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HADRON SPECTROSCOPY

In  th e  ju ng le  o f partic les a n d  resonances th e  g rea t b re a k -th ro u g h  s ta r te d  
w ith  th e  d iscovery  o f th e  E ig h tfo ld  W ay. T h e  zoological sy s te m a tiz a tio n  o f  
h a d ro n s  was m ade possib le w ith  th e  help of th e  co m p act g roups SU(3) and  
SU (6). This f irs t success m ade th e  th eo re tic ian s  conceited . W e s ta r te d  th in k in g  
in  te rm s  of q u ark s, a n d  in  our m in d  we follow ed th e  classical t ra i l  of a tom ic  
p h y sics: we w an ted  to  u n d e rs ta n d  th e  h ad ro n s as m olecule-like com posite  
sy stem s. (See e.g. th e  Proceedings o f  our la s t B a la to n  m eeting , B a la to n v ilág o s, 
1966, A cta  P hysica  H u n g arica  Yol. 22). B u t th e  hopes tu rn e d  o u t to  be p re m a 
tu re . T he had ron ic  ju n g le  is m ore en tang led .

R eal progress w as m ade possib le only b y  m ore  so p h is tic a ted  m eth o d s , 
w h ich  grew  ou t o f th e  co m p act d esc rip tion . T he u n io n  of th e  SU(6) w ith  th e  
L o ren tz  group led us to  n o n -co m p ac t algebras. T he in te rp la y  o f  th e  a n a ly tic  
R egge descrip tion  an d  th e  L oren tz  sy m m e try  re su lte d  in  a co n sp iracy  o f poles; 
th u s , we a rriv ed  also from  a n o th e r d irec tion  a t  th e  in fin ite  re p re se n ta tio n s  of 
n o n -co m p ac t algebras. T ry in g  to  b u ild  up  a re la tiv is tic  q u a rk  th e o ry , ex p ress
in g  th e  h igher sy m m etries  in  te rm s o f local c u rre n ts  we go t a coup led  sy s tem  
o f c u rre n t co m m u ta to rs . This c u rre n t algebraic a p p ro ach  en ab led  us to  u n d e r
s ta n d  q u ite  a n u m b er o f re la tions am ong  th e  d iffe ren t m easu rab le  p ro p ertie s  
o f h ad ro n ic  m a tte r . T h u s, we have lea rn ed  th a t  i t  is n o t possible to  u n d e rs ta n d  
a single resonance or a single decay  m ode in  itself, b u t  only  th e  com plex  system  
o f all th e  h ad ron ic  energy  levels, th e  co rre la ted  tra n s itio n s  am ong  th e m , o ffer 
us an  in s ig h t in to  th e  fu n d a m e n ta l n a tu re  of h ad ro n ic  m a tte r .

T he increasing  im p o rtan ce  o f th is  hadron spectroscopy sugg ested  to  us 
th e  o rg an iza tio n  of a sym posium  on  th is  su b jec t. In  th e  series o f B a la to n  
m eetings of th e  H u n g a ria n  P hysica l Society  th is  conference w as held  in  th e  
sm all to w n  of K esz the ly , a t  th e  w est end of th e  L ak e , ab o u t 150 k m  from  
V ienna. The S ym posium  on ILadron S pectroscopy  jo in e d  w ith  th e  In te rn a tio n a l 
C onference on H igh E n e rg y  P hysics in  V ienna. T h is p ro v id ed  an  excellen t 
o p p o r tu n ity  for th eo re tic ian s  com ing from  overseas to  m eet y o u n g  p h y sic is ts  
from  E u ro p e . M ost o f th e  review  ta lk s  and  sh o rt re p o rts  a re  in c lu d ed  in  th is  
vo lum e o f th e  A cta  P h y sica  H un g arica .

T he O rganizing C om m ittee  is h ig h ly  in d e b te d  to  all th e  speakers fo r 
th e  ra p id  p re p a ra tio n  of m an u sc rip ts , to  th e  H u n g a ria n  P h y sica l S ociety  
an d  to  th e  H u n g arian  A cadem y o f Sciences for th e ir  f inanc ia l su p p o rt, a n d  
to  th e  E d ito r-in -C h ief o f th e  A cta P h y sica  for p u b lish in g  these  P roceed ings.

G. M a r x
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A N A L Y T I C I T Y ,  R E G G E  P O L E S  A N D  C O N S P I R A C Y

IMPLICATIONS OF THE 0(4.2) MODEL OF STRONG 
INTERACTIONS FOR REGGE POLE 

AND HIGH-ENERGY PHENOMENOLOGY
B y

A . O . B a r u t *

IN TERN A TIO N A L CEN TRE F O R  TH EO R ET IC A L PH Y SIC S, T R IE S T E , ITALY

Linear Regge trajectories, secondary trajectories, form  factors and their relation  
to high-energy hadron scattering are consequences o f the 0 (4 , 2) m odel o f strong interactions. 
The 0 (4 ) , 0 (2 , 1) and the tw o distinct SL(2, C) classifications o f  trajectories used at present, 
as well as the exchange degenerate trajectories, are all given b y  the subalgebras o f the 0 (4 ,  2).

I .  In tro d u c tio n

T h e  purpose of th is  p ap er is to  p resen t th e  p red ic tio n s  o f a m odel of 
s tro n g  in te rac tio n s  [1] in  te rm s o f R egge poles an d  h ig h -en erg y  p h en o m en o 
logy. T h e  m odel is a  “ so luble”  re la tiv is tic  th e o ry  o f  a  com posite  sy s tem  in 
th e  sense th a t  m a n y  p ro p ertie s  of th e  system  can  be  com plete ly  an d  e x a c tly  
ev a lu a te d . T he resu lts  a re  in  re m a rk a b le  ag reem en t w ith  ex p e rim en t. H ow ever, 
because th e  th e o ry  has been  fo rm u la te d  in a so m ew h at a b s tra c t lan g u ag e  of 
n o n co m p ac t groups, i t  is im p o r ta n t to  show  its  equ iva lence  to  o th e r  ap p ro ach es  
to  s tro n g  in te rac tio n s . I n  m an y  in s tan ces  th e  re su lts  o b ta in e d  go m u ch  b ey o n d  
those  o f o th e r  app ro ach es so th a t  one can  m ake p red ic tio n s  concern ing  R egge 
poles a n d  h igh-energy  phenom enology . T he sa lien t fe a tu re s  of th e  th e o ry  a re :
(1) sy s te m a tic  co n sid e ra tio n  of h ig h e r sp in  resonances, a n a ly tic  expressions 
as a fu n c tio n  o f sp in  J , m ass m, a n d  th e  in tro d u c tio n  o f  th e  new  p rin c ip a l 
q u a n tu m  n u m b er n, (2) d escrip tion  o f  b o th  th e  h igh  en erg y  an d  th e  low  en erg y  
aspects o f  fo rm  fac to rs  a n d  sc a tte rin g  p h en o m en a , an d  (3) a d e fin ite  p re sc rip 
tion  to  ta k e  m ass d ifferences b e tw een  th e  m em bers o f  in te rn a l sy m m e try  
groups in to  accoun t, t h a t  is, a d esc rip tio n  o f b ro k en  sy m m etry .

In  S ection  I I  I  b r ie f ly  review  th e  basic  h y p o th eses  u n d e rly in g  th e  ca l
cu la tions a n d  exp la in  th e  fac to rs a n d  in g red ien ts  w h ich  m ake th e  com p le te  
re la tiv is tic  ca lcu la tions possible. T h en , in  Section  I I I  I  discuss th e  re su lts  
in  th e  lan g u ag e  of h igh -energy  p henom eno logy  an d  co m p are  th em  w ith  o th e r  
resu lts  a n d  exp erim en ts . F in a lly , in  th e  la s t  section , a  p h y sica l in te rp re ta t io n  
o f th e  m a th e m a tic a l m odel is p re se n te d  to g e th e r w ith  conclusions an d  th e  
o u ts ta n d in g  problem s.

* On leave of absence from  the U n iversity  o f Colorado, B oulder, Colo., USA.
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I I .  B asic hypotheses

T here  a re  tw o  sets of b asic  h y p o th eses :
(A) T he re s t  fram e  s ta te s  o f  a com posite  sy stem  belong  to  th e  H ilb e rt 

sp cace  o f an  irred u c ib le  re p re se n ta tio n  o f a d y n am ica l g roup  G t h a t  con ta in s 
th e  hom ogeneous L o ren tz  g roup  S 0(3 .1 ). T he p h y sica l re s t s ta te s  are , in  general, 
som e su itab le  co m b in a tio n s o f th e  basic  s ta te s  lab e lled  b y  q u a n tu m  num bers. 
T h e  s ta te s  w ith  m o m en tu m  p /( are  o b ta in ed  b y  p u re  L oren tz  tran sfo rm a tio n s  
(“ b o o s ts” ) from  th e  re s t s ta te s .

(B) T he c u r re n t  o p e ra to r  fo r a  v e r te x  o f th e  sy stem  w ith  e x te rn a l scalar, 
v e c to r , te n so r, . . . in te ra c tio n s  is m ade u p  o f th e  g en era to rs  o f th e  group 
G a n d  of th e  m o m e n ta  р /л a n d  p[t (F ig . 1) an d  ac ts  on th e  p h y sica l s ta te s  
defin ed  in (A). T h e  m a tr ix  e lem en ts o f th e  sca la r, v ec to r, . . . cu rren ts  are 
d ire c tly  re la te d  to  observab les (see Section  I I ) .

T hese assu m p tio n s  are  q u ite  general an d  allow  fam ilies o f possible th e o 
ries. I  im m e d ia te ly  give th e  s im p lest, rea lis tic , specific m odel th a t  is used 
in  th e  follow ing.

(A’) T he b ases fo r re s t f ra m e  s ta te s  a re  lab e lled  b y  | njm , n , I I 3Y).  w here 
ж is th e  p a r i ty  o f th e  s ta te , n  th e  new  p rin c ip a l q u a n tu m  n u m b er, (j m ) 
sp in  an d  (I I 3Y ) th e  in te rn a l q u a n tu m  n u m b ers . T he range o f  re is 1, 2, . . .  
fo r bosons a n d  3/2, 5/2, 7/2, . . . for ferm ions. F o r each re, j  ran g es from  0 to  
(re — 1) of from  1/2 to  (re — 1), re sp ec tiv e ly . F o r fix ed  in te rn a l q u an tu m  
n u m b e rs  th e  s ta te s  | njm)  fo rm  an  irred u c ib le  re p re se n ta tio n  o f th e  group 
SO(4.1) a n d  also SO(4.2) e x te n d e d  b y  p a r i ty  (doubling).*

L e t J  a n d  M  deno te  th e  g en era to rs  o f  th e  L o ren tz  su b g ro u p , i.e., th e  
a n g u la r  m o m e n tu m  in  th e  re s t fram e  and  g en e ra to rs  o f pu re  L o ren tz  tra n s fo rm 
a tio n s , re sp ec tiv e ly . The a d d itio n a l g en e ra to rs  in  0 (4 .2 ) are  th e  follow ing: 
A  th re e -v e c to r  A  (w hich to g e th e r  w ith  J , g en era tes  th e  co m p ac t 0 (4 ) su b 
group), a fo u r-v e c to r  Г^, a L o ren tz  sca la r o p e ra to r  S  an d  a ro ta tio n a l sca lar 
o p e ra to r  T ; a lto g e th e r  15 g en era to rs .

T he fo llow ing  re p re se n ta tio n s  of 0 (4 .2 )  are  of in te re s t:
(1) A n irred u c ib le  u n i ta ry  boson re p re se n ta tio n  (w ith  or w ith o u t p a rity  

doub ling), D B.
(2) A  u n i ta ry  irred u c ib le  ferm ion  re p re se n ta tio n  (w ith  p a r i ty  d o u b l

ing), D f .
(3) A n o n -u n ita ry  re p re se n ta tio n  com bin ing  (1) an d  th e  fou r-d im ensional 

D irac  re p re se n ta tio n , D B® D D'rac.
F o r fe rm ions, a n o th e r doub ling  w ill be in tro d u ced  to  describe th e  a n ti

p artic les .

* W e are dealing here w ith  the sim plest (so-called m ost degenerate) representation  
o f 0 (4 , 2): o f  the three Casimir operators, tw o van ish  so th at the quantum  num bers (n jm )  
are sufficient to label the states. In general one needs 3 Casimir operators and 6 quantum  
numbers.
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T h u s, w hen I  sp eak  o f th e  0 (4 .2 )  a lgeb ra  for sh o rt, I  m ean  to  in c lu d e  
also th e  ex tensions invo lv ing  p a r i ty  a n d  an tip a rtic le s .

In  general, i t  tu rn s  o u t th a t  th e  p h y sica l s ta te s  are  n o t the  basis  s ta te s  
I n jm .  . .) , b u t  th e  so-called  “ t i l te d ”  s ta te s  defined b y

njm )  =  el0nT n jm ) . (2.1)

I t  is co n v en ien t to  in tro d u ce  th e se  new  s ta te s , because  th e n  th e  c u rre n t 
o p e ra to r  (or th e  in te ra c tio n  o p e ra to r  in  general) s im p ly  tran sfo rm s as a 
group  genera to r.

W e define th e  sp ino ria l w ave fu n c tio n s of m o m en tu m  p fl =  (m ch f , 
m |sk£ ) fo r our system  b y  p u re  L o re n tz  tran sfo rm a tio n s

\ ~njm,p) = - el^'M n jm ) (2.2)

an d  d en o te  th em  w ith  a ro u n d  k e t, w hereas th e  co m p le te  s ta te  v e c to r  is 
given b y

n jm ;  p }  =  I n j m ;  p)  elpx (2.3)

w ith  th e  u su a l in v a r ia n t n o rm aliza tio n *

< n j ' m '  ; p  I n jm  ; p j  =  ( 2 n f  d (p ’ - p )  —  ön-n < 5-ôm-m . (2.4)
m

(В ’) T he second a ssu m p tio n  is t h a t  th e  q u an tu m  m echan ical co nserved  
p ro b a b ility  c u rren t o p e ra to r  for th e  sy s tem  e v a lu a ted  betw een  th e  w ave 
fu n c tio n s (2.3) is th e  m o st general v e c to r  o p era to r, lin e a r  in  th e  g en e ra to rs  
of th e  re s t  fram e group 0 (4 .2 ) an d  l in e a r  in  th e  m o m e n ta  of th e  e x te rn a l 
lines:

h  =  « 1  r h +  rJ-l Pp +  <h Pu S +  i« 1  La, q” • ( 2 . 5

H ere a / are  tensor operators w ith  re sp e c t to  th e  in te rn a l sy m m etry  g ro u p . 
I  believe t h a t  a c u rre n t o p e ra to r o f th is  k in d  describes th e  p roperties o f  th e  
system  a f te r  all th e  re le v a n t d iag ram s h a v e  been su m m ed  up . I t  is, in  fie ld

The iplace of the Poincaré group is as follows: The L ^v-part o f  the 0 (4 , 2) algebra 
(i.e., J  and V/ defined above) refer to the rest fram e. The generators o f  the Poincaré group  
are P ;L and J liv= L llv +  where the orbital part is О>iv =  i(pu 0/8p v — p v 'àjdpfl). T he sta tes  
I n jm  ; p  >  are then the Poincaré states, bu t belonging to one of its reducible representations 
The operators P ^  are defined only im plicitly b y  eqs. (2.2) and (2.3). The McGlinn-O’R aifeartaigh  
type of im possib ility  theorem s (see e.g., F. J. D yso n  (E dit.) Sym m etry groups, W. A. B enjam in, 
N . Y ., 1967) are not relevant, because it is n o t required here that the com m utation relations  
of P ^  w ith  0 (4 ,  2) close to a bigger Lie algebra. Y e t a discrete mass spectrum  will be ob ta ined[2].
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th e o ry  lan g u a g e , th e  effective c u rre n t o p e ra to r  fo r th e  “ d ressed ”  partic le ,*  
a n d  i t  is q u ite  s tr ik in g  th a t  th e  p ro p erties  o f  th ese  f in a l p h y sica l “ d ressed”  
p a rtic le s  can  b e  described  in  su ch  a sim ple fo rm .

The fra m e w o rk  of n o n -co m p ac t g roups p red ic ts  an  in f in ite  n u m b er o f  
s ta te s . A t th e  tim e  of th e  in tro d u c tio n  o f th e se  concep ts, in  1964, th is  w as 
u n u su a l an d  s ta r tl in g , because  one does n o t  w a n t to  in tro d u c e  an  in f in ite  
n u m b e r  of p a r tic le s  or fields in to  a th eo ry . H ow ever, if  th e  nucleons are com 
p o site , th e n  i t  is n a tu ra l to  do so. In  fa c t, th e  in fin ite  n u m b e r  o f s ta te s  fo r  
nucleons becom es m ore an d  m ore  accep ted ; also from  th e  p o in t of view  o f 
R egge p h en o m en o lo g y  or q u a rk  m odel, o r c u rre n t a lg eb ra , one arrives a t  
a  descrip tio n  w ith  a n  in fin ite  n u m b e r  of n u c leo n  s ta te s  of g iven  in te rn a l q u a n 
tu m  num bers.

The fo rm  o f  th e  c u rren t h a s  been a b s tra c te d  from  th e  th e o ry  of com po
s ite  partic les , in  p a r tic u la r  th e  H  a to m . The s tru c tu re  of th e  sy s tem  is em bodied  
in  th e  use o f h ig h e r  re p re se n ta tio n  of 0 (4 .2 ) (in  c o n tra s t to  th e  fou r-d im ensional 
re p re se n ta tio n  o f  0 (4 .2 ) d escrib in g  a D irac  p a rtic le ) an d  also b y  th e  p resence 
o f  th e  co n v ec tiv e  term s.

W h y  the group 0 ( 4 .2 )  ?

W ith o u t go ing  in to  d e ta ile d  h is to rica l dev e lo p m en ts  [1] I  can an sw er 
th is  questio n  as follows:

The sm a lle s t re s t f ram e  g roup  c o n ta in in g  th e  L o re n tz  group is th e  
L o ren tz  g roup  itse lf , S 0(3 .1 ). H ow ever, th e  sp ec tru m , d ecay  ra te s  and  fo rm  
fac to rs  p re d ic te d  b y  th is m odel do n o t ag ree w ith  ex p erim en t. T here are , in  
fa c t,  m ore th a n  one  s ta te  of th e  sam e spin , p a r i ty  and  in te rn a l q u a n tu m  n u m 
b e rs  (I ,  I 3 Y ) ,  th e re fo re  one n eed s a new q u a n tu m  n u m b er. T h is has led  one 
to  choose SO (4.2) w hich so f a r  agrees w ith  a ll th e  av a ilab le  d a ta . A c tu a lly  
th e  com plete  rest fram e g ro u p  th a t  is u sed  is SO(4.2) ® SU (3). I t  will b e  
in d ic a te d  t h a t  th is  ty p e  o f g ro u p  is a t  p re se n t p referab le  to  h igher g ro u p s  
su ch  as SU (6.6), invo lv ing  a m o re  in tim a te  lin k in g  of SU (3) w ith  th e  sp ace  
t im e  g roup  0 (4 .2 ) . L et m e also  rem ark  t h a t  th e  group SO (4.2) also occurs 
in  D irac th e o ry  a n d  in  H -a to m  w hose p ro p e rtie s  show a re m a rk a b le  resem b l
an ce  to  th o se  o f  nucleons [1].

W h y  is the theory capable o f  m aking  complete calculations ?

I  w a n t to  m ak e  fou r re m a rk s  concern ing  th is :
(i) T he re la tiv is tic  w av e  fu n c tio n s o f th e  ty p e  (2.3) c a rry  in fo rm atio n  

a b o u t th e  s t ru c tu re  of th e  com p o site  sy stem , i.e ., ab o u t all its  excited  s ta te s .

* In other w ords the theory discussed here w ould  correspond to поп-perturbative so lu
tions  o f some com plicated  field equations.
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I t  w ould be  possible to  consider each  ex c ited  s ta te  | n  as an  e le m e n ta ry  
p a rtic le  a n d  th e n  use e ith e r  fie ld  th e o re tic a l p e r tu rb a tio n  th e o ry  or a n a ly -  
t ic ity  a n d  u n ita r i ty  o f th e  S -m a tr ix  th e o ry , b u t  these  m e th o d s  c o n s ti tu te  
poor su b s titu te s  to  th e  use of w ave fu n c tio n s  fo r th e  sy stem  as a w hole [1].

(ii) F ro m  an  a lgebraic  p o in t o f v iew , th e  form alism  specifies co m p le te ly  
th e  one-particle states as well as the algebra o f  current operators. M oreover, 
th e  m a tr ix  e lem ents o f all g roup  o p e ra to rs  a re  de te rm ined . T h u s , one o b ta in s  
n o t only  sum  ru les, b u t  com plete  in d iv id u a l m a trix  e lem en ts  of c u rre n ts . 
I t  is im p o r ta n t  to  stress th a t  th e  a lg eb ra  w hich  gives p a r tic le  m u ltip le ts  is 
qu ite  d is tin c t from  th e  a lgeb ra  o f c u rre n ts  o r th e  a lgeb ra  o f  in v a rian ce  o f 
th e  S -m a trix . T he fa c t th a t  for th e  iso sp in  SU(2) group th e  m u ltip le ts  are  
assigned to  irreducib le  re p re se n ta tio n s  o f SU (2) and  th e  S -m a tr ix  is in v a r ia n t  
u n d e r th e  sam e SU (2), leads to  th e  be lie f t h a t  th is  w ould a lw ay s be so. I  h a v e  
tr ie d  fo r m a n y  years  to  em phasise  in  th e  exam ples o f com posite  sy s te m s  
th a t  th is  is n o t so [3]. In  th e  p re se n t m odel, all th e  p a rtic le s  are ass ig n ed  
to  a re p re se n ta tio n  o f 0 (4 .1 ) su b g ro u p  w ith  0 (4 ) m u ltip le ts , b u t  th e  c u r re n t  
is, for ex am p le , a fo u r-v ec to r F fl o u ts id e  th e  0 (4 .1 ) su b group .

(iii) T he in te rn a l sy m m etry  g roup  SU (3) is assum ed to  h o ld  for th e  re s t  
fram e s ta te s . T he s ta te s  boosted  to  th e ir  a c tu a l m o m en tu m  va lu es  a u to m a ti
cally  b re a k  th is  sy m m etry  because o f  th e  m ass d ifferences. B u t th e re  is a 
defin ite  p re sc rip tio n  to  ta k e  m ass d ifferences in to  accoun t in  ap p ly ing  SU (3) 
to  vertices  an d  to  reac tions.

(iv) T h e  c u rre n t o p e ra to r  (2.5) seem s to  en te r in  a u n iv e rsa l w ay  in to  
s tro n g , w eak  and  e lec trom agnetic  in te ra c tio n s  of th e  h ad ro n s .

III . D iscussion o f  results

1. M ass spectrum , Regge trajectories and  secondary trajectories

T he req u irem en t th a t  th e  c u rre n t j fÁ in  (2.5) is co nserved  betw een  th e  
w ave fu n c tio n s  (2.3)* (F ig. 1)

* L et |re) denote the collection of all quantum  numbers \n jm n lI 3Y  . . .)  unless exp li 
c itly  stated.
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(П ’’Р  ju  i f '  — P V  lre’ P) =  0, (3.1)

im plies a  m ass sp ec tru m . T h is  can  easily  b e  seen if  one rew rites  (3.1) in  th e  
fo rm

" V ( " '  \ j o elS' ^ \ n )  =  m n (n ' \ei('Mj 0 j re), (3.2)

n se r ts  j 0 a n d  ev a lu a te s  j'0 | re) or (re' | j’0, re sp ec tiv e ly .

F ig . 2. Range o f th e  quantum  num bers n and j  show n in  weight diagram  o f the 0 (4 .2 ) represent
ations. Circles are the doubled states.

a )  B oson tower D B (unitary representation), b) F erm ion tower D F (un itary representation). 
c) B oson tow er combined w ith  Dirac m atrices (non-unitary representation re >  0 )

F or th e  c u rre n t (2.5) th e  re su lt is [4]

| a! +  2/?a3 +
2 ya2
n2

+ tf +  2/3a3 — 4 «1 + (3.3)

w here  ß  an d  у  a re  tw o new  co n stan ts .*  T h e  re q u irem en t (3.1) also d e te rm in es 
th e  t iltin g  ang les d„ in eq. (2 .1) in  te rm s o f  th e  c o n s ta n ts  a ß and  y. B ecause 
th e re  are no te rm s  inj',,, fo r s im p lic ity , d ep en d in g  on sp in , th e  m ass sp ec tru m  
(3.3) depends o n ly  on th e  p rin c ip a l q u a n tu m  n u m b er n. “ S pin  o rb it co u p lin g ”  
te rm s (i.e., j’-dependence  fo r  a given re) h a v e  been n eg lec ted . Fig. 2 show s 
th e  p re d ic te d  ran g e  of q u a n tu m  n u m b ers  a n d  Fig. 3 th e  tra je c to ry  in  th e  
re-plane. B ecau se  for each re, j  =  0(1/2), . . . ,  (re—1), w e o b ta in , in  th e  j’-p lane , 
th e  se t o f tra je c to r ie s  as sh o w n  in Fig. 4. [5 ].

* There is also the norm alization condition for the wave functions

(re|yn|n) =  1, for all re. (3 .4 )
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F ig . 3. Calculated trajectory in  the n-plane (for proton tower)

Fig. 4. T he trajectories in the У-plane derived from  Fig. 4 (spin orb it term s neglected)

Conclusions and  predictions

(1) A p p ro x im a te ly  lin e a r  tra jec to rie s* *  up  to  ab o u t 3 (BeV )2, th e n  possib le  
s a tu ra tio n  (i.e., tu rn in g  upward  of th e  tra je c to ry ) .

(2) P a ra lle l “ d a u g h te r”  or se c o n d a ry  tra jec to ries .***
(3) P a r i ty  doub ling  (depend ing  o n  th e  re p re se n ta tio n  show n in  F ig .2, 

(a), (b), (c)).
(4) The classification o f fam ilies o f  Regge trajectories o f D omokos and  

SurÁnyi e t  al. [7], according to the representations of SL (2, C), corresponds

** A ctually  each trajectory in 0 (4 . 2) contains two Regge trajectories o f opp osite  
signature (e.g ., N a and Л'.,. or q and t , : “exchange degeneracy”).

*** The “ daughter trajectories” have been derived in a specific w ay  from  the singularity  
structure of the am plitude [6 ] and refer to a subset o f our secondary trajectories.
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to  a su b a lg e b ra  o f th e  en ve lop ing  a lg eb ra , w hose w eigh t d iag ram s are lines 
(in  F ig . 4) p a ra lle l to  th e  d iagona l. E a c h  su ch  line re p re se n ts  an  irred u c ib le  
re p re se n ta tio n  o f  th e  L o ren tz  g roup  SL(2, C) a n d  is c h a ra c te riz e d  b y  th e  low est 
sp in

70 =  - ^ - ( o r  0, for boso n  case) (3-5)
2

a n d  by
n  — j  — к, к  =  1, 2, 3, . . . ,  (3.6)

th a t  is (n  — j )  is c o n s ta n t a long  each  line .

F ig . 5. A n alytic  continuation  o f 0 (4 )  states [vertical lines in Fig. 4] in to  0 (3 .1 ) states b y  the  
extrap olation  o f the trajectories. N ote  the particu lar 0 (3 .1 ) tow er at Af2 =  t =  0.

(5) T w o o th e r  su b g ro u p s  on th e  0 (4 .2 )  w eight d ia g ra m  (Fig. 2) are  o f 
in te re s t:

(a) S ta te s  w ith  th e  sam e  sp in y , b u t  in c reasin g  n (v e rtic a l lines in  F ig . 2), 
fo rm  re p re se n ta tio n s  o f th e  g roup  0 (2 .1 ) (degeneracy  g ro u p  of sp in  [3]). In  
th e  tr a je c to ry  p ic tu re  of F ig . 4, these  are  g iven  b y  th e  h o rizo n ta l lines.

(b) S ta te s  w ith  c o n s ta n t n  (j  =  1/2 to  n  — 1) fo rm  rep re sen ta tio n s  o f 
th e  a lg eb ra  o f  0 (4 ) ; th e se  re p re se n ta tio n  spaces are  g iven  by  h o rizo n ta l 
lines in  F ig . 2 a n d  b y  v e r tic a l lines in  F ig . 4 . I n  th e  s im p le s t m ost d eg en era te  
re p re se n ta tio n s  t h a t  we use , th e  second C asim ir o p e ra to r  o f 0 (4 ) v an ish es . 
T he a n a ly tic  co n tin u a tio n  o f  th is  0 (4 ) , i.e ., th e  e x tra p o la tio n  of th e  t r a je c 
to rie s  in  F ig . 4 to  t =  0 as show n  in  F ig . 5, gives th e  0 (3 .1 )  o r SL(2, C) c la ssi
f ic a tio n  o f tra je c to r ie s  [8]. A gain , in  o u r case, th e  second  C asim ir o p e ra to r , 
or th e  so -ca lled  M -q u a n tu m  n u m b e r [8] v an ish es . M  0 w ould im p ly  an  
en tire ly  new  re p re se n ta tio n  o f  0 (4 .2 ) an d  th e  fo rm  fac to rs  w ould  depend  on  M .
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(6) T he ex istence  of co nvec tive  te rm s in  th e  effective c u rre n t is e ssen tia l 
in  o b ta in in g  raising trajectories. W ith  th e s e  te rm s p re se n t, th e  com posite  
sy stem  (or th e  “ d ressed”  p a rtic le )  has p ro p e rtie s  d is tin c t fro m  a local b e h a 
v io u r concern ing  position operators and  z itte rb ew eg u n g  [9].

2. Decay rates o f  higher sp in  states

F o r th e  ex ten siv e  n u m erica l resu lts  I  re fe r  to  th e  p u b lish ed  li te ra tu re  [10]. 
T he im p o r ta n t p o in t to  stress he re , is t h a t  th e  decay a m p litu d e s  of th e  fo rm

A  =  (n’j 'm ' ,  . . . ; p '  \ő r \ n jm ,  . . .  p),  (3.7)

w here J 1' is th e  in te ra c tio n  (sca la r, p seu d o sca la r, . . . o p e ra to r  in  th e  th e o ry ) , 
is c o v a ria n t an d  is an  analytic  fu n c tio n  in  th e  q u an tu m  n u m b ers  n, sp in  j ,  
. . .  so th a t  th e  decay  ra tes

Г  ~  I A  I2 Q, Q =  invarian t  phase sp ace  (3.8)

are  u n am b ig u o u sly  ca lcu la ted , w ith o u t th e  u se  of b a rrie r  p e n e tra tio n  fa c to rs .

3. Magnetic moments and fo rm  factors

T he e lec tro m ag n etic  c u r re n t for c h a rg e d  partic les is assum ed to  be 
p ro p o rtio n a l to  th e  m a tte r  c u r re n t  (2.5). T h e  e lec tro m ag n etic  v e rte x  is th e n  
p ro p o rtio n a l to

F„ =  (n 'p '  \j„  I n p ) ,  (3.9)

from  w hich  we o b ta in  th e  form  fac to rs . F o r th e  b a ry o n  g ro u n d  s ta te s  (n =  3/2, 
j  =  1/2) we h av e , fo r exam ple,

F 0 =  ch 1/2 GE(t) ,  

Fy =  sh  1/2 Gm (í ),

(3.10)

(ch I  =  E/m ,  w hen  one of th e  pa rtic le s  is a t  re s t) ,

w here GE an d  Gm  are  th e  e lec tric  an d  m a g n e tic  form  fa c to rs  o f th e  p ro to n . 
T he c u rre n t (2.5) gives [4]

GpM (t) F
( l - c h 2 в i/4m 2)2
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Ge  (t) =  —  9------------ + -------h l ± M . -----. (3 .11)
(1 — ch2 0f/4m2)2 ( 1 -  ch2 0 t/4m 2)3

T hus, th e  follow ing conclusions can be m ad e:
(i) T h e  im p o r ta n t gross double po le  b eh av io u r o f  th e  m agnetic  form  

fac to r is p re d ic te d . One has to  ex p ec t sm all dev ia tio n s from  th is b e h a v io u r  
an d , in d eed , th e re  seem  to  be, em pirica lly , because th e  sp in  o rb it te rm s  h av e  
n o t been  in c lu d ed  in  th e  c u rre n t (2.5), also , th e re  m u s t be  th e  c o n tr ib u tio n  
o f th e  c u t in  th e  u n p h y sica l tim e-like  reg io n  of t.

(ii) S m all d ev ia tio n s  from  th e  so-called  scaling law  GE{t)jq =  GM(t)jfj, 
are  p re d ic te d , w hich  now  seem  to  be  m easu red  [11]. W e w ould also h av e

Ge (0  —-----*■ 1 It b u t  GM (t) —----*■ 1/t2
t—> » f—> «

so th a t  b o th
F  i (t) 1 /i2 an d  F 2 (t) —► 1/t2 .

(iii) T h e  essence of th e  double pole b eh av io u r com es from  th e  com posite  
s tru c tu re  as described  b y  th e  0 (4 .2 ) re p re se n ta tio n . V ario u s term s in  th e  c u r
re n t  (2.5) serve  to  f ix  th e  ab so lu te  va lu es  o f  th e  m ag n e tic  m om ent. A sm alle r 
group like  0 (3 .1 ) gives a fo rm  fac to r o f th e  ty p e  (1 — a t)”'3/2 and  la rg e r g roups 
like SU (4.4) of th e  ty p e  (1 — at)~i , b o th  d isagreeing  w ith  ex p e rim e n t a t 
p resen t.

(iv) F o r  th e  n e u tra l  to w er, th e  e lec tro m ag n etic  c u rre n t is n o t p ro p o r
tio n a l to  j ft o f  eq. (2.5), b u t  i t  m u st be a conserved  te rm  a n d  n o t c o n tr ib u tin g  
to  ch arg e , like ix ^L ^q  \  w hich  gives

an d

Cm «  =  — - V(1 -  a t f

Ge (0  —
(1 — at)2

( -  f/4m 2)
4 ush1 в 

(1 -  at)3
( — i/4m 2) ,

or a m ore  general te rm  o f th e  form  i x j 2 er‘a°Lt̂ qg7i, w here  л  is a p se u d o 
scalar o p e ra to r  in  0 (4 .2 ). Such a  te rm  gives [12]

GM ( t ) =  -  mX5ShJ  an d  Ge (t) =  (i/4m 2) GM (t) .
(1 — at)2

(v) I t  is in te re s tin g  th a t ,  in  th e  case o f th e  H  a to m , th e  s in g u la r ity  of 
the fo rm  fa c to r  as ca lcu la ted  in  0 (4 .2 ) coincides e x a c tly  w ith  th a t  o f  th e  
tr ia n g u la r  d iag ram  (F ig . 6) rep resen tin g  a v ir tu a l d issoc ia tion  of th e  co m p o site  
system . T h u s , for ou r m odel, we can also in te rp re t th e  fo rm  fac to r s in g u la r ity  
as an  “ an om alous th re sh o ld ”  [1].
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I t  has been  p o in te d  o u t recen tly , on th e  basis  o f th e  tr ia n g u la r  d iag ram , 
th a t  th e  a sy m p to tic  b eh av io u r of th e  fo rm  fa c to r  goes as 1/t2 fo r ta rg e t  t [13]. 
This is in  ag reem en t w ith  and  a specia l a spec t o f  ou r th eo ry .

Fig. 6. Diagram  whose singularity coincides w ith  that o f the form factor calculated group-
theoretically

4, Transition  fo rm  factors

O nce th e  p a ra m e te rs  of th e  th e o ry  (oq, a 2, a 3, ß, y) are fix ed  b y  th e  
g ro u n d  s ta te  p ro p ertie s  o f th e  sy stem *  (ground s ta te  m asses, m ag n e tic  m o 
m en ts a n d  one p o in t on th e  form  fac to rs), th e  tra n s itio n  v e r te x  a m p litu d es  
for fix ed  in te rn a l q u a n tu m  num bers (i.e., w ith in  each  0 (4 .2 ) tow er)

(n ' j ' m ' , p ' I j„ \ n jm . p). j '  ^  j ,

are p re d ic te d  and  are  again  a n a ly tic  fu n c tio n s o f n, j  an d  m. T h ey  h av e  th e  
co rrec t k in em atica l th re sh o ld  b eh av io u r. D etails h av e  been  given elsew here [12].

5. W eak fo rm  factors

T he h ad ro n  s tru c tu re  can b e  p robed  b y  e lec tro m ag n etic , w eak  an d  
s trong  in te rac tio n s . T h u s , th e  sam e  basic h a d ro n  s tru c tu re  shou ld  reveal 
itse lf in  all these  processes. W ith  th e  w eak  in te ra c tio n s , how ever, one p robes 
tra n s itio n s  n o t accessible w ith  th e  o th e r  tw o in te ra c tio n s , nam ely  th e  t r a n s i
tions w ith  AQ ^  0 a n d /o r w ith  A S  =И= 0. T hus, here , th e  SU(3) p ro p e rtie s  of 
th e  c u rre n t (2.5), m ore  precisely o f th e  coefficients a,-, com e in to  p lay . Conse
q u en tly , accord ing  to  o u r a ssu m p tio n s, th e  v ec to r  p a r t  of th e  w eak  in te ra c tio n  
c u rre n t gives

2 i ( n  FJj n p ) ® ( I I , Y \ x s\ r r ! , Y ' ) ,
s

* These param eters are functions o f th e  masses o f the constituents in specific com posite  
models. For the m om ent th ey  are not tied to a specific m odel, but are determ ined from  experi
ment.
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w here  we h a v e  w ritte n  th e  c u rre n t (2.5) as j™eak =  ^ ’ocs F l .  H ere |ra) are th e
S

t i l te d  0 (4 .2 ) s ta te s  an d  | I I 3Y ) are  th e  t i l te d  (by  th e  Cabibbo angle)  SU(3) 
s ta te s . W e im m e d ia te ly  o b ta in  fo rm  fac to rs  in  w eak  in te rac tio n s . In  fa c t we 
p re d ic t th e  sam e  double  pole b e h a v io u r fo r fo rm  fac to rs  as in  eq. (3.11), w ith  
th e  sam e slope w h ich  seems to  be  o b served  in  h igh -energy  n eu tr in o  reac tions. 
A p p lica tions to  n o n -lep to n ic  decays [14] an d  to  Ki3 fo rm  fac to rs  [15] h av e  
b een  re c e n tly  d iscussed.

F ig . 7. K inem atics o f the elastic scattering and the direct “ hard sphere” interaction

6. Diffraction scattering

F irs t  I  w a n t to  show  t h a t  w hen  th e  nucleons are  re p re se n te d  b y  th e ir  
re la tiv is tic  w av e  fu n c tio n s, th e n  a  sim ple c o n ta c t in te ra c tio n  (i.e., th e  bouncing  
o ff o f th e  tw o  nucleons from  each  o th e r  — “hard sphere”  in teraction^) gives 
th e  essen tia l fe a tu re s  of th e  d iffrac tio n  sc a tte r in g  (sca tte rin g  w ith o u t th e  
ex ch an g e  o f q u a n tu m  n u m b ers). L e t us f ir s t  consider a single d iag ram  o f 
d ire c t s c a tte r in g  show n in  F ig . 7. T h en  th e  tra n s i t io n  am p litu d e  is given b y

A  =  g(h3P3 I ^  I n iPi) (n 4Pi \ У  I Ц2P 1)■

A gain  th e  im p o r ta n t  p a r t  is th e  use o f  w ave fu n c tio n s  ra th e r  th a n  th e  deta iled  
fo rm  o f th e  in te ra c tio n  o p e ra to r  . T ak in g  =  J , th e  id e n tity  o p e ra to r  in  
0 (4 .2 ) , an d  u s in g  th e  m o m en ta

j q  =  m(cht;,  0 0 ,  s h | ) ,  p 2 =  m ( c h 00  —  s h f )  

p 3 =  m (c h I ,  sin  в sh£,  0, cos в s h i )  

p i =  m (c/i|, —sin  0 sh£, 0, —cos 0 s h | ) ,

w e o b ta in , fo r th e  g round  s ta te s  (e.g., p  — p  s c a tte rin g ),

I do  , 1  (1 — i/4m 2)2

1 dQ  unpoi. SS s (1 —  a t )8

w h ere  a =  cos ft20/4m 2 =  1.4 (B eY /c)—2 is th e  sam e p a ra m e te r  as in  th e  form
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fac to rs  (3.11). W ith  v e c to r  etc., in te ra c tio n s  one gets  m ore  co m p lica ted  te rm s 
in  th e  n u m e ra to r , b u t  essen tia lly  th e  sam e (1 — at)8 dependence  in  th e  d eno
m in a to r.

T h is sim ple re su lt  explains th e  c h a ra c te ris tic  (a lm o s t ex p o n en tia l)  b e h a 
v io u r o f th e  d iffrac tio n  p eak . I t  also ex p la in s, w hen  ap p lied  to  p  — p  s c a t te r 
ing  [16], th e  a p p a re n t p ro p o rtio n a lity  o f dajdt to  [G ^(i)]4, th e  fo u r th  pow er 
o f th e  e lec tro m ag n etic  fo rm  fac to r  [17, 18]. T he p o in t is th a t  b o th  sca lar 
(strong) a n d  e lec tro m ag n etic  (vector) fo rm  fac to rs c o n ta in  th e  fa c to r  (1 — at)8. 
I t  is also seen th a t  i t  w ou ld  be a p p ro p ria te  to  in tro d u c e  th e  n o tio n  o f “strong 
fo rm  factors”  w hich one can  em p irica lly  iso la te  in  d iffra c tio n  sc a tte rin g .

F ig . 8. E xchange o f an 0 (4 .2 ) tower

In  ad d itio n  to  th e  d irec t sc a tte r in g  v ia  a c o n ta c t in te ra c tio n , th e re  
are co n tr ib u tio n s  o f m eson  exchanges in  th e  t-channel*  (one m a y  n eg lec t th e  
exchange o f N  — 2 s ta te s  in  th e  s a n d  u -channels). N ow  th e  exchange o f an  
in fin ite  m u ltip le t (F ig . 8) is e q u iv a len t to  a Regge pole  te rm , as can  be  seen 
from  a S o m m erfe ld —W atso n  tra n s fo rm a tio n  [20], sym bo lica lly ,

A -  ^  8*' D]gní > g* ^  DÍ 8° ^  e ‘*n , 
nj — t sin 710L (t)

«(M *) =  n .

T h u s , th e  com posite  m odel p ro v id es  a th e o re tic a l basis fo r b o th  of 
th e  em pirica l in g red ien ts  of th e  m odel g iven  in  [18] a n d  generalizes th is  m odel 
to  a rb itr a ry  resonances [21].

In  general, th e  process of o b ta in in g  a Regge a m p litu d e  b y  th e  exchange 
o f an  in fin ite  m u ltip le t is precisely th e  opposite  to  th e  p ro ced u re  o f fac to riz in g  
a Regge (or a L o ren tz ) pole c o n tr ib u tio n  in to  v e r te x  p a r ts .

IV. Interpretation o f the model and conclusions

F ro m  th e  ca lcu la tio n s d iscussed  in  th e  p rev ious sec tion  one can  deduce 
a q u a lita tiv e  m odel fo r  p ro to n  n o t u n lik e  an  a to m ic  m odel [19].

* One m ay invoke here the analogy w ith  the H —-H scattering. There is the direct 
interaction w hen the tw o atom s bounce o f from  each other; then  there is the electron ex 
change term .
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(1) W ith  re sp ec t to  e x te rn a l in te ra c tio n s  (up  to  th e  energ ies availab le  
a t  p re sen t) th e  p ro to n  beh av es lik e  a tw o -p a r t  sy stem , such  t h a t  one of th e  
p a r ts  in te ra c ts  loca lly  w ith  th e  e x te rn a l fie ld . T he form  fac to rs  a re  in  com plete  
a g reem en t w ith  th is  in te rp re ta tio n .

(2) T he ex c ited  s ta te s  can  be  in te rp re te d  as th o se  o f a tw o -b o d y  system .
(3) F ro m  th e  slope o f th e  m ass sp ec tru m  as a fu n c tio n  o f th e  p rinc ipa l 

q u a n tu m  n u m b e r, n, d M /d n  a n d  from  th e  slope of th e  fo rm  fa c to r  dG/di, 
one can  deduce  o p era tio n a lly  an  analogue o f B o h r rad iu s  fo r th e  p ro to n  o f 
Б М ^ 1 a n d  an  analogue o f th e  f in e  s tru c tu re  c o n s ta n t o f th e  o rd e r of 3 [19].

(4) D u rin g  th e  collisions th e  “ m eson c louds”  of th e  tw o  p ro to n s can  
exch an g e  (in  a d d itio n  to  d irec t m o m en tu m  tra n s fe r) , w hich gives rise  to  ex ch an 
ge c o n tr ib u tio n s  o f th e  R egge pole  ty p e .

(5) In  m eson  b a ry o n  sc a tte r in g , th e  m esons can  be c a p tu re d  in  exc ited  
” B o h r-o rb its”  g iv ing  rise to  d ire c t channel resonances — as in  a to m ic  C om pton 
effec t. T h u s , m ore  s tru c tu re  is ex p ec ted  in  л  — p  sc a tte rin g  com pared  w ith  
p  — p  s c a tte r in g .

F in a lly , th e re  is th e  q u es tio n : Is  th e re  a loca l fie ld  th e o ry  o f  s tro n g  in te r 
ac tio n s a long  th e  lines d iscussed  h e re ?  I t  is t ru e  th a t  som e in te ra c tio n s , e.g., 
th e  e lec tro m ag n etic  v e rte x , can  be  w ritte n  as a local in te ra c tio n  usin g  infin ite- 
c o m p o n en t w av e  eq u a tio n s. H ow ever, th e re  a re  m a n y  differences as com pared  
w ith  th e  ch a ra c te ris tic s  o f th e  u su a l local fie ld  th eo ries. I  shou ld  like to  ta k e  
th e  p o in t o f v iew  th a t ,  because  th e  th e o ry  p re se n te d  here  describes a com po
site  or r a th e r  a “ d ressed ”  p a rtic le  (w ith  all ren o rm aliza tio n  an d  ra d ia tio n  effects 
in c lu d ed ), i t  n eed  n o t be local, in  fa c t, a lm ost c e rta in ly  i t  will n o t be  com pletely , 
a lth o u g h  th e  c o n s titu e n ts  (or th e  u n d erly in g  “ b a re ”  fields) m a y  be governed  
b y  a local f ie ld  th e o ry . T he “ n o n -lo ca lity ”  t h a t  one is ta lk in g  ab o u t here , 
how ever, is o f a d iffe ren t n a tu re  th a n  th e  co n v en tio n a l non -lo ca l theories.
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П РИ М Е Н Е Н И Е  М О Д Е Л И  0 (4 ,2 ) СИЛЬНОГО В ЗА И М О Д Е Й С Т В И Я  Д Л Я  
ПОЛЮСОВ Р Е Д Ж Е  И Я В Л Е Н И Й  ВЫ СОКОЙ ЭН ЕРГИ И

А. О. БАРУ Т

Р е з ю м е

Линейные траектории Редж е, вторичные траектории, форм факторы и их отно
шение к рассеянию гадронов высокой энергии являются следствиями 0 (4 ,2 ) модели силь
ных взаимодействий 0 (4 ) , 0 (2 ,1 )  и два различных классификаций SL (2 ,С) траекторий, 
применяемых в настоящее время, так и обменные выраженные траектории даю тся субал
геброй 0 (4 ,2 ).
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ON THE INFINITE COMPONENT WAVE EQUATIONS
SOME PRO BLEM S OF IN T E R P R E T A T IO N -O U T L IN E  O F A N  A PPLICA TIO N

B y

G. BlSIACCHI*

ISTITU TO  D I FISICA ТЕ O RICA  ED  ISTITU TO  D I MECCANICA D E L L ’U N IV E R S IT À  D EG LI 
STU DI D I T R IE S T E , ITA LY

G. Ca l u c c i

ISTITU TO  D I F ISICA  TE O R IC A  D E L L ’U N IV E R S IT Ä  D I TR IE ST E ED  IS T IT U T O  NAZIONALE 
D I FISICA  N U C L EA R E, SO TTO SEZIO N E D I T R IE S T E , IT A L Y

and

C. F r o n s d a l

IN TERN A TIO NA L C EN TR E FOR T H EO R ET IC A L PHYSICS, T R IE S T E , ITALY

The form  factors obtained in  the stu dy  o f the infinite com ponents wave fun ctions  
are compared w ith  the ones obtained in a m uch m ore conventional w ay through th e  use of  
the Schrôdinger equation. The classical problem  like the elastic scattering of photons b y  a 
hydrogen atom  is treated in detail.

In  th e  s tu d y  of th e  in fin ite  co m p o n en ts  w ave fu n c tio n s  th e  tw o  firs t 
re su lts  one trie s  to  get a re  th e  m ass sp e c tru m  and  th e  fo rm  fac to rs. T h e  ex is
ten ce  a n d  th e  s tru c tu re  o f  th e  form  fa c to rs  are in  gen era l considered  as c h a r
ac te ris tic  m an ifes ta tio n s  o f  th e  com p o site  n a tu re  o f  th e  system s s tu d ie d . 
T herefore  i t  is o f som e in te re s t  to  co m p are  th e  form  fa c to rs  o b ta in ed  in  th is  
w ay  w ith  th e  ones o b ta in e d  in  a m u ch  m ore  c o n v en tio n a l w ay, v iz. th ro u g h  
th e  use o f  th e  S ch rôd inger eq ua tion .

T his com parison  can  be  done in  th e  s tu d y  of a c lassica l p rob lem  lik e  th e  
elastic  sc a tte r in g  of p h o to n s  b y  a h y d ro g e n  atom . I n  f a c t  th e  h y d ro g en  a to m  
has been  one o f th e  f irs t  sy stem s tr e a te d  b y  m eans o f th e  in fin ite  c o m p o n en t 
w ave eq u a tio n s  [1, 2, 3] a n d  is th e re fo re  a good te s t fo r th e  form alism . F o llo w 
ing [1] we can  say  t h a t  th e  in tro d u c tio n  of the  in f in ite  co m p o n en t w ave 
fu n c tio n  is ach ieved  b y  rep resen tin g  th e  re la tiv e  v a r ia b le s  r , q b y  m ean s  of 
g en era to rs  o f 0 (4 , 2)

G =  (S,'o — Su)la-> 4i =  a(r o — A )-1 P ; ,
Г =  (Го -  Г4)/а, <f =  «2(Г0 -  А )" 1 (Г0 +  A ).
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*Now at the D epartm ent o f Physics and Astronom y, U n iversity  o f Rochester, R ochester, 
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In  th is  w ay  we can  rew rite  th e  S ch rôd inger eq u a tio n  of th e  re la tiv e  m o tio n

('?2/2/И — e2/r)q( q) =  Eq{  q) (1)

in  an  a lgeb ra ic  fo rm

(Qb Г ъ +  e2a)ip(0) =  0, b =  0, . . . ,  4 (2)

w ith  th e  co rrespondence  in  th e  n o rm a liza tio n

$<p'*<ptP q - + ' P ' + ( r 0 - r i ) V .

T he fiv e  v e c to r  is

Qb =  {E  — а2/2,ы, 0, E  +  а2/2 (л) ; ц  =  m e m p!(m e -f mp).

N ow , in  th e  fo rm  fac to r w e h av e  th e  p ro d u c t  of tw o w a v e  functions, viz.

F e(k)  =  j ç>*(q) ç>(q — c2 k) d ‘‘ q, w h e re  c2 =  m pl(m e +  m p),

so th a t  th e  fo rm  fa c to r  is th e  in n e r p ro d u c t b e tw een  tw o so lu tio n s of E q . (2), 
th e  second one w ith  a n o th e r fiv e  v ec to r

Q'b =  (E  — а212ц +  c | к2/2/л, — ac2 к l/и, E  -\- 92/2 pi +  c | к2/2/л).

In  th e  case in  w h ich  we have  b o th  p artic les c h a rg e d  th e  ab o v e  considered  fe rm  
fa c to r  is n o t co m p le te ; we h a v e  also a te rm  like

F p{k) =  j  <p*(q) <p(q +  cx k) d:i q, w h ere  cx =  m el(m e f  m p).

P erfo rm in g  th e  sam e su b s titu tio n  we o b ta in  in  th is  case a n o th e r  expression  
fo r th e  five v e c to r  (sim ply s u b s titu tin g  c2 w ith  —cv  In  th is  sim ple w ay  we 
see t h a t  th e  fo rm  fa c to r  is n o t s im p ly  th e  m a tr ix  e lem ent of th e  b o o st connected  
w ith  th e  to ta l  m o m en tu m  tra n s fe r , because o f  th e  presence o f  th e  coefficients 
cv  c2. B u t in  th e  a c tu a l case m p §> mc, c2 1, th e n  th e  f in a l s ta te  in  fo rm ally  
o b ta in e d  b y  a p p ly in g  a b o o st on  th e  re la tiv e  w ave fu n c tio n  9o(q). Since th e  
p ro b lem  is a n o n  re la tiv is tic  one th e  boosts a re  Galilei tra n sfo rm a tio n s . In  
conclusion  th e  re q u ire m e n t t h a t  th e  form  fa c to rs  are  co m p le te ly  given b y  th e  
“ e x te rn a l”  L o ren tz  or Galilei tra n s fo rm a tio n  p ro p ertie s  seem s to  be a p a r t i 
cu la r s ta te m e n t on  th e  c o n s titu tio n  of th e  sy s te m , n am ely  t h a t  th e  ex te rn a l 
in te ra c tio n  invo lv es  only one o f  th e  c o n s titu e n ts , w hich is n e a r ly  th e  case o f 
th e  e lec tro m ag n etic  in te ra c tio n  o f th e  h y d ro g en , a t  low en erg y .

T he sc a tte r in g  problem  in itia lly  s ta te d  can  be co m p le te ly  w orked o u t 
w ith in  th e  fo rm alism . The e la s tic  p h o to n  sc a tte r in g  b y  h y d ro g e n  has been
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recen tly  s tu d ie d  b y  G a v r il a  [4] w h ich  used , to  su m  over th e  in te rm e d ia te  
s ta te s , th e  Schw inger fo rm  of the  G reen  fu nc tion  fo r th e  C oulom b prob lem  
[5]. W e sim p ly  here s ta te  th e  p ro b lem s and  describe  b rie fly  how  th e y  are 
so lved; we h av e  th e  v e r te x  prob lem  a n d  th e  p ro p a g a to r  p rob lem . F o r th e  
v e r te x  we do n o t have  a n y  d ifficu lty  in  tak in g  th e  com plete  exp ression , i.e., 
w ith  all th e  recoil effects ta k e n  in to  acco u n t, because  th is  im plies sim p ly  th e  
ca lcu la tio n  o f th e  ac tio n  o f а Г  -m a tr ix  on th e  s ta te ,  ca lcu la tion  w h ich  is in  
a n y  case req u ired , in  fa c t  th e  v e r te x

9?*(ч) <?(q — c2 k ) [<h P -  ql • e (k) d3q

becom es sim ply

W+{0)rjb Г

w ith  yf  a num erica l fiv e  vector.
W e h a v e  now  to  sum  over all in te rm ed ia te  s ta te s  v w ith  th e  d en o m in a

tors*  E r — jEJ. The in te rm e d ia te  s ta te s  are all so lu tions of E q. (2) w ith  differ
e n t Q, a n d  since th e se  solu tions a re  in  one-to-one correspondence  w ith  th e  
so lu tions o f th e  S ch rôd inger e q u a tio n  th e y  include th e  con tinuum . T he p roce
dure  is to  sum  over v w riting

k )  <H _  1
E T -  E J  E T - H

an d  th e n  tra n sfo rm  th e  d en o m in a to r, m u ltip lied  b y  r again  in  a lin e a r  form  
in  th e  G -m atrices; like in  th e  tra n s fo rm a tio n  from  E q . (1) to  E q . (2); a t  th is  
p o in t we see th a t ,  for su ffic ien tly  sm all p h o to n  energy , Q Г i, has o n ly  a d iscrete  
spec trum . T he e ig en sta tes  of QbFb a re  n o t th e  e ig en sta te s  of th e  H a m ilto n ia n , 
in  fac t we w ork  a t f ix ed  Q while so lu tio n s  of E q . (2) ex is t only  fo r p a r tic u la r  
Q vec to rs a n d  to  every  d iffe ren t so lu tio n  (principal q u a n tu m  n u m b er) i t  corres
ponds a d iffe ren t five v ec to r . We h a v e  a discrete sum  o f s ta te s  w h ich  are  n o t 
physica l s ta te s , b u t  w h ich  allow a sim p ler exp ression  of com pleteness. The 
d iscrete  sum  can  be ca rr ied  out, a t  le a s t for e lastic  sca tte rin g  on th e  fu n d a 
m en ta l s ta te  and  th e  co m p le te  a m p litu d e  is given in  te rm s of h y p erg eo m etric  
fu n c tio n s (as in  [4]).

W e can  rem ark  t h a t  th ere  is a s tro n g  connec tion  betw een th is  p rocedure  
an d  th e  m e th o d  of S c h w in g e r . S c h w in g e r ’s p ro p a g a to r  was also o b ta in ed , 
th ro u g h  an  an a ly tic  c o n tin u a tio n , fro m  a discrete su m  an d  th e  sum  w as over a

* W ith E T we m ean the total non relativistic energy, including the centre-of-m ass 
kinetic energy.
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class o f re p re se n ta tio n s  of th e  0 (4 ) . H ere we su m  over s ta te s  w hich  m ake 
d iag o n a l QbPbi a n d  as long as Q is tim elike  th e se  s ta te s  b u ild  u p  rep re sen t
a tio n s  o f 0 (4 )  b ecau se  th is  is th e  s ta b ili ty  g ro u p  o f Q. E v e n  h e re  we can 
h a v e  to  pe rfo rm  a n  an a ly tic  c o n tin u a tio n . O nce th e  sum  o v er th e  discrete 
s ta te s  is ca rried  o u t  we can  p e rfo rm  an  a n a ly tic  c o n tin u a tio n  in  th e  to ta l  
en e rg y  to  th e  s itu a tio n s  in  w hich  Q w ould  be space-like.

N ote added in  proof. More detailed calculations w ill appear in tw o separate papers 
b y  C. F ro n sd a l  and b y  G. B is ia c c h i and G. Ca lu c c i, in  the Physical R ev iew  I.
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О БЕС КО Н ЕЧ Н О М  КО М П О Н ЕН ТЕ В О Л Н О В Ы Х  У Р А В Н Е Н И Й  
Н Е К О Т О РЫ Е  П РО БЛ ЕМ Ы  И Н Т Е Р П РЕ Т А Ц И О Н Н О ГО  О Ч ЕРТА Н И Я ОДНОГО

П РИ М Е Н Е Н И Я

Д Ж .  Б И З И А К К И , Г. К А Л У Ч Ч И  и К. ФРОНСДАЛ

Р е з ю м е

Ф орм факторы, полученные при изучении бесконечных компонентов волновых 
уравнений, сравниваются с таковыми, полученными более конвенциональным путем  
применения уравнения Ш редингера. К лассическая проблема упругого рассеяния фото
нов на атоме водорода подробно истолкуется.
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GROUP THEORETICAL DESCRIPTION OF RELATIVISTIC 
SCATTERING NEAR ZERO MOMENTUM TRANSFER

B y

P. SuRANYI

CEN TRA L RESEA RCH  IN S T IT U T E  FOR PHYSICS, B U D A PEST

The behaviour of scattering am plitudes is investigated near zero m om entum  transfer. 
The contribution of Lorentz poles to high en ergy  scattering is studied . The theoretical con
siderations are compared w ith  experim ental resu lts on resonance data.

1. Introduction

R ecen t in v es tig a tio n s  of th e  s t ru c tu re  of re la tiv is tic  sc a tte rin g  [1— 9] 
show  th a t  L o ren tz  in v a rian ce  im plies a  se t of n o n -tr iv ia l cond itions on  th e  
co n tr ib u tio n  o f Regge po les, w hich p ro b a b ly  p lay  a n  essen tia l ro le in  h igh 
energy  sc a tte r in g  an d  low  energy p o le  s tru c tu re . I n  som e cases (u n eq u a l 
m ass sc a tte rin g , sc a tte r in g  o f p a rtic le s  w ith  non-zero sp in ) u n w a n te d  s in g u 
la ritie s  a p p e a r , if  we fo llow  th e  usual reg g e iza tio n  p ro ced u re . U sing th e  genera l 
concepts o f  g roup  th e o ry  an d  a n a ly tic ity , expansions o f  th e  sc a tte rin g  a m p li
tu d e  h av e  b een  given [5 — 8] w hich a re  free of k in e m a tic  s in g u la rtitie s  and  
co n stra in ts  a t  zero m o m en tu m  tra n s fe r . T h e  s tru c tu re  o f  sy m m etry -b reak in g  
was in v e s tig a te d  [5—7] o ff th e  p o in t t =  0 , w here t is d e fin ed  b y  t =  (p 2 — p 3)2 — 
=  (p 2 — p 4)2, t is th e  in v a r ia n t  m o m e n tu m  tran sfe r in  a tw o  p a rtic le  process 
w ith  m o m e n ta  p v  p 2 a n d  p 3, p 4 in  th e  in itia l and  f in a l s ta te s , re sp ec tiv e ly . 
A know ledge o f th e  s tru c tu re  of sy m m e try  b reak ing  allow ed  a m ass fo rm u la  
to  be co n s tru c te d  for d a u g h te r  tra je c to r ie s . A t th e  en d  w e shall describe  som e 
a tte m p ts  [10, 11] to  co n n ec t in te rn a l sy m m etries a n d  c u rre n t a lg eb ras  w ith  
SL(2, C) th e  tra je c to ry  genera ting  a lg e b ra  (TGA) o f sc a tte rin g  a m p litu d e s  
a t  t =  0.

2 . Equal mass scattering at t =  0

The sim p lest p ro b lem  is to  co n sid e r th e  sc a tte rin g  o f equal m ass  n o n 
zero sp in  p a rtic le s  a t  t =  0. The m o st e le g a n t w ay o f tr e a t in g  th is  p ro b lem  is 
th a t  of T o l l e r ’s group th eo re tica l a p p ro a c h  [2], in  w h ich  th e  sc a tte rin g  a m p li
tu d e  is reg a rd ed  as a fu n c tio n  over th e  l i t t le  group b e long ing  to  th e  m o m e n tu m  
tra n sfe r  fo u r-v ec to r Q. Follow ing from  L o ren tz  in v a rian ce  we can f in d  a spe-
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cia l co o rd in a te  sy s tem  in  w h ich  th e  th re e -m o n e ta  p 2 an d  p 3 p o in t in th e  z  
d irec tio n . Fo llow ing  from  m o m e n tu m  co n se rv a tio n  p 4 — p 3 =  p t — p 2 =  Q 
is o f  th e  form  Q —  (Q0, 0, 0, Qz). F o r th e  e lem en ts  of th e  l i t t le  group, H : 
L (h)Q =  Q if  / i£ if , h y  defin ition .

F o r p h y sica lly  adm issib le p 2 an d  p 4 v e c to rs  i t  is alw ays possible to  f in d  
a  h £ H ,  w h ich  sa tisfies p 2 =  L (/i)p2 and  p 4 =  L (h)p4, w here p 2 an d  p i are o f  
th e  form  p 2 =  (p 20, 0, p ,  p 2z) a n d  p 4 =  (р 40, 0, 0, p i2). T h e n  th e  sca tte rin g  
a m p litu d e  can  be  w ritte n  as

( p v  W ) PnPs->L (h )P i)-

a fu n c tio n  over th e  l i ttle  g roup . I t  is essen tia l to  re m a rk  th a t  w hile  t =  (p4—p 3)2 
is in d e p e n d e n t o f ft, * =  (p i  +  Pi)2 =  (Pi +  L (h)p2)2 is a fu n c tio n  of h.

I f  Q =  0, th e  little  g roup  is SL(2, C). U n d e r genera l conditions th e  
a m p litu d e  can  be  ex p an d ed  u s in g  re p re se n ta tio n s  of SL(2, C). H ere we do 
n o t  consider o th erw ise  essen tia l com plica tion  co nnec ted  w ith  reflections. T h e  
c o n tr ib u tio n  o f a L oren tz-po le  to  th e  s c a tte r in g  am p litu d e  is:

T s, s X  (h) =  2 '  (SA j V , S 3 -  A3)(S 'U I S4A4S2 -  A2)

( -  l ) s ^ +s^  T , M l  (h) ^  [(«г +  l ) 2 — jo] yu  y 2s- • (1)

• [D%U’ (h) +  В Д -  (Л)],

w h ere  a an d  j 0 lab e l th e  re p re se n ta tio n s  of SL(2, C), yls and  y2S. a re  th e  L oren tz- 
po le  v ertices a n d  D'sPs,r (h) is th e  m a tr ix  e lem en t of L o ren tz  tra n sfo rm a tio n  
h in  th e  re p re se n ta tio n  labelled  b y  q u a n tu m  n u m b ers  {o\ jf0) . co n trib u tio n  
o f  a  L o ren tz  pole can  be e x p a n d e d  in  an  in f in ite  sum  of R egge poles, w hich  
a re  d isp laced  b y  u n ity  in  th e  / p lan e  and  h a v e  a lte rn a tin g  signs.

3 . Unequal m ass scattering near t =  0

F o r u n e q u a l m asses Q =И= 0 for Q2 =  t =  0, th e  little  g ro u p , H t a t  t =  
=  0 : H 0 =  и (2 )^ 8 и (2 , C). E x p a n d in g  th e  sc a tte r in g  a m p litu d e  e.g. a t  t >- 0 
in  l i t t le  g roup  (SU (2)) re p re se n ta tio n s  an d  co n tin u in g  in  t, we arrive a t  a 
s in g u la r ity  a t  t =  0. This s in g u la r ity  has a tw o fo ld  origin. A t f irs t, w ith  th e  
u su a l choices th e  m o m en tu m  tra n s fe r , Q h as  a s in g u la rity  a t  t =  0 (e.g. if  
Q =  L(h)Q, Q =  (I t, 0, 0, 0)). T h is s in g u la rity  ap p ears  in  th e  expansion  fu n c 
tio n s  as well. H ow ever, i t  is easy  to  bu ild  u p  a Q vec to r as h a s  been p o in ted  
b u t  b y  D o m o k o s  an d  T in d l e  [5] w hich h as  an  an a ly tic  beh av io u r n e a r  
( =  0, Q =  ( ! ' '{ + />2, 0, 0, p) .  T h e n  sin g u la rities  m ay  a p p ea r in  th e  t p lan e , 
n e a r  t =  0 if  th e  expansion  fu n c tio n s h av e  a n y . This h a p p e n s  a t  t =  0 as 
a re su lt of a ph en o m en o n  called  c o n trac tio n . As can  be show n, th e  subalgebra
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of SL(2, € ) co m m u tin g  w ith  Q is sp an n ed  b y  th e  o p e ra to rs  S +, S_ a n d  S0, 
sa tisfy ing  c o m m u ta tio n  re la tio n s

[So, S + ] =  i S - t ,

[S+, s_] =  2(1 -  v2) S 0, (2)

w here v =  j»/| t +  p 2. A t t =  0 th e  s t ru c tu re  c o n s ta n ts  o f  th e  a lg eb ra  are  
essen tia lly  changed ; we say  th a t  th e  a lg eb ra  con trac ts . A s a resu lt, th e  e x p a n 
sions in  re p re se n ta tio n s  o f H , o r H _  ( th e  l i ttle  g roups fo r  tim e or sp ace lik e  
m o m en tu m  tra n sfe r)  will n o t be va lid  a t  t =  0. This fa c t  is reflected  in  a s in 
g u la r ity  of th e  expansion  fu n c tio n s a t  t =  0.

D o m o k o s  an d  T in d l e  [5] p roposed  a m odified e x p a n s io n  of th e  s c a t te r 
ing am p litu d e  w hich  avo ids th e  d ifficu lty  connected  w ith  th e  s in g u la rity  a t  
t =  0. T heir a rg u m e n t goes as follows: I f  we do no t w a n t to  p u t a s in g u la r ity  
in to  th e  a m p litu d e , we h av e  to  ex p an d  i t  in  te rm s o f  re p re se n ta tio n s  o f  a 
group , w hich  does n o t c o n tra c t a t  t =  0. T his group m u s t  con tain  th e  su b 
groups H +, H  an d  H 0. T h ey  h av e  fo u n d  th a t  th e  m in im a l group sa tis fy in g  
th e ir  general req u irem en ts  is ex ac tly  S L (2 , C). So all d ifficu lties a t  t =  0 
can  be avo ided  b y  a co n sp iracy  o f l i ttle  g roup  re p re se n ta tio n s  giving a  “ re 
p re se n ta tio n ”  of SL(2, C).

Co s e n z a , S c ia r r in o  an d  T o l l e r  [8] (CST) p laced  th e  above id eas  on 
a s ligh tly  m ore  rigorous basis. F irs t  th e y  no ticed  th a t  since we are d ea lin g  
w ith  an  a n a ly tic ity  p rob lem  a t  t =  0, w e have  to  re g a rd  com plex v a lu e s  of 
t as well, w h ich  leads to  th e  necessity  fo r  considering co m p lex  L oren tz  t r a n s 
fo rm atio n s. I n  a d d itio n  we h av e  to  e x te n d  th e  sca tte rin g  am p litu d e  as a fu n c 
tio n  o f th e  com plex  l i t t le  g roup  to  th e  to ta l  com plex L o re n tz  group, o r  m ore  
ex a c tly  to  th e  covering g roup  o f it: SL (2 , C) g) SL(2, C). This e x ten s io n  is 
obviously  n o t u n ique , b u t  we hope to  f in d  one ex ten sio n , w hich sa tisfies th e  
physica l cond itions given b y  CST [8]. T h e n  we expand  T  b y  m eans o f  re p re 
sen ta tio n s  o f SL(2, C) g) SL(2, C), w hich  can  be o b ta in e d  from  those  o f  th e  
real L o ren tz  g roup  b y  a p p ro p ria te  co n tin u a tio n . The a c tu a l  procedure is m u c h  
m ore invo lv ed  because th e  ex p an d ed  fu n c tio n  is n o t a rb itr a ry ,  b u t sa tisfie s  
covariance cond itions u n d e r  tra n s fo rm a tio n s  of th e  so -ca lled  left a n d  r ig h t  
com plex  covariance  g roups, defined  b y

K CL =  { к \k£SL(2, C) ® S L ( 2, C); L (k )  Pl =  Pi, L (k)  Рз =  Р з },

K $  =  { k  \kdSL{2, C) ® S L {2, C), L (k )  p 2 =  p 2, L (k )  P i  =  P i }.

CST show s th a t  k in em atic  singu larities a t  th resho lds a n d  pseu d o -th resh o ld s  
ap p ea r because th e  co variance  groups ch an g e  th e ir  s t ru c tu re  a t  these  p o in ts .

A t th e  en d  CST o b ta in  idealized  so lu tions of th e  consp iracy  p ro b lem , 
w ith  p ara lle l d a u g h te r  tra je c to rie s  an d  fac to rized  resid u es. The c o n tr ib u tio n
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o f a L o ren tz -p o le  satisfies th e  k in em atic  c o n s tra in ts  an d  h a s  no s in g u la rity  
a t  t =  0. T h e  L oren tz-po le  c o n tr ib u tio n  c a n  b e  decom posed in to  R egge-pole 
c o n tr ib u tio n s . T h e  b eh av io u r o f  Regge v e r te x  functions fo r  u nequa l m asses 
a t  t =  0 is g iv en  b y

ßl'il'* ~  t* [-“(O +t+lh-l A,-As||] _ (3 )

T h is  b e h a v io u r is th e  sam e as o b ta in ed  u s in g  a n  0 (4 ) e x p a n s io n  of th e  am p li
tu d e , b y  decom posing  th e  re p re se n ta tio n  fu n c tio n  of th e  L o re n tz  group in to  
R egge-pole c o n tr ib u tio n s :

D % x .  (h A'-1) =  V  d°JXo~* (a) D u *  (#, <p) ( a ') ,
x  — 0

(4)

w here  d°J£ ~ K(«) is th e  m a tr ix  e lem en t of th e  b o o st o p e ra to r  along th e  z  ax is  
w ith  ve loc ity , choc, a. and  a '  a re  given b y

cha. W
j m l  -f- m% t 
* 2 4

chx W
j  m l  +  ml t 

2 4

D l^ t,(ê,cp) is th e  usual ro ta t io n  m a tr ix  co n tin u ed  to  com plex  values o f  
a n g u la r  m o m e n tu m . The v e r te x  fu n c tio n s a re  p ro p o rtio n a l to  th e  fu n c tio n s  

w h ich  h a v e  ex ac tly  th e  b eh av io u r in d ica ted  in  E q .(3 ) , if  th e  m asses 
a re  d iffe ren t.

4. B reak in g  SL(2, C) sym m etry

A gen era l off-m ass shell ap p ro ach  [4, 6] and  m odel calcu lations [12], 
show  th a t  th e  SL (2, C) sy m m e try  is b ro k en  a t  t 0. The n a tu r e  of d ev ia tio n s 
fro m  th e  sy m m e try  lim it can  b e  u n d e rs to o d  v e ry  sim ply  i f  we consider a n  
off-shell a m p litu d e  o b ta in ed , e.g . b y  th e  u su a l in tro d u c tio n  o f  in te rp o la tin g  
fie ld s in  fie ld  th e o ry . The sc a tte r in g  a m p litu d e  T(pv  p 2; p 3, p 4) =  T(Q, p , p ' ) ,  
w h ere  p  = р г - \ - p J 2 ,  p '  = p 2 + p 4/2, can  be re g a rd e d  as a tw o  va riab le  fu n c tio n  
o v e r th e  SL (2, C) group (or S L (2 , C) (g) SL (2 , C), re sp ec tiv e ly

m P , P ') =  T(Q, L (h )p ,  L (h )p ) .

This a m p litu d e  is assu m ed  to  be a re g u la r  fu n c tio n  o f  Q a t th e  p o in t 
0  =  0. In  a d d itio n  we assum e th e  p o ss ib ility  o f ex ten d in g  tra n sfo rm a tio n s
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h a n d  h' to  th e  co m p lex  L o ren tz  group an d  so , e.g. to  th e  0 (4 )  region o f p  
an d  p '  vec to rs.

T he sc a tte rin g  am p litu d e  as a  function  o f  Q, h and  h' sa tisfie s  th e  co- 
v a ria n c e  cond ition  T(Q , h, h') =  T(L(k)Q, kh, kh ') ,  w here  к £ SU (2) 0  SU(2) ( th e  
co m p ac t c o u n te rp a r t o f SL(2, C)).

I f  we ex p an d  T  in  pow er series of Q we o b ta in

[T(Q, h, h')  =  T(0, h, h') +  Qß - 4 -  T (  0, h, h ' ) +  . . . .  (5)
dQ*

T he covariance co n d itio n  show s th a t  T(0, h, h ')  is a scalar o p e ra to r , w hile 
djdQßT(0, h, h')  is a  te n so r o p e ra to r  of re p re se n ta tio n  {er, j  0} =  {1 ,0} . T h e  
ex p an sio n  of th e  f i r s t  te rm  of E q . (5) is s im ila r to  E q .( l)  w r itin g  hh' -1 in to  
th e  a rg u m en t of th e  D  fu n c tio n . T he ex p ansion  o f  th e  fo llow ing te rm s leads 
to  a  doub le  series o f  re p re se n ta tio n s  of SU(2) 0  SU(2)

QTsksу  (0, hp , h' p ')

QQo 2
r j i O ,

1 Jr
’0,0 ,Jo>JoSS' Dsljm (h) Ds'tfjm (h') . ( 6 )

As dT /dQ 0 is a te n so r  o p e ra to r o f  re p re se n ta tio n  { 1 ,0 } , T  is p ro p o rtio n a l to  
th e  CGC of th e  L o ren tz  group

rrrO.e’JvJi
1 hss' < {<Мо}»Л m  I {G  o} 0, 0; {o ',  jó} , j ,  m> rpa,cr',j0}jó 4 ss' (?)

T he j  d ependence  of T  is fac to red  ou t in  th e  CGC.
S im ilarly , h ig h e r o rder d e riv a tiv e s  of T  tra n sfo rm  acco rd in g  to  re d u 

cible re p re se n ta tio n s  o f SU(2) 0  SU(2), sym b o lica lly

э  y  

8 & ,
{к ,  0}®{fc 2, 0} 0 ----

E q.(6) is e ssen tia lly  a sim ple expansion  b ecau se  of se lec tion  ru les fo llow 
ing from  Eq.(7). A fte r  a c o n tin u a tio n  in  a w e sep a ra te  th e  c o n tr ib u tio n  o f  
a L o ren tz  pole, w h ich  will h a v e  th e  form

ЭT  (0, h p , h' p ')

dQo
2
jo,

ПЛ< * ' L
1 o — x ,ss'i:'d a2 " - ,  (A) D l ‘ (&, <P) dU'a ( Ю  • (8)

T he index  x  en u m era tes  th e  d au g h te r tra je c to rie s .
T he d e riv a tiv e s  o f th e  am p litu d e  can  b e  connected  ea s ily  w ith  th e  

R egge pole p a ra m e te rs  th u s  o b ta in in g  th e  % d ep en d en ce  of R eg g e  tra je c to rie s
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an d  residues. A fte r a ted io u s  ca lcu la tio n  we o b ta in  fo r  th e  Regge tra je c to r ie s  
th e  fo u r (o r th ree ) p a ra m e te r  “ m ass fo rm u la ”  in  W 2 =  t order

w here

* Á W ) =  «о — * + *  +  —2
W ß +

х + т ,
у  Ы +

1
ß2 +  ö W 2 +  0 ( IF3) , (9)

ß =  i f  Ij 'oI Ф  ~  ■Zi

S im ilarly , we o b ta in  in  th e  e q u a l m ass case a sim ple d eco m position  of 
th e  d e riv a tiv e s  of th e  v e r te x  fu n c tio n s in  te rm s of a f in ite  num ber o f  d ifferen t 
dsXa-y. fu n c tio n s , w ith  coefficients o f  a  sim ple x  dependence.

E q .(9 ) w as co m p ared  w ith  d a ta  o n  resonances [13]. I t  seem s t h a t  m ost 
b a ry o n  resonances can  be p u t  in to  one (or tw o for E  an d  E  p a rtic le s) fam ily 
o f R egge poles. T he m o st in te re s tin g  fe a tu re  of th e  f i t  is th e  id e n tif ic a tio n  
o f th e  By tra je c to r ie s

j j  =  ~  — 2 n  , P  =  ( - l ) i +J

as th e  f ir s t  d a u g h te r  o f R a tra je c to r ie s

( j = ~ -  +  2n,  P = ( - 1 )W

T he fits  fo r I  =  1/2, Y  =  1 and  I  =  3 /2 , Y  =  1 fam ilies are show n in  Figs. 
1 an d  2. In  th e  sy m m e try  lim it (w h ich  is a h ig h ly  idealized  s i tu a tio n  due 
to  u n e q u a l m asses) th e  ra tio  of co u p lin g  co n stan ts  o f  d ifferen t resonances 
a t  a g iven  a can  be exp ressed  b y  th e  ra tio  of d asl° _ x (a) fu n c tio n s . Using 
th e  id e n tif ic a tio n s  o f  th e  above d esc rib ed  f i t  th e  e la s tic  w id ths o f  I  =  1/2, 
У  =  1, G =  5/2 reso n an ces were c a lc u la te d  [14]. H e re  we p re sen t th e  resu lts 
jn  th e  fo rm  o f a  T ab le . T h e  abso lu te  sca le  o f coupling  co n stan ts  w as th e  only 
free  p a ra m e te r  f i t te d .

Г  e las tic  P n  (1470) D13 (1520) F 15 (1690) Sn  (1550) P 13 (?) D 15 (1580)
Г  exp (MeV) 68 76 85 39 68
Г  theor (MeV) 81 105 82 156 105 81

I f  th e  second d a u g h te r  o f D ls (1580) is Su  (1770), w hich c a n n o t be 
exc lu d ed , th e n  th e  f i t  is m uch  b e t te r ,  since th e n  F exp =  240 M eV/с and 
Г theor = 1 8 0  MeV/с fo r  th e  Su  m e m b e r o f th e  fam ily .
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Fig. 1. Regge trajectories w ith  the observed I  =  1/2 nucleon resonances. Resonances o f  
positive  sign are m arked by triangles, those of negative  sign by circles. W ell-established  
resonances are drawn w ith  full triangles and circles. P o in ts classified as “ resonance interpreta
tion  in doubt” in the paper of L o v e l a c e [15] are d istinguished by a question m ark. R esonances 

indicated by arrows were used  for the fit

5. Extension o f SL(2, C) symmetry

I f  b a ry o n  resonances belong  to  fam ilies o f Regge tra je c to r ie s , i t  is 
co m p ara tiv e ly  easy  to  connect th o se  reso n an ces w hich b e lo n g  to  th e  sam e 
SU (3) m u ltip le t th ro u g h  a tr iv ia l SL(2, C) 0  SU(3) ex ten s io n  of SL(2, C) 
an d  we can  o b ta in  m ass fo rm ulas b y  b reak in g  SU(3) a t t =  0 an d  SL(2, C)
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Fig. 2. R egge trajectories w ith  the observed I  — 3/2 resonances. The notation is th e  same
as in  F ig . 1

a t  f #  0. I t  is m u ch  h a rd e r  to  co n n ec t SL(2, C) w ith  SU(6). I f  w e believe 
t h a t  on  th e  one h a n d  som e fo rm  o f SU (6) is re le v a n t in  h ad ron  sp ec tro sco p y  
a n d  on  th e  o th e r t h a t  b a ry o n  reso n an ces are m em b ers  of Regge tr a je c to ry  
fam ilies w e n eed  som e d ra s tic  e x ten s io n  of th e  T G A  SL(2, C).

I t  h as  been  p ro p o sed  [10, 11] to  decom pose th e  angu lar m o m e n tu m  
o p e ra to r , in to  o rb ita l an d  sp in  p a r ts  — L„v +  V

T h e  sp in  p a r t  o f th e  an g u la r m o m e n tu m  te n so r  ca n  be co n n ec ted  w ith  
th e  in te rn a l  sy m m e try  g roup  SU(3) to  give a SU (6)^ (g> SU(6)r o r S L (6 , C)$ 
ex ten sio n .
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As D o m o k o s  a n d  K ö v e s i— D om ok os  sho w  in  th e ir  p a p e r , th e  g en era to rs  
o f  th is  group can  he  connected  w ith  th e  v e c to r  a n d  ax ia l-v ec to r cu rren t o p e 
ra to rs  of th e  q u a rk  m odel. I f  th e  sca tte rin g  o p e ra to r  is in v a r ia n t  under th e  
tra n s fo rm a tio n  o f th e  group SL (2, C)/ (g> SL(6, C)$, L orentz po les are g rouped  
in  “ tr ib e s ” . The m em bers of th ese  trib e s  are o b ta in e d  by  decom posing  SL(6, C)s 
in to  SU(3) g) SL(2, C)s and  com bin ing  SL(2, C )s a n d  SL(2, C)^ in to  th e  u su a l 
SL(2, C) re p re sen ta tio n s . E .g . i f  we accep t th e  (1,56) <g) (56,1) re p re se n ta tio n  
fo r b a ry o n s  an d  com bine i t  w ith  a {cr0, 0} re p re se n ta tio n  fo SL(2, C)e w e 
o b ta in  six  fam ilies o f Regge tra jec to rie s , th e  leading fam ilies being a 
{cr0 -f- 3/2, i 3 / 2 }  decu p le t an d  a {cr0 -f- 1/2, ^  1/2} octet fam ilies , w hich c a n  
be id en tif ied  as k n o w n  d ecup le t a n d  o c te t fam ilies. A t th e  f i r s t  recu rrence  a ll 
fam ilies b u t  th e  ab o v e  m en tio n ed  ones decoup le  in  the  S L (2 , C) sy m m etry  
lim it. D om o k o s  a n d  K ö v e s i— D o m o k o s  p re d ic t th e  m asses o f  th e  m em bers 
o f th e  decu p le t u sin g  m ass v a lu es  o f th e  m em b ers  o f the  o c te t  assum ing  o n ly  
SU(3) sy m m etry  b reak in g  a t  1 = 0 .  The m ass v a lu es  o b ta in e d , M A =  1120 
M s * =  1290, M s * =  1460, M Q =  1590 are in  ro u g h  ag reem en t w ith  ex p e ri
m e n ta l d a ta .

I t  w as show n [11] th a t  R egge vertices m a y  n o t be in v a r ia n t  u n d e r  
SL(2, C) (g) SL(6, C)s b u t  only  u n d e r  th e  m a x im a l com pact su b g ro u p  o f i t  
SU (6)s ® SU (2)l .

I f  we p u t  m esons in to  a (6, 6) <g> (6, 6) re p re se n ta tio n  o f  SL(6, C)s a n d  
decom pose th is  re p re se n ta tio n  in to  R egge-pole fam ilies we o b ta in  v ec to r, 
p seu d o -v ec to r an d  conspiring  sca la r  and  p seu d o -sca la r m eson  fam ilies (th e y  
h av e  j n =  0 an d  1, respec tive ly ). T he consp irin g  axial v e c to r  an d  p seu d o 
sca la r fam ilies ( I I .  an d  I I I .  c lass conspiracies o f  F r e e d m a n  an d  W a n g ) 

a p p e a r  necessarily  to g e th e r. T he v ec to r  m eson fa m ily  is coup led  to  th e  o c te t 
b a ry o n -a n tib a ry o n  fam ily  w ith  a pu re  F  coup ling , while D / F  =  3/2 for th e  
ax ia l v ec to r  and  pseudo-sca la r fam ilies. The sy m m e try  schem e gives defin ite  
re la tio n s  am ong couplings of th e  ab o v e-m en tio n ed  fam ilies to  m em bers o f  
g iven  SU(6) m u ltip le ts .

6. D iscussion

T he app lica tio n s of g roup  th e o ry  to  re la tiv is tic  s c a tte r in g  described  
above are  only  th e  f ir s t  steps o f a  b ro ad  p ro g ram m e . E ven  th e  con tours o f  
th is  p rog ram m e are  n o t know n a t  p resen t, b u t  p ro b a b ly  it  is co n n ec ted  w ith  
m o st of th e  know n p a r ts  of h a d ro n  physics. T h e  m o s t in te re s tin g  open qu es
tions in  th is  field  a re  to  find  a “ com ple te  set o f gen era l so lu tions”  o f th e  con
sp iracy  problem  as defined  b y  C o s e n z a , Sc ia r r in o  and  T o l l e r  [3], to  fin d  
fu r th e r  consequences o f th e  h igher sym m etries, a n d  to  clarify  th e  connections 
w ith  c u rre n t a lgebras.
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ГРУППОВОЕ ТЕОРЕТИЧЕСКОЕ ОПИСАНИЕ РЕЛЯТИВИСТИЧЕСКОГО 
РАССЕЯНИЯ ВБЛИЗИ НУЛЕВОЙ ПЕРЕДАЧИ МОМЕНТА

П. Ш У РАН ЬИ

Р е з ю м е

Исследуется поведение амплитуд рассеяния вблизи нулевой передачи момента. 
Изучается вклад полюсов Лорентца в рассеяние высокой энергии. Результаты теорети
ческих рассуждений сравниваются с экспериментальными данными по разонансам.
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and

F . D rago**
CALIFORN IA  IN ST IT U T E  OF TECHN O LO GY , PA SA D EN A , CA LIFORN IA , USA

The properties o f the scattering am plitude near t =* 0 have been studied on the basis 
o f analyticity , factorization and Lorentz sym m etry.

D u rin g  th e  la s t  few  years, th e  p ro p ertie s  o f th e  s c a tte r in g  am p litu d e  
n e a r t =  0 have been  ex ten siv e ly  s tu d ie d  in  th e  fram ew o rk  o f th e  R egge pole 
m odel. T he origin o f th e  in te re s t to  th is  p a r tic u la r  p o in t, w hich a t  h igh  energy  
in  th e  general m ass co n fig u ra tio n , is v e ry  close to  th e  ph y sica l reg ion , has 
to  be  fo u n d  in  th e  ex istence  a t  t =  0 o f tw o k in d s  o f com plica tions. In  fa c t, 
th e  a n a ly tic ity  p ro p ertie s  o f th e  sc a tte r in g  a m p litu d e  and th e  crossing  sy m m etry  
req u ire  th e  ex istence o f som e k in em a tica l c o n s tra in ts  b e tw een  d iffe ren t heli- 
c ity  am p litu d es. T hese co n stra in ts  in  th e  fram ew m rk of th e  R egge pole m odel 
give rise  to  th e  co n cep t o f “ co n sp iracy ”  b e tw een  d iffe ren t R egge tra je c to rie s .

A dd itio n a l in te re s t in  th e  p o in t t =  0 a rises in  con n ec tio n  w ith  th e  
R egge expansion  of th e  sc a tte rin g  am p litu d e , w h ich  is s in g u la r a t  t =  0 in  
th e  u n e q u a l u n eq u a l (U U ) and  eq u a l -u n e q u a l  (E U ) m ass c o n fig u ra tio n . T he 
co n cep ts  o f d au g h te r tra je c to ry  a n d  o f Regge pole  fam ily  com e in to  p la y  in  
o rd e r to  avoid  these  u n w a n te d  s in g u la ritie s  a n d  to  res to re  th e  p u re  R egge 
b eh av io r.

T h e  p roperties of th e  sc a tte rin g  am p litu d e  n e a r  t =  0 h av e  been  s tu d ie d  
in  th e  follow ing tw o d iffe ren t w ays: th e  g roup  th e o re tic a l ap p ro a c h  an d  th e  
a n a ly tic  approach .

T h e  f irs t ap p ro ach  is based  on  th e  in v a rian ce  o f th e  s c a tte r in g  am p li
tu d e  u n d e r  th e  L o ren tz  g roup  0 (3 , 1) a t  t =  0 in  th e  pairw ise  equal m ass 
co n fig u ra tio n . In  fa c t, T oller  [1 — 3] R cggeized expansions o f a m p litu d es
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in  term s o f the representation o f the group 0 (3 , 1); the sim pler com pact 
group 0 (4 )  was used later b y  F reedm an  and W ang  [4] and by D omokos [5].

T he re su lts  o f th is  ap p ro ach  a re  th a t  a Toller pole leads to  an  in fin ite  
fam ily  o f R egge poles w ith  defined  re la tio n s  b e tw een  th e  tra je c to rie s  an d  th e  
re s id u e  fu n c tio n s  a t  t =  0. T hese fam ilies are  ch a rac te rized , a p a r t  from  th e  
in te rn a l q u a n tu m  n u m b e rs , b y  th e  T oller q u a n tu m  n u m b er M  w h ich , for 
b o so n  tra je c to r ie s , c an  assum e all th e  in teg e r va lues.

Since th e se  fo rm alism s a p p ly  rigo rously  on ly  a t  th e  p o in t t =  0 and  
fo r  eq u a l m ass sc a tte r in g , m ore genera l form alism s h a v e  been  developed  recen tly  
in  o rd e r to  overcom e th ese  lim ita tio n s  [6, 7]. T he m o s t general w o rk  in  th is  
d irec tio n  has b een  done b y  Cosenza , Sciarrino , an d  T oller [8, 9] b y  a 
g en era liza tio n  o f th e  L o ren tz  g roup  fo rm alism  an d  th e  in tro d u c tio n  o f qu ite  
s tro n g  assu m p tio n s.

T he a n a ly tic  a p p ro a c h  on th e  o th e r  h an d  is b a se d  on th e  u su a l assu m p 
tio n s  o f th e  S -m a tr ix  th e o ry , w hich  a d a p te d  to  th e  R egge pole th e o ry  perm its  
us to  c la rify  th e  p ro p e rtie s  o f  th e  s c a tte r in g  a m p litu d e  n ea r t =  0 fo r any  
m ass co n fig u ra tio n  [10 —15]. T h e  assu m p tio n s m ade in  th e  a n a ly tic  ap p ro ach  
a re  th e  fo llow ing: (a) a n a ly tic ity ;  (b) s im p lic ity ; (c) crossing sy m m e try ; 
a n d  (d) fac to riza tio n .

A ssu m p tio n  (a) is th e  fu n d a m e n ta l one o f th e  S -m a tr ix  th e o ry  a n d  claim s 
t h a t  th e  sc a tte r in g  a m p litu d e  once its  k in em a tica l s ingu la rities h a v e  been 
rem o v ed , shou ld  h a v e  on ly  th e  s in g u la rities re q u ire d  b y  th e  M an d els tam  
re p re se n ta tio n . I n  th e  U U  an d  E U  m ass co n fig u ra tio n s , th e  c o n tr ib u tio n  of 
a single R egge pole is n o t an  a n a ly tic  fu n c tio n  a t  t =  0 ; a ssu m p tio n  (b) requ ires 
t h a t  th e  a n a ly tic ity  of th e  sc a tte r in g  am p litu d e  h as  to  be rea lized  b y  th e  
in tro d u c tio n  of th e  m in im um  n u m b e r o f d a u g h te r  tra je c to rie s  w ith  residue 
su ffic ien tly  sin g u la r. M oreover, th e  req u irem en ts  o f a n a ly tic ity  a n d  crossing 
sy m m e try  im pose som e c o n s tra in ts  on th e  h e lic ity  am p litu d es t h a t  m u st 
be  sa tisfied  b y  th e  R egge pole fam ilies.

T he a ssu m p tio n  (d) is a consequence  of u n i ta r i ty  and  is n ecessary  in  
o rd e r to  connect th e  vario u s m ass con fig u ra tio n s. Fo llow ing  th e  ab o v e  assu m p 
tio n s , i t  is possib le to  define a q u a n tu m  n u m b e r M  w hich has b een  found  to  
be  th e  T o l l e r  q u a n tu m  n u m b er, an d  to  classify  th e  R egge poles in  fam ilies 
w ith  w ell-defined q u a n tu m  n u m b ers . T his c la ssifica tion  is, in  som e sense, 
e q u iv a le n t to  th e  g roup  th e o re tic a l one; m oreover, th e  t =  0 b eh av io r of 
th e  fac to rized  R egge pole residue  fu n c tio n s, sa tis fy in g  all th e  k in em a tica l 
c o n s tra in ts , is th e  sam e as th a t  deriv ed  in  [8] a n d  [9] b y  th e  g ro u p  th e o re 
tic a l m e th o d s. I t  is possible th e n  to  re c o n s tru c t th e  sca tte rin g  a m p litu d e  a t  
t =  0 fo r th e  process N  N  —► N  -j- N  due to  th e  exchange o f a  R egge pole
fam ily  w ith  a d efin ed  v a lu e  o f M  an d  to  show  th e  com plete  equ iva lence  b e t
w een  th e  g ro u p -th eo re tica l an d  th e  an a ly tic  a p p ro a c h  a t  t =  0 in  th e  equal 
m ass co n fig u ra tio n . T his equ iva lence  e lim ina tes th e  p o ssib ility  t h a t  an  “ analy-

Acta Physica Academiae Scientiarum Hungaricae 26, 1969



A NA LY TICITY, FACTORIZATION AND LO R EN TZ SYMMETRY 37

t ic ity  fam ily ”  re p re se n ts  a strin g  o f  in teg e r sp aced  T o l l e r  poles ra th e r  th a n  
a single T o l l e r  pole. As a consequence of th e  a n a ly tic  ap p ro ach , i t  is possible 
to  go aw ay  from  t =  0 an d  e v a lu a te  th e  “ m ass fo rm u la s”  for th e  R egge t r a je c 
to ries . F r e e d m a n  a n d  W a n g  [10] show ed th a t  in  th e  spinless case th e  in tro 
d u c tio n  of d a u g h te r  tra je c to rie s  is n ecessary  in  o rd e r to  ensure th e  a n a ly tic ity  
of th e  fu ll am p litu d e . I n  th e  sc a tte rin g  betw een  p a rtic le s  w ith  sp in , th e  d a u g h te r  
tra je c to r ie s  have  n ecessarily  to  com e in to  p la y  b u t  th e  s in g u la rity  s tru c tu re  
of th e ir  residue fu n c tio n s  is, how ever, so m ew hat d iffe ren t th a n  in  th e  spinless 
case [12 ]. T herefo re, in  an y  spin co n fig u ra tio n , th e  a n a ly tic ity  req u ires , for 
ev e ry  p a re n t t r a je c to ry  exchanged , th e  exchange of an  in fin ite  fam ily  o f 
R egge poles w ith  w ell-defined  q u a n tu m  n u m b ers  w ith  re sp ec t to  th e  p a re n t 
pole. I n  o rder to  c lassify  the  R egge poles in to  fam ilies w ith  w ell-defined  q u a n 
tu m  n u m b ers , we f i r s t  s tu d y  th e  “ m in im al”  so lu tions of th e  fa c to riz a tio n  
co n d itio n s and  th e  c o n s tra in t eq u a tio n s . In  th is  p a p e r  we will lim it ourselves 
to  th e  reactions S  +  N  — J  -f- N  an d  th e  o th e rs  re la te d  to  th e se  th ro u g h  
fac to riza tio n . H ere N  is a nucleon  an d  J (S )  is a sp in  J (S )  an d  m ass m j  (m s) 
p a r tic le  w ith  m j  m s  nucleon  m ass. O b v iously  these  reac tio n s  are  th e  
m o st in te re s tin g  fro m  th e  physica l p o in t of v iew .

W e give now  th e  k in em atica l c o n s tra in ts  a t  t =  0 fo r th e  v a rio u s cases 
in  o u r discussion:
(1) E U  case (i.e., S  -f- N  —* J  -f- N ) .  T he  c o n s tra in ts  tu rn  o u t to  be [12, 14, 16]

i f  cd; 1/2—1/2 /cda/2,1/2 ~  0 (0  (1)

for a n y  c an d  d sa tis fy in g  th e  in e q u a lity  c ^  d, an d

Oceil/2-1/2 /«a/2,1/2 — 0 (0  (2)

for a n y  c.
(2) U U  case (i.e., S  +  S  -* J  J ) .  T he c o n s tra in ts  are

fcd;ab +  fcd;ab =  0 (tm) , (3)

if  I A — [л I <  I A - f  /и I ; and

fcd;ab  fcd;ab  =  Ч П  , (4)

if  I A — w here m  =  M inim um  (| A |, | /j, \ ).
(3) E E  case. In  th e  sim plified t r e a tm e n t  g iven  here , we h av e  to  consider 
only  th e  nucleon — n u c leo n  sc a tte rin g . I n  th is  case th e  c o n s tra in t is w ell-know n 
[17]:

/ il/2,l|2U/2,l/2 - * / l1/2—1/2.1/2—1/2 f 1/2—1/251/2—1/2I =  ° (0  • (5)
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I t  is w ell-know n  th a t  in  th e  R egge pole m odel these  c o n s tra in ts  can 
b e  sa tis fied  in  th re e  d iffe ren t w ays; b y  evasion , b y  consp iracy  b e tw een  d iffer
e n t  poles a n d  b y  a  d a u g h te r-lik e  consp iracy . In  o rd e r to  discuss th is  p rob lem , 
w e f irs t  s tu d y  th e  m in im al so lu tions o f th e  fa c to r iz a tio n  cond itions. T h e  objects 
w h ich  are  a ssu m ed  to  fac to rize  a re  th e  residues o f th e  in d iv id u a l poles in 
F&%bi th e re fo re , in  o u r case, th e  residue  is

K cd;ab (0  Ycdiab (0 [ 4i go '
l so

*±(t)-N
( 6)

w h ere  Kcd;ab(t) is th e  W a n g  k in em a tica l fac to r, (q i q j s 0)a <(,_л is th e  usual 
th re sh o ld  fa c to r  a n d  y<Td;ab(t) in  th e  red u ced  residue  free from  k in em a tica l 
s in g u la ritie s  a t  t =  0.

T he fa c to r iz a tio n  co n d itio n s in  all th e  th re e  channels consid ered  are 
c o n s is te n t an d , in  general, from  a g iven so lu tion , one can  o b ta in  o th e r  so lu
tio n s  b y  in c reas in g  th e  n u m b e r o f t pow ers o f som e o f th e  R egge pole residues 
in  th e  orig inal so lu tio n . I f  a g iven  so lu tio n  c a n n o t be o b ta in ed  from  a n o th e r 
in  th is  w ay , we sh a ll call i t  “ m in im a l” . Once th e  fa c to riz a tio n  co n d itio n s are 
w r it te n  dow n, i t  is n o t  too  d ifficu lt to  fin d  th e  “ m in im a l”  so lu tions. F o r th e  
re a c tio n s  w ith  u n e q u a l m asses o f th e  ty p e  S + S —>■ J  J  or S  S '  —*■ J  J ' ,
one fin d s [12, 18, 19]:

У cd-, cd ' ( ? )

w here  fi  =  c — d  a n d  a is th e  R egge n a tu ra l  p a r ity .

W hen  an  e q u a l m ass v e r te x  is inv o lv ed , th e  selec tion  ru les d u e  to  p a rity  
a n d  G -p arity  in v a ria n c e  m u s t be ta k e n  in to  acco u n t. T his im plies th e  id en tica l 
v an ish in g  o f th e  residue  if  th e  fo llow ing co n d itions are  n o t sa tis fied :

erf t( — i)S+i+tv =  1 ,  

S =  1 ,  if  a  =  +  1 .
( 8 )

r  is th e  s ig n a tu re  o f  th e  p a re n t  R egge tra je c to ry , th e  in teg e r n  is th e  o rder 
o f  th e  d a u g h te r , a n d  S  is th e  to ta l  sp in  o f th e  N N  sy stem . T h e  q u a n ti ty  |  
is defined  in  te rm s  o f th e  in te rn a l q u a n tu m  n u m b ers  I  (isospin) a n d  G (G- 
p a r i ty )  o f th e  ex ch an g ed  fam ily  b y

£ = G ( - l ) r .

In  th e  e q u a l m ass re a c tio n  N  -)- N  —*- N  N  fo r th e  residues w hich 
do n o t v a n ish  id en tica lly , we h av e  [12]
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У ab',ab '
ltM i f  ( -  1)я+п =  а, 

i f  ( -  1)л+" =  — er.

w here A =  a — b.
F o r th e  fam ilies w ith  cr =  —}— 1 a n d  T =  — whose p a re n t  (an d  even 

d au g h te r)  tra je c to rie s  do n o t couple to  th e  N N  sy stem , we h a v e  fo r th e  odd 
d a u g h te rs  [12]:

У ab',ab
tM+1 if A =  0
tiM-ii+i  i f  Ц1 =  !

( 10)

The so lu tions fo r th e  eq u a l u n eq u a l m ass case can  be o b ta in ed  th ro u g h  th e  
fac to riza tio n  an d  can  be found  ex p lic itly  in  [18].

M  is a n u m b e r  t h a t  w e in tr o d u c e  in  o r d e r  to  la b e l th e  m in im a l so lu 
t io n s  a n d  c a n  a s su m e  a ll th e  in te g e r  v a lu es  b e tw e e n  zero a n d  in f in ity . A n  
in te r e s t in g  f e a tu re  o f  o u r  re su lts  is t h a t ,  fo r  a l l  t h e  v a lu es  o f  th e  m asses , a  
fa m ily  w ith  a g iv e n  v a lu e  o f  M  c o n t r ib u te s  a s y m p to t ic a l ly  o n ly  t o  th e  fo rw a rd  
s -c h a n n e l h e lic i ty  a m p litu d e s  w ith  h e l ic i ty  f l ip  e q u a l  to  ± M .  M  is th e re fo re  
th e  T o l l e r  q u a n tu m  n u m b e r  in t r o d u c e d  in  t h e  g ro u p  th e o re t ic a l  a p p ro a c h .

T he Regge pole fam ilies can  be th e n  classified  [12,20] accord ing  to  
th e  values o f M , a, | .  These fam ilies an d  th e  residue  b e h a v io r n e a r t =  0 
are  co inciden t w ith  th o se  found in  th e  genera l group th e o re tic a l app roach .

Class I :  M  — 0, a  =  —|— 1, r  =  £. O nly th e  tra jec to rie s  w ith  n  even can  
couple to  th e  N N  sy stem . Poles o f  th is  class v e rify  th e  c o n s tra in ts  1, 2, 3, 
4, 5 b y  evasion.

Class la :  M  =  0, a =  + 1 ,  r  =  — | .  T he p a re n t  and  th e  ev en  d au g h te rs  
of th is  class do n o t couple to  th e  N N  sy stem . T h is explains w h y  th is  class 
is n o t co n ta in ed  in  th e  F r e e d m a n  a n d  W a n g  classification .

Class I I :  M  =  0, <t =  —1, r  =  — | .  T h e  poles of th is  c lass sa tisfy  th e  
c o n s tra in ts  2 an d  5 b y  a d a u g h te r-lik e  co n sp iracy . All th e  o th e r  c o n s tra in ts  
are  sa tisfied  b y  evasion .

Class l i a :  M  =  0, a =  —1, т  =  | .  T he  p a re n t  tra je c to ry  o f  th is  class, 
w hich  is decoupled  from  th e  N N  sy stem  a t  t =  0, satisfies th e  co n stra in ts  
b y  evasion . C onsp iracy  betw een  d a u g h te rs  is allow ed.

Class I I I :  M  =  1, т  =  | .  I n  th is  class w e fin d  th e  w ell-know n p a r i ty  
dou b lin g  phen o m en o n , w hich n o t on ly  allow s us to  sa tisfy  th e  c o n s tra in ts  
1, 3, 4, 5 b y  con sp iracy , b u t it  is also im posed  b y  o ther gen era l a n a ly tic ity  
req u irem en ts . T he m em bers of th e  d o u b le t h a v e  th e  follow ing q u a n tu m  n u m 
b ers:

u =  +  l
n ev en  : 
n odd  :

P n =  f =  T ,

Pn =  — f  =  -  r  ,
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a __ _  l  Ы ev en  : — P n =  £ =  r ,
[n odd  : — P n =  — I  =  — r ,

w here P  m eans p a r ity .
Class I l l a : M  =  1, r  =  — | .  T h e  poles o f  th is  class have  th e  follow ing 

q u a n tu m  nu m b ers:

<r =  +  

a — —

n ev en  : 
n odd  : 

n ev en  : 
n odd  :

P n =  - S  =  r ,

P n =  £ =  — r ,

— P n =  —  S =  r ,
- P „  =  £ =  -  T.

T he p a re n t  tra je c to r ie s  sa tis fy  th e  c o n s tra in ts  b y  evasio n . C onspiracy  betw een  
d a u g h te r  tra je c to rie s  is allow ed. P o les w ith  M  >  1 a re  decoupled, a t  t — 0, 
from  th e  N N  sy stem , in  ag reem en t w ith  th e  g roup  th eo re tica l re su lts .

U sin g  th e  assu m p tio n s  (a) — (d), w e were able to  classify  th e  R eg g e  fam i
lies acco rd in g  to  th e  v a lu es  of M , a , |  a n d  we show ed  th a t  th is  c lassifica tion  
is e q u iv a le n t to  t h a t  o b ta in e d  in  th e  g roup  th e o re tic a l app roach . H ow ever, 
th e  p rev io u s d iscussion does n o t e lim in a te  th e  p o ss ib ility  th a t  an  “ a n a ly tic ity  
fam ily ”  rep re sen ts  a s tr in g  of in teg e r sp aced  T o l l e r  poles ra th e r  th a n  a single 
T o l l e r  pole.

In  th e  follow ing, we will re c o n s tru c t th e  s c a tte r in g  am p litu d e  a t  t =  0 
fo r th e  process N  +  N  —*■ TV -(- N  d u e  to  th e  exch an g e  of a Regge po le  fam ily  
w ith  a d e fin ite  v a lu e  o f  M  an d  we w ill show  th a t  th e  sca tte rin g  a m p litu d e  
o b ta in e d  in  th e  v a rio u s  cases is th e  sam e  as t h a t  ded u ced  using  th e  group 
th e o re tic a l ap p ro ach  [11, 14, 15]. W e w ill re c o n s tru c t only  th e  c lasses I, I I ,  
I I I  b ecau se  th e  re c o n s tru c tio n  of th e  o th e r  classes is q u ite  sim ilar to  th e  p re 
v ious ones.

Class X: M  — 0, a  =  —)— 1, r  =  £. I n  order to  s tu d y  th e  Class I  fam ily  
in  th e  U U  case, we h a v e  to  consider th e  am p litu d e  f o ;0. The c o n tr ib u tio n  of 
a fam ily  o f  R egge poles to  th is  a m p litu d e  is given b y :

w here

h o  (*, *) =  2  — :- 1 - [1 +  в - '— ] ^ a„ ( -  cos в ,)  ßn (t) ,
n=o sin  л  a n

. * > . ( . ) = -  Q-.-,( ,)  =  2' Г(а; +  1;2) *■

• F

л

a

Г ( я  - T  1 )  л 1!2

1 ос 1 1
—  — a ;  —- 

2 2 2 2 z2

л P 2 1  ( a  +  1 )  k = о

( 11)
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2 = C O S  0 t  =

s

2 4i 9o
+

2  ™fj +  (m l  — mn) {m\ — mf)

4 tqt q0

( 12)

ak (a) =
r ' - T + f e

г 1
2

+  к

— a  +  к kl

an d  qi a n d  q0 are  th e  in itia l a n d  f in a l m om en ts  in  th e  c.m . f ra m e  of th e  
t channe l.

E x p a n d in g  th e  r ig h t-h an d  side o f E q. (11) in  a pow er series, a f te r  som e 
re a rran g em en ts , we get

fű -,0 (S5 0
~  N (m ) m  — 2k

2  [B(t)/t]m {s/s0)~m 2  2  d" x  (0 (s/so)M 0+n (13)

w here s 0 is a scale fac to r

B it)  =

* — 2  т ц  +  {ml — ml) {m\ — т%)

2sn

N {m )  =

m

2

m  — 1

if  ( -  l ) m = l ,  

if ( — l ) m =  — 1 ,
(14)

. . 2а„ +  1 ri , -, Л a„ +  1/2) 2"» , . , 4
dn;k (t) = ------;--------- [1 +  Гп e 171 »] - Уп (0  ak (an) ■

sin  n  a n

• [D {t) /B (t)Y k [B{t)lt

п 11гГ {« п +  1)

Г { a„  -  2k  +  1)
(m — n  — 2k)  ! Г (*„ -|- 1 — m  +  n)

D{t) =
[< — {пц +  m 3)2] [t —(год — m3)2] [t — (ro2 +  m 4)2] [t —(m2 — m^)2] j 1

4S2

J 1 /2

Since th e  fu n c tio n  /o|o bas to  be a n a ly tic  a t  t =  0, for any  s, w e m u s t req u ire  
th a t :

N (m ) m —2k

2  2  < K  (0  (s/s0)a"<0+n =  о (*»•) for m 1.
& = 0 n = 0

(15)
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T hese  are th e  fu n d a m e n ta l re la tio n s  of o u r ap p ro ach ; from  th e se  eq u a
tio n s  in  fa c t  n o t o n ly  th e  q u a n titie s  yn(0) can  be exp ressed  in  te rm s  of y o(0) 
b u t  th e  b eh av io r o f th e  fam ily  fo r t =7̂ =0 can be  s tu d ie d . I f  we e v a lu a te  th e  
exp ression  (15) a t  t =  0, we get a sy s te m  for th e  re s id u e  functions o f th e  d au g h 
te r  tra je c to r ie s  a t  t =  0 in  fu n c tio n  o f  y o(0). T he so lu tio n  of th is  sy s tem  has 
been  show n to  be [11, 14]:

M ° )
( - 1  r Г ( п  — 1 — 2a) 

Г ( -  1 -  2 a 7 Уо(°)- (16)

O nce th e se  re la tio n s are  know n w e can  deduce th e  m ass fo rm u la . In  fac t, 
from  th e  system  (15), d iffe ren tia tin g  w ith  resp ec t to  t, we o b ta in  fo r  m  >  2:

N {m) m —2k
2  2  < * ( ° K ( o )  =  o . (17)
A' =  0 n = 0

T he so lu tio n  of th is  sy s tem  is th e  D om okos — S u r Án y i [21] m ass fo rm ula

oc'n (0) =  ax +  a2 (a  — n) (a — n +  1) . (18)

W e th e n  s tu d y  th e  Class I  in  th e  E U  m ass con fig u ra tio n ; th is  case is 
so m ew h a t sim pler th a n  th e  UU one, due  to  th e  p resen ce  of w eak er singu la
ritie s . A t th e  equal m ass  v e rtex , th e  se lection  ru les d u e  to  p a rity  a n d  G -parity  
in v a ria n c e  m u st be  ta k e n  in to  a cco u n t. In  th e  p re s e n t  case one f in d s  t h a t  th e  
p a re n t  a n d  th e  even  d a u g h te r  tra je c to r ie s  couple to  th e  am plitude  ftc^xn i /2 = /o ;o 
w hile th e  odd  d a u g h te rs  are decoup led  from  th e  N N  system .

U sing  th e n  e ssen tia lly  th e  sam e  m ethods describ ed  for th e  U U  case, 
we get

Уm  (0) = ( - 1 ) " 7o(0) (19)

an d
x in  (0) =  % +  °2 (a  — 2n) (a — 2 n  -|- 1) ( 20)

w hich , as expec ted , is ag a in  of th e  fo rm  o f E q. (18). T h e  fac to riza tio n  th eo rem  
p ro v id es  now  th e  b rid g e  necessary  to  s tu d y  th e  c o n tr ib u tio n  of th e  a n a ly tic ity  
fam ily  w ith  M  — 0 a n d  a =  + 1  to  th e  nucleon — nuc leon  sc a tte rin g .

U sing  th ere fo re  th e  fa c to riz a tio n  th eo rem , w e g e t:

ßi. )2 n 
1/2,1/251/2,1/2

(2 я) I
22n (nl)2

Г  (a - f  1 — n) 
Г (  a  +  1)

Г

'К - ^1/2*1/251/2,1/2. ( 2 1 )
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T he sam e expression  can  be found  usin g  the  g ro u p  th eo re tica l ap p ro ach . 
T his proves t h a t  th e  Class I  “ a n a ly tic ity  fam ilies”  a re  indeed  th e  sam e as 
th e  Class I  “ group th e o re tic a l fam ilie s” .

Class I I :  M  =  0, a =  —1, x  =  — | .  In  o rd e r to  s tu d y  th e  Class I I  
fam ily  in  th e  U U  case, we have  to  co n sid e r th e  a m p litu d e  /Öio, w hose d iscus
sion goes on ex ac tly  th e  sam e w ay as t h a t  for th e  Class I  U U  m ass case. The 
resu lts , th e re fo re , are e x a c tly  th e  sam e  as re p o rte d  above.

In  th e  E U  case, how ever, th e re  is a new co m p lica tio n  due to  th e  spin. 
D ue to  th e  selection  ru les a t  th e  n u c leo n  v e rtex , one finds th a t  th e  p a re n t 
an d  th e  even  d au g h te rs  co n tr ib u te  to  th e  a m p litu d e  1/2 = /0 ^ 1 , while
th e  odd  d au g h te rs  c o n tr ib u te  to  th e  am p litu d e  jTc-.iH 1/2 =Jo-o- M oreover, 
th e re  is th e  c o n s tra in t 2 w hich is sa tis f ie d  b y  co n sp iracy . I f  we im pose  th a t  
th e  am p litu d es f 0.0 an d  f 0.1 are a n a ly tic  a t  t =  0 a n d  sa tisfy  b y  consp iracy  
th e  c o n s tra in t eq u a tio n , we get th e  fo llow ing  re la tio n s  fo r th e  residue fu n c tio n s:

1/2" cm — i __1ÜLу8Я(0) =  -
(a — 2n) (x  — 2n 4- 1) 

a (a  +  1)

1/2
Г n ------------a

2

Г ■ — a

уГ  (0) ( - 1 ) "
г

г

n H-----------a
2

1
2

ГЙ Ч О ). ( 22)

=  У 5 Г ° ( 0 ) .
( / a ( a +  1)

U sing th e  fa c to riz a tio n  th eo rem , we get fo r th e  com plete re s id u e  fu n c
tions in  nucleon  — n uc leon  sca tte rin g :

mn ( f \ \   (2n) ! (a — 2re) (a -  2n  +  1) Г  (— a)
P l /2 - i /2 ; l /2 - i /2  l u )  —  I— — — ---------------------- :------------- :----------------  — :------------ --  X

X

22n (n!)2

r [ 1I | n ------------a
2

Г

a (a -f- 1) Г  (n — a)

— ß l l2- H2;l l2 - l /2 (0) 1

(23)

Д2П+1 /0 \ _ ( 2 r t + 1) ! Г ( - * )
P l/2 ,l/2 ;l/2 ,l/2  1U)  —  — Г

22n ( n \ f  Г (п  -  a)

/ ’ re -|— -----a
I 2

Г
Ä /2 ,l/2 ;l/2 , 1 /2 (0 )  ,
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ßl/2,i/2;l/2,1/2(0) — ß?/2-l/2;l/2-l/2(P) •
a ( a  -f- 1)

T h ese  resu lts  a re  co in c id en t w ith  th o se  o b ta in e d  using  th e  g ro u p  theo re tica l 
ap p ro a c h . I t  is easily  seen th a t  in  th is  case th e  a n a ly tic  an d  th e  g ro u p  th eo re 
t ic a l fam ilies a re  th e  sam e. T he m ass fo rm ula  fo r  poles be long ing  to  th e  Class 
I I  is th e  sam e t h a t  has been o b ta in e d  for th e  Class I.

Class I I I : M  =  1, r  =  f .  T h e  d iscussion o f  th is  fam ily  is m u ch  m ore 
in v o lv ed , e ssen tia lly  due to  th e  fa c t  th a t  a  is n o  longer d iag o n a l w ith  M . 
H ere , fo r th e  f i r s t  tim e , th e  p a r i ty  doubling  p h en o m en o n  a p p e a rs . In  o rder 
to  s tu d y  th e  Class I I I  fam ily  in  th e  U U  case, w e m u st consider th e  am pli
tu d e s  t). In  fa c t,  because o f  th e  ex istence o f  th e  p a r ity  d o u b lin g  pheno
m en o n , we c a n n o t re s tr ic t co n sid e ra tio n  of o n ly  one am p litu d e  like in  th e  
f ir s t  tw o  classes. I f  we requ ire  t h a t  th e  c o n tr ib u tio n  to  th e  a m p litu d es  x 
o f  th e  tw o p a re n t  R egge tra je c to r ie s  and  o f th e ir  d au g h ters  is an a ly tic  a t  
t =  0 a n d  sa tisfies th e  c o n s tra in t 3 b y  con sp iracy , we get th e  fo llow ing re la 
tio n s  fo r th e  re s id u e  functions:

ri:±l )n (0) =  A — - }-  
n\

И ;! * " 0 (0) =  -  У г Г °

Г (п  — 1 —2<x) 

Г ( — 1 -  2a)

(0 ) ,

y í r ° ( 0 ) ,

a n d  th e  m ass fo rm u la  for M  =  1 R egge fam ilies:

(24)

«П (0) =  q  4- [c2 ±  c3] (a — n) (a  — n  +  1 ) . (25)

Ow ing to  th e  p a r ity  a n d  G -p a rity  se lection  ru les, in  th e  E U  case th e  
p a re n t  and  even  d au g h te rs  o f  th e  sub-fam ily  w ith  a =  —1 coup le  to  th e  
a m p litu d e  1F/;0 a n d  th e  odd d a u g h te rs  to  th e  a m p litu d e  Fi.x. T h e  p a re n t an d  
ev en  d au g h te rs  o f  th e  sub -fam ily  w ith  a =  -(-1 coup le  to  th e  a m p litu d e  F /.x 
w hile  th e  cr =  -f-1 o d d  d au g h te rs  a re  decoupled  from  th e  N N  sy stem .

I n  th is  case w e h av e  to  im pose  th e  a n a ly tic ity  a t  t =  0 to  th e  am plitu d es 
To a n d  /У х an d  th e  c o n s tra in t 1. I n  th is  w ay , w e get

yi;+l )2n (0) ( - 1 ) "
Г  n -

r i i )n“0 (0 ) ,

rirx)n- 1 (0) =
2 a +  1 

« +  1
( +  ) n = 0  7 i;i *

(26)
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yti2n+1 (0)

Г \ п  -\---------- a
( -  l ) n 1 2

r | + T - a
Y & " ' 1 (0) ,

?4го)п=°(0) = i a  +  1 v( + )n-0Æ ï)n=o(0 ) ,

am i a m ass fo rm ula  w hich  is co n sis ten t w ith  E q . (25). T h e  fa c to riz a tio n  th e o 
rem  p erm its  one to  get th e  follow ing re su lts  fo r the  n u c le o n —nucleon  sc a tte r in g :

й(+)2n _ (2n)\ Г (  ос) __I_____ 2_____ )_ o( + )n_0
Pl/2-1/251/2-1/2 -  22n(ra!)2 Г ( п _ а) г < 1 4 Pl/2-1/251/2-1/2,

/}(-)2 П _r  1/2,1/251/2,1/2 —
(2в)! Д -  a)

r í  1J i n  — ■—- — a

22n (n!)2 T ( n - a )  H _  _ L _ a
X

w (a — 2n) (a — 2n  -f- 1) (_)n„n
X ; , ГТ Pl/2,1/251/2,1/2 VU1 5a(a  +  1)

/?( —)2n±lPl/2-l/2;l/2-l/2

Y n -|---------- a
(2n  -f- 1)! Г ( - о с )  1 2 I

22n ( n !)2 Д п - a )  r  [. L  _  a
ß ( M1/2-1/251/2-1/2 ?

/^1/2^1/251/2,1/2 ( 0 )  —

í̂/2)-lj2U/2-l\2 :

a  - f  1 

2a  +  1
(a +  1)

/ 1̂/2-1/20/2- 1/2 (0) , 

Ä/ 2-1/2U/2- 1/2 ’

w hich are  co inc iden t w ith  th o se  d e riv ed  from  th e  g roup  th eo re tica l ap p ro ach .
T he p ro o f t h a t  th e  M  =  1 R egge pole fam ilies are  th e  sam e as th e  

Regge pole fam ilies d eriv ed  from  M  =  1 T o l l e r  poles in  E E  m ass s c a tte r 
ing is th ere fo re  com pleted .
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АНАЛИТИЧНОСТЬ, ФАКТОРИЗАЦИЯ И СИММЕТРИЯ ЛОРЕНЦА

П. Д И  ВЕЧ ЧИ А и Ф. Д Р А Г О

Р е з ю м е

На базе аналитичности, факторизации и симметрии Лоренца изучаются свойства 
амплитуды рассеяния вблизи t =  0.
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REGGE FAMILIES AND LORENTZ SYMMETRY
B y

G. L . TlNDLE*

D EPA RTM EN T OF PHYSICS A ND LA W RENCE RA D IA TIO N  LABORATORY, 
U N IV ER SITY  OF CA LIFO RN IA , B E R K E L E Y , USA**

Some of the fundam ental ideas o f the conspiracy problem  are discussed in a sim ple 
way. I t  is shown w hy we are forced to consider fam ilies o f  Regge poles. A m odel in which  
R egge fam ilies are characterized by representations of th e  hom ogeneous Lorentz group is 
also exam ined.

T he papers on Regge fam ilies an d  c o n s tra in ts  are  w idely sc a tte re d  an d  
te n d  to  co n ta in  co m plica ted  m a th e m a tic s  w h ich  obscures th e  basic  ideas 
invo lved . F o r th is  reason , I  shou ld  like to  discuss som e of th e  fu n d a m e n ta l 
ideas in  a  sim ple w ay . This h eu ris tic  p re se n ta tio n  will n ecessarily  co n ta in  
incom plete  s ta te m e n ts , w hich m a y  ap p ea r to  be in co rrec t w hen  le ft u n q u a li
fied ; so for m ore carefu l ex p lan a tio n s , an d  g re a te r  d e ta il I  re fe r y o u  to  th e  
B erkeley  p re p r in t [1] “ D au g h te rs , C onspiracies an d  L o ren tz  S y m m e try ” 
w hich  K h a l il  B it a r  an d  I  w ro te  in  A pril. This c o n ta in s  th e  fo rm alism  u n d e r
ly in g  th e  m a te ria l I  shall p re se n t to d ay .

F irs t o f all, I  shall show  w h y  we are fo rced  to  consider fam ilies of 
R egge poles, an d  exp la in  w h a t I  m ean  b y  “ d a u g h te rs ”  an d  “ co n sp ira to rs” . 
W e shall th en  exam ine som e h y p o th eses  w hich le a d  to  a m odel w here  Regge 
fam ilies are  ch a rac te rised  b y  re p re se n ta tio n s  o f  th e  hom ogeneous L oren tz  
g roup . O ur ap p ro ach  will d iffer from  th e  ap p ro ach es  of D o m o k o s  an d  
S u r á n y i  [2] an d  S c ia r r in o  a n d  T o l l e r  [3] a n d  co llab o ra to rs , an d  lead  to  
slig h tly  d iffe ren t re su lts . H ow ever, a t  t =  0, in  th e  case of e la s tic  sc a tte rin g , 
th e  d iffe ren t theo ries coincide. I n  conclusion, we shall see how  o u r re p re se n t
a tio n  m ay  be w ritte n  in  a form  w hich resem bles th e  c o n tr ib u tio n  of pole 
te rm s  in  co n v en tio n a l F ield  T heory .

L e t us s ta r t  b y  looking  a t  th e  u n eq u a l m ass k inem atics [4]. W e shall 
be concerned  w ith  th e  s-channe l sc a tte rin g  of p a rtic le s  (a) an d  (b) in to  p a r t 
icles (c) an d  (d), (F ig . 1). W e ta k e  a p a r tic u la r  m ass co n fig u ra tio n

m a >  m c >  m d >  m b , (I

so th a t  th e  line t =  0 lies p a r t ly  in  th e  s -ch an n e l physica l reg ion  (Fig. 2)

* N.A.T.O. P ost Doctoral Fellow.
** Address after 1st October 1968: Departm ent of P hysics, Queen M ary College, U niver

sity  o f London, Mile End Road, London, E .l.
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W e ta k e  p i  to  d en o te  th e  t-channe l c .m . four m o m en tu m  of p a r tic le  (i). The 
c .m . en e rg y  p a ra m e te rs  s, t an d  и  a re  th e n  defined  b y

S =  (Pa — P b f , t =  ( P a +  Pc)2 an d  u =  {pa — Pdf.  (2)

N ow  th e  s-channel h e lic ity  a m p litu d e  can  b e  expressed  as a lin ea r
c o m b in a tio n  of i-ch an n e l am p litu d es ,

Fig. 1. T w o-body scattering Fig. 2. P h ysica l region boundaries

T h e fu n c tio n  d(%) is th e  u su a l re p re se n ta tio n  of a у -axis ro ta t io n  th ro u g h  
angle X- I n  th e  p h y s ica l reg ion  th e  crossing angles у,- are  a lw ays rea l. The 
d ep en d en ce  on s a n d  t is given b y  expressions o f th e  form

s in y Q
2 m a0 (s ,  t)

A (s ; a , b) A(t; a, c)
(4)

w here A(s; a, b) is a p ro d u c t o f th re sh o ld  fac to rs,

A(s; a , b) =  [(s  — (m a +  m bf )  (s — (m a — m bf ) ] 112, (5)

an d  Ф (s, t) is a fu n c tio n  w hich v an ish es  on th e  p h y sica l reg ion  b o u n d a ry .
W e are  in te re s te d  in  look ing  a t  th e  large s b e h a v io u r of th e  s-channel 

a m p litu d e  g en era ted  b y  poles in  th e  t channel a m p litu d e . B efore do ing  th is  
I  sh o u ld  like  to  sk e tc h  a w ay  o f o b ta in in g  an  ex p an sio n  of th e  ' 3 ^  a m p litu d e  
in  te rm s  o f  ro ta tio n  g roup  re p re se n ta tio n  fu n c tio n s, because we sh a ll refer 
to  i t  la te r  w hen  we co n sid er a “ L o re n tz  po le”  ex p an sio n . W e f irs t  o f  all in d i
ca te  th e  fu ll m o m en tu m  dependence o f  th e  t ch an n e l am p litu d e  in  th e  form

w ith
« Г '~ < Д р'* |Т (Р ) |Д р * > ,

p  =  P a  +  P c  ,

(6)

( 7 )

w here we h av e  ta k e n  energy  m o m e n tu m  co n se rv a tio n  in to  acco u n t. T ra n s
fo rm a tio n s  R P an d  R p. r o ta te  th e  u n it  v e c to r  in  th e  z  d irec tio n  z in to  th e  d irec
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tio n s  o f p  — p a — p c and  p '  =  рь — рл  re sp ec tiv e ly . N o te  t h a t  in  genera l 
th e  m ass shell co n d itions d e te rm in e  th e  magnitudes  o f v ec to rs  p  a n d  p '  once P  
is k now n . Now L o ren tz  in v a rian ce  o f th e  s c a tte r in g  o p e ra to r T ,  a n d  ro ta tio n a l 
in v a rian ce  of P  in  th e  i-channe l c .m . sy stem , allow  us to  ex p ress  in  th e  
fo rm :

&  ~  <RP1 R P' i  \T(P)\ z> =  ^ ( P ;  P - 1 R P' ) . (8)

G roup  th e o ry  th e n  te lls  us t h a t  we m ay  e x p a n d  in  te rm s o f ro ta tio n  g roup  
re p re se n ta tio n  fu n c tio n s,

2  DJ ( P - 1 P p0 &~}{P) . (9 )
j

N ote  t h a t  P  is a fu n c tio n  o f t a lone. I f  we ta k e  p  to  lie a long  th e  z axis w ith  
p '  inc lined  a t an  angle &t in  th e  x  — z p lan e  we have  th e  u su a l p a r tia l  w ave 
ex p ansion

< 9 ~ ^ 2 ' D i (e t) (10)
j

R egge th e o ry  th e n  te lls us t h a t  th e  high en e rg y  b eh av io u r in  th e  s-ch an n e l 
is d o m in a ted  b y  single {-channel pole c o n tr ib u tio n s  of th e  fo rm

^ r ^ D « ( e t) ß \ t ) ,  (11)

w here a  is th e  p o sitio n  of th e  po le  in  th e  co m p lex  У p lane , a n d  ß°(t)  th e  residue . 
F o r  s im p lic ity  I  am  su p pressing  helic ity  ind ices, an d  n eg lec tin g  effects o f 
s ig n a tu re  an d  p a r i ty .

L e t us now  exam ine th e  b e h av io u r o f  th is  c o n tr ib u tio n  (11) for la rg e  s. 
In  te rm s  o f s a n d  t th e  c.m . sc a tte r in g  ang le  is given b y

z = = c o s 0 , =  « ( « - “ ) +  ( » » 5 - » » Э И - т 5 )  (12)
A(t; a, c) A(t; d, b)

F o r fin ite  i, cos 0 /  grow s like s as s —► 00 and  th e  p ro p e r ty  D x =  za 
fo r la rg e  z  m eans th a t  a single R egge pole (11) generates s x b eh av io u r o f th e  
s c a tte r in g  a m p litu d e  ’-T '. In  th e  special case w here  t is zero, un less ma =  m c 
a n d  ть =  тц w e loose th e  dependence  o f  cos 0 ;  on s a n d  can n o t h a v e  
R egge a sy m p to tic  b ehav iou r. M oreover, s -m a tr ix  a n a ly tic ity  im plies t h a t  
[A(i; a, c)A(t; b, d ) / tY D x(z) sh o u ld  be a n a ly tic  a t  t — 0 a n d  w e observe t h a t  
i t  is n o t. H ow ever, in  th e  ex cep tio n a l e q u a l m ass case, w h ich  co rresponds 
to  e las tic  sc a tte rin g , square  ro o t o f t fac to rs  in  th e  th re sh o ld  fu n c tio n s  en su re  
R egge a sy m p to tic  b eh av io u r sa for all t.
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T he q u estio n  now  arises, “ H ow  can  we re ta in  th e  sa pow er b e h av io u r 
in  th e  case of ine lastic  sc a tte rin g , even w h en  th e  m o m e n tu m  tra n sfe r  v an ish es  ?”  
A  possib le  answ er w as g iven b y  M a n d e l s t a m  w ho su g g ested  th a t  co rre sp o n d 
in g  to  each  single R egge pole th e re  ex is ts  an  in fin ite  fam ily  of daughter R egge 
poles. T hese  poles a re  spaced  b y  in teg e rs  in  th e  j  p lan e  w ith  singu lar red u ced  
residues ß(t).

To see how  th is  m a y  w ork  consider th e  fu n c tio n  st  w hich v an ishes w hen 
t is zero. W e shou ld  ex p ec t all well b e h a v e d  fu n c tio n s o f  st to  be in d e p e n d e n t 
o f s fo r zero t. H ow ever, th e  n o n  u n ifo rm ly  co n v erg en t series

(i3 )
к-о

is s d e p e n d e n t fo r all va lues o f t.
W ith  th ese  id eas  in  m in d  D. Z. F r e e d m a n  a n d  J .  M. W a n g  [5] h av e  

ex am in ed  th e  zero sp in  sc a tte r in g  p ro b lem . T hey  h av e  ju s tif ie d  a p re sc rip tio n  
w hich  te lls  us how  th e  d a u g h te r  residues ß*~'“(t) m u s t  be  re la ted  n e a r  t =  0 
to  p rese rv e  th e  s'* dependence  o f S?  fo r la rge  s. K h a l il  B it a r  an d  I  h av e  
considered  th e  case w here p a rtic le s  h a v e  n o n  zero sp in  [1] an d  fin d  t h a t  fo r 
c e r ta in  so lu tions o f th e  d a u g h te r  p ro b lem  one m u s t h av e  p a r ity  d o u b le t 
R egge poles w ith  in te rse c tin g  tra je c to r ie s  w hen  t =  0. M ore recen tly  F . A r b a b  
a n d  J .  D . J a c k s o n  [6] h av e  in v e s tig a te d  th e  m ore co m p lica ted  c o n s tra in ts  
im p lied  b y  d a u g h te r  an d  p a re n t residue  fac to risa tio n . This enables u s  to  
exp ress a residue  ß ^ a c  as a p ro d u c t o f p a r tia l  residues,

ßbä,ac(t) =  ßbd{t)ßac(t)- ( Щ

H ow ever, th e  essen tia l th in g  to  n o te  is t h a t  whenever a Regge pole couples to 
unequal mass particles there m ust exist a fa m i l y  o f  integrally spaced daughters. 
W h en  th e  p a re n t  res id u e  van ish es  a t  t =  0 i t  is sa id  to  be  evasive, a n d  we 
h av e  a s lig h tly  d iffe ren t fo rm alism  w h ich  I  do n o t w ish  to  discuss here .

L eav in g  th e  d a u g h te rs  w hich  arise from  a n a ly tic ity  tro u b les  w hen  R egge 
poles couple  to  unequal m asses I  shou ld  like to  d iscuss co n stra in ts  w hich  
arise  w h en  R egge poles couple to  equal m ass p a rtic le s . A t th e  b o u n d a rie s  of 
p h y sica l regions w here  we h av e  fo rw ard  o r b ack w ard  sc a tte rin g , h e lic ity  flip  
a m p litu d e s  m u s t v an ish . In  th is  case w hen  th e  m asses are  all u n eq u a l a n d  th e  
crossing  angles (4) a re  e ith e r  zero or л ,  th e  re la tio n  (3) ta k e s  th e  fo rm

ЗЪ-.аЬ =  bd-.ac =  0 , b - d + U - C .  (15)

W e h av e  severa l less tr iv ia l co n d itio n s w ith  equal e x te rn a l m ass c o n fig u ra 
tio n s. F o r  exam ple  i f  we consider e lastic  sc a tte rin g , w here  th e  crossing angles 
a re  one has th e  re la tio n
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— 'V'y cd\ab ~  ^  aa a
71

~ 2 ~ ,
d p b

71

T Ф с
71

2
71

2
(16)

This c o n s tra in t on he lic ity  am p litu d es lead s to  co rresp o n d in g  re s tr ic tio n s  on 
R egge pole residues, and  is know n as an  equal m ass co n sp iracy  re la tio n . I f  
we p u t  a R egge pole in  one helic ity  a m p litu d e , we are  fo rced  to  in tro d u c e  a 
n u m b er of consp iring  poles or “ c o n sp ira to rs” , in to  o th e r  a m p litu d es  to  sa tis fy  
th e  b o u n d a ry  co n s tra in ts  (16). T he g enera l re su lt m a y  be su m m arised  b y  
say ing  th a t  when a Regge pole couples to equal mass particles with sp in , there 
m ay  exist a fa m i ly  o f  conspirators.

Two questio n s now  arise. Do th e re  ex is t sim ple g ro u p  th e o re tic a l w ays 
of g rouping  to g e th e r  d a u g h te r  tra je c to rie s , to  p reserve  a n a ly tic ity  an d  a sy m p 
to tic  b eh av io u r a t  t =  0, a n d  co n sp ira to r tra je c to rie s , to  sa tis fy  th e  p h y sica l 
b o u n d a ry  c o n s tra in ts ?  M ay we id en tify  co n sp ira to r  an d  d a u g h te r  tra je c to r ie s ?  
A p a r tia l  answ er to  th e  f ir s t  question  is g iven  b y  th e  w o rk  of D o m o k o s  a n d  
S u r á n y i w ho in v e s tig a te d  b o u n d  s ta te  c lassifica tion  in  a B e t h e  — Sa l p e t e r  
fram ew ork  [7 ], an d  S c ia r r in o  an d  T o l l e r  an d  co llab o ra to rs  [8] w ho in v e s
tig a te d  th e  crossed  chan n e l L o ren tz  decom position  o f th e  b ack w ard  e lastic  
sca tte rin g  am p litu d e . To see how  th is  com es ab o u t we fo llow  a p ro ced u re  s im ila r 
to  th a t  we used  to  o b ta in  th e  p a r tia l w ave ex p an sio n  (9). In  th e  case of 
elastic  sc a tte r in g  w hen th e  crossed ch an n e l fo u r m o m e n tu m  v an ishes th e  
m ass shell cond itions no longer d e te rm in e  th e  m ag n itu d es  o f  th e  re la tiv e  th re e  
m o m en ta  p  a n d  p ' . W e m ay  th e n , b y  an a lo g y  w ith  e q u a tio n  (6) w rite  th e  a m p li
tu d e  in  th e  form

Л Г ^ ( Л р- £ \Т ( Р ) \Л р £ у ,  (17)

w here Л р a n d  Л р, boost a n d  ro ta te  th e  u n i t  v ec to r in  th e  t d irec tio n  z so t h a t  
p  =  \p  I A pz a n d  p '  =  \ p '  \ Л р,Ъ. L o ren tz  in v a rian ce  o f  th e  sc a tte rin g  o p e ra 
to r  T  an d  fo u r m o m en tu m  P  allows us to  express in  th e  form

~  W  Л Р- £ |T (P )| i>  =  «*"(Р ; Л р 1 Л р-) . (18)

G roup th e o ry  te lls us t h a t  we m a y  e x p a n d  in  te rm s o f hom ogeneous L o ren tz  
group re p re se n ta tio n  fu n c tio n s

^  ^  j 0a D ^ a ( Л р 1 Л р-) ^ Р °(Р ) . (19)

The p a ra m e te r  j 0, w hich ta k e s  in teg ra l o r h a lf  in teg ra l v a lu es , an d  th e  c o n ti
nuous p a ra m e te r  a are  e igenvalues o f th e  C asim ir o p e ra to rs  o f th e  hom ogeneous 
L oren tz  g roup , analogous to  th e  p a ra m e te r  j  w hich lab e ls  re p re se n ta tio n s  
of th e  ro ta tio n  group. A rg u m en ts  sim ilar to  those  of R egge th e o ry  th e n  lead  
to  L oren tz  poles in  th e  com plex  a p lan e . A  single p o le  a t  oc w ith  L o ren tz  
p a ra m e te r  M  gives a c o n tr ib u tio n  to  th e  <3^ m a tr ix  o f th e  form
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J T ( S, t) ^  D M* (A p 1 Л р.) ,ŐMa. ( 20 )

In  a s ta n d a rd  | j m  ]> basis  th e  fu n c tio n s  D u° h av e  th e  p ro p erties

D JjfZj'm'(R) =  djj- D Jmm'(R ),
an d

Djmj'm'(Z) =  ômm' Djj"m(Z) ,

( 21)

(22)

w here  R  is a ro ta t io n  an d  Z  is a p u re  b o o s t in  th e  2 d irec tio n .
A fte r  decom posing  th e  L o ren tz  tra n s fo rm a tio n s  Л р a n d  A p, in  th e  fo rm  

Л р — Zp, Л р, =  Rp.Zp, d e ta ile d  analysis show s th a t  we m a y  w rite  eq u a tio n  
(20) in  th e  fo rm

bd)ac '
Ша X1т а  т а :  D ^ - W  ( 2 p-1) D ^ U Z p )  (23)

O n co m p arin g  th is  expression  w ith  e q u a tio n  (11) we see im m ed ia te ly  t h a t  a 
L o ren tz  po le  a t  oc in  th e  a  p lan e  co rresponds to  a fam ily  o f  R egge poles a t  
а  — к  in  th e  j  p lan e  w ith  c o rre la ted  resid u es. T he fam ily  o f  poles is su ch  
th a t  th e  co n sp iracy  co n d itions (16) are  a u to m a tic a lly  sa tis fied .

T he so lu tio n  to  th e  p ro b lem  of th e  g roup  th e o re tic a l c lassifica tion  of 
daughter po les has been g iven  in  te rm s  o f g roup  c o n tra c tio n  th e o ry  [9]. W e 
h av e  a lre a d y  seen exam ples in  w hich  th e  l i t t le  g roup  of th e  P o incare  g roup  
w hich  leav es th e  crossed ch an n e l for m o m e n tu m  in v a r ia n t c a n  be th e  th re e  
d im ensional ro ta t io n  g roup  or fu ll hom ogeneous L o ren tz  g roup . C o n trac tio n  
th e o ry  su g g ests  th a t  w hen th e  g roup  s tru c tu re  changes a t  t =  0 we sh o u ld  
ex p ec t to  f in d  s ingu larities w hen  try in g  to  co n tin u e  l i t t le  g roup  re p re se n ta 
tio n s  as fu n c tio n s  o f t from  p o sitiv e  t to  t =  0. W e m a y  th u s  solve th e  s in g u l
a r i ty  p ro b lem  b y  fin d in g  a c lassifica tio n  g roup  fo r R egge poles w hich does 
not have  c o n tra c tin g  re p re se n ta tio n s  w hen  t =  0. G roups w ith  th is  p ro p e r ty  
a re  such  t h a t  th e  ro o t v ec to rs  o f th e  Lie a lg eb ra  w ith  re sp e c t to  boosts sp a n  
th e  a lg eb ra , a n d  one g roup  w ith  such  an  a lg eb ra  is th e  hom ogeneous L o ren tz  
group . T h u s  i f  we classify R egge poles a t  t — 0 in  th e  case o f  inelastic s c a t te r 
in g  acco rd ing  to  re p re se n ta tio n  o f  th e  hom ogeneous L o ren tz  g ro u p , all d a u g h te r  
cond itions w ill be sa tisfied  a u to m a tic a lly .

W e n o w  exam ine th is  h y p o th es is  in  a sim ple m odel. W e ta k e  R egge 
d a u g h te r  tra je c to r ie s  to  ru n  p a ra lle l to  th e  p a re n t tra je c to r ie s , a lth o u g h  th is  
is n o t n ecessa ry . W e co rre la te  residues in  su ch  a w ay  th a t  th e y  give c o n tr ib u 
tions to  th e  sc a tte rin g  a m p litu d e  of th e  form

(A p l  A p J ,

w here th e  m o m e n ta  pt,d a n d  p ac are  to  be d e te rm in ed . T h e  m ost g enera l 
c a n d id a te s  w h ich  lead  to  a  R egge pole ex p an sio n  are in  fa c t of th e  fo rm
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P « = P a  +  fp£= l / 2 ( l + f ) P  +  l / 2 ( l - í ) p
an d

Pbd =  Рь +  £' Pd =  1/2 (1 +  f ')P  +  1/2 (1 -  П  P '.  (24)

I t  is im p o r ta n t to  n o te  th a t  o n ly  w hen th e  L o re n tz  pole e x p an sio n  is v a lid  
w ith  P  =  0 is th e re  no  am b ig u ity  in  th e  defin itio n s of P ac an d  Pbd- T h ey  effec
tiv e ly  reduce  to  p  a n d  p '  for all £ an d  £'. In  o rd e r  to  proceed fu r th e r  we shall 
need  a n  id e n tity  con n ec tin g  hom ogeneous L o re n tz  group re p re se n ta tio n s  [1]

2  D {r« \  (à) (ô') D i ï*  ( в )  =  2  О Ш  В Ш )  D í f W r ) ,  (25)
х  = 0 ß

w here
sinh ô' sin  0  . , s in h  ô s i n ©

sin  ip =  --------------------- , sin ip =  -------------------- , (26)
sinh  y sinh  y

an d
cosh  y  =  cosh ô' cosh ô s in h  ô' sinh ő cos 0 .

W e se t Apx =  Z Pac =  e~,kii an d  A Pu =  R ( ß t ) Z Pbd an d  id en tify  th e  L .H .S . 
o f e q u a tio n  (25) w ith  th e  c o n tr ib u tio n  of a single L oren tz  fam ily . I f  we proceed  
to  co m p u te  th e  ang le  y  we shall f in d  th a t  i t  is su ch  th a t  th e  exp ression  on th e  
R .H .S . has sim ple R egge a sy m p to tic  b eh av io u r fo r  all values o f  t. This re su lt 
is q u ite  in d e p e n d e n t o f th e  choice of p a ra m e te rs  £ and  £' en te rin g  to  th e  
defin itio n s of Pbd a n d  P ac. In  th e  case w here pbd =  p '  an d  p ac =  p  we fin d  
th a t  a t  t =  0

an d

co sh y

sinh  y

2 s - J!  m 2________
2 [{m \  +  ml) (m2b +  m a)]1/2

4 {ml  +  ml)(ml  +  m 2d)

T his fo rm  of L o ren tz  fam ily  sum  h as been used  in  th e  off m ass shell expansions 
of D o m o k o s  and  S u r á n y i [2]. O n close e x a m in a tio n  we fin d  t h a t  th e  fu n c tio n  
sinh  y  has square ro o t  b ran ch  p o in ts  w hich h a v e  no  sim ple p h y sica l in te rp re 
ta t io n . W e have e lim in a ted  th e  d au g h te r p ro b lem  a t  th e  expense  of in tro 
d u c in g  new  u n p h y s ica l k in em a tic  b ran ch  p o in ts  in to  th e  m odel. B y  choosing 
th e  p a ra m e te rs  £ a n d  £' c a re fu lly .i t  is possib le to  exp lic itly  e lim ina te  th ese  
sp u rio u s b ran ch  p o in ts  a lto g e th e r. The co n d itio n  is £ =  0 or oo a n d  we id e n 
tify  p ac w ith  p a o r p c an d  pbd w ith  рь  or p d. In  su ch  c ircum stances w ith  p ac =  p a 
an d  pbd =  рь th e  ang le  у is g iven  b y

sinh у a» b)  ̂ cogh 7== - s • <  +  ml
2 m a m b 2 m a m b

(27)
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w here  th e  k in em a tic  th re sh o ld  fa c to r  A (s; a, b) is defined  in e q u a tio n  (5). M ore
o v er th e  angles y> a n d  yi' are s im p ly  re la te d  to  th e  crossing  angles (4). A  careful 
an a ly s is  in d ica tes  t h a t  th e  phases a re  such  th a t  all  equal m ass conspiracy  
re la tio n s  an d  p h y sica l b o u n d a ry  c o n s tra in ts  are a u to m a tic a lly  sa tisfied . I 
sh o u ld  p e rh ap s  re m a rk  here t h a t  we are  p rin c ip a lly  in te re s te d  in  th e  b eh av io u r 
n e a r  t =  0, b u t  observe t h a t  o u r m odel has in te re s tin g  p ro p e rtie s  for all 
v a lu es  o f t.

I f  we now  ta k e  th e  L o ren tz  pole ex p an sio n  (23) as a b o u n d a ry  cond ition  
o n  th e  fo rm  of o u r L o ren tz  fam ily  su m  in  th e  case w here  m asses beco m e equal, 
we f in d  th a t  o u r ex p an sio n  also gives th e  co rrec t th re sh o ld  b eh av io u r to  Regge 
res id u e  fu n c tio n s . M oreover we m a y  id e n tify  th e  L o ren tz  fam ily  p a ra m e te r  
j 0 w ith  th e  L o ren tz  pole p a ra m e te r  M .

W e h av e  show n th a t  i f  we g roup  R egge poles to  form  L o ren tz  fam ilies 
acco rd in g  to  th is  p a r tic u la r  m odel, all d a u g h te r  re la tio n s  an d  consp iracy  
co n d itio n s are  a u to m a tic a lly  sa tis fied . W e have also  been able to  iden tify  
d a u g h te rs  w ith  co n sp ira to rs .

In  conc lusion , I  shou ld  like to  show  th a t  o u r m odel is not uniquely  
determined  b y  th e  L oren tz  pole b o u n d a ry  cond ition . O ne u n sa tis fa c to ry  fea tu re  
as i t  s ta n d s  is th e  m an ifes tly  u n sy m m e tric  a p p e a ra n ce  of b o u n d  s ta te  poles 
a n d  e x te rn a l p a rtic le s . T his m a y  be overcom e b y  w ritin g  th e  c o n tr ib u tio n  
o f  a single L o ren tz  fam ily  in  th e  fo rm

, r/ M „oa МеЯс M a  r ) j  / о  \  i / М ьаь M dad M a  
'  saa scc y'A 1 '?.?/ V - 't)  '  Sbb sdd ]/.' ’ (28)

w here  M  an d  a  d en o te  L o ren tz  p a ra m e te rs  asso c ia ted  w ith  each  ex te rn a l 
p a r tic le  an d  h o u n d  s ta te . T he fu n c tio n  V™“°a p[a is given b y

Т /М а0 д M cdc M a  
v saa sec jX =  (Z p ) D ™ fiüa ja u  '  y a '  * cjc

( 7  \ r F -Gala rF cG cjc  r ’Pa F c F  Г Г,а G° G f F  G J
K ^ p J  b fagaO. '~‘Scg '~ c ° fa  l e  ‘ ° ga gc g  V /  g  *

— Г)МсОс ( У  у - 1 \  f F a Oa Sa n F c G c j t  г n F  л F  с F  f G a Ge G i y  F  G S Г )М а /y  \
— U S 'jc-C  \ ^ P e A Pa )  4 a  ga O 4 c  g , ~C L4 „  f e f  4 „  gc g  1 4  g  A U g Pa) »

(29)

w here  th e  fu n c tio n s  C are a n a ly tic  c o n tin u a tio n s  o f o rd in a ry  C lebsch G ordan  
coeffic ien ts  an d

M  =  F - G ,  a  =  F  +  G . (30)

T h e  te rm  in  sq u a re  b ra c k e ts  m a y  be  reg a rd ed  as a v e r te x  fu n c tio n  coupling 
tw o  p a rtic le s  to  a R egge pole an d  is b y  no m eans u n iq u e . W e have  effectively  
w r itte n  th e  c o n tr ib u tio n  of a L o ren tz  fam ily  in  th e  fo rm  of a pole te rm  in a 
c o n v en tio n a l F ie ld  T h eo ry  w ith  n o n  d e riv a tiv e  coupling .
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СЕМЕЙСТВА РЕДЖЕ И СИММЕТРИЯ ЛОРЕНЦА 
Г. л .  т и н д л

Р е з ю м е

Простым методом дискутируются некоторые основные идеи заговорщицких проб
лем. Раскрывается причина, побуждающая нас сравнивать семейства полюсов Редже. 
Исследуются также некоторые гипотезы, ведущие к модели, в которой семейства Редже 
характеризуются в представлении однородных групп Лоренца.
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Tt-N  RESONANCE WIDTHS 
IN THE BROKEN SL(2, C) MODEL

B y

K.  S z e g ő  and K. T ó t h

CEN TRA L RESEA RCH  IN S T IT U T E  FOR PH Y SICS, BU DA PEST

The elastic decay w id th  of some л  N  resonances is eva lu ated  in the SL (2, C) m odel 
o f Regge poles. Two fam ilies o f resonances are exam ined in th e  first order of sym m etry  break
ing, one o f them  has isotop ic  spin I  = 1 /2 ,  th e  other I  = 3 /2 .  The w idth  of other resonances 
along the trajectories is calculated in sy m m etry  lim it and th e  differential cross-section is 
exam ined for n N  backward scattering. The results are in good agreem ent w ith experim ents.

I

T h e  a n a ly tic ity  prob lem s o f th e  Regge th e o ry  a t  и =  0 fo r  u n eq u a l 
m ass sc a tte r in g  led p h y sic is ts  to  th e  d iscovery  o f  a  h ig h er sy m m e try  of th e  
R egge poles, th e  SL(2, C) one [1]. T h is  sy m m etry  m an ife s ts  itse lf  in  group ing  
th e  poles in to  fam ilies a t  u  =  0. N e a r  и  =  0 th e  S L (2 , C) sy m m etry  is b roken . 
T he b re a k in g  m echan ism  has been  e lab o ra ted  b y  D o m o k o s  an d  S u r á n y i  [2]. 
T hey  h a v e  app lied  i t  successfully  to  classify  th e  i i N  resonances [3]. T he aim  
o f th is  p a p e r  is to  ca lcu la te  th e  e la s tic  w id ths of th o se  resonances.

I I

T h e  e lastic  d ecay  w id th  of я  — N  resonances is given b y  th e  form ula

Г'1 =  f  d p  dq 0“ (P  -  p  -  q) |<1V* ( P ) I T  \n(q) N(p)}\> . (1)
2 л  J

In  w h a t follow s we sh a ll ca lcu la te  th e  tra n s itio n  m a tr ix  elem ents m a k in g  use 
of th e  SL (2, C) sy m m e try  of th e  R egge poles. ( N *  | T  \ л  N y  =  g j ( P 2) 
can  be co n tin u ed  a n a ly tic a lly  n o t o n ly  in  P 2 h u t  in  J ,  th e  spin o f N *  as well 
(the  k in e m a tic a l s in g u la rities  are sep a rab le ) , and  i t  is e v id e n t th a t  th is  q u a n tity  
is solely th e  v e rte x  fu n c tio n  of a N *  ty p e  Regge po le  a t  J  =  oc(P2). T he fa c t 
th a t  th e  R egge poles a re  grouped  in to  fam ilies m ak es i t  possible to  connect 
th e  re s id u a  of th e  d a u g h te rs .

L e t us now  co n sid e r th e  л  N  b a c k w a rd -sca tte r in g  am p litu d e  a t  и =  0, 
s 0.

n NР з /
s =  (Pi + Р г ) 2> u  =  (P i +  Pi)2 =  p 2 '

s '
2 4 =  Pl — P4 » 2 4 =  Pi — Ps »
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T h e  L o ren tz -po le  te rm s , giving th e  m ain  c o n tr ib u tio n  to  th e  a m p litu d e  can 
b e  w ritte n  as [4]

1 / /т?   j'2\
F ^ (s ,  и =  0) ~  У  —  '-----—  • - ® { Z  i W 1) T °ij°

IJ• 8 7Г cos n  a I
( 2)

1 1 Vi
— i  г exp  1 Л a —-------

2 l 2 1

T  is th e  s ig n a tu re  fac to r , P J°°, Г * ]°а are th e  fac to rized  re s id u a  of th e  
L o re n tz  poles, T*°a =  Г*,а Г * ^ ’7. F u r th e r , we can  w rite

T Ja a JDlfs'x' =  (Lq L / )  =  £  < j0 a j in  \T \ j0 a jm )  Æ>Üjm{Lq) JD% s\ i W )
jm

У  ( jo  a Í m  T  jo aJm > d i f j  
jm

Яо
• d k ЯЯ /7 Jo a %

я \я\ ■ lî'l a j P s ' я

(3)

H ere  ( j 0a j m )  are  th e  L oren tz  q u a n tu m  n u m b ers  o f th e  R egge poles which 
“ in te rm e d ia te ”  b e tw een  th e  in itia l an d  fina l s ta te s . The p a r i ty  is a good 
q u a n tu m  n u m b e r o f  th e  poles, so we diagonalize  in  it. T he p a r i ty  opera to r 
P  ac ts  on a  s ta te  | j 0a j m )  as P\ j 0a jm )  =  r\{— i y _s | j 0o jm ) .  So w e in troduce  
th e  p a r i ty  e ig en sta te s  as

Jo a j m ,  s, ± >
1

{!Joo j m , s > ±  ( — 1)J s y \—jo<rjm,s'>}.

W e need  n o t labe l th e  red u ced  m a tr ix  e lem ent o f  T  w ith  th e  p a r i ty  q u an tu m  
n u m b e r because  ( j 0ctjm, - f  | T  \ j 0a jm ,  + )  =  ( j 0ajm,  — \ T  \ j 0ajm,  —)  =  
=  y{— l) J~S( — j 0 a jm ,  +  I T  I j 0 a jm ,  + >  =  — — <j0a j m , — | T  | -

— jo aj m -> —>•
T h ere  is n o th in g  e x tra o rd in a ry  in  th is ;  th e  H I .  class co n sp iracy  m eans th e  
sam e: th e  re sid u a  o f  th e  p a r i ty  d o u b le ts  are e q u a l a t  и =  0. In tro d u c in g  th e  
p a r i ty  q u a n tu m  n u m b e r in to  E q . (3) we can  w rite :

jZ >& v +  T -1* =

=  { (d l f j+ V i  — 1)J_S dsj f a) ( j 0 a jm , s, +  T  j 0 a j m ,  s ',  +  > • (4)
j,m  A

■ (djK ' +  V ' ( - 1) J ' - 5' d J . f )  +  (dlfj - r , ( - 1 ) J -  d $ )  ■

• ( j o aj m ,  s* — \T \jo a jm , s ',  — > • ( d f a  —  rj( — d j j p ) }  d { x .

W e suppose  th a t  th e  L o ren tz  re s id u u m  Tj"“, is fac to rizab le : Tj"“, =  Г1°а 
H ence , if  we co m p are  E qs. (2) a n d  (4) w ith  th e  o rd in a ry  R egge decom position
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we fin d  t h a t  th e  re s id u u m  of a pole o f  p a r ity  P , b e ing  th e  x - th  m em b er o f a 
fam ily , lab e lled  b y  (j 0, a) is:

ßo ! -x =  n ° °  (di%-i - x ±  *?(—1 Г 1-*-* rfj&i-») , (5)

w here s is th e  to ta l  sp in  an d  P. th e  to ta l  lielicity  of th e  in  (out) going s ta te  
w ith  w hich  th e  pole is coupled.

U p to  now  we h a v e  adhered  to  th e  p o in t и =  0: we ap p ly  th e  S L (2 , C) 
sy m m etry  b reak in g  m e th o d  [2] to  go to  th e  region o f  resonances. W e shall 
w ork  in  th e  f ir s t  o rd er o f th e  sy m m e try  b reak ing . So we w rite  th e  sc a tte r in g  
am p litu d e  as is done in  E q . 14 of [2a] a n d  sep ara te  th e  residue in  th e  sam e 
w ay  as we d id  in  th e  sy m m e try  lim it. T h e  resu lt is:

ßßÄN*  -  ЛГя) =  ~  C] (N *, N n )  { A  (djgl2(x) ±  ( -  1)'41'2d j fâ (x ) )  +
1 *

+  W [ B C Ç f â o  ÿ (* )  ±  ( - 1  У+11,2« +1(*)) +

+  С - С ^ Й о  № ( * )  ±  ( - 1  )̂ +1/2d j ijr 1W ) +
+  D ■ С ^ с )  (á/ Ш * )  ±  ( - 1 ) ;о+1,2« 1а(*))]}

a n d

P(lV*_vlV7r) =  — ------ 1—
2 я  2у U 1

т л

М

In  th e  case o f a я IV sy s tem  we have o n ly  th ree  b reak in g  te rm s  because o f  th e  
co n s tra in t fo r th e  sy m m e try  lim it: | / 0| =  1/2. In  E q . (16) j  is th e  sp in -p a r ity  
of th e  resonance , fx is its  sp in -p ro jec tio n  q u an tized  a long  th e  z-axis of a coo r
d in a te  sy stem  in w hich th e  th re e -m o m e n tu m  of th e  N *  is zero, X is th e  h e lic ity  
o f th e  nucleon . The in d e x  cr is a h a lf  in teg e r d en o ting  th e  ac tu a l fa m ily  to  
w hich th e  resonance  belongs. W  s tan d s  fo r th e  m ass o f th e  resonance, W  =  M  
for th e  resonances of n a tu ra l  p a r ity , a n d  W  — — M  fo r tho se  of u n n a tu ra l  
p a r ity . As can  easily  be  seen [5]:

----- — — m2n — } — 4 uq2 -f- (m% — т 2л)2] =
4uqz

(m 2N
4 uq2

2 Wp
9  9т-кт — m~

w here и =  W ‘z =  M 2, 4g2 =  2 (m% -(- m t)  — и  and  p  is th e  m ag n itu d e  o f th e  
th ree -m o m en tu m  of th e  p ion  an d  n u c leo n  in  th e  fin a l s ta te .

Now we have  to  say  a few w ords a b o u t th e  “ re d u ced  m a tr ix  e le m e n ts”  
A ,  B ,  C, D. As an  ex am p le  we ta k e  A .  I t  consists o f  a ]/ст2 — j 2 fa c to r  an d
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a fu n c tio n  A ' (и). F o r  co m p en sa tin g  th e  s in g u la r ity  of th e  dJ°a functions a t  
th e  p o in t и  =  2 (mij  -f- m„) w e w rite  A '(u )  as

A '( u )
Ц 2

u0

l / 2 ( o - l )

g(u) ( ? )

a n d  suppose g(u)  to  be a sm o o th  fu n c tio n  o f  u.
F in a lly , we n o tice  th e  fa c to r  1 ^  (— 1)7+1 2]/x in  ß com ing  from  th e  

co m b in a tio n  d 1 20 i  ( — l Y +112 d ~ ll2a. To h av e  th e  well know n  th resh o ld  b e h a 
v io u r  we define th e  physica l sh e e t b y  th e  p re sc rip tio n :

Г* =  - ~ 7 ^ -  (1 -  V -  4 Щ2 +  (тЪ -  m ir)

fo r th e  resonances o f n a tu ra l p a r i ty  ( W  =  M ), an d

Yx =  (1 -  V—4 uq2+ { m 2N - m l ) 2)— 2 W \ q z

fo r  th e  resonances o f  u n n a tu ra l  p a r i ty  (— W  =  M ) .  Cj a n d  Cs°l(2,C) in E q . (6) 
a re  isospin  a n d  SL(2, C), C leb sch —G ordan  coeffic ien ts ,

CiL(2,c) =  <?' jó jm ;  1000 j a j 0j in ) .

T he fo llow ing in te rp re ta t io n  differs from  t h a t  of E q . (6) in  [2]. H ow ever, 
i t  w as in d ic a te d  fo r  us b y  th e  au th o rs  of [2]. I n  th e  o rig inal fo rm  of E q . (6) 
ev e ry  q u a n t i ty  is to  be ta k e n  a t  и  =  0. B u t  th is  is n o t n ecessa ry , as can  be 
seen  from  a co n sid e ra tio n  o f th e  follow ing.

A Fx/tX’ft' sc a tte r in g  a m p litu d e  is th e  fu n c tio n  o f th e  s ix  in v a rian ts  P 2, 
Pq, Pq', qq', q2, q'2. W hen  in tro d u c in g  o v er a g roup , w e sough t a g roup
G so th a t  if  g£G, g P  — P,  b u t  gq q- I f  P  =  0, th is  g ro u p  is th e  SL(2, C). 
I f  P=?^ 0, on ly  th e  Pq, Pq, ty p e  q u an titie s  b re a k  th e  in v a ria n c e  b u t  p 2 does 
n o t. In  th is  w ay , we e x p a n d  F ^ ^  in to  T a y lo r  series in  Pq, Pq',  b u t n o t in  
P 2. T h a t is to  say , in  E q . (6) ev e ry  q u a n ti ty  h a s  a P 2-dependence . The fu r th e r  
s tep s  are  th e  sam e as in  th e  p rev io u s case, so th e  f in a l fo rm  rem ain s th e  sam e.

T he five  u n k n o w n  fu n c tio n s  w h a t w o u ld  be in  th e  gen era l case in  E q .
(6) can  be chosen  to  be re a l: a t  u  =  0 w here  on ly  th e  sy m m e tric  te rm  is n o t  
zero , th e  tr a je c to ry  is rea l so th e  residue is rea l as well. A s we neglect th e  
im ag in a ry  p a r t  o f  th e  tr a je c to ry  th ro u g h o u t o u r ca lcu la tio n , i t  is co n sis ten t 
to  ta k e  th e  re s id u a  to  be rea l. (T here is a n o th e r  a rg u m en t, le a d in g  to  th e  sam e 
re su lt. T he f ir s t  d e riv a tiv e  th e  o f residue fu n c tio n  th a t  g ives th e  firs t o rd e r 
sy m m e try  b re a k in g  te rm  tra n s fo rm s  as a v e c to r . B u t o n ly  tw o  ty p es  of v ec to rs
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can. be com posed o u t o f th e  o p era to rs  we have: q,, a n d  y,,; each y ields a com plex 
p a ra m e te r, so th e  to ta l  n u m b er o f  th e  p a ra m e te rs  is four.)

I l l

A fte r sum m ariz in g  th e  m ain  p o in t we a p p ly  th e  m ethod  fo r g e ttin g  th e  
elastic  decay  w id th  o f tiN  resonances. F o r n u m erica l ca lcu la tions we have 
chosen th e  I  =  3/2, a  =  9/2 an d  I  =  1/2, a =  7/2 fam ilies c lassified  in  [3]. 
To red u ce  th e  w ork  we h av e  ta k e n  d egenera te  m asses in  th e  fam ilies, excep t 
for ca lcu la tin g  th e  ph ase  spaces. T h e  cen tra l m asses w ere o b ta in e d  from  th e  
sy m m e try  lim it o f th e  tra je c to ry  fo rm u la  f i t te d  in  [3].

a)

The c e n tra l m ass is M 0 =  1.94 GeV. F ro m  a le a s t  squares f i t  w e o b ta in ed  
th e  follow ing va lu es  fo r th e  p a ra m e te rs  defined  as a — l / j / lk r* 1 2̂ a— b =  
=  l l ^ 2 n x i ~aB,  e tc .: a  — 2.15, b = —0.40, c =  0 .00 , d  = —0.45. In  th e  sy m 
m e try  lim it a =  2.29. T he resu lts  fo r th e  w id th s , sum m arized  in  T ab le  I , 
are in  good ag reem en t w ith  ex p e rim en t. T he w id th  o f th e  m issing G37 resonance 
is p red ic ted  w ith  th e  sam e m ass v a lu e  as th a t  o f  -̂ 37 •

b) I
1
2

T he cen tra l m ass is M 0 =  1.66 GeV. P a ra m e te rs  are: a =  2 .60, b =  1.25, 
c =  —0.48, d =  0.53. In  th e  sy m m e try  lim it a =  2.56. As can  be  seen from  
T ab le  I I ,  th e re  is a p rob lem  co n n ec ted  w ith  th e  Su  resonance. E ith e r  th e  
Г л  — 186 MeV is r ig h t fo r th e  iV*(1550), or th e  resonance  IV*(1700) belongs 
to  th e  a  =  7/2 fam ily .

To ge t in fo rm a tio n  on th e  u-dependence  o f  th e  fu n c tio n  g(u)  in  (7), 
we e v a lu a te d  som e o th e r  elastic  w id th s  in sy m m e try  lim it su p p o sin g  u 0 to  
be c o n s ta n t. W e o b ta in ed :

th e o r  (MeV) exp  (M eV) [7]

P 33(1236) 6.29 2 2g2u  0 = 120 120
Я 311(2420) 2.30 ■105 g2u 0 = 30 34
J 315(2850) 1.28 • 10s 2 —4g u o  = 13 13
■^319(3230) 9.79 • 1010 2 — 6 g U 0 = 300 2
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F o r th e  n e ig h b o u rs  P 33 an d  H 3n o f th e  f i t te d  fam ily  ta k in g  th e  sam e 
v a lu e  o f  g(u) as i t  is a t  и — 1.942 GeV2, |/20g(1.942) =  0.22 we o b ta in e d  n early  
th e  r ig h t  w id th s  i f  u 0 =  20 GeV2. I f  we desire a q u a lita tiv e ly  n ice  p ic tu re  in  
th e  sy m m e try  lim it, g(u)  m u st decrease  w hen и is increasing. To o b ta in  th e  
cross-sec tio n  of N tc b ack w ard  sc a tte r in g  th e  g(u)  fu n c tio n  has to  decrease 
a g a in  a t  sm all u va lues.

d )  I

theor(M eV )[7] exp(M eV )[7]

Gx 7(2190) 16.3 • 103 ~o —2
g-И 0 =  68 75

Ju (2650) 61.2 • 103 è 2u ô l =  170 27
K m (3030) 12.4 • 108 -2 —6 ë U 0 =  240 2.5

F o r  th e  n N  coup ling  c o n s tan t we h a v e  ta k e n : £2/4 я  =  15. A gain  ta k in g  g(u) 
a t  и — 1.662 GeV2, u 0 =  12 GeV2. W e e v a lu a ted  th e  w id th  of Sn (1550) suppos
in g  to  be  th e  M ac D ow ell p a ir  o f th e  nucleon , w ith  u 0 =  12, g(1.552) =  g(1.662). 
T he re su lt  is w rong  (3 GeV). H ow ever, th e  resu lts  a re  w onderfu l fo r n +p  —*■ тг+р 
b a c k w a rd  sc a tte r in g  if  g(0) =  g (1 .662). (W e le f t o u t th e  sm all c o n tr ib u tio n  
o f th e  A -tra jec to ry .)  [6].

P i a b ( G e V / c )  5.9 9.9 13.7 17.1
dtr . + + th eo r.l /z b a rn  16 4 1 75 1
d u  P  > T P) U=° e x p .  J G e V  21 ±  1 6 ±  0.5 3 ±  0.5 2 ±  1
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Table I
I  =  3/2 resonance  w id th s  (elastic  w id th  in  MeV)

e x p .  [7 ]
i n  s y m m e t r y  

l i m i t

w i t h  f i r s t  o r d e r  
s y m m e t r y  

b r e a k in g

F 3 7 ( 1 9 2 0 ) 8 5 5 3 . 5 8 4 . 5

0 3 5 ( 1 9 5 4 ) 4 7 4 6 3 5

P 3 3 ( 1 6 8 8 ) 2 8 6 4 5 3

S 3 1 ( 1 6 7 0 ) 5 0 6 6 4 1

G 3 7 ( 1 9 2 0 ) — 5 3 2 0

JPM ( 1 9 1 3 ) 5 7 4 5 4 6

D 3 3 ( 1 6 9 0 ) 3 7 6 4 6 0

P » ( 1 9 3 4 ) 1 0 1 7 4 9 1
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Table II

I  =  1/2 resonance w idths (e lastic  width in MeV)

exp. [7] in symmetry 
limit

with first order 
symmetry 
breaking

D 15(1680) 68 81 77
P i3(1530) — 105 130

R o s e n f e l d 39 156 182
S n (1550)

L o v ela ce 186

Su (1710) 240 180 205
F 15(1690) 85 81 92
ô i 3(1530) 76 105 76
P n(1466) 138 144 133

R E F E R E N C E S

1. G. D om okos, Phys. Rev., 159, 1387, 1967; M. T o ller , Nuovo Cim ento, 54, 295, 1968;
— D. Z. F reedm a n  and J. M. W ang , P h y s. Rev., 153, 1596, 1967.

2. G. D omokos and P. Su r á n y i, N uovo Cimento, 56A, 445, 57A, 813, 1968.
3. G. D omokos, S. K övesi-D omokos and P. S u r á n y i, Nuovo Cim ento, 56A, 233, 1968.
4. G. D omokos and G. L. T in d l e , Phys. R ev ., 165 , 1906, 1968.
5. A. Se h e s t y é n , К . Szegő and K. T óth , preprint K FK I 18/1968; Fortschritte der P hys.

17, 167, 1969.
6. A. A shm o re  e t ah, Phys. R ev . L ett., 21, 389, 1968.
7. A. H. R o s e n f e l d  et ah, D ata on Particles and R eson ant States, Janu ary  1968; L o v e l a c e ,

Proceedings of the H eidelberg International Conference on H igh  Energy P hysics, 
Heidelberg, 1967.

РЕЗОНАНСНЫЕ ШИРИНЫ л -  N В МОДЕЛИ НАРУШЕННОЙ
SL (2, С)

К. СЕГЭ и К , ТОТ  

Р е з ю м е
Исследуется ширина упругого распада некоторых резонансов лЫ в модели 

SL (2, С) полюсов Редже. Два семейства резонансов рассматриваются в первой степени 
наружения симметрии, одно из которых имеет изотопический спин /  =  1/2, другое / =  3/2. 
Ширина других резонансов вдоль траекторий вычислялась в лимите симметрии, диф
ференциальное поперечное сечение рассматривается для лЛ! рассеяния назад. Резуль
таты хорошо согласуются с экспериментальными данными.
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THE MULTIPERIPHERAL MODEL

By

F.  E.  L o w

MASSACHUSETTS IN ST ITU TE OF TECHNOLOGY, CAM BRIDGE, M ASSACHUSETTS, USA

The multiperipheral Regge model attem pts to substitute a more plausible model for 
the re-particle production amplitude which is significant in unitarity-type equations.

L et m e s ta r t  w ith  a rev iew  o f th e  m e th o d  of A m a t i , F u b in i  a n d  
S t a n g h e l l in i . T h ey  ca lcu la te  th e  im a g in a ry  p a r t  of th e  sc a tte r in g  a m p litu d e  
b y  add ing  m u ltip e rip h e ra l co n tr ib u tio n s  to  th e  u n ita ry  e q u a tio n , th u s  i f  A n 
is th e  c o n tr ib u tio n  from  n  m esons (in a h y p o th e tic a l sc a la r  m eson m odel):

P'

p'-q

An= q

p

pо

(n rungs)

P°

or, in  te rm s o f a recursion  re la tio n ,

d*qô(q2 -)- mr)
A n(pi P  IFo’-Po)

°) = e i [(p -  q? +  Up' qf +  m2\J H p , p \ q ) ^ n_ 1dq.

A n - i (p  q^p q;po’Po),

( i )

T he p h ysica l ab so rp tiv e  p a r t  is g iven  b y  A  =  У  A n ,  w h ich  th u s  sa tis -
n=2

fies th e  in teg ra l equa tion

A(p, p'i Pw p’o) = A  +  j *(p> p\ q) A(p -  q, p — ?; f v  pó)- (2)
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T he in v a ria n c e  of th e  k e rn e l o f th is  eq u a tio n  w ith  re sp ec t to  L o re n tz  
tra n s fo rm a tio n  o f p ,  p '  an d  q  (b u t n o t p 0 or pó)  leads to  a n  a sy m p to tic  p o w er 
law  b e h a v io r fo r  th e  so lu tio n  o f th e  hom ogeneous e q u a tio n , A h:

A h~ s a(t) a( t,p2,p ' 2) ,  (3)

w here t  =  — (p  —  p ' ) 2 a n d  s = — (p  +  p 0)2 are  th e  u su a l m o m en tu m  tra n s fe r  
an d  energy  v a riab les .

Since th e  in h o m o g en e ity  A 2 goes lik e  1/s, a n y  <x(i) g rea te r th a n  — 1 
will d o m in a te  th e  so lu tion .

W e k n o w , in  fa c t, t h a t  th e  te rm  A 2 is com plete ly  ex tingu ished . T o  see 
th is , we w rite

^4js, t) I drA(T, t)sTdr (4 )
C

T he so lu tio n  is th e n , ro u g h ly ,

(5>
w here A 2(t ) has a fix ed  pole  a t  J  — — 1 co rrespond ing  to  th e  1/s b e h a v io r  o f 
A 2(s). H o w ev er, D (J)  also has a fixed  pole  a t  J  =  — 1, so th a t  in th e  ra t io  
th e re  is no po le  a t  J  =  — 1, a n d  hence a p u re  pow er. (N o te  th a t  th is  a rg u m e n t 
does n o t a p p ly  to  th e  e x tin c tio n  of c u ts , since b ra n c h  p o in ts  do n o t can ce l 
like  poles.)

T he ex ten s io n  I  w ill now  discuss grew  o u t of co n v e rsa tio n  w ith  M. L . 
G o l d b e r g e r  an d  G. F . C h e w , an d  w as p a r tic u la r ly  s tim u la te d  b y  th e  w o rk  
o f Ch e w  a n d  P ig n io t t i .

T he m u ltip e rip h e ra l R egge m odel a t te m p ts  to  s u b s ti tu te  a m ore p lau s ib le  
m odel fo r th e  n  p a rtic le  p ro d u c tio n  a m p litu d e , to  w it:

q,

( 6 )

p pn
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w here  th e  h ea v y  lines ind ica te  R egge ra th e r  th a n  partic le  ex ch an g e  (we assu m e  
one R egge in p u t pole oc0. for s im p lic ity ). T h e  correspond ing  fo rm ula  h as

I I  ( A ,  /+ i ) a“(/,)+lo(i‘') ß ( h ,  tir-, <Pi) ß * (h ;  h r ,  (Pi) , (7)

(w here s,,,+i =  — (<p +  g,+i)2 a n d  q>i is a T o lle r  angle) in  p lace  of th e  sim p le  
F e y n m a n  d en o m in a to rs  of th e  m u ltip e r ip h e ra l m odel. T h e  d iagram  fo r A„ 
becom es

C learly , i t  does n o t sa tisfy  a sim ple re c u rs io n  re la tion  since  a co rre la tio n  
s12 has to  be in tro d u ced .

W e m ay , how ever, b ack  o ff one in te g ra tio n , and  d efine  a new  fu n c tio n  
B n w hich  leaves o u t th e  la s t q in teg ra l. T h u s :

A n =  f d 'qB n(p, p ' ,  q ; p ()p'0) g(q2 +  m 2) ß 0(ti) ßi, (tß) (8)

and  B n satisfies th e  equa tion :

Bn{p,p',qiPoPo) =  J d4 qx ô(qi +  m2) [— (q +  q j2]

ß(p — q,p -  q — ?i) ß*(p' — q, p - q -  qô (9)

Bn-\(p — q,p' — g- qi ; p0, p’o),

fo r w hich  again  an  in teg ra l e q u a tio n  for В  =  ^  B n can  b e  derived . A gain ,
n= 2

the L oren tz  in v arian ce  of th e  k e rn e l leads to  an  asy m p to tic  dependence  
o f В  (w here sx =  — (p  — q +  p 0)2) an d  a co rrespond ing  s“d) b e h av io r o f A .
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T he fo llow ing p o in ts  a re  s ign ifican t:
i. T he  te rm  A 2 is n o t now  given b y  a fixed  J  po le  a t  J  =  —1, b u t  b y  

a c u t ru n n in g  u p  to

r  =  2«(0) — 1 (for t =  0 ) .

T h u s, as I  re m a rk e d  before , th e re  is no e x tin c tio n , b u t, i f  th e  cu t is su ffic ien tly  
c o n c e n tra ted  to  resem ble a pole, a considerab le  su p p ressio n  is possible.

ii. T he  m e th o d  e v id e n tly  ex tends to  an  a rb itra ry  (b u t fin ite ly) c o rre 
la te d  a p p ro x im a tio n : if  in s te a d  of q a n d  qx co rre la tions one has q, q± a n d  q2 
co rre la tions one m u s t b a c k  off tw o q in te g ra ls , e tc . A lso , clearly, ex ch an g e  
te rm s  will m o d ify  th e  ô(q2 -j- m 2) in to  th e  ab so rp tiv e  p a r t  of th e  c rossed  
d iagram s

F in a lly , th e  co rre la tio n  n e e d  n o t have  th e  sim ple fo rm  suggested  in  (7), b u t 
c an  be a n y  L o ren tz  in v a r ia n t  fu n c tio n  o f  p ,  p \  </,, q, . . .  qдг, w here N  is th e  
n u m b er o f co rre la ted  exchanges.

iii. T h e  F in k e l s t e in — K a ja n t is  d ifficu lty  w ith  a o(0) =  1 em erges 
in  a v e ry  sim ple  w ay. O ne h as , in  th e  m o s t naive p ossib le  a p p ro x im a tio n , th e  
follow ing k in d  o f e igenvalue  e q u a tio n  fo r  a(0):

1 I yqt) j2 dt

«(0) -  (2a o(0 -  1) ’
( 10)

w here y> is re la te d  to  th e  residue  fu n c tio n s  ß.
N ow , if  a o(0) =  1, th e n  we o b v io u sly  have x  >  1, v io lating  F ro is s a r t’s 

u n ita r i ty  b o u n d . T h u s, i f  a o(0) =  1, гр(0) m u st e q u a l zero, and  a (0 ) m u st, 
fo r co n sis ten cy , com e o u t  equal to  one. This req u ires  an  a p p a re n t double 
effect o f u n i ta r i ty  ( th ro u g h  F ro issa rt) , an d  ap p ears  fa ir ly  u n like ly  to  me 
a t  th e  m o m en t. M ore lik e ly  is th e  re s u lt  a 0(0) <  1 a n d  th u s, c o n sis ten tly ,

*(0) =  « o( 0 ) > 2 * o( 0 ) -  1.
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O ne can  only  decide w hich choice is m a d e  w hen tw o p a r tic le  u n ita r ity  
has b een  used  to  ca lcu la te  A 2 in  te rm s  of f M *  M d Q ,  w here M  is th e  elastic  
a m p litu d e  w hich h as  been  co n s is te n tly  ca lcu la ted  from  A  itse lf. This is a 
h o rrib ly  non -linear fu n c tio n a l in te g ra l eq u a tio n , b u t  i t  m a y  rep re sen t th e  
f irs t genu ine b o o t-s tra p  p ossib ility . So far, I  h a v e  no resu lts  to  re p o rt on it.

МУЛЬТИПЕРИФЕРИЧЕСКАЯ МОДЕЛЬ

Ф .  E .  Л А У

Р е з ю м е

Мультипериферическая модель Perre пытается дать более правдоподобную модель 
амплитуды образования n-частиц, которая играет заметную роль в уравнениях типа 
унитарности.
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THE VENEZIANO FORM

B y

C. G o e b e l

D EPA R T M E N T OF PH Y SIC S, U N IV ER SITY  O F W ISCONSIN, M AD ISON , W ISCONSIN 53706, USA

The V e n e z i a n o  form  is a  model scattering am plitude w hich satisfies all fin ite  energy 
sum  rules. Its  properties, som e simple consequences, and the technique of constructing from  
it  am plitudes w ith  specified crossing sym m etry are briefly described. Also the relation  of the  
’Schmid circles’ com puted from  it to its resonances is discussed.

T h e V e n e z ia n o  fo rm  [1] is a  m odel s c a tte r in g  am p litu d e  w h ich  has 
Regge tra je c to rie s  o f  resonances, a n d  R egge a sy m p to tic  b eh av io u r, in  tw o 
chan n e ls ; i t  th u s  sa tisfie s  all superconvergence  re la tio n s  in  both channels. 
I t  is rea l (th e  reso n an ce  poles are on  th e  real axes) a n d  so doesn’t  s a tis fy  uni- 
ta r i ty ,  b u t  i t  is th e  so lu tio n  to  w h a t M a n d e l s t a m  [2] called th e  ‘zero  o rder 
p ro b lem ’ in  w hich u n i ta r i ty  and  hen ce  Imcc is n eg lec ted , in  his schem e of 
b o o ts tra p p in g  R egge tra je c to rie s ; th e  R -form  c o n ta in s  all th e  in fo rm a tio n  
th a t  h as  b een  g o tte n  piecem eal u s in g  fin ite  en e rg y  sum  ru les in  th e  zero 
w id th  ap p ro x im a tio n . I t  is n o t y e t c lea r how  un iq u e  th e  R -form  is, aside  from  
tr iv ia l m od ifica tio n s (see below  for som e) such as ta k in g  linear co m b in a tio n s 
o f d iffe ren t R -form s. I t  looks u n iq u e  in  th e  sense t h a t  i t  is h a rd  to  see w h a t 
a n o th e r w ould  look lik e , b u t  of course  th a t  was t ru e  even  fo r th is  one.

T he R -form  is fu n d a m e n ta lly  a p ro d u c t re p re se n ta tio n ,

V(v, r )  =  _ h . 2 - 3 . . . ( - » - 0 ( l - o - Q . . .  _ ( i ,
( — o') (1 — or). . . ( — t) (1 — t ) . . .

w here a =  ass -j- bs, x — ait bt a re  th e  lead ing  tra je c to r ie s  in  th e  s an d  t 
channels, re sp ec tiv e ly . T h e  u-factors in  th e  d e n o m in a to r give re so n an ce  poles 
a t  in tegers a  =  0, 1, 2, . . .  ; s im ila rly  fo r r  (h en cefo rth , we shall n o t  c o n ti
n u a lly  d raw  a tte n tio n  to  th e  sy m m e try  b e tw een  a  and  t). T h e  fac to rs  
1 • 2 • . . . in  th e  n u m e ra to r  sim ply  m ak e  th e  in f in ite  p ro d u c t f in ite . The 
n u m e ra to r  fac to rs ( — a  — x) (1 — a  — r)  cancel a g a in s t th e  r- fa c to rs  of 
th e  d en o m in a to r w h en  a  approaches a n  in teger, in  su ch  a w ay  th a t

V(a, x ) ------>■ —— —  -----1----------!— ---------1- f in i te . (2)
n  — a
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Since th e  t r a je c to ry  r(t) w as assumed linear  in  t, th e  re s id u e  of th e  
a  =  n  pole te rm  is a po lynom ial in  z,  and  so (2) im plies th a t  th e  h ig h est spin 
re so n an ce  a t  a  — n  has J  — n , w h ich  was re q u ire d  b y  “ ff is th e  lead ing  s- 
c h an n e l t r a je c to ry ” . In  general, th e  p o lynom ia l in  г is a lin e a r  com bination  
o f  all Pi{z), 0 < / l <[ n. The ‘seco n d a ry  reso n an ces’, l <  n, lie o n  tra jec to rie s  
am w h ich  a re  in te g ra lly  spaced  fro m  th e  le a d in g  tra je c to ry : om =  a — m, 
m  =  1, 2, . . .  [T h ey  are  n o t “ d a u g h te rs”  in  th e  te ch n ica l sense o f  F reed m a n  — 
W a n g , T o l l e r , e t  a l.] T heir occu rrence  in  th is  m odel is in escap ab le , b u t  m ay  
n o t  be to o  u n re a lis tic : One sees in  th e  л +л ~  ch an n e l a 0+ (730) w hich is 
n e a r ly  d eg en e ra te  w ith  th e  1 ~q (765), an d  a 1 ~q' (я^  1100) w h ich  is som ew hat 
d eg en e ra te  w ith  th e  2 + / o(1260). T h e  0 + w h ich  shou ld  be d eg en e ra te  w ith  
th e  la s t  tw o  m a y  be  too  b ro a d  an d /o r in e la s tic  to  be easily  seen ; th e  q 
(я^ 1100) is q u ite  ine lastic . A lso, th e  P n  “ R o p e r”  n N  reso n an ce , 1V(1470), 
m ig h t lie on a  f i r s t  secondary  tra je c to ry  of th e  N .

A sy m p to tic a lly , F(ff, r)  h as  R egge b e h a v io u r. This can  b e  ex h ib ited  
d ire c tly , b u t  p e rh a p s  i t  is b e tte r  to  f irs t  express V(a, r)  in  te rm s o f  th e  fac to ria l 
fu n c tio n

j .  . .. l - 2 . . . i V ( — cr — т) ( 1 — ff — t ) . . . (N  — ff — t )
n -*~ ( — a ) ( l  — a ) . . . ( N  — ff) (— т) (1 t) . . . ( N  -  t)

=  Hm J V ! ( j V - g - r ) ! / ( - l - f f - T ) !  (3)
N „  [(iV -  a) ! / ( -  1 -  ff) !] [(N  -  t) !/(— 1 -  r )  !]

( — 1 — ff) ! ( — 1 — t) !
(— 1 — cr — tt) !

1  /  j  \  tw here  we u sed  (A -j-x ) l  *■ A !  A * ,  A  n o t n e g a tiv e  rea l. U sing th is  la s t again ,
I a I —> oo

F(cr, t ) v (— 1 — г )! ( — a)z, cr n o t  positive  re a l, (4)

w h ich  is R egge b eh av io u r, b ecau se  ff is lin e a r  in  s. F o r th e  case  th a t  ff is 
p o sitiv e  rea l, i t  is b e s t to  tra n s fo rm  V  ag a in , using  ( — a)! x \ — лж/sin  nx.

F (g , r) =  — л  T) ' (c o t n a  co t л Хj _ (5)
ff ! г  !

H ere  th e  reso n an ce  poles a t  ff =  0, 1, . . .  a re  ex h ib ited  as po les of cotjrff. 
C om paring  w ith  (4), we see t h a t  V  w ould  h av e  R egge b e h a v io u r as a —*■ -f- °°  
i f  c o t л  a in  (5) w ere  rep laced  b y  — i. The av e rag e  o f co t л  ff fo r f ix e d  positive  
(b u t  a rb itra r i ly  sm all) Im a  is — i, so in  th is  sense F(ff, r )  does h av e  R egge 
b e h a v io u r  ‘on  th e  av e rag e’ fo r p o s itiv e  ff. I n  o th e r  w ords, s ince  F(ff, x) is 
rea l, i t  can  h a v e  th e  co rrec t (R egge) im ag in a ry  p a r t  for real ff ( =  rea l s) on ly  
in  th is  av e rag e  sense [cu t a p p ro x im a te d  b y  sequence  of poles.] T h u s  V  neces
sa rily  has th e  H o r n  —S c h m i d  [3] d u a lity : I t s  im ag in a ry  p a r t  is en tire ly  
g iven  b y  reso n an ces.
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W e digress b rie fly  to  re m a rk  on a n o th e r  aspect o f  d u a lity :  S c h m id  [4] 
h as  n o ted  t h a t  i f  one ta k e s  th e  p a r tia l w a v e  p ro jec tions R t o f  a Regge a m p li
tu d e  R  in  w h ich  th e  ex ch an g ed  tra je c to r ie s  are rising  o n es, one fin d s  t h a t  
each  R[ as a fu n c tio n  of en e rg y  perform s c ircles, w hich are  q u a lita tiv e ly  s im ila r  
to  resonance  circles. In  a rea lis tic  case, nam ely  n N  sc a tte r in g , Co l l i n s , 
J o h n s o n  a n d  S q u ir e s  [5] fo u n d  considerab le  ag reem ent b e tw e e n  the “ S c h m id  
circles”  an d  th e  a c tu a l re so n an ce  circles o f  th e  jilV p a r t ia l  w ave a m p litu d e s . 
T h is raises th e  q u estio n : Is  th is  co in c id en ta l, or is th ere  a good  reason fo r  th e  
ag reem en t?  [W e shall ig n o re  th e  a l te rn a tiv e  suggestion  o f  Sq u ir e s  e t  al. 
t h a t  th e  o b serv ed  circles a re  only  Sc h m id  circles and  do  n o t  co rrespond  to  
resonances a t  all; th e  reso n an ce  c h a ra c te r  o f  a t  least h a lf  a dozen is e x p e r i
m e n ta lly  d e m o n s tra te d  b y  now . H ow ever, i t  m ay  well b e  tru e  th a t  i f  th e  
tru e  w id th  o f a resonance  (as defined  b y  th e  position  of i ts  pole) is large c o m 
p a re d  to  th e  ‘w id th ’ of th e  co rrespond ing  S c h m id  circle, th e  la t te r  b e h a v io u r  
w ill d o m in a te  th e  energy  dependence o f  th e  a m p litu d e .]  The V-form is  a 
model in  which this agreement occurs (su b je c t to  one spec ia liz ing  assu m p tio n ): 
T h e  R egge fo rm  co rrespond ing  to  V  is o b ta in e d , as we said  ab o v e , by  re p la c in g  
co t дат, in  (5) b y  — i, th u s

R(a,  r)  =  л  ' (i — c o t tit) =  R  - f  i R . (6)
a  ! г  !

As func tions o f  z, th e  zeros o f  R  an d  R  in te r la c e , since th e y  are  a t th e  zeros 
an d  poles, re sp ec tiv e ly , of co t дат. Thus th e  p a r tia l  w ave p ro jec tio n s  R; a n d  
R i  te n d  to  be o u t of phase , w h ich  im plies circles in th e  R/ —  Ri -)- iRi  p la n e ;  
a l i ttle  m ore d e ta iled  co n sid e ra tio n  show s th a t  the  circles w ill be c o u n te r 
clockw ise for increasing  energy . So far, th is  is generally  t r u e  for any  R eg g e  
a m p litu d e  w ith  rising  tra je c to r ie s . B u t n o w  ta k e  th e  case o f  equal e x te rn a l  
m asses (m ore specifically , e q u a l m asses in  e ith e r  th e  in itia l o r  fin a l s-ch an n e l 
s ta te s )  and  t r a je c to ry  p a ra m e te rs  a and  b ( in te rcep ts  an d  slopes) such t h a t  
th e  odd seco n d ary  tra je c to r ie s  a re  u n co u p led ; th is  co n d itio n  is

4

as =  a,, 2bt +  bs -f- as +  1 =  0, w here mf =  s +  t - f  m. (7)
i=i

T h e  reason  w h y  th e  odd tra je c to r ie s  are th e n  uncoupled , is t h a t  the  re s id u e  
o f th e  pole [ =  R ]  a t  a =  n is th e n  an  even (odd) function  o f  z  w hen n is ev e n  
(odd). J u s t  th e  opposite  is t ru e  fo r R,  because  o f th e  fac to r  c o t nx.  H ence

1 =  0, 1, 2, . . . ,  I — 1 , 1 J -  1, 1 -t- 3,  . . .

I =  . . . ,  I -  2, l, l +  2 , . . .

R , =  0 , 

R,= 0,

Acta Physica Academiae Scientiarum Hungaricae 26, 1969

8)



74 C. G OEBEL

E x p lic it  c a lc u la tio n  shows, as m ig h t be ex p ec ted , t h a t  R i  reaches m a x im a  
ro u g h ly  a t  a  =  l, l 2, . . . ,  w hich is a lso  w here Ri  v an ish es . H ence th e  
circles of Ri  “ go over th e  to p ” , i.e. a p p e a r to  resonate , a t  a  =  l, / +  2, . . . ,  
w h ich  are ju s t  th e  resonance  energies o f th e  original c o m p le te  F -fo rm . B u t  
i f  th e  tr a je c to ry  p a ra m e te rs  a re  n o t such t h a t  the  odd se c o n d a ry  tra je c to r ie s  
a re  u n co u p led , th e  n u m b er o f  resonances doubles, b u t  th e  S c h m id  circles 
re m a in  q u a lita tiv e ly  th e  sam e . H ence in  th is  case th e  S c h m id  circles do n o t  
h a v e  a close, one-to -one co rrespondence  w ith  resonances.

W e now  b rie fly  discuss g en era liza tio n s o f  th e  F -fo rm . One m ay rem o v e  
th e  g ro u n d  s ta te  s-channel reso n an ce  b y  m u ltip ly in g  b y  a. (N ote th a t  c a n c e l
la tio n  b y  subtracting  a 1/cr te rm  w ould in tro d u c e  a n o n -R eg g e  “ e le m e n ta ry  
p a r tic le ”  te rm .)  T his p ro m o te s  b y  1 th e  deg rees  of th e  p o ly n o m ia ls  in  a  w h ich  
a re  th e  re s id u es  of th e  t-c h a n n e l poles; th u s  we m ust re p la c e  t  by  x — 1 in  
o rd e r t h a t  x  co n tin u es to  s ig n ify  th e  le a d in g  tra je c to ry  in  th e  t-channel. T h u s  
th e  m odified  F -fo rm  is

(1 — a) (2 — a) . . .  (1 — t) (2 — r ) . . .

N otice  t h a t  th e  F -fo rm  re m a in e d  sy m m etric  in  a and  x; re m o v a l of th e  g ro u n d  
s ta te  in  th e  s-ch an n e l im p lie d  rem oval o f  th e  ground s t a te  in  th e  t-ch an n e l 
as well. W e c a n  rep ea t th e  process an d  d e fin e  a Vp in  w h ic h  the  reso n an ces 
a t  a  =  0, 1, . . . ,  p  — 1 h a v e  been re m o v e d ; b u t we sh a ll  f in d  im m e d ia te ly  
t h a t  on ly  th e  cases p  =  0 a n d  p  =  1 c a n  occur.

So fa r , o u r d iscussion h as  been l im ite d  to  sp in less ex te rn a l p a r tic le s . 
T h e  s ta r t in g  p o in t for t r e a t in g  spin is th e  rem ark  t h a t  th e  F-form

F(cr — x  — g)

is a m odel fo r  an  in v a r ia n t (s in g u la rity  free ) am plitude  fo r  a process in  w h ich  
th e  m in im u m  channel h e lic itie s  are A, fJL respec tive ly  (b y  channel h e lic ity , 
we m ean  th e  la rg e r of th e  a b so lu te  va lu es  o f  th e  spin p ro je c tio n  on th e  re la tiv e  
m o m en tu m  in  th e  in itia l a n d  f in a l s ta te s .)

W e n o w  p o in t ou t th e  ex istence o f  co n stra in ts  on  th e  tra je c to ry  p a r a 
m eters . I t  a lm o s t goes w ith o u t saying t h a t  th e  slopes as, at m ust be  re a l  and  
p o sitiv e : re a l  so th a t  F(cr, t ) is real b e lo w  th resh o ld , a n d  positive so th a t  
sp ins in c rease  w ith  en erg y  an d  th e re  is a  g round s ta te .  T h e  in te rc e p ts  bs, bt 
ag a in  m u s t b e  real. N ow , i f  bt^> p  th e  f i r s t  «-channel resonances, a t  r  =  p ,  
w ould  occu r a t  t <  0; th is  is bad . L ikew ise , bt ]> p  — 1 is b ad  b ecau se  th is  
w ould  m e a n  th a t  th e  h ig h e s t zeros o f th e  residues o f th e  s-channel po le  re s i
dues, a t  x =  p  — 1 [Vp a-*n> ( r  +  n — p ) . . .  (x +  1 -  p)l(n  — a), n  >  p] 
w ould  o ccu r a t  t ]> 0 ; b u t  fo r  elastic  s c a tte r in g , I m f  =  ^ ”(2Z 1) Im ftP \(z)  ]> 0

i
fo r 2 >  1 a n d  hence fo r i >  0, for la rg e  s. H ence we f in d
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P  — 1 <  b, <  p.  (10)

In v o k in g  F roissart, i.e . bt <  1, we see t h a t  p  <  1, i.e . o n ly  p  =  0 a n d  p  — 1 
are possib le.

S tro n g e r c o n s tra in ts  w ill re su lt  i f  th e  resonance  residues (i.e. p a r tia l  
w id ths) are  req u ired  to  be n o n -n eg a tiv e . F o r in stan ce , th is  co n d itio n  app lied  
to  th e  f ir s t  secondary  tra je c to ry , in  b o th  th e  s and  t ch an n e ls , re su lts  in

cts =  üti 26/ bs -j— g 1 0, 2bs -f- a A -j- 1 0. (11)

T he f ir s t  re su lt is th e  m o st in te re s tin g , n am ely  th e  e q u a lity  of slopes in  th e  
tw o  chan n e ls . P e rh ap s  th is  is th e  s im p le s t w ay  to  e x p la in  th e  o b se rv ed  fac t 
t h a t  th e  slopes of all h a d ro n  tra je c to r ie s  are  equal.

As a  f in a l to p ic , we b rie fly  d iscuss th e  co n stru c tio n  o f m odel s c a tte r in g  
am p litu d es  w ith  specified  crossing sy m m etrie s  as lin e a r  co m b in a tio n s  o f V  
fo rm s. T h e  sim ple F (o , t )  rep re sen ts  a  s c a tte r in g  a m p litu d e , fo r sp in less p a r t ic 
les, w ith  no resonances in  th e  и ch a n n e l (it co rrespond ing ly  exh ib its  exchange  
degeneracy , i.e. th e  s an d  t channel tra je c to r ie s  do n o t  h a v e  p u re  s ig n a tu re , 
b u t  in s te a d  h av e  resonances w ith  l b o th  even  and odd .). F o r  in s ta n c e , le t  us 
c o n s tru c t th e  л  — л  s c a tte r in g  a m p litu d e s , A Ir On th e  h y p o th es is  t h a t  th e re  
are  no I  =  2 л  — л  resonances, we h a v e  s im p ly  А г =  Frfcr, v) up  to  a c o n s ta n t 
fac to r , w here  v is th e  и ch an n e l tr a je c to ry . (W e h ad  to  choose p =  1 because  
i t  is k n o w n  th a t  th e  in te rc e p t of th e  le ad in g  tra je c to ry  lies above zero .) P e r 
m u tin g , s, t, and  и an d  using  th e  w ell k n o w n  crossing re la tio n s , one a rr iv e s  a t

A 0(s, t, u) =  3/2 V ^ r ,  a) +  3/2 V ^ r ,  v) — 1/2 V x{a, v ),

A ^ s ,  t, u) =  V ^ r ,  a) — V x( г , v),

A 2(s, t, и) =

W e h a v e  o m itte d  to  w rite  an  o vera ll c o n s ta n t fa c to r ; F^cr, v). I t  is fixed  
b y , say , th e  w id th  of th e  q. T his now  p red ic ts  th e  p a r t ia l  w id ths in to  tw o 
pions o f th e  resonances on  th e  q — /  t r a je c to ry  and  its  seco n d ary  tra je c to r ie s .

A  m ore e lab o ra te  ex am p le  is p ro v id e d  b y  th e  p ro cess  л л  —+■ л А 2. I t  is 
found  th a t  th e  six am p litu d es  (6 =  3 X 2; 3 i-sp in  s ta te s  an d  2 sp in  s ta te s )  
can  be  w r itte n  as lin ea r co m b in a tio n s  o f  th e  six F -fo rm s F(<T — 2, x  — 1), 
w ith  s, t, an d  и p e rm u te d . T h e  p ro p e r am p litu d es  to  re p re se n t th is  w a y  are 
th e  in v a r ia n t  am p litu d es , w hich  R u b in s t e in  e t al. [6] h a v e  n o ted  to  h av e  
sim ple crossing  sy m m etry .

A g la rin g  om ission from  (12) is th e  P omeron. T h e P omeron does n o t 
f i t  in to  th e  V eneziano  fo rm , an d  h en ce  p resu m ab ly  in to  th e  ‘zero  o rd e r 
a p p ro x im a tio n ’, for a t  le a s t th re e  rea so n s: I t  has a d e fin ite  s ig n a tu re , i t  does
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n o t  h a v e  th e  sam e slope as o th e r  h ad ro n  tra je c to r ie s , an d  i t  h as  a strong ly  
en e rg y  d e p e n d e n t re sidue . P ro b a b ly  i t  is b e s t  reg a rd ed  as som eth ing  th a t  
w ill a p p e a r  w hen , b u t  n o t b e fo re , u n ita r i ty  is ta k e n  in to  acco u n t. In  th e  
m ea n tim e , i t  p o ssib ly  could be  s im p ly  ad d ed  to  a m p litu d es  su ch  as (12), i f  
d esired ; H a r a r i [7] h a s  exp ressed  th is  view  o f th e  a p p ro x im a te  independence  
o f  th e  P o m e r o n  a n d  th e  re so n an ce -tra jec to rie s .

I w ould  like to  acknow ledge th e  b en efit I h a v e  h a d  of co n v ersa tio n s w ith  B. Sa k ita  
a n d  M. V ira so ro  on  th e se  m atte rs .
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Ф О РМ А В Е Н Е ЗИ А Н О

Ч. ГЭБЕЛ

Р е з ю м е

Форма Венезиано — модельная амплитуда рассеяния, удовлетворяющая всем 
правилам сумм конечных энергий. Коротко описываются ее свойства, некоторые про
стые следствия и техника конструкции амплитуд со специфической симметрией скре
щения. Также дискутируется связь кругов Шмидта, вычисленных по модели, к ее резо
нансам.
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UNITARITY AND NON-REGGE SINGULARITIES

Acta Physica Academice Scientiarum Hungaricae, Tomus 26 (1— 2), pp. 77— 79 (1969)

By

A . B a s s e t t o  and F .  P a c c a n o n i

ISTITU TO  D I FISIC A  “ G. G A L ILEI”  D E L L ’U NIV ERSITÀ , PADOVA 
ISTITU TO  NAZIONALE D I F ISICA  N U CLEA RE, SEZIO N E D I PADOVA, PADOVA, ITALY

Continuing a relativistic amplitude into the complex angular momentum plane, new 
singularities are forced to appear from the crossed channel un itarity  requirement.

As w ell know n, R egge-pole th e o ry , th o u g h  r ig o ro u sly  p roved  o n ly  in  
th e  fram ew o rk  o f p o te n tia l sc a tte rin g , succeeded  in  e x p la in in g  m any  im p o r ta n t  
fea tu re s  of th e  e lem en ta ry  p a rtic le  phenom enology . I t  w a s , how ever, rea lized  
th a t  in  c o n tin u in g  a re la tiv is tic  am p litu d e  in to  th e  com plex  an g u la r m o m e n tu m  
p lan e , new  sin g u la rities a re  fo rced  to  a p p e a r  from  th e  c ro ssed  channel u n i ta r i ty  
req u irem en t.

Since 1962, G r i b o v  a n d  P o m e r a n c h u k  [1] n o tic e d  th a t  th e  p re sen ce  
of th e  th ird  doub le  sp e c tra l fu n c tio n  Qtu en ta ils  fixed  po les a t w rong  s ig n a 
tu re  non-sense p o in ts  in  th e  le f t-h a n d  d isco n tin u ity  o f th e  p a r tia l-w a v e  
am p litu d e  th a t  are  tu rn e d  in to  essen tia l s ingu larities fo r  th e  a m p litu d e  in  
th e  e lastic  ap p ro x im a tio n . A t th e  sam e tim e  F u b i n i  a n d  his cow orkers [2] 
fo u n d  th a t  a R eggeon  d iag ram , w hen  i te r a te d  in  th e  c ro ssed  ch an n e l, gives 
rise to  m oving  b ra n c h  p o in ts  in  th e  a n g u la r  m o m en tu m  plane .

As show n la te r  b y  M a n d e l s t a m  [3], these  b ra n c h  p o in ts  can  a p p e a r  
on th e  p h y sica l sh ee t on ly  i f  in  th e  R eg g eo n  p ro d u c tio n  am p litu d e  e ffec ts  
com ing  from  gtu are  ta k e n  in to  acco u n t. O n th e  o th e r  side these  b ra n c h e s  
p ro v id e  th e  on ly  w ay  in  o rd e r to  avoid  th e  G r i b o v — P o m e r a n c h u k  e sse n tia l 
s in g u la rity , reconciling  th e  p resence  of f ix e d  poles w ith  th e  com plete  u n i ta r i ty  
c o n s tra in t. In  th is  schem e one recognizes t h a t  inelastic  c o n tr ib u tio n s  a re  r e 
sponsib le  fo r th e  ap p ea ran ce  of b o th  k in d s  of non-R egge s in g u la ritie s ; th e  
u n d erly in g  d y n am ica l co n n ec tio n , how ever, in  our o p in io n , is n o t y e t  fu lly  
ex pounded .

W e shou ld  like in  th is  n o te  to  r e o b ta in  from  a d iffe re n t p o in t o f  viewr 
an d  to  generalize some k n o w n  resu lts  as w ell as to  d iscuss th e  su b je c t on  a 
g enera l basis. T h e  m ost n a tu ra l  w ay  o f h an d lin g  in e la s tic  processes in  th e  
N /D  m eth o d  is b y  considering  th e  F r y e  —  W a r n o c k  in te g ra l e q u a tio n  [4], 
th a t  in  th e  equal-m ass sp in less case is:

Acta Physica Academiae Scientiarum Hungaricae 26, 1969



78 A. BASSETTO and F. PACCANONI

<P(l

w ith :

a n d

,v ) = Z ( Z ,r )  +  —  Г
я Jo

(V" - y 0) Z ( l , v " ) - ( v - v u)Z ( l , v )  

(Vя ~ V)  (v ” - Vo) V ( l , v " )
Q(v")v"'<p{l,v")dv" (1)

Z(Z. 1 f  z M ( Z ,0  , , p  г -  1 -  y(l, v') dv'
JîJi. v' — F 2л: Jo P(f')  V

<p{l, v) =  —
rj(l, v ) I m D ( l ,  v)

É>(p) г '

( 2)

(3)

A s usual, A(Z, r) =  IV(Z, v)/(D(l, v) is th e  p a r t ia l  w ave a m p litu d e  and  t](Z, r) 
th e  in e la s tic ity  fa c to r . M oreover for real Z a n d  v above th re sh o ld :

I m  A (  ,v )  =
1___

2 q ( v )  vl
1

1 — [ i m  D ( l ,  v)/Re D(l, v)]2
[ 1 + I m D ( l , v ) I R e D { l , v ) ] 2 Л ’ '

(4)

Now th e  le f t-h a n d  d isc o n tin u ity  o f th e  am p litu d e  A A ( l ,  v) has a f ix e d  
p o le  a t  Z =  — 1 i f  is p re s e n t, and  th is  p o le , th ro u g h  th e  function  Z(Z, v), 
e n te rs  th e  k e rn e l o f eq. (1) a n d  m akes i t  s in g u la r  unless th e  fu nc tion  rj in  th e  
d e n o m in a to r h a s  a pole a t  th e  sam e p o s itio n . This m ech an ism  avoids th e  
g en e ra tio n  o f  th e  G r ib o v — P o m e r a n c h u k  s in g u la rity , le a v in g  a fixed  po le  
in  th e  a m p litu d e  com ing fro m  th e  know n te rm . O n th e  o th e r  side eq. (4) show s 
t h a t  th is  cho ice  is a c o n s is ten t one. W e n o tic e  th a t ,  fo r ph y sica l v a lu es  o f 
Z, rj has to  b e  one  below  th e  in e lastic  th re s h o ld  and  can  deve lop  a fix ed  pole  
a t  Z =  —1, o n ly  i f  a b ran ch  p o in t  of th e  a m p litu d e  em erges from  th e  in e la s tic  
th re sh o ld  in  th e  r-p lan e  a n d  reaches th e  o rig in  for Z =  — 1.

All th is  p ic tu re  [5] ag rees  in  its  conclusions w ith  th e  one of [6]. M ore
o v e r we h a v e  genera lized  i t  to  th e  case w h e re  a coup led -ch an n el p rocess is 
considered  w ith  pa rtic le s  h a v in g  d iffe ren t m asses and  sp in s . The W a r n o c k  
p ro ced u re  [7] en ab led  us to  p e rfo rm  a m a tr ix  N /D  c a lc u la tio n  w ith  in e la s tic  
c o n tr ib u tio n  in  ev e ry  ch an n e l. T he fo rm alism  is ra th e r  in v o lv ed  and  w ill be 
re p o rte d  e lsew here  [8]; here w e sum m arize  th e  m ain  re su lts  w e have o b ta in e d . 
W e found  t h a t  o n ly  th e  po les p resen t in  th e  “ forces”  a re  rep ro d u ced  in  th e  
am p litu d e  in  a w ay  co n s is ten t w ith  u n i ta r i ty ;  th is  is n o t  a tr iv ia l fa c t since 
“ a p rio ri”  u n i ta r i ty  m ixes th e  sin g u la rities  o f  d ifferen t channe ls.

The M a n d e l s t a m  cu ts  a re  still n eed ed  in  th e  p ro o f a n d  th is  tim e  th e y  
w ill affect th e  w hole m a tr ix  am p litu d e . A g a in  th is  can  b e  easily  u n d e rs to o d  
on  th e  basis o f  u n ita r i ty  a rg u m en ts .

T he s in g u la ritie s  in th e  in e la s tic ity  fu n c tio n  have  b e e n  so fa r re q u e s te d  
b y  a general co n sis ten cy  co n d itio n . Now, rj is re la te d  from  eq . (4) to  I m  A ( l , r), 
t h a t  in tu rn  rece iv es  th e  m a in  c o n tr ib u tio n  fro m  th e  d o u b le  spectra l fu n c tio n  
Qst. On th e  o th e r  h an d  rj h a s  to  con ta in  som e in fo rm a tio n  com ing from  Qtu, 
w h ich  is th e  o n ly  responsib le  o f  th e  a p p e a ra n c e  of th e  f ix e d  poles as w ell as of
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th e  fa c t th a t  th e  cu ts  do n o t cancel on th e  p h y sica l sh ee t. T h e  d y n am ica l 
p ep en d en ce  of gst on qiu, due  ag a in  to  u n i ta r i ty ,  p lays an  e ssen tia l role in  
c la rify in g  th is  p o in t and  in  e x p la in in g  w hy th e  sim plest d ia g ra m  th a t  has 
b o th  fix ed  poles a n d  m oving  c u ts  is th e  one f irs tly  co n sid ered  b y  M a n 
d e l s t a m  [3].
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УНИТАРНОСТЬ И НЕ-РЕДЖЕ СИНГУЛЯРНОСТИ

А. БА ЗЕТТО  и Ф. П А К К А Н О Н И

Р е з ю м е

Продолжая релятивистическую амплитуду в комплексную плоскость углового 
момента, появляются новые сингулярности из требонания унитарности скрещенных 
каналов.

Acta Physica Academiae Scientiarum Hangaricae 26, 1969





Acta Physica Academiae Scientiarum Hungaricae, Tomus 26 (1—2), pp. 81—88 (1969)

MULTI-REGGEON BEHAVIOUR 
OF PRODUCTION AMPUITUDES

B y

I .  T.  D r u m m o n d

D EPA R T M E N T OF A P P L IE D  MATHEMATICS A N D  TH EO RETICA L PH Y SICS, 
CAMBRIDGE, EN G LA ND

G r i b o v  has developed a calculus based on perturbation theory w hich perm its a m eaning  
to be attached to an arbitrary R eggeon diagram in tw o-b od y  scattering. The rules that G r i b o v  
g ives are for calculating the «-channel partial w ave am plitude a(j,  «). I t  is indicated how  
G r i b o v ’s  discussion can be taken over to the case o f  production am plitude for the process 
Л +  В  — 1 +  2 +  3.

R ecen tly  th e re  has been  m u ch  in te re s t b o th  phenom enolog ica l [1] an d  
th e o re tic a l in  m u lti-R eggeon  exch an g e  m odels o f  p ro d u c tio n  am p litu d es . T hese  
m odels are  s tra ig h t-fo rw a rd  genera lisa tions o f  R egge exchange  [2] in  tw o- 
b o d y  sca tte rin g , n am ely

A (s ’ t) =  g2(t), (1)

w here  A  is th e  a m p litu d e  fo r th e  process

Fig. 1

a n d  t =  (p A — Pi)2t s =  (p A -j- p B)2. The co rresp o n d in g  a m p litu d e  fo r a p ro 
d u c tio n  process A  В  - 1 — 2 —(— 3 w hich p ro ceed s th ro u g h  d o u b le  R eggeon 
ex ch an g e ,
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is
T (s, S j ,  s2, íx, í2) =  g1 (tj) g2(t2), (2)

w here

(1 =  (P a -  P i)2, «2 =  (Рй -  Рз)2, S1 =  (P l +  P2)2, S2 =  (p 2 +  Рз)2-

A n o v e l fe a tu re  o f th is  case is th e  a m p litu d e  f  w h ich  describes th e  coup ling  
o f th e  tra je c to r ie s  «г an d  a 2 to  p a r tic le  2. T h is fu n c tio n  depends on  (x, t2 and  
Г) =  I n  th e  lim it of h igh  energ ies

(3)
S

w here  q' is t h a t  p a r t  o f p 2 tra n sv e rse  to  th e  in c id en t b eam  in  th e  lab  o r  cen tre  
o f m ass fram e . As one w ould  in tu it iv e ly  ex p ec t f a аг re a lly  only  d ep e n d s  on 
th e  m o m e n ta  of th e  th re e  ob jec ts  w hose coupling  i t  describes.

In  tw o -b o d y  sc a tte r in g  i t  is w ell know n  th a t  th e re  are  c o n tr ib u tio n s  to  
th e  a sy m p to tic  b e h a v io u r  w hich  arise  from  cu ts  in  th e  an g u la r m o m e n tu m  
p la n e  o f  th e  (-channe l re a c tio n  A  -(- 1 —*- В  -|- 2. O ne o f these  c o n tr ib u tio n s  
can  be  assoc ia ted  w ith  th e  tw o  R eggeon  exchange d ia g ra m .

G r ib o v  [3] has developed  a ca lcu lu s  b ased  on p e r tu rb a t io n  th e o ry  w hich  
p e rm its  a m ean ing  to  be a tta c h e d  to  an  a rb itra ry  R eggeon  d ia g ra m  in  tw o- 
b o d y  sc a tte r in g . T h e  ru les t h a t  G r ib o v  [3] gives are  fo r  c a lc u la tin g  th e  
(-ch an n e l p a r t ia l  w ave a m p litu d e  a ( j ,  (). T h ey  are:

1) A sso c ia ted  w ith  th e  n th lin e  o f th e  d ia g ra m , are  a sp ace -lik e  tw o 
d im en sio n a l m o m en tu m  k n, an  a n g u la r  m o m en tu m  an d  a R eg g eo n  p ro p a 
g a to r  (ln — a n(fc2))- 1 .

2) A t each  in te rn a l v e r te x

l b  =  I ( h  -  1) =  0, (4)

w here  th e  R eggeon lines are  su ita b ly  d irec ted . A s im ila r law  h o ld s  a t  ex ternal 
v e rtic e s . T h is allow s all m o m e n ta  to  be  expressed  in  te rm s  o f  loop  v ariab les  
a n d  th e  e x te rn a l m o m en tu m  q (chosen  to  be tw o -d im ensiona l a n d  space-like).
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T he sam e is tru e  o f  th e  an g u la r m om en ta .
3) C e rta in  a m p litu d es  are  a sso c ia ted  w ith  th e  v e r tic e s  o f th e  d ia g ra m .
4) T h e  c o n tr ib u tio n  to  th e  p a r tia l  w ave a m p litu d e  is given b y

d 2k d l
(nu m era to r) 

П  [In -  <zn (*n)]n

(5)

w here th e  n u m e ra to r  is co m p u ted  from  th e  am plitudes m en tio n ed  in  3). 
F o r ex am p le  th e  sim p le  tw o-R eggeon  bubble  (F ig . 3) is g iven b y

a(j ,  , f )  =  I d / --------^
J [h -  * №

(n u m era to r)
(6)

w here th e  — in te g ra tio n  ru n s  in  an  im a g in a ry  d ire c tio n  an d  lies to  th e  
r ig h t o f th e  po le  a t  =  ocv  I f  we use

k2 =  q — k x,

h  =  J — h  +  l i  (7)

and  m ove th e  co n to u r to  th e  left k eep in g  only th e  p o le  c o n tr ib u tio n  th e n  
we have

d2 ^ (n u m e ra to r )
— oc /̂c?) — a2((q  -  fc^2) +  1] ( 8)

I t  is easy  to  see th a t  th e  d en o m in a to r g ives rise to  th e  c u ts  p o in ted  o u t  b y  
M a n d e l s t a m .

T he a im  o f th is  ta lk  is to  in d ica te  ho w  G r ib o v ’s d iscussion  can be  ta k e n  
over to  th e  case of p ro d u c tio n  am p litu d es . R ela ted  w o rk  has been  u n d e r 
ta k e n  b y  A n s e l m  and  D y a t l o v  [4].

I n  d ed u c in g  his re su lts  from  F e y n m a n  graphs G r ib o v  uses a c e r ta in  
a p p ro x im a tio n  tech n iq u e . W hen  th is  is ap p lied  to  th e  g ra p h
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th e  re su lt h as  ju s t  th e  fo rm  o f th e  double  R egge exchange am p litu d e . M ore
o v er one ca n  d educe  so m e th in g  ab o u t th e  dependence  o f  / ai0t8 on r\, n a m e ly  
t h a t  n e a r  r) =  0,

A  »T*1 +  A » ? - “2- (9)

A ssum ing  t h a t  A 1 an d  A 2 a re  slow ly  v a ry in g  fu n c tio n s  of rj th is  fo rm ula  sug g ests  
a  possib le p a ra m e tr is a tio n  o f /„ 10,2. T his r e s u lt  is co n sis ten t w ith  th a t  of B l a n - 
k e n b e c l e r  a n d  S u g a r  [5] a n d  Z a ic r z e w s k i [6 ]. A c tu a lly  A x and  A 2 e ach  
h a v e  a po le  w h en  x x =  x 2 b u t  w ith  o p p o site  residues. W h e n  x y =  x 2 =  x  th e  
re su lt becom es

/ ю  =  УГ* (A  — B ln r j) . (10)

T he a sy m p to tic  b e h a v io u r  ex h ib ited  b y  th ese  doub le  R eggeon ex ch an g e  
am p litu d es  is o f th e  sam e ty p e  as a lread y  en co u n te red  in  tw o -b o d y  sc a tte r in g . 
T h e  sam e is t r u e  of a m p litu d e s  associa ted  w ith  graphs su c h  as

T he re su ltin g  a sy m p to tic  b e h av io u r is s im p ly  o rd in a ry  c u t- ty p e  b e h a v io u r  
in  each  su b -en erg y  sx an d  s2 (a t  fixed  t2, t2, rj). In  o rd e r to  encoun ter a new  
p h en o m en o n  i t  is necessary  to  exam ine a g ra p h  w ith  no c o u n te r-p a r t in  tw o - 
b o d y  sc a tte r in g . T h e  s im p le s t such  g ra p h  is th e  R eggeon tr ia n g le  g rap h .

Such a  g ra p h  dete rm in es th e  a sy m p to tic  b e h a v io u r of th e  F ey n m an  a m p litu d e  
assoc ia ted  w ith
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F i g .  7

J u s t  as in  th e  tw o -b o d y  case  d isc u sse d  b y  M a n d e l s t a m  i t  is  n e c e s sa ry  to  h a v e  
a c ro ssed  b o x  o n  ea ch  e n d  o f  th e  d ia g ra m .

In  o rd er to  ap p ly  G r ib o v ’s ideas to  th is  s itu a tio n  i t  is n ecessary  to  define  
a double p a r t ia l  w ave o f th e  p ro d u c tio n  am p litu d e . Tj j  w h ich  depends on 
two an g u la r m o m e n ta  ( jx, j 2). B a l i , Ch e w  a n d  P ig n o t t i [7] have  show n how  
an  ex tension  o f T o l l e r ’s w o rk  allows th is  p rob lem  to  b e  so lved  in  a m a n n e r  
co n sis ten t w ith  group th e o re tic a l co n sid era tio n s. W e sh a ll follow G r ib o v  
an d  ad o p t a c ru d e r  ap p ro ach . F o r a tw o -b o d y  p a rtia l w a v e  we use

u(j ,  t) =

an d  inverse fo rm u la

ds' s' J 1 I m A ( s ' , t ) ( И )

A (s ,  t) ( 12)

In  th e  case o f th e  p ro d u c tio n  am p litu d e , w e reg a rd  it  as a fu n c tio n  of Sj an d  
s2 a t  fixed  *19 *2 an d  t] an d  co m p u te  a doub le  ab so rb tiv e  p a r t  Zl2T  in an d  s2. 
T he  double p a r t ia l  w ave is th e n

T  =±JU 2 dsy s , /1 1 ds2 s2j2 1 A 2 T

and  th e  inverse  fo rm ula  is

(13)

-  1
4 i dh  dh  f/2 4 1 sí2 7’J l J Z  ‘

I f  T j j 2 has a po le  in  each v a ria b le  as r ig h t  m o st s in g u la rities

R
llj2

O ) -  x i) ( b  -  «2)

(14)

(15)
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th e n  th e  lead in g  c o n tr ib u tio n  to  T  is

T  =  R s ?  s? . ( 1 6 )

In  o rd e r t h a t  th is  ca lcu la tio n  o f  a double  p a r t ia l  w ave m ake sense  i t  is n ecessa ry  
a t  le a s t in  th e  a sy m p to tic  reg io n  of sx a n d  s2 th a t  T  h a v e  sim ple c u t p la n e  
a n a ly tic ity . T h is p ro p e rty  does seem  to  em erge w hen G r ib o v ’s a p p ro ach  is 
ap p lied  to  th e  R eggeon tr ia n g le  g raph .

T h e  ru le s  suggested  b y  th is  s tu d y  a re  th e  sam e as G r ib o v  proposed  fo r 
th e  tw o -b o d y  case ex cep t fo r som e m o d ifica tio n s to  th e  n u m e ra to r . T he re s u lt  
is th a t  fo r th e  tr ia n g le  g ra p h  in  F ig . 6

w here

1l]2 J d* 1 2 k 3 dl3
(n u m era to r)

Ul — <*l(*l)l [Z2 — «2(*1)] U.Í — *з(*1)1

k l  =  ? 1  —  ^

k2 =  Чг ~  

h  =  Ji  d  ' ’ 

h  — j i  — /3 л 1-

(17)

(18)

U sing th e se  re su lts  an d  k eep in g  only th e  po le  c o n tr ib u tio n  to  th e  la — in te g 
ra tio n  i t  follow s th a t

d2fc3(n u m e ra to r)  .

[j\ —  * i( ( í!  — кзУ) — х з(к1) +  1] [ji —  *2((9г — кзУ) — а з(^з) +  1]

B y  using  s ta n d a rd  p in ch in g  tech n iq u es  i t  is easy to  a n a ly se  th e  a n a ly tic  
s tru c tu re  o f  T j j t w h ich  o rig in a tes  in  th e  d en o m in a to r o f  th e  in teg ran d . T h e  
re su lts  a re

1) B ra n c h  p o in ts  a t  j t —  a 13(it) an d  j 2 =  <x23(t2), w h e re  a13 an d  a 23 are  
th e  tw o -R eg g eo n  b ra n c h  p o in ts  p ro d u ced , in  th e  usual w a y  b y  th e  R eggeon  
p a irs  (а15 0C3) a n d  (a2, oc2). E a c h  fac to r  in  th e  d en o m in a to r g ives rise se p a ra te ly  
to  one o f th e se  s in g u la rities.

2) A  lead in g  curve  w h ich  arises fro m  a p inch  in v o lv in g  b o th  fa c to rs  
in  th e  d e n o m in a to r. W hen  th e  tra je c to r ie s  are  linear th is  cu rv e  is a p a ra b o la  
a n d  lies as show n in  F ig . 8. I t  touches th e  tw o  lines o f sin g u la rities  m e n tio 
n ed  in  1).

T h e  p rec ise  d ispo sitio n  o f  P  d ep en d s on Tj as well as and  t2. In  o rd e r 
to  see w h a t th is  s tru c tu re  im plies fo r th e  a sy m p to tic  b eh av io u r i t  is con-
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v en ien t to  p a ra m e tr ise  as follows,

=  K v s f ,  s2 =  X 1(»?s)-v,

x + y =  1.
I f  we p u t

1 =  +  я .  (21)

j  =  h  +  Á

th e n  i t  follows from  eq. (14) th a t

T  =  J  d T ^ s )1 <р(т), (22)
w here

Ф )  =  $  dJ t j J h  k’ Tn h -  (23)

T he lead ing  a sy m p to tic  b eh av io u r o f  T  is given b y  th e  r ig h t m ost s in g u la rity  
of <p{J)- T h is arises fro m  a p inch  o f th e  j  — in te g ra tio n  co n to u r w h ich  lies on 
th e  (com plex  p a r t  of) th e  line L  in  F ig . 8. P inches o ccu r w hen J  is su c h  th a t  L  
passes th ro u g h  th e  in te rse c tio n  of th e  tw o-R eggeon b ra n c h  lines or L  touches 
th e  lead in g  curve  P.  O n ly  th is  l a t te r  p in ch  is e ffec tive  in  th is  case w ith  the  
re su lt t h a t  th e  a sy m p to tic  b e h av io u r o f T  is d e te rm in ed  b y  th e  le a d in g  curve. 
T h a t  i sT  ~  s2, w here J  depends on rj as well as on a n d  t2. (In  fa c t th e  b e h a 
v io u r is Г - s^/lns).

W hile  i t  m ay  be b ey o n d  th e  scope of p resen t ex p erim en ts  i t  w ou ld  be 
of g rea t in te re s t  to  d e te c t such  a d ep en d en ce  on rj in  th e  a sy m p to tic  b e h av io u r 
o f a p ro d u c tio n  a m p litu d e . O f th e o re tic a l in te re s t is th e  p o ssib ility  o f  d ev e lo p 
ing a L a n d a u  th e o ry  o f singu la rities  in  th e  space o f a n g u la r  m o m e n ta  w hich 
encom passes p ro d u c tio n  am p litu d es as w ell as e las tic  sca tte rin g .
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МУЛЬТИ-РЕДЖЕ ПОВЕДЕНИЕ АМПЛИТУД ОБРАЗОВАНИЯ
И. Т. ДРУМ О Н Д

Р е з ю м е

На основе теории возмущений Грыбов разработал вычисление, в рамках которого 
выдвигается идея, использованная в случае произвольной диаграммы Редже при рас
сеянии двух частиц. Правила, сформулированные Грыбовым, служат для вычисления 
амплитуды а (j , t) парциальной волны г-канала. Описывается возможность применения 
обсуждения Грыбова для случая амплитуды образования для процесса A -f- В -► 1 4- 
+  2  +  3.
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FINITE ENERGY SUM RULES FOR 
MESON—MESON SCATTERING

By

G. C o s t a  and C. A .  S a v o y *

ISTITU TO  D I F ISIC A  “ G. G A LILEI”  D E L L ’U N IV ERSITÀ , PAD O VA  
ISTITU TO  NAZION A LE D I FISIC A  N U CLEA RE, SE Z IO N E  D I PADOVA, PA D O V A , ITALY

F in ite energy sum  rules, based on ana ly tic ity  properties of scattering  am plitudes, are 
applied to m eson— m eson scattering.

F in ite  energy  sum  ru les (F E S R ) [1], b a se d  on a n a ly tic ity  p ro p ertie s  of 
s c a tte r in g  am p litu d es , p rov ide  a usefu l to o l in  re la tin g  th e  h ig h  energy a n d  th e  
low  energy  phenom enology . A ssum ing  t h a t  th e  sca tte rin g  am p litu d e  a t  low  
en erg y  is d o m in a te d  b y  a few  resonances, a n d  th a t  th e  h igh  energy  b e h a v io u r  
is d e te rm in ed  b y  a few  R egge poles, one ca n  eva lu a te  th e  R egge p a ra m e te rs  
in  te rm s  of th e  low  energy  resonances.

W e consider here  th e  sc a tte rin g  a m p litu d e s  for th e  л  — л ,  л  — К , 
л  — Q an d  л  — К *  system s, co rrespond ing  to  th e  exchange o f  th e  ^ -tra je c to ry  
in  th e  i-channe l. W e w rite  F E S R ’s for fo rw a rd  am plitudes a t  t =  0:

T he zero m o m en t (n  =  0) sum  rules a re  used  to  d e te rm in e  the  re sid u es 
ß„x, assum ing  fo r th e  in te rc e p t x e (0) th e  v a lu e  ob ta ined  fro m  high e n e rg y  
f i ts  [2]. A d e te rm in a tio n  of a0 (0) itse lf  is p ro v id ed , m ak in g  use also o f th e  
n =  2 sum  ru les , b y  th e  re la tio n  [3]

T he s a tu ra tio n  o f th e  sum  ru les has b e e n  ca rried  ou t in  th e  narrow  w id th  
reso n an ce  a p p ro x im a tio n , u sin g  th e  av a ilab le  ex p erim en ta l in fo rm atio n  [4]. 
T h e  d a ta  used  in  th e  F E S R ’s are  c o n s is ten t w ith  the A d l e r — W e is b e r g e r  
sum  ru les [5] a n d  th e  genera lized  su p e rc o n v e rg e n t re la tions [6, 7] app lied  to  
th e  d iffe ren t p rocesses [8] d iscussed  in  th is  co m m unica tion . W e have ta k e n  
va lu es  o f (v^(v  =  1/2 ( s — u)) co rresp o n d in g  to  cu to ff С. M . energy  in  th e  
ran g e  1.6 —1.8 GeV; th e  co rrespond ing  v a r ia tio n s  in  the  l .h .s .  o f eq. (1) a re

* On leave of absence from In stitu to  de F isica Teórica, S. Paulo, Brazil.

F i  vn ImF£x{v, t =  0) d v . (1)
n  J  V »

<*e(0) +  3 vl =  0)
( 2 )

[*e(°) +  1 '  R «Á n  =  2)
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w ith in  th e  e x p e rim e n ta l e rro rs . A ssum ing oce(0) =  0.57 ±  0.03 from  [2], o u r  
re su lts  are su m m arized  b y :

ß„„=  1.5 ± 0 . 5 ,

^  =  0 .9  ± 0 . 2 ,

w here all q u a n ti t ie s  have  b e e n  ev a lu a ted  in  pion m ass u n its .
The co rresp o n d in g  re s u lts ,  assum ing  fa c to riz a tio n  o f  th e  Regge resid u es 

a n d  u n iv e rsa li ty  of th e  co u p lin g s of th e  g -tra je c to ry , a re :

—  ß mt = ~ T  ß*s =  ßnx —  ßm* =  ßnN ■ (4 )
Z z

W e see t h a t  th e se  ra tio s  a re  w ell sa tisfied  b y  our re su lts , a lth o u g h  th e  e rro rs  
invo lved  a re  r a th e r  large. M oreover, fro m  [2] we get ß„N =  0.825 an d  0.872 
fo r so lu tion  I  an d  I I I ,  re sp ec tiv e ly , so t h a t  th e  above va lu es  have also  th e  
r ig h t a b so lu te  m ag n itu d e . T h is  is also c o n s is te n t w ith  th e  resu lts o b ta in e d  
fo r th e  n S  sy s te m  [7].

W e a p p ly  now  eq. (2) to  th e  л  — л  sy stem , w h ich  is re la tiv e ly  b e t te r  
know n  th a n  th e  o thers. U sin g  th e  sam e c u t-o ff  we o b ta in :

<*e(°) +  3 _  2 .17  ±  0.45 , (5)
«„(0) +  1

to  be co m p a re d  w ith  th e  v a lu e  2.27 ±  0 .03, co rresp o n d in g  to  th e  q u o te d  
a  g (0). W e th in k  th a t  th e  tw o  values a re  in  ra th e r  good  agreem ent, a lth o u g h  
th e  d e te rm in a tio n  of xe (0) fro m  eq. (5) is sensitive  to  th e  large error.

ßne = 1 - 5  ± 0 . 5 ,  

ßm * =  0.75 ±  0 .25  ,
(3)
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П Р А В И Л А  СУММ К О Н Е Ч Н Ы Х  Э Н Е Р Г И Й  Д Л Я  РАСС ЕН И Я М ЕЗОНОВ
М ЕЗО Н АМ И

Г. КОСТА и К . А . САВОА 

Р е з ю м е

Основанные на аналитических свойствах амплитуд рассеяния правила сумм  
конечных энергий применяются в случае рассеяния мезонов мезонами.
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ON THE DECOUPLET 
SUPERCONVERGENCE RELATIONS 

FOR MESON-BARYON SCATTERING

B y

J .  K w iE cm sK i
IN S T IT U T E  OF N U CLEA R PHY SICS, CRACOW, POLAND

The possible superconvergence relations which correspond to the decouplet exchange  
in the t-channel were considered for m eson— baryon scattering. I t  was found th at superconver
gence relations hold for non-spin-flip but fa il for the spin-flip am plitudes. I t  is suggested  that 
the failure o f the la tter  m ay be due to th e  j’-plane branch point singularity w hich protects 
the fixed  singularity a t the wrong signature nonsense point j =  0.

T h e superconvergence  re la tio n s  [1], nam ely  th e  sum  ru les o f th e  follow 
ing fo rm :

j  j ” I m A ( v  ; t) dv =  0 (1)

are th e  rigorous consequence  o f d ispersion  re la tio n s an d  (assum ed) a sy m p to tic  
b e h av io u r o f sc a tte r in g  am p litu d es, th e  la t te r  b e ing  d e te rm in ed  b y  th e  j-p la n e  
sin g u la rities  in, th e  crossed  channel. I n  p a r tic u la r , th e  absence of m eson  reso n 
ances w h ich  could be  assigned to  th e  27-plet re p re se n ta tio n  of SU (3) has 
led to  th e  co n jec tu re  th a t  th e  co rrespond ing  j-p la n e  s in g u la rity  a 27(0) has 
n eg a tiv e  in te rc e p t:

a 27(0) <  0 (2)

and , as a consequence , we receive th e  fam ila r superconvergence  re la tio n  for 
th e  co rrespond ing  m eson  b a ry o n  sp in -flip  a m p litu d e  B27:

§0  I m B „ ( v ; 0 ) d v  =  0 (3)

w hich h as  been  d iscussed  b y  severa l au th o rs  [2].
In  th is  re p o rt w e w ish to  discuss th e  possible superconvergence  re la tio n s  

for th a t  p a r t  of th e  m eson — b a ry o n  sc a tte r in g  a m p litu d e  w hich  co rresponds 
to  th e  d eco u p le t exch an g e  in  th e  {-channel.

T h e  lack  of e x p e rim e n ta l ev idence  for m eson  resonances w h ich  could 
be assigned to  th e  d eco u p le t re p re se n ta tio n  of SU(3) suggests th a t  th e  fo llow 
ing co n d itio n  m ay  be  tru e :

aio(O) <  -  1 ,  (4)

w here oc10(0) deno tes th e  in te rc e p t o f th e  possible d eco u p le t m eson tra je c to ry .
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T h e cond itio n  (4) th e n  leads to  th e  follow ing in d e p e n d e n t su p erco n v er
gence re la tio n s :

a0 =  J “ I m  A'10(v ; 0) dv =  0 , (5)

\  =  I m v B 10( v ; 0 ) d v  =  0 ,  (6)

w here

A±q — A 10 -(- V B 10 ,

s — и
V  =  -------------------  .

4M

A 10 a n d  B 10 a re  th e  co n v en tio n a l in v a r ia n t am p litu d es .
T h e  sum  ru les  (5) an d  (6) ca n  be m o st easily  an a lysed  i f  we use th e  

fo llow ing  re p re se n ta tio n  of th e  T 10 am p litu d e :

î ’i o  =  ~  T n+p +  T K+p —  T K- p +  T~K.P —  T K.p . ( 7 )

T h e  sum  ru le  (5) ca n  th e n  he  co n v e rted  in to  th e  sum  ru le  over respective  
to ta l  cross-sections an d  in  th is  fo rm  i t  has re c e n tly  been an a ly sed  [3] and  
fo u n d  to  be w ell sa tisfied .

W e h av e  a n a ly sed  th e  sum  ru le  (6) fo r th e  spin-flip  a m p litu d e  B 10 in  
th e  n a rro w -w id th  resonance  a p p ro x im a tio n  ta k in g  th e  re p re se n ta tio n  (7) for 
n u m erica l e s tim a te s .

I t  ap p ears  [4] th a t  c o n tra ry  to  th e  sum  ru le  (5) th e  possib le  supercon 
v erg en ce  re la tio n  (6) ex h ib its  a re m ark ab le  te n d e n c y  to  fail. T h is is due to  
th e  fa c t  th a t  p re d o m in a n t b a ry o n ic  resonances (a, y  o c te t recu rren ces and  b 
d eco u p le t recu rren ces) c o n tr ib u te  w ith  th e  sam e sign to  th e  in te g ra l bv  (The 
sam e  s itu a tio n  e x is ts  i f  we an a ly se  th is  sum  ru le  w ith in  SU (3) sy m m etry ).

T he fa ilu re  o f  th is  sum  ru le  can  be co m p a tib le  w ith  th e  fa c t  th a t  th e  
su m  ru le  (5) h o ld s  on ly  if  we a c c e p t th e  t-ch an n e l j-p la n e  s in g u la rity , located  
n e a r  j  =  —1, w h ich  is p re se n t o n ly  in  / _ ;10 ( j  ; *) p a r tia l  w av e  am p litu d e  
(in  S i n g h  n o ta t io n  [5]) since th e  a sy m p to tic  b eh av io u r of th e  A [ 0 (v ; t) 
a m p litu d e  is co n tro lled  b y  j-p la n e  s in g u la ritie s  o f / +;10 ( j  ; t) a lone. A possible 
c a n d id a te  fo r th is  s in g u la rity  is th e  m oving  b ra n c h  p o in t [6] w h ich  p ro tec ts  
th e  fix ed  pole o f  f _ ;10 (j  ; t) a m p litu d e  a t  j  =  0. I t  can  be show n [4] th a t  th is  
b ra n c h  p o in t s in g u la rity  m u s t be  p re se n t a t  th e  am p litu d e  / _ .10 (j  ; t) an d  
m a y  decouple fro m  /+ .10 ( j  ; t).

T he m ore  d e ta iled  d iscussion  of th e  p ro b lem s p re sen ted  h ere  is given 
in  [4].
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ДЕКУПЛЕТНЫЕ СВЕРХСХОДЯЩИЕСЯ СООТНОШЕНИЯ 
ДЛЯ МЕЗОН-БАР ИОННОГО РАССЕЯНИЯ

Я. КВИЕЦИНСКИ

Р е з ю м е

Рассматриваются возможные соотношения сверхсходимости, относящиеся к декуп- 
летному обмену в t-канале при мезон-барионном рассеянии. Найденно, что соотноше
ния сверхсходимости имеют место в случае не спин-флиповых, но отсутствуют в случае 
спин-флиповых амплитуд. Оказывается, что отсутствие последних возможно обуслов
лено существованием разреза в J-плоскости, который связан с неподвижной особенностю 
в абсурдной точке / =  0.
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S-MATRIX THEORY OF PION PION 
SCATTERING

B y

P .  R .  G r a v e s -M o r r is

U N IV E R S IT Y  OF K EN T, CA N TERBU RY , K E N T , ENGLAND

A  one param eter m odel o f  the pion—pion scattering am plitude is given , which satisfies 
crossing sym m etry and un itar ity  approxim ately. The results are q u alita tively  correct.

T here  h av e  been  sev era l fo rm u la tio n s  of th e  so lu tio n  to  th e  p ro b lem  o f 
p ion —pion  sc a tte r in g  in  S -m a tr ix  th e o ry  [1]. One needs a rea l a n a ly tic  fu n c tio n  
of th e  M an d els tam  v a ria b le s  s an d  t w h ich  satisfies crossing  sy m m e try  an d  
u n ita r ity . In s te a d  o f beg in n in g  w ith  a d ispersion  re la tio n  w hich  n ecessa rily  
gives th e  co rrec t a n a ly tic  p ro p ertie s , an  am p litu d e  w ill be defined  b y  its  
T ay lo r exp an sio n . I t  p ro v es co n v en ien t to  ex p an d  a b o u t th e  p o in t s =  4, 
t =  и =  0 an d  th e  v a ria b le s  of th e  ex p an sio n  are j/4 — s, t, u. T he  m ass u n it  
is th e  p ion  m ass. I t  is possib le  to  re -ex p an d  th e  a m p litu d e  a b o u t th e  u n p h y s ic a l 
p o in t s =  t =  и =  0, a n d  to  req u ire  th e  a m p litu d e  to  be crossing  sy m m etric  
in  th e  s a n d  t v a riab le s  to  g iven o rder. T h is leads to  a se t o f lin ea r  e q u a tio n s  
am ongst th e  coeffic ien ts o f th e  T ay lo r expansion . U n ita r i ty  is im p o sed  to  
given o rd e r on th e  p a r t ia l  w aves o f th e  o rig inal fo rm , lead in g  to  a se t o f  q u a d 
ra tic  eq u a tio n s . T he p ro b lem  is th e n  th e  p rob lem  o f an a ly sin g  an d  so lv ing  
these  eq u a tio n s . T he m a th e m a tic a l m odel is ex p la in ed  m o st c learly  b y  co n 
sidering th e  sc a tte r in g  o f u n ch arg ed  p ions w hich h av e  no u -ch an n e l forces. 
The ex p ansion  o f th e  a m p litu d e  to  f ir s t  o rd er in  th e  v a riab le s  1/4 — s, t is

A (s ,  t) — a -f- 6 y 4  — s -)- c t .

a, b an d  c are  c o n s ta n ts , s < / 4. To im pose  crossing sy m m e try , re -e x p a n d  
ab o u t s =  t =  0,

A (s ,  t) ~  a  -f- 6(2 — s/4) ct, 

th e re fo re  c =  —6/4.

C ontinue th e  a m p litu d e  above th e  b ran ch  p o in t s == 4, an d  im pose u n i ta r i ty ,

A (s ,  t) =  a — 2ibk  -f- ct,

I i n  A[  =  ( k / E )  I A I 2 ,
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1 f 1A t =  -— A { s , t ) P l{ x )d x ,
2

w here  к  is th e  c.o .m . m o m e n tu m , E  th e  c .o .m . energy  o f a p ion , an d  x  is th e  
cosine o f th e  c .o .m . sc a tte r in g  angle. W o rk in g  to  f irs t  o rd er, one can  on ly  
im pose s-w av e  u n ita r i ty

b = - a 2l  2 ,

so th e  c o m p le te  am p litu d e  to  f irs t o rd e r is

A (s ,  t) =  a -f- ik a 2 -f- io2/8 .

T h e  a m p litu d e  is expressed  in  te rm s of one p a ra m e te r  a, th e  s-w ave sc a tte r in g  
len g th , a n d  th e  p -w ave sc a tte r in g  le n g th  is im p lic itly  deduced .

T he re a lis tic  m odel h a s  th re e  a m p litu d e s  A*(s, t, и), x  =  0, 1, 2 an d  
tw o  sy m m etrie s :

A a(s, t, u) =  ( —)a A a(s, u, t ) ,

A a(s, t, u) =  S aß A ß(t, s, и ) ,

w here S  is th e  p ion —pion  crossing  m a tr ix . To im pose crossing  sy m m etry , use 
a m a tr ix  X  su ch  th a t  S X  =  Х Л ,  w here A  is th e  d iag o n a l m a tr ix  of e igen 
values. Л 00 =  A 11 =  1, A 22 =  — 1. T h en  new  am plitu d es

Ga(s, t, u) =  ( X - 1) ^  F ß(s, t, u)

h av e  th e  sy m m etrie s  th a t  G°, G1 are sy m m e tric  an d  G2 is a n tisy m m e tric  u n d e r  
in te rch an g e  o f  s an d  t.

U se t r ia l  am p litu d es

A 0 — a 0 -)- b0 |/4  — s -f- c0(t 4- u ) ,

A 1 —  cx(t — n),

A 2 =  a2 bo У4 — s +  c2(t -f- u ) .

E x p a n d  a b o u t s =  t =  и  =  0, form  th e  G am p litu d es an d  sy m m etrise  or 
a n tisy m m e trise : one fin d s t h a t

—4 — 5 - 1 6 - 1 2 —20 V 0
— 2 — 7 - 8 12 - 2 8 К 0 5dn

2 —5 0 0 0 co = - a °  +  —
0 0 2 3 - 5 ci 0

2 - 5 - 8 12 20 C2 0

(1 )
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T he u n i ta r i ty  eq u a tio n s  are

К = - а Ц  2 ,  b2 —  — a2/2 . (2)

O ne m ig h t hope th a t  seven  eq u a tio n s w o u ld  determ ine  sev en  p a ra m e te rs , 
b u t  one crossing  sy m m e try  e q u a tio n  is c o n s is te n t w ith  th e  o th e r fo u r an d  
so is re d u n d a n t. W ork ing  on th e  a ssu m p tio n  th a t  a2 =  0, s tro n g ly  suggested  
b y  th e  ex p e rim en ta l d a ta  [2] one finds t h a t

« о  =  1 1 b0 =  г/ 2 ,  c0 =  c2 =  c2 =  * /24,  o 2 =  b2 =  0 .

A n estim a te  o f th e  errors in v o lv ed  in  using th is  p rocedure is g iven  b y  e v a lu a t
ing  A 01 A 2 a t  th e  sy m m e try  p o in t. I ts  va lu e  is 2.651 in s te a d  o f  th e  th e o re tic a l 
2 .5 , an  e rro r o f 6% .

I t  seem s im possib le  to  fo rm  any  e s tim a te  of th e  convergence  d o m a in  
of th e  series. T h ere  shou ld  be crossed ch a n n e l norm al th re sh o ld s , an d  th e re  
are second ty p e  s in g u la rities in  th e  tw o p a r tic le  phase space fu n c tio n . I t  w ou ld  
seem  reasonab le  to  ex p ec t convergence in  |fc| <  1 or to ta l  en e rg y  in  th e  ra n g e  
0 —»■ 400 MeV. To m ake b e s t u se  o f th e  re su lts , form  th e  X -m a tr ix

ta n  (3g _  1 I m  A%
к ~  к R e  A°0 1

w hich  is m erom orph ic  in  к  >  0, b u t  below in e la s tic  th resh o ld s . T h is p a r tic u la r  
p ro ced u re  p red ic ts  th a t

ta n  0% — kj(  1 — fc2/6)

an u  th a t  th e re  is an  s-w ave, /  =  0 resonance  a t  741 MeV.
T he second o rd e r c a lcu la tio n  is ted ious b u t  in te restin g .

A 0 =  a 0 - f  60 j 4 — s +  c0(t - f -  u) +  d 0(4 — s)

+  /o(t2 +  u1) +  k 0 ]/4 — s(t -}- u) -)- k 0 tu ,

A 1 =  cL(t — u) +  h1 |/4  — s(t — u) +  f ^ t 2 — u2) , (4)

A 2 =  a2 -(- 62 ]/4 — s +  c2(t +  u) - f  d2(4 — s)

+  f , ( t 2 -f- u2) -)- h., У 4 — s(t -(- u) +  k, tu .

T here  are  13 crossing  sy m m e try  eq u a tio n s, o f  w hich th ree  a re  com patib le  
an d  re d u n d a n t. T h ere  are  five u n i ta r i ty  e q u a tio n s , tw o of w h ich  a re  eq u a tio n s
(2) a n d  one of w hich  is h2 =  0. T h e  rem ain ing  tw o  u n ita r ity  e q u a tio n s  and  th e  
10 in d e p e n d e n t crossing  sy m m e try  eq u a tio n s m a y  be w r itte n  in  th e  fo rm

R  X =  b +  d2 d ,
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w here  x T =  (k 2 h2f 2, / x k 0 h 0, f 0 d 0 c2, cx c0 b2). R is a 12 X 12 m a trix , b a n d  d 
tw e lv e  d im en sio n a l v ec to rs . R, b an d  d b o th  depend  on  o 0 and  a2 a n d  so, 
fro m  e q u a tio n s  (2), on b0, b2. In v e rs io n  o f th e  m a tr ix  R re v e a ls  th e  re m a rk a b le  
co incidence t h a t  th e  v ec to r  R _1 d is zero, e x c e p t for (R d)8 =  —(R -1 d)u =  
=  2.5 an d  (.R -1 d)9 =  —1. T h is m eans t h a t  th e  co m b in a tio n s  c0 -f- d 0, c2 +  d2 
a n d  th e  e lem en ts  fc2, ft2, f 2, k 0 h 0, f 0, b2 a re  d e te rm in ed  u n iq u e ly  in  te rm s  
o f a 0, b0, a2 an d  b2. T he eq u a tio n s  are so lved  b y  giving a 0 a fixed  v alue  a n d  a2 
t r ia l  v a lu es  so th a t  b2 o b ta in e d  b y  m a tr ix  inversion  ev en tu a lly  e q u a ls  b2 
o b ta in e d  fro m  u n i ta r i ty  in  eq u a tio n  (2). F u r th e r  th e  sc a tte rin g  a m p litu d e  
is u n iq u e ly  d e te rm in ed  in  te rm s  of a 0, b ecau se  4 — s =  t -|- u in  th e  p h y s ica l

F ig . 1. The phase shift as deduced by methods described in the tex t. The experimental points
are taken from [2]

reg ion , a n d  so th e  co m b in a tio n s c0 -f- d 0, c2 - f  d2 f ix  th e  am p litu d es o f  equa
tio n s  (4) in  th e  ph y sica l reg ion . I  can  see no sim ple reaso n  for th is  acc iden t.

T h e re  does n o t a p p e a r  to  be a u n iq u e  so lu tio n  to  these e q u a tio n s  for 
g iven  a 0, b u t  th e  so lu tio n  g iven is th e  one of th e  tw o  found  w hich  is closest 
to  th e  e x p e rim e n ta l d a ta . T he e rro r a t  th e  sy m m etry  p o in t in  th e  case  a 0 =  1 
is. 8 % .

T h e  I  =  1 a m p litu d e  is p u re ly  re a l and  so n o n -u n ita ry  in  th e  second 
o rd er m odel. T herefo re  one expec ts th e  1 = 1  re su lts  to  be im p e rfe c t. B u t 
th e  re a l p a r t  o f th e  a m p litu d e  v an ish es  a t  580 MeV, in d ica tin g  th e  presence 
of a low  energy  rho  resonance . S econd ly , th e  К -m a tr ix  p a ra m e tr is a tio n  (3) 
is in a p p ro p r ia te  fo r <5q. T h is is b ecau se  Im  Ä q sh o u ld  be  positive , b u t  is n o t
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in  th is  m odel — i t  is sm all a n d  of o sc illa tin g  sign. So th e  phase sh if t w as 
d e te rm in ed  fro m  th e  m a g n itu d e  of th e  re a l p a r t ,  Re f%. T h e  value 1 fo r  a 0 
w as chosen (a) because i t  is in  accord  w ith  th e  prev ious ca lcu la tio n , (b) b ecau se  
fo r a 0 la rg e r o r sm aller th a n  1 th e  zero o f  R e f l  is a t  lo w er energies a n d  (c) 
th e re  is a q u a lita tiv e  f i t  to  óo- I t  d id  n o t seem  w orthw hile  to  do a least sq u a re s  
f i t  to  th e  d a ta  an d  ignore c rite r io n  (b). S m all changes in  a 0 do n o t p ro d u c e  
a n y  su b s ta n tia l changes in  th e  resu lts . T h e  re su lts  are sh o w n  in  Fig. 1 fo r  th e  
I  — 0 an d  1 — 2 s-w ave p h a se  shifts g iv en  e x p e rim en ta lly  b y  W a lk er ’s 
analy sis  [2]. T h e  p red ic ted  sc a tte rin g  le n g th s  are

a 0 =  1 , a2 =  *04115 .

F u r th e r  w ork  on th e  th ird  order ca lcu la tio n  a p p e a rs  feasible, a n d  in  
re tro sp e c t one can  see a rg u m e n ts  in  fa v o u r  of re -ex p an d in g  ab o u t th e  sy m 
m e try  p o in t.
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UNITARITY STRUCTURE 
OF SCATTERING AMPLITUDES

By

C . C r o n s t r ö m

R ESEA R C H  IN ST ITU TE F O R  TH EO RETICA L P H Y S IC S , U N IV ERSITY  O F  H E L S IN K I 
H E L S IN K I, F IN L A N D

As a first step  towards constructing scattering am plitudes satisfy ing  unitarity, analyti-  
c ity  and crossing sym m etry, we derive a linear non-singular integral equation  for the to ta l  
scattering am plitude w hich is equivalen t to the un itar ity  condition. For th is purpose w e use  
the partial-w ave N /D  representation (w ith  inelasticity) and  the convolution theorem  for L egen d
re transform s. W e also discuss briefly  the choice o f  tw o  functions IV(s, cos ©), C(s, cos ©) 
w hich determ ine the unitary scattering am plitude through the in tegra l equation. These  
functions m ay hopefu lly  be chosen so th a t the a n a ly tic ity  and crossing sy m m etry  requirem ents 
are satisfied.

1 . In tro d u c tio n

T his n o te  is to  a large e x te n t  insp ired  b y  a pap er b y  A . W . M a r t i n  [1], 
d ea ling  w ith  th e  fo rm id ab le  p rob lem  of co m b in in g  u n i ta r i ty  and  crossing 
sy m m e try  in  a single fo rm alism . M a r t i n  u se s  th e  g enera l s tru c tu re  o f th e  
p a rtia l-w av e  N /D  re p re se n ta tio n  to  develop a M an d els tam -lik e  re p re se n ta tio n  
fo r th e  fu ll s c a tte r in g  a m p litu d e  th a t  satisfies e la s tic  u n ita r i ty  in  th e  s-channe l. 
T h e  k ey  p o in ts  in  th is  d ev e lo p m en t consist o f  a fa irly  g en era l an sa tz  fo r th e  
p a r t ia l  w ave n u m e ra to r  fu n c tio n  an d  a te c h n iq u e  for e v a lu a tin g  in fin ite  sum s 
over L egendre po lynom ials  a n d  L egendre fu n c tio n s  of th e  seco n d  k ind . As a 
re su lt, one o b ta in s  a series ex p an sio n  for th e  u n ita ry  s c a tte r in g  am p litu d e , 
each  te rm  in  th e  series h av in g  an a ly tic  p ro p e rtie s  co rresp o n d in g  a p p ro x i
m a te ly  to  th e  M an d els tam  do u b le  d ispersion  re la tio n . H o w ev er, due to  th e  
co m p lica ted  fe a tu re s  of his ex p an sio n , M a r t i n  d id  n o t p ro v e  t h a t  th e  u n i ta ry  
s c a tte r in g  a m p litu d e  a c tu a lly  h a d  th e  co rrec t an a ly tic  p ro p e rtie s . Secondly , 
in e las tic  u n i ta r i ty  w as n o t in c o rp o ra te d  in  th e  form alism . H o w ev er, in e la s tic  
u n i ta r i ty  is a n ecessa ry  in g re d ie n t in  th e  p ro b le m , as i t  is k n o w n  th a t  n o n 
tr iv ia l  sc a tte rin g  am p litu d es  c a n n o t sa tisfy  e x a c tly  b o th  elastic  u n ita r i ty  a n d  
crossing  sy m m etry .

N ow , we w ill show , t h a t  b y  using  th e  co n v o lu tio n  th e o re m  fo r L egendre  
tra n sfo rm s  [2, 3] one can  c ircu m v en t som e o f th e  d ifficu lties co nnec ted  w ith  
th e  series ex p an sio n  of th e  u n i ta ry  sc a tte r in g  am p litu d e . A lso , b y  re p e a te d  
use o f th e  co n v o lu tio n  th eo rem , we can, a t  le a s t  fo rm ally , in c lu d e  ine lastic  
u n i ta r i ty  in  th e  fo rm alism . In s te a d  of a series ex p an sio n  for th e  u n ita ry  s c a t te r 
ing  am p litu d e  w e o b ta in  a lin e a r  n o n -sin g u la r in te g ra l e q u a tio n  fo r th e  fu ll
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sc a tte r in g  a m p litu d e , th e  k e rn e l and  inhom ogeneous te rm  being d e te rm in e d  
b y  th e  a n sa tz  m ad e  fo r th e  p a rtia l-w a v e  n u m e ra to r  fu n c tio n . The n e x t  S ection  
is d ev o ted  to  a d iscussion o f th e  u n ita r i ty  in te g ra l eq u a tio n s , while th e  c o n c lu d 
in g  S ection  3 co n ta in s  som e com m ents o n  M a r t in ’s a n s a tz  for th e  p a r tia l-  
w av e  n u m e ra to r  fu n c tio n  a n d  a d iscussion  o f  fu r th e r  deve lopm en ts.

2 . The unitarity integral equation

F o r s im p lic ity  we co n sid e r th e  sc a tte r in g  o f d is tin g u ish ab le  sp in less 
p a rtic le s  o f  eq u a l m ass. F o r  n o ta tio n s  a n d  c o n v en tio n s  we re fe r e .g . to  
M a r t in ’s p a p e r  [1 ].

As is k n o w n , a p a rtia l-w a v e  a m p litu d e  A/(s), w h ich  is re p re se n te d  in 
th e  form  ЛГ//А w ith  Di g iv en  by

A (s) =  1 ! _  Г  ds' p(s ')  N t (s') ' ^  ^  a -  1 
П J 1 s' — s s

( 1 )

w ill sa tis fy  e lastic  u n i ta r i ty  fo r ra th e r  a rb itr a ry  fu n c tio n s  Ni(s). 
F ro m  E q . (1) th e n  follow s,

A, (.) = N, (.) + JL Г  " M M  W )  ,
Я J 1 s' — s

( 2)

L e t us th e n  perfo rm  th e  in v erse  L egendre  tran sfo rm  in  E q . (2). O n th e  rig h t 
h a n d  side o f  E q . (2) we h a v e  to  tra n s fo rm  th e  p ro d u c t  Ai(s)N i(s ') ,  w hich 
accord ing  to  th e  co n v o lu tio n  th eo rem  [2, 3] can  be exp ressed  as a n  in te g ra l 
invo lv ing  th e  fu n c tio n s A (s ,  cos 0 )  a n d  N (s ,  cos A) d e fin e d  below . W e o b ta in

A (s ,  z) — N (s ,  z) +  —  Г dz' K{s, z, z ')  A ( s ,  z'), 
я  J - 1

w ith  (z =  cos 0 ) ,

(3)

A  (s, z) = 2 7 ( 2 1 +  l ) ^ , ( s )  Pi(z),

N  (s , z) =  E  (2 1 +  1) N,{s) P,(z), (4)
and

K (s ,  z, z') =  —  Г ds p(-S ) ■ I 'T d (p N (s \  cos A), 
я Jl s '  — s Jo

cos A =  zz" +  ((1 — z2) (1 — г '2) ) 1'2 cos ip, (5)

T he E q . (3) w hich , fo r a  given fu n c tio n  N  (s, г), c o n s titu te s  a n o n sin g u la r  
lin ea r in te g ra l eq u a tio n  fo r  A  (s, г), is e q u iv a len t to  th e  elastic u n i ta r i ty  con
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d itio n . I t  is am using  to  n o te  th a t  th e  F re d h o lm  d e te rm in a n t o f E q . (3) is g iven  
b y  th e  p ro d u c t o f th e  p a rtia l-w av e  d e n o m in a to r fu n c tio n s ,

£L)(s) =  I T D l (s). (6)

N ow  th e  d ifficu lty  in  E q . (3) lies in  th e  find ing  o f a “ co rrec t”  a n s a tz  for 
N  (s , z). T he  an sa tz  p ro p o sed  b y  Martin  corresponds to  th e  choice,

JV(s, cos 0 )  =  —  Г  -Ц
7T J I t
1 f ” d t ' f ,  (s, t')  1 Г  d u ' f u ( s ,u ' )

л  J 1 и  — и
w ith

t = ----- ------— (1 — COS0),
2

s -  1
(1 -f- COS 0 ).

( 7 )

( 8)

In se r tin g  E q . (7) in  th e  in te g ra l e q u a tio n  (3), i t  is e a s ily  checked t h a t  th e  
f irs t  few te rm s  in  th e  N eu m an n  — L iouv ille  series so lu tio n  of E q . (3) ag ree 
w ith  th e  f irs t  few  te rm s  in  th e  series ex p an sio n  o b ta in e d  b y  Ma r t in . I t  is 
clear t h a t  i t  is easier to  in v es tig a te  th e  an a ly tic  p ro p e rtie s  of th e  so lu tio n  
A  (s, cos 0 ) ,  b y  exam in in g  th e  in teg ra l e q u a tio n  th a n  b y  exam in ing  th e  series 
ex p ansion  fo r A (s ,  c o s 0 ) .  H ow ever, as m en tio n ed  in  th e  In tro d u c tio n , i t  is 
n ecessary  to  inc lude  in e la s tic  u n ita r i ty  in  th e  fo rm alism  before co n sid e rin g  
th e  c o n s tra in ts  given b y  a n a ly tic ity  a n d  crossing s y m m e try  re q u ire m e n ts . 
W e dev o te  th e  rem a in d e r o f  th is  Section  to  th e  prob lem  o f inelastic  u n i ta r i ty .

As is know n, one w ay  o f in tro d u c in g  inelastic  u n i ta r i ty  in tb e  N /D  
schem e consists o f in tro d u c in g  an  in e la s tic ity  fac to r Ri(s)  in  th e  in teg ra l d e f in 
ing  th e  d en o m in a to r fu n c tio n  D;(s),

,  1 "  ds' q ( s ' )  R t ( s ' )  N ,  ( s ' )
U,(s) =  l ------ - -------------- ;-----------------

л  s — s

w here

R, 00 =  i  +  - - ^ - ^ i  +  c,(s).

T he u n k n o w n  fu n c tio n  Ci(s) in  E q . (10) is n o n -n eg a tiv e  above th e  in e la s tic  
th resh o ld  Sj. L e t us now  m ak e  th e  a ssu m p tio n  th a t  th e  fu n c tio n  C/(s) is th e  
L egendre tra n sfo rm  o f som e fu n c tio n  C  (s, cos 0 ) . (T his assu m p tio n  is n o t 
necessarily  v e ry  b rav e , in  v iew  of e x is tin g  u p p er an d  lo w er bounds on  cTjnei 
an d  cre\, respec tive ly ). W e can  th e n  a p p ly  th e  inverse  L egendre tra n s fo rm

(9)

( 10)
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j u s t  as in th e  p rev io u s  case, a n d  ob ta in  a g a in  th e  in teg ra l e q u a tio n  (3), w ith  
th e  only d iffe ren ce  th a t  th e  k e rn e l К  (s , z, z r) now  con ta in s a double co n v o lu 
t io n  in teg ra l,

:, г, z') =  —  Г  —  - - ( * d<p N{s',  cos A) +
2 л  J 1 s' — s Jo

+ —— Г f+1dnC(s',i?)lV(s',CosA'),
4л:2 J Sl s ' — s Jo  Jo J - 1

w ith

f  =  C O S  A =  Zz' -f- ((1 — Z2) (1 — z '2))1/2 C O S  <p, 

cos A' =  £re +  ((1 — Í 2) (1 — »72))1/2 cos <p' . (12)

T h e  in te g ra l e q u a tio n  (3), w ith  th e  k e rn e l K  (s, z, z") g iv en  b y  E q . (11) is 
th u s  e q u iv a le n t to  th e  re q u ire m e n t of in e la s tic  u n ita r ity  ex p re ssed  b y  E q . (9). 
I n  o rder to  s a t is fy  th e  a n a ly tic i ty  and  c ro ss in g  sy m m etry  req u irem en ts  w e 
h a v e  th e  tw o  (fa ir ly  a rb itra ry )  functions N  (s, cos 0 )  an d  C  (s, cos 0 )  a t  o u r 
d isposal. I t  is o f  course c lea r t h a t  th e  “ c o r re c t”  choice o f  these  fu n c tio n s  
w ill req u ire  a lo t  of insp ired  guessw ork.

3 . S u m m ary  and  discussion

W e h a v e  show n th a t  th e  u n ita r i ty  co n d itio n  fo r th e  fu ll s c a tte r in g  
a m p litu d e  A  (s, cos 0 )  can b e  in tro d u ced  b y  m eans of a l in e a r  n o n -s in g u la r 
in te g ra l e q u a tio n  whose inhom ogeneous te r m  equals th e  in v erse  L eg en d re  
tra n s fo rm  N  (s, cos 0 )  of th e  p a rtia l-w a v e  n u m e ra to r  fu n c tio n  (of th e  N / D  
m e th o d ), a n d  w hose  kernel is  given in  te rm s  of th e  fu n c tio n  N  (s, cos 0 )  
a n d  an  a d d itio n a l function  C (s , cos 0 )  w h ich  describes th e  in e la s tic ity .

These tw o  functions m a y  hopefu lly  b e  chosen so t h a t  th e  s c a tte r in g  
a m p litu d e  also  h a s  th e  co rrec t an a ly tic  p ro p e rtie s  and sa tis fie s  crossing s y m 
m e try . T he in te g ra l  e q u a tio n  o b ta in ed  rep laces  th e  cu m b erso m e su m m atio n  
tech n iq u es  a n d  series ex p an sio n s in tro d u c e d  b y  Martin [1] fo r th e  p u rp o se  
o f  com bin ing  th e  a n a ly tic ity - , u n ita r i ty -  a n d  crossing  sy m m e try  req u irem en ts . 
T h e  fo rm alism  p resen ted  h ere  is also m ore g en e ra l, as we in c o rp o ra te  in e la s 
t ic  u n ita r i ty  a n d  are able to  deal w ith  g e n e ra l fu n c tio n s  N  (s, cos 0 )  a n d  
C  (s, cos 0 )  re sp ec tiv e ly . A d m itte d ly , our a n a ly s is  has been h e u ris tic , as we h a v e  
n o t  found  i t  w o rth w h ile  to  s t a te  cond itions fo r  th e  v a lid ity  o f  th e  in te rc h a n g e  
o f  vario u s l im itin g  processes, w h ich  occur f re q u e n tly  in  th e  p ap e r. A lso, w e 
h a v e  d is reg a rd ed  co m p lica tions such as th e  ap p earan ce  o f  bound  s ta te s , 
su b tra c tio n s , e tc . A p a rt from  su ch  questio n s one m ay o f co u rse  criticize th e
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use o f th e  N /D  re p re se n ta tio n  to  im pose u n ita r i ty , in  v iew  of th e  am b ig u o u s 
n a tu re  o f th is  rep re se n ta tio n .

T h e  ach ievem en ts m ad e  in  th is  p a p e r  a re  m ain ly  tech n ica l, as th e  h e a r t  
of th e  p rob lem  lies in  th e  d e te rm in a tio n  o f th e  fu n c tio n s  N  (s, cos 0 )  and  
C (s, cos 0 ) .  H ere th e  re su lts  o b ta in ed  in  p o te n tia l s c a tte r in g  for Y u k aw ian  
p o te n tia ls  p rov ide  a usefu l h in t. In  fac t, from  th e  papers b y  D e  A l f a r o  e t al. [4] 
an d  especially  b y  P e t r a s  [5], we lea rn  t h a t  th e  fu n c tio n  N  (s, cos 0 )  h as, 
a p a r t  from  m inor m o d ifica tions, th e  re p re se n ta tio n  given b y  E q . (7), p ro v id e d  
th e  re le v a n t sp ec tra l fu n c tio n s  sa tisfy  c e r ta in  non -lin ear d y n am ica l e q u a tio n s . 
T here  is th u s  som e g ro u n d  fo r op tim ism  a lth o u g h  th e  fu lly  re la tiv is tic  p ro b lem  
is m ore com plica ted . W e hope to  be ab le  to  discuss th e  co n s tru c tio n  o f  th e  
fu n c tio n s N  (s, cos 0 )  an d  C (s, cos 0 )  in  m ore  d e ta il in  th e  n e a r  fu tu re .
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УНИТАРНАЯ СТРУКТУРА АМПЛИТУД РАССЕЯНИЯ
К. КРОНСТРЁМ

Р е з ю м е
Первым шагом в направлении составления амплитуд рассеяния, удовлетворяющих 

унитарности, аналитичности и симметрии скрещения, выводится линейное несингуляр
ное интегральное уравнение для полной амплитуды рассеяния, которая эквивалентна 
унитарному условию. Для достижения этой цели использованы N /D  представление 
парциальных волн (с неупругостью) и теорема свертки функций для преобразований 
Лежандра. Коротко истолкуется также выбор двух функций N(s, cos 0), C(s, cos 0), 
которые определяют амплитуду унитарного рассеяния через интегральное уравнение. 
Эти функции можно выбирать с надежностью так, что требования симметрии скрещи
вания и аналитичности удовлетворились.
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n ± - p  ELASTIC SCATTERING ON POLARIZED PROTONS 
AT LARGE MOMENTUM TRANSFERS

By

G. CONFORTO

T H E  EN RICO  F E R M I IN ST ITU TE AND D EPA R T M E N T OF PH Y SIC S 
T H E  U N IV ER SITY  O F CHICAGO, CHICAGO, IL L IN O IS  60637, U SA

R ecent results o f the m easurem ents o f я ±  — p  e lastic scattering on polarized protons 
at large m om entum  transfers are reported and com pared w ith Regge pole phenom enology.

0  dulces com itum  valete coetus 
C atullus, C arm ina

I . Introduction

A w hole new  class o f p o la riza tio n  m easu rem en ts  h a s  re c e n tly  becom e 
possible in  e lem en ta ry  p a r tic le  physics b y  th e  d ev e lo p m en t of po larized  
p ro to n  ta rg e ts , w hich h av e  red u ced  p o la riza tio n  d e te rm in a tio n s  in  reac tio n s 
ta k in g  p lace on p ro to n s to  a sy m m e try  m easu rem en ts  [1].

In  л  — p  sca tte rin g , fo r energies a ro u n d  o r above 1 GeV, severa l p o la riz 
a tio n  m easu rem en ts  h av e  b een  a lread y  ca rried  o u t.

T h ey  can  be  d iv ided , ro u g h ly  sp eak in g , in to  tw o g ro u p s.
O n th e  one h an d , ex ten s iv e  p o la riz a tio n  m easu rem en ts  ex is t [2] fo r 

energies up  to  a b o u t 2 GeV. I n  th is  energy  reg ion  to ta l  cross sections show  
a considerab le  s tru c tu re  as fu n c tio n  o f en e rg y  a n d  severa l resonances h av e  
b een  e stab lish ed . T he know ledge o f p o la riz a tio n  and  o f d iffe ren tia l cross 
sections a t  closely spaced  en erg y  in te rv a ls  h a s  m ad e  possib le  th e  d e te rm in a 
tio n s o f spins a n d  pa ritie s  o f severa l resonances.

O n th e  o th e r  h an d , p o la riza tio n  d e te rm in a tio n s  in  th e  fo rw ard  d irec tio n  
h av e  been  o b ta in e d  for energ ies above 6 GeV [3]. A t th e se  energies cross 
sections change slow ly w ith  energy , show ing no  evidence fo r  resonances an d  
differences be tw een  p a rtic le  a n d  a n tip a r tic le  cross sections becom e sm all. 
M any hy p o th eses  on th e  a sy m p to tic  b e h av io r o f  sc a tte rin g  am p litu d es  h av e  
been  fo rm u la te d  in  recen t y ea rs  [4]. T h e  p o la riza tio n  d a ta  h a v e  p lay ed  a 
v e ry  im p o r ta n t  ro le  in  increasin g  our u n d e rs ta n d in g  of th e  g enera l fea tu re s  
o f  h igh-energy  tw o -b o d y  collisions.

I t  is th e  p u rpose  of th is  p a p e r to  describe  th e  fe a tu re s  an d  p re sen t 
som e resu lts  o f an  ex p e rim en t [5] p re sen tly  se t u p  a t  th e  A rg o n n e  ZGS to  
m easu re  p o la riza tio n s  in  лА — p ,  K + — p ,  a n d  p  — p  e la s tic  sc a tte rin g  in  
th e  energy  region b e tw een  2.5 an d  5 GeV.
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Som e resu lts  on p o la riza tio n s  in  p  — p  s c a tte r in g  h av e  been  a lre a d y  
p u b lish ed  [6].

T h e  n  — p  p a r t  o f th is  ex p e rim en t has tw o o b jec tiv e s :
i) S u p p lem en t th e  ex is tin g  d a ta  on  p o la riza tio n s  in  n h — p  e lastic  

sc a tte r in g  a t  h igh  energies an d  sm all m o m en tu m  tra n sfe rs  w ith  sim ilar m easu 
re m e n ts  a t  low er energ ies b u t  la rg e r m o m en tu m  tra n s fe rs . T he e x te n d e d  
ran g e  o f  — t is essen tia l fo r  te s tin g  th e  v a rio u s R egge-pole m odels t h a t  have  
been  p ro p o sed .

ii) F o r  energies b e tw e e n  2.5 a n d  3.75 GeV a n d  in  steps o f 0.25 GeV, 
m easu re  p o la riza tio n s  in  b a c k w a rd  л + — p  e lastic  sc a tte r in g . T his in fo rm a 
tio n  is v e ry  im p o r ta n t fo r  d e te rm in in g  th e  re la tiv e  ro les a n d  th e  c h a ra c te ris tic s  
o f th e  reso n an ce , nucleo n -ex ch an g e  a n d  R egge-exchange am p litu d es w h ich  can 
be u sed  to  describe th is  process [7].

I I . Experim ental method

F ig . 1 shows th e  b e a m  la y o u t. T h e  slow e x tra c te d  p ro to n  b eam  o f th e  
A rgonne  N a tio n a l L a b o ra to ry  Zero G ra d ie n t S y n c h ro tro n  in te ra c ts  in  a  copper 
ta rg e t .  S eco n d ary  p a r tic le s  p ro d u ced  a t  ~ 0 °  are d e flec ted  o u tw a rd  b y  th e  
f irs t  tw o  m ag n e ts  an d  a re  tra n s p o r te d  to  th e  A rgonne h o rizo n ta lly  p o la rized  
p ro to n  ta r g e t  b y  th e  v a r io u s  b eam  elem ents.

T h e  m o m en tu m  accep tan ce  o f  th e  b eam  is ^  3 .5 % . The in te n s i ty  a t 
th e  ta r g e t  is ty p ic a lly  1 0 6 partic les  p e r  pu lse . T he com p o sitio n  of th e  po sitiv e
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beam  is ab o u t 7 5%  p ro to n s  an d  25%  p io n s  for m o m e n ta  a round  5 GeV /c 
an d  i t  is a b o u t 50%  p ro to n s  a n d  50%  p io n s  for m o m e n ta  a round  3 GeV /c. 
T he n eg a tiv e  b e a m  is com posed  alm ost ex c lu siv e ly  b y  p io n s .

A sev en -co u n ter hodoscope (“ m o m e n tu m  hodoscope” ) p laced a t  an  
in te rm e d ia te  focus is used  fo r defin ing th e  incom ing p a r t ic le  m om en tu m  to  
^  0 .5 % . A th re sh o ld  gas C erenkov c o u n te r  in  an tico inc idence  re jec ts  th e  
e lec trons p re se n t in  th e  b eam . A  second th re sh o ld  gas C erenkov  coun te r p la c e d  
n e x t to  th e  f irs t  one, allows to  d istingu ish  b e tw e e n  pions a n d  h eav ie r p a rtic le s .

A t m o m en ta  fo r w h ich  th e  a m o u n t of K +,s in  th e  beam  is ap p rec iab le , a fu r th e r  
d is tin c tio n  b e tw een  JC+’s an d  p ro to n s  is o b ta in e d  b y  usin g  a d ifferen tia l gas 
C erenkov c o u n te r, p laced  fu r th e r  d o w n stream  on th e  b e a m .

A schem atic  o f th e  c o u n te r  a rra n g e m en t a ro u n d  th e  t a r g e t  is show n in  
F ig . 2. T he tw o c o u n te r  m a tric e s  D H  X D V  (6 X 6 , “ d iv erg en ce  hodoscope” ) 
a n d  H x V  ( 6 x 8 ,  “ position  hodoscope” ) p la c e d  on th e  b eam  a re  used fo r th e  
d efin itio n  of th e  incom ing  p a r tic le  angle a n d  position .

A “ beam  p a r tic le ”  is th e n  defined  as a co incidence  am o n g  th e  m o m en tu m , 
d ivergence and  p o sitio n  hodoscopes, no t acco m p an ied  b y  a  c o u n t in  th e  f i r s t  
th re sh o ld  C erenkov coun ter.

P a rtic le s  p ro d u ced  in  th e  ta rg e t are  d e te c te d  b y  th e  tw o  m a trice s  
A 1 0 x A l< p  (1 7 x 1 9 ) , A 20  X A2(p (4 5 x 1 9 )  p laced  above th e  b e a m  line, an d  b y  
th e  th re e  m atrices B 0  X Вcp (41 X 12), C10 X C ly  (10 X 13), C 2 0  X C2cp (15 X 13), 
p laced  below  th e  beam  line.

Tw o ty p ic a l co n fig u ra tio n s occurring  in  л  — p  sc a tte rin g  are  rep re sen ted  
in  F ig . 2.
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T h e f i r s t  one (full line) refers to  fo rw a rd  л  — p  s c a tte r in g . In  th is  case 
an y  p a r tic le  d e te c te d  b y  th e  В  hodoscope is defined  to  b e  a  “ p ro to n ”  a n d  an y  
p a rtic le  d e te c te d  b y  th e  A hodoscopes is defined  to  be  a  “ p ion” .

T h e  second  one (d ash ed  line) re fe rs  to  backw ard  л  — p  sc a tte r in g . In  
th is  case, m u c h  m ore ra re  d u e  to  th e  sm a lle r  cross sec tio n , th e  co u n te rs  N4, 
N 5, an d  N 6 a re  also used. N 4 , a th re sh o ld  gas C erenkov c o u n te r  in  a n tic o in 
c idence, co v erin g  th e  w hole solid  angle su b te n d e d  by  th e  A 2 hodoscope, im p o s
es th e  co n d itio n  th a t  th e  fo rw ard  going p a r tic le  m u st b e  re la tiv e ly  slow  and

F ig. 3. Sim plified block diagram  of the fast electronics

a “ p ro to n ”  is defined  as p a rtic le  d e te c te d  b y  th e  A2 hodoscope b u t  n o t  by  
N 4. N 5, a n d  N 6, tw o lu c ite  C erenkov co u n te rs  in  co incidence, c o v e rin g  the  
w hole so lid  angle su b te n d e d  b y  th e  C hodoscopes, im p o se  th e  co n d itio n  th a t  
th e  b a c k w a rd  going p a r tic le  m u st be  re la tiv e ly  fa s t a n d  a “ pion”  is defined  
as a p a r tic le  th a t  is s im u ltan eo u sly  d e te c te d  by  C l a n d  N 5 or b y  C2 a n d  N6.

T h e  co u n te rs  K 2, К З , an d  K 4 a re  in  an tico inc idence . K 2, in  th e  h o riz o n ta l 
p lan e , sh ie lds th e  C hodoscopes fro m  p ro d u c ts  of in te ra c tio n s  ta k in g  place 
in  th e  p o s itio n  hodoscope. К З , co n sis tin g  of tw o d iscs in  th e  v e r tic a l p lane, 
re je c ts  a ll ev en ts  in  w h ich  a p a rtic le  goes in to  or com es from  th e  p o le  tip s  of 
th e  p o la riz e d  ta rg e t m a g n e t. K 4 , p e rp en d icu la r  to  th e  beam , v e to e s  non 
in te ra c tin g  beam  p a rtic le s .

A  sim plified  b lock  d iag ram  o f th e  fa s t  e lec tron ics is show n in  F ig . 3. 
W h en ev er
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— one “ beam  p a rtic le ”
— one “ p ro to n ”  in  th e  В hodoscope
— one “ p io n ”  in  th e  A hodoscopes 

or
— one “ beam  p a rtic le ”
— one “ p ro to n ”  in  th e  A2 hodoscope
— one “ p io n ”  in  th e  C hodoscopes

are  d e tec ted  s im u ltan eo u sly  an d  no s ig n a l from  K 2, К З , o r K 4 is p re s e n t, 
th e  in fo rm a tio n  o f w hich co u n te rs  have  b e e n  triggered  is s e n t to  an  on -lin e  
co m p u ter.

T he a p p a ra tu s  is th u s  capab le  o f  ta k in g  fo rw ard  л  + — p , K + — p ,  
p  — p  an d  b a c k w a rd  л  + — p  sca tte rin g  d a ta  s im u ltan eo u sly  [8].

T he one-line co m p u te r  [9]
— re jec ts  tho se  ev en ts  w ith  m ore th a n  one p artic le  in  one of th e  b e a m  

hodoscopes or m ore  th a n  tw o p a r tic le s  in  th e  f in a l  s ta te
— de te rm in es n a tu re , m o m en tu m , an g le  and  p o s itio n  o f th e  in co m in g  

p a rtic le
— ca lcu la tes  th e  angles 0  and  q> o f  th e  tw o o u tgo ing  partic les
— so rts  an d  sto res th e  p a ra m e te rs  o f  th e  an a ly zed  even ts to  fo rm  

v ario u s  d is tr ib u tio n s
— read s in  m iscellaneous in fo rm a tio n  su ch  as c o u n tin g  ra te s  a t v a r io u s  

p o in ts  in  th e  elec tron ics, ta rg e t p o la riza tio n  d a ta ,  e tc .
— w rites  all th e  raw  an d  ca lcu la ted  in fo rm atio n  o n  a  m agnetic  ta p e  

fo r su b seq u en t analysis .
A ca th o d e  ra y  tu b e  is used  for an  on -line  d isp lay  o f  th e  d is tr ib u tio n s  

fo rm ed  in  th e  co m p u te r m em ory , th u s  a llow ing  a co n tin u o u s  m on ito rin g  o f 
th e  ex p erim en t. As an  ex am p le , Figs. 4 a n d  5 show  tw o p ic tu re s  of th e  c o m 
p u te r  ca th o d e  ra y  tu b e  d isp lay ing  th e  c o u n t d is tr ib u tio n s  in  th e  A 2 0  a n d  
B 0  hodoscopes, re sp ec tiv e ly , fo r th e  ev e n ts  re a d  in  by  th e  com pu ter.

U p to  a b o u t 300 ev en ts  p e r  pulse can  b e  re a d  in  b y  th e  on-line  c o m p u te r .
T he m a te r ia l o f th e  p o la rized  ta rg e t is a c ry s ta l of L M N  [10]. A p o la r iz a 

tio n  of a b o u t 55%  is o b ta in ed  fo r th e  free p ro to n s  con ta ined  in  th e  crysta l, w h ich  
a m o u n t, how ever, to  only  a b o u t 3%  of th e  to ta l  n u m b er o f  p ro to n s p re s e n t.

E v e n ts  from  л  — p  e las tic  sc a tte rin g  o ff th e  free p ro to n s  of th e  L M N  
ta rg e t are s e p a ra te d  from  o th e r  even ts on th e  basis of c o p la n a r ity  and a n g u la r  
co rre la tio n  in  th e  sc a tte rin g  p lan e . F igs. 6 a n d  7 show tw o  p ic tu res  o f  th e  
co m p u te r ca th o d e  ra y  tu b e  d isp lay ing  th e  “ p ro to n ”  d is tr ib u tio n  in th e  B 0  
hodoscope fo r ev en ts  in  w hich  th e  “ p ion”  is d e tec ted  in  tw o  p a r tic u la r  b in s  
in  th e  cen te r  (b in  24, F ig . 6) a n d  a t  th e  to p  (b in  8, Fig. 7) o f th e  A2 hodoscope. 
T he fu ll line is fo r “ co p la n a r”  even ts, th e  d o tte d  line fo r  “ n o n -co p lan a r”  
ev en ts  [11]. T he v e rtic a l d o tte d  lines in d ic a te  th e  region w h e re  pro tons fro m  
elastic  л  — p  s c a tte rin g  on p ro to n s  a t re s t a re  expected  to  a p p ea r.
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F ig . 4. P ictures o f  the on-line com puter cathode ray  tube displaying th e  count distributions in 
the A2@  (F ig . 4) and B&  (F ig. 5) hodoscopes for th e  events read in  b y  the com puter (d o tted  
line) and the sam e distribution after subtraction o f  events w ith m ore than one particle in  one 

of the beam  hodoscopes or more than tw o  particles in the fin a l state (full line)

P ro to n s  o f events d u e  to  elastic sc a tte r in g  on fre e  p ro tons show  u p  as 
peaks in  to p  o f  a sm oo th  b ack g ro u n d , m a in ly  due to  e v e n ts  tak in g  p la c e  on 
th e  com plex  nuclei of th e  LM N  ta rg e t. T h e  b ack g ro u n d  u n d er th e  p e a k s  is 
su b tra c te d  in  tw o in d e p e n d e n t w ays. T h e  f irs t m e th o d  consists in  u s in g  th e  
“ n o n -c o p la n a r”  events in  o rd e r to  e s ta b lish  the  sh ap e  o f  th e  0  d is tr ib u tio n  
fo r th e  b a c k g ro u n d  ev en ts . T h e  second m e th o d  consists s im p ly  in in te rp o la tin g  
th e  b a c k g ro u n d  u n d er th e  peaks b y  f i t t in g  the  0  d is tr ib u tio n  o u ts id e  th e  
peaks w ith  a sim ple fu n c tio n . B o th  m e th o d s  gave th e  sam e  resu lts w ell w ith in  
errors.
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F ig . 5. (For caption see Fig. 4 on  p. 112)

F ig . 8 shows th e  “ p ro to n ”  d is tr ib u tio n  in  th e  A2 hodoscope for ev en ts  
in  w hich  th e  “ p ion”  is d e tec ted  in  th e  region o f  th e  C hodoscope co rrespond ing  
to  cos Gem =  —0.99 an d  illu s tra te s  th e  effect of th e  C erenkov c o u n te r  N4. T hese 
d a ta  h av e  been  o b ta in e d  for n + ,s o f  2.75 GeV/с in  8 hours o f  ru n n in g  tim e .

T he m e asu rem en t of th e  a sy m m e try  f ro m  w hich th e  p o la riza tio n  o f  
th e  p ro to n  in  я  — p  sc a tte rin g  on  an  u n p o la rized  ta rg e t c a n  be  derived  is 
p erfo rm ed  b y  d e te rm in in g , a t  each  angle, th e  n u m b e r of e la s tic  sca tte rin g  
ev e n ts  o ff th e  free p ro to n s  of th e  LM N  ta rg e t fo r  th e  two signs o f th e  ta rg e t  
p o la riza tio n .

I I I .  R esults

T he resu lts  fo r th e  p o la riz a tio n  in л~  — p  elastic s c a tte r in g  a t 5.15 
GeV/с in  th e  fo rw ard  d irec tion  are  show n in  F ig . 9 [12].
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F ig. 6. P ictures of the on-line computer cathode ray tube d isp laying the “ p ro to n ” distri
butions in  th e  B Q  hodoscope for events in w h ich  the “ pion” is detected  in two particular bins 
in  the center (bin 24, F ig. 6) and at the to p , (b in  8 Fig. 7) o f th e  A 2  hodoscope. T he full line 
is for “ coplanar” events, the dotted  line for “ non  coplanar”  ev en ts . The vertical d o tted  lines 
indicate th e  region where protons from elastic я -scattering on free protons are exp ected  to  appear

T h e  d a ta  are su m m e d  over th e  sev en  bins o f th e  m om en tum  hodoscope 
since, w ith in  th e  a c c e p ted  ^  3 .5 % , th e re  is no s ig n if ican t v a r ia t io n  of th e  
p o la riz a tio n  w ith  m o m en tu m . The e rro rs  are s ta t is t ic a l  an d  include th e  uncer
ta in ty  in  b ack g ro u n d  su b tra c tio n . T h e re  is, in  a d d itio n , a ^  10%  n o rm a liz a 
tio n  e rro r  due  to  th e  u n c e r ta in ty  in  th e  ta rg e t p o la riza tio n .

A t sm all m o m e n tu m  tran sfe rs , P + (t) (the p o la r iz a tio n  in л + — p  s c a tte r 
ing) is p o s itiv e  w hile P _  (t) (the  p o la riz a tio n  in  л  ~ — p  sca tte rin g ) is nega
tiv e  [13] a n d  b o th  b eco m e sm all n e a r  — t =  0.6. I n  th e  region 0.5 ;S — t;$  0.8, 
P _  (t) becom es p o sitiv e  a n d  very  closely  equal to  P + (t), w hich rem a in s  positive . 
F o r — t f t  0 .8, P + (t) a n d  P _  (i) b eco m e large a g a in , w ith  P + (t) rem ain in g  
p o sitiv e  a n d  P _  (t) becom ing  ag a in  n eg a tiv e .
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F ig . 7. (For caption  see Fig. 6 on p. 114)

E x p e rim e n ta l d a ta  on n  — p  s c a tte r in g  a t  h ig h  energies are  g en era lly  
an a ly zed  in  th e  fram ew ork  of th e  P  -)- P '  -f- q R egge-pole  m odel [14].

In  th is  m odel, th e  R egge-pole c o n tr ib u tio n s  to  th e  in v a r ia n t a m p litu d es  
A '  a n d  В  [15] are  g en era lly  p a ra m e tr iz e d  as follow s:

A '  =  C0 exp  (Cj t) a (a +  1) |  ( Е Ц Е 0)а fo r  P  an d  P '

=  C0 [(1 +  c2) exp (Ct t) -  C2] (a +  1) I  ( Е Ц Е 0)‘ fo r q
and

В  =  D 0 exp  (D l t) a 2 (oc +  1) I  (E L( E o)*-1  fo r P  and  P ’

=  D 0 exp  (D j i) oc (oc +  1) |  (E L/E 0)a_1 fo r q,
w here

I  (t) =  [exp ( — Í7vx) ±  l] /s in  oc
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F ig . 8. The “proton”  distribution in  th e  A 2  hodoscope for ev en ts in w hich th e  “ pion” is detected  
in  the region of th e  C  hodoscope corresponding to cos ©cm =  — 0.99, illustrating the effect 
o f the Cerenkov counter JV4. The fu ll line histogram  is for “ coplanar”  even ts, the dotted  
line histogram  for “ non-coplanar”  ev en ts . D ata have been  obtained for 7t+,s of 2.75 GeV/c

in 8 hours of running tim e

an d
x  (t) =  x  (0) -f- tx ' .

x  (t) is th e  tra je c to ry , |  (t) th e  s ig n a tu re  fac to r  (w ith  s ig n a tu re  -f- fo r 
P  a n d  P '  and  — fo r ç>), E / th e  to ta l  p ion la b  energy  a n d  E 0 a scale fac to r . 
C Q, Cv  C2, D 0, D v  a  (0) and  x  a re  a d ju s ta b le  p a ra m e te rs .

A n o th er p a ra m e tr iz a tio n  fo r  th e  P ’ a m p litu d e s , th e  so-ca lled  no -com pen
sa tio n  m echan ism ,

A '  =  C 0 ex p  (Cx t) a2 (a +  l ) 2 I  (E Lj E 0)a,

В  =  D 0 ex p  (D l t) X1 (a +  1) I  (E Lj E 0)a~ l

h as  also been p ro p o sed  [16].
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Fig. 9. Polarization in л + — p  elastic scattering  in  the forward direction at 5.15 GeV/c

In  th e  th ree  pole m odel th e  A '  a n d  В  am p litu d es  fo r  n ± — p  s c a tte r in g  
are  th e n  given by

A '  =  A ’p -j- A'p’ ^  A'e ,

В — Bp -j- Bp- A1 Be .

In  te rm s  of these  am p litu d es , one h as  [13]

p  ^  =  ±  sin ®cm . Im  (A '  B*)
\ 6 n \ i  s (da /d t)±

T he A '  am p litu d e  is know n to  be  sm all and  is n o rm ally  n eg lec ted . 
Since th e  A '  an d  В  am p litu d es  have  th e  sam e phase fo r  a given t r a je c to ry , 
th e  te rm s  th a t  can  c o n tr ib u te  to  th e  p o la r iz a tio n  are (A'p -f- A'p.) X B p, A'p X  B p, 
and  A'p, X Bp.

T h e f ir s t  te rm , w hich  is know n to  d o m in a te  a t  sm a ll — t, has o p p o site  
sign fo r jr -  — p  an d  л  : — p  sc a tte rin g , w h ereas  th e  la s t  tw o  te rm s give eq u a l 
c o n tr ib u tio n  to  P +(i) an d  to  P-(t).  T h u s , in  f ir s t  a p p ro x im a tio n , P +( t ) = — P “~(t) 
and  b o th  v a n ish  a t  x g(t) =  0, w hish occu rs a t  —t ^  0.6  [14].

T he d a ta  of Fig. 9 show  th a t  P + (t) ^  —P _ (t) a t  large — t as w ell, 
th u s  in d ica tin g  th a t  th e  te rm  (A'p -f- A'p.) X B e s till d o m in a te s  th e  p o la r iz a 
tio n  a t  va lu es  o f th e  m o m en tu m  tra n s fe r  w ell beyond  — t =  0.6.

T he am p litu d e  Ap  is a lw ays m ain ly  im ag in a ry . In  th e  v ic in ity  of — t =  0.6
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F ig. 10. Prelim inary backw ard л* — p  cross section data at 2.75 GeV/c

th e  a m p litu d e  B e is also m a in ly  im ag in a ry , a n d  th e  p o la r iz a tio n  is d o m in a te d  
b y  th e  te rm  I m B s Re A'p,.

N ow  I m B e changes s ign  w hen  x e (t) passes th ro u g h  zero. T here fo re , 
P + (t) s ta y s  p o s itiv e  and  P _  (t) n eg a tiv e , as requ ired  b y  th e  ex p e rim en ta l 
d a ta ,  on ly  i f  R e A 'p. also ch an g es sign som ew here  n ear — t =  0.6.

O n th e  o th e r  han d , x p.(t) is know n to  pass th ro u g h  zero  n e a r — t — 
=  0.5 [16]. T h u s , only th e  p a ra m e tr iz a tio n  o f  th e  A'p, a m p litu d e  acco rd in g  
to  th e  n o -co m p en sa tio n  m ech an ism  has th e  w a n te d  t d ep en d en ce .

H o w ev er, th e  n o -co m p en sa tio n  m ech an ism  m akes b o th  A'p, an d  B p. 
v a n ish  w hen  x p. (t) == 0. T h is  im plies th a t ,  in  th e  reg ion  a ro u n d  — t =  0 .5 , 
P + (i) (da jd t)+ —  — P _ (i)  (dcr/dt)- . T his conclusion  is c le a rly  in  d isag reem en t 
w ith  th e  d a ta  o f  Fig. 9.

T h is m a y  v e ry  well b e  a n  in d ica tio n  o f an  in a d e q u a c y  o f  th e  m odel to  
ex p la in  th e  d a ta  [17].

As y e t ,  o n ly  few d a ta  fo r  b ack w ard  л  + — p  s c a tte rin g  h av e  been ta k e n . 
A s an  ex a m p le , b ack w ard  л + — p  cross sec tio n  an d  p o la riz a tio n  d a ta  a t  
2.75 GeV/c a re  show n in  F ig s . 10 an d  11, resp ec tiv e ly .
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F ig . 11. Prelim inary backward л *  — p  polarization  data at 2.75 GeV/c

T he b a c k w a rd  n + — p  s c a tte rin g  re su lts  are  still p re lim in a ry  an d  a re  
p re sen ted  here  to  i l lu s tra te  th e  cap ab ilities  o f  th e  ex p e rim en t. T he an a ly sis  
o f th e ir  im p lica tio n s w ill h av e  to  w a it u n til  th e se  d a ta  an d  th e  fo rth co m in g  
ones a t  d iffe ren t energies w ill be  in  th e ir  f in a l shape .
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У П РУ ГО Е  РА С С ЕЯ Н И Е л ±  — р  НА П О Л Я Р И ЗО В А Н Н Ы Х  П РО ТО Н А Х П Р И  
БОЛЬШ ОМ П Е РЕ Н О С Е  ИМПУЛЬСА

Г .  К О Н Ф О Р Т О

Р е з ю м е
Описываются последние результаты измерений уп р угого  рассеяния я + — р  на 

поляризационны х протонах при большом переносе импульса. Результаты сравниваются  
с  явлением полюсов Р едж е.
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C H I R A L  S Y M M E T R Y  C U R R E N T S  A N D  C U R R E N T  A L G E B R A S

INTRODUCTION TO CHIRAL SYMMETRY AND 
NON-LINEAR LAGR AN GIAN S

B y

M. N a u e n b e r g *

U N IV E R SIT Y  OF C A LIFO R N IA , SANTA CRUZ, CA LIFO RN IA , USA

The non-linear realization of the approxim ate chiral sym m etry of the strong interac
tions is presented.

In  recen t y ea rs  th e  a p p ro x im a te  ch iral sy m m e try  o f th e  s tro n g  in te r 
ac tions h as  been f irm ly  estab lished . T he f irs t  in d ic a tio n  o f th e  ex istence  of 
th is  sy m m e try  ap p e a re d  a decade ago a fte r th e  d iscovery  of p a r i ty  n o n 
co n se rv a tio n  in  th e  w eak  in te ra c tio n s  an d  th e  su b seq u en t u n rav e lin g  of its  
Y —A s tru c tu re . T he occurrence o f th e  had ro n ic  ax ia l c u rre n t A in  close co rres
pondence  to  th e  v e c to r  c u rren t V asso c ia ted  w ith  SU(2) sy m m etry , suggested  
th e  ex is ten ce  of a h ig h er sy m m e try , th e  ch ira l S U (2 )x S U (2 ) . In  p a r tic u la r , 
th e  absence  of a la rg e  ren o rm a liza tio n  of th e  a x ia l coupling  c o n s ta n t b y  th e  
s tro n g  in te ra c tio n s  led  F eym ann  a n d  Gell-Ma n n  [1] to  p ropose  t h a t  th e  
ax ia l c u rre n t be a p p ro x im a te ly  co nserved  in  ana logy  to  th e  co n se rv a tio n  
of th e  v e c to r  c u rre n t. T he ren o rm alizab le  K em m er L ag ran g ian , w hich  w as 
th e n  th e  p o p u la r p io n - nucleon L ag ran g ian , does n o t possess a sy m m e try  
w hich w ould  im p ly  th is  p ro p e rty . P olkinghorne [2] a d d ed  to  i t  a sca la r 
m eson coup led  to  th e  nucleon  w ith  th e  sam e s tre n g th  as th e  p ion  th u s  o b ta in 
ing  a ch ira l sy m m e tric  L ag ran g ian . A n o th e r so lu tio n  w as to  consider th e  
n o n -reno rm alizab le  p seu d o v ec to r p io n  -  nucleon  in te ra c tio n  w hich  is in v a r ia n t 
u n d e r th e  tra n s fo rm a tio n  of ad d in g  a c o n s ta n t to  th e  p ion  fie ld . T his tra n s fo rm 
a tio n  g en era tes  an  ax ia l c u rre n t w hich  is co nserved  in  th e  lim it o f zero 
m ass fo r th e  p ion. T h is idea, k n o w n  as PCAC [3, 4] w as s tim u la te d  b y  th e  
success o f th e  Go ld ber g er—Tr eim an  re la tio n  [5] an d  p lay ed  an  im p o r ta n t  
role in  fu r th e r  dev e lo p m en ts  of th e  th e o ry , p a r tic u la r ly  since B l in -St o y l e [6] 
p o in te d  o u t th a t  ax ia l cu rren t co n se rv a tio n  does n o t im p ly  n o n -reu o rm aliza- 
tio n  o f th e  ax ia l ch a rg e  (because o f  th e  ex istence  of a m assless p ion) as h ad  
been  ex p ec ted  o rig inally .

L ag ran g ian  m odels possessing ch ira l S U (2 )x S U (2 )  sy m m e try  w ere con
s tru c te d  b y  Gürsey  [7], Gell-Ma n n  an d  Lev y  [8] an d  N am bu  a n d  J o na - 
Lasinio  [9]. T he c o m m u ta tio n  re la tio n s  for th e  g en era to rs  o f th is  g ro u p  w ere

* W ork supported b y  the N ational Science Foundation.
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sp ec ia lly  em p h asized  b y  Gell-Ma n n  an d  L ev y  [8] an d  c o n s titu te d  th e  beg in 
n in g s  of Gell-Ma n n ’s fo rm u la tio n  o f c u rre n t a lg eb ra  [10]. N am bu  an d  his 
c o lla b o ra to rs  [9, 11, 12] ded u ced  fu r th e r  p h y sica l consequences in  th e  form  
o f  so f t p ion  re la tio n s , b u t  o th erw ise  in te re s t  in ch ira l L ag ran g ian s  w aned 
u n t i l  a f te r  th e  success o f  c u rre n t a lg eb ra  m e th o d s . W ein ber g  [13] th e n  po in ted  
o u t  t h a t  n a iv e  p e r tu rb a tio n  ca lcu la tio n s  w ith  ch ira l sy m m etric  L ag ran g ian s 
le a d  to  th e  re su lts  o f  cu rre n t a lg eb ra .*  F u r th e r  ex ten sio n s o f  ch ira l L ag ran g ian s 
h a v e  been  m ad e  to  include SU (3) sy m m e try  [13], th e  v e c to r  m esons [14, 15] 
a n d  a re la tiv is tic  ex ten sio n  o f  SU (6) w hich  P ro fesso r Gü r sey  p resen ted  
h e re  [17, 18].

To i l lu s tra te  an  e le m e n ta ry  m e th o d  fo r  c o n s tru c tin g  ch ira l in v a ria n t 
L ag ran g ian s  le t  us re s tr ic t  th is  p re se n ta tio n  to  th e  p io n -nuc leon  system . 
C o nsider th e  fa m ilia r  K em m er L ag ran g ian

&  =  i VY,, V — rmpyi — i g W a t - V V  +  ^

+  3a q> - i / i V ,
z z

w h ere  ip an d  cp a re  th e  co n v en tio n a l nucleon  a n d  p ion  fields. T his L ag ran g ian  
is in v a r ia n t  u n d e r  in fin ite s im a l SU (2) tra n sfo rm a tio n s

dip =  i a ip, 
2

(2)

d cp =  cp X  a , (3)

w h ich  leads to  th e  conserved  v e c to r  isosp in  c u rre n t

у^ =  +<РХЪц<Р-  ( 4 )
z

T h e  ch arg e  co m p o n e n t of th is  c u rre n t is asso c ia ted  w ith  th e  v e c to r  p a r t  of 
th e  w eak  in te ra c tio n  c u rre n t. T h e  q u es tio n  n a tu ra l ly  arises w h a t c u rren t 
p la y s  th e  role o f  th e  co rresp o n d in g  w eak  ax ia l c u rre n t. In so fa r  as conserved  
c u rre n ts  are  g e n e ra te d  b y  sy m m e try  o p era tio n s i t  is suggestive  t h a t  we con
s id e r  th e  ax ia l an a lo g  o f th e  iso sp in  tra n s fo rm a tio n  eq. (2)

dip =  iy 5 —  bip. (5)
Z

* It is interesting to speculate what would have happened if such calculations had 
been attempted seven years earlier!
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W e sha ll leave open  th e  co rrespond ing  tra n s fo rm a tio n  fo r th e  p ion  fie ld  cp 
req u ired  to  o b ta in  in v a rian ce . T he f i r s t  p o in t to  n o tic e  is t h a t  a lth o u g h  th e  
nucleon  k in e tic  energy  te rm  is in v a r ia n t u n d e r th is  tra n s fo rm a tio n , th e  nucleon  
m ass te rm  becom es

mb Ipip =  im  y> y 5x • bip. (6)

This v a r ia tio n  co rresponds to  th e  p ion  —nucleon  in te ra c tio n  te rm  w ith  cp rep laced  
b y  mg-1  b, an d  suggests  t h a t  we a t te m p t  to  cancel i t  b y  defin ing  th e  ch ira l 
tra n s fo rm a tio n  of th e  p ion  field to  be

bcp =  — mg-1  b . (7)

N otice t h a t  in  th is sense th e  ex istence o f a p seu d o sca la r iso v ec to r p ion  coup led  
to  th e  nuc leon  is d em an d ed  b y  th e  re q u ire m e n t of c h ira l sy m m etry . As y e t, 
how ever, we do n o t h a v e  ch ira l in v a rian ce , because we m u s t also consider 
th e  c o n tr ib u tio n  due  to  th e  v a r ia tio n  o f  th e  nucleon  f ie ld  in  th e  p ion  —nucleon  
in te ra c tio n  te rm . C om bin ing  th e  n e t v a r ia tio n  o f th e  nucleon  m ass te rm  
w ith  th e  p ion  — n uc leon  in te ra c tio n  we have

by) (1 -f- ig m ~ 1 y 5 г  • 95) y) =  — gm -1 ÿiyxp -b .  (8)

To cancel th is  v a ria tio n  we in tro d u ce  a te rm  q u a d ra tic  in  cp to  th e  L ag ran g ian

cyiipcp. (9)

T he c o n s ta n t c is chosen  b y  dem an d in g  t h a t  th e  ch ira l v a r ia tio n  o f Ф, eq . (7), 
gives a te rm  opposite  in  sign to  th a t  in  eq . (8)

c =  —g2/2m  (10)

lead ing  to  ch ira l in v a ria n c e  up  to  second  o rder in  g.
W e are  left now  w ith  th e  c o n tr ib u tio n  from  th e  ch ira l v a r ia tio n  of 

th e  nucleon  fie ld  ip. To co m p en sa te  fo r i t  we m ig h t t r y  a d d in g  a te rm  cub ic  in  cp

xy> iy 5T • cpcp2 ip, (И )

w here я: is a co n s tan t. T w o new  fea tu res  now  ap p ear. F ir s t ,  in  o rd er to  ach ieve  
th e  desired  cance lla tion  we m u st m o d ify  th e  ch ira l v a r ia tio n  byp, eq. (7), 
to  inc lude  q u a d ra tic  te rm s  in  cp

bcp =  b ( — 1 -f- yep2) +  zepbep, (12)
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w h e re  we h a v e  red efin ed  g m _1 <p <p as a d im ensionless fie ld . Second, we 
f in d  th a t  th re e  co n s ta n ts  x ,  у  a n d  z are  n o t  u n iq u e ly  d e te rm in e d , b u t  are 
c o n s tra in e d  b y  th e  tw o e q u a tio n s ,

V -  * =  1/2, (13)

z —- 2x  =  0. (14)

T h e  ch ira l L a g ra n g ia n  is th e re fo re  n o t u n iq u e ; nev erth e less  i t  tu rn s  o u t t h a t  
th is  lack  o f u n iq u en ess  is r e la te d  to  red e fin itio n s  o f th e  p io n  f ie ld  w hich are 
p h y sica lly  e q u iv a le n t. I t  is w o rth w h ile  to  n o te  a t  th is  p o in t t h a t  we can in tro 
d u ce  o th e r c h ira l  in v a r ia n t p io n —nucleon  in te ra c tio n s  b y  allow ing  g rad ien ts  
in  th e  p ion f ie ld . An exam ple  is th e  fam ilia r p seu d o v ec to r coup ling

/ у у 1,Уьг ' аи (РУ’ ( 1 5 )

w h ich  is c h ira l in v a r ia n t in  lo w est o rder. I t  is req u ired  to  o b ta in  ren o rm aliza
t io n  of th e  w e a k  ax ia l co u p ling  c o n s ta n t as w ell as th e  c o rre c t s-w ave pion- 
n u c leo n  sc a tte r in g  leng ths.

P ro ceed in g  fu r th e r  in  th is  m an n e r we can  ach ieve a ch ira l in v a ria n t 
L a g ra n g ia n  to  a n y  desired  o rd e r  in  th e  coup ling  c o n s ta n t g. I t  shou ld  be clear 
t h a t  to  o b ta in  e x a c t ch ira l in v a ria n c e  we req u ire  an  in f in ite  pow er series. 
T h e  p ro p e rtie s  o f  th e  general so lu tio n  were g iven  b y  G ü r s e y  in  1961 an d  h av e  
b e e n  su m m arized  in  his le c tu re , so we sh a ll n o t  rep ro d u ce  th e m  here. N o te , 
fo r  exam ple , t h a t  th e  e x p o n e n tia l m odel co rresponds to  th e  choice я: =  1/3 
w hile  th e  sq u a re  ro o t m odel is x  =  0.

W e tu r n  now  to  th e  free  p io n  p a r t  o f  th e  L ag ran g ian , eq . (1). T he p ion  
k in e tic  en e rg y  is ch ira l in v a r ia n t  u n d e r  th e  low est o rd er v a r ia t io n  of 9?, eq. (7), 
b u t  n o t in  h ig h e r  orders. F o r  exam ple , to  m a in ta in  in v a ria n c e  u n d e r th e  
c h ira l v a r ia t io n  6<p to  second  o rd e r in  g, eq. (13), we ad d  th e  fo u rth  o rd e r 
p io n  p ion  in te ra c tio n  te rm

s<p2 (9„ cpf +  t (95 9„ 9?)2, (16)

w h ere  th e  c o n s ta n ts  s an d  t a re  d e te rm in ed  to  be

s =  x ,  (17)

t =  —  +  2x,  (18)
2

w here x  is th e  th ird  o rder p io n  nucleon  co u p ling  c o n s ta n t, eq. (11). O n th e  
o th e r  h a n d , th e  p ion m ass te rm  is n o t in v a r ia n t  u n d e r ch ira l tra n s fo rm a tio n ,
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an d  th e re  e x is t no c o u n te r  te rm s  e ith e r ; i.e ., to  o b ta in  e x a c t  ch ira l in v a ria n c e  
th e  p ion  m ass m u st v an ish . A gain , G ü r s e y  [7] has g iven  th e  pion in v a r ia n t  
ch ira l L ag ran g ian  to  all o rders in  th e  co u p lin g  c o n s tan t g.

F o r p ra c tic a l purposes ou r p e r tu rb a tiv e  approach  is q u ite  useful, p a r t ic u 
la rly  in  d ea ling  w ith  h ig h er sy m m etrie s ; i.e ., S U (3 )x S U (3 ) . Since fo r a p p li
ca tio n s th e  e x a c t L ag ran g ian  m u st b e  e x p an d ed  in to  i ts  pow er series, i t  is 
sim pler to  do th is  from  th e  ou tse t.
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В В Е Д Е Н И Е  В КИРАЛЬН УЮ  СИММЕТРИЮ  И Н Е Л И Н Е Й Н Ы Е  Л А Г РА Н Ж И А Н Ы

М. НАЙЕНБЕРГ

Р е з ю м е
Показывается нелинейная реализация приближенной киральной симметрии силь

ных взаимодействий.
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GENERALIZED CHIRAL SYMMETRY GROUPS 
AND THE CLASSIFICATION OF HADRONS

B y

F.  G ü r s e y

M ID D LE EAST TECHN ICA L U N IV E R S IT Y , ANKARA, T U R K E Y

The existence of Lagrangian m odels partia lly  invariant under groups that generalize  
chiral sym m etry is shown. The im plications of th ese  m odels w ith regard to be classification  
of hadrons is discussed. The currents defined from  the Lagrangian sa tisfy  a current algebra  
which includes tensor currents and provides a generalization of th e  usual SU(3) <g> SU (3) 
current algebra w ith the extension o f the PCAC condition to the more general currents.

1. In tro d u c tio n

In  th is  ta lk  I  w ould f irs t  like to  show  th e  ex istence o f  L ag ran g ian  m odels 
p a r tia lly  in v a r ia n t u n d e r g roups th a t  generalize  ch ira l sy m m etry . T hese  
groups inc lude  b o th  th e  ch ira l S U (3 )0 S U (3 )  an d  th e  SU (6) groups as s u b 
groups. In  th e  second p a r t  I  shall b rie fly  discuss th e  im p lica tio n s o f th e se  
m odels w ith  reg a rd  to  th e  classifica tion  o f  h ad ro n s. T he re le v a n t g ro u p s are  
SL(6, C )0 S L (6 , C) a n d  th e  la rg e r group S L (12 , C). T he c u rre n ts  defined  fro m  
th e  L ag ran g ian  sa tis fy  a c u rre n t a lgebra  w h ich  includes te n so r  cu rren ts  an d  
p rov ides a gen era liza tio n  o f  th e  usual S U (3 )0 S U (3 )  c u r re n t  a lgebra . T h e  
L ag ran g ian  also show s an  unam b ig u o u s w a y  o f ex ten d in g  th e  PCAC c o n d itio n  
to  th ese  m ore  genera l c u rre n ts . One th u s  ob ta in s  la rg e r  m eson  m u ltip le ts  
assoc ia ted  w ith  th e  co m p ac t p a r ts  o f th e  groups a lre a d y  m en tio n ed . T h e  
L ag ran g ian  m odels can  th e n  be  used fo r a new  c lassifica tio n  o f h ad ro n s . A t 
th e  end  I  w ill discuss a possib le  id e n tif ic a tio n  o f th e  m em b ers  o f the  m u ltip le ts  
assoc ia ted  w ith  SL(12, C) an d  a possib ility  o f  ex ten d in g  th e  C abibbo ro ta t io n  
w ith in  th is  m u ltip le t.

T his w ork  is based  on an  ex tension  o f  p rev ious w o rk  [1] on non  lin e a r  
L ag ran g ian s in v a r ia n t u n d e r  S U (2 )0 S U (2 )  an d  m ore re c e n t w ork  in  co llab o 
ra tio n  w ith  P . C h a n g  [2, 3, 4 ].

2 . The partially chiral invariant model w ith PCAC

L ag ran g ian  m odels p a r tia lly  in v a r ia n t  u n d e r th e  S U (2 )0 S U (2 )  c h ira l 
g roup  h av e  been  co n s tru c te d  d u rin g  th e  y e a rs  1959 and  1960. These m odels 
h av e  severa l c h a ra c te ris tic  fea tu res :'

i

a) T he L ag ran g ian s are  h igh ly  n o n -lin ea r and  th e y  a re  non  ren o rm aliz - 
ab le  un less new  sca la r m esons are  in tro d u c e d .
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b) T h e  p io n s  are a sso c ia ted  w ith  n o n -lin ea r re p re se n ta tio n s  o f th e  
c h ira l g roup .

c) T he sy m m e try  becom es ex ac t in  th e  lim it of v a n ish in g  я  m ass. W e i n 
b e r g  has re c e n tly  show n t h a t  such  L ag ra n g ia n s , w hen u se d  phenom eno log ic 
a lly  rep ro d u ce  th e  resu lts  o f c u rre n t a lg e b ra  fo r soft p io n s  [5]. A n ex am p le  
o f  a p a r tia lly  ch ira l in v a r ia n t  L ag ran g ian  fo r  th e  pion n u c leo n  system  is [6]

L =  — VYl l %V> +  - j g '  V> U y ^ i %  U)y>— mip Uip — - ^ — Т г ( д ^  U)  ( 3 ^  U)  f  L S B -,

w h ere  U  is a m a tr ix  fu n c tio n  o f y5 т -Ф, (Ф being th e  p io n  field) w ith  th e  
p ro p e r ty

U U  + =  1 an d  U( 0) =  1.

U  h as  th e  g e n e ra l form

U — o{ol) - f  2 i f y 5 q ( <x)t  • Ф =  1 — 2 / V  +  2 i f y 5 т  • Ф +  0 ( / 3)

w h e re  x = j 2( f - c p

a n d  o2 +  4 f 1 q2 (f1 =  1.

f  is a u n iv e rsa l leng th  a n d  g ' is d im ension less. To f ir s t  o rd e r in  f  we o b ta in

L '  =  — 9,, V — myjyj -  Эм /  • -  2m fy> iy5 r  -yip —
Li

— g ' f y Î Y b  Yv *V> +  ° ( / 2) + ------

T h is  show s t h a t  2 m / an d  g ' f  a re  re sp ec tiv e ly  th e  p seu d o sca la r and  th e  p se u d o 
v e c to r  p ion  — nucleon  co u p lin g  c o n s ta n ts . I f  th is  L a g ra n g ia n  is used as a p h e n o 
m enological L ag ran g ian  to  lo w est o rd er in  / ,  th e  D yson  — F o ld y  eq u iv a len ce  
th eo rem  allow s us to  c a lc u la te  th e  e ffec tive  я  — N  p seu d o sca la r in te ra c tio n  
c o n s ta n t guNN =  g to  be g =  2то/ (I +  g')-

T he co rresp o n d in g  d im ension less p seu d o v ec to r co u p lin g  c o n s tan t is F  =  
=  !*f (! + g ' ) -  E x p e rim e n ta lly  Е 2/4 я  =  0 .08  an d  g  is th e  p io n  m ass, p ro v id e d  
L  is u n d e rs to o d  as a p h en om eno log ica l L ag ran g ian  in  w h ich  th e  c o n s ta n ts  
/ ,  m, g ',  fji a re  all ren o rm alized  q u a n titie s .

T he m o d e l is in v a r ia n t u n d e r  isosp in  a n d  th e  re m a in in g  th ree  t ra n s fo rm 
a tio n s of SU(2)<g>SU(2), n a m e ly

ip->  e'72 y5T-“ y>,U->- e~'72 75Î'“ Ue~‘12 .
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T he tra n s fo rm a tio n  law  show s th a t  th e  p io n  belongs to  a  n o n -lin ea r r e p re s e n t
a tio n  of th e  ch ira l g roup . T he o p e ra to rs  th a t  tra n s fo rm  lin ea rly  a re  a  (/ 2<p2) 
an d  Q (f 2(f2) <p'■ U sing th e  u su a l te c h n iq u e  we can c o n s tru c t  v ec to r a n d  ax ia l 
v ec to r c u rre n ts  th a t  s a tis fy  G e l l - M a n n ’s c u rre n t a lg eb ra .

T here  are  tw o  p rin c ip les  th a t  c a n  guide us in  choosing  th e  sy m m e try  
b reak in g  te rm .

a) Exact P C A C

L S B' is d e te rm in ed  so t h a t  the  p io n  fie ld is p ro p o rtio n a l to  th e  d ivergence  o f 
th e  ax ia l v e c to r  c u rre n t. T h is p rin c ip le  gives

L * * ( « )  =  - £ -  ^  i a g / ( a )  r f a = - 4 - ^ y - y  +  0 ( / 2)- 
2 f 2 J o  Y l - о Ц о с )  2

T he L ag ran g ian  leads to  th e  PCAC re la tio n  3,, J ’bf, — — Ц~ Cn 9D fo r  an
a rb itra ry  cr(x). F o r th e  choice a =  cos 2 j/a  asso c ia ted  w ith  th e  e x p o n e n tia l 
m odel, we h av e  ex ac tly  L SB — — 1/2/z2 ^  • <jp w hich is th e  o rd in a ry  m ass te rm .

b) S im p le  behaviour under  SU(2)(g)SU(2).

T he s im p lest choice w ould  be for L S B' to  be a m ix tu re  o f a SU(2)<g) SU (2) 
sca la r an d  th e  4 th  co m p o n en t of th e  v e c to r  asso c ia ted  w ith  th e  (1/2, 1/2) 
re p re se n ta tio n .

T hese tw o  p rincip les are  sa tisfied  s im u ltan eo u sly  i f  we choose er(a) =  
=  | / l —4<x (th e  square  ro o t m odel). T h e n  we h av e  Q =  1 a n d  we fin d

Ls.s. = J ? _  ( CT(a ) _

Since in  th is  special case (a, q>) form s a 4 -v e c to r , th e  second  cond itio n  is s a t is 
fied. T he m odel is now  u n iq u e  and  a n y  re d e fin itio n  o f  th e  p ion fie ld  does 
n o t change th e  p h ysica l p red ic tio n s [7]. T h e  p a ra m e te rs  g '  an d  f  a re  f ix e d  
b y  th e  p ion  decay  c o n s ta n t an d  G^/Gy =  — ga  th ro u g h

S a  —  1 +  g 'i  К  ~  Cn  | 2  =  ~ f ÿ 2 ~  ‘

A n o th e r p o p u la r fo rm  o f th e  e ffec tiv e  ch iral in v a r ia n t  L ag ran g ian  is 
o b ta in ed  b y  m ak in g  a u n i ta ry  tra n s fo rm a tio n  on  y  an d  ijp to  th e  fields

л  =  ip and  N  =  UF2 Ц!.

T his is th e  fo rm  used  b y  S c h w i n g e r  [8], W e i n b e r g  [5, 9 ], Z u m i n o  a n d
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W e s s  [10]. T h e  c h ira l t ra n s fo rm a tio n  is th e  sam e fo r я , b u t  fo r  N  i t  assum es 
th e  form

N  —у Л (а , я ) N  ,
w h e re

Л =  1 +  —  f t  ( а Х л )  + 0 ( f 2) .
2

T h e  sq u are  ro o t  m odel g ives W ein b e r g ’s v a lu es  [5, 3]

7
a0 =  Q.20 fjT1, a2 = — ■— a0

fo r  th e  S -w av e  л  — л  s c a tte r in g  len g th s  a n d  л  — N  s c a tte r in g  len g th s  co n 
s is te n t  w ith  th e  ^-dom inance  m odel

o4 +  2 a3 =  0 a n d = P  J 1 + - ^

3.  E xtension of the chiral model to include S U (6) sym m etry

T he successes of th e  phen o m en o lo g ica l SU (6) sy m m e try  [11] for v e rtic e s  
a n d  th e  c la ss ifica tio n  of h a d ro n s  is w ell-know n. To co m b in e  th is  k in d  o f  
sy m m e try  w ith  th e  ch iral sy m m e try  in  a c o v a r ia n t w ay  we consider th e  g ro u p  
g en e ra ted  b y  A,-, y 5h ,  G(,v a n d  hO/tv T he  g ro u p  is SL (6, C)(g> SL(6, C) w ith  
p a ra m e te rs

1 i  75 n  „ 1 „  \
2  ' - i  G f i v )  •

L e t Я  be a u n im o d u la r  m a tr ix . W e define [3, 4]

Я  =  у4 Я +у4.

T h e  g en e ra to rs  o f th e  g roup  SL (6 , C)(g>SL(6, C) all co m m u te  w ith  y 5. Im p o se  
th e  co n d itio n

Уь H — H  y5.

T hen  Я  can  be p u t  in  th e  canonical fo rm

Я  =  е~‘ф’ еф,

w here Т г Ф '  =  Т г Ф  =  0
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and  0  =  0 ,  Ф '  =  0 ' ,

0  an d  Ф' co m m u tin g  w ith  y 0. T he  m o st g enera l form  is g iven  b y

Ф =  /  !h  <Pi + i У s <Pa +  * У 5 h <Ры +  у  ? V  +  у  V  ? v j  » 

Ф' =  /  |* / Ç>î +  i  7 s <Ps +  * У5 <Р'ы +  y  V  Ps- +  y  V  «C/J •

In  th e  free  q u a rk  L ag ran g ian

we m ake th e  su b s titu tio n s

V У a  9„ w —  V m y>

—*■ M t, =  HytlH. m  —► m H H .

T h en , i f  В is a C -n u m b er m a tr ix  w ith  th e  sam e s tru c tu re  as H, n am ely

B = e ~ is}' ea ,

such m a trice s  В  fo rm  a fin ite  d im ensional re p re se n ta tio n s  of th e  g roup  
SL(6, C) (g) SL(6, C) an d  th e  new  L ag ran g ian  is in v a r ia n t u n d e r  th is  g ro u p , 
since we h av e

H -+ H' =  HB

y> —*■ гр' — Byj
u n d e r th e  group.

W e can  also ad d  an  in v a ria n t k in e tic  m eson te rm  o f th e  form

LmeSOn =  1 б р  ТГ 1(9x H )  ^  H 1 )  +  (8;- H ~ 1] (dx H )

А  ( Н у ^ Н )  (8v H y v H) L m.

F o r /  — 0, th is  L ag ran g ian  leads to  a p o sitiv e  d e fin ite  H am ilto n ian .
F ro m  th e  eq u a tio n s  o f m o tion  tp1̂  an d  (p l̂ sa tis fy  th e  su b sid ia ry  co n 

d itions
Э „?л/ =  0 ,  9M9W  =  ° -

This show s th a t  (fl№i a n d  cp’̂ i  rep re sen t re sp ec tiv e ly  1 ~ an d  1 + m esons. I f  we 
s tu d y  th e  C -co n juga tion  p ro p e rty  o f  th e ir  n e u tra l  m em b er we f in d  th a t  th e se
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a re  1 —  an d  1 + + m esons w hile  (pt, (p5i, (p'j a n d  q)'5i are  re sp ec tiv e ly  0 + + , 0 ~  + _ 
a n d  0 — . N ow  th e  lin ea r co u p lings of <p'j an d  q>'5i to  ip v an ish , so th a t  th e  o n ly  
m eso n , le ft a re  0 + + , 0 _+ , 1 —  a n d  1 + + asso c ia ted  w ith  a sca la r o c te t, a p seu 
d o sca la r  n o n e t c o n ta in in g  n ,  a v e c to r  n o n e t c o n ta in in g  a an d  an  ax ia l v e c to r  
n o n e t  c o n ta in in g  A v  These m esons co rresp o n d  to  th e  re p re se n ta tio n s

(1,1) an d  (1 ,3 5 )0 (3 5 ,1 )

o f  SU(6)<giSU(6), w hich  is th e  co m p ac t p a r t  o f SL(2, C )0 S L (2 , C).
I t  shou ld  be  n o ted  here  t h a t  th e  0 ++ fie ld s p lay  th e  ro le o f th e  fu n c tio n  

a  in  th e  sim ple  ch ira l th e o ry , so th a t  th e y  c a n  be exp ressed  in  te rm s  of th e  
rem a in in g  m eso n s n , q an d  A .

4 . G enera lization  to  SL(12, C)

I f  we l i f t  th e  re s tr ic tio n  t h a t  H  co m m u tes  w ith  y 5, th e n  we s till h av e

Н  =  е~,ф' е ф
w ith

Ф =  Ф =  / |Д ,Ф , +  i y 5 9?s +  — V  9V  +  {Уь Vv <Psv +  i y v <PV

+  H i  У 5 <Ры +  —  h  V  У » "  +  i À ‘ У 5 У , 9>bvi +  H i  y v (pvi

a n d  s im ila rly  fo r  Ф '. T he L a g ra n g ia n  is fo rm a lly  th e  sam e. F o r / —► 0 w ith  
a  m eson m ass te rm  i t  leads to  th e  su b s id ia ry  cond itions

У ы  —  3 ^ 5 f j  =  ° ’ Q v<Pvi =  0 , Qv Ç vX =  0 ,

= o, dfL <p’n -  dv <p'_i =  o.

T h ese  leave 143 fie ld  co m p o n en ts  filling  th e  a d jo in t re p re se n ta tio n  o f SU (12) 
w h ich  is th e  c o m p a c t p a r t  o f  SL(12, C). T h e y  can  be c lassified  in  th e  follow ing 
I PC SU(3) m u ltip le ts , C show ing  th e  ch arg e  co n ju g a tio n  p a r i ty  o f th e  n e u tra l  
m em bers o f th e  m u ltip le ts :

a ) O ne 0+ + o c te t (pi th a t  a re  fu n c tio n s o f th e  
rem ain in g  m esons,

b) O ne 0 + + n o n e t (<Pv, <p'vi) co n ta in s  a  (700) an d  b,

c ) O ne 0 -  + n o n e t ((psi (pbi) co n ta in s  ï]' an d  л ,

d) O ne 0 -  + n o n e t {(Pev (( :,*<) ?

Acta Physica Academiae Scientiarum Hungaricae 26, 1969



G EN ER A LIZED  C H IR A L  SYMMETRY GROUPS 133

e) One 1 - - n one t (tp/iri 4>w) c o n ta in s t .
f) One 1 - - n one t (<Pv, Vvi) c o n ta in s G (1650),
g) One 1+ + nonet (spw) <fm) c o n ta in s A ,
b) One 1+ - n one t {<Pbv> <p'bvl) c o n ta in s B.

T he n o n e ts  c an d  e m a y  be th o u g h t o f  form ing  (1 -j- 35) SU(6) m u ltip le ts :  
th e y  c o n ta in  re sp ec tiv e ly  n  an d  q. b a n d  g  have p o s itiv e  p a rity . T h e y  m ay  
co n ta in  ô a n d  A }, re sp ec tiv e ly , b, c, e a n d  h  form  a re p re se n ta tio n  o f th e  ch ira l 
S U (6)(g>S U (6)./ m ay  c o n ta in  G (1650) w h ic h  has th e .sam e q u a n tu m  n u m b e rs  as
Q. h co n ta in s  B. d is as y e t  u n id e n tif ie d . F in a lly  th e  o c te t  a) plays th e  ro le  of 
th e  cr(a) f ie ld  in  th e  sim ple th e o ry  a n d  does n o t co rresp o n d  to  physica l m esons. 
T he sy m m e try  is only  e x a c t in  th e  l im it  o f zero m ass fo r  all th e se  m esons. 
H ow ever, in  th a t  lim it th e  su b sid ia ry  co n d itio n s  do n o t  fo llow  from  th e  e q u a 
tio n s of m o tio n  and  h a v e  to  be im p o sed .

5 . C urren ts an d  genera lized  PCAC

A ssoc ia ted  w ith  th e  tr a n s fo rm a tio n  p a ram e te rs  Q  are th e  c u rre n ts

H,a  = ~ W  [ M p  rA\ A' y> -  — T r  { [(8 , Я - l )  H  +  H  (Э H -1)] ГА A'}
4 í v j

+  Т 7 7 Г  T r  8 >- М я ’ }  -  { M - }  8 ,  M x} ]  r A  A '}  ,
64 J -

w here i is an  SU(3) index  t h a t  can  also t a k e  th e  value o f ze ro , /л is th e  c o v a r ia n t  
in d ex  (/л =  1, . . .  4) an d  A  is th e  D ira c  in d ex  (A =  1, . . . ,  15). S im ila rly , 
to  th e  p a ra m e te rs  Q '  co rresp o n d  th e  c u rre n ts

t i n  =  ~ - V  { M „  Гв } A' W -  - Л -  T r  {[(8M Я - 1) Я  -  Я (Э (1 Я -i) ]  Гв  A'}

-  T 7 7 T  T r  9л M t i ]  +  [ M - К  Эх M J )  Г в  Щ .
6 4 / 2

W e see t h a t  th e se  cu rren ts  include v e c to r  a n d  axial v e c to r  cu rren ts as w ell 
as ten so r c u rre n ts  o f o rder 2 an d  3.

I t  is u sefu l to  in tro d u c e  th e  co m p lex  cu rren ts

gÍ,A =  JiU +  1Л,А-
T he com plex  charges

&A =  -  i i  gi,A d3 X
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a re  conserved  fo r  zero m eson m asses. T he h e rm itia n  p a r t  o f  G‘a  obeys th e  
S U (12) c o m m u ta tio n  re la tio n s  ev en  w hen th e  cu rren ts  a re  n o t conserved . 
T h is  leads to  th e  p lau s ib ility  o f  th e  c u rre n t a lg eb ra

[H  g ‘0A (* ), H  g iB (y)] ô (xu — y 0) =  i  C % c H  gkoc (x) d ( x  — y),

w h ere  Cabc  a re  th e  s tru c tu re  c o n s ta n ts  o f SU (12).
T he h e rm itia n  and  a n tih e rm itia n  p a r ts  o f  G'a  to g e th e r g en e ra te  SL(12, C). 

I t  shou ld  be  n o te d  th a t  th e  o p e ra tio n  o f ta k in g  th e  h e rm itia n  p a r t  o f G‘A, 
n a m e ly

H  G a  =  —  (G a +  GlX)

is n o t  a c o v a r ia n t  o p era tio n  e x c e p t w hen A  —  5.
F o r s im p lic ity  le t us ta k e  a  com m on m ass  [Л for a ll th e  m esons. T h e n  

i t  can  be sh o w n  th a t  PCAC c a n  be g en era lized  to

Qagi,A (x) =  ГА1 (Va  +  i  <Pa ) +  ° { f ) >
^J

w h ere  th e  f a c to r  г}а d efin ed  b y

t]a  — 1 for A  =  5

tja =  ■— i  for A  =  5/x,

is n ecessary  to  p reserv e  h e rm itic ity .
W ith  e a c h  field  <fA a re  associa ted  th e  c o v a ria n t canon ical v a r ia b le s  

П а /л- The c a n o n ic a l co n ju g a te  o f  cpA is ju s t  П'Ао• T he  c u rre n t — m eson  co rre sp o n d 
ence is now  ex p ressed  b y  th e  re la tio n

ёкл =  ^ ~ г ( Пкл +  ШЦ,А) +  0(Л.
*J

I t  m ig h t be  possible to  co n stru c t m o d e ls  in  w hich  th e se  equalities h o ld  
to  all o rders in  / .  T hen  w e w ould  have  a  new  g e n e ra liz a tio n  of PCAC a n d  
fie ld  a lgeb ra .

O nce su c h  general r e s u lts  are e x tra c te d  from  th e  m o d e l we could p o s tu 
la te  th e  S L (12 , C) a lgebra  a n d  th e  gen era lized  PCAC fo r th e s e  general c u r re n ts  
an d  derive lo w  energy  th e o re m s  for so ft m esons. In  th is  case th e  sy m m e try  
w ould be  p o s tu la te d  as b e in g  exact. E x tra p o la t io n  o f  m a tr ix  e lem ents a n d  
v e r te x  fu n c tio n s  to  th e  p h y s ic a l values o f  th e  m eson m asses w ould th e n  b e  
p o s tu la te d  to  be  sm oo th  in  v ir tu e  of th e  generalized  PC A C  relations j u s t  as

a n d  A  =  [j.,

7] A =  i for A  =  fXV
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in. th e  case o f ch ira l sy m m e try . SU(6) re la tio n s  in  th is  m o d e l are e x a c t o n ly  
w hen  m esons are  e x tra p o la te d  to  zero m ass.

6. Form ulation in term s o f new fields

L et us in tro d u c e  th e  new  q u a rk  fie ld

£ —(HH)ll2y)evy).

T h e L ag ran g ian  ta k e s  th e  fo rm

L  = ------- Seir  y ^ ~ í4 V  +  -J" (9m f)  &  Ум e~iV'
Li Li

-  V f 1ßir Ум е~'Г(е* ЭМ е_9’) Í +  -1- %  «“V  е'>' е~*  I -2 2

í  —

т Й  +  L meson.

T he fie ld  |  no  longer tran sfo rm s l in e a r ly  un d er S L (12 , C). In s te a d  i t  
obeys a law  o f th e  form

[ £ - м * ' =  Л (£ > ,А ',Ф )£ ,

w here A  is a c e r ta in  m a tr ix  d ep en d in g  on th e  p a ram e te rs  Q , Q '  an d  th e  m eso n  
fields Ф. C onsequen tly , u n d e r such  re la tiv is tic  tra n s fo rm a tio n s , a q u a rk  w ill 
tra n sfo rm  in to  a q u a rk  b y  a sp in  ro ta tio n  p lu s  a q u ark  s ta te  to g e th e r w ith  
soft p seu d o sca la r an d  v ec to r m esons. This p ro v id es  a p h y s ic a l in te rp re ta t io n  
o f re la tiv is tic  SU (6) tra n sfo rm a tio n s  as well as ch ira l tra n sfo rm a tio n s  in  H ilb e r t  
space. In  th e  n o n  re la tiv is tic  lim it we get o n ly  th e  spin ro ta tio n s .

In  our t r e a tm e n t  ch ira l sy m m etry  a n d  SU(6) sy m m e try  sy n th esized  
in  such  a w ay  th a t  soft p ions a n d  soft rh o ’s a re  tre a te d  on th e  sam e fo o tin g .

7 . Possibility o f  a generalized Cabibbo rotation

In  th e  th e o ry  o f w eak in te rac tio n s  i t  is assum ed  th a t  th e  w eak c u r re n t  
consists o f th e  f ir s t  an d  second co m p o n en ts  o f  th e  g en e ra to rs  of an  SU (2) 
group  o b ta in ed  from  th e  iso top ic  sp in  c u r re n t  p lus th e  c h ira l c u rren t b y  a 
u n ita ry  tra n s fo rm a tio n  w ith in  th e  m u ltip le t to  w hich th e  electric  c u r re n t  
belongs. T he C abibbo  th e o ry  re su lts  if  an  SU (3) o c te t is ta k e n  fo r  th is  m u ltip le t.

In  th e  SL(12, C) th e o ry  we h av e  a la rg e r  m u ltip le t fo r c u rre n ts , n a m e ly  
an  SU(12) m u ltip le t w ith  th e  q u a n tu m  n u m b ers  discussed ab o v e . W e now  h a v e  
th e  possib ility  o f m ak in g  a m ore general u n i ta ry  tra n s fo rm a tio n  on th e  c h a rg ed  
iso top ic  p lus ch ira l c u rre n t in  th e  SU(12) sp ace . In  p a r t ic u la r  consider th e  
u n ita ry  tra n s fo rm a tio n  m a tr ix
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U  ( в ,  <p) e - W j i e + W í ) ,

I f  =  0 w e o b ta in  th e  C abibbo ro ta t io n  w ith  th e  angle 0. In  g en era l 
th e  ch arg ed  c u r re n t  ta k e s  th e  form

J</> =  cos cp [cos 0 {(el +  igf) + A \  +  iA j }  +  sin  0 {(gf +  iof) +  A \  +  iA%}] — 

•г- sin  cp s in  0 +  ig[2) +  (B \  +  iB j ) }  —

— cos в {i(e{4 +  ie? ) +  (Щ  +  i B i ) } ] ,

w here  g s ta n d s  fo r th e  iso sg in  c u rren t, A  s ta n d s  for th e  a x ia l cu rren t w ith  th e  
sam e q u a n tu m  n u m b er as A 1 w hile g' a n d  В  are a sso c ia ted  resp ec tiv e ly  w ith  
c u rre n ts  w ith  sam e q u a n tu m  n u m b ers  as th e  G m eson  an d  th e  В  m eson .

N ow  i f  le p to n s  are  co u p led  to  j [ +  ̂ a n d  is c o u p led  to  itse lf, w e see 
t h a t  b o th  th e  v e c to r  an d  a x ia l v ec to r c u r re n t  becom e m ix tu re s  of o p e ra to rs  
w ith  o p p o site  C P  p ro p ertie s  a n d  hence C P  is v io la ted . T h e  angle cp c h a rac te rize s  
th e  s tre n g th  o f  th is  v io la tio n .

8. C oncluding rem ark s

I  h a v e  tr ie d  to  show  th e  ex is ten ce  o f n o n -lin ea r L ag ran g ian  m odels 
t h a t  are  p a r t ia l ly  in v a r ia n t  u n d e r SL (12 , C) or SL(6, C )® S L (6 , C) w h ich  are 
g roups g en era liz in g  b o th  th e  ch iral a n d  th e  SU(6) sy m m etrie s . T his le a d s  to  
a c la ss ifica tio n  of m esons u n d e r  SU (12) w hich  is n o t  in co n sis ten t w ith  th e  
new  ta b le  o f  resonances. A  c u rre n t — m eso n  correspondence  still ex ists a n d  th e  
w eak  c u r re n t  is now  allow ed to  be a m ix tu re  of c u r re n t  o f 1st an d  2 n d  class, 
lead in g  to  th e  p o ssib ility  o f  C P  v io la tio n .

T h e  s tro n g  sy m m e try  is ex ac t a t  th e  u n p h y sica l p o in t w here th e  m eson 
m asses a re  a ll e x tra p o la te d  to  zero. T h e  g roup  being  n o n  com pact its  u n i ta ry  
re p re se n ta tio n s  w ould be  associa ted  w ith  in fin ite  to w e rs  of resonances th a t  
can  also b e  classified  as ch a rg ed  T oller po les since S L (6 , C) and  S L (6 , C) are 
su b g ro u p s. T h is  raises a n  in trig u in g  q u e s tio n  of th e  re la tio n  of th e  p re se n t 
schem e to  th e  R egge c lassifica tion . I n  th e  la t te r  R egge tra je c to rie s  a re  e x tr a 
p o la te d  to  zero  m ass w h ere  th e  co rresp o n d in g  m esons n o  longer h a v e  in te g e r  
sp in . I t  is a t  th is  p o in t t h a t  th e  SL(2, C) c lassifica tion  holds. In  th e  p re se n t 
tr e a tm e n t  m esons re ta in  th e ir  spin b u t  th e ir  m asses a re  m ade to  v a n is h  a t 
th e  s y m m e try  p o in t. S ince b o th  c lassifica tions seem  to  be successfu l th e re  
ex ists  en o u g h  m o tiv a tio n  to  a tte m p t a sy n th esis  o f th e  tw o  ap p ro ach es.

A n o th e r  p rom ising  line  is in d ic a te d  b y  th e  p o ss ib ility  of w ritin g  p h en o 
m enolog ica l L ag ran g ian s w here  m esons a re  coupled  to  b aryons t h a t  shou ld  
be  re p re se n te d  as th ird  ra n k  SL(12, C) ten so rs . T h e n  th e  v e rtex  sy m m etrie s
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can  be re a d  off the  L ag rang ian  w hich  shou ld  em b o d y  th e  re su lts  o f  ch ira l 
sy m m e try  as well as SU(6) sy m m etry .

In conclusion I w ould  like to record m y indebtedness to  Prof. G. Marx  for hosp i
ta lity  at th e  Balaton m eeting.
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О Б О БЩ ЕН Н Ы Е ГРУ П П Ы  К И РА Л ЬН О Й  СИМ МЕТРИИ И КЛАСС И Ф И КА Ц И Я
ГА ДРО Н О В

[Ф . ГЮРСЕЙ

Р е з ю м е

Показывается существование частично инвариантных относительно групп моделей  
Л агранжианов, которые обобщают киральную  симметрию. И столкуется применение 
этих моделей по отношению классификации гадронов. Токи, определенны е из Л агран
жианов, удовлетворяют алгебре токов, которая включает в себя тензорные токи и дает  
возможность для обобщ ения обычной алгебры токов SU (3) ®  SU  (3) с расш ирением  
РСАС-условия на более общ ие токи.
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NON-LINEAR LAGRANGIANS AND RELATIVISTIC SU(6)

By

D.  W e l l i n g

D E P A R T M E N T  O F  P H Y S I C S ,  U N I V E R S I T Y  O F  W I S C O N S I N ,  M I L W A U K E E  U S A

A m ethod for constructing a phenom enological nonlinear Lagrangian o f the hadrons 
w ithin the relativ istic  framework is presented. A particular SL(6, C)-invariant series o f m eson- 
m eson and m eson— baryon interactions are introduced and it  is shown th a t in a first-order  
calculation a relation betw een the various couplings is possible if  PCAC is m aintained. U sing  
th e  coupling constant for д л л  as inp ut the following results are noted: Г (X °  г/жж) =  2 MeV, 
Г (со Зл) =  8.9 MeV, ёЬы е1ы =  ° -54-

N on-linear L ag ran g ian s and  re la tiv is tic  S U (6)

T here has b een  considerab le  in te re s t la te ly  [1] in  th e  ca lcu la tio n  of 
s tro n g  in te ra c tio n  processes b y  m eans of n o n -lin ea r L ag ran g ian s w hich  arise 
as a consequence o f in v a rian ce  or p a r tia l  in v a ria n c e  (PCAC) u n d e r gauge 
tra n sfo rm a tio n s  w h ich  g en era te  p a r tic u la r  a lg eb ras  (SU (2)ig)SU (2); SU(3)<g> 
<g>SU(3) ). T he p u rp o se  o f th is  d iscussion is to  rev iew  som e p rev io u s  w ork  [2] 
w h ich  describes th e  ex ten sio n  o f  th e  n o n -lin ea r m odels to  th e  re la tiv is tic  
fo rm u la tio n  of th e  SU(6) sy m m etry . T he p h y s ic a l pa rtic le s  th e n  possess th e  
sam e tra n s fo rm a tio n  p ro p ertie s  as ten so rs  fo rm ed  from  th e  fu n d a m e n ta l 
q u a rk  an d  a n ti-q u a rk  s ta te s . T h e  tw elve  co m p o n en t b isp in o r re p re se n ta tio n  
o f SL(6, C) p ro v id es  th e  basis fo r th ese  q u a rk s  a n d  th e  p h y sica l s ta te s  t r a n s 
fo rm  like ten so rs  o f SL(6, C). T h e  p h ysica l fie lds a re  req u ired  to  sa tis fy  w ave 
eq u a tio n s  [3] w hich  are  n o t in v a r ia n t u n d e r SL(6, C) b u t  y ie ld  cond itions 
on th e  p h ysica l fie lds so t h a t  th e ir  m u ltip le t s tru c tu re  is th e  sam e as in  th e  
n o n re la tiv is tic  SU (6) th eo ry .

T he to ta l  phenom enolog ica l h ad ro n ic  L a g ra n g ia n  is c o n s tru c te d  b y  im p o s
ing  th e  follow ing co n d itions:

a) T he lin ea r  gauge tra n sfo rm a tio n s  fo r th e  physica l p a rtic le s  are  con
s tru c te d  b y  m eans o f th e ir  tra n s fo rm a tio n s  as ten so rs  fo rm ed  fro m  fu n d a 
m e n ta l q u a rk s. T h e  q u a rk s  un d erg o  th e  gauge tra n s fo rm a tio n s  w h ich  gen era te  
th e  SU(3)<giSU(3) a lgebra .

b) T he effec tive  m e s o n -m e s o n  and  m eson  b a ry o n  in te ra c tio n s  in  th e  
low est o rder p e r tu rb a tio n  are o b ta in e d  b y  re q u ir in g  th e  p a r tia lly  conserved  
ax ia l-v ec to r c u rre n t co n d ition  (PCAC)
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-  Р (к),

w here P ^  is th e  p seu d o -sca la r n o n e t.
T h e  la s t  re q u ire m e n t assum es t h a t  PCAC w ou ld  ho ld  only  in  a fu lly  

SL (6, C )-in v a ria n t th e o ry  an d  since th e  p a r t  o f th e  L ag ran g ian  w hich  b reak s  
SL(6, C) is th e  k in e m a tic  te rm , th e  d ivergence  o f th e  ax ia l-v ec to r c u rre n t 
w ill c o n ta in  th e n  k in e m a tic  d e p e n d e n t te rm s. I f  w e assum e th e  canon ica l 
m o m e n tu m  is u n a lte re d  in  th e  p resence  o f  in te ra c tio n  th e n  i t  is o n ly  in  th e  
low est o rd e r, w here  th e  free-field  so lu tio n s are u tiliz ed , th a t  th e  k in e m a tic  
te rm s  m a y  be  e lim in a te d  b y  can ce lla tio n  w ith  th e  co n tr ib u tio n s  fro m  th e  
in te ra c tio n s .

The n o n -lin e a r L ag ran g ian

I n  th is  p a r t ic u la r  m odel th e  p h y s ica l fields w ill b e  considered  as irre 
ducib le  ten so rs  o f SL (6, C) fo rm ed  b y  p ro d u c ts  of th e  q u a rk  fields. T h e  m eson 
fie ld  Ф{£ =  Фа  is assu m ed  to  tra n s fo rm  like th e  144-com ponent m ixed  
te n so r Qa QB'i a to ta l ly  sy m m etric  3 6 4 -com ponen t th ird -ra n k  te n s o r  W abc 
w h ich  tra n sfo rm s  like th e  sy m m etric  p ro d u c t of th re e  q u a rk s  Qa QbQc is a ssu m 
ed to  describe  th e  b a ry o n  field . T h e  n o ta tio n  fo llow ed w ill be th e  sam e as 
S a k i t a  a n d  W a li (SW ) [4]. T h e  gauge tra n s fo rm a tio n s  w ill th e n  b e  derived  
b y  assum ing  th a t  th e  q u a rk s  obey  a D irac  eq u a tio n  a n d  b y  defin ing  th e  gauge 
tra n s fo rm a tio n s  w h ich  p roduce  th e  n o n e t v ec to r  c u r re n t 1 j2Qy/Ih('k) Q an d  th e  
n o n e t ax ia l-v e c to r  c u rre n t l j2Q yßy s/.(k) Q.

C onsider th e  seco n d -ran k  te n so r  ф /f w hich  tran sfo rm s like  QuQ1̂ ■ 
U sing  th e  in fin ite s im a l tra n s fo rm a tio n s  fo r th e  q u a rk  v ec to r  an d  ax ia l-v ec to r  
c u rre n ts , re sp ec tiv e ly

Qi,* + —  W *' Q U  (* =  0, . . . ,  8)
Zi

( i )

an d

<?/,* - *  QiA +  — i£(k) W "  Ш  Q tvZi
( 2)

W e o b ta in  th e  tra n s fo rm a tio n s  w h ich  give rise to  th e  v ec to r an d  ax ia l-v ec to r 
m eson  c u rre n ts , re sp ec tiv e ly

Ф ~> Ф  +  —— ie'(k)[A(fc), Ф1 
2

(3)

an d

Ф-А-Ф -\---- — ie(-k){y 5 Д№), Ф} .
2

(4)

I t  w ill be  su ffic ien t fo r i l lu s tra tio n  to  consider here  only  th e  boso n  and  
q u a rk  fields a n d  to  n o te  th a t  th e  b a ry o n  fields a re  fo rm ed  from  th e  Sym m etrie
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364-com ponen t te n s o r  f i x,jß,ky =  QuQjßQky +  (sym .) The co n sid e ra tio n s  of 
th e  gauge tra n sfo rm a tio n s  for th is  ten so r are  s tra ig h tfo rw a rd  b u t  som ew hat 
te d io u s  an d  th e re fo re  th e  read e r is referred  to  th e  lite ra tu re  [2].

T h e  144-com plex-com ponen t ob ject Ф w ill a p p ro p ria te ly  describe th e  
m eson  fie ld  if  we im p o se  th e  re a l i ty  cond ition

У&Уь =  ~ Ф  + - (5)

T h is in su res th a t  th e  a n tip a rtic le s  are  co n ta in ed  in  th e  sam e m u ltip le t  as th e  
p a rtic le s . W e th e n  e x p a n d  in te rm s  of th e  16 in d e p e n d e n t D irac  m a trices :

* i i  =  à{ S í  +  (умм V *  +  +  ( у ,  УьУ‘ А Л + Ш (6)

w here , S , V, . . . ,  Р  rep re sen t n o n e ts  of sca la r, v ec to r, te n so r, ax ia l-v ec to r, 
an d  p seu d o sca la r fie ld s , re sp ec tiv e ly .

T h e  m e so n  f ie ld  Ф obeys  t h e  D u f f i n  — K e m m e r  (D K )  e q u a t i o n

[ ^ Э мФ ] + 2 ш 0Ф =  0 ,  (7)

an d  th e  B a r g m a n n  — W ig n e r  ( B W )  eq ua tions,

У , % Ф  +  т аФ =  0 ,  (8)

% Ф у ^ - т 0Ф =  0 .  (9)

U sing  th e  eq u a tio n  o f  m otion  (7), th e  free-field  so lu tions fo r Ф are su b je c t 
to  th e  follow ing co n d itio n s :

S  =  0,

^ = - ( 1 ^ ) 8 , ? ,  (10)

T v =  (1K )  ( 9 „  V ^  V v) .

T h e L ag ran g ian  fo r  Ф w h ich  produces th e  D K  eq u a tio n s  (7) m ay  be  
w ritte n  in  th e  form  [5]

Щ Ф ) = - ~ т н Т г Ф ( [ у ^ Ф ] + 2 т 0) Ф .  (11)
О

In tro d u c in g  th e  in fin ite s im a l tra n s fo rm a tio n  (3) a n d  (4) in to  th e  above, we 
o b ta in  th e  v ec to r a n d  ax ia l-v ec to r m eson c u rre n ts  and  th e ir  d e riv a tiv e s . 

F o r  th e  v ec to r c u r re n t and i ts  d e riv a tiv e  w e o b ta in
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4 fc) (ф) =  - U „  ГгФ уДЖ «, Ф ] ,
о

an d
д ^ к ) (Ф) =  о .

F o r th e  ax ia l-v ec to r  c u rre n t an d  its  d e r iv a tiv e  we h av e

(Ф) =  -^ -т паТ гФ у /х{ у 5 ?Sk\  Ф}
О

an d

3^ A W  (Ф) =  - i -  m0 T r y 5 №  Ф ( ^  0^Ф  +  2 т 3Ф ). 
4

(13)

(12)

(14)

(15)

F o r  th e  free fie ld  Ф we m ay  u tilize  th e  BW  e q u a tio n  (8) and  c o n v e r t  the 
source  (9) in to  th e  follow ing form :

4 J ^ ( 0 free) = -*r m§Try5A№ (ФФ),гее =
4

=  ~  T r(m 0 [8M P ,  V J  +  - L  F„, Эя КД) Ж« .
^ íj

(16)

To o b ta in  th e  PC AC co n d itio n  we now  in tro d u c e  in to  th e  in fin ite s im a l 
m eson  tra n s fo rm a tio n  an  inhom ogeneous te rm  w h ich  w ill p ro jec t o u t ,  in  the  
d ivergence  of th e  c u rre n t, a lin ea r te rm  in  p seu d o sca la r m esons. T o  th is  end 
we co n sid er th e  m o d ifica tio n  of (4)

Ф —> Ф -|-------je(fc){y5 Д№), Ф} -|- i K y 5 l (k) e® ,
2

(17)

w here  К  is a c o n s ta n t to  he d e te rm in ed . W ith  th is  tra n s fo rm a tio n  th e  d iver
gence o f th e  ax ia l-v ec to r  c u rre n t fo r th e  m esons becom es

9 , . m  (ф > =  —  «h  TrXW у. (Уц Эц Ф 4- 2 ш ,Ф )  +  
4

m 0 KTr?Sk>y- (y(x 0М Ф + 2 m 0 Ф ) .

(18)

I f  we use th e  eq u a tio n  o f m otion  (8) fo r th e  free fie ld  Ф th e  fo llow ing  form  is 
o b ta in e d :

Q, J $  (Ф,гее) =  T r ( №  у 5 ФФ +  KW> y 5 Ф) . ( 19)
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T he la s t  te rm  p roduces th e  desired  PCAC te rm  2m%KP(k\
I n  v iew  o f o u r in itia l a ssu m p tio n s  we con sid er th e  fo llow ing  17(6.6) 

in v a r ia n t  H erm itian  series of in te ra c tio n s :

& ы  (Ф, Q) =  М фп <?) +  Т г (фп) ’ (2°)п=1 mg“ 1 n=3 m g - 4

w here th e  g n an d  a n a re  d im ension less coupling c o n s ta n ts . The c o n tr ib u tio n  
to  th e  d ivergence o f th e  a x ia l-v e c to r  c u rre n t from  (20) is th en

8 e<«
^  P g r ,

Л + 1  m g-1
(Ç y5 Фп Q +  ()Ф у5 A(fc) Ф " -1 ( ) + . . . +

+  <?Ф" y5 (?) -  J 1 - (Q r5 Я® Ф - 1 Q +
~  mg“ 1

- f  (?Фу5 А№)Ф " -2  < ? + . . .  +  ^ Ф " -1 y - AW @) -  (21)

- 2 ~ Г Г  УГЛУь А(л)ф") +  K T r(y 5 AW Ф"“ 1) ] .л=з mg“ 4

A d d in g  (21) to  (19) an d  T n ç Q y ^ ^  Q, th e  diverg  ence o f  th e  ax ial v e c to r  q u ark  
c u rre n t, we o b ta in  th e  to ta l  d iv e rg en ce  of th e  ax ia l-v e c to r  c u r re n t fo r our 
q u ark -m eso n  m odel. To effect th e  can ce lla tio n  of th e  in te ra c tio n  c o n tr ib u tio n s  
an d  th e  te rm s w hich  arise from  th e  free  L ag rang ian  so as to  o b ta in  th e  PCAC 
co n d itio n , we derive  a re la tio n sh ip  be tw een  th e  e ffec tiv e  m eson— m eson  and 
m eso n -q u ark  in te ra c tio n s  in  f irs t  o rd e r. Indeed , u s in g  (8), (19) a n d  (20) we 
o b ta in  th e  follow ing id en titie s :

K =  — im Qlgl , (22)

w here  we have e lim in a ted  th e  p u re  q u a rk  te rm  m ç Q y 8A ^ Q. C an ce lla tion  
to  h ig h e r pow ers in  th e  q u a rk —m eso n  in te rac tio n  series yields th e  re la tio n

or

w here n  >  1.

i"2gnl m » - i = - i ( " + ^ g n+1K lm S

gn+ilgn =  m 0 gJrriQ ,

(23)

(24)

Likew ise, we o b ta in  b y  c a n ce lla tio n  of th e  lo w est pow er m eson  te rm  in 
21) th e  re la tio n

a3 =  — im J 1 2  К  — m 0g1/12  m Q. (25)

C ance lla tion  of th e  h ig h er pow er te rm s  in  th e  m eson— m eson  in te ra c tio n  series 
th e n  y ields th e  recu rsio n  re la tio n
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Ип+1 __ Пт0 j—2П+1
ап (re +  1) К

w h ere  re 3.
I f  we use (1) a n d  (3) an d  co m p u te  th e  d iv erg en ce  of th e  v e c to r  c u rren t, 

i t  is s tra ig h tfo rw a rd  to  show t h a t  i t  van ishes id e n tic a lly  fo r e ach  te rm  in  th e  
series (20). T h u s, o u r  in te ra c tio n  te rm s  g u a ra n te e  a conserved  v e c to r  cu rren t.

I f  we con sid er th e  3 6 4 -com ponen t fie ld  %p in  place o f th e  q u a rk  in  th e  
d iscussion  above th e n  the  L a g ra n g ia n  becom es

&  =  +  ^ ( Ф )  + -у J lJOil. Т г Ф п +
mg-4

+  2
n ,m ,l  = 0

/(П2-+-Ш2+/2) _
— — —  8пт1хТгФ(ф('% (ф (->)2 (Ф®)3У , 
т ; + 1+1 1

(27)

w h ere  g 000 =  0. T h e  I /(6 .6 )- in v a ria n t series h a v e  been  ad d ed  to  p roduce th e  
desired  PCAC fo rm  analogous to  th e  m eson q u a rk  m odel. I t  is s tra ig h tfo rw ard  
to  show  th a t  th e  coup ling  c o n d itio n  and  re c u rs io n  re la tio n s becom e

ооÆÍ2•p«Äil*

(28)
w h ere  M  is th e  b  a ry  on m ass,

a 3 =  — i m J 1 2 K , (29)
an d

an+1 _  r e  m0 £ _ 2 n + 1 (30)
an (re +  1) К

an d

g(n+l)ml _ m o 2n+l (31)
gnml К

or a l l  re, m, l b u t  n =  m  =  1 =  0.
To m ake co m p ariso n  w ith  som e of th e  re su lts  of th e  re la tiv is tic  SU(6) 

t  heories we ag a in  em phasize t h a t  we are co n sid e rin g  ou r L a g ra n g ia n  to  be 
th e  effective m odel fo r h ad ro n ic  processes. T h u s  we reg a rd  th e  coupling con
s ta n ts  to  be co m p le te ly  ren o rm alized . F u r th e rm o re , th e  m a tr ix  e lem ents used  
to  id e n tify  th e  co u p lin g  c o n s ta n ts  have  been  d e riv e d  in  f ir s t  o rd e r (free fie ld  
so lu tio n s  h av e  b e e n  used), o n ly  one e x p e rim e n ta l in p u t n eed s be em ployed 
to  ca lcu la te  th e  coup ling  c o n s ta n ts  for all e ffec tiv e  v e rtic e s . W e shall use 
th e  ex p e rim en ta l v a lu e  for th e  coupling  o f q —► 2 л ,  =  1/2.

I f  we co n sid e r th e  t r i l in e a r  m eson v e r te x  ia3m 0X  Тг(ФФФ) and  p ick  
o u t  th e  m a tr ix  e le m e n t •(л  X 3 ,̂ л)  we fin d  t h a t

«з =  (2 У2 /36) g e n „ .  (32)
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W e m ay  now  co m p u te  th e  m eson  p rocesses i f  we use (32) a n d  th e  recu rsio n  
re la tio n  (30). I t  shou ld  be  n o te d  th a t  th e  re la tio n s  for th e  m esons, w here  we 
d e a lt on ly  w ith  q u a rk s  r a th e r  th a n  th e  b a ry o n s , are th e  sam e  as those d e riv ed  
here. T h u s th e  v a rio u s m eson  processes cou ld  ju s t  as well h a v e  been  co nsidered  
in  th e  sim p ler q u a rk  m eson m odel.

In  p a r tic u la r  we sh a ll consider th e  q u ad rilin ea r  processes X 0 —*• Г)лл 
an d  со —*■ Зтт. T he la t te r  w ill be th o u g h t o f as a co rrec tio n  to  the  t r i l in e a r  
d esc rip tio n  o f th a t  w id th  [ 6 ]  using th e  G e l l - M a n n , S h a r p  and  W a g n e r  

(GSW ) m odel [7]. W e th e n  use th e  e ffec tiv e  in te ra c tio n  а^ГгФФФФ, (32), 
an d  th e  recu rsio n  re la tio n  (30) an d  o b ta in  th e  id e n tity

a A =  9 a |  =  g y j  18. (33)

I f  we use th is  va lu e  for a4 an d  com pu te  th e  w id th  for X 0 —»■ rj?in, we f in d
Г ( Х 0 -+г]Л7г) =  2.0 MeV.

W e now  e v a lu a te  th e  w id th  for со —► Зтт, w here we em ploy  b o th  th e  
q u a d rilin e a r  an d  tr i lin e a r  v e rtic e s . W e use (33), th e  GSW  m o d e l for со —*- Зтт, 
an d  th e  re la tio n  g m ^ / g ^  =  4/m)J from  re la tiv is tic  SU(6) to  o b ta in  fo r th e  
com bined  tr i l in e a r  an d  q u a d rilin e a r  te rm s  th e  w id th  Г(со —*■ Зтт) =  8.9 M eV 
com pared  to  th e  ex p e rim en ta l v a lu e  of 9.4  MeV.

W ith in  o u r b a ry o n  — m eson  m odel we m a y  also derive re la tio n s  b e tw e e n  
th e  m eson an d  th e  v a rio u s m eson  b a ry o n  coup lings given b y  (27). U sing (28), 
(29), an d  (32) we fin d  th a t

G =  (2 f2 M /m 0) ^ ,  (34)

w here G is defined  b y  th e  b a ry o n  m eson in te ra c tio n  iGWffiW in  low est o rd e r  
an d  3g100 =  G. T hus i t  follow s th a t  G2/4 tt =  7.9, w here w e h a v e  used th e  
m ass values M  =  1065 MeV a n d  m 0 =  m e =  756 MeV. I f  w e use  th is  v a lu e  
fo r G an d  se lec t as an  ex am p le  th e  coup ling  N y ^ r N g ^  from  ФФФ  we o b ta in  
gNNeün — 0 .54, w hich  is co n s is ten t w ith  u n iv e rsa lity  a ssu m p tio n s. W e 
shou ld  cau tio n , how ever, t h a t  i f  one believes u n iv e rsa lity  a n d  th e n  em ploys 
re la tiv is tic  SU (6) to  re la te  th is  to  p seu d o sca la r coupling, th e  re su lt  is in v e ry  
po o r ag reem en t w ith  th e  e x p e rim e n ta l v a lu e  fo r  gjvvu [8].

I t  is p ro p o sed  th a t  th e  d ifficu lty  lies in  allow ing only th e  p a r i ty  d o u b le t 
0 - , 1 I f  one inc ludes th e  less know n  0 + a n d  1 + partic les  th e n  i t  is h o p ed  
th a t  th e  know n  effective coup ling  w ill be im p ro v ed . I t  is in te re s tin g  to  n o te  
th a t ,  in  th e  fo rm u la tio n  of th is  m odel, th e  0 +, 1 + p a ir a re  in tro d u ced  b y  
m eans of th e  144-com ponent fie ld  Ф' w hich  sa tisfies th e  e q u a tio n

{ Э , Ф \ у , }  +  2т'0 Ф' = 0  (35)

an d  w hich is derivab le  from  th e  L ag ran g ian
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J ? ( 0 ')  =  T r y ,  Ф' у , ( у  • Э + т '0) Ф \  (36)

T h u s  th e  m ass te rm  is in v a r ia n t  only u n d e r  SL(6, C) a n d  n o t  U(6.6), as w as 
th e  m ass te rm  fo r th e  0 ~, 1 ~. T he in te ra c tin g  series th e n  req u ired  b y  o u r  
p h ilo so p h y  o f PCA C will in v o lv e  te rm s w h ich  a re  in v a r ia n t o n ly  un d er SL(6, C). 
I f  th e  gauge tra n s fo rm a tio n  th e n  also a llow s m ix tu res  b e tw een  0 + , 1 + a n d  
0 1 ~ th e  e ffec tiv e  in te ra c tin g  L ag ran g ian  w ill no lo n g er b e  in v a ria n t u n d e r
U (6.6) b u t  o n ly  u n d er th e  sm alle r g roup  S L (6 , C).
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НЕЛИНЕЙНЫЙ ЛАГРАНЖИАН И РЕЛЯТИВИСТИЧЕСКАЯ SU(6)
Д. УЭЛИНГ

Р е з ю м е
Разрабатывается метод для составления феноменологического нелинейного Лаг

ранжиана адронов в рамках релявистических соображений. Вводятся особо SL (6, С) 
— инвентарные серии мезон-мезонных и мезон-барионных взаимодействий и показы
вается, что в первом приближении соотношение между различными связями возможно 
в случае сохранения РСАС. Используя константу связи как вводную величину для 
длл  получены следующие результаты: ДХ°->- г/лл) =  2 Мэв, Г(ю Зя) =  8,9 Мэв,
Snnqí in =  0,54.
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CURRENT DIVERGENCES 
IN THE SU3xSU 3 ALGEBRA

B y

B. R e n n e r

D EPA R T M E N T OF A P P L IE D  MATHEMATICS AND TH EO R ET IC A L P H Y SIC S, CAM BRIDGE, EN G LA ND

The schem e of the charge-current equal tim e com m utators for an octet o f vector currents 
and axial-vector currents im plying an SU3 X SU 3 algebra generated by the charges, is exten ded  
to com m utators o f charges w ith  current divergences.

In  1962, M. G e l l -M a n n  [1] p ro p o sed  th e  fo llow ing eq u a l tim e  c o m m u ta 
to rs  fo r an  o c te t o f v e c to r  cu rren ts  V (a) an d  ax ia l-v e c to r  c u rre n ts  A\, (x)

[J  К Ы )  (dx?, V l ( y ) ]  =  i ß *  V * (y ) , 

[ j  \ V ‘( x ) ( d x ) \  A l ( y ) ]  =  i ß * A * ( y ) ,  

[ J  ЛЩх) ( d x ) \  V l (y )]  =  i ß *  A * ( y ) , 

[j* A q(x ) (dx)3, A i ( y ) ]  =  i ß * V * ( y ) ,

im p ly ing  an  SU3x S U 3 a lgeb ra  g en e ra ted  b y  th e  ch arg es . A n ex ten s io n  of 
th is  schem e to  c o m m u ta to rs  of charges w ith  c u rre n t d ivergences w ill be  th e  
su b jec t o f th is  c o n tr ib u tio n . I ts  e ssen tia l ideas are  to  som e e x te n t a lre a d y  
co n ta in ed  in  M. G e l l -M a n n ’s p ioneering  p a p e r  [1],  th e  d e ta ils  h a v e  been  
w orked  o u t  recen tly  b y  G e l l -Ma n n , O a k e s  and  th e  a u th o r  [2]. W e ack n o w 
ledge th a t  c o m m u ta to rs  of charges an d  c u rre n t d ivergences have  b een  used  
b y  sev era l au th o rs  [3] before  ou r recen t w ork , y e t we f in d  th a t  a sy s te m a tic  
ap p ro ach  has led  to  re su lts  w hich  to  th e  b e s t of ou r know ledge h av e  n o t  y e t 
been  re p o rte d  elsew here.

T he a lgebraic  b e h a v io u r  of c u rre n t d ivergences is closely co n n ec ted  
w ith  th e  p ro p ertie s  o f  th e  energy  o p e ra to r  H  u n d e r  th e  SU3x S U 3 a lg eb ra , 
th ro u g h  H eisen b erg ’s eq u a tio n  of m o tio n

J & Ц х )  (dx)3 -  J -  p 0(*) (d x ?  =  i [ H , p 0(*) (d*)3] ■ ( 2)

A p a rt from  o p era to rs  w h ich  v an ish  w hen  being  in te g ra te d  over space, th e  
c u rre n t d ivergences belong  to  th e  sam e SU 3 X SU3 m u ltip le ts  as th e  sy m m e try  
b reak in g  p a r t  of th e  en erg y  d en sity  &00 (x). F o r s im p lic ity  we assum e th a t  
on ly  a sc a la r  p a r t  g 00 U  (x) in  $ 00 (#) b re a k s  th e  sy m m e try  an d  th e  p ro p e r
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te n s o r  p a r t  (like th e  k in e tic  te rm  in  th e  q u a rk  m odel) co m m u tes  w ith  th e  
ch a rg es  [4]. T h is  a ssu m p tio n  allow s us to  p ro p o se

Q»j,(x) =  i [ U ( x ) ,  j  j ti( y ) { d y f ] .  (3)

T h e  o p e ra to r  U  {x ) w ill in  g e ren a l consist o f  an  SU3 in v a r ia n t  p a r t  U 0 {x ) 
a n d  a te rm  re sp o n sib le  fo r SU 3 b reak in g . I n  acco rdance  w ith  th e  success o f 
th e  G ell-M ann— O kubo  m ass fo rm u la , we co n fin e  ourselves to  a n  o c te t te rm  
U s (x ). N e ith e r  o f  th e se  tw o te rm s  can  be e x p e c te d  to  co m m u te  w ith  th e  ax ia l 
ch a rg es .

To specify  th e  c o m m u ta to rs  o f [7,- (x) w ith  th e  ax ia l charges we sp ecu la te  
on  a  p rin c ip le  o f  m in im a lity : w e look  for a m u ltip le t  o f o p e ra to rs  u n d e r SU3X 
X SU 3 w hich  c o n ta in s  all th e  ob se rv ab le  c u r re n t  d ivergences a n d  th e  sm allest 
po ssib le  n u m b e r  o f  o th e r less re a d ily  o b se rv ab le  o p era to rs  w ith  th em . In  
p a r t ic u la r  we assu m e  th a t  no  o p e ra to rs  o f iso sp in  or h y p e rc h a rg e  tw o  occur; 
th is  im plies th e  v an ish in g  o f  c e r ta in  c o m m u ta to rs , for ex am p le

[J (^o(x) +  iAo(*)) (dx) \  +  i9M£(_y)] =  0 ,

[J {Aq(x) +  iAl(x)) { d x f ,  6M J(y) +  id^AKy)]  =  0 ,

w h ich  h av e  b e e n  te s te d  in  genera lized  A d ler-W eisberger re la tio n s  and  h a v e  
b e e n  fo u n d  c o n s is te n t w ith  zero .

T h is r e s tr ic tio n  on th e  a lgeb ra ic  b e h a v io u r  of th e  c u r re n t d ivergences 
le av es  on ly  tw o  ty p e s  of SU3 X SU 3 m u ltip le ts  fo r U {x ) to  h a v e  com p o n en ts  
in , th e se  are  (8.1) -f- (1.8) a n d  (3.3*) +  (3*.3). O n ly  th e  la t te r  one can  accom m o
d a te  b o th  an  SU 3 sing le t an d  a n  SU 3 o c te t o p e ra to r , i t  is th e  m in im a l m u ltip le t 
w e w a n te d  to  f in d .

T he re p re se n ta tio n  (3.3*) -f- (3*.3) c o n ta in s  nine sca la r a n d  n ine p seu d o 
sc a la r  o p e ra to rs , a n  SU3 o c te t a n d  an  SU3 s in g le t o f e ith e r p a r i ty ,  to  be d en o ted  
b y  ui(x), v l{x), i =  0 . . .  8. T h e  c o m m u ta to rs  w ith  th e  g en e ra to rs  o f  th e  
a lg e b ra  are  g iv en  b y

[ f  V ‘(x) { d x f ,  uHy)] =  i f ' jkuk( y ) ,

[J V ‘(x) { d x f ,  vj {y)] =  i p kvk{ y ) ,

[j A ‘{x) { d x f ,  u \ y ) ]  =  — id‘ikvk{ y ) , 

[J A\>{x) { d x f ,  v‘{y)~\ =  id IJkuk{ y ) .

(5)

I n  te rm s  o f  th e se  o p era to rs  th e  sy m m e try -b re a k in g  p a r t  o f th e  energy  d e n s ity  
is assu m ed  to  be

U  (ж) =  u 0 (я) +  cua (я). ( 6)

T h e  exp ressio n s fo r th e  c u r re n t  d ivergences follow from  E q s . (5) an d  (6)

rf isk,,k (7)
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=  — d iokvk — cdi8kvk =  ■— W ‘(c) ölkvk — ( 8)

w ith  i  =  1 . . . 8 an d

W ‘(c) =  (]Í2 +  c)/l"3 for » =  1 , 2 , 3 ,

=  ( f 2  -  c /2)/]/3  for » =  4 , 5 ,6 , 7 , (9)

=  (^2  — c)/1^3 for » =  8

c o m m u ta to rs  of charges w ith  c u r re n t  d ivergences can  he read  o ff b y  co m b in 
ing  E q s . (5) —(9).

T h e  p a r tic u la r  c h a ra c te r is tic s  o f th is  s im p le s t p roposa l are  th e  s tro n g  
re la tio n s  betw een  v io la tio n s  of c h ira l sy m m etry  a n d  o f SU3 sy m m e try , specified  
in  te rm s  of a single a n d  un iv ersa l c o n s ta n t c-c =  0 w ould  co rresp o n d  to  SU3 
sy m m e try , c =  2 to  SU2x S U 2 sy m m etry  (see E q . (9) ). T h e  m ain  p a r t  of
th is  c o n tr ib u tio n  w ill b e  d evo ted  to  an  e s tim a te  o f  c.

W e w ould ex p ec t c to  com e o u t  sm all as c o m p ared  to  u n ity , if  a ch ira l 
sy m m e try  lim it w ould  im p ly  zero b a ry o n  (or q u a rk )  m asses; i f  on th e  o th e r 
h a n d  a ch ira l sy m m e try  lim it w ith  zero  p seu d o sca la r m eson m asses is fav o u red  
b y  th e  d a ta , we w ould  ex p ec t c in  th e  n e ig h b o u rh o o d  o f ( —j/2)- I f  d e te rm in 
a tio n s  from  d iffe ren t d a ta  give d iffe re n t va lu es  fo r  c, th e n  E q . (6) w ould  be 
w rong  an d  our search  fo r a m in im al m u ltip le t w o u ld  be an  ov er-s im p lifica tio n .

E s tim a te s  fo r c a re  n o t easily  av ailab le , b ecau se  no a p p ro x im a te  SU 3X 
X SU 3 m u ltip le ts  of s ta te s  have y e t  been id en tif ied , an d  th e  u su a l ap p lica tio n  
of th e  W ig n e r-E ck art th eo rem  is n o t  possible. In  p a r tic u la r  we h a v e  no genera l 
m e th o d  o f sep a ra tin g  U  (я;) from  th e  SU3x S U 3 in v a r ia n t  p a r t  in  $ 00 (я) and  
o f o b ta in in g  in d e p e n d e n tly  m a tr ix  e lem ents o f cus (x ) an d  u8 (x ).

I n  p rincip le  an  estim a tio n  o f  th e  cr-terms in  low en erg y  sc a tte r in g  of 
p seu d o sca la r m esons w ould  help h e re . C om bining E q s . (5) — (9) w ith  th e  u su a l 
c u rre n t a lgebra tr e a tm e n t  of low  energy  sc a tte r in g  of л  an d  К  m esons, we 
o b ta in

( л р  ' T  \ л p )  |î„=o =  — ~~  ( ]Í2 + с ) ~ ( р \ У 2 и 0 +  US j p )  , (10)
3 F Í

( K +p  T  ■ K +p )  |<iÄ = 0 : (И)

Since i t  is n o t know n a p rio ri how m u c h  of th e  n u c leo n  m ass shou ld  be a t t r ib u t 
ed to  ch ira l sy m m etry  v io la tio n , w e have  to  leav e  <C p  |u 0| p  >  as an  u n d e te r 
m ined  p a ra m e te r, an d  to  d e te rm in e  c, we w ould  need  low en e rg y  e s tim a tes  
o f a t  le a s t tw o sc a tte r in g  processes. I t  appears q u es tio n ab le , w h e th e r  th is  is 
possib le  w ith  th e  p re se n t d a ta  [5]. (See N ote 1 ad d e d  in  proof.)

Acta Physica Academiae Scientiarum Hungaricae 26, 196



150 В. R E N N E R

In  th e  p seu d o sca la r sy s tem  a d d itio n a l in fo rm a tio n  is p ro v id e d  th rough  
th e  ap p lica tio n  o f m eson pole dom inance  (PCAC). PCAC for rr-m esons is 
h a rd ly  d isp u te d  an y  m ore; fo r K -m esons its  s ta tu s  is in  d o u b t, b u t  it  m ay 
w ell be va lid  [6], an d  for rj-m esons i t  shou ld  be o f s im ila r a ccu racy  as in  the  
.K -m eson case, since (rj r\') m ix ing  is sm all an d  m ay  be  neg lec ted  in  o u r accuracy . 
A ssum ing  PCAC fo r л  К  an d  rj m esons (see N o te  2 a d d ed  in  p ro o f) we 
co n sid e r th e  low  en erg y  lim it o f th e  fo llow ing v e r te x  o f p seu d o sca la r m esons.

lim  < P ,(p ) ! u0 +  cu8 , P ,(p ')>
p ->  0

( - » )
F<

<0 I [J A ‘0(x) (d x f ,  u0 +  cm8] p i(p')> =

=  -l< 0 |8 M '|P ,(p ')>  =  m?.
V /

( 12)

W e see th a t  a ch ira l sy m m e try  lim it (u 0 -f- cus) —*■ 0 w ould  im p ly  th e  v an ish 
in g  o f th e  p seu d o sca la r m eson m asses. T h ere  is no n eed  le ft for p a rity -d o u b lin g  
o f  s in g le -p a rtic le  s ta te s ;  d eg en e ra te  s ta te s  o f b o th  p a ritie s  a re  c re a te d  by  
th e  a d d itio n  o f m assless G o ld s to n e-ty p e  bosons. T h is  explains w h y  we m ay  
b e  n e a r  to  a w orld  w ith  ch ira l sy m m e try  w ith o u t b e in g  able to  c la ssify  singe- 
p a r tic le  like s ta te s  in  a p p ro x im a te  SU3 X SU 3 m u ltip le ts . This re su lt  coincides 
w ith  th e  v iew  o f ch ira l sy m m e try  ta k e n  in  th e  c o n te m p o ra ry  L ag ran g ian  
m odels, an d  i t  is p ro b a b ly  in h e re n t in  th e  P C A C -approx im ation .

N ow  we p ro ceed  to  an  e s tim a te  o f c. W e s ta r t  w ith  th e  Ge l l -Mann  — 
O k u b o  m ass fo rm u la

< P ,(p )  ! u0 +  cu8 I P ,(p )>  =  m? mr -(- d usAm~ (13)

genera lized  to

/ P ,{p )  I uj i P k(p')>  ** * (0  »jo ôik +  ß(l) d ijk ;
i , k =  1. . .8

j  =  0 . . .8 ) ’
(14)

a(0) =  m2 /3(0) =  z lm 2/c . (15)

A ssum ing  th a t  possible sca la r m esons h av e  a su b s ta n tia lly  la rg e r m ass 
th a n  th e  p seu d o sca la r  m esons, we neg lec t th e  dependence  of x  a n d  ß  on t 
a n d  we ex am in e  th e  consis ten cy  o f E q . (14) w ith  its  low en erg y  values a t 
p  —>- 0 an d  a t  p '  —*■ 0

f t á j  , à ik  +  ß d i jk  *** (0 I Vf 1 P к У ^  * '(P / 1 v i j 0>. (16)
r  1 r  к

U sing  all possib le va lu es  fo r (i, j ,  k) we fin d  co n sis ten cy  in  E q . (16) only if
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К  ~  К  ~  Fv, (17)

< 0 lu,! Р, У F  • ß , in d e p e n d e n t o f  i (18)

< 0 | » о| Ч > ~ 0 ,  (19)

п г
a ^ O ;  m2^  / __ A m 2/c; c? « — 1 .2 5 . (20)

' 3
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E q u a tio n  (17) gives th e  ap p ro x im a te  e q u a lity  o f th e  К ^ 2 an d  Лц2 d ecay  con
s ta n ts , w h ich  is o bserved  ex p e rim en ta lly . (Possible d iscrepancies in  th e  o rd er 
o f 25 %  m a y  be a t t r ib u te d  to  th e  n e g le c t of sca lar m esons in  th e  t-d ep en d en ce  
of a  a n d  ß).  E q . (18), w h en  com bined  w ith  E qs. (7), (8), (9) an d  (17) rep ro d u ces 
th e  G e l l - M a n n  —  O k u b o  m ass fo rm u la  for th e  sq u a re s  o f th e  p seu d o sca la r 
m eson m asses (E q . (13)). E q . (18) con firm s our n eg lec t o f (rj rj') m ix in g . I f  
th e re  w ere  su b s ta n tia l m ix ing  we w ould  have to  a b a n d o n  th e  o c te t  m ass 
fo rm u la  an d  rj-PCAC.

O u r m ost im p o r ta n t  re su lt is E q . (20) w ith  th e  e s tim a te  of c ^  — 1.25. 
I ts  closeness to  th e  SU 2>;SU2 sy m m e tric  value c =  —]/2 confirm s in  our 
language  th e  successes o f  ch ira lly  sy m m e tric  L ag ran g ian s. O ne m ay  su m m arize  
ou r v iew  o f th e  s itu a tio n  b y  considering  tw o chains o f sy m m etry  b re a k in g

-  SU 2 X SU2 ----------- I
m n =  0

m K ф  0 SU 2

-  s u 3---------------1
т п = т к ф  0

I t  depends e n tire ly  on th e  p rocess u n d e r c o n sid e ra tio n  w h ich  chain  
o f sy m m e try  b reak in g  leads to  a b e t te r  u n d e rs ta n d in g  o f  th e  d a ta . F o r  th e  
c lassifica tion  of s ta te s  th e  SU3 chain  is obv iously  m ore u sefu l, for p ion  reac tio n s  
i t  is th e  SU2 X SU2 ch a in . T he v a c u u m  is c learly  n o t  in v a r ia n t  u n d e r  ch ira l 
tra n s fo rm a tio n s , y e t i t  is p ro b ab ly  n o t  fa r  from  SU3 sy m m etric . A low  energy  
lim it to  E q . (18) show s th a t

<( 0 | u 0 j 0 )  ^  — —  F 2 m 2, <C 0 jn8| 0 ;>  ^  0 .
2

T h e  e s tim a te  o f c, as given he re , is clearly  n o t su ffic ien t to  e s ta b lish  its  
u n iv e rsa lity . B e tte r  d a ta  or new id eas  w ill be n eed ed  to  m ake in d e p e n d e n t 
e s tim a te s  o u tside  th e  p seudosca la r m eson  system . I t  sh o u ld  n o t be an  acc id en t 
th a t  SU 3 m ass-sp littin g s w ith in  m u ltip le ts  are a lw ays o f th e  sam e o rd e r as 
p seu d o sca la r m eson m asses.

SU3x S U 3 
- m K =  0 I
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A p a rt fro m  th ese  p ro b lem s o f p rin c ip le , w e hope t h a t  o u r specification  
o f  new  c o m m u ta to rs  will allow new  a p p lica tio n s  [7] o f c u rre n t a lgeb ras, although  
p re se n tly  o n ly  on  a te n ta t iv e  level.

Note added in  proof. 1. F . v o n  H i p p e l , and J. K . K i m  have recen tly  confirmed the  
predictions of th is theory for low -energy m eson baryon scattering, as given  in Eqs. (10) 
and (11). F . v o n  H i p p e l  and J. K . K i m : A S ystem atic  T est o f the Soft Meson Theorems 
and of a T heory o f SU 3 X SU3 Breaking. (Stanford preprint)

2. J. E l l is  has recently show n th a t the constan t c can he determ ined through an  
argum ent sim ilar to  the one given  here, w ithout assum ing К  or PCAC, J . E l l is : Current 
D ivergence C om m utators and Scalar M esons (Cambridge U niversity  preprint.)
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РАСХОДИМОСТИ ТОКОВ В АЛГЕБРЕ SU3 х SU3

Б. РЕННЭР

Р е з ю м е

Схема коммутаторов зарядных токов при равных временах для октета векторных 
токов и аксиально векторных токов, включающих в себе алгебру SU3 х SU3 обусловлен
ную зарядами, распространяется на коммутаторы зарядов с расходимостью токов.
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ELECTROMAGNETIC MASS DIFFERENCES, 
EQUAL-TIME COMMUTATORS,

AND OSCILLATING SPECTRAL FUNCTIONS*

By

J .  S u c h e r **

C EN TER F O R  TH EO RETICA L PH Y SIC S, D EPA R T M E N T OF PHYSICS AND ASTRONOMY 
U N IV ER SITY  OF M ARYLAND, CO LLEGE P A R K , M ARYLAND, USA

A connection is suggested betw een the am biguities in the defin ition  o f the equal-tim e  
com m utator [ J Дт  (0, x  ), J evm (0)] and the experim ental indications o f an exponentially  fa lling  
electrom agnetic form  factor for the nucleon. On th is  basis, a resolution is proposed o f  th e  
difficu lty  o f current algebra m odels w hich appear to  g iv e  divergent expressions for the e lectro 
m agnetic mass sh ifts o f hadrons.

Acta Physica Academiae Scientiarum Hungaricae, Tomus 26 (1— 2), pp . 153—158 (1969)

I . In tro d u c tio n

I realize th a t ,  like D r. N a u e n b e r g  y e s te rd a y , I  am  h an d icap p ed  b y  
th e  fa c t th a t  lu n ch  tim e  is a lm o s t upon  u s .  In  ad d ition , D r. R e n n e r  h a s , 
in  his ta lk , en u n c ia ted  th e  p rin c ip le  th a t  w rong  eq u a tio n s  shou ld  n o t  b e  
w r itte n  and /o r le f t on th e  b la c k b o a rd . N ev erth e less , to  save t im e  I  have a lre a d y  
w ritte n  a n u m b er of equ a tio n s on th e  h o a rd , to  w hich I  w ill re fe r as n eed ed . 
I  w ill erase th e m  a t  th e  end to  avo id  possib le conflic t w ith  R e n n e r ’s p rin c ip le .

L e t me b eg in  b y  rem in d in g  y o u  of a d is tu rb in g  fe a tu re  o f th e  c u rre n t-  
a lg eb ra  ap p ro ach , p o in ted  o u t la s t  y e a r  b y  a n u m b e r of a u th o rs  [1, 2], fo llow 
ing  th e  successful ca lcu la tio n  [3] o f th e  я  + — n° m ass d ifference  for zero -m ass 
p io n s: Use of tech n iq u es  in tro d u c e d  b y  R j o r k e n  [4] leads to  th e  conclusion  
t h a t  th e  fam ilia r m odels of c u r re n t a lg eb ra  a p p e a r  to  give d iv e rg e n t answ ers 
fo r th e  e lec tro m ag n etic  m ass-sh ifts  o f m ass iv e  hadrons. T h e  w ork  I  w o u ld  
like to  discuss to d a y  concerns an  a t te m p t ,  m a d e  in  co llab o ra tio n  w ith  R i c h a r d  
B r a n d t  [5, 6 ], to  avoid  th is  conclusion .

L e t us reca ll th e  a rg u m en t th a t ,  say , 6m2 =  m%+ — m*0 is d iv e rg en t. 
L e t (q ; p )  d en o te  th e  fo rw ard  a m p litu d e  fo r  a v ir tu a l p h o to n  of m o m en tu m
q to  sc a tte r  from  a p ion  of m o m e n tu m  p  a n d  charge b. T h en

bm2 =  co n st, j d ' q q - 2 F ( — q2,v )  (1)
w ith  V =  q ■ p  an d

F ( -  q \  V )  s  M<r+) (q; p )  -  M<?> (q; p ) . (2)

* Supported in part by the U. S. Air Force O ffice o f Scientific R esearch under G rant 
AFO SR  68— 1453.

** John Sim on Guggenheim Fellow .
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N ow
MIV (g; P) --= n v  (g; p)  +  SW (g; p),  (3)

w here
К *  (g; p) =  -  i J  Л и-'«'x <P ,Ô I T J „ (*) J v (0) | p , <5 >

a n d  is th e  “ Schw inger te r m ” , defined  as th e  d iffe rence, if  any , b e tw e e n  M  
a n d  T.  F o llow ing  B jo r k e n  [4], one assu m es th a t  T  m a y  he w ritte n  in  th e  
u n s u b tra c te d  form  (we d ro p  th e  charge index )

T V  (t p )
Г  dq0 Qy.r(4oi Ч’Т)
Jo 2 л Чо Чо Чо +  Чо

an d  fu r th e r  ex p an d ed  in  th e  form ,

ТцЛтр)  =  <p|J«fce_ í,-*{gö1[-M 0’ *)’Jv(0)] +  ^ö2
[ J  м (0 , x ) , J v ( 0 ) ] }  [ p  > +  © (göa), (4)

o b ta in ed  b y  ex p ansion  o f  th e  d en o m in a to rs  (g0 ^  q'0). T he  firs t te rm  does 
n o t c o n tr ib u te  in  th e  u su a l m odels b u t  th e  second te rm  does no t v a n ish  and  
so ap p ears  to  give rise  to  a lo g arith m ic  d ivergence in  dm 2.

M ore ex p lic itly , we h av e  from  (2), (3), an d  (4), ignoring S chw inger 
te rm s , fo r |g0| —► oo

F ( - q \  v) ~  I J n q l  +  «(go"3), (5)

w here

h  =  y  f  dq° =  711 dxe~ ‘41 E ( ° ’ x; p)  (6)

w ith  Ag =  — g^°\ an d

E (x ;p )  =  ( p ,  +  |[  (*), (0)] \p ,  + >  — < p , 0 |  . . .  | p , 0 >. (7)

Since, in  th e  u su a l m odels, E  (o, x ; p)  does n o t v an ish  (un less one is in  a  w orld  
w ith  m n — o) n e ith e r  does J x and  u sin g  (1) and  (5) we see th e  orig in  o f  th e  
lo g a rith m ic  d ivergence of dm2. Inc lusion  o f  th e  S chw inger te rm , a p o ly n o m in a l 
in  g0, c a n n o t help  m a tte rs  [6].

I I .  E v asio n

T he b asic  idea  fo r rescu ing  c u r re n t a lgebra from  th is  d ifficu lty  is th e  
reco g n itio n  th a t  th e  ex p an sio n  (4) an d  h en ce  th e  above a rg u m e n t b re a k s  dow n 
i f  the E T C  matrix  element E ( 0, x ; p) is not well-defined, i.e ., if lim  E ( x  ; p)
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as %0 —*■ 0 is am biguous , and that this corresponds to the non-existence o f  the 
moment o f  the spectral function ,  in  a sense to  b e  m ad e  precise below .

F o r  sim p lic ity , le t us w ork  a t  p  =  0 a n d  ignore Schw inger te rm s. T h e n

dz F(z)

on ro ta t io n  of th e  q0 — co n to u r (w ith  z =  — q2), w here

F(z)  —■ F (  — q \  0) =  —  Г  da a(a)-  (8)
J a0 a z

w ith  a(a) — a(ql — q2) oc A(j(q0, ^  q). W e w ill refer to  (8) as a U .S .S .R . 
(u n su b tra c te d  sp e c tra l rep re se n ta tio n ) for F(z).  W e now ask : W h a t are  neces
sa ry  cond itions on  o(a) for bm2 to  be fin ite?  L e t  us define a m o m en t fu n c tio n

I ( x )  =  j  a, da a(a)

an d  le t I  =  Hm I  (x). T hen  we h av e  the
X —> o o

Theorem  [6] I f  F(z) sa tisfies  a U .S .S .R . an d  bm2 is f in ite , th en  I (x )  
c an n o t be a sy m p to tica lly  b o u n d ed  aw ay from  zero . In  p a r tic u la r , (a) I  c a n n o t 
be i  “  and  if  I  ex ists  it  m u st be  zero, (b) if  I  does not exist a(x) must oscillate 
at in f in i ty .  M ore generally , if  F(z)  adm its a S .R . w ith  one o r m ore needed 
su b trac tio n s , [and  p e rh ap s an  a d d itiv e  po ly n o m ia l] th en  сг(дс) m ust  oscillate 
a t  in f in ity  if bm2 is fin ite .

N ow  th e  u su a l m odels do n o t  give E  — 0 a n d  hence im p ly  I  =*ь 0. H ow 
ever, th e  th eo rem  suggests t h a t  we explore th e  remaining possib ili ty  t h a t  
I  does not exist (n o t I  =  ^ o o ) .  W h a t does th is  m e a n  in  term s o f  th e  co m m u ta 
to r?  O ne can in fe r  from  th e  p reced ing  e q u a tio n s  th a t

E (x)  == E(x;  0) — J a0 da a(a) A  (x, a ) .

Now, th e  o rth o d o x  defin ition  of th e  equal tim e  lim it is

E ( 0, x) =  lim  j  f n(t) E ( x )  dt,
П->°»

w here [/„(t)] is a sequence of te s t in g  fu n c tio n s w ith  f n(t) —*■ b(t) as n —*■ oo. 
I f  <i(o) does n o t g row  too ra p id ly  (th e  g enera l analysis has b een  given b y  
R r a n d t  [7]) one fin d s

E ( 0 , x ) = - ( l i m  K n) <5(x),

w here

K n =  j  da a(a) f n ([/a)
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w ith  f n{x) ( th e  F o u rie r- tra n sfo rm  o f f n(t)) —► 1 as n  —*■ oo. T hus, th e  K n are 
s im p ly  regularizations  o f th e  m o m en t I  an d  I  is w ell-defined  (reg u la riza tio n  
in d e p e n d e n t)  if  an d  on ly  if  th e  E T  lim it is un iq u e  (seq u en ce-in d ep en d en t). 
C learly , lim  K n can  be sequence d e p e n d e n t only if  a(a) oscillates a t  in fin ity

FI—> oo
a n d  th e  co n n ec tio n  b e tw een  osc illa tions an d  am biguous ETC ’s is e s tab lish ed . 

As an  exam ple , consider

F(z) e'21/2 =  л - 1 Г
J о

da
a t/2 cos a 1!2

so t h a t

I  =  da a 1/2 cos a 1!2 =  2 dx C O S P C ,

w h ich  does n o t  ex ist. I t  can  be show n [6] th a t  for a su ita b le  choice o f  re g u la to r  
fu n c tio n s  f n(x ; c) one can  h av e , fo r a n y  re a l n u m b e r c,

lim  K n =  c .
7 7 - > ° °

O f course fo r no v a lu e  o f c is i t  t ru e  t h a t  F(z) ~  cjz fo r  \z\ —*■ oo. M a n y  other 
ex am p les  can  he c o n s tru c te d , i l lu s tra tin g  th e  fa c t t h a t  a(a) m u s t oscillate 
a t  in f in ity  if  dm2 <[ oo , unless 1 = 0 ;  th e  n o n -ex is ten ce  of I  is, a s  we see, 
d ire c tly  re la te d  to  th e  b reak d o w n  o f th e  B jo r k e n  ex p an sio n  of F(z)  in  inverse 
pow ers o f z, w h ich  is analogous to  th e  ex p ansion  o f T  in  inverse p o w ers  of q0.

I l l . P lausib ility

O sc illa ting  sp e c tra l fu n c tio n s m a y  seem  to  b e  s tran g e  b e a s ts  a t  firs t 
s ig h t, b u t  th e ir  ex istence  m a y  be m ad e  p lausib le  in  a n u m b e r of w ay s . Indeed , 
fo r  th e  sp e c tra l fu n c tio n  g(g2) a sso c ia ted  w ith  th e  e lec tro m ag n etic  fo rm  fac to r 
G(q2) o f a h a d ro n , i.e ., w ith  th e  a m p litu d e  for one p h o to n  em ission, th e re  is 
e x p e rim e n ta l ev idence  w h ich  is v e ry  suggestive  o f oscilla tions in  g(q2). Thus, 
a v e ry  good f i t  to  th e  d a ta  for large m o m en tu m  tra n s fe r  e — p  s c a tte r in g  [8] 
is o b ta in e d  w ith  a fo rm  fa c to r  G(q2) ~  e~ W )1/*, f or w hich  th e  co rrespond ing  
Q osc illa tes. (M ore g enera lly , if  G(q2) fa lls  off m ore ra p id ly  th a n  a n y  inverse 
p o w er o f q2, th e  c u t-p la n e  a n a ly tic ity  o f G requires t h a t  g osc illa te , a t  least 
i f  G is p o ly n o m ia lly  b o u n d ed  in  th e  com plex g2-p lan e .) In  th e  case  of th e  
p ro to n  fo rm  fa c to r  th e re  is also a good  dipole f i t , G ~  (1 /g2)2. H o w ev er, i t  is 
in te re s tin g  to  n o te  t h a t  recen t ex p e rim en ts  [9] in  electro-p ion  p ro d u c tio n  
are  c o n s is ten t w ith  an  N * N y  fo rm  fa c to r  w hich fa lls  e x p o n en tia lly  a n d  here 
th e re  is no s a tis fa c to ry  d ipole f it.
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Since, a p a r t  from  seagull te rm s , th e  tw o -p h o to n  am p litu d e  M ^  (q, p)  can  
be  expressed  as a sum  o f in teg ra ls  in vo lv ing  a p ro d u c t of (off-shell) one- 
p h o to n  am p litu d es , Г ^ Г ,,, and  a k e rn e l invo lv ing  s tro n g  in te ra c tio n s  on ly , it  
can  be a rg u ed  [5] th a t  if  th e  Г и fall o ff  ex p o n en tia lly  as q2 -> oo, so w ill M,n, (q ,p ) 
( In  an y  case, i t  is su ffic ien t th a t  M ßv h a v e  an  ex p o n e n tia l piece, e.g. F  ~  a/qi -f- 
-j- b e ' '^qt h as  a sp e c tra l fu n c tio n  w h ic h  oscillates a t  in fin ity .)

O n th e  th e o re tic a l side, s u p p o r t  fo r th e  id e a  o f ex p o n en tia lly -fa llin g  
form  fac to rs  an d  hence fo r  o scilla ting  sp ec tra l fu n c tio n s  comes fro m  a n u m b er 
o f places, inc lu d in g  w o rk  on h ig h -en erg y , la rge-ang le  p  — p  s c a tte r in g  [10], 
th e  co n cep t o f m in im al in te ra c tio n  [11], s tr ic tly  lo ca l fie ld  th e o ry  [12], and  
w ork  on com posite  m odels of the  n u c le o n  in a b o o ts tr a p  ap p ro ach  [13]. Also, 
i t  shou ld  be  n o te d  th a t  th e  Regge a sy m p to tic  b e h a v io u r  for h ad ro n ic  sc a tte rin g  
am p litu d es itse lf  leads to  sp ec tra l fu n c tio n s  w h ich  are likely  to  oscilla te . 
H ow ever, th e re  is no t im e  to  en te r in to  d e ta il on th e se  m a tte rs .

IV . Concluding com m ents

In  conclusion , le t  m e add  tw o  com m ents. T h e  f irs t, in  th e  n a tu re  of a 
side rem ark , is th a t  th e  van ish ing  o f  th e  m om en t is not a su ffic ien t co n d ition  
fo r th e  f in iten ess  of th e  m ass-sh ift. A  c o u n te r  ex am p le  is p ro v id ed  b y  defin ing  
o(x) =  X — a, for 0 <[ X <C b, a n d  e(x)  =  o(b) (b/x ) ( In  6 /ln  x)2 w ith  a - 
=  6(1 -|- 21n  b)l(2 -j- 21n  b). Then, fo r  x  >  b, I(x)  =  c o n s t./In  x ,  so t h a t  I  (oc). 
=  0. H ow ever, by re v e rs in g  some o rd e rs  of in te g ra tio n  one can  show  t h a t

so th a t  in  th is  case bm2 d iverges lik e  I n  In  A .  T h u s , even  w hen [ j ,„  J ,,] is a 
c-num ber, as is th e  case in  recen t th e o ry  of T. D . L e e  [14], one m u s t check 
ex p lic itly  t h a t  bm2 is f in ite .

T he second  m ore im p o r ta n t c o m m e n t, re la te s  to  th e  q u estio n  o f w h e th e r 
th e  p re se n t ideas can b e  ex tended  to  th e  case of th e  d iv e rg en t r a d ia tiv e  co r
rec tio n  to  w eak  decays. C l a u d i o  O r z a l e s i  and  I  looked  in to  th is  possib ility  
d u rin g  th e  sum m er an d  cam e to  th e  conclusion  t h a t  in  o rd er to  c re a te  a b re a k 
dow n o f th e  B j o r k e n  m e th o d  in  th is  p rob lem , a n d  to  have  f in ite  ra d ia tiv e  
co rrec tions to  th e  m a tr ix  elem ent o f  th e  v ec to r c u r re n t  alone (w ith o u t re ly ing  
on cance lla tions from  th e  ax ia l-v ec to r m a tr ix  e lem en t) i t  seems to  b e  n ecessary  
th a t  E T C ’s o f th e  ty p e

Col =  [Jo (x > 0 ’ Jbi (x'’ *)]

be am biguous. One m ig h t h av e  hoped  th a t ,  for ex am p le , am bigu ities in  space — 
space c o m m u ta to rs  w o u ld  suffice, o r  t h a t  o th e r am b ig u itie s  co n n ec ted  w ith

Acta Physica Academiac Scientiarum Hungaricae 26, 1969



158 J .  SUCH ER

th e  d e fin itio n  o f  th e  T -p ro d u c t m ig h t help. A m big u ities  in  Cof a re  n o t  as p a la 
ta b le  from  th e  v iew p o in t o f o th e r  a p p lica tio n s  o f c u r re n t a lgebra  as am bigu ities 
in  С ц  w ould  b e . I f  one th in k s  t h a t  th e  (“ o b se rv ed ” ) fin iteness o f  rad ia tiv e  
co rrec tio n s to  b o th  m asses a n d  w eak -d ecay  a m p litu d e s  should  h a v e  a com m on 
e x p la n a tio n  w ith in  a c u rre n t-a lg e b ra  fram ew o rk  [1 5 ], one’s en th u sia sm , if  
a n y , fo r th e  possib ilities  o u tlin ed , m a y  be so m ew h a t reduced . I n  a n y  case, th e  
p ro p o sa l t h a t  th e  ETC  [j ß, J ß\ is am biguous seem s to  be c o n s is te n t and  th e  
possib le  c o n n ec tio n  w ith  th e  e x p e rim e n ta l ev idence  on th e  r a p id ly  falling 
fo rm  fac to rs  seem s v e ry  sug g estiv e . E v en  if  th e se  ideas do n o t  su rv ive , a t  
th e  m in im um  th e y  serve to  in d ic a te  how  on occasion  re la tiv e ly  so p h is tica ted  
a sp e c ts  of q u a n tu m  fie ld  th e o ry  m a y  m ake c o n ta c t w ith  p h ysics.

T here  m a y  be  s till m ore  th in g s  tw ix t q u a n tu m  fie ld  th e o ry  a n d  experi
m e n t th a n  a re  n o rm a lly  d re a m t o f  in  our ph ilo so p h y .

N ote added in  p roof: R ecently  several authors [H . E p s t e in  and R. J a c k iw  (unpublished); 
D . G. B o u l w a r e  and S. D e s e r , P hys. R ev ., 172, 1912, 1968 (note added in proof)] have pointed  
o u t th a t, for spectral functions o f the typ e  w e considered, K n -*■ 0 for n -*■ oo for large classes 
o f  /„(*)• Our essential point, how ever, is th a t as long as there ex ists one sequence for which  
K n —*- c 7^ 0, the com m utator is  am biguous in  the sense we have defined. If, furtherm ore, this 
sequence is the’one “ chosen by nature” , then  the com m utator w ill effectively be non-vanishing  
for low  energy considerations.
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РАЗНОСТИ ЭЛЕКТРОМАГНИТНЫХ МАСС, КОММУТАТОРЫ ПРИ РАВНЫХ 
ВРЕМЕНАХ И ОСЦИЛЛИРУЮЩИЕ СПЕКТРАЛЬНЫЕ ФУНКЦИИ

Д .  С У Ч Е Р

Р е з ю м е
Рассматривается соотношение между двусмысленностью в определении комму

татора при равных временах [ j£m (0, х), J evm (0)] и экспериментальными индикациями 
экспоненциально падающего электромагнитного форм-фактора для нуклона. На базе 
этого предлагается разрешение трудности модели алгебры токов, результирующей рас- 
ходимые выражения для сдвигов электромагнитных масс гадронов.
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SUM RULES AND COVARIANCE

B y

I.  M o iS T V A Y

IN ST IT U T E  OF T H E O R E T IC A L  PH Y SIC S, ROLAND EÖTVÖS U N IV ER SITY , BU D A PEST

A representation o f com m utator m atrix  elem ents is derived in  Lehm ann— Sym anzik—  
Zimmermann form alism  and applied to current density algebra sum rules in  an arbitrary  
frame of reference. The sum  rules take a rem arkably simple form  if  the current correlation  
functions obey  m ultiple in tegra l representations in the current m asses. The reference frame 
dependence o f  the sum rules becomes exp lic it.

I . Introduction

In  a p rev ious p a p e r  [1] we in v e s tig a te d  th e  su m  ru les d eriv ed  from  th e  
c u rren t d e n s ity  c o m m u ta to rs  [2, 3] in  d iffe ren t in f in ite  m o m en tu m  lim its  
an d  show ed th a t  th e  su m  rules co llap se  in to  a single sum  ru le  i f  th e  c u rre n t 
co rre la tio n  func tions a re  given b y  m u ltip le  in te g ra l re p re se n ta tio n s . T h e  p u r 
pose of th e  p resen t p a p e r  is to  in v e s tig a te  in  m ore d e ta il th e  d ependence  of 
sum  ru les on th e  re fe rence  fram e. A s a re su lt we g e t th e  exp lic it fram e  d e p e n d 
ence of eq u a l-tim e  c o m m u ta to rs  c o n s is te n t w ith  m u ltip le  in te g ra l re p re se n t
a tions.

I t  w as p o in ted  o u t in  a pap er b y  A m a t i , J e n g o , an d  R e m i d d i  [4] th a t  
d isconnec ted  in te rm e d ia te  s ta tes p la y  an  essen tia l ro le  in  sum  ru les. T h ey  
show ed th a t  th e  s in g u la ritie s  in c u r re n t  m asses a u to m a tic a lly  cancel if  one 
ta k e s  in to  acco u n t d isco n n ec ted  c o n tr ib u tio n s . A ssum ing  m u ltip le  i te g ra l 
re p re se n ta tio n s  th is  m ean s th a t  th e  d o u b le  (in th e  case o f fo u r-p o in t fu n c tio n s  
also th e  tr ip le )  sp ec tra l functions can ce l and  th e  eq u a l-tim e  c o m m u ta to r  is 
given en tire ly  b y  th e  sing le  spec tra l fu n c tio n s . In  o th e r  wmrds, c u rre n t a lgebra  
gives c o n s tra in ts  fo r th e  su b tra c tio n  co n stan ts .

In  S ec tion  I I  we d e riv e  a g en e ra l re p re se n ta tio n  of c o m m u ta to r  m a tr ix  
e lem ents, ta k in g  in to  a c c o u n t th e  s p li t t in g  of in te rm e d ia te  s ta te  c o n tr ib u tio n s  
in to  co n n ec ted  and d isconnec ted  p a r ts .  U sing th is  re p re se n ta tio n  we in v e s tig a te  
th e  covariance  p ro p e rtie s  of r e ta rd e d  p ro d u c t a n d  eq u a l-tim e  c o m m u ta to r  
o f c u rre n ts  in  Section  I I I .  T he a ssu m p tio n  of m u ltip le  in te g ra l re p re se n ta tio n s  
is in tro d u c e d  in  S ec tion  IV , w here th e  sum  ru les a re  expressed  in  te rm s  o f 
th e  sp ec tra l fu n c tio n s. S ection  V c o n ta in s  som e co n c lu d in g  rem ark s.
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I I . A  representation o f com m utator m atrix elem ents

In  [1] a re p re se n ta tio n  o f  c o m m u ta to r  m a tr ix  e lem ents p ro v ed  v e ry  
u se fu l in  d ea lin g  w ith  th e  fram e  d ependence  o f sum  ru les. H e re  we give a 
p ro o f  of th is  u sin g  th e  L eh m an n  — S y m a n z ik —Z im m erm an n  re d u c tio n  te c h 
n iq u e  an d  th e  T C P  th eo rem . L e t us consider, fo r s im p lic ity , th e  c o m m u ta to r  o f 
s c a la r  c u rre n ts  A (x ) ,  B (x ) ta k e n  b e tw een  sca la r  s ta te s  of m o m e n tu m  p v  p 2:

T(q2, k \  S 2, U2, t) =  y j d ' xe ikx < p 2 \[A(x),  B (0 )] |P l  > .  (1)

T h e  ex ten s io n  o f  th e  follow ing p ro o f  to  p a rtic le s  an d  c u rre n ts  w ith  sp in  is 
im m e d ia te . O ne has on ly  to  p ro je c t o u t th e  a p p ro p ria te  L o re n tz - in v a ria n t 
fu n c tio n s . T h e  k in e m a tic  v a r ia b le s  we use are  th e  follow ing:

P i  +  q =  Pi +  k , p \  =  p i  =  m2,

S  =  к +  p , ,  t =  (Pl  — p 2f ,  (2)

U  =  к  — P j , S 2 -f- U 2 -j- t =  2m2 -j- k 2 -f- q2. '

F irs t , le t  us in se rt a co m p le te  se t o f in te rm e d ia te  s ta te s  b e tw e e n  th e  tw o  
c u rre n ts  in  E q . (1). F o r la te r  p u rp o ses  i t  w ill be  co n v en ien t to  choose a com plete  
s e t  o f in -s ta te s  (o u t-s ta te s )  in  th e  f irs t  (second) te rm  o f th e  c o m m u ta to r:

t =  - i -  Г<P xeikx { < p 2 \A(x)\ n ) in in( n  |B (0)| P l> —
 ̂ J П

— < P 2 \В {°)\ re>out out<n\A(x)\p i)}  . ^

T h e  c o n tr ib u tio n  o f in te rm e d ia te  s ta te s  can  be sp lit up  in to  co n n ec ted  an d  
d isco n n ec ted  p a r ts .  I f  „ut (p) d en o tes  th e  c re a tio n  o p e ra to r  o f  an  in  (ou t) 
s ta te  w ith  m o m e n tu m  p ,  th e n  we h a v e  fo r ev e ry  local o p e ra to r  A ( y )

Л ( у ) <  (P) =  у Щ Щ Г  J d l  x e ~ iP* (Пх: +  m 2) д (y0 -  x 0) [A(y), cp{x)] +

+  «in (p) A (y ) ,  (4)

-4 (j)«ou t(p ) =  l  Гd 4 xe~‘Px ( D x +  m 2) 0 (xa -  y 0) [cp(x), A ( y ) \  +
\  2 (2я)3 J

+  o iu t(p )  A y ) -

(H e re  <f>(x) is th e  in te rp o la tin g  fie ld  to  «in out (p)- T h e  f irs t te rm  on  th e  r ig h t 
h a n d  side g ives th e  “ co n n ec ted  c o n tr ib u tio n ”  w hile in  th e  second  th e  p a rtic le  
a+ (p) “ goes th ro u g h ”  an d  gives rise  to  th e  “ d isco n n ec ted  p a r t s ” . H av in g
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in  m ind  th e  s ta b ility  o f one p a rtic le  s ta te s  |p  ) in =  |/>>0ub an d  usin g  E q . (4) 
we get 8 te rm s  in  th e  c o m m u ta to r  (3), w h ich  can be v isu a lized  b y  th e  g rap h s  
in  F ig . 1. T h e  graphs A , B , C, D (A , B , C, D) com e fro m  th e  f ir s t  (second) 
te rm  of th e  c o m m u ta to r . T he d ash ed  lines cross th e  in te rm e d ia te  s ta te s . 
T h u s, e.g. in  A. th e  in te rm e d ia te  s ta te  consists of n a n d  in  b o th  m a tr ix  ele
m en ts  th e  co n n ec ted  p a r t  is ta k e n . In  g ra p h  B . th e  in te rm e d ia te  s ta te  c o n ta in s  
n +  th e  p a r tic le  |pj>, a n d  |p^)  goes th ro u g h  in th e  m a tr ix  e lem ent <[n -)- p 1 
! B(0) I P i)  b u t  we h av e  to  ta k e  th e  c o n n e c te d  p a r t  o f <(p.z \A (x ) | n -f- P i ) ,  e tc

I t  can  be  show n th a t  th e  c o n tr ib u tio n s  of th e  g rap h s  A  and  A, В a n d  B, 
C an d  C, D a n d  D sum m ed  over n are  v e ry  sim ilar to  e a c h  o th e r: a p a r t  fro m  
an  overa ll m in u s  sign (due  to  th e  n eg a tiv e  sign  of th e  seco n d  te rm  in  th e  co m 
m u ta to r)  th e  on ly  d ifference is th a t  e v e ry  m o m en tum  h as  its  sign re v e rse d  
in  th e  co rrespond ing  pa irs . L e t us show  th is  on th e  ex am p le  o f g raphs A  a n d  A . 
C onsidering th e  s ta te s  \pi,2 )  as in -s ta te s , reducing  th e m  o u t an d  su m m in g  
over n , th e  c o n tr ib u tio n  o f  th e  graphs A  to  r  is the  fo llow ing:

d4x e ikx <0 |в т ( Р г М ( * ) |* > (fn (fx<« B (0 ) < ( P i ) | 0> =
П

-- - - - - - Г  d 1 x t  d4 X . ,  d4 X  e‘kx-iplXl+i Ргхг +  m 2) ( D x. +  m l) (5)
4 ( 2 я ) 3 J

0(— x 10) в(х0 — x20) <0 [A(x), <p(x2j\  [B (0), 9 3 ^ ) ]  I 0 >.

(The su ffix  (c) m eans “ connected  p a r t ” .) C a lcu la tin g  A we co n sid e r 
!Pi,2/> as o u t-s ta te s  and  get
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I d*xeíkx < 0 \B (0)  a íu t í ju j ;  n } out out<> i«out ( P z )  A (x ) \ ° >  =  
J П

1
4(2тг)а

d4л:1d4л:2d4л:e'fcx- íЛx +̂",^  (Q Xi + m 2) ( □ , ,  +  m2)

6(x10) 0(x2l) — x u) < 0 , [9?(%), Б(0)][9?(я:2), A(*)] j 0> .

T h e  TC P th e o re m  s ta te s  th a t

<0 j [(<p(*i), В ( 0 ) ] [ ф 2), A (x )]  10> =

=  < 0  I  [ A ( — X ) ,  9? ( —  *2) ] [ B ( 0 ) ,  c p {—  Xj) \  j  0>,

w hich  im m e d ia te ly  p roves th e  above s ta te m e n t. In tro d u c in g

S ( S \  q \  k \  U2, t) =  ( 2 n y  2  <P2 И (0 )  I <#< S a s I B ( 0) I Pl >,

(7)

( 8 )

( 6 )

w here  x s in c lu d es all th e  q u a n tu m  n u m b ers  besides m ass a n d  m o m en tu m , 
th e  c o n tr ib u tio n  o f th e  g rap h s  A and  A to g e th e r  can  be ex p ressed  as

j  d M 2 Ô( M 2 -  S 2) e(S0) S ( M I ,  q \  k \  U \  t ) . (9)

T he in te g ra tio n  j d M ls has to  b e  e x ten d ed  to  th e  m asses o f  s ta te s  c o n tr ib u tin g  
to  th e  g ra p h  A , an d , o f cou rse , also in c lu d es th e  sum  o v e r pole te rm s. I t  is- 
re m a rk a b le  t h a t  g rap h  A re p re se n ts  c o n tr ib u tio n s  of ty p e , connected  (8) c o n 
n ec ted , w h ereas  A  is d isco n n ec ted  <g) d isconnec ted . T h e ir  co n trib u tio n s  to  
th e  c o m m u ta to r  t , how ever, a re  in  fa c t v e ry  sim ilar to  e ach  o ther.

T he g ra p h s  B , . . . ,  D  can  be t r e a te d  in  a sim ilar w ay  resu lting  in  th e  
follow ing re p re se n ta tio n  fo r  r :

T( q \  k \  S \  U2, t) =  J  d M 2ô{M 2 -  q2) ô(q0) Q (M | ,  k \  S 2 U2, t) +

+  j  d M 2 Ô{ M l  -  к2) B(k0) K { M 2k , q \  s \  U \  i) +

+  J dM?<5(M? -  S 2) E(S0) S ( M 2, q \  k \  U2, t) +

+  J  d M l  d (M 2 -  U2) e(U0) U ( M 2, q \  k \  S \  t ) .

W e re m a rk  t h a t  E q . (10) resem bles th e  J o st  — L e h m a n N'—D y s o n  ( J L D )  
re p re se n ta tio n  [5], w hich  is o f th e  form

t (Q) =  j d 4 x e ,c>x ( p 2

=  J  ^ 4 w J o  doe(Q 0 — U o ) ô [ o - ( Q - u ) 2 ]  Ф (и ,  a ) .
( И )
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As is well know n th e  J L D  re p re s e n ta tio n  expresses local c o m m u ta tiv ity . 
Such  a p ro p e r ty  w as n o t used  ex p lic itly  in  o u r ca lcu la tio n , b u t  we u sed  th e  
T C P  th eo rem  w hich  is know n to  be  e q u iv a le n t to  local c o m m u ta tiv ity  (m ore  
e x a c tly  to  “ w eak local c o m m u ta tiv ity ”  [6]).

III. Retarded product and equal tim e com m utator

In  th e  rem ain in g  p a r t  of th is  p a p e r  w e shall deal w ith  th re e -p o in t fu n c 
tio n s  only , th e  ex tension  to  fo u r-p o in t fu n c tio n s  being tr iv ia l . I n  p a r t ic u la r , 
re su lts  o f th e  n e x t  section  can  be  easily  e x te n d e d  to  th e  fo u r-p o in t fu n c tio n  
case if  a tr ip le  in te g ra l re p re se n ta tio n  h o lds. (See, in  th is  re sp e c t [1]). F o r  
defin iteness le t  us consider th e  m a tr ix  e lem en t o f th e  c o m m u ta to r  of an  ax ia l-  
v e c to r  c u rre n t Ац  w ith  a v e c to r  V„ ta k e n  b e tw een  th e  v a c u u m  an d  one p io n  
s ta te  л  (p ) o f m o m en tu m  p :

w here

*i =

V  P) =  Y  j di Xe'kx < 0 1 K ( * ) .  V v (0)] \л (р )  > =

= a M N  (vk ) -Fm m Pnv  +  a(vK) g^v,
( 12)

P i =  Y  (k  +  q), P 2 =  Y  (k  —  ?), q — к  — p ,

—  (k2 j r q 2)i v2 =  —  (k2 — q~), v'K — vK +  2PKo r0 +<5Kl rjj, (13)

(K  =  1 ,2 ) .

T he re ta rd e d  fu n c tio n  correspond ing  to  t/n, in  E q . (12) is d efin ed  as in  [7] b y

R ^ { b , p )  =  i J  d 'x  e,kx 0(xo) <0 j [ A ^ x ) ,  V v(0)] \ л { р )> =

dr0

71 J  r n —  l £
T  +  r0, k , p )  .

(14)

W ritin g  dow n th is  expression we supposed  t h a t  th e  c o m m u ta to r  is n o t to o  
s in g u la r n ea r th e  origin. T he ex ten sio n  to  m o re  singu lar cases is a d ifficu lt 
ta s k  an d  needs fu r th e r  in v es tig a tio n s . T he re ta rd e d  c o m m u ta to r  as defined  
in  E q . (14) is genera lly  a n o n c o v a ria n t q u a n t i ty .  I n  any  case, from  ro ta tio n  
invariance  we have

R fj,v — R m n P m , P n v +  Rguv  +  r m  P M i i g o v  +  r n  gou P Nv +  R ' g ou go v  5 (15)
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w here  R MN , . . . ,  R '  a re  ro ta t io n  in v a r ia n t  fu n c tio n s. C om paring  E q s . (15),
(14), (12) w e h av e :

T he e q u a l- tim e  c o m m u ta to r  can  b e  defined  in  a sim ilar w ay :

=  J d*x eikx ô(x0) <0 I [А Д х), F„(0)] ; л ( р )> =  dr0 +  r0, k , p )  =

— E m n  P Mfl P Nv +  Eg^v +  Е м  P M ix gov +  E'n  P n v ga,x +  E 'g 0fl g0v. 

H ere  th e  ro ta t io n  in v a r ia n t  fu n c tio n s are

(17)

E ' о

L e t u s  now  use th e  re p re se n ta tio n  o f th e  c o m m u ta to r  d e riv ed  in  th e  
p reced ing  S ection . F o r  th e  in v a ria n ts  in  th e  c o m m u ta to r  (12) i t  re a d s :

<*лш Ы  =  J  dM *Q MN( M I , P )  6 ( f  -  M |)  e(9o) +  

+  J  d M l  K MN( M l  r )  d (P  -  M l)  e(k0) .
(19)

T h e  a d v a n ta g e  of th is  fo rm  is th a t  w ith  its  help th e  n o n c o v a ria n t in te g ra tio n  
j  dr0 in  E q s . (16), (18) (w hich goes a lo n g  a p a ra b o la  in  th e  jq, v2 - p lane) 
can  be p e rfo rm ed  leav in g  us w ith  th e  c o v a ria n t in te g ra tio n s  on  th e  m asses 
o f  in te rm e d ia te  s ta te s . A ll th e  exp ressions in  E q s. (16) and  (18) ca n  be  re 
w ritte n  in  te rm s  o f Qm n  an d  K MN w ith  th e  help  o f  th e  follow ing fo rm u la  
(a =  0. 1. 2, 31:
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^ i — r « K K  =
л ; rp — is

-  f  dMiq ! fc2 +  2 r0+„(P10 +  P 20 +  rg+9) -  (20)Я J r 0 + o  — r 0_ ç  l r ü + ö  —

r 0- q -  Q ( - 4  V  +  2rn_ 0(P 10 +  P 20) +  r U )  +  k + 9F j -  !)•+»]

r0±9 = -  (Pi« -  p 2u) ± Km? — g2 + (p 10 -  p 20)2 •

T he case a  =  0 co rresponds to  a n o n c o v a ria n t d isp e rs io n  re la tio n . 
T ak in g  a lim it to  in fin ity  w ith  som e lin ea r co m b in a tio n  o f Pu,  an d  P 2 0  we 
a rr iv e  a t  a c o v a ria n t d ispersion  re la tio n  in  th e  sam e co m b in a tio n  of jq, an d  
yn. I n  p a r tic u la r , from  q0 0 0  we conclude th a t  Q is th e  d isc o n tin u ity  o f

- 4 M  =  -  Г- ^ V  « M  =  P M  (21)
Л  J  r 0 —  IE

in  th e  v a riab le  q2. A nalogously , К  tu rn s  o u t to  be th e  ^ -d is c o n t in u i ty  o f A .  
H ere  we assum ed  th a t  th e  fu n c tio n  A  d e fin ed  in  E q . (21) d ep en d s o n ly  on 
vu  v 2 w hich a re  k e p t  fixed  d u rin g  th e  lim it to  in fin ite  m o m en tu m . In  o th e r  
w ords we supposed  th a t  th e  P -p ro d u c t  is c o v a r ia n t in  th e  sca la r  (b o th  c u rre n ts  
an d  partic les) case and  its  no n co v arian ce  is due  only  to  th e  sp ins. In  th is  
w ay  th e  “ c o v a ria n t p a r t”  o f R flv can  be d e fin ed  as

Pfiv =  -dMN P Mfi P Nv +  AgpV : = R Mn  PM ij. P Nv +  Pgtiv • (22)

T h is can  be considered  as th e  d e fin ition  o f th e  physica l c u r re n t co rre la tio n  
fu n c tio n  re le v a n t in  w eak o r e lec tro m ag n etic  processes.

F ro m  E q s . (20) an d  (18) w e can  ex p ress  th e  eq u a l-tim e  c o m m u ta to r  
w ith  th e  help o f  th e  d isco n tin u itie s  Q and  K .  T he  sum  ru les  d e riv ed  in  th is  
w ay  from  th e  c o m m u ta to r  o f a tim e  co m p o n en t of th e  c u r re n t w ith  th e  o th e r 
com ponen ts w ere given in  [1] in  th e  in fin ite  m o m en tu m  lim it.

TV. Double integral representations and sum  rules

I t  was show n in [1] th a t  in  th e  in fin ite  m o m en tu m  sum  ru les a cance lla 
tio n  o f s in g u la rities occurs i f  th e  c u rren t c o rre la tio n  fu n c tio n s  (in  th e  case 
o f th re e -p o in t fu n c tio n s) are  g iven  b y  do u b le  in teg ra l re p re se n ta tio n s . I n  
fa c t, in  th e  in fin ite  m o m en tu m  lim it th e  do u b le  sp ec tra l fu n c tio n s  do n o t 
c o n tr ib u te  to  th e  eq u a l-tim e  c o m m u ta to rs  w hich  are g iven  b y  th e  single 
sp e c tra l fu n c tio n s alone.
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L e t us now  in v e s tig a te  th e  eq u a l-tim e  c o m m u ta to rs  in  an  a rb itr a ry  
fram e  o f reference . W e assum e a doub le  in te g ra l re p re se n ta tio n  of th e  form

A MN( q \ k 2) =  ~  Г 
л  J

dM q
------ ----Qa

M l  -  f  4
n™N( M h  +  —;) +  -

л  J

1 f  dM%

M 2k ~ k 2
o r m i )  +

i - Г _____ d-
я Ч  №  -

d M l d M l ------- qm n { M I  щ у
q2) (Ml -  к'1)

(23)

I n  th is  case th e  d isco n tin u itie s  QMN a n d  K m n  a re:

qmn(m *, F )  =  +  —  Ú T I  MD ,
л  J  M l  — k2

k Mn(mi, q2) =  вГ(М1) +  —  f  eïïNm i  Щ  •
л  J M 2 — q2

(24)

U sing  th e se  expressions from  E q s . (20) a n d  (16) one can  easily exp ress th e  
r e ta rd e d  c o m m u ta to r  in  te rm s  o f th e  sp e c tra l fu n c tio n s :

R m n  — A m n  , R  — - A  , R M — R'n  — 0 , 

ä ' =  — |'dMfe$i +  — [dMiQ%.
Л  J  Л  J

(25)

T h e  f irs t  tw o  eq u a litie s  in  E q . (25) show  th e  co n sis ten cy  of our assu m p tio n s 
a b o u t th e  co v arian ce  o f re ta rd e d  p ro d u c ts  in  th e  sca la r  case. T he la s t e q u a lity  
show s an  ex p lic itly  n o n c o v a ria n t p a r t  o f th e  Л -p ro d u c t in  E q . (14). T h e  a n a lo 
gous expressions fo r th e  eq u a l-tim e  c o m m u ta to rs  are

'MN — E  - = 0 ,

E M =  —  I' d M 2Q ^ +  —  \\ d M $ e { p ,
Л J л: JI

E'n  =  - \ { d M 2 Q]N +  —  \! ' d M l t ä f ,
я  J Л J !

E ' = -  2 (P 10 -  P 20) —  f d M 2 e j i  -  2(P 10 +  P 20) —  \ d M 2 o V .

(26)

E q s . (26) co n ta in s  th e  sum  ru les we looked  for.
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V . C oncluding re m a rk s

W e can see fro m  E q . (26) t h a t  th e  d o u b le  spectra l fu n c tio n s  cancel in  
th e  equa l-tim e  c o m m u ta to r  in  a n y  fram e o f  reference. C a lcu la tin g  th e  v a lu es  
o f  E m n i  • • •» E '  f ro m  E q . (17) in  some m odel a n d  su b s titu tin g  th em  in to  E q . 
(26) w e ge t th e  su m  rules ex p ressin g  th e  c o n s tra in ts  im posed  b y  th e  c u rre n t-  
d e n s ity  c o m m u ta to rs  on th e  c u rre n t c o rre la tio n  fu nc tions. T ak in g  in f in ite  
m o m en tu m  lim it is n o t e ssen tia l in  d e riv ing  su m  rules as E q . (26) ho lds in  
a n y  fram e  of reference .

In  our ca lcu la tio n s besides th e  a ssu m p tio n  of double in te g ra l re p re se n t
a tio n s , assu m p tio n s ab o u t a sy m p to tic  b e h a v io u r  also p la y  a n  essen tia l ro le . 
I t  c an  be seen from  E q . (24) t h a t  we su p p o sed  th e  d isco n tin u itie s  to  b e h a v e  
like  co n stan ts  in  in f in ity . A n ex ten sio n  o f  o u r  resu lts to  a m ore  d iv e rg en t 
a sy m p to tic  b e h a v io u r  does n o t  seem  im possib le . The sum  ru le s  in  E q . (26) 
show  ex p lic itly  th e  dependence o f  th e  e q u a l- tim e  c o m m u ta to r  m a tr ix  e lem en t 
on th e  reference fram e . I t  is re m a rk a b le  t h a t  th e  resu lts E Mдг =  E  =  0 co rres
p o n d  to  th e  fie ld  a lg eb ra  [3] (a n d  c o n tra d ic t th e  free q u a rk  m odel [2]). T h is 
show s th a t  th e  q u a rk  c o m m u ta to rs  are in co m p a tib le  w ith  th e  a sy m p to tic  
b e h a v io u r  we assum ed .

F in a lly , we re m a rk  th a t  th e  assu m p tio n  o f m ultip le  in te g ra l  re p re se n ta 
tio n s  m a y  he, in  g en era l, a severe re s tr ic tio n . I n  p rac tica l ca lcu la tio n s , how ever, 
po le  dom inance is a lm o st a lw ay s  assum ed a n d  th e  c o n tr ib u tio n  of a one 
p a r tic le  pole is a lw ays of th e  fo rm  (23). H en ce  assum ing p o le  dom inance th e  
su m  ru les can a lw ays be e v a lu a te d  from  E q . (26).

In  ou r a p p ro a c h  a p a r tic le  (in E q . (12) n  (p ) ) is o n  th e  m ass shell. 
T h u s , i f  we w a n t to  collect all th e  re s tr ic tio n s  o f cu rren t c o m m u ta to rs  on  a 
g iven  th re e -p o in t fu n c tio n , th e n  we have to  p u t  all p a r tic le s  su b seq u en tly  
on  th e  m ass shell a n d  consider th e  sum  ru les (26) in  each case. A s an  exam ple , 
w e can  ca lcu la te  th e  A 1 дл-sy s tem . U sing p o le  dom inance in  once su b tra c te d  
d isp e rs io n  re la tio n s, PCAC an d  th e  sum  ru les (26) we get th e  h a rd  pion re su lts  
[8 —11]. A n o th er ex am p le  is th e  system  c o n ta in in g  th e  K i3 fo rm  fac to rs. W e 
sh a ll deal w ith  th is  in  a se p a ra te  p ap er [12], w here th e  su m  ru les (26) a re  
g iven  in  th e  case o f  lin ea r b e h a v io u r  a t in f in i ty  (in th e  “ tru n c a t io n  a p p ro x 
im a tio n ” ).

The author than ks Dr. F . C s i k o r  for valuable com m ents and discussions.
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П Р А В И Л А  СУММ И К О ВА РИ А Н ТН О С ТЬ

И. МОНТВАИ

Р е з ю м е

Представление коммутаторных матричных элементов производится от формализма 
Лемана—Симанцика—Циммермана и применяется к правилам сумм алгебры токов в 
любой системе отчета. Правила сумм принимают особенно простую форму в случае, если 
корреляционные функции тока подчиняются интегральным представлениям в массах 
токов. Зависимость правил сумм от системы отчета становится явной.
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K ,3 FORM FACTORS, CURRENT ALGEBRA AND DOUBLE 
INTEGRAL REPRESENTATIONS

By

I. MONTVAY

IN ST IT U T E  FO R  TH EO R ET IC A L P H Y S IC S , ROLAND EÖTVÖS U N IV ER SITY , B U D A PEST

Predictions of current algebra for the K i3 form factors are considered using double 
integral representations of the current correlation functions. The K l3 form factor parameters 
i ,  Л+ and the mass and width of the x  =  K (0  +) meson are calculated in good agreement with 
currently known experimental values.

I .  In tro d u c tio n  a n d  sum m ary  o f  resu lts

T h e  K l3 decay fo rm  fac to rs h a v e  received m u c h  in te re s t  in  re c e n t  years 
in  co n n ec tio n  w ith  c u r re n t a lgeb ra . S ince th e  f irs t ca lcu la tio n s [1 — 3] m uch 
w ork  h as  been  done in  o rd e r to  a v o id  to o  m any  re s tr ic tiv e  a ssu m p tio n s . The 
m ain  p ro b lem  in  c u r re n t a lgebraic  ca lcu la tions is a lw ays th e  e x tra p o la tio n  
from  th e  non -physica l p o in t (w here c u r re n t a lgebra  g ives defin ite  s ta te m e n ts )  
to  th e  p h y sica lly  m easu rab le  reg ion . T h is can be d o n e  m o st s im p ly  b y  pole 
do m in an ce  ap p ro x im a tio n , b u t  po le  dom inance b a se d  on u n s u b tra c te d  d is
persion  re la tio n s  is k n o w n  to  req u ire  co rrec tions in  th e  K i3 case [4 — 5 ]. R e c e n t
ly  [6—7], once s u b tra c te d  d ispersion  re la tions h av e  b e e n  p roposed  in s tead , 
w hich  h a v e  p ro v ed  to  b e  successful, fo r  exam ple, in  th e  A x qti sy s tem  [8 —10].

In  th e  p re sen t p a p e r  we a p p ly  a  m eth o d  p re v io u s ly  w orked  o u t  fo r th e  
e x p lo ita tio n  o f c u rre n t d en sity  c o m m u ta to rs  [11 — 12] to  th e  case o f th e  
K A (К ) К *  (x) A 1 (ti) sy s tem . O ur a ssu m p tio n s  co rresp o n d  to  once s u b tra c te d  
d ispersion  re la tio n s fo r th e  form  fa c to rs . The SU (3) b reak in g  is ta k e n  in to  
acco u n t b y  assum ing a m odel w here  th e  d ivergence o f  th e  s tra n g e n e ss-c a rry 
ing  v e c to r  c u rre n t is p ro p o rtio n a l to  th e  strange  sc a la r  m eson (x) f ie ld  (see, 
fo r in s ta n c e , in  [13 —14]). F ro m  th e  su m  ru les we o b ta in  th e  values A+ =  0.024; 
I  =  —0.067; A- — 0.042 fo r th e  К /3 p a ra m e te rs . T h e  m ass of th e  x  m eson 
com es o u t to  m x =  1020 MeV and  its  w id th  to  Г х =  275 MeV. T hese x  m eson 
d a ta  agree w ith  th e  re c e n tly  re p o rte d  o b se rv a tio n  [15] o f th e  b ro a d  S -w ave 
K n  reso n an ce  К ^  (1100 — 1200), b u t  d iffe r from  th o se  d eriv ed  in  [14]. T he 
reason  fo r th is  is th a t  w e do n o t a ssu m e  th e  tw o W e i n b e r g  sum  ru le s . M ore
over we n eed  n o t specify  th e  c o m m u ta to rs  of cu rren ts  w ith  c u rre n t d ivergences 
w hich  a re  m odel d ep e n d e n t an d  e sse n tia lly  use only th e  c o m m u ta to r  o f  tim e- 
co m p o n en t o f th e  c u rre n t w ith  space co m p o n en ts  (in th is  c o n te x t see also  [16]).
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O u r re su lts  also im p ly  th a t  th e  co u p lin g  o f x  to  le p to n s  is re la tiv e ly  w eak . This 
ju s tif ie s  to  som e e x te n t  th e  a ssu m p tio n  m ade in  [7] th a t  th e  om ission of 
s c a la r  m esons does n o t  a lte r  v e ry  m u ch  th e  re su lts  fo r th e  IC;3 fo rm  factors.

I I .  Kj3 fo rm  factors

L e t us f ir s t  consider th e  c o m m u ta to r

V  =  V  ! d*X e‘kX 11'-A Á x )R' F r(° )s ]  I л(р)т> , (1)
Z  j

w h ere  A^(x)fj  ( V,,(x)s) deno tes a m em b er of th e  o c te t  of a x ia lv e c to r  (vector) 
c u rre n ts  a n d  л(р)т  is chosen fro m  th e  p seu d o sca la r m eson o c te t  (w ith  fo u r 
m o m e n tu m  p ) .  M ore specifica lly , w e ta k e  fo r th e  m o m en t R  =  "3" =  л°;  
s =  l /y 2  ("4" -  i"5") =  K - ,  T  =  1 / /2  ("4" +  i"5") =  K + .  L e t us define th e  
fo llow ing  k in e m a tic  v a riab les :

q — к  p  ; P } = ± - ( k  +  q)-, P a .=  - £ - ( * - 9) ;  (2)
Z  Z

“  V  ^  +  32) ; V2 =  ~ v (k2 ~  42) ’ v'K(r°) =  Vk  +  2 P l <0 ro +  dKl r% ;
Z  Z

th e n  fro m  L o ren tz -in v a rian ce  w e h av e

tf iv  —  ° M n { v k )  P m /j. P n v  +  u ( v k )  g / j . v  (3)

I f  th e  c o m m u ta to r  is n o t to o  s in g u la r  n ea r th e  orig in  (w hich  w ill be assum ed 
in  th e  follow ing) th e n  th e  in v a r ia n ts  (Im n  d e fin e  th e  co rresp o n d in g  re ta rd e d  
fu n c tio n s  like

-Am n (vk ) — —  f ----- ---  a Aw(vk(ro)) • (4)
л  J  r0 — is

Follow ing  [11— 12] we assum e t h a t  these  fu n c tio n s  are in v a r ia n t  and  define 
th e  p h y sica l c u r re n t co rre la tio n  fu n c tio n s b y

í ’/íp =  a m n (vk ) Р щ  P Nv +  A (v K)gnv. (5)

F u r th e rm o re , we suppose th e  in v a r ia n ts  d ^ jv , A  to  be given b y  double  in te g ra l 
re p re se n ta tio n s  o f  th e  fo llow ing fo rm

A MN(q2, fc2) =  -  +
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, 1  [  d M l
л  J M l - к 2

[9Г № )  +  e ^ N(M i) f ]  +

+
J _  ГГ dM % d M l  
Л 2 ) )  ( M 2 - q 2) ( M l - k 2)

Q qkW r M k) •

(6)

N ote  th a t  h ere  we allow ed lin ea r te rm s  also  in  single sp e c tra l  functions. A s we 
sha ll see below  th is  co rresponds to  once s u b tra c te d  d isp ers io n  re la tions fo r  th e  
fo rm  fac to rs . W ith  one v a ria b le  fix ed  th e  above re p re se n ta tio n  co rresponds 
to  a tw ice s u b tra c te d  d ispersion  re la tio n  in  th e  “ tr u n c a te d  form ” . (S u ch  
re p re se n ta tio n s  are  also u sed  in  a re c e n t p re p r in t o f M a t h u r  [17] t r e a t in g  
th e  А 1 д л  sy stem .)

T he sum  ru les d eriv ed  in  [11 — 12] a re  expressed  in  te rm s  of th e  sing le  
sp ec tra l fu n c tio n s  in  E q . (6). T he e q u a l- tim e  co m m u ta to r  is now

=  J  d4x  eikx 0{x0) <0 I [A (x(a) r , Vv(Q)s \ | n ( p ) T> =

— E MN PM ij. P nv +  Egfjv +  PM il gov Ем*  +  P'nv go« E n * +  go« go* E (3),
O )

an d  th e  sum  ru les in c lu d in g  th e  lin e a r  te rm s  Qq, q are th e  follow ing:

- ' M N =  4P,,

E  = 1 Г

л
dMlQ-k\ ;

E<P =  — IfdlW?e«1 +  — [d M l е Г  +  — (d M l  9 ^ [ к 2+ М 2ч- Я2- 8 Р 20(Р1П- Р . м)] +  
n j  n j  n j  4

+  - i  j ' d M l  Q f 1 [?2 +  M l  -  k2 +  8 P 20( P 10 +  P 20)] ;

E f l =  - f d M 2o f +  - i f d M l  +  —  [ d M 2 [k2 +  M l -  q2— 8 P 20(P 10 -  P 20)]
n j  n j  n j  4

( 8)

E ®  =  2(P 20 -  P 10) ^ d M 2Q? -  (2P 20 +  P l0) ^ j d M l o P  +

+  d M 2 Qf  [2 (P 20 -  P w) k2 +  ( M l -  q2) (6P 20 -  2 P 10) +  1 6 P 20( P 10 -  P w)2] +  

f  ± j d M 2k qP  [ — 2(P 20+ P 10) <72 -  ( M l — k2) (6 P 29+ 2 P 10) -  1 6 P 20(P 10+ P 20)2] .

«4cia Physica Academiae Scientiarum Hungaricae 26, 1969



172 MONTVAY

O ur n e x t  ta s k  is to  c a lc u la te  th e  sp e c tra l  fu n c tio n s in  pole d o m in an ce  
a p p ro x im a tio n . W e shall co n sid e r tw o ca se s : (1) th e  one  m en tioned  a b o v e : 
R  — л° ,  S  — K ~ ,  T  — K + a n d  (2) R  =  К  - ,  S  =  K + , T  =  л°.  L et us d efine  
th e  re le v a n t fo rm  fac to rs  { M ^ a ,a ,k ‘ d e n o te  th e  K A ,  A 1, K *  m asses; th e  e 's  
a re  th e  p o la r iz a tio n  v ec to rs  o f  th e  sp in  one  p artic les):

<0|JM(0)K±|K5(p)> 

< 0 |Л Д 0 )я. | Л 1°(р )> =  -

< 0 |^ ( 0 )к _ |  K * ± ( p ) )

M l

! m i a £* a (p )
Gk a ]/2(2л)3s

11 e? (p)

G A J/ 2 ( 2 jt)3

M l * * T ( P )

==_ j p ii_  .

, r , /  У Щ л)* K '
; < 0 |Л м(0)Кт !* * (/> )>

= < » М Д - 1 ='"(р ) > = ^ г . ;

rK* ][2(2л )3
; < o | K ( 0)K T | x ± (p)> Фи

^2 (2 л  у
F  •1  X  9

F K < Al°(k)  I Vv(0)K-  I К П Р) У =  - f  -  G W )  +  ^  P N, G W ) }  ?
(t a  ZyZTlj

^  F ;< K X (k )  ! Vv(0)K± I я°(р)>  =  - W -  {e?A GV{<?) + e KAP P Nv G W ) }
rKA 2 (2 л )3

1 - 1
F % F K <л°(к) I vM k-I K+(p)> =  gïï (q2) P N.  ; (9)

F K F „ < K + (k ) \V v(0)K+\n°(p)>  =
- 1

2(2йу
t ß H f ) P N. i

M ±

' K *

J ^ t - F „ < , K * - ( P - k )  K ( 0 )k - |* °(p ) > -  ^

-  ^ F K< K * + ( p - k \ A ^ U K + ( p ) } = 1^ { e ï - F W )  + * K*P 5
sLyJjTZ)

rK* 2 (2 л )1
{eK'F(2){k2 ) + £K * p p M F W ) }  ;

F x F K <*+(P  -  k)  IA  £  0)„. I X + (p )>  =  — Р м м/ »  ;
iLyZiTZ J

F x F n ( x ~ ( p  -  k ) I Л Д 0)к -  I я °(р )>  =  P M(1/ № ) .

A ll th e  fo rm  fac to rs  w ill b e  assum ed to  o b e y  a once s u b tra c te d  d ispersion  re la 
tio n , d o m in a te d  b y  th e  one  p a rtic le  po les . T herefore, w e m ay  w rite , e.g . in  
th e  case (1):

G W )  =
G<b

Ml* q2

g W )  =

+  G(1), G W )  =

+

G(ti

M l *  -  a3

Ml* -  q2
(_l)Maq)
" ml -  q2

+ Ь ^  +  С» .
1

+  g $  ■>

m l  — q2

( 10)
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F « \k ? )  =
p ( i )

W  1,2 + F W ’ Д/Г2M \  —  fc2 m 2a
F (Û

+
ß d )

r m  =
fix)о M 6 ( 1)

M l  -  к2 mz к2

- F  m2 - f c 2

+  ЛЙ-

+  Щ ,

T h e  case (2) can  be  o b ta in ed  fro m  th is  b y  m ak in g  th e  ch an g es: A  -> 1G4, 
я  —► К . I t  is now  an  easy  m a tte r  to  ca lcu la te  t^v in  E q . (1) in se r tin g  th e  one 
p a r tic le  in te rm e d ia te  s ta te s  (an d  ta k in g  in to  acco u n t th e  co rresp o n d in g  d is 
co n n ec ted  p a r ts  too ). P ro jec tin g  o u t th e  in v a r ia n ts  а д ^  and  a, w e c a n  d e te rm in e  
th e  sp ec tra l fu n c tio n s  from  th e  re p re se n ta tio n  [11 —12]:

a MN(q \  к2) =  J  d M 2QMN(M | ,  к2) % 2 -  M 2) e(q0) +

+  j  d M l  K MN( M l  f )  0(k2 -  M l)  e(k0) .

( In  th e  case o f po le  dom inance  th e  in teg ra ls  j  dM%, JdiW f are  s u b s ti tu te d  o f  
course b y  fin ite  sum s.) T ak in g  a n  a p p ro p ria te  in fin ite  m o m e n tu m  lim it [11] 
of E q . (4) one can  easily  show  t h a t  th e  fu n c tio n s  Q m n  an d  K m n  are  th e  d is 
co n tin u itie s  of A m n  in. q2 an d  k 2, resp ec tiv e ly . H ence , we h a v e  from  E q . (6):

Qm n  — QqIN

К-MN — 0kiN

+  e_MNfc2 +  i _ j

+  P f N q2 +

d M l
M l - к2 

d M 2 
M | - 52

Qqk ?

Qqk *

( 12)

C om paring  th e  exp ression  of <1m n  w ith  E qs. (11, 12) th e  sp e c tra l  fu nc tions 
Q^N, . . . ,  Q%lN can  be  co m p u ted . S u b s titu tin g  b a c k  in to  E q . (8) w e g e t th e  sum  
ru les expressing  th e  co n s tra in ts  im posed  b y  th e  know ledge o f  th e  equal t im e  
c o m m u ta to r  in  E q . (7).

B esides th e  eq u a tio n s  so o b ta in e d  we also  req u ire  th e  fu lf ilm e n t of th e  
d ivergence equ a tio n s w hich specify  th e  S U (3 )® S U (3) sy m m e try  b reak ing  in  
s tro n g  in te rac tio n s :

3 =  ™ k  F к  (P k ± ( x ) >

(X)x° =  m 2 F <p„,(x) , (13 )

а%(х)к± =  ±  iml F* <рхФ ) ■

H ere (рк±, n°, vA (x) den o te  th e  , я°,  f ie ld s w ith  m asses т ^ 1Л}Х re sp e c t
ively .

C onsidering th e  cases (1) a n d  (2) se p a ra te ly , th e  d ivergence  equ a tio n s 
(13) a n d  th e  sum  ru les (8) d e te rm in e  all th e  co u p lin g  c o n s ta n ts  a n d  su b tra c 
tio n  co n s ta n ts  in  E q . (10) in  te rm s o f six  p a ra m e te rs , say  gi1,2>, In sp ec t-
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in g  th e  sum  ru les we see t h a t  in  th e  fie ld -a lg eb ra  [18] on ly  th e  c o m m u ta to r  
o f  th e  tim e -c o m p o n e n t w ith  space co m p o n en ts  gives a  n o n -triv ia l eq u a tio n , 
w hile  th e  o th e r  c o m m u ta to rs  do n o t  c o n ta in  in d e p e n d e n t in fo rm a tio n . In  
th e  q u a rk  m odel [19], how ever, th e  e q u a tio n s  are  c o n tra d ic to ry . T h is  s itu a 
tio n  is an a logous to  th e  one en co u n te red  in  th e  A^^qji system  [20]. T h u s , in 
th e  fo llow ing we shall consider on ly  th e  fie ld -a lg eb ra . W e w rite  o u t  here 
o n ly  th e  re su ltin g  expressions for th e  coup ling  c o n s ta n ts  re lev an t in  th e  K/3 
fo rm  fac to rs :

gd> =  { M \*  +  m 2K —  m l)  

gh) =  (3 M \ *  — m 2K +  ml)

g[2> =  ( M 2K* m l  — m \ )  

g f  =  (3 M 2K*— m l  +  т к)

\F K ~
m l  - m i

F 2K _
mt, — m t

g i ]

g P

, a (1) =  F 2K(m2K — ml) m K

(14)

F I

F I

m \ -

m k

m i

m i

s i2)

g i2)

, a®  =  F l ( m 2 — m 2K)
m k  — m *

F o r tu n a te ly , th e se  q u a n tit ie s  depend  o n ly  on gj1’2̂ . M oreover, as can  b e  seen 
from  E q . (9) we h av e

g[2}( f ) =  l2 1 £ ] \ ? ) - g (? m ,  

=  \  Ы Г (ч 2) +  ^ ( г ) \ -

(15)

T his, to g e th e r  w ith  E q . (14), gives

I F  к 2 m l — m2|

U J m l — m \]
(16)

E x p e r im e n ta lly  \ F ^ j F n \ =  1.28 (and  SU(3) suggests  F K and  F n to  b e  of th e  
sam e sign). T hus, from  E q . (16) we g e t m x =  1020 MeV. The o th e r  roo t is 
m x — 380 MeV, b u t  su ch  a p a rtic le  does n o t ex ist. L e t us in tro d u ce  th e  usual 
fo rm  fac to rs

f {+ ( f )  -  F j f )  =  1 - [g?> u n + $  m ,
4 F KF„

F {- (q2) -  F- ( f )  =  * - ЫР ( f )  -  4 ?  m  ■
4 F KF n
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T h e n  f ro m  E q s .  (10, 14) w e o b ta in  a  m o d if ie d  v e rs io n  o f  th e  Ca l l a n —T r e im a n  
r e la t io n s  [1 ]:

F ® (m 2K) + F ® ( m 2K) =  ^
M \ * lK

К  " l K  ' mz

F „  m l  — m l F kK .
F f  (m l)  +  F ®  (m l)  =  F (1) (m*) -  F ®  (m*) =

m K
M l:

F„ m l  - m t

m K — "*2 F KF„

(18)

T he co rrec tions are of o rd e r т я/М ^„ an d  m%/M%* in th e  tw o  cases, re sp ec tiv e ly , 
an d  are due  to  th e  fa c t th a t  we tr e a te d  b o th  pions and  k a o n s  as “ h a rd ”  (i.e. 
we d id  n o t assum e th a t  form  fa c to rs  v a ry  l i t t le  from  q2 =  0 to  q2=  m l  or m%).

L e t us now  w rite  dow n th e  exp ressions resu ltin g  fro m  E qs. (14, 16) 
fo r th e  u su a l p a ra m e te rs  f  an d  Я+:

I  =  ; F  + (q2) =  F ± (0)
F + (0)

*+ =

l + * ± ^ -2 + . . .
m l

M l
1 — y m l  — m l - 0,024.

F + (0 ) =  1, F _ (0 ) = | =  — — = _ o  ,0 6 7 ,
(19)

a _  =
m l  — m l  

’ M l *

m l  m l  — m | 

m2 m2
=  — 0,0028.

T he n u m erica l values co rrespond  to  m* — 1020 MeY a n d  У =  & F Z *  =- 0 
( th a t  is to  u n su b tra c te d n e ss  of th e  fo rm  fa c to r  g ^ \ q 2) ). E x p e rim e n ta lly , th e  
s itu a tio n  w ith  K /3 form  fac to rs  is r a th e r  u n c lea r . O nly th e  v a lu e  of л + is k n o w n  
to  a good accu racy : A+ =  0,019 ^  0,006 [21], in  fa ir  ag reem en t w ith  th e  a b o v e  
v a lue .

I I I .  The w id th  o f y. m eson

T he sum  ru les an d  d ivergence co n d itio n s could  be co n sid ered  also w ith  
th e  o th e r p a rtic le s  ( К A l ,  К * ,  x)  on th e  m ass shell as w as d o n e , e.g. in  [10], 
for th e  A 1 QTC sy stem . T he re la tio n s o b ta in e d , how ever, are h a rd  to  te s t e x p e r i
m e n ta lly  as m o st o f th e  coupling  c o n s ta n ts  an d  form  fa c to rs  involved a re  
un k n o w n  a t  p re sen t. T herefo re, we consider on ly  th e  m a tr ix  elem ents

=  y j d W *  <0 j [А„(х)к - , A v( 0)„0 I X+(P)>  , 

t®  =  y j <0 I [A „ (x ) , , A v(0)к . ]  I x ~ (p )> .
( 20 )
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H ere  one c a n  o b ta in  a d d itio n a l in fo rm a tio n  for th e  fo rm  fac to rs (к2)
d efin ed  in  th e  la s t  tw o o f E q . (9). T he d e r iv a tio n  an d  e v a lu a tio n  of su m  ru les 
is ex ac tly  th e  sam e as b efo re  and  c o m p a rin g  th e  re su lts  w ith  tho se  o f  th e  
p reced in g  S ec tio n  we h av e

fed) =  _  fed) =  p i (ml 4 )  (m K — m l) _  F z {rn\  — m l)  (m 2K — ml)
— m-K

(21)

H ere  is th e  x K tccoup ling  c o n s ta n t d e f in e d  in  E q . (10). E q . (21) gives fo r  F H:

I — m l
о 2m i — m i

= 0,22 , ( 22)

w here we a g a in  used th e  v a lu e s  F k/ F x =  1,28, an d  m x — 1020 MeV. W e can 
see th a t  F x is con sid erab ly  sm alle r th a n  F K a n d  F n. T h is ju s tif ie s  to  som e e x te n t  
th e  neg lec t o f  « in  sum  ru les  (see [7]). F ro m  th e  value (21) o f b(1̂  we can  d e te r 
m ine th e  « -w id th  too. F o r  F K/ F^  =  1,28 (1 ,26) we h av e  m x =  1020 (1050) MeV 
an d  F x — 275 (300) MeV. A s we have a lre a d y  m en tio n ed , a recen t e x p e rim e n t
[15] seem s to  fav o u r d a ta  lik e  th is  for th e  s tra n g e  sca la r m eson  A ^ (1 1 0 0 — 1200).

N ote added in  proof:

Comparing th e  results o f this paper with the equations com ing from  the com m utators o f  
currents and divergences (B . R e n n e r , these Proceedings) one can  determine the va lue  of 
the param eter c (in the nota tion s o f [13] c = — 2g0(3a0)~l 11):

c —  2 \ 2
m l F m l  F ,  

m l F n+ 2 m l F

This value agrees very well w ith  c = — 1,25 obta ined  by Ge l l -Ma n n , R e n n e r  and Oa k e s , and 
coincides w ith  the one derived, if  one assum es <px and <рл  in E q . (13) to be m em bers of 
the same o c te t . I am ind eb ted  to  Prof. B . R e n n e r  for a usefu l conversation on diver
gence com m utators.
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Ф ОРМ -Ф АКТОРЫ  K l3, А Л Г Е Б Р А  ТОКОВ И 
Д В О Й Н О -И Н Т Е Г РА Л Ь Н Ы Е  П РЕ Д С Т А В Л Е Н И Я

И . М О Н Т В А И

Р е з ю м е

Предсказания алгебры токов по отношению формфакторов К 1з рассматриваются 
применением двойноинтегральных представлений корреляционны х функций тока. Пара
метры форм-факторов К 1з £, А±, далее масса и ширина мезона к  =  К  (0+) вычислялись 
в хорош ем согласии с экспериментальными данными, известными в настоящ ее время.
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THE А хоп SYSTEM

B y

F . Csikor

IN ST ITU TE FOR TH EO R ET IC A L PH Y SIC S, ROLAND EÖTVÖS U N IV ERSITY , B U D A PEST

The current algebra calculations of th e  A ,q n  system  are review ed and resu lts o f  different 
m ethods are compared.

R ecen tly , a g rea t dea l o f w o rk  h as  been  d e v o ted  to  th e  ex am in a tio n  
o f system s invo lv ing  on ly  m esons b y  th e  m e th o d  o f c u rren t a lg eb ra . In  p a r 
t ic u la r  th e  А ,д л  sy stem  has been  s tu d ie d  in d e ta il b y  various a u th o rs  [1 — 9]. 
W hile  th e  re su lts  o f th e  f irs t  papers [1, 2] seem ed to  disagree w ith  ex p erim en t, 
th e  im p ro v ed  ca lcu la tio n s are  co m p a tib le  w ith  i t .  I n  th is  p a p e r  we w a n t to  
d iscuss th e  w ork  done b y  I . Mo n t v a y  and  th e  a u th o r  [7] a n d  co m p are  th e  
re su lts  w ith  tho se  o f o th e r  papers.

In  [7] c u rre n t a lg eb ra  is ex p lo ited  in th e  fo rm  o f F u b i n i  — H a l l id a y  — 
L a n d s h o f f  [10J in fin ite  m o m en tu m  ty p e  sum  ru les  fo r th e  v e r te x  functions. 
M a tr ix  e lem ents o f c u rre n t c o m m u ta to rs  ta k e n  b e tw een  v a c u u m  an d  one 
m eson  s ta te s  (pseudo-scalar, v ec to r, a n d  ax ia l-v ec to r  m esons) a re  tre a te d . 
T h e  c u rre n t co m m u ta to rs  are  s a tu ra te d  b y  one p a r tic le  s ta te s  (d isconnected  
co n tr ib u tio n s  [11] are  also ta k e n  in to  acco u n t), a n d  w e have su p p o sed  d isper
sion re la tio n s  w ith  a t  m o st one su b tra c tio n  for th e  app earin g  fo rm  fac to rs. 
O f course, po le-dom inance  o f d isp ers io n  re la tio n s w as also used . T h e  t r e a t 
m e n t of all th ree  cases (p seudo-sca la r, v ec to r a n d  ax ia l-v ec to r  m esons) 
y ie ld ed  co n sis ten t re su lts . W e o b ta in ed  a ll th e  a p p e a rin g  form  fa c to rs  c o n ta i
n in g  2 ax ia l-v ec to r (or p seudo-scalar) a n d  1 v e c to r  c u rre n t (or p a rtic le )  in  
te rm s  o f on ly  tw o p a ra m e te rs , as w ell as a rea so n ab le  va lu e  fo r  th e  p ion 
charge  rad iu s . In  th e  expressions of e x p e rim e n ta lly  accessible fo rm  fac to rs , 
how ever, we h av e  on ly  a single p a ra m e te r . T he f i r s t  W e i n b e r g  su m  ru le  [12] 
w as also o b ta in ed . Im p o sin g  th e  co n d itio n  of P D D A C  we go t expressions 
w ith o u t an y  free p a ra m e te r  fo r all th e  m easu rab le  q u a n titie s  (in c lu d in g  th e  
A ,  a n d  g w id th ), w hich im p ly  how ever, a v an ish in g  d  w ave for th e  A ,  —* дл  
d ecay . T he rem ain in g  single p a ra m e te r  ap p ears  o n ly  in  form  fa c to rs , w hich 
are  n o t  ex p erim en ta lly  accessible.

O ur w ork  is n ea re s t in  sp ir it to  t h a t  o f B r o w n  a n d  W est  [3],  w ho used  
u n su b tra c te d  d ispersion  re la tio n s  for lin e a r  co m b in a tio n s  of th e  in v a r ia n ts . 
In  fa c t,  ou r w ork  can  be considered  to  be  th e  p  —► o o  fo rm u la tio n  o f th e  
d ispersion  th e o re tic a l m e th o d  o f B r o w n  an d  W e s t .

S c h n it z e r  and  W e i n b e r g  [6] d e riv e  W ard  id e n titie s  from  c u r re n t  algeb-
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ra s  a n d  use  th e  m eson  dom inance  a p p ro x im a tio n  in  th e  form  o f a sm oo th n ess  
c o n d itio n  fo r  th e  p ro p e r  v e r te x  fu n c tio n s . T he re su lts  o f th is  m e th o d  a re  id en 
tic a l w ith  th o se  g iv en  above.

I n  [4] c u rre n t a lg eb ra , PCAC a n d  e x tra p o la tio n  in  th e  я  m ass are  used 
to  o b ta in  th e  s u b tra c tio n  co n s ta n ts  fo r  som e fo rm  fa c to rs . (W e n o te  t h a t  our 
c a lc u la tio n  y ields u n s u b tra c te d  (su b tra c te d )  d isp e rs io n  re la tio n s  fo r  those  
fo rm  fa c to rs  w here [4] assum es u n s u b tra c te d  (su b tra c te d )  form  fa c to rs , b u t  
we g e t th is  as a re su lt f ro m  our e q u a tio n s  w ith o u t th e  n ecessity  fo r assu m p tio n s.) 
D iv erg en ce  co n d itio n s fo r th e  c u rre n ts  and  as a d d itio n a l in fo rm a tio n  b o th  
W e i n b e r g  sum  ru les [12] are u se d  to  o b ta in  a d e fin ite  answ er fo r  th e  q and  
A r w id th . So th is  ca lcu la tio n  uses m ore  a ssu m p tio n s  th a n  th o se  m entioned, 
above . H ow ever, i f  o n ly  th e  f irs t W e i n b e r g  sum  ru le  is ex p lo ited , th e  resu lts  
a re  a g a in  id en tica l w ith  those  o f  th e  ab o v e-m en tio n ed  w orks.

W e h av e  rev iew ed  th e  ex is tin g  ca lcu la tio n s o f  th e  system  А га л  w hich  are  
b a se d  on  c u rre n t a lg eb ras  and  co n c lu d e  th a t  th e  re su lts  are in  good  o rd er o f 
m a g n itu d e  ag reem en t w ith  ex p e rim e n t. R esu lts  o f [3, 4 , 6, 7], a lth o u g h  o b ta i
n ed  b y  d iffe ren t m e th o d s , agree e x a c tly  w ith  one an o th e r.
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СИСТЕМА А ^ л

Ф.  Ч И К О Р

Р е з ю м е

Осматриваются вычисления системы Ахдл методами алгебры токов и сравниваются 
результаты разных методов.
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EQUAL-TIME BEHAVIOUR OF CURRENT COMMUTATORS 
IN PERTURBATION THEORY*

B y

F .  K a SCHLUHN, E .  WlECZOREK and W.  ZoELLNER 
SEK T IO N  PH Y S IK  D E R  H U M BO LD T-U N IV ERSITÄ T B E R L IN  

and
FORSCHUNGSSTELLE FÜ R P H Y S IK  H O H ER  E N E R G IE N  D E R  D EUTSCHEN 

A K A D EM IE D E R  W ISSEN SCH A FTEN  ZU B E R L IN

The singular equal-tim e behaviour o f  the vacuum  expectation  value o f current com m ut
ators is determ ined for a field-theoretic m odel in second order perturbation theory . U sing  
the w ell-known properties o f  the W ightm an functions involved  and relations for generalized  
functions studied in  detail b y  G e l f a n d  and S h i l o v  it  is shown in an unam biguous w ay that 
a gradient term  appears w hose coefficient has the singular behaviour Р/г§ and lo g |z 0[ w ith  
respect to  the relative tim e (the first term  is  also found in second order quantum  electrodyna
m ics). The relation to the T-product o f currents is investigated  and defined w ith in  a special 
class o f te st functions. Furtherm ore, it  is show n that the d ivergence of the T -product o f  con
served vector currents is localized in the sense of quasi-local operators in vo lv in g  arbitrary 
renorm alization constants.

Acta Physica Academiae Scientiarum Hungaricae, Tomus 26 (1— 2), pp. 181—189 (1969)

I .  In tro d u c tio n

R e c e n tly  v a rio u s m ethods fo r  th e  ca lcu la tio n  o f  eq u a l-tim e  c o m m u t
a to rs  o f cu rren ts  h av e  been  p ro p o sed  [1 — 8]. T h e y  led  to  d iffe ren t re su lts  
caused b y  questio n ab le  lim itin g  p rocesses inc lud ing  th e  sh rin k in g  p ro ced u re  
fo r th e  te s t  fu n c tio n  w ith  resp ec t to  th e  tim e co o rd in a te . T he p re se n t p a p e r  is 
d ev o ted  to  a m a th e m a tic a lly  u n am b ig u o u s  d e te rm in a tio n  of th e  s in g u la r 
eq u a l-tim e  b eh av io u r o f  th e  v a cu u m  ex p e c ta tio n  v a lu e  o f c u rre n t c o m m u ta 
to rs  in  a f ie ld -th eo re tic  m odel w here th e  necessary  ca lcu la tio n s can  b e  ca rried  
o u t in  a tra n s p a re n t w ay . F o r th is  w e consider th e  f i r s t  o rder c u rre n ts  of a 
field  th e o ry  w hich couples a ch arg ed  sca la r field  to  a n e u tra l  m assive  v ec to r  
fie ld . U sing th e  w ell-know n p ro p e rtie s  of th e  W ig h tm a n  fu n c tio n s in v o lved  
an d  re la tio n s  for genera lized  fu n c tio n s  stu d ied  in  d e ta il  b y  G e l f a n d  an d  
S h i l o v  [9] we show in  an  u n am b ig u o u s  w ay  th a t  th e  s ingu la r eq u a l-tim e  
b e h av io u r is de te rm in ed  b y  a g ra d ie n t te rm  whose coeffic ien t is s in g u la r  w ith  
re sp ec t to  th e  re la tiv e  tim e  in  th e  fo rm  P /zq and  log  | z 0 |. W e m e n tio n  th a t  
th e  f irs t  te rm  appears also in  second  o rd er q u a n tu m  e lec tro d y n am ics. The 
re la tio n  to  th e  T -p ro d u c t given b y  th e  fo rm al ex p ressio n  of J o h n s o n  an d  
L ow  [1]

* R eported at the International Sem inar on Theory o f E lem entary Particles in  Varna 
(1968); a prelim inary version was contributed to the International Conference on E lem entary  
Particles a t H eidelberg (1967).
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<° [ ju (x )J Â y )]  0>x„=y„ { lim
х „ -У о -* + 0

lim  } <0 {T j^x )  j,,(y)\ 0> (1)
X , - y , - * —0

is ex p lo red  an d  d e fin ed  w ith in  a special class o f  te s t  fu n c tio n s . T h u s, using 
th e  T -p ro d u c t, we a rr iv e  a t  a co rresp o n d in g  re su lt loosing, h o w ever, th e  possi
b i l i ty  to  id e n tify  th e  s in g u la rities a t  z 0 =  0 in  th e  sense of gen era lized  func
tio n s . In  th is  co n n ec tio n  we d iscuss also som e am b ig u itie s  cau sed  b y  th e  p e r
fo rm an ces  of ill-d efin ed  lim its  as h a s  been  p ro p o sed  in  th e  l i te ra tu re . F inally , 
w e consider th e  d ivergence  re la tio n  for th e  ren o rm alized  T -p ro d u c t

Э / 0  |Т /Д ж )л (у )| °> =  ô(x0 — To) <° L/o(*)>À(t )]| °> • (2)

W e f in d  th a t  th e  le f t-h a n d  side rep re sen ts  a quasiloca l p a r t ,  i.e . i t  consists 
o f  d -functions an d  th e ir  d e riv a tiv e s  w ith  re sp ec t to  th e  re la tiv e  coo rd ina te  
z =  X  — y  m u ltip lie d  b y  a rb itr a ry  ren o rm a liza tio n  co n stan ts . B ecause  of th e  
s in g u la r  eq u a l- tim e  b eh av io u r o f  th e  c u rre n t c o m m u ta to r  th e  r ig h t-h an d  
side o f eq. (2) n eed s a red e fin itio n  w hich is d e te rm in ed  b y  th e  ren o rm aliza 
t io n  p re sc rip tio n  u sed  on th e  le f t-h a n d  side.

I I .  E q u a l-tim e  co m m u ta to r

T h e  fie ld -th e o re tic  m odel we consider describes th e  in te ra c tio n  o f ch a rg 
ed sca la r p a rtic le s  w ith  n e u tra l  m assive v e c to r  partic les  d e te rm in e d  b y  th e  
in te ra c tio n  L ag ran g ian

b int =  g ’-qfix) %  T(*) U ^ x ): +  g2:<px(x) <p(x) U ^ x )  U ^ x ) : . (3)

T h e  conserved  c u rre n t

j Д *) =  g:9>x(*)3M <p(x): +  g-:(fx{x) <p(x) U ^ x ) :  (4)

coup les to  th e  v e c to r  field  Ut,(x). Second o rd e r p e r tu rb a tio n  th e o ry  y ields 
fo r  th e  v a cu u m  ex p e c ta tio n  v a lu e  o f th e  c u r re n t  c o m m u ta to r

С ^ )  =  <0|[7» , л ( т ) ] | 0 >  =

=  -  2g2{dß A + (z )d vA + ( z ) -  A + (z )d ß dv A+{z) -  с. с.}

w here  z =  х  —- у  an d

A + W  =  f di k e ~ i k z  e (*») W 2 -  m'2) • (6 )(2я )3 J

I n  te rm s  of th e  W ig h tm an  fu n c tio n
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12(2я):
- j d 'V  i4Z 0 (?o) f ) ( r  — 4 m2) (7,, qv -  quv f )  jl 4m2 )3/2 (7)

Cßr has th e  s tru c tu re

c^{z) =  w ; v{ z ) - w ; v( - z ) .  (8)
In  th e  follow ing we consider tim e  an d  sp ace  com ponen ts o n ly  w here th e  sp ec 
t r a l  fu n c tio n  behaves as c o n s ta n t a t in f in ity . T he in teg rab le  p a r t  of th e  sp e c tra l  
fu n c tio n , i.e. th e  p a r t

I 4 m2 j 3/2
О

T

co n trib u te s  f in ite  g rad ien t te rm s  to  th e  eq u a l- tim e  c o m m u ta to r . The re m a in in g  
m ore s in g u la r p a r ts  m ay  be  e v a lu a ted  b y  m eans of th e  fo rm u lae

J  d y - '« 2 6 % )  e (q -  -  4m2) 1 I f  =  4 л £ - '  K g(2m  C1/2) , 

j d^qe^iqz &(q0) &(q2 — 4m2) =  — 4 л (2 т )2 Ç~ 1 K.2(2rn £1/2)

fo r t, — —(zo — I 2) ]> 0. K { deno te  th e  m o d ified  H an k e l fu n c tio n s . A n a ly tic  
co n tin u a tio n  to  C <C 0, z0 ^  0 is d efin ed  as usually . F ro m  eqs. (9) a n d  (10) 
th e  sin g u la rities  on th e  l ig h t cone can b e  ex h ib ite d  ex p lic ite ly  so th a t  w e g e t

Cnk —
3(2тг)4

1
( - Z 2 +  Í E { z Q) r i ) ;

d

+
3m2 log( —m2 z2 -j-ie(z0) J?)

z2 +  ie(z0)rj

e(2o) ri
— c. e. rok(z) • ( 11)

e (z0) =  sgnz0, rj —► -)- O .T h e p a r t(9 )  c o n tr ib u te s  to  th e  re a l c o n s ta n t d w h e re 
as th e  exp ression  rok(z) den o tes  th e  r e g u la r  p a r t  w hich v an ish es  for z 0 =  0. 
T he sing u la r te rm s of eq. (11) are co n sid e red  as fu n c tio n a ls  on th e  sp ace  
S (R i ) of te s t  func tions defined  on i?4. W e m a y  use th e se  te s t  fu n c tio n s  in  
th e  fo rm  g(z)Z(z0) of th e  sp ace  S (R 3) X S(-R j). E v a lu a tin g  th e  co rresp o n d in g  
fu n c tio n a ls  w e arrive  a t  th e  resu lt

0 0  k ( z )
ir

6 (2 л;)

w ith

-  [{P J 4  — 2 ^  — 6 m 1 log(m j z0 ! ) - f  d'}  dk ô(z) +  

+  ^0/i(20>2)] +  rok(z)

00 —2n
R nk(z l ,z )  =  2 » n ^ ^ d ( z ) ,

n = 1 n  !

( 12)

(13)
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w h ich  v an ish es  fo r  z0 =  0 a n d  is non-local in  o rd in a ry  sp ace . U p to  th e  re g u la r  
p a r t  r0k(z) th e  expressions (12) an d  (13) re p re s e n t th e  L a u re n t  series of C0k(z) 
w ith  re sp ec t to  Zq. T he te rm  P / zq belongs to  th e  ty p e  o f  genera lized  fu n c tio n s  
s tu d ie d  in  d e ta i l  b y  G e l f a n d  an d  S h i l o v  [9] and  has th e  exp lic it m ean in g  
in  P j

(P/z?0’/ ) Гdz, f ( z o )  + / ( - * o )  -  2 / ( 0 ) (14)

w h ich  defines th e  p rinc ipa l v a lu e  for a seco n d  order pole.
W e see t h a t  th e  s in g u la r  b eh av io u r o f  C0k(z) a t  z 0 =  0 is d e te rm in e d  

b y  a g ra d ie n t te rm  0^ô(z) w hose  coeffic ien t is s ingu lar w ith  respect to  th e  
re la tiv e  tim e  in  th e  form  P / zq an d  log | z 0 | . I t  is w o rth w ile  to  m en tio n  also  
th e  te rm  ZO^ôfz). The re la tio n  (12) can be  d eriv ed  in  R 3 fo r  fixed  z0 =̂= 0 a n d  
n eed s th e n  a fix in g  of th e  s in g u la rity  a t  z 0 =  0 acco rd in g  to  th e  p rin c ip a l 
v a lu e  (14) as i t  com es o u t in  R r  The s in g u la r  p a r t  P/zo c a n  also be fo u n d  in  
second o rd er q u a n tu m  elec trodynam ics.*

W e a d d  th e  rem ark  t h a t  th e  d e r iv a tio n  of exp ressions (12) an d  (13) is 
b a se d  on fo rm u la e  of th e  fo llow ing ty p e . I f  one considers, for in stan ce , th e  
c o n tr ib u tio n

2n i  ° I [z2 +  ie(z0)»?]2 [z2 — ie(

one m ay  d e riv e  in  R t th e  r e la tio n  [A p p en d ix  I]

—  9o (Ф о )  à’( 4  -  г2)} =  -  P K  Ф )  -  - 2

—  ] =  80 {e(z0) ó ' ( z 2 - r 2)} (15)

2nr
+  4 zi

1 Ф о  -  г2)

4 2nr

à" (4 - г 2)

- ő ( z ) +

2 лг

W e n o te  th e  expansion

1

2 nr
ô(zl -  r2) =  0(z) ~  Л  à

П-1 nl
0(z)

(16)

(17)

w hich  we e m p lo y ed  in  fo rm u la e  (12) a n d  (13).

* W e m en tion  that a logarithm ic singularity w ith  respect to  the tim e behaviour w as 
also exhibited for a special m odel b y  S c h r o e r  and S t i c h e l  [6] where a shrinking procedure  
w ith  respect to  th e  test functions o f was used w h ich  we avoid com pletely . W ithout such a 
procedure the term  Plz% can also be derived from  B r a n d t ’s form ulae [5]. Compare also the  
paper by L u k i e r s k i  [4].
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III. T-product and equal-tim e com m utator

In  th is  Section  we in v e s tig a te  w ith in  o u r m odel th e  re la tio n s  (I) a n d  (2) 
con n ec tin g  eq u a l-tim e  c o m m u ta to r  a n d  T -p ro d u c t of c u rre n ts . F o r th is  we 
consider f ir s t  th e  second o rd er T -p ro d u c t o f th e  v e c to r-sc a la r  th e o ry  (we 
alw ays deal w ith  v a cu u m  e x p e c ta tio n  v a lu es  only)

T av (2) =  <0 |T , ;  ( x ) j v (y) J o> =
2

=  —  A  F  ( z )  3 „  A  F  ( * )  З м  9 „  A p  ( 2 ) } , —  A f (  z ) ,

Zi

(18)

w here

A F (я, тп)
2 i

(2лГ
d 4 ke ,kz (19)

F o rm u la  (18) is m a th e m a tic a lly  m ean ing less unless i t  is u n d e rs to o d  b y  m ean s 
o f reg u la riza tio n  w hich h as  to  he re m o v ed  fin a lly . W e use  th e  P a u li—V illa rs  
re g u la riz a tio n  defined  b y  th e  su b s ti tu t io n  A p  —► z!f S, w here

A rpe (z , m) =  A f (z, m) — Ap  (2, M ) . (20)

T he regu la rized  T -p ro d u c t has th e  s tru c tu re

w ith

(21)

n ™g (?) =
— 4g2 ' d4 к kp К kp К
(2л)4 í f e _ J L ) 2 _ m2 к ---- — ] *" — M 2

2 j 2 )

1 1

. t  +  T .

ГО

3 to (*+f) ~ - M 2

( 22)

F o r th e  special case o f tim e  an d  space co m p o n en ts  F e y n m a n  p a ra m e tr iz a tio n  
leads to

log

П ок (P) =  PoPkЦ 2 л )2 о

a ( l  — a) p-  — ni1
a ( l  — a) j >2 — a M 2 — (1 — a) m2

d a ( l  — 2a )2

(23)
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W e n o te  t h a t  analo g o u sly  to  th e  re su lts  o f o th e r p a p e rs  one m ay  d e riv e  
n o n -u n iq u e  re s u lts  from  th e  regu la rized  T -p ro d u c t on th e  basis of fo rm a l 
m a n ip u la tio n s . P e rfo rm in g  th e  m o m en tu m  in te g ra tio n  in  eqs. (21) an d  (23) 
fo r  z0 ^  0 one  gets

l im T ^ g (z0, z) =  0 . (24)
ze—>o

I f  we reg u la rize  on ly  one o f  th e  p ro p a g a to rs  in  fo rm u la  (22) (w hich m ean s  
t h a t  we h av e  to  d rop  th e  te rm  (m ■*->- M ) in  eq. (23)) we a rriv e  a t

n ? ( z ) =  — lg-
2(2тг)2 

(M ‘- -  m2)

E(2o) M 2 log ( M  |z0j) — m2 log (m  |z0|) 

9к à(z)  +  0(z0)l
i n

(25)

(C deno tes E u le r ’s co n s tan t) . F ro m  eq. (24) one m ay  co nc lude  th a t  th e  T -pro - 
d u c t  van ishes a t  equal tim es also  in  th e  lim it  w here th e  re g u la riz a tio n  is re m o v 
ed . In  th is  w a y  one a rriv es  a t  th e  su rp ris in g  resu lt t h a t  no  ren o rm a liza tio n  
is n ecessary  to  d e te rm in e  th e  eq u a l-tim e  b e h a v io u r  of th e  T -p ro d u c t.

H a m p r e c h t  and P o l k in g h o r n e  [2, 3] f irs t p o in te d  o u t th a t  th e  e q u a l
tim e  c o m m u ta to r  ca lcu la ted  v ia  th e  T -p ro d u c t in  a reg u la rized  field  th e o ry  
v an ishes, p ro v id e d  th e  reg u la riza tio n  p ro c e d u re  leads to  a su ffic ien tly  s tro n g  
d am p in g  to  th e  a sy m p to tic  b eh av io u r (as e.g. b y  a p p ro p r ia te  P a u li—V illars 
reg u la riza tio n ).

On th e  o th e r  h an d  th e  b eh av io u r o f  th e  T -p ro d u c t n e a r z0 =  0 can  be  
s tu d ie d  in  su c h  a w ay  t h a t  f ir s t  th e  re g u la riz a tio n  is rem o v ed . T his m ean s 
t h a t  now  th e  T -p ro d u c t occu rs in th e  s ta n d a rd  ren o rm alized  form . In  th is  
w a y  we a r r iv e  in  m o m en tu m  space a t

^ren ( r , \  __n \f.v (P) —

-  ig2
| j ! f c2 (2я )2

log | p 2
“ a ( l

(1 -  2a)2
P m P v  — («(1 — «) P 2 — m 2 )

C i  P m P v  +  g „ v  ( C 2 P 2 +  C 3)J

(26)

an d  o b ta in  th e  generalized  func tion

П еЛ * ) =

i g 2

1 2 { 2 л ) 2

1 1

4

1 \ л
-------- A — 6 m2 log  (m|z0j ) +  C - \ --------- (-

+  [6 Cl -  (ZC Í7t)] Э0 Qk Ó4(z) +  t o k ( z )  J ,

9/cd(z ) +  
(27)
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where in eqs. (26) and (27) a polynom ial or a quasilocal term  involving arb it
rary constants Ci is included, respectively  [10]. The regular part tok(z) van ish es  
for z0 =  0. According to G e l f a n d  and S h i l o v  [9] the relation

Ф о ) __P±_ p _
2°Z2 4 ,2Z0

(28)

holds, where the principal values, P + and P _  are defined as follows

( P J 4 , f ) =  Г
Jo

dz  Л ± * о ) - / ( О ) Т * о Л О ) 0 ( 1 - * о) (29)

Thus we are confronted w ith  different equal-tim e resu lts o f the T-pro- 
duct. To clarify the situation  we remind th a t  actually w e are dealing w ith  
improper lim iting procedures w hich require th e  application o f test functions  
and the consideration of th e  corresponding functionals. T aking this into acco 
unt we have to  study the follow ing relation (compare Section  II)

I d4 « Tok4z ) g ( z ) f ( zo) =  . I P14 f ( p ) g ( p ) f ( P k )  (30)
J (2 Tt)4J

considered in ordinary and m om entum  space, respectively. H ere, it is obvious  
th at the rem oving of the regularization leads to the replacem ent of П г0ек (р) 
by n rlteks(p) in  the standard w ay  which is g iven  b y  (26). The corresponding s itu a 
tion holds in ordinary space where the behaviour near z0 =  0 is given by exp res
sion (27). On the other hand the proceeding in formula (24) means th a t we 
put in Eq. (30)

/ ( z 0) =  <5(z0) or f ( p 0) =  1 ,  (31)

respectively. Then, however, the lim it M  —> °o in relation (30) becom es ill- 
defined. Thus we see that the am biguities discussed follow from  m athem atically  
undefined lim iting procedures. It should be noted in th is connection th a t  a 
similar objection holds against the argum entation o f K allén  [8] w here  
a regularization approach for the calculation  o f the equal-tim e com m utator  
itse lf was applied after interchanging lim itin g  processes (compare also the  
paper by B randt  [5]).

U ntil now  we considered the T -product itself. Let us now stu d y  th e  
relation (1) in more detail. F irst we note th a t because of th e  sym m etry relation

)̂fc(2O’ 2) =  T0fc( 20, Z) (32)

the proposal (1) leads in our case to  the follow ing connection  betw een th e  
equal-tim e com m utator and the T-product
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Cok(z) z0=o — 2 е(г0) î)fc(2)|ro=o- (33)

Since the T -product is m ultip lied  by a discontinuous fu n ction  relation (33) is 
obviously n o t w ell-defined. W e stress th at such products are not treated w ith in  
th e  fram e-work of standard renorm alization theory.

H ow ever, we m ay still give a m eaning to the expression  (33) b y  using  
a special class o f test fu nctions (com pare also the paper by B randt  [5]). 
W e define e(z0)T0fc(z) on a space of te st  functions w hich  vanish iden tica lly  
for z0 <  0 or z 0 >  0, respectively . It is ea sy  to  see th at th is  prescription y ields  
for the right-hand side o f eq. (33) the expression (27) m ultiplied b y  2 s(z0) 
where now th e  quasi-local operators do n o t contribute.* T he non-local singular  
parts are in  agreem ent w ith  those of th e  left-hand side o f  eq. (33), g iven  by  
form ula (12). H ow ever, since all expressions are now considered on the special 
class of te s t  functions introduced above there is actu a lly  no possib ility  to  
identify  th e  singularities in  th e  sense o f generalized fu n ction s, i.e. to determ ine  
the local behaviour at z0 =  0.

F inally  le t  us consider the divergence relation (2). W e observe th a t the  
right-hand side is not defined if  one uses form ula (12). T his is not surprising 
because th e  left-hand side is based on a renorm alization procedure w hich  
obviously requires also a redefinition o f th e  right-hand side. The divergence  
ôflT îP(z) ean be determ ined from eq. (26) in the form

Э , (C í  +  C2 - )  * * (* ), (3 4 )

where the constants C[ and C% involve th e  renorm alization constants C15 C2 
and C3 used in  expression (26). The corresponding redefin ition  of th e  right- 
hand side o f  eq. (2) has to  reproduce th is result. This prescription includes a 
definition for the products ô(z0)P /zq and d(z0) log | z 0 | in  agreement w ith  
the procedure o f standard renorm alization theory.
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ПОВЕДЕНИЕ КОММУТАТОРОВ ТОКА ПРИ РАВНЫХ ВРЕМЕНАХ 
В ТЕОРИИ ВОЗМУЩЕНИЙ 

Ф . К А Ш Л У Н , Е . В И Ц О Р Е К  и  В . Ц Е Л Л Н Е Р

Р е з ю м е
Сингулярное поведение при равных временах вакуумного ожидаемого значения 

коммутаторов тока определяется для полево-теоретической модели во втором прибли
жении теории возмущений. Используя хорошо известные свойства функций Уитмана и 
соотношения для обобщенных функций, подробно изученных Гельфандом и Шиловым, 
однозначно показывается, что появляется один градиентный член, коэффициент которого 
по отношению относительного времени имеет сингулярность типа P/zg и log (z0) (первый 
член найден также во втором приближении квантовой электродинамики). Соотношение 
к T-произведении токов исследуется и определяется на базе специального класса проб
ных функций, Далее показывается, что расходимость Г-произведения сохраненных век
торных токов локализирована в смысле квази-локальных операторов, содержащих 
произвольные ренормализационные постоянные.
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REVIEW OF CURRENT ALGEBRA RESULTS 
IN THE WEAK DECAYS OF THE 

METASTABLE HADRONS
By

Z . K u N S Z T  and T .  N A G Y

IN ST ITU TE F O R  TH EO RETICA L PH Y SIC S, ROLAND EÖTVÖS U N IV ER SITY , BU D A PEST

W ithout claim ing com pleteness the main achievem ents in the applications of the  
current algebraic approach to weak decays are surveyed.

I . Introduction

I t  is g en era lly  accep ted  t h a t  th e  co n sid era tio n s b ased  on th e  c u rre n t 
a lg eb ra  g en era ted  b y  w eak c u rre n ts  an d  on th e  h y p o th esis  o f a p a r tia lly  
co n serv ed  ax ia l-v ec to r  cu rren t (PCAC) are h ig h ly  fru itfu l [1]. I n  p a r tic u la r , 
th e  so ft-p ion  m e th o d  has led to  successful n o n -tr iv ia l re la tio n s  b e tw een  th e  
m a tr ix  elem ents o f  d ifferen t d ecay  processes. (See [2 ]— [7]).

These re la tio n s , how ever, ho ld  a t n o n -p h y sica l p o in ts  a n d  p rob lem s 
a rise  how  to  e x tra p o la te  th em  to  th e  physica l reg ion . R ecen tly , m a n y  a t te m p ts  
h a v e  been  m ade to  ex p lo it c u rre n t a lgebraic re la tio n s  w ith o u t ta k in g  th e  p ions 
as so ft (h ard  p ion  m ethods [8], [9]).

T he c o m m u ta tio n  re la tio n s o f  cu rren t den sitie s  have  also been  ex p lo ited  
in  th e  ev a lu a tio n  o f  e lec tro m ag n etic  co rrec tions to  th e  w eak  h ad ro n ic  decay  
a m p litu d e s  an d  som e new  in te re s tin g  resu lts  h a v e  been  o b ta in ed .

I I . Relations based on the soft-p ion theorem

In  th e  so ft-p io n  m ethod  th e  c u rre n t a lg eb ra  an d  th e  PCA C h y p o th esis  
are  ap p lied  to  co n n ec t th e  m a tr ix  elem ents <Ab ] 0  | a)  a n d  (b  | 0  | a )  o f 
an  o p e ra to r  0 ;  re d u c tio n  of th e  p ion  gives

lim  V2k0 <л к , b ' 0 I a )  =  -  i | Д  <6 [ A f ,  0] a )  +  l im P - k T u , (U
k - ^ 0  J J l  k ->0

w here  A f  is th e  ax ia l charge

A,(t) =  — i  J  dJx A u  (x, t),

f n is defined  as follow s:
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H w — y ^ i J p +  j,x) (Jfi + JM)*’ Jß — + K- ’

<0 I ЛДО) Ï afc> = k J .  к
\ 2&q

fn  =  f n +

( 2 )

a n d

Tß = — J &xe~ikx 0(xo) <b I [A>(*)» О] I a>.
I f  lim  —► 0, th e n  eq u a tio n  (1) co n n ec ts  th e  w eak  a m p litu d es  A (a  —*■ b)

ft-)- о
a n d  A ( a  —*■ b -j- л). I f  th e  b e h a v io u r o f T ß is s in g u la r a t  к  = 0, sp ec ia l consi
d e ra tio n s  a re  n eed ed  in  e v a lu a tin g  th e  pole c o n tr ib u tio n s  to  th e  surface 
te rm  kpTp.

B y  a p p ly in g  th is  m e th o d  to  th e  K i3 decay  we g e t th e  CTMOP re la tio n  [2]:

f +( — m 2K, т л =  0) + / _ (  — m \ ,  m n =  0) =  — S k

f j 2 ’

w here  f m f « ,  f +, f _  a re  th e  K i2 a n d  K i 3 fo rm  fac to rs , re sp ec tiv e ly :

(3)

< ^ i * ;( o) | k a > =

w here
У4/c10 к

q — /ct — к2 ; к  =  кг k 2. 

I n  th e  case o f K i t d ecay  we h a v e :

[/+ (92) ^ + / - ( 5 2Ы

(a )

(b)

F  l
y  2 ;

F 2 =

f a

_ f 2 i

F- àh ômnf +(0, — m l ) ,

fa

/ -

(4)

(5)

(c) F 3 =  0, / +(0, — nil)  +  /-(0 >  ~ " г 2) =  0, Í  =  —  =  — 1 ,
J+

w h ere  F'jS are  th e  co rrespond ing  ax ia l v e c to r  fo rm  fa c to rs  in  th e  process fC;4

<di k t i2 k2 \ А ^ (0) ; K n ky  — __—_— — [F i(k i  4" k2)tx -f-
Í ®к0 k10 &20

-)- F  о (k1 — fe2)(i 4~ F  3 (к — fc| — ko)^].
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T he re la tio n s (5) are  o b ta in e d  if  only  one o f  th e  pions is red u ced  a t  one tim e  
an d  th e  F j s are  assum ed  to  be c o n s ta n t.

W e i n b e r g  has show n [3] th a t  if  th e  tw o  pions a re  t r e a te d  sy m m e tr i
ca lly  (by red u c in g  b o th  o f th e m  s im u ltan eo u sly ) and th e  cr-term is n eg lec ted , 
th e  fC-pole c o n tr ib u tio n  m ak es F z e ssen tia lly  m o m en tu m -d ep en d en t an d  th a t  
is w h y  one o b ta in s  th e  re la tio n s  (5, c) on assum ing  a c o n s ta n t  F 3. In  a p a p e r , 
S. B e r m a n  a n d  P r o b ir  R o y  [11] c ritic ize  W e i n b e r g ’s re su lt  and  co n sid e r 
th e  re la tio n s (5, c) to  be r ig h t. T h ey  call a t te n tio n  to  th e  crucia l role o f  th e  
» -te rm  w hich, i f  n o n -v an ish in g , m akes F 3 to  blow up  a t  th e  double lim it

1 It 1 ! r

B*’
1114 BT By

111

p1 s q w P p‘ w s p

Fig.  1

k l —► 0, k2 -*■ 0. A t th e  sam e tim e  th e y  em p h asize  th a t  th e  (5, c) re la tio n s  
can  be  reconciled  w ith  th e  CTM OP re la tio n s  if  th e  Ki3 fo rm  fac to rs  h a v e  an  
a p p ro p ria te  » in d ep en d en ce .

As to  th e  n o n -lep to n ic  decays, th e  K 3n — К , л re la tio n s  ([4], [5]) seem  
to  be all rig h t.

T he p rob lem  of th e  n o n -lep to n ic  h y p e ro n  decays, h ow ever, th o u g h  i t  
h as  been  a t ta c k e d  b y  m a n y  au th o rs  ([6 ], [7], [12], [13], [15]), c an n o t be 
considered  as sa tis fa c to rily  s e ttle d  up  to  n o w . W hen a p p ly in g  th e  so ft-p io n  
m e th o d  one m u s t ta k e  b a ry o n  poles in to  a c c o u n t [14]. T h is  can  be done b y  
assum ing  th a t  i t  is th e  d ifference of th e  a m p litu d e .

A (k ,  p  1 p )  — (Fi k , B«' p , H w I В а рУ

a n d  th e  B orn  te rm  B (k , p ' , p )  g iven b y  th e  d iagram s in  F ig . 1 — an d  n o t  
A (k ,  p ' ,  p )  itse lf  — w hich c a n  sm o o th ly  be  e x tra p o la te d  to  k  =  0. In  o th e r  
w ords we assum e t h a t  (c.f. (1))

A { k , p ' ,  p )  — B (k ,  p \ p ) „ - 2 - < p ' \  [Aj, H w] I p }  +
fa

+  lim  lk p Tp — B (k ,  p \ p ) ]
fc-> o

w ith

[e~ikx 3(*b) <P' I t ^ /Д*), Hw( 0)] Í рУ 
f a  J
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I n  o rd e r to  ca lcu la te  th e  B o rn  te rm  an d  th e  r .h .s . of E q . (6) we m ust e v a lu a te  
m a tr ix  e lem en ts  of th e  ty p e  ( B '  \ H w  | В ) .  S ince these  a re  n o t  know n e x p e r i
m e n ta lly , th e  f irs t  analyses w ere m ade reso rtin g  to  SU (3) sy m m etry  [6]. 
F ro m  th e se  ca lcu la tio n s one gets  a tw o  p a ra m e te r  f i t ,  w h ic h  gives th e  L e e — 
S u g aw ara  re la tio n  fo r th e  s-w ave a m p litu d e s ; th e  s im u ltan eo u s  f i t  o f S -a n d  
P -w aves, how ever, is fa r  fro m  b e ing  in  a g reem en t w ith  th e  ex p erim en ta l d a ta .

I t  is v e ry  like ly  th a t  th e  SU(3) b re a k in g  effects p la y  an  essen tia l ro le . 
W e get an  SIJ(3) v io la tin g  c o n tr ib u tio n  fro m  th e  ii-p o le  d iag ram  of F ig . 2,

1
jlf

(J) W

! K 
1 1

B f *s £
F ig .  2

an d  ta k in g  th is  in to  acco u n t we arrive  a t  a th re e  p a ra m e te r  f i t  [7]. N everth e less , 
even  in  th e  im p ro v ed  f i t  th e re  are d iscrepancies as la rge  as 50%  b e tw een  th e o 
re tic a l a n d  ex p e rim en ta l v a lu es .

A sy s te m a tic  t r e a tm e n t  o f th e  SU (3) b reak ing  e ffec ts  was u n d e r ta k e n  
in  [12] w ith  a re la tiv e ly  good re p ro d u c tio n  of th e  e x p e rim e n ta l d a ta ;  i t  seem s 
how ever, th a t  th e  a u th o r  m ad e  erro rs in  th e  num erica l ca lcu la tio n s (cf. [13]). 
In  a re c e n t c r itica l s tu d y  o f  n o n -lep to n ic  decays, O k u b o  [15] casts d o u b ts  on 
th e  a p p lic a b ility  of th e  s ta n d a rd  c u rre n t a lg eb ra  te c h n iq u e  to  hy p ero n  decay  
p rob lem s.

I I I .  H ard -p io n  m ethods

T h e  so ft-p ion  lim it c an  be a b a n d o n e d  if  one m ak es  some a ssu m p tio n s  
a b o u t th e  s tru c tu re  o f th e  p ro p a g a to r  a n d  v e rtex  fu n c tio n s  occurring  in  th e  
W a rd  ty p e  re la tio n s  o b ta in e d  b y  th e  use  of th e  c u r re n t  co m m u ta to rs . Such 
an  a ssu m p tio n  is th e  so-called  “ sm o o th n ess  c o n d itio n s”  [8] w hich  im plies 
th a t  th e  v a rio u s  v e r te x  fu n c tio n s  in  q u es tio n  d ep en d  as sm ooth ly  on  th e  
m o m e n ta  as allow ed b y  th e  W ard  ty p e  id en titie s . W e m en tion  o n ly  tw o 
a p p lica tio n s  of th is  te c h n iq u e . One is th e  ca lcu la tio n  o f  th e  Ki3 fo rm  fac to r  
/ + (0) b y  G l a s h o w  and  W e i n b e r g  [16]. I n  th is  w ork  a m odel is p ro p o sed  for 
th e  v io la tio n  of th e  SU (3) (g> SU(3) sy m m e try , b y  assu m in g  a L a g ra n g ia n  
o f th e  form

L  =  L 0 +  f  i f i ,
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w here  L 0 is SU(3) <g> SU(3) in v a r ia n t  an d  th e  Ф\s are local fie ld s fo rm ing  a 
basis  o f  th e  re p re se n ta tio n  (3,3*) (g> (3 * ,3 )(i.e . th e y  fo rm a  sca la r a n d  a pseudo
sca la r n o n e t). B y  ex p lo iting  th e  sm oothness co n d itio n s one a rriv e s  a t  th e  
re la tio n

F + ( 0 )

F I  +  П  -  F I  

2 F K F  ж

w here  F+, F„ an d  F K are  co nnec ted  w ith  th e  fo rm  fac to rs f+ , f „  a n d  Д- defined  
b y  E q s . (2) an d  (3). re spec tive ly , as follows:

f + = y ^ F + в т в  =  у = в т в у ,

f„ =  F n cos & =  F  c o s d A , (7)

/ к  =  F K  s i n 0  =  F s i n  ® A -

0  is th e  C abibbo  ang le , F* is th e  am p litu d e  fo r  th e  scalar k a n o n  (x), analo 
gous to  F K. The re la tio n s  (7) give

F  к  _  tg  в А _
F „ F +( 0) t g 0 v

1,28 .

B y  m aking use o f the first and second sum  rules o f  W einberg  and saturating  
them  w ith  К , К * ,  K * *  and K A (1250) the authors obtain

n -
F*

1 ,1 7 , F + ( 0) =  0 ,8 5 .

The in te re s tin g  th in g  is th a t  second  o rd er SU (3) b reak ing  effects m ay  be 
s ig n ifican t for F +(Q) accord ing  to  th is  resu lt. I f  one assum es t h a t  th e re  is 
no x  a t  all, i.e. F„ =  0, one gets E + (0) =  1.05. S u ch  a possib ility  is in  c o n tra 
d ic tion  w ith  an  in e q u a lity  of B jö r k en  and  Q u in n  [17] w hich  s ta te s  th a t  
F+(q2) < ; 0 for <jf2 ^  0.

T h e  h a rd -p io n  t re a tm e n t of th e  K[t fo rm  fac to rs  was u n d e r ta k e n  b y  
Sarker  [18]. H e g o t v e ry  good ag reem en t w ith  th e  e x p e rim e n ta l K + —► 
—*■ л ~ л +е +1> w id th  fo r i = / _ ( 0 ) / / +(0) =  0.6, b u t  re g a rd in g  th e  n u m ero u s  assum p
tions he w as com pelled  to  m ake in  th e  various p h ase  of th e  ca lcu la tio n , it  
is h a rd  to  say , how  sign ifican t th is  ag reem en t is.

W e th in k  th a t  a general re m a rk  is p ro p er a t  th is  place. T h e  cu rren t 
a lgebraic  ap p ro ach  is based  on sev e ra l sim ple id eas , such as w ell defined 
equal tim e  c o m m u ta to rs , CYC, PCAC. T he sim p le-m inded  ap p lica tio n  o f these  
ideas leads to  re la tio n s  w hich are m ore  or less in  ag reem en t w ith  experience
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or, if  th e  d isag reem en t is to o  large th e  reason  fo r th is  can  be guessed . Now, 
i f  — in  o rd e r to  im p ro v e  n u m erica l co incidence of th e o re tic a l and  e x p e rim e n ta l 
v a lu es  o f  c e r ta in  q u a n titie s  — one s ta r ts  to  in tro d u c e  so p h is tica ted  ideas and  
a c c u m u la te  a ssu m p tio n s  a p rio ri a p p ro x im a te ly  sa tis f ied  one sooner o r la te r  
loses co n tro l o f w h a t is checked  an d  how  reliab le  th e  v a rious p red ic tio n s  are. 
O ne o u g h t to  sp en d  a t  le a s t th e  sam e a m o u n t of en e rg y  on checking th e  re liab i
l i ty  o f th e  a ssu m p tio n s  m ad e  as t h a t  sp en t in  rep ro d u c in g  th e  e x p e rim e n ta l 
d a ta  as closely as possib le.

R esu lts  s im ila r to  th o se  m e n tio n e d  above ca n  also be o b ta in e d  b y  a 
d isp e rs io n  th e o re tic a l ap p ro ach . In  th is  connec tion , we refer to  th e  papers 
o f  I . M o n t v a y  [19] an d  T . N ie h  [20].

IV . T he e lec trom agnetic  co rrec tions

I t  is w ell k n o w n  th a t  th e  ra d ia t iv e  co rrec tio n s are  fin ite  fo r  th e  m uon 
life tim e , b u t  th e y  tu r n  o u t to  be d iv e rg e n t for th e  h ad ro n ic  w eak  am p litu d es , 
i f  h a d ro n s  a re  t r e a te d  as p o in tlik e  p a rtic le s . I t  m ig h t be th o u g h t t h a t  d iv e r
gences w ould  d isa p p e a r i f  one to o k  s tro n g  in te ra c tio n s  in to  ac c o u n t. The 
fram ew o rk  o f c u rre n t a lg eb ra  has p ro v id e d  a m ean s to  e s tim a te  th e  s trong  
e ffec ts; th e  ca lcu la tio n s  led  to  th e  re su lt th a t  th e  d ivergen t co rrec tio n s to  
th e  v e c to r  p a r t  of th e  am p litu d es  w ere in d e p e n d e n t o f th e  details o f  th e  s trong  
in te ra c tio n s  ([21], [22], [23]).

W e o u tlin e  b rie fly  th e  p ro ced u re  of th e  e x p lo ita tio n  of c u r re n t  algebra 
on  th e  ex am p le  o f ß  decay . (The le p to n  m o m en ta  a re  neglected  a n d  we d isre
g a rd  tr iv ia l  fac to rs .)

T h e  u n c o rre c ted  am p litu d e  h a s  th e  form

Мо̂ йеУ̂ ! +  r5)v<p\ Jß\p>- (8)

T h e co rrec tio n s a re  described  b y  th e  th ree  d iag ram s given in  F ig . 3. T heir 
c o n tr ib u tio n  can  be  g iven  as follow s:

b) c) a )

P n D n p n

Fig.  3

Diagram a)

ÔM1 ~  üe J  d4fc D j k )  у^ S (k  - f  q) y„ S(q) yK{ 1 +  y5) v ( p  | Л  [_p>.
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D iagram  b)

ÖM2 ~  ue f d*k D J k )  y a S (k)  y x( l  +  y 5) V r j p ,  k ) .

D iagram c)

ŐM3 ~  u y x( 1 +  y 5) V j d 4fc в ^ ( к )  r kßv( p ,  к ) ,

w here

D ßv(k) — Ô — ----- — +  soft p h o to n  term
k~ — x~

. i p 1 — m
S (p)  = * - r  -  —  .p -  — те-

r ßv(p, к)  =  j  P x  eikx ( p  I T J f(i(*) J„ (0 )  I p> , 

y ’,«■?.(P ’ *) =  J  d 'x d 'y  eiA(x_y) </> ! T J eJ x )  J J y )  J x(0) I p > .

T he a x ia l v e c to r  p a r t  of J ,, m ak es  a c o n tr ib u tio n  only to  d ia g ra m  6, and  i ts  
c o n tr ib u tio n  to  r ßv is non-zero  o n ly  if  it  is co u p led  w ith  th e  isoscalar p a r t  
o f Je- I n  th e  v e c to r  p a r t  of r flv on ly  th e  iso v e c to r  e lec tro m ag n etic  c u rre n t 
c o n tr ib u te s ; le t us den o te  th is  expression  b y  F ßv . D efining

b y
^ U’. Á P' 4 )

Г т (р ,  k , q) =  J  (Px P y  edk+q)xe~iky ( p  j T J C;1(x) J ev(y)  J e(0) | p )  

an d  using  c u rre n t a lg eb ra , we g e t th e  re la tio n

Чхг хщ> =  — гГ * д (р ,  - к )  — i T 3̂ ( p , k  +  q). 

D iffe ren tia tin g  w ith  re sp ec t to  qß, in  th e  lim it  q -> 0 we o b ta in

r iat( p ,h )  =  - i — r > ï ( p , k ) .
OK..

(9)

T h u s, th e  c o n tr ib u tio n  of d iag ram  c) is re d u c e d  to  an ex p ressio n  sim ilar to  
t h a t  o f  d iag ram  b).

T ak in g  on ly  th e  v ec to r p a r t  we are le f t  w ith  th e  fo llow ing  d iv e rg en t 
te rm  in  th e  sum  o f th e  c o n tr ib u tio n s  of th e  th re e  d iagram s

3 a . Л 2
. —  I n  —  . 
8n X2

( 10)

w here Л  is an  u ltra v io le t  cu t-off.
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T he h ig h  energy  p a r t  o f  th e  ax ia l v e c to r  c o n tr ib u tio n  can be co n n ec ted  
w ith  th e  e q u a l tim e  c o m m u ta to r  of th e  space  co m p o n en ts  of V(x) a n d  A (x ) .  
I n  a m odel w hich  co n ta in s  o n ly  p a rtic le s  o f  isospin 1/2, w e get

[ V Stl(x, t), Л +2(0)] =  2Q F +3(0) & (x ) , (11)

w here  Q is th e  m ean  ch a rg e  of th e  iso d o u b le t. U sing  E q s . (11) one o b ta in s  
th e  ax ia l d iv e rg e n t te rm  in  th e  form

0 M A =  2Q 0 M V

a n d  co m b in in g  th is  w ith  E q . (10) we h a v e

ÔM  За Л 2
----- =  —  In —  (1
M 0 8 л  X2

2 Q).

T his re su lt  show s th a t  th e  to ta l  c o rre c tio n  is m odel d ep en d en t. In  th e  usual 
q u a rk  m o d e l Q — 1/6, b u t  m odels c a n  b e  c o n s tru c te d  w here th e  v e c to r  and 
ax ia l v e c to r  d iv e rg en t p a r ts  cancel e ach  o th e r (see [23]).

F in a lly , we shou ld  like  to  m e n tio n  an  in te re s tin g  w ork b y  B a il in  [24] 
w ho used  th e  field  a lg eb ra ic  c o m m u ta tio n  re la tions o f  L ee [25] to  e s tim a te  
e lec tro m ag n e tic  co rrec tio n s. Lee h ad  p o s tu la te d  th a t  th e  to ta l  e lec tro m ag n etic  
c u rre n t a n d  th e  total w eak  c u rre n t w ere  p ro p o rtio n a l to  a n eu tra l an d  a  ch a rg 
ed v e c to r  boson  fie ld , re sp ec tiv e ly , a n d  he  had  o b ta in e d  th e  fo llow ing  com 
m u ta to rs :

Je,,(x) 1 Jepiy )
&х 0

<H*o -  To) =  ß  à(x — y)  ;

W * ) ,  J a  (T)] ô( x o —  То) =  »(Я м  Л  +  <Vi Л  —  ' h i  h i  J t) h x  -  y )  ■

H av in g  s ta r te d  w ith  th e se  re la tions, B a il in  show ed t h a t  th e  e lec tro m ag n etic  
d iv e rg en t co rrec tion  is th e  sam e even  fo r  weak  p ro cess , nam ely

<5Mdiv З а , Л
-------- =  — In — ,

M 0 8 л  m

(m is som e m ass p a ra m e te r) . If, fo llow ing  Lee , one assum es th a t  th e  e lec tro 
m ag n e tic  in te ra c tio n  goes th ro u g h  th e  chain : p a r tic le  **■ W 0 ■** у  ■++ W 0 ■** 
p a rtic le , th e  effective p h o to n  p ro p a g a to r  behaves lik e  k ~ 6 as fc2 —► oo and 
th e  g en era l co rrec tion  w ill be fin ite .
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ИЗЛОЖЕНИЕ РЕЗУЛЬТАТОВ АЛГЕБРЫ ТОКОВ 
В СЛАБОМ РАСПАДЕ МЕТАСТАБИЛЬНЫХ ГАДРОНОВ

3 . КУ Н СТ и Т. НАДЬ

Р е з ю м е

Без требования полноты исследуются главные достижения применений прибли; 
жения алгебры токов в слабых распадах.
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I t  is n o t a theorem  th a t no conventional theory  of weak interactions exists.

T he lep to n ic  decays o f had ro n s m a y  be  (a t  least ap p ro x im a te ly ) describ ed  
b y  an  in te ra c tio n s  H a m ilto n ian

G f
H r =  —=  d x j ^  j(p+ -}- H e rm itia n  C o n ju g a te  , (1)

\  2 j

w here  is th e  h ad ro n ic  an d  th e  le p to n ic  cu rren t. T h e  sm all c o n s ta n t  G 
is g iven b y

G ~ 1 0 - * /M & , (2)

w here M N is th e  nucleon  m ass. W e use  u n its  w here h  =  c =  1.
I f  one trie s  to  fo rm u la te  a field  th e o ry  w hich will g ive rise to  th e  p h e n o 

m enological in te ra c tio n  (1), one is n a tu ra l ly  led  to  one o f  tw o  theories:
(a) T h e  o rig inal F e rm i fie ld  th e o ry , in  w hich  one p o s tu la te s  an  in te r a c 

tio n  L ag ran g ian  d en sity

Ti =  — iu-iv- ’ (3)

w here
h  =  №  + № ■

(b) A n in te rm e d ia te  v e c to r  boson th e o ry  w ith

L ,  =  — g [ / ;  A  + -F H .  с . ] , (4)

w here А ^  is a charged  v e c to r  boson  fie ld .
T he in te ra c tio n  (4) gives rise, in  second  order, to  an  effective F e rm i 

coupling

G/V2 =  g2/ , (5)

(w here M y  is th e  m ass of th e  v ec to r  boson) p ro v id ed  th e  en e rg y  and  m o m e n 
tu m  tra n s fe r  o f  th e  reac tio n  are  m uch less th a n  M y .  T h is is analogous to  th e
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d ire c t M öller in te ra c tio n  b e tw e e n  elec trons w h ich  is g e n e ra te d  b y  th e  b asic  
coup ling  o f e lec tro n s  w ith  th e  e lec tro m ag n etic  field .

B o th  th e  in te ra c tio n s  (3) a n d  (4), if  ta k e n  v e ry  serio u sly , give rise  to  
n o n ren o rm a lizab le  theo ries. S u ch  th eo ries  req u ire  an  in f in ite  n u m b e r o f  
a rb i t r a ry  s u b tra c tio n  c o n s ta n ts . T his in  i ts e lf  is n o t a com pelling  a rg u m e n t 
a g a in s t th e m . T h e re  is, h o w ev er, a m ore p h y s ic a l w ay  o f s ta t in g  th e  d iff i
c u lty , to  w it: N o  m a tte r  how  w eak  th e  co u p lin g , a t a su ffic ie n tly  h igh en e rg y  
th e  coupling  b ecom es so s tro n g  t h a t  its  v i r tu a l  effect in  h ig h e r o rd er can  d ra s 
tic a lly  change th e  low -energy  p red ic tio n s o f  th e  o rig inal th e o ry .

W e co n sid e r as an  ex am p le  th e  e lec tro n  — n eu trin o  (e — v) sy stem . T h e  
o rig in a l L a g ra n g ia n  is designed  to  give e — v sc a tte rin g  o f  o rd e r G ,  b u t  no  
v — v o r v — v sc a tte rin g . I n  low est o rd e r, th e  e — v s c a tte r in g  a m p litu d e  
tu rn s  o u t to  b e  p u re ly  s-w ave , a n d  eq u a l to  (in  th e  F e rm i th eo ry )

F s =  \ 2 G q ! n , (6)

w here  q is th e  cen ter-o ff-m ass m o m en tu m . S ince u n ita r i ty  req u ires  all p a r t ia l  
w ave a m p litu d e s  to  be b o u n d e d  b y  1 /</, w e f in d  th a t  th e  f irs t-o rd e r th e o ry  
b re a k s  dow n b y  q =  qm, w h ere

J/2 =  —  . (7)
71 Çm

T his m a x im u m  energy  is o f  th e  o rder o f fo u r  or five h u n d re d  BeV.
I f  we n o w  calcu la te  v — v sc a tte r in g , we find  (if we c u t  off a ll in te g 

ra ls  a t  qm )

F vv~  2 Ä L  (8)
7 tz

or
F „ ~ F J n .  (9)

T he e x p e rim e n ta l l im it  on  v — v s c a t te r in g  (or even  e la s tic  v — p  s c a t te r 
ing) is n o t  v e ry  good. T h e re  do  ex ist w eak  processes, h o w ev er, w hich  v a n ish  
accord ing  to  f irs t-o rd e r  th e o ry , are p e rm itte d  in  second o rd e r, b u t  are  k n o w n  
to  be m u ch  sm a lle r  th a n  f irs t-o rd e r  w eak . F o r  exam ple, A S  =  2 tra n s it io n s , 
as in  th e  К x — K 2 m ass d ifference, an d  n e u tra l  zJS =  1 c u rre n ts , as in  K °  —► 
—► p,+ — ц ~ .  T h e  e x p e rim e n ta l lim its  on th e se  processes h a v e  been  u sed  b y  
I o ffe  a n d  S h a b a l in  to  show  t h a t  th e  c u to ff  p ro d u ced  b y  n a tu re  is in  fa c t  m u ch  
less th a n  th e  q m of e q u a tio n  (7). T he im p o rta n c e  of th e  w o rk  of I o ffe  an d  
S h a b a l in  is t h a t  th e ir  re su lts  a re  in d e p e n d e n t of th e  s tro n g  in te ra c tio n s  e x c e p t 
fo r th e  a s su m p tio n  of a co n v en tio n a l c u r re n t  a lgebra  fo r . T h e ir re su lts  
a re  as fo llow s:
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(a) F o r th e  F erm i th e o ry , E q . (3)

l /т ( K l - >  [a + +  ц - )  I , 2 G Л°- 2
1 /т (K+  -> р+ +  v) \ л 2

(b) F o r th e  v ec to r  boso n  th e o ry , E q . (4),

1 l r ( K t - > / i+  +  i r )  Í |  2 G Л2 j 2 
1/т(К+ -+ ц +  + v) 1 (4л)2 ’

( 10)

( 11)

w here Л  is th e  cu to ff  (i.e. th e  m o m en tu m  a t  w hich  th e  th e o ry  becom es less 
singu lar). T h e  ex p e rim en ta l lim it is ~  10~e. T h is  y ields, fo r  case (a), A  30 
BeV, an d  fo r case (b) Л  <  120 BeV.

(c) F o r th e  v e c to r  boson  th e o ry  (ignoring  a h ig h ly  m odel d ep e n d e n t 
Л 1 te rm )

m Kt — m K2 <K° j ^ ( 0 ) j ^ ( 0 ) \ K ° . y , ( 12)

w here j is th e  n e u tra l  iso top ic  p a r tn e r  o f th e  AQ =  A S  — 1 c u rren t. T h e  
m a tr ix  e lem en t on th e  r ig h t o f (12) is h a rd  to  e v a lu a te ; in d eed , i t  is p ro b a b ly  
d iv e rg en t (i.e. d iverges w ith  Л 2). I o f f e  an d  S h a b a l i n  th e re fo re  p re fe r to  
d isregard  it. H ow ever, a v e ry  co n serv a tiv e  e s tim a te , b ased  o n  th e  sim plest in 
te rm e d ia te  s ta te s , gives

— ) ~  =  n Jj<_+-n+r ' ( 12' )

. m p. TKi

w here 1/2 is s im p ly  a m nem onic  fo r т ^ 1 — т к г-> an<  ̂ 1 l m ji is o u r
estim a te  of th e  co n tro v e rs ia l m a tr ix  e lem ent. H e re  m^ is th e  m u o n  m ass. T h e  
lim it given b y  (12) is Л  ~  4 BeV !

T he fa sc in a tin g  q u estio n  is: how  does n a tu re  produce  su ch  a low c u to ff?  
O ne m ay  even ask : is i t  a th e o re m  th a t  th e re  c a n n o t be a L a g ra n g ia n  th e o ry  
o f w eak  in te ra c tio n s  co n sis ten t w ith  p re se n t ex p erim en ts  ?

T he answ er is, i t  is n o t a th eo rem . T here  a p p e a r  to  be a t  le a s t tw o classes 
o f theo ries (aside from  th e  s ta te m e n t th a t  since p e r tu rb a tio n  th e o ry  does n o t  
ap p ly , one c a n n o t prove  th e re  is  a d ifficu lty ) w hich  do n o t  le ad  to  e x p e ri
m en ta l co n trad ic tio n s . W e m a y  call these

(i) d ecep tio n  (as in  con sp iracy , evasion , e tc .), and
(ii) carefu l p lan n in g .

(i) D ecep tio n  m ig h t, fo r exam ple, m ean  th a t  w h a t ap p ea rs  to  b e  a 
v ec to r  in te ra c tio n  is rea lly  a sca la r, as suggested , for ex am p le , b y  T a n i k a w a  

(who considered  a F ierz  tra n s fo rm a tio n  resp o n sib le  for th e  decep tio n ), or b y
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K u m m e r  a n d  S e g r e  (w ho su p p o sed  t h a t  th e  observed  w eak  in te ra c tio n  was 
a  fo u r th  o rd e r  effect due to  an  S  -J- i P  in te ra c tio n ). I t  h as  been  show n  b y  
N orman  Ch r i s t  th a t  th e  K u m m e r — S e g r e  m odel, s u ita b ly  m odified , can  
b e  m ade c o n s is te n t w ith  p re s e n t  ex p e rim e n ts , a lth o u g h  i t  does req u ire  consi
d erab le  ag ility . O f course, th e  id ea  of d ecep tio n  is c o n tra ry  to  our u su a l ex p e
rience  b u t  t h a t  is a re lig ious a rg u m en t.

(ii) A  ca re fu l p la n n in g  m e th o d  is describ ed  in  a p a p e r  to  be p u b lish ed  
in  c o lla b o ra tio n  w ith  Ge l l -M a n n , G o l d b e r g e r  an d  K r o l l . The m a in  idea 
is th e  fo llow ing : th e  d iff ic u lty  of th e  v e c to r  th e o ry  is c o n ta in e d  in  th e  presence  
o f  a te rm  in  th e  p ro p a g a to r

9->-“ q~
1

m'y

w hich  is v e ry  s ingu la r a t  h ig h  energies. (As show n b y  O k u b o , th is  te rm  is 
p re se n t irre sp e c tiv e  o f th e  s tru c tu re  o f  th e  v ec to r fie ld  a n d  is n o t th e re fo re  
cu rv ed  b y  s tro n g  b i-lin ea r in te ra c tio n s  o f  th e  la tte r .)  N ow  a d e riv a te  coup led  
sca la r also  gives rise to  a n  effective p ro p a g a to r

Q u estion : ca n  th ey  be  s u b tra c te d ?  A n sw er: n o t for a ll p rocesses. H o w ev er, i t  
is possib le  to  c o n s tru c t m a n y  m odels in  w h ich  th e  sca la rs  an d  possib le  o th e r 
v ec to rs  a re  coup led  in  su ch  a w ay  t h a t  in  all q u a n tu m -n u m b e r v io la tin g  p ro 
cesses th e  s in g u la r b e h a v io r  does can ce l w hen  th e  v i r tu a l  m o m en ta  becom e 
la rg e r th a n  th e  sca la r a n d  v e c to r  m asses. Such m odels involve v e ry  carefu l 
p lan n in g , in  t h a t  th e  co u p lin g  of th e  sca la rs  and  v e c to rs  to  th e  w eak  c u rre n t 
an d  to  e ach  o th e r m u s t b e  v e ry  p rec ise ly  re la te d ; ho w  th e y  acq u ire  th is  
re la tio n sh ip  is n o t s ta te d  in  an y  sim ple  o r convincing  w ay .

I  w ill n o t  give ex am p les  h ere ; th e y  w ill a p p e a r in  a p u b lica tio n . The 
m ain  conclu sio n  a t  th is  p o in t  shou ld  b e , I  believe, n o t  t h a t  one can  c o n s tru c t 
a b e a u tifu l th e o ry  of w eak  in te ra c tio n s , b u t  th a t  i t  is n o t  a th eo rem  t h a t  no 
co n v e n tio n a l th e o ry  ex is ts .

П РО БЛ ЕМ Ы  Т ЕО РИ И  С Л А Б Ы Х  ВЗАИМ ОДЕЙСТВИЙ

Ф. Е. ЛАУ

Р е з ю м е

Нет теоремы, что не существует конвенциональной теории слабых взаимодей
ствий.
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A MODEL OF MAXIMAL CP VIOLATION*

By

S. O k u b o

D E P A R T M E N T  O F  P H Y S I C S  A N D  A S T R O N O M Y ,  U N I V E R S I T Y  O F  R O C H E S T E R  

R O C H E S T E R ,  N E W  Y O R K ,  U S A

A m odel o f weak interaction is introduced w hich shows m axim al CP violation . The  
m odel contains an o c tet (or nonet) o f interm ediate vector m eson fields w ith  a strong tri-linear  
self-coupling. F irst order term s are forbidden, while second order term s g ive CP =  1, third  
order term s CP =  — 1 effects. The sm allness o f C P-violating effects is thus easily  explained .

§ 1 . In tro d u c tio n

T he h is to ry  o f w eak  in te ra c tio n  is full o f  su rp rises. F irs t , i t  is found  to  
possess a k in d  o f u n iv e rsa l co u p ling  betw een  (er), (pv) and  (pn)  p a irs , cu lm i
n a tin g  fin a lly  to  th e  in tro d u c tio n  o f th e  C ab ib b o  angle. T h en , th e  p a r i ty  
(P ) an d  th e  charge  co n ju g a tio n  (C) in v arian ces  w ere  d iscovered  to  be  v io la ted , 
lead in g  to  tw o -co m p o n en t n e u tr in o  an d  th e  successful V —A th e o ry . Soon, 
th e  ex p e rim en t show ed ex istence  o f tw o d iffe re n t typ es of n e u tr in o s  w hich  
we m a y  call m uonic v^ an d  e lec tron ic  ve n e u tr in o s , respective ly . M ore recen tly , 
th e  tim e  rev ersa l o r eq u iv a len tly  th e  p ro d u c t C P  b y  TC P th e o re m  tu rn e d  o u t 
to  be  also v io la ted . T he su rp ris in g  fa c t ab o u t th is  CP v io la tio n  is its  sm allness 
b y  a fa c to r  of 10 ”3 in  com parison  w ith  th e  C P -conserv ing  p a r t .  N o te  t h a t  
th e  v io la tio n  of P  an d  C is v e ry  la rg e  in  a sense th a t  i t  en te rs  in  th e  fam ous 
co m b in a tio n  (1 +  Vs)-

Since th e  d iscovery  o f th e  C P v io la tion , m a n y  th e o re tic a l m odels h av e  
been  p re sen ted  b y  vario u s a u th o rs . T h ey  m a y  b e  rough ly  c lassified  in to  th e  
fo llow ing ca tego ries:

(i) W e assum e [1] ra th e r  in  an  ad-hoc w a y  an  ex istence  o f  sm all CP- 
v io la tin g  w eak  H a m ilto n ia n  in  a d d itio n  to  th e  d o m in a n t C P -conserv ing  one.

(ii) T h e  CP v io la tio n  m ay  be  in tro d u c e d  [2] b y  a d is to r tio n  due to  
C abibbo  ro ta tio n  b e tw een  CP conserv ing  an d  v io la tin g  c u rre n ts .

(iii) T he e lec tro m ag n etic  (o r even  s tro n g ) in te ra c tio n  m a y  v io la te  [3] 
th e  ch arg e  co n ju g a tio n  in v arian ce  o f th eo ry . T h ro u g h  th e  co m b in ed  effect 
of b o th  e lec tro m ag n etic  an d  C P -conserv ing  w eak  in te rac tio n , we m a y  p roduce  
an  a p p a re n t v io la tio n  of th e  CP.

(iv) T here  m a y  be a su per-w eak  in te ra c tio n  [4], w hose ex is ten ce  affects 
th e  K i  — К 2 m ix in g  su itab ly , w h ich  leads also  to  an  a p p a re n t C P v io la tio n

* W ork supported in part by the U . S. Atom ic E nergy  Commission.
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in  К °  —*■ 2 л  d ecay . T h e  С v io la tio n  o f th e  g ra v ita tio n a l in te ra c tio n  m a y  p ro 
d u ce  a s im ila r effect. H ow ever, i t  has b een  found  to  le ad  to  ex p e rim e n ta lly  in 
c o rre c t re su lts .

(v) T h e  CP is m ax im a lly  v io la te d , a lth o u g h  e x p e rim en ta lly  i ts  o b se rv 
ab le  effects are som ehow  v e ry  sm all. T h is  m ay  be ach iev ed  w ith o u t in tro d u c 
in g  in te rm e d ia te  v e c to r  m eson (h e rea fte r  IE-m eson) as in  N i s h i j i m a ’s th e o ry [5 ] 
o r  w ith  th e  IP -m eson  as in  th is  p a p e r  [6] or w ith  o th e r  m esons [7].

E a c h  m odel h as  its  m erits  an d  d efec ts , b u t  we sh a ll n o t go in to  d e ta iled  
co m p ariso n s o f th e se  m odels. H ere, I  s im p ly  s ta te  th e  m o tiv a tio n  fo r  in tro 
d u c in g  m y  m odel. F ir s t ,  we no tice  a re m a rk a b le  p ro p e r ty  of th e  У — A  th e o ry . 
I t  v io la te s  a u to m a tic a lly  P  an d  C co n se rv a tio n s o f th e  th e o ry  in  a v e ry  defin ite  
specific  w ay . H ow ever, i t  is rea lly  n o t P  o r C p er se w h ich  is m ax im ally  v io la ted  
in  th e  th e o ry . N ow , w e know  th a t  th e  w eak  in te ra c tio n  is in tim a te ly  re la te d  
to  th e  a lg eb ra  o f c u rre n ts  an d  to  th e  ch ira l W 3 g ro u p , W 3 =  SÜ3+  ̂ g) S Ujj- '\  
T h e  n a tu re  v io la te s  th e  W 3 sy m m e try  b y  choosing  on ly  th e  co m b in a tio n  
(1 -)- y 5) co rresp o n d in g  to  SIJ3 g ro u p , r a th e r  th a n  o th e r co m b in a tio n s 
(1 — y5). H ence , one m ay  say  th a t  i t  is th e  ch ira l W 3 sy m m etry  w h ich  is 
m a x im a lly  v io la te d  in  th e  w eak  in te ra c tio n . Since C an d  P  g e n e ra te  only 
d isc re te  tra n s fo rm a tio n s , i t  seem s n a tu ra l  to  ex p ec t a sim ilar m a x im a l v io la
t io n  o f th e  p ro d u c t C P if  i t  is v io la te d  a t  all. T h en  th e  question  is w h y  th e  
e x p e rim e n ta lly  o b serv ed  CP v io la tio n  is so sm all. A t f irs t g lance, th is  is 
in su rm o u n ta b le , b u t  in  re a li ty  i t  is a v e ry  sim ple m a tte r  to  ex p la in  th is  fac t 
in  ou r m odel as we sh a ll see sh o rtly . I n  th is  co n n ec tio n , i t  m ay  b e  observed  
t h a t  th eo rie s  b a sed  u p o n  a d is to rtio n  o f  C abibbo ang le  do n o t seem  [2] to  
p rese rv e  th e  V —A s tru c tu re . O n th e  o th e r  h an d , i t  is possible to  p re se rv e  th e  
V — A s tru c tu re  in  th e  th e o ry  of th e  ca teg o ry  (i) b u t  th e  sm allness of th e  
C P v io la tio n  m a y  b e  a b i t  m y ste rio u s.

A t an y  r a te , we shall p re se n t a  ro u g h  idea  o f o u r schem e. W e assum e 
th e  ex is ten ce  o f th e  in te rm e d ia te  v e c to r  m eson, a n d  schem atica lly  w e w rite

H w =  igW  ̂• ( J M +  /a) +  h. c. (1)

w here  JVM, J /t an d  lp a re  TE-field, h ad ro n ic  c u rre n t an d  lep ton ic  c u r re n t , re 
sp ec tiv e ly  an d  w here  g  is th e  sem i-w eak  coupling  c o n s ta n t. T he fa c to r  i in 
th e  f ro n t  o f g  is ad d e d  so th a t  H w h a v e  CP =  — 1, i.e . th e  m ax im al C P  v io la
tio n . H ow ever, to  g ive a d e fin ite  m ean in g  to  th e  C P tra n s fo rm a tio n  p ro p e rty  
fo r  th e  IP -m eson , w e h av e  to  assum e an  ex is ten ce  o f s trong  tr i- l in e a r  self
coup ling  am ong  IF-field . T his a u to m a tic a lly  im plies an  ex istence o f  a t  least 
th re e  d iffe ren t IF -fields W  an d  W °,  so th a t  th e  fo rm  E q . (1) is r a th e r  short- 
h a n d e d  w ay  o f w ritin g  a m ore co m p lica ted  H a m ilto n ia n . N ow , if  one can 
show  t h a t  th e  f i r s t  o rd e r effect in  g does n o t give a n y  observable  re s u lt ,  th en  
a ll p h y sica lly  in te re s tin g  effects sh o u ld  com e fro m  th e  second o rd e r  g2 and
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th e  th ird  o rd er g3. Since b y  a ssu m p tio n  H w h a s  CP =  —1, th e  g2 and  g3 te rm s  
m u s t h av e  CP =  + 1  and  C P =  —1, re sp ec tiv e ly . H ence, i f  g  is of th e  o rd e r  
10~3 in  som e u n it ,  one can  ex p la in  b o th  C P -conserv ing  a n d  v io la tin g  w eak  
in te ra c tio n s  in  a un ified  w ay. In  m y  m odel, th e  fo rb iddenness o f  th e  f irs t o rd e r  
effect is sim ply  o b ta in ab le  b y  th e  co n se rv a tio n  of th e  charge  a n d  h y p erch arg e . 
W e re m a rk  th a t  such  an  id ea  h as  been a lre a d y  proposed b y  N i s h i j i m a  [5 ].  
H ow ever, his th e o ry  deals exclusively  w ith  non-lep ton ic  p a r t  in  c o n tra s t to  
th e  p re se n t m odel.

As we m en tio n ed  ea rlie r, we need a t  least th ree  d iffe re n t JP-fields. 
H ence , th e  sim p lest choice is to  assum e a t r ip le t  of IP -m esons. H ow ever, i t  
so tu rn e d  o u t t h a t  th e re  ap p e a rs  to  be no sim p le  w ay to  m a k e  a co n sis ten t 
th e o ry , unless w e double its  n u m b e r to  s ix  in s te a d  of th re e  IP-fields. E v e n  
in  t h a t  case, th e  re su ltin g  th e o ry  is a h it a w k w a rd  and h e re  w e shall assum e 
t h a t  th e  IP-m eson is a m em b er o f an o c te t  o r  nonet.

§ 2 . A  m odel o f m ax im ally  C P -v io la ting  H a m ilto n ia n

O ur fu n d a m e n ta l a ssu m p tio n s  are as follow s:
(i) W eak  in te rm e d ia te  v e c to r  m esons e x is t and th e y  a re  m em bers o f  

a u n ita ry  n o n e t or o c te t of Y a n g —Mills ty p e . A lso , th e  w eak in te ra c tio n  H a m il
to n ia n  H w has C P =  — 1. F u r th e r  H w co n sis ts  of a sum  o f u n ita ry  o c te ts  
alone, assign ing  lep to n s to  u n i ta ry  sing lets.

(ii) L ep ton ic  p a r t  of I I  w h a s  [/-sp in  1/2.
(iii) N o n -lep ton ic  p a r t  o f H w m ust h a v e  [/-sp in  one.
(iv) JP-m esons w ith  Q =  Y  =  0 shou ld  n o t  be c o n ta in e d  in  th e  w eak  

in te ra c tio n  H w b u t  th e y  m ay  h a v e  s trong  a n d  e lec tro m ag n etic  in te ra c tio n s  
w ith  o th e r  h ad ro n s  [8].

(v) \ —A th e o ry  w ith  th e  o rd in a ry  C ab ib b o  angle.
B efore going in to  de ta ils , we rem ark  t h a t  because o f  o u r a ssu m p tio n  

(ii), on ly  charged  le p to n  c u rre n ts  e n te r  in th e  w eak  in te rac tio n , th u s  exclud ing  
th e  p resence of n e u tra l  lep to n  cu rren ts  in  ag reem en t w ith  th e  ex p erim en t. 
T his is due  to  th e  fa c t th a t  all p a rtic le s  w ith  U  — 1/2 m u st be  a u to m a tic a lly  
e lec trica lly  ch a rg ed . I t  m ay  also  be  w o rth w h ile  to  m ention  th e  fa c t th a t  o u r  
m o tiv a tio n  for a ssum ing  (ii) a n d  (iii) is due to  a considera tion  t h a t  th e  e lec tro 
m ag n e tic  in te ra c tio n  has zero [/-sp in  if  we a ssig n  the  sam e fo r th e  e lec tro 
m ag n e tic  field .

N ow , th e  f irs t  p a r t  of o u r assu m p tio n  (i) im plies the  ex is ten ce  of a n o n e t 
of se lf-con jugate  (h e rm itian ) IP -m eson  field (*)(* =  0 ,1 , . . .  8). The he r-
m itic ity  cond itio n  gives

Щ х) (*) =  w p  (* ), (2)
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w here  th e  a d jo in t  Е Д х) of a v ec to r V ^ x )  is defined  as u s u a l by

F u (x) =  e,j V,J (x), (no  su m m atio n  o v e r ц) (3)

w ith  =  1 (/л ¥= 4) an d  e4 =  —1. I t  is a  b i t  m ore co n v en ien t to  in tro d u c e  
a  te n so r  n o ta t io n  b y

(Ï»gg =  - L - .  y  (K )ba- W P ( x ) ,  (a, b = 1 , 2 , 3 ) .  (4)
\  -  a = 0

C onversely  W ^ \ x )  is g iven  b y

W P ( x ) = - ± = r -  J  ( K U - ( K ) ab ( ^  (« =  0 , 1 , . . . 8). (5)
1 2  a,6=  1

F u r th e r , i t  is co n v en ien t to  reg a rd  ( W ^ ^ x )  as a 3 X 3 m a trix  w ith  re sp e c t 
to  SU3 ind ices “ a ”  an d  “ 6”  by

(6)

N ow , le t u s  in tro d u ce  3 x 3  m a tr ix  F ßv b y

F,v (x) =  % W V (x) -  Э,, IF,, (*) -  - L f ,  №  (x), Wv (*)], (7)
£

w here  th e  coup ling  c o n s ta n t f 0 is su p p o se d  to  be o f  th e  order u n ity . T h en , 
w hen  we m ak e  a local gauge tra n s fo rm a tio n

К  (*) -  К (*) =  s - 1 (*)• W J x )  ■ S(x) + - - S - 1  (x) . -э^ -
fo dxV

F ßv(x) tra n s fo rm s  c o v a r ia n tly  as

F„  (*) ->  F;,, (*; =  S - i  (*) • F ^  (x) ■ S (x ) ,

( 8)

(9)

w here S(x)  is an  a rb itra ry  3 x 3  m a tr ix . A ccord ing ly , th e  Y a n g —Mills L ag ran - 
g ian  is g iven  b y

& o  = ~ ~ - T r  [FI1V (x) Filv(*)] -  i -  T r [WIL (x) m l  (*)]. 
4 Z

( 10)

W e shall p ro v e  in  th e  A p p en d ix  I  t h a t  m l  m u st he a m u ltip le  of a u n i t  m a tr ix  
if  we d e m a n d  9^ IF,,(x) =  0 should  follow  from  th e  L a g ra n g ia n  E q .(10). H ence,
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we sha ll assum e i t  h e re a f te r  in  th is  n o te . T hen, g iven  b y  E q .(1 0 ) is in v a r ia n t 
u n d e r E q . (8) if  S(x) is in d e p e n d e n t of th e  co -o rd in a te  x. T h is in v a rian ce  is 
ach ieved  w ith o u t a n y  co rrespond ing  change o f  o th e r  h ad ro n ic  q u a n titie s . 
T h u s , one can  define tw o  in d e p e n d e n t SU(3) spaces w hich we m a y  call w eak 
an d  h ad ro n ic  SU(3) tra n s fo rm a tio n s . As a m a t te r  o f fac t, th e  w eak  SU(3) 
is th e  SU(3) group o f IF-m eson fie ld  while th e  h ad ro n ic  SU(3) is defined  as 
t h a t  w ith  respect to  th e  o rd in a ry  h ad ro n s . H ence , one can define tw o  charges 
[6] Qw, an d  Qi„ tw o  h y p erch arg es  Y w and  Y h, a n d  tw o  charge  co n ju g a tio n s 
Cw a n d  Ch of w eak  an d  h ad ro n ic  spaces. T he p h y s ica l Q, У  a n d  C are  given 
now  b y

Q =  Q« +  Q„, Y  =  YW +  Y h, C =  Cw -Ch . (11)

N ow  we re m a rk  th a t  th e  L ag ran g ian  E q . (10) co n ta in s a desired  tr i-  
lin ea r coupling am ong  JF-field as is requ ired . S ince f 0 is th e  s tro n g  coupling 
c o n s ta n t, J z ^ m u s t be in v a r ia n t u n d e r  b o th  p a r i ty  (P )  an d  ch arg e  co n ju g a tio n  
(C) o p era tio n s. T he in sp ec tio n  o f  E q . (10) show s th a t  W  m eson  m u st have  
P  =  —1, i.e.

P :  Wß(x) —V — —x ) , (no su m m a tio n  over fi) . (12)

As fo r th e  charge co n ju g a tio n , i t  is a b it m ore co m p lica ted . W e req u ire  th a t  
C m u st reverse  its  e lectric  charge . Also, C m u st be  an  au to m o rp h ism  of th e  
w eak  SU(3) group . T he m ost genera l form  sa tis fy in g  these  co n d itio n s are 
expressed  [9] b y

C : ^ ( x ) ^ - S W T ( x )  S - \  (13)

w here S  is an  a rb itra ry  3 x 3  u n i ta ry  m a trix  w hich  com m utes w ith  th e  charge 
m a tr ix

<2 =  1/2
V'3

an d  w here Wj, im plies th e  tra n sp o se  m a tr ix  o f  W ß. Since th e  p resence of 
th e  a rb itra ry  m a tr ix  S  can  be rem o v ed  by  an  SU (3) ro ta tio n , one m ay  set 
S  =  1. W e call th is  to  be a can o n ica l choice. I n  th e  A p p en d ix  11, we shall 
p ro v e  th a t  w ith o u t loss of g en e ra lity , one can a lw ays se t S  =  1. T h is is due 
to  th e  fa c t th a t  we m a y  use th e  n ew  fie ld  W ^ x )  in s te a d  of W ^(x),  defined  b y

Г Д * )  =  F - У В Д  F ,

if  necessary . C hoosing V  su ita b ly , one can red u ce  E q . (13) in to  th e  cano 
n ica l fo rm  of IЕ Д я), i.e.

С : Г » - > - * ? ( * ) .  (13)'
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H ence , u sing  W ц(х) in s te a d  of W ß(x),  one can se t S  =  1 w ith o u t th e  loss of 
g en e ra lity . F u r th e r , w e n o tice  t h a t  d u e  to  th e  in v a ria n c e  of th e o ry  u n d e r th e  
w eak  SU (3) g roup , w e . have

< W f \x )  - W V \ y ) . W F \ z ) \  =  < W £ \x )  ■ W f \ y )  ■
(14)

A s we shall see sh o rtly , th e se  a re  all th a t  we n eed  to  p ro v e  th e  equ iv a
lence o f  fin a l re su lts  w h en  we rep lace  W^(x)  b y  JCM(x) everyw here. T h is  conclu
sion is also v a lid  in  th e  presence o f th e  e lec tro m ag n etic  in te ra c tio n , p rov ided  
th a t  i t  possesses zero [7-spin. T he rea so n  fo r th is  is d u e  to  th e  fa c t t h a t  th e  m a trix  
S  in  E q . (13) is e ssen tia lly  a 2 X 2 u n ita ry  m a tr ix  co rrespond ing  to  [/-sp in  
su b g ro u p  SU(2) an d  th e  e lec tro m ag n etic  in te ra c tio n  is in v a r ia n t u n d e r  [7-spin 
tra n s fo rm a tio n .

N ow , le t us d efine  lep to n ic  a n d  h ad ro n ic  c u rre n ts  b y

lx(x ) =  i [«<■(*) n ( l  +  n )  e(x ) +  V (*) Ух(1 +Уь) M *)] > ^

(h )b (x ) =  iqa{x ) Г л (1 + Г 5) ib {x ) ,

w here  qa(x), (a =  1, 2, 3) are th e  q u a rk  fie ld  an d  w e h av e  assu m ed  th e  qu ark  
m odel fo r  h ad ro n s fo r  th e  sake  o f th e  illu s tra tio n s .

U n d e r th ese  p re p a ra tio n s , on ly  w eak  H a m ilto n ia n  sa tisfy in g  o u r p o s tu 
la te s  s ta te d  in  th e  b eg in n in g  o f  th is  sec tion  is g iv en  b y

h w =  i g { i ( w i  -  W D t i  +  [ ( W . j ) f -  { W . j ) i  -  ( j . w ) i  +  U - W ) i ]  +  (16)

+  [cos 0 W \  +  s in & W z\ Ï — [cos 0 JF f -f- s i n /},

w here we h av e  o m itte d  fo r s im p lic ity  L o ren tz  ind ices  an d  £ is a re a l n u m b er 
o f th e  o rd e r u n ity . T o  see th e  fa c t  t h a t  E q . (16) h a s  CP =  — 1, w e notice 
t h a t  u n d e r  th e  can o n ica l choice, w e h a v e  only  to  observe

C P :  W ^ x )  ~  v J F / ( - * ) ,

j fSx )  ■** — x )-> (no su m m a tio n  over /л) (17)

H o w ev er, we m u s t b e  cau tio n ed  fo r th e  C P -p ro p e rty  o f th e  le p to n ic  c u rren t 
1И since i t  is n o t u n am b ig u o u sly  d e fin ed . To see i t ,  one m ay  fo r in s ta n c e  change 
th e  n e u tr in o  fie ld  v in to  i ■ v w ith o u t chang ing  a n y  ph y sica l consequences, 
b u t  th e  CP p a r i ty  o f  l^ changes th e  sign  also, im p ly in g  th a t  i t  is rea lly  n o t 
m ean in g fu l to  assign  th e  de fin ite  C P -p a rity  fo r th e  lep to n  c u rre n t. T his is of 
course  due  to  th e  f a c t  t h a t  th e  le p to n s  do n o t h a v e  th e  s tro n g  in te ra c tio n .
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H ow ever, ag a in  we assign th e  CP p a r i ty  o f  th e  lep to n  c u r re n t  as is g iven  b y  
E q . (17) an d  we m ay  ca ll i t  to  be a can o n ica l choice. A s we see easily , w h a t  
is im p o r ta n t fo r  reac tio n s  invo lv in g  lep to n s  is n o t its  a b so lu te  CP p a r i ty  w h ich  
is n o t well defined , b u t  its  re la tiv e  CP p a r i ty  be tw een  g2 a n d  g3 te rm s, w h ich  
is in d e p e n d e n t o f how  we assign th e  CP p a r i ty  for /,,.

N ow , we can  easily  see t h a t  th e  f i r s t  o rd e r effect in  g  w ith o u t a n y  re a l 
IF -m eson em ission  or a b so rp tio n  is zero d u e  to  th e  c o n se rv a tio n  of Qw a n d  
Y w q u a n tu m  n u m b ers  o f fP-m esons. This can  be easily  seen  since fo r in s ta n c e

<И ЭД >о =  0 ,

because of th e  c o n se rv a tio n  of th e  h y p e rc h a rg e  Y w. T his a sse rtio n  holds v a lid  
in  all o rder o f b o th  e lec tro m ag n etic  an d  s tro n g  in te ra c tio n s . As a co ro lla ry  o f 
th is  th eo rem , w e fin d  t h a t  th e  electric  d ipo le  m om en t o f th e  n e u tro n  m u s t be 
a b se n t in  th e  o rd e r g ■ en (n  =  a rb itra ry  in teg e r) and  i t  m u s t com e a t  le a s t 
in  th e  o rd er g 3 • e. S im ilarly , th e  o rd in a ry  w eak  in te ra c tio n  should  a p p e a r  
in  th e  o rd er g2 or h igher. F o r  th e  o rd e r g2, o u r  H a m ilto n ia n  E q . (16) gives th e  
u su a l C P -conserv ing  lep to n ic , sem i-lep ton ic  an d  n o n -lep to n ic  w eak in te ra c 
tio n  w hich is p u re ly  a h ad ro n ic  o c te t, p ro v id e d  th a t  th e  w eak  SU(3) is e x a c t. 
W e m ay  re m a rk  th a t  if  th e  w eak SU(3) is n o t  ex ac t a n d  i f  th e re  is a m ass 
d ifference am ong  IP-m esons, th is  w ill b r in g  a tin y  A I  =  3/2 c o n tr ib u tio n .

A m ore in te re s tin g  te rm  is t h a t  of th e  o rd er g3 since i t  co rresponds to  
C P =  —1. N o te  th a t  we have

<W f\x).W W (y).W iv\z)>0=/=0

in  ou r th eo ry , because o f th e  ex istence  o f th e  tii- lin e a r  self-coupling  am ong  
IF-m esons. I t  is in te re s tin g  to  n o te  th a t  w e h av e  now  [10] K i  —>- g,Ji (or ее) 
or К ® -* n 0[xji (or, n 0ee) in  th e  o rd e r g 3 in  o u r  schem e. W e can  estim a te  th e  
ro u g h  order o f m ag n itu d es  fo r th e se  p rocesses. A ty p ica l F e y n m a n  d iag ram  
fo r Ko — 2 л  a n d  —*■ fxgi is illu s tra te d  in  F ig s . 1 an d  2.

B o th  reac tio n s are p ro p o rtio n a l to  g 3 ■ f 0. These d iag ram s have  b een  
co m p u ted  b y  M o h a p a t r a  [11.] B y  choosing  th e  cu t-o ff v a lu e  Л to  be /1 ^  
~  M w ^  4 BeV we can  rep roduce
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г (К%-> 2л)  ^  10- 6 Г(К % -*-рр)  _  ^10_ 6 ^  10- 8) ( Í8 )
Г{К Ч ~> 2л) Г { К 1 - +  2л)

A ppendix I

Н еге le t  us consider a L ag ran g ian

&  о = ---- 7 -  Tr(F ,v FßV) -  J L  T r(Wtí m l W J  -  Щ  J ß -W J  , (A. 1
4 2

fu„ =  —  if„ — —  wß +  a [w, wv] , (a . 2)

w here  w e ad d e d  an  e x te rn a l c u rre n t J ß to  th e  L a g ra n g ia n  E q . (10) fo r  th e  
sake o f  g en e ra lity . W ith o u t loss o f g e n e ra lity , th e  m ass m a trix  гщ, c a n  be 
ta k e n  to  h e  sy m m etric , i.e .

(m l)T =  m l .  { A. 3)

N ow , th e  eq u a tio n  of th e  m o tion  on th e  basis of E q . (A .l)  is given b y

-L -  +  a  [1K, F J  +  -L  {ml Wß}+ + F M =  0
Эл:,, 2

(A . 4)

T ak in g  th e  d e riv a tiv e  0/( o f  b o th  sides o f th is  e q u a tio n  an d  n o tin g

Эц 3и F ßV(x)  =  0 *
one finds

—  +  Ü  [Wß, F M] +  2 -  { 9 ^ ,  m*}+ +  Qß F ß =  0 ,  ( A  '' Э>
•-i £

w here  we used  E q . (A .4) to g e th e r  w ith  a Ja c o b i id e n ti ty . F irs t, le t us consider 
th e  case J ß =  0. T h en , i f  we d em an d  8/ilF |1 =  0, th e n  E q . (A .5) le ad s  us to  
[ W ,  • Wj„ mo] =  0 w h ich  in  tu rn  re q u ire s  th a t  mö m u s t  be p ro p o rtio n a l to
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th e  u n it  m a trix . C onversely , i f  viq is p ro p o rtio n a l to  th e  u n i t  m a tr ix  an d  if 
i t  is n o t id en tica lly  zero , th e n  E q . (A .5) gives us =  0 , p ro v id ed  Jf, =  0.

I f  we h av e  a non-zero e x te rn a l c u r re n t an d  if  i t  is g en e ra ted  b y  th e  
Y a n g —Mills gauge fie ld , th e n  i t  shou ld  sa tis fy

— -  F J x )  +  i* [ B > ) ,  Í » ]  =  0 . (A. 6)
Эл>

T h u s, th e  sam e a rg u m e n t for th e  equ iva lence  o f  QJW^ =  0 w ith  p ro p o rtio n a 
l i ty  o f mo to  a u n it  m a tr ix  is s till v a lid . T h en , E q . (A .6) ca n  b e  re w ritte n  also 
as a  conserva tion  law

■ { F À * )  +  а  [ Щ х ) ,  З Д ] }  =  0 . (A .7)
a*,,

A ppendix II

F ir s t  o f all, th e  charge c o n ju g a tio n  E q . (13) im plies an  ex istence  of th e  
seco n d -q u an tized  u n ita r i ty  o p e ra to r  Uc sa tis fy in g

Uc W Jx)  U ?  =  -  S W l ( x )  S - 1. (A. 8

Since Uc has no SU (3) m a trix  ind ices, E q . (A .8) also im p lies

Uc W l( x )  U ' 1 =  -  ( S - i ) r  W J x )  S T (A. 9)

b y  ta k in g  its  tra n sp o se . Now, i f  w e ap p ly  th e  charge  c o n ju g a tio n  o p era tio n  
tw ice  on th e  v ec to r  m eson fie ld , w e should  o b ta in  th e  sam e v a lu e , i.e.

U c- U c .W J x )  U J -  U J  =  W ^ x ) .

U sing  E q s . (A .8) a n d  (A .9), th is  gives us

S - ( S - Y ^ W - S r -S-i =  IFu(*).

T h erefo re , we m u st h av e

S T =  A- S ,

w here  X is a n u m b e r. T ak in g  th e  tran sp o se  o f th is  eq u a tio n , w e fin d  A2 =  1,
i.e . A =  ^ 1 .  H ow ever, A =  — 1 is n o t  accep tab le . T he reason  is th e  follow ing. 
S ince S  m u st co m m u te  w ith  th e  charge o p e ra to r
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1
Q = к  +

КЗ

i t  m u s t h a v e  th e  s tru c tu re

S  =
1 0 
0 T

w h ere  T  is a u n ita ry  2 x 2  m a tr ix . H en ce , S 7 =  — S  is im possib le. T h u s , we 
conclude

S T =  S,

im p ly in g  t h a t  th e  2 x 2  su b -m a tr ix  T  is also sy m m etric . B u t  a u n ita ry  sy m m e t
ric  m a tr ix  S  can  be  exp ressed  as

S  =  V  ■ V T (A .10)

fo r som e n o n -s in g u la r m a tr ix  V.
T h is  is because  su ch  a m a tr ix  S  c an  be d iag o n a lized  b y  a re a l ro ta tio n  

m a tr ix  R  as

S  =  R  ■ S D ■ R ~ \  R T ■ R  =  1, 

w here S q is d iagona l. So b y  se tt in g

V  =  R  ■ Si)2 • B - 1

we o b ta in  S  =  V  • V T. H ence  d e fin in g  W :J(x) by

K ( x ) = V - i - W ll( x ) - V  (A. 11)

one fin d s

U c • W ^ x )  U ç 1 =  -  Щ ( х ) , (A. 12)

so t h a t  S  =  1 in  E q . (13) is ach iev ed  in  th is  w ay . S ince th e  t r a n s i t io n  from  
W ß(x) to  W^(x)  is a SU (3) tra n s fo rm a tio n , i t  m u st b e  co nnec ted  b y  a second- 
q u a n tiz e d  u n ita ry  tra n s fo rm a tio n . T h is fa c t is su ff ic ien t to  p ro v e  E q . (14) 
in  th e  te x t .
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М ОДЕЛЬ МАКСИМАЛЬНОГО CP Н А РУ Ш Е Н И Я

С . О К У Б О

Р е з ю м е

Разрабатывается модель слабых взаимодействий, обнаруж иваю щ ая максимальное 
СР наруш ение. Модель содерж ит один октет (или нонет) промежуточны х векторных 
мезонных полей с сильной трехлинейной самосвязыо. Члены первого порядка запрещены, 
в то время как члены второго порядка даю т эффекты CP =  1, а члены третьего порядка 
— СР =  — 1. Малость эффектов СР наруш ения так легко объяснена.

Acta Physica Academiae Scientiarum Hungaricae 26, 1969





Acta Physica Academiae Scientiarum Hungaricae, Tomus 26 (1—2), pp. 217—221 (1969)

FIELD OPERATOR FOR AN INTERACTING UNSTARLE 
ELEMENTARY SYSTEM

B y

J .  L u k i e r s k i

IN STITU TE OF TH EO R ET IC A L PH Y S IC S , U N IV ERSITY  OF W R O C LA W , POLAND

The field  operator (fJ ; a (x  ; s), describ ing an interacting unstable elem entary system  
is introduced. A sym ptotic fields are represented b y  free fields w ith  continuous additional 
param eters. Consistency w ith  the H aag-R uelle  theory of asym p totic  states is achieved.

U su ally  one assum es th a t  ev e ry  in te rm e d ia te  s ta te  occurring  in  th e  colli
sions o f e lem en ta ry  p a rtic le s  can  be d esc rib ed  in  te rm s  o f free s tab le  p a rtic le s , 
w ith  d e fin ite  spins an d  m asses. In  re c e n t  years  i t  h as  b een  show n, how ever, 
th a t  one gets re m a rk a b ly  good f i ts  to  ex p e rim en ta l d a ta  if  one in tro d u c e s  
th e  exchange o f unstable  o b jec ts , like  resonances or R eggeons. I t  is in te re s tin g , 
th e re fo re , to  m odify  th e  c o n v en tio n a l fo rm alism  o f q u a n tu m  fie ld  th e o ry  in  
such a w ay  th a t  th e  u n s ta b le  o b jec ts  becom e p r im a ry  ones, an d  can  be  defined  
b y  m eans of one-p artic le  s ta te s .

In  th is  lec tu re  we w ish to  o u tlin e  th e  q u a n tu m  fie ld  th e o ry  o f in te r a c t
ing  resonances. W e assum e fo r s im p lic ity  th a t  th e  reso n an ces are ch a ra c te riz e d  
b y  a sh a rp  v alue  of sp in , in d e p e n d e n t fro m  in te ra c tio n . T h is re s tr ic tio n  shou ld  
be rem o v ed  if  we pass to  th e  d e sc r ip tio n  of R eggeons, a case w hich  w e shall 
discuss in  d e ta il in  a n o th e r  p u b lic a tio n .

R esonances as one-p artic le  s ta te s  h av e  been  d iscussed  a lre a d y  in  th e  
fram e o f F e y n m a n n  d iag ram s m e th o d  [1], b y  m eans o f a g ro u p -th eo re tica l 
ap p ro ach  [2], an d  using  th e  tec h n iq u e s  o f in fin ite -co m p o n en t w ave e q u a tio n s
[3]. A ll th e se  consid era tio n s are , h o w ev er, in su ffic ien t fo r  o u r p u rp o se  because  
th e  follow ing tw o  basic  p rob lem s, concern ing  u n s ta b le  system s, rem a in ed  
unsolved* :

a )  T h e  re la tio n  be tw een  th e  S -m atrix * *  an d  fie ld -th eo re tic  d e fin itio n  
o f th e  e la stic  resonance .

b)  T h e  p rob lem  o f a sy m p to tic  lim its  for th e  f ie ld  o p e ra to r  d escrib in g  
in te ra c tin g  resonance , an d  th e  co n sis ten cy  w ith  H a a g — R uelle th e o ry  of 
a sy m p to tic  s ta te s .

* The difficulties in  solving problems a)  and b)  are caused b y  the instab ility  property, 
and this explains w hy it is often assum ed th a t  the resonances are approxim ated b y  stable  
particles.

** W e define the resonance by the property  th at the scattering phase passes through  
ji/2. The defin ition  by m eans of the com plex pole on the unphysical sheet seem s to  be less 
suitable (see G. C a l l u c c i , L. F o n d a  and G. C. G h i r a r d i , Phys. R ev ., 166, 1719, 1968.
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W e in te n d  to  give th e  an sw er to  th ese  tw o  q u estio n s in  th is  lec tu re .
L e t us d iscuss b rie fly  th e  n o tio n  of re so n a n t sc a tte rin g . I f  th e  sca tte rin g  

deve lops a re so n an ce  th is  is a n  effect describ in g  p a r tic u la r  co rre la tio n  of 
in g o ing  an d  o u tg o in g  w ave p a c k e ts . T he reso n an ce , c o n tra ry  to  th e  case of 
a p p e a ra n ce  o f  a b o u n d  s ta te , is n o t  observed  a sy m p to tic a lly  as a n e w  ob ject,*  
b u t  re p re se n ts  a n a m e  for a p a r t ic u la r  ty p e  o f  sc a tte r in g  p rocess. T he field  
o p e ra to r  d esc rib in g  resonance  sh o u ld  th e re fo re  describe  b y  m ean s  o f its  one- 
p a r tic le  w ave fu n c tio n  th e  sp ace -tim e  d ev e lo p m en t of th e  re so n a n t sca tte rin g . 
T h e  m ain  id ea  is to relate a single f ie ld  operator w ith the resonant scattering 
channel.

T he in te ra c tin g  m u lti-p a r tic le  s ta te s , d e fin in g  sc a tte r in g  channel, are 
k in e m a tic a lly  c h a ra c te riz e d  b y  to ta l  m ass s, to ta l  a n g u la r  m o m en tu m  J , 
a n d  b y  som e a d d itio n a l q u a n tu m  n u m b ers  oc w h ich  are  called  th e  degeneracy  
p a ra m e te rs  [4]**. W e shall co n sid e r here  on ly  elementary  ch an n e ls , defined  
b y  m eans o f m u ltip a r tic le  s ta te s  fu lly  c h a ra c te riz e d  b y  th e ir  to ta l  four- 
m o m e n tu m  an d  th e  an g u la r m o m e n tu m  p a ra m e te rs  J  an d  a.***  Such m u lti- 
p a r tic le  s ta te s  re p re se n t an  u n s ta b le  e le m e n ta ry  sy stem  [4] because  one 
c a n n o t m easu re  th e  observab les ch a rac te riz in g  its  sep a ra te  co m p o n en ts  w ith 
o u t d e s tro y in g  th e  system . W e a t t r ib u te  to  ev e ry  such e le m e n ta ry  system  
a  fie ld  o p e ra to r . I t  shou ld  be s tre ssed  th a t  th e  n o tio n  of an  u n s ta b le  e lem en
ta r y  sy stem  is m u c h  w ider th a n  th e  no tion  o f a resonance , an d  also describes 
n o n re so n a n t w ay s o f  sc a tte rin g .

O ur m a in  fo rm a l a ssu m p tio n s  are  th e  fo llow ing:
1. T he in te ra c tin g  e le m e n ta ry  sy stem , ch a ra c te riz e d  k in e m a tic a lly  b y

th e  choice of th e  m ass sp e c tru m  C  R + ),  sp in  J  a n d  th e  degeneracy
p a ra m e te rs  sc, is described  b y  th e  fie ld  o p e ra to r  <pj.a(x\ s) ( j  =  J , J  — 1, . . . —J ) .

2. W e assu m e  L oren tz  in v a ria n c e  an d  th e  lo ca lity  co n d itio n

\cpj.J,x\s), cpj.'Xx'-,s')\ =  0 x , x ’ space -lik e ,
s, s ' a r b i t r a r y .

3 . T h e  in te ra c tio n  b e tw een  th e  m u lti-p a r tic le  s ta te s  goes on ly  through  
short range forces acting between the elementary systems  describ ed  b y  th e  field 
o p e ra to rs  cpj.fx; s) an d  i t  is possib le  to  in tro d u c e  th e  free asymptotic f ie ld s  
c fy^x; s) a n d  cpf?f(x; s), sa tis fy in g  th e  follow ing c o m m u ta tio n  re la tio n s

iô*v’ àjj-  P j p  { д ^ Л ( х  — x'; s) óys— s ' ) , ( 1 )

* The bound state  is obtained as a lim iting case, w hen the correlation between ingo
ing and outgoing sta tes becom es so singular that we are forced to enlarge the space of asym ptotic  
sta tes, unless the u n itar ity  condition is violated.

** One can say  th at the degeneracy parameters determ ine internal spins of the channel 
function.

*** In an JV-particle elem entary channel a denotes fixed  set o f eigenvalues o f 3 N — 6 
com m uting angular m om entum  operators, forming together w ith the to ta l four-m om entum  
operator, tota l angular m om entum  and its third com ponent the com plete se t of com m uting  
observables, fu lly  characterizing the iV-particle states.
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w here  Pjj\Qf)  re p re se n ts  th e  p ro je c tio n  o p e ra to r  defin ing  c o m m u ta to r  fu n o - 
t io n  fo r th e  sp in  J  fie ld  [5].

T he fie lds (1) a n d  th e  a sy m p to tic  co n d itio n  for th e  s im p le s t case w h en  
th e  ind ices j  an d  « are  n o t p re s e n t (S -w av e  tw o -p artic le  su b sy stem ) h a v e  
been  in tro d u c e d  b y  L ic h t  [6]. I t  can  he sh o w n  [7] th a t  in tro d u c in g  su itab ly  
m odified  W ig h tm a n  axiom s fo r th e  field  <pj.a(x;s)  one can  p ro v e  rigo rously  
th e  a sy m p to tic  cond itio n , lead in g  to  a sy m p to tic  fields (1), follow ing th e  
lines of H e p p ’s p ro o f o f LSZ fo rm u la tio n  in  th e  fram e of W ig h tm a n  fo rm alism  
(see [8]).

К олу we in tro d u c e  th e  n o tio n  o f a free elementary unstable system. S uch  
system s are defined  b y  m eans of free  fie ld  o p e ra to rs  ç>).a(x;s), h a v in g  c-num ber 
co m m u ta to rs :

[$ ;« (* ; s), 9 s ' )] =  i § d x 2 QÍJJ(s, s' ; x 2) ■ Pjj.> (Эf ) A ( x  — x'-, v2) . ( 2)

I t  is easy  to  see th a t  every decoupled elementary channel, and  particularly a 
channel developing elastic resonance, can be described by such a free  f ie ld  with  
a parameter.  B ecause  i t  follows fro m  (2) t h a t  all t ru n c a te d  V E V  of o rd e r 
h ig h er th a n  tw o  v a n ish ; th e  fie ld  cpj.a(x; s) c a n  lead  only to  th e  sc a tte r in g  of 
o n e-p artic le  s ta te s . I t  shou ld  be s tre ssed  th a t  th e  presence o f  th e  con tin u o u s 
p a ra m e te r  s is responsib le  for th e  f a c t  th a t  th e  sc a tte rin g  of o n e -p a rtic le  s ta te s  
is possib le. W e define th e  a sy m p to tic  o n e -p a rtic le  s ta te s  as follow s

p ,  s;j;  a > in
out

a0“* (p ,s ) ; 0 > , (3)

w here th e  c rea tio n  o p era to rs , occu rrin g  in th e  d e fin itio n  (3), a re  o b ta in e d  from  
th e  a sy m p to tic  fields (1) b y  m eans o f  th e  co n v en tio n a l fo rm u lae  fo r sp in  J  
fields [5], an d  sa tis fy  th e  follow ing c o m m u ta tio n  re la tions:

I in in iK>Ut G?'> S') «},% (? V) J =  ô j f  Ô ( P  -  p ')  à ( s  -  s ') . (4)

L o ren tz  in v a rian ce  an d  th e  u n ita r i ty  co n d itio n  im p ly  th a t

p ,  s; j ;  ct > out =  e2",-'^(s) p ,  s; j ; я >  in, (5)

rvhere th e  fu n c t io n  Tjj.a(s) decribes th e  phase sh if t  in  th e  decoupled  ch an n e l 
(J ,  a ). W e see, th e re fo re  t h a t  th e re  is one-to -one  correspondence  b e tw een  th e  
elastic  sc a tte r in g  an d  th e  sca tte rin g  o f  o n e -p a rtic le  s ta te s  in  o u r fo rm alism . 
A n ex am p le  of such  fo rm u la tio n  h as  been  p ro v id e d  by  T h i r r i n g  [9] in  his 
L ag ran g ean  ap p ro ach  to  th e  Za c h a r i a s e n  m odel [10].

N ow  we are  p re p a re d  to  solve o u r  p rob lem s. The f irs t an sw er (see a) 
follows from  th e  re la tio n  (5). E v e ry  fie ld  o p e ra to r  <p°-;a( x ; s) h av in g  such
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a sy m p to tic  lim its  t h a t  th e  re la tio n  (5) rem ain s va lid  is a good c a n d id a te  for 
th e  sp ace-tim e  d esc rip tio n  of an  elastic  resonance  p re se n t in  th e  p h ase  sh ift 
r/y.a(s). T he consis ten cy  w ith  H a a g —R uelle  th e o ry  of a sy m p to tic  s ta te s  (see b)) 
follow s d ire c tly  from  th e  p h ysica l in te rp re ta t io n  of th e  a sy m p to tic  fie ld s  (1). 
T h e  a sy m p to tic  s ta te s

i P i  ■ ■ ■ P n ^ x ■ ■ ■ V J i ■ J n i  a l
in

. out>  in =  / / a out (pi ,Si)  |0 >  (6)
o u t  IS.CLt1=1 Jï,*i

re p re se n t o n ly  a n o th e r  w ay  o f d esc rip tio n  o f co n v en tio n a l a sy m p to tic  s ta te s* . 
P a r t ic u la r ly  if  n =  1 (see (3)) we o b ta in  in  th e  considered  e lem en tary  ch an n e l 
(J , a) a d esc rip tio n  o f ingo ing  an d  o u tg o in g  m u lti-p a rtic le  s ta te s  w ith  a g iven 
v a lu e  o f to ta l  fo u r-m o m en ta  (p ,  p n =  |/p 2 +  s) and  a g iven  p o la riza tio n  in d e x  j .  
T h e  physica l  in- an d  ou tg o in g  w ave p a c k e ts  are  o b ta in e d  b y  sm earin g -o u t 
w ith  som e sm o o th  fu n c tio n  f ( s ) ,  w ith  su p p  f (s )  Cl Z .  S uch  asy m p to tic  w ave 
p a c k e ts  can  be  described  b y  m eans of genera lized  free fie ld s  [11]. T he in tu it io n  
t h a t  th e  p ro p a g a to rs  w ith  co n tin u o u s m ass sp ec tru m , s u b s titu te d  in  F e y n m a n n  
g rap h s , describe in  re la tiv is tic  q u a n tu m  fie ld  th e o ry  th e  exchange o f u n s ta b le  
o b jec ts  is a lread y  an  old one [12]. In  th e  fo rm alism , p re sen ted  here , su ch  a 
conclusion  follows n a tu ra lly .

T h e  ex istence  of o u r a lte rn a tiv e  d esc rip tio n  o f an  in te ra c tin g  system  
a n d  its  a sy m p to tic  s ta te s  is caused  b y  a p a r tic u la r  ty p e  of d ynam ics, w hich 
allow ed th e  in tro d u c tio n  o f th e  a sy m p to tic  fields (1) fo r th e  field  o p e ra to rs  
(pj.Jx, s). I f  th e  in te ra c tio n  is such  th a t  i t  does n o t req u ire  th e  in tro d u c tio n  
o f  s e p a ra te  a sy m p to tic  p a rtic le s , we can  fo rg e t a b o u t th e  stab le  m u lti-p a rtic le  
a sy m p to tic  s ta te s , an d  discuss on ly  th e  sc a tte rin g  o f  th e  free e le m e n ta ry  u n 
s ta b le  o b jec ts , described  b y  th e  a sy m p to tic  fields w ith  con tinuous m ass p a ra 
m ete r. T h e  sc a tte r in g  m a tr ix  o p e ra to r  can  be defin ed  as follows:

<Pj?*(x i s) =  S  _1 s) S  . (7)

F u r th e r  d e ta ils  a re  s im ila r to  th o se  in  th e  LSZ s c a tte r in g  th eo ry .
T h e  s im p lest w ay  o f exp ressing  th e  d ynam ics, co n sis ten t w ith  o u r fo r

m u la tio n , is to  in tro d u c e  local L ag ran g ean s  of th e  fie ld  o p era to rs  q>j.a(x; s). 
I t  is also possib le, how ever, to  fo rm u la te  th e  a p p ro p ria te  d y n am ics , using 
th e  d isp e rs io n -th eo re tica l ap p ro ach , o r, a t  least in  som e cases, b y  in tro d u c in g  
a su ita b ly  t ru n c a te d  se t o f c o n v en tio n a l F e y n m a n n  g raphs.

* See fo r exam ple, L. St r e it , H elv. P h ys. A cta, 39, 65, 1966.
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ОПЕРАТОР ПОЛЯ ДЛЯ ВЗАИМОДЕЙСТВИЯ НЕСТАБИЛЬНОЙ 
ЭЛЕМЕНТАРНОЙ СИСТЕМЫ

Й . Л У К И Р С К И

Р е з ю м е

Вводится оператор поля <ру,ч(х-,$), описывающий взаимодействие нестабильной 
элементарной системы. Ассимптотические поля представляются свободными полями с 
непрерывными аддитивными; параметрами. Достигается совпадение с теорией Хааг— 
Рюель для асимптотических состояний.
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THE HYDRODYNAMICAL MODEL 
OF WAVE MECHANICS Y.

By

M. H u szá r  and M a r ia  Z ie g l e r -N á r a y

C E N T R A L  R E S E A R C H  I N S T I T U T E  O F  P H Y S I C S ,  B U D A P E S T

(Received 1. II. 1968)

The hydrodynamical equations of motion corresponding to the wave equation including 
spin-orbit coupling are formulated for the hydrodynamical variables introduced in P art IV. 
I t  is shown tha t there is a one-to-one correspondence between the hydrodynamical equations 
and the wave equation. A physical interpretation of the forces involved in the equations 
thus obtained is given.

1. In tro d u c tio n

T he c o n s tru c tio n  of th e  h y d ro d y n a m ic a l m odel th a t  also  describes sp in - 
o rb it coupling  w as begun  in P a r t  IY . b y  th e  in tro d u c tio n  o f h y d ro d y n a m ic a l 
v a riab le s . W e succeeded  in show ing  th a t  th e re  ex ists a o n e-to -one  co rresp o n 
dence  betw een  th e se  h y d ro d y n am ica l v a riab le s  and  the  w av e  fu nc tion  if o f  
th e  P au li eq u a tio n  includ ing  sp in -o rb it coup ling .

T he new  v a riab le s  in tro d u c e d  are as follow s:
a) The ch arg e  d en sity  a n d  m ass d e n s ity  of th e  m ed iu m  rep re sen tin g  

th e  p a rtic le  given by

6e =  е в ,  Qm —  m d i  ( 1 )
w here

Q - i p +  .

b) The v e lo c ity  d is tr ib u tio n  of the  m ed iu m  defined as

w here

v(r,t) =  — — ( w ) +v ) ------— A  +
o 2 m i  me

, 1 % , . 2X .
+  •—  ----- ro t  yj+atp)----------

Q 4 m Q

Д =
e h

8 m2c2 '

( 2)

c) The sp in  v ec to r  ch a rac te riz in g  th ç  m ag n e tic  m o m en t d is tr ib u tio n  o f  
th e  m ed ium

s ( r ,  t) =  y>+ ay> (3)
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or th e  u n it  v e c to r  p o in tin g  in  th e  d ire c tio n  o f th e  m a g n e tic  po la riza tion

T (r ,  t) =  —  s .  (4)
в

d) T h e  v ec to r  rep re sen tin g  th e  d e n s ity  of th e  electric p o la riz a tio n , 
g iven  b y

P ( r , t) — Ày)+ — i f is j----- — A X o  — a  X ----- — A
c l c )

(5)

or exp ressed  as

R { r , t )  =  —  P { r , t )  . (6)
Q

T h e sy m bo l y in  expression  (5) deno tes t h a t  th e  o p e ra to r  y  acts in  re v e rse ,
i.e. on th e  p reced in g  xp + .

T he co n d itio n s w hich  h av e  to  be sa tis f ied  b y  th e  new  h y d ro d y n am ica l 
v ariab les  as w ell as b y  th e ir  equ a tio n s o f  m otion  h a v e  been given in  [1] as 
follow s:

1) T h e  w ave fu n c tio n  and th e  h y d ro d y n a m ic a l v ariab les  m u s t be  ca l
cu lab le  fro m  each o th e r u n am b ig u o u sly  a t  an y  tim e . In  th is m a p p in g  th e  
w ave fu n c tio n  an d  th e  re la te d  h y d ro d y n a m ic a l v ariab les  are  called co rre sp o n d 
ing  q u a n titie s .

2) I f  a t  tim e  t =  0 th e  w ave fu n c tio n  (y(0)) a n d  th e  com plete se t o f  th e  
co rrespond ing  h y d ro cy n am ica l v ariab les  (_D(0)) are  co rrespond ing  q u a n ti t ie s , 
th e n  ip(t) a n d  D(t)  ca lcu la ted  from  th e  w a v e  eq u a tio n  a n d  th e  h y d ro d y n a m ic a l 
eq u a tio n s re sp ec tiv e ly , a t  a n y  tim e  t a re  also re q u ire d  to  be co rresp o n d in g  
q u a n titie s .

3) T h e  h y d ro d y n a m ic a l v ariab les m u s t be in v a r ia n t  u n d er sy m m e try  
tra n s fo rm a tio n s  or, r a th e r ,  th e y  h av e  to  tra n sfo rm  like  th e  co rresp o n d in g  
classical q u a n titie s .

4) a) E a c h  te rm  in th e  eq u a tio n s  o f m otion  o f th e  h y d ro d y n a m ic a l 
v ariab les  in te g ra te d  over th e  w hole sp ace  should  be  in te rp re ta b le  in  te rm s  
o f  classical physics.

b) T h e  h y d ro d y n a m ic a l variab les m u s t be e q u a l to  th e  e x p e rim e n ta lly  
o b ta in ed  v a lu es  of th e  q u a n titie s  re p re se n te d  by  th e m .

In  P a r t  IV  it has a lre a d y  been show n  th a t  th e  h y d ro d y n a m ic a l v a riab le s  
(1) — (6) s a tis fy  co n d ition  1), i.e. g , V , s , P  are  ex p ressed  in  a form  show ing  
a one-to -one correspondence  w ith  th e  w av e  fu nc tion  xp.
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2. The equations o f m otion

T he w ave e q u a tio n  inc lu d in g  th e  sp in -o rb it coupling  te rm  was g iven 
in  [1] in  th e  form

Sfj?y) =  ihy>, (7)

w'ith
1

2 m

+  '-a

— i h y -------- A
c

f — i h y ----- — a \ x E  — E x _  i%v  _  _ f_  л )
A  c j C ,

w here

Ц =
e h  

2 me
an d X =

e h

F rom  th is  w ave eq u a tio n  we h av e  to  derive  th e  e q u a tio n s  of m o tio n  
o f th e  h y d ro d y n am ica l v a riab les  given in  (1) — (6). I t  is to  be  n o te d  th a t  since  
in  th a t  case th e  te rm s o f o rd e r of m a g n itu d e  id/c4 are  n eg lec ted  in  th e  H a m il
to n ian , th e  te rm s  co n ta in in g  v4/c4 or th o se  o f  h ig h er o rd er in  v / c  will be n e g 
lec ted  in  th e  follow ing ca lcu la tions.

L e t us s ta r t  w ith  th e  e q u a tio n  o f m o tio n  of h y d ro d y n a m ic a l v a riab le s  
w ith  v ec to r ch a rac te ris tic s . I f  D  rep resen ts  a v ec to r  q u a n ti ty  th a n  as is a p p a 
re n t from  equ a tio n s (2), (3), (4), (5) a n d  (6), i t  alw ays has th e  form

qD  =  rp+ dip +  (dyi)+ y>, (8)

w here d  is a v ec to r o p e ra to r  (e.g. fo r D  =  T  we have d  — 1/2 a). In  o rd er to  
o b ta in  th e  e q u a tio n  of m o tio n  for D ,  th e  q u a n t i ty  dD/dl m u s t  be ca lcu la ted . 
T he p rocedure  can be considerab ly  s im p lified  b y  m aking  use  o f th e  id e n t i ty

d l)

dt
9 ( е Д )

3 t
+  D iv  ( q v  ° D) . (9)

S u b s titu tin g  (8) in to  (9) an d  expressing  th e  tim e  d e riv a tiv e s  o f  th e  w ave fu n c 
tio n  b y  m ak in g  use o f (7), we get

Q d ° -  =  — [y> +  d 3 f  y> — {A F y>)+ d y > ]  - f  
d t  ih

-|--------[(«fyi)+ — ( d W y ) ) +  y>] +  y>+ —  y j -f-
ih  d t

3 d
d t

y> y> -f- D iv  ( q v  ° D ) .
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B y ad d in g  a n d  su b tra c tin g  th e  expression

ip+ 3tfdip  -1— dip)+ ip

one a rriv e s  to  th e  exp ression

p —  =  --y>+ [3T,d]y>
dt h %

i ([3T,d]ip)+y> +

( 10)

-|— —  { ip + 3 F d t p  —  ( 3 E y > ) +  d y >  +  ( d i p ) +  ip  — { 3 ? d i p ) +  ip} .
in

In  th is  a rra n g e m e n t of th e  te rm s  o f th e  r ig h t h an d  s id e  th e  in teg ra l o f  th e  
expression  in  b ra c k e ts  e x te n d e d  over th e  w hole space v a n ish e d  because o f  th e
H e rm itic ity  o f  3 i f .

T he e q u a tio n s  o f m o tio n  will be d e riv ed  for each  o f  th e  h y d ro d y n am ica l 
v ariab les w ith  v ec to r  ch a rac te ris tic s  b y  th e  a id  of eq. (10).

a) The co n t inu ity  equation

T he e q u a tio n  of m o tio n  fo r th e  o n ly  sca la r  q u a n ti ty ,  th e  m ass d e n s ity  gm, 
is a c tu a lly  th e  c o n tin u ity  eq u a tio n  w h ich  h as  th e  fo rm

as was show n  in [1]. T he expression  o f  V  is given in (2). In  analogy  to  th e  
equ a tio n s o f  m o tio n  of th e  v e c to r  q u a n tit ie s , (11) can be expressed  as th e  to ta l  
d e riv a tiv e  o f  th e  m ass d e n s ity  in  th e  fo rm

b ) Equation o f  motion o f  the velocity distribution

M aking  use of (10) a n d  (8) le n g th y  ca lcu la tions le ad  to  th e  eq u a tio n

+  d iv  (gm v )  =  0, 
8 t ( П )

( 12)

9m

+  [(P grad) E  +  P  X ro t E]  — 2 mA

+  D iv (Q s +  С И ) ,
dt
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w here

f t 1 Э2 1 п р  , M . „  и  ,  _  , ^  .
(Û s )ik — ~ 7 —  Q —— ; -----1— — bih s  В -------— (в/ B k +  sk Bj)

an d

4 m  d Xj dxk 2 4

, П . , , h2 l
-1------- [V,- ro tk s  +  vk ro t, s ) --------- — ----- ro t, s  ■ ro t fe s  —

4 16 m  p

— ~ ~  e  • ~ ~  — mk [(s X E)i t7ft+  (S X Ë  )fc r ,]  +
4 m Эл:,-

+  —— — f(s X E)i r o t ft s  +  (s X E ) k ro t , .s] —
4 p

h i
E s

ЭТ, 9 T , h i  „ Э Tr 8 T
H— L +  —  E r S k ----------b S j

9 X / 9 X j  J 2 d X i

CD

(14)

Ü
4

А/ Э

( ö Ak  =  - у  (», B k -  sk В ,)  +  —  (P, E k -  P , E ,) 
4 2

(p^irE k QÔkrEj ) £,t,/ Í S; i:
2 3 r ,

ft2 1
16 m p

Элгр I 4
I v p

st r o tp s  —
h 2 Э Ta %x , , ,  )
;—  Qeirq ̂ r ~—  +  “T— si (s  X E),  !.
i m 8 Xp 2 p

(15)

H ere th e  follow ing n o ta tio n s  h a v e  been in tro d u c e d : bjk is th e  K ronecker 
d e lta , end is -f-1 if  (i, k,l ) is an  even p e rm u ta tio n  o f (1, 2, 3), — 1 i f  i t  is an odd  
p e rm u ta tio n  of 1, 2, 3 an d  zero o therw ise. F o r  rep ea ted  ind ices sum m ation  
from  1 to  3 is to  be u n d ers to o d . S  an d  A  in d ic a te  th e  sy m m e try  an d  a n t i 
sy m m etry  of th e  ten so r Ci, re spec tive ly .

I t  shou ld  be n o te d  here  t h a t  i t  is only  th e  d ivergence o f  th e  stress ten so r 
Ci th a t  can  be u n am b ig u o u sly  de te rm in ed . L e t us use in s te a d  o f  Cl a te n so r 
w ith  elem ents

( £ ) i k  =  ( £ - ) i к  +  “ 7 ------- ( Я ) / Ы  (*%  0  »
дх.

w here (q),*/ is an  a rb itra ry  te n so r  a n tisy m m e tric  in th e  la s t tw o  indices. T he 
d en sity  o f force co rrespond ing  to  Ö  will be th e  sam e as t h a t  co rrespond ing  
to  Ö , since

(D iv  Ö),- = 8(Q)f>
d x k

8  ( Q ) ia- 

9 x k
(D iv Ö ) .

T he physica l m ean ing  of th is  a rb itra rin e ss  lies in  th e  fac t t h a t  th e  force ac tin g  
on a vo lum e e lem ent does n o t d e te rm in e  u n am b ig u o u sly  th e  su rface forces

Acta Physica Academiae Scientiarum Hungaricae 26, 1969



228 M. HUSZÁR and M. ZIEGLER-NÁRAY

rep lac in g  i t ,  since th e se  can  alw ays be  com pleted  b y  su rface  forces re su ltin g  
zero w h en  in te g ra te d  o v er th e  closed su rface  su rro u n d in g  th e  vo lum e e lem en t. 
In  e q u a tio n  (13), h o w ev er, О  arises in  an  u n am b ig u o u sly  d e te rm in ed  form  
as D is  Q . T h e  d e te rm in a tio n  of th e  e x a c t form  o f jQ w o u ld  req u ire  th e  m easu re 
m en t o f th e  m o m en t o f  fo rce  p ro d u ced  b y  th e  in n e r forces.

c) E quation  o f  motion o f  the sp in  vector

W ith  th e  use o f (10) an d  (7) th e  eq u a tio n  o f m o tio n  for th e  v ec to r  T  
de fined  b y  (4) can  be  fo rm u la ted  as

(IT  2 p  
6 №  X В

dt h

1 2 p
qT x (v x E) - f

+  2Л

2 c %

q(E ro t T ) T  -  g ( [ T x  E ]  g ra d )T

(16)

T x ( E x  ro t(gT )) +

+  D iv  Q ',

w here

( ö ' k  =  е-я  Q T r ^  +  ^ - T ,  r o t ,  o T  -  2 XqT î T  X E ) k — 2 Xeikr 6E r .
2 m  8 x k 4m

d) Equation  o f  motion o f  the electric polarization vector

I t  a p p e a rs  m ore co n v en ien t to  fo rm u la te  th e  e q u a tio n  of m o tio n  for th e  
v ec to r  R  in tro d u c e d  b y  (6), th a n  fo r P .  P u ttin g  (6) in to  (10) we f in d

w here

=  — 2 e?p(T  x E )  - f  D iv  jQ ',

(&')ifc =  QRi vk ■

(17)

T h e  eq u a tio n s  o f m o tio n  given b y  (12), (13), (16) a n d  (17) are e q u iv a len t 
to  th e  S ch rôd inger e q u a tio n  (7), since th e  h y d ro d y n a m ic a l variab les g, V, T ,  R  
an d  th e  w ave fu n c tio n  (ipv  гр2) can  b e  u n am b ig u o u sly  ca lcu la ted  fro m  one 
a n o th e r  (for d e ta ils  see [1]). F u r th e rm o re , th e  e q u a tio n s  of m o tio n  derived  
can  be u sed  for c a lc u la tin g  th e  va lu es  o f th e  h y d ro d y n am ica l v a riab le s  for 
a n y  tim e  p ro v id ed  th e ir  va lues a re  k n o w n  a t t =  0.

e) Equation  o f  motion o f  the angular momentum

T h e a n g u la r  m o m e n tu m  can be expressed  in te rm s  of the  o th e r  v a r i
ables as

rXQmV.
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F o r th e  sake  of com pleteness, how ever, we h a v e  also d e riv ed  th e  e q u a tio n  of 
m otion  o f th e  to ta l  an g u la r m o m en tu m  o f th e  m ed ium  d escrib in g  th e  e lec tro n . 

U sing e q u a tio n  (13) in  th e  form

d v
9m  ~ r ~  —  £?/ +  D iv  D  

dt

we h av e  for th e  tim e  d e riv a tiv e  of th e  a n g u la r  m o m en tu m  of th e  m ed iu m

- J  г  X Qm V dr  = J  r x g f d r - \ -  J  г  X D iv О  d t  . (18)
d

dt

In te g ra tin g  by  p a rts  we fin d  for th e  i-th  co m p o n en t of th e  second  te rm , re m e m 
berin g  th a t  th e  te n so r Cl is b u ilt  up  from  £ r  an d  СГ4:

( \ г  X D iv  D  dr)i =  eikl f D * ,  d r . (19)

T his m eans th a t  it  is on ly  th e  a n tisy m m e tric  p a r t  of th e  s tress te n so r  w hich 
co n trib u tes  to  th e  ra te  of change o f th e  a n g u la r  m o m en tu m . S u b s titu tin g  (19) 
in to  (18), we h av e  for th e  i- th  com ponen ts o f  th e  m o m en t o f force:

— J ( r  X Qm v)i dr  =  j (r X Qf)i dr  +  sik, J DO d r . (20)

T ak in g  in to  acco u n t th e  form  of /  g iven  in (13) a n d  th a t  of D A given 
in (15), th e  e q u a tio n  of m o tion  for th e  to ta l  an g u la r m o m e n tu m  can be  w r it
te n  as

6eE +  — Qe V X B
Cv

dr  +----- I >' X Qm v d r  =  [ Г X
dt J  J

+  J  г  X ~ ~  [(s  g rad) В  +  S X ro t Zi] dr  -f-

+  j  I’X [(P  grad) E  -j- P  X ro t Щ d r  — J  г  X 2 mk  — ( s  X E ) dr  +

+ - J  .s X B  dr  -f- J  P  X E  d r .

(The to ta l  deriv a tiv es  in  (20) w hen  in te g ra te d  over th e  w hole space o b v io u sly  
becom e zero.)

E q u a tio n s  (20) an d  (21) show  th e  p h y sica l m ean ing  o f th e  decom position
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of th e  te n so r  in to  sy m m etric  an d  a n tisy m m e tr ic  p a r ts : T h e  sy m m etric  p a r t  
does n o t p ro d u ce  an y  re s u lta n t  m o m en t o f  force w hile th e  a n tisy m m e tric  
p a r t  gives th e  m o m en t o f  th e  in n e r forces.

3. Equivalence of the equations o f m otion and the w ave equation

I t  has a lre a d y  been show n th a t  in  acco rd an ce  w ith  co n d itio n  1) th e re  is 
a one-to -one co rrespondence  b e tw een  th e  h y d ro d y n a m ic a l v a riab les a n d  th e  
w ave fu n c tio n . T h e  w ave fu n c tio n  an d  th e  re la te d  h y d ro d y n a m ic a l v a riab le s  
sa tis fy in g  th e  a u x ilia ry  co n d itio n  will be re fe rred  to  as co rrespond ing  q u a n 
titie s .

I t  s till rem a in s  to  be  show n th a t  th e  h y d ro d y n a m ic a l v ariab les a n d  th e  
re la te d  e q u a tio n s  o f m o tion  also sa tis fy  re q u ire m e n t 2).

A ccord ing  to  p o in t 2. th e  h y d ro d y n a m ic a l eq u a tio n s o f m otion  c a n  be 
d eriv ed  u n am b ig u o u sly  from  th e  w ave e q u a tio n . This m ean s th a t  th e  v a lu e  
o f th e  h y d ro d y n a m ic a l v a riab le s  will be th e  sam e a t a n y  tim e  t w h e th e r ca l
c u la te d  b y  th e  w ave e q u a tio n  or b y  th e  h y d ro d y n a m ic a l e q u a tio n s  of m o tio n . 
In  o th e r  w o rd s: i f  th e  h y d ro d y n a m ic a l v a ria b le s  sa tisfy in g  th e  au x ilia ry  c o n 
d itio n  a t  t =  0 a re  know n, th e ir  values a t  tim e  t can be  ca lcu la ted  in  e ith e r  
o f  tw o  w ays:

a) b y  u sin g  th e  h y d ro d y n a m ic a l eq u a tio n s ,
b) b y  u sin g  th e  w ave eq u a tio n ; i.e . a t  f irs t th e  v a lu e  of th e  w av e  

fu n c tio n  w ill b e  d e te rm in ed  a t  t =  0 from  th e  v alue  o f th e  h y d ro d y n a m ic a l 
v a riab le s  a t  t =  0. T hen , know in g  0), th e  fu n c tio n  ip(t) c an  be d e te rm in e d  
fro m  th e  w ave e q u a tio n  a n d  from  th a t  we g e t th e  h y d ro d y n a m ic a l v a ria b le s  
a t  a n y  tim e  t.

N a tu ra lly , th e se  tw o possib ilities also e x is t for th e  d e te rm in a tio n  o f  th e  
w av e  fu n c tio n .

S im ila rly  to  th e  above, th e  w ave fu n c tio n  a t tim e  t can  be e v a lu a te d  
e ith e r  d ire c tly  fro m  th e  w ave e q u a tio n  or fro m  th e  h y d ro d y n a m ic a l e q u a tio n  
o f m o tio n  a n d  th e  re su lt of th e  tw o  p rocedures m u s t again  be  id en tica l. To p ro v e  
th is  we shou ld  h a v e  h ad  th e  w ave eq u a tio n  d e riv ed  from  th e  h y d ro d y n a m ic a l 
e q u a tio n s  o f m o tio n .

T his ca lcu la tio n  th o u g h  sim ple in p rin c ip le  is so cum bersom e t h a t  we 
h a v e  n o t  ca rr ied  it  ou t. C onsidering , h o w ev er, th a t  in  th e  case of th e  P a u li 
e q u a tio n  we succeeded  in o b ta in in g  th e  w ave eq u a tio n  from  th e  co rresp o n d in g  
h y d ro d y n a m ic a l equ a tio n s of m otion  [2], i t  ap p ears  p ro b ab le  th a t  a s im ila r  
p ro o f  can  be o b ta in e d  here , to o .

F in a lly , i t  shou ld  be n o te d  th a t  th e  fu lf ilm en t of th e  a u x ilia ry  co n d itio n  
need s to  be considered  only  a t  t =  0, since, as a lread y  show n [2], it  w ill th e n  
h o ld  a t  a n y  la te r  tim e  t.
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4. Rotation and gauge invariance

L e t th e  co o rd in a te  v ec to r r  tra n s fo rm  b y  ro ta tio n  R as

r '  — £>(R) r ,
w here 0 (jR) is a 3 X 3 o rth o g o n al m a tr ix . W e p u t th e  tran sfo rm ed  w ave fu n c tio n  
in  th e  form

гр'(г', t) = U(R) y>{r, t),
w here  U (R) is a 2 x 2  m a tr ix  d e p e n d e n t of th e  ro ta tio n  R. T h e a c tu a l fo rm  
of VL(R) can be d e te rm in e d  from  th e  req u irem en t th a t  th e  d e n s ity  q =  ip+ip 
shou ld  tran sfo rm  as a sca la r and  th e  sp in  v ec to r s  =  гр+ G ip as a v ec to r . T hese 
tw o  cond itions p ro v id e  th e  fo llow ing equa tions fo r th e  m a trix

U+(R) 1\{R) =  1 ,
VL+(R) aU(.R) = 0(R) a ,

w hence th e  m a tr ix  U (R ) can be d e te rm in ed  up  to  an  irre lev an t p h ase  fa c to r . 
U sing  th is  1X(jR) i t  is easy  to  show  th a t  v  a n d  P  tran sfo rm  as

V'(r\ t) =  £(R) v(r,  t ) ,

P ' ( r \  t) =  £(R) P(r,  t ) .

This re su lts  in all h y d ro d y n a m ic a l v ariab les  show ing  th e  co rrect tra n s fo rm a tio n  
p ro p e rtie s .

A fu r th e r  p o ss ib ility  for th e  am b ig u ity  o f  ip arises from  th e  fac t th a t  
th e  w ave e q u a tio n  co n ta in s e x p lic ite ly  th e  sca la r  (Ф) an d  th e  v ec to r (A) 
p o te n tia ls  of th e  e lec tro m ag n etic  fie ld . As is w ell know n, th e  e lec tro m ag n etic  
fie ld  s tren g th s  are  in v a r ia n t u n d e r  g au g e-tran sfo rm atio n :

A .-*  A '  =  А - f  g r a d / ,

<i> Ф' =  ф ___ l___ ^ J L .
c 3 1

w here  f  is an  a rb i t r a ry  fu nc tion  o f  tim e  an d  coo rd ina tes.
R eplacing  A  a n d  Ф by  A '  a n d  Ф’ an d  req u irin g  th e  h y d ro d y n a m ic a l 

v a riab le s  to  be gauge in v a ria n t, th e  w ave fu n c tio n  — as can  be  seen from  
P o in t 6. in  P a r t  IV  — has to  b e  tran sfo rm ed  as
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In  o rd er to  p ro v e  th is  it has to  be show n th a t  th e  h y d ro d y n a m ic a l variab les 
a re  in v a r ia n t a t  a n y  tim e  w ith  re sp e c t to  th e  a b o v e  gauge tra n s fo rm a tio n  
ip —*■ i p ' , A  —*■ А ' ,  Ф —*■ Ф ’. As an  ex am p le , th is  w ill be  illu s tra te d  fo r th e  po la
r iz a tio n  v e c to r  P. S u b s titu tin g  th e  above  exp ression  o f  А ' ,  Ф’ a n d  ip’ in to  (5) 
w e get fo r P ’:

P ’ =  hp* - V — i h \ -----— a \  X a  — a X

1----
' ^a.1l!>

c ) c
ipelHFf +

2 )iip+ e O X  — v f
c

ipe he =  P

T he sam e  can  be  show n eq u a lly  easily  an d  b r ie f ly  for th e  o th e r  variab les. 
C o n seq u en tly , th e  h y d ro d y n a m ic a l eq u a tio n s  o f  m otion  a re  also  gauge 

in v a r ia n t.

5. Interpretation o f the equations o f  motion

a) L et us con sid er f irs t th e  force d e n s ity  in  (13). B y  in te g ra tin g  eq u a tio n  
(13) over th e  w hole space th e  re su ltin g  force a c tin g  on th e  m ed iu m  can  be 
o b ta in e d . T h a t  p a r t  o f  th e  force d e n s ity  w hich  can  be  expressed  as th e  d iver
gence  o f th e  te n so r  jQ gives zero on in te g ra tio n ; i.e . D iv  Q  describes th e  den
s i ty  o f th e  in n e r  forces ac tin g  in th e  m ed iu m , th e  te n so r  itse lf b e ing  th e  stress 
te n s o r  o f th e se  in n e r  forces.

L et us see now  th e  d en sity  o f th e  o u te r  force. T h e  expression in  th e  firs t 
b ra c k e ts  in  (13) describes th e  d e n s ity  o f  th e  L o ren tz  force:

1 \  =  в е Е  +  —  (22)
c

w hile  th e  force d e n s ity  ac tin g  on th e  p e rm a n e n t m ag n e tic  m o m e n t of th e  
m ed iu m  w r itte n  in  th e  second b ra c k e ts  is exp ressed  as

f a  =  -£-[(* grad ) B  +  SX  ro t В ] . (23)

[Л
T he v a lu e  o f th e  coefficien t in  (23) (a h a lf  B o h r m agn eto n : — is ori

g in a te d  in  th e  coeffic ien t o f th e  ro ta tio n  te rm  o f th e  expression  of th e  v e loc ity  
(see IV . eq . (21)). In  th is  in te rp re ta t io n  one h a lf  o f  th e  m agnetic  m o m e n t of 
th e  e lec tro n  is considered  as p e rm a n e n t m a g n e tiz a tio n , while th e  o th e r  h a lf
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can  be a t t r ib u te d  to  convection  c u rre n ts  arising in  th e  e lec trically  charged 
m edium . T h e  force a c tin g  on th a t  l a t t e r  is included  in  th e  L oren tz  fo rce  (22) 
a n d  /,, co rresponds o n ly  to  th a t  a c tin g  on th e  p e rm a n e n t m agnetic  m om en t. 
T hus, we ge t th e  p ro p e r  value for th e  gy rom agnetic  fac to r  of th e  e lec tron , 
in  good ag reem en t w ith  th e  E inste in  — de H aas e x p e rim e n t (see [2]).

T he f ir s t  te rm  in (23) stands fo r  th e  tra n s la tio n  force ac ting  on th e  mag-
[I

n e t ic  m o m e n t  — S in  a n  in h o m o g e n e o u s  m a g n e tic  f ie ld  o f  f ie ld  s t r e n g th  B.
2

T he second te rm , h o w ev er, requ ires m ore  d e ta iled  co n sid era tio n . T h e  force

— S X ro t В  differs from  zero o n ly  if  conduction  (or d isp lacem en t) cu rren t 
2

flows a t  th e  place o f th e  m agnetic m o m e n t. T ake th e  sim ple m odel rep re sen ted  
in  Fig. 1. L e t th e  m a g n e tic  m om en t be  rep re sen ted  b y  a sm all c losed  c ircu it. 
In se r t a s tra ig h t w ire  th ro u g h  th e  su rface  b o u n d ed  b y  th is  c irc u it. In  th a t  
case th e  re su lta n t L o re n tz  force e x e r te d  b y  th e  m a g n e tic  field  o f th e  cu rren t

flow ing th ro u g h  th e  w ire  has th e  a c tu a l  value
2

S X ro t B .  P lac in g  th e  w ire

ou tside th e  circu it, a t  tw o  points fa c in g  each o th e r  on  th e  c ircu it th e  L oren tz  
forces a c t in  opposite  d irections. I n  th is  case o n ly  th e  firs t te rm  fro m  (23) 
co n tr ib u te s  to  th e  exp ression  of th e  force, i.e. th e  re su ltin g  force can  be  a t t r i 
b u ted  solely  to  th e  d ifference in th e  fie ld  s tre n g th s  a t  those p o in ts .

L e t us see now  ho w  th e  ab o v e  m odel can be fo rm u la te d  m a th e m a tic a lly . 
I f  th e  c u rre n t d e n s ity  o f th e  c ircu it is j ( r ) ,  th e  d e n s ity  of th e  fo rce  ac tin g  on 
i t  will h a v e  th e  fo rm

/  = ) j ( r )  X B (r )  d r . (24)

Suppose th e  d iam e te r  o f  th e  c irc u it is so sm all t h a t  in  th is  ra n g e  n o  ap p re 
ciable v a r ia tio n  ta k e s  place in th e  v a lu e  of B ( r ) .  E x p a n d in g  th e  m agnetic  
field s tre n g th  in  series in  th e  v ic in i ty  of th e  p o in t r 0 o f th e  a rea  b o u n d e d  b y
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th e  c ircu it a n d  in tro d u c in g  th e  ab b rev ia tio n s

B (>'o) =  B o an d  »■ — » 0 =  R  >
we ge t

B ( r ) = B 0 + ( R v 0) B 0 . (25)

(T he in d ex  0 re fe rs  to  d e riv a tiv e s  w ith  re sp ec t to  r 0).
In tro d u c in g  (25) in to  (24) a f te r  some ca lcu la tio n s (for d e ta ils  see [3]) 

th e  force can be  o b ta in ed  in  th e  fo rm :

/  =  (m  g ra d 0) B 0 +  m  X r o t 0B 0, (26)

w h ere  m  is th e  m ag n etic  m o m en t o f  th e  c irc u it, i.e.

Ж j  R x j  d r .

P u tt in g  th e  m agnetic  m o m e n t d ensity / '
2

S in  (26) in s te a d  o f  ж  we get

fo r th e  d en sity  o f  th e  m agnetic  fo rce  ex ac tly  th e  expression g iven  in (23).
T he n e x t te rm  of th e  force d e n s ity  in  (13) is th e  elec tric  eq u iv a len t of 

fn  g iven  as
fp  =  (P  g rad ) E  +  P  X ro t  E .  (27)

T h e  electric  d ipo le  m om ent can  a lw ays be re p re se n te d  — in d e p e n d e n tly  of 
its  o rig in  — b y  a b a r-m ag n e t ro ta t in g  a ro u n d  a p e rp en d icu la r  axis. T hus, 
ex p ressio n  (27) can  be exp la ined  in  analogy  to  th e  co n sid e ra tio n s described 
ab o v e  for th e  m ag n e tic  forces w ith  th e  only d ifference th a t  in  th is  case th e  
c irc u la r  lines o f  th e  electric force occur due to  in d u c tio n  p ro d u c e d  by  th e  
v a r ia tio n  o f th e  m ag n e tic  field .

T he fo llow ing  te rm  in ex p ressio n  (13) is th e  force d e n s ity  con ta in ing  
a t im e  d e r iv a tiv e , n am ely :

/ ( = - 2 m l  —  ( S X E ) .  (28)
9i

L e t us again  re p re se n t th e  m a g n e tic  dipole as a c u rre n t flow ing in  a circular 
w ire . T h e  c u rre n t in d u ced  b y  sw itch in g  on th e  e lec tro m ag n etic  f ie ld  tends to  
re d u c e  th e  m a g n e tic  m om en t, f  rep resen ts  th e  d e n s ity  of fo rce  needed  to  
k eep  th e  m ag n e tic  m om en t c o n s ta n t .

In  connec tion  w ith  th e  force d e n s ity  (28) th e  question  a rises w heth er i t

w o u ld  n o t h a v e  b een  m ore c o n v e n ie n t to  s u b s ti tu te
9E  
d t

b y  c ro t  В  from

th e  M axw ell e q u a tio n s , especially  b ecau se  in th is  w ay  th e  second  te rm  in (23)
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also could be e lim in a ted . H ow ever, as is a p p a re n t  from  th e  above, th e  te rm s  
(28) an d  (23) h av e  th e ir  p a r tic u la r  ph y sica l m eaning . M oreover, if ta k in g  in to  
acco u n t th e  anom alous m ag n e tic  m om ent o f  th e  electron [(1 -f- x) fj.] an d  r e p e a t 
ing  th e  h y d ro d y n am ica l calcu lus, th e  re d u c tio n  of th e  tw o  te rm s in q u e s tio n  
gives in s tead  o f zero

„ 2 x  4- 1 и
2 x ------------------- s  X ro t В

4 x  +  4 2

w ith  x =  0.0011453.

b) In  th e  eq u a tio n  o f  m otion  (16) o f  th e  m agnetic  p o la riza tio n  v e c to r  T  
th e  te rm  D iv  jQ’ rep re sen ts  th e  in te rn a l m om ent o f fo rce  and  it  v an ish es  
w hen in te g ra tin g  over th e  w hole space. T h e  term s in  th e  square  b ra c k e ts  
y ie ld  th e  m o m en t of force ex e rted  b y  th e  ex te rn a l e lec tro m ag n etic  f ie ld  on 
th e  m ed ium  w hen inhom ogeneously  m ag n e tized . The in te rp re ta tio n  o f  th e  
firs t tw o  te rm s  of th e  r ig h t-h a n d  side o f  (16) requ ires som e m ore d e ta ile d  
co n sid era tio n . T ak in g  in to  acco u n t th a t  th e  m agnetic  f ie ld  s tre n g th  d e te c te d  
b y  th e  e lec tron  in its  p ro p e r system  is in s te a d  of В

В '  =  В  — 1 v x E
С

an d  th a t  ow ing to  th e  T h o m as precession th e  ac tu a l va lu e  o f  E  reduces to  — E ,
2i

th e  effective m agnetic  fie ld  ac tin g  on th e  e lectron  will be

B eff =  В ------—  v x E .  (29)
2 c

T hus th e  d e n s ity  of th e  m o m en t o f force a c tin g  on a m a g n e t of m o m e n tu m  
TO =  /( S in  th e  fie ld  B e/ f  can  be w ritte n  as

N T =  f i s x B eii =  /uqT x B ----- — qT x (v x E ) ,  (30)
2 c

w hich is th e  sam e as th e  f irs t  tw o te rm s o f  th e  r ig h t-h a n d  side of (16) m u lt i 
p lied  b y  ft/2.

L e t us now  see a so m ew h at m ore e x a c t d eduction  o f  th e  above e x p re s 
sion. T he p o te n tia l en e rg y  o f a p artic le  o f  m agnetic  m o m e n t m  m ov ing  w ith  
velo c ity  V in  an  e lec tro m ag n etic  field  В  a n d  E ,  as show n  in  IY . (5), is :

g  =  — m  \ B  — — V x  E \ ------—  m  (v  x  E ) ,
c 2c

(31)
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w h ere  th e  la s t  te rm  is o rig in a te d  from  th e  T hom as p recession . R o ta tin g  th e  
m ag n e tic  d ipo le  b y  th e  a n g u la r  vecto r bq>, th e  m o m en tu m  w ill change w ith

d m  = ó<pxm ,
w h ich  resu lts  in  a change o f  th e  p o ten tia l en e rg y :

дёГ = m X В -------- V X E
2 c

( m x  ( vxE) ) b(p. (32)

T h is  loss in  th e  p o te n tia l e n e rg y  will be co m p en sa ted  fo r b y  th e  w ork d o n e  
b y  th e  m o m en t o f  th e  ou ter fo rces  during th e  ro ta tio n  of th e  m ag n e tic  m o m e n t, 
i.e .

- ô &  =  N m ô<p, (33)

w h ere  N m is th e  m om ent of th e  ou te r forces ac tin g  on a m a g n e t of m o m en 
tu m  m .

S u b s titu tin g  (33) in to  (32) a n d  co m p arin g  th e  tw o sides o f  th e  new  e q u a 
t io n  we get fo r  N m exac tly  th e  expression d iscussed .

c) F o r th e  in te rp re ta tio n  o f  th e  d e n s ity  o f  m om ent o f  force

N p = - 2 e X q { T x E )  (34)

a c tin g  on th e  e lec tric  p o la riz a tio n  vecto r, as can  be seen in  equ. (17), le t  u s  
w r ite  th e  in te ra c tio n  energy $  in  th e  fo rm :

=  — D ili  — p E  .

C om paring  th is  w ith  (30) we o b ta in  for th e  e lec tric  p o la riza tio n

1
P

2c
m  X v .

D e riv a tin g  i t  w ith  respect to  t im e  we get

dp 1  dm
dt 

dv

1  dv
X V —  — m x  — - 

2 c dt 2c dt
(35)

dm
S u b s t i tu t in g ---- - from  (13) a n d  for m  =  pQ T  th e  exp ression  —— from  (16)

dt dt
a n d  tak in g  in to  acco u n t th a t  th e  term s o f  second  or h ig h e r o rder in v/c  a re
n eg lec ted  in  th e  course of th is  ca lcu la tio n , (35) tak es  th e  fo rm :

d p
dt

=  JV„ =  -
2 me

m x E

w h ich  agrees w ith  (34).
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T he m o m en t o f force occu rrin g  in th e  eq u a tio n  of m o tio n  of th e  a n g u la r  
m o m en tu m  (21) can  be in te rp re te d  in a  s im ila r  w ay as w as done ab o v e  in  
connection  w ith  th e  force te rm s  of th e  e q u a tio n  of m o tio n  o f th e  v e lo c ity .

T he te rm  in  th e  f irs t b ra c k e t is th e  m o m en t of th e  L oren tz -fo rce . T h e  
m ean ing  of th e  second  in te g ra l can  be in te rp re te d  by  usin g  again  th e  c irc u it 
m odel. T he m o m en t of th e  o u te r  m agnetic  f ie ld  ac ting  on th e  c ircu it is:

n  =  —  I r x ( j { r )  X J-i(r)) d r  .

U sing th e  ex p an sio n  from  (26) an d  in a c c o rd an ce  w ith (21) we have 

n  =  m  X B 0 +  r 0 X [ (m y j) B 0 +  m  x  ro t0 B (] .

A sim ilar fo rm u la  can also  be derived  fo r electric p o la riza tio n . In  e x p re s 
sion (21) th e  te rm  co n ta in in g  th e  tim e d e r iv a tiv e  is th e  m o m e n t of force g iven  
in  (28). T hus, f in a lly  th e  m o m en t of fo rce  o rig ina ting  fro m  b o th  th e  in n e r  
forces a n d  th e  m o m en t of th e  o u te r forces h a v e  been in te rp re te d .
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ГИДРОДИНАМИЧЕСКАЯ МОДЕЛЬ ВОЛНОВОЙ МЕХАНИКИ V.
М. ГУСАР и М. ЦИГЛЕР-НАРАИ

Р е з ю м е

В работе выводится соответствующее гидродинамическому уравнению движения 
волновое уравнение, принимающее во внимание спин-орбитальное взаимодействие. Наряду 
с этим дается физическая интерпретация данного уравнения. После представления урав
нений движения, выведенных в предыдущей работе для гидродинамических переменных (1), 
показывается, что связь между гидродинамическими уравнениями и волновым уравнением 
взаимно однозначна. Наконец, с физической точки зрения истолкуются выражения для 
сил, пяовляющиеся в новых уравнениях.

Acta Physica Academiae Scientiarum Hungaricae 20, 1969





ON THE SPUR OF THE PRODUCT OF DIRAC
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In this paper several m ethods for the evaluation  of the spur o f the product o f y 5 m atrix  
and any num ber of Dirac m atrices have been established. The form ulae for the determ ination  
of the various types o f products o f  two spurs w hen  y / ,  ' / i / j -  УУУ/Ук- ViVjVkyi an<i these term s 
associated w ith  y ,  m atrix occur in  both  of the spurs, have been derived. It has been shown  
that the product o f two spurs each involving y ,  m atrix, can be equated  to an expression in 
volving no y_ m atrix. One usefu l identity  for spurs involving у  : m atrix  has been deduced.

In tro d u c tio n

I t  is necessary  to  e v a lu a te  th e  sp u rs  o f p roduc ts o f  D irac  m a trices  w hen  
we deal w ith  various ty p e s  o f  p roblem s o f  tra n s itio n  p ro b ab ilitie s  in  e le c tro d y 
nam ics, m eson theories a n d  w eak in te ra c tio n  processes. Spurs in v o lv in g  y 5 
m a tr ix  g en era lly  occur in  w eak  in te ra c tio n  problem s a n d  in  th e  ca lcu la tio n  
of th e  p o la riza tio n  of p a rtic le s . One o f th e  purposes o f  th is  p ap er is to  red u ce  
th e  prob lem  o f th e  ca lcu la tio n  of th e  s p u r  o f th e  p ro d u c t o f y 5 m a tr ix  a n d  an 
a rb itra ry  n u m b e r of D irac  m atrices to  one  involv ing  y .  m a tr ix  and  a sm alle r 
n u m b er o f D irac  m atrices. C on tinu ing  th is  process we sh a ll come to  th e  stag e  
w hen we h av e  to  ca lcu la te  th e  spur o f th e  p ro d u c t o f y-  m a tr ix  an d  fo u r D irac  
m atrices. W e have  also d eriv ed  fo rm ulae  for th e  e v a lu a tio n  of v a rio u s  ty p e s  
o f p ro d u c ts  o f  tw o spurs w h en  у,-, у ,у /, у,-ууд and  У/УуУлУ; te rm s o ccu r in  
b o th  o f th e m . T hese fo rm u lae  are  also ex te n d e d  to  th e  case  in  w hich y 5 te rm s  
occur in  a n y  one or in  b o th  o f th e  sp u rs . W e have also red u ced  an  exp ression  
invo lv ing  th e  p ro d u c t o f tw o  spurs, w ith  y 5 occurring  in  b o th  of th e m , to  one 
invo lv ing  no  y 5 m a trix . O ne useful id e n t i ty  for spurs in v o lv in g  y 5 m a tr ix  has 
been  d educed . W ith  th e  help  o f th e se  fo rm ulae  we h a v e  given m e th o d s  fo r 
d e te rm in in g  th e  spur o f th e  p ro d u c t o f a n y  n u m b er o f D ira c  m atrices. F in a lly , 
we have o b ta in e d  a fo rm u la  w hich show s th a t  th e  s p u r  o f  th e  p ro d u c t o f  y 5 
m a tr ix  an d  an  a rb itra ry  n u m b e r of D irac  m atrices can  be  eq u a ted  to  a series 
of te rm s each  o f w hich invo lv es  th e  s p u r  o f  th e  p ro d u c t o f  y5 m a tr ix  a n d  an y  
four of th e  D irac  m atrices  a n d  th e  sp u r o f  th e  p ro d u c t o f  th e  rem ain in g  D irac  
m atrices. In  th is  connec tion  we m ay  m en tio n  th a t  Ca ia n ie l l o  an d  F u b in i  
[1 ], and  C h is h o l m  [2] h a v e  in v es tig a ted  vario u s aspec ts  o f  th e  prob lem  o f th e  
d e te rm in a tio n  of th e  sp u r  o f p ro d u c t o f  D irac m a trices .
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Calculation

A ll th e  fo rm u lae  derived  here  are  b a sed  on th e  fo llow ing a n tic o m m u ta 
tio n  p ro p e r ty  o f D irac  m a trices ,

ViVj + YjYi =  2 bij. (1)
L e t us use th e  a b b re v ia te d  n o ta tio n

sp u r ( A 4A 2A 3 . . . A n) =  ( A 4A 2A 3 • • • A n) (2)

A  =  Ai yi . . .  (3)
A  ■ В  =  A, B, . . .  (4)

Ys =  Yi Y2 Y3 Y4 ■■■ (5)
S u m m atio n  o v er i =  1,2,3,4 is to  he done. T h ro u g h o u t th is  p a p e r  su m m atio n  
is im p lied  w h en ev er re p e a te d  suffixes occur.

L e t us d en o te  ( y 5 A 1A 2A 3A 4 . . . ) b y  S.
W e can w rite

s  =  У  А г/А2]А зк (y5YiYjYk А 4АЬА3 . . . ) .  (6)
i . j .k

T h e su m m a tio n  ^  in  eq u a tio n  (6) can  be sp lit up  in th e  follow ing m a n n e r
i j . k

2 = 2 + 2 + 2 + 2 + 2 ■■■ . (?)
i , j ,k  i ^ j ^ k  i= j¥= k j= - k ^ i  k= i¥= j i= j= k

N ow  we h av e

2  = -  2  ( - 1)' (У5У'У5Л 4А , А в. . .) 2 t > p P [ A uA 2jA3k]. (8)
i^=j¥=k i< j< k  P

l¥=i,j,k

In  e q u a tio n  (8) and  elsew here, P  is a n y  p e rm u ta tio n  o f  th e  suffixes (in  
th is  case i ,  j  a n d  k) an d  b p  =  i  | d ep en d in g  on w h e th e r P  is an  even or odd  
p e rm u ta tio n . T h e  n o ta tio n  J S  d eno tes su m m a tio n  over a ll th e  possible p e r-

p
m u ta tio n s .

W ith  th e  help  of eq u a tio n s  (6), (7) a n d  (8) we o b ta in

S =  (y5 [A3 • A 2A 3 —A 4 ■ A 3A 2-j-A2 ■ A 3A 3] A 4A 3Ag . . . )

+  - Т 2 ( - 1)1 (y5A A 2A 3Ai) (A 4A 5 . . . Ai_4 A i+1 . . . ) .  (9)
4  /> 4

W e can rew rite  eq u a tio n  (8) in  th e  form

^ = 2  A uA 2jA 3kA4l (YíYjYkYiYs AsA6 ...)
i ^ j ^ k  i ^ j ^ k

=  ~T (YbA\A2A 3A^) ( AsA e . . . ) +  ^  2  +  2  • 0 ®)
4  i¥=j¥=k i¥=j¥=k i¥= J^k

l = i l= j  l —к
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A p p lica tio n  o f  eq u a tio n s (7) and (10) prov ides us w ith  th e  second fo rm u la  fo r 
S ,  as given below

S =  {y3[A x ■ A 2A 3A t A 4 ■ A 3A 2A  4-\- A x ■ A 4A 2A 3y A 2 ■ A 3A XA 4 A 2 ■
1

A tA1A 3+ A 3 ■ A 4A 1A 2] A sA 6 . . . ) — ~ ( A 1A2A 3A 4) (y .A.AeA 7A 8 ...) +

+  (УьА4А 2А 3А 4) (AsA e . . .). (11)

L e t us now  discuss som e re la tions in v o lv in g  th e  p ro d u c t o f tw o sp u rs . W e have

(y,A1A2A3 . . . )  (ViAiA'2A '3 . . . ) = J£(-l ) i + 1  (A4A 2 . . A t_, A i+l . .) •
i

■(AiAiA',4 ' , . . )  ( 12)

W ith  th e  help  of eq u a tio n  (12) w e o b ta in

(ViVjAxA 2 . . . ) ( y t y j A l A z ------ ) =  Ц А 4А 2 . . . ) ( A i A ' i --------)

- 2 2 ’ ( - 1 ) ,+'  {A 4A 2. . y  [ ( A 'A j A i A ' , . . .) — A t ■ A } ( A [ A 2 . . . ) ] .  (13)
i>j

In  eq u a tio n  (13), th e  n o ta tio n  o f  double p rim es over th e  sp u r  ( A 4A 2 . . .)" 
im plies th a t  those  tw o  u n p rim ed  D irac  m a trices  (in  th is  case A i  an d  Aj)  
w h ich  are now  p resen t in  th e  o th e r  te rm , are now  ab se n t from  th e  sp u r (А г 
A 2 . . .). T h is n o ta tio n  in  th e  genera l fo rm  w ith  a n y  n u m b e r of p rim es  over th e  
n o ta tio n  o f  sp u r will be  w idely u sed  in  th is  p ap er.

We can  w rite ,

( y 5y iA 1A 2A 3 ------ ) (y 5y,A'iA'2A'3 -------)
=  2  (y < W V M 2.43 . . .) (у /у7у кА [А '2А 3 ------ ) (14)

i<j<k

=  ~T  2  (У‘Ъ'УкА1А 2А 3 . . .) ( у ^ у кА [А '2А'3 ------ ). (15)
0 i-tjïk

A pply ing  eq u a tio n  (15) we can w rite

(YsYiYjA iA 2 . . .) ( y 5y ,y jA Í A 2 ------ )

=  4 (y 5A 4A 2A 3A 4 . . .) ( y 5A 1A 2A 3A 4 • ■ • • ) +  2  ( У М А 4А 2 . . ) ( у ,у 7А 1А 2 . .)

=  4 ( y 5A 1A 2A 3A 4 ----- ) (у bA \ Ä 2A'3A ’4 . . .)

- 2  2 ( - I ) 1'+J' ( A 4A 2. . .)// [ ( A .A j A l A ' .  . .) -  A , - A ( A XA 2. . . )] (16)
i>j

L et us discuss some p a r tic u la r  cases o f  equa tions (15) an d  (16).
W e have,

(ycyjA4A 2) ( y t y j A Í A l . . .) =  8 Ц А 2А 4А ; а ; . . . . )  + A ,  ■ A X(A[A'2 . .)] (17)
(ysViYjAxA 2) (Y3y fy jA 1A 2 . . .) =  8 [ (A 2A 1A 1A 2 . . .) — A 2 ■ A X( A XA 2 . . .)], (18) 

(y t f f f j A 4A 2) (y5y iyjA iA '2) =  32 [A 2 ■ A'2A 4 ■ A [  -  A 2 ■ A'1A 1 ■ A'2). (19)
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W ith  th e  re p e a te d  a p p lica tio n  o f eq u a tio n  (12) w e a rr iv e  a t 

(YiYjïkAXA2A 3 . . .) (YiYjYkAiA'2A'3 ..........)
=  2  ( - i y +J+k(A1A 2. . . . y / /^ ô P P(A,AJA kA'A^A'..)

i> j >  к  P

- i o ^ ( - l ) ' '  (A,A2 . . . .  A i_xA i+1. . .) (AiA[A2A'3 . . . . ) .  (20)
i

I t  can  be  show n  th a t

2 à p P ( A lAJA kA[AiAl . . . )
p

6 = ([A ,A jA k -  At ■ A jA k +  Ai ■ A kAj -  A j  ■ A kA,] A[A2A 3. .). (21)
W e can w rite

(YiYjYkAxA2A 3 . . .) (YiYjYkA'iA'2A'3 . . . ) '  =  £  ( у ^ у кАхА2А 3 . . .)
i*j*k

(YíYj Y k A iA 2A 3 . . . )  +  1 0 (у /А 1А 2А 3 . . .) ( у ,  A XA 2A 3 . . .) . ( 2 2 )

E q u a tio n  (22) co m b in ed  w ith  eq u a tio n  (15) en ab les  us to  e s tab lish

{YiYjYkA1A 2A 3 . .) (YiYjykA iA 2A 3. . .) =  6{ysy iA 1A 2A 3. .) (у5y íA [ Á 2Á 3 . . .)
+  10 ( y . A ^ A 3. . .) (YíA Í A 2A'3 . .). (23)

L ik e  eq u a tio n  (22) w e h av e  th e  re la tio n

(Y5YiYjYkA1A 2A 3 . .) {у5У1У]УкА [ А 2А 3 . . .) =  6 ( у А хА 2А 3 . .) ( y A Í A 2A 3 . . .)
+  l O f a y i A ^ A з . . .) (y5YiA[A2A 3 . . . ) .  (24)

C o m paring  e q u a tio n s  (20) an d  (23) w e have

{y5y iA 1A2A 3 ----- ) (y5y,AÍA2A 3 . . . )

=  \  2  ( - l ) r+s+t(A1A 2. . . ) / / / ^ ô PP(ArA sA lA Î A ' A ( 2 5 )
6 r> s> t  P

= 2  ( - l ) r+s+i (A1A 2...)III 2 { - l )HJ+i(Ar-A'iA3' A ' j -
r > s> t  i> j

- A r ■ A\ A s . А ')  М А М А '  . . . y / . . .  (26)

A specia l case o f  e q u a tio n  (26) y ields

( Y s Y iA ^ A g )  (у3у А { А 2А 3 . .) =  4 | ( - 1) '+;Ч1( Л  -A 'iA 2 ■ A j —A 3 ■A jA 2 -A',)

( A i A Í A Í A i  . . . . ) "  . . . (27)
an d

(у 5у 1А хА 2А 3) (у5у ,А хА 2А 3) =  16A1 ■ A[(A2 ■ A 2A 3 • A 3—A 2 ■ A 3A 3 ■ A 2)
— 1 6 + X • A 2(A3 • A 3A2 • A x—A 3 ■ A xA 2 • A 3) +  16A1 ■ A 3(A3 ■ A 2A2 •

■ A i - A a ■ A{A2 - A ' , ) . . .  (28)
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W ith  th e  help  o f e q u a tio n  (23) we c a n  w rite

( Y i Y j Y k Y . . .) {YiyjVkYiAiAi . . . )  =  6 (угу 1у]АлА 2 . .) (y-ayy/jA'vA'2 . .)

+  1 0  ( r , y j A i A 2 • • •) ( y t T j A i A 2 . . . . . . . . . ) ( 2 9 )
=  24 (y5A 1A 2A 3A 4 . . .) (y5A ; A ' A ' A i  . . .) +  40 ( A , A 2 . .) (A [A i  . . .)

- 3 2  > ' ( - 1 Y+J ( A vA 2. . .  )// [ ( A .A j A l A ' .  . . ) - A r A j .  (A [A ’2. . . ) .  (30)
i > j

E q u a tio n  (30) is deduced  w ith  th e  h e lp  o f equations (13), (16) an d  (29).
B y  re p e a te d ly  a p p ly in g  eq u a tio n  (12) as in  th e  d ed u c tio n  of re la tio n  (20) 

we o b ta in  th e  expression

{УгУ]УкУ1А4А 2 . . .) {у{У]УкУ1А {А * . . .) =  40 ( A 4A 2 . .) ( A [ A 2 . .)

- 3 2  2  (A iA 2- • . ) " [ (А ' -А у-А[А'.  . .) -  A i A j i A Í A ' .  . .) ]
i>j

+  2  ( - l ) i^ +k+l(A1A 2...)UU 2 ô PP (AiAjA kA lA[A’2. . . )  (31)
i > j > k > l  P

W e have

2 àP P i A i A j A M A Z . . . ) =  24 ( [ A . - A ^ A ,  -  A ,  ■ A j A kA ,  +  A , ■ A kA f A ,  -

— A j  • A ,A j A k — A j -  A kA jA i  +  A j  • A i A j A k — A k • A /A /A j]  A [A 2. • • )  +
+  6 (AiAJA kA l)(A'IA ' . . . )  (32)

Like eq u a tio n  (29) we h a v e  th e  re la tio n

(УвУ'ЪУкУ/ AiA2■■■) (УъУ1У]УкУ1 A iA 2■ ■■) =  6(У/У; A iA z) {ViVj А хА г • • • )
+  Щ У ь У 1 У ] А 1А 2 ■ • • )  (У5У>У/ А 1А 2 ■ ■ • )  ( 3 3 )

E q u a tio n s  (12), (13), (23) an d  (29) h o ld  even w hen  y 5 is in tro d u c e d  a t th e  
beg inn ing  o f th e  second s p u r  te rm s o ccu rrin g  on b o th  th e  r ig h t-h a n d  an d  left- 
h a n d  sides o f these  e q u a tio n s .

F ro m  equa tions (30), (31) an d  (32) we o b ta in  th e  re la tio n

(Уб A l A 2A SA i -  ■ ■ )  ( У б  A l A 2A 3A i  • • • )

=  ~ - 2  ( ~ l ) r+i + t + U (A iA l- ■ ■)''" 2 Ôp P ( A rAsA 'tA 'uA lA 2---)
^4  T  > s >  t > u  P

=  2  (-1 y +s+t+u { A [ A 2. . . y i n  2  { — p) i+J+k+l(A \ A 2 . . .)////
r > s > t > u  i > j > k > l

■ 2  ôp P[A'r ■ A ,  A '  • A j A \  • A k К  ■ A , ] . (34)
P

T he general re la tio n  (34) leads to  th e  p a r tic u la r  re la tions 

(y5 А[А'2А'3А'4) (y5 AlA2A.iA i. . . )
=  4 2  ( - l ) i+̂ k+l(ALA2...)IIH 2 à p P [ A ' i -A i A ’3 .A JA ’i .A kA'1 . A l] (35)

i > J > k > l  P  4
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a n d

(y5 A BCD ) (y , AiA jAkA,) =  16 ± 'ô p P[A - A , B - A j C - A k D  - A ,] . (36)

A p p ly in g  e q u a tio n s  (11) and  (35) we get,

(A1A2A 3A 4 . .) (A4A2A3A 4 . . . y sy5)
- ( [A4 ‘ A2A 3A 4 A 4 • A 3A2A 4 Л4 ‘ A 4A2A 3 -(~ ^2 * ^ 3̂ 1-̂ 4 -̂ 2

1
A 4A4A 3 A 3 • A 4A4A2]A5A 6 . . .) (A4А А з ^ 4) ( ^ 5^6 • •)

+ 2  ( - l ) i+1+k+l(A5Ae. . . ) l l l l  2 d PP [ A 4. A i A3-A jA2. A kA l .A^.  (37)
i>j>fc>/ä 5 p

I n  e q u a tio n s  (34), (35), (36) a n d  (37) th e  p e rm u ta tio n  P  o f  th e  variab les 
A t ,  A j ,  A k a n d  A t  is im plied .

L e t us o b ta in  a n o th e r  fo rm u la  for ( A 4A 2A 3A 4 . . . .) w ith  th e  help  o f 
e q u a tio n s  (25) a n d  (27)

 ̂ (ybViAiA2A 3 ) (y5 yiA4A 5A 6 . . .) =  ([Aj ■ A2A 3 A 4 • A 3A 2 -f- A2 ■ A 3AX —
1

A 4- A 2A 3JA4A 5A 6. . . )  =  (у ,A4A 2A 3) (У/А4А 5А 6 . . .) (А4А 2А 3A 4A 5A6 . . .).
(38)

T h u s , we have

(A4A 2A 3A 4 . . .) = ~~ ( 1) {A4A2A3Ai) ( A 4A 5 . . . A í_4A í+1 . . .  .)
4 1^4

-  2  ( - l ) i+J (A 1- A i A 2 - A j - A 1- A j A 2- A , ) ( A 3A i . . . . ) / / .  (39)
i>j>J

E q u a tio n  (37) can  b e  used  to  g e t th e  th ird  fo rm u la  fo r S, w h ich  is w ritten  fo r 
(У 5-dxA 2A 3A  4 . . . .)

S = 2  (-1 )'•+'•+*+' (y5 AiAjAkA,) (A4A2A3A4. . . )/'//. (40)
4  i > j > k > l

W e ca n  w rite  

{AxA 2A 3A 4 . . . A ny 4y2y3y 4)
П

( l) 1 Aj • A, (A2A 3 . . . A i ^ A t + j ..  . An y5) -f- 2 i  A 4,(A2A 3A 4. . . An y5y,) ■
i=2 i

T h e n  we have th e  id e n tity

2 ( - l ) i A 1- A i (A aA 3. . . A l_ 1A , +1. . . A n y s) =  0 . . .  . (41)
1 = 2
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F o r n =  8, th e  id e n tity  (41) can  be  re w r itte n  w ith  th e  h e lp  of eq u a tio n  (40) 
in  th e  form

2  ( - l Y +J+k( A 4 A j A k) ( A 2A 3A 4. . .Ag y5)lll = 0 . . .  . (42)
i < j < k

N ow  we can  w rite

T  =  ( п А 4А 2 ------ A ny 3) (у /А 'хА оА з --------)

=  2 ^ ( - l ) ' +1 (A iA *A 3- • -A / - i A i+i- ■ . A n y5) ( A , A i A ' A ' .  . . )  +  T  (43)
< = i

a n d  o b ta in  th e  id e n tity

J ' i - l У(А4А 2А 3. . . A ^ A , ^ . .  . Л пу5) ( Л ,А [ А ; Л ' .  . .) =  0 (44)
; = i

Since we have th e  eq u a lity ,

1
(A4A 2A 3 ----- A ny3) =  ~ { y i A 2A 3 ------ A ny 3) ( y tA j). (45)

E q u a tio n  (41) can be th o u g h t of as a special case o f  eq u a tio n  (44). W e 
can  o b ta in  o th e r  id e n titie s  w hen  we ta k e  у,-, y,yj, У/у/Уй a n d  у ,у ; УкУ1 su cces
sively  in s te a d  o f у,- w hich occurs s im u lta n e o u s ly  in th e  tw o  spur te rm s  o f 
eq u a tio n  (43).

W e have  given th re e  eq u a tio n s  (9), (11) and (40) fo r  d e te rm in in g  (y 5
A 4A 2A 3 . . . .  A n).

F o r n  =  6, we get accord ing  to  e q u a tio n  (9)

S e =  ( y . A ^ A g A ^ A g )
=  A 4 • A 2(y3A 3A 4A sA e) A 4 ■ A 3(y5A 2A 4A 3A e) -f- A 2 • A 3(y3A 4A 4A 3A e)
-(- A 3 • A ß(y3A 4A 2A 3A 4) A 4 ■ A e(y5A 1A 2A 3A 3) -)- A 4 ■ А 3(у3А 4А 2А 3А в). (46)

E q u a tio n s  (11) an d  (40) give 7 a n d  15 te rm s re sp ec tiv e ly  for S e in s te a d  
o f 6 te rm s  w hich occur on th e  r ig h t h a n d  side o f equa tion  (46) w hen we a p p ly  
e q u a tio n  (9) to  d e te rm in e  S e. T hese 7 a n d  15 te rm s can be  red u ced  to  6 te rm s  
if  th e  id e n ti ty  given b y  e q u a tio n  (41) is u sed . For n =  8 w e get 33, 48 a n d  
210 te rm s o f th e  ty p e  w hich occur in  e q u a tio n  (46) if we a p p ly  eq u a tio n s (9), 
(11) an d  (40) resp ec tiv e ly  fo r e v a lu a tin g  S a. A gain th e  48 a n d  210 te rm s  can  
be red u ced  to  33 te rm s w ith  th e  help o f  eq u a tio n s  (41) a n d  (42). I t  is seen 
th a t  e q u a tio n  (9) is m ost co n v en ien t fo r d e te rm in in g  (у5А 4А 2А 3 . . . A n).
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О ШПУРЕ ПРОИЗВЕДЕНИЯ МАТРИЦ ДИРАКА

С .  С А Р К А Р

Р е з ю м е

В данной работе устанавливаются методы для определения шпура произведения 
матрицы у5 и любого числа матриц Дирака. Выводятся формулы для вычисления произ
ведений различного типа двух шпуров в случае, когда в обоих шпурах появляются у,-, 
ViVj, У1У]Ук, ViViVicVi и эти же члены, связанные с матрицей у5. Показывается, что произ
ведение двух шпуров, каждый из которых содержит матрицу у5, может равняется выра
жению, не содержащему матрицу yä. Для шпуров, содержащих матрицу у5, выводится 
полезное тождество.
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INVESTIGATION OF THE DENSITY DISTRIBUTION 
OF NUCLEI, TAKING INTO CONSIDERATION 

THE RADIAL KINETIC SELF-ENERGY CORRECTION
By

! M.  T isz a *

(R eceived 25. V I. 1968)

Based on the statistica l model o f  the nucleus developed by P. G ombás the proton and  
neutron density o f nuclei is determ ined. B y  the sta tistica l perturbation m ethod the radial 
kinetic self-energy correction is taken in to  account and the exten t to which the density d istr i
bution  is altered by th is correction is investigated . The density  is calculated for three nuclei 
and the results are used for the determ ination of the nuclear form factors.

1. The statistical model o f  the nucleus

T he s ta tis t ic a l  m odel of th e  n uc leus d ev e lo p ed  b y  Go m bás  [1 — 5] gives 
th e  follow ing expression  for th e  to ta l  energy  o f  th e  nucleus

Е  =  Е К +  Е Я +  Е %  +  Е %  +  Щ ? +  Е С, (1)

w here  th e  f irs t  tw o te rm s  are th e  k in e tic  energy , th e  n ex t th re e  a re  th e  in te r 
ac tio n  energy  due to  th e  nu c lea r in te ra c tio n  o f  nucleons, an d  th e  la s t is th e  
C oulom b energy  o f th e  p ro tons.

T he in d iv id u a l energy  te rm s in  d e ta iled  fo rm  are:
a) T he F e rm i k in e tic  en erg y

E K =  y-K J  (oil3 +  o}l3) d v . (2)

H ere  Qn an d  qp are  th e  n eu tro n  a n d  th e  p ro to n  d en sity , re sp ec tiv e ly , m  is th e  
m ass o f th e  nucleon , =  3/40 (3 /я )2 3 h2/m.

b) T he W eizsäcker in h o m o g en e ity  co rrec tio n

w here

E .
(grad  g„)2 

Qn

(g rad  Pp)2

h 3
32я27п

d v , (3)

* This article by the late M. T isza  has been arranged for publication b y  L. U r b á n , 
Research Group for Theoretical P hysics, H ungarian A cadem y of Sciences, B udapest.
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с) T h e  exchange en erg y  be tw een  n e u tro n s  a n d  p ro tons

4 f P
E ’\ r = - — ^ \ f ( œ n , œ p) d v ,  (4)

n> J

w here con a n d  cop are th e  d im ensionless q u a n titie s  in tro d u c e d  to  re p la c e  th e  
d en sities

w, — (3 л 2)1/3 r0 q}13 , i =  n ,p ,

r 0 =  1,355 • 10 _13 cm . T he v alue  of th e  p a ra m e te r  o f  energy  d im ension  spe
cify ing  th e  s tre n g th  o f th e  in te ra c tio n  c a n  be d e te rm in ed  so th a t  th e  ca lcu la ted  
an d  e x p e rim e n ta l energ ies agree to  th e  g re a te s t possib le  ex ten t. F o r  Y u k aw a  
in te ra c tio n  ( th e  ca lcu la tio n s have  b een  carried  o u t fo r  th is  case) e0 =  71,28 
MeV.

T h e  sh ap e  of th e  fu n c tio n  cop) in  th e  in te ra c tio n  energy d ep en d s  on
th e  p r im a ry  in te ra c tio n  b e tw een  th e  nucleons. F o r  Y u k aw a  in te ra c tio n

/ К , wp) =
24л:3

' +  (Qp
2

CO„ —  (Or,
+

+  (®ti — œ p)2h
^  r(On +  +  Ыру  h  IY2L-----

w here  g(x)  =  6x4 — x 2 -)------ (1 4- 12л;2) In (1 4л:2) — 8x3 arc tg  2л;
4

an d h(x) =  —  (1 — 4л;2) In (1 -f- 4л;2) — блс a rc tg  2л;. 
4

d ) — - J r jro J
f(con ,con) d v , (5 )

e) E p/  =  — £° -  
П» .

j f(cop , ( O p )  d v , ( 6 )

f ) W e A ' l  J v d v , .
r  — r'\

(?)

T h e  n eu tro n  a n d  th e  p ro to n  d e n s ity  are d e te rm in e d  b y  th e  d is tr ib u tio n  
fu n c tio n s  Qn an d  qp m in im izing  th e  energy  exp ression  (1). T he d is tr ib u tio n  
fu n c tio n s  m u st also sa tis fy  th e  a u x ilia ry  cond itions

J Qn dv =  N ,  §Qpdv  =  Z .

T he d is tr ib u tio n  fu n c tio n s  can  be ca lcu la ted  e.g. b y  th e  R itz  v a r ia tio n a l 
m e th o d .
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T his fo rm  of th e  n u c le a r  m odel does n o t inc lude  th e  k ine tic  en erg y  cor
rec tion . As w as show n b y  G o m b á s  [6 ]  a b e tte r  a p p ro x im a tio n  is o b ta in e d  for 
th e  k in e tic  energy  of th e  ferm ion gas i f  in stead  o f  E ^  E j  th e  follow ing
expression  is used  in th e  ca lcu la tio n :

e k  +  E rK +  E s , (8)

1 3 \ 213 h2
w here E aK =  x 0 \ Q51* dv x 0 =  — --------- ----- ,

2 0  n 2 J m

bp «1 e5/3 -  о*/з — +  *3 Q “V  +  *4 dv , (9)
JQ r r2 r-

x  -  1 Í 3 ]
4/3 hr 1 w 1 h2

2 96 . я
’ *3m

, Кл
96.T2 m 25- 720л4 m

In  th e  energy  exp ression  (9) th e  reg io n  Q  o f th e  in te g ra tio n  is d e te rm in ed  
b y  th e  in e q u a lity  p f F ,  > 1 /4 л т  the  in te g ra tio n  is to  b e  carried  o u t fo r  th a t  
p a r t  of space for w hich th e  in e q u a lity  is satisfied . (T he Ferm i m o m en tu m  
is space d ep en d en t). E s is th e  form er expression , g iven  b y  (3).

T he k in e tic  energy  correc tion  is

v — (E<k  +  E rK) — E K . (10)

T his is ta k e n  as a p e r tu rb a tin g  effect a n d  is included  in  th e  n uc lear m o d e l b y  
th e  m eth o d  o f s ta tis tic a l p e r tu rb a tio n  ca lcu la tio n  [7].

2. Perturbation calculation in the statistical m odel of the nucleus

The ap p ro x im a tio n  gn =  gp =  p is applied , w h ich  is p e rm itte d  fo r  ligh t 
nuclei an d  nuclei of m ed iu m  mass n u m b e r . In  th is  ap p ro x im a tio n  th e  to ta l  
exchange en erg y  can be  w ritte n  as o n e  te rm .

L et th e  d en sity  q be  changed  b y  som e p e r tu rb a tio n  effect to  q' w here

q' =  Q +  Г),

r\ is th e  p e r tu rb a tio n  o f th e  density .
T hen  th e  to ta l  en e rg y  becom es

E (e + v) = e k ( q +  v) + E s(e +  v)  +  e a { q + v) +
E c { q  +  rj)  +  v ( q  - f  Tj) . ( 1 1 )

H ere  v is th e  p e r tu rb a tin g  p o ten tia l.
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T ak in g  in to  accoun t th e  p e r tu rb a tio n  to  second o rd er, le t  us ex p an d  
each  en erg y  te rm  in  series acco rd in g  to  rj to  second  order

Е к  (q +  »?) — 2*к 

E s {Q +  V) =  2*,

q5I3 _|---о2/3 Tj -|-------— p 3 yf I dv ,
3 9

(g rad  p)2 (grad  p)2 ^  2grad  p g rad  rj

1 (grad  p)2 2grad  p g rad  r j  (grad  t ;)2
2+  -r~  „ c/ V2 — ~r' .... ~ K ----- - »? +

e a  (q +  »?) =  «

E c  ({? +  »?) =  —  e2 j j

Г

/(e) + f ' ( e )  V + —/"(e) »?2

1 «2 ГГ [e(r) +  r?(r)] [e(rQ +  t?(Q]

d r ,

d v ,

dv dv ' .

( 12)

r  — r

T he p e r tu rb a tin g  en erg y  v  is sm all co m p ared  w ith  th e  o th e r  te rm s, so 
V  is e x p an d ed  in  series only  to  f i r s t  o rder acco rd in g  to  r j

v(q +  V) = J ,  ч , àv
v(q) + ~ t ~ Vop

d v .

T he te rm s  o f  Oth o rd er in  rj a n d  v give th e  o rig inal en erg y . T he te rm s o f  
f ir s t  o rd e r give zero , as we s ta r te d  from  th e  eq u ilib riu m  s ta te . T h e  c o n tr ib u tio n  
o f  te rm s  o f  second  o rder shou ld  b e  m in im um .

xk ! É? 1/:’ V2 dv +  —  * I /"(p) V2 dv +

+
(g rad  rj)2 _  2 g rad  p grad  rj ^  +  (grad  p)2y dv (13)

+ i -  «3 f f S ü í í d  *  * /  +  C±-,  *  =  m in ,2 JJ ir - r ' l  J ôç

i.e. th e  v a r ia tio n  o f  (13) acco rd in g  to  rj shou ld  v an ish .
B y  c a rry in g  o u t th e  v a r ia t io n , ta k in g  in to  account th e  au x ilia ry  co n 

d itio n  J r\ dv  =  0, an d  p e rfo rm in g  some id e n tic a l tra n s fo rm a tio n s  we o b ta in

20
x K p ^  +  x f " ( g )  +  4xs

Zip
6x

(grad p)2

dp p p2

rj +  
ps

! Г dv' — Я =  0 ,  (14)
J I r - r ' l
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w here Я is a L ag range  m u ltip lie r in tro d u c e d  on acco u n t o f th e  a u x ilia ry  con
d ition .

B y  re a rra n g em e n t o f  (14) we o b ta in

Arj

>7 =

— +  4* .
ÔQ Q

— 4«,
b ra d  g grad  r]

Q2
2 Г , .. dv 'J I r - r ' i

20 - 1 /3  I f t  \ I * ÂQ s  (gra d  Q?—— *k  Q 1 +  “J (в) +  4*s ----------6x , — —-
9 g

from  w hich  Г/ can  be ca lcu la ted  b y  i te ra t io n . 
In  f irs t a p p ro x im a tio n

, dv
Я ---------

ÔQ
rh 20

KK Q -1/3 . * /" ( ? )  +  4*s 6*.
(g rad  p)2

9 O- Q'

Я can be o b ta in ed  from  th e  au x ilia ry  co n d itio n  ( r/ dv  =  0.

(15)

(16)

3. Introduction of radial kinetic self-energy for light and m edium -heavy nuclei

T he n e u tro n  an d  th e  p ro ton  d e n s ity  of nucle i a re  ca lcu la ted  in  th e  
p„ =  Qp =  o a p p ro x im a tio n :

Qn =  Qp =  в =  6 o е ~«г 1 (17)

w here р0= С 3/2 4 я2Го, C  is th e  d im ension less v a ria tio n a l p a ra m e te r  in tro d u c e d  
b y  th e  re la tio n  а = 2 ( л ) 15А 1 3rJ C  in s te a d  o f th e  v a r ia tio n a l p a ra m e te r  a.

F rom  th e  e q u a lity  o f  th e  n e u tro n  an d  p ro to n  d e n s ity  it fo llow s th a t
con =  top — со, so f(cou, cop) =  f ( w n, oou) =  f(cop, (Op) ta k e s  th e  fo llow ing  form :

f(co) ---------  6ta4 — со2 -\------ (1 -j- 12w2) In (1 4co2) — 8со arc tg  2co
2 4 я 3 4

• (18)

T he p e r tu rb a tin g  p o te n tia l

V =  \v d v  =  {E aK +  E'K) - E K , (19)
w hence

óv
ôo

---------- X K Q-,2/3К V 5 0 <; Г <  Ti: ,

4 ,,, 1 1
------- *2 0 ' -------Ь ^ з - Г ’ г , - < г < г а ,

3 г г-
( 20)

,2/3 г х  <  г  <  ОО ,
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th e  values r, a n d  га can be d e te rm in e d  from  th e  re la tion

g(r) = ----- ------  .
24я2 r3

To d e te rm in e  r] th e  fo llow ing  p rocedure  h as  been u sed : T h e  p a ra m e te r  
A is to  be d e te rm in e d  from  th e  a u x ilia ry  co n d itio n  j r] dv =  0. T h e  in teg ra l is 
c a lc u la ted  b y  an  a p p ro x im a tio n  p rocedure : th e  in teg ra l

f ( r ) d r  =  C1f ( 0 ) + C J C J ( a )  +  C J ( 2 a ) (21)

is ca lcu la ted  fo r  fo u r d iffe ren t fu n c tio n s f ( r ) ,  w ith  th e  aid  o f  w hich  th e  con
s ta n ts  Ci can  be  d e te rm in ed . W e h av e  chosen th e  follow ing fu n c tio n s:

/i(r) =  e
f 2(r) =  r‘ZQ,

/ з ( 0  =  Q2,
m  =  r y .

T h e  values o b ta in e d  from  th e  in te g ra tio n  c o n s ta n ts  are:

cx =  1.7800 • 10 c3 =  4.2851 • 10
c2 =  1.9415 • 10 c4 =  7.4630 • 10 - 1.

I f  th e  v a lu e s  сг- are kn o w n  | r] dv can  be  ca lcu la ted , f ro m  w hich A a n d  
th e n  th e  f irs t ap p ro x im a tio n  o f r] c a n  he o b ta in ed . C alcu lations h a v e  been ca rried  
o u t fo r th e  n u c le i o f m ass n u m b e rs  A  =  40 a n d  A  =  100. T h e  resu lts a re  
show n  in  T ab le  I .

Table I

Г 1 1 I 1 "1 Vie [%] Г 1 1r
m 4 W \ е + п т 1

0 1.399 -0 .3 4 6 7 3 - 2 4 .7 8 1.0523
a/2 1.035 -0 .0 6 7 5 3 -  6.52 0.9674II •f

b
О

a 0.4889 -0 .0 0 8 1 8 -  1.67 0.4807
2 a 0.0243 + 0 .00110 4.56 0.0254

0 1.5328 -0 .5 2 7 2 1 - 3 4 .3 9 1.0055

A  =  ]00
a /2 1.1937 -0 .0 9 4 6 8 7.93 1.0991
a 0.5638 -0 .0 0 1 1 4 0.20 0.5627
2 a 0.0280 + 0 .00170 6.07 0.0297
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T hus, th e  v alue  o f th e  den sity  p e r tu rb a tio n  rj is k n o w n  a t four p o in ts . 
F o r  th e  ca lcu la tio n  of th e  second a p p ro x im a tio n  th e  v a lu e s  grad  r\ a n d  А Г/ 
are  also req u ired , so we can  f i t  some fu n c tio n  to  th e  fo u r  know n p o in ts  from  
w hich th e  d e riv a tiv e s  re q u ire d  can be d e te rm in ed .

L e t th is  fu n c tio n  be  o f  th e  form

V =  e~ r* a' (b0 +  V 2 +  V 4 +  V * )- 

T he va lu es  ca lcu la ted  for th e  coeffic ien ts  are

A  =  40, b0 =  -0 .3 4 6 7 ,  b ^ a - z ]  =  1 .3030 , Ь2[а-*] =  — 1.2049, 63[ a - 6] =
0.2248,

A  =  100, b0 =  -0 .5 2 7 2 ,  ^ [ a  2] =  2 .0372, b3[a ~4] =  1.9000, b3[a~2] =
0.3577.

F o r th e  ca lcu la tio n  o f  th e  Coulom b te rm  a n o th e r ap p ro x im a tio n  has 
been  app lied , t] has been rep laced  b y  a s te p  func tion  an d  th e  w id th  of th e  s tep  
has been  d e te rm in ed  from  th e  following in te g ra l (the h e ig h ts  of th e  s tep s  are  
d e te rm in ed  from  th e  re sp ec tiv e  rj va lues, see T able I).

f x  C kx Г Ь х  C 12x
Vo J0 y - d y  +  Vai2 ] x y ‘ dy  +  Va J kx y 2 dy  +  Ъ ч \ 5x y 2d y  =  0 (22)

w here x  =  a/4, w hence , fo r th e  v a lu e  o f  к  we o b ta in e d  2,8 if  A  =  40 an d  
2,84 if  A  =  100. T hus, th e  C oulom b in te g ra l can  be c a lc u la te d  an d  th e  second  
ap p ro x im a tio n  o f  Г/ can  be  dete rm in ed  (T ab le  II) .

Table H a

A =  4 0

' •Hr] -H r] •Oî/d"»] е+,!Щ
0 1.399 -0 .6 4 1 9 -4 5 .8 8 0.768

ai 2 1.0350 0.1800 -1 7 .3 9 0.855

a 0.4889 -0 .0 1 6 5 -  3.38 0.4724

2 a 0.0243 0.0053 21.90 0.0296

Table l ib
A  =  100

Г 4 т ] Vilel° ó]

0 1.5328 -0 .8 0 9 4 - 5 2 .8 0 0.7233

а / 2 1.1937 -0 .2 1 3 1 - 1 7 .8 5 0.9806

а 0.5638 -0 .0 2 2 2 -  3.95 0.5416

2 а 0.0280 0.00666 23.73 0.03473
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Figs. 1 a n d  2 show th e  d en sity  d is tr ib u tio n  c a lc u la te d  for tw o n u c le i. 
B esides th e  G auss d is tr ib u tio n  o b ta in ed  fro m  th e  o rig in a l s ta tis tic a l m o d e l 
o f  th e  n u c leu s , th e  figures sh o w  th e  f irs t a n d  second a p p ro x im a tio n  c a lc u la ted  
p e r tu rb a tio n a lly . The va lu es  o f  th e  n u c le a r  rad ius R  a n d  th e  surface la y e r  
th ick n ess  can  b e  read  from  th e  figures a n d  i t  can be seen  th a t  in th e  in n e r  
reg ion  o f th e  nucleus th e  d e n s ity  is a p p ro x im a te ly  c o n s ta n t.
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4. Consideration o f the difference between the neutron and the proton density. 
Investigation o f the density distribution of h eavy nuclei

W e in v e s tig a te  how  th e  p e r tu rb a tio n  o f density  develops w hen  th e  
n eu tro n  an d  th e  p ro to n  d e n s ity  are a ssu m ed  to  be d iffe ren t.

Let

Qn

Q — Qti Qp •> (23)

w here g =  q0 e ~r~ T he en erg y  expression  can  be w ritten  on th e  basis o f  fo r 
m ulae  (1) —(7), a n d  b y  ca lcu la tin g  in  th e  sam e  w ay as in  S ec tion  2, we o b ta in  
for th e  p e r tu rb a tio n  of d e n s ity

V =

dv g rad  q g rad  r; At] z 2 Г  ф , )  dv'
ÔQ Q2

—
Q A J r  — r'|

5
9 K (1Г + N

A

5/3"
Q- i  & + (g rad  p)2 ! A q

Q3 ' S Í?2

(24)

C om pared  w ith  P a r t  3 th e  te rm  1/2 я- f  "(g)  has c h an g ed  essen tia lly ; in 
s tead  of th e  single fu n c tio n  /(со) we have  to  w o rk  w ith th re e  d ifferen t fu n c tio n s  
f(con, (Op),f(con, a>n) and  f(cop, a>p). The c o n s ta n t  я  will also d iffe r for each o f  th e  
th ree  functions.

The ca lcu la tio n s h av e  been ca rried  o u t in  first a p p ro x im a tio n  fo r  th e  
nuclei

A  =  240
Z  =  99
N  =  141

The re su lts  are show n in  Table I I I  a n d  Fig. 3, re sp ec tiv e ly .

Table III

A = 240 Z =  99

r
• I t ! - И VM%]

0 2.7484 -1 .0 4 4 3 -3 7 .9 9 1.7041

о /2 2 1404 -0 .3 0 7 4 -1 4 .3 6 1.8330

a 1.0108 -0 .0 2 0 3 -  2.01 0.9905

2a 0.0503 0.0057 11.38 0.0560
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F ig . 3

I t  can  b e  seen th a t  b y  assum ing  th e  n e u tro n  an d  th e  p ro to n  d e n s ity  to  
be  d ifferen t, in  th e  f irs t a p p ro x im a tio n  w e o b ta in  a g re a te r  im p ro v em en t t h a n  
fo r equal d en sitie s .

5 . Application o f  the results to  the determ ination  
o f nuclear form  factors

O ur re s u lts  o b ta in ed  so f a r  can be u se d  fo r th e  ca lcu la tio n  of th e  fo rm  
fa c to r  of th e  n u c leu s , w ith  th e  aid of w h ic h  th e  d iffe re n tia l cross-section  o f  
e lec tron  sc a tte r in g  on th e  n u c leu s  can be  de te rm in ed .

L et us in v e s tig a te  th e  e lec tro n  s c a tte r in g  on th e  n u c le u s  in  B orn a p p ro 
x im atio n . I f  a n  e lectron  b eam  describab le  b y  a p lane  w ave fa lls  on th e  n u c le u s , 
th e  electrons s c a tte re d  b y  th e  nucleus le a v e  th e  sc a tte r in g  field  of fo rce  in  
th e  form  o f a n  ou tgo ing  sp h e rica l w ave. T h e  form  of th e  ou tgo ing  sp h e ric a l 
w av e  in B o rn  ap p ro x im a tio n  is

p ikr

V = f ( (}) - - - - - - ,
Г

/(# )  =  — Vc (r') e‘qr' dv’ ’ (25>

w h ere  Vc is th e  p o te n tia l a c tin g  on th e  e lec tro n
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Vc (r') =  — e2 Г ep(r)T dv,  (26)
J r  — r'\

q is th e  change o f m o m en tu m  of th e  e lec tro n  in  th e  s c a tte r in g  process | q | =  
2к sin # /2 , w here §  is th e  ang le  of sc a tte rin g . T h e  d iffe re n tia l cross-section  of 
sc a tte r in g  is given b y

*(*) =  I №  I2 -

F ro m  (25) an d  (26) we o b ta in  b y  ca rry in g  o u t th e  in te g ra tio n  according to  r '

f W  =  ^ r r F M -  (27)n2 q2

T he expression  F(q) =  J ” Qp(r) sin gr/gr 4 л т 2 d r  is th e  fo rm  o r shape fa c to r  o f 
th e  nucleus, know ing  w hich  th e  cross-section  can be d e te rm in e d  in a sim p le  
w ay.

I f  th e  d e n s ity  is k n o w n , F(q) can be  ca lcu la ted  in  a sim ple w ay. A s th e  
d en sity  is know n  a t  four p o in ts  only, b e tw een  these  p o in ts  th e  function  g iv in g  
th e  d en sity  d is tr ib u tio n  has been  a p p ro x im a te d  b y  s tr a ig h t  sectors. T h e  ca l
cu la ted  values o f F(q) are:

Table IV

4 0
1
a

2

a
4

Z =  19
A  =  40

20 17.66 9.75 0.541

Z =  45 

A  =  100
50 34.13 19.48 1.273

Z =  99 

A  =  240
99 95.26 38.45 4.960

F o r th e  th re e  nucle i considered  here, F(q) is show n in F ig s . 4 — 6.
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F ig .  4
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F ig. 6

The author is indebted to  Prof. P. G o m b á s  for suggesting the problem  and for useful 
advice, as well as to Dr. D. K i s d i  for his help during the course of th is w ork.
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И ССЛ ЕДО ВАН И Е Р А С П Р Е Д Е Л Е Н И Я  ПЛОТНОСТИ Я Д Е Р  С УЧЕТОМ  
К О РРЕ К Ц И И  РА Д И А Л Ь Н О Й  К И Н ЕТИ Ч ЕСК О Й  СОБСТВЕННОЙ ЭН ЕРГИ И

М . ТИ С А *

Р е з ю м е

В статье определяются плотности протонов и нейтронов ядер на основе разрабо
танной П. Гомбашом статической модели ядра. М етодом расчета статистического возмущ е
ния учитывается коррекция радиальной кинетической собственной энерги и исследуется  
влияние учета этой коррекции на распределение плотности. Расчеты плотности про
ведены для ядер и полученные результаты используются для определения формфакторов 
ядер.

* Автор умер, работа подготовлена к печати Л. Урбаном.
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AN EFFECTIVE FIELD APPROACH FOR 
MANY-BODY FORCES BETWEEN IONS OF A METAL

B y

G. S o l t

CENTRAL RESEA RCH  IN STITU TE F O R  PHYSICS, B U D A PEST

(Received 30. V II. 1968)

For calculating the phonon spectrum of a m eta l lattice a self-consistent field approxi
m ation is used. A t a given la ttice  deformation th e  restoring forces betw een  the ions have  a 
m any-body character because o f the effects o f th e  periodic field. The condition of self-consis
tency and the use o f first order B loch functions for correcting the dielectric tensor lead to  a 
physical understanding of a form ula proposed earlier for calculating the elem ents o f the d yn a
m ical m atrix arising from m any-body forces.

In  ca lcu la tin g  th e  p h o n o n  freq u en cy  spec tru m  o f a c ry s ta l one g en e 
ra lly  uses th e  B o r n  — K á r m á n  schem e [1 ] .  T his m odel assum es th e  a d ia b a tic  
ap p ro x im a tio n  fo r e lec tro n ic  an d  ionic m o tio n s to  be v a lid , and  consists  
essen tia lly  in  fin d in g  th e  second d e riv a tiv e s  o f an  effec tive  p o ten tia l a c tin g  
be tw een  th e  ions w hich is responsib le  fo r  th e  stab le  la t t ic e  c o n fig u ra tio n  as 
well as for th e  la ttic e  v ib ra tio n s .

In  th e  case o f  nob le-gas crystals o r  ion ic  c rysta ls  th e  po ten tia l c a n  be 
ca lcu la ted  in  a fa irly  sim ple w ay, since th e  n a tu re  o f th e  re lev an t fo rces is 
well know n. F o r m e ta ls , how ever, th e  s itu a tio n  is m ore com plica ted , b ecau se  
th e  m ost im p o r ta n t  p a r t  o f  th e  cohesive forces comes fro m  th e  in te ra c tio n  
m ed ia ted  b y  th e  co n d u c tio n  electrons.

Since th e  p ioneer w o rk  of T oya  [2 ], calcu la tions b a se d  on co m p u tin g  
th e  e lectron ic  p a r t  of th e  p o te n tia l h av e  b een  perfo rm ed  b y  several a u th o rs  
fo r a n u m b e r of m eta ls  [3 — 7]. In  these  w o rk s, how ever, w h en  ca lcu la tin g  th e  
response of th e  co n d u c tio n  e lectrons to  a la tt ic e  d e fo rm atio n  resu ltin g  e v e n 
tu a lly  in  a re s to rin g  force, th e  electron  gas w as tre a te d  as free . T his co rresponds 
to  a low est o rd e r c a lcu la tio n  using  tw o -b o d y  cen tra l fo rces, neg lec ting  th e  
effect o f th e  period ic  c ry s ta l field . O nly in  th e  p ap er o f B r o v m a n  and  K a g a n

[7] can  one f in d  th e  g en era l form  of th e  in te ra c tio n  en e rg y  inc lu d in g  th e  
effects o f th e  c ry s ta l fie ld  also , resu ltin g  in  a p o te n tia l w h ich  rep resen ts m a n y -  
b o d y  forces.

F o r  th e  ca lcu la tio n  o f th e  p o te n tia l en erg y  form al a d iag ram  te c h n iq u e  
w as p roposed .

In  th e  p re se n t p a p e r  a n  a tte m p t is m ad e  to  p o in t o u t, th a t  th e  th i r d  
o rd er d iag ram  of B r o v m a n  an d  K a g a n  is th e  m ost re le v a n t one, an d  c a lc u 
la tin g  th is  d iag ram  p ro p e rly  is eq u iv a len t to  a dielectric  fo rm u la tio n  w h ere  in
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th e  d ie lec tric  fu n c tio n  th e  effect of th e  period ic  c ry s ta l fie ld  is ta k e n  in to  
accoun t. T h e  tr e a tm e n t re su lts  in an u n d e rs ta n d in g  of th is  m ain d iag ram  in 
th e  sam e sense  as th e  u su a l se lf-consisten t fie ld  ap p ro ach  [8] helps one to  u n 
d e rs ta n d  th e  u n d e rly in g  id ea  o f sum m ing  u p  bubb le  d iag ram s b y  th e  B ru eck - 
n e r  m ethod .

In  th e  a d ia b a tic  ap p ro x im a tio n  th e  q u a n tity  one has to  ca lcu la te  is 
th e  change in  th e  e lectron ic  energy  cau sed  b y  a given d e fo rm atio n  of th e  e q u i
lib riu m  la t t ic e . T he H a m ilto n ia n  for th e  e lec tro n  gas filling  u p  th e  ionic la t t ic e  
has th e  fo rm

i
+  У  v iri — R is ) ,

ils '
( i )

w here pt  is th e  m o m en tu m , r,- is th e  c o o rd in a te  of th e  i - th  e lectron , Ris is th e  
co o rd in a te  o f  th e  ion a t  th e  Z-th cell in  th e  s - th  place, w hile v(r) is th e  e lec tro n - 
ion  p se u d o p o ten tia l [8].

A ssu m in g  sm all la tt ic e  d e fo rm ations one can e x p a n d  v as

v(r — Ris) ^  v(r -  R $ )  — uls (grad v)r_ R% , (2)

w here JR$  is th e  equ ilib rium  position  a n d  uis is th e  d e v ia tio n  from  it.
In tro d u c in g  now  th e  ab so rp tio n  a n d  em ission o p e ra to rs  ak an d  ak fo r 

B loch e lec tro n s  w ith  m o m en tu m  к , in th e  u su a l second q u an tized  fo rm , one 
has for H e *:

] __4ijTp^
H e, =  JS 1 ek a kak +  —  ^  — -  Qt@q +  £  ^v* 9q » (3)

к 2 " o r

w here

and

Qq —  ^  ( j  V k  e ~ iqr  Wk> d r )  a k a k ’ • ( 5 )
k k ‘

In  th is  fo rm u la  ek is th e  Bloch en e rg y  o f th e  e lec tro n s , Q q is th e  v o lu m e  
o f th e  e le m e n ta ry  cell.

W e a re  in te re s te d  in  th e  second d e r iv a tiv e  of th e  g round  s ta te  en e rg y  
w ith  re sp ec t to  U;s. T h erefo re , we h av e  to  d e te rm in e  th e  en erg y  in second  or-

* W e do n o t deal w ith spin indices, but w herever a sum for к is present, a sum m ing for 
spins is also understood.

The vo lum e of the crystal is taken to be u n ity .
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d er in  u. Once h av in g  ca lcu la ted  th is , th e  re la tio n

Л Е  — —— ^  it;s AiSjI,s, u,,s,
£  si's'

( 6)

g iv es u s  th e  te n s o rs  \ i s , i ' S’ w h ic h  p la y  th e  f u n d a m e n ta l  ro le  in  d e te rm in in g  
th e  la t t ic e  v ib r a t io n  s p e c tru m  [9 ].

M a k in g  u se  o f  t h e  w ell k n o w n  th e o re m  o f  P a u l i  [10]:

A E  = а я ' > , , ( ? )

w h ere  H ' is th e  p e r tu rb a tio n  a n d  > л  m eans an  averag in g  using  th e  ex ac t 
e igen func tion  w ith  v a lu e  /  o f th e  coup ling  c o n s ta n t, one sees th a t  by  choosing

H '  =  y ,  Ôv* Oç,
Q

one h as  to  ca lcu la te  <^Qq^> in  f ir s t  o rd e r w ith  re sp ec t to  u/s.
T he p roblem  is id en tica l w ith  th a t  of d e te rm in in g  th e  ch an g e  in  d en sity  

b y  th e  action  of an  e x te rn a l fie ld  as t r e a te d  e.g. in  [10].
S ta n d a rd  p e r tu rb a tio n  th e o ry  leads to  th e  re su lt:

/ 0 \<1) — _  \  ’ p  f dv ,\ ~ q /  —  J- q q ' u v q ' (8)

P q q ' ^ q q '  "I-  ^ ’ (9)

^  <0 ГП) ( Til Qq, 0 )

m E nl E n
(10)

H ere  [ 0 >  an d  m ]>  m ean  th e  g ro u n d  s ta te  a n d  th e  ex c ited  s ta te s  o f  th e  
e lec tro n  gas, w hich a re  th e  t ru e  s ta te s  o f an  in te ra c tin g  sy stem  o f e lectrons.

T he self-consisten t fie ld  a p p ro x im a tio n  f irs t  neg lects in  th e  above fo r
m u la  th e  Coulom b in te ra c tio n  u s in g  for | 0 ]>  a n d  | th e  free  s ta te s , b u t 
a t  th e  sam e tim e  in tro d u ces  on th e  r ig h t h a n d  side of th e  eq u a tio n  th e  te rm  
(bvq, -(- Фч,) in s tead  o f bvq w here

0 q = ^ - ( Q q > ,  (11)
r

so t h a t  one has to  solve th e  eq u a tio n

4 тге2

f
p m <i?9'> = — ^ Р (В), Ь  V± qqf u v q •> ( 12)
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w h ere  P qq] d eno tes P qq, ca lcu la ted  from  th e  n o n - in te ra c tin g  B loch s ta te s .
F o r  th e  en erg y  we th e n  h a v e

л е  = — 2  К  p r \ '  4 ' ’ (13)2 qq'çf

w 'here th e  m a tr ix  to  be  in v e rte d  is defined  as

яч —  <V  +
4л: e2 p(ß) 

г  Я Ч > ‘
(14)

T h is  q u a n t i ty  w ith  a change o f  q' b y  q in  th e  d e n o m in a to r  is k n o w n  as th e  
d ie le c tr ic  c o n s ta n t m a tr ix  o f  a so lid  [11].

F ro m  (10) i t  is seen th a t  c ry s ta l  fie ld  effects com e from  th e  ex ac t form  
o f  th e  B loch  s ta te s  (w hich in  p rin c ip le  can  be  e x p a n d e d  in to  series w ith  coeffi
c ie n ts  h a v in g  m a tr ix  e lem ents o f  th e  period ic  p o te n tia l)  an d  from  th e  energy  
d e n o m in a to rs . N eg lec ting  b o th  one w ould h av e  th e  w ell know n free  gas a p p 
ro x im a tio n  fo r Pqq, [10]:

th u s

p(0) _  p(o) Â . p(0) _  X’ n P n D+4
qq' -  q “  —  rto) _ K ( 0 )’

P J - 'p  +  q L 'p

/]£ ((•)= -------- V
2 ^

Jó v t f P y

> i +  i í í - p y i

(15)

O u r p u rp o se  is to  consider th e  f i r s t  o rd e r effects o f th e  period ic  fie ld . T he energy  
d e n o m in a to rs  are  o f  second o rd e r, th e re fo re  one can  use  th e  free e lec tro n  en er
gies. F o r  th e  e igen func tions one h as:

Wk =  eikr +  2  4 c e^k-a)r,
G

V ^ ^  plGr*|'(ei(k-G)r)* Ц г )  e i k r  d r  -C  ^

Ejc0) -  Ei%  ~  É P - E f è a  ’

(16)

w h ere  v(r) an d  vq s ta n d  for th e  screened  p se u d o p o te n tia l:

vq =  vqleq ; e =  ! + * ? £ - Pf>. (17)
Г

=  k 2/2m  an d  G a re  th e  rec ip ro ca l la ttic e  v ec to rs  w hile rs is th e  equ ilib rium  
p lace  o f th e  s - th  a to m  in th e  e le m e n ta ry  cell. M aking  use of th is  series an d  of 
E q . (10) one has in  f irs t o rd er
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p(B) —  p( 0) Л ! 
* 4 4 '  * 4  u 44’ c

V—G oiG rs

s

P< О,
* 44' ’

F<w>' ?  "* {(ЕЙ, -  ЯЙ) (ЕЙ -  ЕЙо) (ЕП ?+о -  Е й) (Е й -  Е $ 0) +

(Ékig — ЕЙ) (Е й  — ЕЙ-o+g)
^q',q-\-G  • (18)

T he sum s in th e  ab o v e  expression  can  be tra n s fo rm e d  in to  a s im p le r 
form  o f a one d im ensional in teg ra l, as t r e a te d  in  th e  A ppend ix .

In  th e  language o f d iag ram  te c h n iq u e  [7] [10] one h as  th e  co rrespondence

Fig. 1

w here th e  solid lines m ean  free e lec tron  p ro p ag a to rs  a n d  th e  e x te rn a l lines 
ind ica tin g  th e  action  o f  th e  phonon f ie ld  or th e  period ic  fie ld  are  ex c lu d ed  
from  th e  d e fin ition  o f th e  P-s.

On in v e rtin g  E q . (14) one now  gets

1 1 4,7tP2 V r  1
S441’ =  —  \ 4 ---------------- —  —  2 ’ —  П Й  +  0(vb) ■ (19)

eq t q l  £C S eq.

U sing  th ese  v a lu es  one has for th e  d y n am ica l m a tr ix  in th e  case  o f
Is j t  l '$'

M s . l 's ’ =  M s l l ’s ' +  M i l l ' s ' ■> a )

MZ'*' =  -  - é r  2  <f 4ß W 2 eiq(R[’ ~ Rp,,) —  ’ b) (20)Ы ) N 2 q eq

Mill's' = ---- ^7 - • c)
W) N 2

■ j ?  y t qMqß +  Gß) ~  —  -Vq+a-
4 G ÿto Sq  ËQ e q+G

ei4 lR ÏÏ-R p .'e -i0 r , pm g _

T he te rm s  fo r Is — Г s '  c an  be d e te rm in ed  from  th e  re la tio n  [1]

^  Ms.l's' — 0 •
V s'

T he p o te n tia l  energy  b e tw een  ions le ad in g  to  th e  fo rce  c o n s ta n ts  Ault's'
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m u st h av e  th e  fo rm

v (r i...rN) =  2  4 ri, T j )  ; v ( r ,  r  )  =  У  u(r, -  r  ■ G) e ю! . (21)
i , j  о ф  о

H ere  th e  fu n c tio n  v(r,-, rf) does n o t re p re se n t a n y  rea l tw o -b o d y  in te rac tio n ?  
since (g rad), v =f= —(grad); v, th e re fo re  th e  te rm s  in (21) re p re se n t m a n y - 
b o d y  forces.

In  m e ta ls , how ever, w h ere  th e  C au ch y  re la tions [1] are  u su a lly  n o t  
sa tisfied , a n d  especially  in  su b stan ces  w ith  co m plica ted  e lem en ta ry  cells (e.g. 
w h ite -tin  s tru c tu re )  th e  ro le o f  such  forces d escrib ing  n o n -c e n tra l, m an y -b o d y  
in te ra c tio n s  sh o u ld  be v e ry  im p o r ta n t.

T he fo rm u la  (20/c) im p lic itly  given in  [7] is th e re fo re  an  effective self- 
co n sis ten t f ie ld  a p p ro x im a tio n . As we h a v e  seen, ev a lu a tin g  th e  force co n 
s ta n ts  in  su ch  a w ay  is e q u iv a le n t to

1) ta k in g  in to  acco u n t th e  e lec tro n ic  response se lf-co n sis ten tly  an d  
co rrec ting  th e  d ie lec tric  fu n c tio n  w ith  th e  e ffec t of th e  period ic  field , an d

2) u s in g  f ir s t  o rder w av e  fu n c tio n s w ith  a screened p seu d o p o ten tia l.
N u m erica l s tud ies b a se d  on th e se  co n sid e ra tio n s a re  in  progress.

Thanks are due to Prof. YtJ. K a g a n  and Dr. E . B r o v m a n  (K urchatov In stitu te , M os
cow) for proposing th is problem and for several discussions.

A ppendix
F o r P $ ,  one has

G(q,q')

Pqi}’ =  G(qY) + G(<M — <?') + — </)?
2 • ( 2 л ) ~ 3 J d f c { [ ( *  +  q f l 2 m  -  F / 2 m ]  • [(k  +  q'y/'Zm  —  F / 2 r n ] l - i

w here th e  f a c to r  2 arises fro m  sum m ing  u p  fo r  th e  tw o sp in  d irec tions, and  th e  
in teg ra l is t a k e n  inside th e  F e rm i-sp h ere . S im ple  ca lcu la tion  gives

G{a,b)
'kp

4 я 3
2(Ff

dz

J  —kf
a-

2

f l

j_  1  k% —  г 2 +  6 / / Z  +  ~  
- l  2

w here 6 , a n d  Ьц are  th e  co m p o n en ts  o f 6 p e rp en d icu la r  a n d  p ara lle l to  a, and  
th e  in te g ra l is u n d e rs to o d  in  th e  sense o f th e  p rin c ip a l va lue . T h is can  be t r a n s 
form ed [12] to  th e  form :

G(a,b) = -  —
2л2

*) —kp

б//г +  —

— I -  F (b i / ,b ± , z ) d z ,
1 a~ az  H-------
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F(u,v , z )
~  ( i - f i - p * )  |p! <  i
V1
1
‘>

w ith

F o r fu r th e r  ev a lu a tio n  o f  th e  expression  num erica l in te g ra tio n  is n eed ed .
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ПРИБЛИЖЕНИЕ ЭФФЕКТИВНОГО ПОЛЯ ДЛЯ СИЛ МНОГИХ ТЕЛ ИОНОВ
МЕТАЛЛА

Для вычисления фононного спектра металлической решетки применяется прибли
жение самосогласованного поля. При данной деформации решетки востанавливающие 
силы между ионами имеют характер многих тел, что является следствием эффектов пе
риодического поля. Условие самосогласогласованности и применение функций Блоха 
первого порядка для диэлектрического тензора, ведут к физическому пониманию фор
мулы, предложенный ранее для определения элементов динамической матрицы, обуслов
ленной силами многих тел.

R E F E R E N C E S

г. шолт

Р е з ю м е
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ANGULAR DISTRIBUTIONS OF THE REACTION
12C(d,p)13C BELOW Ed = 2 MeV

B y

I.  B o r b é l y , T.  D o l in s z k y , J .  E rő  and G . H r e h u s s

CENTRAL RESEA RCH  IN ST IT U T E  FOR PHYSICS, BU D A PEST

(R eceived 6. V III . 1968)

E xcitation  functions o f the 12C(d, p0) and 12C(d, d) reactions were measured at 90° in  
the range E (t =  900— 2000 keV in 10 keV step s. Angular distributions of the 12C(d, p0)13C 
reaction were m easured in steps of 25 keV. The experim ental data are interpreted in  term s 
of interfering com pound levels. Interference phenom ena suggest additional new lev e ls  in  
14N.

1. Introduction

A n g u la r d is tr ib u tio n s  o f th e  12C (d ,p 0)13C reac tio n  in  th e  ran g e  E<j =  
=  800 —1500 keV w ere f irs t  m easured  b y  P h il l ip s  [1] w ho also suggested  sp ins 
a n d  p a ritie s  fo r th e  co m p o u n d  levels. S a r m a  e t al. [2] de te rm in ed  a n g u la r  
d is tr ib u tio n s  a t  17 d iffe ren t b o m b ard in g  energies in th e  sam e  range. O n a ssu m 
ing  a p u re  com pound  n u c le a r  reac tio n  m echan ism , th e s e  au th o rs  su cceed ed  
in  assign ing  sp ins to  fo u r o f  th e  five k n o w n  levels o f 14N  in  th e  energy  ra n g e  
concerned . T he p a r i ty  a n d  sp in  assig n m en ts  w ere m ad e  on th e  a ssu m p tio n  
th a t  th e  n e u tro n  an d  p ro to n  reduced  w id th s  of th e  h ig h ly  excited  s ta te s  in 
th e  N  =  Z  nucleus 14N w ere o f th e  sam e o rd e r of m a g n itu d e . A ngu lar d is t r i 
b u tio n s  o f th e  (d, d), (d , p 0) an d  (d, px) reac tio n s  were m easu red  by  K a s h y  e t 
al. [3] up  to  2 MeV. Spins, p a ritie s , as w ell as n e u tro n , p ro to n  and  d e u te ro n  
red u ced  w id th s  o f five  14N  levels w ere id en tified  b y  le a s t  square  f i ts  o f  th e  
th e o re tic a l an g u la r d is tr ib u tio n  fo rm u la  fo r m any-level resonance re a c tio n s . 
In  th e  sam e energy  reg ion , W il l ia m s o n  [4] s tu d ied  th e  energy  d ep en d en ce  
o f th e  d is tr ib u tio n s  an d  observed , fo r  th e  f irs t tim e , sign ifican t L eg en d re  
co m p o n en ts  above L  =  4. Tw o te n ta t iv e  sp in  assignm en ts w ere m ade u n a m 
biguous b y  th is  v e ry  d e ta iled  ex p e rim en t. T h e  resu lts  o f [1 —4] are su m m arized  
in  T ab le  I .

H ow ever, every  p rev io u s a t te m p t h a d  failed  to  rep ro d u ce  th e  a n g u la r  
d is tr ib u tio n s  above Ea  =  1500 keV in  te rm s  of o v e rlap p in g  levels. S om e of 
th e  a u th o rs  [3] suspect th e  ex istence o f  sev e ra l u n id e n tif ie d  com pound  s ta te s  
in  th is  reg ion . — R esonances a t  Ea =  1730 keV  an d  1950 keV  are know n  fro m  
12C(d, n ) l3N  reac tio n  [5, 6] b u t  have  n o t y e t  been o b served  in  (d, p) p rocesses. 
— As reg a rd s  th e  n o n -re so n a n t c o n tr ib u tio n , i t  seem s to  p la y  an im p o r ta n t
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Table I

L evels in 14N as ex cited  in  the reaction  12C(d, p),3C (g .s ) .a)

£<i/keV E4 ' v " N R ef.[4 Ref. [2] R ef.[3] R cf.p ] Present
work

9 4 0 1 1 0 5 5 1 ' i + i + i + l "

1 1 3 0 1 1 2 3 5 — I — — —

1 1 6 0 1 1 2 6 0 1 - ,  2 “ 2 - 2 - 2 - 2 “

1 2 2 5 1 1 3 1 5 — — — — 3 "

1 3 1 0 1 1 3 9 0 1 ", 2 3" 1+ 3 - 2 \  3 "

1 3 9 0 1 1 4 5 0 - — — — 2 ”

1 4 4 0 1 1 5 0 0 * 3 3 3 + 3 "

1 5 5 0 1 1 5 9 5 — — — 2 -

1 6 3 0 1 1 6 5 5 1 - * 2 -

1 8 0 0 1 1 8 1 0 1 + * 1+

1 9 5 0 1 1 9 3 5 — — 1 -

ü> Asterisk: no assignm ent m ade. Parenthesis: dubious assignm ent. Dash: no resonance  
found. D ot: no m easurem ent.

p a r t  b o th  below  [7, 8] and  a b o v e  [9, 10] th e  reg io n  900—2000 keV. In  ad d itio n , 
E l w y n  e t al. [11] were ab le  to  in te rp re t th e  n eu tro n  a n g u la r  d is trib u tio n s  
fo r th e  m irro r  reac tio n  12C(d, n )13N in th e  reg io n  E a =  1 — 2 MeV b y  D W B A  
ca lcu la tio n s . M oreover, d is to r te d  w ave ca lcu la tio n s [12] w ere  also successful 
in  rep ro d u c in g  th e  ex p e rim en ta l p ro to n  d is tr ib u tio n s  in  th e  12C +  d reac tio n  a t  
Ea =  1200, 1300 an d  1700 keV . T h u s, it  seem ed  to  be o f in te re s t  to  re -in v esti- 
g a te  th e  d e ta ile d  s tru c tu re  in  th e  energy d ependence  o f th e  cross-section  fo r 
th e  reac tio n  12C (d, p 0) in th is  en erg y  range.

2. A ppara tus

T he d e u te ro n  beam  o f a b o u t 1 /л A  in te n s i ty  and 1 — 2 keV  energy  sp re a d  
fro m  th e  2 M eV e lec tro s ta tic  g e n e ra to r  o f th e  In s t i tu te  w as focussed on to  th e  
ta rg e t  a f te r  m ag n e tic  analysis . T h e  ta rg e ts  w ere  se lf-su p p o rtin g  foils o f 30 — 50 
и  g /cm 2 th ic k n e ss  o b ta in ed  b y  v acu u m  d ep o sitio n  of ca rb o n  o f spectroscop ic  
p u rity .

T a rg e t ch am b ers  of d iffe ren t ty p es  w ere  used for m easu rin g  e x c ita tio n  
fu n c tio n s  a n d  ab so lu te  cross-sec tions, an d  fo r  in v es tig a tin g  th e  an g u la r d is t r i 
b u tio n s  (F ig . 1). W ith  b o th  a rra n g e m en ts , th e  g round  s ta te  p ro to n  groups w ere 
d e te c te d  o u ts id e  th e  ch am b er b y  a surface b a r r ie r  O rtec d e te c to r  w ith  a sen s i
t iv e  area  o f 7,1 m m 2. W hen m easu rin g  th e  excitation fu n c t io n  and  th e  a b so lu te  
cross-sec tion , b o th  th e  e la s tic a lly  sc a tte re d  d eu te ro n s a n d  th e  p x p ro to n s w ere
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d e tec ted  w ith in  th e  v a c u u m  b y  a T o sh ib a  de tec to r w ith  a sensitive a re a  of 
17.5 m m 2. W hen  s tu d y in g  angular distributions,  th e  p 0 g ro u p  was m o n ito re d  
a t  a fix ed  angle of 120° la b . W hile m easu rin g  th e  e x c ita tio n  fu nc tion  a t  90° 
lab , th e  ch a rg e  collection m e th o d  h ad  to  be  used in o rd e r  to  o b ta in  a b so lu te  
cross-section  d a ta .

F ig. 1. The scattering cham bers (see tex t)

Signals from  th e  sem ico n d u cto r d e te c to rs  were fed  in to  a 128-channel 
an a ly se r o f th e  ty p e  K F K I-N K -1 0 3 . T h e  pulses of th e  m o n ito r  d e te c to r  w ere 
co u n ted  b y  m eans o f a d iffe ren tia l d isc rim in a to r. The c u r re n t from  th e  ch a rg e  
co llector w as in te g ra te d  in  a 0.69 [i F  c a p a c ito r  w hose v o ltag e  was d e te c te d  
b y  an  e le c tro s ta tic  device.

3. E xperim en ta l procedure

T he accu racy  of o u r co n v en tio n a l ch a rg e  m easu rem en t was e s tim a te d  
to  be ab o u t 6 % .

T he ta rg e t  th ick n ess , 17.6 keV (9 =  45°) was d e te rm in e d  b y  m e a su rin g  
th e  sh ift in  th e  b o m b ard in g  energy  of th e  E p =  874 keV  19F(p , y) re so n an ce
(F ig . 2).

To check  th e  b o m b a rd in g  energy th e  fie ld  of th e  deflec tin g  m a g n e t w as 
m easu red  b y  NM R.

T he ex c ita tio n  fu n c tio n s  for b o th  p 0 an d  p x p ro to n s  an d  th e  d e u te ro n s  
w ere ta k e n  a t  90° lab  in  10 keV steps th ro u g h o u t th e  reg io n  900—2000 keV. 
D urin g  th is  24-h m easu rem en t w ith  th e  sam e ta rg e t considerab le  c a rb o n  de
position  due  to  oil v a p o u r  w as observed . T o  determ ine  th e  ra te  of c a rb o n  de
position  th e  p ro to n  y ield  w as rem easu red  ra p id ly  in 100 keV  in te rv a ls  im m e 
d ia te ly  a f te r  th e  firs t ru n . A  ty p ic a l en e rg y  spec trum  is show n in F ig . 3. E x -
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F ig . 4. E x c ita tio n  functions o f th e  reaction 12C +  d a t 90° lab for (a) the p 0 proton group;
(b) the p l proton group
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Fig. 3. T y p ica l energy spectrum  of the reaction  
12C +  d at Etf —  1500 keV

F ig . 2. The energy calibration and target  
thickness m easurem ent (see te x t)
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F ig . 5. The energy dependence of the angular distribution of the ground state proton group
of the reaction 12C -j- d

c ita tio n  fu n c tio n s of th e  (d , p 0) an d  (d, p j) processes a t  90° lab  are show n in 
Fig. 4.

T he energy  dependence  of th e  p 0 a n g u la r  d is tr ib u tio n  w as s tu d ied  a t  34 
d eu te ro n  energies in  steps o f  a b o u t 25 keV  over th e  a n g u la r  range  20°— 140° 
(150°) lab  angle (see Fig. 5).

4. E valu a tio n  o f  da ta

T he coefficien ts of th e  expansion  in  te rm s  of L egendre  p o lynom ia ls  o f 
th e  c.m . d iffe ren tia l cross-sections are  given in  F ig . 6 an d  T ab le  I I .  T he a n a ly 
sis w as re s tr ic te d  to  L  <C 6.

T he e rro r in  th e  cross-section  is e s tim a te d  to  be ^  1 5 %  fo r th e  p 0 p ro 
to n s an d  dz 25 %  fo r th e  p x p ro to n s  and  d eu te ro n s  ow ing to  u n c e rta in tie s  in  
th e  b ack g ro u n d . T he ab so lu te  cross-section  d a ta  for p ro to n s  a re  sy s te m a tic a lly  
20%  low er th a n  th o se  o f K a s h y  e t al. [3] a n d  M cE l l is t r a m  e t al. [10] p ro 
b a b ly  because o f th e  u n c e r ta in ty  of our th ick n ess  m easu rem en t. T he d iffe r
en tia l c ross-section  for th e  (d, d) process a t  90° lab  angle a n d  Ea  =  1100 keV  
is found  to  be  15%  below t h a t  of th e  R u th e rfo rd  sc a tte rin g , w hile th e  d a ta  o f 
K a sh y  e t al. fo r th e  sam e en erg y  a t  80.5° la b  angle lie 8 %  above it.
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Table 11

effic ien ts  (in mb) w ith  relative errors in  the angular d istribution  of the reaction  
12C(d, p)13C (g .s .)

E l a b ( k e V ) в„ B l в г в 3 Bi в. в .

902
11.37 -  3.33 1.52 —  0.96 - 0 .3 9 - 0 .3 4 - 8 .0 2

0.007 0.046 0.16 0.29 0.91 1.00 4.68

11.64 -  5.99 3.07 0.38 0.25 0.37 0.18
930

0.008 0.029 0.09 0.82 1.61 1.01 2.10

1000
11.37 — 6.99 4.62 0.71 - 0 .2 2 - 0 .8 3 - 0 .5 1

0.008 0.026 0.06 0.46 1.90 0.45 0.73

1040
11.46 — 7.11 6.63 0.99 - 2 .0 8 - 0 .6 9 8.11

0.008 0.027 0.04 0.35 0.00 0.54 4.73

1070
13.42 — 8.88 10.06 0.24 - 0 .4 9 - 0 .7 2 —  0.14

0.008 0.027 0.03 1.74 1.09 0.62 3.20

1100
17.26 - 1 2 .1 8 15.99 - 1 .3 1 - 0 .2 9 - 0 .9 5 8.49

0.008 0.027 0.03 0.44 2.51 0.60 6.77

21.52 - 1 4 .7 1 21.34 - 1 .4 4 - 1 .3 1 - 0 .5 1 — 0.27
1125

0.008 0.028 0.03 0.50 0.68 1.40 2.67

1150
26.52 - 1 9 .0 1 27.49 - 0 .3 7 - 2 .9 6 0.66 0.64

0.008 0.027 0.03 2.49 0.38 1.33 1.38

29.57 - 2 1 .6 9 29.85 — 1.88 - 4 .3 2 1.14 7.03
1175

0.008 -  0.026 0.03 - 0 .5 4 - 0 .2 9 0.00 0.00

30.28 - 2 2 .6 0 30.29 - 1 .7 9 - 4 .1 4 0.50 0.21
1200

0.008 — 0.026 0.03 —  0.58 - 0 .3 1 2.02 4.71

28.24 - 2 3 .3 4 31.11 —  6.06 1.81 - 4 .8 6 4.23
1225

0.280.017 -  0.054 0.06 - 0 .3 5 0.00 - 0 .3 1

26.90 - 2 1 .0 1 25.22 —  3.88 -2 .1 7 - 1 .5 7 0.31
1250

0.018 — 0.058 0.07 — 0.52 - 0 .9 9 - 0 .9 6 3.78

26.39 —  18.73 23.15 — 13.36 - 6 .1 1 - 0 .8 8 - 1 .7 9
1300

— 0.6430.017 -  0.063 0.079 — 0.143 - 0 .3 2 8 1.631

21.95 — 9.85 17.59 —  15.43 —  3.44 - 0 .6 6 - 1 .7 4
1325

- 0 .5 4 80.016 -  0.090 0.078 -  0.095 - 0 .4 3 7 - 1 .6 3 0

1350
19.71 -  6.85 12.23 -  6.34 - 4 .6 5 0.84 - 1 .3 3

0.016 0.116 0.102 — 0.211 - 0 .3 0 4 1.228 - 0 .6 8 4

19.59 -  7.13 13.26 — 5.87 —  0.54 - 1 .1 6 0.22
1375

0.015 -  0.106 0.089 -  0.216 - 2 .5 3 9 -0 .8 5 4 4.017

20.40 — 5.77 13.67 -  4.99 - 0 .7 1 - 1 .2 7 1.11
1400

0.8430.015 -  0.133 0.089 0.260 - 1 .9 7 8 -0 .8 0 2

19.03 -  4.53 10.34 — 1.35 - 2 .4 2 0.61 - 0 .1 7
1420

5.1570.015 -  0.159 0.111 — 0.908 - 0 .5 5 4 1.601
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Table II (continued)

E u b Q u V ) B 0 в. в . B 3 В  £ B s B 6

24.49 - 1 4 .3 0 23.32 —  11.16 2.18 2.64 —  1.37
1440

0.016 - 0 .0 7 2 0.069 —  0.152 0.811 0.471 —  0.776
18.41 -  5.69 7.16 — 1.87 - 3 .6 3 0.34 - 1 .4 7

1460
0.015 -  0.125 0.157 -  0.646 - 0 .3 6 1 2.858 —  0.591

18.49 -  2.93 6.78 -  0.23 - 3 .0 1 - 4 .0 0 —  1.28
1490

0.015 -  0.230 0.159 — 5.016 - 0 .4 2 6 —  0.002 - 0 .6 9 2

1525
18.40 — 1.72 6.81 — 7.31 - 2 .6 5 - 0 .3 3 —  0.86

0.014 — 0.377 0.153 — 0.004 - 0 .4 7 1 - 2 .8 2 0 —  1.021
19.13 — 2.81 8.39 — 1.45 1.60 0.62 3.31

1550
0.014 — 0.230 0.126 0.762 0.780 1.500 0.267

1600
19.94 1.53 7.85 0.85 —  1.78 - 0 .2 2 - 0 .1 0

0.014 0.424 0.135 1.299 —  0.721 — 4.266 — 9.347
20.84 3.14 8.74 0.88 - 0 .4 8 - 0 .1 5 0.99

1630
0.013 0.206 0.122 1.241 — 2.729 - 6 .1 3 6 0.995

1658
20.39 5.39 7.92 1.63 - 1 .3 6 - 0 .2 0 - 0 .3 0

0.013 0.112 0.129 0.660 — 0.918 - 4 .7 1 8 - 3 .2 9 6

1680
19.16 7.42 6.09 2.94 - 0 .9 9 0.67 0.19

0.014 0.085 0.186 0.406 - 1 .5 3 7 1.623 5.830

1700
17.93 5.95 4.61 1.17 0.28 - 0 .3 1 0.81

0.012 0.082 0.181 0.491 3.687 - 2 .4 2 2 1.044

1750
16.52 — 7.93 1.94 3.68

0.295
— 1.34 - 0 .6 7 - 0 .2 0

0.015 - 0 .0 8 0 0.516 - 0 .9 0 1 - 1 .4 2 2 - 3 .9 4 4

1800
14.99 — 9.10 2.23 6.38 — 4.27 0.30 — 2.50

0.017 0.070 0.446 0.171 — 0.283 3.092 — 0.285

1850
10.52 - 8 .5 0 1.24 4.17 - 2 .8 9 — 1.20 — 1.01

0.017 - 0 .0 5 3 0.563 0.189 - 0 .2 9 5 - 0 .5 4 3 — 0.468

1900
13.82 — 6.94 - 0 .3 2 2.48 - 3 .5 3 - 0 .5 8 - 1 .4 6

0.016 - 0 .0 7 8 - 2 .6 2 6 0.374 - 0 .2 8 8 - 1 .3 9 1 - 0 .4 4 3

1950
16.09 —3.75 - 2 .7 1 5.03 - 6 .8 3 1.81 - 3 .0 1

0.017 - 0 .1 7 8 - 0 .3 9 3 0.229 — 0.189 0.565 — 0.297

1995
17.69 - 5 .1 0 0.55 1.86 - 3 .6 2 5.06 — 1.38

0.016 — 0.138 2.051 0.649 —0.372 0.003 - 0 .6 7 7
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F ig . 6. The energy dependence o f  th e  first Legendre coefficients in  th e  differential cross- 
section o f  th e  reaction 12C(d, p )t3C (g.s.)

5. D iscussion

T he m e a su re d  an g u la r d is tr ib u tio n s  a re  com pared  in  te rm s  of th e  L e 
g e n d re  coeffic ien ts  w ith  th e  e a rlie r  e x p e rim e n ta l resu lts  [2, 4] in  Fig. 7. A n 
a t te m p t  is m a d e  to  in te rp re t th e  m easured  d is tr ib u tio n s  in  te rm s  o f th e  en e rg y  
d ep en d en ce  o f  th e se  coeffic ien ts .

The L eg en d re  coeffic ien ts o f  th e  odd-o rd e r L  are g iven  a t  energy E  in  
th e  region w h e re  tw o  resonances o f  d ifferen t p a ritie s  o v erlap  b y  th e  expression

b l (e ) =  2 Z ( - i ) 5*-*
Sa Sb
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F ig. 7. The energy dependence o f the relative Legendre coefficients o f the reaction l2C(d, p )13C 
(g .s .) as compared w ith  the results o f [2, 4]
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Ind ices 1 a n d  2 den o te  th e  in te rfe rin g  resonances. E a c h  resonance is 
id e n tif ie d  b y  i ts  sp in  und  p a r i ty  I ,  n ,  p o sitio n  gT, to ta l  w id th  Г  and  th e  se t 
o f  g ’s, th e  re d u c e d  w id th  a m p litu d e s . S u b sc rip ts  a and  b re p re se n t th e  in p u t 
a n d  th e  o u tp u t  ch an n e ls , s th e  ch an n e l sp in , a n d  l th e  m in im um  o rb ita l an g u la r 
m o m en tu m  p e rm itte d  b y  th e  co n se rv a tio n  law s an d  se lection  ru les fo r th e  
s , I ,  л  va lues in v o lv e d  in th e  c h a n n e l concerned . T he Z  s ta n d s  fo r th e  coeffi
c ien ts  o f B l a t t  a n d  B ie d e n h a r n  [13] an d  H u b y  [14]. T he a rg u m e n t у  o f  th e

E[keV]

F ig . 8. Energy dependence of the ratio o f  the first odd Legendre coefficients in  the angular  
distribution o f  the reaction l2C(d, p )13C (g.s.)

cosine  fac to r  is th e  to ta l  phase  sh if t inc lud ing  h a rd  sphere s c a tte r in g , C oulom b 
sc a tte r in g  an d  reso n an ce  sc a tte r in g  c o n tr ib u tio n s  w hile Pi(E)  is a p e n e tra tio n  
fa c to r . E ach  te rm  o f th e  sum  in  E q . (1) is th e  c o n tr ib u tio n  from  tw o in te r 
fe rin g  ‘ch an n e l p a ir s ’; e ith er o f  th e m  consists o f  an  in p u t an d  an  o u tp u t c h a n 
n e l b o th  m a tc h in g  th e  sam e reso n an ce  in  sp in  a n d  p a rity . E q . (1) holds only 
u n d e r  th e  co n d itio n s : (i) th e  n o n -re so n a n t c o n tr ib u tio n  to  th e  sc a tte rin g  
m a tr ix  is n eg lig ib le ; (ii) th e  c u t-o ff  in  l b y  th e  p e n e tra tio n  fac to rs  o f th e  h igher 
o rb ita l  an g u la r m o m e n ta  is n o t co m p en sa ted  fo r b y  o th e r /-d e p e n d e n t fa c to rs ;
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(iii) th e  in te rfe ren ce  w ith  a n y  th ird  level can  be  ignored . If , in  sp ite  o f th e  
fa c to riz a tio n  o f  th e  L- a n d  E -  dependence  in  E q . (1), th e  ex p e rim en ta l 
ra tio s  o f th e  odd  coefficients a re  n o t energy  in d e p e n d e n t one o r m ore o f  th e  
ab o v e  assu m p tio n s m ust be  in v a lid . The v a r ia tio n  of th e  ra tio  B 3/B 1 w ith  
en erg y  in  F ig . 8 shows th e  lim ita tio n s  of th e  m e th o d  o f assign ing  spins a n d  
p a r itie s  to  th e  in te rfe rin g  levels b y  co m p arin g  th e  ex p e rim en ta l an d  th e o re ti
ca l values o f B J B V I t  w as fo u n d , how ever, t h a t  in  th e  reg ion  in  question  th e  
successive levels o f 14N h av e  a lte rn a tin g  p a r itie s  (see T ab le  I) . F o r  th is  reaso n , 
th e  even L egendre  coeffic ien ts a re  ex p ec ted  to  be v ir tu a lly  o f  w holly in co 
h e re n t origin a n d  m ay  be a p p ro x im a ted  b y  a sim ple expression  like E q . (1). 
T he values of th e  ra tio  B.JВ 0 can  th e n  serve as a check on th e  sp in  an d  p a r i ty  
a ss ignm en ts in fe rred  from  th e  coheren t c o n tr ib u tio n s , an d  vice versa .

F o r s im p lic ity , th e  ch an n e l spin m ix ing  sb =  0, 1 in  th e  o u tp u t ch an n e l 
w as f irs t d isreg ard ed , an d  th e  ca lcu la ted  ra tio s  of th e  L egendre  coefficien ts 
w ere ta b u la te d  for th e  in te rfe ren ce  of levels o f d iffe ren t p a r itie s  from  th e  
expression

В 2х-ц—Z(laJ I j  lg2 E  ; Sa 2Я 4- 1 ) Z (lhi I L lb„ I 2 ; sb 2Я -f- 1)
В  t Z(lal I ,  la2I 2; sa l )  Z ( lbiI 1 lb21о ; sb 1)

(Д =  1, 2) (2)

a n d  fo r each ‘p a r i ty  iso la te d ’ resonance  from

B 1K =  Z ( la I l a I ; s a 2X) Z ( lbI l bI ; s b2À)

Bo Z ( la I l 01 ; sa0 ) Z ( l bI l b I  ; s b0)

(A =  1, 2, 3) (3)

fo r all th e  possib le  co m b in a tio n s of th e  a n g u la r  m o m en ta  an d  com pared  w ith  
th e  m easu red  d a ta  in  o rd er to  de te rm ine  th e  d iscre te  resonance  p a ra m e te rs  
w here  possible.

W h erev er a reasonab le  sp in  and  p a r i ty  assignm en t could  be m ade, th e  
c h an n e l spin m ix ing  ra tio  w as ap p ro x im a te d  b y  th e  sim ple fo rm u la  valid  fo r 
th e  p a r tic u la r  case of th e  p a r i ty  iso la ted  reso n an ces in  th e  12C(d, p) p rocess

g2(0 ) _  g'b (0 h  ; I n )  =  
g2( l )  g l ( l l b ; I n )

=  { - [ B 2 Z ( la I l a I  ; 10) Z ( lb I l b I  ; 10)

-  B 0 Z ( la I l a I  ; 12) Z ( lb I l b I  ; 12)]

[ B 2 Z ( la I la I  ; 10) Z ( lb I l b I  ; 00)

-  ß u Z ( la I l a I  ; 12) Z ( lb I l b I  ; 0 2 ) ] " 4  (4)
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th e  use o f  w h ich  was ju s tif ie d  b y  th e  fa c t  t h a t  in  all p ra c tic a l cases th e  ch anne ls 
w ith  Sf, =  0 an d  th o se  w ith  sb =  1 h a d  th e  sam e low est p a r tia l  w aves lb and  
l \ .  T he  in co h e ren t c o n tr ib u tio n  is e x p e c te d  to  invo lve  a single ch an n e l-p a ir 
ow ing to  th e  cu t-o ff o f  th e  h igher p a r t ia l  w aves b y  th e  p e n e tra tio n  fa c to rs  and  
to  y ield  reaso n ab le  ra tio s  o f reduced  w id th s . T he c h an n e l sp in  m ix in g  ra tio s  
c a lc u la te d  from  E q . ( 4 ) fo rL  =  2 are  l is te d  in  T ab le  I I I .  A sim ilar c a lcu la tio n  
o f th e  c o h e re n t c o n tr ib u tio n  d id  n o t  y ie ld  co n sis ten t re su lts . T his m a y  be 
d u e  to  th e  p a r tic ip a tio n  o f  m ore th a n  tw o  ch an n e l-p a irs  in  th e  in te rfe ren ce .

Table III

Channel spin m ixing ratios o f the 14N  leve ls excited in the reaction С1г +  d

Energy
(keV) i n

( B J B )  calc.»>
( B J B , )  e x p .

* 6 = 1 S b  =  о

940 1 + 0 0 0 .1 3 -0 .2 6 1
1160 2“ 0.5 l 1.04 0.26
1225 3 + 0.85 1.14 1.10 0.41
1310 2 + 0.5 no decay 0.88 0 . 0

3 + 0.85 1.14 0.88 3.6
1390 2 - 0.5 1 0.67 1.4
1440 3 + 0.85 1.14 0.95 1.41
1550 2 - 0.5 1 0.44 3.05
1630 2 - 0.5 1 0.42 2.68
1800 1* 0 0 0.15 1 . 0

1950 1 - 0 no decay - 0 .1 7 0 . 0

a) The calculated B ,j B 0 data refer to single channel-pair transitions w ith  the lowe  
possible in p u t and output partial waves.

S ig n ifican t n eg a tiv e  B 4 m easu red  a t  th e  an o m a ly  ab o u t E =  1160 keV 
suggests u n eq u iv o ca lly  1  =  2 for th is  level. T he a lm o st equal e x p e rim e n ta l 
va lu es  o f  B 2 an d  B 0 exclude  p o sitive  p a r i ty  w hich w ould  invo lve J32/-Bn =  0.50 
or 0.57 fo r  sb =  0 o r 1. T he decay  o f  th e  2 “ reso n an ce  fav o u rs  th e  sb =  0 
o u tp u t, see T ab le  I I I .  Also th e  e x p e rim e n ta l B J B 0 =  —0.11 su p p o rts  th e  as
su m p tio n  th a t  th e re  is an  a d m ix tu re  from  th e  sb =  1 tra n s itio n  (la =  3, 
B J B 0 =  —0.56) to  th e  d o m in a n t one w ith  sb =  0 (la =  1, B J B 0 =  0).

T h e  la rg e  values o f B 4 in  th e  in te rv a l  Ea =  920 — 1160 keV suggest even 
p a r i ty  fo r  th e  resonance  a t  920 keV. T h e  ra p id  decrease  in  B 2 to  a lm o st zero 
show s t h a t  L  =  2 is fo rb id d en  an d  th e  o n ly  possib le assig n m en t is 1 + . The 
in te rfe ren ce  o f 1 + a n d  2 ~ resonances th ro u g h  th e  d o m in a n t p a r t ia l  w aves 
im plies B s =  0 for b o th  o u tp u t  ch an n e l sp ins, w hich is in ag reem en t w ith  th e  
e x p e rim e n ta l d a ta .

T h e  s tr ik in g  bulges on th e  cu rv es fo r B 0 an d  B 2 in d ic a te  th e  p resen ce  of 
a  n a rro w  leve l a t Ea =  1300 keV th e  ev en  p a r ity  o f w h ich  is u n iq u e ly  d e te r 

Acta Physica Academiae Scienliarum Hungaricae 26, 1969



ANGULAR D ISTRIBU TIO N S OF T H E  REACTION 1!C(d, p)«C  BELOW  Ed =  2McV 281

m ined  b y  th e  large v a lu es  of B v  T h e  assum ed ‘p a r i ty  iso la tio n ’ o f  th is  level, 
how ever, seems to  be  in co n sis ten t w ith  th e  e x p e rim e n ta l va lu es  o f  th e  even 
L egendre  coefficients. T he m easu red  ra tio  B J B 0 =  —0.23 suggests  fo r th is 
level 2 +, b u t  only  th ro u g h  an  a d m ix tu re  from  th e  h ig h e r o rder lb =  3 channe l. 
T he p re d ic te d  va lu e  o f  B 2j B n fo r th e  2 + assig n m en t is 0.50 (lb =  1) or 0.57 
(lb =  3). T he e x p e rim e n ta l B 2j B 0 =  0.88, on th e  o th e r  h an d , w o u ld  be in  
excellen t ag reem en t w ith  th e  B J B 0 =  0.86 p re d ic te d  for th e  o th e r  a lte rn a tiv e , 
171 =  3 + in th e  d o m in a n t p a r tia l  w aves an d  sb —  1 (see T able I I I ) .  W hile  th e  
absence o f sign ifican t B e does n o t c o n tra d ic t th is  ch an n e l p a ir  selec tion , th e  
m easu red  value o f В , /B 0 is in co n sis ten t w ith  th e  p red ic tion  B J B t) =  0.85 
(sb =  0) o r 0.14 (sb =  1).

T h e  above in co n sis ten cy  in  th e  p a tte rn  co u ld  be perh ap s ex p la in ed  if  
one assum es th e  ex is ten ce  in  th is  reg ion  of an  u n id en tified  p o s itiv e  p a r ity  
level as in d ica ted  b y  th e  ra th e r  sh a rp  peaks a t  Ed  =  1225 keV  on b o th  th e  
B 2 an d  B 3 curves as w ell as b y  th e  sm aller b u t p ro n o u n ced  e x tra  an o m aly  in  
B  g superim posed  on th e  b ro ad  2 ~ resonance . I f  th e  ex istence o f th is  level is 
a d m itte d  an d  th e  m easu red  v alue  o f  B e a t Ed =  1225 keV is co nsidered  sig
n if ic a n t its  spin an d  p a r i ty  m u st b e  3 + . T he c o h e re n t c o n tr ib u tio n  stro n g ly  
su p p o rts  th is  ass ig n m en t. The ex p e rim en ta l v a lu e  B.i j B l =  0.26 is in  excellen t 
ag reem en t w ith  th e  0.25 p red ic ted  fo r  th is  ra tio , assum ing  th e  ch an n e l spin 
conserv ing  (S;, =  1) in te rfe ren ce  of a 3 + and  a 2 ~ (1160 keV) level th ro u g h  th e  
d o m in a n t channel p a irs . T he v an ish in g  of B .  f i ts  q u ite  well in to  th e  p ic tu re . 
B u t th e  m easured  v a lu es  o f th e  even  coefficients g iv ing  B J B „ =  1.10 fav o u r 
a tra n s it io n  w ith  la =  0, lb =  3, sb =  0 for w hich  th e  p red ic tion  is B 2j В 0 =  
1.14 (see T able I I I ) .

T h e  cen tre  o f th e  c h a ra c te ris tic  n arro w  reso n an ce  a t Ed — 1440 keV is 
a lm ost sy m m etrica lly  su rro u n d ed  b y  large  m in im a on th e  B 3 an d  th e  B 3 curves 
w hich m a y  be ex p la in ed  b y  th e  p o s itiv e  p a r ity  o f th is  level and  its  in te rfe ren ce  
w ith  th e  d is ta n t, b ro a d  2 ~  resonance  a t  Ed =  1160 keV. The m easu red  ra tio  
B 2/ B 0 =  0.95 re s tr ic ts  th e  possible sp ins to  3 + o r 4 + . The n o n -o b se rv a tio n  
o f  В 6 does n o t exclude th e  la t te r  since th e  th e o re tic a l coefficient is v e ry  sm all. 
W h a t e v en tu a lly  decides in  fav o u r o f  3 + is th e  m easu red  ra tio  B J B 0 =  0.09 
as co m p ared  w ith  th e  p red ic tio n s fo r  B J B 0 =  0 .14 (for г  =  3 +, 5 , =  1); 
0.54 ( Г  =  4+ , sb =  0); 0.58 ( F  =  4 + , s„ =  1) (see also T able I I I ) .

I f  th e  sm all, b u t  s ign ifican t an o m a ly  on th e  B 0 an d  B 2 cu rv es  a t  Ed =  
1380 keV  is n o t d u e  to  som e e x p e rim e n ta l e rro r one has to  assu m e here  a 
n e g a tiv e  p a r ity  level since 1 + is ru le d  ou t by  th e  observed  co h e ren t c o n tr i
b u tio n  from  th e  1440 keV  level. T h e  2 ~ assig n m en t seem s to  be th e  o n ly  one 
th a t  is co m p atib le  w ith  th e  p red ic tio n s  if  one co m p ares  th e  e x p e rim e n ta l value 
o f  B.JВ 0 =  0.62 w ith  th e  ca lcu la ted  ones, 0.5 (sb —  1) an d  1.0 (sb =  0) for 2 ~ 
as well as 0.9 for 3 -  (see also T ab le  I I I ) .  T he odd coeffic ien ts do n o t  c o n tra d ic t 
th e  assum ed  in te rfe ren ce  o f tw o  n a rro w  b u t closely  pack ed  2 ~  a n d  3 + levels.
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T h e  p red ic tio n s  B .J B x =  0.66 a n d  0.25 for sb =  0 an d  1, re sp ec tiv e ly , are 
co m p arab le  w ith  th e  observed  v a lu es , n am ely  B 3/ B 1 — 0.86 (b o th  1375 and  
1400 keV ); 0.30 (1420 keV) an d  0.77 (1440 keV).

T h e  s tru c tu re  observed  a t  Ed — 1550 keV in  th e  energy  d ependence  of 
th e  f ir s t  fiv e  L eg en d re  coefficien ts m a y  p e rh ap s  be regarded  as sign ifican t. 
I n  th is  case, th e  ex p e rim en ta l v a lu e  o f B 2j B 0 w ou ld  ind ica te  th e  presence of 
a 2~  s ta te  (see T a b le  I I I ) .  T he h ig h er o rd e r coeffic ien ts are, how ever, too  sm all 
to  p e rm it a n y  d e fin ite  in ferences to  be  m ade a b o u t th is  h y p o th e tic a l level.

A t Ed  =  1800 keV, all th e  m easu red  coeffic ien ts of th e  a n g u la r  d is tr i
b u tio n s  ex h ib it som e anom aly . In  single chan n e l p a ir  tra n s itio n s  w ith  allowed 
L  =  2, th e  low est po sitiv e  va lu e  p re d ic te d  fo r B2/ B 0 is 0.5. T hus, th e  observed 
B J B 0 =  0.14 c a n n o t be ex p la in ed  u n less one a d m its  th e  a d m ix tu re  o f a t r a n 
s itio n  fo rb id d in g  L  =  2. Such an  a d m ix tu re  w o u ld  suggest 1 + fo r  th is  level 
(see also T ab le  I I I ) .  T his ass ig n m en t is, how ever, in co n sis ten t w ith  th e  signi
fic a n c e  of B 4 a n d  B e ( !); th is  can  be  exp la ined  b a rr in g  e x p e rim en ta l errors 
o n ly  b y  p o s tu la tin g  th e  p ro x im ity  o f  a n o n -id en tified  positive  p a r i ty  level.

W ith  th e  a ssu m p tio n  o f  even  p a r i ty  fo r th is  la s t level, th e  strong ly  
v a ry in g  odd  coeffic ien ts  w ith in  th e  p reced ing  in te rv a l suggest th e  existence 
o f  a n e g a tiv e -p a r ity  resonance localized  a t Ed — 1630 keV as a p p a re n t from  
th e  s tru c tu re  on th e  f irs t tw o  even  L egendre coeffic ien ts . T he ex p erim en ta l 
v a lu e  B .J B () =  0.42 suggests 2~ (see also T ab le  I I I ) .  Also th e  m easu red  insig
n if ic a n t В 4 =  — 0.02 shows th a t  th e  d o m in an t ch an n e l again  conserves th e  
c h a n n e l sp in . T h e  odd  coeffic ien ts v a n ish  in  th e  in te rv a l Ed  =  1550 — 1630 
keV  w hich  is in  ag reem en t w ith  th e  a ssu m p tio n  o f  tw o  2 -  levels. T h e  d rastic  
ch an g e  in  th e  a n g u la r  d is tr ib u tio n  p a t te rn  a t  a b o u t 1680 keV is rev ea led  b y  
th e  su d d en  ch an g e  in  B 1 t h a t  is n o t  accom pan ied  b y  a co rresp o n d in g  change 
in  B 3. P ossib ly  because  o f th e  ab o v e  m en tio n ed , n o n -id en tified  lev e l, th e re  is 
n o  co rre la tio n  b e tw een  th e  odd  coeffic ien ts in  th e  second p a r t  o f th is  in te rv a l, 
a n d  th e  p re se n t analysis  fails to  w o rk  here. I t  is o f  in te re s t to  n o te  also th e  
sh if t from  1625 to  1675 keV in th e  p eak s  of th e  even  and  th e  odd  coefficients, 
re sp ec tiv e ly .

All th e  coeffic ien ts  L  =  1 — 6 a t Ed  =  1950 keV ex h ib it sy s tem a tic  
anom alies b u t  th e y  could  be h a rd ly  ta k e n  as in d ica tio n s  of a p a r ity - iso la te d  
re so n an ce  level. T h e  spin an d  p a r i ty  a ss ignm en t w ould  be re s tr ic te d  b y  th e  
e x p e rim e n ta l ra tio  B 2/ B 0 =  0.17 to  th e  a lte rn a tiv e s  1 + and  1 ~, a n d  th e  in 
co h e ren t c o n tr ib u tio n  below th is  level fa v o u rs th e  la t te r  (see also T a b le  I I I ) .O n  
th e  o th e r  h a n d , su ch  a low sp in  v a lu e  is obv io u sly  in  c o n tra d ic tio n  w ith  th e  
o b se rv ed  v a lu e  o f  B 4/B 0 =  —0.42 even if  one ignores th e  s ig n if ican t B c a t 
th is  energy . E ith e r  th e  d irec t b a c k g ro u n d  or som e n o n -id en tified  com pound 
s ta te  w ith  h ig h e r sp in , or b o th , m u s t be held  responsib le  for th e  in co n sis ten t 
b e h a v io u r  o f th e  coefficients.

T he in fo rm a tio n  on th e  14N  levels o b ta in e d  from  th e  p re se n t w ork is
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in  good ag rém en t w ith  th e  re su lts  o f o th e r  au th o rs; see T ab le  I . T h e  know n 
n e g a tiv e -p a rity  level a t  Ed  =  1620 keV  has been assig n ed  th e  spin /  =  2 in 
th e  p re se n t analysis . T h e  s ta te s  sugg ested  a t E d =  1225 keV (3 +), 1380 keV 
(2 ~), 1550 keV  (1 - ) h av e  s till to  be ch eck ed  in  fu r th e r  d e ta iled  s tu d ies  o f  th e  
com peting  channels.

R E F E R E N C E S

1. G. C. P h i l l i p s , Phys. R ev .. 80, 164, 1950.
2. N. S a r m a , M. G o v i n d j e e  and H. R. A l l a n , Proc. Phys. Soc., A70, 68, 1957.
3. E. K a s h y , R. R. P e r r y  and J. R. R i s s e r , P hys. Rev., 117, 1289, 1960.
4. J. H. W i l l i a m s o n , Nuclear Physics, 69, 481, 1965.
5. J. H. G i b b o n s  and R. L. M a c k l i n , P hys. R ev ., 114, 571, 1959.
6. J. K. R a i r , J. D. K i n g t o n  and H. D. W i l l a r d , Phys. R ev ., 90, 575, 1953.
7. K. M i r a  J u r i c , Bull. Inst. Nucl. Sciences “ Boris Kidrich” , 6 , 35, 1956.
8. B. C. C o o k , A. S. P e n f o l d  and Y. L. T e l e g d i , Phys. R ev., 104, 554, 1956.
9. T. W . B o n n e r , J. T. E i s i n g e r , A. A. K r a u s  and J. B. M a r i o n , Phys. R ev ., 101, 209,

1956.
10. M. T. M c E l l i s t r a m  et al., Phys. R ev., 104, 1008, 1956.
11. A. E l w y n , J. У. K a n e , S. O f f e r  and D. H . W i l k i n s o n , P hys. R ev ., 116, 1490, 1959.
12. A. G a l l m a n n , P. F i n t z  and P. E . H o d g s o n , Nuclear P hysics, 82, 161, 1966.
13. J. M. B l a t t  and L. C. B i e d e n h a r n , R evs. Mod. Phys., 24, 249, 1952.
14. R. H i ’B Y , Proc. Phys. Soc., A67, 1103, 1954.

УГЛОВОЕ РАСПРЕДЕЛЕНИЕ РЕАКЦИИ 12C(d, p)13C НИЖЕ E ä =  2 Мзв 

И . Б О Р Б Е Л Ь ,  Т . Д О Л И Н С К И Й , Я . З Р Э  и  Д . Х Р Е Х У Ш  

Р е з ю м е

Измерялись функции возбуждения реакций 12C(d, р) и I2C(d, d) под углом 90°, в  
интервале Ed =  900 — 2000 Кэв шагом 10 Кэв. Угловые распределения реакции 
I2C(d, р„)13С измерялись шагом 25 Кэв. Экспериментальные данные обсуждаются с точки 
зрения перекрывающихся составных уровней. Явление интерференции внушает доба
вочные новые уровни в 14N.
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THE YOUNG’S
AND SHEAR MODULI OF NaCl WHISKERS

B y

E . H a r t m a n n  and A . T ó t h

RESEA RCH  GROUP FOR CRYSTAL GROW TH OF T H E  HUN G ARIA N  ACADEMY O F SCIENCES, IN S T IT U T E  
FOR EX PER IM EN TA L PHY SICS, TECH N ICA L U NIV ERSITY , BU DA PEST

(R eceived 1. X . 1968)

The sta tic  and dynam ic Y oung’s m oduli, and the dynam ic shear modulus o f  sod ium  
chloride whiskers grown by various m ethods were m easured at room  tem perature in  th e  <100) 
direction. In the thickness range o f 2— 18 fi no dependence on whisker dim ension was detected . 
According to the experim ental results the values o f  the elastic m oduli measured correspond to  
values obtained w ith  large single crystals.

T he p h y sica l p ro p e rtie s  o f w hiskers differ in m a n y  instances fro m  th e  
p ro p ertie s  o f large single (bu lk ) c ry s ta ls . T h u s , e.g. c e r ta in  m echan ical p ro p e r 
ties (tensile  s tre n g th , y ie ld  p o in t) of th e  w hiskers are  b e t te r  th a n  th o s e  o f 
single c ry s ta ls  [1]. H ow ever, as th e  e lastic  co n stan ts  of th e  c rysta ls  a re  m a in ly  
d e te rm in ed  b y  th e ir  c ry s ta l s tru c tu re  a n d  th e  forces a c tin g  betw een  th e  c ry s ta l  
co m ponen ts, one w ould ex p ec t th e  e la s tic  co n stan ts  o f  th e  w hiskers n o t  to  
d ev ia te  v e ry  m u ch  from  th e  values fo r  la rg e  single c ry s ta ls . M easu rem en ts  
carried  o u t on v a rious w hiskers su p p o rte d  th is  e x p e c ta tio n  in  som e cases 
[2, 3], w hereas, in  o th e r  cases, Y o u n g ’s m odulus values w ere o b ta in ed  w h ich  
w ere less [4], or m a n y  tim es  m ore [5, 6] th a n  those  m easu red  w ith  la rg e  single 
c ry sta ls . T he ab so lu te  v a lu e  o f th e  sh e a r m odulus has u n t i l  now  b een  d e te r 
m ined  on ly  fo r iron  w h iskers; th e  va lu es  o b ta in ed  w ere sm alle r th a n  fo r  la rg e  
single c ry s ta ls  [7]. C onsidering th e  c o n tra d ic to ry  re su lts  [3] it  w as dec id ed  
to  m easu re  th e  Y o u n g ’s a n d  sh ear m od u li o f  NaCl w h iskers grow n b y  v a r io u s  
m ethods.

T he sam ples w ere grow n b y  m e th o d s  described ea rlie r, e ither on  cello
p h an e  or from  so lu tions c o n ta in in g  p o ly v in y l alcohol a d d itio n s  [8]. W ith  th e  
la t te r  m e th o d  w hiskers w ere grow n e ith e r  from  “ p u re”  so lu tions or fro m  so lu 
tions w hich  w ere c o n ta m in a te d  w ith  CaCl2. The c ry s ta ls  grew in th e  <100) 
d irec tions an d  h a d  re c ta n g u la r  cross sec tions.

T he Y o u n g ’s m odulus of th e  w h isk ers  was m easu red  in  tw o d iffe re n t 
w ays: d y n am ica lly  an d  w ith  a s ta tic a l m e th o d . A pp ly ing  th e  dynam ic m e th o d  
th e  Y o u n g ’s m odulus of th e  sam ples w as dete rm in ed  b y  m easuring  th e  b e n d 
ing v ib ra tio n s . O ne end  o f th e  w hiskers w as glued to  a fix ed  su p p o rt w ith  
d ip h en y lca rb az id e  an d  w as m ade to  v ib ra te  b y  on a lte rn a tin g  e lec tric  fie ld  
in  a v a c u u m  of 10—2 to rr . T h e  p o ss ib ility  fo r hav ing  th e  w hiskers v ib ra te d  in 
th is  w ay  w as th e  fa c t th a t ,  accord ing  to  o u r o b se rv a tio n s, th e  w hiskers w ere
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e lec trica lly  c h a rg ed . The re c ta n g u la r  sh ap ed  w hiskers v ib ra te d  in  one se t of 
th e  ex p e rim en ts  along th e ir  sh o rt sides, a n d  in  an o th e r se t along th e ir  long  
sides. T he v ib ra tio n  of th e  w hiskers w as o b se rv ed  m icroscopically . As w ith  
neg lig ib ly  sm a ll fric tio n , th e  resonance  fre q u e n c y  co rresponds to  th e  n a tu ra l  
o r  free f re q u e n c y  o f th e  w h isk ers , Y oung’s m o d u lu s  (E ) co u ld  have  been co m 
p u te d  b y  th e  fo llow ing fo rm u la :

48 jt2 l* v2 g
E  = -------- • —— — ,

m4 hr

w h ere  l is th e  le n g th  of th e  w h isk e r, v =  free  frequency , g =  w hisker d e n s ity , 
h =  side le n g th  o f  th e  w h isk e r cross-section  in  th e  d irec tio n  o f th e  v ib ra tio n

E-КГ” din-ern'2 

6- О

О

з-
т H-----1----- г

5
—r
10 15

F ig . 1. The th ick n ess dependence o f  the Y oung’s m odulus of NaCl whiskers measured in  the  
<100) direction, о  •  whiskers grown from  solutions containing p o ly v in y l alcohol; Д  A w h is
kers grown from  solutions containing polyv inyl a lcohol and doped w ith  0.1 mol%  CaCl2 
□  ■  whiskers grow n on cellophane. The dark m arks ind icate  the va lues obtained from v ib ra 

tio n s along the d irection  of the longer cross-sectional side

a n d  m  is 1,875 fo r  rods fix e d  a t  one end  in  th e  case o f g ro u n d  v ib ra tio n . T h e  
re so n an ce  fre q u e n c y  of th e  c ry s ta ls  (ly ing  in  th e  ran g e  o f  70 —150 c/s) w as 
m easu red  w ith  a D A W E  1205 ty p e  stro b o sco p e . The d im ensions of th e  w h is 
k e rs  c ross-sec tion  w ere d e te rm in e d  m icroscop ica lly  w ith  a n  accu racy  o f 0,3 
/л. T he  c ross-sec tion  was m easu red  a t sev e ra l po in ts  a long  th e  len g th  o f  th e  
w h iskers. T h e  lo n g itu d in a l d im ensions o f th e  sam ples v a r ie d  betw een  5 a n d  
15 m illim etres . O n a few occasions re p e a te d  m easu rem en ts  w ere carried  o u t 
on  one an d  th e  sam e w h isk e r a t  v a rio u s le n g th s  w ith  v a rio u s  v ib ra tio n a l 
a m p litu d e s  a n d  in  a v a ry in g  v acu u m . T hese  ex p erim en ts  a lw ays y ielded  th e  
sam e  Y o u n g ’s m o d u lu s v a lu es . T h e  resu lts  o f  th e  d y n am ica l Y o u n g ’s m o d u lu s 
m e a su re m e n ts  c a rr ie d  ou t on v a rio u s w h isk e rs  are show n in  Fig. 1, w h ich  
re p re se n ts  th e  Y o u n g ’s m o d u lu s as a fu n c tio n  of th e  w h isk e r th ickness ( th e  
sq u a re  ro o t o f  th e  sam ple cross-section). T h e  b lack  d o ts  co rrespond  to  th e  
v ib ra tio n  a long  th e  longer side o f  th e  cross sec tio n  and  th e  w h ite  do ts re p re se n t
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th e  re su lts  o b ta in ed  b y  v ib ra tin g  a long  i ts  sh o rte r side. F o r  th re e  m e a su re 
m en ts  th e  value of th e  p ro b ab le  e rro r  re su ltin g  m ain ly  from  in co rrec t m ea
su rem en ts  o f th e  cross sec tion  is also in d ic a te d . The p ro b a b le  e rro r is g re a te r  
fo r th in n e r  cry sta ls . T he d o tte d  line in  F ig . 1 co rresponds to  th e  Y o u n g ’s m o d u 
lus of la rg e  single NaCl c ry s ta ls  (E  =  4 ,37  • 1011 dyn  ■ cm “ 2 [10]). As can  be 
seen from  F ig . 1, th e  E  v a lu es  do n o t d ep e n d  upon  th e  d im ensions o f th e  sam 
ples a n d  th e  resu lts  s c a tte r  ab o u t th e  v a lu e  o b ta in ed  fo r large single c ry s ta ls  
w ith in  th e  e rro r of m easu rem en ts .

T he long NaCl w h iskers grow n fro m  so lu tions co n ta in in g  p o ly v in y l a l
cohol allow ed, th e  Y o u n g ’s m odulus o f  th e  w hiskers to  be  d e te rm in ed  b y  a 
sim ple s ta tic  m ethod . T h e  sam ples w ere free ly  su p p o rte d  a t  th e ir  ends. T he 
deflec tion  caused  b y  th e  d ead  w eight o f  th e  sam ples w as d e te rm in ed  m icros
copically . E m ploy ing  th e  re la tio n  co ncern ing  th e  b en d in g  deflec tion  caused  
b y  th e  d ead  w eight o f h o rizo n ta l b eam s [11] th e  Y o u n g ’s m odulus o f th e  
sam ples can  be expressed  w ith  th e  m ax im u m  deflection  ( f ) ,  th e  d is tan ce  b e t 
w een th e  tw o  wedges su p p o rtin g  th e  sam p le  (Z), th e  le n g th  of th e  v e r tic a l side 
o f  th e  w h isker and  th e  specific  w eight o f  NaCl b y  a p p ly in g  th e  fo rm u la

E  =  J * 0 . J 1*
384 fb-

G en era lly , w hiskers 5 — 6 cm  long an d  1 0 —20 /i th ic k  w ere m easu red . F ro m  
eleven  ex p erim en ts  an  av erag e  v alue  o f  E  =  4,26 • 1011 dy n . cm -2 w as o b 
ta in e d  w ith  an  e rro r o f 18% .

T h e  sh ear m odulus o f  th e  N aCl w hiskers w as m easu red  b y  to rs io n a l 
v ib ra tio n s . R eversed  T -sh ap ed  q u a rtz  ro d s w ere glued to  th e  low er end  o f  th e  
w hiskers w hich  were fix ed  v e rtic a lly  to  th e  su p p o rt w ith  d ip h en y lca rb az id e . 
In  th is  w ay  a to rs io n a l p en d u lu m  was o b ta in e d . The p e rio d  of th e  o sc illa tion  
of th e  p en d u lu m  was d e te rm in ed  in a v a c u u m  o f 10 ~2 to r r .  T h e  osc illa tion  w as 
induced  m echan ically  b y  tw is tin g  th e  su p p o rt. I f  th e  perio d  of th e  osc illa tion  
(T)  is k now n , th e  sh ear m odu lus (G) can  be com p u ted  b y  th e  re la tio n

4л:2 0 1 

a  T 2Zd

In  th is  fo rm u la  0  is th e  m o m en t of in e r tia  o f th e  to rs io n a l p en d u lu m , Z is th e  
len g th  o f  th e  w hiskers, b rep re sen ts  th e  le n g th  o f th e  sh o rte r  side of th e  re c ta n g 
u la r  cross-section  of th e  w hisker, a  is a c o n s ta n t d ep en d in g  u p o n  th e  ra tio  
of th e  tw o  sides of th e  cross section of th e  sam ples. T he v a lu e  of th is  c o n s ta n t 
w as ta k e n  from  [11].

T h e  period  of osc illa tion  of th e  to rs io n a l pen d u lu m  w as g enera lly  1 — 5 
sec, th e  len g th  of th e  w hiskers v a ried  b e tw een  5 and  15 m m . T he m o m en t of
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in e r t ia  o f th e  to rs io n a l p e n d u lu m  w as c o m p u te d  b y  th e  d im ensions an d  th e  
m ass  (0 .3—3 m g) o f  th e  cross ro d . T h e  re su lts  o f  th e  m easu rem en ts  of th e  sh ea r 
m o d u lu s  are  re p re se n te d  in  F ig . 2. As can  be  seen no th ic k n e ss  dependence  
c a n  be  d e te c te d . T h e  e x p e rim e n ta l d a ta  s c a tte r  a b o u t th e  v a lu e  o f large single 
c ry s ta ls  G =  1,26 • 1011 d y n  • c m -2 [10] w ith in  th e  e x p e rim e n ta l erro r.

T he re su lts  show  u n am b ig u o u sly  t h a t  th e  values o f th e  elastic  m oduli 
fo r  N aC l are  w ith in  th e  e x p e rim e n ta l e rro r th e  sam e fo r w h iskers as fo r la rge

Q-10"11, din. cm '2

2 -

1

__ л_
▲ •  ••  •  *

Q ------ 1------ i-------1-------1---------------------1-------*------ L __J------ 1------ i-------I------ 1-------  ̂ !-------'-------*----- Í-— —

0 5 10 15 d,jj
F ig . 2. The th ickness dependence o f the shear m odulus o f  NaCI whiskers measured in th e  
<100> direction. •  whiskers grown from  solutions containing p o lyv in y l alcohol; A whiskers 
grown from solutions containing p o ly v in y l alcohol and doped w ith  0.1 m ol%  СаС12; И w h is

kers grown on cellophane

sing le c ry s ta ls . T h e  fa c t th a t  th e  elastic  m o d u li o f  w hiskers o f  various degrees 
o f  p u r i ty  a n d  g ro w n  w ith  v a rio u s  m e th o d s a re  id e n tic a l w ith in  th e  ex p e rim en 
t a l  e rro r seem s to  show  th a t  th e  c o n tra d ic tio n s  in  th e  ex p e rim en ta l re su lts  as 
fo u n d  in th e  l i te r a tu r e  are d u e  n e ith e r  to  th e  v a rio u s  m e th o d s  o f  g row th  n o r  to  
th e  v a rious d eg ree  o f p u r ity  o f  th e  sam ples.
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М О ДУ ЛЬ ЮНГА И М ОДУЛЬ СДВИГА Н И Т Е В И Д Н Ы Х  К РИ СТА Л Л О В NaCI

Э. Х А Р Т М А Н Н  и  А . Т О Т

Р е з ю м е

Определены величины статического и динамического модулей Юнга и величина 
динамического модуля сдвига при комнатной температуре в направлении <  100> для 
нитевидных кристаллов NaCI, выращенных разными методами. Толщина нитевидных 
кристаллов изменялась от 2 мк до 18 мк. Не обнаружена зависимость модулей от толщины 
образцов. По экспериментальным данным величины модулей согласуются с величинами 
модулей монокристаллов NaCI большого размера.
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DAMPING AND PHASE SHIFT OF 
MAGNETOHYDRODYNAMIC WAVES IN A PLASMA

HAVING FINITE
ELECTRICAL AND THERMAL CONDUCTIVITY

B y

G y . S imoinics

IN DU STRIA L RESEA RCH  IN ST ITU TE FO R ELECTRONICS “ H IK I” , BUDAPEST*

(R eceived 30. V II. 1968)

The formulae describing the propagation  of small am plitude m agnetohydrodynam ic  
w aves in any direction relative to the exrernal m agnetic field in  a plasm a of in fin ite  extension  
and o f fin ite  electrical and therm al cond u ctiv ity  have been derived from the fundam ental 
equations of m agnetohydrodynam ics. The w aves generated in  the m edium  w hich is non-ideal 
in this sense are damped and phase differences appear betw een the perturbances o f the m ag
netohydrodynam ic quantities. These properties o f  the waves can be described by a com plex  
refractive index.

A da Physica Academiae Scienliarum Hungaricae, Tomus 26 (3), pp. 291—299 (1969)

I. Introduction

T he p ro p erties  o f m ag n e to h y d ro d y n am ic  w aves g en era ted  in  e lec trica lly  
co n d u c tin g  flu id s or gases differ from  th o se  of e lec tro m ag n etic  a n d  acoustic  
w aves as a re su lt of coup led  e lec tro m ag n etic  and  h y d ro d y n am ic  p h en o m en a . 
A co n d u c tin g  m edium  acqu ires a spec ia l an iso tro p y  in  a m ag n etic  fie ld . This 
m eans th a t  th e  v e loc ity  o f  th e  w ave p ro p a g a tio n  d ep en d s on th e  ang le  in c lu d ed  
betw een  th e  d irections o f  w ave p ro p a g a tio n  and  th e  e x te rn a l m a g n e tic  field . 
O n th e  o th e r  h an d , n o t on ly  lo n g itu d in a l w aves b u t  also tra n sv e rse  w aves 
can  be g en era ted  in  an  id ea l p lasm a. In  an  ideal m ed ium  o f in fin ite  ex ten s io n , 
th e  e lec trical co n d u c tiv ity  o f w hich is in fin ite ly  large  b u t  w hose th e rm a l  con
d u c tiv ity  an d  v iscosity  a re  neglig ib le, th e re  is no d isp e rs io n ; th a t  is, th e  w aves 
are  u n d am p ed  an d  th e ir  ph ase  an d  g ro u p  velocities a re  equal [1], [2].

T h e  fu n d a m e n ta l eq u a tio n s  o f  m ag n e to h y d ro d y n am ics  serve as a basis 
for s tu d y in g  th e  p ro p ag a tio n  of m ag n e to h y d ro d y n am ic  w aves:

——  =  T o t [ v x H ]  +  vmA H ,  (1)
dt

div  i f  =  0 , ( 2 )

* This work was perform ed at the R oland E ötvös U n iversity .
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w here

3 ï
-— (- (ÏV )î) = -----— \ ' p -------- -— [H x  ro t i / j

3t q 4>nq

С  +  —  V  d i v f ,  
3

90
■— (- d iv  qv =  0 ,

qT
9s
3t

+  (®V)s

Э t

, э V /
J i k +  div  (* v T ) +

d x k 

p  = p (q, T ) ,  

r2

1 6 л 2  a
( ro t  H ) 2,

i n a

<*ik =  »?
9»/ 9vfc
3*i. 3 Xj

2 A 0V'--- * ik------3  9 л : / +  Cô,ik~
3t);
3*,

(3)

( 4 )

( 5 )

(6)

( V

(8 )

The notation  o f th ese equations:

q — d en sity  o f  the m edium ,
V  — flow  velocity ,
p  — pressure (assum ed to  be scalar)
Г), £ — kinem atic v iscosity  coefficients,
vm — m agnetic v iscosity ,
a'ik — v isco sity  tensor,
s — entropy per unit m ass,
T  — absolute tem perature,
a — electrical con d u ctiv ity ,
y — therm al con d u ctiv ity ,
H  — m agnetic field  strength ,
c — v e lo c ity  o f light in  free space.

II. Propagation  o f sm all amplitude m agnetohydrodynam ic waves 
in  a medium having finite electrical conductivity

F irs t  o f  a ll, we discuss th e  p ro p ag a tio n  o f  w aves in  a m ed ium  w hose 
th e rm a l  c o n d u c tiv ity  and  k in e m a tic  v isco sity  can  be n eg lec ted  and  w hose 
e le c tr ic a l c o n d u c tiv ity  (and  fo r th is  reason  i ts  m agnetic  v isco sity , too) has 
f in i te  va lues. T h e  te rm s  of E q s . (3) an d  (5) c o n ta in in g  th e  coeffic ien ts y, 17 an d  
C c a n  be o m itte d  because  of th is  re s tric tio n . W e also assum e t h a t  th e  b eh av io u r 
o f  th e  m ed iu m  is governed  b y  th e  e q u a tio n  o f  s ta te  of id ea l gases. F o r th is
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reason , E q . (6) has th e  form :

QT
=  R  — cp -  cv ,

w here cp an d  cv are  th e  specific h e a ts  u n d er c o n s ta n t p ressure a n d  co n stan t 
vo lum e, resp ec tiv e ly . I f  we in tro d u c e  th e  en tro p y  d e n s ity  in s tead  o f  te m p e ra 
tu re  as a s ta te  v a ria b le , we o b ta in  th e  equation  o f  s ta te  in  th e  fo llow ing  form :

—— +  («V) p  — * —
3f о

Qq_
0Í

+  ( n  ) Q J L i i L + p
cv [  dt

V). =  0 , (9)

y. =

A rb itra ry  c o n s ta n t v a lu es  of H 0, v 0, p 0, g0 and  s 0 a re  so lu tions o f  th e  system  
o f e q u a tio n s  (1) —(9). W e superim pose  sm all d is tu rb a n c e s  on th is  s te a d y  s ta te :

H  =  H 0 +  H ' ,  v  =  v0 -\-v ',  p  — p 0 +  p ,  g =  p0 +  o ', S — So +  s ' .  (10)

I f  we su b s titu te  th e se  q u a n tit ie s  in to  E qs. (1) — (9), n eg lec ting  th e  te rm s 
in v o lv in g  squares a n d  p ro d u c ts  o f th e  sm all p e r tu rb a n c e s  an d  o f th e ir  d e riv a 
tiv e s  a n d  neg lec ting  th e  te rm s in v o lv in g  th e  m a te r ia l  coefficients m en tioned  
above, we o b ta in  th e  follow ing lin e a r  equations:

Э H '
a* =  (Я 0у) V ' -  (S0v) H '  -  Щ  d iv  v’ +  vm A H ' ,

d iv  H '  =  0 ,

( П )

( 12)

dv'

at

ap ’
at

(V0v )  V  = -  —  VP' -  - i -  v(î?o H ')  +  — (я0 v) H \  (13)
o0 4 л д 0 4 л д 0

do'
at

+  (*W) o' +  o0 div v ’ =  0 ,

—----- (- (t^oV) s ' — 0 ,
at

(voV)p' — c2s
dg'
at

+  (*w ) q'
Pu
C„

3s'
at (®0v) s'

(14)

(15)

=  0 ,  (16)

Po_

6o
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w h ere  cs is th e  v e lo c ity  o f sound  in  th e  m edium  in th e  absence o f  a m agnetic 
f ie ld . Since E qs. (11) — (16) a re  lin e a r  th e ir  so lu tions can he g iven  as superpo
s itio n s  o f p lane  w aves, w hich are  th e  following fu n c tio n s  of space  coord inates 
a n d  tim e , e.g. in  th e  case o f m ag n e tic  field  d is tu rb a n c e :

H ' — H x exp f. n* (k r )  ])
11CO t --------- 5— —

co J
(17)

T h e  sm all p e r tu rb a n c e s  of th e  o th e r  m ag n e to h y d ro d y n am ic  q u a n tit ie s  can be 
w r it te n  in  th e  sam e form . In  F o rm u la  (17) co re p re se n ts  th e  freq u en cy ; A: th e  
u n i t  v e c to r  p o in tin g  in  th e  d irec tio n  o f w ave p ro p a g a tio n ; c0 is th e  velocity  of 
th e  w ave p ro p a g a tio n  in an ideal m ed ium , re la tiv e  to  th e  c o o rd in a te  system ; 
n* is th e  com plex  re frac tiv e  in d ex , th e  d e te rm in a tio n  of w hich is one of th e  
p u rp o ses  of o u r ca lcu la tio n s. S u b s titu tin g  th e  p la n e  w ave fo rm u lae  of th e  
sm all d is tu rb an ces  like (17) in to  th e  system  of E q s . (11) — (16), w e o b ta in  th e  
fo llow ing  a lgebra ic  eq u a tio n s fo r th e  am p litu d es o f  th e  w aves:

n * (k v 0) icovm n*-Jc2

1 —
n * (k v a)

t f l +
n * ( k H n) n*(k v j

t f o = 0 ,

®i +
c 0

n * (k v 0)

(k H j)  =  0 ,

n*(k Hp) p 1n * ~ ____(H p H J  n*
4лр0 c0

к 0 ,

— ( k v }) =  0 ,

Y n * ( k v  q) Sj =  0 ,

Г n * (k v 0) ] о Po
P i — ct Q i - ------*1

L co J L c v  J
=  0 .

(18)

(19)

(20)

( 21)

(22)

(23)

N o n -v an ish in g  so lu tio n s of th e  hom ogeneous lin ea r  sy stem  o f E q u a tio n s  (18) — 
(23) fo r th e  am p litu d es  of th e  sm all p e rtu rb a n c es  ex is t only in  th e  case w hen 
th e  d e te rm in a n t o f  th e  system  o f eq u a tio n s  is e q u a l to  zero:

в 00*  -
( к Щ Г
4лр0 _

0 * - f c 2 k  +
0 щ

0 *  4лр0
0 2 +  к2 с2

е_ (к ниу
0 *  4 я о 0 j

0 * 2 =  0,

(24)
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w here

0  =

0* -  (кщ)

( k v 0) ,

icovm n*k2

(25)

(26)

W e rem ark  th a t  since к  d en o tes  a u n it v e c to r  we could p e rfo rm  th e  s u b s ti
tu tio n  к2 =  1 in all fo rm ulae. S till, we alw ays in d ica te  к2 fo r th e  sake of co m p le
ten ess , so th a t  o u r fo rm ulae  can  be co m p ared  easily  w ith th e  resu lts  o f th o s e  
p ap ers  in  w hich к  deno tes th e  w av e-n u m b er vector.

T hree  ty p e s  of w aves can  be  d is tin g u ish ed  according to  w hich  of th e  le f t 
side fac to rs  of E q . (24) v an ishes.

a)  T he ro o t 0  =  0 o f E q . (24) m eans a p e r tu rb a n c e  w hich  m oves t o 
g e th e r w ith  th e  m edium . T h e  so lu tions of E q s . (18) — (23) a re , in th is  case:

Q x = - ~ - ^  ®i =  0,  H 1 =  0, Pl =  0.  (27)
cs 0

This is th e  entropy ivave w hich  can  also be g e n e ra te d  in an  id ea l m edium . S ince, 
in th is  case, th e  re frac tiv e  in d ex  is a real n u m b e r  and  its  v a lu e  is u n ity , th is  
w ave is u n d am p ed .

b)  I t  is also possible t h a t  th e  second fa c to r  of E q. (24) van ishes:

100*  = +  -- - - - - ■ (28)
У  4^00

T ak ing  in to  acco u n t E q . (28) we get th e  fo llow ing  so lu tions o f  E q s. (18) — (23) 
for th e  am p litu d es of th e  sm all p e rtu rb a n c es :

» i= = F

Qi =  0 ,

У&* Hi
Pi =  °>

( Щ )  =  о,

s1 =  0 ,
I

(Я„Ях) =  0 j
(29)

E qs. (28) and  (29) describe th e  p ro p ertie s  o f  th e  Alfvén  waves.  W e suppose  
th a t  (kv0) =  0. In  th is  case, th e  com plex re fra c tiv e  in d ex  can  easily  be d e te r 
m ined from  (28).

—  = — ( » A - i * * ) .  (30)
c 0 CA
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w here

(31)

cA is th e  v e lo c ity  of th e  p ro p a g a tio n  o f th e  A lfvén w av e  in  an  ideal m ed iu m .

* A
c ^ ( M  +  «2 — ca )

2 ( c \  +  a 2)
n A  —

ÍDCi

CA  ( I  CA  4~ 1x2 Сд) _
2 ( с д  +  a 2 )

(32)

4я<т

S u b s titu tin g  (30) in to  (17) th e  p e r tu rb a n c e  o f  th e  m a g n e tic  field s t r e n g th  has 
th e  form :

H '  =  H i  ex p n A

ca

coxA

cA
(33)

I t  can  b e  seen th a t  th e  w ave o f th e  m ag n etic  fie ld  s tre n g th  is d a m p e d ; 
th e  d am p in g  is in d irec t p ro p o rtio n  to  th e  freq u en cy  a n d  th e  q u a n t i ty  x A. 
T h e  v e lo c ity  o f  w ave p ro p a g a tio n  in  a m ed ium  h av in g  f in ite  e lec trica l con
d u c tiv ity  is:

w hile its  p e n e tra tio n  d e p th  is:

d Ca

coxA

O n th e  o th e r  h a n d , it can  b e  show n th a t

w here

- =  Т  (пд  -  1У-а ) = T  W a +  ex p  ( — iy A) ,

tg  У A
*A

n A

M aking  use  o f  th is  expression  and  of (29) th e  flow v e lo c ity  w ave is

(34)

71A +  X2A ~tt'
4 Щ п

H  exp  ( — iyA) =

n  A  H -  У2А  T r  I •H i  e x p  I ico
4 Щ й

па

cA
( k r ) (OXA (k r ) 1У а (35)
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I t  can  be seen th a t  a phase  difference y  a  appears between the disturbances o f  the 
f lo w  velocity and the magnetic f ie ld  strength, n* de te rm in es th e  phase d ifference  
betw een  v a n d  H  (see E q . (35)) in  th e  sam e  w ay  as th e  com plex  re fra c tiv e  in 
dex  de te rm in es th e  phase  d ifference b e tw een  E  and  H  [3] in  th e  case o f  elec
tro m a g n e tic  w ave p ro p a g a tio n  in m eta ls .

c) T he magnetoacoustic leaves a re  g en era ted  if  th e  th ird  fa c to r  o f  (24) 
van ish es:

04 0
0*

щ
4ло0 .

0 2 +  к2 с2
0
0*

(кН „У
4 л д 0

(36)

F ro m  th is  e q u a tio n  re*, w h ich  is again a com plex  q u a n t i ty ,  can  be ex p ressed . 
T h is m eans th a t  these  w aves are  d am p ed , to o . The exp ressions of th e  a m p litu d e s  
o f  th e  w aves are:

0
Q0P

(̂ L % 2 H  0 - в в * к
4 я р 0

00*
(к Н п)2
4 л р 0

í?i » (37)

Нг
0 2

í>„k2

к2 Н 0 - ( к  Н 0) к

00*
(кНо)2

4

Q11 (38)

P l =  4  Ql » «! =  0 . (39)

I t  is ev id en t from  th ese  expressions t h a t  phase d ifferences ap p ea r b e tw een  
th e  p e rtu rb a n c es  o f th e  flow  velocity , th e  m agnetic  fie ld  s tre n g th  a n d  th e  d en 
sity . T he ph ase  d ifferences can be d e te rm in e d  if th e  com plex  fa c to rs  in  th e  
form ulae  o f  an d  H x a re  w ritte n  in tr ig o n o m e tric  fo rm s.

In  all th re e  cases d iscussed  above th e  fo rm ulae fo r  th e  th e rm o d y n a m ic a l 
s ta te  v a riab le s  o f th e  m ed iu m  (p ressu re , m ass an d  e n tro p y  d ensity ) a re  th e  
sam e as in  th e  case of th e  idea l m ed ium . T he reason  fo r  th is  fac t is t h a t  we 
neg lec ted  th e  Jo u le  h e a t as a second o rd e r  sm all q u a n t i ty  w hen we lin ea rized  
th e  en erg y  eq u a tio n  (5).

I t  m u st also be p o in te d  ou t th a t  a ll th e  roo ts o f th e  sy stem  of E q s . (18) — 
(23) are  eq u a l to  zero, i f  th e  la s t fa c to r  o f  (24) v an ishes (0 *  — 0).

III. M agnetohydrodynamic waves in  a nonviscous m edium  having fin ite  
electrical and therm al conductivity

T h e above resu lts  c an  be read ily  ex te n d e d  for th e  case w hen th e  th e rm a l 
c o n d u c tiv ity  o f th e  m ed iu m  is a sca la r q u a n t i ty  w hich  does n o t d ep en d  on th e
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space  c o o rd in a te s  an d  has a f in i te  va lu e . In  th is  case, en e rg y  eq u a tio n  (5) can  
b e  w ritte n  in  th e  follow ing fo rm :

=  %AT. (40)qT
Qs 
81

+  (vV )i

I f  we use th e  e n tro p y  d en sity  in s te a d  o f te m p e ra tu re  as a s ta te  v ariab le  an d  
lin ea rize  th e  e q u a tio n  it  has th e  form :

Q o 1
ds' 
9 t

+  fô, V) s ' =  X I As' +  —  A q' (41)

S u b s titu tin g  th e  p lan e  w ave fo rm u lae  of s ' a n d  q' like (17) in to  (41) we get th e  
fo llow ing e q u a tio n :

Z S l - — e 1 =  0 ,  (42)
9o

w here

Z  =  C° C,,go?  -  1 . (43)
uoy n* k2

T h e  a m p litu d es  o f  th e  sm all p e r tu rb a n c e s  can  b e  d e te rm in ed  from  th e  sy stem  
o f  eq u a tio n s (11) — (16), b u t  E q . (42) has to  b e  considered  in s te a d  of (15). T h is 
sy s tem  o f e q u a tio n s  has to  be  so lved  w hen E q . (24) is valid  w ith  th e  m odifica tion  
t h a t  its  f ir s t  f a c to r  & is rep laced  b y  Z. I f  Z  =  0 , all th e  ro o ts  o f  th e  sy stem  o f  
eq u a tio n s  a re  e q u a l to  zero. T h is  m eans t h a t  no entropy wave exists in this case. 
T h e  second fa c to r  o f (24) a n d  a ll th e  fo rm u lae  describ ing  th e  p roperties o f  
A lfvén  w aves re m a in  u n ch an g ed . O nly  th e  expressions (36) a n d  (39) o f th e  
fo rm u lae  d esc rib in g  th e  m ag n e to aco u stic  w av es are  a lte red ; n am ely , c2 is r e 
p laced  b y  cs in  b o th  expressions.

c*2 =  c2 +  (x -  1) ---------lC° X n *b~
-o  c0cvQo® — io>X

fo r  th is  reason

Pi =  c?  Qi *

a n d  th e  p e r tu rb a n c e  of th e  e n tro p y  has a f in i te  value

R  i œ y n * k 2
S j--------- - — Pi

Qо c0 cvq0O  — icoy n* к 2

n * k 2
(44)

(45)

(46)
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E x pressions (44) an d  (46) invo lve  com plex  q u a n titie s , w h ich  m eans t h a t  
p h ase  d ifferences ap p ea r be tw een  th e  p e rtu rb a n c es  o f  th e  th e rm o d y n a m ic  
q u a n titie s  p \  q and  s ' .  T h is fa c t an d  th e  d isap p earan ce  o f  th e  en tro p y  w av e  
a re  co n n ec ted  w ith  energy  tra n s p o r t  th ro u g h  h ea t co n d u c tio n .
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ЗАТУХАНИЕ И СДВИГ ФАЗЫ МАГНИТОГИДРОДИНАМИЧЕСКИХ ВОЛН 
В ПЛАЗМЕ С КОНЕЧНЫМИ ЭЛЕКТРИЧЕСКОЙ И ТЕПЛОВОЙ 

ПРОВОДИМОСТЯМИ

дь. ш имонич 

Р е з ю м е

Исходя из основных уравнений магнитогидродинамики определяются главнейшие 
зависимости распространения магнитогидродинамических волн с малой амплитудой, 
распространяющихся в любое направление по отношению внешнего магнитного поля в 
неограниченной плазме с конечными электрической и тепловой проводимостьями. Возни
кающие в таком смысле неидеальной среде волны затухаются и появляется сдвиг фазы 
между возмущениями некоторых магнитогидродинамических величин. Данные свойства 
волн можно описывать комплексным показателем преломления.
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RECENSIONES

Les cen tres colorés dans les c r is ta u x  ioniques

Colloque de la Société Française de P hysique. Presses U niversitaires de France. E xposés et 
Com m unications présentés à SACLAY, les 16, 17 et 18 mars 1967.

D ’entre les exposés tenus par des physiciens en renom  nous désirons m entionner les 
su ivants: J. F r i e d e l  rappelle les typ es de défaut et la structure électronique de quelques 
centres colorés sim ples e t  il analyse certains des problèm es qu’ils posent. W . D. C o m p t o n  
s’occupe des problèm es concernant l ’é ta t excité relaxé des centres colorés à excès d ’electron  
dans les halogenures alcalins. Une brève revue des propriétés des centres neutres est donnée 
ainsi que celles des éta ts une fois ionisés e t  celles des centres com plexes qui o n t piégé un élec
tron supplém entaire. G. S p i n o l o  décrit l ’é ta t relâché du centre F, en rappelant sa relation et 
différence avec celui pas relâché. Il donne une attention particulière au tem p s de v ie m oyenne  
radiative de l’état excité  et relâché. A. A. K a p l y a n s k i j  discute les propriétés des centres non 
cubiques dans les cristaux cubiques et leur spectre sous l’action  du champ électrique et m agné
tique extérieur. Il est rendu com pte de l’inform ation sur les propriétés des centres et des tran
sitions optiques, obtenue en exam inant les spectres sous l’influence des effets extérieurs. A . E. 
H u g h e s  donne une courte introduction théorique aux raisons physiques qui fon t apparaître 
la structure vibrationelle, puis l’auteur décrit les résultats de deux types principaux d’experi- 
ences et leur interprétation . Ces résultats servent à discuter les déplacem ents isotopiques des 
transitions à zéro phonon. J. M a r g e r i e  s’occupe du dichroïsm e circulaire m agnétique e t  de 
l’effet Faraday de la bande F  de KC1, pu is des résultats expérim entaux obtenus sur les centres 
colorés par des m éthodes m agneto-optiques. F . L Ü t y  fa it connaître les centres OH— dans les 
halogénures alcalins. Le dopage contrôlé perm et l ’étude des systèm es de dipoles sans inter
action  ou réagissants, par différentes techniques expérim entales. Les expériences donnent les 
valeurs des m om ents dipolaires électriques et élastiques efficaces, et l’anisotropie optique des 
centres. A partir de l’effet électrocalorique, et faisant varier les temps de croissance et dé
croissance du champ électrique appliqué, on mesure d irectem ent le tem ps de relaxation  dipole- 
réseau. On peut déduire, des relations de ce tem ps avec le cham p et la tem pérature, des con
clusions relatives au m écanism e de couplage entre dipole e t  phonons.

Parm i les com m unications nous trouvons un com pte rendu com m un des physiciens 
hongrois, I. T a r j á n , R . V o s z k a , A. S i e g l e r , L. B e r k e s  sous le titre su ivant: Sur quelques 
propriétés des cristaux de NaCl dopés au calcium. Les auteurs ont observé, que le courant 
d’obscurité des cristaux NaCl (Ca) dim inue et s’approche d’une valeur constan te  au cours de 
la coloration par rayons X  à la tem pérature am biante. Le rapport du courant du cristal non 
coloré à la valeur finale du courant est 2,5. Le photocourant des cristaux NaCl(Ca) dim inue, 
si le contenu de Ca augm ente dans le cristal. Il s’ensuit de ces résultats qu’au cours de la colo
ration  se produit dans le voisinage des ions de Ca++ u n  centre qui contribue au courant à 
l’obscurité. Les cristaux dopés au calcium  étaient préparés par une m éthode mise au point 
dans le laboratoire de l’In stitu t de P hysique Médicale, B udapest. Une phase im portante de la  
m éthode était l’élim ination des ions OU et l’exclusion du Ca(OH)2.

Zs. C s o m a

W i l l i a m  A. R e n s e : P hy sica l Science

Blaisdell Publishing Co., W altham . M ass. 1966, pp. 429

The author o f the book is Professor of Physics a t Colorado U niversity . According to 
him  the book has been w ritten for stu dents who m ay not w ish  to use physical sciences for later 
professional work. Under the title  “physical sciences”  the author sum m arizes physics, chem is
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try , astronom y and geology, pointing out how  closely they are correlated. These sciences keep
ing close pace w ith  each other’s results form  very im portant foundations for present civili
zation , to an ex ten t m uch greater than ever before. Thus it  is an im portant requirem ent that 
the basic results o f physical sciences becom e known as ex ten sively  as possible.

The m aterial o f the book is divided into fourteen Chapters and two Appendices. Chapter 1 
presents the m olecular theory of m atter as well as the basic and m ost im portant quantities 
occurring in physics. Chapter 2 describes the properties o f gases, liquids and solids. This is 
fo llow ed by two Chapters, one devoted to astronom y and the other to the foundations o f the 
atom ic theory of m atter. The next Chapters deal w ith  the atom ic theory of chem ical structure 
and geological problem s. After geology spectra are treated, and in connection w ith  stellar 
spectra the problem s of astronom y are again considered. The book also treats o f  problem s of 
astronom y in connection w ith the properties and cosm ic distribution  of electric charges. In 
the Chapter on “ Space, Tim e and M atter” the fundam ental results o f the theory o f  relativity  
are sum m arized. In the following Chapter the results achieved b y  quantum  m echanics are 
described, the applications of which are also presented in connection  w ith the collection of 
particles: solid bodies. Here the reader gets acquainted w ith sem iconductors so im portant in 
electronics and lum inescent m aterials. N aturally , a Chapter is devoted to nuclear physics, 
together w ith  the physics o f elem entary particles. Then the Chapter entitled “ The Expanding  
U n iverse” again reverts to problems of astronom y. The closing Chapter of the book sets forth  
the u ltim ate aims o f physical science.

A t the end of each Chapter the book contains “ Q uestions” relating to the subject as well 
as m athem atical “ Problem s” . A t the end of the book the solutions o f all m athem atical problems 
are given.

A ppendix 1 contains the brief history of physics, including biographical sketches of 
fam ous physicists. The work o f 19 physicists is described in  a few  lines and som e others are 
m entioned in som e words. In Appendix 2 the num erical values o f  some im portant physical 
constan ts are given.

To understand the book only a m inim um  m athem atical knowledge is required. Thus 
it  can be understood by anybody who has graduated from a secondary school. A s regards the 
future it  would be im portant for everybody having a un iversity  degree to study  it . W ithout 
the knowledge contained in this book our present world and civ ilization  can hardly be under
stood .

J .  B o r o s

S. G. B r u s h : K inetic  T heory , Vol. 2. Irreversib le  Processes

Pergam on Press, pp. 249, 1966

The interesting series ‘■'Selected R eadings in  Physics”  edited  by D . T e r  H a a r  has been 
launched by Pergam on Press. The purpose o f the series is to publish the collection o f fundam en
tal original papers which have appeared in connection w ith the developm ent o f various fields 
o f research and in m ost cases are hardly accessible today. The second volume of the collection  
on  k inetic  theory contains one paper by M a x w e l l , four by B o l t z m a n n , two by P o iN C A R e , 
on e by W. T h o m s o n  and two by Z e r m e l o .

The Introduction and Bibliography by S. G. B r u s h  are follow ed by a paper o f M a x 
w e l l , and one by B o l t z m a n n . These contain M a x w e l l ’s fundam ental equation o f the trans
port processes in  gases and the first form ulation of the H -theorem , respectively. The Intro
du ction  and these two papers occupy three-quarters o f the book, while the rem aining part 
contains several shorter papers by the above authors on the second law of therm odynam ics 
and irreversible processes.

The author o f the Volum e has w ritten sum m aries for each paper and the papers origi
nally  w ritten in German have been translated into  English. A subject and author ind ex  are 
also provided.

The book is published in an excellent layou t characteristic o f  Pergamon Press.

J .  A n t a l
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F rançois Can  ас: L’acoustique  des th é â tre s  antiques. Ses enseignem en ts

E ditions du Centre N ational de la R echerche Scien tifique, Paris 
184 pages, 12 planches, 35 .— Frs.

F r a n ç o i s  C a n a c  est très connu par les acousticiens hongrois. N ous nous rappelions 
encore vivem ent de sa première v isite  quand les jeu n es chercheurs hongrois en ultrason ont  
reçu leurs premières connaissances de sa conférence sur les recherches acoustiques françaises 
développées. A partir de ce tem ps-là il nous a fréquenté plusieurs fo is. Son film  en couleur, 
présenté à la IY -èm e Conférence A coustique à B ud apest en 1967 a illu stré  justem ent le livre, 
qui se trouve d evant nous.

Les deux dom aines d’activ ité  principaux du M. C a n a c , la recherche d’ultrason et l ’acou
stique des théâtres antiques sont strictem ent attach és l ’un à l ’autre dans son travail de re
cherche. Il a exam iné les m aquettes des théâtres avec  des ondes d’u ltrason , et ainsi il a m odélé  
les circonstances acoustiques originales en plein air. Le livre est presque le résumé de telle  
tendence de travail du savant m éritant.

Après avoir esquissé les bases physiques et physiologiques, il fa it  connaître les données 
architecturales de 14 théâtres antiques. Puis il s’occupe des questions théoriques, en déta illan t  
l ’ensem ble des problèm es des réflexions. C’est le m om en t où le travail expérim ental y  entre: 
la vérification des réflexions com ptées par des expériences d’ultrason. A  la base de ces exam ens  
l ’auteur a formulé les équations canoniques des théâtres antiques. E nfin , dans l ’un des chapitres 
les plus ém ouvents il rend com pte de ses expériences sur place, lesquelles il a acquis à Épidaure, 
Argos, Aspendos, Delphes et à Pergam e, dans les d eu x  théâtres d’A th èn es et même à Orange 
et Yaison. Par conséquent il a tiré des conclusions instructives pour les points de vue de l ’ar
chitecture du théâtre moderne.

Cette m onographie, contenant beaucoup de données précieuses intéressera v ivem en t non 
seulem ent les acousticiens, m ais aussi les architectes et les historiens de la civilisation.

T .  T a r n ó c z y

R. Lamoral: Problèmes d’acoustique des sa litз et des studios

E ditions Chiron, Paris 1967, 189 pages

R o g e r  L a m o r a l  est un acousticien pratique, au nom d e  qui se rattache — entre a u 
tres — l’élaboration des projets des studios pour le nouveau Centre de la Radio Paris. D ans ce 
livre il décrit surtout ses expériences gagnées sur p lace. C’est pourquoi — en particulier pour 
les acousticiens, s’occupant de faire des projets — la matière travaillée est instructive et la 
docum entation photographique constituant 24 grandes planches est aussi de haute valeur.

On ne peut pas dire les m êm es louanges pour le passage d idactique. Dans l ’introduction  
même M. L a m o r a l  trouve des d ifficu ltés en ce que ces paroles s’adressent à la fois aux archi
tectes et aux ingénieurs. C’est le développem ent que les premiers verraient plus volontiers 
sans m athém atiques, mais que les derniers voudraient faire fond sur celles-ci. Le com prom is 
né n’est pas fort heureux. A côté du caractère de recom m andations pratiques surgissent sou 
dainem ent des parties, constituées à la base m athém atique comme par exem ple le dixièm e  
chapitre qui s’occupe avec la protection contre les vibrations. D ’autre part les dérivations 
m athém atiques son t extrêm em ent détaillées, presque m inutieusem ent précises desquelles  
aucune sorte des lecteurs n’a besoin. Ce sont d eux  pages de ju stifica tio n  perpendiculaire de 
20,5 cm que l’auteur utilise pour vérifier par développem ent en série e t  avec exem ples les d i
vergences entre les équations de M i l l i n g ’t o n  et E y r i n g .

La division du livre ne su it pas les traditions classiques. La prem ière partie correspond  
à l’acoustique interne, après v ien t la partie de l ’acoustique physiologique et enfin les problèm es 
concernant la  protection  contre les vibrations fin issen t les développem ents. Il y  a beaucoup  
de valeurs dans les chapitres qui contiennent des données des m atériaux utilisés et de structure, 
même dans l ’instruction  de quelques standards s’y  rattachant.

Les figures sont surdim ensionnées et quelques fois superflues. La famille de courbes 
d’isosonie établi par C h u r c h e r - K i n g  et de F l e t c h e r -M u n s o n  est déjà dépassée dans nos 
jours, ainsi celle de R o b i n s o n  et D a d s o n  étant norm alisée occupent une page totale. P uis, 
sur une autre dem i-page on peut contem pler à nouveau  les courbes de F l e t c h e r -M u n s o n .
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Mais reçoivent des pages totales te ls diagrammes aussi qui figurent des relations connues appro- 
chem ent, com m e celle de la sonie de masque, ou celle des bandes critiques, etc. La dernière  
n’est pas faite sur la base des résu ltats les plus nouveaux.

La présentation du livre est som ptueuse: le papier correspond à une qualité supérieure, 
la typographie se lit  bien, les photographies sont très belles. Auprès des figures trop grandes 
il apparaît que le livre est fait avec beaucoup de tâches blanches, vo ire  avec des pages b la n 
ches. Par une rédaction plus économ ique on pourrait bien diminuer l ’étendue du livre presque  
avec 15%.

T .  T a r n ó c z y

Les systèm es sonars animaux

B iologie et Bionique Tome I. e t  IL Edité par R .-G . Busnel, Laboratoire de P hysio log ie  
A coustique, Jouy-en-Josas, 1966

Dans deux volum es de grandes dimensions, en form e polycopiée a é té  publiée la m atière  
du Colloque des «Systèm es Sonars Animaux» qui a été  tenu à Frascati entre le 26 septem bre et 
le 3 octobre 1966. Le m ot «sonar» correspond à l’abréviation  pour les appareillages acoustiques 
de localisation, il s’est acclim até en particulier dans la littérature anglo-saxonne. Les appareil
lages acoustiques de localisation, em ployés dans la  technique sous-m arine se sont généralisés 
dans la deuxièm e guerre m ondiale. P lus tard on a reconnu que dans le  règne animal cette  m é
thode de l’orientation  est utilisée presqu’en général. D ’abord en 1938 on  a justifié  l ’aptitude de 
cette  sorte de la chauve-souris, bien  qu’à la fin du X V IIIe siècle, S p a l l a n z a n i  s’est douté  
quelque chose de cela, avec une reconnaissance gén ia le . C’est pourquoi pour honneurs de la  
postérité, dans la m atière du colloque on a publié en fac-sim ilé, en m anière d’introduction l ’une  
partie convénable de la correspondance, venante de l ’an 1794 des oeuvres de S p a l l a n z a n i .

Le colloque, lui-m êm e n’éta it pas une réunion de travail nom breuse (45 rapporteurs et 
30 observateurs dont une partie é ta it compagnon), m ais où, une discussion  approfondie a su iv i 
les rapports détaillés. Les volum es contiennent égalem ent la m atière des discussions. A  la  
réunion ont été égalem ent représentés des experts de la physiologie, de la zoologie, de l ’a
coustique, de la physique technique e t  de la théorie d ’inform ation. D ans la  plupart des rapports, 
ces éta ient les chauves-souris qui o n t figuré comme exem ples classiques des systèm es de lo ca 
lisation  anim aux. Mais en m ême tem p s beaucoup de thèm es de la b io log ie  générale et des th é 
ories d ’inform ation se sont aussi posés. Parmi les autres anim aux on a tra ité  surtout l ’aép titude  
de localisation des balaines, des phoques et des dauphins, mais on a fa it  connaître aussi nom 
breux résultats expérim entaux, en ce qui concerne les aptitudes de c e tte  sorte de l ’hom m e.

Il est presqu’incroyable que non seulem ent les aveugles, m ais m êm e l’homme avec  les  
yeu x  bandés peut être sensitif à la  présence d’un obstacle de 15 centim ètres, d istant de 1 
m ètre d’un écho, observé au m ilieu inéchoique de sa v o ix  claquante ou sifflan te . Par une p e tite  
pratique est réalisable ce que nous recevions l ’inform ation non seulem ent de la présence e t de 
la position (de la  direction et de la distance) de l ’o b jet, mais encore de sa  forme. L’auteur de 
ce com pte rendu, à l ’occasion de sa v isite  faite en 1965 chez le groupe de recherches de M. T h . 
P o u l t e r  (Stanford Research In stitu te , Menlo Park, California) s’e st convaincu par ses pro
pres yeu x  de la  possibilité de la répétition  des effets y  exam inés.

Les sujets exposés et débattu s du colloque intéressant éta ient d ’ailleurs les su ivants: 
I. Com m unications libres, IL  D iscrim ination et id entification  par les sonars des an im aux, 
III . Les caractéristiques générales des signaux acoustiques d’orientation  e t  les perform ances 
des sonars dans le règne anim al, IV . Résistance aux signaux interferents, V. Actions récipro
ques d’autres systèm es sensoriels e t  du systèm e sonar, V I. Le sonar e t  l ’aveugle, VII. Contenu  
social de certains im pulsions, autres que celles u tilisées dans l ’écholocation  animale, V III . 
Structures néurologiques im pliquées dans les systèm es sonars biologiques, IX . Les théories des 
systèm es sonars et leur applications au x  organismes biologiques, X . T y p es et protocoles d’e x 
périences à effectuer pour obtenir des résultats com paratifs.

L’organisation du colloque e t  la  publication de la collection des rapports est devenue  
possible par l ’appui com m un des différents organism es in ternationaux et nationaux. Les 
m atières ont été classées et ordonnées aux fins de publication  par l ’aide de M. R.-G. B u s n e l , 
chef du Laboratoire de P hysiologie A coustique, Jouy-en-Josas et de ses collaborateurs. D an s  
le travail de recherche d’acoustique biologique la m atière des volum es s’em ploie très u tilem ent.

T .  T a r n ó c z y
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R . J . St r u t t : Life of J .  W  S tru tt, th ird  B aro n  R ay le igh

A ugm ented Edition. U n iversity  of W isconsin  Press. M adison — M ilwaukee — London
1968. pp 439. 10 $

Lord R a y l e ig h  is one o f the in teresting  personalities o f  physics. He does not belong to 
its brightest stars, at least, not in sc ien tific  public opinion. This m ay be due to R a y l e i g h ’s 
having rem ained a real classical physicist in  the dividing era betw een classical and modern  
physics. Y et, by  his extraordinary abilities: his wonderful knowledge in m athem atics and 
the sam e tim e his recognitions anticipating applied physics, he could have been able to achieve  
w hatever results in the field  o f modern physics.

R ut even as a classical physicist, m a n y  methods and results are due to  him  which are 
pointing ahead today’s sc ien tific  research. H is classical form ula on black body radiation  
( R a y l e i g h - J e a n s  law) generated the order o f ideas which led to the quantum  theory by  
P l a n c k . In the theory of quantum  m echanics there are a num ber of m athem atical m ethods 
( R a y l e i g h - R it z  approxim ation, S c h r ô d i n g e r -R a y l e ig h  m ethod, etc.) w hich were elabora
ted by R a y l e i g h . The form ulation of th e  scattering of fourth  power by R a y l e i g h  also leads 
to m odern scattering theory. A t that tim e  R a y l e ig h  only needed the term s o f low est order 
and did not investigate those o f higher order. In this respect we m ust not forget th at in his 
tim e neither high speed com puters nor fu n ctio n  tables were available for researchers. For the  
graphic representation o f one single m athem atical function a calculation of som e 50 pages was 
needed.

A lot o f discussions arose especially concerning the dim ensional analysis m ethod used  
by him intensively  which led  him , am ong others, to the d iscovery of his scattering  law. This 
m ethod is flourishing anew in our days. U p -to -d ate  works in  th is field  refer over and over again  
to R a y l e i g h ’s papers even  as modern artic les on gravitation  theory refer to  the results o f 
E ö t v ö s . B u t there is no up-to-date acoustica l or optical problem  either, the m athem atical 
origin o f which could not be found in his epoch-m arking work “ The Theory o f Sound” publish
ed in 1877/78.

H ence, R a y l e ig h  is a modern “ classica l” physicist, indeed. Therefore, the new edition  
of his biography really is tim ely . To all th is  it  must be added th a t to the activ ities o f R a y 
l e ig h  there belong such item s as the d iscovery  of argon, the even now usefu l theoretical d is
cussion o f the whole o f acoustics in a vo lum inou s book, m ore than  500 scien tific  articles, and 
the h ighest scientific appreciations including the Nobel prize. A ll these facts result in an e s ti
m ation w hich — though m osaic-like — had  been alive in  m ost o f us which, how ever, becom es 
more d istin ct by the help o f th is biography. According to th is appreciation R a y l e i g h  is to be 
considered as one of the greatest physicists; though not the brightest star, a t any rate one of  
the giant stars.

W e have to be gratefu l to the long since dead author —  R a y l e ig h ’s son who had been  
a ph ysicist, too — for having preserved for posterity  this valuab le and instructive docum entary  
m aterial illustrated by original letters and  period photographs. Thanks m ust be given for the  
new augm ented edition to  the writer o f th e  preface J. N . H o w a r d  and to th e  U niversity  o f  
W isconsin Press. Even we ourselves who h ave long been d evoted  to R a y l e i g h  have learned  
m uch from  this book, and according to our opinion those w ho till now hardly knew  or estim a
ted  this great physicist w ill also join his admirers.

T . T a r n ó c z y

Proceedings of the In te rn a tio n a l C onference on L um inescense , B udapest, 1966

E ditor: G. Szigeti
Publish ing House of th e  H ungarian A cadem y o f Sciences 

B ud apest, 1968, pp. 2165

The two volum es o f th e  Proceedings contain the E nglish  tex t o f all the papers presented  
at the Conference giving a good survey o f  current research in  the field  o f  lum inescence. The 
three Introductory Lectures summing up  th e  recent accounts o f progress in  various fields o f  
lum inescence — m ainly o f inorganic lum inescence and th e  trends in  solid sta te  physics in  
general — have been published both in  E nglish  and Russian.

The book follows th e  arrangem ent o f  subjects o f the Conference. A ccording to this the  
Section of Introductory L ectures is follow ed b y  a Section o f General Problem s o f Lum inescense,
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dealing again w ith  inorganic phosphors m ainly , whereas the n ex t Section devoted  to “ Organic 
and A m orphous L um inescent M aterials”  contains a further chapter on “ General Problems” . 
A ctually  the 518 pages on organic m aterials deal w ith a group o f questions having little in  
com m on w ith  problem s discussed in  other parts o f the book. (The only exception  is perhaps 
the section on “ R are-E arth-A ctivated  Lum inophores”  where som e organic problem s are dis
cussed). The Section on organic lum inescence is divided into chapters according to the different 
processes and phenom ena (general problem s, long duration processes, energy transfer, special 
problem s). The n ext Section , that on “ The Lum inescence o f Inorganic M aterials”  has been 
subdivided according to  another conception: separate chapters are devoted to the m ost im 
portant lum inescent com pounds, and so to halogenides, su lphides, oxyphosphors and to the 
m iscellaneous inorganic lum inophores. Here again some exceptions have been made: rare- 
earth  activators, phenom ena like electrolum inescence, the application of lum inescence and the 
question  o f using resonance m ethods in  lum inescence research are discussed in  a special sec
tion. Therefore, the m aterial dealing w ith  these problem s can be found under separate chap
ters. A lthough th is m ight seem  to be an inconsistency in the grouping o f the m aterial, it  proves 
to  be quite reasonable for m any purposes. E specially  in the chapter on rare-earth-activated  
lum inophores, m aterial from  quite different fields had been collected and discussed from a 
uniform  view -point.

E ach chapter is headed by In vited  Papers dealing w ith  new scientific  results not pub
lished so far. Also the contributed papers contain new results. These papers were not read in 
fu ll at the Conference, bu t reported b y  the referees. Each group o f  contributed papers conclud
es w ith  these reports. T hey proved to be very  useful because o f sum m ing up not only the 
la tes t results o f the field  in  question but serving as excellent abstracts for the preceding con
tributed papers. A great deal o f effort has been put into m aking these reports a usefu l summary 
o f  the Conference. E ach chapter ends w ith  the discussion m aterial on the presented papers. 
T hese discussions prove th a t the lum inescence o f sulphides and the electrolum inescence are 
still the m ost in tensively  investigated  fields o f lum inescence.

The Publish ing H ouse has m ade great efforts in  transform ing a heterogeneous confer
ence m aterial in to  a hom ogeneous unilingual book. The lucid  sty le  in which the Proceedings 
contained in 2165 pages is presented w ill appeal to all those who w ish to gain som e insight into 
the rapid developm ent o f lum inescence.

I t  is a great p ity  th a t these Proceedings becam e available only two years after the Con
ference, but m ost o f  the papers collected in it  are o f sufficient general in terest to  make it  a 
standard volum e for som e years.

J . S c h a n d a

I . F é n y e s : T h erm o sta tic s  an d  T h erm odynam ics

(In  H ungarian) M űszaki K önyvkiadó, B udapest

As is w ell known, the structure of therm odynam ics differs essentially from  th a t o f other 
fie ld s o f physics. Therm odynam ics generally deals w ith  the existence of functions — whose 
ph ysica l interpretation  causes difficulties — and w ith  their relationships instead o f  the solution  
o f  the usual differential equation system s.

Because o f  th is, a fundam ental task  o f  books on therm odynam ics is to  give its  founda
tio n  by w hich the system  o f concepts and the m athem atical apparatus can be w ell and uniform
ly  handled. I t  is m ost probably due to the above-m entioned d ifficu lties that the classical work 
o f  C . C a r a t h é o d o r y  did n ot becom e popular enough.

The excellent book o f  I. F É N Y E S , w ritten  in  a clear sty le , g ives a com m on basis for both  
classical and irreversible therm odynam ics, classifying the physical interactions and consistently  
usin g  the notions o f in tensive  and exten sive  quantities described in  his earlier paper (Z. Phys. 
134, 95, 1952). The “ reconciliation”  o f classical and irreversible therm odynam ics was only 
possib le after the elim ination of the fictio n  o f reversible processes. (Real processes are always 
irreversible!) On the other hand, heat and entropy are no longer basic notions o f  therm ody
nam ics.

A t first sight i t  m ight be surprising th at heat is not a basic notion in  h eat theory but 
th is m ight be understood b y  taking into consideration the corresponding analogy in  m echa
nics. Indeed, both  m echanical work and heat are functionals o f  m echanical and therm odyna
m ica l states, resp., and “ w ork” is not a basic notion  of m echanics, whereas in  the usual treat
m e n t o f therm odynam ics heat is considered as a basic notion.
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As for entropy, it  is introduced here as an extensive qu antity  conjugated w ith  therm al 
interaction. This kind of approach is entirely new in the literature. Nevertheless, owing to 
its lucid sty le and com pleteness the book is appealing both to beginners and experts. W e are 
convinced that this book facilitates the understanding of therm odynam ics and its application  
to the solution  o f given physical problems.

B esides the principal problem s of therm odynam ics — and in th is respect the book m ay  
be considered as a m onograph — it  brings togeth er many particulars, some of them  presenting  
the author’s results not published so far.

The titles of the chapters listed below give a clear survey o f the book: 1. Interactions. 
Basic sta tic  and dynam ical law s. 2. The role o f entropy in characterizing the state. 3. Character
istic  (potential) functions. 4. The entropy principle o f therm ostatics. Extrem al properties. 5. 
Special physical system s. 6. Phase and chem ical equilibrium. 7. Processes of ind efin ite  rate 
(These differ from the usual quasi-static processes). 8. T herm odynam ic processes near the 
equilibrium. 9. Therm odynam ics o f continua. 10. U tilization o f  energy sources.

I t  is worth while to po in t out that th e  Le Chatelier-Braun principle is treated  both  by 
therm ostatic and therm odynam ical m ethods. The book presents an original so lution  o f the 
Gibbs paradox. It would be desirable to com plete the book w ith  a part on statistical m echanics 
treated sim ilarly. The book w ould be more convenient if  the equations were num bered and if  
it  contained a subject index. The production o f the book, published in  H ungarian by the M ű
szaki K önyvkiadó is very good.

G. P ata ki

M. A. F ily a n d  an d  E . I . Sem enova: H andbook o f th e  R a re  E lem ents

Vol. 1. (an English translation b y  M. E. A lferieff) M acdonald T echnical and Scien tific , London

The book was originally published in  R ussian as a single volum e work o f 913 pages. Its  
publication was dictated by the lack of collected  inform ation on such im portant elem ents as, 
for exam ple, Ga, In, Tl. The sam e necessity m otivated  its translation  into English, w h ich, u n 
like the original edition, appears in three volum es. The present book represents the first of 
these covering inform ation o f theoretical and experim ental in terest on the trace elem ents 
Ga, In , TI, Ge, Se, Те, R h and the light elem en ts Li, Be, Rb and Cs.

The data are largely in  tabular form collected  in 385 tables o f  the 1300 to ta l in  the whole 
work. The tables are provided w ith  bibliographical references, the com plete ind ex  o f  w hich is 
indicated in  each volum e, am ounting to about 500 sources up to  1962.

The m aterial consists o f  data on iso top es, degree of pu rity , crystal la ttice  constants, 
density, coefficients of linear and volum etric expansion, heat capacity , heat o f  fusion  and 
vaporization, m elting and boiling points, surface tension, specific  resistiv ity , H all coefficient, 
tem perature at which the substance passes in to  a superconductive sta te , m agnetic susceptib i
lity , norm al electrode potentia l, indices o f  absorption, reflection  and refraction, com pressi
b ility  factor, hardness, tensile strength, in teraction  w ith  other m eta ls, m axim um  tem peratures 
of chem ical stab ility  and fin a lly  the m elting poin ts and other properties o f som e alloys. The 
data refer only to elem ents, although a few  com pounds are also dea lt with.

The chief areas o f use and the principal chem ical properties o f the elem ents concerned  
are also sum m arized in descriptive form.

The book is the first on th is subject a ttem p tin g  to gather together the v a st am ount of  
data on these elem ents. T aking into  consideration that the m ost authentic source o f chem ical 
inform ation on inorganic chem istry, Gmelin’s “ H andbuch der Chem ie” has no up -to-date  vo lu 
me on m any o f these elem ents, one can rea lly  appreciate the im portance of th is work. W e 
believe th a t the properties presented in th e  book should provide solid state p h ysicists and 
chem ists, m etallurgists and electrical engineers w ith  a convenient reference source.

I. T a r já n

Acta Physica Academiae Scientiarum Hungaricae 26, 1969



Printed in Hungary

A kiadásért felel az A kadém iai K iadó igazgatója M űszaki szerkesztő: Farkas Sándor

A kéz ira t nyom dába érkezett: 1969. I I . 28. —  Terjedelem : 7,50 (A/5) ív , 21 ábra

69.67225 A kadém iai N yom da, B udapest —  Felelős vezető: Bernât György



C O R R I G E N D A

A cta  P hy sica  A cadem iae  S c ien tia ru m  H u n g aricae , T om us 25 (3) 
pp. 2 4 5 - 2 5 0  (1968)

QUENCHING OF FLUORESCENCE OF EOSIN 
IN SOLUTIONS

B y

S. S. R a t h i , K . G oPALAKRISHNAN, J . K ishore  and M. K. Ma c h w e

D EPA RTM EN T OF PHYSICS AND ASTROPH YSICS, U N IV ER SITY  OF D E L H I, D E L H I -  7, IN D IA

T he nam es of a u th o rs  of th e  ab o v e  paper are as show n h ereab o v e .





The A cta  Physica  publish papers on physics, in English, German, French and Russian 
The A cta  Physica  appear in parts of varying size, making up volumes.
Manuscripts should he addressed to:

A cta  P hysica , Budapest 502, P . 0 .  B . 24.

Correspondence with the editors and publishers should be sent to the same address. 
The rate of subscription to the Acta  P hysica  is 165 forints a volume. Orders may he 

placed with “ Kultúra” Foreign Trade Company for Books and Newspapers (Budapest I., 
Fő u. 32. Account No. 43-790-057-181) or with representatives abroad.

Les A cta  P hysica  paraissent en français, allemand, anglais et russe et publient des 
travaux du domaine de la physique.

Les A cta  P hysica  sont publiés sous forme de fascicules qui seront réunis en volumes. 
On est prié d’envoyer les manuscrits destinés à la rédaction à l’adresse suivante:

A cta  P hysica , B udapest 502, P . O. B . 24.

Toute correspondance doit être envoyée à cette même adresse.
Le prix de l’abonnement est de 165 forints par volume.
On peut s’abonner à l’Entreprise du Commerce Extérieur de Livres et Journaux 

«Kultúra» (Budapest I., Fő u. 32. — Compte-courant No. 43-790-057-181) ou à l’étranger 
chez tous les représentants ou dépositaires.

«A cta  P hysica» публикуют трактаты из области физических наук на русском, 
немецком, английском и французском языках.

«A cta  Physical) выходят отдельными выпусками разного объема. Несколько выпу
сков составляют один том.

Предназначенные для публикации рукописи следует направлять по адресу:
f A cta  P hysica  B udapest 502, P . О. В . 24.

По этому же адресу направлять всякую корреспонденцию для редакции и адми
нистрации.

Подписная цена «Acta Physical) — 165 форинтов за том. Заказы принимает пред
приятие по внешней торговле книг и газет «K ultúrá i> (Budapest I., Fő u. 32. Теку
щий счет: № 43-790-057-181) или его заграничные представительства и уполномоченные.



3 3 ,— F t

INDEX

Acta Phys. Hung. Tom. XXVI. Fasc. 3. Budapest, 8 . VIII. 1969 Index: 26.022

M . H uszár  and M a r ia  Ziegler-N áray: The Hydrodynamical Model of Wave Mechanics. V.
— M. Г ус а р  и M. Ц иглер-Н араи  : Гидродинамическая модель волновой
механики V....................................................................................................................... 223

S. Sarkar: On the Spur of the Product of Dirac Matrices. — С. Саркар : О шпуре произ
ведения матриц Д ирака................................................................................................ 239

М . T isza  Investigation of the Density Distribution of Nuclei Taking into Consideration 
the Radial Kinetic Self-Energy Correction.— M . Тиса Исследование распре
деления плотности ядер с учетом коррекции радиальной кинетической собст
венной энергии .............................................................................................................  247

G. Solt: An Effective Field Approach for Many-Body Forces between Ions of a Metal.
— Г. Ш олт :  Приближение эффективного поля для сил многих тел ионов
металла.............................................................................................................................  261

I .  Borbély, T . D o lin szky , J .  E rő  and G. Hrehuss: Angular Distributions of the Reaction 
12C(d, p)13C below E d =  2 MeV. — И . Борбель, T . Долинский, Я . Э р э  и 
Г. Х р е х у ш :  Угловое распределение реакции 12C(d,p)I3C ниже E d =  2Мэв.. . .  269

Е . H a rtm ann  and A . Tóth: The Young’s and Shear Moduli of NaCl Whiskers. —
Э. Х а р т м а н н  иА. Тот : Модуль Юнга и модуль сдвига нитевидных кристаллов 
NaCl ................................................................................................................................. 285

Gy. S im onies: Damping and Phase Shift of Magnetohydrodynamic Waves in a Plasma 
Having Finite Electrical and Thermal Conductivity. — Д ь .  Шимонич: Зату
хание и сдвиг фазы магнитогидродинамических волн в плазме с конечными 
электрической и тепловой проводимостями ..........................................................  291

R EC E N SIO N E S

CO RRIGEND A



ACTA
PHYSICA

A  C A D  E M I  A E  S C I E N T I A R U M  
H U N G A R I C A E

A D I U V A N T I B U S

L. J  Á N O S S Y, I .  K O V Á C S , К . N A G Y , A. S Z A L A Y

R E D I G I T

P .  G O M B Á S

T O M U S  X X V I F A S C I C U L U S

ACTA P H Y S .  HUNG.

A K A D É M I A I  K I A D Ó ,  B U D A P E S T  
1 9 6 9



ACTA PHYSICA
A M A G Y A R  T U D O M Á N Y O S  A K A D É M I A  

F I Z I K A I  K Ö Z L E M É N Y E I

S Z E R K E S Z T Ő S É G  ÉS K IA D Ó H IV A T A L : B U D A P E S T  V ., A LK O TM Á N Y  UTCA 21.

Az A cta  P hysica  német, angol, francia és orosz nyelven közöl értekezéseket a fizika 
tárgyköréből.

Az A cta  P h ysica  változó terjedelmű füzetekben jelenik meg: több füzet alkot egy kötetet.
A közlésre szánt kéziratok a következű címre küldendők:

A cta P hysica , B u d a p est 5Ö2, P . O. B . 24.

Ugyanerre a címre küldendő minden szerkesztőségi és kiadőbivatali levelezés.
Az A cta  P h ysica  előfizetési ára kötetenként belföldre 120 forint, külföldre 165 forint 

Megrendelhető a belföld számára az Akadémiai Kiadónál (Budapest V., Alkotmány utca 21. 
Bankszámla 05-915-111-46), a külföld számára pedig a „Kultúra ’’Könyv- és Hírlap Kül
kereskedelmi Vállalatnál (Budapest I., Fő u. 32. Bankszámla 43-790-057-181 sz.), vagy annak 
külföldi képviseleteinél és bizományosainál.

Die A cta  P h ysica  veröffentlichen Abhandlungen aus dem Bereiche der Physik in 
deutscher, englischer, französischer und russischer Sprache.

Die A cta  P hysica  erscheinen in Heften wechselnden Umfanges. Mehrere Hefte bilden 
einen Band.

Die zur Veröffentlichung bestimmten Manuskripte sind an folgende Adresse zu 
richten:

A cta  P h ysica , B u d a p est 502, P . O. B . 24.

An die gleiche Anschrift ist auch jede für die Redaktion und den Verlag bestimmte 
Korrespondenz zu senden.

Abonnementspreis pro Band: 165 Forint. Bestellbar bei dem Buch-und Zeitungs-Aussen- 
handels-Unternehmen »Kultúra« (Budapest I., Fő u. 32. Bankkonto Nr. 43-790-057-181) 
oder bei seinen Auslandsvertretungen und Kommissionären.



Acta Physica Academiae Scientiarum Hungaricae, Tomus 26 (4), pp. 311—318 (1969)

COUPLING OF THREE ANGULAR MOMENTA
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S. D a t t a  Ma ju m d a r
DEPARTM ENT OF PH Y SICS, IN D IA N  IN ST IT U T E  OF TECHNOLOGY, K H A RA G PU R, IN D IA

(Received 4. XII. 1968)

Some earlier results on the coupling of two angular momenta are extended in the present 
paper to three angular momenta. As in the previous case, the eigenfunctions with sharp total 
angular momentum are obtained in closed forms which do not contain the Clebsch—Gordan 
coefficients explicitly. The occurrence of the hypergeometric function in the present formula
tion renders the treatment highly flexible and makes it possible to derive a number of alter
native expressions for the 6 — j  symbol. Moreover, recursion relations between contiguous 
6 — j  symbols are derived more easily from Gauss’s relations between contiguous hypergeo
metric functions.

1. Introduction

I n  a prev ious p a p e r  [1] ce rta in  sim plifica tions w ere in tro d u ced  in to  th e  
th e o ry  o f coupling o f tw o angu lar m o m en ta  b y  u sin g  th e  o ne-variab le  o p era 
to rs  [2 ]

J± = x ±10'T J t  =  x  8„. (1)

This led  to  some conven ien t form s fo r th e  e igenfunctions o f th e  coupled 
s ta te s  w hich could be  u tilized  fo r ca lcu la ting  th e  CG (C lebsch— G ordan) 
coefficients. B u t, as th e  m eaning o f th e  variab le  x  rem ained  obscure  no con
n ec tio n  could be estab lish ed  be tw een  these  eigenfunctions an d  th e  CG series. 
T he defect has now  been  rem oved b y  noting  t h a t  x  is sim ply  th e  ra tio  u/v  
of th e  variab les w hich  tran sfo rm  accord ing  to  th e  fu n d a m e n ta l doubled- 
v a lu ed  rep re sen ta tio n  of the  th ree-d im ensional ro ta tio n  group 0 3. W ith  th is 
in te rp re ta tio n  of x  th e  CG series is fo u n d  to  ta k e  th e  form

\hlm> = [ U  +  m Y‘ 0  — m )!] 1,2 ChhJ u{+m vj1 Л m v2h+h+1X

X  (u1 v2 ~  u2 t^ y 'iG 2 J -F h  -  h  — J! -  2jf; 1
и2 th

Cjijtj —
(2y)! (2.j  +  1)!

. Oi +  h  -  j)' U1 -  h  +  j)' ( - j  1 +  h  +  j)' Oi +  h  +  j  +  1)!

( 2)

- 1/2

( 3)
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Other forms o f the series can be obtained by using Kummer’s relations for 
the hypergeom etric function (HGF) occurring in Eq, (2).

The above results were recently derived b y  the author [2] for studying  
the representations of the unitary unimodular group SU(3). It turns out, 
how ever, that the results can be easily  extended to  the case of coupling of 
three angular m om enta. The eigenfunctions of the coupled states are, thus, 
obtained in closed forms analogous to  (2 ) which do not contain the CG coefficients 
explicitly. The new eigenfunctions contain only three independent variables, 
one for each angular m om entum . B u t, since one of them  occurs in its m-th 
power m erely as a m ultiplier, the num ber of variables is effectively  reduced 
to tw o. The situation  is similar to th at arising in the theory of coupling of two 
angular m om enta.

Of all the eigenfunctions for a given j  that for the lowest value of m  is 
the sim plest. This function is used in Section 3 for calculating th e  6  —  j  
sym bol (R a c a h  coefficient). A lthough this problem  was solved satisfactorily  
b y  R a c a h  in 1942, the use of the present technique renders the treatm ent 
highly  flexible and makes it possible to  derive a num ber of alternative expres
sions for these quantities.

The occurrence of the HGF in the present form ulation has another 
interesting consequence. Recursion relations connecting 6  — j  sym bols differ
ing in their j’-values by 0 , 1 / 2 , 1  can now be obtained more easily from the 
relations betw een contiguous H GFs. The m ethod is, however, found to  work 
only when som e restriction is placed on the param eters of the HGFs occurring 
in a particular relation.

2. Eigenfunctions with sharp total angular mom entum

An eigenfunction y>jm w ith sharp angular m om enta arising from the 
coupling of j \ ,  jo, j 3 can be written as a double sum

f jm У  A т \ т г т  3 > x?* У  A т \ т г т  з
„тг £m3 (4)

with I =  xv  Г) =  х21ху, ц =  x3jxv  For the coupling scheme ( / ,  -f- j 2 =  j w  
7*12 +  7*3 =  7*)’

Ajm =  [O' +  "»)! 0  -  m)']ll2Vjm =

J ?  \ 2 i  (7*1 m i h  "»2/7*12 "»12) '/ " 2j  (À2 "»127*3 "».1/7"») Cms >
m l2 m2
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where, (jim^ j 2m2lj12m12) is the ‘CG coefficient o f the second k in d ’ as defined  
in Section 2 of [1]. B y  using the results of [1] this expression can he brought 
into the form

A jm =  Cal (j 4- m)! (2 » ! - 1 f m rfl* ( 1  - ^)h+h-ht 2.

. V  1 2^ > !_______X
t t\(j  + m  t)\ (a — t)!

X J -  - 1]
JX + Í

F . 2  „• „• 0 , . . i - » i  
Iй *’ 7 l 72 712’ 4 /1.2’ , X

£ 1 — £

(5)

where C =  СШ а CjitjJ, Ц =  7 , 2  +  j 3 — j ,  a =  j 12 — 73 +  7 .
The correctness of the above expression for A j m  can be tested  by applying  

the raising operator J + to the lowest eigenfunction

Aj_j  =  C f s V~h £~h (1 # + ; W l 2  ( 1  -  Ç)h2 h-i  .
I  , . . . . 1  —  Tj

F  7 i 2  — / 3  Л~ j i  J 1 J 2 7 12Í ^ 7 1 2  ; — —

(6)

In terms of the new variables the operators J  + , J _ , J z are g iven by

J+ =  n j i + h V + h C - S Q e +  v(l  - Ч) Э,  +  £(1 - £ ) 9 £] ,

h +  h- + -J{- + ^ i+  (1 -  V) э„ +  (1 -  £) 3( 
V £

(VJ _  =  f - 1

Л  =  £Эе .

I t  is ea sily  seen  th a t  th e  op erator JT+ a p p lied  to  Л/m g iv e s  (7  —  m) Л у т + 1

3. The 6  j sym bol

The 6 — 7  sym bols [6— 9] (or R a c a h  coefficients) are closely related to  
the coefficients of transform ation from one scheme of coupling of j \ ,  j 2, j 3 
to  another leading to the sam e 7 , m. For a definite schem e of coupling there  
are, in general, several values of interm ediate angular m om entum  which give  
a particular final j .  Since th e  corresponding eigenfunctions form a com plete  
set it is possible to  expand a function A ( j1j 2( j12), j s; jm )  for a given j n  in term s 
of the functions A ( j J 3(j13), j 2; jm )  for d ifferent j 13. The 6 — 7  sym bols are 
related to these expansion coefficients b y  th e  equation

j-7;  7l - Ц  =  ( )h +Í3+li2+;Í3 (2jl2 +  l ) - 1'- (2jlâ +  1 )~ 1/2 •
17з7 ./is J (3)

■ ./] j i  О 12)’ Уз? iiJ 1 Уо (У13) ’ i i : ;>•
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In  e v a lu a tin g  these  coefficien ts we a re  a t  lib e rty  to  choose a value o f  m  for 
w hich  th e  eigenfunctions ta k e  a p a r t ic u la r ly  sim ple fo rm . W e have seen  th a t  
th e  v a lu e  o f m  m ost su ita b le  fo r th e  p u rp o se  is —j .  T h e  correspond ing  e igen 
fu n c tio n s in  th e  coupling  schem e ( j \  j 2 =  j 12, J12 4" j 3 =  j )  are, b y  E q . (6)

Л ( л ь  U n )J 3-J -  j )  =  Chhht c A M e - i r h t - Ja (1 -  0 a+;'2+jW X

X *A+jWl2 F{ — j 12 -  j 3 +  j ,  j \  — h  -  712’ — 2 / i2; 2), (9)

2 =  (1 -  Ш  -  0  •

In te rc h a n g in g  2, 3 an d  rj, Ç we get th e  e igenfunctions in  th e  coupling schem e 

h  +  h  =  713’ 7i3 +  Л  =  7- T hese are

A U ij» U n > J i t  7 - 7 )  =  С щ п С м Г - ' г г Ь С - Ч !  -  X

X ziw+i*~] F 7i3 h  “b 7’ 7i 7з 7i3’ ‘ Я/13’
z

( 10)

F o r th e  e v a lu a tio n  of th e  6 — j  sym bo l i t  is , th ere fo re , su ffic ien t to  e x p a n d  

/ ( 2) =  хЬ+*г-1» F (  -  j n  -  y3 +  7’ 7i -  Л  —У12; -  27i2 5 г)

in  a series o f th e  form

Л 2) =  (717*2 (Л 2)’ Уз ; H k h  (Уз)’ 72; 7 ) • *кз+кЧ  •
Аз

‘ I 7 13 72 “b 7 ’ 7 i  7з 7i3’ 27i3’ •
V 2

( И )

T h e coeffic ien ts in  th is  ex p an sio n  are co n n ec ted  w ith  th e  6 — j  sym bols b y  
th e  re la tio n

(7 1 / 2  (У12) ’ 7 з ’ .
J 2 J1 J12 

7з7 7i3

T hese coeffic ien ts can  be d e te rm in ed  b y  w ritin g  th e  fu n c tio n  / ( 2) as a p o ly 
n o m ia l in  2 a n d  th e n  develop ing  each pow er o f 2 in  a series o f th e  ty p e  (11). 
T h is is easily  accom plished  b y  tra n sfo rm in g  th e  fu n c tio n s on  th e  r .h .s . s ide 
o f  (11) in to  J a c o b i po lynom ials an d  m ak in g  use of th e  w ell-know n re su lts  on 
th e  la tte r .

i ljiia  (У13») У2» 7 ) =

(_)7«+7a+7i*+7i» (2yi2 +  l )!/2 {2jn  4 - l)i/2 . Chhh*ChM  (12)
> Х/1У2712 Cjujaj
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T he connection  of th e  fu n c tio n s on th e  r .h .s . of E q. (11) w ith  th e  J a c o b i 
po lynom ials is easily  seen b y  reversing  th e  h y p erg eo m etric  series. W ritin g  
a =  —j 13 — j 2 + j ,  b =  j \  —  y3 —  у13, c =  —  2 j 13, we h a v e , fo r a —  b >  0,

г - “ F{a, b; с; 1 /г) =  ( - ) “ ■ 6)1 ( — ) -  • F ( a ,  1 -  c +  a ; 1 -  b +  a; 2)
; ( — с)! (a — 6)! (13)

a n d  th is  is a m u ltip le  of th e  Ja c o b i po ly n o m ia l

' n  -f- a
P ^ ( l  -  2z) = X jF ( — n ,  sc -f- I 5 2 )

w ith
a =  Лз + j 2 — j ,  x  =  a — b =  — yx - J 2 + J 3 + J ,  

0 =  a +  b — c = j \  -  y2 — У3 + У  . (14)

F ro m  th e  w ell-know n fo rm u la  [5]

*  =  V  (g  +  e)! (2ra +  a  +  ß  +  1 ) (?г +  a  +  ^  g V  • (1 -  2 z )  (1 5 )
“T  (n -f- x  -)- ß  -f- g 1)! (n  +  a) !

i t  is now  easy to  o b ta in  th e  expansion

(1  _  c)l ( a  _  b +  q)\ q\
i t  ( — a)! ( -  6)! (1 — c +  a +  g)! (a +  g)!

F a ,b ;c ;— \ . (16)

A ll th e  fo rm ulae  needed  fo r th e  ca lcu la tio n  of the  6 —- j  sym bol are  now  
a t  our d isposal. E x p an d in g  th e  function  f ( z )  in  pow ers of z  a n d  using  E qs. (12), 
(14) an d  (16) we now  have

f a 6 c ) (b, d f  ) (e, a f )  _ ^  , )a+c+d+f+r.
( d e / J  (b ,a c ) ( e ,c d )

(2c — r)! (— c - f -  d +  e +  r)! 
r! (c +  d  — e — r)!

_________________________(a +  b — с +  r)!________________________
(a — b +  c — г)! (1 +  b — c +  e +  /  +  r ) l  (b — c +  e — /  +  r)!

w here

(b, ac) =  [(6 -|- a  — с)! (6 — a 4- с)! {b +  a -f- c +  ! ) ! /(— b +  a J -  c)!]1/2 (17)

T h is is a generalized  h y p erg eo m etric  series 4P 3 (1) o f  th e  S aa lsch iitz ian  
ty p e . F rom  th is  a large n u m b e r of exp ressions for th e  6 — j  sym bol can  be 
d eriv ed  b y  u sin g  B a il e y ’s tra n s fo rm a tio n  [10, 11].
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4. R e la tio n s betw een con tiguous 6 — j  sym bols

F ro m  th e  w ay  th e  H G F  occurs in  th e  p resen t fo rm u la tio n  i t  ap p ears  
t h a t  th e  re la tio n s b e tw een  contiguous H G F s shou ld  lead  to  co rrespond ing  
re la tio n s  b e tw een  6 — j  sym bols d iffering  in  th e ir  j-v a lu e s  b y  0, 1 /2 , 1. This 
is fo u n d  to  be tru e  p ro v id e d  a consistency  cond ition  is satisfied  b y  th e  p a ra 
m eters  o f th e  H G F s. T he know n re la tio n s  betw een  con tiguous H G F s c a n  all 
be  p u t  in to  th e  form

zs F ( a , /3; y; z) +  A z ô F ( a  +  A, ß  +  ц; У 4  v;z)  4-

+  A '  z*+* F (*  +  A \ ß  +  / / ;  у +  v'; *) +  . . .  =  0. (18)

F o r  a  =  — j u —j a + j ,  ß = j i ~ - j 2 ~ j i v  V =  ~ 2 à =  j x +  j i  ~  j i v  th e  fu n c 
tio n  f ( z )  — z F  (a, ß; y ; z) can  be ex p a n d e d  in  a series o f Jaco b i po lynom ials  
of th e  ty p e  (11). L e t us now  see if  th e  o th e r  functions occurring  in th e  above 
re la tio n  can  also be ex p a n d e d  in  a series o f th e  sam e ty p e  by  ch an g in g  th e  
j’-values from  j ,  to  j j  -f- A,. F o r  such an  ex p an sio n  to  be possib le  the  in c rem en ts  
hi m u s t sa tis fy  th e  eq u a tio n s

Л] =  A3, Л2 =  A,

A3 +  A Aj2 =  A, hx — Л2 Aj2 =  2A12 =  V, Ax +  A2 -  A12 =  {?•

T hese eq u a tio n s are  c o n s is te n t if  A ц  =  v, an d  th e  so lu tio n , su b jec t to  th is  
re s tr ic tio n , is

hi =  h3 =  ~ ( Q  — À), A2 =  A =  - i -  (q — ,u), Al2 = -----^ -v .  (20)
z  z  z

U sing th ese  values one can  w rite

zá+« F (a  +  A, ß +  щ  y + v ;  z) =

( i l  +  K j z  +  K  U12 +  h12), Уз +  A3; j  +  A/У, - f  К  y3 +
Ji 3

+  hi (У13)’ У2 +  hi - j  +  h) z~ a F  a » b, c; - ( 21)

R ela tio n s betw een  6 — j  sym bols are  now  o b ta in e d  b y  ex p an d in g  th e  
l.h .s . o f (18) in  a series o f th e  above ty p e  a n d  eq u a tin g  ea c h  expansion co effi
c ien t to  zero.

As an  illu s tra tio n  le t us consider th e  re la tio n

F - F ( «  +  l ,  y +  1) +  ß{Y ~ Ж) - * F ( «  +  1, ß +  h  у +  2) =  0. (22)
V(V +  !)
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M ultip ly ing  th is  b y  /  a n d  proceeding  in  th e  m anner ex p la in ed  above w e get 
a re la tio n  be tw een  6 — j  sym bols w h ic h  is ob ta ined  b y  E d m o n d s  [6] and  
B i e d e n h a r n , B l a t t  an d  R o s e  [7] f ro m  considerations o f  recoupling  o f  four 
an g u la r m om en ts. The p re se n t m eth o d  o f deriving th e  re la tions a p p e a rs  to  
be  s ligh tly  qu icker.

A ppendix

T he fo rm u la  (16) h a s  been d e r iv e d  u n d er th e  re s tr ic tio n , a —  b >  0. 
I t  is, th e re fo re , necessary  to  show t h a t  i t  rem ains v a lid  w hen  th is re s tr ic tio n  
is rem oved . T he p reced ing  form ula (15) from  w hich i t  is derived is v a lid  if
a  >  0, fe =  a  -)- /? >  0. T o  see th is w e w rite  2 n -f- к  -f- 1 occurring  in  th e
n u m e ra to r  of th e  r.h .s. o f (15) as a  su m  of tw o p a r ts  n  -|- к -j- g -f- 1 and 
— g +  n a n d  collect th e  coefficients o f  th e  various pow ers o f z. The coeffic ien t 
of z® is fo u n d  to  be u n ity , an d  th e  co e ffic ien t of z fo r r  <( g can be  p u t  in to  
th e  form

_________ g! (« +  g)! (K  +  2r)! _ _
r! (oc +  r)! (g -  r)! (k +  r +  g +  1)!

+  g +  1; 1) ’ {к +  f +  g +  1) — F(r — g +  1, к -f- 2r -f-

+  1; к  +  r +  g +  2; 1) (g — r)] .

This expression  is seen to  v an ish  id e n tic a lly  when th e  H G F s are re p la c e d  by  
th e ir  va lues given b y  G auss’s fo rm u la  F(a, b; c; 1) =  Г(с) Г(с  —  a —  6)/ 
Г(с  —  а) Г (с  —  b). T hus, th e  series o n  th e  r.h .s. of (15) does indeed su m  up  to  
z® w hen th e  p a ram ete rs  o f th e  J a c o b i polynom ials sa tis fy  th e  in eq u a litie s  
a  >  0, к >  0. F rom  th is  we conclude t h a t  form ula (16) is c e rta in ly  v a lid  if 
a —  b >  0 a n d  2 a — c >  0. To d e m o n s tra te  its v a lid ity  fo r  th e  case, b —  a  > 0 ,  
2 b —  c >  0, we use th e  sym bol C(a, b, q) for th e  e x p an sio n  coeffic ien t and 
w rite  E q . (16) as

ze =  J g  C(a, b, q) z~a F(a, b; c; z“ 1).
a-0

F ro m  sy m m e try  considera tions th e  correspond ing  fo rm u la  for b —  a 7> 0, 
2 b —  c >  0 can  be w r it te n  as

ze =  ' S  C(b, a, o) z~b F(a, b; c; z“ 1) .
ь=о

M ultip ly ing  th is  by  zb~ a an d  p u t t in g  g ' =  g -j- b —  a we have

z- =  ' S  C(b, a, g ' +  a  — b) z~a F  (a, b; c; z-1 ) . 
ь=  о

[ F ( r  — g, к  +  2 r +  1; к  +  r  +
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I t  tu rn s  o u t, how ever, t h a t  C(b, a, q' -)- a  —  b) =  C(a, b, q '). T hus, th e  sa m e  
ex p ansion  ho lds in  b o th  cases, a lth o u g h  th e  ran g es  of su m m a tio n  are d iffe ren t. 
I n  th e  f irs t  case, th e  m in im u m  va lu e  of q fo r  w hich an  e x p an sio n  is possib le  
is 0 ,  an d , in  th e  second case, th e  m in im um  v a lu e  of q1 is b —  a.

W e h a v e  sh o w n  th a t  th e  sam e ex p ansion  (16) can be  u se d  for ze irre sp ec 
tiv e  of w h e th e r a  is g rea te r o r less th a n  b p ro v id e d  a t  least one  o f th e  q u a n titie s  
2 a —  c, 2 b  —  c i s  n o n -n eg a tiv e . I t  seems d o u b tfu l th a t  th is  w ill be tru e  w h en  
b o th  th e  q u a n tit ie s  are n e g a tiv e . T he d e riv a tio n  of th e  ex p ressio n  (17) fo r th e  
6 —  j  sym bo l c a n , th e re fo re , b e  ju s tif ied  o n ly  w h en  th is  co n d itio n  is sa tis fied . 
I t s  v a lid ity  fo r a ll physica l v a lu e s  of th e  p a ra m e te rs  is a consequence of th e  
in v a rian ce  o f th e  6 — j  sy m bo l a n d  o f  the expression itself  u n d e r  th e  w ell-know n 
sy m m e try  o p e ra tio n s . T he in v a ria n c e  can b e  estab lished  b y  using  B a i l e y ’s 

[10] tra n s fo rm a tio n s . As a lre a d y  m en tioned , th is  also gives a v a r ie ty  of e x p re s 
sions fo r th e  6 — j  sym bol.
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С В Я ЗЬ  Т Р Е Х  У Г Л О В Ы Х  М ОМ ЕНТОВ  

С .  Д .  М А Ю М Д А Р  

Р е з ю м е

В данной работе некоторые ранние результаты  по отнош ению связи 'двух  
угловы х моментов распространяю тся к трем угловым моментам. К ак и в предыдущем  
случае собственные функции с острым полным угловым моментом получены  в закрытых 
формах, в которые явно не входят коэффициенты К лебш а—Гордона. Появление гипер
геометрической функции в данной формулировке сделает дискуссию высоко гибкой и 
дает возможность для вывода некоторого числа альтернативных вы ражений для симво
лов 6 —j. Д алее, рекурсионны е соотнош ения м еж ду зависящ ими друг от друга символами 
6 — j  выводятся очень легко из соотнош ения Гаусса м еж ду  связанными друг с другом  
гипергеометрическими функциями.
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QUANTUM PROBABILITY WEIGHTED PATHS

B y

J. G. G il so n
MATHEMATICS D EPARTM ENT, Q U E E N  MARY COLLEGE, LO N DO N  

(R eceived 4. X I I .  1968)

The paper is concerned w ith  the generalization o f F e y n m a n ’s m ethod. A  real “ probabi
lity ”  measure is introduced for w eighting trajectories and this is expressed as the boundary case 
of a m easure containing one real parameter. For th e  fin ite  values o f  the real param eter an 
equation o f m otion of the Fokker— Planck ty p e  is used. In the zero boundary case a Schrôd
inger equation is derived. A  sim ple deduction is given for the W i g n e r  phase space d istr ibu
tion  by using the differentiability o f quantum  trajectories, which is also proved. I t  is su ggest
ed th at the equations of m otion obtained for the fin ite  values o f the real parameter included  
in the theory describe real processes.

In tro d u c tio n

This p a p e r  is concerned  w ith  th e  c la rifica tio n  a n d  im p ro v em en t o f  an  
idea p u t  fo rw ard  b y  th e  p re se n t a u th o r  in  an  earlier p a p e r  [1]. T here i t  w as 
p roposed  th a t  th e  co n cep t o f  “ The p a th  in te g ra l”  in  q u a n tu m  m echanics could  
be m ade m a th e m a tic a lly  m ore sa tis fa c to ry  b y  using a p ro b a b ility  m easu re  
defined  on a space of q u a n tu m  p a th s . A lth o u g h  th a t  w o rk  show ed in te re s tin g  
possib ilities, th e  p ro b a b ility  m easure u sed  w as n o t as p rec ise ly  defined as one 
w ould  w ish. M ore recen t w ork  [2] h as  c o n ta in e d  a n o th e r re la te d  w ay  o f  co n 
sidering  q u a n tu m  p ro b ab ilitie s  w hich e ssen tia lly  con ta in s th e  so lu tion  to  th is  
p rob lem  o f defin ing  a sa tis fa c to ry  p ro b a b ili ty  m easure  fo r use in q u a n tu m  
stu d ies. W e sha ll th u s  red efin e  our m easu re . W e shall th e n  exam ine som e of 
its  p ro p ertie s , consider its  re la tio n  to  W ien e r m easure a n d , on  th e  w ay, discuss 
th e  re la tio n  of our fo rm alism  to  som e closely  re la ted  w o rk  by  W ig n e r  [3], 
Mo y a l  [4], B artlett  [5] a n d  o thers. O th e r  w ork  w hich  p ro b ab ly  h as  s im ila r 
or re la te d  m o tiv a tio n s  to  t h a t  w hich w e a re  a b o u t to  d iscuss here  can b e  fo u n d  
in [6], [7] an d  [8].

The p robab ility  m easure

In  [2] eq u a tio n  (14) i t  was show n  t h a t  th e  q u a n tu m  tra n s itio n  p ro b a b i
lity  fo r th e  m ov em en t o f  d en sity  fro m  p o sitio n  u to  p o s itio n  a in  a lim itin g ly  
sm all tim e  can  be p u t  in to  th e  form

P(x\u)  =  lim  P (x ,  t -)- T I u, t), (1)
г—>0
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w here

P (x , t г  \ u, t) =

m  \ Г "  lexn  1
2m (x — u) v ] y)(u — V, t) y>* (и  +  v, t)

n h x  J J  I  b, T \ f ( u ,  t) y>* (u, t)

a n d i p(u, t) is a so lu tion  to  S ch rö d in g er’s e q u a tio n  a t tim e  t. W e have in tro d u c e d  
th e  tilde  in to  o u r n o ta tio n  in  o rder to  d is tin g u ish  b e tw een  th e  lim itin g  e x a c t 
q u a n tu m  P (x [u ) and  th e  P (x ,  t +  r\u, t) w h ich  is in g enera l an ap p ro x im a tio n  
to  it.

W e h a v e  also show n in  [2] th a t  th e  cond ition ,

j P (x , t -j- t I u , t) dx  =  1 (3)

ho lds for th e  ap p ro x im ate  tra n s itio n  p ro b a b ility  P .  A  second co n d itio n  
on  P  is,

Im . P = 0 .  (4)

T h a t  P  has th is  la s t p ro p e rty  of alw ays b e in g  real can  be  seen b y  ta k in g  its  
com plex  c o n ju g a te  and  m ak in g  th e  rep lacem en t v —*■ — v  in  fo rm ula  (2). 
H ow ever, P  as defined  by  (2) need  n o t be p o sitiv e  everyw here. In  view  o f (3) 
a n d  (4), P  is a su itab le  fu n c tio n  to  use fo r w eigh ting  th o se  p a th s  w hich  p ass  
th ro u g h  и a t  tim e  t and  x  a t  tim e  t -f- r .  W e sha ll use P  fo r  th is  pu rpose , b u t  
because  P  c an  assum e n e g a tiv e  values we sh o u ld  rem ark  t h a t  our m easu re  is 
n o t  s tr ic tly  p u re  p ro b ab ility . Such reg ions o f neg a tiv e  ’p ro b a b ility ’ h a v e  
b een  en co u n te red  and  d iscussed  earlier b y  W ig n e r  [3], M o y a l  [4] an d  B a r t 
l e t t  [9]. I t  tu rn s  o u t th a t  one can  still w o rk  co n sis ten tly  w ith  and  get co rrec t 
re su lts  from  th is  a p p a re n tly  path o lo g ica l m easu re . T he regions of n e g a tiv e  
’p ro b a b ility ’ genera lly  have no  adverse in flu en ce  on ca lcu la tio n s and  in  p a r t i 
c u la r  th e  w ork  in  th is  p ap er does n o t req u ire  th a t  our w eig h tin g  be p u re  p r o 
b a b ility . A m o re  detailed  e x a m in a tio n  an d  discussion o f th e  reasons for th e  
ap p ea ran ce  o f  regions of n e g a tiv e  ’p ro b a b ili ty ’ will be g iv en  b y  th e  p re se n t 
a u th o r  in  a n o th e r  paper [10].

T h a t we h a v e  decided to  use the  ap p ro x im a te  q u a n tu m  tra n s itio n  p ro 
b a b ili ty  is o f no  p a rtic u la r  sign ificance a t  th is  stage. W e do n o t claim  to  be  
d o in g  q u a n tu m  m echanics b efo re  th e  lim it r  —► 0 is ta k e n . F u rth e r , because  
w e m u st w eigh t all conceivable p a th s  even th e  d iscon tinuous and  non-d iffer- 
e n tia b le  ones, P (x ,  t т |и , t) w ill be ta k e n  to  be  th e  w e ig h tin g  for all p a th s  
w hich pass th ro u g h  и  a t t an d  x  a t  t r  w h a te v e r  h ap p en s to  them  b e tw een  
tim e  t and  tim e  t  -f- r .  I f  it  sh o u ld  tu rn  o u t t h a t  a certa in  subclass of th is  v e ry  
la rg e  class o f p a th s  is p a r tic u la r ly  im p o r ta n t  fo r our choice of w eigh ting ,
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th e n  th is  m u s t be deduced  from  th e  d e fin itio n  of our w eigh ting . These c o n 
cep tions are  com plete ly  in  line w ith  W i e n e r  m easure [11] w here it  c a n  be 
show n th a t  a c e r ta in  class of p a th s  is v e ry  im p o rta n t in  t h a t  th e  m em b ers  
o f th is  class ca rry  all th e  p ro b a b ility . W e sh a ll  re tu rn  to  th is  p o in t and  fu r th e r  
m odel our w eigh ting  on W i e n e r  m easure.

W hen N .  W i e n e r  defined  his fu n c tio n a l in tegral, he  d iv id ed  th e  to ta l  
tim e  of in te re s t in to  n  equal segm ents of le n g th  r ,  w eighted  each  segm ent w ith  
th e  B row nian  m o tio n  tra n s itio n  p ro b a b ility  a n d  th e n  took th e  rep ea ted  in te g ra l 
w ith  a p p ro p ria te  lim its to  define th e  w e ig h t to  be given to  th e  class of p a th s  
re s tr ic te d  on ly  b y  th e  in teg ra l lim its. W e sh a ll do the sam e here  excep t t h a t  
we shall use th e  ap p ro x im a te  q u a n tu m  tra n s i t io n  p ro b a b ility  P (x ,  t -f- т |и , t). 
T hus we shall ta k e  th e  va lu e  of th e  n — 1 fo ld  in tegral

$  (nn, B°) =  f '  . . . I b"~1P ( x n, T  ! x n~ \  T  r) p { x n T - T I x n~ \  T  2 r ) . . .
J аг J Q.n—i

. . . P (x1, T I x°, 0) dxn~x . . . d x l , (6)

w here n  r  =  T, to  be th e  to ta l  m easure (o r p r o b a b i l i ty ’) to  be  associated  w ith  
th o se  p a th s  {x(f)} w hich s ta r t  a t  ж(0) =  x°  a t  tim e zero a n d  te rm in a te  a t  
x(T )  =  x n a t  tim e  T  — n r,  an d  are on ly  re s tr ic te d  by  th e  conditions,

a ) x n - x { T ) ,

b) ai x (ir)  <Z. b j , i =  l , 2 . , . , n  — 1 , (7)

c)

оwIIо«

T he  щ an d  hi h e re  are all re a l n u m bers. T h e  expression (6) is essen tia lly  th e  
sam e as was u sed  in  [1] e q u a tio n  (I. 20) b u t  th e  n o ta tio n  is now  such t h a t  th e  
expressions fo r th e  in d iv id u a l P  co n ta in  in  th e ir  s tru c tu re  p a r t  of th e  in s t r u c 
tio n  to  in te g ra te  w hich ap p ea red  ex p lic itly  in  [I . 20] (the  v in teg ra tio n  in  (2)). 
T hus here  o u r m easure  is p ro b a b ility  (e x c e p t in  the  re sp ec t discussed earlie r) 
defined  on a line and  is m u ch  nearer to  W i e n e r  m easu re  w hich is g en u in e  
p ro b a b ility  defined  on a one d im ensional con figu ra tion  sp ace . I f  we n o w  le t 

th e  bi — -j-oo a n d  th e  a,- —*■ — oo and th e n  fo rm  th e  in teg ra l I jti" (x n, x ° )d x n, 

we see b y  successive ap p lica tio n  of fo rm u la  (1) th a t

I JÍZ (x n, n°) d x n =  1. (8)J — oo

T hus, as one w ould  w ish, th e  to ta l  p ro b a b il i ty  for all p a th s  only re s tr ic te d  
b y  (7b) and  (7c) is u n ity .
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As m e n tio n e d  earlie r, we do n o t c la im  a t  th is  s ta g e  t h a t  our p a th  in te g ra l 
has m uch to  do w ith  co n v en tio n a l q u a n tu m  m echanics, ex cep t th a t  w e em p lo y  
a w ave fu n c tio n  in  its  de fin itio n . T he co n n ec tio n  w ith  q u an tu m  m ech an ics  
u ltim a te ly  d ep en d s on ta k in g  th e  lim it т  —► 0. B efore th is  lim it is ta k e n , th e  
e q u a tio n  w h ich  governs th e  b eh av io u r o f  o u r  form alism  as a fu nc tion  o f  tim e  
is of th e  F o k k e r— P lan ck  ty p e . This w ill b e  discussed la te r  b u t  firs tly  w e sh a ll 
exam ine a co n n ec tio n  of th is  form alism  w ith  som e re la te d  w ork  by  WiGNER [3], 
M oyal [4] a n d  B art l e tt  [5].

Relation with phase space distributions

I t  is in te re s tin g  to  u se  ou r ex p ressio n  for th e  q u a n tu m  tra n s it io n  p ro 
b a b ility  to  derive  a p h a se  space d is tr ib u tio n . O ur tra n s itio n  p ro b a b il i ty  
P ( x , t -j- t |u , t) is th e  p ro b a b ili ty  th a t  a d e n s ity  e lem en t s itu a te d  a t и  a t  tim e  
t w ill be fo u n d  a t  x  a t  t im e  t -j- T, T hus w e can say  t h a t  p rov ided  r  is sm all 
w e can  ig n o re  th e  ex istence  o f  any  p o te n tia l  betw een  th e  tim es t a n d  i -j- т 
an d  conclude  t h a t  P (x ,  t -f- т|ы , i) gives, a lte rn a tiv e ly , th e  p ro b ab ility  d e n s ity  
t h a t  an  e le m e n t a t  и has th e  average v e lo c ity  x — и/т fo r  th e  in te rv a l r .  I f  we 
th e n  ta k e  a sim p le  classical v iew , we can th e n  infer t h a t  P  a lso  gives th e  p r o b a 
b ility  d e n s ity  fo r average m o m en tu m  p = m ( x  —  u ) /r  a t  u. Now su re ly  th e  
p h ase  space d is tr ib u tio n  fo r  ou r system  is th e  jo in t p ro b a b ility  fo r d e n s ity  
a t  u and  m o m e n tu m

^  m (x  — u)
p  =  lim  p  =  l i m ---- ----------— (9)

т->0 т->0 X

a t  и all a t  t im e  t. T hus we conclude th a t  i f  a phase sp ace  d is trib u tio n  com es 
o u t o f ou r sch em e, i t  sh o u ld  be th e  p ro d u c t

l im  P (x ,  t -j- г  I u, t) q ( u ,  t ) , (10 )
t- , 0

since q(u, t) =  ip*(u, t) t) is th e  d e n s ity  a t  u. I f  we n o w  su b s titu te  fo r  P  
b y  (2), we g e t t h a t  our p h ase  space d is tr ib u tio n  (or p ro b a b ili ty  for m o m e n tu m  
p  a t  и to g e th e r  w ith  d e n s ity  p(u, f)) is

YYl Í* “b00 Г i  j
m F ( p , u )  =  l im --------  l exP — 2j5t> 1 y>(u — v, t) гр* (u +  », () dv . (11)

r^o [ % J

T o c o m p a r e  (11) w ith  t h e  ex p re ss io n  u s e d  b y  M o y a l  ([4 ]  e q u a tio n  (3 .7 ))  
w e  n ee d  o n ly  m a k e  th e  c h a n g e  o f  v a r ia b le s ,

a =  -  2ajh  , (12)
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w hen  we get

F {p ,  m) =  —— y>* 
2 я

■ %X e ~ iaP гр la Hoc\ d a , (13)

w hich is id en tica l w ith  M o y a l ’s expression  fo r F (p ,  u). Now th is  is u n d o u b te d ly  
an  e legan t and  re m a rk a b ly  sim ple d e riv a tio n  o f  W ig n e r ’s p h a se  space d is tr i
b u tio n , b u t  th e  re a d e r m ay  ju s tif ia b ly  h av e  d o u b ts  ab o u t th e  v a lid ity  of th e  
step s . P a r tic u la r ly , because th e  su b s titu tio n  (9) involves th e  assu m p tio n  t h a t  
th e  lim it of (x —  u ) /r  is f in ite  as r  —»- 0. Such d o u b ts  are n a tu ra l ly  s tre n g th e n e d  
b y  th e  know ledge o f a th eo rem  p ro v ed  b y  N . W i e n e r  [11] (see also  D oob [12]) 
som e years  ago concern ing  th e  n a tu re  of B ro w n ian  m otion  p a th s . The s tep s  
we h av e  m ade in  deducing  th e  p h ase  space d is tr ib u tio n  w o u ld  ce rta in ly  n o t  
be co rrec t if  th is  th eo rem  w ere applicab le  to  o u r m easure, because  in  t h a t  
case th e  lim it o f (x —■ u ) /r  w ould  be  in fin ite , as r  —► 0, fo r a lm o s t all p a th s . 
A sim plified  s ta te m e n t of th e  th eo rem  to  w h ich  we refer is as follows.

T heorem

“ T he W i e n e r  p ro b a b ility  fo r p a th s  o th e r  th a n  th e  se t o f equ i-co n tin u o u s 
p a th s  is zero. T he p ro b a b ility  t h a t  a B ro w n ian  p artic le  follow s an  equi-con- 
tin u o u s  p a th  is u n i ty .”

In  o rd e r  to  h a n d le  th e  m a th e m a tic s  o f  th e s e  ideas a n d  a lso  to  s tu d y  th e  
q u e s tio n  o f  w h e th e r  o r n o t  su c h  a  th e o re m  a p p lie s  to  o u r q u a n tu m  p r o b a b il i ty  
m e a su re , w e sh a ll n ee d  to  in tro d u c e  som e f u r th e r  n o ta t io n  a n d  also s t a t e  
W i e n e r ’s th e o re m  m o re  fu lly .

P a th  properties

W e shall need  to  consider th e  se t of all conceivable fu n c tio n s  x(f) ( in c lu d 
ing th e  d iscon tinuous ones) w hich  can  be d e fin ed  fo r 0 <[ t <[ T , an d  such t h a t  
x(0) =  x 0, since in  b o th  W ie n e r  m easure a n d  o u r m easure all such  p a th s  a re  
w eigh ted . T he n u m b e r T  is a fix ed  v alue  re p re se n tin g  th e  to ta l  tim e  of in te re s t. 
F u r th e r , we shall also need th e  sym bol

S ( |, . ,A )  =  > (‘ +  I )  (14)
тл

г , h e re , is as u s u a l  a p o s it iv e  t im e  in c re m e n t . W e can  n o w  e x p re s s  W i e n e r ’s 
th e o re m  as fo llow s

“ D iffusing p artic les are c e r ta in  to  fo llow  p a th s , x(t), w ith  th e  follow ing 
th re e  p ro p e rtie s”
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a ) lim  Sit ,  г, A) =  0, A <  —  ,
r->o 2

b) lim  S(t, r , A) <  o o , A =  —  ,
r-> o  2

(15)

c ) lim  S(t, г, A) =  o o , A >  —  . 
г—>o 2

H ence, if  th is  shou ld  be tru e  fo r q u a n tu m  p a th s , th e  co n d ition  (15c) 
w ith  A =  1 w ould  ren d er o u r d e riv a tio n  o f  th e  phase space  d is tr ib u tio n  q u ite  
m ean ing less. W e m ust th e re fo re  con sid er th e  p ro p e rtie s  o f q u a n tu m  p a th s  
fu rth e r .

Q uan tum  path s

W e o n ly  need to  con sid er w h a t th e  q u a n tu m  p a th s  do in  th e  n e ig h b o u r
hood  o f one ty p ic a l in s ta n t  o f tim e  t. T h u s  we do n o t n eed  to  em ploy  th e  full 
p ro b a b ility  m easu re  for th e  w hole in te rv a l  0 —»- T. W h a t we prove h o ld s  a t  t 
will be tru e  fo r all 0 t <[ T.  H ence le t  us consider th e  to ta l  p ro b a b ility  for 
all p a th s  w hich pass th ro u g h  x(t) =  и a t tim e  t a n d  which lie o u ts id e
th e  in te rv a l (u  —  S 0 т , и +  S n r  ) a t  t im e  t -f- r ,  w h ere  S 0 is som e specific  
v a lu e  o f S.  T h is p ro b a b ility  is

J u—S A  _  c + °° _
P (x ,  t -\- г  I u, t) d x  P (x ,  t +  г  ! u, t) dx  (16)

— »> J u + S0t*
~  pi;+S0r  ̂ _
P (x ,  t -(- t I u, t) dx  — I P{x, t +  t \ u , t ) d x  .

J  u —S0
T h e  f irs t in te g ra l in  (16) is u n i ty  b y  (3) a n d  th e  second in te g ra l can be p erfo rm ed  
a f te r  su b s ti tu t in g  for P  b y  (2). I t  follows th a t  th e  to ta l  p ro b ab ility  fo r  such 
p a th s  is

m  =  1 - - 4
2 m  J .

exp
i f 2m (x  — u)v

h

u  +  S 0r A

w here
u—S0rA

x(u, v)
y)(u —  V ,  t )  rp* (U  4- V ,  t )  

ip(u, t )  ip* ( и ,  t )

x (u , v) dv  , (17)

(18)

A fte r su b s titu tin g  th e  lim its  in to  th e  square  b ra c k e ts  in  (17), we g e t th e  
fu n c tio n  sin  (2 m S 0Ti_1 v/h) inside th e  in teg ra l. S tr ic tly  i t  is th e  lim itin g  
m easure , /ii =  lim  p  w hich concerns us a n d  th is  is

г—>0

y(/i) =  1 — lii •+“  1 [ . 2 m S 0 ta 1 v

J-oo nv  1 Ä
x (u ,  v) dv . (19)
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F ro m  fo rm ula  (19), we see th a t  th e  va lu e  A =  1 is c ritica l in  d e te rm in in g  th is  
p ro b a b ility . L e t us now  consider th e  th ree  cases (а), A <  1; (b), A =  1; and
(с), A >  1 analogous to  (15, a, b a n d  c).

(a) W hen  Я < ; 1, we can p u t  Я —  1 =  — \r)\ an d  use th e  d e lta  fu n c tio n  
rep re sen ta tio n

(20)
Л  r — 0 \ Т\Г]\ n  )

to  in fe r th a t

p(A) == 1 — J  ô(v) x (u ,  v) dv

1 - * ( u , 0 )  =  1 -  1 =  0. (21)

N ow  (21) will be tru e  fo r a rb itra r ily  sm all S 0 an d  so we can  le t S 0 —*■ 0. T hus 
we can  conclude th a t  fo r Я <( 1 th e  p ro b ab ility  is co n cen tra ted  on p a th s  for 
w hich

lim  S  =  lim  — -------L <  S0 — 0. (22)
т—* 0  T- >0 ТЛ

(b) W hen Я =  1, we get from  (19)

/i( l)  =  1 -  j ——— Isin  l^ » v |l дс(м, v) dv (23)л» I Â ,'j
T hus in  th is  case we can  use the  d e lta  function  rep re sen ta tio n

. 1 .. sin 2m S 0 v ) ,
jr s 0— v h J

to  in fer th a t  w hen S 0 —► сю

ju( 1) =  1 —  Í ô(v) X  (u, v) dv —  0 .  (25)

T hus in th is  case we see th a t  all th e  p ro b ab ility  is co n cen tra ted  on p a th s  for 
w hich

lim  S =  lim  —X ——  <  S 0 =  oo . (26)
T—>0 r-^0 T

(c) In  the  la s t case w hen Я [> 1, we see from  (19) th a t  th e  in te g ra l v a n i
shes w hen  г —>- 0. T hus

,«(A) — 1, Я >  1 (27)

an d  all th e  p ro b a b ility  is co n c e n tra ted  on p a th s  fo r w hich

lin  S  =  lin — ----- — ^  S 0—*~ с о , (28)
т-*0 г >o % '■
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since S 0 can  be  m ad e  a rb itra r ily  la rg e  w ith o u t a ffec tin g  th e  a rg u m en t. I n  cases
(a) an d  (c) tw o  d is tin c t lim its a re  invo lved . T h ey  do n o t m u tu a lly  in te rfe re  
i f  in  (a) we keep S 0/r |t ; | o f o rd e r l / r |£ |  w ith  |/?| >  | | |  and  in  (c) we keep 
S 0 r\rj\ of o rd er r [ f | w ith  | |[  <  \rj\.

F ro m  th is  analysis  we conclude  th a t  th e  p a th s  o f im p o rtan ce  for our 
p ro b a b ility  m easu re  h av e  f in ite  d e riv a tiv e s , u n lik e  th e  p a th s  w h ich  p lay  
a  c e n tra l rô le in  W i e n e r ’s m easu re . T h is conclusion  is m ostly  b a se d  on (26) 
w h ich  a d m itte d ly  is n o t a v e ry  s tro n g  s ta te m e n t b u t  ta k e n  w ith  fo rm u la  (19) 
o f  [2], from  w hich  we can  in fer t h a t  th e  average  v a lu e  o f th e  velo c ity  fu n c tio n a l 
is f in ite  w here th e  q u a n tu m  c u rre n t Q{(u)lm  is f in ite , we have  a s tro n g  case.

H ence ta k in g  all these  p o in ts  in to  accoun t, w e conclude t h a t  o u r deri
v a tio n  of th e  ph ase  space d is tr ib u tio n  is sound . T his rea lly  being a consequence 
o f  Я =  1 being  th e  c ritica l v a lu e  fo r o u r m easu re , w hereas Я =  1/2 is critical 
fo r  W i e n e r  m easu re . I t  w ould  n o t  be  co rrec t to  assum e, because th e  p a th s  
o f  im p o rta n c e  fo r o u r m easure  h a v e  f in ite  d e riv a tiv e s , th a t  th e y  a re  classical 
p a th s . T h ey  m erely  h av e  a com m on c h a ra c te ris tic  w ith  such p a th s .

Application o f the quantum  probability functional integral

T h e m o tiv a tio n  fo r defin ing  a fu n c tio n a l in te g ra l using th e  S chrôdinger 
w av e  fu n c tio n  is in  th e  f irs t  in s tan ce  to  o b ta in  an  a lte rn a tiv e  a n d  possib ly  
illu m in a tin g  language  to  describe th e  q u a n tu m  process. W e sh a ll now  very  
b r ie f ly  show  how  o u r fu n c tio n a l in te g ra l gives su ch  an  a lte rn a tiv e . W e have 
f i r s t  to  consider how  th e  energy  fu n c tio n a l shou ld  be  defined.

D efinition o f local energy

In  classical dynam ics w hen  one is concerned  w ith  th e  t r a je c to ry  traced  
b y  a single p a rtic le  o f d efin ite  m ass, th e  d e fin itio n  o f energy  is s tra ig h t
fo rw ard . T here  one ta k e s  th e  to ta l  energy , H , to  be  s im p ly  th e  su m  o f k inetic  
a n d  p o te n tia l energies. In  th e  case o f th e  m o v em en t o f a d is tr ib u tio n  of e ither 
p a r tic le  d e n s ity  o r a p ro b a b ility , loca l energy  can  assum e a m ore com plica ted  
c h a ra c te r . In  p a r tic u la r , one can  ta lk  of local en e rg y  on th e  one h a n d  and  
g lobal energy  on th e  o th e r, an d  th e  re la tio n  b e tw een  th e se  tw o energies involves 
som e su b tle tie s . I t  is our in te n tio n  to  w ork  w ith  a local energy  d en sity , E(x). 
W e shall define  th is  to  be th e  en erg y  p e r u n it  p ro b a b ility  for f in d in g  a partic le  
a t  X .  N ow  th e  p ro b a b ility  d e n s ity  a t  x  is q ( x )  an d  th e  p ro b a b ility  in  th e  range 
dx  is q ( x )  dx. T h u s th e  energy  in  dx  w ill be E(x) o(x) dx,  an d  th e  to ta l  energy , H,  
fo r th is  sy s tem  in  th e  d is tr ib u tio n  s ta te  q ( x )  will be

Я  =  ^ +_ ~ E ( x ) e ( x ) d x .  (29)
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Г+СО
F u r th e r , w hen  E(x)  =  E  =  c o n s ta n t a n d  g(#) =  1, th e  to ta l  en e rg y  H  is

id en tica lly  equal to  E .  T h u s  in  d e fin ing  th e  local energy  d e n s ity , E(x),  in  general, 
th e re  is som e freedom  p rov ided  i t  is th e  va lu e  o f H  w h ich  ch a rac te rises  th e  
s ta te  of th e  system . I n  o th e r w ords we can  alw ays a d d  to  E(x)  som e fu n c tio n  
G(x), say , such  th a t

H  — J+ [JE(x) +  G(x)] q ( x )  dx  =  J E ( x ) q ( x ) dx  .

T hus su ita b le  func tions G(x) will h a v e  th e  p ro p e rty

f+o°G (x)e(x )< ix  =  0. (30)
J  —  oo

N ow  (30) defines a class o f fu n c tio n a ls  G(x) w h ich  could  be sa id  to  be 
o f co n fig u ra tio n  p ro b a b ility  m easu re  zero . W e shall use th e  te rm  co n fig u ra tio n  
p ro b a b ility  m easure to  d istingu ish  th e  w eigh ting  p(x) dx  from  o u r  p a th s  
in te g ra l w eigh ting  P d x .  T he fo rm  th e  fu n c tio n s G(x) c an  ta k e  w ill c learly  
depend  on th e  p ro p ertie s  we ca re  to  assign to  ou r p ro b ab ilitie s  a t  ^  oo. 
W e h a v e  prev iously  (see [2] eq u a tio n s  (18) —► (19)) re s tr ic te d  ou r p ro b a b ility  
densities b y  th e  tw o conditions t h a t  q ( x )  an d  8g(x)/8x are  b o th  to  ap p ro ach  
zero a t  x->  ^  oo. T he second  of th e se  co n d itions is co n v en ien tly  t r a n s la te d  in to  
th e  in te g ra l form

Q2q

Эх2
d x

dx
=  0 , (31)

w here A is an  a rb itra ry  co n stan t. T h u s  we h av e  a n a tu ra l ly  occu rrin g  class 
o f fu n c tio n a ls  of con fig u ra tio n  p ro b a b ili ty  m easure  zero. T hese are  th e  fu n c 
tions G(x) such  th a t

or

/*-f- oo

J . q{x ) G{x)
Э2 g
Эх2

dx  =  0

G(x) =
A
Q

8 2 e
Эх2

(32)

(33)

T hese G are  clearly  n o t  th e  m ost g en era l so lu tions to  (30), b u t  th e y  do tu rn  
o u t to  he  p a rtic u la r ly  im p o rta n t in  th e  follow ing w ork . T h u s in  d efin in g  th e  
local en erg y  fu n c tio n a l fo r our p ro b a b ilis tic  sy stem  we sh a ll em ploy  th e  ex p res
sion

H (x ,  u) —
1

----m
2

+  Щ и )  +
Q\u )

92g(»)
8u2

(34)
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w here  W{u) is a p resc rib ed  e x te rn a l p o te n tia l energy . In  v iew  o f th e  p reced ing  
d iscussion , th is  is seen  to  b e  a m in im al g en era lisa tio n  o f w h a t w ould occur 
c lassica lly . F u n c tio n a ls  such as (34) can be  re g a rd e d  as a fram ew o rk  w hich is 
o n ly  m ean ing fu l w h en  su p p o rtin g  som e p ro b ab ilis tic  w eigh ting . A ctu a l n u m e 
ric a l va lues o r fu n c tio n s  a re  o b ta in e d  b y  ta k in g  som e a p p ro p ria te  average  
F o r  th e  fu n c tio n a l H (x ,  u) th is  is ach ieved  b y  fo rm in g  e ith e r  o r b o th  of

H (u )  =  H (x ,  u) P (x ,  t 4- г  I u, t) dx  ,J — со
a n d

Г -f- °o

H  =  H (x ,  u) P ( x , t -f- t  I u , f) Q (u) dx  du

acco rd ing  to  th e  in fo rm a tio n  req u ired .
H(u)  is th e  to ta l  energy  d e n s ity  a t и all possib le m o m en tu m  a t  и be ing  

ta k e n  in to  a c c o u n t, an d  H  is th e  to ta l  energy  fo r  th e  w hole sy stem . W e n o te  
t h a t  (36), w hen  exp ressed  in  te rm s  o f M o y a l ’s fu n c tio n

F ( p , « )  =  P (x ,  t -f- г  I n , t) q(u)

becom es th e  in te g ra l over all p h ase  space

H  =  j  j H ( p , u) F ( p ,  u) dp  du  . (37)

(35)

(36)

T he energy  averages

F o r th e  w o rk  w hich follow s we shall a d o p t a d iffe ren t s ta n d p o in t from  
t h a t  ta k e n  in  th e  ea rlie r p a r ts  o f th is  p ap er. W e shall no lo n g er assum e th a t  
th e  fu n c tio n , гр(и, t), w hich ap p e a rs  in  th e  d efin itio n  of P  is a so lu tion  to  th e  
S ch rôd inger e q u a tio n . W e sh a ll accep t th a t  P  h as  th e  fo rm  (2) in  te rm s o f 
som e fu n c tio n  гр(и, t), h u t  ta k e  th e  view  t h a t  ip(u, t) is now  to  be d e te rm in ed  
b y  p ro b ab ilis tic  co n sid e ra tio n s. T hese co n sid era tio n s will d ep en d  on ta k in g  
averages o f v a rio u s  fu n c tio n a ls . I n  p a r tic u la r  th e  average v a lu e  o f th e  g en e ra 
lisa tio n  o f th e  c lassica l energy  fu n c tio n a l (34) is p a r tic u la r ly  im p o r ta n t. T h u s 
th e  basic  e lem en ts  in  our new  ap p ro ach  a re  a p ro b a b ility  m easu re  of know n  
fo rm  an d  a g en e ra lisa tio n  o f th e  classical en e rg y  eq u a tio n .

W e observe  t h a t  th e  s ig n if ican t g en era lisa tio n  in  (34) consists  in  allow ing 
th e  local en erg y  to  be  coup led  to  th e  p ro b a b ility  d en sity  q. T he  c o n s ta n t A 
ca n  be reg a rd ed  as th e  coup lin g  c o n s tan t. T h e  various fo rm u las  we shall 
em ploy  ([2] e q u a tio n s  (19) a n d  (20)) do n o t d ep en d  on 1p b e in g  a so lu tio n  to  
th e  S ch rôd inger eq u a tio n . T h u s  th e y  are all v a lid  from  o u r new  s ta n d p o in t.
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L et us now  ca lcu la te , H (u),  th e  to ta l  energy  a t  и  d u e  to  th e  m o m e n tu m  
d is tr ib u tio n  a t  u. F rom  (34), (35) an d  (3) we have

f+  oo /
H ( x , u) P ( x , t +  r  u, t) d x  =

— CO

m

2

Г+ cc X —  и \

L r  )
“ P{x, t + T I  u , t) d x  +  Щ и ) +  Я9~

q ( u )  d u 2

U sing  ([2] (20)), (38) becom es

1
H (u)

2m
дФ1 (и) )2 +  _ h _  3 2 Ф2 (и)  +  +  № q{u)

du 4 m d u 2 g(u) 9 u2

W e now  reca ll [2] eq u a tio n s (7) an d  (21) from  w hich fo llow  th a t

л  h .
Ф2 =  -  —  log Q •

U sing (40), (39) now becom es 

H (u) 1 ( 9 ф 1 (и) to 1
80 1

2m  1 du 8m в2 du I

'2+ 1 a 2q

в Эи2 _
+

+  Щ и ) A
Q 0 U 2

(38)

(39)

(40)

(41)

F ro m  (41) we see th a t  th e  a rb itra ry  c o n s ta n t  X can now  b e  ex p lo ited  in  o rd e r 
to  b rin g  o u r energy fu n c tio n a l in to  a fo rm  w hich is m u c h  n ea re r to  h a v in g  
a classical appearance . T h is is ach ieved  b y  ta k in g  X = h 2/8 m ,  an d  if we fu r th e r  
define

an d

we get

Pi =
8 0 ,
0 U

P  2 =  

H (u )

h qq

2 g du
A
2

a i o g e
du

1

2m
[ p l + p í \  + W ( u ) .

(42)

(43)

(44)

T hus w e are  able to  b rin g  th e  local en e rg y  fu n c tio n a l in to  a form  in  w hich  
th e  k ine tic  energy  te rm  is positive. T h e  o d d ity  here is t h a t  now  we seem  to  
be w orking  on a p lane w ith  m o m en tu m  h av in g  th e  seco n d  co m p o n en t p 2.

2* Acta Physica Academie Scientiarum Hungaricae 26, 1969



330 J . G. GILSON

S u rp ris in g ly , (44) is n o t a t  all ou trag eo u s b ecau se  i t  can  be  o b ta in e d  b y  s im p ly  
ta k in g  th e  e x p e c ta tio n  v a lu e  o f  th e  c o n v en tio n a l q u a n tu m  H a m ilto n ian , , 
w h en  one gets

J~ ( m) q(u) du  ,

гр*{и)
h2 Э2 

2 т  8 и 2
+  W (u ) у ( и )  d u  ,

/•+00 

J  —  ос 2 т
( P i + p l )  + Щ и ) q(u) du . (45)

T h e  la s t fo rm  b e in g  o b ta in ed  b y  in te g ra tio n  b y  p a rts  an d  u s in g  (42) an d  (43).

Recovering the Schrôdinger equation

To reco v e r th e  S ch rô d in g er eq u a tio n , we need to  m ak e  a d iffe re n t 
choice fo r Я a t  s tag e  (41). I f  w e ta k e  Я =  — Ä2/8 m,  w ith  a  l i t t le  e le m e n ta ry  
a lg eb ra , w e g e t

я ( » )  =  - V -  [ p ï - p i ]  +  +  w  (4 6 )2m 2m  8  и

(46), w hich  is in  essence a n  energy  e q u a tio n , will be one o f th e  e q u a tio n s  
n eed ed  to  d e te rm in e  xp(x, t ) .  O u r system  is p ro b ab ilis tic  so th a t  in  a d d itio n  
to  (46) we sh a ll need  th e  e q u a tio n  w hich describes th e  m o v e m e n t of ou r p ro 
b ab ilitie s . T h is eq u a tio n  is im p lic it in  ou r fo rm alism  an d  is o b ta in ed  b y  s t a n 
d a rd  s to ch as tic  a rg u m en ts  [13, 14] app lied  to  th e  in teg ra l

— g(x ,  t  — t)] F ( x ) dx , (47)

w here  F(x)  is a n  a rb itra ry  fu n c tio n .
F ro m  (47) an d  using  ([2 ] , (19) an d  (20)) we o b ta in , to  th e  f irs t o rd e r in  

T, th e  d isc re te  tim e  F o k k er— P la n c k  eq u a tio n ,

Q ( x , t )  — q ( x ,  t  — т) 8

T Qx
Ф1 ^  в{х, t)] +  (*(*) Q(a) ) , (48)

m d x z

w here

, . Â 1 / Ф[{х) ^2

■W - £ T * !W +  T h .
(19)
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E q s. (46) a n d  (48) to g e th e r c o n s titu te  a g en era lisa tion  o f th e  S ch röd inger 
eq u a tio n  invo lv in g  th e  d isc re te  tim e  in c re m e n t r .  T he S ch röd inger e q u a tio n  
arises from  th e  lim it r  —► 0 w hen  (48) becom es th e  e q u a tio n  o f c o n tin u ity

(50)

To see how  th e  S chröd inger eq u a tio n  arises in  th is  lim it, i t  is c o n v en ien t 
to  re-express (50) in  te rm s o f log q w hen w e g e t

a lo g g  = ____ Qpi _j_ Pi Pi
2 9 1 2m 9% m

(51)

on using (42) an d  (43). T he tw o  equa tions (46) and  (51) now  in v ite  m ak in g  
th e  com plex co m b in a tio n

an d  using  th e  n o ta tio n

P =  Pi +  iPi

d b g  g 
at

(52)

(53)

A dding  (46) to  y  — 
com bined  eq u a tio n

1 m u ltip lied  in to  (51) a n d  using  (52) a n d  (53), we g e t th e

E  = J L  _ J L  Î E .  +  W.
2m 2m 9 #

(54)

This is th e  S ch rôd inger eq u a tio n  for th e  w av e  fu n c tio n  if w hen

p  =  (55)
a*

w hich  indeed  is a consequence o f (40) and  (43) as fa r  as th e  im ag in a ry  p a r t  is 
concerned  an d  o f ([2] (21)) a n d  (42) as fa r  as its  real p a r t  is concerned . T h u s  
we h av e  reco v ered  th e  S ch rôd inger eq u a tio n . I t  is, in  fac t, im p lic it in  th e  fo rm  
we assum e fo r th e  p a th  w e igh ting  and  th e  g en e ra liza tio n  of th e  classical e x p re s 
sion for energy . T hus S ch rôd inger q u a n tu m  m echanics is a lim itin g  case of 
a m ore genera l s to ch as tic  th e o ry  w hich invo lv es  a d iscrete  t im e  r .  This lim it 
s to ch as tic  th e o ry  shou ld  p e rh ap s  be reg a rd ed  as being  d eg en era te  in  c o m p a ri
son w ith  s to ch as tic  descrip tions in  general b ecau se , as we saw  in  [2] an d  as is
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also obvious from  E q . (48) here , in  th e  lim it  r  —>- 0 th e re  is no d iffusion. On 
th e  o th e r h a n d  th is  lim it th e o ry  is p ro b a b ly  m ore co m p lica ted  th a n  th e  s to 
ch astic  s tru c tu re s  w hich h a v e  been  well s tu d ie d  [12]. T h is appears to  be  th e  
case in  v iew  o f th e  r a th e r  in v o lved  fo rm  o f th e  tra n s i t io n  p ro b a b ility . I t  is 
h ig h ly  lik e ly  th a t  th e re  are  a c tu a l p h y s ica l s itu a tio n s  w here th e  g en e ra li
sa tio n  o f c o n v en tio n a l q u a n tu m  m echan ics rep re sen ted  b y  (46) a n d  (48) 
ta k e n  to g e th e r  will c o n s ti tu te  th e  co rrec t p h y sica l d esc rip tio n . Such a s itu a tio n  
w ould  p e r ta in  in  a sy stem  o f q u a n tu m  size w hich also possesses d iffusive c h a 
rac te ris tic s .

Concluding discussion

I t  is c lea r th a t  th is  ty p e  o f analysis  b ased  on th e  id ea  of a p ro b a b ility  
m easu re  a n d  fu n c tio n a l kernels  does c o n ta in  th e  basic  ing red ien ts o f a new  
a n d  illu m in a tin g  w ay  of look ing  a t  q u a n tu m  processes. This new  v iew p o in t 
besides h a v in g  aes th e tic  q u a litie s  does h e lp  to  add  th e  v isu a lisa tio n  a d v a n ta g e s  
o f  classical dynam ics an d  p ro b ab ilis tic  th in k in g  to  th e  q u a n tu m  a rea . The 
p reced ing  w o rk  also illu s tra te s  th e  pow er o f  th e  basic  F e y n m a n  fo rm u la  for 
th e  tim e  d ev e lo p m en t o f a w ave fu n c tio n . All our analy sis  has b een  b u ilt  
up  on th a t  fo rm u la  an d  c o n tra ry  to  w h a t M o y a l  says ([4 ]  page 102) i t  w ou ld  
seem  th a t  th e  phase space  d is tr ib u tio n s  a re  indeed  p a r t  o f th e  basic c o n s tru c ts  
o f q u a n tu m  m echanics (if n o t  o f th e  b asic  p o stu la te s), since we h av e  d e riv ed  
th e se  d is tr ib u tio n s  from  th e  F e y n m a n  in te g ra l [15]. W e fu r th e r  observe  th a t  
o u r s ta te m e n t of q u a n tu m  m echan ics, a n d  its  possib le  g en era lisa tio n  for 
f in ite  r ,  in  s to ch as tic  te rm s , is essen tia lly  sim pler th a n  M o y a l ’s schem e since 
o u r tra n s i t io n  p ro b a b ility  co rresponds to  h is phase  space  d is tr ib u tio n . T hus 
M o y a l ’s schem e is m ore co m plica ted  in  t h a t  to  follow  th e  tim e  d ev e lo p m en t 
o f his p h a se  space d is tr ib u tio n s  he also needs th e  tra n s it io n  e lem ent k e rn e l 
K ( p ,  4\Poi Чо-> 1 —  *0) w hlcli p re su m ab ly  can  he com plex . T hus our sch em e is 
as close as p e rh ap s  one cou ld  hope to  th e  s ta n d a rd  s to c h a s tic  d e sc rip tio n  in 
c o n fig u ra tio n  space. T he g en era lisa tio n  o f co n v en tio n a l q u a n tu m  th e o ry  w hich  
we h av e  b efo re  ta k in g  th e  lim it r  —► 0 is close in  sp irit to  th e  w orks of E . N e l 
s o n  [6] a n d  D . K e r s h a w  [7] b u t  is v e ry  d ifferen t in  a t  leas t tw o re sp ec ts . 
W e on ly  g e t q u a n tu m  m echanics in  th e  lim it  r  — 0 a n d  even  before th is  lim it 
is ta k e n  o u r basic  tra n s it io n  p ro b a b ility  P  is essen tia lly  m ore  co m plica ted  th a n  
th e se  a u th o rs  propose. T h e ir  p ap ers , th o u g h , have  h a d  considerab le  in fluence  
on th e  p reced in g  w ork.
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КВАНТОВАЯ ВЕРОЯТНОСТЬ ВЗВЕШЕННЫХ ТРАЕКТОРИЙ

й. г. ги л ьсо н  

Р е з ю м е

В работе обобщается метод Фейнмана. Вводится действительная «вероятностная» 
мера для взвешивания траекторий, что выражается пределом меры, содержащей дей
ствительный параметр. Для конечных значений действительного параметра выводится 
уравнение движения типа Фоккера—Планка, а для нулевого предельного случая — 
уравнение Шредингера. Дается простой вывод для распределения фазового пространства 
Вигнера применением дифференцируемости квантовых траекторий, что также доказы
вается Выдвигается вопрос, что уравнения движения, полученные для конечных зна
чений фигурирующих в теории действительных параметров, могут отражать пожалуй 
реальные процессы.
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ON THE SHELL EFFECT 
IN ( n , 2 n )  REACTION CROSS-SECTIONS

By

A . A d a m  and L , J é k i

CENTRAL RESEA RCH  IN ST ITU TE F O R  PHY SICS, BU DA PEST

(R eceived 17. X I I . 1968)

Shell effects are investigated by comparing measured (n ,2n)  cross-sections with 
predictions from a phenomenological equation which is insensitive to threshold energy. The 
results suggest that only the threshold energy of (n ,2 n )  reaction can he held responsible for 
any shell effect in the value of the cross-section.

T he ex istence  of shell effects h a s  been  sugg ested  by sev e ra l au th o rs  [1— 5] 
to  describe th e  cross-sections fo r (n ,p ), (n,cc) an d  (n,2n) re ac tio n s  in d u ced  
b y  14 MeV n eu tro n s . T hese effects w ere a t t r ib u te d  to  irreg u la ritie s  in  th e  leve l 
d e n s ity  p a ra m e te r  a,  th e  reac tio n  th re sh o ld  energy  Q a t  m ag ic  n eu tro n  a n d  
p ro to n  n u m b ers  [1— 5] an d  th e  p ro to n  p a ir in g  energy ô p  [2].

I t  w as sh o w n  r e c e n tly  [6] t h a t  th e r e  is n o  ev id en ce  o f  sh e ll e ffec ts  in  
th e  m e a su re d  (n ,p ) r e a c tio n  c ro ss -se c tio n s  w h ic h  can  b e  w e ll d e sc r ib e d  in  
a b r o a d  re g io n  o f  m ass n u m b e r  b y  th e  L e v k o v s k i e q u a tio n  [7] o f  th e  fo rm

<x(re, p )  =  ci •f ) A ) ■ exp  ( — c2 ■ {N  — Z ) / A ) \

f ( A )  =  ( A ^ + l f .  ( 1 )

A ccording to  L e v k o v sic i’s a rg u m e n ts  th e  p ro to n  em ission  p ro b a b ility
increases w ith  increasing  re la tiv e  p ro to n  co n cen tra tio n . T h e  sam e re la tio n  
is ex p ec ted  to  ho ld  fo r n e u tro n  em ission w h ich  should th e re fo re  increase as 
N — Z /A  increases. A  s tro n g  N — Z  d ep en d en ce  of th e  (n,2n)  cross-section  
h as  a lread y  b een  show n b y  severa l a u th o rs  [8— 9].

A n a t te m p t  was m ade to  describe th e  com piled  e x p e rim e n ta l values b y  
a cross sec tion  fo rm ula  re la tin g  th e  (n,2n)  cross section  to  N — Z /A  in  th e  
form

(Temp (n, 2n) =  [ l  — < v / U ) - e x p ( — c2-(N  -  U)/A)]-C.ó ,

f ( A )  =  (A *3+ l ) 2. (2)

I t  w ould  h av e  been  d ifficu lt to  acco u n t in  th e  fo rm ula fo r  th e  value o f  Q
v a ry in g  w ith  th e  d iffe ren t nuclei ex c ited  b y  14 MeV n e u tro n s . C onsidering
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t h a t  n ea r th e  th re sh o ld  th e  (n , 2n) re a c tio n  s tro n g ly  d ep en d s  on E txc =  E n — Q, 
w here  E n is th e  b o m b ard in g  energy , E exc w as in tro d u ced  w ith  a c o n s tan t v a lu e , 
th u s  e lim in a tin g  th e  shell e ffec t of Q to  id e n tify  th o se  o f  bp and  a.

1 . 5 r

0,5
0,05 0,10

N -  2
0,15 0,20

Fig. 1. Ratio o f  m easured to predicted values o f (n, 2re) cross-sections

M ost o f  th e  re p o rte d  d a ta  w ere m easu red  a t  E n =  Q -(- 3 MeV, i f  n o t, 
th e  cross-section  was e x tra p o la te d  fro m  th e  values m easu red  a t  14 MeV 
using  th e  W e i s s k o p f  fo rm u la  [10]:

a(n, 2n) j  _l_ E exc

T  =
0,115 - A

exp (-

1/2

Eexc/T)

(3)

oc was e v a lu a te d  from  th e  f i t  of (3) to  th e  ex c ita tio n  fu n c tio n s. T he v a lu e s  of 
Q w ere ta k e n  from  T ables [11]. The f i t  o f  E q . (2) to  th e  m easu red  cross-sections 
y ields th e  p a ra m e te rs  o f in te re s t  as cx =  0.061, e2 =  8 .6 , c3 =  2050 m b a rn . 
T he resu lts  o f  th e  ca lcu la tio n s are lis ted  a lo n g  w ith th e  re p o rte d  d a ta  in  T a b le  I 
an d  th e  m easu red  and p re d ic te d  cross-sections are  co m p ared  g rap h ica lly  in
F ig . 1.
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Table I
Measured (am) and predicted (cremp) values o f  (n , 2n)  reaction cross-sections. 
The error in the extrapolated va lu es is that o f  the m easurem ent at 14 MeV

*

* *

M  measured at E n =  Q -J- 3 MeV 
E  extrapolated to E n =  Q -j- 3 MeV
Cross-section for reaction leading to  the ground sta te  only.

Acta Physica Academiae Scientiarum Hungaricae 26, 1969

ta rg e t nucleus
N - Z

~

am ffemp R ef.

1. 2. 3. 4. 5.

55Mn 0.091 750 ±  112 731 8 M*
56F e 0.071 500 ±  40 470 2 M
59Co 0.085 570 ±  105 609 13 M
63Cu 0.079 495 ±  74 478 8 M
65Cu 0.108 810 ±  120 805 8 M
e4Zn 0.063 254 ±  50 232 2 M

C6Zn 0.091 550 ±  83 598 8 M
70Zn 0.143 1065 ±  130 1092 8 E*
69Ga 0.101 690 ±  65 685 13 M
71Ga 0.127 780 ±  100 941 8 M
70Ge 0.086 447 ±  45 486 14 M
76Ge 0.158 1095 ±  120 1169 14 E
75As 0.120 910 ±  40 838 13 M
74Se 0.081 415 ±  44 368 15 E
76Se 0.105 745 ±  81 661 15 E
79Br 0.114 740 ±  45 738 16 E
81Br 0.136 835 ±  65 949 16 E
85R b 0.129 830 ±  125 849 8 M
87R b 0.149 1056 ±  53 1026 13 M
81Sr 0.095 380 ±  50 452 1 M
S6Sr 0.116 701 ±  110 699 2 M
88Sr 0.136 215 ±  24** 898 1 M
89y 0.124 751 ±  80 764 2, 8, 20 M
90Zr 0.111 608 ±  30 605 2 M
93Nb 0.118 384 ±  60** 664 2 E
92Mo 0.087 280 ±  40 251 8 M

i°cMo 0.160 1295 ±  180 1045 17 E
103R h 0.126 642 ±  80 682 2 E

107Ag 0.121 630 ±  141 592 18 E
l°9Ag 0.138 553 ±  262 777 18 E
108Cd 0.111 490 ±  75 453 19 E
lleCd 0.172 1044 ±  147 1066 19 E
123Sb 0.171 1090 ±  100 1025 13 M
. 2 7 J 0.165 900 951 13 M
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T h e ag reem en t b e tw een  m easu red  an d  p re d ic te d  values is v e ry  good 
fo r  nucle i w ith  4 <[ iV —  Z  21. S ince th e  ag reem en t is good w h e th e r  th e  
n u m b e r o f  n e u tro n s  is m agic  or n o t, i t  c an  be co n sid ered  as a d e fin ite  proof 
o f  th e  n o n -ex is ten ce  o f shell effects p ro d u ced  b y  th e  p a irin g  en e rg y  o r th e  
level d e n s ity . T h u s , th e  shell effect ap p e a rin g  in  th e  cross-section  fo r  (n , 2n) 
re ac tio n s  seem s to  be due  to  th e  v a lu e  o f  Q only.

T h e  re su lts  show  th e  usefulness o f  th e  em pirica l fo rm u la  (2) fo r  th e  ca l
c u la tio n  o f th e  (n ,2n )  cross-sections a t  a  given b o m b a rd in g  energy. B y  E q . (3) 
i t  is possib le  to  e v a lu a te  th e  cross-sections a t d iffe re n t ex c ita tio n  energies.
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ОБОЛОЧЕЧНЫЙ ЭФФЕКТ В ПОПЕРЕЧНЫХ СЕЧЕНИЯХ РЕАКЦИИ (п, 2п)

А. АДАМ и Л. ЙЕКИ

Р е з ю м е

Исследуются оболочечные эффекты сравнением измеренных поперечных сечений 
(п, 2п) с предсказаниями на основе феноменологического уравнения, которое нечувстви
тельно к порогой энергии. Результаты внушают, что любой оболочечный эффект в зна
чении поперечного сечения может быть обусловлен только пороговой энергией реакции 
(п, 2ге).
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EXPANSION OF A RADIATING METRIC

By

A. L. Meh r a
JOD H PU R PO LY TECH N IC, JO D H P U R

P. C. V a id y a
GUJARAT U N IV E R S IT Y , AHMEDABAD 

and

R. S. K u sh w a h a
JO D H PU R  U N IV E R S IT Y , JO D H PU R , IN D IA

(Received 19. X II . 1968)

The expansion o f Y aidya’s radiating Schwarzschild m etric is obtained b y  using the  
vectors form ed by /_1-tensor.

1. Introduction

In  a previous p a p e r  [1] th e  v e c to rs  form ed b y  zl-tensor are  e v a lu a te d  
fo r som e n o n -s ta tic  cosm ological line e lem en ts . In  th e  p re se n t p a p e r th e  vec to rs 
are  e v a lu a te d  for th e  V a id y a ’s ra d ia t in g  S chw arzsch ild  m etric . T h en  th e  com 
ponen ts o f  each v e c to r  are  exp la ined  m ore c learly . W e follow th e  concep ts 
of [1].

2. Values o f  and Sj in  Vaidya’s radiating metric

L e t u s  consider th e  m etric  [2]

ds2 =  

where

- ^ - 1  L d r2 -  r- dO2 — r2 sin2 0 dtp2 +  —  Í 1
Г Г-

m  - m(r,  t),

f (m )  =  m  1 —
2 m

dt2 , (2.1)

(2.2)

(2.3)

H ere dash  a n d  do t in d ic a te  th e  d iffe re n tia tio n  w ith  re sp e c t to  r an d  t, re sp e c ti
vely. T he co rrespond ing  f la t  space m e tr ic  is

ds2 =  -  dr2 -  r2 dO2 -  r2 sin2 0 dtp2 +  dt2 . (2.4)
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T h e n  we fin d  th a t

gy.v =  d ia g —

g1"  =  d iag

i 2m 1 1
1  —  --- ------  ,  —  T- r2 sin  0 ,

p
1 —

2 m
, ( 2 . 5 )

2m 1 _  P  L  2m  ) —1, -  г“ 2, -  г" 2 (sin0 ) -2 ,
mr

1 -

V =  d iag  [ — 1, — r2, — r2 sin2 0, 1,]

g  =  — r4 sin 2 0 -
/ 2

V =  — r4 sin2 0 ,

m

/ m'  1
2m

, (2 .6)

( 2 . 7 )

( 2 .8)

( 2 . 9 )

(2.10)

I L  =
m ' m"  2(m ' r  — m) m m ' 2m
m m' r 2 I !  _  2 m | ’ m m' r ( i  _  2щ

m m  m  m
; Г" » ~  7m m  m m

(2. 11)

(2. 12)

W e now  s tu d y  th e  non-zero  com ponen ts o f f?a and  S; o f th is  m odel in  
som e deta il.

The  component R j

T he co m p o n en t R j is g iven  b y

m  m" 2 (m ' r — m) 
2m

r ,

T h e  v alue  of (m '/ th  —  m"/m ')  c an  be o b ta in e d  [2] as

m m '

2 m

( 2 . 1 3 )

(2.14)
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E q . (2.13) can  th e n  be w r it te n  as

Rx =

E q . (2.15) an d  th e  v alue  o f g 11 from  (2.6) give

r

To th e  f irs t o rd e r ap p ro x im a tio n , E q. (2 .15) gives

r

The a p p a re n t lu m in o sity , L, m ay b e  defined  [3] as

w here
L  =  4jt r 2 q , 

q =  v'Lvv T ^ .

(2.15)

(2.16)

(2.17)

(2 .18)

(2 .19 )

H ere ю1* are th e  fou r co m p o n en ts  of v e lo c ity  o f the  o b serv er, for a s ta t io n a ry  
observer

an d , therefo re ,
V1 =  V2 =  л3 =  О, V4 — 

q =  T \ .

T he v alue  of T \  is given [2] b y

4tt r2

E q . (2.18) w ith  E q s . (2.21) a n d  (2.22) gives

L  =  m ' .

E q s . (2,16) and  (2.17) w ith  E q . (2.23) give

* 1  =
2 L

(2 .20 )

(2 .21)

(2 .22 )

(2 .23)

(2 .24)

(2.25)
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T he co m p o n en t R 1 a n d  th e  firs t a p p ro x im a tio n  of th e  com ponen t jR4 
b o th  co rresp o n d  to  th e  co rrespond ing  c o m p o n en t of ra d ia tin g  force. T he fo rce  
L /r  is th e  n o n -N ew to n ian  g ra v ita tio n a l force w h ich  is p ro d u c e d  b y  th e  flow ing  
ra d ia tio n  to w a rd s  th e  cen tre  o f  th e  force. L in d q u ist , Schwartz and  Misn e r  [3] 
ca ll i t  an  “ in d u c tio n  fie ld ”  associated  w ith  th e  chan g in g  N ew tonian  m /r2 
fie ld .

The component S t

T he v a lu e  o f th e  co m p o n e n t S4 w ith  E q . (2.14) can  b e  expressed as

T o th e  f ir s t  o rd e r of ap p ro x im a tio n

E q . (2.26) w ith  th e  value o f  g 11 gives

(2 .26)

(2 .27)

(2.28)

T he co m p o n en t S 1 a n d  th e  firs t o rd e r a p p ro x im a tio n  o f  th e  co m p o n en t 
b o th  co rresp o n d  to  th e  co rrespond ing  co m p o n en t of th e  g ra v ita tio n a l fo rce . 
T his g ra v ita tio n a l force is d u e  to  th e  fo rm  o f th e  line e le m e n t like th e  S c h w a rz 
schild  line e lem en t. N ar lik a r  and  Sing h  [4] have a lre a d y  show n t h a t  th e  
co m p o n en t S x fo r th e  S chw arzsch ild  lin e  elem ent is g iven  by  E q . (2 .26).

The component  S4

T he co m p o n en t S4 is g iven  by

W e know  [2] th a t

in
m'

m =  g n

m '  §4 4

F o r th e  l ig h t p a th  (g,a,wtJ'w'' =  0), we h a v e

gn  _  W4 
§44 Щ

(2.29)

(2.30)

(2 .31)
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F ro m  E q s. (2.29), (2.30) a n d  (2.31) we f in d  th a t

T h e  su b s titu tio n

in  E q . (2.32) gives

Q 8 1 { W 4s 4 =  log -
Ot wq _

(2.32)

R =  ^
W]

(2.33)

s 4 =  - M —  .
jR dt t

(2.34)

T he co m p o n en t S4, th e re fo re , corresponds to  th e  ra te  o f  expansion  o f  th e  
w ave o f ra d ia tio n .

The component f?4

T he co m p o n en t K4 is g iven  by

I m  m ' I 2m
( m m '

1
r ( i  2 m |

r }

(2.35)

T he f irs t  te rm  on th e  r ig h t h a n d  side o f e q u a tio n  (2.35) corresponds to  th e  
ra te  o f ex p ansion  o f th e  w ave fro n t of flow ing  rad ia tio n  w hile  th e  second te rm  
corresponds to  th e  fo u rth  (tim e) com ponen t o f ra d ia tio n  force.

3. D iscussion

In  Y a id y a ’s ra d ia tin g  Schw arzschild  m e tric  th e  co m p o n en t S4 c o rre 
sponds to  th e  r a te  of ex p an sio n  of th e  w av e  fro n t of r a d ia tio n  because th e  
o th e r te rm  w hich  could co rrespond  to  th e  fo u r th  co m p o n en t of field fo rce  is 
zero, w hile in  th e  co m ponen t R 4 b o th  te rm s  ex ist.

T he com ponen ts R 4, R 2, R 3 co rrespond  to  th e  co rrespond ing  co m p o n en ts  
o f  ra d ia tio n  fo rce  while th e  com ponen ts Sq, S 2, S3 co rresp o n d  to  th e  co rre 
spond ing  com p o n en ts  of th e  g ra v ita tio n a l fo rce  w hich ex is ts  due to  th e  fo rm  
o f th e  line e lem en t like S chw arzsch ild  m e tric .

In  o th e r n o n -s ta tic  m odels [1], th e  fo u r th  com ponen ts o f th e  field  forces 
are  alw ays zero, so th e  com ponen ts R t a n d  S 4 co rrespond  to  th e  H u b b le ’s 
expansions o f th e  m odels o n ly  an d  th e  co m p o n en ts  R 4, R 2, R 3 and  S4, S2, S3 
co rrespond  to  th e  co rrespond ing  co m p o n en ts  of th e  g ra v ita tio n a l fo rces.
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РАЗЛОЖЕНИЕ ИЗЛУЧАЮЩЕЙ МЕТРИКИ

А . Л .  М Э Р А , П . К . В Е Й Д Я  и  Р . С. К У Ш В А Г А  

Р е з ю м е

Разложение излучающей Шварцшильд-метрики Вейдя получено применением 
векторов, образованных тензором.
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GENERAL SUM RULES FROM CURRENT 
DENSITY ALGEBRA
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(R eceived 10. I. 1969)

Carrent density algebra sum rules for three and four point functions are investigated  
under the assum ption of m ultiple integral representations of current correlation fun ctions  
in the currents’ masses. It is proved that the sum rules corresponding to  a lim it to in fin ite  
m om entum  in an arbitrary linear com bination of m om enta (P 0 -► o o , l0 oo etc.) collapse  
into a single sum rule.

I. Introduction

I t  is know n th a t  d ifferen t fam ilies of su m  rules can be derived  from  th e  
eq u a l-tim e  co m m u ta tio n  re la tions o f c u rren t densities [1] b y  th e  P 0 —► oo [2 ], 
th e  A 0 I- oo [3] an d  K tt —► oo [4] m ethods. T h e  sam e su m  ru les also follow  
from  th e  F u b in i  id e n tity  [5] if one disperses in  th e  a p p ro p ria te  variab le  [5, 6]. 
In  th e  case of equal tim e  co m m u ta tio n  re la tio n s  tak en  b e tw e e n  th e  v a c u u m  
an d  one p a rtic le  s ta te s  (th ree -p o in t functions) besides th e  P 0 —>- oo sum  ru les
[7], m ore general sum  ru les h av e  also been derived  [8] co rrespond ing  to  a 
lim it to  in fin ity  in  an  a rb itra ry  lin ea r  co m b in a tio n  of th e  m om en ta . T h e  
A 1  д л  p roblem  w as solved (in one a lte rn a tiv e  way) e x a c tly  b y  th is  l a t t e r  
m e th o d  [9, 10].

O ur purpose now  is to  w rite  dow n th e  su m  rules co rrespond ing  to  th e  
m ost general in fin ite  m o m en tu m  lim it in th e  case when th e  cu rren t c o rre 
la tio n  functions are g iven by  m u ltip le  in te g ra l rep re sen ta tio n s . I t  tu rn s  o u t 
th a t  all th ese  sum  ru les collapse; th e re  are no  sep a ra te  P 0 —*■ oo , ,/J0 —► oo etc . 
sum  rules.

II. Three-point function sum  rules

F irs t we consider th re e -p o in t fu n c tions. F o r defin iteness we ta k e  th e  
case tre a te d  in  [10]:

L ' ( ^ P )  =  j d4 x e ikx <0] [ A p i x ) ,  V „ (0)] л { р ) )  . (1)

( A fl is a n  a x ia l-v e c to r ,  V,, a  v e c to r  c u r r e n t ,  n  is a  p io n  s t a te  o f  m o m e n tu m  p .
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W e h av e  o m itte d  th e  iso sp in  indices.) L e t us in tro d u ce  th e  k in em atic  v a r i 
ables :

Ч — к  p ,  P 1 =  - ^ - { k  +  q), P 2 =  ~ p , (2)
Zu Zj

r1== ± - { k 2 +  q2), r2 — (к2 — q~) , p 2 =  m2.

T hen , from  L o ren tz  in v a ria n c e  we h av e :

(&, p )  =  aMN ( r k )  P mi lP nv +  a ( r k )  gßv 5 (3)

k , M , N  =  1,2.

T ak in g  in to  acco u n t th e  co nnec ted  an d  d isco n n ec ted  p a rts  o f  in te r 
m ed ia te  s ta te s  [6 ] in  E q . (1), one can  easily  prove* th e  following re p re se n t
a tio n  fo r th e  in v a r ia n t fu n c tio n s  in th e  c o m m u ta to r  (1):

«aw 0 Jk) =  J  dM% Qmn  (M |, kr) ô{q2 — M 2) s(q0) +

+  J d m  K MN { M l  f )  0{k2 -  M l )  e{k0). (4)

T he re ta rd e d  fu nc tions co rrespond ing  to  cimn{vi<) can  b e  defined as u s u a l by

{ v k )  = - -  I - - - ™  « A W  ( vk) ■> ( 3 )
П J  rQ — 18

v k —  vk JT 2 P ko r 0  +  ^kl ro ■

U sing E q . (4) th is  can  be w ritte n  as

1 M N w  =  —  ГЛ J

w here

+  -

d M 2
----------------- {(ro+ï — *e) 1 Qmn  {Mq, k 2 +  2r0+? k0 -f- r%+q) —
0+q r 0—q

(ro—q — le )~ ! Qm n  {Mq, k2 +  2r0_ q k0 +  rg_9)} +  (6)

1
Л

d M l
{(r0+fc — is)  1 .

' 0+/i ’o—k

K mn { M l , q2 +  2 r0+kq0 +  to+fc) —

— (ro—k ~  is) 1 K m n  {M k , q2 +  2 r0_ k +  r2_ k)}  ,

r0±q =  -  ?o ±  \M q  ~  Г  +  ql »
r0±k — — ^ o i ï M k — k 2 -)- k ' l .

( 7 )

* A  sim ple proof can be given using L ehm ann— Sym anzik— Zimmermann reduction  
technique and TCP theorem . See I. M o n t v a y  [11].
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I n  th e  p h ysica l c u rre n t co rre la tio n  fu n c tio n  T„„ th e  in v a ria n t fu n c tio n s  are 
th o se  defined  in  E q . (5). T hus, we h av e

P ,v =  A MN(vK) P MfiPNv +  A Ç v ^ g ^ .  (8)

I t  is well know n t h a t  in  th e  case o f cu rren ts  w ith  sp in  th e  p h y s ica l cu rren t 
co rre la tio n  fu n c tio n  does n o t co incide w ith  th e  re ta rd e d  p ro d u c t o f cu rren ts . 
I n  fac t, we have

R,v  - i j  d4 x e ikx 0(xo) <0| [ A ^ x ) ,  F„(0)] \ л (р ) )  =

'■ j ° r~ tfiv (К  +  r0, k , p )  =  T ßv +  P M,  g0v —  [ d r 0 a Ml (v'k) -f- 
Л  J  Г0 —  I E  Л  J

+  go, P nv “ J  dr,, alN (v'k) +  g0(i g0„ - i - J  dr„ a u  (v'k) r0 . (9)

T he presence of n o n c o v a ria n t te rm s  in  c u rre n ts ’ T -p ro d u c t (o r Д -product) 
w as f irs t  show n b y  K . J ohnson  in  q u a n tu m  elec tro d y n am ics [12]. In  his 
p ro o f an  essen tia l ro le  is p layed  b y  th e  sp in  of c u rre n ts . In  th e  case of sca lar 
c u rre n ts  such  n o n c o v a ria n t te rm s  do n o t appear.**

T he equa l-tim e  c o m m u ta to r  can  be defined  analogously  to  th e  re ta rd e d  
p ro d u c t in  E q . (9):

E ,v  =  J  d* xe ikx <5(*0) <0| [ A ß (x), V v (0)] \n:(/>)> =  

I f ,  „  . , . „  „  1d r0 +  r0, k , p )  — P M PNv —  I dr0aMN (v 'k) -f-
n  J л  J

+  guv —  ( d r0 a(v'k) +  P Ma g 0v —  j dr0 aML (v'k) r0 +  
л  J  л  J

+  g o , P Nv J dr0 alN (vk) r0 +  g0u g0„ - i -  j dr0 a u  (v'k) Г5 .

( 10)

L et us now  re c a p itu la te  b r ie f ly  how  one derives th e  in fin ite  m o m en tu m  
sum  rules from  E q . (10). One s ta r ts  w ith  th e  F u b in i  id e n tity  [5]:

№  R ,v  =  R v — E 0v • (И)

H ere  R v is th e  re ta rd e d  p ro d u c t in v o lv in g  th e  d ivergence  of th e  ax ia l-v ec to r 
c u rre n t:

R v =  -  J  d* xeikx d(x0) <0 | [a** Ap (x), К  (0 )] |я(р)>  . (12)

** In fact, Eq. (5) m eans that the retarded product is covariant in th e  spinless case.

Acta Physica Academiae Scientiarum Hungaricae 26, 1969



348 I .  MONTVAY

T h e c o v a ria n t an a logue  of E q . (11) defines th e  “ co v arian t c o m m u ta to r”  
of T aha  [4]:

CV= T V № =  x N P N , -  E 0v - - N v +  № N yv. (13)

H ere  T v is th e  p h y sica l am p litu d e  co n ta in in g  th e  ax ia l-v ec to r d ivergence, 
TL, is g iven  b y  E q . (8) an d  N v, den o te  th e  n o n c o v a ria n t p ieces of the  
re ta rd e d  p ro d u c ts  R v an d  R,lv, re sp ec tiv e ly . F ro m  E q s . (13), (12) a n d  (9) we 
easily  derive

r‘ V  — Рмо  I dr„ a M N  (vk) -|-------I dru a lN (vk) r0 kQ —  ( dru a lN (vk). (14)
71 J Л J 71 J

L e t us now  ta k e  th e  in fin ite  m o m en tu m  lim it, th e  L o re n tz  in v a rian ts  rem ain ing  
fix ed  as in  [4]. In  o rd e r to  ex p lo it th e  full freedom  in  the  lim it to  in fin ite  
m o m en tu m  we define  a rb itra ry  (orthogonal) lin e a r  com binations o f th e  
m o m e n ta  b y

Qm — P к  А к м  1 P k  — A KM Qm ( A A t =  1) .  (15)

T hen  w e p erfo rm  th e  lim it @10 —>■ o o , Q20 f in ite  in  E q . (14). U sing E q s. (4), 
(6), (7) w e o b ta in  u n d e r  th e  a ssu m p tio n  of c o n s ta n t a sy m p to tic  b e h a v io u r  of
Q/viN(Mq, k2) and  K MN( M l  q2) w hen  k2 —<- oo an d  q2 —► oo, respectively :***

осдг — lim  x N =  —  ( dMq QlN (Mq, со ) -|------I dMfc K lN (M%, ° ° )  -(-
Q i 0—> o=  T C  J  7 1  j

A m i  +  ^m i ( А ц  +  A 21) f f  d M j
2 л ÍJ А  и  -  A  2]

<?л M L  k2 -f-

А ц  +  a 2í 
A n  — Ao 1 

Г  d M l  

J  A n  +  A 2l

— K m n  { M l  oo)

+

+

( Щ  T )  I ~ Q m n ( M ‘1  °°) + (16)

к M N M l q 2 +
А  и  +  А г

№  - k 2)

T h e special cases A n  -)- A 21 =  0 and  A n  —  A 21 =  0 in E q . (16) need 
som e com m ents. (P ro p e rly  speak ing  th e y  m u st be  considered sep ara te ly .)  
H ere  we suppose, fo llow ing [6 ], t h a t  if  q2 —► oo

K m n  ( M l  f )  K MN ( M l  oo) ->  К- Ш Ш 1  , (H )
r

*** The assum ption of a constant asym ptotic behaviour simplifies the results to 
a large ex ten t, but extension to the more divergent cases seem s possible.
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and if  k2 —*■ oo

QmN ( M q ,  k2) — Qm m  ( M g ,  oo) 

T hen  we get in  th e  tw o  cases, re sp ec tiv e ly

Qm n  (Mg) 
к 2

(18)

=  l i m  xN =  —  Г d M \  Q,n  ( M l  о о ) + Л |  d M l  K 1N ( M l  oo) +
<«-*■“ ж J Ж J

1
4тг

d M 2 [QxN( M 2, k 2) QlN ( M 2, o o )] d M \
2 K l N ( M l )

M l  -  k 2

\ d M 2 [Q2N ( M l  к2) -  Q2N ( M l  o o )] -  ( d M l
M l - k 2

(19)

lim  x N =  —  ) d M 2 QlN ( M l  oo)  +  —  ( d M l K lN ( M l  oo)
k 0—> cc П  J  71 J

4 tt
3 I d M l [ K l N( M l q 2) -  K l N ( M l  o o )]

+  3 dM* ( V  (M g) - j dM * [K 2N (M i), g2) -  K 2N ( M l  oo)]

+  d M :
2 Q j N  ( M g )  

M q  -  q 2
( 20)

Eqs. (16), (19) and (20) are essentially  the sum rules derived by H alliday  
and Landshoff  [8] for the three-point functions, w hich correspond to  the 
A mati, J engo , R em id d i [6] sum rules valid  in the four-point function  case.

L et us now  see w h a t h ap p en s w hen th e  p h y sica l cu rren t co rre la tio n  
fu n c tio n  in  E q . (8) is g iven  by  a d o u b le  in teg ra l re p re se n ta tio n  o f th e  form

A - m n  W i  k 2)
M q  -  g2

■tMN
d M l ( M l )

M l  -  к2
+

+ d M l d M ' l
Q$n  (M 'l  M l )

( M 2 q2) ( M l  k 2)
( 21)

H ere  th e  single sp e c tra l functions co rresp o n d  to  o u r ph ilo sophy  o f c o n s ta n t 
b eh av io u r in  th e  lim its  g2 —> oo and  k2 —*■ oo.  T ak in g  th e  q0 — oo an d  k 0 —*■ oo 
lim its of E q . (6) one c a n  easily  see t h a t  Qm n  and  K MN a re  th e  d isco n tin u itie s  
o f A m n  in  th e  v ariab les q2 and  к2, re spec tive ly . H ence

О  —  n M N  
V M N  —  tiq

77 __ n M N
1 V M N  —  8  k

t J
t J

d M l q$ n

M l  — k 2

d M l - 8 $ N
Mq g2

( 22)

Acla Physica Academiae Scientiarum Hungaricae 26, 1969



350 I  MONTVA Y

S u b s ti tu t in g  th is  expression  b a c k  in to  E qs. (16), (19) or (20) w e alw ays get 

«N =  —  f  dM ~ o ™  +  —  f d M l  olN . (23)
Л  J Л  J

T h is  show s th a t  a ll th e  in fin ite  m o m en tu m  su m  rules collapse in to  a single 
su m  ru le  an d  t h a t  T a h a ’s eq u iv a len ce  co n d itio n s [4] are  t r iv ia l ly  sa tisfied  
i f  E q . (21) h o lds. (T he equ iv a len ce  cond itions c a n  he o b ta in e d  b y  eq u a tin g  
th e  fo rm s (19) a n d  (20) of адг.)

A  re m a rk a b le  p ro p e rty  o f  th e  c o v a ria n t c o m m u ta to r  in  E q . (23) is th a t  
th e  d o u b le  sp e c tra l  functions Qqk cancel in  i t .  T h e  co v a rian t c o m m u ta to r  is 
g iv e n  en tire ly  b y  th e  single s p e c tra l  fu n c tions. T o  get rea lly  su m  rules from  
E q . (23) one m u s t  o f  course g ive th e  equal t im e  co m m u ta to rs  ex p lic itly  an d  
c o m p u te  ajv- I n  th e  q u a rk  m odel [1] we have , e .g . in  th e  case o f  E q . (1) tre a te d  
in  [10]:

A F i F n
ocN =  — 0N2, i f  <01 A u ( 0) Í7 t (p ) )  =  4  nPfß . (24)

\2(2л)* N2 4 1  \г2{2лу  V '

I t  c a n  be  show n t h a t  E qs. (23) a n d  (24) give p rec ise ly  th e  “ n o n tr iv ia l”  e q u a 
tio n s  o f [10] a n d  th u s  give th e  h a r d  pion v a lu es  for th e  A 1- a n d  o-w idths 
w h ic h  agree w ell w ith  th e  experim en t.****

III. Four-point function sum  rules

F o u r-p o in t fu n c tio n s can  b e  tre a te d  analogously . T h e re fo re , we give 
o n ly  th e  d e fin itio n s o f th e  d iffe re n t q u an titie s  an d  th e  re su lts . T h e  in teg ra l 
re p re se n ta tio n  fo r  th e  in v a r ia n t fu n c tio n s is h e re  m ore in v o lv ed  (there  is 
one m ore  v a riab le ) an d  c e rta in ly  h a rd  to  ju s t ify . We re m a rk  on ly  th a t  in  
m a k in g  pole d o m in an ce  a p p ro x im a tio n  one a lw ays m akes such  an  a ssu m p tio n , 
s in ce  th e  c o n tr ib u tio n  of, say , a n  s-pole is o f th e  form

_____________ gO0_______________ L
{Ml — fc2) (M | — q2) (Mj — s)

w h ere  th e  d o ts c o n ta in  term s w ith  less fac to rs  in  th e  d e n o m in a to r, owing to  
th e  possib le  su b tra c tio n s .

F o r  d efin iten ess  le t us now  consider th e  c o m m u ta to r  o f v e c to r  cu rren ts  
b e tw e e n  p ion  s ta te s  (for s im p lic ity  w e om it iso sp in  indices h e re  also)

tßv (k ,Pi) =  y j  d*xeikx <n(Pl)\ [ v ^ x ) ,  Vv (0)] |я (р 2)> . (25)

**** After th is paper was com pleted  we received a Rochester preprint b y  V . S. Ma t h u k , 
U R — 875— 235, M ay 1968, where the A l i g n  system  is also treated w ith  the use o f double 
in tegra l representations.
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T he k in em atics  is now  defined  by

P i  +  q =  p 2 +  k ,  P 1 =  K  =  ^ ± i _ ,  P 2 =  A =  P± - P* , (26)
Zl Z

n  = ^ = , 4  =  \  (W +  q2), ^ = y  (fc2- <?2), v3 =  V =  2P K ,

Í =  (pi p2)2, s =  (P +  X )2 +  —  - ™ 2, u =  ( P - K )2 +  ^ - - m 2
2 2

s +  u =  fc2 +  g2, p | 2 =  m2 .

T he E q s. (3), (5), (8), (13) are  also v a lid  here, if  we ta k e  in to  acco u n t th a t  
now  K ,  M ,  N  =  1, 2, 3. (The v a riab le  t is fixed  th ro u g h o u t, hence w e do 
n o t w rite  i t  o u t exp lic itly .) T he in te rm e d ia te  s ta te s  c a n  now  be p u t  in  th e  
“ ch an n e ls”  s, u, g2 an d  /с2. T herefo re, we h av e

aMN Ы  =  j  d M \  Qm n  (M 2, k \  s, u) % 2 -  M l)  e(q0) +

+  J  d M \  K MN ( M l  q l  s, u) 0(k2 -  M l)  s(k0) +  (2

+  J d M f S MN ( M l  q2, k 2, u) ô(s — M f) s(k0 -J- p 20) -f- 

+  J  d M 2 U MN ( M l  q l  k l  s) 0(u -  M l)  e(k0 -  p 10) .

T he in fin ite  m o m e n tu m  sum. ru le  co rrespond ing  to  E q . (16) ta k e s  th e  
from  ( N  =  1, 2, 3):

1 Г
n  

1
Л

dM q QlN (Mg, oc) 

d M ‘2S l N ( M l  cx>)

1
Л

1 г
Л

dM % K iN ( M l  00) +  

d M 2 UlN ( M l  00) +

I A Ml +  ( A u  -f- A 21) _ j Г d M g
2n (J '^11 ^21

Qmn M ‘l  k2 +  ■A n  -)- A 21

'^11 ^21
(M 2 — g2), s +

+
■̂ 11 +  A.31

^11 A 21
( M l  -  q2), и  +

A ,

A  u  A 21
^  (Ml -  q2)

— Qm n  ( M l  00, 00, 00)

(29)

+  s im ila r te rm s  co n ta in in g  K MN, S Mn , U m n

T he sum  ru les P 0 —>• 00, A 0 —*■ 00 as g iven  in  [6 ] co rresp o n d  to  such spec ia l 
cases as E qs. (19), (20).
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Now le t us assum e a tr ip le  in teg ra l re p re se n ta tio n  in  th e  v ariab les  
q2, k2, s, и su b je c te d  to  th e  c o n s tra in t s -j- и =  q2 fc2 a n d  express th e  co v a
r ia n t  c o m m u ta to r  ocN in  te rm s o f  th e  sp e c tra l fu n c tions. I n  th is  case we h a v e  
sing le , double a n d  tr ip le  sp ec tra l func tions like g q ,  gk, . . . ,  g ^ ,  g k s ,  . . g qitS,  . . . .  
I t  can  be show n  t h a t  th e  do u b le  an d  trip le  sp e c tra l fu n c tio n s cancel from  th e  
in f in ite  m o m e n tu m  sum  ru les (29), and  th e  genera l sum  ru les  to  w hich all 
th e  in fin ite  m o m e n tu m  sum  ru le s  collapse a re  now  ( N . =  1, 2, 3):

(t) =  -  -  i d M 26]N (it, M l)  +  —  i d  M i  e lN (it, M l )  -
71 J  71 J

+  - i .  I d M I  glN (t, M l)  +  -* - J d M i  g\N (t, M 2) .

(30)

H e re  we h a v e  w r it te n  ou t th e  dependence o f  th e  d iffe ren t te rm s  on t.

The a u th o r  is g ra te fu l to  D rs. F . C s i k o r  an d  G. PÓCSIK for v a lu a b le  discussions.
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О Б Щ И Е  П РА В И Л А  СУММ И З А Л Г Е Б Р Ы  ПОЛНОСТИ ТОКА

И . М О Н Т В А И

Р е з ю м е

Исследуются правила сумм алгебры плотности тока для трех- и четырех-точечных 
функций при предположении представления многократных интегралов корреляционных 
функций тока в массах токов. Доказывается, что правила сумм, соответствующие пределу 
бесконечного импульса в любой линейной комбинации моментов (р0->-оо, d 0->-oo и так 
далее), переходят в простое правило суммы.

Acta Physica Academiae Scientiarum Hungaricae 26, 1969



Acta Physica Academiae Scientiarum Hungaricae , Tomus 26 (4), pp . 353 369 (1969)

THE LORENTZ PRINCIPLE 
AND THE GENERAL THEORY OF RELATIVITY

PA R T  VI

By

L .  J Á N O S S Y  and A .  W E R N E R
CENTRAL RESEA RCH  IN ST ITU TE OF PH Y SIC S, BUDAPEST

(R eceived 23. I. 1969)

In a number of publications dealing w ith the Lorentz principle applied to general 
rela tiv ity  we have introduced step by step a notation w hich is particularly useful to reflect 
our own physical ideas. In the present paper we give a sum m ary of th is notation  and the  
in volved  technique. W e have freed the form alism  of a num ber of m inor inconsistencies to  
be found in the earlier works and show how  w ith  the help o f this form alism  sim ple expressions 
can be derived — am ong others —  for the Christoffel sym bols and the R iem ann— Christoffel 
tensor.

M ore-d im ensional q u an titie s

§ 1. In  ou r prev ious artic les on th e  su b je c t [1— 5] we h a v e  in tro d u ced  
a n o ta tio n  for th e  form alism  o f th e  th e o ry  o f re la tiv ity  w hich  n o ta tio n  differs 
from  th e  u su a l one. W e th in k  th a t  th is  n o ta tio n  reflects th e  p h y s ica l concepts 
we h a v e  developed  an d  th ere fo re  th e  question  o f n o ta tio n  is n o t  a n  u n im p o r ta n t 
fe a tu re  o f our p h y sica l consid era tio n s. W e give h e re  a su m m a ry  o f th e  n o ta tio n  
a n d  show  how  a n u m b er o f kn o w n  re la tions can  be o b ta in e d  in  a s tra ig h t
fo rw ard  m an n er m ak ing  use of th e  tech n iq u e  p roposed  b y  us.

(ft)
§ 2. W e shall w rite  A  for a fe-dim ensional m a trix , i.e. fo r a m a tr ix  w ith  

к  suffices, w ith  elem ents

(ft) (ft)
(A)»,»,. ,.vt  =  ..vk , Ej, . . • , P/c =  1,2, 3, 4.

T he p ro d u c t of m atrices  will be defined  as follow s. The d ire c t p ro d u c t of tw o 
m atrices  wi U be w ritte n :

<*) (0  ( f t+ p
А О  В С .

E x p ressed  in elem ents we have

F u r th e r  we w rite

(k + l) (A) (1)
C „ „ . • n P i P f

__A
■ A4 ■Vk

Kk+m) (l+m)\(m) (K-r l)
l A В ! L,
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w here th e  p ro d u c t is to  be  ta k e n  b y  sum m ing  successively  over m  p a irs  o f 
a d ja c e n t suffices, i.e.

(k+ l)  (K + irt) v + m )
C f , V , . . .v k  . -Ml—  ^  . , t ’k a, <7,.. .<jm B „m. . .0,0, ftp,.. ./j,

<*ia 2 ■ • • a m

In  p a r tic u la r  in  case o f  m  =  1 or 2 we w rite  sh o rt

(fc+i) (г+i) (ft+/)
A В = С ,

'(k+2) (l+2)\\ (k+J)
А В =  C .

I t  is also usefu l to  in tro d u ce  th e  invariant  p ro d u c ts . W e w rite

№ + i) (/+i) (Л+i) (l+i)
A • В =  A  g- 1 В ,

th u s  th e  f a t  • deno tes t h a t  a fa c to r  g _1 h as  to  he ta k e n  betw een  th e  fac to rs , 
w here  g _1 is th e  inverse  o f  th e  p ro p a g a tio n  tensor.

S im ila rly  we in tro d u c e

( ( k + m ) ( l + m ) \ ( m )  ( k + l )
l A * В ) -  C ,

th e  ab o v e  expression  s ta n d s  sh o rt for

(k+l) (k + m)
r  — V  A^  vx. . . vk

*»• r

(1+m)
'm -TL Mi ié ” 1*1

w here g^z a re  th e  e lem en ts o f th e  m a tr ix  g -1 .
F in a lly  we use th e  re d u c tio n  o f th e  d im ension  o f a m a tr ix  b y  th e  follow ing 

process
j ( k+2m)  V 2m ) (k)
1 A g<-m>] =  A ,

w here we h av e  w ritte n
g(-m) =  g - l p g - 1  ■ ■ ■ Q g - 1 .

m  fac to rs

P e rm u ta tio n  operations

§ 3. D eno ting  b y  P  a p e rm u ta tio n  o p e ra to r, we w rite

(fc) (k)
P A  =  B ,
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(ft)

w here  В is th e  m a tr ix  w ith  e lem en ts

(ft) (ft)

B V l. ■ -vk — Ар(„л . ,.rk) .

In  p a r tic u la r  we m ak e  use of o p era to rs

c/ =  ( 1 , 2 , 3 , . . . / ) ,

th u s  ci gives th e  cyclic  p e rm u ta tio n  of th e  f ir s t  l suffices of a fc-dim ensional 
m a tr ix . A p a rt from  ci we also u se  th e  pow ers c™ of c; w hich  o p era to rs  are 
d efin ed  in  th e  u su a l w ay.

P a r tic u la r ly  u sefu l appears th e  o p era to r

jr„ =  1 +  с - 2 - . . .  +  ( - 1)" -1 r-(n-1)

I t  c a n  be seen easily

1
2

( 1  +  с / )  л п i l  if  l is odd , 
[0 if  l is even.

W ith  th e  help  o f  ck we can  generalize th e  defin itio n  of th e  tran sp o sed  
m a tr ix , we in tro d u ce

(ft)  (ft)
A  =  ck A .

T h e  ru le  of th e  tra n sp o se d  of a p ro d u c t can  be genera lized  so as to  read

(fc+i)«+i) ('(i+i) (fc+iA
А В = 4 +Д  В A j . (1)

T he above ru le, w hich  can  be e x te n d e d  in th e  sam e m an n e r to  th e  in v a r ia n t 
p ro d u c t, includes as a p a r tic u la r  case th e  w ell-know n ru le  v a lid  fo r к =  l =  1.

I f  a m ore-d im ensional q u a n t i ty  is such th a t  fo r a given p e rm u ta tio n  P  
we h a v e

(ft) (ft)
P A  =  A ,

(ft)
th e n  w e can  ta k e  t h a t  A is sy m m etric  w ith  re sp ec t to  P.  W e m a y  also w rite

I (fc)lP =- I (m od A |,

w here we denote  b y  1 th e  id en tica l p e rm u ta tio n  o p era to r.
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The 94 operator

§ 4. W e in tro d u c e  th e  9Í o p e ra to r  th e  co m p o n en ts  of w hich in  a rep re 
se n ta tio n  К  a re  g iven  as

Э Э 0 Э
4 1 •) •

Эя:2 dx3 dx4
К ( Щ  =  p  =

w
A p p ly in g  □  to  a fc-dim ensional m a tr ix  fie ld  A(x) we o b ta in  a k  -f- 1 -dim en
sio n a l one; we sh a ll w rite

да _  \k ri)
A (x) O □  =  A ( x ) ,

w h ere  th e  a rrow  ■*— denotes t h a t  th e  d iffe ren tia tio n  h as  to  be ap p lied  to  the  
fa c to r  on th e  le f t o f  □ . W e ta k e  th a t  □  p roduces th e  k  -)- 1-st su ffix  of 
( f c + i )
A(x).

T he d iffe re n tia tio n  of a p ro d u c t can  also be w r itte n  dow n in  a concise 
fo rm  using th e  p e rm u ta tio n  o p e ra to rs . One finds

(<k> Щ _ (*)(/+!) /1 <*+i)l\ m
(a b ) o n A В +  ck+I_ 1 (JLcfe+i A 1| b ) , (2)

(fc+1) да _  (i+i) V) _
A = A  O □  an d  В =  B o n  .

T h e  above ru le  can  also be e x te n d e d  to  m -fold su m m atio n , one finds

<(k+m) ( l + m ) \ ( m )  U k + m )  (Í+m+l)\(m) (\ (k+m+1)] ((+m)ïm)
( А  В ) О П = (  A В ) +  ck+t—i (| ck lm+1 A J В )

A pply ing  th e  □  o p e ra to r  to  in v a r ia n t p ro d u c ts , we f in d  e.g.

/да m да (/+i) /1 |(fc+i) (ft) (3)0 m
(a • B j o  □ =  A ■ В +  ck+l—1 l [ c/< 1 l A A • g)J • в ) ,

w here  we w ro te
(3) _
g = g O D  .

Tensor quantities

§ 5. A tra n s it io n  from  a re p re se n ta tio n  К  to  a K '  can  be o b ta in ed  by  
a reversib le  fo u r-fu n c tio n  such  th a t

x' =  f ( x ) . (4)
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T he tra n sfo rm a tio n  (4) defines a m a tr ix  field , i.e.

S(x) =  f(x) о  □  .

(к)
A  fe-dim ensional fie ld  A(x) w ill b e  d eno ted  a te n so r  field  if th e  connec

ts  (k)
tio n  be tw een  th e  rep resen ta tio n s  A(x) in  К  and  A '(x ')  in  K '  is of th e  follow ing 
form

W at) (k) \<fc)
A (x) =  ( s  (x) A ' (x')( a)

or (5)
(*) /(h (k) m
A' (x') =  (S+ (x) A (x)J b)

(t) (I)
w here S (x) an d  S + (x) a re  2 fc-dim ensional m a trix  fie ld s ; we w rite  dow n  th e  
elem ents ex p lic itly , we o m it, h o w ever, th e  variab le  x  fo r b rev ity

/ ( in
l  S  J>T»V ■ ■vk 1- • -Ih — ■• • Sf*kvk

(I)c + _  e-* c■ vk ■ •A'l --  • •
O-t-

In  p a r tic u la r  for к =  1, 2 (5b) reduces to  th e  w ell-know n expressions

~  (2) ~  (2)
A ' =  S - ‘ A,  A' =  S-1  A S_ 1 .

We no te  t h a t  th e  above re la tio n s a re  v a lid  fo r covariant te n so r  re p re se n ta tio n s . 
T he fo rm ulae  for contravariant ten so r rep re sen ta tio n s  w ill n o t be m ad e  use of.

§ 6 . T here  are cases w here w e a re  given ex p lic itly  th e  re p re se n ta tio n s  
o f a m a tr ix  31 in  v a rious system s o f re fe rence :

(Ä )  < * )

К ( Щ  =  A, K '  (21) =  A ',. . . .

W e can fo rm  from  th e  re p re se n ta tio n  A ' a q u a n tity

A = [ S A ' j  . (6)

W e define t h a t  31 is a te n so r  p ro v id ed  we fin d  for an y  p a ir  of re p re se n ta tio n s  
К  and K '  t h a t

M  (f t)

A =  A .
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§ 7. W e a p p ly  th e  □  o p e ra to r  to  b o th  sides of (6). W e n o te  th a t  th e  
r ig h t  h a n d  e x p re ss io n  of (6) re p re se n ts  a sum  each  of th e  te rm s  o f  w hich being  
a p ro d u c t c o n ta in in g  к -f- 1 fa c to rs . T he d iffe re n tia tio n  gives th u s  к -f- 1 
te rm s .

m
One of th e  te rm s  co n ta in s  th e  d e riv a tiv e  o f  A '(x ') in to  th e  variab le  x. 

M aking  use o f  th e  ru le

□  =  D 'S

we can  w rite

(ft) (fc+i)
А ' О П  =  A'  S,

(k)
th e re fo re  w e f in d  fo r th e  te rm  o b ta in e d  b y  d iffe re n tia tin g  A '

(M -I) (ft+1) 
S A '

\ ( k+l ) ( f c + 1 )
A

T he te rm s  o b ta in ed  fro m  d iffe re n tia tin g  th e  fac to rs  o f  th e  e lem ents
№

o f S give c o n tr ib u tio n s  of th e  fo rm

c k ‘ [ ( ci  a ) S“ 1 S* I .

T ak in g  th e  A; -f— 1 te rm s to g e th e r  we find .

(ft) ( f t n )  *
A О i_J — A -f- á̂ d ck 

1 = 1

(3)1
Í U a J s - 1 SJ ( 7 )

In  place of (7) we can  also w rite

(fc + i) ( k  i) f ( k )  (<)|
A — A = i . A  — A i O D + ^

1= L
Í ’ c í ' f t

(3)
4  A )  S“ 1 S ( 8 )

(*) (ft) (ft)
W e n o te  t h a t  p ro v id e d  A is a te n so r, we h a v e  A  =  A an d  th u s  th e  r ig h t h a n d  
expression  becom es sim pler, h o w ev er,

(ft+i) (ft) _
A =  A O  □

is in  general n o t  a ten so r, since th e  sum  on th e  r ig h t of (8), as a ru le, does n o t  
v an ish .
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T he C hristoffel b racke ts

§ 8 . A pp ly ing  (8) to  th e  te n so r g  w e f in d  rem em b erin g  th a t  g =  g  =  

=  (12) g
<з) (3) v (3)
g -g=(l +  ( 1 2 ) ) g S - ! S .  (9)

(3)
S being  a second  d e riv a tiv e  is sy m m etric  in  th e  second a n d  th ird  suffix , th u s

(3) (3)
(23) S =  S ,

we h av e  th e re fo re  also
I (3)\ (3)

(28) (gS-1  S ) =  g  S-1  S , (10)
( 3 )

as th e  o p e ra to r  (23) acts o n ly  on  th e  la s t  tw o  suffices o f  S w hile th e  m u lt i 
p lica tio n  w ith  gS -1  gives o n ly  a  su m m a tio n  over th e  f i r s t  su ffix . B ecause  o f 
(10) a n d  rem em b erin g  th a t  (12) (23) =  (132) =  c^ 1 we can  w rite  in  th e  p lace  
o f  (9) also

(3) (3) ,  (3)
g — g =  (1 +  C3 ) g S  1s .  (11)

A pply ing  th e  o p era tio n  1/2 n s — 1/2 (1 —  c3 1 -f- c3 2) to  b o th  sides o f  (11) 
we fin d

(3) (3) (3)
C -  C =  g  S“ 1 S ( 12)

a n d  m u ltip ly in g  E q . (12) w ith  Sg 1 we h a v e

(3)
S =  S

( (3) (3)1
• lc - c j ,

w here

(3)

(3) 1  (3) (3) 1  (3)
C =  — 7T3g  and  C = y 7i3g.

(13)

(14)

C is th e  C hristoffel b ra c k e t sy m b o l — c o m p arin g  it  w ith  th e  u su a l n o ta t io n  
we find

(3)

C\)iv =
[IV

Л

(3) (3)
In  th e  l i te ra tu re  one finds q u a n tit ie s  g _ 1 C =  6  w here

(3)

A,/xv
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R ev ersin g  E q . (14) we can  also w rite

(3) (3)
g = ( l  +  Ca1) C ,  (15)

in  place of c s 1 we can  also w rite  th e  o p e ra to r  (12).

The covariant differentiation

§ 9. In tro d u c in g  E q . (12) in to  (8) w e can  w rite

(*+1) (Щ ) ((ft) W)\ _  * I f  ,(ft)) ((3) (3)11
A  —  A  = U -  a J o d  +  J ^ I U aJ • lc — c J} .

/=1
(16)

(ft) (ft) (ft)
S upposing  A  to  be a ten so r, i.e . supposing  A  =  A we c a n  also w rite  in  p lace
o f (16)

(fc+i) (ft+9 
В =  В ,

w here
(fc+i) (ft) (ft) _

В =  G r a d A = A O D —
ft if , (ft)) (3))

ck l l ici  A j ' C j  .
/ = 1

(17)

E q . (17) defines th u s  th e  к  +  1-d im ensional G rad o f a fc-dim ensional 
te n so r in  a c o v a ria n t m an n er.

W e c a n  also in tro d u ce

D iv  A  =  (([G rad  a ]  g“ 1)) , (18)

as th e  c o v a ria n t D iv  o p era tio n .
A p p ly in g  (17) to  th e  te n so r  g we f in d

G ra d g  =  0 ,  (19)

a n d  th u s  w ith  th e  help  o f (18) we have

D iv g =  0 .

H om ogeneous regions

§ 10. A  reg ion  91 is ta k e n  to  be hom ogeneous i f  i t  adm its  of re p re se n 
ta tio n s  of g

g ' =  K '{ q) — in d e p e n d e n t of x ' . (20)
Suppose

g(*) =  K (  0)
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to  be th e  re p re se n ta tio n  o f g in an  a rb itr a ry  sy s te m  o f reference K .  I f  region 
0f? is a hom ogeneous one, th e n  it  e x is ts  a c o o rd in a te  tra n s fo rm a tio n

x ' =  f(x), (21)
so th a t

S(x) g 'S (x )  = g ( x ) , (22)
w ith

S(x) =  f ( x ) O Q  . (23)

(3) (3)
F ro m  (20) i t  follows t h a t  C '(x ') =  0 a n d  there fo re  also C(x) =  0 a n d  we m ay  
w rite  u sin g  re la tio n  (13),

(3) (3)
S (x) =  S(x)-C  (x) .  (24)

R e la tio n  (24) is a d iffe re n tia l eq u a tio n  w ith  th e  h e lp  o f w hich S(x) a n d  also f(x) 
can  he d e te rm in ed  if  th e  region 91 is hom ogeneous indeed .

W h e th e r  or n o t (24) possesses so lu tions ca n  be  asce rta in ed  b y  d ifferen
tia tin g  (24) in to  x. W e w rite

(3) o ;
s o n  =  s ,

w here we o m it to  w rite  dow n the  v a r ia b le  x ex p lic itly . W e fin d  w ith  th e  help 
of (3)

( 0  (4) I 1(3) (3)1 (3)1
S =  S -C  +c4M s  -  s- gj-cj .

(3) (3)
In se rtin g  S from  (24) a n d  g from  (15) we find

(4) (4)
S =  S • C — c . \ c

1 l <3>1 (3)1
k n s - c ^ c ) • c |

(3)
U sing th e  sy m m etry  o f  C we can sim p lify  th e  second  te rm  an d  f in d  as th e  
re su lt o f a sh o rt c a lcu la tio n

(4) ((4) 1(3) (3)U
S =  S - 1C — (24) ( C • C JJ • (25)

(4)
I f  S is to  be  th e  t h i r d  d eriv a tiv e  o f  th e  tra n s fo rm a tio n  fu n c tio n  f(x) th e n  it  
has to  b e  sy m m etric  in  th e  la s t th re e  suffices, w e ex p ec t th u s  e.g.

(4)
(1 — (24)) S =  0 . (26)
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(4)
S ince  i t  follow s fro m  E q . (24) t h a t  S is a u to m a tic a lly  sy m m etric  in  th e  ope
r a to r  (23) i t  follows also t h a t  p ro v id ed  E q . (26) is fu lfilled , i t  is also sym 
m e tr ic  in  (34) since we have

(34) =  (23) (24) (2 3 ).

( 4)
T h u s  p ro v id ed  (26) is fu lfilled , th e n  S is sy m m etrica l in  th e  th re e  la s t  suffices. 
In se r tin g  (25) in to  (26) we fin d

(1 -  (24)) (c  +  C • C j =  0 .
W e can  also w rite

.  4  ( 4 )  1  4  ( 4 )  1  ( 4 )

( 1  -  (24)) C  =  —  ( 1  -  (24)) я 3 g =  —  я 4 g .

D efin in g  th u s  a fo u r d im ensional q u a n ti ty

( 4 )  1  ( 4 )  i ( T )  ( 3 )  \

R (X) =  —  я 4 g (x) +  (1 -  (24)) ( C (x) • C(x)J (27)

w e see th a t  a n ecessary  co n d itio n  fo r  a region 9Î to  be hom ogeneous is th a t

( 4 )

R (x) =  0 in side  9Î . (28)

In d e e d  unless (28) is fu lfilled  th e  d iffe ren tia l e q u a tio n  (24) does n o t  ad m it of 
so lu tio n s.

§ 11. T h e  a rg u m e n t can  also he  reversed . D iffe ren tia tin g  (24) successi-
(2 +  0

v e ly  in to  x  w e o b ta in  a recu rsio n  fo rm u la  fo r th e  de riv a tiv es  S (x) of S(x). 
E x p a n d in g  S(x) or f(x) in to  pow ers o f x using  th e  deriv a tiv es  th u s  o b ta in ed  
we o b ta in  a so lu tio n  of (22), (23) p ro v id ed  (28) is fulfilled

W e see th e re fo re  th a t  ( 2 8 )  is a necessary and  also su ff ic ien t  condition 
f o r  a region 9Î to be homogeneous.

A lm ost s tra ig h t rep resen ta tio n s

§ 12. I n  an  inhom ogeneous reg ion  th e  sy s te m  (22), (23) a d m its  of no 
so lu tio n s ; in  su ch  a reg ion  one can  t r y  to  in tro d u c e  almost straight coo rd in a tes , 
i.e. one m a y  t r y  to  f in d  a re p re se n ta tio n  K '  such  t h a t  g'(x') is a lm o s t co n stan t.

F o r a n y  v a lu e  o f g(x) we are  led  to  (24) w h ich  gives a d iffe ren tia l e q u a 
t io n  w hich , i f  i t  ad m its  o f so lu tio n  leads to  th e  tra n s fo rm a tio n  (21) defin ing

( 4 )

s t r a ig h t  co o rd in a te s . D iffe re n tia tin g  (24), one is led  to  (25); if  S th u s  ob ta in ed  
is sy m m e tric  in  th e  la s t  th re e  suffices, th e n  (22) a n d  (23) a d m its  o f  so lu tion .
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(*)
T he m a tr ix  S as o b ta in ed  fro m  (25) is in  a n y  case sy m m etric  w ith  

re sp ec t to  th e  o p e ra to r  (23); we can  in tro d u ce  a sy m m e tric  m a tr ix

( 4 )  1  .  J 4 )

<S> =  — ( l  +  (24) +  (3 4 ))S .
О

( 4 )  ( 4 )

T he la t te r  is sy m m etric  in  all th e  th re e  suffices. S ince <(S) is eq u a l to  S in
(4)

a hom ogeneous reg ion  we can tak e  <S> to  define a n  a p p ro x im a te  so lu tio n  
of (22), (23).

T he d ifference b e tw een  th e  tw o  so lu tions can  b e  w ritte n

( 4 )  ( 4 )  ( 4 )  1  r /  4  < 4 )

<5S =  <S> — S = ----- — [(1 — (24)) +  (1  -  (34))] S ,
О

how ever,

(1 -  (34)) =  (23) (1 -  (24)) (23) я  (23) (1 -  (24))

th ere fo re  we can  also w rite

( 4 )  1  4  ( 4 )

a s  =  - _ ( 1  +  (23))(S-R). (29)

T he fu n c tio n  <S(x)> g iv ing  th e  a p p ro x im a te  so lu tio n  can  he o b ta in e d  by  
in te g ra tio n ; we find

3) гх l  (4) / \(2)
<S(x)> =  S(0) +  S(0) X - f  I l<S(x')>((x — x ') o d x ') )  (30)

(th e  in te g ra tio n  can be ta k e n  on an y  p a th  from  0 to  x) th e  above tra n s fo rm a 
tio n  fu n c tio n  satisfies th u s  a p p ro x im a te ly  (22) a n d  (23) in  th e  v ic in ity  of 
x =  0.

§ 13. W e m ay  w rite

g' (x') =  g' +  ôë' (x')

for th e  re p re se n ta tio n  o f g in  th e  a lm o s t s tra ig h t sy stem s of reference . W e 
have  th u s

« S ( x)> (g' +  ôg' (x')) <S(x)>) =  g(x) . (31)

D iffe ren tia tin g  (31) in to  x we find  fo r x =  0

(3)
dg' (0)  =  0 .  (32)
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D iffe re n tia tin g  tw ice  w ith  th e  h e lp  o f (30) a n d  (32) we fin d  fo r x =  0

. W W
(1 +  (12)) ( g S - ^ S ) -------á g ,

th e re fo re  w ith  th e  help  of (31) rem em b erin g  t h a t

, (4)
(1 +  (12)) (23) 0 m od  R  ,

w e find
(4) 1 , 4 (4)

d g  =  —  (1 +  (1 2 ))R

a n d  tra n sfo rm in g  to  K '

(4) 1 , ч (4)
d g ' =  —  (1 +  (12)) R ,

th u s  we h a v e

g ' M  =  g ' +  - ^ ( l + ( 12) ) R ' x ' 2 +  . . .  . 
о

T h e  above re p re se n ta tio n  is as s tra ig h t  as possib le  since th e  seco n d  d e riv a tiv e
(4),o f g '(x ')  m u s t be  a t  la s t of th e  o rd e r of th e  e lem en ts of R '.

Tensor character o f  the R iem ann— Christoffel tensor

( 4 )

§ 14. T h e  q u a n t i ty  R (x) d efin ed  b y  (27) is a ten so r; a p a r t  from  a change 
in  co n v en tio n  i t  is eq u a l to  th e  R ie m a n n — C hristoffel ten so r. O ne finds

(4) (4)
&(x) =  -  (23) R  ( x ) ,

(4)
w here  Sl(x) is th e  u su a l form  o f th e  R iem an n — C hristoffel te n so r . W e p ro v e

(4)
th e  ten so r c h a ra c te r  o f R  u s in g  our fo rm alism . W e s ta r t  fro m  a re la tio n  
w hich  is o b ta in e d  ap p ly in g  th e  o p e ra to r  □  to  g S -1 S =  g w ith  th e  help  of (2) 
one finds th u s

c -̂1 (g S_ 1 0  □ )  =  [ e j1 (g -  g S - i (s )  I S“ * . (33)

A pp ly ing  □  to  th e  re la tio n  (12) one finds w ith  th e  help  of (2) a n d  (33)

f(3) (3)ï (4) (T , ((3) (3)V1 (3)1.
( c - - c ) О □  =  g S-1  S +  c4{к  lg - g S - 1 s).I s ^ s }
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W ith  th e  help  of (15) a n d  (12) one can  rew rite  th e  second  te rm  on  th e  rig h t 
b an d  side an d  find

ч i/(3) Щ  i<3) (3)11
c4{ . . . }  =  c4(12) |(C  +  C J • (C — C j j  .

(3)
As th e  C are  sy m m etric  in  the  o p e ra to r  (23) th e  exp ression  in  th e  { . . . } 
b ra c k e t is sy m m etric  in  th e  o p e ra to r  (34) and  one can  w rite  fo r th e  o p e ra to r  
before th e  b rack e t

c4 (12) =  (1234) (12) (34) =  (24) .

W e h av e  th u s

1(3) (3)1 (4) ( ( ( ? )  (ЗЛ  f(3) (3)11
(c  -  C J О □  =  g S- 1 S +  (24) i ( c  +  c ]  • (c  — c j j  . (34)

(3)
A p p ly in g  E q . (16) to  C one finds

W ith  th e  help  of (1) w e fin d  fu r th e r

and

T he expression  in  th e  [ ]-b rack e t o f (36) is sy m m etric  w ith  re sp ec t to  (34) 
there fo re  we have

Г1 (3) (3)1 (3)1
(24) UC -- c j • (38)

S im ilarly  th e  expression  in  th e  [ ] -b ra c k e t of E q . (37) is sy m m etric  w ith  
re sp ec t to  th e  o p e ra to r  (12) thus we f in d

W e n o te  fu r th e r
С о  С  Л (1 4 ).

, ч l í (T> <~>1
( 1 - ( 2 4 ) )  (14) l i e  - c j  - c  J =  0 (39)
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(4)So as to  o b ta in  expressions o f th e  fo rm  of R  w e n o te  th a t

,(“> 1 (4)
(1 — (24)) C =  —  Ti4 g . (40)

T h u s  ap p ly ing  (1 —  (24)) to  b o th  sides of (35) w e o b ta in  w ith  th e  help  o f (26), 
(34), (38), (39) a n d  (40) th e  fo llow ing  re la tio n

1 ((9 И) , i m  [(3) m
~ 2  yr41S — g / == ( l  — (24)) i — (C +  c j  • [c - C j  +

(3) [ (  3) (3)1 f(3) (з)1 (1)1
+  C • (C -  C J -  (C -  C j  • C } .

T h e  te rm s in  th e  { } -b rack e t red u ce  to

,  . ffl (3) (3) (3)
{ } =  — C • С + C  • C

a n d  th e re fo re  w e f in d

1 (4) . ((3) (3)1 1 (4) 4 (3) P)
—  ^ g  +  ( l - ( 2 4 ) ) i c  • C ) = — 7t ,g  +  ( l - ( 2 4 ) ) C - C ,  

o r using  th e  n o ta t io n  (27)
(4) (4)
R  =  R .

(4)
T h u s  in  accord  w ith  § 6 R  is a te n so r.

(4)
S ym m etries of th e  R  ten so r

§ 15. W e n o te  th a t
(3) (3)

(13) (24) == 1 m od C - C ,
th u s

(1 - ( 2 4 ) )  =  - i -  ( l  -  (24)) (1 +  (13) (24)) =  ±  ( l  -  (24)) ( l  -  (13)) =  тг4
Z  Z

(?) (3) 
m od C * C

a n d  we fin d  in  p lace  of (27) also

<4) 1 / V/ ч I (4) (3) (3)1 , . 14
R  =  — ( l - ( 2 4 ) ) ( l - ( 1 3 ) ) ( g  +  c - c j  (41)

or
(4) 1 ( (4) (?) (3)1
R =  U  + C - c )  . (42)
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(41) an d  (42) are o f course id en tic  w ith  (27). F ro m  th e  above re la tio n s  th e  
(4)sy m m etries of R  can  be  o b ta in ed  in  a sim ple m anner. F ro m  (41) we see im m e

d ia te ly  th a t
(4) (4) (4 )

(24) R  =  (13) R  =  — R  , (43a)
so

(4) (4)

(13) (24) R  =  R . (43b)

F u r th e r  rem em bering  th a t  accord ing  to  th e  defin itions

(4) (4)
c4TT4 — — jr4, (1234) R  =  — R  . (43c)

M ultip ly ing  (42) from  th e  le ft b y  (12) (34) (1234) =  (13) and  rem em b erin g  
(43a) an d  (43c) we fin d

(4) (4)
(12) (34) R  =  R  , (43d)

th u s

(12) =  (34) m o d R .

F u rth e rm o re  one finds as th e  re su lt of a sim ple c a lcu la tio n  th a t

( ! + с 3 +  с“) л 4 =  0 ( mod g )
therefo re

(4)
(1 +  c3 +  C§) R =  0 .

(4)
R elations (43a) an d  (43d) give all th e  sy m m etries  of R .

(4)
The reduced form  o f th e  R  ten so r

(4)
§ 16. T he R ie m a n n — C hristoffel te n so r  R  can be  c o n tra c te d  an d  th u s  

we o b ta in  th e  follow ing te n so r q u an titie s

8 - 1 М - Ы И ) .  (44)
(2)T he c o n tra c tio n  leads to  th e  sam e ten so r R  w h e th e r we m u ltip ly  from  th e  le ft 

or from  th e  r ig h t b y  g -1 , th is  can  be v e rified  w ith  th e  h e lp  o f (43b). F u r th e r  
we have

w here we w rite  g^—̂  =  g ~ 1 O g— x.
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F ro m  (44) w e fin d  w ith  th e  help  of (17) an d  (18)

(2) I t  (4) 4(2) 4(2) Г (  (9 Y |(9
D iv  R  =  ((g-1 G rad  R j g“ 1) =  (g(_24 ( 35) G rad  R ) )  . (45)

W e fin d  also
I , 4 (W )

D iv (g R )  =  G rad  R  =  |g( ® G rad  R ) (46)

W e can  red u ce  (46) to  a sim p le  form . W ith  th e  help  of (24) we can w rite

G rad  R  =  —  (1 -  (24) -  (13) +  (13) ( 2 4 ) ) y , (47)
2

w here

(5) ч Í  1  (5) (3) (4) (45 (3) (4) (3) (3) (3) (3)
у =  (1 +  (34) +  (35)) i y  g +  С • g -  (13) g -C  — g - C - 2 C - C - C

(5)
( th e  c a lcu la tio n  o f y  is p u b lish e d  elsew here [6 ] ) .  I t  is v e r if ie d  easily  t h a t

6 )
(12) =  (34) =  (35) =  1 m od y . (48)

In tro d u c in g  (47) in to  (46) we can  sim plify  th e  expression th u s  o b ta in ed  re m e m 
b erin g  th a t  g1-^  has th e  fo llow ing  sy m m etrie s

(12) =  (34) = ( 1 3 )  (24) ^= 1  m od g (_2). (49)

(9
T herefo re  w e c a n  app ly  a n y  o f th e  above o p era to rs  to  G rad  R  —  or to  a n y  

(9
te rm s of G ra  d R  w ith o u t ch an g in g  th e  v a lu e  of th e  sum . In tro d u c in g  th u s  
(47) in to  (46) we o b ta in  fo u r te rm s ; we f in d  th a t  th e  f irs t a n d  fo u rth  are  eq u a l 
since

, n(9K4)
I (2) y) = ,( - 2) (5)V,(9Í (5))V

((13) (23) y)) (50)

W e fin d  also  t h a t  th e  second  an d  th ird  te rm s  are equal. In d eed ,

(g-®((13)(? r  =  ( g -® (( 2 4 )y ) r ,

thu s w ith  th e  help  of (46), (47) and  (50) we find

I I ,  4 (5)11(4)
G rad  R  =  2 (g(~2) ( l  — (24)) yf) . (51)
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S im ila rly  in tro d u c in g  (47) in to  (45) we fin d , m ak in g  use o f  (48) also

(g(~2) ((35) G rad  к ))*4 =  (g<“ 2> ((1  -  (24)) y))(4) -
I I (5)) (9

— lg(- 2) 1(35) (1 — (24)) (13) yjj .

T h e  second te rm  on th e  r ig h t v an ish es  as can  b e  seen in th e  fo llow ing m an n e r. 
T he o p e ra to r inside th e  b ra c k e t c a n  also be  w ritte n

(5)
(35) (1 -  (24)) (13) s=3 (35) (1 — (24)) (13) (35) =  (15) -  (24) (15) m od y  .

H ow ever, u n d e r th e  su m m atio n  w e can rep lace  (24) (15) b y  (13) (15) because  
of E q . (49), fu r th e r

(13) (15) =  (13) (15) (35) =  (15).

T h u s th e  second te rm  u n d e r th e  su m  cancels th e  firs t; th u s  th e  second te rm  
on th e  r ig h t of (52) can  be o m itte d . W e fin d  th e re fo re  co m p arin g  (51) an d  (52)

an d  also

( 2)  1
D iv  R  =  —  G rad  R  .

2

D iv
/ ( 2)
R
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ПРИНЦИП ЛОРЕНЦА И ОБЩАЯ ТЕОРИЯ ОТНОСИТЕЛЬНОСТИ
Часть VI.

Л . Я Н О Ш И  и  А. В Е Р Н Е Р

Р е з ю м е

В публикацих, занимающихся принципом Лоренца, примененным к общей теории 
относительности, мы шаг за шагом ввели одно замечание, которое особенно полезно при 
отражении физического смысла. В настоящей работе дается обзор данного замечания 
и использованной техники. Формализм освобожден от нескольких незначительных не
последовательностей, имеющих место в предыдущих работах. На основе данного форма
лизма показывается вывод простых выражений для символов Кристофела, тензора Рима
на— Кристофела и др.
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ON THE AZIMUTHAL EFFECTS OF TWO PRONG ?rN 
AND THREE PRONG DD EVENTS PRODUCED 

BY 17.2 GeV/с MESONS

By

G. BozÓKi, É . Gombosi and G. S urányi
CEN TRA L RESEA RCH  IN ST ITU TE OF PH Y SIC S, BUDAPEST

(R eceived  13. II. 1969)

A deviation from  isotropy in th e  azim uthal angular distribution of secondary particles 
of tw o and three prong pion-nucleon interactions is observed in em ulsion at 17.2 GeV/c. 
A ttem pts are made using Monte Carlo calculations to  interpret these azim uthal effects on  
the basis o f  (i) the kinem atics o f reactions л~ p  -*■ p  л~ (fc n°) and л~ p  -*■ n л + n~ (к' л°) 
and (ii) the diffraction dissociation o f p ion s on nuclei. A new  m ethod is given for the selection  
of the contribution o f D D  interactions from  three prong events. Using th is m ethod ADD =  
=  (1065 4; 288) m and Aqq =  (113 i  13) m are obtained for the m ean free path  of the  
diffraction dissociation in em ulsion at ' 7  and 17.2 GeV/с, respectively. The possible influence  
of the D e c k , effect in  the case o f three prong events is also investigated .

1. In tro d u c tio n

In  recen t y ea rs  several a t te m p ts  have  b e e n  m ade to  d e te c t  az im u th a l 
effects in  th e  a n g u la r  d is tr ib u tio n  of seco n d ary  partic les  g e n e ra te d  in  h igh  
energy  in te rac tio n s  a t  acce lera to r energies (e.g. [ 1]) as well as in  th e  cosm ic 
ra y  en erg y  region (e.g. [2]). T h e  im p o rtan ce  o f  th e se  stud ies, as w as p o in ted  
o u t in  [3— 7], is g iven  b y  th e  fo llow ing: If , in  th e  d is tr ib u tio n  o f  az im u th a l 
angles o f secondary  partic les , a d ev ia tio n  from  iso tro p y  w ere to  b e  fo u n d  th is  
fa c t w ou ld  p rov ide  im p o r ta n t in fo rm a tio n  a b o u t th e  p ro d u c tio n  m echan ism  —  
especia lly  ab o u t th e  p ro d u c tio n  o f  fireballs or o th e r  re so n an t s ta te s  associa ted  
w ith  la rg e  an g u la r m om en ta .

T he aim  of th e  p resen t an a ly sis  is to  in v e s tig a te  th e  possib le  az im u th a l 
effects in  p ion-nucleon  (j iN) in te ra c tio n s  a t  17.2 GeV/с. T h e  w o rk  can  be 
ta k e n  as a co n tin u a tio n  of a s im ila r  in v es tig a tio n , carried  o u t  ea rlie r on 
ttN  in te rac tio n s  a t  a p rim ary  m o m e n tu m  of ~ 7  GeV/c [8]. I n  t h a t  p a p e r  an  
az im u th a l an iso tro p y  in  th e  tw o  a n d  th ree  p ro n g  ev en ts  was re p o r te d , w hile 
a t  h ig h e r m u ltip lic ities such an  e ffec t could n o t  be  d e tec ted .

Since th e  re su lts  of d iffe ren t au th o rs  [1], [6 — 11] concern ing  th e  questio n  
of az im u th a l effects a re  ra th e r  c o n tra d ic to ry  o r inconclusive i t  seem ed to  be 
w o rth  w hile to  check  our earlie r re su lts  an d  c a r ry  o u t a new  m easu rem en t.
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2. Experim ental

For the present analysis a to ta l o f 928 inelastic ttN  in teractions found  
in  Ilford G5 plates b y  scanning along the track (for details of th e  scanning  
and m easurem ent see [12]— [13]) was used.* T he interactions satisfied  
appropriate selection  criteria sum m arised in [14].** This sam ple o f  events 
contains m ostly  the inelastic interactions of the prim ary pion on free and 
quasi-free nucleons and to  a certain degree the so-called diffraction disso
ciation  (D D ) events w hich also sa tisfy  the above selection  criteria. T hus, apart 
from  th e D D  events, our sam ple is alm ost free from  the more com plex pion- 
nucleus (лоЯ) interactions, which can m ask the possible azim uthal effects.

I t  is rem arkable th a t, in general, the com plex nuclear interactions are 
not separated in the m ajority of th e  sam ples used for investigating azim uthal 
anisotropy.

3. Results

In  order to  d etect a possible azim uthal anisotropy the frequently applied  
“ m ethod o f consecutive angles” [5], [15] was used. According to  th is m ethod, 
the observed distribution of consecutive azim uthal angles (i.e. o f th e  separa
tion  angle Ф =  Ф! + 1  —  Ф/ betw een the azim uthal angles o f the successive  
prongs) for events o f a given m ultip lic ity  has to be com pared w ith  th e  corres
ponding random  distribution.

In the case o f azim uthal isotropy the probability  distribution o f Ф for 
га-prong events is given  b y  the fo llow ing expression:

N ( 0 ) d 0  =  ( n -  1) 1
Ф ]»-* d 0  
2л /  2л ( 1 )

The observed distributions together w ith the random  ones obtained  from 
expression (1) for events having different numbers o f prongs (n =  2, 3, 4 , 5, 6,7) 
are show n in Fig. 1. The curve for n 7 was obtained b y  calcu lating the  
w eighted average of th e  curves for n =  7, 8 , 9, 10, 11, 12, where th e  w eighting  
factors were the num ber o f events o f the corresponding m ultip licities.

A  ^2-test show s (see Table I) th a t in cases o f  th e  tw o and three prong 
events, a significant deviation  from  th e azim uthal isotropy ex ists, whereas at 
higher m ultip licities such deviations could not be detected.

These results are in agreem ent w ith  those obtained earlier at GeV/c. 
In neither case do our samples contain  events ly ing  w ithin  50 f.i, (in processed  
em ulsion) from  either surface o f the em ulsion, avoid ing thus th e  b iases due 
to the om ission of dipping shower tracks. The fact th a t these unbiased samples

* W e are indebted to the A lm a-A ta group for k indly  providing us w ith  their data 
concerning the 2-, 3- and 4-prong events, w hich are included in the above sam ple.

** These selection criteria were the sam e as those applied for the ^ 7  GeV/с material.
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Fig. 1. Observed and calculated from  Eq. (1) distributions of consecutive  azim uthal angles 
for events having different num bers (n >  2) o f  prongs. The dotted lin e  for n  — 2 corresponds

to  th e  Monte Carlo distribution

s h o w  a s i g n i f i c a n t  d e v ia t io n  f r o m  a z im u t h a l  i s o t r o p y  is  a g a i n s t  t h e  c o n c lu s io n  

o f  t h e  a u t h o r s  o f  [1 ] .
I n  o r d e r  t o  g e t  in f o r m a t io n  a b o u t  t h e  p o s s ib le  c a u s e s  o f  t h e  o b s e r v e d  

a z im u t h a l  a n is o t r o p y  o f  t w o  a n d  t h r e e  p r o n g  e v e n t s ,  t h e  f o l lo w in g  a n a l y s e s  

w e r e  c a r r ie d  o u t .
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Table I

N um ber of prongs 
n P(X‘)

2 0 .0 1 %

3 0 .0 1 %

4 3%*
5 5%*
6 6%*
7 55%

* Calculating P (%2), cells contain ing only a few  particles were grouped together, w h ich  
procedure, th ou gh  a little  arbitrary, is generally used  in  £2-tests.

4. A nalysis of tw o-prong events

The distributions o f th e  consecutive azim uthal angles are p lotted  in  
Fig. 2 for th ose  events in w hich  both the charged secondaries were identified  
and were fou n d  to  bejt) л~  (F ig .2 a ) or л  + л ~  (F ig .2b) p articles,resp ectively ;*  
i.e . for reactions

71 p —► p  л  (к л°) к =  1 , 2 ,  .  .  . ( 2 а )

7l~ p — ► n л + л~(к' л°) к' =  0 , 1 , _ _ _ _ ( 2 Ь )

The isotropic distributions and distributions calculated b y  a Monte Carlo 
m ethod (the m atrix  elem ent o f  the in teractions was chosen to  be con stan t, 
and appropriate weighting factors were ta k en  into account for the different 
channels, see A ppendix I) are also drawn in  th e  Figure.

One can see:
(1) In  case o f reaction (2a) there is, b o th  in the experim ental and M onte  

Carlo distributions, a pronounced and com paratively narrow peak around  
ф =  180° (the interval 150° <C Ф <C 210° contains 46%  o f all the m easured  
events). This p eak  is much less pronounced and narrow for reaction (2b) as 
can be seen from  both the experim ental and  Monte Carlo distributions (th e  
sam e interval contains only 2 0 % of all the m easured even ts).

(2) The M onte Carlo curves agree q u ite  well w ith  th e  experim ental 
distributions ex cep t at the v ery  edges for th e  reaction (2b). This is probably  
due to peripheral collisions w here the л + and  л~  particles are em itted from  
th e  upper v er tex  at small angles w ith the prim ary directions in  the laboratory  
system , w hich process was n o t taken into account in our M onte Carlo ca lcu 
lation .

* For th ese  distributions appropriate geom etrical factors were used (see [12], [13 ]).
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$

$
F ig . 2. D istributions of consecutive azim uthal angles observed a) in reaction (2a) and b)
in reaction (2b). The dotted (------------------- ) and the broken ( • — -----------------) lines correspond

to Monte Carlo and random  distributions, respectively

The result of a ^2-test for the isotropic and M onte Carlo d istributions  
can be seen in Table II . In the last colum n of the tab le , p'MC m eans the  
Pearson probabilities if  we do not take in to  account th e  first and la st cells.

Thus our analysis shows that the observed deviation  from isotropy can 
be explained only partly b y  the kinem atics of the processes.

Table II

rea c tio n и М рис №) P M C  № )

(2a) 0.01% 14%
(2b) 0.2% 0.03% 25%

total with n =  2 0.01% 3% 50%
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5. A nalysis o f three-prong events

As has already been m entioned, the three prong even ts have a certain  
contam ination o f D D  interactions [13], [16— 18].

Therefore, our sam ple is subdivided in to  three parts:
(a) E ven ts containing an identified proton.

3

(b) E v en ts  w ithout an identified  proton, for w hich S  sin Ot 0 .44
i =1

(where 0 /  is th e  em ission space angle of the i-th  track). 3

F ig . 3. D istributions of consecutive azim uthal angles for three prong events belonging  
a) to subsam ples (a) (distribution 1), (b) (distribution 2) and to their sum  (distribution 3) and  

b) to  subsam ple (c). The stra ight lines correspond to the random  distributions

3

(c) E v en ts  w ithout an id en tified  proton, for which sin (9, < 0 ,4 4 ;  i.e .
!= i

th e  D D  candidates.
The azim uthal angular distribution o f events belonging to subsam ples 

(a), (b) and th eir  sum  can be seen in F ig. 3a (distributions quoted by 1, 2 
and 3). The corresponding random  distributions are also indicated. As can  
be seen from th e  Figure and from  the values o f  P (%2) (indicated  in the Figure) 
there is no azim uthal effect in either case.

The distribution  of subsam ple (c), how ever, has a shape quite different 
from  that o f th e  random one. I t  has a peak at around Ф — 180°, and after  
a rapid fall, a ta il at Ф values greater th a t Ф =  210° (see F ig. 3b). '
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This characteristic shape au tom atically  suggests the assum ption th at th is  
subsam ple consists o f tw o types o f  events; (i) events which y ie ld  the isotropic  
part o f the distribution, and (ii) events w hich cause the deviation  from isotropy.

In order to  separate these tw o  types o f events a straight line was f itte d  
to  the tail o f the distribution and it  was extrapolated  down to  Ф =  0°. T hen, 
subtracting the area under this line from th e  distribution o f events belonging  
to  subsam ple (c) a new  distribution corresponding to the events causing the 
deviation from isotropy can be obtained.

Fig. 4. D istributions of consecutive azim uthal angles obtained by the subtraction m ethod
(full line). The distributions drawn w ith  dotted  ( -------------------- ) and broken ( • — •—•«— •— )
lines correspond to  Monte Carlo distributions calculated  for D D -in teractions o f types (3a)

and (3b)

A com parison o f this new distribution  (distribution 1 in Fig. 4) w ith  
th a t calculated b y  M onte Carlo m ethod for D D  interactions (for details see  
A ppendix II) of types

n~ -уГ'->- y f^ X ^ .  —> ■уГ'p ° 7t~ (За)
and

я  -уГ  —► ■Ж'Хм* —*■ л л ", (ЗЬ)

where Хм* is the coherently produced system  having an effective mass M*, 
shows (distributions 2 and 3 in F ig. 4) th a t there is an excellen t agreem ent 
w ith  the distribution calculated for reaction (3a).* Thus w e can conclude

* In this calculation the spin parity  assignm ent o f the X j —system  was not taken  
into account since it  is shown in A ppendix II  that the shape of the distribution o f consecutive  
azim uthal angles is not sensitive to the possible spin parity  assignm ents.
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th at the distribution obtained by the above procedure is due only to  D D  events  
(presum ably o f type (3a)). This means th a t this “subtraction” procedure makes 
it possible to select DD events from a sam ple of three prong events.

K now ing this result, we can m ake the subtraction  more precisely, 
elim inating th e  arbitrariness in the extrapolation . D en ote b y  у,- the num ber  
of angles in  th e  i-th  cell in the consecutive azim uthal angular distribution, 
and b y  m/ and hi the sam e quantities obtained  by the M onte Carlo calculation  
for reaction (3a), and from  E q. (1), respectively . Then, th e  expected va lu e  of 
y i  w ill be (yyï) =  Amt -f- Bhi, where A  and В  are th e  constants to be deter
m ined, and th e  probability  th a t in the i- th  cell у,- is observed instead of <(y,) is

P /  =
У)'-

-< W

A pplying th e  m axim um  likelihood m ethod , A  and В  were determ ined.
U sing the obtained values o f the constants, th e  num ber of D D  events 

( í V d d )  am ong the events belonging to  subsam ple (c), ( iV (C) ) ,  and thus the  
m ean free p ath  of the D D  process in question  in em ulsion can be obtained.*  
The calcu lation  was carried out for th e  GeV/с  m aterial as w ell.** The 
results can be seen in  Table III.

Table III

N (C ) A  • 27m i В  ■ X h f N d D * D D

17 2 GeV/c 173 255 ±  29 260 ±  29 83.1 ±  9.5 (113 ±  13) m

~ 7  GeY/c 20 28.0 ±  7.6 31.0 ±  7.8 9.3 ±  2.5 (1065 ±  288) m

The above values o f Add are w ith in  the in terval obtained earlier [13] 
from the sam e m aterial***

(61 ±  5) m ^  AaD5 * 7gGeV/c <  (300 ±  83) m ,

(555 ±  131) A ^ GeV/c <  (1600 ±  800) m .

* I t  is worth m entioning, that if  th is subtraction procedure is applied to all three 
prong even ts the result for ADD agrees ex ce llen tly  w ith the result shown in Table II I , which  
shows the reliability  o f the m ethod.

** In  th e  case o f the ~ 7  GeV/с m aterial th e  result o f a separate Monte Carlo calculation  
corresponding to this prim ary energy was applied.

*♦* rphe lower lim it was obtained using selection criteria
1. n  —  3 , iVg =  IV/, =  0,

2. £  sin &[ <  0.44,
* — 1

while for th e  upper lim it three more criteria were used:
3. all the three particles have to be identified  as pions,
4. q_L 200 MeV/с, where q is the transverse m om entum  transferred to the nucleus,

5. V  E  >  0.7 E 0, where E 0 and E , are the total energy o f the prim ary and o f the
<=i

i-th  pion.
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Fig. 5. M onte Carlo distributions of consecutive azim uthal angles of three prong events
3

corresponding to D eck m echanism  and a) satisfying the VT sin © <  0.44 criterion; b) not satis-
1

fying th e  above criterion

The possible influence of a n~ n —*• щ ° n~  D e c k  m echanism  [19] on 
the shape of the distribution on consecutive angles was also in vestigated  b y  
a separate Monte Carlo calculation (see A ppendix III ) . The calculation yielded  
the follow ing results: 3

a) Only 10% o f the generated events fu lfils the sin 0  < 0 . 4 4  cri
terion. 1=1

b) The m axim um  of the consecutive azim uthal angular distribution of
3

events fulfilling the V  sin 0  <  0 .44  criterion is sligh tly  shifted tow ards lower
i - i

Ф values compared w ith  the distribution of D D  process (see Fig. 5a).
3

c) The shape o f th e  distribution o f events h avin g  sin 0,- >  0.44 is very
i= i

different from  th at o f  experim entally  observed (see F ig. 5b).
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I f  t h e  sm a ll e n h a n c e m e n ts  ( h a tc h e d  a re a s  in  F ig . 3a) in  th e  d is t r ib u t io n  o f 
e v e n ts  b e lo n g in g  to  s u b s a m p le  (b) in  t h e  reg io n s  120° <  Ф 150° a n d  180° <[ 

Ф 210° a re  s u p p o s e d  to  b e  d u e  to  D e c k  m e c h a n ism , th e n  t h e  c o n tr i 
b u t io n  o f  t h e  D e c k  m e c h a n ism  (in  t h e  c a se  o f  s u b s a m p le  (b)) c a n  b e  e s t im a te d  
as  < 1 0 %  (w h ich  c o rre sp o n d s  to  <  17 e v e n ts )  a n d  i t  is n eg lig ib le  f o r  s u b 
s a m p le  (c).

6. D iscussion and conclusions

1. A nalysing th e  consecutive azim uthal angular distribution o f л ~N  
in teractions at 17.2 GeV/с, azim uthal anisotropy was found for th e  tw o  and 
three prong events. A t higher m ultip licities azim uthal effects were not 
detected .

2. As concerns tw o prong even ts it  was pointed  out th at the anisotropy  
found can be partly attributed to  k inem atic effects.

3. As concerns three prong even ts the observed anisotropy w as found 
to  be due to  D D  processes.

4. A new “ subtraction” m ethod  was found for the selection  o f DD  
even ts from  a sam ple o f  three prong events. U sing this m ethod

д-Xîev/c =  ( 1 0 6 5  ±  288) m and UJb2GeV/c =  (113 ±  13) m

were obtained for th e  mean free p ath  o f D D  processes at ~ 7  and 17.2 GeV/c 
prim ary m om enta.

5. Since in  D D  events there is an azim uthal anisotropy, one can assume 
th a t th e  azim uthal effects found in  cosm ic ray je ts (m ainly in secondary ones) 
having  few  h eavy  prongs and show er particles (e.g. [2 0 ], [2 1 ]) are partly  due 
to  D D  processes. T hus, it  is desirable to study separately the azim uthal effects 
o f D D  and non-D D  events in future cosm ic ray work.

6 . The absence of azim uthal effect at charged m ultip licities re ]> 3 
(apart from  the D D  events) can be attributed to  th e  follow ing cause:

Inelastic channels of different m u ltip lic ity  are superim posed a t a given  
num ber o f charged prongs and th is superposition can yield  a nearly “ random ” 
distribution in sp ite o f  the possible azim uthal effects in  the separate channels.

Therefore the possib ility  of th e  production o f fireballs at th is energy is 
not necessarily ruled out. (As a m atter o f fact, fireball production was detected  
by e.g. C. W . A k e r l o f  et al. [2 2 ] in p  — p  collisions.)

To get more inform ation in th is  respect, it  seem s to  be w orth while to  
in vestigate  azim uthal effects using th e  “ m ethod o f consecutive angles” (or an 
im proved, more sensitive m ethod) in the separate inelastic channels, and to  
stu d y  th e  azim uthal correlations betw een  likely  and unlikely charged secon
daries.

The authors are grateful to Dr. P . K i r á l y  for his critical com m ents.
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Appendix I

The distributions o f consecutive azim uthal angles were calculated  for 
reaction channels

л~ p  >̂- p  л ~  л° 
p  л~  2  л° 
р  л~  3 л° 
п л + л~  
п л + л~ л° 
п л + л~  2  л° 
п л + л~  3 л°*

separately b y  generating these typ es o f  m any-body fin a l states supposing  
a uniform  distribution in  the phase space; i.e. supposing a constant transition

F ig. A l .  M onte Carlo d istributions of consecutive azim uthal angles calculated  for reactions
7 T ~  p  —*■ p  7 i ~  (к л ° )  к =  1, 2, 3 and л ~  p  —<- n л + лГ  (к' л° )  к' =  0 , 1, 2, 3

* R eaction  channels w ith  m ore then 3 л °  were n ot calculated since their relative occur
rence is very sm all [24].
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m atrix  elem ent (for the details o f the program m ing o f th is calculation see  
[23]). The resu lt o f these M onte Carlo d istributions can be seen in Fig. A l .

These d istributions were sum m ed up using  the m easured proportions [24] 
o f th e  above reaction  channels as w eighting factors. D istributions thus obtained  
are com pared w ith  the experim ental ones in  Figs, la ,  2a and 2b.

Appendix II

A d istin ct M onte Carlo program m e w as w ritten for the generation o f  
coherent even ts using the kinem atics o f coherent production. The m ethod  
o f  generation w as the follow ing. A  value for the effective m ass (M *) o f  th e  
coherently produced system  w as random ly chosen from  th e experim entally  
m easured d istribution  given in  [25]. The m om entum , transferred to the target  
nucleus (in our case to  a carbon nucleus) w as calculated b y  choosing random  
transverse m om entum  from th e  distribution

/ ( ?  ±)dq± =
-  m jA 'l ' ) '  

q±e dq_L,

0

i f  q± <, 200 MeV/с , 

i f  q± >  200 MeV/с .

The longitudinal com ponent o f  this m om entum  was determ ined by the use 
o f the form ula

?H  —  T l

M A +  P 0
2 M A P 0

M *2 -  ml

2  P „

where M A is th e  mass o f th e  nucleus and P 0 is the prim ary m om entum  in th e  
laboratory system . (They w ere set equal w ith  12 and 17.2 GeV/с, respectively.)

Then th e  m om enta and the azim uthal angles o f th e  three pions were 
calculated in  th e  laboratory system  assum ing that a coherently produced X ^ .  
system  decays in its rest sy stem  as

X ^ a — >■ 0 °  Л ~ ~  —> Л  +  Л ~  Л ~  , (i)

Х м »  —> л + л ~  л ~  . (ii)

То ta k e  into account th e  possible sp in  effects, a further calculation was 
m ade for reaction  (i), in  w hich  the experim entally  m easured distribution [26] 
o f the direction  o f the norm al o f the decay  plane in th e  Хм* rest system  was 
used. (These distributions can be a ttributed  to possible 1 + or 2 “ spin-parity  
assignm ents for the produced system .)

The results o f the above calculations can be seen in Fig. A2.
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F ig . A 2 .  Monte Carlo distributions o f  consecutive azim uthal angles o f  D D  events o f ty p es  
a) n~ 31 —► SR л + n~ 7i~ and b) n~ 31 —*- 31 Q° n~ . D istributions drawn w ith  full and d o tted  

lines correspond to  calculations, including and neglecting spin effects, respectively

Appendix III

In order to see the effect due to a n~  n  —> tiq° n~  D eck  m echanism  [19], 
the distribution o f consecutive azim uthal angles was calcu lated  by M onte  
Carlo m ethod. The calculation was carried out by in tegrating the D eck  
m atrix elem ent on the nq° n  phase space w ith  a value of th e  diffraction peak
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param eter к — 9 GeV 2. The m atrix elem ent corresponding to the graph in  
Fig. A3 can be w ritten as:

(Л  +  m l f  ’

where to2 =  (ql -)- q2)2, t =  (q1 —  Pi)', /1 =  (q.j — p 2) 2 and th e  sym bols q, t, A 
correspond to  the notations o f  Fig. A3.

Pig. A 3 . Graph corresponding to  the D ec k  m echanism  in th e  n ~  n  -*■ nrt° ji~ reaction . 
P , . p 2, q,,. q3, A and t  are the four m om enta involved in  th e  interaction
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ОБ АЗИМУТАЛЬНЫХ ЭФФЕКТАХ ДВУХ ЛУЧЕВЫХ л1М И ТРЕХ ЛУЧЕВЫХ 
DD СОБЫТИЯХ ОБРАЗОВАННЫХ л~ МЕЗОНАМИ ПРИ 17,2 Гев/ц.

Г. Б О З О К И , Е . ГО М БО Ш И  и Г. Ш У Р А Н Ь И  

Р е з ю м е

Обнаружено отклонение от изотропии в азимутальном угловом распределении 
вторычных частиц двух- и трех лучевых лХ взаимодействий в эмульсии при 17,2 Гев/ц. 
Сделаны попытки с помощью рассчетов Монте-Карло для интерпретации этих азиму
тальных эффектов на основе (i) кинематики реакций: л~ р ->- р л~ (к л°) и л~ р -> п я+ л~ 
(к' я°), и (Ü) механизма диффракционной диссоциации пионов на ядрах. Сделан новый 
метод для избирания вкладов DD взаимодействиях среди троек. С помощью этого метода 
Ado =  (1065 +288) м и ADD =  (113 +  13) м были получены для эффективного пробега 
диффракционного взаимодействия в эмульсии при ~ 7  и 17,2 Гев/ц. Возможное влияние 
эффекта Дэка в случае трех лучевых событий было тоже исследовано.
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The properties o f  the m onoatom ic linear chain are considered in pseudoharm onic  
approxim ation at a f ix ed  length and a t constant external tension. I t  is shown th a t in the  
latter case the chain becom es unstable a t a sufficiently h igh  tem perature or at a sufficiently  
high zero-point energy.

1. Introduction

In th e  usual theory  of la ttice  dynam ics th e  harmonic approxim ation is 
taken as the starting point for considering the anharm onic term s in the poten
tia l energy of the crysta l as a sm all perturbation [1]. B ut it is w ell known th at  
such an approach cannot be ju stified  in certain cases: near the phase-transition  
points, e.g. at m elting point; for quantum  crystals w ith large zero-point 
energy; for a light im purity  with sm all binding energy; etc. w hen the anharm o
nic effects are not sm all. In this connection th e  generalization o f th e  theory  
of lattice dynam ics has been proposed in a series o f  works [2 — 9 ] w hich allows 
the properties of strongly  anharm onic crystals to  be investigated .

In our previous work [8 ] we form ulated the theory of anharm onic crystals 
which takes into account all the higher order anharm onic term s in  certain  
approxim ation. A self-consistent system  of equations was obtained for deter
mining the frequency and the dam ping of la ttice  vibrations. The generaliza
tion of th is theory and its application to the linear chain were considered  
in [9]. In  certain conditions the dam ping of th e  lattice vibrations is su ffi
ciently  sm all and th e  m ost sim ple pseudoharm onic approxim ation [8 ] can 
be used. In this approxim ation on ly  the renorm alization of the energy of 
phonons in  the phonon self-consistent field is taken  into account. This is 
essentially  the self-consistent phonon approxim ation which was obtained  
using varying techniques in [7]. Therefore, it is o f  interest to com pare the  
results o f the pseudoharm onic approxim ation and the approxim ation which  
takes into account th e  damping o f  phonons [9].

In th is work w e report the results of the investigation  o f the linear 
chain in the pseudoharm onic approxim ation. Som e prelim inary results were 
reported earlier in [10]. In Section  2 using th e  double-tim e Green’s func
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tions we obtain a self-consistent system  of equation for the determ ination  
of th e  equilibrium  separation betw een  atom s, the frequency of the vibrations 
and the internal energy. In Section  3 the properties o f the linear chain  with  
fix ed  ends are investigated . In  Section  4 the properties of the linear chain at 
con stan t external tension  are investigated .

2. Self-consistent system  o f equations in  pseudoharm onic approximation

L et us consider a linear chain o f length  L  w hich consists o f N  1 iden
tica l atom s w ith th e  mass M. Taking into account on ly  the nearest neighbour 
interaction , the H am iltonian reads:

=  H  +  Я , =  +  - 1  2 0 { R n _  R n_ i} +  Я , , (1)
/1= 0 Í  n=I

w here P n, R n are the m om entum  and position operators for the re-th atom. 
The interaction  potentia l betw een the neighbouring atoms is denoted by  
0(Rn  —  R n—l). In th e  case o f a one-dim ensional chain the effect o f th e  external 
forces can be described by the external tension r which acts on th e  end of 
th e  chain:

H ! =  T (Rn -  Д„) =  T 2  (Rn -  Rn-i) ■ (2)
1

I t  is convenient to  introduce the equilibrium  separation l betw een th e  neigh
bouring atom s and the relative d isplacem ent separators b y  the following  
definition:

R n R-n—I (Rn ‘ Rn—1> un un—1 ===  ̂+  un 1 , (3)

where the sta tistica l average (■••'}  is calculated for the equilibrium  state of 
th e  system  described by the H am ilton ian  (1):

< . . . ) =  Sp  ( e - . « 0 . . . )IS p(e-^ le) ( 0  =  k T ) . (4)

The equilibrium  separation l in the one-dim ensional case can be obtained  
from  the equation [1 ]:

т - - Т \ ^ Г Ф( к" - * " - > ) •  (5)

w hich shows th a t the average force acting on the arbitrary atom  in th e  euqilib- 
rium  position is equal to zero.
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It is convenient to  introduce exp lic itly  the d isplacem ent operators in 
the H am iltonian (1) by the Fourier transform ation:

0(R) =  ф(ч) eiqR 5 Ф(Ч) =  —  I L'~ dR 0 (R) e-W . ( 6 )
q L  J  _ L /2

In this representation the H am iltonian o f the lattice (1) takes the form:

p zH= у
n 2 M

— у  у  ' ф(л) elql ,
2 n q

( ? )

For the calculation o f the frequency o f lattice v ibration  we apply the  
m ethod of double-tim e Green’s functions [11]. W e u t '  the follow ing one-phonon  
Green’s function:

Gnn (t — t') =  <  ̂un (i) ; un■ (t') >  =  — i 6 ( t  — t') <  [un (;t),un> (t')] >  . (8 )

To obtain the equation of m otion for the Green’s function (8 ) we differentiate  
it  tw ice w ith  respect to  tim e t and em ploy the equations o f m otion for the  
Heisenberg operators un(t) and P n(t). In  th is manner we get:

M i2 - f -  Gnn- (t -  0  =  ô(t -  t’) ônn- +  
dt1

+  —  ^  (Щ ) eiql i q y  ; u n- (t') >  .
2 q

(9)

The m ultiphonon Green’s function on the r.h.s. of E q. (9) describes the  
interaction of tw o, three or more phonons. We use th e  pseudoharm onic  
approxim ation [8 ] here, in w hich the processes connected w ith  the dam ping  
of phonons are not considered, but the renorm alization o f the energy of 
phonons in the phonon self-consistent field  is taken into account. This approxi
m ation is equivalent to the first order of th e  perturbation theory for the se lf
energy operator, which takes into account all the even anharm onic term s. 
In this approxim ation the m ultiphonon Green’s function can be w ritten in  
the form:

<  ; un >  =  1 <  { iq (u n — un—1)}s ;un/
s= i s!

CO ^

^  <  { k ( u n — u ^ y - 1 >  s <^iq(un — un_i); un > =  ( 1 0 )
s= 1 s!

=  <  0  > i q <  ̂(u„ — «„_!) ;
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For the calcu lation  of the correlation function  on the r.h.s. o f Eq. (10) we 
use the sam e approxim ation. W e introduce th e  follow ing function:

F(X) =  <  e^ u» -u» - ) >  ; F (0 ) =  1 .

D ifferentiating it  on Я and using the sim ilar approxim ations as in Eq. (10)
we get:

9F(A )

ЭЯ
=  <  q (un — un_ l) ел?(и» =

=  <  q { u n —  wn- i )  У  , - ( u n —  Mn_ i ) s >  ^
s= 1 5.

^  Я g2 < ( u n — un_ i ) 2 >  F (A ).

The in tegration  of this equation over Я from Я =  0 to  Я =  i gives us:

=  e ^ 1!2 9‘ “*, ( 1 1 )

where we take in to  account th a t the correlation function o f the nearest n eigh 
bouring atom s does not depend on n :

u2 =  <  (un + 1  — ипУ >  =  <  (un — ип_УУ >  .

N ow  we introduce th e  Fourier transform ation for the Green’s fu n c
tions (8 ):

dco e -M f-n  Gnn< (ft)) ( 1 2 a)
G"»- “  -  *'>=

and we tak e into account th a t this depends only on the difference of la ttice  
sites (n —  n'):

Gnn  И  =  — 2  e * 4 n - n ')  Gk (< a ). ( i 2 b )
JVlI\ к

Then E q. (9) takes the form:

! Gk (M) =  1 +

+
1

2 M
V  Ф(д) е1ч1 (iq)2 e~h 2 “ 2 2 ( 1  — cos kl) Gk (со), (13)

where E qs. (10), (11) have been used. The solution o f E q. (13) reads

1
Gk (со) =

G)2 —  Col
(14)
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as in  the harm onic approxim ation except the renorm alization o f the strength  
constant

<x>l = 4 /(0 ,  Z) 
M

kl
sin* / ( 0 , 0

/
CO,Ok : x“ со:'Ok , (15)

where соок is the harm onic frequency of vibration a n d / stands for th e  harm onic 
strength  constant. The pseudoharm onic strength constant / ( 0 ,  Z) according  
to  E q. (13) can be w ritten  as:

/ ( 0 ,  Z) =  i -  2  ф(ч) eiql (ч )2 e - '12 q'u* =  4 “ (0  ’ (16)
£  q A

where we introduce th e  self-consistent potential

~  »  1 ( Ti2 I s
Ф(1)= < 0 ( R n - R n̂ ) > =  2 0 ( q ) e iqle-V2^ =  У ~  —  Ф^ Ч 1) ■ (17)

q s ^ O  « I  I 2  )

In  obtaining E q. (17) we decom pose the function  exp (—  1/2 q2û2) into  
th e  series o f u2 and integrate it over q. The self-consistent potentia l can also 
be w ritten  in the form:

Ф{1) =  — L  Г dx e - W  Ф(1 +  (17a)
у  2тг J  _  oo

where x =  Rj][TP. I t  is easy to  see th a t in Eq. (17a) the renorm alization of 
the p otentia l due to  the vibrations of the atom s is taken into account by  
averaging it  over the sm all region R  ~ ] / ö 2 <§ Z w ith  the Gaussian function  
exp (—x2/2) which describes the effect of the phonon self-consistent field. 
Owing to  this function only the shape of the potentia l Ф(R) at th e  bottom  of 
the potentia l well is o f im portance. In  the case o f the potential w ith  hard core 
the form ula (17) in the form of in fin ite  series can be used.

The correlation function o f th e  nearest neighbours in E qs. (17), (17a) 
can be obtained from  the spectral theorem  (11) for the Green’s function

/*°° dco
<  un-un>  =  — J _ œ е Ч в _ 1 { ~ 2 I m  Qnn (<» +  Щ  

From E q. (14) we get:

u2 =  < ( u n -  ип_ , у  >  =  - i -  2 ~ ~ coth  - S r  =
N f  k 2ык 2 0

cool 1 Г 1* J  ■=  — 7 ------- dcp si
n j X Jo

sin <p coth œ 0 L

20
X  sin Cp

(18)
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where we have replaced the sum  over к b y  integral over cp =  kl/2. The m axim al 
va lu e of the v ibrational frequency o f the chain in the harm onic approxim ation  
is denoted b y  c j 0 L  =  ( 4 / /M ) 1 2. In  the high tem perature (0  co0 l )  and low  
tem perature (0  < g  c o q l)  lim it the integral in Eq. (18) becom es:

2/ S 2 h 1 aœ0L '

1 24 0
+  0 ( 0 - 3 )  ( 0 > c o OL) , (18a)

a / S 2
(On

71
1 +

71“ 0
* < » 0 L  .

0 ( 0 * )  ( 0 < < o OL) . (18b)

In addition to  the tem perature 0  the properties o f the linear chain are 
determ ined also b y  th e  length of the chain L  =  N1 or b y  the external tension r. 
According to E qs. (5), (17) these param eters sa tisfy  the follow ing equation:

T = - ± < 0 ' ( R n - R n - i ) >  =  -  ( 1 9 )z z

w hich is the therm al equation of sta te  for the linear chain.
The caloric equation o f s ta te  is obtained from  th e internal energy which 

is given in our approxim ation b y  the equation:

E =  < H >  =  N <  >  +  N  - i -  <  0 ( R n -  * „ _ ,)  >  =
2 M  2

Taking into account Eqs. (15), (19) this expression for the internal energy can 
be rew ritten in  th e  more convenient form

—  B  = —  $ ( /)  +  —  f(<P,l)u2 . (2 0 )
N  2  2

In this w ay we have a closed system  o f self-consistent equations (15),
(16), (17) or (17a), (18), (19), (20) which determ ine the properties of the  
anharm onic linear chain in the pseudoharm onic approxim ation.

3. Properties o f the linear chain w ith  fixed ends

The self-consistent system  o f equations in the previous Section  is deter
m ined by the self-consistent potentia l (17), (18) w hich can be obtained easily  
i f  the form o f th e  potentia l in the H am iltonian (1) is known. L et us take the  
Morse potentia l as a m odel potential:

Ф(Щ  =  D  [ (e-« (* -M  -  l ) 2 -  1] , (21)
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where r0 is the average distance betw een the neighbouring atom s in the har
m onic approxim ation: Ф'(т0) =  0 and 0  is th e  depth  of the potentia l: Ф(г0) =  
=  — 0 .  The strength  constant in the harm onic approxim ation is given b y  

/  =  1/2 Ф”(г 0) =  Da,2.
A pplying th e  expansion o f E q. (17) or tak in g  the in tegral o f Eq. (17a) 

we get the follow ing expression for the self-consistent potential:

Ф(1) =  0  { e - 2a<'-r») e2y — 2e~all~r°) eyl2},  (22)

where у  = u2u2.
In this Section  we shall consider the case in which th e  length  o f the  

chain is fixed , for exam ple, l =  r0 =  const. W e note th at in general this case 
has been considered in the fram ework of the perturbation th eory  [1, 12, 13]. 
T aking the derivative of Eq. (22) and su bstitu ting  l =  r0 w e get:

/ ( 0 ,  l) =  ~  Ф" (l) =  f (2 e2y -  eyP) , (23)

r (0 , l) =  —  Ф' (l) =  5 -  (e2y -  ey'2) . (24)
a a

Let us investigate th e  case of high and low tem perature separately.

3a. High temperature 0  >  coql

Substituting (23) into Eq. (18p' у  we get the follow ing equation

K h - h n )  (2e2y — eyl2) =  1 ,

where =  0 / 0 ;  r /  =  coql/ 2 4  0 2 1. It  is easy to  see that this equation always
has a real solution for у  > 0  at all tem peratures. I f  the tem perature is not  
too  h igh у  is sm all, e.g . у  ~  0.3 at 0  ~  0  and у  ~  1 at 0  ~  13 0 .  The results 
o f the usual perturbation theory correspond to  th e  lim it 0  0 .  In this case
у  <§ 1  and

У 1 - 1 1 + 1
2 0  24

— — 11 
2 0  J}

(25a)

3b. Low temperature 0  <§ o>0L

Substituting (23) into E q. (18b) for у  we get the follow ing equation:

A2 y 2 (2e2y -  eyl2) =  1 + 2 у (2e2y — eyl2)~2 ,
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w here Я =  л  D/coo l; у  =  я20 2/3 a>oL '3= 1* As in the case of high tem perature, 
th is equation has a real solution for у  >  0 at all tem peratures. The results 
o f th e  usual perturbation theory correspond to  the lim it Я 1, w hen  y  1 
and

У
1

Я
(25b)

U sing solutions (25a), (25b) we can obtain expressions for the renorm a
lized  frequency (15), the internal energy (20) and the tension (24) w hich agree 
w ith  the results o f the ordinary theory  o f perturbation [1, 12, 13] i f  te  omit 
cubic anharm onicity, because it is not taken into account in the pseudo
harm onic approxim ation [10]. In  the theory [9] w hich takes in to  account 
th e  dam ping o f phonons these expressions turned out to  be identical w ith  the 
low  order term s o f the perturbation expansion. B u t th e  main resu lt of the 
pseudoharm onic theory, the stab ility  o f the linear chain at all tem perature, 
s n ot altered w hen we take the dam ping o f phonons into account.

4. The properties o f the linear chain at constant tension

The length  of the chain depends on the tem perature of the system  if  
we keep the external tension fixed: т =  const. W e consider the special case 
w hen the tension  is su ffic ien tly  sm all, th a t is, w hen the distance l betw een  
th e  atom s does not differ appreciably from the equilibrium  separation Z0 

a t r =  0. According to Eq. (13) the value of l0 defined by the condition  
Ф'(10) =  0  is given by

*0 =  r0 +  ~  у  . (26)

In  th is case th e  pseudoharm onic strength  constant can be w ritten as follows:

Д 6 , 1 ) ~ / е - У ( 1 + р е У )  (27)

and the length  o f the chain at given r is:

N l r w N L L . ey
f

(28)

where p  =  3a т/ f  is the dim ensionless measure o f th e  tension w hich is small: 
p  <g 1. Let us investigate the case o f high and low  tem peratures separately.

4a. High temperature 0  y> co0i

A self-consistent equation for у  can be obtained from Eq. (18a) if  we 
take into account Eqs. (15) and (27):

К  (У — 'h  V) ( !  +  pey) =  ey , (29a)
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where =  Л /0 ;  r/ =  coql/24 D 2 <g 1. This equation  has a real so lution  only  
if  0  <  0 C where 0 C is the critical tem perature. The critical so lution  y c =  y ( 0 c) 
is obtained as the sim ultaneous solution  of Eq. (29a) and its derivative. The 
calculation gives:

&c ^ ^ - [ l + e (P ~ V)] 1 ( 3 0 a )e

y ( 0  <  0 C) ^  1 +  e(p  +  q) -  1A2(1 -  0 / 0 c) . (31a)

The vibrational frequency и* at 0  <  0 C is given  by

W 2 ^  ( i  _  щ +  У2(1 — 0 / 0 c) +  (1 -  0 / 0 f) } .  (32a)
e

It becom es com plex if  0  0 C, w hich shows th e  instability  o f th e  system .
The length o f th e  chain w hich can be obtained from Eqs. (26), (28) and 

also the internal energy Eq. (20), which is given b y  the form ula at

— e  „  _  J L  _|_ ©e f 1,4 -  p  +  ^  - —  у (1 -  0 /0 c) - ( i - 0 / 0 c)l
N  2 1 ^ 2 24 0 2 2 J

(33a)

rem ain fin ite. The coefficient of th e  linear therm al expansion

к 9 L к 3 e
L  9 0  l 2aD У2(1 -  0 / 0 f)

(34a)

and the specific heat at constant pressure

cp
/с

iV

9

9 0 (Æ +  r L) к 1 + 0,3 j
; l -  0 / 0 ,  I

(35a)

tend to  in fin ity  if  0  —► 0 C.
In the range of tem peratures where 0  D  the solution o f Eq. (29a) 

has the following form:

0
D

1 +
0  1 CD;

D 1 24 0 2
( 3 6 a )

In this case the renorm alised frequency, the internal energy, the specific heat 
and the coefficient o f th e  linear therm al expansion are given by th e  following  
formulae:

Щ **> ы0к I 1 +  p -------- 1 +
0  _1____Wn

D 24 0 2

'OL (37a)
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79

2
+  <9 1 +

1

4
0
D

1 < L

24 0 2
| , ( 1  +  2 | - ) j , ( 3 8 a)

a T =

 ̂k Jl 1 œ0L +  —  —  
2 Dcp " 24 0 2

к 3
1  +  2

0 1  < L 1 1

l 2 aD D 24 0 2 9

(39a)

(40a)

46. Low temperature 0  co0L

The self-consisten t equation for y  obtained from  Eq. (18b) tak ing into  
account Eqs. (15) and (27) is the following:

A2 y 2 =  ey { l +  Я2 у 2 ( 2  y  -  p ) }  , (29b)

w here Я =  n D/cool, is th e  dim ensionless param eter w hich describes th e  coupling 
o f th e  atom s in th e  chain; у  — + 0 2/3 coqí, ^  1- T his equation has a real solu
tio n  for у  +> 0 in th e  range where Я +  Я0 and 0  +  0 C. The critical parameters 
defined as previously in the case o f high tem peratures are:

Or
m nL

ле
/ А ( Я _ Я 0) ; (30b)

T he solution at 0  Oc is given by

y ^ 2 1  +  e2p —  ( Я - Я 0) -

02/02) 8- ( я - я 0) +  —  (Я—Я0) ( 1
e

(31b)

О21 O f) .

The vibration frequency ô u near to the critical point can be expressed as 

<  ^  j x _  рег +  А  (Я -  Я0) +  - А _ У ( Я - Я о) ( 1 _ 0 2/ 0 | ) |  . (32b)

The frequency becom es com plex i f  Я -< Я0 or 0  +> 0 C which show s the in sta 
b ility  o f the system . I t  is w orth-w hile to  em phasize, that the chain  becom es 
unstable even at zero tem perature: T =  0 °K  if  th e  zero-point energy is suf
fic ien tly  high со0х./2я: +- D/e . Such a situation  can  occur for a chain  of high  
atom s with sm all binding energy (quantum  crystals).
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In the v ic in ity  o f the critical point 0  <  0 C the internal energy which  
is given by

—  E ^  (0 , 8  - 2 , 5  p  +  0,6 (A =  Ao) -
N  2 л  [

-  0,6(A -  A0)3/2( l  -  0 2/ 0 2p  - 0,3(A -  A0) (1 -  0 2/ 0 2)}
(33b)

and the length  o f th e  chain, Eq. (28), remain fin ite . The coefficient o f  th e  linear 
therm al expansion

к в  12  тг2

«/ <T J Ï Ï  ЛУ(1 ОЩ)
(34b)

and the specific heat at constant pressure

k ^ L  i £ . ) 1 + 2
3 ft)0£ 02/02

(35b)

tend to  in fin ity  if  0  —>• 0 C.
For A §> 1 the solution of Eq. (29b) has the follow ing form:

—  il  +  — +  y il +  —
A I 2A A - i - l i + 4 (36b)

from w hich we see, th a t y  1.
U sing this so lution  the renorm alised frequency, the internal energy, 

the specific heat and the coefficient o f the linear therm al expansion can be 
written as:

co% ^  at gk 11 +  p ----- —
A

J - Я ,
N

D со, 
2 л

’OL

1 - i r  +  r
1 +

2л  0
CO,'0 L

1 +
2A

к 0  л
al m0L D 1 + T

(37b)

(38b)

(39b)

(40b)

It should be em phasized that th e  relative displacem ent of the atom s at 
the critical point is rather small:

Vu* ^  \[yc _  1 
lc alc 4

(at ar0 ^  2.5) and th is is true for both  the low and the high tem perature
cases.
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A ll the results obtained in th is Section coincide with those o f  th e  theory  
in w hich the dam ping of phonons is taken into account [9] ex ep t for the 
num erical coefficients, which are som ew hat different. The coefficien t of the 
linear therm al expansion, Eq. (40a), and also th e  average of the quadratic 
displacem ent u2 =  у /a2, Eq. (36a) coincide with th e  results obtained in [14]. 
The phenom enon o f nonstability  o f the linear chain of constant tension at 
high tem perature w as investigated also in [4].

4c. The critical temperature

In  previous Sections we obtained  the expressions for the critical tem 
perature in the h igh (0  3 >  <w 0 l )  and low (0  co0L) tem perature lim it. It is 
o f in terest to  in vestigate the critical tem perature as a function o f th e  dimen-

F ig. 1. The critical temperature r c as a function o f  the coupling con stan t A

sionless coupling constant A =  л  D/com of th e  atom s in the linear chain. 
Taking into account Eq. (27), E q. (18) for u2 can be written as follow :

Aa In -----------
a2 — p

Г*12
dcp s in 9?coth

J о
a sin cp 

2 r
(41)

where r =  0/a>oL> x 2  =  / ( 0 ,  l) /f  =  e v -(- p. D erivating Eq. (41) on a we 
obtain also:

(42)
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The sim ultaneous solution o f Eqs. (41), (42) gives us the critical tem perature  
Tc(A) and the renorm alization o f the stren gth  constant a c(A) as functions o f X.

The results o f num erical solution o f Eqs. (41), (42) for p  =  0 are given  
in Fig. 1 and F ig. 2. T hey agree quite w ell w ith the a sym p totic  expressions, 
Eqs. (30a), (32a) and Eqs. (30b), (32b).

Thus in  the one-dim ensional case w e can obtain exp licitly  th e  w hole  
stab ility  region for an anharm onic crysta l: it lies below  th e  curve TC(A) in
Fig. 1.

V  4 6 eT T

Fig. 1. The renorm alization of the strength constan t a as a function o f  th e  coupling co n sta n t A
at the critical tem perature t c

5. Conclusions

The theory of anharm onic crystals in  th e  pseudoharm onic approxim ation  
developed in  [8 ] perm it us to  investigate the linear chain in  a wide range of 
tem perature and to  take into account th e  effect of the extern al tension. The 
results obtained here agree w ith  those o f the theory in w hich  the dam ping  
of the vibration  is taken into account [9]. In  the case of sm all anharm onicities 
the results agree w ith those of the usual perturbation th eory  [11, 12, 13].

The results o f [15] show  th at in th e  three-dim ensional case the p seu d o
harm onic approxim ation leads to  the sam e results as in th e  case of one-d im en
sional linear chain.
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ТЕОРИЯ ОДНОМЕРНОЙ РЕШЕТКИ В ПСЕВДОГАРМОНИЧЕСКОМ
ПРИБЛИЖЕНИИ

Н. М. ПЛАКИДА'и Т. ШИКЛОШ

Р е з ю м е

Исследуются свойства одноатомной линейной цепочки в псевдогармоническом 
приближении при фиксированной длине и при постоянном внешнем натяжении. По
казано, что цепочка неустойчива во втором случае при достаточно высокой температуре 
или достаточно большой анергии нулевых колебаний.
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CHERENKOV RADIATION DUE TO THE PASSAGE 
OF AN OSCILLATING DIPOLE

By

R .  M. K h a n

DEPARTMENT OF MATHEMATICS, CITY COLLEGE, CALCUTTA, INDIA*

(R eceived 13. V III. 1968)

A sim ple expression is deduced for Cherenkov radiation caused by the m otion o f an 
oscillating dipole. The region o f radiation is much wider than  th a t o f the usual Cherenkov 
radiation. Two cones o f radiation are produced and energy loss due to radiation can he traced  
even when the velocity  o f  the oscillator is less than the phase v e lo c ity  o f ligh t in  the m edium .

1. Introduction

Classical treatm ents of the problem  of Cherenkov radiation for a static  
dipole m oving with a constant v e lo c ity  in a dielectric m edium  have been given  
b y  F rank  [1], E idm an  [2], B alazs [3] and others. W e are in terested  in the  
case o f an electric dipole which is v ibrating w ith a fixed  frequency along its 
axis and also m oving w ith  a constant velocity  parallel to  its axis. The energy 
expression obtained in our consideration is in full agreem ent w ith  th a t o f a 
sta tic  dipole as a lim iting case. The dipole can be considered as consisting of 
tw o oppositely charged particles separated by a sm all distance where the  
product o f the charge and this d istance is constant —  known as the m om ent 
of the dipole. V ibration can be introduced either b y  variation o f th e  charges 
w ith  tim e or by a change o f the length  o f the dipole w ith  tim e. I t  w ill be found  
th a t both  cases lead to  identical results. One m ay object th at th e  continuity  
equation of charge and current densities w ill be jeopardized ow ing to  charges 
as a function of tim e. In our case the continuity  equation is preserved when  
the d istance betw een the charges or the length of the dipole is m ade to  tend  
to  zero. E ffects of v ibration  on radiation have physical and practical im portance 
and it  is interesting to  note th at th e  Cherenkov radiation exists in a usual 
non Cherenkov region.

* Address for com m unication: Prof. R. M. K han, Block 6, Suite 71, 10, G aliff Street, 
Calcutta —  3, India.
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2. Prelim inary equations

L et us consider the dipole consisting of charges q and — q separated  
b y  a sm all distance b. They are v ibrating w ith a fix ed  frequency co0 along the  
axis and also m oving w ith a constant velocity  v in the positive direction of 
th e  z-axis inside a m edium  of dielectric constant e. D ue to Lorentz contraction  
th e  length  of separation  will be b | 1  —ß2 =  b0 (say), where ß = v / c  and c =  
v e lo c ity  of light in vacuum .

M axwell’s equations for electro-m agnetic intensities E  and H  w ith  
Fourier transform are

rot H u ~-

rot E a =

div E u 

div Н ы

icoe 4 л  .
---------E a + --------j„

c c

ICO
H u ,

4 л
s

0 ,

' Qb> '

( 1 )

w here j  is the current density, q the density o f free charges. Here j x =  0 =  j y 
and

jz = у « 1"1' ô(x) ô(y) [ó(* — vt) — «5 (z +  btí -  vt)] ,

•/ \ Z \ Z •/ \ Z + b0 í í t ü - Í O o )  - i ( c ü  +  W 0 )  —  l ( a >  — £ Í ) 0 )  —

j z(a>) = --------- <5(*) á(y) [e + e  — e — e
4л

i(a>+íu„) Z+b„

Since b0 is very sm all,

.. . z 4 z
l v h  — i(tO -(U 0) —  — 1 (ш + а |0)  —

jz  И  =  -  ( ° [ («  -  ®o)« V +  (£0  +  «o) V ] ô(x) à( j )  • (2 )
4nv

I f  Ave consider the electric dipole o f m om ent qb and the vibration  is im posed  
b y  the variation o f its length, th en  it  can he w ritten  as

j z =  qv ô(x) ô(y) [d)z — vt) — d(z — b0 cos co0 t — ut)] ,

. №l --  r — CO
v -|- t; e~lmt d(z -f- К  cosg t — vt) dt

J  CO
jz И  =  -  Л  4х) ô(y)2л
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As b0 is very  sm all,

j z  И  =  -  — -  <*(*) á  (У )  eZjZ

id  b 0 CO S -

1 — V
u - œ 0 Z < b0 co{) s i n  - - - - - - b  V

V

i n h  —i(m — w 0) — —i(a)+a>0) —

—  [ ( «  — «о) e +  (û) +  й>о) e 1 ] á (*) % )  •4 л  V
( 3 )

(2 ) and (3) are identical.
N ow  one can easily verify th at d iv j'-j-3p/0i =  0 in each of the above cases 

when b0 —► 0. Introducing vector and scalar potentials A  and Ф we have

with the condition

Taking A x =  0  =  Ay, V

Н ы =  rot A u ,

-----—  A a — grad Ф„,,
c

л =  -  —  iV -^6) I n J 0) •>

d i v ^  +  —  Фы=  0 .  
c

V 2  A z ( с о )  +  — \  А г ( с о )  =  —1 Ь° ô(x) ô(j)  [ ( с о  -  c o 0 )  -
— i l o l - t o , ) -----

V  Ie

— i(i»=m0) —
~ b  ( c o  +  c o 0 )  e ] ,

B y  the help of equation (5)

vbn
A z ( c o )  =  -  [ ( c o  -  c o 0 )  H f  (Sl r ) , 

4  cv

A  t -  w-° — )
\  <J> V  /

+

+  ( c o  +  c o 0 )  H<2> ( s ,  r) e
i a ( t - r ± ^ ! ± )

\  (X) V  J

Here
e c o 2  ( c o  —  c o j 2  „

$ =  Só
A 9  9  О(Г V“ c*2

] •

e c o 2  ( c o  - f -  c o 0

and
r =  [ * 2 +  y 2

(4)

(5)

(6) 

(?)
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B y  t h e  c o n d i t i o n  o f  ( 4 )  

Ф ( с о )  =  -
■ ( t_ ю~ ш° z \  

“ v )4 eco v'
. /  со-f co0 z  \w i t --------------)

+  (co +  <o0)*HM (s2r )e  -  v ' ] .

(8 )

W i t h  t h e  h e l p  o f  ( 4 ) ,  ( 6 )  a n d  ( 8 )  f i e l d  c o m p o n e n t s  i n  c y l i n d r i c a l  c o - o r d i n a t e s  
(r, < 9 ,  z )  c a n  b e  c a l c u l a t e d .  T h e  r e a l  p a r t s  o f  t h e  r e l e v a n t  f i e l d  c o m p o n e n t s  
f o r  r a d i a t i o n  a r e  g i v e n  a s

E , = Фо_
2v

Re He

[ ( с о  —  « „ ) « !  V s x s i n * ,  +  (CO +  COq) S2 V  S2 s i n  Xi] dco , 

[ ( с о  —  c o 0 )  V S j  s i n  Xj  - f  ( с о  +  c o 0 )  V s 2 s i n  f o j d c o ,  ( 9 )

w h e n  S j r  =>» 1  a n d  s2r 1 . 
H e r e

Xi =  ш t

a n d

s \ CO — co0 z

CO CO V

% 2 =  w
s 2 r

CO

CO - ) -  c o 0  z  
CO V

Л

4co

3. A m ount of energy loss

E n e r g y  l o s s  d u e  t o  r a d i a t i o n  t h r o u g h  t h e  s u r f a c e  o f  a  c y l i n d e r  o f  l a r g e  
r a d i u s  r p e r  u n i t  l e n g t h  i s

d W

dl ( f i e  E * ' R e  H e ) d t  =

Ч Ч

4 v 2 о  eco
[ ( с о  - c o 0 ) 2 s f  +  ( с о  +  c o 0 ) 2  s | +  ( с о 2  +  CO2) [/sj s2 st +  s 2 ) ] d c o .  (10)

I f  t h e  d i p o l e  m o v e s  w i t h o u t  o s c i l l a t i o n ,  t h e n  c o 0 =  0 .  I n  t h i s  c a s e

( 11)
dl c2 v2 J  о [ eß2 )
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T h e  r e s u l t  (11) w a s  d e d u c e d  b y  B a la zs  a n d  o t h e r s  f o r  t h e  s t a t i c  d i p o l e .  T h e  
e x p r e s s i o n s  ( 1 0 )  a n d  ( 1 1 )  a r e  d i v e r g e n t  s i n c e  w e  h a v e  a s s u m e d  n o  d i s p e r s i o n ,  
w h i c h  m a k e s  t h e  r a d i a t i o n  o f  a r b i t r a r y  h i g h  f r e q u e n c i e s  p o s s i b l e .  A  c u t - o f f  
m a y  b e  i n t r o d u c e d  b y  u s i n g  t h e  C o m p t o n  w a v e  l e n g t h  o f  t h e  p a r t i c l e .

4. Cone o f radiation

A c c o r d i n g  t o  F r a n k  a n d  T a m m ’s [4] t h e o r y  t h e  s e m i - v e r t i c a l  a n g l e  
o f  t h e  c o n e  o f  C h e r e n k o v  r a d i a t i o n  i s  c o s _ 1 l / F e ^ .  F r o m  t h e  e x p r e s s i o n  o f  ( 6 )  
w i t h  t h e  a s y m p t o t i c  v a l u e  o f  H о  f o r  s±r 1  a n d  s 2r  1  w e  o b t a i n  t w o  
p l a n e  w a v e  s u r f a c e s  w h o s e  n o r m a l s  m a k e  a n g l e s  0 X a n d  0 2 w i t h  t h e  2 - a x i s ,  
w h e r e

COS 0 J  = 1 i l  ~
« о

V  eß Г CD

c o s  0 2 =
1

1 +
co0

V bjJ ш

( 12)

(13)

L e t  u s  d e n o t e  t h e  c o n e s  c o r r e s p o n d i n g  t o  0 X a n d  0 2 a s  t h e  f i r s t  c o n e  a n d  
t h e  s e c o n d  c o n e ,  r e s p e c t i v e l y .  E q .  ( 1 2 )  i s  m o r e  v a l u a b l e  f o r  s t u d y i n g  t h e  
e f f e c t  o f  v i b r a t i o n .  I t  s h o w s  t h a t  r a d i a t i o n  w i l l  b e  o b t a i n e d  e v e n  w h e n  V  eß  < [  1 ,  
i . e .  r a d i a t i o n  t a k e s  p l a c e  w h e n  t h e  v e l o c i t y  o f  t h e  d i p o l e  i s  l e s s  t h a n  t h e  p h a s e  
v e l o c i t y  o f  l i g h t .  T h e r e f o r e ,  r a d i a t i o n  e x i s t s  n o t  o n l y  i n  t h e  v i s i b l e  o r  m i c r o -  
w a v e  r e g i o n  b u t  a l s o  i n  o t h e r  r e g i o n s  c o r r e s p o n d i n g  t o  l o w  a n d  h i g h  f r e q u e n c i e s .  
T h i s  i s  r a r e l y  f o u n d  i n  u s u a l  C h e r e n k o v  r a d i a t i o n .

W h e n  Y  eß  <  1  t h e n  s |  - <  0 .  T h u s ,  e l e c t r o - m a g n e t i c  w a v e s  c o r r e s p o n d i n g  
t o  t h i s  p a r t  a r e  a t t e n u a t e d  a n d  c o n s e q u e n t l y  t h e  s e c o n d  c o n e  i s  n o t  p r o d u c e d .  
I f  1  - <  У eß  <  2 ,  t h e  f i r s t  c o n e  a p p e a r s  a t  f i r s t  f o r  l o w  f r e q u e n c i e s  w i t h  a  g r e a t e r  
v a l u e  o f  0 j ,  a n d  0 2 g r a d u a l l y  d e c r e a s e s  w i t h  t h e  i n c r e a s e  o f  со. T h e  s e c o n d  
c o n e  w i l l  n o t  b e  i n  t h e  p i c t u r e  u n t i l  со co0. I n  t h e  f r e q u e n c y  r a n g e  со c o 0 

t w o  c o n e s  w i l l  b e  p r o d u c e d  s i m u l t a n e o u s l y  a n d  t h e  s h i f t  o f  t h e  c o n e s ,  i . e .  
0 1 —  0 2 w i l l  d e c r e a s e  w i t h  t h e  i n c r e a s e  o f  со. W h e n  со g >  co0, b o t h  c o n e s  w i l l  
c o i n c i d e  w i t h  t h e  n o r m a l  C h e r e n k o v  c o n e .  I f  со <C w 0 ,  t h e  s e c o n d  c o n e  w i l l  
r a r e l y  b e  f o u n d  a n d  i t  w i l l  a p p e a r  o n l y  w h e n  Y  eß  ] >  2 .  I n  t h i s  c a s e  t h e  f i r s t  
c o n e  i s  e x h i b i t e d  i n  a  p e c u l i a r  m a n n e r  w i t h  a n  o b t u s e  v a l u e  o f  0 j  w h e t h e r  
Y  eß  >  1  o r  <  1 .  T h i s  m a y  b e  d u e  t o  a  c u m u l a t i v e  D o p p l e r  e f f e c t .  T h e  D o p p l e r  
e f f e c t  o n  C h e r e n k o v  r a d i a t i o n  w a s  d i s c u s s e d  b y  F r a n k  [5 ], G in s b u r g  a n d  
F r a n k  [ 6 ]  a n d  A k h ie z e r  e t  a l .  [ 7 ] .  I f  со =  o > 0 ,  0 X =  9 0 ° ,  i . e .  a  p l a n e  o f  r a d i 
a t i o n  i s  o b t a i n e d .  M o r e o v e r  t h e  f i r s t  w a v e f r o n t  i s  n o t  a t t e n u a t e d  w h e n  e = l .  
T h i s  i n d i c a t e s  t h a t  t h e r e  i s  a  p o s s i b i l i t y  o f  t h e  e x i s t e n c e  o f  r a d i a t i o n  i n  e m p t y  
s p a c e  ( ! ) .  T h i s  i s  p e r h a p s  d u e  t o  n o n - r e l a t i v i s t i c  c a l c u l a t i o n s .
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RADIATION IN AN ANISOTROPIC ELECTRON PLASMA 
POLARIZED UNDER A STRONG MAGNETIC FIELD

B y

R. M. K han
DEPARTMENT OP MATHEMATICS, CITY COLLEGE, CALCUTTA, INDIA*

(R eceived 13. V III . 1968)

It is assum ed that an unbounded anisotropic electron plasm a is linearly polarized  
under an applied strong m agnetic field  and the linear distribution of electrons m oves w ith  
uniform  veloc ity . E lectro-m agnetic intensities and also radiation are slowly dam ped owing  
to collisions o f electrons but there is no dam ping in  the plane o f  th e  external m agnetic field  
and the v e loc ity  o f the linear distribution of electrons. As a lim itin g  case the expression of 
Cherenkov radiation for the m otion of a line charge in an in fin ite  hom ogeneous isotropic  
m edium  is obtained.

1. Introduction

There are m any papers on w ave propagation in plasma. Cohen  [1] 
has considered Cherenkov type radiation in plasm a, Majumder  [2] has 
investigated  the electro-dynam ics of a charged particle m oving with a constant 
velocity  in plasm a, T u a n  and Seshadri [3] have published a paper on radi
ation due to  the uniform m otion of a line charge in  com pressible plasm a. 
In these treatm ents plasm a is idealized to  be hom ogeneous and free from  
collisions and stationary ions neutralize th e  electrons on the average.

In th is paper an in fin ite electron plasm a which is incom pressible but 
anisotropic in  dielectric property is studied . I t  is acted on b y  a strong m agnetic  
field  and the electrons are linearly polarized. The linear distribution o f the  
electrons m oves w ith a uniform ve loc ity  greater th an  a velocity  like the  
phase velocity  of light in the medium. Collisions of electrons are not ignored  
and this consideration exhibits the dam ping nature o f electro-m agnetic in ten 
sities and radiation. Though radiation is attenuated at a large distance it  is 
interesting to  note that in a certain plane there is no attenuation. Moreover, 
radiation is confined betw een two planes perpendicular to planes o f w ave  
propagation and in the lim iting case it is identical w ith th e  expression o f Che
renkov radiation for the m otion of line charge considered b y  the author [4] 
previously.

* Address for com m unication: Prof. R. M. K h a n , Block 6, Suite 71, 10, G aliff Street, 
Calcutta— 3 India .
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408 R. M. KHAN

2 .  P h e n o m e n o l o g i c a l  e q u a t i o n s

We assum e th a t (i) ions are stationary and th ey  neutralize the electrons 
on average, (ii) an external m agnetic field  B 0 is acting in th e  direction o f the  
у -axis, (iii) th e  electrons are linearly  distributed and th ey  m ove like line charge 
w ith  uniform  v e lo c ity  “ u” in  th e  direction o f the z-axis, (iv) collisions o f  
electrons are n o t negligible.

M axwell’s equations for fie ld  variables E  and H  (electric and m agnetic  
vectors) are

rot E  =
fi QH 
c 8 1

( 1 )

rot H
1 8  D
c yr

4л
c

N  e V -f- ( 2 )

Force equation  is

N m  — —  =  — e \E  -\- V  X B 0] — qv . 
8 1

(3)

H ere N , e, m, u, g, V  and c are th e  average electron num ber density , electron  
charge, m ass o f  an electron, m agnetic perm eability  in vacuum , the collision  
factor, the v e lo c ity  o f electrons and the v e lo c ity  of light in  free space, re
sp ectively .

D =  e  E , where e is th e  dielectric tensor described as

J  is the current density  and

e
'  e A 0  0  \  

0  e 2 0  I 

 ̂ 0  0  e 3 /

( 4 )

J x —  0 =  J y ,  J z =  qu  <5(*) <5(z — lit), (5)

where q is th e  line charge density .
W ith a little  m anipulation one can say  th at the problem  is two dim en

sional and all the vector quantities are independent o f  y .  Under Fourier 
transform  o f th e  form

f ( z ,  X ,  с о )  =  — —  j / ( z ,  X ,  t )  e - im t  d t ,
2 n  J . , »

/ ( z ,  X ,  t) =  /(z , X ,  с о )  e m t  d c o
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eqs. (1), (2) and (3) transform to

rot E  (z, X ,  со) — ------——  H (z , X ,  со) ,
c

rot H  (z, x,co) =  D (z,  X ,  со) --------N e v  ( z ,x ,  со) -f- J ( z , x , со) ,
c c c

ico N m  V (z, x, со) — — e [E ( z ,  x, со) -f- v  (z , x, со) X /?„] — g v ( z ,  x , со ) . 

By the rule of Fourier transform

1 Г"
J z (z , x ,  со) — ------ qu ô(x) ô(z  — ut) e~ imt dt

2л: J _ „о
—— <?(*) е " .
2л

( 6)

(? )

(8)

(9)

Without any inconsistency in Eqs. (6), (7) and (8) we can assume that
E y =  0 =  H x =  H y =  Vz .

From (8)
i со N m  Vx =  — N e  E x -)- N e B 0 VZ — gVx , (10)

ico N m V z =  — N e  E z — N e ß 0 Vx — gVz . (11)

By these two equations

y  — — N e  (g +  ico N m ) E * +  N e ßo E z 
* (g +  ico N m ) 2 +  N 2 e2 ß 2 ’

y  =  N e  N e ß0 E x — (g  +  ico N m ) Е г 
2 (g  +  i c o N m ) 2 +  N 2e2 ß 2

( 12)

(13)

Putting these values of V x and Vz in (6) and (7) and solving for E x and E z 
we have

E x =

IT I lC0— \L  -\- --- - £3
e

QHV
M  dHy

Эле
4л:

----- M J Z
с

T I lC0L  -|------- b + -^ 4  \ +  M2
(14)

E z =

-  +  
8 z

T . tc o  \ 8 H y  4 л  T t ICO .
L - \ -----------ег ------ Z - ---------\L  -I------------ e 1 \ J Z

c l  dx c l  c

L  +
iœ ICO

L  +  ~  e ,  \ + M 2
• (1 5 )

Here

4л N 2 e2 (g +  ico N m )  M  _  _4л________N 2 e2 ß0______
c (g  -f- ic o N m )2 +  N 2e2ß l  c g  -f- ico N m ) 2 N 2 e2 ß l
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B y  ( 6 ) ,  ( 1 4 )  a n d  ( 1 5 ) ,

L  +
100 ^ .  +  | t  +  i î L j  Ч

Э л :2

i f im

с

4 т г
с

10)
L  - - - - - - - - £ г

с
т , ш
L  d---------- ej

dz2

+  м 21 я у =

Mü . + |t  +  J5Le,
dz

Q Jz

d z
(17)

3. Form al solution  of the equation (17)

C o n s i d e r i n g  F o u r i e r  t r a n s f o r m  w i t h  r e s p e c t  t o  x  i n  t h e  f o r m  

f ( z ,  x ,  w) =  f  f ( z ,  к , со) eikx dk
J  — OO

a n d  i n  v i e w  o f  d e p e n d e n c e  o f  f i e l d  c o m p o n e n t s  o n  “ z ”  t h r o u g h  t h e  p h a s e
ioiZ

f a c t o r  e u t h e  e q u a t i o n  ( 1 7 )  g i v e s  t h e  f o l l o w i n g  r e s u l t  

_  iq
Н у  ( z ,  к ,  со) —  X  

ЛС

X -

ICO
L  -\- - - - - - - - £ j

Mco ) - ~

и

к 2 jL  - | - - - - - - - - e x  j d— —  \L  -)---------o 3
00“ ICO IIXCO

£q
ICO

L  -\- - - - - - - - £ j
c

L  +
ICO

+  M 2y

ico Г 00
H y ( z , x ,  со) = - - - - -  X

TIC oo

X

L  M œ

U í r  1L  d - - - - - - - -
C

imz ,—■ +lkx
d k

T I 1(0L  - | - - - - - - - - £ 3

A:2 - h
00“

U2 L  +  ^ _
+

IfXCO
L  +  ^ - s 3\ +

M 2

T I 1ШL  d - - - - - - - -
c ( 1 8 )

T o  p e r f o r m  t h e  i n t e g r a t i o n  ( 1 8 )  w e  a s s u m e  t h a t  B 0 i s  v e r y  l a r g e  a n d  p o w e r s  
o f  1/Bg  h i g h e r  t h a n  2  a r e  n e g l i g i b l y  s m a l l .  W i t h  t h i s  a s s u m p t i o n  a n d  f o r  
a  p a r t i c u l a r  v a l u e  o f  “ с о ”  t h e  e q u a t i o n  ( 1 8 )  r e d u c e s  t o

í 4 tz N e

H y  ( z ,  x,co) =  ^ - \
n e  J _ e

k -
e и, в  — —  +ikx 
£ lU P o e “  d k ,

k 2 —  ( a  —  ib)
(19)
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where

a =  со2  /ie3 rj \ 1  +
4я N

ßl

m m 4 я  N  e2
e3  e2 и2 fit) £, £ 3  rj c2 со2

t  =  ± î £ L U  +  -  ' ■

( 20)

»?0
P 2 „ 2
e l  и C2 £1 /X U2

On taking Г] >  0, the integration of (19) can he perform ed by the residue  
m ethod. The poles are ±  J (a  —  ib) =  rb(oc — iß )  (say).

Then
iw z

H y  (z, X,  со) = -----P

H y  (z, x,co) = -----i -

1 +

1 —

i 4я  N e - i c c X  —  ß X

« 1  u ß 0 (oc — iß) 

i 4тг N e

«i u ß 0 ( x ~  iß )

w h e n  a: > •  0 ,

( 21)
+  Í0OC+/SX

when я: <  0 ,

Again

«  =  J — V  (У« 2  +  b2  +  a) , /5 =  - JL F  (l a 2 +  b2 -  a ) .
F 2  F 2

a  я« со У ̂ £ 3  17

2 ^ g

У MÊ3 *7 ßl

« I «,
M  +

m 4 я  iVe2

,М»7 £2 U2 £x £3 r jC 2 CO2

£ï U“

4. Expressions o f  E, H and V

B y  th e  above approxim ations the follow ing results are obtained w ith  
th e  help of (21), (12), (13), (14) and (15).

W hen X >  0,
im z

H y  (z, X, со) =■ — 1
i  4jt iVe

£г u ß 0 со 1 /.ie2 7]

-iooc - ß x
e

E x  (z, X, со) = 1 +
4я  N

ßl

8л Ne2 m
eL £ 3 со2 £

i 4я  N  

ßo

Ne и \ [A £ 3  7] N e g

si u a >  У м  £ 3 £ 1 CO ß 0

w z----------1ах — ß x
U

E A s ^ ^ ) =  Æ v l 1 +
2л N

~ 7 Г
4л N 8л N e2

£ j £3 rj c a r £2 а 2 CO2 «£ ;j r;
+

/X?7 £ 2 U2

i 2 л

+
8л N e2 m
e ,  g.j o r° з 1 

4 N e

+ g
e3w ß 0 [77]Coe2 u2 ß0

ßo
WZ .---------- l a x - ß x

U

eL и со У {л £3г]
+

( 2 2 )
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F x (z , x ,  ft)) =  — q I  I V s *!
( e u ß g N e  e  j  m /?q 

8л: iV e
■--------к

m co

s i  £ 3 ( 0  ß ö  e  Sj и  ß 0

— i ccx—ßX

V z  ( z ,  X ,  с о )  =  +  q
1

iV V e

1___ , 1f p e a V g  i  ) '  / л е 3 г] m c o

ß le ,  и

4л  N e  ]/ / л  £3 г]
+

Ез  ß o  

4л  N e

El  U2 ft) ] / f l  Eg Г]

wi; .------ —loix—p x
и

W h e n  X  <  О,

Н у  ( z , ж , ft)) =

•Й7Х ( г ,  X ,  с о )  =

i  4л  N e

e, u c o  ß 0 Y f i e t rj

г , и

2л  ÍV

Ат

s 3 со*

+  fax+/3x

2 m

+
14л

“ Á T

iV e , /<ез »? TVe
+

16 л  W e2 

g

EX U СО г] е х со ß 0 J

icoz + íax -\-ßX

E z  ( z ,  X ,  с о )  

4 л  N e 2

q : / (£з »?

ез

8 л  N e 2

2 л  N  

ß o

i  2 л

т

£j £3 jy С2 СО2 £2 W2 СО2 /T,£.j Ту ] ß 0  ( £г U  СО | /  /ЛЕ3 7] ЦГ}СОЕ2 U 2 ß 0

8 л  N e 2 т

/ТТу £2 U2 £г £3 ft)2 £3

4 iVe , g
+

(23)

g

ES ®  A)

------- +iax+ftcu

F o r  ж )>  0  a n d  со ) >  0  t o  ft)n

Д е  H v

R e  E r  =

— 7 e~ß  
с

c o s  X

2 ?
£1 и

p - ß x

4л  iV e
--------------------- —. — s in  X

Ej U ft) ß 0  |? yí£3 ?y

32 л  2 N 2 e 2  4 n N m )

£3 о)2 /З2 « iß o  )
co s X

4 л ' N i  и ] /  /ЛЕ3 Ту N e g sin  X

о €3 СО £-, и  СО У /ЛЕ3 ту £j ft) ß n
(24)
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R e  E ,  =
2q]/ fiea r je~ ßx 

е з
4 л :  N e 2 

е х e 3 rj со2 e 2

g

1
2 л  iV

ß l

8 л  i V e 2

f i f je 2 и 2
+

8 л  i V e 2 m
e x £3 со2

e f  u 2 w 2 p £ 3 7]
c o s  /  +

2 л  /  4 i V e
/50 ( £j U ft) ]A/Lfig Г)

+

S 3 w ß 0 f ir ] ( O E 2 U 2 ß 0
s m  %

w h e r e

сог
Z = ----------г  эся +  ft)t.

U

5 .  C a l c u l a t i o n  o f  r a d i a t i o n

T h e  p o w e r  r a d i a t e d  p e r  u n i t  t i m e  p e r  u n i t  f r e q u e n c y  i n t e r v a l  i s

S  = (R e  É  X  R<‘ H )  dz .

T h e  e n e r g y  r a d i a t e d  i n  t h e  p o s i t i v e  d i r e c t i o n  o f  t h e  a c - a x i s  i s

S x =  — —  (  —  R e  E z - R e  H y) dz
4  л  . ) _  ;c

qr2 e r 2i>x У fie3 Г] и
1 +

8  л  N e 2

2 л  N т  ! 8 л  N e 2

ß 2 \ f i r ]  e j  и 2 f q  е 3 с о 2

4  л  i V e 2

e j  и 2 ft) 2 / г е 3 1/  e 3 £ x e 3 r\ с2 со2
( 2 5 )

w i t h  t h e  h e l p  o f  ( 2 4 ) .
T h e  e n e r g y  r a d i a t e d  i n  t h e  n e g a t i v e  d i r e c t i o n  o f  t h e  a c - a x i s  i s

c

4 л
(  —  R e  E z , R e  H y) dz  .

B y  t h e  h e l p  o f  ( 2 3 )  i t  i s  f o u n d  t h a t  S x =  S  —  x.

T h e  г - c o m p o n e n t  o f  S  i s  o b t a i n e d  f r o m  t h e  e q u a t i o n s  o f  ( 2 4 )  a n d

S~ 4 л  N

~ 1 T

4 л  N e 2 4  л  N e 2

£ ,  £ 3  f t ) 2  £ j  £ 2  M 2  f t ) 2  U  £ 3  Г]

(26)
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I t  i s  o f  i n t e r e s t  t o  e x a m i n e  t h e  a n g u l a r  d i s t r i b u t i o n  o f  t h e  r a d i a t e d  e n e r g y .  
T h e  a n g l e  0  b e t w e e n  t h e  d i r e c t i o n  o f  m o t i o n  o f  l i n e a r  d i s t r i b u t i o n  a n d  t h e  
C h e r e n k o v  r a y  i s  g i v e n  b y

t a n  9 =  *  -
S , c 3

ц е 2 -  1
2 л  N

~ l ï ~

4 т г  N e 2

£x £3 Г]С0 2 C2
+

+  —  ~  
С,

2m

fit] e f  и2
( 2 7 )

6 .  C o n c l u s i o n

E q s .  ( 2 2 ) ,  ( 2 3 ) ,  ( 2 5 )  a n d  ( 2 6 )  r e v e a l  t h a t  t h e  e l e c t r o m a g n e t i c  i n t e n 
s i t i e s  a n d  t h e  r a d i a t e d  e n e r g y  h a v e  e x p o n e n t i a l  d a m p i n g  w i t h  x .  S i n c e  
g  i s  c o m p a r a t i v e l y  s m a l l  a n d  B 0 i s  v e r y  l a r g e ,  t h e  p e n e t r a t i o n  d e p t h  1/ß  i s  f a i r l y  
l a r g e  a n d  c o n s e q u e n t l y  a t t e n u a t i o n  t a k e s  p l a c e  v e r y  s l o w l y .  I f  g  i s  z e r o ,  t h e r e  
w i l l  b e  n o  d a m p i n g .  T h e r e f o r e  c o l l i s i o n s  o f  e l e c t r o n s  a r e  s o l e l y  r e s p o n s i b l e  f o r  
d a m p i n g  w h e n  rj > 0 .

E q s .  ( 2 2 )  a n d  ( 2 3 )  s h o w  t h a t  o u t g o i n g  p l a n e  w a v e s  a r e  p r o p a g a t i n g  
w h e n  Г) 0.  T h i s  i s  a  C h e r e n k o v  l i k e  c o n d i t i o n  a n d  i t  i m p l i e s  a  c u t - o f f  i n  
f r e q u e n c y .  A t  a  p a r t i c u l a r  f r e q u e n c y ,  p l a n e s  a r e  p a r a l l e l  t o  d x  - f -  co/u z  =  0  
a n d  XX —  co/u z  —  0 .  R a d i a t i o n  i s  c o n f i n e d  b e t w e e n  t w o  p l a n e s  p e r p e n d i c u l a r  
t o  t h e  a b o v e  p l a n e s .  I t  i s  c o m p a r a b l e  w i t h  a  C h e r e n k o v  c o n e .  T h e  a n g l e  
b e t w e e n  t h e  p l a n e s  i s  2  0  w h i c h  i s  o b t a i n e d  b y  ( 2 7 ) .  M a x i m u m  v a l u e  o f  0  i s  
g i v e n  b y

1 Í el u2 )
/ ^ el —  1

l e3 c2 1

T h u s ,  t h e  s t r o n g  m a g n e t i c  f i e l d  p o l a r i z e s  t h e  i n c o m p r e s s i b l e  a n d  a n i s o t r o p i c  
e l e c t r o n  p l a s m a  i n  s u c h  a  w a y  t h a t  t h e  w h o l e  s y s t e m  b e c o m e s  C h e r e n k o v  t y p e  
w h e n  t h e  v e l o c i t y  o f  t h e  l i n e a r l y  p o l a r i z e d  e l e c t r o n s  e x c e e d s  a  c e r t a i n  l i m i t .

A n  i n t e r e s t i n g  r e s u l t  i s  o b t a i n e d  i f  w e  p u t  N  =  0, ex =  e3 =  e a n d  g  =  0  
i n  ( 2 5 )  a n d  ( 2 7 ) .  I n  t h i s  c a s e

G
Tje - —  1 a n d  t a n  0  = fXE

F o r  u n i t  v a l u e  o f  ц  t h e s e  r e s u l t s  h a v e  b e e n  p u b l i s h e d  b y  t h e  a u t h o r  [ 4 ]  o n  
c o n s i d e r a t i o n  o f  C h e r e n k o v  r a d i a t i o n  b y  l i n e  c h a r g e .
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I f  /л < C  0 ,  t h e  d a m p i n g  d e p e n d s  o n  oe a n d  i n  t h i s  c a s e  a t t e n u a t i o n  t a k e s  
p l a c e  m o r e  r a p i d l y  i n  c o m p a r i s o n  w i t h  t h e  c a s e  o f  a  p o s i t i v e  v a l u e  o f  Tj. I n  t h e  
p l a n e  X  =  0 ,  i . e .  i n  t h e  p l a n e  o f  t h e  e x t e r n a l  m a g n e t i c  f i e l d  a n d  t h e  d i r e c t i o n  
o f  t h e  v e l o c i t y  o f  l i n e a r  d i s t r i b u t i o n  o f  e l e c t r o n s ,  t h e  f i e l d  v e c t o r s  a n d  r a d i a t i o n  
a r e  f r e e  f r o m  a  d a m p i n g  f a c t o r .  T h u s ,  t h e r e  i s  a  p l a n e  w h e r e  a t t e n u a t i o n  d o e s  
n o t  t a k e  p l a c e  w h e t h e r  7] 0  o r  < 0 .
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STATISTICAL MODEL CALCULATION 
OF THE BRANCHING RATIOS OF N *  (1470)

B y

A. A b r AM OVICI and L. V É K Á S  
U N IV ER SITY  OF TIM IÇOARA, D EPA RTM EN T O F PHY SICS, TIM IÇOARA, R SR

(R e c e iv e d  6. II . 1969)

O u r  a i m  w h e n  w r i t i n g  t h e  p r e s e n t  p a p e r  w a s  t o  o b t a i n  t h e  b r a n c h i n g  
r a t i o s  o f  d i f f e r e n t  d e c a y  m o d e s  o f  t h e  n u c l e o n  i s o b a r  N *  ( 1 4 7 0 )  h a v i n g  t h e  
i s o s p i n  1 / 2 ,  a n d  a l s o  s o m e  o f  t h e  p r o p o s e d  [ 1 ]  T  =  5 / 2  i s o b a r  w i t h  t h e  s a m e  
m a s s .  T o  d o  t h i s  w e  u s e d  t h e  f o l l o w i n g  f o r m u l a  f o r  t h e  p r o b a b i l i t y  o f  a  f i n a l  
s t a t e  Щ >  s t a r t i n g  f r o m  t h e  s t a t e  Ii >  [ 2 ] :

n w , +
i

I I w
w( i ->f )  =  \c TA T 1. . . Tn, ê1. . .& n)\2

Q

8 л 3
Qn ( f i ;  m v . .m n )

(A)

o b t a i n e d  b y  m e a n s  o f  a  s t a t i s t i c a l  m o d e l .  I n  t h e  a b o v e  f o r m u l a ,  Cpv  i s  t h e  
i s o s p i n  c o e f f i c i e n t  p r o j e c t i n g  t h e  f i n a l  s t a t e ,  c o n s i s t i n g  o f  n  p a r t i c l e s ,  o n  t h e  
i n i t i a l  o n e ,  h a v i n g  t h e  t o t a l  i s o s p i n  T  a n d  i t s  t h i r d  c o m p o n e n t  0 .  S ,  i s  t h e  i - t h  
k i n d  o f  s p i n ,  a p p e a r i n g  i n  t h e  f i n a l  s t a t e ,  a n d  0 7  i s  t h e  n u m b e r  o f  p a r t i c l e s  
w i t h  t h i s  s p i n .  N j  i s  t h e  n u m b e r  o f  e q u a l  p a r t i c l e s  o f  t h e  k i n d  j  ( a l l  t h e  m e m b e r s  
o f  a n  i s o m u l t i p l e t  h a v e  t o  b e  c o n s i d e r e d  a s  e q u a l ) .  Q  i s  a  v o l u m e  o f  t h e  s i z e  
o f  a  p i o n :  1 3 / 8  л 3 =  0 . 6 1 5  x l O - 8  M e V - 3  ( w e  a r e  w o r k i n g  w i t h  с  =  Л / 2  л  —  1 ,  
t h e  m a s s  b e i n g  m e a s u r e d  i n  M e V ) .  I n  t h e  f o l l o w i n g ,  w e  s h a l l  u s e  t h e  s h o r t h a n d  
n o t a t i o n  1 3 / 8  л 3 =  fi. Qn i s  t h e  r e l a t i v i s t i c  n o n - i n v a r i a n t  p h a s e  s p a c e  d e n s i t y  
f o r  n  p a r t i c l e s  o f  m a s s e s  m i . . . m n a n d  t o t a l  c e n t r e  o f  m a s s  e n e r g y  E :

Г Q n ■J Гр‘
■ d p n ô E 2 E ii=1 Z P i

1 = 1
■(B)

( c a l c u l a t e d  i n  t h e  o v e r a l l  c . m .  s y s t e m ) .
H a g e d o r n ’ s f o r m u l a  ( A )  w h i c h  w e  u s e d  f o r  c a l c u l a t i n g  t h e  b r a n c h i n g  

r a t i o s  i s  a p p r o p r i a t e ,  b y  c o n s t r u c t i o n ,  o n l y  f o r  c e n t r a l  c o l l i s i o n s .  T h e r e f o r e ,  
w e  m a y  e x p e c t  t h a t  t h i s  f o r m u l a  w o r k s  w e l l  f o r  d e c a y s ,  w h i c h  c a n  b e  c o n s i 
d e r e d ,  i n  f a c t ,  t h e  m o s t  c e n t r a l  “ c o l l i s i o n s ” .  F i n a l l y ,  w e  n o t e  t h a t  t h e  f o r m u l a  
( A )  g i v e s  t h e  r e s u l t s  i n  a  n o n - n o r m a l i s e d  f o r m ,  b e c a u s e  o f  a n  u n d e t e r m i n e d  
c o n s t a n t ,  n o t  e x p l i c i t l y  w r i t t e n .
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1 .  N o w ,  w e  c a l c u l a t e  t h e  p r o b a b i l i t i e s  o f  t h e  d i f f e r e n t  d e c a y  m o d e s  o f  
t h e  T  =  1 / 2  N *  i s o b a r :

N * + - + p  л ° ,  ( 1 )
N *  + n  л +,  (2 )

N * + —> p  л + л ~ ,  ( 3 )
N * +  — p  л °  л ° ,  (4 )

N *  +  —>- п  л + л ° ;  ( 5 )
N *  +  —»■ р  а  -*■ р  л + л ~  o r  р  л °  л ° ,  ( 6 )
N * +  А +* л ~  -+ р  л + л ~ ,  (7 )

N * + —*- А +л °  < _ р  л °  л °  o r  п  л + л ° ,  ( 8 )
N * + —*■ А ° л + —*■ р  л ~  л + o r  п  л °  л  +. ( 9 )

or i s  a  h y p o t h e t i c a l  d i p i o n  r e s o n a n c e ,  h a v i n g  T  =  0  a n d  a  m a s s  o f  4 1 0  M e V  
( s e e ,  f o r  i n s t a n c e ,  t h e  c o m p i l a t i o n  [ 3 ] ) .

F o r m u l a  ( A )  y i e l d s :

Wx =  1 .0 8 7  X l O 6 ^ ,  Wa =  2 . 1 7 5  X Ю 6 p, W3 =  1 . 5 6 9  X  Ю 13

Wi  =  1 .0 4 6  X  1 0 1;V ,  W5 =  1 .0 4 6  X  1 0 13p,2, W 6 =  2 . 2 5 4  x l O «  p  ,

W 1 =  8 .1 6 4  x l O 5 p ,  W s =  5 . 4 4 3  X l O 5 / ; ,  W 9 =  2 .7 2 1  x l 0 5 ,u .

F o r  t h e  r e a c t i o n s  ( 7 — 9 ) ,  w e  t o o k  i n t o  a c c o u n t  t h a t  t h e  r a d i a t i v e  w i d t h  o f  
A  i s  n e g l i g i b l e  c o m p a r e d  w i t h  t h e  t o t a l  w i d t h  o f  A(£o i  i n s t a n c e ,  Г  =  1 2 0  M e V ,  
b u t  Г у  =  0 . 6 5  M e V  [ 4 ]  f o r  z l  +  ) .

A s  c a n  h e  s e e n ,  t h e  d o m i n a n t  i n e l a s t i c  d e c a y  m o d e ,  p r e d i c t e d  b y  f o r 
m u l a  ( A )  i s  N *  ( 1 4 7 0 )  —*■ J V  <г ,  i n  a g r e e m e n t  w i t h  t h e  r e s u l t s  o b t a i n e d  u s i n g  
o t h e r  m e t h o d s :

— - A n a l y s i s  o f  t h e  r e a c t i o n  л ~  p  —*■ л ~  л + n  u s i n g  a  r e l a t i v i s t i c  S - m a t r i x  
f o r m a l i s m  a n d  a s s u m i n g  a  N *  ( 1 4 8 0 )  a n d  N *  ( 1 5 1 2 )  d o m i n a n c e  [ 5 ] .

— - A  r e l a t i v i s t i c  f o r m a l i s m  f o r  a n a l y s i n g  3 - b o d y  a n g u l a r  m o m e n t u m  
s t a t e s  ( 6 ) .

—  P a r t i a l  w a v e  a n a l y s i s  c o m b i n e d  w i t h  t h e  i s o b a r  m o d e l  [ 7 ] .  H o w e v e r ,  
w e  g o t  a  b r a n c h i n g  f r a c t i o n  f o r  t h e  e l a s t i c  m o d e  o f  0 . 4 4 2 ,  i n  d i s a g r e e m e n t  
w i t h  o t h e r  r e s u l t s  f o u n d  b y  p a r t i a l  w a v e  a n a l y s i s  ( 0 . 6 8  i n  [ 8 ]  a n d  0 . 6 5 8  i n  [ 9 ] ) .  
N o w ,  t h e  d i p i o n  r e s o n a n c e  а  ( 4 1 0 )  i s  a  v e r y  c o n t r o v e r s i a l  o n e  ( s e e ,  f o r  e x a m p l e ,  
t h e  c o m p i l a t i o n  [ 3 ] ) .  A s s u m i n g  t h a t  i t  d o e s  n o t  e x i s t ,  w e  f o u n d  f o r  t h e  e l a s t i c  
m o d e  a  b r a n c h i n g  r a t i o  o f  0 . 6 3 7 ,  i n  a g r e e m e n t  w i t h  [ 8 ]  a n d  [ 9 ] .

2 .  S u p p o s i n g ,  a s  i n  [ 1 ] ,  t h e  e x i s t e n c e  o f  a  T  =  5 / 2  i s o b a r  a t  1 4 7 0  M e V ,  
w e  l o o k e d  f o r  t h e  p r o b a b i l i t i e s  o f  i t s  d e c a y  m o d e s :

j y *  +  +  + - *  А ++л + , ( 1 )
] y *  +  +  + —► p  л + л + . ( 2 )
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W e  f o u n d :

W 1 =  1 6 . 3 2 8  x l O 5 /л, W 2 =  3 . 1 3 8  x l O 1 3 ^

y i e l d i n g  W J W 2 =  8 . 4 6 .  I f  t h i s  i s o b a r  a c t u a l l y  e x i s t s ,  t h i s  r a t i o  c o u l d  e x p l a i n  
w h y  a  c o r r e s p o n d i n g  p e a k  i s  n o t  s e e n  i n  t h e  e f f e c t i v e  m a s s  d i s t r i b u t i o n  f o r  
e v e n t s  w i t h  t h e  p  л + e f f e c t i v e  m a s s  o u t s i d e  t h e  A + + b a n d  ( 1 0 ) .

Conclusions .  W e  t r i e d  t o  u s e  a  s t a t i s t i c a l  m o d e l  t o  o b t a i n  t h e  b r a n c h i n g  
r a t i o s  o f  N *  ( 1 4 7 0 ) .  T h e  r a t i o s  f o u n d  a g r e e  w i t h  t h o s e  o b t a i n e d  b y  o t h e r  
m e t h o d s .

C o n s i d e r i n g  t h a t  t h e  a  ( 4 1 0 )  d i p i o n  r e s o n a n c e  d o e s  n o t  e x i s t ,  w e  f o u n d  
f o r  t h e  e l a s t i c  c h a n n e l  a  b r a n c h i n g  r a t i o  o f  0 . 6 3 7 ,  v e r y  n e a r  t o  t h a t  o b t a i n e d  
i n  o t h e r  p a p e r s .  T h i s  s u p p o r t s  t h e  n o n - e x i s t e n c e  o f  a  ( 4 1 0 ) .  F u r t h e r ,  t h e s e  
c a l c u l a t i o n s  s h o w  t h a t  i V *  +  +  +  ( 1 4 7 0 )  w i t h  T  =  5 / 2  d e c a y s  m a i n l y  v i a  A  + +.

Acknow ledgem ent. W e a re  g ra te fu l to  M r. E . H eg ed ű s  fo r h is co n tin u o u s en co u rag e 
m e n t an d  also  fo r h e lp fu l d iscussions.
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D .  t e r  H a a r : C o l l e c t e d  P a p e r s  o f  P .  L .  K a p i t z a

Vol. II . Pergamon Press

The second volum e o f the “ Collected Papers o f  P . L. K apitza” contains his works 
written betw een 1938 and 1964. This m eans 25 papers, nearly  all of them  published in Soviet 
periodicals and a few  published in E nglish  journals, too.

The papers can be divided into three groups according to their topics: the first comprises 
papers on low-tem perature physics and on the problems o f  gas-liquefaction. The papers o f the  
second group have m iscellaneous subjects. The papers o f the third group can be labelled  
shortly: electrical oscillations, electronics.

One o f the works on low-tem perature physics deals w ith  the v iscosity  o f H elium  II, 
w ith the so-called superflu id ity. Another discusses the phenom ena of heat-transfer in H elium  II , 
attributing its high heat-conductivity to  superfluidity. A  result of these studies which are 
remarkable from a technical aspect is th a t  it  provides a new  m ethod for producing very low  
tem peratures and approaching absolute zero tem perature. In  one paper K a p i t z a  works out 
a new m ethod for air-liquefaction. He g iv es theoretical foundations for the m ethod, and 
describes his apparatus called an “expansion  turbine” . T he apparatus works w ith  a high  
efficiency: 83 per cent. This liquéfier w orks at pressures o f  about 5— 6 atm . producing 30 kg 
of liquid air per hour. The description o f  the apparatus w as received w ith  in terest in the  
literature and was the subject o f considerable discussion.

In 3 more papers a further developm ent of the heliu m  liquefying technique is given. 
He aims at sim plifying th is technique and increasing the effic ienty  of liquefaction.

The group of papers on m iscellaneous topics consists o f 10 papers. One studies the  
Zeeman and Paschen-B ack effects in strong m agnetic fie ld s up to 320 kg. The work on the  
stab ility  o f high-speed rotors deals w ith problem s of considerable im portance from  technical 
aspects. The paper on heat-transfer in a tw o-dim ensional turbulent flow  is also of technical 
significance. K a p i t z a  carried out experim ents on the flow  o f  thin viscous flu id  layers, too. 
In the n ext paper it is show n both theoretically  and experim entally  that the flow  of thin  
viscous fluid layers is w ave-like. In a further paper K a p i t z a  discusses the form ation of sea 
w aves b y  the wind.

Two papers deal w ith  the motion o f a pendulum: w ith  the motion of a pendulum  with  
a vibrating suspension poin t and with the dynam ic stab ility  o f  such a pendulum . One paper 
gives a m ethod for the calculation of the sum  of negative pow ers of roots o f B essel functions 
involved in m any problem s o f m athem atical physics.

The increase of heat-transfer and d iffusion in a fluid in  an undulatory flow  is the subject 
of a further paper.

The follow ing paper giving the hydrodynam ical theory  of lubrication in the presence 
of rolling is o f practical im portance. The series o f papers belonging to this group ends w ith  
a work on the nature o f the widely investiga ted  ball-lightning.

Two of the 5 papers comprising th e  third group deal w ith  the electronic problems of 
a hollow  cylinder of fin ite  length. In one o f  them  K a p i t z a  determ ines the potentia l and in 
the other he considers the sym m etrical e lectric  oscillations o f  a perfectly conducting cylinder. 
The follow ing 3 papers reproduce practically the book published under the t itle  “ H igh-Power  
Microwave E lectronics” in the USSR and in  1964 by Pergam on Press. In the first paper the  
author deals w ith  the m otion  of charged particles, then discusses the planotron in detail. 
Further on he reviews experim ental results follow ed by a stu d y  of the m agnetron. In the last 
chapter he deals w ith gridded cavity resonators: with rectangular and cylindrical cavities. 
The third paper discusses the electronic processes in a high-pow er generator o f the m agnetron  
type. The device introduced here theoretically  and experim entally  is called “ nigotron” . Two 
types are described: “ single-set” and “ double-set” nigotrons.
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E ven  a brief survey of these tw o volum es gives an idea about the m an who is 
an extraordinary figure not only o f  Soviet science but is recognized all over th e  world. 
K a p i t z a  enriched several fields o f  physics w ith  achievem ents o f  outstanding im portance. 
W ith  his life’s work he sets an exam ple for youn g physicists to follow  all over th e  world.

J . B o r o s

D. t e r  H a a r : Collected Papers o f P. L. Kapitza 

Vol. II I . Pergam on Press

V olum e I I I  com pletes the publication o f  the “ Collected Papers o f P. L. K apitza” . 
I t  contains a few sem i-popular scientific  papers as well as som e papers of more general interest.

The volum e contains 31 papers. T hey can be grouped according to their top ics in the 
follow ing way: m agnetism , low  tem perature physics, organization of science, biographies 
and obituaries and, in conclusion, papers on m iscellaneous topics. The papers w ere published  
betw een 1913 and 1966, som e in E nglish journals, but m ost in  R ussian ones and in th e  volume 
th e y  appear in chronological order of publication.

Two papers deal w ith  m agnetism . One o f these discusses the future of m agnetism , the 
other, strong m agnetic fields. 4 papers provide a policy survey o f the elem ents o f  low -tem pe
rature physics: liquid air and its production, liquid helium  and its production and superfluidity.

In one o f his papers on the politics o f science K apitza describes the In stitu te  for Physical 
Problem s o f the A cadem y of Sciences o f  the U SSR  founded in 1934. A further paper reports 
on the organization o f scientific work in the Institu te . The paper published under the title  
“ The u n ity  o f science and engineering” is o f great interest. A s a com m em oration o f  th e  fortieth  
anniversary o f the Soviet state he review s the developm ent o f  physical science during that 
period. T he paper entitled  “Theory, E xperim ent, Practice”  is o f  great value as also are his 
reflections on the future o f science and on th e  efficacy of scien tific  work.

The life and work of great scientists particularly ph ysicists is a favourite  topic of 
K a p i t z a  I t  is interesting for everybody to see how these sc ien tists are pictured b y  this pro
m inent representative o f  Soviet science. A m ongst the biographies and m emorial papers are 
to  be found: R u t h e r f o r d , the great teacher o f K a p i t z a . Four o f the papers deal w ith him. 
In  one, K a p i t z a  surveys R u t h e r f o r d ’s historically sign ificant scientific achievem ents. 
T he last paper o f the volum e is a longer m em orial lecture on R u t h e r f o r d  given  b y  K a p i t z a  
in E ngland on the invitation  of the P resident o f the R oyal Society.

There is a paper on N e w t o n  for th e  tricentennial anniversary of his b irth , one on 
B enjam in F r a n k l i n  for the 250th  anniversary o f his birth and one written on th e  occasion 
o f the 200th anniversary of L o m o n o s o v ’s death . In a long paper he describes th e  activ ity  of 
P aul L a n g e v i n , the progressive French ph ysicist, an honorary member o f the A cadem y of 
Sciences o f  the U SSR .

T he group o f m iscellaneous papers contains the follow ing: The production o f  cod-liver
oil. Science and war. On stereoscopic film s. On the 25th anniversary of the establishm ent of 
th e  Soviet state . W e fig h t for freedom . H ow  is atom ic war to  be prevented? Prob lem s of inten
sification  o f technological processes b y  oxygen.]

J .  B o r o s

P . K r a t o c h v i l : Crystals 

Iliffe B ooks L td. London, 1967, 112 p.

This little  m onograph was published as the seventh  vo lum e of the series “ Introduction  
to P hysics” . The m onographs in the series have been w ritten b y  distinguished Czech physists 
and their publication was supported b y  E nglish  specialists. The book —  like the other volumes 
o f the series —  provides an introduction to  th is field  for stu dents a t universities and  technical 
colleges.

In the Introduction the author sta tes the im portance o f  crystal physics in  research of  
solids, and this fact is also specially technically  im portant. H e points out here th a t the results 
o f basic research are frequently not used in  applications, bu t in  th is field  the results o f physical 
research have provided a basis for rapid technical progress.
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As an application o f th e  results of crystal physics the w idely  known exam ples o f  crystal 
rectifiers and transistors are mentioned.

The book deals w ith  its  subject-m atter in  four chapters. Chapter 1 supplies the know 
ledge of atom ic physics necessary to understand crystal physics. I t  describes the four types  
of bonds in crystals. Then, crystal system s and the main la ttice  typ es are sum m arized. The 
reader is introduced to the concept of ideal and real crystals, follow ed by a description  of  
various im perfections to be found in real crysta ls. The determ ination of crystal structure and 
the detection o f lattice defects are briefly discussed.

Chapter 3 deals w ith  th e  problem of crysta l growth. F irst, th e  present accepted theory  
o f crystal grow th is outlined. Then, the questions of the form ation of crystallization  nuclei, 
growth from the m elt, crystallization  of im pure m aterials, and segregation of im purities are 
dealt w ith. There follows a description of the theory  and technique o f zone-m elling and zone- 
purification. T he chapter ends w ith  a survey o f  the im portant m ethods of growing crystals 
from the m elt, from solution and from the vapou r phase.

Chapter 4 ends w ith  a description o f  som e crystal properties and the use o f crystals. 
I t  discusses the electrical, m echanical, optical and m agnetic properties o f solids.

J . B o r o s

M. F r a n c o n : Diffraction. Coherence in  Optics

Translated from  the original French by Barbara Jeffrey, Pergam on Press, 1966, 139 p.

This book presents an account of Fraunhofer diffraction phenom ena and is essen tia lly  
the subject m atter  of a course given  by the author at the F acu lty  o f Science in Paris. A s the  
author states in  the Preface, th e  book is intended to  give those basic concepts which are needed  
b y  all engineers and researchers working in th is field . The book is divided into seven chapters.

As an introduction, vibrations, w aves, th e  H uygens—Fresnel principle, Fraunhofer  
and Fresnel diffraction phenom ena and the general integral giv ing the lum inous in ten sity  
at a point, are treated. After th is, diffraction phenom ena arising from  slits of the sim plest 
form  are treated: Circular, rectangular aperture, narrow slit. It also gives the distribution  of 
lum inous flux  in the Airy spot. In  the follow ing chapter Fourier integrals and transform s are 
dealt with. These are indispensable m athem atical tools in the understanding of diffraction  
phenomena.

After th is, diffraction b y  several apertures identical in shape and orientation, for 
exam ple diffraction by tw o, three, or more narrow slits, is treated . Diffraction by com ple
m entary screens, and Babinet’s theorem are also discussed here.

The n e x t chapter includes diffraction b y  extended lum inous sources, and a detailed  
analysis of spatia l and tim e coherence is presented.

Chapter V I studies diffraction phenom ena in perfect optical instrum ents. I t  g ives the  
resolving power for astronom ical telescopes, m icroscopes and prism spectroscopes. D iffraction  
gratings, phase contrast instrum ents and the Cl irk  ground m ethod are also discussed in detail.

The final chapter studies diffraction phenom ena in red  optical instrum ents.
The interested reader can find an ex ten siv e  bibliography a t the end of the book.

J .  B o r o s

Nuclear structure and electrom agnetic interactions

E dited  by N. M acdonald, Oliver & B oyd  Ltd., Edinburgh, 1965

The book is based on lectures given at th e  5th  Scottish U n iversities’ Sum m er School 
in Physics in 1964. The lecturers were recognised experts in this s ib je c t . They h iv e  w ritten  
separate parts o f  this book. T he m ain purpose o f  the book is to give a partieu lir stu d y  of  
experim ental m ethods and results in the field o f  electrom agnetic and photonuclear processes 
and to consider the interpretation of these phenom ena in terms o f m odern theoretical concepts 
o f nuclear m odels and the electrom agnetic properties o f nuclei.

Acta Physica Academiae Scientiarum Hungaricae 26, 1969



424 RECENSIONES

The first tw o chapters give an introductory background to nuclear structure theory. 
Prof. A. D e -Sh a l it  writes about nuclear m odels and th e  electrom agnetic properties o f nuclei. 
H e m akes som e rem arks on the role o f nuclear m odels, about the inform ation w e can get from  
w ave-functions and how we can test w ave-functions by comparing the calculated m atrix  
elem ents w ith  the m easured ones. Prof. B. F. B a ym an  w rites about the general properties of 
som e nuclear m odels. He deals in detail w ith the independent particle m odel or shell m odel 
for a spherical nucleus and for a strongly  deformed nucleus, then w ith  the quasi-particle 
m ethod and the boson m odel. The third chapter deals w ith  radiative transitions following  
nuclear reactions and is w ritten by A. E . L it h e r l a n d . H e describes several m ethods including  
the Doppler sh ift attenuation  m ethod for measuring nuclear lifetim es down to about 3* 10“ 14 
seconds, and the gam m a-ray angular distribution and correlation m ethods. As illustration, 
he decentres m any experim ental results from  m easurem ents m ade at the Chalk River Nuclear  
Laboratories. T he follow ing chapter w ritten  by E. H a y w a r d  deals w ith photonuclear reactions. 
A fter a short sum m ary of the theoretical results he describes the various experim ental possi
b ilities and deals in  more detail w ith  photonuclear cross-section m easurem ents on heavy nuclei 
and the hydrodynam ic m odel, w ith  ligh t nuclei and the independent particle m odel and w ith  
the decay of the dipole state.

In the n ex t chapter Prof. G. R. B ish o p  gives an account of all we know  about electron  
scattering by nuclei, the virtual photon picture, the Born approxim ation, radiative corrections, 
phase-sh ift analysis o f elastic scattering, and the scattering form factors for nuclear m odels, 
especially  the form  factors for the independent particle m odel.

Coulomb excitation  and nuclear fission, both  theoretical and experim ental, are briefly  
sum m arized b y  J. O. N ew to n  and J. R. H u iz e n g a . The last three chapters o f  the book deal 
w ith  nuclear radiation  detectors w ritten  b y  A. T. G. F e r g u s o n ; w ith fast electronics in nuclear 
physics, by P. R . O r m a n ; and w ith  data processing b y  J . Y. K a n e . E ach o f these is a very  
interesting sum m ary o f his subject.

The book is recom m ended to research workers who are interested in nuclear structure  
investigations.

D. K is d i

H .  A .  B ethe  u . R .  J ac k iw : I n t e r m e d i a t e  Q u a n t u m  M e c h a n i c s

Second E d ition , X V I - f  393 S ., W . A. Benjam in, Inc., New York, Am sterdam , 1968.

Die zw eite Auflage dieses B uches, das schon oftm als gewürdigt wurde, weist dieselben  
Vorzüge auf w ie die erste. Erfreulicherweise ist die zw eite Auflage w esentlich  erweitert. B eide  
A uflagen sind in erster Linie für Studierende der theoretischen Physik geschrieben und dienen  
als eine E inführung in dieses Gebiet. D as Buch bringt V ieles, das man im allgem einen in Büchern  
über Q uantenm echanik nicht findet. D ie Auswahl des Stoffes ist sehr glücklich und entspricht 
durchaus den m odernsten Bedürfnissen auf diesem  Gebiet.

D as B uch gliedert sich in 4 H auptteile , diese sind: Theorie der Atom struktur, H alb
klassische Theorie der Strahlung, Zusam m enstösse von  A tom en und schliesslich R elativistische  
Gleichungen.

Wie die A utoren hervorheben, soll dieses B uch kein T ext-B uch der Quantenm echanik  
sein, sondern eher als ein Ergänzungswerk zu einem  solchen dienen, dadurch wird auch die 
auf die schon w eiter oben hingewiesene Auswahl des Stoffes begründet.

Im Verhältnis zur ersten A uflage erweitert wurde das Buch hauptsächlich durch eine  
ziem lich ausführliche Theorie der Zusam m enstösse von  A tom en, während einige K apitel über  
Feldtheorie der ersten Auflage w eggelassen wurden.

D ie am  E nde der K apitel angeführten und gut ausgewählten Problem e sollen zur 
M itarbeit des Lesers beitragen.

E tw as m angelhaft sind an m anchen Stellen die Literaturhinweise. D iese scheinen mir 
an einigen Stellen  etwas rhapsodisch ausgew ählt zu sein.

Das B uch kann allen die sich für Q uantenm echanik interessieren, insbesondere den 
Studierenden auf diesem  Gebiet, wärm stens em pfohlen werden.

P. G o m b á s

Printed in H ungary
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