca lcu la tio n . (T his is d e m o n s tra te d  b y  th e  ex am p les  B eH 2 a n d  L i2. 
F o r th e  la rg e r  system s th e  a ll-e lec tro n  ca lcu la tions w o u ld  be m uch to o  tim e- 
consum ing).

T w o fo rm s o f th e  p se u d o p o te n tia l h a v e  been  u se d , w hich d iffe r ap p re ­
c iab ly  in s id e  th e  core re g io n  b u t  w hich  le a d  to  r a th e r  s im ila r  re su lts . A  m ore 
carefu l in sp ec tio n  show s t h a t  th e  p o te n tia l  W 1 (see F ig . 1) is p re fe rab le  to  
JV° b o th  w ith  resp ec t to  R y d b e rg  series a n d  to  b in d in g  energies.

O u r re su lts  suggest t h a t  th e  p seu d o p o te n tia l m e th o d  should  be  ap p licab le  
successfu lly  to  la rger m olecu les a lth o u g h  som e p rob lem s s till rem ain . I n  p a r t i ­
cu lar we th in k  th a t  a s t r ic t ly  local p o te n tia l  is too  p o o r  fo r  system s w h ere  th e  
c o n tr ib u tio n s  o f p-A O ’s to  bond ing  is as im p o rta n t as t h a t  of s-A O ’s, so th a t  
for such  sy stem s e ith e r  a n  /-d ep en d en t p o te n tia l h as  to  h e  used o r one  has to  
find  a loca l p o te n tia l t h a t  rep roduces b o th  s- and  p - ty p e  R y d b erg  s ta te s  i f  th is  
is possib le .

A ppendix

I f  w e w rite  th e  p se u d o p o te n tia l in  th e  form

— W?(\r — t c) =  J > a v\t — гсГ r < R

=  + •

v = 0

Zr
( 1 )

r > R

th e  basis  fu n c tio n s <p̂  as

?v =
2 « „

71

3/4
e *fdr r^ z p — a, b, c ,d ,  . . . ( 2)

th e n  w e g e t in  a f ir s t  s te p  w ith  y =  oca -j- ось

xa +  x b ) 3/2
\3 /2  r

S ab\ e - y ( ' - ^ W " c ( \ r - T c\ ) d T .  (3)

In  th is  expression  S ab m ean s th e  o v e rla p  in teg ra l (<pa, ерь) w hich is g iven  b y

S ab =  ( * a • ось) - ^  A 3''2

i =  2 QCp -ось 

x a~\~x b

(4)
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D efin ing  th e  p o sitio n  v e c to r  o f th e  fu n c tio n  c en te rs  or nucleus c b y

a  =  [ A xi A y ,  A , ]  ,

b =  [B x; B y; B z] , (5)
c =  [Cx; Cy-, C J

th e  point P  w ith  positio n  v ec to r rp in  E q u . (3) is s i tu a te d  on th e  lin e  betw een 
a a n d  b w ith  coo rd inates

Гр — [oca A x ocb B xi cca A y  <xb By', cca A z -j- ccb B 2] . (6)
7

N ow  we can  tra n sfo rm  o u r co o rd in a tes  accord ing  to  r / =  r— rc a n d  get

- J  =  ( - у Г Ч *  J e - * '- '* ) *  W (\r’\) dr' (7)

w ith  r cp =  r c—r p.
N ow  we se p a ra te  th e  in teg ra tio n s

V  ̂3/2 Г f*°° Í  2л
- J  =  J - \  S ab e - ^ r '+ r}p)W(r)r2dr \ e2yr’*rx dx dcp (8)

я  ) LJo J  —l Jo

an d  get a f te r  a sh o rt ca lcu la tio n

V 3/2 7 T  Г Г”  Г°°
- J  =  J — s ab — —  W(r) rdr -  I e-*r+r*F W (r)dr  . (9)

я  t yrcp J о Jo

U p to  th is  p o in t th e  d e riv a tio n  does n o t  depend  on th e  explic it p o te n tia l  expres­
sion from  w hich we m ak e  use now .

/ л» 3/2 j j  I П
J  =  I-4— S ab--------- J jy ’ a,, r’+1 e~y{r~rep)2 dr — г”+1е~у,-г+гср)2 dr +

I tz yrcp (v = 0 J 0 «Jo
1 (10)

+  е~у(г~Гср)* dr — Z R J  e-rk+i«?)2 dr j .

A fte r  su b s titu tio n
u =  r — rcp, v =  r +  rcp

we get fo r rv+1 an  expression

(« +  rcpY +1 =  ’j g  ( T )  u* rvcp*+1 (11)
л=о
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an d  th e  co rresp o n d in g  one for (v— rcpY +1. T herefore  w e can  w rite  fo r  th e  whole 
in te g ra l

3/2

J a b

n  »» +  1

> X  2 ' П 1) ^
Л

У  — 0 ~ 0

Zp л

c p

R — Tcp rR+Tcp
uxe-"u4 u  +  ( - 1 ) H  vx e~rv* dv

Гcp J Гcv

+  ■
yrcp

j e yuJ du  — Г e y“2 du
•/ R —Гер J  R + rcp

+

( 12)

A fte r som e s im p lifica tio n s in th e  la s t  tw o  in teg ra ls  a n d  a sp littin g  o f  th e  firs t 
te rm  in  th e  sum  over v we o b ta in  th e  fin a l form

[e rf (Yy(rcp +  Щ) -  e r f  ( fÿ ( r cp -  Й ))] +1/ У s h «0  ’ 1 л
]/ л  * ab 2 У

+
1 cp

■ y  [ e r f  (Ÿy(rcp +  R ))  +  e rf  ( fy(rcp — R))]  +

-j----------®—  [ e - y h e p  +  R )2 _  e - y ( r e p - R ) 2J

2 y r cP
(13)

V = 1
'  cp

d - f y r ™  J lb  \ J - y ÿ
--------------------------II  —

rr{R^ \ ^ d u
УгГ'р

+

v+1 

Л = 1
+  2  i’ï W Y ÿ - * - 1

' l y ( R —гСр)яcp uxe u>du [-(—1) 

I
-Уул

v-Д fy(R + rep) д _U2
ыде u du

Tyr

In  th is  expression  th e  te rm s w ith  v — 0 an d  A =  0 a re  w ritten  dow n  sep ara te ly  
b ecau se  th e y  can  b e  reduced  to  sim p le  a n a ly tic  expressions. So I I  can  be 
w r it te n  as

11 =

w ith

л
T [(1  - ( - 1 У) e r f ( fy  rcp) -(-e r f  ( fÿ ( I Î—rcp) ) + (  — l ) ve r f ( fy (R -)-гср) ) ] (14)

2
e r f (2 ) -- u2d u .

Ÿ y  Jo

T he rem ain in g  in te g ra ls  w hich a re  o f th e  form

J k(a,b)  =  f ux e- “2 du
J  a

(15)

(16)

c a n  easily  be e v a lu a te d  b y  a re c u rr in g  re la tio n  one  can d e riv e  fro m  (16)

Л (а , b) =  — [ ( A - 2 ) Л _ 2(а, b) +  ax~* e ' “2 -  bx~* e~b2] (17)
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w hich connects J\{a, b) w ith  J * _ 2(a, b).
T he in itia l in teg ra ls  J x(a , b) and  J 2(a, b) are

J x(a, b) =  —  (n  [ e r f  (6) — erf (a)] ,
2

J 2(a, 6) =  —  [ ,-a2 _  „-f>2l

so t h a t  th e  w hole in te g ra l (<pa,W c ерь) is re d u c e d  to  th e  e v a lu a tio n  of th e  e rro r- 
function .

F o r p ra c tic a l ca lcu la tions i t  is u sefu l to  in troduce  som e ap p ro x im a tio n s  
fo r th e  lim itin g  case rcp 1, to  avoid  n u m e ric a l in s ta b ilitie s .

In  th is  case we h av e  ap p ro x im a te d  th e  expressions fo r  I  and  I I  b y

1 ÿÿî+i LU , uxe~u*du +  ( - 1 ) ”
У y (R+r cp)

УуГср

ŸY'
(1 +  ( —1)V_A) x f l ' R uxe u2du

' A

-  (ŸŸrcpy +1- \ f ÿ R ) l e - ^  ( 1 —( - 1 Г Д)

II
J 71

( l  +  ( - l ) ’) t â ( Ÿ Ÿ R )  +  ( l - ( - i r )  f Ÿ rep(l -  eyR2).
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ПОДРАЖ ЕНИЕ ВЛИЯНИЯ ЭЛЕКТРОНОВ АТОМНОГО ОСТАТКА 
ПСЕВДОПОТЕНЦИАЛАМ. И.

П РИ М ЕН Е Н И Я  К Н ЕКО ТО РЫ М  М ОЛЕКУЛАМ С ДВУМЯ И Т РЕ М Я  АТОМАМИ 

В. А. Е И Н Г Е Л , Р. Й. КО Х  и В. КУ Ц ЕЛ ЬН И Г

Р е з ю м е

Псевдопотенциальная теория комбинируется с методом Х арти—Фока и методом 
естественного разложения в ряд с целью определения молекулярных постоянных D e, 
R e и к е для Na2, К 2, NaCs и ВеН2 Эти молекулы рассматривались как двух- и четырех­
электронные проблемы соответственно в псевдопотенциальном поле своих атомных остат­
ков. Далее были анализированы энергии и волновые функции с точки зрения взноса раз­
личных натуральных орбит в корреляционную энергию Вычисленные расстояния рав­
новесия хорошо согласуются с экспериментальными данными Соответствие диссоциацион- 
ных энергий с экспериментальными данными лучше, чем в предыдущих вычислениях.
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FURTHER NOTE ON THE SADDLE-POINT CHARACTER 
OF HARTREE -FOCK WAVE FUNCTIONS*

By

C. A . C o u l s o n

MATHEMATICAL IN ST IT U T E , OXFORD 0 X 1  3LB , ENGLAND

(Received 20. II . 1969)

A simple argum ent is provided to show th a t the energy of a H artree—F ock wave func­
tion is a saddle-point on th e  energy surface obtained by “ opening-out” each p a ir  o f electrons 
from  the same orbital wj in to  two different orbita ls uj and 1'j. A discussion is also given of the 
best direction in which to  move away from  th e  saddle-point in order to lower th e  energy as 
rapidly as possible. The argum ent applies q u ite  generally, to  a tom s or to molecules, and both 
when using a fin ite  basis (LCAO type functions) and when using an infinite basis (true  H ar­
tree—Fock functions).

1. In tro d u c tio n

In  re c e n t years considerab le  a t te n t io n  has been  g iven  to  th e  n a tu r e  o f th e  
H a rtre e  — F o ck  (H F ) en erg y  and  w ave fu n c tio n , w h e th e r  fo r an  a to m  o r a m ole­
cule, an d  w h e th e r d e te rm in ed  b y  co m p le te  so lu tion  o f  th e  H F  e q u a tio n s  or 
b y  so lu tio n  o f th e  R o o th a a n  eq u a tio n s w hich  resu lt w h en  th e  fu n c tio n  space  is 
lim ited  an d  a fin ite  basis  se t is used  fo r  each c o n s titu e n t o rb ita l. T h e  case of 
th e  tw o -e lec tro n  a to m  such  as helium  w as discussed b y  Coulson [1], b y  HiB- 
BERT an d  Coulson [2], an d  b y  H i b b e r t  [3], who show ed  th a t  th e  H F  energy  
was in d eed  a sad d le -p o in t, an d  th a t  b y  su itab le  sm all changes in  th e  H F  o rb i­
ta ls  i t  w as possible to  low er th e  energy , w hile still re ta in in g  th e  s in g le t c h a ra c ­
te r  o f th e  w ave fu n c tion . M ore recen tly  H ib b e r t  an d  Coulson [4], a n d  F l u r ­
r y  an d  Coulson [5] h a v e  d iscussed th e  m ore general s i tu a tio n  w ith  m o re  th a n  
tw o e lec trons, and  h av e  g iven  v e ry  th o ro u g h  analyses o f th e  s itu a tio n . [Full 
references to  o th e r  w ork a re  given in  [4 ]]. H ow ever, th e  following v e ry  sim ple 
d iscussion  show ing th e  sad d le -p o in t c h a ra c te r  of th e  H F  energy fo r  closed- 
shell sy s tem s, m ay  be w o rth  describ ing , even  th ough  i t  adds v e ry  l i t t le  to  th e  
w ork in [4] and  [5].

* I t  i s  a pleasure to dedicate this short paper to my friend Professor Dr. P . G o m b á s  
on the occasion of his 60th b irthday . Professor G o m b á s ’s  contributions to the s ta tis tica l th e­
ory of atom s and molecules, as exemplified in his books and research  papers, have  been an 
inspiration to m any younger workers. These contributions have been made over a period of 
m any years, and have shown him  to be one of th e  m ost im portan t leaders in th is field. On 
this happy occasion his friends and  colleagues, as well as his studen ts, join to  congra tu la te  him 
and to  wish him  happiness in the  future.
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2 . O pen-shell wave fu n c tio n s

W e begin  w ith  a H F  w ave fu n c tio n  ^ hf co rresp o n d in g  to  a closed-shell 
in  w h ich  th e  o rb ita ls  nq, w2, . . . wn a re  each doub ly -occup ied .

W h f  =  ™A2) w 2 ^ )  w2(4) • • • Wn{ 2 n -  1) Wr(2n) } . (1)

In  (1) a b a r  above  a sym bol d en o tes  /З-spin, a n d  is th e  an tisy m m e triz e r
1 / 2

J £ ( ~ 1 ) P E ,

w h ere  P  is an  odd  o r  even p e rm u ta tio n  of th e  e lec tro n s . Since w e m a y  tak e  th e  
w -functions to  be  o rth o n o rm a l, у>Ир is a lread y  no rm alized .

W e know  t h a t  th e  energy  E hf asso c ia ted  w ith  (1) is s ta t io n a ry  w ith  
re sp e c t to  sm all changes in  th e  wr ; we shall be co n cern ed  w ith  th e  g round  s ta te  
fo r w hich  E hf is a m in im um .

Now le t us o p en  o u t th e  p a ire d  o rb ita ls  uqu?,, rep lac ing  th e m  b y  tw o new  
o rb ita ls  u 1 an d  tq . I t  w ill be co n v en ien t to  p u t

wi =  wi +  ai +  ,
t>, =  nq +  a , — 6 , ,

( 2)

w here , since a , - f -  6, and  a ,  —  b1 m a y  be ta k e n  o rth o g o n al to  w q ,  th e  sam e 
is t ru e  o f a x an d  bv  B u t th e re  is no  reason  w h y  a x a n d  shou ld  b e  o rthogonal. 
T h e  resu ltin g  s in g le t w ave fu n c tio n  is

1) v i(2) +  ®i(l) »i(2)l *(1) ß(2) wA  3) . . . I  Wn(2 n)} . (3)

In  w h a t follow s w e shall be  d ea lin g  w ith  w a v e  func tions close to  th e  H F  
fu n c tio n  (1), so t h a t  a x an d  m a y  be  supposed  to  b e  of th e  f i r s t  o rd er of sm all 
q u a n titie s . N ow  su b s ti tu t io n  o f (2) in to  (3) le a d s  to  th e  ex p ression :

^ { [ w i( !)  +  « i ( l ) J  [w i(2) +  «1.(2)] w 2(3 ) w2(4) . . .

- 6 , ( 1 ) 6 , ( 2 ) w2(3)ic2(4) . . . } .
(4)

O n acco u n t o f th e  o rth o g o n a lity  p ro p ertie s  o f  th e  w , a, a n d  b functions th is  
la s t  expression  is a c tu a lly  n o rm a lized  co rrec t to  te rm s of th e  second o rder o f  
sm all q u a n titie s . I t  can  be th o u g h t of as a k in d  o f  co n fig u ra tio n a l in te ra c tio n  
w ave fu n c tio n , in  w hich we h a v e  te rm s of zero -, f irs t-  an d  seco n d -o rd e r.B u t 
on acco u n t o f B rillo u in ’s th e o re m  th e re  will be  n o  in te ra c tio n  b e tw een  th e  zero- 
o rd e r te rm s (w hich  are  s im p ly  th e  H F  w ave fu n c tio n )  and  th e  f irs t-o rd e r te rm s . 
So th e  energy  o f w ave fu n c tio n  (4) is of th e  fo rm

E  =  E Hf “b second-order te rm s.

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



SAD D LE-PO INT CHARACTER O F H A R T R E E — FOCK W A V E FUNCTIONS 34 7

I f  we now  w rite  (4) in  th e  fo rm  y>\—-y>n, th e  energy w ill be

Н ц  — 2 Н щ  +  Я „

T he te rm s o f second  o rder in  th is  ex p ressio n  occur in  H \  i and  H\ ц . So fa r  as 
Н ц ,  is concerned  th e y  depend  on ly  on th e  id ’s  and b v  So fo r  fixed b x th e  energy  
(to  th is  order) w ill be  least w h en  H\ i is least. B u t if  w 3, w2 . . . a re  th e  H F  
fu n c tio n s th is  w ill occur w hen  a3 =  0. T h u s , in d ep en d en t of bv  we do  b e s t to  
p u t  a x =  0 in  (2). T h is m eans t h a t  th e  p a i r  o f o rb ita ls wq, ïv1 are opened  o u t  to

«i =  W1 +  b1, 
vx =  wx — bi .

( 5 )

W e now  re p e a t th is  p rocess w ith  a ll th e  o ther p a irs  w2, w2 etc. T o  second  
o rd er th e  energy  te rm s  will be  a d d itiv e , a n d  so (as is sh o w n  in m ore d e ta i l  in
[4]— [5]) we are  led  to  an  open-shell w a v e  function

Was =  ^  {«’l » 1  M>2 W2W3 . .  . }  {b]_ b1w2w2w3 . . .}  —  ^

— kÆ {icj w1b2b2w3 . . .}  — . . .  +  {bl b1b2b2w3. . . . . ] • .

T he w ave fu n c tio n  (6) is co rrec t to  te rm s o f  th e  th ird  o rd e r o f  sm all q u a n tit ie s . 
M oreover i t  is c lear from  (6) t h a t  we m a y  ta k e  b3 o r th o g o n a l to  w2, w 3, . . . 
e tc ., w ith o u t loss o f g en era lity , to  th is o rd e r.

T he no rm aliz in g  fac to r гЖ' is easily  o b ta in e d . L et us p u t

<hL|&i> =  S1 , e t c . ,  (7)

so th a t  S j, S 2, . . . are  of th e  second  o rd e r o f  sm all q u a n titie s . T hen, c o rre c t to  
fo u rth  o rd er

=  1 +  j g s ] ,  ^ r = \  (8)
1 2

T he energy  E os associa ted  w ith  ipos is fo u n d  b y  ex p an d in g  <(y>os\H\tpos)• So

E n, =  ^ T 4 E-'H F 2 / w 1( l ) w 1(2) 1
Г12

bx( 1) M 2) ) — et c - +
te rm s  of the  
fo u r th  order ( 9 )

C orrect to  second o rd e r

Eos — -Eh F — 2 wj(l) Wj{2)
' 12

6у(1)67(2) ( 10)

E ach  of th e  elec tron -repu lsion  in teg ra ls  in  (10) is positive , as show n f i r s t  b y  
S l a t e r  [6]. So E os <  E h f - i f  w e keep u j  =  vj, we k n o w  from  the  s t a t io ­
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n a ry  (m in im um ) c h a ra c te r  o f th e  H F  en erg y  t h a t  th e  to ta l  energy  m u st in ­
c rease . I t  follow s th ere fo re  t h a t  th e  energy h a s  a  saddle p o in t fo r  th e  H F  w av e  
fu n c tio n . In  th is  w ay  we h a v e  generalized  th e  tw o -e lec tro n  discussion o f 
[ 1 ] — [3]. T he a rg u m e n t, o f course , is in d e p e n d e n t of w h e th e r  we use a f in ite  
o r in fin ite  basis  se t.

3 . D irection of optim um  im provem ent o f HF w ave function

Since i t  m a y  n o t alw ays b e  p ra c tic a b le  to  m ake c o m p le te  ca lcu la tions 
o f  th e  fu n c tio n s a/ an d  bj in  (2) to  d e te rm in e  th e  abso lu te  m in im u m  of th e  open - 
sh e ll w ave fu n c tio n  (6), i t  becom es im p o r ta n t to  know  in w h a t d irec tion  we c a n  
m o s t p ro f ita b ly  im prove th e  w av e  fu n c tio n , s ta r tin g  w ith  у н р . This m a t te r  
w as d e a lt w ith  fo r  th e  tw o -e lec tro n  problem  in  [2] and  [3]. W e now  ex ten d  th is  
a rg u m e n t to  w av e  functions o f  ty p e  (6), re ta in in g  alw ays te rm s  of th e  lo w est 
o rd e r fo r o u r d iscussion.

W e ca n  rep re sen t у>цр a n d  y>os as v e c to rs  OA, OB  o f  u n it  leng th  in  an  
a p p ro p ria te  H ilb e r t  space (F ig . 1). In  t h a t  case  we can  d e fin e  th e  “ d is ta n c e ”  
A B  b y  th e  an g le  0 ,  w here

cos 0  =  <>h f ! y>os>

Since y>HP a n d  y os d iffer b y  o n ly  sm all te rm s , i t  follows f ro m  (6) th a t

T h u s

1 -  —  0 2 =  ^ T .  
2

0* = 2 ( 1 - ^ )  =  £ S j ,  from  (8). (

T h e  m o st p ro f ita b le  d ire c tio n , th e re fo re , in  w hich to  m ove from  th e  H F  
p o in t A  o f  F ig . 1 will be th e  d irec tio n  w h ic h  m axim izes | £ Hf—E os\ fo r  fix ed
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arc  len g th  A F ,  i.e. fo r fixed  0 .  W e are  th e re fo re  to  m axim ize

V /  w j  W j ->for f ix e d  £

T his process is e q u iv a le n t to  p roceed ing  along th e  d irec tion  o f  s te e p e s t descen t 
aw ay  from  th e  sad d le -p o in t A  in  H ilb e rt sp ace . H ow ever, since A  is a sadd le- 
p o in t, th is  is re a lly  eq u iv a len t to  m oving  aw ay  fro m  A  in th e  d ire c tio n  of g re a t­
est dow nw ard  c u rv a tu re . I f  we a re  w orking w ith  a fin ite  b asis  each  6y can  b e  
exp ressed  as a l in e a r  co m b in a tio n  of th e  v i r tu a l  o rb ita ls co m p le m e n ta ry  to  
itq . . . wn. The m ax im iza tio n  p rocess is th en  fa ir ly  sim ple. B u t  w ith  an  in fin ite  
basis i t  is m ore troub lesom e, a n d  some s o r t  o f  v a ria tio n a l a p p ro x im a tio n  
w ould  h av e  to  be  a d o p te d .

This is as fa r  as we can p ro ceed  in  g enera l te rm s. E ach  s e p a ra te  p rob lem  
w ill now  have  to  b e  d ea lt w ith  o n  its  own, ta k in g  in to  a cco u n t th e  n a tu re  o f  
th e  occupied  o rb ita ls  W j .

The w riter w ould like to acknowledge the benefit of discussions and  correspondence 
w ith Prof. R. L. F l u r r y  and Dr. A. H i r r e r t .
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ДАЛЬНЕЙШ ИЕ ЗАМЕЧАНИЯ О СЕДЛОВО-ТОЧЕЧНОМ ХАРАКТЕРЕ ВОЛНОВЫХ
ФУНКЦИЙ ХАРТРИ—ФОКА

Приводится простой аргумент для доказательства того, что энергия волновой 
функции Хартри—Фока есть седловая точка на поверхности энергии, полученной путем 
«развертывания» каждой пары электронов из одной и той же орбиты w j  в две разные орбиты 
u j  и v j  Далее дискутируется соответствующее направление, в котором удаляясь от сед­
ловой точки, энергия падает с наибольшей скоростью Применение аргумента довольно 
общее, его можно применять в случае атомов или молекул, используя при этом как ко­
нечную базу (функции типа LCAO) так и бесконечную базу (настоящие функции Хартри— 
Фока).

R E FE R E N C E S

К. А . К У Л Ь С О Н

Р е з ю м е
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И Н Т Е Р П Р Е Т А Ц И Я  М Е Т О Д А  Х А Р Т Р И - Ф О К А  К А К  
М Е Т О Д А  Ч А С Т И Ч Н О Г О  С У М М И Р О В А Н И Я  А Т О М Н Ы Х  

Ф Е Й Н М А Н О В С К И Х  Д И А Г Р А М М *

В. В. ТОЛМАЧЕВ
У Н И В ЕРСИ ТЕТ Ч И Л Е, САНТИАГО, ЧИЛЕ**

(Поступило 20. II. 1969)

На методе Хартри—Фока [1, 2, 3] основываются почти все проводимые в настоящее 
время атомные и молекулярные расчеты, и поэтому его интерпретация как  метода сумми­
рования определенного класса атомных фейнмановских диаграмм [4] является очень 
важной Она позволяет глубже понять смысл приближений, заложенных в методе Хартри- 
Фока, и причины той особой эффективности этого метода, которая проявляется при кон­
кретных расчетах энергий, в частности, основных состояний легких атомов. В результате 
удается более осмысленно строить на основе метода Х артри—Фока различные теории 
электронной корреляции.

Кроме того такая интерпретация позволяет с большой легкостью эффективно со­
ставлять сами уравнения метода Хартри—Фока в тех или иных достаточно сложных 
конкретных случаях, скажем с учетом взаимодействия конфигураций. Последнего впро­
чем мы не будем касаться в этой статье, иллюстрируя все наши рассуждения только 
на простейших примерах атомных состояний с замкнутыми электронными оболочками 
и состояний с одной открытой оболочкой конфигурации и терма (nai y i  SL,  предполагая, 
что этот терм конфигурации (nala)q единственный и не повторяется.

1. Состояния с замкнутыми электронными оболочками

Гамильтониан многоэлектронного атома, состояние которого с замкну­
тыми электронными оболочками мы собираемся изучать, в нерелятивистском 
приближении имеет вид

Я  =  Н0 +  Н м  ,

и . - - 4  2 ’4 (ÎSC/^N)
V  _

(l%i^N) Г,

Н т  = 'S.’ 1

( l^ i< ^ A )  \r iг, — г.

( 1 )

( 2 )

( 3 )

Здесь Z  — заряд ядра атома, N  — полное число электронов в атоме (пред­
полагается, что в общем случае JV ^ Z , то есть все рассмотрение отроется 
как к нейтральным атомным состояниям, так и к соответствующим состоя­
ниям положительных и отрицательных атомных ионов).

В теории атомных фейнмановских диаграмм варьируемое хартри-фоков- 
ское выражение для энергии изучаемого атомного состояния с замкнутыми 
электронными оболочками можно получить следующим образом.

* Профессору П. Гомбаш на день 60го рождения.
** Постоянный адрес: Московский Государственный Университет, М атематико- 

Механический Факультет, Москва, СССР
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Прежде всего возьмем некоторое сферически симметричное добавочно- 
к полю ядра—Z/r внешнее поле U(r), ортонормированные радиальные функ­
ции которого определяются из уравнения

(__1 d_î d I l(l + x)
\ 2 dr2 r dr 2 r2

—  +  Щг) Rm(r) £ni K i  (r)i (4)

| 0+ r2dr R nl (r) R nl (r) =  1 (5)

(предполагаем, что спектр eni не имеет случайного вырождения водородопо 
добного атома, то есть ещ реально зависят от /, и скажем например е2р ¥= £<ф) 
Соответственно мы должны ввести новый нулевой гамильтониан и гамиль­
тониан взаимодействия

TfU ______ LH 0 — X ' A n ” y A  +
2  u (r« b (6j

Z ( l ^ N ) ( l ^ N ) ri (UgiigN)

TJ U _ifit — =  y Щ г i) (?)

Возьмем далее некоторое невырожденное состояние гамильтониан- 
Но , которое характеризуется следующей совокупностью индексов запол­
ненных электронных оболочек ге/£/0. Указанное состояние следует сопостав­
лять тоже невырожденному состоянию исходного нулевого гамильтониана 
Я 0 с теми же индексами заполненных оболочек n l£ f0 и подобному состоя­
нию полного гамильтониана Я . Рассматриваемое состояние имеет энергию

Eg =  2  2 (2Zi +  !) emïi (8)
ПгШо

и соответствующее состояние полного гам ильтониана энергию

Ед +  АЕ, (9)

причем добавок А Е  можно рассчитать как сумму вкладов от всех соответ­
ствующих атомных диаграмм.

Правила составления атомных фейнмановских диаграмм и вкладов от 
них в случае Ц = 0  подробно описаны в [4]. Правила в случае Л ф О, 
которые нам сейчас нужны, практически не отличаются от этих правил. 
В частности описывающий межэлектронное взаимодействие четверной вер­
текс вносит своим вкладом радиальный интеграл

V
! ( Е-l (п 1 1̂' ^2' Г1 1 l̂) 5

А
" A  V n2l2
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только теперь для этого радиального интеграла мы имеем следующее выра­
жение

R i ( щ  Z2, Z2 5 п2 ^2’ ni ^í)

=  J0+ ” т\ dri £  “ r\ dr2 R n[ 7; (r,) R K vt (г2) U, (rv  r2) 7a(r2) Rn, 7, (/y) ;
( 10)

A
r 14*1 Г1 <  r9

Ui (/y, r 2) =
r 'r 2

r / + l

( И )

fi >  Г,

в которое входят радиальные функции (4), (5), а не соответствующие водо­
родоподобные функции, получаемые из них, если наложить U =  0. Кроме 
четверного вертекса, теперь появляется описывающий взаимодействие 
электронов с внешним полем U(r) парный вертекс, который вносит своим 
вкладом интеграл

П-jl ' Пу Zj U (щ Tli Zj) Ô/; , 7, ,

причем полное выражение для соответствующего интеграла имеет вид

Щп[ Щ у  =  [0+ r\ dr1 Rn[ 7; (zj) [/(ту) Ä n ; (ту) ; (12)

опять сюда входят радиальные функции (4), (5). 
Обратим внимание, что в силу (4), (5) имеем

U (ri)R níh  (ту) =

_ JL
2 tZ/y rx cZr-цГ rf (Z/y Rní 7, (ту) Z  7--------

Гл
R n\l\ (rL) ,

так что

>- 2(2Z1 + 1 ) E„17
п,Шо

2  2(2l1 +  l ) U ( n 1l1, n 1 l1) 2  2 (2Z ,+  1 ) 1 ( 1 » ^ ,
”i7i €/»

(13)
где

7K Z j) r \dryRn ;7; (ту) +  A  +  ^
dr\ r1 dr1 ту

ü i + 1 1 ]
rí )

-R„í 7; (r ,) (14)
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В хартри-фоковском приближении нам необходимо рассчитать для 
Л Е  вклады атомных диаграмм только первого порядка, так как

-Ehf — Е 0 +  А Е ±. (15)

Этот расчет очень прост [4], и в результате мы получаем для вкладов атом­
ных диаграмм первого порядка окончательные выражения

2 У  (2íi +  l ) ( 2í2 + l ) ^ n ( n 1 /1, n 2Z2; ге2 12, n ^ j ) ,  
nj&fa, n,l£f,

2  (2Íl+1)(2Z2+1) ̂ [ h k lf Ri (ni ln пгк'-> щ k, n2 Z2) ,
nMU nj&fo l

-  2 2  (2l1+ l ) U ( n 1l1;n1 l1) .

Таким образом для полной хартри-фоковской энергии мы имеем с учетом 
(15), (13)

f hf — 2  2 (2 к  - f  1) I(n l к)  -f-
rhhèfo

+  2 2  (2^i+1)(2^2+1) (ni h' П2 k l пг h' ni к) ~
пМ,„, п,Ш*

2  (2i1+ i № + i ) 2 [ W Y R i ( n 1i1, n 2i2;n1h ,n 2i2)-  (16)
ПгШ0, I

Если ввести обычные обозначения [2] для полного числа состояний в 
электронной оболочке g(nl) =  2(1 +  1) и для прямого и обменного радиаль­
ных интегралов

F i(n i к '  п 2 к )  ^  R i(n  1 к* п 2 к  5 п 2 k i  n i  к )  »
G/(tI] к ,  п 2 /2) — R/(n1 к ,  к  ? ni k i п 2 У  " 

то выражение (16) можно представить в более привычном виде

i ĥf =  2  q i n i к ) 4 n i к )  +  2  — q(n i h )  (q i n i k )  - 1 )  Fu(n i k ’ n i k ) +
ni>i е/о n,it ç , 2

f ^  q{n i k )  q(n 2 k )  Ft)(n i  k i  n 2  к )  2  ^ - ^ h i F i(ni k i  n i k )  ~
n,l, C / o ,  n .h i \  n j,  £ / „  i ^ o

(il,/, > n,l,)

У, 2  F i(ni k ’ n2 k )  »
nA€fo,n,hif, I

(nJi è  Mil,)
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причем
A hl = (2 l1 +  l f [ l 1l1lY- при l=f= 0 , (18)
Bílíi,=  2(2í1+ l)(2 I2+ l)  [ W ] \  (19)

где символ [/х l2 Z] означает взятый по модулю соответствующий 3 j  — коэф­
фициент с нулевыми проекциями моментов [4].

Формулы (18), (19) позволяют рассчитывать необходимые значения 
коэффициентов А ,  В  и, в частности, получить важные таблицы

Аы в ш

l =  2 l =  0 Z =  1 г =  2

s 0 ss 2 0 0

p
6

T  sp
0 2 0

pp 6 0 12
5

Выражение (17) для £ Hf вместе с соответствующими таблицами значений 
коэффициентов А ,  В  совпадают с получаемыми обычным способом в теории 
хартри-фоковского приближения [2]; настоящий способ получения этого 
приближения позволяет не проводить вычислений в каждом конкретном 
случае, и сразу дает общие формулы (18), (19) для коэффициентов А ц  при 
1^=0 и Æ/jijZ.

Вводя множители Лагранжа и варьируя следующее выражение

Fhf =  Е НР — 2 ( 2 1 )  snih ! г2 dr R mi1(r) R nih( r ) , (20)
пд,е/, Jo

то есть раскрывая вариационное условие

(5Fhf

ÔRnl(r)
=  0 , (21)

мы получаем из (16) хартри-фоковские уравнения в случае состояний с за­
полненными электронными оболочками

d2 2 d
dr2 г И

1(1 + 1) 2Z
г2 г

°°

К , И  -

- 4  J '  ( 2 / i + l )  r2dr iR nill(r) U0(r,ri) R m ,1(r1) R nl(r) +
и,Г.€/. Jo

00
+  2 2 ’ (2/j +  l)  2 [ h l l ' ] 2 r2dr1R mll(r2) U i i r , r 1) R nl(r1) R nill(r) +

, V Jo

2 eni R ni(r) — 0 ,

(22)
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причем, разумеется,

r* d r R nl( r ) R nl(r) =  1 . (23)

Помножая правую и левую часть (22) на R ni(r) и интегрируя по г от 
О до + °°>  с учетом (23) получим условие

2 U(nl; ni) — 4 (2/х+ 1) R i)(n1l1, ni; n i,  ní lx) -)-
nA€ ■. (24)

4-2 JV  ^  [ ^ l l 'Y  Ri’(n1l1,n l ; n 1l1,n l)  =  0.
пг1, €/. Г

Это важное условие, являющееся непосредственным следствием (21), 
мы должны интерпретировать на диаграммах: на диаграммном языке оно 
означает, что

(причем обе внешние линии никак не нужно учитывать, здесь они не дают 
никакого вклада).

Таким образом условие (24) означает, что среди диаграмм теории воз­
мущений, развиваемой на основе хартри-фоковских уравнений (22), (23), 
мы должны не рассматривать вовсе диаграммы, содержащие парные вер­
тексы и собственно-энергетические части первого порядка, так как вслед­
ствие (24) вклады от всех указанных диаграмм взаимно сокращаются.

Это характерное свойство теории возмущений на основе хартри- 
фоковского приближения по сравнению с другими теориями возмущений 
на основе произвольного нулевого гамильтониана Н о,  и, властности, теорией 
возмущения на основе исходного нулевого гамильтониана Н 0, делает ее 
очень удобной в работе. Большое количество диаграмм, виртуально при­
сутствующих в теории возмущений, теперь не нужно рассматривать.

В частности во втором порядке в рассматриваемой теории возмущений 
остаются только следующие две диаграммы

I I

! ;

а в третьем порядке только шесть диаграмм, вернее все временные версии 
этих шести диаграмм,

Acta Physica Acaderniae Scientiarum Hungaricac 27, 1969
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То что это так, в этом легко убедиться, рассматривая в первых поряд­
ках решение по теории возмущений уравнений (22), (23) и вычисляя в пер­
вых порядках энергию по формуле (16). В представлении водородоподобных 
функций

_1__сР______1_ d. s / ( /+ 1 )
2 dr2 г dr 2 г2

—  Е,ni R°n,(г) =  о , (25)

(26)J o a r*drR°r(r)R°n,(r) =  àn 'Sôl\ l’ ’

мы должны рассмотреть разложение

Rni(r) =  2 c",nR°n'M (27)
п'

причем для коэффициентов этого разложения получим уравнения

Ещ1 сп,п +

+  2 (2Í1 +  2  с"*’ "i c«r-m с" '.П ÄoK  «2  ̂п'1’ nlh) —

-  (2Zt +  1) V  [/.ft]* X c«»íni c i , n2Z; »7) -  (28)
л,/,£ о к п',,п',п"

&nl п --- О*

(29)

Здесь предполагается, что в величинах С„',„ индексы n í £ / 0. 
Разрешая уравнения (28), (29) разложениями

СВ =  б , 4- с'Ф 4-' - ' п ' ,  п '-'пЩ  Г I •  •  •  9

Ьп1 --  Eni +  еп) +  • • • 5

(30)

(31)
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получим, в частности, при п , ^ п ,  
1

'-'ni,По ------

E n i, —  E n,i
— 2 У  (21, 1) В.^(п,1,, п ’,1,; п,1,п,1,) 4-

пМ/о

и при п2= п 2

- Г  У  (21,  +  ^  [ Ь к Ц 1 R 4 ( n J i ,  п',,h ;  n j ^ n j )
nJÆh I

C™„, =  0 .

(32)

(33)

Подставим разложения (30), (31), (32), (33) в выражение (16). Отметим 
предварительно, что

I ( n l )  =  2 Е пЧС 1 п.>пС 1п.'П =
rí

=  Е п1 +  2 Е п1 С«» +  2  Е пЧ С‘$ п СЦ}У + . . . .
rí

Но так как в силу условия ортонормировки
WO) I s*Ki) I ^  W(i) WC!)  а
^ п 2,П1 I ^ n l t n 2 г  ^ r í , r i i  ^ п ' , п 2 —  и  

r í

имеем
2Г/(2) > Y /(i) г т^^п,п --  ^  ^П',п ^П',Пrí

то приближенно

I(nl)  =  Е п1 +  2  (Епч -  E nl) C W  С«6 +  . . .  (34)
rí

Во втором порядке получим

Я (Й ' р  =  2 '  2 ( 2 1 ,  +  1 )  2  ( Е п- , 2  -  е П2,2) с % х  С ‘п\ %  +
n j , £ f .  ni

■ 8  2 ’  (2*1 +  1) (2 k  +  1) 2  C*l% R°0(n , h ,  n 2 l , ;  n , 12, n ,  l , )  -
« Л € /о , п,1г e / 0 ni

-  4 2  ( 2 k  + 1) (2 1 ,  +  1) 2  i k  k l ?  2  W X  Щ щ . k ,  « 2  г 2 ;  i l ,  » 2  / 2 ) .
пД .е/о, п д ,€ /»  I ni

(35)

Подставляя (32), (33) в (38), мы получим довольно громоздкое выра­
жение, которое однако можно представить в виде суммы вкладов от трех 
атомных харТри-фоковских диаграмм второго порядка в естественно возни­
кающей здесь теории возмущений на водородоподобных функциях (см. 
табл. I).

Таким образом вклады от этих трех диаграмм второго порядка с соб­
ственно-энергетическими частями первого порядка уже автоматически 
включены в хартри-фоковское приближение, и следовательно, они не могут 
появиться в теории возмущения на хартри-фоковских функциях.
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2. Состояния с открытыми электронными оболочками

Ограничимся здесь рассмотрением вырожденного состояния атома с 
заполненными электронными оболочками n l £ f 0 и открытой оболочкой па1а; 
все остальные пустые электронные оболочки этого состояния nl£g0. Более 
того, будем рассматривать здесь только простейший случай неповторяюще­
гося терма SL  конфигурации 1„, где q — число электронов в открытой 
оболочке.

Опять мы рассматриваем точное состояние гамильтониана Н о и соот­
ветствующее ему, но неизвестное нам состояние, полного гамильтониана Н  
Так что рассматриваемое состояние имеет энергию

Е0=  2  2(2/, +  1) eniíl +  q2(2la +  1) еПа,а ; (36)

соответствующее ему состояние полного гамильтониана имеет энергию

Е 0 -ф Л Е , (37)

Согласно общей теории [4] величину ЛЕ нужно представить в виде 
суммы

ЛЕ =  АЕ0 +  ЛЕ ' , (38)

причем ЕЛд — это величина для невырожденного состояния остова n^Ç /o, 
в котором открытая оболочка па1а пустая; эта величина дается суммой вкла­
дов от соответствующих атомных фейнмановских диаграмм без внешних 
линий, см. § 1.

Согласно общей теории [4], чтобы вычислить величину ЛЕ', нужно 
решать секулярные уравнения с матрицей М  по индексу а повторяемости 
терма SL  рассматриваемой конфигурации 1ча. Так как мы рассматриваем 
случай неповторяющегося терма SL, то, следовательно, нам не нужно ре­
шать никаких секулярных уравнений, а нужно просто вычислить соответ­
ствующий диагональный матричный элемент матрицы М, ибо в рассмат­
риваемом случае указанные секулярные уравнения сводятся к соотношению

ЛЕ' =  М (К  lay  S L , ( n j a)« SL ; Л Е ') . (39)

Диагональный элемент (39) матрицы М  дается суммой вкладов соответ­
ствующих атомных диаграмм с двумя, четырьмя и т. д. внешними электрон­
ными линиями; нужно рассматривать только диаграммы с числом электрон­
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ных линий меньшим или равным удвоенному числу электронов в открытой 
оболочке 2q.

Правила составления вкладов от таких диаграмм с внешними линиями 
при U = 0  подробно разобраны в [4], и здесь нет необходимости их повто­
рять. Единственно, что важно, что в рассматриваемом случае U фО  мы 
имеем в теории кроме четверного, также и парные вертексы, см. § 1.

Диаграммы фактически составляются только для того случая, когда 
число внешних электронных линий в точности равно удвоенному числу 
электронов в открытой оболочке [4]. Если оно меньше его, то надо пользо­
ваться формулой редукции, которая в случае рассматриваемого состояния 
(n J a)qSL  принимает вид для суммы всех диаграмм с 2р  свободными концами

М р((па 1а)ч S L ; (па la)4 S L ; АЕ')  =

= 2  №  S L ,  IP o c S ' L 1Ра ß S 'L ' ,  П SL)  x
Оßs’l'

X M p((na la)P ocS'L';  (na la)P ßS 'L ';  A E ' ) .

Разумеется

м =  2  m p .
p= 1

При составлении выражения для хартри-фоковской энергии EHf 
нам здесь необходимо рассмотреть только диаграммы первого порядка; в 
этом порядке имеются диаграммы только с двумя и четырьмя внешними 
электронными линиями. Так что фактически нам нужны величины g из (40) 
только при р  =  1 и р  =  2.

Используя общее условие нормировки величин g, можно сразу опреде­
лить их для случая р  =  1. Действительно, согласно этому условию

У  g(lqa SL , IP « S X ';  K ocS'L', 1% SL) =  qï (42)
uS'L’ p l  (q -  РУ-

(40)

(41)

и отсюда в случае р  =  1 сразу получаем

g (4  SL , la) =  q.  (43)

Для р  =  2 величины g следует специально рассчитывать, используя 
их выражения через соответствующие генеалогические коэффициенты. Мы 
приводим здесь таблицы значений соответствующих величин g в важных 
частных случаях
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g(p3 SL, p- S ’ V ) g (p 4 SL, p 2 S ' L ')

p Vp 2 ■S zp 1D p 4/p2 4S 3P lD

4s 0 3 0 4S 4 3 5
3 3

zp 2 3 5 zp 1 4 5
3 2 6 3 3

-D 0 3 3 'D 1 3 8
2 2 3 3

(gp5 SL ; р 2 S ’ L')

p 7p 2 lS 3 P lD

zp 5 6 10
2 3

Оставляя вклады атомных фейнмановских диаграмм, только первого 
порядка, мы получим для величины АЕ'НР для вкладов диаграмм первого 
порядка в случае q — р.

2  1 )  R o(n l h i  п а h i  п а Iai п 1 h )  i
nj, е/„

— J Z  №1 +  V  ^ . [ h h l ]2 R l ( n l h i n a h i n l h i n a h ) i  
n j . í f „ I

( 1) ^S',l/2,l/2 —  R l{na h i  n a h i  n a h i  n a â) X
l

X [ д и т - м Н й И ,

^a’ ^a) ’

Hala Па 1а

и окончательно для полной хартри-фоковской энергии рассматриваемого 
состояния (nJa)q SL

Е нр =  2 ’ 2(2/* +  1) /(в , /,) +
лЛ €/.

+ 2  2  {2h +  1) (2/2 +  1) Я0(га1 hi п2 hi ni hi ní h) —
n A íL , n j2£f0

Лы (2Д +  1) (2/2 + 1 )  ^  [ Д h Ц2 Ri{ni hi n2 hí ni hí пг h) +
пг/„€ 0. " A ü .  í

+ /  J2(2ía + 1) Диа la) +
yícía Physica Academiae Scientiarum Hungaricae 27, 1969
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-)- 4 ^  (21а 1) (2^ -(- 1) Ro(nl h' па па а̂, п1 h) "
n , / i  i f ,

—  2  ^  (2la ~Ь 1 )  ( 2 ^ 1  +  1 )  2  Ua h lYRl{nalai nl h’ na Ki ral^ l ) }  +
1 6/o l i

+  2  2  g d i  S L ,  Il s ' L ' )  ( -  i)*  {!&.} X
l  S ' L '

X (2la +  l )2 [/„ la I f  R[(na la, n a la; n a la, na la) , (44)

г д е /= д /2 (2 /а+ 1 ) ,  и эта величина характеризует степень заполнения электро­
нами рассматриваемой открытой оболочки.

В важном случае la =  1 для состояний (nap)qSL Рутан [3], используя 
процедуру усреднения энергии по всем состояниям данного терма SL, 
получил выражение

E Hf =  2 2 н к + У  (21 ы -  К к1) +
к  k l

+  f \ 2 2 H m +  2 2  ( 2 1  k m  -  К кт )  +
I т  k m

+  f 2 ( 2 a I mn~ b K mn) \ .  (45)
m n  J

Здесь индексы к, I относятся к заполненным оболочкам; индексы т, п — к 
остальным оболочкам. Далее к == (и ^ т Д , I =  (п212т,) и т. д.

I kl ^  Ко(Щ fp п2 2̂’ И2 2̂’ nlh)  ’

K kl [Il 1% í]2 R-l{n 1 1̂* 2̂ 2̂’ 1̂ 1̂’ ^2 2̂)
I

и т. д. Выражение Рутана (45) полностью совпадает с нашим (44) при la =  1, 
причем мы получаем общие явные выражения для коэффициентов а , Ь 
Рутана

6 =  - ^ -  SL; р 2 S 'L') ( -  ! )L' {i Ï i - } . (46)
Ç" S 'L '

6a -  b =  if -  %' g(P? SL ;P2 S'L') ( -  1)*-' {}} °L} . (47)
3 “ S 'L '

По этим формулам легко составить таблицу значений коэффициентов а, Ь, 
полностью совпадающую с приведенной Рутаном [3].

p- 3P P 1 P 5

1s 3 P 4 ) 4S 2p ~D *S 3P ' °
2p

a 0
3 9

1
2 4 3 15 69 24

4 20 3 5 4 16 80 25

3 3 0 4 0 9 27 24
— 3 2

2 10 5 8 40 25
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Выражение (44) можно также сравнить с приводымим Хартри [2], 
который использовал процедуру усреднения самосогласованного поля по 
различным направлениям в пространстве. Это выражение имеет следующий 
вид

Е ир =  JS, q{nt /j) h) -f- ~r q{nih )  (q(nih )  1) ^o(ni rei^i) 4"
Mi/i ç/o ^/o 2i

+  q ( n i  У  q { n i h )  ^u(rai h í  n 2 У  A  ^ ^ h i  F i ( n i  h í  rai h )  ~
П \1 \ € fő t Я2/2 €/o 6/o

(M̂ x > n2/2)

A  G i(n i  h í  ni  h)  +
H j/x Ç /o , A72Z2 Ç fo I

(Лх/х ^  П212)

q ( n a l a)  I ( n a l a )  +  q ( n j a )  А  д К У ^ о К ^ П х У  +
€ / o

+  —  q i n a l a )  (q ( n a l a ) ~ l )  Fo K  h i  П а Q  —
Zt

{filla â) j) Г* (■*, 1 . ™ 1 \2 ( 2 Z Ű + 1 )  '  , e ' 1'  ' (  a  o ,  3 l )
— А  А /  í ’íK  «о У  •

/
( 4 8 )

Сравнивая (48) с (44), получаем явные выражения для коэффициентов Хартри 

B w ^ 2 ( 2 /a + l ) ( 2 / 1 +  l ) [ W ] 2, (49)

А , /  —  2 g(lqa SL; Il S'L)  ( -  1 ) "  { t ű ' }  XS’L’

X (2Ze +  l ) 2 [la la l f  • (50)

По этим формулам можно составить таблицы значений этих коэффициентов, 
полностью совпадающие со значениями из таблиц, приводимых в [2].

А и  А и  А и

p 2ll 0 2 p*/l 0 ЬО 4 0 2

— 1 _  A  4s
5

—3 A  >s
5

— 6 0

3 P — 1 2 p
5

— 3 0 3P — 6 3
5

lD — 1 ____1 2D
25

- 3 A  1D
25

— 6 9
25

А и

pt/l 0 2

2P — 10 3
H T
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гг , *<Л  0Отметим, что ввиду того, что |
in

( -  i ) u
2la + l

[V a  0 ] =
2 ía +  l

, мы имеем

А , 0 = - ? (?  -  1)

ôU ,la ,L '  И ЧТО

(51)

Получим теперь хартри-фоковские уравнения. Вводя множители 
Лагранжа и варьируя выражение

FHP =  Е н р - -  J ?  2(2/j +  1) emll Г Г2 dr R nih{r) R nitl(r) — 
n./.e/o J o

-  2(2la +  l ) / e na/e I r2 dr й„,,.(г) R n„u{r ) —
Jo

—  (2/° +  4  (2Zi +  4  *Wi. "«'• ( 1-2 d r  R mlAr ) R n.t.{r) -Jo

-  4 /  V  (2/fl +  1) (2/, +  1) £ n „Zoi n t ( l  Г  г2 dr R naU(r ) R mh(r) . (52)
п л е л  до

то есть раскрывая в явном виде вариационные условия

<5КHF

ÔRmh(r)
О ,

<5КHF

йЛ „л (г)
=  0 , (53)

получим хартри-фоковские уравнения в случае состояний с одной открытой 
электронной оболочкой (nala)4SL  с неповторяющимся термом

2_ 1(1 + 1 )  ; 2 Z
d r2 г dr г2 г

я „ / ( 0  -

П./.6/.
— 4 У  (2Z, +  1) rf d r, Äni/l(rj) ZJ„(r, r,) ß ni/l(r,) jRrl( (r) +

Jo

+  2 ^  (2/, +  1) ^  [Z,ZZ']2 Г  rf  d r , Д„л (г,) £7r (r, г,) i?n,(r,) Ämil(r) +
nA€/o г  До

+ Л - 4 ( 2 / а +  1) r ^ r f d r ^ ^ n )  U0(r ,ri) R nal<,(ri) R nl(r) +
Jo

+  2(Za +  1) К  « T  rï d r  RnaU (Г) u r ( r , г,) Ä„,(r,) й ,л (г) 
/' Jo

+  2 e n lR nl (г) + /4(2Z a +  1) ’ пЛ R nala(r ) —  0 »

+

(5 4 )
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f  I 2 d 1(1 + 1 )  2у
Í  ' d r2 r dr г2 +  г R nJa( r )

-  4 /  £  (21,4-1) ( " “ r fd rj R nill(ri) U S r, rx) T W h ) Я„.,.(г) -
Jo

+  2 / ^  (2/,-hl) ^ [ M J T  r l d r ^ M U r M R n A r S R n A r ) -
«А c„ V Jo

~ ( 2 l a +  l )  2 1 ^ g ( l 0a S L ; l l S T % - l A j l J a l ' \ [ l a l a l ' ] 2 X (55)
Г S I '  1‘a ‘a - ^ J

X I rf d/y R nj a(ri) U,'(r, rx) R nj S r i)  R nj a(r) +
J o

+  2 / £n,l.^nJ.(r) +  4 /  (2^ -f 1) SnJa.nA R nik (r) --- 0 ,
Л|Ч É/o

причем имеем еП(,п0,г1/1 =  £ n , n l , i ai„ разумеется, эту важную величину мы не 
можем просто положить равной нулю [2].

3. Интерпретация уравнений Хартри-Фока для открытой оболочки 
(nala)qSL  на атомных фейнмановских диаграммах

Поступим теперь так же, как в конце § 1 в случае замкнутых электрон­
ных оболочек. Возьмем хартри-фоковские уравнения (54), (55), прейдем в 
них в представление водородоподобных функций (25), (26), (27) и разрешим 
получившиеся уравнения по теории возмущений. Затем подставим эти при­
ближенные решения в выражение для энергии (44) и попытаемся интерпрети­
ровать возникающие там различные вклады в хартри-фоковскую энергию 
на атомных фейнмановских диаграммах. Так мы установим, с какого рода 
диаграммами связано приближение Хартри— Фока в случае открытых 
оболочек.

Не будем здесь выписывать исходные точные уравнения для С, полно­
стью аналогичные (28), (29), а сразу приведем уравнения первого прибли­
жения

=  Ô ' 4- c liV 4-Un ,n \ Lu',n * • * 9 (56)

II СЧ 3 + + (57)

--  enlla,riili +  • ■ • • (58)
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Имеем для функций замкнутых оболочек

(Enii -  Enl) с ' «  +

+  2  V  (21,-h l)  «g ("i п 2Z; ni, п , 1 , ) -
nJitf.

— У  (2Z1+ l ) ^ ' [ / 1ZÄ:]2 B g ( « ,  l ^ n 2l; n ^ n l )  +
nj  1 €/„ к

+  /  {2(2/a +  1) Щ п а la, n21; nl, na la) —

— (2/a +  l) ] ? [ 1 а Щ 2R l ( n a la, n2l; naia,raZ)} —
к

— 4V - /  2 (2Z0 +  1) 4V,n./. <5Л„„. Ф,,. =  0

и для функции открытой оболочки 

/  (£ п ,/„  -  EnJa) 4 * $ . +

+  2  У (2Zj —h 1 )  Z?ő ( n l  1̂' n 2 la'i n a ^ a i n \ ^ l )
kj, a .

— f  У, V, la fc]2 E° ( n l  l v  n 2 la-> n l I» n a la) +
n \ l i £ о

+  (2 Z a +  \)  2  2g(H SUH S'L’) ( - \ )1''
к  S ’L ’

X Ua Iq - /̂c ( n a Iq» ^2 ô’ â’ la)

la l a k  ] 

i a la L ' \

f  4 1 4„na -  2 /  2  (2Z1 + x) 4 1 ,.л  4.Л <5/.,/, =  0 .

(59)

(60)

Кроме того, из условий нормировки имеем

4 (l t  +  4 (î l  =  0 при п, I £ /0, n2l £ f 0, (61)

4 ai l  +  4 $ .  =  0 при п, la £ / 0, =  0. (62)

В результате вычислений мы получаем следующий результат. Энергия 
первого порядка Е (нн включает в себя вклады от всех соответствующих 
диаграмм первого порядка, и поэтому ее не надо рассматривать. Энергия 
второго порядка Е $Р, напротив, не включает в себя вклады всех диаграмм 
второго порядка.

Прежде всего, существует большое количество диаграмм, содержащих 
собственно-энергетические части первого порядка, вклады которых пол­
ностью включены в Е й !  Эти диаграммы изображены ниже, кроме очевид­
ных вакуумных диаграмм, отличающихся от приведенных в табл. I для
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Таблица I

Вклады вакуумных Хартри—фоковских диаграмм второго порядка

-  8 2  <2г*+ 1 > 2
1______

-®Л2/2 ^nilï
X

X 2  (2 ^ + 1 )  Я8("lii. " А ; "2*2. " А )
Wie/«

8 2  (2 *2 + 1 ) 2
____ 1
*Vl 2Í2 Enj„

X

X í  2 '  (2  * 1 + 1 )  R 0 ( " l  *1. "2*2? « 2 * 2 .  " l * l ) j  X
Ч *.€ /. ;

X  í  2  № + 1 )  ^ ’ [*1*2*]2 **/("!*,. " A ;  " 1*1. " 2*2)
+ л е / .  I

1
2 _ > ' (2*2 +  1) 2  V . „

n A U .  * • « * -* * « *
X

€ /c

X ( ( 2 Í 1+ 1 ) ^ ' [ * 1*2*)2-R!I( " i* „ " 2 * 2 ; " i*1 ."2*2))"
++€/. / ;

замкнутых оболочек только тем, что вместо g0 надо поставить теперь g0+  па1а; 
приводятся также вклады этих диаграмм, составленные по обычным прави­
лам составления атомных фейнмановских диагра мм(см. табл. Н а, 116, III).

Кроме вкладов от указанных диаграмм с собственно-энергетическими 
частями первого порядка величина Е ^  содержит также другие вклады, 
диаграммная интерпретация которых затруднительна или даже невозможна.

Эти недиаграммные вклады мы тем не менее можем как-то осмыслить и 
проверить правильность вычисленных коэффициентов перед ними, если 
рассмотрим очень частный случай, когда рассматриваемая открытая обо­
лочка полностью занята электронами, то есть когда имеются только ваку­
умные диаграммы без внешних концов. Все эти вклады оказываются очень 
важными.
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Т а б л и ц а  I I

Вклады Хартри-фоковских диаграмм с двумя внешними линиями второго порядка

- 8 / ( 2 / в+ 1 )  2  j? Д„ Т т . к Пг1а—
2G0

P  Р

2 6 2)

2Н,)

О 1 *

2Н,)

2
21,)

О

2 Ц  О

С -

23п)
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Таблица II б
Вклады Хартри-фоковских диаграмм с двумя внешними линиями второго порядка
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Таблица III

Вклады Хартри-фоковских диаграмм с четырьмя внешними линиями второго порядка
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4. Заключение

Исследование, проведенное в настоящей статье, показывает, что не­
смотря на то, что метод Хартри—Фока в случае состояний с заполненными 
электронными оболочками допускает простую наглядную диаграммную 
интерпретацию и связан с частичным суммированием диаграмм, построенных 
из собственно-энергетических частей первого порядка, в случае состояний с 
открытыми оболочками мы не имеем чего-либо подобного.

Приближение Хартри—Фока в случае открытых оболочек не имеет 
простой интерпретации на языке атомных фейнмановских диаграмм.

Это связано возможно с тем, что эти уравнения не получены в сущест­
вующей теории математически последовательным образом. С одной стороны, 
используя на разных основаниях орбитали замкнутых открытых оболочек 
при составлении отдельных детерминантов, мы как бы хотим учесть пол­
ностью тождественность электронов открытой оболочки с электронами 
замкнутых оболочек. С другой стороны, открытая оболочка в излагаемой 
теории существенно отличается от остальных тем, что она всегда незапол- 
нена. Возможно более правильно, чтобы восстановить полностью симмет­
рию между электронами замкнутых оболочек и открытой оболочки, мы 
должны рассматривать при составлении линейной комбинации детерминан­
тов также такие, в которых электроны из заполненных оболочек могут пере­
ходить в открытую оболочку и даже вообще полностью ее заполнить. Тем 
самым заполненные оболочки в некоторых детерминантах тоже становятся 
открытыми, а открытая оболочка может быть заполненной.
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IN T E R PR E T A T IO N  O F T H E  H A R T R E E — FOCK M ETHO D  AS T H E  METHOD 
OF PA RTIA L SUMMATION O F ATOMIC FEYN M A N  DIAGRAMS

V. V. TOLMACHEV 

S u m m a r y

The H artree— Fock m ethod is now the basis for a lm ost all numerical calculations of 
characteristics of atom ic and molecular sta tes. So its in te rp re ta tio n  as the m ethod  of partial 
sum m ation of some class of atom ic Feynm an diagrams is v e ry  im portant. This in terpre tation  
perm itsusto  understand deeply the sense of approxim ation inheren t in the H artree—Fock method 
and also the reasonsof its peculiareffectiveness which w erealize for example in calculations of 
ground sta tes of light atom s. As a result we will be able to  co n stru c t on the basis of the Hartree- 
Fock m ethod the different theories of electronic correlations more thoughtfully .
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W E L L E N M E C H A N I S C H E  S T R U K T L R U N T E R S U C H U N G
AM  L i 4*

Von

R . J a n o s c h e k

M AX-PLANCK-INSTITUT F Ü R  P H Y S IK  UND A ST R O PH Y SIK , 8000 M Ü N C H EN  23, BRD

(Eingegangen 20. I I .  1969)

Das A tom system  I,i , wurde m it H ilfe des SCF-MO-LCGO-Verfahrens für verschiedene 
K ernkonfigurationen berechnet. L i4 erw eist sich als n ich t stabil. A nhand  der dargestellten  
Poteutialflächen werden Anordnung und  E igenschaften  des L ithium -M etallgitters d isk u tie rt.

E in le itu n g

D as A to m sy stem  L i4, das b is j e tz t  ex p erim en te ll n ic h t b e o b a c h te t w u rd e , 
lä s s t  sich w eder dem  M olekülbegriff u n te ro rd n e n  noch k a n n  es als E le m e n ta r­
b a u s te in  des M eta llg itte rs  b e tra c h te t  w erd en . Seine E x is te n z  is t jedoch  e n t ­
scheidend  d a fü r, ob sich L ith ium -M eta ll in  d e r  G asphase b ild e n  kann  aus L i2. 
A uch  im  F alle  d er In s ta b il i tä t  des L i4-G ebildes lassen sich a u s  den  P o te n t ia l ­
fläch en  fü r  die R eak tio n en  2 • L i2;= ^ L i4 u n d  4 • L i^=2L i4 fü r  te tra e d risc h e  
oder q u a d ra tisc h e  A nordnung  d e r v ie r  L ith iu m a to m e  T en d en zen  fü r  das M e ta ll­
g it te r  zeigen.

M ethode

D ie B erech n u n g en  w urden  m it  dem  SC F-M O -LC G O -V erfahren d u rc h ­
g e fü h rt. Bei dem  verw en d eten  F u n k tio n e n s a tz  zu r B esch re ibung  der E le k tro ­
n en d ich te  w u rd en  jew eils v ier G a u ssfu n k tio n e n  in  jedes A to m z e n tru m  g e se tz t 
zu r D a rs te llu n g  d e r s -F u n k tio n en  [1]. Z ur b e sse re n  B esch re ibung  der E le k tro ­
n en d ich te  zw ischen den  A tom en w u rd e  bei rech teck ig er A to m a n o rd n u n g  je  
eine G au ssfu n k tio n  in  die M itte  zw ischen  zw ei L i-A tom e g ese tz t. D ie ex p o n en ­
tie llen  P a ra m e te r  d ieser G au ssfu n k tio n en  w u rd e n  fü r jede K e rn k o n fig u ra tio n  
e rn e u t v a r iie r t. B ei d er te tra e d risc h e n  A to m an o rd n u n g  w u rd e  je  eine G au ss­
fu n k tio n  in  die V erb indungslin ie  T e tra e d e rz e n tru m  — A to m z e n tru m  gese tz t.

* H errn  Prof. D r. P. Gombás zum  60. G eburts tag  gewidmet
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E rgebnisse

Die E n e rg ie fläch en  fü r  d ie  B ildung  v o n  L i4 aus 2 • L i2 oder 4 • L i s in d  
q u a lita tiv  in  A b b . 1 d a rg e s te llt. D as obere F e ld  gilt fü r d ie  p y ram id a le  A to m ­
an o rd n u n g , d a s  u n te re  F e ld  fü r  die rech teck ig e  A to m an o rd n u n g . V erfolgt m a n  
d ie  E nerg ie  e n tla n g  der W in k e lh a lb ie ren d en  ( R t =  R 2), so e rh ä l t  m an die b e id e n  
P o te n tia lk u rv e n  fü r  den te tra e d risc h e n (T ) u n d  q u a d ra tisc h e n  F a ll (Q) in A b b . 2. 
D as re la tiv e  E n e rg iem in im u m  fü r  das q u a d ra tisc h e  L i4 l ie g t bei einem A to m ­
a b s ta n d  v o n  5,484 a t. E . (2 ,902 Â). D ie G esam tenerg ie  b e trä g t  —29,63435

Abb. 1. Poten tia lflächen  für Li,,

a t. E . D iese E nerg ie  lieg t u m  0.79 eV h ö h e r  als die v o n  zwei g e tre n n te n  Li2- 
M olekülen u n d  um  0,52 eV tiefer als d ie  von v ie r g e tren n ten  L i-A tom en .

D ie e rrech n e ten  M o lek ü ld a ten  v o n  L i2 sind in T ab e lle  I au fgefüh rt, w obei 
die ex p e rim en te llen  W e rte  in  K lam m ern  stehen.

Tabelle I
E rrechnete  M oleküldaten von Li, ; (experim entelle W erte  in Klammern)

G leichgewichtsabstand 2.728 Â (2.672) [21
Gesamtenergie -14.83163 at. E.
T onisierun gsenergie 4.51 eV (4.96) 13]
Schwingungsfrequenz 374 cm ^ 1 (351) [4]
Dissoziationsenergie 0.65 eV (1.1) [4]

In  T ab e lle  I I  is t die A b sto ssu n g sk u rv e  zweier e in  R ech teck  b ild e n d e r  L i2- 
M oleküle au fg efü h rt.
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Tabelle II

L i2— L i2-A bstossungskurve

L i2—Li2-A bstand 
E.]

Gesamtenergie 
[a t. E .]

6,0 —29,64069
8,0 — 29,65566

10,0 -2 9 ,6 5 9 7 4
12,0 -2 9 ,6 6 1 8 9

CO -2 9 ,6 6 3 2 6

D iskussion

V erg le ich t m a n  die beiden  P o te n tia lk u rv e n  d er A bb. 2 , so b em erk t 
m an , dass die G esam tenerg ie  des q u a d ra tisc h e n  L i4 geringer als d ie des te tra -  
ed rischen  L i4 is t. D a rü b e r  h inaus w e is t das q u a d ra tisc h e  Li4 ein E n erg iem in i­

m um  auf, das sich  n ach  A bb. 1 zw ar n u r als S a tte lp u n k t h e ra u ss te llt , 
aber d eu tlich  die q u a d ra tisc h e  S tru k tu r  gegenüber d e r te tra e d risc h e n  energe­
tisch  b ev o rzu g t.

D iese T a tsach e  k ö n n te  schon en tsch e id en d  se in  bei der A n o rd n u n g  des 
M eta llg itte rs . Li4 is t  energetisch  g ü n stig e r in  e iner F o rm  m it zwei ä q u iv a le n te n  
N ac h b a ra to m en  (Q u a d ra t)  als in  e in e r F o rm  m it d re i ä q u iv a le n te n  N ach b a r­
a to m en  (T e traed er). A u f das M e ta llg itte r  ü b e r tra g e n  k an n  m a n  sag en , dass 
L ith iu m  n ic h t in  e iner d ich te s ten  K u g e lp ack u n g  v o rlie g t sondern  in  e in er k u b i­
schen  m it geringerer K o o rd in a tio n szah l. D ie E rg eb n isse  des q u a d ra tisc h e n  Li4

Acta Physica Academiae Scientiarum Hungaricae 27, 1969

Abb. 2. Poten tia lkurven  fü r L i4, tetraedrische Anordnung (T ), quadratische A nordnung (Q)



3 7 6 K. JAN O SCH EK

in  T ab e lle  I I  zeigen, dass die E n e rg ie fläch e  des in s ta b ile n  A to m sy stem s den 
M e ta llc h a ra k te r  b e re its  a n d e u te t, n ä m lic h  E rn ied rig u n g  der Io n is ie ru n g sen er­
gie u n d  V erg rösserung  des A to m a b s ta n d e s  durch  D elokalisierung  d e r  äusseren  
E le k tro n e n .

Tabelle III

A tom abstand  und  Ionisierungsenergie von  L in; (experim entelle W erte in K lam m ern)

A tom abstand
[A]

Ionisierungsenergie
[eV]

Li — 4,98 (5,39)
L i2 2,73 (2,67) 4,51 (4,96)
L i4 2,90 3,31
Li-Metall (3,04) (2,46)

Die num erischen Rechnungen wurden au f  der Rechenm aschine G3 ausgeführt. Ich dan  
ke Frau I . Funke fü r die Program m ierung des SCF-Verfahrens.
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ВОЛНОВОМЕХАНИЧЕСКОЕ ИССЛЕДОВАНИЕ СТРУКТУРЫ Li4
P. ЯН О Ш ЕК

Р е з ю м е

С помощью метода SCF-MO-LCGO вычисляется атомная система Li4 для раз­
личных ядерных конфигураций. Результаты говорят о нестабильности L i4. На основе 
представленных потенциальных поверхностей дискутируются расположение и свойства 
металлической решетки лития.
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V I B R A T I O N A L  A N A L Y S I S  O F  A B  I N I T I O  
P O T E N T I A L  E N E R G Y  S U R F A C E S  

F O R  N I T R Y L  F L U O R I D E *

By
M. S c H O E N B O R N  a n d  I .  G .  C SIZM A D IA

DEPARTM ENT O F CH EM ISTRY, U N IV E R S IT Y  OF TORONTO 
TO RO NTO  5, ONTARIO, CANADA

(R eceived 20. II . 1969)

A series of self-consistent m olecular orbital (SC F-МО) calculations using the m ethod  
of linear com bination of Gaussian ty p e  functions (G TF), were performed on nitry l fluoride, 
using variable geom etry, in order to  ob tain  au ab initio potential hypersurface. This h y p e r­
surface was used to ob tain  harm onic force constants fo r an  FG m atrix calculation , from w hich 
he fundam enta l frequencies associated w ith  the norm al modes were calcu lated . The calcula- 
ions reported  here found  hypersurfaces for two d ifferen t basis sets, containing 24 and 44 G TF, 
espectively. I t  was found th a t using th e  larger basis set, the  values of th e  fundam ental f re ­
quencies agreed very  well with experim ental values, even if the in teraction  force constants 
were scaled from th e  smaller calculations using 24 G TF.

In tro d u c tio n

To p erfo rm  a single n e a r-H a rtre e  — F o ck  ca lcu la tion  on th e  32 e lec tro n  
m olecule n itry l flu o rid e  ( N 0 2F ) requ ires a b as is  set of 112 u n c o n tra c te d  
G T F [1]. On th e  o th e r  hand  a  single ca lcu la tio n  using th e  m o s t recen t te c h ­
n ique , in  w hich a basis  set of 136 p rim itiv e  G T F  is co n trac ted  to  40 basis fu n c ­
tions [2], req u ires  ab o u t 18 h o u rs  on th e  p re s e n t  genera tion  o f  co m p u tin g  
m ach in e ry . I t  follow s th a t  to  s tu d y  th e  general p ro p ertie s  of ab in itio  surfaces, 
w here m an y  such calcu la tions w o u ld  he re q u ire d , i t  is necessary  to  use a m uch  
sm aller basis se t so th a t  enough  p o in ts  m ay  h e  calcu la ted . T h e n , i f  accu ra te  
re su lts  a re  needed , i t  m ay be possib le  to  m ake genera lizations t h a t  p erm it th e  
ca lcu la tio n  of m ore  accu ra te  su rfaces  w ith  la rg e r  basis sets, w ith o u t h av in g  
to  ca lcu la te  a p ro h ib itiv e ly  la rg e  n u m b e r of in d iv id u a l points.

I n  th is  w ork , u n c o n tra c te d  basis  sets [3] o f  24 GTF w ere  u sed  for th e  
p re lim in a ry  ca lcu la tio n  of a co m p le te  h y p e rsu rface . This basis  s e t  consisted  
of 3 s-ty p e  and  lp - ty p e  G aussians on each a to m  [ab b rev ia ted  as : (3s, l p)]. F o r  
th e  m ore  accu ra te  ca lcu la tions, cross-sections w ere  ta k e n  using 44 G T F  (5s, 2P).

A ll energy  v a lu es  are g iven  in  H a rtre e  a to m ic  un its . T he co m p u ta tio n s  
w ere ca rr ied  ou t u s in g  a m odified  PO LY A TO M  sy s te m  [4] on a n  IBM -7094-11 
co m p u te r.

* D edicated to  Prof. P. G o m b á s  on his 60th b ir th d ay .
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T h e FG m atrix  ca lcu la tion

(i) Fitting analytical fu n c tio n  to ab initio  surfaces

I t  w as fo u n d  th a t  th e  n a tu re  of th e  su rfaces m ad e  le a s t squares f i t t in g  of 
a general q u a d ra tic  p o te n tia l  im possible, ev e n  in reg ions v e ry  near th e  m in im a . 
T h e  c ross-sec tions of th e  su rfaces c o n ta in e d  an in h e re n t an d  consisten t a sy m ­
m e try  in  th e  v ic in ity  o f  th e  m in im a, a n d  a  “ w eig h ted ”  parabo la

E (X )  =  E 0 +  a (X  -  X J  (1)

p rov ided  a n  excellen t f i t  to  p o in ts  on su ch  cross-sections. T his curve co u ld  have  
been  used  to  p rov ide  a n h a rm o n ic  co rrec tio n s to  th e  fu n d a m e n ta l freq u en c ies , 
b u t  w ith in  th e  accu racy  o f  th e  p resen t ca lcu la tio n s, no  a tte m p t w as m a d e  to  
include su ch  correc tions. C hanging th e  coo rd in a te  sy s tem  in such  a w ay 
th a t  X  =  X — X 0 th e n  (1) m a y  be w r it te n  as (la )

E(x) =  E 0 +  ax2 e bx. ( la )

D iag o n a l force c o n s ta n ts  can  th e n  be o b ta in ed  d irec tly  from  ( la ) .

_  ( d2E(x) \

l dx2 L 0
=  (2ae~bx — 4< abxe~bx -f- ab2 x2 e-6x)x=0

=  2 o , (2)

= 1 / 2  Fxx- (2a)

I f  a tw o -d im en sio n a l su rface  is now  considered , a s tu d y  of in te ra c tio n  force 
c o n s ta n ts  is possible. A n  analogous re la tiv e  c o o rd in a te  system  is chosen  for 
w hich X =  y  =  0 a t  E 00, th e  ab so lu te  m in im um  o f th e  surface.

E (x ,y )  =  E 00 +  1/2 Fxx X2 e~bx +  1/2 Fxy xy  +  1/2 Fyyy 2 e~ * . (3)

I f  th e  b eh av io u r o f  (3) is s tu d ie d  n e a r  th e  m in im a , for fixed  v a lu e s  of y , 
th e  e x p o n e n tia l te rm s becom e a p p ro x im a te ly  e q u a l to  1. T hen, i f  successive 
c ross-sec tions of (3) a re  ta k e n  a t  y  =  0 and  y  =  by, (3) becom es (4) an d  (5) 
re sp ec tiv e ly .

E (x, 0) =  E 00 +  1/2 Fxx X2, (4)

E (x, by) =  (E 00 +  1/2 Fyy by2) +  1/2 Fxx x2 +  1/2 Fxy x b y . (5)
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O f th ese , i t  can  be seen th a t  (5) is a p a ra b o la  w ith  resp ec t to  x  w ith  a m in im u m  
n o t e x a c tly  a t  x  — 0, b u t  r a th e r  a t  som e non-zero v a lu e  o f x, say  x  =  b x0, 
w hich can be  o b ta in ed  g rap h ica lly , or from  a leas t sq u ares  cu rv e  fit.

F ro m  geom etrica l co n sid era tio n , th e  eq u a tio n  o f su c h  a p a rab o la  w ith  
m in im um  a t  Ôx0 is

E(x, ôy ) =  E 0 1/2 Fxx x 2 — Fxx xdx0. (6)

C om paring te rm s  in  (5) a n d  (6), an d  ta k in g  th e  lim it as by

1/2 Fxy xby =

0,

Fxx x^xo •>

F  =x XV - 2 F r ,
dx„
dv

( ? )

(7a)
y=o-

T hus, a t  le a s t in  princ ip le , th e  w ay  is o pen  fo r a rigorous th e o re tic a l s tu d y  o f 
th e  n o rm al m odes of v ib ra tio n  o f a p o ly a to m ic  m olecule like N 0 2F . T h is  
m e th o d  can  be  ex ten d ed  to  in c lude  an h arm o n ic  in te ra c tio n  force c o n s ta n ts  if  
th e  fu n c tio n a l v a r ia tio n  o f th e  m in im a is considered , r a th e r  th a n  ju s t  th e  slope 
a t  y  =  0.

(iii) Calculation o f  F-m atrix elements ( Sm all Basis Set)

I t  w as fo u n d  th a t  u n n o rm alized  sy m m e try  co o rd in a tes  could be u sed , 
so t h a t  sim ple b o n d  s tre tc h in g  an d  bend ing  cou ld  be re p re se n te d  b y  th em , since 
th e  c o n s ta n t in tro d u ced  b y  th e  degree of u n n o rm a liza tio n  w as inverse ly  a c c o u n t­
ed fo r in  th e  ca lcu la tio n  of G -m atrix  e lem en ts. T he sy m m e try  coord inates used  
are show n in  F ig . 1.

C alcu la tions w ith  a sm all basis  set p ro v id e d  resu lts w h ich  were only  q u a ­
lita tiv e ly  usefu l, as was ex p ec ted  from  a b as is  se t of th is  size. F o u r su rfaces  
w ere s tu d ie d  —  th e  th re e  pairw ise  co m b in a tio n s of th e  th r e e  A x sy m m e try  
co o rd ina tes (S x, S 0 and  S 3), an d  th e  pa ir o f  B x sy m m etry  co o rd in a tes  (S 4 a n d
st).

I t  shou ld  be  n o ted  th a t  fo r bend ing  m odes in  w hich th e  asy m m etry  w as 
sm all, p a ra b o la  f i ts  were u sed , r a th e r  th a n  th e  anharm onic  p o te n tia l  p rev io u sly  
chosen in  E q u . (1). T he su b sc rip ts  o f th e  F -m a tr ix  elem ents re fe r to  th e  s y m ­
m e try  co o rd in a te s  d efin ed  in  F ig . 1.

(iii) Scaling o f interaction force constants ( M edium  Basis Set)

T h o u g h  th e  force c o n s ta n ts  o b ta in ed  b y  ca lcu la tions u sing  sm all (24 
G TF) basis se ts  w ere q u a n ti ta t iv e ly  v e ry  p o o r, i t  is seen t h a t  q u a lita tiv e ly  th e y  
fall in  th e  r ig h t sequence. (A tr ia l  F G -m a tr ix  ca lcu la tion  u s in g  th e  force c o n ­
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s ta n ts  from  T a b le  У I I  w ould  g ive  frequencies u n ifo rm ly  to o  h ig h  b y  a f a c to r  
o f  3, so th e  fo rce  c o n s ta n ts  a re  to o  high b y  a n  o rd e r of m a g n itu d e .)  As th e  basis  
s e t  sizes fo r th e  MO ca lcu la tio n s  w ere in c rea sed  to  44 G TF th e  im p ro v em en ts  in  
th e  d iagonal fo rce  c o n s ta n ts  w ere  very  en co u rag in g , and  th e s e  new force c o n ­
s ta n ts  w ere fo u n d  to  rem ain  p ro p o rtio n a l to  th o se  d e te rm in ed  using  th e  sm alle r 
b a s is  set. I t  w as also found  in  th e  ca lcu la tio n  w ith  th e  sm all basis  set th a t  ev en

TYPE SYMMETRY COORDINATE FORM

N0,

Ai Si =-j(Ad|+Ad2) symmetric
stretch

A

A i s 2= a d
F -N

stretch

A i SJ=-(A|3I+Ap2)=A^
O -N -O

deformation

fS i/РТУ

NO,
S4=i(Ad-Ad2) asymmetric

stretch
. ----- -V

A .

s 54 ( Aft-Afe)
fluorine

wag
I..../

s6= 6
out-of plane 
deformation V

Fig. 1. S ym m etry  coordinates fo r N 0 2F (unnorm alized)

fa irly  la rg e  changes in  th e  in te ra c tio n  fo rce  co n stan ts  d id  n o t g rea tly  a ffec t 
p red ic ted  freq u en c ies . T h u s i t  m igh t be a ssu m ed  th a t  th e  in accu racy  in tro d u c e d  
using  in te ra c tio n  force c o n s ta n ts  scaled  fro m  those fo u n d  w ith  th e  sm alle st 
basis se t sh o u ld  be m uch  less th a n  th e  in accu racy  a r is in g  from  th e  u se  o f  a 
single d e te rm in a n t w ave fu n c tio n  co n sid e rab ly  above th e  H a r tre e —F o c k 'lim it. 
Since u sin g  a v e ry  large  b a s is  set, c a lc u la tio n  of m a n y  p o in ts  on a p o te n tia l  
surface becom es econom ica lly  infeasib le, i t  w as decided t h a t  scaled in te ra c tio n  
force c o n s ta n ts  shou ld  be  s tu d ie d  in  som e d e ta il. The fo rm u la  ad o p ted  fo r  th is  
pu rpose  w as

F '  =  FM xy x xy
F ' F 'i  X X  y y
F  Fx  X X  x yy

1/2

( 8 )
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Table I

E lem ents of the G -m atrix*

sin a

A i  type

(Ai (1 — cos a) +  ц3) G45 =  Mi

B L type
{ D  cos ß  — d) 
{ D d ~

f t
2 d2 cos a/2 +  ~}y ï  +  f t  •

(D  +  d cos a )2
D'z d'1 cos2 a/2

B . type

* The num bering for the reciprocal masses, fij, is as follows: 1 : N, 2 : F , 3 : O. All o th e r 
ymbols are defined in  Fig. 1.

w here  th e  p rim e  rep resen ts  th e  new  se t of fo rce  co n stan ts  a sso c ia ted  w ith  th e  
la rg e r basis se t. I f  only  th e  d iagonal e lem ents o f  th e  F  m a tr ix  (i e. F xx, F 'yy, e tc . 
w ere com pu ted  in  an  a priori m a n n e r w ith  th e  large  basis se t (44 GTF) th e n  
th e  in te ra c tio n  force c o n s ta n t for th e  basis se t , F'xy, is to  be sca led . Since th e  
co o rd ina tes x  an d  y  u sed  in  th is  d esc rip tio n  a re  m erely  one o f th e  sy m m etry  
coo rd inates S,(i =  1, . . ., 6), th e  force c o n s ta n ts  a re  hencefo rth  specified  using  
th e  su b scrip ts  o f th e  re le v a n t sy m m e try  co o rd in a tes . (8) can  co n v en ien tly  be 
w ritte n  as (8a).

A com parison  of re su lts  using  scaled  a n d  com p u ted  in te ra c tio n  force 
co n s ta n ts  for th e  la rger basis set is inc luded  in  th e  rep o rted  frequencies and  
force co n stan ts .

(iv) The FG matrix form alism

th e  e lem ents of th e  G -m atrix  have  to  be  ca lcu la ted . These are g iven  in  T ab le  I , 
u sing  th e  labels from  1 to  6 of th e  u n n o rm a lized  sy m m etry  coo rd inates 
(S lv . . , S b) from  F ig . 1. D u eto  sy m m etry , th e  6 X  6 m a tr ix  was b locked  to  a 3 X  3

(8a)

Once th e  num erica l values fo r th e  e lem en ts o f  th e  F '-m a trix  a re  know n
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( A ) ,  a 2 x 2  (В ,) and a l x l  (B 2), b lock . The fundam ental frequencies, V( ,  

can be obtained  using W ilso n ’s m ethod [5], by solv ing  the secular equation

| F G - A | = 0 ,  (9)

w hich is n o rm a lly  done b y  d iag o n a liza tio n  of th e  FG m a tr ix  p ro d u c t. T h e  so lu ­
tio n s , A,, o f  (9) are  re la te d  to  th e  r, b y  th e  e q u a tio n

h

Vi

=  4л:2 c2 v\ ,

: ß i ) 112
2 лс

( 10)

( П )

E q u . (11), h o w ever, o b ta in s A, from  an  FG  m a tr ix  in  c.g .s. u n its . 
I f  А,- is o b ta in e d  usin g  th e  usual u n its  fo r  such ca lcu la tio n s, v iz ., m asses in 
a .m .u ., le n g th s  in  a n g stro m s, angles in  rad ian s , s tre tc h in g  force c o n s ta n ts  in 
m dyne/Â , b en d in g  force co n stan ts  in  m d y n e  Â /rad .2 an d  s tre tc h -b e n d  in te ra c ­
tions in  m d y n e /ra d ., th e n  (11) becom es

v, -  1,302 • 9 V A, • (11a)

R esults a n d  discussion

T h e  ca lcu la tio n s w hich  used  o n ly  24 G TF gave energies o f th e  o rd e r of 
— 284 h a r tre e s , or o n ly  a b o u t9 0 %  o f th e  H a r tre e — F o c k lim it .P rev io u s  calcu l­
a tio n s [6] h av e  also in d ic a te d  th a t  th e  force c o n s ta n ts  found  w ith  th e  m in im al 
basis se ts  h av e  been  r a th e r  in c o n s is te n t w ith  th o se  co m p u ted  w ith  m o re  func­
tions. T h e  ca lcu la tio n s u sing  44 G T F  gave co n sid e rab ly  b e tte r  energ ies, ab o u t 
99%  o f th e  H a r tre e —F o c k lim it, a n d  th e  force c o n s ta n ts  w ere e x p e c te d to  he 
m uch  b e t te r .  T he energ ies for th e  v a rio u s  cross-sections ca lcu la ted  u sing  44 
G T F, a re  g iven in  T ab les  I I  to  V I. T h e  se t  of А г c ross-sections a t  th e  e x p e rim e n ­
ta l  c o n fo rm a tio n  w as u sed  to g e th e r  w ith  in te ra c tio n  force c o n s ta n ts  scaled 
from  th e  m in im um  b asis  se t using  (8a), w hile th e  second set o f А г c ross-sec­
tio n s w as ta k e n  a t  th e  ab so lu te  m in im u m  of th e  h y p ersu rface , a n d  w as used  
to  c a lc u la te  in te ra c tio n  force c o n s ta n ts . The R x cross-sections w ere u sed  w ith  
a sca led  in te ra c tio n  c o n s ta n t only.

T h e  d iagonal force co n stan ts  g iv en  in  T ab le  V I I  are in  good g en e ra l ag ree­
m en t w ith  ex p e rim en ta l va lues, e x c e p t th a t  th e  v a lu e  of th e  F N  s tre tc h in g  
c o n s ta n t ( F 22) is con sid erab ly  h ig h er. This re su lt cou ld  arise from  th e  w ay  in  
w hich  f lu o rin e  is re p re se n te d  in  th e  p re se n t m o lecu la r o rb ita l ca lcu la tio n s o r 
from  th e  m eth o d  b y  w hich  e x p e rim e n ta l force c o n s ta n ts  are fo u n d . Since th e  
d e te rm in a tio n  of ex p e rim en ta l fo rce  co n stan ts  is m ad e  b y  re c o n s tru c tin g  th e
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Table II
Energies for N —О sym m etric bond stretching (S,)

rN0 (A) experimental
configuration*

rNF =  1.413Â, 
ONO =  132°

1.13 —  300.16445 —

1.18 — 300.23121 —

1.23 -3 0 0 .2 7 3 3 5 -3 0 0 .2 8 2 9 3

1.28 — 300.29566 -3 0 0 .3 0 3 1 0

1.21 —  300.30113 —

1.33 —  300.30211 — 300.30784

1.36 —  300 .29953 — 300.30467

1.39 — — 300.29780

* T aken to be [7]: r^jp =  1 .35Á , ONO =  125°, ap a rt from  r^ o  w hich is varied  here 
bu t w hich a t equilibrium  is 1 .23Â .

Table III
Energies for N — F  bond stretching (S 2)

rNF (A) experimental
conformation

rNO =  1*33 Â, 
ONO =  132°*

1.25 — 300 .24245 —

1.30 300.26201 —

1.333 — -3 0 0 .2 9 9 2 6

1.35 — 300 .27335 —

1.373 — -3 0 0 .3 0 4 4 8

1.40 — 300 .27793 —

1.413 — -3 0 0 .3 0 5 8 6

1.443 — -3 0 0 .3 0 4 8 4

1.45 -3 0 0 .2 7 7 2 5 —

1.473 — — 300.30230

* F irst s exponent on nitrogen taken  as 0.42 instead of 0.425 results in  slight energy 
discrepancy.

Table IV
Energies for ONO bending (S 3)

<£ ONO experimental
configuration

n o  =  1-33 A,
rjjp =  1.413 Â

1 2 0 ° — 300 .26667 —
125° — 300 .27335 —

127° — — 300.30727

130° — 300 .27526 —

132° — — 300.30784

135° - 3 0 0 .2 7 4 5 9 —

137° — — 300.30566
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Table V

Cross-sections of fi, surface*

S./S, 0 ±0.05 Â ±o.io A

0° — 300.30701 — 300.30180 — 300.28893
± 5 ° — 300.30472 — —

О01

— 300.29815

*<£ 0 N 0  =  132°, rNF =  1.418 Â , —NQ| £  rNOz- =  1.329 Â

F G  m a t r ix  f ro m  t h e  o b se rv e d  f re q u e n c ie s  (a n d  h e n c e  th e  k n o w n  e ig en v a lu es) , 
so m e  s u ita b le  w a y  o f  e s t im a tin g  th e  signs a n d  m a g n itu d e s  o f  th e  o ff-d ia g o n a l 
fo rc e  c o n s ta n ts  m u s t  b e  d e te rm in e d . A lth o u g h  i t  is p o ss ib le  th e n  to  r e c o n s tr u c t  
t h e  o b se rv e d  f re q u e n c ie s , i f  th e s e  o ff-d ia g o n a l fo rc e  c o n s ta n ts  a re  s u b s ta n t ia l ly  
in a c c u ra te ,  th e  n u m e r ic a l  v a lu e  o f  th e  re s u lt in g  d ia g o n a l fo rc e  c o n s ta n ts  w ill 
a lso  b e  g re a tly  c h a n g e d .
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Table VI

T o ta l energy for out-of-plane bending (S6)

S. total energy

0° — 300.27289

± 5 ° — 300.27213

± 1 0 ° — 300.27059

± 2 0 ° — 300.26488

± 3 0 ° — 300.25491

F o r exam ple , th e  off-d iagonal fo rce  c o n s ta n t fo r  th e  in te ra c tio n  be tw een  
th e  asy m m etric  s tre tc h  (S 4) and  th e  asy m m etric  b e n d  (S5), w as ta k e n  [8] 
to  be -f-1-24 m d y n e /ra d ., giving as th e  d iagonal s tre tc h in g  an d  b en d in g  con­
s ta n ts  21.9 m dyne/Â  a n d  2.81 n idyne Â /rad .2, re sp ec tiv e ly . T his re su lt is r a th e r  
u n u su a l in  th e  sense t h a t  norm ally , a low er force c o n s ta n t  is ex p ec ted  fo r an  
asy m m etric  s tre tc h in g  m ode th a n  fo r  th e  co rresp o n d in g  sym m etric  one. T he

25 Acta Physica Academiae Scientiaruni Hungaricae 27, 1969
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Fig. 4. Po ten tia l curve for asym m etric NO stre tch  (S 4)

Fig. 5. P o ten tia l curve fo r variations of S 6
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Fig. 6. Potentia l curve for out-of-plane deform ation (S6) 

Table VII
Force constan ts for n itry l fluoride*

Fii
24 GTF 

calculated
44 G TF 

scaled
44 G TF 

calculated reported [8]** reported [9]**

F n 81.69 22.26 22.26 18.8 25.5

F\ 2 3.61 1.05 1.6 1.49 0.0

F13 1.94 0.572 1.0 1.57 1.82

F  22 27.25 8.478 8.478 4.57 2.66

^23 —2.38 —0.75 -0 .7 3 —0.583 —0.808

^33 3.60 1.149 1.149 1.36 2.235

F it 78.12 15.432 — 21.9 19.36

F  45 — 5.41 — 1.649 — +  1.24 0.0

F  5S 5.366 2.524 — 2.82 2.63

F  66 — (0.859) — — 0.501

* U nits are m dyne/Á  for stre tch , m dyne Â /rad.2 for bend and m dyne/rad  for stre tch- 
bend interaction. Subscripts refer to th e  sym m etry coordinates given in  Fig. 1.

** Values converted from  valence force constants w ith  appropriate charges of norm ali­
zation for the sym m etry coordinates used (Fig. 1).
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Table V III

Calculated fundam en ta l frequencies (cm -1) for n itry l fluoride

scaled calculated reported [10] reported  [9]

»1 M l ) 1480 1415 1312 1310

v t  M i) 1030 1060 822 822

*3 M l) 510 510 460 568

*4  M l ) 1740 — 1793 1792

» .  M l ) 465 — 570 560

VC (B .) (880) — 742 742

Table IX

Sum m ary of norm al coordinate analysis*

<?. Q, 0» Q.

h 1.2889 0.6300 0.1549 1.7869 0.1271

vk 1480 1030 510 1740 465
Ахг 0.0 0.0 0.0 — 0.2293 —0.0569

N 4yi 0.2097 — 0.0514 0.0972 0.0 0.0
Лzx 0.0 0.0 0.0 0.0 0.0
zd#2 0.0 0.0 0.0 0.0238 0.1392

F * 0.0847 0.1420 0.0995 0.0 0.0
Агг 0.0 0.0 0.0 0.0 0.0
Ax3 0.0777 —0.1195 0.1045 0.0862 —0.0578

Ог 0.0415 —0.0619 -0 .1 0 1 6 0.0220 — 0.1224
Az3 0.0 0.0 0.0 , 0.0 0.0

0.0777 0.1195 -0 .1 0 4 5 0.0862 — 0.0578
о , d y 4 0.0415 —0.0619 —0.1016 —0.0220 0.1224

Azi 0.0 0.0 0.0 0.0 0.0

* In  th is  notation , th e  relative values o f th e  cartesian displacem ent coordinates are 
given in  such a w ay th a t the molecule is lying in  the  xy plane, w ith  N  a t  the origin and  F  on 
the positive д'-axis.

ca lcu la ted  su rface  sugg ests  th a t  th is  in te ra c tio n  fo rce  c o n s ta n t is a c tu a lly  
n eg a tiv e , a n d  if  th e  ca lcu la tio n s  are  re p e a te d  assum ing  — 1.24 m d y n e /ra d . for 
th is  c o n s ta n t , i t  is fo u n d  th a t  g re a tly  changed  v a lu es  o f th e  d iag o n a l force 
c o n s ta n ts  (see T ab le  V I I ) ,  a re  o b ta in e d ; v iz. F u  =  16.5 m dyne Â  a n d  _F55 =  
=  3.58 m d y n e  Â /rad .2. I t  m ig h t be a ssu m ed  th a t  s im ila r changes w o u ld  occur 
if  th e  sy m m e tric  s tre tc h -b e n d  in te ra c tio n  c o n s ta n t (jP13) h ad  been  ta k e n  [8] 
as p o s itiv e  in s te a d  o f n eg a tiv e .
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A  co m p u te r  p ro g ra m  was used  to  ca lcu la te  n u m eric  va lues o f  G -m a trix  
e lem ents a n d  th e  FG m a tr ix . T he FG  m a tr ix  was d iagonalized , y ie ld in g  th e  
eigenvalues an d  eigenvecto rs. T he re su lts  of th is  c a lcu la tio n  are  g iven  in  
T ables V I I I  and  IX  an d  show n in  F ig  7.

C onclusion

I t  c a n  be seen th a t  a lth o u g h  th e o re tic a l surfaces u sing  th e  sm a lle s t basis 
sets give fo rce  co n stan ts  w hich  are to o  h ig h  b y  an  o rd er o f m ag n itu d e , su rfaces 
found  ev en  w ith  th e  n e x t  la rg e r basis s e t  p ro v id e  a v e ry  reaso n ab le  q u a n t i ta ­
tiv e  e s tim a te  o f force c o n s ta n ts  and  fu n d a m e n ta l frequencies. In  p a r tic u la r , 
th e  ca lc u la ted  in te ra c tio n  force c o n s ta n ts  could  be  used  to g e th e r  w ith  e x p e ri­
m en ta l frequencies and  FG  calcu la tions to  give a m ore u n iq u e  se t o f e x p e rim e n ­
ta l  force c o n s ta n ts , w hile th e  th e o re tic a lly  p red ic ted  frequencies m ig h t occa­
sionally  be  help fu l in  c la rify in g  assignm en ts o f th e  fu n d a m e n ta l freq u en c ies . 
I t  is h o p ed  th a t  fu r th e r  ca lcu la tions u s in g  la rg e r basis sets w ould  g ive even  
m ore a c c u ra te  p red ic tio n s.

Acta Physica Academiae Scientiarum Hungaricae 27, 1969
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ВИБРАЦИОННЫ Й АНАЛИЗ ПОВЕРХНОСТЕЙ AB INITIO 
ПОТЕНЦИАЛЬНОЙ ЭНЕРГИИ Д Л Я  НИТРИЛОФЛУОРИДА 

М. ШЭНБОРН и И. Г. ЧИЗМАДИЯ

Р е з ю м е

Проведена серия вычислений самосогласованных молекулярных орбит (SCF— МО) 
для нитрилофлуорида, применяя метод линейной комбинации функций типа Гаусса 
(Q T F ) Для получения гиперповерхности ab initio потенциала применяется варьируемая 
геометрия. Данная гиперповерхность использована для получения гармонических сило­
вых констант для FG матричного вычисления, из которого определяются основные час­
тоты, связанные с нормальными частотами. Представленные в данной работе вычисления 
результируют гиперповерхности для двух различных базисных сетей, содержащих 24 
и 44 GTF соответственно Найдено, что применяя широкую базисную сеть, значения основ­
ных частот очень хорошо согласуются с экспериментальными данными, даже в том слу­
чае, если силовые константы взаимодействия определены приемом, использующим 24 GTF.
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DAS KOMBINIERTE NÄHERUNGSVERFAHREN*
I I .  U NTERSU CH U N G EN  ZU E IN E R  G E E IG N E T E N  W AHL 

D ES E FFE K T IV E N  PO TEN TIA LS UND ZUR BER Ü CK SIC H TIG U N G  
DER R U M PF— R U M PF-W E C H SE LW IR K U N G

Von

W . H . E u g e n  S c h w a r z * *

IN ST IT U T  F Ü R  PH Y SIK A LISC H E CHEM IE D E R  UNIV ERSITÄ T F R A N K F U R T  AM M AIN,
DEU TSCHLAN D

(Eingegangen 30. V III. 1968)***
Die V alenzelektroneuniveaus von A lkalim etall- und K upfer-A tom en werden m ittels 

der Pseudopotentialm ethode berechnet. Von den verschiedenen N äherungsform eln liefert 
das kürzlich von G o m b á s  hergeleitete statistische Gk0rr-B esetzungsverbotpotential die besten 
Ergebnisse. Von empirischen effektiven P o ten tia len  ist ein solches m it ausgeprägter Mulde 
am geeignetsten. Die W echselwirkungsenergie der A tom rüm pfe eines Moleküls w ird u n te r 
Verwendung statistischer M ethoden abgeschätzt.

F a s t  alle b isherigen q u an te n c h e m isc h en  ab ш Ш о-R eclim m gen  w u rd en  
fü r M oleküle aus le ich ten  E le m e n te n  d u rch g e fü h rt. In sb eso n d ere  fe h lt es an  
U n te rsu ch u n g en  der den C hem iker b eso n d ers  in te ress ie ren d en  U n te rsch ied e  
der E ig en sch a ften  einer R e ih e  von  V erb in d u n g en  aus v e rsch ied en en  E le m e n ­
te n  einer G ru p p e  oder F am ilie  des P e rio d en sy stem s. W e ite rh in  lä ss t eine ex a k te  
T heorie die w esentliche chem ische  E rfa h ru n g  der H om ologie  der E lem en te  
einer F am ilie  u n b e rü c k s ic h tig t: D er H a m ilto n o p e ra to r  eines Li- u n d  eines Cs- 
A tom s e tw a w eisen n ich t d ie  geringste  Ä h n lich k e it auf, das gleiche g ilt fü r  die 
e n tsp rech en d en  V alenzo rb ita le .

U m  diesem  M angel ab zu h e lfen , h a b e n  schon 1935 sow ohl Gombás [1] 
als auch  H ellm ann  [2] v o rgesch lagen , d ie  R u m p fe lek tro n en  der A tom e n ä h e ­
rungsw eise zu behande ln  u n d  ih ren  E in flu ss  au f die V alen zo rb ita le  d u rc h  so ­
g en an n te  P seu d o p o ten tia le  [3] zu besch re ib en . O bw ohl in  d er Z w ischenzeit, 
n ic h t z u le tz t v o n  Gombás (verg l. [3]), eine grosse A n zah l von  A rb e iten  a u f  
dem  G ebiet d e r A tom - u n d  F e s tk ö rp e rp h y s ik  nach  d iesem  von H ellm ann  
so g en an n ten  K o m b in ie rten  N äh e ru n g sv e rfah re n  (K N ) ersch ienen  s in d , h a t  
diese Id ee  in  d e r Q u an tenchem ie  e rs t in  n e u e s te r  Zeit w ieder In te resse  gefunden .

N ach  [4] la u te t  der H a m ilto a o p e ra to r  fü r ein m o leku lares S y stem  in 
der N äh eru n g  des K N

* H errn  Prof. Dr. P. G o m b á s  zum  60. G eburts tag  in Verehrung gewidmet.
** Jetzige Adresse: Lehrstuhl fü r Theoretische Chemie der U n iversitä t Bonn.

*** In  das Sekretariat der R edak tion  aus technischen G ründen leider erst am  20. I I .  
1969 eingelangt.

1 . E in le itu n g
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i , j  sind  die Y a len ze lek tro n en , А ,  В  d ie A to m rü m p fe  u n d  die Ж~~А die effek tiven  
A to m ru m p f-P o te n tia lo p e ra to re n

i r A =  2 w ^ r) ( 2 )
l,m

m it

n

w obei n ü b e r  eine v o lls tän d ig e  F u n k tio n e n b a s is  gn(r) lä u f t. D ie W A sind  von
d e r  N e b e n q u a n te n za h l a b h än g ig e  zen tro sy m m etrisch e  P o te n tia le , die im  w e­
sen tlich en  d ie  S um m e aus d em  e le k tro s ta tisc h e n  u n d  dem  B ese tzu n g sv e rb o t­
p o te n tia l d a rs te lle n ; die E ^ b s in d  die W echse lw irkungsenerg ien  der A to m ­
rüm pfe  А , B .

Im  fo lg en d en  sollen ein ige R ech n u n g en  u n d  B em erkungen  zu r n äh e ru n g s­
weisen th e o re tisc h e n  (A b sc h n itt 2) u n d  zu r em pirischen  B estim m u n g  (A b ­
s c h n itt  3) d e r  P o te n tia lfu n k tio n e n  W A u n d  zu r A b sch ä tzu n g  der R u m p f— 
R u m p f-W ech se lw irk u n g sen erg ien  (A b sch n itt 4) m itg e te ilt w erden.

2 . V ergleich näherungsw eise berechneter effektiver Potentiale

D ie lF’j4(r)-F u n k tio n e n  k ö n n en  en tw ed er in  einem  v o lls tän d ig en  H a r tre e — 
F ock-V erfah ren  (Szász [5]) o d er e in facher aus den E le k tro n e n d ic h te n  d e r 
R üm pfe  n ach  v e rsch ied en en  s ta tis tisc h e n  o d er w ellenm echan ischen  N ä h e r­
angsfo rm eln  b e re c h n e t w erd en . H ie r so llen  d iese N äh eru n g en  a n h a n d  d er d a ­
m it b e re c h n e ten  T erm energ ien  d e r A tom e L i, N a, K , R b , Cu m ite in an d e r v e r ­
g lichen w erden .

Rechenmethoden

F o lg en d e  A usd rücke fü r  die B e se tzu n g sv e rb o tp o ten tia le  w urden  h e ra n ­
gezogen:

1) D as re in  s ta tis tisc h e  F ° -P o te n tia l v o n  Gombás ([3 ] , F orm el (12, l l ) ) 1:

2) D ie h a lb s ta tis t is c h e n  G°i- u n d  G ;-P o ten tia le  (ib id ., Form eln  (11,9)

1 Die B edeutung der Symbole ist folgende: D  —  radiale R um pfelektronendichte 
4лт2р, Dj —  entsprechend fü r R um pfelektronen m it der N ebenquantenzahl 1, D f  — e n t­
sprechend fü r R um pfelektronen in Schalen, die tiefer als die (n =  l -(- 1, 1)-Schale liegen; 
P  — D ichte des zu berechnenden V alenzelektronenzustands (da P  nu r zu kleinen K orrek turen  
füh rt, w urde in allen Fällen die SCF-Valenzdichte des G rundzustands eingesetzt); N — Zahl 
der R um pfelektronen.

3

(4)
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Tabelle I

N egative V alenzelektronenenergien nach der B esetzungsverbotpotentialm ethode in  eV

Li I N a
Besetzungsverbotpotential

2s 3s 2p 3p 3s 4s 3p 4P

v m 5,87 2,16 3,59 1,52 5,86 2,18 3,12 1,42
[/<2> 5,18 2,02 3,59 1,52 5,28 2,16 2,95 1,37
F° 6,91 2,37 3,59 1,52 5,09 1,96 3,17 1,44
G» 6,25 2,20 3,59 1,52 6,08 2,15 3,17 1,44
G 6,10 2,18 3,59 1,52 5,91 2,12 3,14 1,44
çkorr 5,36 2,01 3,59 1,52 5,19 1,96 2,98 1,38

experimentell [14] 5,39 2,02 3,54 1,57 5,14 1,95 3,04 1,39
SCF-W ert [13] 5,34 4,95

Besetzungsverbotpotential
К Cu

4s 5 s 4P 5 P 4s 5s 4 P 5P

v w 4,63 1,80 2,75 1,31 8,53 2,70 3,74 1,61
i / 2> 4,24 1,81 2,59 1,25 7,39 2,52 3,44 1,52
F° 4,33 1,79 2,78 1,30 4,33 1,80 2,79 1,33
G° 5,01 1,90 2,93 1,35 9,44 2,54 4,05 1,68
G 4,82 1,86 2,88 1,33 9,16 2,49 3,96 1,65

ç k o r r
4,22 1,71 2,68 1,27 7,51 2,35 3,52 1,53

experimentell [14] 4,34 1,73 2,73 1,28 7,73 2,38 3,92 1,60
SCF-W ert [13] 4,01 6,44

u n d  (11,8)):

G? =

Gt —

1

8
1
8

2Z +  1

2Z +  1

D 2t +

(D f +  2D { P)

( 5 )

( 6)

3) D ie m it diesen P o te n tia le n  e rh a lte n e n  E rg eb n isse  w aren  u n b e fr ie ­
d igend (s. T abelle  I), w as offenbar d a ra u f  b e ru h t, dass zu  ih re r  A b le itu n g  
die s ta tis tisc h e  Theorie des homogenen E lek tro n en g ases  v e rw en d e t w urde . 
Gombás h a t  d a rau fh in  k ü rz lich  u n te r  V erw endung  eines einfachen  M odells 
dem  In h o m o g en itä tse ffek t in  einem  k o rrig ie rten  G -P o ten tia l R ech n u n g  ge­
tragen  [6]:

Gkor
2Z +  l j

(y2D 2l +  2 y D l P) +  -—  
/

( ? )

w obei der K o rre k tu rfa k to r  y  =  1 - f  (n ,— Z - f  1)/4(в;— Z) is t  u n d  nt d ie H a u p t-
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q u a n te n z a lil  d e r h ö ch sten  b e se tz te n  Schale m it d er N e b e n q u an ten zah l / b e ­
d e u te t.

4) E in  e x a k te r  A u sd ru ck  fü r  den B e se tz u n g sv e rb o to p e ra to r  la u te t  nach  
H e in e  [7]

% = - 2 < < P r \ (8)
г <Pv

w obei (pr die R u m p fo rb ita le , V e d as  e le k tro s ta tisc h e  P o te n tia l  u n d  cp, das zu  
b e rech n en d e  V a len zp seu d o o rb ita l sind . U m  fü r  CUV e inen N ä h e ru n g sau sd ru ck  
in  F o rm  eines lo k a len  P o te n tia ls  zu  e rh a lten , m uss m an  fü r  cpv eine F u n k tio n  
e in se tzen , die das P se u d o o rb ita l im  R u m p fb ere ich  e in igerm assen  w iederg ib t. 
H e in e  b a t te  <pv r lY /m vo rg esch lag en  (U ;1̂ ). W ie n um erische  R echnungen
zeig ten , is t d iese A p p ro x im a tio n  zu  roh  (s. T ab e lle  I). N u r in  K e rn n äh e  w ird  
n äm lich  d er V e rla u f d er P se u d o o rb ita le  du rch  r g u t besch rieb en , n ich t d ag e ­
g en  in  den  fü r  das P o te n tia l  b eso n d ers  w ich tig en  R an d g eb ie ten  des A to m ­
ru m p fes. E s w u rd e  d ah er au ch  d ie  N äh eru n g  cpv Czd v l • exp(— a r)  • Y im u n te r ­
s u c h t (Uj2>), w obei a so g ew äh lt w u rd e , dass cpv m it dem  n ach  d en  SbATERschen 
R egeln  [8] g eb ild e ten  V a len zo rb ita l m ax im al ü b e rla p p t.

A us den  n a c h  dem  H a r tre e  — F o c k —S la te r -V erfahren  (n ach  H erman u n d  
S icillman [9]) e rh a lten en  D ic h te n  der A to m rü m p fe  w u rd en  d ie  e le k tro s ta ti­
sch en  u n d  B e se tz u n g sv e rb o tp o te n tia le  in  n u m erisch er F o rm  b e rech n e t u n d  
d a n n  die V a len ze lek tro n en zu s tän d e  in  e iner ST O -B asis b e s tim m t. U m  die E r ­
gebnisse m it e x a k te n  H a r tre e  — F o ck -D a ten  verg le ichen  zu  k ö n n en , m uss noch  
d e r R u m p f—V alen z-A u stau sch effek t b e rü c k s ic h tig t w erden . D a z u  w urde das 
k ü rz lich  v o n  Gombás k o rrig ie rte  [11] DiRACsche A u s ta u sc h p o te n tia l [10]

— Q • m ax  [0 ; 1 —(p0Id)*13] (Ю )
71

m it g0 =  125/192ti5 v e rw en d e t. U n d  zw ar w u rd e  die A ustau sch en erg ie  n a c h ­
träg lich  als S tö ru n g sen erg ie  e rs te r  O rd n u n g  b e re c h n e t, w as sich  auch an  a n ­
d e re r  S telle  [12] fü r  V a len ze lek tro n en  als g ü n stig e r erw iesen h a t  als die E r ­
w e ite ru n g  des e ffek tiven  P o te n tia ls  du rch  V a-

Ergebnisse

In  T ab e lle  1 fin d en  sich  einige der b e re c h n e ten  V alenze lek tronenenerg ien . 
E s zeig t s ich  (im  G egensatz  zu  [3]), dass be i V erw endung  d e r u n k o rrig ie rten  
G -P o ten tia le  die E nerg ien  speziell d er t ie fs te n  N iveaus b e trä c h tlic h  u n te r  die 
ex p e rim en te llen  W erte  a b s in k e n , w enn m a n  den  A u s tau sch  b e rü ck s ich tig t 
u n d  m it e in er genügend f le x ib le n  F u n k tio n e n b a s is2 a rb e ite t ,  obw ohl die be-

2 B eschreibt m an die V alenzorbitale m it nur einem  STO, erhält m an um  bis zu einige % 
höhere Energien (vergl. auch T abelle 111).
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rech n e ten  W erte  u m  die In te rsc h a le n k o rre la tio n  ü b e r d en  ex p erim en te llen  l ie ­
gen so llten . E benso  s in d  die E rg eb n isse  m it dem  H EiN Eschen [ //^ -P o te n tia l  
unbefried igend . Viel b esser sind  schon  die R e su lta te  m it  dem  P o te n tia l  I / ;2) 
u n d  b em erkensw erterw eise  auch  m it dem  einfachen  s ta tis tis c h e n  E -P o te n tia l, 
ausser be i L ith iu m  (A nw endung  d e r S ta t is t ik  a u f  einen  2 -E lek tro n en -R u m p f) 
u n d  K u p fe r  (die e in fache  S ta tis t ik  lä ss t die D reh im p u lsq u an te lu n g  u n d  d a m it 
die ano rm ale  D ich tev erte ilu n g  d e r d -E le k tro n e n  bei d en  N eb en g ru p p en e le ­
m en ten  u n b e rü ck s ich tig t) .

Fig. 1. E ffektive Potentiale (elektrostatisches -f A ustausch +  B esetzungsverbotpotential)
von K upfer fü r s-E lektronen: berechnet m it Gkorr----------- , m it F ° ------------ ,m i t  num erischem
SCF-Verfahren ---------  (radiale V alenzelektronendichte --------- ); ad ju s tie rtes  M odellpotential

nach  H e l l m a n n ..........

Die b e s te n  E rgebn isse  aber w erd en  m it dem  G -P o ten tia l e rh a lten , w en n  
m an  den In h o m o g en itä tse ffek ten  n ach  G o m b á s  [6 ]  R ech n u n g  trä g t:  D ie 
B ese tzu n g sv e rb o tp o ten tia le  ste igen  an , u n d  die b e rech n e ten  V a len ze lek tro ­
nenenerg ien  sin d  i.a . n ic h t m ehr tie fe r  als die ex p erim en te llen  W erte , w enn sie 
auch im m er noch  um  einige °/00 bis %  u n te r  d en  en tsp rech en d en  H a rtre e  — F ock- 
W erten  liegen. Dies g ilt besonders fü r  Cu, wo m an  u n te r  B e rü ck sich tig u n g  d er 
K o rre la tionsenerg ie  im  G egensatz z u r V e rm u tu n g  von  G o m b á s  [6 ]  eine (um  
fa s t 1 eV) zu  tie fe  E n erg ie  e rh ä lt.

E ine  äh n liche  V erbesserung  sollte a u ch  be im  F -P o te n tia l m öglich  sein, w enn m an  e n t­
sprechend  e inem  V orschlag  v o n  H ellm a n n  [15] d e r  In h o m o g en itä t d e r  E le k tro n en d ich te  
d u rch  M itnahm e w enigstens des n ied rig sten  n ich tv e rsch w in d en d en  T erm s d e r F erm ienerg ie  
in  y g  R ech n u n g  t r ä g t ,  e tw a  n a ch  A rt d e r WEizsÄCKERschen K o rre k tu r  [16].

In  F ig . 1 sind  einige effek tive P o te n tia le  fü r  C u -s-E lek tro n en  der A n ­
sch au lich k e it h a lb e r abgeb ilde t.
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Tabelle II
Vergleich em pirischer P seudopotentia le4

M ittlere Fehler der ersten zwei angeregten E invalenzelektronenterm e in  % , berechnet m it 
verschiedenen einparam etrigen M odellpotentialen . Der Param eter wurde so adjustiert, dass 
der entsprechende Grund-Term so gu t wie m öglich reproduziert wird. N egatives Vorzeichen  

b ed eu tet, dass die P seudopotentia lm ethode zu zu tiefen  E nergien  führt

Potentialform  (s-P o ten tia l von Na)

I. “ H a rd  core” -Poten tia l, W  =  — ZR/r  fü r r~> R c, =  ~  fü r r <  R c. P aram eter ist 
R . . ZR ist die R um pfladung. Ergebnisse nach P a k so n  und W e is s k o p f  [17].

II . HELLM ANN-Potential, W = — (ZR — A  ■ e~ar)/r; P a ra m e te r  is t  a. Eigene R echen­
ergebnisse, v e rg l. T abelle  I I I .

I I I .  P o ten tia l von A b a k e n k o v  und H e in e  [18], W  — Z w/r fü r r '-> R c, =  V für r  <  R c. 
Param eter is t V. Rt wurde fü r alle Potentiale gleich 2 a E. gesetzt0). Die Termenergien w urden 
aus den P o ten tia ltabellen  von A ba kenk o v  [19] berechnet.

IV. “ C ut off” -Potential, W  — — ZR/r  fü r r  >  Rc, =  — Zr/R c, fü r r  <  R c. Param eter 
is t Rc. E rgebnisse nach K och u n d  K u tze ln ig g  [20]. Dies P o ten tia l lässt sich aus dem  ein­
fachen Ferm ischen A tom m odell herleiten.

a) Bei E lem enten m it höherer R um pfladung  Z. is t  der prozentuale Fehler geringer.
b) Im  Falle, dass das B esetzungsverbotpotential N ull is t, wie bei L i-p-O rbitalen, 

können na tü rlich  die Poten tia le  I  und  IV schon den G rundterm  n ich t richtig  wiedergeben und 
führen zu b e träch tlich  zu hohen Energien.

c) Die Fehler bei den d-Term en sind noch geringer.
d)  D urch  zusätzliche V ariation  von R c lä sst sich der Fehler z.T. ganz erheblich verrin ­

gern. So fü h r t beispielsweise bei Cu ein P o ten tia l untenstehender Form  m itR r =  3.5 a .E . nur 
zu Abweichungen von 0.0 bzw. — 0,5% beim ersten  bzw. zweiten angeregten s-Term.

V
2
JL

4
_L Г

- , 5 -
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3 . E m pirische  effektive P o ten tia le

D er H a u p tn a c h te il d ieser w ie auch d er v o n  Szász [5] e x a k t b e rech n e ten  
B ese tzu n g sv e rb o tp o ten tia le  is t , dass m an  fü r  sie k o m p liz ie rte  an a ly tisch e  
A usd rücke e rh ä lt, die noch u m  die A u stau sch - u n d  K o rre la tio n sp o te n tia le  
e rw e ite rt w erden  m ü ssten , u n d  die bei M olekü lrechnungen  zu  e iner V ielzahl 
v o n  Zwei- u n d  D re izen tren in teg ra len  fü h ren . D ah e r schein t fü r  q u a n te n c h e ­
m ische R ech n u n g en  noch im m er d er HELLMANNsche V orschlag  [2] d er beste  
K om prom iss zu  sein , die e ffek tiv en  P o te n tia le  W f  du rch  an  ex p erim en te llen  
A tom energ ien  a d ju s tie r te  e in fache  an a ly tisch e  A usdrücke zu besch re iben .

In  T abelle  I I  sind m it ein igen e in fachen  M o d ellpo ten tia len  e rh a lten e  
E rgebn isse  zusam m engeste llt. E s  zeig t sich zw eierlei.

1) W ie in  [4] v e rm u te t, e rh ä lt  m an fü r  angereg te  T erm e e tw as zu tiefe  
E nerg ien .

2) Die E rgebn isse  sind i.a . fü r  das P o te n tia l  I  m it der tie fs te n  M ulde am  
b e s te n  u n d  fü r  das P o te n tia l IV  m it der f la c h s te n  M ulde am  sch lech testen .

D ie th e o re tisc h  b e re c h n e ten  effek tiven  P o te n tia le  w eisen  w egen des 
e lek tro s ta tisch en , A ustausch - u n d  K o rre la tio n sp o te n tia lan te ils  ein  P o te n tia l­
m in im um  auf, das besonders be i schw eren E le m e n te n , speziell so lchen der 
N eb en g ru p p en , m erk lich  u n te r  d em  C o u lo m b -P o ten tia l eines p u n k tfö rm ig en  
A to m ru m p fes lieg t (s. auch A bb . 1 u n d  [31]). D a h e r  sollte  ein  M o d ellpo ten tia l 
m it  au sg ep räg te r M ulde, das das e x a k te  e ffek tiv e  P o te n tia l in  dem  besonders 
w ich tig en  B ereich  m ittle re r  r b e sse r besch re iben  k an n , gew äh lt w erden , w as 
ü b rigens schon Ladányi [21] b e i e in igen N eb en g ru p p en e lem en ten  g e tan  h a tte .

4 .  Die R u m p f— R u m p f-W echse lw irkung3

D er H a u p ta n te il  der W echselw irkungsenerg ie  d er A to m rü m p fe  [22] in 
einem  M olekül w ird  du rch  die Abstossung  en tsp rech en d er punktförm iger Ionen 
e rfa ss t:

E 'ab =  Z § umpf • Z ^ umpi/R AB . (11)

W egen d er Ü b e rlap p u n g  der R u m p fe lek tro n en w o lk en , die b e im  G leichge­
w ic h tsa b s ta n d  R 0 in  d er R egel b e i e tw a  10-3  lie g t, v e rr in g e rt s ich  die elektro­
statische Abstossung  gegenüber d e r  v o n  P u n k tla d u n g e n  um  einen  k le inen  B e ­
tra g  E korng'. D a d ieser auch noch  bei A b stän d en  v o n  2/3 R a i.a . u n te r  10~2 eV 
lieg t, k a n n  er v e rn ach lä ss ig t w erden .

U m  eine G rössenordnung  g rösser is t der d u rc h  die Ü b e rla p p u n g  h e rv o rg e ­
ru fen e  Anstieg der kinetischen Energie, E Ferml. Z u r A b sch ä tzu n g  dieses E ffek ts

3 Alle R echnungen wurden m it den H FS-R um pf-D ichten der neu tra len  A tom e von 
H e r m a n  und  Sk illm a n  [9] durchgeführt.
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Tabelle Ш

E inelektronenterm e (in — eV) im  H ellmann’- Potential

Wt =  —(Zß  — A[ ■ e ~ air)/r; Z^ is t die Ladung des A tom rum pfes; et; wurde so gew ählt, 
dass die experim entelle Ionisierungsenergie des G rundzustands richtig  erhalten  w ird; А ; 
w urde willkürlich gew ählt, aber so gross, dass sich der Fehler der angeregten Term energien 
bei V ariation  von А ; k aum  noch verändert (es g ib t anscheinend kein A, bei dem  auch der 
erste angeregte Term  ex ak t erhalten  wird). Die W ellenfunktionen wurden durch V ariations­
rechnung in einer Funktionenbasis von 4 STOs m it optim ierten  E xponenten bestim m t. D a­
neben finden sich Ergebnisse für einfache O rbitale vom  S L A T E R - Т у р  r n—1e_ C r Y,m (die an ­
geregten  s-Zustände w urden durch L inearkom bination m it den G rundzustands-STOs auf 
diesen orthogonalisiert m it optim alen re.)

Die hier optim ierten  P aram eter A a. sind viel grösser als die von H e l l m a n n  und 
anderen  angegebenen. Alle diese h a tten  näm lich die sehr ungünstigen ls  (und 2p) STOs als 
V ariationsfunktionen  verw endet.

s-Terme

Atom А c«o

G rundzustand 1. anger. Zustand 2. anger Zustand

E
SLATEROrbital

Eexp ■Eber
SLATEROrbital

Eexp Eber
E n E - C

Li 10 2 ,2 0 2 5 ,391 5,27 2 0 ,616 2,019 2,028 1,98 3 0,357 1,051 1,052

Na 14 2,267 5 ,139 5,10 3 0,901 1,948 1,965 1,97 4 0,447 1 ,023 1,027

К 18 1 ,8 6 6 4 ,340 4,32 3 0 ,730 1,734 1,763 1,76 4 0,405 0 ,937 0,950

Rb 26 1,940 4 ,177 4,12 3 0 ,684 1,681 1,716 1,70 4 0,392 0 ,915 0,931

Cu 30 6 ,134 7 ,726 7,62 2 0 ,942 2,378 2 ,499 2,13 3 0,442 1 ,174 1 ,222

Be 20 3 ,362 18,210 17,40 2 0 ,994 7,271 7,302 6,97 3 0,621 3 ,895 3,902

Mg 30 2,855 15 ,034 14,90 3 1,234 6,380 6,430 6 ,38 4 0,741 3,531 3,555

Ca 50 2 ,336 11,870 11,80 4 1,262 5,391 5 ,466 5,44 5 0,764 3 ,108 3,139

Sr 60 2,205 11 ,029 10,95 5 1,472 5,111 5,190 5,18 6 0,840 2 ,975 3,017

Zn 60 4,505 17 ,963 17,75 3 1,492 6,999 7 ,189 7,13 4 0,820 3 ,768 3,848

p-Term e

A tom А a i

G rundzustand 1. anger Zustand 2. anger. Zustand

E
SLATEROrbital

Eexp Eber Eexp Eber
E  I n C

Li — 2 2,330 3,544 3,52 1 2 0,537 1,557 1,557 0,870 0,869
Na 14 2,231 3,035 3,02 3 0,616 1,386 1,388 0,794 0,794
К 18 1,635 2,726 2,71 3 0,514 1,276 1,284 0,744 0,749
Rb 26 1,568 2,598 2,55 3 0,470 1,230 1,239 0,725 0,728
Cu — 10 3,600 3,920 3,59 1 2 0,566 1,604 1,629 0,913 0,890
Be —2 3,347 14,251 14,21 2 1,083 6,246 6,247 3,486 3,485
Mg 30 2,895 10,605 10,52 ' 3 0,990 5,037 5,042 2,951 2,952
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Tabelle I I I  (Fortsetzung)
<f-Terme

Atom A ,

G rundzustand 1. anger Zustand 2. anger Zustand

a2
E

SLATEROrbital
Eexp ■Eber Eexp Eber

E n £

Li — 2 1,855 1,513 1,51 3 0,334 0,841 0,851 0 ,545 0,545

Na -1 0 1,953 1,522 1,52 3 0,339 0,856 0 ,856 0 ,547 0,547
К — 18 1,973 1,671 1,66 3 0 ,356 0 ,944 0 ,939 0 ,598 0 ,599
Rb - 6 0 ,984 1,777 1,63 3 0,407 0,990 0 ,992 0 ,620 0 ,619

Cu — 10 1,709 1,535 1,53 3 0 ,343 0,859 0 ,863 0 ,548 0,550

Be —2 3,031 6,054 6,05 3 0,669 3,404 3,405 2,178 2,179
Mg 10 2 ,604 6,171 6,15 3 0,701 3,466 3,470 2,213 2,213

Fig. 2. W echselwirkungspotentiale zweier Edelgasatom e: experim entell -
b e re c h n e t------------
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w u rd e  d er s ta t is t is c h e  A usd ruck  [22]

m it

herangezogen , w o b ei qa und  N a  E le k tro n e n d ic h te  u n d  -zahl des A tom rum pfes 
A  s in d . Zw ar is t  E  ermi d an ach  b e im  G leichgew ich tszustand  i. a . noch  v e rn a c h ­
lä ss ig b a r; doch  s te ig t  es m it V errin g eru n g  v o n  R  s ta ik  an . Z. B . e rh ä lt m an  bei 
N a 2 u n d R = 0 ,6 R o f /  rmi =  0.1 eV. Die s ta tis tisc h e  Austauschenergie-Korrektur, 
die  m an  n ach  [2 2 ] au s  (12) e rh ä lt ,  w enn  m an  jew eils  Q5 3 d u rc h  5 /бя  (3/л)2 3 g4 3 
e rse tz t , is t gegen E Fermi v e rn ach läss ig b ar, d a  sie sich u m  eine bis zwei 
Z eh n erp o ten zen  k le in e r e rg ib t.

Um die G enauigkeit von Form el (12) zu prüfen, w urden un ter Berücksichtigung auch 
der w eiter un ten  besprochenen K orrek tu ren  die E delgaspotentiale berechnet, bei denen /',î rml 
den H aup tan te il ausm ach t und die re ch t genau b ek an n t sind (s. [23] un d  die dort zitierte  
L itera tu r). Aus Fig. 2, die die H e —H e- und  A r—A r-Poten tia le  zeigt, e rsieh t m an, dass Glei­
chung (12) den E ffek t in  der T at rech t befriedigend beschreib t. (Gleichung (12) kann m an durch  
die Bornsche A bstossungsform el [24, 25] approxim ieren.)

Als E ffe k te  zw eiter O rd n u n g  sind  n u n  n o ch  die R u m p f—Rum pf-K orrela­
tion  u n d  d ie  R u m p f-P o la r isa tio n  zu  b e rü ck sich tig en . D a sich  die R üm pfe  im  
M olekül so w en ig  ü b e rlap p en , so llte  zu r A b sc h ä tz u n g  von  E  orre1, ein V an  d e r 
W aalssches c /r6-P o te n tia l h in re ich en d  sein. N a c h  einer seh r e in fachen  T heorie  
v o n  K i r k w o o d  [26] lassen sich  die K o e ffiz ien ten  c n ach  d e r Form el

c 3 (14)

o d er aus den  P o la r is ie rb a rk e iten  nach  L o n d o n  [25, 27] b estim m en . D ie d i ­
re k te  A n w en d u n g  von G le ichung  (14) is t  zw ar zu u n g en au ; d a  aber die e n t ­
sp rech en d en  K oeffiz ien ten  zu m in d est fü r  a lle  E delgase, cE, exp erim en te ll 
b e k a n n t sind  [2 8 ], k ann  m a n  v o n  der B ez ieh u n g

C =  CB  . <r2>3/<r2>3e  (15)

ausgehen , w obei d er In d e x  E  das m it dem  b e tra c h te te n  A to m ru m p f-K a tio n  
iso e lek tro n isch e  E d e lg asa to m  beze ichnet. So b e rech n e te  R u m p f—R u m p f-K o rre ­
la tio n sen erg ien  ü b erste ig en  n u r  bei schw eren  E lem en ten  sow ie hei k le inen  A b ­
s tä n d e n  10 ~2 eV  u n d  k ö n n en  d ah e r h ä u fig  v e rn ach lä ss ig t w erden.

Schliesslich  b le ib t n och  d ie  E n e rg ieän d eru n g  au fg ru n d  der D efo rm atio n  
d e r R u m p fe lek tro n en w o lk en  im  F e ld  d e r U m gebung , d ie Polarisationsenergie 
£ Po1', zu u n te rsu c h e n . D ie V a ria tio n ss tö ru n g srech n u n g  n a c h  K i r k w o o d  [26] 
k a n n  h ie r n ic h t  angew endet w erden , da  w egen  der S in g u la r itä t des e le k tro s ta -
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tisch en  P o te n tia ls  am  K e rn o rt < grad2F e> k e in e n  endlichen W e r t  b esitz t. E s  
w urde d ah er die N äherungsfo rm el v o n  N e u g e b a u e r  u n d  G o m b á s  [29] h e ra n ­
gezogen:

< ф А | г 2 | ф А )  £  V '  ’
(16)

(D abei is t  der N u llp u n k t von  V e so zu w ählen, d a ss  (ФА\ \ е\ФАу ve rsch w in d e t.) 
W erte  fü r  die R u m p f-D ip o lp o la ris ie rb a rk e iten  « д  fin d en  sich z. B . in  [30] u n d  
der d o rt z itie r te n  L ite ra tu r . Ü b er eine an d ere  M ethode verg l. [25].)

N e u g e b a u e r  h a tte  vorgeschlagen, in  Gleichung (16) für ФА eine einfache P ro d u k t­
funktion einzusetzen, und  angenomm en, dass sich die F eh ler in Zähler und  N enner kompensie­
ren würden.

Berechnet m an ( z2y fü r eine D eterm inantenfunktion  und für eine entsprechende P ro­
duktiv n'ction, so zeigt sich, dass (ausser bei K-Schalen) der letztere W ert um  ü ber die H älfte 
zu gross ist. Beispielsweise wurde für <(z2) p ro(j /<г2) Det. bei N a + 1.61, hei Ar 1.58 erhalten. E s 
ist nun zu untersuchen, ob auch für inhom ogene Felder prod. ,nb dem gleichen relativen
Fehler behaftet ist. B etrach te t m an etw a s ta t t  V ~  z  =  r • Y ,0 ein P o ten tia l V ^  r ■ Y20 
und ein A tom  ohne d-O rbitale, so verändert sich ■( V-) beim  Ü bergang von einer D eterm inanten- 
zu einer P roduktfunktion  überhaup t n icht. Ebenso wird der Fehler geringer, w enn V höhere 
Potenzen von r en thält. Es ergibt sich also qualitativ , dass sich (  F 2)p r0(j um  so weniger von 
( F 2) Det. unterscheidet, je  inhomogener das Feld is t, d.h. für inhom ogene Felder ist 
[< F ^ F z^ jp ro d ./R  F 2)/<z2)]Det. <  F  Z. B. erhält man bei N a |+ für diesen Q uotienten  bei Я — 
=  6 aE  0.99, bei Я =  4 aE  0.9Í (Gleichgewichtsabstand von  N a2 ist Я =  5 aE ) .D ie N eugebau- 
ERsche Vereinfachung von Gleichung (16) sollte daher n ich t kritik los zur B erechnung der Rumpf- 
Polarisation bei kleinen A bständen oder gar der K ristallfeldpolarisation verw endet werden.

Zu einer v o lls tän d ig en  V ernach lässigung  v o n  F e ld inhom ogen itä tse ffek - 
te n  u n d  zu noch k le ineren  W erten  fü h r t  die s e h r  einfache F o rm e l

^ 01- =  у * д П  . (И)

w obei F A die m ittle re  e lek trische  F e ld s tä rk e  der um gebenden  A to m e  im  R u m p f 
von  A  sein soll. F A is t  n u r  bei io n is ie rten  M olekülen  und  bei k le in e ren  A b ­
s tä n d e n , wo die R u m p flad u n g  d u rch  die V alen ze lek tro n en  n ic h t  vo lls tän d ig  
ab g esch irm t w ird , u n d  x A n u r bei d en  schw ach g e lad en en  R ü m p fen  n ic h t ver- 
u ach lässig b ar k lein . B e tra c h te n  w ir als Beispiel w ied e r N a2 ; die P o la r isa tio n s ­
energien  in  eV sind

R
Gleichung (16) Gleichung (16)

Gleichung (17)D eterm inante üroduktfunktion
! !

4 aE 0,17 0,16 0,13
6 aE 0,03 0,03 0,03

Der a u f G leichung (17) zu rückgehende  F eh ler u n d  J5Korrel' sind  n im  in  vielen 
F ällen  v o n  äh n lich e r G rösse wie — jEFerrm un(j  kom pensieren  le tz te re s  w eit­
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gehend. Z u r  B estim m u n g  d e r R u m p f— R u m p f-E n e rg ie  is t  daher ( E ,on +  E Po') 
h äu fig  au sre ich en d , w ie sich  am  B eisp ie l N a +— N a + zeig t:

R E Im  (eV) E Ion +  E Po1- (eV)
alle Korrekturglieder

F U

4 aE 6,80 6,67 6,65
6 aE 4,53 4,51 4,50
8 aE 3,40 3,39 3,39

B ei E le m e n te n  m it hoch liegenden  d -E le k tro n e n  w ie z. B. Cu sin d  a llerd ings 
alle d iese N äh eru n g en  n u r  d an n  e r la u b t , w enn die d -E le k tro n e n  n ic h t m e h r  zum  
R u m p f  g e z ä h lt w erd en  (vergl. auch  G o m b á s  [32], L a d á n y i  [21] u n d  H a r e  
e t  al. [33]). A nderenfa lls  is t  die Ü b e rla p p u n g  d er »Rüm pfe« so gross, dass die 
e rw ä h n te n  E n e rg ieb e iträg e , b eso n d ers  E  ermi, sch o n  im  G leichgew ich tsab ­
s ta n d  v o n  d er G rössenordnung  1 eV s in d  und  a u f  d iese W eise k a u m  noch  ge­
n au  genug  b e s tim m t w erd en  kö n n en . B eispielsw eise e rh ä lt m an  so b e i Cu2 im 
G le ich g ew ich tsab stan d  (4.2 a. E  ) f ü r E  ermi 1.1 eV u n d  fü r  die g esam te  K o rrek ­
tu r  d e r R u m p f— R um pf-W ech se lw irk u n g  0.4 eV.

Dank.  Ich danke H errn  Professor D r. H . H a r t m a n n  fü r die Ermöglichung dieser Arbeit, 
der D eutschen Forschungsgem einschaft fü r finanzielle U n terstü tzung  und dem  D eutschen 
R echenzentrum  D arm stad t fü r Rechenzeit.
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КОМБИНИРОВАННОЕ ПРИБЛИЖЕНИЕ
II . ИССЛЕДОВАНИЯ С ЦЕЛЬЮ  ПОДХОДЯЩ ЕГО В Ы БО РА  ЭФФЕКТИВНОГО 

ПОТЕНЦИАЛА И ОПИСАНИЯ ВЗАИМОДЕЙСТВИЯ М Е Ж Д У  АТОМНЫМИ ОСТАТКАМИ

В. Г. ЭУГЕН ШВАРЦ

Р е з ю м е
Применением метода псевдопотенциалов определяются уровни валентных электро­

нов атомов щелочных металлов и меди. Среди различных приближенных методов наилуч­
шие результаты получены запретным потенциалом заполнения Gkorr- выведенным в по­
следнее время Гомбашом. Из эмпирических эффективных потенциалов сформирован по­
добный с определенным корытом. В качестве примера статистическим методом оценивается 
энергия взаимодействия атомных остатков одной молекулы.
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Ü B E R  D I E  P H Y S I K A L I S C H E  R E A L I T Ä T  D E S  
L E N N A R D - J O N E S S C H E N  P O T E N T I A L S *

Von

T h . N eu g e b a u e r

IN STITU T F Ü R  TH EO R ET ISC H E P H Y S IK  D ER  RO LA N D  EÖTVÖS U N IV E R SIT Ä T , BUDAPEST 

(Eingegangen 20. I I .  1969)

Die Frage, ob das L E N N A R D -J o N E S s c h e  P o ten tia l t a t s ä c h l i c h  ein N aturgesetz d a rs te llt, 
oder ob es nur eine allerdings in  der P raxis sich sehr gu t bewährende re in  empirische Form el 
is t, w ird besprochen. Von dem zweiten Gliede lässt es sich leicht zeigen, dass dieses von  der 
infolge der F erm istatistik  auftre tenden  Abstossung der sich überlappenden Elektronenw olken 
h e rrüh rt, gegen die D eutung des ersten  Gliedes als v an  der Waalssche E nerg ie  h a t man dagegen 
oft die Bedenken geäussert, dass dieser Ausdruck n u r das erste Glied der Reihe dieser E nerg ie  
is t und  die w eiteren Glieder bei der W echselwirkung von elektronenreichen Atomen u n d  in 
kondensierter M aterie so gross sind, dass sogar die Konvergenz dieser R eihe oft fraglich zu 
sein scheint. In  der vorliegenden A rbeit wird gezeigt, dass diese G lieder garnicht die p h y si­
kalische R ealitä t besitzen, die m an ihnen nach der einfachen Theorie zugesprochen h a t. A uf 
die Bedeutung dieses U m standes in  der Festkörperphysik  und in neuester Zeit in der M ole­
kularbiologie wird verwiesen.

1 . E in le itung

Bekannterw eise hat sich in sehr vielen Fällen  (in denen es sich weder um  
elektrostatische noch um quantenm echanische Valenzwechselwirkungen h a n ­
delt) das em pirische LENNARD-JoNESsche P oten tia l, das m an ganz allgem ein  
in der Form

V = - A R ~ m +  B R ~ n (1)

sch re iben  k a n n , bestens b e w ä h rt [1]. In  (1) b e d e u te t R  d ie  E n tfe rn u n g  d e r 
frag lichen  in  W echselw irkung  s teh en d en  T e ilch en , A  und  В  sind  em pirische 
K o n s ta n te n  u n d  n u n d  m r e la tiv  grosse ganze Zahlen . Am v o rzü g lich sten  h a t  
sich  d e r A nsatz  m — 6 u n d  9 < [ n <[ 12 b e w ä h r t. Den zw eiten  V iria lkoeffi­
z ien ten  e rh ä lt m an  z. B. m it n =  12 am  b e s te n .

S e tz t m an  diese W erte  in  (1) ein , sc h re ib t also

V  =  —A R ~ e +  B R ~ 12 (2)

u n d  fü h r t  ausserdem  die G le ich g ew ich tsen tfe rn u n g  R 0 der frag lich en  T eilchen  
ein , so k a n n  m an  d a m it die eine der zwei K o n s ta n te n  A  o d e r В  e lim in ieren , 
da  ja

dV
= 6 A R 0 7 -  12 B R 0 13 =  0 (3)

dR
* H errn Prof. Dr. P . G o m b á s  zum 60. G eburtstag gewidmet.
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se in  m uss. A us (3) folgt

В = ^ A R 60 . (4)

D as alles b ez ieh t sich a u f  die W echselw irkung  v o n  zwei A tom en  oder 
M olekülen. H a n d e lt  es sich  dagegen  u m  eine k r is ta llg it te ra r tig e  A n o rd n u n g  
v o n  T eilchen , so k ö nnen  w ir d a n n  ähn lich  zu (2)

sch re iben . Cm u n d  Cn sind  h ie r  die A naloga d er M adelungschen  K o n s ta n te  in 
d e r  e le k tro s ta tisc h e n  T heorie  d e r  Io n e n g itte r . A llerdings h a b e n  in d iesem  F a ll, 
w egen den  g rossen  n e g a tiv e n  P o ten zen , d ie w eiteren  als die u n m itte lb a re n  
N ach b a ren , eine viel u n te rg e o rd n e te re  B ed eu tu n g .

Aus (5) fo lg t analog  zu  (4)

A bgesehen  von den  in  die reine P h y s ik  gehörenden  E rsch e in u n g en  die 
in G asen u n d  k o n d e n s ie rte r  M aterie  a u f tre te n , h a t  in  n e u e s te r  Zeit d ieser P o ­
te n tia la n s a tz  eine sehr g rosse B ed eu tu n g  in  d er M olekularbio logie e r la n g t, da 
es sich ja  be i d e r  E n ts te h u n g  v o n  E iw eissm olekülen  u n d  V iren  nach e iner D N S- 
bzw . R N S -S chab lone, d a n n  in  der V ererbungsleh re  usw . b e i den d o rt a u f tr e ­
ten d en  fe inen  b io p h y sik a lisch en  P rozessen  ausser W asse rs to ffb in d u n g en  g rö ss­
ten te ils  u m  solche W echse lw irkungen  h a n d e ln  w ird. E s  is t  deshalb eine  sehr 
w ich tige F ra g e , dass w as f ü r  einen p h y sik a lisch en  S inn  m a n  dem  A n sa tz  (1) 
bzw . (2) geb en  k an n . D ie B esp rech u n g  dieses P rob lem s is t  das Ziel d e r v o rlie ­
genden  A rb e it. Von d er s e h r  u m fan g re ich en  L ite ra tu r  ü b e r das L e n n a r d - 
JONESsche P o te n tia l  w ollen  w ir n u r die neu esten  A rb e ite n  [2] z itie ren . Die 
ä lte re  L i te r a tu r  is t in  d iesen  zu finden .

S ieh t m a n  sich den  A n sa tz  (2) an , so schein t a u f  dem  ersten  B lick  die 
p lau sib e ls te  p h y sika lische  D e u tu n g  v o n  d em  zu sein, d a ss  das erste  G lied  au f 
d er re c h te n  S eite  die v a n  d e r  W aalssche E nerg ie , das zw eite  dagegen die in ­
folge d er F e rm is ta tis t ik  a u f tre te n d e  A bsto ssu n g  d er L a lu n g sw o lk e n  d e r in 
W echselw irkung  s te h e n d e n  A tom e oder M oleküle is t. F ü r  dieses zw eite  G lied 
is t  das ta ts ä c h lic h  im  W esen tlich en  r ic h tig , gegen die e rw äh n te  D e u tu n g  des 
e rs ten  G liedes h a t  m an  je d o c h  oft den  E in w a n d  e rh o b en , dass dieses n u r  das 
e rste  G lied d e r die v a n  d e r  W aalssche W echselw irkung  d a rs te llen d en  R eihe 
is t. D ie an g e n ä h e rte  B e rech n u n g  d er w e ite ren  G lieder b e i e lek tronen reichen  
A tom en  lie fe r t dagegen so grosse W erte , das besonders im  Falle v o n  konden-

V =  — Cm A R ~ e +  Cn B R ~ 12 (5)

( 6)

2 .
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s ie rte r  M aterie sogar die K onvergenz der R e ihe  in  einigen F ä lle n  fraglich  zu  
sein  sch e in t u n d  es deshalb g a rn ic h t se lb s tv e rs tän d lich  is t, dass  m an sich n u r  
m it dem  e rs ten  Gliede begnügen  k an n . A u f d iese F rag e  k o m m en  w ir n o c h  
zu rück , je tz t  w ollen  aber zu e rs t den  viel e in fach eren  F a ll des A bstossungsg lie- 
des besprechen .

E in  ähn liches A bstossungsglied  t r i t t  au ch  in  d e r B o rn — L andeschen  T h e o ­
rie d er Io n e n g itte r  auf. D o rt h a t  sich der E x p o n e n t n =  9 o d e r 10 am  b e s te n  
b ew äh rt. (N och v o r der E n td e c k u n g  der Q u an ten m ech an ik  h a t  m an  an g en o m ­
m en , dass dieses Glied von  absto ssen d en  e le k tro s ta tisc h e n  M u ltip o lk rä ften  
h e rrü h rt.)  J e tz t  w issen w ir schon , dass d ieser T eil von  d er F e rm ia b s to ssu n g  
d er sich ü b erd eck en d en  L andungsw olken  v e ru rs a c h t w ird , (d o ch  spielen d a b e i 
a lle rd ings in einem  viel geringeren  Masse au ch  die v o n  der Ü berdeckung  d e r  
L adungsw olken  h e rrü h ren d en  e le k tro s ta tisc h e n  K rä f te  eine R o lle  ) E ig en tlich  
w ürde  d an n  die A nnahm e e iner exponen tie llen  F u n k tio n  d ie a u f tre te n d e n  
V erhä ltn isse  b esse r beschreiben , eben  w egen d er ex p o n en tie llen  A bnahm e d e r 
E ig en fu n k tio n en  in  grösseren E n tfe rn u n g e n  v o n  den  A to m k ern en . Doch da  in  
d iesem  F a ll die ganze  A bstossungsenerg ie  b loss ca . 10%  d er e le k tro s ta tisc h e n  
E nerg ie  au sm ach t, so genüg t schon  eine grössere n e g a tiv e  P o te n z  zu r an g en äh er­
te n  B eschre ibung  d e r a u f tre te n d en  V erhä ltn isse . T a tsäch lich  h a b e n  ab er nach d e r 
E n td e c k u n g  d er Q u an ten m ech an ik  B o r n  u n d  M a y e r  [3] d ie  erw ähn te  A b- 
sto ssu n g sfu n k tio n  d u rch  einen h a lb em p irisch en  ex p o n en tie llen  A usdruck  m it  
n eg a tiv em  E x p o n e n te n  e rse tz t u n d  e rh ie lten  so zu r E rfa h ru n g  noch e tw as 
n äh ers teh en d e  R e su lta te . M an k ö n n te  sich d esh a lb  denken , d ass  es auch in  
(1) bzw . (2) zw eckm ässig  w äre, das zw eite G lied d u rch  eine E x p o n e n tia lfu n k ­
tio n  zu ersetzen . D azu  ist jed o ch  zu b em erk en , dass h ier, d a  es sich um  v iel 
schw ächere A n zieh u n g sk räfte  h a n d e lt, die Ü b e rd eck u n g  d er L adungsw olken  
noch  v iel geringer sein w ird u n d  m an  deshalb  noch  v ie l eher e ine an n äh ern d e  
F u n k tio n , (die m a th em a tisch  v iel b equem er is t) , b e n ü tz e n  d a rf  D e r h ier zw eck­
m ässige grössere n eg a tiv e  E x p o n e n t rü h r t  ü b rig en s vom  selben  U m stand  d e r 
schw ächeren  Ü berd eck u n g  h e r; d er exponen tie lle  A bfall der E ig en fu n k tio n en  
ist d o r t  schon v iel ste ile r. Es is t noch in te re ssa n t zu b em erk en , dass S l a t e r  
u n d  K i r k w o o d  [4] schon in  1931 eine F o rm el fü r  die W echselw irkung  v o n  
zwei H e-A tom en  angegeben h ab en , die ebenfalls ein  expon en tie lles  Glied e n t ­
h ä lt , das jedoch  n a c h  den V erfassern  den U m sta n d  b e rü c k s ic h tig t, dass w egen 
der Ü berdeckung  d er L adungsw olken  die v a n  d er W aalsschen  K rä f te  geringer 
w erden . Die g en an n ten  A u to ren  e rh ie lten

3.

+  35,3 exp  — 2,43 —
a H

R
(? )

in R y d b erg sch en  E in h e iten  (e2/2 a rt).
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4 .

N ach  d e r B esp rech u n g  des re la tiv  e in fachen  P ro b lem s der A bstossungs- 
k rä f te , w o llen  w ir j e tz t  die A n z ieh u n g sk rä fte  bzw. d ie  d ieser zufolge a u f tre ­
te n d e  n e g a tiv e  E nerg ie  b e tra c h te n . A us d e r sehr u m fan g re ich en  L ite ra tu r  
d er v a n  d e r W aalsschen  E nerg ie  w ollen  w ir  h ier eb en fa lls  n u r  die n eu es ten  
A rb e iten  [5] z itie ren , die ä lte re  L i te ra tu r  is t  in diesen zu  finden . T a tsäch lich  
b eg in n t d ie  R eihe  d er v a n  d e r W aalssch en  E nerg ie  bei d e r  W echse lw irkung  von  
A tom en , Io n e n  oder M olekülen , also G eb ild en  die aus A to m k ern en  u n d  u m ­
k re isen d en  E le k tro n e n  b es teh en , m it e in em  zu R ~ 6 p ro p o rtio n a le n  G liede. 
B ei d e r W echse lw irkung  v o n  E le m e n ta r te ilch e n  is t je d o c h  dieses e rs te  G lied 
R -7 p ro p o rtio n a l. B ezüglich  d ieser F ra g e , die uns h ie r  n ic h t w e ite r  in te re s ­
s ie rt, e rw ä h n e n  w ir n u r  die n eu este  A rb e it  v o n  S o f f e r  u n d  S u c h e r  [6 ] ,  in  der 
die ganze  L i te ra tu r  v o n  d iesem  P ro b lem  zu sam m en g este llt is t.

B ek an n te rw e ise  e rh ä lt  m an  aus d e r  Q u a n ten m ech an ik  die v a n  d e r W aals- 
sche E n e rg ie  a u f  dem  W ege, dass m an  d ie  in  d e rH e it le r— L ond o n sch en  T heorie  
d e r ch em isch en  V alenz a u ftre te n d e n  S tö rg lied e r in  d ie  zw eite N ä h e ru n g  fü r 
die E n erg ie  in  d er S chröd ingerschen  S tö ru n g sth eo rie  e in se tz t [7]. I n  den  gew ohn­
te n  B eze ichnungen  e rh ä lt m a n  bei d e r W echselw irkung  v o n  zwei W asse rs to ff­
a to m en  fü r  diese G lieder

Я 1 = - ( 8 )

B ezeichnen  w ir die K o o rd in a ten  d e r  einzelnen E le k tro n e n  bezogen  au f 
dem  K e rn  zu  dem  sie gehören  m it x x, y x, zx und  x 2, y 2, z2, so fo lg t fü r  den  in 
d iesen  K o o rd in a te n  lin ea ren  T eil v o n  H x

H x =  —  (% x 2 -j- y xy 2 2 zx z2) . (9)

S e tz t  m an  dieses S tö rg lied  in  d ie  zw eite N ä h e ru n g  d er F o rm e l fü r  die 
E n e rg ie  ta ts ä c h lic h  ein , so fo lg t e n d lic h  fü r  die v a n  d e r W aalssche  E nerg ie  
in  e rs te r  N äh eru n g

w  ^  6 e 1  v ,  | z i ( o m ) | 2 - | z 2 ( t m ) l 2

R 6 h[v(mo) +  v(no)]

wo j e t z t  d ie  zx(om) u n d  z2(on) M atrizen e lem en te  s in d  w elche z. B . die F orm el 
z^om ) =  \y)0z1ipmdr  d e fin ie rt. D ie v b ed eu ten  d ie B o h rsch en  F req u en zen . 
Im  F a lle  v o n  zwei W asse rs to ffa to m en  k a n n  (10) ta ts ä c h lic h  e x a k t  b e rech n e t 
w erden  w ie das zu e rst E i s e n s c h i t z  u n d  L o n d o n  [8] g e ta n  h ab en . Sie e rh ie lten

W =  — 6,47
IV ( И )
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in  H a rtree sch en  a to m a re n  E in h e ite n  (e2/a H). E in e  neue seh r genaue B e rech ­
n u n g  von  O’Ca r o ll  u n d  S u c h e r  (loc. eit.) lie fe rte  für die in  (11) s teh en d e  
K o n s ta n te  6,4990267.

W eitere  G lieder der R eihe fü r  die v an  d e r  W aalssche E n erg ie  fü r  W asse r­
s to ffa to m e  h a t z u e rs t Ma r g e n a u  [9] b e rechne t. N ach  ihm  m u ss (9), w enn m an  
noch  Q uadrupo lg lieder b e rü c k s ic h tig t, m it d en  A usdrücken

+
3 e2 
2 R 4 

3 e 2
4 R 5

rf z2

2
О

r'i Zj +  (2 %  x2 +  2 y x y 2 — 3 zt z2) (z, - - z2)] 

5 z f r i ~  5 z? rf — 15 zfz%+2 (4 z1z2+ x 1x 2+ y 1y 2)2]
( 12)

e rg ä n z t w erden. A d d ie rt m an  also  solche G lieder zu  (9) noch  h in zu  u n d  se tz t  
d a n n  diese ganze R eihe  in  die F o rm e l fü r die zw eite  N äh eru n g  d er S tö ru n g s­
energie ein, so fo lg t

2 y ,  |r i(om)l2 - lr2(ora)|2

3 m,n h[v(mo) +  v(no)]

1 y ,  \r?i(om)\2- |r2(o n ) |2+ l r l ( o n ) | 2 - Ir^om)!2 

R 2 m,n h[v(mo) - f  r(reo)]

+  . 14 y ,  \rl(om)\2 ■ \гЦоп)\2 I 
5 К 4 m<n h[v(mo) - f  r(no)] ]

D ie in  (13) s teh en d en  M atrizenelem en te  h ab en  z. B . die fo lgende B ed eu tu n g

Г'(от) =  j  гра r, lpm dr  , wo rj =  x j +  y f  +  z?

is t. D as e rs te  Glied a u f  d er re c h te n  Seite von (13) e n tsp ric h t d e r  F o rm el (10), 
was m a n  gleich e rk e n n t, w enn m an  b e rü c k s ic h tig t, dass

usw . sein  m uss.
Im  F alle  der W echselw irkung  von  zwei W a sse rs to ffa to m en  k an n  m an 

auch (13) e x a k t au sw erten . Diese seh r m ühsam e B erechnung  v o llfü h rte n  z u ­
e rs t P a u l in g  und  B e a c h  [10] u n d  zw ar m it H ilfe  e iner g es tö rten  E ig en fu n k ­
tio n , deren  K oeffiz ien ten  sie v a r iie r t  h ab en , um  d ie E nerg ie  zu m in im alisieren . 
Sie e rh ie lten

12,99806 248,798 2270,42

J r /о н Г  ( Л / в й ) * ’ W « h )10
(14)
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in  R y d b e rg -E in h e ite n  (e2/2 aH). U m  (14) m it  (11) ve rg le ich en  zu k ö n n en , m ü s­
sen  w ir also die e rs te re  F o rm el noch  m it  2 d iv id ie ren . H irschfelder  und  
L in n e t t  [11] h a b e n  eine ähn liche  B erech n u n g  d u rc h g e fü h rt, w obei sie jed o ch  
au c h  die Ü b e rla p p u n g  d er L adu n g sw o lk en  b e rü ck sich tig ten .

B eim  ana logen  H e-P ro b lem  v e rfü g t m an  w en igstens noch ü b e r  v o rzü g ­
liche  an g e n ä h e rte  E ig en fu n k tio n en . T a tsäch lich  h a t  Moore [12] e ine zu  der 
M ethode  v o n  H irsch felder  u n d  L in n e t t  analoge B erech n u n g  fü r  diesen 
F a ll  v o llfü h rt. A usserdem  b e h a n d e lte n  dieses P ro b lem  auch noch  Slater 
u n d  K irkwood (loc. c it.)

5.

Alle diese B erech n u n g en  h ab en  jed o ch  ein n u r  m e h r oder w en ig er th e o ­
re tisch es In te re sse . F re ie  W asse rs to ffa to m e  g ib t es j a  w eder in  G asen  noch 
in  k o n d e n s ie rte r  M aterie , H e-A tom e sin d  zw ar in  b e id e n  F ällen  ta tsä c h lic h  
v o rh a n d e n , die v a n  d e r W aalssche W echselw irkung  v o n  denen is t  jedoch , 
w egen der geringen  Z ah l ih re r  E le k tro n e n , sehr k le in . D as W assers to ffa to m  
h a t  ausserdem  eine so au sg ed eh n te  E lek tro n en w o lk e , dass die fü r  dieses 
A to m  e rh a lte n e n  R e su lta te  fü r  das V e rh a lten  von  A to m en  höherer O rd n u n g s­
zah l in  d ieser H in s ic h t auch  q u a li ta t iv  w enig aufsch lussre ich  sind .

T h eo re tisch  s te h t  zw ar dem  g a rn ic h ts  im  W ege, d ie  fü r  W assersto ffa tom e 
e rh a lte n e n  R e su lta te  a u f  e lek tro n en re ich e  A tom e, Io n e n  oder M oleküle zu 
v era llg em ein ern . Zu diesem  Zw ecke m uss m an  ja  n u r  unsere  F o rm e ln  (8), (9) 
u n d  (12) ü b e r  alle E le k tro n e n p a a re , die zw ischen d en  in  W echselw irkung  s te ­
h en d e n  A to m en  oder M olekülen v o rh a n d e n  sind , sum m ieren . D ie S chw ierig­
k e it  d er ta tsä c h lic h e n  num erischen  B erech n u n g  lie g t n u r  d arin , (abgesehen 
v o n  d e r seh r m ü h sam en  A usw ertung) dass die E ig en fu n k tio n en  d iese r A tom e 
n ic h t genügend  b e k a n n t sind . M an t r a c h te te  d esha lb  w enigstens e in fach  b e ­
rech en b a re  N äh eru n g sfo rm eln  fü r  die v a n  der W aalssche  E nerg ie h erzu le iten . 
B esonders zw ei solche F o rm eln  w u rd e n  a llgem einer b e k a n n t, die eine rü h rt 
v o n  London  [13] h e r, die an d ere  v o n  Slater u n d  K irkwood [14] u n d  diese 
le tz te re  w u rd e  d a n n  noch von  K irkw ood [15] w e ite r  v e rv o llk o m m n et. W ir 
k ö n n en  h ie r a u f  die B esp rech u n g  d ieser F o rm eln  n ic h t  eingehen u n d  verw eisen 
d esha lb  a u f  die zu sam m enfassende A rb e it von Marg enau  [16]. H ie r  sei n u r 
so viel e rw ä h n t, dass die LoNDONSche F orm el die u n m itte lb a r  m essb aren  P o ­
la r is ie rb a rk e ite n  d er A tom e u n d  Io n e n  a u sn ü tz t, d ie KiRKWOODscbe dagegen 
den  U m sta n d , dass die S ch röd ingersche  L ad u n g sv erte ilu n g  v o n  e lek tro n en ­
re ichen  A to m en  w en igstens im  G ru n d z u s ta n d e  n ach  versch iedenen  b ek an n ten  
M ethoden  a n g e n ä h e rt b e rech en b ar is t. E s is t jed o ch  m öglich die K e n n tn is  von 
beid en  p h y sik a lisch en  D a te n  au sz u n ü tz e n  u n d  a u f  d iesem  W ege eine noch viel 
bessere  A n n äh eru n g sfo rm el h e rz u le ite n  [17].

A da Physica Academiae Scientiarum Hungaricae 27. 1969



PHYSIKALISCHE REALITÄT DES LENNARD-JONESSCHEN POTENTIALS 411

S um m ieren  w ir näm lich  be i der B erech n u n g  der W echse lw irkung  von  
e lek tro n en re ich en  A tom en o d er Io n en  A u sd rü ck e  vom  T y p  (9) über a lle  a u f­
tre te n d e n  E le k tro n e n p a are , so e rh a lte n  w ir  ein  R e su lta t, d as  m an w ieder ganz 
so, wie u n sere  F o rm el (10) sch re ib en  k a n n , doch  haben  j e t z t  die au f d er re c h te n  
Seite  s teh en d en  M atrizen e lem en te  die fo lgende B ed eu tu n g

und

Zi(cm) =  j (p0 У; z<pmdx 
(9

(15)

z2(on) =  f Z o  У  z X m  dx, 
(2)

(16)

wo je tz t  <p u n d  % d ie ganzen E ig e n fu n k tio n e n  des ersten  u n d  zw eiten  in v a n  der 
W aalsscher W echselw irkung s te h e n d e n  A to m s sind und  d ie  S um m en sind  ü b e r  
alle E lek tro n en  des ersten  bzw . zw eiten  A to m s zu e rs treck en . In  (10) fü h re n  
w ir je tz t  s t a t t  den  im  N enner s teh en d en  B ohrschen  F re q u e n z e n  M itte lw erte  
v o n  diesen G rössen ein, die w ir m it  vx u n d  v2 bezeichnen, d a n n  folgt aus (10)

W  = -rr ш
6e4
R e

У '  12i(»«i)|2' |z2(<m)|2
m, n

h (V1 +  v2)
(17)

D a je tz t  die S um m ierung  h ier sich  n u r  m e h r a u f  den Z äh ler b ez ieh t, so k ö n n e n  
w ir einen b e k a n n te n  m a triz e n th e o re tisc h e n  S a tz  anw enden , nach  dem

У  z(om) z(mo) =  z2(00) (18)
m

is t. In  (17) feh lt zw ar das erste  G lied der R e ih e , das au f d e r  lin k en  Seite  v o n  
(18) s te h t, dieses M atrizene lcm en t v e rsch w in d e t jedoch w egen den  A u sw ah lre ­
geln W ir e rh a lte n  also fü r (17)

w  =  6 e< Zi(00) zj;(00)
R 6 h(vi + v 2) ’

wo je tz t  z. B.

zf(OO) =  [  <J9Ü { У ,  z ) 2 n  dx  
(0

(19)

is t. W eiter k ö n n en  w ir noch, da es sich  bei d e r  B erechnung d iese r M atrizene le ­
m en te  um  die n u llte  N äh eru n g  h a n d e lt  u n d  desh a lb  die d re i R a u m ric h tu n g e n  
e in an d er v o lls tän d ig  ä q u iv a le n t sind ,

zf(00) =  1 rf(00) und  z |(00 ) =  1 r2(00)
3 3
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se tzen , d an n  fo lg t

W  =  —rr u>
2 e* 
3R “

rf(00) r |(00)

h (»'i +  v2)
( 2 0 )

G anz a n a lo g  kön n en  w ir auch die q u a n te n m e c h an isch e n  F o rm eln  fü r  
d ie  P o la r is ie rb a rk e iten  der zw ei in  W echselw irkung  s te h e n d e n  A tom e u m fo r­
m en . W ir e rh a lte n  z. B.

2 e2 У '  |Zl(QW)l-  
“Tn hv(mo)

2e2 rf(00) 
3 hvj

( 21 )

u n d  eine ana lo g e  F orm el fü r  oc2-
B en ü tzen  w ir zuerst fü r  die E ig en fu n k tio n en  d er A to m e  einfache P r o ­

d u k te ig e n fu n k tio n e n , (au f d ie  K o rrek tio n en  die an zu b rin g en  sind, w enn  w ir 
u ns der a n tisy m m e trisc h e n  D e te rm in a n te n e ig e n fu n k tio n  bed ienen , k o m m en  
w ir noch zu rü ck ) so b e d e u te n  die A u sd rü ck e  r2(00) u n d  r|(00) einfach eine 
M itte lu n g  v o n  r2 ü b e r die L a d u n g sv e rte ilu n g  des e rs ten  u n d  zw eiten A to m s. 
Also sind d iese G rössen z. B . aus den m it H ilfe  d er H a rtre e  —F ockschen M ethode  
gew onnenen  T ab e llen  b e re c h e n b ar. D a m a n  aber an d e re rse its  die P o la r is ie r­
b a rk e ite n  em p irisch  k e n n t, so k an n  m an  a u f  dem  W ege au s (21) den  M itte l­
w e rt hv1 bzw . hv2 b e rech n en . E s liegt a u f  d e r  H an d  an zu n eh m en , dass d iese 
M itte lw erte  u n g e fä h r die se lb en , wie die in  (17) e in g e fü h rten  sein w erden . D a ­
m it is t ab e r au ch  schon (20) v o lls tän d ig  b e rech en b ar gew orden. A u sg e n ü tz t 
h ab e n  w ir a lso  um  (17) a n g e n ä h e rt a u sw e r tb a r  zu m a c h e n , auch die e m p ir i­
sche K e n n tn is  d e r P o la ris ie rb a rk e iten  u n d  auch  die B e rech en b ark e it d e r  L a ­
d u n g sv e rte ilu n g  im G ru n d zu stan d e .

G anz an a lo g , wie w ir unsere  F o rm e l (10) au f M eh re lek tro n en p ro b lem e  
e rw e ite rt u n d  d a n n  u m g e fo rm t haben , u m  sie b e rech en b ar zu g esta lten , k ö n ­
n en  w ir das au ch  m it dem  A u sdruck  (13) tu n , der noch  zwei w eitere G lieder 
d e r R e ih en en tw ick lu n g  e n th ä l t .  S um m ieren  w ir n äm lich  b e i der B erech n u n g  
d er W echse lw irkung  von  e lek tro n en re ich en  A tom en oder Io n e n  A usdrücke vom  
T y p  (8) ü b e r  alle a u f tre te n d e n  E le k tro n e n p a a re , un d  se tz e n  dann  die R e ih e n ­
en tw ick lu n g  d ieser g an zen  Sum m e in d ie  Form el fü r  die Energie zw e ite r 
N äh eru n g  d e r  S tö ru n g sth eo rie  ein, so seh en  w ir gleich, d ass  w ir w ieder eine 
F o rm el v o m  T y p  (13) e rh a lte n , in  der je d o c h  die au f d e r re c h te n  Seite s te h e n d e n  
M atrizen e lem en te  je tz t  d ie  B ed eu tu n g

|ri(om)|2= |_ i <Pu r9m I2, (22)
(1)

1 г г ( С Г 1 ) 1 2  =  1 f  Z u  2  n n <h2 12 ,  

( 2 )

(23)

i (rî) ( o m ) j 2  =  1 S ’  9o r°- 9m I 2  » 
( 1 )

(24)
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und

l(rj-) (on)|2 =  I [  Xa 2  r2 Xn d r2 |2 (25)
( 2)

h ab en . Zu sum m ieren  is t  w ieder ü b e r  alle E le k tro n e n  der frag lich en  A tom e. 
F ü h re n  w ir w ieder au ch  die e rw ä h n te n  F req u en zm itte lw e rte  v1 u n d  v2 ein und  
b e rü ck sich tig en  w ieder den e rw ä h n te n  m atrizen th eo re tisch en  S a tz  (18), so 
e rh a lte n  w ir je tz t  s t a t t  (13), w en n  w ir auch n o c h  b e rü ck sich tig en , dass hei
der B erech n u n g  von  ' | ( ^ ’r2)(om)l2 das nu llte  G lied  in  (18) also  | ( ^ r 2)(00)|2 

m (1) (1)
n ich t v ersch w in d e t

w =  _e*_ __2 J ( 0 0 )  r§(00) _  r2(00) r '4(0 0 )4 -r2(00) r (4(00)
R (1 3 h(v1 +  v2) R 8 h (v1 4- v2) (26)

e4 14 r ;4(0 0 )r4 (0 0 )

R'° 5 h(v1 +  v2)

wo je tz t

rf(00) =  3 f <р0(У ; z1) <p0 d t j  (27)
(i)

und

G4(00) =  J  <p0 ( 2 2  r2)2 (p0d.T̂  I j  (p„ 2  r2^ „ d t j I2 (28)
(i) (i)

bzw.

r4(00) =  f <p0( ^  r2)2 <pn d rY (28a)
( i )

is t, u n d  г1(00) u n d  Г24(00) analoge B ed eu tu n g en  h a b e n . D as e rs te  G lied au f 
d er re c h te n  Seite v o n  (26) is t se lb s tv e rs tän d lich  d a s  selbe wie (20), a b e r  auch 
die w e ite ren  zwei G lieder sind  je tz t  w egen der B e re c h e n b ark e it v o n P j u n d  P2 
u n d  der K en n tn is  d er L ad u n g sv e rte ilu n g  der zwei A to m e im G ru n d z u s ta n d e  
ohne jed e  S chw ierigkeit au sw ertb a r.

6 .
W ir w ollen je tz t  e rs ten s  noch seh en , dass in w ie fe rn  unsere  e rh a lten en  

R e su lta te  ab zu än d e rn  sin d , w enn w ir fü r  die in  W echse lw irkung  steh en d en  
A tom e s t a t t  einfache P ro d u k te ig en fu n k tio n en , die th eo re tisch  s tre n g  r ic h ti­
gen an tisy m m etrisch en  D e te rm in an ten e ig en fu n k tio n en  b en ü tzen  u n d  zw eitens 
w as w ir ü b e r  die p h y sika lische  R e a litä t  d e r w eiteren  zw ei a u f der re c h te n  Seite 
von  (26) s teh en d en  G lieder e rfah ren  k ö n n en , w enn w ir  die in  denen  s teh en d en  
M atrizenelem en te  m it H ilfe  d ieser E ig en fu n k tio n en  ta tsäch lich  num erisch  
berechnen .

Icta Physica Academiae Scienliarum Hungaricae 27, 1969



4 1 4 TH. NEUGEBAUER

B e tra c h te n  w ir zu e rs t z. B . das M atrizen e lem en t (27). Die e in fach e  P ro ­
d u k te ig e n fu n k tio n  des e rs ten  A tom s h ab en  w ir d o r t  m it einem  k le in en  cp b e ­
z e ich n e t, b en ü tzen  w ir j e tz t  fü r  d ie  an tisy m m etrisch e  D e te rm in an ten e ig en ­
fu n k tio n  ein grosses Ф. Setzen  also

9?i(l) . . .  Vl{N)

•>
< M 1) • • • <Pn ( n )

(29)

w o je tz t  N  die Z ah l d er E le k tro n e n  des ersten  A to m s b e d e u te t u n d  die y, die 
E ig e n fu n k tio n e n  d e r einzelnen  E le k tro n e n  sind. A n a lo g  zu (27) h a b e n  w ir dann

rf(00) =  3 J  Ф ( 2 г ) 2^<гT

u n d  w eite r
( i )

N  _  N

1 Ф г )2 Ф dr  =  l Ф zj Ф dr -f- I Ф S '  Si z,, Ф d r .
(1) i= l i,ki¥=k

(30)

(31)

D as erste  G lied a u f  der re c h te n  Seite b e d e u te t  einfach eine  M ittelung 

v o n  z2 bzw . —  r2 ü b e r  die S ch röd ingersche  L ad u n g sd ich te , e n ts p r ic h t  also der

B e n ü tz u n g  d er e in fachen  P ro d u k te ig e n fu n k tio n . D as zw eite G lied h a t  dagegen 
e in en  »A ustauschC harakter« . S e tzen  w ir in  dem  j e t z t  Ф aus (29) ta tsäch lich  
ein , so fo lg t

N  _
Ф Z; z k Ф dr —

i, к i¥=k

1
~NÏ

N

zt u  _ 1

N

2  1
f i  *f__1 7

«M») */ y ^ i )  dr, ■ 1 <PÁk ) zk <PÁk ) d rk
l,ri--- 1

I фк
f.l,V —  Í  »/

рФ*
1 N N r

N \
X’

i ls__t
у J  9V (i) z i VÀÏ) dTi ■ <PÁk ) zk <Pß(k ) d r i

l ,1t—  JLi*k

(32)

D as e rs te  Glied v e rsch w in d e t w egen d en  A usw ahlregeln . Zur B e ­
re c h n u n g  des zw eiten  fü h re n  w ir d ie  S um m ierung  nach  i u n d  к d u rch . Zu j e ­
dem  fe s tg eh a lten en  W e rte p a a r  v o n  ц  und  v w ird  es N !  solche G lieder geben, 
d ie  n u r  in  d er B en en n u n g  d e r V erän d erlich en  v o n e in an d e r versch ied en  sind  
u n d  deshalb  zu dem selben  n u m erisch en  R e s u lta t  füh ren . W ir h a b e n  also

N
Ф V  Zj zk Ф dr

i,k
i*k

l9VzcPvdrI2 = ^  \fpnlms z(P n l 'm ' s '  d T \2 • (33)

N ach  einer b e k a n n te n  S um m enrege l [18] fo lg t w e ite r

n l — 1 m '■—
аI

pH
 

jil
M

n  z - i j
Z r

n' l m 3 n l
(34)
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u n d  aus d er e rh a lte n  w ir fü r  (33)

2 г, rí z—i—  у  у \i г
з á r í n i .

+  ( /+ 1 )  г
rí
n

(35)

D er Z w eie r-F ak to r rü h r t  von  Spin  her. A lso fo lg t endlich  aus (30), (31), (32)? 
(33), (34) und  (35)

r f ( 0 0 ) =  > > r - 2  2 2 \ l
г =  1 nn' l

1 - 1
I +  (J+1)

(n 1 +  1 
n l

(36)

S e lb s tv e rs tän d lich  k ö n n en  w ir auch  g an z  analog Г9(00) berechnen . Z u r 
A usw ertung  von r((00) setzen w ir analog  zu (30) u n d  (31)

rf(00) =  I Ф (JV  г2)2Ф<1т =  j Ф V H 0 ( Í t +  
J 7ÏÏ J  (i)

Ф У  rf r\ Ф d r  .
i,k
i¥=k

(37)

D as e rs te  Glied a u f d e r rech ten  S eite  von  (37) b e d e u te t e in fach  eine M itte lung  
v o n  r'1 ü b e r die ganze  Schröd ingersche L ad u n g sv e rte ilu n g , e n tsp r ic h t ab e r 
je tz t  noch  n ich t d e r B en ü tzu n g  e iner e in fachen  P ro d u k te ig en fu n k tio n . D as 
zw eite G lied h a t  dagegen  w ieder w en igstens te ilw eise  einen » A u stau sch ch a rak ­
ter« . S etzen  w ir in  dieses je tz t  (29) ta tsä c h lic h  ein , so fo lg t an a lo g  zu (32)

! Ф J ?  П г2 Ф ,h  -
J i,k

i*k

i N N
y y

N\ i , k = 1 
1 Ф к

1 N N
\ y

IV! i ~ l
i * k

H ,v  =  
/*#*

9V(*) G 9V(*) dri ‘ J <Pv(fy r% (p„(k) (1тk 

9V(») A Vv(i) dri ■ J <pv{k) r\ (p̂  (k)dтк.

(38)

D as erste  Glied a u f  d e r rech ten  S e ite  von  (38) v e rsch w in d e t a b e r  je tz t  n ic h t, 
w eil ja  jedes In te g ra l die M itte lu n g  v o n  r2 ü b e r  die L ad u n g sv e rte ilu n g  von  
einem  E le k tro n  b e d e u te t. Zu je d e m  fe s tg e h a lte n en  W e rte p a a r  v o n  ц  u n d  v 
w ird  es N  ! solche G lieder geben, d ie  w ieder n u r  in  der B en en n u n g  d er V erän ­
derlichen  v o n e in an d e r versch ieden  sin d  u n d  desh a lb  zu dem  se lben  n u m eri­
sch en  E rgebn is fü h ren . D as erste  G lied v o n  (37) u n d  dieser e rs te  T eil von  dem  
zw eiten  G liede in  d ieser F orm el lie fe rn  also das selbe E rg eb n is , welches die 
B en ü tzu n g  einer e in fachen  P ro d u k te ig e n fu n k tio n  geben w ürde . G anz ähnlich  
k ö n n en  w ir auch  das zw eite  G lied in  (38) u m fo rm en  u n d  e rh a lte n  d a n n  endlich  
fü r  das ganze zw eite G lied in  (37)

Ф У  п  А  Ф (It
i,k

i*k

N N
r2M  r4 vv) -  2  lr2( H I 2

t*,v
/<7*1 t*,v1хфг

(39)
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G an z  n a c h  d e r selben M eth o d e , die w ir h ie r  an g ew an d t h a b e n , können  w ir auch  
das a u f  d e r re c h te n  S eite  v o n  (28) s teh en d e  zw eite G lied (bzw . das h ie r a u f tre ­
ten d e  A nalogon  von dem ) um form en . W ir e rh a lten

2 =  2  H w *)]* +  2 f2 (wOr2 (") • (4°)
/1=1 ß,*

D as zw eite  G lied a u f d e r re c h te n  S eite  v o n  (40) is t  je d o c h  das selbe, w ie das 
e rs te  G lied  in  (39) u n d  v e rn ic h te t  desh a lb  dieses, so .dass w ir aus (28), (37), 
(39) und  (40) endlich

rí4(oo) =  \ ф  2 ri & d T  - - 2  H w *)]2 -  2  И Н 1 2 (41)
J  (1) /1 = 1 fl,V

чфг

e rh a lte n . D ie  zwei n e g a tiv e n  G lieder in  (41) schw ächen  also den W e rt von 
\Ф  N г4Фd r ,  den  w ir e in fach  als r4 sch re ib en  können , (d e r is t  einfach d er ü b e r  die

(1) . 4S ch röd ingersche  L ad u n g sv e rte ilu n g  g e m itte lte  W ert v o n  r*) noch e tw as  ab.

Ф,I 2  r~ ^ ii d*
О)

7 . B esprechung  der e rh a lten en  E rgebnisse

W ie w ir das in  dem  v o ran g eh en d en  A b sc h n itt gesehen  h ab en , k a n n  m an  
auch  die in  der F o rm el (26) s teh en d en  h ö h eren  G lieder fü r  e lek tronen re iche  
A to m p a a re  in  g u te r  N äh e ru n g  b e rech n en . D och m ü ssen  w ir noch e inen  U m ­
s ta n d  b e rü ck sich tig en , d e r  sehr d a fü r sp ric h t, dass m a n  a u f diesem  W ege die 
p h y sik a lisch e  R e a litä t  d e r e rw äh n ten  G lieder ü b e rsc h ä tz t.

M itte lt  m an  n ä m lic h  gerade P o te n z e n  v o n  r  ü b e r  die Schröd ingersche 
L ad u n g sv e rte ilu n g  eines A tom s (oder Io n s), so lieg t zw ar das G eb ie t, w elches 
den  g rö ss ten  B e itrag  zu  den  In te g ra le n  lie fert, bei d e r  M itte lung  v o n  r2 noch 
ziem lich  g u t in n e rh a lb  d e r  ex p erim en te llen  A tom - o d e r Io n en rad ien , bei der 
M itte lu n g  von  r4 ab e r sch o n  fa s t ganz au sse rh a lb  u n d  diese V erh ä ltn isse  w erden  
se lb s tv e rs tä n d lic h  n och  v ie l k rasse r, w enn  m an  noch  höhere  P o te n z e n  von  r 
ü b e r d ie  L ad u n g sv e rte ilu n g  in te g rie r t.

B eim  ein fachen  W asse rs to ffp ro b lem  k an n  m an  diese V erhä ltn isse  p ro m p t 
rech n erisch  erfassen : B en ü tzen  w ir w ieder H a rtre e sc h e  a to m are  E in h e ite n , 
so h a b e n  w ir fü r  d ie E ig e n fu n k tio n  des G ru n d zu stan d es  des H -A to m s =  
2e~r . D ie frag lichen  In te g ra le  s ind  also von  d er F o rm

—  ̂  = 4 Г e - 2 r  r n  r2 d r . (42)
4л  Jo

U ns in te re ss ie rt j e tz t ,  w o die M ax im a d er In te rg ra n d e n  liegen, die w ir aus

—  (e~2r rn+2) =  0 (43)
dr
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e rh a lte n . Schon fü r  n =  2 e rh a lte n  w ir rmax =  2, fü r  n  =  4 fo lg t r roax =  3 
u n d  g a n z  allgem ein  r max = (  n -f- 2)/2 . Also schon b e i d e r M itte lu n g  v o n  r2 
lieg t b e im  W asse rs to ff das M axim um  be i zwei B o h rsch en  H a lb m esse r u n d  bei 
der v o n  r4 bei d re i, also schon  ganz au sse rh a lb  des A to m rad iu s . E s is t  schon 
w ah r, dass eben das W asse rs to ffa to m  eine seh r au sg ed eh n te  E lek tro n en w o lk e  
b e s itz t , doch k an n  m an  diese e rw äh n ten  In te g ra le  au ch  be i e lek tro n en re ich en  
A to m en  oder Io n en  z. B . aus den  H a r t r e e —FoCKschen T ab e llen  n u m erisch  b e ­
rech n en  u n d  f in d e t d a n n  ähn liche V erh ä ltn isse . Als B eispiel w ollen  w ir das 
C l~ -Io n  erw äh n en , d a  fü r  dieses schon  se it langer Z e it HARTREE-FoCKSche 
T abe llen  [19] vorliegen . N ach  den  B erech n u n g en  des V erfassers lieg t d as  M axi­
m um  bei d e r In te g ra t io n  von  r2 ü b er d ie  E le k tro n e n d ic h te  bei u n g e fä h r 2 ,2 a^ , 
hei d er v o n  r4 dagegen  be i 4 ,3а^- D er em pirische Io n en rad iu s  v o m  C l~ -Io n  
b e trä g t  dagegen  n a c h  Goldschmidt 3 ,42aH. W ir sehen  also, dass in  k o n d e n ­
s ie rte r M aterie , in  d e r sich  die A tom e o d er Io n en  infolge d er F e rm iab s to ssu n g  
d er L ad u ngsw olken  gegenseitig  s ta rk  zu sam m en d rü ck en , d er fü r r2 b e re c h n e te  
W ert n och  eine z iem liche B e a litä t  b e s itz t , der fü r r4 e rh a lten e  d agegen  n u r  
m eh r w enig. In n e rh a lb  des Io n en rad iu s  lie fe rt die n u m erische  In te g ra t io n  fü r  
r4 n u r  e inen  w enig b e d e u te n d e n  W ert. E s  sei n u r  noch  e rw ä h n t, dass au ch  das 
C I" als n eg a tiv es  Io n  eine seh r au sg ed eh n te  E lek tro n en w o lk e  b e s itz t . F ü r  r2 
lie fert die n u m erisch e  In te g ra tio n  bei d iesem  Io n  38,55 in  H a rtre e sc h en  a to ­
m aren  E in h e iten . D ie B erech n u n g  d e r in  (36) s teh en d en  A u stau sch g lied e r lie­

fe r t  d agegen  12,84, so  dass dem zufolge d e r n um erische  W e rt von  rj(00 ) u n g e ­
fä h r  2/3 v o n  dem  v o n  rf sein  w ird. W ahrsch e in lich  w erd en  d iesbezüglich  auch  

i
bei a n d e ren  A to m en  oder Io n en  äh n lich e  V erh ä ltn isse  a u f tre te n . D ie A u sw er­
tu n g  v o n  r4 lie fe rt e in en  B e tra g  von  e tw as ü b e r 400. D ie in  (41) s te h e n d e n  
K o rrek tio n sg lied er, die noch  zu Sr* h in z u tre te n , w erd en  diesen W e rt e tw as 
h e rab se tzen . Zu dem  e rw ä h n te n  B e tra g  v o n  r4 g ib t d e r in n e rh a lb  des e m p ir i­
schen  Io n e n ra d iu s  liegende Teil der E lek tro n en w o lk e  n u r  u n g e fä h r 2 7 % .

A usserd em  m üssen  w ir noch  einen  U m sta n d  b e rü ck sich tig en . D ie H art­
r e e — F ocK schen  E ig en fu n k tio n en  sind  ta tsä c h lic h  die b e s te n  die m an  e rh a lte n  
k an n , je d o c h  u n te r  der A n n ah m e, dass die E ig en fu n k tio n  im m er ein  P ro d u k t  
von  so lchen  F u n k tio n e n  b le ib t, die n u r  die K o o rd in a te n  v o n  einem  E le k tro n  
e n th a lte n . E s is t  jed o ch  g a rn ic h t sicher, dass solch eine E ig e n fu n k tio n  d ie  ei­
gen tliche  L ösung  d e r S ch röd ingerschen  D iffe ren tia lg le ich u n g  is t u n d  es is t 
seh r w ahrsche in lich , dass eine w irk liche L ösung , w elche d ieser E in sc h rä n k u n g  
n ich t u n te rw o rfe n  is t, e ine noch  s tä rk e r  zusam m engezogene L a d u n g sv e rte ilu n g  
geben w ü rd e .

W ir kom m en also zu dem Schluss, dass die in (13) bzw . (26) auf der rech­
ten  Seite stehenden zwei höheren Glieder (D ip o l—Quadrupol und Q uadrupol— 
Quadrupolglied) in kondensierter Materie relativ  wenig physikalische R ea litä t  
besitzen und m an deshalb den zwei Gliedern im  LENNARD-JONESsehen P oten-
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t ia la n s a tz  ta ts ä c h lic h  eine z iem lich  genaue p h y sik a lisch e  D e u tu n g  geben k an n . 
D a  in  diesem  P o te n t ia l  m it n e g a tiv e m  V orzeichen  ein  R ~ e e n th a lte n d e s  G lied 
u n d  m it p o s itiv e m  ein  zu f? -12 p ro p o rtio n a le s  s te h t ,  so k a n n  m an  w eitere  
r e c h t  k leine K o rre k tio n e n , d ie  zu  R ~8 bzw . R ~ 10 p ro p o rtio n a l sind , d u rch  
k le in e  A b ä n d e ru n g e n  der F a k to re n  der e rw ä h n te n  G lieder b erü ck sich tig en .

In  G asen s in d  die V erh ä ltn isse  von  den  in  d iesem  A b sc h n itt  b esch rieb ­
e n e n  ganz v e rsch ied en , aber au c h  d o r t  w erden  die e rw äh n ten  h ö h eren  G lieder 
b e i g rösseren  E n tfe rn u n g e n , w egen  der schnellen  A b n ah m e d ieser G lieder m it 
zu n eh m en d em  R  e ine  u n te rg e o rd n e te  B e d eu tu n g  h ab en . D ie B em erk u n g  b e ­
züg lich  der n o ch  s tä rk e re n  Z u sam m en g ezo g en h e it d e r L adungsw olken , als die 
d e r  H artree — F ocK schen T heo rie  en tsp rech en d e , b ez ieh t sich  ü b rigens auch  a u f  
d iesen  F all.

W eite r k ö n n te  m an n o ch  frag en , dass w en n  m an  die in  (13) s teh en d en  
h ö h e re n  G lieder b e rü c k s ic h tig t, m a n  n ic h t au c h  g leichzeitig  w eitere  G lieder 
in  d e r S tö ru n g s th e o rie  m itb e rü ck s ich tig en  m ü sste . D och e n ts te h t  d an n  au ch  
d as  P ro b lem  ü b e r  die p h y sik a lisch e  R e a litä t  d ieser G lieder. H . A. W ilson  
[20] k o n n te  ze igen , dass die ze itab h än g ig e  q u a n ten m ech an isch e  S tö ru n g s th e o ­
rie  w enn auch  n ic h t  k o n v e rg en t, so doch w en igstens a sy m p to tisc h  is t, ganz 
ebenso  wie das n a c h  H . P oincaré  bei d er a s tro n o m isch en  S tö ru n g sth eo rie  d er 
F a ll  ist.

A usserdem  k ö n n te n  noch  besonders be i k r is ta llg it te ra r tig e n  A n o rd n u n ­
g en  auch  D re ik ö rp e rk rä fte  eine gewisse R olle sp ielen . W ir e rw äh n en  h ie ra u f  
bezüg lich  n u r  d ie  neuen A rb e ite n  von  Chan  u n d  D algarno  [21] u n d  J a n ­
s e n  [22].
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О Ф И ЗИ ЧЕС К О Й  РЕА Л ЬН О СТИ  П О ТЕН Ц И А ЛА  Л ЕН А РД А -Д Ж О Н С А

Т. НАЙГЕБАУЭР

Р е з ю м е
Рассматривается вопрос, является ли потенциал Ленарда-Джонса отображением 

одной действительной закономерности природы, или его можно считать хорошо сохра­
нившейся чисто эмпирической формулой. Рассматривая второй член, легко можно по­
казать, что он — появляющееся в результате Ферми-статистики отталкивание, обуслов­
ленное перекрыванием электронного облака, тогда как первый член истолкуется как 
энергия Ван дер Ваальса. Часто полагается, что в данном выражении только первые 
члены соответствуют данным энергиям и дальнейшие члены при взаимодействии богатых 
в электронах атомов и в конденсированной материи настолько велики, что сделают схо­
димость данного ряда сомнительной. В настоящей работе показывается, что эти члены 
совсем не имеют физического смысла, последний был присужден им в простой теории. 
Обращается внимание на важность данного условия в физике твердого тела и в последнее 
время в молекулярной биологии.
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EFFECT OF TRAPS ON STEADILY TRAVELLING  
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This paper deals w ith  th e  effect of traps on th e  domain, ve locity  (u0) and to ta l cu rren t 
(j s) in the presence of steadily travelling high field  domains. The tre a tm en t is applicable b o th  
for the W atk ins—Gunn effect and recom bination instability . The calculations are carried  ou t 
w ithout linearization of the related  equations, using the method proposed in [9] for th e  trap - 
free case. The assum ptions used are: (i) Only transitions leading to  negative d ifferential con­
ductiv ity  depend on the electric field; (ii) The re laxation  times of tran sitions between h igh  and 
low m obility s ta tes are shorter th an  the other characteristic  tim es of the problem; (iii) The 
mobilities and diffusion coefficients are field independent; (iv) T he electron concentration  in 
the band is m uch lower th an  those of em pty and filled centres.

The effect of traps on th e  W atkins— Gunn effect is discussed in  detail and expressions 
for possible dom ain-velocity are derived. In  c o n tra s t to the trap -free  case the  dom ain 
velocity is sensitive to  the dom ain shape. For q u ad ra tic  dom ains, th e  peak field depend­
ence of possible domain modes is discussed.

A simple analysis shows th a t  the applicability  of the model fo r slowly moving dom ains 
in sem i-insulating GaAs cannot be definitely decided w ithout a know ledge of the re laxation  
tim e from low-m obility states to  th e  traps.

1. In tro d u c tio n

Since th e  f irs t m ore d e ta iled  e x p e rim e n ta l in v es tig a tio n s  of slow ly m o v ­
ing h igh  fie ld  dom ains in  Ge [1], [2], i t  h a s  been  su g g ested  th a t  th e  v e ry  low  
dom ain  v e lo c ity  m ig h t he  co n tro lled  b y  c en tre s  (traps), w h ich  differ fron t th o se  
lead ing  to  n eg a tiv e  d iffe ren tia l c o n d u c tiv ity . A lthough , to  th e  b es t o f  o u r 
kow ledge, th e re  is no d irec t evidence fo r th e  ex istence o f  th ese  cen tres , n o t  
even in  th e  case of g erm an iu m , i t  seems reaso n ab le  to  a ssu m e  -— especially  fo r 
com p en sa ted  sem i-in su la tin g  m ate ria ls  —  t h a t  th e  tra p s  re a lly  c o n tr ib u te  to  
th e  space ch arg e  d en sity . In  fa c t, i t  was p ro p o sed  in [3], t h a t  th e  slowly m o v in g  
dom ains in  sem i-in su la tin g  GaAs [4], [5], [6] can  be e x p la in e d  b y  th e  e le c tro n  
tra n s fe r  m ech an ism  b e tw een  valleys, r a th e r  th a n  an  im p u r ity  b a rrie r  m e c h a ­
n ism  an d  th e  v e lo c ity  is co n tro lled  b y  th e  o x ygen  im p u rity . T his m odel seem s 
to  be all th e  m ore  su itab le  b ecause , as show n  in  [7], th e  e m p ty  oxygen c e n tre s  
are  e lec trica lly  n e u tra l. O n th e  o th e r h a n d , fo r  CdS one h a s  to  assum e a t  le a s t  
tw o ty p es  o f cen tre s , in  o rd e r to  in te rp re t th e  ex istence o f  dom ains, sa y , b y  
fie ld  q u en ch in g  [8].

* D edicated to  P ro f. P . G ombás ou his 60th b irthday .
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In  [9] a n d  [10], we su g g ested  a new  m e th o d  to  d e te rm in e  th e  d o m ain  
v e lo c ity  (w0) a n d  th e  to ta l  c u r r e n t  ( js) for th e  case  o f reco m b in a tio n  in s ta b ility  
a n d  th e  W a tk in s  — G unn effect, b u t  neg lec ting  th e  effect o f t r a p s .  I t  was fo u n d  
in  [9], th a t  low  do m ain  v e lo c ity  in  Au doped  Ge can be o b ta in e d  if  a p ro p e r  
(a sy m m etrica l)  d o m a in  sh ap e  is assum ed. O n  th e  o th e r h a n d , th e  G unn d o ­
m ain s p ro p a g a te  p rac tica lly  in d e p e n d e n tly  o f  th e  dom ain  sh ap e , and  th e ir  
v e lo c ity  equals th e  average e le c tro n  d rift v e lo c ity  a t  th e  p e a k  fie ld  w ith  good 
a p p ro x im a tio n .

Now, th e  e ffec t o f t r a p s  o f  a general tw o -s ta te  m odel w ill be in v e s tig a ­
te d  using th e  a b o v e  m eth o d  w h ich , in c o n tra s t  to  [3], does n o t req u ire  th e  
lin ea riza tio n  o f  equa tions.

B ecause th e  ca lcu la tions a re  now m ore  com plica ted  t h a n  those fo r th e  
tra p -fre e  case som e s im p lifica tio n s m u st b e  in tro d u ced  to  m ak e  th e  re su lts  
easie r to  su rv e y . These are : (i) O nly  th e  re la x a tio n  tim e  responsib le  fo r th e  
n eg a tiv e  d iffe re n tia l c o n d u c tiv ity  depends o n  th e  e lec trical f ie ld ; (ii) T h e re  is 
a  q u as i-eq u ilib riu m  betw een  th e  low- an d  h ig h -m o b ility  s ta te s  (in s tan tan eo u s  
tra n s itio n s ) ; (iii) T h e  m ob ilities  and  th e  d iffu sio n  coeffic ien ts are field in d e ­
p e n d e n t; (iv) T h e  e lectron  c o n c e n tra tio n  in  th e  b an d  is m u c h  low er th a n  th e  
c o n cen tra tio n s  o f  em p ty  a n d  filled  cen tres.

U sing th e  above assu m p tio n s  an  a lg eb ra ic  eq u a tio n  sy s te m  is g iven  fo r 
u 0 and  j s. A p p ro x im a te  exp ressions are d e r iv e d  fo r th e  possib le  dom ain  v e lo ­
cities. T he a p p lic a tio n  for o x y g e n  doped G aA s as well as th e  p e a k  field d e p e n d ­
ence of d o m a in  velocities a re  d iscussed.

2. T he basic  equations o f  th e  m odel

In  a g en e ra l tw o -s ta te  m odel th e  n eg a tiv e  d iffe re n tia l co n d u c tiv ity  
arises from  tra n s itio n s  o f e lec trons from  h ig h -m o b ility  s ta te s  (index  “ 1” ) 
to  low -m o b ility  s ta te s  ( in d ex  “ 2” ). F o r th e  reco m b in a tio n  in s ta b ility  th e  low - 
m ob ility  s ta te s  a re  a c tu a lly  zero -m o b ility  s ta te s , localized  in  th e  fo rb id d en  
gap . F igs, l a  a n d  lb  refe r to  th e  W atk in s  — G u n n  effect a n d  reco m b in a tio n  in ­
s ta b ility , re sp ec tiv e ly . I t  is assum ed  t h a t  o n ly  th e  tra n s it io n s  1 —>■ 2 d ep en d  
on  e lec trical f ie ld . A lthough  th e  tra n s itio n s  2 are im p o r ta n t  for th e  W a t­
k in s—G unn  e ffec t b u t n o t fo r  reco m b in a tio n  in s tab ility , th e  calcu la tions allow  
these  tra n s i t io n s , too  (b ro k en  lines in  F ig . lb ) .

T he b a s ic  equa tions o f  th e  m odel a re  th e  equations o f  charge c o n tin u ity , 
th e  P oisson  eq u a tio n , th e  p h en om eno log ica l expressions fo r  cu rren t densities  
in  s ta te s  “ 1”  a n d  “ 2” an d , f in a lly , th e  re a c tio n  k inetic  e q u a tio n s  for tra n s itio n s  
betw een  s ta te s  “ 1” , “ 2”  a n d  “ t” .

-  »W ei. f e  E ) -  wu {Ql, ft, E ) ^  № ]  , (1)
Qt Э *  [ 9 t  I gen.
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Fig. 1. E lectronic transitions allowed by the model. O nly  the transition 1 —► 2 depends on th e  
electrical field, a) W atkins— G unn effect; h) Recom bination instab ility

+  y u (ei. e* E) -  л ,  Я) ^  [— ) ,
0Í dx  ( Qt /gen,

____ 1 7 /  I ш“7 — -*11 “Г *21  ■>
Qt

ЭE  4л  , 4 л
=  (00 01 02 f t )  = =  0 »Эл: e e

( 2)

( 3 )

(4)

Ji —  0 i  Hi E  +  Dj ; (i  —  1 , 2 ) .
Эл;

( 5 )

H ere  th e  n o ta tio n s  of p ap ers  [9] an d  [10] h a v e  been  used. T h e  functions ipij 
can  be d e te rm in ed  easily  assum ing  a S h o ck ley — R e a d —H all ty p e  reco m b in a tio n  
m odel. W ith  a fu r th e r  sim plifica tion  th e  fu n c tio n  ipy can be  linearized  w ith
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re sp ec t to  th e  co n cen tra tio n s  if  th e  e lec tro n  c o n c e n tra tio n  in  th e  b an d  is m u c h  
low er th a n  th e  c o n cen tra tio n s  o f e m p ty  a n d  filled  cen tres  [9]:

^12  =  Q i l r u { E )  Q i l T 2 i  *

'f'lt =  QilrU — 6tlr n  > ( 6 )

У  i t  =  Q iÍ 4 t  -  Q t h t i -

T h e  p h y sica l m ean in g  o f t im e  co n stan ts  in tro d u c e d  in  th e  above e q u a tio n s  is 
ev id en t (see F ig . 1). I n  th e  follow ing ca lcu la tio n s  th e  q u asi-eq u ilib riu m  b e t ­
w een s ta te s  “ 1”  an d  “ 2”  is assum ed , w h ich  leads to  y>12= 0  an d  th u s  w e h a v e :

ejQ i =  T2i/r i2( £ )  =  r{E) . (7)

F ro m  E q u s . (1)— (3) fo r space  charge  d e n s ity  q and  c u r re n t  j  =  j 1 -f- j z one 
o b ta in s :

I
8t 8яс

=  0 , ( 8)

w hile th e  d e fin itio n  o f th e  to ta l  c u rre n t is :

e 8 E
J s = J + ~ ------4 л  8 1

(9)

F o r a s te a d ily  tra v e llin g  d o m ain  th e  c h a rg e  densities g,- (i =  1, 2, t) a n d  th e  
e lec trical f ie ld  E  depend  o n ly  on th e  v a r ia b le  z =  x — u 0t [11] and if  th e  d e ri­
v a tio n  w ith  re sp ec t to  z is d en o ted  b y  '  t h e n  from  E q u s . (1)— (4) th e  fo llow ing  
d iffe re n tia l eq u a tio n  sy s te m  is o b ta in e d :

» 0 É ? i + y , '  =  ¥ Î 2  +  ï î / , ( 1 0

W U i ? 2  +  j ’l ~  ------ ^ 1 2  +  ^ 2 Í  » ( 2 0

( 3 0

E ' =  ------------ ( g o  —  g i  -  g 2  —  g / )  •£
( 4 0

O n th e  o th e r  h a n d , fro m  E q u . (8) a n d  d efin itio n  (9) w e a rriv e  to  th e  tw o  im ­
p o r ta n t  e q u a tio n s:

«o g =
eu0 E" 

4л

j  = u 0Q + j s = j s eiig E '  
4 л

( 10)

( 1 1 )

w here th e  to ta l  c u rre n t j s is c o n s ta n t fo r  th e  w ave-like  so lu tio n  [11].
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T h e fu r th e r  ca lcu la tions a re  b ased  on th e  E q u s. (10)— (11)- In  fa c t, i f  
th e se  eq u a tio n s a re  ta k e n  a t  th e  p o in t  of e lec trica l n e u tra li ty  z 0, w h ere  E '( z 0) — 
0, th e n  we h av e :

js  =  0io(vio +  r o %>) +  e[0(Di +  r0 D 2) , (12)

“ o S 2 =  e’lu (t;10 +  r 0 v20) +  q10 f0 D 2 E l  +  Ql0 (D i+Го D 2) ,  (13)

w here  vi0 =  fj4 0E 0; r =  dr/dE; a n d  Si — е / ^ л Е ^  (i =  1, 2, . . . ) a re  th e  “ d o ­
m ain  sh ap e  p a ra m e te rs”  in tro d u c e d  in  [9].

3 . Determ ination of u0 and j s for arbitrary domain shapes

1. General case: two-state model

A ccord ing  to  E q u s . (11) an d  (13) th e  q u a n tit ie s  g10, Q\o a n d  p i0 are  t0  be 
de te rm in ed . T he fu n c tio n s  g,- (E ,E ';  . . . ), (i =  1, 2 , i), can he d e te rm in e d  re la ­
tiv e ly  sim p ly  if  th e  co n d itio n  o f in s ta n ta n e o u s  tra n s itio n s  b e tw een  s ta te s  “ 1”  
an d  “ 2 ”  is valid . W ith  th e  aid of E q u s . (3’) and  (11) an d  using th e  P o isson  eq u a ­
tio n  re p e a te d ly  th e  fu n c tio n s a n d  can h e  e lim in a ted  a n d  fo r  and  Qt 
th e  fo llow ing e q u a tio n  sy stem  c a n  be  derived:

0 i( !  +  r ) +  Qt —  T ,  ^
L q1 — M gt =  R ,

w here

T  =  q0 — eE 'I4л  ;

L  =  (i^-J-r v2) ( l  +  r ) uo~^(E2 — Dj) uu г Е '-j- (D1-\-rD2) (1 /rit~\~rlT2t) ?

M  =  ( D i+ r D 2)/T? ; 1/Tg =  1/T:i +  1/Ti2; (14 ')
R  =  u0 [ ( l+ r )  ( j s+ eu 0E'l4,n) — ( D ^ r D J T ' ] .

T he so lu tio n  of th is  eq u a tio n  sy s tem  is:

R  +  T M  . „ _ - R ( l + r )  +  TL
—  '/ Qt — • (1 5 )

L  +  { l + r ) M  L  +  ( 1 + r )  M

W ith  th e  a id  o f E q u . (15) th e  d e riv a tiv e s  figuring  in  E q u s . (12), (13) c a n  he  d e te r­
m ined . I n  fa c t, w ith  th e  n o ta tio n  L  -f- (1 - f  r)M  =  N  we have

Ql0N 0 =  R 0 +  T0 M 0 , (16a)

eio 1V0 =  R ’o +  T'o M 0 -  К  (?10, (16b)

elo N 0= R ’l  +  T'l m 0 +  Tu M l  -  щ  e10 -  2 ц . (i6c)
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H ere , for conven ience, th e  q u a n titie s  ap p earin g  in  E q u s . (16) will be  g iven:

R'o =  «о [(1 +  r0) «о s 2 +  Ф ,  L r 0 D 2) S 3] ;

R" =  uo [''o KUs +  Dz S 2) +  (1 +  r 0) u 0 S 3 +  (D , +  r0 D 2) S4] ;

L q =  ( ü 2 D j) u0r0 £ q ;

hő  =  C“ t +  r 0 /*2) (1 +  r o) u 0 h ő  +  ( ö 2 -Dl) «о Го h ő "  +

+ Г 0 h ő  [« О  ( !  +  r 0 )  r 20 +  “ о ( » 1 0  +  r 0 » 2 0 )  +

H~ h>2 (1/тц +  г0/т2<) +  (D, r 0 D2)/t2(] ; 

ho =  0o’ =  Sf+j; ( i =  1 ,2 ,...); Afő =  0; M fí— f 0 D 2 E 'ó /Tg  î

N ’0 =  L ’ ; N "0 =  Ц  +  (1 +  r„) Mő +  r„ h ő M 0 ;

-No =  ( !  +  r o) [“ 0 (®io +  r o »20) +  ( -° i  +  r 0 D 2) / t , 0] .

H ere  b y  d e fin itio n :

1 +  ro _  1 , ro , 1 +  r n—---------- = --------- 1---------- 1--------------
Tfo r l  I r 2t t g

(17)

U sing  th e  above expressions, th e  c u r re n t  and  th e  v e lo c ity  can be  ca lcu la ted . 
B efore doing  th is , i t  is m ore co n v en ien t to  in tro d u c e  d im ensionless q u a n titie s  
in to  E q u s . (12) an d  (13). L e t is =  jslQ0vao; w here vao =  (v10 - f  r0v20) • ( 1 + r , , ) “ 1 
is th e  av erag e  e lec tro n  d r if t v e lo c ity  in  th e  b a n d . T he av e rag e  diffusion 
coeffic ien t is D an =  (Dx +  го®г) ' (1 +  r„) К A ssum ing  S 2 ^  0, w e have:

_  P 10 / 1 I _  \  I É?10 D n o  1 !  I _  \h  = ------( f  +  го) H----------------- ( f  +  ro)
Qo vaoQo

x =  - g k  (1 +  Го) +  ftp  Д ,2 ,̂ о E l  +  _gJ_o D a0 (1 +  Го)

(18)

(19)

I n  o rd e r to  ca lcu la te  th e  vario u s te rm  sin  E qus. (18) a n d  (19) we need  th e  follow ­
in g  dim ensionless q u a n titie s :

“ 0 = r,o D a0 h o /h 0 ; <*1 =  Ицо/гдо *to - ~  vao ~̂ to S2/S 2 ;

ot3 =  o»i oc2 ; 0C4  =  Tf0  D a 0  S4/S 2 ; »ao tîo ^ M a  h o /h 0 ; (20)

« 0  a i a s ’ a g “  T 't o / ' ï g  ’ a M =  T - u J T M a  ’•> ( “ 0 “  “ Af ^ 0 ) ’

y =  E J r 0  ■ (d r / d E ) 0  ; Л, =  D j / D a n  ; <5 =  -  <5Z ;

, , G0=  * +  at ; a21 =  T(0 (l/r„  -  l /r u)
and here:

Ума =  «/4я0о Aw ! Aw =  (/h  +  r o /У) (1 +  r„)-1.
From  E qu. (28) a i0 =  (1 +  r0)-1 .
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F irs t , b a se d  on E q u s. (16a, b) th e  q u a n titie s  p10, w ill be d e te rm in ed . A fter 
sim ple ca lcu la tion  we h av e

<?10 fi I _ \ _ X (h  “b *„) “f" a l a gI t  — -
00 ’'О

0w D„o
00 va

( í + r„) =  A - +  г° 7*л д х  •
G0 L *J G „ ( l + r 0) p0

F o r  i s we o b ta in , a f te r  m u ltip ly in g  b y  G0 an d  l / x 1:

is =  <xg +  «5 [*(1 +  *3) +  *2 — xi xg] +  r o 7a o <M1 +  to )-1 •
0o

N ow , from  E qus. (21) a n d  (22) b o th  g10/g 0 an d  i s can  be  expressed  as:

( 21)

( 22)

(23)

h  G0 =  G0 {*g+ a s [x{l + x s) + x 2 -  x1 a g]} +  Г° Г*°д* (x1 xg+ # 0) ; (24)
( l +  r0)2

— -  ( l  +  r0) Go =  X V G 0 + X  { 0 o + a s [ x ( 1 + a 3) + * 2 —  o q a j}  , (25)
e0

w here

G0 =  G0 -  r 0 y a0 (ii2( l + r 0) ' 2 .

T h e  d e te rm in a tio n  o f th e  v e lo c ity  is m ore co m p lica ted , because th e  te rm  pî0 
also ap p ea red  in  E q u . (19). F irs t, E q u . (22) is in se r te d  in to E q u . (19), th e n h a v -  
ing  m u ltip lied  b y  G0 a n d  l/oq, w e o b ta in  th e  fo llow ing  expression :

x  =  x2x  — xg +  r0yxM x 0 1 0

0 0

+  r0 y x 1 x M d2
0 0

Tlo ?10 No 
( l + r 0) S 2 vM

(26)

H ere  th e  re la tio n  0(1 -f- r 0) -1 -(- d2 =  1 has b e e n  ta k e n  in to  a c c o u n t. The la s t 
te rm  o f E q u . (26) can  be  d e te rm in ed  using E q u s. (16c) an d  (14). F ir s t ,  how ever, 
th e  te rm  in (16°) is expressed  w ith  is from  E q u . (12). A fter te d io u s  calcu la­
tions w e hav e :

x P = — xg F +os2 *2+ (3  — 2<52) (1 -h r0)—1 r0 y x M x is — xM K xqJ q0 —

-  r0 y x 1x M [ l + a ^ i l  +  ro )-1] Qlol00 ,

w here
P  =  1 — x 2 — a 4 -  r u  y  (1 +  r0)~l x M d2 ê 0 ;

F  — 1 +  х3 — т0ух1х м (1 + г 0)~1; (27')

К  =  1 +  г0 +  гэ у [2 ó(l -1— г0) 1+*;2о/г7а1) -  <5a3 ( l + ro)_1] .
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N ow , th e  in co n v en ien t te rm  g10/g 0 in  E q u . (27 )can  b e  e lim inated  u s in g  E q u . (21) 
a n d  th e n  th e  fo llow ing a lgebra ic  e q u a tio n  for th e  d im ensionless v e lo c ity  x  is 
o b ta in e d :

b3x3~\-b.i x2-\-b1x-\-b0 =  0 , (28)
w here

b 3 =  + « 2 ’

fe2 = + « l « 2  — P + { 3 — 2 d2) r0 y x i0 x M is — x M x i0K  (is+&0) ;

bi =  — «1 P  — «g F +  (3 — 2<5г) ro «io «м if — «1 «м «g «10 -К —

— r0 yoq aM а,0 ( 1 +  а21 aj0) (is+ г>0) ;

Ь0 =  -  oq xg [ F + r 0 yxx xM x i0 (1 +<х21 «io)] •

E q u s . (24) an d  (28) fo rm  a coup led  algebraic  e q u a tio n  system  fo r u 0 an d  j s, 
th e  ro o ts  o f w hich  c a n  be d e te rm in ed , say , b y  n u m erica l m eth o d s. In s te a d , we 
sh a ll give a p p ro x im a te  expressions fo r th e  c u r re n t an d  v e lo c ity  b u t ,  before 
do ing  th is , th e  case o f  reco m b in a tio n  in s ta b ility  w ill he tre a te d  b rie fly .

2. Recombination instability

F o r s im p lic ity ’s sake , th e  tra n s it io n s  d e n o ted  b y  b roken  lines in  F ig . lb  
w ill b e  neg lec ted . I n  o th e r  w o rd s, th e  c h a ra c te r is tic  tim es fo r tran s itio n s  
2 s=t t a re  m uch  lo n g e r th a n  an y  o th e r  c h a ra c te r is tic  tim e  of th e  p ro b lem .

As th e  lo w -m o b ility  e lec tro n s a re  localized  in  th e  fo rb id d e n  gap , the  
av e rag e  d r if t  v e lo c ity  va shou ld  n o t  be  in tro d u ced . U sing  th e  u su a l n o ta tio n s  
Dy =  D; [iy =  /л; v± — v th e  fo llow ing  q u a n titie s  w ill be in tro d u c e d : x  =  
(1 - f  r0)x'; is = (  1 +  / 0)iV; TM =  (1 +  Г0)тм 0; Tt0 =  (1 +  r0) r 0 an d  h e re  r m0 =  
г /4 л р 0/1. A ccord ing  to  o u r a ssu m p tio n  1/тг =  l / т and,  th u s , l / r 0 =  1 /rp  -j- 
(1 -f- r ^ / t t y  an d  Xg =  (1 +  г0) т 0/т г =  (1 -f- r 0)ßg; w h ile  for all o th e r  xg (k — 
— 0, 1, 2, 3, 4 ,s ,  M ,  io;) Xk —*■ ßk a n d $ 0 —*■ <y0. F in a lly , i t  is easy  to  see t h a t  ő2 =  
=  0 ; Ô =  1 +  r 0 a n d  1 - f  x 21 • x io ßg(l  +  r 0).

In tro d u c in g  th e  above n o ta tio n s , th e  fo llow ing  algebraic eq u  a tio n  sys- 
em  re su lts  fo r x '  a n d  isr:

hr [^0 — ß j f 0y  ( l + r 0)] =  G'0 {ßg+ßs [ я '( 1 + /? з )+ « ,( 1 + Го) ~  ßi ßg]} +  ^29) 

+  r0yß„ x'{ßyßg+x'<p0) ,  

w here  G'0 =  ж'(1 -f- r0) - f  ßy and

а3х '3-\-аг х '2-}-аух' -\-a0 =  0 .  (30)
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w here th e  coefficien ts a,- a re :

аз =  ^2(1+ ro)2 ;

a 2  — (ßi ßi  -Р' +  З r0 yßM isr) ( l  +  r 0) — ßMK '[ isr( l  + r 0)+990] ; 

a i =  —ßi P ,_ " ( l + ro) ßg F'-\-3 r0yß1 ßM isr — ßi ßMßg K '  —

— г  о y ß i  ß M ßg  [ iSr(l + r 0) +  9?0] ; 

ao =  — ß i  ß g ( F '  +  ro y ß i  ßM  ßg)

and  P '  =  1— |S2— /34; K '  =  2r0y  +  1 +  r0— r 0yß3; F '  =  1 +  ß3.

4 . A pproxim ate expressions fo r u0 and j s

In  o rd er to  give closed expressions fo r  u 0 a n d y s we-m a k e  some a p p ro x i­
m ations. A sim p le  e stim a te  show s th a t  th e  d iffusion  c o m p o n en t of c u r re n t  j s 
is negligible com pared  w ith  th e  d rift te rm , i.e. j s p10(v10 -(- r0v20). U sin g  
E q u . (21) one o b ta in s  for is

ls =  Xg +  CisX. (31)

In  th e  sam e ap p ro x im a tio n , th e  q u a n tity  q10/ q0 will have th e  form :

- - 1-0- (1 -f-r0) =  a g+ a s X . (32)
i?o

I t  is easy  to  see th a t  th e  a p p ro x im a tio n  m ad e  also in v o lv es  th e  co n d itio n  
jx |<^l. This co n d itio n  c e rta in ly  ho lds if  th e  t r a p s  influence th e  dom ain  v e lo c ity  
an d  ta k e  p a r t  in  th e  fo rm a tio n  o f th e  space  charge . In  th e  tra p -fre e  case th e  
dom ain  v e lo c ity  tu rn e d  o u t to  be equal to  th e  average d r i f t  ve locity  vao a n d  
th u s  i f  tra p s  a re  p re se n t i t  sh o u ld  be m uch  less th a n  vao, i .e . |дс| 1. I t  is i n te r ­
esting  to ' no te  t h a t  th e  ap p ro x im a tio n  (31) is a good one b e c a u se  it  gives th e  
sam e re su lt as th e  ex ac t exp ression  (24) also fo r  x  == - - 0̂  (G0 =  0).

T his is n o t t ru e  for E q u . (32). The a p p ro x im a te  e q u a tio n s  (31) an d  (32) 
co n ta in  on ly  one sh a p e -d e p e n d en t p a ra m e te r  (as). The e x a c t  expressions (24) 
and  (25) depend  also on a 0; a 3, b u t  n o t on a 2. N ow , instead  o f  in se rtin g  E q u . (31) 
in to  coefficients b2 an d  bl (as i t  w as done in  [9— 10]), i t  is m o re  con v en ien t to  
use E q u . (27) d irec tly . A fter s im ple ca lcu la tio n s, using th e  r e la tio n  <5a/0 -j- b2 =  
1, an d  E q u . (27’) one o b ta in s :

Co XT — P0x  — a  g F0 =  0, (33)
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w here
С о  —  l <*s * i o  С  íj ;

-Fo =  1  a 2 ^ 4  H~ r 0  y ^ l  0 (^  +  ^ 2 ] )  A  X g  «/О  К о  ?

F 0  =  1  +  < r 3  +  r o  7 a i  * m  a f 0  ( ^  +  a 2 i )  ;

K 0 =  1 + r 0 — r0 у (1 -  r 2o/4o) — r0 yxi0 ôx3 .

So, in s tead  o f  th e  th ird  o rd e r  algebraic e q u a tio n , (see E q u . (28)), we o b ta in e d  
an  a lgeb ra ic  e q u a tio n  of seco n d  order. A  sim p le  analysis show s th a t  th e  th ird  
o m itte d  ro o t co rresponds to  th e  case Gn =  0, and h en ce  a possible do m ain  
v e lo c ity  is

u0 о =  Da° , (34)
va0 r t0

w hich  will be  re ferred  to  as th e  “ diffusion  m ode” . T he tw o  roots of E q u . (33) 
can  be d e te rm in e d  a p p ro x im a te ly  as — x t x gF J P 0; x 2 P J C 0. T h e  f irs t
ro o t can  he  ca lled  th e  “ d r if t  m ode” . As fo r  th e  ex istence  o f  th e  second ro o t, 
no th e o re tic a l o r e x p e rim e n ta l evidence is know n. T he “ d r if t  m ode”  h a s  th e  
ollow ing fo rm :

"n<; • va0 Xg •
1 — x2

1 + q 3 +  r0 yxx x M xf0(ô + x 21)__________

* 4  +  Г0 У *  1 * M  X s X i0 ( Ô +  x21) +  x g x M xi0 К  о
(35)

w hich is v e ry  sensitive  to  th e  dom ain  sh a p e  because o f th e  a sy m m etry  p a r a ­
m ete r a 2. B efore  d iscussing th e  peak  f ie ld  dependence o f  dom ain ve lo c ities , 
th e  signs o f  d iffe ren t te rm s o f  th e  d en o m in a to r should be exam ined . I f  r0B  >  У. 
th e  te rm  K 0 is p o sitive , m o re  precisely : а гоК 0 1. T he a sy m m e try  p a ra m e te r  
x 2 can  d ra s tic a lly  reduce th e  dom ain  v e lo c ity , as was p o in te d  out in [9]. As for 
its  sign, oc2 0, because, acco rd ing  to  ex p e rim en ta l o b serv a tio n s th e  le ad in g  
edge of th e  p ro p a g a tin g  d o m a in  is a d e p le tio n  layer (w h ere  E '  >  0) th e  slope 
o f w hich  is less th a n  th a t  o f  th e  tra ilin g  edge. F o r such a  d o m ain  shape, as can 
be  seen, a ,  <C 0. D espite  xs b e ing  n eg a tiv e  its  effect is negligible b e cau se  it 
is m u ltip lied  b y  th e  v e ry  sm a ll x x fa c to r . F rom  th e  a b o v e  co n sid e ra tio n  it  
follows t h a t  th e  d en o m in a to r o f  E qu . (35) does no t becom e zero. L et us in v e s t i­
g a te  b rie fly  th e  p eak  field dependence  o f d o m ain  velocities. B oth  for d iffu sion  
an d  d rif t m odes we need th e  field  d ep en d en ce  of th e  av e rag e  d rift v e lo c ity , 
va A ccord ing  to  [12], vaa show s s a tu ra t io n  w ith  in c rea s in g  e lec trical field  
(E 0 >  15kV /cm ). A lthough  in  our m odel щ  =  const, a n d  thus vau does no t 
s a tu ra te , a s im p le  analysis show s th a t  va() can  be co n sid ered  as th e  a c tu a l
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average  d r if t  ve locity . ( I t  is n o t d ifficu lt to  ta k e  in to  consid era tio n  a  f ie ld  de­
p e n d e n t m ob ility  in  th e  u p p e r valleys). T h e  d iffusion m ode will d ep en d  essen­
tia lly  on  th e  r t0, if  E 0 >  3E c. The d r if t  m ode depends on th e  d o m ain  shape 
p a ram e te rs . T herefo re , one has to  assum e a concrete  do m ain  shape. A ccord ing  
to  [13] an d  [14], th e  dom ain  m ay  he sy m m etrica l. A ssum ing  a q u a d ra tic  do­
m ain  sh ap e  x 2 — x 3 =  x 4 =  0, w hile th e  te rm  c o n ta in in g  th e  p a ra m e te r  x s 
can he neg lec ted . U sing  th e se  assu m p tio n s we h av e  (w ith  X t 0 K Q яа! 1):

.. _ . _ 1 +  Г0 У Х 1 * M  a ?0 ( Ô + X 2 l )u Od va0 ®g , ,
l + x gxM

F rom  th is  expression  i t  is c lear th a t  th e  p eak  fie ld  d ependence  of u0a is d e te r­
m ined  b y  va0, x g an d  хм- T he average e lec tro n  d rif t v e lo c ity  sa tu ra te s  i f  E 0 
ЪЕС. T h e  b eh av io u r o f a g(or r<0) depends on th e  p a ra m e te r  £ =  r 1t/r2i. I f  
| = 1 ,  th e n  Xg is in d e p e n d e n t from  th e  e lec trical fie ld . In  th is  case, accord ing  
to  E q u . (32), th e  e lec tro n  co n c e n tra tio n  a t  th e  p o in t o f e lec trical n e u tra li ty  
p ra c tic a lly  does n o t change.

I f  th e  slow ly m o v in g  dom ains a re  associa ted  w ith  oxygen  im p u ritie s  in  
sem i-in su la tin g  GaAs [4 ]— [6], th e n  th e  follow ing p a ra m e te r  va lu es  can  be 
used. T h e  energy  level o f oxygen  is s i tu a te d  a t  Et =  0.75 eV below  th e  co n d u c­
tio n  h an d .*  The effective d en sity  of s ta te s  in  th e  c e n tra l v a lley  is N C1 =  6 .1017 
c m -3 . T h e  g en era tio n  tim e  тц  is defined  as xtx =  1 IC1tn1 =  1 ICxtN cl exp 
(-E t/kT ), w here Сц =  S xtVth, an d  S xt is th e  elec tron  c a p tu re  c ross-sec tion  for 
tra n s it io n  1 —*■ t an d  Vth is th e  e lec tro n  th e rm a l ve lo c ity . A ccording to  [7] we 
can w rite  S xt =  5 • 1 0 -15 cm 2 and  th u s  Cxt =  5 • 1 0 ~ 15 • 3.6 ■ 107 =  1.8 • 10~7 
cm 3/sec. A t room  te m p e ra tu re  xg ^  r tx =  20 sec ( th e  gen era tio n  tim e  Xt2 can 
ev id en tly  be  neg lec ted ). In  o rd er to  d e te rm in e  th e  c a p tu re  tim e  c o n s ta n t xxt 
we need  th e  c o n c e n tra tio n  o f em p ty  cen tre s  because xxt =  1/C^ptQ. A n  essen­
tia l s im p lifica tion  n 0 <  p t 0, n t0. F o r n 0 =  107 c m -3 , co rrespond ing  to  th e  m a­
te ria l u sed  in  [5], th e  ra tio  of e m p ty  to  filled  cen tres is p t j n t 0 =  2,8  • 10-2 , 
(n0p t j n t 0 =  n x). T h u s , i t  is su ffic ien t to  assum e t h a t  p t 0 =  2.8 • 1013cm ~ 3 
and  nt0 Q0/e =  1015c m “ 3. To th e  a u th o r ’s know ledge, th e re  is no av a ilab le  
ex p e rim en ta l d a ta  on th e  elec tron  c a p tu re  cross-section  S 2t of oxygen  cen tres . 
T herefo re , in  Fig. 2 th e  ra tio  f  =  xp /x^  is used as a p a ra m e te r. I f  n 0 is sm all 
enough an d  xgXM 1, th e  p eak  field  d ependence  of th e  d r if t m ode is d e te rm in ­
ed b y  va0 Xg, or b y  va0 Xt0 because in  th e  p re sen t m odel xg is in d e p e n d e n t 
from  th e  fie ld . This show s th a t  in  th is  re sp ec t th e  d iffusion  and  d r if t  m odes 
b eh av e  co n tra rily .

(36)

* A su itab le choice o f the param eters is ц х =  7000 cm 2/Vsec; ju2 = В/иг: В  =  0.02 
jDl - 182 cm2/sec; D 2 =  B D l (in the calculations the valid ity  o f the Einstein relation was not 
assum ed), e =  12.5. The effective m ass of electrons in the central va lley  is ml =  0.071 m0.
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Fig. 2. D ependence o f  tí0( | ) / t(i)( |  =  1) on  relative peak-field  E J E c for different values of 
£ =  t1(/ t 2(. The curves are p lotted  w ith  param eter va lu es given  in  the te x t  (r i0( |  =  1) =

=  2 • 10-7 sec)

5 . D iscussion

T he m odel p resen ted  p ro v id e s  a p o ss ib ility  to  in v e s tig a te  th e  effect o f 
t r a p s  on th e  reco m b in a tio n  in s ta b il i ty  and  also  on  th e  W atk in s  — G unn effect. 
I n  c o n tra s t  to  th e  lin ea r th e o ry  [3], th e  p re se n t t r e a tm e n t deals w ith  n o n lin ea r 
e q u a tio n s  u sin g  th e  m ethod  p ro p o sed  in  [9], [ 1 0 ] f o r th e  tra p -fre e  case .D iffe r­
e n t  do m ain  m odes are d e riv ed  u n d e r  th e  a ssu m p tio n s  lis ted  in  th e  in tro d u c ­
tio n . C o n tra ry  to  th e  tra p -fre e  case th e  slow ly m ov ing  G unn  dom ains are  sen ­
s itiv e  to  th e  d o m a in  shape, a t  le a s t  for th e  d r if t  m ode. T he v e lo c ity  expressions 
d e riv ed  are  s im ila r  to  tho se  o b ta in e d  for th e  reco m b in a tio n  in s ta b ili ty  w ith o u t 
t r a p s  [9], if  th e  d iffusion  coeffic ien t and  m o b ility  are  rep laced  b y  th e  co rres­
p o n d in g  av erag e  q u a n titie s  a n d  th e  cap tu re  tim e  c o n s ta n t r 0 b y  an  effective 
re la x a tio n  tim e  r t0, con ta in in g  th e  re la x a tio n  tim es  betw een  h igh  an d  low m o ­
b i l i ty  s ta te s  (see d e fin ition  (17)). In  th e  p re se n t t re a tm e n t, b o th  th e  to ta l  
c u r re n t  ( js) a n d  d o m ain  v e lo c ity  (u 0) are ex p ressed  w ith  q u a n tit ie s  ta k e n  a t  th e  
p e a k  fie ld  (n e u tra l i ty  po in t). A ll ca lcu la tio n s w ere carried  o u t w ith o u t a ssu m ­
in g  th e  tim e  c o n s ta n ts  r 1/ a n d  r 2t to  be equal. T h is  p o in t seem s to  be  im p o r ta n t,
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because b o th  th e  c u r re n t an d  dom ain  v e lo c ity  w ill v a ry  w ith  a change in  th e  
p a ra m e te r  F rom  th is  a possible d e te rm in a tio n  m e th o d  fo r |  follows b y  m e a s­
u rin g  th e  p eak fie ld  dependence  of to ta l  c u rre n t an d  d o m ain  velo c ity . H o w ev er, 
a t  le a s t tw o  effects h a v e  to  be ta k e n  in to  acco u n t: th e  fie ld  d ependence  of 
va0 and  r i 0 (since vao s a tu ra te s  on ly  if  E 0 ^> 3E c). B y  co m p arin g  th e  th e o re tic a l 
an d  ex p e rim en ta l re su lts  we are  try in g  to  id e n tify  th e  observed  do m ain  
velo c ity  w ith  th e  d r if t  m ode. E x p e rim e n ta l s tu d ies  h av e  d e a lt w ith  sem i-in ­
su la tin g  G aA s of d iffe re n t e lec tron  c o n cen tra tio n s , n am ely  n 0 ^  107c m “ 3[5] 
an d  n 0 10u c m “ 3 [6]. I n  th e  fo rm er case, XgOCM 1 an d  th e  dom ain  v e lo c ity  
is a p p ro x im a te ly  u 0 я^ — va0ocg. W ith  a p ro p er, b u t  n o t  u n rea lis tic , choice of 
th e  p a ra m e te r  f  th e  d o m ain  v e lo c ity  w ill be close to  th e  o b served  v a lu e : 
|и 0| я^ 0.1 cm /sec. A t h ig h e r  e lec tron  co n cen tra tio n s  we h a v e  som e d ifficu lties, 
because th e  p re sen t th e o ry  is app licab le  o n ly  if  n 0 n t0, p / 0. In  fa c t, fo r  n 0 =  
10u c m - 3 ; pto/ntQ =  2.8  • 1 0 “ e an d , th e re fo re , a v e ry  h igh  t r a p  c o n c e n tra tio n , 

>  1017 c m -3 , is re q u ire d . I f  nt0 я^ g0/e =  1017c m “ 3, th e n  th e  te rm  (XgOCM 
will p red o m in a te  in  th e  d en o m in a to r o f E q u . (36) an d , th u s , — ща ^  VaorMaltto• 
T he observed  dom ain  v e lo c ity  it0| я« 3 • 10s cm /sec [6] can  be  o b ta in e d  on ly  
fo r an  e x trem e ly  sm all v a lu e  of n 0 (if p 0/e =  1017 c m “ 3, тMa =  5.6 • IO -13 sec, 
va0 =  5 • 10е cm /sec, th e n  t t 0 IO “ 9 sec.) I t  is obv ious from  th e  ab o v e  d is ­
cussion t h a t  fo r th e  t im e  being , i t  c a n n o t be d e fin ite ly  s ta te d  t h a t  th e  dom ains 
in  oxygen doped  sem i-in su la tin g  GaAs a re  slow ly m o v ing  G unn  d om ains. T his 
is all th e  m ore  tru e  b ecau se  field  d ep e n d e n t tra p p in g  w as observed  in  [15] an d  
also slow ly m oving  d o m ain s in  p - ty p e  GaAs h av e  b een  re p o rte d  [16].

I f  th e  dom ains a re  due to  an  im p u rity  b a r r ie r  m echan ism , say , C u “ 
cen tres in  G aA s, w ith  a th resh o ld  fie ld  well below  th e  th resh o ld  fo r th e  G unn  
effect, th e n  E qus. (29)— (30) can be applied .*

T h e  s itu a tio n  is p ro b a b ly  m ore co m p lica ted  a n d  b o th  th e  fie ld  d e p e n d e n t 
tra p p in g  an d  an  e lec tro n  tra n s fe r  m echan ism  e x is t s im u ltan eo u sly . I n  p r in ­
ciple, i t  is n o t d ifficu lt to  ex ten d  th e  p re se n t m e th o d  fo r th is  case also, b u t  
w ith o u t p ro p e r  sim p lifica tio n s, ca lcu la tio n s will be  to o  com plica ted .
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10. G. P a t a k i , A cta  P hys. H ung., 25, 377, 1968 and Proc, o f the 9th In t. Conf. on the Physics
o f Sem iconductors, M oscow, 1968. p. 1001.

11. У . L. B o n c h - B r u e v i c h , ph ys. sta t. sol., 22, 267, 1967.
12. P . N . B u t c h e r , W . F a w c e t t  and N . R. O g g , B rit. J . Appl. P h ys., 18, 755, 1967.
13. K .-E . K r ö l l ,  phys. stat. sol., 24, 707, 1967.
14. G. Döhler, phys. stat. sol., 24, 331, 1967.
15. J . S. H e e k s ,  Trans IE E E  E D —13, 68, 1966.
16. A. P . K u l s r e s h t a  and A. E . Y u n o v i c h , F. T. T. 8 , 353, 1966.
17 . Y . T o k u m a r u ,  Japan. J . A ppl. P h y s., 8, 76, 1969.

ВЛИЯНИЕ ЛОВУШЕК НА СТАЦИОНАРНО ДВИЖУЩИЕСЯ ДОМЕНЫ 
В ПОЛУПРОВОДНИКАХ

Г . П А Т А К И

Р е з ю м е

В настоящей статье рассматривается влияние ловушек на скорость (н„) стацио­
нарно движущихся доменов и на польный ток (Д) в случае рекомбинационной неустойчи­
вости и эффекта Уаткинса—Ганна. Расчёты проведены без линеаризации соответствующих 
уравнений, пользуясь методом предложенным в [9], для случая без ловушек. Для упроще­
ния расчётов будет предположено: (i) от электрического поля зависят только переходы, 
ведущиеся к отрицательной дифференциальной проводимости; (ii) времена переходов 
между состояниями с большой и малой подвижностью являются более короткими чем 
другие характеристические времена проблемы; (iii) подвижности и коэффициенты диф­
фузии не зависят от электрического поля; (iv) концентрация электронов в зоне гораздо 
меньше концентрации пустых и запольненных центров.

Более подробно рассмотрено влияние ловушек на эффект Уаткинса—Ганна. Полу­
чены выражения для возможных скоростей ганновских доменов при наличии ловушек. 
В отличии от случая без ловушек скорость оказывается чувствительной к форме домена. 
Обсуждена, в случае квадратичных доменов, зависимость скоростей различных мод от 
максимального значения поля в домене.

Простой анализ показывает, что вопрос о применимости принятой модели к  мед­
ленно движущимся доменам в полуизолирующем GaAs нельзя однозначно решать без 
знания времени перехода электронов из состояний с малой подвижностью в ловушки.
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I N T E G R A T I O N  O F  T H E  D Y N A M I C A L  S Y M M E T R Y  
G R O U P S  F O R  T H E  — 1/r P O T E N T I A L *

B y

G . G y ö r g y i

CENTRAL RESEA RCH  IN STITU TE FO R PHYSICS O F T H E  HUNGARIAN ACADEM Y OF SCIENCES,
B U D A PEST

(R eceived 20. I I . 1969)

Finite dynam ical sym m etry transform ations o f  the Kepler m otion  are given in closed  
analytic form.

In  recen t years th e re  h a s  been  co n sid erab le  in te re s t in  th e  p rob lem  o f 
d y n am ica l g roups in  Classical an d  Q u a n tu m  M echanics. F o r  th e  classical one 
p a rtic le  p ro b lem  in a — 1/r p o te n tia l, c h a ra c te riz e d  b y  th e  energy  fu n c tio n  
(H am ilto n ian )

E  =  —
2 m r

tw o  w ell-know n vec to ria l c o n s ta n ts  o f m o tio n  ex ist (see e .g ., [1]): th e  a n g u la r  
m o m en tu m

L =  г X p , (2

an d  th e  L ap lace— Lenz— R u n g e  v ec to r

A =  - - -  (—-------- L ^ I l l  , (3)
Pn \ Г mg J

w here
Po — V 2 m |E |. (4)

T h e  Poisson b ra c k e t re la tio n s o f  L  an d  A  co incide  w ith  th e  d e fin ing  re la tio n s  
o f th e  SO(4) an d  SO (3 ,l) L ie a lgebras fo r n e g a tiv e  and  p o s itiv e  energies, r e ­
spec tive ly . H ig h e r Lie a lgeb ras can  also b e  co n s tru c te d  o u t o f  th e  p rim itiv e  
d y n am ica l v a riab le s . T he p ioneering  w ork  in  th is  d irec tion  h a s  been  done b y  
B a c r y  [2]. O ne finds (see also [3]) t h a t  th e  q u an titie s

В

s

rp jC0S|  1 m g
mg P о

(rP )P
mg

^ f l - rp 2 [cos

Po Г mg 1 ch
Po(pr)

mg
T r p

sin

sh

sin] P o (p r )  

sh I mg

Po(pr)
mg

(5a)

(5b)

* D edicated to  Prof. P . G o m b á s  on his 60th b irthday.
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as w ell as L a n d  A, obey  th e  b ra c k e t re la tio n s  of th e  S 0 ( 4 , l )  and  SO(3,2) L ie  
a lgeb ras fo r  n e g a tiv e  an d  p o sitiv e  energies, resp ec tiv e ly . F u r th e r ,

C =  ± mg I г 

Po L г
M p

mg
I cos 11 Po (pr) rp Jsinj Pu(pr)
I ch  ] mg ( sh  J mg

r  =  - r p [cos) p M
I ch J mg

[ l  _  'P 1
Po mg

[sin I po(pr) 
j sh J mg

(6 a )

(6b)

to g e th e r  w ith  L an d  A, o bey  th e  b ra c k e t re la tio n s of th e  S 0 (4 ,l)  a lgeb ra  fo r 
b o th  n eg a tiv e  an d  p o sitive  energies. In  (5) a n d  (6) th e  trig o n o m e tric  fu n c tio n s  
shou ld  be ta k e n  fo r b o u n d  s ta te s , an d  th e  hyperbo lic  fu n c tio n s for p o s itiv e  
energy . (T he u p p e r  an d  low er signs re fe r to  n egative  a n d  positive energ ies, 
re sp ec tiv e ly .) F in a lly , one fin d s  th a t  L , A , B , S  C an d  T , ta k e n  to g e th e r w ith  
th e  new  q u a n t i ty

M = ± ( ? )

sa tis fy  th e  P o isson  b ra c k e t re la tions o f th e  Lie a lgebra  o f  th e  SO(4,2) g ro u p , 
again  fo r b o th  positive  a n d  nega tive  energ ies [3].

T he th ree -d im en sio n a l f in ite  ro ta tio n s  g en era ted  b y  th e  angu lar m o m e n ­
tu m  v e c to r  L can  be im m ed ia te ly  o b ta in e d  b y  in te g ra tio n . As to  th e  f in ite  
tra n s fo rm a tio n s  o f th e  d y n am ica l v a riab le s  r  and  p g e n e ra te d  b y  th e  L ap lace—  
L enz— R u n g e  v e c to r  A, i t  h a s  b e e n p o in te d  o u t  in  [4] t h a t  th e se  tra n sfo rm a tio n s  
are n o n -lin ea r an d  can n o t be given in  e x p lic it an a ly tic  fo rm . In  [5] i t  h a s  b een  
p roved  t h a t  th e  tra n sfo rm a tio n s  g e n e ra te d  b y  th e  a n g u la r  m o m en tum  a n d  th e  
L ap lace— L en z— R unge  v e c to r  A fo rm , in d eed , a g roup  o f canonical t r a n s ­
fo rm atio n s. T h e  fin ite  g ro u p  elem ents h a v e  been  o b ta in e d  b y  in te g ra tio n , an d  
th e  g lobal s tru c tu re  of th is  d ynam ica l (invariance) sy m m e try  group h as  been  
clarified ; th e  g roup  is isom orph ic  to  th e  fo u r-d im en sio n a l ro ta tio n  group  SO (4).

In  w h a t  follows th e  d y n am ica l in v a ria n c e  and  n o n -in v arian ce  sy m m e try  
tra n s fo rm a tio n s  will be  t r e a te d  in  a u n if ie d  and  gen era l m anner. T he u se  of 
th e  B a c r y  v a riab le s  [3] as th e  basic q u a n tit ie s  m akes i t  possible to  o b ta in  
exp lic it tra n s fo rm a tio n  fo rm ulae . In tro d u c e  th e  fou r-d im ensiona l n o ta t io n

M B>(±)~1/2SL c«[c,(±)-w*r]
fo r  th e  q u a n t i t ie s  (5) a n d  (6). T h e  B a c r y  v a r ia b le s  m a y  b e  d e f in e d  as

b* =  ±  m gM ~2 B % , ca =  ±  {mg)-1 M C a ; (8)

th e y  can  b e  used  e q u iv a le n tly  in stead  o f th e  orig inal r , p position  an d  m o m e n ­
tu m  v a ria b le s . T h u s, th e  tra n s fo rm a tio n  fo rm ulae  fo r  th e se  basic v a ria b le s  
&a, ca a re  d e te rm in e d  b y  th o se  va lid  fo r В Ca an d  M.
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The th ree -d im en sio n a l ro ta tio n s g en era ted  b y  th e  an g u la r m o m en tu m  
v ec to r w ill n o t be considered . F or an  in fin ites im al can o n ica l tra n s fo rm a tio n  
g enera ted  b y  th e  L ap lace— Lenz— R u n g e  v ec to r one h as

dB =  (В, A d«) = -  S d « , 
dS =  (S, A d«) = ± B d « ,  
dC =  (C, A d«) =  -  T d « , 
ôT — (T, A d«) =  ± C d « ,  
SM  =  (M , A d«) =  0.

( 9 )

F u rth e r , fo r th e  in fin ite s im a l canon ica l tra n sfo rm a tio n s  g en era ted  b y  th e  
q u an titie s  B, S , C and  T  th e  follow ing form ulae  h o ld :

dL =  (L, Bd/?) =  -  B xd /3  , 
dA =  (A, Bd/?) =  Sd/?, 
dB =  (B,Bd/?) =  L X d/? ,
ÔS =--- (S, Bd/?) =  Ad/?, 
dC =  (C, Bd/?) =  M ô(i ,
ÔT =  (T , Bd/?) =  0 ,

ÔM =  (M ,B d /? )=  Cd/?;

dL =  (L, Sôa) =  0 , 
dA =  (A, Sôa) ==FBd(T , 
dB =  (B, Sdcr) =  -  A d o ,
ÔS =  (S, Sôa) =  0 , 
dC =  (C, Sdcr) =  0 ,
ÔT — (T, S d o ) = ±  M ôa,  

ÔM =  (M ,T ô a )=  T ô a ;

dL =  (L, Cd y) =  — С X ôy , 
dA =  (A. C d y )=  Tôy  , 
dB =  (B, C d y )=  — Môy  , 
dS =  (S, Cdy) =  0 , 
dC =  (C, Cdy) = ± L  X ô y ,  
Ô T =  (T, C ôy) = ±  A ôy ,  

ÔM =  (M , Côy)==FBôy;

dL =  (L , T ô t )  - 0 , 
dA =  (A , T dr) = =Р Cdr , 
dB =  (B , T dr) =  0 ,
ÔS =  (S , T ôt) = T M ô t , 
dC =  (C, T dr) = = F  A d r ,  
ÔT =  (T , T ôt) =  0 , 

d M =  (M , T ôt)— T  SÔt .

( 10)

( П )

( 12)

(13)
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T h e  in te g ra tio n  can  be easily  ca rr ied  ou t. F ro m  (9) one o b ta in s

B' =  В -  (Bn) n+(B n) n a  -  Sn
l I

S '  =  S  jC0Sj a ± B n  fSin} a,
( ch J ( sh J

C' =  C - (C n )n  +  (Cn)n

Й

COS

ch
a  — T n

1 sh
[a ,

T '  =  t \ 

AT =  M

cos 
{ ch

a  4 : Cn Isin]

U r

(14)

(a  =  |a | ,  n =  a /a )  ; from  (10) o n e  has

L' =  (Ln) n +  [L — (Ln) n] ch ß  — В x  n sh В , 
В' =  (Bn) n 4- [В — (Bn) nj ch ß  +  L X n sh ß  , 
A' =  A — (An) n 4- (An)n ch ß  +  Sn sh ß ,
S '  =  S  ch ß  +  An sh  ß  ,
C' =  C — (Cn) n +  (Cn) n ch ß  4- M n  sh  ß  ,
T '  =  T,

M '  =  M ch /3 -f- Cn sh

(15)

(ß  =  \ß\, n = ß / ß ) ;  from  (11) one gets

I /  =  L

A' =  A

B' =  В

S' =  s ,
C' =  c ,

T '  =  T

M ' =  M

ch
cos
ch
cos

ch
cos

ch

о В
( sh  1

• }a *(sin j
f sh )a — A • CT’[sinj

a 4  M
f f l -

< 7 ± r l s h ) a :
cos I sin

(1 6 )
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from  (12) one h as

L' =  ( L n ) n + [ L - ( L n ) n ] i c h j y - C x n ( sh) y ,
[cos] l sin J

A' =  A — (An)n +  (An)n ( c h ] y  +  T Í sh y ,
[cos] (sin

B' =  B - ( B n ) n  +  ( Bn) nj c h j y - M n [ sh] y ,
[cos] l^sinj

S' =  S ,

C =  (Cn) n 4- [c -  (Cn) n] ch I y ±  L X n í sh 1 y ,
[cosj (sm j

C l '-T '  =  T
ch
cos

ch

y ±  An

M ' =  М Г “ \ у Т  Bn  
cos

I sh

(y =  |y |, n = y / y ) ;  f in a lly , fro m  (13) i t  follow s th a t

L' =  L ,
A' =  A ch r 4- C sh  r , 
B' =  B ,
S ' =  S  ch r  4- M  sh  r , 
C' =  C ch г  4- A  sh  r , 
T ' =  T

M ' =  M c h T = F S s h r .

(17)

(18)

T h is com pletes th e  in te g ra tio n  o f th e  SO (4,2) fu ll d y n am ica l sy m m etry  g ro u p  
fo r th e  classical K ep le r p rob lem . T he tra n s fo rm a tio n  fo rm u lae  (14)— (18) 
d e te rm in e  th e  a n a ly tic  fo rm  o f th e  tra n s fo rm a tio n  law s fo r  th e  p rim itiv e  
d y n am ica l v a riab le s  bx, ca o r  r, p; th o u g h , th e  fo rm ulae  c a n n o t he so lv ed  
ex p lic itly  for r' an d  p'.
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ИНТЕГРИРОВАНИЕ ДИНАМИЧЕСКИХ ГРУПП СИММЕТРИИ ДЛЯ
ПОТЕНЦИАЛА — 1/г

Г. ДЬЁРДИ

Р е з ю м е

В закрытой аналитической форме даются конечные динамические преобразования 
симметрии движения Кеплера.
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N E W  F O U N D A T I O N S  
F O R  T H E  T H O M A S - F E R M I  M O D E L *

B y

R.  G á s p á r

IN ST ITU TE OF TH EO R ET IC A L PH Y SICS, KOSSUTH LA JOS U N IV ER SITY , D E B R E C E N  10

and

RESEA RCH  GROUP F O R  TH E O R E T IC A L  IH V S K S , ELJN CA BIAN  A C A IIM Y  CT SCIENCES,
BU D A PEST

(R eceived 20. II. 1969)

I t  is dem onstrated th a t the atom ic m odel, in which th e  zero order approxim ations to 
the one electron orbitals are hydrogen lik e orbitals, alw ays leads to a m odel w hich im itates 
very closely the Thomas— Ferm i m odel o f th e  statistical theory  of the atoms.

The Schrôdinger equation and zero order solutions

F o r an a tom  w ith  atom ic  n u m b e r  Z  th e  H a m ilto n ia n  has th e  form  [1]

H
h i  7  Z  „2

V  ~ 2 A '~  z 2 ~2m ;=i ;=i r,

■ Z 2

2 -----=
j > ‘ = 1 r ij

]Ä2 Z л2 I pi
—  2  -  V  —  +  - -  2 ’ —2m i=i i=i Qj Z  j ; 1 Qjj

( 1 )

=  Z 2 H,,

w here we h av e  in tro d u ced  th e  scaled  coo rd inates w ith  th e  re la tio n  [1 ]

9 =  rZ
The S ch rôd inger eq u a tio n

=  Е У

has p e r tu rb a tio n  so lu tio n  w ith  th e  energy

in w hich

—  =  w2 +  W1 — - + W 0—  +  0 
Z~ - Z  Z 2

1 k l e 2

"  a  =  1 Ö q

1
Z 3

( 2)

Í3)

(4)

(5)

* D ed ica ted  to  Prof. P . G ombás on h is  6 0 th  b ir th d a y .
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is th e  sum  o f th e  h y d ro g en ic  en e rg y  te rm s. a0 is th e  f irs t B o h r ra d iu s  in  th e  
h y d ro g e n  a to m  a n d  e2/a 0 is th e  a to m ic  u n it  o f  th e  energy  27.23 eV ; qa is th e  
o c c u p a tio n  n u m b e r o f  th e  s ta te s , w ith  p rin c ip a l q u a n tu m  n u m b e r  nx. W x is 
d e te rm in ed  b y  th e  e le c tro s ta tic  in te ra c tio n  m a tr ix . F o r  closed shells th e  occu­
p a tio n  n u m b ers  a re

îc  =  2 К  (6)

a n d  th e  to ta l  n u m b e r  of e lec trons is

=  2 =
k { k + l ) ( 2 k + l )

so t h a t  a p p ro x im a te ly

к
1/3

Z № . ( 8 )

B y  in se rtin g  (6) a n d  (8) in to  (5) we ge t

1 1 3  U /s
W. =  —----------—  Z 1'3 (9)

2 ( 2 /

w hich  is th e  ze ro th  o rd e r a p p ro x im a tio n  to  H/Z2. B y  in v es tig a tin g  th e  case for 
n o n  closed shells i t  tu rn s  o u t t h a t  eq u a tio n  (9) rep re sen ts  W2 fo r  n o n  closed 
shells to  a good a p p ro x im a tio n  also.

E n erg y  theorem s

B ecause  of th e  C oulom b forces in  th e  H a m ilto n ia n  (1) th e  v ir ia l theo rem

E = - E k =  ± - { E }  +  E ‘p) (10)

is v a lid , w here  we h a v e  in tro d u c e d  th e  k in e tic  en e rg y  Ek, th e  e le c tro n —nucleus 
in te ra c tio n  energy  Ep  an d  th e  e le c tro n —elec tro n  in te ra c tio n  en e rg y  E ep w hich 
a d d  u p  to  th e  to ta l  energy

E  =  E k -|- Ep  -f- Ep (11)

w ith  th e  ex p lic it expressions as follow s

E np = - Z e 2 J i i ü L d » ,  (12)

Й 2  Z

E k  =  - - ^ - 2 <  w > .  (13)

E ep = — e * {  6 ^ Г- У d v d v ' .  (14)
P 2 J i r - r ' |

Acta Physica Academiae Scientiarum  Hungaricae 27, 1969



NEW FOUNDATIONS FOR T H E TH O M A S-FERM I MODEL 443

In  a p rev ious p ap er [2] w e have  m ad e  use of th e  H e llm an n  —F e y n m a n  th eo rem  
s ta tin g

(15)

and  a co m b in a tio n  of th is  theo rem  w ith  th e  v iria l th e o re m  gave us fo r  n e u tra l 
a tom s

(16)

B y in tro d u c in g  — W2 i.e. th e  zero th  o rd e r ap p ro x im a tio n  for — Е /Z2 we get 
a f te r  som e m an ip u la tio n

1

3 1/3 £ 4 /3
(17)

T he second te rm  in (17) is negligible fo r  g rea te r a to m ic  num bers an d  we m ay
use

т?е l
- = 2 - = - —  (18) 
E  3

as a f ir s t  ap p ro x im atio n . (18) shows u s  t h a t  dependence  o f E ep and  E  a n d  con­
seq u en tly  th a t  of E'p on th e  a tom ic n u m b e r  is exp ressed  b y  th e  sam e pow er 
of Z  w hich  determ ines th e  lo g a rith m ic  d e riv a tiv e  a n d  so th e  ra t io  E ep/E. 
T herefo re  th e  eq u a tio n  E p/E  =  — 1/3 is tru e  w ith  a m u ch  h igher accu racy . 
U sing th e  v ir ia l th eo rem , i t  is easy to  d e m o n s tra te  t h a t  th is  is e q u iv a le n t to

E n
-=£- =  -  7 
E e„

(19)

w hich is a w ell know n th e o re m  of th e  T hom as — F e rm i th e o ry  [3].
W e are  going to  m ak e  use of re la tio n s  (18) an d  (19). B y  th e  a id  o f  a scale 

tra n s fo rm a tio n  we get th e  follow ing re la tio n

E(X) =  ??E0k +  AE"° +

and  for th e  m in im um  v a lu e

, _  E p  +  EÇ
ло —

and
2 E l

(20)

( 21)

( 2 2 )
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T h e  ze ro th  o rd e r values are

an d

E°k =  - W s ,

E™ = 2 W , , = - 2 E " k

E ep° Ep°-

As a consequence

an d

E(K)
6 \ z„ ,  18 36 3W . ,= -----Z 2 -
7 " 49 49 2 ,

1/3
Z .

(23)

(24)

(25) 

(26a)

or because  th e  f i r s t  te rm  is m uch sm alle r t h a n  th e  second we ge t b y  an a v e rag ­
ing  process

E{k0)a -  0.712 866 Z 7/3. (26b)

Scaling and invariance

In  th is  S ec tio n  we in v e s tig a te  th e  consequences of th e  above resu lts . 
W e in tro d u c e  a sca lin g  of th e  co o rd in a tes  an d  th e  charge d e n s ity  b y  th e  follow ­
ing re la tio n s

r =  Z ° r ' and g =  Z b g '. (27)

T h e  p rim ed  q u a n tit ie s  in th e  above  and  fo llow ing eq u a tio n s  deno te  scaled  
q u a n titie s .

E q u a tio n s  (27) lead  us to  a scaling  of th e  energy and  th e  no rm aliza tio n  
co n d itio n  in  th e  follow ing m a n n e r. B y  in tro d u c in g  th e  scaled  q u a n titie s  a c ­
co rd ing  to  (27) in to  (13) and  (14) we get

E np =  Z ub+- a E np' (28)
an d

Ep =  Z ^ 3“ Ep . (29)

T he n o rm a liz a tio n  cond ition  fo r th e  charge d e n s ity  tu rn s  o u t to  be

Ze = — c I gdv — Z b+3a( e) | g' dv' (30)

fo r n e u tra l a to m s i.e. N  =  Z. I f

fe +  3 a = l  (31)
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th e  n o rm aliza tio n  co n d itio n
[  o' dv =  1 (32)

is in d e p e n d e n t of th e  a to m ic  num ber.
W e m a y  observe th a t  because o f  eq u a tio n  (31) we get

c = ]  - \ -Ь - \ -2 а  — 2 b - \ - 5 a  (33)

for an y  v a lu e  of a and  th e  co rresp o n d in g  value of b.
B ecause of th e  v iria l theo rem  th e re  is a scaling o f th e  k in e tic  en e rg y  too

Ek =  Z ‘ E'k . (34)

The to ta l  en erg y  has th e  following fo rm

Е  =  Е к+ Е пр+ Щ  --- Z c E ', (35)

w here E '  is a slow ly v a ry in g  fu n c tio n  o f  Z.  B y co m p arin g  (26b) an d  (35) we 
get for th e  ex p o n en t th e  v alue

c — (36)

an d  using  th is  va lue  of c in  (33), com bin ing  i t  w ith  (31) an d  solving th e  system  
of linear eq u a tio n s  we g e t th e  co n stan ts

a = --------  a n d  6 = 2 .
3

(37)

These c o n s ta n ts  have  th e  values well k n o w n  for th e  sca ling  ex p o n en ts  in  th e  
T hom as — F e rm i th eo ry .

L et us m ake th e  fu r th e r  a ssu m p tio n  th a t

E k =  j  ek(ö) dv, (38)

i.e. th e  k in e tic  energy is expressib le  as a fu n c tio n  of th e  p a rtic le  d e n s ity . I f  we 
tak e  an energy  d en sity  like

ek(Q) =- хол , (39)

w hich is th e  sim p lest possib le  form , w e get

Я = -----  (40)
3
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i f  we ta k e  th e  scaling  an d  (34) w ith  th e  p ro p e r v a lu e  o f th e  c o n s ta n t c. W e 
leav e  th e  d e te rm in a tio n  o f th e  c o n s ta n t к  to  a la te r  d iscussion.

The T hom as—Fermi equation

A ccord ing  to  (35), (34), (13) a n d  (14) th e  to ta l  energy  o f th e  a tom  m ay  
b e  w ritte n  in  th e  follow ing fo rm

E  =  X J  p5/3 dv Ze2J"  ̂ dv' 4— —■ e2 j j ' e(r)e(r') dv d v ' .

B y  th e  a id  o f  an  a rg u m e n t s im ila r to  th a t  g iv en  b y  G o m b á s  in  his fam ous 
b o o k  [3] w e g e t th e  T hom as — F e rm i expression

o =  cr0( F - F 0)3/2, 3e
5x

3/2
(41)

a n d  com bin ing  th is  w ith  P o isso n ’s eq u a tio n  we o b ta in  th e  T ho m as — F erm i 
eq u a tio n

A ( V -  K )  =  4 жт0 e (V — Fn)3/2 (42)

a n d  th e  sca led  fo rm  o f th is  is

<P
П tp-m

(43)

w ith  e x a c tly  th e  sam e b o u n d a ry  cond itions t h a t  m a y  be fo u n d  in  G o m b a s ’s 
book . W e sh a ll n o t re p e a t th e m  here . T he so lu tio n  of th e  scaled  eq u a tio n  (43) 
is th e  sam e a n d  h as  been  ta b u la te d  in  th e  a r tic le  [4].

In  (43)

w ith

a n d

II

r
(44)

H-

1
(45)

(4 ла 0)3'2 eZ1’3 ’

il

<1 
1 4 я 1 (46)

I n  all th e  ab o v e  expressions x  is a y e t  u n d e te rm in e d  c o n s ta n t. I t  is in te re s tin g  
t h a t  w ith o u t th is  c o n s ta n t i t  is possib le  to  g e t an  eq u a tio n  fo r th e  d e te rm in a ­
t io n  of <p, i.e . th e  p o te n tia l  fie ld . T his is a consequence  o f th e  inh o m o g en eity  
o f  e q u a tio n s  (42) an d  (43).
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T he f in a l d e te rm in a tio n  of th is  p a ra m e te r  m a y  b e  achieved b y  th e  aid 
o f th e  energy  expression  (26b) and th e  v iria l th eo rem . B y  in se rtin g  q from  
(41) in to  (38) w ith  (39) a n d  ta k in g  in to  acco u n t (46), (45) an d  (44) we g e t th e  
follow ing expression

x =  —  (4л)2'3 
35

9>'(0)
- 0 .7 1 2  866

e2a 0 ; 3 .0963 e2a0 . (47)

D iscussion

T he consequences o f th e  change in  th e  v a lu e  o f th e  p a ra m e te r  x  as 
com pared  to  th a t  for th e  free  e lectron  v a lu e

=  —  (Зя2)2/3 e2 a 0 2.871 e2 a0

m ay  be su m m arized  as follow s. B ecause fi is p ro p o rtio n a l to  x, th e  d en sity  
d is tr ib u tio n  gets looser g iv in g  a sm aller m ag n itu d e  fo r th e  p o te n tia l en e rg y  of 
th e  a to m  an d  co n seq u en tly  reducing  th e  average k in e tic  energy  to o . T hese 
energy  red u c tio n s  re su lt in  a red u c tio n  o f  th e  to ta l  en e rg y  w hich is v e ry  m uch 
w elcom e, b u t  th e  red u c tio n  is n o t enough to  get n ea r to  th e  ex p erim en ta l to ta l  
energy . N a tu ra lly  m an y  o f th e  sho rtcom ings of th e  o rig in a l T hom as — F erm i 
d en sity  d is tr ib u tio n s  re m a in  in co rp o ra ted  also in  th is  m odel.

T he m ain  aim  of th is  p ap e r has b een  ach ieved , how ever, b ecau se  we 
h av e  d e m o n s tra te d  t h a t  w e can  get a m odel s ta r t in g  from  th e  t ru e  zero- 
o rd er so lu tions o f th e  a to m ic  prob lem , w hich  has th e  m a in  fea tu re s  o f th e  
o rig inal T h o m as— F erm i th e o ry  w ith o u t m en tio n in g  p la n e  w aves an d  s ta tis tic s  
a t  all.

Now w e are in  a p o s itio n  to  r e in te rp re t  our re su lts  in  th e  fo llow ing 
m an n er. T h e  k in e tic  en erg y  d ensity  fu n c tio n  e ( q )  =  x q °;3 w ith  x  =  x^  is a 
ch a ra c te ris tic  fu n c tio n  o f free  electrons w ith  m ass m u. A ccord ing  to  th e  above 
th e o ry  a n e u tra l  a tom  m a y  be  believed  to  be com posed  o f a nucleus an d  a 
cloud of q u asi pa rtic le s  t h a t  im ita te  free  e lectrons b u t  w ith  a red u ced  m ass 
m — wn0, w here

V 2.871 e2 a0 
3.0963 e2a 0

=  0 .9272.

I t  is in te re s tin g  to  n o te  t h a t  a m uch b e t t e r  ag reem en t fo r th e  en e rg y  of 
a tom s m ay  b e  ach ieved  i f  w e suppose sem iem p irica lly  t h a t  th e  effec tive  
m ass of th e  quasi e lec trons is

rn =  v' m„ w ith  v' — — 2.871 e a0— _  q g
3 .51997 e2 a0
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НОВЫ Е ОБОСНОВАНИЯ МОДЕЛИ ТОМАСА—ФЕРМИ

Р . Г А Ш П А Р

Р е з ю м е

Демонстрируется, что атомная модель, в которой нулевое приближение одноэлект­
ронных орбиталей есть применение водородоподобных орбиталей, систематически ведет 
к модели, точно напоминающей модель Томаса—Ферми статистической теории.
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N E G A T I V E  M A G N E T O R E S I S T A N C E  
O F  C O M P E N S A T E D  rc-T Y PE  G aA s A T  77° К  

T E M P E R A T U R E *

B y

B. PŐDÖR
RESEA RCH  IN ST ITU TE FO R  TECH N ICA L PHYSICS O F  T H E  H UN G ARIA N  ACADEMY OF SCIENCES,

B U D A PEST

(Received 5. I I I . 1969)

The m agnetoresistance o f  strongly com pensated n-type GaAs doped w ith  Cr and О 
has been m easured at 77 °K  tem perature. T he electron concentrations of the sam ples were 
betw een 3.8x10й and 1 .6xW 18 cm -3  at room tem perature. In low  m agnetic fields negative  
m agnetoresistance was observed at liquid n itrogen  temperature. T he characteristics o f  this 
anom alous negative  m agnetoresistance were show n to be very sim ilar to those observed at 
liquid He tem peratures in heavily  doped sem iconductors. In weak fields the negative m agneto­
resistance was proportional to  th e  square of th e  m agnetic field, and showed saturation in  the  
m agnetic field  range of 4000—6000 G. To accou nt for the observed effects it  was postu lated  
that m etal-like im purity band conduction is th e  dom inant m echanism  of the charge carrier 
transport in our sam ples. The observed features o f  the negative m agnetoresistance are shown  
to be consistent w ith  the m odel o f scattering o f  electrons in the im purity  band b y  localized  
m agnetic m om ents. For the average value o f th e  localized m agnetic m om ents a value o f the  
order o f 2—3 Bohr m agneton w as deduced from  the experim ental data . I t  is shown th a t the  
strong com pensation m ay play an im portant role in  the formation o f  im purity band at 77 °K  
temperature and above it.

Introduction

N egative  m ag n eto resis tan ce  is f re q u e n tly  o bserved  in  h eav ily  doped  
sem iconducto rs a t  v e ry  low  (1— 10 °K ) te m p e ra tu re s . A t liq u id  H e te m p e ra tu re  
(4.2 °K ) i t  w as found  in  v a rio u s sem ico n d u cto rs , n o ta b ly  in  n- an d  p - ty p e  
In S b , in  n - ty p e  Ge doped w ith  As and  S b , in  n -ty p e  G aA s [ I ] ,  [2], fu r th e r  in  
p - ty p e  GaAs a n d  n -ty p e  CdS [1], in n - ty p e  Si doped  w ith  P , in  p - ty p e  Si 
doped  w ith  B , in  Ge d o p ed  w ith  Cu, in  n - ty p e  Ge d o p ed  w ith  P , in  p - ty p e  
GaAs doped w ith  Cd [2], a n d  qu ite  re c e n tly  in p - ty p e  CdSb [3].

T he ex istence  of n e g a tiv e  m ag n e to resis tan ce  in  n - ty p e  GaAs a t te m p e ra ­
tu re s  below  2 0 — 30 °K  w as estab lished  b y  R . B r o o m  e t  al. [4], in  1956. T h e ir  
c ry sta ls  w ere u n d o p ed , h a v in g  room  te m p e ra tu re  e lec tro n  c o n cen tra tio n  o f th e  
o rd er of 1017 c m -3 , b u t  th e ir  sam ples w ere  m uch  m ore c o n ta m in a te d  ju d g in g  
b y  th e  co m p ara tiv e ly  low  m obility  v a lu e s  m easured  b y  th em . N eg a tiv e  
m ag n e to resis tan ce  of u n d o p ed  and of S- a n d  Se-doped n - ty p e  GaAs a t  v e ry  
low  te m p e ra tu re s  was th o ro u g h ly  in v e s tig a te d  by  О. V. E m e l y a n e n k o  e t al.
[5]. T heir sam ples h ad  e lec tro n  c o n cen tra tio n s  in  th e  ra n g e  of 3 X 1015—  2 x  
X 1017 c m -3 . T h e y  have  show n  th a t  th e  n e g a tiv e  m ag n e to resis tan ce  a t  4 .2  °K

* Dedicated to  Prof. P . G ombás on his 60th  b irthday .
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te m p e ra tu re  w as m ost p ro n o u n ced  in  th e  e lec tro n  c o n c e n tra tio n  range o f  
1016—  1017 c m -3 . J .  F . W oods a n d  C. Y . Ch e n  h av e  m easu red  neg a tiv e  m a g ­
n e to re s is ta n c e  in  re-type G aA s w ith  e lec tro n  co n cen tra tio n s  be tw een  2 X 1 0 15 
a n d  3 X 1018 c m -3  a t  liqu id  H e te m p e ra tu re s , an d  in  C d-doped  p - ty p e  G aA s 
w ith  ho le  c o n cen tra tio n s  of th e  o rd e r of 1017 c m -3  [2]. In  one o f  th e ir  sam p les , 
w ith  an  e le c tro n  co n c e n tra tio n  o f  6 X 1015 c m -3 , th e  neg a tiv e  m a g n e to re s is tan ce  
tu rn e d  to  b e  p o sitiv e  above 30 °K  te m p e ra tu re . Q uite re c e n tly  L . H albo a n d  
R . J .  SL A D E R  h a v e  m easu red  th e  n eg a tiv e  m ag n e to re s is tan ce  a t  4.2 °K  te m ­
p e ra tu re  in  u n d o p e d  n -ty p e  G aA s of c o m p a ra tiv e ly  h igh p u r i ty  [6].

T he ab o v e  m en tio n ed  re su lts  show  t h a t  th e  occu rrence  of n e g a tiv e  
m ag n e to re s is tan ce  a t  v e ry  low  te m p e ra tu re s  a n d  a t  m o d e ra te  a n d  high d o p in g  
levels is a com m on p h en o m en o n  in  v a rious sem iconducto rs. I t s  m ain  fe a tu re s  
a re  th e  fo llow ing.

In  low  m ag n e tic  fields th e  specific re s is tiv ity  decreases. T his decrease is 
e ith e r  q u a d ra tic  in  th e  m a g n e tic  fie ld  [1], [5], [6], or a p p ro x im a te ly  lin ea r  in  
i t  [2]. In  c e r ta in  cases a n iso tro p y  co n sis ten t w ith  th e  cubic  sy m m etry  is seen  
in  these  fie ld s. T he decrease o f  th e  re s is tiv ity  becom es less s teep  as th e  fie ld  
is in creased , a n d  sa tu ra te s  a t  a  ce rta in  m ag n e tic  field. F u r th e r  increase o f th e  
m ag n etic  fie ld  re su lts  in  a re v e rsa l of th is  t r e n d , and  th e  re s is tiv ity  begins to  
increase . I n  h ig h e r fields m ag n e to re s is tan ce  tu rn s  to  be p o s itiv e  and  is p r o ­
p o rtio n a l to  th e  square  o f th e  m ag n etic  fie ld .

W ith  in creasin g  te m p e ra tu re  th e  n e g a tiv e  m ag n e to resis tan ce  d ecreases 
an d  a t  a c e r ta in  te m p e ra tu re  i t  co m ple te ly  d isappears. T h is te m p e ra tu re  is 
u su a lly  o f th e  o rd e r of 2 0 —30 °K .

I t  is su p p o sed  th a t  th e  m easu red  to ta l  m ag n e to res is tan ce  a t  low  te m ­
p e ra tu re s  is com posed of tw o  p a r ts . One o f th e m  is th e  u su a l positive co m p o ­
n e n t p ro p o rtio n a l to  th e  sq u a re  o f th e  m ag n e tic  fie ld , th e  o th e r  is th e  an om alous 
an d  te m p e ra tu re  d ep en d en t co m p o n en t, w hich  p red o m in a te s  in  th e  lo w er 
fields an d  sa tu ra te s  a t  in te rm e d ia te  fields [1].

T h e  ap p e a ra n ce  of n e g a tiv e  m ag n e to resis tan ce  is u su a lly  accom pan ied  
b y  a c h a ra c te r is tic  peak in  th e  H all coeffic ien t versus te m p e ra tu re  curve. T h e  
presence o f th is  m ax im u m  on  th e  H all c u rv e , and  th e  fa c t t h a t  th e  n e g a tiv e  
m ag n e to re s is tan ce  is o bserved  in  c rysta ls  h a v in g  high im p u r ity  co n cen tra tio n s  
in d ica tes  t h a t  th is  anom alous m ag n e to re s is tan ce  is co nnec ted  w ith  th e  im p u r ity  
co n d u c tio n  [1], [2], [5]. A t h ig h  doping  levels im p u rity  co n d u c tio n  is m a n i­
fested  th ro u g h  im p u r ity  h a n d  co n d u ctio n , an d  a t  low er d o p in g  levels th ro u g h  
hop p in g  co n d u c tio n . T he tra n s it io n  b e tw een  th em  is n o t sh a rp  [2]. A cco rd ing  
to  О. V. E m elyanenko  e t al. [5], in  h ig h ly  doped  re-type GaAs a t  low  te m ­
p e ra tu re s  th e  im p u rity  b a n d  co n d u c tio n  is th e  d o m in an t m echan ism  of c h a rg e  
tra n s p o r t .

U p to  re c e n t tim es n eg a tiv e  m ag n e to resis tan ce  w as observed  o n ly  a t  
v e ry  low  te m p e ra tu re s , u su a lly  below  30— 50 °K . Q u ite  recen tly  О. V .
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E m elyanenko  e t  al. [7], o b serv ed  negative m ag n e to re s is tan ce  an d  im p u r ity  
co n d u c tio n  in  n - ty p e  GaAs, com pensated  w ith  Cu d iffusion, up  to  200 °K  
te m p e ra tu re s . A t th e  sam e tim e  B . S. Lis e n k e r  e t al. [8], o bserved  im p u r ity  
b a n d  co n duction  in  Fe-doped n - ty p e  GaAs in  th e  te m p e ra tu re  range  of 77—• 
200 °K . P re lim in a ry  results o f observations o f  negative  m ag n e to resis tan ce  in  
C r-doped  n -ty p e  GaAs a t 77 °K  te m p e ra tu re  w ere rep o rted  b y  th e  a u th o r  o f  
th is  p a p e r  [9].

T his n eg a tiv e  m ag n eto resis tan ce , w hich w as observed a t  liq u id  n itro g en  
or h ig h e r te m p e ra tu re s  only in  s tro n g ly  c o m p e n sa te d  n -ty p e  G aA s [7], [9], is 
s im ila r to  th e  e ffec t found a t v e ry  low te m p e ra tu re s . I t  was su g g ested  b y  О. V. 
E m elyanenko  e t  al. [7] t h a t  th e  n eg a tiv e  m ag n e to resis tan ce  a t  h ig h e r 
te m p e ra tu re s  is connected  w ith  th e  im p u rity  co n d uc tion , m o s t p ro b ab ly  w ith  
im p u r ity  b an d  conduction .

I n  th is  w o rk  resu lts o f observations o f  neg a tiv e  m ag n e to resis tan ce  a t  
77 °K  an d  h igher te m p era tu res  in  co m p en sa ted , Cr- and  О-d o p ed  n -ty p e  G aA s 
single c rysta ls  a re  presen ted . I n  th e  second p a r t  of th is p a p e r  sam ple  p re p a ra ­
tio n  a n d  m easu rem en t m ethods a re  described . I n  th e  th ird  p a r t  th e  e x p e ri­
m e n ta l resu lts  a re  p resen ted . In  th e  fourth  a n d  la s t  p a r t  th e  re su lts  o f m ag n e to ­
res is tan ce  m easu rem en ts  are d iscussed  and c o m p ared  w ith  o th e r  resu lts  an d  
w ith  th e  ex isting  th eo re tica l m odels.

Experim ental techniques

n -ty p e  GaAs crysta ls  w ere p rep ared  b y  t h e  ho rizon ta l B rid g m an  m eth o d  
b y  E . P app  and  h is  coworkers a t  th e  R esearch  In s t i tu te  for M etallic  In d u s try , 
B u d a p e s t [10]. A ccording to  o u r o b se rv a tio n s  undoped  c ry s ta ls  w ere o f  
n -ty p e , w ith  an e lec tro n  co n cen tra tio n  of th e  o rd e r  of 1017 c m -3 . Some c ry s ta l , 
w ere slig h tly  d o p ed  e ither w ith  Cr or w ith О d u rin g  th e  g ro w th  process, b u f  
rem ain ed  of low re s is tiv ity  w ith  n -ty p e  co n d u c tio n . S tronger dop ing  w ith  Cr 
p ro d u ced  sem i-in su la ting  c ry s ta ls  o f high re s is tiv ity . F o r o u r m easu rem en ts  
sam ples cu t ou t f ro m  Cr- and О -doped  as well as undoped  n - ty p e  GaAs c ry s ta ls  
of low  re s is tiv ity  w ere used.

P rism -sh ap ed  sam ples w ith  d im ensions o f 1 2 x 2  X 0.5 m m  were c u t 
from  th e  c ry sta ls . T he sam ples w ere no t o r ie n te d . E lec trica l co n tac ts  w ere 
m ade b y  alloy ing  0.5 m m  d ia m e te r  In  d o ts to  th e  sam ples a t  450 °C te m ­
p e ra tu re  in  H 2 a tm o sp h ere  [11], th e n  0.1 m m  d iam ete r gold w ires were co n ­
n ec ted  to  th em  b y  th e  help of a m icro -so ldering  p in . Two c o n ta c ts  a t  th e  ends 
of th e  sam ples se rv ed  as cu rren t leads, and fo u r ,  tw o on each face  w ith  d im en ­
sions o f  1 2 x 0 .5  m m  served as p o te n tia l p ro b e s . The se p a ra tio n  betw een  th e  
p o te n tia l probes w as abou t 5 m m .

W hile th e  w id th  and  th ick n ess  of the sa m p le s  could be easily  dete rm in ed  
w ith  h igh  accu racy , th e  d e te rm in a tio n  of s e p a ra tio n  b e tw een  th e  p o te n tia l
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p ro b es, w h ich  is n ecessary  fo r th e  e v a lu a tio n  of re s is tiv ity , is m ore u n c e r ta in  
b ecau se  th e  c o n ta c t d im ensions are  n o t  sm all in  com p ariso n  w ith  c o n ta c t 
se p a ra tio n , a c tu a lly  th e  fo rm er is a b o u t 10 p er cen t o f  th e  la tte r . B e sid es , the 
f in ite  d im ensions o f c o n ta c ts  cause a d is to r tio n  of c u rre n t p a tte rn  in  th e  sam ple  
re su ltin g  in  erro rs in  th e  m easu rem en ts  o f  th e  m ag n eto resis tan ce . T h e  c o n ta c t 
s e p a ra tio n  w as ta k e n  to  be  eq u a l to  th e  d is tan ce  b e tw een  th e  centres o f  c o n ta c t 
d o ts , th u s  causing  a m ax im u m  erro r o f  a b o u t 5 p er c e n t in  th e  d e te rm in a tio n  
o f th e  re s is tiv ity , an d  an  e rro r  of th e  o rd e r  of 5— 10 p e r  c en t in  th e  d e te rm in a ­
tio n  o f m ag n e to re s is tan ce .

C o n d u c tiv ity , H a ll coeffic ien t, H a ll m o b ility  a n d  m ag n e to resis tan ce  
w ere m easu red  b y  th e  u su a l d .c. co m p en sa tio n  m e th o d  a t  77° an d  300  °K  
te m p e ra tu re s . O n som e o f ou r sam ples th e se  p a ra m e te rs  were m e a su re d  in 
th e  fu n c tio n  o f te m p e ra tu re  be tw een  77 ° K  and  400 °K  tem p era tu res . M easu re­
m e n ts  a t  77 °K  w ere m ad e  sim ply  b y  im m ersing  th e  sam ple  in to  l iq u id  N2. 
T e m p e ra tu re s  b e tw een  80° an d  400 ° K  w ere p ro d u ced  in  a c ry o s ta t, s im ilar 
to  th e  one described  in  [12]. T he m a x im u m  m agnetic  fie ld  was a b o u t 8000  G, 
a n d  i t  w as m easu red  w ith  an  e s tim a te d  accu racy  of 2 p e r  cen t. F o u r read in g s  
w ere ta k e n  to  ge t each  v a lu e  o f th e  H a ll  coefficient, p ro p e rly  c o m m u tin g  the 
sam p le  c u r re n t an d  th e  m ag n etic  f ie ld . A sim ilar m e th o d  was u se d  w hen 
m easu rin g  th e  m ag n e to resis tan ce . T h e  zero-field re s is tan ce  w as m easu red  
befo re  th e  f i r s t  an d  a f te r  th e  fo u rth  m easu rem en t. I n  th is  w ay th e  accu racy  
o f  th e  m easu rem en ts  o f th e  m ag n e to res is tan ce  w as g re a tly  im p ro v e d . The 
p o te n tia l  m easu rin g  c irc u it h a d  a se n s it iv ity  of 1— 2 /iY  depend ing  o n  the 
re s is tan ce  o f th e  sam ple  a n d  o f th e  c o n ta c ts . M agneto resistances o f t h e  order 
o f 5 X 10 “ 5 could  be d e te rm in ed  w ith o u t causing  in ad m issib le  pow er d iss ip a tio n  
in  th e  sam ple .

Experim ental results

F iv e  sam ples c u t  o u t from  fo u r d iffe ren t c ry s ta ls  w ere m e a su re d . One 
c ry s ta l  w as u n d o p ed , tw o  w ere doped  w ith  Cr and  th e  fo u r th  was d o p ed  w ith  0 . 
F ro m  one o f th e  C r-doped  c ry s ta ls  tw o  sam ples w ere  c u t, from  n e a r  t o  both  
ends o f  th e  c ry s ta ls . T h e  resu lts  o f H a ll and  re s is tiv ity  m e a su re m e n ts  are 
su m m ed  u p  in  T ab le  I . T h e  g eo m etry  o f  th e  sam ples allow ed to  m e a su re  two 
H a ll coeffic ien ts  a n d  tw o  resis tiv itie s  on  each sam p le , from  these  v a lu e s  we 
cou ld  ju d g e  th e  h o m o g en e ity  of o u r sam p les . The d ifferences be tw een  th e  two 
re s is tiv itie s  m easu red  on  each side o f  th e  sam ples d id  n o t  exceed 10 p e r  cent, 
a n d  th e  d ifferences in  th e  m easu red  H a ll coefficients d id  n o t exceed  10— 15 
p e r  c e n t, ex cep t sam ples c u t o u t fro m  c ry s ta l N o. 178, w here th e y  reached  
20— 30 p e r  c en t, show ing  th a t  th ese  tw o  sam ples h a d  a considerab le  in h o m o ­
g en e ity  in  m acroscop ic  d im ensions. Inho m o g en eities  o f  th e  sam e o rd e r  were 
d e te c te d  b y  J. F . W oods an d  C. Y . Ch en  [2], in  som e of th e ir  sam ples,
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Table I

Sample № 158/1 176 178/a 178/6 177

Dopant — Cr Cr Cr 0

Cond. type n n n n n

Rj-I cm 3/Asec  

T =  300 °K
75.0 10.1 5.3* 16.8* 3.9

Ull cm2/V sec  

T =  300 °K
3860 3700 2200 1800 1930

R p  cm 3/A sec  

T  =  77 °K
93.0 10.3 5.4* 17.6* 4.0

/ip  cm2/Vsec  

T  =  77 °K
3960 3300 1900 1250 1350

и cm -3  

T  =  300 °K
8 .3 X 1 0 16 6 .2 x  1017 1 .2 x  1018 3.8 X 1017 1.6 X 1018

N d cm -3 3 .5 x  1017 l.oxio18 2.4Х 1018 2 .3 x  1018 4 .3 X 1 0 18

N a c m - 3 2.6 X lO 17 0 .4 X 1 0 18 1 .2 x  1018 1.9X  1018 2.7 X lO 18

K n 0.7 0.4 0.5 0.8 0 .6

* Averaged values. Measured values show ed an inhom ogeneity, am ounting to 20 — 30 
per cent.

n o t in fluencing , how ever, th e ir  m easu rem en ts  of neg a tiv e  m ag n e to res is tan ce .
T he e lec tro n  co n cen tra tio n  as well as th e  donor an d  accep to r c o n c e n tra ­

tio n s can b e  d e te rm in ed  ap p ro x im a te ly  fro m  th e  room  te m p e ra tu re  H a ll 
coefficien t an d  th e  H all m o b ility  va lues in  th e  follow ing w ay . The e le c tro n  
c o n c e n tra tio n  an d  th e  H all coefficient a re  connected  th ro u g h  th e  e q u a tio n  
n =  г/еЯн, w here  r is th e  sc a tte r in g  fa c to r , th e  value of w h ich  was p u t  e q u a l 
to  1 a p p ro x im a te ly . T he e lec tro n  co n cen tra tio n s  e s tim a te d  in  th is  w ay  a re  
show n in T ab le  I  too .

T ak in g  in to  acco u n t th e  above m e n tio n e d  tw o sc a tte r in g  m echan ism s, 
th e  m easu red  m o b ility  can  be  w ritte n  in  th e  usual a p p ro x im a tio n  as fj~ 1 =  
=  /J.J1 -j- / ip 1, w here  fj,j an d  fip are  th e  e le c tro n  m obilities, cau sed  by  th e  tw o  
sc a tte rin g  m echan ism s sep a ra te ly . The b e s t  th eo re tica l v a lu e  fo r th e  m o b ility  
caused  b y  th e  sc a tte rin g  on p o la r op tica l phonons is fip =  9300 cm2/Vs [13], 
[14]. T his w as confirm ed b y  recen t m o b ility  m easu rem en ts  too  [15]. W ith  
th e  help  of th is  v a lu e  th e  m o b ility  caused b y  th e  sca tte rin g  o n  ionized im p u r ity  
a tom s can  b e  deduced  fo r each  sam ple. T h is  m ob ility  d ep en d s only on  th e  
e lec tro n  co n cen tra tio n , th e  F e rm i level a n d  th e  ionized im p u r ity  co n cen tra tio n , 
a n d  th u s  w ith  th e  help  o f th e  B rooks— H e rr in g  fo rm ula  (see e.g. [16], [17]) 
th e  co n c e n tra tio n  of ion ized  im p u rity  a to m s  can be d ed u ced . B ecause all 
im p u rity  a to m s are  ionized a t  room  te m p e ra tu re  th is  gives th e  to ta l  im p u r ity
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c o n cen tra tio n . K now ing  th e  e lec tron  an d  im p u r ity  c o n c e n tra tio n , th e  d o n o r 
an d  accep to r co n cen tra tio n s  a re  easily  o b ta in e d . T ab le  I  c o n ta in s  these v a lu e s  
to o  w ith  th e  com p en sa tio n  degree defined  as K n =  N a/Nd. All our sam p les  
are  co n sid e rab ly  co m p en sa ted , h u t  as we sh a ll see la te r , th e  undoped  sam p le  
d id  n o t e x h ib it neg a tiv e  m ag n e to re s is tan ce . B ecause o f th e  excep tionally  low  
m obilities m easu red  a t  77 ° K  in  sam ples N os. 178/a, 178/b an d  177 we ca n  
p resum e t h a t  th e  co m p en sa tio n  is caused  b y  th e  p resence  of th e  Cr a n d  О 
im p u ritie s , re sp ec tiv e ly . F o r  sam ple  No. 176 th e  role o f th e  Cr d o p an t c a n  be  
in fe rred  o n ly  in d irec tly , b y  com paring  th e  m ag n e to re s is tan ce  resu lts o f th e  
C r-doped sam ples.

I t  is w ell know n  th a t  Cr gives rise to  a deep accep to r level in GaAs [13], 
a t  0.81 eV below  th e  c o n d u c tio n  b an d  edge [18]. S tro n g  Cr doping p ro d u ces 
sem i-in su la tin g  GaAs [13], w ith  room  te m p e ra tu re  re s is tiv itie s  of th e  o rd e r of 
108 ohm cm  [18]. О -doping also  gives rise  to  high re s is tiv ity  sem i-in su la ting  
c ry sta ls  [13]. As we h av e  m en tio n ed  in  th e  second p a r t  o f th is  p ap e r, o u r 
sam ples w ere  on ly  s lig h tly  doped  w ith  Cr a n d  0 .  S tro n g e r  doping w ith  Cr 
p roduced  h ig h  re s is tiv ity  c ry s ta l, w ith  ro o m  te m p e ra tu re  resistiv ities o f  108 
ohm cm . W e h a v e  m easu red  th e  te m p e ra tu re  dependence  o f  re s is tiv ity  o f  tw o  
such  sam ples over th e  te m p e ra tu re  ra n g e  o f  290°— 400 °K  and  o b ta in e d  
ac tiv a tio n  energ ies of 0.825 a n d  0.81 eV, re sp ec tiv e ly , w h ich  are  in  good a g re e ­
m en t w ith  th e  ac tiv a tio n  en e rg y  m easu red  b y  G. A. A l l e n  [18]. T h is f a c t  
confirm s o u r a rg u m en ts  concern ing  th e  ro le  o f Cr im p u r ity  in  our m a g n e to ­
resis tan ce  sam ples.

T he c o n d u c tiv ity  an d  th e  H all coeffic ien t in  fu n c tio n  of th e  rec ip ro ca l 
te m p e ra tu re  fo r  som e of o u r  sam ples is sh o w n  in F ig . 1. T he H all m o b ility  
versus te m p e ra tu re  curves a re  p resen ted  in  F ig . 2. T he H a ll  coefficient v e r ­
sus te m p e ra tu re  curves fo r C r-doped sam p les  Nos. 178/a an d  178/b a n d  fo r 
О -doped sam p le  No. 177 a re  h o rizo n ta l, n o t show ing  th e  c h a ra c te ris tic  m ax im u m  
above 77 °K  w hich  was o b serv ed  in  C u-doped  re-type G aA s b y  О. V. E m e l y a - 
n e n k o  e t a h , [7] and  in  F e -d o p ed  re-type G aA s b y  B. S. L i s e n k e r  e t al. [8].

T ra n sv e rsa l m ag n e to resis tan ces  m easu red  a t  ro o m  te m p e ra tu re  in  th e  
u n d o p ed , in  a C r-doped a n d  in  th e  О -doped  sam ples a re  show n in  F ig . 3. 
T he m easu rem en ts  w ere p erfo rm ed  w ith  th e  m agnetic  f ie ld  p e rp en d icu la r to  
th e  p lane  w ith  d im ensions o f  12 X 2 m m . I n  acco rdance  w ith  o th e r  ex p e rim en ta l 
resu lts  [19], th e  tra n sv e rsa l m ag n e to re s is tan ce  h ad  n o t b een  changed  b y  r o t a t ­
ing  th e  sam p le  b y  90° a ro u n d  an  axis, p a ra lle l to  th e  le n g th  of th e  sam p le . 
This agrees w ith  th e  w ell-estab lished  m odel o f th e  co n d u c tio n  b and  o f G aA s 
h av in g  a sp h e rica l m in im um  in  th e  m id d le  o f  th e  B rillo u in  zone [13], [14]. 
I t  can  be seen  th a t  th e  m ag n e to re s is tan ce  h as  a q u a d ra tic  dependence o n  th e  
m ag n etic  f ie ld , w hich is a n a tu ra l  consequence of th e  fa c t t h a t  th e  m easu rem en ts  
w ere p e rfo rm ed  in  sm all m ag n e tic  fie ld , i.e . цнВ=и>ст: 1, w here coc is th e
cyclo tron  fre q u e n c y  an d  r  is th e  re la x a tio n  tim e  for e lec trons.

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



NEGATIVE MAGNETORESISTANCE 4 5 5

Fig. 1. C onductivity and H all coefficient vs reciprocal tem perature for undoped (N o. 158), 
О-doped (No. 177) and Cr-doped (N os. 178/a and 178/b) sam ples

Fig. 2. Hall m ob ility  vs tem perature for undoped (N o. 158), О-doped (N o. 177) and Cr-doped
(N os. 178/a and 178/b) samples

T ran sv e rsa l m ag n e to resis tan ce  m easu red  a t  77 ° K  in  th e  C r-doped  
sam ples are show n in  F ig . 4 , th e  sam e m e a su re d  on th e  О -doped  and  u n d o p e d  
sam ples are p resen ted  in  F ig . 5. W hile th e  u ndoped  sam p le  ex h ib its  n o rm a l 
po sitiv e  m ag n e to res is tan ce  w ith  q u a d ra tic  dependence on  th e  m agnetic  fie ld , 
th e  va lu e  of w h ich  is in  acco rd an ce  w ith  th e  p red ic tio n  b a se d  on th e  a ssu m p tio n  
t h a t  a t  such  low  te m p e ra tu re s  th e  s c a tte r in g  b y  ionized im p u ritie s  d e te rm in es 
th e  e lec tro n  m o b ility  as w as show n in  o u r  earlie r w ork  [17], th e  O- an d  Cr- 
doped  sam p les  show  an  anom alous n e g a tiv e  m ag n e to resis tan ce .
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Fig. 3. M agnetoresistance vs square o f  the m agnetic field  at room tem perature for undoped  
(N o . 158), О-doped (N o . 177) and Cr-doped (No. 178/b) sam ples

Fig. 4. M agnetoresistance o f Cr-doped sam ples at 77 °K  tem perature
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Fig. 5. M agnetoresistance of undoped (N o. 158) and  О-doped (N o. 177) samples a t 77 °K
tem perature

I n  th e  case of sam ple  N o. 177 w hich w as doped w ith  О th e re  is a v e ry  
sm all n eg a tiv e  m ag n e to res is tan ce  for m a g n e tic  fields be low  2500 G , th e  
m ag n itu d e  of w h ich  is h a rd ly  h ig h er th a n  th e  detection  l im it ,  b u t  its p resen ce  
w as estab lish ed  b ey o n d  d o u b t in  several in d e p e n d e n t ru n s  o f  th e  m easu rem en t. 
T h e  resu lts  o f m easu rem en ts  w ere in d e p e n d e n t of th e  p a ir  o f  p o ten tia l c o n ta c ts  
on w hich th e  m ag n e to res is tan ce  has been  d e tec ted , or o f  th e  ro ta tio n  o f  th e  
sam ple  a ro u n d  its  len g th  ax is w ith  90°.

O n th e  C r-doped  sam ples th e  n eg a tiv e  m ag n e to re s is tan ce  appeared  q u ite  
m ark ed ly , as show n in F ig . 4. The n e g a tiv e  m ag n e to resis tan ce  of sam p les  
N os. 178/a a n d  176 a fte r  th e  in itia l increase  w ith  th e  m a g n e tic  field re a c h e d  
its  m ax im u m  o r s a tu ra te d  a t  m o d era te  fie ld s  o f 4000— 6000 G, th en  its  t r e n d  
reversed  and  in  th e  case o f sam p le  No. 176 i t  tu rn e d  to  be p o s itiv e  above 6500 G. 
T he neg a tiv e  m ag n e to res is tan ce  o f sam ple N o. 178/b s a tu ra te d  a t  so m ew h at 
h ig h er fields. F o r  th ese  sam ples th e re  were occasionally  s lig h t b u t  n o t s ig n if ican t 
d ev ia tions b e tw een  th e  m ag n eto resis tan ces  m easu red  on th e  sam e sam ple  b u t  
on d ifferen t p a irs  o f c o n tac ts , o r a f te r  th e  ro ta t io n  of the  m a g n e tic  field b y  90°, 
p ro b a b ly  due to  th e  spurious inhom ogeneities o f  th e  sam ples a lre a d y  m en tio n ed . 
Such a case (N o. 178/a) is show n in  Fig. 4  to o .

I t  is m ore in te re s tin g  to  n o te  th a t  w h ile  th e  in itia l in c rea se  of n e g a tiv e  
m ag n eto resis tan ce  o f sam ples Nos. 176 a n d  178/b follows a  q u a d ra tic  d e p e n d ­
ence in  th e  m ag n e tic  fie ld  as d e m o n s tra te d  in  Fig. 6, w h e re  th e  in itia l p a r t
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Fig. 6. N egative  m agnetoresistance v s square of m agnetic  field in Cr-doped samples a t 77 °K
tem perature

Fig. 7. M agnetoresistance o f Cr-doped sample N o . 176/a at 3000 G auss vs tem perature

o f th e  m ag n e to resis tan ce  cu rv es  are show n  on  a lo g a rith m ic  scale, a t th e  sam e 
tim e  th e  m ag n e to re s is tan ce  o f  sam ple N o. 178/a exh ib its  a dependence o n  th e  
m ag n etic  f ie ld  w hich is n e a re r  to  th e  l in e a r . The n e g a tiv e  m ag n eto resis tan ce  
of О-doped  sam p le  No. 177 w as too  sm all to  draw  conclusions concern ing  its  
d ependence  on  th e  m ag n e tic  field .
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T h e te m p e ra tu re  dependence o f  m ag n e to res is tan ce  in  sam ple  No. 178/a is 
show n in  Fig. 7. A t a b o u t 120 °K  th e  sm all fie ld  m ag n e to re s is tan ce  changes its 
sign, an d  above th is  te m p e ra tu re  i t  tu rn s  to  be po sitiv e . F u r th e r , above 150 °K  
th e  m ag n e to res is tan ce  begins to  be p ro p o rtio n a l to  th e  sq u a re  o f th e  m agnetic  
fie ld , a n d  is n ea rly  in d ep en d en t of th e  te m p e ra tu re . This k in d  of te m p e ra tu re  
dependence  w as o bserved  b y  severa l au th o rs  in  GaAs an d  in  o th e r  c rysta ls
[2], [4].

Interpretation of m agnetoresistance results

T h e ch a rac te ris tic s  of neg a tiv e  m ag n e to res is tan ce  o b served  in  ou r com ­
p e n sa te d  « -ty p e  G aA s sam ples a t  77 °K  te m p e ra tu re  are  th e  sam e or v e ry  
s im ila r to  th e  c h a ra c te r is tic  fea tu res  o f n eg a tiv e  m ag n e to resis tan ce  a t  v e ry  
low  te m p e ra tu re  o bserved  b y  sev era l au th o rs  in  various m a te ria ls  inc lud ing  
GaAs [1], [2], [3], [4], [5], [6], [7]. O n ly  th e  u su a lly  occu rring  m ax im u m  on 
th e  H a ll coeffic ien t versus te m p e ra tu re  curves w as n o t p re se n t. W e suppose 
th a t  th is  is due to  th e  fa c t th a t  th e  v a lu es  of th e  H all coeffic ien ts are  too  low 
to  allow  to  d e te c t a sm all m ax im um , th e  ap p ea ran ce  o f w hich is less p ronounced  
for sm all values o f th e  H a ll coeffic ien t [5], [8].

O n th e  basis o f  th is  evidence w e a re  ju s tif ie d  to  suppose t h a t  th e  n eg a­
tiv e  m ag n e to re s is tan ce  observed  b y  us in  co m p en sa ted  n - ty p e  GaAs a t 77°K 
te m p e ra tu re  an d  above i t  is p ro d u ced  b y  th e  sam e cause, n am ely  b y  th e  
d o m in a n t role of im p u r ity  co nduc tion  in  th e  e lec tro n  tra n s p o r t  o f o u r sam ples. 
Now we shall p roceed  to  discuss tw o  in te rc o n n e c ted  questions. T he f irs t of 
th em  is th e  ex p lan a tio n  o f th e  ex istence  an d  c h a ra c te r is tic  fea tu re s  o f nega tive  
m ag n e to resis tan ce  o b served  in  our sam ples on th e  basis o f th e  v a rio u s m odels 
of im p u r ity  co n d u c tio n  p u t  fo rw ard  in  th e  l i te ra tu re , and  th e  second is how  
th e  occurrence of n e g a tiv e  m agn e to resis tan ce  a n d  im p u rity  co n d u c tio n  a t  77 °K  
an d  h ig h e r te m p e ra tu re s , w hich h as  b een  o b serv ed  up  to  now  on ly  a t  v e ry  
low te m p e ra tu re s  can  be explained .

A g rea t n u m b e r of th e o re tic a l [20], [21], [22], [23], [24], [25] and  
ex p erim en ta l [1], [2] investig a tio n s h a v e  show n t h a t  th e re  are  d iffe ren t ty p es 
of im p u r ity  co n d u c tio n  in  sem iconducto rs d ep en d in g  on th e  c o n c e n tra tio n  of 
im p u ritie s . A t low  im p u r ity  co n cen tra tio n s  th e  elec trons are  localized  a t  th e  
im p u rity  cen tres an d  e lec trica l co n d u c tio n  can ta k e  p lace th ro u g h  th e  occasional 
ju m p s o f th e  localized  e lectrons to  n e ig h b o u rin g  cen tres  (hopp ing), [21], w ith  
th e  assis tan ce  of phon o n s [26], if  th e re  are  n e a rb y  v a c a n t cen tres  caused  b y  
im p u r ity  com pensa tion . F o r in s tan ce , in  « -ty p e  Ge h o p p in g  co n d u c tio n  can 
ta k e  p lace  below  d o n o r co n cen tra tio n s  o f 1015—  10le c m “ 3 [27].

In c reas in g  th e  im p u rity  c o n c e n tra tio n  th e  e lec tron  w ave fu n c tio n s 
localized on d iffe ren t im p u rity  cen tres  begin  to  overlap  w ith  each  o th e r, and  
th e  loca liza tio n  o f e lec trons becom es obscured . T h e  energy  level o f im p u rities
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sp lits , a n d  th e  a c tiv a tio n  en e rg y  o f  charge  carrie rs  decreases w ith  increasing  
im p u r i ty  c o n c e n tra tio n  as o b serv ed  in  n -ty p e  Ge b y  J .  F . Le H ír  [27], b y  
P . D eby e  a n d  E. Conwell [28], a n d  in  re-type GaAs b y  О. V. E melyanenko 
e t  a l. [5] an d  b y  D. Y. E ddols e t al. [29]. A t th e  sam e tim e , b y  th e  overlap  
o f  im p u r ity  w ave fu n c tio n s a n  im p u r ity  b a n d  is fo rm ed  in  w hich th e  electrons 
b eco m e co m p le te ly  delocalized  a n d  can  m ove free ly  in  i t .  T he im p u r ity  b an d  
is se p a ra te d  fro m  th e  co n d u c tio n  (or valence) b an d  b y  an  energy  g ap  of th e  
o rd e r  of th e  io n iza tio n  en e rg y  o f  im p u ritie s , b u t  th is  se p a ra tio n  decreases 
w ith  in c reasin g  im p u rity  c o n c e n tra tio n . T he fo rm a tio n  o f im p u r ity  b an d  
ta k e s  p lace  in  re-type Ge b e tw een  1 x  1016 an d  2 X 1 0 17 c m -3 d o n o r concen­
t r a t io n s  [27].

A bove a c e r ta in  c ritica l c o n c e n tra tio n  w hich is a b o u t 2 x l 0 17 c m “ 3 for 
re-type Ge [27], [28] and  (1— 2) X 10le c m -3 fo r re-type GaAs [5], [29], th e  
a c tiv a tio n  en erg y  o f th e  im p u r ity  a to m s com plete ly  d isap p ears , a n d  a t  h igher 
co n c e n tra tio n s  th e  e lec trical re s is tiv ity  is a p p ro x im a te ly  in d e p e n d e n t of th e  
te m p e ra tu re . A t such  h igh im p u r ity  co n cen tra tio n s  th e  im p u rity  b a n d  an d  th e  
co n d u c tio n  b a n d  (or valence b an d ) m erge, an d  a new  ty p e  of ch a rg e  ca rrie r 
co n d u c tio n , th e  m eta l-like  co n d u c tio n  of d eg en era te  e lec tro n  gas d om ina tes 
th e  ch arg e  c a rr ie r  t ra n s p o r t  m ech an ism  [1], [27].

T he tra n s i t io n  to  th is  m e ta l-lik e  e lec tron  co n d u c tio n  in  th e  im p u rity -  
b a n d  is o b serv ed  a t  im p u r ity  co n cen tra tio n s  w here  th e  in te ra to m ic  d istance  
b e tw e e n  m a jo r ity  im p u ritie s  is a b o u t 2.5 tim e  th e  effective B o h r ra d iu s  of th e  
h y d ro g en -lik e  im p u r ity  a to m s [1]. T h is o b se rv a tio n  is in  good ag reem en t w ith  
th e  e stim a tio n s  o f N. F . M o t t  [20], [30].

A ccord ing  to  W. Sasaki [1], a n d  to  J .  F. Woods an d  C. Y . Chen [2], 
th e  v a rio u s  o b serv a tio n s o f  n e g a tiv e  m ag n e to resis tan ce  a t  4.2 °K  w ere all 
m a d e  in  th e  im p u r ity  co n d u c tio n  ran g e  of dopings an d  am ong th e  various 
m a te r ia ls  a ll th e  th re e  ranges o f  im p u r ity  co n d u c tio n  are rep re sen ted . N o tab ly  
in  th e  case o f  G aA s all th e  th re e  ran g es w ere observed  in  [1], [2], [5] an d  [6].

T he v a rio u s  possible m ech an ism s g iv ing  rise to  n eg a tiv e  m ag n e to resis tan ce  
w ere  b rie fly  an a ly zed  by  J .  F . W oods an d  C. Y . Chen [2]. A ccord ing  to  th em  
i t  seem s to  be  on ly  tw o  possib le  k in d s  o f m echan ism s w hich  could  a cco u n t for 
n e g a tiv e  m ag n e to res is tan ce  in  th e  im p u rity  co n d u c tio n  range. E ith e r  th e  
m a g n e tic  fie ld  gives rise to  a re d is tr ib u tio n  of charge  carrie rs  am ong  d iffe ren t 
en e rg y  s ta te s  h a v in g  d iffe ren t c a rr ie r  m o b ility , o r th e  m ag n etic  fie ld  increases 
th e  m o b ility  o r hop p in g  p ro b a b ili ty  o f  e lectrons. I t  is n o t n ecessary  fo r these  
m ech an ism s to  be  m u tu a lly  exclusive , b u t  i t  is p ro b ab le  t h a t  in  th e  d iffe ren t 
ran g es  o f im p u r ity  co n d u c tio n  (i.e. h o p p in g  co n d u c tio n , tra n s it io n  ran g e  an d  
im p u r ity  b a n d  conduction) d iffe re n t m echan ism s shou ld  p la y  th e  le ad in g  role.

A s w as show n b y  R . J .  Sladek an d  R . W . K eyes [31], a n d  b y  N. 
Mikoshiba [32], th e  m ag n etic  fie ld  reduces th e  m o b ility  or hop p in g  p ro b a b ility  
in  th e  h o p p in g  (or tra n s itio n ) reg ion , due to  th e  sh rin k ag e  of w ave func tions

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



NEGATIVE MAGNETORESISTANCE 46 1

of im p u ritie s  th u s  red u c in g  th e  o rb ita l  overlap . To in te rp re t th e  re su lts  of 
m easu rem en ts  in  th is  ran g e  i t  seem s in ev itab le  to  p o s tu la te  a m odel w ith  
energy s ta te s  h av in g  d iffe ren t m ob ilities in  o rder to  acco u n t for th e  observed  
neg a tiv e  m ag n e to res is tan ce , a t  le a s t in  th e  absence o f im p u rity  b a n d  co n d u c­
tio n  [2]. A ccording to  J .  F. Woods a n d  C. Y. Chen  [2], th e  general c h a ra c te r  
o f th e  m ag n e to re s is tan ce  observa tions is co n so n an t w ith  a tw o en erg y  s ta te  
m odel o f im p u rity  co n d u c tio n , in  w h ich  th e  en erg y  difference b e tw een  th e  
tw o s ta te s  is reduced  b y  th e  ap p lica tio n  of a m ag n e tic  fie ld  th u s  increasin g  
th e  o ccu p a tio n  p ro b a b ili ty  of th e  h ig h e r  energy  s ta te s  w hich p re su m ab ly  h av e  
a h igher m o b ility  th a n  th e  g round s ta te s  due to  th e  g re a te r  o rb ita l o v erlap  of 
w ave fu n c tio n s. A co m p e tin g  process w ou ld  be th e  re s tr ic tio n  of o rb ita l overlap  
as show n b y  R . J .  Sladeic and R . W. K eyes [31] th u s  th e  re sis tan ce  change 
w ould be  th e  ou tcom e o f th e  resu lts o f th e  in fluence  of tw o  com peting  processes. 
This m odel was p u t  fo rw ard  by  J .  F. W oods an d  C. Y . Chen [2], w hen  in te r ­
p re tin g  th e ir  m easu rem en ts  of n e g a tiv e  m ag n e to resis tan ce  o f n- an d  p - ty p e  
GaAs a t  liq u id  Fie te m p e ra tu re s , w hich  in  low  m ag n e tic  fie ld  was a p p ro x im a te ly  
linear in  th e  field , in  c o n tra s t w ith  o th e r  o b se rv a tio n s, w here a q u a d ra tic  
dependence was fo u n d  in  a wide ran g e  o f im p u rity  co n cen tra tio n s  [1], [5], [6].

A tw o -s ta te  m odel w ould, in  g enera l, p re d ic t a v a r ia tio n  o f th e  H all 
coefficient w ith  th e  m ag n e tic  field . H ow ever, since th e  H all effect w as n o t 
m easu red  in  th e  h o p p in g  region so fa r  th is  p re d ic tio n  could  n o t be  v e rified  
[2]. T he tw o -s ta te  m odel in  princip le  cou ld  be ap p lied  to  th e  im p u rity  b a n d  
conduction  region to o  b u t  in th is  ran g e  in  n -ty p e  GaAs no sign ifican t v a r ia tio n  
o f th e  H a ll coeffic ien t w ith  th e  m a g n e tic  fie ld  could  be found  [2], [33]. 
W e shou ld  like to  n o te  t h a t  in  our m easu rem en ts  to o  a v a r ia tio n  o f th e  H all 
coefficient w ith  th e  m ag n e tic  field w as n o t  d e tec ted .

T he on ly  successfu l m odel o f  m o b ility  in c rease  m echan ism  w as p u t  
fo rw ard  b y  Y . Toyozawa [22], [23], w hich  can  acco u n t fo r th e  n eg a tiv e  
m ag neto resistance  in  th e  im p u rity  b a n d  an d  m e ta llic  co nduc tion  reg ion  [1], 
b u t  i t  is in cap ab le  to  exp la in  th e  fe a tu re s  of n e g a tiv e  m ag n e to res is tan ce  in  
th e  h o p p in g  co n d u c tio n  region. A ccord ing  to  th is  m odel th e re  ex is t localized  
m agnetic  m om ents in  th e  cry sta l, w h ich  obey  a C urie— W eiss-type  law , and  
th e  m ag n e tic  sc a tte r in g  of th e  e lec trons m oving  in  th e  im p u rity  b a n d  b y  
these  localized  m ag n e tic  m om ents re su lts  in  th e  n e g a tiv e  m ag n e to resis tan ce . 
F o r h ig h ly  doped (n -ty p e) sem iconducto rs i t  is be lieved  th a t  th e  m ag n e tic  
m om ents causing  th is  b eh av io u r are  th e  sp ins of e lec trons sem ilocalized  a ro u n d  
th e  donor im p u rities  [22], [23].

A ccord ing  to  th is  m odel som e im p u r ity  a tom s (donors in n -ty p e  sem i­
conductors) are close enough  to  each  o th e r  so t h a t  th e  electron ic  s ta te s  fo rm  
an  im p u rity  b an d . C onduction  is v ia  e lec trons in  th is  b a n d  an d  is lim ite d  b y  
th e  sc a tte r in g  of e lec trons. D ue to  th e  ran d o m  d is tr ib u tio n  of im p u ritie s , 
how ever, som e im p u ritie s  are fa r  en o u g h  from  each  o th e r fo r th e  e lec trons
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to  be localized  a ro u n d  th e m  m ost o f th e  tim e , g iv ing  rise to  localized  m agnetic  
m o m en ts  a ro u n d  th e  im p u rity  a to m s, w hich  in te ra c t  w ith  th e  o th e r  e lectrons, 
th u s  causing  a sc a tte rin g  o f charge  carrie rs  in  th e  im p u rity  b a n d . I n  m agnetic  
fie lds th e se  m ag n e tic  m om en ts  becom e aligned  an d  th e  a m o u n t o f  sc a tte rin g  
cau sed  b y  th e m  w ill be red u ced , an d  th e  re s is tiv ity  will decrease. T h e  re s is tiv ity  
ch an g e  is a p p ro x im a te ly  p ro p o rtio n a l to  th e  sq u are  of th e  average  m ag n e tiza ­
tio n  of th e se  im p u ritie s , i.e.

Де
2o

e ( B )  -  e(Q) 
e(0)

~  — <m>2,

w here  <m) is th e  average m a g n e tiza tio n  [22], [23]. F o r sm all an d  large  m agnetic  
fie ld s, re sp ec tiv e ly , th is  y ields

е(Д) -  g(Q)
2( 0 )

0 ( B )  -  Q ( 0 )  

2( 0 )
=  const.

(for sm all B) ,

(for large B ) ,

w h ere  fi is th e  m ag n e tic  m o m en t localized  in  th e  im p u ritie s  [22], [23]. T he 
basic  fe a tu re s  of th is  m odel, i.e. th e  q u a d ra tic  dependence  of th e  neg a tiv e  
m ag n e to re s is tan ce  a t  th e  low est fie lds, s a tu ra t io n  in  larger fie ld s, and th e  
increase  of th e  n eg a tiv e  m ag n e to re s is tan ce  w ith  decreasing  te m p e ra tu re  are all 
in  good ag reem en t w ith  th e  b u lk  o f  th e  e x p e rim e n ta l d a ta  [1], [5], [6], [22], 
[23]. B ecause  th e  localized  m ag n e tic  m o m en ts  o bey  a C urie— W eiss-type  law , 
th e  te m p e ra tu re  dependence  of th e  n eg a tiv e  m ag n e to re s is tan ce  in  th is  m odel 
a t  low te m p e ra tu re s  is th e  fo llow ing, [22], [23]

Q(B)  -  e(0) _______L_
o(0) (Т  +  &Г '

T h e  c o n s ta n t 0  appears due to  th e  coupling  b e tw een  th e  m ag n e tic  m om en ts, 
an d  its e x p e rim e n ta l values are  po sitiv e , o f th e  o rd er o f 1— 2 °K , show ing an  
a n tife rro m a g n e tic  in te ra c tio n  b e tw een  th e  localized  m ag n etic  m om en ts [1],
[6], [22], [23].

In  o u r sam ples th e  donor co n cen tra tio n s  of Cr- and  О -doped  sam ples 
w ere in  th e  ran g e  o f Nd =  (1— 2.4) X 1018 c m “ 3, so th e  average  d is tan ce  betw een  
th e  donor im p u ritie s  is rd =  (3/IjrTVd)1 3 =  (0 .45— 0 .6 5 ) x l0 ~ 6 cm , w hile th e  
effec tive  B o h r rad iu s  is гв =  а0егт 01т+ =  0.85 X lO -6 cm w ith  a 0 =  Ä2/m 0e2 
a n d  w ith  er =  11.5 and  m j m 0 =  0.072 [14]. T h u s th e  average  d is tan ce  be tw een  
th e  d onor im p u ritie s  is of th e  o rd e r of th e  effec tive  B ohr rad iu s , th ere fo re  our 
sam ples are  all in  th e  m e ta l-like  im p u rity  b a n d  co nduction  ran g e  [1], [20], 
w here  th e  m odel of th e  localized  m ag n e tic  m om en ts b y  Y. T o y o z a w a  [22], 
[23] can  be  ap p lied  [1].
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T he resu lts  o f our m easu rem en ts  of n e g a tiv e  m ag n e to resis tan ce , i.e. th e  
q u a d ra tic  fie ld  dependence  o bserved  in  th e  C r-doped  sam ples, th e  sa tu ra tio n  
a t  m o d era te  fie ld s, th e  steep  decrease  of th e  n eg a tiv e  co m p o n en t w ith  in c rea s­
ing  m ag n e tic  fie ld , all agree well w ith  th e  p re d ic tio n s  of Y. T o y o z a w a ’s m odel. 
T h is in te rp re ta tio n  o f th e  resu lts  fo r  th e  C r-doped  sam ples h a s  been  a lread y  
p u t  fo rw ard  b y  us in  [9] w ith o u t d e ta iled  an a ly s is .

O n the basis of the formalism developed by Y. Toyozawa in [23] we 
can estimate the average magnitude of the magnetic moments localized on the 
impurities, using the measured values of th e weak field negative magneto­
resistance, and of the saturation value of the magnetoresistance. W e can make 
only a very crude estimation because the saturation value of the negative 
magnetoresistance is not very well determined, due to the presence of the 
common positive component of the magnetoresistance. On the other hand, the 
impurity concentration in our samples is som ewhat greater than the impurity 
concentrations for which Y. Toyozawa’s model was originally applied [23], 
and the strong compensation of our samples can reduce the reliability of 
this analysis.

F o r th e  localized  m agnetic  m om ents o f  th e  im p u rity  cen tres  we go t 
va lues o f th e  o rd e r o f 2— 3 B ohr m ag n e to n . T h ese  values seem  to  be in  good 
ag reem en t w ith  o th e r  resu lts  [23]. T his an a ly s is  applied  to  o th e r  cases gave 
values for th e  m ag n e tic  m om ents o f  th e  o rd e r o f  5— 10 B o h r m ag n e to n  [22], 
[23]. In  his m odel th is  g rea t v a lu e  was e x p la in e d  by  Y. T o y o z a w a  [23], as 
being  th e  re su lt o f th e  s ta tis tic a l d is tr ib u tio n  o f th e  m ag n e tic  m om ents of 
localized spins due to  th e ir  co llective n a tu re . A ccording to  Y . T o y o z a w a  on 
th e  one h an d , th e y  are  caused b y  th e  elec trons w hich are c o n s ta n tly  e n te rin g  
an d  leav ing  th e  m ag n etic  sites, a n d  on th e  o th e r  han d , th e  su rro u n d in g  n o n ­
m agnetic  sites m ak e  an  ad d itio n a l c o n tr ib u tio n  to  th e  m ag n e tic  m om ents. 
In  o u r sam ples i t  is possible th a t  th e  m ag n e tic  m om ents of th e  Cr im p u rities  
too  p lay  a role in  d e te rm in ing  th e  in te ra c tio n  o f  electrons w ith  th e  localized 
m ag n etic  m om ents.

T he re s is tiv ity  in  th e  m e ta l-like  im p u r ity  b a n d  was e s tim a te d  b y  N. F . 
M o t t  and  W. D. T w o s e  [20]. T h e  co n d u c tio n  electrons fo rm  a d egenera te  
e lec tron  gas w ith  th e  sam e d e n s ity  of s ta te s  effective m ass as th a t  o f th e  
co nduc tion  b a n d  e lectrons [1]. F o r a d eg en era te  F erm i gas th e  co n d u c tiv ity  is

ne2 l
a = --------• ,

vm t

w here  l an d  v a re  th e  m ean  free p a th  and th e  e lec tro n  velo c ity  a t  th e  su rface 
o f F erm i d is tr ib u tio n . F o r deg en era te  e lec tron  gas we have th e  fo rm ula

h
=  2 л 3n ] 1'3

8 л
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S upposing  th a t  th e  m ean  free p a th  can  be  w ritte n  as

l =
,1 /3

w here  p  is th e  n u m b e r of in te ra to m ic  d is tan ces  on a m ean  free p a th . C om bin ing  
th e se  expressions we g e t fo r th e  c o n d u c tiv ity

n i/3  e i  p

Tin
n 1/2

T h ese  fo rm u las  w ere ap p lied  b y  N . F . M o t t  an d  W . D . T w o s e  [20] to  th e  
case o f re-type Ge w ith  donor co n c e n tra tio n s  b e tw een  2 X 1017 and  4 X 1019 c m -3 
a t  liq u id  H e te m p e ra tu re s , an d  th e y  h a v e  go t an  e lec tro n  m ean  free p a th  w hich 
w as n e a rly  c o n s ta n t in  th e  w hole ran g e  o f im p u rity  co n cen tra tions.

W e h a v e  ap p lied  th is  m odel to  o u r  Cr- an d  О -doped  sam ples a n d  th e  
re su lts  a re  show n in  T ab le  I I .  T he red u ced  F erm i levels £ =  E f /IcT  w h ich  are 
also show n in  T ab le  I I  w ere e v a lu a te d  w ith  th e  a ssu m p tio n  th a t  th e  d e n s ity  
o f  s ta te s  in  th e  m e ta l-lik e  im p u rity  b a n d  is th e  sam e as in  th e  co n d u c tio n  
b a n d  [1], to  show  th a t  in  o u r sam ples a t  77 °K  th e  e lec tro n  gas is rea lly  d egene­
r a te . E x c e p t fo r sam ple  No. 178/b we can  see th a t  th e  m ean  free p a th  does n o t 
d ep en d  s tro n g ly  on  th e  e lec tro n  donor c o n cen tra tio n s . A p p a ren tly  th e  a s su m p ­
tio n  concern ing  th e  d egeneracy  does n o t  h o ld  fo r sam p le  No. 178/b.

O ur la s t  ta s k  is to  ex p la in  th e  occurrence o f m e ta l-like  im p u r ity  h an d  
co n d u c tio n  an d  o f th e  n eg a tiv e  m ag n e to res is tan ce  in  o u r sam ples a t  re la tiv e ly  
h ig h  te m p e ra tu re s  (77 °K  an d  above). T h e  fa c t t h a t  o u r  sam ples w ere s tro n g ly  
c o m p en sa ted , p re su m a b ly  p lay s a s ig n ifican t role in  th e  fo rm atio n  o f im p u r ity  
b a n d  a t  h ig h e r te m p e ra tu re  th a n  in  o th e r  cases. A cco rd ing  to  0 .  Y. E m e l y a - 

n e n k o  e t ah , [7], in  th e ir  re-type G aA s sam ples w h ich  w ere doped  w ith  Cu 
d iffusion , th e  s tro n g  co m p en sa tio n  p ro d u ced  re la tiv e ly  h ig h  co n cen tra tio n s  of 
im p u ritie s  w ith  low er co n cen tra tio n s o f charge  c a rr ie rs , th u s  giving r ise  to  th e  
fo rm a tio n  o f im p u r ity  b a n d  a t  h ig h er te m p e ra tu re s  t h a n  i t  is usual. T h e  sam e 
is th e  case w ith  o u r Cr- an d  О-doped  a n d  s tro n g ly  co m p en sa ted  sam p les , w here 
th e  m eta l-lik e  co n d u c tio n  m echan ism  show s th a t  th e  co n d u c tio n  an d  im p u r ity  
b a n d s  m erged , an d  m o st p ro b a b ly  w ith  th e  sam ples o f  B . S. L i s e n k e r  e t ah, 
[8], h av in g  Fe as th e  co m p en sa tin g  im p u rity .

I t  is v e ry  in te re s tin g  to  n o te  t h a t  u n til  now  th e  fo rm atio n  o f  im p u r ity  
b a n d  an d  th e  presence  of n eg a tiv e  m ag n e to re s is tan ce  a t  re la tiv e ly  h igher 
te m p e ra tu re s  (77 °K  an d  above) h av e  b e e n  observed  o n ly  in  h igh ly  co m p en sa ted  
re-type G aA s, w ith  co m pensa ting  im p u ritie s  h av in g  deep  energy levels . As we 
h a v e  m en tio n ed  Cr c rea tes  deep acc e p to r levels in  G aA s w ith  energy  level of 
0.81 eV below  th e  co n d u c tio n  b a n d  edge, F e c rea tes  deep  accep to rs to o  w ith
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energy  leve l m ost p ro b a b ly  a t  0.52 eV b u t  a t  th e  sam e tim e  a n o th e r  level of 
0.37 eV w as observed  to o  [18]. I t  seem s th a t  th e re  a re  m ore  th a n  one deep 
accep to r levels a sso c ia ted  w ith  th e  Cu im p u rity  [34], and  th e  accep to r level 
co n n ec ted  w ith  th e  О im p u rity  lies a b o u t in th e  m idd le  of th e  fo rb id d en  b an d  
a t  0.63 eV above th e  valence  b a n d  edge [35].

Table II

Sam ple No
er

Q ~ 1 cm ~1
n

cm -3 p
l

cm C

176 323 6.1X 1017 48.8 58х 10-6 5.3
178/a 358 1.2x 1018 43.3 4 1 x l 0 - 6 8.3
178/6 71 З .бхЮ 17 12.9 18X IO"6 3.6
177 337 1.6X 1018 37.1 32 x 1 0 -« 10.2

F in a lly  we w ould  like to  p o in t o u t th a t  in  th e  co m p en sa ted  sam ples th e  
m o b ility  a t  77 °K  is u su a lly  ex cep tio n a lly  low as observed  in  o u r sam ples 
Nos. 177, 178/a an d  178/b and  th e re fo re  th e  n o rm a l positive  co m p o n en t of 
th e  m ag n e to re s is tan ce  is v e ry  low  to o , an d  c a n n o t m ask  th e  n o t  to o  s tro n g  
n eg a tiv e  m ag n e to resis tan ce .
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ОТРИЦАТЕЛЬНОЕ МАГНЕТОСОПРОТИВЛЕНИЕ В КОМПЕНСИРОВАННОМ 
АРСЕНИДЕ ГАЛЛИЯ п -ТИПА ПРИ ТЕМПЕРАТУРЕ 77 °К

Б. ПЭДЭР 

Р е з ю м е

Магнетосопротивление в сильно компенсированном арсениде галлия п -типа с 
примесью хрома и кислорода было измерено при температуре 77 °К. Концентрация 
электронов при комнатной температуре находилась в пределах от 3 ,8хЮ 17 до 1,6хЮ 18 
см-3. При слабых магнитных полях отрицательное магнетосопротивление было обнару­
жено при температуре жидкого азота. Было показано, что поведение этого аномального 
отрицательного магнетосопротивления очень похоже на то, которое было обнаружено 
в сильно дегивованных полупроводниках при гелиевых температурах. Отрицательное 
магнетосопротивление было пропорционально квадрату магнитного поля при слабых 
полях, и показало насыщение при полях 4000—6000 гаусс. Для объяснения обнаружен­
ного эффекта было предположено, что главным механизмом переноса носителей тока в 
наших образцах является металлическая проводимость в примесной зоне.

Было показано, что обнаруженные характерные черты отрицательного магнето- 
сопротивления совместимы с моделью рассеяния электронов на локализированных маг­
нитных моментах в примесной зоне. Из экспериментальных данных среднее значение 
локализированных моментов составляет порядка 2—3 магнетона Бора.

Было высказано предположение, что сильная компенсация может играть сущест­
венную роль в формировании, примесной зоны при температурах 77 °К и выше.
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ON THE NUMERICAL SOLUTION 
OF HARTREE-FOCK EQUATIONS 

INDEPENDENT OF COUPLING SCHEME*
B y

R. Karazija, P. B ogdanovicius and A. J xjcys
IN ST IT  U TE OF PHYSICS AND MATHEMATICS O F T H E  ACADEMY OF SCIEN CES, LIT H U A N IA N  SSR,

V ILN IU S, L IT H U A N IA N  SSR

(Received 10. II I . 1969)

The solution of Hartree— Fock equations b y  a numerical m ethod on com puters, type  
BESM , is described. The m inim ization of the in p u t inform ation is reached by using th e  equa­
tions independent o f coupling schem e and the un iversal potential fie ld  for obtaining th e  initial 
radial wave functions. The results obtained are com pared w ith those evaluated  from  the solu­
tions o f conventional Hartree— Fock equations.

1. In tro d u c tio n

A p ro p e r th e o re tic a l in v e s tig a tio n  o f atom ic p ro p e rtie s  is possib le  only 
w hen  ra d ia l w ave fu n c tio n s are av a ila b le . These a re  o b ta in e d , in  th e  m ain , 
from  tra d itio n a l H a rtre e — F o ck  eq u a tio n s . Som etim es im p ro v ed  m e th o d s , e.g. 
m u lti-co n fig u ra tio n  a p p ro x im a tio n , e x te n d e d  m ethod  o f ca lcu la tio n , in co m p le te  
sep a ra tio n  o f v a riab les, a n d  o th e r m e th o d s  are used. H ow ever, th e se  la t te r  
m eth o d s are  app lied  on ly  fo r ra th e r  s im p le  cases. C onsequen tly , th e  tr a d itio n a l 
H a r tre e — F o ck  rad ia l w ave functions re m a in  th e  b e s t av a ilab le , espec ia lly  as 
concerns m an y -e lec tro n  a to m s. F o r th is  reason  th e y  a re  v e ry  w idely  u sed  a t 
p resen t an d  th e  so lu tion  o f H a r tre e — F o c k  equations is th e  prob lem  o f to -d a y .

T he m e th o d  of n u m erica l so lu tio n  o f  H a rtre e — F o c k  equ a tio n s h a v e  been  
e lab o ra ted  m ain ly  by F ock, P etrashen [1] and  Hartree [2]. T he d ev e lo p ­
m en t of m odern  co m p u tin g  tech n iq u es p ro v id es  new possib ilities  for o b ta in in g  
th e  co rrespond ing  so lu tions in  an  easy  w ay . V arious p ro g ram m es b y  d iffe ren t 
a u th o rs  fo r ca rry in g  o u t th e  co rresp o n d in g  ca lcu la tions h a v e  been  com piled , 
an d  th e  ta b u la tio n  of n u m erica l fu n c tio n s  h as  g rad u a lly  b een  given u p . T h e re ­
fore, e ffo rts  are  m ade to  d raw  up  p ro g ram m es su itab le  fo r  an y  a to m  in  an y  
s ta te  in  o rd er to  provide fo r an y  p ro b lem  to  be solved b y  th e  w ave fu n c tio n s .

A t th e  p resen t tim e  p rog ram m es fo r num erica l so lu tio n  of H a r tr e e — 
Fock  eq u a tio n s  have  b een  given b y  W orsley [3], R idley  [4], P iper  [5], 
Ivanova e t  al. [6], B ratsev [7], Herman and  Skillman [8], F roese [9, 10], 
Mayers an d  O’B rien [11] a n d  b y  o th e rs . Besides th is  th e  m e th o d  of an a ly tic a l 
so lu tio n  o f H a r tre e — F o ck  equ a tio n s [12] is w idely u sed  as well. As fa r  as we

* D edicated to Prof. P. G o m b á s  on his 6 0 th  birthday.
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are  dealing  w ith  th e  m ethods o f n u m erica l so lu tio n  we give no fu r th e r  references 
on th is  la s t  v e ry  in te re s tin g  a p p ro ach  in th is  p a p e r .

T he process o f so lu tio n  o f H a r tre e — F o ck  eq u a tio n s is r a th e r  com plica ted  
even  fo r p ow erfu l co m p u tin g  m ach ines. F o r  th is  reason  s im plifica tions a re  
som etim es u sed  to  fa c ilita te  th e  n u m erica l p ro ced u res . T h is is achieved b y  
n eg lec ting  th e  n o n -d iag o n a l L ag ran g e  m u ltip lie rs , as is d one  in  [7], or b y  
rep lac ing  th e  exchange  te rm s  b y  a m ore sim ple expression , as is done in  [8], 
an d  so on.

In  th is  p a p e r  we describe th e  m ethod  o f so lu tio n  of H a r tre e — Fock e q u a ­
tions in  w h ich  th e  sim p lifica tio n  is ach ieved  b y  solving th e  co rrespond ing  
eq u a tio n s in d e p e n d e n t of co u p lin g  schem e in s te a d  of a c c u ra te  H a rtre e — F o c k  
eq u a tio n s  a n d  b y  th e  use o f  th e  un iv ersa l p o te n tia l  for e s tim a tin g  th e  in itia l 
o n e-e lec tron  ra d ia l  w ave fu n c tio n s . Such a n  ap p ro ach  allow s th e  “ in p u t”  
in fo rm atio n  to  be  m in im ized  considerab ly .

In  th e  n e x t  tw o  Sections w e describe th e  H a r tre e — F o ck  equ a tio n s in d e ­
p e n d e n t o f th e  coup ling  schem e an d  th e  u n iv e rsa l p o te n tia l, co rrespond ing ly . 
I n  S ection  4 we in d ica te  th e  m e th o d s  of n u m erica l ca lcu la tio n s and  in  S ec tion  
5 we p re se n t an d  discuss th e  re su lts  for N e l l .

2 . H artree—Fock equations independent o f the coupling scheme

T he so lu tio n s of H a r tre e — F ock  e q u a tio n s  for each  te rm  of a g iv en  
c o n fig u ra tio n  is ra re ly  done, because  i t  req u ires  a g rea t n u m b e r  of o p era tio n s. 
T herefo re , i t  is u su a l to  so lve th e  equ a tio n s e ith e r  for th e  “ cen tre  of g ra v ity ”  
o f  th e  c o n fig u ra tio n  or fo r one p a r tic u la r  te rm  of th e  co n fig u ra tio n  u n d e r  
co n sid e ra tio n . T h e  so lu tions so o b ta in ed  are  u sed  to  e v a lu a te  th e  p h y s ica l 
q u a n titie s  to  b e  ca lcu la ted .

T he m o d ifica tio n  o f H a rtre e -—F ock  e q u a tio n s  we sh a ll use are th o s e  
eq u a tio n s w h ich  do n o t d ep en d  on p a r tic u la r  coupling  schem e, i.e ., th e  e q u a ­
tions a re  q u ite  s im ila r to  th o se  p roposed  b y  J ucys and  V izbaraite [13] a n d  
a re  o b ta in e d  b y  m ak in g  th e  fu n c tio n a l s ta t io n a ry  w hich is e q u a l to  th e  en e rg y  
expression  w ith  all in te ra c tio n s  depend ing  on  te rm s o m itte d . Such te rm s , 
besides m a g n e tic  in te ra c tio n s , a re

I . T h e  n o n -sp h erica l p a r t  of th e  d irec t e le c tro s ta tic  in te ra c tio n  b e tw een  
elec trons be lo n g in g  to  th e  sam e incom plete  shell.

I I .  T h e  n o n -sp h erica l p a r t  of th e  d ire c t e le c tro s ta tic  in te ra c tio n  b e tw e e n  
e lectrons belo n g in g  to  d iffe re n t incom plete  shells (w hen one or b o th  shells  
a re  co m p le te  th is  p a r t  v an ish es).

I I I .  T h e  n o n -sp h erica l exchange e le c tro s ta tic  in te ra c tio n  b e tw een  e lec tro n s 
belong ing  to  d iffe ren t in co m p le te  shells, u n d e r  th e  co n cep t o f th e  shell b e in g  
u n d e rs to o d  th e  g roup  of e lec tro n s w ith  th e  sam e se t of q u a n tu m  num bers nl.
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U n d er these  c ircu m stan ces in te g ra ls  F k(nl, nl) (k >  0) and  Gk(nl ,n'l ') 
are  p a r tia lly  neg lected , in teg ra ls  F k(nl, n'V) (к 0, n 'l '  ^  nl) are all o m itte d , 
nl and  n ' l ’ belonging to  th e  incom ple te  shells. T hen  we are  le ft w ith  th e  ex p re s­
sion (in a tom ic  u n its  of Hartree [2])

E  =  2  К /  I(nl)  +  JVnf(iVn,- 1)- Fb(nl, nl) -
n i  I 2

— _>’(Z||C<k>pZ)2 Fk (nl, nl) +
4 Z + 2  k> о

+  N n, y ' N n , - F0(nl, n' Г)
n'l'

У 'S' N r.r
4 Z +  2 nw' 1 “  2Z' +  ]

(Z||C(k)||Z/)2Gk(raZ,re'Z')l,

( 1 )

w hich is to  be m ade s ta t io n a ry  b y  F o c ic ’s v a ria tio n  m e th o d  [14].
Nni in  (1) denotes th e  n u m b e ro f  e lec trons in th e  shell ch a rac te rized  b y  th e  

q u a n tu m  num bers nl. T h e  p rim e to  th e  su m m atio n  sy m b o l show s th a t  n 'l '  — nl 
is to  be excluded  from  th e  su m m atio n . T h e  rad ia l in te g ra ls  I ,  F k a n d  Gk are 
defined accord ing  to  Hartree [2]. (Zj|C('/‘->| jZ) is th e  red u ced  m a trix  e lem en t of 
th e  sp herica l harm onic  as defined  b y  Racah [15]. I t s  num erica l v a lu es  can 
be found  in  A ppend ix  6 o f [16].

T he fu n c tio n a l (1) coincides w ith  th e  expression fo r th e  energy n o t in v o lv ­
ing  m ag n e tic  in te rac tio n s  w hen  only one e lec tron  is p re se n t ou tside  th e  com ple te  
shells or one e lectron  is m issing as w ell as w hen  th e  co n fig u ra tio n  co n ta in s  th e  
com plete  shells only. T h e  d ev ia tio n  fro m  th e  energy increases w ith  increasing  
n u m b er o f e lectrons in  p a r tia lly  filled  shells and  increasin g  n u m b er o f m issing  
e lectrons in  a lm ost closed shells. This is t ru e  for th e  h ig h e s t and  low est energy  
levels, because  th e  fu n c tio n a l u n d e r c o n sid e ra tio n  is u su a lly  n o t fa r  fro m  th e  
th e  “ cen tre  of g ra v ity ”  o f  a given co n fig u ra tio n . T his la s t  involves th e  ra d ia l 
in teg ra ls  rep resen tin g  th e  dependence  on  th e  coupling  schem e m o stly  w ith  
sm all coefficients and  do n o t m a tte r  v e ry  m uch. A bsence of th ese  in te g ra ls  
in  our fu n c tio n a l m akes i t  m ore c o n v e n ie n t fo r ca lcu la tio n .

W hen  app ly ing  th e  F ock v a r ia tio n  m eth o d  [14] to  (1) su p p lem en ted  by  
L agrange m ultip liers  one ob ta in s  th e  eq u a tio n s

d 2
dr2

2Y(nl\r) 1(1 +  1)
e n l n l P(nl\r)

X(nl\r) — У  enln; P(n'l\r) =  0 ,
n'

(for all nl)

( 2 )
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w here

Y(nl\r) —  f - Z +  2  (N „r  -  W )  Y 0 (nT , n'l'\r) -  
г ( nT

— (2 i +  1)_1 2 ( № kW Y k(nl, nl\r)
k = 2

( 3 )

is th e  p o te n tia l  fu n c tio n  an d

X(nl\r)  =  -  -  2  2  -V-  (i!|CW||/')2Y ,(« /, n T |r )  P (n T |r )  (4)
г пт л (2Z' +  1 )(2Z + 1)

rep re sen ts  th e  exch an g e  te rm s , th e  Y k(nl, n'l'/r) be ing  ra d ia l in te g ra l functions 
defined  b y  th e  fo rm u la  3.5 (1) o f [2].

Ow ing to  th e  fa c t t h a t  (2) does n o t inv o lv e  te rm s d epend ing  on th e  
coupling  schem e i t  is easier to  m ake ca lcu la tio n s fu lly  a u to m a tic .

3 . T he un iv ersa l p o ten tia l

B esides th e  co n fig u ra tio n , th e re  m u s t be  p u t  in to  th e  co m p u te r in itia l 
e s tim a te s  o f o n e-e lec tron  ra d ia l  w ave fu n c tio n s  from  w hich  a process of su c ­
cessive a p p ro x im a tio n  m u s t be  s ta r te d . G en era lly , th e re  th e  co m p lem en tary  
p ro ced u re  is p ro g ram m ed  b y  w hich  th e  e s tim a te s  m en tio n ed  are o b ta in ed  
a u to m a tic a lly . S uch  p rocedures used  to  be o f severa l k inds. O ne of th em  con­
sists o f u sin g  a n a ly tic  h y d ro g en -lik e  o n e-e lec tro n  rad ia l w av e  func tions an d  
th e  o th e r  in  m ak in g  use o f th e  in te rp o la tio n s  o r ex tra p o la tio n s  from  th e  w ave 
fu n c tio n s o f n e ig h b o u rin g  a to m s or ions a lre a d y  com pu ted . T h e  th ird  consists 
o f  using  th e  T h o m a s— F erm i s ta tis t ic a l  p o te n tia l. T he f irs t  p ro ced u re  is app lied  
m o stly  in  th e  case o f lig h t a to m s and  th e  second  in  th e  case o f  h ea v y  ones. T he 
p ro ced u re  w e a re  going to  describe is a m o d ifica tio n  o f th e  th ird  ap p ro ach  
m en tio n ed  a n d  u sed  in  [8]. I t  consists of u s in g  th e  u n iv e rsa l p o te n tia l fie ld  
derived  from  th e  s ta tis t ic a l  th e o ry  of th e  a to m  w ith  a c o rrec tio n  f ittin g  i t  to  
ions as well as to  n e u tra l a to m s.

T he s ta t is t ic a l  th e o ry  o f  th e  a to m  fo u n d ed  b y  T h o m a s  [17]andFEHMi [18] 
an d  fu r th e r  dev e lo p ed  b y  Gombás [19] allow ed Gáspár [20, 21] to  a p p ro x i­
m a te  th e  H a r tre e — Fock p o te n tia l  b y  th e  so-called  u n iv e rsa l p o te n tia l fie ld . 
T his u n iv e rsa lity  consists in  sca ling  th e  ra d ia l  v a riab le  in  su ch  a w ay th a t  th e  
p o te n tia l  fie ld  h as  an  exp ression  in d e p e n d e n t o f th e  a to m ic  n u m b er in  th e  
period ic  sy s te m  o f e lem ents.

T he u n iv e rsa l p o te n tia l m en tio n ed  ab o v e , giving a good ap p ro x im atio n  
fo r n e u tra l a to m s (c.f. Gáspár [22]) has b een  a d ju s te d  to  ions as well b y  th e  
use of a sim p lified  F e rm i— A m ald i co rrec tio n  (c.f. Gombás [19] p. 65 and  [21]
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p. 40). T he resu ltin g  exp ression  is g iven  b y  equation  (5) o f [23]. As f a r  as we 
are  in te re s te d  in  th e  f i r s t  estim ates o f ra d ia l  w ave fu n c tio n s  we n eg lec t th e  
exchange p a r t  an d  th e  a d ju s ta b le  p a ra m e te r  a  in th is  la s t  eq u a tio n . S uch  an 
ap p ro ach  leads us to  th is  Schrôdinger eq u a tio n

' d2 
dr2

4- -  (7— 1)
l + ^ 0 r

/ ( / + 1 )
enlnl P(nl\r) =  0 , (5)

w here I  is th e  degree o f io n iza tion  and

20 =  0,2075 Z 1'3, A 0 =  1,19 Z 1'3. (6)

Z  is th e  n u c lea r  charge n u m b e r here  as w ell as in th e  p reced in g  Section .
F o r all one-e lec tron  w ave fu n c tio n s eq u a tio n  (5) is th e  sam e, h en ce  th e  

so lu tions are  sp o n tan eo u sly  orthogonal. T h e  p rog ram m e fo r so lving e q u a tio n
(5) w as used  as th e  co m p lem en ta ry  p ro c e d u re  m en tioned  above.

4 . T he process of n u m erica l so lu tion

T he sy s tem  of e q u a tio n s  (2) w as so lved  under w ell know n b o u n d a ry  
cond itions [1, 2]

P (n /j0 ) =  P(n ,  / |°o )  =  0 (7)

numerically following, on the whole, the methods used by F koese [9, 10] which 
conforms well to the specificity of the computer.

In  o rd er to  keep th e  in te rv a ls  b e tw e e n  ad jacen t p o in ts  c o n s ta n t in  th e  
en tire  range o f r a lo g a rith m ic  m esh [2] h a s  been  used. T h e n

Q =  In Z r  (8)

s th e  in d e p e n d e n t v a riab le  in stead  of r. T h e  la s t is th e n  ca lcu la ted  b y  th is  
sim ple fo rm ula

rn =  e" rn- 1 , (9)

w here h is th e  in te rv a l be tw een  a d ja c e n t po in ts  in  th e  lo g arith m ic  m esh , 
su b sc rip t n show ing  th e  o rd in a l n u m b er o f  m esh po in ts.

T he so lu tio n  of e q u a tio n s  (2) was p erfo rm ed  w ith  N umerov’s fo rm u la  
[24]. H ow ever, fo r sm all a n d  large v a lu es  o f r, th e  so lu tio n s are u n s ta b le . 
In  th ese  regions th e  Lockucievsky [25] m e th o d  of fa c to riz a tio n  was u sed  as 
is done b y  F roese [9]. T he m ain  p o in t o f th is  la s t  ap p ro ach  is th e  re p la c e m en t 
o f N umerov’s fo rm u la  b y  tw o  stab le  ones o f  low er order.
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T he ca lcu la tio n s have  b een  carried  o u t b y  o u tw ard  a n d  inw ard  so lu tio n s. 
B o th  so lu tions a re  connected  a t  a fixed p o in t in  th e  second h a lf  of th e  ra n g e  
o f  r. T he d ifference  b e tw een  th e s e  solu tions a t  th is  p o in t allow s th e  co rrec tio n  
o f  th e  d iagona l L ag ran g e  m u ltip lie r  to  be d e te rm in ed . This p ro ced u re  is ap p lied  
m ain ly  in  so lv ing  th e  e q u a tio n s  fo r  rad ia l w av e  functions o f  in n e r shells.

As F r o e s e  h as  p o in ted  o u t, th e  m e th o d  o f D e t t m a r  a n d  S c h l ü t e r  [26] 
is m ore a p p ro p r ia te  in  th e  case  o f  ou te r shells. T h ey  suggest th e  expansion  o f  
th e  fu n c tio n  in  pow er series o f  e —  t, e a n d  t being , co rrespond ing ly , th e  
a c cu ra te  an d  ap p ro x im a te  v a lu e s  of th e  d iag o n a l L ag ran g e  m ultip lier. T h e  
coeffic ien ts o f su ch  an  ex p an sio n  are found  s te p  b y  step .

A n im p o r ta n t  fe a tu re  o f  rad ia l w ave fu n c tio n s is th e ir  o r th o g o n a lity  
be tw een  th e  shells w ith  th e  sam e l an d  d iffe ren t n. T h is o rth o g o n a lity  is 
secured  b y  th e  non -d iag o n a l L ag range  m u ltip lie rs  w hich m u s t  be used  w h en  
incom ple te  shells are  p re se n t. T h e  func tions a re  o rth o g o n alized  b y  S c h m id t 
p ro ced u re  a n d  th e  estim a tes  o f  non -d iagonal L ag range m u ltip lie rs  ca lc u la ted  
b y  th e  m e th o d  o f F r o e s e  [10]. T hen  th e  so lu tio n  of e q u a tio n s  (2) is c a rr ie d  
o u t using  th e  e s tim a ted  v a lu es  o f n o n -d iag o n a l L agrange m u ltip liers . A f te r ­
w ard s, th o se  ra d ia l w ave fu n c tio n s  are im p ro v ed  for w h ich  self-consistency  
is poor.

T he degree o f se lf-consistency  is m easu red  b y  th e  v a lu e  of

A P  =  m a x (r) |P ' , (10)

w here i in d ic a te s  th e  i te ra tio n  nu m b er, m a x  (r) denotes th e  m axim um  v a lu e  
over th e  e n tire  ran g e  of r. I te ra tio n s  are p e rfo rm ed  u n til

m ax (n l) A P (nl) 10~5 (11)

is a tta in e d , max(nZ) d en o tin g  th e  m ax im um  over all shells o f  electrons.

5 . T he results fo r N e ll

T he n u m erica l p ro ced u res  described  in  th e  p reced ing  Section h av e  b een  
p ro g ram m ed  fo r co m p u ters  B E SM — 2 an d  B E S M —4. T h e  program m e w o rk s 
en tire ly  a u to m a tic a lly  an d  is su itab le  for each  a tom  in  th e  periodic sy s te m  of 
e lem ents in  a n y  s ta te  o f ex c ita tio n . W h a t in itia lly  m u s t be know n is th e  
atom ic  n u m b e r  an d  th e  co n fig u ra tio n . A fte r  se lf-consistency  is a tta in e d  th e  
ra d ia l in te g ra ls  are  c a lc u la ted  and  a u to m a tic a lly  p r in te d  b y  th e  o u tp u t  
m echan ism .

W e a re  p resen tin g  som e resu lts  fo r th e  co n fig u ra tio n  l s 22s22p43p o f N e l l  
in  o rder to  see how  th e  so lu tio n s  of H a r tre e — Fock e q u a tio n s  in d ep en d en t o f
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Table I

The quantities o f self-consistent fie ld  independent o f coupling schem e in comparison w ith  
those o f  accurate H artree— Fock m ethod

quantity
A

independent of 
coupling scheme

differences A A

(3 p y p 0 D f P (lS)*P (зр у р

f 2p2p 4 .1 6 2 0 3 0 .2 7 7 1 1 0 .1 6 4 4 9 —  0 .0 1 5 9 1 0 .2 3 8 6 1

£3p3p 0 .6 9 8 6 6 0 .0 0 2 8 8 0 .0 1 0 8 8 0 .0 2 0 0 8 0 .0 5 2 3 5

r ( 2 p ) 0 .8 1 4 1 —  0 .0 1 3 8 - 0 . 0 0 9 7 0 .0 0 3 8 —  0 .0 1 5 3

r ( 3 p ) 3 .9 5 8 0 .0 5 6 —  0 .0 0 2 —  0 .2 6 0 - 0 . 3 3 1

F 2( 2 p ,  2p ) 0 .5 1 6 6 1 0 .0 1 0 9 5 0 .0 0 6 8 2 —  0 .0 0 2 5 9 0 .0 0 4 8 5

F 2(2 p ,  3p ) 0 .0 3 4 5 2 - 0 . 0 0 4 6 7 0 .0 0 2 2 0 — 0 .0 1 3 5 8

G 0( 2 p ,  3p ) 0 .0 0 9 7 7 - 0 . 0 0 3 6 5 0 .0 0 2 2 7 0 .0 0 5 4 1 0 .0 0 8 9 9

G 2(2 p ,  3p ) 0 .0 0 9 8 6 - 0 .0 0 3 2 0 —  0 .0 0 2 8 7 0 .0 0 4 7 1 0 .0 0 8 1 2

hp,3p 0 .2 0 3 6 6 — 0 .2 2 1 4 9 - 0 . 0 6 3 8 2 0 .1 6 9 7 —

Table II

Values* of the total energy (in  atom ic units) 
for N e l l  l s 22s22p43p

(3P)2P ( w y p (>S)'P (яр у р Cp y o (aP)2D O’p p s

E t 1 2 6 .7 1 6 3 - 1 2 6 . 6 0 0 1 -  1 2 6 .4 2 0 0 —  1 2 6 .7 4 7 4 - 1 2 6 .7 3 6 4 —  1 2 6 .7 2 9 0 - 1 2 6 . 7 2 1 5

E n r - 1 2 6 . 7 1 4 4 —  1 2 6 .6 0 0 7 —  1 2 6 .4 2 0 1 - 1 2 6 . 7 4 2 2 - 1 2 6 . 7 3 3 9 —  1 2 6 .7 2 9 5 - 1 2 6 . 7 2 1 5

* Et — from  the accurate H artree— Fock equations. 
E rr — from  those independent o f coupling schem e.

coupling  schem e w ork  as co m p ared  w ith th e  so lu tions of tra d it io n a l  H a r tre e — 
F o ck  equ a tio n s as given b y  F roese [10]. I n  T able  I th e  v a lu e s  of L ag ran g e  
m u ltip lie rs  and  som e in teg ra ls  w idely used ( th e  f irs t tw o co lum ns) and  th e ir  
dev ia tio n s from  th e  values as g iven by  Froese [10] (co lum ns 3—6) are g iven . 
T ab le  I I  con ta in s th e  energy  va lu es  e v a lu a te d  b y  us (Enr) a n d  b y  Froese (E t).

T he resu lts  show  th e  w ell know n  fac t t h a t  every  m o d ifica tio n  of H a r tre e —  
F o ck  equa tions affec ts th e  in d iv id u a l q u a n tit ie s  n o ticeab ly . H ow ever, th e  
values of p h ysica l q u a n titie s  are  affected  r a th e r  slightly . I n  o u r  case, th e  n o n ­
d iagona l L ag range m u ltip lie rs  undergo  th e  m ax im u m  ch an g es. H ow ever, th is  
d ev ia tio n  is less th a n  th e  m ax im u m  d ifference  betw een  se p a ra te  te rm s in  
a c cu ra te  tra d itio n a l H a r tre e — F o ck  eq u a tio n s , as is to  he seen  from  th e  re su lts  
o f F roese. T he n e x t q u a n ti ty  w hich is co n sid e rab ly  a ffe c ted  is th e  ra d ia l 
in te g ra l G2 and  th e n  G0. F o r th e  te rm  4P  i t  reaches 90 p er c e n t. N evertheless, 
th e  d ifference in  to ta l  energy  does n o t exceed  0.004 per c e n t.
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O n ac c o u n t of th e  s im p lic ity  of h a n d lin g  and  r a th e r  good fin a l re su lts  
th e  use o f th e  H a r tre e — F o ck  se lf-co n sis ten t field e q u a tio n s  in d e p e n d e n t of 
coup ling  schem e is ju s tif ie d , especially  as th e  difference u n d e r  con sid era tio n  is 
co n sid e rab ly  less th a n  th e  difference b e tw een  tra d i t io n a l  H a rtre e — F o ck  
eq u a tio n s  an d  th o se  a cco u n tin g  for th e  co rre la tio n  effec t. As an ex am p le  we 
can  ta k e  th e  m e th o d  of a se lf-co n sis ten t f ie ld  in  m u lti-co n fig u ra tio n a l a p p ro x i­
m a tio n  (cf. [27]).

T h e  re su lts  o f th e  th e o re tic a l c a lcu la tio n s  of th e  e n e rg y  spectra  o f Z n lV  
isoelec tron ic  sequence in  th e  c o n fig u ra tio n  d8p  [28] m ay  se rv e  as th e  a d d itio n a l 
c o n firm a tio n s  of usefulness o f  th e  so lu tio n s o f H a rtree— F o c k  equations in d e ­
p e n d e n t o f coup ling  schem e.

The authors are very hap py to take th is opportunity to express their appreciation to 
Prof. C h a r l o t t e  F r o e s e - F i s c h e r  for m aking availab le all inform ation concerning th e  pro­
cess o f  program m ing the num erical procedures.
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К ВОПРОСУ О РЕШ ЕНИИ УРАВНЕНИЙ Х А РТРИ —ФОКА, Н Е  ЗАВИСЯЩИХ 
ОТ ТИПА СВЯЗИ, ЧИСЛЕННЫМ МЕТОДОМ

Р . И . К А Р А З И Я , П . О. Б О Г Д А Н С Б И Ч У С  и А. Ю Ц И С  

Р е з ю м е

Рассматривается методика решения уравнений Х артри^Ф ока численным методом 
и её применение к электронным вычислительным машинам типа БЭСМ. Минимизация 
начальной информации достигается путём использования уравнений, не зависящих от 
типа связи (2)—(4) и универсального потенциала (5) для получения исходных радиальных 
волновых функций. Результаты для N ell ls22s22p43p сравниваются с решениями урав­
нений Хартри—Фока для каждого терма. Обсуждается точность полученных функций 
и их пригодность в расчётах.
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MODEL AB-INITIO CALCULATIONS AND 
THE EOUNDATION OE THE 

MO-LCAO METHOD*
By

G . D e l  R e

G RUPPO  CHIM1CA TEORICA , CONSIGLIO N A ZION A LE D ELL E R IC ER C H E, V IA  CORNELIO CELSO 7
00161 ROMA, ITALY

(R eceived 10. III . 1969)

A use o f ab in itio  calculations that seem s to have been largely overlooked because of 
its sim plicity is the construction and analysis o f  simple m odels o f th e  chem ical bond. Such 
m odels m ay render enorm ous services both in clarifying previously know n results and in sug­
gesting new ones, and in m aking possible a detailed  discussion of interpretation schem es and 
approxim ations. T reatm ents using the LCAO schem e over the va len ce electrons m ay be se­
riously at fau lt when effects like inter-shell orthogonalization are neglected . Such effects are 
consequences o f the approxim ations used; nevertheless, they  m ay be physically  significant 
because the corresponding approxim ations m ay be essential in order to  reach an understand­
ing of the m olecular reality. T hey include changes of the AO’s w ith  m olecular geom etry. The 
realization th a t a certain typ e  o f m odification o f the AO basis is im portant m ust be follow ed  
by a very careful analysis o f the w ay in which such, a correction should be introduced in order 
to preserve sim plicity and physical significance.

T he p re sen t a rtic le  is p a r t  of a discussion of th e  th e o ry  of m olecules 
s ta r te d  sev era l years ago w ith  a s tu d y  o f th e  connection  b e tw een  h y b rid iz a tio n  
and  loca liza tion  [1] and  con tin u ed  la te r  in  various d irec tio n s. The a t te m p t  
w ill be m ade here  to  d raw  a tte n tio n  on som e m ore p o in ts  reg ard in g  th e  use 
an d  lim ita tio n s  of th e  m o lecu lar o rb ita l m e th o d , in its s im ple LCAO versions, 
as a too l o f th eo re tica l physics ra th e r  th a n  as an  in te rp o la tio n  tech n iq u e  useful 
for chem ical p roblem s.

T he fa c t th a t  such  p ioneers as M u l l i k e n  [2], P a u l i n g  [3], Gombás [4] 
have d ev o ted  m uch w ork  to  s in g le -partic le  tre a tm e n ts  an d  re la ted  aspec ts  
of th e  q u a n tu m  th e o ry  o f  m olecules is su ffic ien t in d ica tio n  of th e  im p o rta n c e  
of our su b jec t. N everthe less, we recall som e of th e  considera tions t h a t  ju s t ify  
a renew ed  in te re s t in  m e th o d s  avow edly  incapab le  of g iv ing  ex ac t n u m erica l 
resu lts .

O ne can  expect tw o  k inds of in fo rm a tio n  from  a th e o re tic a l t r e a tm e n t:  
v e ry  good q u a n tita tiv e  p red ic tio n s a n d /o r  an  e x p lan a tio n  o f  facts in  th e  sense 
of a co rre la tio n  of v a rio u s deta ils  in a g enera l schem e. C o n tra ry  to  w h a t was 
once th e  case, th e  dom ains w here th e  tw o  uses of th e  th e o ry  do n o t exclude 
each o th e r  a re  now adays v e ry  ra re . T h is is because th e  eq u a tio n s  t h a t  govern  
th e  b e h av io u r of m ost sy stem s are v e ry  com plica ted , an d  v e ry  a c cu ra te  t r e a t ­
m en ts a re  seldom  am en ab le  to  a c lear p h y sica l in te rp re ta tio n . In  fa c t, quali-

* D edicated  to Prof. P. G o m b á s  on his 60th  birthday.
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t a t iv e  an d  ev en  se m i-q u a n tita tiv e  u n d e rs ta n d in g  is o ften  reach ed  b y  sim ple 
schem es co n n ec tin g  th e  p h en o m en a  to  be in te rp re te d  w ith  som e specially  
s ig n ifican t fe a tu re s  o f the  g enera l th e o ry  of m a t te r ;  such in  th e  case, for in stan ce , 
w ith  th e  in te rp re ta t io n  of th e  ex c ita tio n  p o te n tia ls  o f c o n ju g a te d  m olecules 
in  te rm s o f th e  allow ed energies of a single p a rtic le  co n fin ed  in  a lim ited  
reg ion  of space.

V arious reaso n s, am ong  w hich  th e  a d v e n t of large co m p u te rs  is v e ry  
im p o r ta n t , h a v e  led  to  m uch  em phasis on th e  q u a n tita tiv e  s id e , so th a t  an  
enorm ous e ffo rt h a s  been m ad e  to  o b ta in  b e t te r  an d  b e t te r  so lu tions of th e  
(electron ic) S ch rôd inger e q u a tio n s  fo r la rg e r a n d  la rger m olecules. I t  is curious 
th a t ,  in s tead  o f  in sisting  on  th e  un d en iab le  im p o rtan ce  o f such  calcu la tions 
fo r te s tin g  a n d  reference p u rp o ses , m an y  a u th o rs  have  d e fen d ed  th a t  e ffo rt 
b y  c laim ing  t h a t  no  a tte m p t shou ld  be m ade to  u n d e rs ta n d  m olecu lar p h en o ­
m en a  unless v e ry  accu ra te  w av efu n c tio n s are  av ailab le . To m a n y  a p h y sic is t, 
th is  claim  m u s t sou n d  as a co n d em n a tio n  o f m o s t of th e o re tic a l physics, b o th  
p u re  and  a p p lie d ; suffice i t  to  th in k  of p ro b lem s like p a r tic le  sca tte rin g  or 
tra n s p o r t  p h en o m en a  in solids to  realize w h a t b ro ad  fields a re  based  on com ­
p a ra tiv e ly  ro u g h  ap p ro x im atio n s  of th e  ‘r ig o ro u s’ eq ua tions.

I . Correlation and the MO—LCAO m ethod in a sim ple model
calculation

In  a f ir s t  p a r t  of th e  p re se n t a rtic le , we sh a ll consider th e  above questions 
in  som e m ore  d e ta il, th e  re a so n  being  t h a t  one m u st som ehow  know  w here 
one s tan d s  w h en  one trie s  to  use an  ap p ro x im a tio n  fo r s tr ic t ly  th e o re tic a l 
p u rposes. T h e re  are  tw o k in d s  of ob jec tions p u t  fo rth  a g a in s t p h ysica l co n ­
sid e ra tio n s on m olecules b a se d  on s in g le -partic le  (i.e., o rb ita l)  m ethods. O ne 
reg a rd s  th e  f a c t  th a t  such m eth o d s  are  u su a lly  ap p ro x im a te  versions of th e  
idea l o n e-e lec tro n  tre a tm e n t g iven b y  th e  H a rtre e — F o ck  equa tio n s; th e  
o th e r  is m ore  d irec tly  co n cern ed  w ith  th e  sh o rtcom ings o f  th e  one-e lec tron  
schem e. W e sh a ll consider f i r s t  th e  la t te r  p o in t, w hich goes u n d e r th e  n am e  
o f “ th e  c o rre la tio n  p ro b lem ”  [5].

A lth o u g h  th e re  is a g row ing  susp icion  t h a t  th is  p ro b lem  m ay  h av e  been  
ov erem p h asized  b y  som e a u th o rs , th e re  is no  d o u b t t h a t  i t  has a p e rfec tly  
so u n d  orig in . A n y  in d e p e n d e n t-p a rtic le  t r e a tm e n t  of a m an y -e lec tro n  sy stem  
m u s t invo lve  averages over a ll th e  e lec trons b u t  one, th u s  rep lac ing  th em  b y  
ch arg e  clouds. As has been  k n o w n  for a long  tim e , th is  c o n tra d ic ts  th e  in h e re n t 
dualism  in  th e  n a tu re  of an  e lec tron , w hose in te ra c tio n s  are  all to  be described  
b y  p o in t-p a r tic le  p o ten tia ls . T h e  co rrec tions th a t  shou ld  be  in tro d u ced  in  
o rd e r to  ta k e  in to  accoun t th e  co rp u scu la r n a tu re  of all th e  e lectrons are  th e  
so-called c o rre la tio n  co rrec tio n s; ev id en tly , th e y  m u st b e  s tu d ie d  and  th e ir
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im p o rtan ce  assessed b efo re  accep ting  ev en  q u a lita tiv e  conclusions d raw n  from  
tre a tm e n ts  neg lec ting  th e m . Now, an  e x am in a tio n  of th e  availab le  d a ta  su g ­
gests th a t  th e  co rre la tion  correc tion  to  th e  energy  of a m olecu le  is ind eed  v e ry  
sm all; how ever, it  is co m p arab le  w ith  th e  d issociation  energies of o rd in a ry  
chem ical bo n d s. T herefo re , th e  a rg u m en t ru n s , th e  in d e p e n d e n t-p a rtic le  m odel 
is n o t re liab le  in  connection  w ith  m o lecu la r physics. O f co u rse , th ere  is a w eak  
p o in t in  th e  la s t  p a r t  o f th e  above co n sid era tio n s, because  th e  fac t th a t  d isso ­
c ia tion  energies and  co rre la tio n  energies are  of th e  sam e  o rd er of m a g n itu d e  
does n o t im p ly  th a t  one c a n n o t o b ta in  th e  fo rm er w ith o u t know ing th e  l a t te r ;  
as a m a tte r  of fac t, d issocia tion  energies are  d ifferences, and , in  p rin c ip le , 
can  be o b ta in ed  to  a good ap p ro x im a tio n  fro m  (more or less equally) in c o rre c t 
q u an titie s . T his rem ark  lead s to  fu r th e r  a rg u m en ts  in  f a v o u r  and  a g a in s t th e  
su p p o rte rs  o f co rre la tio n , all based  on q u a n tita tiv e  co n sid e ra tio n s in v o lv in g  
m ain ly  th e  ex p e c ta tio n  v a lu es  of th e  en e rg y . The q u e s tio n  is how fa r  such  
q u a n tita tiv e  a rg u m en ts , u su a lly  lim ited  to  energies, a re  sign ifican t.

W ith  v e ry  few ex cep tions, h ig h ly  a c c u ra te  m o lecu la r calcu lations w ith  
co rre la tion  a re  n o t av a ilab le ; m oreover, ca lcu la tions c la im ed  to  include c o rre ­
la tio n  are v e ry  com p lica ted , and  th is  is a serious h in d ra n c e  in  discussions of 
aspects o th e r  th a n  en erg y  ex p ec ta tio n  v a lu es .

A tte m p ts  to  in tro d u c e  sim ple ind ices o f th e  im p o rta n c e  of co rre la tio n  
fo r various observab les, especially  th o se  using  th e  so -ca lled  “ co rre la tio n  
coefficien ts” , ap p ea r to  b e  qu ite  p ro m isin g  [6], b u t se v e ra l difficulties h a v e  
s till to  be overcom e especia lly  as regards th e  ap p lica tion  to  m olecules. T h e  b e s t 
a lte rn a tiv e  to  rough  e s tim a te s  and  du b io u s analyses of co m p lica ted  s itu a tio n s  
consists in  follow ing th e  tra d itio n a l ap p ro a c h  of th e o re tic a l physics, n a m e ly  
to  h av e  recourse  to  a m odel, w here th e  m a in  featu res o f  th e  ac tu a l p ro b lem  
are  p resen t.

A ltho u g h  m uch has b een  done u sin g  th e  hydrogen  m olecule  as a m o d e l, 
a b e tte r  w ay  o f sim u la tin g  v e ry  sim ply  an  o rd in a ry  ch em ica l bond  is p ro b a b ly  
to  t r e a t  th e  s ta te s  of tw o e lec trons in th e  f ie ld  o f tw o p o sitiv e  firs t-ro w  ions (say , 
L i ones) b y  an  LCAO-M O-CI m eth o d  w ith  a lim ited  b as is  se t [7, 8]. In  fa c t,  
th e  coefficients of th e  lin e a r  com binations o f a tom ic o rb ita ls  u sed  to  c o n s tru c t 
th e  m olecu lar o rb ita ls  a re  th e  v a r ia tio n a l p a ram e te rs  w h ich  m ust be d e te r ­
m ined  in  o rd e r to  reach  a n  “ o p tim u m ”  one-e lec tron  d esc rip tio n , ju s t  as th e  
coefficients o f an  ex p an sio n  in  a com plete  se t of o rth o g o n a l functions c a n  be 
ta k e n  as th e  v a ria tio n a l p a ra m e te rs  to  be  d e te rm in ed  in  o rd e r  to  get th e  b e s t 
one-electron  schem e, n am ely  th e  H a r tre e — F o c k  orb itals fo r  th e  given sy s te m ; 
an d  th e  coefficients of th e  lin e a r  co m b in a tio n s of th e  S la te r  d e te rm in an ts  t h a t  
can  be c o n stru c ted  from  th e  given m o lecu la r o rb ita ls  co rre sp o n d  to  th e  coeffi­
c ien ts o f th e  expansion  in  a com plete  se t o f  con fig u ra tio n s o b ta in ed  from  th e  
H a r tre e —F o ck  o rb ita ls , a n d  th u s  describe co rre la tion . T h e  defin ition  o f th e  
la t te r  a d o p ted  here  am o u n ts  to  th e  s ta te m e n t  th a t  c o rre la tio n  is w h a te v e r
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c a n n o t be ta k e n  in to  acco u n t b y  a sing le-con figu ra tion  t r e a tm e n t  carried  o u t  
w ith in  th e  g iven  schem e. In  o rd e r  to  use o u r m odel for th e  p u rp o se  of assessing  
th e  im p o rtan ce  o f  co rre la tion  in  th e  q u a lita tiv e  descrip tion  o f  bonds, we h a v e  
to  com pare re su lts  o b ta in ed  w ith  and  w ith o u t s ing le -con figu ra tion  m ix in g .

To i l lu s tr a te  th e  above co n sid e ra tio n s , ta k e  the  basis s e t  form ed b y  th e  
2s an d  2p  o rb ita ls  of lith iu m , cen tred  on tw o  d ifferen t n u c le i a t  a d is tan ce  R  
[8]. L et us p o s tp o n e  for th e  m o m en t a d iscussion  of th e  im p o rtan ce  o f th e  
ex is ten ce  o f  th e  inner core, a n d  assum e t h a t  th e  given o rb ita ls  depend on  R  
o n ly  th ro u g h  th e ir  cen tres; th is  is in  fu ll accordance w ith  th e  sp irit o f th e  
sim p lest M O — LCAO m eth o d , as used b y  th e o re tic a l chem ists . T hen , th e  re su lts  
fo r  th e  g ro u n d -s ta te  energy a re  tho se  su m m arized  in T ab le  I ,  w here th e  sing le-

Table I

G round-state energies of a tw o-electron  bond b etw een  equal nuclei h a v in g  effective charge  
1.30 when the tr ia l function is: (b) a single determ inant over 2s STO’s w ith  orbital ex p o n en t  
0.65; (c), a single determ inant over 2 s—2p  hybrids w ith  the sam e orb ita l exponent and an 
optim ized s-character; (d), a linear com bination o f th e  two determ inants corresponding to  the  
bonding and antibonding MO’s form ed by the sam e hybrids. Line (e) is  the percent difference  
betw een (c) and (d). All the energies are in a.u.; th e  distances in a.u. m ultiplied b y  0.65 are

given in  line (a)

(■>) 2 3 4 5 6

(b) 1.2020 1.0722 0.9613 0.8803 0.8244

( c ) 1.3515 1.1199 0.9768 0.8857 0.8268

(d) 1.3519 1.1228 0.9912 0.9194 0.8795

( e ) 0.03 0.26 1.45 3.63 6.00

d e te rm in a n t (SC) and  c o n fig u ra tio n  in te ra c tio n  (Cl) ap p ro x im a tio n s  are  co m ­
p a re d , th e  SC fu n c tio n  b e in g  op tim ized  w ith  respect to  th e  degree of h y b r id i­
za tio n  of th e  a to m ic  o rb ita ls , an d  th e  SC fu n c tio n  being  a lin ea r  c o m b in a tio n  
o f  th e  tw o  g  d e te rm in a n ts  c o n s tru c te d  w ith  th e  bonding  a n d  an tib o n d in g  b o n d  
o rb ita ls  re su ltin g  from  th e  o p tim u m  h y b rid s .

T ab le  I I  show s th a t  th e  m odel u sed  lead s to  th e  sam e  resu lts  as ana ly ses  
o f th e  h y d ro g e n  m olecule a n d  ab initio a ll-e lec tro n  ca lcu la tio n s . In  p a r tic u la r , 
th e  in te rn u c le a r  d istance c a n  b e  d iv ided  in to  th ree  ran g es: one, w here th e  co r­
re la tio n  effec ts  are re la tiv e ly  u n im p o r ta n t;  one, w here th e y  a re  very  im p o r ta n t;  
an d  one w h ere  an  in te rm e d ia te  s itu a tio n  ta k e s  place. T h e  q u es tio n  we are  in te r ­
ested  in  is w h e th e r th e  p ic tu re  given b y  th e  co rre la tio n  energies m u s t be 
u n d e rs to o d  as an  in d ica tio n  t h a t  in te rp re ta tio n s  of fac ts  b a se d  on th e  SC fu n c ­
tio n  are  n o t  re liab le .

T h e re  is no d o u b t t h a t  th e  e lec tro n  d en sity  d is tr ib u tio n  is a m ore sen s i­
tiv e  an d  co n v en ien t q u a n t i ty  fo r assessing  th e  v a lid ity  o f  a given d escrip tio n . 
T herefo re , w e p resen t T a b le  I I ,  w here, in  add ition  to  th e  ac tu a l chan g es in
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Table II

A nalysis o f electron densities for th e  m odel o f Table I

« 2 3 4 5 6

( b ) .0004 .0029 .0144 .0337 .0527
( c ) .005 .203 .283 .341 .231
( d ) .0001 .0007 .0002 .0000 .0000

( e ) — .001 — .006 — .083 — .261 J КЙ
-

О H
-*

( f ) — .0001 — .0004 — .0032 — .0054 — .0043

( g ) .998 .994 .917 .740 .599

Explanation:
(a) sam e as line (a) o f Table I;
(b) ‘correlation’ energies (line (d)-line(c) o f T able I);
(c) and (d), relative and absolute changes in the electron densities a t the nuclei; 
(e) and (f), idem  at the centre of the bond of T able  I;
(g) corresponding w eights o f the ground-state configurations.

energies, th e  changes in  th e  o n e-e lec tron  den sitie s  associa ted  w ith  th e  nuclei 
an d  th e  cen tre  o f th e  b o n d  fo r v a rio u s in te rn u c le a r  d istances a re  com pared . 
T h e  changes in  d e n s ity  a t  th e  nuclei, even  th o u g h  th e y  are la rg e  frac tio n s  of th e  
d e n s ity  itse lf, a re  n o t v e ry  im p o r ta n t. T he s i tu a tio n  a t  th e  c e n tre  is d iffe ren t: 
th e  co rre la tio n  co rrec tio n  (w hich te n d s , of co u rse , to  s e p a ra te  th e  e lectrons) 
is low er th a n  10%  fo r in te rn u c le a r  d is tan ces  R  low er th a n  ca. 6.5 a .u ., b u t  th e n  
in c reases  ra p id ly , th u s  deepening  th e  w ell b e tw e e n  th e  a to m s. In  T ab le  I I ,  
th e re fo re , th e  th re e  regions m en tio n ed  above a p p e a r  to  be fo r  R  less th a n  6 
a .u ., R  la rg e r th a n  8 a .u ., R  com prised  b e tw een  6 an d  8 a .u .; th is  p a r ti t io n  is 
q u ite  clear in  th e  w eights o f th e  SC g ro u n d -s ta te  fu n c tio n  in  th e  C l functions.

In  sh o rt, T ab le  I I  confirm s an d  even  em phasizes th e  im p o rta n c e  of co rre­
la tio n  a t  large in te rn u c le a r  d is tan ces , b u t  in d ic a te s  th a t ,  a ro u n d  th e  in te r ­
n u c lea r equ ilib riu m  d is tan ce , t h a t  co rrec tio n  is re la tiv e ly  u n im p o r ta n t  b o th  on 
energies and  on th e  e lec tro n  densities. T his conclusion  can be  generalized  to  
m o st bonds in  a v e ry  easy  w ay , if  we assum e t h a t  th e y  can be t r e a te d  b y  a t  m o st 
tw o  d e te rm in a n ts  —  as is s tro n g ly  in d ic a te d  b y  th e  exam ple o f L i2 an d  som e 
o th e r  exam ples. In  o rd er to  see th is  p o in t, co n sid e r th e  secu lar e q u a tio n  asso ­
c ia te d  w ith  th e  H a m ilto n ia n  m a tr ix  o v er tw o co n fig u ra tio n s, a n d  suppose t h a t  
th e  con figu ra tions in  q u estio n  are d e te rm in a n ts  o v er bond ing  a n d  a n tib o n d in g  
o rb ita ls , re spec tive ly . I n  th e  ho m o n u c lea r case, th e  energies E v  E 2 associated  
w ith  th e  tw o  co n fig u ra tio n s becom e eq u a l w h en  th e  in te rn u c le a r  d istance  
te n d s  to  in fin ity , and , m oreover, th e  c o n tr ib u tio n  of h y b rid iz a tio n  becom es 
v e ry  sm all. N ow , w hen  th e  d iagonal e lem ents o f  a second-o rder m a tr ix  are  
n e a rly  d eg en era te , th e  f ir s t  p e r tu rb a tio n  te rm  is p ro p o rtio n a l to  th e  in te ra c ­
tio n  e lem ent H 12; m oreover, th e  coefficien ts o f th e  lin ea r c o m b in a tio n  associat-
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ed w ith  i t  becom e eq u a l each  o ther. O n th e  o th e r h a n d , fo r  sm all in te rn u c le a r  
d is tan ces , th e  se p a ra tio n  b e tw een  E x a n d  E 2 is large (a t  le a s t if  th e  b o n d  is v e ry  
s tab le ), a n d  th e  f irs t-o rd e r  p e r tu rb a tio n  co rrec tion  is p ro p o rtio n a l to  
l (E 2— Ej)  a n d  th e  c o n tr ib u tio n  of th e  e x c ite d -s ta te  co n fig u ra tio n  is p ro p o r tio n ­
al to  B 12I(E2— Ej).  T his re s u lt  is v a lid  fo r  an y  h o m o n u c lea r  bond , p ro v id e d  th e  
d ifference E 2— E 1 is la rg e  co m p ared  w ith  B 12; th is  is th e  cond itio n  one  can 
assum e as a co n d itio n  fo r th e  p o ssib ility  o f  describ ing  a bo n d  by  m ean s o f an  
MO p ic tu re  [2].

T h e  case o f h e te ro n u c le a r  b o n d s involves a n u m b e r  of n ove l fe a tu re s . 
F o r in s ta n c e , i t  does n o t n ecessarily  re q u ire  c o n fig u ra tio n  m ix ing  as a m eans 
o f e n su rin g  th e  co rrec t l im it  a t  large d is tan ces . A s tu d y  o f  these  cases is ra th e r  
co m p lica ted  because  sim p lifica tio n s p ro v id e d  b y  e q u a l n uclear ch a rg es  are  
lack ing . I t  is v e ry  im p o r ta n t , h o w ev er, th a t  a close s im ila rity  can  b e  in tro ­
duced  b e tw e e n  th e  tw o  cases b y  ta k in g  in to  acco u n t th e  screening e ffec t o f th e  
e lec tro n s: a t  la rge  in te rn u c le a r  d is tan ces , an  e lec tro n  on  a tom  A  te n d s  to  see 
В  as a s in g ly -ch arg ed  p o sitiv e  ion, a n d  v ice  ve rsa ; th e re fo re , as fa r  as b in d in g  
effects a re  concerned , th e  s itu a tio n  sh o u ld  be v e ry  m u ch  th e  sam e as fo r th e  
h o m o n u c lea r  case (cfr. [9 ]). F u r th e r  w o rk  on sim ple m odels for h e te ro n u c le a r  
cases is in  p rogress.

W e sh a ll assum e fro m  now on  t h a t  th e  p ic tu re  p rov ided  b y  th e  one- 
e lec tro n  d e n s ity  asso c ia ted  w ith  an  SC (MO) ca lcu la tio n  is su ffic ien t fo r  in te r ­
p re ta tio n  pu rposes in  th e  v ic in ity  o f  th e  eq u ilib riu m  d istance . T he fa c t  th a t  
c o rre la tio n  pushes som e charge aw ay  from  th e  c e n tre  o f  th e  bond  c a n n o t be 
considered  v e ry  im p o r ta n t  if  th e  co rresp o n d in g  ch an g e  is a lm ost neglig ib le  
from  a q u a n ti ta t iv e  p o in t o f  view. T h e  n u m erica l exam p les  given ab o v e  show , 
on th e  o th e r  h a n d , t h a t  th e  real sh o rtco m in g  of MO ‘th e o rie s ’ is s till in  th e  d is­
so c ia tio n  lim its , as w as p o in ted  o u t b y  Moffitt a long  tim e  ago [10]. A  v e ry  
u rg e n t t a s k  of q u a n tu m  ch em istry  seem s to  be, th e re fo re , th a t  o f  com bin ing  
th e  e x cep tio n a l s im p lic ity  and  h e u ris tic  pow er o f  th e  sing le-electron  p ic tu re  
a t  d is tan ces  n e a r th e  equ ilib riu m  ones w ith  som e co n v en ien t p ic tu re  of th e  
s itu a tio n  w hen  th e  a to m s are fa r a p a r t ;  th e  m ore so, as a lread y  th e  in te ra c ­
tio n s b e tw e e n  n o n -b o n d ed  atom s in  a p o lya tom ic  m olecule  w ould seem  to  fall 
in  th e  ca te g o ry  of m o lecu la r fe a tu re s  n o t describab le  b y  an MO th e o ry , a t  
le a s t as su ch  th eo ries  s ta n d  now.

T h e re  h av e  b een  suggestions t h a t  th e  tw o -p a rtic le  d en sity  is a m ore  sig ­
n if ic a n t fu n c tio n  as re g a rd s  th e  im p o rta n c e  of co rre la tio n . As a m a t te r  o f fa c t, 
th e  ra tio s  b e tw een  th e  v a lu es  of P  (1, 2) as o b ta in ed  fro m  a c o n fig u ra tio n  in te r ­
ac tio n  ca lcu la tio n  an d  th e  co rrespond ing  values fo r a s in g le -d e te rm in an t a p p ro ­
x im a tio n  a re  all v e ry  close to  u n ity  in  th e  case o f fo rm ald eh y d e  in  th e  eq u ilib ­
riu m  c o n fig u ra tio n  [11]; th e  only  im p o r ta n t  c o rre la tio n  appears to  be  ‘sp in ’ 
o r F e rm i co rre la tio n , w h ich  is a lre a d y  inc luded  in  th e  s in g le -d e te rm in an t fu n c ­
tio n .
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II . Choice of th e  basis and p h y sica l sign ificance 
o f sim ple LCAO tre a tm e n ts . R ad ia l d istortion

T he b rie f d iscussion  given above m ay be  com pleted  b y  th e  rem ark  t h a t  
th e  v e ry  concep t o f  co rre la tion  im plies th a t  th e  sing le-partic le  d escrip tion  o f  
a m olecule shou ld  be  well u n d e rs to o d  and  b ro u g h t to  its  ex trem e  consequences, 
so t h a t  one m ay  be  su re  th a t  c e r ta in  fac ts  c a n n o t b e  exp la ined  w ith in  any  co n ­
s is te n t o rb ita l schem e. W e sh a ll now  t r y  to  in d ic a te  some o f th e  po in ts  t h a t  
m u s t s till be c la rified  in  th a t  connec tion  on th e  basis of v e ry  sim p le  m odels, 
espec ia lly  w ith  LCAO ‘th eo rie s’ [18].

T he in tro d u c tio n  o f th e  l a t t e r  answ ers, as w as po in ted  o u t  b y  M u l l ik e n  
[2], to  a need of s im p lic ity  and  p h y sica l s ign ificance o f th e  in te rp re ta t io n  schem e. 
I t  m a y  seem  a t  f i r s t  sigh t t h a t  th e  b e s t o rb ita l  schem e is a  H a r t r e e —F o ck  
one, w here th e  v a r ia tio n a l p rin c ip le  has been  u se d  to  o b ta in  th e  b e s t energy  
co m p a tib le  w ith  a s in g le -partic le  tre a tm e n t. I t  is now b ecom ing  clearer a n d  
c leare r th a t  th e  w ord  “ b e s t”  used  in  an  am biguous w ay has b e e n  th e  source o f  
m a n y  d ifficu lties. F ro m  th e  p o in t o f  view  a d o p te d  in  th e  p re s e n t a rtic le , th e  
m o st im p o r ta n t fu n c tio n  of a th e o ry  o f m olecules is to  m ake possib le  a com plete 
an d  co n sis ten t in te rp re ta tio n  o f m o lecu lar p ro p e rtie s , b y  tra c in g  th e m  b ack  to  
v e ry  few  basic  s ta te m e n ts  and  p ic tu re s ; th is  goal is to  be reach ed , i f  necessary , 
a t  th e  expense of h ig h  accu racy . N ow , am ong o th e r  th ings, th e  p u re  H a rtree  — 
F o ck  schem e does n o t  p rov ide a b u ilt- in  re fe rence  to  th e  fa c t t h a t  atom s a re  
th e  bu ild in g  b locks o f  a m olecule; a n d  m uch less t h a t  bonds e x is t a t  all: so th a t  
th e  analysis  o f its  re su lts  requ ires a la rge  am o u n t o f  w ork to  f in d  o u t  th e  w ay in  
w hich  atom s an d  b o n d s are concealed  in  th e m  [12]. This c o n sid e ra tio n  is 
su ffic ien t to  show  t h a t  th e  choice o f  a tom ic o rb ita ls  is a m ost im p o r ta n t  p o in t 
in  th e  progress to w a rd  a co n sis ten t th e o ry  of m olecules [13]. T h e  u su a l choice 
of an  (AO) basis is w ell-know n, an d  co rresponds closely to  t h a t  considered 
ab o v e  fo r th e  L i2 m olecule: one assum es th a t  th e  A O ’s are f ix e d  functions of 
th e  a to m s fo rm ing  a m olecule, a n d  can  only a d ju s t  to  th e  sp ec ific  s itu a tio n  
th ro u g h  h y b rid iz a tio n . This s ta r t in g  p o in t is so u n d  as long as th e  basis  is com ­
p le te  and  th e  t r e a tm e n t  involves all th e  e lec tro n s; b u t  we are  in te re s te d  p re ­
cisely  in  th e  case w h en  a lim ited  basis  is used a n d  o n ly  a few e lec tro n s  are t r e a t ­
ed, in  o rd er to  keep  th e  resu lts  as easy  to  in te rp re t  as possib le. U n d e r these  
cond itio n s, a t  v a rio u s in te rn u c le a r  d istances, as c a n  be seen w h en  one  considers 
a specific  exam ple (v ide in fra), a choice of A O ’s a d ju s te d  in  a spec ia l w ay to  
th e  m o lecu lar s i tu a tio n  is req u ired  b y  s tr ic tly  p h y s ic a l co nsidera tions.

In  sh o rt, if  s im plified  schem es are  n ecessary  fo r in te rp re tin g  m olecular 
p h en o m en a , an d  if  a lim ited -basis  MO — LCAO tr e a tm e n t  m ust b e  ta k e n  as such 
a schem e (th u s  d ese rv in g  th e  nam e  o f th eo ry ), a c a re fu l s tu d y  o f  th e  dependence 
o f th e  basis AO’s on  m olecu lar g eo m etry  is e ssen tia l. Of cou rse , i t  would be 
p a r tic u la r ly  sa tisfy in g  if  th e  form s o f th e  AO’s co u ld  be left in v a r ia n t ;  b u t th e
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v e ry  ex am p le  of h y b rid iz a tio n  in d ica tes  t h a t  th is  is n o t  possible. W h a t we can 
(an d  sh o u ld ) do in  o rd e r to  p u t  som e o rd e r  in  our a n a ly s is  is to  m ak e  reference 
to  som e s ta n d a rd  A O ’s to  be in te rp re te d  as th e  e n ti t ie s  th a t  re p re se n t, as it 
w ere, th e  u n d is tu rb e d  a to m s; and  in tro d u c e  co rrec tio n s  on th e m , try in g  to  
in te rp re t  th e m  as p h y s ic a l effects.

L e t us come b a c k  to  th e  sim ple m odel (the tw o -e lec tro n  m odel o f  th e  L i2 
m olecule) w hich we h a v e  in tro d u ced  in  o rd er to  co n sid e r a case w h ere  a n u m ­
b e r o f fe a tu re s  arising  fro m  th e  use o f  a  com plica ted  b as is  is e lim in a ted . H ere, 
th e  re fe ren ce  fixed  A O ’s are  th e  2s S la te r  o rb ita ls o f  lith iu m , an d  a f i r s t  step  
show s t h a t  h y b rid iz a tio n  is v e ry  im p o r ta n t  for o b ta in in g  reasonab le  resu lts. 
F u r th e r  àn a lysis  in d ic a te s  th a t  m od ifica tio n s of th e  ra d ia l p a rts  o f  th e  AO’s 
are  n ecessa ry  —  still w ith  four A O ’s as a basis —  am o n g  o ther th in g s , in  order 
to  en su re  o rth o g o n a lity  to  th e  in n e r sh e ll [14, 15]. F in a lly , v a r ia t io n  of th e  
o rb ita l ex p o n en ts  is n ecessa ry  in  o rd e r  to  sa tisfy  th e  v iria l th e o re m . These 
m o d ifica tio n s are n o t  in tro d u c e d  j u s t  as im p ro v em en ts  of th e  ca lcu la tio n s; 
th e y  m u s t be considered  as essen tia l fea tu re s  of a n  LCAO ca lcu la tio n , to  be 
ad d ed  to  th o se  a lre a d y  discussed in  [13]. W e shall ca ll th em  ra d ia l d is to rtio n  
(or, som etim es, ‘p ro m o tio n ’ [13]) a n d  ‘scaling’, re sp ec tiv e ly . W e em phasize 
th a t  th e y  are  in tro d u c e d  w ith  th e  t a c i t  a ssu m p tio n  t h a t  th e  u n m o d ified  AO 
is of th e  s ty p e  (in o u r m odel), a lth o u g h  —  as w ill b e  seen p re se n tly  —  n o t 
n ecessa rily  a reg u la r S la te r  o rb ita l.

T h e  sim plest k in d  o f  rad ia l d is to r tio n  in  an  a to m ic  o rb ita l p a r tic ip a tin g  
in  a b o n d  o rb ita l is co n n ec ted  w ith  o rth o g o n a liz a tio n  to  th e  in n e r core. The 
n ecess ity  o f in tro d u c in g  th is  m o d ifica tio n  in th e  b a s is  o rb ita ls w as po in ted  
o u t long  ago [14], b u t  h a s  n o t been  s tre sse d  too  m u c h  in  recen t y e a rs , because 
i t  arises o n ly  w hen  th e  v a lence  e lec tro n s  are t r e a te d  sep a ra te ly , a n d  becom es 
re a lly  ev id e n t w hen  su ch  a t r e a tm e n t  is ca rried  o u t  a t  v a rious d istan ces; 
m o reo v er, i t  m ay  b e  v e ry  sm all w h en  th e  inner co re  h as  a v e ry  h ig h  o rb ita l 
ex p o n e n t. To em phasize  th e  im p o rta n c e  of th e  c o n d itio n  of o rth o g o n a lity  to  
th e  in n e r  shell suffice i t  to  m en tio n  t h a t ,  in  its ab sen ce , th e  u n ite d  a to m  lim it 
of b o n d  o rb ita ls  re su ltin g  from  tw o  (2s, 2p) h y b rid  A O ’s w ould b e  essen tia lly  
I s  o rb ita ls  [8 ] .T h ere fo re , in  a c o n s is te n t o rb ita l th e o ry , th e  co rrespond ing  
m o d ifica tio n  of th e  a to m ic  o rb ita ls  sh o u ld  be in tro d u c e d  as a s ta n d a rd  effect 
to  be  t r e a te d  before a c tu a l  energy ca lcu la tio n s, as co u ld  be done w ith  h y b rid i­
z a tio n  [1, 15], because  i t  is p a r t  o f th e  p re p a ra tio n  o f  th e  atom ic o rb ita l  basis.

T h e  problem s a ris in g  in  th is  co n n ec tio n  are e a s ily  illu s tra te d  in  th e  m odel 
a t  h a n d . F o r s im p lic ity , suppose a  t r e a tm e n t  u s in g  only  one s - ty p e  o rb ita l 
p e r  a to m  is to  be c a rr ie d  o u t for th e  v a len ce  e lec tro n s. T hen , o rth o g o n a liza tio n  
to  th e  MO to  w hich th e  in n e r core e lec tro n s are a ss ig n ed  requires th e  in tro d u c ­
tio n  o f a tom ic  o rb ita ls  o f th e  form

|2sm>  = i V ( | l s >  —m |2 s > ) ,  (1)
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Table III

A nalysis o f orthogonalization to the inner shell in a two-electron m odel o f the L i2 m olecule  
for three values o f the internuclear distance R .

Column (a) gives the values o f p =  aR,  with a  =  0.65 and R  in  a. u . Columns (b) and (c) 
report the energies obtained from a S later determ inant over purc-.s orb ita ls corresponding to  
E qu. (1) o f the tex t w ith  m =  0 and m such as to ensure orthogonality o f the 2ag to the lag  
orbital, respectively. T he corresponding values o f  m are given in  colum n (d). Column (e) 
contains the values o f  m ensuring the sam e orthogonality condition w h en  the Slater 2s orbital 
is replaced by an sp3 hybrid , the va lu es for hybrids w ith  a lower p  character being inter­
m ediate. Column (f) g ives the va lues o f the param eter m' for a pure-p orbital o f the

ty p e  of Equ. (6)

09 (b) 00 0 4 09 (6

3 1 .0 7 2 2 .8 1 6 5 2 .8 4 9 2 .5 8 5 .3 4 9 9

4 .9 6 1 3 .7 6 7 5 2 .9 2 3 2 .8 5 9 .2 6 1 4

5 .8 2 4 4 .6 6 1 4 2 .9 4 1 2 .9 3 9 .1 7 2 5

w here  N  is an  a p p ro p ria te  n o rm a liza tio n  fa c to r , m is a p o s itiv e  q u a n ti ty  
used  fo r ensuring  o r th o g o n a lity  to  th e  in n e r core  MO (w hich  is g iven  b y  th e  
n o rm alized  sum  o f th e  S la te r I s  o rb ita ls  a sso c ia ted  w ith  th e  in n e r  core o f th e  
tw o  a to m s, h av in g  ex p o n en t 2 .70). The tw o  S la te r  o rb ita ls  ap p e a rin g  in  (1) 
are  assigned  th e  sam e  o rb ita l ex p o n en t, sa y  0.65. Some in d ic a tio n s  a b o u t th e  
re su lts  a re  given in  T ab le  I I I ,  w h ich  show s t h a t  th e  c o n tr ib u tio n  of th e  I s  
o rb ita ls  is n o t neg lig ib le . The changes in  en e rg y  rep o rted  in  T ab le  I I I  su p p o rt 
th e  p h y sica l in te rp re ta tio n  of o rth o g o n a liza tio n  as a re p u ls io n  te n d in g  to  
in c rease  th e  energy  o f th e  o u te r  electrons, especially  a t  sm a ll in te rn u c le a r  
d is tan ces  [15]. As is well know n, th is  in te rp re ta tio n  can b e  tra n s la te d  in to  a 
rigo rous m a th e m a tic a l form alism  b y  in tro d u c in g  a p p ro p ria te  p seu d o p o ten tia ls  
[4].

T h e  k ind  o f o r th o g o n a liza tio n  suggested  here  —  w h ich  co rresponds to  
fo rm in g  hydrogen -like  o rb ita ls  —  is eq u iv a len t to  th e  u su a l S ch m id t o rth o g o ­
n a liz a tio n . A s tu d y  o f  such hydrogen -like  o rb ita ls  in  free a to m s h as  been  carried  
o u t [16], an d  has g iven  resu lts  com parab le  w ith  those  o f  th e  u su a l S la te r 
o rb ita ls , th u s  rem o v in g  th e  on ly  serious o b je c tio n  to  th e  u se  o f  hyd ro g en lik e  
o rb ita ls . O f course, t h e ‘b e s t-a to m ’ o rb ita l ex p o n en ts  are no lo n g e r v e ry  close to  
th o se  g iven  b y  th e  S la te r  ru les. N ev erth e less , th e y  are close eno u g h  fo r m ost 
p ra c tic a l ca lcu la tions.

T h e  m od ifica tio n  b ro u g h t a b o u t b y  th e  ad d itio n  o f I s ,  3s, . . . te rm s  to  
th e  S la te r  o rb ita l m a y  be called “ p ro m o tio n ” ; he re , a t  v a r ia n c e  w ith  [13], we 
use  th e  te rm  “ ra d ia l  d is to r tio n ”  because th e  w ord  ‘p ro m o tio n ’ recalls th e  
p h y s ica l in te rp re ta tio n  of th e  a d d itio n a l te rm s  as h ig h er-en erg y  o rb ita ls  of th e  
free  a to m , w hich is n o t  possible h ere  (see also [2]). A p h y s ic a l in te rp re ta ­
tio n  o f  th is  d is to r tio n  can on ly  b e  founded  on  a re d e fin itio n  o f th e  reference
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f re e -a to m  o rb ita l a n d  on  a d iscussion  o f th e  w ay  in  w h ich  an  analysis o f  th e  
e le c tro n  d e n s ity  sh o u ld  be  ca rried  o u t.

W e consider now  som e m ore asp ec ts  of th e  q u e s tio n  o f  o rthog o n aliza tio n  
to  th e  in n e r  shell. S uppose  th a t ,  in s te a d  o f considering  p u re -s  o rb ita ls , w e wish 
to  co n sid er h y b rid s . W e are  th e n  faced  w ith  tw o possib ilities . F irs t o f  all, 
we can  w rite  a h y b r id  in  th e  form

|ft> = iV [|ls>  —m(|2s> -|-g|2p>)] (2)

(w here g  is a h y b r id iz a tio n  p a ra m e te r  an d  N  a n o rm a liz a tio n  factor), a n d  th e n  
i t  is im possib le  to  decide w h e th e r, b y  in tro d u c in g  th e  I s  c o n tr ib u tio n , w e h av e  
m o d ified  th e  2s or th e  2p  o rb ita l; so t h a t  we h av e  no  lo n g er a r ig h t to  d is­
tin g u ish  be tw een  h y b rid iz a tio n  a n d  ra d ia l d is to rtio n . I n  o th e r w ords, th e  
p ro c e d u re  b ased  on  (2) leads to  an  m  v a lu e  w hich  d ep en d s  b o th  on th e  in n e r 
core a n d  o n  th e  degree  o f h y b rid iz a tio n , b u t ,  as we h a v e  ju s t  said, i t  m u s t be 
in te rp re te d  as a d is to r tio n  of th e  s o rb ita l. This p o in t o f  view  is p e rfe c tly  
rea so n ab le , an d  sh o u ld  be  co m p le ted  b y  th e  decision  t h a t  rad ia l d is to r tio n  
o f th e  2p  o rb ita l w ill be  in tro d u c e d  o n ly  if  o rth o g o n a liz a tio n  to  o rb ita ls  r e s u l t ­
in g  fro m  p  o rb ita ls  is to  be ca rried  o u t, as w ould  h a p p e n  in  th e  case of, s a y , th e  
N a 2 m olecule . H ow ever, th is  leads to  am bigu ities in  th e  genera l case o f  bo n d  
o rb ita ls  fo rm ed  b y  h y b r id  A O ’s w h ich  m u s t be o rth o g o n a lized  to  bo n d  o rb ita ls  
also fo rm ed  b y  h y b r id  A O ’s. W e co n sid e r here , th e re fo re , th e  o ther p o ssib ility , 
n a m e ly  t h a t  o f o rth o g o n a liz in g  s e p a ra te ly  th e  p u re -s  o rb ita l  and  th e  p u re -p  
b o n d  o rb ita l  to  th e  in n e r  core o rb ita ls , an d  th e n  b u ild in g  th e  requ ired  h y b rid s . 
T h e  s itu a tio n  becom es p a r tic u la r ly  in te re s tin g  w h en  th is  crite rion  is to  be 
a p p lie d  to  th e  gen era l case. L e t sx, s2, p v  p 2 d en o te  th e  su b se ts  fo rm ed  b y  a 
I s , a 2s, . . . o rb ita l w ith  th e  sam e o rb ita l ex p o n en t on  a to m  1, sam e o n  a to m  
2, a n d  th e  su b se ts  fo rm ed  b y  a l p ,  a 2p ,  . . . o rb ita l o n  a to m  1, sam e on  a to m  
2, re sp ec tiv e ly . A m o lecu la r o rb ita l |%x)> w ill be w r it te n  in  te rm s of a co lum n 
v e c to r  C w h ich  is d e fin ed  as follow s

( s i» HiPyPi)

\ X x >  = ( 3 )

an d  a n o th e r  o rb ita l  |^2)  w ill be  exp ressed  th ro u g h  th e  sam e basis s e t  and 
a n o th e r  co lum n v e c to r  w ith  su b v ec to rs  C12, C22, e tc . B y  de fin itio n , a m ix in g  of 
o rb ita ls  o f th e  sam e su b se t is a ra d ia l  d is to rtio n  o r  ‘p ro m o tio n ’, w h ereas  a 
m ix in g  o f  subse ts  s,- a n d  p,- is h y b rid iz a tio n . N ow , th e  re q u ire m e n t t h a t  |%x)  
a n d  |^2)> b e  o rth o g o n a l to  one a n o th e r  leaves such  a freed o m  th a t  we can  req u ire  
a t  th e  sam e tim e  t h a t  on ly  p ro m o tio n  b e  used  to  sa tis fy  i t .  L e t us a ssum e th a t
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!%i) *s g iven, a n d  th a t  on ly  |^2)  m u s t be d e te rm in ed . L e t us den o te  b y  S n , 
S 12, e tc . th e  o v erlap  m atrices  assoc ia ted  w ith  th e  fo u r subse ts  o f  th e  g iven A O  
basis. T hen , th e  cond itions we f in d  on C12, C22, e tc ., are:

■ ^ C â S y CA = 0 .  (4)
j

T his eq u a tio n  defines one e lem en t of each C,-2, an d  th u s , w h en  th e re  is o n ly  
one inner-shell o rb ita l to  w hich  o rth o g o n a lity  m u s t be en su red , th e  C,-2 v e c to rs  
need  h av e  on ly  tw o  elem ents. A  p a r tic u la r  case is th a t  of th e  pure-s o rb ita ls  
considered  above . A n o th e r in te re s tin g  case is t h a t  o f p u re -p  o rb ita ls , w h ere  
th e  possib ility  o f inc lud ing  th e  l p  o rb ita ls  in  th e  a tom ic p  su b se t has b e e n  
considered  exp lic itly . W e co m m en t b riefly  o n  th is  p o in t b ecau se  i t  illu s tra te s  
one of th e  m o st de lica te  aspec ts  o f th e  p ro b lem  a t  h an d . T h e re  are  tw o w ay s  
o f  looking a t  o u r new  s o rb ita ls . O ne, as has b e e n  m en tio n ed , co n sis ts  in a ssu m ­
in g  th a t  we rep lace  S la te r o rb ita ls  b y  s tr ic tly  hyd rogen -like  o rb ita ls ; th e  o th e r  
co nsist in  assum ing  th a t  we h a v e  g ran ted  a c e r ta in  degree o f  f le x ib ility  to  th e  
ra d ia l p a r ts  o f o u r o rb ita ls , an d  rep laced  th e  fa c to r  r  o f th e  S la te r  2s o rb ita l  
b y  a m ore g enera l firs t-d eg ree  po lynom ial in v o lv in g  one p a ra m e te r  to  be u se d  
fo r th e  o r th o g o n a lity  req u irem en ts . F rom  th e  fo rm er p o in t o f v iew , th e  in t r o ­
d u c tio n  o f a l p  o rb ita l does n o t  a p p ea r to  be  ju s tif ie d ; from  th e  la t te r  p o in t  
o f v iew , on th e  c o n tra ry , i t  w ould  seem  rea so n ab le  to  m od ify  th e  rad ia l p a r t  
o f a p  o rb ita l e x a c tly  as has b een  done for its  s c o u n te rp a r t . N ow , i t  is im p o r ta n t  
to  keep  in  m in d  th a t  th e  I s  o rb ita l in tro d u c e d  b y  us in  th e  s,- su b se t c an n o t b e  
in te rp re te d  as so m eth in g  p h y sica lly  s ig n ifican t b y  itself, b ecau se  i t  is n o t one 
o f  th e  func tions o f th e  basis se t a c tu a lly  u sed  fo r  th e  ca lcu la tio n s, b u t  be longs 
to  a basis se t from  w hose contraction th e  f in a l p hysica lly  s ig n ifican t se t is 
o b ta in e d ; th e  l p  o rb ita l w ould  p la y  th e  sam e ro le , and  hence  i t  seems a d v is ­
ab le  to  use i t .  I n  sh o rt, E q u . (1) can  be re w r itte n  as

)s ~> =  - — —  N (m )
n i - N T r r e  e ( 5 )

w here x  is th e  o rb ita l ex p o n en t, an d  q =  xr  is th e  scaled d is ta n c e  from  th e  
nucleus; and , so fa r , i t  seem s t h a t  th e  m ost rea so n ab le  p  p a r tn e r  o f  th e  o rb ita l
(5) shou ld  be

12P m '>  =
13 X 3 . m/ --- Щт-)

1 71
1----— 0

Уз
e~e cos û ( 6 )

(m' be ing  d e te rm in ed  from  th e  cond itio n  o f  o r th o g o n a lity  to  th e  inner core  
MO) ra th e r  th a n  a p  o rb ita l h a v in g  in  th e  r a d ia l  p a r t  a second-degree p o ly ­
nom ial in  Q.
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A  sim p le  ca lcu la tio n  gives th e  v a lu e s  o f m' re p o r te d  in  th e  la s t  lin e  of 
T ab le  I I I .  T hese  d a ta  re v e a l t h a t  th e re  is a w eakness in  th e  above reaso n in g , 
b ecau se  th e y  show  (as can  b e  p ro v en  a lgeb ra ica lly ) t h a t  th e  lim it of th e  o rb ita l
(6) w hen  th e  in te rn u c le a r  d is tan ce  goes to  in fin ity  is a  1 p  o rb ita l r a th e r  th a n  
th e  e x p e c te d  2p  o rb ita l. T h is m akes a p h y sica l in te rp re ta t io n  o f th e  o rb ita l
(6) q u ite  d iff icu lt, an d  one m a y  conc lude  th a t  inc lusion  o f a 3p  o rb ita l  is a 
b e t te r  choice.

A  p o in t  n o t a p p a re n t  in  ou r sim p le  m odel is t h a t  o r th o g o n a liza tio n  to  
th e  in n e r  co re  invo lves, in  p rinc ip le , a d o u b lin g  o f th e  o rb ita ls . I n  th e  hom o- 
n u c lea r  case , i f  one h a d  to  in tro d u ce  th e  an tib o n d in g  va len ce  MO’s one shou ld  
ta k e  care  t h a t ,  say , th e  2s o rb ita ls  p a r t ic ip a tin g  in  th e  2cru MO be m o d ified  so 
as to  m ak e  i t  o rth o g o n al to  th e  lcru in n e r-sh e ll o rb ita l. T his co n d itio n  is n o t 
e q u iv a le n t to  th a t  a sso c ia ted  w ith  th e  g  sy m m etry . M ore generally , le t  th e  1er 
m o lecu la r o rb ita ls  be g iven  as

1<т =  ( Ь 1, Ь 2) qn  q12 = l s . ç ( la )  (7)

Î21  Î2 2

n d  th e  2cr m o lecu lar o rb ita ls  are  g iven  as

2„  =  (>..**) Cn  C „  (8)
0*21 0 22

w here  Sj a n d  s2 co n ta in , say , n e lem en ts  each. C alling  S  th e  2 x 2 n  o v erlap  
m a tr ix  b e tw e e n  th e  se t I s  a n d  th e  se t 2s =  (sx, s2), we o b ta in , fo r th e  co n d itio n  
th a t  2cr b e  o rth o g o n a l to  1er w h a te v e r Q(2cr) m ay  be,

Q + (la ) -S -C  =  T -C  =  0, (9)

w here  T  h a s  been  in tro d u c e d  as a 2 X 2 n  m a trix . As C is a 2n X 2 m a tr ix ,  we 
h a v e  fo u r co n d itions to  b e  sa tified  b y  4ra— 2 u n k n o w n s, an d  th is  is c learly  
possib le  w ith  n =  2, as w ould  be if  w e u se d  E qu . ( l ) .T h e  d ifficu lty  is t h a t  we 
h av e  to  a c c e p t non-zero  e lem en ts in  C21 a n d  C12, th u s  en te rin g  th e  long  d isp u te  
a b o u t th e  sign ificance of m u lti-c e n tre  b a s is  o rb ita ls . I f  we wish to  s ta y  in  th e  
fram e  o f a  sim ple MO— LCAO schem e, i t  is b e tte r  to  req u ire  th a t  C21 a n d  C12 
shou ld  v a n ish , in  w hich  case we h a v e  o n ly  2(n —  1) unknow ns. T h is m eans 
t h a t  we m u s t  h av e  n  3, i f  we w ish  to  keep th e  b as is  se t co m p le te ly  in d e­
p e n d e n t o f  Q(2a). A n in te rm e d ia te  s i tu a tio n , w here w e can  use a d o u b le  basis 
[d iffe ren t v a lu es  of m  in  ( I )  fo r th e  b o n d in g  and  th e  an tib o n d in g  M O’s] arises 
if  one tr ie s  to  ta k e  a d v a n ta g e  of som e general p ro p e r ty  of Q(2a). A  case in  
p o in t is t h a t  o f h o m o n u c lea r tw o -cen tre  bo n d s, w here  i t  is easy  to  d e fin e  d if­
fe re n t 2sm o rb ita ls  fo r th e  g  an d  th e  и 2a M O’s. I f  th is  is n o t done, one m u s t  use
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a general fo rm :

12sortho>  = N ( l , lm )  ( I I s >  — m |2 s >  + i |3 s > )  (10)

e x a c tly  as -would b e  done in  th e  n o n -sy m m etrica l case.

C onclusion

T he exam ple  o f ra d ia l d is to r tio n  re q u ire d  b y  th e  o rth o g o n a lity  co n d itio n  
is a good illu s tra tio n  o f an  effect w hich  m u s t  be in c lu d ed  in  an  a p p ro x im a te  
t re a tm e n t le s t one shou ld  lose an y  hope o f  g iv ing  a th e o re tic a l in te rp re ta t io n  
o f th em . T h e  ph y sica l s ign ificance of o rth o g o n a lity  o rig in a tes  from  th e  fa c t  
th a t  th e  lim its  fo r v e ry  la rg e  an d  v e ry  sm all in te rn u c le a r  d istances a re  to  
sa tis fy  c e r ta in  cond itions kn o w n  from  th e  th e o ry  o f a to m s. I t  is in te re s tin g  
to  n o te  th a t ,  as a b y p ro d u c t o f in te r-sh e ll o rth o g o n a liza tio n , one can  d is tin g u ish  
betw een  tw o  k inds o f h y b rid iz a tio n . W h en  no o rth o g o n a lity  to  th e  in n e r shell 
is req u ired , an  SC c a lcu la tio n  w ith  h y b rid s  w h ere  th e  s c h a ra c te r  is a v a r ia tio n a l 
p a ra m e te r  w ill alw ays give as close as possib le  an  a p p ro x im a tio n  to the 1er 
m olecu lar o rb ita l; co n seq u en tly , th e  s c h a ra c te r  ten d s to  zero  fo r th e  u n ite d -  
a to m  lim it. O n th e  o th e r  h a n d , a t  v e ry  la rg e  in te rn u c le a r  sep a ra tio n s , th e  s 
c h a ra c te r  is m ax im u m ; c o n tin u ity  th e n  im plies an  in c reasin g  p  c o n tr ib u tio n  
as th e  in te rn u c le a r  d is tan ce  te n d s  to  zero [8]. T his k in d  o f h y b rid iz a tio n  is so 
to  say  ‘e ssen tia l’, an d  d isap p ears  as soon as o rth o g o n a lity  to  th e  in n er shell is 
ensu red ; on ly  th e n  w h a te v e r h y b rid iz a tio n  is found  is re a lly  a fea tu re  le ad in g  
to  a b e tte r  ap p ro x im a tio n  of th e  a c tu a l p h y s ic a l s itu a tio n , a n d  hence has a  re a l 
p hysica l sign ificance.

W e sha ll n o t discuss h ere  in  d e ta il sca ling  as a fu r th e r  m od ifica tio n  o f th e  
basis; we on ly  p o in t o u t t h a t  i t  is v e ry  close to  rad ia l d is to r tio n  because i t  is 
n o t expressib le  as a lin ea r  co m b in a tio n  o f  th e  basis e lem en ts , and  affec ts  
d irec tly  th e  ra d ia l form s o f th e  a to m ic  o rb ita ls . W e p refe r to  close th e  p re se n t 
rem ark s w ith  a few  w ords reg a rd in g  th e  an a ly sis  of ch arg e  densities a n d  th e  
reference free -a to m  o rb ita ls . I t  is c lear t h a t  no  th e o ry  of ch e m is try  is possib le  
if  one has no  w ay  o f co m p arin g  th e  m o lecu la r s itu a tio n  w ith  an  ideal, free- 
a to m  s itu a tio n . T he p ro b lem  o f th e  re fe rence  free-a tom  o rb ita ls  arises all th e  
tim e  w henever we sp eak  o f m od ifica tions o f  th e  basis A O ’s. I n  th e  above d is ­
cussion, we h a v e  assum ed  th a t  th e  reference  o rb ita ls  in  q u e s tio n  are  e ssen tia lly  
S la te r o rb ita ls , ex cep t fo r th e  2s o rb ita l, w h ich  is supposed  to  b e  o rth o g o n alized  
to  th e  co rrespond ing  I s  o rb ita l b y  an  a p p ro p r ia te  choice o f m in  E q u . (1). T h e  
p a th  to  be follow ed in  u sin g  th e se  reference  o rb ita ls  is exem plified  in  our s tu d ie s  
o f  th e  m odel m en tio n ed  above, w here one o f  th e  in te rm e d ia te  ca lcu la tio n s is 
over a S la te r  d e te rm in a n t w ith  p u re-s sp in o rb ita ls  in  no w ay  a d ju s te d  to  th e  
m olecu lar s itu a tio n . T h ere  are severa l d e lica te  po in ts  in  th e  choices im p lic it in  
th is  k in d  o f com parison , an d  th e  q u es tio n  is b y  no m eans se ttle d .
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Once th e  reference o rb ita ls  have b een  chosen, th e  q u es tio n  of th e  a n a ­
lysis o f e le c tro n  densities ceases to  be m ean ing less. W h y  one should  consider 
e lec tro n  d en s itie s  is n o w ad ay s clear: th e  ana lyses in  te rm s  o f  single ind ices 
lik e  th e  v a r io u s  k inds of p o p u la tio n s  are  m u ch  too  a rb itr a ry  to  be relied  u p o n  
in  draw ing  p h y s ica l in te rp re ta tio n s , an d  i t  seem s th a t ,  if  such  indices h a v e  
to  be in tro d u c e d , i t  will be b e s t  to  s ta r t  a ll o v e r again. T h e  analysis  of e lec tro n  
densities co u ld  follow R u e d e n b e r g ’s v e ry  good t r e a tm e n t  [17]. As reg a rd s  
th e  basis o rb ita ls , one m ig h t sep a ra te  th e  d en sity  a sso c ia ted  w ith  a single 
a to m ic  o rb ita l  in to  a c o n tr ib u tio n  id en tica l w ith  th a t  o f th e  free a tom  an d  an  
‘in te rfe ren ce ’ c o n tr ib u tio n  asso c ia ted  w ith  each  successive m odification .

T he q u es tio n s  ju s t  m e n tio n e d  d eserve  a sep a ra te  s tu d y . As a conclusion  
o f  th e  p re se n t a rtic le , we sh a ll b riefly  su m m arize  th e  m a in  po in ts  il lu s tra te d  
in  i t  [18].

F ir s t ,  a  use of ab in itio  ca lcu la tio n s th a t  seem s to  h a v e  been  la rg e ly  
overlooked  b ecau se  of its  s im p lic ity  is th e  c o n s tru c tio n  a n d  analysis o f sim p le  
m odels o f th e  chem ical b o n d . Such m odels m a y  ren d er enorm ous services b o th  
in  c la rify ing  p rev io u sly  k n o w n  resu lts  a n d  in  suggesting  new  ones, a n d  in  
m ak ing  po ssib le  a d e ta iled  d iscussion o f in te rp re ta tio n  schem es and  a p p ro x i­
m ations.

S econd, tre a tm e n ts  u s in g  th e  LCAO schem e over th e  valence e lec trons 
m a y  be se rio u sly  a t  fa u lt w h en  effects lik e  in te r-she ll o rth o g o n a liza tio n  are  
neg lec ted . S u ch  effects are  consequences o f  th e  a p p ro x im a tio n s  used ; n e v e r th e ­
less, th e y  m a y  be  p h y sica lly  sign ifican t b ecau se  th e  co rrespond ing  a p p ro x im a ­
tions m a y  b e  essen tia l in  o rd e r to  re a c h  an  u n d e rs ta n d in g  of th e  m o lecu la r 
rea lity . T h e y  inc lude  changes o f th e  A O ’s w ith  m olecu lar geom etry .

T h ird , th e  rea liza tio n  t h a t  a c e r ta in  ty p e  of m o d ifica tio n  of th e  AO basis  
is im p o r ta n t  m u s t be fo llow ed b y  a v e ry  ca re fu l analysis o f th e  w ay  in  w hich  
such a c o rre c tio n  should  be  in tro d u ced  in  o rder to  p rese rv e  sim p lic ity  an d  
p hysica l s ign ificance.

W e h o p e  th a t  co n sid era tio n s like th o se  given ab o v e  w ill help to  b rid g e  
th e  a p p a re n t  gap  betw een  th e  w ork o f re sea rch ers  d e v o te d  to  h ig h ly  so p h is ti­
ca ted  ab in itio  ca lcu la tions a n d  th e  w o rk  o f  researchers in te re s te d  in  a sim ple  
if  a p p ro x im a te  u n d e rs ta n d in g  of fac ts.
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МОДЕЛЬ AB INITIO ВЫЧИСЛЕНИЙ И ОБОСНОВАНИЕ МЕТОДА MO—LCAO

ДЖУЗЕППЕ ДЭЛ РЕ

Р е з ю м е

Применение ab initio вычислений, которое оказывается тщательно проверенным 
благодаря его простоте, является истолкованием и анализом простых моделей химиче­
ской связи. Такие модели могут оказывать огромную помощь, как при уточнении заранее 
известных результатов, так и при исследовании новых, далее сделают возможным подроб­
ную дискуссию интернациональных схем и приближений. Приемы, применяющие LCAO 
схему в случае валентных электронов, могут давать серьезно ошибочный результат, если 
пренебречь эффектами, обусловленными ортогонализацией внутренних оболочек. Такие 
эффекты следуют из примененного приближения, хотя они могут быть физически важными, 
так как соответствующие приближения иногда необходимы с целью обеспечения понят­
ности молекулярной реальности. Они включают в себя изменения атомных орбит с моле­
кулярный геометрией. За реализацией, в которой модификация базиса атомных орбит 
определенного типа важна, обязательно должен следовать очень тщательный анализ 
приема, в рамках которого имеется возможность для введения данной коррекции с целью 
сохранения простоты и физических характерностей.
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STUDY OF THE ELECTRONIC STRUCTURE 
OF MOLECULES. X*
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A ll e lectrons SCF-LCAO-M O c o m p u ta tio n s  for ad en in e , cytosine, g u a n in e  and  th y a -  
m in e  a re  rep o rted . In  a d d itio n , to  co m pute  th e  to ta l  energies a n d  w ave fu n c tio n s  we have  com ­
p u te d  th e  re la tiv e  gross ch arg es an d  th e  d ip o le  m om ent. A n a ly sis  of th e  o rb i ta l  energy for 
th e  in n er shell ind ica tes t h a t  th e re  are th re e  e ffects w hich g o v e rn  th e  o rb ita l energ ies  sp littin g  
fo r in n e r  shell a) th e  gross ch arg e , or io n ic ity  degree, o f th e  a to m  in c o n sid e ra tio n , b) its v a l­
ency  s ta te ,  c) th e  ne ighbor a to m s ionicities. T h e  f irs t two effec ts  a re  su ffic ien t fo r de term in ing  
th e  re la tiv e  loca tion  of th e  in n er shell as w ell as for e s tim a tin g  th e  ex trem a  o f  th e  sp littin g  of 
th e  in n e r  shell e lectrons o f  a  given ty p e  o f  atom s.

T h e  gross charge p o p u la tio n  was u se d  to  de te rm in e  th e  overall flow  o f  th e  a and  л  
ch arg e  tran s fe r . I t  was fo u n d  th a t  th e  c h arg e  tran sfer flow  req u ire s  d irec t co n sid e ra tio n  of a t  
le a s t  n e x t  n ea re s t neighbors to  be ex p la ined . In  add ition , i t  w as found  th a t  s im p le  л  electron  
con sid era tio n s could lead  to  n o t  only q u a n ti ta t iv e  b u t even to  q u a lita tiv e  e rro n eo u s  pred ic tion  
a b o u t  th e  e lectron ic  charge  d is trib u tio n . F o r  exam ple, an  a to m  can  be p o s itiv e ly  charged, if  
one  considers on ly  th e  л  e lec tro n s, and th e  sam e  atom  can  be  neg ativ e ly  c h a rg e d , if  one con­
siders on ly  th e  a electrons. T herefo re , we r e ite ra te  on th e  n ecess ity  o f all e lec tro n  co m p u ta tio n s 
n o t  on ly  fo r q u a n tita tiv e  b u t  even for q u a li ta t iv e  stud ies o f  th e  e lectronic s t ru c tu re  in m ole­
cules.

Acta Physica Academiae Scientiarum Hungaricae, Tomas 27, pp. 493— 521 (1969)

I . Introduction

T his w ork  was in i t ia te d  th e  su m m e r of 1967 b y  C l e m e n t i  a n d  H a h n . 

C ytosine w as co m p u ted  using  V ersion  2 of IB M O L  on an  IB M  360/50 and  
re p o rte d  a t  th e  K u tn a  Н ога  m ee tin g  an d  a t  th e  H u n g a ria n  S u m m e r School 
in  1967. T he rem ain in g  m olecules o f  th is  p ap er w ere  com p u ted  w ith  V ersion 
4 of IB M O L  on an  IB M  360/65 co m p u te r . The fo u r  m olecules a re  c learly  of 
im p o rtan ce  in  biological s tu d y . H ow ever, we wish to  p o in t ou t t h a t  th e re  m igh t 
be a g re a t gap betw een  co m p u tin g  th e  e lec tron ic  s tru c tu re  of a b io log ica lly  im p o r­
t a n t  m olecule and c o n tr ib u tin g  to  o u r  u n d e rs ta n d in g  o f biological m echanism s. 
T herefo re , th ro u g h o u t th is  p ap er n o  fu r th e r  m e n tio n  will be  m a d e  to  th e  
possib le biological im p lica tio n  of th is  w ork, an d  w e shall consider th e se  four 
m olecules as ad d itio n a l com pounds (con ta in ing  h y d ro g en , c a rb o n , n itrogen

* D ed ica ted  to  P ro f. P . G o m b á s  on h is  6 0 th  b ir th d a y .
1 P re se n t address: L ab o ra to ire  de C him ie Q u an tiq u e , K ap eld reef, E g en h o v en -H ev erle , 

Belgium .
2 P re se n t address: W ash in g to n  S ta te  U n iv e rs ity , D ep t, o f  C hem istry , P u llm a n ,W a sh in g ­

to n , USA.
3 P re se n t address: S ta n fo rd  U n iv e rs ity , D e p a rtm e n t o f  C hem istry , S ta n fo rd , Cali­

fo rn ia , USA.
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Table I

O rb ita l  e x p o n en ts  o f G au ss ian  fu n c tio n s  fo r hydrogen , c a rb o n , n itro g en  a n d  oxygen

s-type functions

hydrogen carbon nitrogen oxygen

1 4.500370 391 .445 636.101 1113.12

2 0.681277 64 .7358 105.386 172.260

3 0 .151374 16 .2247 27 .5167 42.8008

4 5.33460 9 .0 2 7 0 8 13.3710

5 2.00995 3 .3 3 0 8 6 4.83970

6 0 .502323 0 .8 2 8 6 2 5 1.07380

7 0 .155139 0 .2 4 3 1 0 9 0.31690

p -type functions**

8 * 4 .316130 5 .1 9 8 2 9 6.92200
9 0 .873682 1 .10716 1.42610

10 0.202860 0 .2 6 1 7 5 0.32120

* No p - tv p e  fu n c tio n  w as used  fo r h y d ro g e n  a tom s.
** T h e  p  fu n c tio n s  can  b e  e ith e r  px o r p y or p z; fo r th e  3 d iffe ren t cases th e  a n g u la r  p a r t  

is c lea rly  d iffe ren t, b u t  th e  o rb ita l  e x p o n e n t w as k e p t c o n s ta n t .

Table II

C o n trac ted  G aussian  se t fo r  h y d ro g e n  (H ), carbon  (C), n itro g e n  (N) a n d  oxy g en  (0 )

T h e  Z i , /2 • • ■ a re  th e  G aussian  fu n c tio n s  given in  T a b le  I. C learly th e  yx . . . / 3 to  be 
u sed  fo r th e  ls (H )  are  th o se  in  co lum n 2 o f  T ab le  I  (or th e  y, . . . y. fo r o x y g en  are  those in  
co lu m n  5 of T ab le  I.)

Acta Physica Academiae Scientiarum Hungaricae 27, 1969

Is (H) 0 .0 7 0 4 8 0 /i  -f 0 .4 0 7 8 9 0 /2  +  0 .6 4 7 6 6 9 /3

I s  (С) 0 .0 2 2 2 2 0 /i  - f  0 .1 3 2 9 6 8 /2  +  0 .3 8 4 6 9 0 /3 -f- 0 .4 5 8 3 8 5 /4 +- 0 .1 5 4 5 4 7 /5

2s (С) 0 .5 3 4 2 4 0 /6 +  0 .5 2 4 9 9 2 /6

2p(C) 0 .1 0 8 4 5 1 /s  +  0.461164/«, +  0 .6 3 0 4 3 5 /lo

I s  (N ) 0 .0 1 8 2 3 1 /1  +  0 .1 0 8 1 2 2 /2  +  0 .3 2 4 2 8 6 /3 +  0 .4 7 8 3 3 3 /4 +  0 .2 2 1 2 0 1 /5

2s (N ) 0 .4 6 6 7 0 3 /e +  0 .5 9 6 2 8 3 /j

2p(N ) 0 .1 3 8 4 3 0 /s  +  0 .4 9 7 6 0 1 /a  +  0 .575051 /ц ,

Is  ( 0 ) 0 .0 1 3 2 2 1 /j  +  0 .0 8 7 6 2 9 /2  +  0 .2 9 6 2 9 5 /3 +- 0 .4 9 2 0 4 2 /4 +  0 .2 5 8 9 3 5 /s

2s ( 0 ) 0 .4 9 7 0 8 6 /e +  0 .5 6 6 0 9 4 /7

2 p  ( 0 ) 0 .1 4 8 8 8 0 /3 +  0 .5 1 6 7 0 9 /э  +  0 .5 5 8 7 0 0 /i„
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T ab le  I I I
T o ta l en erg y  in  a .u . for th e  a to m s using th e  G aussian  se t o f T ab le  I  and  com p ariso n  to  o th er

se ts

basis set Table I I Table I m inimal Slatera) H  artree- Fockb) exact0)

hydrogen  (2S) — 0.4970 0.4988 -  0.5000 — 0.5000 — 0.5000

carb o n  (3P ) —37.5900 — 37.6296 — 37.6224 — 37.6886 — 37.8558

nitrogen  ( ’.S’) —54.2440 — 54.3130 -  54.2689 —  54.4009 —  54.6122

oxygen (3P) - 7 4 .5 9 7 3 — 74.6763 —  74.5404 —  74.8094 —  75.1101

a) F ro m  E . Cl e m e n t i a n d  D. R a im o n d i , J .  Chem. P h y s .,  38, 2686, 1963.
b) F ro m  E . Cl e m e n t i, T ab les of A to m ic  F u n c tio n s  [8].
c) F ro m  A. Veil l a r d  a n d  E . Cl e m e n t i, J .  Chem. P h y s .,  49, 2415, 1968.

an d  oxygen  atom s) in  th e  l is t of m olecules p rev iously  s tu d ied  in  th is  series of 
p ap ers . T he w ork  is ca rried  o u t in th e  se lf-co n sis ten t f ie ld , (SCF) lin e a r  com bin ­
a tio n s o f a to m ic  o rb ita ls  (LCAO) a p p ro x im a tio n . T h e  basis  set we h a v e  used 
(T able  I) fo r th e  H , C, N , an d  0  a to m s  is th e  sam e basis  se t p rev io u sly  used. 
T he sam e holds for th e  c o n trac tio n  coeffic ien ts (T able  I I ) .  The rea so n  is no t 
th a t  such a basis set is a p a r tic u la r ly  good one, b u t  is th e  b e s t t h a t  can  he 
done w ith  7s ty p e  gaussians and  3p  t y p e  gaussians. W h en  we p ro g ram m ed  our 
m olecu lar package  [1] we decided to  com prom ise in  th e  basis se t size so as to  
be in  a p o sitio n  to  co m p u te  a large n u m b e r  of ra th e r  com plex  m olecules w ith in  
th e  sam e accu racy , so as to  be in a p o s itio n  to  com pare  resu lts  from  m olecule 
to  m olecule. A t th a t  tim e  th e  above b as is  set did seem  th e  b est com prom ise , 
be tw een  accu racy  and  rea lis tic  p o ss ib ility  to  ca rry  o u t o u r p rog ram  o f s tu d y  
in  th e  e lec tron ic  s tru c tu re  o f  m olecules. C om parison b e tw een  our basis  se t and 
o th e r m ore ad eq u a te  is g iven  in T a b le  I I I .  F rom  th e se  consid era tio n s i t  is 
c lear th a t  th e  resu lts  p re se n te d  in th is  w o rk  are of p re lim in a ry  value . T h e  m ain 
fe a tu re  in  th ese  co m p u ta tio n s  is t h a t  th e  m odel u sed  (SC F— LCAO) is very  
well defined , th a t  no ap p ro x im a tio n  is m ade in th e  in teg ra ls  c o m p u ta tio n s  or 
even m ore, in  th e  n u m b e r o f  e lectrons ex p lic itly  consid ered  for th e  m o lecu la r 
sy stem . F ro m  previous w o rk  in th is  series [2] we kno w  th a t  th e  so-called 
л  e lec trons can n o t be considered  as som e sep a ra ted  an d  p riv ileged  se t from  
th e  so-called  a e lectrons ( th e  n o ta tio n  a  an d  л  is m o s t u n fo rtu n a te  since  i t  is 
co rrec t on ly  for linear system s; h o w ev er, we shall co n tin u e  to  use su ch  b ad  
n o ta tio n  on ly  in  deference to  a careless as well as v e ry  v a s t  body  of l i te ra tu re ) . 
H ence, th e  need  for a ll-e lec trons ab in it io  co m p u ta tio n s . F ro m  o th e r  w o rk  (to 
be p u b lish ed  [3]) we k now  th a t  th e  in n e r  shell e lec tro n s are m ore im p o r ta n t  
for d e te rm in a tio n  of m o lecu la r g eo m etry  th a n  p rev io u sly  assum ed. H en ce , th e  
need fo r eq u a l t r e a tm e n t fo r inner sh e ll and  v a len cy  electrons. T h e  sim ple 
n4 re la tio n  (w here n is th e  basis se t size fo r a g iven  m olecule) a n d  req u ired  
n u m b e r of m an y -cen te r in teg ra ls , c le a r ly  poses a p ra c tic a l lim it in  th e  com ­
p u ta tio n s  [4].
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I I . Computational results

T he g eo m e try  we have u sed  fo r aden ine , cy to s in e , g u an in e  a n d  th y a m in e  
(h e re a fte r  re fe rred  to  as A, C, G a n d  T) a re  g iven  in  Tables IV , V , V I an d  V II , 
re sp  ec tive ly . F igs. 1, 2, 3 an d  4 co m p lem en t th e se  tab les. T h e  to ta l  energy  as 
w ell as th e  o rb ita l  energies are  g iven  in  T ables V I I I  th ro u g h  X I  fo r  A, C, G an d  
T , re sp ec tiv e ly .

The e x p a n s io n  coeffic ien ts fo r each o rb ita l ,  o b ta in ed  from  th e  SCF 
p ro ced u re  are  to o  long to  be  re p o rte d  an d  a re  availab le  elsew here [5]. T h e  
gross p o p u la tio n  analyses [7] are  given in  T ab le  X I I  th ro u g h  X V  fo r A, C, G 
a n d  T , re sp e c tiv e ly , and  th e  h y b rid iz a tio n  fo r  each  a to m  is g iven  in  T ab les

H(4) Z * -0 .9 6 5 0 6 4
* H(5) Z = 1.93012700

H(6) Z = -0 .9 6 5 0 6 4

X

Fig. 1. G eom etry  a n d  gross charges fo r  th e  adenine m olecu le

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



ELECTRONIC STRUCTURE OF MOLECULES 497

CYTOSINE (LACTAM I) bond distances, gross charges*

6

4

2

О

-2

-4
-2 О 2 4 6 8 10 12

Fig. 3. G eom etry  a n d  gross ch arg e s  fo r th e  guan ine  m olecule
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X

X Y I th ro u g h  X I X  re sp ec tiv e ly . F inally , th e  d ipo le  m o m en t in  com ponents in  
th e  X ,  y  an d  z d irec tio n  as w ell as th e  to ta l  d ipo le  m o m en t is given in  T ab le  
X X . All q u a n tit ie s  are g iven  in  a tom ic u n its  [7].

Table TV

M olecular g e o m e try  fo r a d e n in e  m olecule*

X У X У

N (l) 4.456643 2.5959530 C(4) 4.3013910 0.0864170
N (2) 2.1761190 — 1.2563760 C(5) — 3.7981510 1.3725350
N(3) — 2.4164080 3.5159020 H ( l ) 6.0908940 —0.9682600
N(4) —2.4571470 — 0.7512240 H (2) -3 .1 1 8 7 6 7 0 -2 .5 2 0 7 8 4 0
N(5) 2.2803240 6.3839750 H (3) — 5.8763680 1.3725350
C (l) 2.2803240 3.8523290 H (4) 0.6959090 7.4129050
C(2) 0.0 2.5883240 H (5) 3.8647390 7.4129050
C(3) 0.0 0.0

* D istan ces a re  given in  a to m ic  u n its ; th e  v a lu e  o f  th e  z co o rd in a te  is 0.
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Table V

M olecular g eo m e try  fo r th e  c y to s in e  ( lac tam  1) m olecu le*

X У * У

0 15.682272 —0.4604511 H ( l ) 12.264164 7.6893053

N (l) 19.039032 2.1588593 H (2) 14.692337 9.7267876

N(2) 14.826015 3.6494255 H (3) 18.995163 8.4874620

N(3) 14.139829 7.9196091 H (4) 22.047836 4.8494406

C (l) 16.470795 1.7060061 H (5) 20.228302 0.6902478

C(2) 15.767538 5.9797821

C(3) 18.318405 6.5219889

C(4) 19.994705 4.5242567

* D istan ces a re  g iven  in  a tom ic  u n its ;  th e  v a lu e  o f th e  z co o rd in a te  is 0.

Table VI
M olecular g eo m etry  fo r th e  g u an in e  molecule*

X У X У

0 8.5351915 7.3326225 C<3) 5.1557379 4.5441399

N (l) 9.2876520 3.0396242 C(4) 7.7466660 5.1661663

N(2) 5.8988562 0.1219844 C(5) 1.1614723 4.6027842

N(3) 3.1580334 6.1909208 H ( l ) —0.8040018 5.2795506

N(4) 1.7482090 2.1588602 H (2) 0.5589515 0.6902482

N(5) 9.9972229 — 1.2595730 H (3) 9.4605036 — 3.0715036

C (l) 8.3526487 0.6659773 H (4) 11.8708070 — 1.0129108

C(2) 4.3342476 2.0889683 Щ 5 ) 11.1612360 3.2862854

* D istan ces in  a tom ic  u n its ; th e  z co o rd in a te  is 0.

III. D iscussion on the orbital energies for inner shell electrons

T he o rb ita l energies o f th e  s e p a ra te d  a to m s, nam ely  th e  eigenvalues с,- 
o f th e  eq u a tio n

F  <Pi =  et <pi,

w here  (ft is th e  i- th  o rb ita l, and  F  th e  H a r tre e — Fock  o p e ra to r  ( th e  field seen  
b y  <pi) are  c learly  re la te d  to  th e  o rb ita l energ ies o f th e  a to m s in  th e  m olecule. 
H ow ever, th e  re la tio n  is n o t too  im m ed ia te . F ir s t  o f all th e  f ie ld  F  is no lo n g e r 
th e  atom ic  fie ld  h u t  th e  m olecu lar fie ld . S econd , th e  q>i in  th e  m olecule a re  
n o t localized a t  th e  a to m  site , h u t  delocalized  over th e  en tire  m olecu lar f ram e
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Table VII

M olecular g e o m e try  for th e  th y am in e  m olecule*

X У Z

0 (1 ) 0.0 7.4626860 0.0
0 (2 ) 4.1881240 0.0 0.0
N (l) -  2.2579160 3.8541470 0.0
N(2) 2.3049310 3.9391650 0.0
C (l) 0.0 5.1577550 0.0
C(2) — 2.2579160 1.3036080 0.0
C(3) 0.0 0.0 0.0
C(4) 2.307002 1.3319480 0.0
C(5) 0.0 — 2.9095030 0.0
H (l) 3.9030790 5.0821840 0.0
H(2) -3.7917320 5.0821840 0.0
H(3) — 3.9297180 0.13380900 0.0
H(4) — 1.6715400 —  3.6274320 — 0.96506400

H(5) 0.0 —  3.6274320 1.93012700

Щ 6) 1.6715400 — 3.6274320 —  0.96506400

* D is ta n ce s  in  a tom ic  u n i ts

(sub jec t to  sy m m e try  c o n s tra in ts ) . I f  th e  m olecular o rb ita ls  are on ly  s lig h tly  
delocalized  as com pared  to  th e  atom s, a n d  if  th e  d o m in a n t p a r t  of th e  f ie ld  is 
th e  a to m ic  f ie ld , th e n  th e  o rb ita l  energies in  th e  se p a ra te d  atom s -will resem ble  
s u b s ta n tia lly  th e  o rb ita l energ ies in  th e  m olecule. T his is th e  case of th e  in n e r  
shell e lec tro n s . The o rb ita l energies o f  th e  Is2 e lec trons in  th e  ca rb o n  (3P ) , 
n itro g en  (4S) and  oxygen  (2P )  a tom ic  g ro u n d  s ta te  a re  — 11.32552 a . u ., 
— 15.62892 a . u ., — 20.66864 a. u ., re sp ec tiv e ly  [8]. W ith  th is  in  m in d  i t  is 
sim ple to  c o rre la te  th e  in n e r  shell e lec tro n s o f the  fo u r m olecules (Tables V I I I ,  
IX , X  an d  X I )  w ith  th e  in n e r  shell o f th e  sep a ra ted  a to m s. Fig. 5 m ak es th is  
co rre la tio n  ex p lic it for th e  case  of cy tosine. H ow ever, th e  co rre la tio n  is o n ly  q u a li­
ta tiv e . F o r  in s tan ce , th e  sp re a d  in th e  o rb ita l  energies fo r  th e  carbon  a to m  goes 
from  11.53 a . u . to  — 11.44 a . u ., from  —11.56 a. u . to  —11.41 a. u ., from  — 11.59 
a. u . to  — 11.40 a. u. an d  fro m  — 11.61 a . u . to  — 11.39 a. u . for A, C, G  an d  
T , re sp ec tiv e ly . In  o th e r  w ords, th e re  is a spread  o f a b o u t 3 to  6 e le c tro n  
v o lts . T hese  f lu c tu a tio n s  a re  su b s ta n tia l, s tro n g ly  p o in tin g  ag a in st th e  s im p lify ­
ing  a ssu m p tio n  th a t  th e  in n e r  shells in  m olecules are  as th e  inner shells o f  th e  
co rresp o n d in g  sep a ra ted  a to m s . The e lec tro n ic  d en sity  is v e ry  m uch th e  sam e, 
how ever, b u t  since th e  in n e r  shell e lec tro n s  are h ig h ly  energetic , a sm all 
v a r ia tio n  in  d en sity  has a la rg e  effect on  th e  energy. F o r  eq u iv a len t re a so n s , a 
re la tiv e ly  la rg e  d en sity  v a r ia t io n  in  v a le n c y  electrons co rresponds to  a re la tiv e ly

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



ELECTRONIC STRUCTURE O F MOLECULES 501

-C Y T O S IN E  -

Fig. 5. C om parison o f o rb ita l  energies fo r cy to s in e  w ith  th e  o rb ita l energies o f  th e  co m ponen t
atom s in  th e  ground  s ta te

sm all energy  v a r ia tio n . Indeed , fro m  analysis o f  Tables X I I I  th ro u g h  X V II, 
we see t h a t  th e  v a len cy  shell sp littin g  in  th e  m o lecu la r field as co m p ared  to  th e  
se p a ra te d  atom s is o f th e  sam e o rd e r o f m a g n itu d e  as th e  in n e r shell sp littin g .

F ro m  th e  p rev io u s discussion i t  follows t h a t  we should h e  ab le  to  s ta te  
so m eth in g  m ore q u a n tita tiv e  a b o u t th e  sp lit t in g  o f the  inner o rb ita l energies
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Table VIII

O rb ita l  energies fo r  ad en in e  (in a .u .)*

1 a — 15.75998 18(7 — .924933

2a — 15.65410 19(7 — .904119

3(T — 15.65020 20(7 — .83495

4cr — 15.63953 21(7 — .785000

5(7 — 15.63526 22(7 — .743324

6a — 11.53362 23cr — .739640

7cr — 11.51086 24(7 — .684126

8(7 — 11.49101 25(7 — .663891
9(7 — 11.48222 26(7 — .647116

10(7 — 11.43706 27(7 — .519899

11(7 — 1.45674 28(7 — .482487

12(7 — 1.37406 29(7 — .436027

13(7 — 1.28443 I tt -.724339
14(7 — 1.24147 2 л — .638200

15(7 — 1.20797 З я — .560701

16(7 — 1.10388 4л — .488591
17(7 —0.961035 5л — .443605

6л — .366840

* T o ta l energy =  — 462.55284 a. U.

Table IX

O rb ita l  energies fo r cy to s in e  (in a .u .)*

1(7 — 20.487343 16(7 — 0.812685
2(7 — 15.729407 17(7 — 0.805849
3(7 — 15.661884 18(7 — 0.771609
4(7 — 15.595631 19(7 — 0.705790
5(7 — 11.569219 20(7 — 0.664342
6(7 — 11.533484 21(7 — 0.651121

7(7 — 11.517662 22(7 — 0.588110
8(7 — 11.407959 23(7 — 0.454238
9(7 — 1.443140 24(7 — 0.442661

10(7 — 1.341111 1л — 0.702333
11(7 — 1.309476 2л — 0.609556
12(7 — 1.209500 Зл — 0.544552
13(7 — 1.120933 4л — 0.437576
14(7 —0.960774 5л — 0.361283
15(7 — 0.923618

* T o ta l energy — 390.93564 a.u .
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T ab le  X

O rb ita l  energies fo r  guan ine (in  a .u .)*

Id — 20.53240 21(7 —0.88660

2 a — 15.74850 22(7 — 0.85184

3 a — 15.72616 23cr — 0.80546

4cr — 15.68678 24cr —0.78431

5(7 — 15.63471 25(7 — 0.74539

6(7 — 15.61607 26(7 — 0.72761

7(7 — 11.59306 27(7 —0.68175

8(7 — 11.56340 28(7 —0.62823

9(7 — 11.49640 29(7 — 0.61354

10(7 — 11.45654 30 Q — 0.50676

11(7 — 11.40342 31(7 — 0.46656

12(7 — 1.45529 32(7 — 0.44245

13(7 — 1.42078 1 n — 0.72983

14(7 -  1.38907 2tí —0.67628

15(7 — 1.26388 Зл —0.60963

16(7 — 1.25621 4я —0.50039

17(7 — 1.22620 5л — 0.49096

18(7 — 1.08293 6л — 0.45257

19(7 — 0.96778 1л —0.33471

20(7 — 0.93780

* T o ta l energy — 537.13942 a.u .

as co m p ared  to  th e  s e p a ra te d  atom s. W e shall now  use  th is  sam e ty p e  o f rea so n ­
ing a d o p ted  in  th e  s tu d y  for inner shells analysis g iven  elsew here [3]. F rom  
T ables X I I ,  X I I I ,  X IV  a n d  XV we k n o w  th a t  th e  a to m s are  n o t  n e u tra l  in  
th e  m olecule b u t  h av e  excess or d efic ien cy  of e lec trons due  to  charge tra n sfe r . 
T his fa c t o u g h t to  be th e  f irs t o rd er co rrec tion  in  th e  o rb ita l energies o f th e  
in n e r shell. F o r exam ple , th e  carbons in  adenine h a v e  lo s t 0 234, 0.195, 0.018 
an d  0.025 e lec trons in  C (l) , C(3), C(4) an d  C(5) an d  gained  0.024 in  C(2), r e ­
spective ly . T h e  C + (2P )  io n  has an o rb ita l  energy [8] o f  — 11.8983 a. u . (to  be 
com pared  w ith  — 11.3255 a. u. for th e  n e u tra l  a to m  in  th e  3P  s ta te ) . I f , mo>t 
a p p ro x im a tiv e ly  we assign  an  energy d ifference o f — 11.8983— 11.3255— 0.5728 
a. u . for th e  loss of one e lec tron  an d  use  th is  n u m b er fo r th e  fra c tio n a l losses 
in  th e  ca rb o n  atom s o f  adenine w e o b ta in  th e  o rb ita l  energies re p o r te d  in 
T ab le  X X I , w ith  an  en e rg y  spread  o f  0.1577 a. u .;  th is  va lu e  shou ld  be  com ­
p a red  w ith  a sp read  o f — 11.53362 +  1 1 .4 3 7 0 6 = — 0.09656 a. u . g iven  th e  com ­
p u ta tio n  re p o rte d  in  T a b le  V III . T here fo re , we seem  to  h av e  som e q u a n ti ta t iv e  
u n d e rs ta n d in g  of th e  in n e r  shell o rb ita l  energies sp read .
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Table XI

* Total

O rb ita l energ ies , £, fo r th y a m in e  (in  a.u .)*

«1 — 20.53970 « 18 —0.82544

« 2 -2 0 .5 3 6 5 6 « 19 —0.81492

«3 — 15.73519 « 2 0 —0.75640

« 4 — 15.70864 «2 1 —0.73289

«5 — 11.61562 « 2 2 —0.68439

« 6 — 11.56386 « 23 —0.64193

« 7 — 11.49468 « 2 4 —0.63905

«8 — 11.41183 « 2 5 —0.63041

«9 -1 1 .3 9 0 1 8 « 2 6 —0.61814

« 1 0 — 1.48448 «2 7 —0.61304

«11 — 1.44039 « 2 8 —0.58368

« 1 2 — 1.33965 « 2 9 —0.56292

«13 — 1.28092 « 30 —0.49831

« 1 4 — 1.14551 «31 — 0.46663

« 1 5 — 1.00557 « 32 —0.44665

« 1 6 — 0.96609 «33 —0.38722

«17 — 0.91973

en erg y -4 4 9 .5 9 1 0 7  a .u .

H av in g  a so m ew h at b e t te r  u n d e rs ta n d in g  o f  th e  sp read  of o rb ita l energies, 
le t  us discuss in  m ore  d e ta il its  ab so lu te  va lues. W e h av e  d e te rm in e d  th e  sp read  
b y  co m p arin g  th e  n e u tra l c a rb o n  in  th e  3P  s ta te .  W e shou ld  n o t  use th e  3P  
s ta te ,  since th e  m olecule can  be  env isioned  to  be  fo rm ed  b y  a tom s in  th e  
“ v a le n c y  s ta te ” . M ost im p o r ta n t , we shou ld  ta k e  som e s ta te  t h a t  is m ore 
d iffuse  th a n  th e  3P  an d  a s in g le t s ta te . I f  we ta k e  as basis th e  XS s ta te  of carbon , 
th e n , a f te r  h a v in g  co m p u ted  th e  sp littin g  we shou ld  low er th e  o rb ita l energy  
b y  — 11.39111 +  11.32552 =  0.065 a. u. (w here — 11.39222 is th e  e(xS) fo r 
C(3P )  an d  — 11.32552 is th e  e(xS) fo r C(XS) as know n  from  p rev io u s w ork [8]). 
W e w ould , th e re fo re , ex p ec t in  th is  level of c ru d e  a p p ro x im a tio n  to  have  th e  
fo llow ing  o rb ita l energies fo r th e  in n e r shell e lec trons of th e  ca rb o n  atom s in  
ad en in e : — 11.534 a. u ., — 11.502 a. u ., — 11.502 a. u ., — 11.405 a. u ., — 11.404 
a. u ., — 11.402 a. u . to  be  co m p ared  w ith  th e se  o f T ab le  V I I I .  U p  to  now  we 
h a v e  (1) an a ly zed  th e  effect o f  th e  sp read  o f  th e  o rb ita l energ ies and (2) we 
h a v e  a d ju s te d  th e  b a ric e n t o f th e  o rb ita l energies m an ifo ld  fo r th e  inner shells.

I n  T ab le  X X I  we re p o rt th e  o rb ita l energ ies for th e  in n e r  shell e lectrons 
on th e  ca rb o n  a to m s for ad en in e  as given in  T ab le  V I I I  ( f irs t colum n), th e  
o rb ita l energies we w ould  o b ta in  b y  know ledge of th e  io n ic ity  on  th e  ca rb o n  
a to m s (second co lum n), th e  o rb ita l  energies o f  th e  second co lu m n  co rrec ted  
b y  a m ore a d e q u a te  choice so as to  ap p ro x im a te  th e  v a len cy  s ta te  P S  ra th e r  
th a n  3P ) [9].
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Table X II

A denine — gross charges

N ( l)

ls 1.99732 ls  =  1.99732 ô(a) =  -0 .1 3 6 5 3

2s 1.47328 2s =  1.47328 6 (71) =  -0 .7 7 2 9 1

2Px 1.48730 2 p  =  3.83882 i ( to t )  =  -0 .3 0 9 4 4

2 Py 1.17861

2Pz 1.17291

N(2)

ls 1.99730 ls  =  1.99730 à(cr) =  -0 .2 5 0 4 0

2s 1.45077 2s =  1.45077 <5(л) =  -0 .1 5 6 2 5

2 Px 1.02527 2 p  =  3.85856 à ( to t)  =  -0 .3 0 6 6 5

2Py 1.67704

2 Pz 1.15624

N(3)

ls 1.99748 l s  =  1.99748 ô(a) =  +0.06555

2s 1.54724 2s =  1.54724 ô(n) =  - 0.33353

2Px 1.05991 2p ^  3.92321 (5(tot) =  -0 .2 6 7 9 8

2 Py 1.52982

2 Pz 1.33353

N(4)

.
ls 1.99729 ls  =  1.99729 ,5(cr) =  -0 .8 1 4 0 1

2s 1.34616 2s =  1.34616 0(л) =  +0.35847

2 Px 1.18404 2 p  =  4.11207 ő ( to t)  =  —0.45554

2Py 1.28650

2Pz 1.64153

N(5)

ls 1.99726 ls  1.99726 ô(a) =  -0 .7 9 7 1 7

2s 1.36749 2s =  1.36749 <5(л) =  —0.19483

2Px 1.27738 2p =  4.23757 i5(tot) =  —0.60234

2 Py 1.15502

2 Pz 1.80517
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T ab le  X II (c o n tin u ed )

C(l)

ls 1.99942 ls  =  1.99942 ô(o) =  + 0 .14255
2s 0.93633 2s =  0.93633 ô(jc) =  + 0 .09115

2 Px 0.99680 2 p  =  2.83054 á (to t)  =  + 0 .23370

2Py 0.92489

2Pz 0.90885

C(2)

l s 1.99902 ls  =  1.99902 m  = + 0 .13066
2s 0.93213 2s =  0.93213 S(n) = — 0.15460

2Px 0.95886 2p  =  3.09277 <5(tot) = — 0.02394

2 Pv 0.97931

2Pz 1.15460

C(3)

ls 1.99932 ls  =  1.99932 «5(cr) =  + 0 .21805

2s 0.92375 2s =  0.92375 ô(n) =  — 0.02310

2.Px 0.87516 2p =  2.88196 à (to t)  =  + 0 .19495

2py 0.98370

2Pz 1.02310

C(4)

ls 1.99936 ls  =  1.99936 à(cr) =  — 0.00912
2s 1.02373 2s =  1.02373 ô(n) =  + 0 .02670

2 Px 1.05141 2 p  =  2.95932 <5(tot) =  + 0 .01758

2 Py 0.93461

2Pz 0.97330

C(5)

ls 1.99926 ls  =  1.99926 ô(a) = + 0 .00569

2s 1.01971 2s =  1.01971 0(л) = — 0.03073

2Px 1.09616 2p  =  2.95596 á (to t)  = + 0 .02504

2Py 0.82907

2Pz 1.03073
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Table XII (continued)

H ( 1 )

Is  I 0.77818

Щ 2)

l s  ! 0.61409

11(3)

l s  ! 0.77518

H (4)

à ( to t)  =  + 0 .22182

à (to t)  =  + 0 .38592

à (to t)  =  + 0 .22482

l s  0.66594

ls 0.67197

ô (to t) =  -f-ü.33406

H (5)

à (to t)  =  +0 .32803

IV. D iscussion on the orbital energies o f the valency electrons

T he re le v a n t fea tu res  o f th e  o rb ita l energies of th e  v a le n c y  electrons a re  
th o se  p rev io u sly  n o te d  in  o th e r  papers o f th is  series [2]. T h e  a  an d  л  e lec trons 
(see for com parison , Fig. 6) a re  fully  in te rm ix e d . In  ad d itio n , th e  h ighest filled  
л  o rb ita l is a lw ays som ew hat h ig h er th a n  th e  h ig h est filled a o rb ita l. T he sp re a d  
in  th e  л  o rb ita l energies is r a th e r  c o n s ta n t an d  th is  deserves som e n o te . T h e  
fo u r m olecules co n ta in  C, N  a n d  0  a tom s as c o n tr ib u to rs  to  th e  л  system . T h e  
o rb ita l energies fo r th e  2p  e lec trons in  th e  s e p a ra te d  atom s [8] (for th e  g ro u n d  
s ta te )  are  — 0.43334 a. u ., — 0.56753 a. u . a n d  — 0.63186 a. u ., re spec tive ly . 
H ow ever, th e  sp littin g  of th e  л  e lectron  o rb ita l  energies seem s ra th e r  in d e p e n d ­
e n t o f th e  o rig inal o rb ita l energies in  th e  se p a ra te d  a to m s. F o r  in stan ce , th e  
low est л  o rb ita l energy  is — 0.724 a. u . in  aden ine  and  th e  low est л  o rb ita l 
energy  is — 0.702 a. u. in  cy tosine . I t  is n o te d  th a t  aden ine  does n o t co n ta in  
oxygen  atom s w hereas cy to sin e  con ta in s an  oxygen  a tom . T h e  ex p lan a tio n  is 
in  th e  delocalization  of th e  л  e lectrons cloud . In  o th e r w ords th e  field  seen 
b y  th e  л  e lec trons resem bles v e ry  little  th e  fie ld  seen b y  th e  co rrespond ing  2p  
elec tro n  in  th e  sep a ra te d  a to m .
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ADENINE
0 . 3

CYTOSINE GUANINE THYAMINE

Fig. 6. C om parison  of o rb ita l  energies for A , C, G, T .

V . C harge tran sfe r

P ro b a b ly  one of th e  m o st in te re s tin g  aspects o f th e  electron ic s tru c tu re  
of the  fo u r  m olecules is its  charge tra n s fe r  m echanism . W e find  th e  tw o  w ay  
charge t r a n s fe r  (a in  one d irec tio n  a n d  л  in  th e  opposite) as well as th e  one 
w ay c h a rg e  tra n s fe r  (<r a n d  л  in th e  sam e d irection  as charge  tra n s fe r  goes).
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C ytosine — gross charges

Table XIII

0

Is 1.99761 Is 1.99761 6 ( a )  =  —.08093
2s 1.78662 2s 1.78662 6 ( n )  =  —.32602

2/>. 1.82903 2 p  =  4.62272 á(tnt) =  —.4069.3

2P y 1.46767

2 P z 1.32602

N (l)

Is
2s 

2 P x  

2 Py
2 Pz

1.99727
1.34673
1.22440
1.21255
1.68186

Is =  1.99727 
2s =  1.34673 
2 p =  4.11855

0(a) =  —.78095 
0(л) =  +.31814  
á(tot) =  —.46281

N(2)

I s 1.99727 Is =  1.99727 6(a) =  — .05650
2s 1.47290 2s =  1.47290 6(л) =  — .27859

2 P x 1.59502 2 p  =  3.86492 <5(tot)= —.33509

2P y .99131

2 Pz 1.27859

N(3)

Is 1.99729 Is =  1.99729 6(a) =  —.79299
2s 1.36971 2s =  1.36971 6(л) =  +.19450

2 P x 1.23300 2 p  =  4.23149 á(tot) =  —.59849

2P y 1.19299

2 Pz 1.80550

C (l)

Is 1.99959 Is =  1.99959 6 ( a )  =  +.39038
2s .88488 2s =  .88488 0(л) =  +.04180

2 Px .83823 2 p  =  2.68335 á(tot) =  +.43218

2P y .88692
2 p z .95820
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Table XIII (continued)

C(2)

Is 1.99942 Is  =  1.99942 6(a) = +  .10616
2s .95047 2s =  .95047 6(n) = + .13343

2P x 1.00245 2p  =  2.81052 <5(tot) = + .2 3 9 5 9

2 Py .94150

2pz .86657

C(3)

Is 1.99893 Is  =  1.99893 6(a) =  — .08390
2s 1.01854 2s =  1.01854 <5( ж) =  — .21625

2Px .96950 2p  =  3.28268 <5(tot) =  — .30015

2 Py 1.09693

2Pz 1.21625

C(4)

Is

2s 

2 Px
2py

2 Pz

1.99934

1.06409
1.15816

.92983

.86698

Is  =  1.99934 

2s =  1.06409 

2p =  2.95497

6(a) =  - .1 5 1 4 2  

6(n) =  + .13302  

á ( to t)  =  — .01840

Щ 1)

Is .66402 6(a) =  + .3 3 5 9 8

H (2)

Is .68842 6(a) =  + .3 1 1 5 8

H (3)

Is .80758 6(a) =  + .1 9 2 4 2

Щ 4)

Is .75878 6(a) =  + .24122

Щ 5)

Is .63102 6(a) =  + .3 6 8 9 8
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G uan ine  — gross ch arg es

Table XIV

О

Is 1.99763 Is =  1.99763

2s 1.79034 2s =  1.79034 <5(л) =  — 0.28447

2Px 1.84502 2 p =  4.58037 á(to t) =  —0.36836

2 Py 1.45088

2Pz 1.28447

N ( l )

Is 1.99727 Is  =  1.99724

2s 1.33629 2s =  1.33629 <5(rc ) =  + 0 .2 7 4 3 6

2Px 1.26190 2 p =  4.13851 <5(tot) =  —0.47206

2 Py 1.15097

2 Pz 1.72564

N(2)

Is 1.99715 Is =  1.99715

2s 1.43982 2s =  1.43982 ô(n) =  — 0.32450

2Px 1.02358 2p =  3.92408 ó(to t) =  — 0.36107

2Py 1.57600

2 Pz 1.32450

N(3)

Is 1.99755 Is =  1.99755
2s 1.55440 2s =  1.55440 й(л) =  —0.09131

2Px 1.00216 2 p  =  3.68720 á(to t) =  — 0.23917

2 Py 1.59373

2Pz 1.09131

N(4)

Is 1.99731 Is — 1.99731
2s 1.35154 2s — 1.35154 0(л) =  + 0 .3 7 6 3 7

2Px 1.21527 2p — 4.09816 á(to t) =  —0.44704

2 Py 1.25926

2Pz 1.62363
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Table XIV (continued)

N(5)

Is 1.99724 Is — 1.99724
2s 1.36690 2s =  1.36690 <5(я) =  + 0 .17522

2 px 1.20866 2p =  4.24931 d(to t) =  —0.61348

2 Py 1.21587

2 Pz 1.88470

C (l)

Is 1.99953 Is =  1.99953
2s 0.91689 2s =  0.91689 0(л) -  + 0 .11905

2Рл 0.94124 2 p =  2.69166 <5(tot) =  + 0 .39191

2 Py 0.86947

2pz 0.88095

C(2)

Is 1.99932 Is  — 1.99932
2s 0.93123 2s =  0.93123 0(л) =  - 0 .0 1 1 6 7

2Px 0.85765 2 p  =  2.87650 (5(tot) =  + 0 .1 9 2 9 4

2Py 1.00718

2Pz 1.01167

C(3)

Is 1.99900 Is =  1.99900
2s 0.93424 2s =  0.93424 0(л) =  -0 .2 1 1 3 8

2 Px 0.97198 2p  =  3.11640 i ( to t )  =  —0.04966

2 Py 0.93304

*Pz 1.21138

C(4)

Is 1.99955 Is =  1.99955

2s 0.90738 2s =  0.90738 <5(л) =  + 0 .0 6 7 1 3

2px 0.97524 2p  =  2.73409 <5(tot) =  + 0 .3 5 8 9 6

2Py 0.82598

2 Pz 0.93287
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Table XIV (continued)

C(5)

Is

2s 

2Px 
2 Py 
2Pz

1.99922

1.0113

1.08504

0.81600

1.08874

Is  =  1.99922 

2s =  1.01113 

2p  =  2.98978

6(л) =  —0.08874 

á (to t)  =  —0.00015

H ( l)

Is 0.78694 á (to t)  =  + 0 .2 1 3 0 6

H (2)

Is 0.61987 ő(to t) =  + 0 .38013

H (3)

Is 0.65109 ő(to t) =  + 0 .3 4 8 9 7

H (4)

Is 0.68671 á (to t)  =  + 0 .3 1 3 2 9

H (5)

Is 0.64812 á (to t)  =  + 0 .3 5 1 8 8

I t  m ig h t be  of in te re s t to  re c o n s tru c t th e  flow  of e lectrons. F o r th is  reaso n  we 
a t te m p t  to  in d ica te  th e  m echan ism  o f ch arg e  tra n s fe r  w ith in  th e  fo llow ing 
sim p lify ing  assu m p tio n : i f  a donor and an acceptor are nearest neighbors, we 
assume that the charges donated by the donor are accepted as fu lly  as possible by 
the nearest acceptor. O f course th is  a ssu m p tio n  is a rb itr a ry  because  o f th e  
in d is tin g u ish ab ility  o f th e  elec tro n  w h ich  p re v e n ts  us from  labe ling  an  e lec tro n  or 
frac tio n  o f  i t .  H ow ever, from  a “ m odel”  v iew  p o in t, we w ould  like to  e s tab lish  
th e  c h a ra c te r is tic  o f a “ flow ”  in  th e  h o p e  th a t  th is  flow  o f e lec trons w ould  be 
som ew hat tra n sfe ra b le  from  m olecule to  m olecule. I t  is n o te d  th a t  th e  a r b i t ­
rariness o f  o u r assu m p tio n  is th e  ve ry  sam e en co u n te red  in  assign ing  gross p o p u l­
a tions, o r in  re ferring  to  a to m s in  a m o lecu la r system. Let us consider, for exam ple, 
th e  case o f th e  th y a m in e  m olecule for w h ich  we h av e  a t te m p te d  to  sch em a tica lly  
describe th e  to ta l  flow  in  F ig . 7. L e t us s ta r t  a t  th e  C H 3 g roup  [d es ig n a ted  as
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Table XV

T h y am in e  — gross charges

C (l)

Is 1.99761 Is  =  1.99761 0 ( a )

2s 1.78892 2s =  1.78892 0 ( л )

2Px 1.89636 2p  =  4.61960 <5(tot) =  — .40615
2py 1.39083

2Pz 1.33241

0 (2 )

Is 1.99763 Is  =  1.99763 «5(a)
2s 1.78963 2s =  1.78963 <5(jt)

2Px 1.60018 2p — 4.57620 <5(tot) =  — .36348

2 Py 1.71878

2 Pz 1.25724

N (l)

Is 1.99723 Is  — 1.99723 «5(a)
2s 1.33487 2s =  1.33487 0(n)
2Px 1.20100 2p =  4.12756 <5(tot) =  — .45968

2py 1.18685

2Pz 1.73971

N(2)

Is 1.99727 Is  =  1.99727 «5(a)
2s 1.34414 2s — 1.34414 0(л)
2 Px 1.19286 2p  =  4.12190 <5(tot) =  — .46333

2 Py 1.17377

2Pz 1.75527

C (l)

Is 1.99У59 Is  =  1.94959 «5(a)
2s 0.88761 2s =  0.88761 <5(я)

2Px 0.87002 2p =  2.62838 á (to t)  =  + .48441

2 Py 0.84593

2pz 0.91243
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Table XV (continued)

C(2)

Is 1.99930 Is =  1.99930 W )
2s 1.04733 2s =  1.04733 0(л)
2Px 1.14671 2s =  1.04733 á ( t o t ) =  — .05685

2Py 0.92605

2Pz 0.93744

C(3)

Is 1.99903 Is  =  1.99903 0(0)
2s 0.98034 2s =  0.98034 0(л)

2Px 0.95068 2p =  3.09882 á (to t)  =  — .07822

-Py 1.01028

2 Pz 1.13786

C(4)

Is 1.99951 Is  -  1.99951 6(0)
2s 0.91281 2s =  0.91281 6(л)

'-Px 0.95053 2 p =  2.75285 ő(to t) =  + .3 3 4 8 1

2 Py 0.87210

2 Pz 0.93022

C(5)

Is

2s 

2P x- 

2 Py 
2 Pz

1.99898

1.21868

1.18437

1.00724

1.17520

Is =  1.99898

2s =  1.21868

2p  =  3.36681

m
0(л)
<5(tot) =  — .58448

Щ 1)

Is 0.63352 ő(to t) =  + .3 6 6 4 8

H (2)

Is 0.63222 <5(tot)=  + .3 6 7 7 8
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Table XV (co n tin u ed )

H (3)

Is 0.76422 <5(tot) =  + .23578

H (4)

Is 0.80944 <5(tot) =  + .1 9 0 5 6

H (5)

Is 0.79517 <5(tot) =  + .2 0 4 8 3

H (6)

Is 0.77240 <5(tot) =  + .22760

C(5) an d  H (4), H (5) and  H (6 )]. T he th re e  hy d ro g en s d o n a te  th e  charges given 
in  th e  F ig u re . H ow ever, th e  sum  o f th e  d o n a ted  charges is 0.623 o f a n  elec tron  
a n d  C(5) accep ts on ly  0.584 charges. T he charge  excess 0.623— 0.584 =  0.039 is 
th e re fo re  tra n s fe r re d  over to  th e  C(3) site . T he rem a in in g  charge fo r  C(3) is 
a ssu m ed  to  be su p p lied  b y  th e  H (3) site . This w ay  we can  c o n s tru c t th e  flow 
o f  charges as g iven  in  F ig . 7.

0 ( 1)

Fig. 7. Charge tra n s fe r  o f a a n d  л  e lec tro n s  in  th y  am ine
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Table XVI

H y b rid iza tio n : ad en in e

atom Is 2 s 2P a 2 P n

N ( l) 1.997 1.437 2 .666 1 .173

N (2) 1.997 1.451 2.702 1 .156

N (3) 1.997 1.547 2.590 1 .334

N (4) 1.997 1.346 2.470 1.641

N (5) 1.997 1.367 2.432 1.805

C (l) 1.999 0.936 1.922 0 .9 0 9

C(2) 1.999 0.932 1.938 1 .155

C(3) 1.999 0.924 1.859 1 .023

C(4) 1.999 1.024 1.986 0 .9 7 3

C(5) 1.999 1.020 1.925 1.031

Щ 1) 0.778 * *

H (2) 0.614 * *

H (3) 0.775 * *

H (4) 0.666 * *

H (5) 0.672 * *

D a ta  no t av a ilab le  a t  p re se n t d u e  to  choice o f  b a s is  set.

Table XVII

H y b rid iza tio n : cy to s in e

atom Is 2s 2Pa 2P ,

0 1.998 1.787 3.297 1 .326

N ( l) 1.997 1.347 2 .437 1 .682

N (2) 1.997 2.473 2 .586 1 .278

N (3) 1.997 1.370 2 .426 1.805

C (l) 1.999 0.885 1.725 0 .9 5 8

C(2) 1.999 0.950 1 .944 0 .8 6 6

C(3) 1.999 1.018 2 .066 1 .216

C(4) 1.999 1.064 2 .088 0 .867

Щ 1) 0.664 * *

H (2) 0.688 * *

H (3) 0.806 * *

H (4) 0.759 * *

H (5) 0.631 * *

D a ta  p re sen tly  n o t  av a ilab le  d u e  to  choice o f b a s is  se t.
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T able  X V III
H y b rid iza tio n : guanine

atom Is 2 s 2Pa 2P ,

0 1.998 1.790 3.296 1.284
N (l) 1.997 1.336 2.413 1.726
N(2) 1.997 1.440 2.599 1.324
N(3) 1.997 1.554 2.596 1.091
N(4) 1.997 1.352 2.474 1.624
N(5) 1.997 1.367 2.424 1.824
C (l) 1.999 0.917 1.811 0.881

C(2) 1.999 0.931 1.865 1.012
C(3) 1.999 0.934 1.905 1.211
C(4) 1.999 0.907 1.801 0.933
C(5) 1.999 1.011 1.901 1.089
H (l) 0.787 * *

H(2) 0.620 * *

H(3) 0.651 * *

H (4) 0.687 * *

H (5) 0.648 * *

D a ta  p re se n tly  n o t  av a ilab le  due  to  choice o f  basis se t.

T ab le  X IX
H y b rid iza tio n : th y am in e

atom Is 2s 2Pa 2p *

C (l) 1.999 0.887 0.912

C(2) 1.999 1.047 0.937
C(3) 1.999 0.980 1.139
C(4) 1.999 0.913 0.930
C(5) 1.999 1.219 1.175
N (l) 1.997 1.335 1.740
N(2) 1.997 1.344 1.755

0 (1 ) 1.998 1.789 1.332
0 (2 )

H (l)
H(2)

H(3)
11(4)

H (5)

H (6)

1.998 1.790 1.257
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T ab le  XX

D ipole m o m e n t (a. u .)

molecule X  component у  component z  component total

adenine 1.0230 0.0975 0.0 1.0277

cytosine — 1.5835 — 1.9576 0.0 2 .5179

guanine - 0 .6 2 7 0 2.6577 0.0 2 .7307

th y am in e 1.2922 0.0647 0 .0034 1.2938

T ab le  XXI

C om puted  a n d  ra tio n a lize d  o rb ita l energ ies fo r th e  c a rb o n  in n e r  shell o f ad en in e  m olecule

atom <«) (b) (<=)

C(l) -1 1 .5 3 3 6 — 11.4595 -1 1 .5 3 4 5

C(3) — 11.5109 — 11.4372 — 11.5022

C(5) — 11.4910 — 11.3396 — 11.4046

C(4) — 11.4822 -1 1 .3 3 6 7 — 11.4017

C(2) — 11.4371 — 11.3118 -1 1 .3 7 6 8

(a) C om puted  as fo r  T able  V I I I
(b ) C o m puted  fro m  th e  ionic c h a ra c te r  a n d  w ith  e(1S) o f 3P  in  c a rb o n  as reference.
(c) C om puted  fro m  th e  ionic c h a ra c te r  a n d  w ith  e(1S) o f th e  'S  in  c a rb o n  as reference. 

T he re m a in in g  d isc rep an cy  be tw een  co lum n (a) a n d  (c) is a t t r ib u te d  to  ne ighboring  a to m s effect, 
p rim arily  th e ir  ionic c h a ra c te r.

T here  are , o f course , severa l possib le w ays to  draw  such  flow  p a th s ; 
but the essential feature we obtain is that there is no way to draw such flow  paths 
by lim iting ourselves to nearest neighbors; we need to go at least to the next nearest 
neighbors. In d eed , th e  p a th  we h a v e  chosen can  now  he p ro p e rly  b a lan ced  
unless we assum e t h a t  H(3) tra n sfe rs  0.028 an d  0.019 of an  e lec tro n  to  0(2 ) 
an d  N (2), re sp ec tiv e ly .

L e t us notv con sid er th e  cy to sin e  m olecule a n d  in v es tig a te  th e  a charge 
tra n sfe r  f ir s t ,  th e  ж ch arg e  tra n s fe r  second and  th e  to ta l  charge  tra n s fe r  a t 
la s t. T h e  e ffec t of th e  a tra n s fe r  is to  h a v e  th e  C (l) a n d  th e  N(2) a to m s positive  
(donors) an d  all th e  o th e r  a tom s n e g a tiv e  (accep to rs), o f course n eg lec tin g  th e  
h y d ro g en  a to m s, w h ich  are donors. O n th e  o th e r  h a n d , th e  e ffec t o f th e  л  
charge tra n s fe r  is to  h a v e  th e  C (l), N ( l) ,  C(2) a n d  N (3) positive  (donors) and  
all th e  o th e r  a tom s accep to rs . T h erefo re , in  th e  л  ap p ro x im a tio n  (n am ely  in  
tho se  c o m p u ta tio n a l m odels, w here o n ly  th e  л  e lec trons are ex p lic itly  con­
sidered) th e  re su lt one w ould  o b ta in  can  be even qualitatively in  d isag reem en t 
w ith  a ll-e lec tron  co m p u ta tio n s . S im ilar conclusions can  be  d raw n b y  consider­
ing th e  ch a rg e  tra n s fe r  d a ta  for g u an in e  an d  th y a m in e  (T able X I I  to  T ab le  XV).
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V I. H ybrid iza tion

M uch of c h e m is try  is b ased  on th e  concep t o f  va lency , i.e ., th e  ab ility  
to  h in d  in  a defined  n u m b e r o f w ays as well as a defined , d irec tio n a l w ay. 
T h e  co n cep t o f v a le n c y  was th e n  tr a n s la te d  in to  th e  concep t o f h y b rid iz a tio n , 
o r  p o ssib ly , in  th e  co n cep t o f v a len cy  s ta te  as f ir s t  s te p , an d  h y b rid iz a tio n  as a 
second  s tep . H o w ev er, in  so doing  w e h a v e  to  co m p lica te  our m odel b y  th in k ­
in g  in  te rm s  o f c o v a le n t an d  ionic s tru c tu re s  in  th e  tra d itio n a l v a le n c y  bond  
a p p ro a c h . T he co n cep t of charge  tra n s fe r  used  w ith in  th e  M olecular O rb ita l 
a p p ro x im a tio n  (as w e did  in  th e  second  p ap e r of th is  series) allows u s  to  incor­
p o ra te  th e  ionic c h a ra c te r  of a m olecu le  w ith  th e  concep t o f h y b rid iza tio n . 
L e t us ex am in e  T ab les  X V I to  X I X  an d  le t us co n sid e r th e  ca rb o n  atom s in  
ad en in e  m olecule. T hese are  c learly  sp2 h y b rid ized , to  a f irs t ap p ro x im a tio n . 
H o w ev er, th e re  a re  im p o r ta n t  d ev ia tio n s  1) in  th e  1 : 2 ra tio  of th e  h y b r id  and  
2) in  th e  fa c t t h a t  th e  sum  of th e  h y b rid ized  e lec tro n s dev ia tes fro m  th ree . 
T h e  d e v ia tio n  from  th e  ra tio  1 : 2 c a n  be ta k e n  as a f ir s t  effect, n am e ly  th e  
p rec ise  h y b r id iz a tio n  ra tio  fo r p a irs  o f  a tom s s till considered  as n e u tra l . T he 
d e v ia tio n  from  3 co rresponds to  th e  second effect, n am e ly  th e  in tro d u c tio n  o f 
ion ic  c h a ra c te r , v ia  in tra m o le c u la r  ch arg e  tra n sfe r .

V I I . Conclusions

I t  is ex p ec ted  th a t  in  tim e , w ith  m ore c o m p u ta tio n a l d a ta  o f  th e  ty p e  
re p o r te d  he re , we shou ld  be in  a p o s itio n  to  assign q u ite  precisely  th e  h y b rid iz a ­
tio n  ra tio  as w ell as th e  a m o u n t o f e lec trons d o n a te d  (as w ell as accepted) 
w ith in  a g iven  m olecule so lely  on  th e  basis o f  g eom etrica l co n sid era tio n s. 
To s ta te  th is  goal d iffe ren tly , we e x p e c t th a t  know ledge of s tru c tu re  alone will 
suffice  to  d e te rm in e  a c cu ra te  ch arg e  d is tr ib u tio n  in  a m olecule, b o th  in  te rm s 
o f  h y b r id iz a tio n  a n d  in tra m o le c u la r  charge  tra n s fe r .
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ИЗУЧЕНИЕ ЭЛЕКТРОННОЙ СТРУКТУРЫ МОЛЕКУЛ, X.
ОСНОВНОЕ СОСТОЯНИЕ ДЛЯ АДЕНИНА, ЦИСТОЗИНА, ГУАНИНА И ТИАМИНА 

Э. КЛЕМЕНТИ, Й. М. АНДРЕ, М. КЛ. АНДРЕ, Д. КЛИНТ и Д. ХАН

Р е з ю м е
Излагаются все электроны, определенные методом SCF-LCAO-MO, для аденина, 

цистозина, гуанина и тиамина. С целью вычисления полной энергии и волновых функций 
определены относительно большие заряды и дипольный момент. Анализ орбитальной 
энергии для внутренних оболочек показывает, что имеется три эффекта, которые оказы­
вают влияние на орбитальные энергии по отношению внутренних оболочек а) полный 
заряд, или степень ионизации исследуемого атома; б)-его валентное состояние; в) иони­
зации соседних атомов. Первые два эффекта достаточны для определения относительного 
расположения внутренней оболочки, для оценки экстремума расщепления электронов 
внутренних оболочек атомов данного типа.

Полная зарядная населенность использовалась для определения универсального 
потока переноса заряда й и я .  Найдено, что поток переноса заряда требует непосредствен­
ного рассмотрения по крайней мере следующих самых близких соседей. Наконец, показы­
вается что рассмотрения просто я-электронов могут проводить не только к качественному, 
но и к количественному ошибочному предсказанию о распределении электронного заряда. 
Например, атом может быть заряжен положительно, если рассматриваются только — 
электроны, и тот же атом может иметь отрицательный заряд, если рассматриваются лишь 
á-электроны. Н а основе этого мы подчеркиваем необходимость принятия во внимание 
всех электронов при вычислениях не только с целью количественного, но даже и качест­
венного изучения электронной структуры молекулы.
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SOME PROBLEMS
OF INVESTIGATING PERIODICITIES 

OF COSMIC RAY TIME SERIES*

By

J . K óta and A. S omogyi

CENTRAL R ESEA R C H  IN STITU TE O F PHYSICS, BU D A PEST

(Received 13. III. 1969)

A generalization of the method of the analysis of variance is given to investigate the 
existence and the shape of a periodicity with given length of period. Allowance is made for 
slow variations of the intensity of cosmic rays as well as for meteorological effects. In addition 
to the exact test of the existence of the periodicity, maximum likelihood estimates both of the 
constants characterizing the shape of the periodicity and of the mean square amplitude of the 
periodic function are given, together with their respective statistical errors, in the case of an 
arbitrary number of meteorological factors affecting the intensity of the cosmic radiation.

Disadvantages in applying the Fourier method when investigating a periodicity with 
given length of period are pointed out as well as the fact that the determination of meteorologi­
cal coefficients, if done statistically, must not be separated from the analysis of the periodicity.

I . Intr-oductioH

§ 1. I t  is kn o w n  long since th a t  th e  in te n s ity  of cosm ic rad ia tio n  show s 
period ic  v a ria tio n s . T hree  k in d s  o f period ic  v a ria tio n s  h a v e , u p  to  now, b een  
d e m o n s tra te d  w ith o u t d o u b t. T he leng ths o f periods of th e se  are  one so lar d ay , 
a b o u t 27 days, an d  ab o u t I I  y ea rs , re sp ec tiv e ly . The sh ap es of these  p e rio d i­
cities are  n o t c o n s ta n t, especia lly  large v a r ia tio n s  m ay  he  o bserved  in th e  case 
of th e  shape  o f th e  27 d a y  v a ria tio n .

T he aim  o f th is  p a p e r  is to  give a s ta tis t ic a lly  co rrec t m ethod , m ak in g  
use of th e  full in fo rm atio n  ava ilab le , to  d e te c t or else to  c o n te s t  th e  ex istence  
o f a p e rio d ic ity  w ith  given le n g th  of perio d  an d  s tr ic tly  c o n s ta n t shape , as 
w ell as to  d e te rm in e  th e  sh ap e  o f such a p e rio d ic  change.

§ 2. The F o u rie r  m e th o d , i.e. th a t  o f exp ressing  th e  sh a p e  of th e  p e rio d i­
c ity  to  be in v es tig a ted  b y  m eans o f a tr ig o n o m e trica l p o ly n o m e, has a lm o s t 
exclusively  been  used  to  in v e s tig a te  period ic ities in  th e  in te n s i ty  of cosm ic 
ray s w ith  g iven  len g th s  o f p erio d . This m e th o d  has, h o w ev er, tw o serious 
shortcom ings:

2.1. I f  th e  questio n  to  be decided u p o n  is w hether a p eriod ic ity  w ith  
given leng th  o f period  does e x is t or n o t, i t  is n o t  suffic ien t to  co n ten t oneself 
w ith  d e te rm in in g  th e  f irs t few  F o u rie r coeffic ien ts or, as i t  is som etim es done, 
th e  am p litu d e  o f th e  f irs t h a rm o n ic , r a th e r  should  th e  m ax im u m  possib le 
n u m b er o f F o u rie r  am p litu d es  be  ta k e n  in to  co nsidera tion  so as to  m ake use

* Dedicated to Prof. P. G o m b á s  on his 60th birthday.
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of th e  m a x im u m  am o u n t o f in fo rm a tio n  av a ilab le  in  th e  fo rm  of th e  m easu red  
d a ta .  To c a lc u la te  th e  m ax im u m  possib le n u m b e r of F o u r ie r  coefficients r e ­
q u ires , h o w ev er, ra th e r  te d io u s  ca lcu la tio n s. I t  will be  show n th a t  e x a c tly  
th e  sam e a m o u n t o f in fo rm a tio n  can  he g a in ed  on th e  b as is  o f th e  sam e m e a ­
su red  d a ta  in  a w ay  m uch s im p le r th a n  t h a t  o f ca lcu la ting  F o u rie r  coeffic ien ts .

2.2. I f ,  in  a d d itio n  to  p ro v in g  th e  ex is ten ce  of th e  p e rio d ic ity , th e  sh ap e  
o f  th e  p e rio d ic  fu n c tio n  is also  to  he d e te rm in e d , th e  a p p lic a tio n  of th e  F o u rie r  
m e th o d  m a y  lead  to  d ifficu lties. T he F o u r ie r  m ethod  is ju s tif ie d  on ly  in  th e  
case w hen  th e  period ic  fu n c tio n  is re a lly  a tr ig o n o m e trica l polynom e. I f  a 
fu n c tio n  o th e r  th a n  a tr ig o n o m e trica l p o ly n o m e is a p p ro x im a te d  b y  tr ig o n o ­
m e tric  p o ly n ô m es, th e  ap p ro x im a tio n  o b ta in e d  bears o n ly  a w eak resem blance  
to  th e  fu n c tio n  to  be d e te rm in e d  and , in  a d d itio n  to  th is , th e  coefficients o f  th e  
po lynom e ap p ro x im a tin g  th e  u n k n o w n  fu n c tio n  are “ v o id ”  in  th e  sense t h a t  they  
do n o t h a v e  a n y  d irec t p h y sica l m ean ing , w h en  considered  in d iv id u a lly ; r ig h t 
on th e  c o n tra ry , th e y  m ay  b e  m islead ing  som etim es. V a ria tio n s  of th e  cosm ic 
ra y  in te n s i ty  m ay  often  b e  sinuso idal a n d  th e  second h a rm o n ic  m ay  also h a v e  
p h y sica l m ean in g  in  ce rta in  cases. F o u rie r coefficients o f th e  h ig h er o rd er h a v e , 
how ever, no  d ire c t p h ysica l m ean ing  in  cosm ic ray  v a r ia tio n s ; a t  le a s t, as for 
th e  p re se n t th e re  has been  no  reason  to  a t t r ib u te  th em  a n y .

§ 3. B o th  d isad v an tag es  m en tio n ed  in  th e  p reced in g  p a rag rap h  a re  get 
r id  o f w h en  a p p ro x im a tin g  th e  u n k n o w n  periodic fu n c tio n  b y  m eans o f  a 
sim ple s te p  fu n c tio n  in s te a d  o f a tr ig o n o m e trica l p o ly n o m e. N um erica l c a l­
cu la tio n  o f  th e  h e ig h ts  of th e  m ax im um  possib le  n u m b er o f  steps is a ta s k  b y  
fa r  s im p ler th a n  th a t  o f ca lcu la tin g  th e  m ax im u m  possib le  n u m b er o f F o u rie r  
coeffic ien ts . I n  ad d itio n  to  th is , th e  h e ig h ts  of th e  in d iv id u a l s tep s  h a v e  
s tra ig h tfo rw a rd  physica l m ean in g s, i.e. th e y  are  equal to  th e  m ean v a lu e s  of 
th e  in te n s i ty  d u rin g  th e  t im e  in te rv a ls  co rrespond ing  to  th e  w id th s  o f  th e  
steps.

A lth o u g h  th e  special co n d itions en co u n te red  in  cosm ic ra y  in v es tig a tio n s  
are  b o rn  in  m in d  th ro u g h o u t th is  p a p e r, th e  m ethods o u tlin e d  and  th e  re su lts  
o b ta in ed  a p p ly  to  a la rge  v a r ie ty  of o th e r  problem s as w ell.

I I .  F o rm u la tio n  of th e  p ro b lem . Basic n o ta tio n s

§ 4. L e t  us deno te  b y  n,(v =  1,2, . . ., N)  th e  ra te s  o f  a ce rta in  k in d  of 
cosm ic ra y  p a rtic le s  as o b serv ed  d u rin g  N  consecutive u n i t  tim e in te rv a ls . 
L e t us a ssu m e  th a t  th e  m easu red  nv(y =  1,2, . . ., N )  v a lu e s  are n o t a ffec ted  
b y  an y  systematic erro rs, i.e . th a t  <(n,,)>, th e  expected  v a lu e  of nv, is e q u a l to  
th e  m ean  v a lu e  o f th e  in te n s i ty  d u rin g  th e  u n it  tim e  in te rv a l.

F u r th e rm o re , le t us assu m e th a t  th e  sto ch astic  v a r ia b le s  nv(v =  1 ,2, . . . IV) 
are  in d e p e n d e n t of each o th e r  an d  a re  d is tr ib u te d  n o rm a lly . T hese condi-
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tions are  genera lly  n o t m e t rigo rously , th e y , how ever, c a n  be re g a rd e d  as 
su ffic ien tly  good a p p ro x im a tio n s  in  m a n y  cases.

L e t us te m p o ra r ily  assum e th a t  th e  varian ces  of a ll th e  variab les n r are  
equal to  a2. In  S ection  V I th e  m ore gen era l case w ith  v a r ia b le s  n,, h a v in g  d if­
fe ren t va rian ces  of  will also be d ea lt w ith .

§ 5. W e h a v e  to  te s t  th e  h y p o th es is  th a t ,  a p a r t  fro m  ce rta in  ty p e s  
of changes, th e  in te n s ity  be  a period ic  fu n c tio n  of tim e  w ith  a given p e rio d  
len g th , q. F u rth e rm o re , if  th is  hyp o th esis  tu rn s  ou t to  be t r u e ,  th e  shape o f  th e  
period ic  fu n c tio n  is to  be de te rm in ed .

T he u n it  o f tim e  shou ld  be  chosen in  such  a w ay t h a t  q should be  a n  in ­
teger, an d  th e  to ta l  n u m b er of m easu rem en ts , N ,  should  b e  N  =  pq , w h e re  p  
deno tes an  in teg e r n u m b er. T h e  case w ith  p  being  a n o n -in te g e r value is d e a lt 
w ith  in  S ection  V I.

T he m easu red  d a ta , n v (v =  1,2, . . . ,N )  should th e n  be  a rran g ed  to  
form  a m a tr ix  n  (p, q) =  n  w ith  p  rows a n d  q colum ns in  su ch  a w ay t h a t  th e  
elem ents n,y of th e  m a tr ix  sh o u ld  be eq u a l to  n„ in  th e  fo llow ing  order:

n i j = n v if  v =  ( i - l ) q + j

( £ = 1 , 2 ,  . . . , p  j  = 1 , 2 , . . . ,  q v =  1, 2, . . , ,p q )

p  ]> 2 an d  q >  2 w ill be assum ed  th ro u g h o u t th is  p ap er.
§ 6. A few  m ore n o ta tio n s :
a) M atrices w ill alw ays be  d en o ted  b y  bold  c h a ra c te rs . U pper in d ices  

w ritte n  in  b ra c k e ts  and  ap p lied  to  a m a tr ix  sym bol d e n o te  th e  n u m b ers  o f 
row s an d  colum ns, re sp ec tiv e ly , o f th e  m a tr ix . These ind ices w ill be d ro p p e d  
if  no am b ig u ity  arises b y  doing  so.

b) A  d o t on th e  p lace o f a ru n n in g  in d e x  denotes th e  a rith m e tic  m ean  
of th e  q u a n titie s  in v o lv ed , w hen  th e  in d e x  rep laced  by  th e  d o t runs th ro u g h  
its  u su a l range.

E .g .
1 P

n.i = ---- y nij ,
p i = 1
1 p Q

n .. = ---- - y 2pq 1=1 ]=1
and so on.

c) Tw o id en tica l ru n n in g  indices w ith in  a single te rm  d en o te  su m m a tio n  
ex ten d ed  over th e  u su a l ran g e  o f th e  id e n tic a l indices.

d) A  b a r  over a sym bol deno tes th e  e stim a ted  (m easu red ) value o f  a n  
u nknow n  p a ra m e te r . T hus sym bols w ith  b a rs  rep resen t a lw ays s to c h a s tic  
variab les .

e) T he v a rian ce  of a s to ch as tic  v a r ia b le  x  will be d e n o te d  by  ox. (T he 
es tim a ted  va lu e  o f of  will be  d en o ted  b y  cr|). o2 and  a2 w ith o u t any  in d e x  
deno te  th e  v a rian ce  of th e  s to ch as tic  v a r ia b le  n,y and its  e s tim a ted  v a lu e , 
re sp ec tiv e ly .
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I I I .  T h e  sim ple step fu n c tio n  m eth o d  in  the case o f  a “ pure”
periodicity

§ 7. L e t u s  assum e fo r  th e  m om ent t h a t  the  in te n s i ty  has no changes 
ex cep t of th e  h y p o th e tic a l p e rio d ic ity  w ith  th e  period le n g th  of q. This case 
w ill be re fe rred  to  as th e  case o f  a “ p u re”  pe rio d ic ity . T h e  m ean  values o f th e  
in te n s ity  d u r in g  th e  su b se q u e n t u n it tim e  in te rv a ls  w ith in  th e  leng th  o f  a 
perio d  shou ld  b e  deno ted  b y  a j ( j =  1,2, . . . , q ). The p e rio d ic ity  does e x is t, 
i f  a t  leas t tw o  o f th e  a, ( j  =  1,2, . . .q) v a lu e s  are n o t e q u a l to  each o th e r .
C learly

( m / )  =  a,j ( » = 1 , 2 ,  . . . , p  ^
j  = 1 , 2 ,  . . , ,q ) .

<re,y) is in d ep en d en t o f  th e  row in d e x , th a t  m eans period ic ity .
W e a re  th u s  facing th e  following p ro b lem s:
7.1 äj(j  =  1,2, . . ., q) i.e . th e  e s tim a te d  values o f  th e  p a ram e te rs

a j( j  — 1,2, . . ., q) are to  be  d e te rm in ed , to g e th e r  w ith  th e  estim ated  v a lu es  
o f  th e ir  re sp e c tiv e  s ta tis tic a l erro rs, cr2̂ .

7.2 T h e  p ro b a b ility  e t h a t  th e  d ev ia tio n s  of all th e  äj (j  =  1 ,2 ,.. . ., q) 
valu es  from  each  o ther are  d u e  only to  s ta t is t ic a l  f lu c tu a tio n s  is to  be d e te r ­
m ined . I f  th is  p ro b ab ility  tu rn s  ou t to  b e  v e ry  sm all, th e  existence o f  th e  
p e rio d ic ity  m a y  be regarded  as proved.

7.3. a2 i.e . th e  e s tim a te d  value of

a2 1 1
- > ' K  a.)2
q j - l

is to  be d e te rm in e d , to g e th e r  w ith  its s ta t is t ic a l  error, o2 is th e  estim ated  v a lu e  
o f  th e  m ean  sq u a re  a m p litu d e  of th e  p e rio d ic  step  fu n c tio n .

§ 8. P ro b lem s 7.1 an d  7.2 are basic p rob lem s of th e  analysis o f v a rian ce . 
T h e ir so lu tio n s , w hich can h e  found in te x t  books, are as follow s (see e.g. [1]): 

8.1
äj =  n.j. (2)

L et us in tro d u ce  th e  follow ing n o ta tio n s :

p' = q(p

Q i =  a-)2,
У= 1

Q2 -  2  2  (n ij aj)2‘ 
i=1 j= 1

(3 )
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Since

aai

we h av e

8.2 In tro d u c in g  th e  n o ta tio n

P
(4a)

(4b)

<?2

th e  p ro b ab ility , e, th a t  th e  d ev ia tio n s  of th e  q u a n titie s  o, ( j  =  1,2, 
from  each o th e r are  due  exclusively  to  s ta tis tic a l f lu c tu a tio n s  is g iven  b y

w here  >  x) s ta n d s  fo r F i s h e r ’s z  d is tr ib u tio n  w ith  p  a n d  v degrees of
freedom .

8.3
_  1
a'2 = -----

q* Qv
pp

( 5 )

T h e p roblem  of d e te rm in in g  o2a, is n o t tre a te d  in  th e  l i te ra tu re . A ccording 
to  ca lcu la tions o u tlin ed  in  A p p en d ix  I I  we h av e

o 'h  ~
2  Q t

p p  r
2 Qi (q -  i ) 2 ( p  !

PP'(P' +  2) U  — 1

I f  p  2, th is  tu rn s  in to

=  2 &  
pp' q

( 6)

(6*)

IV . C om parison of th e  sim ple step  fu n c tio n  m ethod an d  th e  
F o u rie r m ethod  in  th e  case of pure  periodicity

§ 9. The F o u rie r m e th o d  is b ased  on th e  h y p o th es is  th a t  th e  in te n s ity  
I(t), as a func tion  o f tim e , t, has th e  fo rm  of a tr ig o n o m e tric  p o lynom e.

I(t) =  A 0 +  Л* cos I/г —  i
„^1

m' / 9,7 '
V P *  sin  /.<---- 1
tA l q ( ? )
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T h e ex p ec ted  values o f th e  m easu red  d a ta  are e q u a l to  th e  m ean  values of 
7(f) as ta k e n  d u rin g  su b se q u e n t u n i t  tim e  in te rv a ls :

Í*v m
I(t) dt =  A 0 +  JV  A

У-1 /-1=1

J g  в n sin
v=l

2л . l
P ----- J — —r

L q 2 ) j

2л 1 11
P ----- ;  — —

L q 2 JJ

+

(8)

(i =  1 ,2 , . . . , p ;  J  =  1 ,2 , . . . , q ;  \m — m'\ <, 1),

w here  v s tan d s  fo r (i —  l)ç  -f- j  a n d

_  sin (fin/q)

A t  B t  (H<l)

T h e es tim a ted  v a lu es  of th e  F o u rie r  coefficien ts А^(/и =  1,2, . . ., m) and  
В =  1,2, . . ., m) h a v e  to  be d e te rm in ed . T he m ax im u m  possib le  n u m b er 
o f  th e  p a ram e te rs  w h ich  can be d e te rm in ed  is e q u a l to*  q; in  p a r tic u la r

E
q  -  1

a n d  m'<t. В

w here  7£[д;] s tan d s  fo r  th e  la rg es t in te g e r  n u m b er D ot la rger th a n  x.
I t  is well know n  th a t  th e  e s tim a te d  values o f th e  F ourie r coeffic ien ts and 

th e ir  s ta tis t ic a l  e rro rs  are  th e  fo llow ing:

0-2
=  n . . •>

pq
2 Я 2л 1 - _ 202

q
~v n . j  cos

/= 1
P

q r 2 ,
9 °~Ä =

pq

p  =  1 ,2 , . , m ^ E q -
2

1

2 Я 2л (. 1 202

q
У' n . j  sin

J= 1
P

q r ~2~
5 =

pq

I f  q =  2 in', th e n

[Л =  1 , 2 , . . . ,  m '< [ E
q -  1

Bm=  —  J  ’
q j= i

02

pq

(9)

C om pare, ho w ev er, [2], w here th is  fa c t is d isregarded .
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I t  should  be  p o in ted  o u t t h a t  also th e  expression  (8) h a s  th e  form  o f a  
step  fu n c tio n . T h e  s tep  fu n c tio n  re p re se n ta tio n  o f  <ra,7 > is in e v ita b le  since th e  
n u m b er of m easu rem en ts  d u rin g  a period  is b y  all m eans f in ite . E x p ression  
(8) is, how ever, considerab ly  m ore  com plica ted  th a n  th e  sim ple expression  (1) 
on w hich  th e  m e th o d  ou tlin ed  in  Section  I I I  w as based . T he q u e s tio n  arises, 
w h e th e r th e  m uch  m ore co m p lica ted  m e th o d  b ased  on exp ression  (8) y ields 
s ta tis tic a lly  m ore  in fo rm atio n  as to  th e  ex istence  o f th e  p e rio d ic ity , th a n  does 
th e  sim ple s tep  fu n c tio n  m e th o d  b ased  on (1). I t  will be show n, in  w h a t fo l­
lows, t h a t  th e  answ er is n eg a tiv e .

L e t be

m =  E q - l an d  m  =  E 4
2 2

m  -|- m ’ 1 =  q.

I t  w ill be show n th a t ,  in  th is  case, th e  F o u rie r p ro ced u re  is s ta tis t ic a lly  eq u i­
v a le n t to  th e  sim ple step  fu n c tio n  m ethod  b a se d  on (1).

§ 10. F irs t  i t  w ill be  show n th a t  th e  e s tim a te d  value o f th e  m ean  square  
am p litu d e  as o b ta in ed  b y  th e  F o u rie r  m eth o d  an d  th e  sim ple s tep  fu nc tion  
m e th o d  are e x a c tly  th e  sam e, i.e . th e y  are id e n tic a l second o rd e r expressions 
o f th e  q u a n titie s  n ,y .

A sim ple ca lcu la tio n  show s th a t  th e  m e a n  square  a m p litu d e  of th e  
fu n c tio n  (8) is eq u a l to

w here

m m'

2 ^ 1  +  2  B l_í*=i f*=i
4* ea Вт' » ( 10)

In  o rd er to  d e te rm in e  A 2 i t  shou ld  be n o ted  t h a t

A 2 =  Al — a^ll ( ß =  1,2,  . . . ,m) ,
and

(<и =  1, 2, . .

F u rth e rm o re , i t  c an  be show n b y  ra th e r  longish  e lem en ta ry  ca lcu la tio n s th a t

1
2

m
2  a ; +  2 b

,p=i u=i
+  B m' =  —  2  (reV -  n " )2 q j -1

w hence, on th e  basis  o f (10), (2), a n d  (5), i t  c a n  b e  seen th a t

A 2,
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i.e. th e  e s tim a te d  v a lu es  o f th e  m ean  sq u a re  am p litu d e  o f th e  periodic fu n c tio n  
as o b ta in e d  on th e  basis  o f  (1) o r (8) a re  id en tica l expressions of th e  пц  d a ta .

§ 11. W e p roceed  w ith  show ing  t h a t  th e  sim ple  s tep  fu n c tio n  m eth o d  
based  on  (1), and  th e  F o u rie r  m e th o d  based  on (8) reduce  th e  (em pirical) 
m ean  sq u a re  d ev ia tio n  o f th e  n,-y v a lu e s  from  th e ir  m e a n  to  ex ac tly  th e  sam e 
e x te n t. T h e  reduced  m e a n  square  d e v ia tio n  d iv id ed  b y  p '  — q(p -— 1) gives 
th e  v a lu e  o f  cr2. T hus b o th  p rocedures le ad  ex ac tly  th e  sam e v alue  o f a2 

a2 as d e te rm in ed  on th e  basis o f  (1) is given b y

p '

(The n o ta tio n s  are e x p la in e d  in  E q u s. (3)). In  th e  case o f  th e  F o u rie r m e th o d  we 
have , on  th e  o ther h a n d ,

( 11)

- Î  1 a2 =  ■—
p

2
i=i

A o 2
p = i

m ‘ _

-  2
p=i

2л ■ 1
COS p  — j  — —

L q 2

2л . I l lsin P ----- J —
q 2 j

( 12)

I t  can  b e  show n b y  d ire c t c a lcu la tio n  th a t  th e  r ig h t  h a n d  sides of E q u s . (11) 
and  (12) a re  id en tica l second  o rder expressions o f th e  values n,y if  (9*) is tru e .

§ 12. I t  seems to  be  w o rth  w h ile  to  em phasize  t h a t  th e  u n b ia se d  e s ti­
m a te  o f  th e  m ean  sq u a re  am p litu d e  o f  th e  periodic fu n c tio n  (8) is g iven  b y

2 a 2,  +  2 ' B I +  s q -®m* »

i.e. not b y  th e  exp ression

m  _ 2  m' _ 2

2 A » +  2 B „
p= i p=i

_2

+  eq *

w hich is u sed  in  m a n y  cases in  sp ite  o f th e  fa c t t h a t  U2 is not a n  unbiased 
e s tim a te  o f  A 2. I t  c a n  be  easily  seen  th a t  in  all cases (excep t t h a t  o f  n,y =  
c o n s ta n t)

JJ2> A 2 a n d  th u s  <U2} > A 2 .

T he d ifference  U2 —  A 2 is large ju s t  in  th e  d e lica te  cases w hen  th e  s ta tis tic a l 
e rrors o f  th e  coefficients A^, В  ̂ a re  la rg e  and  th e  ex is ten ce  o f th e  p erio d ic ity  
is q u es tio n ab le . T he in co rrec t v a lu e  U2 u n ju s tly  fav o u rs  th e  h y p o th es is  th a t  
th e  p e rio d ic ity  ex is ts .
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V . T he sim ple step  fu n c tio n  m e th o d  in  the  case o f  m ixed
periodicity

§ 13. T h e  in te n s ity  o f a n y  c o m p o n en t o f th e  cosm ic ra d ia tio n  show s, 
in  all cases, also sy stem atic  v a ria tio n s  o th e rs  th a n  th e  p e r io d ic ity  to  be in ­
v e s tig a te d  (cases of “ m ix ed ”  perio d ic ity ). T here  are sy s te m a tic  v a r ia tio n s  
like th e  a b so rp tio n  effect o r th e  decay  effec t, w hich d e p e n d  on  q u a n tit ie s , 
like  th e  b a ro m e tric  p ressu re  o r  th e  h e ig h t o f  a ce rta in  iso b a ric  level, w hich  
in  p rincip le , c an  be m easu red  reg u la rly  a n d  h av e  th u s  k n o w n  values ßijk 
(i  =  1,2, . . ., p ;  j  =  1,2, . . .  q; к =  1,2, . . ., r) d u ring  th e  tim e  in te rv a l 
(i, j) .  (L e t us ta k e  e.g. /?iyl to  be  th e  av e rag e  b a ro m e tric  p re ssu re  d u rin g  th e  
tim e  in te rv a l (i, j ), ßiJ2 th e  av e rag e  h e ig h t o f  th e  100 m b iso b a ric  level d u rin g  
th e  n am e in te rv a l, and  so on.) S upposing  th a t  th e  in te n s ity  b e  a lin ea r  fu n c tio n  
o f th e  q u a n titie s  ßijk{k =  1,2, . . ., r) we h a v e , in  th e  case o f  a p e rio d ic ity  
w ith  th e  perio d  leng th  q

( nijy =  aj Jr ßijk Ьк
(i =  1, 2, . . . , p ;  j  = 1 , 2 ,  . . . , q ;  k  =  l , 2 , . . . , r )

w here bk(k =  1,2, . . ., r) a re  un k n o w n  p a ra m e te rs , e.g. bx th e  p a r tia l  b a ro "  
m e tric  coeffic ien t, iq th e  d ecay  coeffic ien t, an d  so on.

I t  can  alw ays be assum ed , w ith o u t a n y  re s tr ic tio n  of g en e ra lity , th a t  th e  
(sum  of an y  ty p e  of th e  q u a n titie s  ßj -k ta k e n  fo r  th e  to ta l  tim e  o f m easu rem en t 
is zero i.e.

ß..k =  0 (fc =  1, 2, . . . ,  r ) .

N o te , h o w ev er, th a t  g en era lly

ß-jk=t=Q'> ßi- к ф 0-)

I t  w ould  be  incorrect to  d e te rm in e  th e  v alues bk(k =  1,2, . . ., r) sep a ­
ra te ly , on th e  basis  o f th e  eq u a tio n s

<ní/> =  ßijk l>*

a n d  th e n  to  use th e  “ c o rre c ted ”  values nfj  =  пц  —  ßiJk b* to  d e te rm in e  
5j ( j  =  1,2, . . ., q) on th e  basis  o f

since in general
ь*к ф ъ

n*} =  a*

k an d  a* =j= a,j

a n d  th e  v alues b*(k =  1,2, . . , r) an d  a*j(j =  1,2,. . ., q) h a v e  no physica l 
m eaning .
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S om etim es i t  m a y  b e  o f a d v a n ta g e  to  use co rre c ted  values n,j— ßijkbk 
w ith  p re d e te rm in ed  bk. T h is m ay  be  th e  case w hen  th e  to ta l  tim e  o f m easu re ­
m e n t is sh o r t  an d  th e re  a re  p rev ious m easu rem en ts  av a ila b le  w ith  co n sid e rab ly  
lo n g er d u ra tio n  th u s  y ie ld in g  co n sid e rab ly  m ore ex ac t v a lu e s  b'k. I t  is, how ever, 
in d isp en sab le  th a t  th e se  p re d e te rm in ed  coefficients sh o u ld  h av e  b een  ca lcu l­
a te d  on  th e  basis o f  e q u a tio n s  allow ing  also fo r th e  p e rio d ic ity  in  q u es tio n , 
i.e.

<7iy> =  a- - f  ß'ijk b'k

(i — 1, 2 , . j  =  1 ,2 ,  . . , , q ;  к  =  1, 2, . . . ,  r'

w ith

p ’ > p ,  q = q ,  r' =  r),

w here  п\,  a re  th e  re su lts  o f th e  o lder m easu rem en ts  a n d  ß\jk are  th e  m e teo ­
ro log ical fac to rs  p e r ta in in g  to  th e m .

§ 14. P rob lem s o f th e  ty p e  o f E q u . (13) h av e  a lso  b e e n  d ea lt w ith  in  th e  
l i te r a tu r e  (see e.g. [3]). T h e  so lu tions fo u n d  are , h o w ev er, incom plete  in  th e  
sense t h a t  th e y  do n o t  g ive answ ers to  all questions ra ise d  in  cosm ic r a y  in ­
v e s tig a tio n s .

A  fu ll t r e a tm e n t o f  th e  p rob lem  w ill be g iven in  w h a t follow s. T he m e th o d  
ap p lied  w ill be t h a t  o f th e  m a x im u m  likelihood w h ich  allows a co m p ac t 
t r e a tm e n t  of th e  p ro b lem  on th e  one h a n d , an d  m a y  b e  used  also in  cases, 
w hen  th e  re,7  v a riab le s  a re  n o t d is tr ib u te d  n o rm ally , o n  th e  o ther.

§ 15. T he p ro b lem  m u s t be fo rm u la te d  in  a m ore  genera l w ay  th a n  th a t  
in d ic a te d  in  E q u . (13) so as to  allow  fo r sy s tem a tic  v a r ia tio n s  w hich are  n o t  of 
th e  ty p e  ßijh bk. T h ere  m a y  be e.g. period ic  v a ria tio n s  w ith  a perio d  len g th  
o th e r  th a n  q o r ap erio d ic  changes, like a slow reco v ery  a f te r  a F o rb u sh  effect. 
T h e  g en e ra l c h a ra c te r  o f  th e se  sy s te m a tic  v a ria tio n s  m u s t  be know n a p rio ri 
o r, a t  le a s t , a reaso n ab le  h y p o th es is  m u s t be m ade as to  th e  general t r e n d  of 
th e se  v a r ia tio n s . N ew  te rm s  c o n ta in in g  som e u n k n o w n  p a ra m e te rs  m u st 
th e n  b e  in se rte d  in to  E q u . (13). T h e  e s tim a te d  values o f  th e se  p a ra m e te rs  can  
be  d e te rm in e d  b y  m ean s of th e  m a x im u m  like lihood  m e th o d  as d iscussed  
below .

N o special h y p o th e s is  has to  be  m ad e  as to  th e  gen era l c h a ra c te r  o f  th e  
re m a in in g  sy s te m a tic  v a ria tio n s  if  th e se  are “ slow ” , i.e . th e  changes d u e  to  
th em  d u rin g  th e  tim e  q are  sm all as com pared  to  \/a2 w here a2 s ta n d s  for

q j =  1

as b efo re . “ Slow”  sy s te m a tic  v a r ia tio n s  can  be  a p p ro x im a te d  b y  a  step  
fu n c tio n  in  w hich th e  w id th  o f th e  s tep s  are equal to  q. D eno ting  th e  h e ig h ts
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o f th e  s tep s  b y  c, E q u . (13) becom es

(14)

(ï — 1* 2, . - . , p  ; j  — 1, 2 , . . . ,  Ç í к — 1, 2 , . . .  5 r)

or, in  a m ore  sym m etric  fo rm :

=  A  +  ct -f- aj - f  ßijk bk-, 

c. =  0 *, a. =  0 *, ß..k =  0,

(i =  1, 2, . . . ,  p  ; j  —- 1, 2 , . . . ,  q ; к — 1, 2, . . . , r ) .
(15)

I f  th e  sy s tem a tic  v a r ia tio n  ch a ra c te riz e d  b y  th e  c o n s ta n ts  с,- is slow 
enough , th e n  th e  w id th  o f th e  steps m a y  be chosen to  b e  la rger th a n  q, e.g. 
an  a rb itr a ry  in teg e r m u ltip le  o f q. A lte rn a tiv e ly , a “ slow ”  v a r ia tio n  can  be 
a p p ro x im a te d  also b y  a po ly g o n a l line co n n ec tin g  e q u id is ta n t  po in ts  s e p a ra te d  
b y  th e  d is tan ce  q or an  a rb itr a ry  in te g e r  m u ltip le  o f  q. T h e  m ost su ita b le  
h y p o th esis  as to  th e  fo rm  o f th e  slow v a r ia tio n  m u s t b e  chosen in d iv id u a lly  
in  each  case on th e  basis o f  carefu l co n sid e ra tio n  o f th e  c ircu m stan ces .

T he p rob lem  as specified  b y  E q u . (15) will be d e a lt w ith  in  w h a t follow s. 
I t  can  be  seen  th a t

i.e. A  is th e  average  in te n s i ty  as ta k e n  d u rin g  th e  to ta l  t im e  of m easu rem en t. 
A gain  th e  p roblem  is a th ree fo ld  one:

(I) U n b iased  estim a ted  va lu es  of th e  p a ra m e te rs  A ,

h av e  to  be dete rm in ed  to g e th e r  w ith th e ir  respective  s ta tis t ic a l  e rro rs  and  
covariances.

( I I )  T he p ro b a b ility  has to  be  ca lcu la ted , th a t  th e  d e v ia tio n  from  zero  o f  th e  
e s tim a te d  values dj(J =  1,2, . . ., q) a re  due to  s ta t is t ic a l  f lu c tu a tio n s  
alone.

( I l l )  A n u n b ia sed  e s tim a te d  value  o f th e  q u a n tity

i.e. th e  m ean  sq u are  a m p litu d e  o f  th e  p erio d ic ity  in  q u estio n , h a s  to  be 
d e te rm in e d  to g e th e r w ith  its  s ta t is t ic a l  erro r.

A ,c i ( i  =  1 ,2 , . . . , p ) ,  aj ( j  — 1 ,2 ,  . . . , q ) , bk (k  =  1, 2, . . r )

iq

W ith o u t th is  (these) assu m p tio n (s) th e  p ro b lem  w ould b ecom e in d e te rm in a te .
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§ 16. L e t us in tro d u ce  th e  fo llow ing n o ta tio n s :

dmn =  1 i f  m =  n  an d  ômn =  0 if  m=f=n.

T h e  tra n sp o se  of th e  m a tr ix  sh o u ld  be d en o ted  b y
T h e  in v erse  o f th e  m a tr ix  M consisting  o f  th e  e lem en ts  M,y shou ld  b e  

d en o ted  b y  M +, th e  e lem ents o f  M + b y  M,y.
sh o u ld  den o te  a u n i t  m a tr ix  w ith  m  row s and  co lum ns, 

sh o u ld  den o te  a m a tr ix  w hose e lem en ts  are  a ll eq u a l to  1, an d  
a m a tr ix  w ith  e lem en ts a ll equal to  0.

В =  B<r-r> sh o u ld  deno te  th e  m a tr ix  
w ith  e lem en ts

g +(r r sh o u ld  den o te  th e  m a tr ix  
w ith  e lem en ts

sh o u ld  den o te  th e  m a tr ix  
w ith  e lem en ts

Bkk' — ßijkßijk' 1

B*k'=  Bkk — Pß-ljkß-jk' — qßi-kßi-k’ i

N k =  nij ßijk pn-j  ß. jk — qnrßi-k,

Bf =  В 

B 0 =  В

=  Щ р’г)

т а =

&ас= -®аРсЧ)

& a a = & 2 f )

sh o u ld  den o te  th e  m a tr ix  
w ith  e lem en ts

sh o u ld  d en o te  th e  m a tr ix  
w ith  e lem en ts

sh o u ld  den o te  th e  m a tr ix  
w ith  e lem en ts

sh o u ld  deno te  th e  m a tr ix  
w ith  e lem en ts

sh o u ld  deno te  th e  m a tr ix  
w ith  e lem en ts

sh o u ld  den o te  th e  m a tr ix  
w ith  e lem en ts

sh o u ld  d en o te  th e  m a tr ix  
w ith  e lem en ts

Щк — ßi-k 1

Bjk =  ß-jk->

Щк — ßi-k' B*'k 1

Щк =  ß-jk' в п -  •

m-=ßi-k&rk+
1 1- V -ч pq

Щ  = ßi-k Щк = ß-jk-̂ ik,

m = ß.jk$}k+ l
p pq

I t  can  be  seen easily  th a t  a ll q u a d ra tic  m a trice s  defined  ab o v e  are  sy m m etrica l. 
§ 17. (P ro b lem  I o f § 15).
A ccord ing  to  th e  m e th o d  o f m ax im u m  likelihood , u n b ia se d  e s tim a te s  

o f th e  p a ra m e te rs  A ,  Ci, aj, bk can  be o b ta in e d  (see e.g. [4]) as th e  so lu tio n s
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of th e  sim u ltan eo u s equ a tio n s

w here

w ith

3 P
a A  
3 p
3 Cj
3 P
3 aj
aP
а ьк 
pq

pq

=  0

=  0 (» =  1,2, - • -,P)

=  0 0  = 1 ,2 , . -9 )

=  0 II J—
' bO . . , r)

c. =  0

a. =  0

P = l n PP* - ™ -K c . pq
a2 cr2

<r2
and РЧ ;

2az

(16)

d en o tin g  L ag ran g e  m u ltip lie rs , and

n n
1=1 j =1 У 2л  a2

exp ~ ~  (nu
2 pc2 1

<ni j » 2

i.e. P* s ta n d s  fo r th e  jo in t d is tr ib u tio n  o f th e  s tochastic  v a r ia b le s  nI;(i =  1 ,2 ,
. . ., p; j  =  1,2, . . ., q). I f  th e  v ariab les n/j  a re  n o t in d e p e n d e n t and  n o rm a l, 
P* has a n o th e r fo rm  w hich, a t  a n y  ra te , m u s t b e  know n. T h e  exp lic it fo rm u la e  
g iven in  w h a t follow s refe r to  th e  case w h en  и,у are  in d e p e n d e n t and  n o rm a l.

T he so lu tio n  o f th e  sim u ltan eo u s e q u a tio n s  are th e  fo llow ing:

A  =  71..

6  —- tl/. 7!.. ßt'k Bkk- N k'
(i =  1 ,2 , . .  . , p )

«/ =  n.j — n.. — ß.jk Bfö. N k-

(7 =  1 ,2 .......... «) ' ( }
bk =  B U  N k-

(k =  1 ,2 , . . . , r )

К  =  К  =  0 .
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In  o rd e r  to  o b ta in  th e  s ta tis tic a l e rro rs  an d  co v arian ces of th e  e s tim a te d  
va lu es  as in d ic a te d  in  E q u s . (17), le t us w rite  dow n th e  m a tr ix  of th e  s im u l­
tan eo u s  e q u a tio n s  (16) m u ltip lie d  b y  — 1. T h is is a m a tr ix  o f p - | - g  +  r - ) - 3  
row s an d  co lum ns and  is com posed o f  su b m atrices  in  th e  follow ing w ay :

pq qJ&P> pj(1>0 00,n 0 0

qJÍPP çl<«> J<M> qli[PP q ) W 0«M>
1 p V 4'» рч.р) pi«» pB<?P 0(?.D pF'1’
a2 qmr’P) Рт -ч) B(r’r> 0(M) 0(M)

0 q j(1'i» 0  <!.?> О«1-'» 0 0
0 Od.P) p № 0<hr> 0 0

T h e  in v erse  o f  M is

1

p q
0(i,p) 00,4) 00,r) 1

p q
1

p q

o (p.1> ■ЛРсР) J _ J ( P , D

p q
0(P.D

0<9.D ■Ш’р) д а - д а > ОЙ.1) —  J<9.D
p q

0(M) M -p) ~ Ж ’Ч) ß * + (r ,r ) 0 (r’!) ooo)

1

p q p q
00,ч) 0<г'г> 0 0

l

p q
00,p) —  JO,Я)

p q
Od-d 0 0

T h e m ean ings o f th e  sy m b o ls  can be fo u n d  in  § 16.
L e t <_x#+ h e  th e  m a tr ix  ob ta in ed  w h e n  dele ting  th e  la s t tw o row s an d  

colum ns i n M + • <^#+ is, o f  course, d e g e n e ra te  because o f  c .= a .  =  0 a n d  is 
o f th e  ra n k  p  -f- q -f- r  —  1. L e t  s ' and  s b e  in te g e r n u m b e rs  such  th a t  1<7 s ' ^  
<  p  an d  1 < ; s  ç. L e t us o m it th e  row s a n d  colum ns o f  t ^ # + s tan d in g  on  th e  
p laces n u m b e re d  1 + s '  a n d  1 +  p  -f- s. T h e  resu ltin g  m a tr ix ,  is th e  co-
v a rian ce  m a tr ix  o f th e  v a r ia b le s  A , c,(i =  1,2, s '  —  1, s ' - f  1, . . p),
dj{j - 1,2, > « ., s 1, s -f- 1, . . -, q), 6/,(k =  1,2, . . ., r).

I t  can  th u s  be seen t h a t  A  is in d e p e n d e n t of th e  m easu red  v a lu es  o f  all 
rem ain in g  p a ra m e te rs  a n d  h a s  th e  e s tim a te d  v ariance

1 _
-----az -
p q
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T h e estim a ted  va lu es  of th e  p a ra m e te rs  c,-, aj, bk a re  n o t in d e p e n d e n t of 
each o th e r. T heir e s tim a te d  v ariances a re  th e  d iagonal e lem en ts  of th e  m a tr ic e s
<г2 áScc, о2 £Qaa an d  cr2 + re sp ec tiv e ly ; i.e .

<r|f =  o2 (w ith  ï  =  i) 
Щ =  (w ith  f  = j)
a\k =  (w ith  k '=  k)

(18)

I t  c a n  he easily  seen  th a t  th e  e s tim a te d  v alue  o f cr2 is

а г  =  — 7  ( n t j  — n t j )  (n,j — n t j )  =
9

=  ~7" i n i j  n i j  РЧ -Ä2 — qnj. C; — pn .ja j  — 7i i jß ijk bk] ,
9

w here q' =  (p  — 1 )(q —  1) —  r and

(19)

n i j  — A  +  Cj  - f -  a j  +  ß i j k  bk .

T he q u a n t i ty  q' а21а2 is a s to ch as tic  v a r ia b le  w ith  a %2 d is tr ib u tio n  o f  q 
degrees o f  freedom .

On th e  basis o f  th e  id e n tity

У  2 :  (n ij «•■)2=  ^>' у  (nij -  n uf  +  ^  V  (c, +  äj +  ßijk bkf
i = l j = l  i = l  j = l  i = l  y=l

m aking  use o f th e  th eo rem  of Cochran  [5] an d  F ish e r ’s lem m a, i t  c a n  be 
seen th a t  a ll q u a n titie s  тц,- —  nij (i =  1,2, . . ., p; j  =  1,2, . . q) a re  in ­
d ep en d en t o f  Ä , ci (i — 1 , 2 , . . . ,  p) aj(j  =  1,2, • • q) a n d  bk (k =  1,2, . . ., r)
T h u s , e .g ., (nij —  nij)(nij —  nij) is in d e p e n d e n t o f / ( a , ,  a 2, . . ., aq), th is
la t te r  b e ing  an  a rb itra ry  fu n c tio n  o f th e  v a riab le s  av  a2, . . ., aq.

§ 18. (P rob lem  I I  o f § 15). In  o rd e r  to  ca lcu la te  th e  p ro b a b ility  e t h a t  
th e  d ev ia tio n s from  zero o f th e  va lu es  aj ( j  =  1,2, . . ., q) a re  due  to  s ta t is t ic a l  
f lu c tu a tio n s  alone, le t  us in tro d u ce  th e  fo llow ing n o ta tio n s :

a.s shou ld  deno te  th e  m a tr ix

—  II**i, a 2’ ■ • ■ 1 a s—1’ a s + p  • • • 5 a q II 

w ith  s b e ing  an  in teg e r n u m b e r chosen  a rb itra r i ly  w ith in  th e  in te rv a l

K s < , q .
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âS4s~ 1,4—1 sh o u ld  be th e  m a tr ix  o b ta in e d  w hen o m ittin g  th e  row an d  
co lum n in  th e  m a tr ix  n u m b ered  s.

F ir s t ,  le t  u s  ca lcu la te  th e  p ro b a b ili ty  es t h a t  th e  d ev ia tio n s  from  zero 
o f th e  e lem en ts  o f  a s are d u e  o n ly  to  s ta t is t ic a l  f lu c tu a tio n s .

T h e  co v a rian ce  m a tr ix  o f  th e  e lem en ts  o f a s is a2̂ Ss- A ssum ing  a ; == 
=  <5y) =  0 {j — 1,2, . . q) th e  jo in t  d is tr ib u tio n  fu n c tio n  o f th e  e lem ents 
o f  is g iven  b y

S ( I s )
Y d :

(:2 n y ~w
exp

w here s ta n d s  for th e  d e te rm in a n t o f th e  m a tr ix

I t  is w ell know n th a t  th e  q u a n ti ty

Qs = as ^ s  a 
a1

is d is tr ib u te d  accord ing  to  a %2 d is tr ib u tio n  w ith  q —  1 degrees of freedom . 
As i t  w as sh o w n  a t  th e  en d  o f § 17 (n,y —  h,y)(n,y —  re,y) is in d e p e n d e n t 
o f a n y  fu n c tio n  o f  äv  52, . . . ,  aq th u s  a2 a n d  Qs a re  in d e p e n d e n t of each o th e r. 
As a co n seq u en ce , th e  q u a n t i ty

j s =  ^ l n
£Ц Ж

is d is tr ib u te d  accord ing  to  F i s h e r ’s z  d is tr ib u tio n  w ith  q —  1 and  q' degrees 
of freedom . D en o tin g  th is  l a t t e r  d is tr ib u tio n  b y  Pq_ liq, (£ z) th e  re su lt  is
o b ta in e d  t h a t

«s =  Pq-l,q (Í >Уз) ■ (20)

A p p ly ing  th e  th eo rem  p ro v e d  in  A p p en d ix  I I I  i t  can  b e  seen th a t  äs^Ss ä , 
is in d e p e n d e n t o f  s and , as a consequence , th e  sam e is t r u e  also for y s a n d  es 
I t  is th e re fo re  ju s tif ie d  to  re g a rd  th e  v a lu e  =  s2 =  . . . =  eq =  e as b e in g  
th e  p ro b a b il i ty  th a t  th e  d e v ia tio n s  from  zero  of th e  v a lu es  ay ( j  =  1,2, . . ., q) 
are  due to  s ta t is t ic a l  f lu c tu a tio n s  alone. T h e  va lu e  of e =  es is th u s  d e te rm in e d  
b y  E q u s . (20).

§ 19. (P ro b lem  I I I  o f  § 15). Since

aj =  of  _  Щ/ (У =  1, 2, . . . , } )  ,
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th ere fo re , ta k in g  in to  acco u n t E q u . (18), an  unb iased  e s tim a te  of a2 is

a2 =  —  (áj a j -  Щ  a2) . (21)
4

C alculations ou tlined  in  A ppen d ix  I I  show  th a t  th e  e s tim a te d  value o f  th e  
va rian ce  of o2 is equal to

0~a2 :
2 0-2

2 aj <if
q -\-2i

( 22)

th e  va lu e  o f a2 being  g iven  w ith  E q u . (19).

V I. The case of th e  incom plete  m a tr ix  n  w ith e lem en ts o f unequal
v arian ces*

§ 20. I t  m ay  h a p p e n  th a t  th e  m e a su re m e n t of th e  in te n s i ty  a n d /o r
som e o f th e  q u a n titie s  ßijp w as in te r ru p te d  d u rin g  certa in  in te rv a ls  (i, j ) ,  a n d  
th u s  th e  co rrespond ing  raly an d /o r ßjjk v a lu e s  are  m issing. I t  m ay  also h a p p e n  
th a t  th e  v a rian ces  of th e  m easu red  q u a n ti t ie s  n,y are n o t e q u a l to  each o th e r . 
T he so lu tions o f th e  th re e  problem s fo rm u la te d  in  § 15 m a y  th e n  be found  on 
th e  follow ing lines.

L e t us den o te  th e  va rian ce  o f ra/y b y

ajj =  a2*/wu ,

w here th e  fac to rs  1/и>,-у m u s t be know n a p r io r i and  a2* is to  he  d e te rm in ed . 
F u rth e rm o re , le t be

Ai j  =  Wfj if  th e  values n,-y, /?,-y2, ß i j , , . . . ,  ßijr are all av a ilab le ,
Aij =  0 if  a t  least one o f  th e  values n,-y, ßijv  ßij2, . . ßijr is m issing.
I f  am ong th e  v alues Ajv  Zl,-2, . . ., A,-g th e re  is n o t  m ore th a n  one d ifferen t f ro m  
zero, th e  i th  row s of th e  m atrices**  n  a n d  ß/f( k = l ,2 ,  . . ., r) shou ld  be d e le te d  
an d  th e  n u m e ra tio n  of th e  row s shou ld  b e  re a rra n g e d  acco rd ing ly .

I f  n o t m ore  th a n  one am ong th e  q u a n ti t ie s  Av-, A2j, ■ ■ ■, Apj  is d iffe re n t 
from  zero, th e  m easu rem en t m u st be c o n tin u e d  un til a t  le a s t  tw o of th e  A 1J-, 
A2J, . . ., Apj, Ap+i j ,  . . ., Ap+p, j  va lues b ecom es d ifferen t f ro m  zero, a n d  th e  
v a lu e  p  -j- P* shou ld  th e n  be  d en o ted  b y  p .

T hus a t  le a s t tw o e lem ents in  each  ro w  an d  colum n o f th e  m a tr ix  A(Pî  
are  d iffe ren t from  zero.

* Id e n tic a l indices do not m ean  su m m atio n  in  th is  chap ter.
** ß, s ta n d s  for th e  m a tr ix  w ith  e le m en ts  ßijj: (i =  1,2, . . ., p; j  =  1,2, . . .,</)
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T he v a lu e s  nij,ßiß(k  =  1,2, . . ., r) w ill, in w h a t follow s, n ev er occu r 
w ith o u t b e in g  m u ltip lied  b y  Aij. T hus a r b i t r a r y  values (e.g . 0) m ay  be  w r it te n  
in  th e  p lace o f  Щ] and  ßiß  (к =  1,2, . . ., r) i f  Жу =  0. T his w a y  th e  b la n k  p laces 
in  th e  m a tric e s  n and  ß/c (к — 1,2,. . ., r) c a n  be  filled in . T h is  is also th e  case 
w hen  th e  t o ta l  tim e  of m easu rem en t (N ) is n o t an  in te g e r  m u ltip le  o f q; th e  
la s t  row  ca n  h e  com pleted  a rb itra r ily  o n ly  t h a t  th e  co rresp o n d in g  Apj  v a lu es  
m u s t be p u t  e q u a l to  0. I t  w ill be assu m ed  in  w h a t fo llow s th a t  th e re  a re  no  
b la n k  p laces in  th e  m a trices  n  and  ß^ (к =  1,2, . . ., r).

I t  c an  b e  assum ed  w ith o u t re s tr ic tio n  im posed  u p o n  th e  fac to rs ß iß  t h a t

p я
2  2 A‘jßux  =  о (к  =  1, 2, . . . ,  r ) .

T he su m  o f th e  e lem en ts  of th e  m a tr ix  A shou ld  b e  d eno ted  b y  A  a n d  
th e  n u m b e r o f  e lem ents in  A w hich are  d iffe re n t from  0 sh o u ld  be N 0. ( N 0 <  
<  pq  is th u s  th e  to ta l  n u m b e r  of u sefu l m easu rem en ts .)  T h e  p ro d u c t o f  all 
non-zero  v a lu e s  A{j shou ld  b e  deno ted  b y  л(А).

§ 21. T h e  basic  a ssu m p tio n  as to  th e  fo rm  of th e  ch an g e  of th e  in te n s i ty  
(E qus. (14)) m a y  rem ain  u n ch an g ed , n e ith e r  does change th e  p rincip le  o f  d e r iv ­
in g  th e  e q u a tio n s  for d e te rm in in g  th e  e s tim a te d  v a lu es  o f  th e  p a ra m e te rs  
(E qus. (16)). T h e  p a r tic u la r  fo rm  of E q u s . (16) will, h o w ev er, be d ifferen t fro m  
th a t  in  § 17. T h e  m a tr ix  o f th e  system  o f  lin e a r  eq u a tio n s  (m u ltip lied  b y  — 1) 
w ill, in  th is  case , be th e  fo llow ing:

A A ? ’» 4 M) O 0 .0 0 0

jif.b 4 ? >p) J  (P,9) B<p’r) q i <p-1) 0(P.D

1 д Г A (4’p) A № B^'r) О » .« р](ЯЛ)

Q to * 0 (ГД) B(/ ’p> Ш 'ч) B<r’r> 0<M) 0(M>

0 qja.P) 00.9) O '1 0 0

0 0 0 ./» p r h4) O O .o 0 о  :
w here

(23)

A ( } .p >

Aÿ*>

s ta n d s  for th e  m a trix  
w ith  e lem en ts

s ta n d s  fo r th e  m a tr ix  
w ith  e lem en ts

q
2 А ч
j= 1

У  A u
i= i

Ж?-?'

А(я-я)‘-‘ aa

s ta n d s  for th e  d iag o n a l m a tr ix  Ж  j  
w ith  d iagonal e lem ents •“  ,J

J = 1

s ta n d s  for th e  d iag o n a l m a tr ix  ^  
w ith  d iagona l elem ents ,J

( i =  1 ,2 ,  . . , p )  

U — 1’ 2, . . . ,  q) 

(» =  1 ,2 , . . . , p )

( j  — 1 ,2 , . .  . ,q )
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s tan d s  fo r th e  m a tr ix  
w ith  elem ents X A ‘jßük

J= 1

(i =  
k  =

1,2,  . 
1 ,2 , .

, , p

. . , r )

s ta n d s  fo r  th e  m a tr ix  
w ith  elem ents i '  A ijßijk 

1=1
( j  =
к =

1 ,2 , . 
1 ,2 , .

. .,<7

■ - , r )

B<r-r> s ta n d s  fo r th e  m a tr ix  
w ith  elem ents 2  2 A ijßijkßlß 

i = 1 i  = l
.' (,k,k' = 1, 2 ,  . , r )

A is ex p la ined  in  § 20, О and  J  h a v e  th e  sam e  m ean ing  as in  § 16.
In  genera l, no sim ple expressions ca n  he  derived  fo r  th e  e s tim a te d  

values of th e  p a ra m e te rs  w hich can , in  p rin c ip le , be ca lc u la ted  b y  in v e rtin g  
th e  m a tr ix  (23). I f  th is  has been do n e , every  q u es tio n  can he  answ ered  e x a c tly  
as i t  has been  done in  Section  V. N o te , h o w ev er, th a t  th e  e s tim a te d  v a lu e  o f 
rr2 w ill be

N n r +  l f .

p
V

я
У. A, (n ij -  nu)2-

l j = l

E q u a tio n s  (20), (21), (22) rem ain  v a lid  if

q' =  N 0—p  —q— r-f-1 (in stead  o f  (p — 1) (q —  1)— r),

an d  a2* £$ajj, deno tes th e  co variance  of aj a n d  ay , and  o2*A@s s ta n d s  fo r th e  
m a tr ix  o b ta in ed  b y  o m ittin g  th e  ro w  and  co lu m n  num bered  s in  th e  covariance  
m a tr ix  of th e  a s q u a n titie s .

§ 22. S om etim es i t  m ay  be a lm o st im possib le  to  ca lc u la te  th e  in v erse  
o f th e  m a tr ix  (23) even  b y  m eans o f  e lec tro n ic  com p u ters . T h is is th e  case i f  p  
is v e ry  large  (e.g. ]> 200), i.e. th e  m a tr ix  n consists  o f v e ry  m a n y  rows a n d  
th u s  th e re  a re  lo ts  of p a ram e te rs  с,- ch a ra c te riz in g  th e  slow ch an g e  of th e  in ­
te n s ity . T he inversion  o f th e  w hole m a tr ix  (23) can , how ever, be  avo ided  in  
th e  follow ing w ay:

L e t us in tro d u ce  th e  fo llow ing n o ta tio n s :

à ,  =  2 a u
j =  1

A :  Au nu
I j= 1

/ j i j =I 

ß ’ljk =  ßijk — ß ‘ 

d; =  A  +  Cj +  a[ -f- ß lk bk

(24)
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N ote  th a t

(H j j  — ni) =  0 (i = 1 , 2 , . ■ ,p )

(dj — ai) =  0 (i = 1 , 2 , . P ) (24а)

ß'ijU =  0
(i =  
k =

1 , 2 , . 
1 , 2 , .

,P

’ r)

7=1
я

y .
/= i 

я
у .

/= 1
T he basic  a ssu m p tio n  as to  th e  change o f  th e  in te n s ity  can  th u s  be w r i t te n  in 
th e  form

< r e i7 >  =  d,  +  aj  —  a 1, - f -  ß'ijk bk

(a . =  0 , 1 =  1 , 2 , 7 = 1 , 2 , к  =  1 , 2 , . . . ,  r)

w hich is id e n tic a l w ith  th e  form  as ex p ressed  b y  E q u . (14).
R eg a rd in g  th e  q u a n tit ie s  dj (i =  1 ,2 , . . ., p), a,j(j =  1,2, . . ., q) a n d  bk(k =  

— 1 ,2 , . . ., r) as u n k n o w n  p a ra m e te rs  th e  no rm al eq u a tio n s  for d e te rm in in g  
dj, dj a n d  bk w ill he th e  follow ing:

^  2  АЧ K - - d , )  =  0 , (i =  1, 2, . . . ,p)
8d i gz* j =1

8P  1 p -
----- =  2  Л Ч (nV ~  n ~  a j+ al -  ßijk bk) =  0
Эdj az* jTi

(7 = 1 , 2 ,  . . . ,  q)

~  =  2  È A ‘J ß m  ("<■/ -  -  «/+«'■ -  «y*' M  =  08í»,f а2*

^ « 7  =  °-
7=1

(25)

(26)

I t  can  be  seen th a t  E q u s . (25) a n d  (26) do n o t h a v e  com m on v a ria b le s  and 

d( =  n! (i =  1 , 2 , . . . , p ) .

T he sy s te m  (26) consists o f  only  q -f- r +  1 equ a tio n s th e  m a tr ix  o f w h ich  can 
be in v e r te d  m uch easie r th a n  th e  m a tr ix  (23), an d  th e  covariance m a tr ix  of 
th e  q u a n tit ie s  äj(j  = 1 , 2 , . . . ,  q) an d  bk (к  =  1 ,2 , . .  ., r) c an  th u s  be d e te rm in ed .

T h e  e s tim a ted  v a lu es  of th e  q u a n tit ie s  A  -f- Ci(i =  1, 2, . . ., p)  can  be 
o b ta in e d  on  th e  basis o f  ay, bk an d  E q u . (24). T he v a rian ces  in v o lv in g  A  -f- с,- 
(i =  1,2, . . ., p)  can  also be  ca lcu la ted  on  th e  basis o f  (24) and  of th e  fa c t  th a t  
th e  dj (i —  1 ,2 , . . ., p)  a re  in d e p e n d e n t o f  ay (7  =  1 ,2 , . . . ,  q) and  bk (k =  1 ,2 , . . . ,  r),
E .g .

Г
co v arian ce  o f (Л -f-c/, 5 / ) = —  covariance  o f  (a.,äj) — ^ c o v a r i a n c e  o f (ßlk bk, ay).

k=l
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V I I . C oncluding re m a rk s

§ 23. I t  has been show n th a t  th e  re p re se n ta tio n

nij') =  A  +  с,- - f -  a,j - f -  ßjjk bk 

(i == 1, 2, . . . , p  ; jr =  1, 2, . . . , ç ;  k  =  l , 2 , . . . , r )  

a. =  c. =  0

(27)

m ay  be  v e ry  o ften  p re fe rred  to  th a t  o f  th e  F o u r ie r  ty p e . A ssum ing  n/j to  be 
in d e p e n d e n t G aussian  v a riab les , e x p lic ite  expressions h av e  been g iv en  for th e  
m ax im u m  likelihood  estim a tio n s of th e  p a ra m e te rs  A ,  с/, a,j, bk to g e th e r  w ith 
th e  va rian ces  an d  covariances of the  e s tim a te s .T h e  p ro b a b ility  t h a t  th e  dev ia ­
tions o f th e  values 5y (j =  1 ,2 ,. . ., q) f ro m  zero a re  due to  s ta t is t ic a l  f lu c tu a ­
tions on ly  has b een  d eriv ed  as well as a n  u n b iased  e s tim a te d  va lu e  o f  th e  m ean  
sq u a re  am p litu d e

an d  th e  v a rian ce  o f th is  es tim a te .
T he a d v a n ta g e  o f th e  re p re se n ta tio n  (27) is th a t

a) i t  does n o t  invo lve  th e  a ssu m p tio n  t h a t  th e  periodic fu n c tio n  he a 
trig o n o m e tric  po lynom e, a n d

b) th e  n u m erica l calcu la tions re q u ire d  a re  b y  fa r sim pler th a n  those 
invo lved  in  a F o u rie r  re p re se n ta tio n  w ith  th e  sam e n u m b e r  o f p a ra ­
m eters.

T here  are  cases w hen  th e  firs t a n d  m ay  be  also  th e  second F o u rie r  com ­
p o n en ts  h av e  d irec t p h y sica l m ean ings and  sh o u ld  be e s tim a ted . I n  such 
cases th e  F o u rie r m e th o d  an d  th e  s im p le  step  fu n c tio n  m eth o d  m a y  b e  com ­
b in ed  to  y ield  th e  e s tim a te d  values o f  th e  am p litu d es  of th e  f irs t  a n d  second 
harm on ics an d  th e  re s t m a y  be in v e s tig a te d  b y  th e  s tep  fu n c tio n  re p re se n ta ­
tion .

§ 24. T he ex istence  of a slow v a r ia t io n  of th e  in te n s ity , i.e. th e  p ro b a b i­
lity  ec t h a t  th e  dev ia tio n s from  zero o f  th e  e s tim a te d  values c, (i =  1 ,2 , . . ., p) 
are  due  to  s ta tis t ic a l  f lu c tu a tio n s  a lone , can  be  d e te rm in ed  ju s t  in  th e  sam e 
w ay  as i t  has b een  done in  th e  case o f  th e  perio d ic  p a r t  of th e  v a r ia tio n . All 
w h a t we h av e  to  do is to  change th e  n o ta tio n s  re fe rr in g  to  “ a”  in to  th o se  re ­
fe rrin g  to  “ c” . We. th u s  h av e

1 s

®C ^ 1 / / (  ^  '  y <  )

witli

c , sc ®5
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w here  A8SC s tan d s  fo r  th e  m a tr ix  o b ta in e d  w hen  o m ittin g  th e  row  a n d  co lum n 
n u m b e re d  s in  th e  m a tr ix  S&Cc (see § 1 8 ).

T h e  u n b ia sed  e s tim a ted  v a lu e  o f

th e  m e a n  sq u are  am p litu d e  o f th e  slow v a r ia tio n  an d  th e  v a r ia n c e  of th is  
e s tim a te  can  also b e  o b ta in ed  b y  using  th e  fo rm u lae  re fe rrin g  to  oa a n d  
ch a n g in g  th e  n o ta tio n s  acco rd ing ly .

§ 26. A p p lica tio n s of som e p a r ts  of th e  re su lts  rep o rted  on in  th is  p a p e r  
m a y b e  fo u n d  in  [6] an d  [7]. F u ll  app lica tio n s w ill be pu b lish ed  la te r  on.

The authors are indebted to Professor L. JÁ N O S S Y  for many illuminating and encourag­
ing discussions on the subject. The helpful cooperation of Mr. F. T e l b i s z  and Mr. T. S á n d o f  
at the early stage of the work is gratefully acknowledged.

I f  th e  v a r ia b le s  x/(i =  1,2, . . ., n) are d is tr ib u te d  n o rm a lly  accord ing  
to  th e  jo in t  d e n s ity  function

A cknow ledgem ents

A ppendix  I

(i, k =  1, 2, . .  . ,  n)
th e n  th e  v a riab le

П
U  =  ( X j  —  X . ) 2

h a s  th e  ex p ec ted  v a lu e

<u> — A t A t+ A f t , (A l)
an d  th e  v a rian ce

ol =  2 A tj(A f j +  2 A i A J) , (A2)
w here

A ,  — a, — a
a n d

A* =  Af] — A t  -  A j  +  A t  . (A3)

Proof. T he  q u a n titie s

X [  =  X i  — X . (i =  1 , 2 ,  . . . ,  n)
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h av e  th e  ex p ec ted  va lu es
<*i> =  A ,

an d  th e ir  co variance  m a tr ix  is com posed  o f th e  e lem en ts A*(i, j  =  1 ,2 , . .  и),
I t  can  be  show n b y  m eans of sim ple ca lcu la tio n s t h a t  th e  q u a n t i ty

и =  x'i x'j

h as th e  ex p ec ted  v a lu e  an d  va rian ce  as g iv e n b y  E q u s .(^ d l)  (A2),re sp ec tiv e ly .

and

A ppendix  I I

T h e  v a riab les  x i  (i  — 1,2, . . ., n )  shou ld  be d is tr ib u te d  n o rm a lly  w ith

<*,•> =  a, ( * = 1 , 2 ,  . . . ,  n)

<(Xi — a ^ x j  — aj> =  o2A t j ,  ( i , j  =  1, 2,  . . . ,  n) ,

w here th e  A jj  e lem en ts a re  know n, th e  ra n k  of th e  m a tr ix  || A i j  || is a t  least 
n —  1, at an d  a2 a re  u n know n , b u t  a2 has a k n o w n  e s tim a te  a 2, such  th a t  
p 'a 2la2 is d is tr ib u te d  accord ing  to  y2 w ith  p '  degrees o f freedom , a n d  a2 is 
in d e p e n d e n t of %,(i =  1,2, . . ., n).

C learly  th e  v a lu e

«2 =  —  [xj xi -  А и Щ  (A4)
n

is an u n b iased  e s tim a te  of
1

cr = Ct; Ö ;

I t  w ill be show n th a t  th e  e s tim a ted  v a r ia n c e  of a2 is

-= 202
2<?з

CJ2

wh ere
p '  +  2

&  “  x i  A i j  X j .

{p A / /A jj  А ц A  j.)

Act o rd ing  to  A p p en d ix  I

al(X( =  2 a2 A ij  (w‘M ;/ +  2 a,- a y) . 

T ak in g  in to  acco u n t t h a t

(ff2)2
p '  +  2

((12)2

(A5)
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an d
2

t
P

( ° Т  =
2

p '  +  2

fu r th e rm o re  t h a t  is in d e p e n d e n t of o-’, a n d  t h a t  th e  e s tim a te d  v alue  of 
(ijCij a2 is

*/ *; --------Г*— Г  ( ^ ) 2 •
P +  2

E q u s . (A5) can  b e  o b ta in ed  w ith o u t d ifficu lty .

A ppendix  III

A  one-row  m a tr ix  b(1,n* w ith  elem ents 6,(i =  1,2, . . n) all d ifferen t 
f ro m  zero  shou ld  b e  given to g e th e r  w ith  a one-co lum n  m a tr ix  a ^ ’1̂  w ith  ele­
m e n ts  a ,(i =  1,2, . . ., и), and  a sy m m etric  m a tr ix  D (n’r̂  o f th e  ra n k  re —  1. 
E a c h  d iagonal su b m a tr ix  of D w ith  n  —  1 row s a n d  re —  1 co lum ns should be 
o f th e  ra n k  re —  1. T h e  elem ents o f  a  and D sh o u ld  sa tis fy  th e  equ a tio n s

ba =  О*1-1) =  0  i. e. bj at =  О (A6)
an d

D E =  0<"d), i .e .  D/jbj  =  0  ( i =  1, 2, . . . ,  re). (A7)

L e t us d en o te  b y  a,'1-1’ th e  one-co lum n m a tr ix  w ith  e lem en ts  av  . . 
ar_ x, ar+1, . . ., a,i a n d  b y  D (rn_1,n~ 1) th e  m a tr ix  w ith  e lem en ts  D ij(i , j  =  1, 
. . ., r  —  1, r  +  1, . . ., re).

I t  w ill b e  sh o w n  th a t  th e  q u a n t i ty

Qr =  a , Dr+ a r (A8)

is in d e p e n d e n t o f r. This can  b e  d o n e  as follow s:
I f  th e  one-co lu m n  m a tr ix  y ^ " ’1̂  is a so lu tio n  o f th e  e q u a tio n

D y0 =  a , (A9)

th e n  all so lu tions o f  (A9) m ay  b e  w ritte n  in  th e  form

У =  Уо +  * Ь ,

w h ere  A deno tes a n  a rb itra ry  s c a la r  q u a n tity . In tro d u c in g  th e  n o ta tio n

z(n-i,i) =  D+ а л , (A10 )
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i t  can  be seen th a t
D, (All)

L e t us den o te  th e  e lem ents of z r b y  zx, z2, . . zr_ x, zr+1, . . ., z„ a n d  le t 
us den o te  b y  th e  m a tr ix  co n sis tin g  of th e  e le m e n ts  zv  . . zr_ 15 0,
zr+1, . . zn■ I t  follows fro m  (A6), (A 7), a n d  (A ll)  t h a t  ъ'г is a so lu tio n  o f  (A9), 
m ay  th u s  be  w ritte n  in  th e  form

zí =  y 0 +  ^ b .  (A 12)

M aking use of Qr m ay  be  expressed  b y  m ean s of z'r in  th e  form

Qr =  a z ' . (A13)

L et us now  in v e s tig a te  a n o th e r  q u a n t i ty  (A8), e.g.

Qs a 5 Us a5 *

R ep ea tin g  th e  consid era tio n s above w e a rriv e  a t

ZS =  Уо +  (A14)

and

Qs =  a z s ■ (A-15)

On th e  basis o f (A12) —  (A15), and (A6) we have

Qr -  Qs =  (К -  К)  аь = о
w h a t was to  be show n.
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Н ЕКО ТОРЫ Е ПРОБЛЕМЫ ИССЛЕДОВАННОЙ ПЕРИОДИЧНОСТИ 
ВРЕМЕННОЙ СЕРИИ КОСМИЧЕСКИХ ЛУЧЕЙ

Й. КОТА и А. ШОМОДИ 

Р е з ю м е

Дается обобщение метода анализа расхождения с целью исследования сущест­
вования и вида периодичности с данной длиной периода. Принимаются во внимание как  
переменные изменения интенсивности космических лучей, так и метеорологические эффек­
ты. Далее, кроме точного исследования существования периодичности излагаются мак­
симальные вероятные оценки как для постоянных, характеризующих вид периодичности, 
так  и для главной квадратичной амплитуды периодической функции вместе с их относи­
тельной статистической ошибкой в случае произвольного числа метеорологических фак­
торов, влияющих на интенсивность космического излучения.

Показываются невыгоды применения метода Фурье в исследовании периодичности 
с определенной длиной периода Наконец, показывается, что факт статистического опре­
деления метеорологических коэффициентов нельзя отделять от анализа периодичности.
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T W O - T R I P L E T  M O D E L  O F  “ D I R E C T ”  M U O N  
P R O D U C T I O N *

By

K . L a d á n y i

RESEA RCH  G R O U P FOR TH EO R ET IC A L PHYSICS O F T H E  HUNGARIAN ACADEM Y OF SCIEN CES ,
B U D A PEST

(Received 18. I I I .  1969)

A particular two-triplet model of “ direct” lepton productions is suggested by assuming  
that both leptons and hadrons belong to representations of the six-dimensional rotation group
S O , .

I . In tro d u c tio n

C onsiderable in te re s t  lias re c e n tly  b een  a tta c h e d  to  th e  deep -m in e  
ex p erim en t o f B e r g e so n  e t al. [1, 2] w hich  ind ica tes a fa ilu re  of th e  se c 0  law  
in  th e  en erg y  dom ain  103— 104 GeV. T h is im plies e ith e r d ire c t p ro d u c tio n  o f 
cosm ic-ray  m uons of 103 GeV or p ro d u c tio n  v ia  a v e ry  sh o rt-liv ed  p a re n t . 
S im ilar p ro d u c tio n  o f h ig h -en erg y  e lec trons has also b e e n  proposed  [2] in 
o rd e r to  ex p la in  som e m u-less show er d a ta .  O n th e  o th e r  h a n d , th e  B ro o k - 
h av en  ex p erim en t [3] verified  th e  sec0  law  below  300 GeV. In  ad d itio n , th e  
d a ta  re -exam ined  b y  N a s h  an d  W o l f e n d a l e  [4] im ply  no  ev idence fo r d ire c t 
m uon p ro d u c tio n  in  th e  energy  dom ain  500— 1000 GeV. T h e  rep o rted  e x p e r i­
m en ts in d ica te , if  all th e  d a ta  are co rrec t, th e  absence o f  a tra n s itio n  reg io n  
betw een  p u re  p ion  an d  k a o n  p a re n ta g e  below  103 GeV a n d  “ d irec t”  le p to n  
p ro d u c tio n  above th is  energy . To ex p la in  th is  s itu a tio n  B jo r k e n  e t al. [5] 
suggested  som e th e o re tic a l m odels invo lv in g  th e  strong  p ro d u c tio n  o f a m a s ­
sive p a rtic le  X  w hich is s ta b le  u n d e r s tro n g  an d  e lec tro m ag n etic  in te ra c tio n s  
an d  decays w ith  h igh  p ro b a b ility  in to  a s ta te  con ta in in g  a m uon. A ccord ing  
to  th e  m ost p o p u la r  assu m p tio n s th e  X  p a r tic le  could be an  in te rm e d ia te  b o so n , 
p roduced  s tro n g ly  in  p a irs , along th e  lines suggested  by  O k u b o , Ma r sh a k  a n d  
cow orkers [6]. T he e x p e rim en t of B e r g e so n  e t  al. seems to  in d ica te , h o w ev e r, 
t h a t  th e  v e rtic a l m uon  in te n s ity  arises e n tire ly  from  “ d ire c t”  p ro d u c tio n  a n d  
th a t  th e  co n v en tio n a l f lu x  o f pions and  k ao n s has e ffec tiv e ly  van ish ed  [7].

As a second th e o re tic a l p o ssib ility  one m ay  co n jec tu re  t h a t  th e  X  p a r t ­
icles are s tro n g ly  in te ra c tin g  h eav y  tr ip le ts  w ith  in te g ra l charge  [5, 8— 11]. 
T his in te rp re ta tio n  is fav o u red  b y  a recen t u n d erg ro u n d  e x p e rim e n t of D a r d o , 
P enengo  an d  Sitte [12]. Tw o d is tin c t k in d s  o f stro n g ly  in te ra c tin g  p a r tic le s

* Dedicated to Prof. P. G o m b á s  on his 60th birthday.
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h a v e  been  o b se rv ed . T he f i r s t  group has a ll th e  c h a ra c te ris tic s  of p ions, th e  
second a p p e a rs  o n ly  w ith  s h o r t  delays a f te r  th e  trig g e rin g  m uons. To ex p la in  
th e  d a ta  D a r d o  a t  al. su g g ested  th a t  th e  d e lay ed  ev en ts  a re  due to  p a rtic le s  
o f  a m ass a b o u t 10 ~  15 GeV, possib ly  h e a v y  tr ip le t  p a r tic le s  of u n it ch arg e . 
T h e  a p p a re n t  d isc rep an cy  b e tw een  th e se  conclusions a n d  those o f ea rlie r 
ex p erim en ts  [13J m ay  be e x p la in e d  b y  th e  d ifferences in  th e  trig g erin g  co n d i­
tio n s , if  th e  fo llow ing  a ssu m p tio n s  are sa tis f ie d , (a) T he h e a v y  tr ip le t  p a rtic le s  
a re  c re a te d  in  processes in v o lv in g  d isso c ia tio n  of th e  co llid ing  p rim aries, (b) 
T h e  u n s ta b le  m em bers o f th e  tr ip le ts  h a v e  a d o m in a n t d ecay  m ode lead in g  
d irec tly , w ith o u t  in te rm e d ia te  stro n g ly  in te ra c tin g  p a r tic le s , to  en e rg e tic  
m uons. T h is  p ro d u c tio n  m ech an ism  seem s to  be  co m p a tib le  w ith  th e  re su lts  o f 
B e r g e so n  e t  al. O n th e  o th e r  h an d , th e  re p o r te d  “ d ire c t”  p ro d u c tio n  o f  le p ­
to n s  does n o t  follow  d irec tly , w ith o u t a d d itio n a l a ssu m p tio n s , from  “ co n v en ­
t io n a l”  t r ip le t  m odels w ith  in te g e r  charge. A lth o u g h  co n firm a tio n  of th e  e ffec t 
a n d  fu r th e r  e x p e rim e n ta l d e ta ils  are n eed ed , th e  th e o re tic a l s tu d y  of th e  p ro ­
b lem  m ay  le a d  to  useful p o in ts  o f view . I n  th is  p ap e r a p a r tic u la r  tw o - tr ip le t  
m odel o f d ire c t lep to n  p ro d u c tio n  will be  p ro p o sed  b y  a ssu m in g  th a t  b o th  le p ­
to n s  an d  h a d ro n s  belong to  re p re se n ta tio n s  o f  th e  ro ta t io n  group S 0 6.

I I . Two-triplet m od el of lep ton s. “ Direct” production

A n in te re s tin g  tw o - tr ip le t  m odel o f  h ad ro n s h as  b een  p roposed  b y  
B a c r y , N u y t s  an d  V a n  H o v e  [9, 10]. I n  th is  schem e th e  h ad ro n s  are  a ssigned  
in to  re p re se n ta tio n s  of th e  sy m p lec tic  g ro u p  S p a. In  tw o  p rev ious p ap ers  [14, 
15] we h a v e  d iscussed  som e g en era l d y n a m ic a l an d  sy m m e try  p roperties o f  th e  
tw o -tr ip le t m o d e l b y  assu m in g  th a t  h a d ro n s  belong to  re p re se n ta tio n s  o f  th e  
six -d im en sio n a l ro ta tio n  g ro u p  S 0 6. T h e  b as ic  re p re se n ta tio n  6 of th e  ra n k -  
th ree  g roup  S 0 e con ta in s tw o  S U 3 t r ip le ts  w ith  in teg e r ch arg e . The m em b ers  
o f  th e  tr ip le ts  are  th e  tr io n s  d en o ted  b y

G =  T+, t2 =  T °, t3 =  T '°, t„ =  0«, i5 =  0 + ,  te =  0 '+ .  (1)

T he trio n s a re  c h a rac te rized  b y  sp in  1/2 a n d  in te rn a l q u a n tu m  num bers Z , Q, Y ,  
J , I 3, w here  Z  is a new  q u a n tu m  n u m b er, re la te d  to  th e  su p e rch a rg e  [9]. (Q, Y , I  
an d  I 3 d e n o te  th e  electric  c h a rg e , th e  h y p e rc h a rg e , th e  iso sp in  assignm ent a n d  
th e  th ird  co m p o n e n t of iso sp in , re sp ec tiv e ly ). I n  ad d itio n , th e  ferm ion n u m b e r 
N  of tr io n s  is fix ed  b y  N  =  1. These q u a n tu m  n u m b ers  are  id en tica l w ith  
th o se  of tr io n s  belonging  to  th e  basic  re p re se n ta tio n  6 o f  S p e [9]. T he s ta te  
a ss ig n m en ts  o f  trions a re  su m m arized  in  T ab le  I .  W e shall a ssum e 
th a t  th e  tr io n s  tm are c re a te d  b y  th e  s ix -co m p o n en t tr ió n  field tm. W ith in  
th e  fram ew o k  o f th e  SOe m odel th e  k n o w n  b a ry o n s  m ay  be reg a rd ed
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Table I
Quantum numbers of trions

I , I Y Z Q N

T + 1
2

1
2

1
3

l
+ Г 1 l

yo 1 1 1 1 0 l2 2 3 3

0 0 2
3

l
3 0 l

00 1 1 1 l 0 1
2 2 3 3

0 + 1 1 1 1 1 1
2 2 3 3

в '* 0 0 2 ] 1 1
3 3

as Т Т 0  sy stem s w ith  Z  =  1, N  =  1. In  a d d itio n , th e  know n  m esons are s u p ­
posed  to  he  i t  s ta te s  of Z  =  0, N  =  0.

T he c lassifica tion  o f lep to n s in to  th e  SOe schem e is p ro v id e d  by  th e  new  
q u a n tu m  n u m b e r Z. W e now  p u t  th e  p o s itro n  e + and th e  p o s itro n -n e u tr in o  
T’e in to  th e  basic  re p re se n ta tio n  6 of SOe b y  assum ing  th a t  th e y  a re  c rea ted  b y  
“ e le m e n ta ry ”  fields. T hus, e + an d  ve a re  su p p o sed  to  h a v e  th e  a ssignm en ts 
\Z\ =  1/3 a n d  N  =  1. I f  th is  is so, we h a v e  to  req u ire  ex ac t Z  co n se rv a tio n  in  
o rd er to  g u a ra n te e  th e  co n se rv a tio n  of b a ry o n s  w ith  Z  =  1 an d  N  =  1. I n  
ad d itio n , o n ly  th e  a p p ro x im a te  h y p e rch a rg e  con serv a tio n  m a y  lead  to  an  a p p a ­
re n t co n se rv a tio n  of m uon  n u m b e r w ith in  th e  fram ew ork  o f th is  m odel. B efore  
considering  th is  p rob lem  we sh a ll discuss th e  e +, p* d o u b le t. L e t us call th e  
know n lep to n s e ±,  ve, ve an d  +  , vu, v^ n o rm a l ferm ions of \Z\ =  1/3, \N\ =  1. 
T he o th e r p a rtic le s  w ith  Z  ^  N  w ill be called  exo tic  p a rtic le s . W e now fix  th e  
q u a n tu m  n u m b e r Z  of e + an d  ve b y  assum ing  th a t  all th e  ex o tic  ferm ions a n d  
bosons are u n s ta b le  p a rtic le s  w ith  a m ass 2; 5 GeV. B y th is  a ssu m p tio n  one 
ob ta in s  Z  == + 1 /3  fo r e + an d  Te, w hich  can  be  easily  seen as follows. D u e  to  
th e  assig n m en ts  Z  =  1/3 a n d  N  =  1 of e + a n d  ve, th e  exotic  fe rm io n s of Z  =  1/3, 
N  =  1 are u n s ta b le  e g. b y  liy p e rch arg e  v io la tin g  processes. I n  ad d itio n , th e  
ex o tic  ferm ions w ith  Z  =  -—1/3, N  =  1 (e.g. th e  trions 0 ° , 0  + , 0 ' +) m ay h a v e  
a Z -conserv ing  decay  m ode o f th e  ty p e

0 —>- .В +  L  +  I / ,  (2)

w here В  is an  a n tib a ry o n , rep re se n te d  b y  a O T T  sy stem  w ith  Z  =  — 1, N  —— 1, 
an d  th e  p a rtic le s  L  an d  L '  m a y  be  id en tif ied  w ith  lep tons o f  Z  =  1/3, N  =  1
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(e.g. e + o r ve). O n th e  o th e r  h a n d , th e  a ssig n m en ts  Z  == — 1/3, N  =  1 o f e + an d  
ve are  e x c lu d ed  b y  o u r a ssu m p tio n s, b e cau se  one o f th e  exo tic  p a rtic le s  (e.g. 
a tr ió n  T  o f  Z  =  1/3, N  =  1) w ould be  ab so lu te ly  s ta b le  in  th is  case.

S u m m ariz in g , th e  m em b ers  o f th e  T -tr ip le t an d  th e  lep tons e + a n d  ve 
h av e  th e  com m on  q u a n tu m  num bers Z  =  1/3, IV =  1 in  o u r  schem e. H o w ev er, 
th e  c o n s titu e n ts  T  of h a d ro n s  are su p p o sed  to  be co llec tive  ex c ita tio n s g en e­
ra te d  b y  a  se lf-co n sis ten t nonperturbative m echan ism  o f s trong  in te ra c tio n s  
[15]. T he e ffec tive  m asses a n d  couplings o f  these  s ta te s  m a y  be q u ite  d iffe ren t 
from  th o se  o f  free lep to n s . T h e  s tro n g  in te ra c tio n  b e tw een  h ad ro n  c o n s titu e n ts  
m a y  be co n n ec ted  w ith  th e  large “ b a re ”  coupling c o n s ta n ts  o b ta in ed  in  p re ­
vious d y n a m ic a l ca lcu la tio n s [15]. T hese “ b a re ”  coup ling  co n stan ts  a re  d efin ed  
b y  in teg ra ls  o f  th e  sp e c tra l  functions a p p ea rin g  in  th e  effective in te ra c tio n  
kernel. E le c tro n s  and  n e u tr in o s  h av e  n o  s tro n g  couplings to  a know n  boson . 
T hus, in  th is  m odel, th e ir  la rg e  “ h a re ”  co u p lin g  c o n s ta n ts  m u s t arise from  co n ­
tr ib u tio n s  o f  th e  co n tin u o u s  sp ec tru m  a t  v e ry  high energ ies.

T he SO e p ro p ertie s  o f  lep tons w ill b e  fixed  acco rd in g  to  th e  C ab ibbo  
u n iv e rsa lity  o f  lep ton ic  a n d  sem ilep ton ic  w eak  processes. As a f irs t  s te p  we 
shall c o n s tru c t  th e  w eak  h a d ro n ic  c u r re n t in  term s o f th e  s ix -com ponen t tr ió n  
fie ld  t b y  genera liz ing  th e  co rresp o n d in g  expressions o f th e  q u a rk  m odel. 
I n  o rder to  ensure  u n iv e rsa lity , one h a s  to  assign th e  w eak  tr ió n  c u r re n t  to  
th e  reg u la r  re p re se n ta tio n  15 of S 0 6. C om pared  w ith  th e  w eak  q u a rk  c u rre n t, 
th e  ex p lic it fo rm  of th e  w eak  tr ió n  c u r re n t  is less t r iv ia l  because th e  S 0 6 
h ad ro n s c o n ta in  tw o fe rm io n s T  an d  th e  an tife rm io n  0  sim u ltan eo u sly . F o r 
exam ple , le t  us consider th e  S 0 e s t ru c tu re  of th e  n u c leo n  doublet*  p ,  n g iven 
b y  [16, 17] (sp ino r indices a re  om itted )

P — ÿ f  I®5 (T°T+ -  T+ Л ] . ( 3 )

Кз
[ É F ( T ° T + - T +T°)]. (4)

I t  follows t h a t  th e  n u c le a r  ß  decay  is d u e  to  a w eak  d e c a y  of th e  a n t i -0  (0 ) 
c o n s titu e n ts  o f  nucleons in  th is  m odel. C o nsequen tly , th e  w eak  tr ió n  c u rre n t, 
belonging  to  th e  reg u la r re p re se n ta tio n  15 o f  S 0 6, m u s t h a v e  th e  V  -f- A  fo rm  
accord ing  to  th e  V  —  A  co u p ling  o b se rv ed  in  sem ilep ton ic  w eak processes of

* The familiar S U 6 results for the baryon magnetic moments may be recovered by assum­
ing that the magnetic moments M .(tH) of the trión constituents of hadrons transform like 
~  I3 -f- (1/2) Y. In this case the SOl5 transformation properties of M (tH) are different from 
those of the electric charge Q.
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nucleons. We now  can c o n s tru c t th e  w eak  C abibbo  c u rre n t J ft of trio n s in  a 
s tra ig h tfo rw a rd  w ay . One o b ta in s

jv- =  ty^l  + y 5) F (+U5)(0c)t,

F<±115)(0 (.)
ЯШ« _j_ ,-я*(и) Я4<15> ±  f+ 15>

--------------------- cos 0 C -|----------------------Sin 0 C ,
2 2

( 5 )

( 6)

w here y5 =  iy5 =  iy°y1y2y3, 0 C is th e  C ab ibbo  angle an d  th e  m atrices Я/*15̂ 
a re  g enera to rs o f th e  group SOe. [15] co n ta in s  th e  com plete l is t  o f th e  m a trices  
ЯУ(15). T he w eak c u rre n t (5) m a y  be w ritte n  as

Jp =  ï ^ ( l + y s)F<+'15>(0)J,
w here

F<±ll5)(0) =  (1/2) (Я1(15> ±  iA2<15>)
and

l =  U (0 c) t ,

( 7 )

( 8)

U {6e) =  ex p  [ г6>Д7<15>] =

1 0 0
0 cos 0 C sin  0,
0 - s in  0 C COS0,
0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0
1 0 0
0 cos 0 C sin 0 C
0 —sin@ c cos 0 ,

• ( 9 )

T he u n ita ry  tra n s fo rm a tio n  (8) defines a w eak  SOe space a n d , in  p a r tic u la r , 
th e  w eak h y p e rch a rg e  Y '  a n d  th e  w eak iso sp in  I '  in  a s tra ig h tfo rw a rd  w ay . 
B y  th is  d efin itio n  th e  w eak  q u a n tu m  n u m b ers  Y ' ,  Г  and I'3 o f  lm are id en tica l 
w ith  th e  co rrespond ing  (s trong) SOe q u a n tu m  num bers Y ,  I  an d  73 o f tm 
(m  =  1, . . .  6). I n  a d d itio n , lM an d  tm h av e  a  com m on q u a n tu m  n u m b e r Z.

T he sim p lest w eak  iso doub le ts  o f Z  — + 1 /3  are given b y

* i ~ T + ,  (10)

l 2 ~  T° cos 0 C +  T '° sin  0 C, (11)

an d  th e  “ i - t y p e ”  m em bers o f  a (w eak) S U 3 15-p let

( 12)

M - ~ [ I 3 M i ]  ( 1 3 )

w ith  i3 =  —T° sin  0 C +  T '°  cos 0 C. Table I I  co n ta in s  th e  re le v a n t  q u a n tu m  
n u m b ers  o f th e  p a rtic le s  l}, l2 M °  an d  M ~  c re a te d  b y  th e  o p e ra to rs  l v l 2, M° 
a n d  M ~, re sp ec tiv e ly . I t  sh o u ld  be n o ted  t h a t  th e  s tru c tu re s  (12)— (13) im p ly  
an  SO,, re p re se n ta tio n  m ix ing  due  to  th e  T— 0  effective-m ass d ifference.
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Table II
The quantum numbers of Z(, l 2, M °  and M ~

I Г Y' Z Q N

h
1 1 l l

— ______ 1 12 2 3 3

h
1 1 l l 0 12 2 3 3

M °
1 1 5 1 0 l2 2 3 3

M -
1 I 5 1 - 1 l2 2 3 3

I f  b o th  lep tons a n d  h ad ro n s b e lo n g  to  re p re se n ta tio n s  of S 0 C, th e n  th e  
sum  o f le p to n ic  an d  h a d ro n ic  w eak c u rre n ts  m ay  be  red u ced  to  th e  single 
tr ió n  c u r re n t  (5). T he choice of lep ton ic  s ta te  assig n m en ts  is re s tr ic te d  b y  th e  
follow ing em p irica l fa c ts , (a) B aryon  a n d  lep to n  co n se rv a tio n , (b) E le c tro n — 
m uon sy m m e try  an d  th e  a p p a re n t co n se rv a tio n  of m u o n  num ber, (с) V — A  
s tru c tu re  o f  lep to n ic  in te ra c tio n s  in  th e  co n v en tio n a l fo rm , (d) C abibbo re d u c ­
tio n  o f th e  w eak  coupling  s tre n g th  in  sem ilep ton ic  w eak  processes. W e observe 
th a t  th e se  co n d itions are  sa tisfied  if  th e  lep to n s are id e n tif ie d  by

e+ =  lv  ve =  l2, Vp =  M°, fi~ =  M -  (14)

w ith (10)— (13) (v^ an d  deno te  th e  m u o n -n eu trin o  a n d  th e  m uon, re sp e c ti­
vely , w h ich  are  assum ed  to  be t ig h tly  b o u n d  s ta te s). I n  th is  w ay b a ry o n  and 
lep to n  co n se rv a tio n s  a re  d u e  to  th e  e x a c t co n se rv a tio n  o f  Z  an d  N.  T he  p a rtic le s  
e + , H e a n d  /in fo rm  tw o  d is tin c t iso d o u b le ts  in th e  w e a k  S 0 6 space a n d  the  
a p p a re n t co n se rv a tio n  o f  m u o n  n u m b e r is connected  w ith  th e  (ap p ro x im ate ) 
c o n se rv a tio n  o f th e  w eak  h y p erch arg e  Y ' . W e m ay  w rite  th e  lep ton ic  p iece of 
th e  w eak  c u r re n t (5) in  te rm s  of th e  d o u b le ts  v t ,  e ~  a n d  y„, f i ~ .  In  th is  co n v en ­
tio n a l fo rm  we recover th e  well know n  V — A  s tru c tu re  w h ich  follows fro m  th e  
SOe p ro p e rtie s  (10)— (14) o f  lep tons.

A  u n if ie d  tw o - tr ip le t  m odel o f le p to n s  and  h a d ro n s  h as  a lready  b e e n  p ro ­
posed b y  K l e in  [18]. I n  his m odel a single fo u r-co m p o n en t n e u tr in o  v ,  e ~  

an d  /j.~ a re  id en tified  w ith  th e  a n titr io n s  0°, 0+  an d  0 '+ ,  respective ly . O th e r 
tr ip le t  m odels fo r lep to n s  h a v e  also b een  d iscussed  in  th e  lite ra tu re , som e papers 
are lis ted  in  [19].

M o tiv a te d  b y  th e  s tru c tu re  of le p to n ic  and  sem ilep to n ic  w eak  in te ra c ­
tio n s, we no w  suggest t h a t  th e  sy m m e try  p ro p erties  o f lep to n ic  s ta te s  a re  fixed  
b y  re la tio n s  (10)—(14). I n  ad d itio n , o u r m odel m ay  le a d  to  d irect le p to n  p ro ­
d u c tio n  b y  a d issoc ia tio n  of collid ing h a d ro n s . T his p rocess occurs on ly  a t
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v e ry  h ig h  energies, i f  th e  low est 0  m ass is su ffic ien tly  large . O n th e  o th e r  h an d , 
no a b so lu te ly  s ta b le  ex o tic  p a rtic le s  are  to  be e x p e c te d  accord ing  to  th e  p re ­
sen t ex p e rim en ta l s itu a tio n . T he s im p le s t Z -conserv ing  d issoc ia tion  process of 
tw o collid ing b a ry o n s  В  an d  B '  m a y  be w ritte n  in  th e  sch em atic  form

В  +  В ’ =  { Т Т в ) +  (T T 0 ) ' -> L a +  L B +  0 +  Ь'А +  L ’B+  0 ' +  p h o to n s , (15)

w here  th e  com m on n o ta tio n  L  is u sed  fo r th e  lep to n s  (14) w hich are  c h a ra c te r ­
ized  b y  Z  =  1/3, N  =  1 (The co rrespond ing  a n tip a r tic le s  of Z  =  — 1/3, N  =  — 1 
will be  deno ted  b y  L).  D ue to  th e  Z -co n se rv a tio n , th e  low est a n titr io n  0  can ­
n o t d ecay  b y  em ission of know n bosons w ith  Z  =  0 ,  N  — 0.  T h e  on ly  Z -con­
se rv in g  decay  m odes o f 0  lead  to  a b a ry o n  Bj an d  tw o  lep to n s L  w ith  Z  = — 1/3, 
N  =  — 1. T hese processes are  assu m ed  to  be m e d ia te d  b y  bosons Фх, w ith  
Z  =  2 /3, N  =  0  an d  in teg e r ch a rg e , possib ly  m em b ers  of an  u n d isco v ered  
S U s t r ip le t  or se x te t. B o th  re p re se n ta tio n s  15 a n d  20" of SOe c o n ta in  bosons 
of th is  ty p e  [15]. W e m ay  now  w rite  th e  Z -conserv ing  0 -d e c a y s  in  th e  form

в - + Ь  +  Фх _ (16)
1-------- *  L ’ +  B f .

In  p a r tic u la r , le t us consider th e  decay  of th e  0 °  c o n s titu e n ts  o f p ro to n s b y  
assu m in g  th a t  Фх =  T 'o0 ' + w hich is th e  isosing let m em ber of an  S U 3 se x te t. 
In  th is  case th e  d o m in a n t decay  m odes involve p rocesses of th e  ty p e

0 °  n+ +  (T ’° 0 —)
в "  +  S»,

(17)

0 » - ^ + +  (T '°fep+)
____ >.

v e “Ь  “  1

(18)

acco rd ing  to  th e  ap p ro x im a te  h y p e rch a rg e  co n se rv a tio n . S um m ariz ing , “ d i­
re c t”  lep to n  p ro d u c tio n  involves th e  d issocia tion  (15) of collid ing h ad rons. 
T he su b seq u en t decays o f th e  0  c o n s titu e n ts  le a d  d irec tly , w ith o u t th e  well 
know n  in te rm e d ia te  p a rtic le s  л ,  К  . . ., to  en e rg e tic  lep tons an d  a b a ry o n  Bf  
(e.g. E°  or E~). T he  b a ry o n  Bf  h as , in  general, c o n v en tio n a l decay  m odes m e­
d ia te d  b y  p ions, k aons e tc . re su ltin g  in  m uons a n d  o th e r  well kn o w n  p a rtic le s . 
W e m a y  te n ta t iv e ly  assum e th a t  processes o f th e  ty p e  (15)— (18) leave no 
energy  fo r a m uon  p ro d u c tio n  of p io n  or kaon  p a re n ta g e  w ith in  th e  energy  re ­
gion covered  b y  th e  ex p e rim en t of B e r g e s o n  e t a l. O n th e  o th e r h a n d , processes 
(15)— (18) rep re sen t sim ple possib ilities for th e  X  processes in d ic a te d  b y  
ex p erim en ts  of B e r g e s o n  e t al. a n d  D a r d o  e t a l. I n  th is  w ay  th e  X  partic les  
m ig h t be id en tified  w ith  th e  a n titr io n s  0  and  th e  bosons Фх.
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III . Leptoiiic an d  sem ilep tonic  w eak  processes

W e n e x t a d d  som e rem ark s  to  th e  tw o -tr ip le t m odel o f co n v en tio n a l lep- 
to n ic  a n d  sem ilep to n ic  w eak  in te ra c tio n s . W ith in  th e  d y n am ica l fram ew ork  
o f  o u r  prev ious p a p e r  [15], th e  m o st sim ple e x p la n a tio n  involves th e  h y p o th e ti­
ca l in te rm e d ia te  bosons W ± w h ich  are  supposed  to  be  b o u n d  t r ió n — an titr io n  
sy s te m s . W e sh a ll n o t  assum e a n y  s tro n g  q u a d ra tic  in te rac tio n s  o f  IP 's w ith
h a d ro n " .

In  [15] w e sugg ested  a re la tiv is tic  fie ld  e q u a tio n  fo r tr io n s , w h ich  governs 
th e  dynam ics o f th e  m odel. T h is e q u a tio n  is c o v a r ia n t u n d e r tra n sfo rm a tio n s  
o f th e  P o in ca ré  a n d  S 0 e g roups (P<S>SOe). W e now  suppose  t h a t  th e  w eak 
v io la tio n s  of S 0 b a n d  p a r ity  are  co n n ec ted  w ith  th e  asym m etries o f  th e  in te r ­
m e d ia te  boson  s ta te s  | IP 1 ^>, po ssib ly  due to  a sp o n tan eo u s  m ix ing . As a f irs t 
s te p  o f  se lf-co n sis ten t ca lcu la tio n s, th e  sy m m e try  s tru c tu re  of IP ’s will be 
f ix e d  b y  th e  fo llow ing  re q u irem en t. T he in te rm e d ia te  boson  W + m u s t  be  coupl­
ed  to  th e  w eak  tr ió n  c u rre n t (5) b y  th e  u n iv e rsa l ( P  an d  S 0 e co v arian t) 
in te ra c tio n  o f tr io n s . W e p ropose  t h a t  th is  in te ra c tio n  be g iven b y  th e  n on li­
n e a r  te rm  o f th e  fie ld  eq u a tio n  (1) o f [15]. A ccord ing  to  our re q u ire m e n t, th e  
s y m m e try s tru c tu re  o f IP ’s is fix ed  b y  th e  follow ing B e th e —S a lp e te r am p litu d es

х0 | T t m(x x ) tn(yß ) \W ±y

exp -  iq —  (x -  y) x — y) x(qtx (W i )) , (19)

w here  x, ß a re  sp in o r ind ices, q is th e  fo u r-m o m en tu m  of th e  s ta te  j IP± >  
r  is th e  co n v en tio n a l one-boson a m p litu d e  of IP ’s, sa tisfy in g  qv'x{qfi{W~)) ~  0 
a n d  th e  lead ing  te rm  of op h as  th e  form

*) =  [(1 + y 5) r \ , ß  n u i5)(©c) / 1(W± V ,  z \{ q z f)  + . . .  . (20)

N o te  t h a t  th e  fu n c tio n  f l(w±) dep en d s on ly  on q an d  th e  re la t iv e  c o o rd in a t 
z =  x —y .  (The m a tr ix  p I P 15) is d efin ed  b y  E q u . (6)). B y  s u b s t i tu t in g  th e  am  
p li tu d e  (20) in to  E q u . (70) o f [15] we observe t h a t  th e  c o n tr ib u tio n  o f  IP ’s corre 
sp o n d s  to  th e  effec tive  in te ra c tio n  L ag ran g ian

L w =  gw I y“( l  + y 5) F<+ >15>(0C) tJP<+)+  H . C. (21)
w ith

=  '~  4 ]/2 G f1{W±)(m2w , 0 , 0 ) ,  (22)

w h ere  is th e  IP  m ass an d  G den o tes  th e  coup ling  c o n s ta n t in  th e  underly in g  
fie ld  eq u a tio n  (1) o f [15]. T h e  fo rm  (21) verifies th e  s tru c tu re  (19)— (20) of 
in te rm e d ia te  bosons accord ing  to  o u r re q u ire m e n t im posed  p rev io u sly . B y  an 
em p irica l f i t  o f gw  an d  m ^  th e  L a g ra n g ia n  (21) m a y  be  reg a rd ed  as a sem i­
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phenom enological b asis  of th e  C P  conserving w eak  in te rac tio n s  in  ou r S0„ 
m odel.

L e t us consider am plitudes (19)— (20). W e observe  th a t  th e  in te rm e d ia te  
bosons W~ are o f m ix ed  p a r ity  le ad in g  to  th e  w ell know n p a r i ty  v io la tio n s  in  
w eak  processes. I n  a d d itio n , W + a n d  W~  are  th e  charged  m em b ers  o f an  iso ­
tr ip le t  in  th e  weak S 0 6 space (cf. E q u s . (5)— (7)). This resu lts  in  h y p erch arg e  
v io la tin g  w eak  in te ra c tio n s  o f th e  tr ió n  c o n s titu e n ts  o f h ad ro n s  w hich are  
p laced  in  th e  strong SOe space. In  F ig . 1 th e  d y n am ica l m echan ism  o f th e  m odel 
is exem plified  b y  a schem atic  d ia g ra m  of th e  p rocess n -f- vfl —*■ p  -f- f i~ .

F in a lly , we sh a ll p o in t o u t som e details. A cco rd ing  to  B a c r y  e t al. [9] 
an d  G e r s t e i n  an d  W h ip p m a n n  [20] th e  know n p seu d o sca la r bosons are  to  be 
assigned  to  th e  co reg u la r re p re se n ta tio n  2 0 "  in  th e  S 0 6 m odel. T h erefo re , i t  is 
c o n v en ien t to  express th e  ax ia l v e c to r  p a r t  of th e  m a tr ix  e lem ents ( 0 ' \ Р \ в у ,  
c o n tr ib u tin g  to  th e  sim p lest ß  processes, in  te rm s  of th e  m a trice s  1
w hich belong  to  re p re se n ta tio n  2 0 "  o f S 0 6. T hese m atrices  are ex p lic itly  lis ted  
jn [15]. W e o b ta in

w ith

< 0 ' | t ^ ( l + y 5)F<±'15)(0c)t |0 >  =

=  < 0 '|[ t /F < ±|15>(0C) t - 1у*у5У^'ж)(в с) t]|0>

ТЛ + |ЯЛ/ЛЧ l n m ± i l2W) 1«Ж)± 1 1Ь(Ж)
J/I-IZU =  ---------------------------  COS 0 C -|------------------------------- s i n  0 C .

B y  considering  th e  (form al) c u r re n t densities

_ Лли>
.5̂  ̂=  t --------y*t,

31(20')
=  t — — / y 5t

( 2 3 )

( 2 4 )

(25)

(26)

Acta Physica Academiae Scientiarum Hungaricae 27, 1969

F i g .  1 .  Schematic diagram of the process n  -f- —► p  +  f t



5 5 8 К . LADÁNYI

fo r  j  =  1 . . .  8, we m a y  reco v er th e  ch ira l S U 3 X S U 3 a lgebra  in  a  s tr a ig h t­
fo rw a rd  w ay.

W e conclude  t h a t  th e  tw o - tr ip le t  m odel m a y  be  a usefu l to o l fo r  th e  s tu d y  
o f  v a rio u s  lep to n ic  a n d  sem ilep to n ic  processes in c lu d in g  a d irec t p ro d u c tio n  of 
le p to n s  a t  v e ry  h ig h  energies.
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ДВУХТРИПЛЕТНАЯ МОДЕЛЬ «НЕПОСРЕДСТВЕННОЙ» ПРОДУКЦИИ
МЮОНОВ

К. ЛАДАНЬИ

Р е з ю м е

Предлагается особенная двухтриплетная модель «непосредственных» продукций 
лептонов, предполагая, что и лептоны и гадроны принадлежат к представлениям шести­
мерной ротационной группы SOe.
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C O M M U N I C A T I O  B R E V I S

ON A SIMPLE CONFIGURATION INTERACTION 
METHOD USING NON-ORTHOGONAL BASIS 

FUNCTIONS*

By

L. U r b a n

RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES.
BUDAPEST

(Received 10. IX. 1968)

In  th e  classical co n fig u ra tio n  in te ra c tio n  (€1) m e th o d  [1] we w rite  the  
ap p ro x im a te  s ta te  fu c tio n  o f an  А -b o d y  p roblem  as a lin ea r  co m b in a tio n  of 
th e  con figu ra tions Ф,

у  =  ( l )
i

T he con fig u ra tio n s Ф,- a re  b u il t  up  fro m  one-partic le  fu n c tio n s  (pi in  su ch  a w ay 
th a t  th e  sy m m e try  p ro p e rtie s  of th e  H am ilto n ia n  a n d  th e  s ta te  fu n c tio n  are 
ta k e n  in to  accoun t. W e d e te rm in e  4J fro m  th e  re q u ire m e n t

(Ф| JT [W ) =  N  cf ск{ Ф ^ \ Ф к) =  m in  (2)
i,k

w ith  th e  co n s tra in t

? Р \ Т ) = 2 с Г с к(Ф1\Фк) =  1-  (3)
i,k

F ro m  re q u ire m e n t (2) we g e t a sy s tem  o f linear hom ogeneous e q u a tio n s  and  
we d e te rm in e  th e  ap p ro x im a te  energy E  b y  solving th e  secu la r eq u a tio n  o f th e  
sy stem .

In  th e  C l m ethod  som e m a th e m a tic a l difficulties h a v e  to  be overcom e. 
One of th e se  is connected  w ith  th e  c o n s tru c tio n  of th e  sy m m e try -a d a p te d  con­
fig u ra tio n s . T his c o n s tru c tio n  is lab o rio u s if  th e  n u m b e r o f partic les is N  2 
[2]. O th e r com plications a re  in tro d u ced  i f  we use n o n -o rth o g o n a l o rb ita ls  [3]. 
I n  th is  p a p e r  we propose a m ethod  w h e re  these d ifficu lties  do n o t arise . In  
th e  p ro p o sed  m eth o d  we h a v e  to  c o n s tru c t only one s y m m e try -a d a p te d  con fi­
g u ra tio n  an d  we can h an d le  th e  n o n -o rth o g o n a l o rb ita ls  easily .

T he m a in  fea tu res o f  th is  m e th o d  a re  as follows.

* Dedicated to Prof. P. G ombás on his 60th birthday.
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1. W e choose a s ta te  fu n c tio n  W 0 as a z e ro th  a p p ro x im a tio n  and  d e te r­
m ine th e  en e rg y  E 0 in  th is  a p p ro x im a tio n

=  ( % \^ \% ) 
( В Д

2. W e define a d e riv a tiv e  a long  th e  d ire c tio n  W of th e  fu n c tio n a l E{4J) 
in  th e  “ p o in t”  W 0 a n d  we d e te rm in e  th e  s ta te  W  w here th e  d e riv a tiv e  is m in i­
m al.

3. F ro m  th e  s ta te s  W0 a n d  W  we d e te rm in e  th e  f i r s t  ap p ro x im atio n  
W j an d  E x <  E 0, e tc .

L e t us in tro d u c e  th e  fo llow ing  n o ta tio n s :
3ÍA is th e  H a m ilto n ia n  o f th e  iV -particle sy s tem ,
Л is a c o n s ta n t o f m o tio n  i.e . [Л, =  0,
<Pi, <p2, . . . , cpr is th e  o n e -p a rtic le  basis,

Ф15 Ф2, . . . , Ф5 is th e  iV -particle basis  c o n s tru c te d  from  th e  o n e-p a rtic le  fu n c ­
tio n s and

Ьф is th e  su b sp ace  of th e  H ilb e rt sp ace  d e te rm in ed  b y  iV -particle
basis .

W e do n o t re q u ire  th e  o r th o g o n a lity  o f cpr s a n d  Ф,-®, a n d  we do n o t assum e 
t h a t  Ф,-в a re  sy m m e try -a d a p te d . B u t we re q u ire  th a t  ç?,-s a n d  Ф,-s h av e  to  
fo rm  a b as is , i.e. th e y  h av e  to  b e  lin ea r  in d e p e n d e n t. W e c a n  fo rm u la te  o u r 
p ro b lem  in  th e  fo llow ing  w ay : F in d  th e  m in im u m  o f th e  e x p e c ta tio n  value

w ith  th e  c o n s tra in t*

E{W) = 0Р1ЛГ1 W)_
{W\W)

AW  — ÂW , w here W£L0 .

(4)

As a  ze ro th  a p p ro x im a tio n  we c o n s tru c t a  s ta te  fu n c tio n  W 0 w ith  th e  
p ro p ertie s

( В Д )  =  1>
AW0 =  W 0 , (5)

% а Ф.

T he la s t  co n d itio n  c a n  be w r it te n  as

%  =  2 с01ф , .
i

(6)

* We work here with one constant of motion hut the generalization for the case of more 
constants of motion is trivial.
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T he en erg y  in  th is  a p p ro x im a tio n  is

e 0 = ■

L et us define th e  d e r iv a tiv e  a long  th e  d irection  W  o f  th e  fu n c tio n a l E {¥)  
*n th e  “ p o in t”  ¥  n as [4]

J E _  =  lim  E (¥ 0 +  x ¥ )  -  E (¥ 0)
d ¥  a | | У  И ' 1

Using (4) w e g e t from  (7)

dE  (У |< У — E m  +  ÇPü\ 3 r - E 0\W) 
d ¥  ||W || '

W e can  show  easily  th a t  (8) is really  a d e r iv a tiv e . I f  a  is a positive  in fin ite s im a l 
q u a n ti ty  we can  w rite

E ( ¥ 0 +  * ¥ )  = (¥ 0 +  x¥ \3? \W 0 +  °W)

— E 0 +  ос

(%  +  * ¥ \¥0+ x ¥ )

Ф \ З Г -  E M  +  ( ï ' I J r -  E 0\¥ )
(9)

1У1

i.e. d E /d ¥  is a  d erivative .
I t c a n  b e se e n  from  E q u .(9 ) t h a t i n t h e  case dE/d¥ <  0, E ( ¥ 0-\-x¥)  d ec rea s­

es w hen x  increases. W e u se  th is fa c t  to  co n stru c t th e  f i r s t  a p p ro x im a tio n .
N ote  t h a t  th e  d e r iv a tiv e  dEjd4f  does no t d e p e n d  on |[ÎPf|| ; w e can  

choose ||5 / || =  1.
W e w rite  ¥(:ЬФ as a lin e a r  c o m b in a tio n  of th e  basis  elem ents

¥  =  2  *i Ф, .
i

L et us in tro d u ce  th e  following n o ta tio n s

{Ф(\Фк) =  Л (к,

(ф ,\< эг \ф к) =  з е 1к.

U sing (8), (10) and  (11) we get

~ 7  = 2  -  Eo <*tk) +  cot (<*ы -  E0̂ ki) *,} .
dx* i,k

( 10)

( 11)

(1 2 )
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W e are looking  fo r  th e  m in im u m  va lu e  of dEjcTP w ith  th e  co n d itio n

{W\W ) =  2 x f ^ ikx k = \ .i,k
( 1 3 )

T h e m in im um  is d e te rm in ed  b y  th e  system  o f lin e a r  inhom ogeneous equ a tio n s

ikxk ---------2  Y' îk — E0 ̂ ik )  c0lf (14)

w here  ji is th e  L ag range  m u ltip lie r  d e te rm in ed  b y  (13), o r in  m a tr ix  fo rm

M X  =  —— (H — E 0 M )  c0.

T he so lu tio n  of (15) is

a n d  from  (13)

X  =  (M-1 I I  — E 0) c0

11=±][с$НМ-1НСо-Щ .

W e get th e  m in im u m  value o f  (12) w ith  th e  m in u s  sign in  (16)

dE
=  -  2 YCq H M  1 H c 0 -  E l

m in

(15)

(16)

(17)

I t  can  e a s ily  be seen t h a t

Cq Й М - '  I I c 0 -  Eg >  0 , 

w here  th e  e q u a li ty  is valid  o n ly  if

<&% =  Е 0}Р0

h o lds, i.e. 4х0 is a n  e igen function  o f a t? . I f  th e  eq u a lity  is v a lid  we know  th e  
e x a c t e ig en fu n c tio n  of <%?. I f  t h a t  is n o t th e  case  we d e te rm in e  th e  s ta te

у = 2 * , ф 1,i

w hich  has th e  p ro p e r ty  th a t  EÇF 0 -f- xW) decreases w hen a  increases from  zero  
to  a 0, w here a 0 is th e  sm allest positive  ro o t o f  th e  eq u a tio n

—  E {V 0 +  olV )  =  0 .  (18)
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L et
x p  _  Ур +  «О У  (TO I

1 11̂ 0 +  00^1  ’
th e n

E x =  W ä r m )  <  E 0 (20)
iholds.

W e ta k e  as th e  f i r s t  ap p ro x im a tio n , and  from  i t  we de te rm ine  th e  
second  a p p ro x im a tio n  in  th e  sam e w ay, e tc . I n  th is  w ay  we g e t a se t of energ ies 
E 0 , E x, E 2, . . .  an d

E 0 >  E j >  E 2 >  . . . (21)
holds.

N ow  we exam ine th e  sy m m etry  p ro p e rtie s  of th e  s ta te  func tions У70, 
W-L, e tc .

In tro d u c in g  th e  o p e ra to r  P  p ro je c tin g  on th e  su b sp ace  Ь ф

p  =  2 \ ф , ) ^ т к\ ф к\ <22)
i,k

th e  s ta te  W can  be w ritte n  as

4 ' = ( P £ f - E 0)'P0. (23)

U sing th e  fac t th a t  A  is a c o n s ta n t of m o tio n  an d  from  E q u . (5)

A W  =  1W
i f  (24)

P A  — Л Р  =  0

is va lid . I f  we choose th e  basis  in  such a  w a y  th a t

АФ, =  У  с1кФк (25)
fc=i

holds fo r ev e ry  i, condition  (24) is fu lfilled  a n d  th e  sy m m e try  rem ains in  ev e ry  
a p p ro x im a tio n .

A pp lica tions based  on th is  m e th o d  w ill be p u b lish ed  in  a su b se q u e n t 
p ap er.

The author would like to thank Prof. P. G o m b á s  for his kind interest in this work. 
Thanks are also due to Dr. D. K i s d i  for his valuable h e lp  and advice.
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