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GENERAL FORM OF THE CENTRIFUGAL TERM
IN THE ROTATIONAL SPECTRA*

By
I. Kovacs

DEPARTMENT OF ATOMIC PHYSICS, POLYTECHNICAL UNIVERSITY, BUDAPEST

(Received 28. X1. 1967)

The explicit form of the centrifugal term is known so far only for the Hund’s limiting
cases. The present paper presents its explicit form in the intermediate case between Hund’s
case a) and b) for terms of any kind.

At the theoretical examination of the structure of the rotational spectra
of diatomic molecules several interactions must be taken into consideration
simultaneously by means of the perturbation calculation. These are the terms
omitted at the separation of the wave equation, the terms of the spin—orbit,
spin —spin and rotation —spin interactions, as well as the non-diagonal terms of
the centrifugal term. The simultaneous taking into consideration of all these
terms would make the final form of the multiplet formulae very complicated.
Since the perturbation between the multiplet components and the spin- orbit
interaction is commonly larger than the others, it seems suitable to consider
first these interactions by means of the perturbation calculation (these give
the well-known multiplet formulae) and then the remainder by a method of
approach which gives the terms derived from the last interactions in additive
form to the multiplet formulae already established. Such a consideration of the
spin —spin interaction, as well as the interaction between the rotation and spin
is already well known [1],[2]. In the case of the spin spin interaction anumber
of the experimental examples showed a good agreement with the theoretical
results. In the present paper the same procedure is applied for the case of the
centrifugal term. By establishing the form of the centrifugal term for the
Hund’s case a) and b), as well as the non-diagonal perturbation matrix ele-
ments, the form of the centrifugal term may be given in this way in the inter-
mediate cases between Hund’s case a) and b), for terms of any kind and mul-
tiplicity.

Let H () denote the energy operator of the separable wave equation and
H1I, on the one hand, the perturbation operator of the terms of higher order
of magnitude neglected at the separation, which describes the perturbation

* This paper is dedicated to my friend, Academician Pal1 Gombas, on the occasion of
his sixtieth birthday, as a mark of my high esteem and heartfelt feelings. | wish him all fur-
ther success in his activities and a long life.
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6 1. KOVACS

between the components of the same multiplet term, and on the other hand,
the perturbation operator of a higher order of magnitude of the spin —orbit
interaction. Hp should denote the perturbation operator of the smaller inter-
actions (e.g. centrifugal term, spin—spin or rotation —spin interaction) to
be taken into account later.

(H' + HP-WT)tf = 0, )

where H' = HO-(-Hpand W'= -f- AW{. Here ig"is the new perturbed
wavefunction, and W, the eigenvalue of the operator H', and this represents
the well-known multiplet formulae. If Hpis small (as according to the experi-
ments the value of the centrifugal term, the spin—spin interaction and inter-
action between the rotation and spin is small compared with, for instance, the
spin -orbit interaction which gives the greatest part ofthe multiplet splitting)
then AWi is also small and no great error is committed if ip” is replaced by
ipi, the already once perturbed wave function of the operator H'. Thus, let
\p"~ y)j. Then, since

(H' W[) W, = 0 (2)
with a good approximation it can often be written (1) and (2) that

(HP-AW'i) VI = 0 )
and

AW\ = J y=VHP y>\dx, (4)
respectively.

It is known, however, that igj = £ Sikipk, where ik is the unperturbed
wavefunction of the operator Hnand Sik the elements of the transformation
matrix, arising from taking into account the operator Hp. The latter are
known explicitly for the doublet, triplet, and quartet terms as functions of
the rotation quantum number for all kinds of terms. By the use of this (4)
can be written

AW\ = 2K 8%2I slkH@ (5)
and
HK = j>* HPip,dt. (6)

Applied to the spin —spin interaction this formula could, in many cases, excel-
lently interpret the deviations from the usual multiplet formulae even if the
terms mentioned belong not to Hund’s limiting cases, but to the intermediate
case. This can be seen in the cases of the 317 terms ofthe NH, PH, PF and TiO
molecules, respectively, of one SA term of the CO molecule and of one 4/7 term
of the O2 molecvde [3].

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



GENERAL FORM OF THE CENTRIFUGAL TERM 7

As is known, with the increase of the rotation of the molecule the equi-
librium nuclear distance becomes greater which is manifested in the apparent
decrease of the rotational constant, or an additional term is attached to the
energy expression, the form of which in Hund’s case b) is as follows:

W, N; /1, V)= —DR*= - D[Nz- Azz= —D [N(N + 1) - AZ]2 (7)

where N is the rotational quantum number in case b), /1 is the projection along
the molecular axis of the resulting orbital angular momentum, and D the
constant of the centrifugal term. However, (7) is exact only when the electron
spin is coupled to the vector N- If we want to follow the process of the suc-

Fig. 1

cessive decoupling from the molecular axis and the coupling to vector N, the per-
turbation calculation of quantum mechanics has to be employed. This, however,
requires a knowledge of the perturbation matrix element. For its calculation
let us start from (7) by expressing the vector N by vectors J and S- On the
basis of the Figure it can be seen that

Hc=- D[N2 - Azz2=- D [(f- S)2- N2= - D[R+S2- JI12- 2(J S)]2=
= -D[J2+~S2-A 2 -2JtSi-2 (JiS(+ JvSn)Y =
= -D{[fi+ S2-A2~2jcS(]2+ (8)
+ 4QrSr+ JvSv)2- 4(J2+ S2- A2 (JeSe+ JvSv)+

+ 4Jr,Sr(J¢Sj+ Jus,,) -|- 4 (J¢S¢-J JvSn)Jdr St}.

In the course of the detailed calculation, by making use of a few of the
well-known relationships pertaining to the characteristics of quantum vectors,

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



8 I. KOVACS

the following matrix elements are given which hold good for a term of any
multiplicity and type:

WL (i, Z: QZ) = - D{[f(J) +f(S)Y- + 2f13)F(S) + 2QZ},
W (i, Z;Q+ 1,7 + 1) = - 2D[f(J, Q) +f(S,2) - 11{f(J, Q)f(S, Z)}v (9)
W(0,z;Q+2,z+2) = - D{/(J,Q)f(J,Q + (S, 2)f(S,Z + VMR

where
f(x) = x(x -f 1) —452

f(x, x) = *(*+ 1) —x(x = 1), (9a)

f(x,xx 1)= x(x+ 1) —(xx 1) (x £ 2),

and x is the component of X along the molecular axis. It can be seen that
taking into account the decoupling of the spin also modifies the diagonal term
corresponding to case a) which has been expressed so far in the form

-D[J(I+ 1)-RB 72 (10)

Taking into account (9) on the basis of (5) for doublet term leads to the
following expression for the centrifugal term in the intermediate case between
Hund’s cases a) and b)

HAJ) ——D (Ja+ 1)+ N2+
+ 2 1J2[S2_1U2ZN — SAHI2ZAN) 4 SArli2NSa-if2n Ja} m

where N = J — 1/2 and J -j- 1/2, respectively, the forms of S are known
[4] and
n = (j+ 1/2)2-1 2. (11a)

(11) is simply to be added to the well-known Hill and van Vleck doublet for-
mula. Aimy and Horsfall [5] have produced (9) for a special case, namely,
that of 27 terms, but did not give a solution on the basis of (5), but solved
the secular equation supplemented by them (i.e. (9)) directly which broke up
the structure of the original Hill and van Vieck formula and resulted in a
complicated expression difficult to handle. This is further complicated in the
case of higher multiplets, and, in addition, if further corrections are taken into
account (e.g. spin—spin interaction, rotation —spin interaction), the whole pro-
cess has to be started again and itisrather difficultto see the actual effects ofthe
respective corrections. These hindrances can be avoided by the application of
(5) , since the corrections thus calculated are given in an additive way to the
well-known multiplet formulae and their respective effects can be studied
separately (cf. the result shown at the spin—spin interaction). That these state-

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



GENERAL FORM OF THE CENTRIFUGAL TERM 9

ments are valid can be seen from the fact that with the procedure mentioned
for doublet terms Gilbert [6] was not able to supply explicit formulae for the
case of 37 terms for centrifugal corrections, only a procedure for determining
the multiplet splitting constant A.

By the use of (5) and (9) the intermediate form of the centrifugal cor-
rection valid for all triplet terms can easily be given. This will be

HLUL) — ~1+LN HOH/1+ + HAA + if/1-10-1 + (12
+ 251+ 508 HA+L,n -f- 2SAN SA_IN f/n,n-1+ %A1 N JI-ILN HO+L/1-11

where N —J —1,J, J -j- 1, and the elements of Hcare to be taken from (9),
and the explicit forms of S are already known [7]. (12) is simply to be added
to the Bude triplet formula. Substituting Y = 0 into (12) it is transformed
into (7), whereas for Y —*cwo it supplies the diagonal elements of (9).

The calculation may be carried out in a similar way for a quartet case.
Then we obtain:

H6(J) 32NH A-t324 +312 ~b AN /L 12/H2  7YI-12N -HHOW- 12 +

N1-32N f/1-32/13/2+ 2 SA412N Sa .j/2,NHA43L1- 12 +

+

(13)

+

2 5 n+12JiSa-1b,NHA 12.1-12 2 SA_12,N 5>W3RJTii n - 1/2,1-312
"b 2 5H32T *¥1- 1/2,N -M1+3/2,1-1/2 2 Sa+1I2N Sa-3I12N -*1+1/2,1-3/2 5

where N —J —3/2, ) — 1/2, J - 1/2, 3 -)- 3/2, and the elements of f/c are
to be taken from (9), while the forms of the S transformation matrix elements
for 47 term are already known [8].

By taking all these into account the complete multiplet formulae can
be written as follows:

a g4 = TNQ)+ HNQ) + Hffu) + HITQ) , (14)

where TN(J) denotes the usual multiplet formula (for doublet term the known
Hirr and van Vieck, fortriplet term the Budoé and for quartet term the Brandt
formulae), H\(J) is the centrifugal correction of a general ferm given just
above, H%S(J) is the general form of the spin  spin interaction and lastly

that of the interaction between rotation and spin. All the four terms refer to
the intermediate case between Hund’s cases a) and b).

Adopting the procedure written here the calculation for the centrifugal
term of the intermediate case between Hund’s cases b) and d) may also be
carried out. From these the forms calculated for the p- and d-terms-complexes
can be found in the author’s book [9].

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



10 I. KOVACS
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RADIATIVE CORRECTIONS TO MUON DECAY
WITH FINITE NEUTRETTO MASS*

By

F. Csikor and K. Nagy
INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EOTVOS UNIVERSITY, BUDAPEST

(Received 23. 1. 1968)

Radiative corrections to muon decay are calculated, assuming a finite neutretto mass.
The corrections are shown to be free of infra-red divergences even at the end point of the
spectrum.

1. Introduction

Recent measurements [1] indicate an upper limit of 1—2 MeY for the
mass of the neutretto. Several authors [2] have suggested that an upper limit
can be set on the neutretto mass by observing the shape ofthe electron energy-
spectrum near the high-energy end in the muon decay. In fact, the shape of
the spectrum is more sensitive to the mass mV of the neutretto than the end-
point itself. The spectrum is given by the formula
2nB

P(E) dE g2 ml— \rE- - [21(ElI2+ E — 2IF) 1
(21)312 r 1 m3

—E 2m T 3n2— dE,

- )

where m = 1 T 2— 2E, and the electron energy E, as well as the electron
and the neutretto masses I, n are expressed in terms of the muon mass. The
spectrum (1) is shown in Fig. 1 for some values of m,".

We see that for my = 0the spectrum gives a finite value for the maximal
electron energy, meanwhile it gives zero for mv 0. This seems to be extre-
mely favourable for the determination of m,". However, if radiative corrections
are taken into account, the spectrum decreases for high energies even in the
mv = 0 case. In fact, because of uncancelled infra-red divergences for m =0
the spectrum tends to minus infinity at the upper end [3] (Fig. 3).

In this note we give the radiative corrections for the m"' 3440 case, and
show that they are not divergent at the upper end of the spectrum, but give
exactly zero.1

* Dedicated to Prof. P. Gombas on his 60th birthday.
1 This fact has not been observed in [7], where the same problem is treated in a
certain approximation.

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



12 F. CSIKOR and K. NAGY

2. The electron spectrum

The interaction responsible for the decay of muon is

. f 7
Hmt=g WeYi-til%wy vy it 7S )

+ ieVeYiWeA i+ ie WuYiW.Ah (2

where e, y, ipv, are the Dirac field operators of muon, electron, neutrino
and neutretto, respectively; Ai is the electromagnetic field. We use hermitic
Dirac matrices, with the commutation rule {y/,y"} = 2 by( (i, k = 1, ... 4).
The graphs giving contributions to the electron spectrum up to second order
in e are shown in Fig. 2.

Fig. 2a gives the uncorrected spectrum, Fig. 2b the inner Bremsstrahlung
correction, and Fig. 2c the virtual photon corrections.

Fig. 2

Acta Physica Academiac Scientiarum Hungaricae 27, 1969



RADIATIVE CORRECTIONS TO MUON DECAY 13

It is convenient to reorder the weak part ofthe Hamiltonian (2) by means
of a Fierz transformation (4) which yields

— 1+ ¥ — . 1+75
WeVi------—- W W Vi—— 1wy +

+ i«WeViWeAi + 3)

In this form the neutrino part of the matrix element can be calculated inde-
pendently of the rest of the matrix element. Letus calculate it in detail. The
matrix element assumes the form

M = CaNuds G —p' p”) 4)

where Na is the neutrino part of the matrix element; Na — u,. ya— ’ A

and p', p' mean the neutretto and the neutrino four momenta, respectively.
The value of qis pll—pe for the graphs of Fig. 2a, c and p'l—pe—K for Fig.
2b (k is the photon momentum). Summing over the spins we get

!>2pinNa = i 2bj (PaPb + PbPa~ aabpYp)-

-Pc>dW -2dM(6= 4)), (5)
where E", E’ mean the neutretto and neutrino energies, respectively. By
(6 = 4) we denote all the terms standing before, taken at b = 4. eabed is the
Levi—Civita symbol.

Carrying out the integration over the neutrino and neutretto momenta
we encounter with integrals of the following type

lb- {d3ppd3ppo*(q-ppop ) I A - . 6
J E"E

Using the relativistic properties of labwe easily find

4b 4adb 4ididad (g q +n2),

Iab @Gg+nf — : (2)
b 4t? 4q, g~
Using (7) we get integrating (5)
Nab= NaN; &(@- pv- p”) d3pvd3pv
(2n:)6
6 (2AQ,, b+ B Gb— 20ab(b= 4))
(2t)
with A — 3n4 2ne ®
3 (> (Yqi?
24, qt+ 3n-
(4idiy

Acta Phvsica Academiae Scicntiarum Hungaricae 27, 1969



14 F. CSIKOI! and K. NAGY

Our next task would be to evaluate CaC*Nab for all the graphs (taking into
account also the cross terms between the different graphs), to carry out the
electron spin summation, to average for the muon spin and integrate over the
electron direction. For the inner bremsstrahlung contribution we must average
over the photon polarisation and integrate over the photon momentum, too.
The calculation is rather lengthy, so we give no details, only make some
remarks.

There is no problem with ultra-violet divergence, as the theory is renor-
inalizahle [5]. Nevertheless, infra-red divergences occur. They are removed
in the usual way by introducing a finite photon mass A Naturally Aoccurring
in the inner bremsstrahlung correction cancels exactly against the infrared
divergences in the virtual photon corrections. It is rather satisfactory that
after this cancellation there remains no infrared divergence in the electron
energy spectrum in the case m/ ~ o0, to be contrasted with the case m/ = o.
(This point will be discussed in some detail later.) Integration according to K
was carried out with special care, taking the A-%0 limit only after the
integration. Our result is

P(E) dE = PdE jPO- - - (A B)j = 1(E) dE, 9
(®) (25)3+4 J[ 4n( ' )JJ (2n:)34 (E) ®)

where POis the uncorrected spectrum, A the virtual photon correction, B the
inner bremsstrahlung correction.

E
PO= — (I2E + E - 2D) fl - —2m -f- 3n2
3 m2 m3 nr

where m = 1 [2— 2 E; E and p are the electron energy and momentum.
/, n are the rest masses of electron and neutretto, respectively, expressed in
terms of the muon mass.

4E

2p ’ 2P 1+

hi o -
ol m ey 1—F +p

+Ig(E+P)IgZ -y g hl

P-P-
(1 —-E+jp) 2 E —p
(m —n22
m_

lglm 4(£ —1)+ 2E(1 - T-- 2n2)+

+ 41 -E)I12m-\-—- (m- n2) 3m + 4p2 +
3

2(1 —2)n2(m + 2p2

m~

2r2(3+ 12 (1 —E)

Aria Physica Academiac Scientiarum Hungaricae 27, 1969
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E+P m 3"+ 272-—-—+ — In2(m + 2p2 +

!
Se.p 2p 2p

4—- (Bm -j-4p2d (M —n2)+ 2(1 —E) [m - re2 (2E — 1) +

@@+ 2E)2+ n-- 1)]- @- 2 (m+ 2+ 2n2)J+

+

dra2p2(1 E) - n2(l + 2)(m+ 2p2 +
mp

+ 2(L-E)[I -Z2)[2Z2(I-E) + n2+

+ 2@+ n2— 1) + 8B - 1-— (m- n2 (Bm + 4pd -
2n2p(m + 2p2 | 8 (3m + 4p2) (m —ril
m
+21- E)(4(L - D - 3n2)- m+ 2p27]),
Log = f 19T g
Jn
where
4E
B =-—P0a+ 6+ c+ &
P
P P
a—L — --lg2(E+P)+ ~ lg2(E-
£ E h 92 ( ) . g2(E-p)
i Ilg2Elg-~£- E-p Hhomeeee | (E+pj+
2 & E+p 2E 2 2E |
+1g(m. a?di2 N I D + E(E+ p) —L (E —p) +
g ( Z)M . gE_p (E+p) (E—p)

2 lg(l-E-p) _E_ lg(l-E + p)

2E E+p 2E p-E
_____ 2 . E*P E+p _ JgJLiLP
2E E—p 1—E —p 2 E-p
_JLigm+ | E_|£1'E
2E 2E l-£ + P
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16 F. CSIKOR and K. NAGY

4R 3 2 —
b= N 2—E —EI2 rea e N reke m—re N
3P m- m3
e + p\ m—res E2+ E- 1 E-P
+ Ig- — g h
E E—p) + rez 1- 2E E+p
I-E +p l-E -p E+p
-1g 1+ E)lg
1- E-p I -E +p -
2 m—re E2+ E - 1 2E2+ E- 1 lg+tlL +
2E rez I 2E—1 2E
NE—1, 1—E—p 1+ E
R | P
2E —1 I-E +p 2
2 2 -

C= — mQ2—E—Ez)—— I roonz B2 Eom
3 e 2red 2E —1
2E2+ E - 1 --E - 1+ E

l++£-+F ' Blgt--E-P
2E 2E —1 I-E +p 2
L L T T T Rt
Ti- re* re p °E-p
ni — rez E ZE2+ E—1 ZE—p I|I-E +p1l
+ !
re* I 1—2e 9 E+p 1 E
- E -
g | "L EDIg N
I-E +p E-pii
<7= - (rei — n2)2 i+"+3 m- 2 E E+pl
m 4n 8 iT-pj I
n4r1+ 12 m—re . e E+p
3 at— — +1lg — g
|2P m E-p
CllRE (m- l eer w
g ——— - - — —
6p i gI:>—p 6 9,
L+4 IgI+JL AtM1- sl - 2.
3 m2
*%E |(1+4+I«, + til
p —p =T
(11 res —4m2 - e Ig E+p)
36 m E -p
- re2Bm —re2) —(3m—2E)m) 2- — g .
3m p E—pi

An approximate formula may be found in [7].
The spectrum (9) is shown in Fig. 3 for some values of r
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RADIATIVE CORRECTIONS TO MUON DECAY 17

3. The problem of infra-red divergences

The problem of infra-red divergences arises in an acute form in the zero
neutretto mass case. In fact, taking the limit in (9), it is easy to see that at
the maximal electron energy the spectrum tends to minus infinity which is
evidently an unsatisfactory result. The usual explanation for this is the follow-
ing [3]. Near the end-point of the spectrum the strong damping effect of virtual
soft photons is only partially compensated by emission of real soft photons,
owing to phase space restrictions for real emission. At the end-point real
emission is completely inhibited, and so the infra-red divergent part of the
virtual photon contribution fails to be cancelled by real photon terms.

Let us see how these ideas are reflected in our formulae. The interesting
part of the inner bremsstrahlung correction is

4E
" L BELP. oA £ igm)+
LP -pJ (10)
2(1-8) Ig(! —E ~ p) —2Ilgm
a4t the maximal electron energy Emax = (1 -|- 12— A)/2, the above expression

gives a finite value, depending logarithmically on A In the limit A—0
this value tends to minus infinity, which shows that our formula gives an
unphysical result even for the emission of real photons. As is well known,
the summation of the power series provided by the totality of infra-red terms
would lead to a finite result [6.] Let us turn now to the myv”™ 0 case. As we
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mentioned before, the spectrum is finite even at the end-point. In fact, for
the maximal electron energy P(E) is exactly 0. The terms containing A are
of the form ~ POE (2 p/E —Ig E-\-p/E —p) Ig A As P0—»0 if E —8E max we see
that at the maximal energy there is no need for the cancellation of the infra-red
divergent terms. Neither the inner bremsstrahlung nor the virtual photon
correction is divergent at the maximal energy. A probable explanation for
this is that the available phase space is confined to a single point at Emax.
(In the mv, = 0 case K~ O real photons are also allowed, although in both
cases the available invariant phase-space volume is zero at Emax-) Thus,
in the m\M o0 case we are able to give a spectrum completely satisfactory
even at the end point.

REFERENCES

=

L. G. Hyman et al., Phys. Letters, 25B, 376, 1967.
P. S. L. Booth et al, Phys. Letters, 26B, 39, 1967.

J. Bachall and R. B. Curtis, Nuovo Cimento, 21, 422, 1961.; R. Friedberg, Phys. Rev,,
129, 2298, 1963; K. Nagy, Acta Phys. Hung., 17, 163, 1964.

E.g. T. Kinoshita and A. Sirtin, Phys. Rev., 107, 593, 1957 and 113, 1652, 1959.

M. Fierz, Zeitschrift fur Physik 104, 553, 1937.

Ja. A. Smorodinsky and He Tso-Hsm, JETP 38, 1007, 1960.

J. M. Jauch and F. Rohrilch, The Theory of Photons and Electrons (Reading, Mass. 1955).

G. R. Allcock, Proc. Phys. Soc., 85, 875, 1965.

K. Mitchel, Phil. Mag., 40, 351, 1949.

ONoOURW N

PAONALMNOHHBIE KOPPEKLUWMW K PACNAALY MIOOHOB
C KOHEYHbIMW MACCAMW HEWTPETTO

®. UAKOP n K. HALb
Pesome
B pa6oTe BbIYNCNAKOTCS pafMaLUoHHbIE KOPPEKLMM K pacnafy MIOOHOB C NMPeANoNoXeHneM

KOHEUYHOM Macchbl HeMTPeTTo. KoppeKuunm cBO6OAHLI OT MH(PAKPACHBLIX PacXoauMMoCcTeil Aaxe
npy KOHEYHO TOUKEe CMeKTpa.

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



Acta Physica Academiae Scientiarum Hungaricae, Tomus 27, pp. 19—23 (1969)

MEASUREMENT OF THE CROSS SECTION FOR THE
ISOMERIC ACTIVATION OF “Tn RY y-RAYS FROM
2Na SOURCE*

By
A. Veres and L. Lakosi

INSTITUTE OF ISOTOPES OF THE HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST

(Received 1. X. 1968)

The activation cross section of 115In for a 150 Ci 2ANa source emitting 1.38 and 2.75 MeV
gamma photons has been determined. The value found on the basis of the induced 115mn
activity proved to be 13.5x10“ 3 cm2 being about threefold of 4.9x10“ 3 cm2 the value
determined with the aid of 60Co photons.

This deviation gives evidence of the existence of higher, 1.42, 2.13 and 2.63 MeV acti-
vation levels in addition to the first 1.078 MeV, which have already been measured when using
accelerators for excitation.

The isomeric activity resulting from the 115ln(y, y’) llsmin reaction has
already been measured and studied by several authors. For its activation not
only the bremsstrahlung from particle accelerators [1] but also some of the
y-emitting radioisotopes were used. The activation cross section per gamma
quantum, as evaluated for the 1.17 and 1.33 MeV y-rays from 60Co [2—4] was
found to lie inthe range (1.3—8.3) X 10~ cm2 varying with the experimental
conditions. For activation with y-rays from the 54 min half-life llemln produced
by indium—gallium reactor-loop, Abrams et al. [56] obtained a 115In activation
cross section of (1.5+ 0/1)xK " 31 cm2 The reaction cross section is obviously
dependent on the energy of the primary y-rays of the radiation source used.
The relation between the energy of the activation level and that of the primary
gamma quantum is always Ea<7 Ey, since a metastable state in any nucleus
cannot be produced except by decay from a higher excited level. The isomeric
activation cross-section also varies with the experimental conditions under
which the Compton scattering resulting in the y-quantum with an energy
equal to that of the activation level is being produced. In addition, it depends
on the number of higher levels which can be excited in the nucleus.

To extend the number of radiation sources available for the practical
applications of the nuclear photo effect, like activity measurement and activa-
tion analysis [6—7], for which the effective activation cross section must be
known, it seemed of interest to measure the 115ln activation cross section for
the 1.38 and 2.75 MeV y-rays from 24Na.

* Dedicated to Prof. P. Gombas on his 60th birthday.
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Experimental

a) Preparation of 2iNa source

Sodium carbonate of c. p. grade, compressed to 19 mm X44 mm cylindri-
cal form of 19.108 g was irradiated for 71 hours in a thermal neutron flux of
4.33 «1013n cm-2 sec-1 ofthe WWRS—2M reactor. One hour after termination
of the irradiation the 2Na activity was found to be 145 Ci. The activity measure-
ment taken 25 hours after irradiation with the use ofthe Philips-type ionization
chamber of the National Bureau of Measurements calibrated to +3% showed
45if Ci, in good agreement with the value predicted from the reactor flux with
correction for decay time.

b) Isomeric activation by 2iNa source

Natural indium~targets, each 3 g and 0 10 mm by 6 mm in size, were
used for the activation of llsmin. The 24Na source was placed in a paper cup

Fig. 1. The position of the indium targets during the gamma-irradiation by 24Na source

located 400 mm from the bottom and at a somewhat greater distance from the
top and the side-walls of the hot cell. Four indium targets were mounted
around and two above the source in the arrangement shown in Fig. 1. Because
of the 15h half-life of the 24Na activity, the irradiation time was chosen to be,
generally, 3 hours.

¢) Measurement of isomeric activity
The irradiated samples were measured by Siemens single channel analyzer
3
coupled to a 2 in. x| Tin. Nal (TI) well-type scintillation counter. The energy

and half-life of the measured radiation were found to be E = 335 keV and
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Ti2= 45 h, i.e. the characteristic data for 11smin. The resolution of the
detector, as checked with the 661 keV line of 137Cs—13#t1IBa was 13.7%. For
the 323 keV line of 51Cr used for the calibration of the efficiency and geometric
factor of the well-type Nal (T1) crystal and the self-absorption of thé sample,
the counting efficiency in the channel width used was measured as 28%. The
activity measurements lasted from 5 to 10 minutes. The background in the
channel corresponding to the 335 keY photopeak of llsmin with a channel
width of 14 ¥ (174 keV) was found to be 32 cpm.

Discussion

The activation cross section per primary gamma quantum ofthe radiation
source can be evaluated from the measured isomeric activity by making use of
the expression

I(«+ 1) . A J

°m ou N.a. m. f-S

where the first factor on the right hand side gives the isomeric activity as
determined by the counting rate | in cps, the internal conversion coefficient
is x and the counting efficiency is UH. The second factor gives the number of
target nuclei as determined by the atomic weight A, the Avogadro number N,
the weight m and the isotopic abundance a of the target. The third factor stands
for the primary y-fluxf and the saturation factor S= 1—exp. (—0.693t «T-1)
with t being the irradiation time and T the half-life of the isomeric nucleus.
The activation cross section evaluated for the primary y-quanta of 2Na with
the use ofthis formula, gives 1.35 £+ 0.27 X 10-~31 cm2 as compared with that of
4.9 «10~32 cm2 obtained in an earlier measurement [8] for 60Co of the same
size as the 24Na source and with similar indium targets. The difference of the
two values can be explained by the fact that the 1.17 and 1.33 MeV y-lines
of eoCo can excite, through Compton scattering, only the first activation level
in indium at 1.078 MeV [9], while the 2.75 MeV lines of 24Na are capable
of also exciting the higher levels of 1.42, 2.13 and 2.63 MeV, the existence of
which have already been showm in experiments with bremsstrahlung (Fig. 2).

The effective activation cross section under the given experimental con-
ditions can be predicted [10—11] if one uses the formula

-~ Hid 2 /<28

Y AOd oa 1 (1 —fl-fA 2) +

) (2)
[1 _ J«r-"Ace] "
fti 72 /b /b v
where AQOg the differential cross-section for electron scattering to the i-th
activation level i.e. to the range of energies corresponding to the level width.
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Fig. 2. The excited level scheme of 115In

/1®(-can be evaluated from the Klein—Nishina formula. aai is the cross-section
for resonance absorption at the i-th level. The terms in the brackets stand for
the source, the absorber and the target, as determined by the electron densities
nol, n®@ and noi, the absorption coefficients /n2 and /j,i and the thicknesses
d, o, I, respectively.

The cross section for excitation to the first, 1.078 MeV level in indium
with subsequent decay to the metastable state was evaluated from Eq. (2),
as a= 515X 10 3 cm2by taking the resonance level width to be 4 «10 3 eV,
as estimated by Gutn [12], which gives oa= 10~22 cm2 for the absorption
cross section.

Comparison of the value predicted for the first excited level at 1.078
MeV with the measured cross section of 13.5x10 -82 cm2 shows clearly that
there must be an appreciable contribution to the activation from the second
and possibly higher excited levels of indium. The individual contributions,
however, cannot be evaluated without a knowledge of the absorption cross
section and level width data involved.
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MW3MEPEHUWE S®PEKTMBHOIO CEYEHUA AKTUBALNWN AOEPHOIO
M3OMEPA 1151n y-TYHAMW 24Na

A. BEPELWL un /1. NAKOLWN

Pesome

Onpegensetcs aMeKTUBHOE CeueHre akTuBaLum usomepa llsin, oTHocsweecs K ramma-

nyyam aHeprum 1,38 n 2,75 M3B pafnoakTUBHOIro UCTOYHMKa 2Na npu akTUBHOCTU 145 Kiopw.
13 n3mepeHunsa akTUBHOCTY M3oMepa V/BLln faHHOe 3HaYeHe Nony4mnnock paBHbiM 13 5 x 10~32cm2
4YTO MPUMEPHO B TPU pa3a 60/ibLle 3HAYEHMS MONYYEHHOro ramma-nydyamm 60Co (4.9 x 10 -31 cm.
CTeneHb pacxoXeHus MOATBEPXKAAET, YTO HapAAy C MepBbiM aKTUBALWOHHbLIM YPOBHEM npu
1,078 M3B CyLLeCTBYIOT U BbiCLLIME YPOBHMW C 3Hepruein 1,42; 2,13, 2,63 M3B, yxe HabnwogeH-
Hble YCKOpUTenamu.
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ON THE KINETICS OF THE PHASE TRANSFORMATION
OF CsCl CRYSTALS II*

By
I. Gaal
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Z. MORLIN
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and
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The Kkinetic curve of the B2, v/i, phase transformation observed during uniform heat-
ing may be divided into three different stages. In the first stage disk-like nuclei are formed
which grow rapidly along the B2phase boundaries. In the second stage no nuclei are formed
and the growth takes place normal to the original grain boundaries. Finally, the decrease of
the transformation rate in stage |11 may probably be associated with the Clausius-Clapeyron
type decrease of the driving force. In the framework of this visualization of the kinetic curve
some previous results are also interpretable.

1. Introduction

The (CsCl type lattice) (NaCl type lattice) phase transformation in
CsCl is connected with a pronounced change in the electrical conductivity
[1, 2, 3, 4, 5] which gives a good opportunity to investigate the kinetics of this
transformation [5, 6]. The conductivity of various sintered Johnson— M atthey
specpure CsCl samples was found to be a well-defined function1 of time when
heating the samples at a constant rate above the equilibrium temperature of
transformation (Tc= 726 °K) (Fig. 1 [6]). The aim of this paper is to present
the experimental data in terms of the formal theory of phase transformation.

It will be assumed that the BX B 2transformation is of the nucléation
and thermally activated growth type, i.e. the volume fraction of the stable

phase (1) is given by the equation
R T

* Dedicated to Prof. P. Gombas on his 60th birthday.
11t should be noted that the data were corrected for various experimental errors.

£«= 1—exp ‘iff ’-K(T(

0\i=1Jr
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where T(t) is the temperature programme ofheating, I(T(t)t) isthe temperature
and time-dependent rate of nucléation and Vv V2 Vs, denote the growth
velocities in three mutually perpendicular directions. The growth velocity is
determined by the phase boundary mobility, B, and the driving force, AG :V —
= BAG. The mobility depends on the temperature, concentration of dissolved
impurities and the relative orientation of the adjacent phases. The tempera-
ture dependence of the mobility is characterized by an energy of activation
denoted by EM. The driving force is given by the free energy difference between
the adjacent phases along the phase boundary and by the curvature and free
energy of the migrating boundary (see e.g. [7])-

2. Relation between conductivity and the transformed volume

Debye—Scherrer patterns obtained by electron diffraction prove that
the Bi and B2phases form a two-phase aggregate in the course of the B2
transformation [8]. There are many formulae to determine the effective electri-
cal onductivity of two-phase aggregates [9]; we :used the formula of Odalev-
ski [10] and Landauer [11]

ol — Gyt 7eff
. + 2= 0, (2)
al -f- 2a,¢ O, + 20¢¢f
where oq, o2 are the and B2 phase conductivities, respectively, aqg, x2 are

the volume fractions of the component phases. This equation is valid for ran-
dom geometry, since it was derived from the assumption that the mean
electric and current field in the constituent 1 (or2) might be determined by
considering a sphere 1 (or 2) embedded in an infinite conducting medium .2

Landauer [11] has shown that Equ. (2) accounts quite fairly for the
observed conductivities in equiaxial two-phase matrices even when og and oq
differ by a factor of 10. However, it should be emphasized that this statement
is limited to random geometry. Model experiments show that for disk-like
second phases perpendicular to the mean direction of the current the experi-
mental results may deviate from the values calculated with Equ. (2) by a factor
of 30 if og<r2g>1 [12].

When applying Equ. (2) to evaluate aq one has totake into account that
%2 and oq are inherently temperature-dependent. The actual conductivities
might be determined by extrapolating from the B., and BY data using the
relations

0q(T) = oq(T2) exp - _ 3131 (3a)
h T

“i(T) = -A 3b

i(T) = gAT2) exp T . (3b)

21t is worth noting that the derivation of Eq. (2) makes use of the Maxwell equations
and Ohm’s law only and so it applies eq' ally to metals, semiconductors and insulators.
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In Equ. (3) J*and T2 are temperatures at which CsCl exists in the B2 and Bx
phase, respectively; Exand E2are activation energies of the conductivities in
the respective phases.

At the evaluation of the conductivity values from the measured data
corrections must be made to account for the volume change of the samples
due to the transformation. Since the elastic moduli of B1and B.2at the tem-

0
726 730 ek 7% 740 745
Fig. 1. The decrease of the effective conductivity in the B2— B1ltransition. (The measurements
were carried out on 8 different samples)
perature of transformation are not known equal elastic moduli were assumed

for both phases. According to this assumption [16]
v(xh) —v(x2™ 1) VX oy;
V(X2= 1)
where v denotes the volume of the sample and V the mole volume of the phase

(VI—=V2aV2= 0.12 [13]). Knowing the dimensions of the sample before the
phase transformation (20, q0), the effective conductivity is given by the relation

> (4)

T 1+ AN T 10
V 1+ Ag/q vV q0
Arends and Nijboer [2] have found that EBr and EBI are 1.35 eV and

1.65eV,respectively.(744.5) andoRr2 (729) amountto 0.16 * 10“sOhm_icm-~1
and 40 ¢« 10~5 Ohm_icm_1 (Fig. 1). With these data xx was calculated from
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Fig. 2. Effective conductivity as a function of xh2 or xbj (Curve 1 visualizes the conductivity
by linear interpolation. Curve 2 was calculated from (2), (3) and (5) with temperature correc-
tions, Curve 3 was calculated without any temperature correction

Equ. (2), (3) and (5) (Fig. 2). Since there is some disagreement in the literature
about the activation energy values E2 and E +those x1values are also given
in Fig. 2 which were calculated without any temperature correction.

3. The interpretation of the kinetical curve

In Fig. 3 log 1/1-—xx is plotted against T—Tc= a et. The curve has
three quite well separated stages. The first is parabolic, the second linear,
and the third begins with a significant decrease of log 1/1—xXx with time (or
with T—Tc= a «t).

Let us first consider the second stage. It is clear that t) 0, and
if it is assumed that the growth velocity isnot a decreasing function of T—Tc =
=a «f3 the linearity of the Kkinetical curve leads to the conclusions that in
this stage: i) the growth of the equilibrium phase grains is restricted to one
special direction only, their growth in the other two directions being vanishingly
small; ii) no new nuclei are formed; iii) the driving force is constant. This
means that:

log = constant Mo e- E«IKT dt (6)
1—x1 0

In good approximation

(?)

3The mobility of the grain boundaries is an increasing function of the temperature,
and so the quasi-constant velocity of the phase boundary migration needed to explain the
linearity of stage Il would mean a compensation of the E” determined increase of the mobility
by the Clausius-Clapeyron type decrease (see later) of the driving force. At present, we do
not think there is any support for such kind of assumption.
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ot-T-Tc (°K)

Fig. 3. The kinetic curve (the maximum possible error in log 1/1 —.r, and

AT is marked by + 1)

because in the investigated temperature interval

AT at .
=yr<:o,i5.
Tc

Putting (1) into (6) and assuming that

Em AT
kfc ~*T <1

the expansion into power series yields

= const AT (1+ —B5i-
1 —xx kTc
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This equation accounts for the observed linearity if

Em AT .
kTc %c

The observed deviation from exact linearity gives an upper limit 0.6 eV for
the activation energy of the phase boundary mobility. By supposing the two
conductivity values to be slightly more accurate than was actually found in
the experiments one obtains the value 0.2 eV for EM. These values (0.6—0.2 eV)
are quite reasonable, since the activation energy of the grain boundary migra-
tion was found to be equal or lower than that of vacancy migration in the
cases investigated [14].

At first sight it appears that, in spite of our suggestion, the driving force
of the phase boundary migration ought to be an increasing function of T—Tc=
— a °t, since the free energy difference between the stable and unstable phase
increases with increasing T—Tc. One has, however, to keep in mind that the
phase transformation connected with a volume change gives rise to accommo-
dation stresses. This stress field cannot be fully relaxed by plastic deformation,
since the flow stress has a finite value and only the shear components of the
stress tensor can initiate the flow. According to the Clausius-Clapeyron equation
the stress field is connected with a change in the equilibrium transition tem -
perature in the following way [15]

uik(Bi) Ilik(B2) )
TQAH

In the formula, T@and Tcare the equilibrium transition temperatures in the
stress-free state and in the elastically distorted state, respectively, n denotes
the stress tensor at the phase boundary and u”Bj) and nuc(B2) are the compo-
nents of the distortion tensor at the Br and the B 2side of the phase boundary.
(The stress tensor and the displacement vector are measured with respect to
the single phase matrices in the stress-free state.) AH amounts to
7.5 K/mole [17].

The order of magnitude of the Clausius-Clapeyron effect can be estimated
with the help of the following model. Let a spherical B.2 phase be surrounded
concentrically by a spherical B1 phase, and let the boundary between them
be an incoherent one. Assuming that no plastic flow takes place, and using
the well-known stress field values [15, 16] one gets 100 °K for Tc—T@ When
plastic deformation relaxes the stress field to the value of the flow stress
(~1 hg *mm-2 [18]) the change in the transformation temperature is 5 °K.
According to these considerations a constant driving force results owing to an
interplay between the Clausius-Clapeyron type change in the equilibrium
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transformation temperature and the restricted plastic deformation of the
matrix. The one-dimensional growth may be explained in the following way:
in the first stage disk-like nuclei are formed in the grain boundaries of the
polycrystalline B.2 phase; these nuclei grow rapidly along the B2 phase grain
boundaries; during this growth the thickness of the B2 phase grains remains
as small as that of the nuclei. At the end of the first stage the area of the
original J32 grain boundaries is covered with B 1lphase grains, whose slow growth
normal to the surface of the original B2 phase is considered to account for
the one dimensional growth characteristic of the second stage.

If the nucléation rate were constant during stage I, log 1/1—x1would be a
third order parabola. If the nucléation rate were a rapidly decreasing function
of time, owing to the decrease of the grain boundary area of the B2 phase,
log 1/1—xx would be a second order parabola. A numerical test has shown
that the experimental curve has an intermediate position between these two
extreme possibilities.

It should be noted that the formation of disk-like nuclei in the original
grain boundaries is favoured by two effects: i) disk-like nuclei indicate the
smallest possible accommodation energy in the two phase aggregate, as was
shown by Nabarro [19]; ii) the rapid growth along the grain boundaries might
be associated with the Clausius-Clapeyron type change in the equilibrium
transition temperature. (The plastic relaxation is certainly favoured by the
plastic shear of the grain boundaries. This gives rise to a rather easy stress
relaxation which in consequence makes the Clausius-Clapeyron type decrease
ofthe driving force less effective in the direction parallel to the grain boundaries
than in the direction normal to it.)

The decrease of the transformation rate in stage Il may probably also
be associated with the Clausius-Clapeyron type decrease of the driving force.
To show this, let us assume that the plastic flow resulting from the accommoda-
tion stress has exhausted the lower yield point region of the matrix, and now
work hardening becomes a dominant factor. When the rate of recovery does
not compensate the hardening in exactly the same rate as the phase transforma-
tion goes on, a decrease or an increase might both be observable. This depends
only on the relative rate of these two reactions.

4. Discussion

Let us now discuss some other experimental results supporting the model
suggested.

One of us described some isothermic conductivity measurements carried
out slightly above Tc[6]. The change of the conductivity was not a monotonie
function of time; an increasing transformation rate was followed by a consider-
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able slowing down after which the transformation rate increased again. This
process which was repeated several times seems to be very similar to the “fine
structure” of phase transformation observed by Arends [20]. These effects
may he associated with the Clausius-Clapeyron type changes in the driving
force (see stage Ill). The internal stress field which played an important role
in the suggested model appears directly in the anomalous change of the lattice
parameter of the phase during phase transformation observed in [8]. From the
amount of the anomalous change in the lattice parameter a value of several
degrees arises for Tc—Tg,

In another set of experiments, published earlier, it was shown that the
transformation process is extremely structure-sensitive which means that the
transformation kinetics depends strongly on the defect state of the lattice [5].
The experimental facts can easily be explained with our suggested model by
considering three effects of a heat treatment slightly above Tc: i) some BX
grains are formed; ii) the grain size of the B2 grains decreases as a result of
the driving force brought about from the decrease of the total grain boundary
area; iii) the overall dislocation density decreases by annihilation, and the
density of movable dislocation decreases by impurity reactions. If, after the
heat treatment at the equilibrium temperature of transformation, the sample
is quenched and then warmed up again (as they actually were in the experi-
ments described in [5]), the nucléation and two dimensional growth along the
grain boundaries will cover a smaller total grain boundary area than before
the heat treatment. Consequently, the rate of transformation decreases.
A second effect in the same line arises from the fact that plastic deformation
becomes more difficult after heat treatment. This should be expected because
an increase of the yield stress makes the Clausius-Clapeyron type decrease of
the driving force more effective. When the increase in yield stress is extremely
large the rate oftransformation may become vanishingly small before obtaining
a single phase matrix.

Finally, it should be mentioned that the simplest direct test of the
suggested model should be given by the micrographie investigation of the phase
transformation. We hope to present some results in this line in due time.

The authors are much indebted to Dr. J. Arends for letting them know his results about
the “fine structure” of transformation before publication. It is a pleasure to thank Prof.
Dr. S.Lengyel for his helpful interest.
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O KWHEMATUKE ®A30BOIo NMEPEXOAA KPUCTANNOB
CsCl 11

n. TAN, 3. MOPZIMH n N. TAPbAH

Pesome

KnHeTu4eckas Kpusas (pa3oBOro nepexoda s 2~ - B v Hab6/104aeMoro npu paBHOMEpPHOM
Harpese, MOXeT 6bITb pasfefieHa Ha TPU pasHble (asbl. B nepsoii (hase GoOpMUpPYIOTCS AUCKO-
o6pasHble spa, KOTOpble 6bICTPO PacTyT B HanpaBfeHUs (Da30BbIX PaHWYHbIX NUHWIE B2,
Bo BTOpoit (hase sapa He 06pasytoTcs W POcT NPOTEKAaeT B HanpaBieHus, MepneHAnKynapHbIe
K KOHTYpam rnepBoHauaNibHblX 3epeH. HakoHel,, yMeHblIEeHWe CKOPOCTU Mepexoda B TpeTbeit
(hase BEPOATHO MOXHO CBS3aTb C YMeHblUEHMEM BO3GYyxaatolleii cunbl Tuna Knaysmyca—Kna-
neiipoHa. B pamKax [aHHOTO MNpeAcTaBleHUs KUHETUUYECKOW KPUBOW MMEETcs BO3MOXHOCTb
ANs 0GbACHEHMS HEKOTOpbIX PaHHUX Pe3ynbTaTos.
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THE HYDRODYNAMICAL MODEL OF
WAVE MECHANICS*
THE MANY BODY PROBLEM

By
L. JANOSSY

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST
(Received 19. XIl. 1968)

The problem of how to extend the hydrodynamical model — described in previous
publications — to many body problems is discussed and it is shown that the difficulties which
arise in such an attempt are not of mathematical nature, but they reflect upon a physical
problem which in our opinion is unsolved so far. It is suggested that in the correct treatment
of a many body problem one should try to select between the possible wave functions such
functions which are very likely in a statistical sense. This proposed selection resembles the
selection of the very likely configurations in statistical mechanics.

8 1. We have shown in a number of publications [1—5] how the wave
equation describing a one-body problem can be transformed into a mathe-
matical equivalent form, so that in the new form the variables have a good
meaning in the classical sense.

It is generally believed to be impossible to carry out a similar transforma-
tion of the wave equation describing the motion of a system consisting of
several particles.

We analyse the latter problem and show that there are difficulties indeed
to express the many-body problem in terms of hydrodynamical variables, but
these difficulties are not of mathematical nature but are connected with a
physical problem which does not seem to be solved so far.

§2. The wave equation describing the motion of N particles under the
influence of a potential V can be written

vfv + Vip " ifiip, (1)

()

2myv

*This article is dedicated to the 60th birthday of my good friend, Academician
P. Gombas, whom | sincerely wish many more years of undiminished activity. | always follow-
ed with great interest his work, in particular on the statistical methods of obtaining the sta-
tionary states of many body systems. Since many years | am wondering, whether a dynamical
version of this theory could be found? It may be that the ideas developed in this article have
some connection with the latter problem.
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where
m= w,t 0, r=rvr2 -—- rN 2

and \/vis the nabla operator acting upon the components of rv.

V may he supposed to have the form

v(*)= 2 " (r)+ 2 *v)m ®)

A type of equation which somewhat resembles to the hydrodynamical relations
can be obtained from (1) by writing

W= ReiS, 4)

where R and S depend on r and also on the time t.
Making use of the relation (4) one finds

ViV - S'K  m(gr,d,5)2+ t( +y;s (5)
ip R ( R

Introducing (5) into (1) one finds separating real and imaginary parts

2 ’leAb,+ ‘3/;-' = 0 (6)

with

Q

I
]
N

&

1l

-grad,, S. )

(We use gothic b for the velocity distribution in 3N dimensions).
From the real part of (5) we find

M v?0l/2 I

- grad, om L, to— mvb2 "V V 8

8 3. Equations (6), (7) and (8) give a set of differential equations which
can be solved for given initial conditions. These equations can be regarded as
“hydrodynamical equations in a 3W-dimensional space”. Relations (5), (6)
and (7) do not seem, however, to have particular physical significance as they
express the motion of a physical system in a 3IV-dimensional configuration
space. Such a description reveals just as little the physical significance of the
process involved as the original wave equation.
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84. We obtain sets of equations referring to three-dimensional distribu-

tions by forming suitable averages. We may introduce three-dimensional
densities by writing

& ,(*e)=/e oeJe(»V *o +meeTN)d 4 \. . .li3r,, _"3rr+l...d3rN. (9)

In place of (9) we can also write shorter

Q(r) = (10)
w

where the symbol on the right hand side of (10) is supposed to stand for the
right hand expression of (9).

Similarly we may introduce

Qr)vv(r)= leeel{2p...rv_1,r,rv+l. . .rN)dr,...drv_xdr,.+3. .drN. (11)
“(N-1)

Or writing short

vv(r) = 1Quvd3N~1)r . (12)

«

§85. Integrating the continuity relation (6) into (iV—1) coordinate
vectors rvv= 1,2,... (I—1,~ + 1... 1V, i.e. integrating over all coordinate
vectors with the exception of rBwe find that N—1 of the terms under the sum
vanish and we obtain

1
o

div @, V") A— =12, ..., N. (13)

We see thus that the three-dimensional distributions p/((r) and r;j(r) // =

= 1,2,... N represent flows each satisfying a continuity relation in three
dimensions.

8§6. So as to show that the N flows so obtained have a good physical
significance, we note that we may introduce current and charge densities

iv= evViovjc, Qt\v = evQv, v=1,2

..... N, (14)
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where evis the electric charge carried by the i'-th particle. Forming retarded
potentials

bL dir', @,= | [gen r 15
BN T B (15)

in the usual way, we can suppose that the electromagnetic field of the system
can be derived from potentials

A= ZAV, 0=20V. (16)

Indeed the field obtained from A and ® as given by (15) and (16) is exactly
equal to the expectation values of the corresponding quantities obtained in
terms of the usual operator formalism.

8§ 7. Similarly we can introduce quantities like momentum and angular
momentum writing

Pr= IQ/Wd3r, Mv=1(rXqvvy)d3r, 17

and it can be verified easily that the system as a whole behaves as a system
with total momentum respectively angular momentum given by

p=12pv, M =ZMV.

We see therefore that the behaviour of the N particle system can be
characterized indeed with the help of the densities q,V,, and qgv. Taking the
spin of the particles into consideration we have to introduce further variables,
e.g. T, where T, = T,.(r,t) are unit vectors characterizing the directions of
spins of the various particles.

§8. Multiplying both sides of (8) by p and integrating over N—1 coordi-
nate vectors rv  rflwe obtain three-dimensional equations of motions of the
form

= = 1,2,...,1V, (18)
where
Fn= gra< I fe(Q + A + V)d*n~Dr,
p)
_ 4 fp v2p12 S
D =y - mv (2. (19)
v

89. The relations (18) and (19) have the form of three-dimensional equa-
tions of motions which describe the motion of N media simultaneously. How-
ever, there is an essential difference between the one-body problem with N — 1
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and the more-body problems N > 1. Indeed, in the case N = 1 the wave
function ip can be unambiguously determined from the distributions V and q.
Therefore in the one-body problem the right hand expression (18) can be
expressed in terms ofV and gand thus (18) together with the continuity relation
(13) gives a set of differential equations which for a given initial condition can
he integrated. Therefore if we describe a one-particle system by giving

v(r, 0) = V(OXr) and n(r, 0) = o()(r),

then we can determine the motion of the system unambiguously.

8 10. In the case of several particles the position is different. Let us
consider N = 2.

Giving initial conditions

Kirn »Vv 0) = 0i0,p*i>r2) V= 1,2
efa, r2,0) = 12(°)ryr2

We can determine the motion of the system in an unambiguous manner.
However, if we give only

e<°’MO)(r) _ J gbi(® 0)d3r, Q[°\r) =3 Q(r,r', 0)d3r'|
QVENr) = fotir', r, 0)d3t*, Q)r)= fQr'ir’0)d3r'j

then we cannot determine y>(rL r2 0) from the initial condition; expressing
" respectively gin terms ofip= Reismaking use of (8) we find that there exist
a very large number of functions 4psatisfying (21).

§ 11. In fact the densities and g2/2can be taken astwo three-dimen-
sional moments of a six-dimensional distribution. A number of three-dimen-
sional moments restrict a six-dimensional distribution only to a very slight
extent. Indeed, we may approximate ipby a step function dividing each of
the coordinate axes into n sections and giving the average value of ip in any
of the m = n'IN 3iV-dimensional cubes thus obtained. The number of condi-
tions which can be imposed by giving the three-dimensional moments corres-
ponding to the distribution (21) is

M= 8Nn3<€m.

If we were to give some more three-dimensional fields we could increase the
number of conditions but still we could not determine ip from a number of
such moments.

\Y

§ 12. We note that the fact that ip depends on 3iV space variables intro-
duces a large ambiguity concerning the variation of the three-dimensional
densities. Indeed, if we give not only V* and for t — 0 but also the time
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derivatives vf,, then we still can construct a great manifold ofyi-functions which
reproduce this extended initial condition.

Differentiating the equations of motion (18) and (19) into the time, we can
eliminate with the help of the wave equations (1) the time derivatives of ip
which appear in the right hand side ofthe differentiated expressions. We obtain
thus relations of the type

dlv .
---d--—= function of ip and space derivatives integrated over the r,,,v ~ pi.
v

(21a)

However, the left hand expressions depend for a fixed p on the coor-
dinate r/j only, while the right hand expression contains the ip and its deriva-
tives suitably averaged over the variables rv”~ T,. Therefore the right hand
expressions can be taken to be 3-dimensional moments of the 3iV-dimensional
distribution ip. One can therefore find an infinite number of distributions
ip which satisfy the conditions (21a) at t = 0 for arbitrarily given values
of the and their time derivatives.

The fact that we can impose arbitrary initial conditions for the v fs and
their time derivatives means that we can prescribe the change of time of the
vfs themselves. l.e. we can give VB(r, t) for an extended interval of time andfind
a ip-function which corresponds to a motion in which Vt(r, t) takes up values in
this arbitrary prescribed manner.

The above result shows that something is missing in the theory. The
task of a theory is to determine the motion of a system from suitable initial
conditions. Here we meet a state of affairs such that we can prescribe arbitrarily
the motion of a system and the theory yields inner parameters, i.e. the wave
function ip, which leads to the motion we prescribed.

The unsatisfactory feature of the theory for N 1 could he avoided in a
formal way if we were to adm it that the initial condition of a physical system
has to be given by a 3iV-dimensional wave function or by 3iV-dimensional
density distributions rather than by the averages referring to the three-
dimensional space.

8§ 13. So as to see the physical contents of the difficulty more clearly
we give the following analogy: consider opaque bodies moving before a screen
and let us observe the two-dimensional shadows which the three-dimensional
bodies throw on the screen.

Studying the motion of the shadows we find that their motions cannot
be determined from initial conditions. Indeed, bodies of quite different shapes
may produce in one instant similar shaped shadows, but the shadows of the
differently shaped bodies will change in different manner according to the
shape of the moving three-dimensional body.
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§ 14. To return to our original problem we can take the densities gf,(r)
and velocities to represent a kind of three-dimensional projections of the
37V dimensional distributions p(t) and b,.(r). If the state of the system is in
fact determined by the 37V-dimensional distribution, then the motion of the
“shadows” described by the three-dimensional distributions cannot be deter-
mined from their three-dimensional initial conditions. Indeed, considering
physical systems described by two wave functions t) and y2(r, ®» which
lead, say at t = 0, to the same three-dimensional distributions. The systems
starting from identical three-dimensional initial conditions will show entirely
different motions for t 0.

8 15. The initial conditions giving the three-dimensional distributions at
t= 0 do not determine the motion of a system if the equations of motions can
be expressed in the form of wave equation

Hy = ifirjj, = y>(i,t). (22)

The physical problem of describing the motion of atoms seems, however, to
require predictions of the motion of atoms described by three-dimensional
distributions as we show presently.

Indeed, if we observe atoms we can observe their electromagnetic fields,
i.e. we can observe electromagnetic fields emitted in form of radiation; we
can also observe electric- or magnetic dipole moments arising if the atoms are
polarized. We can further observe energy and momentum ofatoms in particular
if they collide with a macroscopic body. We can observe angular momentum
and other similar parameters of an atom. AIll these quantities enumerated
above can be observed more or less directly and they can be expressed using
three-dimensional distributions only. Thus the features of an atom which are
observed in usual experiments seem to give information at most upon the
three-dimensional distributions.

§ 16. When we make the above statement we restrict ourselves to quan-
tities which can be measured indeed by real experiments. We disregard quan-
tities which are supposed to be “measurable” in terms of an abstract theory.
To illustrate our point of view let us consider a He-atom and the supposed
measurement of the positions of both of its electrons.

The wave function rp(rv r2,t) describing a two-body configuration is
supposed to give

P(rvr2d3tgd3r2= y\2d3r+d3r2, (23)

which quantity is supposed to give the probability to find the first particles
of the system inside a volume element d¥v the second inside d¥ 2. Taking the
system, say, to consist of the two electrons of a He-atom, (23) gives the pro-
bability density of finding the electrons very near to points rnand r2inside
the atom.
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Considering real experimental conditions, we feel that it is impossible to
locate by real measurements the position of even one electron inside an atom
and it appears absolutely phantastic to try to make statistics of “where we
find the second electron once we have found the first electron inside an element
dv 2.

§ 17. The proposition that by a series of hypothetical measurement of
coordinates we can determine experimentally tp(rl, r2) seems to be absurd.
Nevertheless, the wave function ip has a good physical significance. Any real
measurement will lead to the determination of moments

M= Jv>*(r)2«f(t)V(r)d3Nr, (24)

where LLk(t) is a function of X or some operator acting on the wave function
ip(x). However, determining moments of the type (24) we obtain only very
weak restrictions as to the distribution of ip(X) in a 3iV-dimensional space.

We may determine the field of an atom which determination amounts to
determining some moment M/(as function of the coordinate vector r. In this
way we obtain relations which can be written symbolically

MK(r) = j ip*(r) aHf(1) ip(t) d3N~3 X. (25)

The relation (25) — if M/((r) is obtained by measurement for all values (rJfr —
gives merely a three-dimensional restriction upon ip(x). As explained in §11
even a number of such restrictions are utterly insufficient for the determina-
tion of the distribution ip(x) itself.

We see therefore that the empirical information we can obtain as to
physical state of an atom is restricted to three-dimensional moments of ip and
therefore a useful theory must attempt to make conclusions about the motion
of atoms based on information consisting of such three-dimensional moments
only.

\2

8 18. Logically there seem to be two possibilities to avoid the ambiguity
involved in the more-body problems. One might suppose that the wave
equation (22) gives only a necessary condition for the motion of ip(x, t). One
might suppose that the full equations of motion have the form

Hip = ihip, @ 1 ,267
Aip = 0, (b) 1

where the second condition is supposed to be an auxiliary condition compatible
with the wave equation. If the condition (26b) is a sufficiently strong con-
dition the solutions of (26a), (26b) reduce to a manifold of the order of that of
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three-dimensional distributions. If such a condition (26b) existed, then the
relations (10) and (12) together with (26b) would be sufficient to determine
A(r) uniquely and thus hydrodynamical equations of motion could be obtained
in the case N 1 also.

8 19. A condition of the form (26b) is obtained e.g. by requiring the wave
function to be antisymmetric in certain variables. Such a condition is com-
patible with (26a) but it gives a very weak restriction only on the wave func-
tion. The condition that the wave function should be antisymmetric does not
permit to reduce the manifold of solutions of (26a) sufficiently so as to make the
solutions to correspond to three-dimensional distributions.

The ground state of an atom is uniquely determined by a variational
condition. l.e. the ground state is described by the wave function for which

d\xp*Hxpd*Nr = 0. (27)

One might be tempted to think that the auxiliary condition could be taken to
be a variational condition of the type (27). The condition (26b) might require
to look for the minimum of the energy among those functions yY>which lead to
a given three-dimensional current charge distribution

VAr) and  Qi(r). (28)

Thus one might try to postulate that a system which exhibits a (three-dimen-
sional) current charge distribution (28) is to be described by that wave function
ipwhich leads in terms of (10), (11) to the distribution (28) and which possesses
the minimum energy which is compatible with the configuration (28).

8 20. The solutions obeying (27) together with the condition (28) obey
certain differential equations which are somewhat similar to the time-inde-
pendent Schrédinger equation. However, one finds that inserting as initial
condition into (22) a wave function which possesses a relative minimum thus
described — one finds from (22) that in the course of time the function loses
the minimum property. Thus the conditions (27) and (28) are in general
incompatible with the wave equation (22).

§21. We think it likely that conditions of the form of (26b) do not exist
which are: 1) compatible with the wave equation (26) and 2) reduce the set of
solutions to a sufficient degree. Whether or not this supposition is correct
could be investigated in the following way.

We may suppose that the ground state of an atom — which is described
at, say, t = 0 by a wave function ip0(x) — is a possible state. Let us consider
another state which at some fixed time t = tl > 0 is described by an arbitrarily
given wave function w(T).
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The question arises whether we can find some outside perturbations which
e.g. can be described by a potential

F(r«) = (29)
=1
such that in the interval t= 0to t — tlthe action of the potential makes the
wave function to transform from

W= W to W= Wi-

Suppose e.g. a wave equation of the form:

He v W(rvt) +VO0 ip= ihip, (30)
2mv

where VO represents the interaction between the N particles. The question
arises whether we can find potentials Vvry, t) such that starting from an initial
condition ip= ip0the solution of (3) will be equal to Y= iplatt= tx

§22. The answer to the above question is not trivial for the following
reason. The change bip of ipin an infinitesimal interval bt can be written

bip = ipht — Hip, (32)
1

we can choose the potentials Vv at a given time t arbitrarily. Nevertheless
because H contains the sum of potentials Vveach depending on one variable
only, (31) cannot be satisfied for an arbitrarily given bip.

In a formal way we can suppose ip and ip  bip to represent two points
in Hilbert space. We find that using potentials of the form (29) we can obtain
direct transitions from a point ip of Hilbert space only to exceptional points in
its vicinity if we restrict ourselves to potentials of the form (29). Thus most of
the points in the vicinity of a point ipare inaccessible by direct transition.

From this it does not follow that these points cannot he reached on a
round about way. In fact we think that most of the points of Hilbert space
can be reached from an initial pointip0as the effect of a sufficiently well chosen
— rather complicated — perturbation of the form (29).

We hopeto comeback to the mathematical discussion of this question in a
later paper.

§ 23. The second logical possibility is to suppose that there exist no strong
restrictions as to the y-functions which are accessible -—— but like in statistical
mechanics the states described by iphave very different probabilities to become
realized. If there exist A-functions which give very likely configurations and
others which give very unlikely ones, then we can postulate that a given
distribution (28) is represented in most cases by a “very likely” ip. Therefore
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the motion of the system will in most cases take place in a very good approxi-
mation, in a manner to be expected in terms of a “very likely” ~-function.

The analogy of the concept and that of statistical mechanics is a very
deep one. Indeed, in statistical mechanics the motionof say a gas can be calcul-
ated exactly if the initial conditions are given, containing the coordinates
and velocities of all the N atoms of the gas at t = 0.

From the mechanical equations of motion, the motion of the gas as a
whole can he determined. However, if we give only the macroscopic density
distribution and the distribution of velocity of flow, then these distributions
do not determine the initial conditions for the motion of the individual atoms.
Constructing sufficiently artificial initial conditions for the atoms, we come
to configurations which starting from a given macroscopic initial condition
behave in a very abnormal manner. With sufficient skill we can find initial
conditions for the atoms which lead to an almost arbitrary prescribed macro-
scopic motion of the gas.

The equations of motion which give the correct macroscopic motions of a
gas are obtained if we choose among the possible microscopic configurations
the very likely ones. Deviations from the macroscopic equations of motions
arise because of fluctuations, i.e. because occasionally there occur distributions
which deviate from those which are the most likely ones.

8 24. In the case ofthey-function one imagines that “smoothed” functions
are more likely than those which show a great deal of irregular fluctuations.
It seems to be an unsolved problem which yj’s are the very likely ones.

Although we can give no method of actually selecting the “very likely
A-functions” it seems plausible that these functions are somewhere near those
possessing minimum properties of the type described in § 18. Indeed, if an
atomic system is in a state possessing a great deal of energy, then it is likely
to emit electromagnetic radiation and thus to reduce its energy. We expect
therefore a tendency of atoms to approach states with low energy.

§25. We close these qualitative considerations with another remark.
From the solutions of the wave equations valid for many-body systems we
find — in excellent agreement with observation — the spectra of many electron
systems, e.g. we find the spectrum of the He atom. A radiating He atom is a
moving system and therefore we are in fact in a position to determine correctly
the motion of the charge of the electrons inside a He atom.

It must be emphasized, however, that taking the superpositions of an
arbitrarily large number of stationary solutions of the wave equation — we
can find a combination which produces for a limited period an oscillation with
an arbitrarily given frequency v — this frequency need not be anywhere near
to the optical frequencies of the He atom.

That as the result of the beat of the natural frequencies of He we can
obtain a state in which an arbitrary frequency v arises, is analogous to the
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problem of the Fourier analysis. Using a large number of Fourier components
we can obtain (inside a limited interval) a harmonic function with an arbitrary
period Vwhich may differ from the periods of the terms of the series.

The state in which a He atom oscillates for a time with an unusual fre-
quency Vcontains obviously components of rather higher energy — and after
a certain time the accidental phase relations between the natural frequencies
which produce the beat frequency v will disappear.

When we state that according to the theory a He atom generally emits
well-defined combination frequencies only, then we make already a strong
restriction on the wave functions y>which we think likely to occur — we
suppose that in the observed states the wave function of the discrete states
are predominant.
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grwNE

rMaPOANHAMUUYECKAA MOAE/b BONMHOBOWN MEXAHUKW
3A0AYA MHOIMX TEN
N. gHowwn

Pesome

LuckyTnpyetcs npo6nemMa paclupeHns ruapofnHaMUYeckol MoAenn—onucaHHol B
npegblaywnx pabotax — K 3afjaye MHoOrux Ten. [okasbiBaeTcs, YTO MOSBASOLWMECS B Npu-
NOXEHUN TPYLHOCTM He MaTemMaTU4YecKoro XapakTepa, OHuM 0To6paxalT (u3nyeckyro npo6-
NeMy, He PELUEHHY MO0 HalleMy MHEHUI0 [0 HAcTosLlero BpeMeHW. OKa3blBaeTCs BO3MOXHbIM,
YTO B TOYHOM peLUeHUM MNpo6eMbl MHOTUX Ten yAaeTcs Bbl6UpaTb M3 BO3MOXHbIX BOJIHOBbLIX
(YHKUWIA Te, KOTOpble OYeHb MOAOGHbI B CTAaTUCTMYECKOM CMbicne. [Mpegnonaraemslii oT60p
HanOMMHaeT OTOOP O4YeHb MOAO0OHBLIX KOH(MIrypauuii B CTaTUCTUYECKON MexaHuKe.
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FIRST-ORDER MAGNETIC PHASE TRANSITIONS*

)
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The general properties of the first-order magnetic phase transitions between ordered
structures have been investigated. The number of possible models has been limited by suppos-
ing the sensitivity of the exchange energy to the interatomic distance to be responsible for the
phase transition. It is shown that the magnetic phase transition occurs as a result of a sign-
change in the proper combination of the exchange parameters. The transition may be influ-
enced by the variation of the pressure and the magnetic field. The actual phase transition is,
however, hindered in both directions by the elastic energy wall, separating the free energy
minima of the different phases. The T—P phase diagram bas been calculated and the condi-
tions for the existence of a triple pointin the T—P plane have been investigated in the case of
antiferromagnetic  ferromagnetic transitions. The temperature hysteresis, i.e. the difference
between the upper (Tsup) and lower transition temperatures has been determined at
different pressures and for both temperatures a linear dependence has been obtained. The
character of the disappearance of the magnetic order has been also studied and it has been
found that under certain conditions the order of the ferromagnetic—paramagnetic transition
may be different from that of the antiferromagnetic paramagnetic one.

The T—H coexistence curve between the ferromagnetic and the spin-flop antiferro-
magnetic phases has been determined. The upper and the lower phase transition temperature
versus magnetic field curves are calculated and it is found that with increasing magnetic field
and decreasing temperature the difference between these two curves (i. e. the hysteresis width)
becomes increasingly small until at a critical field (Ht) and temperature (T,) they end in a
common point with the coexistence curve. Below Tt the variation of the magnetic field does
not lead to a first-order antiferromagnetic ferromagnetic transformation. The ferromagnetic
phase is nothing, but the antiferromagnetic phase in a magnetic field strong enough to turn
the moments parallel to the field direction. Above if, but below Hcthe variation of the tempe-
rature brings about also a second-order ferromagnetic  antiferromagnetic transition.

The discontinuous change of the lattice parameter and that of the sublattice magnetiza-
tion have been calculated at the coexistence temperature and at both the upper and lower
transition temperatures. It has been shown that the entropy change of the transition has two
contributions: one of them is associated with the volume change while the other with the mag-
netization change. Under certain conditions the order of magnitude of both contributions may
be the same.

1. Introduction

The subject of this paper is related to first-order magnetic phase trans-
itions. The expression, first-order phase transition is used in its usual thermo-
dynamic sense, i.e. the first derivatives of the system’s Gibbs free-energy with
intensive parameters (temperature, pressure, magnetic field, e.g.) exhibit a
discontinuity at the critical values of these parameters. In other words, the

* Dedicated to Prof. P. Gombas on his 60th birthday.
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molar entropy, molar volume, molar magnetization, and other molar para-
meters suffer discontinuous change. In the higher-order phase transitions the
molar parameters are continuous but their derivatives are discontinuous. It is
worthwhile to note here that the most characteristic feature of the higher-order
phase transformations is the discontinuous change in symmetry of the system
with the continuous change of the state of system. This approach was very
successfully developed many years ago by Landau and Lifshitz [1].

In order to systematize in a very simple way the magnetic phase trans-
formations a “family tree” has been constructed from different types of trans-

Fig. 1. “Family tree” of magnetic phase transitions

itions. This “family tree” is shown in Fig. 1. Some magnetic systems that
exhibit transitions of first-order are listed in Table I. It is clearthat the simplest
case iswhen the crystal structure does not change during the magnetic structure
transition and when this latter takes place between ordered magnetic phases.
As substantial theoretical difficulties are associated with those phase trans-
formations where the magnetic order disappears, such transformations will be
excluded from our considerations.

It has been known since the last century that the onset of the magnetic
order (e.g. ferromagnetism) results in a smaller or larger distortion of the
crystal lattice (in many cases without any crystal symmetry change). This
phenomenon is related to the dependence of the exchange energy on the inter-
atomic spacing.

As a result of this dependence the free-energy of the crystal may be
lowered by a distortion of the lattice in the direction of decreasing exchange-
energy. The distortion will introduce to the free-energy a term in strain energy
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Table I

Some magnetic systems that exhibit transition of first-order

Material of o e Material of the St
transition %K. transition °K
MnAs F—P 318 Mn,GaC AF -~ F 150
Cr,As, F;—P 213 Mn,Ge, AF > F 113
Cr AF — P 311.7 | Mn,,Li,,Se AF -~ F 7
U0, AF - P 30.8 | (Mn,_.Cr,),Sb AF — Fi T(x)
TiCl, AF - P 210 RbFeF, F—~ AF 86
MnBr, AF P 2.16 | Dy F—S 85
KMnF, AF - P 88.3 | MnSn, AF — AF 73
FeRh AF - P 350 Mn,Pt AF — AF 365

which will increase the free-energy, and thus, a compromise between distortion
and exchange is reached, which minimizes the free-energy. In the case of
order-disorder phase transformations (i.e. ferromagnetic = paramagnetic, anti-
ferromagnetic = paramagnetic) the magneto-elastic coupling between the
magnetic and elastic part of the system’s free-energy may drastically alter
the character of phase transitions. If the exchange parameter dependence on
the interatomic spacing is rather strong a first-order phase transition will be
observed instead of the usual second-order one.

The reason for this is quite obvious. The elastic distortion tends to sta-
bilize the magnetic order and, thus, slows down its decrease with temperature.
At a certain temperature, however, the magnetic order can find no way for
decreasing smoothly to zero since the stabilizing influence of the lattice dis-
tortion ceases to act below a certainmagnetic order, i.e. at a critical temperature
the magnetic order and lattice distortion go to zero discontinuously. Using
BeAN’s formulation [2] the situation is like that of a man who has run beyond
the brink of a cliff; there is no gentle way down.

Of course, not only the appearance and disappearance of the magnetic
order but in many cases the structure changes in the ordered phase may also
lead to a remarkable variation of the crystal distortion. In the following
these structure changes will be discussed and the aim of this paper is to give
an elementary introduction to the physics of these phenomena.

2. Magnetic structure and the model

First of all, we have to discuss the conditions for the existence of various
magnetic structures in a given crystal lattice since our goal is to study the
phase transitions between these structures. To do this in general is a very
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complex task and, therefore, we have to limit our considerations to the simplest
case which is probably distinct from any real situationbuthas a greatadvantage,
the possibility of an elementary treatment without incurring any substantial
losses in the physically important conclusions.

The stability conditions required for a given magnetic structure can be
derived when we first answer the following question: what are the possible
magnetic structures in a given crystallographic symmetry?

Assuming second-order character of the formation of various magnetic
structures from the magnetic disorder (i.e. from the paramagnetic phase) this
question can be answered in principle very rigorously.

Fig. 2. Lattice points with sublattice numbers

One has to notice here that the assumption of the second-order character
of the magnetic structure formation does not involve any serious restriction
on the character of the phase transitions between the ordered structures.
Therefore, we could start our considerations in this way.

Unfortunately, in answering the first question the problem of finding
the criteria for the existence of various magnetic structures in terms of physical
parameters remains still unsolved. If we want to solve this problem too, we
need a more or less definite model containing important information about
the exchange interactions in the crystal.

We do not want to go into the details of the method with the help of
which we can answer the first question; we refer only to some basic works in
this field. Originally Landau and Lifshitz [1] proposed this theory for the
investigations of the ordered structures in alloys. Later Dzyaloshinsky [3]
and Kovalyov [4] applied it to the case of magnetic phase transformations
and very recently a further generalization was made by Séelyom [5].

This rigorous method can be used only for finding the possible magnetic
structures but for the actual calculation we always need a definite model. Now
we want to choose the simplest one which is still useful enough to illustrate
the most important qualitative properties of the phase transformations.

In the following we shall proceed from an improved version of the model
proposed by Anderson [6] and Smart [7]. First of all, we choose a simple
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cubic lattice for the calculations and assume the exchange interaction between
the localized magnetic moments to be other than zero only for the nearest and
for the next-nearest neighbours. In order to ensure that within a given distance
each lattice point should be surrounded by lattice points belonging to different
sublattices one has to introduce a specified number of different sublattices
only. If this characteristic distance is the interatomic spacing between the
next-nearest neighbour atoms, eight sublattices are required. The lattice points
with their sublattice number are shown in Fig. 2.

We denote by Mj(j = 1, ..., 8)the thermal averaged magnetic moment
in the j’th sublattice and write down the internal energy of the crystal per unit
volume in molecular field approximation. We get

Un—— Mt Ajj Mj, (2.1
U
where

(2.2)

is the interaction matrix and

(0o a b a\ a b oy
0 a b (8 b a b
2 u A= (2.3)
b a 0 a b 0 b
\a b a o [ b 0 bl
Here we used the notations
a= — NJ1 b= NJ2. (2.4)
4 2

J1 and J2 are the effective exchange parameters between the nearest and the
next-nearest neighbours, respectively, and N is the number of atoms in the
unit volume.

Taking into account that the effective internal field

(2.5)
1 8M,
(j= 1,2,...,8)
must have the same direction as the corresponding sublattice magnetization, i.e.
Hj = IM]j (2.6)
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we may get immediately the possible magnetic structures from the eigen-value
equation
(A—rEyM =0, (2.7)

where E is the unit matrix and
M,
=M, (2.8)

M;

is the structure matrix. One hasto notethat the independence of the proportion-
ality factor 1 of sublattice magnetization is valid only near the ordering
temperature.

Making use of some theorems for block-matrices the eigenvalues of equa-
tion (2.7) can be easily calculated. One finds

A =3(a+b), A,=—3(a—b), A=A =A =— (atb)
Ay =4y = A = (a—B).

The magnetic structures are determined by the corresponding eigen-vectors
belonging to these eigen-values. Results of the calculations are summarized
in Table II. As can be seen one ferromagnetic and three antiferromagnetic
structures are possible in the frame of this very simple model. The antiferro-
magnetic unit cells are doubled in all three directions while the ferromagnetic
one is identical with the chemical unit cell.

The eigen-value of a given structure is proportional to the ordering
temperature. Of two phases that is the more stable which has a higher ordering

Table II
Eigen-values and eigen-vectors for different structures
Eigen-value I Eigen-vector Structure Internal energy
|
3o 4 B) M,=M,= ....=Mg=M fer;:magnetic —12(a + b)M?
—3a—b) E’Il — ila — ¥5 = Il-, — Mi antiferromagnetic ) 12(a -+ b)M?
My=M,=M;=M;=—M AF 1
B gl = “Ea — gﬁ = @s = ]—W_‘ antiferromagnetic 4(a - b)M?
M,=M,=M;=M,=—M AF 11
aib ER -ﬁl =M,=M,=M,=M antiferromagnetic —A4(a — b)M?
| M=M= M,=My=—M AF 1II
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Fig. 3. Different structures and phase boundaries

temperature. The phase boundaries between the different phases are shown in
Fig. 3.

Four structure changes are possible, namely

F  "AFI, if J2> 0 and  jj changes its sign,
AFT a AFIIl, ifJx< 0 and 4J2—J, changes its sign,
AFU AFIII, ifJ2< 0 and g changes its sign,
AFill » F, if Ji 0 and 4J2+ Jj changes its sign.

A simple phenomenological description of the structure changes can be made
in the following way. One finds that during the transition certain antiferro-
magnetically oriented pairs transform to ferromagnetic ones and vice versa.
Let 20 be the angle between the moments of transforming pairs in an inter-
mediate (non-equilibrium) state and denote by m the cosine of0, i.e.

m -cosO0. (2.9)
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The magnetic part of the internal energy may be written as

Um= - (A+yB)MI<2- BMIo2(2m2- 1), (2,10)

(A >0),

where the parameter B which is an appropriate combination of interaction
constants changes its sign during the phase transition, a is the average relative
magnetization per atom at temperature T, i.e.

M

where MO is atomic magnetic moment at T =0. The values of A, B and y
for different structure changes are listed in Table I11.

When the sign of the parameter B is changing the m has to vary from
m — 0to m= 1, or vice versa; in other words phase transformation takes
place. It is important to note that physical meaning can be attributed to m
only in the case of antiferromagnetic — ferromagnetic transitions. In this
case the meaning is evident; mis a measure ofthe bendingbetween themoments.

It is absolutely clear that this oversimplified model cannot give practically
useful results but, as we shall see later, a lot of physically interesting qualitative
conclusions can be drawn from it.

The next step in perfecting the model is to exploit the sensitivity of the
exchange parameters against the lattice distortions. First Néel [8] and later
Smart [7], Bean and Rodbell [2], Kittel [9] and many others [10] have
emphasized the importance of this sensitivity and investigated its influence on
the temperature behaviour of magnetization. Now, we should like to apply
some of their results to the theory of those magnetic structure transitions
which are associated with lattice distortions.

Let Ic be the distance between the nearest neighbour atoms at which
the parameter B changes its sign. So, one may expand A and B into a power

Table 111

Parameters for various transitions

Ft+AF | AFIMAFII AFIIMAFIU AFillet F
A 6NJz ~ Y NJI -2 1vJ2 T NI
B 33vyj N@4J2Jd —NJ, -N(4J2Jd
1 1
Yy 0 2 0 2
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series of I—h- For the sake ofsimplicity, terms higher than linear are neglected,
i.e.

A —A04 dAd(II) (I-1c) ,
(2.11)
B (@ (I-Ic).
dl 1=

As has already been mentioned, the dependence of exchange interactions on
the interatomic spacing leads to a spontaneous distortion of the lattice. The
competition between the bonding and exchange forces will determine the
actual value of the distortion. Let I0be the distance between the nearest neigh-
bour atoms at temperature T = 0 in the absence of distortion and let s be
the relative dilation at temperature 0.

One gets from (2.11)

and B = Bj(e—£0, (2.12)
where
dA(l) (2.13)
ao“ T Jo dlo =g
and
dB(l)
2.14
di ( )
while
6. = 3 10 (2.15)

In the presence of lattice distortion one has to add to the internal energy an
elastic energy term which in its simplest form is

(2.16)

where
1 1 Qv

(2.17)
R \ P it

is the compressibility.

The thermodynamics of the phase transition can be founded on the Gibbs
free-energy per unit volume. Denoting the magnetic and the lattice entropy
by Smand Si we can write

G=Um+ Ue+ P'-T(Sm+S)). (2.18)
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This is the appropriate form of the free-energy needed in our case. In accordance
with the molecular-field approximation the magnetic entropy may be
expressed as

S :Nk{log2——%(l—{—a)]og(l—}—o‘)—%(l—o)log(l—o’) ¢ (2:19)

The lattice entropy is approximated as

S, —IRaz, (2.20)
where
R (_SK} (2.21)
V \aT )p

is the volume thermal expansion coefficient. Introducing the following dimen-
sionless quantities

T O N .
SRTRLE R S T (2.22)
A, M2 Ay, M2 2.4, M3
and
Ra S
22 e 2R 2.23
Nk ©) Nk e

the Gibbs free-energy can be written in the form

G=A,M3{—0*> — [2 + o (y + 2m* — 1)] 0%c — &) +
1 (2.24)
+7r32+P8—- 210 — 2TW(0)!,

where A is a definitely positive quantity.
The equilibrium value of the deformation can be found from the equation

e (2.25)
e
One gets
2
£ = Zﬂr—l<+(9+yw)a—+i62(2m2—1). (2.26)
r ' i r i f!

The change of the deformation at the phase transition point is

20%w

de=e(m=1) —&(m=0) = (2.27)

r
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the sign of which is determined by the sign of Bv Making use of the expression
(2.26) for the Gibbs free-energy one can derive the formula

G=A0M$ —M2 1 (201 — rec—p)
(2.28)
_1----H_2_ az{'_ anw(a)'_ “-l--l' 20T —Pp
2 r 2 I I
where
P=0Q wiy-2m—V). (2.29)

The relative sublattice magnetization per atom can be expressed from the
equation

dG (2.30)
8a
After a short calculation one finds
(2.31)
where
hmot — i + (20T — rec—p) (2.32)

In the majority of cases the ratio pjr is smaller than one and, thus, making
use of the inequality

q= T (pa2+ 20T —rec—p) 1 (2.33)

one may expand G into a power series of g and it seems sufficient to retain only
those which are not higher than linear. To do this, first of all, we rewrite (2.31)
in the form

a—ao+ °iq~ <=+ ffi?o0, (2.34)
where
q0 = r (pa2+ 20T — rec—p) (2.35)
and
aQ= 't f: . (2.36)

The Gibbs free-energy is given by

G(a, m) = GO0(a0,0) + q0Gx (a0, m) + 0 (q%). (2.37)
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A short calculation shows that the linear corrections to a2 and 2rw(a) cancel
each other out, and thus, we get

Go{**)=2A0MM —al-2rw(0) —-j-rf>°—""? (2.38)

and

. 20T —rec—p
Gj (a0m) = - AOM%rri\l + (2.39)
pal + 20r —rec—p

The second term on the right side of (2.37) can be re-expressed in the form

g0Gj(ffo, m) = AOMI a\ code0 {f(m, n) + /u(u)} , (2.40)
where
f(m, u) ——m4-f 1— (2.41)
and
7 1 U]
lo(*)= — 1—y I(S o , 1ty + (2.42)

Here, we have introduced the notation

20T — — . n
u — rec P -|- i2 f-yco. (243)

It can be seen from (2.40) that the reduced free-energy f(m, u) has to be used
for the investigation of phase transitions characterized by different values of
y, listed in Table IIl. In very fortunate cases the relative magnetization a0
does not vary significantly with temperature in the neighbourhood of the
transition point and, thus, the parameter n introducedby (2.43) maybe regarded
as a linear function oftemperature. In the following this linear dependence will
be assumed unless therefinement of thetheory requires a more realistic depend-
ence.

3. Phase transitions with constant a0

Making use of the preceding model, we should like to apply it to the
phase transitions between antiferromagnetic structures. In this case the first
task is to find the necessary and sufficient conditions for the loss and onset
of stability in the states m = 0 (orm = 1), and m = 1 (or m = 0), respectively.

The considerations are very trivial, nevertheless, a short review of them
will be useful for the better understanding of the physical content of the
theory.
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The equilibrium value of the parameter m has to be chosen from the roots
of the equation

af _ 2mll- m2)1‘2,{1- — - 2m2 :0 (3.1)

to

which has three solutions, namely
mi= 0; (3.2)

The physically allowed 0 values in these solutions have to satisfy the con-
dition 0 0 <[jt/2.

Let us follow the variation of the parameter m in the equilibrium state
with increasing u/co. (As has already been mentioned u/e is a linear function
of temperature, if cr0 is constant within the temperature interval under con-
sideration.) If u/ft) < —1, then among the solutions (3.2) only two, namely
mland m3have physical meaning, m = mlminimizing the reduced free energy
since

2 f‘1 Y if m=m
4 ©
d&2 2 f—1+ _M if m= m3

The second solution gives m2 > 1. Therefore, it has to be excluded.

When —1 <[ uJldi 1, then among the solutions (3.2) satisfying the con-
dition 0 0 <[ n/2, two, corresponding to m = mx and m — m3, minimize,
while the third m = m2 maximizes the free energy as one can see from the
expression

P k— U1 if in= m,,

@©j
d _2 u2 if m— m2
do2 (¥
2 |i+ " if m= m3.
O -

two minima
energy of the state m = m3is equal to that of the state m = mlattemperature
ujco = 0, but the actual phase transition ml —mm3 takes place only at that
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temperature where the energy barrier between the states disappears. Since
0 o4 it im—=my,
1 u )2 y
Lo st S R T
fmv T)= 4

—— , if m=m,,

the m; — m, transition will be realized when
u(l +3) —w =0. (3.3)

Finally, if u/w > 1, then again only two solutions, namely m = m,; and
m = m4 have physical meaning and the free energy is minimized by m = m,.
The solution m, is imaginary and therefore must be excluded.

Now, when we follow the change of the equilibrium value of the para-
meter m in the direction of decreasing temperature we find quite a similar
picture. At the temperature u/w = 0 the free energy of the phase m = m,
becomes the same as that of the phase m = m,. Transition, however, cannot be
observed because the energy maximum between the coexisting phase hinders
the transition process. The phase transformation actually takes place at that
temperature, where the system’s free energy in the state m — m, will be equal
to that in the maximum. This condition is precisely

2

2

__E_ZL[I_L
w 4 )

i.e.

uB3—->1)+w=0. (3.4)
If ® > 0 (i.e. B; > 0), then

u(l —3)>u(3—>1).

The opposite inequality is valid when » < 0. In the next sections we shall use
the following notations:

Ugup = max{u(l —3); u(3—>1)}

3.5
Uy = min {u(l1—>3); u(3—>1)}. e

The equilibrium temperature u, where the two phases coexist lies between the
upper and lower transition temperatures. (In our case u. = 0.)

The ferromagnetic = antiferromagnetic transitions in the absence of an
external magnetic field have to be treated in a similar way.
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IPci parameter of bending

Fig. 4. Dependence of the reduced Gibbs potential on the parameter of bending
for different values of u/oo

The dependence of the reduced Gibbs potential on the parameter m is
shown in Fig. 4 for different values of u/co. The variation ofthe equilibrium value
of m with temperature in the ideal case is illustrated in Fig. 5 (see the full
line).

From the equations (3.3) and (3.4) one gets

ANup= W ) -4 - —  ; TInf= Te(p)- (3.6)
| a 2 a
where
T.(P) = _L o+ JL _J_ £+251 710 MS.s. (3.7)
2 Rx 2 a 2 fia

Introducing the expression for the dilation discontinuity at the transition
temperature the width of the temperature hysteresis can be given in the
following form

sup (3.8)
a

This formula is valid only if the sublattice magnetization cr0O hardly changes
in the interval Tinf<CT Tsup. The equivalent width in pressure is

Psup ~ pta, = 2R6e0.
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Fig. 5. Variation of the equilibrium value of m with temperature (the full line corresponds to
the completely homogeneous transition while the dashed line to the inhomogeneous one)

In practical casesthe sharpness ofthe transitionisrather smoothed because
of more or less inhomogeneity in internal stresses existing in any real crystal.
(See the dashed line in Fig. 4.) As a result of this inhomogeneity one may
expect a definite cant in the hysteresis-loop. The canting angle ® is exactly

®=arcc, ,a, « ", (3.9)
2iha

where <(6P)>2is the mean square deviation of the local pressure.

From the ue= 0 one may see that the coexistence temperature, i.e. the
temperature where the Gibbs potentials of both phases m = 0 and m — 1
are equal, satisfies the equation

dTe 1

(3.10)
dP ~ 2Rcc

which is exactly the same as that derived from the Clausius-Clapeyron equation
if one assumes that the discontinuous change in entropy is due to the dis-
continuous change in lattice parameter only. The latent heat is given by

Qt = TeRtx0e0. (3.11)
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In order to extend our investigations to the case of antiferromagnetic
ferromagnetic transitions in an external magnetic field one has to add to the
Gibbs free energy (2.34) a new term expressing the interaction between the
magnetic moments and field. Denoting the magnetization per atom in the
sublattice a and b by Maand M b, respectively, one can write this additional
term in the form

GH=-~2|\[|H(M a+ Mb. (3.12)

Let us introduce the vectors

Ma-M b and Ma+ Mb (3.13)
2MOa 2M0Oa
where
MOa = \Ma\=\Mbh\. (3.14)

If one neglects the magnetic anisotropy in the crystal then the vector | is
perpendicular and the vector m is parallel to the external field direction.
Therefore, instead of (3.12) one gets

GH= —2A0Mg ahm, (3.15)
where
1. NH
2 Ag Mg '

and here m is the absolute value of m. The role of m is the same as in (2.10)
but in this case it has a definite physical meaning; m being the net magnetiza-
tion of the antiferromagnetic phase. One has to note that in the majority of
the practically important cases the order of magnitude of h is the same as
that of fi/r. Therefore, instead of (3.15) we write

(c] & p— 2A0M | Qyhm . (3.16)

One may expect that the presence of the external magnetic field will
promote the antiferromagnetic —*ferromagnetic transition. Near the coexistence
temperature arelatively weak magnetic field may already produce a significant
net magnetization. In other words, this means that with the increasing magnetic
field the antiferromagnetically coupled moments gradually turn into the field
direction, i.e. the angle between the moments decreases. However, contrary
to the usual behaviour of antiferromagnets, in this case the angle between
the moments decreases to a definite, temperature dependent value only at
which the umberella-like antiferromagnetic structure will suddenly collapse,
and thus, a simple ferromagnetic structure will be formed.
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Fig. 6. Reduced Gibbs free-energy versus “magnetization” at constant temperature but
different magnetic fields

If the transition is induced by temperature variation in the presence of a
magnetic field the character of the variation in m will be the same as in the
former case.

W ith help of (3.15) the reduced free energy may be written in the form

f(m,u,A) = —m4+ 1 (3.17)
where
A h
(3.18)
02 <0 cobe0

The reduced free energy versus “magnetization” at a given temperature but
for different magnetic fields is shown in Fig. 6, while in Fig. 7 similar curves
can be seen but here the magnetic field is constant and the temperature is
changing from curve to curve. The value of co has been supposed to be positive
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Fig. 7. Reduced Gibbs free-energy versus “magnetization” at constant magnetic field but
different temperatures

and this means that the ferromagnetic state is stable at 8 > 0 in the absence
of a magnetic field. It can be seen in Fig. 6 that at a given field the free energy
of the ferromagnetic state is equal to that of the antiferromagnetic state.
Nevertheless, the two states are energetically separated, i.e. the phase trans-
ition is hindered. A further increase in the magnetic field is needed to overcome
the energy barrier of elastic origin. The situation is quite similar in the case
illustrated in Fig. 7 but the role of the magnetic field is replaced here by that
of the temperature.

In the following we shall calculate the field dependence of the coexistence
temperature and also that of the upper and lower transition temperatures.
In order to do this we have to find, first of all, the conditions for the existence
of physical solutions of the equation

n
af 2 —2m3+ 1 . m A (3.19)
dQ ® @
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It is clear that one has to deal with the solutions satisfying the inequality
0 <,m<, 1. Denote by mv m2 msthe roots of the third-order equation

1— = 0. (3.20)

@ co*

and let m4be the solution of the equation dm/dO = 0. Taking into account the
condition

ggz—o -6m2+ 1- — V(\j/m312+4 -m 3+
@ (3.21)
1 A 1 d2m
il “)H)m 1
2 | , o d&2

one can immediately find the minimizing solutions.
It is easy to show that among the roots mv m2 and m3only one is real
if nand A satisfy the inequality

4c02)2/3 .
v 2 _ ¢ (3.22)

One has to note, however, that in this case the real root is always negative.

It follows from this that only the solution m4= 1, which corresponds
to the ferromagnetic state, has physical meaning. Indeed, the root m4= 1
minimizes the free energy if

<2 ) 2 1+ + > 0. (3.23)
d<92 Jm=n © cor

This condition is always satisfied when the inequality (3.22) is true. The proof
is very elementary. Replace w/co in (3.23) from (3.22) by the quantity
I —6 (A/4c02)23 which is always smaller then w/co and write down the inequality

A 2B A
1+ — + — >2-6 + 4
@ [oe7) 4 co2 4co2

Since
\2/3
40:3 — 6a2+ 21>0, X =
4co2

for every x 0 the statement is proved. One has to notice that the ferro-
magnetic state, in accordance with (3.23), remains stable for values n and A
not satisfying the inequality (3.22).
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W hen instead of (3.22) the inequality

4c02
il u (3.24)
® A

is true then all three roots of (3.20) are real and it is easy to show that

m < — (3.25)

and

0<1 < '«a- (3.26)

Making use of these inequalities one can prove on the basis of (3.21) that the
free energy is minimized by the solution m = m2= in and maximized by
m = m3. The solution m = mlhas to be excluded because of its non-physical
nature.

The umbrella-like solution in, which will be named simply as the anti-
ferromagnetic solution remains stable until

m2u, I)<

co

Instability sets in when

Uu,A) = 1- (3.27)

co

and then the antiferromagnetic phase suddenly transforms into the ferro-
magnetic one.

Eliminating the net magnetization m in (3.20) with the help of (3.27)
one gets a very important equation for the field dependence of the antiferro-
magnetic —=ferromagnetic transition temperature. This equation can be writ-
ten in the form

A

(3.28)
4c02 (o)

It follows from this that the local stability of the antiferromagnetic state
in the presence of a magnetic field breaks down when the temperature reaches
a certain critical value

co 1 —86 = (3.29)
14002
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The onset of the stable ferromagnetic phase results in a discontinuous change
of the net magnetization. Its maximal value in the antiferromagnetic state
before the sudden change is

f A 113
msup(®) ~ (3.30)
P 4.c02

When the temperature is fixed and the increasing magnetic field brings about
the transition one observes its start only at a certain critical value of the
magnetic field, namely at

(3.31)

In this case the maximal net magnetization in the antiferromagnetic state
can be expressed by

(3.32)

Varying the temperature and magnetic field in opposite direction the ferro
magnetic —antiferromagnetic transition will be observed when

1+ — +
co

i.e. in a constant field antiferromagnetism will appear at temperature

A
«inf= —co 1+ (3.33)
Or

where the net magnetization changes discontinuously from the value ofm = 1
to that of

inf(A) 5 42 dgp (3.34)
At constant temperature the stability of the ferromagnetic phase disappears
when the magnetic field is lowered to

u

Arf= —ap o (3.35)

The parameter fn shows a definite jump from m = 1to

mini(e) = —y 1+2 1. (3.36)
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Fig. 8. T—H (i.e. u/co.—.Zl/co?) phase diagram and variation of the magnetization along the
coexistence curve

Since both parameters /Jinf and injnf must be positive one can produce a ferro-
magnetic — antiferromagnetic transition with decreasing magnetic field only
if uco —1. In other words, the magnetic field induced antiferromagnetic —
— ferromagnetic phase transition is reversible only when u/co -< —1. In this
case, by lowering the magnetic field below the critical value Anf the energy
barrier separating the thermodynamically stable antiferromagnetic state from
the ferromagnetic one disappears, making the way for the transition free.

In Fig. 8 one can see the coexistence curve uc(Jl) between the curves
Msup(®) and Winf(-d)- Along the curve uc(A) the Gibbs free energy of the ferro-
magnetic phase is equal to that of the antiferromagnetic phase. Explicit formula
for the coexistence curve cannot be given; a parametric equation, however,
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can be easily derived. One finds

= —m(2+ 3m),
co

A in(1+ in)2, (3.37)

co2

where inis the solution of (3.20). The coexistence curve ug(A) reaches the curves
Usup(r) and ujnf(/1) in the point

B =4 ~ = 5, (3.38)

when u/is higher than absolute zero.
The first-order character of the phase transition disappears in this point.
It is seen that when the magnetic field is high enough, i.e.

_ A  _Ar
or or

then the ferromagnetic zA. antiferromagnetic transition will be of second-order.
One may expect large fluctuations of the parameter m when the transition is
of second-order. In the point given by (3.38) the quantity

din 1
~dA

(3.39)

co

which is proportional to the susceptibility, becomes infinite. One has to note
that at fields higher than Ac/co2the temperature variation does not result in a
real phase transition, the only change is that the ferromagnetic phase transforms
at = 0 to a phase which is nothing but the antiferromagnetic phase in a
magnetic field strong enough to turn the moments parallel to the field direction.

In the upper part of Fig. 8 the variation of the net magnetization of the
antiferromagnetic phase along the coexistence curve is also shown. For fields
higher than At/co2the net magnetization is equal to 1.

The phase transition is always of first-order and is hindered if the para-
meters A and u satisfy the inequalities: 0 <[ A/lco2<C 4 and —5 <4 «/& 1,
respectively. The hindrance of the transition — as has already been pointed
out — results in a definite hysteresis. The width of the thermal hysteresis
depends on the magnetic field and as can be seen from the expression

J |'13
sinf 20 j+ — — 3 (3.40)
2w?2 4002)
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Fig. 9. Net magnetization versus temperature at different magnetic fields in the antiferro
magnetic state

it"decreases with increasing field and vanishes at the field corresponding to
At. The same will be true for the temperature dependence of the magnetic
hysteresis width since

372
1l 2 "

1
Jsup  4nf = 1 5 b ‘(/_%_ 1 ) (3.41)

In Fig. 8 the arrows intersecting the phase boundary illustrate the different
types of phase transitions. The circles on the arrows indicate the parameters
n and A characterizing the transition.

For the sake ofcompleteness we show in Fig. 9the temperature dependence
of the net magnetization in the antiferromagnetic phase at various magnetic
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fields. One can see on the curves that the net magnetization suffers a sudden
change from msup 1 to M= 1 when the temperature u reaches a critical
value nsup due to a given magnetic field. The dashed curve in Fig. 9 shows the
function msup(u) which gives the maximal net magnetization available in the
antiferromagnetic state at constant temperature in an external magnetic field.

Fig. 10. Net magnetization versus magnetic field at various temperatures in the antiferro-
magnetic state

In Fig. 10 the magnetic field dependence of m is illustrated for different
temperatures. Contrary to the previous case, the dashed curve in this figure
shows the maximum of the magnetization m3p(N) available in the antiferro-
.magnetic phase with increasing temperature but at constant magnetic field.

Finally, it seems to be useful to rewrite the most important formulae in
such a way that only directly measurable quantities should occur in them.
Making use of the expressions (2.27) and (3.6) one gets from (3.29) and (3.33)
the formulae:

PR
Tsup(H) = T up-3 (T sup-T inf) (3.42)
Ht
and
Ainf(H) — TM — 2(TsWp— 7]nt) — —, (3.43)
Ht
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where

H,=4(T,p- * n (3.44,

is the critical magnetic field The critical temperature Ttcan be expressed in
a very simple form, namely

rwpm = Tw(Ht) = Tt= 3TM - 2Tsup. (3.45)

The temperatures Tsup and Tmf may be obtained from measurements without
magnetic field.

4. Variation of the average magnetization per atom

Let us examine, first of all, the correction term to the magnetization per
atom. To get a self-consistent solution we write the equation (2.31) in the form

O= @+ °i(=th a—(V+ °a)?-~<0+ (1—fgiK +ffi)— (4.1)
r T
and replacing q by g0 we get

pa = aiqo= 00 : (ual + 20r —rec—p), (4.2)

11—
where

A=n0 ~1 (4.3)

It can be easily shown that Ais a monotonically increasing function of T in the
interval 0 T 1. One finds that

lim A(t)= 0 and lim N(r) = 1. 4.41
r-»0 © r—=1 M (

From (4.2) it can be seen that the value of magnetization per atom at
the coexistence temperature, i.e. where

2&re—rec—p = — (R-f-yco) Ug (4-5)
is not the same in the phases m = 1 and m = 0. We find

<4(m = 1)= B>[A+ (1+?)<»] o (4.6)
1-L

5ae{m = 813= —————— © ﬁ--:-gﬁl——-_-)()WL . A—er (4.7)

and
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where the subscript e indicates that each temperature dependent quantity
should be taken at the coexistence temperature. The discontinuous change in
magnetization per atom brings about a similar change in magnetic entropy too,
which leads, obviously, to the appearance ofamagnetic latent heat contribution.
This is given by
co(Q + .
Qm= 4A M@ Q+¥) beTe (4.8)
1--L

As has already been mentioned, the phase transition is hindered and, thus, the
formation of the phase m = 1 takes place only at the temperature T — tsup.

Fig. 11. Temperature dependence and discontinuous change of the average magnetic moment

per atom
The change in the magnetization per atom at this temperature can be
expressed by

a
<x(m= 1,7= Toup) —a(m= 0,r= rsup) = [Q -f (L + y)co] -— aos (4-9)
1 As

where the subscript s indicates that each temperature dependent quantity
should be taken at the temperature r = Tsup. A similar discontinuous change
in the magnetization has to be expected at the temperature r = Tjnf where
the inverse transition takes place. One gets

X

a(m= 1,r=rinfff—a(m=0,r—rinf) = [Q— (@1 —y)co]-— ooideoi, (4.10)
1— 4

where the subscript i shows again that each temperature dependent quantity

is taken at r = riInf. The schematic behaviour of the temperature dependence
of o is shown in Fig. 11, when Q = y = 0.
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In Section 3 we derived a simple formula for the discontinuous change
ofthe lattice distortion [see (2.27)]. Now, taking into account the magnetization
change we should like to refine this formula. A short calculation shows that
at the transition temperature T = rsup we should write

des — Il 2+ Y+ Q [B+ (I1+y)cu] °0s fif0s! (4.11)

and similarly at 7 = Tjnf we get

- 2-y - o) [Q (@ o] » I-’o 0l K i (4.12)

The corrections both in (4.11) and (4.12) are usually small, nevertheless, it
seems useful to take into account these corrections in evaluating the parameters
Q and (o from the measured data of Oe.

Making use of the results obtained for the discontinuous change of a the
equation (4.5) giving the coexistence temperature can be also refined. It is not
necessary to reproduce here the details of calculations since they are very
elementary; it is better to cite the final result. The corrected equation can be
written in the form

= «(; P Q + Y>> .,,2 1 4.13
20 20 o @ ( )

It can be seen from this that in the case of non-vanishing U and y the pressure
coefficient of reis given by

drr_ 1 1
dp ~20 ]+ Q+yco a da@
0 e dre

(4.14)

if one neglects the small correction term in (4.13). The second factor on the
right side of this formula may become very large when U yco 7> 0,
since daCeldre <7 0. Therefore, in most cases the expression for dte/dp given
earlier by (3.10) must be replaced by (4.14).

Now, we have to discuss in more detail the influence of the temperature
dependence of cr0 on the transition. In the preceding considerations we dealt
only with the discontinuous change in a but when doing this we always assumed
the variation of a0in the interval 17,{<[ r <[ rsup to be small. In addition to
this we supposed the inequality
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to be satisfied also in the whole temperature range 0 <C r <C Tsup. The correction
Oa derived by linear approximation in q is obviously wrong near the ordering
temperature, since a0 tends to zero, and unfortunately, 6a goes to infinity.
One has to note that this behaviour of 6a is a direct consequence of the limited
validity of the linear approximation. Nevertheless, if we want to use in our
consideration corrections linear in g only, we have to indicate the temperature
limit below which the linear approximation is certainly correct. This problem
can be solved easily in a slightly reformulized manner by requiring the linear
approximation to be valid until T > rsup and thence deriving a criterion for
the basic parameter of the theory. Proceeding from (4.9) we get

;
a>[Q+ {l+y)a>]

(4.15)

Using this inequality one can always decide for a given set of parameters
whether the linear approximation is true or not below the temperature Tsup.

In order to say more about the temperature dependence of 6éa one should
rewrite the expression (4.2) in the form

2aa0+(ha% — are)log j ™ °u
da(an = aQ(1- 0o%) (4.16)
2go— (1 aO)Iog , -9-
| 00

where

and b= co(2m2—1). (4.17)
r

It can be seen immediately that

lim a060(a0) = a(l —re), (4.18)
as>0
i.e.
lim da@ay= * oo T >0, (4.19)
Q% - °0, if [n<O0.

Another interesting property follows from (4.16) when a0 is approaching its
saturation value. The correction term 06a becomes zero at a0 = 1 but its first
derivative with angoes to infinity unless b—are=0. Furthermore, the equation

M go= 0

can always be satisfied if m = 0 but with m = 1 one gets a solution only if
26re co. The characteristics of the temperature dependence of 6a are listed
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Table IV

Characteristics of the temperature dependence of GO

Gfar)—o

in= 1 bl 1) (0= 0)
20Te> 2Qre < e 201> W 25, <m
+ O — ® yes no +
[«i<® —® + ~ yes no — ®
_ / dbor\ P
m=0 \ daQy £0= 1 60T = 0 0o{a0= 0)
le< 0 + @ yes + o«
/t6<0 yes -— 00

in Table IV while the bo curves versus o0are sketched in Fig. 12 forQ = y = 0.
For completeness the variation of bo during the phase transition is also
indicated and one can observe that the behaviour is in principle quite similar
to that in Fig. 11. The characteristic feature of the variation of bo is that an
increase of magnetization occurs at both transition temperatures, namely at
T= Tsup and r = Tjnf. One has to notice, however, that it is hardly to be
expected that the change of magnetization is always positive at both transition

Fig. 12. Correction to average magnetic moment per atom versus oa

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



78 L. PAL

temperatures. Indeed, it can be easily shown that this is the case only if

fin= 8 —(1 —y)oo< 0, (4.20)
but
ux= B+ (I -fy)co> 0. (4.21)

Finally, it is important to notice that the temperature variation of bo
may be rather sharp near absolute zero, i.e. at those temperatures where a0
does not vary markedly. Therefore, if the phase transition takes place at very
low temperatures (gjnf ~ 0) one should pay special attention to the temperature
variation of do.

Let us extend our considerations to the high temperature region near
the ordering temperature where the magnetization o can be regarded as a
small parameter. First, let us expand the Gibbs free-energy in power series of
0 and neglect all the terms which are smaller than the fourth power of a. After
a short calculation we get

2
‘-4£r ZOT; P 171+ - (0T rec p)

1 (4.22)
2 a1, 1+ 0

2 r 3

As a solution of the equation dG/do — 0 the magnetization can be given by

(4.23)

where

1 —— (rect+ p)
r

2fi0 (4.24)

is the ordering (Curie or Néel) temperature. It can be easily shown that
Te(m = 1) is always higher than rgm — 0) only if

20 —rec- p > 0. (4.25)
In order to ensure the second-order character of the disappearance of a one

has to require the fulfilment of the condition

A0, 4.26
da (4.26)
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which can be rewritten in the form

tc> 3 (4.27)

One has to mention that in many cases the lattice distortion caused by the
magneto-elastic interaction is large enough to lead to a first-order transition
in a. In these cases, naturally, an inequality opposite to (4.27) should be satis-
fied. In Bean’s paper [2] a simplest version of this was discussed.

In the following we shall still suppose the disappearance of a to be of
second-order, and try to find the conditions for the existence of a triple point
in the T—P place. To do this we should derive, first of all, the pressure
dependence of the coexistence temperature. From

G(m= 1)= G(m = 0)
we get

al(m = 0) (4.28)

which — making use of the expression (4.23) — gives the unknown pressure
dependence r<a/>. In order to find the “coordinates” of the triple point in the
T—P plane it is not necessary to solve the equation (4.28) because it can be
seen immediately that

rcm = 1) = rm —0) = re= 1, (4.29)

when the equation
20 —rsc—p =0 (4.30)

is satisfied. In other words, the curves rc¢(m = 1,p), rc(m= 0,p) and te(p)
have a common point (this is the triple point) at the pressure

Pi = 20 — rec. (4.31)

In Fig. 13 the typical phase boundaries and the position of the triple point
are shown. There is an interesting possibility for changing the order of phase
transition at the triple point. Let us suppose the transition from the state
m — 1 to the paramagnetic one to be of second-order even very near the
triple point. This means that the inequality

(4.32)
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pressure
Fig. 13. T—P (i.e. T—p) phase diagram

has to be satisfied. Further, let us assume that the transition from the state
m = 0 to the paramagnetic one is of first-order, i.e.

3t 5 (4.33)
r

when y — 0 and the sign of Q is different from that of co, both inequalities can
be satisfied if

R2-f Q®= (4.34)

In order to ensure the fulfilment of (4.34) both B and co must be fairly large,
nevertheless, fil remains small enough because it is merely the difference
between B and co. The possible change in order of the disappearance of a is
of great importance in understanding some recent observations [11].

5. Final remarks

The previous very elementary consideration can he sucessfully applied
in many cases listed in Table I. Nevertheless, one should keep in mind that
nobody can expect quantitative but only qualitative agreement between the
theoretical and experimental results and therefore we do not want to make
here any detailed comparison between theory and experiments. However, it
seems to be worthwhile to mention one example which has been in the centre
of interest for the last five — six years.
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This example is the iron-rhodium alloy of equiatomic composition which
is ferromagnetic at high and antiferromagnetic at low temperatures. The alloy
possesses a bodycentred cubic lattice in which the chemical order is of CsCl-
type and the magnetic structure in the antiferromagnetic state coincides with
the structure AFI shown in Fig. 3. This is the so-called G-type structure in
which every positive Fe spin in surrounded by six negative Fe spins. The
magnetic unit cell edge is thus double that of the chemical cell. The Rh atom,
which is located at the body centred position is now surrounded by four
positive and four negative Fe spins. Thus the Rh moment may not be ordered.
Indeed, according to the neutron diffraction measurements [12] the existence
of a non-zero magnetic moment at the Rh sites in the antiferromagnetic state
can be excluded.

It is of interest to note that it can be shown on a purely theoretical
basis that the average magnetic moment of the Rh atoms must be zero if
the iron lattice possesses a collinear antiferromagnetic structure. To do this it
is enough to assume the existence of a triple point in the T—P phase diagram
similar to that in Fig. 13 and the second-order character of the antiferro-
magnetic — paramagnetic phase transition occurring at pressures higher than
the triple point pressure. On the basis of these assumptions making use of
the group-theoretical methods one can prove the disappearance of the Rh
moment. The proof was done by Harcirar [13] several years ago and
the existence of the triple point in the T—P plane was experimentally shown
by WAYNE [11] very recently. One has to mention, however, that the measure-
ments of WAYNE unfortunately indicate the antiferromagnetic — para-
magnetic phase transition to be of first-order, the possibility of which we
discussed in Section 4. This fact alters the situation because the Landau theory
cannot be applied in this case. However, the existence of a zero effective
exchange field at the Rh sites further suggests the Rh moments must be zero.
In the ferromagnetic state the Rh atoms have a fairly large magnetic moment
(turn ~ 1.0 ug) which must play an important role in the phase transition.

The antiferromagnetic = ferromagnetic phase transition is of first-order
and is associated with a relatively large discontinuous change of the lattice
parameter. In TIig. 14 the temperature dependence of the lattice parameter
measured by Zsorpos [14] is shown. The specimen with 49.6 at. per cent
rhodium was prepared by melting and was quenched in water after 10 hours
annealing at 1000 °C. One can see the hysteresis width to be very small.
In order to illustrate the influence of the inhomogeneities on the shape of the
hysteresis loop the lattice parameter change in a chemically prepared powdered
sample of equiatomic composition was also measured. The results of the
measurements are shown in Fig. 15. One has to note that the shape of the hys-
teresis loop derived from the theory is completely different from that obtained
in the experiment.
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Fig. 14. Lattice parameter versus temperature for FeRh with 49,6 at per cent Bh

Fig. 15. Lattice parameter versus temperature and hysteresis for chemically prepared FeRh
of equiatomic composition
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In accordance with the theory, both transition temperatures
T(AF — F, P)=Ts,,(P) and T(F — AF, P) = Tjy;(P)increase with increasing
pressure and the temperature width of the hysteresis (i.e. the difference
Tsup—Ting) decreases with increasing pressure if the transition in the triple
point is of second-order.

Making use of the results of Section 4 the properties of the magnetic
field induced AF = F transition can be explained very easily. One finds both
transition temperatures T, (H) and Tin(H) as well as the hysteresis width (i.e.
Tsup—Tint) decreasing with increasing magnetic field. The values of the
magnetic field and temperature where the hysteresis disappears can be cal-
culated from the experimental data.

It can also be shown that the transition AF — F induced by external
magnetic field is not reversible above a given temperature. Indeed, we observed
that after switching off the external magnetic field the thermodynamically
unstable F state does not transform into the stable AF one because of the
energy barrier between the minima corresponding to the AF and F phases.

In Section 4 it was shown that the average magnetic moment per atom
suffers a discontinuous change at both transition temperatures T,p, and Tjus.
To observe this change by measuring the temperature dependence of the
sublattice magnetization with the neutron diffraction technique seems to be
very difficult because of the limited sensitivity of this technique. It is well-
known, however, that a small change in the atomic magnetic moment may
produce a fairly large change in the internal field acting on the nucleus. In the
iron-rhodium alloys the temperature dependence of the internal field at the
iron nuclei has been measured by several authors [15] and they found a definite
jump in it at the transition temperature, in good agreement with the theory.

In the preceding Sections we always neglected the influence of the
magnetic behaviour of the rhodium atoms on the phase transition. It would be,
however, a serious mistake to think that the onset of the rhodium moment in
the ferromagnetic phase does not bring about any substantial influence on the
thermodynamics of the phase transition. Now, we do not want to go into the
details of the problem here, but we should like to make a few remarks only.

It is obvious that the Rh atoms may have magnetic moment if the anti-
ferromagnetic structure is not collinear. For instance, the presence of an
external magnetic field induces a deviation of the moments from their anti-
parallel orientation and this results in a magnetic moment of the Rh atoms.
The onset of the moment on Rh atoms will accelerate the AF — F transition.
Indeed, the calculations show the transition temperature to be lower than in
the former case if one takes into account the magnetic properties of the
Rh atoms.

Finally, one should not forget that in a collinear antiferromagnet, where
the average exchange field is zero at the rhodium sites, the actual value of
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this field is never exactly zero but fluctuates about zero. This fluctuating
exchange field produces a fluctuating moment on the rhodium atoms, and in
turn, this will result in a fluctuating deviation of the iron moments from their
antiparallel orientation. If the enhancement of the fluctuations is large enough
the stability of the antiferromagnetic state may disappear, i.e. phase transition
will take place.

In the stable antiferromagnetic state small fluctuations still exist and
if the characteristic decay time of these fluctuations has the same order of
magnitude as the period ofthe Larmor’s precession of the iron nuclear moments,
a line broadening in the Madssbauer spectrum is to be observed. This line
broadening was found by Cser and Keszthelyi [16] in their very recent
measurements. The physical situation is very similar to the Brownian-like
motion; the fluctuating rhodium moment as a stochastic driving force induces
random deviations of the iron moments from their antiparallel orientation.
The details of these calculations will be published elsewhere.
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MATHWTHBIE ®A30BbIE MEPEXOAblI MEPBOIT0 POAA
n. NAn

Pestome

B pa6oTe wuccneposaHbl 06WMe TepMOAMHAMUYECKME CBOWCTBA MArHWTHbIX (as30BbIX
nepexogoB nepsoro poga. C Uenbid OrpaHUYeHMs BO3MOXHbLIX (DU3NYECKUX MOgenein npea-
MOMIOXEHO, YTO MPUYMHON (ha30BOr0 MpeBpalleHns ABASAETCA M3MEeHeHWe 3HakKa BbIpaXeHWus,
COCTOSLLEr0 N3 KOHCTAHT 06MEHHOr0 B3anMOAENCTBUA, YyBCTBUTENbHO 3aBUCALLNX OT MEXaTOM-
HOro pacctosiHuA. lMokasaHo, 4TO (ha3oBOMY Mepexofy NpPenAaTCTBYET 3HepreTUueckuii 6apbep
ynpyroro npovCX0oXAeHWs, KOTOPbIA pasfenseT MUHUMYMbl CBOGOAHOW 3Hepruu, CBA3aHHbIE
C yyacTByHOLWMMN B nepexoje hasamu. MccnefoBaHo BAUSAHWE BHELLUHErO AaBNEHUS W MarHuT-
HOro Nonsf Ha TemnepaTypy nepexofa. B cnyuyae aHTU(EPPOMAarHUTHbIX % (EPPOMarHUTHbLIX
NnepexofoB OnpefeneHa KpuBas COCYLLeCTBOBAHWA B MAOCKOCTU T — P W PacCMOTPeHbI YCN0BUA
CYLLeCTBOBaHUA TPOWHOW TOYKM Ha fuarpamme T—p. BcnefcTBue aHepretuuyeckoro 6apbepa
BO3HMKAeT rucrepesnc B nepexoge. OnpefeneHbl BEPXHAA (Tsup) U HWKHAA (77nf) Temnepatypbl
nepexoja v UX 3aBUCUMOCTb OT BHELLHEro gaBneHus. NokasaHo, Y4TO NpU ONpefeneHHbIX YCno-
BMAX (ha3oBas rpaHmua Ad—® coegmHAeTcs ¢ ¢asoBbiMM rpaHuuamm A® - n - Il n B
NAoCKOCTM T — P 06pasyeTcs TpoOWHas Touka.

VccnefoBaH xapakTep MCYE3HOBEHWS MarHUTHOro mopsigka Ansa 06emx MarHUTHbIX (a3
n q,q)on(a3aHo, 4TO poA (ha3oBOro MNpeBpalleHns MOXET 6biTb pasnnyHbiM B nepexogax ®—|
Ad—

Onpefenanacb KpuBasi COCYLIECTBOBAHUS MIOCKOCTU T— H MeXAy (eppoMarHUTHbLIMU
N aHTU(eppoOMarHUTHbIMK (hasamu. Bblumcnsanacb 3aBUCUMOCTb BEPXHEN W HVDKHER Temnepatyp
npeBpaweHns OT BHELIHEro MarHUTHOro nond. HaligeHo, 4To C BO3pacTaHWeM MarHUTHOro
NoNs pasHuLa Mexay BepxHei u HUXHEN TemnepaTypamu npespalieHuns (T. e. LWKWPUHA TUCTe-
pesnca) yMeHbLUAeTCs, a NP KPUTUYECKOM 3HAYEHUU BHELLHEro Nois 1 TemnepaTypbl CIMBaeTcs
C KpUBOM cocyllecTBOBaHWA. MNpu TemnepaType HMXXe KPUTUUECKOA, MarHUTHOE MoJie He MOXeT
BbI3BaTb MWCTWHHOIO aHTU(EPPOMArHUTHOr0O —> (PeppoOMarHUTHOrO nepexoja NepBOro poja,
T. K. ero feicTene nposBAAeTCA TOMbKO B HenpepbiBHOM MNOBOPOTE CMWHOB B HanpaBieHWUn
BHELLUHEro nons.

OnpefeneHa BeAMYMHa CKayka mapameTpa pelleTKM U HamarHWYeHHOCTU MpU BepxHel
N HWXHEW TemnepaTypax nepexofa v TakXe npu TemnepaTtype cocyliecTBoBaHus. [MokasaHo,
4YTO M3MEHEHWEe JHTPONUKU B Nepexofe Bbl3BaHO ABYMA npuyMHamu. OfHA M3 HWUX CBfA3aHa C
M3MEHeHMeM napameTpa peLleTKu, a Apyras — C W3MEeHeHWeM HamarHuueHHocTw. lMpu onpe-
[eneHHbIX ycnoBusax 06e cOCTaBAfloLWMe MOryT OblTb MO BEAMYMHE OLUHAKOBOro NOPAAKa.
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The isospin properties of the (assumed) millistrong C violation have been investigated.

The consequences ofa Al = 0 and Al - 2 selection rule are discussed for the j —n +n°n~ and
1 — n°e+e~ decays. If the observed charge asymmetry of the rj —»n+n°n~ is realistic, the
Cviolating 3 n final state is mainly an | — 2 eigenstate, produced by a Al — 2 coupling with a

constantg2 cel 10”2 Since the 1 = 0 eigenstate is here very much suppressed by the centrifugal
barrier, the A1 - 0 coupling may be much stronger, e.g. g0 10”1 limited only by the nega-

tive results of the r/ —»n°+e~ experiments. So the Al = 0 dominance of the millistrong C
violation, suggested by the indication |e| :> |e'[ in the K° decays, is by no means in contra-
diction with the observed Al = 2 character of the rj -> n+n°n1~ asymmetry. The importance

of more accurate experiments is emphasized.

1. Possible models of CP violation

The CP violation has been discovered in the decays of the Ku meson
(7TCE —» n +n~, N°n°, env, /xny). Assuming a CPT symmetry, in the case of a
complete phenomenological analysis of the K° system two pieces of information
may be extracted concerning the nature of the CP violation: the complex
parameters e and e'. These are defined as follows:

i f1 1 o i o o o
ZrnL_mS ______ r- — — S—(K \H e |Ky' <.K|HH ------ 1Ky
2 rL TS -
(1)
i, I= 2 «.olIK?°y

Y2 |e'l - Im
. <A, 1=0 vir-i-———-- |K°>

Here H' is the sum of the weak Hamiltonians and of the CP violating Hamil-
tonians, and Ti,s are the masses and life times ofthe neutral mesons. The
actual values of e and B are still uncertain, but according to the most popular
supposition [1]

n=2-10-3> | £]. (2)
* Dedicated to Prof. P. Gombas on his 60th birthday.
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88 A. FRENKEL and G. MARX

(The published experimental data [1] still seem to be in conflict with each other,
so the possibility |e| le’'| is not yet completely excluded.) From Equ. (1) we
can deduce the following alternative conclusions:

I. If the CP violating Hamiltonian is characterized by the strangeness
selection rule AS — 2, then the right-hand side of Equ. (1) may be interpreted
as a first order expression; consequently (/,,,sin0)2£~g. (Here g is the coupling
constant in the CP violating Hamiltonian, fwis the weak coupling constant
and 0 is the Cabibbo angle.) In this case the CP violation is about 104 times
weaker than a second order weak interaction. (Superweak CP violation.)

Il. If AS = 1, one gets AS = 2 on the right-hand side of Equ. (1) as the
result of an interplay between weak and CP violating interactions; consequently
(fwsin6)2e g fwsinQ. In this case the CP violating coupling may be about 1000
times weaker than the weak interaction. (Milliweak CP violation, according
to the nomenclature of L. B. Okun.)

I, 1f AS = 0 for the C violating Hamiltonian, one reads from Equ. (1)
that (fwsin0)2e”~g(fwsm0)2 The C violating coupling is now of the order of
je|~2 «10-3 (Millistrong C violation.)

IV. If AS = 0 but the emission of one photon is associated with the
C violating vertex, this photon must be reabsorbed by a conventional electro-
magnetic interaction, so from Equ. (1) one arrives at the estimate (/wsin0)2e ~
~ eé(fwsin0)2 which may be solved by writing g = e, because e2= 47 «137-1.
(Electromagnetic C violation.)

V. If AS = 1, but the CP violation is associated with the emission of
one photon, Equ. (1) gives (fwsin0)2”eg(fwsm0), which may he solved by
writing g = efwsin0. (Weak electromagnetic CP violation.)

The estimation ofg is evidently only a very approximate one. The values
of e and £ are sensitive not only to the S character hut also to the | character
of the CP violating Hamiltonian. The most interesting possibilities are listed
in Table I. In each column we have indicated the most crucial tests of the
type of CP violation under consideration. The most important implications
are as follows:

a) Very strict restrictions are imposed by the electric dipole moment of
the neutron. By dimensional arguments the electromagnetic model of Cviolation

predicts dnc\fwMn = 10~19 c.mJ A more detailed calculation suggests 10~21
cm in the same model [11]. The millistrong prediction is something like
dn<=%\éfwMn — 10-22 cm. The most recent experimental value is dn= (2 A:

+2)10~23cm [1]. This apparently rules out the possibility of an electromagnetic
C violation with g = e.

b) The experimental upper limit on the C violating decay N — n°e+e~
is [13]

B(?7 n°e+e )= T(r)—=n°e+e ):I(r])< 10 4. (4)
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Table 1

B € e e’ B~ e
n dipole moment

n dipole moment

1*mn+n°n~ o a+n°n~ n-t- n+n°n~

nuclear reaction nuclear reaction

[2, 3, 4] [5, 6]
millistrong C violation

e~ s' e N e e ~ g

n dipole moment ndipole moment
n—on+71°n-~ 71-Mn+nm-

] “m7i°e+e~

N-f n+n°n~

7 -""}'I +N -~y
[10,11]

electromagnetic C violation

1
1/2 312 5/2
e > s° e~ e E E'
[7, 8] [5]
milliweak CP violation
e~ e E~ E' e e'
K —»nny K -rnny
[12]

weak electromagnetic C violation

n dipole moment

n dipole moment

89

©->mn+n°n~

o n+n°n~

any

cSf'

[]

superweak

s S> e

superweak

This is in conflict with the prediction of electromagnetic C violation with

Al = 1
c)

All the decays rj —a3n(If = 0,2), bl =»3n(lj = 1,3), q—=3n(If = 1,3)

violate the Csymmetry. An interference between the C conserving and C violat-
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ing amplitudes can produce a charge asymmetry

A= N(E+ > E_)- N(E_ > E+) 5
WE+ >E )+ N(E_ > E+) ()

which is of the first order in the ratio of the C violating and C conserving
coupling constants (g/G). The most appropriate situation is afforded by the
rf—»a+a°n~ decay, where the background may be (more or less) eliminated
by making use of the small rj width,* and where the C violation is competing
with a C-symmetric, but /-asymmetric transition. As a m atter of fact, from the
analysis of 36800 rj —»a +1°a~ decays an asymmetry

A= (152 + 0.5)% (6)

has been found [14], which differs from zero by three standard deviations.*

d) The different | and S selection rules predict different inequalities (or
approximate equalities) for e and e'. If we accept the result [13] as a realistic
one, only three possibilities of Table I must be kept in mind:

1) Superweak CP violation {AS = 2),
2) Milliweak CP violation (AS = 1,Al
3) Millistrong C violation (AS = 0, Al

B
0).

If we consider the electromagnetic model of C violation as excluded by
the experiments, an rj —»n +1°n1~ charge asymmetry of the order of % or %0
may be given only by the millistrong models Al = 0or Al = 2. The symmetry
properties of the a+a°n~ final state may be visualized on the Dalitz plot
(Fig. 1). The Ni denote the numbers of rj-* n +n°n~ events in the i-th sextant
of the Dalitz domain. The measured values are [14]:

Ny= 1850 Ni = 12419
N, 4931 iV5 = 4723 (7)
N3= 12771 N6= 1824

The asymmetry A is defined according to Equ. (5) as

A = jx+ iV2+ IV 3-iV,-iV5-iVe 8)
+ iV3+ 1V4A+ 1V5+ Ne

and the numbers (7) give the asymmetry value quoted under (6). It has been

emphasized by M. Nauenberg, that in the case of a pure I = 0 final state the

* Recently it has been pointed out by H. Yuta and S. Okubo [15] that in the experi-
ment [14] the asymmetry may be caused by a 10% background effect. This warning must be
taken into account in further experimental work. In our paper we arbitrarily suppose that the
bulk of the asymmetry is due to the Cviolation [1].
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odd-even “sextant asymmetry”

j _ N) —N2+ N3— Nt+ IV5—jV6 )
iVi+ N2-fiV3+ iV4+ iVb+ iV6

is three times bigger than the simple “right-left” asymmetry (Fig. 2). The

experimental values (7) give, however,

Fig. 1 Fig. 2

which seems to be smaller than A given in (6) and is consistent with zero within
one standard deviation. The experimental indication A 7> A (instead of A =
= A/3) suggests that it is notthe 1 =0, but the 1 =2 final state that governs
the € violating transition.

An apparent contradiction arises: both the KE£ —»nn decay and the
1 —y n +n°n~ charge asymmetry can be explained by the tnillistrong model of C
violation, but the experimental indication || j¢'j suggests the Al = 1 version;
the result A A suggests the Al = 2 version of this model. The aim of the
present paper is to present a more detailed discussion of the charge asymmetry
in the A —»n +1°n1~ decay, in order to clarify this discrepancy.

2. The 7]~=>n+n°n decay

In analyzing the r]—n +1°n~ decay we shall write T+, TO, T_ for the
pion kinetic energies, P+, PO, P_ for the pion four momenta. In the rest system
of the r) meson we evidently have:

P++ Pi+ PA= 0,
T++ Tu+ T_= m —3[1= Q.

(We shall denote the masses of the n, j and g mesons by 4, m and M. For
simplicity we shall take /n:m ; M=1:4:5.55 and we shall disregard electro-
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92 A. FRENKEL and G. MARX

magnetic mass splittings.) We shall also make use of the Mandelstam variables
s, t, u which may be expressed in the rest system of the 7 meason as follows:

s=(p+ +p-y=(m—pp—2ml,,
t=(p-+pof =(m—pP—2ml,, (11)
u=(p+ +po)f = (m— pp—2mT_.

The decay may be analyzed conveniently on the Dalitz diagram (Fig. 1). Let
us introduce the Dalitz variables p and @ according to the formulae

T.,_:%(l—%@cos@—ggsin@] .

To=—g*(l+gcos@), (12)

T ——11—— + —
3 1 3 ocos@® 3 osin O] .

In terms of Dalitz variables the decay probability can be written as follows:

In—>na*an) = (4ﬂ>“‘6—02,; l d@J Cdoolde0r  (13)
Jo 0

/3

The 309,—1009%, experimental errors of the measured asymmetries (6) and
(10) make very accurate calculation unnecessary. We put simply R(@) = 1,
allowing an inaccuracy of 209, on the boundary of the Dalitz plot.*

The dominating decay mode is the AT = 1 channel, which canbedescribed
by the C conserving vertex

M= %Gl nr’(an) = G n |wt=n° n— + %n":ﬁ.’z" s (14)

If we had only this coupling among 7 and 3x, the perturbation theory would
give A,(p,0) = G, = const for the invariant amplitude. The observed
n — ata®x~ width [13]

I'(p—>at7°a~) = (0,237 4 0,017) ['(n) = (0,237 + 0,017) (2,3 + 0,5) kev (15)

may be obtained if we put

G,] = 0,32 + 0,04. (16)

* We have checked that the conclusions of the present paper remain unchanged if the
electromagnetic mass differences and the exact boundary of the Dalitz domain are taken into
account. Some figures are of course changed, sometimes by a factor of 2.
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The observed value of I'(r) — n°n°n°) indicates a small 7 =3 impurity
in the final state, hut the corresponding coupling constant is very small and
may be taken to zero within three standard deviations. So in our analysis we
shall disregard the Al = 3 possibility.

The C conserving Al = 1transition amplitude A #g, 0) is influenced by
the final state interactions of the pions. The incomplete knowledge of this
modification is perhaps the weakest point in the analysis of the rj —m3n decay.
The observed enhancement in the lower parts of the Dalitz diagram may be
simply described by a formula linear in TO [17]

Mi(g(0)i= idii W

with
R= - 0,55+ 0,02. (18)

The imaginary part of Ax(qg, 0) can be obtained only from specific assump-
tions concerning the final state interaction. B. Barret et al. [18]have suggested
the following formula:

a s —t

A(e,B . +b + (19)
(e.8) 1 —ia0q(s) D(t)

This takes into account a nn interaction in the | = 0, L = 0 state (described
by the scattering length a0) and a nn interaction in the | = 1, L — 1 state

(described by the g meson pole). Here q(s) = 1/2(s—4/1212 and D(s) comes
from the gpropagator, being D(s)=M2—s—iM _171p)g3(s)/J/fs . The empirical
constants a and b are real if the CPT symmetry holds.

The recent analysis [19] suggests a value

fia0= 0,2. (20)

It is shown in Appendix | that the formula (19) may be well approximated
with a linear expression if we make use of the numerical values (18) and (20).
So we shall use the following expression for the C conserving amplitude:

1-)-8 0
Ax(g,0) = GxelC ) q1COS 2 (21
1+ — 2
4
nth
1/2
X= arctan o S H---__Z__m()_ R ]: 8° 40" 22)
< 3 t H ]
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94 A. FRENKEL and G. MARX

coming from fitting (21) to (19). The possible consequences of the nonlinear
terms in (21) and of the variation of the scattering length a0 are discussed in
Appendix Il.
Let us now turn to the C violating part of the invariant amplitude
A(g, 0) coming from the 1 =0 and 1= 2 final states. B. Barret et al. [18]
have used the following expression:
Amoos s —t o t—m

n
A0f20) + A2q,0) = i + id 23
o0y + AZa 0) = e L D{s) D(Y) D(u) I D{s) #3)

Fig. 3

In the present work we assume that the C violating transitions rf] — ann(1 =
= 0,2) are dominated by the g meson (Fig. 3) and the C violation is due to
the r)gn vertex [4]:

HO= go[eATr-%rj—rRy.n-) + Q(n°» —rjdun®) +

(24)
+ eiC*+8(17?-J?8it7r+)],
H2= g2|~ e~ Y—y,qpﬂ~)+ 29°n1° Yoa°) — (25)
—y9ma+)].
The C symmetric gnn vertex is the known strong interaction
He= Ge[A (n°8'n~ —n~ dBn°) + g°(n~ g,,n+ —n+ 8 n~) + (26)
+ eMn+ 97n° — ne dR s +)].
The observed g width I'(g) = 130+ 20 MeV [13] gives
Ge= 5,6 + 0,4. (27)
The interplay of the couplings (24) and (25) with (26) results in
AQe, 0) + A%e, 0) = i(g0—g2)G t—u ns
e, + e, =i — e
) ) = i(90—g2) M2 s M- t
(28)
S—t . t—wn
+ 1392G
M2- M2—s
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(The real part coming from the g width may be neglected compared with the
imaginary contribution of Ax(g, 0) coming from the final state interactions.)
Comparing the expression (28) with the formula (23) one can see that the
parameters c and d do not simply describe the Al = 0 and Al = 2 transitions,
but are combinations of g0 and g2 In order to avoid any misunderstanding
we shall analyze the r) asymmetry in terms of the pure isospin constants g0
and g2instead of the usual ¢ and d.

By performing a power expansionaccording to the new variables " +0>_=
=3Q~1T+i0r_—1 (see Appendix I) and by introducing the small centrifugal
barrier parameter

13
K = mQ 2 mQ = 0,054, (29)
M2- (m—/n2+
one arrives at the formula
. Ko sin 0
A (e,0) + A2e,0) —i6 f3Gn g + (80— g2)k3gssin 30 + ...
1+ 2kgcosO

which may be written in the more convenient form

AQg,0) + A29,0) = i6[3 [g2"+ *303sin 0 —g2krg2sin 20 +
+ goU4 B3sin 30 + 0(A9].

(30)

We have now everything ready to construct the theoretical distribution on
the Dalitz circle. Let us calculate the O distribution f(0) up to first powers
of g0/GX + /A ancl tip to /c3. Evidently,

m =~ — i \A{Q,0)+ AQ0g, 0) + A2p, 0)\2gdg.
G\n Jo
By substituting the formulae (21) and (30) one gets the following expression:
)—+ 1
2nf(0) = 1 - BcosO - — /R2cos 20\ +
4 3 4
24 ¥3sin a Gn K Rk2 K3 .
12 10 sin 0
it+4a O
I kB k2 k3B | k3R
20 + 31
8 4 12J @ 12 (31)
k2R K3
+ & . , sin30 + g0 "~ sin40 + 0(A4)}=
él b . g 12 AA}

= 2n xncos n0 + ynsin n0
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96 A. FRENKEL and G. MARX

The charge asymmetry is given by the sin nQ terms. The asymmetry
parameters, defined in (8) and (9) may he obtained from/(0):

1
A=-N[A0)-/(-6>)]<*0=-4
JO
Ivrl3 r2ni3

a=-\ [/(o)-9a - 0)de+ [/(8) -9 - 0)]de -
Jo Jn/3

N= — 16 ¥3sin a s 2/8 . 3 (32)

go+g2|—
5n: il + — /? 12 Cx

_ 16 13 sin a
n= T 3g, (33)

51 1+ — @ oL
4

Substituting the numerical values quoted in Equs. (16), (18), (22), (27)
and (29), we have, finally,

A
n

7-10"* (g, + 1720 g2), (34)
7 ¢10~4(390+ 15g2). (35)

For simplicity we take the sign of the product —GyGf'sina as positive. If it
turns out to he negative, we have to change the sign of go and of g2

Remembering that the centrifugal barrier parameter K introduced in
Equ. (29) is small, we arrive at the following conclusions:

a) In the case of a pure Al — 0 charge asymmetry (i.e. with g2 =

one would have A = 3/1. The sextant asymmetry A was originally introduced
by M. Nauenberg [16] merely as a good tool to demonstrate the presence of
a pure ZIl — 0 asymmetry in the ) —=n+n°2~ decay. However, one cannot
live with a pure Al = 0 C violation: radiative corrections introduce a Al = 1
and a Al = 2 impurity necessarily, and from Equ. (34) we see that in A the
contribution of the Al = 2 channel will dominate even if p2* ~ 0/137. The
experimental indication A > A then becomes understandable. Let us also
remark that to reproduce the observed order of magnitude for the A asymmetry
with g2 — 0 one has to take go~20. Such a strong C violating g coupling
would lead to very large charge asymmetries in many strong and electromagnetic
transitions, where the centrifugal harrier effect, specific for the rj —m, +n°n-
decay, is absent. Thus we conclude that we are forced to reject the g2 — 0
solution.
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b) If 2”70, the situation becomes more involved. The first thing to
is that the experimental value zJz*zIO-2 can be reproduced if g2~10-2, which
is a reasonable “millistrong” value. At the same time go may be zero, but this
is by no means a necessity. Equ. (34) clearly shows that even if g0~100 g2
the contribution of go will be practically undetectable in A. Let us also look
at the sextant asymmetry A. It is important to remark that while in A the
coefficient of g2 is almost entirely given by the constant 5k2z”*1700; in A this
coefficient depends also on R, i.e. it is sensitive to the energy dependence of
the C conserving matrix element. In Appendix Il we show that the value of
this coefficient is also influenced by the small quadratic term of the C conserv-
ing matrix element, neglected in the formulae given in the text. Thus, the
contribution of g2 to A cannot be firmly established, and the calculated value
“15” in Equ. (35) canbeused only for orientation. It just shows that with
g2r10-2 go< 10092 Aisexpected to be much smaller than zl, a result which
is fully consistent with the measured value A = (0.44+ 0.5)%.

The basic experimental information zdz*lO“2 and A +> A givenin Equs.
(6) and (10) are just at the limit of statistical significance. It would be of great
importance to ascertain these experimental results. Indeed, let us suppose
that the solution |e] > [e'| holds for the decays. Then the CP violation
may be superweak (zIS=2) or millistrong (ZIS= 0), but in the Ky decays this
can no longer be decided. The experiment crux may then be the ff —n+1°n~
decay. If the value A"10-2turns out to be realistic,* then the CP violation is
millistrong. We have just seen that the results A*"10~2 A +>zl are fully

compatible with |e| le*|, since the dominance of the Al = 2 channel in the
fi =% n +n°n~ decay does not necessarily mean that g2 g0. The possibility
go 5>g2 is also open, due to the strong damping of the Al = 0 channel by the

centrifugal barrier effect.

Let us point out that useful supplementary information on the mecha-
nism of the C violation in the rj-* n +n°n~ decay can be extracted from the
study of the partial asymmetry parameters AX, A2, As. These parameters have
also been considered by M. Nauenberg for the pure Al = 0 case. They are
defined as follows (see Fig. 1):

AL MooNeNS Ly Na- o)

Nx+ Ne N2+ N5 N3+ N4

Starting from our distribution function/(0) givenin Equ. (31), the theo-
retical expressions for these asymmetry parameters can be easily calculated.
The comparison with the experimental values taken from (7) are presented in
Table Il. We see that the available experimental data on the partial asym-

*See footnote on page 90.
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Table 11
T H E 0 R Y
22 linear approximation
gg experiment PP
17
ES (7 .= 2 9= g.= 25g,= 0.3075
g i= o = 0.0124 gs= 0.0123
(lg.+ 292?: 22 > 0.4) (jgo+ 2g2/ = 0.0248 < 0.4) (lg.+292] = 0.33 < 0.4)
10s A 152+ 5 15.2 15.2 15.2
Ne A 4.4+ 5 45.6 0.13 0.82
103A1  7.06 + 16 60.8 15.3 16
103At 216 =9 — 48 24 22.3
1034, 139 + 6.4 39.5 9.6 10.1
T H E o R Y

>5 : .

=9 i quadratic approximation

== experiment

= [17] N

> g»= 355 go= 0 g,= 25gi= 0.3125

g3 g2=" g,= 0.0126 g,= 0.0125

('£o+t% 2] = 355 > 0.4) (lg.+ 2ga|= 0.0252 < 0.4) (Jg.+?*.r= 0.34 < 0.4)

103 A 152+ 5 15.2 15.2 15.2
i03A 44+ 5 64.5 —041 0.16
1034 706+ 16 56 10.4 108
103A, 216+ 9 —79 23.4 22.4
I03A3 139+ 6.4 52.5 10.2 10.6
metries — with the large statistical errors taken into account — support our

conclusions, based on the study ofthe A and A parameters alone. The influence
of the quadratic energy terms in the C conserving matrix element on the partial
asymmetries is discussed in Appendix IlI.

Let us conclude this discussion with the remark that the data available
on the 7j —n +n°n~ charge asymmetry do not give an effective upper limit
for the coupling constant go. As noted above, such a limit may come from C
violating effects in strong or electromagnetic processes. It turns out that the
working limit is given by the 71 —mn-e+e~ decay, which we shall discuss shortly.

3. The 71-t-n°e+e decay

It had already been emphasized in 1965 [20], that the millistrong model
of the C violation predicted a strict correlation between the branching ratio of
the 7i —“My-e+e~ decay and the charge asymmetry in the r;, = 2 +n°n~ decay,
if the Q pole dominance was assumed in both reactions. In the light of the
accurate upper limit (4) it looks worthwhile to reinvestigate this question.
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In the g dominance model (Fig. 4) we can express the rj — n°e+e~ decay
probability in terms of the coupling constants go and g2 If the g—Yy coupling
is given by / = eG*"1 we have [18]:

F(r]-> e+ e~) = 42eV | i (37)

B(t] -> noe+ e~) = W, ->7Te+e~):I(r]) = 2+10"s(g°+ 2ga Y. (38)
' G3 1

Fig. 4

We can express go and g2 through A and A using the equations (32) and
(33). Introducing these expressions into (38) we see that B is independent of
Gr Using the known numerical values of the other parameters, we get

B(rj —7i°e+ e~) = 132 (A — 0,00525 Af. (39)

The experimental limit quoted in Equ. (4) puts the restriction
\A — 0,00525 -Al < 10-3 (40)
on the charge asymmetries A and A. Consequently (4) and (6) predict A to be
smaller than 10~3. This is a much more stringent restriction than the experi-
mental limit (10). It must be emphasized that the uncertainty of the “15”
value of formula (35) influences only the “0.00525” on the left hand side of

Eq. (40), and this uncertainty does not seriously affect the restriction on A.
If we are ready to use the rj width quoted in (15), formula (38) gives

\ga+ 292/ = 40 [B(V-* e+e-)Y» (41)
and using the limit (4) we get

igu+2g2<0,4. (42)
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It can now be seen that g2 is restricted by the rj —=n-+1°1~ result (6)
due to formula (34); go on the other hand is restricted by formula (42) much
more severely than by the result (10) through formula (35). All these relations
are visualized in Fig. 5. It can be seen that the experimental limits 1% < A <
2% (one standard deviation), 0 < 4 < 1% (one standard deviation) and B <
1 0 allow essentially the following possibilities:

—01<g0<+ 04; 0,008<g2<0,016. (43)

If we use the more liberal limits 0.5% <CA <2.5% (two standard deviations),
B < 2 ¢10~4 (the value given by Bazin et al. [21] with 90% confidence)
the possibilities are wider:*

—0,6 <gn< +0,6 ; 0,004< g2<0,02 ; (44)

the experimental A value does not give any further restriction if taken with
two standard deviations.

Let us note at this point that in the rj — n°e+e~ decay a Al = 1 C
violating rjccm coupling may interfere with the Al = 0 and Al = 2 couplings.
The Al — 1 type of C violation is discussed briefly in Appendix III.

We now turn to Table Il, where the experimental values of the A, A, Av

A2 and Az asymmetry parameters are compared with those calculated for some
specific choices of the g0, g2 coupling constants. For simplicity we have always
chosen g0 and g2 to reproduce the observed mean value 1.52% of the A asym-
metry parameter. It can be seen from Table Il that the possibility g2 = 0
contradicts both the r) —mn°e+e~ limit (given in parenthesis at the top of
each column), and the measured value of the other asymmetry parameters.
On the other hand, the cases g2 0 are seen to be in agreement with the
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71 —»n +n°n~ results, and up to go*30 g2 also with the 71 —wn°B+e~ limit.
We have seen from Fig. 5 that if A is also allowed to change, then g,,~50 Q2
(one standard deviation for A) and even go~100 g2 (two standard deviations
for A) is possible. This means that the measured C violating effects in the
71 —mn +n°n~ decays allow a pure Al = 2 C violation which is millistrong
indeed, being

&: = 5¢10-3. (45)

In this case an |e|*|e'J solution would be expected in KE£ decays. A more
interesting possibility is offered by the solution go g2 In this case a com-
paratively strong isosymmetric C violation (g0) is accompanied by a much
weaker isospin asymmetric C violation (g2). The latter may perhaps be inter-
preted as an electromagnetic correction to the isosymmetric C violation. In this
case the |e| le'| property of the ICE decay can be explained by the dominance
of the isosymmetric C violation. In the 7}—mn +n°n~ decay the Al = 0trans-
ition isvery much suppressed by the centrifugal barrier (dr*1O -3 is predicted),
and as a radiative correction the Al = 2 transition appears in the right-left
asymmetry A "10~2

An interesting possibility (not yet understood) is provided by the following
choice:

i n 10 gn
go= Gi=e= 0,3; -25-<e9< ----- —
* Let us mention that in the electromagnetic model of C violation [21] Equ. (4) gives
the restriction g0 < O.le from which A < 0.17% follows, in contradiction with the experi-

mental result (6).
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This reproduces the observed values of I'(r) —»n1 +1°n~) and of the five asym-
metry parameters, respects the rj —mn°e+e~ limit and explains I B> [¢'| at
the same time.

The “big g0” possibility implies come problems. First, one has to find
out howgO£70.1 leadsto |e] = 2 «10-3. Second, one has to check whether the
big coupling constant is compatible with the restrictive upper limit 4 « 10~23
cm of the neutron dipole moment or not. Third, one has to look for processes
where a go > 0.1 coupling can manifest itself directly. E.g. (@+ —»n H)):
m >10 3is predicted. NN annihilation may also be sensitive to a big g0.
Up to now the lowest limit for go is given by the rj —n°e+e~ experiment.
It would be desirable to improve the accuracy of this experiment, which offers
the best method of testing the Al = 0 model.

Finally let us formulate the important negative conclusion that the
available experimental data on the rj —mn +n°n~ charge asymmetry and on
the j — n°e+8~ limit do not contain any serious restriction for the |e| : |e|
ratio.

Appendix |I. The C allowed rj-+n+n°n decay

We shall now establish the numerical values of the real constants a and
b in the C conserving matrix element Av which we rewrite from Eq. (19):

. Ss—u s—t
Ai = ) + b r
1a0q(s) D(t) D(u)

.m jVv)
MYs

1.1
e(s)=— fs —4/12, D(s) = M2-
2

The ratio b : a will be determined by the experimentally established energy
dependence of the j — n +n°n~ decay [17], and then Ja| will he found from
the known I(r) —»n +n°n~) width. The imaginary part of the D(s) function is
less then 3%, of the real part, and will be neglected. For the nn scattering
length ao we shall use the numerical value aoji — 0.2 [19]. The influence of
the variation ofaOon the asymmetry formulae will be discussed in Appendix I1.
In [17] 7170 rj —»n +n°n~ decays were used to find the energy dependence
of a purely phenomenological C conserving rj —mn +1°n~ matrix element M,
defined as follows:
M= 1+BYn+ yYz2+ OY+Y _. (1.2)

The dimensionless energy variables Y are related to the kinetic energies of the
pions in the following manner:

y+liOr= | r +i0r-i. (1.3)
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In terms of the polar coordinates g, 0 of the Dalitz plot the Y-s read:

Yo= qgcos O , Y+ = -——-—2— g(cos 0 £ ¥3sin0). (1.4)

These variables are commonly used because it is expected that the non linear
terms turn then up with small coefficients in the amplitude M.

The matrix element M is introduced in [17] only for the study of the
energy dependence, and its normalization and overall phase are arbitrary.
This means that our matrix element Axmay be written as follows:

Ai= hM, (1.5)

where h is a complex number, independent of the energies of the pions. Let
us put Az into the form (1.5). The second term in A1 is easily expanded into
power series of the Y-s:

s—u fyY--Y Y+ _y°

+
M2- t (1+kY+ 1+kY-~ (1.6

= -6 kYo- 48(Y2+ 2Y+Y_) + 0(k3;

[Ais the centrifugal barrier parameter, defined in (29)]. In the first term of Ar
the function q(s) cannot be conveniently expanded. A fairly good approxima-
tion to it is provided by a parabola, fitted to the points gmex = 1.12 fi, q0=
= 0.765 /1 and smi, = 0. These values corresponds to YOmin= —1, YO= 0
and Y Omax = 0.875, respectively. In this approximation we have

q(s) = q(Y0) = (0,765 - 0,629 YO- 0,274Y2p. (.7)
W riting now
.1 ! 1 + ia,q(s)), (1.8)
1 —iaoq(s) I + agc2(s)

and expanding the first factor into power series of Y and using (1.7) in the
second, we find from (1.6) and (1.8) the desired expression for A X

I 1+ ia°?) (! + N + yYIl + dY+Y ), (1.9)
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where
BR=E —Fao[a0,48 - iF 0,629 - 6— fe(l — iagqO0),
a
y = E2— EFa(fi 0,48 — Falju0,189 —

- iF(E 0,629 + 0,247) - 4— F(1 —iauq0),
a

a— —8-— U 1—iag,); (110
a
al Ofi aOfi
E= Q
«01S 1+ W&
» (1-11)
30= 9(~ = 0)= |N-W 2 - _ 2 = 0,765[3
4 3 4

Let us now remind the reader that in [17] the authors used several working
assumptions to find the coefficients B, y, 6 in (1.2). Namely, they tried to fit
the experimental energy distribution with: a) y = 6 = 0, § arbitrary complex
number b) B,y and & arbitrary real numbers and c¢) B, y and Sarbitrary complex
numbers. It turned out that only the real part of 8 = Bx iz had a stable
value in all cases:

ft = — 0,55 + 0,02, (1.12)

the mean values of all the other coefficients change violently from case to case,
and owing to their very large statistical errors are always consistent with zero.

Taking into account this state of affairs, we shall use only the value of
ft in our calculation. From (1.10) and (1.12) we have

E — FagMo,48 — 6 k—b = ft = — 0,55. (1.13)

With aQA= 0.2 we find

— = 165 . (1.14)
a

Introducing these values of ao and of b/a into (1.10) and then into (1.9),
we arrive at the desired result:

= p—— (1+ i01153)[L+ (- 0,55- i0,037) Y+
1,023
(1.15)

+ (- 0,028 - i0,053) ¥Y» + (—0,0416 + i0,0063) Y+Y_].
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We see that I/I-J is much bigger than the other coefficients. This result is con-
sistent with, but does not follow from the experimental analysis [17]. If we

keep only B = Bx — —0.55 and introduce the notation
GjeH .
12 . | (1 -f-iaoqO), (1.16)
l+ 'Bl 1 05q

we arrive at the matrix element, given in Equ.(21).The value of |a| i.e. the
value of IGJ, is then found from the I(r\ —»n +1°n~) width [see Equ. (16)]:

[n=031: 1G "0 ~. (1.17)

Appendix 11

The asymmetry parameters of the 171 +n°n~ decay in the quadratic
approximation

In 82 we neglected the imaginary part ofthe Y oterm and all the quadratic
energy terms of the C conserving matrix element (1.9). We have also chosen a
value for the nn scattering length (a0 = 0.2 /i-1) which, even if it is correct,
may be too low to describe the 1 = o final state interaction in the whole
physical domain 4/x2 < s < (m — fi)2= 9/r2 of the nn system.

Below we shall investigate the effect of the neglected terms and of the
variation of ao on the charge asymmetry parameters of the rj —mn +n°n~ decay.
We shall see that no dramatic changes are produced if those terms are taken
into account and if ao goes up to I/i-1. This justifies a posteriori the use of
the simplified element (21). Admittedly, these results are model dependent.
Nevertheless, they illustrate the influence of a possible 10% complexity and
non-linearity of the C conserving matrix element on the calculated values of
the charge asymmetry parameters.

The full amplitude of the ¥ —mn +n°n~ decay is given by the expression

+ (Ao+ A2 = Ac+ AQ, (IT-1)

where Ax= Acisthe Cconserving matrix element (1.1) or (1-9), and*40o+ Aa=
= ACQvis the Cviolating matrix element givenin Equ. (30). Let us denote the
real and the imaginary part of A by A” and A(I\ respectively. We also
introduce the cumulative notation & for the asymmetry parameters A, A, AX,
A2, Az defined in Equs. (8) (9) and (36). The general expression for 6 is easily
seen to be

j'sdOC JFdQQApia, 0) A<ct&0)
IT-2
Je  fo@dQe(\Ac(Qo )21AGH, 0)D) (-2
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where the symbols and mean:

(11.3)

and

Let us first discuss the integral
A oe)dcAMQ,0)A A Qo).

We again neglect the very small contribution of the g width. Then we find:

a o
AS$ = Im . —a o4
1—1iaaq 1+ allz2 (N .4)
:a—ft»—(l + clYO+ caYg+ ),
1+ alga
where

= £ —0,82

cX 82, .5)

c2= £2-0,82 £ — 0,357.

For the definition of £ and Qo see Equ. (1.11).
Let us remark that the dependence of Cj and c2 on ao is weak. Indeed,

if alg = 0.2, then Cl= —0.794, c2- —0.377,
if alu= 0.6, then C = —0.623, c2= —0.46,
and if g = 1» then o o c2= —0.525.

Now the ratio of the contribution of the C violating coupling constants go
and g2to the asymmetry parameters is determined by the product

(1 -f cIYO+ 2Y*)A& (11.6)

and we may expect that the ratio g2:go is only weakly influenced by a 500%
change in ao.
The coefficients eq and c2 can also be written in the form

R* Y.
G — Ri + 4 @=v ’ (n.7)
aodo «090
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with B = Bx-f- iR2, y = yl -f- iy2 defined in Appendix I. The linear approxima-
tion used in 82 with aly = 0.2 corresponds to the substitution of cx — —0.55
instead of @*= —0.794 and of c2= 0 instead of c2c = —0.377.

From (11.4) and (30) we find in the R(0) = 1 approximation™*

| don = 6\3aGg -o unsin n(), (\n.8)
‘o 1~bao% n—
where
3 a, K2 chNs
5 10 28
K2 1 K K3 Cj fel
3 [ A S\ S, 32 c2 ]
M — &2 €1 +
s 4 2 4 6 12 © 90
cka |, 1 f K K3 CZQ
Vi g2 ——o) (11.9)
10 2 15 7 14
c2k2 N Cj /ca
0
o0 TP 0
c2fci
5=
« go 28

Letus now look atthe denominatorin Equ. (11.2). The contribution of |ACo|2is
very small in comparison with that of |Ac|2 and can be neglected. This means
that the denominator does not influence the ratio of the contribution ofgo and
g2to the asymmetry parameters, but only modifies their common multiplicative
factor. This allows us to use the linear approximation for A¢ in the integral
of the denominator. A straightforward calculation leads to the formulae

2% + m
A 12 ¥3 aoq0”
JLa1+JL
2 4
2
12 13 aoqo " 1
a M fiv A
2 4
1
e " A U3 ==mmv é--u4H----ib-u5
e
- (11.10)
a JLi1+|L)+A + aY3

6 1 4 y3 32

See footnote on page 92.
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W W
3
4 — 1213 aoqh)-
. - RB\n
5 U HE; 16
SUid_ m
8 10 5
4 — 123 ao _
1+ ] Bi 1
3 ~ 32
Let us denote by an asymmetry parameter in the linear approximation
(cx= —0.55, c2= 0) and the same parameter in the quadratic approximation

by 6(d With adu = 0.2 we get the following numerical results (if a0Ge/a <C 0):

4'> = 7-10-4 [g0+ i740fe], A«>= 7-10=4[0,62g0+ 1720 ft],

N®= 7+10=4[3g0+ 15,3ft], Jli))= 7-10-« [2,6ft-470 & ],

4«)= 7.10-°[4ft+ 1760ft], /)= 7.10=4[2,259go+1180 ft],

4«)= 7.10-°[-3,29,+2760ft], 4«)= 7-10"4[-3,2ft+ 264097, (1-11)
4«>=7.10-*[2,6ft+1100ft], 4 9= 7+10-4[2,1690+ 1160g2];

4 14
7+10=4= 12 p a oQob -
a

T 15
]
We see (I1.11) and also from Table 1Y and Fig. 6, that the quadratic
approximation — perhaps only fortuitously — makes the agreement with the

experiment better and favours the big g0:g2 ratio, if we respect the experi-
mental indication sign A = sign A.

Appendix 111
The zIl = 1 way of C violation

In clarifying the isospin properties of the C violating millistrong Hamil-
tonian undoubtedly the rj —»n +n°n~ asymmetry is the most convenient tool,
because the C violation is competing only with an | forbidden C conserving
transition. The C violation is, however, restricted to the Al = 0 and Al = 2
channels. To learn something about the other isospin possibilities Al — 1 and
3 is a much more difficult task. In principle any charge asymmetry in the
fty —mn +n°n~ decay would prove a C violation with Al = 1 or 3, but the C
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violation is competing here with a C conserving strong interaction (Al = 0),
so the predicted value of the asymmetry is rather small. The centrifugal
situation effects are more favourable than in the a)— n+n°n~ decay, but
owing to the high Q value this help is not too effective. The larger 10 width
makes the elimination of the background more difficult. So one cannot expect
any information from o before we collect statistics about 100 or 1000 times
bigger than now available.

The Al — 3 way of C violation has already been analyzed in detail [6].
That possibility does not look very interesting because it predicts |e| le'],
and this is contradicted by the n~ P v asymmetry experiments. We
shall now discuss the Al = 1 case to some extent.

CP violation with CPT symmetry means a violation of the time reversal
invariance. The upper limit on the violation of the detailed balance is 4 « 10~3
in the .nuclear reactions 24Mg(d, p)2BMg and 24Mg(x, p)2Z7Al [22]. This is not
enough to prove or exclude the millistrong C violation in the reaction channel
Al=0, because the Cviolation is competing here with the isosymmetric strong
interaction. A more favourable situation may be expected in those nuclear
reactions which are pure AIl=\ transitions. (The Cviolation is competing here
with a coupling 22137). The main difficulty in observing the reversibility of
Al = 1 transitions is the follwing: the isospin in the ground state of stable
J3= 0 nuclei is always 1 = o, so it looks difficult to find a 0~ 1 transition,
which can he observed in both directions with sufficient accuracy. (The nuclear
reaction experiments are, on the other hand, sensitive only to long range
interactions.)

Possibly the best way to put an upper limit on the C violating vertex
with Al=1 is just the 7] = sa:°e+e~ decay. A possible way for this transition
is through the o pole (Fig. 4, with @ instead of the g meson).

By assuming a C violation of the type

Hi= K V — Vamn©),
we arrive at the following form of the A —>n°e+e~ width:

r(r)->n°e+e=) = 0,47keV[(g, + 29 /e+ gl/J 2. (1. 1)

Here/p is the p —my coupling constant, which is usually taken to befe= eGe =
= 0.05. fa, is the co— y coupling, which is about 0.1 [20].
The upper limit (4) now gives the restriction

fo+ 202 gi <0,4. (1. 2)
fe
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We now have two possibilities: 1f g0O= 0, g2 and gx may be expected in the
“millistrong” range 10-2— 10~3 and consequently, (I11. 2) is fulfilled. If gO0is
the dominating coupling constant of C violation and g15g2 are only “radiative
corrections”, (I11. 2) is essentially a limitation on g0, and the g2 gj terms are
negligible.
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COXNDU BN

H
moeE-Acrdve

MUNNNCUNNBHOE HAPYLWEHWE C CUMMETPUN U PACIMAL n ME3OHA
A. ®PEHKE/Ib n I'. MAPKC

Pesome

PaccmaTpuBaloTCS WM30CNUHOBbLIE CBOWCTBA (MpeAnofsiaraeMoro) MWANUCUIBHOIO Hapy-
weHnsa C yéTtHocTn. O6ecyxgatoTca npaBuna otéopa ¢ Al =0 un A1 = 2 gna /“ma*n°n~ n
ons 1 —- n°e*e~ pacnagoB. Ecnu Habnogyaemas 3apsagoBas aCUMMETpPUS B 1) “ma*n°ar pac-
naje BO3HMKaeT 3a CYET HapylweHns C YETHOCTU, TO B KOHEYHOM COCTOSIHUW 3n, HapyLlawoLllem
C, npeobnafaet KOMMOHEHT C | - 2, NOPOXAEHHbIV Mepexoom n\ = 2 ¢ KOHCTaHTHON CBA3W
g2ci- 10-2. Tak kak coctosHue 31 ¢ | — 0 OKa3blBaeTCA OYeHb CUbHO MNOAABMEHHBLIM LEHTPU-
(yranbHbiM 6apbepoM, cBsidb ¢ 41 = 0 MOXeT ObiTb MHOFO CUNbHee, Hanpumep go > 10-1,
OFpaHWYeHHOW NULb OTpMUATENIbHbIM Pe3yNnbTaTOM 3KCNEPUMEHTOB MO A -. n°e+e~ pacnajgy.
Moatomy npeo6nagaHue nepexoga ¢ Al = 0 B Hapywatowmx C 4éTHoCTb pacnagax K° me3oHa,
BblpaXXeHHOE COOTHOLWeHMeM |e| 8 |e'|, OTHIOAb He MpOTMBOPeYMT Habnogaemomy npeobnaja-
HMO nepexoja ¢ 41 = 2 B A n*n°n~ acummeTpuun. B paboTe noauvépkuBaeTcs BaXKHOCTb
BbIMNOMIHEHUA 60/1ee TOUYHbIX 3KCMEPUMEHTOB.
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After the definitions of density operators (82), the concept of single particle states is
defined via the pure states of the first order reduced density operators (83). Then the concepts
of the NSO’s and NSG’s, as well as expansions in their terms are treated (84). Furthermore,
Kiang's variational approach is discussed and improved (85). Finally, cluster expansions
of the JT-particle density operators are obtained in terms of the first order reduced density
operators in various cases.

§ 1. Introduction

The independent particle model is the most familiar approximation for
treating many-particle systems. It was originally suggested by its validity for
perfect systems with completely separable Hamiltonian. However, for real
many-particle systems where owing to the interactions of the particles the
collective behaviour of the system is more dominant and characteristic it is
clear that the independent particle model loses its validity. Nevertheless it
can be accepted if the “bare” particles and the concept of the “bare particle
states” are replaced by way of some kind of renormalization processes (such
as those of Hartree—Fock or Brueckner) by the so-called “dressed” particles
or “dressed particle states”. But, in these very familiar cases too, it is a priori
not quite evident that (a) individual or single particle states exist at all;
(b) how they are related to the classical concept of particles; and (c) in which
way the correlation problems of the particles have to be formulated.

Bearing in mind this antagonism between the fundamental ideas of the
collective and independent particle models, the remarkable successes of the
independent particle models mostly based on the methods of pseudo-potentials
— more recently summarized and improved by Professor Gombas in his
excellent monograph [1] — suggest once more a reinvestigation ofits theoretical
background in terms of the new methods that have appeared recently in the
theory of many-body (fermion) systems.

The methods mentioned — notably, the methods of density operators
and cluster expansions including the most important information about the

* Dedicated to Prof. P. Gombas on his 60th birthday.
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collective behaviours of the systems — are, strictly speaking, not new at all,
but interest has again focused on them and they have helped in making
remarkable progress in this important field.

It can be hoped that they will be of help also in replacing the a posteriori
justification of the validity of the independent particle model by a direct one.
Tous the aim of the present series of papers is to simplify the conceptual
background of the problems investigated, to find a compromise in certain
hotly discussed questions and to obtain a clear insight into the ideas involved.
Improved mathematical tools are used which are related to simple and natural
physical concepts and some relationships are brought out which may be useful
in making further improvements.

In this first part after the definitions of the density operators and the
brief summary of their fundamental properties needed in the following argu-
mentation (§2), the concept of single particle states is defined via the pure
states of the first order reduced density operator (§3). Then, the concepts
of the natural spin orbitals and geminals, as well as expansions in their terms
are treated (§4), furthermore Kiane’s variational approach is discussed and
improved (§5). Finally, cluster expansions of the N-particle density operator
are obtained in terms of the first order reduced density operators in different
cases.

§ 2. The definitions of density operators and their most
fundamental properties

It seems that in looking for a consistent method of finding an approxi-
mation method in terms of particle states one has to use the method of density
operators, where in the case of Hamiltonians with two-body interactions the
expectation values of any important observable can be obtained in terms of the
so-called one and two particle reduced density operators alone.

The density or as it is sometimes also called: statistical operator and in a
certain representation mostly in co-ordinate representation the density matrix,
respectively, were introduced by voN NeEumANN [2, 3] and by Dirac [4] to
describe statistical concepts in quantum physics. Their first version is more
common in the case of statistical mechanics, i.e., inthe case of many, practically
infinite degrees of freedom; the second version rather in quantum chemistry,
i.e., for atomic and molecular systems with limited degrees of freedom.

The theory of density operators and its applications has been investigated
in detail from very different aspects by several authors. The existence of general
references [5—8], and of more recent special investigations which have been
focused on the problems: (a) how far and under which condition the wave
function of the many particle systems can be replaced by the one and two
particle density matrices alone [9—12]; (b) what kind of collective problems
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of the system’s behaviour can be explained [13—19]; (c¢) in what manner the
usual variational method could be reformulated in terms of density matrices
[20], etc., makes any extended discussion of the previous results unnecessary
and we recall only the salient facts partly in terms of new arguments.

Having in mind atomic and molecular systems with limited degrees of
freedom we start with Dirac’s definition of the density operator. Since in this
case the number of electrons does not change during the discussion it may be
specified implicitly and for a system of N particles in a state with thenormalized
wave function ¥* the density matrix D of the system and the pth order reduced
density matrix D;, — the so-called p-matrix —, respectively, may be regarded
as an integral operator with kernels:

D fo ,...,X1,.--x'N)"4 /(xt,...,xN)4/* (*[,..-X'N) (2.1)

and
Mp(n™, eem Xp; Xi,eee, Xp)
J FEAxp) YA, e, Xn ) ¥*  (x1lee09xp ?Xp+i, oM 22

where each co-ordinate Xi of the “configurational space” is a combination of
the space co-ordinates r, and spin-coordinate s, ofthe particles considered. The

integration with respect to the Lebesgue—Stieltjes measure dxp+x ... dxN
indicates an integration over the co-ordinates fp+1? ..., ror and a summation
over the dichotomic spin-variables sp+i, . . ., in the case of spin-half particles

(e.g., for systems of electrons).

Independently of any particular representation let us characterize a
definite state of the system by the normalized J97) being an element of the
abstract Hilbert space This means that the state vector in coordinate
representation introduced above is an element

yI{xl,...,xN) = {xN,....x-"F)I (2.3)

of the Hilbert space of the square integrable functions over the IV-particle
configuration space {xx ... xN}

In a definite state — i.e., using von Neumann’sterms: in a pure state —
of the system considered, the density operator D is the projector of the corres-
ponding subspace of the abstract Hilbert space ie.,

D = |y/><¥/| (2.4)
being an idempotent operator

D2= D, (2.5)
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and the expectation value of any dynamical quantity A can be obtained as
<A> = tr {AD}, (2.6)

where trM indicates the trace (i.e., the sum of the diagonal elements) of a
matrix M.
The most important properties of D can be summarized as follows:
(1) The condition that <A> has to be real for every Hermitian operator A,
requires D to be Hermitian too,

D= D+. (2.7)

(2) Keeping in mind that the unit operator 1 has the mean value 1,
requires

tr{D}=1I. (2.8)

(3) The condition that every operator with non-negative spectrum has
non-negative mean value, requires D to be positive definite, i.e., every diagonal
element <nID InY must be non-negative

<n|D|n>"0. (2.9)
(4) Owing to Equs. (2.8) and (2.9) it is easy to prove that
tr{D*}"1, (2.10)

which limits the value of every single element of the density matrix. The
equality holds only for pure states.

§ 3. The definition of single particle states

In order to find anatural definition ofsingle particle states ofaniV-particle
system we use the concept of pure states which are not only of importance in
density matrix theory, but also are adequate to the classical ideas in the
background of the independent particle model. We recall the argument which
Coleman [11] used to prove that it is sufficient to deal with pure states to
solve the iV-representability problem for a p-matrix.

The set of all IV-particle density matrices {1)g>} is identical with the set
& N of positive Hermitian operators of unit trace on the Hilbert space of anti-

symmetric 1V-particle functions. The set is convex and its extreme elements
are the pure states in the case of which is idempotent. The IV-particle
state introduced above indicated by a single state vector is, of course, a
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pure state and the corresponding JV-particle density operator D is idempotent.
Therefore, D is an extreme element of the set = {D"}-

For fermions, the set consists of all positive Hermitian operators of
unit trace on the space of antisymmetric p-particle functions. W hereas, the
set of all Djv coincides with <i*v, the set of {Dp}is a proper subsetof which
we denote by <Sfip”. It consists of those positive operators of unit trace on the
Hilbert space of the antisymmetric p-particle functions which are p-matrices
derived from the iV-particle pure state with the state vector Ofcourse,

is a convex subset of too, and its extreme elements are the p-matrices
Dp* being also idempotent and they indicate pure states, as well. In accordance
with Krein—Milman’s theorem which asserts that a compact convex set is
determined by its extreme elements, our p-matrix Dp can be set up in terms
of the pure states p-matrices in the form

Dp= 2 ™D «, (2°W2= 1) (3.1)

where wp-s are again the statistical weights of the pure states. This means
that the Dp is, in general, no longer in a pure state, |[Dp1l (jDp1, but is in a
mixed state being a superposition of pure states Dp/.

For ifp = 1, D: means the one-particle reduced density operator which
is in a mixed state of the one-particle pure states

D3=24Di'->, (A= 1). (3.2)
]

Bearing in mind that Dr and consequently also D" -s corresponding to pure
states, are deduced from the iV-particle density operator D, they include all
the information which follows from the collective behaviour of the system
considered. Equ. (3.2) is nothing else but the spectral resolution of the operator
Dxand the operators D( are the projectors of its eigenstates which are usually
denoted as the natural spin-orbitals, NSO’s [9].

The NSO’s as the eigenstates of the one-particle reduced density matrix
are connected, on the one hand, to a single particle degree of freedom of the
iV-particle systems; on the other, they are uniquely determined by Krein—
Milman’s theorem. In fact, they can be interpreted as the single particle states
of the iV-particle system looked for, including all information about the
collective behaviour of the real system needed.

8 4. Natural expansions of the state vector

Suppose that we have an iV-particle quantum system in a bound state
1*?), with norm unity. If the system is imagined to consist of two parts each
withp and N—pparticles, having respectively 3 fP and X q as their complete
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state vector spaces, then the original abstract Hilbert space can be formed as a
complete tensor product space, 3 f=3?P®3i?q. l.e., if [P>C<5TP and |Q}C.3fq
are arbitrary unit vectors, and {|P,)>} and {|()y)} are complete orthonormal
bases in P and 3Z*Q, respectively, {\PiQj)} is a complete orthonormal basis
of 3? with \PiQj)= \Pj)\Qi) = |éy>|Pi>, so that, e.g.,

0 = 2IJ c[Pi; Qj] IPi Q> ®[Pt;Qj] = <QjP,\P», (4.1)

where it seems desirable to emphasize by the notation that the coefficients
c\Pi\Qj\ are functionals of the state vectors |Pi) and |Qj), respectively.
Let us consider the mappings 3ifg— 3i?P and 3 ifP—m g, realized by

<Ne > = 2 «[ft; Pj]\Pj>> (4.2)

Z|b [P ]-Q\Qi\

<Pj\P>
with
a[Q,; Pj] = <Q Pj\PY, D[Pj;Qt] = <P;Q [P>. (4.3)

It is easy to check the theorems:

Theorem 1. The coefficients a[Qt; Pj] and 6[P,; Qj] generating the mapp-
ings (4.2) 3 qinto 3 p and & p into 31q, respectively, are

(a) symmetrical anti-linear functionals of |)/)> and jPj):

a[Qr, Pj] = a[Pj;(?.];  b[Pj;<?] = b[Qt;Pj], (4.4)
(b) they are equivalent and the relation
a[Q,iPj] = b[PjiQ,] (4.5)
remains valid for any linear combination of the vectors |C)> and |Py), e.g.,
afai|<1>+ a2!(?r); Bi[4\> + Bil-P2)] ~ b[R1Pi) + /2]["2) ?ai [QU "b x2
Of course, the relations
2 m 2j\F])<Ff|\- ip <4-6)
are the resolution of the unit operators in 3 g and 3 P, respectively.

Let us introduce the reduced operators

Dp 2 <Ne><m> =2 IPj>A f <P/ (4.7)
i 1y

Acta Physica Academiae Scicntiarum Hunearicae 27, 1969



THEORY OF FERMION DENSITY OPERATORS

with
np - 2i *[Qi; Pj] «*[ft; Pf\; (4.8)
and
Dgll2" = 2 1ft) =&« (4.9)
with I "

4P - 2j b[Pj; ft] 6*[Py; ft-] = 21 «[ft ;-Py] «*[(?, ; PY], (4.W)

respectively, where the relations (4.2) and (4.5) were used. On the one hand,
owing to the Hermitian character of the matrices Ap) and Ap)

A)p* = Aft and /ip>* = Aft, (4.11)

i.e., their diagonal elements are real. On the other hand owing to the fact that
the norm of the state vector W') is unity:

AW\W) = 2 <m-> <ftlP> = 2 kft;Py]2= 1, (4.12)
: ;

both Hermitian operators Dp and Dq have unit traces:
ir{Dp}=1 and <r{Dg¢}=I. (4.13)

Theorem 2. There existorthonormal basissystems, {|¢,)} in o fg and
{ip,->} in 3ifp, respectively, such that

«[?i ;Py] = ciaij (4.14)

and the mappings (4.2) may be replaced by

<4ylO = ¢|p,->, (4.15)

with ¢-= <9,p,|9/>.
<PiiP> = cki),
Indeed, for an arbitrary orthonormal basis system {jpi)}€<"% the state
vector jil/)Cc”’ can be expanded in the form
I'P/ *= 2« [p/; Q\PIQj> = 2(2e[p/;ft]|(?y>)|p/> = 2 "&/|gi>|pf>.
1 | ] i
The vectors |g,) of the set {|g,>} are independent and they can be normalized

to unity, but they are not necessarily orthogonal. However, for an adequate
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{\p,)}Cc%*p the set {|g,-)} can be replaced by means of the Gram—Schmidt
procedure by an orthonormal one so that

"> = 2ci\giPiy (4.16)
I

and, thus, the statement (4.14) is proved.

The vectors |g=> are linear expressions of the vectors of the set {|g,->},
but, owing to Theorem 1/b., if according to (4.14) a[g,-; pt] is replaced by
do6ij then b[pj;qi] = Cidij, too, for the given orthonormal basis {[p,) P.
Indeed,

<pNe> :,-2 =4 (ptiny :,-2 \4jXPi\ <oy =
= 2j i/Xpitk/) g = ck(Y »

This means that there exist such orthonormal bases { } in 3I?Pand (1?/)}
in Q that the mappings (4.16) are fulfilled for i = 1,2,... and, thus, the
proof of the theorem is completed.

The orthonormal set of vectors {|piy}*"’pis the set of eigenstates of the
operator Dp i.e., the NSO’s in eft?P

DP|P/> = b\pi> witb b = |c/|2. (4-17)
Then
Theorem 3. (Carlson and Keller) If the set of vectors {[p/)}&"TP are the
NSO’s of P, i.e., the eigenstates of the p-matrix Dp corresponding to the
eigenvalues /» = |c,]2 then in S fqthe eigenvalues of the g-matrix D( are also
A-and the corresponding eigenstates {|g,>} are the NSO’s in %7q.
Indeed, by the definitions (4.7) and (4.9) and from Equs. (4.15)

Dp = I2 (gipPXSPIif) = 2 IP.yb <p,\, (4.18)

D, = 2" <pity<Mp,y = 2 |®>b <9/1 (4.19)
I I

which are just the spectral resolutions of the operators Dp and D,j, respectively,
with the elementary projectors and |g,><g,|.

Theorem' ;4. There exists such a partially isometric operator Spq =
= AI ,|pi><g,j of 3? that

Spa SpQ =Ip and SpQSpg = Iq
and, from this point of view, Dp and Dqare unitarily equivalent:

— W e S£¢ Dp SpQ= D,. (4.20)
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This statement can be proved easily and it is another formulation of
Carlson—Keller’s theorem mentioned previously by Kiang [20], although he
did not go into the precise details.

It is easy to see that the operator Dp in co-ordinate representation is

just the p-matrix D(xx .. xp;Xx[, ..., xp) defined by Equ. (2.2).
In order to simplify the writing let us introduce the notations Xxp=
= {xt .-, Xp}, Xg= 0o, XIVEH N {xpioxq) ~ (xgxp\*Yu Pi{xp) =

and _’g,.(*,, = <*|g->, then
A(XpLxQ)— i cl (Xgxp\Pi?2;) - ci<xp\Pi) <*12/> " _ WPi(xp) Q{xq) e+ (4.21)

As Coleman [11] pointed out Carlson—Keller’s theorem was previously
discovered by Schmidt and formulated in the following way:

Theorem 5. (Schmidt) Given a square integrable function y>(xp, xQ
suppose that for u < v, f(xp) with 1 <li <[ u and gy(x9with 1 j<L v are
linearly independent square integrable functions, then the minimum

mi2- 2 I\Ci\z

of
A=\T(xpxQ- 2 AuM xp)s](xy)[2
ij

where Aij are arbitrary complex numbers, is obtained if we put

.. Cr 1 J <l n
Aij = .
0, J>u

and choose

fi (xp) = Pi (xpmw= i (Xg) = 4i (xQ) »

where p,(xp) and q,(xq) indicate the first 1 NSO’s.

The proof of this important theorem can also be found, e.g., in Coleman’s
paper [11].

In other words, the best least-square approximation as a sum of uv
products of the form f,(xp)gi{xq) is Ji£ ciPi(x pCh(x q)-

So far the symmetry properties of ip(xp, Xg) have not been used. It is,
however, well-known and on the basis of its definition it can be easily checked
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that for bosons and fermions there is a unique /»-matrix associated with a given
system. We shall investigate the fermion case below.

From (4.12) and Theorem 5 it follows that, except possibly on a set of
measure zero, in accordance with (4.21), setting p= 1 and = N-— 1,
we have

*) =2 app (*i) a\N-X) (*,) (4-22)
with

¢, QN-(xg) = j dxxpf> (%) W{xx xq) . (4.23)

Theorem 6. (Coleman) Any function x(xi) ® 0 belonging to the zero space

of the operator on i.e., being orthogonal to all theW — NSO’s,
is orthogonal to g®N~1\x ), too.
Indeed, by (4.22)

0o = i2 Gg\N O(xg) J dxxX* {xjpb (%) = j dxx9%" (*i) T(xx x2 x3,..., xN) =

= —Jd*ix* (*i)~(x2 X3 xN)= —

||

=~ 2i CiPP J dx1X*

(XV X3\||’ XN)
for all Q and pY\x2), therefore
J dx1X* (*i) g/N 1> (*i, *3 eemxN) = 0, (4.24)
qu. e. d.
Corollary. Since Equ. (4.24) is valid for any fixed x3, ... X
gfN~1\x 2, x3, ..., Xx) can be expanded in terms ofpY\x2), i.e.,

¢, gn-0 (X2..., xN) = 2 Cijp'p (X2 g”-V (x3,..., xN) .
|

Therefore, by induction it can immediately be obtained that

4/(x1,...,xN)= 2 cklki.ksp™> (*i)pjg (x2...p§ (xN), (4.25)

fc.fcj.- fejf
or in the language of the abstract Hilbert space formalism

1 2 cKk.k\P$pfi...piyy. (4.26)

In the factor-space of the rth particle one has to define the
particle density operator in the form

Dw= 2;|p£)>**r<pf)l (4.27)
K
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with the NSO’s jp[r™> or in co-ordinate representation the first order reduced
density matrix

Dt (V-5 xr) — \dxM...dxr—dxre”. .. dxfrj ,Xr,mme, X * P (Xj,eee, X1, -, ,XN)

with its eigenfunctions pj*(xr). Owing to the unitary equivalence of the opera-
tors D(r) and D(s) in respect of the partially isometric operator

S() - 2i' [p!r)> <p )\

Sirs) DWS(re)=D W ,

one does not have to distinguish the eigenvalues of D<) for the different
r=1,2,.. N.

It is remarkable that the first-order eigenvalues are non-negative and
bounded above by I/N, i.e.,

0O< hr< ~ - (4.28)

The proof is straightforward and can be found in [9] and in papers dealing
with the problem of the iV-respresentability (e.g. [10,11]).

The set of the NSO’s {|p/*>} is complete orthonormal set in
where the zero-space of the operator D”r> defined on . This means,
however, that if the state vector (Y) con’aidered is expanded in terms of the

NSO’s, asin Equ. (4.26), only thesubspace ® of X is needed. As a
=1

consequence, one has to take into account that, of course, for each state

vector [i7) of the system a special subspace of is given. In fact, one has to

be careful if the usual perturbation problems of the system are investigated

in terms of the density operator technique.

A selection of N indices kikz .. .k” will in the following be called a
configuration and in order to simplify the writing it will be abbreviated by
K = {fcjfc2. .. kN}. Similarly, the notation \pkY = Ipi'V/.-feeeP"Y will be
introduced for the product of the NSO’s. Finally, if the rth index is absent in
the configuration it will be denoted by

K[r] = {kv .. Av_jkr+1...kN}, jp,fW> = 1Ip*. - pC-V PIXV- m-pNe)

and analogously K[rs] = {Ag...kr_ikr+1 ... fes_ifes+l ... kN} etc. Using this
new notation (4.26) can be replaced by

in= 2K 4 [Pk> e (4.29)
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The iV-particle density operator is thus given by
D = ’%IN PMY cm cfi <Pn\e (4-30)
Since, owing to the orthonormality of the |pm) ‘s

YPM\PuY ~ AMN = NMmi Arrnrl@rrany » (4.31)

the square of D can easily be calculated:

D2= 2 IPMY cn c*n<Pn\Pr>crc| <ps|= 2 IPMY cmlcn|2C] <pS].
MNRS MNS

However, owing to the unit norm of |W) it holds that

<?T> = 2" <Pm\c*mcN\pNy = % bl 2= 1 (4.32)

so, finally,
D2 = %/IS PmY cMc*(Ps\= D (4-33)

is obtained as was expected. Similarly
tr{D} = 2 <Pr|P A <Pn|P/?> = = 1. 4-34
{D} = 2 <PrlPm)cm ch<Pn| - (4-34)
Furthermore, having its definition (4.7) in mind,
D<> trgpf{D}= 2 <PKUXAPKW> =
K]
= .2 I P[\p¥LP M [r]? Cm,M["\c*N[r] / PI\N'[r] ph}\PI<[r] = 2 i ‘p\nr) 4)Vr;n, \Pfi?l
MNKI 1] mmr
(4.35)
with

4i;nr = K2_ ] CnK[r] CorK[r] — > (4.36)

where the abbreviation means cmi[l]= Gd-,iC InrkrH...k,,i etc. However, the set
{[pf)} is the set of the eigenvectors of D(r). Therefore,

oM N>= W 1>;

Ciy =2 Pr>A"nr<pW > =7 1% \piy =AK

since

and
h = 2m a% <p\n\pfly = 48 - é[r] \clKir]e, (4.37)
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and by (4.35) we have
N% = <jPyr> |D JPir>>= 4, <p)r\p\ny = Af <57, (4.38)

the important relation
2 CkH cxW = & kiKb# (4.39)
K[r] KI[r]

is obtained.
We observed that, indeed,

*{DW} = 2 F- ~ [cK= 1, (4.40)
i K

but
ir{D(r2}= tr{2 \piy>h <p\\W > h (Wl =2 4< 1 (4.41)
ij t

as was expected. Namely, the one-particle state is a mixed one in the N-particle
pure state.

Finally, it seems to be worth-while to set up the structural properties of
the two-particle reduced density operator, the 2-operator. It is defined by

D<rs>[H trAnS(D) = 2 <Pkbl\Pm> cM N (p N\pK[rs}> =
MNKI[rs]
2 Ipttpii>A%U-,nm.<P%P%\ (4-42)
mrmenrns
with
*
mTBﬂﬂ - P%S] cmrmsKrs; cnrn, K rs; /l@'l«;TlTbl (4-43)
The eigenstates of the 2-operator are usually called natural spin-gemi-
nals (in the following NSG’s). Let them be denoted by and the cor-
responding eigenvalues of by yv, then the spectral resolution of is
given as
D(s)= 2 |glrs)>y,, <girs)l (4.44)

The NSG’s |g(rs»> are defined in the complete tensor-product space
{"f9)e N M}® ;0 and they can be expanded interms ofthe basis
{\pPpfy} as follows

lgirs)>= 2gb\p\npj)>- (4.45)
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By the definitions (4.43) and (4.44), the relation

<p\9JpVID<) \p4?pf> = 2, <p\9A n\girs)>n <glrs)\ppp\'y>=

- gklVvgk’l' = "-k'V (4.46)
and, owing to Equs. (4.42) and (4.43),

Vo - <girs):D<rs)lg( s> = Ki <SS\PkNPP> LW, ' <PP PP\girg>=

ki

= (4-47)
kIkT

may be obtained, by w'hich the connections between the eigenvalues yv and
the eigenmatrix are explicitly given.

8 5. Remarks on Kiang’s variational approach

Let us consider again our system of equations (4.15) getting a special
mapping between P and g. It was proved in Theoiem 2that orthonormal
basis systems { gand {[pn}£<a" pexist which are solutions of Equs. (4.15).
Furthermore, it was shown by means of Carlson and Keller’s Theorem 3 that
they are exactly the corresponding eigenstates of D, and Dp, respectively.

Essentially, the same system of equations was obtained by Kiang [20]
in the form

<#'> = OPx<
<p|»F> = Cg>, G

based on the requirement that the functional
(qpI'T'} <WApq) = ligplTHi2 (5.2)

has to be stationary.

This stationary condition may be denoted as the “principle of maximum
overlap”. Apparently, Kiang did not observe that these principles are solely
a special case of Schmidt’s Theorem 5 for n = 1. Indeed, the condition
<(¢p[l)>]2= maximum isequivalent to the condition [J17 — c!p?)||2= minimum.

In order to determine the eigenstates of D9and Dp based on this variational
principle Kiang assumed the existence of the solutions c, jg> and |p,> for
i= 1,2,... As a corollary of Theorem 2 the existence of such solutions is
proved, as mentioned above.
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In reverse: due to Theorems 2, 3and 5 the solutions of Equs. (4.15) make
the functional (5.2) stationary.

Another point should be emphasized, too. Kiang has not observed that
the solutions and {\pi')}""~fP are complete orthonormal basis
systems only in the subspaces 0 fg®© and P© p\ respectively. As
a matter of fact, just this is the reason while the variational approach and
the iteration method proposed by Kiang is only adequate to determine the
highest NSO’s in the case of a given ji7). However, this resolution of the sys-
tem state vector in terms of the maximal NSO’s is a very interesting and
remarkable result obtained by Kiang.

In order to improve the above statements to a certain extent let us
consider again the expansion (4.29) of the state vector in terms of NSO’s:

YPY = K ck \Pk ) e (5-3)

In fact, in our case |IP> is antisymmetric. This means that ckis antisymmetric
in its indices K = (kv ... kjv}. If one introduces the ordered configuration
X= {Aq, ... KM} with kx<Zkz <C...<[ K" instead of K, Equ. (5.3) can be
written in the form [9]

h> = X exVm an |pjj>... pg)>, (5.4)

where the operator AN denotes the antisymmetrizer

an:4!-2p(-1)p (5°5)

with summation over all permutations of the particle indices bearing in mind
the convention that odd permutations have to be taken with negative and
even ones with positive sign. This means that Equ. (5.4) is the expansion of
*7) in terms of the Slater determinants of the NSO’s, and

c»= <pNo---p% \+» Ll \V>. (5.6)
Primas [21] pointed out that, owing to the theorem of Schmidt— Golomb [23],

if |cx|2= maximum and the orbitals fulfil the relations

<pNoe mmP |y Pty mmmNetO = G \w\ pV>, (5.7)
then

\&>= INITAN[pA...pA>> (5.8)
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is a uniquely determined optimal Slater-determinant, the so-called Brueckner
determinant. It will be proved in the next paragraph that the first highest
NSO’s fulfil condition (5.7), i.e., they are exactly the Brueckner orbitals.
8 6. Cluster expansions of the density operator
Now, let us investigate the resolution of D in terms of the one-particle
density operators, essentially, using the method of the cluster expansion sug-

gested by Primas [21].
Consider the idempotent operator

- % Pa g \PkX P \— — \PkX P |\+K%b \PKX P 1\—

<EXQFK + ?(I\_/K+L = |4 + Ind* (6-1)
which is a unit super-operator* in respect to D. Indeed,
{D}g*2 PkiI{D}- 2 ’tr(P*LD}PKL= D, (6.2)
owing to the fact that

A{IPIX P KkIV} = 2 <Pr\Pm>cMCn (Pn\Pr> = cKoctl. (6.3)
RM N

If we introduce the notation
D= % IPm)|cm[2<Pm| + Ngol\pmy M on (Prr| — 6d + Dnda  (6-4)

B 1 [ B T PR PR I

Since, by (6.2) for

D] =210l =il e | @

* A super-operator is a function with the operator algebra of all operators as its domain

and range. Any one-electron super-operator can be represented by P {X}= tr {P+X} P for
all operators X where P is a certain Hermitian one-electron operator of the dynamical system
considered.
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and, also, the identity

pK - kX pk\- 7_? \p$><ptt\ = 7_|7 [°O+ (W <4°1- D()] (6-7)

holds, the remarkable resolution of

= 2 IkRI/7 D(@r) + J* (pfc’><pfc>l - D(,)77 D()+
K | n=1 ritn

|
Ir=

"e n#mM

+ (Ne > <»&1 - D) (Ip E?> <p£2l - D (m) 77 D@+ '"l (6-8)

can be obtained. But owing to the definitions (4.29) and (4.42) and to Equ.
(4.40), we have the resolution of Dd as follows:

Dd= 77 D>+ — J? (Djfm)— D@D@M)WJI DO+ ... . (6.9)

r=1 2! n™"m ‘i¥=n,m

It is straightforward, even if it is to a certain extent tedious, to prove that
the super-operator PK "{D/id} obtains the terms D~ m* etc. at the resolution
of D.

Owing to the Pauli principle the density operator has to be antisymmetric
in the sense:

D = An{D} = An DAn, (6.10)
where AN is the antisymmetrizer in Equ. (5.5).

Thus, the resolution of D in terms of the one-particle density operators
can be obtained as follows

D=Ay f/ Ds>j+ — ~ c<™>71y DM -|—— £ E£@ml) 77 D<n)+-
r=1 2 nrm r*rn,m 3! nuy-nirl rAn,m,l
(6.11)
with the cluster operators

£(nm) def jj(nm) __ J)(n) jj(m) (6.12)

where, e.g., A2{Cnr} is related to the two-particle correlation operator of the
electrons, which will be discussed in the next part of this investigation.

We can get another useful way of expanding the density operator in
terms of one-particle density operators. Let us consider the first N highest
eigenstates of the one- and two-particle density operators etc., and introduce
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the set of truncated operators

DBo)=2 K< . fy=2 MePu<e @)

Then, taking into account that the summation over the configuration K =
= {kr, k2 ..., kN} is not truncated, we have, e.g.,

=2 k120 ik +W> %- Rip=

= JJ D>+ 2 (D<° - BGD)T 1R<r> + (6.14)
r=1 =1 rgn

_ DN)DM —D@®DM —DMDM)mI[£ D(r>

ToT rgn.T

If the notations

M) -g(n) Lv5 jymm _ g(hm) j_vnm, (6.15)

are introduced, one obtains easily that

D= AV [To« + — 2 (cem+ vem3 /1 Dar>+..}  (6.16)

[r=1 2! r#n,m

where the cluster operators

C(m>= D('m) — D () D(m) (6.17)

are related to the correlation electrons in the ground states corresponding to
the first highest NSO’s and y'm\>determines the correlations via excited states.

It is remarkable that the first order cluster operators corresponding to
the single particle excitations are absent in both cluster expansions (6.11)
and (6.16); i.e.

ir#r {Pfe D} = XkI>kr (Pfa= INe> (p£\). (6.18)

In this way the statment at the end of 8 that the NSO’s are just the
Brueckner orbitals is proved. This problem, as well as the problems connected
with the correlation between the electrons in terms of the cluster operators
will also be discussed in the next part of this investigation in more detail.
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Finally, let us still mention that if the higher order cluster terms Cm\
C(hk), . . . are absent, i.e., if the system of the N electrons is a perfect one, the
well known result [9]:

D(x1; X[) ... D(x1; xN)
Dj*;.. XNy = (6.19)
D(xn ; X[)...D(xn; xN)

and a similar expression in the case of the truncated first order reduced density
operators are obtained.
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O TEOPUW OMEPATOPOB MJOTHOCTW ®EPMMNOHOB 1

OMPEAENEHWNE OLHOYACTWYHbLI Y COCTOAHNM 1N KNUYCTEPHOE PA3/IOXEHWE
OMEPATOPOB MJIOTHOCTK

A. N. XOPBAT u W. K. AbEMAHT

Pe3ome

Mocne onpegeneHns onepaTopoB MNAOTHOCTM (§82) BblpabaTbiBaeTCA MOHATWE MPOCTbIX
4aCTUYHbIX COCTOSHWIA Ha OCHOBE YMCTbIX COCTOSHUIA MpPUBEAEHHbIX OMepaTopoB MNAOTHOCTU
nepeoro nopsgka (8 3). Aanee paccmatpmBaetcsa noHATre NSO n NSQ u pa3noXeHus No HUM
(8 4). OnckyTupyeTca M pa3BuBaeTca Aanblle BapuayuMoHHoe npubnwmxeHne Kwuavra (5 §).
HakoHel, B pa3fiMyHbIX Cay4vasx [aloTCA KNacTepHble PasnoXeHWs onepaTopoB MIOTHOCTU
N-yacTul, No NpMBeAeHHbIM OonepaTopam MAOTHOCTU MepBOro MOpsAKa.
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BERECHNUNGEN DER ZUSTANDE 1sns'zf DES
WASSERSTOFFMOLEKULS AUF GRUND DER METHODE
DER KORRELATIONSMASSIGEN MOLEKULBAHNEN*

Von

F. Berencz
INSTITUT FUR THEORETISCHE PHYSIK, JOZSEF ATTILA UNIVERSITAT, SZEGED

(Eingegangen: 13. 1. 1969)

Es wurde die Elektronenenergie des Zustandes Is2s 'Eg des Wasserstoffmolekiils auf
Grund der Methode der korrelationsméssigen Molekilbahnen berechnet. Es wurde weiterhin
festgestellt, dass durch die Erweiterung der Eigenfunktion durch den Korrelationsfaktor,
nur dann eine wesentliche Energiekorrektion entsteht, wenn dort gar keine Korrelation der
Elektronen vorhanden war.

Einleitung

Aus den physikalischen Experimenten ist es wohlbekannt, dass das
W asserstoffmolekiil zweierlei angeregte Zustdnde hat. Im ersten Zustand ist
das eine Elektron im Grundzustand und das andere in angeregtem Zustand;
dann gibt es auch solche angeregten Zustdnde, in welchen sich beide Elektro-
nen in angeregtem Zustande befinden.

Im Falle des Wasserstoffmolekils wurden Uber die Energie der ange-
regten Zustdnde viele Berechnungen durchgefuhrt. Schon ganz frih, einige
Jahre danach, dass die Schrédinger’sche Gleichung angegeben wurde, konnte
man Uber Untersuchungen der angeregten Zustdnde des Wasserstoffmolekils
bei Guillemin und Zener [1], bei Present [2] und bei James, Coolidge und
Present [3] lesen.

Der erste Teil der genauen Berechnungen der angeregten Zustdnde des
W asserstoffmolekils wurde mit Funktionen, dargestellt in elliptischen Koor-
dinaten, durchgefihrt. Auf Grund solcher Funktionen wurde die Energie des
niedrigsten angeregten Zustandes 32/ des W asserstoffmolekiils von Coolidge
und James [4], die Energien der niedrigsten angeregten Zustdnde hz*
und 3Zu von Kotos und Roothaan [5], die Energie des angeregten Zustandes
IZg von Davidson [6], und die Energien der angeregten Zustinde XhZA",
b¥y, Ciny und BhZ” von Kotos und Wolniewicz [7] berechnet.

Der zweite Teil der genauen Berechnungen der angeregten Zustdnde des
W asserstoffmolekiils wurden mit einfachen Bahn-Funktionen durchgefihrt.
Phillipson und Mulliken [8] berechneten auf Grund solcher Funktionen

* Herrn Prof. Dr. P. Gombas zum 60. Geburtstag gewidmet.
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die niedrigsten angeregten Zustdnde v und 3su , Berencz [9] den angereg-
ten Zustand ‘g und Browne [10] die angeregten Zustdnde 11w 3Tlg, Y70,
Ng dadyias, » .

Der dritte Teil der genauen Berechnungen der angeregten Zustdnde des
W asserstoffmolekils wurde mit solchen Wellenfunktionen durchgefihrt,
die durch Bildung der Linearkombinationen solcher Atomfunktionen entstehen,
die auf den Mittelpunkt der Kernverbindungslinie zentriert sind. Auf Grund
solcher Wellenfunktionen wurden die angeregten Zustdnde des W asserstoffmo-
lekiuls von Huzinage [11], Tamassy-Lentei [12], Taylor [13] und Kato,
Hayes und Duncan [14] berechnet.

Zung und Duncan [15] verdffentlichten auch Berechnungen des ange-
regten Zustandes des Wasserstoffmolekils, die denen von Phillipson und
MuLUKEN ahnlich sind, aber diese Verfasser verwendeten ortho-normierten
Molekulbahnen.

Zum Schluss missen noch die Verfasser Rothenberg und Davidson
[16] erwdhnt werden, die die natiirlichen Bahnen der angeregten Zusténde
127", ,ine, 1JU 1Ag, Eg, 27,, AIY 3Jg, 3Ag des Wasserstoffmolekils an-
gegeben haben.

In einer friheren Arbeit des Verfassers [17] wurde untersucht, wie die
Bertcksichtigung des Korrelationsfaktors (1 -|- pr12 die Berechnungen des
Grundzustandes des Wasserstoffmolekils beeinflusst. In dieser Arbeit werden
die friheren Untersuchungen auf die Berechnungen der Zust&nde lIsnshz”
ausgedehnt. Mit diesen Berechnungen vermehrt sich die Zahl der bekannten
Molekilintegrale zwischen Is® und ns-Elektronen in grossem Masse.

Die Rechenmethode

Zur Bestimmung von Zustandsfunktionen fur die Zustdnde 1snshzZy
(n 2) des W asserstoffmolekills wird es angenommen, dass sie ihren Ursprung
aus einer Bahn-Konfiguration nehmen, in welcher sich das erste Elektron im
Grundzustand und das zweite Elektron in angeregtem Zustand befindet. Im
Falle n = 2 babg¢n die Molekilbahnen der einzelnen Elektronen die folgende
Gestalt;

12i = (ISA+.1SB)IV2(I+SI), 1)
2ag= (2SA+ 2SB)If2(l + S2), @)

WO
Si = <iSA\iSB),  i— 1,2. 3)

Die Wasserstoffeigenfunktionen der ns-Zustdnde werden durch den folgenden
Zusammenhang geliefert:

1
ns(r) "a2in exp Rn(r), (4)
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WO

_ n—1 (n—1)(e—2)

Ra(n) =1 11 21 21 31 ©)
Die Zustandsfunktion ist das antisymmetrische Produkt der einzelnen

log und 2ag Molekilbahnen, durch den Korrelationsfaktor (1 -f- pru) erwei-

tert.

sss= 1°g(l) 2<92) 1+ pri2) (axB2  x2Rx) m (6)

Die Elektronenenergie wird dann auf Grund des folgenden Zusammenhanges
berechnet:
fw

(?)
wo

H = (8)

Die Resultate der Berechnungen

Mit der korrelationsméssigen Molekiulbahn (6) ergab sich hei R = 1.95
a.u. Kernabstand fir die Elektronenenergie des angeregten Zustandes Is2sli™’
des Wasserstoffmolekils der Wert 0,70221 a.u. In einer friheren Arbeit des
Verfassers [9] wurde dieselbe Energie auf Grund der (6) &hnlichen Molekul-
bahn mit einem Resultat von 0,68086 a.u. fiir die Elektronenenergie berechnet.
Die Erweiterung der Molekilbahn durch den Korrelationsfaktor (1 -j- pri2)
gibt also eine Energiekorrektion mit dem Wert von 0,02135 a.u.. Dieselbe
Korrektion hat bei der Berechnung der Elektronenenergie des Grundzustandes
des Wasserstoffmolekils den Wert 0,02352 a.u., wie man sich davon aus der
Arbeit von Frost und Braunstein [18] liberzeugen kann. Da die zwei Ener-
giekorrektionen grdssenordnungsmassig gleich sind, kann es auch bei den
Berechnungen der angeregten Zustdnde festgestellt werden, dass mit der Er-
weiterung der Eigenfunktion durch den Korrelationsfaktor (1 -f-prl12 nur
dann eine wesentliche Energiekorrektion entsteht, wenn dort gar keine Korre-
lation der Elektronen vorhanden war.

Ich danke auch an dieser Stelle Fraulein A. Boldizsar flir die Hilfe, die sie mir mit der
Vornahme der numerischen Rechnungen geboten hat.
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Anhang
Bei der Berechnung der Elektronenergie mussten mehrere Molekil-

Integrale bestimmt werden, die in der Literatur bisher noch nicht vorge-
kommen sind. Diese seien folgendermassen bezeichnet:

I(ix,B,y, 6, i,j, K, m,n) = — JJlexp (— ooral —RBrbl) X
X exp (—yra2—o6rk) ral rbl re2r& drxdr2.
Bei der Berechnung der Integrale wird die Methode von Kotani [19] und seiner

M itarbeiter benutzt. Unsere Integrale wurden mit Hilfe der folgenden Hilfs-
integrale ausgedrickt:

N(a) = e-*» undfx,
Bn(R) = e~Rvvndv,

c;(/,R) = £) Pfr,) e»'<*1(1 - r?)-'2dvt,

H(i, a; K, B) = J“J” e~ad e~ [n[/I' Q[i+) X
XN — 1) {/4— 1YRdft

Die neuen Integrale kdnnen in vier Gruppen davon abh&ngend eingeteilt
werden, dass die Exponentialfunktionen die folgenden Gestalten haben:

exP (— 2al)exP ( Ta2),
ral - Tb)exp(— ra2,

2 ral) exp 1 1 rbg\];>
2 2 1

) i1 1
rai —rb\)e x p -———r02-
I 2

Wegen der grossen Zahl der Molekilintegrale werden aus jeder Gruppe
nur einige mitgeteilt:

1(2,0,1,0,0,0,0,0,1) =

" fio 4 A2, R & (0, R) Gg 0, Ry +3(°) + 5(5) + 7(°)+ 9(°) +

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



BERECHNUNGEN DER ZUSTANDE Uns >£i DES WASSERSTOFFMOLEKULS 135

LU 2014, 680, NM)Cy 0,-R  + 3p)+ 3 —7(0) + 9(g) +
+ |_|_|| 2, n; 2,AR Gg(2, R) G° 0,~R\ + 3(°)+ 5(@)+ 7(g)+ 9(°) +
+ w 2,Ri2 y|G§(0,A)GE 2 ,A | + 3()+ 5@+ 7(g) + 9(°)

2A°13,01:3, A Goh M Gy, -, 60)- 1) - 149 - 180)
S2tf° 2,M1;2,A | Gg(0,R) Ggfo, A | _ 10(g)- 10(g) - 14(g) - 18(g) +
+ A sl[2,4:2,A |CLO, )Gy > 40 )+>K (,\
A0 [4;0,A0 Ggo,Meg e A] _ 30 _ 50- 70) - 9% -
cms 22 G0 n)6 2 A 1 — 3(g) —5(0) — 7(0) — 96;
— x10 2, 71; z G*2RIG® 2, "\ - 3@)- 59- 7@ - %) -

W 200 " GoaRIG T - 30 50 7@ - 9@+
+ 28> 351 GgL) JA + 6()+ 0@ + 14 ¢ 180) +

+ 29» 2,10, -AJ g0, n) ag A+ 6(g) + 10(g) + 14(g) + 18(g) -

2, N: O,A2 GJ(0, N Q\

n n
- Hg 2, 12, C8(2,1) Gg O, - 3(9) - 5@)- 7(9)- 9(9)-
S0 4,2 G n)cg A - 3() - 5(0)- 7(9)- 9(0)-
f9010,1; 2,A Gg(4 N) Gy O, n 3(?) - 5(9)- 7(9)- 99)-

n n
760,N1;2, Gg(2, ) Gg 2, - 39 - 50)- 7(9)- 9(9)+
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+ 25 Gg(3,/)Gg I()

+ 240 0,1 ;2,—2 G2 R Q@ ,4211_

W ez A | SRR o O
+ flg 2R Q Rzl GU2R)G» 2, 1+ g+ 5(g) + 7(g)+ 9® +
F U OR2 - GRAGR| + A0+ 50+ 7O+ 90+
+ LU 10,R;0,— ] Gq4,R) GJ 2,-j-) + 3® + 5(g) + 7® + 9® +
+ HqD, R 0,-R| Gy2B)Gy 4,-f-) +3® + 5(q) + 7@ + 9 ® -

258 L4 1R GRR @ 3, F; - 60)- 10(Q)- 14(g) - 18®

25910, R0, A | GI2 R @ 2,-f-1 - 6(1) - 10® - 140) _ jg® +

R R
0,R; 0, GI2R) G 2, -+- + N+ ~ (1) +
foTou @R) BT R YL
/(2,0,1,0,0,0,1,0,1) =
RS f

L HalbR3 GORG o Row3m+ 50+ 70 + 90) +
cuy 2R5 T GIOM @O S+ 30+ 5Y + 0+ %0 +
¥ HqR,R;3, Gy R)G O I+ 30+ 50) + 7(0) + 90) +
+HY 2.R;8 = GUOR)@ 2-R + 39+ 50 + 70 +9® -

_2HgB.R: 4, R 1Gg(1.INGg[l}- -6® -10(g)-14(g)-18®

J - 6® - 10(Q) - 14Q - 18(Q)

wl 2,R;3-]-j Gyo,R) @lo,’
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4~ RIS, GIOR) Gy e 4> -I-|®+A)+

+H4R2— GO LT) + 39+ 50+ 10+ 99+

+ Hg 2R 4, Z GYOR) GS 1L A j 4 3(g) + 59 + 7(@) + %9+

Hg |2, H; 2,— jGg(2.,f)Gg [L% t 3@t YT QT A9

+Hg2R; 25 GSM @3 . + 3@+ 59+ 7@ + 9(9)-

®Hg 3.72;3— Gg(H)GY (z,—s - 60) - 10Q)- 14(g) - 18(9) -

—2Hg 2jR2, 7 GgOR)@ " - 6Q)- 10Q)- 14 - 180+

2,52, Gi(0, H)6{ R

— #o 4nl— &JOR) @2, 2 39 - 59

— {2 2R; 3 Z G0 ) Gy 2— |- 3(Q) —50 - 70 —H)—

- ﬂ»IZﬂ;lr? GRR)@2 - 39- 59- 719- A9-

HO 241 600 A @ 4.2- - 30 50 70 %O +
+ 2HgI3.K:2, R Gyl Rr) G 3. 1+ 6(g) + 10(Q) + 14(g) + 18(g) +
+2Hg 2.R: 1,-FH GYOR) G2, A | + 6(g) + 10(Q) + 14(g) + 18(g) -

3 21— GOMGRA)_A.a_ Lm 9
> 18 72 200

Hg 4,5;0,A  Gg(0R)Gg A) - 39 - 50 7@ - 9@ -
Hg 2,Ri 2,— Go(OHG fazl| -3(9) -5(9) -7(9) -9 (9)-
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i2,R;0,— G»(2,R)G2 0_ 7@ _ 9K _
PR (A

i2,R;0,A G°(0,R)G® Kﬁz\z S 3) - 5(8) - 72 - 9(2) -
1 2

+ 2 S,R;I,A2 G8(i,R)G8 AI + 6(2) + 10(g) + 14(8) + 18(2) -

+2HS 2,R; O,A2 G0, R) G8 A + 6(2) + 10(g) + 14(2) + 18(2) -

3 H\ 2,R: 0,2 GiO, R)G\ 3 *
A ® A ® -w ®
L 2, R;3, R G8(2,A)Gg o, Z - 32 - 52) - 7 - 9(2) -
_ g 0,R;3,—2- G«(2,R)G» F; - 32 - 52)- 7Q2)- 9() -
R R
~ noOR;3, Gg(4, R) G° 0, - 32 - 52 - 72 - 9) -

48 0,R;3,A jGo2,R)G 82,3 . 32) - 52) - 72)- 9(2) +
+ 29y ‘.)) A G8(3, R)G8 A) + 6(2) + 10Q2) + 14(2) + 18(2) -
+ 29» 0, R; 3,A2 Gg(2, R) G* (Al + 6(2) + i0(2) + 14(2) + 18(2) -

2
Aa{ 0, R; 3, R G}2, R) GHO, R
R R

2, R;2,~- G8(2 R) G811, A 32 - 52 - 7 - 902

Ht o, R: 4 - G2(2,R)G» .ﬁ 32) - 52)- 72 - 9(2) -

Ko 0,R; 2,A | G°(4,R)G° 1, R 32) - i(2)- 72 - 9(2) -
— K3 0,R;2,-7G2(2,R)G» A @ - 52)- 72) - 9(2) +

f 248 i,R; 3, R G8(3,R)G8 2, Ry 6(2) + i0(2) + 14(3) +
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R . R
+ 2l o, Rr; 2, G°(2,K)G« 1 + 6(2) + 10(g) + 14(g) + 18(»)

3 R
' R; 2, Go(2, \ 1, l- — ©- — J)- — +
, W , GgeRe ] - O )

21 18 200
W i2,R; 1,~-j G[j2 R) &g 2 5 + 3(2) + 5) + 7(g) + 9(2) +

R R
+ W o, R; 3, Gd2,R) &g 2, + 3(2) + 5 + 7(g) + 9(2) +
¢ HQIO.fi1 - [COUR) G, , + 3Q)+ 50+ 7@) + 92 +
fi% o R; L— Co2RGY . + 3@+ 50+ 7@ + 9 -

-2 Hg 1,R:2, Z Gy(3, R)Ggr3 nz) - 6(2) - 10(g) - 14(g) - 18(2) -

JH«OR: L Gg2R)Gg [ 6@2)- 10() - 14(q) - 18(2) +
2

R R 9
0, R; 1, Gg(2,R) G\ 2,
S——- g(2,R) N 200 M+
R
+ Hg 2,9:;0,— dK2,«)CsS 3,-5 + 3(2) m5(@) + 7(9) + 9(2) +
BoR2 " GgaRGy s+ 32+ 50+ 7@+ 92) +
1 0, R: 0, R Gy4, R) & 3,- + 3(2) + 5(g) + 7(g) + 9(2) +

u 0.Ro0. T GIRR)GIIST + 3D+ SO+ T+ 9 =

2Hg 1,R;1, R Gg(3, R)Ggi4, 'z - 6(2) - 10(g) - 14(g) - 18(2) -

-2« 0,R;0 —R Go(2, R) &g R 6(2) 10(g) - 14(g) - 18(2) -

HI O,R:0, R G}2R)G\ 3 N
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1(2,0,1,0,0,0,0,0, 2) =
+ A2R)A, rz -2N2”) N |A BQB)BO

+ AAR)A2[A  B2ZR)BO R, BO(R) B2 R
2 .

n
2

I'I‘(J'I)I'I|Z\| +a g JIA -2 azryno BuR)B2 T

- 2AKR)AS|A a A Bi

AQR)AOIA  b2Ab)b2 " + bOQR)bAL 4

+ 2A3R) A, F; Bi(B)B3

A2R)A2 Z + AQR)A4[A] —2AQR)A2 N BZAR)BAA

\ Zj ]
R R
- AQR)A2 aﬂ'BO ) + b2AR)r2 +
+ 27NN | |BIMBL(A .
.2

. aAR)a0 R+ AuB)A2Z B 2aqR)A0 R rar)b2|A
2

2 3

+ AQR)AO Z B4B)B2 Z + b2AR)b/

R R
2AI1(R)ALI— IRYR)R4 ~
.2

J(1, 1,1, 0,0,0, 0, 0,1) =

=| [ FIR2T) +HRRUT)-

BS 2,R; Gs ° Al +

(ZK'ZI o oul 3.R:3°° R

4 2 Cill, 2

+ 2,rR: 2, A +m 2R 2-% ¢ R
2 »eT 1-
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Ha 4,R;0 -~ + W 2,R;2,~\ -

R
~2~1

R R R R 1
9 2,R; 0, GO|4,— 1+2Ul 3,R;1, Gi
HSZR'ORGTZR\ LLI,2RORGI
u , ]y 0, ) » Ry 0, .
3 2~ -2 2fb
: R
—;— fjo 2 R;2,— 1+ ff°|0,R;4,—
—I—Plb 0,R;2,— GS10,~ |-
5 2
1 R R
--w OR2— 62,—1+2-9? 1R;3, G
3 'm f'-
2
T W 2R;2,— + Il OR;4 —
3 2 2
8 0,R:2,A & 0 *
_____ - ?.-|_|_|| R} 2, '
2 R . _ R
- 0,R;2,— Gl 2, + 11, R; 3,— G3
3 = 2 2, t moef'-
8 R R
a° oR;2 © a0 N1 a3 0.R;2, X @l g R
Ys
! U 0,R;?2 G\ \
R;2,— 0,~\ +
45 2 '
R R
no2,R;0,— +4d» 0,R;2,— -
+ T
- — 49» 0,R; 0, R G°
2T 1+
R R 6 R 1
# —-l OR:0, GO 4,— 2 $¥ 1Rl - G 3 4
, 2 5 21 2
+ 2 T L R
T 2 2, R; 0, + A2 0,R; 2,
N-A2(,R;0,— GS

2’T |+
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2 R
+ = IO K; QA 1,4; 1A
3“—'. ) Qo i} h G3 3,

8 9» 10, R, O,Al c» 2

+ —-sp OR:0.RAG 2
35

X N D

. R
+ — Hilo, Nn;0,— |CJ]|2,
/(1,1,1,0,-1,0,0,0,1) =

R2 ge [3,R;2,Aj + 8o i, ft;4, AJ _
16

U4 1

A8 1,R;2,—K Cg 2, R - 21 2,ft;3,-’8- G« l,-B- 4

+ 4 #2 |1, ft;2,A) G"4 H 11, R;2, A] ¢\ 1o, R
w A + 58l [l 24)

R . R
w I,ft; o, Ci

R ft
W 1.9:0,—- G8j4, © + 282 2,ft; 1,A
21

| C? 3,

~a» QA |C2 Al w LEQACL2

A« 12, ft; 2 ,A | + a» 0, ft; 4, ft
ft ft
« 0, ft; 2, 70, +
= 5 Gl )
2 ft / ft ft
+ — LU 1, ft; 3, , ©01, ' A2 0, ft; 2, G? 2,
a? 1, ft; 3,f—t Gg 1, fzt Mo, 0, ft; 2, A j GO0,

ft
0, ft;2,—ft GJ 0,
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W 2,R:0, ° + W (0R:2A

R R
0,r;0, Gl 2,

R was  +uwfo,ro AJGHBA

LRl e 3T) 4T HD*O'T)od T+
0.r;0, A ai QA

/(1,1,1,0,0,0,0,0,2) =

R» R
Va4r)a2(A +MR)a4 2AAR)A2(A- 4
~ 321 12 ) 2 \ 2 B»iZ_

R
+ AAR)A2 A Vo * Y B2
3 12

aqr)AU[A] + azr)A2(A  2a2r)a0 B BAB

R »
MR) a, ;
) 2 fat-nfd +E -2
| A(R)A2l-r +AM)A4{~1 2AQR)AZ R &' R
y Zi ] 2 J 12
R
IR . R) H-----l--R'? |/—R !
5 ’ 3 12 3]
IA2R)AuAJ + aqr)A2(A] _ 2aQR)A(
(t
R A Ba)+A & R
2[5 3 27

10,0,0,0, 1

FB>(4R; ZA_] + H o(2,R;4,A

,R;2,Allgo,R) +
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A
+ w2 49; 2 Gg2, A)-2 A? 3,4;3,-]-|lc«(1,9) +
R " S e
+ — a»]2,4;2, ) Gg(0,A)+Hi|2,0; 2 ,A |cko,a) -

A
w4 K;O,42-| + A° (2,4;2,-|-

3

! HB 2,50, -] C°(0,9)-

5 il b 1_2! i)

L Ag 2,59l oy )+ 1, —  Gi(L ) -

3 2, (0] 2

4,4;0,— + A2 2, 4; 2, a

3 W 2

jtu 2,907 G0 9) -

2

- 2,9,0— Gg2 )+ — L49;1, — Gg(l, )

5 LW ) 9(2, A) - L >

8 ﬂ . o T4
9° 2, 9:0 7 G0, )-— a* A 0A  C0,#) _

35 2 2

n

1
;112,50 7 GKO ) -
5
A8 272+ A8 04—
5
_____ —9? Q52 Go(2, A1)
5
S0 ;2 Gy S)+2 S« 1,93 GIE A) —

A" Q4; 2, & Gije, ) - a; 4,2, ) 1C\{2, A) +
J

5 A
g0 2,4;0 + 4° OA; 2
- 2
5
— W o9;0 Gg(2, A) +
+— W 0,50, Gg@ ) —H 1,9 1,AJ G3 )+
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+ L 2,[3;0,—2 + W 0,B;2,-y\ -
R
W o,R;O, ) G3(2,R) +
R
+ 1 H2008;0, ) G2(4, B ) - Hg 1,8;1,—2 C2(3, R) +
+ — U Gg(2,R)+ "H \\ 0,R;0,— G}{2,R) +
35 tJ 2
B
+ H\ G\(2, B)J .
45 2,
I\2,0,~, ~,0, -1,0,0, 1| =
R6 R
w 3,8;2,— | + Hg 1L, B; 4,
B
3—Hg 1,R: 2, Gg(0, B) +
+ Hg 1,B;2, — Ig»2, R)-2H" 2,rs;3,—2 G2(I, B) +
2]
+ T A2 |,R8; 2, g Gg(0, B) + L 1,8;2,-’£|G?(0,B)-

10

|0300l\)

B
-A 80 |, B;0,A:1 G°(0,R) —
35

3,8;0,— I+ 48 |, R; 2
2 1

o

A% 0B, o,—2 G8(0, R) -

A0|1,B;0,~ Gg@2R) + ~ i~ 2,B;1,-£-] G?(I, K) -
D
3,8;0,— + 1,B8;2 —
= 2 t 2
B
l i,R; 0,— G80OR)

A2

~H\ 1,B; O,—B G}(0, B)
2
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— 1,R;0,A| CJ(O,R) +
45
+ H"2,R;2,Aj + w fo,R; 4, A | _
A 443 fo,R; 2 A QI,R)+
+ W 2,R;2,A G°B,R)- 29? 1LR; 3 ,A |g«(2,R) +
+ A dA° fo,R;2,A | C»(I,R) + H\ C),-R;2,A2 GT(1,R)
ﬂ8 2, K O R + tfg|0,R;2,B‘| -
A A2 (o,R;0,A Gg(l,R) —
N . 9(l, R)
A LW |o,R;0Aj Gd3,R) + A A?fl,R;1,Aj G'2R) -
2R;0A 4 g2 QR: 2, "
w =, VRS2,

N

R
OR:Q _  Gy(lR)-

7
U OR: Q" Gy@ R)+ LRI 1,A| G2 R )-
{ 2 2 j
- A “fO,R;QAé GS(LR)- A f1fo,R:QA j Gi(l, R) -

A a’ R YU
5 3 ORO 2 G(I'R}-
JI2,0-i-,},0, QQQ2 =

R8

R R
32 + AR)A - 27N2R)N2 2 Ruw +

R
+A2€)Az , O Ro(R) + R2R)

A(*M off) + "R M 2(A) - 2A2Ar)a0(A ROQR) -
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~ A 2R)AOQ + -8 O(K) + -\-8 N
0]
A2AR)A2\4- + AOR)A4 -2A0R)A2 T B -
AUR)A2 R2R) + R4(R)
R
+ -i-U(RM o + N (A9 )A T -2AQR)A0\A- B2R) +
0
+ A(R)Aly 5 B2R)+ — BA4R)
11,-,-+-,0,0,0,0,11 =
22
R? .
© 1H® 4,R; 2,-M-j + W 2,R:4, - 2,R;2,-|-] -
H° 3,R;3, - + — H\W\2,Ri2
3
AW 4R0,—1+ W 2R;2— ~110 2R;0,— |+
3 2) 2 2 jj
3R 1, A - 2R:0, LLL 2 R0,
= 3R Ve i
Ty H°io R
P B AR 22— + 0,R; 4, 10,R;2, _
3 L 2 W 2. 15 -4l
2 .
HJ 1,R;3,—}- — ®foH;2.-1 --H 3 oRr2—1
5 2 45 1 2) 15 2 jj
] - f R|1
+ ! H% iz, R; 0, + H« O,R;2,-—B- 4 o,r—’é;o,—I +
~O~ 2 5 2
4 2
+ Ho 22R;0,— + m 0.R;2, N 2 H« O,R;O,—R_
45 2 7 2 jj
8 11, R; 1,4~ 1
- — HIilv* 17 Ry 1L4~1 +
H1l 1 175UJ.
8, O,RO0AJ
+ — O,R;O, 1t N ] J
] 1575
1,1,

10*

—, —,0,0,0,1,1
2 2
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'26 W 4,R;3,-y-) + » 2, R;5 A j _i_H»k RrR;3 A
3,9:4, 4 + — A} 2,4;3, 4
T H?
J A A
I_gK Hl + W 2, 4; 3, -A A« 2.4
3 ! ! 15 "o

+ 1 ur 3A2A Y arpa 1 A A} 2,91,
45 - 15

D » 1/

a\
Q2 a:3,7-'+ 4" 0,95 — —— U 0 9:3A
2 21 15 2
A a? fl,ﬂ;4,A| _ 4 w o, 4;3 -*1 i'ij
5 1 2) 45 > 1 45 (
o a
A2 2,9, + w OA;3,-A| --1-1 10,4;1,
+ 2 5
a a1 2 a
g2 2,9:1,— 1+ W 1049;3,-C- f9° O R;1,-—
2 J 7
a
- — dA» 1,9;2,— - HS 1.9; 2, = +
25 175 2 .
+ a3} 10 4; 1,-?—| W o9a;1, 4
1575
/ll,1,y,y, 00002
aqn A

n

+ A NIA9)A (A]| + AAR)A2 16n(ﬂ)A(lfl +

+ A a2R)a2|A |+ (A)A A N (@)n2[A
2 25

A 4 A
T A(A)a !(g||+aC(r)A2 ) A(«)N

(o= HkGkGK mit den Argumenten in den betreffenden Reihen.
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BbIYHMCJIEHME COCTOAHUA 1ms 1+ MOJIEKY /bl BOAOPOOJA HA

OCHOBE METOAA KOPPENALWMOHHO-YMEPEHHbBIX MOMNEKYNAPHbLIX OPBUT

®. BEPEHL,

Pes3wome

OnpeaenseTcs aNeKTPOHHAs IHEPTUs COCTOAHUS Is2s 1SJ MoneKy bl BOAOPOAA Ha OCHOBE

MeTOfia KOPPensLMOHHO-YMepEeHHbIX MONEKYNSPHbLIX Op6UT. [anee MoKasbiBaeTCs, 4TO paclum-
peHueM CO6CTBEHHOM (YHKLUMKU C KOPPEensuMoHHbIM (DAKTOPOM AOCTMraeTcs 3HauuTenbHoe
ynyullieHUe B SHEPrMM TONLKO B C/yyae, eC/iM TaM He MMeeT MeCTO KOppensuus 71eKTPOHOB
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Recent advances in the theories of saturated hydrocarbons are briefly reviewed. The
problem of the non-additivity of certain ground state properties of these molecules is discussed
as well as their electronic absorption spectra.

Introduction

The interest of quantum chemists in the properties of larger saturated
organic molecules is relatively recent. The approximate additivity of certain
physico-chemical quantities in the case of paraffins seemed to render calcula-
tions on these of no great interest. First attempts to treat cr-electron systems
by approximative wave mechanical methods were based on group — or bond
orbitals. These have been reviewed [1,2] and we shall refrain from doing this
again. We prefer to take the attitude that localizability or additivity relation-
ships, if these apply, should be a result of the calculations and not their starting
point.

There are at least two properties of saturated molecules which exhibit
a clear departure of additivity or localizability.

1) The heats of formation show a slight but well established default of
additivity (Table 1).

2) The first ionization potentials of normal-paraffins show an outspoken
diminishing trend with increasing chain length (Table Il). They drop from 13.17
ev for methane to 10.19 for n-decane.

Table |
Observed heats of formation of paraffins in units of resonance integral B = — 38.866 kcal-M
after subtracting the contributions of the C—H bonds. After Ki1opman [6]
Methane 0
Ethane 2
Propane 4.06
Isobutane 6.20
Neopentane 8.34
Cyclohexane 12.43

* Dedicated to Prof. P. Gombas on his 60th birthday. The author wishes to express
his deep appreciation of the lifetime scientific work of Professor P. Gombas from whom
he received his first training in theoretical physics in the early forties.
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Table Il

Observed ionization potentials of paraffins in ev. After Fukui, Kato and Y onezawa [5]
and Klopman [6]

Methane 13.17
Ethane 11.76
Propane 11.21
n-Butane 10.80
n-Pentane 10.55
n-Hexane 10.43
n-Heptane 10.35
n-Octane 10.24
n-Decane 10.19
Isobutane 10.40
Neopentane 10.30
Cyclohexane 10.40

Any theory concerned with single bonded systems should be able to
interpret these facts.

The first “individual electron” calculations on saturated hydrocarbons
were made in 1954 by Sandorfy and Daudel [3] and by Sandorfy [4]. These
works explored the possibility of applying the simple Hiickel molecular orbi-
tal method in all-valence electron calculations.

Hiickel-type methods similar to the above mentioned were extensively
used and improved by Fukui, Kato and Yonezawa [5] and by Klopman
[6] with the main purpose of explaining the behavior of the ionization poten-
tials and heats of formation in series of normal and branched paraffins. This
was successfully achieved by these authors with a suitable choice of parameters.
A number of problems relating to chemical reactivity have also been treated
[7] . Then Hoffman [8] introduced the very simple Wolfsberg—Helmholtz
[9] parametrization into cr-Hiickel calculations thus providing them with the
flexibility necessary to treat stereochemical problems. Pople and Santry
[10] , in a more elaborate treatment, examined the causes of delocalization and
non-additivity in paraffins.

The next stage in the evolution started in 1964 when the Pariser Parr
Pople method was adapted to or-electron problems. This has been done by se-
veral authors at almost the same time: Klopman [11], Pohl, Rein and Appel
[12], Pople, Santry and Segal [13], Kaufman [14], Katagiri and Sandorfy
[15], Skancke [16], Yonezawa, Y amaguchi and Kato [17].

These methods use either the zero differential overlap approximation
or Mulliken’s approximation and differ mainly in the way of handling the
interactions between electrons in orbitals on the same atom and by the extent
in which atomic spectral data are used for obtaining parameters.

In the writer’s opinion,the Hiickel and Pariser—Parr - Pople methods
have now attained the same degree of usefulness in cr-electron problems as they
have in a-electron problems.
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Delocalization and ground state properties

In the empirical methods, if hybrid orbitals are used, the interaction
between electrons on the same atom but in different orbitals is represented by
the resonance integral mB where m is a number chosen to be much less than
unity and B is the resonance integral for a C—C bond. It is immediately clear
(Fig. 1) that the degree of delocalization depends on the value of m and that
for m = 0 we obtain completely localized bonds.

Fig. 1. Carbon hybridized sp3 orbitals in n-butane

It is interesting in this respect to compare a chain of C—C bonds linked
by sp3hybrid orbitals and a conjugated chain in which we consider the n—n
bonds only.

If all the B were equal in the n calculation every n orbital would have two
equivalent neighbors and it is this situation which we call “conjugation”,
(benzene, for example). In an open chain conjugated molecule like butadiene
large B alternate with small ones. In saturated molecules the m value deter-
mined by Y oshizumi [18] is about 0.35.

Thus we can see that the difference between saturated and conjugated
chains is less fundamental than it might appear at first sight. Propane, for
example, becomes similar to butadiene. (Simpson [19] [20] was able to treat
the electronic spectra of both by an excitonic approach that is, supposing
localization in individual bonds in the ground state and forming combinations
of wave functions excited in anyone bond for the excited states).

Klopman has shown [21] by examining the secular determinants that
the introducing of the 2—3 interaction in the Hiickel type treatment is equi-
valent to introducing the nonneighbor 1—4 interaction (Fig. 1). This can be
exploited in the treatment of stereochemical problems [22].

If we use pure atomic orbitals instead of hybridized ones in the o-bond
problem (like Hoffmann [8] or Pople and Santry [10] the relation between
delocalization and interactions between orbitals on the same atom is no more
evident.

Pople and Santry who used perturbation calculations to establish the
causes of delocalization in saturated hydrocarbons found that there are three
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of these: the energy difference between 2s and 2p orbitals; the resonance in-
tegrals between chemically non-bonded atoms and the interactions between
the 2pz (= n) orbitals. It is interesting to note that if the axes of the latter
are parallel — as in the all-tran3 isomers — every 51 electron has two equiva-
lent neighbors although, naturally, the distances between neighbors are
now about 1.54 A.

These considerations may help in the understanding of the behavior of
ionization potentials and heats of formation in the paraffin series (cf. Tables
I and 11).

*00539 +00496
-00543 -Q0484 %
+00590-00500 09970  +0,0508-00523 -QUOG0+Q0069 09925 0,9936
Q
we B
*00539

+0,0532-0,0533 0,947 0,9930 +00540:00541 0,9947 0,9935
+0,0003 +0,0003

Fig. 2. Effective orbital charges and bond charges in methane, staggered and eclipsed ethane
and in propane

The following diagrams (Fig. 2) represent the distribution of electronic
charge densities in methane, ethane and propane computed by the PPP-type
approximation of Katagiri and Sandorfy [15]. The hydrogen atoms are seen
to loose negative charges amounting to about 0.05 electronic charges. These
are picked up essentially by the Csp3orbitals linked directly to the hydrogens.
Hydrogens on secondary carbons loose slightly less charge than those on pri-
mary ones. Band ordere in both C—C and C—H bonds are close to 0.99. This
distribution as well as the C—H bond dipole are seen to be in conformity with
general chemical knowledge.

It is interesting to note that while delocalization causes an appreciable
amount of non-additivity in ionization potentials and heats of formation it
affects charge distribution only slightly.

The electronic spectra of crelectron systems

The electronic spectra of saturated hydrocarbons are located in the far
ultraviolet and thi3 is probably the reason why, until recently, they received
so little attention. Methane seems to be the only exception. The most complete
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works relating to this molecule are those of Ditchburn [23] and Sun and
Weissler [24], who also summarized the previous literature. More general
works on aliphatic hydrocarbons started appearing four or five years ago.
Among these we have to mention those of Okabe and Becker [25], Partridge
[26], Schoen [27] and Raytmonda and Simpson [20]. The absorption spectra
of a number of gaseous normal and branched paraffins were measured in the
author’s laboratory on a McPherson model 225 vacuum ultraviolet monochro-
mator under approximately 0.2 A resolution from 2000 to 1150 A using a
double beam attachment, a hydrogen light-source and photoelectric record-
ing. Our discussion will be based on these spectra [28] [29].

Fig. 3. Far ultraviolet absorption spectra of methane, ethane, propane and n-butane. Molecu-
lar extinction coefficients — against wavenumbers

Although a number of theoretical works are now available on ground
state properties of saturated hydrocarbons we know only four concerning
their electronic spectra. These are: Mulliken’s united atom treatment [30]
[31], the Pariser—Parr—Pople type calculations of Katagiri and Sandorfy
[15] and of Brown and Krishna [32] and the excitonic approach of Ray-
monda and Simpson [20].

The following observations can be made.

a) The bands are usually diffuse and no vibrational structure is observ-
ed. Ethane is a significant exception to this.

b) There seem to be one or two weak bands, or at least a pronounced
inflection between 1630 and 1575 A, in all the spectra except that of methane.
These shift gradually to longer wavelengths.

c) Atshorter wavelengths strong bands follow with molecular extinction
coefficients in the 10®—104range. The bands exhibit much larger shifts toward
lower frequencies, amounting to 4200 cm-1 from ethane to propane for the
first strong band, then becoming gradually less and reaching an approximate
limit of about 1420 A for n-pentane. At the same time the intensities increase
gradually (Table IIl), (Fig. 3).
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Table I11
The wavelengths and molecular extinction coefficients of the first two strong bands of normal
paraffins
Compound 1 "
N A) e(l. mole- ’em-1) AR e(l. mole-1cm-1)

Methane 1277 5839
Ethane 1318 8 751
Propane 1395 11 240 1285 13 010
n-Butane 1410 15 420 1335 17 950
n-Pentane 1415 17 330 1345 20 360
n-Hexane 1425 19 560 1335 24 080
n-Heptane 1430 20 950 1340 25 980
n-Octane 1415 24 550 1340 28 960

According to Mulliken, the united atom configuration of CH4 is, omit-
ting carbon Is orbitals:

M M 64,

where <q and f2are the usual group theoretical symbols under Ta symmetry.
The lowest excited orbitals then would be Rydberg-type, large atomic orbitals
3s, 3p, 3d . ..with 3s lowest. Mulliken pointed out, however, that anti-bonding
localized C—H orbitals are qualitatively very similar to those of 3s and 3p
orbitals of an atom. Thus in this united atom approach the first excited state
of methane would have configuration [seq]2 [p/2]5 [3sal\lF2 and the corres-
ponding transition would be of type

F 2k A1 and allowed .

The observed intensity (e = 5800, oscillator strength/ = 0.26) seems to justi-
fy this assignment although the possibility that the band is a forbidden one
borrowing intensity from a stronger transition at higher frequencies is not
ruled out. In fact we know from Schoen’s [27] work that the 1277 A band of
methane is followed by even stronger bands.

In Katagiri and Sandorfy’s scheme (Fig. 4) which is based on the
C2s, C2p and His orbitals only, the molecular orbitals are, in order of increas-
ing energy, <q,f2 eq,f2so that the transition of lowest energy is cq #f 2, that
is again "F2 1Al.The sequence of the excited orbitals, however, depends in
a delicate way on the choice of certain parameters. If the order was <q,f2f2
cq the first transition would be /2<-f2yielding F2X F2—dj -|- £ - Fj -f
F2the transition to F2being allowed and the others forbidden. The latter could
be made allowed by vibronic interactions and the band we observed may be
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Fig. 4. Energies of the lower singlet—singlet electronic levels of methane, ethane and propane.

C—C means that the orbital from which the transition departs (in absorption) has a high

population in the C—Cbonds; M (mixed) that it has a fairly large population in the C—€ bonds.

If the state is unmarked then all the charge is in C—H bonds in the orbital of departure.
After Katagiri and Sandorty[15]

due to these. It is also possible that the shoulder at 1425 A represents a sepa-
rate electronic hand due to one of these forbidden transitions. We have no
means of checking upon these tentative assignments, however.

The ground state of ethane in Mulliken’sunited atom treatment had the
following configuration:

[saj2[saj2[ae]4[ae]d]er -f- or]21A 1
CH3 CH3 CI13 CH3 C- C

Here the two methyl groups are treated as two separate united atoms except
that a C— C molecular orbital is formed for the two 2pa electrons forming that
bond. This yields [c[;£cr] the plus sign applying to the orbital of lower energy.
For the lowest excited state an electron would go to an orbital formed by the
two carbon 3s atomic orbitals, [3s 3s]. Then we obtain the configuration
[s«i]2 [sax]2 [se]4 [ae]4 [a -f- cr] [3s -f- 3s] 1A 1lif the electron is taken from the
C—C bond. The transition to this state would be 1Ai 1A 1 and forbidden.
From considerations based on ionization potentials Mulliken predicted that
the corresponding band should be at about 1600 A. No such band was known
at the time but we are now making the tentative suggestion that the weak
hand we find in the spectrum of ethane corresponds to this transition.

Acta Physica Academiae Scientiarum Hangaricae 27, 1969



158 C. SANDORFY

The first strong band would then he due to the transition of an electron
in a C—H bond to the same excited orbital:

[seq]2[saj2[tre]4[ne]3[a + a]2[3s -f- 3s] IE.

The 1E =—A4 transition is allowed.

In Katagiri and Sandorfy’s Pariser and Parr type calculations the
first transition is of the AE <— A4 type but we find no equivalent for Mulli-
ken’s low lying 1A1 1A1 transition.

More extended 3s + 3s+ 3s+ ... type orbitals may account for the
bathochromic shift which is observed when the number of carbon atoms in-
creases.

More elaborate calculations using a basis of atomic orbitals including
excited ones will probably be needed before we can pass the speculative stage
in the interpretation of these spectra.

It is a matter of some interest to know if the first ionization leaves the
“hole” in the C—C bonds or in the C—H bonds or if it is distributed over both.
In Mulliken’s united atom scheme the highest orbital filled in the ground
state is of C—C character in ethane. The Hiickel-type calculations of Fukui,
Kato and Yonezawa [7], Klopman [6] [21] and Hoffmann [8] all seem to
favor the C—C.

Raymonda and Simpson [20] assume that, in first approximation, the
C—C electrons can be treated separately (like the n electrons in conjugated
systems but with less justification) so that the first ionization is again C—C in
their method. However, the Pariser— Parr—Pople type calculations of Katagiri
and Sandorfy [15] yield electron densities mainly concentrated in the C—H
bonds in the uppermost occupied orbitals, for at least ethane and propane.

From their photoelectron spectra Al-Joboury and Turner [33] also
concluded to the involvement of C—H rather than C—C bonds. Their bands
were broad, however, and they have allowed for the possibility that they result
from ionization from more than one close-lying orbital.

The matter does not seem to be definitely settled. Changes from C—H to
C—C might occur in going from one paraffin molecule to the other and, in
particular, between isomers with different degrees of branching.

The diffuse character of the bands in the spectra of the saturated hydro-
carbons is usually attributed to dissociation or predissociation in the excited
states which are indeed very probable in view of the high excitation energies
which are involved. In relatively small molecules where the states are not very
crowded the chances for predissociation are expected to be lower and this may
be the reason why ethane [6] exhibits some vibrational fine structure.

Despite of the important role plaid by dissociation we should be cautious
in attributing all the diffuseness what is observed to these phenomena. We have
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to remember in this respect that because of rotational isomerism our spectra
are actually spectra of mixtures and that the number of rotational isomers as
well as the number of totally symmetrical vibrations increase rapidly with the
increase in the number of atoms in the molecules.

There are some significant differences between the spectra of the branched
chain paraffins, especially those of the highly branched ones, and those of the
normal paraffins.

A typical example is shown in Fig. 5. The first bands are much stronger
than in the spectra of the normal paraffin and they are followed by a fairly

Fig. 5. Far ultraviolet absorption spectra of n-pentane and neopentane. Molecular extinction
coefficients against wavenumbers

deep minimum toward higher frequencies. We have no quantum chemical
calculations available to help in the interpretation of these spectra. It is pos-
sible that in this case the first bands correlate to the first strong bands of the
normal paraffins. This would again mean that there has been a change in the
order of the highest occupied molecular orbitals in the ground state.

All electronic transitions mentioned in this communication were singlet—
singlet. The first singlet—triplet transitions were predicted by Katagiri and
Sandorfy [15]to lieby about lev to lower frequencies from the first singlet—
singlet bands. None of them has been found up to the present time.

We conclude by saying that much remains to be done. The solid theore-
tical basis for the discussion of cr-electron spectra is yet to be created.
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O CTPYKTYPE W CMNEKTPE a-3/IEKTPOHHbIX CUCTEM
L. WAHAOP®U

Pesome

B nepBoii yacTu paboTbl faeTcs KpaTKUi 0630p HOBEMLIWX UCCNeAOBaHWA MO TEOpeTU-
UeCKOW XMMUM, KacalLLUXCH HaCbILleHHbIX YrneBojOpoAoB. Bo BTopoi uyacTu paccmatpu-
BAOTCA PaCXOX[EHWe HEKOTOPbIX OTHOCALLMECA K OCHOBHOMY COCTOSIHUIO (DM3MKO-XMMUYECKNX
CBOIMCTB OT afAUTWBHOCTM U Mepexodbl 0-31eKTPOHOB (Aanekuit ynbTpaduoNeToBbIn CREKTP).
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This paper studies the correction to the Thomas— Fermi potential arising from the exi-
change inhomogeneity and correlation effects. Using the Baraff equation and the approxi-
mate solution of the Thomas— Fermi equation for free neutral atoms, given by one of the authors
there has been considered the low and high density approximation. It is found that the main
contribution to the solution of the Baraff equation arises from the inhomogeneity, screening
and exchange terms.

Lastly the study of correlation effects in many-body systems has attract-
ed the attention of a number of scientific workers [1]. This paper studies the
correction ofthe Thomas —Fermi potential for free neutral atoms from the ex-
change, inhomogeneity and correlation effects by using the differential equa-
tion of Baraff and a simple analytic expression ofthe Thomas—Fermipoten-
tial with a correct asymptotic behaviour for large distances.

It has been shown by Baraff [2] that the first nonzero correction ®2to
the Thomas—Fermi potential [3]® 0is given by the solution of the differential
equation

Y202 4me2 E E
- o Pf®i = . P +
gtz PO g PrEeF Eom e e
2m d®0 2
4v gz’o 1 (1)
(P2 dr
where pF denotes the Thomas—Fermi momentum, Eex — —ed Pla/l and

Ecor denote the exchange and correlation energies of the system, respectively.
The first term on the right-hand side of Equ. (1) represents the contribution
arising from exchange and correlation effects and the second term gives the
inhomogeneity correction. The second term on the left-hand side introduces
the screening effect, which is one of the important consequences of the long-
range Coulomb interaction of electrons. The right-hand side of Equ. (1) depends
on ®0, the Thomas—Fermi potential, and in solving the differential Equ. (I)

* Dedicated to Prof. P. Gombas on his 60th birthday.
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we shall use the simple analytic solution ofthe Thomas —Fermi equation given
by one of the authors [4]

MP) = Ze2 5
<M = r(l +Ax)2(l + Bx) ’ )

where x=r/fi and jt=0.88534a0/Z1/3. Z is the atomic number and o0is the first
radius of the hydrogen atom.Thenumerical values ofthe constants A, B appear-
ing in Equ. (2) aregivenby: A = 0.05367 213 C= 0.035Z13. In the following
we use atomic units and so pute= h = m = a0=1. The correlation energy
of an electron gas has been investigated by several authors and it depends on
the density of the system.

Let rs denote the mean spacing between two electrons measured in units
of Bohr radii in the system. We then say that the system has high or low den-
sity according to rs 1orrs 1. According to Gellman and Brueckner
[5] the correlation energy of a high density gas is given by

EroT= G—E Inpy ? where G= —0.05546 and £ = 0.0622. 3)

For an electron gas for low density the correlation energy in atomic units is
given by the Wigner [6] formula

LA i 4 Ui
£cor= —(0.89aa —1) — , [where a= — . (4)
n (9n 1

First we shall solve the Baraff equation for ®0given by Equ. (2) in the case of
high density; this means we use Ecorr given by Equ. (3). Then we solve the
Baraff equation for ®0in the case of low density when Ecorr is given by the
last formula.

Solution of Baraff equation for high density

In the high density limit the Baraff equation according to Equ. (3) in
atomic units is

V202 - Y~ 20002= {47 q20~+ A= BlInY - 200 +
1 bl®0 )
129 Y (— 290 oo dr
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where ®0is given in atomic units by Equ. (2). The general solution of ®2 given
by the last differential equation is the sum of the solution of the homogeneous
equation and the particular integral. Denoting the solution of the homogeneous
equation by ® and putting a series of the form

d= — ~ Qktk+s, where t= rl2 (6)
r f=1

for ® we obtain after respecting the initial equation s = 0, when a0” 0 and
xi = aa= 0 for the expansion coefficient Xk the following recurrence formula:

n(in - 2)an- i 6-¥2z2 (- lypj«, 372, )
N J_g

Adhere

Dj= A>+ Y | 2k~ 1) m>kCk, DO= 1. (8)
; A 2kV. ’

The number | takes the following values: I=n—1/2 for even n and I=n — 3/2
for odd re, where re= 3,4, 5, ... Setting ®2= & -f ip, where pis the particular
solution of Equ. (5) we see that the particular solution p after some simplifica-
tion satisfies the following differential equation

d2w 2 dw 4y27 ©)
dr2 r dr r’2(1 + Ar) (I + Cr)12n
~here
® = ®24-G —Ein \"2Z 4—~E Inr -f EIn(l 4- Ar)———EIn(l +Cr) 4-
1 4n4 2C 20A2
+ + +
96 Lr2 "' r(l 4- Ar) r(l + Cr) (14- Ar)2
1C2 12 AC
¢ (10)
1+ Cn2 (1 4- Ar) 1 4-Cr)
and f(r) can be expanded in ascending powers of r, and one has
f(r)y= 2 RBinr=
(r) 2, (11)
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where the expansion coefficients /?2, are given by the following recurrence
relations

R .= 2EA 4-EC — ———~h— Af+ — AX + — AC2+ — C3
2 92 12 4 4 3

n4-3 8Z n+l .
I+ 3)EAN2+ 2+JL1 ECN+2mmmrer Y (k + 1) Cnil-kAk
2 n2 k=0

— A2C2j?(n - k+ D(k+1)AnkCk+ -I-AC
4 lc=0 4

n2 k\éo (fe~bf)(fc+2) Qn-kaKk 4_ £2 Yo (fc+ N(fc+ 0 jn-kQk

n+1 Ji+1
+ » nc 4 e A+ 1) C"+I-t Ak+ ¢ 2 (k+ I)An+lkck+
k=0 k=0
1 (n+ 2)(re+ 3) 7 (ra+D)(n.+ 2)(ra+ 3) "nH
2-3 16 1-2-3

15 (ra+ I)(re+ 2)(n-f3) N, # H (n+2)(re-]-3) "nH4
12 1-2-3 12 2

and n= 0, 1, 2, 3, ...

Equ. (9) cannot he satisfied by a power series alone, and a complete solu-
tion of it should also contain a term involving Int. Therefore in order to solve
Equ. (9) we put ip in the form

y = 2 <4 2 pstS'Int'

k= -4 s=0

where t = rl12. Substituting this in Equ. (9) and comparing different powers of
tKand tsInt on both sides of the differential equation we obtain for the expan-
sion coefficients ak and bs the following recurrence formulae*

* 4 ~R-8 03—a2—Ug—0, a_i— 16 Y2z

K — 2/? 4 bl— —AS—0, (12)
na+z2)bn 28122 2F (- Nipjbn-32i = o,

i=0
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n—3
where for even n, | = for odd n, and n—3,4,5, ..
also
16V2z £
n(n+2)a,+ 2(n+ 1)6, a  j=o 1YDjan—38-9 — ~Rn—i1  (13)
where | = for even n, | = for odd

RBint+i= 0 and n=1, 2,3, ... .

The symbols Dj appearing in formulae (12) and (13) are given by Equ. (8).
The solution of Equ. (9) still contains one arbitrary constant a0. This can be

Fig. 1. Graph of — @&, against r for Z — 28. - the results of P. VenkatarangAN;
————— the results of the authors

evaluated from the boundary condition at the origin. For any neutral atom the
potential near the origin is dominated by the nuclear attraction and this is
equal to —Ze2r. Since the Thomas—Fermi potential ®0also tends to —Ze2r
as r—0, it is clear that the correlation to the Thomas—Fermi potential contains
any 1/t2 so that o0=2J1-)-C/48. When a0=2yl-(-C/48 is substituted in Equ. (8)
we get the correction ®2to the Thomas—Fermi potential.

We have studied the nature of variation of ®2with r for the atoms silicon
and nickel which have atomic numbers Z = 14 and Z = 28, respectively. Figs.
1l and 2 give the graphs of ®2as a function ofr. Our results have been compared
with those of Yenkatarangan [7], which are based on another approximate
solution of the Thomas—Fermi potential given by the author [8].

From the graphs it follows that ®2 starts from infinity for very small
values of r, decreases to a minimum value and again increases.
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Fig. 2. Graph of —®2 against r for Z = 14. the results of P. Venkatarangan,
------ the results of the authors

Solution of the Baraff equation for low density

For an electron gas of low density the correlation energy is given by the
Wignek formula, i.e. by Equ. (4).The only difference in the differential equation
(1) now arises from the term (Es— y>fi/2m) which in this case is equal to —0.89
xn(ed Fnh).

After some calculation it can be shown that in this case the correction
®2to the Thomas—Fermi potential can be written as

i 4A 2C
®, T2C% oy ok~ +
k~0 96 r(l+ Ar) r(l+ Cr)
2p+4
20 A2 7C2 12AC P
2 d2Pr

(1-Mr)2 (1+Cr)2 (I-M C)(1+Cr) P=0

where the expansion coefficients d2P are given by

dL -0,
2 4 | 2Z
nA |1~c
16 [/ 2z 16 27 1 .
(re+ 2)(n+ 4) IVD'jdn" jm= 4d,, (15)
nA ' 7T nA & y_I
for even n, and zero for odd n, where I=n/2 for even n, and I~n—1/2 for odd
n, and n = 2, 3,4, ... the expansion coefficient yp satisfies the following for-
mulae:
1 27
S = - 2.676 , when (16)
9 1 + nAr C
27 97 _n .
(s-fn —1)(s+n) Vh 2 iyD', Yn-j = o.
nA nA b j=0
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The symbols Dj and 6n appearing in the last formula are:

Dj= A-J+ Y -{2k- - 1)1 Ak=>C~k 17
Alo  2kv.
and
5 A7
g = 20.89 &
U nA2C
11 - 3 —2 1 -3 - 2
an= (-1)"- " o ) (n )n ) C~n+4+
12
f— "y (k+ 1)Ck-mHA~k+ — V (fc+ 1) Ak-n+ C~k -
4 k=0 4 k=0
(fc i-1)(/c+2) Ak-n+i_Q-k_
4 o 2
- — B (fer 1)(ferjL ck-ntiA~k- - ky (n -k - 3)(fe+l) .
4 k=o 2 4 kel
AN-n+d C-« - — ("~ 3) ("~ 2 toOASDEE-
12 1243
7 _ _ _
h—=3)h—=20 =1 .
16 1-2-3
A7

n-4
...... — 0.8942?(k+ 1)Ck-n+iA -k
nA“C K—©

forn= 5,6, 7, ...

From Equ. (18) it follows that ®2asymptotically tends to zero as r-2.
This is an unsatisfactory feature of the Baraff equation since one would ex-
pectthe correction to converge more rapidly than the Thomas—Fermi potential
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KBAHTOBbLIE N KOPPENALWMOHHBLIE MOMPABKW K MOTEHUWANY
TOMACA—®EPMW

T. TUTL, n C. KPBEMWUHCKWI

Pesome

B paHHO pa6oTe u3yyaeTcs Koppenauus K noteHuuany Tomaca—depmu, obycnos-
NeHHas HEeOAHOPOAHOCTbIO 06MeHa W KOppensuMoHHbIMU 3ddekTamMmn. [prMeHss ypaBHeHue
Bapatda n npubanxeHHoe pelwleHne ypaBHeHUs Tomaca—depmMu Ana CBOOGOAHBLIX HeWTpab-
HbIX aTOMOB, AaHHOE OfHWM W3 aBTOPOB, paccMaTpuBaeTcs MPUGNMXEHWE Manoil U BbICOKON
NNOTHOCTW. HalijleHO, 4TO OCHOBHOI BKNaf B pelleHue ypaBHeHUs bapagda BHOCAT HeOAHO-
KpaTHble, 3KpaHUpyoLWmMe U OGMEHHbIE UYNMEHbI.
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According to the accepted theoretical explanation of Hund’s rule the electronic inter-
action energy is smallest in the ground state which is of the highest multiplicity. A breakdown
of the total energy into one- and two-electron contributions in the case of carbon atom based
on self-consistent field calculations and configuration interaction treatment shows that this
assumption is not valid. According to our results the main differences in the energies of different
terms arising from the same electronic configuration are due to differences in the one-electron
energies.

1. Introduction

The simplest treatment of atomic spectra is based on the assumption
that a single electronic configuration can be attributed to each atomic energy
level. The positions of the different terms arising from a given electronic confi-
guration, are determined theoretically by diagonalizing the matrices of electro-
static and spin-orbitinteraction [1, 2, 3]. For light atoms the spin-orbit inter-
action is weak and can be treated as a perturbation, so that the different terms
can still be characterized by their LS values and parity.

According to Hund’s empirical rule [4], of all terms arising from a cer-
tain electronic configuration, the term with highest multiplicity has the lowest
energy. This rule predicts correctly the ground state of most atoms, but it
usually does not hold for excited states.

The accepted theoretical explanation for this rule is based on the pheno-
menon of the “Fermi hole”. It is well known that antisymmetrization of the
wave function introduces strong correlation between electrons with parallel
spins. Lowdin [5] has shown that the diagonal element of the second order
density matrix, F{xX2\xIx") is zero for x1 = x2, at least up to the second order;
that is, the probability of finding two electrons with parallel spins at the same
point in space is zero, whereas the probability of finding two electrons with
antiparallel spins at the same point can be different from zero. This can be
viewed as if each electron is surrounded by a “hole” — the “Fermi hole” —
which cannot be penetrated by electrons with spins parallel to its own. In these

* Dedicated to Prof. P. Gombas on his 60th birthday. One of the authors (R. P.) would
like to express his gratitude for the stimulus and advice that he received at the beginning of his
research work from Professor P. Gombas.

** Part of a thesis (A. L.) submitted to the Senate of the Israel Institute of Tec hnology
in partial fulfilment of the requirements for the M. Sc. degree.
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circumstances, it may be expected that the electron repulsion energy will be
lowest in the term with the highest multiplicity as the latter has the greatest
number of electrons with parallel spins.

If we now assume that the one-electron energy is equal, or only slightly
different, for the different terms arising from the same electronic configuration,
then the energy differences between terms are mainly due to differences in the
electron repulsion energy. As the latter is expected to be lowest in the term with
highest multiplicity, this term must have the lowest total energy.

When this explanation is examined more carefully, it is worthwhile to
pay attention to the following point: The existence of the Fermi hole is a direct
result of the antisymmetry of the wave function and does not depend on any
approximation method used to calculate the wave function. However the
assumption that the one electron energyis equal forthe different terms, arising
from the same electronic configuration, is based on the accepted approximation
method used in atomic spectroscopy, that is, the attribution of a single confi-
guration to each atomic energy level and the use of the same atomic orbitals
for the construction of the wave function of each term. (The way by which
the ““best’ orbitals are found is unimportant to this discussion). This method
of approximation has the advantages of being simpler than the usual HF meth-
od and it can easily be extended for the perturbation calculation of the magne-
tic interactions (LS-coupling). SINANOGLU [6] used this approximation as a
convenient starting point for his calculations of the correlation energy.

Nevertheless, we have no reason to assume a priori that a similar result
for the one-electron energy of the terms will be obtained when a more exact
calculation of the wave function is made, that is, when the variational calcu-
lation is performed separately for each term, within the framework of the
single configuration approximation, or when the more exact method of super-
position of configurations is used to calculate the wave function. Moreover, it
is known that a separate variational calculation for each term may give
appreciably different orbitals for different terms [7]. The influence of super-
position of configurations can have even more drastic effects on the energy
differences between terms [8], especially in the case of Z-degeneracy.

The object of this study was to examine the various contributions to the
energy differences between terms, when a variational calculation is carried out
separately for each term, and thus to check the validity of the accepted expla-
nation for HUND’s rule.

2. Breakdown of the energy for light atoms from SCF calculations

The first step in the investigation consisted in the calculation of the dif
ferent components of the energy (kinetic energy, nuclear attraction energy and
electron interaction energy) for the low lying terms of the atoms from the first
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Table |

Energy components for the three lowest terms of the carbon atom as calculated from
Crementisl SCF-functions*

Term Kinetic Nuclear attraction Electronic repulsion Total
energy energy energy energy
P 37.689 —88.137 12.760 —37.689
'D 37.632 —87.992 12.728 37.631
IS 37.550 —87.769 12.669 —37.550

* Energy values in this and the following tables are given in atomic units.
1See [9].

two rows of the periodic table. The calculations were based on self-consistent
wave functions obtained by Clementi [9] using the Roothaan — SCF method
[10]. These functions were chosen for two reasons: 1. The variational calculation
was made separately for each term, thus omitting the usual simplification. 2.
The orbitals are of analytic form so they are easy to deal with and still are very
close to the Hartree—Fock functions.

The expressions for the energy as a linear combination of radial integrals
are tabulated for each term [11]. All the integrals can be calculated exactly
by analytic formulas.

Results for the different energy components exhibited the same beha-
viour in all cases. In the following tables we shall present data for the case of
carbon atom as an illustration of the general trend. Table | contains the differ-
ent components of the energy for the three lowest terms of carbon arising from
the electronic configuration Is2s2p2

The energy sequence of terms is 3 <[ ID <" *Sin accordance with expe-
riment and Hund’s rule, but the electron repulsion energy is greatest in the
P term, in complete contradiction to the accepted explanation for this rule.
The factor which determines the energy-sequence of terms turns out to be the
different nuclear attraction energy and not the difference in electron repulsion
energy.

Closer examination of the results (Tables Il, Ill) shows that the factor
responsible for this behaviour is a concentration of the electronic charge of
the 2p orbital, closer to the nucleus, in the term with highest multiplicity. This
causes an appreciable decrease in the nuclear attraction energy, as compared
with the other terms, and at the same time, an increase in the repulsion energy
of the charge in the 2p orbital with the charge in the closed shell, although to
a lesser degree. Comparison of the radial charge distribution in the 2p orbital
for the three terms (Fig. 1) verifies this finding.

The difference in the energies and charge distributions between the closed
shell orbitals, Is, 2s, of the three terms are smaller and have smaller influence
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Table 11

Components of one-electron energy (kinetic energy and nuclear attraction energy) for the
three lowest terms of the carbon atom calculated from ciementi’st SCF-functions

Kinetic energy -f nuclear attraction energy
lerm
(b) () ) Total
P —35.869 —7.684 -6.895 —50.448
D —35.870 —7.704 6.786 —50.360
'S —35.871 —7.732 —6.616 -50.219
See [9].
Table 111

Components of electronic repulsion energy for the three lowest terms of the carbon atom
calculated from cirementi’s1 SCF-functions

Closed-shell
Term

Inter-shell Open shell Total
repulsion energy repulsion energy repulsion energy repulsion energy
P 7.222 5.048 0.490 12.760
'D 7.237 4.959 0.532 12.728
'S 7.260 4.822 0.587 12.669
1See [9].

Fig. 1. Mean charge distribution in the 2p-orbital for the three lowest terms of carbon atom
calculated from ciementi’'s SCF functions

Acta Physica Academiae Scientiarum Hun”aricae 27, 1969



THEORETICAL EXPLANATION OF HUND’'S RULE 173

on the energy differences between the terms. This result could be expected
since the inner shell of the atom is known to be influenced only slightly by
changes in the outer shell.

Another interesting point which is observed in Table Il is that the repul-
sion energy in the open shell only is in the order P <(1>< 1S. That is
although there are differences in the 2p orbitals of the three terms, it can still
be observed that antisymmetrization of the wave function introduces a measure
of correlation between electrons with parallel spins. However, this correlation
has a slight influence on the energy differences between terms and the main
factor is, as was mentioned above, the difference in nuclear attraction energy
of the 2p orbital.

Exactly analogous results were obtained for the other atoms examined —
N(4s°, “HO, P°), 0(3F, 1D, 45) and their counterparts in the second row of the
periodic table — Si, P, S.

3. Configuration interaction calculations

In order to ascertain whether the above results are not limited to the
single configuration approximation (it is well known that SCF-functions do not
yield a good description of two electron observables) the different components
of the total energy were calculated for the three lowest terms of carbon, using
Cl functions.

These functions were calculated by us following a previous calculation
made by Boys [12]. The first step consisted in recalculating Boys’ results
and in the second — other configurations were added to the function in view
of improving the energy. Computer programs have been written for the calcul-
ation of matrix elements between the atomic configurations involved and for
the solution of the secular equation. For the latter we used the partitioning
technique of Léwdin [13], which was found to be very convenient for such
calculations.

Results for the wave functions and energies are listed in Table IV.
Comparison of the energy values obtained in the different approximations
is given in Table V. The fourth column presents the best values known in
literature for the carbon atom, published recently by Weiss [14]. Another
comparison to experiment is obtained by the interval-ratio *S—4D/1D —3P for
carbon (Table VI).

Superposition of configurations appreciably improves the quantitative
agreement of the interval-ratio with experiment, so that it can be expected
that these functions will give a better description of the energy-differences
between the various terms of the carbon atom. Results for the different com-
ponents of the energy as calculated from these functions are given in Table V11
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coefficient

Configuration 3 W is
(sA2)(sB2pA2 1.0 1.0 1.0
(sAsC)(sB2pA2 0.00931 0.00925 0.00907
(sC2(sB2pA2 —0.01511 -0.01510 —0.01505
(PC2(sB2pA2 0.01604 0.01604 0.01602
(sA2pA4 0.12462 —0.12361 —0.24778
(sA2)(sBsC)pA2 0.00797 0.00905 0.01469
(sA2)(sBsD)pA2 —0.07872 —0.08039 —0.09033
(sA2(sBpApB 0.04275 0.07925 0.13294
(sA2)(sBAA)3D(pA2fp 0.09996 0.14982 —
(SA2(sBdA)3D(pA2'D 0.12085 )
(sA2)(sBsC)pApB 0.03357 0.03387 0.03473
(sA2)(sBsD)pApB —0.05449 -0.05736 —0.06209
(sA2(sB2pB2 -0.04089 —0.05698 —0.07736
(SA2)(sB2dA2 0.03614 0.04780 0.09714
(sA2(sB2pApD '* 0.13952 0.17279 0.22358
(sA2)(sB2pApC 0.03912 0.04454 0.05233
(sA2)(dA2pA2 —0.03496 —0.03482 —0.00544
(sA2(pB2pA2 0.01861 0.01893 0.00278
(SAsB)(sC2pA2 —0.00542 —0.00543 —0.00549
(sB2(sCsD)pA2 —0.00375 —0.00376 —0.00380
E(a.u.) —37.7600 —37.7030 —37.6416
*The orbital pD' is not the one used by Boys — it is rather a linear combination of
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Table 1V

Boys’ pD and pC, which is orthogonal to pC.

Table V

Cl functions and energies for the three lowest terms of the carbon

atom (present work)

Comparison of energies for different calculations for the carbon atom

SCF

Term (Clementil)

3p —37.689

'D -37.631

uS -37.550
1See [91.
2See [12].
3See [14].

[o3]

(Boys?
—37.747 — 37.760
— 37.689 — 37.703
— 37.633 — 37.642
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cl
(present work)

cl
(W eiss3)

— 37.779
— 37.731
— 37.679

Exp.2

—37.841
—37.795
— 37.742



Comparison of the

Staterl
1.50
'See [2]
2See [9]
3See [14]
4See [2]
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Table VI

interval ratio ('S—'D)j('D—SP) for the different calculations

SCF cl cl
(Clementi? (present work) (Weiss3 Exp.4
1.43 1.08 1.09 1.13

Table VII

175

Energy components for the three lowest terms of the carbon atom, calculated from the CI

Term

'D

Kinetic
energy

37.635
37.583
37.553

functions of Table IV

Nuclear attraction Electronic repulsion Total

energy energy energy
—87.958 12.563 — 37.760
—87.821 12.535 — 37.703
—87.677 12.483 — 37.642

Fig. 2. Mean charge distribution in the /.-shell for the three lowest terms of carbon atom as
calculated from the CI functions given in Table TV

Acta Physica Academiae Scientiarum Hungaricae. 27, 1969



176 A. LEMBERGER and R. PAUNCZ

These results indicate exactly the same behaviour as the one observed
using SCF functions: The electron repulsion energy is highest in the term with
highest multiplicity and the factor responsible for the order 3 < 1D < is
the difference in nuclear attraction energy.

Comparison of the mean radial charge distribution of the three terms
indicates that the differences in the inner shell (K shell) are very small but there
are differences in the outer shell (L shell). The radial charge distribution in the
L shell of carbon for the three lowest terms is given in Fig. 2.

The charge in the 3P-term is concentrated closer to the nucleus than in
the other terms, and this seems to be the reason for the decrease in nuclear
attraction energy and for the increase in the electron repulsion energy.

4. Summary

Results of the calculations indicate that the accepted explanation for
Hund’s rule is based on an approximation and it does not remain valid if more
elaborate methods are used for the determination of the atomic wave function.
It seems that at least for the three lowest terms of the carbon atom the differ-
ences in term energies are due to changes in spatial charge distribution, so that
the main factor responsible for the order of energies is the difference in nuclear
attraction energy, not in the electron repulsion energy.

Although we cannot conclude that this result is characteristic of all
atoms (it is probably not the case with positive ions), the above results still
emphasize the fact that the differences in one-electron energy between various
terms are of the same order of magnitude as the differences in electron repulsion
energy and their neglection is, therefore, unjustified.
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MPUMEYAHWNA OTHOCWUTE/IbHO TEOPETUYECKOIO TO/IKOBAHWNA
MPABUNA TYHOA

A. NEMBEPTEP un P. MAYHL,

Pesome

CornacHo NpUHATOMY TEOPeTMYEeCKOMY TO/IKOBaHWIO npasuna MyHAa sHeprus aNeKTPoH-
HOro B3aMMO/eNCTBUS Hambosee HU3KAa B OCHOBHOM COCTOSIHUM, YTO 06YCNIOBNNBAETCS BbICOKOM
MYNbTUNNETHOCTbIO. Pacnaj MofHON SHeprum B OAHO- M [BYX3/EKTPOHHLIA BKNafbl B Cnyyae
aToma yrnepoga, onpefeneHHblii Ha 6ase MeToda CaMocOr/acOBaHHOTO NOAA U KOH(MUIYpaLMOH-
HOF0 B3aMMOJEWCTBUS, TFOBOPUT O HEAEACTBMTENbHOCTM [AAaHHOrO MpPeAnonoXeHus. Hauwm
pesynbTaThbl MOKA3blBAKOT, YTO FNIABHOE Pa3/MuuMe B 3HEPTUAX Pa3IMUHbIX TEPMOB, NPOUCXOAS-

LWMUX OT OfIHOM U TOW XXe 3NeKTPOHHOW KoHMUrypauuu, o6ycnoBaAMBaeTCs PasiMuMeM B OfiHO-
3NEKTPOHHBIX IHEPrUsX.
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In recent years, it has become possible to compute strongly orthogonal geminals for
several smaller systems and to investigate the effectiveness of the conventional separated
pair theory. The results are compared with those obtained by other many-electron theories and
the sources of the main deficiencies are pointed out. Extensions of the separated pair theory
using the optimized orbitals of the single antisymmetrized geminal product wave function are
also discussed.

Introduction

It was Fock who first proposed that two-electron functions should be
used as building blocks in constructing the total wave function [1]. This method
seemed to be the most natural extension of the Hartree—Fock scheme. It was
expected that in this way the most important part of the correlation energy
could be accounted for and the two-electron functions are transferable at least
in certain “localized” systems. The calculation of the energy (and of other phy-
sical quantities) is, however, rather cumbersome unless special restrictions are
imposed on the two-electron functions [2, 3]. To avoid this difficulty the con-
cept of strong orthogonality was introduced [4]. Given an 2 IV-electron system
the total wave function 4*,,can be written as an antisymmetrized product of
N geminals tpK (1, 2), K = 1, 2, ... N. If the geminals are

a) normalized to unity:

j Wk (1,2) Wk (L2)dId2 = 1, 1)
b) antisymmetric in the (space-spin) variables of the electrons:
Yk(1,2) = -V k(1,2), ()
¢) mutually orthogonal in the strong sense:

IWk (1,2)fL (1,2 dl = 0, if K =f=L, 3)

*Dedicated to Prof. P. Gombas on his 60th birthday. The author wishes to express
his thanks to Professor P. Gombas for continuously encouraging and supporting research
concerning many-electron problems.
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the total wave function 4/0 normalized to unity has the following form:

[ 2n R
0 - m i 0 LPPY(!1"2)% (3,4)... 4N (2N - 1,2N). 4
Here the summation should be extended over only those permutations which
interchange the electrons between geminals.
By using (4) and taking into account restrictions (1), (2), (3), the energy
expression can be easily calculated [4, 5, 6, 7, 8]

EO= LWO) + 2 fV*(1.2)[W1) + H(2) + rrx] Wk (1, 2)dl d2 +
K=1 ®)
+ 22 2 idld2d3darw [1- -P13] Wk (1%2) Vk (1,2) y17 (3", 4 3,4).
K 2% [ ] Wk (1%2) Vi (1,2) yT (3", 4) L (3.4)
The mean value of an operator 0, being the symmetrical sum of one-electron
operators

2N
0= 2 o0,
i=|

has the following simple form
0=2  N&(1.20()yK(2)dI<12

The above formalism has been generalized so that group functions of an
arbitrary number of electrons were used as building blocks instead of geminals
[7, 8, 9].

By using energy expression (5) and auxiliary conditions (1), (2), (3), a
set of coupled integro-differential equations has been derived with the help
of the variation theory for determining the best possible geminals [5, 8, 10].
The equations so obtained were inconvenient for practical use owing to the
off-diagonal Lagrangian multipliers. To circumvent this difficulty Parks and
Parr suggested that the geminals should be constructed of given one-electron
functions <b in the following way

yK(1,2) = "CE*x(1)M2). (6)
XA

The strong orthogonality conditions (3) are satisfied when each of the one-
electron functions ¢x enters the series (6) of only one geminal. Parks and
Parr also proposed that the coefficients C*g should be calculated self-consistent-
ly by minimizing the energy expression of the individual geminals [5, 8].

The meaning of the strong orthogonality condition (SC) was later clari-
fied by Arai [11], and by Lowdin [12]. They proved the following theorem:
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Given N strongly orthogonal geminals iK, there always exists at least
one complete set of orthonormal one-electron functions {¢>}, which can he par-
titioned into N subsets having no common elements

Piv @i2i Via, mma/kv fK'ii kv mmiifhi ;<2 Tnv mem

such that each of the geminals can be expanded in terms of its own subset
only:

V*i(1,2) =Aag<?2V *(1)?2>/a(2). @)
XA

This means that the representation of the strongly orthogonal geminals by
series (7) is completely general provided the coefficients ax) and the one-elec-
tron functions §Kx are suitably determined.

This theorem made it possible to work out methods suitable for the prac-
tical determination of strongly orthogonal geminals. At the same time the
separated pair theory became essentially a particular case of the method of
“configuration interaction with optimalized basis functions”.

The conventional separated pair theory

Geminals are uniquely defined by the coefficients axiand the one-electron
functions ¢pkx- (The converse is not necessarily true.) Using the variation theory
we can derive equations for determining the coefficients axi and the one-
electron functions (pKx [5, 7, 8, 13— 15]. Substituting (7) into the energy expres-
sion (5) and varying the coefficients subject to the auxiliary conditions

2 K\2=1, K =1,2,.. .N,
x,J1

we obtain N sets of equations

for all n, N, and K, where
H« = H(l) + tf(2) + rf/ +
+ 2 V fd3d4[rfsi(1- PR+ r*1(1- PR PL(3.4) WM (3, 4).
1o} e}

Equs. (8) represent N pseudo-eigenvalue equations because the operators
HK depend on the coefficients ax\ of all the other geminals.

Varying the energy expression with respect to the one-electron functions
gKx taking into account the following auxiliary conditions

J <E*(1) <Pu(r) dl = skl >
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we obtain a set of one-electron equations of the form

FPVK*= ~ 2 e*lLs- 9)

A

Here the one-electron operators Fx depend on all the coefficients ax\ and all
the one-electron functions except X

Equs. (8) define the coefficients ax> of the best possible geminals
with fixed <k,,s, and Equs. (9) define the one-electron functions (pKx of
the best possible geminals with fixed ax*s. The ax“s and the ~ ,, ’s are, how-
ever,—not independent because any unitary transformation of the ¢kKxs (and
the simultaneous transformation of the a*['s with the corresponding adjoint)
leaves rpk invariant. Instead of adding further auxiliary conditions it is more
practical to use the natural spin-orbital expansion of the geminals. Assuming
that the <ux are the natural spin-orbitals of the corresponding geminal, for
real rpk, only those coefficients ax\ differ from zero in the scries (7) for which
<prol= cp*k. As a consequence, Equs. (8) and (9) simplify to some extent
[14, 15]. To obtain the best possible geminals these equations should be solved
simultaneously [15]. The natural spin-orbitals of the geminals are automatically
natural spin-orbitals of the total wave function.

All methods hitherto applied to obtain the best possible geminals are
essentially equivalent to some approximate solution of Equs. (8) and (9) with a
basis qgKx truncated to finite size.

A) If a set of orthonormal one-electron functions ¢Kx is known which is
presumably close to the optimal one, only the pseudo-eigenvalue equations (8)
have to be solved. The solution can be carried out by iteration similarly to the
Hartree —Fock—Roothaan equations [16, 17].

B) The above procedure can be combined with that of mixing the
gKxs by unitary transformation. The unitary transformation is determined
by minimizing the total energy. The two procedures have to be continued
alternately until self-consistency is achieved [18, 19].

C) An iterative procedure for solving Equs. (8) and (9) was proposed
by Kutzelnigg [15, 20]. As a first step he simplified Equs. (8) and (9) by
decoupling those corresponding to coefficients axi and one-electrtn functions
Kx of different geminals. The first natural orbital in each of the geminals was
identified with a suitable “localized” unitary transform of the occupied Hart-
ree—Fock orbitals. By using these decoupled equs. he determined the
“excited” natural orbitals, which were required to be orthogonal to all occupied
Hartree —F ock orbitals and to all “excited” natural orbitals of the same geminal
but not to the “excited” natural orbitals of the other geminals. In the case of
Be and LiH the correction owing to the nonorthogonality of the “excited”
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natural orbitals was found to be small as the “excited” natural orbitals of dif-
ferent geminals are localized in different spatial regions. Nevertheless this
method of approximation does not belong rigorously to the separated pair
theory hut is closely related to the independent pair model of Sinanoglu
[21, 22] and of Nesbet [23].

Similar simplified equations were applied for determining the natural
orbitals of geminals by Edmiston and Kkauss [24].

D) The method of “optimized valence configurations” is also a special
case of the separated pair approximation [25]. Only the bonding pair was cor-
related but all the one-electron functions were optimized. The Equs. (9)
were solved by expanding the gKx in terms of a fixed set and the off-diagonal
Lagrangian multipliers were absorbed in the operators Fx.

Method B) was applied to LiH [18] and to beryllium-like systems [26].
In the latter case 15 different Slater orbitals were used as basis functions
and the exponents £ were also varied. In the case of the Be atom 89.8% of the
total correlation energy was recovered. Similar results were obtained for other
systems.

Method C) was applied to Be, LiH [20] and to BeH2 BH3 CHt [26].
For Be and LiH the results are similar to those obtained by method B). The
correlation energy per equivalent geminal corresponding to the bond X—H
was found to decrease continuously from LiH to CH4. A comparison with the
empirical correlation energies indicated that the sum of the intrageminal
correlation energies comprises a continuously decreasing fraction of the total
correlation energy. This means that the intergeminal correlation energies
should also be taken into account and that the correlation energy of the X—H
bonds is not transferable.

We can easily recognize the shortcomings of the conventional separated
pair theory by comparing it with other theories of the correlation energy.

The most developed methods are the “many-electron theory” of Sina-
noglu [21, 22] and the “theory ofn-tli order Bethe —Goldstone equations” of
Nesbet [23]. They are closely related but the latter is more convenient for
comparison because it applies one-electron function expansions. The exact
wave function of a 21V-electronsystemis determined by the successive variation-
al solution of effective Schrédinger equations for clusters of one, two, three
etc., electrons. Slater determinants ®/r of 2iV-th order are used as basis func-
tions, which are constructed out of a set of orthogonal one-electron functions
{P}:

DK — [(21V)!]-12 det \IXIDK2... D X .

The set {(p} is divided into two sets dx, x = 1, 2,. .. 2N, and ¢e, g = 2N -)- 1,
21V -f-2, . . ., the first of wliichis usually identified with the occupied Hartree—
Fock spin-orbitals. The Slater determinant containing only the functions of the
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first set is denoted by ®0 and Slater determinants in which the occupied dx,
ox, PN, etc., are replaced by B,da T etc., are denoted by eee The first
order corrections extothe Hartree—Fock energy are calculated by mini-
mizing separately the expressions

<mNo!/»> — Enhf (10
<[*U*>

with respect to the coefficients of trial functions
/, = ®o+ 2 bep«- (ii)
i?

The second order corrections exlare calculated by minimizing separately
the expressions

" (XX \H\fxU __ Eur . o (12)

with respect to the coefficients of trial functions
fxx = <h + Yi1>xpl+ 2 b{p'l+2 b=>0dm (13)

The procedure can be continued by calculating higher order corrections.
The total correlation energy up to second order equals

2N 2N

ec= 2 e*+ g e
x=1 x>1=1

As the first sum in closed shell systems (Be, Ne) was found to be zero, the
total correlation energy in this approximation consists of the sum of the inde-
pendent pair correlation energies exi. Calculations carried out on simpler sys-
tems indicated that in this approximation 97—98% of the total correlation
energy could be recovered using a fairly large basis.

The lowering of the energy is brought about by terms

j dld2 1- PP (M) & (2') de(l) da(2) (14)

in the expression (12) of e where they are multiplied by appropriate coeffi-
cients bax. As the matrix elements (14) represent exchange-like interactions
their value is significant onlywhen dpg and da are localized in the same regi-
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ons of space where the corresponding x and &g are appreciably different
from zero [28]. The electrons in ¢x and ¢a can be excited to any de and d®,,.

The correlation energy obtained by the separated pair theory can be
written approximately in the following form [19, 20]

eK »
K

where denotes that part of the correlation energy which comes from the
geminal .
This means that the separated pair theory has two main deficiencies:
a) It takes into account only N pair correlations (the so called intrage-

L . . 2N
minai correlations) instead of

b) Even the pair correlations included are restricted to some extent
because the electrons in ¢x and g cannotbe excitedto any ceand dabut only
to a subgroup of them as a consequence of the SC’s.

These defects are not serious if the system consists of N completely iso-
lated pairs because then

Y[l 2)pl(1, 2= 0, if Ko L,

automatically. This case is, however, an exceptional one. For strongly localized
systems as e.g. for the Be atom, the error in the correlation energy caused by
deficiency b) is not significant (2%). For weakly localized systems even this
error may be more serious [29]. The neglect of intergeminal correlations (defi-
ciency a)) is inadmissible, even for strongly localized systems. The importance
of the interpair correlation energy was stressed by McKoy and Sinanoglu
[30]. If accurate results are needed the conventional separated pair theory
should be corrected.

Extension of the separated pair theory

Part of the intergeminal correlation energy within the framework of
the separated pair theory can be taken into account as follows [7, 9, 31].

MK

Each set of the equations (8) with fixed H Khas linearly independent

solutions one of which, ip”, is identical with the best possible geminal,;
the others represent “excited” geminals. (n™ is the number of one-electron
functions (pKx in the subspace K.) They obey the following orthogonality rela-
tions

j YKit (1» 2) Vk; (1»2) d1d2 — ok!,
J>M 1.2)Yu (1.2)«u = 0, if Kpb.
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The most general 21V-electron function of the separated pair theory can
be written in the form

FSP= y; , (15)
Ci7.i

where the antisymmetrized products

ON "11/2
— 2 (- iy PWi(2,2)7(3,4). . y»NI(2N - 1,2V) (16)
(2/IV)1J  p
contain one geminal of each of the N subspaces. (The functioni=j = ... =

= Z= 1 corresponds to *F0.)

Instead of solving the secular equation corresponding to (15) it is more
practical to use the Rayleigh -Schrédinger perturbation theory based on parti-
tioning techniques [7, 31, 32]. We have for the correction to the separated pair
ground state energy (5) up to third order

2 Hgr HrSH s
y d 9 , 17
roEn lr 0 (Eg Hm(Eg /)
S>0

where
H,s= JF*HFSdr, fF* Fsdr = 0rs.

The matrix element Hor is different from zero only when the configuration
Fr contains two “excited” geminals.

It can easily be shown that the first sum of (16) includes the intergeminal
correlations consistent with the SC’s. If the Hartree —Fock approximation is
a fairly good one the natural orbitals in the leading term of the best possible
geminals are nearly identical with some unitary transforms of the doubly
occupied Hartree—Fock orbitals. In this case we find among the *“excited”
geminals those the leading term of which is nearly identical with one of the
possible singly-excited configurations within the corresponding subspace.
These “singly-excited” geminals in the first sum of (17) account for all double
excitations which conform to the SC’s. Three- and four-particle excitations are
also included.

It can be shown that configurations (16) above do not exhaust all the 2N-
electron states which can be constructed out of the known one-electron func-

tions As a consequence of the SC’s the number of electrons NK in each of
the subspaces are conserved and equal to 2 [31]. To get all linearly independent
2iV-electron functions .nx Which can be derived from the (p”“s we have
to construct also the functions corresponding to all possible partitions of the
set Nv N2 ... Nn, ENk = 21V, except for those where = N2= ... =
= Nn = 2
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The functions T/wn,.nvare expressed as antisymmetrized products con-
taining one group function y>\Kk of each of the N subspaces [31]:

iVIIN2l. . .Nn\ 12

r NIN2..Nn > 1) p Py>Nu V>Nii- msVNxlI |

where
y>Ngk= 1* if NK= 0,
fNKk — YKxi if NK= 1
VoNk— VKki if NK= 2,

and for NK 2
Vft/i= (NK')~I2 det \kx(1) Ekx (2) e e<BKv(n k)\ m

Every can be derived by “exciting” electrons out of the 1fg by
elementary excitations of two kinds

—simple excitation: replaces one group function by another belonging to
the same subspace and occupation number

Yblk WNkl m k=j=I,

—electron transfer excitation: transfer one electron from one subspace to
another, altering two group functions simultaneously

V'Nsk VNI~ V N k—U VNL+1j «

The minimum number of simple excitations necessary to transfer a given state
into another is always unique. This means that all states having nonzero
matrix element with WOcan be derived from WOby two elementary excitations.
It is exactly these states which should be taken into account in calculating the
correction up to third order (17). The corresponding functions JW
can be grouped according to the minimum number of necessary elementary
excitations to connect them with WO:

1) two simple excitations. The corresponding configurations describe
the correlations conforming to the SC’s.

I1) one electron transfer excitations.

I11) one simple excitation -f- one electron transfer excitation,

IV) two electron transfer excitations.

It can be shown that they include all possible two-electron excitations and in
addition some of the many-electron excitations.

This procedure was applied to the sa-electrons of trans-butadiene in the
Goeppert—Mayer—Sklar approximation [33, 34]. The separated pair ground
state was calculated using equivalent orbitals constructed from the SCF orbi-
tals of Parr and Mulliken [35], and all second order corrections were évaluat-
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ed. It was found that the intrageminal correlation energy accounted for is 93%
of the standard value which was identified with that obtained by the “full”
Cl. About 75% of the intergeminal correlation energy came from one electron
transfer configurations of type I1) and Ill). The contribution from configura-
tions of type 1) which conform to the SC’s was less, 25%, and practically the
whole came from configurations containing two “singly-excited” geminals.
The contribution from two electron transfer configurations was found to be
negligible. The result was superior to those obtained by other variants of the
Rayleigh—Schrédinger perturbation theory.

The above procedure is convenient especially when perturbation theory
is used.

Miller and Ruedenberg worked out a different method to obtain all
2iV-electron functions which can be constructed from the @ s [26]. Using 28
configurations about 94% of the empirical correlation energy was recovered
for beryllium-like systems. The natural orbitals obtained from the separated
pair wave functions were very similar to those calculated from the 28 configu-
ration wave function.

Conclusions

The conventional separated pair theory has not completely fulfilled all
earlier expectations. The single antisymmetrized product of strongly orthogo-
nal geminals accounts for only a fraction of the total correlation energy. Even
for strongly localized systems (Be, CH4) this fraction is about 90—50%. The
transferability of the geminals seems to depend strongly on the environment of
the corresponding pairs.

To achieve “chemical accuracy” it is necessary to go beyond the conven-
tional separated pair theory. The extensions up to the present have used the
one-electron functions optimized in the conventional theory and for small
strongly localized systems have given promising results. The applicability
depends mainly on the convergence of the expansion used in the extensions.
If the natural orbitals of the separated pair wave function are very close to
the natural orbitals of the exact wave function then the rate of convergence
is nearly optimal and the second and third order correction of perturbation
theory may be sufficient. The evaluation of the higher order corrections seems
to be very clumsy. The practicability of the theory can be decided only when
the results of further numerical calculations on various systems is available.
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PA3BUTNA B PA3AE/IEHHOW MAPHOW TEOPUN
2. KAMNYn

Pesome

B nocneaHue rofpl CTano BO3MOXHbLIM OMNPeAennTb CTPOro OPTOrOHaNbHble FeMUHanbI
AN HEKOTOPbIX MasbliX CUCTEM W MUCCNefoBaTh 3(PEKTUBHOCTb KOHBEHLMOHANLHOW pasjeneH-
HOW MapHOi Teopun. Pe3ynbTaTbl CPABHMBAKOTCA C MONYYEHHLIMU MYTEM MPUMEHEHUS [APYTUX
MHOT03/1EKTPOHHbIX Teopuit. OGpallaeTcs BHMMaHWE Ha WCTOYHWKM TNaBHbIX HEA0CTaTKOB.
PaccmaTpuBaeTCsl fanbHeiiliee pacluMpeHue pasfeneHHoN napHoii Teopwuu, NpUMeHsioLLeit
ONTUMU3MPOBaHHbIE OP6UTANU BONHOBOW (YHKLUMM NPOCTO aHTUCUMMETPU3UPOBAHHOIO TeMH-
HaNbHOTO MpPOW3BEAEHMS.
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EINIGE BEMERKUNGEN ZUM KOMBINIERTEN
NAHERUNGSVERFAHREN
UND ZUM EFFEKTIVEN POTENTIAL* **

Von

H. Preuss

MAX-PLANCK-INSTITUT FUR PHYSIK UND ASTROPHYSIK, 8000 MUNCHEN 23, BRD

(Eingegangen 3. Il. 1969)

Nach einer kurzen Einfuhrung in das kombinierte Ndherungsverfahren werden dami
die Bindungsenergien und Abstdnde der Alkalimolekilionen berechnet und die Frage nach der
Existenz von Alkalihydridmolekilionen aufgeworfen. Bezlglich einer Verbesserung des Ver-
fahrens wird ein Atomfunktionenansatz benutzt, der sich nur aus Exponentialausdricken auf-
baut. Weitere Verbesserungsmdéglichkeiten werden diskutiert.

Ausgehend von diesen Untersuchungen wird die Rolle des effektiven Potentials im
Rahmen von Mehrzentrenproblemen untersucht und ganz allgemein gezeigt, dass sich im Rah-
men einer naiven Einteilchenndherung kein effektives Potential definieren ldsst, sondern die
sinnvolle Einfihrung eines solchen nur dann mdglich ist, wenn gewisse Zige des Einteilchen-
bildes fallen gelassen werden. Dabei wird eine Definition des Zusatzpotentials angegeben, die
auf einem Variationsprinzip basiert und Mdglichkeiten aufzeigt, wie das effektive Potential
bestimmt werden kann. Ferner wird eine vor einiger Zeit vom Verfasser angegebene Gite-
definition der N&herungsldsungen der Schrddingergleichung mit einem schon bekannten Varia-
tionsverfahren in Zusammenhang gebracht, wobei der Begriff des effektiven Potentials not-
wendig ist.

1. Einflhrung

Das fur die Valenzelektronen eines Atoms geltende Besetzungsverbot
fir die von den Rumpfelektronen voll besetzten Quantenzustdnde bewirkt,
dass diese in hohere Zustdnde gedrédngt werden. Mit Hilfe statistischer Betrach-
tungen lé&sst sich dieses Besetzungsverbot fiir den aus abgeschlossenen Schalen
bestehenden Rumpf als eine nicht klassische Abstossungskraft formulieren,
die zwischen Rumpf- und Valenzelektronen wirkt und die ein Zusatzpotential
fur die Valenzelektronen liefert, das die Erfullung des Pauliprinzips zwischen
Rumpf- und Valenzelektronen automatisch regelt [1]. Dieses Zusatzpotential
ist, entsprechend unserer Voraussetzung abgeschlossener Schalen, kugelsym-
metrisch und enthebt uns der Mihe, die Eigenfunktionen der einzelnen Valenz-
elektronen auf die der einzelnen Rumpfelektronen zu orthogonalisieren. Der
dafiur notige Rechenaufwand ist bei gréosseren Rumpfen sehr betrdchtlich.

* Herrn Prof. P. Gombas in Verehrung zum 60. Geburtstag gewidmet.
** Die vorliegende Arbeit stellt eine Zusammenfassung der vom Verfasser in den letzten
Jahren zu diesem Thema vorliegenden Publikationen und Diskussionen dar.
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Man fihrt daher fir das i-te Yalenzelektron ein modifiziertes Potential

<pein, welches aus einem elektrostatischen Anteil und aus dem Zusatzpotential
besteht

0(i) = V(i) + Vz(i), 1)

und hat im Ansatz fir die Yalenzelektronen die einzelnen Einelektronenfunk-
tionen voneinander orthogonal zu machen und braucht bei der Berechnung
der Energiewerte keine Riicksicht auf die Rumpfelektronen zu nehmen.

Das Vielelektronenproblem durch eine kombinierte Methode zu ldsen,
indem die Rumpfelektronen statistisch und die Yalenzelektronen nach der
Wellengleichung behandelt werden, hat zuerst Hellmann [2] durchgefiihrt.
Eine analytische Form des Zusatzpotentials wurde dann von Gombas [1]
[3] und Fényes [4] auf verschiedene Weise hergeleitet.

Fir die praktische Anwendung setzte Hellmann das Zusatzpotential
analytisch an

l(r) = — e~2r (2
r

und bestimmte 3F und A dadurch, dass die tiefsten Terme des freien Atoms
mdglichst gut Ubereinstimmen. Dieses Vorgehen ist oft mit Recht kritisiert
worden, da das Zusatzpotential, wie Gombas gezeigt hat [1], davon abhé&ngt,
in welchem Zustand sich das jeweilige Valenzelektron befindet. Mit anderen
W orten, das Zusatzpotential, welches auf ein herausgegriffenes Valenzelektron
wirkt, ist gleichzeitig auch eine Funktion des Quantenzustandes des Elektrons.
Man muss daher dem Ansatz (2) diei Bedeutung eines Mittelwertes beimessen
und darf dann erwarten, dass auch de Ergebnisse nur in diesem Sinne verstan-
den werden kdnnen.

Andererseits geht dieses halbtheoretische Verfahren im Prinzip Uber die
statistische Methode hinaus, da es auch der Polarisation des Rumpfes durch
das Valenzelektron und der Austauschwechselwirkung des Valenzelektrons mit
den Rumpfelektronen Rechnunlg trdgt. Man muss daher das kombinierte Né&he-
rungsverfahren als eine Modelrechnung ansehen, bei der man freilich schon
ungefdhr die gemachten Vernachldssigungen ubersieht und darf diesen Rech-
nungen daher mehr orientierenden Charakter zumessen. Die Ergebnisse, auf
die wir noch ndher zu sprechen kommen werden, zeigen aber, dass in vielen
Fallen auch eine quantitative Diskussion noch mdglich ist.

Bei der Berechnung von Molekilproblemen treten weitere Schwierigkei-
ten auf, die besonders den Einsatz des Zusatzpotentials als Funktion der Elek-
tronenzustdnde mit einem grossen rechnerischen Aufwand belasten. Zwar
kénnte man in erster Ndherung die Wechselwirkungen der Rimpfe unterein-
ander vernachldssigen, da es ohne weiteres mdglich wére, diese zum Beispiel
nach der Stérungsrechnung von Lenz [5] und Jensen [6] ausreichend genau
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zu berucksichtigen, doch treten Schwierigkeiten auf, Zusatzpotentiale der
verschiedenen Zentren so aufeinander abzustimmen, dass sich die Valenzelek-
tronen eines Molekiils noch in einem sinnvollen effektiven Potential befinden.

2. Bisherige Anwendungen
Nach Separation der Wellengleichung ergibt sich fir den Radialanteil

jR(r) der -~-Funktion die Differentialgleichung (Z bedeutet Z-fach geladener
Rumpf) des Atomproblems zu

Sx Ul r) - — W)+ — U+ 1)4y R(r) = ER(r). (3)

Die Bestimmung der 3? und A (2) wurde mit Hilfe eines Variationsverfahrens
durchgefiuhrt [2] [7], in dem man fir die ersten drei tiefsten Zustdnde des
Atoms die Funktionen

R(Is) = e~cr, R{2p) = re-~ar,
R(2s) 4
ansetzte und die Energien (5) bei festem A und 3i? zum Minimum machte:

E(ls) = > £2—Ze -\- Ae

e+ 3r)
E@p)= @ Ww-+A- 7 )
2 2 w@3sirt
1
E(2s) = - L -
1 — (elt?) + (elrj)2
2 —(elt?)
2 1—(eh) + (eh)2 .
3.9 1+ ely 1. 1+ 3f\]
+ Ar 1+ 3rm 2 1+ ¢ |

l+anp21-m + @Gpy)

Dann wurden 3i7und A so gewahlt, dass -E(Is) mit dem empirischen tiefsten
Term vollig Ubereinstimmte. Die folgende Tabelle I gibt diefund H-Werte
wieder sowie einen Vergleich der Energiewerte, wobei die htheren Terme mdg-
lichst gut zur Ubereinstimmung mit den Experimentalwerten gebracht wur-
den.
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Tabelle 1

Die Konstanten XX und A sowie Energiewerte in eV fir Alkaliatome und einige Erdalkali-lonen

Konstanten s-Grundterm s-Terrn angeregt p-Grundterm

Aom « A theor. exp. theor. exp. theor. exp.

Na 0,536 1,826 5,12 5,12 1,85 1,94 2,92 3,02
K 0,449 1,989 4,32 4,32 1,63 1,73 2,73 2,71
Rb 0,358 1,640 4,16 4,16 1,69 1,68 2,56 2,58
Cs 0,333 1,672 3,87 3,87 1,53 1,59 2,45 2,46
Mg + 0,844 4,656 14,96 14,96 5,75 6,35 10,48 10,55
Ca+ 0,506 3,653 11,81 11,81 4,91 5,37 8,80 8.69

Mit diesen justierten Zusatzpotentialen wurde u. a. in die Berechnung des
metallischen Zustands eingegangen [7].

Fur das K2Molekil im Grundzustand wurden von Hellmann [2] mit
dem Heitler—Londonschen Funktionsansatz in einergrobenund orientierenden
Rechnung eine Bindungsenergie (BE) von —0,19 eV bei einem Kernabstand
(R) von 4,0 A erhalten. (Experimentelle Werte: R = 3,9 A, BE = —0,51 eV.)
Fur die Eigenfunktionen der Valenzelektronen waren nur Exponentialfunk-
tionen verwendet worden.

Ebenso wurde von Hellmann [2] das KH-Molekul behandelt, wobei
zum Heitler—Londonschen Ansatz ein lonenterm hinzuaddiert wurde. Die
prozentuale Beteiligung des lonenzustandes wurde aus der Minimumsforde-
rung der Energie gewonnen. Die Ergebnisse lauten: R = 2,1 A (Experiment
2,2 A)und BE = —0,8 eV (—2.06 eV). Die zu kleinen Energien bei K2und KH
beruhen auf der vernachldssigten Elektronenwechselwirkung, was Hellmann
durch eine Uberlegung am K—H zeigen konnte.

Einen sehr ermutigenden Beweis fir die Gute des kN-Verfahrene lie-
ferte die Behandlung des Grundzustandes des Mg-Atoms. Mit den Werten von
3t? und A nach Tabelle | wurde das Mg-Atom als Zweielektronenproblem be-
handelt [2] und mit einem von Hylleraas [8] am He mit Erfolg benutzten
Variationsansatz

y(|,2) = e—<ﬁ+'*>(| +Brn)

der die Elektronenwechselwirkung berlcksichtigt, berechnet. Es ergab sich
eine Energie von 22,21 eV, die vom experimentellen Wert um 0,39 eV nach
oben abweicht.

Diese erwdhnten Rechnungen gehdren zu den frihesten dieser Art. In
den letzten Jahren hat Gombas mit seinen Mitarbeitern zahlreiche Rechnun-
gen durchgefihrt [1], besonders mit dem analytischen Zusatzpotential im
Rahmen der statistischen Theorie, so dass w'ir heute die Mdglichkeit solcher
Verfahrenswege gut tUbersehen kénnen. Danach kann festgestellt werden, dass
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fur Atomrechnungen die Anwendung des Zusatzpotentials nach der statisti-
schen Theorie einem analytischen Ansatz nach Hellmann vorgezogen werden
muss, wenn es darum geht, die Diskussionen quantitativ zu fiohren. Es hat
sich dariber hinaus gezeigt, dass sich mit Hilfe der statistischen Theorie eine
grosse Anzahl von atomaren Eigenschaften in guter Ubereinstimmung mit
dem Experiment ergeben und auch in vielen Féallen Voraussagen maglich
sind [1].

Andererseits stdsst, wie oben schon bemerkt, die Anwendung der sta-
tistischen Theorie auf Molekillprobleme auf eine Reihe von Schwierigkeiten,
die heute noch nicht zufriedenstellend geldst sind. Es empfiehlt sich daher,
vorerst im Sinne des kombinierten N&herungsverfahrens wie oben besprochen
die Werte A und 3t? an freien Atomen zujustieren und dann mit diesem Poten-
tial in die Molekilrechnungen einzugehen. Dabei beachtend, dass man auf
diese Weise ein Ndherungsverfahren vor sich hat, welches bestenfalls nur die
wesentlichsten Zige der chemischen Bindung zu diskutieren gestattet. Dennoch
bleiben auch in diesem Rahmen eine Reihe von Fragen offen, so dass es niitz-
lich erscheint, an Hand einiger kleiner Rechnungen weitere Einblicke in die
Mdéglichkeiten des kombinierten Verfahrens (kN-Verfahren) zu erhalten.

Dazu halten wir die Berechnung der Einelektronenbindung fir beson-
ders geeignet, weil die Beriicksichtigung der Elektronenwechselwirkung weg-
fallt und somit der rechnerische Aufwand beschréankt bleibt.

Fur die Alkalimolekilionen ergibt sich somit nach (1) und (2) der Hamil-
tonoperator zu (in atomaren Einheiten)

—
6T = _t o} -1 e-2.jrra -p_L e-2Xrb (6)

rb 1 ra b

mit den Werten von A und 3t? nach Tabelle I, und es ist die Energie
e = jrp+ JfYdrj\ y>+y=dr (2)

mit dem Variationsansatz y>zum Minimum zu machen. Bezlglich des letzteren
entscheiden wir uns fir die Form (ce, B Variationsparameter)

Vv {I+y*(r0- rb)2}, (8)
die im Falle des H” -lons (A = 0 in (6)) praktisch die experimentellen Werte
fur R und BE ergab (BE-Abweichung etwa 7%0). Der Grund liegt zum Teil

darin, dass (8) mit y = 0 schon kein schlechter Variationsansatz ist, denn der
sich fur diesen Fall ergebende Energieausdruck (7) nach R-Variation

X2+ X [2x-(2x - 1) 1+ 2x (©)
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R= 2%2(1 + 2X) (~-x2+ *— 1,
/13 2

hat sein Minimum von e = 0,58135 at. E. fir X — xR = 1,275 und damit
R = 0,98 A, was einer BE von 2,20 eV entspricht. Die experimentellen Werte

sind R = 1,06 A (2,00 at.E.) und BE = 2,79 eV.
In diesem Zusammenhang sei erwdhnt, dass der naheliegende Ansatz
(10), der nicht so einfache Integrale ergibt wie der Ansatz (8)

Y= e am+ e (10)

im Minimum R = 1,06 A und eine BE von 2,25 eV lieferte. Nach Einfiihren
von elliptischen Koordinaten,

ra+ rb= EI, ra—rb= Ry,
1< /Ir< —o00, —1<r< + 1, 9 um R,
erhdlt (8) die Form
e~aRf,(I +y2R2v2, (11)

und man kann das Ergebnis von (9) so interpretieren, dass die Annahme einer
ellipsoidischen Ladungsverteilung (4 = const sind Ellipsoide um die Kerne
als Zentren) eine gute Né&herung darstellt.

Mit (8) ergibt sich also fir Alkalimolekilionen

e= (-HA-H 1+ 2AHa)/N + ﬁ (12)
mit
R
HA— —1—20c Ax+ m (0>5+ a) cC— A0(9,5 + a)
15
R2
------- Axc “F Azx
2
A0+ 2c +
3
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wobei An das Integral

An(l, 2a) = J” xne~2axdx (13)

darstellt und a = xR und ¢ = yR2 bedeuten.
Fir HA erhdlt man dann

Ha = "4 {(A BO- AOBJ + 2c(A,B2- AO0B, + c2(AxB4- AO0B5}
mit
An= An(l,2a + *"R) (14)
und

Bn= Bn(JTR) = n" e-2IKxdx m

Ein grosser Vorteil des kN-Verfahrens ergibt sich daraus, dass sich der Uber-
gang zu einem anderen Molekul der Alkalireihe nur in einer geringfigigen nu-
merischen Anderung in (12) zeigt. Denn um das Energieminimum zu erhalten,
missen fir einige a-, c- und R-Werte die Integrale HA H1? H Aund N berech-
net werden, die auch, mit Ausnahme von Ha, fir die anderen Molekiile ver-
wendet werden kénnen, da nach (12) und (14) S fnur in HAeingeht und A als
Faktor vor Ha steht.

Tabelle Il gibt die im Minimum der Energie (fir c = 0) mit den Werten
von A undiTnach Tabelle I erhaltenen Bindungsenergien (BE) an, sowie die
in diesem Fall erhaltenen Kernabstande (R) und o-Werte.

Tabelle 11

Bindungsenergien von Alkaliionen und -molekilen

BE [eV] R [at.E.] a BE [eV] R [at.E.]
Na2+ —1,06 6,82 188 Naz2 —0,77 5,80
K 2+ —0,93 8,47 208 K2 -0,51 7,39
Rb2+ —0,80 8,60 220 Rb2 -0,49 8,00
Cs2+ —0,80 9,17 2,22 Cs2 -0,45 8,60
Zum Vergleich sind in Tabelle Il ebenfalls die entsprechenden Werte fur die

Alkalimolekile aufgenommen worden [9]. Die Variation in c ergibt keinen we-
sentlichen Energiegewinn mehr; so erh&lt man fir Na eine BE von—1,13 eV,
fir c= —0,35, R = 6,53 at.E. und a = 2,0. Die Verhaltnisse fir K, Rb und
Cs liegen ahnlich. Der relativ geringe Energiegewinn fir ¢ -¢p 0 legt, unter der
Annahme, dass die Verhé&ltnisse &hnlich wie beim 112 liegen, die Vermutung
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nahe, dass mit dem Ansatz (8) eine gute N&herung fir die Einelektronenfunk-
tionen gefunden worden ist und die erhaltenen BE-Werte nicht viel von den
wirklichen Energiewerten von (7) und (7) abweichen kdénnen.

Da die Bestimmung derA -und S f-Werte noch sehr grob ist, ist von einer
Variation von c¢ fur K, Bb und Cs abgesehen worden, zumal die Ergebnisse
(Tabelle I1) wie gesagt nur orientierenden Charakter haben sollen.

Leider liegen keine experimentellen Werte fir die Alkalimolekiulionen
vor, doch wird man auf Grund der Rechnungen sagen kénnen, dass die Bin-
dungsenergien, im Gegensatz zum Verhdltnis bei H2und H”, wo sich fir BE
(H2) = —4,72 ev (R = 1,42) und BE (H”) = 2,79 eV (R = 2,00) ergibt,
bei den Alkalimolekiilionen grdésser (hdchstens gleich) als die der entsprechen-
den Alkalimolekile sein werden. Dagegen ist die Vergrésserung des Kernab-
standes bei den Einelektronenbindungen durchgehend vorhanden, der wohl
darauf beruht, dass sich im Falle der Zweielektronenbindung zwei neutrale
Atome entgegenkommen, die ihre Elektronen austauschen, wéhrend bei Vor-
handensein eines Valenzelektrons dieses schon bei grdsseren Kernabstdnden
ungestdrt von den »Potentialmulden« der beiden Kerne Gebrauch machen
kann.

Das unterschiedliche Verhdltnis der Bindungsenergien fir Zwei- und
Einelektronenbindung beim W asserstoff und den Alkalien scheint seine Ur-
sache in den verschiedenen Potentialen zu haben, in denen sich die Elektronen
befinden. Wahrend fur H2 (HZ) das Coulomb-Potential (Vz = 0) vorliegt,
ist bei Na, K, Rb, Cs &(r) = —1/r -f Vz(r)\{\), (2)] fur r = 0 positiv unend-
lich (A 1,0) und besitzt zwischen 1,0 < r 3,0 ein endliches Minimum.
Aus diesem Grunde kann der Energiegewinn bei Hinzukommen eines zweiten
Elektrons geringer sein als beim Coulomb-Potential und die dann erhaltene
Gesamtenergie nur wenig unter der zweifachen lonisierungsenergie (R — oo)
liegen.

Ganz dhnlich gestaltet sich die Behandlung der Alkalihydridionen.
Statt (12) ergibt sich

e=( Hn 4, + AHa)/N + 1/R, (15)

wobei der Variationsansatz (8) wegen der fehlenden Symmetrie des Gebildes

in der Form
w=¢eWKrb){J +yuyra_ My} (16)

angesetzt wurde. Damit ergab sich fur die einzelnen Integrale in (15)
[(A2BO - AOB2 + 2c (A2B., - AOBn) + c2(A2B4- AO0BO)],

R2
Hx= m [ALBO 2cA1B2-f c2AxR 4],
4
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HA= "4— [ObAoBx- aAxBo) + AO(2cBO- 46cB4+

+ B2{262c + 2c2- 6c}+ 46c{2 -c}B 3+ (17)
+ {62c2—262c- 6c2}B4+ 66C2B5- 62c2Be) -
—  {2cB2+ 2B ]

mit
An= An(l,2a), B, = Bn(26)
und
a= A (a+ R3), =A (@_ /7, c= (yB)2
sowie
R2 ]
HA= —4 [(N Be- T BJ + 2c(AjB2- A B3+ c2(A B4- A BYH)]
mit

A = A (1,2a+ JTR),- Bn= Bn(26 + JTR) .

Die Gleichungen (17) gehen fir «x= B (6 = 0) in die von (12) Gber. Nach ab-
wechselnder Variation von a und 6 bis zum absoluten Minimum der Energie
bei vorgegebenen Kernabstdnden ergab sich mit den A- und Werten des
Natriums keine Bindungsenergie. Allerdings war bei R 5 at.E. (2.65 A)
schon die lonisierungsenergie (— 13,54 eV) des H-Atoms erreicht [s(o0) =

— 13,54 eV], wobei sich am 1und " 0 ergab (Is-Funktionen). FirR <1 5
at.E. stieg dann die £(K)-Kurve an.

Bemerkenswerterweise ergab die c-Variation keine wesentliche Verbes-
serung. Fur R > 5 at.E. wirde fiir c= 0,00 das Energieminimum gefunden,
wahrend sich z. B. bei R = 4,2 at.E. fur c = —0,1 eine geringfigige Erniedri-
gung von —13,40 eV auf — 13,42 eV fir e ergab.

Fir die Ubrigen Alkalien wurden &hnliche Ergebnisse erhalten. Man
wird auch hier vermuten kénnen, dass (16) mity = 0 schon ein befriedigender
Variationsansatz ist. Dass keine Bindung auftritt, liegt ebenfalls an den Poten-
tialverlaufen der Alkalien und des W asserstoffs, indem das Elektron des Ei-
Atoms (cs& 1, 8 ~ 0) zwar von der gebotenen endlichen tiefen Potentialmulde
des Bindungspartners Gebrauch macht, aber der Energiegewinn ist gering,
um gegen die bei Ndhern des Alkaliions anwachsende Coulomb-Abstossung
aufzukommen. Dagegen kann jetzt ein zweites Elektron neben dem ausgeprég-
ten Is-Zustand des H-Atoms, wo es sich bevorzugt aufhélt (heteropolarer An-
teil), auch von der fast freien Potentialmulde des Alkaliions Gebrauch machen,
so dass die Energie entgegen den Verhdltnissen bei den Alkalimolekilen noch
sehr abfallen kann. Man beobachtet auch dementsprechend bei den Alkali-
hydriden BE-W erte zwischen 1,0 und 2,0 eV [9].
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Die Ergebnisse bezliglich der Bindungsenergien von Zwei- und Einelek-
tronenbindungen lassen sich noch durch ein grobes quantitatives Verfahren
herleiten, welches die vorliegenden Verhéltnisse ndaher erldutern soll.

Befindet sich ein Elektron (1)im Potentialfeld V (1) der beiden gleichen
Atomrimpfe a und b, so ergibt sich der Hamiltonoperator fir das Molekdl
2n

A+(1)= -y 4 —va(l)~ B(l), (18)
wahrend er sich fiir den Fall zweier Elektronen in der Form

A(1.2) = A+(1) + A +(2)+ — (19)
Da

schreiben ldsst. Mit diesen Ausdricken berechnen wir unter vereinfachenden
Annahmen die Gesamtenergien E+und E, indem wir den I/r12Term in (19)
vernachlassigen und die ~-Funktionen (xp+,cp) in der Gblichen Weise aus Atom -
funktionen @ bestehend ansetzen:

W = <Pa(l) + <b(l)

V= ()M (2) + Po(2) 96(1) (20)
(Heitler—London-Ansatz).

W ir erhalten unter Berlicksichtigung der Coulomb-Abstossung der Kerne die
Ausdriicke

E+ = (Ha+ Ha)/(1 + S) + 1/R, (21)
E = 2(Ha+ SHapl(1+ S2+ 1/R (22)
mit
Ha= Hbbh=Jg*(1) 9+ (1) qa(1) dr,
= J%*(L)H+ (1)~ (1)™*,, (23)
Hab= Hba= Jyj(l) 9+ (1) gb(1) drx
= S<pS(l)H+()<pa(l)dri
und

s =J>i(iI)M i)*i.
JNe2( V) = 1, Jlesij2(h)dti = 1.
Nachdem (21) und (22) durch Variation von R zum Minimum gemacht worden

sind, erhdlt man die Bindungsenergien (BE+, BE) bekanntlich dadurch, dass
man die ersten lonisierungsenergien (—la= —I1b) der freien Atome abzieht,*

* Dies gilt nur dann, wenn keine Anregungen in den Valenzzustand vorliegen und es
sich um reine Zwei- oder Einelektronenbindungen handelt, wie dies hier der Fall ist.
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und erh&lt somit, wenn die Werte von R und der Integrale (23) im Minimum fir
(21) und (22) mit den Zeichen und 0 unterschieden werden, die Gleichungen

BE+ = -*A° + Heh) + — + | (24)
1+ S+) R+

BE°= 2(H®° + S°H"h RO + 21 . (25)
@+ Sm+ 1

Unter Berlcksichtigung der Tatsache, dass die ¢s-Funktionen (20) Ldésungen
eines Atomproblems sind,

A-K (i) 9%l la<Pa (26)

(entsprechend flr em),

ergibt sich flr die Integrale (23)

Haa- - la- j<Psx VbPadr - - la- Ka
Hab= - Sla= Jcp-Vogbd r = - Sla- Vab, 27)

so dass sich die BE-Ausdriucke (24), (25) vereinfachen:

BE+ = - (V-a+ Vab)l(1+ s+) + 1IR+, (28)
BE«= - 2(Vea+ SVa)l(l + s®@ + 1IR°m (29)

Zu weiteren Diskussionen bilden wir die Differenz der BE-Werte (O) von Ein-
und Zweielektronenbindung und erhalten

&= jBE+l - |BE®]
VL + Vi,  2(Vaa+ S°V°ab) 1 1)

(30)
(1 + S+) 1+ S@ R° R+)

Im Falle des H2und H% lasst sich (30) streng durchrechnen und ergibt das
bekannte Ergebnis. Man kann aber ganz grob schon einsehen, dass fiir Wasser-
stoff 6 < 0 gilt, weil der grossen Verschiedenheitvon R° und R + (1/R°—1//1 +=
0,2) wegen in guter Né&herung S+ = S@® gilt und somit auch V”*aund
viel kleiner als die Integrale Vaaund Vab sein missen.

Bei den Alkalien dagegen kdénnen wir in einer fir unsere Zwecke aus-
reichenden Ndaherung S° — S+ annehmen** (1/-R0—1/R+ = 0,02 fir K2

** Fir Na ergibt sich z.B. mit 3s-Slater-Funktionen S+ = 0.54, S° = 0.59. Fir die
anderen Alkalimolekiile wird die prozentuale Anderung von R°, R+ noch geringer (s. Tabelle
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K£), so dass auch Vaa= Ka und Kb = Kb erfallt sein wird. Fihren wir
noch das Verhdltnis VablVaa= o ein, so erhalt (30) die Form

1- 'S)—--—-2 S+ 1+ S+ S2+ S3 =
( 2)oo-f-l (co + 1)R+R°( 3

= (1+ S2(I + S)d. (31)

Zur Berechnung von co wurde fiir Vb das Potential

rb rb

nach (1), (2) benutzt und <pals Exponentialfunktion angenommen. Es ergibt
sich damit fir co ein Wert zwischen 1,0 und 2,0, mit dem aus (31) tatséchlich
folgt, dass fur kleine S (S 0,2) 6 positiv ist.

Die erhaltenen Zahlenwerte haben nur orientierende Bedeutung, doch
ist es bemerkenswert, dass in dieser groben N&herung die Verhdltnisse qualita-
tiv richtig wiedergegeben werden.

3. Verbesserung der Variationsansatze

Die bisherigen Ergebnisse ermutigen dazu, das kN-Verfahren zu ver-
scharfen. Dies lasst sich nur in der Weise durchfiihren, dass die Parameter
af, A im analytischen Ansatz fir das Zusatzpotential Vz genauer bestimmt
werden. Erst wenn dies mdéglich ist, kdnnte erwogen werden, einen verbesser-
ten Ansatz fir Vz zu verwenden, woflr wir beispielsweise

Vz= (Air+ B)e~2r. y = _ ilr+ Wz (32)

vorschlagen. Prinzipiell wédre es damit mdéglich, A, B und J3Tso zu bestimmen,
dass die ersten drei Energiezustdnde des Atoms mit den empirischen (Uberein-
stimmen. Man geht kaum fehl in der Annahme, dass die weiteren Terme auto-
matisch gut herauskommen werden, da dann, wo die héheren Atomfunktionen
wesentlich von Null verschieden sind, nur noch das Coulomb-Potential vor-
liegt.

Bei allen Verbesserungen, die wir hier diskutieren, diurfen wir aber nicht
vergessen, dass es sich doch nur um eine grobe Rechnung handelt und dass
hier des guten nicht zuviel getan werden darf, zumal ja der analytische An-
satz fur das Zusatzpotential eine Mittelwertbildung, wie oben besprochen,
darstellt. Wir wollen uns daher vorerst nur auf zwei Parameter*7und A be-
schrdnken und uns die Frage vorlegen, wie gut die bisher berechneten””-und
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N -Werte (Tabelle I) sind. Ohne Zweifel liegen die wirklichen Energiewerte fur
die<”-und A-Werte der Tabelle | tiefer, denn diese sind mittels des Ritzschen
Verfahrens gewonnen worden, wobei wir die verwendeten Variationsfunktio-
nen (4) noch einmal aufschreiben wollen:

s-Grundterm: y>= e er, (33)

p-Grundterm: y)= re~nr, (34)

s-Term angeregt: m= 1 . e-frpre™ (35)
3

Um diese zu verbessern, kdnnte daran gedacht werden, mit den von
Morse, Young und HaUrwitz [10] angegebenen Funktionen

y>(Is) = Ae *r, (36)
y(2p) = Bre Br, (37)
rp(2s) = C(re~yr  tle~d) (38)

A = 2fa3- B = 2\R53,

C— ! und 0:3(q+OY

12Q 02 (*+yy
(y 4- 0)4 4(5!

die Energie zuberechnen. Man muss aber bedenken dass im kN-Verfabren
kein reines Coulomb-Potential vorliegt und dass zur Bestimmung von AX*
und A besonders die genaue Berechnung des Grundzustandes erforderlich ist.
Aus diesem Grunde haben wir uns, entgegen den bisher verwendeten Funk-
tionstypen, zu einer anderen Form des Variationsansatzes entschlossen, der
ganz allgemein (normiert) als

¥= (e xr+ ye B A(a, R, Yy),
Aa, B, y) = —- 2 (39)

1 a3 (a -f R)38 R3

geschrieben werden kann [11]. Dieser Ansatz leistet ebenfalls alles, was man
schon von vornherein analytisch von s- und p-Funktionen verlangt, und
bietet daruber hinaus, neben einer Reihe noch spéter zu diskutierender Vor-
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teile, die Mdoglichkeit, mehr Parameter zu variieren. Fir die wasserstoffdahn-
lichen Funktionsansédtze ergibt sich aus (39):

y(Is) = e~*irA(aj, 0, 0) (40)
4>(2p) = (e*>r- B-**)A(x2Rv - 1), (41)
y{2s) = (e-"r~y3e-BFA(X3B3 —y3, (42)

wobei die Orthogonalitdt von y>(2s) auf y>(Is)

Y3= [K + Bs)Kxi + a3z)?
ergibt. Wie gefordert, verschwindet %p(2p) fir r —0 linear in r. Um ein Mass
fir die Glte dieserFunktionsansédtze zu erhalten, sind mit (40), (41) und (42)

zur Kontrolle die Energiewerte des H-Atoms berechnet worden. Die folgende
Tabelle 111 gibt die Ergebnisse wieder.

Tabelle 111

Energieterme des H-Atoms

Wirkliche a/3-Werte im Energieminimum Berechnete
Zustand Energie (at.E.) Energie in
a R y at. E.
Is —0,5 1,0 0 0 —0,5
2s —0,125 0,460 0,545 -1,185 —0,124998
2 —0,125 0,414 0,618 -1,0 —0,124998

Die Energien zeigen vollige Ubereinstimmung. Die Nullstelle von
rp(2s), r0= In\y3\I(R3—a3) ergibt sich ebenfalls zu r0= 2,0 (at.E.), wie dies
auch fir die strenge Ldsung gilt.

Fur die Rechnungendes kN-Verfahrens soll daher die Verwendung der
Ansdatze (43), (44), (45)

s-Grudterm: y) = (e-air —yxe~Bir) A<, Bv —yX), (43)
p-Grundterm: y>— (e~¢X — e~RT) A(oc2 B2, — 1), (44)
s-Term angeregt: Y= (e-a“rT—y3e A N" (a3’ Rv ~ ¥Y3)* (45)

= W(«i + «33—Yr/(az+ Bif
3 m~*+ B32-vxKBi+RIF

(46)

vorgeschlagen werden. Die Anwendung dieser Funktionstypen empfiehlt
sich noch aus einem anderen Grunde: da sie nur aus Exponentialfunktionen
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bestehen, sind die mit ihnen berechneten Wechselwirkungsintegrale einfacher.
Auf die in diesem Zusammenhang wichtigen Probleme der Integralberechnung
ist in einer anderen Arbeit ausfuhrlicher eingegangen worden [11]. Nur soviel
soll gesagt werden, dass die Menge der erforderlichen Hilfsfunktionen zur
Berechnung der Zweizentrenwechselwirkungsintegrale der K- und L-Schale
gegenlber der Verwendung von Slater-Funktionen stark reduziert werden
kann, und der allen Funktionen gleiche analytische Aufbau (39) eine Verein-
fachung in der angewendeten Formel fir die Energie bietet, indem diese fiur
verschiedene Zustdnde nur in den Parametern geédndert zu werden braucht.
Ein Vorteil, der sich besonders bei den hier zugrunde liegenden elektronisch
durchgefiihrten Rechnungen sehr bemerkbar gemacht hat.

Nachdem wir die Ansétze (43), (44), (45) am H-Atom geprift haben,
sollen diese zur Bestimmung der ersten drei Zustdnde am Na-Atom herange-
zogen werden, wenn fir A und”~F die Werte der Tabelle | gelten (A= 1,826;
& = 0,536). Diese Rechnungen werden zeigen, auf welche Weise die A- und

-Werte abzuéndern sind. Mit

— )] —— 4+ — e-2« 47)
2 r r

und dem Ansatz

(2/+1) (/-1m ]I mA(x,B,y){e “r f- ye P)P\mwé&)eimp (48)

4uf/ -f-| m 1!
ergibt sich
E = (20+ ZIY + y2)/(I + NIV+ NZ) (49)
mit
X )2
Zo X -f- Ax U- LI 4" 1) *2?
a+ rl = )
sic !l T e—x—r+ 24a (2 (50)
X -j- B\ * 4. R
+ W
2 \ 2
4~ 2/(1a" 1)
X+ B
N = + BA(I+ 1)\,
\R1 2 \R +m
2
Nx=2 2 iv2 =
X.+ R ~3
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Die Energie (49) wurde dann fur / = 0 (s-Grundterm) in oc, B und zum Minimum
gemacht, dann wurde /= 1 und y = —1 gesetzt und in a und B variiert (p -
Grundterm) und schliesslich fir 1 =0 der angeregte s-Term berechnet, indem
y nach (46) eingesetzt wurde und wiederum in a und B die Energie minimal
gemacht wurde. Tabelle IV enth&lt die Ergebnisse im Vergleich zu den wirk-
lichen Energiewerten sowie die im Minimum enthaltenen Parameterwerte

Tabelle IV

Energieterme des Na-Atoms

Zustand a 8 y flber [eV] ~emp [e ]
s-Grundterm 0,491 1.093 —0,848 —5,55 (5,12) —5,12
p-Grundterm 0,424 0,380 -1,0 2,93 (2,92) —3,02
s-Term angeregt 0,271 0.197 —0,734 -1,86 (1,85) —1,94

Die in Klammern gesetzten Energiewerte wurden mit den wasserstoff-
&hnlichen Funktionsansédtzen (4) erhalten. Wie man sieht, liegt der jetzt sich
ergebende Grundzustand wesentlich tiefer, wahrend die hoheren Terme keine
grossen Abweichungen gegeniber den Energiewerten mit wasserstoffahnlichen
Funktionen zeigen, da das Maximum der y-Funktionen der hoheren Terme an
Stellen liegen, wo das Coulomb-Potential schon stark Uberwiegt.

Auf Grund dieser Ergebnisse unter Hinzunahme der empirischen W erte
und der Annahme, dass der Grundzustand besonders wesentlich in die Berech-
nung von A undJ”eingeht, kann man, wie schon oben vermerkt, annehmen,
dass die erhaltenen BE-Werte der Alkalimolekilionen und die Energiewerte
der Systeme Alkaliion und Wasserstoff nach den A- und A~-Werten von Ta-
belle I untere Grenzen darstellen.

Dartber hinaus hat sich ergeben, dass die Funktionsansétze (43), (44),
(45) fur das kombinierte Né&herungsverfahren geeigneter sind. Zusammen
mit dem erweiterten Ansatz fir das Zusatzpotential (32) kdnnen prinzipiell
die Parameter A, B und 3iAso bestimmt werden, dass die ersten drei Energie-
terme mit den empirischen Ubereinstimmen, was flr die praktische Anwendung
vollig ausreichen sollte.

Verzichtet man auf die Verwendung des Parameters B, so kénnen jeden-
falls mit Hilfe der verbesserten Funktionsansdtze A und a f genauer als bisher
bestimmt werden.

Ein weiteres Problem wirft die Verwendung neuer Funktionsbasen auf.
In den letzten Jahren sind in verstdrktem Masse Gaussfunktionen bei Molekil-
rechnungen verwendet worden [12], die folgendes Aussehen haben

2rdw
dr-rfP
< r-r (51)
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Diese Funktionen wurden auch zur Beschreibung von Atomzustdnden heran-
gezogen und haben sich ganz besonders bei allen wellenmechanischen Verfah-
ren der Quantenchemie bewdhrt [13]. In diesem Falle wéare zu uberlegen, ob
auch der Ansatz fur das Zusatzpotential entsprechend modifiziert werden
sollte, damit die Integrationen so einfach bleiben, wie dies bei den Gaussfunk-
tionen der Fall ist. Es kdnnte daher daran gedacht werden, in Ab&nderung
von (32) den folgenden Ansatz flr das Zusatzpotential

\Vz = e-2.jIre (52)

zu verwenden. In diesem Falle sind bei der Energieberechnung keinerlei neue
Integrale zu erwarten.

4. Allgemeine Fragen in der Quantenchemie

In einer Reihe von Verfahren der quantentheoretischen Chemie wird
ebenfalls mit dem Begriff des effektiven Potentials (Zusatzpotential) operiert,
so z. B. in der Methode von Gdppert Mayer - Sklar, im kombinierten N&herungs-
verfahren, oder besonders im ffiickel-Verfahren mit seinen Erweiterungen und
Varianten. Schliesslich geht auch die Elektronengasmethode von einem effek-
tiven Potential aus, in welchem sich die Elektronen befinden. Die Vorstellung
des Zusatzpotentials, welche in irgendeiner Form die Elektronenwechselwir-
kung auf einfache Weise berlicksichtigen helfen soll, ist also ganz verschieden-
artigen Methoden gemeinsam. Aus diesem Grunde ist es notwendig, sich dari-
ber klar zu werden, ob auch hier eine solche Konzeption Uberhaupt sinnvoll
ist, oder ob diese nur mit gewissen Einschrdnkungen aufrecht erhalten werden
kann.

Es ist bemerkenswert, dass solche Uberlegungen bisher noch nicht durch-
gefiithrt worden sind, und z. B. die Meinung vorherrscht, dass ein effektives
Potential durch kein Variationsprinzip erhalten werden kann, obwohl gerade
das Hiuckel-Verfahren und die Elektronengasmethode ganz wesentlich von
der Tatsache eines effektiven Potentials ausgehen. Der Grundgedanke ist
dabei der, dass die Wirkungen der Gbrigen Elektronen auf ein herausgegriffe-
nes durch ein Potential V dargestellt werden kénnen, so dass es madglich ist,
die Bewegungen eines jeden Elektrons in Form einer Einteilchen-Schrédinger-
gleichung zu behandeln.

H'0j = €j0j, (53)

H'= - — N+ U (H' in at. E.). (54)

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



208 H. PREUSS

Da das Potential U auch noch die Wechselwirkungen mit den Kernen enthélt,
so ist der Zusammenhang mit V, wenn N Zentren (Atome) der Ladungen Z*
(A= 1..N) vorliegen, in der folgenden Form gegeben

U= -2 ~ + V(x). (55)
oiorx
V(l) steht also repréasentativ fir die Wirkungen von n—1 Elektronen auf das

betrachtete. Dementsprechend ergibt sich die Gesamtenergie e des aus n
Elektronen bestehenden Systems zu

*=2*U 56
: (56)

wenn entsprechend dem Pauliprinzip die Zustdnde ®y besetzt werden, wobei
sich die Gesamtwellenfunktion als Determinante der ®j schreibt

ms — det (Py(£)} (a, B : Spinfunktionen). (57)

Gegebenenfalls treten Summen von Determinanten auf, wenn keine abge-
schlossenen Schalen (im Sinne des Einteilchensbildes) vorliegen. Der Index
s an 'ein (56) weist auf die verschiedenen Zustdnde des Gesamtsystems hin,
die durch verschiedene Summierungen erhalten werden kdnnen (angeregte
Zustande).

In Wirklichkeit wdare flr ein solches System die Schrddingergleichung

Ws ; j vxvdt =1 (58)
zu behandeln, mit
in n Nr n— n r n n—1 n
(59)
2 -1 i=i n=1 D.i j=1 y:_.rtj /=1 (:.j:i+iTij
wobei
(60)
A=lrki

Wirde kfine Elektronenwechselwirkung vorliegen, so ist V(t) — 0 und

H=H\ (61)
so dass auch
(62)
und
(63)
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gilt. In diesem Falle zerfdllt®”in eine Summe von Einelektronenoperatoren

H(i).

Die primitive Vorstellung von einem Zusatzpotential besteht also darin,

_2| H'{i) (64)

1=

zu setzen, obwohl Elektronenwechselwirkung vorliegt. Damit wédre dann der
Ausgangspunkt far GI. (53) und die folgenden bis (57) gefunden. Gibt es nun
ein H' (bzw. V) von der Art, dass (58) mit (64) in Ubereinstimmung gebracht
werden kann ? Offensichtlich nicht, denn die Besetzungsvorschrift, die sich in
(56) zeigt, mit den Energien aus (53), macht keinen Unterschied in den ver-
schiedenen Spinstellungen der Elektronen, so dass im Einklang mit dem Pauli-
prinzip fur Zustdnde mit verschiedener Spinmultiplizitdt die gleiche Energie
erhalten wird, obwohl in Wirklichkeit die Elektronenwechselwirkung zu einer
Aufspaltung der Energie gefiuhrt hat. Man ersieht das z. B. aus der Form (39)
von H, wenn man im Rahmen einer Stérungsrechnung mit

H'O» = Jff(i)]j (65)
/=1
als nullte N&herung beginnt und dann die Rechnung mit dem »Stdroperator«
n-1 n 1
H'(°) = 2 — (66)
=1 j=i+I rij

verbessert, der dann eine Aufspaltung der Energie militer Ndherung liefert,
wenn diese urspringlich fur verschiedene Spinzustdnde gleich war. Man pflegt
das bildlich etwa so darzustellen (Fig. 1, 2):

-

£ -t

Fig. 1, 2

Im Einteilchenbild nach (53) kénnen z.B. nach Fig. 1 und 2 Triplett- und Sin-
gulett-Zustdnde entsprechend der Vorschrift (56) nicht unterschieden werden,
obwohl die yiy nach (57) verschieden sind.

Wir kénnen daher vorerst die noch ziemlich triviale Feststellung treffen,
dass ein effektives Potential nach (53) und (55) nicht in aller Strenge gefunden
werden kann. Die primitive Darstellung (64) furerl&dsst sich nicht exakt be-
grinden. Mit anderen Worten: Zerlegt man in der Form [14]
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JT=jfH'(i) + 2 — + N [H() - =N O+ "™ O (67)
i=1 [i—1 j=i+1rij i=1 J
so lasst sich mit keinem Potential F der Operator 32d) annullieren, denn es
gilt, wegen (54), (55), (59) und (60)

~D= > (68)

1=1 7=1+ 1rij 1=1
Man sieht leicht, dass

n—1 « 1 n
2 2 -— =2 no (69)

i=l y=i+l rij i-1
nicht gelten kann, wenn man z. B. T- = t; setzt. Oder auch anders ausgedrickt:
Es lassen sich mit keinem Potential V(i) die Gleichungen
= (*/=10,1,2.)) (70)

befriedigen, wenn alle Lésungen ip nach (57) und (53) bericksichtigt werden.
Wie kann man nun zu einer sinnvollen Definition eines Zusatzpotentials ge-
langen ?

Offenbar ist die Forderung (70) zu weitgehend. Man wird daher als
ndchste Erleichterung an die Forderungen

ANVos A 1)VIdr= 0; (s,/=10,1,2..) (71)
(8eh1)
denken, so dass die N&dherungen erster Ordnung
(72)

der Stoérungsrechnung noch Ubrig bleiben und somit z. B. die in Fig. 1 und 2
gezeigte energetische Gleichheit aufgehoben werden kann. Leider ist auch
diese Forderung zu stark, denn sie bedeutet, dass (62) noch erhalten bleibt,
wie man aus der Stérungsrechnung erkennt. Auch mit (71) kann daher kein
Zusatzpotential definiert werden, was diesmal sogar schon nicht mehr in der
primitivsten Form (63) enthalten ist, denn nach (68) braucht nach (72)
nicht mehr zu verschwinden.

Wenn (72) beibehalten werden soll, so kénnte ein Zusatzpotential noch
durch

fyf Vidr — min ; (*,/=0,1,2..) (73)
(*01)
definiert werden. W ir fassen eine Reihe von Bedingungen (73) zusammen und
erhalten daraus die schwécheren Forderungen (gegebenenfalls Summierung
in s)
2 [IWs Vi]2dr = min ; (s=0,1,2..). (74)
150
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Diese sollen als Definitionsgleichungen fiur ein Zusatzpotential V verwendet
werden. Sie sind in vielerlei Hinsicht sinnvoll. Entwickeln wir im Rahmen der
Storungsrechnung die exakte Losung der Schrodingergleichung (mit 3t) nach
den LoOsungen des ungestorten Systems (3t")

w. m (75)

so sehen wir, dass die Forderungen (73) auf ein Minimisieren der einzelnen Ter-
me der rechts stehenden Summen hinauslaufen, so dass auf diese Weise die
Variationsgleichungen (73) mit den Forderungen

Flys —ys)2dT = min ; (s=0,1..) (76)

Zusammenhdangen, wenn yjy nach (57) zu verstehen ist. Die Variation in (76)
wird mit Hilfe des effektiven Potentials V durcligefiihrt, so dass (immer im
Sinne der Forderungen (73) und schwdécher nach (74)) die beste Determinan-
tendarstellung nach (57) gesucht wird. Diese dirfte kaum mit der Hartree—
Fock-Ldsung identisch sein, da diese bekanntlich durch die Forderungen [15]

= 0; (*=10.,1.) (77)

festgelegt wird und als effektives Potential das Hartree —Fock-Potential lie-
fert. Man wird daher erwarten dirfen, dass die aus (76) sowie aus (73) bzw.
(74) erhaltenen "-Funktionen zwar nicht die Gesamtenergie im Sinne der Ener-
gievariation minimisieren, aber dafiir Ndherungen darstellen, die gegebenenfalls
bezlglich gewisser Erwartungswerte und Ubergangselemente zu besseren
Ergebnissen fihren kdnnen [16]. Hier wdren noch weitere Untersuchungen
notwendig, besonders ber den Zusammenhang von (73), (74) mit (76) und den
daraus resultierenden Fragen nach der Gilte von N&herungslésungen. Vor-
ldufig lasst sich aus (74) mit Hilfe des Uberganges

N'[["E3tMy[dr]2= fy*3t@®2yjsdr —(J rpp*3 tw ysdr)2= min (78)
i*s
bei dem die Definitionsbereiche von 3t~und (3t")2beachtetwerden missen,
zeigen, dass (74) in die Forderungen

J(3t—\ys3 t dt)yisf dr = min(s= 0,1...) (79)

Ubergefiuhrt werden kann.

Dabei ist verwendet worden, dass die qBEigenfunktionen von 3t®* sind.
Das Variationsprinzip (79), und eine Erweiterung davon, sind in der Literatur
schon bekannt [17, 18, 19].
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Bezuglich einer praktischen Durchfihrung der Variation (78) kdnnte
etwa daran gedacht werden,

V = 2C XK(r) (80)

fur das Einteilchenpotential zu setzen (mit festgewahlten V& und die Rechnun-
gen mit einem bestimmten Satz von Cazu beginnen. Mit den dazugehdrenden
ys-Funktionen (gegebenenfalls ndherungsweise als Linearkombinationen an-
gesetzt), wird dann in (78) oder (79) eingegangen und die Cx variiert. Damit
ist ein iteratives Verfahren gewonnen, in welchem nur solche Vx verwendet
werden durfen, die die Existenz der Integrale in (78) garantieren. Auch hier
miissen weitere Untersuchungen angeschlossen werden.

Die Uberlegungen dieses Abschnitts unterscheiden sich in der Inter-
pretation wesentlich von denjenigen der vorhergehenden Abschnitte. Wé&h-
rend im Falle der Atome die Zusatzpotentiale so gewdahlt worden sind, dass
Austausch und Pauliprinzip beritcksichtigt wurden, ging es hier darum, ein
Potential aufzubauen, welches in gewisser Weise so gut wie mdglich einen Teil
des Hamiltonoperators, ndmlich die Elektronenwechselwirkung durch eine
Summe von Einteilchenpotentialen ersetzt. Damit ist die Schwierigkeit eines
jeweils vom Elektronenzustand abhdngigen Zusatzpotentials beseitigt. An-
dererseits ist mit der Variation (78) ein Weg beschritten worden, der zu einer
anderen Auffassung des Zusatzpotentials gefihrt hat. Man darf nicht ver-
gessen, dass auch hier wieder die Tatsache zu beachten ist, dass sich in der
GoMBAs’schen Fassung des Zusatzpotentials véllig richtig eine Abhangigkeit
von den Elektronenzustdnden ergeben muss. Die Mittelwertbildung im kN-
Verfahren dagegen zeigt Zusammenhdnge mit der hier angegebenen Definition
des effektiven Potentials, wobei in jedem Falle jedes Elektron unabhé&ngig
sich im gleichen effektiven Potential befindet.

5. Zusammenhédnge zur Gilte der Wellenfunktion

In einer friheren Arbeit des Verfassers [20] wurde auf die Mdéglichkeiten
von Gutedefinitionen der Naherungslésungen Ip der Schrédingergleichung

(«Ar-B)% = 0; J <PWsdr = 1 (81)
eingegangen und vorgeschlagen, diese in der Form
I [fiy>s ~ Vs)]2dr = rf (/, ys) (82)

einzufiuhren, indem die Grdésse von ?f(/,Vs) ein Mass dafur ist, wie gut die mit
(s= 0,1...) zu bildenden Erwartungswerte und Ubergangselemente von
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f zu erwarten sind. Dabei ergab sich unter anderem, dass rf(1, X)) kein Mass fur
Integrale der Form f fvsi dr ist.
Es wére daher grundsétzlich mdglich, ein Variationsverfahren

V2(/, Vs) = min (83)

einzufuhren, in welchem fips variiert wird. Leider ist dies in dieser Form nicht
ohne weiteres mdéglich, da in (82) auch die exakte Ldsung X auftritt. Die For-
derung (83) l&sst sich aber, wenn man in dhnlicher Weise wie in einer friiheren
Arbeit des Verfassers [21] vorgeht, nur in schwécherer Fassung auf ein brauch-
bares Variationsprinzip zurickfihren.

Zerlegen wir in (81) in der Form

Jr+ 3Cbl (84)

wobei XK so definiert sein soll, dass

X Vs = ésyjs; j xpf YWdr = &5 (85)

gilt, so liefert die Stérungsrechnung die Darstellung

?2.=?2,+ vIWwW ~a&aflL S=hs") (86)
es — Ss'

Wie oben gezeigt, kann in diesem Zusammenhang durch

ST w ys'dtjz= (yjs xsdr  ((xpt+ yjsdr)2= min
Si's- ' ' (87)

ein effektives Potential definiert werden, wennJ ”aus einer Summe von Ein-
elektronenoperatoren besteht, wobei ¥ aus einer Reihe von Determinanten
(bestehend aus Einelektronenfunktioncn) aufgebaut werden muss. GIl. (87)
kann dann umgeformt werden in

& (1* Vs) = i [{K'— j x* XKxdr) Ysjz2dr = min, (88)

wenn von (85) Gebrauch gemacht wird.

Bei der ersten Ordnung der Storungsrechnung nach (86) sind auch in
der Summe, wenn vorhanden, die Zustdnde des Kontinuums zu bertcksichti-
gen. Dies ist praktisch undurchfihrbar. Aus diesem Grunde hat man versucht,
die erste Ndherung in (86) dadurch zu erfassen, dass man einen Mittelwert den
»Energienenner« vor die Summe zog

Ve« Vs+ A7E (JVEA @Vsdr)y.- (SO s). (89)

n s
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Diese Approximation ist, wie die Erfahrung gezeigt hat, recht gut [22], und
kann unter Umstdnden noch einen Teil der zweiten Nd&herung mit erfassen
[23]. Im Rahmen dieses Naherungsstandpunktes kann rjl (1, ) mit (88) in
Zusammenhang gebracht werden, denn aus (89) folgt.

V2(1> Vs) =[*(¥>*— Vs)2dr » -h - [JE (j yit> K @Qys'dr) yjs-+ .. .fdr.
(90)

Unter der Annahme, dass die X®, ein orthonormiertes System darstellen, folgt
bei alleiniger Berucksichtigung der ersten Nd&herung

V2 (i> Vs) ** 2 {Svtrwyvs dry =
E st (S'8)

T« [Jvi<~r@2Vsdr - (J  arv>ysdry],

wenn (87) beachtet wird. Die rechte Seite von (91) ist dann mit (88) identisch,
wobei fiur jedes @Bder Hamiltonoperator XX nach (84) und (85) zerlegt gedacht wird.
Die Approximation, die in (91) durch die beiden dusseren Seiten dargestellt
wird, hat die bemerkenswerte Eigenschaft, dass (88), welches immer positiv
ist, fur die exakte Ldsung von X verschwindet, ebenso wie rf(I,~5s). Man wird
daher daraus den Schluss ziehen kénnen, dass man durch das Variationsver-
fahren (88) ein yserhdlt, was im wesentlichen durch einen kleinen Wert von
rji2(l,ips) charakterisiert ist. Anders ausgedriickt: Beim Ansetzen eines bestimm -
ten s alsVariationsansatz (mit bestimmten freien Parametern) wird das aus
der Energievariation

J 1ji* XKTp5dr = min (92)

resultierende yisandere Parameterwerte enthalten, als das gleiche analytische
yis, welche aus (88) folgt. Einfache Testrechnungen bestatigen diesen Zusam-
menhang [24, 20]. Erst wenn X® sehr gut in fast allen Raumbereichen mit ys
Ubereinstimmt, dirfte der Unterschied in den Parameterwerten nicht mehr
gross sein. Fur die exakte Losung gilt 62(1, ys) — 0, danach verschwinden nach

(91) alle Glieder'in derlmittleren Summe, es gilt also
SRS e dseceeee .

w (jVsicWvsdry = 0, (s= 0,1...). (93)

Der Operator XX * ist beziuglich ys zu einem Nulloperator geworden. Es ist
nach (84)

e yv' X = X . (94)
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Diese Beziehungen kdénnen prinzipiell nur erfillt werden, wenn vom Einteil-
chenbild abgegangen wird. Andernfalls kann durch

(Jy'St™ fs'dr)2= min; (s'=0,1...) (95)
(*¥=%)

mit St nach (84) ein effektives Einteilchenpotential (effektives Potential)
eingefiihrt werden, wie oben gezeigt. Die bisherigen Uberlegungen kénnen nun

auch fur den Ausdruck p(f,Ips) angewendet werden. Hier erhdlt man mit Hilfe
von (89) die Beziehung

rf(/, Vs) = SfAVs- Vs)2dr~ -i- [ 2 (J VI Vs-dr)fy>s-+ ...]4r
b J s (96)

aus der weiter folgt

m(/’Vs) ~r1 Y21 (fVv*™ @Vsdr)(j y>*St™ yydr)(J yif-f2yy dr) .
E s s (97)

Analog des Uberganges von (87) ist die rechte Seite von (97) mit
&/, Vs) = J/2[{3I-1 Vt3?Vsdr) Vs]2dr (98)

\
identisch, wobei zwischendurch bei der Herleitung ein ™ 7nach (84) und (85)
eingefihrt wird. Dabei ist noch zu beachten, dass in der Regel

JP Sty* Stxpsdr =) y,?p St2& dr (99)

gilt. Der Zusammenhang zwischen (97) und (98) kann daher mit Hilfe von St

nach (84) und (85) erkannt werden. Das Potential in St spielt hier die Rolle des
bekannten Fehlerpotentials [25], welches im Falle der Einteilchenn&herung,
wenn damit die Forderungen b2(fy>s)= min verkntpft werden, in das effektive
Potential Gbergeht. Dieses kann somit als Funktion von f definiert werden.
W ir wollen aber die in Abschnitt 4 angegebene Definition bevorzugen, weil
damit auch in der Bestimmung der Energie die bekannten Gleichungen der
Stérungsrechnung 1. Ordnung erhalten bleiben, die zur Aufspaltung der ur-
springlich entarteten Zustdnde fuhren kénnen. Dagegen ist (98), im Hinblick
auf die "-Berechnung, ein brauchbares Variationsverfahren, welches gerade
im Hinblick auf die spater zu berechnenden Erwartungswerte und Ubergangs-
elemente von f bessere Ergebnisse zu erwarten gestattet [20], da es mit (82)
zusammenhdngt. Die vor einigen Jahren gemachten Versuche, die Handha-
bung des VariationsVerfahrens nach (98) und verwandter Formen (»gesteuerte
Verbesserung«) zu erleichtern, zeigen schon hoffnungsvolle Ansédtze [28].
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W eiter zu untersuchen wére noch der Einfluss der positiven Grdésse E12in (90).
Erst dann ist es mdoglich, gegebenenfalls den vollen Zusammenhang zwischen
rf und 62 aufzukléren.

6. Ausblicke

Die Problematik des effektiven Potentials hat sich in einer umfangrei-
chen Literatur niedergeschlagen, und solange man im Rahmen der Wellen-
mechanik versucht hat, mdglichst alle Elektronen eines Systems zu beriick-
sichtigen (ab-initio-Verfaliren), ist auch parallel dazu immer die Frage auf-
geworfen worden, ob diese Rechnungen nicht vereinfacht werden kdénnten,
indem die Wirkungen einiger bestimmter Elektronenteilsysteme durch Po-
tentiale ersetzt werden kénnen, obwohl man sich immer dariiber klar war, dass
diese ein N&herungsstandpunkt ist, der zu einer Reihe recht diffiziler Fragen
fuhren muss. Heute, nachdem die ab-initio-Verfaliren so grosse Erfolge auf-
zuweisen haben, ist das Problem des Zusatzpotentials von gleicher Aktualitét.
Man kann na&mlich aus den Absolutrechnungen ersehen, dass auch in den
Molekilen ein grosser Teil der kernnahen Elektronen weitgehendst die glei-
che Dichteverteilung haben wie in den freien Atomen, obwohl die Einteil-
chcnergien des SCF-Verfahrens von der chemischen Bindung abhédngig sind.
Mit anderen Worten, die ab-initio-Verfahren implizieren noch einmal die
Berechtigung, ndherungsweise die Anzahl der zu behandelnden Elektronen zu
reduzieren, indem effektive Potentiale eingefiihrt werden. In diesem Zusam-
menhang sei auch an die Versionen des SCF-Verfahrens erinnert, die nur einen
Teil der Elektronendichten iterativ behandeln [27].

In diesem Zusammenhang sollte abschliessend noch daran erinnert wer-
den, dass es in der Quantenchemie zwei Aspekte gibt. Einmal kann versucht
werden, die Resultate mdoglichst genau zu halten, wobei heute besonders die
Fragen der Korrelationsenergie eine grosse Rolle spielen, zum andern genigt
es manchmal nur, qualitative Ergebnisse zu haben, die fiur die Chemie (be-
sonders was die Reaktivitdt betrifft) von grossem Nutzen sein kénnen. Die
Methoden, die mit effektiven Potentialen arbeiten, werden wohl immer auf
seiten der qualitativen Diskussionen stehen, und sie werden sich immer dann
behaupten kdénnen, wenn ihre Handhabung einfach und der Weg zu ihren
Ergebnissen leicht zu Ubersehen ist. Ohne Zweifel aber wird man in den meis-
ten Fallen wohl doch den Verfahren den Vorzug geben, die alle Elektronen be-
ricksichtigen, wobei die Verwendung von Zusatzpotentialen eine Orientierung
ermdglichen kann, bevor der Rechenaufwand aus diesen oder jenen Grinden
vergrossert werden muss.

Fir die hierzu durchgefiihrten Rechnungen sei besonders Frau I. Funke herzlich ge-
dankt. Herrn Prof. W. A. Bingei. danke ich fiir Diskussionen zu einigen Punkten dieses The-
mas.
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HEKOTOPbLIE 3BAMEYAHNA K KOMBEUHWPOBAHHbBIM MPUBNUXEHHbBIM
METOOAM N 30 PEKTUBHBLIM MOTEHLUWANAM
r. MPANC

Peswme

Mocne KOPOTKOro BBEAEHWS B KOMGMHALMOHHbIE MPUGNMKEHHbIE METOAbI BbIUUCAAOTCS
3HEPrUM CBA3M W PABHOBECHbLIE PACCTOSHUS MOHOB LENOYHLIX MONEKYN W paccmMaTpuBaeTcs
BOMPOC CYLLECTBOBAHMS MOHOB LENOYHO-TUAPUAHBIX MOMeKyn. Mo OTHOLIEHWIO YCOBEPLUEHCT-
BOBaHMS MeTOAOB MNpeanaraeTcs ofHa MCXoAsAlLas aToMHas QYHKLWSA, COCTOALLAs TONbKO W3
9KCMOHEHLMANbHBIX Y/1eHOB. [UCKYTUPYIOTCA fanbHeiline BO3MOXHOCTU YCOBEPLIEHCTBO-
BaHMA METO/0B.

MNcxXoas 13 AaHHOTO UCCNeA0BaHMs, PaccMaTpuUBaeTcs Pob SNMEKTUBHBLIX MOTEHLMAN0B
B paMKax npo6ieMbl MHOMMX LIEHTPOB M B CaMOM O6LUEM Clyuyae MoKasbiBaeTcs, YTo B pamKax
HalBHOIO OfHOYACTUYHOTO NPUGAMNKEHUA HeNb3s onpeaensTb 3((eKTUBHOro MOTeHLMana,
0/IHAKO, WMMEETCs BO3MOXHOCTb [/ YMHOTO BBEeHWS AaHHOro noTeHlmana npu oTkase oT
onpefieNeHHOM, XapakTepHoW A8 OAHOM 4YacTWUbl, KapTWHbI. [anee AaeTcs OAHO ONpeAeneHue
[006aBOYHOr0 MOTEHLMANa, OCHOBAHHOE HAa BapMaLMOHHOM MPUHLMME, U MOKa3biBaeTCs BO3-
MOXHOCTb onpefeneHns shpeKTUBHOrO noTeHUMana. HakoHel, NpUBOAUTCS HelaBHO CHOPMY-
NMPOBaHHOE aBTOPOM OMpefeneHue A06POTbl NMPUBAMKEHHOTO peLleHNs ypaBHeHUs LLUpeaunH-
repa B CBA3M C YX€ WM3BECTHbIM BapUaLMOHHLIM MPUEMOM, MpPUYEM MOHATUE 3PHEKTUBHOIO
noTeHUMana oKasanocb MULWHUM.
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ON THE CANONICAL TRANSFORMATION IN
CLASSICAL AND QUANTUM MECHANICS* **

By
V. Fock

INSTITUTE OF PHYSICS, LENINGRAD UNIVERSITY, LENINGRAD, USSR

(Received 3. Il. 1969)

A more exact formulation for Dirac’s proposition on the analogy between the unitary
transformations in quantum theory and the contact transformations in classical theory is given.
It is shown that approximate expressions for the matrix elements of the unitary operator de-
fining the transformation can be constructed in terms of classical quantities. One can thus
speak not only of an analogy between unitary and contact transformations, but also of an
approximate equality between the quantum mechanical and semi-classical expressions for the
corresponding quantities.

In his famous book on the principles of quantum mechanics Dirac for-
mulates (in § 26) the following proposition: “for a quantum dynamical system
that has a classical analogue, unitary transformations in the quantum theory
are the analogue of contact transformations in the classical theory”. No detail-
ed description of this analogy is, however, given in Dirac’s book. In the fol-
lowing we intend to investigate this analogy in some more detail.

Let ft, g2 ...qn; p2 -..pnbe the original and QIt Q2 ...Qn; Pv Pv

. P,, the transformed coordinates and momenta of a dynamical system with
n degrees of freedom. We consider the case when the transformation function
S depends on the old and on the new coordinates:

S = S(qv ---gn\Qv mmmQn)- (1)
The contact transformation is defined by the relation between the differentials

r

Jgprd4d JV PrdQr= dS (2)
r- 1 r=1

from which it follows
3s
9Qr '

* Dedicated to Prof. P. Gombas on his 60th birthday.

** First published in Russian in the Bulletin (Viestnik) of the Leningrad University,
Ne 16, p. 67, 1959. See also Appendix to the Russian edition of Dirac’s book “The Principles
of Quantum Mechanics”, Moscow, 1960. The present English text prepared for Acta Physica
Hungarica has been partly revised by the author.

(3)
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The expressions for the quantities g, p in terms of Q, P and the inverse expres-
sions are obtained bysolving Equs.(3). The solution is always possible, since
the determinant

D= Det- d~5— ¢ 0 4)
dgrdQs A

is assumed to be different from zero.

The contact transformation thus defined corresponds in quantum me-
chanics to a unitary transformation from the representation in which the quan-
tities q are “diagonal” to the representation in which the quantities Q are
“diagonal” .*

This unitary transformation has the following form. Let ipq(q) he a com-
plete set of simultaneous eigenfunctions of the operators Qlt ... Qn expressed
in the variables qt, ...qgn. Let F be the operator undergoing the transforma-
tion. Then the kernel (or the matrix) of the transformed operator will have the
form

(Q"\F*\Q)--=$y}Qiq) F WX(q)dq, ®)

where dq denotes the product of the differentials

dq = dqgl...dgn. (6)
In Dirac’s notation
VeM) = <G ?
and formula (5) takes the form
(Q\F1Q) = f (Q\¢>F (gm da. ®)
The eigenfunction y<j(g) can be considered as the kernel (q\U\Q) of a
unitary operator U = [I/-1 and formula (8) can be written as
F**"UFU~1. (8*)
In the case F = 1, formula (5) reduces to the orthogonality condition, and

the kernel of the unit operator expressed in variables Q must appear on its
left-hand side, i.e. the expression

= Q")"6(Qi- Q\)---4Qn  Qn), ©)

*The set of variables gl, . . . gn will often be denoted by a single letter g; a similar mean-
ing will be assigned to the symbol Q and also to p and P.
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where 6 is Dirac’s delta function.
In semi-classical approximation we may take as f¢(q) the quantity

2s ks
= ! (10)
Vo(g) = ¢y 8480
We have put for brevity
dz2s = Det- 2S5 D )
dqdQ 3graQs

and under the square-root sign in (10) stands the absolute value of the deter-
minant. The constant ¢ equals

c= (2nN1)-"12. (12)

Let us verify that the semi-classical functions (10) approximately satis-
fy the orthogonality relations. Inserting expressions (10) in the integral and
taking F = I|,we obtain under the integral sign arapidly varying exponential

"1i1l |
factor exp — (S—S') , where S is the value of S with Qreplaced by Q". This

factor ceases to be rapidly varying only if Q' is near Q; this is the condition
that the integral should noticeably differ from zero. Consequently, the differ-
ence S—S' in the exponent may be replaced by the expression

[ 13)
or
S-S'=2(Qt-Qur, (14)
r=1

where Pr has the value (3). Formula (14) may be briefly written as
S-S'=(Q'-Q)P. (15)

In all factors of the exponential we may put Q" = Q. We then have

P 82S

J Q@ Vo(g) dq = c2 oo~ dg. (16)

8Qdq

Now, if Prhas the value (3), the determinant under the integral sign in (16) is
the Jacobian for the transformation from P to q, so that

828

dq —dPl...dPn= dP. 17
808 (17)
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Thus, formula (16) may be written as
J WQ'(q) WQ(g) dg = c*s AQ-QP dP. (18)

But the remaining integral (multiplied by c2) is simply the product (9) of the
delta functions. We obtain finally

J va'(®)Va{g) dg= \(Q - <= (19)

and the orthogonality condition (as well as the normalization condition) is
thus satisfied.
We now consider the matrix for an arbitrary operator F expressed in

terms of qr and of pr= —ih d/dqr.
Let
F=F(@p)=F (20
When applied to the exponential function exp the operator F yields

approximately this function multiplied by F(q, dS/dq). Thus
. . . 8S
F ||q —rh% ehS esi enS F q,-—- (21)
Qq

A similar relation holds if we replace the exponential in (21) by the function
ifQ(g) which is approximately equal to (10). Accordingly, we may mean by F
in formula (5) not the differential operator on the left-hand side of (21), but the
function on the right-hand side of this equation. Putting, as before, Q’= Qin
all factors of the exponential, we obtain

- y> -5 825 4 (22)
16 dQ dq

As in formula (18), we take in (22) the quantities P as integration variables.
Transforming to the said variables the function F, we shall have

F{g,p) = F (q(Q, P), p(Q, P)) = F*(Q, P), (23)

where p and P are the classical expressions (3). Using the approximate expres-
sion (15) for the quantity in the exponent, we may write

(Q"\F*\Q) = c2 f F*(Q, P) erQ@~QP dP. (24)

To evaluate this integral we note that the multiplication of the exponential
in the integrand by P is equivalentto the application of the operator —ih g/gQ".
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We also use our previous statement (which led us to (16)) that in the factors
of the exponential we may put Q' = Q. We may then write

eh@QP gp.  (25)

Taking the operator F* out of the integral sign and using (18) and (19) we
obtain

mm Q416 0Q-Q") (26)
c
and interchanging Q' and Q

(Q\F\Q") = F* MQ-Q')- (26%)

Now, the result of applying the operator F* to a given function TP(C) is
by definition,

F*P(Q)= NQ\F*IQ)W(Q")dQ". (27)

Using (26*) we obtain

F*P(Q) 4'(Q). (28)

This equation gives (apart from terms depending on the order of factors in
F*(Q, P))the form of the transformed operator as applied to the function F(Q).

Our calculations can be summarized as follows. The approximate equa-
tion (21) has been used twice. First, we made a transition from the operator
F(q, —ilid/dqg) to the function F(qg, p); this function was expressed by means of
classical formulae in terms of new canonical variables Q, P. Second, we made
the inverse transition from the resulting function F = F*(Q, P) to the opera-
tor F*(Q,—ihd/dQ). This transition presented itself naturally when we applied
the method of differentiation with respect to a parameter to the calculation
of the integral for the matrix element of the operator considered.

The results of our calculations can be stated as follows. Let the operator

F=F(Qnp); p=-ih-~~, (29)
Q
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first expressed in variables g, be then transformed, by means of a unitary
transformation, to new variables Q. When expressed like (29), the resulting
operator F* will have the form

F* —F*(Q,P); p=-ih— . (30)
Q

Suppose that the unitary transformation is performed by means of eigenfunc-
tions having in classical approximation the form (10) (so that their phase is

-j—S(q,Q)). Then the form of F* can be obtained from that of F (if one disregards

the order of the factors) by means ofa purely algebraic transformation express-
ed by the formulae

Ha>p) = F*(Q, P, (H)
3S '

= 32

P o (32)

where S is the function involved in the phase of the unitary transformation.
These formulae represent a contact transformation of classical mechanics.
We see that one can speak not only of an analogy between unitary and
contact transformations but also on an approximate equality between the
corresponding quantum mechanical and classical expressions.

O KAHOHWYECKOM TMPEOBPA3OBAHUN B KJIACCUYECKOWM U KBAHTOBON
MEXAHWKE

B. ®OK

Pesome

YTOUHEHO yTBepXjeHue [upaka 06 aHaNOrnm Mexay YHUTapHbIMW Mpeo6pa3oBaHu.
AMU KBAHTOBOM MEXaHWKM W KacaTeflbHbIMW MpPeobpasoBaHMAMM KNAaCCMUECKON MexaHWKMU-
Mokas3aHo, YTo AN MATPUUHbLIX 3/1EMEHTOB OMnepaTopa YHWTApHOro npeo6pasoBaHWMs MOTYyT
GbITb MOCTPOEHbI MPUBAMXKEHHbIE BbIPAXEHUS 4epe3 KnacCuuyeckne BeNUUMHbL. Takum
06pas3oM MOXHO FOBOPWUTbL He TOMLKO 06 aHanorMy Mexay YHUTapHbIMU M KacaTeNbHbIMU
npeo6pa3oBaHUiMMU, HO U O MPUBMNNKEHHOM PAaBEHCTBE MeX/[Y KBAHTOBO-MEXaHUYECKUMU W
NoNy-KNacCUYeCKUMMN BbIPAXKEHUAMU [N COOTBETCTBYIOLMX BEANYMH.
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VERGLEICH EINER LCAO-MO-
UND EINER VB-ZUSTANDSFUNKTION
DES LL-MOLEKULS*

Von
N. Grun und B. Kockel
INSTITUT FUR THEORETISCHE PHYSIK DER UNIVERSITAT, GIESSEN, BRD
(Eingegangen, 3. Il. 1969)
Eine neu berechnete VB-Zustandsfnnktion des Li2-Grundzustands wird verglichen mit

einer von B.J. Ransil angegebenen LCAO-MO ohne CJ-Zustandsfunktion.

Eine einfache, nicht mit Konfigurationsiberlagerung arbeitende von
Ransill angegebene LCAO-MO-Zustandsfunktion des Li2-Grundzustands soll
verglichen werden mit einer aus der VB-Vorstellung entwickelten Zustands-
funktion. Beide gehen aus von Slaterfunktionen s0,sq,s,s", z,z',x,x",y",y.

f e-kr s

0 — il T ig rekg ry = n e-kr (x,y,z),
/3 .ekrss< f~kT . _kr , =

‘0 = — xty'. 20— e-kr'(x',y",z").

S0 7 bl re , y P (x',y"z")

r,r = Abstdnde von den beiden Kernen; Richtung der x*,y*, z'-Achsen entge-
gengesetzt zur Richtung der x,y, z-Achsen.
Ransil setzt seine Zustandsfunktion an als

V= llug 2agelaglouZ2ag\,

wobei 1og, 2ttg Linearkombinationen von so -f-Sq s -f-s, z -f-z: sind, 1au
eine Linearkombination von s0—Sqg, s —s*, z—" ist. Die VB-Zustandsfunktion
beldsst beiden Li-Atomen ihre K-Schalen-Elektronen s0 und Sgq mit beiden
Spins (die deshalb in den folgenden Slaterdeterminanten nicht mit aufgeschrie-
ben werden) und uberlagert alle mit zwei L-Schalen-Elektronen mdglichen
IEg -Konfigurationen. So entsteht entweder bei Verwendung von nur a-
Elektronen der Ansatz a und bei Mitberiicksichtigung der yr-Elektronen der

Ansatz b
6 8

Va = IciaVi> Vb=_J?ICibVi»
- 1=

* Herrn Prof. Dr. P. Gombas zum 60. Geburtstag gewidmet.
1B.J. Ransil, Rev. Mod. Phys., 32, 245, 1960.
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mit
Vi=y|-{Is-s'I+Is,-sl}2’
V2= JA{\S-S\+\S-5"},
8= A-{|s-2'l + |z'-S|+|S'-2H-|«-S"|},
Vi = -\"4—{|s-2|+I*-s|+|s'-2,H-|2, 'S} >
W5:i-\;‘A-{\z'z'\+\i'-r!}’
e = -y {\r-r\ + \r'-z'\},
W = —\t?’—{\x—x'\ + XX\ Ay -y + \yy ']

Vs= A{I*-*+liryl+ 15, <1+ 1/-/]} .
3 y |}

Die Parameterwerte kOund k, der Kernabstand, die Gesamtenergie und die
Bindungsenergie sind3

bei Ransils

Funktion | bei Ansatz a bei Ansatz b
kO 2,70 2,68 2,68
K 0,65 0,67 0,67
kR 3,5 3,55
R 5,0514 5,224 5,224
E 14,840 75 — 14,851 48 — 14,863 66
EB 0,151 eV 0,462 eV 0,794 eV

Die Bindungsenergie wurde jeweils berechnet als Differenz der mit denselben
Parameterwerten berechneten Atomenergien und der Molekiulenergie. Bevor
die beiden Zustandsfunktionen n&her miteinander verglichen werden, sei noch

2Die Nenner /2 und /4 bewirken natirlich Normierung nur bei Trennung der Atome,
sind aber glnstig fur die Berechnung und die anschauliche Ausdeutung. Auch die Faktoren
1//6! sind unterdrickt.

3In atomaren Einheiten, Bindungsenergie in eV.

15.051 ist der experimentelle Abstand.

5Ansatz b fihrte bei Variation von R zu einem Energieminimum in unmittelbarer Néhe
von kKR = 3.5
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einmal daran erinnert, dass beide Methoden (LCAO-MO und YB) nach Ver-
wendung bestimmter Anzahlen von Konfigurationen immer wieder einmal zu
identischer, nur verschieden geschriebenen Zustandsfunktionen fiihren ms-
sen. Beim H2-Grundzustand tritt das zum ersten Mal hei zwei Konfigurationen
auf

I(so+s@)e(so+«b6)l und |(sO+ sO)-(so - sO)l

bzw. isO-sd+ 1V sd und IsO-sQ+ [s6-s6]| .

Bei der grosseren Elektronenzahl des Li2-Molekils tritt das fiur den Grundzu-
stand aber erst bei einer viel hoheren Anzahl von Konfigurationen auf, ndm -
lich bei Verwendung von 92 Konfigurationen, wenn nur die zwolf cr-Funktionen
sx bis z'B, und erst bei 412 Konfigurationen, wenn auch die acht yr-Funktionen
xx bis y'R verwendet werden. Die Uberlagerung einer so grossen Zahl von
Konfigurationen wdare aber wenig sinnvoll, weil dann viele von ihnen mit
extrem Kkleinen Koeffizienten auftreten und nur geringe Verbesserungen bei
allen aus der Zustandsfunktion berechneten Molekileigenschaften bringen
wirden.

Vergleicht man eine LCAO-MO- und eine VB-Zustandsfunktion geringe-
rer Konfigurationszahl miteinander, indem man eine Funktion der einen Art
als Linearkombination der Funktionen der anderen Art schreibt, so erhalt
man im Falle des Li2-Grundzustands ebenfalls sofort 92 bzw. 412 Anteile in
der Linearkombination. Die von Ransil angegebene, von ihm mit | bezeich-
nete Funktion wird bei Zusammensetzung aus VB-Funktionen zu

I(Tg lau2c?m\ag\au 2crg| - 0,38924(yl-f- y2)
+ 0-12432("3 + vA)
+ 0,01985(y>a + yj6)
-f- 86 weitere Summanden, in denen die /C-Schalen aufgebrochen sind, also

nur 3, 2, 1 oder kein Elektron enthalten.
Der wichtigste Teil dieses Restes ist —0,02584 (% -f- ipl0) mit

Voo - 2 {I*0 *6. - wso™ 1+ I*0s6*"*0ss'l + Isus*' es0sos'l +1*0 **' ¢s0*0s|}

y>10 = — {1*0*0s «*0*s'l + TX0*0s' ¢sO**'| + T0** «H*0*+ 10 ** «*)*0*'1}e

Alle weiteren Glieder haben wesentlich kleinere Koeffizienten. Die nach der
VB-Vorstellung aufgebauten Zustandsfunktionen heissen
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Fig. 1 Dichte auf der Kernverbindungslinie. --------- fiir VRansil’® --------- fur m); Ofir xa
bei Ansatz a bei Ansatz b
Ya= 0,900 03! — 0,084 0dyj2 th = 0,772 9ly>! + 0,011 37y2
+ 0,266 143— 0,021 02y>4 + 0,255 13>34- 0,004 35y4
— 0,026 10ip5— 0,095 31”e — 0,017 02tp5— 0,077 39

+ 0,120 13yt7— 0,129 03y>8

Bei dem direkten Vergleich der beiden VB-Funktionen mit der MO-Funktion
ist also wenig Ahnlichkeit zu erkennen. Allenfalls kann man darauf verweisen,
dass die bei der RANSiL-Funktion zwangsweise gleichen Koeffizienten von
\plund y2bzw. B und ungefédhr das arithmetische Mittel der entsprechenden
Koeffizienten in den beiden VB-Funktionen sind. Vergleicht man dagegen bei
den nach den beiden Methoden bestimmten Zustandsfunktionen die Elektro-
nendichte im 3-dimensionalen Raum, so findet man nur geringfliigige Unter-
schiede. Als Beleg dafiir sind in den Fig. 1 und 2 die Elektronendichte ldngs
der Kernverbindungslinie und ldngs einer in der Moleklilmitte errichteten
Senkrechten zur Verbindungslinie gezeichnet, und zwar in gestrichelten Kur-
ven fir die Ransilfunktion, in ausgezogenen Kurven fir y und nur durch
einige Kreise angedeutet fir ya Obgleich nun die Abbildungen fiir das Dichte
»plateau« um die Molekulmitte deutlich einen héheren Wert bei der Ransil-
funktion zeigen, ist doch die Folgerung zu ziehen, dass die drei Funktionen
ARansih fa, y in diesem Gebiet zu fast gleicher Dichte fihren wirden, wenn

die Kernabstdnde gleich wdéren; denn bei der Verkiirzung des Abstands von

5,224 3
5,224 auf 5,051 ist natlirlich eine Erhéhung der Dichte um den Faktor 051

d.h. um 11% zu erwarten. Nur der Uber diese 11% hinausgehende Unterschied
zwischen den Dichten ist also als echter Unterschied anzusehen. Er ist sehr
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Fig. 2. Dichte langs einer Senkrechten zur Verbindungslinie, errichtet in der Molekilmitte.
--------- fur VKansli;--—--—--fiir w; O fiir 0

klein und riahrt her von der Gleichheit der Koeffizienten fir homdopolare und
ionische Anteile und dem Aufbrechen der K-Schale bei der RANSiLschen Zu-

standsfunktion.

CPABHEHWE ®YHKLUMUIM COCTOAHUA LCAO-MO U VB
H. TPIOH n b. KOKE/b

Pesome

BHOBb onpeseneHHas QyHKLMSA cOCTOsHUA VB 0CHOBHOro coctosiHus Li2 cpaBHMBaeTcs
¢ (yHKuueir coctosHus LCAO-MO (6e3 GJ), gaHHoin 6. W. PaH3unnom.
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COSMIC RAYS AND THE ORIGIN
OF THE SOLAR SYSTEM*

By
A. J. R. Prentice and D. ter Haar

DEPARTMENT OF THEORETICAL PHYSICS, OXFORD UNIVERSITY, OXFORD 0X1 3PQ,
GREAT BRITAIN

(Received 3. 1l. 1969)

It is shown that cosmic rays may have caused sufficient ionisation in a solar disc in a
Kant—von Weizsacker type of theory about the origin of the solar system to produce a con-
ductivity high enough for magnetohydrodynamic effects to be important.

It is well known that all theories produced so far to explain the formation
of our solar system with its planets moving in regular orbits and falling into
two families — the inner or terrestrial and the outer or major planets — have
run into difficulties of one kind or another. The theory which seems to intro-
duce fewest special ad-hoc assumptions isthe Kant—von Weizsacker theory [1]
in which the sun more or less in its present state is surrounded by a gaseous
disc in which the planets are formed by condensation. This kind of theory is
able to explain quite satisfactorily the differences between the two families
of planets [2], butitruns into serious difficulties because the life time of such a
disc against turbulent dissipation is much shorter than the time needed to
form the planets [3, 4]. Although von Weizsacker’s regular pattern of vor-
tices [I] may increase the life time, perhaps by as much as an order of magni-
tude, this will not be sufficient and it seems that the only possible way to save
this kind of theory would be to invoke electromagnetic phenomena. This kind
of approach has been used by Arfvén [5] and Hoyle [6] has shown how electro-
magnetic effects may lead to a slowly rotating sun (compare also [7]).

At first sight it seems unlikely that electromagnetic effects can have
played asignificantrole in the evolution of the solar disc in a Kant —von Weiz-
sacker theory. The relative importance of hydromagnetic effects as compared
to hydrodynamic effects is measured by the so-called Hartmann number M
which in Gaussian units is given by the equation [8, 9, 10]

(1)

where If is a characteristic magnetic field, L a characteristic length, a the
electrical conductivity, r] the viscosity, and c¢ the velocity of light. If M 1,
hydromagnetic effects will he important.

* Dedicated to Prof. P. Gombas 0on his 60th birthday.
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In order to get a safe lower limit for M, we shall assume that in the solar
disc H > 10~egauss, L ~ 1 AU = 1.5.1013cm, r] ~ 10-4 poise, and we shall
use for a the gas-kinetic formula

a = nee2d/Tp, @)

where neis the electron density, v the average electron velocity, Athe electron
mean free path, and e and m the electron charge and mass. As we shall see
later on, only a fraction of the solar disc will he ionised so that Ais governed
by collisions between electrons and neutral hydrogen atoms. It has been
calculated by Tempkin and Lamkin [11] who find

S~ 3+104njn (3)

where nHis the neutral hydrogen density. Expressing v in terms of the tempe-
rature T and using the various formulae and estimates which we have just
given, we find for the Hartmann number M (T in °K):

1/2
M> 2-107 y-1/4_ (4)
[MH

If we take for nHand T the values characteristic for a distance of about 1 AU

from the sun [2, 3] — L, nH, and T will all depend on the distance from the
sun — we have T ~ 300 °K, ~ 104 cm-3, and thus
M~An]l2. (5)

One can easily show that ionisation by solar radiation is totally absent
[2], and for the ionisation by thermal motion, we get from the usual thermo-
dynamic argument (see [2], p. 32)

ne< 10“40cm-3, (6)

showing practically total neutrality, and M < I-

However, it is well known (i) that cosmic rays produce ionisation in the
earth’s atmosphere and (ii) that the cosmic ray intensity has probably not
varied greatly during the lifetime of our sun. It is therefore of interest to see
whether they may produce sufficient ionisation in a solar disc to bring about
a large Hartmann number. We also remind ourselves that in a different con-
nection Pottasch [12] recently has considered the ionisation properties of
cosmic rays.

The degree of ionisation produced by cosmic rays can be estimated in
two different, but equivalent ways. We can either use the data about ionisa-
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tion produced in the terrestrial atmosphere or we can try to sketch a theore-
tical treatment of the problem.

If d is the mass path traversed by the cosmic rays, entering the atmo-
sphere (Q: mass density),

d =\0Qdl, (7
it was found by Millikan, Neher, and Pickering [13] that the number of

ion pairs W,(d, air) created per unit volume of air per unit time at depth d is
given by the expression

V,(d, air) ~ 750 e-dii6o0, (8)

where d is in g cm-2. The exponential factor derives from the attenuation of
the cosmic ray intensity due to cascade and ionisation processes. It will differ
slightly between air and the hydrogen atmosphere in the solar disc. Roughly
speaking we expect a factor exp (-d/J1) where

/I(air) cer/(air) ' ©)

where the a are the relevant nuclear cross-sections and A the mass number.
We find then

/1(H)-----"-H (air). (10)
Correcting also for the difference in density in the terrestrial atmosphere and

in the solar disc, we find

wi(d,H) ~ w (0, air) -AMCH), ()
ra(air)latm,20°c

or
Wt(d,I1) ~ 2-10~18 reHe~d14°. (12)

A similar expression is obtained by using Ginzburg and Syrovatskii’s
expression [14] for the rate of ionisation, Gloeckler and Jokipii’s estimate
[15] for the proton flux in the cosmic rays, and Dalgarno’s discussion [16]
of ionisation processes.

As d for the solar disc will be of the order of 100 (compare the data in
[2]) we can safely put the exponential in (12) equal to unity, so that through-
out the solar disc we can use

Wt(d, H) ~ 2+10 18nHion pairs/cm3sec. (13)
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From Arren’s data [17] it follows that the rate of recombination R
will be given by the equation

R = 10-9T~3¥n2cm-3 sec-1, (14)
and from (13) and (14) and the balance equation Wt = R it follows that
nc~ 4+10-5n2T38cm "3, (15)
which for nu ~ 10u cm-3, T ~ 300°K, leads to
ne~ 3ml03cm_:3. (16)
Combining this with (5) we get
M Z 102, (17)

showing that, indeed, hydromagnetic effects must be taken into account, es-
pecially since the value obtained is certainly a conservative lower limit.
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KOCMWYECKWE YUY N HAYANO COMHEYHOW CUCTEMbI
A. W. P. MPEHTUC u 4. TEP XAAP

Pesome

MoKa3blBaeTCs, YTO KOCMWUYECKME Ny4u CMOFAM 0GecneynTb [OCTATOUHYIO MOHU3ALMI0
B COMHEYHOM [MCKe, COOTBETCTBYHOLIEM Teopuu Tuna KaHTa—doH Baiilusekkepa 0 Havane
CO/MIHEYHOW CUCTeMbI, AN CO3A4aHWUS BMOMHE [OCTaTOYHOM MNPOBOAHOCTW, HEOBXOAMMOW npu
NPOTEKaHUN BaXKHbIX MarHeTorMapoANHaMUYECKNX 3(EKTOB.
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POLYNOMIAL WAVE FUNCTIONS IN ELLIPTICAL
COORDINATES FOR MOLECULES*

By
R. Gaspar and |. Tamassy-Lentei

INSTITUTE OF THEORETICAL PHYSICS, KOSSUTH LAJOS UNIVERSITY, DEBRECEN

(Received 3. Il. 1969)

Polynomial wave functions in elliptical coordinates are suggested for molecules. Cal-
culations have been made in the case of Ht. A three-terms function approximates the ground
state energy with high accuracy.

In molecular calculations Slater type orbitals are the functions most
used as radial factors in molecular orbitals [1]. For small molecules, orbitals
in elliptical coordinates are used for very precise calculations [2]. Gaussian
orbitals are also used for theoretical predictions [3]. In all of these calculations
a common fact is that they use exponential factors to achieve convergence of
the integrals in unbound space, so that normalization can be assured. Under
such conditions some of the integrals can be calculated exactly; others with
fair approximation.

There is an other way to achieve convergence. Theoretically the possi-
bility of box normalization has been frequently mentioned. If a sufficiently
large box is selected the correction caused by the shape of the box will be unim-
portant. Recently, Gimarc [4] has demonstrated that polynomial functions
of the form

R(r) = P(1- r/°)'rk 0<:r<> ()]
|0 r > a

are suitable as radial parts in the theory of atoms. In (1) a, Kk and | are positive
variational parameters and for technical reasons Kk and | must be selected as
integers; b is a normalization factor. The selection of the wave function (1) is
equivalent to enclosing the electron in a spherical box. For the hydrogen
atom, one obviously gets back to the exact ground state wave function by
choosing for the parameters the values

k=o, l/a = 11/, |— o00.

* Dedicated to Prof. P. Gombas on his 60th birthday.
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For the H2-molecular ion one easily selects

O)<><>,,
vwi= b(l- nl«)1 e'X -1 M V<L 1, ' 2)
o< V<L ,
as a one-electron trial function, where
J«==*__-(ra+ rb, V= — (r,- rf) and 9) 3)
K K

are elliptical coordinates, a and b, its reference centres coincide with the
site of the protons. R is the distance of the protons, a- & and % are
variational parameters with the restrictions fg = 0, 2, 4, = 1, 2, 3,

.;a, >>0; b, isthe normalization factor. 9), is zero with V —qq if a, <T " <Co0
corresponding to an orbital enclosed within an ellipsoid. If one takes a suit-
able linear combination of the orbitals with the form (2) like

(O EARY ()]

one expects it tobe possibleto approximatethe exact orbital as closely as pos-
sible.

For the H2-molecular ion the ground state is 279, which means that
di=r- 0 must be selected. One gets the matrix elements of the Hamiltonian and
the overlap matrix easily without any approximation. We have solved the
secular equation of the linear combination method. Table | gives the para-
meters and the calculated and experimental energy values. We have restricted
the variation of the parameters by the conditions /m= | and a, = a for all
values of i.

Evidently one can get

VW= Vi= bl 1— a*/«) e~ct= Vi

and

V(2= ciVi+c2v2=CM 1- fila)"+c2b2(l - nla)lv2 {l=ac® Nue~ctl(I+bv2)=Vu-

where N\ and Nu are normalization factors and bis a linear variational para-
meter. ifn is the trial function of James [5] giving the surprisingly good result
quoted in Table I.

The trial functions y)()and y give better energy values than the cor-
responding exponential forms and in spite of its simplicity gives a value
for the energy which approximates the exact calculated one with high accuracy.
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Table 1

Energy values for the Hi-molecular ion calculated with different polynomial wave functions
in atomic units (in eZa,) at the internuclear distance R = 2a0

. ) E
n i 1 ki I a (present work) E

1
1 1 0 44 34.86 —0.579933 —0.57975*
2 1,2 0,2 a7 36.56 — 0.602553 -0.60238b
3 1,2,3 0,2,4 a7 36.56 —0.602620 0.602634"

acalculated with y»\
b calculated with xpjj (James type wave function [5])

Clnexact [6]

In the above mentioned calculations the value of | was fairly high, differing
little in the various cases. Furthermore, the value of | after variation coincides
for y(@ and ) The situation with a is similar, which means that the size
of the enclosing ellipsoid is nearly the same for all the trial functions.

Because of the high value of | we had to use double precision sub-routin-
es on the electronic calculating machines.

We do not see any problem in the future application of this method for
other poly-electronic systems and we plan to extend the calculations for them.

LITERATURE

1. See e. g. P. Gombas, Theorie und Losungsmethoden des Mehrteilchenproblems der Wellen-
mechanik, Verlag Rirkhdauser, Basel, 1950.

2. See e. g. W. Kolos and C. C. J. Roothaan, Rev. Mod. Phys., 32, 219, 1960.

3. See e. g. H. Preuss, Integraltafeln zur Quantenchemie, Vierter Band, Springer-Verlag,
Berlin, 1960.

4. B. M. Gimarc, J. Chem. Phys., 44, 373, 1966.

5. H. M. James, J. Chem. Phys.. 3, 9, 1935.

6. D. R. Bates, K. Ledsham and A. L. Stewart. Phil. Trans. Roy. Soc., A246, 215, 1953;

H. Wind, J. Chem. Phys., 42, 2371, 1965;

J. M. Peek, J. Chem. Phys., 43, 3004, 1965.

MONMTMHOMUWANBHBIE BOJIHOBbLIE ®YHKUWW B 3ATNAOTUYECKUNX
KOOPANHATAX ONA MOJMEKY

P. TALUNAP n N. TAMALLUN-NEHTEN
Pesome

MpegnaraloTcs MONMHOMMANbHbIE BOMHOBbIE (YHKLWM B 3NNUNTUUECKUX KOOPAMHATAX
ANS MONeKyn. BbluncneHus mposefieHbl B ciydae HR ®yHKUMEA B TpW uneHa 3Heprus OCHOB-
HOFO COCTOSIHWA ONpPefeNnsieTcs C BbICOKOA TOUYHOCTbHIO.
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SOME ACCURATE RESULTS
FOR THREE-PARTICLE SYSTEMS*

By
W. Kolos

DEPARTMENT OF THEORETICAL CHEMISTRY, UNIVERSITY OF WARSAW, WARSAW, POLAND

(Received 3. 1l1. 1969)

Results of a variational calculation of the nonadiabatic ground state energy of HJ are
presented. Diagonal corrections for nuclear motion have also been calculated for the electronic
ground state of HJ. The adiabatic potential energy curve has been employed to calculate the
rotational and vibrational levels for the HJ ion and for muonic molecules. Nonadiabatic energy

corrections are discussed. For ppd the adiabatic wave function is compared with the corre-
sponding nonadiabatic result.

I . Introduction

Three-particle molecular systems, such as H”", are sufficiently simple to
make accurate calculations of their properties feasible. Results of these cal-
culations may give an insight into some fundamental approximations which
are unavoidable when dealing with more complex molecules. In particular,
this applies to the adiabatic approximation which plays a fundamental role
in the theory of molecular structure.

In the present article new results are presented obtained for the ion,
and for muonic molecules. They are used to discuss some problems of the
adiabatic approximation and of its accuracy.

Il. The adiabatic approximation

Let us express [1] the exact Hamiltonian of a diatomic molecule in the
centre of mass system as

H=H°+ H, @)

where H®° is the “electronic” Hamiltonian which is independent of the nuclear
masses Maand Mb, and H' represents the kinetic energy of the relative motion

of the nuclei and the coupling between electronic and nuclear motion. Expli-
citly, H' has the form

H'= A, + H2+ H3, )
* Dedicated to Prof. P. Gombas on his 60th birthday.
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where

e §

1 2 R>

H ——i(z“v)2 (3)
2 8/1 < 1)

H g >V

3= R is

2:“a i

and the symbols used in (3) have the following meaning: R = R,—R;, where
R, and R, denote the radius vector for the nuclei a and b, respectively; the
index i labels the electrons; r; are measured from the geometrical centre of the
molecule; u=1 = M;' + M;* and ,u{l = —M_1 4+ M;1.

Let us also assume [2] the complete wave function in the form

¥ = 3¥(r. R) 2,(R), (4)
n
where r denotes the coordinates of all the electrons and ¥, is the solution of
H° ,(r, R) = U,(R) ¥(r, R). (5)
Using (1) and (4) in the complete Schrédinger equation

HY — E¥ (6)

one gets the following set of coupled differential equations for the functions

Xn

| &) ?Tu— Aol kB — EJ 2n(R)=— 2 (H;lm+Bnm Vr) tm(R) (7)

m#n
where
Hyn= (¥ H ¥,dr,, (8)
B —_"ZP(LV+ ! syl ®.a ©)
nm J n P R 2”11 - i m et

The adiabatic approximation [2] is obtained by neglecting the right-hand
side of Equs. (7). In contrast to the Born — Oppenheimer (clamped nuclei) appro-
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ximation it includes the diagonal corrections for nuclear motion, H'nn, in the
adiabatic potential

Un(R) = Un(R) + HUR) (10)

which governs the nuclear motion.

I1l. Nonadiabatic energy for Hi

Nonadiabatic calculations for a diatomic molecule can he carried out in
two different ways: (a) One can solve the set of Equs. (7); (b) One can employ
tli e Ritz variational method using the complete Hamiltonian (1) and assuming
the trial function in the form

J Cn&n(r,R), (11)
n=1
where ®n(r, R) is some set of functions in the space of r, R. For HI both ap-
proaches are feasible.

Calculations based essentially on the set of Equs. (7) have been carried
out by Hunter and Pritchard [3], and with only a few terms in the expan-
sion (4) accurate energies have been obtained. This approach, however, does
not seem to be practical for more complex systems and, therefore, in the pre-
sent work the second approach has been tested. This method has already been
used by several authors [4, 5, 6], but the wave functions employed were not
flexible enough to yield accurate results.

For a non-rotational state the wave function does not depend on the
orientation of R, and in the present calculation the following basis set was
employed

on= exp (—a£) cosh (Brj) freridexp (—x2/2) "k,,{x)R~312 (12)

The symbols used in (12) have the following meanings: £ and rj denote the ellip-
tic coordinates; 3" kis the /c-th Hermitian polynomial; x = y (R—Re); and
a, B,y, Re are treated as variational parameters, in addition to the linear para-
meters ¢, in the expansion (11).

Convergence of the energy resulting from the wave function (11) with
the basis set (12) is displayed in Table I for the ground state of Hj . N deno-
tes the number of terms in the expansion (11), (r -f- s)max the maximum value
of the sum of powers of £ and 7included in the expansion, and kmax the maxi-
mum degree of the Hermitian polynomials. All energies given in Table | were
obtained with one set of the nonlinear parameters which were optimized for
the maximum number of terms. The proton mass used was Mp = 1836.12.
For the second lowest vibrational state a still larger number of terms was
needed to get the final value of the energy.
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Table |
Convergence of the nonadiabatic energy, E, and of the binding energy, D, for the ground
state of Hf

N (r + s)max W e (au) o (cm1)
24 3 3 -0.5971166 213743
30 3 4 —0.5971356 213785
40 4 4 —0.5971367 21 378.8
44 4 5 —0.5971380 21 379.06
51 5 5 —0.5971381 21 379.08
55 5 6 —0.5971385 21379.0r
57 5 7 —0.5971387 21379.2)

IV. Adiabatic energy for HT

The adiabatic energy is obtained by solving Equ. (7) with the right-hand
side equal to zero. Assuming %(R) = fwk(R)Y K,(0,(p)R-1 the appropriate equa-
tion for the vibrational wave function reads

1 d2 +
+ Un(R) H'nn., J(J 1)
2/r dR2 2/XR2

MR) = o, (13)
where v and J denote the vibrational and rotational quantum numbers, re-
spectively.

Very accurate clamped nuclei potential has recently been published
[7, 8], and adiabatic energies have also been computed [7]. However, in the
latter calculation relatively poor values [9] of H'nn were used. To get reliable
non-adiabatic effects, which are very small and which are represented by the
differences between the non-adiabatic and adiabatic values, highly accurate
results are indispensable. Therefore the diagonal nuclear motion corrections
(3) have been computed using for the wave function an expansion in terms of
10 basis functions of the form

dn= exp (—af) cosh (Br/) £rr/s* (14)

and the results are listed in Table Il. AD given in the last column (in cm-1)
is defined as <H '(00))—<H'(R)y and represents the correction to the binding
energy due to the diagonal nuclear motion corrections.

Using the calculated values of H'nn, and accurate clamped nuclei poten-
tial Un, the vibrational equation (13) has been solved for several vibrational
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Table 11

Clamped nuclei energy, E, and diagonal corrections for nuclear motion (2) for HE calculated
for various internuclear distances R

0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
11
1.2
13
14
15
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9
3.0
3.1
3.2
3.3
3.4
35
3.6
3.7

E

1.4666385

0.6992462

0.2650120
—0.0048180
—0.1826248
—0.3044800
—0.3902705
—0.4517863
—0.4964118
—0.5289745
—0.5527406
—0.5699835
—0.5823232
—0.5909372
—0.5966963
—0.6002536
—0.6021058
—0.6026342
—0.6021349
—0.6008396
—0.5989309
—0.5965536
—0.5938235
—0.5908332
—0.5876573
—0.5843560
—0.5809780
—0.5775628
—0.5741424
—0.5707425
—0.5673841
—0.5640840
—0.5608555
—0.5577092
—0.5546535

HiX103

0.07470
0.08327
0.09104
0.09556
0.09794
0.09899
0.09925
0.09905
0.09859
0.09803
0.09743
0.09686
0.09635
0.09592
0.09559
0.09536
0.09522
0.09519
0.09527
0.09544
0.09570
0.09606
0.09650
0.09702
0.09762
0.09830
0.09904
0.09984
0.10070
0.10161
0.10257
0.10357
0.10461
0.10567
0.10676
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H,x 103

0.54463
0.45537
0.41811
0.38414
0.35388
0.32718
0.30371
0.28307
0.26489
0.24884
0.23462
0.22199
0.21074
0.20069
0.19169
0.18362
0.17636
0.16983
0.16395
0.15864
0.15386
0.14954
0.14565
0.14214
0.13898
0.13615
0.13361
0.13134
0.12932
0.12753
0.12595
0.12457
0.12337
0.12233
0.12146
0.12073

AD

—59.766
—56.571
—50.275
—44.526
—38.875
—33.537
—28.617
—24.144
—20.109
— 16.486
—13.241
—10.338
—7.744
—5.426
—3.358
—1.513
0.131
1.593
2.891
4.039
5.052
5.941
6.718
7.391
7.968
8.459
8.868
9.204
9.471
9.676
9.822
9.915
9.959
9.958
9.917
9.838



3.8
3.9
4.0
4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
5.0
51
5.2
5.3
5.4
55
5.6
5.7
5.8
5.9
6.0
6.1
6.2
6.3
6.4
6.5
6.6
6.7
6.8
6.9
7.0
7.1
7.2
7.3
7.4
7.5

—0.5516947
—0.5488373
—0.5460848
—0.5434394
—0.5409022
—0.5384735
—0.5361531
—0.5339400
—0.5318328
—0.5298295
—0.5279281
-0.5261259
- 0.5244202
—0.5228082
—0.5212866
—0.5198521
—0.5185016
—0.5172315
—0.5160385
—0.5149192
—0.5138701
—0.5128878
—0.5119690
—0.5111105
—0.5103089
—0.5095612
—0.5088644
—0.5082155
—0.5076116
—0.5070501
—0.5065282
—0.5060437
—0.5055940
—0.5051769
—0.5047902
—0.5044319
—0.5041001
—0.5037929

W. KOLOS

Table Il (continued)

Hy X103

0.10787
0.10899
0.11012
0.11126
0.11239
0.11351
0.11463
0.11572
0.11680
0.11785
0.11888
0.11987
0.12084
0.12176
0.12265
0.12350
0.12432
0.12509
0.12582
0.12652
0.12718
0.12779
0.12838
0.12892
0.12943
0.12991
0.13035
0.13077
0.13115
0.13151
0.13185
0.13216
0.13245
0.13271
0.13296
0.13319
0.13340
0.13360
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A2X103

0.12013
0.11966
0.11930
0.11905
0.11890
0.11883
0.11884
0.11893
0.11908
0.11930
0.11956
0.11987
0.12022
0.12061
0.12103
0.12147
0.12193
0.12241
0.12290
0.12340
0.12390
0.12440
0.12490
0.12540
0.12589
0.12638
0.12685
0.12731
0.12776
0.12820
0.12862
0.12903
0.12942
0.12980
0.13016
0.13051
0.13084
0.13115

AD

9.725
9.582
9.412
9.219
9.005
8.772
8.525
8.265
7.996
7.718
7.435
7.148
6.859
6.571
6.284
6.000
5.720
5.446
5.177
4.916
4.661
4.415
4.178
3.949
3.729
3.518
3.317
3.124
2.940
2.766
2.600
2.442
2.292
2.151
2.017
1.891
1.772
1.660
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Table Il (continued)

R E Hxx 103 H2x103 AD
7.6 —0.5035087 0.13378 0.13145 1.554
7.7 —0.5032458 0.13395 0.13174 1.454
7.8 —0.5030027 0.13411 0.13201 1.361
7.9 —0.5027780 0.13425 0.13226 1.273
8.0 —0.5025704 0.13438 0.13251 1.190
8.2 —0.5022013 0.13462 0.13295 1.040
8.4 —0.5018866 0.13483 0.13335 0.908
8.6 —0.5016184 0.13500 0.13370 0.792
8.8 —0.5013900 0.13516 0.13401 0.691
9.0 —0.5011954 0.13529 0.13428 0.603
9.2 —0.5010298 0.13540 0.13452 0.526
9.4 —0.5008887 0.13549 0.13473 0.458
9.6 —0.5007685 0.13558 0.13492 0.400
9.8 —0.5006661 0.13565 0.13508 0.349

10.0 —0.5005787 0.13571 0.13522 0.305
10.5 —0.5004121 0.13583 0.13549 0.218
11.0 —0.5002992 0.13591 0.13568 0.158
11.5 —0.5002221 0.13597 0.13582 0.115
12.0 —0.5001683 0.13601 0.13591 0.085
13.0 —0.5001035 0.13607 0.13602 0.049
14.0 —0.5000689 0.13610 0.13608 0.030
15.0 —0.5000490 0.13611 0.13611 0.020
175 —0.5000247 0.13614 0.13613 0.009
20.0 —0.5000143 0.13615 0.13614 0.005
co -0.5C00000 0.13616 0.13616 0.000

All results in a. u. only AD in cm *

and rotational states. The resulting adiabatic energies for the ground electro-
nic state of HE are shown in Table I11I.

By comparing the adiabatic energies for K = 0 and v= 0, 1, 2 with
the corresponding nonadiabatic results [3] one gets the nonadiabatic energy
correction AE = Enonad—Ead = 0.12, 0.21 and 0.35 cm“1for the three lowest
vibrational states, respectively. The correction is very small and is seen to be
roughly a linear function of the vibrational excitation. The differences between
the adiabatic and clamped nuclei [10] dissociation energies (for J = 0) are
shown in Table IV. Their maximum for v = 8 results from the shape of the
H'nn versus R curve which has a minimum at R — 3.4 a.u., and the expecta-
tion value of the internuclear distance forv = 8 is just <(B) = 3.362 a.u.
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Adiabatic

—0.5971382
—0.5871538
—0.5777492
—0.5689050
—0.5606050
—0.5528359
—0.5455872
—0.5388515
—0.5326241
—0.5269037
—0.5216918
-0.5169938
—0.5128188
—0.5091802
—0.5060962
-0.5035904
-0.5016922
-0.5004349

Table 111

energies (in a.u.) for various vibrational () and rotational (J) levels in the ground
electronic state of Hi;

—0.5968729
—0.5869025
—0.5775113
—0.5686802
—0.5603929
—0.5526363
—0.5453999
—0.5386763
—0.5324611
—0.5267527
—0.5215531
-0.5168676
—0.5127055
—0.5090803
—0.5060104
—0.5035197
—0.5016379
-0.5003989

-0.5963443
—0.5864018
—0.5770375
—0.5682324
—0.5599706
—0.5522388
—0.5450269
—0.5383276
—0.5321365
—0.5264523
—0.5212772
-0.5166167
—0.5124802
—0.5088818
—0.5058401
—0.5033796
-0.5015307
—0.5003287

-0.5955567
—0.5856557
-0.5763316
—0.5675654
-0.5593415
—0.5516469
—0.5444716
—0.5378085
—0.5316534
—0.5260055
—0.5208670
-0.5162438
—0.5121459
—0.5085875
—0.5055881
—0.5031730
-0.5013740

-0.5945162
—0.5846702
—0.5753992
—0.5666846
—0.5585109
-0.5508655
-0.5437387
—0.5371235
—0.5310164
—0.5254165
—0.5203266
-0.5157531
—0.5117064
—0.5082015
—0.5052587
—0.5029044
—0.5011722

—0.5932307
—0.5834528
—0.5742476
—0.5655969
—0.5574855
-0.5499012
—0.5428344
—0.5362789
—0.5302311
—0.5246910
—0.5196617
—0.5151500
—0.5111673
—0.5077292
—0.5048572
—0.5025794
—0.5009319

—0.5917097
—0.5820126
—0.5728856
—0.5643107
—0.5562733
—0.5487615
—0.5417663
—0.5352817
—0.5293048
—0.5238358
—0.5188788
-0.5144411
—0.5105349
—0.5071770
—0.5043904
—0.5022052
—0.5006612

8v¢
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Table IV

Differences between the adiabatic and clamped nuclei dissociation energies (in cm-1) for
various vibrational levels of HJ

v fad.  “cln. \ wal  Xedn
0 3.23 9 6.13
1 3.96 10 5.95
2 4.60 11 5.66
3 5.12 12 5.27
4 5.54 13 4.76
5 5.86 14 4.15
6 6.08 15 3.43
7 6.19 16 2.57
8 6.22 17 1.59

V. Adiabatic results for muonic molecules

The clamped nuclei potential energy curve with diagonal corrections
for nuclear motion, computed for the ion, can be directly employed, by
changing only the mass ratio, to calculate the adiabatic energies for muonic
molecules. These consist of two singly-charged nuclei (proton, p, deuteron,
d, triton, t) bound by a muon p. The results are listed in Table ¥ where, in
addition to the energy, the expectation values of R and R ~2are also given.
In the same Table we give the nonadiabatic energies calculated recently by
Carter [11] using the Ritz variational method. Convergence of the energy
becomes slower with decreasing ratio of the muon mass, m, to the reduced mass
of the two nuclei. Inspection of Carter’s results shows that they have conver-
ged to roughly 4 figures except for the excited state of dpd where the accuracy
is significantly lower and therefore this energy is not given in Table Y. The
previous nonadiabatic results (see e.g. [12]) also seem to be of a lower accuracy
and are not included in the Table. For comparison the results for the ion
are listed in the last column. The corresponding nonadiabatic results are those
of Hunter and Pritchard [3].

The AE values given in Table Y represent the nonadiabatic energy cor-
rection, i.e., AE = -Enonad—E ad. They are seen to be of the expected order of
magnitude, i.e., of the order of (m/fj)2. They are also seen to he larger for the
excited vibrational states than for the ground states. For the states under
consideration the nonadiabatic effects are due to interaction with higher states
of the same J1, where J1 is the quantum number for the component of the an-
gular momentum along the internuclear axis. The energy differences between
these upper states and the state under consideration are smaller when the
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Table V
Energies and other properties of the muonic molecules
\

Molecule d d +

m(Mg+ Mp)| MM, 44160 5185 ’ 645648 023 1064216 1399192 91}7{.%6
Eyq —0.4885066 —0.5080172 h —0.5148851 —0.5294507 —0.5372619 —0.5455846 —0.5971382
N —0.49437 —0.51266 | —0.53097 —0.53840 —0.5971387
v=0 AJE —0.00586 —0.00464 | —0.00152 —0.00114 —0.0000005
{(R) 3.303708 3.081971 3.003851 2.838290 2.749622 2.655254 2.063922
R 0.1492881 0.1618795 1 0.1667037 | 0.1776637 0.1839713 0.1910392 0.2439225
E,q ; —0.4777144 —0.4860214 —0.4957138 —0.5871537
Enonad 1 —0.48773 —0.5871548
=1 AE s } —0.00171 —0.0000011
{R) | i 5.743900 5.067744 4.481494 2.199147
{R-%) ! l{ 0.0720091 0.0870771 0.1036442 0.2310860

All results in “‘natural units”, i.e.

electron mass, respectively.

assuming m = 1, where for the

muonic molecules and for the Hj ion m denotes

the muon and

SOTOM "M
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latter is an excited vibrational state. Therefore, by a common argument of the
perturbation theory one may conclude that the nonadiabatic effects should
increase with increasing vibrational excitation. Table Y proves that this is
indeed the case, and the results given in the previous Section show that the
conclusion is also valid for higher vibrational states of HA"-.

V1. Adiabatic and nonadiabatic vibrational wave functions

It may be also of some interest to compare the adiabatic and nonadia-
batic vibrational wave functions. A comparison of this type has already been
made [13] for the ground state of the hydrogen molecule. However, in that

case the nonadiabatic calculations [14] were not sufficiently accurate to make
such a fine comparison of the wave functions meaningful. Similar and more
accurate calculations have recently been carried out for the p/-id system [15].
In this case one may expect that the nonadiabatic effect in the wave function
is sufficiently large to be reliably detectable in a fairly accurate calculation.
The 128-term nonadiabatic wavefunction calculated [15] for ppd has been
used in the present work to calculate the vibrational pseudo-wave function
defined as

/nonad(K) = R[T N R)\2K Y 1 (15)

where ¥ denotes the complete wave function for p/id and the integration is to
be carried out only over the coordinates of the muon. The calculated pseudo-
wave function can be compared with the adiabatic vibrational wave function
/ eK( = /ad) discussed in Section IV.

The calculated difference /nonad—fad does not vanish with increasing
internuclear distance (for R < 10 n.u.) which is probably due to a relatively
large error in the wave function for large R. Therefore, it seems that a weighted
difference, i.e.,

d = (/nonad - fad)fid (16)
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has more physical meaning, and this difference is presented in Fig. 1 where the
adiabatic vibrational wave function is also shown. Thus the nonadiabatic
effects seem to increase the mean value of the internuclear distance in spite
of the fact thatthey increase the binding of the two nuclei. This is supported
by the results of Tipping and Herman [16] who concluded that the nonadia-
batic effects decrease the rotational constant of H2. The binding is more di-
rectly related to the piling up of negative charge between the two nuclei. For
H2 it has been found [13, 14] that the nonadiabatic value of <z2> is smaller
than the adiabatic one, where z denotes the sum of the electronic coordinates
in the direction of the molecular axis. This is consistent with the increase of
binding by the nonadiabatic effects.
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HECKOJIbKO TOYHbIX PE3YJ/IbTATOB ANA CUCTEM TPEX YACTUL
B. KO/IOC

Pesome

CoobliaeTcs 0 pe3ynbTaTax BapMaLMOHHOIO BbIYUCNEHWUS HeaanabaTUUecKoW 3Hepruu
OCHOBHOFO CcOCTOSHUS HJ. N8 3N1eKTPOHHOrO OCHOBHOTO COCTOSIHMS H+ onpefensanuch 1
AvaroHanbHble MONPaBKW ANS SAEpHOro ABMXEHUA. Kpusas aanabaTuyeckoit NOTEHLMaNbHOM
3HEpPrUM UCNoNb3yeTcs AN BbIUMCNEHUS POTALMOHHBIX N BUGPALMOHHBIX YPOBHEH MONeKynsp-
HOro MoHa HJ W AN MIOOHHbLIX MONeKyn. LUCKYTUPYIOTCS NONPaBKM K HeaguaGaTUuecKoit
aHeprun. Apguabatuyeckas BOMHOBas (YHKUWUSA ANS pfid CPABHWUBAETCA C COOTBETCTBYHOLLMM
Heaana6aTMUeCKUM Pe3y/bTaToM.
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Limits are investigated in a generalized Lee model without cut off which reproduce
the elementary + composite particle case found in the original model.

1. One of the most interesting problems in particle physics is to find
some answer to the question as to which particles among the vast number of
stable or instable particles are elementary and which are composed somehow
from others. Different lines of attack offer certain types of criteria which might
be especially useful in bootstrap calculations. In a Lagrangian field theory
e.g. Z —m0 limits are assumed to turn an elementary particle into a composite
one. Detailed references concerning these problems can be found in [1].

Former investigations of the Lee model without cut-off (i.e. when a ghost
is present) have shown that there the typical elementary + composite particle
case arises [2], with the consequence that one of the particles is elementary
and the other composite, but one cannot say which belongs to either type.

Here we deal with the question of the kind of limit which produces this
situation. The model which we have chosen is the generalized model with two
F-particles [3], which with a cut-off, has been investigated already from the
point of view of a Z limit [4], where, of course, it gives a different result.

In the Lee model all information arises [5] from a function h(z) having
the form

h(z) = a -f 62 -f- 22G(2)
o, b finite
k2 dk
2 003(c0 — 2)

Thus, reproducing the results of the Lee model means just reproducing the
above form for the corresponding function of the generalized theory.

* De dicated to Prof. P. Gombas on his 60th birthday.
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2. The generalized model we are discussing is described by the Hamiltonian
H=H,+ H,

-
Hy = > m; 8,98 vy + j o (k) a* (k) a(k) dk ,
i=1

(1)

2
o _ 8i 1
H, = — — — |¥X ,,a"'k (s,' :‘ a(k dk,
1 % Vi ) Vow [vk v a* (k)40 % vy a(k)]
W= V-m(2,-+—k2

We have taken two V-particles, and fixed the energy scale by setting my = 0.
The commutation relations are the conventional ones except for the V-particles,
for which

{%,s 1/’1":} = 61‘ (2)

is prescribed. ; = -+ 1 for a normal particle, §; = —1 for a particle quantized
with indefinite metric. m; and g; are the bare masses and coupling constants.
We have taken the convenient form (1) in order to retain the maximal possible
symmetries in the following equations [5]. H is Hermitian if g; is real with
0; = + 1, and pure imaginary for §; = —1. Now we wish to solve the problem
of the N—O sector. Here a general state possesses the form

E > = (Zo; 6, &+ vk | o(k) a*(k) dk)|0>,

(3)
Yo,l0> = ppn|0> = a(k) 0> =0, <0j0> =1,
with the norm
<E|E>=ZX6;af a; + [ ¢*(k) (k) dk. (4)
The eigenvalue equation
H|IE>=E|E>
gives
gi dk
m; — E) ¢ = =2 | — ¢(k),
(m; ) V47t J 2m 7 (k) (5)
2o g;
( ) ¢(k) Vi 2o
Thus, for real particle states
Zoc,- i
p(k) = £ (6)

Vi V20 (E — o+ i)
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in the continuous spectrum (S wave)

=" -0 (k-ko0) *

) 49[. 200 (E —co-\-ib)
(outgoing waves). Substituting (6) and (7) into (5) one gets

Aicg+ Btxe = 0,

8
B -f-A2s2= 0,
or
A «l+ s*2 = Ei~* ca
Bl -f- A202 — E2¢
Here
A=l —E+g . k2 dk
4 I 2co(E — oo - is)
K2 dk
2co(E — @ is)
E = + kl.
From (8) the necessary condition for finding real particle states is
AiA2— B2= 0. (10)
For continuum states from (9)
Z*iSi =~ bl(T2- E)+gl(m, - £)](~ N2- B2-1. (11)

Next we distinguish four special cases:

i) mi=m,=m. ii.) mi=F=m2
i) g\ = - g\ i) g\ = - 0,
b) 9?2 & — gl b) 9?2 -g1.

In cases a) one of the particles is normal; the other is abnormal by prescrip-

tion.
For the case i. a) (10) gives

(m —E)2= 0.
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From (6) and (8) (p= 0, namely

A
Z*igt = ~181-—-— m282 = 0Om
D E=m
Actually, the eigenstate with (for the sake of definiteness)— = Q= 1
[E> = — «(?7?! [0> (12)
| 82
possesses zero norm
<E|E> =0.
Then from general principles it follows that a dipole ghost satisfying
(H—E)\D> —EI|E>
must exist. Indeed, replacing
ID> =(ZRi diy?(+ yfi J (k) a*(k) dk) \0>
and (12), by E — m, one gets
- Mo oA V2 o = mai’
(co- m)d(K) = ~BEFL
Y&nY 2w
From these
®(/c)
r dk 1/45: 112w (/v — c0)
J 20/ (T —c0)
and the state
e | P
D>= _{QPn+ 2 dfc —— B\ + WA\ P(K)a*(k)dk [0>

ig2
g'g 2 co(m — )

Obviously <E|D> 0. Choosing B and

k2 dk

9 2 co(m—co)

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



LEE MODEL AS A Z LIMIT 257

one can appropriately prescribe
<D\D> = 0, <E\D> = 1.

Similarly from (11) one can see that there is no scattering S = 1. These two
interactions of equal strength distort the two bare eigenvectors into a complete
dipole ghost situation. It is interesting that only the dipole ghost is surrounded
by a meson cloud, otherwise a compensation has occurred which is, of course,
trivial.

For the other cases it is most convenient to introduce the function of
the complex variable

(m1—2z)(m2—2) kr dk

(13)
gl(mz — z) +gl[ml —2) 2Wu> — 2)

h(z)

From (8), (9), (10) and (11) by standard methods one can see that the dressed
particle eigenvalues are given by

h(E) = 0, (14)
and the N—O scattering S matrix is

S=1 . ink,. h(E —is) (15)
h(E + is) h(E + ie)

Furthermore, the norms of the dressed particle eigenvectors are (for E real)

2ED __AKI2[0(0- E) + enmi- E)] v M (16)
TR e ©
i=fcj, ie. i—1,j=2 or i—2,j = 1.

Now, without cut off, h(z) with

k2 dk
G(z) = 2
2 co3(fe) — 2)
*b) h(z) = a bz+ 22G(z),

k2dk

a—— +
tf+ S| 2.ap (17)

6= k2 dk

g\+g\ +i 2 ws
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ii.a) h(z) —a bz -f-ezz+ 22G(2),

Til _H k2dk
gf(mj — m2 2 0

m] m2 IIde
+
gi(m2 — "h) 0>3

1
gi(™i — m2
ii.b) h(z) = 03 -f-a-\-bz+ z22G(z2),
a— _ gfmi+ g/m2 | If2dfc b _ 1 ' f2dfc
@ T gu)2 2 co? g? + gl j 2«
A (8igA”h —"h]}2 E _ gim2+ U mi (19)
(gi + g3 gi + gl

All (real) constants a, b, c, A, Eo are kept finite. After fixing them a model
theory is defined. From the forms of b we see also that in cases i, ii, b) one or
both of the V particles must be quantized with indefinite metric. h(z) in the
case of i.b) corresponds completely to that of the Lee model implying the same
results, except, of course, that the two real states are produced now by two
bare fields. The real particle state structure of ii.a) is the same as that of
the Lee model; the structure of ii.b) corresponds to the model described in
[6] implying three real V particle states.

3. Let us now turn to the problem of what type of limits reproduce the
results of the original Lee model. From case i.a.) there is no transition, of cour-
se. (17) corresponds to the Lee model as it stands, (18) requires ¢ = 0, (19)
A = 0. On the other hand, the elementary composite particle case can be attri-

buted to ja,(E)|2= 0,i = 1or2with h(E) = 0. The connection and difference
between this condition and det Z = 0 can be found in [1,4]. Therefore let us
study the behaviour ofa-. Since h'(E) are finite |a, |2is essentially deter-

mined from (16) by the factor

. L k2 dK
mj—E + gjj

i “heE) =o.

«

" T g2(m2—E) + g\{mv—E)

Since in all cases we are discussing here a field theory with indefinite metric,
|a,|2is not restricted to 0 < |a,|]2< 1. Actually, in general, it diverges. Anyway
|]a, 2 vanishes if and only if Bj = 0. Using (13)
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, = gfimj - E)2
" [gl(rrfz E)+gl(mi- E)Y'

Here we are dealing with divergent quantities. Therefore, double care is ne-
cessary. These are the same as in the original model; the constants in equations
(17), (18), (19) are kept finite, also the divergent integrals by cut off at < fi-
nally 0) — T oo. But then one has to treat the cases separately.

In case i.b)

(20)

Bj=— — =gjlb- tJ -k
(gi+al)2 I J 208J

Therefore, | Rvanishes ifgf = 0; i.e. from the beginning there is no interaction
at all with one of the particles. For case ii.a)

B,= " = c¢*gf(mj - Ef.
el(rné i)2
From (18)

I k2dk

m, = b+
2¢c g 2w3,
b+ * k2dk Cdc a— f2dk

o a 2 3 sor

therefore from ¢ = 0, [a, [2vanishes for the particle with gj 0. That is, the
remaining one has to be quantized with indefinite metric.
For the last case, from (19)

3oy e 1+ -AP I—IT]l_AD
01 2G g - ~2G
|
™I Ty — ) Eo'
4
D= ——— G= b K2 dk
(M1 —m22G , O

Then A = 0 leads to a particular g,, let us say g2, equal to zero, |a2)2= 0 as in
the first case.

4. We have seen that the original Lee model without cut off can be ge-
neralized to the case of two V particles. The theory requires quantization with
indefinite metric. Case i.a) is quite different from the Lee model; = m2
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gf * —g\ reproduces the results of the original model without requiring the
condition
MEy)12=1<0,agq>1r= 0, y=1,2. (21)

When (21) is required g, must be zero. mi1®* m2 g\ = —gf, c= 0 and mi1
m2 g1~ —g A = 0 correspond to the Lee model. In the first case gj* 0
at the beginning, in the second case one of the gtis equal to zero giving
[a-(E.) 2= 0 for one i and allj in both cases.

It is interesting to notice the various behaviours of the different variants
of the extended model. It can also be seen that the most general case (19)
with its three real particle states can be produced from an appropriate model
with three free V fields.
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We have shown previously that an invariance principle is defined in curved space by
invariance under the Brandt groupoid consisting of elements given by parallel displacements
along all possible curves in space-time. It is argued here that the Brandt groupoid might con-
tain the Poincaré group as a local group in each tangent space but then space-time must have
non-vanishing torsion. Such a conclusion might also be implied by recent measurements of
Sadeh et al. For an Einstein manifold, on the other hand, the Brandt groupoid contains only
the homogeneous Lorentz group.

1. Introduction

Sadeh, Knowles and Yaplee [1,2] observed an anomalous decrease
of frequency in the 21 cm absorbtion line from Taurus A. They also found the
effect when a terrestrial source was used and they found the decrease roughly
proportional to distance. This decrease cannot be accounted for by general
relativity and in a recent paper Szekeres [3] argues this indicates that space-
time is not Einstein—Riemannian (a space with a symmetric metric and sym-
metric connection). He assumes a linear connection with non-vanishing torsion
and calculates the contribution of the torsion part to the shift of frequency
and finds it in agreement with the observations of Sadeh et al. He therefore
concludes that these measurements do suggest a physical space-time of non-
vanishing torsion.

In this paper, while we do not argue with his physical interpretation of
the torsion tensor, we want to point out that a similar conclusion is already
implied by our previous work, though in an indirect way. More precisely, our
previous results imply that either the Poincare group is a good local symmetry
group and then space-time has torsion or general relativity holds (no torsion)
and then the local invariance group is the homogeneous Lorentz group without
translations.

In our earlier papers we made an attempt to introduce an invariance
principle in curved space-time. The first thing in such an attempt is to face

* Dedicated to Prof. P. Gombas on his 60th birthday.
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the fact that there are only local inertial systems, namely the geodesic systems
at each point x. We assumed that these local inertial systems are still physi-
cally completely equivalent and then determined the invariance transforma-
tions connecting them. Let Tx and Ty denote ennuples of unit vectors in the
local inertial systems, the geodesic systems, introduced at space-time points
x and y, respectively. Then one of our main results is as follows [4]. The in-
variance transformations mapping Tx into Ty are defined by Levi-Civita paral-
lel displacement along all possible curves connecting x and y. Different experi-
mental consequences of this invariance have been worked out [4, 5, 6]. For
example it has been shown that the three experimental tests of general rela-
tivity follow.

Consider now the set B(x, y) of transformations defined by parallel dis-
placement along all possible oriented curves connecting x andy and denote by
B the set as x andy run through all points of space-time. There is nothing that
would distinguish one space-time point among the others, therefore each ele-
ment of the set B is aninvariance transformation. Therefore the set B defin-
es an invariance principle in curved space and an important problem is then
what is the structure of B. Clearly it cannot be a group but one can show [7]
that it is a Brandt groupoid.

The fundamental fact in our present argument is that the Lorentz group
is contained in the groupoid B as a subset working in each tangent space Tx,
it is indeed the holonomy group ipx, defined by parallel displacement along
all possible closed curves through x of the underlying space-time manifold,
discussed extensively [5, 10]. Indeed, the identity component* of the holono-
my group (hg) is the six-dimensional homogeneous Lorentz group for a non-
vacuum Einstein manifold. However, the Poincaré group P can never be rea-
lised as the hg of an Einstein manifold since the hg associated with a symmetric
connection is always homogeneous.

Now it is known that the hg associated with a linear, non-symmetric,
connection is inhomogeneous and therefore the Poincaré group could be inter-
preted as a local invariance group in such a space.

However, our invariance principle in curved space is defined by the
Brandt groupoid B which is an object more general than a group. To see the
intimate relationship between measurements of the red-shift type and local
invariance groups, such as the Lorentz, or Poincaré, group we first give in
Section 3 a remarkable decomposition theorem for the groupoid B.

* It can be shown [10] that the existence of inversions in ipx depends on the topological
properties of space-time. Introduce topology by defining space-time to be a differentiable
manifold Mn. Let nxbe the first homotopy group of Mn and y£ the identity component of y\.
Then one can prove [10] that the homomorphism nx ipxlyJ exists and the problem of the
existence of inversions is therefore reduced to the computation of wi.
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2. The Brandt groupoid

A Brandt groupoid [8] (also [9], p. 121) is a set G of elements in which

the product exists only for certain pairs and which satisfies the following con-
ditions.

I. If for three elements a, b, ¢, G G the relation
ab = ¢

holds, then each of them is uniquely determined by the other two.
I1. 1f ab and be exist then there exist also (ab)c and a(bc), if ab and (ab)c

exist, then there exist also be and a(bc), if be and a(bc) exist, then there exist
also ab and (ab)c. In all three cases the equality

(ab)c = a(bc)
holds.
I1l. For every element b £ Gthere exists a uniquely determined element
i(b), the right unit, a uniquely determined element i'(b), the left unit, and a
uniquely determined inverse element b~x such that

bi(b) = i'(b)b = b,
b~/b= i, bb-1 =i

IV. For any two units i and i' there exists at least one element b"G
such that i is the right unit and i' is the left unit of b.

It is easy to see that our set B of invariance transformations defined by
parallel displacements satisfies these axioms. Indeed, forany parametrised curve
xa = Xx(t), the equations

= a3} () ub, (1)
where (Op(t) = — {} d*r/di, have a unique set of solutions of the form [7, 11]
u“(®) = L (t, to) uk (t0) , (2)

where the matrices b8 are non-singular (at least under the conditions discussed
below). This defines a linear homogeneous isometry u(t0) — u(t) from the tan-
gent space at x(t0) to that at x(t). The matrices also satisfy [11]

BR(t,t")bB(t\t"") = b;(t,t")
bR (t,t")bR(t",t) = &Y.
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Denote now by b(ty,tx) any curve with parameter f connecting x and y
and denote the matrix (2) defined by the curve also by the same symbol
b{ty,tx).

Elements of the groupoid B are of the form b(ty,tx) (we use matrix nota-
tion) for the oriented curves from x to y, in this order, as x and y run through
all points. Define multiplication in B as: Two elements b(tx, tz) and b(tm ty) can
be multiplied, in this order, ifz = toand only in this case and the product
is then given by the appropriate form of Equs.(3). The set B with this multi-
plication is clearly a Brandt groupoid.

Indeed, consider first Condition IV. Our transformations (2) defined by
Equs. (1) are determined by the Christoffel symbols, which in turn are func-
tions of the metric tensor and its derivatives. IV thus implies that a conti-
nuous metric tensor must exist everywhere. It was pointed out [10] that topo-
logical properties must he introduced into the definition of space-time. One
way to do this is to suppose [10] space-time to be a differentiable manifold
Mn. Now a differentiable manifold always admits a positive definite metric
tensor, but admits a continuous metric tensor of signature (3,1) if and only if
the Euler—Poincaré characteristic » = N (—I)v/,, where is the kth Betti

A

number, vanishes ([12],p. 18). In this case then the matrix in Equ. (2) is non-
singular.

Condition Il istrivially satisfied and the non-singular nature of [b(ty,t, )\
ensures |. 11l is also satisfied: For any element b(tx,ty) the left and right
units b(tx,tx) and b(ty,ty), the (unit) matrices associated with the points x and
y, respectively, and the inverse b~'(tx,ty) = b(ty,tx) associated with the inver-
sely oriented curve, clearly exist. This proves the groupoid nature of B under
the above restriction.

3. Direct product decomposition of the groupoid

We now construct two subsets of B and then show that B is the direct
product of these.

It is clear from axioms | to IY that the condition for B to be a group is
that it should contain a single unit element. Therefore B can never be group
in curved space, nevertheless it contains groups.

Consider indeed the subset of all those elements b for which the left and
right units coincide i(b) — i'(b) = ix. It is clear from the axioms that this set
is a group consisting of the elements defined by transformations along all
closed curves through the point x. It is indeed the holonomy group y)x(Mn)
at x discussed extensively [5,10].

We now construct another subset of B as follows. Take the right and left
unit elements i(x) and i'(y) at two arbitrary but fixed points x and y, in this

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



IS POINCARE INVARIANCE COMPATIBLE WITH GENERAL RELATIVITY? 265

order, and connect x and y by a single, but arbitrarily chosen, curve b(y,x).
Denote the transformation along the curve also by the same symbol b(y,x) £ B.
When x andy run through all points of M n we obtain a subset St of B which
is also a groupoid. Since S* has the same set of units as B it is a subgroupoid
of B and it is also clear from the construction that this is the minimal sub-
groupoid which has the same set of units as B.

If we connect x and y with any different but well defined curve c(y,x)
we get another subgroupoid Scwhich is isomorphic with Si, since they have the
same set of units.

Let us now fix St and let x £ Mnbe any arbitrary but fixed point. We
want to prove that B = St ® ipx(Mn) where ® is direct product.

To this end we first remark that any arbitrary element t(z, y) of B can
be written as the product b(z,x)a(x)b(x,y), where a(x) £ tpx and b(z,x), b(x,y) £
St, in a unique way. To see that this is so one has only to choose a(x) —
b~1(z,x)t(z,y)b~1x,y) which is clearly a transformation defined by the closed
loop b~1(z,x)t(z,y)b~1(x,y) through x.

Let now t(v,co) = b(v,x)a'(x)b(x,<x>), where a'(x) £ipx and b(v,x), b(x,co) £
St, be the above product decomposition of any other arbitrary element t(v, co)
of B. Then the product t(v, a>)t(z,y) exists only ifco — z and it is in this case
t{v,y) — b(v,x) a'(x)a(x) b(x,y).

This shows that in the product ofarbitrary elements t(y,u>) and t(z,y) of B,
elements of St and elements of yx are multiplied separately. In other words
we have

B = Sb® yx (Af,,) . )

4. Local groups

We are now able to discuss the problem put forward in the Introduction.
In our effort to introduce an invariance principle in curved space the starting
point was [4] the problem of how to compare physical quantities in the (iner-
tial) tangent spaces at different space-time points. We have seen that we can
compare physical quantities by means of the transformations contained in the
groupoid B.

Obviously, the decomposition (4) classifies physical measurements into
two classes:

a) local measurements, in which quantities in the same tangent space
Tx are compared, can be evaluated by the local invariance group ipx,

b) measurements, in which quantities in the tangent spaces at different
space-time points are compared, can be evaluated by elements of the mini-
mal sub-groupoid Sh.
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Supposing now general relativity, the three crucial tests fall into class
b). Red shift between any x and y has been shown [4,6] to follow from invarianc
under parallel displacement along any curve connecting x and y, i.e. from in-
variance under an element of S,. Also, if one chooses geodesics for elements
of S, then the geodesic axioms follow.

As to class a) it is well known that the holonomy group % is subgroup
of the homogeneous Lorentz group for an Einstein manifold and the Lie-al-
gebra of ¢, which defines local invariance in the tangent space Ty, is spanned
[13] by the j-domains of the curvature tensor and its covariant derivatives

P ¢ Ripis 4° Vo p* € Rigas - - -5 (¢° Vo) p* € R (5)

where the arbitrary vectors p,q and the curvature tensor R and its covariant
derivatives are to be understood at «.

It is seen from expression (5) that y, is reduced to the identity for a
flat manifold. We have on the other hand the important theorem of BErcLB6CH
[14], which says that the Lie-algebra of vy is always six-dimensional for a non-
vacuum Einstein manifold. Therefore the restricted Lorentz group L! (for
inversions see [10] and also the footnote on p. 262) can be interpreted as a local
property of a non-vacuum Einstein manifold. However, the local invariance
group yy(My) is always homogeneous for an Einstein manifold. This follows
from the fact that the hg associated with a symmetric connection is homo-
geneous. This is an unpleasant feature of local invariance since translation
invariance has deep physical consequences and there is therefore interest in
more general spaces for which the hg is non-homogeneous.

Maybe the simplest such generalization is in which the Chistoffel symbols
are replaced by a non-symmetric connection /,. It is indeed well known that
the hg associated with such a connection is non-homogeneous and the infini-
tesimal translations at x are generated by expressions of the form ([13] p. 362)

— T4, df*, (6)

where df* is an infinitesimal facet at x and Tr, = Fﬁ,,— {ﬁ,} is the torsion

tensor.

Consider now the set B’ (Section 2) of invariance transformations defined
by parallel displacement associated with this new connection. B’ is again a
Brandt groupoid and the decomposition of Section 3 also holds. In this way
the Poincaré group might be obtained, just as Li has been in the case of an
Einstein manifold, as the hg of this generalized space.

Suppose now that the Poincaré group is a local invariance group. Then
if our invariance principle, i.e. invariance under the Brandt groupoid, is
valid, then invariance, in measurements of class b), under S; must also hold
as can be seen from the decomposition (4). But this is just the interpretation
of SZEKERES of the anomalous frequency shift found by SADEH et al.
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Clearly, the measurements of Sadeh et al. belong to class b) and what
Szekeres calculates is just the contribution to parallel displacement of the
non-symmetric part of the connection when §j, is constructed from geodesics.

We do not want here to argue about the physical interpretation of the
torsion tensor, only want to point out that, if the Poincare group is to be
interpreted as a local invariance group in a curved space, then a non-vanishing
torsion tensor must be involved.

5. Discussion

Recent cosmological observations seem to confirm that physical space-
time is curved. The Lorentz, or the Poincare group cannot then be interpreted
as the motion group of that space. In a curved space we have only local inertial
systems and in this case the considerations of this, and previous papers (see
the Introduction) are relevant. We want here to emphasise that our basic
assumption is that these local systems are still physically equivalent. At the
basis of this assumption is really the E&dtvés experiment. The choice of the
connection, which defines the invariance transformations connecting these
systems, is a matter of experiment.

Once, however, a particular connection is selected then the structure of,
for example, the local invariance group is determined. In particular the argu-
ment presented here suggests that either general relativity holds and then the
local invariance group is only the homogeneous Lorentz group in each tangent
space, or the Poincare group is good and then the underlying space-time mani-
fold has non-vanishing torsion.

In conclusion it must be emphasized that our full invariance principle
js defined not by a group but a Brandt groupoid which is a more general object.
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WHBAPUAHTHOCTb MYAHKAPE COBMECTVMA C OBLWLEV TEOPUEW
OTHOCUTENTbHOCTW?

M. LUHOBEIELL

Pesome

MpeABapuTeNbHO MOKa3anu, YTo ONpefeneH WHBApPWaHTHbIA NPUHLMN B UCKPUBNEHHOM
NPOCTPAHCTBE WHBAPMAHTHOCTbIO MO OTHOLIEHMIO rpynnouae BpaHATa, COCTOALLEr0 W3 dNeMeH-
TOB, AaHHbIX MNapanefbHbIMU CMELIEHUAMMU MO BCEM BO3MOXHbLIM KPMBbLIM B MPOCTPAHCTBE
BpemMeHW. [loKasbiBaeTcs, uTo rpynnoug BpaHaTa MOXeT codepxaTtb rpynny lyaHkape Kak
NOKaNbHY TPynny B KaX[OM TaHreHLManbHOM MPOCTPaHCTBE, HO B 3TOM C/ly4yae MpOCTPaH-
CTBO-BPEMS [IOMIKHO WMETb HEWUCUC3aloLlylo KPYTU3HY Takoe ycnoBue MOXET ObiTb NMPUMEHEHO
1 COBPEMEHHbIMW n3mepeHusmn Cage w Ap. C ApYroil CTOPOHbI, B CNy4yae OfHOrO MHOXECTBa
JiiHWTeMHa rpynnouns BpaHATa COAEPXMT TONbKO OAHOPOAHYK rpynny JlopeHua.
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SMALL AMPLITUDE WAVES AND WEAK
DISCONTINUITIES IN THE RELATIVISTIC
HYDRODYNAMICS OF AN IDEAL FLUID*

By
I. Abonyi

INSTITUTE OF THEORETICAL PHYSICS, ROLAND EOTVOS UNIVERSITY, BUDAPEST

(Received 7. 11. 1969)

Waves of small amplitude and the propagation of the surfaces of weak discontinuity
(jumping derivatives) are studied in relativistic fluid dynamics. It is shown that in analogy
with classical fluid dynamics, small amplitude waves and weak discontinuities have similar
character. Both small amplitude waves, and surfaces of weak discontinuity are propagated
with the velocity of sound, which, however, contains a relativistic correction.

1. Introduction — Basic assumptions

In this paper we consider a relativistic ideal fluid. The equation of state
of a simple one component fluid can he written in the form

R° = p°(p, s), (€8]

where is mass of the fluid in unit co-moving volume, p is the pressure, s is
the entropy of the fluid in unit co-moving volume.

It is required that the equation of state should be valid following the
motion of the volume element

o= ! kdkp + o Qe )
MNa/{L° = e u + \eooooee S.
I T @)

Here uk stands for the four vector velocity of the fluid and dkdenotes the four
vector gradient. (Summation convention is understood for doubly occurring
Latin indices, with = ic )

As is well known, the energy-momentum tensor Tik of an ideal fluid
has the form

Tik= (e + p) u, uk -f poik, 3)
cz

* Dedicated to Prof. P. Gombas on his 60th birthday.
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where e is the energy of the fluid in unit co-moving volume. We may define
the mass density

M= "7 (E+ P) (4)

the mass equivalent of all energies in a unit co-moving volume. This, clearly,
differs from /i°, since e may be decomposed to give

~ox = A "CY A fo (5)

where p° stands for the rest mass density, while £° is the specific internal
energy of the fluid.
So we shall write

x = [? 1 + + 1°V= [0 1 ! v
<=/ T + (6)

where the symbol v is the so called “index” of the fluid, and w stands for the
specific enthalpy.
Then, the energy momentum tensor is

Tik = WOvutuk + o&ikp, )
and the equations of motion of the fluid are
dkTik = o. (8)

We have to assure the interpretation of u, as a velocity four vector
therefore
WKuk= —c2 9)

and the conservation of the number of particles
9,(~V,) = 0. (10)

From equations (8), (9) and (10) it is easy to deduce by means of the
thermodynamic relation

dw — -dp — Tds, (11)
f,\O

that the motion of the fluid is isentropic, namely
ukQks = 0. (12)
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So the equation of state (2) takes the simpler barotropic form: p® = p°(p), i.e.:

LW kp® — a2ukdkp = 0, (13)
where

Then the basic equations of the simple one-component relativistic fluid

are:
pe ukdk (vUj) + 0,P = 0
3*(p°uk) = 0
ukuk= —c2 (14)

uk 3kP° — a2uk8kp = 0

There are seven equations for seven variables (uk, p, p° and u). We stress that
p, /lmand* are invariant scalars with respect to Lorentz-transformations.

In this treatment the fluid is assumed to have an infinite extent to avoid,
for the time being, boundary condition problems.

2. Small amplitude waves

It can be seen that the basic equations (14) are solved by the system
of variables
uk

P constants in space and time,

\%

if uk is chosen so as to obey (9). We then superpose small perturbations of
the form

ouk " auk

op op

6p0 ofin (15)
ov ov

where the amplitudes (6uk, ép, 6p°, év) are small quantities of the first order,
and any term containing at least two first order factors will be omitted. Then
the equations of motion will be

p° uk X (véuk-)- U/ dv) + 9-6p — 0,
Ak (p° 6k + ukop®) = 0,
(MK + OlK) (MK+ ARK) = —c2,

MKaKOp® —a2ukagkbp = 0.
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In such a way we arrive at a set of linear algebraic equations, namely:

ujrac LOV + pevL Ouj-f-xj6p= 0,
L 6p° + p°krdur= 0,

urdéur= 0,

Lop® —a2Lb6p = 0.

(16)

Here L = urkr. The existence of a nontrivial solution for the amplitudes
(6uit, 6p, 6p,0, 6v) is guaranteed by the vanishing of the determinant

pP Lv 0 0 0 p°Lu3 0 Ki
0 p°Lv 0 0 p° Lu2 0 k2
0 0 p°Lv 0 p° Lu3 0 k3
0 0 0 p°Lv peLui 0 K
p° p°k2 p°k3 p°Kk, 0 L 0
M Ll u3 vd 0 0 0
0 0 0 0 0 L — a2l
This requirement gives
D = pGvi L4|L 2(a2¢c2v — 1) — c2krkr} = 0, (18)

which is a relation between kr and the properties of the fluid. Therefore, it
can be envisaged as the dispersion relation of small amplitude waves. The
system (15) can be a wave solution to the linearized basic equations (14) if
and only if kris chosen so as to satisfy (18).

There are two possibilities. The first where L » 0, is

L2= (1 —a2c2v)~1lc2krkr,

(urkn2(a2c2v — 1) — c2krkr— 0 (19)

which, for the co-moving system of reference, where

ur (0,0,0,ic}, kr= K4 kA,

gives

V2 (20)
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for the square of the phase velocity V of the wave with respect to the fluid.
Since a is the reciprocal of the classical velocity of sound cs, we have

V2= 1+ (21)
pPc2 /1°c2

This corresponds to the sound wave in the classical limit.
The other possibility is that

V¥= — = 0; (22)

this perturbation does not propagate with respect to the fluid.
In the first case equations (16) yield

kr 6ur= — —06p°, 0iij — — --—-ifc, + — n-j 6/n°,
L P ) vl [ c2 JI

v = (il0c2a2)-1 6/i°, dp = a~26/i°,

(23a)

the amplitudes of the longitudinal velocity perturbation, the “index” and
pressure perturbations can be given in terms of the density perturbation &/i°.
Therefore 6p° must be different from zero, otherwise this type of smallamplitude
wave cannot exist.

In the second case, because L — 0, after some manipulations we obtain
from (16)

(23b)

0/i° = arbitrary.

Because of (22), we may realize this perturbation as a stratification in the
fluid which is immobile with respect to the fluid, and since now <Gt is the
only variable of the entropy, the stratification causes an immobile variation
of entropy which does not propagate with respect to the fluid (entropy wave).
And since the fluid is an ideal one, this stratification of entropy can move only
together with the fluid.
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3. Weak discontinuities

When the hydrodynamic quantities (uk p, /x° v) themselves are conti-
nuous, but their derivatives have jumps along a surface, we speak of that
surface as a surface of weak discontinuity.

Let us denote by

f(xv x2 x3, g4 = 0

the equation of the surface, across which the derivatives of the hydrodynamic
quantities are not continuous.
The unit normal to this hypersurface has the components

(QjQrf)Ir

and following [1, 2] we use V = cU as the velocity of the hypersurface along
its normal, with the definition

2SrsQrfQsf
I e ,
21 v 0e/ 8-/

where grsis the four dimensional metric tensor, while aaris the three dimensional
one. So
iU
M = (24)
[1_ u2lw¥

It is obvious tat einhther the phase velocity of small amplitude waves, nor
the velocity of this surface is a covariant notion.

By definition, the discontinuities along the surface in question of the
hydrodynamical quantity F can be written in the form

[ds F] = Ns OF,
where the difference
[9SF] = HmO0s F —Ilim ds F
involves the limits taken on the different sides of the hypersurfaces, and OF
represents the jump of QSF.
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Effecting the limiting processes we obtain from the basic equations:

p° JAOVFp°VAS U §Njop= 0
/(° N ko uk - A6/u®° = 0

ukbuk=0

Abdp® —a2Ad6p = O

(25)

where
A = ukNKk.

The (25) is a homogeneous linear system of seven algebraic equations
for seven unknowns, the condition of the existence of a nontrivial solution is
that the determinant

p° Av 0 0 0 p° Aux 0 N,
0 p° Av 0 0 pe A2 0 n2
0 0 /m°Av 0 p°Au3 O
0 0 0 p°Av p°Aui 0

p°n 2 P°N3 P°N, 0 A 0
ui uz s oul 0 0 0
0 0 0 0 0 A -a?2A

which has the same structure as (17). This requirement gives

A= /rbvdA4{A2(a2c2V — 1) - c2NrNr} = 0.

There are two possibilities again. First let us take A 0, then

A2=e2(1 -a2c2v)
and we obtain in the co-moving system

uz— 1 P 1+ — + - A
= n° c2 p°e2
stating that this type of the surface of weak discontinuity propagates with the
velocity of sound. In this case the jumps are connected by the relations (23a).
In the second case/1 = 0, which in the co-moving frame means that the
surface does not propagate with respect to the fluid, the jumps are then con-
nected by the relations (23b).
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4. Conclusions

We have shown that the velocity of propagation of small amplitude
waves is modified in the relativistic case by the presence of a factor

- 12

1+
o ¢2 M c2

This means that if the specific internal energy and the pressure of the system
is comparable to its rest energy density, the corrective factor may he important.
The well known modification of sound velocity [3] because of the extreme
relativistic equation of state

where e means the total energy density of the system makes its important
contribution particularly to cs, and not to the correcting factor.

Finally we have shown that, as in classical hydrodynamics, the surfaces
of weak discontinuity propagate with the same velocity as do small amplitude
waves, and can be classified in an analogous manner.
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BO/IHbl HEBEO/IbWNX AMNONNTYL W CNABbIE PA3PbIBbI
B PENATUBUCTUYECKOW TMAPOANHAMUKE WAEANBHOMN XUAKOCTW

n. ABOHU

Pesome

M3yualoTcs BOMHbI HEBONbLUMX aMNAKUTY/ U pacnpocTpaHeHne NoBepxHOCTel cnaboro pas-
pbiBa (CKAYOK NPOU3BOAHbLIX) B PENATMBUCTCKOM AUHAMUKE XMAKOCTM [lOKa3biBaeTcs, 4YTO B
aHanore C KnacCUYecKoi AMHAMWUKOMN >KMAKOCTW BOMHbI HEBONMBLIOA amMnanTyAbl M cnabble
paspbiBbl UMEKOT NOA06HbLIA XapakTep. Kak BOMHbI HE6ONbLWIOW aMNAUTYAbl, TaK W NOBEPXHOCTU

cna6oro paspbiBa PacnpocTPaHAOTCA CO CKOPOCTbIO 3BYKa, KOTOPas, OfHAKO, COAEPXUT pens-
TUBMCTUYECKYIO NOMNpPaBKy,
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STUDY OF F-CENTRES STABLE AT ROOM
TEMPERATURE IN NaCl(Ca) CRYSTALS*

By

R. VosZKA and A. WATTEBICH
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BUDAPEST

(Received 7. Il. 1969)

Following X-irradiation of OH-free NaCl(Ca) crystals at room temperature, the authors
observed new absorption bands at 360, 336 and 193 nm wavelengths, in addition to the F2
band appearing in pure crystals at 223 nm. These new bands were assigned to Vp, V" and
VE* centres, respectively.

The M superscript refers to the presence of the divalent metal impurity, thus distin-
guishing the centres from similar centres in the pure crystal. In the case of X-irradiation at
—80°C a new band was observed at 330 nm shown to be due to Vp centres. The models of the
appearing centres are well-known, except in the case of V*1lcentres for which the authors pro-
pose a model.

I. Introduction

In previous papers we investigated the F-type centres created by
X-irradiation in the KCI(Ca) system and their conversion [1, 2]. The results
obtained in this system were comparatively simple and clear-cut since here
only one F-type centre which can be considered stable appears at RT, i.e.
the F2 centre created by the association of VF centres. Rut in the case of
NaCl(Ca), also according to our previous investigations, we are confronted
with a more complicated situation. We had shown e.g. the appearance of VF
centres stable at RT [3], and the NaCl(Ca) system also exhibits a different
behaviour concerning ionic conduction, since its conductivity, contrary to
the KCI(Ca) system, is decreased by irradiation [4].

The paper gives further data concerning the F-type centres stable at
RT appearing in the OH-free NaCl(Ca) system.

Il. Experimental method

The crystals were grown free from OH by a method which we developed
[5] from starting material purified in our laboratory [6]. 0.1 Mole% CaCl2
was added to the melt; then to reduce the concentration of other impurities
it was zone-refined several times. During zone-melting the Ca concentration

* Dedicated to Prof. P. Gombas on his 60th birthday.
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did not change considerably since the distribution coefficient of Ca in NaCl is
approximately 1. At the final zone-melting a single crystal was grown at a
speed of 3 mm/hour. In our experiments we have used the lower 2/3 part of
the cylindrical crystal block of 200 mm length and 40 mm diameter. In the
middle of the part used the Ca concentration, determined afterwards, was
found to be 8 x 10~* Mole/Mole.

In some of our experiments the OH-free crystals were submitted to
subsequent annealing, consisting of keeping them in a furnace at 350°C in
air for ~ 10 min, then cooling to RT in a few minutes.

We carried out experiments on crystals air-grown by the Kyropoulos
method from reagent grade material some months earlier. In these cases the
subsequently determined Ca concentration was 3 x 1073 Mole/Mole.

The specimens for absorption measurements were cleaved to have a
surface of 10 x 20 mm? and a thickness of 0.4—5.0 mm. The measurements
were made with a UNICAM SP—700 spectrophotometer, placing a metal
cryostat in one of its lichtbeams when necessary. X-irradiation was carried
out with a THX—250 deeptherapy apparatus at 200 kV, 20 mA using a 3.5 mm
Al filter. In these conditions the dose rate was about 2500 R/min. The focussed
light of a tungsten lamp was used (0.1 W/cm?) to illuminate the crystals.

III. Experimental results

III. 1. In Figs. 1 and 2 the absorption spectra of NaCl(Ca) crystals
grown OH-free and X-irradiated at RT are shown for increasing doses. From
the difference-curves the following facts can be established. In the beginning
of colouration (irradiation time less than ~ 1 min, Fig. 1) a well-defined maxi-
mum in the UV region appears only at 336 nm growing nearly proportionally
with the F band. With increasing dose the maximum at 336 nm approaches
saturation and a new band with a maximum at 193 nm begins to develop
(curves b and ¢ of Fig. 2). The 193 nm band lies near to the limit of the measur-
ing range of the SP—700. Therefore, its position was determined with a
vacuum monochromator as well. In Fig. 3 it can be seen that the 193 nm
band is superposed on the tail of the steeply rising § band.

III. 2. Curve a of Iig. 4 shows the absorption spectrum of a crystal X-
irradiated at RT, exhibiting the 336 and 193 nm bands in the UV region.
Curve b was obtained after warming the crystal to 80°C. Under the effect of
the few minutes warming the F’ band disappears as expected and a slight
decrease of the I band takes place. In the course of this process the 336 nm
band becomes decomposed and the 193 nm band increases. Afterwards, the
crystal was illuminated with white light and its absorption spectrum taken
after illumination is shown by curve c¢. The changes in the F band can be
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Fig. 1. Absorption spectra of OH-free NaCl(Ca). X-irradiation and measurement at RT.
Irradiation times: a) 10 sec b) 30 sec c) 60 sec d) 150 sec

Fig. 2. Absorption spectra of OH-free NaCl(Ca). X-irradiation and measurement at RT"
Irradiation times: a) 2 min b) 5 min ¢) 10 min

explained by bleaching and by F —* Z1conversion. Further, the illumination
causes a decrease in the 193 nm band and an increase in the 336 nm band.

1. 3. Curve a of Fig. 5 was obtained on a crystal grown OH-free and
X-irradiated at —80°C (30 min). Beside the F band (and F') a well-expressed
maximum can be seen only at 333 nm. Warming to RT changes the spectrum.
Curve b was obtained after warming for a few minutes and curve c after 40
minutes. A decrease takes place first in the F band maximum and mainly in
the vicinity of 330 nm. The maximum of the remaining band lies at 336 nm,
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Fig. 3. Absorption spectrum of OH-free NaCl(Ca) in the vacuum UV region. X-irradiation
(30 min) at RT, measurement at LINT

Fig. 4. Absorption spectra of OH-free NaCl(Ca). X-irradiation and measurement at RT.
a)immediately after2 min X-irradiation, b) after a short warming to 80 °C, c) after subsequent
illumination with white light

that is, at the wavelength where a maximum also appears in crystals X-
irradiated at RT. Keeping the crystal at RT for 40 minutes causes the F'
band to disappear and the 336 nm band to decrease. This phenomenon is
similar to the previous one observed in crystals X-irradiated at RT and warmed
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Fig. 5. Absorption spectra of OH-free NaCl(Ca). X-irradiation at —80 °C (30 min.), measure-
ment at LAT. a) immediately after X-irradiation, b) after a short warming to RT, c) after
40 min at RT

to 80°C. The only difference is that the process takes place faster at 80 °€
and after the disappearance of the F' band the conversion of the 336 nm band
into the 193 nm hand can also be plainly observed.

I1l1. 4. In Fig. 6 the absorption spectrum of a crystal can be seen which
was grown OH-free, then annealed and X-irradiated at RT. Evaluation of the
curves corresponding to increasing doses reveals that in less colored crystals
hands appear at 223 nm and 360 nm and the 193 nm band mentioned above
grows considerably only at higher doses. W hether the crystal is kept for a few
minutes in air or in an inert atmosphere during annealing does not affect the
result. 1f an annealed crystal is X-irradiated after several days of recovery its
behaviour becomes similar to that of an unannealed crystal.

I1l1. 5. Fig. 7 shows the absorption spectra of a NaCl(Ca) crystal grown
in the traditional way and X-irradiated at RT for different irradiation doses.
First, at a broad maximum, appears 350 nm, then the 193 nm band becomes
more and more pronounced. An analysis of the curves shows that the maximum
at 350 nm consists of the previously observed 336 nm and 360 bands. According
to our result, obtained here too, the 336 nm band decreases at RT mainly
together with the F' band, and after the disappearance of the latter the de-
crease becomes slower.

I1l. 6. The peak positions and estimated half-widths of the 5 observed
bands in the UV region are summarized in Table I. We should like to point
out that the exact determination of peak positions in the 300—400 nm range
is impossible because of the overlapping of the F band, the comparatively
small extinction constants and the great half-widths. The exact data of the
193 nm band, superposed on the tail of the B band similarly cannot be deter-
mined. The data are given for LINT but they are not significantly different
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Fig. 6. Absorption spectra of OH-free grown and annealed NaCl(Ca). X-irradiation andmeasure-
ment at RT. Irradiation times: a) 3 min b) 6 min ¢) 10 min d) 15 min e) 25 min

Fig. 7. Absorption spectra of an NaCl(Ca) crystal air-grown by the Ityropoulos method. X
irradiation and measurement at RT. Irradiation times: a) 3 min b) 6 min ¢) 15 min

from RT data which can he explained by the mentioned inaccuracy and by the
fact that they change only slightly with temperature.

Ill. 7. By examining and comparing the absorption and ESR spectra
the 330 nm band can be assigned to the V™ centres proposed by Hayes and
Nichols [7] and the 360 nm band to the VP centres proposed by Kanzig [8].
ESR signals were not observed in connection with the other bands.

I11. 8. The bands exhibit a measurable decrease at RT due to bleaching
or to the conversion of the corresponding centres. From the initial part of the
decrease which can be considered to be exponential we obtained data on the
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Table 1
Band maximum Half-width e

(nm fev) Life-time
193 1 > 1200 h
223 | ~5 h
330 0.7 < 0.5 min
336 0.7 45 min
360 0.7 ~ 22h

mean life-time of the bands at RT (Table 1). The value given for the 336 nm
band refers to the process related to the disappearance of the F' band. After
the disappearance of the F' band the life-time reaches 300 hours. The values
obtained for the 330 and 360 nm bands agree with those obtained from ESR
spectra, that is, in our crystals the mean life-time of Vp centres is certainly
less than 0.5 min and that oi VF centres is about 22 hours.

IV. Discussion

V. 1. We attribute all UV bands to E-type centres. In connection with
this we should like to show that neither of the bands found between 300 and
400 nm is identical with the Z3 band due to interstitial Ca+ ions found by
K. Kojima in additively coloured NaCl(Ca) crystals [9]. Our arguments are
the following:

a) The maximum of the Z3band lies at 402 nm at LNT and we did not
observe such a maximum.

b) Were the Z3band present, the Z2band should appear, too. Its maxi-
mum is at 474 nm on LNT and it widens the F band on the long wavelength
side. We did not observe this either; that is, we found only the F' band on
the long wavelength side of the F band.

¢) We have shown that the 360 nm band, nearest to the Z3band is due
to Vp centres and the 330 nm band may be attributed to VK centres. As was
mentioned in Il1l1. 1 the 336 nm band grows together with the F band in the
initial stage of colouration, and since in this stage no other band is observable,
it can be considered to be the E-type “partner” of the F band.

d) It is worth mentioning that we did not observe Z3and Z2bands even
in the KCI(Ca) system [1], where the V bands do not overlap the Z3band.

V. 2. In the following we deal with the models for the centres correspond-
ing to the observed bands. To start with, the following can be stated:
a) In the case of the rpplied irradiation doses the observed bands are

due to centres created mainly by the conversion of defects already existing in
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the uncoloured crystal (so-called first stage of colouration). Atoms or ions in
interstitial positions are not present for any considerable period.

b) Owing to the presence of Ca++ionsinthe OH-free unannealed crystals
the cation vacancy concentration is much higher than the anion vacancy con-
centration. Some of the Ca++ ions and the accompanying cation vacancies are
associated to each other, and the other partis in a dissociated state, and in the
process of colour centre formation it is mainly the latter which take part [10].
Most anion vacancies are present at RT in vacancy pairs.The OH-free grown
and annealed crystal differs from the unannealed one in having a greater
number of isolated vacancies. The increase in the number of isolated vacancies
is indicated by the higher ionic conductivity of annealed crystals, exceeding
the conductivity of unannealed crystals by about one order of magnitude.
In crystals grown in the traditional way one part ofthe calcium forms molecular
bonds [11, 12, 13] and in the colouration it is mainly the vacancy pairs which
play an active part.

¢) We did not observe V bands varying simultaneously proportionally
with each other. Therefore, we assume the detected five bands to be due to
five different centres.

d) The centres giving rise to the observed bands contain only one or two
holes trapped by two or three halide ions.

e) Based on the results of H. N. Hersch obtained on solutions [14] we
assume that bands appearing in the 300—400 nm region are due to two-
chlorine molecules or molecule-ions, and bands in the vicinity of 200 nm to
three-chlorine ones.

V. 3. The V™ centre giving rise to the 330 nm band and the Vp
responsible for the 360 nm one satisfy the above conditions. The Vp centre is
a <100) oriented CIjT molecule ion situated in a vacancy pair. Its “partner”
is an F centre. On the formation of a Vp centre and an F centre the number
of cation vacancies in the crystal decreases by one. The VF centre is also a
CLT molecule ion but situated in two anion and one cation vacancy nearly
<110) oriented. Its “partner” is an F centre. On the formation of a Vp centre
and an F centre the numbers of cation and anion vacancies both decrease
by one.

The centre giving rise to the 336 nm band is diamagnetic and we assume
it to contain a CI2 molecule. Such a centre may be formed from the Vp centre
by capturing a second hole. In the following we denote it by Vfl where the
“1” subscript refers to the relationship with the V1centres observed in some
pure crystals, which are stable only at quite low temperatures. In our opinion
the Cl2molecule of the V™ centre is situated ina vacancy pair <100) oriented
and locally neutral; it is more stable than the Vp centre. Its “partners” are
either one F' centre ortwo F centres. On the formation of a Vflcentre and an
F' centre, only the number of cation vacancies decreases by one, and on the
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formation of a FJ4 centre and two F centres the number of anion vacancies
decreases, too.

Based on the above results and deductions, the processes shown in Fig. 5
can be explained in the following way. When the crystal is kept at RT for a few
minutes (curve b) the unstable Vp centres are destroyed by recombination with
F centres. As a result of further warming (curve c) the F' centres are totally
annihilated through recombination with V™ centres.

Let us note that the creation of Vp and V™ centres accompanied by the
“partner” F centres equally reduces the number of anion and cation vacancies.
Compare now the formation of VF and Fflcentres in OH-free grown annealed
crystals and in crystals air-grown by the Kyropoulos method. Though the
anion and cation vacancy concentrations are high in both types of crystals,
yetin the initial stage of colouration VF centres are created in the former type
and Vi centres in the latter. In our opinion the difference is related to the
fact that in OH-free, annealed crystals immediately after annealing mainly
isolated vacancies are present while in a crystal grown in the traditional way
the vacancies are associated ones. In the first case conditions are favourable
for the formation of Vp centres, and in the second for the formation of V
centres. In OH-free unannealed crystals, too, there are associated vacancies
present, therefore F'/4centres are also created here at the beginning of coloura-
tion. But since the number of associated pairs is comparatively small, the
concentration of V\ centres quickly approaches a saturation value. Vp centres
appear in an observable number only at high doses, when we already reach the
second stage of colouration.

Accepting the above facts, the concentration of vacancy pairs (anion
vacancies) in the uncoloured crystals can be estimated in the given case from
Fig. 1. Namely, this is the concentration at the moment when the Fflcentres
are near their saturation value (curve c)and no other F-type centres are yet
present in a detectable quantity. Calculation gives the concentration of anion
vacancies in the given uncoloured crystal to be approximately 9x1015¢cm-3,
i.e. 8x10~7Mole/Mole. This value is high compared with the RT equilibrium
concentration. It is possible that the concentration is increased by frozen-in
anion vacancies, but neither do we exclude the possibility that anion vacancies
are brought into the crystalby some trace impurity. In the case of NaCl even
the purity of the starting material is about 8x 10-7 Mole/Mole.

The centres giving rise to the 193 nm and 223 nm bands are diamagnetic
and in our opinion they contain ClJ" molecule ions. The first we denote by V™,
because we think that they are created similarly to \Wo centres in the KCI(Ca)
system from Vp centres [1]. In the Fg centres the CIJ" ion is situated in 2
cation and 1 anion vacancy in the vicinity of 2 Ca++ ions. But we leave open
the question, open in the literature, too [7, 10, 15, 16, 17], whether the Ca++
is closely bound to the Vp and consequently to the F™centres or not. We con-
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sider the centres giving rise to the 223 nm band to be similar to the V2centres
responsible for the 223 nm band observed in pure NaCl crystals. Since V2
centres in the pure crystal appear at the beginning of colouration, it seems
probable to us that they are created from vacancies already existing in the
crystal. Therefore we consider the V2centre to consist of a CI*® molecule ion
situated in a 2 anion and 1 cation vacancy. This model agrees with that
suggested previously for Vs centres [18]. In our opinion the V3 centre is more
probably related to interstitially placed halogen, which assumption is sup-
ported by hardening studies [15]. Both the V2 and V2centres may be <*100)
oriented but we think that other orientations are also possible.

The model constructed for the V”lcentre is supported by the experi-
ment mentioned in 11l1. 2 concerning the fact that the V”lcentres may be
formed from V\ centres by thermal activation, and under the effect of white
light may be transformed back into Vj centres. Therefore, in our opinion the
following transformations may possibly take place:

Vi + F->FA + E|,
2 VTM_>VTM

and VM B~]—=VM_.|-H =

In conclusion we summarize the observed Fcentres in Table Il, indicat-
ing the positions of band maxima measured at LNT, the possible models
and the probable orientation of the centres. A question-mark denotes models
requiring further support. For this purpose luminescence and ionic conductivity
measurements are under way and the first informative measurements indi-
cate that the decrease of ionic conductivity is caused by V2 centres.

Table 11

Centre Abs"max. | Orientation | Possible model

1 - e - - .
H"( 330 100 Cl2 in vacancy pair (-f-Ca+ ?)
VE 360 110 Cl~ in 2 anion vacancy -f-1 cation vacancy

“{ 336 100? Cl2 in vacancy pair?

Y'\{' 193 100? Cl* in 1 anion and 2 cation vacancy (+ 2 Ca++)?
Vg 223 100? CI3 in 2 anion and 1 cation vacancy?
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MCCNELOBAHUWE F-LUEHTPOB, CTABWJ/IbHbIX TPU
KOMHATHOM TEMMEPATYPE, B KPUCTAJ/INAX NaCl(Ca)

P. BOCKA n A. BATTEPUX

Pesome

ABTOpbl Habnogann B NaCl(Ca) kpuctannax, Hecogepxawmux OH, nog pgeicTeBrem
PEHTreHOBCKOro 06/y4eHNs KPOMe Y2 MOMIOChbl, HAXOAAWENCSA B YACTbIX KpUcTaniax TOXe Ha
223 HM, HOBble MONOCHI NOrNOWeHUs Ha AnuHax BoaH 360, 336 1 193 HM, NPUYUCNEHHbIE UMWY
K vp’= ym W ym™-ueHTpaM. (BykBa «Vb 0603HauaeT Hain4yme [BYXBaNE€HTHON MeTannnM4eckom
npumecK, 4YTobbl pasnnyaTb UX OT COOTBETCTBYHOLWMX LLEHTPOB YMCTOrO KpucTtanna.) B cnyuae
o06nyueHus npu TemnepaType —80° C Habntoganack HoBasi nosoca Ha 330 HM U 6bl10 NMOKa3aHo,
4TO 3Ta NoN0Ca NPOUCXOANT U3 F A -LLeHTpoB Mogenu nepevyncieHHbIX LeHTPOB M3BECTHbI UCKH0-
4yaa yy LEHTPOB, ANA KOTOPbIX aBTOPbl MpeanaraldT MOAenb.
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A very economical method is proposed for solution of the hydrostatic equilibrium equa-
tions of neutron stars. As a simple example the model of homogeneous internal distribution is
constructed. Utilizing Brueckner’s equation of state the importance of the effect of corre-
lation can be demonstrated.

I. Introduction

It was suggested by Zwicicy [1] that the suddenness and magnitude of
energy generation in supernovae might be explained as a partial gravitational
collapse of a star (or a gas cloud) into a neutron core. There has recently been
renewed interest in this possibility because observations indicate that some
of the remnants of supernovae are sources of X-rays, and it can be stated with
reasonable assurance that a neutron star is responsible directly or indirectly
for X-radiation [2].

In this paper we shall not deal with the problem of observing such
neutron stars. Instead we confine ourselves to the internal structure of cold,
degenerate neutron stars. To investigate the static structure of such a star,
one needs an equation of state, i.e. an energy —density relation for neutron
matter. In consideration of this, there are two great uncertainties. First, the
behaviour of nuclear forces in the high-energy region is not well known.
In principle,the neutron —neutron forces canbe determined from proton —proton
phase shift analysis, assuming charge independence and correcting for Coulomb
effects. Various models of nuclear forces have been constructed by different
authors which fit the phase shifts up to 300 MeV bombarding energy. But the
results in the many-body problem (in the case of high density) for these nuclear
force models may be seriously different, i.e. the equation of state is sensitive
to the choice of nuclear force model.

The second uncertainty arises from the fact that certain terms must be
neglected in any calculation method for the many-body problem. In most of

* Dedicated to Prof. P. Gombas on his 60th birthday.
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the various equations of state which have been proposed for neutron matter,
very crude methods are used for solving the many-body problem. OPPENHEIMER
and VOLKOFF [3] assume an equation of state of an ideal Fermi gas, i.e. the
neutron —neutronforces are completely neglected. Thesemi-empirical equation
of state due to SKYRME [4] is expected to describe average nuclear properties.
SALPETER [5] worked out a more complete equation of state applying the
scattering limit theory and used an effective range approximation. To interpret
the effect of a hard core of neutrons WHEELER et al. [6] studied the incom-
pressible fluid model of neutron matter. Several very simple forms of equation
of state were derived taking into account the nuclear forces by the Hartree —
Fock method [7]. In this paper we shall utilize the neutron matter calculation
of BRUECKNER et al. [8] for GAMMEL—THALER potential with repulsive core.
BRUECKNER’s {-matrix approach to the many-body problem takes into account
the two particle correlations exactly, and this is the most accurate neutron
matter calculation which has been performed up to now.

The various equations of state may be used to construct neutron star
models by solving the equations of hydrostatic equilibrium. Such calculations
have been carried out by several authors. The OPPENHEIMER—VOLKOFF [3]
star model consists of non-interacting neutrons, CAMERON’s [9] model is based
upon SKYRME’s [4] equation of state. The ideal and real gas models constructed
by AMBARTSUMYAN and SAAKYAN [10] take into account strange particles in
the stellar matter. More recently two neutron star model calculations have
been made, using Hartree—Fock equations of state. TsuruTA and CAMERON [11]
(henceforth cited as “TC”) assumed an equation of state as suggested by
LeviNGER and Simmons [7], GomBAs and Kispi [7] an equation of state based
upon GOMBAS’s semi-empirical nuclear force model (which does not fit the two-
body data, but the average nuclear binding energies).

The integration of the hydrostatic equations, in principle, can be carried
out without any difficulty. Because of the sufficient increase of pressure with
increasing density the Schwarzschild singularity does not occur in neutron-
star models, and any conventional method for numerical integration can be
applied. Nevertheless, the construction of a star model is not a simple problem
for it needs a lot of numerical calculations. In Section II of this paper we
propose a new numerical method for solving the hydrostatic equations.* This
may be more economical than the usual step-by-step methods and makes it
possible to discuss the neutron star models without using digital computers.
In this work we apply this method in the simplest form which results in a star
model of homogeneous internal distribution (Section III). Inspecting the
numerical solution of the hydrostatic equations of TC, we can conclude that

* Our method is closely connected with the method of momenta in differential equation
theory. See, e.g. L. CoLLATZ, Numerische und graphische Methoden. (Handbuch der Physik,
Vol. II. Springer, Berlin, 1955.)
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this homogeneous model is a reasonable approximation if the density is in the
region of 1014—1015 gem-3, which is the region of the heaviest neutron stars.
In Section 1Y, we calculate the gravitational and proper masses and the
(constant) density as functions of the radius, assuming the equation of state
of Brueckner et al. [8]. The results are compared with those of some pre-
vious works.

Il. The equations of hydrostatic equilibrium

A spherical neutron star in hydrostatic equilibrium is described by the
following structure equations:
a) Pressure equation [12]

dP (e + P) (me2+ 4nr3P)
dr L 2Gm (1)

where P and e are the local pressure and energy density at radius r, m is the
mass inside the radius r, G and c are the gravity constant and the velocity of
light, respectively.

b) Conservation of mass:

dm )
dr (<)

c¢) Equation of state:
e= e(p) = o+("c2+ E6(0)), (3)

where g is the neutron number density, 4 is the neutron mass and Eb is the
energy per particle in a neutron gas of density q. The relation between Eband
g must be calculated from a many-body theory. In this Section we do not fix
the special form of this Eb — q relation.

The pressure is given by

s ®

d) The boundary conditions are

0 at r= 0, (5)
0

m
Q
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where R is the radius of the neutron star; the outer edge of the star is assumed
to have zero density. From Eqs. (3) and (4) itthen followsthathoth eand P are
also zero at the surface.

It is clear that Eqs. (1)—(6) uniquely determine the internal distribution
of the quantities p, e, P and m. The star model has only one free characteristic
quantity, the radius R. After solving the hydrostatic equations (1)-—6), the
gravitational and proper masses are obtained from

Mg= m(R), ™)

respectively. The gravitational mass of the star is the mass as perceived by a
distant observer and the proper mass is the neutron number of the star,
multiplied by the neutron mass [r.

We define the moment of order X, of the neutron distribution to he

J* e(r) redr, (9)

where x > 0. Integrating by parts and taking into account the boundary
condition p(R) = 0, we get:

*
do P+'dr
X+ 1 4 dr
_ G IRs+ P me2+ 4n13P XN (10y
“m+1)4 > r
c2
where
dP 2
p = 9T *E
dp 8p2

This means that for every order X, the moment of p is identical with

G
(x f 1)cs
times the moment of
ef-P me2+ 44r3P
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Now we can introduce a very economical approximation procedure for solving
Eqgs. (1)—(6). We take atrial function for gwhich, besides r, depends on a set
of parameters Bx B2 ..., Bs.

s= einBvRv mYfs)- (%)

We suppose that the boundary condition (6) is satisfied for every value of the
B-s. The energy density and the pressure are determined from o by the equation
of state (3) and (4):

e = e /Si,&,..., R, (12)

P=P(r;Rv B2 Rs), (13)
and m is calculated from (2) and (5):

ayr fr

ms= -—  er2dr= m(r; Bv 82 ..., Bs). (14)
c2 Jo

Instead of (1) we require that the moment equation (10) must be satisfied for
S different x values. This determines the parameters Bv 82, .. Bs. Putting
these R-s into the expressions (11)—(14) we get the solution of our problem.

Naturally, we have drawn our procedure as general as possible. How to
introduce the parameters Bv 82 ..., Bs, and for what values of x the moment
equation is satisfied, is, in principle, arbitrary. But one can imagine that the
accuracy of our method depends on the proper choice of the trial function
and the values of the x-s.

I1l1. Star model of homogeneous internal distribution

As a simple example of our method we treat a neutron star model in
which the internal density distribution is homogeneous.

8(r) = Sui if r<R, (15)
o(r)= 0, if r>R.
Here R is the radius of the star and is the only parameter of the model

which is to be determined from a moment equation.
The equation of state then gives the homogeneous distribution for the
energy density and pressure:

s(r) —e0 and P(r) = Pd, if r<R,

(16)
s(ry=0 and P(r)=0, if r>R,
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where en— e(g0) and PO= P(q0. The quantity mis determined by (2) and (5):

41rr3 e0

m(r) = if <R,
3¢c2
17
4nR' s0 .
m(r) = if
3c2

Putting the expressions (15), (16) and (17) into the moment equation (10) we
obtain a transcendental equation for pO.

4n&G (e, + if)(e0+ 3i>) f +2
= ( X ) T C g OX (18)
3c4 Po Jo I 8NR2%€, o,
3c4
where x = r\R and the abbreviation P'O stands for
3P)
P'(B0) = 1—
9? le=e0
Introducing the dimensionless quantities
f= go £0PO and = 8aR2Gs0 (19)
(eb+ Pu) («0 + 31J) 3c4
Eq. (18) takes the very simple form
1 .71 xx+2
=1 ~dx. (20)
2 Jo 1- tXx*

As our simple model has only one parameter, p0, the moment equation
(18) or (20) can be satisfied only for one value of the order Xx. We choose the

value X — 2, because then (10) guarantees a good approximation for the
integral

jhAp4~r2dr
which is closely connected with the mass of the star. For x — 2 Eq. (20) gives

1
f = 1 In 1 4-frj j 1 1

(21
2 1—frjJ \Y,
Summarizing, the construction of the homogeneous model consists of
the following steps:
a) Choose a value for g0. This can be regarded as the free characteristic
quantity of the star model.
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b) Determine e0, Pnand P,, from the equation of state and | according
to (19).

c) Calculate r] from (21). For this we need the inverse of the function
which stands on the right-hand side of (21). This can be determined numerically.

d) Finally, the radius R can be obtained from (19):

R = (3c4 . 112
(8jtG e0]
In this way we get a radius — neutron density relation, which is one of the

fundamental characteristic relations of the neutron star model.

If we have determined R by the above procedure, then we get the
gravitational and proper masses from (7) and (8), respectively. The gravitational
mass is

4nR 1£0 (23)
Mag=
g 3c2

and for the proper mass we have

X2dx 41rK3//00 3 arcsin Yr
Mp — 4Triil ) . ) — Kl —V m (24)
yi — YjX 3 21 n

From these equations we get Mg and Mp as functions of g0 (or R). These
mass —density and mass — radius relations are also fundamental characteristics
of the model.

IV. Results for Brueckner’s equation of state

Bhueckner et al. [8] have calculated the energy per particle, Eb, in
neutron matter as a function of neutron density g, solving the integral equations
of the Briueckner’s many-body theory exactly. We reproduce their result in
Fig. 1. We have found that a convenient and very accurate analytical fit for
Brueckner’s Eb= Fb(p) is given by the following polytropic expression:

Eb= aQx, (25)

where A= 0.576 and a = 57.9, if Ebis measured in MeV and g in 103 cm -3
units. Assuming (25), the equation of state (3) and (4) is

s = Qilnc2 + a€f),

P=Aag¢x+l
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15

15 2,0 2,5 3,0

Fig. 1. Total energy per particle in a neutron gas. The distance parameter r0=

is given in 10~'3cm, the energy Ebin MeV units. (From Bbueckner et al. [8])

In this case the quantity |, defined by (19), is the following function of g0

AA+ 1)a% O 2+ ®0] 27)
[/nc2+ (A + 1l)afa][*c2+ (3A + 1)apd]

Utilizing this, the radius R, the gravitational mass Mgand the proper mass Mp
can be determined as has been described in Section Ill. The results are given
in Table 1.

In Fig. 2 the relation between the energy density eOand the gravitational
mass Mg is shown. For comparison the central energy density— gravitational
mass relations of TC and of the Oppenheimer—Volkoff model are also
plotted.

We believe the reality of our model lies only in the region Il of Fig. 2.
In the low density region (marked 1) the neutrons are unstable against the
decay n —p -f- e -j- . The models of TC have taken into account this possibility
and in this region, are composed of neutrons, electrons and heavy ions. Our
simplified model works with stable “neutrons” and therefore cannot be
compared, in this region, with the results of TC. On the other hand, the
Oppenheimer—Volkoff model is also composed of stable Fermi particles.
The big difference between our and their results shows the importance of the
effect of nuclear forces. In the region of superdense neutron stars (marked 111
in Fig. 2) our homogeneous model is not reliable. According to TC, in this
region the matter of the star accumulates near the centre and the deviation
from constant density distribution becomes serious. To deal with this effect,
our simple trial function must be replaced by a more flexible one.

The remnants of the heaviest supernovae lie around the mass peak in
the intermediate density region (marked Il in Fig. 2). The drastic deviation
among the various results in this region give an indication of the poorness of
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Fig. 2. Gravitational mass — energy density relation: - our result,-—---- —
result of Oppenheimer and Voilkoff [3] for an ideal Fermi gas,--—---- — results of TC for
their nuclear forces VB and 1|y respectively

Table |

Characteristics of the homogeneous neutron star model with Brueckner’s equation of state,
goin g cm-3, e and POin erg cm-3, R in km and, Mg, Mp in M@ units

Qo 0] f b R Mg M p
7.19X 1012 6.48 X 1033 9.94 X 1030 0.00657 0.0626 37.4 0.792 0.805
1.44X 1013 1.30 X 1034 2.96 x10 31 0.00976 0.0908 31.8 0.976 0.999
2.88X 1013 2.60 X 1034 8.83 X 1031 0.0144 0.130 26.8 1.175 1.210
7.19X 1013 6.53 X 1034 3.74 X103 0.0242 0.205 21.3 1.479 1.568
1.44x10" 1.31x10 % 1.12X1033 0.0354 0.282 17.6 1.680 1.823
2.88X1014 2.64X 1035 3.33 X103 0.0522 0.377 14.4 1.832 2.059
7.19X 107 6.71 X 1035 1.41x 1034 0.0834 0.514 10.5 1.828 2.150
1.44X 10~ 1.37X 1036 4.20 X 1034 0.118 0.635 8.20 1.761 2.178
2.88X 10~ 2.80 X 1036 1.25X 1035 0.163 0.720 6.09 1.484 1.893
7.19X 107 7.39 X 1036 5.30 X 1035 0.238 0.823 4.01 1.117 1.482
1.44X 10~ 1.57 X10 37 1.58X 1030 0.303 0.877 2.84 0.843 1.122
2.88X 10~ 3.40 X 1037 4.71 X103%6 0.371 0.913 1.97 0.608 0.785
7.19 X 107 9.93 X 1037 2.00 X 1037 0.450 0.941 1.17 0.373 0.435
5.39X10” 1.31x1033 4.77X 1038 0.201 0.780 0.293 0.077 0.041
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neutron star theories. The difference between the two curves of TC shows what
uncertainty can arise from the extrapolation of nuclear potentials originally
constructed for two body problems. One should not be surprised if our result
deviates appreciably from the TC curves, since our model is based on a third
nuclear potential (introduced by GAMMEL and THALER).

Furthermore, BRUECKNER’s equation of state, which we have used in our
model, takes into account the two particle correlations in neutron matter.
The correlation has been neglected in previous neutron star models and the
deviation of our model from others may be due partially to this. The effect
of correlation seems to he very important and requires further investigations.
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VIIPOUIEHHBIA METOJ [JIs1 OINPENEJIEHUSA
BHYTPEHHEN CTPYKTYPbl HEUTPOHHbIX 3BE3[]

. KULIIOH

Pesome

J1Jisi onpezesieHUs1 THMAPOCTATHYECKOT0 PAaBHOBECHSI HEHTPOHHBIX 3BE3Jl Npe/Jlaraercs
JIeHCTBUTENIbHO 3((GeKTHUBHBIH MeTo[. B KauecTse mpocToro npumepa Inojipo0HO paccmaTpH-
BAaeTCsl MofieJib C NMOCTOSIHHOH TJIOTHOCTBIO. [IpUMEHEHHEM ypaBHEHHsI COCTOsIHMsSI BprokHepa
JUTsl HEITPOHHOH MAaTepHU CMOXKEM JIEMOHTHPOBATH BaXKHOCTbH KOPPEJSIMMOHHBIX 3((eKTOB.
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SUM RULES AND THEIR APPLICATION IN
THE THEORY OF SUPERFLUID HELIUM*
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P. SzEPFALUSY

IN3TITUTE FOR THEORETICAL PHYSICS, ROLAND EOTVOS UNIVERSITY, BUDAPEST
(Received 17. 1l. 1969)

The first part of this paper is devoted to investigating the static response functions of
superfluid helium in the hydrodynamic region which results in obtaining a new sum rule.
Sum rules are then specialized to zero temperature and exploited to determine matrix elements
of the particle creation and annihilation operators between the ground state and the one quasi-
particle state in the long wavelength limit. We examine the particle distribution function and
besides calculating the leading term, we are able to give a lower limit to the Dext one in the
expansion for small wave numbers.

1. Introduction

We consider liquid heliumbelow its lambdapoint, where it is characterized
by the condensation of a finite fraction of particles into a particular single-
particle state. The connection between the microscopic theory based upon the
presence of the condensation and the phenomenological two-fluid hydro-
dynamical equations was first studied by Bogoliubov [1] and by Hohenberg
and Martin [2]. In particular, in this way various sum rules in the hydro-
dynamical region have been obtained. In the first part of the present pa-
per a new sum rule is derived by investigating the disturbance in the con-
densate and the particle density due to an external potential and particle
sources.

Then, we are concerned with liquid helium at zero temperature with a
homogeneous condensate. We limit ourselves to the long wavelength behaviour
of the system and wish to explore the consequences of the sum rules. Pines [3]
has proved that the one quasiparticle states exhaust the f-sum rule and the
compressibility sum rule in the long wavelength limit and he has obtained the
density fluctuation spectrum and the dynamic form factor in this limit.
We extend his method to other sum rules and in this way we are able to
calculate the matrix elements of particle creation and annihilation operators
between the ground state and the one quasi-particle state in the long wave-
length limit, without using perturbation theory and avoiding assumptions
about the behaviour of self-energies. W ith the aid of these matrix elements we

* Dedicated to Prof. P. Gombas on his 60th birthday.
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can examine the particle distribution function in the long wavelength limit.
The leading term obtained agrees with the result of the detailed microscopic
calculation by Gavoret and Noziéres [4] and has also been derived by
applying quantum hydrodynamics [5]. Furthermore, we are able to give a
lower limit for the next term in the expansion. Finally, we discuss the sum
rules and the results in the Bogoliubov approximation.

2. Sum rules

We consider liquid helium at a temperature T below the lambda tem-
perature Tk, where it is characterized by the condensation of a finite fraction
of particles into a particular single-particle state. The condensate wave function
is the average value of the particle field operator

<>(r, t)> = e’ (r), (1)

which is to be regarded as a quasi average [6] being nonzero by virtue of the
broken symmetry.

We are interested in the linear response of the system disturbed slightly
from equilibrium due to an external potential U and external sources fj and
rj* coupled to the particle field. Thus, we have a modified Hamiltonian

H + OH,
where
OH = Ju()n(r)diir+ J(rj(n rp+(r) -f D*r)w(r)) d3r
with
n(r) = y>+(r) y>(r).
By taking

U(r) = Ukeikr+ U _ke~'kr
with Uk — U*Lk and

V(r) = Tkeikr + V-k e~ikr
and by substituting

V(r) = 2T ak e'kr

we get
OH — Uknk4 U_kn_k f-rikak -(- rj_katk+ ak+ V-ka-km 2)

By applying the usual procedure, one can write

dnj»(r) = <Re <y(r)> = an}j\k)eikr + an”-k) e~ikr, (3)
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where
ony W =~[Xuk, - K)+ fata(-k, -k)]rt*k +
+ [%aa+(® K) + xa+ar( K, fE)] XK + (4)
+ , -k) + tfatni—k, -fe)] U_k
and
<5<n(r)> = 06n(k) eikr -f 6 n(-k)e~ ikr, 5)
where
on(k) = Xna{k, —k) fj*k + XnaHk, k) nk+ fm(k, —k) U_k. (6)

Here xBB{K, K') denotes the static response function given by

< dm 9%B(k, k', co)
J-co 2n [00]

XBB{K, k') — XBA(K\ K) — P )

where Xxab is defined by

g TAB(k,k';co0) e-W -V . (8)
According to the well-known compressibility sum rule [7]

lim Xnn(k,k)=-———-— - @)
k>0 mel

Here c is the isothermal sound velocity ¢c2=m~1(9P/9n), where P denotes
the pressure.

Using invariance under time reversal and space inversion and Equs.
(3)—(9) we find the following sum rules

lim xan(k, —k) = — P2 ) (10)
k-+0 me2 9n
and
) 1 n | 9ra,,
l%n& foro(n k) + Xaalk, -*)]= - 2me2 no 19n y S

where the derivatives are taken at constant temperature. The sum rule
(10) is implicitly present in Krasnikov’s paper [8] devoted to the
generalization of Bogoliubov’s work to the non-ideal fluid. On the other
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hand, by using the two-fluid hydrodynamical equations the expression obtained
by Krasnikov for Ya+a + Yaa contains as unknown parameter the real part
of the coefficient of the source terms in the hydrodynamical equations.

Finally let us quote the following sum rule, derived by Bocoriusov [1]
and HoHENBERG and MARTIN [2]

Fis [l ) = el ] e 2 T (12)
0 R ks

where ng is the superfluid density. The next term on the right hand
side of Equ. (12) is a k independent one which could only be deter-
mined from microscopic theory or from knowing the parameters of a genera-
lized two-fluid hydrodynamics taking into account derivatives of third
order.

In the next Section we consider superfluid helium at zero temperature

where the sum rules (9), (10) read

1< alni 0 > g

lim : (13)
k0 ¢~ Who 2 mc?
5 Ol ) + Oyl la4l0) __n'” (L]‘ﬂ [ @_)’ i
k>0 o W0 2me? | n, on |,

where ©,, = E, — E; is the excitation energy. Furthermore from the sum

of Equs. (11) and (12) we get
lim 3 KOBDP + KalaglOF _ o v

k>0 G O, n Kk
& 1 g’ﬂ (% oy | (15)
2me® \8n ), | On |y ;

where — A denotes the constant term on the right hand side of Equ. (12).

3. Application of the sum rules

Our purpose in this section is to calculate the matrix elements of particle
creation and annihilation operators in the long wavelength limit by means of
the sum rules (13) (14), (15). For this we need the matrix elements of the
density fluctuation, which were determined by PiNgs [3]. First let us sum-
marize his results. From translational invariance it follows that

lim {«| J,|0) ~ K, a>0, (16)
k—0
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where Ji, is the current density fluctuation, which is related to the density
fluctuation by particle conservation:

w,0<«WI°> = kJk (17)

Another essential point is that for a multi-particle state |&> the excitation
energy coao tends to a finite value a&in the long wavelength limit. Then, one
finds for such a state from Equs. (16) and (17) that

lim (at\nk [0) ~ —,  a>0. (18)
*>0 ft)

It follows that the single quasiparticle state exhausts both the f sum rule [7]

nk2
2m

L'fflJ<«J»i|0>|a= (19)

and the compressibility sum rule (13) in the long wavelength limit, whence

lim c&k = ck , (20)
l—o

nk 12
lim {—fc|nfd0> = lim <0|nfd/c) (21)
k=10 2 me

Here |fe) and ook denote the single quasiparticle state of momentum k and its
energy, respectively. Equs. (18), (20) and (21) which are the results obtained by
Pines [3] make possible the calculation of the matrix elements (O\ak\ky and
<—fcloi*O) from the sum rules (14), (15) and from the relationship

(<°Kla> <a|re_ftjo> — <OQ|re_ifla> <oclai;|0>) = n}J2, (22)

which L a direct consequence of the commutation relation

ak n—k n—kak —aUm

One can easily see by inspection of the sum rule (15) that the matrix
elements {Ojal/jl«)' and {alan[0) cannot be more singular than k~xin the long
wavelength limit. Then, using Equ. (18) it follows that the multi-particle con-
figurations do not contribute to the sum rules (14) and (22) in the long wave-
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length limit and we obtain the equations

<0K]|fc> <fe|n_,|J0> - <O0|n_fd- k><-fcle*|0> = nY2+ O (k») (23)

<0la/(fc> <fe|n_fd0>+ <0|n_fd—A;) (-k\a k\0) =
: (24)
= ni2 Qi)

+ 0O(fcl+f),
an] 2Tc (fel+f)

where 6 > a (this condition will be sharpened in the following).* By using
Equs. (20) and (21) we find for the leading term in the small kK limit.

»l Me
...k...’

<0K|fc> = — <-felaf0> = (25)

We note that to obtain this result it has been necessary only that the right
hand side of Equ. (15) is not more singular than fc~2 By substituting Equs.
(20) and (25) into the sum rule (15) it turns out that the one phonon state
alone is responsible for the fc*2singular term. As a consequence the matrix
elements ~0 [ak‘a) and <"aiaki0) for a multi-particle configuration can only
be less singular than k~1, which involves b"> a.

Let us consider now the particle distribution function

N k=<0[ajf «fcl0>= |< fcla/(0>[2+ ~ |<«K|0>[2 (26)

where the primed summation symbol means that the summation is extended
over the multi-particle configurations. According to our above results, the
leading term of Nkin the small k limit is as follows

N n0 Tc 1

27
n 2 K @7

This agrees with the result by Gavoret and Noziéres [4] obtained by ana-
lyzing the structure of the perturbation expansion and has also been derived
in [5] by means of an application of quantum hydrodynamics. The deriva-
tion presented here in our opinion uses the weakest assumptions.

To obtain further results we have to take a 1, the lower limit of which
corresponds to assuming that for a multi-particle configuration has

* From now on a is always considered to refer to multi-particle configurations.
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a power series expansion in k [3]. In that case 6*>1. Furthermore from the
f sum rule (19) and Equ. (18) we find*

nk2
«<K|fc»2= — + o(k* I (28)
ook 2m
and thus Equs. (23) and (24) give
« —*«/0» 2+ « ol«/,1*»2= o)k ~ + O(ko)

I

After substituting this into Equ. (15) we arrive at the conclusion that
<0|o/,Ja> and (aja®jO) cannot be singular in the small K limit for multi-particle
configurations and consequently 6i> 2.

Let us assume the phonon dispersion law in the form

ak= ck(l + 0{kd), d> 0.

Then according to Equ. (28) we have a term in <0|n”fc) proportional to kd 12
and the solution of Equs. (23) and (24) can be written in the following form

2 1 ! 1”2
<—fcla,(|0> = — me n ! 3n0 K12+
2 k12 + 2 (n0 2me 9n
+ 0{kb-d2 + 0(kd~"2 (29)
and
me ]QJ L n 1 12 gr
<0K|fc> = ' kl2+
2 K12 + 2 n0 2 me on
+ 0(kb~112 + 0(kd~112. (30)

We recall that b> 2. The last terms do not give contribution to Equs. (29)
and (30) to the order kI 2 if d*> 1. (This is fulfilled by the usual expression
for the phonon dispersion law, which assumes that co2 has a power series
expansion in k2 giving d= 2.) Then Equs. (26) and (29), together with the
result that the contribution of the multi-particle configurations to Nkis not
singular, give in the small K limit

me
Nv = - — + M (31)
2 K
with
1 1 '
M 9n0 (32)
2 9n jv

* We neglect the effects connected with the damping of the phonons, which being pro-
portional to k5at zero temperature (see for a review [2]) might not influence the long wave-
length properties of the system to the order we are going to calculate them.
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For liquid helium presumably (Qnjdn) < 0, while in the Bogoliubov approxi-
mation for the dilute Bose gas (see below) we have (dnjdn)*I.
Finally let us examine the sum rule [9], [10]

"®«o(<0la/ » <aj«fc|0>+ <O0|n/[]a> <alaH0>) = "2 ...... (33)
, m
which is a counterpart of the f sum rule coming from the continuity equation
and the presence of the condensate. By inserting the results (21), (29) and (30)
we can see that this sum rule is not exhausted by the one phonon mode in the
long wavelength limit unless (njn) is equal to (8njdn).

We conclude this Section with some remarks concerning the Bogoliubov
approximation [11]. The ground state jO) is the vacuum state of quasiparticles,
i.e.

«fd0> = 0.

The quasiparticle operator s given by the Bogoliubov canonical transform -
ation:

«n= LWak- vkazk,

where
2c4192
@ LT, me (34)
al)
K TC2
MKVK = ..
2K

Here EK is the quasiparticle energy given by

i k212
(2 m

Ek = c2k2+ (35)

where the sound velocity c is related to the interparticle potential V, taken
to be K — independent in the small K region we are interested in, by

(36)
m

One can easily calculate the matrix elements between the ground state
and the one quasiparticle state:

<0K]|fc> = «0f2K + vk) » 37)
<0laxAfc>= Vi, (38)
<0lafd/c>= uk, (39)
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where we have used as an abbreviation
[fc> = [0> .

Furthermore, one can easily check that (38) and (39) are the only non zero
matrix elements of particle creation and annihilation operators. By substitut-
ing the expressions (34)—(39) into Equs. (22) and (33) we can see that they
become identities.

In the long wavelength limit we get from Equs. (34), (35) that

1 1 me ¥ 1

n K +7f me

It is well known that to the extent that the Bogoliubov approximation is
valid, one can take nOr« n, and c as given by Equ. (36) agrees with the macro-
scopic relationship for the sound velocity: ¢c2=(9P/3p). Thus, one can easily
tee that the sum rules (14) and (15) are satisfied and A — 0 in this approxima-
sion. Furthermore JVAis given by Equ. (31) with M = — 1/2 in the small K lim it.
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MPABUNNTA CYMM N UX MPUMEHEHWE B TEOPUW CBEPXTEKYUYEIO NE/nNA
n. CEN®ANYLWN

Pesome

MepBas 4acTb faHHOW paboTbl MOCBALWEHA WUCCNeAOBAHWIO  (YHKUMWIA cTaTuuec-
KOl peakuunm CBEPXTEKY4Yero reams B rMapoAnHamMuUuecKoii 061acTu, KOTOpOe pc3ynbTupyert
B BbIXO/le HOBOE MpaBuno CymMm. MpaBuna cymMm 3aTeM Cheuuanm3npoBaHbl K HyneBoii Temnepa-
Type W WUCMONb30BaHbl NPW ONPefeneHUn MaTPUUHBLIX 371EMEHTOB OMEepaTopPoB POXAEHMS K
YHUUTOXEHUS 4aCTML, MeXAy OCHOBHbIM M OAHWM KBa3M4aCTUYHLIM COCTOSIHUEM B Npejene
6OMbLIONA ANUHbI BOMHbLI. TPOBOAWMNOCL WUCCMeAoBaHWe (YHKUMW pacnpefeneHns uacTul u
KPOMe BblYMC/IEHMsSI HauyanbHOro uYseHa, yAanocb ONPeAeNvTb HU3LIYI FpaHuLy CReaytoLero
uneHa B BbIPAXEHWW [NS ManeHbKMX BOMHOBbIX HYWCEN.
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A relativistic treatment of plasma oscillations is presented. The calculations are carried
out for the so called low B plasma, where the pressure is negligible as compared to the magnetic
energy density. The covariant dispersion relations are derived and their meaning is compared
to that of the classical ones.

§ 1. Introduction

The aim of this work is to study the small amplitude waves of an electron
plasma on the basis of relativistic dynamics, to deduce the covariant forms of
the dispersion relations of the typical modes of oscillations.

In order to motivate the necessity of the relativistic treatment we men-
tion only a theoretical remark. As is well known, the problem of plasma oscil-
lations is studied in classical plasma physics by means of the Newtonian equa-
tions of motion and some restricted, approximative forms of Maxwell’s equa-
tions. The results of this classical treatment are in general well compatible with
the experimental data, a discrepancy arises in the fact, that Newtonian equa-
tions are Galilei invariant while Maxwell’s equations are Lorentz invariant.
So it can well happen that this half Galileian half Lorentzian treatment will
lead to false results. Therefore it is desirable to investigate this problem in a
fully covariant manner. It is generally cited that relativistic effects become
important only at high temperatures, which statement is only the half of the
truth. Relativistic effects will be important also in the case when the involved
energies — e.g. electromagnetic energy, compression energy, etc. — are com-
parable with the rest energy of the system.

Here for the sake of simplicity we consider an ideal electron plasma and
we shall investigate the possible modes in a covariant manner. It is supposed
that the electron gas is a classical one, and it is neutralized by a homogeneous
positive background which is immobile in the rest frame and does not take part

* Dedicated to Prof. P. Gombas on his 60th birthday.
** Present address: Institute for Theoretical Physics, University of Mainz, BRD.
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in the oscillations. Restriction is made to the so called low f plasma case, i.e.
it is supposed that the density of electromagnetic energy is much greater than
the compression energy, so the latter is omitted for the moment. Since the
pressure is neglected, there will be no information. concerning the acoustic
waves of the electron plasma in this model.

In the treatment we shall consider the oscillations of the electron plasma
both without and with external magnetic fields and in the discussion of the
results comparison will be made with the classical dispersion relations.

§ 2. Fundamental equations

When the electron gas is not too dense the electromagnetic field can be

described by the field tensor

0 Wl B
I el 0 O T
i TR SN e L
l (R D

which satisfies the source free group of Maxwell’s equations:
Eikim Ok Flm =0. (2)

Here 3, = 9/3xy, x, = ictand &y, is the completely antisymmetric Levi-Civita
tensor with ¢,,, = 1. The summation convention is understood for doubly
occurring Latin indices.
The electromagnetic field Fy is coupled to its sources by Maxwell’s
second equation
Ok Fi = 4Tnji7 (3)

where the current four vector

1, = env;, (4)

e being the electronic charge, the invariant scalar n is the density of electrons
(measured in the comoving frame of reference), and v; is the four velocity of the
electrons.

The equations of motion is

en
Bx(nv;vy) = — F vy, (5)

mc
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where the pressure term is omitted. This approximation is valid if

p P

- IF ! J:rsFrs
8n 16n

< h

i.e. we consider a low B plasma. Here m is the rest mass of the electron. The
velocity four vector must satisfy the equation

VIvr= —c . <6,
The charge conservation
3-3kFik:—4TCTB & (Vi) = o
leads to

Vk 3KVi = - Fm vk »|»
me

the final form of the equation of motion we use.

The extension of the electron plasma is supposed to be infinite, to avoid
boundary value problems for the moment.

The system of fundamental equations of the low B plasma is then

Fikim 3k Fim (0]

. 4ne .
3kFile— 1IVj

3k(nvk) = 0 (8)
VIvr = —C2[3
VK 3kvt = —--—-- F ik vk

me

which is a coupled system of nonlinear partial differential equations.

In order to linearize (8) we suppose that the electron gas is in a nonper-
turbed equilibrium state. In this state its charge is completely neutralized by
the immobile positive background. There is no charge, no current without ex-
ternal perturbation. In covariant way this reads

(Ne+ -)- Ne~~) uk= 0,

where uk is the electron equilibrium four velocity, N the equilibrium particle
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density. If Foc denotes the field in the equilibrium system, then in the
unperturbed state

Fikuk= 0.

Therefore (Fik, uk, N) = (const) is a solution to (8), if ukuk = —c2in the unper-
turbed equilibrium state.

Then we superimpose to this state some small amplitude disturbances
(6Fui, 6uk, 6n) and retain those terms where only one disturbance occurs.
This procedure leads to

£iklm 9ft d Fim 0

C
N draur+ nrdron = 0 )
UKQKO U i = o (UK OF ik + F ik duk)

me

uréur= 0

which is a coupled system of linear partial differential equations for the dis-
turbances. In order to solve these coupled first order homogeneous linear dif-
ferential equations we use the trial functions

on (xr) on
ou, (xry = OU exp ikrxr (10)
aFik (xn  aFt

stating the validity of the superposition principle. Here 6n, 6u, and OFik will
be appropriately chosen constants, the determination ofwhich requires a non-
trivial solution of the algebraic system of homogeneous equations

eikmh OFim — 0

KaFik = (N6m + un-06n)
ic
Nkrour urkron =0 (H)
iurkroul = —— ur OFir —-F ik 6uk
me me
uréur—0

Before looking for the solutions of (11), some transformations will be
useful.
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The decomposition of the first equation of (11) gives
kfaFin+ kmoFK -f kl6Fmk — 0. (12)

Then multiplication with um and summation over m provides an equation for
the quantity

W, = ukOFik, (13)
which gives the perturbation of the electric field in the comoving frame, namely
LdFki= k, 6Pk —KKka®,, (14)

where
L = krur. (15)

This combined with the second equation of (11) gives
krkrgd{— K, kr0dr= 4nel (No6uj -f-n,én). (16)
Finally we introduce the notation
Qik ik * 17)
me

Qik is an antisymmetric tensor, built up from the equilibrium values of
the electromagnetic fields. Since in equilibrium there is no electric field at all,
we have

Nk Uk = FikUk= 0.
me

In other words Qik contains only the components of the electron cyclotron fre-

quency We= (°/Tc)HO, or the components of the external magnetic field.
W ith this we write the fourth equation of (11) in the form

iL 0.ij — -0, - Qik Ouk. (18)
me

§ 3. Oscillations of the relativistic electron plasma when
no external magnetic field is present

If there is no external magnetic field, we have Qik= 0 and the funda-
mental algebraic equations are

47teLL
@Q-dir- k knadr= °- (Nouj + U/on)

Lon + NkrOur= 0 (19

iLouj= e 00,
TC
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where
Q2= krkr. (20)

It is easy to see that (19) incorporates all the equations of (11), making use of
(13) and (14).
The system (19) can be written in the form

(10— T (21)
imc L
N = - - —Ne- Kroor (22)
imcL2
and
I A ! i
Q96ir- kikr—r " Qr U e g =0 (23)
c2 c2 L
where
n_ 49e2N (24)

is the electron plasma frequency, an invariant scalar. One has to solve (23)
first and then use (21) and (22) to derive the accompanying perturbations of
the density and the velocity.

Instead of attacking directly Equ. (23) we decompose it into trans-
verse and longitudinal perturbations.

A transverse oscillation of b®I satisfies

kré®r= 0, (25)
whereas the longitudinal one obeys

(krkrdls  klks)0d3= 0. (26)

Therefore the transverse amplitude is chosen by the projection tensor

nes L 1
nn= 0ii- kikj (27)
kp kp

Application of (27) to (23) gives

Q2+ cot nirger= 0
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and a nontrivial transverse oscillation can exist if and only if

c2krkr+ co2 = 0. (28)

This equation is the covariant dispersion relation of a transverse plasma oscilla-
tion without external magnetic field. In the rest frame

kr=«kn, K., k-, 12
and (28) will give

Q2= cal + c2k

in accordance with the classical results. This transverse perturbation of g®r
is accompanied neither by density fluctuation nor longitudinal velocity fluc-
tuation as it is guaranteed by (21) and (22).

In the case of a longitudinal oscillation from (23) we obtain by means of
multiplication with wu-, and some manipulation

K - L2kréd, = 0, (29)
where Kradr 0, therefore

@rurn2= col

is the covariant dispersion relation of a longitudinal plasma oscillation without
external magnetic field. In the rest frame this reduces to the classical form:

U2=a2.

This longitudinal perturbation of <5®/lsaccompanied by a longitudinal velocity
fluctuation and a density fluctuation, as it can be seen from (21) and (22), but
there is no transverse perturbation.

In the absence of external fields, the longitudinal and transverse oscilla-
tions decouple, and the covariant dispersion relations reduce to the classical
ones in the rest frame.

8 4. Oscillations of the relativistic electron plasma in the
presence of an external magnetic field

a) Reduction of the equations

Let us suppose that the electron plasma is subjected to an external mag-
netic field in the rest frame. Then the basic algebraic equations we have to
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solve are the following

Lén -f-Nkréur= 0, (30)
R
iL 6uj — ------ (59( -j- Dik duk, (31)
44pT.
(Q2djk  Kkj kk) b®T— — ;— (Nbiij -f- n, 6n). (32)
ic
We use (31) to express ow, in terms of N®,. Since
----- Mo, = (iL 6ik  Qik) Ouk
Det {iL 6ik- Gik}= L2[L*+~-Ur, Bsr| 0,
we have
1fi,, - ito , - -0,,0,, - \ i,Q.,,
6ur ~ : i 1 (33)
iL 1L2-——QpgQap
Making use of (31)
on = - kr éur
L
and (33) we arrive at
Q2+ o Oir - K,:kr - i— Ykr
iL Qi r Qit£r Ujkm iLQ nr -f-QmtQt qor= 0, (34)
U+ Aomom L L2+ ) omQw

In this model all information concerning plasma oscillations in the presence of
external magnetic field is contained in (34). Before discussing the special modes
of oscillation, however, it will be advantageous to simplify (24) by means of
the introduction of a convenient four vector in the place of Qpg, as we have
done with the introduction of ®,.

Starting from Flk= —Fki, and following the idea of A. M. Pratelli [1],
we have defined

(5= Fikuk
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which in the rest frame has the components
4= (E,, Ey, E,, 0).

If we define the dual tensor of Fikby the relation

we have the opportunity to define a four vector

hi = — F *uk
ic

which in the rest frame has the components
hi — (Hx, Hy, Hz, 0).
Then it is possible to write Fik in terms of ®- and ft/. It is easy to verify

i 1
Emn ~ I®i/mn U - (PnUm  oTU).

Applying this to the particular F'i4 we have

~~inn Ailmn ul1 (35)
where in the rest frame
eHx eHv eHx
,0 (36)
me me

and may therefore be called the cyclotron frequency four vector. We need other
relations, too, namely

-- £2rsQrs = co, col 37)

and since wquqg= 0 in all inertial frames, we have

£rml &tr {um Ur  C20mr) c2 (or (Om3J . (38)
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Making use of these notations (34) can be written in the form

co2 i Ykr L
LjT H

= T -+
XD+ -~ K M r i p 77—co4cerpuerm
+ (mr' - (q) (q) 6[',')
U- aqgwg
1 uiéu.g 1 EplmrMpu! (39)
c Lz—coqooq
Ukm (Wrom  (opopslM) 0Pr= 0.
L 1?7 —coqwq

b) Discussion of the oscillations

I. Transverse waves. For transverse oscillations the equation (39) reduces

to
cos co2 1
1 ) °ir
c2 €2 v:— 0jqypy
K
VL : bpnt 1P UL |- (40)
c2 1 C L2 (oq (0q L2— (ogqwq

Splmr UIkm(QJLj u Com 0)r
c¢(L2— (oqo)q) L(L~ —cog(oq
where Mnb®lis the transverse part of b®I

The transverse oscillations may be decomposed into two cases, polarized per-
pendicularly

urnb®, ==0

Trodr— 0 (41)
or parallel
(air — (fes«s) 1. or) adr= 0, (42)

to the external field cos. In the case (41), Equ. (40) takes the simpler form

{TSir + Replir(Q Y + Seplmrwpwkmun,) N rl0dl= 0, (43)
rhere
co;
T=0Q2 - — 1 (44)
c* L2-(oq(og
R coz L (45)

2 ¢ L2—<9(oq

Co;

(46)
c2 L2— cog(og
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In this (41) case, we may consider propagation along the external magnetic
field, kr = acoor, with a convenient constant < So (43) takes the form

(Tdir + Replirwpu,) n rt0®d, = 0. 47)

The existence of a nontrivial solution to Equ. (47) is expressed by the
vanishing of its determinant:

IT 121 T

R11 R - c2uwp o 0. (48)

From T = 0 we obtain
c2krkr{(usks)2 — cosws} + col («<SK)2: : °- (49)

This is the covariant dispersion relation of a transverse plasma oscillation, which
propagates along the external magneticfield. In the rest frame (49) gives

Q2= c2k2+ wl- ch-gzolz (50)

If ¥Y=0/k means phase velocity of the wave (49) in the rest frame ofthe plasma,
then according to the dispersion relation (49)

(51)
Q2
This mode of oscillation cannot propagate in the frequency interval
Y[~cr+ofi<U < oic. (52)

A prototype of this propagating wave in low frequency approximation
(B/coc<” 1) is the Alfvén wave, for which (50) yields

L2 -2
Q2 (53)

where

J -
4n mN
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is the square of the Alfvén velocity.
This filter type behaviour of the electron plasma for this frequency inter-
val is in connection with the cyclotron resonance.
Always in the case (41) the vanishing of the second factor in (48) yields
(krUn2zb wkrur

KK + (54)
(kpup)2 — co2

where co = ojc — (ft)scos)li2. In the rest frame we obtain

0
Q2= c2f2+ wn 0w (55)
the two signs corresponding to the two different circular polarizations. This
type of oscillation will not propagate if
c0< Q< -i-[— o -b Vo2 -f 4c02]
for the upper sign and
B >— [~ M+ YO2+ 4wZ]

for the lower sign.

The other type of class transverse waves polarized perpendicularly to
oor contains the ones which propagate across the external magnetic field. In this
case kroor = 0, and the relevant equation is:

L2 .
0= 0% + A b,r ) — {Lsplircop u,
2 L2—a r' cd2
FplnrOp u!ui ~m, b®.I. (56)

Since in this case the covariant dispersion relation would involve the evaluation
of the determinant

U = det {adir — Pir+ URT}, (57)
where
R+ — e
B ( 2 L2—o2
U= L 2

c3 L2- co2

Pi — BiirCOp U[, Rr— j kmPnlr,
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we write here only the classical limit of (57):

|
Q2= c2k2+ co2 ;oK (58)
Q2—co2 i2-co2)

where co = ooc = (ooscos)x2 The expression (54) is the dispersion relation of the
transverse oscillations propagating across and polarized perpendicularly to
the external magnetic field.

1. Longitudinal waves. For longitudinal waves kr and b®I must be
parallel, and krand cormay be either parallel or perpendicular. We can therefore
speak of propagation across (corkr — 0) and along (cor\\kr) the external magnetic
field.

In the case of propagation across the magnetic field we have the disper-
sion relation from (39) (by multiplication with u,)

L2= co\+ c2 a (59)
L2- o2

with co2 = (d@C3). This in covariant form

(krun2= co2+ c2
(kruh2— coqoog

or in the rest frame
Q2(Q2- a—col)= 0

contains only the classical result.
Finally in the case of propagation along the external magnetic field by
multiplication with co, we obtain from (39) the dispersion relation

c2krkr +co°- = 0 (60)

or in the rest frame

U2= c2k2+ col
being also the classical result.
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KONEBAHWSA PENATUBUCTUYECKOW 3MIEKTPOHHOW
MN1A3Mbl BO BHEWWHEM MAITHWTHOM TMONE

r. POT

Pesome

[aeTca penaTUBMCTUYECKOE PacCMOTPeHWe KoneGaHwWit nnasmbl. BbluMcneHns npo-
BefieHbl 15 TaK Ha3blBaeMOW HU3KOI /9-Nnasmbl, B Cly4Yae KOTOPOV [AaBNeHMEM MOXHO NpeHe6-
pedb Mo CPABHEHMIO C MNOTHOCTbIO MarHUTHOW 3Heprum BblBOAATCA KOBapUaHTHbIE ANCMNEPCUOH-

Hble COOTHOLUEHMS W UX CMbIC CPAaBHWBAETCS CO 3HAUYEeHWEM MNOAO0GHbIX KNacCUYECKMUX Bbipa-
KEHUNA.
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SIMULATION OF THE INFLUENCE OF CORE
ELECTRONS BY A PSEUDOPOTENTIAL II*

APPLICATIONS TO SOME MOLECULES WITH TWO AND THREE ATOMS
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W. A. Bingel, R.-J. Koch and W. Kutzelnigg
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Pseudopotential theory is combined with the Hartree—Fock and natural expansion
method to calculate the molecular constants De, Reand kefor Na2 K2 NaCs and BeH2 We treat
these molecules as two- or four-electron problems respectively in the pseudopotential field of
their cores. We then analyze the energies and wave functions in terms of the contributions of
the different natural orbitals to the correlation energy. The calculated equilibrium distances
agree well with the experimental ones. The dissociation energies are in better agreement with
experiment than those of previous calculations.

1. Introduction
X

Ab initio calculations are at present possible with rather high accuracy
for small molecules and with modest accuracy for large molecules.

On the other hand — since the early days of quantum chemistry — the
obvious similarities in the chemical and spectroscopical behaviour of the ele-
ments of one column of the periodic system have encouraged people to simplify
many-electron theory by dividing the electrons into core and valence electrons
[1]. If one limits oneself to a treatment of the valence electrons of an atom or
molecule one has to account for a twofold influence of the inner electrons. On
one hand they shield part of the nuclear charge for the valence electrons, on
the other hand the Pauli principle requires that the valence orbitals are ortho-
gonal to the core orbitals.

The last requirement has already been recognized in 1935 by H. Her1-
mann [1] and P. Gombas [2] who independently developed the concept of
pseudopotential theory. They started from expressions for the pseudopotential
in terms of the electron density Qof the core electrons based on the Thomas-
Fermi model. Whereas Gombas refined his expressions and replaced the sta-
tistical electron density gqby its quantummechanical analogue [3] Hellmann
chose an analytic ‘ansatz’ with adjustable parameters. He started from the
observation that the kinetic and potential energies of a valence-electron
cancel to a high extent inside the core region. The logical consequence of this
argument would have been to use a cut-off Coulomb potential (cf. Equ. (4)).

* Dedicated to Prof P. Gombas on his 60th birthday.
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For other reasons Hellmann preferred the following analytical form of the
pseudopotential :
Z' e~xr
W(r)y=-— +A— @
r r

where Z', A and K are parameters which are adjusted such that the lowest
states of the atom are well reproduced. This potential (1) is still being applied
[4], but during the last few years many other types of pseudopotentials have
been discussed in the literature. With the potential

W{r) . ~Zr-, r- Rc,
&)

r< Re,

where Rcis the core radius and ZR the reduced nuclear charge R. Parsons
and Y. Weisskopf [5] obtained surprisingly good results for the Rydberg
series of alkali atoms. An alternative but related potential is that used by
B. J. Austin and H. Heine [6]

= r>Rc,
= 0, r<Rc,

in a qualitative discussion of atomic properties in relation to the periodic
system. As the discontinuity of this potential at R* does not seem to be very
physical the present authors preferred the so-called ‘cut-off’ potential

W(r) ; r>Rec,

(4)
z R

Rc

r<Rc .

In the first part of this series [7] (hereafter referred to as part 1) we have used
this potential to calculate Rydberg series of alkali-atoms, alkali-like positive
ions and ground- and excited states of atomic two-valence electron systems
(Be, Mg, Ca).

Rather than to use one ofthose pseudopotentials that contain adjustable
parameters one can also use (as Szasz and McGinn [4e] have done for atoms
and for molecules) the pseudopotential (Equ. (6)) derived by Phillips and
Kleinmann [8] on the grounds of rigorous quantum mechanics. It turns out
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that the behaviour of the pseudopotential inside the core is relatively irrelevant
as far as the total energy of the valence electrons in this field is concerned.
As A. U. Hazi and S. A. Rice [9] have pointed out, the agreement of the pseu-
dopotential eigenvalues with the correct orbital energies depends more signi-
ficantly on the proper boundary conditions imposed on the wave function by
the pseudopotential than on the behaviour inside the core. This is consistent
with the observation (see part I) that pseudopotentials which are very differ-
ent inside the core lead to quite similar results.

The pseudopotentials just discussed (except the Helimann potential*)
can be regarded as special cases of the general expression:

Wn(r) = 2 avr', r</le,
v=0

©)

t>Rc.

By choosing the parameters of this potential appropriately one may hope to
combine the advantages of the different types just mentioned. The computa-
tion of the necessary matrix elements of this potential with a basis of Gaussian-
functions is straightforward (see the Appendix), which is important for the
applicability to molecules.

2. General theory

a. Choice of the pseudopotential

If, in the atomic case, one wants to take care of the orthogonality of the
valence-orbitals to the core orbitals in a quantum-mechanically straightfor-
ward way one may use the Phillips—K leinmann potential [8]

w=u-+ aZ_I( N0 \prX - (6)

Here U denotes a Coulomb-potential of the atoms, ®a are the core orbitals
with orbital energies and with valence orbital energy Although the deri-
vation of this potential is based on a one-electron model it can also be justified
[9], [4b], [4c] in the framework of Hartree —Fock theory. This pseudopotential
contains a non-local operator which projects a given function on the core orbi-
tals.

* Note, however, that for n = 2 the potential (5) is very close to the Helimann poten-
tial (1).
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The question whether it is justified to replace the correct non-local pseu-
dopotential by a local model potential has been discussed by several authors
[4h, 4c, 5, 9]. Actually the model potentials mentioned in the Introduction are
either local or just /-dependent, i.e. of the form

W = ZW 1P1, @)
1- 0

where P is the projection operator on the subspace of orbitals with angular
quantum number /. (see also [23]).

Now the question arises how to choose the corresponding pseudopoten-
tial for a molecule. As a first approximation one expects it to be a sum of ato-
mic contributions. This question has recently been discussed by Schwarz
[18] and Hazi and Rice [9c]. (Asto earlier work on this question see Harri-
son [19] and Gombas [3]). In fact there are only very few practical experiences
concerning the relation ofthe molecular and atomic pseudopotentials and about
the role of correction terms [18]. Most practical applications of the pseudopo-
tentials deal with atomic states or solids [21], [9b], [18], except for HelImann’s
early molecular calculations [1]. So far only Szasz and McGinn [4e] (see also
Preuss [20]) have contributed to the study of molecular binding, using a
pseudopotential approach, namely for the molecules Li2 Na2 K2 LiH, NaH,
and KH. The results of these authors encourage one to construct the mole-
cular pseudopotential from those of the constituent atoms. We regard it as

sufficiently justified to write our molecular model potential in the form
n

Al = y,W Il(r-—ra))= 22 2 a?IG —*d» ri< Ren

e (8)

— , rt>R*cn

for the i-th electron, where a labels the nuclei, where the o* are semiempirical
parameters and where n, the degree of the polynomial, is fixed in advance.
In fact, we only consider the possibilities n = 0 and n = 1, i.e. we chose
either a cut-off Coulomb-potential (IP0) or a potential with a linear repulsive
part inside the core region (see Fig. 1).

In part | we have limited ourselvesto IPQ,i.e.the cutoff Coulomb potential.
The results were rather satisfactory for the atomic calculations. However,
we found that the second and third s-type Rydberg states were not too well
reproduced and that the ‘radii’ of the ions were somewhat too large. In order
to remedy these slight defects we have started investigations with the more
general type (8) of pseudopotential which in fact led to still better agreement
for the Rydberg series and to smaller ‘ionic radii’. Whereas in atoms the non-
local properties of the pseudopotential can to some extent be accounted for
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by the/-dependentform of Equ. (7), for molecules the use ofsuch angular-depend-
ent atomic pseudopotentials in the sum (8) would mean great computational
difficulties. Calculation of the matrix elements would imply that every basis
orbital has to be expanded in terms of spherical harmonics with respect to any
of the present nuclei. In order to avoid these difficulties we have used local (i.e.
/-independent) atomic contributions to the potential, namely those that are
appropriate for s-orbitals. In the case of Li and Na the p-orbitals (and of course
d and higher orbitals) should have a more attractive potential (i.e. a smaller

Fig. 1. Pseudopotentials W° and W1for Na (in correct scale)

cut-off radius). So by using the pseudopotential appropriately for s-orbitals
the contribution ofthe p-orbitals is expected to be underestimated. This should
result in an increase of the energy value like that due to the use of a poorer
basis. For K, Rb and Cs the cut-off radii corresponding to s- and p-orbitals
do not differ much so that a local potential is justified as long as (/-contribu-
tions to binding are neglegible.

We do not, however, regard the local approximation as completely
satisfactory and work is in progress to account for the /-dependence of the
atomic pseudopotential in molecular calculations.

In connection with pseudopotential theory the question arises how one
should represent the repulsion of the cores. If the cores are rigorously non-
overlapping it is justified to replace them by point charges. So far we have not
considered effects due to an overlap of the cores. They are supposed to depend
exponentially on the distance and to be non-negligible only for very short
interatomic distances.

b. Natural orbital expansions and their combination
with the pseudopotential method

Since by using the pseudopotential method we are left with a rather small
number of valence electrons, we can therefore treat this small number by rather
sophisticated methods which would not be manageable in a treatment of all

Acta Physica Academiae Scienliarurn Hungaricue 27, 1969



328 W. A. BINGEL et al.
electrons. Let us start with the Hamiltonian for the valence electrons

h=-4-2 (4 -2 + 2 — 9)
* i « iJ rij

in which ~ W'l stands for the potential of Equ. (8). The HF equations for a

a
valence electron in a closed shell state will then be

— n,-2T7 (TBe)+2 (2QJy- k) Oi= cP, (10)
£ a i
where J1and KJare the Coulomb and exchange operators, respectively and
®- is a HF pseudo-orbital.

In order to compare the calculated total energies with their experimental
counterparts one has to note that the zero of the energy scale corresponds to
the sum of the core energies, i.e. the sum of the energies of the ions obtained
from the neutral atoms by ionizing off all the valence electrons.

In part | we have obtained good agreement for the orbital energies and
the total valence-electron energies between complete Hartree —Fock calculations
and HF calculations in the field of a pseudopotential. This agreement turns
out to hold in our molecular calculations as well. If we want to get even better
agreement with experiment we have, of course, to gobeyond the Hartree—Fock
approximation. This is why we combined the pseudopotential approach with
a Cl-calculation in terms of approximate natural orbitals like it has been applied
in all electron calculations [13c].

The equations to be solved for a two-valence electron system are those
derived previously [13a, b]

i(h+J)Xi—A n,

Q»/(*+ K9+ W OQtX,= hi z/, io 1 (11)

Here Xi is the ‘strongly’ occupied (spinfree) natural orbital, % is a ‘weakly’
occupied one, C, a projection operator projecting onto the subspace which is
orthogonal to the first (i—1) natural orbitals, h is the one-electron part of
the Hamiltonian containing here the pseudopotential, J' and K “are Coulomb
and exchange operators originating from an electron pair in the space orbital
Xi- (lfd/q) is an exchange integral involving orbital xi aﬂ xk- The coefficients
c/in the natural expansion of a two-electron function*

M(ri*r2) —  ci XiW #?(2) (12)
i
* For a generalization to systems with more than two electrons, see [13b].
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are finally obtained from the secular equations

20-h,j-j- "V ck(ik\ki) = /ucj. (13)
K

The lowest eigenvalue of these equations is the ground-state energy of a two-
electron system in the pseudopotential. The equations are solved algebraically,
each natural orbital (NO) being represented as a linear combination of a given
orthonormal set of one-electron basis functions which are constructed from
Gaussian-type orbitals g We therefore have to evaluate the matrix elements
(tpa, Ivc, 9b) with respect to the pseudopotential w~.

c. Calculation of the matrix elements

The only matrix elements not known from the literature are those in-
volving the pseudo-potential IF". As basis set forthe expansion of the pseudo-
orbitals Xi we use Gaussian-type functions of the form

(ZGE,, 3/4 _
exp [—a (r—r )2] /n=a,b,c, (14)

The following matrix elements have to be calculated

Wabc = (<Pcn WcVb) 5 (15)

where IF” stands for the pseudopotential. In this Section we only give the final
expression (for a detailed description of the evaluation see Appendix A).

R TR PR erf(Yy(rop + R)) —erf(Yy(rop~ fi))]

1 ZR " [erf(fy(rp+ R)) + erf(fy(rcp— JR))] +
2rp

.20 (16)
2yl ep

n r-V
- N gy € \b{R~r*e-~du f (-1T \rnR+Tepe-u2du\ +
\E1

Wy d-yrrep J\rrep
+ ANCoDrrV T2 ( T «re-u2du+ (-1)-A u*e-uidu\
| Uyyrc,, JWyrep L
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In this expression Sabis the overlap integral (oo, em)

Sab= (ocfim e-"n-rpyY-A"

Repxb (17)

i Y —xa'‘b xb1
aa+ Oh
and

with

which is a point on the line between a and b where the position vectors of the
nuclei are defined by

a= [Ax,Ay,Az], b= [Bx,By,Bz], c¢= (Cx Cy,Cz]. (19)

A further reduction of the integrals in this expression for | is possible if we
define Jx(a, b) as

We then obtain the recurrence relation

Ma, b)=— [(A- 2)N_2s, b)+ a3~2e~T- b>2e"].

3. The choice of the parameters for the model potential in
the calculations of Na2 K2 NaCs and BeH?2

Our method is semiempirical in the sense that the pseudopotential con-
tains at least one parameter to be adjusted using experimental data. Our
philosophy is to adjust the pseudopotential from data ofthe constituent atoms
(ionization energy and possibly higher Rydberg levels), but not from data of
the molecule that we want to calculate or from any related molecule. For one
atom in different molecules the same pseudopotential should be used. The num-
ber of parameters should be as small as possible. If we use W° then a single
parameter describes the particular type of (singly positive) core, in W1ltwo
parameters are necessary to characterize the core, but it turns out that for
different alkali atoms the optimum choice is in good agreement with the rela-
tion a0= -{-Zr/Rcso that we are again left with one parameter. Rcis then fit-
ted to the lowest Rydberg states with the resulting values of Table I.
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Table 1

Rydberg states of Na, K, Cs resulting from the pseudopotential W' (all quantities in a.u.)

Molecule °i —eq) —ean —E@ —eas
Na + 044 — 0.399  2.266 (0.18886)  0.07242  0.0380 0.0233
Na (exp.) 0.18886 0.07158  0.0376 0.0231
K + 0.34 — 0.236 2.908 (0.15952)  0.06507  0.0351 0.02189
K (exp.) 0.15952 0.06371  0.0344 0.0216
Cs + 029 —0.174  3.394 (0.14310)  0.05864  0.0323 0.0205
Cs (exp.) 0.14310 0.0606 0.0333 0.0208

a0, a,, Rc pseudopotential parameters as defined in Equ. (8). To be fitted at -E(Is)

4. Results of the calculations

One may wonder why in almost all pseudopotential calculations only
molecules like Na2 K2etc. have been investigated. Actually they play the same
role in pseudopotential theory as does the H2molecule in all-electron calcula-
tions. In the pseudopotential method these molecules can be treated as pseudo-
H2problems. Just as in H2, the Is-pseudo-AQO’s contribute much more to the
binding MO’s of the ground state than do any other, in particular p-AO’s. It
is therefore not too crucial to ignore the /-dependence of the pseudopotential
and to use that local approximation which is justified for s-AQO’s.

NaCs has recently been investigated by W. Neumann [22] in molecular
beam experiments. This stimulated our interest in a theoretical study of this
heteronuclear molecule.

The choice of the orbital basis is suggested by the fact that we are dealing
with pseudo-H2problems. We actually chose the basis of Gaussians used
by Hoyland [14] in his H2calculations omitting, however, the Gaussians
with highest a®-values which in the genuine H2problem take care of the re-
presentation ofthe cusp at the nuclei, but adding some Gaussians with smaller
a”-values in the binding region as is illustrated in Table I1I.

Since the pseudopotential does not contain any singularities, the problem
of the correct cusp does not matter and a Gaussian basis should be better than
in the real H2 problem. The results of our calculations on diatomics using
the two model-potentials W° and Wlcan be found in Table III.

The parameters a0, aY, Rcare taken from Table I. The dissociation ener-
gies Dcare obtainedfrom De= 1-Enf+corr + 2Jp|where EW+corris the sum of HF-
and the correlation energy of the system. The equilibrium distances rehave
been obtained by 4-th degree polynomial fitting, (see Figs. 2—4), from which

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



696T ‘',z @eolieBUNH WNJBNUDIOS aelwapedy eolsAyd ey

A%

Table 11

Gaussian basis functions in the calculation of Na2, K2, NaCs and BeH2 The functions are characterized by their 3 group parameters
(exponent/group-coefficient/origin relative to the corresponding atoms) (see [23] for further details). The parameters are given for the corres-
ponding atoms, not for the molecules. The groups are not normalized

Na, K, Cs BeH2
Group Nr. 1 Group Nr. 1
type param. A type param.
)  exp. 4.76 1.24 0.377 () exp. 30.2 4.76 1.24
coeff. 0.06275 0.06051 -3.3068 coeff. 0.035598 0.235445 0.804848
orig. 0 0.2 0.08 orig. 0 0 0.12
=
Group Nr. 2 Nr. 4 Nr. 2 Nr. 5 Nr. 8 >
w 0.118 ) 0.03 H() 0377 () 21847 *  0.06 2
1 1 1 1 1 m
m
0.19 0.5 0.068 0 0 il
o
« Nr. 3 Nr. 5 Nr. 3 Nr. 6 Nr. 9
0.06 M 0.01 (> 0118 () 08590 P 09
1 1 1 1 1 1
1.0 0.6 0.205 0 0.5
Be
Nr. 7 Nr. 10
Nr. 4 < 02 ® 027
@ 1762 5.9326 1
0.1729 — 1.1347 0 12

0 0



Table 111

The computed data for the A2 AB-type molecules with the pseudopotentiale W' and IF®.
All quantities are in atomic units

Molecul | 2 3 4 5 6
olecule a0 “y -h —ehf ~HF-feorr.
t Na2 2.266 0.44138 —0.38963 0.3777 0.3759 0.3993
1 k2 291 0.3438 —0.2364 0.3190 0.3142 0.3360
W1
fNa 2.266 0.44138 —0.38963
NaCs J 0.3319 0.3284 0.3510
Cs 3.39 0.2946 —0.1736
| —1
1 Na2 3.25 395 0 0.3777 0.3700 0.3955
w° '
—1
4.16 0 . . .
K2 416 0.3190 0.3100 0.3320
Li2 3.00 3_01 0 0.3963 0.3907 0.4147
Mool 7h) 8 9a) 10 11%) 12
lolecule
T cﬁc. exkrﬁl. cgl}(e:. exptl. HF
T Na2 0.1699 5.78 5.8 0.0216 0.0272 -0.0075
K2 0.1401 7.1 7.39 0.0170 0.0192
IF1
, Na
NaCs 0.1456 6.9 0.0191
1Cs
Na, 0.1670 5.8 5.8 0.018 0.0272 -0.0075
WwWe
K2 0.1350 7.1 7.39 0.013 0.0192
. Li2 0.182 3.02 0.0184 0.0419 0.006

a) Experimental data from G. Hebzberg, Molecular Spectra and Molecular Structure,
I. Spectra of diatomic Molecules (D. Van Nostrand Co., Inc. New York, 1950)

. core radius
. pseudopotential parameters
Sum of ionization potential for the free atoms
Total HF energy
. HF energy plus a and n correlation energy
. HF orbital energies fb) for 1,i2the orbital energy is the same in an all-electron
calculation]
8. Calculated equilibrium distance
9. Experimental equilibrium distance
10. Calculated dissociation energy (for Li2 only cr-correlation is included)
11. Experimental dissociation energy
12. HF binding energy of an all-electron calculation according to A. C. Wah1 [2!
(for Na2 and G. Das [25] (for Li,)

2—

NoO U~ wR
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Figs. 2—4. Energy-potential for Na2 K, and NaCs as calculated by the pseudopotential me-
thod with pseudopotentials we°, w I

HF s= Hartree—Fock approximation, tt-corr. = HF + crcorrelation. a -f-jr-corr. = HF -f

-f-a  n-correlation, exp. = experimental energy curve which we obtained by subtracting

the binding energy De(see right hand scale) from the level of the separated atoms (broken line

with energy 2lp). The curvature corresponds to a quadratic parabola obtained from the ex-
perimental force-constant. See [4c]

we obtained the force constants Kras well. The resulting values are collected in
Table 1Y for different approximations. In comparing the results with their
experimental counterparts one sees that the geometry of these systems is
already accounted for in the Hartree —Fock approximation like one finds in
all-electron HF calculations. The equilibrium distances are increased if one
allows for er-correlation (i.e. by performing Cl with configurations constructed
from cr-orhitals only) but are decreased again to the correct values if sa-correla-
tion is taken into account, too.* (For a more detailed discussion of this problem
see [13c]). In fact, the cr-correlation energy contributions increase with distance
while the a-correlation decreases with distance, so that the sum of both re-

* A Weinbaum function (Heitler—London function -f ionic terms) as used by Szasz
and McGinn accounts to some extent for «-correlation (but not for a-correlation). This is the
reason for their too large equilibrium distances.
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Table TV

Equilibrium distances, force constants and total energies for Na, NaCs, Ks

Ke [mdyn/A]
Molecule approximation calc. f [&B'_] K&gﬁﬁ 1 —E, [au]

theor. exp.
SCF 5.8 0.009 0.14 0.3759

Na2 5.8 0.083
SCF + corr. 5.8 0.007 011 0.3993
SCF 7.0 — 0.0057 0.0? 0.3284

NaCs 0.051
SCF -f- corr. 6.9 — 0.0051 0.08 0.3510
SCF 7.1 0.0048 0.075 0.3142

K2 7.39 0.048
SCF + corr. 0.0045 0.07 0.3360

71
Table V

Correlation analysis of Na2 for different distances r. All quantities are
in atomic units

r ehf —E(ler,,) - (bl) —Ei2<r) —U<r + 9)
4.8 0.3691 0.00944 0.00686 0.00257 0.02526
5.3 0.3744 0.00807 0.00618 0.00325 0.02368
5.8 0.3759 0.00902 0.00544 0.00353 0.02343
6.3 0.3745 0.01030 0.00477 0.00373 0.02358
6.8 0.3715 0.01193 0.00419 0.00383 0.02414

mains approximately constant as can be seen from the correlation-energy ana-
lysis for Na2in Table V.

The corresponding natural orbitals which contribute to the correlation
energy are plotted in Figs. 5—8 for NaCs. Although the accuracy ofthese NO’s
(particularly of those with small expansion coefficients) should not be overesti-
mated these plots are quite illustrative. The broken lines indicate the core
region of the corresponding atoms. Inside this region the niveau lines have no
physical meaning.

In Table VI the results of our calculations on BeH2 are summarized for
the equilibrium distance I'ee-H = 25 a.u. for the linear symmetric molecule.
The results are somewhat poorer, similar to those which have been found for
hybrides in general [4e], a phenomenon which is not yet fully understood.
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NaCs SCF-MO

Fig. 5. Ground state SCF—MO for NaCs. The broken line indicates the core region. Insid
this region the plots have no physical meaning

NaCs 2-SIGMA

Fig. 6. 2a—NO of NaCs with one node in the middle



NaCs -1-PI-

Fig. 7. In—NO of NaCs in the x—y-plane

Fig. 8. 3it—NO of NaCs with one node
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Table VI

Comparison of BeH2 in the pseudopotential scheme and a complete treatment.

All quantities are in atomic units

Q “

m R\- re —EnhF SH F
do- £l = 0.5124
pseudo- 1356  —1478 2175 25 2.0558
potential e2= 0.4019
complete ex= 0.4916
SCF—NO 2.5 15.7624 e2= 0.4559
approx 1 —For W —ETat. P e oBin
pseudo- 0.0335 0.0230 211237  2.01184 0.1005 0.239
potential
complete
SCF—NO 0.0322 0.0245 15.8119 0.202 15.906

Conclusions

In performing molecular calculations in a pseudopotential approach one
introduces two possible sources of errors. One is due to the approximation
inherent in the chosen pseudopotential, the other to the limitations in the
ansatz of wave functions. The latter source of error is the same as in all electron
calculations and it is these errors which we tried to reduce as much as possible
by aiming at a rather accurate treatment of the two and four valence-electron
problem in the field of a pseudopotential that has a simple analytic form.

We performed Hartree —Fock calculations in the pseudopotential field
and obtained good agreementwith all-electron Hartree —Fock calculations (as
far as those are available), both with respect to orbital energies and binding
energies. Since Hartree—Fock calculations generally lead to good molecular
geometries it is not surprising that the bond distances of our pseudopotential
Hartree-Fock calculations agree well with the experimental ones.

The binding energies obtained in the Hartree—Fock approximation are
as poor in a pseudopotential as in an all-electron treatment. In order to obtain
the correct values one has to account for electron correlation. |If one does so,
by using the natural orbital expansion method one obtains about 60—80% of
the experimental binding energies. (Whereas in the Hartree —Fock approach
not even the sign of the binding energy is correct). In those cases where we
could make the comparison, the correlation energies and the contributions of
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the different NO’s to it were quite similar in a pseudopotential and in an all-
electron calculation. (This is demonstrated by the examples BeH2 and Li2
For the larger systems the all-electron calculations would be much too time-
consuming).

Two forms of the pseudopotential have been used, which differ appre-
ciably inside the core region but which lead to rather similar results. A more
careful inspection shows that the potential W1 (see Fig. 1) is preferable to
JV° both with respect to Rydberg series and to binding energies.

Our results suggest that the pseudopotential method should be applicable
successfully to larger molecules although some problems still remain. In parti-
cular we think that a strictly local potential is too poor for systems where the
contributions of p-AO’s to bonding is as important as that of s-AQ’s, so that
for such systems either an /-dependent potential has to he used or one has to
find a local potential that reproduces both s- and p-type Rydberg states if this
is possible.

Appendix

If we write the pseudopotential in the form

—W?(\r —tc) = J>av\t —rcl r<RrR
v=0
Zr )
= o r>R
the basis functions < as
2«” 3/4
oy = N e *fdr rmz p—a,bc,d, ... (2
then we get in a first step with y = ca-j-
\3/ r
xas xbY¥hgaploy (AW e(\r-Te)dT.  (3)

In this expression Sa means the overlap integral (g8 ew) which is given by

Seh= (ra-@)-" A32

i= 2@-o» (4)

xa\~xb
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Defining the position vector of the function centers or nucleus ¢ by

a = [Axi Ay, A,],
b= [Bx; By; BZ], (5)
c= [Cx; O~ CJ

the point P with position vector rpin Equ. (3) is situated on the line between
a and b with coordinates

M — [caA x abBxicaAy <bBy', aAz-j- cbBZ]. (6)
7

Now we can transform our coordinates according to r/ = r—rc and get

=) = (-y[Cy=*Je-*x=*)x W\r’\)dr (7)

with rep= rc—rp.
Now we separate the integrations

V. 7302 rof* i 2n
-J = J-\ Sa e-~r'+rip)W(r)r2dr \  er*rxdx dep (8)
A ) LJo J - Jo
and get after a short calculation
V32 oo re
-J = J— sdb—— W(r) rdr - | e-*r+r*FW(r)dr . 9)
at yrep Jo Jo

Up to this point the derivation does not depend on the explicit potential expres-
sion from which we make use now.

I m» 32 ji I n
J = 14— Sab-—-—-- Jjy’a, r’+l e~y{r-mpP2dr — r’+le~y-rHp)2dr +
| z yro zV:o Jo «o
1 (10)
+ e~yr~T@*dr —ZRJ e-rk+i«?)2drj .
After substitution
u=r—rcp, V=r+ rep
we get for rv+l an expression
(« + rcpY+l= jg (T) u*rgp*+l (11)
=0
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and the corresponding one for (v—rcpY +1. Therefore we can write for the whole

integral
32 nonoord R—Ip rR+Tep
Jab >X 2T D~ uxe-"u4u + (-1)H vxe~n*dv 4+
y—oo-o rep It
Zpn 12
+u” ) eywdu—r e y2du (19
yrcp o/ R—ep J R+rep

After some simplifications in the last two integrals and a splitting of the first
term in the sum over v we obtain the final form

1 .
”y[erf(vy(rqo+ W) - erf (fy(rop- M) +

+ my [erf (Yy(rep+ R)) + erf(fy(rcp — R))] +
p

1c
o E— ®— [e-yhep+R)2_ e-y(rep-R)2] (13)
2yrcP
"op rrfR*\~d u  +
&1 b \d-fyjr ™ " ayp
v+l . R+ V4
1 Iy(R_r%ﬂuxe wdu [-(—1)v-A fy(R+ren) bl‘,ﬂe—u du

+ 2 PTWY§y-*-
JE1 -Yyn Tyr
I

In this expression the terms with v— 0 and A= 0 are written down separately
because they can be reduced to simple analytic expressions. So Il can be
written as

11 = .Ij.-l [(1-(-1Y)erf(fyrep)-(-erf(fy(1T—rcp))+ (—1)verf(fy (R -)-rep))](14)

2
with erf(2) U2y, (15)
Yy Jo

The remaining integrals which are of the form

Jk(a,b) = Jfa uxe-“2du (16)
can easily be evaluated by a recurring relation one can derive from (16)
N(a,b)y= — [(A-2)1_2a, b) + ax~*e'“2- bx~*e~[] 17)
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which connects J\{a, b) with J*_2(a, b).
The initial integrals Jx(a, b) and J 2(a, b) are

JXa, b) = > (n [erf (6) —erf(a)],

J2a, 6)= — [,-a2_ >4

so that the whole integral (g W cer) is reduced to the evaluation of the error-
function.

For practical calculations it is useful to introduce some approximations
for the limiting case rgp 1, to avoid numerical instabilities.

In this case we have approximated the expressions for I and Il by

l L U uxe~u*du + (-1)” (R
yyiH ' Ko
1+ (—1)VA xf 1" Ruxe u2du
‘A

Yy
- (YYrepy #-\fyR)le -~ (1—(-1T 4

I e (I+ (-D))tavyry + (I-(-ir) tvrep(l - eyR.
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MOAPAXEHWE BNMNAHNA 3JTIEKTPOHOB ATOMHOIO OCTATKA
MCEBAOMNOTEHUWNANAM. W.

MPUMEHEHWNA K HEKOTOPbIM MONEKYTAM C ABYMA N TPEMA ATOMAMU
B. A. EMHTEN, P. N. KOX n B. KYLUENbHUT

Pesome

McesgonoTeHumanbHas Teopus KOMOMHMpPYyeTca € MeTofoM XapTu—®oka U MeToLoM
€CTECTBEHHOr0 Pas3/ioXeHWs B PAA C UMbl OnNpefeneHUs MONeKYNAPHbIX MOCTOAHHBLIX De,
Re U ke g1 Na2, K2 NaCs n BeH2 3Tn monekynbl paccmarpvBanucb Kak [BYX- U YeTblpex-
3M1EKTPOHHbIE NPO6IeMbl COOTBETCTBEHHO B MCEBAONOTEHLMANbHOM M0e CBOMX aTOMHbIX OCTaT-
KoB. [lanee 6bl1V aHaNM3MPOBaHbl 3HEPTUW U BOHOBbIE (PYHKLMM C TOUYKW 3peHMs B3HOCA pas-
NNYHBIX HATypanbHbIX OPOUT B KOPPENsUMOHHYIO 3HEPrni0 BbluMCNEHHblE paccTOSHUA pas-
HOBECUA XOPOLUO COrNacytTcs € 3KCMepuMeHTanbHbIMU JaHHbIMM COOTBETCTBME AMCCOLMALMOH-
HbIX 3HEpPruii ¢ 3KCMepUMEHTANbHLIMU AaHHBIMW Ny4lle, YeM B MpesblayLnX BblYUCNEHUAX.
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FURTHER NOTE ON THE SADDLE-POINT CHARACTER
OF HARTREE -FOCK WAVE FUNCTIONS*

By
C. A. Coulson

MATHEMATICAL INSTITUTE, OXFORD 0X1 3LB, ENGLAND

(Received 20. Il. 1969)

A simple argument is provided to show that the energy of a Hartree—Fock wave func-
tion is a saddle-point on the energy surface obtained by “opening-out” each pair of electrons
from the same orbital wj into two different orbitals uj and 1j. A discussion is also given of the
best direction in which to move away from the saddle-point in order to lower the energy as
rapidly as possible. The argument applies quite generally, to atoms or to molecules, and both
when using a finite basis (LCAO type functions) and when using an infinite basis (true Har-
tree—Fock functions).

1. Introduction

In recent years considerable attention has been given to the nature ofthe
Hartree —Fock (HF) energy and wave function, whether for an atom or a mole-
cule, and whether determined by complete solution of the HF equations or
by solution of the Roothaan equations which result when the function space is
limited and a finite basis set is used for each constituent orbital. The case of
the two-electron atom such as helium was discussed by Coulson [1], by HiB-
BERT and Coulson [2], and by Hibbert [3], who showed that the HF energy
was indeed a saddle-point, and that by suitable small changes in the HF orbi-
tals it was possible to lower the energy, while still retaining the singlet charac-
ter of the wave function. More recently Hibbert and Coulson [4], and Fiur-
ry and Coulson [5] have discussed the more general situation with more than
two electrons, and have given very thorough analyses of the situation. [Full
references to other work are given in [4]]. However, the following very simple
discussion showing the saddle-point character of the HF energy for closed-
shell systems, may be worth describing, even though it adds very little to the
work in [4] and [5].

* 1t is a pleasure to dedicate this short paper to my friend Professor Dr. P. Gombas
on the occasion of his 60th birthday. Professor c ombas’s contributions to the statistical the-
ory of atoms and molecules, as exemplified in his books and research papers, have been an
inspiration to many younger workers. These contributions have been made over a period of
many years, and have shown him to be one of the most important leaders in this field. On
this happy occasion his friends and colleagues, as well as his students, join to congratulate him
and to wish him happiness in the future.
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2. Open-shell wave functions

We begin with a HF wave function *hf corresponding to a closed-shell

in which the orbitals nq, w2 ... wn are each doubly-occupied.
whe o= ™MA2) . 20y w2(4)««« Wn{2n- 1) Wr(2n)}. 1)
In (1) a bar above a symbol denotes /3-spin, and is the antisymmetrizer
MJ£(~1)PE,

where P is an odd or even permutation of the electrons. Since we may take the
w-functions to be orthonormal, yp is already normalized.

We know that the energy E hf associated with (1) is stationary with
respect to small changes in the wr; we shall be concerned with the ground state
for which Ehf is a minimum.

Now let us open out the paired orbitals uqu?,, replacing them by two new

orbitals uland tg. It will be convenient to put

wi= wi+ ai+ ,
_ (2)
t= ng+ a,—6,,

where, since a, -f- 6, and a, — bl may be taken orthogonal to wy, the same
is true of axand bv But there is no reason why axand should be orthogonal.
The resulting singlet wave function is

1) vi(2) + ®i(l) »i(2) *(1) R(2) wA3) ...1 Wn(2n)} . (3)

In what follows we shall be dealing with wave functions close to the HF
function (1), so that axand may be supposed to be of the first order of small
quantities. Now substitution of (2) into (3) leads to the expression:

AL Twi(h) + i [wi(2) + «1.(2)]w2(3)w2(4) ...
-6,(1)6,(2)w23)ic4) ...}.

4

On account of the orthogonality properties of the w, a, and b functions this
last expression is actually normalized correct to terms of the second order of
small quantities. It can be thought of as a kind of configurational interaction
wave function, in which we have terms of zero-, first- and second-order.But
on account of Brillouin’s theorem there will be no interaction between the zero-
order terms (which are simply the HF wave function) and the first-order terms.
So the energy of wave function (4) is of the form

E = EHf “b second-order terms.
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If we now write (4) in the form y*—y>n, the energy will be
Hy —2HW + 4,

The terms of second order in this expression occur in H\'i and H\y. So far as
H u, is concerned they depend only on the ia’s and bv So for fixed bx the energy
(to this order) will be least when H\i is least. But if w3, w2... are the HF
functions this will occur when a3= 0. Thus, independent of bv we do best to
put ax= 0in (2). This means that the pair of orbitals wq, ivlare opened out to

«i= WL+ Dbl,
_ . (5)
VX= wWx— bi .
We now repeat this process with all the other pairs w2, w2etc. To second
order the energy terms will be additive, and so (as is shown in more detail in
[4]—[5]) we are led to an open-shell wave function

Was = A {«1»1 M2W2W3 .. .} {ol bilw2w2w3. ..} — A
— KE {icjwlb2b2w3 ...} — ... + {blblb2b2w3.. .. . ] .

The wave function (6) is correct to terms of the third order of small quantities.
Moreover it is clear from (6) that we may take b3 orthogonal to w2 w3, ...
etc., without loss of generality, to this order.

The normalizing factor rXK'is easily obtained. Let us put

<hl&>= S1, etc., (7
so that Sj, S2 ... are of the second order of small quantities. Then, correct to
fourth order

= 1+jgs], Ar=) (®)
1 2

The energy Eos associated with ipos is found by expanding <y>0s\Htpos)» So

terms of the

1
= A . 2/w (w2 — ete-
En="T4E e (Nwi2) L OM2)) —ete-+ (0 order

(9)

Correct to second order
Es—-EhF—2 wj(l) Wi{2) D 6(1)67(2) (10

Each of the electron-repulsion integrals in (10) is positive, as shown first by
Stater [6]. So Es< Ehf- if we keep uj = vj, we know from the statio-
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nary (minimum) character of the HF energy that the total energy must in-
crease. It follows therefore that the energy has a saddle point for the HF wave
function. In this way we have generalized the two-electron discussion of
[1]—[3]. The argument, of course, is independent of whether we use a finite
or infinite basis set.

3. Direction of optimum improvement of HF wave function

Since it may not always be practicable to make complete calculations
ofthe functions a/ and bjin (2) to determine the absolute minimum of the open-
shell wave function (6), it becomes important to know in what direction we can
most profitably improve the wave function, starting with yHp. This matter
was dealt with for the two-electron problem in [2] and [3]. We now extend this
argument to wave functions of type (6), retaining always terms of the lowest
order for our discussion.

We can represent y>lp and yes as vectors OA, OB of unit length in an
appropriate Hilbert space (Fig. 1). In that case we can define the “distance”
AB by the angle 0, where

c0s 0 = <>hflso>

Since yHP and yos differ by only small terms, it follows from (6) that

1- 02= "T.

2
Thus
0* =2(1-7) =£Sj, from (8). (

The most profitable direction, therefore, in which to move from the HF
point A of Fig. 1 will be the direction which maximizes |£ HF—Eos\for fixed
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arc length AF, i.e. for fixed 0. We are therefore to maximize

V/wjwj for fixed £

This process is equivalent to proceeding along the direction of steepest descent
away from the saddle-point A in Hilbert space. However, since A is a saddle-
point, this is really equivalent to moving away from A in the direction of great-
est downward curvature. If we are working with a finite basis each 6y can be
expressed as a linear combination of the virtual orbitals complementary to
itg . . . wn. The maximization process is then fairly simple. But with an infinite
basis it is more troublesome, and some sort of variational approximation
would have to be adopted.

This is as far as we can proceed in general terms. Each separate problem
will now have to be dealt with on its own, taking into account the nature of
the occupied orbitals wj.

The writer would like to acknowledge the benefit of discussions and correspondence
with Prof. R. L. Flurry and Dr. A. Hirrert.
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OANBHEVMWWE 3AMEYAHNSA O CEANOBO-TOYEYHOM XAPAKTEPE BOJIHOBbIX
OYHKLNN XAPTPU—DOKA

K. A. KYNbCOH

Pesome

MpuBOANTCA NPOCTOM aprymeHT AN [OKasaTeNbCTBa TOro, UYTO 3HEPrus BONHOBOM
(hyHKUMM XapTpn—®PoKa ecTb CeafioBasd TOUKA Ha MOBEPXHOCTW 3HEPrUW, NONYUYEHHON nyTem
«Pa3BepTbIBaHWA» KaX A0l napbl 3NeKTPOHOB 13 OJHOW 1 TOW XXe OpbUTLI wj B ABE pa3Hble OpoOUTHI
uj U vj Janee QUCKYTMpPYeTCH COOTBETCTBYHOLLEE Hanpas/ieHWe, B KOTOPOM y[ansscb OT cel-
NOBOW TOYKW, 3Heprus nafgaet ¢ Hambosnblieli CKOPOCTbio [pMMeHeHMe aprymMeHTa A0BOMbHO
obLLee, ero MOXHO MPUMEHATb B Clyyae aTOMOB UAM MOJMIEKY/, UCMONb3ys NPWU 3TOM Kak KO-
HeqHy)ro 6a3y (pyHkumm Tuna LCAO) Tak 1 6eckoHeuHyto 6a3y (HacTosiwme QyHKUMn XapTpu—
Poka).
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MHTEPMNPETAUWNA METOOA XAPTPU-®OKA KAK
METOOA YHACTNMYHOIO CYMMWMPOBAHUMA ATOMHBbIX
PEMHMAHOBCKUX OAVMATPAMM*

B. B. TO/IMAYEB
YHUBEPCUTET UYUME, CAHTUATO, YNNE**
(Moctynuno 20. 1l. 1969)

Ha metoge XapTpu—®doka [1, 2, 3] 0CHOBbIBAOTCS MOYTK BCe MPOBOAMMbIE B HAcTOsLLee
BPEMS aTOMHble W MOJIEKYNISIPHbIE pacyeThbl, U NO3TOMY ero UHTeprpeTauns Kak MeToja CyMMu-
poBaHWA ONpeAeneHHOro Knacca aTOMHbIX (eAiHMaHOBCKMX AnarpamMmm [4] siBnsieTCs O4YeHb
BaXHOM OHa NO3BONSAET rNy6Xe NOHATb CMbICA NPUGAVKEHWIA, 3a10XKEHHbIX B METOAe XapTpu-
®oka, U NpuUMHbI TOl 0cO60l 3PEKTUBHOCTM 3TOr0 MeTofa, KoTopas MpPOsSBASETCA MPU KOH-
KPETHbIX pacyeTax 3Hepruii, B 4aCTHOCTU, OCHOBHbIX COCTOSIHWIA Nerkux atoMmoB. B pesynbTate
ynaeTcs 6onee OCMbIC/IEHHO CTPOMTb Ha OCHOBe MeToga XapTpu—>»oka pa3nuyHble Teopum
3N1EKTPOHHON Koppensayuu.

Kpome Toro takas WHTeprpeTauus NoO3BOASET C GONbLIOWA NErkocTbio 3PHeKTUBHO CO-
CTaBNATb CaMU ypaBHeHWUs MeTofa XapTpu—®doka B TeX WKW MHbIX [OCTATOYHO COXHbIX
KOHKPETHbIX ClyYasX, CKaXem C y4eTOM B3auMOfeiicTBuUsS KoHdurypauwii. MocnegHero Bnpo-
uyeM Mbl He GyAeM KacaTbCfl B 3TO CTaTbe, WAMIOCTPUPYS BCE HALUU pacCyXAeHUs TONbKO
Ha npocTeinX NpumMepax aTOMHbIX COCTOSIHUA C 3aMKHYTbIMW 3EKTPOHHbLIMU 060/104KaMK
N COCTOSIHWIA C OLHOM OTKPbITON 060104KON KOHurypayum un Tepma (naiyi SL, npegnonaras,
4TO 3TOT TepM KoHdurypauuu (nala)q eANHCTBEHHbIM N He MOBTOPSETCS.

1. CoCTOSIHUSA C 3aMKHYTBIMU 3/IEKTPOHHBIMW 060/104KaMK

raMnbTOHVaH MHOI03/1eKTPOHHOIo artoma, COCTOAHWE KOTOPOro C 3aMKHY-
TbIMN 3NEKTPOHHbIMN 060/104KaMKN Mbl C06I/IpaEMCFI n3yyatb, B HEPENATUBUCTCKOM
I'IpI/I6I'II/I)K6HI/II/I NMEET BWUA

= HO+ Hwm , ()
v
.- 9 - (2)
v Ay o) (1%i"N) T,
. 1
HT = S. (3)

(IMi<rA) Wi — T

3pecb Z — 3apaj aapa atoma, N — MoMHOe YKUC/I0 3/IEKTPOHOB B aToMe (npea-
nonaraeTcs, 4to B 06Lem cnydyae JV/Z, TO eCTb BCe PacCMOTPeHWe OTpoeTcH
KaK K HeliTpa/lbHbIM aTOMHbIM COCTOSIHMAIM, TaK M K COOTBETCTBYHOLUMM COCTOS-
HUAM MOJIOKUTENBHBIX U OTPULATE/NIbHBIX aTOMHbIX WOHOB).

B Teopnun aTOMHbIX (heiMHMaHOBCKMX AvarpaMmM BapbUpyeMoe XapTpu-oKoB-
CKOe BbIpakeHue O0N1A 3HEpPrum Msyvyaemoro aTtoOMHOr0 COCTOSAHUSA C 3aMKHYTbIMU
3MIEKTPOHHbIMWU  060/104KaMN MOXXHO MOMYYNUTh Crefylowmm 06pasom.

* Mpodeccopy M. F'ombaw Ha geHb 60ro poXxxaeHus.

** T10CTOSIHHbIA agpec: MockoBckuiA ocygapcTBeHHbIi YHuBepcuTeT, MaTemaTuko-
MexaHunyeckuin ®akynstet, Mocksa, CCCP
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Mpexze BCero BO3bMeM HEKOTOPOe CHEPUYECKN CUMMETPUYHOE A06aBOYHO-
K nonto agpa—Z/r BHellHee nose U(r), OpTOHOPMUPOBaHHbIE PafuasibHble yHK-
UMY KOTOPOro OMpejensitoTcs U3 ypaBHEHUS

\(__% dCrl; r ddr ||(|2:'2X) + W) RM()  EiKi (DI (@)
|8 r2drRnl (r)Rnl(r) = 1 ")

(NpegnonaraemM, 4To CMEKTP eni HE MMEET C/ly4aiHOro BbIPOXKAEHWS BOZOPOLOMO
[LOBHOro aTroma, TO eCTb €Ll peasibHO 3aBUCAT OT /, U CKaXXeM Hanpumep e2p ¥= £<f)
CO0TBETCTBEHHO Mbl [O/DKHbI BBECTV HOBbIA HY/IEBOW FaMWIbTOHWAH W ramusib-
TOHWaH B3aMMOJENCTBMSA

i _IZ_ X' An- y A_ * 2. u (r«b (6]
(IMN) (I"N) ri (UgiigN)
Pl — =Y wri) ©

Bosbmem pfaniee HeKOTOPOE HEeBbIPOX/AEHHOe COCTOSHWE ramuIbTOHWaH-
Ho , KoTopoe xapakTepusyeTcs CrefytoLleidi COBOKYMHOCTbIO MHAEKCOB 3anos-
HEeHHbIX 3/IEKTPOHHbIX 060/104eK re/£/0. YKa3aHHOe COCTOSIHMe CriefyeT conocTas-
NATb TOXE HEBbIPOXAEHHOMY COCTOSIHMIO WCXOLHOrO HY/MEBOro ramuibTOHVaHa
S0 C TEMU >Xe MHAEKCaMMK 3arnofiHeHHbIX 060s104eK nl£f0 1 nogobHomy cocTos-
HWIO MOJTHOTO raMuibTOHMaHa {. PaccMaTpuBaemoe COCTOSIHME MMEET 3HEPruio

Eg= 2 2(24 + !) emii 8)
riLio

N COOTBETCTBYHOLLEE COCTOAHME TMOJIHOr0 ramMm WUiabTOHUWaHa 3HEePruko
En + AE, ©)

npuyem [06aBOK AE MOXHO paccumtaTb Kak CyMMY BK/1afoB OT BCEX COOTBET-
CTBYIOLLMX aATOMHbIX Auarpamm.

MpaBuna cocTaBfeHUs aTOMHbIX (heiHMaHOBCKMX Auarpamm 1 BK/agoB OT
Hux B cnydae LL=0 nogpobHo onmcaHbl B [4]. [MpaBuna B cnyydae 1 Q
KOTOpblE HaMm Ceiivac HY>XHbl, MPaKTUYECKM He OT/AMYAKTCA OT 3TMX nNpaBwusl.
B yacTHOCTW OMNMCHIBAIOLLMIA MEX3NEKTPOHHOE B3aMMOLENCTBME YETBEPHON Bep-
TEKC BHOCUT CBOMM BK/I3AOM pafvasibHbll MHTErpan

1 E4(n 170 2 T1LN) 5

A

" A V n2l2
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TOJIbKO TENEPb AN1A4 3TOro pagnasibHOro MHTerpasia Mbl MMeeM crefyrouiee Bblpa-
XXeHne

Ri(y 2, =25 N2 ni»py

= \] "TNdri £ “ \Ndr2Rn[7 (r,) RK® (r) U, (rv r2) Ar2 Rn, 7 (ly) ;

(10
‘M M<r9

Ui(ly,r2 = . (1)
2 ofisT,

r/+1

B KOTOPOe BXOAAT pafuanbHble yHKUMKM (4), (5), a He COOTBETCTBYIOLLME BOAO-
pofonofobHble (hyHKLUMMW, NOMy4vaemble U3 HUX, ecnv Hanoxkmtb U= 0. Kpome
YeTBEPHOr0 BepTeKca, Ternepb MNOABASAETCSA OMNWCbIBAKOLWMIA  B3anMOfelcTBMe
3/1EKTPOHOB C BHELWHUM MosieM U(r) MapHbIii BepTeKC, KOTOPbI/i BHOCUT CBOMM
BKJ/13IOM WHTerpan

m 'Yz U Tizgo .7,
MpUYeM MOJHOE BbIPaKEHWE [/l COOTBETCTBYHOLLETO MHTErpana VMeeT BuA
Wwn[ Wy = [& r\driRn[7 @) [(ty) A n; (1) ; (12)

OMATb Clofa BXOAAT pafvasibHble yHKuun (4), (5).
Obpatum BHUMaHue, 4yto B cunay (4), (5) nmeem

U(ri)Rnih (ty) =

rrfa/aniz(Ty) )y _Jr|; - é ----- T R\ (rD),

TaK 4TO

> 2(2Z1+ 1)E17 2 2211+ HU(n1ILn1l) 2 2(2Z,+ 1)1(1»",

n,LLo i€ (13)
rae
7K Zj r\dryRn:7; + A +
D y ) dr\ rl dril v
Gi+11] -RLIT(r) (14)

i)

23 Jicta Physica Academiae Scientiarum Hungaricae 27, 1969



354 B. B. TO/IMAYEB

B xapTpu-(hOKOBCKOM MPUBAVXEHUN HaM Heo6GX0AMMO paccuuTaTtb Ans
JIE BKnagbl aTOMHbIX Avarpamm TOMbKO MEpPBOro Mopsigka, Tak Kak

-Enf — EO+ AE+. (15)

JTOT pacyeT OYeHb MPoOCT [4], 1 B pe3ynbTate Mbl NMosyYaeM Afsi BKIaL0B aToM-
HbIX AvarpammM MepBOro MopsifKa OKOHYaTe/lbHble BbIPaKEHUS

2 Yy (2ii+ 1)(2i2+1)~n(nl/1, n22; 2, n"j),
nj&fa, n,I£f,

2 A-1D)(2Z22+1) ~ [ h k If Ri(ni In K-> wk, N2
nN”Mj&fo( ) )|[ i(ni In nrK-> wk, N22)

- 22 (@1+1)U(nllLnlly).

Takym 06pa3oM A58 MOMHOW XapTpuU-(hOKOBCKOW 3HEPTMM Mbl VIMEEM C YYETOM
(15), (13)

fhf— 2 22k -f 1) I(nlk) -
rhhéfo
+2 2 LU*(ZAi+1)(2A2+1) (ni h* TRkl nrh' nik) ~

2 (2i1+ iNe +i)2[W YR i(n1liL,n2iZnlh,n2i2)- (16)
[rLLb, |

Ecnv BBeCTM 00bI4HbIE 0603HaYeHMs [2] AnA MOMHOFO 4YMcna COCTOSIHWIA B

3NEeKTPOHHOM o6onovke g(nl) = 2(1+ 1) n gns npAMoOro mM 06MeHHOro paguasnb-
HbIX WHTErpasoB

Fi(ni k' n2k) ™ Ri(nlk* n2k 5n2ki nik) »
G/(d] k, n2/2 —R/(nlk, K?nikin2y "

TO BbIpakeHue (16) MOXHO MpeACTaBUTL B 6OSiee MPUBBLIYHOM BUE

ihF= 2 qinik)4nik)+ 2 — q(nih) (qginik) - 1) Fu(nik’'nik)+
nte/o nitg, 2
f n q{nik) q(nzk) FO(ni ki n 2 K) 2 A~ -~hiFi(niki ni k) ~
nl.cro, n.hi\

, Nj,er, iro
e s nl) bt

ef Y, hif 2| Fi(nik’n2k) »
R
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npuyem
Ahl =(211+ If[1111lY- npn 1==0, (18)
Bilii,= 2Q2i1+1)(212+1) [W ]\ (19)
rae cuveon [/x127 o3HayaeT B3SATbIV MO MOLY/IHO COOTBETCTBYHOLUMIA 3] — KO-

(DULUMEHT C HYNEeBbIMU MPOEKUUAMW MOMEHTOB [4].
dopmynbl (18), (19) No3BONAKT paccuUNTbIBaTb HeoOXOAMMbIE 3HAYEHUS
Ko3(hhnLmMeHTOB A, B 1, B YaCTHOCTW, MOMYyYUTb BaXKHble Tabnuubl

Abl B LU
=2 =0 Z=1 r= 2
s 0 ss 2 0 0
6
0 2 0
P T sp
12

BbipaxkeHue (17) gna £ HF BMecTe ¢ COOTBETCTBYHOLMMK Tabnmuamu 3Ha4eHui
Ko3(hthuLmeHToB A, B cOBMaJatoT C NoslyyaeMbiMy 06bIYHBIM COCOG0OM B TEOpuU
XapTpU-HOKOBCKOIO NPUOAMKEHNS [2]; HacToAWwMA Crnocob MNosyyYeHUs 3TOro
NPUBGAKEHNSA MO3BO/ISET HE MPOBOAUTL BbIUWC/EHW B KaX[OM KOHKPETHOM
cnyyae, u cpasy gaet obwue dopmynbl (18), (19) pna koagpdumumeHToB ALl nNpu
1"=0 wn HAjijz
BBoga MHOXUTeNU JlarpaHxa 1 BapbUpys Crefylolee BblpadKeHMe
Fhf= EHP — 2(21) snih!  r2dr RmiXr) Rnih(r), (20)
na.e/, Jo
TO ecTb pacKpbiBas BapWaLMOHHOE YCoBUe
SFh
A( =0, (21)
ORnI(r)

Mbl nosiydaem u3 (16) xapTpu-(hOKOBCKME yPaBHEHUS B C/lydae COCTOSAHWUIA C 3a-
MOSIHEHHBIMW 3/1EKTPOHHbLIMU 0607104 KamMu

d2 2 d 11+ 1) 2Z
K,N -
dr2 r u r2 r
-4 )t (21i+1) r2driRnill(r) UQ(r,ri)Rm Ar)Rni(r) +
nr.el. Jo (22)
o

+2 2 @j+1)2[hll']2 r2drlRmll(r2)Uiir,r)Rnl(r) R nill(r) +
% Jo

2eniRni(r) — 0,
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npuuem, pasymeeTcs,

r*drRnl(r)Rni(r) = 1. (23)

MomHOXasA npaByto W fieByt0 YacTb (22) Ha Rni(r) v UHTerpupys no r oT
Opo +°°> ¢ ydetom (23) nonyymMm ycnoBue

2U(nl; ni) —4 (2/x+ 1) RiXnll4 ni; ni, nilx) -)-
NAE m (24)
4-2 IV A MY RiY(n2iLnl;nlilnl) = 0.
nrl,€/. r

JTO BaXHOE YC/I0BUME, SIB/SIIOLLEECS HEMOCPEACTBEHHLIM CreAcTBUeM (21),
Mbl [O/KHbI WHTEPMNPETMPOBATL Ha AuvarpaMmax: Ha AvarpaMMHOM Si3bIKE OHO
03Ha4aeT, uTo

(Npryem 06e BHELUHVE JIMHUM HWKAK He HY)XXHO YYUTbIBaTb, 30eCb OHM He JaloT
HMKaKOro BKNaja).

Takum 06pas3om ycnoBue (24) o3HayaeT, YTO Cpeau guarpamm Teopuu BO3-
MYLLEHWIA, pa3BMBaeMOM Ha OCHOBe XapTpu-(hOKOBCKMX ypaBHeHWUin (22), (23),
Mbl JO/DKHbI He paccMaTpvBaTb BOBCE Auarpammbl, COAepXKaline napHble Bep-
TEKCbl M CO6CTBEHHO-3HEPreTUYECKMe 4acTu MepBoro Mopsfka, Tak Kak BCreg-
cTBMe (24) BKMagbl OT BCEX YKasaHHbIX AvarpaMM B3aviMHO COKPaLLatoTCA.

3T0 XxapaKTepHOe CBOWCTBO TeOpPMM BO3MYLLEHWIA Ha OCHOBe XapTpu-
(DOKOBCKOr0 MPUOAVKEHUS MO CPaBHEHWIO C APYTUMMU TEOPUSMU BO3MYLLEHWIA
Ha OCHOBE MPOM3BOJIbHOr0 HYNIEBOr0 raMuibTOHMaHa Ho, 1, BNacTHOCTK, Teopueit
BO3MYLLIEHMA HA OCHOBE WCXOAHOr0 HY/MEeBOro rammnbTOHWaHa H 0, genaeT ee
oyeHb ypobHol B paboTe. Bonblloe KONMYECTBO Auarpamm, BUPTYasibHO npu-
CYTCTBYIOLLMX B TEOPMM BO3MYLLEHWIA, Tenepb He HYXHO paccMaTpuBaTb.

B uacTHOCTM BO BTOPOM MOPSAKe B pacCMaTpuvBaeMoli TeOpuv BO3MYLLEHWIA
OCTalTCA TOMbKO Clledylolime [Be AuarpaMmbl

a B TPETbEM NOpPAAKE TO/IbKO LIECTb AMarpamMm, BepHEE BCE BPEMEHHbIE BEPCUU
3TUX LECTUN Anarpamm,
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To 4TO 3TO Tak, B 3TOM fierko ybeanTbCs, paccMaTpuBas B MepBbIxX NOpsA4-
Kax peLUeHWe No Teopun BO3MYLLEHWIA ypaBHeHWU (22), (23) 1 BbluMCNSA B nep-
BbIX MOPAAKax 3Hepruto no copmyne (16). B npeactasneHnn BoJopPOLONOA00HbIX

(PyHKL M

1 cP 1 d s /(/+1)
= — Eni Rn(r)= o0, 25
2 drz ot dr 2r2 i Rendr) @)
Joar*drR°r(r)R°n,(r) = an'SohI’’ (26)
Mbl [O/KHbI PAcCMOTPeTb PasodKeHue
Rni(r) = 2 c¢",nR°n'M (27)
.
npuyem Ans KosUUMEHTOB 3TOr0 PasfoXKeHUs NoydYnM ypaBHeHUN
Ewlcnn +
+ 2 (2i1+ 2 c"™"ica-mc™MAoK  «2~n'l'nlh) —
- zt+ 1) V[/.ft]* X osnic i , n2zZ »7) - (28)
nlE o K n,n,n"
&nl n-- O
(29)
34ecb npepnonaraeTtcd, 4to B BenmumHax C,,',,, vHaekcbl ni£ /0.
Paspewaa ypaBHeHus (28), (29) paznoxeHnAmu
CBn= OQpu 4 c® 4 .., (30)
bl — ENni + en) + eee5 (31)
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noslyuMM, B 4acTHOCTM, npu n,*n,

1
i Mo —2 Y (21, 1) BA(n,l,n1,;n,1,n,1) 4-
Eni, — En,i nM/o
(32)
Ty (21, . A [bkLUAIR4(nJi,moh;njrnj)
nJ&h |
n npm n2=n2
c™,, = 0. (33)

MoactaBum pasnoxeHus (30), (31), (32), (33) B BbipaxeHue (16). OTMeTUM
npegsapuTenbHO, 4TO

s

I(nl) = 2 EnUcCl.mnCo.'M=
r

= Eml+ 2EMC«» + 2ri EmHCS nCL}Y + .. ..

Ho Tak KakK B CU/y YC/IOBUSI OPTOHOPMUPOBKM
KIi A i I
Wo), 1S, 1N W o) a

I ~nlth2 Ari 2—

ri
MMEEM

A — @ Yelih A
i ri il 1
TO NPUOGNKEHHO

I(nl) = EM + 2ri (Emu- Enl)CW C«6 + ... (34)

Bo BTOpOM MOpsiAKe MOMYy4YUM

ffip: 1 221,+ 1]2 (En-l- eM2Yc% x CA% +
nj,£f. ni

mi ) (ex1+ 1)(2k + 1) 2 C*I% RO(n,h,n2l,;n,22,n,1,) -
«N1€/o, n,1re/0 ni

4 ! 2k + D1,+ 11 ikkl? 2 W X Wk, «202 il
nf.efo, ng,€/» | ni
(35

MogctaBnasa (32), (33) B (38), Mbl Mony4ynm [0OBOSIBHO TPOMO3AKOe Bbipa-
)KEHUE, KOTOPOe OAHAaKO MOXHO MpeAcTaBuMTb B BUAE CyMMbl BK1afoB OT Tpex
aTOMHbIX XapTpu-POKOBCKUX guarpaMmM BTOPOro Mopsiika B eCTECTBEHHO BO3HU-
KaloLwen 34ecb TeOopuMM BO3MYLLEHMI A Ha BOAOPOAOMNOAO0GHBLIX (YHKUMSAX (CM.
Tabn. I).

Takum 06pasom BKNagbl OT 3TUX TPeEX guarpaMm BTOpPOro rnopsigka c cob-
CTBEHHO-3HEPreTMYECKMMM  YacTAMM NepBOro Mopsjka YXXe aBTOMaTUYecKu
BKJ/TKOYEHBbI B XapTpU-(DOKOBCKOE NMPUOGAMKEHME, U CeA0BaTeNIbHO, OHW He MOryT
NoSIBUTBLCA B TEOPUWN BO3MYLLIEHNS Ha XapTPU-POKOBCKUX (DYHKLMSIX.
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2. CocTosAHMA C OTKPbITbIMAN 3NEKTPOHHBLIMUA 060104KaMK

OrpaHu4Mmcsa 34ecb PacCMOTPEHUEM BbIPOX/EHHOrO COCTOSIHMS atoma C
3arno/IHEHHbIMW 3/1EKTPOHHbIMKU 060104KaMu nl1£f0 1 OTKPbITO 060/104KOA nal;
BCE OCTa/lbHble MYCTble 3/IEKTPOHHbIE 060/104KK 3TOr0 cocTosHMA nl£g0. Bonee
TOro, Gyfem paccmaTpuBaTh 34eCb TOIbKO MPOCTelLIniA cryyail HemoBTOpPSIHOLLE-
roca TepmMa SL KoHurypaumm 1,, rge g — YMCNO 3MEKTPOHOB B OTKPbITON
o6onouke.

OnATb Mbl paccMaTpvBaeM TOYHOE COCTOSIHME FamuibTOHMaHa Ho 1 cooT-
BETCTBYIOLLIEE €My, HO HEM3BECTHOE HaM COCTOSIHWE, MOSIHOFO ramusbToHWaHa H
Tak 4TO paccmaTpvBaeMoe COCTOSIHME WMEET 3HEepruo

EO= 2 2(2/,+ 1)eniil + q2(2la+ 1)el%a; (36)

COOTBETCTBYIOLLIEE €My COCTOAHME MOJSIHOro raMmuibTOHMaHa WMEET 3HEPruto
EO-pNE, (37)

CornacHo o6wen Teopun [4] BennumHy JIE Hy)XXHO NpeacTaBuUTb B BUAE
CYMMBbI

NE = AEO+ NIE', (38)

npuyem EJ1a — 3T0 Be/IMUMHA 471 HEBbLIPOX/AEHHOI0 cOCToAHUA ocToBa n~C/o,
B KOTOPOM OTKpbITas 060/104Ka nala nycras; aTa BeNMUYMHA JaeTCs CYMMOW BKNa-
[0B OT COOTBETCTBYHLLMX aTOMHbIX (DeMHMaHOBCKMX Auarpamm 6e3 BHELLIHUX
NVHWIA, cm. § 1

CornacHo obwein Teopun [4], 4TO6bI BbIMUCAUTL BeMUMHY JIE', HY>XHO
pelaTb CeKyfnspHble ypaBHEHMA C maTpuuein M Mo MHAeKCy a MOBTOPSEMOCTM
Tepma SL paccmaTpuBaemoit KoHdurypauum 1B Tak KakK Mbl paccMaTpuiBaem
cnyyaii HenoBTopsloLlerocs TepMa SL, To, cfefoBaTeslbHO, HaM He HYXXHO pe-
WaTb HUKAKUX CEKY/APHbIX YPABHEHWUN, & HY>XHO MPOCTO BbIYWC/UTL COOTBET-
CTBYHOLWMA AMaroHa/IbHbI MaTpUYHbIA 31eMeHT Matpuubl M, nbo B paccmat-
pvBaeMOM C/lyyae yKasaHHble CEKY/ISIPHbIE YPaBHEHUA CBOAATCH K COOTHOLLEHWIO

NE' = M (K lay SL,(nja«SL;TE"). (39)

[naroHanbHbIn anemeHT (39) maTpuubl M faeTcs CyMMOW BKafoB COOTBET-
CTBYHOLLMX aTOMHbIX gMarpamm ¢ ABYMS, YeTbIpbMS U T. [. BHELUHUMMW 3/1eKTPOH-
HBbIMU NIUHUAMM; HY>KHO paccmaTpuBaTthb TONbKO AvarpaMmbl C YUC/IOM 3/1EKTPOH-

Acta Physica Academine Scientiarum Hungaricae 27, 1969



360 B. B. TONIMAYEB

HbIX JIMHWA MEHbLUMM WM PaBHbIM YABOEHHOMY YWCNY 3/1IEKTPOHOB B OTKPbLITON
obono4ke 2q.

MpaBnna cocTaBneHVs BKAaJ0B OT TaKMX AuarpaMmM C BHELUHUMW JIMHWSMU
npu U=0 nogpobHO pa3obpaHbl B [4], M 34eCb HET HEOOXOAMMOCTU KX MOBTO-
pATb. EAWHCTBEHHO, YTO BaXKHO, 4YTO B paccmaTpvBaemom crydae UpO wbl
MMeeM B TEOPUM KPOMeE YeTBEPHOrO0, TakXXe W NapHble BepTekchbl, cM. § 1

[narpammbl hakKTUYeCKM COCTaBASATCA TObKO A7A TOr0 Ccnyvas, Korga
UNCNO BHELLIHUX 3MIEKTPOHHbLIX JSIMHWA B TOYHOCTM PaBHO YABOEHHOMY 4uCy
3M1eKTPOHOB B OTKPbITON 060M04Ke [4]. Ecnm OHO MeHbLUe ero, TO Hajo Mosb30-
BaTbCA (DOPMYJION pefyKLUMK, KOTOpas B C/lyyae paccMaTpuBaeMoro COCTOSIHWSA
(nJa)eSL NpuMHUMaeT BUA 418 CYMMbl BCEX AMarpamMm C 2p CBOOOAHbIMM KOHLLaMK

Mp((nalauSL; (nala)dSL; AE') =

:0%5’I'N9 SL, IPocS'LBRS'L", MSL) X

X Mp((nala)PocS'L'; (nala)PBS'L'; AE"). (40)
Pa3symeeTtcs
M= 2 mp. (41)
p=1

Mpn cocTaBneHWM BbIPKEHUS LA XapTpPU-(OKOBCKOM 3Heprum EHF
HaM 3[ecb HeobXo4MMO PaccMOTPeTb TO/MIbKO Auarpammbl MepBoro Mopsafka; B
3TOM MOPSAAKe VMEKTCA Avarpammbl TO/IbKO C ABYMS W YeTbIPbMS BHELLHUMU
3NEKTPOHHBIMW JIMHUAMW. TaK 4TO PAaKTUYECKN HaM HY>XHbl BenMUuHbI g 13 (40)
TObKO Np p = 1unp = 2.

Vicnonb3ysa obLlee ycnoBmMe HOPMMPOBKM BEIMUUH §, MOXHO Cpasy ornpege-

Tb nx gna cnydas p = 1. OeACTBUTENbHO, COF/IaCHO 3TOMY YC/I0BUIO
Y g(lgSL, IP«SX'; KocS'L', BSL) = qgi (42)
us'L’ pl (q- PY-

M oTcloga B cnyyae p = 1 cpasy nonyyaem
g(4 SL, la) = q. (43)

ANns p = 2 BeNMUMHBLI g CriefyeT CheluasibHO pPacCYMTbIBaTb, WCMOMb3ys
MX BbIPAXEHWUSI Yepe3 COOTBETCTBYIOLLME TFeHeaslormyeckume KoaduumeHTsl. Mbl
NpuBOAMM 34ecb TabnMubl 3HAYEHUI COOTBETCTBYHOLUUX BEMMUMH ¢ B BaXHbIX
YaCTHbIX Cnyyvasx
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g(p3SL, p- S’V) g(p4sL, p2S'L))
pVp2 LS zp D pap2 45 P ID
& 0 3 0 4 4 3 5
3 3
zp 2 3 5 2p 1 4 5
3 2 6 3 3
D 0 8 3 'D ! 3 8
2 2 3 3

(gp5SL; p2S’LY)

p7p2 IS 3P ID
zp 5 6 10
3

OcCTaBnsAA BKNadbl aTOMHbIX (PEMHMAHOBCKMX [AMarpamMm, TO/bKO MEepBOro
nopsiagka, Mbl mosyuum ans ennuunHbl AE'HP ana BknagoB guarpamm nepBoro
nopsigka B cnydvae q—p.

2. 1) Ro(nlhi nahi nalainlh) i
nj, e/,

— Jz. Nl + v ~.[hhi]2RI(nlhinahinlhinah)i
nj.if, |

(1 "S‘,I/Z,I/Z—I RI{nahi nahi nahi na”a) X

X[gwnwTt-m H AW

na’ )’
Hala Mla

M OKOHYATEeNbHO A/ MOJIHOW XapTPU-(POKOBCKOM 3HEPTUM paccMaTprBagMoro
coctosHua (nJa)gqSL

Enp= 2’22+ 1)/(B, /) +
nnejl.

+2 nAiL2, nJ_2£f0{2h + 1) (2/2+ 1) AQ(rLhi n2hi ni hi ni h) —

bl 20+ 1) (2/2+1) ~ [4h WR2RKni hi n2hi ni hi nrh) +
n/,€ 0"Al. i

+/ Wda+ 1) [ya, +
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)-4 N . (2la 1) (2™ -(- 1) Ro(nlh* na na”g nlh)

n,/i IT,

— 2 ,\16/ (2la-b 1) (271 + 1) 2I Uah IYRI{nalai nl h’ naKi rai~nyy +
(6] 1
+ 2 2 gdisL, us'Ly) (- )*{1&} x
| S'L’
x (2la+ D2[/,lalf R[(nala nala;nala, nala), (44)
rae/=pg/2(2/a+1), v 3Ta BeIMYMHA XapaKTepmn3yeT CTeneHb 3aM0/IHEHNS 3/1eKTPO-
HaMM paccMaTpUBaeMO OTKPbITOM 060/104KMN.

B BaxHOM cnyvae la= 1 gnsa coctosiHuiA (ngp)oSL PyTtaH [3], ucnonb3sys
npouesypy YCpefHeHUS 3HepruuM Mo BCEM COCTOSHWAM faHHOro Tepma SL,
Nony4nn BbipaxKeHune

EHF= 22 H k+ Y (21lbl- KK) +
K kil

+f\|22Hm+22 (21km - K kT) +
T km

+f2(2a|mn~erm)}. (45)

mn

34ecb MHAeEKCbl K, | OTHOCATCS K 3amMofIHEHHbIM 060/104KaM; WHAEKCbl T, M—K
OCTa/ibHbIM 060/104KaM. [fanee K= (mu"Tt4, 1= (N22T,) n T. A.

I~ Ko(LLLfp n272 V2“2 nlh) *
KK | [ P412R-{n17 ¢ "2 72 ~ML7T N2 %)

nT. 4. BolpaxeHue PyTaHa (45) nonHoCTbiO coBnagaeT ¢ Hawum (44) npu la= 1,

npuyeMm Mbl MosyvyaeM 00LiMe $IBHble BbIpaXXeHUS ANA KOIPPULMEHTOB a, b
PyTaHa

6=~ L SL;p2S'L") (- L {iTi-}. (46)

6a- b= 1f- YyP2sL;P2s'LY) (- )=~ {}}1}. (47)
3“ S'L*
Mo aTum copmynam Nerko coctaBuTb Tabnnuy 3Ha4YeHUi KoapuUMeHToB a, b,
NOSIHOCTBLIO COBMagalwlyo Cc npuBegeHHolW PytaHom [3].

p- P P1 P5
5 P 4y & 2P o s P o 2

. 0 3 9 . 2 4 3 15 69 24
4 20 3 5 4 16 80 25

3 3 4 9 27 24

—3 2 10 2 0 5 0 8 40 25
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BblpaxeHue (44) MOXHO TaKXe CpaBHUTb C npuBoAbiMum XapTpu [2],
KOTOpbI/A MCNOMb30Bas Mpoueaypy YCpPeAHEHUS CaMOCOr/slacoBaHHOro Mons Mo
pasnU4YHbIM HanpasB/ieHWsIM B MPOCTPAHCTBE. JTO BbIpaXKeHUE UMEET CreayrLnii
BUJ

Eup = t/j h) f- ~ ih ih 1) Mo(ni i) 4"
ap= g5, afnth) b+ srafnin) (@in) - 1)%mni N

+ qniY q{nih) M(@hin2y A AAh i Fi(nihir@h) ~
ma € 6t ﬂZIﬁ /0 6/0
M S gy
A Gi(ni hi nih) +
Hj/o(_b%é})\Aﬁrﬂm%fo
g(nala) I(nala) + g (nja) A AKyAOKAan +
€lo
+ Eqinala) (a(nata)y~1)yFoK hi nagq —
N AR
oyt
—A/ A | iiK «OY o 48

CpaBHuBas (48) ¢ (44), nony4vaem siBHble BblpaXXeHUA Ansa KoahpuumeHToB XapTpu

Bw ~2(2/a+1)(2/1+ |)[1 , (49)
wrm - ogtmsnso |

X (2Ze+ D2[lalalf (50)

Mo sTum hopmynaM MOXXHO COCTaBUTb Tabnuubl 3HAYEHU 3TUX KO3(PHULMEHTOB,
MOMIHOCTbIO COBMAaAaroLine CO 3HAYeHUAMM M3 Tabnuu, MpUMBOAMMBIX B [2].

An An An

pal 0 2 p*/l 0 Q < 0 2
—1 _ A 4 -3 A >s —6 0

5 5
P 1 2 —3 0 P —6 3
5 5
ID —1 1 D 3 A 1D —e 9
—5 25 25

An

pt/l 0 2

» —10 3

HT
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Brmerum, uto BBMgY Toro, uto | N0 (- Hu oU,la,L*  © 4TO
in 2la+ |
[Vao] = , Mbl MMeem
2ia + |
AL 0= - ?2(? - 1) (51)

MonyumMm Tenepb XapTpU-(POKOBCKME YypaBHeHWUs. BBOASA MHOXUTENM
NarpaHXa W Bapbupysl BblpaXKeHue

FHP = EHp-- J? 2@/j + 1) emll T 2dr Rnih{r) Rnitl(r) —
n./.elo Jo

- 2(2la + I)/em{eJI r2dr i,,,,.(r) R n,ufr) —
0

— @r°+ 4 (Z4+ 4 "W "«"i) Bdr R mlAr) Rn.t.{r) -

-4 vV 2+ 1) @2/, + 1) en,zint r r2dr R nau(r) R mh(r) . (52)
nnen o

TO eCTb pacKpbiBasd B ABHOM BWAe BapunauWOHHbIe YyC/10BUA

<5K| F o 6K-IF -0, (53)

ORmh(r) ' N

nosly4yMM XapTpu-(hOKOBCKME ypaBHEHUS B C/lydae COCTOSIHWIA C OAHOW OTKpPbITOM
3NeKTPOHHOM 060n04Koli (nala)dSL ¢ HenoBTOPAKLWMUMCA TepMOM

2 1+1) ; 2z

dr2 rodr r2 Aal(0 -

—4 y (2z+ 1) rfdr, Ani/l(rj) Z3,,(r, 1)) B ni/l(r,) jRI((r) +
Mn./.6l. Jo

+ 2 A 2/, + 1)~ [2,2272 I rfdr, 0.0 (r,) £7r(r, r,) i?n,(r,) Amil(r) +
nA€/o r [o

+1-4(2/a+ 1)Jr’\ rfdr~2n) UO(r,ri)Rras(ri)Rnl(r) +
(0]

+ 2@Za+ 1) , K «TJ ridr RraU(M) ur(r,r) A, (r)in,n@ +
o

+ 2enirnl (1) +/4(2Za+ 1) ’n0J1R nalagr) — 0 » (54)
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2 d 11+1) 2y

dr2 r dr r2 + RnJar)

—_

- 4/ £ (21,4-1) ("« rfdrj Rnill(ri) USr, Y TW h) A,,.,.(r) -
Jo

+ 2/~ (2/,-hDAMJT rldr*MUrMRnNArSRnAYT)-
«AcC,, \Y Jo
~(2la+ 1) 2 1~ g (1asL;11ST % -1A jlJal'\[lalal']2 X (55)
rsi 1'a‘a-~J

X I rfdlyRnjalri) U,'(r, M RnjSri) Rnjar) +
J

+ 2 /En 1 And.(r) + 4/ (2~-f 1) Snda.nARnik (r) --- 0,
N4YElo

npuyeM umeem el{rOr¥l= zn.niiai, Pas3ymMeeTcsi, 3Ty BaXKHY BENYMHY Mbl He
MOXeM MPOCTO MOMOXWUTb paBHO Hynto [2].

3. WHTepnpeTaumsi ypaBHeHuii XapTpu-dokKa A1s OTKPbITOW 060/104KM
(nala)gSL Ha aTOMHbIX (heliHMaHOBCKUX Auarpammax

MocTynum Tenepb Tak e, Kak B KOHLUe § 1 B c/lyvae 3aMKHYTbIX 3/1eKTPOH-
HbIX 060no4YeK. Bo3bMeM xapTpu-okoBcKMe ypaBHeHus (54), (55), npeigem B
HUX B NpeAcTaB/ieHMe BOAOPOAONOA0OHbIX PYHKUMIA (25), (26), (27) n paspenm
NosTlyYMBLUMECS YPABHEHUS MO TeOPUW BO3MYLLEHWIA. 3aTeM MOoACTaBUM 3TW Mpu-
6/MXKEHHble peLleHUss B BblpaXKeHWe Ans saHeprum (44) n nonbiTaeMcs UHTEPRpeTu-
poBaTb BO3HMKaKOLLMe TaM pasin4vHble BKIadbl B XapTPU-()OKOBCKYK 3Hepruio
Ha aTOMHbIX (heliHMaHOBCKMX AmarpamMmax. TaK Mbl YyCTAHOBMM, C KaKoro pofa
Aunarpammamun cBs3aHO npubnamxeHne XapTpu—>doka B c/ydae OTKPbITbIX
060/104€eK.

He 6yaem 3aecb BbIMWCbIBATb MCXOAHble TOYHble ypaBHeHWUs ansa C, nonHo-
CTbl0 aHanoruyHble (28), (29), a cpasy npuBeAeM YypaBHEHWS MNepBOro nNpubau-
XeHus

= h'n 4 elivn 4- . %9 (56)
= + o+ (57)
— enllariili + ome o (58)
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Vimeem ans yHKLUMA 3aMKHYTbIX 000/104eK

(Enil - Eri) c'« +
+ 2 V (21,-h)«g ("i n2Zni,n,1,)-

nJitf.
— Y (2Z1+ 1)~ '[11ZARBg(«, I*n2l; n A nl) +
njl€/, K
+ / {2(2/a+ 1) W nala n2Z nl, nala) — (59)

—(2/a+ 1) 1?[1all 2R I(nala n2l; naigra2)} —
K
—4Vv -/ 220+ 1)4Vnl. g}, .P,.= 0
n ana GQYyHKUMU OTKPbITON 060/104KN

I (En, - EnB)axs. +

+ 2Y (2zj-h1) Z6(nl1 M'n2lai na”ain\*Il)
kj,a.

—f ¥, V,1afc]2E° (n11v n2la>nli» nala) +
n\lif 0

+ (ezar \)2 2g(HSUHS'L’)(-\)1 '2'ak ] (60)

K s'L’ iala L'\
X Ualq Ne (nalgp 270 N la)

f4l4,na- 2/ 2 (ZA+x)41,.n4N4/,=0.

KpomMe TOro, 13 ycfioBuii HOPMMPOBKM WMEEM

40t + 4G 1 = npwu n, 1£/0, n2lI£f0, (61)

0
0

4al + 4$. npwu n, lag/Q, = 0. (62)

B pesynbTaTe BbIYWUCEHWIA Mbl MOMyyaeMm CreayloLWnin pesynbTaT. dHeprus
nepBoro nopsinka E@H BKAovaeT B ce6si BKAadbl OT BCEX COOTBETCTBYHOLLMX
aumarpamMM MepBoro nopsiika, M MosToMy ee He Haflo paccmaTpuBaTb. JHEpPrus
BTOporo nopsigka E$P, HanpoTuB, He BK/OYaeT B ce6s1 BKIAAbl BCEX AMarpamm
BTOPOro nopsiaka.

Mpexae BCero, CyLecTBYeT 60/bLUOE KO/IMUYECTBO AMarpaMm, CoAepxKallimx
COBCTBEHHO-3HEPreTNUYecKMe 4acTu MNepBOro nopsigka, BKAadabl KOTOPbIX MON-
HOCTbIO BK/OYEHbl B E 1! 3T gnarpammbl M300paXkeHbl HUXe, KPOMe 04eBU[-
HbIX BaKyyMHbIX fuMarpaMM, OT/IMYaAOLLIMXCS OT MPUBEAEHHbLIX B Ta6n. | ans
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Tabnuua |

Bknagbl BakyyMHbIX XapTpu—(OKOBCKMX Anarpamm BTOPOro nopsaka

1
®P2 "nili

T8 2 ore1>2

X 2 (27+1) A8("hi. "A; "2*2."A)
Wie/«

1
8 2 (2%2+1) 2 — .
*VI22 Enj,,
X 02" (2%1+1) RO ("1 *L"2%2? «2%2."1*1)j X
y=*.€/. ;
X 02 N +1)~ cpE2pesenr v B2
+nel. |
1
2 > (22+1) 2 v. X
elc NAU. Fe*-**¢*
X ( (2124 1) A [ * P2%)2-RI("i*,"2%2;"i%1."2%2))"
++£€/ :

3aMKHYTbIX 060/104eK TONbLKO TeM, 4TO BMecTo g0 Hafo noctaBuTb Tenepb g0+ nal;
NPUBOASTCA TaKXe BK/aAbl 3TUX AMarpamMm, COCTaB/IeHHble MO 0BbIYHBIM MpPaBU-
flam CcoCTaB/IEHUA aTOMHbIX (heliHMaHOBCKMX anarpa Mm(cMm. Tabn. Ha, 116, I11).

Kpome BKNafoB OT yKasaHHbIX Anarpamm C COBCTBEHHO-3HEPreTUYECKUMMU
yacTsiMM NepBOro nopsigka BenmuuHa E N cofep>XuT Takxke Apyrue BKAagbl,
fuarpamMmHasi UHTepnpeTaLms KOTOPbIX 3aTPYAHUTENIbHA UM JaXe HEBO3MOXXHaA.

3TN HegnarpaMMHble BKIadbl Mbl TEM He MEHEe MOXEM KaK-TO OCMbICAUTbL Y
NPOBEPUTbL MNPaBWUIBHOCTb BbIYMC/EHHbLIX KO3(PPULNEHTOB Mepes HUMU, €c/u
paccMOTPMM 0YeHb YacTHbIN Ciydail, Korja paccmarprvBaemMasi OTKpbiTas 060-
fIoMKa MOMHOCTbIO 3aHATa 3/IeKTPOHaMU, TO eCTb KOorfa WMeKTCs TO/bKO BaKy-
YMHbIe Avarpammbl 6e3 BHELLUHWX KOHLOB. Bce 3TM BKNafbl 0Ka3bIiBAOTCA 04YeHb
Ba>KHbIMMU.
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Ta6nuya 11

Bknagbl XapTpu-)OKOBCKUX AMarpamMmm C fBYMS BHEWHWMMW NWHUSMU BTOPOro nopsgka

2G0 -8/(2/8+1) i?
"3LID‘0 élﬂ,‘g_EnJa
P P
X 1 A @O+ 1) KdnA» n2ndideni Al
KrLlldo '
262
8/(2 ra+ 1) " "fV  fT X
€/, &MT* EnJa
X i J-f (21i,4-l)iig(ralll, nrla; nala,
Wl.e/, 1
2H,)
8/(2 /B+1) ~
1 * En,U Ena'a
O -
x 12 (24i+ 1) F0(NJi, nda-, "Jen ni/) ) x
2H,) Vi.€l ’
X 1 2d (2/4~1) X [/y]2*(nfi> n2~dnih~nJa)\
Kn,I~f0 | ’
21,
)O —8 /(2ia+ 1) 2
njUfo EMa® EMt
I 2 (217i+1) K|!(nA, ntla; na'a, reri)) X
24 © (VAN
C - i 2 w1 2 UDYRAFi ; revfial)
\Ah,i,€/. | ’
231
-2/ (21e+1) m 0 -T X
1 " «(»€0 £"2“ bn**
- - X 0~ (2li-f-i) PAN2NI(»A. "2%% *A " A)T
V/i€lo i '
23)
2/(2 ia+ 1) F r X
RaClo ElMaa Elra
x | @po+ )y  |AMI~ Ri(nllli NA» NIA)1
4/i€lo |
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Tabnuua 116
Bknagbl XapTpu-(hOKOBCKMUX AMarpamm C [BYMS BHELIHUMW AUHUAMU BTOPOro Mopsgka

1
- 16/(2 B+1) 2 (2%2+1) 2 — )
nJitfc nasfgatnala Eriit,—Entl,

X R q (IO n212>ng/n) X

X (2

(2 1i+1) 4A8(n,/,, ndi2; n22, ra/
V/.elo

1
8/(2/a+1) 2 2'2+ i 2
(27a+1) ( D En;u—Enj,

X Rq(o,q/p,, n2/2; nr]a) X

X (2 (2ii+1) 2 iIM 2R°IAA,nJif-,nll,ntlt)
4*1€ » /

8/(2ifl+1) 2 (272+ 1) 2 -, , X
n./.0. niUtga+ nJa  "s*  "y'
X A'\/ [Y 2]25"(nciai "2~2’ nih) X
X A 2il-}1) 4, N2272n2i2i v/ j)
4*1 e/»
. 1
-4 /(2iatl) > o(2/2+1) .
Hi/s6/o n2l,£g0+ nJa En'U—En.I,

x 1J?

X PAY*g" (ndq TJ2" nala, »A) X
J

(21t+ 1) ,21[1,1,4% TU fK [i.i*;«1/,.»,/,)
i
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Tabnuua 111
Bknagbl XapTpu-(OKOBCKMUX AMarpaMmMm C YeTblpbMS BHELUHUMW NUHUAMU BTOPOro nopsagka

2%+ Hr ,,

8 2 EnJa—EnJ,

nlai ,

X2 @rfi+1) Rovi- "ry va.vi))

Ur>€/. 1
\lj

[2 2 &/aSL;1SLY)(-1)*- 1al

Vg, (7ataL, J

X [rrarl2p ? k / n)

. N @iar D)2
8n]r “Enda e X

xi 2 (2Jj+1) Ag("iii*Vat Va. Vi))

X [yun2R'I(nJ = naa, rca/a)”
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-4 2 En,la—EnJ
TPo€/« ” !
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Act» Physica Academiae. Scientiarum Hungaricae 27, 1969



WHTEPAOPETALUNA METOAA XAPTPU—®OKA 371

4. 3aK/o4eHune

WccnefoBaHue, NpoBefeHHOe B HACTOsILLE cTaTbe, MOKasbiBaeT, YTO He-
CMOTPSl Ha To, YTo MeTog XapTpu—®PoKa B cay4yae COCTOSIHWIA C 3aMO/IHEHHbIMY
3M1eKTPOHHLIMU  060/104KaMU  [IONYCKAeT MPOCTYH HarfsafHyl AvarpaMMHYIo
WHTEPrpeTaLuio U CBA3aH C YaCTUYHBLIM CyMMUPOBaHWEM JMarpaMM, NMoCTPOEHHbIX
13 COGCTBEHHO-9HEPTeTMUECKUX YacTeil MepBoro nopsigka, B c/iyyae COCTOSHWIA ¢
OTKPbITbIMM 060/104KaM Mbl He WMeeM 4ero-nnéo nofoGHOro.

MpuénuxeHne XapTpu—>doKa B C/yyae OTKPbITbIX 060/104eK He WMMeeT
MPOCTO MHTeprnpeTauny Ha S3blKe aTOMHbIX (PeliHMaHOBCKUX fAuarpamm.

3TO CBSI3aHO BO3MOXKHO C TEM, YTO 9TU YpaBHEHUS He NoMydeHbl B CYLLECT-
BYIOLLIE/i TeOpUU MaTeMaTuuecku nocnefoBaTe/lbHbIM 06pa3oM. C 0fjHOIA CTOPOHBI,
MCMO/b3ysl Ha pasHbIX OCHOBAHUAX OP6UTANN 3aMKHYTbIX OTKPbITbIX 060/104eK
Nnpu COCTaBMEHWN OTAENbHbLIX AETEPMUHAHTOB, Mbl KakK 6bl XOTUM Y4YecTb MOJ-
HOCTbIO TOXAECTBEHHOCTb 3/1EKTPOHOB OTKPbLITOW 060M0YKM C  3/IEKTPOHAMM
3aMKHYTbIX 060M104eK. C Apyroil CTOpOHbI, OTKPbITasl 060/04Ka B W3/araemoit
TEOpWU CYLLECTBEHHO OT/IMYAETCA OT OCTallbHbIX TEM, UTO OHa Bcerjga Hesamnos-
HeHa. B03MOXHO 60/ee MpaBW/IbHO, YTOGbl BOCCTAHOBWUTL MOJIHOCTLIO CUMMET-
PUI0 MEXAy SMeKTPOHAMM 3aMKHYTbIX 060/104eK W OTKPbITOW 060/104KK, Mbl
JO/MKHbI paccMaTpuBaTb MPW COCTABEHUWN NIMHEWHON KOM6MHALUKN AeTepMUHAH-
TOB TaKXe TaKue, B KOTOPbIX 3/IeKTPOHbI 13 3aMo/IHEHHbIX 060/104eK MOTryT Mnepe-
X04UTb B OTKPbITYIO 060/104KY U Aa)ke BOOGLLE MOSTHOCTbIO ee 3anofiHUTb. TeM
cambIM 3ano/fIHeHHble 060/I04KU B HEKOTOPbIX AeTePMUHAHTax TOXe CTaHOBSTCS
OTKPbITLIMK, & OTKPbITash 060/104Ka MOXeT GbITb 3anO0/IHEHHOA
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INTERPRETATION OF THE HARTREE—FOCK METHOD AS THE METHOD
OF PARTIAL SUMMATION OF ATOMIC FEYNMAN DIAGRAMS

V. V. TOLMACHEV

Summary

The Hartree—Fock method is now the basis for almost all numerical calculations of
characteristics of atomic and molecular states. So its interpretation as the method of partial
summation of some class of atomic Feynman diagrams is very important. This interpretation
permitsusto understand deeply the sense ofapproximation inherent inthe Hartree—Fock method
and also the reasonsof its peculiareffectiveness which werealize for example in calculations of
ground states oflight atoms. As a result we will be able to construct on the basis of the Hartree-
Fock method the different theories of electronic correlations more thoughtfully.
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WELLENMECHANISCHE STRUKTLRUNTERSUCHUNG
AM Li4*

Von

R. Janoschek
MAX-PLANCK-INSTITUT FUR PHYSIK UND ASTROPHYSIK, 8000 MUNCHEN 23, BRD

(Eingegangen 20. I1. 1969)

Das Atomsystem |,i, wurde mit Hilfe des SCF-MO-LCGO-Verfahrens fur verschiedene
Kernkonfigurationen berechnet. Li4 erweist sich als nicht stabil. Anhand der dargestellten
Poteutialflaichen werden Anordnung und Eigenschaften des Lithium-Metallgitters diskutiert.

Einleitung

Das Atomsystem Li4, das bis jetzt experimentell nicht beobachtet wurde,
ldsst sich weder dem Molekilbegriff unterordnen noch kann es als Elementar-
baustein des Metallgitters betrachtet werden. Seine Existenz ist jedoch ent-
scheidend daflr, ob sich Lithium-Metall in der Gasphase bilden kann aus Li2.
Auch im Falle der Instabilitdt des Li4-Gebildes lassen sich aus den Potential-
flachen fir die Reaktionen 2 ¢ Li2;="Li4 und 4 «Li*=2Li4 fir tetraedrische
oder quadratische Anordnung der vier Lithiumatome Tendenzen fir das Metall-
gitter zeigen.

Methode

Die Berechnungen wurden mit dem SCF-MO-LCGO-Verfahren durch-
gefiihrt. Bei dem verwendeten Funktionensatz zur Beschreibung der Elektro-
nendichte wurden jeweils vier Gaussfunktionen in jedes Atomzentrum gesetzt
zur Darstellung der s-Funktionen [1]. Zur besseren Beschreibung der Elektro-
nendichte zwischen den Atomen wurde bei rechteckiger Atomanordnung je
eine Gaussfunktion in die Mitte zwischen zwei Li-Atome gesetzt. Die exponen-
tiellen Parameter dieser Gaussfunktionen wurden fur jede Kernkonfiguration
erneut variiert. Bei der tetraedrischen Atomanordnung wurde je eine Gauss-
funktion in die Verbindungslinie Tetraederzentrum — Atomzentrum gesetzt.

*Herrn Prof. Dr. P. Gombas zum 60. Geburtstag gewidmet
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Ergebnisse

Die Energieflachen fir die Bildung von Li4 aus 2 < Li2 oder 4 «Li sind
qualitativ in Abb. 1 dargestellt. Das obere Feld gilt fir die pyramidale Atom -
anordnung, das untere Feld fur die rechteckige Atomanordnung. Verfolgt man
die Energie entlang der Winkelhalbierenden (Rt= R2),so erhdlt man die beiden
Potentialkurven fir den tetraedrischen(T) und quadratischen Fall (Q) inAbb. 2.
Das relative Energieminimum fir das quadratische Li4liegt bei einem Atom -
abstand von 5,484 at. E. (2,902 A). Die Gesamtenergie betragt —29,63435

Abb. 1. Potentialflachen fur Li,

at. E. Diese Energie liegt um 0.79 eV hdher als die von zwei getrennten Li2-
Molekilen und um 0,52 eV tiefer als die von vier getrennten Li-Atomen.

Die errechneten Molekildaten von Li2sind in Tabelle | aufgefuhrt, wobei
die experimentellen Werte in Klammern stehen.

Tabelle |
Errechnete Molekildaten von Li,; (experimentelle Werte in Klammern)
Gleichgewichtsabstand 2.728 A (2.672) [21
Gesamtenergie -14.83163 at. E.
Tonisierungsenergie 451 eV (4.96) 13]
Schwingungsfrequenz 374 cmM 1 (351) [4]
Dissoziationsenergie 0.65 eV (1.1) 4

In Tabelle Il ist die Abstossungskurve zweier ein Rechteck bildender Li2-
Molekile aufgefihrt.
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Tabelle 11
Li2—Li2-Abstossungskurve

Li2—Li2Abstand Gesamtenergie
E] [at. E.]

6,0 —29,64069

8,0 —29,65566

10,0 -29,65974
12,0 -29,66189

® -29,66326

Diskussion

Vergleicht man die beiden Potentialkurven der Abb. 2, so bemerkt
man, dass die Gesamtenergie des quadratischen Li4 geringer als die des tetra-
edrischen Li4ist. Daruber hinaus weist das quadratische Li4 ein Energiemini-

Abb. 2. Potentialkurven fir Li4, tetraedrische Anordnung (T), quadratische Anordnung (Q)

mum auf, das sich nach Abb. 1 zwar nur als Sattelpunkt herausstellt,
aber deutlich die quadratische Struktur gegeniiber der tetraedrischen energe-
tisch bevorzugt.

Diese Tatsache kdnnte schon entscheidend sein bei der Anordnung des
M etallgitters. Lidist energetisch glnstiger in einer Form mit zwei dquivalenten
Nachbaratomen (Quadrat) als in einer Form mit drei d&quivalenten Nachbar-
atomen (Tetraeder). Auf das Metallgitter ibertragen kann man sagen, dass
Lithium nicht in einer dichtesten Kugelpackung vorliegt sondern in einer kubi-
schen mit geringerer Koordinationszahl. Die Ergebnisse des quadratischen Li4
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in Tabelle Il zeigen, dass die Energiefliche des instabilen Atomsystems den
M etallcharakter bereits andeutet, ndmlich Erniedrigung der lonisierungsener-
gie und Vergrdsserung des Atomabstandes durch Delokalisierung der dusseren
Elektronen.

Tabelle 111

Atomabstand und lonisierungsenergie von Lin; (experimentelle Werte in Klammern)

Atomabstand lonisierungsenergie
[A] [eV]
Li — 4,98 (5,39)
Li2 2,73  (2,67) 4,51 (4,96)
Li4 2,90 3,31
Li-Metall (3,04) (2,46)

Die numerischen Rechnungen wurden auf der Rechenmaschine G3 ausgefiihrt. Ich dan
ke Frau |. Funke fir die Programmierung des SCF-Verfahrens.
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BONNTHOBOMEXAHNYECKOE MCCNEAOBAHWE CTPYKTYPbI Li4
P. AHOWEK

Pe3wome

C nomoubto meToga SCF-MO-LCGO Bbluncnaetca aTtoMHas cuctema Li4 gns pas-
NINYHBIX AAEPHbIX KOH(Urypauuii. Pe3ynbTaTtbl roBopsaT 0 HectabunbHocTM Li4d. Ha ocHose
npeacTaBAeHHbIX MOTeHUMaNnbHbIX MOBEPXHOCTEN AUCKYTUPYHOTCA PacnonoXeHWe W CBONCTBa
METaNNMYecko peweTKn AnTUA.
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VIBRATIONAL ANALYSIS OF AB INITIO
POTENTIAL ENERGY SURFACES
FOR NITRYL FLUORIDE*

By
M. SCHOENBORN and I. G. CSIZMADIA

DEPARTMENT OF CHEMISTRY, UNIVERSITY OF TORONTO
TORONTO 5, ONTARIO, CANADA

(Received 20. 1l. 1969)

A series of self-consistent molecular orbital (SCF-MO) calculations using the method
of linear combination of Gaussian type functions (GTF), were performed on nitryl fluoride,
using variable geometry, in order to obtain au ab initio potential hypersurface. This hyper-
surface was used to obtain harmonic force constants for an FG matrix calculation, from which
he fundamental frequencies associated with the normal modes were calculated. The calcula-
ions reported here found hypersurfaces for two different basis sets, containing 24 and 44 GTF,
espectively. It was found that using the larger basis set, the values of the fundamental fre-
quencies agreed very well with experimental values, even if the interaction force constants
were scaled from the smaller calculations using 24 GTF.

Introduction

To perform a single near-Hartree —Fock calculation on the 32 electron
molecule nitryl fluoride (NO2F) requires a basis set of 112 uncontracted
GTF [1]. On the other hand a single calculation using the most recent tech-
nique, in which a basis set of 136 primitive GTF is contracted to 40 basis func-
tions [2], requires about 18 hours on the present generation of computing
machinery. It follows that to study the general properties of ab initio surfaces,
where many such calculations would he required, it is necessary to use a much
smaller basis set so that enough points may he calculated. Then, if accurate
results are needed, it may be possible to make generalizations that permit the
calculation of more accurate surfaces with larger basis sets, without having
to calculate a prohibitively large number of individual points.

In this work, uncontracted basis sets [3] of 24 GTF were used for the
preliminary calculation of a complete hypersurface. This basis set consisted
of 3s-type and Ip-type Gaussians on each atom [abbreviated as: (3s, Ip)]. For
the more accurate calculations, cross-sections were taken using 44 GTF (5s, 2P).

All energy values are given in Hartree atomic units. The computations
were carried out using a modified POLYATOM system [4] on an IBM-7094-11
computer.

* Dedicated to Prof. P. Gombas on his 60th birthday.
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The FG matrix calculation

(i) Fitting analytical function to ab initio surfaces

It was found that the nature of the surfaces made least squares fitting of
a general quadratic potential impossible, even in regions very near the minima.
The cross-sections of the surfaces contained an inherent and consistent asym-
metry in the vicinity of the minima, and a “weighted” parabola

E(X) = EO+ a(X - X1 1)

provided an excellent fit to points on such cross-sections. This curve could have
been used to provide anharmonic corrections to the fundamental frequencies,
but within the accuracy of the present calculations, no attempt was made to
include such corrections. Changing the coordinate system in such a way
that x = X —X 0then (1) may be written as (la)

E(x) = EO+ ax2e bx (la)
Diagonal force constants can then be obtained directly from (la).

(d2E(x) \
|l dx2 L O

= (2ae~bx — 4abxe~bx -f- ab2x2e-6x)x=0
= 20, (2)
=1/2 Fxx- (2a)

If a two-dimensional surface is now considered, a study of interaction force
constants is possible. An analogous relative coordinate system is chosen for
which X = y = 0 at EQ00, the absolute minimum of the surface.

E(x,y) = EM+ 1/2 FxxX2e~bx + 1/2 Fxyxy + 1/2 Fyyy2e~*. (3)

If the behaviour of (3) is studied near the minima, for fixed values ofy,
the exponential terms become approximately equal to 1. Then, if successive
cross-sections of (3) are taken aty = 0 andy = by, (3) becomes (4) and (5)
respectively.

E(x,0) = ED+ 1/2 Fxx X2, O]
E(x, by) = (EW+ 1/2 Fyyby?d + 1/2 Fxxx2+ 1/2 Fxyxby. (5)
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Ofthese, it can be seen that (5) is a parabola with respect to x with a minimum
not exactly at x — 0, but rather at some non-zero value of x, say x = bx0,
which can be obtained graphically, or from a least squares curve fit.

From geometrical consideration, the equation of such a parabola with
minimum at Ox0 is

E(x,6y) = E0 1/2 Fxxx2— Fxxxdx0. (6)

Comparing terms in (5) and (6), and taking the limit as by 0,

1/2 Fxy xby = Fxx X x0& ()
d

Fxw= -2Fr, Xor (7a)
dv  y=o.

Thus, at least in principle, the way is open for a rigorous theoretical study of
the normal modes of vibration of a polyatomic molecule like NO2F. This
method can be extended to include anharmonic interaction force constants if
the functional variation of the minima is considered, rather than just the slope
aty = 0.

(iii) Calculation of F-matrix elements (Small Basis Set)

It was found that unnormalized symmetry coordinates could be used,
so that simple bond stretching and bending could be represented by them, since
the constantintroduced bythe degree ofunnormalization was inversely account-
ed for in the calculation of G-matrix elements. The symmetry coordinates used
are shown in Fig. 1.

Calculations with a small basis set provided results which were only qua-
litatively useful, as was expected from a basis set of this size. Four surfaces
were studied — the three pairwise combinations of the three Ax symmetry
coordinates (Sx, SOand S3), and the pair of Bxsymmetry coordinates (S4 and
st).

It should be noted that for bending modes in which the asymmetry was
small, parabola fits were used, rather than the anharmonic potential previously
chosenin Equ. (1). The subscripts of the F-matrix elements refer to the sym-
metry coordinates defined in Fig. 1.

(iii) Scaling of interaction force constants (Medium Basis Set)

Though the force constants obtained by calculations using small (24
GTF) basis sets were quantitatively very poor, it is seen that qualitatively they
fall in the right sequence. (A trial FG-matrix calculation using the force con-
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stants from Table Y11 would give frequencies uniformly too high by a factor
of 3, so the force constants are too high by an order of magnitude.) As the basis
set sizes for the MO calculations were increased to 44 GTF the improvements in
the diagonal force constants were very encouraging, and these new force con-
stants were found to remain proportional to those determined using the smaller
basis set. It was also found in the calculation with the small basis setthat even

TYPE SYMMETRY  COORDINATE FORM
NO,
Ai  Si=-j(Ad[+Ad2  symmetric A
stretch
F-N
Al s2=ad stretch
fSi

0-N-0 IPTY
i SJ=-(A|I3KFAp2=A"
Al Al P23 deformation

NO,
S4=i(Ad-Ad2)  asymmetric SV
stretch
A .
fluorine | /
s 54 ( Aft-Afe) wag
out-of plane
S6=6 \Y

deformation

Fig. 1. Symmetry coordinates for NO2F (unnormalized)

fairly large changes in the interaction force constants did not greatly affect
predicted frequencies. Thus it might be assumed that the inaccuracy introduced
using interaction force constants scaled from those found with the smallest
basis set should be much less than the inaccuracy arising from the use of a
single determinant wave function considerably above the Hartree—Fock'limit.
Since using a very large basis set, calculation of many points on a potential
surface becomes economically infeasible, it was decided that scaled interaction
force constants should be studied in some detail. The formula adopted for this
purpose was

FiuFiy 2
>Fxx Eyy
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Table |

Elements of the G-matrix*

sin a

Ai type
(Ai(l —cosa) + u3) G&H=M
BLtype
{D cosB —d)
{ Dd~
ft . (D + dcosa)2
2d2cosaz * “HWT+ ft e prdicos2al
B. type

*The numbering for thereciprocal masses, fij, is as follows: 1 : N, 2 : F, 3 : O. All other
ymbols are defined in Fig. 1

where the prime represents the new set of force constants associated with the
larger basis set. If only the diagonal elements of the F matrix (i e. Fxx, FYyy, etc.
were computed in an a priori manner with the large basis set (44 GTF) then
the interaction force constant for the basis set, F'xy, is to be scaled. Since the
coordinates x and y used in this description are merely one of the symmetry
coordinates S,(i = 1, ... 6), the force constants are henceforth specified using
the subscripts of the relevant symmetry coordinates. (8) can conveniently be
written as (8a).

(8a)

A comparison of results using scaled and computed interaction force
constants for the larger basis set is included in the reported frequencies and
force constants.

(iv) The FG matrix formalism

Once the numerical values for the elements of the F'-matrix are known
the elements of the G-matrix have to be calculated. These are given in Table I,
using the labels from 1 to 6 of the wunnormalized symmetry coordinates
(Slv . .,Sh) from Fig. 1. Dueto symmetry,the 6 x 6 matrix was blocked to a 3x 3
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(A), a2x2 (B, and a Ix | (B2, block. The fundamental frequencies, v,
can be obtained using Wilson’s method [5], by solving the secular equation

|[FG-A|=0, 9)

which is normally done by diagonalization of the FG matrix product. The solu-
tions, A, of (9) are related to the r, by the equation

h = 4m2c2v\, 10y

Ri)112
2nc

(m)

Equ. (11), however, obtains A from an FG matrix in c.g.s. units.
If A-is obtained using the usual units for such calculations, viz., masses in
a.m.u., lengths in angstroms, angles in radians, stretching force constants in
mdyne/A, bending force constants in mdyne A/rad.2 and stretch-bend interac-
tions in mdyne/rad., then (11) becomes

V,- 1,302 +9 VA - (11a)

Results and discussion

The calculations which used only 24 GTF gave energies of the order of
— 284 hartrees, or only about90% ofthe Hartree—Focklimit.Previous calcul-
ations [6] have also indicated that the force constants found with the minimal
basis sets have been rather inconsistent with those computed with more func-
tions. The calculations using 44 GTF gave considerably better energies, about
99% of the Hartree—Focklimit, and the force constants were expectedto he
much better. The energies for the various cross-sections calculated using 44
GTF, are given in Tables Il to VI. The set of Arcross-sections at the experimen-
tal conformation was used together with interaction force constants scaled
from the minimum basis set using (8a), while the second set of Ar cross-sec-
tions was taken at the absolute minimum of the hypersurface, and was used
to calculate interaction force constants. The Rx cross-sections were used with
a scaled interaction constant only.

The diagonal force constants given in Table V11 are in good general agree-
ment with experimental values, except that the value of the FN stretching
constant (F2) is considerably higher. This result could arise from the way in
which fluorine is represented in the present molecular orbital calculations or
from the method by which experimental force constants are found. Since the
determination of experimental force constants is made by reconstructing the
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Energies for N—O

rNO (A)

1.13
1.18
1.23
1.28
1.21
1.33
1.36
1.39

*Taken to be [7]: Mjp = 1.35A,
but which at equilibrium is 1.23A.

AB INITIO POTENTIAL ENERGY SURFACES

Table 11

symmetric bond stretching (S,)

S,
—300.16445
—300.23121
-300.27335
—300.29566
—300.30113
—300.30211
—300.29953

INF= 1.413A,
ONO = 132°

-300.28293

-300.30310
—300.30784
—300.30467
—300.29780

ONO = 125°, apart from r*o which is varied here

Table 111

Energies for N—F bond stretching (S2)

INF (A)

1.25
1.30
1.333
1.35
1.373
1.40
1.413
1.443
1.45
1.473

experimental

conformation
—300.24245
300.26201

—300.27335

—300.27793

-300.27725

INO= I*BA

ONO = 132°*

-300.29926

-300.30448

-300.30586
-300.30484

—300.30230

* First s exponent on nitrogen taken as 0.42 instead of 0.425 results in slight energy

discrepancy.

Table IV

Energies for ONO bending (S3

<¢ ONO

120°
125°
127°
130°
132°
135°
137°

experimental

configuration
—300.26667
—300.27335

—300.27526

-300.27459

no =
njp =

—300.30727

—300.30784

—300.30566
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Table V

Cross-sections of fi, surface*

S./S, 0 £0.05 A +0.i0 A
0° —300.30701 —300.30180 —300.28893
+5° —300.30472 — —
= =0 —300.29815

*<£ ONO = 132°, rNF = 1.418 A, —NQ|£ NOz- = 1.329 A

Fe matrix from the observed frequencies (and hence the known eigenvalues),
some suitable way of estimating the signs and magnitudes of the off-diagonal
force constants must be determined. Although it is possible then to reconstruct
the observed frequencies, if these off-diagonal force constants are substantially
inaccurate, the numerical value of the resulting diagonal force constants will

also be greatly changed.

Fig. 2. Parabola fit to S, and S2potential curves
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Table VI
Total energy for out-of-plane bending (S6)

S, total energy

0° —300.27289
+5° —300.27213
+10° —300.27059
+20° —300.26488
+30° —300.25491

For example, the off-diagonal force constant for the interaction between
the asymmetric stretch (S4) and the asymmetric bend (S5), was taken [8]
to be -f-1-24 mdyne/rad., giving as the diagonal stretching and bending con-
stants 21.9 mdyne/A and 2.81 nidyne A/rad.2 respectively. This result is rather
unusual in the sense that normally, a lower force constant is expected for an
asymmetric stretching mode than for the corresponding symmetric one. The

Fig. 3. Potential curve for variation of S3
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Fig. 4. Potential curve for asymmetric NO stretch (S4)

Fig. 5. Potential curve for variations of S6
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33
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Fig. 6. Potential curve for out-of-plane deformation (S6)

Table VII
Force constants for nitryl fluoride*

catcutated Hcsted calcotated  reported [8]*  reported [9]**
81.69 22.26 22.26 18.8 25.5
3.61 1.05 1.6 1.49 0.0
1.94 0.572 1.0 1.57 1.82
27.25 8.478 8.478 4.57 2.66
—2.38 —0.75 -0.73 —0.583 —0.808
3.60 1.149 1.149 1.36 2.235
78.12 15.432 — 21.9 19.36
—5.41 —1.649 — + 1.24 0.0
5.366 2.524 —_ 2.82 2.63
— (0.859) — — 0.501

* Units are mdyne/A for stretch, mdyne A/rad.2 for bend and mdyne/rad for stretch-
bend interaction. Subscripts refer to the symmetry coordinates given in Fig. 1.

** Values converted from valence force constants with appropriate charges of normali-
zation for the symmetry coordinates used (Fig. 1).

25%*
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Table VIII

Calculated fundamental frequencies (cm-1) for nitryl fluoride

scaled calculated reported [10] reported [9]
»1 M 1) 1480 1415 1312 1310
vi M) 1030 1060 822 822
3 M) 510 510 460 568
.4 M) 1740 — 1793 1792
VT 465 — 570 560
VC(B.) (880) — 742 742
Table IX

Summary of normal coordinate analysis*

2 Q o Q
h 1.2889 0.6300 0.1549 1.7869 0.1271
vk 1480 1030 510 1740 465
AXr 0.0 0.0 0.0 —0.2293 —0.0569
N 4yi 0.2097 —0.0514 0.0972 0.0 0.0
Nzx 0.0 0.0 0.0 0.0 0.0
a7 0.0 0.0 0.0 0.0238 0.1392
F N 0.0847 0.1420 0.0995 0.0 0.0
Arr 0.0 0.0 0.0 0.0 0.0
Ax3 0.0777 —0.1195 0.1045 0.0862 —0.0578
or 0.0415 —0.0619 -0.1016 0.0220 —0.1224
Az3 0.0 0.0 0.0 , 00 0.0
0.0777 0.1195 -0.1045 0.0862 —0.0578
o, dy4 0.0415 —0.0619 —0.1016 —0.0220 0.1224
Azi 0.0 0.0 0.0 0.0 0.0

*In this notation, the relative values of the cartesian displacement coordinates are
given in such a way that the molecule is lying in the xy plane, with N at the origin and F on
the positive pg'-axis.

calculated surface suggests that this interaction force constant is actually
negative, and if the calculations are repeated assuming — 1.24 mdyne/rad. for
this constant, it is found that greatly changed values of the diagonal force
constants (see Table V11), are obtained; viz. Fu = 16.5 mdyne A and P& =
= 3.58 mdyne A/rad.2 It might be assumed that similar changes would occur
if the symmetric stretch-bend interaction constant (P13 had been taken [8]
as positive instead of negative.
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Fig. 7. Normal coordinates for NO2F

A computer program was used to calculate numeric values of G-matrix
elements and the FG matrix. The FG matrix was diagonalized, yielding the
eigenvalues and eigenvectors. The results of this calculation are given in
Tables VIII and IX and shown in Fig 7.

Conclusion

It can be seen that although theoretical surfaces using the smallest basis
sets give force constants which are too high by an order of magnitude, surfaces
found even with the next larger basis set provide a very reasonable quantita-
tive estimate of force constants and fundamental frequencies. In particular,
the calculated interaction force constants could be used together with experi-
mental frequencies and FG calculations to give a more unique set of experimen-
tal force constants, while the theoretically predicted frequencies might occa-
sionally be helpful in clarifying assighments of the fundamental frequencies.
It is hoped that further calculations using larger basis sets would give even
more accurate predictions.
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BUBPALIMOHHbBIA AHANN3 MOBEPXHOCTEW AB INITIO
MOTEHUWANBHOW 3HEPIUM ANA HUTPUNODIYOPULA

M. WW3HBEOPH u WU. I. YHASMAAWNA

Pes3ome

MpoBefeHa cepus BblYUCIEHWUIA CaMOCOr1acoBaHHbIX MOMIEKYNAPHbIX opbuT (SCF—MO)
AN HUTpunognyopmpaa, NPUMEHAs MeTO4 NMHENHON KombOuHauuum (yHKumidi Tuna [aycca
(QTF) [na nony4vyeHWUs runepnoBepxHOCTW ab initio moTeHuMana NpuMeHseTCs Bapbupyemas
reomeTpusa. [laHHas runepnoBepXHOCTb WCMOMb30BaHa AN MONYYEHUA FapMOHUYECKMX CUIO0-
BbIX KOHCTAHT Ana FG MaTpMyHOro BbIYMCNEHUA, U3 KOTOPOro OMNpefensoTca OCHOBHble Yac-
TOTbl, CBA3aHHbIE C HOPManbHbIMW YacToTamu. [pefcTaBfeHHble B faHHON pa6oTe BblUMCNEHUS
pesynbTUPYIOT TUMNEPNOBEPXHOCTW AN ABYX pasNuyHbiX 6asnCHbIX CeTel, cogepxalimx 24
n 44 GTF cooTBeTCTBEHHO HaligeHo, 4TO NPUMEHAN WNPOKY 6a3UCHYH CeTb, 3HAYEHNSA OCHOB-
HbIX 4aCTOT OYEHb XOPOLUO COrNacyrTCA C 3KCMEPUMEHTANIbHLIMU [aHHbIMW, AaXe B TOM CNy-
Yyae, ec/ii CUNOBble KOHCTaHTbl B3aMMOLENCTBUA OnpejeNieHbl NPUemMoMm, ucnonbsyowmnm 24 GTF.
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DAS KOMBINIERTE NAHERUNGSVERFAHREN*

1. UNTERSUCHUNGEN ZU EINER GEEIGNETEN WAHL
DES EFFEKTIVEN POTENTIALS UND ZUR BERUCKSICHTIGUNG
DER RUMPF—RUMPF-WECHSELWIRKUNG

Von

W . H. Eugen Schwarz**

INSTITUT FUR PHYSIKALISCHE CHEMIE DER UNIVERSITAT FRANKFURT AM MAIN,
DEUTSCHLAND

(Eingegangen 30. VIII. 1968)***

Die Valenzelektroneuniveaus von Alkalimetall- und Kupfer-Atomen werden mittels
der Pseudopotentialmethode berechnet. Von den verschiedenen N&herungsformeln liefert
das kirzlich von Gcombas hergeleitete statistische GkOr-Besetzungsverbotpotential die besten
Ergebnisse. Von empirischen effektiven Potentialen ist ein solches mit ausgeprdgter Mulde
am geeignetsten. Die Wechselwirkungsenergie der Atomrimpfe eines Molekils wird unter
Verwendung statistischer Methoden abgeschétzt.

1. Einleitung

Fast alle bisherigen quantenchemischen ab wllo-Reclimmgen wurden
fur Molekile aus leichten Elementen durchgefihrt. Insbesondere fehlt es an
Untersuchungen der den Chemiker besonders interessierenden Unterschiede
der Eigenschaften einer Reihe von Verbindungen aus verschiedenen Elemen-
ten einer Gruppe oder Familie des Periodensystems. W eiterhin lasst eine exakte
Theorie die wesentliche chemische Erfahrung der Homologie der Elemente
einer Familie unberlcksichtigt: Der Hamiltonoperator eines Li- und eines Cs-
Atoms etwa weisen nicht die geringste Ahnlichkeit auf, das gleiche gilt fur die
entsprechenden Valenzorbitale.

Um diesem Mangel abzuhelfen, haben schon 1935 sowohl Gombas [1]
als auch Hellmann [2] vorgeschlagen, die Rumpfelektronen der Atome nédhe-
rungsweise zu behandeln und ihren Einfluss auf die Valenzorbitale durch so-
genannte Pseudopotentiale [3] zu beschreiben. Obwohl in der Zwischenzeit,
nicht zuletzt von Gombas (vergl. [3]), eine grosse Anzahl von Arbeiten auf
dem Gebiet der Atom- und Festkdrperphysik nach diesem von Hellmann
sogenannten Kombinierten Nd&herungsverfahren (KN) erschienen sind, hat
diese Idee in der Quantenchemie erstin neuester Zeit wieder Interesse gefunden.

Nach [4] lautet der Hamiltoaoperator fir ein molekulares System in
der Ndherung des KN

* Herrn Prof. Dr. P. Gombas zum 60. Geburtstag in Verehrung gewidmet.
** Jetzige Adresse: Lehrstuhl fir Theoretische Chemie der Universitdt Bonn.
*** In das Sekretariat der Redaktion aus technischen Griinden leider erst am 20. II.
1969 eingelangt.
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i, ] sind die Yalenzelektronen, A, B die Atomriimpfe und die Xx—A die effektiven
Atomrumpf-Potentialoperatoren

irA=2 whr) (2)
I,m

n

wobei n Gber eine vollstdndige Funktionenbasis gn(r) lduft. Die WA sind von
der Nebenquantenzahl abhé&ngige zentrosymmetrische Potentiale, die im we-
sentlichen die Summe aus dem elektrostatischen und dem Besetzungsverbot-
potential darstellen; die E*b sind die Wechselwirkungsenergien der Atom-
rimpfe A, B.

Im folgenden sollen einige Rechnungen und Bemerkungen zur ndherungs-
weisen theoretischen (Abschnitt 2) und zur empirischen Bestimmung (Ab-
schnitt 3) der Potentialfunktionen WA und zur Abschdtzung der Rumpf—
Rumpf-Wechselwirkungsenergien (Abschnitt 4) mitgeteilt werden.

2. Vergleich ndherungsweise berechneter effektiver Potentiale

Die IF’j4(r)-Funktionen kénnen entweder in einem vollstdndigen Hartree—
Fock-Verfahren (Szasz [5]) oder einfacher aus den Elektronendichten der
Rimpfe nach verschiedenen statistischen oder wellenmechanischen Né&her-
angsformeln berechnet werden. Hier sollen diese N&dherungen anhand der da-
mit berechneten Termenergien der Atome Li, Na, K, Rb, Cu miteinander ver-
glichen werden.

Rechenmethoden

Folgende Ausdricke fur die Besetzungsverbotpotentiale wurden heran-
gezogen:
1) Das rein statistische F°-Potential von Gombas ([3], Formel (12, I1)) 1:

3
(4)

2) Die halbstatistischen G°%- und G;-Potentiale (ibid., Formeln (11,9)

1 Die Bedeutung der Symbole ist folgende: D — radiale Rumpfelektronendichte
4n12p, Dj — entsprechend fir Rumpfelektronen mit der Nebenquantenzahl 1, Df — ent-
sprechend fiir Rumpfelektronen in Schalen, die tiefer als die (n = | -(- 1, 1)-Schale liegen;

P — Dichte des zu berechnenden Valenzelektronenzustands (da P nur zu kleinen Korrekturen
fuhrt, wurde in allen Féllen die SCF-Valenzdichte des Grundzustands eingesetzt); N — Zahl
der Rumpfelektronen.
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Tabelle |

Negative Valenzelektronenenergien nach der Besetzungsverbotpotentialmethode in eV

Li I Na
Besetzungsverbotpotential
X 3s 2p 3p 3s 4s P P
vm 587 216 359 152 586 218 312 142
[/<2> 518 2,02 359 152 528 216 295 1,37
F° 691 237 359 152 509 196 3,17 1,44
G» 6,25 2,20 359 152 6,08 215 3,17 144
G 6,10 2,18 359 152 591 212 3,14 144
gkorr 536 201 359 152 519 196 298 1,38
experimentell [14] 539 2,02 354 157 514 195 3,04 1,39
SCF-Wert [13] 5,34 4,95
K Cu
Besetzungsverbotpotential
4s 5s 4p 5P 4s 5s ap 5P
A
463 180 2,75 131 853 270 3,74 161
il2> 424 181 259 125 739 252 344 152
Fe 433 1,79 2,78 1,30 4,33 1,80 2,79 1,33
G° 501 190 293 135 944 254 4,05 1,68
G 482 18 288 133 916 249 39 165
gkorr 422 171 268 127 751 235 352 153
experimentell [14] 434 173 2,73 1,28 7,73 2,38 3,92 1,60
SCF-Wert [13] 4,01 6,44
und (11,8)):
1
G? = D2 + (5)
8 2Z+ 1
Gt ! (Df + 2D{P) 6
— +
8 z+1 ®

3) Die mit diesen Potentialen erhaltenen Ergebnisse waren unbefrie-
digend (s. Tabelle 1), was offenbar darauf beruht, dass zu ihrer Ableitung
die statistische Theorie des homogenen Elektronengases verwendet wurde.
Gombas hat daraufhin kurzlich unter Verwendung eines einfachen Modells
dem Inhomogenitatseffekt in einem Kkorrigierten G-Potential Rechnung ge-
tragen [6]:

Gkor
(y2D2+ 2yDIP) + —
27+ 1] / )
wobei der Korrekturfaktory = 1 -f (n,—Z-f 1)/4(B;— 2 ist und ntdie Haupt-
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quantenzalil der héchsten besetzten Schale mit der Nebenquantenzahl / be-
deutet.

4) Ein exakter Ausdruck fur den Besetzungsverbotoperator lautet nach
Heine [7]
% = -2 < < P r\ (8)
r <

wobei (or die Rumpforbitale, Ve das elektrostatische Potential und cp, das zu
berechnende Valenzpseudoorbital sind. Um fiir @V einen Naherungsausdruck
in Form eines lokalen Potentials zu erhalten, muss man fir qv eine Funktion
einsetzen, die das Pseudoorbital im Rumpfbereich einigermassen wiedergibt.
Heine batte v rlY /m vorgeschlagen (U;1). Wie numerische Rechnungen
zeigten, ist diese Approximation zu roh (s. Tabelle 1). Nur in Kernndhe wird
namlich der Verlauf der Pseudoorbitale durch r gut beschrieben, nicht dage-
gen in den fir das Potential besonders wichtigen Randgebieten des Atom -
rumpfes. Es wurde daher auch die Naherung qv Cdvl » exp(—ar) Y im unter-
sucht (Uj2), wobei a so gewdhlt wurde, dass gqvmit dem nach den SbATERschen
Regeln [8] gebildeten Valenzorbital maximal Uberlappt.

Aus den nach dem Hartree —Fock—Slater-Verfahren (nach Herman und
Sicillman [9]) erhaltenen Dichten der Atomrimpfe wurden die elektrostati-
schen und Besetzungsverbotpotentiale in numerischer Form berechnet und
dann die Valenzelektronenzustédnde in einer STO-Basis bestimmt. Um die Er-
gebnisse mit exakten Hartree —Fock-Daten vergleichen zu kénnen, muss noch
der Rumpf—Valenz-Austauscheffekt beriicksichtigt werden. Dazu wurde das
kurzlich von Gombas korrigierte [11] DiRACsche Austauschpotential [10]

= Qe max [0; 1—(pOld)*13] (t0)

mit g0= 125/192ti5 verwendet. Und zwar wurde die Austauschenergie nach-
trdglich als Stérungsenergie erster Ordnung berechnet, was sich auch an an-
derer Stelle [12] fir Valenzelektronen als ginstiger erwiesen hat als die Er-
weiterung des effektiven Potentials durch Va-

Ergebnisse

In Tabelle 1finden sich einige der berechneten Valenzelektronenenergien.
Es zeigt sich (im Gegensatz zu [3]), dass bei Verwendung der unkorrigierten
G-Potentiale die Energien speziell der tiefsten Niveaus betrdchtlich unter die
experimentellen Werte absinken, wenn man den Austausch bericksichtigt
und mit einer gentgend flexiblen Funktionenbasis2 arbeitet, obwohl die be-

2 Beschreibt man die Valenzorbitale mit nur einem STO, erhdlt man um bis zu einige %
héhere Energien (vergl. auch Tabelle 111).
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rechneten Werte um die Interschalenkorrelation Uber den experimentellen lie-
gen sollten. Ebenso sind die Ergebnisse mit dem HEiNEschen [//*-Potential
unbefriedigend. Viel besser sind schon die Resultate mit dem Potential 1/;2)
und bemerkenswerterweise auch mit dem einfachen statistischen E-Potential,
ausser bei Lithium (Anwendung der Statistik auf einen 2-Elektronen-Rumpf)
und Kupfer (die einfache Statistik I&sst die Drehimpulsquantelung und damit
die anormale Dichteverteilung der d-Elektronen bei den Nebengruppenele-
menten unbericksichtigt).

Fig. 1. Effektive Potentiale (elektrostatisches -f Austausch + Besetzungsverbotpotential)

von Kupfer fur s-Elektronen: berechnet mit Gkorr----------- , Mit F© - ,mit numerischem

SCF-Verfahren --------- (radiale Valenzelektronendichte --------- ); adjustiertes Modellpotential
nach Hellmann......

Die besten Ergebnisse aber werden mit dem G-Potential erhalten, wenn
man den Inhomogenitatseffekten nach Gombas [6] Rechnung trédgt: Die
Besetzungsverbotpotentiale steigen an, und die berechneten Valenzelektro-
nenenergien sind i.a. nicht mehr tiefer als die experimentellen Werte, wenn sie
auch immer noch um einige °/0bis % unter den entsprechenden Hartree —Fock-
W erten liegen. Dies gilt besonders fiir Cu, wo man unter Berlicksichtigung der
Korrelationsenergie im Gegensatz zur Vermutung von Gombas [6] eine (um
fast 1 eV) zu tiefe Energie erhdlt.

Eine ahnliche Verbesserung sollte auch beim F-Potential moglich sein, wenn man ent-
sprechend einem Vorschlag von Hellmann [15] der Inhomogenitdt der Elektronendichte
durch Mitnahme wenigstens des niedrigsten nichtverschwindenden Terms der Fermienergie
in yg Rechnung trdgt, etwa nach Art der WEizsACKERschen Korrektur [16].

In Fig. 1 sind einige effektive Potentiale fir Cu-s-Elektronen der An-
schaulichkeit halber abgebildet.
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Tabelle 11
Vergleich empirischer Pseudopotentiale4

Mittlere Fehler der ersten zwei angeregten Einvalenzelektronenterme in %, berechnet mit

verschiedenen einparametrigen Modellpotentialen. Der Parameter wurde so adjustiert, dass

der entsprechende Grund-Term so gut wie moglich reproduziert wird. Negatives Vorzeichen
bedeutet, dass die Pseudopotentialmethode zu zu tiefen Energien fuhrt

Potentialform (s-Potential von Na)

I. “Hard core”-Potential, W = — ZR/r fir r~>Rc, = ~ fir r < Rc Parameter ist
R. . ZRist die Rumpfladung. Ergebnisse nach Pakson und Weisskopf [17].
Il. HELLMANN-Potential, W =— (ZR— A me-~ar)/r; Parameter ist a. Eigene Rechen-

ergebnisse, vergl. Tabelle I11.

I1l. Potential von Abakenkov und Heine [18], w — Zwr furr '>Rc¢ = v fiirr < Rec.
Parameter ist V. Rtwurde fur alle Potentiale gleich 2 a E. gesetzt0). Die Termenergien wurden
aus den Potentialtabellen von Abakenkov [19] berechnet.

IV. “Cut off”-Potential, W — — ZRr fiir r > Rc, = — Zr/Rc, fir r < Rc. Parameter
ist Rc. Ergebnisse nach Koch und Kutzelnigg [20]. Dies Potential Il&sst sich aus dem ein-
fachen Fermischen Atommodell herleiten.

a) Bei Elementen mit héherer Rumpfladung Z ist der prozentuale Fehler geringer.

b) Im Falle, dass das Besetzungsverbotpotential Null ist, wie bei Li-p-Orbitalen,
kénnen natirlich die Potentiale 1 und IV schon den Grundterm nicht richtig wiedergeben und
fuhren zu betrdchtlich zu hohen Energien.

c) Die Fehler bei den d-Termen sind noch geringer.

d) Durch zusétzliche Variation von Rc lasst sich der Fehler z.T. ganz erheblich verrin-
gern. So fuhrt beispielsweise bei Cu ein Potential untenstehender Form mitRr= 3.5 a.E. nur
zu Abweichungen von 0.0 bzw. —0,5% beim ersten bzw. zweiten angeregten s-Term.

\%

FI

-,5 -
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3. Empirische effektive Potentiale

Der Hauptnachteil dieser wie auch der von Szasz [5] exakt berechneten
Besetzungsverbotpotentiale ist, dass man fir sie komplizierte analytische
Ausdricke erhdlt, die noch um die Austausch- und Korrelationspotentiale
erweitert werden missten, und die bei Molekilrechnungen zu einer Vielzahl
von Zwei- und Dreizentrenintegralen fihren. Daher scheint fur quantenche-
mische Rechnungen noch immer der HELLMANNsche Vorschlag [2] der beste
Kompromiss zu sein, die effektiven Potentiale W f durch an experimentellen
Atomenergien adjustierte einfache analytische Ausdricke zu beschreiben.

In Tabelle Il sind mit einigen einfachen Modellpotentialen erhaltene
Ergebnisse zusammengestellt. Es zeigt sich zweierlei.

1) Wie in [4] vermutet, erh&lt man fiir angeregte Terme etwas zu tiefe
Energien.

2) Die Ergebnisse sind i.a. fiir das Potential | mit der tiefsten Mulde am
besten und fiur das Potential IV mit der flachsten Mulde am schlechtesten.

Die theoretisch berechneten effektiven Potentiale weisen wegen des
elektrostatischen, Austausch- und Korrelationspotentialanteils ein Potential-
minimum auf, das besonders bei schweren Elementen, speziell solchen der
Nebengruppen, merklich unter dem Coulomb-Potential eines punktférmigen
Atomrumpfes liegt (s. auch Abb. 1und [31]). Daher sollte ein Modellpotential
mit ausgeprégter Mulde, das das exakte effektive Potential in dem besonders
wichtigen Bereich mittlerer r besser beschreiben kann, gewé&hlt werden, was
Ubrigens schon Ladanyi [21] bei einigen Nebengruppenelementen getan hatte.

4. Die Rumpf—Rumpf-Wechselwirkung3

Der Hauptanteil der Wechselwirkungsenergie der Atomrimpfe [22] in
einem Molekul wird durch die Abstossung entsprechender punktférmiger lonen
erfasst:

E'ab = Z§umpf * Z A umpi/R AB . (11)

Wegen der Uberlappung der Rumpfelektronenwolken, die beim Gleichge-
wichtsabstand ROin der Regel bei etwa 10-3 liegt, verringert sich die elektro-
statische Abstossung gegeniiber der von Punktladungen um einen kleinen Be-
trag E korng. Da dieser auch noch bei Abstdnden von 2/3 Rai.a. unter 10~2 eV
liegt, kann er vernachlédssigt werden.

Um eine Gréssenordnung grosser ist der durch die Uberlappung hervorge-
rufene Anstieg der kinetischen Energie, E Ferml. Zur Abschdtzung dieses Effekts

3 Alle Rechnungen wurden mit den HFS-Rumpf-Dichten der neutralen Atome von
Herman und Skitlman [9] durchgefihrt.
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Tabelle LW

Einelektronenterme (in —eV) im Hellmann’-Potential

Wt= —(ZB — A[ me~air)/r; Z™ist die Ladung des Atomrumpfes; et; wurde so gewaéhlt,
dass die experimentelle lonisierungsenergie des Grundzustands richtig erhalten wird; A;
wurde willkirlich gewdhlt, aber so gross, dass sich der Fehler der angeregten Termenergien
bei Variation von A; kaum noch veréndert (es gibt anscheinend kein A, bei dem auch der
erste angeregte Term exakt erhalten wird). Die Wellenfunktionen wurden durch Variations-
rechnung in einer Funktionenbasis von 4 STOs mit optimierten Exponenten bestimmt. Da-
neben finden sich Ergebnisse fiur einfache Orbitale vom sLATER-Typ rn—le_QY,m (die an-
geregten s-Zustdnde wurden durch Linearkombination mit den Grundzustands-STOs auf
diesen orthogonalisiert mit optimalen re)

Die hier optimierten Parameter A asind viel grdsser als die von Hellmann und
anderen angegebenen. Alle diese hatten ndmlich die sehr ungunstigen Is (und 2p) STOs als
Variationsfunktionen verwendet.

s-Terme
Grundzustand 1. anger. Zustand 2. anger Zustand
Atom A i) SLATEROTrbital SLATEROTrbital
E e . Eexp mEer e i c Eexp Eber
Li 10 2,202 5,391 527 2 0,616 2,019 2,028 198 3 0357 1,061 1,052
Na 14 2,267 5,139 510 3 0,901 1,948 1,965 197 4 0,447 1,023 1,027
K 18 1,866 4,340 432 3 0,730 1,734 1,763 1,76 4 0,405 0,937 0,950
Rb 26 1,940 4,177 4,12 3 0,684 1,681 1,716 1,70 4 0,392 0,915 0,931
Cu 30 6,134 7,726 7,62 2 0,942 2,378 2,499 2,13 3 0,442 1,174 1,222
Be 20 3,362 18,210 17,40 2 0,994 7,271 7,302 6,97 3 0,621 3,895 3,902
Mg 30 2,855 15,034 1490 3 1,234 6,380 6,430 6,38 4 0,741 3,531 3,555
Ca 50 2,336 11,870 11,80 4 1,262 5391 5466 544 5 0,764 3,108 3,139
Sr 60 2,205 11,029 10,95 5 1,472 5,111 5,190 5,18 6 0,840 2,975 3,017
Zn 60 4505 17,963 17,75 3 1,492 6,999 7,189 7,13 4 0,820 3,768 3,848
p-Terme
Grundzustand 1. anger Zustand 2. anger. Zustand
Atom A ai SLATEROrbital
E . . c Eep Bor Eep Boer
Li —2 2,330 3,544 352 12 0,537 1,557 1,557 0,870 0,869
Na 14 2231 3,035 302 3 0,616 1,386 1,388 0,794 0,794
K 18 1,635 2,726 271 3 0514 1,276 1,284 0,744 0,749
Rb 26 1,568 2,598 255 3 0,470 1,230 1,239 0,725 0,728
Cu —10 3,600 3,920 359 12 0,566 1,604 1,629 0,913 0,890
Be —2 3,347 14251 1421 2 1,083 6,246 6,247 3,486 3,485
Mg 30 2,89 10,605 10,52 '3 0,990 5,037 5,042 2,951 2,952
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<f-Terme
Atom A, a2

Li —2 1,855
Na -10 1,953
K —18 1,973
Rb -6 0,984
Cu —10 1,709
Be —2 3,031
Mg 10 2,604

DAS KOMBINIERTE NAHERUNGSVERFAHREN

1,513
1,522
1,671
1,777
1,535
6,054
6,171

Tabelle 11 (Fortsetzung)

Grundzustand

SLATEROTrbital

1,51
1,62
1,66
1,63
1,53
6,05
6,15

n

w W W W W w w

0,334
0,339
0,356
0,407
0,343
0,669
0,701

1. anger Zustand

Eop

0,841
0,856
0,944
0,990
0,859
3,404
3,466

e

0,851
0,856
0,939
0,992
0,863
3,405
3,470

2. anger Zustand

Eexp

0,545
0,547
0,598
0,620
0,548
2,178
2,213

Fig. 2. Wechselwirkungspotentiale zweier Edelgasatome: experimentell -
berechnet------------

Eber

0,545
0,547
0,599
0,619
0,550
2,179
2,213
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wurde der statistische Ausdruck [22]

herangezogen, wobei gaund Na Elektronendichte und -zahl des Atomrumpfes
A sind. Zwar ist E ermi danach beim Gleichgewichtszustand i. a. noch vernach-
lassigbar; doch steigt es mit Verringerung von R staik an. Z. B. erh&lt man bei
Na2undR=0,6Rof/ mi= 0.1 eV. Die statistische Austauschenergie-Korrektur,
die man nach [22] aus (12) erhélt, wenn man jeweils (3 durch 5/64a (3/1)23g43
ersetzt, ist gegen EFermi vernachl&ssigbar, da sie sich um eine bis zwei
Zehnerpotenzen kleiner ergibt.

Um die Genauigkeit von Formel (12) zu prifen, wurden unter Berucksichtigung auch
der weiter unten besprochenen Korrekturen die Edelgaspotentiale berechnet, bei denen /T ml
den Hauptanteil ausmacht und die recht genau bekannt sind (s. [23] und die dort zitierte
Literatur). Aus Fig. 2, die die He—He- und Ar—Ar-Potentiale zeigt, ersieht man, dass Glei-
chung (12) den Effekt in der Tat recht befriedigend beschreibt. (Gleichung (12) kann man durch
die Bornsche Abstossungsformel [24, 25] approximieren.)

Als Effekte zweiter Ordnung sind nun noch die Rumpf—Rumpf-Korrela-
tion und die Rumpf-Polarisation zu berlcksichtigen. Da sich die Rimpfe im
Molekil so wenig Uberlappen, sollte zur Absch&tzung von E orrel, ein Van der
W aalssches c/r6-Potential hinreichend sein. Nach einer sehr einfachen Theorie
von Kirkwood [26] lassen sich die Koeffizienten ¢ nach der Formel

c 3 (14)

oder aus den Polarisierbarkeiten nach London [25, 27] bestimmen. Die di-
rekte Anwendung von Gleichung (14) ist zwar zu ungenau; da aber die ent-
sprechenden Koeffizienten zumindest fir alle Edelgase, CE, experimentell
bekannt sind [28], kann man von der Beziehung

c= o8 . <r2>3/<r2%® (15)

ausgehen, wobei der Index E das mit dem betrachteten Atomrumpf-Kation
isoelektronische Edelgasatom bezeichnet. So berechnete Rumpf—Rumpf-Korre-
lationsenergien Ubersteigen nur bei schweren Elementen sowie hei kleinen Ab-
stdinden 10~2 eV und kdnnen daher hdufig vernachldssigt werden.
Schliesslich bleibt noch die Energiednderung aufgrund der Deformation
der Rumpfelektronenwolken im Feld der Umgebung, die Polarisationsenergie
£ Pol', zu untersuchen. Die Variationsstdrungsrechnung nach Kirkwood [26]
kann hier nicht angewendet werden, da wegen der Singularitdt des elektrosta-
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tischen Potentials am Kernort <grad2Fe> keinen endlichen W ert besitzt. Es
wurde daher die N&herungsformel von Neugebauer und Gombas [29] heran-
gezogen:

(16)
<hA[r2|hA) £ Y,

(Dabei ist der Nullpunkt von Ve so zu wahlen, dass (®A\\e\dAy verschwindet.)
Werte fir die Rumpf-Dipolpolarisierbarkeiten «a finden sich z. B. in [30] und
der dort zitierten Literatur. Uber eine andere Methode vergl. [25].)

Neugebauer hatte vorgeschlagen, in Gleichung (16) fir ®A eine einfache Produkt-
funktion einzusetzen, und angenommen, dass sich die Fehler in Z&hler und Nenner kompensie-
ren wirden.

Berechnet man (z2 fir eine Determinantenfunktion und fir eine entsprechende Pro-
duktiv n'ction, so zeigt sich, dass (ausser bei K-Schalen) der letztere Wert um uber die Héalfte
zu gross ist. Beispielsweise wurde flir <2 pro( /<r?d Det. bei Na+ 1.61, hei Ar 1.58 erhalten. Es
ist nun zu untersuchen, ob auch fir inhomogene Felder prod ,nb dem gleichen relativen
Fehler behaftet ist. Betrachtet man etwa statt V~ z = r «Y,0ein Potential V™ r mY2
und ein Atom ohne d-Orbitale, so veridndert sich §V-) beim Ubergang von einer Determinanten-
zu einer Produktfunktion Uberhaupt nicht. Ebenso wird der Fehler geringer, wenn V hdhere
Potenzen von r enthélt. Es ergibt sich also qualitativ, dass sich (F2prdj um so weniger von
(F 2 Det. unterscheidet, je inhomogener das Feld ist, d.h. fir inhomogene Felder ist
[<FAFz7jprod./R F2/<z)]Det. < F Z. B. erhdlt man bei N a|+ flr diesen Quotienten bei A —
= 6aE 0.99, bei 4 = 4 akE 0.91 (Gleichgewichtsabstand von Na2istd = 5aE) .Die Neugebau-
ERsche Vereinfachung von Gleichung (16) sollte daher nicht kritiklos zur Berechnung der Rumpf-
Polarisation bei kleinen Abstdnden oder gar der Kristallfeldpolarisation verwendet werden.

Zu einer vollstandigen Vernachldssigung von Feldinhomogenitatseffek-
ten und zu noch kleineren Werten fohrt die sehr einfache Formel

NO=y*ano. (")

wobei FA die mittlere elektrische Feldstdrke der umgebenden Atome im Rumpf
von A sein soll. FA ist nur bei ionisierten Molekilen und bei kleineren Ab-
stdnden, wo die Rumpfladung durch die Valenzelektronen nicht vollstdndig
abgeschirmt wird, und XA nur bei den schwach geladenen Riumpfen nicht ver-
uachlédssigbar klein. Betrachten wir als Beispiel wieder Na2 ; die Polarisations-
energien in eV sind

Gleich 16 Gleich 16 .
R D:Itzrrﬁ]ni%agte) uroglt?kijfrzjgnlgtio)n Gleichung (17)
! !
4 akE 0,17 0,16 0,13
6 akE 0,03 0,03 0,03

Der auf Gleichung (17) zurlickgehende Fehler und J5Korrel' sind nim in vielen
Fallen von &hnlicher Grdsse wie —jEFerrm un(j kompensieren letzteres weit-
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gehend. Zur Bestimmung der Rumpf—Rumpf-Energie ist daher (E,on + EPO)
hdufig ausreichend, wie sich am Beispiel Na+—N a+ zeigt:

alle Korrekturglieder
R Elm (eV) E lon + EPol- (eV) FU g

4 aE 6,80 6,67 6,65
6 aE 4,53 4,51 4,50
8 aE 3,40 3,39 3,39

Bei Elementen mit hochliegenden d-Elektronen wie z. B. Cu sind allerdings
alle diese Ndherungen nur dann erlaubt, wenn die d-Elektronen nicht mehr zum
Rumpf gezdhlt werden (vergl. auch Gombas [32], Ladanyi [21] und Hare
et al. [33]). Anderenfalls ist die Uberlappung der »Rumpfe« so gross, dass die
erwdhnten Energiebeitrdge, besonders E ermi, schon im Gleichgewichtsab-
stand von der Grdssenordnung 1 eV sind und auf diese Weise kaum noch ge-
nau genug bestimmt werden kdnnen. Beispielsweise erhdlt man so bei Cu2im
Gleichgewichtsabstand (4.2 a. E )furE ermi 1.1 eV und fir die gesamte Korrek-
tur der Rumpf—Rumpf-Wechselwirkung 0.4 eV.

Dank. Ich danke Herrn Professor Dr. H. H artmann flr die Erméglichung dieser Arbeit,
der Deutschen Forschungsgemeinschaft fir finanzielle Unterstiitzung und dem Deutschen
Rechenzentrum Darmstadt fir Rechenzeit.
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KOMBUHMNPOBAHHOE MPUBJIMXEHWE

II. NCCNELOBAHMA C LENMBO NOAXOAAWEIO BbIBOPA S®PEKTUBHOIO
MOTEHUMANA U OMUCAHNA B3AVMOLENCTBUA MEXAY ATOMHbIMWA OCTATKAMU

B. I'. 3¥YTEH WBAPL

Pesome

MprMeHeHeM MeTofa MCceBAONOTeHLMAN0B ONpPeaeNsitioTCs YPOBHU BaEHTHbIX 91eKTpOo-
HOB aTOMOB LLIENIOYHbLIX METAIOB U Mean. Cpean pasnUHbIX NPUGTIMKEHHBIX METO0B Hauyu-
lMe pe3ynbTaTbl MOyYeHbl 3aMpPeTHLIM MOTEHLMAIOM 3amno/iHeHUsi GKOIT- BbIBEEHHBLIM B TO-
cnefHee Bpemsi MomGallom. M3 aMIMPUUECKUX 3PMEKTUBHbLIX MOTEHLMAN0B CHOPMMPOBAH MO-
[06HbIVi ¢ onpefeneHHbIM KOpbITOM. B KauecTBe npumepa cTaTUCTUYECKUM METO0M OLIEHMBAETCS
3HEPrusl B3aMMOfENCTBUS aTOMHbIX OCTATKOB OfHOW MO/eKy/lbl.
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UBER DIE PHYSIKALISCHE REALITAT DES
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Th. Neugebauer
INSTITUT FUR THEORETISCHE PHYSIK DER ROLAND EOTVOS UNIVERSITAT, BUDAPEST
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Die Frage, ob das LENNARD-JoNESsche Potential tatsachlich ein Naturgesetz darstellt,
oder ob es nur eine allerdings in der Praxis sich sehr gut bewé&hrende rein empirische Formel
ist, wird besprochen. Von dem zweiten Gliede l&sst es sich leicht zeigen, dass dieses von der
infolge der Fermistatistik auftretenden Abstossung der sich Uberlappenden Elektronenwolken
herrihrt, gegen die Deutung des ersten Gliedes als van der Waalssche Energie hat man dagegen
oft die Bedenken gedussert, dass dieser Ausdruck nur das erste Glied der Reihe dieser Energie
ist und die weiteren Glieder bei der Wechselwirkung von elektronenreichen Atomen und in
kondensierter Materie so gross sind, dass sogar die Konvergenz dieser Reihe oft fraglich zu
sein scheint. In der vorliegenden Arbeit wird gezeigt, dass diese Glieder garnicht die physi-
kalische Realitdt besitzen, die man ihnen nach der einfachen Theorie zugesprochen hat. Auf
die Bedeutung dieses Umstandes in der Festkdrperphysik und in neuester Zeit in der Mole-
kularbiologie wird verwiesen.

1. Einleitung

Bekannterweise hat sich in sehr vielen Féllen (in denen es sich weder um
elektrostatische noch um quantenmechanische Valenzwechselwirkungen han-
delt) das empirische LENNARD-JoNESsche Potential, das man ganz allgemein
in der Form

=-AR~m+ BR~n (1)

schreiben kann, bestens bewd&hrt [1]. In (1) bedeutet R die Entfernung der
fraglichen in Wechselwirkung stehenden Teilchen, A und B sind empirische
Konstanten und n und m relativ grosse ganze Zahlen. Am vorziglichsten hat
sich der Ansatz m — 6 und 9 <[ n <[ 12 bewdhrt. Den zweiten Virialkoeffi-
zienten erhdlt man z. B. mit n = 12 am besten.

Setzt man diese Werte in (1) ein, schreibt also

V= —AR~e+ BR~12 (2)

und fuhrt ausserdem die Gleichgewichtsentfernung RO der fraglichen Teilchen
ein, so kann man damit die eine der zwei Konstanten A oder B eliminieren,
da ja

dv
=6AR07- 12BR0O13= 0 (3)

*Herrn Prof. Dr. P. Gombas zum 60. Geburtstag gewidmet.
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sein muss. Aus (3) folgt
B="ARSG. 4

Das alles bezieht sich auf die Wechselwirkung von zwei Atomen oder
Molekilen. Handelt es sich dagegen um eine kristallgitterartige Anordnung
von Teilchen, so kénnen wir dann dhnlich zu (2)

= — CmAR~e+ CnBR~12 (5)

schreiben. Cmund Cnsind hier die Analoga der Madelungschen Konstante in
der elektrostatischen Theorie der lonengitter. Allerdings haben in diesem Fall,
wegen den grossen negativen Potenzen, die weiteren als die unmittelbaren
Nachbaren, eine viel untergeordnetere Bedeutung.

Aus (5) folgt analog zu (4)

(6)

Abgesehen von den in die reine Physik gehdrenden Erscheinungen die
in Gasen und kondensierter Materie auftreten, hat in neuester Zeit dieser Po-
tentialansatz eine sehr grosse Bedeutung in der Molekularbiologie erlangt, da
es sich ja bei der Entstehung von Eiweissmolekilen und Viren nach einer DNS-
bzw. RNS-Schablone, dann in der Vererbungslehre usw. bei den dort auftre-
tenden feinen biophysikalischen Prozessen ausser W asserstoffbindungen gross-
tenteils um solche Wechselwirkungen handeln wird. Es ist deshalb eine sehr
wichtige Frage, dass was fir einen physikalischen Sinn man dem Ansatz (1)
bzw. (2) geben kann. Die Besprechung dieses Problems ist das Ziel der vorlie-
genden Arbeit. Von der sehr umfangreichen Literatur Uber das Lennard-
JONESsche Potential wollen wir nur die neuesten Arbeiten [2] zitieren. Die
dltere Literatur ist in diesen zu finden.

2.

Sieht man sich den Ansatz (2) an, so scheint auf dem ersten Blick die
plausibelste physikalische Deutung von dem zu sein, dass das erste Glied auf
der rechten Seite die van der Waalssche Energie, das zweite dagegen die in-
folge der Fermistatistik auftretende Abstossung der Lalungswolken der in
Wechselwirkung stehenden Atome oder Molekile ist. Fir dieses zweite Glied
ist das tatsdchlich im Wesentlichen richtig, gegen die erwdhnte Deutung des
ersten Gliedes hat man jedoch oft den Einwand erhoben, dass dieses nur das
erste Glied der die van der Waalssche Wechselwirkung darstellenden Reihe
ist. Die angenédherte Berechnung der weiteren Glieder bei elektronenreichen
Atomen liefert dagegen so grosse Werte, das besonders im Falle von konden-
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sierter Materie sogar die Konvergenz der Reihe in einigen Féallen fraglich zu
sein scheint und es deshalb garnicht selbstverstdndlich ist, dass man sich nur
mit dem ersten Gliede begniigen kann. Auf diese Frage kommen wir noch
zurlick, jetzt wollen aber zuerst den viel einfacheren Fall des Abstossungsglie-
des besprechen.

3.

Ein dhnliches Abstossungsglied tritt auch in der Born—Landeschen Theo-
rie der lonengitter auf. Dort hat sich der Exponent n = 9 oder 10 am besten
bewdhrt. (Noch vor der Entdeckung der Quantenmechanik hat man angenom-
men, dass dieses Glied von abstossenden elektrostatischen Multipolkraften
herrihrt.) Jetzt wissen wir schon, dass dieser Teil von der Fermiabstossung
der sich Uberdeckenden Landungswolken verursacht wird, (doch spielen dabei
allerdings in einem viel geringeren Masse auch die von der Uberdeckung der
Ladungswolken herrithrenden elektrostatischen Kréfte eine Rolle ) Eigentlich
wirde dann die Annahme einer exponentiellen Funktion die auftretenden
Verhéltnisse besser beschreiben, eben wegen der exponentiellen Abnahme der
Eigenfunktionen in grdsseren Entfernungen von den Atomkernen. Doch da in
diesem Fall die ganze Abstossungsenergie bloss ca. 10% der elektrostatischen
Energie ausmacht, so geniigt schon eine gréssere negative Potenz zur angenéher-
ten Beschreibung der auftretenden Verhéltnisse. Tatsdchlich haben aber nach der
Entdeckung der Quantenmechanik Born und Mayer [3] die erwdhnte Ab-
stossungsfunktion durch einen halbempirischen exponentiellen Ausdruck mit
negativem Exponenten ersetzt und erhielten so zur Erfahrung noch etwas
naherstehende Resultate. Man kdnnte sich deshalb denken, dass es auch in
(1) bzw. (2) zweckmaéssig wére, das zweite Glied durch eine Exponentialfunk-
tion zu ersetzen. Dazu ist jedoch zu bemerken, dass hier, da es sich um viel
schwachere Anziehungskrifte handelt, die Uberdeckung der Ladungswolken
noch viel geringer sein wird und man deshalb noch viel eher eine ann&hernde
Funktion, (die mathematisch viel bequemer ist), benutzen darf Der hier zweck-
massige grossere negative Exponent rihrt Ubrigens vom selben Umstand der
schwacheren Uberdeckung her; der exponentielle Abfall der Eigenfunktionen
ist dort schon viel steiler. Es ist noch interessant zu bemerken, dass Stater
und Kirkwood [4] schon in 1931 eine Formel fir die Wechselwirkung von
zwei He-Atomen angegeben haben, die ebenfalls ein exponentielles Glied ent-
héalt, das jedoch nach den Verfassern den Umstand berlcksichtigt, dass wegen
der Uberdeckung der Ladungswolken die van der Waalsschen Krifte geringer
werden. Die genannten Autoren erhielten

R
+ 353 exp —2,43 — (?)

aH

in Rydbergschen Einheiten (e22art).
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4.

Nach der Besprechung des relativ einfachen Problems der Abstossungs-
kréafte, wollen wir jetzt die Anziehungskréafte bzw. die dieser zufolge auftre-
tende negative Energie betrachten. Aus der sehr umfangreichen Literatur
der van der Waalsschen Energie wollen wir hier ebenfalls nur die neuesten
Arbeiten [5] zitieren, die dltere Literatur ist in diesen zu finden. Tatsdchlich
beginnt die Reihe der van der Waalsschen Energie bei der Wechselwirkung von
Atomen, lonen oder Molekiilen, also Gebilden die aus Atomkernen und um-
kreisenden Elektronen bestehen, mit einem zu R~6 proportionalen Gliede.
Bei der Wechselwirkung von Elementarteilchen ist jedoch dieses erste Glied
R -7 proportional. Bezlglich dieser Frage, die uns hier nicht weiter interes-
siert, erwahnen wir nur die neueste Arbeit von Soffer und Sucher [6], in der
die ganze Literatur von diesem Problem zusammengestellt ist.

Bekannterweise erhdlt man aus der Quantenmechanik die van der Waals-
sche Energie auf dem Wege, dass man die in derHeitler—Londonschen Theorie
der chemischen Valenz auftretenden Stoérglieder in die zweite Ndherung fir
die Energie in der Schrddingerschen Stérungstheorie einsetzt [7]. In den gewohn-
ten Bezeichnungen erh&lt man bei der Wechselwirkung von zwei W asserstoff-
atomen fir diese Glieder

A1=- (8)

Bezeichnen wir die Koordinaten der einzelnen Elektronen bezogen auf
dem Kern zu dem sie gehdren mit Xx y X, zxund x2,y2, z2 so folgt fir den in
diesen Koordinaten linearen Teil von H X

Hx= — (%X2-j-yxy2 21xz2). 9)

Setzt man dieses Storglied in die zweite N&herung der Formel fur die
Energie tatsdchlich ein, so folgt endlich fir die van der Waalssche Energie
in erster N&herung

W 6el v Jzi(om )[2-|z2(tm )12

R6 h[v(mo) + v(no)]

wo jetzt die zx(om) und z2(on) Matrizenelemente sind welche z. B. die Formel
z2om) = \y)Ozlipmdr definiert. Die v bedeuten die Bohrschen Frequenzen.
Im Falle von zwei W asserstoffatomen kann (10) tatsédchlich exakt berechnet
werden wie das zuerst Eisenschitz und London [8] getan haben. Sie erhielten

6,47

W= —
v (n)
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in Hartreeschen atomaren Einheiten (e2ZaH). Eine neue sehr genaue Berech-
nung von O’Caroll und Sucher (loc. eit.) lieferte fur die in (11) stehende
Konstante 6,4990267.

Weitere Glieder der Reihe fiir die van der Waalssche Energie fir W asser-
stoffatome hat zuerst Margenau [9] berechnet. Nach ihm muss (9), wenn man
noch Quadrupolglieder berlicksichtigt, mit den Ausdricken

3e2

+ 2 R4 rfz2 rizj+ (2% x2+ 2yxy2— 3ztz2) (z, --22)]
3e2 (12)
AR5 2 5zfri~ 52z?2rf — 152zf2%+2 (4 z1z2+ x 1x2+ y 1y 27]

ergédnzt werden. Addiert man also solche Glieder zu (9) noch hinzu und setzt
dann diese ganze Reihe in die Formel fir die zweite N&herung der Stérungs-
energie ein, so folgt

2y, [ri(om)I2- 1r2(ora)|2

3 mn h[v(mo) + v(no)]

1y . \rilom)\2-|r2(on)|2+Irl(on)|2- Irrom)!2
R2 m,n h[v(mo) -f r(reo)]

+ .14 'y, \rl(lom)\2m\rUon)\2 |
5K4mn  h[v(mo) -f r(no)] ]

Die in (13) stehenden Matrizenelemente haben z. B. die folgende Bedeutung
MT) = j mar, lpmdr , wo rj= xj+yf+ z?

ist. Das erste Glied auf der rechten Seite von (13) entspricht der Formel (10),
was man gleich erkennt, wenn man bericksichtigt, dass

usw. sein muss.

Im Falle der Wechselwirkung von zwei W asserstoffatomen kann man
auch (13) exakt auswerten. Diese sehr mihsame Berechnung vollfihrten zu-
erst Pauling und Beach [10] und zwar mit Hilfe einer gestorten Eigenfunk-
tion, deren Koeffizienten sie variiert haben, um die Energie zu minimalisieren.
Sie erhielten

12,99806 248,798 2270,42
(14)

Jr/lonul (nisn)*’ W «h)10
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in Rydberg-Einheiten (e22aH). Um (14) mit (11) vergleichen zu kénnen, mis-
sen wir also die erstere Formel noch mit 2 dividieren. Hirschfelder und
Linnett [11] haben eine &hnliche Berechnung durchgefihrt, wobei sie jedoch
auch die Uberlappung der Ladungswolken bericksichtigten.

Beim analogen He-Problem verfligt man wenigstens noch lber vorzig-
liche angendherte Eigenfunktionen. Tatsédchlich hat Moore [12] eine zu der
Methode von Hirschfelder und Linnett analoge Berechnung fir diesen
Fall vollfihrt. Ausserdem behandelten dieses Problem auch noch Slater
und Kirkwood (loc. cit.)

5.

Alle diese Berechnungen haben jedoch ein nur mehr oder weniger theo-
retisches Interesse. Freie Wasserstoffatome gibt es ja weder in Gasen noch
in kondensierter Materie, He-Atome sind zwar in beiden Féllen tatsdchlich
vorhanden, die van der Waalssche Wechselwirkung von denen ist jedoch,
wegen der geringen Zahl ihrer Elektronen, sehr klein. Das Wasserstoffatom
hat ausserdem eine so ausgedehnte Elektronenwolke, dass die flr dieses
Atom erhaltenen Resultate fiir das Verhalten von Atomen hdherer Ordnungs-
zahl in dieser Hinsicht auch qualitativ wenig aufschlussreich sind.

Theoretisch steht zwar dem garnichts im Wege, die fir Wasserstoffatome
erhaltenen Resultate auf elektronenreiche Atome, lonen oder Molekile zu
verallgemeinern. Zu diesem Zwecke muss man ja nur unsere Formeln (8), (9)
und (12) uber alle Elektronenpaare, die zwischen den in Wechselwirkung ste-
henden Atomen oder Molekilen vorhanden sind, summieren. Die Schwierig-
keit der tatsdchlichen numerischen Berechnung liegt nur darin, (abgesehen
von der sehr mihsamen Auswertung) dass die Eigenfunktionen dieser Atome
nicht geniigend bekannt sind. Man trachtete deshalb wenigstens einfach be-
rechenbare N&herungsformeln fur die van der Waalssche Energie herzuleiten.
Besonders zwei solche Formeln wurden allgemeiner bekannt, die eine ruhrt
von London [13] her, die andere von Slater und Kirkwood [14] und diese
letztere wurde dann noch von Kirkwood [15] weiter vervollkommnet. Wir
kénnen hier auf die Besprechung dieser Formeln nicht eingehen und verweisen
deshalb auf die zusammenfassende Arbeit von Margenau [16]. Hier sei nur
so viel erwahnt, dass die LONDONSche Formel die unmittelbar messbaren Po-
larisierbarkeiten der Atome und lonen ausnitzt, die KIRKWOODsche dagegen
den Umstand, dass die Schrddingersche Ladungsverteilung von elektronen-
reichen Atomen wenigstens im Grundzustande nach verschiedenen bekannten
Methoden angenéhert berechenbar ist. Es ist jedoch mdglich die Kenntnis von
beiden physikalischen Daten auszunitzen und auf diesem Wege eine noch viel
bessere Anndherungsformel herzuleiten [17].
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Summieren wir ndmlich bei der Berechnung der Wechselwirkung von
elektronenreichen Atomen oder lonen Ausdricke vom Typ (9) uber alle auf-
tretenden Elektronenpaare, so erhalten wir ein Resultat, das man wieder ganz
so, wie unsere Formel (10) schreiben kann, doch haben jetzt die auf der rechten
Seite stehenden Matrizenelemente die folgende Bedeutung

Zi(cm) = j (0 (g’; z<pmdx (15)

und

z2(on) = f zo (3; Z xm dX, (16)

wo jetzt pund %die ganzen Eigenfunktionen des ersten und zweiten in van der
W aalsscher Wechselwirkung stehenden Atoms sind und die Summen sind lUber
alle Elektronen des ersten bzw. zweiten Atoms zu erstrecken. In (10) fihren
wir jetzt statt den im Nenner stehenden Bohrschen Frequenzen Mittelwerte
von diesen Grdssen ein, die wir mit vxund v2 bezeichnen, dann folgt aus (10)

Y Di(»«i)|2' [2(<m)]2
Ww=- bed mn (17)
Re h(VL+ v2)

Da jetzt die Summierung hier sich nur mehr auf den Zdhler bezieht, so kénnen
wir einen bekannten matrizentheoretischen Satz anwenden, nach dem

%’ z(om) z(mo) = z2(00) (18)

ist. In (17) fehlt zwar das erste Glied der Reihe, das auf der linken Seite von

(18) steht, dieses Matrizenelcment verschwindet jedoch wegen den Auswahlre-
geln Wir erhalten also fur (17)

w = 6 e< Zi(00) zj;(00)

R6 h(vi+v2 ~

(19)

wo jetzt z. B.

#(Q0) = [dﬂ{zo, z)2n dx

ist. Weiter kdnnen wir noch, da es sich bei der Berechnung dieser Matrizenele-
mente um die nullte Ndherung handelt und deshalb die drei Raumrichtungen
einander vollstdndig 4&quivalent sind,

zf(00) = %rf(OO) und z|(00) = %rZ(OO)
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setzen, dann folgt

2e* rf(00) r|(00
Wos (00) r/(00) o)
3R* h i+ v2)

Ganz analog kdnnen wir auch die quantenmechanischen Formeln fir
die Polarisierbarkeiten der zwei in Wechselwirkung stehenden Atome umfor-
men. Wir erhalten z. B.

262y |ZAQN- 2e2 rf(00)
T hv(mo) 3 hvj

(21

und eine analoge Formel fir o2-

Benltzen wir zuerst fir die Eigenfunktionen der Atome einfache Pro-
dukteigenfunktionen, (auf die Korrektionen die anzubringen sind, wenn wir
uns der antisymmetrischen Determinanteneigenfunktion bedienen, kommen
wir noch zurick) so bedeuten die Ausdricke r2(00) und r|(00) einfach eine
Mittelung von r2 iber die Ladungsverteilung des ersten und zweiten Atoms.
Also sind diese Grdssen z. B. aus den mit Hilfe der Hartree —Fockschen Methode
gewonnenen Tabellen berechenbar. Da man aber andererseits die Polarisier-
barkeiten empirisch kennt, so kann man auf dem Wege aus (21) den M ittel-
wert hvl bzw. hv2 berechnen. Es liegt auf der Hand anzunehmen, dass diese
Mittelwerte ungefdhr die selben, wie die in (17) eingefiihrten sein werden. D a-
mit ist aber auch schon (20) vollstdndig berechenbar geworden. Ausgenitzt
haben wir also um (17) angendhert auswertbar zu machen, auch die empiri-
sche Kenntnis der Polarisierbarkeiten und auch die Berechenbarkeit der La-
dungsverteilung im Grundzustande.

Ganz analog, wie wir unsere Formel (10) auf Mehrelektronenprobleme
erweitert und dann umgeformt haben, um sie berechenbar zu gestalten, kén-
nen wir das auch mit dem Ausdruck (13) tun, der noch zwei weitere Glieder
der Reihenentwicklung enthdlt. Summieren wir ndmlich bei der Berechnung
der Wechselwirkung von elektronenreichen Atomen oder lonen Ausdricke vom
Typ (8) Uber alle auftretenden Elektronenpaare, und setzen dann die Reihen-
entwicklung dieser ganzen Summe in die Formel fur die Energie zweiter
Né&herung der Stérungstheorie ein, so sehen wir gleich, dass wir wieder eine
Formel vom Typ (13) erhalten, in der jedoch die auf der rechten Seite stehenden
M atrizenelemente jetzt die Bedeutung

[rilom)2=_i @ r9m P, (22)
@

ieria = 4t 202 nn<2s (23)
(2)

() vy = 17 90 reom C» (24)
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und

I(rj-) (on)|2= I[ Xa2 r2Xndr2|2 (25)

2
haben. Zu summieren ist wieder Uber alle Elektronen der fraglichen Atome.
Fihren wir wieder auch die erwahnten Frequenzmittelwerte vlund v2ein und
berlicksichtigen wieder den erwdhnten matrizentheoretischen Satz (18), so
erhalten wir jetzt statt (13), wenn wir auch noch berlicksichtigen, dass hei

der Berechnung von "1(~’r2)(om)I2 das nullte Glied in (18) also |[(” r2(00)|2
m @ ®
nicht verschwindet
w = _e* 2 J(00) rg(00) _ r2(00) r'4(00)4-r2(00) r(4(00)
RL 3 h(vi+ v2 R8 h (v14- v2) (26)
e4d 14 r;400)r4(00)
R 5 h(vli+ v2)
wo jetzt
rf(00) = 3 f q(Y; z1) q0dtj (27)
0]
und
G400) = J 9 (2(% r2)2(EodT™ 1j (p,,(2_) r2n,,dtjl2 (28)
i i
bzw.
r400) = f<O( " r22mdrY (28a)

(i)
ist, und r1(00) und r24(00) analoge Bedeutungen haben. Das erste Glied auf
der rechten Seite von (26) ist selbstverstdndlich das selbe wie (20), aber auch
die weiteren zwei Glieder sind jetzt wegen der Berechenbarkeit vonPj und P2
und der Kenntnis der Ladungsverteilung der zwei Atome im Grundzustande
ohne jede Schwierigkeit auswertbar.

6 .

Wir wollen jetzt erstens noch sehen, dass inwiefern unsere erhaltenen
Resultate abzudndern sind, wenn wir fur die in Wechselwirkung stehenden
Atome statt einfache Produkteigenfunktionen, die theoretisch streng richti-
gen antisymmetrischen Determinanteneigenfunktionen beniitzen und zweitens
was wir Uber die physikalische Realitdt der weiteren zwei auf der rechten Seite
von (26) stehenden Glieder erfahren kénnen, wenn wir die in denen stehenden
M atrizenelemente mit Hilfe dieser Eigenfunktionen tatsdchlich numerisch
berechnen.
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Betrachten wir zuerst z. B. das Matrizenelement (27). Die einfache Pro-
dukteigenfunktion des ersten Atoms haben wir dort mit einem kleinen @ be-
zeichnet, benutzen wir jetzt fur die antisymmetrische Determinanteneigen-
funktion ein grosses ®. Setzen also

92i(l) ... VK{N)
> (29)

<M1) seeth(n)
wo jetzt N die Zahl der Elektronen des ersten Atoms bedeutet und die y, die
Eigenfunktionen der einzelnen Elektronen sind. Analog zu (27) haben wir dann

rf(00) = 3 J @ (2r)2°<rT (30)
(i)
und weiter

N N

10 o N2ddr= | & Izj{Ddr-f-IdJ.S'Siz,,der. (31)
1=
I

Das erste Glied auf der rechten Seite bedeutet einfach eine Mittelung
von z2 bzw.— r2iber die Schrodingersche Ladungsdichte, entspricht also der

Benutzung der einfachen Produkteigenfunktion. Das zweite Glied hat dagegen
einen »AustauschCharakter«. Setzen wir in dem jetzt ® aus (29) tatsachlich
ein, so folgt

N N N
() Z;zka)dr— . * VI dl",. ' <
it NI Fid o L M) 1y i) 1<P) zk <PA) drk
' xpar (32)
1 ;l( N ro
N g | ov(i)liVAT) dTi m <PA)zk (k) dri
|

Das erste Glied verschwindet wegen den Auswahlregeln. Zur Be-
rechnung des zweiten fihren wir die Summierung nach i und kK durch. Zu je-
dem festgehaltenen Wertepaar von 1 und v wird es N! solche Glieder geben,
die nur in der Benennung der Verdnderlichen voneinander verschieden sind
und deshalb zu demselben numerischen Resultat fihren. Wir haben also

N
® V ZzkPdr 19VzcPvdri2 = A fpnims zPnlm'st dT\2e  (33)

K

Nach einer bekannten Summenregel [18] folgt weiter

Z = -Ir

: 34
n' | m 3 n | 34
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und aus der erhalten wir fur (33)
r, z—i ri
y oy I)lr + (/+1) r (35)
n

Der Zweier-Faktor rihrt von Spin her. Also folgt endlich aus (30), (31), (32)?
(33), (34) und (35)

1-1

n 1+1
| +(3+1) (36)

rf(00)= >>r-2 2 2\
r= m |

1

Selbstverstdndlich kénnen wir auch ganz analog 9(00) berechnen. Zur
Auswertung von r((00) setzen wir analog zu (30) und (31)

rf(00)= lo (v r20<11= jo VHO(it+ ® Y rfriddr. (37)

J 7 J 0 déyk

Das erste Glied auf der rechten Seite von (37) bedeutet einfach eine Mittelung
von r'l dber die ganze Schrddingersche Ladungsverteilung, entspricht aber
jetzt noch nicht der Benutzung einer einfachen Produkteigenfunktion. Das
zweite Glied hat dagegen wieder wenigstens teilweise einen » Austauschcharak-
ter«. Setzen wir in dieses jetzt (29) tatsdchlich ein, so folgt analog zu (32)

i N N
I ®J? Mr2d h - Y Y oV GOVM) dri*J <Py 94(p,.(K) (tik
J I*lf( N\ ik=1
| 10’\K| \ (38)
I\lﬂ Vv ov) A (i) dri md pAK) n\ (N (K)d K.
Il:kl H/llll#:*

Das erste Glied auf der rechten Seite von (38) verschwindet aber jetzt nicht,
weil ja jedes Integral die Mittelung von r2 iber die Ladungsverteilung von
einem Elektron bedeutet. Zu jedem festgehaltenen Wertepaar von 4 und v
wird es N! solche Glieder geben, die wieder nur in der Benennung der Veran-
derlichen voneinander verschieden sind und deshalb zu dem selben numeri-
schen Ergebnis fuhren. Das erste Glied von (37) und dieser erste Teil von dem
zweiten Gliede in dieser Formel liefern also das selbe Ergebnis, welches die
Beniltzung einer einfachen Produkteigenfunktion geben wirde. Ganz &hnlich
kénnen wir auch das zweite Glied in (38) umformen und erhalten dann endlich
fir das ganze zweite Glied in (37)

N N
® yk nAOo®(It M rdvwv) - 2 Ir2(H 12 (39)
ik P it
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Ganz nach der selben Methode, die wir hier angewandt haben, kénnen wir auch
das auf der rechten Seite von (28) stehende zweite Glied (bzw. das hier auftre-
tende Analogon von dem) umformen. Wir erhalten

q),lzo) r~Aiid* 2= /21:1 Hw*)]* + %&* 2 (WOr2(") » (4°)

Das zweite Glied auf der rechten Seite von (40) ist jedoch das selbe, wie das
erste Glied in (39) und vernichtet deshalb dieses, so .dass wir aus (28), (37),
(39) und (40) endlich

ri4o0)= \op 2 ri&dT--2 Hw?*)]2- 2 UH12 41
4(00) Je ) ri 21 )] . (41)

dr
erhalten. Die zwei negativen Glieder in (41) schwé&chen also den Wert von
\® Nr4ddr, den wir einfach als r4schreiben kénnen, (der ist einfach der Giber die

Sch@jdingersche Ladungsverteilung gemittelte Wert von r4) noch etwas ab.

7. Besprechung der erhaltenen Ergebnisse

Wie wir das in dem vorangehenden Abschnitt gesehen haben, kann man
auch die in der Formel (26) stehenden hdheren Glieder fur elektronenreiche
Atompaare in guter Ndherung berechnen. Doch missen wir noch einen Um-
stand beriucksichtigen, der sehr daflir spricht, dass man auf diesem Wege die
physikalische Realitdt der erw&hnten Glieder berschdtzt.

M ittelt man ndmlich gerade Potenzen von r Uber die Schrédingersche
Ladungsverteilung eines Atoms (oder lons), so liegt zwar das Gebiet, welches
den grdssten Beitrag zu den Integralen liefert, bei der Mittelung von r2 noch
ziemlich gut innerhalb der experimentellen Atom- oder lonenradien, bei der
Mittelung von rd4aber schon fast ganz ausserhalb und diese Verhdltnisse werden
selbstverstandlich noch viel krasser, wenn man noch hdohere Potenzen von r
Uber die Ladungsverteilung integriert.

Beim einfachen W asserstoffproblem kann man diese Verhdltnisse prompt
rechnerisch erfassen: Benilitzen wir wieder Hartreesche atomare Einheiten,
so haben wir fir die Eigenfunktion des Grundzustandes des H-Atoms =
2e~r. Die fraglichen Integrale sind also von der Form

— AZAT T2 @

an Jo

Uns interessiert jetzt, wo die Maxima der Intergranden liegen, die wir aus

o (e~2rm+2 = 0 (43)
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erhalten. Schon fiir n = 2 erhalten wir rp,x = 2, fiir n = 4 folgt rmax = 3
und ganz allgemein rp,c =(n 4 2)/2. Also schon bei der Mittelung von r?
liegt beim Wasserstoff das Maximum bei zwei Bohrschen Halbmesser und bei
der von r? bei drei, also schon ganz ausserhalb des Atomradius. Es ist schon
wahr, dass eben das Wasserstoffatom eine sehr ausgedehnte Elektronenwolke
besitzt, doch kann man diese erwiihnten Integrale auch bei elektronenreichen
Atomen oder Tonen z. B. aus den HARTREE — Fockschen Tabellen numerisch be-
rechnen und findet dann dhnliche Verhiltnisse. Als Beispiel wollen wir das
Cl~-Ton erwiihnen, da fiir dieses schon seit langer Zeit HARTREE-FocKsche
Tabellen [19] vorliegen. Nach den Berechnungen des Verfassers liegt das Maxi-
mum bei der Integration von r2 iiber die Elektronendichte bei ungefihr 2,2ay,
bei der von r* dagegen bei 4,3ay. Der empirische Ionenradius vom Cl~-Ion
betrigt dagegen nach GorLpscamipT 3,42ay. Wir sehen also, dass in konden-
sierter Materie, in der sich dic Atome oder Ionen infolge der Fermiabstossung
der Ladungswolken gegenseitig stark zusammendriicken, der fiir r? berechnete
Wert noch eine ziemliche Realitiit besitzt, der fiir ¢ erhaltene dagegen nur
mehr wenig. Innerhalb des Ionenradius liefert die numerische Integration fiir
r* nur einen wenig bedeutenden Wert. Es sei nur noch erwiihnt, dass auch das
Cl~ als negatives Ion eine sehr ausgedehnte Elektronenwolke besitzt. Fiir r2
liefert die numerische Integration bei diesem Ion 38,55 in Hartreeschen ato-
maren Einheiten. Die Berechnung der in (36) stehenden Austauschglieder lie-
fert dagegen 12,84, so dass demzufolge der numerische Wert von r%(OO) unge-
fihr 2/3 von dem von > r?sein wird. Wahrscheinlich werden diesbeziiglich auch
i

bei anderen Atomen oder Ionen dhnliche Verhiltnisse auftreten. Die Auswer-
tung von r! liefert einen Betrag von etwas iiber 400. Die in (41) stehenden
Korrektionsglieder, die noch zu 2rt hinzutreten, werden diesen Wert etwas
herabsetzen. Zu dem erwihnten Betrag von r* gibt der innerhalb des empiri-
schen Ionenradius liegende Teil der Elektronenwolke nur ungefihr 279,.

Ausserdem miissen wir noch einen Umstand beriicksichtigen. Die HArT-
REE— FFockschen Eigenfunktionen sind tatsichlich die besten die man erhalten
kann, jedoch unter der Annahme, dass die Eigenfunktion immer ein Produkt
von solchen Funktionen bleibt, die nur die Koordinaten von einem Elektron
enthalten. Es ist jedoch garnicht sicher, dass solch eine Eigenfunktion die ei-
gentliche Losung der Schriodingerschen Differentialgleichung ist und es ist
sehr wahrscheinlich, dass eine wirkliche Lésung, welche dieser Einschrinkung
nicht unterworfen ist, eine noch stirker zusammengezogene Ladungsverteilung
geben wiirde.

Wir kommen also zu dem Schluss, dass die in (13) bzw. (26) auf der rech-
ten Seite stchenden zwei hoheren Glieder (Dipol—Quadrupol und Quadrupol —
Quadrupolglied) in kondensierter Materie relativ wenig physikalische Realitiit
besitzen und man deshalb den zwei Gliedern im LENNARD-JONEsschen Poten-
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tialansatz tatsdchlich eine ziemlich genaue physikalische Deutung geben kann.
Da in diesem Potential mit negativem Vorzeichen ein R~e enthaltendes Glied
und mit positivem ein zu f?-12 proportionales steht, so kann man weitere
recht kleine Korrektionen, die zu R~8 bzw. R~10 proportional sind, durch
kleine Abédnderungen der Faktoren der erwdhnten Glieder beriucksichtigen.

In Gasen sind die Verhdaltnisse von den in diesem Abschnitt beschrieb-
enen ganz verschieden, aber auch dort werden die erw&hnten hdheren Glieder
bei grosseren Entfernungen, wegen der schnellen Abnahme dieser Glieder mit
zunehmendem R eine untergeordnete Bedeutung haben. Die Bemerkung be-
zlglich der noch stdrkeren Zusammengezogenheit der Ladungswolken, als die
der Hartree —F ocKschen Theorie entsprechende, beziehtsich Gbrigens auch auf
diesen Fall.

Weiter kdbnnte man noch fragen, dass wenn man die in (13) stehenden
héheren Glieder bericksichtigt, man nicht auch gleichzeitig weitere Glieder
in der Stérungstheorie mitberlicksichtigen musste. Doch entsteht dann auch
das Problem Uber die physikalische Realitdt dieser Glieder. H. A. Wilson
[20] konnte zeigen, dass die zeitabhdngige quantenmechanische Stérungstheo-
rie wenn auch nicht konvergent, so doch wenigstens asymptotisch ist, ganz
ebenso wie das nach H. Poincaré bei der astronomischen Storungstheorie der
Fall ist.

Ausserdem konnten noch besonders bei kristallgitterartigen Anordnun-
gen auch Dreikdrperkréfte eine gewisse Rolle spielen. Wir erwdhnen hierauf
beziglich nur die neuen Arbeiten von Chan und Dalgarno [21] und Jan-
sen [22].
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O ®U3NUYECKOWM PEAJIbLHOCTWU MOTEHUWANA NEHAPOA-AXOHCA
T. HAUTEBAY3P

Pesome

PaccmaTtpuBaeTcsi BOMpoc, sIBASIETCS M noTeHuman JleHappaa-[XoHca 0ToGpaxeHUeM
O/IHOW [e/ACTBUTENIbHOW 3aKOHOMEPHOCTM MPUPOAbI, UM €ero MOXHO CUMTaTb XOPOLUO COXpa-
HUBLLECA YMCTO 3IMMNMPUYECKON (hopmysoil. PaccmaTpuBasi BTOPOA YJieH, IEFKO MOXHO Mo-
KasaTb, UYTO OH — MosiBAsSIOLLeeca B pe3ynbrtate depMn-cTaTUCTUKU OTTasIKuBaHue, 06yCnoB-
NEeHHOe MepeKpbIBaHMEM 3/1EKTPOHHOrO 06/1aKa, Torja Kak MepBblii YNeH UCTONKYeTCs  Kak
3Heprua BaH pgep Baanbca. YacTo nonaraeTcsl, YTO B [aHHOM BbIPaXEHUU TOMbKO MepBble
UieHbl COOTBETCTBYHOT JAaHHbIM 3HEPTUSIM U Ja/bHeNLLINe YfieHbl NPU B3aMMOAENCcTBUM 6oraTbIxX
B 3/IEKTPOHAX aToOMOB M B KOH/JEHCMPOBAHHOV MaTepuu HaCTO/IbKO BEIMKM, YTO CAeNalT CXO-
OMMOCTb [JaHHOTO psifjia COMHWUTENbHOW. B HacTosileil paboTe MOKasblBaeTCsl, YTO 3TU YfieHbl
COBCEM He WMEHT (QM3MYECKOro CMbICMa, MOCMeHWI 6bln NPUCYXAEH UM B NPOCTO Teopuu.
Ob6pallaeTca BHAMaHWE Ha BaXKHOCTb JAHHOIO YCN0BUSI B (h3UKe TBEPAOro Tena v B NocnegHee
BpeMSi B MOJIEKYNISIPHON Buonormm.
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This paper deals with the effect of traps on the domain, velocity (u0) and total current
(Js) in the presence of steadily travelling high field domains. The treatment is applicable both
for the Watkins—Gunn effect and recombination instability. The calculations are carried out
without linearization of the related equations, using the method proposed in [9] for the trap-
free case. The assumptions used are: (i) Only transitions leading to negative differential con-
ductivity depend on the electric field; (ii) The relaxation times of transitions between high and
low mobility states are shorter than the other characteristic times of the problem; (iii) The
mobilities and diffusion coefficients are field independent; (iv) The electron concentration in
the band is much lower than those of empty and filled centres.

The effect of traps on the Watkins—Gunn effect is discussed in detail and expressions
for possible domain-velocity are derived. In contrast to the trap-free case the domain
velocity is sensitive to the domain shape. For quadratic domains, the peak field depend-
ence of possible domain modes is discussed.

A simple analysis shows that the applicability of the model for slowly moving domains
in semi-insulating GaAs cannot be definitely decided without a knowledge of the relaxation
time from low-mobility states to the traps.

1. Introduction

Since the first more detailed experimental investigations of slowly mov-
ing high field domains in Ge [1], [2], it has been suggested that the very low
domain velocity might he controlled by centres (traps), which differ front those
leading to negative differential conductivity. Although, to the best of our
kowledge, there is no direct evidence for the existence of these centres, not
even in the case of germanium, it seems reasonable to assume — especially for
compensated semi-insulating materials — that the traps really contribute to
the space charge density. In fact, it was proposed in [3], that the slowly moving
domains in semi-insulating GaAs [4], [5], [6] can be explained by the electron
transfer mechanism between valleys, rather than an impurity barrier mecha-
nism and the velocity is controlled by the oxygen impurity. This model seems
to be all the more suitable because, as shown in [7], the empty oxygen centres
are electrically neutral. On the other hand, for CdS one has to assume at least
two types of centres, in order to interpret the existence of domains, say, by
field quenching [8].

* Dedicated to Prof. P. Gombas ou his 60th birthday.
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In [9] and [10], we suggested a new method to determine the domain
velocity (u,) and the total current (j) for the case of recombination instability
and the Watkins —Gunn effect, but neglecting the effect of traps. It was found
in [9], that low domain velocity in Au doped Ge can be obtained if a proper
(asymmetrical) domain shape is assumed. On the other hand, the Gunn do-
mains propagate practically independently of the domain shape, and their
velocity equals the average electron drift velocity at the peak field with good
approximation.

Now, the effect of traps of a general two-state model will be investiga-
ted using the above method which, in contrast to [3], does not require the
linearization of equations.

Because the calculations are now more complicated than those for the
trap-free case some simplifications must be introduced to make the results
easier to survey. These are: (i) Only the relaxation time responsible for the
negative differential conductivity depends on the electrical field; (ii) There is
a quasi-equilibrium between the low- and high-mobility states (instantaneous
transitions); (iii) The mobilities and the diffusion coefficients are field inde-
pendent; (iv) The electron concentration in the band is much lower than the
concentrations of empty and filled centres.

Using the above assumptions an algebraic equation system is given for
u, and j;. Approximate expressions are derived for the possible domain velo-
cities. The application for oxygen doped GaAs as well as the peak field depend-

ence of domain velocities are discussed.

2. The basic equations of the model

In a general two-state model the negative differential conductivity
arises from transitions of electrons from high-mobility states (index 1)
to low-mobility states (index ““2”’). For the recombination instability the low-
mobility states are actually zero-mobility states, localized in the forbidden
gap. Figs. 1a and 1b refer to the Watkins— Gunn effect and recombination in-
stability, respectively. It is assumed that only the transitions 1 — 2 depend
on electrical field. Although the transitions 2 =t are important for the Wat-
kins— Gunn effect but not for recombination instability, the calculations allow
these transitions, too (broken lines in Fig. 1b).

The basic equations of the model are the equations of charge continuity,
the Poisson equation, the phenomenological expressions for current densities
in states “1”” and “‘2” and, finally, the reaction kinetic equations for transitions
between states 17, “2”” and ““¢”.

6] a7 5]
A I 80, B — Pl s )= (—Qlj : (1)
ot ox Ot ) gen.
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Fig. 1. Electronic transitions allowed by the model. Only the transition 1 —2 depends on the
electrical field, a) Watkins—Gunn effect; h) Recombination instability

; i.e* E) - AT 2
oi dx tyu(ei-erE) ) E Qt )gen,' (&)
7 =¥ e (3)
Qt
OE an , 4n )
g © @ O 02 = 0

Here the notations of papers [9] and [10] have been used. The functions ipij
can be determined easily assuming a Shockley—Read—Hall type recombination
model. With a further simplification the function ipy can be linearized with

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



424 G. PATAKI

respect to the concentrations if the electron concentration in the band is much
lower than the concentrations of empty and filled centres [9]:

A12 = Qilru{E) QilT2i *
"t - QIIrU — 6tlrn - (6)

Y it - Qil4t - Qthti-

The physical meaning of time constants introduced in the above equations is
evident (see Fig. 1). In the following calculations the quasi-equilibrium bet-
ween states “1” and “2” is assumed, which leads to y12=0 and thus we have:

ejQi = TilriA€) = r{E). @)

From Equs. (1)—(3) for space charge density g and current j = j1-f-jz one
obtains:

= O’ 8
8t 8Ac ©)
while the definition of the total current is:
e B8E
=J+ ~ 9
Js=1J an 81 ()
For a steadily travelling domain the charge densities g- (i = 1, 2, t) and the

electrical field E depend only on the variable z = x—u0t [11] and if the deri-
vation with respect to z is denoted by 'then from Equs. (1)—(4) the following
differential equation system is obtained:

O E2ity., = ¥i2 + i1/, (1o
wui?2 + J"“ rrrrrr f12 o+ r2ds (20
(30

v
E'= -WWEW"(QD — gi 92 — g/) (e0

On the other hand, from Equ. (8) and definition (9) we arrive to the two im-
portant equations:

euOE"
«wg =, (10)
. . . eiigE"’
j =u0Q+js=js jn (11,

where the total current js is constant for the wave-like solution [11].
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The further calculations are based on the Equs. (10)—(11)- In fact, if
these equations are taken at the point of electrical neutrality zO, where E'(z0) —
0, then we have:

js = Oio(vio + ro%>) + e[QDi + r0D2, (12)
“0S2= elu(t;10+ rov20) + gl0fOD2EI + QO(Di+lro D2, (13)

where vi0= fx 0EOQ; r = dr/dE; and Si — e/*nE” (i= 1,2, ...) are the “do-
main shape parameters” introduced in [9].

3. Determination of u0 and js for arbitrary domain shapes

1. General case: two-state model

According to Equs. (11) and (13) the quantities g10, Qo and piOare t0 be
determined. The functions g- (E,E'; . ..), (i= 1, 2, i), can he determined rela-
tively simply if the condition of instantaneous transitions between states “1”
and “2” isvalid. With the aid of Equs. (3’) and (11) and using the Poisson equa-
tion repeatedly the functions and can he eliminated and for and Q
the following equation system can be derived:

Oi('+ r) + Qt— T, A
Lgl— Mgt= R,
where
T=q0—eE'l4n;
L = (i"-d-rv) (I + r) uoc-"(E2— Dj) uurE'-j- (D1-\-rD2 (1/rit~\~rl T2) ?
M = (Di+rD2)/T?; 1/Tg= 1T:.i+ 1/Ti2; (14
R = uO[(l+r) (js+euOE'l4,n) — (D~rDJT'].

The solution of this equation system is:

R+TM ; _-R(I+r) +TL

a-— . (15)

L+ {l+r)M L+ (1+r)M

W ith the aid ofEqu. (15) the derivatives figuring in Equs. (12), (13) can he deter-
mined. In fact, with the notation L -f- (1 -f r)M = N we have

QIONO= RO+ TOMO, (16a)
eioM0= Rd+ ToMO- K (210, (16b)
eloNO=R I+ TlIm 0+ TuMI - w eld- 2y . (i6c)
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Here, for convenience, the quantities appearing in Equs. (16) will be given:

Ro= «w[(1+ rl)«wsz2+ ®, LroD2) s3] ;
R"= uo[o KUs+ Dzs2 + (1 + ro)u0S3+ (D, + r0D2) S4];
Lg= (42 Dj) uOrOz q;
h6é = C't+ r0/*2) (L + ro)u0Oh6é + (62 -Dl)«olToh6" +
+T0h6 [«O (! + r0)r20+ “o (»10 + r0 »20) +
H-b2 (1t + rdtx + (D, roD2/MHA];
ho = 0o’ = Sf+j; (i=1,2,...); Af6 = 0; ™M fi—foD 2E'6/TgT
NOo=L';No=1 + (L+ r,)M(i+ r, h6MO;

-No= (! + ro)[“0(®io + ro»20) + (-°i + r0D2)/t,0] .
Here by definition:

1+ ro_ 1 , 1o , 1+ rn (17)

Tfo ril r2t tg

Using the above expressions, the current and the velocity can be calculated.
Before doing this, it is more convenient to introduce dimensionless quantities
into Equs. (12) and (13). Let is = jslQOvao; where vao = (v10 -f rv20) « (1+r,,)“1
is the average electron drift velocity in the band. The average diffusion
coefficient is Dan= (Dx+ ro®r) ' (1 + r,) K Assuming S2”~ 0, we have:

h= 22F+ ro) g EHoD e F +' ro) (18)
Q@ vaoQo

= -gk 1+ )+ ftpAa2rEl + gloDa0 (1 + o) (19)

In order to calculate the various term sin Equs. (18) and (19) we need the follow-
ing dimensionless quantities:

<o =r,0Da0ho/h0; <1 = Wuo/rgo *to - ~ vao o S2S2;
o3= i o2; oc = Tfo Dao S4S2; »a0 tiorMa ho/hO0; (20)
«0 aias’ag“ Tworig ' aM = T-wiTMa & (*0 “ “Afro)?
y = EJrom(dr/dEjyo ; JT, = pj/pan; &= -
GO0= *+ at; a2 = TO(l/r,, - l/ru)
and here:
Yma = «/4900 Aw! Aw = (/h + ro/¥Y) (1 + r,)-1.
From Equ. (28) ai0 = (1 + ro)-1.

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



EFFECT OF TRAPS ON STEADILY TRAVELLING DOMAINS 427

First, based on Equs. (16a, b) the quantities p10, will be determined. After
simple calculation we have

<D fi 1\ _ X(h*b*,) “falag (21
00 "0

Ow D,,0 (i+1)= A ) + T X e (22)
00va GO L *] G.(l+r0 pO

For iswe obtain, after multiplying by GOand I/x1:
is= <sg+ «S5[*(1 + *3 + *2—xixg] + ro7ao<M1 + to)-1 . (23)
0o

Now, from Equs. (21) and (22) both gl0/gOand iscan be expressed as:
h GO= GO{*g+ as[x{l +xs)+x2- xlag} + Pr*°g* (xIxg+#0 ; (24)
(I+ rg2

— -(I1+r0)Go= xvco+x {00+ as[x(1+ a3)+*2— 0qaj} ., (25)
e0

where
GO= GO- rOyaO(ii2(1+r0)'2.
The determination of the velocity is more complicated, because the term pi0

also appeared in Equ. (19). First, Equ. (22) is inserted intoEqu. (19), thenhav-
ing multiplied by GOand l/og, we obtain the following expression:

X = x2x —xg + royxMx °*® + rOyx1xM d2 Tlo?10 No (26)
, " (1+r0)S2vM

Here the relation 0(1 -f- r0)-1 -(- d2= 1 has been taken into account. The last
term of Equ. (26) can be determined using Equs. (16c) and (14). First, however,
the term in (16°) is expressed with isfrom Equ. (12). After tedious calcula-
tions we have:

XP = —xgF +0s2*2+ (3 — 2&) (1-hrO)—2r0yxMxis —xMK xgJ q0—

- rOyxIxM[lI+a~il + ro)-1] QolQo,

where
P=1—x2—a4- vy (1+r0~IxMd2é0;

F — 1+ x3— 0yxlxm (1+r0~1; 277
K = 1+ r0+ ray [26(l -+f0) 1+*;20/fA)- <GB (1+ ro)_1].
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Now, the inconvenient term g10/g0in Equ. (27 )can be eliminated using Equ. (21)
and then the following algebraic equation for the dimensionless velocity x is
obtained:

b3x3-\hi x2-\-b1x-\-b0= 0 , (28)
where

b3 = +«2”

=+«la —P+{3—2d) rOyxioxM is —xMxiOK (is+&0) ;

bi= —d P —«@F+@—2)r0 «o«M if —«l«m«g«l0-K—

—r0yogaMa,0(1+ a2laj0) (is+ r0) ;
BO= - ogXg[F + rOyxxxMxio (1+<x2L«io)] ¢

Equs. (24) and (28) form a coupled algebraic equation system for u0O and js,
the roots of which can be determined, say, by numerical methods. Instead, we
shall give approximate expressions for the current and velocity but, before
doing this, the case of recombination instability will he treated briefly.

2. Recombination instability

For simplicity’s sake, the transitions denoted by broken lines in Fig. Ib
will be neglected. In other words, the characteristic times for transitions
2 s=tt are much longer than any other characteristic time of the problem.

As the low-mobility electrons are localized in the forbidden gap, the
average drift velocity va should not be introduced. Using the usual notations
Dy = D; [iy= /n; vt— v the following quantities will be introduced: x =
@-frox'; is=(1+ /0iv; ™M= (1 + rQtm0, TtO= (1L + ro)ro and here rm0=
r/4np0l. According to our assumption 1/tr= 1/ 1 and, thus, 1/r0= 1/rp -j-
(1 -f- r™/tty and Xg= (1 + rQT0T1r= (1 -f- rORg; while for all other xg (k —
—0,1,2,3,4,5, M, io;) Xk —mk and$0—ms0.Finally, it is easy to see that 62 =
=0; O= 1+ r0and 1-fx2exio Bg(l + r0.

Introducing the above notations, the following algebraic equ ation sys-
em results for x' and isr:

hr [0 —RjfOy (1+rQ] = GO{Rg+Rs[a'(1+/?3)+«,(1+To)~ BiRg]} + ~"29)
+ royR,, x'{ByRg+x'<p0),
where G0 = x'(1 -f- r0) -f Ry and

a3x'3-\-arx'2-}-ayx'-\-a0= 0. (30)
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where the coefficients a- are:

a3 = "2(1+ ro)2;

— (RiBi  -P'+ 3 rOyRMisr) (1 + r0) — BMK'[isr(l + r 0)+990] ;

N}

a

ai= —RiP,_"(l+roRgF'-\-3 rOyR1BMisr —RBiRMBRgK"' —
—royRi RM By [iS(I+r0)+ 90] ;
a0= —RiRg(F'+ royRi BM Rg)

and P' = 1—|S2—/3; K' = 2rQy + 1+ rO—rQyR3; F' = 1 + R3.

4. Approximate expressions for u0 and js

In order to give closed expressions for u0andyswe-make some approxi-
mations. A simple estimate shows that the diffusion component of currentjs
is negligible compared with the drift term, i.e. js pl0(v10 -(- r&v20). Using
Equ. (21) one obtains for is

Is = Xg+ CisX. (31)

In the same approximation, the quantity gl0/g0will have the form:

--18 (1-f-r0) = ag+ asX. (32)
i

It is easy to see that the approximation made also involves the condition
jx|<”l. This condition certainly holds if the traps influence the domain velocity
and take part in the formation of the space charge. In the trap-free case the
domain velocity turned out to be equal to the average drift velocity vao and
thus if traps are present it should be much less than vao, i.e. |od 1. Itisinter-
esting to' note that the approximation (31) is a good one because it gives the
same result as the exact expression (24) also for x = --0* (GO = 0).

This is not true for Equ. (32). The approximate equations (31) and (32)
contain only one shape-dependent parameter (as). The exact expressions (24)
and (25) depend also on a0;a3 but not on a2 Now, instead of inserting Equ. (31)
into coefficients b2 and bl (as it was done in [9—10]), it is more convenient to
use Equ. (27) directly. After simple calculations, using the relation <50 -j- b2 =
1, and Equ. (27°) one obtains:

CoXT —POx —ag FO= 0, (33)
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where
Co — 1 <5 *io C fj;

-Fo = 1 az2 N4 H~roy~ 1 0N+ N2])A Xxg «/OKo ?

Fo = 1+ <3+ ro7ai*m afo0o ("~ + a 2i) ;
KO0= 1+r0—r0y (1 - r2o/40) — rOyxi06x3.

So, instead of the third order algebraic equation, (see Equ. (28)), we obtained
an algebraic equation of second order. A simple analysis shows that the third
omitted root corresponds to the case Gn= 0, and hence a possible domain
velocity is

ubo = Da° |, (34)
va0 rt0

which will be referred to as the “diffusion mode”. The two roots of Equ. (33)
can be determined approximately as —xt xgFJPO; x2 PJCO The first
root can he called the “drift mode”. As for the existence of the second root,
no theoretical or experimental evidence is known. The “drift mode” has the
ollowing form:

1+q3+ rOyxxxMxfO(6+x21)

"n<; evalXge (35)

1—X2 *4+ roy=1*m xsxio(6+ X20)+ xgxMxiOK o

which is very sensitive to the domain shape because of the asymmetry para-
meter a2. Before discussing the peak field dependence of domain velocities,
the signs of different terms of the denominator should be examined. If rOB > V.
the term K Qis positive, more precisely: aroK 0 1. The asymmetry parameter
x2can drastically reduce the domain velocity, as was pointed out in [9]. As for
its sign, a2 0, because, according to experimental observations the leading
edge of the propagating domain is a depletion layer (where E' > 0) the slope
of which is less than that of the trailing edge. For such a domain shape, as can
be seen, a, <C 0. Despite xs being negative its effect is negligible because it
is multiplied by the very small xx factor. From the above consideration it
follows thatthe denominator of Equ. (35) does not become zero. Let us investi-
gate briefly the peak field dependence of domain velocities. Both for diffusion
and drift modes we need the field dependence of the average drift velocity,
va According to [12], vaa shows saturation with increasing electrical field
(E0> 15kV/cm). Although in our model W = const, and thus vau does not
saturate, a simple analysis shows that va) can be considered as the actual
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average drift velocity. (It is not difficult to take into consideration a field de-

pendent mobility in the upper valleys). The diffusion mode will depend essen-

tially on the 74, if E, > 3E.. The drift mode depends on the domain shape

parameters. Therefore, one has to assume a concrete domain shape. According

to [13] and [14], the domain may be symmetrical. Assuming a quadratic do-

main shape oy, = 3 = o, = 0, while the term containing the parameter s
can be neglected. Using these assumptions we have (with «;, K, ~~ 1):

- Uy A Vg0 %, X + 1o Yoy oy gy (0+0tyy) ] (36)
14,0y

From this expression it is clear that the peak field dependence of ugq is deter-
mined by vy, «, and xpr. The average electron drift velocity saturates if £, >
3E.. The behaviour of og(or 7)) depends on the parameter & = 7,;/7,. If
& = 1, then «, is independent from the electrical field. In this case, according
to Equ. (32), the electron concentration at the point of electrical neutrality
practically does not change.

If the slowly moving domains are associated with oxygen impurities in
semi-insulating GaAs [4]—[6], then the following parameter values can be
used. The energy level of oxygen is situated at E; = 0.75 eV below the conduc-
tion band.* The effective density of states in the central valley is N, = 6.10"
cm 3, The generation time 7, is defined as 7, = 1/C;;n, = 1/C;;N,; exp
(-E(/ET), where Cy; = Syvim, and S;; is the electron capture cross-section for
transition 1 — ¢ and v is the electron thermal velocity. According to [7] we
can write S;; =5 - 10715 ¢cm? and thus C;; =5 - 1015 - 3.6 - 107 = 1.8 - 107
cm3/sec. At room temperature 7g ~~ Tty = 20 sec (the generation time 7, can
evidently be neglected). In order to determine the capture time constant 7
we need the concentration of empty centres because 7,; = 1/Cy;p;,. An essen-
tial simplification n, << p,, n¢y. For n, = 107 cm 3, corresponding to the ma-
terial used in [5], the ratio of empty to filled centres is p;j/n;, — 2,8 - 1072,
(nopto/niy = ny). Thus, it is sufficient to assume that p;, = 2.8 - 103cm ™3
and n;, ~~ gy/e = 10%cm 3. To the author’s knowledge, there is no available
experimental data on the electron capture cross-section S, of oxygen centres.
Therefore, in Fig. 2 the ratio §& = 7,//7y is used as a parameter. If n, is small
enough and oy << 1, the peak field dependence of the drift mode is determin-
ed by wgy og, or by vsg 71, because in the present model 7, is independent
from the field. This shows that in this respect the diffusion and drift modes
behave contrarily.

* A suitable choice of the parameters is px, = 7000 cm?/Vsec; u, = Bu;: B = 0.02
D, 182 cm*/sec D, = BD, (in the calculations the valldlty of the Emstem relation was not
assumed), ¢ = 12.5. The effect)ve mass of electrons in the central valley is m; = 0.071 m.
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Fig. 2. Dependence of «iQ(|)/t()X| = 1) on relative peak-field EJEc for different values of
£ = t1(t2( The curves are plotted with parameter values given in the text (ri0(| = 1) =
= 2 +10-7 sec)

5. Discussion

The model presented provides a possibility to investigate the effect of
traps on the recombination instability and also onthe Watkins —Gunn effect.
In contrast to the linear theory [3], the present treatment deals with nonlinear
equations using the method proposed in [9], [10]forthe trap-free case.Differ-
ent domain modes are derived under the assumptions listed in the introduc-
tion. Contrary to the trap-free case the slowly moving Gunn domains are sen-
sitive to the domain shape, at least for the drift mode. The velocity expressions
derived are similar to those obtained forthe recombination instability without
traps [9], if the diffusion coefficient and mobility are replaced by the corres-
ponding average quantities and the capture time constant rOby an effective
relaxation time rt0, containing the relaxation times between high and low mo-
bility states (see definition (17)). In the present treatment, both the total
current (js) and domain velocity (u0) are expressed with quantities taken at the
peak field (neutrality point). All calculations were carried out without assum-
ing the time constants rl/and r2tto be equal. This point seems to be important,
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because both the current and domain velocity will vary with a change in the
parameter From this a possible determination method for | follows by meas-
uring the peakfield dependence oftotal current and domain velocity. However,
at least two effects have to be taken into account: the field dependence of
vaD and ri0 (since vao saturates only if EO ~>3EC. By comparing the theoretical
and experimental results we are trying to identify the observed domain
velocity with the drift mode. Experimental studies have dealt with semi-in-
sulating GaAs of different electron concentrations, namely n0” 107 m “3[5]
and n0  10ucm*“3 [6]. In the former case, XOOM 1 and the domain velocity
is approximately u0a” —valay. With a proper, but not unrealistic, choice of
the parameter f the domain velocity will be close to the observed value:
[n0] s~ 0.1 cm/sec. At higher electron concentrations we have some difficulties,
because the presenttheory is applicable only if n0O  ntO, p/0. In fact, for n0=
10ucm-3; pto/ntQ = 2.8 « 10“e and, therefore, a very high trap concentration,

> 1017 cm -3, is required. If nt0Oa” g0e = 1017cm*“3, then the term (¢OM
will predominate in the denominator of Equ. (36) and, thus, —uwa ” VaorMalttoe
The observed domain velocity it0] s« 3 ¢ 10s cm/sec [6] can be obtained only
for an extremely small value ofn 0 (if p0e = 107cm“3 TMa= 5.6 «10-13 sec,
va) = 5 « 10e cm/sec, then ttO 10“9 sec.) It is obvious from the above dis-
cussion that for the time being, it cannot be definitely stated that the domains
in oxygen doped semi-insulating GaAs are slowly moving Gunn domains. This
is all the more true because field dependent trapping was observed in [15] and
also slowly moving domains in p-type GaAs have been reported [16].

If the domains are due to an impurity barrier mechanism, say, Cu“
centres in GaAs, with a threshold field well below the threshold for the Gunn
effect, then Equs. (29)—(30) can be applied.*

The situation is probably more complicated and both the field dependent
trapping and an electron transfer mechanism exist simultaneously. In prin-
ciple, it is not difficult to extend the present method for this case also, but
without proper simplifications, calculations will be too complicated.
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BANAHNE NOBYWEK HA CTALUMNOHAPHO ABUVMXYWWECA AOMEHDI
B MONYNPOBOAHNKAX

r. NTATAKN

Peswome

B HacToslLleil cTaTbe paccMaTpuBaeTcsi BAWAHWE NOBYLIEK Ha CKOPOCTb (H,) CTaumo-
HapHO ABMXYLMXCA [OMEHOB M Ha MOAbHbIA TOK ([) B cy4yae peKOMOMHALWOHHOW HeycTonuum-
BOCTU M aphekTa YaTKMHca—I aHHa. PacuéTbl npoBefjeHbl 6e3 NMHeapu3aLn COOTBETCTBYHLLMX
YypaBHEHWI, NOb3YSCb METOAOM MPeAnoXeHHbIM B [9], Ans cnyyas 6e3 nosywek. [Jns ynpodle-
HUA pacyéToB ByAeT NpeAnonoXxeHo: (i) OT 3NeKTPMUUYECKOro Mons 3aBUCAT TObKO Mepexofsl,
Beaylmecs K oTpuuaTenbHoin pguddepeHumnanbHoli nposogumocTu; (ii) BpemeHa Mepexoaos
MeXJy COCTOAHMSAMMU C 6GONMbLION M Manoil NOABMXHOCTbIO ABNAOTCA 60Mee KOPOTKAMU YeM
ApYyrue XxapakTepucTuyeckume BpemeHa npobnembl; (iii) MoABMXHOCTA U KO3IDDULMEHTbI And-
(y3un He 3aBUCAT OT 3NeKTpuyeckoro nons; (iv) KOHLEHTpaLus 37eKTPOHOB B 30HE ropasfo
MeHblle KOHLEeHTpaLuM MycTbiX U 3aM0fIbHEHHbIX LLEHTPOB.

Bonee nofpoGHO pacCMOTPEHO BMSHUE NOBYLIEK Ha 3(eKT YaTkuHca—I aHHa. Mony-
UeHbl BblpaKeHUs ANS BO3MOXHbIX CKOPOCTE FaHHOBCKMX AOMEHOB MPW Hanuuyuu NOBYLUEK.
B oTanumm oT cnyyvas Ge3 NOBYLIEK CKOPOCTb OKa3blBAeTCS YYBCTBUTENbHON K (hopmMe [OMeHa.
O6cyxaeHa, B cnyyae KBajpaTUYHbIX [OMEHOB, 3aBUCUMOCTb CKOPOCTE pasfMyHbIX MOA OT
MaKCUMaNnbHOro 3HayeHUs Nons B [OMEHe.

MpocToii aHanW3 nokasbiBaeT, YTO BOMPOC O MPUMEHUMOCTM MPUHATOW MoAenu K Mep-
NEeHHO ABVKYLIMMCS [OMeHam B monymsonupytowem GaAs Henb3si OLHO3HAYHO pellaTb 6e3
3HaHWsA BpPeMeHW Mepexoja 3/eKTPOHOB W3 COCTOSIHWIA C Manoii NOABMXXHOCTbIO B NOBYLUKMW.
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Finite dynamical symmetry transformations of the Kepler motion are given in closed
analytic form.

In recent years there has been considerable interest in the problem of
dynamical groups in Classical and Quantum Mechanics. For the classical one
particle problem in a —1/r potential, characterized by the energy function
(Hamiltonian)

E = —
2m r
two well-known vectorial constants of motion exist (see e.g., [1]): the angular
momentum
L =rXp, 2
and the Laplace—Lenz—Runge vector
A= --- (—-—- LA )
Ph \ I mg J
where
Po—V2m |E]|. (4)
The Poisson bracket relations of L and A coincide with the defining relations
of the SO(4) and SO(3,I) Lie algebras for negative and positive energies, re-
spectively. Higher Lie algebras can also be constructed out of the primitive

dynamical variables. The pioneering work in this direction has been done by
Bacry [2]. One finds (see also [3]) that the quantities

(rP)P  sin] Po(pr)

B rp jCOS| 1 mg (5a)
mg Po mg shl mg
s A f1. M2 [cos Po(pr) Trp SN Po(pr) (5b)
Po I mg 1ch mg sh mg

* Dedicated to Prof. P. Gombas on his 60th birthday.
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as well as L and A, obey the bracket relations of the S0(4,1) and SO(3,2) Lie
algebras for negative and positive energies, respectively. Further,

mg lr M p Icos1Po(pr) rpJsinj Pu(pr)

C=+ (6a)
Po LT mg Ich] mg (shJ mg
r = - rp[cos) p M [I _ ‘Pl [Sinl po(pr) (6b)
IchJ mg Po mg jshJ mg

together with L and A, obey the bracket relations of the S0(4,l) algebra for
both negative and positive energies. In (5) and (6) the trigonometric functions
should be taken for bound states, and the hyperbolic functions for positive
energy. (The upper and lower signs refer to negative and positive energies,
respectively.) Finally, one finds that L, A, B, S Cand T, taken together with
the new quantity

satisfy the Poisson bracket relations of the Lie algebra of the SO(4,2) group,
again for both positive and negative energies [3].

The three-dimensional finite rotations generated by the angular momen-
tum vector L can be immediately obtained by integration. As to the finite
transformations ofthe dynamical variables r and p generated by the Laplace—
Lenz—Runge vectorA, it has beenpointed out in [4] that these transformations
are non-linear and cannot be given in explicit analytic form. In [5] it has been
proved that the transformations generated by the angular momentum and the
Laplace—Lenz—Runge vector A form, indeed, a group of canonical trans-
formations. The finite group elements have been obtained by integration, and
the global structure of this dynamical (invariance) symmetry group has been
clarified; the group is isomorphic to the four-dimensional rotation group SO(4).

In what follows the dynamical invariance and non-invariance symmetry
transformations will be treated in a unified and general manner. The use of
the Bacry variables [3] as the basic quantities makes it possible to obtain
explicit transformation formulae. Introduce the four-dimensional notation

M B~V c«|c,(x)-w*r]
for the quantities (5) and (6). The Bacry variables may be defined as

b*= + mgM~2B% ca= = {mg)-1MCa; (8)

they can be used equivalently instead of the original r, p position and momen-
tum variables. Thus, the transformation formulae for these basic variables
&8, ca are determined by those valid for B Caand M.
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The three-dimensional rotations generated by the angular momentum
vector will not be considered. For an infinitesimal canonical transformation
generated by the Laplace—Lenz—Runge vector one has

dB = (B, Ad«) = - Sdx,
dS = (S, Ad«) =+Bd«,
dC = (C,Ad«) = - Tdx,

0T — (T, Ad«) = £Cd«,
SM = (M, Ad«) = 0.

dL = (L, Bd/?)= - Bxd/3,
dA = (A, Bd/?)= Sd/?,

dB = (B,Bd/?) = L Xd?,
0s = (S, Bd/?) = Ad/?,

dC = (C, Bd/?) = Ma(i,
OT= (T,Bd?) = 0,

OM = (M,Bd/?)= Cd/?;

dL = (L,Séa) = 0,

dA = (A, Sba) ==FBd(T,
dB = (B, Sdcr) = - Ado,
0s = (S, Sba) = 0,

dC = (C, Sdcr) = 0,
OT — (T, Sdo)=+ Maa,
OM = (M,T6a)= Toa;

dL = (L, Cdy) = —CXoy,
dA = (A.Cdy)= Toy,
dB = (B, Cdy)= — Mdy,

dS = (S,Cdy) = 0,

dC = (C,Cdy) = + L Xay,
OT= (T, Coy) = + Ady,
OM = (M, Coy)==FBby;

dL= (L, Tet)- O,
dA = (A, Tdr) = = Cdr,
dB = (B, Tdr) = 0,
0S= (5, Tot) =TM ot,
dC = (C, Tdr) ==F Adr,
OT= (T, Tor)= 0,
dM= (M, Tet)— T SOt.

for the infinitesimal canonical transformations generated by the
quantities B, S, C and T the following formulae hold:

(10

(12)

(13)
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The integration can be easily carried out. From (9) one obtains

B'= B- (Bn)n+(Bn)n - Sn v
o

S'= S jC0Sa+B n fSin}a,

(chJ (shlJ
C=cC-(Cn)n+ ©Cmn © a—Tn Ia (14)
ch 1sh
T =t \COS a4:Cn Isin]
{ch Ur
AT = M
(a = |a], n= a/a); from (10) one has
L'= (Ln)n+ [L —(Ln)n]chR —B x nsh B,
B'= (Bn)n4- [B— (Bn)njchR + LXnshR,
A'= A—(An)n 4- (An)nchB + SnshB,
S'=SchB+ Anshg, (15)
C=C—(ECn)n+ (Cn)nchR 4- Mn shg,
T =T,
M' = Mch/3-f- Cnsh
(B = \B\, n=R/R); from (11) one gets
I/ =1L
A= A ch o B(shl .
cos (S|°nj}a
B' = B ch a—A fs.h)cr’
cos [sinj
S'=5, (16)
C=c,
T=17 " aawm
cos ffl-

ch
M'= M <7%xrlsh)a:
cos | sin
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from (12) one has

L'= (Ln)n+[L-(Ln)n]ichjy-C xn Ss_hgy,
[cosf sin

A'= A—(An)n + (An)n Eccor;]]y + Tzssig Y,

B'= B-(Bn)n + (Bn)nf'ch]jy-l\/l n[shly.
CcosS

s=s, o (17)
C :(Cmn4-E- @mn]chjyiLXnigﬂy,
[cosj (smj
ch

T =T cos yt AnCI._

Moo= M \yT gn '™

Ccos

(y=lyl, n=yly); finally, from (13) it follows that

L'= L,

A'= Achr4-Cshr,

B'= B,

S'= Schr 4- M shr, (18)
C'= Cchr 4- Ashr,

T' =T

M'= MchT=FSshr.

This completes the integration of the SO(4,2) full dynamical symmetry group
for the classical Kepler problem. The transformation formulae (14)—(18)
determine the analytic form of the transformation laws for the primitive
dynamical variables bx, ca or r, p; though, the formulae cannot he solved
explicitly for r' and p'.
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and
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(Received 20. Il. 1969)

It is demonstrated that the atomic model, in which the zero order approximations to
the one electron orbitals are hydrogen like orbitals, always leads to a model which imitates
very closely the Thomas— Fermi model of the statistical theory of the atoms.

The Schrédinger equation and zero order solutions

For an atom with atomic number Z the Hamiltonian has the form [1]

hi 7 z 2
H : -
~ 2.A'~ 2.2 ~ 2 - =
Y =1 =T i> =1 rij
R Z n2 ] pi )
w2 _ _ . L v = Z2H,,
Zm f=i G T 7210

9=1rZ (2)
The Schrodinger equation

= EY i3)

has perturbation solution with the energy

— = w2+Wl—-+W0— + 0 L (4)
~ - Z Z2 Z3
in which
1 k le 2
(5)
a=1 Oq

* Dedicated to Prof. P. Gombas on his 60th birthday.
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is the sum of the hydrogenic energy terms. a0 is the first Bohr radius in the
hydrogen atom and e2a0is the atomic unit of the energy 27.23 eV; gais the
occupation number of the states, with principal quantum number nx. Wx is
determined by the electrostatic interaction matrix. For closed shells the occu-

pation numbers are
ic= 2K (6)

and the total number of electrons is

k{k+1)(2k+1)

K ZNo , (8)

(VT — — Z13 9)

which is the zeroth order approximation to H/Z2 By investigating the case for
non closed shells it turns out that equation (9) represents W2 for non closed
shells to a good approximation also.

Energy theorems
Because of the Coulomb forces in the Hamiltonian (1) the virial theorem
E=-Ek=+-{E} + Ep) (10)

is valid, where we have introduced the kinetic energy Ek, the electron—nucleus
interaction energy Ep and the electron—electron interaction energy E pwhich
add up to the total energy

E = Ek--Ep - Ep (11)

with the explicit expressions as follows

Ep=-Ze2JiitLd», (12)
n2 z

Ek = --%-2 < W > . (13)

Ep=— e*{ 6~ Fydvdv'. (14)

F’ 2 J oir-r'|
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In a previous paper [2] we have made use ofthe Hellmann—Feynman theorem
stating
(15)

and a combination of this theorem with the virial theorem gave us for neutral
atoms
(16)

By introducing —W2i.e. the zeroth order approximation for —E/Z2 we get
after some manipulation

3 13 gar3 a7

The second term in (17) is negligible for greater atomic numbers and we may

use
™ |

S=2-=-— (18)
E 3

as a first approximation. (18) shows us that dependence of Epand E and con-
sequently that of Ep on the atomic number is expressed by the same power
of Z which determines the logarithmic derivative and so the ratio Ep/E.
Therefore the equation Ep/E = — 1/3 is true with a much higher accuracy.
Using the virial theorem, it is easy to demonstrate that this is equivalent to

=f-= - 7 (19)
Ee

which is a well known theorem of the Thomas—Fermi theory [3].
We are going to make use of relations (18) and (19). By the aid of a scale
transformation we get the following relation

E(X) = ??ER + AE"™ + (20)

and for the minimum value

. Ep + EC 21
2EI

and
(22)
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The zeroth order values are

Ek=-W s, (23)
E™ =2W,,=-2E"k (24)
and
EF Ep°- (25)
As a consequence
and (26a)
6\ 18 36 B
E(K) ZW.,= ----- Z2- 3 z
7 " 49 49 2,

or because the first term is much smaller than the second we get by an averag-

ing process
E{kQ)a - 0.712866 Z7/3. (26b)

Scaling and invariance

In this Section we investigate the consequences of the above results.
We introduce a scaling of the coordinates and the charge density by the follow-

ing relations
r=2°r' and g= Zbg". 27)

The primed quantities in the above and following equations denote scaled
quantities.

Equations (27) lead us to a scaling of the energy and the normalization
condition in the following manner. By introducing the scaled quantities ac-
cording to (27) into (13) and (14) we get

Ep= Zub+-aEp' (28)
and
Ep= Z ~"3Ep . (29)
The normalization condition for the charge density turns out to be
Ze=—c | gdv — Zb+3a( e) | g dv' (30)

for neutral atoms i.e. N = Z. If

f+ 3a=| (31)
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the normalization condition
[odv = 1 (32)

is independent of the atomic number.
We may observe that because of equation (31) we get

¢=] -\-b-\-2a — 2b-\-5a (33)

for any value of a and the corresponding value of b.
Because of the virial theorem there is a scaling of the kinetic energy too

Ek= Z‘FEk. (34)
The total energy has the following form
E = Ex+Ep+ LU — ZcE', (35)

where E' is a slowly varying function of Z. By comparing (26b) and (35) we
get for the exponent the value

c— (36)

and using this value of cin (33), combining it with (31) and solving the system
of linear equations we get the constants

P p— and 6=2. (37)

These constants have the values well known for the scaling exponents in the
Thomas—Fermi theory.
Let us make the further assumption that

Ek=j ek(d) dv, (38)

i.e. the kinetic energy is expressible as a function of the particle density. If we
take an energy density like

ek(Q =- xon, (39)

which is the simplest possible form, we get

2 [E— (40)
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if we take the scaling and (34) with the proper value of the constant c. We
leave the determination of the constant K to a later discussion.

The Thomas—Fermi equation

According to (35), (34), (13) and (14) the total energy of the atom may
be written in the following form

E= XJpy3dv Zex"A dv' a— —me2jj B gy gy,

By the aid of an argument similar to that given by Gombas in his famous
book [3] we get the Thomas—Fermi expression

3e 3/2
o= aO(F -F 032, (41)
5x

and combining this with Poisson’s equation we obtain the Thomas—Fermi
equation
A (V- K) = 4x10e(V—Fn)32 (42)

and the scaled form of this is

tp-m
o (43)

with exactly the same boundary conditions that may be found in Gombas’s
book. We shall not repeat them here. The solution of the scaled equation (43)
is the same and has been tabulated in the article [4].

In (43)
r
(44)
H
with
' (45)
(4 na0)32ez213
and
<t
= ; U:H (46)

In all the above expressions x is a yet undetermined constant. It is interesting
that without this constant it is possible to get an equation for the determina-
tion of g i.e. the potential field. This is a consequence of the inhomogeneity
of equations (42) and (43).
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The final determination of this parameter may be achieved by the aid
of the energy expression (26b) and the virial theorem. By inserting g from
(41) into (38) with (39) and taking into account (46), (45) and (44) we get the
following expression

x= — (4n23 %O a0 3.0963 e2a0. (47)
5 10.712 866

Discussion

The consequences of the change in the value of the parameter x as
compared to that for the free electron value

= — (39223e2a0 2.871e2al

may be summarized as follows. Because fi is proportional to x, the density
distribution gets looser giving a smaller magnitude for the potential energy of
the atom and consequently reducing the average kinetic energy too. These
energy reductions result in a reduction of the total energy which is very much
welcome, but the reduction is not enough to get near to the experimental total
energy. Naturally many of the shortcomings of the original Thomas—Fermi
density distributions remain incorporated also in this model.

The main aim of this paper has been achieved, however, because we
have demonstrated that we can get a model starting from the true zero-
order solutions of the atomic problem, which has the main features of the
original Thomas—Fermi theory without mentioning plane waves and statistics
at all.

Now we are in a position to reinterpret our results in the following
manner. The kinetic energy density function .(«)y = xqg°3 with x = x* is a
characteristic function of free electrons with mass mu. According to the above
theory a neutral atom may be believed to be composed of a nucleus and a
cloud of quasi particles that imitate free electrons but with a reduced mass

m — wnO, where

2.871 e2a0
V = 0.9272.

3.0963 e2a0

It is interesting to note that a much better agreement for the energy of
atoms may be achieved if we suppose semiempirically that the effective
mass of the quasi electrons is

m=vm, with Vv'——2871eal— _ qg
3.51997 e2a0
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NEGATIVE MAGNETORESISTANCE
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By
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BUDAPEST
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The magnetoresistance of strongly compensated n-type GaAs doped with Cr and O
has been measured at 77 °K temperature. The electron concentrations of the samples were
between 3.8x101 and 1.6XW 18 cm-3 at room temperature. In low magnetic fields negative
magnetoresistance was observed at liquid nitrogen temperature. The characteristics of this
anomalous negative magnetoresistance were shown to be very similar to those observed at
liqguid He temperatures in heavily doped semiconductors. In weak fields the negative magneto-
resistance was proportional to the square of the magnetic field, and showed saturation in the
magnetic field range of 4000—6000 G. To account for the observed effects it was postulated
that metal-like impurity band conduction is the dominant mechanism of the charge carrier
transport in our samples. The observed features of the negative magnetoresistance are shown
to be consistent with the model of scattering of electrons in the impurity band by localized
magnetic moments. For the average value of the localized magnetic moments a value of the
order of 2—3 Bohr magneton was deduced from the experimental data. It is shown that the
strong compensation may play an important role in the formation of impurity band at 77 °K
temperature and above it.

Introduction

Negative magnetoresistance is frequently observed in heavily doped
semiconductors at very low (1—10 °K) temperatures. At liquid He temperature
(4.2 °K) it was found in various semiconductors, notably in n- and p-type
InSb, in n-type Ge doped with As and Sb, in n-type GaAs [I], [2], further in
p-type GaAs and n-type CdS [1], in n-type Si doped with P, in p-type Si
doped with B, in Ge doped with Cu, in n-type Ge doped with P, in p-type
GaAs doped with Cd [2], and quite recently in p-type CdSb [3].

The existence of negative magnetoresistance in n-type GaAs at tempera-
tures below 20—30 °K was established by R. Broom et al. [4], in 1956. Their
crystals were undoped, having room temperature electron concentration of the
order of 1017 cm -3, but their samples were much more contaminated judging
by the comparatively low mobility values measured by them. Negative
magnetoresistance of undoped and of S- and Se-doped n-type GaAs at very
low temperatures was thoroughly investigated by O. V. Emelyanenko et al.
[5]. Their samples had electron concentrations in the range of 3 X 1015— 2x
X 1017 cm-3. They have shown that the negative magnetoresistance at 4.2 °K

* Dedicated to Prof. P. Gombas on his 60th birthday.
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temperature was most pronounced in the electron concentration range of
1016— 107 em~3. J. F. Woops and C. Y. CHEN have measured negative mag-
netoresistance in n-type GaAs with electron concentrations between 2% 1015
and 3 x10" ecm~3 at liquid He temperatures, and in Cd-doped p-type GaAs
with hole concentrations of the order of 107 cm =2 [2]. In one of their samples,
with an electron concentration of 6 X 101> cm —3, the negative magnetoresistance
turned to be positive above 30 °K temperature. Quite recently L. HarBo and
R. J. SLADEK have measured the negative magnetoresistance at 4.2 °K tem-
perature in undoped n-type GaAs of comparatively high purity [6].

The above mentioned results show that the occurrence of negative
magnetoresistance at very low temperatures and at moderate and high doping
levels is a common phenomenon in various semiconductors. Its main features
are the following.

In low magnetic fields the specific resistivity decreases. This decrease is
either quadratic in the magnetic field [1], [S], [6], or approximately linear in
it [2]. In certain cases anisotropy consistent with the cubic symmetry is seen
in these fields. The decrease of the resistivity becomes less steep as the field
is increased, and saturates at a certain magnetic field. Further increase of the
magnetic field results in a reversal of this trend, and the resistivity begins to
increase. In higher fields magnetoresistance turns to be positive and is pro-
portional to the square of the magnetic field.

With increasing temperature the negative magnetoresistance decreases
and at a certain temperature it completely disappears. This temperature is
usually of the order of 20—30 °K.

It is supposed that the measured total magnetoresistance at low tem-
peratures is composed of two parts. One of them is the usual positive compo-
nent proportional to the square of the magnetic field, the other is the anomalous
and temperature dependent component, which predominates in the lower
fields and saturates at intermediate fields [1].

The appearance of negative magnetoresistance is usually accompanied
by a characteristic peak in the Hall coefficient versus temperature curve. The
presence of this maximum on the Hall curve, and the fact that the negative
magnetoresistance is observed in crystals having high impurity concentrations
indicates that this anomalous magnetoresistance is connected with the impurity
conduction [1], [2], [5]. At high doping levels impurity conduction is mani-
fested through impurity band conduction, and at lower doping levels through
hopping conduction. The transition between them is not sharp [2]. According
to O. V. EMELYANENKO et al. [5], in highly doped n-type GaAs at low tem-
peratures the impurity band conduction is the dominant mechanism of charge
transport.

Up to recent times negative magnetoresistance was observed only at
very low temperatures, usually below 30—50°K. Quite recently O. V.
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EMELYANENKO et al. [7], observed negative magnetoresistance and impurity
conduction in n-type GaAs, compensated with Cu diffusion, up to 200 °K
temperatures. At the same time B. S. LIsENKER et al. [8], observed impurity
band conduction in Fe-doped n-type GaAs in the temperature range of 77—
200 °K. Preliminary results of observations of negative magnetoresistance in
Cr-doped n-type GaAs at 77 °K temperature were reported by the author of
this paper [9].

This negative magnetoresistance, which was observed at liquid nitrogen
or higher temperatures only in strongly compensated n-type GaAs [7], [9], is
similar to the effect found at very low temperatures. It was suggested by O. V.
EMELYANENKO et al. [7] that the negative magnetoresistance at higher
temperatures is connected with the impurity conduction, most probably with
impurity band conduction.

In this work results of observations of negative magnetoresistance at
77 °K and higher temperatures in compensated, Cr- and O-doped n-type GaAs
single crystals are presented. In the second part of this paper sample prepara-
tion and measurement methods are described. In the third part the experi-
mental results are presented. In the fourth and last part the results of magneto-
resistance measurements are discussed and compared with other results and
with the existing theoretical models.

Experimental techniques

n-type GaAs crystals were prepared by the horizontal Bridgman method
by E. Paprp and his coworkers at the Research Institute for Metallic Industry,
Budapest [10]. According to our observations undoped crystals were of
n-type, with an electron concentration of the order of 10'7 cm ~2. Some crystal,
were slightly doped either with Cr or with O during the growth process, buf
remained of low resistivity with n-type conduction. Stronger doping with Cr
produced semi-insulating crystals of high resistivity. For our measurements
samples cut out from Cr- and O-doped as well as undoped n-type GaAs crystals
of low resistivity were used.

Prism-shaped samples with dimensions of 12x2%0.5 mm were cut
from the crystals. The samples were not oriented. Electrical contacts were
made by alloying 0.5 mm diameter In dots to the samples at 450 °C tem-
perature in H, atmosphere [11], then 0.1 mm diameter gold wires were con-
nected to them by the help of a micro-soldering pin. Two contacts at the ends
of the samples served as current leads, and four, two on each face with dimen-
sions of 12 x 0.5 mm served as potential probes. The separation between the
potential probes was about 5 mm.

While the width and thickness of the samples could be easily determined
with high accuracy, the determination of separation between the potential
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probes, which is necessary for the evaluation of resistivity, is more uncertain
because the contact dimensions are not small in comparison with contact
separation, actually the former is about 10 per cent of the latter. Besides, the
finite dimensions of contacts cause a distortion of current pattern in the sample
resulting in errors in the measurements of the magnetoresistance. The contact
separation was taken to be equal to the distance between the centres of contact
dots, thus causing a maximum error of about 5 per cent in the determination
of the resistivity, and an error of the order of 5—10 per cent in the determina-
tion of magnetoresistance.

Conductivity, Hall coefficient, Hall mobility and magnetoresistance
were measured by the usual d.c. compensation method at 77° and 300 °K
temperatures. On some of our samples these parameters were measured in
the function of temperature between 77 °K and 400 °K temperatures. Measure-
ments at 77 °K were made simply by immersing the sample into liquid N,,.
Temperatures between 80° and 400 °K were produced in a cryostat, similar
to the one described in [12]. The maximum magnetic field was about 8000 G,
and it was measured with an estimated accuracy of 2 per cent. Four readings
were taken to get each value of the Hall coefficient, properly commuting the
sample current and the magnetic field. A similar method was used when
measuring the magnetoresistance. The zero-field resistance was measured
before the first and after the fourth measurement. In this way the accuracy
of the measurements of the magnetoresistance was greatly improved. The
potential measuring circuit had a sensitivity of 1—2 4V depending on the
resistance of the sample and of the contacts. Magnetoresistances of the order
of 51075 could be determined without causing inadmissible power dissipation
in the sample.

Experimental results

Five samples cut out from four different crystals were measured. One
crystal was undoped, two were doped with Cr and the fourth was doped with O.
From one of the Cr-doped crystals two samples were cut, from near to both
ends of the crystals. The results of Hall and resistivity measurements are
summed up in Table I. The geometry of the samples allowed to measure two
Hall coefficients and two resistivities on each sample, from these values we
could judge the homogeneity of our samples. The differences between the two
resistivities measured on each side of the samples did not exceed 10 per cent,
and the differences in the measured Hall coefficients did not exceed 10—15
per cent, except samples cut out from crystal No. 178, where they reached
20—30 per cent, showing that these two samples had a considerable inhomo-
geneity in macroscopic dimensions. Inhomogeneities of the same order were
detected by J. F. Woops and C. Y. CHEN [2], in some of their samples,
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Table I
Sample N° 158/1 176 178/a 178/b 177
Dopant — Cr Cr Cr 0
Cond. type n n n n n
R 3/A .
B e 75.0 10.1 5.3% 16.8* 3.9
T = 300 °K
2
o L[ VR 3860 3700 2200 1800 1930
T = 300 °K
Ry cm?/Asec
93.0 10.3 5.4* 17.6%* 4.0
P= TS
1ty cm?/Vsec
3960 3300 1900 1250 1350
=71 °K
n ecm~—?
8.3 1016 6.2 1017 1.2 1018 3.8 1017 1.6 1018
T =300 °K
Ny em—3 3.5% 1017 1.0x 1018 2.4x108 2.3x 1018 4.3 1018
Ngem™? 2.6 x 107 0.4x 108 1.2x 1018 1.9x 108 2.7x 1018
5 0.7 0.4 0.5 0.8 | 0.6

* Averaged values. Measured values showed an inhomogeneity, amounting to 20—30
per cent.

not influencing, however, their measurements of negative magnetoresistance.

The electron concentration as well as the donor and acceptor concentra-
tions can be determined approximately from the room temperature Hall
coefficient and the Hall mobility values in the following way. The electron
concentration and the Hall coefficient are connected through the equation
n = rfeRp, where r is the scattering factor, the value of which was put equal
to 1 approximately. The electron concentrations estimated in this way are
shown in Table I too.

Taking into account the above mentioned two scattering mechanisms,
the measured mobility can be written in the usual approximation as p~' =
— m_l - p,?l, where y; and up are the electron mobilities, caused by the two
scattering mechanisms separately. The best theoretical value for the mobility
caused by the scattering on polar optical phonons is up = 9300 em?Vs [13],
[14]. This was confirmed by recent mobility measurements too [15]. With
the help of this value the mobility caused by the scattering on ionized impurity
atoms can be deduced for each sample. This mobility depends only on the
electron concentration, the Fermi level and the ionized impurity concentration,
and thus with the help of the Brooks—Herring formula (see e.g. [16], [17])
the concentration of ionized impurity atoms can be deduced. Because all
impurity atoms are ionized at room temperature this gives the total impurity
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concentration. Knowing the electron and impurity concentration, the donor
and acceptor concentrations are easily obtained. Table I contains these values
too with the compensation degree defined as K, = Ny/Ng4. All our samples
are considerably compensated, but as we shall see later, the undoped sample
did not exhibit negative magnetoresistance. Because of the exceptionally low
mobilities measured at 77 °K in samples Nos. 178/a, 178/b and 177 we can
presume that the compensation is caused by the presence of the Cr and O
impurities, respectively. For sample No. 176 the role of the Cr dopant can be
inferred only indirectly, by comparing the magnetoresistance results of the
Cr-doped samples.

It is well known that Cr gives rise to a deep acceptor level in GaAs [13],
at 0.81 eV below the conduction band edge [18]. Strong Cr doping produces
semi-insulating GaAs [13], with room temperature resistivities of the order of
108 ohmem [18]. O-doping also gives rise to high resistivity semi-insulating
crystals [13]. As we have mentioned in the second part of this paper, our
samples were only slightly doped with Cr and O. Stronger doping with Cr
produced high resistivity crystal, with room temperature resistivities of 108
ohmcm. We have measured the temperature dependence of resistivity of two
such samples over the temperature range of 290°—400 °K and obtained
activation energies of 0.825 and 0.81 eV, respectively, which are in good agree-
ment with the activation energy measured by G. A. ArrLen [18]. This fact
confirms our arguments concerning the role of Cr impurity in our magneto-
resistance samples.

The conductivity and the Hall coefficient in function of the reciprocal
temperature for some of our samples is shown in Fig. 1. The Hall mobility
versus temperature curves are presented in Fig. 2. The Hall coefficient ver-
sus temperature curves for Cr-doped samples Nos. 178/a and 178/b and for
O-doped sample No. 177 are horizontal, not showing the characteristic maximum
above 77 °K which was observed in Cu-doped n-type GaAs by O. V. EMELYA-
NENKO et al., [7] and in Fe-doped n-type GaAs by B. S. LISENKER et al. [8].

Transversal magnetoresistances measured at room temperature in the
undoped, in a Cr-doped and in the O-doped samples are shown in Fig. 3.
The measurements were performed with the magnetic field perpendicular to
the plane with dimensions of 12 X2 mm. In accordance with other experimental
results [19], the transversal magnetoresistance had not been changed by rotat-
ing the sample by 90° around an axis, parallel to the length of the sample.
This agrees with the well-established model of the conduction band of GaAs
having a spherical minimum in the middle of the Brillouin zone [13], [14].
It can be seen that the magnetoresistance has a quadratic dependence on the
magnetic field, which is a natural consequence of the fact that the measurements
were performed in small magnetic field, i.e. uyB=~w.r << 1, where o, is the
cyclotron frequency and 7 is the relaxation time for electrons.
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Fig. 1. Conductivity and Hall coefficient vs reciprocal temperature for undoped (No. 158),
O-doped (No. 177) and Cr-doped (Nos. 178/a and 178/b) samples

Fig. 2. Hall mobility vs temperature forundoped (No. 158), O-doped (No. 177) and Cr-doped
(Nos. 178/a and 178/b) samples

Transversal magnetoresistance measured at 77 °K in the Cr-doped
samples are shown in Fig. 4, the same measured on the O-doped and undoped
samples are presented in Fig. 5. While the undoped sample exhibits normal
positive magnetoresistance with quadratic dependence on the magnetic field,
the value of which is in accordance with the prediction based on the assumption
that at such low temperatures the scattering by ionized impurities determines
the electron mobility as was shown in our earlier work [17], the O- and Cr-
doped samples show an anomalous negative magnetoresistance.
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Fig. 3. Magnetoresistance vs square of the magnetic field at room temperature for undoped
(No. 158), O-doped (No. 177) and Cr-doped (No. 178/b) samples

Fig. 4. Magnetoresistance of Cr-doped samples at 77 °K temperature
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Fig. 5. Magnetoresistance of undoped (No. 158) and O-doped (No. 177) samples at 77 °K
temperature

In the case of sample No. 177 which was doped with O there is a very
small negative magnetoresistance for magnetic fields below 2500 G, the
magnitude of which is hardly higher than the detection limit, but its presence
was established beyond doubt in several independent runs of the measurement.
The results of measurements were independent of the pair of potential contacts
on which the magnetoresistance has been detected, or of the rotation of the
sample around its length axis with 90°.

On the Cr-doped samples the negative magnetoresistance appeared quite
markedly, as shown in Fig. 4. The negative magnetoresistance of samples
Nos. 178/a and 176 after the initial increase with the magnetic field reached
its maximum or saturated at moderate fields of 4000—6000 G, then its trend
reversed and in the case ofsample No. 176 it turned to be positive above 6500 G.
The negative magnetoresistance ofsample No. 178/b saturated at somewhat
higher fields. For these samples there were occasionally slight but not significant
deviations between the magnetoresistances measured on the same sample but
on different pairs of contacts, or after the rotation of the magnetic field by 90°,
probably due to the spurious inhomogeneities ofthe samples already mentioned.
Such a case (No. 178/a) is shown in Fig. 4 too.

It is more interesting to note that while the initial increase of negative
magnetoresistance of samples Nos. 176 and 178/b follows a quadratic depend-
ence in the magnetic field as demonstrated in Fig. 6, where the initial part
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Fig. 6. Negative magnetoresistance vs square of magnetic field in Cr-doped samples at 77 °K
temperature

Fig. 7. Magnetoresistance of Cr-doped sample No. 176/a at 3000 Gauss vs temperature

of the magnetoresistance curves are shown on a logarithmic scale, at the same
time the magnetoresistance of sample No. 178/a exhibits a dependence on the
magnetic field which is nearer to the linear. The negative magnetoresistance
of O-doped sample No. 177 was too small to draw conclusions concerning its
dependence on the magnetic field.
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The temperature dependence of magnetoresistance in sample No. 178/a is
shown in Fig. 7. At about 120 °K the small field magnetoresistance changes its
sign, and above this temperature it turns to be positive. Further, above 150 °K
the magnetoresistance begins to be proportional to the square of the magnetic
field, and is nearly independent of the temperature. This kind of temperature
dependence was observed by several authors in GaAs and in other crystals

(2], [4]-
Interpretation of magnetoresistance results

The characteristics of negative magnetoresistance observed in our com-
pensated n-type GaAs samples at 77 °K temperature are the same or very
similar to the characteristic features of negative magnetoresistance at very
low temperature observed by several authors in various materials including
GaAs [1], [2], [3], [4], [5], [6], [7]. Only the usually occurring maximum on
the Hall coefficient versus temperature curves was not present. We suppose
that this is due to the fact that the values of the Hall coefficients are too low
to allow to detect a small maximum, the appearance of which is less pronounced
for small values of the Hall coefficient [5], [8].

On the basis of this evidence we are justified to suppose that the nega-
tive magnetoresistance observed by us in compensated n-type GaAs at 77°K
temperature and above it is produced by the same cause, namely by the
dominant role of impurity conduction in the electron transport of our samples.
Now we shall proceed to discuss two interconnected questions. The first of
them is the explanation of the existence and characteristic features of negative
magnetoresistance observed in our samples on the basis of the various models
of impurity conduction put forward in the literature, and the second is how
the occurrence of negative magnetoresistance and impurity conduction at 77 °K
and higher temperatures, which has been observed up to now only at very
low temperatures can be explained.

A great number of theoretical [20], [21], [22], [23], [24]. [25] and
experimental [1], [2] investigations have shown that there are different types
of impurity conduction in semiconductors depending on the concentration of
impurities. At low impurity concentrations the electrons are localized at the
impurity centres and electrical conduction can take place through the occasional
jumps of the localized electrons to neighbouring centres (hopping), [21], with
the assistance of phonons [26], if there are nearby vacant centres caused by
impurity compensation. For instance, in n-type Ge hopping conduction can
take place below donor concentrations of 10— 10 ¢m =2 [27].

Increasing the impurity concentration the electron wave functions
localized on different impurity centres begin to overlap with each other, and
the localization of electrons becomes obscured. The energy level of impurities
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splits, and the activation energy of charge carriers decreases with increasing
impurity concentration as observed in n-type Ge by J. F. LE Hir [27], by
P. DeBYE and E. ConweLL [28], and in n-type GaAs by O. V. EMELYANENKO
et al. [5] and by D. V. EppoLs et al. [29]. At the same time, by the overlap
of impurity wave functions an impurity band is formed in which the electrons
become completely delocalized and can move freely in it. The impurity band
is separated from the conduction (or valence) band by an energy gap of the
order of the ionization energy of impurities, but this separation decreases
with increasing impurity concentration. The formation of impurity band
takes place in n-type Ge between 1x 10 and 2% 107 ¢cm~? donor concen-
trations [27].

Above a certain critical concentration which is about 2107 cm~3 for
n-type Ge [27], [28] and (1-—2)x 10 em~2 for n-type GaAs [5], [29], the
activation energy of the impurity atoms completely disappears, and at higher
concentrations the electrical resistivity is approximately independent of the
temperature. At such high impurity concentrations the impurity band and the
conduction band (or valence band) merge, and a new type of charge carrier
conduction, the metal-like conduction of degenerate electron gas dominates
the charge carrier transport mechanism [1], [27].

The transition to this metal-like electron conduction in the impurity-
band is observed at impurity concentrations where the interatomic distance
between majority impurities is about 2.5 time the effective Bohr radius of the
hydrogen-like impurity atoms [1]. This observation is in good agreement with
the estimations of N. F. MorT [20], [30].

According to W. Sasakr [1], and to J. F. Woops and C. Y. CHEN [2],
the various observations of negative magnetoresistance at 4.2 °’K were all
made in the impurity conduction range of dopings and among the various
materials all the three ranges of impurity conduction are represented. Notably
in the case of GaAs all the three ranges were observed in [1], [2], [5] and [6].

The various possible mechanisms giving rise to negative magnetoresistance
were briefly analyzed by J. F. Woobs and C. Y. CHEN [2]. According to them
it seems to be only two possible kinds of mechanisms which could account for
negative magnetoresistance in the impurity conduction range. Either the
magnetic field gives rise to a redistribution of charge carriers among different
energy states having different carrier mobility, or the magnetic field increases
the mobility or hopping probability of electrons. It is not necessary for these
mechanisms to be mutually exclusive, but it is probable that in the different
ranges of impurity conduction (i.e. hopping conduction, transition range and
impurity band conduction) different mechanisms should play the leading role.

As was shown by R. J. Stapek and R. W. Keves [31], and by N.
MikosHIBA [32], the magnetic field reduces the mobility or hopping probability
in the hopping (or transition) region, due to the shrinkage of wave functions
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of impurities thus reducing the orbital overlap. To interpret the results of
measurements in this range it seems inevitable to postulate a model with
energy states having different mobilities in order to account for the observed
negative magnetoresistance, at least in the absence of impurity band conduc-
tion [2]. According to J. F. Woops and C. Y. CHEN [2], the general character
of the magnetoresistance observations is consonant with a two energy state
model of impurity conduction, in which the energy difference between the
two states is reduced by the application of a magnetic field thus increasing
the occupation probability of the higher energy states which presumably have
a higher mobility than the ground states due to the greater orbital overlap of
wave functions. A competing process would be the restriction of orbital overlap
as shown by R. J. StApEx and R. W. KevEs [31] thus the resistance change
would be the outcome of the results of the influence of two competing processes.
This model was put forward by J. F. Woobs and C. Y. CHEN [2], when inter-
preting their measurements of negative magnetoresistance of n- and p-type
GaAs at liquid He temperatures, which in low magnetic field was approximately
linear in the field, in contrast with other observations, where a quadratic
dependence was found in a wide range of impurity concentrations [1], [5], [6].

A two-state model would, in general, predict a variation of the Hall
coefficient with the magnetic field. However, since the Hall effect was not
measured in the hopping region so far this prediction could not be verified
[2]. The two-state model in principle could be applied to the impurity band
conduction region too but in this range in n-type GaAs no significant variation
of the Hall coefficient with the magnetic ficld could be found [2], [33].
We should like to note that in our measurements too a variation of the Hall
coefficient with the magnetic field was not detected.

The only successful model of mobility increase mechanism was put
forward by Y. Tovozawa [22], [23], which can account for the negative
magnetoresistance in the impurity band and metallic conduction region [1],
but it is incapable to explain the features of negative magnetoresistance in
the hopping conduction region. According to this model there exist localized
magnetic moments in the crystal, which obey a Curie—Weiss-type law, and
the magnetic scattering of the electrons moving in the impurity band by
these localized magnetic moments results in the negative magnetoresistance.
For highly doped (n-type) semiconductors it is believed that the magnetic
moments causing this behaviour are the spins of electrons semilocalized around
the donor impurities [22], [23].

According to this model some impurity atoms (donors in n-type semi-
conductors) are close enough to each other so that the electronic states form
an impurity band. Conduction is via electrons in this band and is limited by
the scattering of electrons. Due to the random distribution of impurities,
however, some impurities are far enough from each other for the electrons
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to be localized around them most of the time, giving rise to localized magnetie
moments around the impurity atoms, which interact with the other electrons,
thus causing a scattering of charge carriers in the impurity band. In magnetic
fields these magnetic moments become aligned and the amount of scattering
caused by them will be reduced, and the resistivity will decrease. The resistivity
change is approximately proportional to the square of the average magnetiza-
tion of these impurities, i.e.

do  o(B) —0(0)

=~ - /\/—/'m\)z’

99 0(0)

where {m) is the average magnetization [22], [23]. For small and large magnetic
fields, respectively, this yields

M (for small B),
2(0)
B) — 0(0
o1 2(0)( o const. (for large B),

where p is the magnetic moment localized in the impurities [22], [23]. The
basic features of this model, i.e. the quadratic dependence of the negative
magnetoresistance at the lowest fields, saturation in larger fields, and the
increase of the negative magnetoresistance with decreasing temperature are all
in good agreement with the bulk of the experimental data [1], [5], [6], [22],
[23]. Because the localized magnetic moments obey a Curie—Weiss-type law,
the temperature dependence of the negative magnetoresistance in this model
at low temperatures is the following, [22], [23]

B ]

9(0) (T +O)
The constant @ appears due to the coupling between the magnetic moments,
and its experimental values are positive, of the order of 1—2 °K, showing an
antiferromagnetic interaction between the localized magnetic moments [1],
(6], [22], [23]. |

In our samples the donor concentrations of Cr- and O-doped samples
were in the range of Ny = (1—2.4) x 10 cm 3, so the average distance between
the donor impurities is rg = (3/4xNg)'? = (0.45—0.65) x 10=% cm, while the
effective Bohr radius is rp — a,e;m /m, — 0.85 %1076 ecm with a, — #2/m 2
and with &, = 11.5 and m,/m, = 0.072 [14]. Thus the average distance between
the donor impurities is of the order of the effective Bohr radius, therefore our
samples ere all in the metal-like impurity band conduction range [1], [20],
where the model of the localized magnetic moments by Y. Tovozawa [22],
[23] can be applied [1].
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The results of our measurements of negative magnetoresistance, i.e. the
quadratic field dependence observed in the Cr-doped samples, the saturation
at moderate fields, the steep decrease of the negative component with increas-
ing magnetic field, all agree well with the predictions of Y. Tovyozawa’s model.
This interpretation of the results for the Cr-doped samples has been already
put forward by us in [9] without detailed analysis.

On the basis of the formalism developed by Y. Tovozawa in [23] we
can estimate the average magnitude of the magnetic moments localized on the
impurities, using the measured values of the weak field negative magneto-
resistance, and of the saturation value of the magnetoresistance. We can make
only a very crude estimation because the saturation value of the negative
magnetoresistance is not very well determined, due to the presence of the
common positive component of the magnetoresistance. On the other hand, the
impurity concentration in our samples is somewhat greater than the impurity
concentrations for which Y. TovozawA’s model was originally applied [23],
and the strong compensation of our samples can reduce the reliability of
this analysis.

For the localized magnetic moments of the impurity centres we got
values of the order of 2—3 Bohr magneton. These values seem to be in good
agreement with other results [23]. This analysis applied to other cases gave
values for the magnetic moments of the order of 5—10 Bohr magneton [22],
[23]. In his model this great value was explained by Y. Tovozawa [23], as
being the result of the statistical distribution of the magnetic moments of
localized spins due to their collective nature. According to Y. Tovozawa on
the one hand, they are caused by the electrons which are constantly entering
and leaving the magnetic sites, and on the other hand, the surrounding non-
magnetic sites make an additional contribution to the magnetic moments.
In our samples it is possible that the magnetic moments of the Cr impurities
too play a role in determining the interaction of electrons with the localized
magnetic moments.

The resistivity in the metal-like impurity band was estimated by N. F.
Morr and W. D. Twosg [20]. The conduction electrons form a degenerate
electron gas with the same density of states effective mass as that of the
conduction band electrons [1]. For a degenerate Fermi gas the conductivity is

ne’l

vm,

where [ and v are the mean free path and the electron velocity at the surface
of Fermi distribution. For degenerate electron gas we have the formula

My (3_"}’
h 8n
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Supposing that the mean free path can be written as

= B

T

where p is the number of interatomic distances on a mean free path. Combining
these expressions we get for the conductivity

1/3 ,2 1/2
n (4 JT
,,:__P[

Vi1 ?

These formulas were applied by N. F. Morr and W. D. Twosk [20] to the
case of n-type Ge with donor concentrations between 2 x 107 and 4} 101% cm 3
at liquid He temperatures, and they have got an electron mean free path which
was nearly constant in the whole range of impurity concentrations.

We have applied this model to our Cr- and O-doped samples and the
results are shown in Table II. The reduced Fermi levels { = Ep/kT which are
also shown in Table IT were evaluated with the assumption that the density
of states in the metal-like impurity band is the same as in the conduction
band [1], to show that in our samples at 77 °K the electron gas is really degene-
rate. Except for sample No. 178/b we can see that the mean free path does not
depend strongly on the electron donor concentrations. Apparently the assump-
tion concerning the degeneracy does not hold for sample No. 178/b.

Our last task is to explain the occurrence of metal-like impurity band
conduction and of the negative magnetoresistance in our samples at relatively
high temperatures (77 °K and above). The fact that our samples were strongly
compensated, presumably plays a significant role in the formation of impurity
band at higher temperature than in other cases. According to 0. V. EMELYA-
NENKO et al., [7], in their n-type GaAs samples which were doped with Cu
diffusion, the strong compensation produced relatively high concentrations of
impurities with lower concentrations of charge carriers, thus giving rise to the
formation of impurity band at higher temperatures than it is usual. The same
is the case with our Cr- and O-doped and strongly compensated samples, where
the metal-like conduction mechanism shows that the conduction and impurity
bands merged, and most probably with the samples of B. S. LISENKER et al.,
[8], having Fe as the compensating impurity.

It is very interesting to note that until now the formation of impurity
band and the presence of negative magnetoresistance at relatively higher
temperatures (77 °K and above) have been observed only in highly compensated
n-type GaAs, with compensating impurities having deep energy levels. As we
have mentioned Cr creates deep acceptor levels in GaAs with energy level of
0.81 eV below the conduction band edge, Fe creates deep acceptors too with
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energy level most probably at 0.52 eV but at the same time another level of
0.37 eV was observed too [18]. It seems that there are more than one deep
acceptor levels associated with the Cu impurity [34], and the acceptor level
connected with the O impurity lies aboutinthe middle of the forbidden band
at 0.63 eV above the valence band edge [35].

Table 11
a |
Sample No Q-1lcm-~1 cmn-3 p cm c
176 323 6.1X 1017 48.8 58x 10-6 5.3
178/a 358 1.2x 1018 43.3 41x10-6 8.3
178/6 71 3.6xH0 17 12.9 18X 106 3.6
177 337 1.6X1018 37.1 32x10-« 10.2

Finally we would like to point out that in the compensated samples the
mobility at 77 °K is usually exceptionally low as observed in our samples
Nos. 177, 178/a and 178/b and therefore the normal positive component of
the magnetoresistance is very low too, and cannot mask the not too strong
negative magnetoresistance.
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OTPULUATENBbHOE MAITHETOCOMPOTUBNEHME B KOMMNEHCWPOBAHHOM
APCEHWAE TANNINA n-TUTMA TP TEMMNEPATYPE 77 °K

5. M343P

Pestome

MarHeToconpoTuBfeHNe B CU/JbHO KOMMEHCUPOBAHHOM apCceHufe rannuMa n-tuna ¢
npuMMecbio Xpoma W Kucnopoga 6bi1o usMmepeHo npu Temnepatype 77 °K. KoHUeHTpauus
3/1eKTPOHOB NpU KOMHATHOW TemnepaType Haxogunacb B npegenax oT 3,8xH0 17 go 1,6xH0 18
cm-3. Mpy cnabbiXx MarHWTHbIX NOMAX OTPULATENbHOE MarHeToCOnpoTWBAEHWe ObIIO 06Hapy-
XEeHO Mmpu TemnepaType XMWAKOro asoTa. bblo NOKasaHO, YTO MOBEAEHME 3TOr0 aHOManbHOro
OTPMLATENBHOTO MarHeTOCONPOTUBAIEHUSA OYeHb MOXO0XE Ha TO, KOTOpOe OblN0 06HAapY>XeHO
B CWNbHO [erMBOBAHHbIX MNOMYNPOBOAHMKAaX NPW refnueBbiX Temnepatypax. OTpuuaTefbHOe
MarHeToconpoTuBieHNe OblI0 MPOMNOPLUOHANBHO KBajgpaTy MarHWTHOro nons npu cnabbix
nonsax, U Mokasano HacbiweHne npu nonsax 4000—6000 raycc. Ansa 06bACHEHMA 06HapYXXeH-
HOro adexra 6bII0 NPEANONOXKEHO, YTO TNABHbIM MeXaHW3MOM MepeHoca HOCUTeNeil TokKa B
Halunx obpasuax ABNAeTCH MeTanaMyeckas NPOBOAMMOCTb B MPUMECHON 30He.

Bbino nokasaHo, 4TO OOHapy>KeHHble XapaKTepHble 4YepTbl OTPMLATENbHOrO MarHeTo-
COMPOTUBNEHNA COBMECTUMbI C MOAENbI0 PACCEAHUSA 3NEKTPOHOB Ha NOKaNU3WPOBAHHbIX Mar-
HUTHBIX MOMEHTaxX B MNPUMECHOW 30He. M3 3KCMepuUMEHTaNbHbIX [aHHbIX CpeAHee 3HauyeHue
NOKanM3npoBaHHbIX MOMEHTOB COCTaBnseT nopsjka 2—3 marHeToHa Bopa.

Bbino BbiCKa3aHO MPeANONOXKEHUE, YTO CU/bHAA KOMMeHcaluus MOXEeT Urpatb CyLlecT-
BEHHYIO pO/b B (HOPMMPOBAaHUWM, NPUMECHON 30HbI NpW Temnepatypax 77 °K u Bbille.
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The solution of Hartree— Fock equations by a numerical method on computers, type
BESM, is described. The minimization of the input information is reached by using the equa-
tions independent of coupling scheme and the universal potential field for obtaining the initial
radial wave functions. The results obtained are compared with those evaluated from the solu-
tions of conventional Hartree— Fock equations.

1. Introduction

A proper theoretical investigation of atomic properties is possible only
when radial wave functions are available. These are obtained, in the main,
from traditional Hartree—Fock equations. Sometimes improved methods, e.g.
multi-configuration approximation, extended method of calculation, incomplete
separation of variables, and other methods are used. However, these latter
methods are applied only for rather simple cases. Consequently, the traditional
Hartree—Fock radial wave functions remain the best available, especially as
concerns many-electron atoms. For this reason they are very widely used at
present and the solution of Hartree—Fock equations is the problem of to-day.

The method of numerical solution of Hartree—Fock equations have been
elaborated mainly by Fock, Petrashen [1] and Hartree [2]. The develop-
ment of modern computing techniques provides new possibilities for obtaining
the corresponding solutions in an easy way. Various programmes by different
authors for carrying out the corresponding calculations have been compiled,
and the tabulation of numerical functions has gradually been given up. There-
fore, efforts are made to draw up programmes suitable for any atom in any
state in order to provide for any problem to be solved by the wave functions.

At the present time programmes for numerical solution of Hartree—
Fock equations have been given by Worsley [3], Ridley [4], Piper [5],
Ivanova et al. [6], Bratsev [7], Herman and Skillman [8], Froese [9, 10],
Mayers and O’Brien [11] and by others. Besides this the method of analytical
solution of Hartree—Fock equations [12] is widely used as well. As far as we

* Dedicated to Prof. P. Gombas on his 60th birthday.
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are dealing with the methods of numerical solution we give no further references
on this last very interesting approach in this paper.

The process of solution of Hartree—Fock equations is rather complicated
even for powerful computing machines. For this reason simplifications are
sometimes used to facilitate the numerical procedures. This is achieved by
neglecting the non-diagonal Lagrange multipliers, as is done in [7], or by
replacing the exchange terms by a more simple expression, as is done in [8].
and so on.

In this paper we describe the method of solution of Hartree—Fock equa-
tions in which the simplification is achieved by solving the corresponding
equations independent of coupling scheme instead of accurate Hartree—Fock
equations and by the use of the universal potential for estimating the initial
one-electron radial wave functions. Such an approach allows the “input”
information to be minimized considerably.

In the next two Sections we describe the Hartree—Fock equations inde-
pendent of the coupling scheme and the universal potential, correspondingly.
In Section 4 we indicate the methods of numerical calculations and in Section
5 we present and discuss the results for Nell.

2. Hartree—Fock equations independent of the coupling scheme

The solutions of Hartree—Fock equations for each term of a given
configuration is rarely done, because it requires a great number of operations.
Therefore, it is usual to solve the equations either for the “centre of gravity”
of the configuration or for one particular term of the configuration under
consideration. The solutions so obtained are used to evaluate the physical
quantities to be calculated.

The modification of Hartree—Fock equations we shall use are those
equations which do not depend on particular coupling scheme, i.e., the equa-
tions are quite similar to those proposed by Jucys and VizBARAITE [13] and
are obtained by making the functional stationary which is equal to the energy
expression with all interactions depending on terms omitted. Such terms,
besides magnetic interactions, are

I. The non-spherical part of the direct electrostatic interaction between
electrons belonging to the same incomplete shell.

II. The non-spherical part of the direct electrostatic interaction between
electrons belonging to different incomplete shells (when one or hoth shells
are complete this part vanishes).

III. The non-spherical exchange electrostaticinteraction between electrons
belonging to different incomplete shells, under the concept of the shell being
understood the group of electrons with the same set of quantum numbers nl.
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Under these circumstances integrals Fk(nl, nl) (k > 0) and Gk(nl ,n'l")
are partially neglected, integrals Fk(nl, n'V) (x 0, n'I' * nl) are all omitted,
nl and n'l’ belonging to the incomplete shells. Then we are left with the expres-
sion (in atomic units of Hartree [2])

E=2 K /I(nl)+ Jvnf(ivn,- 1)- Fo(nl, nl) -
ni | 2

— >’(4|Cep2Fk (nl, nl) +
4Z+2 k>o

+ Nny:Nn, -FO(nl, n' I

Y st NTr o zicWz)26k raz rez)l,
47+ 2 W 1% 2Z'+ ]

which is to be made stationary by Focic’s variation method [14].

Nni in (1) denotesthe numberof electronsinthe shell characterized by the
quantum numbers nl. The prime to the summation symbol shows that n'l' — nl
is to be excluded from the summation. The radial integrals I, Fkand Gk are
defined according to Hartree [2]. (Zj|C(1jd is the reduced matrix element of
the spherical harmonic as defined by Racah [15]. Its numerical values can
be found in Appendix 6 of [16].

The functional (1) coincides with the expression for the energy not involv-
ing magnetic interactions when only one electron is present outside the complete
shells or one electron is missing as well as when the configuration contains the
complete shells only. The deviation from the energy increases with increasing
number of electrons in partially filled shells and increasing number of missing
electrons in almost closed shells. This is true for the highest and lowest energy
levels, because the functional under consideration is usually not far from the
the “centre of gravity” of a given configuration. This last involves the radial
integrals representing the dependence on the coupling scheme mostly with
small coefficients and do not matter very much. Absence of these integrals
in our functional makes it more convenient for calculation.

When applying the Fock variation method [14] to (1) supplemented by
Lagrange multipliers one obtains the equations

d2 11+ 1)

2Y(nl\r) P(n\r)
dr2

eninl

X(n\r) — ¥ enin; P("'\r) = 0, (2)
n
(for all nl)
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where
]- B 21 1
Y(nl‘r) T Z _*_ 2[ (Nn'l’ 555 6711,1'1') YO (n l ,n l ‘I’) i
/ n'l’
21 (3)
— @1+ 1) S UCHIRY (nl, nl!r)}
k=2
is the potential function and
X(nl|r) = — A o ]X","i—(l||C(")|!l')2Y,.(nl,n'l'\r) P(n'l'|r) (4)
roar ko (QUIN2I4T) ‘

represents the exchange terms, the Y(nl, n’l’/r) being radial integral functions
defined by the formula 3.5 (1) of [2].

Owing to the fact that (2) does not involve terms depending on the
coupling scheme it is easier to make calculations fully automatic.

3. The universal potential

Besides the configuration, there must be put into the computer initial
estimates of one-electron radial wave functions from which a process of suc-
cessive approximation must be started. Generally, there the complementary
procedure is programmed by which the estimates mentioned are obtained
automatically. Such procedures used to be of several kinds. One of them con-
sists of using analytic hydrogen-like one-electron radial wave functions and
the other in making use of the interpolations or extrapolations from the wave
functions of neighbouring atoms or ions already computed. The third consists
of using the Thomas—Fermi statistical potential. The first procedure is applied
mostly in the case of light atoms and the second in the case of heavy ones. The
procedure we are going to describe is a modification of the third approach
mentioned and used in [8]. It consists of using the universal potential field
derived from the statistical theory of the atom with a correction fitting it to
ions as well as to neutral atoms.

The statistical theory of the atom foundedby Tromas [17]and FErwmI [18]
and further developed by GomsAs [19] allowed GAspAr [20, 21] to approxi-
mate the Hartree—Fock potential by the so-called universal potential field.
This universality consists in scaling the radial variable in such a way that the
potential field has an expression independent of the atomic number in the
periodic system of elements.

The universal potential mentioned above, giving a good approximation
for neutral atoms (c.f. GAspAR [22]) has been adjusted to ions as well by the
use of a simplified Fermi—Amaldi correction (c.f. GoMBAs [19] p. 65 and [21]
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p. 40). The resulting expression is given by equation (5) of [23]. As far as we
are interested in the first estimates of radial wave functions we neglect the
exchange part and the adjustable parameter a in this last equation. Such an
approach leads us to this Schrddinger equation

' d2 I(/+1)
4- . (T— P(nl\r) = 0,
dr2 (7— 1) no eninl ®

where | is the degree of ionization and
20= 0,2075213 AO0= 1,19Z713. (6)

Z is the nuclear charge number here as well as in the preceding Section.

For all one-electron wave functions equation (5) is the same, hence the
solutions are spontaneously orthogonal. The programme for solving equation
(5) was used as the complementary procedure mentioned above.

4. The process of numerical solution

The system of equations (2) was solved under well known boundary
conditions [1, 2]
P(n/jo) = P(n,/|°0) = 0 )

numerically following, on the whole, the methods used by Fkoese [9, 10] which
conforms well to the specificity of the computer.

In order to keep the intervals between adjacent points constant in the
entire range of r a logarithmic mesh [2] has been used. Then

Q= InZr (8)

s the independent variable instead of r. The last is then calculated by this
simple formula
m= e"rn-1, 9)

where h is the interval between adjacent points in the logarithmic mesh,
subscript n showing the ordinal number of mesh points.

The solution of equations (2) was performed with Numerov’s formula
[24]. However, for small and large values of r, the solutions are unstable.
In these regions the Lockucievsky [25] method of factorization was used as
is done by Froese [9]. The main point of this last approach is the replacement
of Numerov’s formula by two stable ones of lower order.
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The calculations have been carried out by outward and inward solutions.
Both solutions are connected at a fixed point in the second half of the range
of r. The difference between these solutions at this point allows the correction
of the diagonal Lagrange multiplier to be determined. This procedure is applied
mainly in solving the equations for radial wave functions of inner shells.

As Froese has pointed out, the method of Dettmar and Schiuter [26]
is more appropriate in the case of outer shells. They suggest the expansion of
the function in power series of e—t, e and t being, correspondingly, the
accurate and approximate values of the diagonal Lagrange multiplier. The
coefficients of such an expansion are found step by step.

An important feature of radial wave functions is their orthogonality
between the shells with the same | and different n. This orthogonality is
secured by the non-diagonal Lagrange multipliers which must be used when
incomplete shells are present. The functions are orthogonalized by Schmidt
procedure and the estimates of non-diagonal Lagrange multipliers calculated
by the method of Froese [10]. Then the solution of equations (2) is carried
out using the estimated values of non-diagonal Lagrange multipliers. A fter-
wards, those radial wave functions are improved for which self-consistency
is poor.

The degree of self-consistency is measured by the value of

AP = max(rn)|P' , (10)

where iindicates the iteration number, max (r) denotes the maximum value
over the entire range of r. Iterations are performed until

max(nl) AP(nl) 10~5 (11)

is attained, max(nZ) denoting the maximum over all shells of electrons.

5. The results for Nell

The numerical procedures described in the preceding Section have been
programmed for computers BESM—2 and BESM—4. The programme works
entirely automatically and is suitable for each atom in the periodic system of
elements in any state of excitation. W hat initially must be known is the
atomic number and the configuration. After self-consistency is attained the
radial integrals are calculated and automatically printed by the output
mechanism.

We are presenting some results for the configuration Is2s2p43p of Nell
in order to see how the solutions of Hartree—Fock equations independent of
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Table |

The quantities of self-consistent field independent of coupling scheme in comparison with
those of accurate Hartree— Fock method

quantity independent of differences AA
A coupling scheme
(Pyp 0DfP (Isy*p (Pyp
f2p2p 4.16203 0.27711 0.16449 —0.01591 0.23861
£3p3p 0.69866 0.00288 0.01088 0.02008 0.05235
r(2p) 0.8141 —0.0138 -0.0097 0.0038 —0.0153
r(3p) 3.958 0.056 —0.002 —0.260 -0.331
F 2(2p, 2p) 0.51661 0.01095 0.00682 —0.00259 0.00485
F 2(2p, 3p) 0.03452 -0.00467 0.00220 — 0.01358
GO(2p, 3p) 0.00977 -0.00365 0.00227 0.00541 0.00899
G2(2p, 3p) 0.00986 -0.00320 —0.00287 0.00471 0.00812
hp,3p 0.20366 —0.22149 -0.06382 0.1697
Table 11
Values* of the total energy (in atomic units)
for Nell 1s22s22p43p
@)P (wyp >s)P (pyp Cpyo (@)D Opps
Et 126.7163 -126.6001 - 126.4200 — 126.7474 -126.7364 — 126.7290 -126.7215
Enr -126.7144 — 126.6007 — 126.4201 -126.7422 -126.7339 — 126.7295 -126.7215

* Et— from the accurate Hartree— Fock equations.
Err — from those independent of coupling scheme.

coupling scheme work as compared with the solutions of traditional Hartree—
Fock equations as given by Froese [10]. In Table I the values of Lagrange
multipliers and some integrals widely used (the first two columns) and their
deviations from the values as given by Froese [10] (columns 3—6) are given.
Table Il contains the energy values evaluated by us (Enr) and by Froese (Et).

The results show the well known fact that every modification of Hartree—
Fock equations affects the individual quantities noticeably. However, the
values of physical quantities are affected rather slightly. In our case, the non-
diagonal Lagrange multipliers undergo the maximum changes. However, this
deviation is less than the maximum difference between separate terms in
accurate traditional Hartree—Fock equations, as is to he seen from the results
of Froese. The next quantity which is considerably affected is the radial
integral G2 and then GO. For the term 4P it reaches 90 per cent. Nevertheless,
the difference in total energy does not exceed 0.004 per cent.

Acta Physica Academiae Scientiarum Hungarieae 27, 1969



474 R. KARAZIJA et al.

On account of the simplicity of handling and rather good final resalts
the use of the Hartree—Fock self-consistent field equations independent of
coupling scheme is justified, especially as the difference under consideration is
considerably less than the difference between traditional Hartree—Fock
equations and those accounting for the correlation effect. As an example we
can take the method of a self-consistent field in multi-configurational approxi-
mation (cf. [27]).

The results of the theoretical calculations of the energy spectra of ZnlV
isoelectronic sequence in the configuration d°p [28] may serve as the additional
confirmations of usefulness of the solutions of Hartree—Fock equations inde-
pendent of coupling scheme.

The authors are very happy to take this opportunity to express their appreciation to
Prof. CHARLOTTE FROESE-FISCHER for making available all information concerning the pro-
cess of programming the numerical procedures.
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K BOMPOCY O PEWEHUN YPABHEHNUW XAPTPU—®OKA, HE 3ABUCALLNX
OoT TUMNA CBA3N, YNCNEHHBIM METOAOM

P. N. KAPA3NA, N. O. BOITrAAHCBNYYC un A. OUWNC

Pesome

PaccmaTpuBaeTcs MeTOAMKa pPeLleHUs ypaBHeHWli XapTpu” ®oka YMCNEeHHbIM METOOM
1 eé npuMeHeHWe K 3/1eKTPOHHbIM BbIYUCAWUTENbHLIM MallMHaM Tuna BOCM. MuHumusauus
HayaNbHOW WHGOPMaLMKM AOCTUTraeTcs NyTEM WCMOMb30BaHUA YpaBHEHWI, He 3aBUCALLUX OT
Tuna cBAasmn (2)—(4) n yHusepcanbHoro noteHymana (5) Ana NoayyYeHUs UCXOAHbIX pagnanbHbIX
BOMHOBbIX (YHKUWA. PesynbTaTbl agna Nell [s2s2pd3p cpaBHMBAKOTCA C peweHUsMU ypas-

HeHuit XapTpu—®doKa Ans Kaxaoro Tepma. OGCY)XAAeTCs TOUHOCTb MOMYYEHHbIX (YHKLM
W WX MPUFOAHOCTb B pacuéTax.
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A use of ab initio calculations that seems to have been largely overlooked because of
its simplicity is the construction and analysis of simple models of the chemical bond. Such
models may render enormous services both in clarifying previously known results and in sug-
gesting new ones, and in making possible a detailed discussion of interpretation schemes and
approximations. Treatments using the LCAO scheme over the valence electrons may be se-
riously at fault when effects like inter-shell orthogonalization are neglected. Such effects are
consequences of the approximations used; nevertheless, they may be physically significant
because the corresponding approximations may be essential in order to reach an understand-
ing of the molecular reality. They include changes of the AO’s with molecular geometry. The
realization that a certain type of modification of the AO basis is important must be followed
by a very careful analysis of the way in which such, a correction should be introduced in order
to preserve simplicity and physical significance.

The present article is part of a discussion of the theory of molecules
started several years ago with a study of the connection between hybridization
and localization [1] and continued later in various directions. The attempt
will be made here to draw attention on some more points regarding the use
and limitations of the molecular orbital method, in its simple LCAO versions,
as a tool of theoretical physics rather than as an interpolation technique useful
for chemical problems.

The fact that such pioneers as Muttiken [2], Pauling [3], Gombas [4]
have devoted much work to single-particle treatments and related aspects
of the quantum theory of molecules is sufficient indication of the importance
of our subject. Nevertheless, we recall some of the considerations that justify
a renewed interest in methods avowedly incapable of giving exact numerical
results.

One can expect two kinds of information from a theoretical treatment:
very good quantitative predictions and/or an explanation of facts in the sense
of a correlation of various details in a general scheme. Contrary to what was
once the case, the domains where the two uses of the theory do not exclude
each other are nowadays very rare. This is because the equations that govern
the behaviour of most systems are very complicated, and very accurate treat-
ments are seldom amenable to a clear physical interpretation. In fact, quali-

* Dedicated to Prof. P. Gombas on his 60th birthday.
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tative and even semi-quantitative understanding is often reached by simple
schemes connecting the phenomena to be interpreted with some specially
significant features of the general theory of matter; such in the case, for instance,
with the interpretation of the excitation potentials of conjugated molecules
in terms of the allowed energies of a single particle confined in a limited
region of space.

Various reasons, among which the advent of large computers is very
important, have led to much emphasis on the quantitative side, so that an
enormous effort has been made to obtain better and better solutions of the
(electronic) Schrodinger equations for larger and larger molecules. It is curious
that, instead of insisting on the undeniable importance of such calculations
for testing and reference purposes, many authors have defended that effort
by claiming that no attempt should be made to understand molecular pheno-
mena unless very accurate wavefunctions are available. To many a physicist,
this claim must sound as a condemnation of most of theoretical physics, both
pure and applied; suffice it to think of problems like particle scattering or
transport phenomena in solids to realize what broad fields are based on com-
paratively rough approximations of the ‘rigorous’ equations.

I. Correlation and the MO—LCAO method in a simple model

calculation

In a first part of the present article, we shall consider the above questions
in some more detail, the reason being that one must somehow know where
one stands when one tries to use an approximation for strictly theoretical
purposes. There are two kinds of objections put forth against physical con-
siderations on molecules based on single-particle (i.e., orbital) methods. One
regards the fact that such methods are usually approximate versions of the
ideal one-electron treatment given by the Hartree—Fock equations; the
other is more directly concerned with the shortcomings of the one-electron
scheme. We shall consider first the latter point, which goes under the name
of ““the correlation problem” [5].

Although there is a growing suspicion that this problem may have been
overemphasized by some authors, there is no doubt that it has a perfectly
sound origin. Any independent-particle treatment of a many-electron system
must involve averages over all the electrons but one, thus replacing them by
charge clouds. As has been known for a long time, this contradicts the inherent
dualism in the nature of an electron, whose interactions are all to be described
by point-particle potentials. The corrections that should be introduced in
order to take into account the corpuscular nature of all the electrons are the
so-called correlation corrections; evidently, they must be studied and their
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importance assessed before accepting even qualitative conclusions drawn from
treatments neglecting them. Now, an examination of the available data sug-
gests that the correlation correction to the energy of a molecule is indeed very
small; however, it is comparable with the dissociation energies of ordinary
chemical bonds. Therefore, the argument runs, the independent-particle model
is not reliable in connection with molecular physics. Of course, there is a weak
point in the last part of the above considerations, because the fact that disso-
ciation energies and correlation energies are of the same order of magnitude
does not imply that one cannot obtain the former without knowing the latter;
as a matter of fact, dissociation energies are differences, and, in principle,
can be obtained to a good approximation from (more or less equally) incorrect
quantities. This remark leads to further arguments in favour and against the
supporters of correlation, all based on quantitative considerations involving
mainly the expectation values of the energy. The question is how far such
quantitative arguments, usually limited to energies, are significant.

With very few exceptions, highly accurate molecular calculations with
correlation are not available; moreover, calculations claimed to include corre-
lation are very complicated, and this is a serious hindrance in discussions of
aspects other than energy expectation values.

Attempts to introduce simple indices of the importance of correlation

“correlation

for various observables, especially those using the so-called
coefficients™, appear to be quite promising [6], but several difficulties have
still to be overcome especially as regards the application to molecules. The best
alternative to rough estimates and dubious analyses of complicated situations
consists in following the traditional approach of theoretical physics, namely
to have recourse to a model, where the main features of the actual problem
are present.

Although much has been done using the hydrogen molecule as a model,
a better way of simulating very simply an ordinary chemical bond is probably
to treat the states of two electrons in the field of two positive first-row ions (say,
Li ones) by an LCAO-MO-CI method with a limited basis set [7, 8]. In fact,
the coefficients of the linear combinations of atomic orbitals used to construct
the molecular orbitals are the variational parameters which must be deter-
mined in order to reach an “optimum” one-electron description, just as the
coefficients of an expansion in a complete set of orthogonal functions can be
taken as the variational parameters to be determined in order to get the best
onc-clectron scheme, namely the Hartree— Fock orbitals for the given system;
and the coefficients of the linear combinations of the Slater determinants that
can be constructed from the given molecular orbitals correspond to the coeffi-
cients of the expansion in a complete set of configurations obtained from the
Hartree—Fock orbitals, and thus describe correlation. The definition of the
latter adopted here amounts to the statement that correlation is whatever
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cannot be taken into account by a single-configuration treatment carried out
within the given scheme. In order to use our model for the purpose of assessing
the importance of correlation in the qualitative description of bonds, we have
to compare results obtained with and without single-configuration mixing.

To illustrate the above considerations, take the basis set formed by the
2s and 2p orbitals of lithium, centred on two different nuclei at a distance R
[8]. Let us postpone for the moment a discussion of the importance of the
existence of the inner core, and assume that the given orbitals depend on R
only through their centres: this is in full accordance with the spirit of the
simplest MO —LCAO method, as used by theoretical chemists. Then, the results
for the ground-state energy are those summarized in Table I, where the single-

Table I

Ground-state energies of a two-electron bond between equal nuclei having effective charge

1.30 when the trial function is: (b) a single determinant over 2s STO’s with orbital exponent

0.65; (c), a single determinant over 2s—2p hybrids with the same orbital exponent and an

optimized s-character; (d), a linear combination of the two determinants corresponding to the

bonding and antibonding MO’s formed by the same hybrids. Line (e) is the percent difference

between (c) and (d). All the energies are in a.u.; the distances in a.u. multiplied by 0.65 are
given in line (a)

(a) ‘ 2 3 4 5 6
(b) 1.2020 1.0722 1 0.9613 0.8803 | 0.8244
(c) 1.3515 1.1199 | 0.9768 0.8857 ‘ 0.8268
(d) 1.3519 1.1228 : 0.9912 0.9194 ‘ 0.8795
(e) 0.03 0.26 ‘ 1.45 3.63 ? 6.00

' \

determinant (SC) and configuration interaction (CI) approximations are com-
pared, the SC function being optimized with respect to the degree of hybridi-
zation of the atomic orbitals, and the SC function being a linear combination
of the two g determinants constructed with the bonding and antibonding bond
orbitals resulting from the optimum hybrids. ;

Table IT shows that the model used leads to the same results as analyses
of the hydrogen molecule and ab initio all-electron calculations. In particular,
the internuclear distance can be divided into three ranges: one, where the cor-
relation effects are relatively unimportant; one, where they are very important;
and one where an intermediate situation takes place. The question we are inter-
ested in is whether the picture given by the correlation energies must be
understood as an indication that interpretations of facts based on the SC func-
tion are not reliable.

There is no doubt that the electron density distribution is a more sensi-
tive and convenient quantity for assessing the validity of a given description.
Therefore, we present Table II, where, in addition to the actual changes in
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Table 11

Analysis of electron densities for the model of Table |

« 2 3 4 5 6
(b) .0004 .0029 .0144 .0337 .0527
(©) .005 .203 .283 341 231
(4) .0001 .0007 .0002 .0000 .0000
(e) —.001 —.006 —.083 —.261 - Bok
N —.0001 —.0004 —.0032 —.0054 —.0043

.998 .994 917 .740 599

(9)

Explanation:
(@) same as line (a) of Table I;
(b) ‘correlation’ energies (line (d)-line(c) of Table I);
(c) and (d), relative and absolute changes in the electron densities at the nuclei;
(e) and (f), idem at the centre of the bond of Table I;
(g) corresponding weights of the ground-state configurations.

energies, the changes in the one-electron densities associated with the nuclei
and the centre of the bond for various internuclear distances are compared.
The changes in density at the nuclei, even though they are large fractions of the
density itself, are not very important. The situation at the centre is different:
the correlation correction (which tends, of course, to separate the electrons)
is lower than 10% for internuclear distances R lower than ca. 6.5 a.u., but then
increases rapidly, thus deepening the well between the atoms. In Table I,
therefore, the three regions mentioned above appear to be for R less than 6
a.u., R larger than 8 a.u., R comprised between 6 and 8 a.u.; this partition is
quite clear in the weights of the SC ground-state function in the CI functions.

In short, Table Il confirms and even emphasizes the importance of corre-
lation at large internuclear distances, but indicates that, around the inter-
nuclear equilibrium distance, that correction is relatively unimportant both on
energies and on the electron densities. This conclusion can be generalized to
most bonds in avery easy way, if we assume that they can be treated by at most
two determinants — as is strongly indicated by the example of Li2 and some
other examples. In order to see this point, consider the secular equation asso-
ciated with the Hamiltonian matrix over two configurations, and suppose that
the configurations in question are determinants over bonding and antibonding
orbitals, respectively. In the homonuclear case, the energies Ev E2 associated
with the two configurations become equal when the internuclear distance
tends to infinity, and, moreover, the contribution of hybridization becomes
very small. Now, when the diagonal elements of a second-order matrix are
nearly degenerate, the first perturbation term is proportional to the interac-
tion element H12; moreover, the coefficients of the linear combination associat-
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ed with it become equal each other. On the other hand, for small internuclear
distances, the separation between Exand E2is large (at least if the bond is very
stable), and the first-order perturbation correction is proportional to
I(E2—Ej) and the contribution of the excited-state configuration is proportion-
al to B12(E2—Ej). This result is valid for any homonuclear bond, provided the
difference E2—E 1is large compared with B12; this is the condition one can
assume as a condition for the possibility of describing a bond by means of an
MO picture [2].

The case of heteronuclear bonds involves a number of novel features.
For instance, it does not necessarily require configuration mixing as a means
of ensuring the correct limit at large distances. A study of these cases is rather
complicated because simplifications provided by equal nuclear charges are
lacking. It is very important, however, that a close similarity can be intro-
duced between the two cases by taking into account the screening effect of the
electrons: at large internuclear distances, an electron on atom A tends to see
B as a singly-charged positive ion, and vice versa; therefore, as far as binding
effects are concerned, the situation should be very much the same as for the
homonuclear case (cfr. [9]). Further work on simple models for heteronuclear
cases is in progress.

We shall assume from now on that the picture provided by the one-
electron density associated with an SC (MO) calculation is sufficient for inter-
pretation purposes in the vicinity of the equilibrium distance. The fact that
correlation pushes some charge away from the centre of the bond cannot be
considered very important if the corresponding change is almost negligible
from a quantitative point of view. The numerical examples given above show,
on the other hand, that the real shortcoming of MO ‘theories’ is still in the dis-
sociation limits, as was pointed out by Moffitt a long time ago [10]. A very
urgent task of quantum chemistry seems to be, therefore, that of combining
the exceptional simplicity and heuristic power of the single-electron picture
at distances near the equilibrium ones with some convenient picture of the
situation when the atoms are far apart; the more so, as already the interac-
tions between non-bonded atoms in a polyatomic molecule would seem to fall
in the category of molecular features not describable by an MO theory, at
least as such theories stand now.

There have been suggestions that the two-particle density is a more sig-
nificant function as regards the importance of correlation. As a matter of fact,
the ratios between the values of P (1, 2) as obtained from a configuration inter-
action calculation and the corresponding values for a single-determinant appro-
ximation are all very close to unity in the case of formaldehyde in the equilib-
rium configuration [11]; the only important correlation appears to be ‘spin’
or Fermi correlation, which is already included in the single-determinant func-
tion.
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Il. Choice of the basis and physical significance
of simple LCAO treatments. Radial distortion

The brief discussion given above may be completed by the remark that
the very concept of correlation implies that the single-particle description of
a molecule should be well understood and brought to its extreme consequences,
so that one may be sure that certain facts cannot be explained within any con-
sistent orbital scheme. We shall now try to indicate some of the points that
must still be clarified in that connection on the basis of very simple models,
especially with LCAO ‘theories’ [18].

The introduction of the latter answers, as was pointed out by Multiken
[2], to a need ofsimplicity and physical significance ofthe interpretation scheme.
It may seem at first sight that the best orbital scheme is a Hartree—Fock
one, where the variational principle has been used to obtain the best energy
compatible with a single-particle treatment. It is now becoming clearer and
clearer that the word “best” used in an ambiguous way has been the source of
many difficulties. From the point of view adopted in the present article, the
most important function of atheory of molecules is to make possible a complete
and consistent interpretation of molecular properties, by tracing them back to
very few basic statements and pictures; this goal is to be reached, if necessary,
at the expense of high accuracy. Now, among other things, the pure Hartree —
Fock scheme does not provide a built-in reference to the fact that atoms are
the building blocks of a molecule; and much less that bonds exist at all: so that
the analysis of its results requires a large amount of work to find out the way in
which atoms and bonds are concealed in them [12]. This consideration is
sufficient to show that the choice of atomic orbitals is a most important point
in the progress toward a consistent theory of molecules [13]. The usual choice
of an (AO) basis is well-known, and corresponds closely to that considered
above for the Li2 molecule: one assumes that the AO’s are fixed functions of
the atoms forming a molecule, and can only adjust to the specific situation
through hybridization. This starting point is sound as long as the basis is com-
plete and the treatment involves all the electrons; but we are interested pre-
cisely in the case when a limited basis is used and only a few electrons are treat-
ed, in order to keep the results as easy to interpret as possible. Under these
conditions, at various internuclear distances, as can be seen when one considers
a specific example (vide infra), a choice of AO’s adjusted in a special way to
the molecular situation is required by strictly physical considerations.

In short, if simplified schemes are necessary for interpreting molecular
phenomena, and if a limited-basis MO —LCAO treatment must be taken as such
a scheme (thus deserving the name oftheory), a careful study ofthe dependence
of the basis AO’s on molecular geometry is essential. Of course, it would be
particularly satisfying if the forms of the AO’s could be left invariant; but the
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very example of hybridization indicates that this is not possible. What we can
(and should) do in order to put some order in our analysis is to make reference
to some standard AO’s to be interpreted as the entities that represent, as it
were, the undisturbed atoms; and introduce corrections on them, trying to
interpret them as physical effects.

Let us come back to the simple model (the two-electron model of the Li,
molecule) which we have introduced in order to consider a case where a num-
ber of features arising from the use of a complicated basis is eliminated. Here,
the reference fixed AO’s are the 2s Slater orbitals of lithium, and a first step
shows that hybridization is very important for obtaining reasonable results.
Further analysis indicates that modifications of the radial parts of the AO’s
are necessary — still with four AO’s as a basis — among other things, in order
to ensure orthogonality to the inner shell [14, 15]. Finally, variation of the
orbital exponents is necessary in order to satisfy the virial theorem. These
modifications are not introduced just as improvements of the calculations;
they must be considered as essential features of an LCAO calculation, to be
added to those already discussed in [13]. We shall call them radial distortion
(or, sometimes, ‘promotion’ [13]) and ‘scaling’, respectively. We emphasize
that they are introduced with the tacit assumption that the unmodified AO
is of the s type (in our model), although — as will be seen presently — not
necessarily a regular Slater orbital.

The simplest kind of radial distortion in an atomic orbital participating
in a bond orbital is connected with orthogonalization to the inner core. The
necessity of introducing this modification in the basis orbitals was pointed
out long ago [14], but has not been stressed too much in recent years, because
it arises only when the valence electrons are treated separately, and becomes
really evident when such a treatment is carried out at various distances;
moreover, it may be very small when the inner core has a very high orbital
exponent. To emphasize the importance of the condition of orthogonality to
the inner shell suffice it to mention that, in its absence, the united atom limit
of bend orbitals resulting from two (2s, 2p) hybrid AO’s would be essentially
1s orbitals [8]. Therefore, in a consistent orbital theory, the corresponding
modification of the atomic orbitals should be introduced as a standard effect
to be treated before actual energy calculations, as could be done with hybridi-
zation [1, 15], because it is part of the preparation of the atomic orbital basis.

The problems arising in this connection are easily illustrated in the model
at hand. For simplicity, suppose a treatment using only one s-type orbital
per atom is to be carried out for the valence electrons. Then, orthogonalization
to the MO to which the inner core electrons are assigned requires the introduc-
tion of atomic orbitals of the form

|25, > =N(|1s > —m|2s>), (1)
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Table 111

Analysis of orthogonalization to the inner shell in a two-electron model of the Li2molecule
for three values of the internuclear distance R.

Column (a) gives the values of p= aR, with a= 0.65 and R in a. u. Columns (b) and (c)
report the energies obtained from a Slater determinant over purc-sorbitals corresponding to
Equ. (1) of the text with m = 0 and m such as to ensure orthogonality of the 2ag to the lag
orbital, respectively. The corresponding values of m are given in column (d). Column (e)
contains the values of m ensuring the same orthogonality condition when the Slater 2s orbital
is replaced by an sp3 hybrid, the values for hybrids with a lower p character being inter-
mediate. Column (f) gives the values of the parameter m' for a pure-p orbital of the
type of Equ. (6)

09 (b) 00 04 09 (6

3 1.0722 8165 2.849 2.585 3499
4 9613 7675 2.923 2.859 2614
5 8244 6614 2.941 2.939 1725

where N is an appropriate normalization factor, m is a positive quantity
used for ensuring orthogonality to the inner core MO (which is given by the
normalized sum of the Slater Is orbitals associated with the inner core of the
two atoms, having exponent 2.70). The two Slater orbitals appearing in (1)
are assigned the same orbital exponent, say 0.65. Some indications about the
results are given in Table Ill, which shows that the contribution of the Is
orbitals is not negligible. The changes in energy reported in Table Il support
the physical interpretation of orthogonalization as a repulsion tending to
increase the energy of the outer electrons, especially at small internuclear
distances [15]. As is well known, this interpretation can be translated into a
rigorous mathematical formalism by introducing appropriate pseudopotentials
[4].

The kind of orthogonalization suggested here — which corresponds to
forming hydrogen-like orbitals — isequivalent to the usual Schmidt orthogo-
nalization. A study ofsuch hydrogen-like orbitals in free atoms has been carried
out [16], and has given results comparable with those of the usual Slater
orbitals, thus removing the only serious objection to the use of hydrogenlike
orbitals. Ofcourse, the ‘best-atom’ orbital exponents are no longer very close to
those given by the Slater rules. Nevertheless, they are close enough for most
practical calculations.

The modification brought about by the addition of Is, 3s, ... terms to
the Slater orbital may be called “promotion”; here, at variance with [13], we
use the term *“radial distortion” because the word ‘promotion’ recalls the
physical interpretation of the additional terms as higher-energy orbitals of the
free atom, which is not possible here (see also [2]). A physical interpreta-
tion of this distortion can only be founded on aredefinition of the reference
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free-atom orbital and on a discussion of the way in which an analysis of the
electron density should be carried out.

We consider now some more aspects of the question of orthogonalization
to the inner shell. Suppose that, instead of considering pure-s orbitals, we wish
to consider hybrids. We are then faced with two possibilities. First of all,
we can write a hybrid in the form

Ift> =iV [|Is> —m(|2s> -|-g|2p>)] @

(where g is a hybridization parameter and N a normalization factor), and then
it is impossible to decide whether, by introducing the Is contribution, we have
modified the 2S or the 2p orbital; so that we have no longer a right to dis-
tinguish between hybridization and radial distortion. In other words, the
procedure based on (2) leads to an m value which depends both on the inner
core and on the degree of hybridization, but, as we have just said, it must be
interpreted as a distortion of the s orbital. This point of view is perfectly
reasonable, and should be completed by the decision that radial distortion
of the 2p orbital will be introduced only if orthogonalization to orbitals result-
ing from p orbitals isto be carried out, aswould happen in the case of, say, the
Na2 molecule. However, this leads to ambiguities in the general case of bond
orbitals formed by hybrid AO’s which must be orthogonalized to bond orbitals
also formed by hybrid AO’s. We consider here, therefore, the other possibility,
namely that of orthogonalizing separately the pure-s orbital and the pure-p
bond orbital to the inner core orbitals, and then building the required hybrids.
The situation becomes particularly interesting when this criterion is to be
applied to the general case. Let sx, s2, pv p2 denote the subsets formed by a
Is, a 25, ...orbital with the same orbital exponent on atom 1, same on atom
2, and the subsets formed by a Ip, a 2p, ...orbital on atom 1, same on atom
2, respectively. A molecular orbital |%<¢>will be written in terms of a column
vector C which is defined as follows

(si» HiPyPi)

\Xx> = (3)

and another orbital |*2) will be expressed through the same basis set and
another column vector with subvectors C12 C22 etc. By definition, a mixing of
orbitals of the same subset is a radial distortion or ‘promotion’, whereas a
mixing of subsets s- and p,- is hybridization. Now, the requirement that [%)
and |*2pbe orthogonal to one another leaves such afreedom that we can require
at the same time that only promotion be used to satisfy it. Let us assume that

Acta Physica Academiae Scientiarum Hungaricae 27



MODEL AB-INITIO CALCULATIONS 487

1%i) % given, and that only |*2) must be determined. Let us denote by Sn,
S12 etc. the overlap matrices associated with the four subsets of the given AO
basis. Then, the conditions we find on C12 C22, etc., are:

mr"CaSyCA=0. (4)
j

This equation defines one element of each C-2, and thus, when there is only
one inner-shell orbital to which orthogonality must be ensured, the C-2vectors
need have only two elements. A particular case is that of the pure-s orbitals
considered above. Another interesting case is that of pure-p orbitals, where
the possibility of including the Ip orbitals in the atomic p subset has been
considered explicitly. We comment briefly on this point because it illustrates
one of the most delicate aspects of the problem at hand. There are two ways
of looking at our new s orbitals. One, as has been mentioned, consists in assum -
ing that we replace Slater orbitals by strictly hydrogen-like orbitals; the other
consist in assuming that we have granted a certain degree of flexibility to the
radial parts of our orbitals, and replaced the factor r of the Slater 2s orbital
by a more general first-degree polynomial involving one parameter to be used
for the orthogonality requirements. From the former point of view, the intro-
duction of a Ip orbital does not appear to be justified; from the latter point
of view, on the contrary, it would seem reasonable to modify the radial part
of ap orbital exactly as has been done forits s counterpart. Now, it isimportant
to keep in mind that the Is orbital introduced by us in the s-subset cannot be
interpreted as something physically significant by itself, because it is not one
of the functions of the basis set actually used for the calculations, but belongs
to a basis set from whose contraction the final physically significant set is
obtained; the Ip orbital would play the same role, and hence it seems advis-
able to use it. In short, Equ. (1) can be rewritten as

)s >= - N(M) i-NTrre e (s

where x is the orbital exponent, and g = xr is the scaled distance from the
nucleus; and, so far, it seems that the most reasonable p partner of the orbital
(5) should be

/]'BX3 ' 1---<—0 e~ecos @ 6
PPm'> = -— - T L Y e~

- LT-) V4 (6)
(m' being determined from the condition of orthogonality to the inner core
MO) rather than a p orbital having in the radial part a second-degree poly-
nomial in Q
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A simple calculation gives the values of m' reported in the last line of
Table IlIl. These data reveal that there is a weakness in the above reasoning,
because they show (as can be proven algebraically) that the limit of the orbital
(6) when the internuclear distance goes to infinity is a 1p orbital rather than
the expected 2p orbital. This makes a physical interpretation of the orbital
(6) quite difficult, and one may conclude that inclusion of a 3p orbital is a
better choice.

A point not apparent in our simple model is that orthogonalization to
the inner core involves, in principle, a doubling of the orbitals. In the homo-
nuclear case, if one had to introduce the antibonding valence MO’s one should
take care that, say, the 2s orbitals participating in the 2cru MO be modified so
as to make it orthogonal to the Icru inner-shell orbital. This condition is not
equivalent to that associated with the g symmetry. More generally, let the Zler
molecular orbitals be given as

= (bLb 2 gn g2 = Is.¢(la) @)

21 122

nd the 2cr molecular orbitals are given as

2,= (>.**) Cn C, (8)
0*21 0 22

where Sj and s2 contain, say, n elements each. Calling S the 2x2n overlap
matrix between the set Is and the set 2s = (sx s2), we obtain, for the condition
that 2cr be orthogonal to 1er whatever Q(2cr) may be,

Q+(la)-S-C = T-C =0, )

where T has been introduced as a 2X 2n matrix. As Cis a 2n X 2 matrix, we
have four conditions to be satified by 4ra—2 unknowns, and this is clearly
possible with n = 2, as would be if we used Equ. (1).The difficulty is that we
have to accept non-zero elements in C21 and C12 thus entering the long dispute
about the significance of multi-centre basis orbitals. If we wish to stay in the
frame of a simple MO—LCAO scheme, it is better to require that C2L and C12
should vanish, in which case we have only 2(n — 1) unknowns. This means
that we must have n 3, if we wish to keep the basis set completely inde-
pendent of Q(2a). An intermediate situation, where we can use a double basis
[different values of m in (I) for the bonding and the antibonding MO’s] arises
if one tries to take advantage of some general property of Q(2a). A case in
point is that of homonuclear two-centre bonds, where it is easy to define dif-
ferent 2smorbitals for the g and the n2a MO’s. If this is not done, one must use
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a general form:
12sortho> =N(Il,Im) (11s> —m|2s> +i|35>) (10)

exactly as -would be done in the non-symmetrical case.

Conclusion

The example of radial distortion required by the orthogonality condition
is a good illustration of an effect which must be included in an approximate
treatment lest one should lose any hope of giving a theoretical interpretation
of them. The physical significance of orthogonality originates from the fact
that the limits for very large and very small internuclear distances are to
satisfy certain conditions known from the theory of atoms. It is interesting
to note that, as abyproduct ofinter-shell orthogonalization, one can distinguish
between two kinds of hybridization. When no orthogonality to the inner shell
isrequired, an SC calculation with hybrids where the s character is a variational
parameter will always give as close as possible an approximation to the Zler
molecular orbital; consequently, the s character tends to zero for the united-
atom limit. On the other hand, at very large internuclear separations, the s
character is maximum; continuity then implies an increasing p contribution
as the internuclear distance tends to zero [8]. This kind of hybridization is so
to say ‘essential’, and disappears as soon as orthogonality to the inner shell is
ensured; only then whatever hybridization is found is really a feature leading
to a better approximation of the actual physical situation, and hence has a real
physical significance.

We shall not discuss here in detail scaling as a further modification of the
basis; we only point out that it is very close to radial distortion because it is
not expressible as a linear combination of the basis elements, and affects
directly the radial forms of the atomic orbitals. We prefer to close the present
remarks with a few words regarding the analysis of charge densities and the
reference free-atom orbitals. It is clear that no theory of chemistry is possible
if one has no way of comparing the molecular situation with an ideal, free-
atom situation. The problem of the reference free-atom orbitals arises all the
time whenever we speak of modifications of the basis AO’s. In the above dis-
cussion, we have assumed that the reference orbitals in question are essentially
Slater orbitals, except for the 2s orbital, which is supposed to be orthogonalized
to the corresponding Is orbital by an appropriate choice of min Equ. (1). The
path to be followed in using these reference orbitals is exemplified in our studies
of the model mentioned above, where one of the intermediate calculations is
over a Slater determinant with pure-s spinorbitals in no way adjusted to the
molecular situation. There are several delicate points in the choices implicit in
this kind of comparison, and the question is by no means settled.
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Once the reference orbitals have been chosen, the question of the ana-
lysis of electron densities ceases to be meaningless. Why one should consider
electron densities is nowadays clear: the analyses in terms of single indices
like the various kinds of populations are much too arbitrary to be relied upon
in drawing physical interpretations, and it seems that, if such indices have
to be introduced, it will be best to start all over again. The analysis of electron
densities could follow Ruedenberg’s very good treatment [17]. As regards
the basis orbitals, one might separate the density associated with a single
atomic orbital into a contribution identical with that of the free atom and an
‘interference’ contribution associated with each successive modification.

The questions just mentioned deserve a separate study. As a conclusion
of the present article, we shall briefly summarize the main points illustrated
in it [18].

First, a use of ab initio calculations that seems to have been largely
overlooked because of its simplicity is the construction and analysis of simple
models of the chemical bond. Such models may render enormous services both
in clarifying previously known results and in suggesting new ones, and in
making possible a detailed discussion of interpretation schemes and approxi-
mations.

Second, treatments using the LCAO scheme over the valence electrons
may be seriously at fault when effects like inter-shell orthogonalization are
neglected. Such effects are consequences of the approximations used; neverthe-
less, they may be physically significant because the corresponding approxima-
tions may be essential in order to reach an understanding of the molecular
reality. They include changes of the AO’s with molecular geometry.

Third, the realization that a certain type of modification of the AO basis
is important must be followed by a very careful analysis of the way in which
such a correction should be introduced in order to preserve simplicity and
physical significance.

We hope that considerations like those given above will help to bridge
the apparent gap between the work of researchers devoted to highly sophisti-
cated ab initio calculations and the work of researchers interested in a simple
if approximate understanding of facts.

REFERENCES

. Del Re, Theoret. Chim. Acta, 1, 188, 1963.

S. Mulliken, J. Chimie Phys., 46, 497, 1949; J. Chem. Phys., 43, 839, 1965.

. Pauling, The Nature of the Chemical Bond, Cornell, Ithaca, 1956.

Gombas, Pseudopotentiale, Springer, Berlin, 1967.

. K. Nesbet, Adv. Chem. Phys., 9, 321, 1965; P. O. Lowdin, ibid., 8, 3, 1965; and refe-
rences therein.

W. Kutzelnigg, G. Del Re and G. Berthier, Phys. Rev., 172, 49, 1968.

G. Das and A. C. Wahl, J. Chem. Phys., 44, 87, 1966.

LN e
TOCrITO

~No

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



MODEL AB-INITIO CALCULATIONS 491

8. B. Cadioli, U. Pincelli and G. Del Re, Theoret. Chim. Acta (Berl.), 10, 393, 1968.
9. G. Del Re and R. G. Parr, Revs. Mod. Phys., 35, 604, 1963.

10. W. Moffitt, Proc. Roy. Soc. (London), A—210, 245, 1951.

11. H. Suard and G. Berthier, private communication.

12. B. Nelander and G. Del Re, to be published.

13. G. Del Re, Int. J. Quantum Chem., 1, 293, 1967.

14. C. A. Coulson and G. R. Lester, Trans. Farad. Soc., 51, 1605, 1955.

15. U. Pincelli, B. Cadioli and G. Del Re, Theoret. Chim. Acta (Berl.), 14, 253, 1969.
16. A. Rastelli and G. Del Re, Int. J. Quantum Chem., in press; Ri. Sei., 38, 769, 1968.
17. K. Ruedenberg, Revs. Mod. Phys., 34, 326, 1962.

18. The point of view adopted in the present paper is very close to that which has inspired

much work by R. S. Mulliken. Therefore, in addition to Ref. 2, at least the following
articles by him should be consulted: J. Am. Chem. Soc., 88, 1849, 1966; “Quantum
Theory of Atoms, Molecules, and the Solid State”, Wiley, New York 1966, p. 231; and
the older series including: J. Chem. Phys., 3, 517, 1933.

MOZLE/Ib AB INITIO BbIYMCAEHWA W OBOCHOBAHWE METOAA MO—LCAO
OXXY3EMME A3 PE

Pesome

MpumeHeHne ab initio BblYMCNEHWIA, KOTOPOe OKasblBaeTCA TLlaTeNlbHO MPOBEPEHHbIM
6narogaps ero mpoctoTe, SIBASETCH WCTOAKOBAHMEM W aHaNU30M MPOCTbIX Mofeneli XumMuue-
cKoli cBfi3n. Takue MOAeny MOryT OKa3blBaTb OrpOMHYI0 MOMOLLb, KaK MpW YTOUYHEHWUM 3apaHee
M3BECTHbIX Pe3ynbTaToB, Tak U Npy UCCNeA0BaHUMN HOBbIX, fanee CAeNakT BO3MOXHbIM NoApo6-
HYI0 AMCKYCCUIO WHTepHaLWOHaNbHbIX CXeM U MpubanxeHuii. Mpuembl, npumeHsowme LCAO
CXeMy B C/lyyae BafIEHTHbIX 3/1EKTPOHOB, MOTYT [aBaTb CEPbE3HO OLUMGOYHBINA pe3ynbTaT, ecnu
npeHebpeyb aghekTamn, 006YCNOBAEHHbLIMW OPTOroHanu3auueid BHYTPeHHUX 060n04ek. Takue
3(btheKTbl CNeAYIOT 13 MPUMEHEHHOTO NMPUGAUXKEHUS, XOTH OHU MOTYT GbITb (HU3NYECKN BaXKHbIMMU,
TaK KakK COOTBETCTBYOLLME MPUOGNMXKEHUS UHOTAA HEOOGXOAUMbI C Lienbio obecrneyeHUss MOHAT-
HOCTW MONEKYNSIpHOW peanbHOCTM. OHW BK/IOYAKOT B Ce6A M3MEHEHUs aTOMHbIX Op6GUT ¢ Mone-
KYNSipHbI/A reomeTpuen. 3a peanusauuein, B KOTOpoi mogudumkaumsa 6asnca aTOMHbIX OpouT
OMpefieNIeHHOro TuWna BaXKHa, 06513aTeNbHO LO/MKEH CNefoBaTb OYeHb TLlATeNbHbIA aHanu3
npuema, B paMKax KOTOPOro UMeeTcst BO3MOXHOCTb /151 BBEEHUA JaHHOW KOPPEKUUU C LEeNbHo
COXPaHEHUs1 NpOCTOTbl U (U3NYECKUX XapaKTepHOCTEN.
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STUDY OF THE ELECTRONIC STRUCTURE
OF MOLECULES. X*
GROUND STATE FOR ADENINE, CYTOSINE, GUANINE AND THYAMINE
By

E. Ciementi, J. M. Andreél, M. Cl Andrél, D. Ki1int2 and D. Hahn3

IBM RESEARCH LABORATORY, MONTEREY AND COTTLE ROADS, SAN JOSE,
CALIFORNIA 95114, USA

(Received 12. 11l. 1969)

All electrons SCF-LCAO-MO computations for adenine, cytosine, guanine and thya-
mine are reported. In addition, to compute the total energies and wave functions we have com-
puted the relative gross charges and the dipole moment. Analysis of the orbital energy for
the inner shell indicates that there are three effects which govern the orbital energies splitting
for inner shell a) the gross charge, or ionicity degree, of the atom in consideration, b) its val-
ency state, c) the neighbor atoms ionicities. The first two effects are sufficient for determining
the relative location of the inner shell as well as for estimating the extrema of the splitting of
the inner shell electrons of a given type of atoms.

The gross charge population was used to determine the overall flow of the a and n
charge transfer. It was found that the charge transfer flow requires direct consideration of at
least next nearest neighbors to be explained. In addition, it was found that simple n electron
considerations could lead to not only quantitative but even to qualitative erroneous prediction
about the electronic charge distribution. For example, an atom can be positively charged, if
one considers only the n electrons, and the same atom can be negatively charged, if one con-
siders only the a electrons. Therefore, we reiterate on the necessity of all electron computations
not only for quantitative but even for qualitative studies of the electronic structure in mole-
cules.

I. Introduction

This work was initiated the summer of 1967 by Ciementi and Hahn.
Cytosine was computed using Version 2 of IBMOL on an IBM 360/50 and
reported at the Kutna Hora meeting and at the Hungarian Summer School
in 1967. The remaining molecules of this paper were computed with Version
4 of IBMOL on an IBM 360/65 computer. The four molecules are clearly of
importance in biological study. However, we wish to point out that there might
be agreat gap between computing the electronic structure ofabiologically impor-
tant molecule and contributing to our understanding of biological mechanisms.
Therefore, throughout this paper no further mention will be made to the
possible biological implication of this work, and we shall consider these four
molecules as additional compounds (containing hydrogen, carbon, nitrogen

* Dedicated to Prof. P. Gombas on his 60th birthday.

1Present address: Laboratoire de Chimie Quantique, Kapeldreef, Egenhoven-Heverle,
Belgium.

2Present address: Washington State University, Dept, of Chemistry, Pullman,W ashing-
ton, USA.

3Present address: Stanford University, Department of Chemistry, Stanford, Cali-
fornia, USA.
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Table 1

Orbital exponents of Gaussian functions for hydrogen, carbon, nitrogen and oxygen

s-type functions

hydrogen carbon nitrogen oxygen
1 4.500370 391.445 636.101 1113.12
2 0.681277 64.7358 105.386 172.260
3 0.151374 16.2247 27.5167 42.8008
4 5.33460 9.02708 13.3710
5 2.00995 3.33086 4.83970
6 0.502323 0.828625 1.07380
7 0.155139 0.243109 0.31690

p -type functions**

8 * 4.316130 5.19829 6.92200
9 0.873682 1.10716 1.42610
10 0.202860 0.26175 0.32120

* No p-tvpe function was used for hydrogen atoms.
** The p functions can be either px or py or pz; for the 3 different cases the angular part
is clearly different, but the orbital exponent was kept constant.

Table 11
Contracted Gaussian set for hydrogen (H), carbon (C), nitrogen (N) and oxygen (0)

Is (H) 0.070480/i -f 0.407890/2 + 0.647669/3

Is (C) 0.022220/i -f 0.132968/2 + 0.384690/3 f- 0.458385/4 + 0.154547/5
2s (C) 0.534240/6+ 0.524992/6

2p(C) 0.108451/s + 0.461164/«, + 0.630435/lo

Is (N) 0.018231/1 + 0.108122/2 + 0.324286/3+ 0.478333/4+ 0.221201/5
2s (N) 0.466703/e + 0.596283/j

2p(N) 0.138430/s + 0.497601/a + 0.575051/u,

Is (0) 0.013221/j + 0.087629/2 + 0.296295/3 + 0.492042/4+ 0.258935/s
2s (0) 0.497086/e + 0.566094/7

2p (0) 0.148880/3+ 0.516709/5 + 0.558700/i,

The Zi,/2++m are the Gaussian functions given in Table I. Clearly the yx.../3to be
used for the Is(H) are those in column 2 of Table I (or the y, ...Y. for oxygen are those in
column 5 of Table 1))
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Table 111
Total energy in a.u. for the atoms using the Gaussian set of Table | and comparison to other
sets
basis set Table 11 Table 1 minimal Slatera) Hartree-Fockb) exact0)
hydrogen (&) — 0.4970 0.4988 - 0.5000 — 0.5000 — 0.5000
carbon (3P) —37.5900 —37.6296 —37.6224 —37.6886 —37.8558
nitrogen (’S) —54.2440 —54.3130 - 54.2689 — 54.4009 — 54.6122
oxygen () -74.5973 —74.6763 — 74.5404 — 74.8094 — 75.1101

a) From E. Clementi and D. Raimondi, J. Chem. Phys., 38, 2686, 1963.

b) From E. Clementi, Tables of Atomic Functions [8].

c) From A. Veillard and E. Clementi, J. Chem. Phys., 49, 2415, 1968.
and oxygen atoms) in the list of molecules previously studied in this series of
papers. The work is carried out inthe self-consistent field, (SCF) linear combin-
ations of atomic orbitals (LCAO) approximation. The basis set we have used
(Table 1) for the H, C, N, and 0 atoms is the same basis set previously used.
The same holds for the contraction coefficients (Table 1l). The reason is not
that such a basis set is a particularly good one, but is the best that can he
done with 7s type gaussians and 3p type gaussians. When we programmed our
molecular package [1] we decided to compromise in the basis set size so as to
be in a position to compute a large number of rather complex molecules within
the same accuracy, so as to be in a position to compare results from molecule
to molecule. At that time the above basis set did seem the best compromise,
between accuracy and realistic possibility to carry out our program of study
in the electronic structure of molecules. Comparison between our basis set and
other more adequate is given in Table IlIl. From these considerations it is
clear that the results presented in this work are of preliminary value. The main
feature in these computations is that the model used (SCF—LCAOQ) is very
well defined, that no approximation is made in the integrals computations or
even more, in the number of electrons explicitly considered for the molecular
system. From previous work in this series [2] we know that the so-called
n electrons cannot be considered as some separated and privileged set from
the so-called a electrons (the notation a and n is most unfortunate since it is
correct only for linear systems; however, we shall continue to use such bad
notation only in deference to a careless as well as very vast body of literature).
Hence, the need for all-electrons ab initio computations. From other work (to
be published [3]) we know that the inner shell electrons are more important
for determination of molecular geometry than previously assumed. Hence, the
need for equal treatment for inner shell and valency electrons. The simple
n4 relation (where n is the basis set size for a given molecule) and required
number of many-center integrals, clearly poses a practical limit in the com-
putations [4].
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Il. Computational results

The geometry we have used for adenine, cytosine, guanine and thyamine
(hereafter referred to as A, C, G and T) are given in Tables IV, V, VI and VI,
resp ectively. Figs. 1,2, 3 and 4 complement these tables. The total energy as
well as the orbital energies are given in Tables V 111 through X I for A, C, G and
T, respectively.

The expansion coefficients for each orbital, obtained from the SCF
procedure are too long to be reported and are available elsewhere [5]. The
gross population analyses [7] are given in Table X Il through XV for A, C, G
and T, respectively, and the hybridization for each atom is given in Tables

H@4) Z*-0.965064
* H(B) Z= 1.93012700
H®) Z=-0.965064

X

Fig. 1. Geometry and gross charges for the adenine molecule
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CYTOSINE (LACTAM 1) bond distances, gross charges*

O 2 4 6 8 10 12

Fig. 3. Geometry and gross charges for the guanine molecule
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Fig. 4. Geometry and gross charges for the thyamine molecule

XYl through X 1X respectively. Finally, the dipole moment in components in
the x, y and z direction as well as the total dipole moment is given in Table
X X. All quantities are given in atomic units [7].

Table Tv

Molecular geometry for adenine molecule*

X Yy x Yy

N (1) 4.456643 2.5959530 C(4) 4.3013910 0.0864170
N(2) 2.1761190 —1.2563760 C(5) —3.7981510 1.3725350
N(3) —2.4164080 3.5159020 H(I) 6.0908940 —0.9682600
N(4) —2.4571470 —0.7512240 H(2) -3.1187670 -2.5207840
N(5) 2.2803240 6.3839750 H(3) —5.8763680 1.3725350
c() 2.2803240 3.8523290 H(4) 0.6959090 7.4129050
c(2) 0.0 2.5883240 H(5) 3.8647390 7.4129050
c@) 0.0 0.0

* Distances are given in atomic units; the value of the Z coordinate is 0.
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Table V

Molecular geometry for the cytosine (lactam 1) molecule*

X Yy * Yy
0 15.682272 —0.4604511 H(I) 12.264164 7.6893053
N (1) 19.039032 2.1588593 H(2) 14.692337 9.7267876
N(2) 14.826015 3.6494255 H(3) 18.995163 8.4874620
N(3) 14.139829 7.9196091 H(4) 22.047836 4.8494406
c() 16.470795 1.7060061 H(5) 20.228302 0.6902478
C(2) 15.767538 5.9797821
C(3) 18.318405 6.5219889
C(4) 19.994705 4.5242567

* Distances are given in atomic units; the value of the z coordinate is 0.

Table VI

Molecular geometry for the guanine molecule*

X v X y
0 8.5351915 7.3326225 C<3) 5.1557379 45441399
N (1) 9.2876520 3.0396242 C(4) 7.7466660 5.1661663
N(2) 5.8988562 0.1219844 C(5) 1.1614723 4.6027842
N(3) 3.1580334 6.1909208 H(I) —0.8040018 5.2795506
N(4) 1.7482090 2.1588602 H(2) 0.5589515 0.6902482
N(5) 9.9972229 —1.2595730 H(3) 9.4605036 —3.0715036
c 8.3526487 0.6659773 H(4) 11.8708070 —1.0129108
C(2) 4.3342476 2.0889683 L 5) 11.1612360 3.2862854

* Distances in atomic units; the z coordinate is 0.

I1l1. Discussion on the orbital energies for inner shell electrons

The orbital energies of the separated atoms, namely the eigenvalues c¢-

of the equation
F <A = et<pi,

where (ft is the i-th orbital, and F the Hartree—Fock operator (the field seen
by <) are clearly related to the orbital energies of the atoms in the molecule.
However, the relation is not too immediate. First of all the field F is no longer
the atomic field hut the molecular field. Second, the ¢t in the molecule are
not localized at the atom site, hut delocalized over the entire molecular frame
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Table VII

Molecular geometry for the thyamine molecule*

x y z
0(1) 0.0 7.4626860 0.0
0(2) 4.1881240 0.0 0.0
N (1) - 2.2579160 3.8541470 0.0
N(2) 2.3049310 3.9391650 0.0
c) 0.0 5.1577550 0.0
c@) —2.2579160 1.3036080 0.0
c@3) 0.0 0.0 0.0
c4) 2.307002 1.3319480 0.0
c(5) 0.0 —2.9095030 0.0
H (1) 3.9030790 5.0821840 0.0
H(2) -3.7917320 5.0821840 0.0
H(3) —3.9297180 0.13380900 0.0
H(4) — 1.6715400 _ 3.6274320 —0.96506400
H(5) 0.0 _ 3.6274320 1.93012700
L 6) 1.6715400 —3.6274320 — 0.96506400

*Distances in atomic units

(subject to symmetry constraints). If the molecular orbitals are only slightly
delocalized as compared to the atoms, and if the dominant part of the field is
the atomic field, then the orbital energies in the separated atoms -will resemble
substantially the orbital energies in the molecule. This is the case of the inner
shell electrons. The orbital energies of the Is2 electrons in the carbon (3P),
nitrogen (4S) and oxygen (2P) atomic ground state are —11.32552 a. u.,
—15.62892 a. u., —20.66864 a. u., respectively [8]. With this in mind it is
simple to correlate the inner shell electrons of the four molecules (Tables V 111,
IX, X and X1) with the inner shell of the separated atoms. Fig. 5 makes this
correlation explicit forthe case of cytosine. However, the correlation isonly quali-
tative. For instance, the spread in the orbital energies for the carbon atom goes
from 1153 a. u. to —11.44 a. u., from —11.56 a.u. to —11.41 a.u., from —11.59
a. u. to —11.40 a. u. and from —11.61 a. u. to —11.39 a. u. for A, C, G and
T, respectively. In other words, there is a spread of about 3 to 6 electron
volts. These fluctuations are substantial, strongly pointing against the simplify-
ing assumption that the inner shells in molecules are as theinner shells of the
corresponding separated atoms. The electronic density is very much the same,
however, but since the inner shell electrons are highly energetic, a small
variation in density has a large effect on the energy. For equivalent reasons, a
relatively large density variation invalency electrons correspondsto a relatively
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-CYTOSINE -

Fig. 5. Comparison of orbital energies for cytosine with the orbital energies of the component
atoms in the ground state

small energy variation. Indeed, from analysis of Tables X 11l through XVII,
we see that the valency shell splitting in the molecular field as compared to the
separated atoms is of the same order of magnitude as the inner shell splitting.

From the previous discussion it follows that we should he able to state
something more quantitative about the splitting of the inner orbital energies
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Table VIII

Orbital energies for adenine (in a.u.)*

la —15.75998
2a —15.65410
T —15.65020
4er —15.63953
5(7 —15.63526
6a —11.53362
Ter —11.51086
8(7 —11.49101
97 —11.48222
10(7 —11.43706
11(7 —1.45674
12(7 —1.37406
13(7 —1.28443
14(7 —1.24147
15(7 —1.20797
16(7 —1.10388
17(7 —0.961035
*Total energy = —462.55284 a. U.

Table IX

Orbital energies for cytosine

17 —20.487343
2(7 —15.729407
3(7 —15.661884
A7 —15.595631
5(7 —11.569219
6(7 —11.533484
(7 —11.517662
8(7 —11.407959
o7 —1.443140
10(7 —1.341111
11(7 —1.309476
12(7 —1.209500
13(7 —1.120933
14(7 —0.960774
15(7 —0.923618

*Total energy —390.93564 a.u.
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18(7
19(7
20(7
21(7
22(7
23cr
24(7
25(7
26(7
27(7
28(7
29(7
|t
2n
3a
4n
5n
6n

16(7
17(7
18(7
19(7
20(7
21(7
22(7
23(7
24(7
1in
2n
3n
4n
5n

—.924933
—.904119
—.83495
—.785000
—.743324
—.739640
—.684126
— .663891
—.647116
—.519899
— 482487
— 436027
-.724339
—.638200
—.560701
— 488591
— 443605
—.366840

a.u.)*

—0.812685
—0.805849
—0.771609
—0.705790
—0.664342
—0.651121
—0.588110
—0.454238
—0.442661
—0.702333
—0.609556
—0.544552
—0.437576
—0.361283
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Table X

Orbital energies for guanine (in a.u.)*

Id —20.53240 21(7 —0.88660
2a — 15.74850 227 —0.85184
3a —15.72616 23cr —0.80546
der — 15.68678 24cr —0.78431
57 — 15.63471 25(7 —0.74539
6(7 — 15.61607 26(7 —0.72761
70 —11.59306 217 —0.68175
8(7 — 11.56340 28(7 —0.62823
o — 11.49640 29(7 —0.61354
10(7 — 11.45654 300 —0.50676
17 —11.40342 31(7 —0.46656
12(7 — 1.45529 327 —0.44245
13(7 —1.42078 1n —0.72983
14(7 - 1.38907 24 —0.67628
15(7 —1.26388 3n —0.60963
16(7 —1.25621 45 —0.50039
1707 —1.22620 51 —0.49096
18(7 —1.08293 6n —0.45257
19(7 —0.96778 1 —0.33471
20(7 —0.93780

*Total energy —537.13942 a.u.

as compared to the separated atoms. We shall now use this same type of reason-
ing adopted in the study for inner shells analysis given elsewhere [3]. From
Tables X I, X111, XIV and XV we know that the atoms are not neutral in
the molecule but have excess or deficiency of electrons due to charge transfer.
This fact ought to be the first order correction in the orbital energies of the
inner shell. For example, the carbons in adenine have lost 0 234, 0.195, 0.018
and 0.025 electrons in C(l), C(3), C(4) and C(5) and gained 0.024 in C(2), re-
spectively. The C+(2P) ion has an orbital energy [8] of —11.8983 a. u. (to be
compared with —11.3255 a. u. for the neutral atom in the 3P state). If, mo>t
approximatively we assign an energy difference 0f—11.8983—11.3255—0.5728
a. u. for the loss of one electron and use this number for the fractional losses
in the carbon atoms of adenine we obtain the orbital energies reported in
Table XX I, with an energy spread of 0.1577 a. u.; this value should be com-
pared with a spread of —11.53362+ 11.43706=—0.09656 a. u. given the com-
putation reported in Table VIII. Therefore, we seem to have some quantitative
understanding of the inner shell orbital energies spread.
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Table Xl

Orbital energies, £, for thyamine (in a.u.)*

o —20.53970 s —0.82544
o -20.53656 1o —0.81492
@ —15.73519 20 —0.75640
» —15.70864 w1 —0.73289
S —11.61562 22 —0.68439
@ —11.56386 w3 —0.64193
. —11.49468 24 —0.63905
8 —11.41183 s —0.63041
o -11.39018 26 —0.61814
10 —1.48448 o7 —0.61304
a1 —1.44039 28 —0.58368
- —1.33965 26 —0.56292
s —1.28092 30 —0.49831
14 —1.14551 w1 —0.46663
s —1.00557 a2 —0.44665
16 —0.96609 s —0.38722
ar —0.91973

*Total energy -449.59107 a.u.

Having a somewhat better understanding of the spread of orbital energies,
let us discuss in more detail its absolute values. We have determined the spread
by comparing the neutral carbon in the 3P state. We should not use the 3P
state, since the molecule can be envisioned to be formed by atoms in the
“valency state”. Most important, we should take some state that is more
diffuse than the 3P and asinglet state. If we take as basis the >S state of carbon,
then, after having computed the splitting we should lower the orbital energy
by —11.39111+ 11.32552= 0.065 a. u. (where —11.39222 is the e(xS) for
C(3P) and —11.32552 is the e(xS) for C(>S) as known from previous work [8]).
We would, therefore, expect in this level of crude approximation to have the
following orbital energies for the inner shell electrons of the carbon atoms in
adenine: —11.534 a. u.,, —11.502 a. u., —11.502 a. u., —11.405 a. u., —11.404
a. u.,, —11.402 a. u. to be compared with these of Table VIII. Up to now we
have (1) analyzed the effect of the spread of the orbital energies and (2) we
have adjusted the baricent of the orbital energies manifold for the inner shells.

In Table X X1 we report the orbital energies for the inner shell electrons
on the carbon atoms for adenine as given in Table VIII (first column), the
orbital energies we would obtain by knowledge of the ionicity on the carbon
atoms (second column), the orbital energies of the second column corrected
by a more adequate choice so as to approximate the valency state PS rather
than 3P) [9].
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Table XII
Adenine — gross charges

N (1)
1.99732 Is = 1.99732 6@ =
1.47328 2s = 1.47328 6(7) =
1.48730 2p = 3.83882 i(tot) =
1.17861
1.17291

N(2)
1.99730 Is = 1.99730 aer) =
1.45077 2s = 1.45077 <5 =
1.02527 2p = 3.85856 a(tot) =
1.67704
1.15624

N(3)
1.99748 Is = 1.99748 0(a) =
1.54724 2s = 1.54724 o(n) =
1.05991 2p A 3.92321 (5(tot) =
1.52982
1.33353

N(4)
1.99729 Is = 1.99729 5er) =
1.34616 2s = 1.34616 o(n) =
1.18404 2p = 4.11207 6(tot) =
1.28650
1.64153

N(5)
1.99726 Is 1.99726 0(a) =
1.36749 2s = 1.36749 <5(n) =
1.27738 2p = 4.23757 i5(tot) =
1.15502
1.80517

Acta Physica Academiae Scientiarum

-0.13653
-0.77291
-0.30944

-0.25040
-0.15625
-0.30665

+0.06555
- 0.33353
-0.26798

-0.81401
+0.35847
—0.45554

-0.79717
—0.19483
—0.60234
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2Px
2Py
2Pz

2s

2Px
2Pv
2Pz

2s

2Px
2py
2Pz

2s

2Px
2Py
2Pz

Is
2s
2Px
2Py
2Pz
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Table XII (continued)

1.99942
0.93633
0.99680
0.92489
0.90885

1.99902
0.93213
0.95886
0.97931
1.15460

1.99932
0.92375
0.87516
0.98370
1.02310

1.99936
1.02373
1.05141
0.93461
0.97330

1.99926
1.01971
1.09616
0.82907
1.03073

c

Is =
2s =
2p =
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1.99942
0.93633
2.83054

1.99902
0.93213
3.09277

1.99932
0.92375
2.88196

1.99936
1.02373
2.95932

1.99926
1.01971
2.95596

8(0) =
o9 =

a(tot) =

m =
S(n) =
<5(tot) =

(G(CI‘) =
o(n) =
a(tot) =

aer) =
o(n) =
<5(tot) =

0(a) =
o) =
a(tot) =

+0.14255
+0.09115
+0.23370

+0.13066
—0.15460
—0.02394

+0.21805
—0.02310
+0.19495

—0.00912
+0.02670
+0.01758

+0.00569
—0.03073
+0.02504
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Table XII (continued)

H (1)

Is 0.77818 a(tot) = +0.22182
i 2)

Is I 0.61409 a(tot) = +0.38592
11(3)

Is 1 0.77518 a(tot) = +0.22482
H(4)

Is 0.66594 o(tot) = -f-i1.33406
H(5)

Is 0.67197 a(tot) = +0.32803

IV. Discussion on the orbital energies of the valency electrons

The relevant features of the orbital energies of the valency electrons are
those previously noted in other papers of this series [2]. The a and n electrons
(see for comparison, Fig. 6) are fully intermixed. In addition, the highest filled
n orbital is always somewhat higher than the highest filled a orbital. The spread
in the n orbital energies is rather constant and this deserves some note. The
four molecules contain C, N and 0 atoms as contributors to the n system. The
orbital energies for the 2p electrons in the separated atoms [8] (for the ground
state) are —0.43334 a. u.,, —0.56753 a. u. and —0.63186 a. u., respectively.
However, the splitting of the n electron orbital energies seems rather independ-
ent of the original orbital energies in the separated atoms. For instance, the
lowest n orbital energy is —0.724 a. u. in adenine and the lowest n orbital
energy is —0.702 a. u. in cytosine. It is noted that adenine does not contain
oxygen atoms whereas cytosine contains an oxygen atom. The explanation is
in the delocalization of the n electrons cloud. In other words the field seen
by the n electrons resembles very little the field seen by the corresponding 2p
electron in the separated atom.
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ADENINE CYTOSINE GUANINE THYAMINE
0.3

Fig. 6. Comparison of orbital energies for A, C, G, T.

V. Charge transfer

Probably one of the most interesting aspects of the electronic structure
of the four molecules is its charge transfer mechanism. We find the two way
charge transfer (a in one direction and n in the opposite) as well as the one
way charge transfer (& and n in the same direction as charge transfer goes).
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Table XIlI
Cytosine — gross charges

0
Is 1.99761 Is 1.99761 6(a) = —.08093
2s 1.78662 2s 1.78662 6(n) = —.32602
2 1.82903 2p = 4.62272 a(tnt) = —.4069.3
2Py 1.46767
2%z 1.32602

N (1)
Is 1.99727 Is = 1.99727 0(a) = —.78095
2s 1.34673 2s = 1.34673 0(n) = +.31814
2P x 1.22440 2p = 4.11855 a(tot) = —.46281
2Py 1.21255
2p; 1.68186

N(2)
Is 1.99727 Is = 1.99727 6(a) = —.05650
2s 1.47290 2s = 1.47290 6(n) = —.27859
2P x 1.59502 2p = 3.86492 <5(tot)= —.33509
2Py 99131
2p7 1.27859

N(3)
Is 1.99729 Is = 1.99729 6(d) = —.79299
2s 1.36971 2s = 1.36971 6(n) = +.19450
2P x 1.23300 2p = 4.23149 a(tot) = —.59849
2Py 1.19299
2Pz 1.80550

c
Is 1.99959 Is = 1.99959 6(a) = +.39038
2s .88488 2s = .88488 0(n) = +.04180
2Px .83823 2p = 2.68335 4(tot) = +.43218
2Py .88692
2pz .95820
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2s

2P x
2Py
2pz

2s

2Px
2py
2Pz

E. CLEMENTI et al.

Table X1l (continued)

1.99942
.95047
1.00245
.94150
.86657

1.99893
1.01854

.96950
1.09693
1.21625

1.99934
1.06409
1.15816
.92983
.86698

.66402

.68842

.80758

.75878

.63102

1)

H(2)

H(3)

L 4)

1, 5)
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1.99942
.95047
2.81052

1.99893
1.01854
3.28268

1.99934
1.06409
2.95497

6(a) =
6(n) =
<5(tot) =

6(a)
0K

<5(tot) =

6(a)
6(n)
a(tot) =

6(a) =

6(a) =

6(a) =

6(a) =

6(a) =

+ .10616
+.13343
+.23959

—.08390
—.21625
—.30015

-.15142
+.13302
—.01840

+.33598

+.31158

+.19242

+.24122

+.36898
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Table XIV
Guanine — gross charges

@)
Is 1.99763 Is = 1.99763
2s 1.79034 2s = 1.79034 <5() = —0.28447
2Px 1.84502 2p = 4.58037 a(tot) = —0.36836
2Py 1.45088
2Pz 1.28447

N (1)
Is 1.99727 Is = 1.99724
2s 1.33629 2s = 1.33629 Hr) = +0.27436
2Px 1.26190 2p= 4.13851 <5(tot) = —0.47206
2Py 1.15097
2Pz 1.72564

N(2)
Is 1.99715 Is = 1.99715
2s 1.43982 2s = 1.43982 6(n) = —0.32450
2Px 1.02358 2p = 3.92408 6(tot) = —0.36107
2Py 1.57600
2Pz 1.32450

N(3)
Is 1.99755 Is = 1.99755
2s 1.55440 2s = 1.55440 () = —0.09131
Px 1.00216 2p = 3.68720 a(tot) = —0.23917
2Py 1.59373
2Pz 1.09131

N(4)
Is 1.99731 Is — 1.99731
2s 1.35154 2s — 1.35154 0(n) = +0.37637
2Px 1.21527 2p — 4.09816 a(tot) = —0.44704
2Py 1.25926
2Pz 1.62363
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Table XIV (continued)

N(5)

Is 1.99724 Is — 1.99724
2s 1.36690 2s = 1.36690 <5(s) = +0.17522
Ppx 1.20866 2p = 4.24931 d(tot) = —0.61348
2Py 1.21587
2Pz 1.88470

c
Is 1.99953 Is = 1.99953
2s 0.91689 2s = 0.91689 0(n) - +0.11905
2P 0.94124 2p = 2.69166 <5(tot) = +0.39191
2Py 0.86947
Pz 0.88095

C(2)
Is 1.99932 Is — 1.99932
2s 0.93123 2s = 0.93123 0(n) = -0.01167
2Px 0.85765 2p = 2.87650 (5(tot) = +0.19294
2Py 1.00718
2Pz 1.01167

c@)
Is 1.99900 Is = 1.99900
2s 0.93424 2s = 0.93424 0(n) = -0.21138
»Px 0.97198 2p = 3.11640 i(tot) = —0.04966
2Py 0.93304
*pz 1.21138

C(4)
Is 1.99955 Is = 1.99955
2s 0.90738 2s = 0.90738 <5() = +0.06713
2px 0.97524 2p = 2.73409 <5(tot) = +0.35896
2Py 0.82598
2Pz 0.93287
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Table X1V (continued)

c(s)

Is 1.99922 Is = 1.99922

2s 1.0113 2s = 1.01113 6(n) = —0.08874

2Px 1.08504 2p = 2.98978 a(tot) = —0.00015

2Py 0.81600

op; 1.08874
H (1)

Is 0.78694 a(tot) = +0.21306
H(2)

Is 0.61987 6(tot) = +0.38013
H(3)

Is 0.65109 6(tot) = +0.34897
H(4)

Is 0.68671 a(tot) = +0.31329
H(5)

Is 0.64812 4(tot) = +0.35188

It might be of interest to reconstruct the flow of electrons. For this reason we
attempt to indicate the mechanism of charge transfer within the following
simplifying assumption: if a donor and an acceptor are nearest neighbors, we
assume that the charges donated by the donor are accepted as fully as possible by
the nearest acceptor. Of course this assumption is arbitrary because of the
indistinguishability ofthe electron which prevents us from labeling an electron or
fraction of it. However, from a “model” view point, we would like to establish
the characteristic of a “flow” in the hope that this flow of electrons would be
somewhat transferable from molecule to molecule. It is noted that the arbit-
rariness ofourassumption isthe very same encountered in assigning gross popul-
ations, orin referring to atoms in amolecular system. Let us consider, for example,
the case ofthe thyamine molecule for which we have attempted to schematically
describe the total flow in Fig. 7. Let us start at the CH3 group [designated as
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Table XV
Thyamine — gross charges

c
Is 1.99761 Is = 1.99761 0(a)
2s 1.78892 2s = 1.78892 0(n)
2Px 1.89636 2p = 4.61960 <5(tot) = —.40615
2py 1.39083
2Pz 1.33241

0(2)
Is 1.99763 Is = 1.99763 «5(a)
2s 1.78963 2s = 1.78963 Hjt)
2Px 1.60018 2p — 4.57620 <5(tot) = —.36348
2Py 1.71878
2Pz 1.25724

N (D)
Is 1.99723 Is — 1.99723 «5(a)
2s 1.33487 2s = 1.33487 0(n)
2Px 1.20100 2p= 4.12756 <5(tot) = —.45968
2py 1.18685
2Pz 1.73971

N(2)
Is 1.99727 Is = 1.99727 «5(a)
2s 1.34414 2s — 1.34414 0(n)
2Px 1.19286 2p = 4.12190 <5(tot) = —.46333
2Py 1.17377
2Pz 1.75527

c(
Is 1.99Y59 Is = 1.94959 «5(a)
2s 0.88761 2s = 0.88761 <5(s1)
2Px 0.87002 2p= 2.62838 a(tot) = +.48441
2Py 0.84593
2pz 0.91243
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2s
2Px

2s

2Px
-Py
2Pz

2s

-Px
2Py
2Pz

2s

2px-
2Py
2Pz
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Table XV (continued)

1.99930
1.04733
1.14671
0.92605
0.93744

1.99903
0.98034
0.95068
1.01028
1.13786

1.99951
0.91281
0.95053
0.87210
0.93022

1.99898
1.21868
1.18437
1.00724
1.17520

0.63352

0.63222

C(2)

Is = 1.99930
2s = 1.04733
2s = 1.04733
CE)

Is = 1.99903
2s = 0.98034
2p= 3.09882
Cc4)

Is - 1.99951
2s = 0.91281
2p= 2.75285
C®)

Is = 1.99898
2s = 1.21868
2p = 3.36681
1)

H(2)

W)
0(n)
4(tot)= —.05685

0(0)
0(n)
a(tot) = —.07822

6(0)
6(n)
8(tot) = +.33481

m
0(n)
<5(tot) = —.58448

8(tot) = +.36648

<5(tot)= +.36778

515
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Table XV (continued)

H(3)

Is 0.76422 <5(tot) = +.23578
H(4)

Is 0.80944 <5(tot) = +.19056
H(5)

Is 0.79517 <5(tot) = +.20483
H(6)

Is 0.77240 <5(tot) = +.22760

C(5) and H(4), H(5) and H(6)]. The three hydrogens donate the charges given
in the Figure. However, the sum of the donated charges is 0.623 of an electron
and C(5) accepts only 0.584 charges. The charge excess 0.623—0.584 = 0.039 is
therefore transferred over to the C(3) site. The remaining charge for C(3) is
assumed to be supplied by the H(3) site. This way we can construct the flow
of charges as given in Fig. 7.

01

Fig. 7. Charge transfer of a and n electrons in thyamine
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atom

N (1)
N(2)
N(3)
N(4)
N(5)
c(
C()
C(3)
C(4)
C(5)
w1
H(2)
H(@3)
H(4)
H(5)

Data not available at present due to choice of basis set.

atom

0

N (1)
N(2)
N(3)
c(
C(2)
C(3)
C(4)
w1
H(2)
H@3)
H(4)
H(5)
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1.997
1.997
1.997
1.997
1.997
1.999
1.999
1.999
1.999
1.999
0.778
0.614
0.775
0.666
0.672

1.998
1.997
1.997
1.997
1.999
1.999
1.999
1.999
0.664
0.688
0.806
0.759
0.631

Table XVI

Hybridization: adenine

>

1.437
1.451
1.547
1.346
1.367
0.936
0.932
0.924
1.024
1.020

Table XVII

2P a

2.666
2.702
2.590
2.470
2.432
1.922
1.938
1.859
1.986
1.925

Hybridization: cytosine

2

1.787
1.347
2.473
1.370
0.885
0.950
1.018
1.064

2Pa

3.297
2.437
2.586
2.426
1.725
1.944
2.066
2.088

Data presently not available due to choice of basis set.

1.173
1.156
1.334
1.641
1.805
0.909
1.155
1.023
0.973
1.031

2P ,

1.326
1.682
1.278
1.805
0.958
0.866
1.216
0.867
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atom

0

N (D
N(2)
N(3)
N(4)
N(5)
c
C@®)
C@®)
C(4)
C(5)
H (D
H(2)
H(3)
H(4)
H(5)

Data presently not available due to choice of basis set.

atom

cm
C(@)
C@®)
C(4)
C(®)
N ()
N(2)
0(1)
0(2)
H)
H(2)
H(3)
11(4)
H(5)
H(6)

1.998
1.997
1.997
1.997
1.997
1.997
1.999
1.999
1.999
1.999
1.999
0.787
0.620
0.651
0.687
0.648

1.999
1.999
1.999
1.999
1.999
1.997
1.997
1.998
1.998
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Table XVIII

Hybridization: guanine

2s

1.790
1.336
1.440
1.554
1.352
1.367
0.917
0.931
0.934
0.907
1.011

Table XIX

Pa

3.296
2.413
2.599
2.596
2.474
2.424
1.811
1.865
1.905
1.801
1.901

Hybridization: thyamine

25

0.887
1.047
0.980
0.913
1.219
1.335
1.344
1.789
1.790
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2Pa

2P,

1.284
1.726
1.324
1.091
1.624
1.824
0.881
1.012
1.211
0.933
1.089

2p*

0.912
0.937
1.139
0.930
1.175
1.740
1.755
1.332
1.257
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Table XX

Dipole moment (a. u.)

molecule x component y component : component total

adenine 1.0230 0.0975 0.0 1.0277

cytosine —1.5835 — 1.9576 0.0 2.5179

guanine -0.6270 2.6577 0.0 2.7307

thyamine 1.2922 0.0647 0.0034 1.2938
Table XXI

Computed and rationalized orbital energies for the carbon inner shell of adenine molecule

atom <« (b) S
c( -11.5336 —11.4595 -11.5345
C(3) —11.5109 —11.4372 —11.5022
C(5) —11.4910 —11.3396 — 11.4046
C(4) —11.4822 -11.3367 — 11.4017
C(2) —11.4371 —11.3118 -11.3768

(a) Computed as for Table VIII

(b) Computed from the ionic character and with e(1S) of 3P in carbon as reference.

(c) Computed from the ionic character and with e(1S) of the 'S in carbon as reference.
The remaining discrepancy between column (a) and (c) is attributed to neighboring atoms effect,
primarily their ionic character.

There are, of course, several possible ways to draw such flow paths;
but the essential feature we obtain is that there is no way to draw such flow paths
by limiting ourselves to nearest neighbors; we need to go at least to the next nearest
neighbors. Indeed, the path we have chosen can now he properly balanced
unless we assume that H(3) transfers 0.028 and 0.019 of an electron to 0(2)
and N(2), respectively.

Let us notv consider the cytosine molecule and investigate the a charge
transfer first, the >k charge transfer second and the total charge transfer at
last. The effect of the a transfer is to have the C(l) and the N(2) atoms positive
(donors) and all the other atoms negative (acceptors), of course neglecting the
hydrogen atoms, which are donors. On the other hand, the effect of the n
charge transfer is to have the C(l), N(l1), C(2) and N(3) positive (donors) and
all the other atoms acceptors. Therefore, in the n approximation (namely in
those computational models, where only the n electrons are explicitly con-
sidered) the result one would obtain can be even qualitatively in disagreement
with all-electron computations. Similar conclusions can be drawn by consider-
ing the charge transfer data for guanine and thyamine (Table X 11 to Table XV).
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V1. Hybridization

Much of chemistry is based on the concept of valency, i.e., the ability
to hind in a defined number of ways as well as a defined, directional way.
The concept of valency was then translated into the concept of hybridization,
or possibly, in the concept of valency state as first step, and hybridization as a
second step. However, in so doing we have to complicate our model by think-
ing in terms of covalent and ionic structures in the traditional valency bond
approach. The concept of charge transfer used within the Molecular Orbital
approximation (as we did in the second paper of this series) allows us to incor-
porate the ionic character of a molecule with the concept of hybridization.
Let us examine Tables XVI to XI1X and let us consider the carbon atoms in
adenine molecule. These are clearly sp2 hybridized, to a first approximation.
However, there are important deviations 1) in the 1 : 2 ratio of the hybrid and
2) in the fact that the sum of the hybridized electrons deviates from three.
The deviation from the ratio 1 :2 can be taken as a first effect, namely the
precise hybridization ratio for pairs of atoms still considered as neutral. The
deviation from 3 corresponds to the second effect, namely the introduction of
ionic character, via intramolecular charge transfer.

V 11. Conclusions

It is expected that in time, with more computational data of the type
reported here, we should be in a position to assign quite precisely the hybridiza-
tion ratio as well as the amount of electrons donated (as well as accepted)
within a given molecule solely on the basis of geometrical considerations.
To state this goal differently, we expect that knowledge of structure alone will
suffice to determine accurate charge distribution in a molecule, both in terms
of hybridization and intramolecular charge transfer.
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M3YUEHWUE 3/IEKTPOHHOWM CTPYKTYPbl MOJIEKY, X.
OCHOBHOE COCTOAHUE AnA AAEHVWHA, LUNCTO3NHA, T'YAHVUHA N TUAMUHA
3. KNEMEHTW, N. M. AHAPE, M. KN. AHAPE, . KAUHT u 4. XAH

Peswome

M3naraloTca BCe 3N1eKTPOHbI, onpegeneHHble metogoMm SCF-LCAO-MO, gna ajeHuHa,
LUMCTO3MNHA, TyaHWHa 1 TuammHa. C Lenblo BbIYUCAEHUA NOMHON 3HEPrumM U BONHOBbLIX (YHKL W
onpegeneHbl OTHOCUTENIbBHO 60nbluMe 3apsAdbl W AUMONbHBIA MOMEHT. AHanu3 opbuTanbHOM
3HEeprun Ans BHYTPEHHMX 060/7104eK MOKa3blBaeT, UTO MMeeTcs TpW 3ddeKkTa, KOTOpble OKa3sbl-
BalOT BMMAHMWE Ha OpbWTasbHble 3HEPTMU MO OTHOLIEHWUID BHYTPEHHMX 060/104eK &) MOMHbI
3apajg, UAW CTeneHb MOHU3AUWMWM WCCNefyeMoro atoma; 6)-ero BajeHTHOE COCTOSiHWE; B) WMOHWU-
3aumm cocefHUX atomoB. epBble ABa 3deKkTa [OCTATOUHbI ANS ONpPefeneHNs OTHOCUTENbHOro
pacnonoXeHns BHYTpPeHHel 060N10YKMW, ANA OLEHKM 3KCTPEMyMa pacliensieHus 3N1eKTPOHOB
BHYTPEHHUX 060/104eK aTOMOB [JaHHOro Tuna.

MonHas 3apsAfgHas HaceneHHOCTb WMCMO/b30Banacb A5 ONpeAeNneHUs YHUBEPCanbHOro
NnoTOKa nepeHoca 3apsaga nus. HaligeHo, 4To NOTOK NepeHoca 3apsja TpebyeT HENOCPeLCTBEH-
HOro paccMOTpeHUs MO KpaiiHel mepe cnefyrolwmx cambix 6M3KNX cocefeil. HakoHel, nokasbl-
BaETCA YTO PacCMOTPEHUS NPOCTO A-3/IEKTPOHOB MOTYT NPOBOAUTL He TONbKO K Ka4eCTBEHHOMY,
HO U K KONMYEeCTBEHHOMY OLIMBOUYHOMY MpeAcKasaHWIo O pacnpejeneHnun aneKTPOHHOro 3apaja.
Hanpumep, aToM MOXeT 6bITb 3apsXXeH MNONOXWUTENbHO, €CAN pacCMaTpuBatoTCA TONbKO —
371EKTPOHbI, M TOT XXe aTOM MOXET UMeTb OTpMLATeNbHbIA 3apad, eCnnm paccMaTpuBaroTCa NULb
4-3N1eKTpOHbl. Ha OocHOBe 3TOr0 Mbl MOAYEPKMBAEM HEOOXOAMMOCTb MPUHATUS BO BHUMaHue
BCEX 3/1eKTPOHOB MPU BbIYUCIEHUAX He TONbKO C Lie/fbi0 KOMMYECTBEHHOIO, HO fjaXe U KayecT-
BEHHOI0 W3YYeHWUA 3MeKTPOHHOW CTPYKTYPbl MOMEKYbI.
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SOME PROBLEMS
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A generalization of the method of the analysis of variance is given to investigate the
existence and the shape of a periodicity with given length of period. Allowance is made for
slow variations of the intensity of cosmic rays as well as for meteorological effects. In addition
to the exact test of the existence of the periodicity, maximum likelihood estimates both of the
constants characterizing the shape of the periodicity and of the mean square amplitude of the
periodic function are given, together with their respective statistical errors, in the case of an
arbitrary number of meteorological factors affecting the intensity of the cosmic radiation.

Disadvantages in applying the Fourier method when investigating a periodicity with
given length of period are pointed out as well as the fact that the determination of meteorologi-
cal coefficients, if done statistically, must not be separated from the analysis of the periodicity.

I. Intr-oductioH

8 1. It is known long since that the intensity of cosmic radiation shows
periodic variations. Three kinds of periodic variations have, up to now, been
demonstrated without doubt. The lengths of periods of these are one solar day,
about 27 days, and about Il years, respectively. The shapes of these periodi-
cities are not constant, especially large variations may he observed in the case
of the shape of the 27 day variation.

The aim of this paper is to give a statistically correct method, making
use of the full information available, to detect or else to contest the existence
of a periodicity with given length of period and strictly constant shape, as
well as to determine the shape of such a periodic change.

§2. The Fourier method, i.e. that of expressing the shape of the periodi-
city to be investigated by means of a trigonometrical polynome, has almost
exclusively been used to investigate periodicities in the intensity of cosmic
rays with given lengths of period. This method has, however, two serious
shortcomings:

2.1 If the question to be decided upon is whether a periodicity
given length of period does exist or not, it is not sufficient to content oneself
with determining the first few Fourier coefficients or, as it is sometimes done,
the amplitude of the first harmonic, rather should the maximum possible
number of Fourier amplitudes be taken into consideration so as to make use

* Dedicated to Prof. P. combas on his 60th birthday.
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of the maximum amount of information available in the form of the measured
data. To calculate the maximum possible number of Fourier coefficients re-
quires, however, rather tedious calculations. It will be shown that exactly
the same amount of information can he gained on the basis of the same mea-
sured data in a way much simpler than that of calculating Fourier coefficients.

2.2. If, in addition to proving the existence of the periodicity, the shape
of the periodic function is also to he determined, the application of the Fourier
method may lead to difficulties. The Fourier method is justified only in the
case when the periodic function is really a trigonometrical polynome. If a
function other than a trigonometrical polynome is approximated by trigono-
metric polyndmes, the approximation obtained bears only a weak resemblance
to the function to be determined and, in addition to this, the coefficients ofthe
polynome approximating the unknown function are “void” in the sense that they
do not have any direct physical meaning, when considered individually; right
on the contrary, they may be misleading sometimes. Variations of the cosmic
ray intensity may often be sinusoidal and the second harmonic may also have
physical meaning in certain cases. Fourier coefficients of the higher order have,
however, no direct physical meaning in cosmic ray variations; at least, as for
the present there has been no reason to attribute them any.

§3. Both disadvantages mentioned in the preceding paragraph are get
rid of when approximating the unknown periodic function by means of a
simple step function instead of a trigonometrical polynome. Numerical cal-
culation of the heights of the maximum possible number of steps is a task by
far simpler than that of calculating the maximum possible number of Fourier
coefficients. In addition to this, the heights of the individual steps have
straightforward physical meanings, i.e. they are equal to the mean values of
the intensity during the time intervals corresponding to the widths of the
steps.

Although the special conditions encountered in cosmic ray investigations
are born in mind throughout this paper, the methods outlined and the results
obtained apply to a large variety of other problems as well.

Il. Formulation of the problem. Basic notations

§4. Let us denote by n,(v= 1,2, ... N) the rates of a certain kind of
cosmic ray particles as observed during N consecutive unit time intervals.
Let us assume that the measured nWy = 1,2, ..., N) values are not affected

by any systematic errors, i.e. that <(n,)> the expected value of ny, is equal to
the mean value of the intensity during the unit time interval.

Furthermore, let us assume that the stochastic variables nv = 1,2, .. .1V)
are independent of each other and are distributed normally. These condi-
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tions are generally not met rigorously, they, however, can be regarded as
sufficiently good approximations in many cases.

Let us temporarily assume that the variances of all the variables nr are
equal to a2 In Section VI the more general case with variables n, having dif-
ferent variances of will also be dealt with.

85. We have to test the hypothesis that, apart from certain types
of changes, the intensity be a periodic function of time with a given period
length, g. Furthermore, if this hypothesis turns out to be true, the shape of the
periodic function is to be determined.

The unit of time should be chosen in such a way that g should be an in-
teger, and the total number of measurements, N, should be N = pq, where p
denotes an integer number. The case with p being a non-integer value is dealt
with in Section VI.

The measured data, nv(v= 1,2, ...,N) should then be arranged to
form a matrix n(p, q) = n with p rows and q columns in such a way that the
elements n)y of the matrix should be equal to n,, in the following order:

nij=nv if v=(i-1)g+j
(E=1,2, ...,p j=1,2,...,¢ v= 12, ..,,pQ)

p 1> 2 and q> 2 will be assumed throughout this paper.

8§6. A few more notations:

a) Matrices will always be denoted by bold characters. Upper indices
written in brackets and applied to a matrix symbol denote the numbers of
rows and columns, respectively, of the matrix. These indices will be dropped
if no ambiguity arises by doing so.

b) A dot on the place of a running index denotes the arithmetic mean
of the quantities involved, when the index replaced by the dot runs through
its usual range.

. 1 P
E.g. ni= —15Y nij,
p i=1
1 Q
n.= - )P 2 and so on.
pgq 1=1 ]:]_

¢) Two identical running indices within a single term denote summation
extended over the usual range of the identical indices.

d) A bar over a symbol denotes the estimated (measured) value of an
unknown parameter. Thus symbols with bars represent always stochastic
variables.

e) The variance of a stochastic variable x will be denoted by ox. (The
estimated value of of will be denoted by cr|). 02 and a2 without any index
denote the variance of the stochastic variable ny and its estimated value,
respectively.
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Il. The simple step function method in the case of a “pure”
periodicity

§7. Let us assume for the moment that the intensity has no changes
except of the hypothetical periodicity with the period length of g. This case
will be referred to as the case of a “pure” periodicity. The mean values of the
intensity during the subsequent unit time intervals within the length ofa

period should be denoted by aj(j= 1,2, ...,q). The periodicity does exist,
if at least two of the a, (j = 1,2, ...9) values are not equal to each other.
Clearly
(m/) = aj (»=1,2, ...,p N
i=1,2, ..,,9).

<reyy) is independent of the row index, that means periodicity.
We are thus facing the following problems:

7.1 &j(j= 1,2,...,0) i.e. the estimated values of the parameters
aj(j —1,2,... Q) are to be determined, together with the estimated values
of their respective statistical errors, a2\

7.2 The probability e that the deviations of all the &j(j= 1,2,.. .., Q)

values from each other are due only to statistical fluctuations is to be deter-
mined. If this probability turns out to be very small, the existence of the
periodicity may be regarded as proved.

7.3. a2 i.e. the estimated value of

1
> 'K a.)2
j-1

a2

o 1=

is to be determined, together with its statistical error, 02is the estimated value
of the mean square amplitude of the periodic step function.
8§8. Problems 7.1 and 7.2 are basic problems of the analysis of variance.
Their solutions, which can he found in text books, are as follows (see e.g. [1]):
8.1

&= nj. 2
Let us introduce the following notations:
p' = ap

Qi = - a-)2, )

2- 2 2 (nij aj)2
Q i:ljzl(J j)
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Since

agi (4a)

we have

(4b)

8.2 Introducing the notation

<R

the probability, e, that the deviations of the quantities o, (j = 1,2,
from each other are due exclusively to statistical fluctuations is given by

where > Xx) stands for Fisner’s - distribution with p and v degrees of
freedom.
8.3

o~ pp

The problem of determining 04, is not treated in the literature. According

to calculations outlined in Appendix Il we have
- 1
on 2Qt 2 Qi (q i)2 (p ! 6)
ppr PP'(P'+2) U —1

Ifp 2, this turns into
= 2&

pp'q

(6%)
IV. Comparison of the simple step function method and the

Fourier method in the case of pure periodicity

89. The Fourier method is based on the hypothesis that the intensity
I(t), as a function of time, t, has the form of a trigonometric polynome.

m [ 97 '
I(t) = A0+ N* cos Ir— i V P* sin J<—1 )
M tA | q
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The expected values of the measured data are equal to the mean values of
7(f) as taken during subsequent unit time intervals:

1 m 2n . |
I(t) dt = A0+ JV A P \]_j_+
L g )i
y-1 =1 8)
_ 2n 11
Jg B nsin P --—--- —
= q 2
i=12,...,p;3=1212,...,4; \m—m'\ < 1),
where v stands for (i — I)¢ f-j and
sin (fin/q)
At Bt (H<I)
The estimated values of the Fourier coefficients A*/u = 1,2, ..., m) and
B = 1,2,...,m) have to be determined. The maximum possible number

of the parameters which can be determined is equal to* q; in particular
and m'<t. B

where 7£[g;] stands for the largest integer number Dot larger than x.
It is well known that the estimated values of the Fourier coefficients and

their statistical errors are the following:

~ 02
= n >
pq
2 A 2N 1 202
~Vn.j COS Pp 9 °-A =
q /=1 q r 2, Pq
1
= 1121 ,m A E q
P 2
2 A ( 1 202 ©
Y'n.j sin p 5 =
q J=1 q r -2 pq
-1
n=1,2,..., m<[E g
If g= 2in', then
, 02
B — J.
q J=I pq

Compare, however, [2], where this fact is disregarded.
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It should be pointed out that also the expression (8) has the form of a
step function. The step function representation of <ra7>is inevitable since the
number of measurements during a period is by all means finite. Expression
(8) is, however, considerably more complicated than the simple expression (1)
on which the method outlined in Section Il was based. The question arises,
whether the much more complicated method based on expression (8) yields
statistically more information as to the existence of the periodicity, than does
the simple step function method based on (1). It will be shown, in what fol-
lows, that the answer is negative.

Let be

It will be shown that, in this case, the Fourier procedure is statistically equi-
valent to the simple step function method based on (1).

§ 10. First it will be shown that the estimated value of the mean square
amplitude as obtained by the Fourier method and the simple step function
method are exactly the same, i.e. they are identical second order expressions
of the quantities n,y.

A simple calculation shows that the mean square amplitude of the
function (8) is equal to

m m'

+ 4* eaBT' » (10)
_;‘ i 1 tz*:i Bl
where

In order to determine A2 it should be noted that

A2= Al —a™l  (B= 1,2, ....m),

and

whence, on the basis of (10), (2), and (5), it can be seen that
A2,
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i.e. the estimated values of the mean square amplitude of the periodic function
as obtained on the basis of (1) or (8) are identical expressions of the nu data.

8§ 11. We proceed with showing that the simple step function method
based on (1), and the Fourier method based on (8) reduce the (empirical)
mean square deviation of the ny values from their mean to exactly the same
extent. The reduced mean square deviation divided by p' — q(p — 1) gives
the value of a2 Thus both procedures lead exactly the same value of a2

a2 as determined on the basis of (1) is given by

(11

p

(The notations are explained in Equs. (3)). In the case of the Fourier method we
have, on the other hand,

_l2: Il 2 Ao 2 cos piﬂ j-_ 1_
I=1 p=i L q 2 (12
L 2n N
2 sin po.. J—
p=i q 2]

It can be shown by direct calculation that the right hand sides of Equs. (11)

and (12) are identical second order expressions of the values ny if (9%) is true.
8§ 12. It seems to be worth while to emphasize that the unbiased esti-

mate of the mean square amplitude of the periodic function (8) is given by

2 a2+ 2'Bl + sq-em*»

i.e. not by the expression

mo 2 m 2 2

2 A»+ 2B, + eq *

p=i p=i
which is used in many cases in spite of the fact that U2is not an unbiased
estimate of A2 It can be easily seen that in all cases (except that of ny =
constant)

J2>A2 and thus <UZ}>A2.

The difference U2— A 2is large just in the delicate cases when the statistical
errors of the coefficients A®, B” are large and the existence of the periodicity
is questionable. The incorrect value U2unjustly favours the hypothesis that
the periodicity exists.
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V. The simple step function method in the case of mixed
periodicity

8§ 13. The intensity of any component of the cosmic radiation shows,
in all cases, also systematic variations others than the periodicity to be in-
vestigated (cases of “mixed” periodicity). There are systematic variations
like the absorption effect or the decay effect, which depend on quantities,
like the barometric pressure or the height of a certain isobaric level, which
in principle, can be measured regularly and have thus known values Rijk
i=12...,p;j=12,... q kK= 1,2,...1) during the time interval
(i,J). (Letus take e.g. /7yl to be the average barometric pressure during the
time interval (i,j), BiR2the average height of the 100 mb isobaric level during
the name interval, and so on.) Supposing that the intensity be a linear function
of the quantities Bijk{k = 1,2, ..., r) we have, in the case of a periodicity
with the period length

(nijy = aj ¥RBijk bk
(i=1,2 ...,p; jJ=1,2,...,0; k=1,2,...,r)

where bk(k = 1,2, ..., r) are unknown parameters, e.g. bx the partial baro"
metric coefficient, iq the decay coefficient, and so on.

It can always be assumed, without any restriction of generality, that the

(sum of any type of the quantities Bj ktaken for the total time of measurement
is zero i.e.

B.k=0 (fc=1,2,...,71).
Note, however, that generally
B-jk=t=Q>  Bi-k ¢ 0-)

It would be incorrect to determine the values bk(k = 1,2, ..., r) sepa-
rately, on the basis of the equations

<nil> = Rijk >

and then to use the “corrected” values nfj = nuy — BiJkb* to determine
5j(j = 1,2, ... Q) on the basis of

n*} = a*
since in general
Bk vk and a*5=aj

and the values b*k= 1,2, .., r) and a*(= 1,2,... ) have no physical
meaning.
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Sometimes it may be of advantage to use corrected values n,j— Rijkbk
with predetermined bk. This may be the case when the total time of measure-
ment is short and there are previous measurements available with considerably
longer duration thus yielding considerably more exact values bk. It is, however,
indispensable that these predetermined coefficients should have been calcul-
ated on the basis of equations allowing also for the periodicity in question,
i.e.

<iy> = a- -f Rijk bk
i—1,2,. j=12,..,,9; k=1,2,...,71
with

p’>p, a=q, r=r,

where n\, are the results of the older measurements and RB\jk are the meteo-
rological factors pertaining to them.

8§ 14. Problems of the type of Equ. (13) have also been dealt with in the
literature (see e.g. [3]). The solutions found are, however, incomplete in the
sense that they do not give answers to all questions raised in cosmic ray in-
vestigations.

A full treatment of the problem will be given in what follows. The method
applied will be that of the maximum likelihood which allows a compact
treatment of the problem on the one hand, and may be used also in cases,
when the re7 variables are not distributed normally, on the other.

§ 15. The problem must be formulated in a more general way than that
indicated in Equ. (13) so as to allow for systematic variations which are not of
the type Rijhbk. There may be e.g. periodic variations with a period length
other than g or aperiodic changes, like a slow recovery after a Forbush effect.
The general character of these systematic variations must be known a priori
or, at least, a reasonable hypothesis must be made as to the general trend of
these variations. New terms containing some unknown parameters must
then be inserted into Equ. (13). The estimated values of these parameters can
be determined by means of the maximum likelihood method as discussed
below.

No special hypothesis has to be made as to the general character of the
remaining systematic variations if these are “slow”, i.e. the changes due to
them during the time q are small as compared to \/a2 where a2 stands for

g i=:

as before. “Slow” systematic variations can be approximated by a step
function in which the width of the steps are equal to g. Denoting the heights

Acta Physica Academiae. Scientiarum Hungaricae 27, 1969



PERIODICITIES OF COSMIC RAY TIME SERIES 533

of the steps by ¢, Equ. (13) becomes

(14)
G—212,.-.,p; j—121,2,...,C k—1,2,...5n
or, in a more symmetric form:
= A + ct - aj -f Bijk be,
c.=0 * a.= 0 * R..k= 0, (15)
i=12,...,p; i—12 ...,0Q; K— 1,2, ...,r).

If the systematic variation characterized by the constants c¢- is slow
enough, then the width of the steps may be chosen to be larger than g, e.g.
an arbitrary integer multiple of g. Alternatively, a “slow” variation can be
approximated also by a polygonal line connecting equidistant points separated
by the distance gq or an arbitrary integer multiple of q. The most suitable
hypothesis as to the form of the slow variation must be chosen individually
in each case on the basis of careful consideration of the circumstances.

The problem as specified by Equ. (15) will be dealt with in what follows.
It can be seen that

i.e. A isthe average intensity as taken during the total time of measurement.
Again the problem is a threefold one:
(I) Unbiased estimated values of the parameters A,

Aci(i=1,2, ...,p), a(i—1,2,...,q), bk(k= 1,2, .. 1)

have to be determined together with their respective statistical errors and

covariances.

(1) The probability has to be calculated, that the deviation from zero of the
estimated values dj(J = 1,2,...,q) are due to statistical fluctuations
alone.

(I11) An unbiased estimated value of the quantity

q

i.e. the mean square amplitude of the periodicity in question, has to be
determined together with its statistical error.

W ithout this (these) assumption(s) the problem would become indeterminate.
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8§ 16. Let us introduce the following notations:
dm= 1 if m=n and O6mn= 0 if m=f=n.

The transpose of the matrix should be denoted by
The inverse of the matrix M consisting of the elements M,y should be
denoted by M+, the elements of M+ by M,y.
should denote a unit matrix with m rows and columns,
should denote a matrix whose elements are all equal to 1, and
a matrix with elements all equal to O.

should denote the matrix
with elements

B = B> Bkk' — BijkBijk' 1
g Hrr should denote the matrix

with elements B*k'= Bkk — PR-ljkB-jk' — qRi-kRi-k’ i

should denote the matrix

with elements Nk = nijRijk pn-jB.jk —qgnrBi-k,

should denote the matrix

Bf = B with elements Lk — Bi-k1

should denote the matrix

with elements Bik - Bik>
_ ’r) should denote the matrix R
= We with elements Lk —Bik B*k1

should denote the matrix

Tas with elements Wk - Bjk'Bn-.

should denote the matrix . 1 1
with elements m-=Ri-k&rk+ CI V-

should denote the matrix

&ac= -G with elements LLI' = @-kLLk: B-jk-l\ik’
should denote the matrix _n I
&aa=&2f) with elements m_B'Jk$}k+

Pa

It can be seen easily that all quadratic matrices defined above are symmetrical.
§17. (Problem | of § 15).
According to the method of maximum likelihood, unbiased estimates
of the parameters A, Q, aj, bk can be obtained (see e.g. [4]) as the solutions
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of the simultaneous equations

3P
aA
3p
3g
3P
3aj

ap -iLSB )

abkK

1
o
~
1
=
1\)
1
K
o
~

1
o
o

1
=
N
1

©
~

(16)

1]
o

where

P=InP*- w™_Kcg. pq
a2 a2
with
and PY
@ a2

denoting Lagrange multipliers, and

exp ~~(n <Nij»2
5_]:1 P:l Y2n a2 2;!2( L:{ 1>

i.e. P* stands for the joint distribution of the stochastic variables nl;(i = 1,2,

.. P;J = 12,... Q). If the variables n/j are not independent and normal,

P* has another form which, at any rate, must be known. The explicit formulae

given in what follows refer to the case when wny are independent and normal.
The solution of the simultaneous equations are the following:

A = T7L.
6 —tl/. 7. Rt'k Bkk- Nk
(i=1,2,...,p)
«/ = n.j —n.. —B.jk Bfo. Nk-
7= 1,2... «) ( 3}
bk= BU Nk-
k=12, 1)
K= K=
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In order to obtain the statistical errors and covariances of the estimated
values asindicated in Equs. (17), let us write down the matrix of the simul-
taneous equations (16) multiplied by —1. This is a matrix ofp-|-g + r-)-3
rows and columns and is composed of submatrices in the following way:

pg ®&>  pjee  00n 0 0
QiPP  d<e v glifPP q)W Odvb
1 pVvéa»  Pp4p) pi«» pB<P 0?’D  pF'r
a2 qmrP PT -y B(r>  0(M) o(M)

0 qj (i 04> ad» 0 0

0 QdP) p Ne o<h> 0 0

The inverse of M is

1 0(i,p) 00,4) 00,1 ) !

P Pq g

oP> weP J_J(P,D o(P.D
P

0<9.D mLLID) o a -ga> oMl — J<9D

oM mM-p ~ky O oty ' 0o0)

! 00,9 o<r'r> 0 0

P g

! 00, — JOS} 0dd 0 0

g Pq

The meanings of the symbols can be found in § 16.

Let < x#+ he the matrix obtained when deleting the lasttwo rows and
columns inM + «</#+is, of course, degenerate because of c.=a. = 0 and is
of the rank p -f-q-f~-r— 1. Let s' and s be integer numbers such that 1<7 s'
< pand1l<;s ¢. Let us omit therows and columns of t"# + standing on the

places numbered 1+s' and 1+ p -f-s. The resulting matrix, is the co-
variance matrix of the variables A, c,(i= 1,2, s'— 1,8 -f1, .. p),
dj{j - 1,2, >«., s 1,sf1,..-0q),6/,k= 1,2, ...,71).

It can thus be seen that A is independent of the measured values of all
remaining parameters and has the estimated variance
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The estimated values of the parameters c- aj, bk are not independent of
each other. Their estimated variances are the diagonal elements of the matrices
¥24&Sce, 02£Qaa and a2 + respectively; i.e.

<rff = 02 (with T =)
L = (with f =7]) (18)
a\k= (with k'= k)

It can he easily seen that the estimated value of o2 is

ar = —7 (ntj —ntj) (N,j—ntj) =
S (19)

= ~7"inijni PY-R2—qnj. ¢; — pn.jaj — AijBijk bk] ,
9

where " = (p — 1)(q— 1) — r and
nij —A + Cj-f-aj + Rijk bK.

The quantity g a2a2 is a stochastic variable with a 9% distribution of g
degrees of freedom.
On the basis of the identity

Y 2: (njj «m)2= N>'y (nij - nuf + NV o (¢, + 8] + Bijk bkf
i=lj=1 i=lj=1 i=1y=I

making use of the theorem of Cochran [5] and Fisher’s lemma, it can be

seen that all quantities m-—nij (i= 1,2,...,p; j = 1,2, .. @ are in-
dependent of A, ¢i (i— 1,2,..., p) aj(j = 1,2, *» q@)and bk(k =12, ... 1)
Thus, e.g., (nij — nij)(nij — nij) is independent of/(a,, a2 ..., ag, this
latter being an arbitrary function of the variables av a2 ... aqg

§ 18. (Problem 11 of § 15). In order to calculate the probability e that
the deviations from zero of the values aj(j = 1,2, ... q) are due to statistical

fluctuations alone, let us introduce the following notations:
as should denote the matrix
— 1I**i,a2’” memlas—1'as+p +s++5aql
with s being an integer number chosen arbitrarily within the interval

Ks<,q.

Acta Physica Academiae Scientiarum Hungaricae 27, 1969



538 J. KOTA and A. SOMOGYI

a4S4~14—should be the matrix obtained when omitting the row and
column in the matrix numbered s.

First, let us calculate the probability es that the deviations from zero
of the elements of as are due only to statistical fluctuations.

The covariance matrix of the elements of as is a2'Ss-Assuming a; ==
=<5y)= 0 {j — 1,2, .. Q) the joint distribution function of the elements
of is given by

Yd:
S (1s) 2ny~w exp
where stands for the determinant of the matrix

It is well known that the quantity

S = as’*s a
Q al

is distributed according to a 9% distribution with q— 1 degrees of freedom.
As it was shown at the end of § 17 (n,y — hy)(ny — rey) is independent
of any function of &v 52 ..., aqthus a2and Qs are independent of each other.
As a consequence, the quantity

ELK
js="1In H

is distributed according to Fisher’s . distribution with q— 1 and q' degrees
of freedom. Denoting this latter distribution by Pq_lig, (E z) the result is
obtained that

«= Pylg (i>Y3)m (20)

Applying the theorem proved in Appendix Ill it can be seen that &s"Ss 4,
is independent of s and, as a consequence, the same is true also for ys and es
It is therefore justified to regard the value = s2= ...= eq= e as being
the probability that the deviations from zero of the values ay (j = 1,2, ..., Q)
are due to statistical fluctuations alone. The value of e = esis thus determined
by Equs. (20).

§19. (Problem 11l of § 15). Since

aj = of _ WY =12 ...},
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therefore, taking into account Equ. (18), an unbiased estimate of a2 is

a2= — (4jaj- W ad. (21)
4
Calculations outlined in Appendix Il show that the estimated value of the
variance of 02 is equal to
202 . .
0a2: 2 aj <f _ (22)
q -\-2i

the value of a2 being given with Equ. (19).

V1. The case of the incomplete matrix n with elements of unequal
variances*

8§20. It may happen that the measurement of the intensity and/or
some of the quantities Bijp was interrupted during certain intervals (i,j), and
thus the corresponding raly and/or Bjjk values are missing. It may also happen
that the variances of the measured quantities n,y are not equal to each other.
The solutions of the three problems formulated in 8 15 may then be found on
the following lines.

Let us denote the variance of raly by

ajj = a2*/wu,

where the factors 1>y must be known a priori and a2* is to he determined.
Furthermore, let be

Aij = Wfj if the wvalues nqy, P32 Bij,,..., Bijr are all available,

Aij= 0 if at least one of the values n,qy, Bijv Bij2, .. Bijris missing.

If among the values Ajv 24,2, . . ., Agthere is not more than one different from
zero, the ith rows of the matrices** n and R/f(k=1,2, ..., r) should be deleted

and the numeration of the rows should be rearranged accordingly.

If not more than one among the quantities Av- A2, mmm Apj is different
from zero, the measurement must be continued until at least two of the A1}
A2), ..., Apj, Ap+ij, ..., Ap+p,j values becomes different from zero, and the
value p -j- P* should then be denoted by p.

Thus at least two elements in each row and column of the matrix A(R"
are different from zero.

* |dentical indices do NOt mean summation in this chapter. i
** R stands for the matrix with elements Bljji (i=1212,...,pP;) =12 .., </)
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The values nij,BiB(k = 1,2, ..., r) will, in what follows, never occur
without being multiplied by Aij. Thus arbitrary values (e.g. 0) may be written
in the place of W] and BiB (k= 1,2,...r) if Xy = 0. This way the blank places
in the matrices n and Rlc(k — 1,2,. .., r) can be filled in. This is also the case

when the total time of measurement (N) is not an integer multiple of g; the
last row can he completed arbitrarily only that the corresponding Apj values
must be put equal to 0. It will be assumed in what follows that there are no

blank places in the matrices n and B (k = 1,2, ... r).
It can be assumed without restriction imposed upon the factors Bifl that
p =
2 2 AfjRux=o0 (k=1,2,....1).

The sum of the elements of the matrix A should be denoted by A and
the number of elements in A which are different from 0 should be NO. (NO<
< pq is thus the total number of useful measurements.) The product of all
non-zero values A{j should be denoted by n(A).

§21. The basic assumption as to the form of the change of the intensity
(Equs. (14)) may remain unchanged, neither does change the principle of deriv-
ing the equations for determining the estimated values of the parameters
(Equs. (16)). The particular form of Equs. (16) will,however, be different from
that in § 17. The matrix of the system of linear equations (multiplied by — 1)
will, in this case, be the following:

A A?% 4 M) 00.0 0 0

jifb 4oy IEY  Bon qip) OED

1 Al A@p AN  BAT  O»c  PIE) 03
& 0(ra) B> wy B<rr> 0<M) o(M>
0 gaP) 009 o< 0 0
0 00./> pr ha) coo 0 o
where
A0 Stan?/vsit;():elg:neennt]sat“x -Zq Ay (i= 12, .. ,p)

stands for the matrix
Ay*> U—12
Y with elements i};iAu : , Q)

stands for the diagonal matrix X j

¥K?-2" > ) »= 1,2, ,p)
with diagonal elements J“zl J

%ﬂ) stands for the diagonal matrix n (—1.2 )

) with diagonal elements J ) e f
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stands for the matrix L (i=12,. ,,p
with elements X Ak k= 1,2, ...,r)
J—l 1 1 1
stands for the matrix . . (j= 1.2, o<t
. i ' AijBijk
with elements 1=1 K= 1,2, .mr)

stands for the matrix , \
B> 2 2 IAijBijkBIB- (kk'= 1,2, . r)

with elements i=1i=
A is explained in §20, O and J have the same meaning as in § 16.

In general, no simple expressions can he derived for the estimated
values of the parameters which can, in principle, be calculated by inverting
the matrix (23). If this has been done, every question can he answered exactly
as it has been done in Section V. Note, however, that the estimated value of
m2 will be

VYA
- A, (nij - nu)2-
Nn r+ If. 1j=1 (nij )

Equations (20), (21), (22) remain valid if
g = NO—p —q—r-f-1 (instead of (p—1) (g— 1)—r),

and a2* £$§, denotes the covariance of aj and ay, and 02*A@ stands for the
matrix obtained by omitting the row and column numbered sin the covariance
matrix of the as quantities.

§22. Sometimes it may be almost impossible to calculate the inverse
of the matrix (23) even by means of electronic computers. This isthe case if p
is very large (e.g. ]> 200), i.e. the matrix n consists of very many rows and
thus there are lots of parameters ¢- characterizing the slow change of the in-
tensity. The inversion of the whole matrix (23) can, however, be avoided in
the following way:

Let us introduce the following notations:

a, = au
j=1
Aunu
Al j=1
(24)
/ji j=I
Bljk = Bijk — R*

d:= A + g+ a[ -f Blkbk
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Note that
(vig —ni) = 0 (i= 1.2, . mp)
7=1
ﬂ - - -
y. (dJ _al) =0 (I = 12,. P) (243)
/=i
a (i=1,2,. P
y. Biju =0
/=1 k=1,2,. 1)

The basic assumption as to the change of the intensity can thus be written in
the form

<rei?> = d,+ aj — al.r Rijkbk

(a. =0, 1= 1,2, 7= 1,2, K= 1,2,...,10)
which is identical with the form as expressed by Equ. (14).
Regarding the quantities dj(i= 1,2, ... p), aj(j = 1,2, ... q) and bk(k =
— 1,2, ..., r) as unknown parameters the normal equations for determining

dj, dj and bk will he the following:

A 2 AUK--d,) =0, (=12..., (25)
8di gz* j=1 ) ( )
8P 1 p _
=Tl az*j%i Y@V~ n ~ aj+al - Bijkbk) = o
(7=1,2, ...,0
N 26

Binf - a2*2 E AJURmM ("< - - «/t<'m - «y*'M = 0 (26)

Nl = °-

7-1

It can be seenthat Equs. (25) and (26) do not have common variables and

d( = n! i=1,2,...,p).

The system (26) consists of only q -f- r + 1 equations the matrix of which can
be inverted much easier than the matrix (23), and the covariance matrix of
the quantities &j(j= 1,2,..., g and bk(k = 1,2,.. ., r) can thus be determined.

The estimated values of the quantities A -~ Ci(i= 1, 2, ..., p) can be
obtained on the basis of ay, bk and Equ. (24). The variances involving A -f- ¢-
(i= 1,2, ... p) can also be calculated on the basis of (24) and of the fact that
thedj(i—1,2, ... p)areindependentofay(@= 1,2, ..., q)andbk(k= 1,2,..., 1),
E.g.

r

covariance of (J1-f-c/, 5/)=— covariance of(a.,aj)—l’(‘_covariance of (BIk bk, ay).
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V1l. Concluding remarks
§23. It has been shown that the representation

nijy - A . ¢ .- aj - Bjjkbk
i=112 ...,p; jr=1,2, ...,¢; k=1,2,...,r) 27)

may be very often preferred to that of the Fourier type. Assuming n/j to be
independent Gaussian variables, explicite expressions have been given for the
maximum likelihood estimations of the parameters A, c/, aj, bk together with
the variances and covariances of the estimates.The probability that the devia-
tions of the values 5y (j = 1,2,...0) from zero are due to statistical fluctua-
tions only has been derived as well as an unbiased estimated value of the mean
square amplitude

and the variance of this estimate.
The advantage of the representation (27) is that

a) it does not involve the assumption that the periodic function he a

trigonometric polynome, and

b) the numerical calculations required are by far simpler than those

involved in a Fourier representation with the same number of para-
meters.

There are cases when the first and may be also the second Fourier com-
ponents have direct physical meanings and should be estimated. In such
cases the Fourier method and the simple step function method may be com-
bined to yield the estimated values of the amplitudes of the first and second
harmonics and the rest may be investigated by the step function representa-
tion.

8§ 24. The existence of a slow variation of the intensity, i.e. the probabi-
lity ec that the deviations from zero of the estimated values ¢, (i= 1,2, ...,p)
are due to statistical fluctuations alone, can be determined just in the same
way as it has been done in the case of the periodic part of the variation. All
what we have to do is to change the notations referring to “a” into those re-
ferring to “c”. We. thus have

®C N 1r1(~r 'y<)
witli
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where ABstands for the matrix obtained when omitting the row and column
numbered s in the matrix S&E (see §18).
The unbiased estimated value of

the mean square amplitude of the slow variation and the variance of this
estimate can also be obtained by using the formulae referring to oa and
changing the notations accordingly.

8§ 26. Applications of some parts of the results reported on in this paper
maybe found in [6] and [7]. Full applications will be published later on.
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Appendix |
If the variables x/(i = 1,2, ..., n) are distributed normally according
to the joint density function
(i,k= 1,2, .. .,n)
then the variable
n
U = (Xj — Xx.)2
has the expected value
<u> — AtAt+Aft, (A1)
and the variance
ol = 2Atj(Afj + 2AiA)), (A2)
where
A, —a —a
and
A* = Af] —At - Aj+ At . (A3)
Proof. The quantities
X[ = Xi — X. (i=1,2,...,n
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have the expected values
<> = A,

and their covariance matrix is composed of the elements A*(i, j = 1,2,.. n),
It can be shown by means of simple calculations that the quantity

n= Xixj

has the expected value and variance as givenby Equs.(*dl) (A2),respectively.

Appendix 11
The variables xi (i — 1,2, ..., n) should be distributed normally with
<ke> = g, (*=1,2, ..., n)
and
<Xi—a”xj—aj>= 02Atj, (i,j= 1,2, ..., n),

where the Ajj elements are known, the rank of the matrix || Aij || is at least
n— 1, at and a2 are unknown, but a2 has a known estimate a2 such that
p'ada2 is distributed according to y2 with p' degrees of freedom, and a2 is
independent of %,(i = 1,2, ... n).

Clearly the value

Q= [xjxi - Aull (A4)

n
is an unbiased estimate of

It will be shown that the estimated variance of a2 is

= 202 @ .. .

2<73 {p AIIAjj  AuAj) (AS)
p'+ 2

wh ere

& “ xiAij Xj.
Actording to Appendix |
al{= 2a2Aij (wM ;/+ 2a-ay).
Taking into account that

(22 (122
p'+ 2
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and

2 2

OT =

p' ( p'+ 2
furthermore that is independent of o-’, and that the estimated value of
(ijGjaz is

fof A S— ~—r ANY2e
P + 2 *)

Equs. (A5) can be obtained without difficulty.
Appendix 111

A one-row matrix b(ln* with elements 6,(i = 1,2, .. n) all different
from zero should be given together with a one-column matrix a”’1*with ele-
ments a,(i = 1,2, ..., 1), and a symmetric matrix D(n’r* of the rank re— 1.
Each diagonal submatrix of D with n — 1 rows and re— 1 columns should be
of the rank re— 1. The elements of a and D should satisfy the equations

ba= O1)= 0 i.e bjat=0 (AB)
and
DE = 0<"d), i.e. D/jbj=0 (i=1,2,..., re). (A7)
Let us denote by a,'1-1’ the one-column matrix with elements av ..
ar_x, ar+l, ... ai and by D@m_1,n~1) the matrix with elements Dij(i,j = 1,

L =1, r+ 1 ... re.
It will be shown that the quantity

Qr= a, Dtar (A8)

is independent of r. This can be done as follows:
If the one-column matrix y~"’1"is a solution of the equation

Dy0= a, (A9)

then all solutions of (A9) may be written in the form

Y= Yo+ *b,
where A denotes an arbitrary scalar quantity. Introducing the notation
z(n-i,i) = D+ an, (A10)
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it can be seen that

D, (ALl

Let us denote the elements of zr by zx, z2 .. zr_x zr+l, ... z, and let

us denote by the matrix consisting of the elements zv .. zr_15 0,
zr+l, . . znmlt follows from (A6), (A7), and (All) that vris a solution of (A9),

may thus be written in the form
2i= yo+ Ab . (A12)
Making use of Qr may be expressed by means of z'rin the form
Qr= az'. (A13)
Let us now investigate another quantity (A8), e.g.

@ abUs a5*

Repeating the considerations above we arrive at

ZS= Yo + (A14)
and

Q= azsm (A-15)

On the basis of (A12) — (A15), and (A6) we have

Qr- &= (K- K)d@d—0

what was to be shown.
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HEKOTOPbBIE NMPOBAEMbI MCCNELOBAHHOWM MEPUOANUYHOCTU
BPEMEHHOW CEPWW KOCMWYECKUX NIYUEN

N. KOTA n A. LLOMOAU

Pesome

LaeTcs 0606leHMe MeToda aHann3a PacXoXAEHUs C Lefblo MCCNefoBaHUsA CyLecT-
BOBaHUA U BMAA NEPUOAMYHOCTM C AaHHOW AnMHOI nepuoaa. MPUHMMAIOTCA BO BHUMaHWe Kak
nepeMeHHble U3MEHEHUs UHTEHCUBHOCTM KOCMUUYECKUX NYYel, TakK W MeTeoponornyeckue agpeek-
Tbl. [lanee, KpOMe TOYHOTO MCCNEAO0BaHMA CYL|ECTBOBAHMS MEpPUOAUUYHOCTM WU3NaralTcs Mak-
CUMa/bHble BEPOATHbLIE OLEHKW KaK AN MOCTOAHHbIX, XapaKTepu3yoLWmnX BUA NePUOANYHOCTH,
TakK M ANS rNaBHOM KBaApaTU4HOW aMnanTyabl Nepuoanyeckoin MyHKUUM BMECTe C UX OTHOCH-
TeNbHOW CTATMCTUUECKOM OWMGKOKA B C/ydae MPOWU3BOMLHOIO YMCia METEOPONOrMYeCKUX (ak-
TOPOB, BAWUAIOLIMX HA MHTEHCUBHOCTb KOCMMUYECKOrO W3/yUeHus.

MoKa3blBAlOTCA HEBLIFOAbI MPUMeHeHUs MeTofa ®ypbe B UCCNEA0BaHWM NEPUOANYHOCTH
C onpeaeneHHoi AnWHON nepuoga HakoHel, NoKasblBaeTCs, YTO (aKT CTaTUCTUUECKOro onpe-
[eNneHns MeTeopoNiormueckux KoaMuUMeHTOB Henb3st OTAeNATb OT aHanu3a nepuoanuHOCTY.
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TWO-TRIPLET MODEL OF “DIRECT” MUON

PRODUCTION®*
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K. Ladanyi
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BUDAPEST
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A particular two-triplet model of “direct” lepton productions is suggested by assuming
that both leptons and hadrons belong to representations of the six-dimensional rotation group
SO,.

I. Introduction

Considerable interest lias recently been attached to the deep-mine
experiment of Bergeson et al. [1, 2] which indicates a failure of the secO law
in the energy domain 103— 104 GeV. This implies either direct production of
cosmic-ray muons of 103 GeV or production via a very short-lived parent.
Similar production of high-energy electrons has also been proposed [2] in
order to explain some mu-less shower data. On the other hand, the Brook-
haven experiment [3] verified the secO law below 300 GeV. In addition, the
data re-examined by Nash and Wolfendale [4] imply no evidence for direct
muon production in the energy domain 500—1000 GeV. The reported experi-
ments indicate, if all the data are correct, the absence of a transition region
between pure pion and kaon parentage below 103 GeV and “direct” lepton
production above this energy. To explain this situation Bjorken et al. [5]
suggested some theoretical models involving the strong production of a mas-
sive particle X which is stable under strong and electromagnetic interactions
and decays with high probability into a state containing a muon. According
to the most popular assumptions the X particle could be an intermediate boson,
produced strongly in pairs, along the lines suggested by Okubo, Marshak and
coworkers [6]. The experiment of Bergeson et al. seems to indicate, however,
that the vertical muon intensity arises entirely from “direct” production and
that the conventional flux of pions and kaons has effectively vanished [7].

As a second theoretical possibility one may conjecture that the X part-
icles are strongly interacting heavy triplets with integral charge [5, 8—11].
This interpretation is favoured by a recent underground experiment of Dardo,
Penengo and Sitte [12]. Two distinct kinds of strongly interacting particles

* Dedicated to Prof. P. Gombas on his 60th birthday.
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have been observed. The first group has all the characteristics of pions, the
second appears only with short delays after the triggering muons. To explain
the data Dardo at al. suggested that the delayed events are due to particles
of a mass about 10 ~ 15 GeV, possibly heavy triplet particles of unit charge.
The apparent discrepancy between these conclusions and those of earlier
experiments [13)J may be explained by the differences in the triggering condi-
tions, if the following assumptions are satisfied, (a) The heavy triplet particles
are created in processes involving dissociation of the colliding primaries, (b)
The unstable members of the triplets have a dominant decay mode leading
directly, without intermediate strongly interacting particles, to energetic
muons. This production mechanism seems to be compatible with the results of
Bergeson et al. On the other hand, the reported “direct” production of lep-
tons does not follow directly, without additional assumptions, from “conven-
tional” triplet models with integer charge. Although confirmation of the effect
and further experimental details are needed, the theoretical study of the pro-
blem may lead to useful points of view. In this paper a particular two-triplet
model of direct lepton production will be proposed by assuming that both lep-
tons and hadrons belong to representations of the rotation group SOG6.

Il. Two-triplet model of leptons. “Direct” production

An interesting two-triplet model of hadrons has been proposed by
Bacry, Nuyts and Van Hove [9, 10]. In this scheme the hadrons are assigned
into representations of the symplectic group Spa In two previous papers [14,
15] we have discussed some general dynamical and symmetry properties of the
two-triplet model by assuming that hadrons belong to representations of the
six-dimensional rotation group S06. The basic representation 6 of the rank-
three group SOe contains two SU3triplets with integer charge. The members
of the triplets are the trions denoted by

G= T+, t2= T°, t3= T, t,= 0O«, i5= 0+, te= 0'+. 1)

The trions are characterized by spin 1/2 and internal quantum numbers Z, Q, Y,
J, 13 where Z is anew quantum number, related to the supercharge [9]. (Q, Y, I
and 13denote the electric charge, the hypercharge, the isospin assignment and
the third component of isospin, respectively). In addition, the fermion number

N of trions is fixed by N = 1. These quantum numbers are identical with
those of trions belonging to the basic representation 6 of Spe [9]. The state
assignments of trions are summarized in Table I. We shall assume

that the trions tm are created by the six-component trion field tm. W ithin
the framewok of the SOe model the known baryons may be regarded
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Table 1
Quantum numbers of trions

z
l, 1 Y Q N
1 1 1 |
T
* 2 2 3 +I ! I
1 1 1 1
yo
2 2 3 3 0 I
2 |
0 0 3 3 0 |
00 1 1 1 I 0 1
2 2 3 3
0+ 1 1 1 1y 1
2 2 3 3
* 2 ] 1
B 0 0 3 3 1
as TTO systems with Z = 1, N = 1. In addition, the known mesons are sup-

posed to he it states ofZ = 0, N = 0.

The classification of leptons into the SOe scheme is provided by the new
quantum number Z. We now put the positron e+ and the positron-neutrino
Teinto the basic representation 6 of SOeby assuming that they are created by
“elementary” fields. Thus, e+ and we are supposed to have the assignments
\Z\ = 1/3 and N = 1. If this is so, we have to require exact Z conservation in
order to guarantee the conservation of baryons with Z = 1 and N = 1. In
addition, only the approximate hypercharge conservation may lead to an appa-
rent conservation of muon number within the framework of this model. Before
considering this problem we shall discuss the e+, p* doublet. Let us call the
known leptons ex, ve ve and + , vu, v* normal fermions of \Z\ = 1/3, \N\ = 1.
The other particles with Z ~ N will be called exotic particles. We now fix the
quantum number Z of e+ and ve by assuming that all the exotic fermions and
bosons are unstable particles with a mass 2;5 GeV. By this assumption one
obtains Z = +1/3 for e+ and Te, which can be easily seen as follows. Due to

the assignments Z = 1/3and N = 1lofe+and ve the exotic fermions of Z = 1/3,
N = 1 are unstable e g. by liypercharge violating processes. In addition, the
exotic fermions with Z = —1/3, N = 1 (e.g. the trions 0°, 0 +,0'+) may have

a Z-conserving decay mode of the type
0—=B+ L+ I/, (2)

where B is an antibaryon, represented by aOTT system withZ = —1, N ——1,
and the particles L and L' may be identified with leptons of Z = 1/3, N = 1

Ada Physica Academiae Scientiarum Hungaricae 27, 1969



552 K. LADANYI

(e.g. e+ or ve). On the other hand, the assignments Z = —1/3, N = 1 of e+ and
ve are excluded by our assumptions, because one of the exotic particles (e.g.
atrion T of Z = 1/3, N = 1) would be absolutely stable in this case.

Summarizing, the members of the T-triplet and the leptons e+ and ve
have the common quantum numbers Z = 1/3, IV= 1in our scheme. However,
the constituents T of hadrons are supposed to be collective excitations gene-
rated by a self-consistent nonperturbative mechanism of strong interactions
[15]. The effective masses and couplings of these states may be quite different
from those of free leptons. The strong interaction between hadron constituents
may be connected with the large “bare” coupling constants obtained in pre-
vious dynamical calculations [15]. These “bare” coupling constants are defined
by integrals of the spectral functions appearing in the effective interaction
kernel. Electrons and neutrinos have no strong couplings to a known boson.
Thus, in this model, their large “hare” coupling constants must arise from con-
tributions of the continuous spectrum at very high energies.

The SOe properties of leptons will be fixed according to the Cabibbo
universality of leptonic and semileptonic weak processes. As a first step we
shall construct the weak hadronic current in terms of the six-component tridn
field t by generalizing the corresponding expressions of the quark model.
In order to ensure universality, one has to assign the weak trién current to
the regular representation 15 of S06. Compared with the weak quark current,
the explicit form of the weak trién current is less trivial because the S06
hadrons contain two fermions T and the antifermion 0 simultaneously. For
example, let us consider the SOe structure of the nucleon doublet* p, n given
by [16, 17] (spinor indices are omitted)

P— yfI®5(T°T+- T+/]. (s

[EF(T°T+-T+TO)]. 4)
K3

It follows that the nuclear B decay is due to a weak decay of the anti-0 (0)
constituents of nucleons in this model. Consequently, the weak trién current,
belonging to the regular representation 15 of S06, must have the V -f- A form
according to the V— A coupling observed in semileptonic weak processes of

* The familiar s u 6 results for the baryon magnetic moments may be recovered by assum-
ing that the magnetic moments m.({tH) of the trién constituents of hadrons transform like
~ 134 (1/2) Y. In this case the SObtransformation properties of m(tH) are different from
those of the electric charge Q.
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nucleons. We now can construct the weak Cabibbo current Jft of trions in a
straightforward way. One obtains

v- =ty +y 9 F (+L(09t, (s)

ALk j 510 W f+ 5
2

F<#115)(0 () cos 0 C-| 5 Sin0C, (6)

where y5= iy5= iy°ylyy3 0Cis the Cabibbo angle and the matrices “*15"
are generators of the group SOe. [15] contains the complete list of the matrices
M). The weak current (5) may be written as

Jp = ™ (I+ys)F<+'15>(0)],

where
F<#lI5)(0) = (1/2) AB>+ IAXS)

and

1 0 0 0 0 0

0 cos 0Csin 0, 0 0 0

U{6€) = eXp [I’6>A745>] = O 'Sin OCCOSO, O O 0 )

0 0 0 1 0 0

0 0 0 0 <cos0Csin0OC

0 0 0 0 —sin@ccosO,
The unitary transformation (8) defines a weak SOe space and, in particular,
the weak hypercharge Y' and the weak isospin I' in a straightforward way.
By this definition the weak quantum numbers Y', I and I'3 of Im are identical
with the corresponding (strong) SOe quantum numbers Y, | and 73 of tm
(m= 1, ... 6). In addition, IMand tm have a common quantum number Z.

The simplest weak isodoublets of Z — +1/3 are given by

*i~T+, (10)
12~ T°cos0C+ T'sin0C, (11)

and the “i-type” members of a (weak) SU3 15-plet

(12
M -~ T[13M i] (13)
with i3= —T°sin 0C+ T' cos 0C Table Il contains the relevant quantum

numbers of the particles I}, 12M° and M~ created by the operators lv 12, M°
and M~, respectively. It should be noted that the structures (12)—(13) imply
an SO, representation mixing due to the T—O0 effective-mass difference.
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Table 11
The quantum numbers of Z, 12, m° and ™ -~

| r Y z Q N
11 [ |

h 2 2 3 3 ! !
11 I I

h 2 2 3 3 0 !
11 5 1

M 2 2 3 3 0 !
1 I 5 1

M- 2 2 3 3 1 |

If both leptons and hadrons belong to representations of SOG then the
sum of leptonic and hadronic weak currents may be reduced to the single
trion current (5). The choice of leptonic state assignments is restricted by the
following empirical facts, (a) Baryon and lepton conservation, (b) Electron—
muon symmetry and the apparentconservation of muon number, (c) V—A
structure of leptonic interactions in the conventional form, (d) Cabibbo reduc-
tion of the weak coupling strength in semileptonic weak processes. We observe
that these conditions are satisfied if the leptons are identified by

e+ =1lv ve= 12 Wp= M°, fi~= M - (14)

with (10)—(13) (v and denote the muon-neutrino and the muon, respecti-
vely, which are assumed to be tightly bound states). In this way baryon and
lepton conservations are due to the exact conservation ofZ and N. The particles
e+,He and /inform two distinct isodoublets in the weak S06 space and the
apparent conservation of muon number is connected with the (approximate)
conservation of the weak hypercharge Y '. We may write the leptonic piece of
the weak current (5) in terms of the doublets vt, e~ and vy, fi~. In this conven-
tional form we recover the well known V—A structure which follows from the
SOe properties (10)—(14) of leptons.

A unified two-triplet model of leptons and hadrons has already been pro-
posed by Kiein [18]. In his model a single four-component neutrino v, e~
and /j.~ are identified with the antitrions 0°, 0+ and 0'+, respectively. Other
triplet models for leptons have also been discussed in the literature, some papers
are listed in [19].

M otivated by the structure of leptonic and semileptonic weak interac-
tions, we now suggest that the symmetry properties of leptonic states are fixed
by relations (10)—(14). In addition, our model may lead to direct lepton pro-
duction by a dissociation of colliding hadrons. This process occurs only at
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very high energies, if the lowest 0 mass is sufficiently large. On the other hand,
no absolutely stable exotic particles are to be expected according to the pre-
sent experimental situation. The simplest Z-conserving dissociation process of
two colliding baryons B and B' may be written in the schematic form

B+ B'={TTs)+ (TTO0)'->La+ LB+ 0+ bA+ LB+ 0'+ photons, (15)

where the common notation L is used for the leptons (14) which are character-
ized by Z = 1/3, N = 1 (The corresponding antiparticles ofZ = —1/3, N = —1
will be denoted by L). Due to the Z-conservation, the lowest antitrion 0 can-
not decay by emission of known bosons with Z = 0, N — 0. The only Z-con-
serving decay modes of 0 lead to a baryon Bj and two leptons L with Z = —1/3,
N = —1. These processes are assumed to be mediated by bosons ®x, with
Z = 2/3, N =0 and integer charge, possibly members of an undiscovered
SUs triplet or sextet. Both representations 15 and 20" of SOe contain bosons

of this type [15]. We may now write the Z-conserving O-decays in the form

B-+b + ®x (16)

In particular, let us consider the decay of the 0° constituents of protons by
assuming that ®x= T'o0 '+ which is the isosinglet member of an SU 3 sextet.
In this case the dominant decay modes involve processes of the type

0° n++ (T°0—) (17)
B" + S»,

0»-~++ (Tofep+) (18)
>

JR— ve “b * N

according to the approximate hypercharge conservation. Summarizing, “di-
rect” lepton production involves the dissociation (15) of colliding hadrons.
The subsequent decays of the 0 constituents lead directly, without the well
known intermediate particles n, K ..., to energetic leptons and a baryon Bf
(e.g. E° or E~). The baryon Bf has, in general, conventional decay modes me-
diated by pions, kaons etc. resulting in muons and other well known particles.
We may tentatively assume that processes of the type (15)—(18) leave no
energy for a muon production of pion or kaon parentage within the energy re-
gion covered by the experiment of Bergeson et al. On the other hand, processes
(15)—(18) represent simple possibilities for the X processes indicated by
experiments of Bergeson et al. and Dardo et al. In this way the X particles
might be identified with the antitrions 0 and the bosons ®x.
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I1l1. Leptoiiic and semileptonic weak processes

We next add some remarks to the two-triplet model of conventional lep-
tonic and semileptonic weak interactions. Within the dynamical framework
of our previous paper [15], the most simple explanation involves the hypotheti-
cal intermediate bosons W= which are supposed to be bound trio n—antitrion
systems. We shall not assume any strong quadratic interactions of IP's with
hadron™.

In [15] we suggested a relativistic field equation for trions, which governs
the dynamics of the model. This equation is covariant under transformations
of the Poincaré and SOe groups (P<S>SOe). We now suppose that the weak
violations of SOband parity are connected with the asymmetries of the inter-
mediate boson states |IP1”>, possibly due to a spontaneous mixing. As a first
step of self-consistent calculations, the symmetry structure of IP’s will be
fixed by the following requirement. The intermediate boson W+must be coupl-
ed to the weak trion current (5) by the universal (P and S0Oe covariant)
interaction of trions. We propose that this interaction be given by the nonli-
near term of the field equation (1) of [15]. According to our requirement, the
symmetrystructure of IP’s isfixed by the following Bethe—Salpeteramplitudes

XO| Ttm(xx)tn(yR)\W xy

exp - ig— (x-y) X —y) x(qx(Wi)) , (19)

where x, B are spinor indices, q is the four-momentum of the state jIPx>
r is the conventional one-boson amplitude of IP’s, satisfying gux{gfi{W~)) ~ 0
and the leading term of @ has the form

= [(A+yHr\,B nuib)©c)/ 1WtV , z\{qzf) +... . (20)

Note that the function f I(w+) depends only on g and the relative coordinat
z = X—Y. (The matrix plIP15is defined by Equ. (6)). By substituting the am
plitude (20) into Equ. (70) of [15] we observe that the contribution of IP’s corre
sponds to the effective interaction Lagrangian

Lw= gwly“(l +yb5) F<+45>(0Q tJP<+)+ H.C. (21)

with
= '~ 41712 Gfi{Ww)(miv, 0,0), (22)
where is the IP mass and G denotes the coupling constant in the underlying

field equation (1) of [15]. The form (21) verifies the structure (19)—(20) of
intermediate bosons according to our requirement imposed previously. By an
empirical fit of gw and m” the Lagrangian (21) may be regarded as a semi-
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phenomenological basis of the CP conserving weak interactions in our SO,,
model.

Let us consider amplitudes (19)—(20). We observe that the intermediate
bosons W~ are of mixed parity leading to the well known parity violations in
weak processes. In addition, W+ and W~ are the charged members of an iso-
triplet in the weak S06 space (cf. Equs. (5)—(7)). This results in hypercharge
violating weak interactions of the trion constituents of hadrons which are
placed in the strong SOespace. In Fig. 1 the dynamical mechanism of the model
is exemplified by a schematic diagram of the process n -f- vil —“mp -f- fi~.

Fig. 1. Schematic diagram of the process n -f- —»p + ft

Finally, we shall point out some details. According to Bacry et al. [9]
and Gerstein and W hippmann [20] the known pseudoscalar bosons are to be
assigned to the coregular representation 20" in the SO06 model. Therefore, it is
convenient to express the axial vector part of the matrix elements (0'\P\By,
contributing to the simplest ¢ processes, in terms of the matrices 1
which belong to representation 20" of SO06. These matrices are explicitly listed

jn [15]. We obtain

<0'|t™M (I+yHF<£15(00)t|0> =

(23)
= <0'|[t/F<H15>(00t - 1ly*y5Y~">K)(BC) t]|0>
with
THAAY  Inm £ il2W 1K)+ 1 1
IN-1ZU = )cosoc: “XK) b()K)s,in 0cC. (24)
By considering the (formal) current densities
T
= My, (25)
3120
=t— —/y 5t (26)
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forj = 1... 8, we may recover the chiral SU3 X SU3 algebra in a straight-
forward way.

We conclude that the two-triplet model may be a useful tool for the study
of various leptonic and semileptonic processes including a direct production of
leptons at very high energies.
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OBYXTPUNNETHAA MOAENb «HEMOCPEACTBEHHOM» MPOAYKLUWW
MIOOHOB

K. NALAHbW
Pestome
Mpegnaraetcs 0coGeHHas ABYXTpUMAeTHas MOfeNb «HEMOCPEACTBEHHbIX» NPOAYKLNI
NenToHOB, NpeAnonaras, 4to M NEeNTOHbl W rafpoHbl NPUHAANEXaT K MpefcTaBNeHUsM LIECTU-

MEpHOI poTauMoHHOW rpynnbl SOe.
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In the classical configuration interaction (€1) method [1] we write the
approximate state fuction of an A-body problem as a linear combination of
the configurations &,

y = (n
1

The configurations ®- are built up from one-particle functions (piin such a way
that the symmetry properties of the Hamiltonian and the state function are
taken into account. We determine 4J from the requirement

(PIT[W) = l\d cfek{® "\ D K = min (2)
i,

with the constraint
?P\T):chFCK(dJl\dJK): 1- (3)
i,

From requirement (2) we get a system of linear homogeneous equations and
we determine the approximate energy E by solving the secular equation of the
system.

In the Cl method some mathematical difficulties have to be overcome.
One of these is connected with the construction of the symmetry-adapted con-
figurations. This construction is laborious if the number of particles is N 2
[2]. Other complications are introduced if we use non-orthogonal orbitals [3].
In this paper we propose a method where these difficulties do not arise. In
the proposed method we have to construct only one symmetry-adapted confi-
guration and we can handle the non-orthogonal orbitals easily.

The main features of this method are as follows.

* Dedicated to Prof. P. Gombas on his 60th birthday.
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1. We choose a state function WO as a zeroth approximation and deter-
mine the energy EO in this approximation

= (% \M\%)
(B A4

2. We define a derivative along the direction W of the functional E{4J)
in the “point” W0and we determine the state W where the derivative is mini-
mal.

3. From the states WO and W we determine the first approximation
Wj and Ex< EQ, etc.

Let us introduce the following notations:

3[A is the Hamiltonian of the iV-particle system,

N1 is a constant of motion i.e. [N, = 0,

<A, 92 ..., qris the one-particle basis,
B P2, ..., d5is the iV-particle basis constructed from the one-particle func-
tions and

b is the subspace of the Hilbert space determined by iV-particle
basis.

We do notrequire the orthogonality ofcprs and ®,-®, and we do not assume
that ®,-8 are symmetry-adapted. But we require that ¢?,-s and ®,-s have to
form a basis, i.e. they have to be linear independent. We can formulate our
problem in the following way: Find the minimum of the expectation value

PUTIW_

E(W) = {(WAW)

(4)
with the constraint*
AW — AW, where WELO .

As a zeroth approximation we construct a state function WO with the
properties

(BA) = >
AW0= W 0, ()
% a b.

The last condition can be written as
% =2, dlp,. (6)

* We work here with one constant of motion hut the generalization for the case of more
constants of motion is trivial.
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The energy in this approximation is
el= ]

Let us define the derivative along the direction W of the functional E{¥)
*n the “point” ¥ nas [4]

JE_ = lim E(¥0+ x¥) - E(¥0
d¥ ally u ' 1

Using (4) we get from (7)

dE (Y|I<Y—E m + CPI\3r-E O0\W)
d¥ (W]

We can show easily that (8) is really a derivative. If a is a positive infinitesimal
quantity we can write

(¥0+ x¥\32\WO0+ °W)
(% + *¥\¥0+x¥)
mq:\sr- EM + (1'lJr- EO¥)
1yl

E(¥0+ *¥) =

©)

—EO+

i.e. dE/d¥ is a derivative.

Itcan beseen from Equ.(9) thatinthe case dE/d¥ < 0, E (¥ 0-\-x¥) decreas-
es when x increases. We use this fact to construct the first approximation.

Note that the derivative dEjd4f does not depend on [[IPf|; we can
choose ||5/] = 1.

We write ¥(:b®as a linear combination of the basis elements

¥ =2 *io,. (10

Let us introduce the following notations

{o(\dk) = N (K

11
(@\<onhK) = 3e 1k, (3

Using (8), (10) and (11) we get

7=2 B - ol EDN WA (12)

~dx*
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We are looking for the minimum value of dEjcTP with the condition

W) = 2, x £~ ikek =\,

k

(13)

The minimum is determined by the system of linear inhomogeneous equations

[ Q1( Ee— 2 YNk — EQMik) cOff

(14)

where ji is the Lagrange multiplier determined by (13), or in matrix form

MX = —(H—EOM) cO.
The solution of (15) is

X = (M-111 —EQ) cO0
and from (13)
11=#][c$HM-1HCo-LL,.

We get the minimum value of (12) with the minus sign in (16)

dE
= - 2YCqHM 1HcO- EI

min
It can easily be seen that
CqM M -"1lcO- Eg> 0,

where the equality is valid only if

<&% = EOJR

(15)

(16)

(17)

holds, i.e. 4x0 is an eigenfunction ofat?.If the equality is valid we know the

exact eigenfunction of <®? If that is not the case we determine the state

y=2|*,dol,

which has the property that ECFO-f- XW) decreases when a increases from zero

to a0, where a0is the smallest positive root of the equation

— E{VO+ aV) = 0.
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Let
b _  Yp+ «OY (TOI
1 1o+ 00”1
then
Ex=W&rm) < EO (20)
iholds.
We take as the first approximation, and from it we determine the

second approximation in the same way, etc. In this way we get a set of energies
EO,Ex, E2,... and
EO> Ej>E2> ... (21)
holds.
Now we examine the symmetry properties of the state functions Y70,
WL, etc.
Introducing the operator P projecting on the subspace b

p = _k\(p,)"TR\q)K\ <2)
i,
the state W can be written as
4'= (P E£f-E Q'PO. (23)
Using the fact that A is a constant of motion and from Equ. (5)
. AW = 1W
if (24)
PA —NP =0

is valid. If we choose the basis in such a way that

AD, = Y clkdPk (25)
fe=i
holds for every i, condition (24) is fulfilled and the symmetry remains in every
approximation.
Applications based on this method will be published in a subsequent
paper.

The author would like to thank Prof. P. combas for his kind interest in this work.
Thanks are also due to Dr. D. Kisai for his valuable help and advice.
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