ACTA
PHYSICA

ACADEMIAE SCIENTIARUM
HUNGARICAE

AAAAAAAAAAAAA

|||||||
P. GOMBAS

TOMUS XXV FASCICULUS |1

AKADEMIAI KIADO, BUDAPEST



ACTA PHYSICA

A MAGYAR TUDOMANYOS AKADEMIA
FIZIKAI KOZLEMENYEI

SZEKKESZTOSEG ES KIADOHIVATAL: BUDAPEST V. ALKOTMANY UTCA 21.

Az Acla Physica német, angol, francia és orosz nyelven kozol értekezéseket a fizika
targykorébél.

Az Acla Physica valtozé terjedelm( fuzetekben jelenik meg: tobb fiizet alkot egy kdtetet.

A kozlésre szant kéziratok a kovetkezé cimre kildenddk:

Acla Physica, Budapest 502, P. O. B. 24.

Ugyanerre a cimre kildend6 minden szerkesztéségi és kiadébivatali levelezés.

Az Acla Physica el6fizetési ara kotetenként belfoldre 120 forint, kulféldre 165 forint.
Megrendelhet6 a belfold szdméra az Akadémiai Kiadénal (Budapest V., Alkotméany utca 21.
Bankszamla 05-915-111-46), a kilfold szamara pedig a ,,Kultira” Konyv- és Hirlap Kil-
kereskedelmi Vallalatnal (Budapest 1., F6 u. 32. Bankszamla 43-790-057-181 sz.), vagy annak
kulfoldi képviseleteinél és bizoméanyosainal.

Die Acla Physica verdffentlichen Abhandlungen aus dem Bereich der Physik in
deutscher, englischer, franzdsischer und russischer Sprache.
Die Acta Physica erscheinen in Heften wechselnden Umfanges. Mehrere Hefte bilden

einen Band.
Die zur Veroffentlichung bestimmten Manuskripte sind an folgende Adresse zu

richten:
Acta Physica, Budapest 502, P. 0. B. 24.

An die gleiche Anschrift ist auch jede fur die Redaktion und den Verlag bestimmte
Korrespondenz zu senden.

Abonnementspreis pro Band: 165 Forint. Bestellbar bei dem Buch- und Zeitungs-Aussen-
handels-Unternehmen »Kultdra« (Budapest 1., F6 u. 32. Bankkonto Nr. 43-790-057-181)
oder bei seinen Auslandsvertretungen und Kommissiondren.



ACTA
PHYSICA

ACADEMIAE SCIENTIARUM
HUNGARICAE

AAAAAAAAAAAA

|||||||
P. GOMBAS

TOMUS XXV

AKADEMIAI KIADO, BUDAPEST
1968

AAAAAAAAAAAAAA






J.

H.

x> m

. Agnese, G. Paoli, M. Scotto and A. Wataghin:

ACTA PHYSICA

Tomus XXY
INDEX
I. Horvath: On the Hyper-Geometrization of the Relativistic Phase-Space For-
malism 1Il. — A. W. TopBaT: O cBepx-reoMeTpusaumm pensaTUBUCTCKOro
(ha3oBoNPOCTPAHCTBEHHOIO (OPMANM3MA |11 .o 1

M. Mnaknga v T. Luknow: Y4YET aHrapmMoHMYecKMX 3(P(HeKTOB BbICLINUX MOPSALKOB
B Kpuctannax — N. M. Plakida and T. Siklés: Account of the Highest Order

Anharmonic Effects in Crystals ... 17
Ts. Ljast and R. G. Nousratoullin: Delocalization and Correlation of Electrons in the
Molecules of Saturated Compounds. I. — W. M. Nacin u P. . HycpaTynnuH :
[enokanusaumna v Koppensuus 371eKTPOHOB B MOJIeKyNax HAaCbIWEHHbIX COeAn-
HEHUIZL Lottt bbbt 31

Body and E. Rupp: Barrier Penetrabilities and Reduced Widths for nt-decay in the
Medium Heavy Region. —3. bagn n E. Pynn: BapbeHble NpoHULaeMocTu 1 pe-
LyLUMpOBaHHbIe LWMPUHBLI ANA a-pacnaja B CPeAHe-TAXENOM PaloOHE . ..., 41

I. Ban, Gy. Domotor and F. J. Gilde: Splittings of (/"-Configurations in Ligand Fields
of Pentagonal and Hexagonal Symmetries. — M .baH, Ab. lemeTep u ®. ['nnbae:
PacwenneHuns (/"-koHdurypaumii B noNsx MNraHfoB C MeHTaroHanbHOW M rekcaro-
HaNIBHOM  CUMMETPUEM  ooviiiiciicici ettt

Modification of Multiple Scattering
Theory in View of Recent High Cell-Size Measurements. — A. ArHece, . MMaonn,

M. CkoTTO 1 A. BaTaruH : Mogugpunkaumsa Teopun MynbTUNAETHOrO paccesHUs ¢
TOYKMN 3PEHUS HOBbIX AYEEK OOJIBLUOTO PA3ZMEP B 71
Prade und Gy. Mathé: Experimentelle Anordnungen mit a. p. m. Prinzip fir Polarisations-
messungen. — X. [pags un Ob. MaT3: OKcnepuMeHTaNbHbIA NpUeMm ANns M3me-
peHusa MonsipM3aLumn, 0CHOBAHHbIA Ha MPUHLMUMNE @. P Mo 83

Pet6, P. Bornemisza-Pauspertl and J. Karolyi: Applicability of the Statistical Model
for Explaining the Ratio of the (n, n') to (n, 2n) Cross Sections. — /*. IMasTs, T.
BopHemuca-MaycnepTn n WN. Kaponu: [MpUMEHUMOCTb CTaTUCTUYECKOW MoAenu
LNA 06bACHEHUA OTHOLUEHUA MOonepeyvyHoro cedeHns (N, N') K ceveHuto (m, 2n) ... 91

57

. Huszar and M. Ziegler-Naray: The Hydrodynamical Model of Wave Mechanics 1Y.

— Af. Xycap wun Ai. Uurnep-Hapau : mapoguHamuyeckass MofeNb BOJIHOBOWA
MEXAHUKU TV i s 99

. Tinland: A Theoretical Study of the Ultraviolet Absorption Spectra of Biphenyl .. 11l
. Pédor and C. lvanka: Magnetoresistivity of n-type GaAs Single Crystals in the Impurity

SCALLEFING R BN B ettt bbb bbbt b bt st ne et 115

. Nagarajan and A. Perumul: Mean Amplitudes of Vibration for an XY4 Molecular

Model With D2d Symmetry: Application to Phosphate 10N ..., 119
Magori and Zs. Ozoréczy: The Hartree Energy of the Valence Electron of K................ 127

. Srinivasa Rao: CI13 Nuclear Magnetic Resonance in CalCite.......ouvnniinniicinncens 129
. Venkateswarlu and C. Purushothaman : Urey —Bradley Force Constants, Mean Ampli-

tudes of Vibration, Shrinkage Effect and Coriolis Constants in IF5 and 10Fs
K. ®eHkaTecsapny n L. TlypywoTamaH : CunoBble NOCTOAHHbIE Ypu—bpeannu,
cpefjHue aMnAnTyabl BUbpauumn, cTarusatowmii atdekT n noctosiHHble Kopuonuca
B IFB N TO F bbb 133

Bop6eit n 3. WN. [onuHckuii: O6 apdekTax TOXAECTBEHHOCTW YacTuy, B SAepPHbIX
peakuyusax. — |. Borbély and E. I. Dolinsky : On the Effect of Particle Exchange
N NUCIEAr REACTIONS ..o 141



C. A. Cwmoasncruil: 3ameyaHue OTHOCHTENIbHO TIPHMHIMINA 0CJabJeHUs] KOppessiiuu
S. A. Smolyansky: Comments on the Principle of Attenuation of Correlation
G. Forst: Nachweis der Welleneigenschaft des Lij-Ions durch Streuung an Molekiilen
— I'. @opcm: JlokasaresbCTBO BOJHOBBIX CBOHCTB HOHa Lif paccesinnem Ha moJie-
e L T G o
Z. Kunszt and T. Nagy: Negative Parity Baryon Resonances in the SU(6) Symmetry.
— 3. Kyuem n T. Haos: bapuoHHble PE30HAHCHI OTPUUATEIbHOH YeTHOCTH B
CAMMETDIN SUB). coisisrettins s oun b ton shortsbs whe i Sl e e i ey st f e e
Gy. Biiti: The Many-Body Problem in Terms of Particle Group Functions. — [Jb. Gomu :
ITpodsieMbl MHOTIMX TeJl TI0 TPYIMOBBIM (PYHKIHAM YACTHIL .« .vvvvvnnnnnnnnn...
F. A. El Bedewi, Z. Miligy, N. A. Eissa and M. Morsy: Decay Scheme of Pr'#. — &. A.
9a Beoesu, 3. Muauau, H. A. Succa u M. Mopcu: Cxema pacrnaga Pri4d .. ..
F'. A. El Bedewi, Z. Miligy, N. A. Eissa and M. Morsy: Decay Scheme of Pd!'! and Pd!''m
— @. A. 9z Beoesu, 3. Muaueu, H. A. Succa n M. Mopcu : Cxema pacnaaa Pd!.
HOPALIDIRE = e it o G e o ol st ettt g st S e s S L S B o
F. Mezei: Nonlinear Model in Quantum Field Theory. — ®. Me3seu : Hennneiinast Mo/1esb
B KBAHTOBOI TCOPHI TIOMM: o/« sisiam s aiske she wisia woisue #/uis,os 4 abals) o w8 BIMLS 4iayeleis )8 ik o) o1
K. L. Nagy: Z—0 YLimits in the Liee Model .insivmsswme s s sisisrs s miss o slosioe s

I. Cseh: Surface Recombination Studies of Germanium by Suhl-Effect Applying Light
ENTOCTION ) %80 cs b Bt onars she s JE s ) B SUL TR o kst ) el s R o bt S A O A A SR L0y 8 Ao e i
J. Schanda: On the Frequency Dependence of ZnS Electroluminescence Spectra......
BRGNS OMBE 4 aru s i 0 T A T et & S e e A T S ST ls (931 e T e P e A P et 6 003
S. S. Rathi, K. Gopalakrishnan and J. Kishore: Quenching of Fluorescence of Eosin
in Solutions. — Il. Ill. Pamu, K. I'onaaaxpuwran w 0. Kuwope : T'awenne uiy-
OPECIEHNAIN- D03UHA BFPACTBODE! <5 et it tsy s ieheiisl o haiotafsfe RRFTs's B pudh Shovaica Slone S uibe o &
L. Fiistéss: Calculations on the Application of Electron Scattering to the Determina-
tion of Pressure. — JI. @owmaw: PacueTbl 0 TPUMEHEHNH PACCeSTHUST JIsT OTIpe/ie-
BT 1 5 W10 )0 (0 N o
A. Addm, F. Dedk, P. Hraské, L. Jéki, A. Kiss, Zs. Kovesy and G. Palla: Small Angle
Elastic Scattering of 14 MeV Neutrons by #38U. — A. Adam, . Heax, I1. Xpawro,
J. Hexu, A. Kuw, JK. Kesswu n I'. Ilaaza: Ynupyroe paccesiume HeilTpoHOB ¢
oHeprueii 14 MoB moj MajbIMH yriambl Ha siapax 28U ................c.une.
L. Janossy: Remark to the Interpretation of the Kennedy—Thorndike Experiment. —
JI. SInow : 3ameuyanue K MCTOJIKOBAHUIO akcnepumenta Kennenn—Copunaiic . ..
A. Szalay and E. Csongor: Precipitation of Fission Products from the Atmosphere in
Debrecen, Hungary, During 1966 and 1967. — A. Caaaun E. Yoreop : ITpoayKThl
nenenust B armochepHsiX ocaakax B r. [eGpeuen (Beurpusi) B 1966 u 1967 rr.
J. Dombi: Energy Transfer Processes in Luminescent Mixed Solutions. — . Jombu :
ITpomeccel repegaun 9HEPrMH B JIOMHHECHUPYIOLMX PAacTBOPAX CMECH .. .....
I. Lovas and .J. Révai: An Exactly Soluble Model for Resonance Scattering. — H. Jlogaiu
u 5. Pesau: TouHo pasdpeumramasi Mojiesib JJisl Pe30HAHCHOTO PACCESTHUST .. ......
Subir Kumar Bose: Simple Derivation of Equal Spacing Rule in Masses in Decuplet
By G e GO R OF R L N e o S errats) ey v e et e Sl Ry 10
AR ECONBIONIEE s win:iy 5 51151615516 5 506,519 (e (0hwa 8 SLais 3 SUEAAIT R il ) & Joholloyon s s 5 eis e o Naamaleaio s Siatah s
O DICHANY: ' loviieizot s 0 s 5 keois s ek kbeieie A(iA 3 o reosTaare S I R a1 e AT oo & UaTte IS IOVA s e ms B8
V. Majernik: The Information Gain by Localizing a Particle. — B. Maileprurx: VYse-
JInueHHe MHQPOPMALMH NMYTeM JIOKATH3AUMH YACTHIL «.ovvvvnvvnnnnnnenenennnn.
0. Kunvdari: Application of the Wave-Mechanical Repulsive Potential in the Calculation
of the Energy of the Li Atom. — O. Kyngapu : TlpumeneHne BOJIHOBO-MeXaHHueC-
KOro OTTaJIKMBAIOLIEro INoTeHIHaga NpH omnpesaeseHHd sHeprum aroma Li ......
P. Gombas und T. Szondy: Losungen des vereinfachten Self-Consistent Field in erster
Niherung fiir die Atome Z = 2 bis Z = 92 des periodischen Systems der Elemente
L. IT I'ombawr v T. CoHOou: PellleHHe YIPOIIEHHOI0 CAMOCOTJIACOBAHHOTO T10JIsT
B [IEPBOM TNPHUOJIMYKEHHH AJ1s1 aTOMOB 0T Z = 2 1o Z = 92 B nepuojanyeckoii crc-
TEME BITEMEHTOB (L. “iire dvivfcwve 1 sié slizaetove s ‘saiievalarial sveis fsrefe sl iuiuris o b aile skexsiasiatess () olamald
P. Gombds: Uber die Weizsiickersche kinetische Energiekorrektion. — I1. I'omGauw: O
KOPPeKIUN KHHeTHYecKoi aHeprun Bedngekkepa ............................

147

205

215
227

229
233"
237

245

251

261

275

279
287
307

321
325
327

331

341



G. Pataki: Velocity and Current Determination for Steadily Travelling Domains in

Semiconductors Il. — . MaTakn : OnpegeneHne CKOPOCTM W TOKa ANSA cTaumo-

HapHO ABWXYLUXCA AOMEHOB B MOAYNPOBOAHUKAX ..o 377
Z. Perjés: Some Properties of Cylindrical Electrovac Fields. — 3. [Mepbew : HekoTopble

CBOWCTBA LUWANHAPWUYECKUX 3NEKTPOBAKYYMHBIX TMOMEM oo 393
I. Demeter, L. Déra, llona Fodor, L. Keszthelyi, I. Szentpétery, L. Varga and J. Zimanyi:

The Ground-State Gamma Decay of the 49Ca Ground-State Analogue in 49Sc. ... 401
|. Demeter, L. Déra. L. Keszthelyi, L. Pécs, |. Szentpétery and J. Zimanyi: Average Spacing

of Excited Levels in 4V 403
I. Montvay: A Remark on the Algebra of Space-Components of Current Densities......... 407
E. Baldzs: A Simple Hartree —Fock Calculation for Hed ..., 411
J. Balazs: Investigations of the 1—V Characteristics of ZnS Single Crystals................. 413

R B BN S O NS ittt ettt ettt a et et s st e st e e e st e b e b e st ebe e s e s e R s ebe b et ere et e b e s b e be e r et eneebe st et ene b e 417






Acta Physica Academiae Scientiarum Hungaricae, Tomus 25 (1), pp. 1—15 (1968)

ON THE HYPER-GEOMETRIZATION OF
RELATIVISTIC PHASE-SPACE FORMALISM 111

By
J. l. Horvath

DEPARTMENT OF THEORETICAL PHYSICS, JOZSEF ATTILA UNIVERSITY, SZEGED

(Presented by A. Kénya — Received 30. Y. 1967)

In the first two parts of this paper the definition and the geometrical structure of
relativistic phase-space were investigated; later the idea of hypergeometrization was discussed
reformulating several previous results. Now, the suggested method will be used to develop a
relativistic kinetic theory of gases. First different definitions of the distribution function, then
the derivation of Boltzmann’s relativistic transport equation will be discussed and the suggested
general results will be checked in special cases previously investigated by several authors.

Finally, having i1srae1’s theory in mind, the outline of the foundation of a general relati-
vistic thermodynamics will be proposed.

In order to find a way to characterize the collective behaviour of a macro-
physical system of gaseous particles one has to introduce one of the most
important devices of kinetic and statistical theories, the distribution function,
whereby the mathematical framework to render possible the calculations of
its macroscopic quantities of states can be developed.

Two different philosophies are concealing behind the usual interpretations
of the distribution function both in relativistic and non-relativistic cases.
According to the first one the distribution function -T(x, p) — strictly speaking
N (x, p)did — denotes the number of particles in the volume-element dV of the
configuration-space, the momentum components of which lie in the specified
volume-element dP of the momentum-space. The didactical power of this
familiar definition should not he doubted and anybody knows what it means,
but it is horrifying to a mathematician to think of the paradoxical argument-
ation usually following this definition in several excellent text-books of kinetic
and statistical theories, according to which the measure of did has to be small
enough to master the limiting process needed, hut big enough to contain the
necessary number of particles for a statistical treatment. All the conceptual
difficulties of this definition can easily be overcome in terms of the theory of
probability where the distribution function means the probability density to
find the phase-point of one of the gaseous particles in the volume-element
did of the phase-space. As a further advantage of the second philosophy it
may be regarded that it provides a possibility for developing kinetic and
statistical theory in the language of field theories.

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



2 J. 1. HORVATH

Keeping the dimensionality of the relativistic phase-space [42]* and the
definition of the relativistic phase-space volume-element in mind [43], one
can immediately observe that the distribution function m{x,p) — defined
only provisionally above — has another dimension as the distribution function
of the non-relativistic theory. As a matter of fact, we have to discuss the rela-
tion of the relativistic distribution function to the non-relativistic one.

After the definition of the distribution functions in the cases of different
particular gaseous systems the explicit expression of this fundamental state
guantity of the gaseous systems has to be determined. This may be done either
in terms of combinatory methods or by finding the general differential equation
representing the external and internal dynamic interactions as well as the
influence of the stochastic forces induced by the binary elastic collisions of the
particles, the solution of which gives the distribution function. The first method
was already used by Juttner [1] developing his relativistic gas theory, the
second when the more up-to-date kinetic theories of relativistic gases have
been treated. Also in the following, the latter method will be discussed based
on the framework of the hyper-geometrized version of the relativistic phase-
space. Finally, the outline of the foundation of a general kinetic theory of
gaseous systems will be proposed.

8§ 5. New derivation of the relativistic Boltzmann’s
transport equation

In order to derive Boltzmann’s transport equation first of all we have
to formulate the underlying equations of motion for single gaseous particles
to find the equations of phase-space trajectories. Then we have the possibility
to suggest a definition for the distribution function, or rather to formulate
the problem in field theoretical terms based on the definition of an adequate
field of probability.

5.1. Equations of motion as the equations of phase-space trajectories. The
problems connected with the equations of motions of the gaseous particles
were investigated in Section 3.1 and the definition of the curves of line-element
spaces was treated in Section 2.3, respectively. Keeping these considerations
in mind in the framework of the suggested theory where the geometrization
of the phase-space is carried out in terms of line-element geometry, obviously,
the relativistic trajectories of the gaseous particles have to be represented by
the set of equations

(5.1.11

* Numeration of paragraphs, formulae and references will be continued in this part,
too and our notations are, of course, co-ordinated with those of the previous parts [42, 43]
as well.
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HYPER-GEOMETRIZATION OF RELATIVISTIC PHASE-SPACE FORMALISM 3

D
S (5-1.2)

where here and in the following it is again supposed that m0= 1 and T means
the parameter of the length of arc being the proper time of the gaseous particles
along different world-lines of configuration-space.

The solution of this set of differential equations is

= *f(r) (5.1.3)

which, according to the definition (2.3.2) of the curves in general line-element
spaces, can be regarded as the trajectories of the gaseous particles.

In this way the influence of external fields Kfl can he regarded either in
the case of perfect gas systems or — having Israe1’s proposal in mind [9] —
in the case of systems of gaseous particles with gravitational interactions.
However, to render it possible to take into account also the stochastic inter-
actions among gaseous particles being characteristic from the point of viewr
of the collective behaviour of the macroscopic system, in addition, one has to
find the relativistic generalization of the collision integral, to complete the
derivation of the transport equation.

5.2. The field of probability describing the collective properties of the gas
systems; the definition of the distribution functions. The volume and the volume-
element of the (4 -J- 3)-dimensional relativistic phase-space, respectively, dif-
fers not only in its geometrical but also in its physical dimension from that of
the (3 -J- 3)-dimensional non-relativistic phase-space possessing the physical
dimension of “ergsec”. Should the phase-points {x, p}, or (a, f) be regarded
as variables of probability and a probability field ~(x, p) or «?(x, |) be defined
over the relativistic phase-space, then the interpretation of these density
functions, of course, will be quite different from that of non-relativistic phase-
probability.

The difference of the meaning between the distribution functions men-
tioned above can be found in the fact that while in the non-relativistic theory
the time-coordinate plays the part of a parameter whereon the phase-points
{x (t); p(i)} depend, in the formalism of the relativistic configuration-space
the time- and space-relations are already considered due to the geometrical
structure of the space-time continuum. As a matter of fact, while in the non-
relativistic theory the natural motion of the phase-space means the continuous
sequence (one-parameter group) of transformations of the non-relativistic
(3 -f- 3)-dimensional phase-space onto itself, in the relativistic theory the
gaseous particles are moving along their world-lines and the distributions of
the phase-points from instant to instant are represented by distributions of
the phase-points on the sequence of successive (3 -J- 3)-dimensional space-likc

1* Acta Physica Academiae Scientiarum Hungaricae 25, 1968



4 j. . HORVATH

hypersurfaces. Consequently, the problem of the non-relativistic theory: “what
is the probability of finding the phase-point at an instant of time in a phase-
space volume-element?” has to be replaced in the relativistic theory by the
following one: “what is the probability of crossing the world-line of the gaseous
particle and the (3 -)- 3)-dimensional surface-element of the space-like hyper-
surface corresponding to the instant of time?”. While in the non-relativistic
theory phase-probability was explicitly dependent on time only in the case
of non-stationary processes in the relativistic case the distribution function
yr(X, p) has to state, what is the probability of crossing the trajectory through
a certain hypersurface in a given time-interval.

Let us suppose that the probability of finding the phase-point {x, p} or
rather {x, |} in a volume-element dQ is determined by

dw(x, f)= aTix f)di = ,Y(x,i) mM]dVd3E = 521
= ANx,p)dVdP = P(x, p) dQ = dw{x,p)

being invariant of the complete group d| = d|xX<4f of the transformations

X2 = X (xf), |- = E-(£) AN 9(x0", x1', x2, x) 0,1)= 9(Ixsfgs M

e, x4, xr, ard

(5.2.2)
In order to obtain a deeper insight into the meaning of our definition
one has to remember the explicit expression (4.5.21) of the relativistic phase-
space volume-element. Consider an infinitesimal phase-tube of finite length
generated by the natural motion of neighbouring phase-points bounded by the
3 3)-dimensional surface-element d Q ~ on the space-like hypersurface a'
and by a similar surface-element dQ™f ) on the space-like hypersurface a".
Let us suppose that the volume-element in our above definition is a sheet of

this phase-tube of a thickness of dr denoted in the following by

dQrd

dQ\f dr = mnl(pxn?)ep dedmditadr =
(pxnAeSdedmd™ d r

(5.2.3)

where pgis the tangent of the world-line of the gaseous particle and n means
the unit normal vector of the hypersurface-element on the space-like a hyper-
surface at their crossing-point at the instant of time r. In fact,

dw” (x, p) (x, P) dQ(a) = (x,p)dQ\fdr =  (* f)d Qf>dT (5.2.4)

means the probability that the trajectory of the gaseous particle considered crosses
the surface-element dQ” of the space-like hyper-surface r at the interval (r,r -f- dr)
of its proper-time.

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



HYPER-GEOMETRIZATION OF RELATIVISTIC PHASE-SPACE FORMALISM 5

Having the definition (4.5.21) of dQ” and that of di [eq. (4.3.2)] in
mind, we know that in the rest system of reference if the a hypersurface
coincides with the hyper-plane x° — const, and the inhomogeneous direction
co-ordinates are referred to the A+-triad, then the latter is a special case of the
first one: dQ = dQ¥&\ Owing to the convention that in the case of an internal
inversion in respect to the origin of the X+-triad the normal direction of the
a hypersurface has not to be changed, dQ is a pseudoscalar of the transform-
ations of our general group (5.2.2) unlike dQ which is a scalar. Here, in the
following, we shall use the scalar volume-element dQ , but we beware of the
redefinition of dQ, namely, such a change of the normal direction of the a
hypersurface would entail time-reversal which could be problematic in some
applications of the method. As the probabilities (5.2.1) and (5.2.3) are per
definitionem invariant, keeping the transformation properties of dQ and dQ¥>
in mind, it is easily obtained that the probability field X, p) is pseudo-scalar
and the probability field J~~x, p) is a scalar.

The trajectories of the gaseous particles are time-like curves. Therefore,
they cross certainly the space-like a hypersurfaces. Let the probability
dw@E>(x, p) be integrated over the whole a hypersurface then

M(°Lr)-£AN<(«>.7m (X,p) (5.2.5)

is obtained, where wa\r)dr means the probability that the trajectory crosses
the space-like a hypersurface in the proper time-interval (r, r + dr). As a mat-
ter of fact,
1, if w<a'(x)is integrable
dr w(a)(t) along the world-line; (5.2.6)
oo. if wha\r) = const.

This means, if the statistical weight of the phase-points along the trajectories
— e.g., due to the finite life-time of the gaseous particles — is variable, so
that mi(o™(t) differs only on a finite section of the world-line from zero, or for
T—m— o0 and T—*-j- oo decreases exponentially, then J?jgJ(x, p) can be
normalized in the usual way:

Jdo@"@)xp) = 1, (5.2.7)

where the integration has to be extended over the whole phase-space.
However, if the life-time of the gaseous particles is infinite — as is usual
in the case of gas-systems with unchanging number of particles N = const. -
the trajectories are running from T= — oo to T = j- o0, it can be supposed
that the statistical weight of the phase-points along the whole world-line is
constant and as a result the normalization of type (5.2.7) looses its meaning.

Acta Physica Academiae Scicntiarum Hungaricae 25, 1968



6 J. 1. HORVATH

But, in this case each space-like a hypersurface is crossed by the trajectories
and it is a less stimulating problem in which time-interval (t, r -j- dx) the
crossing takes place. Since, in this case it is rather interesting to formulate
our problem in the following way: “ivhat is the probability that the trajectory
crosses the hypersurface a through it surface-element d Q Certainly, this
may be the reason that only the problem formulated in this way has been
investigated by previous authors.

Let the life-time of the gaseous particles be denoted by r* and, e.g.,
we suppose that T is a variable of probability with Poisson-distribution.
Furthermore, let us suppose that the crossing of the trajectory and the hyper-
surface a takes place at the instant of the proper time rQ, then the probability
density function M\a)(x,p) may he given in the form

~ exp {- [t- rOMT*}HM(x,p). (5.2.8)

In the case of gaseous particles with infinite life-time, the crossing at an instant
of time r0 can certainly be realized. Therefore, it seems to be reasonable to
suppose that

[Ir)(*.p) = T —To) /<,,)(*»p) > (5.2.9)

namely, in this case

-1 dr\adQo)t M AP) = JH drj'dOtf He- TOFM(x,p) = ~ 2

:\de{) fw fx, p),

where a* means the space-like hypersurface containing the phase-point cor-
responding to the parameter r0 and, of course, the normalization of this
(3 -f- 3)-dimensional integral can be carried out.

f @(x, p) denotes — in both cases — the probability density function of the
event that the trajectory crosses the space-like hypersurface a at the instant x of
the proper time in its point {x, p} and {x, £}, respectively. By introducing an
adequate factor of normalization also in the case of "~ (x, p) defined by (5.2.8),
it can be supposed that for any given space-like hypersurface the normalization

\ad&ia)fa-fx,p) = 1, (5.2.11)
or in terms of the inhomogeneous direction co-ordinates
ALf@\N jad N fExx ) =1 (5.2.12)

is fulfilled.
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HYPER-GEOMETRIZATION OF RELATIVISTIC PHASE-SPACE FORMALISM 7

In spite of the fact that — having non-stationary processes in mind —
the investigation of systems of gaseous particles with finite life-time suggests a
lot of very fascinating questions, this general problem will not be treated in

the following.
Consider the special expression (5.2.9) of the “reduced” distribution

function / @(x, 1) and let us determine the probability f(a)(x, £)dQ” that the
phase-point of the gaseous particle investigated can he found in the (3 .. 3)-
dimensional invariant phase-space volume-element; i.e., the probability that
the trajectory of the particle crosses the mentioned surface-element of the
space-like hypersurface a.

Due to the fact that the conditions of normalization (5.2.11) and (5.2.13)
are invariants of the transformations of the general group I of the relativistic
phase-space, the probability field/@{x, p) orf(a)(x, 1) has to fulfil the stationary

condition
n [/W]= 0, (5.2.13)

based on which the continuity equation of the probability field can he obtained.
Having the infinitesimal transformation

ar = a? + dx«, f,- = + f, (5.2.14)

in mind, by the usual definition of the variation of the functional ~ "[/(3d)]
= Lydsqyfaix'i’) -3 du~rfu)(x 1), (5.2.15)

due to the expansion up to the first order in dxf and d|,-

f odipfa{x\?)~ [ dQ\?% (x,t)+\ dQfpNe - dx~+dI~LdI\ (5.2.16)
IRK) JRK) Jn@© [ axr sit

and to the familiar supposition that dxfl and d|, on the boundary of are
vanishing, the equation of continuity can be obtained either as

Df S dxr+ 9/(9) ¢ (5.2.17)
M 3N 31, "
or in its final form
Dfor) __ 4cr) .ot 9/cr) J _ (_;f = 8 (5218)
dr dx* dr ' '

It will be shown that this equation of continuity is exactly the relativistic
generalization of Boltzmann’s transport equation without the collision term.
The general transport equation will be derived in the next Section 5.3.
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8 J. 1. HORVATH

Finally, let us discuss the connection between the reduced distribution

function f(a(x, p) of the relativistic theory and that of non-relativistic one
denoted by

fnr(x;p) = fnr [t, x; p]  for[x(f); p(*)] = /,10x; e, v], (5.2.19)

where in the last version offnre means again the energy of the gaseous particle
considered and v is a unit vector having the same direction as its three-momen-
tum directed into the infinitesimal solid angle dm.

It is well known that the distribution function of the non-relativistic
theory determines the probability that the phase-point (x(t); p(t)} can be found
in the volume-element dedmd'ft' of the phase-space. Moreover, the invariant
3 3)-dimensional phase-space volume-element dQ” on the hypersurface
a defined pro unit length of arch along the world-line of the gaseous particles
fulfils Liouville’s Theorem just as the non-relativistic phase-space volume-
element does. Consequently, if in the rest frame of reference one introduces

local pseudo-Euclidean metric, then keeping the expression (4.5.24) of <llI'q)
in mind the connection

1(,,*)(*’ P) <LL!'pE) - p)epdedmdF () = fnr[x, e, v] de dmd?/ (5.2.20)
may be obtained. Owing to the fact that in this case
= d3 X ==dWwW

— keeping the normalization condition (2.2.1) of the four-momentum in mind —
one gets

I<7,)(*>P) = (eP)_lr.r[«; e, v] = e“1{e2- ml}-12fnr[x;e,v], (5.2.21)

Since f\a)(x, p) is a scalar, this gives its value in any other frame as well;
alternatively, it can be used to infer the transformation properties of

fnr [X; ev].

In order to simplify our writing the label a of the distribution functions
fa){x, p) and f(a){x, U) will be omitted in the following.

5.3. The collision integral and the relativistic transport equation of Boltz-
mann. In order to characterize the dynamics of the binary collisions of the
gaseous particles, we consider an elastic collision between two particles with
rest mass m0= 1. The initial momenta pI‘ and ‘pI and the final ones pZ and
'pp all satisfy the normalization condition

1 (5-3.1)
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HYPER-CEOMETRIZATION OF RELATIVISTIC PHASE-SPACE FORMALISM 9

and the conservation of four-momenta is expressed by
pv-_|_pv-= pV-+ pv-. (5.3.2)

In terms of the corresponding inhomogeneous direction co-ordinates — denoted

by |;, 'l,- |- and respectively — the conservation law may be written as
I/ + £/ =i+ 'lI- (5.3.3)
Denote 37°(], '|; |, '|) the probability density that a particle with the

momentum p 3 (resp. | () via the considered elastic collision with a second
particle with momentum ‘p'l(resp. '!,) changes its momentum into p* (resp. [,)
and simultaneously the second one into 'jF (resp. 'l,-). Let us suppose that such
a collision means contact interaction among the particles ivdiich takes place
at a point {X'%} of the configuration space.

The probability that an arbitrary particle considered is in the neigh-
bourhood dV of the point {x''} of the configuration-space with inhomogeneous
direction co-ordinates in the range (|,-, -f- d|,), i.e., with phase-point in the
volume-element dQ = —g dkrd3| is given by f(x, |)j/~gdbtd3!. Furthermore,
the probability that this particle collides just at the point {a:'} with an other
gaseous particle with inhomogeneous direction co-ordinates in the range
"1/, 'If + d'l/) is determined >y/(s;, Y)/(a, ') j/™ gd4rd3|d 3|, since the probabi-
lity that the second particle is at the point {a"} of the configuration-space
where the collision takes place with inhomogeneous direction co-ordinates in the
volume-element d3'f of the momentum-space is yielded by f(x, '[)d3|. Owing
to the definition of J*~(f'];|'|) this means, however, that the probability that
via the considered collision the two particles change their inhomogeneous
direction co-ordinates into {|,} and {'!/} being in the volume-elements d3|
and d3'| of the momentum-space, respectively, is obviously obtained by

JHL, I h 0)/(x, DI, 1) /=* <4xd* 1d3'1d3]|d 3 | (5.3.4)

being just the transition probability corresponding to the momentum changes
of the particular binary collision considered. But, the momentum of the second
particle may be arbitrary, therefore, in order to determine the total probability
of all possible binary collisions at the point {x'f of the space-time continuum
of the considered particle with phase-point in the volume-element dQ of the
phase-space with the other particles of the gaseous system, one has to integrate
over the inhomogeneous direction co-ordinates {'If}, {If} and {'If}, respecti-
vely. This means that the total probability to be looked for is given by

f(x, 1) f -gdIxd31J3d3'13d31j ds'|I~(I, |, "D)/(*, ") <5(]+"] -f —#), (5.3.5)

Acta Physica Academiae Scientiarum Hangaricae 25, 1968



10 J. 1. HORVATH
where in terms of the Dirac-function

W + '£—#- ')y~ [/ - h - "1, (5-3.6)
1=1
due to eq. (5.3.3), the conservation of momenta is taken into account.
As an inverse collision to the binary collision with momentum change
{{, "'} — {I, "1} the elastic collision with momentum change {£, 'f} —{£, '£}
can be regarded, the transition probability of which — having the analogous
eq. (5.3.4) in mind — can be obtained as

JH I, 'I; S, 'S)fix, £)/(*, ') K=*d* *d3|d 3'|d 3fd3'E; (5.3.7)
i.e., the total probability of the inverse processes are given by

r—gVxd*S1d3| Jd3'| Jd3'SIN(F,'f; f, "E)(*»])/(*,"]) <5(]+"|-I1-"f).
(5.3.8)
By the binary collisions the stationarity of the probability field f(x, |)
will in general be destroyed. This means that the probability of finding the
particle with phase-point in the volume-element dQ due to the collisions will
be decreased and due to the inverse collisions will be increased, respectively;
i.e., the change of f(x, |) pro unit of the proper time T can be given
in terms of

-= - 0 d3Pjd3 A3 N (F, L TNI(x, S)f(x,'S) O(S+'S- 1 '+ e a

Igr jd3 jd3 ™ ( )I(*, S)E(x,'S) O( ) )
+ jd3f fd3EJdI| /K 1) K1+ 'l - S—'S).

We have not any reason to suppose that the transition probability of

inverse binary collisions would not be the same as the original ones. Therefore,

the obvious assumptions of microscopic reversibility
Y o(‘E£.£;,|.£) = N AEEE) and jAN (], | bf,f) = r>{s;s\  '1), (5.3.10)

respectively, may be suggested.

Bearing in mind this microscopic reversibility as well as the positivity
of the Dirac-function (5.3.6), the right-hand side of eq. (5.3.9) can be written
in the form:

Df
M Jd3'SJd31jd3 1d~ (f;l 1) X
dr  con (5.3.11)

X {I(*, 9)F(x,'S)  f(x, )fix, N}dS+ £ -£- 'N)m

This means, however, that owing to eq. (5.2.10) the above result (5.3.9) has
the final form:
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4. 9 Df 5.3.12
dx'lF>>+ 81, dr ¢ (5:3.12)

being exactly the general Boltzmann’s transport equation of relc,ivistic homo-
geneous gas systems in arbitrary metrical space-time continuum wi.h any intrinsic
dynamical symmetry properties.

5.4. Relativistic transport equation in particular cases recently investigated.
Considering an otherwise general homogeneous gaseous system without internal
dynamical anisotropy, the underlying geometrical background of the hyper-
geometrized phase-space formalism is a Riemannian space-time continuum.

If the special frame of reference (4.1.10) and the orientation (2.4.6) of the
A+-triad is introduced due to the definition (3.2.4) of the inhomogeneous
direction co-ordinates — we have

fi = Pi = gi,, P\ (5.4.1)

and the transport equation (5.3.12) can be written either in the form:

dpl
p* + 3/ o + || L P Df (5.4.2)
dx1 3p0 Ip' 8p' | dr dr o
or as
8f g dp**
N P Df (5.4.3)
ex'l 8pn  dr ar o

However, based on eq. (5.1.2) in this case the relativistic Boltzmann’s equation
can be put in the final form:

Df
pPV f+ K+ I waist > g (5.4.4)
sV dr coll ann Bp*

which, with other argu entation in mind, was proposed by Ken-lti Goto [4].

As a further specialization the pseudo-Euclidean space-time background
has to be dealt with when eq. (5.3.12) is reduced to

8 f, ..3/Ir : Bl V dL (5.4.5)
dxJ dxl Jp' dr dr  col

But, in this particular case the components of the four-momentum are
pp= |m, mvlj, (m= mo{l v2j—/» (5.4.6)

so that in terms of the familiar three-vector formalism with the abbreviations
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12 J. 1. HORVATH
y M {3/onc'}, v., 44 {3lar>, v A {3}, KJ* {K\ (i= 1,2,3) (5.4.7)
it can finally be obtained that

iL + v>Tf I-Ke°vrf = 1odf (5.4.8)

dt m dr coll

which is the familiar form of Boltzmann’s transport equation.

A detailed discussion of the connections between different particular
forms of the relativistic Boltzmann’s equation and their solutions in the case
of special gaseous systems lies outside the scope of this paper. Such investi-
gations were most recently published by Abonyi [5].

5.5. Outline of a general relativistic thermodynamics. In order to develop a
generalized relativistic thermodynamics of gaseous systems with intrinsic
dynamical anisotropy it seems to be most straightforward to bear in mind the
celebrated theories suggested by Kluitenberg, De Groot and Mazur [44],
Israel [9] and others [45, 46].

The mass-current, stress energy-momentum tensor of the considered homo-
geneous gaseous system with N particles in the hyper-geometrized space-time,
i.e., the configuration space, is usually defined by

Mfx) = N JdPf(x,p)pl (5.5.1)
and

ViMx) = NJdPf(x,p)p*p\ (5.5.2)

respectively. It can be proved that these fundamental quantities of the statisti-
cal thermodynamics statisfy the conservation laws:

MV = 0, (5.5.3)
as well as
3T,,= 0. (5.5.4)

where the vertical bar denotes covariant differentiation. The latter eq. (5.5.4)
means the relativistic formulation of the first law of thermodynamics having
in mind isolated systems, i.e., systems in absence of external fields of forces
[39]; however, the gravitational interactions of the particles are taken into
account in terms of a background gravitational field determined in self-con-
sistent way [9].

Indeed, let ~(x, p) be an arbitrary tensor function of the line-element
(X, p), then multiplication of the Boltzmann’s equation (5.4.4) without external
field (KI = 0) by U*(x,p) and its integration yields:
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fdP P (x,p)p*y=10'[4"] (5.5.5)
ox”
with

\dPV (x,P)\"~
“T Jcoll

= - fdP j'd'P\dP\d'P4J{f'f /'/} X

*(f+ 'f (5.5.6)
/Y 7 - —— JdIPjd'PjdPjd PIN{P + P
3*-'3%Yaff+ ‘f 1 O){/I'] ']}, (5.5.7)

where the symmetry relations (5.3.10) have been used and the obvious abbre-
viations

VM 4>(x,p), f =Lf(x,p), "PLWP(x,», \f f(x, » etc. (5.5.8)

were introduced. Owing to the conservation of momenta (5.3.2) one can imme-
diately see that
» [IPl=0 ifwW—1 orpl (5.5.9)

based on which the statements of eqs. (5.5.3) and (5.5.4) are proved.
The entropy flux vector is usually defined by

SNix) = Nk (dPf(x,p)In{f(x,p)}pil, (5.5.10)
where K is Boltzmann’s constant and it may also be obtained that

S“=10,T>\ (5.5.11)
where owing to eq. (3.4.5)

OV-MP/T (5.5.12)

is a time-like vector, the so-called temperature vector being T the absolute
temperature.
Using egs. (5.5.5) and (5.5.7) with

W M n{f{x,p)} (5.5.13)
one finds

S»>0 (5.5.14)

which expresses Boltzmann’s H-theorem, i.e., the second laic of thermodynamics.
In the case of gaseous systems with intrinsically isotropic dynamical
interactions the underlying line-element space reduces into a Riemannian
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space-time and the considerations above do not mean any generalization.
However, in the general case if in the line-element space the absolute paral-
lelism of line-elements exists a field of directions

VL= vA(X) (5.5.15)

may be introduced satisfying eq. (3.4.6) and the usual Riemannian formalism
can be translated into the language of the line-element spaces in terms of the
osculate Riemannian spaces which is defined by means of the postulates:

(a) The metrical fundamental tensor gRr(x) of the osculate Riemannial
space is identical in respect of the field of directions vB(x) with the metrical
fundamental tensor of the line-element space, i.e.,

0,vO) — £,.m(> «(*)) (5.5.16)

and owing to the homogeneity of zero order in the variable v*

gfix) = g/3x, 1(x)) = gin(x, p(x]) ; (5.5.17).

(b) The geodetic lines of both spaces osculate each other;
(c) The invariant differential and the covariant derivatives of vectors
are identical in both spaces;

(d) The tensors of principal curvature of both spaces are the same
[15, 17].

Of course, the above considerations may also be obtained in terms of the
O-triad formalism. The definition of the most important thermodynamic

guantities, such as mass-current, stress energy-momentum tensor and entropy-
flux vector can be given, e.g., as follows

«nlF,0k) = Nm3j d3Sf{x, £)ii, (5.5.18)
N ik(x) = NmIJd3£/(*, S) St Sk (5.5.19)

and
&I(x) = Nm3Jd3Sf(x, S) In {f(x, f)} Si, (5.5.20)

respectively.

More detailed discussion of these problems connected with the relativistic
generalization of statistical thermodynamics keeping the results and different
suggestions of recent authors [6, 44—46] in mind will be published elsewhere.

I am very grateful to Professor H. F rsn1icn for many helpful discussions
and for his kind interest in these investigations. | am also indebted to Professor
G. Mmarx for his stimulating criticism concerning the problems connected with
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the definitions of the phase-space volume and with the interpretation of the
distribution functions.
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O CBEPX-TEOMETPU3ALUUVWN PENATUBUCTCKOIo ®A30BO-
MPOCTPAHCTBEHHOIO ®OPMAJIMSMA 111

A. N. TOPBAT

Pesome

B nepBbIX ABYX YacCTAX [jaHHOW paboTbl UCCNEA0BANUCL OMpPeAeNneHne N reoMeTpuyeckas
CTPYKTYpa pensTUBMCTMYECKOro (Pa3oBOro MpPOCTPAHCTBA; MO3AHee AMCKYTWpPOBanachb Wzes
CBEPXreoMeTpu3aLMm, NpruUeM HEKOTOpble M3 MPEXHUX Pe3ybTaTOB BHOBb CHOPMYIMPOBANNACS.
B HacTosllee BpeMS NpeaioXeHHbI paHee MeTof MPUMEHSACS ANS PasBUTMA PensTUBUCTM-
Ueckoi KWHeTWUUecKoii Teopuu rasoB. [JUCKYCCUS HAuMHAETCH C pasHbIMU OMpeaeneHUsmMm
(YHKUWUWU pacnpefeneHus, fanee BbIBOAUTCSH PeNSTUBMCTMUECKOE ypaBHeHMe nepeHoca Bosbl-
MaHHa M MonyyeHHble 06LLMe pe3ynbTaTbl NPOBEPSIOTCA B CreuuanbHbiX Cy4yasx, paHee uccne-
[IOBaHHbIX HECKOMbKUMK aBTOpamMu. HakoHel, 6asupyscb Ha Teopuu M3pauns, npegnaraercs
ouepTaHue OCHOB 06LUei PensiTUBUCTUYECKOW TepMOLMUHAMUKM.
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YUYET AHFTAPMOHUYECKNX 3PPEKTOB BbICLWINX
MOPAAKOB B KPUCTAJIJTAX

H. M. NTJAHVUAA wn T. WWKAOLW

OBBELVHEHHBIA WHCTUTYT SALEPHbBIX WCCNELOBAHWUWM, NABEOPATOPUSA
TEOPETUYECKOW ®WU3UKW, AYBHA, CCCP

(MpeactasneHo J1. Manom. — Moctynuno 12. 1X. 1967)

B pa6oTe pa3BMT MeTOf Y4YéTa aHrapMOHMYECKMUX UNEHOB BbICLUMX MOPSAKOB B MOTEH-
LManbHOM aHeprum kpuctanna. Ha ocHoBe ypaBHeHWI ana (yHKuuiA [puHa HalgeH cnekTp
4acToT KonebaHWil pelléTKM B NCEBAOrapMOHMYECKOM MPUBAMXKEHNM, a TAKXKE OMNPeAeneHo ux
3aTyxaHue.

BBepeHne

O6bIYHO MpY PacCMOTPEHMM aHFapMOHUYECKUX 3(PHEKTOB B KpuCTaslax
OrpaHNYMBaKOTCA YHETOM aHraPMOHUYECKMX Y/IEHOB HU3LLMX MOPSLKOB — TPETLEr0
N YeTBepTOro (cM. Hanpumep, [1]), KOTOpble YYWUTbIBAOT M0 TEOPUN BO3MYLLEHUIA.
Mpy 3TOM HabNOAAETCA OTHOCUTENIbHO XOPOLLIEE COT/lacue TeOPUU M IKCMEPUMEHTa
BNIOTb [0 Temnepatyp, PaBHbIX MPUMEPHO MOMI0BUHE TeMnepaTypbl MNaBe-
HMs [1], 4TO CBMAETENLCTBYET O AOCTATOYHO C/1ab0M B3aUMOAEACTBUM HOpMaslb-
HbIX KO/e6aHWI peLleTKX, KOTOpble OMpPefensitoTcs U3 rapMOHUYECKOro npubnu-
XeHusl. OfHaKo, B HEKOTOPbIX Clyyasix, KakK Hanpumep, BOAM3M TemnepaTypbl
ha30BOro nepexofa, B KBaHTOBbIX KpucTannax Mpu HW3KOW TemnepaTtype, npu
n3ydeHUM KonebaHWiA Nerkoi cnabocBs3aHHON NpUMecH U ap. He06X0AUMO YUeCTb
BbICLLIME aHFapMOHUYECKIE YeHbI B MOTEHLUMANbHO 3Heprun KpucTanna. B ceasm
c 3TUM B paboTax [2] bblia NpeanoxXeHa «rnceBLorapMoHUYecKas» TeOpUs Kpuctasl-
JIOB, OCHOBaHHasi Ha MOCTPOEHMU 3(h(HeKTUBHOIO CaMOCOr/1aCOBaHHOIO rapMOHU-
YeCcKOro ramMmuibTOHMaHa, NPUGIVXXEHHO OMUCHLIBAIOLLETO aHFapMOHUYECKUIA KpUC-
Tann. TMo cyLlecTBy, 3Ta TEOPUSI YUWUTbLIBAET W3MEHEHVE YacTOTbl HOPMaslbHbIX
K0/ie6aHMin 3a CYET aHrapMOHWYECKUX Y/IEHOB B MOTEHLUMA/IbHOW 3HEprumn, Ho B
Heli He paccMaTpuBaeTCsH B3aMMOAENCTBME MEXAY HOpPMa/ibHbIMK KOnebaHmsamuU,
HalileHHbIMU B «MNCEBAOrapMOHMYECKOM» MNpubAmxKeHnn. OfHaKo 3TO B3auMMO-
JeCcTBME MOXET NPMBOAMTL K CUIbHOMY 3aTyXaHUK HOPMasbHbIX KonebaHuid u
MoOZeflb CNabocBA3AHHbIX «MNCEBAOrapMOHUYECKNX» (DOHOHOB ByAeT MI0X0 ONUChI-
BaTb peasibHbIi aHrAPMOHUYECKUIA KPUCTaI.

B HacTosweli paboTe Mbl CHOPMYIMPYeM MPUGVKEHHBIA MeToh y4yéTa
aHrapmMoHU3MOB BbICLUMX MOPSIAKOB B KPUCTasnax, Nno3BonsiooWwmniA 0THOCUTENBHO
NpoCcTO OMpefenUTb CMEKTP YacTOT KoebaHUin KpucTannia, a TakXe Yy4ecTb WX
3aTyxaHue, CBSI3aHHOE C MpoCTe/uMMKU MpoLeccamy BlammogeiicTeus. Mpu aTom
34€eCb Mbl OrpaHNyMMes (hopMasibHbIM BbIHMC/IEHNEM CABUMa HacTOTbl (HOHOHOB M X
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3aTyxaHus, a YMCeHHble OLEHKW AN Pa3fIMyHbIX MOAeNei pacCMOTPUM B OTAe/b-
Hoin pab6oTe.

1. MaMnNbTOHMAH aHrapMOHWYECKOro Kpuctasnna

Bynem MCXoAMTb U3 BecbMa O6LLE MOZenM aHrapMOHMUECKOro KpucTania.
PaccMOTpUM KPUCT/IIMYECKYIO PeLUETKY M3 N aToMOB, raMUIbTOHMAH KOTOPOL
MOXeT ObITb 3anvcaH B BUAE:

= a -i)

rae P; — onepatop Mmnysnbca, R/ = <R/ >+ u/ MNOJIOXEHME aToMa C Maccoi
Mi B y3ne |, paBHOBECHOe MOJ/IOKEHWE KOTOPOro <R; > = | Onpejensietca u3
YC/IOBUIA PaBEHCTBA HY/IK0 CPeAHel cusbl, LEACTBYIOLLEN HA AaHHbIA aToM:

<U(Ri ***Rn)>= 0, (1.2)

rge cpegHee <. ..) 0epeTcs Mo paBHOBECHOMY COCTOSIHUIO KpucTania ¢ ramusib-
ToHMaHOM (1.1). Ecnm nMeroTca BHELLHVE CWMbl, CO3LAl0LLNE HAMPSXXEHNS B KPUC-
Tanne, 7o (1.2) cnegyeT NpUpaBHATL 3TUM cunam f/. Takum obpasom, ur= R/ —<R/>
onpefenseT Masioe CMeLLeHVe atoma W3 MOJIOKEHUS paBHOBECUSA MpW 3ajaH-
Holi TemnepaType T. Mo3ToMy NoTeHuuanbHas aHeprma U B (1.1) MOXET ObITb pas-
NOXeHa B psAA N0 3TUM CMELLEHNAM:

u(rv ...,rn)= W4-jg —r 2: dzCnn K 1 mmmyibk (1.3)

n=1 W
rge

- An
p7x-f>» = URRX ..., Rj
[ dip ... Qlp (RX 1Y/ =0

O6bIuHO, KBagpaTU4Hasi hopma o oneparopam P, u,,:

p2
Y oo

rapMoHMYecKass 4acTb ramMuibToHuaHa (1.1), AuaroHasmM3yeTcsl ¢ MOMOLLbIO
OPTOrOHA/ILHOrO MpPeo6pasoBaHNs:

(1.5a)

(1.56)
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rAe BeKTOpa HOpMasbHbIX KonebaHuii ek(l) 06pasytoT MOMHbIA U OPTOHOPMUPO-
BaHHbIA 6a3uc:

(1.6)
2k{1) =V

a YacToTbl HOpPMaslbHbIX KOMeGaHWiA LK OMpefensitoTcs U3 ypaBHEHWUSI Ha CO6-
CTBEHHbIE 3HAYEHWUS:

g @T- '|/7M:rMA" = whele w a-n

B Cny4yae PELUETKUN 6e3 I'IpI/IMECeVI HOpMaJ/lbHblE Ko/1e6aHNs MMeT B MAOCKNX
BOJ/IH, TaK YTO BEKTOpa

4() = y=e'kwalk,j), (1.8)

rge iva(k,j) onpegensieT HopMasibHOe KosiebaHme ¢ BOMIHOBbIM BEKTOPOM K COPTaj.

Onepatopbl AKu BkB (1.5) MOryT 6bITb NpeacTaB/ieHbl Yepes onepaTopbl POXKAEHNS
N YHUUTOXEHUS (POHOHOB akj 1 aKy.

4kj = akj -f-a'kj = AlK/,

Rii=okj - A - (1-9)

Cosepliaa npeobpasosaHue (1.5), ramunbToHMaH (1.1) 3anuwlem B Buie:

JT = HO+ Ha, (Lia)
HO = Tsk] ~kink Ak-f- Bk BR), (1.10)
sa= 2 -7 2 Vnkl..knAKL..Akn (1.11)
n=13.. M kr—-kn
roe
v, {ki...k, )= 2KEMN , =m (1.12)

B psige cnyyaeB XopowwnM NPUGAVKEHUEM SIBSIETCS MOAENb KpUCTaia C
NapHbIMK  CUMAMN:

WK, ..., Rn)=-1 Jg ®Ir(R, — Rm). (1.13)
2 1™"m

BBogs (pypbe-06pa3 noTeHuUmana B3aMMOLeRcTBUSE MexXay I-bIM M M-bIM aToMamu
B BUE:
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20 H. M. TJAHUOA » T. WKKnow

®1T{y) = 0 (1.14)

rae VHTerpyvpoBaHue BedeTcst Mo o6bemy Kpuctasina U, noteHuman (1.13) npea-
CTaBMM B BUfE:
wR, *5R V) _--1-- 2N 2 Ir(u) e'uC-“)e'uK--») =
2 1lpT ¢ (1.15)
=~~~ Y, phrw) e'4(C-me Y -T- {ig{u, um}in.
2 10T g n=0 7L

Ecnun coBepwimnTb npeobpasoBaHve (1.5), TO raMnibTOHMAaH NPUMET MPEXHWU BUA
(1.10), (1.11), rge dyHKUNMA

mK) = )\ I’Z\m

ek(l) ek(m) (1.17)
(2M(w,.)4  (2Mmo>*H

Y plr(ue'« N ff (1.16)
q =1

KM

Takvym o6pa3om, rammabToHMaH (1.1) MOXeT ObITb 3anucaH B 06LLEM Buie
(1.10), (1.11), nNpuyem B HEKOTOPbIX CAy4dasax (QyHKUMW B3aMMOLEMCTBUSA MOFyT
6bITb BbibpaHbl B 60/1ee npoctom Buge (1.15) wim (1.16). MNpu aToM paBHOBECHbIE
nonoxeHnsa atomoB | = <R*) npu gaHHON TemnepaType T cneayeT onpesensTb
n3 ycnosuii (1.2).

2. YpaBHeHus ans GyHKUuin puHa. [NceBLOrapMOHMYECKOe MpPUOAVKEHUE

Mpy onpegeneHMn CnekTpa 4acToT KonebaHWii peLleTKW, a Takxe Mpu
nccnefoBaHNN psifa PaBHOBECHbIX CBOWCTB KPUCTasina JOCTATOMHO HalTW OAHO-
(hoHOHHYO (hyHKUMIO [TprHa (cM. Hanpumep, [3]). YUTobbI caenate U3NnoXKeHue 6onee
NPOCTbIM, Mbl PACCMOTPUM CHavasna ypaBHeHWe Ans yHKumMm [FpyHa B Koopawu-
HaTHOM NpejcTaBfieHUM, BblopaB MOAesb KpuUCTas/ia ¢ napHbivy cunamm (1.15).
Mbl 6yem nonb3oBaTbCcs PyHKUMAMU [TpuHa Tvna [4, 5]

Gtf(t ) = <<m*(i); uf.(t)» = - iG(t t°) <[u)(t), uf,(*")]_>. (2.1)

W3 ypaBHeHWii aBv>xeHUS ana onepaTopos u/(t) n P ;(t) B reiiseH6eproBcKom
npegcTasfeHUN ¢ raMuabToHmMaHom (1.1), (1.15):
e = i P ()

i — iPi(t)= 2 2, dpIr(y) e'y(“nlig* ««m—-> (2.2)
dt Th1 q
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Moslyyaem criefytollee ypaBHeHUe Anst hyHKuum MprHa (2.1):

M ,H T[Gtfit -t) = 0(t -t")<™+
I dt 2.3)
+ 2 22 dp3n(v) «f(0 »

OueBUAHO, YTO 3aNnCbiBas ypaBHeHMe 418 PyHKUMM [TpuHa B NpaBoil yacTtu (2.3)
Mbl Npugem K 6onee CI0OKHOM (yHKUuun FpyuHa U T. 4., B pesynbTaTte Oygem MMeTb
6ECKOHEUHYIO LIeNOYKY YpaBHEHWi, OMuCbIBaKOLWLYHO ABVM>KeHMe N aTomoB B pe-
weTke. PelleHve Takoli CUCTeMbl He MPEACTABASETCA BO3MOXHBIMW W MO3TOMY
Heo6X04MMO BOCMO/b30BaTbLCA HEKOTOPbIM NpubnmxkeHvem. [MNpegnonaras, 4To
KOppensauns B ABVKEHUWN aTOMOB YMEHbLUIAETCA M0 Mepe YBe/IMYEHUA UX Yucha,
pyHKuMO prHa B (2.3) npeacTaBuUM B BUAe Pas/iodXeHUA N0 OAHOMOHOHHbLIM,
OBYX(OHOHHBIM W T. 4. QYHKUMAM [pUHa, OMNWCLIBAIOLWMM KOPPENAUUIO ABYX,
Tpex u T. 4. poHoHOB. OrpaHnYmMBasCb HUWNMK (YHKUMAMU [TpyvHa, Nonyumnm:

roge MHOXUTenn n m n(n—1) B npaBoii YacTn (2.4) NOABAAIOTCA MNpU MOACYeTe
ymcna BO3MOXHbIX 0AHO(OHOHHbIX 1 ABYX(POHOHHbIX PyHKUMIA ["prHa. MoacTaBnss
(2.4) B (2.3) 1 BbINONHAA CYMMMPOBaHWE MO M MOJSIyYaeM crefyloLlee ypaBHeHMe

ana pyHkumm IpuHa:

(2.5)

roe Mbl BBENN «TCeBAONapMOHNYECKYHD» CMUJTOBYHO MOCTOAHHYIKO:

Y ould) eut—)gxq’ npy 1T

(2.6)
>’ >0 N uq -red ' <el npu 1= 1
Y
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OueBMAHO, YTO MOLOGHOE XKe ypaBHEHME Mbl MONYYMM W B Criydae 6osee 06LLEero
BMAa NOTeHUWanbHOW sHeprum (1.3), npuyemM B 3TOM Cny4ae

~ 2

= 2.6
3/agTy (2.62)

TakvmM 06pas3om, Mbl NPUXOANM K pe3y/bTaTaM MCceBAorapMOHMYecKolr Teopun [2]
npy y4éte TONbKO NEPBOr0 YfEHA B PAas/IOKEHUN MHOFO(OHOHHOW (hyHKLMM
MpyHa (2.4). CnekTp 4acToT Kosle6aHWiA PeLLUETKN onpegensieTca noncamm ypbe-
obpasa pyHKuumn 'puHa Gw{m):

Gf(t- t)= — T B-"**-"") Gf,(co) oo, (2.7)

N B nceesgorapMoHM4ecKom I'IpI/I6I'II/I)K6HVIVI onpeaensaeTca U3 ypaBHEHUA:

2 iMm~ afm- ®%}G$,(«) = (2.8)

|_|pl/l 3TOM, B MncesBAorapMoHM4YeCKom I'IpVI6]'II/I)KeHI/II/I

1
LAFT)> = e 2 (2.9)

TaK 4TO HeO6XO,qMMO onpeaennTb  JNlb O,qHOdJOHOHHyIO KOpPpPENAUMNOHHYHO

(DYHKLMIO, KOTOpas COrfacHO CreKTpasibHOW Teopeme [4] onpefensietca uepes
hyHKUMo TpuHa:

2 Im Gf™(co

i9)] dco. (2.10)
woe 1

<nyY U _i I

Takum o6bpas3om, cuctema ypaBHeHuin (2.6), (2.8)—(2.10) onpeaensieT cBoiicTBa
aHrapMOHWYECKOr0 KpucCTa/i/la B MCEBAOrapMOHUYECKOM NpubamxeHnn [2].

PaBHOBeCHbIe NOMOXKeHUA aTomMoB | = <R/) MoOryT 6bITb OnpegeneHbl Mpu
YCPeAHEHUN ypaBHeHWI ABKeHUA (2.2):

= <p?> = :rné g O T eyl 0-° (2.n)
BugHo, uTo 3TO ypaBHeHMe coBnafaeT ¢ ycnosuem (1.2) paBeHCTBA HY/O CPeAHEN
CWUNbI, feCTBYIOLLEN Ha aTtom | B HanpasneHUn a. 3amMeTM Npu 3TOM, UTO B NCEBAO-
rapMOHUYECKOM MPUBAMKEHNN, KOrfa BbIMNOMHAETCA COOTHOLIeHMe (2.9), Bce
YeTHble CTEMeHN B PAa3/IOKEHUWN MOTEHLMA/IbHOW 3HEPrMM OMpefenstoT YacToTbl
KonebaHnii peLeTkn corsacHo (2.6), (2.8), a HeyeTHble CTEMEHM — PaBHOBECHOE
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MoJI0XKEHMEe aTOMOB cOrlacHo (2.11). Pe3ynbTaTbl rapMOHUYECKOTO MPUBSIMKEHUS
HEMe/IEeHHO MO/y4aloTCsl, eCny B3siTb MePBbIA UNeH pasfnoxeHus B (2.9) T. e
NOSIOXMUTb

exp{iq(u, —um}" 1.

Mpu yuyeTe cregylolero 4ieHa B pasnoxeHun (2.4) ona MHOrothOHOHHO
tyHKUMM TprHa — ABYX(HOHOHHOWM (PyHKUMK TpUHa, CNEKTP KonebaHWii peLLeTKu
Y€ He OnpejensieTcs NpocTbiM ypaBHeHWeM (2.8) — Heob6X0AMMO PacCMOTPETb
ypaBHeHwue (2.5). MNpv 3TOM NOMUMO AOMONHUTENbHOM NePeHOBMUPOBKU YacTOTbl,
BO3HMKaeT 3aTyxaHue KonebaHuii, COOTBETCTBYIOLLEE BO3MOXHbIM MNpoLEeccam
pacnaga BO30OY)AeHWA. 3anucbiBas YypaBHeHWe A8 ABYX(POHOHHOW (yHKUMK
MpuHa

G&(t- O = ««?()ult); < (M » (2.12)

MbI MOMYHYUM CUCTEMY TPEX YPaBHEHWUI ansa yHKUmMM (2.12) 1 ewg AByxX yHKUWIA,
MOSly4eHHbIX 3aMeHO OMepaTopoB M; Ha P/, pelleHVe KOTOPOM He MOXeT 6biTb
BbINO/IHEHO B 06LLemM Buge. MoaTomy, B hyHKLMK MprHa (2.12)HeobxogmmonepenTu
K HOpMasibHbIM KoopAuHaTam cornacHo (1.5), YpobHee ofHaKo, COBEPLUNTb 3TO
npeobpas3oBaHne B UCXOAHOW (yHKUMM (2.1), 1 pacCMOTPeTb YpaBHEHUS [BUKe-
HUA 015 3TON (hyXXKKUUW B UMMNY/IbCHOM NPEeACTaBAEHNN.

3. 3atyxaHue KonebaHWn peLleTKU

CosepLuas npeobpasoBaHue (1.5), raMnibTOHMaH CUCTEMbI 3anuULLIEM B Buje
(1.10), (1.11), PaccmoTpum ypaBHeHME AN OAHOGOHOHHOW (yHKUMM [puHa
(cm. [6]):

Cnn* - O = «Ak(t); AE.(t)), (3.1)

KOTOpas HenocpeACTBEHHO CBsA3aHa C (PyHKuUuel [MpuHa (2.1) npeobpasoBaHMeM
(1.5):

<H#H(*-*")= 2 T &KK{r ~ *)e (3.2)

foc  2(M1M Iii)KcoK'YK

M3 ypaBHeHWI [BWXeHUA Ans onepatopoB Ak(t), Bk(t) B relizeH6eproBcKoOM
npeacTaBneHUN ¢ ramunbToHMaHom (1.10), (1.11):

I —AKk(t) = bIkBK(),

dt
i f Bklt)=«, Ak+ 22 7 -~TI72 V'(~ kn A’>mesA*n (3'3)
dt n=1$... (n I Kr-k,
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nonyyaem ypasHeHue ans gyHkummn MpuHa (3.1):

((F~dt] _ " ) = *) A LWk “b

+ 20012 + - 2 vn+i(-k, kv ..kn) « Akl Ak A («")»

n=2 M. K,..Kn

(3necb n panee B cryyae pewleTKW 6e3 Mpumeceld, Korfja WUMeeT MecTO 3aKOH
coxpaHeHusi umnynbca, — K = {—K, 7}, akk —3(K—K') §jy.

MHorooHoHHy0 (pyHKUMIO MprHa B (3.4) npeLcTaBUM B BUAE pPa3/ioXeHUs
no hyHKUMAM [MprHA HU3LEro nopsfka, Kak u B (2.4)

v Ki+i(~ Kk kv .mxn) <<Akl... Autg Ak(t)))

K,-K,,
™ K+i( K fel, k2...kn) (Akr...Ak) n <(AK; AE(t"))) + (3.5)
ki—n
+ Vv ovntl( Kk,k,,.. .kn) <AK3...Aky - {nJ -1 « A KAKti AE(t")»,
K...KM 2
rge Mbl BOCMO/Ib30Ba/INCb CUMMETPUER yHKumn V,, (ft, . . . KM) Mo nepectaHoOBKe

MHAeKcoB ki. MoacTtaBnasa aTo pasfoXeHWe N nepexoia K ypbe-npescTaBieHnIo
(byHKUMIA [MpuHa cornacHo (2.7), noay4mm

(co2 - a1) Gkk’(ee) = 2 ekOkk- + noA

+2m Y, P( KP) GPkiw)+ ox2 Q( KP'P") Cpp,/lb)

pp’

rae Mbl BBEMIM (hyHKLMN

P(—k,p) 2 1, 2yﬂ+A—K,pI‘Il---Kn){AKx...A|<r|Y, (3.7)

N=1l noe Kr.kn

A kpp)=2 1 2 VA k PP *rma) <AKeA>  (3-8)
n=0 7* «kl:kp

CoCcTaBMM ypaBHeHWe AN1s ABYX(OHOHHOW (PyHKUMM [puHa
GftAt- O = « M ) Ap®); AUO » (3.9a)

Mpw 3TOM HaM NOTPEBYITCA TaKXe creaytowme hyHKUMM MprHa:
GgM*-*0 = « BL A'(0; A (0», (39)

cgM* - O = «B [ Bp'(0; AM«)» e (3.9p)
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B npaBbIX YacTsX ypaBHEHWI A5t 3TUX (ByHKUMIA [prHa, Nofo6HO ypaBHEHUHO
(3.4), NoABNAOTCA CHOBA MHOTOPOHOHHBIE PYHKLUUN prHa. [18 HUX Mbl NPUMEM
npocTeliliee NPUGIVKEHNE!

N An+l(_ WKK..-K,,) ((Cp"AKki... Ak Ak-(t)Yy
K-kn C3.10)

NN Ko+i(- PPKi---knKCp'ARZ...AKY) n ((A KL AE.(tY)yy,

K,...KN

roe Cp, — onepatop Ap., wim Bp,,. Monb3ysicb TakXe NMPUBVKEHUEM:

<CP Axr...AlY= 2<Cp-Akiy/jJ Ax\g_pm, (3.11)
=2 W i /

nocne HEeC/I0XHbIX NpeobpasoBaHWii MOslyHaeM CrefyloLLyH CUCTeMY ypaBHeHW
ansa gypbe-06pbazoB pyHKUmMi MprHa (3.9):

COG™n'H = wpgpp' Av)* «y cppn> > (3.12a)
coGfp' = cop Gjjp' K'(bl) + o .
a H V Gpp,fc'H + (3.126)
+ Z(AJ'M X -P. p% Pi) gpin'»
Pi
coGfp- v tk'{co '
k'H W {co) + H o+ (3.12b)
+ 2«Ap Bp'Y + (Bp 2y p, —psPi) GPIk'{co).

p.

rage Q( p, —p', Px)- hyHKuma (3.8). Pewsass 3Ty CUCTEMY YypaBHEHWIA, HaxXOAUM
pyHkumio MpuHa (3.9a):

G()' Aco)= 2F(p,p'.co) £ Q( P, P":PI)GPKi(A (3.13)
rae (cp. [6]):
F(p.p'.m)= Np+ N Pm wWp + wp' IVp Wp (o3
2 w2 — (cop+ (Op-)2 2 ff2  (cop wp)2
1 Np#ivp+ 2 w w ) (3.14)
w2- (®P+ oy)2 «F— (@®p—cp)2J’
rge

Np = (Aj Apy, iVp= (Ap Bpy.
3amMeTnM, YTO B HU3LLEM NopsaKe PYHKUUU N p U N p paBHbI:
Np s« (Ap ApyO= 2 (apop)0+ 1, Np (aj, BpM= — 1,

TaK, YTO BTOpOI uneH B (3.14) obpawaeTcs B Hy/b.
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OKoHuateneHo, noactasnsasa (3.13) B ypaBHeHue (3.6) aAna yHkuum IpuHa
(3.1) nonyyaem cnefytollee BblpaXKeHWe:

2 WK
Gkk 3.15
@) o2 — T\ — 2 10KM K(c») ( )

rfie MaccoBblli onepaTop M K(co) paBeH

M K(co) = P(— K, K) + \Q(— K,p,p")\2F(p, p\ b1). (3.16)

PP

Montoca pyHKUuM MpuHa (3.15) onpegenstoT CreKTp YacToT KonebaHWin peLléTKu
0 — + 2cokRe MK(EK) (3.17)

C 3aTyXaHnem — O6paTHbIM BpeMeHeM XXU3HWU:

—— ~~ 17T MK{€k+ %) —
G (3.18)

= — N \Q(—k,p,p)\2Im F(p,p',Ek+ ie)
0 PP

Cpasy e 3aMeyaem, YTO MepBbIi YIeH MaccoBOro onepatopa — yHKUMSA P (—K,K)
—ornpefenseT CNeKTp YacToT B MCEBAOrapMOHNYECKOM NPUOAMKEHNN, KAK 1 ypaB-
HeHue (2.8):

(G)2= + 2WKP (—K,K) =
= Vof - -e- 3.19
U TV, M2 e-k(De{{T) + (3.19)
................ 1k 'S P
’ Pu/ ( 2e (M M - A /,

rge Mbl BOCNOMb30Ba/IUCL onpegeneHuamn (1.5), (1.7), (1.12). Momumo 3Toro
BO3HMKAET TaKXe MepeHOPMUPOBKA 4YacTOTbl 3@ CYHET BO3MOXHbIX MPOLLECCOB
pacnaga Bo30Y>KAeHWU, KOTOPble ONUCbIBAIOTCA BTOPOI YacTbl0 MaccoBOro onepa-
Topa (3.16) 1 KoTopas NPUBOAUT TAKXKe K KOHEYHOMY BPEMEHU XWU3HU — 3aTyXa-
HWo (3.18). OueBUAHO, ecnKn 6bl Mbl YU CefytoLine YneHbl B pasnoxeHun (3.5),
TO BO3HUKO O6bl AOMOMHUTENIbHOE CMeELLEHWe 4acToTbl (POHOHOB W 3aTyXaHwue.
OpHako, Y4éT npoueccoB 60/1ee BbICOKOro NopsifKa — YeTbIpex, NATU POHOHHBIX U
T. 4. — NpeAcTaBAseT CyLWEeCTBEHHbIe TPYAHOCTY M Mbl He 6yeM MX paccMaTpuBaTh.

Oco6eHHO MpoCTOli BUJ BblpaXKeHVe 415 MaccoBOro oneparopa NpuUHUMaeT
B cny4dae napHbix cun (1.15), korga dyHkumm (3.7), (3.8) umeroT BuA:
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P - ] = ~ efa(, m) im {-«k m >
(-K,p) 3 % % OITM) crsc my <fQBoim (k) bem (p) (3.72)
X _l}i
Q k,p,p")= ~ 2.qu 0~ 4)eir m)<t4B4vbU - k ) b<Up) X (3.62)
X Wrp’)

Ecnn pna BblumcneHns cpegHux B (3.7a) (3.8a) Bocnosnb3oBaTbCA NCEBAOrapMOHU-
YeCKUM MpubnmxeHuem, To cornacHo (2.9) gyHkuua (3.7a) 6ynet onpefensaTbes
TO/IbKO YETHbIMW aHrapMoHm3Mamu, a (yHKuusa (3.8a) — HeuveTHbIMU. Takum
o06pasoM, B MCEBAOrapMOHUYECKOM MNPUOAMKEHUN MaccoBblii onepatop (3.16)
OnpefensieTcs BCEMU YeTHbIMM aHrapMOHU3MaMW, YYTeHHbIMW B NepBOM NOPsSAKe
TEOpMM BO3MYLLUEHWIA, M BCEMW HEYETHbIMW aHrapMOHW3Mamu, YUTEHHbIMWA BO
BTOPOM MOPSAKe Teopun BO3MYLLEHWI B MeTOLe ABYXBPEMeHHbIX (PyHKumiA I'puHa
(cm. [5], § 29). PesynbTaTbl paboThbl [6] nonyyarTca Npy y4éTe rnepBbIX YIEHOB B
pasnoxeHun (3.7), (3.8), T. e. nMpu yuyéTe TONbKO YeTBEPTOro M KybUUECKOro
USIEHOB B aHrapMOHWYEeCcKOl 4acTu rammibToHuaHa (1.11).

[na onpepeneHWs paBHOBECHOrO MOMOXEHMS aTOMOB CfieflyeT BOCMO/b30-
BaTbCA YCPeAHEHHbIM ypaBHeHWeM ABVKeHUSA Ans onepatopos (3.3):

n=i2.

*4U<B*(*)>=2 2 T—UTl 2 K(-K,K2..kM)(AK...AKk) = 0. (3.20)
dt (rl — 1)! Kr...Kn

|_|pI/I 3TOM ANA PELlEeTKN 6e3 npvlmece|7| BbIMNOJ/IHAETCA 3aKOH COXPaHEHUA KBasnnNM-
nynbca: kK = 0, K2+ eee+ K, = 0.

Bbluncnas KOppeAUMOHHbIE (*JyHKLI,VIVI B ncesgorapMoOHMYeCKOM I'IpVI6I'II/I-
XXEeHUu, 1. €. nosaras

<AKERn> = anx /f (2B- I (ANAKD), (3.21)
1=1

roe (2s—1)!I — npousBefeHUe HedeTHbIX yucen ot 1 Ao (2s—1), N Nonb3ysachb
CNEKTPa/IbHOW TEOPEMOIA:

[ 21 ko F tG)]

ew 1

<A Ax> dco (3.22)

NPUXOAMM K CaMOCOI/lacOBaHHOM cucTemMe ypaBHeHui (3.15), (3.16), (3.7), (3.8),
(3.20), onpegpensiOLLEn CBOWCTBA aHrapMOHMYECKOr0 KpucTasiia npu  y4yéTe
BbICLLMX MOPSALKOB 3HrapmoHu3ma. Mpu aTom, B OT/IMYUKE OT MCeBAorapMOHNYECKO-
ro npubnmxkeHunsa (2.8), nepeHopmupoBaHHble BO36YXAeHna (317) obnagatoT
KOHEeYHbIM 3aTyxaHuem (3.13), 4TO MO03BOJISET YCTAHOBUTL Mpefesibl MPUMEHHU-
MOCTW MNCeBAOrapMOHNYECKOT0O MPUBIVKEHUS.
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4. O6cyxpaeHne

Mony4yeHHble Hamy ypaBHeHWS MO3BONSAKOT PacCMOTPeTb CBOWCTBA aHrap-
MOHWYECKOr0 KpucTania npy y4éTte BbICLUMX MOPSLKOB 3HrapmoHusma. ceBpo-
rapMoHuM4eckoe npubnmxkeHve (2.8) onpeaensieT CNEKTP 4acToT KonebaHwmii
peLeTKM Npu y4yéTe BCeX YETHbIX MOPSAKOB 3HrapmMoHu3ma. OTMETUM, YTO 3TO
ypaBHeHMe, 3anncaHHoe B KOOPAUHATHOM MpefcTaBfieHnn, 0Co6eHHO yA06HO npu
nccriefloBaHNN CNeKTpa KosiebaHuii peleTok ¢ npumMecsmu (cm. [7]). Kak BugHo u3
onpegeneHnin (2.6) n (2.6a), y4eT aHrapmMoOHM3MOB BbICOKMX MOPSALKOB MOXET
NpMBOANTb K CYLLECTBEHHOMY W3MEHEHMIO «MCEBAOraPMOHNYECKNX» CUTOBbIX
MOCTOSHHbIX A5 JIerKoi €nabocBA3aHHOW MpuUMeCKH, MOCKONbKY €8 cpedHe-
KBaZpaTuyHoe CMelleHre < ul > MOXeT 3HauMTeNbHO MPEBbIWATbL CpeAHEKBaApa-
TUYHble cMeLLeHNs < 10) aTOMOB OCHOBHOWM peLLeTKMU.

YueT NpocTeiiLLero npolecca pacnaja ogHoro hoHoOHa Ha jBa B camocorna-
COBaHHOM MoJie OCTa/IbHbIX (POHOHOB (pacuenneHue (3.5)) NO3BONSAET HalTK AOMOJI-
HUTENbHYK NEePeHOPMUPOBKY 4YacTOTbl 3a CYET aHrapMOHM3MOB HEYETHbIX MOpPsAA-
KOB, a TaK>Xe OnpefenTb 3aTyxaHue 3TUX Bo3oyxaeHuii (3.18). B 06nactu ha3oBbIxX
NnepexofoB 3TO 3aTyxXxaHWe MOXeT OKasaTbCA BecbMa 60/bLUMM W KOHUenuus
cnabocBszaHHbIX MCEBLOraPMOHNYECKNX (DOHOHOB MOXET OKasaTbCA HeBEepHOW.
Cama 061acTb (ha3oBbIX MEPEXOS0B MOXET ObITb HaifeHa U3 camocor/1acoBaHHOMo
PeLleHNss ypaBHEHWUH, ONpeaenstoMX CNeKTp KonebaHWii 1 KoppensunoHHble
CpefHue, Korfa KonebaHus peLleTKu CTaHOBATCH HeyCTOAUYMBbLIMM.

3ameTuM, HaKOHel, 4YTO MOMY4YeHHblE HaMW ypaBHeHWS B pasfenax 2 u 3
NO3BOMAT MPEA/IOKNTb HEKOTOPbIN 3PMEKTUBHBIA aHFaPMOHMYECKWI FramMubTO-
HWaH, cofepXXallnin NMlb aHrapMOHU3M TPeTbero Mopsifka, rae CuoBble MOCTO-
SIHHbIE OMpPefensATCa Yepe3 KOPpPensuMoHHble (YHKUMM CamoCOor1acoBaHHbIM
o6pasom. [ecTBUTENbHO, NPUMEHMM NPUOAMXKeHUe Thna (2.4) K raMunbTOHMaHy
(1.1), (1.15):

B pesynbTaTte nonyyaem crefytowmii 3¢eKTUBHbIA aHrapMOHWYECKUIA FaMUsb-
TOHWaH:

(4.2)
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rae OMpeaensieTcss COOTHoweHMeM (2.6). O606LLUeHMe Ha criy4vail HemapHbIX
cun (1.3) Npov3BOAMTCSH TPMBMASIbHO, OfHAKO ramwibTOHWaH OyaeT MMeTb rpo-
MO34KUA BMA. C MOMOLLBIO 3TOF0 ramMuIbTOHMAHA JIerKo MoJly4aloTCa YpaBHEHMS
ona ¢yHkumii MpuHa (2.1) v (3.1) HaigeHHble B pasgenax 2 u 3. JobaBneHwue
3()(PEKTMBHOIO0 KyO6UYHOro aHrapMOHWYECKOro uneHa B (4.2) rno3BosisieT y4yecTb
aHrapmMoHM3Mbl HEYETHbIX NOPSAAKOB B NCEBAOrapMOHUYECKOW Teopun, onpeaense-
MO/ MepBbIMM ABYMS 4sieHamu B (4.2). OTMeTMM, 4TO B ramuibTOHMaHe (4.2), a
Takxe B pacuenneHusax (2.4), (3.5) no cywecTBy NpoCyMMUPOBaHbI AvarpaMmbl
TMna:

+ ® + ..

UK + Jan' o+

1 MO3TOMY MpY MOCTPOEHUW AMarpamHON TEXHMKM Ha OCHOBE raMu/bTOHUHA (4.2)
TV gnarpammbl He crieflyeT YYuTbIBATb.

B 3akntoueHne Ham xoTenock 6bl nobnarogapute C. B. Tabnukosa 3a npes-
NIOXKEeHUe TeMbl U 06CYyKaeHUs, a Takke . KoHBeHTa, KOTOpbIA 06paTui Halle
BHMMaHue Ha paboTbl [2].
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ACCOUNT OF THE HIGHEST ORDER ANHARMONIC EFFECTS IN CRYSTALS
By
N. M. PLAKIDA and T. SIKLOS
Abstract
A method of accounting the highest order anharmonic terms in the crystal poten-
tial energy is developed. On the basis of the equation for Green functions a frequency

spectrum of the lattice vibrations in pseudoharmonic approximation is found. The damp-
ing of the lattice vibrations is also determined.
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DELOCALIZATION AND CORRELATION OF ELECTRONS
IN THE MOLECULES OF SATURATED COMPOUNDS. I.

CONSIDERATION OF THE DELOCALIZATION
BY THE MO AND GEMINAL METHOD

By
I. Ts. LJAST and R. G. Nousratoullin*
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(Presented by A. Kdénya. — Received 26. I1X. 1967)

In the geminal method the delocalization energy is not usually considered whereas the
major portion of the correlation energy may be taken into account.

In the MO theory only delocalization energy is considered. The estimates show that, at
least in hydrocarbons, the correlation energy is more important than the delocalization one.
Therefore the localized geminals can be energetically more advantageous than the delocalized
molecular orbitals. To take into account delocalization in the geminal product scheme the AO
of the neighbouring bonds are added to the localized geminals.

1. Introduction

It is well-known that the HF (Hartree—Fock) scheme is based on the
molecular orbital description even though we are concerned with large saturated
molecules with strongly localizedbonds. On the other hand we have the localized
geminal method [1—3] in which the wave function is taken in the following

form:
® = A<~ (12)97(34)...}, 1)

where the functions qu(12) describe the valence bond electrons or lone pairs.
The question, which we would like to pose is the following: taking into account
the approximate character of both methods, which of these methods can be
applied more successfully to the large saturated molecules with a strongly
specified individuality of the bonds (for example, to hydrocarbons). For an
answer to this it is necessary to define the criterion for comparing both methods.
A similar idea was expressed some years ago by Levinson [4] who defined the
energy criterion for comparing the MO method with the localized valence
bond method.

In most saturated compounds the deviations from the additivity principle
are small which indicates a relatively small role for the delocalization and a

* Permanent address: Institute for Organic Chemistry of the Bashkirian Branch of the
Academy of Sciences USSR, Ufa, USSR.
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strongly specified individuality for the valence bonds. The latter fact creates
the difficulties for a justification of the applicability of the delocalized MO to
the molecules of saturated compounds [5], at least in those cases when one
can talk about the relatively small effects leading to the deviation from the
additivity principle.

Although the semiempirical treatment of the delocalization energy in the
MO —LCAO theory gives a good agreement with experimental data [6—9], it
is not yet possible to consider it as confirmation of the applicability of delo-
calized MO. It is enough to indicate that the semiempirical estimate of the
inductive effect only without delocalization energy also gives a good result [10].

Let us note that the Lennard-Jones “equivalent orbital” theory [11,
12] is really only a formal method of associating certain orbitals with certain
bonds in saturated molecules. It does not in itself give any direct method for
finding just how localized these orbitals are or how they differ from one mole-
cule to another [13].

On the other hand, the localized geminal may be associated with indi-
vidual valence bonds and the correlation between valence electrons may be
considered, which is important for the heats of formation [14, 15]. Moreover,
as was shown by one of the authors [16], in the geminal product scheme it is
possible to take into account the inductive effect and the transferability of
geminals from one molecule to another.

To take into account delocalization in the geminal method the AO of
the neighbouring bonds are added to the localized geminals.

To answer the above-mentioned question it is necessary to analyse those
approximations, which are common to both methods, from the point of view
of their application to molecules of saturated compounds and to make some
estimate of the delocalization and correlation energies.

2. Estimation of the delocalization energy in the MO theory

Let us introduce the following definitions.

a) MO is localized if one includes only AO (among them hybrid orbitals),
concerned with a certain bond.

b) MO is delocalized if one includes AO of two or more bonds.

In the simpler case, when the valence bond is formed by two AO, the
localized and delocalized MO is of the following type [8]:

Tk — Wk+ Qt+i%+! (k= 1,2, .-m2n-1), )

Cik f k (kK= 1,2 ...2n). 3
1

A =

Ty
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In the case of the localized MO the task is reduced to the solution of
the “«’’-secular equations of 2ml order, and in the case of the delocalized, to
the solution of the secular equation of the 2nth order.

The delocalization energy may be considered as a small quantity if two
conditions are fulfilled: a) resonance integrals of the interactions between AO
of different bonds are small in comparison with such integrals between AO of
the same bond; b) the differences between the energies of the ground states of
the localized MO are smaller then their excitation states.

Let us estimate the delocalization energy semi-empirically assuming that
the deviation from additivity principle is due to changes in delocalization
energy. The secular equation for ethane (for example) has the following form,
with some simplifying conditions, the meaning of which is clear from the
determinant structure:

x 10000 00O
1x 0in0oin mo
00x 100 00O
oml x Oom 1Mo "
0000X1 00
OmoTllx mm
OmOmOin xy 000000O0
000000 yx mOmomo =20, (4)
Om x I1moOomo
00 1X0000
Om OomX1mo
0 00 001 x00
0Oin OomOomx 1
00 00O0O01«x
where
a= E
(47
f3

B is the resonance integral between AO of the same bond CH (/3c-H)?

Rc-c

Rc-H

is a parameter characteristic of the difference between the resonance integrals
of the C—C and C—H bonds.

a small parameter characteristic of the resonance integral of the interaction
of two hybrid orbitals of the same carbon atom.
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It is assumed that the Coulomb integrals of C and H atoms are equal to
each other.

Parameters B, y, m can be calculated with the help of empirical data for
the heats of formation of the molecules [7]. If, for the energy of the system, we
take the total energy of the occupied MO, then the expressions correct to m2
for the heats of formation of the molecules take the following form:

CH4: S’= 2R ii-\+—— m2 392,86 ccal/mol,

5
| ) Q)
CHe: IT= 2B 6+ y)+ 3 = 667,02 ccal/mol, (5"
[2 1+y,
7,1
C3HB8:S'=2R (8+ 2y)+ =943,61 ccal/mol. (5")
4y 1+y

The delocalization energy £+ 1 corresponds to terms proportional to in-*.

Calculated from expressions (5—5"), the values of the parameters and delo-
calization energies are equal to:

B = 44,77 ccal/mol, y = 0,45, trr = 0,284,
S'dUCH4) = 0,06038 at. u. = 37,889 ccal/mol.

It is interesting to remark that the value of the delocalization energy
for a methane molecule obtained in [13] is only ~5ccal/mol.

3. Computation of delocalization in the geminal product scheme

The geminal y(12) can be consi dered localized if in its bilinear expansion
in atomic (hybrid) orbitals only atomic orbitals connected to the same bond
are computed. Delocalized geminal y(12) must be built from AO of different
bonds. However, strong delocalization is energetically disadvantageous because
in this case the geminals can take into account only an insignificant part of
the correlation energy. It is reasonable to use the limited delocalized geminals
which are little different from the localized geminals

- u22 A+B)s 4 xp +m(#2fc) LZAIiZLL Jii(iyan2) +

+ 2 BiITIT(DIS@ + 2 2 Bhh(i +0jijIjiwte’i2)»

(6

* With these assumptions the conclusion about the proportionality of £(jel to m~”as
a general character. The absence in the expression for a+i. of the terms of “T”Iborder can be

proved easily by reducing the secular equation to n‘horder for the occupied MO and using
Vieta’s theorem.

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



DELOCALIZATION AND CORRELATION OF ELECTRONS 35

where ik, j»' are AO of -x-~ and “m ” bonds. «a ~ “are coefficients of the
bilinear expansion of the localized geminals [17]. “B” are small coefficients
responsible for delocalization. 77;iy2 is permutation operator equal to zero if
j 1= ji2. The bilinear combination (6) describes the general case of the computa-
tion of nonfundamental structures by the valence bond method.

Analogously to [17], the energy of the delocalized geminals can be repre-
sented in the form:

==k @
2k= Syik(12)$kvk(U)d(l)d(2), (8)

where ghis the model operator for a geminal.
Taking into account (6) integral (8) is decomposed into a bilinear combi-
nation which includes the matrix elements of type:

44] =a+ z44a+nun) jii)m tkif)agag d2)= ©

< Phokerd v VlTnhotekets
T (k)

TkmihivisH] denotes the matrix element of the interaction operator of the
“A’ geminal with the “m” one.

7

is the matrix element of the operator &k considering the inner
interaction in the geminal and its interaction with the ionic cores of the system.
Matrix elements can be characterized by some parameter
“ry’ denoting how many pairs of AO with the same electronic index components
in the integral (8) are connected to different bonds. For a matrix element
,1314], “ry” is equal to zero. In general, the greater the value of para-
meter “ry’ the smaller is the matrix element.
Application of the usual variation procedure gives the following system
of equations for a definition of the small coefficients “B”:

2 4 B4 ~ (O[44] + N 4 an[441]1)+ T(dK) ida = (10)
'S1 yk K mm’i i X* Dkm kmm'ml i X 1f>kmn (7)(X)-\KT'TT'/1 i
—r' \-hhhht | jfd Liiisiiiid 1 hi* " i i Jiil8ii72 J 1
1Js ] (10.)
4'- 3214--?’3”,15“'5 7L/?/2/g74 J QJ
%_ &4iiiiTh]+2 Y1/~ O41N = 0. (104
1< 1,Ji

where
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20441 = ~O[44] " als4], (11)
wapnl = 1T+ (£* "~ )a@[44]. (12)

E ATid is the change in the interaction energy of “it” geminal with others
Li®k)
because of their delocalization. The delocalization energy is equal to

E%e. E, —E, - Hfss *
K 1 m \ ij2 i3« (13)
Y ~ Rfcm <7)(oﬂ1%m£qg1;
hh h, ** jljl ** 1272 1

In the expressions (10) and (13) the terms of the same order are retained. It is
assumed that the delocalization weakly affects the electronic structure and
that therefore ATkm is small and matrix elements (12) can be considered of
the same order as the delocalization energy (13). The coefficients are small
of the first order and the coefficients B”~,2 BJ'J2 and the delocalization energy
f2del. are small of the second order, respectively, relative to the parameter
“r”. Using some simplified suppositions [18] the energy of the molecule can
he represented in the form

= k ST—k~ kK—m—m—
E ¥| NK  m B NKN, [4 37 km—2 .ST m—m—)]|, (14)
fle= j> k(12) eftvk(12)d(l)d(2), (15)
& — -f- h., -f- , (150
mkm = f [y(12)]*— [ym(34)pd(l). ..d(4) , (16)
0 z13

= JJ'ANK(12)Vit(23)VB34)vsm(41)da)...d(4), (17)

4 - 3 4 1

&km =2 hP+ 2’2  —- + 4 w4
P=1 P=1?(>P) zpg N, N,, NkNm (170

2 (T,912) + TJ34)),

where hp is the one-electron operator of kinetic energy and potential inter-
action, Np is a normalization constant of the geminal. Replacing in expressions
(15—17) localized geminals rpx (12) by delocalized (6) ones and keeping only
the significant coefficients A *is and we obtain the expression for the
delocalization energy
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EM.=e-E =- 2 E Tz(dpx) \(/n i, * (18)
+ ABINBAQUhhhhh]
2 Aji hja
Wkm [*1 ®2his] = f2J (4 - .., . v A(DA(2)4(1)11(2)d (1)d(2)
(19)
- J22km4(1) 4(2) 4(2)71(3) Vm(34) vm(41) d(1)... d(4),
@m[a71ais] — (4 —E+  Tkm 4(1)71(2)41)71(2) d(1)d(2)
,ﬂﬁbk) (20)
FAM71(D71(3) 4(2) 4(2) ym(34) Vm(41) d(1) ...d(4),
Ikm [Vm(34)]2d(3) d(4) — + — - 4 JTm (21)

*12 *23

In the expressions (19) and (20) terms of the same order relative to the para,
meter “rf' are kept (for Wiimrj = 1, for QkmV = 0). The use of the variation
principle gives the following system for the determination of the coefficients
B

BiZ Qkmihit his] + 2~t.M m [ish hjl] = 0. (22)

hijt
Further simplification can be achieved by converting to one-electron approxi-
mation

yi(12) = ft()*(2)+ ¥ BrLk()m*(2) + m*()k(2)], (23)
o) n

where K (1) is the MO of the “k” bond and m* (1) is the MO of the first excited
state of the “m” bond. The MO excited state is necessarily included through
the introduction of the Pauli exclusion principle. It should be noted that if in
(23) we used the MO m (1) of the ground state, then Wkm would be equal to
zero. The expressions (18) —(20) and (22) in this case are simplified to

Wknt*

B ks — ) (24)
Qkm*
Egr, Y Y -Win* (25)
K T Qk

Wk = 2 [(<k/fem*> — (h/kky <km*>) -j- (<kk/km*> —
— (KK/KK) (KT*Y) -2 "V ((km* LYy — (kk/Ily <(fo/>) —
H%k)
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— ((hjmm*} -f- (kk/mm*} + (mm/mm*> +

+ 2 3?2 (mm*/I1}) (km} — (km/mm¥*)],
1(dx)

Qkr =« h/m*m*} — (h/kk)) + {(kk/m*m*} — (kk/kk}) + "7

2 |(2k) ((m*m*/11} — (kk/I1}) — (mm*/mm*}.

The estimate of delocalization energy is made for the methane molecule accord-
ing to the results of paper [19]. The calculations give the following values:

Qkn*= 0,6948, Wkm*= 0,0560, Bkm*= - 0,0806 ,
Edel = 0,0541 at. u. 33,9 ccal/mol.

4. Conclusion

Taking into account the estimates made we can try to answer the above
mentioned question. In this paper we restrict ourselves to the discussion of
the results on the example of the methane molecule.

The total correlation energy of the methane molecule according to
[20—21] is 0.34—0.36 atomic units. Undoubtedly, the correlation energy of
electron pairs of the C—H bonds provides the greater part of this value. Thus,
if the competitive approximations are considered as the localized geminals and
delocalized MOQ’s, then the first of them should be supposed energetically more
favourable because the total correlation energy of the valence pair is proved
to be more than the delocalization energy. Probably, it is possible to extend
this conclusion to the other saturated molecules and, in the first place, to
hydrocarbons. If, in fact the localized geminals describe the system better than
delocalized MO'’s, then this raises a doubt about the physical substantiation
of the application of MO’s, for studying the effects leading to deviation from
the additivity principle.* Let us note that the calculation of other physical
properties, and in particular, of the nuclear spin —spin coupling constants, which
can be a more sensitive measure of the delocalization of electron binding, is
of interest. The other paper of this series will be devoted to this and also to the
calculation of pair and intergeminal correlation.

In conclusion one of us (R.G.N.) wishes to thank Dr. E. Kapuy for help-
ful discussions during his stay at the Research Group for Theoretical Physics
of the Hungarian Academy of Sciences, in Budapest.

*This conclusion does not extend to calculations of the ionisation potentials because
MO well describes the motion of the ionic vacancy [18]. Therefore, the fact of the dependence
of the ionization potential on the length of the molecule cannot be used, as is done in [13],
as an argument in favour of the necessity of the delocalization computation in neutral molecules.
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OENOKANN3AUNA N KOPPENAUWNA ISNEKTPOHOB B MOJEKYJTAX
HACbIUWEHHbIX COEAVHEHWA. 1

YueT genokanusauuun metogom MO un pxemuHanei
NW. T.nact WP. T. HYCPATYNNWUH

Pesome

B MeTofe [yKeMuHaneih aHeprus Aenokanusaummy obbluHo He yUUThIBAETCS B TO BPEMA Kak
60NblUas YacTb KOPPENSLUOHHOW SHEPTUM MOXET GbiTb yUTeHa.

B metoge MO paccmaTpuBaeTCs TOMbKO 3HEPTus Aenokanusaumu. OLUeHKM NoKasbiBaioT,
uTo, MO KpaiiHeil Mepe, B YrneBofopOAax, SHEPrUs KOPPensauuyu urpaet GONbluyl PONib Yem
aHeprus fgenokanusauumn. osToMy NOKanM3oBaHHble AXKEMUHAAN MOTYT GbiTb SHEPreTMyecku
6onee BbIFOAHLIMU YEM fieNoKann3oBaHHble MO.

ONns ydeTa fenokanusauuu B Metode A)XeMuHaneli aToMHble Op6UTbI COCeHUX CBs3eit
06aBNATCA K NI0KANM30BaHHLIM [)KEMUHANAM.

Acta Physica Academiae Scientiarum Hungaricae 25, 1968
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BARRIER PENETRABILITIES AND REDUCED WIDTHS
FOR a-DECAY IN THE MEDIUM HEAVY REGION
By
Z. Body
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and

E. Rupp

INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN

(Presented by A. Szalay. — Received 2. X. 1967)

Alpha-decay barrier penetrabilities and reduced widths were calculated using all
experimental disintegration energies and half-lives available in the medium heavy region.
Some problems arising in numerical work is discussed and an extrapolation formula for
penetrability vs. energy is given. The agreement between the relative values of the “experi-
mental” as well as theoretical reduced widths has been found to be reasonable.

The nuclear a-decay barrier penetrability factor as defined by Rasmussen

[1]
exp —2 M V4 — i) —Edr 0
' % r 2Mr2
where
V(r) = -1100 exp f=LITALL ey (2)
0,574

is the real part of the 1go potential [2] for «-nuclear interaction for | V | <1 10
MeV. In Eqgs. (1) and (2) the symbols have the following meanings:
:total decay energy,
:atomic number of the daughter nucleus,
:mass number of the daugther nucleus,
:reduced mass of «-particle,
| :orbital angular momentum carried off by the «-particle,
rj : distance in fermis,

h, e : Planck constant over 2n and electronic charge, respectively.

The integration in Eq. (1) is to be extended over the real values of the
integrand. The limits, that is the values of r where the integrand vanishes are
sometimes called inner anti outer turning points.

The total decay energy E can be obtained from the «-particle energy by
adding to it nuclear recoil and screening correction (see e.g. [3]).

T>Nm
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Some remarks on numerical work

In evaluating the W KBJ integral the following procedure was used: The
domain of integration was divided into three parts. The first part (l) is between
the inner turning point and the maximum of the integrand; the third (I11) is
an interval of length 2 fermis measured backwards from the outer turning
point. The remaining part is the second one (ll1). The values of the integral
over the different domains were calculated by using Simpson’s rule with
constant divisions 0.01 fermis in (1) and (111) as well as 0.2 fermis in (I1). This
procedure was suggested by the fact that the area under the portion (Il) of
the integrand is much larger than that under other portions and the integrand
varies much slower far from the turning points than near them.

Another possibility would be to calculate the integral by a modified
Simpson’s rule [1] to take into account the ¥x behaviour of the integrand at
the ends. However, this modification may occasionally give rise to some irre-
gularities in the convergency of the approximate sums if the number of
divisions is small. In fact, by dividing the barrier region into 128 equal parts
only, one cannot reach, in general, the accuracy of 1% indicated in [1].
An illustrative example can be found in Table I. From a physical point of view
this fact has no significance — of course — because the experimental results
and the WKBJ approximation itself are rather inaccurate, but explains — in
part the slight differences between the results for P obtained by Rassmus-
sen [1], Sandulescu [47], KohImann [4] and us.

The calculations were carried out by an M-20 computer in Dubna, USSR.
To check the results an independent programme was made and used on an
ICT computer in Budapest.

It is to be noted that the value of P is very sensitive to variations in the
input parameters and constants. For example, if measuring the % error, a
given error in M would yield an error hundred times larger in P. For this
reason we list the values of the constants used.

e 4.80273 xKO “10 esu ,

h

1.05439 < 10~27 erg sec.
Quantum energy as well as mass conversion factors:

1 MeV - 1.60209 < 10-6 erg.

1 atomic mass unit = 1.65975 < 10-24¢g .

The values of M were calculated by the formula

M = 40027 A . ©)
A+ 4

Ada Physica Academiae Scientiarum Hutigaricae 25, 1968
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Table 1

The values of the WKBJ integral (1) as well as the penetration factor (P) at different numbers
of divisions of the barrier region (n) calculated by the method described in [1] when comparing
them to the values obtained from the present procedure (JOand POQ) for Gd148 E = 3.27,1= 0

n I-h! m P. 10" 10

128 5.76 « 10-2 7.8144 3.94
256 1.09 «10~2 7.5736 7.36 «10-1
512 153 «10-4 7.5176 9.71 «10-2
1024 165 +10-3 7.5266 111 «io-1
2048 498 «10-4 7.5158 347 «10-2

Fo=7.5183-10-30

The number 4.0027 is the mass of the a-particle in atomic mass units. (The
omission of the term 0.0027 in the denominator shifts the value of M a little
closer to the “true value”, where this expression in the quotation marks
denotes the reduced mass calculated by using exact mass data instead of mass
numbers).

The results of the calculations

Tables I, 111, 1V and V contain the results obtained for the penetrability
P as well as reduced width 62. Owing to the fact that the majority of nuclides
in the Tables have no definite spin assignment so far, all the penetrabilities
were calculated for 1= 0 case. In calculating 62 the following definition was
used [1]

8?‘: hin2
PTa
where Tais the alpha partial half-life.

Alpha particle energies, total and alpha partial half-lives or branching
ratios are presented as given in the references. The values of the inner turning
points as well as penetrabilities are given for four, while reduced widths for
three figures irrespective of the accuracies of their input parameters. In the
last column only original references are listed, although in some cases the data
were taken from the compilation tables of Eskola [39]. If more than one
reference is presented, it is always the first that contains information on the
energy. When alpha particle energies were corrected for nuclear recoil and
electron screening a rounding off was applied in every case to four significant
figures. So, the data in the third column are exactly the input energies for
the WKBJ integral. No errors were calculated for P and & If such an error is

Ada Phvsica Academiae Scientiarum Hungaricae 25, 1968
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Table 11

Barrier penetration factors and reduced widths for even—even nuclei, 1— 0. The asterisk®*) means estimated value

Total a-partial Inner

) a-particle energv a-decay Total half-life or turning Barrier Reduced width
Nuclide (MeV) energy half-life altotal decay point penetration (MeV) References
(MeV) ratio (fermi) factor
A ~ 15 1.562 5.1 « 105y 5.1 « 1015 8.420 7.453 «10-19 2.390 + 104 [42]
o NAUI 1.83+ 0.02 1.902 (21 + 0.4) «10By  (2.1+0.4) « 1015y 8.439  9.464  10-~u 0.457 [23]
6,5in146 2.46+ 0.02 2550 (7.4+1.5) « 10% (7.4+1.5) « 10’y 8.470 8.854 ¢ 10- X 0.139 [40]
62011348 2.14+0.03 2.220 (1.2+0.3) « 1013y (1.2+0.3) « 10,3y 8.489 3.050 « 10-10 0.0248 [5]
stGdJi» 3.18+ 0.01 3.290 >35y (93+5.8)y 8.503 1.119 «10~2 0.0873 [«], m ini
etGdJ?» 2.73+0.01 2.826  (2.1+0.3) m106y (2.1+0.3) « 10ey 8.517 4.048 « 10-M 0.107 6]
o FrlLs2 2.14+0.03 2220  (1.08+0.08) +10My  (1.08+0.08) » 10y 8527 5593 «10-12 0.150 [43]
66°Y88° 4.23+ 0.02 4369  (7.20+0.10) min 0.18 + 0.02 8.548 2342 «10-B 0.0510 [9]
rAiGyk” 3.627 + 0.008 3.748  (2.37+0.02) h (0.50+0.2)y 8.556 2.519 «10-Z 0.0721 ]
DyJil 2.870+ 0.020 2.969 >10y (2.9+ 1.5)10cy 8560 4.700 « lO"% 0.0666 [1]. [14]
+0.05
Lol7lds2 4.80+0.02 4.953  (10.7+0.5) sec 0.9:0 ”0 8575 2.396 «10-2 0.101 [12]
70 5.33+0.02 5.497  (0.39+0.04) sec 0.98% 8601 7.369 «10"D 0.0978 [15]
«Hftf» 5.27+0.02 5.433 (3+ 0.5) sec 0.80* 8.635 4.619 102 0.165 [34]

2.50+0.03 2.584 (2.0+0.4) « 101y (2.0+ 0.4) « 10I5y 8.770 4.119 m10_u 0.110 [43]

»»«na
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p t174
7ir Lofi

73P l]-l—
N*0

P f 180
7sr 1102

P f 182
73r 1104

737106

P f 186
73* 1108

P 188
78* L110

P f 190
73riv2

78P t}? 2

&Pbfs|

6.03+0.01

5.74+0.01

5.44+0.01

5.14+0.01

4.82+0.03

4.48+0.02

4.23+0.02

3.93+0.01

3.18+0.02

~ 26

~ 26

6.201

5.902

5.594

5.286

4.957

4.608

4.352

4.044

3.277

2.684

2.683

(0.7+0.2) gec 0.8+

(6.0+0.5) sec 0.014
(21.3+1.5) sec 0.013
(50+5) sec 0.003
(2.5+0.5) miu 2.3 m10-4 2+
(20£2) min 15 +¢10-5¢2+
(2.0£0.2) h 1.4 ¢ 10-« * 2+
(10.2+0.3) d (3.0+ 0.6) *10-7

(5.4+0.6) » 10ny (5.4£0.6) » 10uy
~ 1015/ ~ 101y

1.4 « 101N 1.4 - 1014

8.823

8.841

8.858

8.875

8.892

8.907

8.926

8.943

8.946

8.954

9.069

2.098

1.336

6.094

2.085

3.901

3.502

7.776

4.751

5.541

2.545

2.032

10-20

10--*

10-23

10-2

10-26

10-28

1Q-30

1Q-32

10-39

10-46

10-49

0.156
0.00500
0.0287
0.0825
0.113
0.102
0.0717
0.0205
0.0304
357

3.19 =103

135]
[35]
[39]
[39]
[13]
[13]
[13]
[131
[13]
[37]

[16]
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Table 11

Barrier penetration factors and reduced widths for even—odd nuclei | — 0. The asterisk™*) means estimated value

Nuclide

62Smy7
esmJf
64 Glgo
s g5t
66 VB!

T)vis3

GErir

7iYbI”s

THfIf
7378074

18P 47
7sPHP
7sP 16

Pt18
78" 110

a-particle energy
(MeV)

2.231+0.010

1.84+0.05

3.016+0.010

2.60+0.03

4.074+0.008

3.464+0.008

4.67+0.02

5.21+0.02

5.68+0.02

5.95+0.01

5.51+0.01

5.15+0.01

5.02+0.02

4.74+0.03

Total
a-decay
energy
(MeV)

2.314

1.911

3.121

2.692

4.208

3.580

4.819

5.373

5.854

6.118

5.666

5.296

5.162

4.875

Total half-life

(1.08+0.02) m10uy

(4+2) « 104y
(8.3+1.7) d
120 d
(17.7£0.5) min
(6.75+0.15) h

(36;£;2) sec

(1.65+0.15) sec

(0.12+0.0.3) sec
(2.1£0.2) sec
(6.6 1) see
(33+4) sec
(51+5) sec

(6.5+£1) min

a-partial
half-life or
al/total decay ratio

(1.08+0.02) - 10uy
(4£2) w104y
(5.5+1.7) w103y
4.2 . 107.2+'y

(5.4£0.2) h

(3.0£0.3) mio-5
+0.05

0.95-
—0.20

0.90*
1>
0.8*
0.003
0.001
0.0006

\
0.95 - 2+'y

Inner
turning
point
(fermi)

8.477

8.494

8.512

8.528

8.557

8.565

8.586

8.612

8.635

8.834

8.847

8.862

8.885

8.902

Barrier
penetration factor

7.017 - 10-3

1792 - 10-&6
3.596 - 10-31
1.310 < 10-35
2751 io-2

1431 10-28

5.414 . 10~2

2.235 - 10“D

2661 io-19
1.020 10-2°
1.253 + 10-2
2.238 + 10-2
4.938 + 10- 25

1.386 - 10~

Reduced
width (MeV)

0.120

126

0.0459

0.165

0.0536

0.0247

0.140

0.0700

0.0898

0.107

0.0104

0.0388

0.0683

0.00690

References

(6], [19]
5]

[20], [21]
[21], [22]
[11], [24]

[11], [9]
[12]

[15]

[34]
[35]
[35]
[35]
[35]

[13]

o5
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Nuclide

6jPmas
e3Eujf

651 N3O

e&ThJR1

6THoO1

g &

erHoJI5
69x 84
7B
83 1116

Table IV

Barrier penetration factors and reduced widths for odd—even nuclei / = 0. The asterisk(*) means estimated value

a-particle energy
(MeV)

2.24+0.04

2.91+0.01

3.974+0.006

3.99+ 0.03

3.409+0.006

4.51+0.02

4.60+0.02

3.92+0.03

3.96+0.03

S.11x0.02

5.63+ 0.02

5.47+0.06

Total
a-decay
energy
(MeV)

2.324

3.013

4.106

4.122

3.524

4.656

4.748

4.048

4.088

5.271

5.804

5.614 1

Total half-life

(17.7+0.4) y
(24+2) d
(4.1+0.05) h
(4.3£0.2) min

18551 h

0.5

(35.6+0.4) sec
(42+4) sec
(9£2) min

(16.5+0.5) min
(1.58+0.15) sec
(0.07+0.02) sec

25 min

a-partial
half-life or
altotal decay
ratio

(2.8+0.6) m10"»
(2.2+0.6) *10-5
(36%7) h

(2.5£0.5) « 10-1

(4.4%0.2)  IO2y

0.2+0.05
0.28 «2x1
(3+2) +10-3
0.0078
0.90*
1*

140 d

Inner
turning

point
(fenni)

8.458

8.489

8.535

8.536

8.545

8.561

8.565

8.570

8.602

8.590

8.165

9.083

Barrier
penetration
factor

6.722

1.683

2.363

2.969

2.224

2.508

7.548

7.288

1.463

2.308

4.614

5.913

10-38

10-31

io-24

io-24

10-28

10-22

10-22

10-26

io-5

10- 20

10-19

10-5

Reduced
width
(MeV)

0.214
0.181
0.00936

936 10-4

928 io-4

0.0642
0.0253
0.219
0.154
0.0707
0.0887

401 io0-4

References

(23]

[6]. [26]
[271,[28], [29]
(9

[27], [24]

[36]
[36]
[36]
[38]
[15]
[34]

(18]
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Table V

Barrier penetration factors and reduced widths for odd—odd nuclei 1= 0. The asterisk(*) means estimated values

Nuclide

8

oJb'f

nHo
srhPdP

7180 #8°

R
83D 1115

a-particle energy
(MeV)

2.63+0.03

3.492+0.005

4.38+0.02

4.12+0.03

5.43+0.03

5.83+0.06

Total
a-decay
energy

(MeV)

2.724

3.610

4.522

4.253

5.598

5.981

Total half-life

(50+H)d

(3.15£0.20) h

(2.36 z0.16) min
(5.6+£0.2) min
~ 0.5 sec

7 min

a-partial half-life or
a/total decay ratio

(1.6+0.5) m10%
1 4-300)
180 y
—120j
0.30 «2%1
0.017
0.7*

10 d

Inner
turning
point
(fermi)

8.495

8.533

8.572

8.592

8.623

9.082

Barrier penetration

factor

1.677

9.788

4.970

1.510

6.936

3.092

mio-3

«10-38

*i0-3
«10-2
mio-D

*ji0-3

Reduced width
(MeV)

0.0339

5.16

io-4

0.122

0.0960

0.0579

1.07

io-4

References

[10]

[311

[36]
[381
[34]

[18]
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needed, one can easily estimate it by using the energy and half-life errors
indicated, as well as formula (5).

Up till now only two nuclides have been found in the medium heavy
region where the alpha spectra have fine structures. First Gromov, Mahunka
and Fényes [27] found an alpha line in the Tb fraction which was identified
later as an alpha group from Tb140 to an excited state of Eul4 [31]. At the
same time Chumin et al. [31] found another alpha group from Tb1i5l to an
excited state of Eu47 For explaining the disintegration of Tbh449 and Th4Gm
two decay schemes were proposed (not perfectly consistent with each other)
by Chumin et al. [31] as well as Macfarlane [41]. We have accepted and
united the two schemes as can be seen in Fig. 1. For the ground state of Th4®

rii

«
60 lu'82

Fig. 1. Decay scheme for Thi4%44m &_s

the 3/2 assignment was retained. Beside considerations based on the shell
model the following facts support the acceptance of this scheme. 1) For all
the Eu isotopes of known ground state spin and parity a 5/2+ value was
assigned [22]. These Eu isotopes, with the exception of Eu4%, have first excited
states 7/2+. The energies of the first excited states of Eul5l, Eul# and Eul4/ are
22, 150 and 229 keV, respectively, while the excited state of Eudbis 331 keV.
For the same nuclei the second excited states 11/2*“ have energies in the same
sequence 197, 497 and 625 keV, so it is not probable that the excited state of
the Eu4dS in question, has a spin value 11/2. Otherwise, if one had assigned a
spin 11/2 (and negative parity) for this state the corresponding reduced width
would prove to be too small. 2) For all the Tb isotopes of known ground state
spin and parity a 3/2 + value was assigned. It is clear that the metastable level
of the Tbh1must have a high spin, so the 11/2 ~ assignment seems to be obvious.

4 Acta Physica Academiae Scientiarum Hungaricae 25, 196H
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It is to be noted that by inspecting Fig. 1 and the different transition
probabilities one would expect that alpha-decay takes place from Tb149m to
the excited state of Eulds too, with an intensity about 10-3 relative to the
ground state transition.

As for the disintegration of Tbh151 we accepted the decay scheme to be
found in [31] supposing a 3/2 + assignment for the ground state of Tb151 follow-
ing the above considerations (see Fig. 2).

Fig. 2. Decay scheme for Thlsl 1 - Eul&

In Table VI the penetrability and reduced width values are presented
for these Tb isotopes as well as for Pt178with 1= 2 [35]. In the seventh column
the orbital angular momentum carried off by the alpha particle and the change
in parity can be found.

Extrapolation for penetrability vs energy

It happens fairly frequently that a new value measured for E is believed
to be more accurate than the previous ones and one desires to calculate quickly
the new value of P for this energy. In such cases one can use the following
approximate formula:

0,988 YMZ
P(E) P{EOQ) mexp fialn (E-EDOQ (5)

where e = max {E, Ea} and the energies EQ, E are measured in MeV. In Table
VIl we presented some values of P calculated by Eq. (5) in order to have some
indication concerning the accuracy of this extrapolation. One can infer that
the error of this extrapolation practically does not exceed the value 1%,
provided that | E—EO| 30 keV.

Acta Physica Academiae Scientiarum Hungaricae 25, 1968
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Table VI

Barrier penetration factors and reduced widths for some nuclei with I 0. For the sake of the definiteness we used the values 3-10-4(*)
as well as 1 «10“3(**) when calculating the respective reduced widths

Total Inner

a-particle energy a-decay . a-partial half-life Relative intensities An, turning Barrier Reduced width
Nuclide (MeV) energy Total half-life a/total decay ratio Al point penetration factor (MeV)
(MeV) (fermi)
03TbLI9 3.974+0.006 4.106 (4.1+0.05) h (36x£7)h 2 8.519 1.208 - 10-2 0.0183
<9 (2.5—4.0) + 10°4= no
esThJi9 3.644+ 0.005 3.767 (4.1+£0.05) h - 2 8.507 6.724 - 10~ 9.87 - 10-1
(ul) no
AHOH - 3,9940,03 4122 (43%0,2) min (2,5%0,5)-101 3 8,504 7,792 .10~ 0,00357
m) yes
+1.1
M1 3.409+0.006 3.524 18.5 05 h (4.4+0.2) .- 10% 2 8.530 1.126 - 10-38 1.83 .10-3
(*0) ' no
%@6 — O‘-g'k
+1.1]
M Vv 3.183+0.005 3.292 18.5 h 2 8.522 1.335 - 10-0 155 . 10-1
(al) —0.5
no
PPLETR Y 5.28+0.01 5.430 (21.3+1.5) sec 0.0007 2 8.840 5.542 w10-21 0.0170
no

SIILITIGVHLINId d31ddvd
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Table VII

Some representative values of P extrapolated from EOto Et by formula (5) « P(exact) denotes
the value of P calculated by numerical methods described in the text

Energy E P (Ei)ext.rapolated from Accuracy of

Nuclide (MeV) |[E0O— E|keV P(exact) P (E O)exact extrap(;)/(l)ation
Ndi E,, 1.932 3.354 - 10-1
Ex 1,902 30 9,464 m10-4 9.487 . 10~4 0,24
E21.872 60 2.590 - 10-4 2.683 - 10-4 3.59
Sm'*! E02.303 4.885 - 10-~39
£12.293 10 3.506 - 10- 39 3.495 - 10-3 0.31
E.. 2.283 20 2,511 - 103 2.501 =10-9 0.40
E32.273 30 1.795 . 10-19 1.790 - 10- 39 0.28
E, 2.314 1 7.017 - 10-3 7.041 w10- 3 0.34
pt184 E, 4.628 4.683 - 10-3
Ex4.608 20 3.502 - 10-18 3.474 w10-28 0.80
E, 4.588 40 2.614 - 10-=8 2578 - 10-B 1.38

Comparison between theory and experiment

The “experimental” reduced widths calculated in this paper were roughly
compared with the theoretical widths of Mang [44] for even —even nuclides
(Z= 0). According to Mang the reduced widths can be expressed in the follow-
ing form:

= -1I_6 Np(jp+ 3- Np)Nn(2jn+ 3- NnR, 16)

where Np(Nn) is the number of protons (neutrons) in the last unfilled subshell
of total angular momentum jp(jn), while R is a rather complicated function
of the quantum numbers w, /, and the energy. If one would like to calculate
the (relative) a- values only for those nuclides which have the same unfilled
proton and neutron subshell one can consider R to be constant. The reason
for doing so is the fact that w, Z are constants within a subshell while the
energy dependence of R is very weak. Introducing the notation 2jp -(- 1 —
= Npm(2jn-f- 1 = Nnm) for the maximum number of protons (neutrons) that
can be contained by the subshell we get

P~CNp(Npm+ 2 - Np)Nn(Nnm+ 2 —N,,), (7)

where C is a constant.
In Fig. 3 the N—Z plane was divided into different “subshell-regions”
according to the level sequence of the N i1sson Scheme [45] at zero deformation.
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Following formula (7) and the “experimental” reduced widths the values of
C have been calculated. In each region we took the average of the C values
and examined the deviations of the individual C’s from this average.

In region | we used the data of Sm146, Gd148 Gd130 and Gd12 (the average
of C’s can be found in Fig. 3). The constancy of C is fulfilled within 30%. The
value of C for NdM4lis considerably larger than the average but it is not impos-
sibly high if taking into account the error of €®for this nuclide. The value of C for
Sm148 also deviates from this average but w'e feel that the accuracy of the

*Nnm R

> Nnm

yNnm~G

Nom-6 =7 Nom-

Fig 3. The average of the C values in the different “subshell-regions” (see the text)

decay energy in this case is rather questionable considering the fact that the
decay energy dos not fit the different energy systematics [46].

In region Il the constancy of C is surprisingly good. The average devia-
tion is less than 10% and even the maximum of the deviations does not exceed
18%. (We used the data of Dy150, Dy1®2 Dy454, Er 12 Yb1¥ and Hf15).

In regions Il (Ptlrd4 Pt™, Pt1®) and IV (PC8), Ptl® Ptl13 Pti% Pt183
P t190) the constancy of C is not fulfilled. The deviations are one half (I11) and
one (IV) order of magnitude, respectively. However, this is not astonishing
because far from the magic numbers the shell model loses its validity. (Besides,
there is some uncertainty in the branching ratios, but how much is not known
exactly [35].)
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Otherwise, one can see that for even —even nuclei the values of @vary
between limits differing from each other by less than one order of magnitude.
W ith the exception of a few questionable cases itistrue that 0.02 < &< 0.17
if measuring €in MeV.
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BAPbEPHbBIE MPOHUUAEMOCTW W PELYLUPOBAHHBIE LWVPUHBI
ONS «-PACMAJA B CPEJHE-TAXE/IOM PAVOHE

3. 634N n E. PYMNMN

Pesome

[MpuMeHeHMeM BCeX 3KCMepuMeHTaNlbHbIX 3Ha4YeHu JHeprun pacnaga n nepuoga nony-

pacnaga, WMelLMXC B CpefHe-THKENOM paiioHe, BbIUMCNAOTCA GapbepHble MPOHMULLAEMOCTH
U peayumpoBaHHbIe WMPUHBI a-pacnaga. JUCKYTMpYoTCS HeKOoTopble MPo6eMbl, BbiTeKarowine
13 UMDPOBbLIX BbIUUCAEHWA, AaeTCA IKCTPANoNALMOHHAS (opMyna A8 NPOHULAEMOCTN B 3aBU-
CUMOCTU OT 3Hepruu. COOTBETCTBME MEX/Y OTHOCUTENbHLIMU 3HAYEHUSMIU «3KCMEPUMEHTaNbHON»
1 TEOPETUYECKON peayLMpOBaHHbIX LWMPWH CUMTAETCS Y/A0BNETBOPUTENbHbLIM.
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The number, the symmetry quantum numbers and spin multiplicities of the many-
electron states arising from (/""-electron configurations (n = 1, 2, 3, ..., 10) in weak and strong
ligand fields of pentagonal and hexagonal symmetries have been determined.

1. Introduction

In previous papers [1], on group-theoretical basis, investigations were
carried out to find out about the number, symmetry species and spin mul-
tiplicities of the states occurring by the splitting of strong field configurations,
arising from ((*'-configurations, under the influence of tetragonal (4,), trigonal
(D 3) and rhombic (D2 symmetries. In addition to the octahedral case [2] and
the symmetries mentioned, the pentagonal and hexagonal symmetries are those
which still appear among the coordination compounds of transition metals, e.g.
in the sandwich molecules (complexes of dicyclopentadiene and dibenzene).
Though, in some cases, by using trigonal or octahedral approximations [3],
and in others by assuming D5hor Did and D éh [4] and even D o, [5] symmetries,
calculations have already been carried out for such compounds, however,
systematic studies on the splittings in fields of pentagonal and hexagonal
symmetries are still lacking.

In the present paper, the calculations based on the method given in
previous communications [1] have been extended to ligand fields of D. and
Di symmetries.

2. Classification of the splitting products

As a starting point, the linear combinations of the linearly independent

s, p, d, f, ... etc. wave functions each belonging to one irreducible represent-
ation of the group G(G = D-~, _D6) are determined. In this way, the m-diinen-
sional (m = 1, 3, 5, 7, ... etc.) space of these functions breaks up into sub-
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spaces which are invariant under the operations of the group G. Let us denote
the representation valid in the m-dimensional reducible space with E(G), then
r(G) will break up into irreducible representations, i, in the following form:

A0506= 2« r

This means that the single electron states are split. The spaces of the irreducible
representations are spanned by the linear combinations of the original functions.
For the designation of these bases the same but lower case letters are used as
for the corresponding representations, and for that of the many-electron (mole-
cule) states, the corresponding capital letters, e.g. in Ds symmetry a p- or d-
electron can stay in one of the states a2and exor av exand e2 and accordingly,
the splitting of the states P or D results in the molecule states of the symmetries
A and Elor Av Ey and E2 resp. Although, in the subsequent discussion,
only the «""-configurations and the interactions of such electrons will be dealt
with, for the sake of completeness, all the splittings, occurring in weak fields,
of orbitals or many-electron states appearing in the range of the complexes
in question, will be given as well (Appendix 1). The results of such calculations
are collected in Tables 1 and 2.

Table 1
Toyr[k))eitaolf V?)Ifue Splittings in  weak field N:pnlli?l?;gﬁ
(term) jI(B)] of Db symmetry products
S 0 A |
P 1 A.+ Ej o 2
D 2 JH -J ExHE, 3
F 3 A, + Ej + 2E2 4
G 4 Ay + 2EIl + 2E,, 5
H 5 Al + 2Ar + 2E, + 2E, 7
| 6 2A1+ Ar+ 3El1+ 2E., 8
Table 2
Type of Velue Splittings in weak Nurrber of
orbital of i splitti
o) T field of De symmetry prr)od
S 0 Ay |
p 1 a2+ el 2
D 2 + E1+ B2 3
F 3 A,+ By+ B, + Ey+ E2 5
G 4 Al-- 1% -r B2+ E1-f- 2E2 6
H 5 A2+ By + B, + 2Ey -I- 2£, 7
| 6 2Ay + A, + By + B2+ 2Ey + 2E, 9
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3. Electronic interactions

In the case of d-electrons,* in compliance with the Pauli principle, two
electrons can stay in state ax and four in each of states ex and e2. The many-
electron functions can be prepared from the product functions corresponding
to this principle. The possible different products are the so-called strong field
configurations. Generally, the many-electron functions belonging to a given
strong field configuration span a space still reducible, the degeneracy of which
is removed to an extent determined by the symmetry of the actual ligand field;
the strong field configuration splits. To determine the splittings in Ds and D6
fields, first the dimension of the space (total degeneracy) formed by the func-
tions of the strong field configuration, i.e. the number r of the linearly inde-
pendent functions belonging to this space, has to be determined:

(2 m—n) \n\

where 2m denotes the number of electrons necessary to fill up the state belong-
ing to the representation of m-dimension and n that actually staying on it.
In the next step, the spurs of the reducible representation obtained in the
space of the strong field configuration are to be determined, for which purpose,
the transformation properties of the corresponding functions (Appendix 2)
have to be established. On the basis of considerations referring to the possible
strong field configurations, it is evident that the knowledge of the transform-
ation properties is required only for the configurations (e”2, (e.)2 (el)(e,),
(ei)2(e2), (ei)(ed2 and (ej)2 )2 since the splitting of any other configuration
can be deduced from these. In the possession of the spurs, the splitting products
of the strong field configurations can easily be classified by the irreducible
representations. The spin multiplicities of the splitting products are also deter-
mined in the way given in previous papers [1].

The splittings of d1—d10 electron configurations in strong fields of D5and
Da symmetries are given in Tables 3—12. In the first columns of the Tables
there are the strong field configurations of a given d-electron configuration,
in the second ones the corresponding total sums of degeneracy numbers, in
the thirds the splitting products (many-electron states) and in the last columns
the strong field configurations in du>n, i.e. the conjugate pairs of those in
d", are given.

With the aim of making comparisons between the results, the numbers
of the many-electron states — grouped by electron configurations and symmet-
ries — have been presented in the Table 13.

* Entirely the same considerations are, of course, valid for other electrons.
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Table 3
Dp symmetry

Total sum6
« of Many-electron j

d1 d9
degeneracy states
numbers
(«h) : 2n («i) (<4>4 (*2)4
<«l) 4 (°i)2 (ei)3 (<m)
<e)) 4 *E. («j* («.)4 (<4)*
Table 4
D5 symmetry
Total
d2 sums of Many-electron states ds
degeneracy
numbers
(«1)2 : A (<U)4 (<4>4
b2 6 o 7 e s OhwWOoWw
(e2)2 6 M., o+ AL+ (a1)2(e)4e2)2
(<*)  («l) 8 "BE, (ai) (e,)3(e2)4
(“i) (e2) 8 "3E., ("i) (ei)d(e2)3
(«i)  (es) 16 I*Ex+ I»Ez (ai)Aei)3e-)3
Table 5
D. symmetry
Total
nu sums of Many-electron states d7
degeneracy
numbers
(«)a 4 2, (al)z(el) icya
(ei)3 4 -E., (<l)2(el)4(e ")
(al)Zel) 4 2,
(al)2(e ») 4 2., (ei)4(e»)3
1 (el 12 2A X+ --'A., + 2E, («1) (eiyz(e:)a
W (e2): 12 A, + 24A 2. -TE, K) (er)Ue2)2
(eN)a(ez> 24 ~ d-on, A12E0 s 2K 4-E, (ai)2ei)Zea)3
(> (<) 24 “Al.-2A, + 22E1+ 4E, 4-*E., (ai)2ei)Ae22
32 2% 4 4K 4 20c 2 4 4f

(ai) («x) (e2)

Acta Physica Academiae
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o stTn%alof

ey

A )4 1
(«.)’ 1
(al)el)2 6
(“i)2(e2)2 6
(«i) (ei)3 8
K) (er)3 8
(ei)3(es) 16
A) A)3 16
(ai)Zei) («2) 16
A w 36
A) A)A) 48
(ai) A) (e.)2 48

Total

=

(“1) A)4 2
(«c1) A)4 2
A)IA) 4
(\1) A)4 4
AX A 4
A)2A)3 4
A)3A)2 24
A)A)S 24
A)2A) A)2 24
A)2A)3A) 24
A) A)RA) 32
A) A) A)3 32
(«1) A)2A)2 72

Table 6

D5 symmetry

Many-electron states

‘A
‘A
‘Ax+ 3A.+ 'E,
‘A 3, + E,
"“3E |
13E,,
‘W3E 1. 'miE..
“3EIl. wE.,
"3EI . 'wE.

2'Al . 3PA . 2*A. f 2'El.f EX-

+ 2, + 3E.,
I'3A 1+ "*3A .+ 1-3E\
+ 33E., + FE,

1:A, + «m ., + 2IEx+ 33FEX-+

+ '*3E.,,

Table 7

D- symmetry

Many-electron states

R > R>R

AX+M . + 2%
M,iM s + 2A + 22, +

2'E, +

dé

A)A)4
A)2A )4
A)2A)4
A)aA)2

A) (A A)4

A) A)A)
A)*A) A)3
A)2A)3A)
A)*A)*

AHAA)2

A) A)2A)3

(a) A)3A )2

+ £, + X2

2A + 2124- 2 + 4E4 + 4E2
A+ 2A +2A + 22+ 4£2

20EX+ % 4- 22, 4- 4£ 2
FN 4- 4N + 206, 4-4E2
6A 4- 244t 4- 324 4- 2244 24- |E, 4- 4E, 4- 3
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d2

(<*%)2
(ex)2
(e2)2
(«i) (ex)
(°x) (e2)
(ex) (e2)

d3

(ex)3
(e23
(ai)2(ex)
(°1)Ze2

("% (ex)2
(«x> (€22

(ex)2e2)

(X (€92
(«x) (ex) (e2)

A~ DB b

M. . BAN et al.

Table 8

D6 symmetry

Total sums Many-electron
d1 of degeneracy States d9
numbers
D 2 A () (ei)4e34
%) 4 A («@)229Iex4
(«) 4 2% 2 («/TOY«*)1
Table 9
D6 symmetry
Total
sums of Many-electron states
degeneracy
numbers
| ‘A
6 + M2+ 12
6 i+ M 2+ CE,
8 ‘E, + 3E X
8 *£2 4+ 3£ 2
16 1B 1+ mifj+ >R2+ 3B 2+ ~Ej
Table 10
Dg symmetry
Total
sums of Many-electron states
degeneracy
numbers

2A
£ 2
2Ex
2%,
Mj+ 24A + X2
M1+ M2+ X2
A1+ + 3£ 2+ 4£2
B, + B2+ 3Xj + £X
22Br + iBl+ 22B2+ 4B2+ 22Xt +
+ 4EX

Acta Physica Academiae Scientiarum Hungaricae 25, 1968

ds

(ex)4(e2)4
(a,)2e.)2(e,)4
(ai)2(ex)4(e2)2
(°x) (ei)3(e2)J
(«,) (ei)4(e2)3
(ai)2(ex)3(e2)3

(«x>K) (e24
(°D)2ZAei)4(e2)
(ex)3e24
(eX4(«2)3
(aj (e)Zed4
("%) (ei)4e>)2
(ax)2ei)Zed3
(aD2enIe2
(ai) (ei)3(e23



(eh)4
A)4
A )2A>2
A)2A)2
A) A)3
*n A)3
A)3A)
(el) A)3
(ai)Zei) A)
A)2A)2
A) A)2A)
A) (el) A)2

a5

A) A)4
A) A)4
A)2A)3
AFAF
A)A)
A) A)“
(eN)J(e22
A)2A)3

(ai)Xei) A)2
A)2A)2A)

A) A)A)

A) A) A)3

A) AFAF

SPLITTINGS OF <" CONFIGURATIONS 63

Total

sums

degeneracy

of

numbers

0 0 o o

16
16
16
36
48
48

Total

sums of
degeneracy
numbers

R N L N

24
24
24
24
32
32
72

Table 11
D6 symmetry

Many-electron states d«

A A)*A)*

Mr W Vi)4

A+ A+ > A)2A)4

A+ M, + >£2 A)4A)2
me. A) A) A)4

ME* A) A)4A)
MB, + MB2+ '3EI (ah2(el) A)3

3B, + 1,3B2+ ME2 (°N2A)*A)

MB, + MB2+ ME, (e)¥e2)3
3M, + 3M, + U, + 2M2+ 3'E2+ AIW A)*
+ 2¥E2 (ai) AX )3
1>341+ MA + 3le2 | 42+ =E2 A) AFA)2

MB, + MRB24- 3&, + 43, + =£,

Table 12
B Gsymmetry

Many-electron states

2A
2A
*E1
-E,
k2
2A
2, + b2+ 3F, + 4,
M, + M2+ 322+ 4?2
2A + 22+ 3% + 4E,
+ 2A + 322+ 4de?2
22B, + 4B, + 22B2+ 4B., + 22X, + &£,
22B, + 4B, + 22B2+ 4B2+ 2%, + 4,
4M, + 2M, + <M, + 3M2+ 2M2+ H5E2+ 24E.,
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Table 13

Configura- Free W ithout multiplets Free W ith multiplets Total
h lit-
tion atom on Da D.D. o 42 atom o: o. b.D, o bs Stpinlg
d\ db | 2 3 3 4 5 2 4 6 6 8 10 10
d-, d* 5 11 15 17 19 25 9 19 27 31 33 45 45
d\ dm 8 20 30 33 37 50 20 48 72 80 88 120 120
d\ o 16 43 60 67 76 100 34 87 126 139 158 210 210
d: 16 43 60 67 76 100 44 no 152 170 192 252 252

*The results of Jobgensen [2].

Appendix 1. Splittings in weak fields

The character tables of the groups D5and D6 are given in Tables 14 and
15. The corresponding reducible spur-systems determined by the Bethe
method [6] are shown in the Tables 16 and 17. The results presented in Tables 1
and 2 have been obtained by the reduction of these reducible representations.

Table 14

Ds E 2C5 2Cf 5cC.,

A 7 1 1 7

A, 7 i 1 i

Ei 2 26 2d 0

E, 2 2d 26 0

where %= = 72°, b= cosa= ~ —— and d=cos2a- —— | ~ =m
5 4 4

Table 15

D E 2C 2C c2 3C; 7

A 1 1 1 1 1 1

Ar 7 1 1 1 —1 —1

Bi 1 -] 1 -1 1

B., ) 1 1 —1 1 1

Ei 2 1 1 2 0 0

E 2 -1 -1 2 0 0
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Table 16
D5 symmetry

Value of Type of
i(L) lz‘rebrlytna)l E 2C5 2Cf 5C,
0 S 1 | 1 1
1 p 3 [2(1 + b -[2(1 +b)]-VA -1
2 D 5 0 0 1
3 F 7 [2(1 + Ola 21 +6)]-K —1
4 G 9 — 1 —1 1
5 H 1 I 1 -1
6 1 13 20 + b)]it -[2(1 + B)]-% 1
Table 17
D6 symmetry
Value of ! SorRitat E 2c. 2c, c, 3c; 3c:
(term)

0 S 1 1 1 1 1 1

I p 3 2 0 —1 —1 —1

2 1) 5 1 1 1 1 1

3 F 7 —1 1 —1 —1 —1

4 G 9 —2 0 1 1 1

5 H 11 —1 —1 —1 1 —1

6 1 13 1 1 1 1 1

Appendix 2. Splittings in strong fields

The one-dimensional ones of the matrices of the irreducible represent-
ations in jD5 and De are equal with the corresponding characters (see Tables
14 and 15). One of each two-dimensional representations are the following:
in Db

E\ :
0 b a
? -
0:L 1 ° a b
b d
o (*)
Q2~ d ¢ ) - o
@ —c 9 ! (:)I- 1}
c?~ —

t d,; ci- a %)
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« —[ *
E2:
1
£ -
0
C f-
[—C
6
(Cf)2-
i—6
C -
a
« - \-d
{—c
where
a =
in D6
1
E
0
C f- 7
g
ci- (-1
g
—1
Cl -
0
ci— !
-0
. 1
C"i-
0
C2:
E —

M. I. BAN et al.

cf @
- a ; -
b c &
d —
o C1- c\
I] c dj
© (ej)2 '
. eJ)z-
dj — Lj
a
; Cl_ “_1
b ci
i-d c\
; C |- )
b) c dj
- o\ ; cl— “ al
d) —a bj
. _ flO + 2/5
SiN @ = —-m-mTmmem it 4
4
rn9’|7 Y10 —2/5
lj — 1]
—4A . a
; Cl—.
f besf
-g : C2- 1“1 o)
-f) 0 _|j
. /
oJ; C |.
] a -n
g, cp- !
-1 g /)
1 ) C 'l"' -fl
-1 I- 5 fj
0 - —
; ci- -1 —9
] a -/
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c2~ (-1 9. cj- ¢ 9
—g fl I-g fl
.g .
q -~ ; c2~ 1 o
g -fl 0 1
0
ci~ [-1 ; ci- ¢ 4
0 1 g -I1
c'l~ I-g ; C"i-~ F-g
g - fl g /1
0 "
C'!~ (-1 , C"o f g
where
T1

/| = -2~ and 8 ]

In the following, by way of illustration, the procedure is given for the strong
field configuration (ex)2in D. symmetry.The spursof the corresponding reducible
representation can be determined by the transformation properties of the anti-
symmetrized functions spanning the space of the (e~2configuration (Table 18).
These antisymmetrized functions are as follows:

9>i = 2-V2 [ef (i), ei(2)2 -~(2),e+(l)2],

®= 2-V2[ei (1)1ef(2), - ex2)lef(1)i] ,

P = 2_1/2 [er(1)2e{"(2)2 =—ef(2)2e:(1)2],

M= 2-w[ef(l)ier(2)2 «2"nef(1)7],

B= 212 [efil)! ef (2)r - ei (2)tei (1)2],

= 2-1« K ()i ei (2a- er(2)! ef(1)7],
where ex(j)k denotes the wave function of the j'-th electron of -j-1/2 spin,
belonging to the fc-th row of the representation Ev By reducing the correspond-

ing spur-system
Mexy = 1AX-f 3A2+ 1£2

is obtained which gives the spin multiplicities as well:
ren2= M1+ M2+ 1E2.

The splittings of the configurations (e2)2 (el)(e?), (e1)2(e2), (eX)(e2)2 and (exX)2(e2)2
were determined in the same way as given above, by studying the transforma-
tion properties of the corresponding antisymmetrized wave functions. The

splittings of other configurations can easily be traced back to those described
above.
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N

o

M. 1. BAN et al.
D. E o] Ci (Ciy*
Ti X Tl Ti N
T3 Va b (e TQy~— PP+ apd+  d-y» + cpPB—
—0oKVi— Te) + «YT3 — Te) —cd(Vs — Te)
Ts Ts apof-b2qB-F  »*Tr + b<f3— C'Ti+ d2T<+
+ —Te) —LWT3—Te) + —Te)
Ti Ti Ti Ti Ti
T3 b ab(f-: — T3) + —ab(e> — W)+ cd(<p2— 98) +
+ bR+ a*Te  + b'gb+ a<pd + d*Ti + c'Te
Te Te —a@®,—W+ “bPe>—q8+ —cdT3—T3)+
+ “Vs + + aXx+ 6Ve bc-T3 + d2Te
1.(ex)2 6 lr2[7 - fl] 1/2[7 - 1/5] 1217 + VI
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Table 18
((o:3
Ti

d'T2+ «Vs+
+ «% s—Te)

C'Tr+ d8—
— cd(Tn—Te)

Ti

— cd((p2— 59 +
- (- - P&

cd(<p,, — (fj) +
+ crT3 + dZle

12[7 + 5]
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— <1 — Y1

— <fz —_ — c2q3 +
+ c<%>5— ¥B)

~ Y3 — c~(po — d2<p, —
— C% 5 - Vs)

— <Pa — YA

<Pb cd(y2— <3) +-
+ <2Y3 + c2<pe

y<; cd(<P2 — <p3) +
+ cr<pp -h d2y 6

—2 -2

.., 10).
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Cf Ci Ci
— Y1 — <Pi — Vi
- _ eoy3 — — »V3f - 4V 2— eV3—
— ab(y5— ¥3) + a%>5 — Ye) — «<%5 — Y6)
— a2?). — b2(p3 + — a2y 2— b2<p3 — — eV j — d2fi3 +
+ aKy5— Ye) — °MY5  Y6) + cd(<p5 — <pc)

- Y4 — Y4 — y<
ab(f.— <r3) -f- ob(y2— ¢p3) +m — ed(y2— 28) +

+ b2y + C2C5%6 + 62Y5+ «2YC + d2y 5+ e2Y¥c
b (Y3  Y3) 4 _a|yz—)/3)+ rd(y2— g8 —

+ ap5+ b \e + 5+ b2<po + r2y5+ <2¥c

2 2 —2

PACLWENAEHNA A"-KOH®UTYPALWM B NOASAX NUTAHAOB
C MEHTATOHAJIbHOW N TEKCATOHA/IBHOW CUMMETPUEN

M.

BEAH, Ab. AOM3T3P n ®. TUNbLAE

Peswome

MeTogamu Teopuu rpynn onpefensitoTcs MHOF031eKTPOHHbIE (MOMEKYsApHbIE) COCTO-
SHWS, BO3HWKaKOLMe Mof AeNCTBMEM CUMbHbIX W Cnabbix NOMeil NMraHAoB C NeHTaroHanbHOM
®») n rekcaroHansHom (D, ) cummeTpueli B cnyyae M'-31eKTPOHHbIX KOHUrypauuin (n = 1,2, ..
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The paper contains a reformulation of the voivodic—Pickup formulation of the scat-
tering theory. Modifications are introduced for the correct introduction of the finite size limit
and also for the treatment of inhomogeneous materials.

Agreement with the experimental data for nuclear emulsions at high cell sizes is clearly
better with the reformulated version than with the old version.

1. Introduction

A. Hossain et al. [1, 2] (1961) found a value for the scattering constant
K in nuclear emulsions at a large cell-size (t)> 2 cm) lower than the value
predicted by Voivodic—Pickup [3]. These authors based their calculations
on both Williams [4] and Moliere [5] theories. The discrepancy between the
experimental and theoretical values was later confirmed by Pal and rR oy [6]
(1963), Chasnikov et al. [7] and Bozoki et al. [8] (1966). Bozoki et al. in their
recent paper [8] compare the experimental evidence with the same Voivodic—
Pickup calculations. They agree with H ossain et al. [1, 2] that a modification
of the theory should be tried.

Voivodic and pickup Obtain the same results for the scattering constant
dependence on cell-size Yvhether they employed the theories of multiple scat-
tering of Motiere [5], Snyder and scott [9], Or wititiams [4]. They use the
w itriams formulation for the calculations because of its mathematical simpli-
city, and introduce the moi1iere factor for the transitions between Born
approximation and Rutherford regions. We introduce our modifications in the
Voivodic— Pickup formulation for the same reason (simplicity) and also
because the voivodic—Pickup Version is that most frequently employed
today by experimenters. It is possible in principle to apply similar modifications
to the Moriere and snyder and scorcte theories. This will be examined in a
following work.

In this paper we modify the voivodic —Pickup formulation and recalcul-
ate the value of the scattering constant for llford Emulsions as a function of
cell-size. A general formula for the calculation of the average angle cof multiple
scattering as a function of the thickness for any material is also given.
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The results of our calculations are now in reasonable agreement with
available experimental evidence.

2. The Voivodic—Pickup formulation of the theory

According to Voivodic— Pickup formulation of the w ir1iams theory,
the average angle of scattering x is the sum of two contributions:

X= ax+ <2, (1)
where:
1) < is the arithmetic mean value of the deflections ax (whose distributior
is very nearly Gaussian) resulting from collisions having angles smaller than
dx « Plis defined by:

J*P(<Z>)d<D= 1, )

where
P(®) = k/dPs.

All angles, except where it is explicitly stated to the contrary, are given
in d units:
2Ze2Ne 12t12

3
ofic ©)
for single charged incident particles.
So, the expression for ®dxis
dx= (n/2)12 4)
and that for ax
®2 U2 M r 12
ax= lo loge M)12=lo
¥ g2, (loge M) 9 14 ya031 (s)
where
Guu = 1-75 -2 (1 + y20.31)12 (radians), (6)
a

dwT is the lower limit for ® imposed by electron screening; other symbols are
defined in [3].

2) 42 gives the contribution of the single scattering tail. The upper anc
the lower limits for t2 are:

x2(max) = y2, (7)

a, (min) = (1 —e~1)y2,
where
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Y2= J~ P(<x2y(x2)dx2, (8)

Yowm) = 37 pi(*i) («2 - *i) OXx. (9)

The expressions for P~AXj) and P 2(x.,) are given in [4].

Williams calculated y2 with a numerical approximation method (see
Appendix to his paper [4]) only for a thickness of one centimeter of lead.
He also calculated the derivative (dy2dx1) for one centimeter of lead, and he
supposed this derivative to be constant.

The final result obtained in this way by Williams [3, 4] is

X = 0.80 xx+ 1.45. (10)

Williams assumes the existence of a limiting value for x due to finite size:

| d- V2
X=X,= loge-f4 = (19-5 —3.11l0g10Z)d2. (112)
| ~min /

3. Proposed modification of the Voivodic—Pickup formulation

It seemed to us worth while to take into account the cut off due to finite
size effects in the determination of x, that is, to perform the integration in
(2) and (5) only up to the value ®T1ax instead of up to the value oo.

According to the indications given by Williams in a later paper [13],
we must introduce in ®Tax the modification due to the use of the Born approxi-
mation. This modification is the same used by Voivodic and Pickup [3] for
M. The expression for ®Ttax we shall use is:

dTax = 1+ y20.31)12(radians) = (12)
= 98 Rr;1IV12Z-«* t~12(1 + y20.31)12(G - units), (13)

where t is in cm.
The assumption of ®Tax as an actual limit for ® is justified by the fact

that for & > ®Tax the distribution law for the projected deflection is no longer
the Rutherford-like expression:

P(®) = nd~3, (14)
because the charge acting on the particle when it penetrates the nucleus is
only part of the nuclear charge.

As a consequence, the actual distribution law falls to zero very quickly
when ® > dTax and we may reasonably assume:
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P(®) =0 (15)

for ® > drax.
The introduction of the upper limit ®Tax will introduce the following
modifications in the theory: («', xv a2 y2 ®r indicate the modified quantities)

a) Redefinition of ®r
The definition of ®1 will be modified as follows:

p(®) b= 1, do)
from which:
¢ m ax__U/2 (17)
2 PAAX + n j

The formula (17) reduces to (4) when 2dTax ne
Consequently the average angle x| becomes:

/ h2 \12 jViR 1 112
«[= log, 3- = log,--- e S ) (18)
( (T 1+Y 2031 1+ n/2dTax]j

or
®i = ®i(l + a/2 dTax)~12 (19)

b) Calculation of y2
Using ®Tax as new upper limit, the expression of y2becomes:

Y2= |T;"" P»bl N K -«l) . (20)
The analytical integration of y2 (see Appendix) gives:
71 = *i[exp (—P2no%) 1] + — {exp (- oUaL) —

/\/\max

exp (— Paaxinllh} + 1/2«; {Et (— P/nax/M) —E-( PZa«|)} + (21)

Also here as in [4] we have:

«[(max) = y2, (22)

«[(min) = a[(l —e~1). (227)
As a final result we have

« =« (23)

Let us examine the limiting case (,-*m c».
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From (17), owing to the fact that ®2rax is proportional to t 1, we have

lim ®[ = dTax. (24)

As a consequence:
a) from (18)
lim x[ = xb, (25)

where xbis the Williams old limit value defined by (11);

Fig. 1. atheor. ®' <5-units as a function of target thickness t in /an, for carbon.

Curve 1 :wirtiams original calculation, 2 : Our calculation (upper limit), 3 : Our calculation
(lower limit)

b) from (20)
limyr=20 26
lim y (26)
being the integral made between two identical limits.
So, from (23), (25), (26) we obtain:
lim x' = xb. 27
L0 27)

The finite size limit is so approached asymptotically in our reformulation

of the theory.
We have calculated xbwith a more exact approximation of the coefficients,
so obtaining instead of (11) the expression:

«»= (19.27 -3.07 logl0Z)i'2. 277

In Figs. 1, 2, 3 x' is plotted for carbon, aluminum and lead (calculated from
(19), (21), (23) for & 1). In these Figures «wm is also plotted.

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



76 A. AGNESE et al.

Fig. 2. octheor. ™ (5-units as a function of target thickness in um, for aluminum.

Curve 1 :wirriams original calculation, 2 : Our calculation (upper limit), 3 : Our calculation
(lower limit)

Fig. 3. atheal in (5-units as a function of target thickness in /mi. for lead.

Curve 1 :wirtiams original calculation, 2 : Our calculation (upper limit), 3 : Our calculation
(lower limit)

4. Application to the case of nuclear emulsions

In the case of nuclear emulsions it is usual to introduce a scattering con-
stant K in the place of 5 (in 6 units) by means of the relation:

K = (2/3Y'2+(180/Tr) *(t/100)-12 pB -x'-0 ABVA (28)
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t is measured in microns. The factor (2/3)142 comes from the use of the chord
method of measurements.

Using (18), (21), (23) and (28) we can obtain K for a given element,
characterized by a given Z and a given concentration of n atoms per cc.

Nuclear emulsions, however, are a mixture of several elements each
characterized by its own Z; and re~ In order to obtain the value of K for
inhomogeneous materials we have preferred to use standard straight-forward
approximation instead of Moliere’s mixtures method:

K*= 2"l, (29)
where

Ki = (2/3)92(¢/i00) W(180/Tr) mp-B-&'r 6i= 0.1347 «10“M+(n, Z  f  (30)

We recall that x’ is the sum of two terms x[ and X2and that x2 may take
any value between y2 and (1—e-1)~- As a consequence we give two limiting
values for K :

K(max) = 0.1347 «10-11+[27, ntZ, (x[(+ V&/)2]12» (31)
K(min) = 0.1347-10“11 « {27, u, Z, [E(- + V'-(1 -e'D]Z12. (32)

Williams decided to use the value
a,(Will) = 0.94vy,. (329

We prefer to admit the possibility that X2may assume any value between
the limiting values and leave the comparison with experience to decide the
exact value.

Notice that:

lim K(min) = lim JC(max) = 30.74 = Kb. (33)

This value of Kbcan also be obtained using (27’).

Formulae (31) and (32) are plotted in Fig. 4, for 8 ~ 1 (curves 2 and 3,
respectively).

Our value for Kb (30.74) is slightly lower than the value used by Voivodic
and Pickup (K = 31.2) because we have preferred to treat the inhomogeneity
by means of (29) rather than with the Moliere method of mixtures.

In Fig. 4 the K calculated by Voivodic—P ickup [3] are plotted (using
(32’) (curve 1).

In the same Fig. 4 the experimental values of K obtained by several
authors [6, 7, 8, 10, 11] are also plotted. We have taken only measurements
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which have B 0.98 and which have not used cut-off procedure. These two
conditions are not restrictive in the high cell-size region but have greatly
reduced the number of measurements we could accept in the low cell-size
region. Measurements of different authors which were made at equal or near
cell-sizes and which were statistically compatible were put together by us, as
indicated in Table I. Measurements which correspond to the intermediate
cell-size region (1 mm. t 1cm) were not included because spurious scatter-
ing is too important in that region [14].

We have also calculated K (V.P.) using for 82 the lower value (1—e-1)y2
(curve 4 in Fig. 4).

Fig. 4. Multiple scattering constant K in degrees. MeV/c. (100 //m)-1/2 as a function of cell-
size t (in /mi). Curve 1 :Voivodic—Pickup formulation (for a3= 0.94 y3, 2 : Our calculation
(upper limit), 3 : Our calculation (lower limit), 4 :Voivodic—Pickup formulation (for a2=

(1—e-1)y?
Table 1
f(rTm) A’(average) Ref.
0.025+ 0.015 23.2+0.6 [10]
0.30 = 0.1 26.0+0.5 [ii]
225 + 25 28.3+0.6 [2, 8]
35.0 £+ 5.0 27.3+0.6 [8, 2, 7
65.0 £15.0 28.1%1.1 [8, 6]
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5. Conclusions

For the high cell size region, the experimental values fall between curves
2 and 3, that is inside the band calculated by us and definitely not in the hand
which corresponds to the Voivodic—Pickup theory (region between curves
1 and 4).

In the low cell-size region our upper curve 2 approaches Voivodic —
Pickup upper curve 1 and both curves fit the experimental values reasonably.

We conclude that the available experiments suggest that at high cell-
sizes the lower curve is to be preferred in any case, but definitely our lower
curve 3 fits the data much better than Voivodic—P ickup lower curve 4.

It would be interesting for measurements to be made in the high cell-size
region in other elements such as Al, C, Pb, to check the conclusions we arrived
at in the case of nuclear emulsions. The already existing measurements [12, 13]
give sometimes conflicting results. They seem to indicate, however, that at
least in Pb the experimental values are lower than curve 1.

6. Appendix

According to Williams [4] (Appendix B), the contribution of scattering
through angles @ @[ is related to the quantity y1 expressing the average
deflection when the particle suffers only one collision with ® > @].

y'i is given by

yo = \¢tO PTiii) |o!Pi(oCi) (a2 — xx) dx1, (34)

where a2is the projected deflection @ with the condition ® > ®] (which imposes
the lower limit to the integration on o2). Of course a2 being the symbol for
the values of @ > @], is subjected to the condition & < ®Tax, so that the upper
limit of integration is ®Tax.

Relation (34) can be rewritten in the form:

Yr= 1 P,(*2) dx2J* 1P x{XX («2-«j) dxx+
(35)
HERY S AX2 | PI(XI) (a2 ai)Mai = Y21 ~f" Y22«
y21 can be calculated directly as follows:
Y2 = 2/a]d  x23dx., Nexp (—af/ax]2) (x2 —xx) dxx =
Yy 2. ®M (36)
= x[[exp (- ®[2n5?) - 1] + 2(D[-1- P~{X) % N Co=r

«l ]
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where rp0 is the error function:

Vo(x) = (2n:)-12 exp (- 122) dt. (37)

In order to calculate ¥i2 we may observe that the integration field is

triangular. So we may use the Dirichlet inversion formula:

v22= 31 P2«-dx2r> PI(XI) («2 ~ *j)y dxlI=

= £ " PMCj)dx1j~nd P 2(a2) (x2—aj da2=

= 2/kiJEkXexP (—a2aa? dxj f md (a2 —at) aij dx. (38)

= (2«i) L{Es (—Prax/™i2) A, (- P[2Anx[)+ —I1*1- {exp (— P;2no0])

wax
—exp (- ®axina?)} + 2/PTax jIPO[SL ®
Avhere Ei is the exponential integral:
Ej(—x) — — 1 exp (—f) «t~1dt. (39)
The final expression of i.e. the sum of (36) and (38), is given in Section

3.
as

N

10.

12.
13.
14.

No ok w

The expression of y2 given in Section 2 may be obtained from our expression
a limiting case when:

> >

o<omr

>0z AOI ©

d Tax 00 » (40)
®-AD 1= (n/2)12.
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MOANDPUNKAUNA TEOPUN MYNbTUMNETHOIO PACCEAHNA C TOUKW 3PEHUA
HOBbIX AYEEK BOJIbLLUOIO PA3MEPA

A. ATHECE, I'. MAONIWN, M. CKOTTO u A. BATATUVH
Pesome

B pa6oTe comepxuTcs nepepaboTka hopmynmposku BoitBognu—Ilnkan Teopun pacces
HUs. MoauduKauuu BBOAATCA ANS KOPPEKTHOIO BBEAEHUS TPaHULbl KOHEYHOTO pasMepa u ans
PacCMOTPEHNS1 HEOHOPOAHbLIX MaTepuanos.

CoBnafieHne C 3KCMepUMeHTabHbIMU faHHbIMU AN A0ePHbIX 3MYNbCUI Npu Aueiikax
6OMbLIOr0 pasMepa SIBHO Nyulle B CAyyae NMPUMEHEHUs Npeobpa3oBaHHOro BMAa Teopuu Mo
CPaBHEHMIO CO ClyYaeM NPUMEHEHUs CTapoil BEpCUK.
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EXPERIMENTELLE
ANORDNUNGEN MIT A. P. M.-PRINZIP FUR
POLARISATIONSMESSUNGEN

Von

H. Prade und Gy. MATHE
INSTITUT FUR KERNFORSCHUNG DER UNGARISCHEN AKADEMIE DER WISSENSCHAFTEN (ATOMK I),
DEBRECEN

(Vorgelegt von A. Szalay. — Eingegangen 14. XI. 1967)

Der Artikel beschreibt zwei Messanordnungen, die auf dem a. p. m. (associated particle
method)-Prinzip beruhen und fir Polarisationsmessungen entwickelt wurden. Durch den in
Koinzidenz erfolgenden Nachweis der Neutronen und 3He-Teilchen der D(d, n) 3He-Reaktion
ist es mdoglich, einen Neutronenstrahl genau definierter Energie und Richtung zu erhalten;
ausserdem ist mit der Registrierung der 3He-Teilchen eine einwandfreie Monitorisierung
gewéhrleistet.

1. Einleitung

Bei der Untersuchung von Kernprozessen, die die DD-oder DT-Reaktion
als Neutronenquelle vertvenden bzw. sich mit den beiden Reaktionen selbst
befassen, hat sich aus mehreren Griinden die sog. »associated particle method«
(im Folgenden mit a. p. m. bezeichnet) als sehr geeignet erwiesen. Hierbei
werden die Neutronen der DD- bzw. DT-Reaktion in Koinzidenz mit den
gleichzeitig entstehenden 3He- bzw. 4He-Rickstosskernen nachgewiesen.

Durch Anwendung dieser Methode kann ein Neutronenstrahl genau
bekannten Flusses, sowie definierter Energie und Richtung erhalten werden.
Das ergibt sich einmal aus der Tatsache, dass die geladenen 3He- oder 4He-
Teilchen mit einem 100%-igen Wirkungsgrad nachgewiesen werden kdnnen,
wodurch der Neutronenfluss genau bestimmt ist, und zum anderen daraus,
dass die geometrische Anordnung von Helium- und Neutronendetektoren,
sowie die Kinematik der Reaktion die Energie und Richtung der Neutronen
eindeutig definieren. Ausserdem erreicht man durch die Koinzidenzmethode
eine bedeutende Verringerung des stérenden Untergrundes, der von gestreuten
oder in Selbsttargeten entlang der Beschleunigungsréhre erzeugten Neutronen,
sowie deren Gammastrahlung verursacht wird. Fir Flugzeitmessungen bietet
sich diese Methode ebenfalls an, weil der Nachweis der Ruckstosskerne genau
den Zeitpunkt der Neutronenerzeugung angibt.

Die genannten Eigenschaften der a. p. m. stimmen im wesentlichen mit
den Forderungen an die Messapparatur tUberein, die man im Falle von Polari-
sationsmessungen stellen muss; besonders wichtig sind hier die Kollimation
des Neutronenstrahls, die genaue Monitorisierung sowie ein mdglichst geringer
Untergrund, da der zu messende Effekt sich im allgemeinen nur wenig aus dem
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Untergrund heraushebt. Das legt die Anwendung der a. p. m. auch fiir Polari-
sationsmessungen nahe.

1.1. Probleme bei der Anwendung der a. p. m.

Die Schwierigkeit der Entwicklung bzw. der Anwendung der a. p. m. bei
der D(d, n)*He-Reaktion besteht darin, dass man die mit den Neutronen koinzi-
dierenden *He-Riickstosskerne von den elastisch am Target gestreuten Deutero-
nen, sowie den Protonen und Tritonen der D(d, p)T-Konkurrenzreaktion
getrennt nachweisen muss. Die Trennung dieser Teilchengruppen erfolgt ein-
mal iiber die Auswahl der *He-Teilchen aus dem Energiespektrum des Detek-
tors und zum anderen, das trifft auf die Deuteronen zu, durch ein Trennungs-
verfahren noch vor dem Detektor.

Um den Detektor vor der grossen Zahl der gestreuten Deuteronen zu
schiitzen und weiterhin die Ubersteuerung der Elektronik, sowie eine Verzer-
rung des Spektrums durch »pile-up «- Effekte zu verhindern, verwendet man zu-
meist Schutzfolien (Al, Ni) vor dem Detektor. Diese Folien dienen gleichzeitig
als Lichtschutz gegen Licht vom Target. Im Zusammenhang mit der Anwen-
dung von Folien zum Abbremsen der Deuteronen muss noch gesagt werden,
dass die Wahl der Folienstirke sehr kritisch ist. Die 3He-Teilchen sollen die
Folie mit einem mdglichst geringen Energieverlust durchlaufen, wihrend die
Deuteronen ausgesiebt werden sollen, andererseits ist der Energieunterschied
zwischen diesen Teilchen verhiltnismissig gering. Ausserdem gibt es fiir die
Folienstérke eine prinzipielle Grenze, da die Deuteronen- und *He-Energie
nicht proportional wachsen; bei Winkeln iiber 85° fiir das *He-Teilchen fillt
die *He-Energie sogar mit steigender Deuteronenenergie. Das ermdoglicht die
Verwendung von Folien nur bei niedrigen (E; <~ 150 keV) Deuteronenenergien.

In der Literatur haben sich eine ganze Reihe von Autoren mit der a. p. m.
befasst, z. B. [1—8]. In den fritheren Arbeiten [3—8] werden als Helium-
Detektor ausschliesslich Szintillationszdhler mit organischen oder anorgani-
schen Kristallen verwendet. Die Nachteile der Szintillationszidhler sind aber
eine starke Gammaempfindlichkeit und ein schlechtes Energieauflésungsver-
mogen, was sich zusammen mit der Anwendung von Folien, die ja zu eciner
wesentlichen Energieverbreiterung der duréhgehenden Teilchenstrahlung fiih-
ren, besonders nachteilig auswirkt. Der Vorteil der Szintillationszdhler (beson-
ders im Falle von organischen Szintillatoren) besteht aber darin, dass mit ihnen
ein sehr schneller Koinzidenzkreis (10 —8 sec.) ausgebaut werden kann.

In neueren Arbeiten [1, 2] kommen des besseren Energieauflésungsver-
mogens wegen vorwiegend Halbleiterdetektoren zum °JHe-Nachweis zur
Anwendung. Damit kénnen die Protonen und Tritonen ohne Schwierigkeiten
von den *He-Teilchen abgetrennt werden. Gegen die gestreuten 'Deuteronen
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werden auch hier wieder teils Folien [1] (bei niedrigen E~-Energien) und teils
ein magnetisches oder elektrostatisches Ablenksystem [2] verwendet.

Im Folgenden beschreiben wir zwei auf den oben genannten Varianten
beruhende a. p. m.-Systeme mit Halbleiterdetektoren, die fir Messungen der
Polarisation der DD-Neutronen sowie des totalen Wirkungsquerschnittes im
entsprechenden Energiebereich entwickelt wurden.

2. Experimentelle Anordnung

Die Geometrie der Versuchsanordnung wurde durch die Polarisations-
messungen festgelegt und ist auf Abb. 1 bzw. Abb. 2 angegeben. Der Winkel
zwischen dem beschleunigten Deuteronenstrahl und dem der nachgewiesenen
3He-Ruckstosskerne betragt 112°, so dass der koinzidierende Neutronenstrahl
etwa unter einem Winkel von 50° zum einfallenden Deuteronenstrahl austritt
[9], wo der maximale Polarisationsgrad der DD-Neutronen zu erwarten ist
[11]. Diese geometrischen Beziehungen gelten fir beide gebauten Messanord-
nungen. Abb. 1 legt die erste Anordnung in Skizze dar.

Die 3He-Teilchen wurden mit einem Siliziumhalbleiterdetektor registriert,
der einen spezifischen Widerstand von 2000 Q cm und eine Flache von 12,56

Abb. 1. Die geometrische Anordnung des a. p. m.-Systems. Der Halbleiterdetektor wird durch
eine Al-Folie gegen die in grosser Zahl am Target gestreuten Deuteronen geschitzt. Die Anord-
nung ist nur bei niedrigen Beschleunigungsspannungen anwendbar

Acta Physica Acadamiae Scientiarum Hungaricae 25, 1968



86 H. PRADE und GY. MATHE

Abb. 2. a. p. m.-System mit elektrostatischer Ablenkung. Hier werden die Teilchen im Feld
eines Zylinderkondensators elektrostatisch abgelenkt und der Si-Detektor so vor den gestreu-
ten Deuteronen geschutzt

mm?2 besass. Die Entfernung Detektor—Target betrug 36 mm. Die Al-Folie
hatte eine Starke von 0,18 mg/cm. Bei der Wahl der Folienstarke sind wir einen
Kompromiss eingegangen, bei dem die Zahl der Deuteronen ausreichend gesenkt
wurde, der Energieverlust und die Energieverbreiterung des 3He-Strahles aber
klein blieben.

Fur die Messungen bei héheren Deuteronenenergien wendeten wir ein
elektrostatisches Ablenksystem an. Sein prinzipieller Aufbau ist in Abb. 2
dargestellt.

Mit Hilfe eines ersten Diaphragmas wurden die unter 112°~ 2,5° aus
tretenden 3He-Teilchen ausgewdéhlt. Dieses Diaphragma war isoliert am Tar-
gethalter befestigt und erhielt eine negative Spannung von — 300 V, um die
bei der Abbremsung des beschleunigten Deuteronenstrahls im Target entste-
henden Elektronen zuriickzustossen, da diese sonst eine lonisation des Rest-
gases im Ablenkraum und einen Zusammenbruch der Ablenkspannung hervor-
rufen wirden. Der Teilchenstrahl durchlief darauf das Feld eines Zylinder-
kondensators (mittlerer Radius 50 cm, Sektorausschnitt 20°, Plattenabstand
2 cm) und gelangte durch ein zweites Diaphragma hindurch in den Detektor.
An das Plattenpaar des Ablenksystems wurde je nach Hdhe der Beschleuni-

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



AUF DEM A.P.M.-PRINZIP BERUHENDE MESSANORDNUNG 87

gungsspannung eine symmetrische Spannung von +9 kV bis £13 keV gefiihrt.
Die Ablenkspannung wurde dabei so gewdahlt, dass die He-Teilchen, die bei
einer bestimmten maximalen Deuteronenenergie zu der mittleren Energie der
Neutronen korrespondieren, bei senkrechtem Eintritt das Plattenpaar auf
einen Kreisbogen von r = 50 cm durchlaufen; z.B. betrug sie bei Ea = 190 keV,
d.h. Ed= 137 keV, 11,6 kV.

Die Impulse des Halbleiterdetektors wurden Uber einen ladungsempfind-
licben Vorverstarker (V.V.) in einen differenzierenden und integrierenden
Hauptverstarker (H.V.l) geleitet. Es war schwierig, den Vorverstarker vor
dem hochfrequenten Feld der lonenquelle des Neutronengenerators und vor
Kriechstromen zu schitzen. Durch sorgféaltige Abschirmung, sowie dicke

Kupfererdleitungen gelang es, diese anfanglichen Storeffekte voéllig zu be-
seitigen.

Si Det

Abb. 3. Das Blockschema der verwendeten Elektronik

Die Neutronen wurden mit einem Stilbenkristall (0 3,7 cm, Lange 3,5
cm) detektiert. Dem Stilbenkristall schloss sich ein M12FS60 — Zeiss-SEV an.
Die Impulse des SEV gelangten Uber einen Emitterfolger (E.F) einmal in den
TMC 400 — Kanalanalysator und zum anderen nach entsprechender Verstar-
kung (H.V.I1) in einen Koinzidenzkreis vom Typ eines Zeitamplitudenkonver-
ters (Schn. Koinz.)

Der zweite Eingang des Koinzidenzkreises bekam seine Steuerung vom
Hauptverstarker des Halbleiterdetektors (H.V.l). Die Koinzidenzanordnung
verfliigte auch uber einen langsamen Zweig (ldngs. Koinz.) wodurch es madglich
war, die koinzidierenden Impulse mit einem im Stromkreis des Halbleiter-
detektors befindlichen Einkanalanalysators (D. D) auch energetisch zu selek-
trieren. Der Ausgang des langsamen Koinzidenzkreises lieferte den Torimpuls
fur den Vielkanalanalysator. So traten im Neutronenspektrum nur Impulse
von den Neutronen auf, die mit vom Analysator des Halbleiterdetektors aus-
gewdhlten 3He-Teilchen in Koinzidenz waren. Das Zeitauflésungsvermdégen
des schnellen Koinzidenzkreises betrug 10~7 sec. Diese Grenze in der Auf-
16sung wurde durch das »Jitter« der Impulse des Halbleiterdetektors verur-
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sacht. Die Monitorisierung geschah mit einem an den Analysator des Halb-
leiterdetektors angeschlossenen Zahler (Monitor).

Die Messungen erfolgten am 300 kV-Generator des Institutes [10]. Der
beschleunigte und durch ein Diaphragma ausgeblendete Deuteronenstrahl von
40 fi A traf unter einem Winkel von 22° auf ein dickes Ti—D-Target, wodurch
sich ein elliptischer Targetfleck mit einer grossen Halbachse von 3 mm und
einer kleinen von 1 mm bildete. Dieser Winkel wurde gewdahlt, damit die 3He-
Kerne senkrecht aus dem Target austreten und ihr Energieverlust im Target
selbst so niedrig als moglich gehalten wird.

Kanalnummer

Abb. 4. Impulshéhenspektrum der geladenen Teilchen der DD-Reaktionen a) mit der Anord-
nung von Abb. 1 bei llf = 140 keV aufgenommen; b) mit der Anordnung von Abb. 2 bei
'>= 190 keV aufgenommen
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3. Experimentelle Ergebnisse

Abb. 4a zeigt ein typisches Impulshéhenspektrum der geladenen Teil-
chen der DD-Reaktion, das bei 140 keV Deuteronenenergie hinter einer Al-
Schutzfolie vom Halbleiterdetektor erhalten wurde.

Abb. 4b gibt das gleiche Spektrum bei Ed = 190 keV wieder, das mit
dem Halbleiterdetektor (o 5 mm) nach dem Ablenksystem aufgenommen
wurde. Bei den niedrigsten Energien erscheinen die gestreuten Deuteronen,
dann folgen mit steigender Energie die 3He-Teilchen, sowie die Protonen und
Tritonén aus der D(d, p)T-Reaktion. Die einzelnen Gruppen treten in beiden
Spektren ausgezeichnet, voneinander getrennt auf, wobei die Trennung im

Abb. 5. Die Winkelverteilung der DD-Neutronen bei Anwendung der a. p. m.-Systeme-
a) gemessen mit der Anordnung von Abb. 1 bei = 140 keV; b) gemessen mit der Anord-
nung von Abb. 2 bei Ed= 190 keV.

Falle der Anwendung des Ablenksystems selbstverstédndlich die vollkommenere
ist. In Abb. 4b fehlen die Protonen der D(d, p)T-Reaktion, da diese auf Grund
ihrer hohen Energie kaum abgelenkt wurden und so den Detektor nicht
»sahen«. Die Tritonén wurden ausserdem nur noch in geringem Masse in den
Detektor gelenkt oder gestreut. In beiden Fé&llen gelangten jedoch noch elas-
tisch gestreute Deuteronen in den Detektor, doch war ihre Zahl nicht bedeu-
tend. Beim Vergleich der beiden Spektren muss beachtet werden, dass die
Energiewerte der einzelnen Teilchengruppen nicht Ubereinstimmen, da diese
einmal bei verschiedenen Beschleunigungsspannungen aufgenommen wurden
und zum anderen die Anwendung der Al-Folie (Abb. 4a) zur Verschiebung des
Energiespektrums fuhrte.

Abb. 5 zeigt die Neutronenstrahlprofile fir die beiden verwendeten Mess-
anordnungen. Hierbei wurde die Zahl der Neutron—3He-Koinzidenzen fur
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eine bestimmte Monitorzahl in Abhé&ngigkeit vom Winkel des Neutronen-
detektors zum beschleunigten Deuteronenstrahl um das Target als Mittel-
punkt gemessen. Die Entfernung Target — Neutronendetektor betrug 40 cm.
Die Beschleunigungsspannung betrug in dem einen Fall 140 keV (Abb.5a),im
anderen 190 keV (Abb. 5b).

Die Form des Neutronenprofils hdngt einmal von dem durch den 3He-
Detektor erfassten Raumwinkel und zum anderen von der Breite der Reaktions-
energie der Deuteronen ab. Bei einem dicken Target ergibt sich durch die
Abbremsung der Deuteronen im Target eine kontinuierliche Reaktionsenergie
von Null bis Edmax was, wie von Be11 et al. [3] und Monier et al. [1] gezeigt
wird, zu einem asymmetrischen Neutronenprofil fihrt. Die auf Abb. 5b infolge
der besseren Auflésung deutlicher auftretende Asymmetrie, ist ebenfalls der
Verwendung eines dicken Targets zuzuschreiben.

Die beschriebenen Messanordnungen haben wir fur die Messung der
Polarisation der DD-Neutronen im Energiebereich 100 keV Ed < 250 keV
angewendet.

Wir danken dem Direktor des Institutes, Herrn Prof. A.szaray, fUr die
ausgezeichneten Arbeitsbedingungen und das Interesse, das er unserer Arbeit
entgegenbrachte, Herrn Dr. cy . csikai fUr die Anregung zu dieser Arbeit und
fur seine nitzlichen Ratschlage, sowie den wissenschaftlichen Mitarbeitern
I. Hunyadi und G. Ppets fur die wéhrend der Bearbeitung des Themas dar-
gebrachte Hilfe, sowie fir ihre nutzlichen Diskussionen.
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3KCMEPUMEHTA/IbHbIA MPUEM ANA W3MEPEHUA MONAPU3ALNN,
OCHOBAHHbIA HA MPUHLUMWME a. p. T.

XAPANbA NPALD u AbEPAb MAT3
Pesome

B pa6oTe ONuCbIBAOTCA Ba U3MEPUTENbHBLIX MPUEMA, KOTOpble 6a3MpyoTcs Ha NpUHLMMe
a. p. T. (MeTo4 cBA3aHHbIX YacTuL) W paspabaTbiBalOTCA AN U3MepeHMst nonspusauun. Yepes
nposiBfieHne B COBMaAeHnn HelATpoHOB 1 3He-yacTuy peakuuu D (d, n)3He MMeeTCst BO3MOXHOCTb
NoNyYnTb HEWTPOHHbLIV MOTOK BMOJIHE OMpPeAeseHHON 3HepruyM W HanpasneHus. Kpome 3Toro,
perucTpauymeii 3He-yacTuL, o6ecnednBaeTcs 6e3ynpeyHblii KOHTPONb BbiXo4a HeTPOHOB.
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APPLICABILITY OF THE STATISTICAL MODEL FOR
EXPLAINING THE RATIO OF THE (n,n') TO (n,2n)
CROSS SECTIONS

By
G. Pets

INSTITUTE FOR EXPERIMENTAL PHYSICS, DEBRECEN
and

P. BoRNEMISZA-PaUSPERTL and J. KAROLYI

INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN

(Presented by A. Szalay. — Received 19. XI1I. 1967)

The cross sections for the reactions TI203(n, 2re)TI202, Hg204(n, 2ra)Hg203, Pb204(n, 2ra)Pb2083m
Ysin, n)Y&mM  Zr9l(n, 2n) m Zr90(n, n)ZrOm  Auldin, n) Au97m and Pb2Hn, 2n)
-f- Pb20(n, n")PbZA>Mm have been measured at neutron energy 15 < 0,3 MeV, the results are
1680 + 210, 2230 + 300, 860 + 180, 594 + 130, 820 + 200, 280 + 64, and 1340 + 174 mb
respectively. The cross section ratios of (n, n') to (n, 2n) reactions are considerably higher than
the values predicted by the statistical model. Features of (n, 2n) reactions are in agreement
with evaporation mechanism, so the most probable explanation of these disagreements is the
deviation of the actual spectrum from the evaporation spectrum supposed in the calculations.
According to the present results, the competition of inelastic scattering can be important in
the case of the heaviest elements too, so the w eisskopf assumptions are not applicable for
nuclei with relatively low neutron excess.

For the interpretation of the N—z dependence of (n, 2n) reactions it is necessary to
investigate the mechanism of the competing (n, n) processes.

1. Inelastic scattering

In the bombarding neutron energy region 5—15 MeV the inelastic scatter-
ing leading to highly excited states follows evaporation mechanism [1—5, 41].
Only few data are available for the spectrum of the scattered neutrons belong-
ing to the low lying excited levels. According to the measurements of Coon [6]
in the case of 14 MeV bombarding energy the scattered neutrons show an
increasingly forward peaked angular distribution with increasing mass number.
The values of cross sections given for scattered neutrons of 9—14 MeV in the
angular region 40—180° are small but because of the poor energy resolution
and the lack of data in the angular region 0—40° it is not possible to draw a
definite conclusion for the total cross section of the direct effect. (By ’’direct
effect” we mean processes which are beyond the framework of the statistical
model.) In the case of zirconium the direct effect was estimated to be 20%
by Ahn [7] which was attributed to the effect of the magic number of neutrons
in Zr90. According to the measurements on Bi [8], Ta, W, Pb and Th [9] the
excitation cross sections of the low lying levels are considerable even in the
case of the heaviest elements.
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The measurements of PERKIN [10] as well as SCHERRER et al. [11] show
that the gamma-spectrum produced by fast-neutron scattering differs con-
siderably from the spectrum shape calculated on the basis of the statistical
model. CLARKE and Cross [12] and STeELsoN et al. [13] have proved that the
low lying collective levels are strongly excited by the scattering of 14 MeV
neutrons in the whole mass number region. TowLE and OWENs [14] came to a
similar conclusion for the neutron energy 7 MeV. The deformation parameters
obtained are in good agreement with those obtained from charged particle
scattering.

Bonazzora [15] has demonstrated the core-excitation of S*(P®') and
A1P7(Si*®) nuclei in (n, n") processes which was obtained previously in proton
scattering [16].

These data support the assumption that direct processes play an impor-
tant role in fast-neutron scattering but they are insufficient for estimating the
total cross section of direct effects.

2. (n, 2n) reactions

BARR et al. [17] observed a tendency of N—Z/A dependence at the ratio
0nm/0 e, Where o, is the cross section of the neutron emission calculated from
(n, 2n) cross sections on the basis of the statistical model and o,, is the cross
section of nonelastic scattering.The results of PEARLSTEIN [18] and BREUNLICH
et al. [19] support the observation of these systematic deviations between the
theoretical and experimental cross sections as a function of N—Z/4 as well
as N—Z. CsikAl and one of the authors [21]| demonstrated a tendency of N—Z
dependence of (n, 2n) cross sections obtained experimentally and they estab-
lished its extent. To give an explanation of the N—Z dependence they [20, 22,
23] supposed a concurrence of processes which cannot be accounted for by
evaporation mechanism.

For the cross section of inelastic scattering a reliable lower limit can be
obtained by measuring the activity of isomeric decay of the stable nuclei.
The aim of this work is to investigate the applicability of the statistical model,
for interpreting the data obtained by the above method in order to make the
mechanism of the competing (n, n") processes clearer.

3. Experimental procedures and results

The cross sections were measured by activation method. The bombarding
neutrons of 15.0 - 0.3 MeV were produced by the 300 kV cascade generator of
the ATOMKI [34] in d + t reaction. The samples were transported by a pneu-

matic rabbit tube to the measuring system in the case of short half-lives. Fig. 1
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APPLICABILITY OF THE STATISTICAL MODEL

Fig. 1. Block diagram of the measurements

Reaction

Y8&(n,n")Y&m

Zr9(rc,2n)Zrlom
+Zr0(n,n")ZrOm

Aul9/(n,n")Inl)7n

Pb207(n,n/)Pb 207w

+P b 208(n, 2n)Ph207im

Pb24(n, 2n)Pb2Bm

TI203(n, 2n)T12R2

Hg24(re, 2n)Hg23

Table 1
Cross sections measured at energy 15.0 £ 0.3 MeV

i)

594+ 130

820+ 200

280+ 64

1340+ 174

860+ 180

1680+ 210

2230+ 300
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Monitor reaction

Pr4i(n, 2n)
20507180 mb

Prl4i(n, 2n)
2050 + 180 mb
Pri4l(n, 2n)
2050+ 180 mb
Prii(n, 2n)
2050+180 mb

Pr14(m 2n)
2050+180 mb
Y 8&(n, 2n)
1010780 mb
Y 8&(n, 2n)
1010+ 80 mb
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Method

y :915 keV

y: 23 + 2.2 MeV

y 1279 keV

y : 570 and
1060 keV

y : 825 keV

y 1440 keV

y :279 keV
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shows the block diagram of the measuring device.The neutron flux was monitored
by the pulses corresponding to gamma-energies higher than 2 MeV. Details
of the “long” irradiation technique and measurement have been described
previously [22].

The relative photo peak efficiency of the gamma-spectrometer was
determined by using isotopes of known decay scheme (Na2 Na24, CI34, Sc44,
Y &). The data for the decay schemes have been taken from the Nuclear Data
Sheets [29]. The obtained data are in good agreement with previously published
data excepting for the Y8m For the half-life of Y 8mwe have measured 17 0.6
sec. The cross sections obtained are presented in Table 1. The indicated errors
contain the error of the cross section of the monitor reactions, the error arising
from the gamma-detection and the statistical error.

4. Discussion

According to Fig. 2 if the N—Z/A value is higher than 0.1 it is only the
inelastic scattering which could cause a competition for (n, 2n) reactions. The
survey in the Section 1 shows that the part of the spectrum belonging to low

Fig. 2. Comparison of cross sections measured at a neutron energy 14—15 MeV. (Data: from
[28, 31, 22, 36—39] and from Tables 1 and 2; ane: [40].)

energy neutrons can be fitted well to the evaporation spectrum shape. The
shape of the excitation functions ofthe (., 2., reactions is in agreement practi-
cally [17, 20, 23, 30, 35] with the form given by the W eisskopf estimation
using a nuclear temperature of T = ]/Fn/0.115 A. Fig- 3 shows the ratios of
the theoretically and experimentally obtained (n 2n) cross sections at saturation.
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The theoretical values were extrapolated by the Weisskopf estimation [32]
from the experimental values measured at 14.1 MeV. The agreement is satis-
factory in the whole mass number region taking into account the 15—20%
error of the experimental results.

At the same time according to the data of Table 2 the experimental
ann’lon2n ratios are considerably higher than the values calculated from the
above formula. The deviation is extremely high in the cases of Aul97 and Rh103.
The ratios obtained experimentally could be accounted for only by supposing

(6n2nsal) exp
tén 2n sot)calc.

Fig. 3. Comparison of experimental saturation values of (n, 2n) cross-sections with those
calculated by the w eisskopf estimation, using the experimental data measured at 14,1 MeV,

assuming T = yEJogisAa for nuclear temperature

such a high nuclear temperature as Mould contradict the experimentally
obtained values for it. The most probable explanation of these deviations is
that the spectrum of scattered neutrons in the region under the (re, 2re) threshold
deviates from the evaporation shape. In Table 2 the ratios are indicated, shov -
ing the extent of the supposed direct effect.

The competition of inelastic scattering observed previously [21] in the
medium heavy mass number region can be significant also in the case of heavy
elements according to the present cross section measurements on Auld, TI203,
Ph204.

If neutron spectrum measurements were available over the whole energy
region, it would contribute appreciably to our understanding of the above
problem.

The authors would like to express their gratitude to A. Szalay, Member
of the Hungarian Academy of Sciences, for providing excellent working con-
ditions, to Professor J. Csikai for many valuable discussions, and to L. Bun-
Koczi for operating the generator.
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Table 2

The experimental lower limits of the on,/<7,, 2n cross section ratios compared with the values

calculated on the basis of the statistical model

an,n' Lower limit of

. °n @M, An,n‘lan, '
Target (mb) Ref. (mb) Ref. "y " Galo) " tfectos
FeSi 660 (24) 500 (28) 1.32 0.504 23
Br'o 266 (25) 1140 (33) 0.233 0.112 9
Y& 594 present 1010 (22) 0.588 0.411 8

measure-
ment
R h 103 508 (26) 780 (28) 0.651 0.056 34
In115 81 (27) 1540 (28) 0.053 0.034 1.6
Yb1® 16.7 (25) 1810 (28) 0.009 0.001 1
Auly 280 present 2150 (28) 0.130 0.002 10
measure-
ment
Pb2%4 76.5 (22) 1575 (22) 0.048 0.001 35
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MPUMEHVMMOCTb CTATUCTUYECKOV MOZENN AN OBbSCHEHWUSA OTHOLLE-
HWS MOMEPEYHOro CEYEHUA (M) K CEYEHUIO (M2)

r. 0373, N. BOPHEMWUCA-MAYCNEPT/A n N. KAPONU

Pe3wome

Vi3mepsinuck nonepeyHble ceveHus ana peakuunin T12B (ra, Z’a)TIZ(IZ, Hg2¥ («, 2ra) Hg2B,
Pb2¥ (B, 2ra) PbAB* Y& (ra, ra) Y891, Zral (ra, 2ra) + Zr™ (ra, ra) ZrOm Aull7 (ra, ra) Aul9™un PbaB
(ra, 21 - Poaw (ra, rad) P207r npy HeWTpOHHOW 3Heprum 15 + 0,3 MaB, AN Yero MOAy4eHbl
3HaueHuns 1680 + 210, 2230 % 300, 860 + 180, 594 + 130, 820 + 200, 280 + 64 n 1340 +
174 m6 cooTBeTCTBEHHO. OTHOLLEHME NOMEPEeYHbIX CeUYeHUI peakuuii (ra, ra) u (ra, 2ra) 3HaUnTeNbHO
60/bLlIe NONYYEHHOrO Ha OCHOBE CTATMCTUYECKON Mofenn. XapakTep peakuuin (ra 2rd cornacy-
eTCA C MeXaHW3MOM ucnapeHus, Takum ob6pa3om 6onee HafeXHOe 0ObACHEHME AaHHOr0 Heco-
OTBETCTBUA 3aK/0UAETCA B PACXOXAEHUWU AeliCTBMTENbHOrO CnekTpa OT CMeKTpa McnapeHus,
NPeAnoa0XeHHOTO NPU BbIYUCIEHUSAX.

M0 OTHOLUEHMNIO AaHHbIX Pe3yNbTaTOB MOXHO YCTAHOBUTb, YTO KOHKYPEHL WA Heynpyroro
paccesHUs MOXET 6bITb 3HAUYMTENbHON U B cnyyae 60[ee TAXENbIX 3/1eMEHTOB, U TaK Npeanono-
XeHuna Beickonda HenpuMeHUMbl ANA fAep € OTHOCUTENbHO He6O/bLIMM U36bITKOM HENTPOHOB

7 Acta Physica Academiae Scientiarum Hungaricae 25, 1968






Acta Physica Academiae Scientiarum Hungaricae, Tomus 25 (1), pp. 99—109 (1968)

THE HYDRODYNAMICAL MODEL OF WAVE
MECHANICS IV
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Continuing the works [1], [2], [3] the hydrodynamical model of wave mechanics will
be extended to the hydrodynamical model of wave equation including spin-orbit coupling.
Instead of the wave function hydrodynamical variables will be introduced and it will be
shown that there is a one-to-one correspondence between the wave function and the hydro-
dynamical variables satisfying certain reasonable physical requirements. The equation of
motion for these new variables will be derived in a subsequent paper.

1. Introduction

In the previous papers ([1], [2], [3]) it has been shown that both the
Schrédinger and the Pauli equation containing the external electromagnetic
field can be transformed into equations of hydrodynamical variables and there
is a one-to-one correspondence between the hydrodynamical variables and the
wave function. In the present paper we begin to establish the hydrodynamical
model of the Pauli equation completed with the spin-orbit coupling term.

Let us first summarize the principles followed in developing the hydro-
dynamical model. Assuming that the wave equation for the wave function y>is
given, the hydrodynamical variables and their equation of motion will be required
to satisfy the following reasonable requirements:

1) The wave function and the hydrodynamical variables must be able
to be calculated from each other unambiguously at any time. In this mapping
the wave function and the hydrodynamical variables will be called correspond-
ing quantities.

2) If the values of the wave function and that of the complete set of
corresponding hydrodynamical variables at a time t= 0 are given as y>(0)
and D(0), then the values of these quantities at time t [the values of y>(t) and
D(t)] can be calculated from the wave equation and from the hydrodynamical
equations, respectively. These yXt) and D(t) are required to be corresponding
guantities in the sense of the above requirement 1.

3) Applying symmetry transformations for the hydrodynamical variables
they have to transform like the corresponding classical quantities. (Thus, for
instance, the hydrodynamical variable describing the velocity of the medium
should transform as a vector and has to be gauge invariant, a.s.0.)

7 Acta Physica Academiae Scientiarum Hungaricae 25, 1968
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4) a) By integrating the equations of motion of the hydrodynamical
variables over the whole space terms that can be interpreted in accordance
with classical physics should be obtained.

b) The hydrodynamical variables must be equal to the experimen-
tally obtained values of the quantities represented by them.

Let us complete the above requirements with the following: It is evident
that hydrodynamical variables may be constructed from ip and iji+ in various
ways, provided the variables introduced satisfy requirements 1, 2 and 3. The
restriction basically important from the point of view of physics is implied in
4a) and b). The hydrodynamical model of the Pauli equation shows that even
provided the conditions of 1, 2, 3 and 4a) are fulfilled there remains in the hyd-
rodynamical quantities a certain arbitrariness which is sufficient — and also
necessary — for satisfying 46) and thus for describing correctly the experimental
results.

It should be emphasized, however, that the existence of hydrodynamical
variables satifying the above four requirements is by no means evident. In the
present paper we shall show how hydrodynamical variables satisfying condition 1
can be associated with the wave function ipobeying the wave equation in
which the spin-orbit coupling term is included. The equations of motion and
the fulfilment of conditions 2, 3 and 4 will be treated in a subsequent paper.

2. Wave equation

Consider a particle with charge e, mass m and magnetic moment m,
moving in an external electromagnetic field described by the field strengths
E and B. The interaction energy of a particle at rest with the electromagnetic
field is:

U= —m *B. (1)

In the case of a moving particle, however, an additional electric dipole moment
of the form

po= 2)

olr
<
x
3

arises which also interacts with the electric field. Thus, in addition to $’1 the
following interaction energy appears

£f2= —pOmE = —-i- (i>Xm) E. (3)
C

Besides electromagnetic interaction, as a result of the Thomas precession a
further interaction occurs. Let the particle move in a system of reference S1
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at time t with velocity v and at time t -j- At with velocity Vv -j- Av. Let S2 and
S3 be the rest system of the particle at times tand t -(- Zli. Even if the Lorentz
transformations from system Sx to S2and similarly from Sx to Ss do not
contain any rotation, the transformation from S2to S3 generally does. Thus,
the angular momentum of the particle must rotate by a certain angle while
it moves from the system S2to S3. The angular velocity of this precession has
been given by Thomas as (see e.g. [4])

1 dv e
X — e tx E”. (4)
2c2 dt 2 me2

If the internal angular momentum of the particle is s = (mc/e)m the energy
due to the Thomas precession will be

< j,, m (v X E) (5)
2¢C
Thus, taking into account (1), (3) and (5) we get for the interaction energy:

+ T2+ 1T, = - m *8 a——m(VXE EXV). (6)
4c

Here the last term we have written in a symmetrical form in order to get a
Hermitian Hamiltonian in the corresponding quantum mechanical expression

(see [9]). Adding to (6) the term

«0 = —mv2+ ed

containing the kinetic and the electrostatic energy, we arrive at the following
expression of the energy:

X

— mv2+ ed—mii + m(v xE —E xv).
2 4c

The transition to the quantum mechanical Hamiltonian can be performed by
substituting

1 .
M = e a, V= e ingrad---e---A , 7
m Cc

where a is the vector built up from the Pauli matrices [3] and A is the vector
potential of the electromagnetic field. Thus, the wave equation will have the
form
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JTy> = iA -~ (8)
dt
with
and
X = — Il—i%grad ———A + ed y(a-B) +
2m | e
9)
+ la —ihgrad-—-——- A XE —Ex l—iAgrad——"™
c 1 c L

Here we introduced the constants:

_eh . efi
2me 8m 2c2
The last term of the Hamiltonian arising from describes the spin-

orbit coupling, while the first three terms are the Hamiltonian of the Pauli
equation. It is to be noted that the expression obtained from the Dirac equation
for spin-orbit coupling is identical with the form derived above [5].

3. Mass density and density of momentum

In order to account for the mass density and for the density of momentum
we have to formulate the continuity equation. Multiplying (8) from the left by
ip+ = (ip* ip*) and subtracting from it the conjugated equation multiplied
from the right by ip, we arrive at the equation

OT 4 divgmyv' = 0, (10)
dt t
where
em = mip+y>, ()
and

&' = yr (W (W)+V) - A—y+Aip  2ml (y>+ ay) <E . (12)
C

From the above continuity equation, however, dmand gmv' cannot be
determined uniquely. Various, non-equivalent distributions of mass density
and of momentum density can be given satisfying the continuity equation.

In order to examine this ambiguity let us rewrite equation (10) in the form
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3 8r

v=0 OXv

(13)

where

jo=Qn=Qm j ~qome i and xq=t.

Let k€M(r, t) be an arbitrary screw-symmetrical four by four matrix
depending on time and coordinates and let us form the vector

3 at

j'v= <14)

A0 Tox\i
As ktv is a screw-symmetrical matrix it is easy to see that if j'v satisfies the
continuity equation (13), then

jv=jutjv (15)
satisfies it too.
It can be shown that the form (14) of j" is the most general expression
satisfying (13) (See [6]).
Let us represent the six independent components of the matrix kvl by
two arbitrarily chosen vectors a and b, i.e. knl be

/0 —« —a —as)\
0 -
«1 h K (16)
a2 -p3 0 h
\03 b2 —K 0)

where the components of a and b are arbitrary functions of time and coordinates.
Substituting (16) into (14)and singling out thecomponentsv= 0andv = 1,2, 3,
we have

jo= 9m= —diva 17)
and

j''= = b+ So (18)
] = Qmv” = rot of

Consequently, if instead of q' and g'v' we introduce the mass density
Qn and the density of momentum QmV

Qn Qn  div . (19)

Qmv = QmVv '+ rot b + = (20)

these new quantities also satisfy the continuity equation.
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The actual values of a and b will be determined by the condition that the
value of the mass density and that of the density of momentum have to fulfil
requirements 4a) and 4i3j given in Chapter 1. Accordingly in the case of the Pauli
equation we had to use (see [3])

a=0, b= A4\ y>+ ay- (21)

These values can be used — as will be justified later — also in the problem of
spin-orbit coupling, i.e. the hydrodynamical variables obtained using (21), as
well as the related equations of motion satisfy restrictions 1—4.

Thus, using (11), (12) and (21) we get for (19) and (20)

Qn= mQ = Trp+y>, (22)

V = — e (y+ WW — (W>)+ V>)-mmm- — A + -c— rots —A isXE, 23
Q 2(r%1/i (=) ) me Q 4m g (23)

where the notations g = mp+ipand s = rp+oy>have been used.

4. Effective charge density and density of effective current

Since in the expression of mass density and that of momentum density
(22) and (23) a = 0 has been chosen, the mathematical possibility given by
(19) and (20) has been only partially exploited. However, in the expression of
the effective charge density and in that of the density of the effective current
there will appear — as will be seen — the divergence and the time derivative
of a vector.

Let us consider now a medium of electric charge density Qg(v, t), velocity
v(r,t), magnetic moment density M(r, t) and electric moment density P(r,t).
The charge and the current producing the same electromagnetic field as the
above magnetically and electrically polarized charged medium will be called
effective charge and effective current, respectively (see [7])

Qtff = Qc~ div P, (24)
oP

Jeff = @V + crotM + of (25)

The quantities ge and geV, i.e. the charge density and the current density
can be obtained from (22) and (23) as
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@ = eip+ty= eg, (26)

geV = —— (f+VFf —{Vf)+f) —- — @A + ¢ -rots —2eA(sxE). (27)
2 mi me 2

Taking into account the result of the Einstein—deHaas experiment and
the fact that in the ground state ofthe hydrogen atom the value of the magnetic
moment of the electron is u, in the case of the Pauli equation a permanent mag-
netic moment density

M = s (28)

has to he assumed. This value of M is also valid for the Pauli equation when
completed with the spin-orbit coupling. In this case, however, the electric
moment density P has to be also taken into account, as a moving magnetic
dipole density corresponds to an electric dipole distribution. The expression of
P can be obtained with the aid of equation (6), writing it in the form

—tnB -)—4 m \WvxE —Exv] = mB —pE, (29)
C
where
p= 1 (VXM —m XV). (30)
4c

The right side of (29) describes the interaction of the magnetic moment with
the magnetic field and similarly the interaction of the electric moment with
the electric field. Using (7) we get from (30) for the electric moment density

= ?2.f+ —ihy —- —A Xo — OX ihp - f (31)
C C

where the symbol V acting backwards on ip+ is denoted by V.
Inserting (28) and (31) into (24) and (25) we have for the density of
effective charge and of effective current, respectively

Qiff = ef +f Adiv If + ihV-—-— —A Xo ax \ih{ ... -Aj (32)
C

gef{ = ~ h., (f+Vf —(Vf)+H )-—— f HA + cl[irots - 2 eAsxXE +
2mi me (33)

+ A- ihVv A Xa—aX i%—
91
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It is to be noted that as we have shown in [6], the expression of peff
and Jeff given in (32) and (33) can be obtained from the Hamiltonian (9) directly.

5. Hydrodynamical variables

The investigation of the density of momentum and of the effective current
density has shown that the electron can be represented by a flowing charged
medium having a magnetic polarization and an electric polarization arising as a
result of motion. Thus, for the hydrodynamical variables the following quan-
tities will be used:

a) The mass density of the medium

Qmiv,t) = my+y. (34)
It is to be noted that if the physical problem requires the quantities
g= y+y and Q= ey+y

can be used instead of (34).
b) The velocity distribution of the medium

B ) B P —— A
v(r, t) (l? 2;}-;t{f+W {w)+w) — A

(3%)
-|-----1-------!_-I—rot('ipJr aip')------2-f|~f +oyxE
Q 4m Q
¢) The vector
s(r, t) = y>+ay (36)

characterizing the magnetic moment distribution of the medium. It seems to
be convenient to introduce besides s a unit vector

T(r.t)=— s (37)
Q

pointing in the direction of the magnetic polarization [3].
d) The vector

Hr,t= A>+ —IAV = A Xo-ax lifiv--——A (38)

c \ c ji

representing the density of the electric polarization.
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The vector

wr, o 1Q P(r.t) (39)

also may be used instead of P.

It is to be noted that P is not independent of the other hydrodynamical
variables, i.e. it can be expressed by means of q,v and T. However, in order
to fulfil requirement 4a) P has to be treated as an independent variable.

6. Connection between hydrodynamical variables and the wave function

It will be shown that at any time t there exist essentially unambiguous
relations between the components of the wave function and the variables q,v,
T, P introduced above, i.e. the wave function and the corresponding hydro-
dynamical quantities fulfil requirement 1.

It is obvious that with the help of the equations (34), (35), (36) and (38)
the hydrodynamical variables can be obtained uniquely from a given wave
function satisfying the wave equation (8) at some fixed value of the potentials
A and ®. However, the reverse problem requires a more detailed discussion:
we have to consider (following the procedure developed in [3]) whether it is
possible to associate the values of yg and y>2 unambiguously with the given
values of hydrodynamical variables at fixed values of the potentials A and ®.
(The influence of possible gauge transformations on the relation between the
hydrodynamical variables and the wave functions will be dealt with in a sub-
sequent paper.)

In order to simplify the investigation of the relation between the hydro-
dynamical variables and the wave function let us represent the two complex
components of ipby four real functions of time t and coordinates r as

We shall investigate now what kind of relation can be found between
R, S, B, @ and the hydrodynamical variables.
Inserting the above form of ipinto (37) we get for the components of T:

Tr= sinl?cos (p, T2= sinBsin<p, Ts—cosR m

From these we have for R and <
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iT3
-1
fn + ti
iT,
+1
fTf+ TI
and
T, + T2

o= —iln

where the positive sign of the square roots has to be taken.
In order to express the velocity of flow in terms of the scalar functions
R, S, $, pwe substitute the above form of y*1 and y2into (35) and find

Integrating both sides along a line connecting the coordinate vector I’{ of an
arbitrary point with v in a way not crossing singular points, we get

m
V -|— —A -|-----—cos &grad (p
J—»’O

S — rots + 2ATxA dr + SO(r0, t)
4m g

where S0is a quantity which depends on the choice of t'()but is independent of
the vector v.

If the lines of integration from fixed i*0to r avoid singular points, the
value of the integral becomes independent of the path of integration, i.e. Sis a
single-valued function. Whereas, choosing as path of integration a closed curve,
surrounding singularities, the integral does not give zero and, thus, a multi-
valued function of S is obtained. The wave function, however, can even in this
case unambiguously be determined from the hydrodynamical variables, i.e.
remains a single-valued function even if S is multivalued, provided the values
of S in the same point differ by integer multiples of 2jt only. From this we get
the condition

q)« dr = 20—k + ¢
(40)

1 1 1

------ cos &grad p-\----------------10t § 2XTXE dr,
2m 4m g

where
0i hi 2,....
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Equation (40) can be taken as an auxiliary condition for hydrodynamical
variables, i.e. they cannot be prescribed arbitrarily, since they have to satisfy
the auxiliary condition (40). It must be emphasized, however, that it is suf-
ficient to choose the hydrodynamical variables so as to fulfil equation (40) at
the moment t = 0, since — as can be proved — the auxiliary condition if
satisfied at t = 0, will remain satisfied at any time later.

Thus, for fixed electromagnetic potentials the hydrodynamical quantities
satisfying the auxiliary condition determine a single-valued wave function
(apart from the time dependent SO function contained in the expression of S).
However, when we want to satisfy requirement 2 and substitute the wave
function expressed in terms of the hydrodynamical variables in the wave equa-
tion it can be shown after a tedious calculation that it reduces to an identity
provided the hydrodynamical variables obey the equation of motion and the
constant of integration SQOis taken to be a definite function apart from an addi-
tive constant SO.

In the present paper we have succeeded in introducing hydrodynamical
variables satisfying requirement 1. In a subsequent paper we shall proceed to
derive equations of motions of hydrodynamical variables and prove that the
variables introduced and their equations of motion satisfy requirements 2, 3
and 4.
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rMOAPOAVHAMUNYECKAA MOJIE/b BOIHOBOW MEXAHUKN, IV

M. XYCAP nu MAPUA UWNTNEP-HAPAW

Pesome

MpogomkeHnem pabot (1, 2, 3) rugpofvMHaMmyeckas MOAENb BOMHOBOW MeXaHWKM
pacnpocTpaHseTcs Ha ruAPOAUHAMUYECKYHD MOAEeNb BOSIHOBOrO YpaBHEHWS, BK/HOYAOLLEro
CNUH-0p6UTaNbHOE B3aMMofelicTBMe. BMecTo BOMHOBOI (hyHKL MU BBOAATCA TMAPOAUHAMUYECKME
nepeMeHHble 1 MOKa3blBaeTCs, YTO MeXAY BOJHOBON (YHKLMEA 1 ruapoanHaMmMyeckuMm nepe-
MEHHbIMU, YA0BMETBOPSAIOLMMI HEKOTOPLIM paLroHanbHbIM (IU3NYECKUM TPE6OBaHUAM, UMeeTCS
0[JHO3HAYHOE COOTBETCBUE. YpaBHEHWE ABWXKEHUS AN5 3TUX HOBbIX NMepPeMEHHbIX BbIBOAUTCS B
cnegytowein pabore.
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Introduction

The UV spectrum of biphenyl has been the subject of many experimental
and theoretical studies [2], [7], [11], [12], [18]. The reduced interaction of the
two benzene rings in the non-planar compound is responsible for the deviations
in the absorption spectrum of the hindered compound from that expected for
the planar model. Then attempts have been made to correlate the electronic
absorption spectrum with the angle of twist. This is also the aim of this work.

Method and parameters

The semiempirical treatment due to Pariser, Parr and Popire [15], [16]
has been extensively used for the calculation of electronic properties of con-
jugated molecules. We used in this work a variable & modification of this
method, introduced by Nishimoto and Forster [13].

The configuration interaction included the four highest occupied orbitals
and the four lowest empty ones.

The benzene rings were assumed to be perfect hexagons of side 1.4 A
joined by a 1—1' bond of constant length 1.5 A for all values of the angle of
twist 0, the long molecular axis lying along the y direction and the x—y plane
containing one of the rings.

The two-centre core integrals, the distances and the two-centre repulsion
integrals between neighbouring atoms were adjusted at every interation by
means of the relations:

RRV — 0,53 piv 2,030

for all bonds except the 1—1' bond.

14 397
»>= —0,18p,, +1,517; y,v= — = [14]

<V+ V
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We used the following empirical parameter values:
Jc= 11,16ev; yc=lc— Ac= 11,13 ev. [6]

Following the usual practice, . was set equal to zero for all atoms ~
non-bonded to v. For bonded atoms, the initial value of was —2.39 ev.
For the determination of R112 with the planar configuration, use was made of
the approximate proportionality of the n—n overlap integral S and R [10].
Thus, the value of B for the benzene ring bonds was reduced by the factor
S14S12 = 0.859 [9]

IV (0 = 0°) 2,39 X 0,859 = - 2,05ev,

IV (0 > °°)

Bu (B = 0°) X cosB .

Results and discussion

The experimental data were taken from an atlas of UY absorption spectra
[19]. The experimental values of the oscillator strength/ were estimated from
the absorption curves by means of the relation:

/ = 4,32 10~9emaxAv, [17]
where Av is the band width (in cm-1) at half-maximum extinction.

AElev)

Fig. 1

The calculations were made for the values 0°, 10°, 20° and 30° of the
angle of twist 0. The results for the transition energies and intensities are

summarized in Table 1. In Fig. 1 the calculated transition energy of the first
band versus the angle 0 is plotted.
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AE
(ev)
4.663
4.705
5.035
6.210
6.223
6.456
6.504
6.606
7.025
7.023

0 = 20°

0.82
0.04

0.97
1.32

KK

AE

(ev)
4.695
4.729
5.130
6.268
6.222
6.490
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7.025
7.023

0

= 30°

0.77
0.08

0.92
1.32
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X-ray diffraction studies show that in the crystalline state biphenyl is
planar [5]. D a1e [4] has measured the spectrum ofsolid biphenyl by the pressed-
KC1 disc technique and finds a band with a maximum at 4.9 ev. Suzuki [18]
has corrected this value for the “normal red shift” observed when samples
are measured in KC1 discs and suggests that planar biphenyl should show the
characteristic band at 4.97 ev. This value agrees well with our results (4.96 ev).

Electron diffraction results [1] indicate that in the vapour phase 0 has a
value of about 42°. Probably for biphenyl in solution the value of 0 should be
intermediate. Our theoretical curve (Fig. 1) gives a value of 18° for biphenyl
dissolved in light petroleum.

The first band is found to be long-axis polarized, a fact about which there
is general experimental agreement [3], [8], [18]. As usual, the calculated
value of the oscillator strength is some two times too large.

Wenzet [20] has proposed that this intense band is a superposition of
a strong and a weak transition corresponding to the 5.9 ev and 4.76 ev bands
of benzene, respectively. The existence of this weak band has been corroborated
by Dare [4]; it may be assigned to be a transversely polarized transition.

The two lowest transitions g6 — ¥ and (p4 —m<gv that have their transi-
tion moments along the x and z axes are probably responsible for this “hidden”
transition.

The theoretical energies for the second band are less accurate than for
the first band, but the oscillator strengths agree well with experiment.
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CRYSTALS IN THE IMPURITY SCATTERING RANGE

By
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(Received 19. IX. 1967)

Much useful information on the band structure and scattering mechanism
of charge carriers in semiconductors can be obtained by measurements of mag-
netoresistivity. Most magnetoresistivity measurements of the group Am
crystals have been performed on InSb single crystals, and relatively few mea-
surements have been made on other crystals, e.g. on GaAs.

The first measurements of magnetoresistivity of GaAs single crystals
were made by J. T. Edmond et al., [1], 0. Y. Emetyanenko et al, [2], and
M. Gricksman [3]. These measurements were performed at room temperature
and at 77° K on n-type single crystals, with electron concentrations of 10In
1017 cm -3 and room temperature mobilities of 3000 —4000 cm2Vs. It has been
found that the longitudinal magnetoresistivity was negligibly small, [2], [3].
and the transverse effect was isotropic, [3], in accordance with the well known
model of the conduction band of GaAs having a spherical minimum in the
middle of the Brillouin zone [4]. The magnetoresistivity was proportional to
the square of the magnetic field up to 10.000 Gauss [1]. The above conclu-
sions were verified recently by D. Fritsch and Il. weiss [5], on measuring
the magnetoresistivity of higher purity n-type crystals, (room temperature
mobility f. = 6000 cm2Vs) at 77° K. The results of the measurements of A. F.
Kravchenko and H. Y. Fan [6], who found anisotropic transverse magneto-
resistivity in n-type GaAs in the temperature range of 77—300° K, are not
consistent with the foregoing results, as was pointed out in [5]. This anisotropy
was subsequently interpreted by A. F. K ravchenko et ah, [7], on the basis of
a special anisotropic scattering mechanism due to the segregation of impuri-
ties. R. K. wirtrardson et ah, [8], have measured the magnetoresistivity of
pure n-type GaAs crystals at 300, 196, and 77° K temperatures. The room
temperature electron concentration was 4 X 1015 cm™3 the mobility was
6900 cm*/Ys. The experimental results were interpreted on the basis of mixed
acoustic phonon and ionized impurity scattering, with dominant phonon
contribution. However, at room temperature and below, the acoustic phonon
scattering is negligible compared with the polar and impurity scatter-
ings [4].
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In recent work the magnetoresistivity of impure n-type GaAs single
crystals has been investigated in the impurity scattering range. Transverse
magnetoresistivity was measured at 77° K temperature, in low magnetic
fields (4000 Gauss). In addition, the Hall effect and conductivity were measured
at 77° K and at room temperature.

The characteristics of the samples and the experimental results are
shown in Table 1.

Table 1

KA(300°K)  /m,a(300°K)  RH{77° K) Mr(77° K.) 1(77° K) i £(77° K)
Sample No cm3As cm2Vs cmIAs cm2Vs measured 1(77° K) calculated
102/2 — 37.4 2360 — 81.1 2050 0.42 + 1.2 0.43
102/3 — 36.0 3500 — 41.0 3200 0.27 + 2.25 0.34
102/4 33.7 2370 - 29.7 1980 0.42 + 3.00 0.30
105/11 — 326 2650 — 489 4220 0.51 -0.9 0.54
105/12 -108 1870 — 290.5 4400 0.34 -0.3 0.52
F/l — 151.6 3500 — 249.3 4140 0.30 — 0.1 0.51
F /Il — 144.0 3020 -196.5 3280 0.35 +0.2 0.50

The room temperature electron concentration can be determined only
approximately because of the simultaneous effect of two scattering mecha-
nisms, i.e. polar and impurity scatterings. However, assuming that the scatter-
ing factor is r — 1, then the electron concentration of crystals of group 102 is
of the order of 2 X 1017 cm“3 and of crystals of group F is of the order of
4 X 1016 cm*“3.

At 77° K the magnetoresistivity was proportional to the square of the
magnetic field up to 4000 Gauss, Ag/g ~ B2 Table 1 contains the values of
I = Aql(qgp2B2.

The quadratic dependence on the magnetic field is a natural consequence
of the fact that the measurements were performed in small magnetic fields,
i.e. (co2”™ (pHB)2 1, where mis the cyclotron frequency, r is the relaxation
time of the electrons.’

Since at 77° K temperature only one scattering mechanism, the ionized
impurity scattering is dominant, the experimental results can be interpreted
guantitatively using the proper formulae, and also taking into account the
degeneracy of conduction electrons. Considering the ionized impurity scatter-
ing, the relaxation time

16 n (2 m*)1292 /32
eA"NMNnil+B*-m+RB2]’
0 8 m* skTE
= %Re2n
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where the meaning of symbols is the following

m*  effective mass of electrons,

e dielectric constant,

n electron concentration,

Nj concentration of ionized impurities, in compensated crystals it
is equal to the sum of donor and acceptor concentrations,

E electron energy,

and others are used as usual.
Taking into account the Fermi—Dirac statistics, the electron mobility [9]

32 |2 ne2(kT)3I2F n(C) ,9}
/1~ e3m*W2Nt[In(1+ Bl) - m i + BI] FilS) "’

where Fn(£) is the Fermi integral, f is the reduced Fermi level, and

M 8m*e(kT)2*

0— 0
P %R2e2n ®)
where x{) is the root of equation
*0o+ 3
exp (M- Q-
*0-3
The Flail constant
r
R, 4)
ne
O ) _ 3 FM20O) Fih(C) (5)
<T>2 4 [|_|_|| )r
where
2m*kT\32
n= NcF1li2C) = 4n ] FusS) (6)

The coefficient of magnetoresistivity
- Ap Im m _ i. @)
QpH B2 9[F 7/2(C)32
The reduced Fermi level, £, can be determined from the measured Hall
coefficient, using Egs. (4), (5) and (6). Table 1 contains the values of £ deter-
mined from these equations. The coefficient of magnetoresistivity, |, can be
evaluated from (7). Table 1 contains these values, too.
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The measurements of samples belonging to the group 102 gave the fol-
lowing results: for sample 102/2 the measured and calculated values agreed
well, whereas in the case of samples 102/3 and 102/4 the measured values were
lower and higher, respectively, than the calcrdated ones. The same observations
can be made in connection with the crystals belonging to group 105.

Taking into account that the absolute values of the measured magneto-
resistivities were extremely small (1—2%0), so that the experimental errors
were high (according to our estimations 20—30%), the agreement is satis-
factory.

On the other hand for crystals of group F, the differences between the
calculated and measured values are greater. The compensation degree of the
three groups of crystals as calculated from the mobilities, was roughly equal,
and thus, could not be the cause of the observed differences.

Other scattering mechanisms can appreciably lower the magnetoresisti-
vity, as observed in the samples of group F. Neutral impurity scattering, or
scattering by structural defects may be such a mechanism. Investigations of
crystalline defects in our crystals are in progress.

We wish to express our acknowledgements to Dr. G. Gerge1y for sug-
gesting the experimental work, and to Dr. E. Papp of the Research Institute
for Metallurgical Industry, Budapest, for supplying the crystals.
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A method has been developed on the basis of symmetry considerations
for the determination of mean amplitudes of vibration for an XY 4 molecular
model of slightly distorted tetrahedron possessing a D2dsymmetry and applied
to the phosphate ion. The available four fundamental frequencies of B2 and
E species have been considered and the mean-square amplitude quantities
have been computed at room temperature. The results are discussed briefly.

Introduction

For the four classes of XY 4 molecules and ions having highly symmetric
configurations, namely, a regular tetrahedron with the symmetry point group
Td, a tetragonal square plane belonging to the symmetry point group Dif, a
tetragonal pyramid coming under the C4l, symmetry, and a slightly distorted
tetrahedron with the symmetry point group D2, a theory for the determina-
tion of mean amplitudes of vibration was first developed by cyvin [1] utilizing
the symmetry coordinates for molecules of the first type, on the basis of which
many molecules and ions have been studied by several investigators [2—16].
Later on, a method was proposed by Nagarajan [17] on the basis of the prin-
ciple postulated by cyvin [18] for the determination of mean amplitudes of
vibration for molecules of the second type and this was applied to many ions
[17, 19] and xenon tetrafluoride [20—22]. On the basis of the principle pos-
tulated by cyvin [18], a method utilizing symmetry coordinates was proposed
by Nagarajan [23] for the determination of mean amplitudes of vibration
for the molecules of the third type and applied to the skeletal vibrations of
stable pentaborane. No method has so far been developed for the fourth type
and applied to any system. Hence, it is aimed here to develop a method for the
determination of mean amplitudes of vibration for the XY 4 molecular model
of slightly distorted tetrahedron with the D.g symmetry by the cyvin method
[18] and then apply it to the phosphate ion so that the results of the present

* Permanent address: Kalyanapuram, Thanjavur District, Madras State, India.
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study should be very useful for the interpretation of the results of electron
diffraction studies and for the evaluation of normal frequencies in other relat-
ed ions.

Mean amplitudes of vibration

A molecule or ion of an XY 4type possessing a slightly distorted tetra-
hedron with the symmetry point group gives rise, according to the relevant
symmetry considerations and selection rules [24, 25], to nine vibrational
degrees of freedom constituting only seven fundamental frequencies. They are
distributed under the various irreducible representations as follows:

rr) + -BlOb) + 2-BZ(F4, vs) + 2E(véavia or vebsvib)

Fig. 1. Geometric illustration of the internal coordinates for an XYt molecular model of
slightly distorted tetrahedron possessing a D2 symmetry. The symbols denote the deviations
from the values at the equilibrium configuration

where the Ax, Bv and B2vibrations are the nondegenerate ones while the E
vibrations are the degenerate ones. The frequencies vv v4, and vea or véb are
associated with valency vibrations and the others with deformations. The
vibrations under the B2and E species are allowed in both the infrared absorp-
tion and Raman spectra while those of Axand B4species are allowed only in
the Raman spectrum but forbidden in the infrared absorption spectrum. In
order to construct the symmetry coordinates, the following set of internal
coordinates has been introduced: 0 13 and 0 24 are the Y —X —Y bending coor-
dinates along the z(S4 C2 axis; ®12 d14, P23 and P3A are *he Y —X —Y
bending coordinates along the x(C2) and y(C'2) axes; and r4, r2 r3, and r4 are
the X —Y stretching coordinates (see Fig. 1). With the help of these internal
coordinates the following set of symmetry coordinates satisfying the conditions
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of normalization, orthogonality and transformations of the vibration species
concerned has been constructed, including one redundancy:

AMI) = (rl+ 2+ 3+ M9/25
S2(A1) = R(2013+ 202%4- ®LR- U4 - dB- $3,)//T2,

&{Ai) = N®i3+®23+'"Ni2+'"Ni4+"23+734)/f6 = 0 (redundant) r
30) = A(P2 U B+ DHA)/2

Si(Bi) =1 O+ r2 13+ rd/2,

5MB2 = B (013-d 24)/1I2,

sea(£) = fa.+ [2 -3 - r4)l2,

S6b(E) = (ri r2—r3+ 0)/2,
= B( DR+ dP1Yy2,

Sn(E) = R(-0u+ 023I1Y2,

where r, is the change in the length of the ith X —Y bond; 0, i+2 the change
of the angle between the r, and ri+2 bonds; and 0/y the change of the angle
between r, and ry bonds along the nc(C2) and y(C2) axes. The reason for the
existence of two kinds of bendings is due to the presence of an S4 symmetry
element on one of the three Cartesian axes. It is seen here that the angle
displacements are multiplied by the equilibrium bond length B(X—Y) in
order to keep the dimensions of the mean-square amplitude quantities re-
ferring to the angle bending the same as those of the quantities due to the
bonded and non-bonded atom pairs. These symmetry coordinates are the
same as those of Mooney and Toma [24] except for the changes in the nota-
tions of the bending coordinates.

On the basis of the symmetry coordinates constructed above for this
molecular model, the symmetrized mean-square amplitude in terms of the
mean-square amplitude quantities have been obtained, and they are given as-
follows :

Nu(Ail) = <sf>—ar  3arr,

Nopp(Nnh= Nsl) = (2aB 4" oo+ 2aBB 8asp 2 Qpp-f- Ogd')/3,
w2(N1) = 2721 ((Ad) = (ds2>= 2(arB <fB-—arp BI[P)L  »
nas(B i) ~ <Si> — °¢ 2 <M -f- O 1

Zu(B) = <s4>= °V - a,r,

NeABi) ~ #%) = °e ~ aee5

AB{Bu)= A~ m(B 2) = <S4say — Y2 ( oOre + °Ve)1

ABG(E) = <sb6a> = <4>> = °7 - arr+
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NTIE) — (Syay — (s%y — Bch— Qe
Ner(E) = £-I+(E) \sbas7a> = s7h/>= M ( &®“b <W) .

where ar is the mean-square amplitude quantity due to the bonded atom pair
X —Y, orr the quantity due to the interaction of bonded atom pairs, oe the
quantity due to the bending Y —X —Y in the z(S4, C2) axis, opthe quantity
due to the bending Y —X —Y in the x(C2) axis as well as the y(C2) axes; oee
the quantity due to the interaction of Y —X —Y bendings in the z(S4, C2) axis
having no common side; o~the quantity due to the interaction of X —X —Y
bendings having common side in the x(C'2) and y(C2) axes; odiph the quantity
due to the interaction of Y —X —Y bendings having no common side in the
Xx(C2) and y(C2 axes; am the quantity due to the interaction of ¥ —X—Y
bending in the z(S4, C2 axis and Y —X —Y¥Y bending in the x(C'2) or y(C2
axis; ol0’the quantity due to the interaction of bonded atom pair X —Y with
the adjacent Y —X — Y bending in the z(S4, C2) axis; oro the quantity due to
the interaction of the bonded atom pair X —¥ with the non-adjacent ¥ —X —Y
bending in the z(S4, C2) axis; or@the quantity due to the interaction of the bond-
ed atom pair X —Y with the adjacent ¥ —X —Y bending in the x(C2) or
y(C'z) axis; and oy0, the quantity due to the interaction of the bonded atom
pair X —Y with the nonadjacent ¥ —X —Y bending in the x(C2) or y[C2)
axis. In addition to these quantities due to the bonded atom pair, bendings
and the respective interaction terms, the analytical expressions for the follow-
ing mean-square amplitude quantities for the nonbonded atom pairs have been
obtained in terms of the mean-square amplitude quantities due to the bonded
atom pair, bendings, and the respective interaction terms and they are given
as follows:

Op= 27 arr)sin2(072) + oe cos2(0//2) -)- 4 aresin(072) cos(0'/2),

o\ = 4orrsin2(0'/2) + 4 ore-sin(0'/2) cos(072) + oee cos2(072) ,

og= 2{or + orr)sin2072) + ocos2A<?72) + 40 pBT(P72) cos(<Z>72),

oqq = 4orrsin2(<E>72) + 2 (orp+ ord’) sm(0'12) coB(P72) + ogpcos2(Dd'12)

oq = 4omsin2272) + 4ori nn(®'12) co(®72) + o N coB2(Dd 72),

apg= (or+ 30mBT(®72)sin(072) + (orn+ ore-)BT(P'/2) cos(0'/2),

+ (arp+ ori) sin(072) coB(®72) + oBhco(P72) cob(P72),

where op is the mean-square amplitude quantity due to the non-bonded atom
pair Y4—Y¥Y3or X ,—Y4; app the quantity due to the interaction of non-bonded
atom pairs Y4—Y 3and ¥Y2—Y4; oqthe quantity due to the non-bonded atom

pair Y4—Y2or Y4—Y4or Y2—Y3or Y2—Y4; oqg the quantity due to the
interaction of non-bonded atom pairs; ¥Y4—Y¥2 and Y4—¥Y4 or ¥Y2—Y3 and
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Y3—Y4 having a common side; aqy the quantity due to the interaction of
non-bonded atom pairs Y4—Y4 and Y2—Y 3 having no common side; and
opqg the quantity due to the interaction of non-bonded atom pair Yx— Y3 or
Y2— Y4 with all the other non-bonded atom pairs. In the above expressions
the angles 0’ and @’ are the values for the equilibrium configuration. It has
to be mentioned that a difference in the quantity due to the bending along
the Sj axis from that of the bending which lies skew to that S4 axis has been
assumed while a difference in the quantities due to the interaction of bonded
atom pairs required for the D2d symmetry has been assumed to be negligible
and hence all the quantities due to the interaction of bonded atom pairs are
the same.

Normal frequencies

In order to construct the secular equations giving the normal frequencies
in terms of the mean-square amplitude quantities, the basic equation 2 G-1—
E A l= 0 postulated by cyvin [18] has been adopted for the present study.
On the basis of this, the secular equations obtained for this molecular model
are given as follows in terms of the symmetrized mean-square amplitude mat-
rices, kinetic energy matrices and fundamental frequencies:
For A 4type vibrations:

A+ d4a=[*ll + A2, my
A= (28 -2% ) U3)n
For B4 type vibration:
4 = (1/3)-33b 1-
For B.z type vibrations:
4j + 43= (1/3) [(8 A+ 3fiy)244+ (1/2) (4 Mk+ 3fiy)2 5i -
8 fix 2 43] (4 fix -j- fiy) 1fiy |

4445= (Y,,22  279) (1/2) (4 fix+ fiy)~

For E type vibrations:
46+ 4, = (1/3) [(8 fix+ 3fiyyres+ (1/2) (4 fix+ 3fiy)2’, -
8 fix2V,] (4 fix -)- W) 1fiyl,
4e 4 7= (26627, —2jj7) (1/2) (4 ux-)- fiy) 1fiyl.

In the above equations A has been related to the normal frequency v in the
form
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A, = (ABnz2vj) coth(hvtl2 kT) ,

where his Planck’s constant, k the Boltzmann constant and T the temperature
in degrees Kelvin.

Application to phosphate ion

The infrared spectrum of the solid yttrium phosphate crystal YPO,
was studied by Mooney and Toma [24] and it was found that the cations in
the crystal are located along the axes which coincide with the S4 axis of the
phosphate ion P 043~ in the D.a symmetry and this perturbation is caused
by an interaction of the cations with the phosphate ion P 043~ with the great-
est effect occurring with those vibrational modes associated with deformations
along the S4 axis of the anion. According to the group theoretical arguments
for a tetrahedral XY 4 ion in a crystal, the B2vibration is a function of the
bendings lying along the Si axis and independent of the bendings lying skew
to this S4 axis. On the basis of these facts the fundamental frequencies were
assigned from the observed infrared spectrum for the phosphate ion of slightly
distorted tetrahedron possessing a Z)2d symmetry and the force constants were
then calculated on the basis of group theoretical method by Mooney and
Toma [24]. Their observed fundamental frequencies are given as follows:
r4B2 = 1070 cm-1, v5(B2) = 643.1 cm-1, vBE) = 1031 cm-1, and vy(E) —
526.3 cm-1. The aim here is to employ these four fundamental frequencies in
the theory developed above and evaluate the mean-square amplitude quanti-
ties by assuming both angles involved in this model to be tetrahedral and con-
sidering a value 1.685 A for the phosphorus—oxygen bond.

The secular equations giving the normal frequencies in terms of the
mean-square amplitude quantities were constructed at room temperature for
the B2and E species with the help of the symmetrized mean-square amplitude
matrices, kinetic energy matrices, and the fundamental frequencies in cT/11
given by Mooney and Toma [24]. Since the angle in the S4 axis deviates
very slightly from the angles lying skew to that S4 axis, both angles were
assumed to be tetrahedral, and a value 1.685 A for the phosphorus oxygen
bond was considered in the calculations of kinetic energy matrices. There are
two equations with three unknowns under the B.2 as well as E species. It is
not possible to evaluate all the three elements unless some restricting appro-
ximations are adopted. When the off-diagonal element was neglected under
each species, the equations resulted in imaginary values for the diagonal
elements. Hence, the off-diagonal element was introduced and the equations
were solved in the manner described by Torkington [26] and the three ele-
ments under each species were evaluated. The obtained values of the symmet-
rized mean-square amplitude matrices in A2 are given as follows: Z M =
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0.0020879, 15B2 = 0.0055489, I45B2 = 0.0007965, 1'bKE) = 0.0022749,
27,,(E) = 0.0066478 anil EG6/(E) = 0.0004750. Since the same expression
(&—O0rr) is obtained under the B2 and E species for T4 and 2706, an average
value 0.0021814 is considered here to represent the mean-square amplitude
quantity o> by ignoring arre From this, the calculated value of the mean amp-
litude of vibration for the P—0 bond is given as 0.0467 A at room temperature.
If the interaction quantities due to bendings are neglected, Etb represents ee
and represents ad. Accordingly, the mean-square amplitude quantity due
to bending in the S4 axis is smaller than that of the bending along the skew
to that S4 axis. Similarly, the nondiagonal element E4- represents the interac-
tion of the bonded atom pair with the bending in the S4 axis while 2760 repre-
sents the interaction of the bonded atom pair with the bending in the x(C2)
ory(C2 axis. From the values obtained here it is seen that the quantity due
to the interaction of the bonded atom pair with the bending in the S4 axis is
greater than that of the quantity due to the interaction of the bonded atom
pair with the bending along the skew to the S4 axis. The values presented
here would be very useful in the interpretation of the results of electron dif-
fraction studies and for the evaluation of normal frequencies in other related
systems.
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THE HARTREE ENERGY OF THE
VALENCE ELECTRON OF K
By
E. MAGORI and Zs. OzOROCZY
RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST

(Received 14. XI1. 1967)

The Hartree and the Hartree —Fock methods are those most frequently
used in the theoretical examination of atomic structure. Till now they have
been used to determine the total energy and the charge distribution.

In the present paper we determined the exchange energy of the valence
electron of K in the ground state (4s). We carried out the computation in the
following way. We calculated the Hartree energy of the valence electron and
subtracted this value from the Hartree —Fock energy to obtain the exchange
energy. The Hamiltonian of the ground state of the valence electron is*

h =-2-a+ u, (i)

where A is the Laplace operator and U the potential energy of the valence
electron. From the value of T-total 2Zp given in the Hartree Table [1]

+ (2)

The energy of the valence electron in the (4s) state

E = [0 Vis H<Ptsdr , 3)

where S is the orthonormal eigenfunction of the valence electron and it can
be written as the following sum

Vis= N ¥Y A, yis, (4)
i=1
where N is the normalization constant, At were derived by the Schmidt method

of orthogonalization and Qs are the normalized radial wave functions of the
electrons in the Is, 2s, 3s, 4s states.

*The expressions are written in this paper using atomic units.
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The Is, 2s, 3s wave functions given in the Hartree Table were approxi-
mated analytically to obtain the integrals that we used for the evaluation of
the energy. The approximating functions are

PS= aisr‘e~*tr. (5)

The normalized radial eigenfunction of the valence electron was derived by a
minimization procedure of the energy of the 4s state, based on a method that
has been used recently by Gombas [2].

The orthogonalization and normalization conditions by which N and
A- were determined are the following.

The normalization condition

[>«)**e =1. (6)

The orthogonalization conditions

jO ?4sfisdr = 0; [0 VvViddr = 0; [b y4sy3sdr = 0, (7)
where s, (p2S <3S are the orthonormal eigenfunctions of the Is, 2s, 3s states,
respectively. They have been composed from the normalized radial wave func-
tions of the particular states.

In calculating the energy, the first term of the potential energy has been
obtained numerically by the Hartree Table and the second term has been in-
tegrated analytically. The value of energy obtained in this way is

E = 0.1369gy= — 3.728 eV.
The Hartree Fock energy of the valence electron in the 4s state is
E = -4.341 eV.

The difference between these two values is the exchange energy

Ea= -0.613 eV.
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O NLCXEAR MAGNETIC RESONANCE IN CALCITE*

By
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(Received 14. X1. 1967)

Infrared absorption spectra [1] of inorganic carbonates and nitrates
obtained on single crystals at liquid helium temperature have shown large
numbers of bands not attributable to fundamentals or combinations of fun-
damental frequencies of the anions. Almost all these bands are readily inter-
preted as summation bands of fundamental frequencies with successive levels
of a librating oscillator. The libration is considered to represent a planar tor-
sional oscillation of the anion about the trigonal axis. To obtain additional
information on this libration, the C13 nuclear magnetic resonance is studied
in calcite and the results of the study are reported in this note.

A varian dual purpose NMR spectrometer operating at 10.7 megacycles
at a steady magnetic field of 10.000 Gauss. The first derivative of the resonance
absorption spectrum was recorded at liquid helium temperature using a spe-
cially designed cryostat, described elsewhere [2]. The steady magnetic field
was modulated with a small magnetic field oscillating at a frequency of 40
c/s. The amplitude of the modulating field was kept lovrto avoid artificial
broadening effects. The radio frequency power level was kept sufficiently low
to avoid saturation of the spin system. The sample of calcite was taken in the
form of powder.

The line width (defined as the interval between maximum and minimum
slopes of the resonance absorption curve) was found to be 4.50 ~ 0.02 Gauss
at liquid helium temperature.

In the present studies, the line width of the NMR absorption spectrum
is essentially due to nuclear magnetic dipole —dipole interaction since the
sample is diamagnetic and the nuclear quadrupole moment of the C13 nucleus
is zero. The line shape can, in principle, be calculated using the nuclear dipole—
dipole interaction formula [3]. The calculation is rather tedious and the
analysis of the NMR spectrum becomes much simplified by calculating the
second moment (or the root mean square width) of the resonance absorption
spectrum. This can be done by graphical integration or numerical integration

*The experimental part of this research was carried out at the University of Maryland,
College Park, Maryland, U.S.A.
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and the recording of the first derivative of the resonance absorption spectrum
turns out to be advantageous [4]. The spectral width as measured by the
second moment is a sensitive function of the inter-nuclear distances and the
relative orientations of the interacting nuclear moments. At sufficiently low
temperatures, where all molecular and sub-molecular translational and rota-
tional motions have either ceased or slowed down sufficiently not to affect
the spectral width, the second moment (A H2) of the rigid lattice configuration
can be readily calculated from the Van Yleck’s second moment formula [5]

(AH2 = (3/2) 1(1 + 1)g2B2N~i Y (3c0s20jk- IfrR 1)
i>k

where 1 is the nuclear spin, g the nuclear g factor, B the nuclear magneton, iV
the number of nuclei in the system whose interactions are considered and over
which the sum is taken, rg the distance between nuclei; and «, and 0pg is
the angle between the internuclear vector rg and the direction of the applied
magnetic field. If the sample is taken in the form of powder, as in the present
experiment, the angular factor (3 coB20p-1)2is to be replaced by its isotropic
numerical average of 4/5 in order to account for the random orientation of the
crystallites in the powdered sample. If the powdered sample contains other
species of nuclei, besides those at resonance, the Van Vleck’s second moment
formula becomes

(AH2) = (6/5) 1(1 + 1)g2B2N-> 2" rk +
Pk 2)
+ (4/15) R2n - _vf et 1) g,
|

where If is the spin number of nucleus of another species and gfs i+ is its mag-
netic moment.

If in the sample of the solid, the molecules or atomic groups undergo
rapid rotational motion (or libration which is a restricted form of rotation)
about one or more axes, the nuclear dipole—dipole interaction will now be a
function oi time and its time average will in general be small compared with
the rigid lattice value. This results in narrowing the resonance absorption
spectrum. The second moment formula for powdered samples where there is
rotational or vibrational motion is given by [6]

(zliP) = (3/10) 1(1+ Lyg202n -i 2 (3cos2ya - 1)2¢jj2 «
Ik 3)
4- (I15)R2N-i Y If(If + 1)gj (3 cos2Yjf - I)2rjf\
j.f
where ya is the angle between the axis of rotation and the vector rpg and yp
has similiar meaning with respect to other species of nuclei.
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To apply the method of moments to the present problem, it is necessary
to calculate the experimental and theoretical values of the second moment of
the resonance absorption spectrum. The experimental value is obtained by
graphical or numerical integration of the recorded spectrum and, hence, itis
necessary to have a good signal to noise ratio since the second moment can be
greatly influenced by the wings of the absorption spectrum where the signal
is weak. Since the natural abundance of C13 nuclei is only 1%, the signal to
noise ratio is rather poor at the wings and hence the calculation of second
moment may not be accurate, whereas the line width can be measured accura-
tely. The line width is found to he 4.50 ~ 0.02 Gauss at liquid helium tempe-
rature. It is, therefore, necessary to calculate the line width from other consi-
derations both for rigid lattice and librating anion configuration of calcite.
The line shape in the present case is found to be approximately Gaussian and
the ratio of line width to the square root of second moment is about three for
Gaussian lines [7]. The theoretical value of the second moment of calcite for
rigid lattice can be calculated from formula (2). From the crystal structure of
calcite [8], it can be easily seen that important contributions to the second
moment arise from oxygen atoms surrounding the carbon atom in the carbon-
ate ion. The other carbon atoms in the lattice are too far apart to make any
appreciable contribution since the second moment falls off as r-6, r being the
distance between the nuclei; and the Ca40 nuclei do not have any magnetic
moment. Using the crystal structure data of calcite[8], the second moment
for rigid lattice is 5.46 Gauss2 The line width bH — 3(zIH 2¥2 and for the pre-
sent problem it comes out to be 7.02 Gauss which is far in excess of the experi-
mental value of 4.50 Gauss. On the other hand, if libration is assumed to be
present about the trigonal axis, it can be seen from geometrical considerations
that the angle yjj of formula (3) is approximately 90° so that the second mo-
ment for libration should be reduced by a factor ¥4. The calculated value of
the second moment for libration of the anion about the trigonal axis comes
out to be approximately 1.36 Gauss2 and the estimated line width is about
3.06 Gauss. This is much closer to the experimental value of 4.50 Gauss. These
approximate considerations support the view that libration could take place
about the trigonal axis in calcite at liquid helium temperature. The experi-
ment should be performed with calcite samples enriched in C13 and O17 to
get an accurate value of the experimental second moment so that the libra-
tion about the trigonal axis can be established unequivocally.

The author wishes to express his thanks to Professor Enriris R. Lippin-
cott for many valuable suggestions. This research is supported in part by the
Advanced Projects Agency, Department of Defence, U.S.A.
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CORRIGENDA

Correction to the article

“ON A NEW EXPANSION OF WAVE
FUNCTIONS OF 2N-ELECTRON SYSTEMS”

(Acta Physica Academiae Scientiarum Hungaricae, 24, 301—306, 1968)
By
E. Kapuy

RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY
OF SCIENCES, BUDAPEST

(Received 10. I1X. 1968)
In this paper formula (13) on p. 306 should read
iM 1°2) Vki(3,4) 1i(5,6) Y4,i(7,8) — »pIx{1)"(2,3,4) 9X(5)y>Mm(6,7,8), (13)
for all J < L, K< MQJ,L#=K,M), x, K X and m.

and should be placed immediately below formula (12) on p. 305.
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UREY-BRADLEY FORCE CONSTANTS,
MEAN AMPLITUDES OF VIBRATION,
SHRINKAGE EFFECT AND CORIOLIS CONSTANTS
IN IF5 AND IOFs

By

K. VeNKATESWARLU and C. PURUSHOTHAMAN
DEPARTMENT OF PHYSICS, KERALA UNIVERSITY, ALWAYE—2, INDIA

(Received 26. 1. 1967)

Force constants of the molecules IF5and IOF5 have been calculated using the Urey—
Bradley force field. The theory of mean square amplitude matrices is applied to these cases
and the parallel and perpendicular mean square amplitudes at 300°K are determined. The
perpendicular amplitudes are employed for calculating the Bastiansen— Morino Shrinkage
effects. The Coriolis constants of these molecules are also evaluated.

Introduction

The molecules IF5 and IOF5 possess C4v symmetry. The numbering of
atoms and orientation of the principal axes are given in Figs. 1 and 2. The
symmetry coordinates and frequencies used in the present study are the

same as those given by Begun, Filetcher and Smith for IF5[1] and Smith
and Begun for IOF. [2].

Urey—Bradley force field

The application of the Urey—Bradley force field gives the following

F-matrices for the two molecules. The values of the off-diagonal elements will
reduce to zero.

For IF5:
Fn=«kRrR+ M$F'u + 4F u),
F2= Fr-f-4s"Fn + tf Fie sj F 16,
F3= HR s0SjF1B= tOCF g,
Fd4= Kr+ 4i2F2+ tfF'6+ si F16,
F53= E3x»
FBn = Ha— s2F'20+ t2F 12,
F77= Kr+ 2(2Fr_+ s2F1) + RF16+ si Fla,

-Ess = {:33 »
Feo —Fee:
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134 K. VENKATESWARLU and C. PURUSHOTHAMAN

where K and W represent the stretching and bending constants. F and F'
are the repulsion constants between the atoms indicated by subscripts attached
to F. F* = —0.1 Fas assumed by Shimanouchi. t0, s0, etc. are the usual con-
stants employed in the Urey—Bradley field, which depend upon the structural

parameters of the molecule.

Fig. 1. Internal coordinates, numbering of atoms and orientation of principal axes
in IF5 and IOF5

For IOFs:
Fn= Ks+ ~"tIFI1+ sMF,),

F2o — K f+ 4(i" Fig+ sgiF 1§,
F33—Fr-j-4s|, F12-f-1|0F 16 (- sS|0F 16  tj2F 17 -f- sf2F 17,

F4 = \UB  *0i sI0F 16 -)- i0110F je --- Hy sz1s12 F17 - br F[71,

FS5= K, + 4tfxF;2+ fOFi6+ sfOF 16 + t2F17+ s?22F 17

F77—Ha—sf,F[2 1A F125
Fgg — Fr-f 2(tfiFj2 + =11 F12) + =w0~16 + *10F16 + 2 F'f + sf2F 17,
FP= Hy *2AL2F17-f-t]fi2F 17,

-~o,10 = HB  SO01S10F 16 -f-10Li10F le ,

Fun=*~Fw.

Parallel and perpendicular amplitudes

The mean square amplitudes as for any pair of atoms is obtained by the
solution of the secular equation |FG“1— E A | = 03 and using the relations
between Es and cr' which, in the present case, are as follows:
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UREY—BRADLEY FORCE CONSTANTS 135

For IFS:
aR—2/n ; ar—— (272 -(- 2144 + 22777) ,
4
am— 4 Chee “b 22799) .
— n 2278s) 5
g (O3 )
Arr (h22 2744) ' caa 27Rj,/4 1
4
— . *3B 2MH *
av2 — '(h22 + M4+ 2MNTT) +
41-2
H— Zr (766 + 2279) + /2 re 2779)
1 .
fi-e — — w22 + M4+ 2i77) + R2M"U +
91-6

+ ~ ("33 "b~"55 + 227gg9) + r~12 +

+ 4-TN)IRP™ - E* + 2°78) R(rRyi*Z13

where gl j represents the nonbonded distance between atoms i and j.
For 10F5:

27y > &R — 2722,

°v——4 B+ 255+ 2789,
aa— . (27 b 22711V)
a = - (2 + 27ee + 4271010)
= — (@Y + 2-86+ 4299)»
"‘1'r——4 (233 2MH); oad= 4—27,7,
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136 K. VENKATESWARLU and C. PURUSHOTHAMAN

°yy — °BB — - (~44 — —B63)5
(o]
~ ("B+ ¥H+ 2B+ — (2. + 20O 4- ru x s 1T,

(Ti.» r2Qr -(- R2(7t -~ Rr vp 4- rR X23 4~
ol--6

+ - N - 2'“34 + A56+ zfzr810) 4- A (R 102 ZM

1
cr,... rzar4- S2(6 4~ wlay 4~ S 4" 2113 —
7L

rOSU2 oy v s 212289 W 3Yy

The generalised mean square amplitudes which include parallel and
perpendicular mean square amplitudes are evaluated by the method suggested
by MoRINO and HIiROTA [4]. The symmetry coordinates S are related to the
Cartesian displacement coordinates X by the transformation S = BX. An
inverse transformation gives X = AS with A —/mB G 1, where pi is the reci-
procal of the masses of the atoms and G is the kinetic energy matrix. Evalua-
tion of X vyields the parallel mean square displacements <((4 z)2* and the
perpendicular mean square displacements <44 x)2»> and {(4 y)2) in terms of
S elements.

Shrinkage effects

The shrinkage effect in molecules observed from electron diffraction
studies by Bastiansen et al. [5] may be calculated spectroscopically as has
been pointed out by Morino [6]. In the case of IF5the shrinkage occurs in
the linear bond (1—3) or (2—4) and in the nonbonded distance between any
two of the atoms 1, 2, 3 and 4. In the case of IOFs there is additionally the
shrinkage along the axial bond 6 —7. If 6 represents the shrinkage then

-0 13= K13- K 15- K 35,
V2= K —1Y2K Ib,

ABT - -A6T R -6b AB7
where

K= <W 2+ .<(fdy)j>L.<(4x)2> and <(4y)2>
2re

are known from previous calculations for each bonded or nonbonded distance
and re is the corresponding equilibrium distance. The results are given in
Table 1V.
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UREY—BRADLEY FORCE CONSTANTS 137

Table 1

Force constants of IF4 and IOF5 (md/A)

Molecule GVFF [1] and [2]
fr  3.64
IF. ir 468
A 0.17
fp 063
fr 442
/v 460
i0f5 fs  6.99
A 020
fp 055
fy 0.44
Table 11

Kr
Kr

Hp
Kr
Kr
ks
H «
Hp
Hy

UBF

3.706
4.679
0.188
0.476

4.483
4.601
6.990
0.196
0.449
0.367

Mean square amplitudes of vibration (in A2 of IF5 and IOF5

IFS
o 0.003821
°R 0.001368
°s
0.017573
i 0.005084
°y
arr 0.000075
—0.005643
opp 0.000000
ayy _
ol 0.012607
u6 0.005208
°1. o7

Coriolis constants

10F5

0.001677
0.001368
0.001560
0.015460
0.007230
0.011338
0.000017

—0.004655
—0.000180
-0.000180

0.009028
0.005036
0.006910

The Coriolis coupling constants if IF5 and I0Fs for the eXe coupling
are calculated by the method introduced by Meal and Polo [7]. The Cz
elements derived in the present cases are as follows:
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138 K. VENKATESWARLU and C. PURUSHOTHAMAN

IF5: C?77T— — 2/~ ; C8— — (jij f- yP)/2E2,
Cjo = 4fi, ; CmB—Tij/E,
Q9— Kl C&®= —][2PilE .
Cl&= -2 /tr, Q,,= - (Mi+ bl/2H2,
Qo.io= — (mi + mf)/2E2; Cu,u= —4A41
89 = Mi/H; q 0= MilE,
g,u=K (- b:lil); C.. = —HII"EH,
co11 = Y2 Hi/H; Cf.. = {AJJE,

where

E= — (RINT2, H= — (S/r)2.
2 2

From the values of the L-matrix elements obtained on the basis of the
force constants of a general force field, the Coriolis constants are calculated
from the formula C= L~~LC~L1

From the general formula obtained by Lord and Merrifietd [8] for the
zeta sum of molecules possessing C4v symmetry one gets the zeta sum as
2 la/21lb for IF5and 2 IA/2IB+ 1 for IOF5.

Table 111
Generalised mean-square amplitudes of IF5 and 10F5 (A2

<(a*)1> <(ay=> <(4y)>
Atom pair/Bond
if, 10Fs IF« I0F6 i« I0F$
5—1 (1-F 3 0.003821 0.001677 0.006840 0.006464 0.003379 0.006194
1...2 (Fj...F2 0.012668 0.009028 0.009718 0.006686 0.006755 0.006847
5—6 (/—F6®6) 0.001368 0.001368 0.001015 0.002894 0.001015 0.002894
1...6 (Fj...Fe) 0.005208 0.005036 0.004117 0.003920 0.007762 0.009096
5—7 (/—0) — 0.001570 ) 0.005131 — 0.005131
1...7 (Fj...0) — 0.006910 0.004866 0.011711
(AX)  (av)> (A% (a)> (ay) (19>
Atom pair/Bond
IF, if« 1F« iof, IF, 10F,
5-1 (1 Fd 0.000000 0.000000 0.000000 0.000000 — 0.000149 0.000044
1...2 (Fj...Fj) —0.000717 0.000045 0.000000 0.000000 0.000000 0.000000
5-6 (1-F 6) 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
1...6 (Fj...F6) 0.000000 0.000000 —0.000105 —0.000209 0.000000 0.000000
5—7 (F—0) - 0.000000 — 0.000000 — 0.000000
1...7 (Fj...0) — — 0.000353 — 0.003139 — 0.000684
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UREY—BRADLEY FORCE CONSTANTS 139

IA and IR are the moments of inertia about the symmetry axis and any
other principal axis of the molecule, respectively.

The values of the Coriolis constants obtained in this investigation are
given in Table Y. Due consideration of the signs of the C elements has been
taken in fixing the signs of the zeta values. It can he seen from the Table
that the values very nearly satisfy the sum rule for these molecules.

Table TV
Shrinkage effects (A)

6ij if5 10Fs
2 0.00094 0.00105
V%3 0.00462 0.00415
— 0.00357

Table V

Coriolis coupling constants of IF5 and IOF5

IFS 10Fs

o 0.2941 *8g 0.3085
% 0.6630 99 0.5780
e —0.2455 =100  0.8981
W78 0.2221 A111 —0.1808
Y29 0.9370 mgg  —0.0279
o —0.1783 «g10 —0.9034
cen  -0.3175

~9.10 0.0979

w11 —0.0771

so11  -0.3377

Results and discussion

The structural parameters used in the present study are: r — 1.86A,
R = 1.75A, and %= R = 90° in both molecules. Also S = 1.70A, y = 90°
in 1OF5 Normal coordinate analysis on the basis of general valence force
field has been carried out by Begun et al. [1] for IF5 and by Smith and
Begun [2] for IOF5. The frequencies reported by them are employed in this
investigation. The present values of the Urey—Bradley force constants are
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140 K. VENKATESWARLU and C. PURUSHOTHAMAN

given in Table | along with the general valence force constants for comparison.
As the above authors have noted in their analysis some of the F-elements,
although identical, have slightly different values in different species. This
arises due to some unknown interaction term which shoidd be included in
the force field. Thus, in the present study, in IF5 F83= Fss = F8and Fe6 =
= F99; and in IOF5 FR¥= F% = F8, F4= Feand F, = Flln. But the
secular equations yield slightly different values. In these cases, either the
average of the values or, the most reasonable one out of them, is chosen. It
may be noted that according to the Urey—Bradley model, forces of inter-
action are not explicitly obtained in both molecules. It is possible that
they are very weak due to the bonds being mutually perpendicular. However,
some interaction force constants have been reported in the general valence
treatment.

The notable feature in the mean amplitude ofvibration (Tables Il and I11)
is that the stretching amplitude of the equatorial bond is considerably less

in IOFs as compared to IF5.The axial | —F bond amplitude is the same in both
molecules.
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T

CNNOBbLIE MOCTOAHHbLIE YPN—BP3 AN, CPEAHVNE AMMNINTY bl BUBPALWN,
JTF)CTFII_VIBA}OLI.I,I/II7I SPPEKT N MOCTOAHHBIE KOPUOJIMCA B IF5 1 IOF5

[s} K. PEHKATECBAPNY un U. NYPYWOTAMAH

f
r
Pesome

Tw -
Mcnonb3ys cunosoe none Y pu—bpaanu, B paboTe BbIUNCNAOTCA CUIOBbIE NOCTOSHHbIE
monekyn IFg n IOF5 K pgaHHOMY cny4yalo MpUMeHSieTCs MaTpuyHas Teopua  CpegHux
KBagpaTuyHbix amnantyg u npu 300°K onpegenstoTca napanfienbHble U NepneHanKynspHble
cpefHuWe KBafpaTWyHble amnAuTygabl. [lepneHauMKynapHble amnauTydbl WUCNONb3YKTCA ANA
onpejeneHns cTarmearoLLero agpgekra bactmaHceHa—MopuHo. [lanee OLEHMBAOTCA MOCTOSH-
Hble Kopuonuca aTux MONEKy.
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OB 3PPEKTAX TOXAECTBEHHOCTWN YACTUL,
B AOEPHbBIX PEAKLUWAX

W. BOPBEW* n 3. . OJIMHCKN

MHCTUTYT AAEPHOMN ®U3MKWN MOCKOBCKOIO FOCYAAPCTBEHHOIO YHUBEPCUTETA,
MOCKBA, CCCP

(Moctynuno 10. VIII. 1967)

BbiBefieHbl NPocTble QPMY/ibL MO3BOASAIOIME YUNTbIBATL OGMEHHble 3(MeKTbl B aMm-
nautyge sgepHoit peakunn (@, D)F B o6wem cnyuae.

1. XoTs paccmMoTpeHuto 06MeHHbIX 3(h(heKTOB B A4EPHbIX peakLuumsx MocBs-
LLeHo 6onbLuoe yucno pabot (cM. [1, 2]) U cofepxkalmMecs B HUX CCbUIKKM), KOH-
KpeTHble pesy/bTaTbl, NOMY4YeHHbIE B 3TUX paboTax, MPUMEHUMbI NULLb B Cy4ae
Hanbosnee NpPocTbiX peakuymii (p, p'), (N, p) v (d, p).** Hn B ogHOIN M3 paboT HeT
NPOCTbIX (DOPMy/, MO3BOMSIOLLMX YUUTbIBATb 0O6MeHHble 3pheKTbl B aMnanTyge
AafepHon peakumn T(a, b) F B obwem cnydae. B HacTosAwel paboTe, ncxoga w3
pe3ynbTaToB JKLiTerHa [3], Mbl BbiBe/IM Takue OpMysbl U B KadecTBe npumMepa
NPUMEHUNN UX K peakuunmn (d, a)

2. CornacHo 3KwTeiHy [3], amnanMTyga peakuymn i->/ Mn, cBsA3aHHas
C MaTpUUHbIM 3/1IEMEHTOM S-MaTpuiLbl COOTHOLUEHWEM (h = ¢ = 1)

Sfi= tn - i(2n)*&(2 Pit> 2p\PMn, (1)

JaeTca hopmMynamm

Mfi= (H E)®}\*A+)> (2a)
= H-E)O0i), (2b)
rae H — NonHbIA raMuibTOHMaH cucTtembl, E — nosiHasa JHEPIunA, CD, m e/ —

NOMTHOCTbKO aHTUCUMMMETPUYHbIE NO NEePeMEeHHbIM TOXXAECTBEHHbLIX YacTuUl, HOPMU-

* [1oCTOSIHHOEe MecTO paboTbl: LleHTpanbHbIl MHCTUTYT Pusmdecknx WccnefoBaHuii
AH BHP.

** 3aMeTuM, 4TO BbipaXkeHue (A.32) ANA aMnAUTYAbl peakuuu, NPUBEAEHHOE B KHUre
To6okmaHa [2], cnpaBeAnMBo NULb B TOM CAy4yae, KOrfja BHYTPEHHWe BO/HOBble (YHKLWM
f4ep NpeacTaBnAlTCA B BUAe NPOM3BeLeHUA OAHOYACTUYHbIX OPTOHOPMUPOBAHHBIX BOMHOBbIX
(hyHKUMIi. B obuiem cnyyae OHO OTAMYaeTCa OT MPUBEAEHHbIX HUXKe BblpaxeHuid (12) Ha nocTto-
AHHbIA MHOXWTENb, CBA3AHHbLIA C HOPMUPOBKOW BOSIHOBbLIX (YHKLWIA.
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poBaHHble «b6a3nCHbIe» BOMHOBbIE (DYHKLMM «rpynn kaHanos» [ 1 / (onpegeneHune
«Tpynn KaHanoe» cM. B [3]),

P\+t)=[ 1+ (E-H + irj)~x(H- E)]o,,
AN">=[ml + (E- H - iri)~4H E)]oy, 3

*)->+ o.

OvddepeHumanbHoe cedeHre peakuuy i |/ ¢ ABYMSl YacTuLamu B Hayaslb-
HOM 1 KOHEYHOM COCTOSIHUSIX BblpaXkaeTcs yepe3 ML ¢ MOMOLLBH (hopMy bl

du a2 kj 1

rae rtii(mf) v /c(/cy) — nprBegeHHas macca v UMNYNbC OTHOCUTENBHOIO ABVKEHUS
B HaYa/lbHOM (KOHEYHOM) COCTOSHUMU.

Pa3zobbem ramunbToHMaH HA 00blUHbIM 06pa3oM Ha fBe 4vacTu A = A-+
- VIi= Ay + Py n BBegeM (yHKUMU D- 1 Py, yA0BETBOPAOLLNE YPABHEHUAM

{H —E)®, =0, (Hy—E)0f—o, (4)

N npegcTaBnsowme coboil NponsBeAeHWE HOPMUPOBAHHbLIX aHTUCUMMETPU30-
BaHHbIX BHYTPEHHMX BOSIHOBbIX (PYHKUWIA faep B Ha4a/IbHOM M KOHEYHOM COCTO-
AHWAX, COOTBETCTBEHHO, W MJOCKMX BOMH C €AVHWYHON amnavTyaol, OnucbiBa-
IOLLIMX UX OTHOCUTE/IbHOE [BWKEHWE.

Hawa uenb COCTOMT B MOCTPOEHUU W3 MEpPecTaHOBOYHbLIX OrMepaTtopoB Pn
onepatopoB P- 1 P/ Takux, 4yto

0i= CiPi0i, ®~CyPydy (5)

(C/ n C/ — HOPMMPOBOYHbIE KO3PPUUMEHTBI). LCcNonb3yss 3TWM COOTHOLLEHUS
Mbl npeobpasyem opMynbl (2) K BUAY, YA0OHOMY AN NPaKTUYECKMX PacyeToB.
3. PaccmoTpum peakuumm

a+ T b+ F.

Ona onpefeneHHocTn Gyfem paboTtaTb B (hopmMaiM3Me M30CMNUHA, TO-eCTb Gynem
cunTaTb, UYTO MMEETCHA TOMIbKO OfAMH COPT 4YacTuu. [peanonoxumm, 4to Agpa a
n T cocToAaT us a U (A — a) HYKNOHOB M 0603HAYMM Yepe3 i COBOKYMHOCTbL Mpo-
CTPaAHCTBEHHbIX, CMMHOBON M M30CMMHOBOM KOOpAWHAT /-ro HyknoHa. [lpeg-
NofIOXKNM, farnee, YTO BHYTPEHHWE BOJIHOBble (PYHKUMW Afep a n [T 3aBUCAT OT
COBOKYMHOCTE nepemMeHHbIX (1,2 m@+ 1 a+ 2 ..., A), cooTBeT-
CTBEHHO.
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Onepatop PaT, Npov3BOAALLNIA aHTUCUMMETPU3ALIMIO MO NEepPeMEeHHbIM BCEX
HyknoHoB (1,2, ..., A) wumeeT Bug (cMm., Hanpumep [4], rn. 6)

Pg+T ~ ] BnPnl (6)

rae Pn — onepaTop nepecTaHOBKM KOOPAWHAT HYK/IOHOB, on — 1(- 1) Ans 4et-
HOli (HEYeTHOI) NepecTaHOBKU U CYMMWPOBaHWe MAET MO0 BCeM A\ MepecTaHoB-
Kam koopgumHat (1, 2, ..., A). OnpegenMm aHanornyHo orneparopbl Pa U P,
Npov3BoAALLME AaHTUCUMMETPU3ALMIO MO MepeMeHHbIM (1,2, ...,a) U (a + 1,
a+ 2), ..., A) COOTBETCTBEHHO. Torga onepaTtop Pa+T MOXeT 6biTb NpeAcTaB-
NeH B BUge

la+T PU'T (7)
rae
par —1—— fl«+ 2 pjarin - i<2j<kPi'PijyA- .. (8)

/,« «< ]
OL<R a<B<y

Pia — onepaTop TpaHCMo3WUWW, NepecTaBNAOWMIA NepeMeHHble Napbl HYK/0HOB
/ v a, npuyem

idjih — 1,2,..., 8a? o B,y = e--12 B+ 2,... N

TO-eCTb OMepaTtop Par OCYLLeCTBASET aHTUCUMMETPU3ALMIO MO MepeMeHHbIM
HYK/I0HOB, BXOAALLMX B COCTaB pasHbIX sfgep a u T. B cnpaBefMBOCTN COOTHO-
WweHwnit (7), (8) nerko y6eamMTbCcs MyTeM MPOBEPKW, YTO B NPOM3BESEeHUU P aT mPa
*PTHe BCTpeYalTca ABaX/Abl OfHA W Ta XXe MepecTaHOBKa M 06LLee YMCN0 YNEHOB
paBHO A\ 3ameTvm, 4TO B (7) MOPAAOK ONEpaTopoB HeCYLLEeCTBEHEH, TO-eCTb

Pu+1 = Pal'Pa'PT — Pa'PT'par - 0"

B cuny apmutoBoCcTM onepaTtoposB P,, onepartop PaTl Takxe spmutoB: PaT = PaT.

BBogsa onepatopbl Pb 1 P F, Npon3sogsLLne aHTUCUMMETPU3aLMio no nepe-
MeHHbIM (1,2, ...,b) u (b-(-Lb 2, ..., A) Hyk/IoHOB dgep b u F cooT-
BETCTBEHHO, MOXEM MPeACTaBUTL OMepaTop Pa+T B BUAE

Pa+T = PbF-Pb-PF, (7*
rae onepatop PbF onpefensieTca COOTHOLLIEHWEM, aHaornM4YHbIM (8):

i, ... —1,2,. ., b;

PbF=i-2P,. + 2PuPjR _
" ] a, B,...= bf1,b-F2,... A

J
a<]s
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dopmysbl (8) 1 (8 ") onpefenaoT 04HY U3 BO3MOXHbIX ()OPM MCKOMbIX OrepaTopos
Pi n P /B (5) gns peakuuii ¢ ABymMS yactuuaMmm B Haya/lbHOM M KOHEYHOM COCTO-
AHMAX. Micnonb3ysa BMeCTO MIOCKUX BO/IH OTHOCUTESIbHOTO [BVDKEHUSA B BOJIHO-
BbIX PYHKUMAX D/ 1 P/ HOPMUPOBaAHHbIE Ha eAVHULY KBa3MMOHOXPOMaTUYeCKue
nakeTbl, HETPYAHO MOKa3aTb, YTO MPaBW/IbHO HOPMWUPOBAHHbIE MOMHOCTBI aHTU-
CUMMETPUYHBbIE BOMHOBbIE PYHKLMU - U D/ NMeT BUA

®/ —Na- PaT®,,  ®/— Nhp2PbFmpy, 9)
rae
1A A
_]h == (10y
Ui b

3ameTVM, YTO MHOrAa Npu BbINOMHEHUW aHTUCUMMETPU3aLMN YA0OHO Nosb-
30BaTbCa (hopMynoii

A

I(9=1_2npA11-i1" ¥x— Yy Pa (n)
oc=2 | /3=3 o—a+l j

KOTOpasi MoslyvyaeTcs W3 CPaBHEHWS COOTHOLLUEHMS (7) C COOTHOLUEHWEM, MOSY-
UeHHbIM B pe3ysibTaTte /-KpaTHOro TOXAeCcTBa

A

ol — P'a+T,
roe Pa+tt n PatT — aHTUCMMMETpU3aTopbl MO MepemMeHHbIM (1,2, ...,A) U
(2,3, ..., A), COOTBETCTBEHHO.
4. Mcnonb3ysa cooTHoweHus (3), (9), (10) n yuntbiBas, YTOo raMuIbTOHMAH

H cvMMmeTpuueH OTHOCUTENBHO MNEepPecTaHOBOK KOOPAMHAT yacTuu, w3 (2) nony-
YaeM YeTblpe 3KBUBASIEHTHbIX BbIPAXKEHMSA AN MATPUYHOr0 3/IeMeHTa peakumu
T(a, B F ¢ y4yeToM 06MEHHbIX 3(hheKTOB:

M/i = (Nf/Niy» <dy\LIP,\ d)+)> (12a)
= (WY <D/ PFAD<+>> (12b
= (NfINDA(PAMPIVINOTY (12¢)
= (N,/Nfyc2<4(" 3PyF, &>, (124)

rae
Ni= IVaT, Nf= NtF, P-= Parl Pf—PbF
N BOJHOBbIE (DYHKLUU n dy ) galoTca BblpaKeHUAMU

P)H= [+ (E- A+ i4)-i F] ®;,
dy)=[1+ (E-A-")-"]d /. (13)
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MoactaBnsasa B (12) KOHKPeTHbIe BblpaxkeHus (8) u (8") ana onepatopoB Pi n P/
N cobupas oAvHaKOBble YfieHbl, BO3HMKaloLWme 6narogaps aHTUCUMMETPUYHOCTM
hyHKLMA D, n (®/ n 'P})) noBHYTpeHHUM KoopauHatam agep au T (bu F),
MOXXHO MOMYy4nTb YA0OHble GopMysbl 48 NpPaKTUYecKMx pacyetoB. [Npegnono-
XXMM, UT0 a < b Torga onepatop P- = PaTB mMaTpnyHoM aniemeHTe (12a) MOXHO
3aMeHUTb Ha oreparop

b A- Db b (A- b b n A -b b
- n P\A "2(A—3)
0 a—0 « 1 1 a—1 2 a—2 A7)
4 1A — b\ b
— et (- 1) a—n Pia -R(a—i) e ¢+« "PN(A—f+1) i (14)

n—min(a, A —b), a<Cb,

TO-eCTb
. AV
mii A\ (l‘l(lz a,..., b\b+1,... A)\.
\b) I a)-
A- b mb »
tb\o  1,..-,A) )H . b pia+
0 a—d 1 1 a—1
by P
+ eee + (- 1)"T‘;]~ \]a_n Pia PUA—) ‘ mmm'Pn(A—n+1) (15)
(1,2,... ,aaH

34ecb BOMHOBbIE (DYHKLMM aHTUCUMMETPUYHBI, @ noTeHuuan Vi cuMMeTpuyeH no
OTAENbHBbIM COBOKYMHOCTSAAM MepPeMEHHbIX, pasfeneHHbIM BEPTUKANbHOM 4YepToil.
AHaNOrMyHble BbIPAXEHUS MOXHO HanucaTb A1S MaTpuUyHbIX 3/1eMeHToB (12b),
(12¢) n (12d).

Ecnv mbl paboTaem He B hopManin3me M30CMNUHA, TO-eCTb MMEETCA ABa copTa
yacTuu, TO MOJyYeHHbIe Bblle (hOPMYSibl HaLO MPUMEHATL OTAENIbHO A1S Mpo-
TOHOB M OTAE/IbHO A1 HEWTPOHOB.

5. B KauecTBe npumepa paccMoTpum peakuuto T(d, a) F.

a) dopmanm3m wusocnuHa. B atom cnyyae a= 2, b= 4 u ¢ nomowpto
thopmynbl (15) nonyyvaem

A 2)A- 3 12/
Mfi = (A - 3)(4 ) I®/(1,2,3,415,..,,A) Vi(1,2,3,415,.. .,A)"

6-4 (A- 4)PIA+ — (A-4)(A-5) PIAPXA 3 (16)

*WV 1(1,213,4, 5,...
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B) B cnydae aHTMCMMMeTpM3auMM OTAENbHO MO MPOTOHaM W OTAENbHO Mo
HeliTpoHaMm mMmeem ap— 1, b(p= 2 m an— 1, b1= 2, COOTBETCTBEHHO. B 3TOM
cny4yae ¢ NOMOLLLIO hopmynbl (15) nonyyaem

Mfi = [(IV — 1) (Z — 1)]12< ® /K ,n21jPi, 72 L3 - m-, nN\p3,. .., Pz)\ .

mf (nv no\Pl,p2\n3, ..., nN\Pa, .. .,pz)[2 —(N —2 ) (17)
[2 — (Z— 2)P\p)]\44+>(nl\p1\n2 rE3,. . ,raN|p2,jp3. ..,pz)>,

rae n,(pi) — COBOKYMHOCTb MPOCTPaHCTBEHHbLIX W CMWHOBOW KOOpPAWMHAT -0
HeliTpoHa (NPoOTOHa), N(Z) — MOIHOE YUC/0 HEMTPOHOB (MPOTOHOB) B CUCTEME
d + T, onepartopbl Tpacno3nuuii n P[R nepecTaBnsOT KOOPAUHATLI HEMTPO-
HOB M NPOTOHOB, COOTBETCTBEHHO.

ABTOpbI BblpaxaloT 6narogapHoctb J1. [. BnoxuvHueBy 3a Mo/e3Hble
06CYXeHMS.
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ON THE EFFECT OF PARTICLE EXCHANGE IN NUCLEAR REACTIONS
By
I. BORBELY and E. I. DOLINSKY
Starting from the general formulas of E kstein Which take into account the effect of

antisymmetrization, practically useful expressions are given in this paper for the amplitudes
of nuclear reactions containing two nuclei both in the initial and final states.

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



Acta Physica Academiae Scientiarum Hungaricae, Tomus 25 (2), pp. 147—151 (1968)

SAMEYAHWE OTHOCWTEJIbHO
MPNHUWITA OCNABNEHNA KOPPENALWN

C A. CMONSAHCKUN

KA®EALPA TEOPETUYECKOW ®U3NKWN CAPATOBCKOIO YHWUBEPCUTETA, CAPATOB, CCCP

(Moctynuno 10. VIII. 1967)

MoKasaHo, YTO MPUHLMM OCNabNeHUs KOppensauuu sBNSeTCA CHeACTBMEM MPeAnono-
XeHNs 06 3progu4HoOCTM CUCTEMbl. ITO NO3BONAET YKa3aTb rPaHWLLbl MPUMEHUMOCTYA MpUHLMNA
0cnabneHns Koppensiyum, KOTOpble OKas3blBAlOTCS HECKOSbKO 60/ee LUMPOKUMU, YeM 06bIYHO
npeanonaragmble.

V3BeCTHbIM B CTATUCTUYECKOM MexaHVKe HeobpaTMMbIX MPOLLECCOB MPUHLMM
ocnabneHna koppensauun Boronwbosa [1] BBOAMTCA M3 MHTYUTUBHbLIX COO6Gpa-
XKeHMI. Huke nokasaHo, 4TO MPUHLMN 0CNabneHms KOppensumMmM MOXHO pac-
cMaTpuBaTb Kak CfeACTBUE M3 NpPefnosiokeHUs 06 3proguuyHocT CUCTeMbl. 3TO
Nno3BosiseT PUKCUPOBATb FpaHULbl MPUMEHMMOCTM NpuHUMnia. Huxxe ana onpe-
[EeNeHHOCTM 6yaeT paccMOTPEeH /MWb CAyYalh MNpOCTPaHCTBEHHO-OAHOPOAHOM
cUcTeMbl GECKOHEYHOMO YMCMa OAMHAKOBbIX YacTul, MOBeAeHWe KOTOPbIX OMMUCbI-
BAeTCA YPaBHEHUSAMW K/1ACCMUECKON MexaHWKuM € (yHKUMeid [ramuibToHa, He
3aBuCALLEN OT BpeMeHU. Heobxoanmoe 0606LLeHME MOXKET ObITb IEFKO BbIMO/THEHO.

Cuctemy ¢ 6eCKOHeYHbIM YWCMOM CTerneHeli cBO60AbI MOXHO OMNWCbIBATb
C MOMOLLbIO MpefeibHOro 3HadeHnss N — yacTUUHOW (PYHKUMWM pacnpefenieHns
FN(t, {</}), roe q= (X, p), B N/V — nipegene. 3anuiuem ypaBHeHNe ABUKEHUA
ana FEN(, {q}) yepes onepatop JlnyBunns

SEN( {(D)

at iILNFN(t {o}). w

Myctb Ln = Ln + Ln, rge L’'N—onepatop JInyBunns N HeB3auMOAEACTBYHOLLMX
YacTuL;:

L% — — i
’ A O @

Onpepenvm ganee s — YacTUYHYIO (PYHKUMIO pacnpegeneHns (s < N):

Fs(t, oY) = JEN(, f}) / / dgt 3)

1I=S+1
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N nepeiigeM K npeacTaB/ieHMO B3aumogeicTens (cm., Hanp. [2]):

Fn(t {g}) - B"«* Ffa(t, {gh)~ Sf">F f (t. {q}).
Fn(%bl) = Si?) Fn (t,{q}) = S<>e~il**Fn (0, {g}). (4)

B dopmyne (3) BbinonHMM N/V — npegenbHblii Nepexoa;

K (L)) = lim IFn (o) 11 dat, (5)

:'+|

rae Fs ectb N/V — npegen dyHkumm Fs. Onepatop casura S\N\ onpegensiembiii
COOTHOLLeHMeM (4), 3anuwem B cnegytouiem Buge: S\N) = S\s) « SIN~s) 1 yuTem,
yto u3 (4) n (5) cnegyet

F's(t, {g}) = lim . Sf> F f (t, {g}) = Sf> F'sb3(t, {g}). (6)

34€eck 6bUI0 MCMOb30BAHO TO 06CTOATENILCTBO, UTO ornepaTop S/N-S), AeicTBYtO-
WMIA Ha MEepeMEHHbIE, MO KOTOPbIM MPOM3BOAWTCA WMHTErPMPOBaHWe, OCTaB/IsSeT
MHBapWaHTHbLIM HeCOGCTBEHHBIN MHTerpan B N/V — npegene:

stn)f(t; T17*®®un)don = Qo) o
3aMeTuUM, YTO COrjlacHO MPEeSnosIOKeHUI0 06 3ProANYHOCTU CUCTEMbI OAVH
13 npegenos Iirﬂ@Ps(t, {q}) cywecTtByeT. Ho TOorga cyLlecTBYeT U COOTBETCTBY-
towmin npegen Hm F £3(f, {g}), mockonbKy cornacHo OrnpegeseHnI0 onepaTop
4 o

S® ecTb onepatop cABwra, feiicTeytowmii B {x} — nognpocTpaHcTBe (hasoBOro
npocTpaHcTBa [1]. MocnegHwWii Npegen, 04HAKO, HETPYAHO BbIYUC/UTL, BbIMOMHUB
npeobpasoBaHue Jlannaca Hag Fsb3(t, {g}) no dopmyne

®©C) = ~~e-*F s8(t {g)dt U

N BOCMO/Ib30BaBLUMCL Teopemon Abens [3]:

lim F'8(t, {g}) —lim ®3(f). )
t—m

AHaNOrM4YHO MOXHO BbIYUCUTL U NpefenbHoe 3HaveHue F/bi(t, {g}) nput = —
UTo6bl MMETb BO3MOXHOCTb MPOBECTU (POPMasibHOE BbIYMCIEHWE MHTErpana

(7), BOCNOMIb3yeMCA HEKOTOPbIMU CMEKTPa/ibHbIMKU CBOWCTBaMM ornepaTtopa Jlny-
Buina [4]. Myctb

FnVxx —  ft.x, (9)

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



MPUHLUMMN OCNABNEHWUA KOPPENALUN 149

rge yis n I N — cobcTBeHHbIE YHKLMM M COOTBETCTBYHIOLLME COOGCTBEHHbIE 3HA-
yeHnsA onepatopa LN. 3a pegkmm UCKAOYeHMEM CrneKTp onepartopa Jinysunins
ABNAETCA HenpepbIBHbIM M HeorpaHu4veHHbIM [5]. Monb3ysAcb 06bIYHBIM Mpes-
nonoxeHvem o nonHote cuctembl {fnN [4], pasnoxum FN(t, {q}) B pag no
COBCTBEHHBIM (PyHKUMAM onepatopa Ln'

FN{t {g}) = JcXN@B) n#({q})diN, (io)
rfe VHTErpupoBaHve MpoBoguTcs B cMbiciie CTuaTbeca. B cnyuae, ecnv onepa-
TOp Ln MMEET NLLb HenpepbIBHbIA crnekTp, | N He 3aBMCKT OoT N 1 UHTErpUpOBaHKe

NpoBOAUTCA B 00bIYHOM CMbicsie. C nomollblo (1) Haxogum:

FN(i,M) = JCA({?})e-'VJAN, (n)

rage Cxs({q}) = Cn0)yun {</}). Tenepb B (7) MOXHO BbINOMHUTb (OPMasIbHOE
uHTerpupoBaHve no t. Mpexpge Bcero ¢ nomowibto (5), (6) v (11) nepenuilem

thopmyny (7) B cnefytoLlem Buae:

D5(£) = £ dt{e S(>HmM jljCKN{/ e  dIN| JJ dg (12
(3aMeTuM, 4yTo Mpegenbl lim U lim  MepecTaBnsATb Henb3s). MNycTb

KV @) 1y dai= Kisa{ay), (13)

rae HOEKC s yKasbiBaeT, uTto dyHKumst KTx({g}) onpeaeneHa B COOTBETCTBYHOLLEM
Rs-mepHOM (pa3oBOM MofnpocTpaHcTBe. [ycTb ganee

lim f[K$ ({q}) e~ixtdIN= [ ({q}) e~wd 1, (14)
rie l = lim IN, Kis)= lim Torga ¢ nomowsio (13) 1 (14) noaydmm
thopmansHo:

PH=-f3 K g (15)
ils- 1) —C

B cooTBeTcTBMUM C Teopemoin Abens [8] 3gecb HY>XHO nepeiTn K npegeny £ 0.
Mpwn 3TOM BUAHO, YTO 3ajaya BooOLLE roBOps SABASETCH HecTauMoHapHOW (06bIMHO
3TOT BbIBOZ [€/1aeTCA B pe3ynbTare MpuB/edeHMs aanabaTuyecKo runoTesbl [6]
nyto nNpu £ -mO(i “m °O) ypaBHeHue (9) JO/MKHO nepexoanTb B L% = Indx-
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Takvum 06pas3om, npegnosioXeHwe 06 3prognyHOCTM CUCTEMbl NPUBOAUT C
Heo6X0AMMOCTbIO K BbIBOAY, UTO B3aVIMOAENCTBUE B CUCTEME [O/DKHO BbIK/IKOUATLCA
npu t -+ 00. MMpn atom Fn gonkHa pacnagarbCAa Ha NPOWM3BeAeHWe OfHOYacTuUy-
HbIX PyHKUWIA pacnpegeneHns F[(t-,qi). Torga, yunTbiBasa (8), nonyyum

lim SVFE'(t, {q}) = lim S$U F[(f, qt). (16)

I +mo t—>+

Mpn t “m— 00 NoONyyYeHHOe BbIpaXeHWe COoBMajaeT C 00bIYHOV POPMYINPOBKOIA
npuHUUNa ocnabneHnsa Koppenaumm s NPoCTPaHCTBEHHO OLHOPOLHbLIX CUCTEM
OAMHAKOBbIX YacTul. Bbl6op Takoro rpaHNYHOro YCNoBUSA MPUBOAUT K MpaBuslb-
HOMY BbI6OPY 4acTHOrO peLleHMs Lenoykn ypaBHeHuii BEIMKW, ygosneTBopsito-
wero TpeboBaHMAM //-TeopeMbl. HanpoTus, rpaHn4Hoe ycnosume nput  °° npu-
BOAWUT K YPaBHEHMIO, OT/IMYAIOLLEMYCH OT YPaBHEHUSA KUHETUYECKOr0 TUMa 3HaAKOM
nepes CTO/IKHOBUTENIbHbLIM YfieHOM [7].

MpriBeaeHHbIe CO0BPaXeHNS OMPaBAbIBAIOT MPUBEYEHNE B CTATUCTUYECKOA
MeXaHUKe HeobpaTUMbIX MPOLIECCOB agmabaTuyeckoi runotesbl [2, 6, 8] 1 nos-
BOMAIOT OMNpefesieHHbIM 06pasoM WHTepPrpeTUpoBaTb NPUHLUMM ocrabneHns Kop-
penauun. B paboTte [9] 6bL10 NnokasaHo, yTo Jlannac — o6pas PY1), onpenens-
emblii opmynoii (7), MOXKHO MHTEPNPeTMPOBaTh KaK YCPeAHEHHYK MO BpeMeHu
pyHkumio Fsb(t, {g}) no npomexyTky [O, T = 1/£]. Takum 06pa3om, rpaHuUHbIe
3HayeHnsa (16) MOXXHO paccMaTpuBaTb KaK pesy/ibTarT Takoro «ycpefHeHUs Mo
Nannacy» no npomexyTKy BpemeHn [0, °°) wm (— °°, 0] S — YacTUUHON (hyHK-
ummn pacnpegenednsa Fs(t, {q}), 3anucaHHO B npeacTaBfeHWM B3aMMOAENCTBUS.

MpuHumn ocnabneHns kKoppensauMyn 06bIMHO NPUMEHSETCA ANA  CUCTEM,
MEXAY 4YacTuLaMn KOTOpbIX AeWCTBYIOT CWfbl OTT/IKMBAHWNSA, MOHOTOHHO YOblBa-
oLwme ¢ pacctossHnem [1, 10]. MNpuBeLeHHOe PacCMOTPEHNE OCHOBLIBAETCH WCKIIHO-
YNTENIbHO Ha MNPEeANONOXeHUN 06 3ProfUUHOCTU CUCTEMbI, WU NO3TOMY TpebyeT
HECKO/IbKO MEHee >KeCTKMX YCNOBWIA AN MPUMEHUMOCTM NpuHUMNia ocnabneHus
Koppenauum (06 ycnoBMAX, NPU KOTOPbIX CMpPaBes/IMBO MNPeanosiokeHne 06
3progMyHOCTM CUCTEMbI, CM., Hanp., B paboTtax [11, 12]).

ABTOp npusHateneH H. ®. Baxapesoii u K. . IypoBy, npounTaBLUnM
PYKOMWCb W CAenaBLUMM P MOJe3HbIX 3aMevaHuii.
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COMMENTS ON THE PRINCIPLE OF ATTENUATION OF CORRELATION
By
S. A. SMOLYANSKY

Abstract

It is shown that the principle of attenuation of correlation is assumed to be due to the

ergodicity of the system. This makes it possible to show the range of application of the principle
of attenuation of correlation, which is slightly wider than generally assumed.
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NACHWEIS DER WELLENEIGENSCHAFT
DES LIMONS DURCH STREUUNG
AN MOLEKULEN

Von

G. Forst
FACHSCHULE FUR OPTIK UND FOTOTECHNIK BERLIN*

(Eingegangen 10. VIII. 1967)

Streuversuche mit Li+,-lonen (30 und 40 keV) an freien Molekilen (CC14, SnBrd) ergaben
in der Intensitats-Winkel-Verteilung neben den durch die Polarisation hervorgerufenen Maxima
die Uberlagerung einer weiteren Folge von Maxima. Diese nur mit subtilen Messmethoden
nachweisbaren Maxima unterscheiden sich von den anderen durch ihre gréssere Breite und
geringere Abnahme der H6he mit steigender Ordnung. Sie liegen annéhernd bei den Streu-
winkeln, die sich aus der Theorie der Gasinterferenzen nach Debye—Ehrenfest unter
Verwendung der Wellenldnge der gestreuten Li.-lonen errechnen.

Einleitung

Nach de Brogtie ist einem Teilchen der Masse m und der Geschwin
digkeit v die Wellenlange

zugeordnet. Diese Beziehung wurde bisher fur Elektronen [1], Neutronen[2],
He-Atome [3] bzw. H2Molektile [4] experimentell verifiziert. Mit 17,7 keV
Protonen an CCl4-Molekilen durchgefuhrte Streuversuche fuhrten jedoch
nur zu Andeutungen einiger Beugungsmaxima hdéherer Ordnung [5]. Eine
vollstdndige Analyse war wegen des sehr intensiven Streuuntergrundes nicht
madglich. Andere Versuche zur Beugung von langsamen Protonen (mehrere
100 eV) an polykristallinen Metallschichten oder schnellen Protonen (40 keV)
an Einkristallen (Kalkspat u. a.) schlugen fehl, da entweder die Winkel-
auflésung der Beugungsapparatur unzureichend oder die streuenden Objekte
zu ungenau bekannt waren [6].

Da einwandfreie Ergebnisse bei Beugungsversuchen mit schweren gela-
denen Partikeln nur in unzureichendem Masse vorliegen, wurde versucht, die
Welleneingenschaft des LU-lons durch Beugung an Molekiilen quantitativ
nachzuweisen.

* Berlin, 1 Berlin 10, Einsteinufer 43/53.
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Theorie der lonenstreuung unter Bericksichtigung
der Atomanordnung im Molekil

Die theoretische Winkelverteilung schneller Elektronen (1. BoRNsche
Né&herung) nach elastischer Streuung an regellos orientierten Gasmolekilen
ist nach Debye UNd Enrenfest* gegeben durch [8]

2mO0eeg .
mo=ix 2 2 (z<- Ffa))(Zl- FAd)e-°(gy (2)
i (? mhj)
4n ]
q = 7A: .gln 2 (3)

Hierin bedeuten /(/>) die Intensitat der gestreuten Strahlung, 10die Intensitat
der Primarstrahlung, & den Winkel zwischen Priméarstrahl und gestreutem
Strahl im Schwerpunktsystem, mO die Masse, e0 die Ladung und Adie Wellen-
lange des Elektrons, h — 2nh das PbANKsche Wirkungsquantum, 2y den
Abstand des Atoms i vom Atom j im streuenden Molekil, Z- die Ordnungs-
zahl des Atoms i und Fi sein Formfaktor fir Rdntgenstrahlen.

Die Gleichungen (2) und (3) geben die bei Streuung schneller Elektronen
(einige 10 keV) an Molekilen experimentell beobachteten Intensitats-Winkel-
verteilungen sehr genau wieder [8]. Diese Beziehungen kdnnen unter der
Voraussetzung, dass die BoRNsche Né&herung gultig bleibt, auf die Streuung
von einfach geladenen lonen an Molekilen angewandt werden.** Fiur die
Streuwinkel der Maxima in der Intensitadts-Winkelverteilung folgt dann néhe-
rungsweise fur kleine Streuwinkel (sin & $)

2
Amax,n -bl ~Z __ ' (Zmax.n n= 1,2.... (4)
3

Da die jmax n'Werte aus den “maxn-Wcrten, die bei der Streuung von Elektro-
nen an Molekulen beobachtet werden, bekannt sind, lassen sich nach (4) die
erwarteten Streuwinkel fur lonen bekannter Wellenldnge berechnen.

Fur die Streuung von 30 keV-Li~-lonen (A= 6,32 «10“12 cm) an CCl4-
und SnBr4-Molekilen [11, 12] errechnen sich Streuwinkel Aa'xn von 10 4
bis 10~3 rad (vgl. Tab. 1). Diese Streuwinkel bzw. -Maxima werden durch die

* Die Streuformel wurde von Debye UNd Enrenfest ursprunglich fur die Streuung
einer ebenen, elektromagnetischen Welle (Rdntgenstrahlung) an Molekilen unabhéngig von-
einander berechnet [7] und von w ier1 [8] durch Hinzufigung von Formfaktoren auf Elektro-
nen erweitert.

** Der Einfluss der Formfaktoren F(q) auf die Lage der Intensitdtsmaxima ist sehr
gering. Durch Weglassen der Formfaktoren in Gl. (2) ergeben sich gmax-Werte, die von denen
nach Gl. (2) abweichen (vgl. [9]). Eine Anderung der Formfaktoren durch Ubergang von
Elektronen zu lonen wird deshalb von untergeordneter Bedeutung sein.
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Atomanordnung im Molekil hervorgerufen und im folgenden abgekurzt
als »Strukturwinkel« bzw. »Strukturmaxima« bezeichnet. Im Gegensatz dazu
werden die durch die Polarisation der Molekille hervorgerufenen Streuwinkel
bzw. -Maxima (vgl. [9, 10]) als »Polarisationswinkel« bzw. »Polarisations-
maxima« bezeichnet.

Experimentelle Ermittlung der »Strukturmaxima« und Diskussion

Die bisher durchgefiihrten Streuversuche [9] weisen nur in einem Punkt
auf die mdgliche Existenz von »Strukturmaxima« hin: Bei der Streuung von
Lif-lonen an CCl4-Molekilen ist das zwischen 3. und 4. »Polarisationsmaxi-
mum« liegende Minimum stets so schwach ausgeprégt, d. h. die Photometer-
kurve berlihrt in dieser Stelle nicht die tangenticlle »Untergrundkurve« (vgl.
Abb. 4 in [9]), dass hier die Uberlagerung eines weiteren, breiten Maximums
denkbar ist. Offenbar sind die bei der lonenstreuung auftretenden »Struktur-
maxima« wesentlich schwéacher ausgepréagt als bei der Elektronenstreuung.
Aus diesem Grunde wurden besondere Massnahmen zum Hervorheben der
»Strukturmaxima« ergriffen und die Yersuchtstechnik verfeinert.

Zunéchst wurden in einer einfachen Streuapparatur (Abb. 1 in [9])
30 keV-LiT--lonen an CCl4-Molekilen gestreut und Diagramme mit wesentlich
langerer (mehr als 10-facher) Belichtungszeit hergestellt, als zur optimalen
Sichtbarmachung der »Polarisationsmaxima« notwendig ist. Dann wurden
die auf Illford QI-Platten aufgenommennen Streudiagramme mit einem photo-
graphischen Abschwécher* behandelt und im Lichtmikroskop vergréRert
photographiert (vgl. Masstab in Abb. la). Auf den so erhaltenen Aufnahmen
sind bereits 2—3 »Strukturmaxima« zu erkennen (Abb. la). Dagegen sind
auf den schwécher belichteten Streudiagrammen, die in gleicher Weise behan-
delt wurden, nur die »Polarisationsmaxima« angedeutet (Abb. 2a). Schliesslich
wurden die in Abb. la und 2a dargestellten Streudiagramme (bei schneller
Rotation um ihren Mittelpunkt, um die Stérung durch die Kdrnigkeit des
Photomaterials zu reduzieren) photometriert (Abb. Ib und 2b).

Die Photometerkurve des stark belichteten Streudiagramms (Abb. Ib)
lasst deutlich die breiten »Strukturmaxima« Il, 111, 1Y, Y neben den schmalen
»Polarisationsmaxima« 1, 2, 3 erkennen. Lediglich das I. »Strukturmaximum«
(gestrichelt hervorgehoben) wird vom 3. »Polarisationsmaximum« stérend tber-
lagert, so dass dessen Lage nicht mit der gleichen Genauigkeit wie die der
tbrigen bestimmt werden kann. Die »Strukturmaxima« hoéherer Ordnung
werden nicht mehr gestdért, da die Hoéhen der »Polarisationsmaxima« mit

* Es wurde ein unterproportionaler Abschwécher benutzt, d. h. kleine Schwérzungen
wurden starker abgeschwécht als grosse Schwarzungen [13].
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grosser werdendem Streuwinkel stadrker als die der »Strukturmaxima« ab-
nehmen.

Die Photometerkurve des schwach belichteten Streudiagramms (Abb. 2b)
lasst nur noch die »Polarisationsmaxima« deutlich erkennen. Hier entspricht

Strukturmaxima —* 00 0 vV Vv

die Intensitats-Winkelverteilung ann&hernd den unter den friheren Ver-
suchsbedingungen erhaltenen.

Zur Uberprifung der mit der einfachen Streuapparatur erhaltenen
Ergebnisse wurden die »Strukturmaxima« auch mit der Streuapparatur mit
Bildwandler (vgl. [9]) und einem rotierenden Sektor, der die Streuintensitéten
bei kleinen Streuwinkel reduziert [14], reproduziert. Auch hier waren die
relativ breiten »Strukturmaxima« neben den schmalen »Polarisationsmaxima«
deutlich zu erkennen.

Die Auswertung zahlreicher Messungen ergibt die in Tab. 1 dargestellten
»Strukturwinkel« y“axn. Die experimentell gefundenen und die berechneten
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»Strukturwinkel« stimmen innerhalb der Fehlergrenzen von etwa 5—8%
Uberein.

Zur Vervollstandigung des experimentellen Materials wurde noch die
Streuung von 30 keV-Li”-lonen an Sn Br4-Molekilen untersucht (vgl. Tab. 1).

Hier sind die gemessenen »Strukturwinkel« durchschnittlich um etwa 11%
kleiner als die berechneten Werte. Die Abweichungen sind grésser als die
geschétzten Fehlergrenzen und kommen evtl, dadurch zustande, dass die aus
Elektronen-Streuexperimenten ermittelten Werte gqmaKnnicht genau ermittelt
worden sind.*

Neben den durch die Polarisation des Molekils hervorgerufenen Inten-
sitdtsmaxima treten also auch Intensitdatsmaxima auf, welche in anndhernder

* Die Diskrepanz kénnte auch dadurch erklart werden, dass wegen der Anderung
der Bindungskréafte durch die Polarisation des Streuers die Atomabstdnde im Molekul ver-
grossert werden.
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Tabelle |

Vergleich zwischen berechneten und gemessenen »Struktur-Winkeln« bei der Streuung von
30 keV Li+-lonen an CCl4- und SnBr4-Molekulen

Ordnung der XN mn A&
Streuer Strukturmaxima [A*] i94
[iO- rad]
CC14 n= | 2,76 2,78 (2,70) (-3)
7 4,94 4,98 4,65 —5
11 7,34 7,40 6,80 —8
v 9,34 9,41 8,70 —7
\Y% 11,79 11,82 (10,70) (-9)
mittlere AbAveichung: —6,6%
SnrB4 | 2,02 2,04 — —
11 3,49 3,52 3,17 —10
11 5,34 5,38 4,63 -14
[\ 6,58 6,63 5,74 —13
\% 8,31 8,37 7,42 —11
VI 9,90* 10,00 9,28 — 9
VIl 11,26 11,35 — —
mittlere Abweichung: -—11,4%

* Der ‘/max.trWert fir n = VI wurde aus dem theoretischen Kurvenverlauf der Inten-
sitats-Winkelverteilung ermittelt, da hierfur kein experimenteller Wert vorliegt [11].

Ubereinstimmung mit der Theorie von Debye UNd Ehrenfest durch die
Anordnung der Atome im Molekil verursacht werden. Damitist diede Brogtie -
Beziehung auch fiir Li7-lonen verifiziert.
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OOKA3ATE/IbCTBO BOJ/IHOBbIX CBOWCTB WMOHA Li+
PACCEAHMEM HA MOKEKYJ1AX

. ®OPCT

Pestome

JKCnepuMeHT no paccesiHutio uoHoB Lii* (30 m 40 K3B) Ha CBO6OAHbLIX MOeKynax
(CCL,, SnBr4) nokasblBaeT, 4YTO B pacnpefeneHn MHTEHCMBHOCTU MO Yrnam Hapsgy C Makcu-
MyMamu, 06yCNOBMEHHbIMI MONSPM3aLUend, UMEETCS N HaNoXeHWe APYruX Cepuid MakCUMyMOB.
3TN MaKCUMYMbI, 06HAPYXKEHHbIE TOMbKO YTOUYHEHHLIMU MeTOfaMU WCCeA0BaHUs, O0TMYaOTCA
OT IpYrux cBOel 60MblUel LWNPUHOW U MeANEHHBIM CHUXXEHWEM BbICOThI C YBEIMYEHNEM MOPsAJKa.
OHW pacnonaratTcs NPUBAN3UTENBHO NPU YriaxX pacCesHUs, BbIYNCNEHHbIX Ha OCHOBE TEOPUU
nHTepdepeHUMn ra3oB [3bas-dpeHdecTa MyTEM MCNONb30BaHWA AAUHbI BOAH PaCCESHHbIX
MNOHOB LlIj*.
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NEGATIVE PARITY BARYON RESONANCES
IN THE SU(6) SYMMETRY

By
Z. KUNSZT and T. NAGY
1YWINrE FOS THEORETICAL PHISIC3, ROLAND EOTVOS UNIVERSITY, BUDAPEST

(Received 19. IX. 1967)

The decay ratios of negative parity baryon resonances are compared with prediction
of SUIv(6) symmetry by assigning these resonances to the 540 supermultiplet. Some “semi-
empirical” mass formulae are also investigated. It turns out that the present experimental
data are not inconsistent with such an assignment. Nevertheless, we believe that not all the
negative parity baryon resonances of spins 1/2“, 3/2*, 5/2* fit into the 540-plet without
contradicting experimental values.

I. Introduction
At present there is experimental evidence for many resonances with
various spin and parity, hut the assignment of these resonances to SU(6)
supermultiplets has not been successful in every case. In particular the situ-

ation regarding negative parity baryon resonances is still rather unclear.

The following negative parity baryon resonances are known [1]:

Jp YI Mass (MeV) Width (MeV)
5/2 N?,, 1670 140
5/2% Y? 1768 89 + 12
3/2¢ -NI/2 1525 105
3/2¢ Yj 1660 50
3/2¢ Y; 1518.8 16 + 2
3/2* YT 1700 40 + 10

?? 3/2¢ “ 1P 1815 16 + 8
1/2* Nf,, 1570 130
172« w . 1700 240
1/2% N;,, 1670 180
1/2* Y« 1405 35

? 1/2* Y; 1670 18

??: The spin parity poorly known, ?: dubious state.
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The evidence for assigning a certain set of baryon resonances to an
SU(6) supermultiplet comes from the decays, mass relations and spin-parity
properties. There have been many attempts to assign the resonances 1/2 ,
3/2*, 5/2* to SU(6) supermultiplets. We investigate the possibility of assigning
the known baryon resonances with spins 1/2*, 3/2*, 5/2* to one given irre-
ducible representation of static SU(6) or static SU(6)0SU(6) group. Beég
and singh [2, 3] have studied the 3/2“ resonances in a 70“ -plet.This represent-
ation has the following SU(3)0SU(2) content

70 = (10,2) ® (8,4) 0 (8,2) © (1,2).

Therefore, 3/2* resonances fit into this representation, if they form an SU(3)
octet. Such an octet was proposed a long time ago as the y octet.

BEG and Singnh studied only the mass relations'. The consistent assign-
ment did not succeed.

Gatto, Maiani and Preparata [4] have investigated these resonances
in the supermultiplet mixing model considering also the mass relations.
In this model the physical particles are treated as bound states of quarks.
Therefore, they belong to reducible representations. On the ground of the pre-
dictions obtained it is impossible to assign the physical particles into kinetic
supermultiplets unambiguously. Meshkov and Y odn [5] were the first to
investigate these particles from the point of view of decay ratios.

In a relativistic SU(6) symmetry model for collinear processes the
SU(6)W group is the maximal possible symmetry group (see for example [6]);
at the same time in the quark model the negative parity baryon resonances
can be treated as swave bound states of four quarks and one antiquark (qqqqq
systems). This assumption gives the possible representations for the classi-
fication.

We must study the irreducible representations occurring in the tensor
product

60)6(060)60 6*.

Therefore, we must choose between the representations of 1134,700,560,
540, 70, 56, 20.

Meshkov andyY odh have considered the predictions for the decay ratios,
coming from the assignment of the resonances Y* (1765)52* and Y* (1520)32¢
to an 1134-plet.

The conclusion, which can be drawn from their results is that these
resonances can be fitted consistently into an 1134-plet, though lately the expe-
rimental data have been modified into “wrong direction”.

With the present experimental data the investigation of the 700-plet
is inconclusive.
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We have studied the consequences of choosing the 540-plet. For the sake
of simplicity, simple “semi-empirical” mass relations were used, which had
already been proved to be correct in other cases [7]. The SU(6)?X SU(6)]
has an irreducible representation

(105", 6%).

(In the parentheses the first number gives the multiplicity with respect to
SU(6)? and the second number with respect to SU(6)".)
This representation can be split into SU(6) invariant subspaces as
follows:
105" - 6" =540 ® 70 ® 20

If we restrict ourselves to such two-body decays of negative parity
baryon resonances in which the particles of the final state belong to 56+
baryon and 35- meson supermultiplets of static SU(6), respectively, requiring
SU(6V symmetry it turns out that there is only one coupling constant. The
simple mass formula and the single coupling constant makes it possible to
analyse the assignment to a 540-plet.

Il. Mass relations

The SU(3)xSU(2) content of 540-plet is
540 = (27,4) © (27,2), © (27,2),,© (10*,4)© (10,4) © (10,2) © (10,2) © (8,6) ©
© (8,4),© (8,4),,© (8,4),,,© (8,2), © (8,2),,© (8,2),,, © (1,6) © (1,4) © (1,2)

Because of the presence of three (8.2) and (8.4) there are many possibilities
for mixing. The physical states are eigenstates of the mass operator, therefore
the consideration of mass formulae is important also from this point of view:
they determine the mixing in part.

A systematic approach dealing with the masses in static SU(6) has been
developed in [8]. A summary of different mass formulae can be found in [7].
Since

540 ® 540* = 34496 © 29700 ® 19845 © 19845* © 14715 ® 14715* © 2-12250 ©
© 2-12250*© 11340 ©6720 © 2-5670 © 5670* © 4-3969 © 6-3675 © 2-3200 ©

© 2-3200* © 2695 © 1134 © 1134* ©4m890© 2-175© 3-350 1
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the case of the 540-plet is rather complicated; the corresponding mass formula
contains 11 parameters. These problems can be simplified only with assump-
tions which do not come from the group structure. In [7] there are proposed
mass relations in U chain which we can obtain from the general relations
neglecting some terms.

These formulae are:

M=a+cJ(J+1)+dY + 2S(S—1) - CM)H""A:_YZ
u)
. 11+ 1) Y2
4
M= a-f-cJ(J+ 1)+ dY 2S(S + 1)—Ci4)-\—4—Y2
(B)
B

In the representations 35, 56, 189, 405 these mass formulae agree very
well with the experimental data, although they can be considered only as
semi-empirical mass relations.

Another simple possible mass formula is proposed by Lipkin as follows:

M= MO+ b- s,

where S is the strange quark number. In the case of particles with spins
5/2 in (QQgQgQq) systems the strange quark number is proportional to the strange
quark spin. Knowing the states of the U chain the mass difference of two 5/2
resonances can be calculated. In the SU((4)®SU(2)s®U(Y) decomposition
the content of 540 is:

540 = (64,2)° 0 (36,1)-10 (36*,1)+i 0 (20%,3)+i 0 (20'*,3)-i 0(20",1)+i©
(20'*,1)-i 0 (15,2)20 (15,2)-2 0 (10,2)° © (10*,2)° © (6,4)° 0 (6,2)° © (6,2)° ©

© (4*,3)+i © (4,3)-i © (4,1)- © (4*,1)1i,

where the first number in the parentheses gives the multiplicity with respect
to SU(4), the second number that with respect to SU(2)s and the upper index
is the eigenvalue of Y. The states in the eigenvalue of Y. The states in the
SU(2)/ig>SU(2)N®SU (2)s<g>U(Y) decomposition can be found in Table II.

For the resonance 5/2 N*)2(1670) the strange quark spin is 1, and for
5/2 YT (1768) it is 1/2. Therefore taking b as positive, Lipkin’s formula
gives N*2 and Y* in the wrong order.
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Table |
R[aa.fbB,cy]do £abc £ " cd,aBydq (8,6)
+ - £abc Ol S«Byie + (1.6)
+ [<B« £ber K ad Byt + £carOR K bd,yxii + £abr Oy K ed, Ry] + (27.,4)
+ ~yn [£E<e(OGaPbcd,*6e £8y + ObPcadRieEyx + OePabdylieExR)] + (10,4)
- VEabr beds Eqm?EEQ?Eyﬁ JiP*e'S‘er Ir £ber £ads £Ra nyg %qﬁ*p*ers‘mg T

+ £car £bds eyo eag £8b P * er’ceed] -)-

+ Yt [(® xi+ Ypa {"c £abr + K £bcr + 06becar) 6ed idfIRy

i=
+ (2% —y,) ox(Odebor djaily -f- 68 ecar dibfiyx + R eba, dBAR) -f-
“h xi  *B(£dbr djC'ByR  £dcr ~ib,j3yl) “b
“b xi OB Ob(cder diatyjij  £dar dBctyxb) “b xi Oy  (£dar d IbtXBR
— £dbrdia/jRd) ~t“ Yi 0/(0CEdbr &b £dcr) da yRb ~f~
+ yICRCaEdr - %£dar) dib’yi + 37 Gpob edar — QRO d A - (8.4)
ey wdidgy —
gdidByi + R didyx6 + oy didxR } T 21 ede sdialyB™
"'(dzdiaény"'" djaixB'!'dédiataBy zi £obc YMdibixy —
— oy dilt&x+ ibusy‘j'<5|dix>43 zi ke 4§ ieUBx_+

=Tl dieoyR R d Riyx iR
. 0sslBy + — £ee (eadsBye + eldil syxe 5 +
+ 7 X K 16i y 0 ( Y YX€ 1+ gyaszpy)
Y- £dbc Oa <5*sByb + — fee(ERx s(be + eyx s'Roe + edcs'Rye) + (14

-f- cyclical permutation in (ax. bR. cy) } -f-
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v Bi \uizadr fai (13ibey Ot — LjbcR'3) + Vj Bljaby Sedr  4-
i=1

+ *fsabr £&{CR LidCa+ &b"aR)} + (27,2)

-f- cyclical permutation in (ax, bR, cy) -f-
+ 0 — ol o +
.P ol K Qoedy. £8y —y 61 6a Qbed.beRy (10.2)

-f- cyclical permutation in (ax, bR, cy)

£rbr £cds(OR «ce +  al efe) Q*ars’eeyl +
3 (0B« ) Qrarseeyt (10,2%)

-f- cyclical permutation in (act, bR, cy) -j-

+ E£ixi{Gf+ 2/)ridjyitRyro{"&Eabrir~b acr)Ir Ji fsia,ufRy(rcEdbr + K Eder) +
+ bayfRik[(—2y' —52') fhdrCe +
+ zieser Md] + biaBREya W[(2 Vi -f- 5 i) ecor G -f- 71 sber (] 4-

1 . )
'f'xil%mbc(ﬂzdby "T'Eya1 0N eyil(3Xj + 2y,- 427)edr B

+ (4yi+ 672't) £herbjl B-f- (2y! + 6 z)) £dor bjER\ —
— Bb[(3Xt+ 2y + 4 7i)edor b[Cy — (4y\ + 62z\) sherbidy +
+ (2yi + 6Zi)edcre,6iY] + 2y- eyB] -(- 2y) eyj3 [edcr bibfi + edor i>£s] -/

+ cyclical permutation in (ax, b, cy)} +

+ ~£°6C = E&fC™ ba(ERd +

'|') +mba(msay+9y& f (12)

+ cyclical permutation in (aa, bR, sy).

a5 o ax= 10 W= 4 K= —1
; =3 V2= - 28 =7
2/ 2210
1
= Y3=17 s=—6
3/T70 =0
A - 41/2 uL—3 r,=2 d=1
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1

Bi = u2= 5 r2——2 ]
4 fl e
vV ! z 0
I = = —1 - y =
2 NTT4 n-1
1
Vt = x2= —9 Y2= -7 79~ 2
2 vTO
1
= Y3=1 *3 n
2 /285

The definition of (m, p) SU(3) X SU(2) tensors is unambiguous, except for the tensors of
(8,2); (8,2); (8,2); (8,4); (8.4) (8,4); (27,2); (27,2).

The definitions of these tensors can be found in Table la. With that definition the states
of different irreducible representations are orthogonal.

Table la
A ' q 8,4
a 3 IITo e
[

— di- 24" 8.4),
L 3 1/114 = ) (8.:4)
A 1 . .

A (16d{ 13d'+ 19d) (8.4),
6 |A285

where
d'ia,aBy = eb u(Rrax,t8,6o,ry T R ai,ty,.uo,rs) + cyclical permutation in (a,,y)

— OhTrace

3

d2ab,«8y = E£bWLLL” vo,ry,a* + RiB,ua,r*,ay) + cyclical permutation in

----- —Cy Trace
3
J' b _ L.btu/T>ra> I nriti \
u3a ,<xBy b \+'-U(otrytaoLt8 | ivuw,ra,a'yf/3/ 1
+ cyclical permutation in (a, 8,y) ----- — fHBTrace
(8.,2);
2 fZ9
1 .
2= (29 b[ - 26 60 (8,2)2
6 fll105
1
= (22 6(+ 96' - 34 ) (8,2)3
12 1/85
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where
U'b ,.0n pbtu I>yco _ 1 Abpon ptu Jbrm
"Ial— c c x laafj,Uo ,rn - axvpa,tv,ua,rn
3
bzg - EBH Eblu l?yfe,ma,rﬂ.ax n ‘r_)g Rrrralr(:»le
Ka = *enbbUIR tQua,r*,an~ baTrace
(27,27
(27,2),
where
bidi,« = eex(eCrsRrt, ae,bx.s* + edrs RrZz.aeMsa) — Trace su (3)

bid.« = eek(easR%aebkro + £drs Rs'looM,”) - Trace SU(3)

For the sake of simplicity, we assume that formulae (A) and (B) are
also probably good approximations in the 540-plet as “semi-empirical” rela-
tions. The mixing of different states of subspaces of SU(3)<g>SU(2) is deter-
mined in part by that requirement.

The decomposition of the 540-plet with respect to SU(3)xSU(2) can be
found in Table I.

I1l. The baryon-meson vertex, decay amplitudes

We propose to assign the resonances 3/2“'and 5/2 to a 540-plet. For
two-body decays we can derive relations from the investigation of the three
point function. For collinear processes it is known that the maximal possible
symmetry, consistent with Lorentz invariance is the SU/6)” symmetry. There-
fore, we require the SU(6)[(7 symmetry for vertex functions.

In order to define the particles in terms of quarks, we use SU(6),, (static
SU(6)). We need, therefore, an SU(6)?<g)SIJ(6) symmetry from which we
can pick up both an SU(6)s and an SU(6)B.

We have first to identify the SU(6)qg X SU(6)- representation. We have
chosen (105, 6*), which decomposes under each SU(6) into

105" 6> = 540 ® 70 ® 20 .
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The W —S transition will mix all these representations. The SU(6)a 56 +
representation belongs to (56.0) as SU(6)?(g>SU(6)¢c representation and 35“
belongs to (6.6%)

6 6% = 35®1.

Therefore the SU(6)w invariant vertex turns out to be

gP\$BICBW (scoy M WA®

where P\fiBCQ\ Biv,{RCD}> Mwa® are the tensors of the 70, 65, 35 SU(6)w
representations, respectively. The W —S transition will bring in the tensors
of the 540, 20 and 1 representations, so that we can give the vertex function
in terms of the states of the SU(6),, in U-chain. Fitting the coupling constant
we can determine the widths of the two-body decays and the branching ratios.

If, in the final state, there are only particles with spins 1/2+ and 0,
the baryons 3/2 and 5/2 can decay only in a d wave, while for the baryons
1/2 only the s wave channel is open. Thus, in these two cases the dimensions
of coupling constant are different. The difficulty has been circumvented by
introducing two different coupling constants. In the decay widths /c&m2
(d-wave) and k/m2 (s-wave) phase corrections have been taken into account,
where K is the momentum of the final products in the centre of the mass
system and m is the mass of the decaying particle.

I1V. Classification; results

The assignment of the resonances 5/2“ Nf/2 (1670) and 5/2* (1768)
to the 540-plet is unique. The coupling constant has been calculated by fitting
the experimental value of the width of the 5/2“ Yf (1768) resonance. For the
5/2* N* 2(1670) the predicted width is reasonable. The branching ratios do
not contradict the experimental values, although the 27 r decay of the reson-
ance 5/2“ Y* seems to be more forbidden than our model indicates.

For the resonances 3/2“ N*a (1525) and 3/2“ Yg (1518), 3/2* Y* (1700)
we have various possibilities since there are five states in the U-chain for
each of them with identical quantum numbers J, Y, | (see Table Il). These
resonances have been assigned by “optimal fitting”. Since the mass formula
is independent of the N spin, the linear combinations of states differing only
in N spin can be physical states. On classifying 3/2* YjJ (1518) this fact has
been taken into account (see Tables Il —IV).

The assignment of the resonances

3/2-Y; (1660), 3/2 NirZ(1815), 1/2-Nih (1570), 1/2* JVi/, (1700),
1/2-V2s (1670), 1/2- Y* (1405), 1/2“ Y* (1670)
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6/19 |27
3719 |27
3/19 |27
6/19 |27

3/19 |27

3/19 |27

3/19 127

>

>

A"

Vv

+

+

Table 11

SU(4) states

18,6 >
186 >

[8,6 > + 11,6 >

Y2186 > - |16 >
127 >
/10>

1274 > + |10,4>

27,4 > — [10,4 >
2A95 |10* > — 3578 >t— [8>2- 8128 >3

3/95 |10* > + 6/57 |8 >! + 6/5 8 >2- 9/2 [3>3

— /95 [10* > + 8/5 [8> 2+ 7/2 |8 >3

+

2/95 |10 > - 3/57 |8 >! + 5/5 |8 >2 + 2/2 |8> 3
/95 |10 > - 4/5 |8 > 2- 13/2 |8 > 3
— 2/95 [10% > + 4/5 [8>2 - 25/2 |8 >3

2/95 |10 > + 16/5 [8>2 - 5/2 |8 >3
/95 [10* > + 5718 >3 -7 /5 |8 >2+ /2 |8> 3
/95 |10* > + 5718 >3 — /5 8 >2 + 11/2 |8 > 3

|27 >

5/2

5/2

5/2

5/2

3/2

3/2

3/2

3/2

3/2

3/2

3/2

3/2

3/2

3/2

3/2

3/2

3/2

3/2

1/2

3/2

3/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

3/2

1/2

1/2

3/2

3/2

1/2

3/2

1/2

1/2

3/2

3/2

1/2

1/2

3/2

1/2

1/2

1/2

39/4

15

15

55/4

39/4

15/4

55/4

39/4

15/4

39/4

39/4

39/4

39/4

39/4

15

Mass

1670*
1870

1770*

1610

1793

1660
2060

1500
1900

1760
1960

1600
1800

1703

1525*
1725

1565

1865

1765

1565

1765

1615

1815

1995

0.7
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K114 127 > +K95 110 > — K95 110* > — 475 18 > 2+ 6 K2 18 > 3
42 K19 127 > — 7K38 |8 >x— 14K3018 >2+ 42KI |8 >3+ 10KI33 |1 >
318>2+ Kiol 8>3
2KW 127 > - 2K95 110 > - 2K9310*>+KO7 18>! + 9K518>2— 4K218 >3
2Km 127 >+ 2K95 110 > + 2K95 110* >+K 57 18 >! + 3K5 18 >2 — 14K2 18 >,
KL |27 >— K9 110 >+K 95| 10* > — 2K57|8>x- 2KO| 8> 2+ 3K2|8> 3
Km| 27 > —3K9 110> + 3K95110*>+8K57 |[8>!- 12K5|8> 2+ 18K2|8>3
K95 110 > + K95 110* > — 12 K518 > ,— 20 KO 18 > 3
KT9 127 > —4K3818 >! — 8K30 |8 > 2+ 24,8 >3+ 5KI33 11 >
3K27 > —4K2(8>! — 711>

3KI9 127 > — 2K38 18 >! + 2K30| 8 > 2— 6K3 [8 >3 —KI33|1>

110 > + 127 > 2

3/2s

3/2p
3/2
3/2
3/2
3/2
3/2s

3/2p
3/2
3/2

3/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

3/2

3/2

3/2

1/2

1/2

1/2

1/2

1/2

3/2

1/2

1/2

1/2

1/2
1/2
1/2
3/2
1/2
1/2
1/2
1/2

3/2

1/2

1/2

1/2

15

g*

15
15
15
15

55/4

39/4

39/4

39/4

39/4

1670

1752

1752

1835

1835

1860

1680

1680

1520*

1520

1700*

1603
2000

1600
2000

1445
1845

1705
1905

1750
1950

1800
2000

1510
1710

1610
1810
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21 18 > x )- 29
1/546 /2210
3 - 18> 1 /
21547 212210
2N s 20 EftS
/13 1 1 /1105 1 2
2/7_ 10 > 1 > 4
/3 /3315

18 > 2

18 > 2+

SU(4) states

A -8 >3 110%> -
/170
6 18> 3
Y170 2
it~ —L]/®I?|7 s 4-
/155 Vs !

ifts a— 1L 127 51—
/255 2/5

Table

Il (continued)

127 > 1 emmmmmemeeeees 127 > 2
2175 21/5
127> jmwm j . 127 >
2/5 2/3
197 's HH 1's
/s 1 -
127 > 2emeemmeemeeeeeeeeee 1>
2/5 3/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2
1/2

+

+

+

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

1/2

3/2

1/2
1/2

>

39/4

15*/4

15*/4

55*/4

15

15

g*

15

15

15

15

9%

Maes

1560
1760

1650
1850

1700
1900

1420
1620

1940

1940

1781

1781

1856

1856

1620

1620

1620

1465

1625

1625

1650

1660

1660

A
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Table 111
States of 707 States of 5400-70a-201
1SU(3) ® SU(2) :J3 > 1SU(B) ; SU(3) ® SU(2) ; I3>
110,2 ; 1/2 > 17?:;540; 10,4 ; 1/2> + /| |540; 102 ; 1/2 >
18,4 ; 3/2 > — |/1 1540 ;86 ;32> + ~ ~ \540; (8,4)i; 3/2) —

115 /3
- o, n 11540 ; (84)»; 3/2 > -  |540; (8,4)3; 3/2 > -
- -L 170 ; 8,4 ; 3/2 >

18,4 ; 1/2 > 1/T711540 ; 8,6 ; 1/2 > H-—|540; (8,4)j; 1/2 > —
1m 6710

- S 1540 (8,4),; 112 > e ,— 1540 ; (8,4),; 12> —
1280

2hild

170 ; 84 ; 12> + ~ |70 ; 82: 1/2 > +

+ - :20; 82 1/2> e ALr-\540; (8,2),; 1/2 > +
3/7 6/182
7115 /5

1540 ; (8.2),; 1/2 > ' \540 ; (8,2),; 1/2 >
214472 ' /102
8,2 ; 1/2 > \ \540;(8,4),; 12> + i540 ;(8,4),; 1/2 >

6/2 2/114

2ys

23
\540 ; (8,4),; 112 > 1540 (8,2)i; 1/2 > +
6 /182

3/ /T
w530 . (8.2): 12 > = 540 . (8.2).; 12 > +
21442 /51

+-40»I70;8,4;1|/2> »»»»»»» 670;82;1/2> —

- 0=-\20 ; 8,2 ; 1/2 >
3/7

2 1/5 2
1125 12 > Za »540; 1,4; 12> — ~1540; 1,2; 12 > —
3/7 371

SPa70s 1212 2P 200140125
317

lias been done on the basis of the mass formulae. (Parameters of the mass
formulae could be calculated from the mass values of the resonances already
assigned.)
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Name

N2

n;12

Y

n32
n;2

Yo

? S*P

15/2-

15/2-

13/2-

1513/2- 00 2 1/2 15> +

+
13/2-

13/2-

11/2-

11/2-
11/2-

11/2-
11/2-

13/2-

U(4) stat
livlsNaSeC<‘>>
1 1/2 3/2 1 39/4)

012 1/2 15)

1 1/2 3/2 0 55/4)

3/2- 00 11/2 15>
001325

012 1/2 15)

1 1/2 12 0 39/4)

1 3/2 1/2 0 55/4)
1 1/2 12 0 15/4)

00 11/2 15)
001325

—1 1/2 12 1 15/4)

Mass (exp.)
MeV

1670 + 10

1768 + 4

1525 + 8

15188 + 15

1700 + 10

1660 + 2

1570 + 10

1670 + 10
1700 + 20

1405 + 05
1670

1815

Table IV

Mass
(theor.)
MeV

1670*

1768*

1525*

1520*

1700*

1670 +

1560 +

1730 +
1700 +

1465 +
1650 +

1860 +

20

20

30
30

20
20

30

Width
(exp.)
MeV

140

89 + 12

105

16 + 2

40 + 10

50

130

~180
240

35
18

16 + 8

W idth
(theor.)
MeV

100 + 20

89*

110 + 22

14 + 3

60 + 15

65 + 18

250 + 40

220 + 40
240*

210 + 40
480 + 80

28 + 6

Final
products

Nn
AK
Nr/

N K
An
2n
2V

Nn
Nr/

N K
In

N K
In

In
An
N K

Nn
Nr/

Nn

Nn
AK
1K
Nr)
27
In

At)
N K

K

Branching
ratios

%)

40
small
small

49
17
<1

2

65

39 + 5
51 + 6

20
seen

~30 (?)
~ 5(?)
small
~30
~70

40
100

100

seen

seen
~65(?)
~10(?)

Branching
ratios
% (theor.)

35
0
5

45
20
7
0.1

65*

36 + 8
47 + 10

15
85

35

99

40*
88
1
11
(1
100
~100

1 small
J

<'W@)
2

VLT
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Formula (A) contradicted experience. Mass values predicted by formula
(B) can be found in Table IV. On the basis of this classification and the vertex
function the widths and branching ratios for these resonances could be cal-
culated.

The coupling constant for the resonances decaying in s wave has been
determined from the width of the 1/2 N* 2 (1700) (see Table 1V). The results
for 3/2 Y* (1660) and 3/2 (1815) do not conflict with experimental
values. The predications for the resonances 1/2 N*;2(1700) and 1/2 N* 2
(1670) are also reasonable.

The results for 1/2* Nf/f2 (1570), 1/2* YJ3J (1450) and 1/2* YJ (1670) con-
cerning both the widths and the branching ratios strongly contradict the
experimental data.

If a state in the U chain does not contain an octet, decuplet or singlet,
its two-body decay through strong interaction is forbidden. From Table 11
we can see that there are 23 states with this property. According to the mass
formulae, 17 of them have mass values about 2000 MeV. Therefore, their
widths could be large by the three-body decays. For the remaining five states
the predicted mass values are about 1500 MeV.

Here three-body decays are either forbidden by conservation of energy
and hypercharge, or the probability of the decays is very small. When asking
why these resonances did not come up so far, we must bear in mind that the
simplified mass formulae may not be too reliable.

As for the N (1570), Y (1405) and Y (1670) particles, it is possible that
if we had identified them on the basis of the decay widths and branching ratios
we should have obtained better results. These calculations, however, would
have been too lengthy so they have been abandoned.

Summing up, we may say that in the case of the 5/2 and 3/2 baryons
our classification seems to be quite acceptable, the difficulties connected with
the 1/2 and the unabsorbed particles may he ascribed to the inadequacy
of the simplified mass formula.
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BAPVWOHHbIE PE3OHAHCblI OTPULATE/IbHOM YETHOCTWU B CUMMETPUN SU(6)

3. KYHCT n T. HAA4b
Pesome

CooTHoLleHe pacnafa 6apMoHHbIX Pe30HAHCOB OTpULIATENIbHOM YETHOCTU CpaBHMBaETCA
¢ npeackazaHuem SUNe(6) nyTem onpegeneHns faHHbIX Pe30HAHCOB K CBEPXMYnbTuMAeTaMm 540.
VccnefytoTcs TakXKe HEKOTOpble «MonyaMnupuyeckne» Qopmysnbl. BbigBaseTcs, YTo HacToawme
3KCMepUMeHTaNbHbIE [aHHble COOTBETCTBYIT onpefensembiM. OfHako, NpeAnonaraetcs, 4To
He BCe GAPUOHHbIE Pe30HAHCbl OTpULATENbHOW YETHOCTU CO 3HaYeHWem cnmHa 1/2¢, 3/2-, 5/2¢
npurogHbl Ana 540-nnetoB 6e3 NMPOTUBOPEUNS IKCMEPUMEHTaNbHbIM pe3ynbTaTaMm.
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THE MANY-BODY PROBLEM IN TERMS OF
PARTICLE GROUP FUNCTIONS

By

Gy. Buti

(Received 26. 1X. 1967)

In the treatment of many-particle systems the particle correlations can be taken into
account to a certain extent at the very beginning by choosing particle-group basis functions.
However, when these basis functions do not satisfy a certain restrictive condition (“strong
orthogonality”) some mathematical difficulties arise. Using a previously discovered way of
overcoming these difficulties [3] we develop practical methods to solve this problem.
The Green’s function formalism of Martin and Schwinger is applied using field operators for
the particle groups with intrinsic degrees of freedom. Besides the possible computational advan-
tages and the intrinsic interest of the problem this theory yields some possibilities for an ab
initio microscopic theory of condensed media. In addition, it can also be useful in throwing
light on some questions of relativistic field theory of structured particles.

1. Introduction

The formulation of the many-body problem in terms of particle-group
basis functions or equivalently the many-body problem for composite particles
has a long history. However, to construct a consistent theory without a re-
strictive condition for the basis functions (“strong orthogonality” [1]) is not
a trivial task at all. The main difficulty of a direct approach lies in the fact
that the annihilation and creation operators of the composite particles (particle
groups) as constructed from the field operators of the elementary particles
turn out to he linearly dependent. This is reflected by the (anti) commutation
relations of these operators, also. Hence it is not clear how to make comput-
ations with these quantities or how to interpret the results. Following Dyson’s
treatment for spin waves [2] Girardeau has succeeded [3] in finding a
suitable formalism for this problem. The main trick of this formalism is that
there exists an if,- “ideal” Hilbert space with the properties that a certain
section of if, is isomorphic with the Hilbert space of physical states, but the
annihilation and creation operators as transformed to if- obey the usual
(anti) commutation rules. Hence, after having determined the form of various
operators in if, we can proceed with the computations in the usual way,
provided we restrict ourselves to the suitable section of ff-. The restriction to
this section of ff, means a super selection rule. Girardeau proposed the use
of a generalized grand canonical ensemble in which this superselection rule is
satisfied on the average. He proved that in the thermodynamic limit the
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physical consequence agrees with those that can be derived using the grand
canonical ensemble in which the super selection rule is exactly satisfied.
Starting from this basis, the present paper is an attempt to construct a practical
method of treating the many-body problem in terms of particle group basis
functions.

The motivation for such a theory is obvious; most systems have
the property that the motion of some particles is strongly correlated, while
these clusters of particles are relatively independent. This property manifests
itself in superconductivity abruptly in a drastic way but it is more general,
e.g. this is the precise meaning of the somewhat intuitive statement that
condensed media consist of atoms or molecules. It is quite natural, therefore,
to start from the beginning with a set of basis functions that take into acco-
unt the correlations characteristic for the system, instead of with the usual
choice of plane waves.

This method has already been applied in quantum chemistry with
special particle group functions [4], as well as in the theory of supercon-
ductivity [5]. In the former case it yields a very promising method of treating
electron correlations in molecules, while in the latter case it enables us to
treat superconductivity despite the “nonperturbative” nature of the problem.
Hence we feel it is worth while to investigate this line.

The subject of a paper by Sanitin and Schwartz [6] is similar to that
of this paper. They treated a many-body system of composite particles con-
sisting of two elementary particles. We feel that the method considered in the
present paper has some advantages over that of [6]; we can treat any struc-
tured particles (particle groups) on an equal footing with the usual methods
of the many-body theory.

Besides the intrinsic interest and the possible computational advantages,
this theory can be useful in clarifying some questions of relativistic field
theory. It is not clear to what extent a composite field theory is equivalent to
a canonically quantized phenomenological field theory; it can be shown that
the (anti) commutator of a structured field need not vanish outside the light
cone, etc. [7]. The difficulties met here are of the same nature, it may be
instructive to know how to overcome them in nonrelativistic field theory
with the aid of the Dyson transformation.

In addition, this theory yields a possibility for an ah initio microscopic
approach to the physics of condensed media on an equal footing.*

It should be remarked that the formulation of Girardeau has some
similarity with the pseudo potential theory. In the theory of pseudo potentials

* Generally, the various excitation modes in condensed media (excitons, phonons,
etc.) are treated by methods suited for the specific problems. Sometimes these are derived on
she basis of classical considerations. For an example of the insufficiency of such a theory,
tee [8].
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a model potential is added to the Hamiltonian of the problem in order to
impose some conditions on the wave function [9]. However, in pseudopotential
theory this trick is always employed within the framework of an approxi-
mation method while the formalism of [3] is exact.

In Section 1 the theory of thermodynamic Green’s functions [10] is
formulated in terms of particle-group field operators. Section 2 is devoted to
the boundary conditions and analytic structure of the propagators. In Section
3 we discuss Green’s function equations. A formal tool (cf. e.g. [11] will be
used in order to gam some further insight into the properties of these equations.
A perturbational technique based on diagrams is developed in Section 4. We
derive some results, needed for our considerations, of [3] in a more general from
in Appendix A. In order to make contact with the macroscopic parameters of
the system Appendix B is devoted to the determination of the thermodynamic
potential.

2. Green’s functions

According to [3] and the results of Appendix A the (generalized) free
energy operator is of the form

m L

. flgNg+ yiirq irrg —Ho + KftV [(1)
=1 g

where H is the Hamiltonian of the system; Nqg, the number of particle groups
of the ¢-th type; It.r4, the exchange operators introduced in [3]; fig and yi.rq
are the Lagrange multipliers connected with conditions (A.6) and (A.4). The
detailed form of these operators is given in (A.5) and (A.7)—(A.13). The
creation and annihilation operators obey the usual (anti)commutation rules,
as shown in (A.3). The operator 3iT can be used to define the Heisenberg
picture with the usual prescription, i.e. for any operator 0 we have the equation
(n=1)

i— 0=1[0,~]_. 2
T [ 1_ )

With the formal solution
0(t) = eL%i0 e-'GT"

the operators of Appendix A can be transformed to this picture. In the following
we suppose that this has been done. Now let us define Green’s functions as
averages of time-ordered products of particle group operators. The simplest
Green’s functions are

G(ralrax) = —i <Ta(roc) a+ (r™)) ,

G(rocgBl raj gRR) = (—i)2(Ta(rx) a(gR) a+(rai)a+iqBR)} ,
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and so on. The chronological operator includes change of sign depending on
the boson- or fermion-like nature of the commutation rules between the time-
ordered operators. In the formulas we have suppressed time variables; in the
following this convention will he followed for all dummy variables and indices.
Using the standard group theoretical apparatus of quantum theory a lot of
information about these Green’s functions can be obtained in the usual way.
For instance invariance under translation in time and space assures conser-
vation of energy and momentum, etc. The symmetry group of the Hamiltonian
can be a lower one than the full Galilean group. However, it is much more
interesting when Galilean invariance is spontaneously broken, i.e. the Hamil-
tonian of the system is invariant under the Galilean group yet the Green’s
functions (3) have the symmetry of a space group. We met this situation in
an ab initio microscopic theory of solids [8]. However, we do not go into
details on this point.

The information regarding the physical properties of the system can be
obtained from the analytical structure of the Green’s functions. The last of
this Section is devoted to this question as well as to the problem of boundary
conditions. Two auxiliary quantities will be introduced [10] by the definitions

G>(rxt Irxxtj) = (—i) <a(nxt) o+(ralix)>, @
G<(rxt IraxG) = (i)r. (—i) <a+(ralG) a(rxt)) ,

where (i)r? means a positive (negative) sign if the operators a(rx) and a(gR)
obey boson-like (fermion-like) commutation rules. In this symbol the indices
will be suppressed when they are evident. From the cyclic invariance of trace

G<(rx0\rx1tl) — GA(rx — iB\rx1tR). (5)

Extending the definition of the chronological operator for the imaginary axis
in the interval 0 < it < R in the following way

G(rxt IraxG) = G>(rxt Irxx G) » if it> IG?
G<(rXt IDXG), if it < itL,

one can prove that
G(rx0 Irxy G) = £ G(rx —iB IrxxG),

or taking into account the invariance of the Hamiltonian against translations
in time

G(rx Irog; t) = 4- G(rx |rog;t —iR). (6)
This invariance implies that eq. (5) can be written as

G<(rXlrog; i) = i G>(rx|roc;t — iB) ,
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and taking into account the relations of the Fourier transform
G<(>)(r«|r«l; t) = f— e-"“""G <(>)(r&\rXI; co) ,
Jo2m
G4>\rx\rxx co) = f dieiiG<(:>)(rajral;t),

one can express this condition as
G<(rxIro™; co) = i e~EG>(ra|rax; co).

This implies that both of the definitions (4) can he expressed by a spectra
function in the following form

GM(rx Irel; c0) = — i [1 £/(co)] Xi(ra|rax; co), @
G<(rx Irog; co) = T- t/(co) A(rx |rxx; co),

where /(co) = (exp Rco ™ 1)-1 is the boson or fermion occupation function
From eq. (7) one can write

A(rx jrxx; co) — i [G>(ra|rxx; co) — G <(rx |rxx; co)]
or taking into account (4) and the definition of the Fourier transform
A(rx Irex;co) = j dtew <a(rxt) a+ (rxx0) = a+(ral0) a(raf)> .
Hence we have the sum rule

f
] A(rx jrax; co) = 6(x \xX) . (8)
] 24

As regards the interpretation of the spectral function the Kallen—Lehmann
representation of the first of definitions (4) yields

G/ (rx Irxx; c0) = — 2niZg <®,-1a(rx0) | la+(rxx0) |d-> X
ij
X e~PE‘b(co -j- E/ — Ej) = — i [1 d=/(ft>)] A(rx\rxx; co) ,

where | ®-> is a complete system of state vectorsin the generalized grand
canonical ensemble and ®) = F,-| ®)> Thus, with this construction we
have achieved the separation of statistical and dynamical effects. The function
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A(rx jrx;co) gives the energy spectrum of the particle group of the type rin
the quantum state x. Of course, it is even a function of temperature (tempe-
rature-dependent quasi-particle spectrum).
Because of the periodicity condition (6) we can write for the interval
0<it< B
G(rxlr3qg;t) = —  >>  'G(rxlrog; z,,), 9)

where .
-if3

G(rx\rx1;sv)= | dte'V G(roc|rog; f).
6

zv= nvj—iB, where vis an even (odd) integer if the plus (minus) sign holds in
(6). Now, proceeding as in [10], one can prove that

A(rx Irog; co)
2,—®

This relation defines the function G(rx jroqg; r), when inserting any complex z
or zr. Using the relations

(z—o02b ie) 1= P(z —c0) 1-p inb(z — co),
we can prove that
A(rx Irog; co) = i [G(rajroqg; ft) + ie) — G(rx \rxx; o—ie)]. (10)

Thus, from the Green’s function we can compute the energy spectrum ofthe part-
icle groups in the same way asin conventional many-body theory of quasi-part-
icles. Suppose for a moment that the group functions are eigenfunctions
of the Hamiltonian of the particle groups (c.f. (A.10) and (A.11)), i.e.

<ra\Ho\raj) = <(rajJfOjra) 6(a [aq) .

Of course, even under this condition the spectral function will not be a delta
function, but because of the interaction of particle groups it will have a shape
with finite width. This broadening of spectral lines is dependent on the thermo-
dynamic properties of the system (“quasi molecule” spectrum).

As regards the analytic structure and the spectral representation of
higher Green’s functions the formulas are rather involved. However, certain
special cases can be treated easily. The functions

D (pxxxt~qRBR~Nz) =
= —i(Ta+(pxrltl+ 0)a{pxirLqg)a+(gRr2tz+ 0)a (qRlr2<2)>

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



THE MANY-BODY PROBLEM 183

and

P(pxrlv1ti\gRr2v2t2) =

(12)

= —i(Ta+(pxrlti+ O0)a(pxrl+ viltl)a+(qBRr2+ v2t2+ 0)a(qBRr2t2))

will be named as exciton and phonon propagators. In (11) and (12) the co-
ordinate of the center of mass of the particle groups is indicated separately.
The interpretation of (11) and (12) is obvious; they describe the propagation
of exciton- and phonon-like excitations. The boundary conditions and analytic
structure can be. treated like those of G(rx jrxx;t), but details will not be given
here. As a result we get the boson-like nature of these excitations. The con-
nection between the propagators and the spectral functions is the same as
eq. (10), but we find a more complicated sum-rule than (8).

This makes it possible to develop a true microscopic theory of excitons
and phonons. We hope to set forth this in another place.

3. Green’s function equations

Using the expression of the Hamiltonian (1), the (anti) commutation
relations (A.3) and the equation of motion in the Heisenberg picture

i~T~a{rx) = [a(rx), = Sai <ra\HO\rxR) a{Tx¥) —pra(rx) +
at (13)
+ JZ Safd3 (rxqB\Vin\rxxqRx) a+(qR) a{rxx) a(qlx) ,
a

where

(rxgB\Vefs\rx1gRly = (rxqB\V\rx1gRR) + 221 M-rq (rxqB\l,\ rxxqRR) .

A similar equation can be deduced for the adjoint operator. With the aid of
(13) we can derive the chain of Green’s function equations in the usual way.
The simplest one is

G(rxt rx2t2) = d(xtJxR -~ Sa”a (rx \HO\rxB) G(rxxt;rx2e) (]Q

+ 127 (x)qgSalNe (rxgB \WM\ra, qRR) G(qRltrxxt\ gt + 0 ra2t2) ,
qa
where

era = <ra \HO\t«> — Pr-

This chain of equations should be decoupled somehow in order to solve it.
The simplest choice is a “Hartree—Fock” decomposition of the two-particle
Green’s function. This gives the equation
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I-a— ------ e, G{rxt[rx212) = 6(<xi|x2f2) + Sc,,” <rot |BD| rocx> G(rxxt \roc21) + 15
t (1o

+ 1JZ (+)aq (2 )rq Sai™i<™qR| rogq qRR) G{qR1t\qRt + 0) G(rx11\rcc2t2) +
A
+ i (x)nr SaiNe (jeerB 137Mflrsqg rBR) G(rx111rfRt -[- 0) G(rR111rx212) ,

where the exchange term is included because particle groups of the same type
are indistinguishable.

As a formal tool we shall introduce a functional differentiation technique
similar to that of [11] in order to gain further insight into the structure of
Green’s function equations. The definition of Green’s functions is modified
so that

(TSa(rxt) a+(rx2t2")

G(rxt Irx2i2; U) (16)

<S>
where

S = exp iJ dt£ SRRl a+(qBt) <qR \U(t)\qRR) a{qR11) .
0 g

It is easy to verify that (16) has the same boundary conditions as the first of
(3), and obeys the equation

i'—d G(ratjra2i2) — Sai (rx\U(t)\ raq) G{rx11\rx2t2) =
dt (7)

= the same as the right-hand side of eq. (14),

where we have suppressed U inthe argument of the propagators. This convention
will be followed in the following formulae. With the aid of the usual definition
of the functional derivation (17) can be written as

i —-- eril G(rxt Irx2t2) — Sai<r*|f/(()|ral) G(rx1t\rx2t2)= 6 (xt\x2t2) +
dt J

+ Sai#a <ra JtfOjrog> G(rX111rx2t2) + i Y, SOilfRi{+) rq(rxqR jvin\rx1qlBR) X

(18)
X [ biqiTh\ago - ie(@Bgsix)  CXINrx2),

e(qRt IgR11) = £ iG(qR1lt\gRt + 0).

where

The functional differentiation can be replaced by an integral operator, which is
more familiar. Let us define the reciprocal Green’s function by the equation

-iR
f dtlSalG(rxt\rx1tl) G~1(rx1t1\rx2t2) = 6(xt\x2t2) , (19)
0
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as well as the quantities

A ' AN N
1 (recltj Irx313;  R2t2j R312) G (rx2Tn) (20)
~(LRKGITAG)
and
bV T g Bizisi& 6) (21)

<K3Ne «!13& > '

The quantities (20) and (21) will be named as vertex and fluctuation operators.
Using (19) and the rules of functional differentiation [11] eq. (18) can be

written as
- iR
[ e, G(rxt\rx2t2) —j dt3SaBM(rxt\rx3t3) G(rx3t3\rx2t2) = d(«i| a2t2), (22)

where

M (rat IrX3i3) = b(t 1i3 [1 — b(x l1a3)] <ra\HO\ra3> +
—iR
+ 1£ (2)rgSziBifl <rxgBi\\en\rxiqBiy vy Sai/Ma dt2G(rx4. [rajix) X
4 L4 0J
+ Lrx1U Ir«3B; qgxR2R2191R312) d(<7, R2 R\q1lR312; g/?4i jg/3j t) —

X ig(qR4t\qR1t)b(xi t\x3t3) (23)

is the mass operator, and the limit U —m0 has been performed after the func-
tional differentiation. The symbol [1 — b(x | a3)] in the first term on the right-
hand side indicates that in a summation the terms x = x3 should be left out.
(c.f. (14).) Note that this procedure does not involve any approximation.
Eq. (22) is exact, and it expresses a topological property of the Green’s function
equation (14) (Fig. 1). The Dyson equations cannot be written easily because

Fig. 1. The topological structure of a particle group propagator
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of the nonperturbative definition of operators (20) and (21). However, a direct
evaluation of (21) yields (17 = 0)

1o@lein iRz gRitqRit) = <Ta+(qri *+ °)a(qriH«+F@wr2n + 0)a(qirst)y
— <a+(qB41) a(qR11)>{a+(ql 8212 a(qxR3fD>,  ~

whereas taking into account (18) a perturbative expansion gives

I(reexi, Irx313 <, R2¢t2 [9|I33t2) m (£ )rqgi <rx1lqgxB2|Feffira3qrB3> X n

X afti 113) d(t3112) -f- . . .

The other contributions to (25) are higher order in the matrix elements of the
interaction. Thus (20) and (21) play indeed the role of vertex and density
fluctuation operators.

4. Perturbation theory

The formal theory of functional differentiation can he used very advan-
tageously in the derivation of perturbation theory. Define the unperturbed
propagator as the solution of the following equation

GO(rxt Irotj i) — &(xt ]x1tj). (26)

The unperturbed propagator can be a functional of a “test potential” also.
Then the left hand side of (26) is the same as that of eq. (17). We can convert
the time-differential equations into an integral equation with the aid of the
unperturbed propagator, e.g.

-ifi
G(rxt Irxs t3) = GO(rxt Itxs t3) + ( dtlSaja”ee GO(rxt |rxxtx) X
0

-iR
X <rax\HO\ra2>C(rx21 ]rx313) + i j dt] SRika/tm(+) rq X
0

q
27
X GO(rxt Irxi tB> (rxt qRl\Weli Irx2qR2) X 27

P [— —i°(gB1h gz h) G(rx2ixIrx31),
)\qR2>

where after the functional differentiation we effected the limit 17 —0. If we
are trying to solve the equation (27) by an iterational method the Neumann
series generates the perturbational expansion ofthe propagator in the same way
asin [KO]. Associating with this procedure a graph-theoretical technique for enu-
merating various terms the following recipes can be given for the calculation
of the particle group propagator.
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1. Draw all topologically distinct connected graphs consisting of the
elements shown in Fig. 2. Each graph should contain an ingoing and an out-
going particle line.

2. The graphs should he indexed in the manner shown in Fig. 2. The
“two particle” and “four particle” elementary vertices are equal time.

3. Associate

a) an unperturbed propagator with each particle line;

b) (rx [HOIlrog) with each “two particle” vertex;

c) i{zx)rg(rocgBl I Feff Iroc, ofi,") with each “four particle” vertex;
d) (in)rr with each closed particle line.

? =<lc<[A'0|/’0<,)
sroy,
O -GO(r«t\r«di)
r* gl
\ =< 4PilMflro<7
roii qir

Fig. 2. The elements of graphs

4. Sum (integrate) over all internal variables. The integrations over the
time variables should he performed over the interval [0, —iR]. Do not forget
that sums do not contain terms with the diagonal matrix elements (roe, \HO \ rx)
(c.f. the first summation in eq. (14).)*

If the system is invariant under translations in space and time it is ad-
vantageous to treat the center of mass coordinate separately. Because of
energy momentum conservation

G(rxkt Irod Aqtjd = G{rx jrsq; k t —t,) O(k — Aq).

Taking into account the definition of the unperturbed propagator and eq. (9)

~2At6(x joq)

K1

= en Rr
2Mr

GO(rx Irax; kt) (28)

*When the group functions are eigenfunctions of the Hamiltonian of particle groups
only diagonal matrix elements exist. Hence, in this case there are no graphs with “two particle”
vertices.

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



188 GY. BOTI

where Mris the mass of the r-th group of particles. ex = (rx JHO | rx), where
H'0 is the Hamiltonian of the r-th particle group in the center of mass frame
and for zv see the comment after (9). Thus, with (28) we can formulate more
explicit recipes for computing the graphs. Rules 2.—3. should be replaced by
the following ones.
2. 7 0Only each particle line should be indexed by a set of indices {rxkzv).
3. ’ Associate

a) the propagator
GO(rafczv) = --------

2Mr

with every particle line;
b) <ra IHOIrxj} (2n)3 6(k — kB)Ovn with each “two particle” vertex;
c) i(x)rg ISR\ Veffirx1lgRZ (2n)3 6(v + h — v2 — v3)ortMiVitV3 with
each “four particle” vertex;
d) (ib)rr with each closed particle line.

In addition we should multiply this expression by a factor [£/3] S,
where p is the number of propagators and s the number of particle lines for

Fig. 3. The' Hartree—Fock graphs

which the summation was carried out. With this procedure we get the Green’s
function in energy momentum representation from which we can easily
proceed to the calculation of the spectral function.

Since we hope the bulk of particle correlation is taken into account by
the choice of group functions, we can expect that perturbation theory of
finite order can give satisfactory results in many cases.* However, itisinterest-
ing to see what possibilities there are for a summation of graphs to infinite
order. As is always the case this can be carried out by solving an integral

*This is similar to the Weinberg quasiparticle method, in some respects [12].

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



THE MANY-BODY PROBLEM 189

equation instead of the simple iterational scheme of the perturbation theory.
E.g. the ‘“Hartree—Fock” approximation (15) includes the summation of all
Hartree—Fock graphs as shown in Fig. 3. Further possibilities are given
when after having determined the mass operator as a sum of proper self-
energy graphs we calculate the Green’s function self-consistently from (22).

® =¢e+"+--Q+~-"*"® 0+'0 L +

Fig. 4. The mass operator to second order in interaction matrix elements

Because of the “two particle” vertices some unusual graphs arise. In Fig. 4
the mass operator is given to the second order in the interaction matrix
elements.

As regards the two-particle Green’s function, in practice one is always
compelled to sum a selected class or graphs (chain and ladder diagrams). We
hope to return to this problem elsewhere discussing applications of this theory.

5. Discussion

In statistical physics it is always easier to understand things if we can
separate *“statistical” and “dynamical” effects. It is known that non-inter-
acting elementary particles are either bosons of fermions. When treating inter-
acting systems we start from the boson- or fermion-like behaviour of particles.
In many cases this is satisfactory, however, sometimes switching on the inter-
action leads to radical changes in the statistical properties of the system. It is
known that attractive interaction can cause the instability of the Fermi
surface, etc. In this case, we cannot expect that starting from the dynamical
and statistical properties of the non-interacting system good results can be
achieved by perturbative methods. However, by choosing particle group basis
functions we can take the interaction into account to a certain extent from
the beginning. These “composite particles” cannot be regarded rigorously
either as fermions or bosons. However, there exists a possibility [3] by which
we can treat this problem consistently. The aim of this paper is to present a
practical way of treating problems in this theory.
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Comparing this theory with the usual methods of many-body physics we
see its advantages and disadvantages. In conventional many-body theory we
must sum infinite plane waves in order to get the “wave functions” of particle
groups (or the t matrix, higher order Green’s functions, etc.), whereas this
theory takes into account the particle correlations characteristic of the system
from the very beginning. A disadvantage is that when working with a plane
wave basis all the matrix elements of the kinetic energy, interaction potential,
etc. are usually available, whereas in this method we must compute them one
after the other. Therefore in a perturbative procedure we can usually use
finitely many intermediate states.

As regards the practical applications, this theory could he used to ad-
vantage in those fields where a true microscopic approach would be necessary
for an adequate treatment of the problem (phonons in quantum solids, exciton
modes). Another possibility is to investigate superconductive systems along
somewhat similar lines as in [5.]

Acknowledgement

The author is grateful to Prof. P. Gombas for encouragement during
this work.

Appendix A

In this Appendix we shall re-derive some results of [3] in a more general
form. As regards more detailed treatment the reader should consult [3].

We intend to develop a many-body theory in terms of the sets {9, (|n},
i=1,..., mofgroup functions, r denotes the species of the group functions,
while a is a complete set of quantum numbers characterizing the group func-
tions within a certain type. The structure of the argument of the r-th group
function is

£r= {*11, %2, m e wWXLFI\ 1 (A*D)

where x is an abbreviated notation for spatial and spin variables. The first
index refers to the type of the elementary particle (altogether L species in the
system). Thus j[ are elementary particles of the first type, j2 elementary
particles of the second type, etc. and belong to the r-th species of groups. We
suppose that these group functions form an orthonormal and complete set
with the right (anti) symmetry conditions, i.e.

S* <PrA?) 9rR{?) = O(cl/5),
%<PrA?)u>ull = ALY r\N,-
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where summation means integration over the continuous part of the sum-
mation indices and <5¢(j) means Dirac delta over the continuous and Kronecker
delta over the discrete parts of its argument. These notational conventions
will be followed throughout this work. In eq. (A.2) Ar means the (anti) sym-
metrizer operator over suitable variables.

These particle-group functions can be used to construct annihilation
and creation operators for groups of particles in the usual way. However,
because of the mathematical difficulties mentioned in Section 1 it is more
advantageous to formulate the problem in the “ideal” Hilbert space H,.-.
The annihilation and creation operators of particle groups in Hi obey the
usual (anti) commutation relations

[a(gx), a(rR)] f = [a+(qgx), a+(r/3)]T= 0,
[a(gx), a+(rB)] T = b(gx \rR) ,

where a(gx) (a+(gx)) means annihilation (creation) operator for a group of
particles characterized by the “wave function” qux(£4). In eq. (A.3) commu-
tation or anticommutation is understood depending on the “common fermion
content” of the particle groups. Generalizing the arguments of [3] it can be
shown that the section of H, in which the state vectors | ®> satisfy the sub-
sidiary conditions

*r<lp >= = nrng\dy, (A.4)

as isomorphic with the Hilbert space of physical states, where
li;rg SactiNea+(rx) a+(qR) <rxqf |I,| rxj qBR) a{rxy) a(qlRx) , (A.5)

Z= 1,2,...,L, and the upper (lower) sign holds, if the Z-th elementary
particle is a Bose—Einstein (Fermi—Dirac) particle. Furthermore

Nr\0) = nr|®>, (A.6)
where
Nr = Saa+(ra) a(rx) (A.7)

is the number operator of the r-th particle groups. Now the Hamiltonian in
Hi can be written as

A= HO0+ V, (A.8)
where
Ho = ~ Saai a+(rx) <ra |A0/rxRB) a(raj) ,
(A.9)
v = — NS mUfBla+(rx)a+(qB)(ir<xqf\V\rxlgRiya(rxl)a(qRl).
4 ra
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If the Hamiltonian of the system is given by the expression
H= £ lex, y>f(x,) LLX,) y>,(xi) +
+ Jax, dx,  (x) LG Vu(x,, X)) y>,(0) ipi(x) +
+ ky’l JI dxkdx, y4 (xK) y>f(x,) vk (xk, xi) ip,(x,) WK(xK) ,
<

the matrix elements occurring in (A.8) are given by the following expressions

<ra\HO\rcci) = <ra]Tjrxj) + <ra\Wroq) , (A.10)

where

<p\T\r<x.i) = S(r<p*rAfr) YL Mxn) <PriEr .

. . T L
<ra\Wrxi) = Sirga(lr ) k}\’_|k|r Ki(xkl, xn) + (A .11)
i
-r~2- W[OI'— 1)vuxn>>*lh) ANn{r) m
i

Furthermore,

<rxqi3|F| rax(//2,) = SNe ErRIENEH jkj? Yid{xn ,xLLL yrJ R 1) <PR(&) > (A.12)

and in the last equation €|r, aci 6 The matrix elements of operator
are given by the equation

(rctgR [Jj| rorfft) = IMNEHI9N(L 0 ¢, N?«) (A.13)

where the tilde over the arguments means that Xy C£rand x'u £ should be
interchanged. Following [3] the free energy operator of a generalized grand
canonical ensemble can be defined as

m L
3T=H - Y HNg+ ¥ 2 Yomhr4, (A.14)
9=1 ;g

where flg and vy, rg are the usual Lagrange multipliers associated with the
density of the particle groups and conditions (A.4). In order to save space the
alternative form of (A.14)

<JT = HO+ Fetf
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will be used, where Feff means the terms of ..3I" containing all fourfold products
of annihilation and creation operators. Now one can form the density operator
of the generalized grand canonical ensemble as

Q= Z-1e-AT, (A.15)
where

Zg= tre-MT (A.16)

is the grand partition function and B = (kT) 1, k is Boltzmann’s constant.
The average of any operator 0 should be calculated by the expression

<0) = tr00, (A.17)

and the thermodynamic potential W of the ensemble can be defined as

W = -8 -1\nZg. (A.18)

From eqgs. (A.4), (A.6) and (A.15)—(A.18) the Lagrange multipliers in (A.14)
should be fixed from the conditions

aw
= —\Wo
9,
(A .19)
aw
= *nrng,
QVl-rq

which point out the suitable subsection of H/. Any operator 0 can be ex-
pressed in Hi with the aid of the “ideal” annihilation and creation operators.
The most general operators occurring in practice are of the form

0 -01 02, (A.20)

where

i= \] dx* 77+(a ) QU(41) ip,(X)

1 L r
02= —~ Nk, Y>H(X) YRH(XD) 0.1 (xh x)) FXT) y),(X) +

+ 2 jodx, dxk (X)) ¥k (%) OIK{X,, xK) VK(xK) Wi(xi) =
I<k J
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In Hi these are expressed as
01= r Sail a+(ra) (rx\OR rxj>a(ral)

02= 2 sada+(ra) <ra|02rax>a(rax) -

+ - -V SaaiNea+(ra) a+(qR) (rxqB |02 r*! gB-B) a{rxR)a{qRR),
7
where

<rajoljr«1>= Sfro5a(lr) 2 i To m 9r*S?)
_ 1 L
<ral02rax> = Sir93*a(|r) — AT 7*0/fc(*ii»*fti)+
2 14H

4 ~>J107 1) Ou(xIr, xI2) <xd $r)

(rxqB\02\rx1qgR1) = S/ tp*x(in) EYR{Eq J £jajk Olk(xn, xXkl)1X
Ik

X<Pr«,{£r) PqRi(£4) ,
and in the last section Hu £ €f.

Appendix B

In this Appendix we determine the connection between the spectral
function and the generalized thermodynamic potential. The thermodynamic
potential plays a central role in this theory; we select the suitable section of
Hi with the aid of the thermodynamic potential, and it is also closely con-
nected with the macroscopic parameters of the system. Introduce a formal
coupling constant in the non-diagonal part of the free energy operator

& (A= <~d+ ArM,

where

3?d = 2r S*a+(rx) [(rx \HO\rx} - fir]a(ra) ,
and

K = K + K =2 S«*t«+tM <ix\HOrx,}a(rx,) +
r
+ S*dRl a+(rx) a+(gR) (rxqB\Vefl\rx, qi3,} «(raj a(9ft).

rq

Of course 1) = nr, and W{1) = W. From the definition of the thermo-

dynamic potential it follows that
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w*_(X)
i (B.1)

where the index Ameans that the average should he taken with the aid of the
density operator
p(A) =

With the aid of the relations

’\I_S.e+(r«) [Yd,a(r*)]_=-¥Yn,

2r S. 0+(ra) a(ra)]_= 2
we can write
<NA>X = {Sa#ai {rotd( ra,> <o+(ra) a(raj)\ —
S, Ka |ai) <a+(ra) a(ra)] >x}.
From this equation
{Wn = 1 7~ Saal {[A<ra\Hdrotyy - d6(a a,) ((1 + A) <rajHOjra> ~)] X

X <a+(ra) a(ra,))a - d(ala,) <a+(ra) [->K(A), a(ra)]_>,,

Using the definition of Green’s functions and the equation of motion of ope-
rators

O-K>K:—zi2 (£)" s’ A(ra A0raj) o(a]at) X
X 1-gt ----- (1+ A<ra A0[ra) -f fir G(rotljra;i= —0,A),

where we have indicated explicitly that the propagator is a function of A
Applying the Fourier transform and taking into account (4) and (7)

<wmn =y o {A<ra|si0raj) + d(ala,) X
c
X o - (L+ A <ra|AQra> r(co) A(raj jra; co, A,

where C is the real axis closed with a semicircle on the upper half of the

plane. With the aid of (B.l)
1

w w(l)= wo)y+j-~<nN,>x,

where JU(0) is the thermodynamic potential belonging to the diagonal part
of , which can be calculated with the usual methods of elementary statistical
mechanics.
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MPOBNEMbI MHOTMX TEJ/1 MO MPYMNMNOBbIM ®YHKUWAM YACTULL

Ab. BIOTU

Pestome

B paccmoTpeHuUM cuCTEM MHOTMUX 4acTul, B HeKOTOpOI?II CTeneHn npuHUMaeTca BO BHU-

MaHWe KOppensuus 4vacTul BblIGOPOM FpynnoBbix 6a3uCHbIX yHKUMIA YacTul. OfHako, ecnu
3T 6asucHble (YHKLUU He YLOBNeTAOPA0T HEKOTOPbIM CTPOTUM YC/MOBUSIM («CTporas opTo-
rOHaNbHOCTb»), BO3HWKAET HECKO/bKO MaTeMaTW4eCKUX TPYAHOCTel. VMcnonb3ys paHblue pas-
paGoTaHHbI/i MeToL 4151 NPeoONeHUs faHHbIX TPYAHOCTEN, HaMK JA0TCS NPaKTUYeCcKne MeToAbl
ONS peleHUs aToli npobnembl. MpumeHseTcs GopMann3M FPUHOBCKUX (YHKLMIA MapTuHa n
LLIBuHrepa, MCcNonb3ys noneBble ONepaTopbl A4S FPYNN YacTUL, C BHYTPEHHUMU CTENEHSIMW CBO-
604bl. Hapsigy ¢ BO3MOXHbIM BbIYUCANTENbHLIM MPEUMYLLECTBOM W Ae/ACTBUTENIbHO BaXHOCTbIO
npo6nembl, faHHas Teopus AaeT HEKOTOpble BO3MOXHOCTM Ans ab initio MMKpOCKONMYeCKOii
TEopun KOHAEHCUPOBAHHbLIX cped. HakoHel, faHHas Teopus MOXET 6bITb MOMe3Ha NpU YSICHEHUK
HEKOTOPbIX BOMPOCOB PeNSTUBUCTCKOW TEOPUM NONS CTPYKTYPHbIX YaCTUL.
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DECAY SCHEME OF Pru

By
F. A. E1l Bedewi, Z. Miligy, N. A. Eissa* and M. Morsy
PHYSICS DEPARTMENT, FACULTY OF SCIENCE, EIN SHAMS UNIVERSITY, CAIRO, UAR
(Received 11. 1. 1968)

The decay of the 17.5 min Prl4has been investigated with a scintillation spectrometer.
The energy of the gamma transitions in the daughter nucleus Nd14 are found to be 2.18, 1.49
and 0.70 MeV in agreement with the measurements of other investigators. The ambiguities
concerning the previously reported 2.8, 1.67 and 1.16 MeV gamma transitions are removed.
A decay scheme is then proposed.

1. Introduction

The beta transitions following the decay of Prl44 have been carefully
studied by Emmerich et al. [1] using a magnetic lens spectrometer. They iden-
tified three beta groups with energy limits of 2.98 ~ 0.02 (95.5%), 2.28 ~ 0.2
and 0.80 i 0.1 MeV, thus confirming the results of Alburger et al. [2],
John et al. [3] and Porter et al. [4].

For the gamma transitions, previously published results are more contro-
versial. Keller et al. [5] and Porter et al. [4] observed a 60.3 keV internally
converted gamma rays which they assigned to Nd14 E mmerich et al. [1]
confirmed its existence but were unable to find a 60 keV free gamma ray.
However, Cork et al. [6] settled the question by proving that the conversion
line is actually due to the 59 keV y-ray line in Pri4 By photoelectric and con-
version electron measurements Alburger et al. [2] observed gamma rays
of energies 0.695 0.005, 1.48 ~ 0.01 and 2.185 ~ 0.015 MeV having relative
intensities 1 : 0.4 : 1.1, respectively. These results were confirmed by Porter
et al. [4] who used a similar technique and by Cork et al. [6] and Kreger
et al. [7] who employed a scintillation spectrometer. Moreover, Cork et al. [6]
were able to observe in the single spectrum of the 2.185 MeV two gamma peaks
of energies 1.7 and 1.1 MeV which were interpreted as single and double anni-
hilation escaped quanta. Applying the same technique Firsov [8] found gamma
rays of energies 2.8, 2.185, 1.7, 1.49, 1.1 and 0.7 MeV with relative intensities
2.5, 100, 2, 30, 2, weak and 150, respectively. He suggested a decay scheme
with two new levels at energies of 1.7 and 2.8 MeV. So it was necessary to
check the existence of these levels by studying in detail the single gamma
spectrum.

* Physics Department, Al—Azhar University, Cairo, UAR
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2. Experimental technique

The source applied in the present investigation is made of pure Cel#d
of 282 days half life in equilibrium with its 17.5 min Pr144 daughter activity.
It was prepared by extraction from fission fragments of uranium and supplied
by the Amersham Radio-chemical Laboratory.

Measurements have been performed with a scintillation spectrometer
using 5.1 cm X 5.1 cm Nal (TI) crystal coupled to a (10—17) RCA photomul-
tiplier and a transistorized RIDL 200 channel analyser. The resolution of the
spectrometer was found to be about 7.5% for the 661 keV gamma quanta
of Cs137. The energy calibration has been carried out in various regions of the
spectrum by means of standard sources of almost the same strength as Pri4

The single gamma spectrum was measured, with the source in contact
with the crystal and at 10 cms above it (to minimize the intensity of the
summing peaks), several times during a period of one month. The relative
intensities of the peaks were the same, indicating that the Cel# source did
not contain any impurities. After each set of measurements the natural back-
ground was subtracted under exactly the same experimental conditions.

3. Results and discussion

A representative spectrum with the Prl44source in contact with the crystal
is shown in Fig. 1. The energies of the observed gamma groups together with
the relative intensities after being corrected for crystal efficiencies are also
shown in Table I. Since the highest observed transition energy is at 2.18 MeV,
attempts have been made to find higher transition energies but none has been
observed. It thus seems that the y-transition of energy 2.8 MeV observed by
Firsov [8] does not exist and may be attributed to the piling up of the 0.695
and 2.18 MeV radiation or may be that of the 1160 and 1670 KeV radiation.
The former is much more probable. It should be pointed out that the gamma
transition of energy 2.18 MeV is found to be partially due to the summing
of the 0.7 and 1.48 MeV transitions since its relative intensity decreases when
carrying out the same measurements with the source 10 cm above the crystal.
The percentage of such a decrease in intensity still supports the partial existence
of the 2.18 MeV group as a real transition. It should also be noted that the
present intensities of the 700 and 1480 MeV transitions are found to be 50%
higher than those reported by Firsov and this could be attributed to the high
summing probability of the peak at 2.18 MeV in his measurements. To decide
whether the 1.67 and 1.16 MeV transitions are real or due to single and double
escaped annihilation radiation from the 2.18 MeV transition or due to real
gamma transitions of these energies plus the single and double escaped peaks
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Fig. 1 Single spectrum of Priil
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Fig. 2. Normalized Bremsstrahlung spectrum of the pure beta emitters

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



DECAY SCHEME OF Pi 201

Fig,3. Single spectrum of Pri44 after subtracting the normalized Bremsstrahlung spectrum
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of the 2.18 MeV transition, the peeling off method [9] was applied. However,
the presence of the intense 2.98 MeV beta group gives rise to a high background
of Bremsstrahlung radiation and one has to subtract this from the single
spectrum before carrying out the peeling-off method. The exact shape of the
Bremsstrahlung radiation has been determined by applying sources of pure
beta emitters of nearly the same intensity as the Celdd source. The chosen
beta emitters were P32 Sr%®0 -j- Y0 and Rh106 and their spectra were measured

Fig. 4 Present decay scheme of Pri#

with the same geometry. The Bremsstrahlung spectrum of each mentioned
standard isotope was normalized to the same intensity of the Pri# source at
the points corresponding to E/2, where E is the beta end-point energy of
the measured sources. The normalized spectra of these isotopes are shown in
Fig. 2 from which it is possible to calculate the normalized Bremsstrahlung
spectrum of Pri44 Fig. 3 shows the single spectrum of Pri#4 after subtracting
the normalized Bremsstrahlung spectrum. Applying the peeling off method
the peaks at 1.67 MeV and 1.16 MeV were found to be the single and double
escaped annihilation peaks of the 2.18 MeV transition. If these groups do exist
the upper limit for their existence was estimated to be 0.01% and 0.016%
from the intensity of the 2.18 MeV peak. The remaining gamma peaks at
0.7, 1.48 and 2.18 MeV seem to be real and their relative intensities, after being

Table |

Energies and relative intensities of gamma rays of Pri#

E (keV) Relative intensity
700 £ 15 240
1160 £+ 20 < 0.016
1480 + 20 48.3
1670 + 30 < 0.016
2180 + 30 100
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corrected for the crystal efficiencies, are shown in Table I. In accordance
with the above mentioned results the decay scheme of Prl44 is proposed as
hsown in Fig. 4.
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PN~ wNE

CXEMA PACIMALA Pri4
®. A. 911 BEAEBW, 3. MUNUTW, H. A. 3UCCA n M. MOPCW
Pe3tome

CUMHTUNNALMOHHBIM CNEeKTPOMETPOM Obln nccnegoBaH 17,5-MUHYTHbIA pacnag Pridd.
OHeprua ramma-nepexoga B fgpe-govepu Nd14 coctaBnseT 2,18, 1,49 n 0,70 M3B B COOTBET-
CTBUM C W3MEpPeHWsIMM APYruX uccnefoBaTeneil. [BYCMbICIEHHOCTb MO OTHOLUEHWIO paHee
ony6/IMKOBaHHbIX 3HauyeHuin 2,8, 1,67 un 1,16 Ms3B npu ramma-nepexofax JMKBUAMPOBaHA.
B nocnepytowweli yacTu npegnaraeTca cxema pacnaga.
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The gamma spectra accompanying the decay of the 22 min. Pd111 and the 5.5hPdllIm,
were studied with a scintillation gamma ray spectrometer. Seven new gamma transitions were
found to be associated with the decay of Pd1ll The energies of these gamma rays are 220,
300, 350, 500, 770 and 1150 keV. A scheme representing the decay of Pd1ll and Pdulm is
proposed.

1. Introduction

The beta and gamma ray spectra associated with the decay of the 5.5h
Pdmm and the 22 min Pd111 were first studied in 1952 by M cGinnis [1] who
observed a 2.15 MeV beta ray group and 60 keV conversion electrons in these
decays. Additional beta and gamma ray measurements employing the scintilla-
tion spectrometer technique were later carried out either by irradiating enriched
palladium metal with reactor neutrons (Pratt and Cochran [2]) Or by investig-
ating the PdIlllm activity from the reaction Pd110(d, p) Pd111 as reported by
Ecctes [3]. These measurements indicated that the association of the beta
ray groups to the isomeric and ground states was based on the existence of
gamma rays having 22 min and 5.5h half lives. In the decay of the 22 min
ground state Pratt and Cochran [2] observed beta rays of energy 2.18 MeV
and gamma rays of energies 377, 580, 620, 810, 1380 and 1450 keV but no
decay scheme was presented.

In the case of the 5.5h isomeric state these authors were able to associate
with it beta rays of energy 2.02 MeV and gamma rays of energies 170 and
1690 keV. Eccres [3] confirmed these gamma ray groups and was able to
report 24 additional groups of energies ranging from 67 to 1990 keV among
which a number of weak and uncertain groups were listed. However, this
author presented a partial level diagram of the daughter nucleus Aglll on
the basis of the majority of the observed gamma ray energies together with
their relative intensities and a comparison between the low lying levels of the
isotopes Agl107 and Agl.

The above review shows that a careful investigation is required for the
decay of both the isomeric and ground states of Pd 111 isotopes in order to check
previous data as well as to propose reasonable decay schemes for both isotopes.

* Physics Department, Al—Azhar University, Cairo, UAR
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2. Experimental procedure

Samples of spectroscopically pure Pd Cl, were irradiated either for 20
minutes or 5 hours in a flux of about 10*® thermal neutrons - cm —2 - sec 1 in
the WW —RI reactor at the UAR Atomic Energy Establishment. The separa-
tion of palladium by precipitation with dimethylglyoxime [4] was not found
suitable for the study of the 22 min Pd''! since a long period was required.
The process adopted for separating palladium from chlorine was to dissolve
the irradiated sample in NH4C1 in order to replace the active chlorine ions by
inactive ones, and then forming a Cu—Pd amalgam by dropping some solution
on copper foils of 0.2 mm thickness. After a few minutes the copper foils were
washed with NH,Cl and then, with distilled water. They were then heated over
a direct flame to expel the existing chlorine. For the measurement of gamma
ray spectra a scintillation spectrometer with a transistorised RIDL 200 channel
pulse height analyser was used after it had been calibrated for energy and
intensity. The applied detector is a 5.1 ecm X 5.1 em Nal (TI) scintillator, opti-
cally coupled to a RCA 6810A photomultiplier. The resolution of this detector
has been found to be better than 7.59, for the 661 keV gamma ray of Cs!%.

Measurement of the low energy region of the gamma ray spectrum was
carried out while the source was in contact with the crystal or a few centi-
metres higher, depending on the source strength, whereas lead absorbers of
25 mm thickness were used in investigating the high energy region. The
energies and relative intensities of the observed gamma ray groups were deter-
mined by applying the peeling off method [5].

In investigating the decay of the 22 min Pd''!, measurements started
on the 20 min exposed samples within one hour of the end of the irradiation
period. A number of successive measurements were then carried out conti-
nuously during a period of two hours and the corresponding half-life time of
each gamma group was determined. These measurements proved that the
entire spectrum was due to the 22 min Pd!%, the 5.5h Pd'""™ and the 13.6h
Pd1%, After a comparatively long period, the activity of the ground state Pd!!
became negligible and the spectrum represented the activity of the remaining
palladium nuclei. The intensity of the background spectrum due to Pd'®
was stronger than that of Pd*'™ a5 the abundance of Pd1%8 is twice that of Pd!10
and their neutron capture cross-sections are 11 and 0.4 barns, respectively.
However, the contributions of these background spectra measured after
a period of 5 hours from the beginging of the experiment were subtracted from
the first measurement, carried out with the same geometry, after making the
necessary decay corrections. By this process the spectrum of the 22 min Pd!!!
was determined for various samples.

In the case of the Pd""™, samples exposed for 5 hours were used after
a few hours from the end of irradiation to secure a negligible contribution of

Acta Physica Academiae Scientiarum Hungaricae 25, 1968




DECAY SCHEME OF Pd111 AND Pdmm 207

the 22 min activity. In a similar way to the case of Pdlum successive measure-
ments were taken and the background contribution of the 13.6h Pd10 was
subtracted from the total spectrum to obtain the pure spectrum ofthe 5.5 Pd11L

Fig. 1. Single spectrum of the low energy region of activated natural palladium
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3. Results and discussion

Representative spectra of Pd11l and Pdllim for the low and high gamma
ray energy regions are shown in Figs. 1—4. The energies and relative inten-
sities of the gamma transitions are presented in Tables | and 11 after correcting
for crystal efficiencies and absorption, then normalizing the intensities to

Fig. 2. Single spectrum of the high energy region of Pd1ll using 2 mm Pd absorber

a value of 100 for the 220 keV gamma transition. A comparison with the ener-
gies of gamma transitions observed by previous authors is also presented in
these Tables. The errorin the relative intensity is estimated to be about 20%
(relative error).

For the 22 min Pd1ll seven new transitions of energies 220, 260, 300,
350, 500, 770 and 1150 keV were found to be associated with the decay of
this isotope. The other six transitions of energies 395, 580, 650, 810, 1380

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



DECAY SCHEME OF Pdm AND Pdirl 209

Table 1
Energies and relative intensities of gamma rays of Pd1ll (22 min)

Energy of gamma transitions in keV

McGinnis [1] CF:)Zitrtan a”[g] brosent work relative intensity
1960
60 — 65 + 5

— 220 + 10 100
— 260 + 10 200
— 300 + 10 150
— 350 =+ 10 185
377 395 =+ 10 400
- 500 + 20 250
580 580 + 20 370
620 650 = 20 315
— 770 = 20 100
810 810 + 20 200
- 1150 + 20 85
1380 1380 + 30 100
1450 1450 £+ 30 140

and 1450 keV were found to be in agreement with the results of Pratt and
Cochran [2].

In the case of the 5.5h Pd mthe transitions of energies 65, 170, 300,
350, 395, 500,580, 650, 810,960,1060,1240,1380, 1580,1700 and 2000 keV
were in agreement with the results of e cci1es [3]. The transitions of energies
108, 128,435,479, 865, 1315 and 1780 and 1780 KkeV were reported by
Eccies [3] in his decay scheme without representation due to their very weak
intensity. In the present investigation special care was taken to search for
these transitions, but nothing was observed.

Applying the present data of the energies and relative intensities of the
gamma transitions, one can attempt to construct a number of decay schemes
which may account for a good percentage of the observed transitions. However,
the decay scheme proposed in the present work as shown in Fig. 5 is found
to be most consistent with the experimental results as well as with the already
established data. Moreover, its construction is based on the systematics of
the low lying levels of the other silver isotopes. It should be pointed out that
in order to have a satisfactory energy level scheme for Agl1ll, the decay scheme
of the 22 min Pd11 was first constructed and then the other decay scheme of
the isomer was superimposed on it. The beta decay of Pd1ll is considered
to feed mainly (85%) the excited level of the daughter nucleus at 65 keV,
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Table 11
Energies and relative intensities of gamma rays of Pdlllm (5.5h)

Energies of gamma transitions in keY

Present

McGinnis [1] Prate and Eccles [3] relative intensity

lo5n Cochran [2] 1962 Present work
1960
67 65 + 5
108 -
128 —
148 —
170 170 170 170 £+ 10 8200
— 220 £+ 10 100
— 260 + 10 250
293 300 + 10 160
367 350 + 10 180
395 395 £+ 10 440
435 —
479 —
523 500 + 20 200
584 580 + 20 250
650 650 + 20 325
727 685 + 20 120
— 770 + 20 100
828 810 + 20 150
865 —
963 960 + 20 65
1030 1060 + 20 75
1140 1150 + 20 55
1220 1240 £ 20 60
1315 —
1400 1380 + 30 50
— 1450 + 30 55
1600 1580 + 30 70
1690 1690 1700 + 30 65
1780 —
— 1860 + 30 40
1990 2000 + 30 50

while Pdllim decays mainly (80%) to Pd111 This latter value has been estimated
from the present relative intensity of the 170 keV transition after correcting
for the internal conversion using a value [7] of a = 1.24 for this transition.
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Fig. 3. Single spectrum of the low energy region of Pd,,nl
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gamma ray intensity *10

Fig. 4. Single spectrum of the high energy region of Pd1,Im using 5 mm Pd absorber

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



DECAY SCHEME OF Pd»1AND IM»'m

Log ft

4.8
5.4
5.6

4.8
5.6
6.0

213

Table 111
Energies, relative intensities and log ft of different betas accompanying the decay of Pd111
and pdiUm
Isotope EB keV iifel?lls,iivt?/

22 min Pd1l 730 2.9
1110 4.6
1600 5.6
2115 58.0

3.5h PdInC 350 2.6
490 1.4
770 21
1520 0.9

7.8

Fig. 5. Present decay scheme of Pd and Pdllim

level energy
kel/

2000

1860

1580

H50

1070

750

580

395

300
260
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Assuming the proposed decay scheme to be correct the relative intensities
of the beta components feeding the different levels in Aglll were estimated
according to the relative gamma intensities. On this basis, the log ft values
for each beta group were calculated as presented in Table Ill. It can be seen
that most of the beta transitions whether from the excited state or from the
ground state of PdIn appear to be allowed or first forbidden. Thus, a great
variety of spins and parities are probable for each of the excited states in Aglll

The low lying excited states in Aglllat 0, 65, 300 and 395 keV are known
to have spins 1 /2, 7+/2,3—2 and 5—2, respectively. For higher excited states
the present investigation shows that the level at 580 keV can have the as-
signments 3+/2,5+/2 or7+/2 since this level is populated by an allowed beta
component. This level is de-excited by emission of the 580 keV gamma tran-
sition (relative intensity 250) to the 1 /2 ground state and so its probable as-
signment is 3+/2. The level at 750 keV isfed by a first forbidden beta group,
so it can have a spin and parity of 9+/2, I1+/2 or 13+/2. This level decays
through a 685 keV gamma transition (relative intensity 120) to the 7+/2
level at 65 keV which makes its probable assignment to be 9+/2.

According to the assumption that the levels at 300 and 395 keY are
the first and second rotational levels, the energies of the third and fourth rota-
tional levels, of spins and parities 7 /2 and 9 /2 will theoretically be at 1070
and 1250 keY, respectively. The existence of the third rotational level is con-
firmed by the observation of direct transitions of energies 650 keY (relative
intensity 315) and 770 keY (relative intensity 100) from the 1070 keV
level to the second and first rotational levels at 395 and 300 keV, respectively.
Moreover, the beta group follows that a spin value of 7 /2 can be assigned
to this level.
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R wWNE

o

CXEMA PACMNALA Pdm u Pdllm
£0. A. 30 BEAEEW, 3. MUTATU, H. A. DUCCA n M. MOPCHU

Pesome
CUMHTUANALMOHHBIM FaMMa-CNeKTPOMETPOM M3yyajics ramMma-cnekTp pacnaga Pdll
(22 muH) n Pdllim (5,5 4). HailgeHO ceMb HOBbIX Framma-MepexofoB, NPUHagNexalwmnx K pacnagy

Pd11l 3HauyeHUs 3Heprum JaHHbIX ramma-nydein cnegyrowme: 220,300,350,500,700 »n 1150
KaB. lMpeanaraetca cxema, npegcrtaenswowas pacnag Pdm wu Pdulm.
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NONLINEAR MODEL IN QUANTUM FIELD THEORY
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The mass spectrum of a nonlinear real scalar field was sought for using Ritz’s varia-
tional method. In the case of suitable renormalization 1, 2 or 3 finite values of rest mass were
found. The different types of these excitations belong to different inequivalent representations
of the field operators.

The programme of the nonlinear field theory has a maximal aim of
describing a number of elementary particles and their interactions by a single
field equation. After the first steps, however, enormous mathematical diffi-
culties arise. Just because of these we do not yet know whether such a prog-
ramme might prove successful, or whether it is inadequate for describing the
world at all. Efforts have been made essentially in two directions. There have
been attempts to investigate the content of an equation which has been regard-
ed as a candidate for the full description. This line was followed by Heisen-
berg in establishing his famous equation [1]. On the other hand, the mathe-
matical structure of simple models has been investigated in order to gain
experience for the final solution.

This approach was successful in finding simple, exactly solvable models
and in giving an approximate solution to other models [2]. These calculations
yield some insight into the mathematical structure of nonlinear field theories.
The present paper gives an account of such an attempt.

The nonlinear real scalar field, previously investigated by Goldstone,
Marx and Kuti [3] has been modified by an additional term in the field
equation:

O %+ /l<p+ AXR— AqB= 0. (1)

where xqc IS the new term, which destroys the py — —tp symmetry of the ori-

ginal model. The solution was sought for within the framework of Lagrangian
formalism and canonical quantization.

* Present address: Institute for Experimental Physics, Roland E&tvés University,
Budapest.
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§ 1. Canonical quantization

The Lagrangian corresponding to the field equation (1) is:

L= "-%<pdli<p+ ,
2 P P 2 0 4

where [lg pil Ag are real parameters. We use a system of units, in which

h=1,c¢c= 1L
For the momentum conjugated to 9

ne = o (2)

we require canonical commutation relations:

[cp(r, t), <p(r\ )] = [a(r, t), n{r\i)] = O,
I>{r,t), (r' t)] = —16(r —r").

The Hamiltonian and the field momentum is given by
H=J@w- L)cp, 3

o g VDT Ve T (4)

Supposing that the field is enclosed in a cube of volume Q we represent
P and n by Fourier expansions:

€ (r,t)=~)" q kt)eik ®)

ap = YT PM e-ik> (6)

where the vector index K = (kx, ky, kz) runs over the values
kf — 2 nii~ 137ij ni=0,+ 1,4-2,+ ome i —Xx,y, z
Eq. (2) is equivalent to the commutation relations
(P 4k] = — iaky 5 nkipkg = [pay = 0 (?)
and the hermiticity of o and n requires
4k —4-km Pk= P—Km
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The relations (3)—(7) define a quantized field: pkgk,H,P are elements of
an abstract algebra, and they obey the above relations according to the opera-
tions defined in this algebra.

A representation of this field means ahomomorphism between the pk, gk
algebra elements and pk, gk operators acting on a separable Hilbert space 31?.
A representation is called “proper” if the set of linear operators acting on 3P
contains elements, say H and P, homomorphic to the algebra elements defined
by eqgs. (3) and (4). For a “physical” representation some further properties
(existence of vacuum state, Lorentz invariance) are required.

The basic problem is to find proper representation. This is over and above
the customary difficulties of solving the eigenvalue problem. Exact represent-
ations have been found so far only for very simple models.

Another difficulty beyond those of quantum mechanics is involved in
the following. Yon Neumann’s theorem states [4] that in the case of a finite
number of pk, qu variables (i.e. quantum mechanics) all irreducible represent-
ations are equivalent, i.e. they can be transformed into each other by unitary
transformations. So, if one of these representations is proper, all of them are
proper, and all representations give the same physical results (e.g. eigenvalues).
For an infinite number of variables this does not hold.

§ 2. Generalized coordinate representation

Let us consider the linear space of the twice differentiable functions
of a numerable infinite number of real variables

W= W(X0, *leee)m

We define the following linear operations on 3f-
XJ rp(XO,Xl):XJ y>(X01*I-)1

PiV>(xo,*i- +m) = —- BXJ V(X01*i- «*)m

Since within each Hilbert space 3tf C 3P, where the scalar product of any two
elements of 3if, say ® and &' is defined in an appropriate way to realize the
usual definition (®, ®') = j d*¢p" dx0dx1...)

[Pj,XI] = idj,,

[Xj.X.,] = [P},PI]= 0

and Ai, Pj are hermitian, it is easy to construct a representation of the commu-
tation relations (7) using ~y’s and Py’s.
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So we identify the labels of the xj variables with the k vectors of eqgs. (5)
and (6), and introduce the definitions,

oK —-§=- (X* + iX-k)
for Kk > 0, (8)

Pk=jA(pk-ip-k)
4—«—4kw P—k Pkl @—Xo, po—Pql (©)

where kK> 0 means that the first nonzero coordinate of K is positive. Using
the Z 6(0, 00), 0%6(0, 2 n) (fe>0) new real variables defined by the equations

xk= zk cosO0~*, x_k= zk sin 0%*,

we have on the basis of egs. (3), (4), (8) and (9) the algebraic expressions homo-
morphic to H and P:

a=-4. +0 - 4o+ (*2- 144
2 og* 2 2 &0
£ (%) +
I3 6172 *£Em>0
+ 00 4+ 0+
k>0 3 (10)
+ — (— zkZiZmZnei(xek+te,xem+e™)d (x k£l m £ n) +
B 116 k1,mn>
+ — = *0 A (1) »ft*i*mei<tette*te™)d(xfc £ 1xTn) +
22 «in>0
+y*oN’4 +2-4
2 /c>0 4
P="ik~—
k>0 30*

where zI*2) is the two dimensional Laplace operator in the polar variables

2%, 0* and means summation over all indicated combinations of signs
too, and

if k= 0,

if KpO.
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§ 3. Variational method

According to Schiff [5] we shall apply Ritz’s variational method to
approximate the proper representations with the following reasoning. In the
Hilbert space of a “good” representation the eigenfunctions of M realize
different “local” or “conditional” minimum values of the expectation value
(ip, H ip). Obviously, if we carry out this minimalization in a “larger” (non-
separable) Hilbert space, the resulting functions possess a minimum property
in a “smaller” (physically reasonable, i.e. separable) Hilbert space contained
in the original larger space.

We use the trial functions

V = WO(x0) H ' F k(zk, e K). (11)
k>0

Thus a single gk function contains the variables xk andx_k. A sufficient norma-
lization condition reads:

<nm > 1N bl Rd*n= 1,
(12)
\"k(zki ®k)?zkdzk .
Since H and commute with each other, we are looking for their

common eigenfunctions. The eigenfunctions of P having the form given by
eq. (11) are

Yy = MN(*o) / /I | abl * in*e S
k>0
where ip0,fk are arbitrary functions, nk= 0,1, ~2, .... The corresponding
eigenvalue is K = £ knk

k>0
For such wave functions

<PTIH[¥'> = /¥'Q - A X2 A +A . 7'ZE/\'|'

2 dxl— 2 T 3lQ No

Y (PKk - - A -

k>0( \242)+ Z(&Z Pln +%|_1J 0)

- A <yQxOw0> V (wk\z\wk) + 45 2 </M141«V & M T +
1 ** k>0 4 kAI">/O

395 . (13
+ —Zﬁl B,EI,YO)/<\>/04I4I >,

yl'cta Physica Academiae Scientiarum Hungaricae 25, 1968



220 F. MEZEI

The auxiliary conditions (12) will be inserted into the minimalization
with the Lagrange multipliers EOE k (k~> 0): These are equivalent to the
following system of coupled differential equations:

+ V(x0 %fo=HoWo- (14)
2 ax%
where
v(x) =i
n k>0 |F >,
= k>0
and
- — Ap + VK@K Vk= EkWk, (15)
where

Vk{Zk)~ 80U k+ 2 *2 [|2+ U <¥rndlyk>n

+ M <1BA)YC>- <oolo> 14 m

Eqgs. (14) and (15) are identical to the Schrddinger equations of the one
and two dimensional motion of a free particle of mass unity. V(x0) may lead
to one dimensional anharmonic oscillations around two equilibrium positions
Xa and X8 (Fig. 1), whereas Vk(zk) correspond to two dimensional anharmonic
oscillations around zk = 0.
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When solving these equations we must take into account that H is defined
by a limit H = lim Hk4i where Hk is obtained from eq. (10) by summing

.
only over indices \k\, | Z|, \m \, |n| <CK.
This is why the parameters X, /io and Al can be considered as functions

of K. It is sufficient to require weak convergence, that is:

<>F|H|0> = lim <?\HKx |(J1*(K),/(K),**(X))|P > (16)
K.—00

for all W, ® £ 30?, the Hilbert space of the specified representation. Eq. (16)
defines H. We are interested in large values of Q, but the Q — oo limit does
not alter our results at all, so we shall omit it. We mention that this is not
inconsistent, since all physical measurements are confined to a finite region
of space. But, on the other hand, the Q —* 00 limit may lead to superfluous
complications concerning inequivalent representations [6].

8§ 4. Renormalized solution

We approximate the solution of the system (14)—(15) by the ground
state eigenfunctions of one dimensional harmonic oscillators for rp0 and by
those of two dimensional harmonic oscillators for y>k The corresponding

frequencies are co™ = and (oi\ where t refers to the type of the solution
x4 or XB according to Fig. 1. (In what follows t means “A or B”))
Thus

CNoW N0) = xt»

+ (17)

—1
2 co>

<Tfcl4|¥fc> = ~ .
| ok

So we obtain the following relations as conditions for the self-consistency
of our approximate solution:

n*o)=4~(“q°)2(*o0-*/)2 +* terms of higher order,

vk(*k)= ~ K (0)4 terms of higher order.
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Using eqs. (14), (15) and (17), we have:

7S=3M #T -2"TM -n
f

. (18)
cokM' = k2+ 3L I~ -j - 2 - W= «o(°2+ 2,
and Xt is subjected to the condition V(xt) = extremum, i.e.
(19)
where
fix=ta-3 P 0Qt, r2—xl «Qt, (20)
0 4

The system of equations (18)—(20) does not have a finite solution for
non-vanishing Aq, xe, since Q is a quadratically divergent function of K :

Q(K)y=— Y -i- — L_TI'~ dpP dé\Kdk fc2sm”n=- =
Q) [kirK (28)3J_,./2 Jo Jo [ k2-\-T\
= W U * '+ ¢ T m )'

So we are forced to introduce the renormalized parameters which may be
chosen to be real finite numbers:

12= lim WK) InK ,

fiz= Nm oK) S KIK2)
K- 2(2w2

n2= lim x2(K) -------- N e .
K-*~ 2 (2n)2fin K

Thus eqgs. (18) —(20) take the form for the interesting limit K —moo

3 Ry2—ILR m},

Pt]f — fi2rt — x2= 0, (21)
iK3= W 4-—-—-- 1_31'[_2_m‘2 ;
2(29)2
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where

7f= lim
K— [ /12 /In K
We are interested in the solution mt of this system. The dependence of
mt on A2 2 X2 i.e. on the bare parameters Xa(K), xI(K), jul(K) is shown in
Fig. 2. A2 and x2 are always taken as positive (in the case of the latter the

negative sign corresponds only to the transformation g — —cp). On the other
hand, for both positive and negative values of pi2 we can get right solutions,
which we have on the right and left hand sides of the Figure, respectively.
“A” and “B” refer to the type of the solution as denoted in Fig. 1. We could
take into account the ignored terms of the Schrddinger eqs. (14), (15) by
more accurate calculation of the eigenfunctions. It is easy to see, however,
that these corrections do not influence eqgs. (18)—(20) at all, even in the case
of finite Q1 This means that our renormalized solution to the variational
problem is exact.

1E.g. To first order in the perturbation the corrections due to the terms 3Aj zf, /8 are

<vr 11 VK> — <4>kHVk> = Oﬂl.

The contribution of these to Qt is:

Because of A|(iC) “m0 for K “moo this equals 0. This holds for higher order corrections too.
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§ 5. Mass spectrum
Let us consider the wave functions

= [xa_ X)) JJ wnt,mkZk5QK) (22)
0>0

where ¥n° is the energy eigenfunction of the one dimensional harmonic oscil-
lator belonging to the eigenvalue co™ (n0 — 1/2), the w, clTk are eigenfunctions
of two dimensional harmonic oscillators belonging to the energy eigenvalues

(ofP (nk -(- 1) and the d/d&k eigenvalue mu(mu= —nk, —nu+ 2 ...nu— 2, nu).
Let the connection between the tws be given by aJu = j/coN2+&2-

Consider those « functions for which only a finite number
of re0 and nu are different from 0. These functions form a basis for a (separable)
Hilbert space and since al(K) —m0 if K — 00, the Q value for each
y nonknk... of get jg exactly the same. Consequently, we obtain from
egs. (21) the same cog® for all these functions. Thus we have a system

of exact solutions of the variational equations, for which

famvf ke’
Us0
and
NY)No,—mTK |J/] y)no,-;nK T -y _ <0 M) éogfjj)nﬂ :
where
EQ= _L««+ V40= fy JtX +
2 k>0 4Q \k>0 /
/4 Xt 2 *2 X‘ 3 32
2 I 3 Jfo. *t T JmQ

is the infinite zero point energy.

So we have obtained in our approximation the relativistic mass-momen-
tum spectrum of free particles of mass mi determined by egs. (21). We cannot
claim, however, that we have found the eigenstates of H, or, at least, that our
representation defined by pu, qu’s acting on our Hp space is a proper one.
Although

<Ny JH IV?OZ- — ,Cl'n]'ls; . anknk vimk ik

holds for the basis functions (in the limit K —moo by definition), in general
(4* IH 1Py does not exist for every R, d C

2E.g.: lim IH (K)VA..;°,0;... |[|2=< Hyfl;...0,0;... |[H|V0;...;0,0;...) = ™ .
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§ 6. Conclusions

To the extent determined by the form (11) of the trial functions we have
found the exact solutions (22) of the variational equations (13), which in turn
define a representation in the Hilbertspace )X P ? We have seen that given the
bare parameters ,[io, xX\ we may get 3,2, 1 or 0 solutions (see Fig. 2), con-
trary to the classical case of 2 or 1 solutions. Our different solutions correspond
to different inequivalent representations of the field operators ¢ and n, of
course [7]. In the representations of the type A or B, (tp \¢p\Wy>Y equals
X —m—o0 or -)m -|-00, respectively. By our approximation, which is not
a “too good” one, as mentioned in the previous section, we have obtained
particles of different masses described by the same field equation. However,
these different particles belong to different inequivalent representations. So,
in the framework of the usual quantum theory they cannot exist simultan-
eously: the model has no solution containing excitations corresponding to
different solutions of eqgs. (21). An interpretation which would give physical
reality to more than one excitation described by different solutions of our
single field equation lies outside the realm of the present form of quantum
theory.

It is worthwhile mentioning that the self-consistent method of Kame-
fuchi and Umezava [8], based on the Bogoljubov transformation also leads
to egs. (21), while the non-self-consistent approximation of Goirdstone [3]
does not give all terms in these equations. These facts emphasize the importance
of self-consistency.

The author is very much indebted to Prof. G. Marx, who suggested this
work and supported his first steps. Grateful thanks are due to Dr. G. Kuti
for his continuous help during the whole work, and to B. PAZMANY for his
kind help with computer calculations.
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31t is easy to show that our solution to the variational problem is exact only within
the separable Hilbert space X (1.
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HEJMHENHAA MOAE/Ib B KBAHTOBOW TEOPUW MOA4A
®. ME3EW

Pestome
B paboTe McKancs MaccoBblii CNeKTP HeNMHeHOro peanbHOr0 CKansipHOro nons sapua-
LMOHHbIM MeToAoM PuTua. B cnyuyae cOOTBETCTBYIOLLE/ peHOpManuaauun HalifieHbl KOHEeYHble

3HAYeHMs MacCbl MOKOS, paBHble 1, 2 unu 3. PasnuMuHble TUMbI AaHHbIX BO3GYXAEHWA npuHag-
NeXaTt K pasiMyHbIM HE3KBMBANEHTHbIM NPeACTaBleHUAM OMnepaTopoB Mons.
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COMMUNICATIONES BREVES

Z- 0 LIMITS IN THE LEE MODEL
By

K. L. Nagy
INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EOTVOS UNIVERSITY, BUDAPEST

(Received: 27. Il. 1968)

One of the several conditions for a particle to be composite is that its
wave function renormalization constant Z should vanish. It has also been
noted that for determining the mass and coupling constant of the particle,
a condition for the vertex renormalization constant Z1= 0, and the beha-
viour of their ratio should also be used in addition (for an extensive list of
references see e.g. [1]). In the Lee model, however, where the vertex function
remains unrenormalized, Z = 0 was considered as a sole condition [2]. Here
we wish to point out a situation where Z = 0 can be arranged without changing
the elementary L-particle into a composite one. In this case, incidentally, the
renormalized coupling constant turns out also to be zero, and we still have
scattering and Levinson’s theorem takes the form

JUEA 1
ot-0 Nt- N e+ ) n, (1)

a well known form in potential scattering [3] but not frequently discussed in
elementary particle physics. Here Nt means the number of all stable states
definitely below the threshold, Ne the number of elementary particle states,
atis the limit of the scattering phase at the threshold from above. 1/2 appears
if only a bound state pole sits just at the threshold.

In the Lee model all the information for the N — 0 scattering and for
the real F-particle stem from an analytic function of the complex z variable
h(z) cut along the real axis from mO to -f- » . Thus, e.g.

5 = e 2(W)== h(e —ie)

h(co -f- ie)

h(me) = 0 gives the real mass of the F-particle (mn= 0),
Z~l=glh'(z)|m,

9@z e ete. ©

co"me , (2)

For the Lee model with cut off, h(z) expressed by m ,(< me) and the bare
coupling constant g0 is
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r IV 12Y¥co2- rrifdm
h(z) = (z— ! 4
@)= @—my *Je 2 (co—myv)(co —2) @

If g0 is finite one gets the elementary F-particle case manifesting in
z 0 and also in b(me) — <s(0) = 0. go ~»4* 00 gives the solution obtained
by Vaughan et al. [2] with Z — 0, and b(mg) — 6,,) = n expressing the com-
positeness of V. In these cases Zé6m = Z(mbare — mv) ~ 0. With |f(mQ |2= 1
from (3) and (4) we see that Z diminishes also when mv —mmO0. Let us take
the situation m, = me. Then (4) remains well defined, h'(mv) = oo, Z = 0,
g2= 0, Zbm = 0. From (2) and (4) we get a non trivial b with

b(me) — <5(00) = - —, gl finite,

O(me) — b(oo) = go= + 00~

Thus, we have found a case with Z = 0, and Levinson’s theorem takes the
form (1), but only when also gb—mo0o, Ne= 0. From some technical points
of view we remark that S(m0) = —1, meaning that b, is an integral multiple
of jr/2, and when in proofs we use the

w1 D@ integer

2arJ D(2)

method, the infinitesimally small semicircle just at the end of the cut (e.g.
in (1)) is of vital importance.

For the Lee model without cut off, i.e. when a ghost is also present,
a composite particle appears without finding some Z = 0 criteria [4]. Actually
both of the zZ/ (i = 1 for a normal particle, i = 2 for a ghost) are infinite.
In passing we mention that the det Z = 0 criteria [5] which serves for estab-
lishing the situation in which one of the two particles with identical quantum
numbers is elementary and the other is composite is based on the supposition
that from the field theoretical point of view we have two field operators,
which is clearly not so in our case.

A limit similar to go —» -j- 0o, which could eliminate the elementary
particle does not exist, only the ratio of ZJZ2 which is always finite, can be
made equal to zero with nij = me. Then

b(we) — d(oo) = ~
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SURFACE RECOMBINATION STUDIES OF GERMANIUM
BY SUHL EFFECT APPLYING LIGHT INJECTION

By
I. Cseh

RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST

(Received 21. I111. 1968)

Surface recombination on germanium was studied applying the Suhl
effect [1, 2] with the modification of using minority carrier injection by light
instead of by a probe.

The scheme of the arrangement used for experiments is shown in Fig. 1.
A part ofthe sample was illuminated, the remainder was shielded, and the probe
was applied to this dark region at a point about 0,8 mm from the edge of the
illuminated area. The light was interrupted at 44 cps by a rotating disc. The
photovoltage was measured by a selective measuring receiver. In the experi-
ments, made at room temperature, germanium samples having ohmic contacts
were used (g ~ 20 B cm, r = 550 /usee). The values of surface recombination
velocity were checked by H20 2and CP-4 etching, and by mechanical polishing.
The d.c. field was adjusted for each value of the magnetic field because of

measuring
amplifier

Fig. 1

the magnetoresistance effect. The change in the resistance due to the illumi-
nation was about 1%. The peak in the photovoltage vs. magnetic field is inde-
pendent from the d.c. field in a sufficiently wide interval. The d.c. was chosen
to be 10 mA (lower d.c. would produce a low photovoltage, while higher d.c.
would cause undesirable heating of the sample).

We observed the shift of the peak by changing the surface recombination
velocity. The effect was measured on an etched sample, using H20 2 Then the
sample was left between the poles of the magnet without lifting the probe.
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After 2,4, and 44 hours the measurements were repeated. The results are
shown in Fig. 2 (the measurements were performed also using a water-filter,
and germanium-filters. The position of the peak did not change, but the photo-
voltage decreased).

It is known that the surface recombination velocity in germanium in-
creases in an air ambient [3, 4], because an oxide forms on the surface after
etching. At higher surface recombination velocities the carriers recombine
more rapidly on the surface. Therefore, the maximum value can be obtained
with a lower magnetic field.
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The Suhi effect measurements were performed on a sample 3 hours
after a refreshing etching, followed by a measurement on the sample treated
with 20% K2Cr20 7 and dried. The oxidation of the surface was increased
by the K2Cr20 7 treatment, and the peak shifted in a direction identical to
that observed previously. The photovoltages for surfaces treated by various
methods are shown in Fig. 3.

The numerical estimation of the peak position based on the fundamental
equations of the photoelectromagnetic (PME) effect [5] agreed qualitatively
with the shifts obtained experimentally for several surface recombination veloci-
ties and magnetic field values. The differential equation ofthe effect could, howe-
ver, not be solved exactly owing to the existing complex boundary conditions.

A change in the surface recombination velocity of about one order of
magnitude could be found. The surface recombination velocity can easily
be determined by calibration of peak position with samples of known surface
recombination velocities. The measurements were well reproducible contrary
to those made by point contact injection.

The author is indebted to G. Pataki for suggesting the subject and for
valuable discussions, and to F. Beleznay for making the computer prog-
ramme.
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ON THE FREQUENCY DEPENDENCE
OF ZnS ELECTROLUMINESCENCE SPECTRA

By
J. SCHANDA

RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES.
BUDAPEST

(Received 21. I11. 1968)

It is well known that in the electroluminescence spectra of ZnS : Cu
two main emission bands with maxima near 2.35 and 2.62 eY can be observed.
The same emission bands have been found with other excitations as well [1, 2].
Recently the atomic structure of the Cu green centre has been investigated
extensively [3, 4] and it has been established that this centre is a sort of
associated centrum where pairs of different associations take part in the
emission process resulting in a spectral shift in the luminescence afterglow
and with a change in the excitation intensity. Fischer and co-workers [5]
have stated in their review on the luminescence of solids that the spectrum
of an electroluminophor shows a gradual shift of emission maximum with
increasing frequency from 2.38 eV to 2.5 eV. A similar, although smaller shift
was observed by K awashima [6]. These shifts could be regarded as the counter-
part of the effect found by Shionoya [4].

A gradual shift of the maximum of the green Cu band with frequency
would mean — according to the explanation of the shift found in the photo-
luminescence decay that in the second half-period of the delayed recombin-
ation the carriers are available in large quantities and the emission is deter-
mined by the recombination rate and not, for instance, by the detrapping of
the carriers excited in the previous half cycle. However, it must be considered
that a small contribution of the blue emission band (getting stronger at high
frequencies) can shift the green maximum.

The two effects, a real shift of the maximum and an apparent one owing
to the contribution of a second band, can be distinguished by a thorough
investigation of the band shapes.

Fig. 1 shows the spectral energy distribution of a ZnS: Cu,Cl electro-
luminescence cell at different frequencies. Between 20 c/s (curve 1) and 200 c/s
(curve 2) a wavelength shift seems to occur. At higher frequencies (curve 3:
500 c/s and curve 4: 2500 c/s) the gradual build-up of the blue band is apparent.
It is an old practice to find the band maxima of secondary bands by the help
of band analysis supposing the band shape to be — for instance — a Gaus-
sian one [7]. It was ascertained that the 20 c/s curve can be well approx-

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



234 J. SCHANDA

imated by a Gauss curve. Now, we supposed that at the low energy half-
width ofthis band (2.15 eV) the emission of the 200 c/s electroluminescence
also originates only from this same band. By fitting a Gauss curve correspond-
ing to the 20 c/s distribution to the 200 c/s curve and subtracting it from the
original one, curve 5 (Fig. 1) was derived. This curve corresponds well to the
ZnS : Cu blue band. Fig. 2 shows the spectral distribution of the green band
in the “Treptow representation” (curve 1). In the same Figure the points of

N [%]
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80
70
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40

30
20
10

0
1,80 190 20 210 2,20 2,30 2A0 2,50 2,60 2,70 2,80 2,90 3,00
electron energy CeV]

Fig. 1. Spectral energy distribution of a ZnS : Cu, ClI electroluminescence cell. Curve 1: 20 c/s
Curve 2: 200 c/s; Curve 3: 500 c/s; Curve 4: 2500 c/s; Curve 5: blue band, calculated

Fig. 2. Spectral distribution of the green (curves 1 and 3) and blue (curve 2) band in Gauss-curve
representation
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the derived 200 c/s blue band (curve 2) and the 2500 c/s green band, derived
by the same method as well as the corresponding straight lines calculated by
the least squares method have been plotted. The calculated band maximum
of the “200 c/s” blue band lies at 2.615 eV, that of the “2500 c/s” green one
at 2.365 eV, both of which correspond well with the positions of the maxima
found in phosphors where that band is predominant (2.62 eV and 2.35 eV,
resp.). Similar results were obtained by starting from spectra measured at
other frequencies.

Fig. 3. Brightness-waves measured at 2.30 eV (curve a) and 2.60 eV (curve b). Points 1—5
define time marks (see Fig. 4)

N1%]k
100 -

80

0 — = +— +— +— &+ + + = — 1l 1_ 1 1

2,16 2,20 2,30 2.,w 2,50

electron energy CeVJ

Fig. 4. Five relative spectral energy distribution curves (see time marks in Fig. 3), normalised
to the first maximum of the brightness wave
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The measurements prove that the spectral shift observed between 20 c/s
and 200 c/s is only a virtual one. Further on, even at 2.500 c/s, only a very
slight displacement occurs, if any. Thus, no counterpart of the effect observed
by Shionoya in photoluminescence could be observed in the electrolumines-
cence measurements, although the frequency dependence of electrolumines-
cence emission shows in many respects, especially in the counteraction of the
green and blue bands, an analogy with the intensity dependence of photo-
luminescence.

As the spectral distribution of the average electroluminescence is mainly
due to the emission of the primary maximum, the spectral changes during
the brightness-wave have also been investigated. Fig. 3 shows the brightness-
wave at 2.30 eV (curve a) and 2.60 eV (curve b). The phase-shift between the
green and blue band is apparent from this Figure. A probable occurrence of
a spectral shift of the green band has been checked in the following way:
Spectral brightness-waves were measured between 2.16 and 2.60 eV, and
normalized at the first primary maximum. This normalized spectral distri-
bution (showing only the time-dependent changes of the spectra) has been
plotted in Fig. 4 at 5 different phase-angles, corresponding to the time marks
1—5 in Fig. 3. No shift — higher than the statistical error of measurement —
is observed during the afterglow of the primary as well as the secondary
maximum.

Summarizing our results, it can he concluded that neither the green
nor the blue electroluminescence emission band of ZnS : Cu shows a frequency-
dependent wavelength shift. Postulating a recombination mechanism of the
green band taking place via “waiting states” of an associated centrum the rate
determining factor of recombination is not the recombination process itself.

The author is indebted to Prof. G. Szigeti for continuous interest and
to Miss M. Power for performing the brightness-wave measurements.
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David Park: Introduction to Strong Interactions

(A Lecture-Note Volume)
W. A. Benjamin, Inc. New York, Amsterdam, 1966. XI| chapters, 250 pages

Parallel with the substantial increase of particle physics research the literature on this
subject acquired dimensions rendering almost impossible to keep each publication in evidence,
not to speak of the unattainable objective of studying them thoroughly. This is the reason
why the intention of the Publishers to commence a low-priced series for beginning researchers
is most welcome. The series discusses the newest research methods and results pertaining to
this subject in introductory volumes written in an unsophisticated style, filling up thus the
gap which existed so far between university studies and monographs on recent achievements.
This series undoubtedly offers a great assistance to young, would-be researchers.

David Park was successful in realizing the aims of the Publishers in his work of 250
pages on strong interactions. The discussion of the most modern methods of this branch of
physics is based on the assumed knowledge of the material of university lectures. Emphasis
is laid on teaching the techniques how to treat theoretically experimental data through a
simplified model. Models reducing problems to their essence help understanding and are of
great value in more intricate discussions of actual problems. At the end of each chapter a
collection of questions is included to foster independent thinking and to awake creativeness.
Compilation and sequence of the questions prove the gift of teaching and excellent expert
knowledge of the author. The rich and well-selected bibliography attached to each chapter is
also of assistance in finding one’s way among monographs dealing with questions of detail.

The volume is divided into the following chapters:

1 Introduction, 2. Quantized Fields, 3. Interactions, 4. Potential Scattering,
States and Resonances, 5. Formal Scattering Theory, 6. Relativistic Scattering Amplitudes,
7. Calculation of Scattering Amplitudes, 8. Dispersion Relations, 9. Invariance and Conservation
Laws, 10. Symmetries of Strong Interactions, 11. The Eightfold Way.

This excellent introductory work may be recommended in good faith to researchers
wishing to study particle physics.

K. N agy

Geoffroy F. Chew: The Analytic S Matrix

(A Basis for Nuclear Democracy)
W. A. Benjamin, Inc. New York and Amsterdam, 1966; X1V chapters, 100 pages

The book discusses systematically the dynamics of strongly interacting particles on
basis of the S-matrix. Its most important part deals with the maximal analyticity of the
second degree being equivalent with nuclear democracy and constituting the basis for boot-
strap dynamics. The lecture of the book requires a knowledge of the principles of non-relati-
vistic quantum mechanics (including scattering theory) and of the Lorentz-group. Such require-
ments, however, do not exist in relation to the quantum field theory; the author even states
in the Preface: “Indeed, as pointed out in the preface to my 1961 lecture notes, lengthy
experience with Lagrangian field theory appears to constitute a disadvantage when attempt-
ing to learn S-matrix theory”.

The volume is divided into the following chapters:

1. Analyticity as a Fundamental Principle in Physics, 2. General S-matrix Principles,
Excluding Unitarity, 3. Unitarity and Discontinuities, 4. Maximal Analyticity of the First
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Degree: Landau Singularities, 5. The Four-Line Connected Part with One Channel Invariant
Fixed, 6. Angular Momentum Decomposition, 7. Analytic Continuation in Angular Momentum
and Asymptotic Behavior, 8. Maximal Analyticity of the Second Degree, Bootstrap Dynamics,
9. The Nonrelativistic Potential Scattering Model, 10. The Strip Model of the Four-Line
Connected Part, 11. Dynamic Equations for the Strip Model, 12. Regge Pole Approximation
to the Strip Model, 13. The Nuclear Bootstrap: General Discussion, Continued, 14. Conclusion.

K. Nacy
Particle Interactions at High Energies

(Scottish Universities’ Summer School, 1966)
Edited by

T. W. Preist and L. L. J. Vick, Oliver and Boyd, Edinburgh and London,
VIII chapters, 405 pages, 1967

The seventh Summer School of the Scottish Universities was held in August 1966.
Subjects of the lectures embraced the most up-to-date questions of high energy physics.

Lectures were delivered and discussion conducted by distinguished physicists. The
volume prints the lectures given at the Summer School including the newest achievements of
this field of science in a more complete and detailed form than scientific publications usually do.

Titles of the different chapters are as follows: 1. Properties of Scattering Amplitudes at
High Energy (Dr. R. J. EpEN), 2. Very High Energy Scattering of Strongly Interacting
Particles (Prof. L. VAN HovEe), 3. Some Features of Electromagnetic Interactions (Prof.
R. WiLson), 4. Precision Test of Quantum Electrodynamics at Low Energies (Prof.S.D.DrELL),
5. The Symmetries of the Weak Interaction (Dr. P. K. KasBir), 6. The Algebra Associated
with the Vector and Axial-Vector Current (Prof. L. A. Rapicarr), 7. Pion-Nucleon Phase
Shift Analysis (Dr. A. DoNNACHIE), 8. Quark Models (Prof. E. J. SQUIRES).

Director of the School was Prof. N. KEMMER who also prefaced the Volume, while
Dr. T. W. Pre1sT and Dr. L. L. J. Vick acted as editors.

K. Nacy

PAr GomBAs: Pseudopotentiale
Springer Verlag, Wien, New York, 1967, pp. 186

The laws of motion of atomic particles have been formulated in quantum theory in a
mathematically elegant and exact way, by means of the operator calculus. However, the
actual solution of the non-linear operator equations of quantum field theory or the Schrédinger
equation of the many dimensional configuration space presents almost insurmountable
difficulties.

The behaviour of a complex system can most easily be grasped by the physicist if he
can pick out individual atomic particles one at a time and describe their three dimensional
motion by means of forces or potentials. Force and potential energy are not exact concepts;
modern physics repeatedly pointed out the approximate nature of these mechanistic con-
ceptions. In actual calculations in classical and quantum mechanics, however, the relation of a
micro-particle to its neighbourhood is almost always described in terms of these concepts, the
many-body problem is thus reduced to a one-body problem.

This new monograph by Professor GoMBAs gives a survey of the problem fundamental
from the point of view of the application of modern physics: How is it possible to reduce the
non-relativistic Schridinger equation (restricted with the Pauli principle) in configuration
space to the Schridinger equation of a single particle in which the effect of the neighbourhood
is described by potential energy-like terms, the pseudopotentials. This problem is not at all
trivial. The wave function, which is symmetrical or antisymmetrical, depends on the coordi-
nates of all particles. This means that the behaviour of the particle under considerations is
influenced not only by its own position with respect to the complex system but also by the
simultaneous position of the other particles. There is correlation in the motion of the particles
and these are just the quantum phenomena, originating in the operator algebra, that mostly
make the understanding of atomic motion difficult. Professor GoMBAs shows in this book that
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for a single electron all this can be taken into account by means of an exchange, an exclusion
and a correlation potential in a surprisingly good approximation. As a result, the gain can
hardly be overstimated: The manybody problem, difficult to handle even by computer, is
simplified to a differential equation soluble by conventional methods and even more important:
pseudopotentials help to develop the ability of the physicist to visualise the behaviour of
particles. The loss is rather insignificant: The author shows on the example of the heavy
atoms that the behaviour of electrons is described by pseudopotentials to an accuracy of 1—2%
which is an astonishingly good result.

The book is made especially interesting by the fact that the method of reducing the
many-body problem to a one-body problem corrected with pseudopotentials has developed
into an efficient approximation method at the hands of Professor combas and his school.
The method has been initiated independently by him and Hei11mann and was afterwards
developed by combas into a method working with a 1% precision in which also some results
Of Hartree, Fock, Stater and w igner have been used. We also see with pleasure the priority
of combas and his coworkers documented concerning some results which some people prefer
these days to associate with other names.

While in his other well-known books Professor combas studies the behaviour of the
quantum system as a whole, this new book complements these by studying, as it does, the
behaviour of individual particles putting an emphasis on the one-electron wave function and
the calculation of the energy levels. Without the knowledge of these a number of phenomena
could not be understood.

Even the reader well versed with quantum-mechanics discovers with excitement how
much of the possibilities given by the many-dimensional configuration space can be condensed
into potential-like expressions. The exclusion and the exchange potentials have already been
with us for some time. Especially interesting is the introduction of the correlation potential:
an improvement on the Hartree-Fock approximation is indispensable today. We can only
regret that the author gave so relatively little space, for the sake of simplicity of presentation,
to this problem.

The author applies his method to atomic electrons. | am quite sure that pseudopotentials
incorporating the influence of other delocalized electrons which are also easily treated by
computer will play a major role in future developments of quantum-chemistry and molecular
biology. | am sure the author had in mind the needs of these future developments when he
decided to publish this clear, concisely presented monograph.

G. Marx

C. H. Baitey: The Electromagnetic Spectrum and Sound
(50 modern experiments)

Pergamon Press, Oxford 1967. pp 1X -f- 135, 88 figs., price 25 s.

The laboratory experiments detailed in this book can be connected with the subject
matter of instruction in physics of the two upper classes of secondary schools in Hungary.
Their level too is similar, though it sometimes is higher than that of the Hungarian subject
matter. The author deserves special appreciation for applying the most up-to-date technolog-
ical means (transitions, clystrons, etc.) in his experiments and for linking up in his book
vibration phenomena over the whole field of physics.

The six parts of the book are: I, Sound; I, Light; 111, Infrared; IV, Ultraviolet; V,
Radio, VI, 3 cm-Radio (microwaves). In all parts stress in laid primarily on measuring wave-
lengths butthe measurement of speed (in sound) and absorption (in light) is also taken into con-
sideration. In most cases even setting up the measuring equipment is left to the student by a
precise enumeration of the parts. Much practical advice is given, too (e.g. soldering transistors).
It is peculiar, that beside the really modern concept of all other chapters, that dealing with
acoustics is somewhat classical. For example, not a single experiment concerning ultrasonics
can be found among exercises.

The subject matter and lay-out of this book make it very useful for teachers leading
study circles in physics.

T. Tarnéczy
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G. v. BEKEsy: Sensory Inhibition
Princeton University Press, Princeton 1967, X } 265 pp, 188 figs., price $ 8.50

This new book by BEKEsY includes the material of his 1965 Langfeld Memorial Lectures
at Princeton University. Here, the author gives a summary of those of his results which can be
connected with the extraordinarily complicated group of problems of sensory inhibition. For
the sake of clarity should be mentioned that BEKESY — as he states in his preface — has
recently discovered a general similarity in inhibition processes occurring in various sense
organs.

& His experiments which must be considered as important landmarks in modern bio-
physics refer mainly to the funneling of wide range simultaneous stimuli as well as the mechan-
ism of sensory localization. Sensory perception of the skin seems to be investigated most
thoroughly, but the most particular experimental techniques are applied in the investigation
of taste perception. In the Spring of 1965 the reviewer had the opportunity of seeing the appa-
ratus — although dismantled — at Harvard University for the investigation of taste. The pre-
mixing of water and solution reaching the tongue can be continuously altered, while the change
of concentration is recorded as a function of time by an automatic recorder. The concentration
of fluid on the surface of the tongue was checked by the change of electrical resistance or by
observing the colour change by means of fiber-optics. In order to eliminate errors due to fluid
eddies the peristaltic pumps supplying the mixing fluid are fixed on a concrete block floating
on compressed air. The whole equipment is capable of indicating a change of stimuli with an
accuracy of 1 ms.

The most important discovery of BEK¥SY since winning the Nobel-Prize (1961) is in
connection with the ability to localize and separate taste stimuli. He has proved that two
stimuli occurring on two points of the tongue with a time delay of 1-—2 ms cause a directional
sensation. This magnitude of time delay is also valid for smelling, hearing and vibration
sensation. At the same time, time constants for the sensation of amplitude or intensity lie
between 200 and 1000 ms for all sense organs. Thus, two components of neural activity with
different times the ratio of which is at least 1 : 200 can be distinguished. By the discovery of
short time neural activity our complete modern conception on the biophysics of sense organs
may be reformulated.

This small book contains so much valuable material, raises so many new ideas, intro-
duces such a great number of connections, and initiates so many new ideas, that we can only
be grateful to all those (above all Professor E. G. WEVER) who have made it possible for these
lectures to be made available to the public.

The chapters of the book are: I. Adaptation and inhibition as a means of suppressing
an excess of information. I1. The inhibition of simultaneous stimuli. ITI. Inhibition as a result
of time delay. IV. Stimulus localization as a method of investigating neural activity. V. Fun-
nelling and inhibition in hearing. VI. The role of inhibition in various fields of sensory per-
ception.

The book is completed by adetailed bibliography. Hereby most of minor errors of the
bibliography in Experiments in Hearing are corrected so that the 122 works mentioned up
to 1966 cover almost the whole literary output of the author.

With pleasure we acknowledge that BEk¥sy makes appreciative mention of his working
places in Hungary, the Post-Research Institute, the Physical Institute of Budapest University
and the Széchenyi Foundation, which, while supporting his activities for long years “never
wanted him to give a progress report’.

T. TArRNGCZY

E. Zwicker and R. FELDTKELLER: Das Ohr als Nachrichtenempfinger

II. Auflage, Hirzel Vlg., Stuttgart 1967. XVI + 232 S, 216 Abb.

In durchgearbeiteter und in grossem Masse erweiterter Form ist das auch bei uns
wohlbekannte Werk 11 Jahre nach der ersten Auflage wieder erschienen. Das Buch kann
sogar als Neuerscheinung betrachtet werden, was dadurch gerechtfertigt ist, dass obwohl der
Titel derselbe geblieben ist, die Reihenfolge der Namen der Verfasser umgekehrt wurde.
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Die Kapitel sind die Folgenden: I. Schallschwingungen, Il. Schallfelder, I11. Reiz und
Empfindung, 1V. Horschwelle und Mithérschwellen von Dauerschall, V. Eben wahrnehmbare
Frequenzanderungen, V1. Frequenzgruppen, VII. Skalen der Tonhdhe, VIII. Eben wahrnehm-
bare Schallpegelanderungen, IX. Erregung, X. Skalen der Schallstarke, X1. Funktionsschema
fur eben wahrnehmbare langsame Schallanderungen, XI11. Hdérschwelle und Mithdrschwelle
von Impulsen, XI11l. Schwellen fir schnelle Schallanderungen, XIV. Eben wahrnehmbare
Phasendnderungen, XV. Tonhdhenunscharfe, XVI. Lautstarke von Impulsen, XVII. Berech-
nung und Messung der Lautheit, XV I1II. Wirkung von Stérimpulsanfang und Stérimpulsende
auf die Mithorschwelle, X1X. Knacke und XX. Nichtlinearitat des Gehors.

Gegeniliber der ersten Ausgabe konnen folgende, bedeutende Unterschiede vermerkt
werden. Der Umfang des Buches hat sich um das zweieinhalb-fache erweitert. Die Gliederung
geht vielmehr auf Einzelheiten ein: das Werk besteht gegenliber den vorherigen funf, aus 20
Kapiteln. Die eigentliche Behandlung des Gegenstandes beruht hierbei auf einer viel aus-
fuhrlicheren Grundlage. Die Grundbegriffe der Kapitel I—I11, VII. und X. machen das Buch
auch fur diejenige lesbar, die nicht Uber die notwendigen akustischen Grundkenntnisse ver-
fugen. Selbstverstandlich wurden die neuen Resultate der inzwischen vergangenen 10 Jahre
auch in die neue Auflage aufgenommen. In diesem Zusammenhang sind besonders die Kapitel
XIV., XVIIl. und XIX. hervorzuheben, aber im wesentlichen enthdlt jeder einzelne der
Kapitel XL bis XX. etwas wesentlich Neues. Ausserdem sind in das Buch die 10 Schablonen
der in der Zwischenzeit normalisierten ZwiCKER’schen Lautheitsberechnungsmethode aufge-
nommen worden.

Der Aufbau, die Behandlungsweise und der Stil des Buches kénnen nur mit Anerken-
nung erwahnt werden. Wir sind aber nicht einverstanden mit der Numerierung der Abbildun-
gen innerhalb von einzelnen Paragraphen, weil dadurch das Nachschlagen sehr erschwert
wird. Auch héatte diese, in jeder Hinsicht wertvolle Monographie eine ausfihrliche Bibliographie
verdient. Dabei denken wir nicht an solche allgemein bekannte und umfassende Werke, die zu
den ersten zwei Kapiteln erwédhnt sind. Diese hatte man sogar teilweise weglassen, oder im
allgemeinen bibliographischen Teil anfihren kénnen. Auf anderen Gebieten hingegen, wo viel-
leicht von historischem Standpunkt aus, oder zur besseren Ubersicht tiber die in der Literatur
vertretenen verschiedenen Meinungen und schliesslich zum grindlicheren Studium irgendeiner
Frage eine Orientierung bendtigt wiirde, bleibt man sozusagen auf sich selbst verlassen. Als
Beispiel sei der Kapitel Uber die Lautstdrke von Impulsen angefihrt. Die drei Literatur-
angaben stammen aus 1959, 1963 und 1966. In der internationalen Literatur sind aber ahnliche
Ergebnisse schon viel friher erreicht worden (Garner, Miskolczy—E odor u. @.) Und diese
werden selbst in den angegebenen Referenzen nicht erwédhnt.

Das neue Werk von zwicker— Fetdtketter bedeutet eine wertvolle Hilfe in der
Arbeit von Akustikern und Nachrichtentechnikern. Unserer Meinung nach, kann es auch
ausserhalb des deutschen Sprachgebietes auf einen ausgedehnten Leserkreis rechnen.

T. Tarnéczy

Proceedings of the 1966 Heat Transfer and Fluid Mechanics Institute
Edited by M. A. Saad and J. A. Miller. Published by Stanford University Press, 1966.

The Heat Transfer and Fluid Mechanics Institute was established to provide an oppor-
tunity for the presentation and discussion of current basic research in heat transfer and fluid
mechanics, and related fields. The nineteenth meeting of the Heat Transfer and Fluid Mechanics
Institute was sponsored jointly by the University of Santa Clara and the U.S. Naval Post-
graduate School and was held at the University of Santa Clara at Santa Clara, California, from
22 to 24 June, 1966.

Five main sessions were planned in the following topics:

1. boundary layer flows including stability, non-newtonian flow, and shock-boundary

layer interactions;

. two-phase-flows and change of phase;

. free and forced convective heat and mass transfer;

. wakes and separated regions and radiation gas dynamics;

. special problems, such as vortex flows, fluid motion in modified force fields, fluid
dynamics of biological systems and heat transfer in constricted arcs.

aswiN
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In addition, the Institute presented a session of invited lectures on new and unusual
areas related to fluid mechanics. One of the most interesting guest papers deals with a simplified
procedure for opacity calculations in radiation gas dynamics, by S. S. PENNER who is the
co-author of the well known monograph entitled: ““Radiative Transfer and Quantitative
Spectroscopy Relating to Re-entry Phenomena’ (Academic Press, New York, 1966). PENNER,
in his lecture, summarizes the type of opacity data that is customarily used in the solution of
problems in radiation gas dynamics. He briefly describes the physical ideas involved in deve-
loping simplified relations for estimating Planck and Rosseland means for continuum radiation
in plasmas, for line radiation in pure rotation spectra, in vibration-rotation band systems
belonging to diatomic emitters, for line radiation in the spectra of polyatomic molecules and
for bound-free transitions in electronic band spectra.

In conclusion the author comments on the present status of numerical computation
programmes for estimating air opacities.

A large number of contributed papers gives theoretical models and solutions — applying
the computer technique — for phenomena of heat transfer, supersonic flow and shock waves.
For example, the phenomena of a shock wave propagating into a supersonic crossflow is
described mathematically by TYLER and ZUMWALT using a finite difference technique. In this
case the transient shock discontinuity was modelled by an artificial ““dissipative’ scheme in
the difference technique. The results of three special cases for the shock-crossflow interaction
are presented, and show, that numerical schemes using artificial “dissipative” techniques
seem to provide a means of solving more complex interaction phenomena.

The “‘Proceedings” of the Heat Transfer and Fluid Mechanics Institute contains 24
selected papers relating to the above topics. The ““Proceedings’ is a well known internationally
recognised publication, characterizing the continuous striving for technical excellence of the
selected papers.

J. F. Biré

Proceedings of the 1967 Heat Transfer and Fluid Mechanics Institute

Edited by Paul A. Libby, Daniel B. Olfe, Charles W. van Atta
Published by Stanford University Press, 1967.

The twentieth meeting of the Heat Transfer and Fluid Mechanics institute was held at
the University of California at San Diego, La Jolla, California, on June 19, 20, 21, 1967.

New and basic advances in fluid mechanies, heat transfer, and related fields are con-
tained in this collection of papers published by Stanford University Press. Roughly two-
thirds of the papers presented deal with Post-Apollo re-entry phenomena and propulsion
fluid mechanics and heat transfer. The papers are selected on the basis of their fundamental
character and the extent to which they enlarge the understanding of heat transfer and fluid
mechanics. Emphasis is given to topics which have broad implications and which, therefore,
may not readily fall into any one of the conventional fields of aeronautical, chemical, civil, or
mechanical engineering. Selection of papers is made by engineers and scientists who are en-
gaged in related work and who are particularly qualified to judge fundamental research.

There were three main sessions: Post-Apollo re-entry phenomena, with eight papers;
propulsion fluid mechanics and heat transfer, with seven papers: and vortices, wakes and
boundary layers, with eight papers.

The meeting began with an invited paper by LEoNnaArRD RoBERTS, Director of Mission
Analysis of NASA, entitled “Atmospheric Entry in the Post-Apollo Era”. In this lecture a
summary was made of possible future mission requirements in the Post-Apollo period, parti-
cularly as they relate to the entry of vehicles into planetary atmospheres. The missions con-
sidered involve unmanned probes that enter the atmosphere of Mars, Venus and Jupiter,
manned vehicles that aerobrake into orbit about Mars and Venus, or land on the surface of
Mars, and manned vehicles that return and enter the Earth’s atmosphere at high speed. Such
manned vehicles may require lifting and manoeuvering capabilities greater than those used in
the past and may lead to configurations that differ from the current family of semi-ballistic
vehicles. The various problems in aerothermodynamics that must be solved in order to permit
the optimum design of these advanced vehicles were discussed and conclusions drawn regarding
the need for improvement in our understanding of entry phenomena, particularly in the inter-
action of the configuration and its thermal protection system with the flow field in which it is
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immersed. The most interesting contributed paper dealt with the aerothermodynamics of the
Apollo experience (by R. B. E rb et ah). In this paper a complete thermal protection system is
constructed theoretically by the authors. The verification of these results was obtained on
Scout, Flight Investigation of Re-entry Environment (FIRE), and Pacemaker missions.
The greatest part of the published papers contain information on the work performed
under contracts with NASA.
J. F. Bito

A. l. Akhiezer, I. A. Akhiezer, R. Y. Polovin, A. G. Sitenko and
K. N. Stepanov: Collective Oscillations in a Plasma

(International Series of Monographs in Natural Philosophy, Yol. 7), p. X+190,
translated from the original in Russian by R. J. Taylor,
Pergamon Press, Oxford etc., 1967, Price: 45 s

The book covers the theory of linear oscillations in a collisionless plasma, i.e. in a plasma
in which binary collisions have no significant effect on its oscillatory properties. The book
deals with the following basic problems: the spectra of natural oscillations, the stability and
instability of various particle distributions, and fluctuations in a homogeneous plasma.

The authors are experts in this field and have contributed greatly with their research
to its development. In this valuable book they deal with many aspects of physical and tech-
nical problems. The study of collective oscillations in a plasma is of great interest in the pro-
pagation of radio-waves in the ionosphere, the radio emission of stars, the amplification and
generation of micro-waves in a plasma, plasma diagnostics, etc.

This excellent book is warmly recommended to the specialist as well as to the young
researcher who wants to enter this field of study,

P. Gombas

D. A. Kirznhnits: Field Theoretical Methods in Many-Body Systems

(International Series of Monographs in Natural Philosophy, Yol. 8) XV 1+ 394, translated from
the original Russian by A. T. Meadows,
Pergamon Press, Oxford etc., 1967. Price £ 5. 10 s

Dies Buch gibt eine sehr gut gelungene Einflihrung in die Anwendung moderner feld-
theoretischer Methoden auf Mehrteilchensysteme. Der Autor der dieses Gebiet durch mehrere
bedeutende Arbeiten bereichert hat, hat mit diesem Buch ein sehr nitzliches Werk geschaffen,
das vielen Physikern, die mit den feldtheoretischen Methoden nicht ganz vertraut sind, ein
Vordringen in dieses Gebiet sehr erleichtern wird.

Nach einer kurzen Zusammenfassung der Grundlagen, wird die Hartree—Focksche
und die statistische Thomas—Fermische Methode besprochen und insbesondere auf Materie
unter hohem Druck und auf Atomkerne angewendet. Danach folgt eine ausfihrliche Dar-
stellung der Stérungsrechnung mit Anwendungen. In den darauf folgenden beiden Kapiteln
behandelt der Verfasser die Methode der Green-Funktion in der Quantenmechanik und in der
Quantenstatistik.

Man kann dem Verfasser zu der klaren und tbersichtlichen Darstellung dieses Gebietes
bestens begluckwiinschen; dem Buch mdchten wir besten Erfolg winschen.

P. Gombas

Enrico Fermi: Molecules, Crystals and Quantumstatistics

Ubersetzt aus dem italienischen von M. Ferro-Luzzi, herausgegeben von L. Motz,
W. A. Benjamin, Inc., New York, Amsterdam, X1V + 300, 1966. Preis: $ 13,50

Obwohl dieses Buch in 1934 geschrieben wurde und die Forschung auf den behandelten
Gebieten sehr grosse Fortschritte gemacht hat, besitzt dieses Buch von Fermi einen ganz
besonderen Reiz. Es legt ndmlich die Gedankweise eines der grdssten Physikers unseres Zeit-
alters dar, der nicht nur als Forscher Uberragendes geleistet hat, sondern auch die seltene
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didaktische Begabung besass, seinen Schulern die schwierigsten Probleme restlos verstandig zu
machen. Dies macht das Buch auch heute noch gerade so aktuell wie vor 33 Jahren.

Das Buch zergliedert sich in 3 Teile. Im ersten werden die chemische Bindung von
Molekulen, die Spektren zweiatomiger Molekule, thermische Eigenschaften und mehratomige
Molekile behandelt. Der zweite Teil befasst sich mit Kristallgittern, mit deren Geometrie,
sowie den physikalischen Eigenschaften. So unter anderen mit der spezifischen Wéarme, Gitter-
schwingungen, Raman Effekt in Kristallen, Warmeausdehnung, Theorie der lonenkristalle,
elektromagnetische Wellen in Kristallen, optische Eigenschaften von Kristallen. Im dritten
Teil gibt Fermi einen Uberblick Gber die statistische Mechanik und deren Anwendungen.
Im Anschluss hieran werden die Quantenstatistiken begriindet und hergeleitet. Am Ende der
einzelnen Kapitel wurden vom Herausgeber in Anh&ngen einige neuste Forschungsergebnisse
hinzugeflgt.

Die englische Ubersetzung erdffnet dem Buch einen grossen Leserkreis, der durch dieses
Buch mit dem Genius dieses grossen Physikers in Kontakt gebracht wird, was besonders fur
die heranwachsende junge Physikergeneration von unschatzbarem Wert ist.

P. Gombas

D. H. Martin: Magnetism in Solids

452, London lllife Books Ltd., London, 1967. Price: 120 s

This hook is divided into the following chapters: Chapter 1: The characteristic proper-
ties of magnetically ordered solids. Chapter 2: The origins of magnetism in atoms and ions.
Chapter 3: Diamagnetism and paramagnetism in solids. Chapter 4: The molecular field models
of ordered magnetic solids. Chapter 5: Exchange interactions between two electrons. Chapter 6:
Exchange interactions in solids. Chapter 7: The excited states and the statistical mechanics
of ordered magnetic solids.

The problem of the field covered and the aim of the book are best explained by the
author in the Preface:

“Magnetism in solids is a subject which continues to demand attention because of its
technological importance and also it challenges the ingenuity of both experimental and theo-
retical physicists. Several recently developed experimental techniques have found their most
fruitful application in magnetism. They have revealed a far greater variety of magnetic struc-
ture in solids than could have been anticipated a few years ago and detailed and subtle in-
formation can now be obtained about the structures of selected materials. In searching for
satisfactory microscopic theories for this wide spectrum of magnetic behaviour the theoretician
becomes involved in several of the most fundamental and difficult problems posed by the solid
state — among them, for example, are critical point phenomena and correlations in the motions
of electrons. While answers to many basic questions are still wanting the subject has been
remarkably well served by the interpretive frameworks provided by phenomenological models,
from the simple molecular-field theories to more sophisticated calculations based on the Heisen-
berg Hamiltonian.

All this leaves a confusing picture for anybody coming to the subject for the first time
or wishing to develop or maintain a broad interest in magnetism while working in a specialised
branch. This is the difficulty 1 had in mind when writing this book. In it I have aimed, not to
teach techniques, whether experimental or theoretical, but to present a broad account of
the subject which takes the discussion of major topics to the points of current investigation.
A researcher in a particular field may need to acquire skills in special techniques to facilitate
the solution of problems in that field but the essential aims and difficulties can normally be
appreciated in more widely familiar theoretical terms and this | have attempted to do. There
is frequently a wide gap between the generalities of the opening paragraphs of research papers
and the technicalities which normally abruptly follow. It is hoped that this book will help
to bridge such gaps.”

In my opinion the author has fully accomplished his aims. A particular value of the
book is that the exposition is clear and always easy to follow. It can be warmly be recommended
to everybody who is interested in the magnetic behaviour of solids.

P. Gombas
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QUENCHING OF FLUORESCENCE OF EOSIN
IN SOLUTIONS
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(Received 29. XI. 1967)

Absorption and fluorescence spectra and the relative quantum yield of fluorescence of
solutions of eosin-blue in various solvents have been studied and the data interpreted in terms
of the non-radiative processes occurring in the solution, dimer formation and the dipole
moment of eosin. The results seem to suggest a lower value for the dipole moment of the
eosin molecule in the excited state than in the ground state.

Experimental

The relative quantum yields have been measured by the nidi method
using photoelectric cells [1]. The fluorescence spectra are recorded with a
constant-deviation spectrograph and the intensities measured using a record-
ing microphotometer. Absorption studies are carried out using a spectrophoto-
meter and the transmittance recorded as a function of the wave-length. The
concentrations of the solutions used are ofthe order of 10_s g of eosin-blue/c.
of the solvent, so that the results are not vitiated by self-absorption to any
appreciable extent.

Introduction

Various theories have been put forward to explain the non-radiative
transfer of excitation energy of molecules of dyestuffs in solutions and the con-
sequent quenching of the fluorescence of these solutions [2—6]. The effect of
the viscosity of the solvent on the quantum vyield of fluorescence has been
investigated by various authors [7, 8] and the experimental results sought
to be explained on the basis of the phenomena of collisional and statistical
quenching, as suggested by Vavitov [2] and Perin [3]. In discussing these
results, the effect of the interaction of the solvent and the solute molecules,
affecting the term-values of the latter, is not taken into consideration. This
solvent-effect should manifest itself not only in the quantum yield of fluores-
cence, as shown by Bowen et al. [6], but also in the spectral nature of the
absorption and the fluorescence of the solutions of the dye-stuff in different
solvents. Therefore, a study of these — the absorption and the fluorescence
spectra and the quantum yield of fluorescence in different solvents — may he
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expected to throw light on the mechanism of the interaction of the solvent
with the molecules ofthe dye-stuff which affects the term-values and the energy-
transitions in the molecules.

The positions of the absorption and the fluorescence maxima, va and v,
respectively, are related to the macroscopic properties of the solvent, such as
its dielectric constant, D, and the refractive index, n [9, 10]. For polar mole-
cules in less-polar solvents, the relationship between va and vj and the solvent
properties D and n can be expressed, to a first approximation [11] as

-'ID —1 n2— 1
= <P(D,n), say. 1)
1 2D+ 1 2n2+ 1,

Marked deviations from the above relationship have been observed by
Zetinski et al. [12] who showed that a better representation of the solvent-
effect may be obtained in terms of the spectroscopic solvent scale, based on
the idea of universal interactions developed by Lippert [13], Kosower [14]
and zerinski et al. [15, 16].

Results

Table 1 presents the experimental data for va, Tyand the relative quantum
yield Qr of the fluorescence of solutions of eosin-blue in various solvents. Also
included in the Table are the calculated values of <P(D, n) and (va — vj.

Fig. lis a plot of (va — v against ® (p, n). In Fig. 2, the relative quantum
yields and the S values of the solvents on the spectroscopic solvent scale [12J
have been plotted against v.

Fig. 3 shows a plot of the Kosower’s Z values [14] against va.

The solvent number in the Figures corresponds to that in Table 1.

Table 1

No. Solvent va cm-1 j cml wa — v cm'™l @ (D, n) or
| Water 19 680 17 760 1920 0.321 0.1
2 Ethanol 19 340 17 690 1650 0.291 0.42
3 Methanol 19 340 17 670 1670 0.306 0.40
4 Butanol 19 050 17 600 1450 0.267 0.37
5 Glycerol 19 460 17 630 1830 0.265 -
6 Acetone 18 800 17 510 1290 0.284 0.44
7 Pyridine — 17 500 — — 0.33.
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Fig. 1. (va—Vj) plotted against 3>(D, n)

Fig. 2. Relative quantum yield, Qr and S values plotted against”

Discussion

For a number of fluorescent substances, zerinski [12] has shown that
the plot “vj vs S values” is a straight line and that the plot “7avs S values”
is a smooth curve. In the case of eosin also, it is seen that the anomalous
behaviour of acetone and glycerol which appears when relationship (1) is
used (Fig. 1), is absent when the solvent-effect on the dye-molecule is repre-
sented on the spectroscopic solvent scale, (Fig. 2).

Coming to the relative quantum yield of fluorescence of the solutions of
eosin in different solvents, it may be mentioned that the “quantum-yield of
fluorescence vs v/’ plot for a number of organic substances has been shown
[17, 18] to consist, in general, of two linear parts. When solutions of a dye-
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mstuff in different solvents (each with its characteristic value of V) are used,
it is found that the quantum yield of fluorescence at first increases linearly
with VA, reaches an optimum value for a certain vj and then decreases linearly
with further increase in vf This behaviour suggests the existence of two inde-
pendent processes through which the excited dye-molecule may become deacti-
vated. Fig. 2 shows that the fluorescence of solutions of eosin in the solvents
studied follows this pattern, with water probably falling on the descending
portion of the “fluorescence yield vs v” plot.

Fig. 3. Kosowbh’s Z values plotted against va

The term-values of the molecules in the ground state and the excited
state and, consequently, va and vi will be determined by the solvent—solute
interaction in the ground state and the excited state, respectively. The linear
relationship of the S and the Qr values with W suggests that the efficiency of
fluorescence — or the complementary process, viz., the non-radiative transfer
of the excitation energy of the dye molecules is determined by the interaction
of the solvent with the solute-molecules in the excited state.

Coming to Fig. 3, the Z values give, according to Kosower, a measure
of the solvent polarity. Kosower further contends that the Z value of a solvent
is a microscopic measure ofthe solvent —solute interaction, while B is a macro-
scopic measure of the solvent behaviour. The slope of the line in Fig. 3 may
be taken to indicate a smaller dipole moment of the eosin molecule in the
excited state than in the ground state, as is inferred for fluorescein by Rohatgi
[11] and for the pyridinium iodide complex by Kosower [14].

W ith a solvent change, the variations observed for eosin solutions, in the
frequency maxima of their absorption and fluorescence spectra which reflect
the variations in the dipole moment of the solute-molecule in the ground and
the excited state, respectively, seem to confirm the above conclusion. The trend
in the differences in vaand \f, as we go from one solvent to another, indicates
that the solvent interacts with the solute-molecule more strongly in the ground
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state than in the excited state. This may be attributed to a lower value of the
dipole moment of the solute-molecule in the excited state than in the ground
state.

We have shown qualitatively [19], from a study of the fluorescence
spectrum and the relative quantum vyield, that fluorescent dimers are formed
in eosin as in erythrosin and rose bengale [20]. It is shown below (a) that
evaluation of the frequency of the dimer peak, on Kasha’s lines [21], gives
a quantitative proof of dimer formation and (b) that the observed values of
the term-differences in the monomer and the dimer levels in the ground and
the excited state of the dye-molecule also suggest a decrease in the dipole
moment of the eosin molecule on excitation.

For a parallel long-cliain-dimer, resulting from dipole- dipole interaction,
the energy-level shift from monomer is given [21] by

where M is the transition moment in e.s.u. and r the point-dipole, point-dipole
distance may be taken as the distance between the centres of gravity of the
two molecules.
Using the relation between the oscillator strength, f, and the transition
moment, M
/| = 4704 X 10D8+ra*M 2, 3)

where va is the wave number of the maximum of monomer absorption, (2)
becomes

= £ : (4)
4704 X 109XvaX rs

The oscillator strength, f, can be calculated from
/= 4315 X 10~9£; «dv , (5)

where j €- «d v is the area under the graph “absorption coefficient, £, vs r”
for the first absorption band between the two limits determined from the plot
“polarization of fluorescence vs the exciting wave-length” [22a].

For eosin-blue in aqueous solution, we getf ~ 0.50 andva~ 19 700 cm -1.
The value of r may be taken as 6A [23]. The difference, Av, between the mono-
mer and the dimer peaks, as calculated from (4), comes out to be 1250 cm-1.
The experimental values of Av are ~1300 cm™1 and 1020 cm -1 from observ-
ation on the absorption [22b, 24] and the fluorescence [19] spectra, respect-
ively; these values are of the same order as the predicted value.

However, it is seen that the observed energy — difference in the mo-
nomer and the dimer peaks of eosin is smaller in fluorescence than in ab-
sorption. This may be due either to the dimers in the ground state being
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in the card-packed form, with somewhat obligue moments of the two mono-
mers in the excited state of the dimer, or to the dipole moment of the dye-
molecule in the excited state being less than that in the ground state.
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FAWLE HWE ®J1TYOPECUEHUWMWN S03MHA B PACTBOPE

w. w. PATW, K. TONANAKPUIW HAH n O. KWW OPE .

Pesome

WccnefoBannck CNeKTpbl NOTNoUeHns U (ayopecLeHUUn U OTHOCUTENbHbIA KBaHTOBbII
BbIXO4 (P/yOpPECLIEHLUMM PacTBOPA 903MHA-CMHErO B Pas3/IMuHbIX PacTBoOpuUTensx. [aHHble Ton-
KYIOTCS C TOUKM 3PEHMS HEU3NyyaroLLnxX NpoLeccoB, NMPOUCXOAsALLMX B pacTBope, 06pa3oBaHus
AVMepa v AWUMONbLHOr0 MOMEHTA 3031MHA. Ha OCHOBe pe3y/nbTaTOB MOKa3biBAeTCs, UTO MOfeKyna
903MHa B BO36YXAEHHOM COCTOSHUM UMEeT Gefiee HWU3KWIA [UNONbHOM MOMEHT, YeM B OCHOBHOM
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Electron scattering is suggested to measure low pressures. The relation between the
scattered electron current and the pressure of the gases is calculated using the Born approxim-
ation to obtain the differential cross-section of fast electrons. The method described by us
uses the excess information deriving from elastic collisions. A further advantage over ionisation
gauges is that the relation between the pressure and the measurable parameters can be com-
puted. The calculations are carried out for three gases at different electron energies.

Introduction

The pressure of gases at small values of pressure is defined by the relation
p = nkT, wherep is the pressure, nis the number of molecules per unit volume;
K is the Boltzmann constant and T is the absolute temperature. In the region
of the validity of the perfect gas model this relation expresses the proportiona-
lity of the pressure to the concentration of molecules at constant temperature.
In the case of vacuum systems of low pressures this relation is applied so
widely that the operation of the ionisation gauges is founded upon the measu-
rement of the concentration of molecules. A common characteristic of ionisation
gauges of quite different constructions is the fact that the particles (generally
electrons) interacting with the gas molecules produce ions proportional in
number to the concentration of molecules, so the ratio between the ionising
particle current and the measured ion current characterises the pressure.
So, for the measurement of low pressures a problem is to increase the effi-
ciency of ionisation and for this purpose the ionising electrons are constrained
to the longest possible path by application of electric and magnetic fields.
Since the produced electrons as well as the ionising electrons also must be
collected, the presence of a fairly strong electric field in the measuring region
is unavoidable. The complicated electron paths and the sensitive dependence
of ionisation efficiency on the energies of the electrons and on the nature of
the gases prevent us from calculating practically the relation between the
ionising electron—ion current ratio and the concentration of gas molecules.
So ionisation gauges used in the high vacuum and ultra high vacuum region
must be calibrated and, naturally, the individual calibration for every gas

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



252 L. FUSTOSS

gives a further source of errors, in addition to the difficulties of calibration,,
The other common characteristic of ionisation gauges is the fact that among
the collisions of atoms and electrons only collisions causing ionisation pro-
vide information about the pressure. The numerous elastic collisions and
those causing only excitation of molecules are unusable interactions for pressure

measurement.

A new measuring principle

A few years ago the idea was raised that one could determine the con-
centration of gas molecules, i.e. the pressure, by the measurement of the
current of the electrons scattered by elastic collisions. Over and above the
greater information deriving from numerous elastic collisions a further advant-
age is given by the possibility of the realization of an equipotential field in
the measuring region, where it is unnecessary to collect the ions. So the
paths of the relevant electrons will be more simple physically and more suitable
for a mathematical description. Antal and Keénig [1] suggested an arran-
gement where the electrons move in a homogeneous magnetic field on helical
paths and a detector measures the intensity of the current of the non colliding
electrons. This paper emphasizes the difference in principle between the method
which takes the scattered electrons into account and the usual ionisation
gauges, with regard to the possibility of mathematical treatment, but it
suggests no detailed method for the calculations. For a possible method of
calculation Falckenberg and Schumacher [2] suggested a treatment, by
which they determined the collision cross-section using the Born approxim-
ation. In their arrangement, used for calculations, a detector with a large
surface is placed opposite the electron source, and a hole in the middle of the
detector permits the non scattered electrons to pass through. In this way,
the detector measures the intensity of the current of those scattered electrons
that deviate with an angle larger than #0 as a consequence of their collision
with the gas molecules along their straight paths in the measuring region. The
electrons scattering through an angle $0, just reach the detector and the angle
$0 depends on the place of the collision and on the geometrical conditions.
The electron beam was supposed to be well focussed and monoenergetic having
an energy of a few keV. It was possible to use the Born approximation for
electrons of energies as large as these, and this enabled the current of the
electrons scattered along the path of a given length to be determined from
data on the differential cross-section. The authors published the results of
their calculations for different gases at several electron energies. The results
obtained give in logarithmic scale a linear relation between the pressure and
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the intensity of the scattered electron current in the region of low pressures
but the values of the intensities are very small, detectable only by a particle
counter.

The increase in the probability of collisions

The small intensity of the scattered electrons, a consequence of the
straight line paths of the incident electrons, is the main disadvantage of the
arrangement described in [2]. The only way to increase the intensity is to
enlarge the size of the instrument, but this possibility is very limited in prac-
tice. The application of a magnetic field increases the probability of collisions
and lengthens the paths of the electrons under unchanged geometrical con-
ditions. On the basis of this let us investigate an arrangement as in [1] where
a cylindrical measuring chamber is placed in a homogeneous magnetic field,
parallel with the symmetry axis of the cylinder. Thus the focussed and mono-
energetic electron beam entering the lower part of the cylinder will be con-
strained to a helical path. The length of this path depends on the angle @
between the magnetic field and the entering electron beam. The detector is
placed opposite the electron source to measure the current of the non-scattered
electrons. If the distance between the electron source and the detector is /,
then the length of the path of the unscattered electrons entering through an
angle a is /* = //cos @

It seems to be simplest with respect to both measurement and calculation
to determine the pressure dependence of the decrease in intensity. But the
decrease in intensity must not be too large, because it is then impossible to
assume only simple collisions and one ought to take into account the space
charge caused by the scattered electrons, all of which makes the calculations
too complicated with the geometry described above. In the case of small
decreases in intensity it is possible to measure the change in this decrease
with satisfactory accuracy only within a small region of pressure. If the ratio
between the currents of the entering electrons and those measured is equal to
e.g. 0.9, then, when the pressure changes by one order, the proportion of the
scattered electrons decreases from 0.1 to 0.01 approximately, i.e. the preceding
ratio becomes 0.99, and so when the uncertainty of the measurement is 3%
in the first case, this increases to 30%, other conditions remaining the same.

Therefore, instead of measuring the decrease in intensity, the variable
is taken to be the angle between the entering electron beam and the direction
of the magnetic field, and its dependence on the pressure will be determi-
ned, while the decrease in intensity will be assumed to be constant (Fig.
1). The measurement of the angle presents some technical difficulties,
particularly as the position of the detector has to be changed depending on
the angle a owing to the change of the helical path. But the measurement
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of the change of energy of the electron beam entails even more difficulties.
The advantages expected from the considerable increase in length of the elec-
tron path suggests that the relation between the pressure and the angle « should
be calculated.

Fig. 1. Helical path in homogeneous magnetic field

Calculation of the scattered electron current

In the case of slow electrons the scattering varies so greatly for different
scattering atoms and the relative intensity of the scattered electrons depends
so sensitively on the velocities of the incoming electrons, that the calculation
of the scattering cannot give a useful result suitable for the required purpose.
The calculation of the scattering will be made for electrons with an energy of
a few keV as this is also more suitable for technical reasons. The basis of the
calculations is the determination of the differential cross-section using the Born
approximation.

In our problem the scattering centres are the gas molecules and the
scattered particles the electrons. dN, the number of the particles scattered
per unit time in the solid angle dQ is proportional to N, the current of the
incoming particles, and to the solid angle dQ:

dN = a(8d) NdQ , (1)

w'khere a{j}) is the differential cross-section, which depends on the plane angle
¢ only, because the solid angle between cones with vertical angles & and
$-)-d#is dQ —2nsin#d Here a(B) characterises both the elastic and
inelastic collisions. The lengths of the electron paths allow the assumption
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of straight motion in the region of the interaction with the molecules i.e. the
magnetic field does not affect the collision process.

In the case of the scattering of fast electrons Morse [3] gave the differ-
ential cross-section for elastic scattering in the form

*= AT [(Z-Ff+ S], &)
aHg

where aL is the Hydrogen Bohr-radius; q is the absolute value of the difference
ofthe momenta of the incident and scattered electrons; Z is the atomic number,
F = F(&) is the form factor of the scattering atoms characterizing the elastic
collisions; S describes the inelastic scattering and it is determined by the sum
of the squares of the form factors of every electron of the scattering atoms.
Evidently, for the determination of the differential cross-section the form
factors of the atoms must be known. The values of atom form factors are known
for numerous atoms from calculations by Wyrwich and Lenz [4]. Their
calculations were performed by using the radial density functions, determined
by the self-consistent field method. Let « n be the number of the electrons
scattered into the solid angle «o characterized by the angle $ when the number
of the incident electrons passing over the gas layer of very small thickness I
IS n o, SO

dN = quml'+NO0O-a+dQ, (3)

where qgis the density of the gas. Evidently, the number of the scattered elec-
trons is proportional to the density of the gas, the thickness of the gas layer
and the number of the incident electrons.

The problem is to find the ratio between the number of the electrons
scattered through angles larger than a minimum #0, and the number of the
incident electrons. To do this it is necessary to integrate equation (3) from the
given angle €0 to the maximum angle where the values of F and S are
not negligible within the accuracy of the calculations. Using (2) we obtain

N' _ BnYo f& [(Z—Ff + S] Sin # 4s (@)
N n oh
The problem is to find #0as a function of the given geometry, (detector surface
was assumed to be 2 mm2) because the scattering takes place mainly in the
region of small angles. In (4) the values of $0and change continually along
the length of the gas layer also in the case of straight line paths of the electrons
since the position of the detector determinates $0 and In the case of the
electrons moving in a helical path the use of formula (4) is indirect, for, because
of the fixed position of the detector, it is not irrelevant in which of the points
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of the path the collision takes place. First, it is necessary to calculate an
average which depends on the vertical position of the helical path, then in
every circle depending on the relative position between the detector and the
place of the collision. Since the probability of scattering is independent of
the angle pbetween the plane yz and the plane uv but the different directions
mean different minimum angles fi0, it is also necessary to calculate the average
of the angle @ (Fig. 2). The determination of the maximum angle i)l is also

Fig. 2. The characterising of the scattering by the angles a, & and ¢

carried out in a similar manner, but since the scattering leading the electrons
to some path directing to the detector has a very small probability, it
is easy to take into account this correction. The calculations were carried
out by numerical integration using the data of Wyrwich and Lenz. The
pressure values belonging to all angles « are determined from the condition
N/NO= 0.1, (here iVisthe number of the scattered electrons, the sum of N’
guantities), and using (4) we can calculate the gas density q, i.e. the pressure
at a given temperature.

The results of the calculation

The calculations were carried out for three different gases at three elec-
tron energies. We calculated the intensity decrease caused by scattering as
a function of the pressure in the case of electron energies of 3 keV, 10 keV
and 50 keV for nitrogen, oxygen and neon. The results of the calculations
are shown in Table I and for nitrogen in Fig. 3. From Table | we see the simi-
larity of the connection between the pressure and the angle a in the case of
every gas at different energies. We can find the decrease of the degree of the
change with the increase of energy only for large values of oc, which is probably
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a result of the increase of g under unchanged $0. The comparison of the differ-
ent electron energies also shows well numerically that an electron beam of
lower energy is suitable for the measurement of low pressures, but the limits
of validity of the Born approximation used in the calculation of scattering
restrict the decrease of the energy. It seems, too, that in the case of oxygen
and nitrogen the difference is less then 5 per cent and so it is possible to cal-
culate the pressure values for air.

a—»

Fig. 3. The relation between the pressure and the angle a at different electron energies
in the case of nitrogen

For the calculations leading to thesé results we must make the following
remarks: At the basis of the results is the supposition that the electron scatter-
ing is simple. Under the given intensity decrease since the probability of
double scattering of the electrons is roughly equal to the square of the simple
scattering, the effect of double or manifold scattering is negligible. A further
reason is the fact that a further scattering of an electron scattered from the
entering electron beam, which takes it hack to the original helical path, has
a very small probability. All other scatterings make no difference to the
detected electron intensity.

In the case of an inelastic collision we must take into account the new
electrons produced by the ionisation besides the incident electrons. But the
velocities of the electrons produced in such a way are very small — electrons
do not accelerate in a field of constant potential — and so the paths of these
electrons deviate from the paths of the ionising electrons. This conclusion is
also valid for heavy ions. Further, the ratio between the elastic and inelastic
scattering shows that, above all, the elastic scattering is responsible for the
intensity decrease. (In the case of electrons of 10 keV this ratio is 10 : 1 when
a = 85°)
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Table |

Pressure values (in 10 s Hgmm) of nitrogen, oxygen and neon gases at different electron energies

72"
74°

76
78
80“
81
82
83

85°
86"
80°
87.5°
0
88.4°
88.8°
89
89.2°
89.4°

89.6°

3 keV

99.5
76.8
49.3
37.6
28.4
17.7
153
13.2
114
9.24
5.71
3.43
2.24
1.46
0.892
0.560
0.411
0.286
0.190

0.101

Nitrogen

10 keV

501
407
268
203
149
92.3
78.4
69.1
60.2
50.4
31.2
20.3
13.9
9.75
6.70
421
3.27
2.26
1.63
0.87

50 keV

3490
2960
1750
1290
927
631
550
491
389
324
202
140
101
72.4
50.4
28.9
22.6
17.4
123
9.4

Oxygen
3 keVv 10 keVv
97.3 482
75.0 391
48.6 256
36.7 197
255 143
17.2 89.5
14.7 76.2
12.9 67.4
11.2 58.6
9.23 48.2
5.50 30.1
3.30 19.8
2.23 135
1.42 9.47
0.873 6.51
0.546 4.12
0.394 3.21
0.275 2.23
0.183 1.59
0.097 0.83
Discussion

50 keV

3370
2630
1680
1240
882
613
536
472
381
314
195
137
99.6
70.8
49.1
28.4
22.3
17.1
12.0
9.1

3 keVv

234
181
124
91.2
62.0
47.5
40.2
34.2
29.4
23.2
14.1
9.00
5.31
3.51
2.13
1.47
1.12
0.671
0.491
0.261

Neo*

10 keV

1042
794
521
392
287
209
189
154
121

98.7
61.0
34.7
25.2
18.8
11.1
6.81
5.16
3.70
2.17
1.21

50 keV

6730
5410
3520
2570
1830
1370
1060
911
784
652
461
271
179
121
724
43.5
31.7
21.8:
15.9
8.20

The expected limit of the low pressure where the treatment is useful
is at the value 10 _7 Hg mm (See Table 1). This limit can be extended to the
region of lower pressures by the increase of geometrical sizes or the more accur-
ate measurement of the intensity of the current of non-scattered electrons
(the decrease ofthe ratio N/NQ), but these possibilities have narrow limits in
practice. Otherwise, the increase of the pressure region towards the lower
pressures is possible only by the application of an electron beam of lower
energy, but the method used is unsuitable for the calculation of the scattering
of slow electrons. Naturally, it is possible to calculate the scattering of slow
electrons, but the application of this calculation to the chosen geometry
(or any kind of geometry) is impracticable because of the sensitive change of
cross-section and the

the dependence on the velocities of the differential
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complicated distribution of the intensities of the electrons, scattered into the
different solid angles. This difficulty does not impede the application of slow
electrons and so the increase of the pressure region towards low pressures,
but it is impossible to calculate the relation between the pressure and electron
scattering. On the basis of the experimental results of Schumacher [5] we
can estimate the expected numerical values: using electrons of 300 eV the
measurable pressure region can be extended to 10 -1° Hg mm in the case of
nitrogen.

The increase of the pressure region towards pressures higher than 10
Hg mm is possible by the increase of the electron energies but it is more con-
venient to measure the change of the intensity decrease as a function of the
increase of the pressure under a given electron energy and a fixed angle a.
In this case the physical circumstances are also very complicated because of
the numerous scattered electrons, and so we cannot calculate the necessary
relations.

Since experimental results concerning the arrangement are not at our
disposal we cannot conclude much from the comparison with ionisation gauges.
But it is expected that effects disturbing the measurement which are caused
by the ions will decrease since the majority of the electron scatterings are
elastic and we can expect smaller intensities because the measuring current
of non-scattered electrons is about equal to the current of the incident elec-
trons.

The principle of measurement reviewed here is basically different from
that of ionisation gauges because it uses elastic collisions as well as ionising
collisions. Since the ratio between elastic and inelastic collisions is 10 : 1 in
the case of electron energies of a few keV, this fact increases the sensitivity
of the measurement in constructions of similar arrangement. Further, the
computable geometry and the physical simplicity of the principle allow the
calculation of the relation between the pressure and the measured quantities
in a measuring region, whereas with other instruments it is much more dif-
ficult.
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PACYETblI O MPUMEHEHWWN PACCEAHWNA ANA OMNPEAENEHNA OABAEHUNA

n. eL0oWwTIW

Pesome

LNS M3MepeHns HU3KMX AaBNeHWUin npeanaraeTcsl UCMNOb30BaTh PACCESHNE 3/1EKTPOHOB.
COoOTHOLLIEHME MEXAY TOKOM paccesiHHbIX 3/M1eKTPOHOB W JaBNeHNEM Ta30B OMpeAenseTcs npu-
MeHeHneM BOpPHOBCKOro NPUBNMXKEHUS C LeNblo MOoAyYeHus AUGP(EpeHLIManbHOTo cedeHns
GbICTPLIX 31€KTPOHOB. ONUCaHHbI HAMW METOA WMCMONb3YeT MHAOPMALMKM, MPOUCXOAALLNEe OT
YyNPYrux CTONKHOBEHWIA. [anbHeiiliee NpeMMyLeCTBO WOHWU3ALMOHHBIX M3MEepUTenei 3aknio-
yaeTcs B TOM, YTO MMEETCSl BO3MOXHOCTb 151 ONPeAeNeHNs COOTHOLIEHWUS MeXAY AaBNeHuem
M M3MepseMbiMM NapamMeTpamu. BbluncneHus NpPoBOAWMUCL ANS TPEX ra3oB NpU PasnMyuHbIX
3HEPrusX 3NeKTPOHOB.
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The theories proposed by various authors for the explanation of the apparently ano-
malous small-angle elastic scattering of fast neutrons by 238U nuclei [1] are reviewed. The prob-
lem is then considered by questioning the validity of the model and the assumptions which
give rise to the anomalous discrepancy between the predictions and the experimental data.
The measurement of the angular distribution of 14.7 MeV neutrons scattered elastically by
uranium is reported. In the evaluation of the experimental data the inelastic contribution is
taken into account as a consequence of bad energy resolution. The analysis of the scattering
data in terms of the optical model does not show the occurrence of any anomaly.

Introduction

The anomalous elastic scattering of neutrons on 28U has been studied
by several authors in the last few years [1—8]. The problem was raised by
Y.A. Ateksandrov et al. [1] who were the first to observe, using bombarding
neutron energies of about 2 MeV, that the differential cross-section for elastic
scattering at small angles (d < 15°) differs from the value predicted with the
assumption of a “black nucleus”. Their observation was confirmed by the
experiments of Y. V. Dukarevicnh et al. [21 who used 14 MeV neutrons and
had better experimental conditions. Similar deviations from the predictions
have also been reported by other authors 6, s, 3 for bombarding energies of
7, 3, 0.8 and 0.6 MeV. The theories proposed by various authors for the expla-
nation of this effect may be summarized as follows.

Contributions from long-range nuclear interactions to elastic scattering

It seemed obvious to attribute the increased small-angle scattering of
neutrons to the effect of long-range interactions between the neutron and
nucleus.

The interaction potential of the nuclear Coulomb field with the magnetic
moment of the neutron has the form

Vs(r) = bl — 0.EXp=\fin\(Ze2h22 m2c2 ®(r) o */, (D)
2mzcz
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where pnis the magnetic moment of the neutron and Z « e is the charge of the
scattering nucleus.
rhe radial dependence is described by the terms

d(r) = res if r<,Tec,
. (2)
d(r) = r~3 if r> rc,
where rc is the “charge radius” characterizing the charge distribution of the
scattering nucleus, a is the Pauli spin vector.
The Schwinger scattering, described by this potential [9], has a predo-
minant forward character. Using the Born approximation the scattering ampli-
tude is given by

fs(& = iy cot ~~ (amn) (3)

for 28U y = 1.35 «10-14 cm, n is the normal vector of the scattering plane.

As is well-known, the contribution from Schwinger scattering is not
sufficient to account for the experimental data.

Y. A. Ateksandrov and I. |I. Bondarenko [3] Suggested that on the
basis of fast neutron scattering on Coulomb fields consequences may be drawn
covering the electric polarizability of the neutron.

They assumed that in the nuclear Coulomb field E an induced electric
dipole moment p = a E is to be attributed to the neutron, where a is the
electric polarizability of the neutron. The interaction potential has the form

xZ2e2y>(r) ,

\A) = rci if r<_re, (4)
y>r) = r-4 if r'> ICH

This interaction may increase the small angle scattering (# <[ 15°) and its
extent depends on the electric polarizability of the neutron.

Supposing that the observed anomaly is connected with the polariza-
bility A1eksandarov deduced a value ofa = (8~ 3.5) «10“4 cm3 for Eh= 2
MeV. However, the meson theory [7] and deuteron-photon scattering experi-
ments [9], show that the value ofa is actually less by an order of magnitude.

M. wartt and D. B. Fossan [8] also studied the interference between
nuclear scattering and polarization for the interpretation of the scattering
of 0.57 MeV neutrons. To describe the short range nuclear interaction, they
used the optical potential

Ji j22

Vn(r) = VF(r) iVG(r) + Vs0
mnc) r

at, 6
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where the real and imaginary parts of the potential are described by the form
functions F(r) and G(r), with depths V and W, respectively, while Fs0 is the
strength of the spin-orbit term and mnis the mass of the n meson.

Using the Born approximation, the scattering amplitude also contains
two terms in the form

W =/(#) + gip)a-n (6)

corresponding to the spin-dependent parts and to those which show only radial
dependence.

If the interference term is taken into account in the differential cross-
section expressed as

da
dQ = \fn2+ \fP2+ 2fnfp> (?)
then, for the scattering of neutrons with energy E, = 0.57 MeV, the lower

limit of polarizability is
a”™ 4¢10-40cm],

while from the data obtained with 14 MeV energy neutrons [2] the value
a> 4m0—-40cm3

was deduced. These values are inconsistent with those obtained for a in other
types of experiments. R. F. Redmond [4] attempted to explain the anomaly
by introducing an extraordinarily strong spin-orbit term Vs0 into the nuclear
interaction potential. The long-range electromagnetic interaction (Schwinger
scattering) is also of the spin-orbit type. Using the differential cross-section

'/<\:|i5_| g, W +/sW , (8)

where gnis the spin-orbit term of the nuclear scattering amplitude and fs is
the amplitude of Schwinger scattering, Redmond found that for sufficiently
strong Fs0 the interference is constructive at small angles and destructive at
larger ones.

Though the character of the interference would permit such an expla-
nation of the anomaly, if we take into account the analysis of A. J. Elwyn
et al. [5] we have to abandon this assumption. They measured the elastic
scattering of 0.83 MeV neutrons and the polarization of the scattered neutrons.
The anomaly, though it was observed, did not give any contribution to the
polarization of the scattered neutrons. The latter can be explained without
the assumption of a very strong spin-orbit interaction term in the optical
potential. Thus, the suggestion of Redmond cannot be accepted.
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One of the present authors, P. H rasiiO, who estimated the interference
between the spin-orbit terms at the small angle elastic scattering of 14 MeV
neutrons in terms of the “black-nucleus” model, found the contribution from
interference to be negligible, if usual values of Fso were assumed. Thus, the
interference suggested by Redmond does not lead to any increase in the scat-
tering cross-section either in the case of 870 keV or at 14 MeV.

These facts allow us to state that the theories which attribute the ano-
maly to the effect of long-range interactions have to be rejected.

‘Contribution from special nuclear reactions to elastic scattering

If the energy balance of a nuclear reaction happens to he such that the
neutron emitted in the forward direction has an energy equivalent to that of
the elastically scattered neutron, the nuclear reaction can be made responsible
for the excess forward scattering observed.

Considering the type of reactions which could satisfy this condition,
it is of interest to note that the anomaly was observed by Dukarevich et al.
only in elastic scattering experiments on U, Th and Pu nuclei. Thus, it seems
reasonable to connect the anomaly with the a-decay of these nuclei.

In our investigations we assumed the induced a-decay, i.e. the possibi-
lity of (n, a r’)-type reaction [11]. The amplitude of the reaction is evaluated
by P. Hraské and Zs. Kévesy, using the pole approximation of the dispersion
model proposed by Shapiro, i.e., from the infinite set of terms describing the
amplitude they used only that which is represented in the pole graph by

expressed as

M M(A + M*(x + n~x" + n")

©

Pu 2m, E

Paand Eaare functions of the kinetic energy available in the initial and final
state, respectively. In the process A —B -f- x, if the scatterer is 238U, we
have Q ]> 0. It follows from the kinematic relations involved in the momentum
transfer between the “decay” and the x -f- n —»x’ -f- n’ scattering process
that the neutrons are scattered with very high probability in the direction of
the bombarding neutrons and then their energy is equal to the energy of the
neutrons scattered elastically by uranium. This effect can lead to an increase
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in the elastic scattering cross-section. If it is actually responsible for the ano-
maly, it should account for the excess value of o= 15 mb obtained for the
differential cross-section from the experimental data [2].

In the experiment performed by the present authors [12] in order to
check this theory, the value of the U(re, a n’) cross-section was found to be
a <[ 0.5 mb, which was too small to explain the anomalv.

Considering that the anomalous behaviour increases with increasing
bombarding energies and is observed only for U, Pu and Th scatterers,
A.J. Elwyn et al. [5] tried to relate the anomaly to the fission of these nuclei.
The energy width of the bombarding neutrons is such that even in the relatively
low range of the neutron energies applied, it may attain 0.6 MeV, which is
the approximate threshold energy for the fission of 28J. In this approach the
variation of the anomaly with the bombarding energies is thought to reflect
the energy-dependence of the fission cross-section.

In the experiments performed by the present authors for the investigation
of the (n, «xn’) reaction the measuring technique enabled us to get the sum
of the cross-sections for (n,/n’)-type reactions where f stands for any charged
particle with an energy equivalent to that of an a-particle of minimum 1 MeV
[13]. The small value of the integral cross-section obtained in the measurement
contradicts the theory of Elwyn, the more so if one realizes that at the 14 MeV

bombarding energies used in the experiment, the fission contribution is expect-
ed to be much more pronounced.

Considerations of the existence of an anomaly in the 238U(n,n)

In the light of the above results, it can be questioned whether the ano-
maly exists at all. Let us see, therefore, if the experimental data have been
compared with the proper theoretical predictions. The calculations are based
on several assumptions. To ascertain the validity of the approximations in the
case of 28U, we shall consider successively each of the factors which may
affect the differential cross-section for elastic scattering.

Effect of nuclear deformation

The 28U nucleus is known to be strongly deformed. Thus, an interaction
potential which includes the contribution from the collection nuclear deforma-
tion will give a more accurate description of the interaction mechanism.

We consider, therefore, the small angle scattering behaviour without the
assumption of spherical symmetry. Recalling also that the energy resolution
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in the experiment of D ukarevich et al. was less than 1.5 MeV, it seems neces-
sary to perform a new evaluation of the experimental data.

It is apparent from the known level scheme of 28U (Fig. 1) that the cross-
section data contain both the elastic and inelastic scattering contributions
to the cross-section. These inelastic scatterings excite the rotational band
of the ground state and other collective states of a non-rotational nature.

12

1
_12~ =4 i vibration
11 Rvibration
10 - Ok
0,9 -
>Q8 - 10+
<b
- octupot
CQL ?:* 1 vibration
2 0,6
w 0B BT
w 0,4
0,3 - 6+
0,2
4+ omoeeee
0,1

Fig. 1. Level scheme of 238U

Consequently, the experimental data can be better described by a sum of the
form

do(i d
(i) 007-«.0+($) -f- Y ~rpr + (10
du Iq ™ dU

where J'M "' represents the states summed over the rotational band. The
d/d Qg($) was evaluated in the adiabatic approximation by making use of
the generalized diffraction model of B rair [15]. The amplitude of the inelastic
scattering for transitions from the 0 + state to those characterized by quantum
number JM is given by

fo+AjM = < JM [lo+->04 00 >, (11)

where fO+M,0+ is the amplitude of the elastic scattering associated with the
given value of nuclear deformation. The 28U nucleus rotates 1° if a 14 MeV
neutron passes by. Thus, the adiabatic approximation can he applied. In the
scattering process the nucleus is regarded as a rigid ellipsoid fixed at the origin.
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The cross-section for elastic scattering to the total rotational band, as
defined in (10), now has to be written in the form

dO(.I‘)) 12,
du
where the elastic scattering is averaged over the positions of the ellipsis.

The amplitude fO+_»0+ is evaluated in the diffraction approximation
in terms of a Fraunhofer diffraction pattern resulting from an ellipsis with
symmetry axes a, B in a fixed position (co, y»), normal to the incident neutron
beam. In the direction f

Jo+-*o+ = [ £(0, <P,corp) = ik 1+"cos &-w - JRx),

where
X2= [ie2cos2(¢ —y) + R2sin2({>—y)] k1sin2&, (13)

iv2 = a2sin2co -j~RR2cos2co.

K is the wave number of the incident neutron, JBx) is the first order Bessel
function and the deformation parameter is defined as

al

The measured data obviously do not contain the inelastic contribution
leading to the excitation of the total rotational hand, but it is obvious that
for higher values of J the inelastic contribution to cr($) becomes increasingly
smaller.

From (12) and (13) we get the expression

cos4—
2

for small angles, where the deformation of the target nucleus determines the
values of cr(0) and y. The dependence of these values on b is plotted in Fig. 2.
For electromagnetic transitions the measured values of B(E2) yield b"m —°
= -f0.446 ~ 0.008. The electromagnetic transition data are obviously sen-
sitive to the nuclear charge distribution and consequently to the nuclear deform-
ation of this type. This may differ from the mass deformation also indicated
by nuclear spectroscopic data. The values of y and cr(0) are, however, practi-
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Fig. 2. 6-dependence of tr(0) and y

cally insensitive to the deformation over a fairly wide range around Gem-Thus,
it cannot be expected that an explanation ofthe problem of small angle scatter-
ing should be found in this way.

Analysis in terms of the optical model

A further assumption used in the evaluation of Dukarevich’s experiment
was the assumption of a “black nucleus” which implies the absorption of
every incident neutron. The use of the optical model seems to be more realistic.
However, the analysis and getting to satisfactory conclusions concerning the
small angle anomaly would require experimental data with a much smaller
error and a better energy resolution than those obtained in the reported expe-

Fig. 3. Target and detector arrangement
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riments [2, 12]. For a proper comparison with the values calculated, the elastic
scattering in terms of the optical model as well as for the unambiguous deter-
mination of the optical parameters, it is necessary to give a reasonable estimate
of the inelastic contribution to the measured value of the elastic scattering
cross-section. As a consequence of the collective nature of the inelastically
excited levels, the direct interactions are expected to dominate, and the com-
pound processes can be neglected.

This problem was investigated by the present authors who simulta-
neously measured the angular distributions of the elastically scattered 14.7
MeV energy neutrons and of the inelastically scattered part, exciting the first
2+ and 4+ levels in 238U.

Experimental

The differential cross-sections for the above types of scattering processes
were evaluated by detecting the neutrons scattered by a uranium target and
analyzed with a four-channel fast neutron time-of-fliglit spectrometer [17].
The neutrons were observed simultaneously at four scattering angles, over
a flight path of 4 m, with an energy resolution of 0.5 MeV. The arrangement
of the target and detector is shown in Fig. 3. The radius of the cylindrical
target was chosen to be Aai//4, where Xatt is the mean free path of attenuation
for the bombarding neutrons.

The recoil particle technique was used which in the case of neutrons
from H3(d, n)He4 reaction provides a well collimated bombarding neutron
beam. The deuterium beam was led through a slit of 0.1 mm by 0.5 mm placed
in front of the H 3target. The solid angle covered by the a-detector was 2.7 +10
sterad. The divergence of the neutron beam “collimated” by means of the
detected a-particles is determined by the solid angle of the a-detector and the
width of the deuterium energies used for the production of the neutrons.

To limit the size of the neutron source, the deuteron beam was collimated
by two semi-cylindrical iron blocks, 5 cm in radius and 50 cm long each,
placed in front of the incident deuterium beam, with 0.5 mm spacing between
them. In this way an intensive self-target was moved further from the tritium
target and the detectors were shielded against self-target neutrons. The direct
neutrons were prevented from reaching the detectors at higher scattering angles
by a 50 cm long cylindrical iron shield. The neutrons were detected by cylind-
rical plastic scintillators, 5 cm in diameter and 10 cm in length. The detector
axis was kept parallel to the direction of the flight path of the neutrons. The
total angular resolution was Aé = ~1.4°. The measurements were taken in
the angular range between 5° <[ # <[ 18° in steps of 2° and between 20°
< ft < 100° in steps of 15°. The threshold energy for neutron detection was
equivalent to 3 MeV proton energy.
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A typical time-of-flight spectrum of neutrons scattered at # = 5° is
shown in Fig. 5.

The random coincidence background varying with the square of the bom-
barding neutron intensity was measured simultaneously in a given range of
the spectrum, suppressing with appropriate delays the systematic events
in this region.

The 1 mm thick tungsten backing of the tritium target acts as a scatterer
in the solid angle of incident neutrons and contributes to the background
counts in the time-of-flight spectrum. To evaluate this effect the measurements
were performed both with and without a scatterer.

The differential cross-section was evaluated from the expression

A Nb N* Nrkbe
dei{0) N, st

du iVaQns(En) em

where N/cand iMw, are the counts falling into the area below the elastic scattering
peak in the time-of-flight spectrum after subtraction of the random coincidence
counts distributed uniformly in time. Na stands for the counts of the a-
detector. The suffix b denotes the counts taken without a scatterer, | is its
length in the direction of the incident neutrons, aatt is the attenuation cross-
section of the scatterer, U is the solid angle and enthe counting efficiency of
the neutron detector. Expression (15) holds whenever the solid angle of the
scatterer is larger than Qa, as was the case in our measurements.

The differential cross-section for elastic scattering was evaluated in
terms of the optical model, assuming the complex potential to have the usual
form

LLr) = VI(r) + iwg(r) + VsOh(r) a-1, (16)
where
Ne = 1+ exp
exp
g(r) = 2’
1 -f- exp- R,
% 21
h(r) f(r

me 2 dr

The parameters Rv= Rw 1.25 A13f, a,= 0.65/, aw= 0.55/, where V and W
have the values given by the expressions of Bjorktund and Fernbach [18].
The values of the potential are in agreement with those reported on the neutron
scattering analysis on uranium [16, 19].
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As for the inelastic contribution within the given energy resolution, it is
sufficient to consider the excitation to the 2 + state, the excitation to the second
rotational level seems to be of low probability. The theoretical values for this
correction were taken from [19].

Fig. 4. Profile of the bombarding neutron beam

Fig. 5. Time-of-flight spectrum of the elastically scattered neutrons at a flight distance of 4 m
at angle T= 5°

In Fig. 6 we have plotted the measured and calculated angular dis-
tribution in the range 10° < & <C 100°. As is to be expected, the inelastic
contribution in the forward direction can be neglected and may become
appreciable only in the diffraction minima. Nevertheless, if it is taken into
account, it considerably changes the agreement between the experimental
values and the predictions. The contribution from the compound elastic

scattering can be ignored at this energy.
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Fig. 6. Angular distribution (measured data, solid curve: predicted differential elastic scatter-
ing cross-section, broken line: the former plus the inelastic excitation to 2+ level)

Fig. 7. Angular distribution of elastic scattering (experimental points and predicted differential
cross-section)

In Fig. 7 the calculated and measured values of the differential cross-
section at small angles are shown. The agreement is fairly good.

Discussion

It can be concluded, at least at neutron energies of 14 MeV, that the
small angle anomaly actually does not appear and it seems that the neutron
scattering by uranium can be well described by using the optical model if one
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takes into account the possibility of an appreciable inelastic contribution to
the experimental data. A similar analysis was performed simultaneously with
the present experiments by G. Y. Gorlov et al. [20] for neutron energies
En= 4 MeV which similarly did not show any increased small angle scattering
compared with the predictions of the optical model.

Finally, it is of interest to note that a comparison of E1wyn’s data
with Bardoni’s theoretical curve for the differential scattering curve suggests
that the small angle anomaly results from a direct inelastic contribution.
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YMNPYFOE PACCEAHWE HEWTPOHOB C 3HEPIMEN 14 M3B
noa MANbIMWN YITNAMU HA AOPAX UZB

A. AQJAM, ®. JEAK, M. XPAWKO, 1. MEKWU, A. KWW,
XK. KEBIWW v I'. NANNA

Pesome

MofbITOXMBAOTCA NOMbITKN UCTOIKOBAHWUA Pa3/IMYHbIMK aBTOpaMn aHoMannu ynpyroro
paccesiHna ObICTPbIX HEATPOHOB MoA ManbiMu yrnamum Ha aapax UZ2B[1]. Oanee, npobnema
BbIBUraeTcad C CO06paXKeHUs, OTHOCWUTENIbHO Yero M Npu KakKux MNpesnofioXeHUAX AaHHas
aHoManus nosABNAETCA.

M3mepanocb yrnosoe pacnpefefneHne Ynpyroro paccesHWs HEeATPOHOB C 3Hepruei
14,7 Mag. Mpun n3mMepeHUn MPUHMMANCS BO BHMMaHMe HEYynpyruii BKnag B pesynbtaTax usme-
peHunii, 06yCNOBMEHHbIA paspelleHMeM MO 3Heprum. AHanusmpys ONTMYECKYID MOJenb pacce-
AHWA, Manoyrnoeas aHoManua He o6HapyXxeHa.
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REMARK TO THE INTERPRETATION
OF THE KENNEDY-THORNDIKE EXPERIMENT

By

L. JANOSSY

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST

(Received 29. 1. 1968)

It is shown that the result of the Kennedy—Thorndike experiment can be understood
in terms of the Lorentz contraction only and it is not necessary — as it is generally supposed —
to make use of the relativistic behaviour of clocks for the interpretation of the result.

1

R. J. Kennedy and E. M. Thorndike [1] carried out a remarkable
modification of the Michelson—Morley experiment; the authors used an
interferometer with arms of different lengths and showed that just like in the
case of the original Michelson—Morley experiment no fringe shift occurs
when the arrangement is turned round.

The experiment is one of the fundamental experiments supporting the
theory of relativity. It seems, however, that the authors have come to partly
incorrect conclusions regarding the theoretical implications which follow
from the experiment. The arguments of K ennedy and Thorndike have been
generally accepted (see e.g. H. Ding1e [2]), therefore it seems worthwhile to
re-analyse the experiment.

The Michelson—Morley experiment can be interpreted in terms of the
Lorentz contraction, i.e. supposing if a solid is made to move with a velocity
v relative to the carrier of light, then its dimensions parallel to v contract by
a factor y1 —r2c2 Alternatively, if a solid is moving with a velocity v relative
to the carrier of light and is turned round, then it suffers deformations in such
a manner, that the dimensions turned into the direction of v contract, while
those turned away from the direction of v expand.

The claim is made — which in our opinion is incorrect — that the
Kennedy—Thorndike experiment cannot be fully interpreted in terms of
the Lorentz contraction of arms of the interferometer alone, hut it is claimed
to he necessary to consider also the relativistic effects clocks suffer when
accelerated.

To prove our point of view we show that the result of the experiment
can be explained in terms of the Lorentz contraction of arms of the inter-
ferometer.
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Consider a system of reference K with measures such that the propa-
gation of light appears isotropic relative to K. Consider further two points
A, B both moving with a constant velocity v relative to K. The coordinate
vectors of the points are thus

«a0 = g+ vt, rB(t) = 18 + Vi, (1)

where rg, rs are constant vectors. A signal of light starting from A att= 0
will arrive in 5 at a time t = txsuch that

(rB(tl) - r A(0))2= c2tf . )

Similarly a signal will travel from B to A in a time t2such that

(ra(*2) —rs(®))2= c21]. ©)
Introducing (1) into (2) and (3) we find that

a2-j-2av™ — (c2—v2if=0

a2—2avi2— (c2—v2t2= 0 (4)
with

a=rB- rA.

Solving equations (4) and remembering that flst2> 0 we find

2 f(av)2+ a2c2—tD)
C—Ww
or putting
av = avcos &,

h+ %2 (5)

Expression (5) gives the time a signal of light — or a surface of constant phase
— takes for the to and return flight along a rod the ends of which are connected
by the vector a and which is moving with a velocity v.

Consider a rod with length a0 when it is placed perpendicular to v. Let
us turn the rod until it stands with an angle § inclined towards v. Supposing
its projection upon v contracts we find

er($) = af+ a 1——
c2
where

af + a| = a
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and
ox= a{&)sin$ ,

thus ax is the component of a perpendicular to y (see Fig. 1). We find thus

+ («0 — a2($) sin [—

2
or
!/, \2
_ a0 19 4
<i($) (6)
1 - —sin2é
cl
Replacing a by a($) in (5) we find
2 an
M+ C— (?)
J/c2—sv2

We conclude thus as follows. Consider a rod of length a0 when orientated in
a direction perpendicular to v. If the rod is turned so that its direction stands
at an angle $ to v its length changes to a(j}) as given in (6), provided it suffers
the ordinary Lorentz contraction.

From (7) it follows therefore that turning round a solid rod the time
t1 t2a light signal takes to move along the rod and back again remains the
same independent of the orientation of the rod.
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Using a Michelson type of interferometer the observed interference
pattern is determined by the difference AT of phase in which the two coherent
beams arrive. Writing

at = (««+ 4°) - (42+ 4 .

where ép -f- ép is the time the phase fronts travel to and fro along the one
arm, while tP -f- ép is the time the to and fro travel takes along the other arm.

Turning round the interferometer it follows from (7) that neither tP -|-
-j- ép nor tP + 42) changes its value, therefore AT remains constant as was
established by experiment. For the above consideration it is immaterial whether
the length of the arms of the interferometer are equal or not. Thus we conclude
that the result of the Kennedy—Thorndike experiment can be understood in terms
of the Lorentz contractions of the arms of the interferometer.
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3AMEYAHWNE K NCTO/TIKOBAHWHKO SKCMEPMMEHTA KEHHE,LI,I/I-COPH,LI,AI7IK
n. AgHowwun
Pesome
MoKasblBaeTcs, YTO pe3ynbTaT a3kcrnepumeHTa KeHHegu—CopHAaAK MOXHO WHTep-
NpeTMpoBaTbh TOMIbKO Ha OCHOBE COKpalleHWs JIopeHLa U He SBNSETCS HEOOXOAUMbIM — Kak

3TO 06bIYHO npeanonaraeTca — WCNOMb30BaTb PENATUBUCTUYECKOE MOBeAgeHUE 4acoB TMpu
NCTONKOBaHUW pe3ynbTaTa.
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PRECIPITATION OF FISSION PRODUCTS
FROM THE ATMOSPHERE IN DEBRECEN, HUNGARY,
DURING 1966 AND 1967

By

A. SZALAY and E. CSONGOR

INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES (ATOMKI),
DEBRECEN

(Received 28. I11. 1968)

Results of the measurements relating to the beta activity of fission products in atmo-
spheric precipitation during 1966 and 1967 are discussed. It can he ascertained from the sum-
marized data of recent years that the fission product content of the precipitation decreased
rapidly with an average decontamination half period of 0.7 year. With respect to the quarterly
summarized data of the last two years a nearly constant activity level can be observed which is
due to sporadic atmospheric nuclear tests.

Fresh fission products with a short half period (originating from the Chinese nuclear
test of Oct. 27, 1966) were detected in the precipitation by means of the gamma spectrometric
method. Be-7 produced by cosmic rays is separated chemically from the precipitation and
the Be-7 activity of the precipitation is determined by a gamma spectrometer. It amounts
to 88 dpml/litre.

Introduction

Beta-activity of fission products in the atmospheric precipitation has
been measured systematically in this Institute since 1952 [1—38].

The precipitation is collected daily by means of an ombrometer with
a 40 cm diameter PVC funnel. In the absence of precipitation the deposited
dust is washed into the collecting vessel and measured together with the next
precipitation. In this manner practically the total fallout is collected because
90% of the fission product content of the troposphere is carried down by
precipitation [9]. The water, dust and soot content of the ombrometer is con-
centrated by evaporation into standardized glass cups of 25 mm diameter.
The beta-activity is measured by an end-window GM counter. A detailed
description of the techniques is given in our preceding papers [4].

Results of measurements

Fig. 1 demonstrates the results of the measurements for the years 1966
and 1967 in the same form as in our previous papers. Determined beta-acti-
vities are plotted on the ordinate upwards in cpm and 10 ~11 Curie units as
a function of calendar time. The amount of daily precipitation is shown on
the ordinate downwards in mm and ml units. All data are reduced to 1/50 m2
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surface of the standard meteorological ombrometer. The type of precipitation
is denoted by the conventional meteorological key. Data of some published
nuclear tests are marked but without responsibility for the completeness and
exactness of such information gathered from various public sources (press,
radio, etc.).

It is preferable to summarize the fallout activities for longer periods
(one month or year) because of the statistical nature of precipitation in time
and place. In this way we get a more realistic mean value for comparison.

Table 1

Monthly and yearly sum of beta activity measured in the precipitation in Debrecen

1966 1967
Month
mCilkm* mCikm®

January i 0.546 0.642
February ... 0.735 1.32
March .. 0.701 0.684
APrili, 0.534 1.014
May e 1.311 0.897
JUNE 1.509 0.483
JULY 1.242 0.684
AUuguSt..iice 1.53 0.534
September 0.402 0.609
October ... 0.546 0.399
November ... 2.334 0.309
December ... 0.456 1.299
Yearly sum ..o 11.846 8.874

In Table I the monthly and yearly sums of beta-activity are shown in
mCi/km2 units, measured about 48 hours after precipitation.

Some comparatively high valuesin this Table can be correlated with
the Chinese nuclear tests on May 9, 1966; October 27, 1966; Dec. 28, 1966
and Dec. 24, 1967. The increased activities appeared in the precipitation usu-
ally with 10—30 days delay, in some cases with 7 days delay. Effects of the
June 17,1967 Chinese test and the five French tests in 1966 were not significant.
According to the press this was the first Chinese thermonuclear test. The fact
that this test was not observable in tropospheric fallout in Debrecen demon-
strated that the fission products emerged into the stratosphere. The five
French tests were carried out in the South Pacific Ocean. Nuclear tests in
the southern hemisphere are usually not observable in the northern hemisphere.
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The variation in the average specific activity of the precipitation verifies
our statements above. In Table Il the monthly average specific activity is
shown. (The values of the specific activity are generally not so characteristic
as is the monthly sum of beta activity because the amount of precipitation

-20 w” Curie

40
301

¥

Chinal [China

) |
i JAN iFEBR.LMARCH! APR. ! MAYi JUNE i JUY i ALG.I1 SEPT. t OoCT iINOV . DEC? |

T I — [

THT & Ty b fT rrm
\Y
25 -500
65,60
50- 1000

mm cm3 196I7

Note added in proof: In June 1967 there was anew French test series in the South Pacific Ocean.

Fig. 1. Beta activity of fission products in the atmospheric precipitation in Debrecen, Hungary,

during 1966 and 1967. Ordinate upwards, right: activity in 10-u Curie units, corrected for

the geometry of the counting equipment. Ordinate upwards, left: activity observed in cpm,

both reduced to 1/50 m2 ombrometer surface. Ordinate downwards, right: one day’s rainfall

in ml water volume collected by an exposed area of 1/50 m3. Ordinate downwards left: one
day’s rainfall in mm. Abscissa: calendar time
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fluctuates and the specific activity — especially when the amount of precipi-
tation is small — depends strongly on the amount of precipitation.)

If the data of the last two years are compared with those for previous
years it can be stated that the yearly sum of beta activity increased in 1961—
1962 according to the large scale nuclear tests, and decreased continually after
a maximum in the year 1962 (Fig. 2 and Fig. 3). Fig. 2 demonstrates the
yearly sum of beta activity measured in the precipitation between 1960 and

Fig. 2. Yearly sum of beta activity measured in the precipitation in Debrecen, Hungary
between 1960 and 1967. Similar data between 1952 and 1960 are in [6]

Table 11
Monthly average specific activity of precipitation in Debrecen between 1966 and 1967

1966 1967
Month
pCi/ml pCi/ml
January ... 0.0139 0.0174
February......... 0.0166 0.0403
0.0198 0.0282
0.0186 0.0241
0.0181 0.0251
0.0209 0.0082
0.0192 0.0083
0.0200 0.0118
September ... 0.0086 0.0112
October ....ccocevvevvcinen 0.0108 0.0120
November........ 0.0308 0.0174
December ... 0.0064 0.0265
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1967, Fig. 3 shows the quarterly sums of the same data. A previous report
[6] contains our results from the years 1952 —1960 in a similar graphical sum-
mary.

From these data of the yearly decrease of activity an average deconta-
mination half period of 0.7 ~ 0.1 year was determined which is similar to the
value stated earlier [6]. Recent sporadic nuclear tests caused an approxima-
tely constant level of activity in the last two years (see Fig. 3).

Fig. 3. Quarterly sum of beta activity measured in the precipitation in Debrecen, Hungary,
between 1960 and 1967. Similar data between 1952 and 1960 are in [6]

Fig. 3 demonstrates strikingly how sharp the seasonal variation of the
activity is in the years 1960, 1963, 1964 and 1965. These are the well-known
spring maxima which are the consequences of the exchanges of air masses
between stratosphere and troposphere. Tropospheric fallout of sporadic con-
temporary nuclear tests obscured this periodicity in 1961, 1962, 1966 and 1967.

Investigation of Be-7 activity of the precipitation

It is preferable to use a gamma-spectrometer for the analysis of the com-
position of fission products in the precipitation but in this case a larger amount
of rainwater is required.

Between Oct. 29, and Nov. 17, 1966 171 1of precipitation were collected
by means of a polyethylene foil with a surface area of about 10 m2. A smaller
fraction of the precipitation (25 1) was evaporated and the gamma spectrum
of the sample was measured on the 115th, 143rd, 151st and 171st day after
beginning the collection. Fig. 4 shows the result of the measurement on the
115th day. A Nal scintillator (5 cm X 3.2 cm) and a 400 channel TMC pulse
height analyser were used for gamma counting.

The radioactive isotopes in the precipitation can he identified partly by
the photopeaks in the gamma spectrum, partly by the half periods of the
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radioactive decay. Gamma emitting isotopes with a half life shorter than
14 days can be neglected because our first measurements started 117 days
after the Chinese nuclear test of Oct. 27, 1966. The main constants of the
gamma emitting isotopes (Ty2 14 days) of fission products are shown in
Table I11I.

A comparison of the gamma spectrum in Fig. 4 with the data of Table Il
indicates unambiguously the presence of fission products having a half life
shorter than 3 months. Certain isotopes are correlated to some photopeaks

Channel—s»

Fig. 4. Gamma ray scintillation spectra of radioactive content of the precipitation collected

between Oct. 29, and Nov. 17, 1966. Curve 1 gained from 25 1 precipitation, shows the

presence of fresh fission products 141Ce, 103Ru, 8&Zr, BNb originating from the Chinese

nuclear test on Oct. 27, 1966. Curve 2 shows the photopeak of Be—7 due to cosmic rays.

This sample was prepared by chemical separation of Be—7 from 146 1 of the same
precipitation

Table 111

Gamma emitting isotopes (7\;2 > 14 days) of fission products

Yield % [10] Half period Ey Mev
Zr 95 6.2 65 d 0.72; 0.76
Nb 95 6.2 3B d 0.77
Ru 103 3.0 40 d 0.5
Ru 106 0.38 10a 0.51; 0.62
Sb 125 0.02 2.7a 0.43; 0.6
Cs 137 6.15 30 a 0.66
Ce 141 6.0 325d 0.14
Ce 144 6.0 285 d 0.13
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in Fig. 4. These identifications are confirmed by the half periods. The measured
half periods are: 36 days for the 0.14 MeV photopeak, 50.5 days for the 0.5 MeV
photopeak and 98 days for the 0.76 MeV photopeak, belonging to 131Ce, 104Ru,
9%Zr isotopes.

The larger part of the collected rainwater (146 1) was used to determine
the Be-7 content of the precipitation. Be-7 is produced by cosmic rays through
spallation of atmospheric 02 and N2 molecules. Be-7 is precipitated in the
form of beryllium oxide adhering to atmospheric dust particles. The Be-7
decays by electron capture with a half life of 53 days, emitting gamma rays
of 0.479 MeV with a branching ratio of 12%.

There is another possible source of atmospheric Be-7 from the Li-6
content of a thermonuclear device [15].

The gamma energy and the half period of Be-7 are close to the character-
istic features of the gamma rays of Ic3Ru, so chemical separation is required
for the determination of the Be-7 content of the precipitation. The procedure
used in [11] was adopted for the separation but in a modified form because
purification was necessary only from the heavy metal Ru isotopes.

After chemical separation, the gamma spectrum was measured. The
Be-7 photopeak was present at 0.48 MeV (Fig. 4. curve b). The intensity was
measured on the 151st, 170tli and 181st days after the beginning of the col-
lection of the precipitation. The results were evaluated by means of the least
square method and amounted to 52.5 days for the half period. These data
prove the presence of Be-7.

Using the gamma spectrum, the Be-7 activity of the precipitation was
determined and corrected to the datum of the collection of the rainwater
and an activity of 88 dpm/litre was obtained. This result is in good agreement
with the data measured by several authors [12—14] amounting to 10—120
dpm/litre. This Be-7 activity is explained by cosmic rays origin and there is
no reason to assume a thermonuclear origin.

The authors wish to thank S. Bohathka for his help in chemical separa-
tion and gamma-spectrometric measurements and Mrs. Angeli for collecting
and measuring the precipitation.
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MPOAYKTbl AENEHWNA B ATMOC®EPHbLIX OCAOKAX
B . AEBPELLEH (BEHIPUA) B 1966 W 1967 IT.

A. CANAN n E. HOHTIOP

Pesome

O6CyxaatoTca pesynbTaTbl MU3MEPEHUIA OTHOCUTENbHO 6eTa-aKTUBHOCTU MPOAYKTOB Aene-
HMS B aTMocepHbix ocafgkax B 1966 u 1967 rr. Ha OCHOBaHWM CYMMMPOBAHHbIX AaHHbIX
nocnefHUX NeT ycTaHaB/lMWBaeTCA, YTO KONMYECTBO MPOAYKTOB fefeHWUs B Ocafkax ObICTpo
YMEHbLINMOCL CO CPeAHUM MepuofoM nonysbinageHus 0,7 roga. UTo KacaeTcsd CYMMUPOBaH-
HbIX AaHHbIX MO KBapTanam fABYX NoCnefHUX net, Habnwogancs 67M3K0 NOCTOAHHbLIA YPOBEHb
aKTUBHOCTW, OO6YCNOBNEHHbIA eAWHUYHBbIMU aTMOCKHEPHbIMU ALEPHBIMU  UCMbITAHUAMM.

Ceexue NpoayKTbl AefleHns C KOPOTKMM Mepuofom nonypacnaga (npoucxofsuive ot
AfepHoro ncnbiTaHna B Kutae B 27 okTa6ps 1966 r.) 6binm 06HapyXeHbl B 0cafKaxX ¢ NOMOLLb0
raMma-CneKkTpoMeTpMYecKoro Metoga. Be-7, co3gaHHbIi KOCMUYECKMM U3NydeHueM, OTAenancs
XUMWUYECKN OT 0CaAKoB. AKTMBHOCTb Be-7 0cafikoB onpegensnacb ramma-crnekTpometpom. Ans
[aHHOW aKTMBHOCTM MOMY4YeHO 3HavyeHne 88 pacnafos B MUHYTY Ha 1 auTp.
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A relation between fluorescence spectra of mixed solutions and those of the component
solutions is given, by which the radiative energy transfer is taken into account more precisely
than by earlier formulas In this relation the resonance transfer of energy is characterized only
by two quantities; by using the latter as well as fluorescence yields and decay times of the
components, the probability of molecular processes connected with emission and energy trans-
fer is determined. Experimental results are in good agreement with Jabionski’s, Forster’s
and Ketskemety’s investigations and support their theories concerning the mechanism of
energy transfer. Rozman’s method is also discussed and some corrections are suggested.

Since Franck and Cario [1] first observed sensitized fluorescence,
numerous investigators have tried to clarify the mechanism of intermolecular
energy transfer. Earlier relations based on phenomenological considerations
were difficult to apply because of the relatively numerous parameters involved;
furthermore, most of these theories (e.g. [2—5]) account only for resonance
transfer of energy. Relatively fewer investigations take radiative energy trans-
fer also into account and so allow, as does the present paper, a theoretically
more precise control of the different theories and a verification of their results

(e.g. [6-8]).
I. Radiative energy transfer in mixed solutions

If the emission spectra and absorption spectra of luminescent solutions
overlap, the primary luminescent light will excite secondary luminescence,
which, in turn, excites tertiary luminescence, and so on, the intensity of these
depending on the overlap of the spectra, on the wavelengths of the exciting
light and of the luminescent light observed, on the layer thickness of the
samples, and on other experimental conditions. In mixed solutions the overlap
of absorption and emission spectra is considerable and therefore the effect
of secondary, tertiary, etc. fluorescent light produced by radiative energy
transfer can be very important.

By generalizing the phenomenological theory concerning radiative energy
transfer in solutions of a single component [9], and taking into account only
secondary fluorescence, Ketskeméty [6] found the following connection
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between the directly measured fluorescence spectrum B(fA') of the mixed

solution and the true, normalized fluorescence quantum-spectra /x(A"),/2(")
of the solutions of the components:

BAYCHA) = [(1 + xu) V() + *2Ar/'(A)]/uA") +

(1)
+ [(1 + x29) + *12 *9INe] /2 (70 >
c@Ea,an g (1 _ e<«th>),
4nn2 ac+ B

where Aand &' are the wavelengths of the exciting light and of the observed
luminescent light, respectively, r?2'(5) (or rj'i) means the apparent yield of the
ith component of the mixed solutions, i.e. the quotient of the number of
photons emitted by the ith substance contained in a unit volume of the mixed
solution and of those absorbed by the mixed solution in the same time interval,
&-(5) and k() are the absorption coefficients of the ith substance and the
mixed solution, respectively, UfA) = &A) + f2(™)> x = &I, B = k(") I,
| being the layer thickness of the solution, K/0 the quantum density of the
exciting light,1 n the refractive index of the solution, g and kuc quantities
taking into account losses by reflection and radiative energy transfer,2respect-
ively. Kik can be determined from the relation

= XV'MIfAn M(I) dI" (i,k= 1,2); 2)

or the definition of the function M(A") see Eq. (26) in [9]1
In mixed solutions of low concentration

i) = ridi(l) - *INe) ki(1)Ik(1), (2a)

where iy(l) (or 174) is the absolute quantum yield of the ith substance measured
at the wavelength A (see Eq. (8,14) in [13]). For solutions of higher concentra-
tions, the spectra B(A")/C(A, A") calculated on the basis of Eqgs. (1) and (2) using

1The above quantities are expressed in the following units:

. number of photons number of photons
BUT)
cm2sec sterad nm
fe(d) :cm * I: cm; A nm; E\om number of photons

cm2 sec

the others being dimensionless numbers.
2The physical meaning of the quotient the observed intensity of the
secondary fluorescence excited in the kth substance by the primary fluorescence of the ith

substance, divided by the observed intensity of the primary fluorescence of the ith sub-
stance [6].

3Detailed tables concerning the function M(A") can be found in [10].
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the relation N\(X) = Y0,(A) considerably differ from the measured spectra
(see Fig. 1); this fact, the spectra of the components being practically inde-
pendent from concentration, can only be explained by supposing that the
apparent yield functions are dependent on concentration. This dependence,
as can be seen from the following, is to be ascribed to, and explained by,
resonance transfer of energy.

Fig. 1

Il. Non-radiative energy transfer in mixed solutions

In taking into account the effect of the resonance transfer of energy, let us start from
considerations given in [6], which, with some generalizations, may be summarized as follows.
Let ni mean the number of the excited molecules of the ith substance in unit volume of
the solution; a-, 6- the probabilities of the spontaneous emission and the inner quenching of
an excited molecule of the ith substance, respectively; wk the probability of its quenching by
a molecule of the kth substance, and ak the probability of nonradiative energy transfer to a
molecule of the kth. substance. When exciting by light of wavelength 4 and quantum density
the number of molecules excited by absorbed photons in a volume element dF during
the time interval dt will be E/u r~Alj-Ad V dt; r5-Ais the probability of a molecule getting into
the excited state by absorption of a photon of wavelength A In the case of steady state ex-
citation the following relations will hold:

(EKONIXkn + arn2—Si  —a,nl— w2tij —6,n,)dvdt = 0, n
(Fro vixnzx + 62Nj — S2«2 — ain2— 1=1U2—b2n2)dF dt= 0.
During the time interval dt, the ith substance in a volume element d F emitss-n, dV dt

photons, and E>0k”~dV dt photons will be absorbed in dF in the same time. Substitutingthe
values Tif expressed from Eq. (3) into the quotient of the number of emitted and absorbed
photons, this quotient gives r;(A) according to the definition of the apparent yield. Thus, the
following relations between t;;(A) and the probabilities s-, bj, Wj, arcan be obtained:

* T Sj e2 s,a,
Exo h. A h ele2 — Uj a2 'rn py  CGez — 8j U2 @
S2 N2 ) s2a2 k?x el
Exon., o, ere2 ( «2 1 . 82 flj do
where
ei = *i + 6/ + ak+ wk (i, K= 1,2; i7%k) .
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If the concentration of one of the components (e.g. ck) is equal to zero, then rjfc — rjn and
ak = wk= 0. In both limiting cases cr = 0 and c2 = 0, r}\ can be expressed by the quantities
\iX>si and an<~thus Eq. (4) obtains the following forms

<_ feji (s1+ ®«a ,(s2+ b2 sla,
» Bls: (tjce "M kx eLe2 diia2 )
< _ k,. (*1 + bi)s2e2 feji  (s2+ b)) e!
« ele2—ala2 r K. ele2—aa2
with new symbols
. . k2 ~
*ix) = MX-jT-8i + \AX—“&
(6)
K Q
=2
KK K »

where the meaning of Sf and Af is clear from the comparison of Eqgs. (5) and (6). In mixed
solutions of very low concentration a7z = Wf = 0, consequently sf = 1, Aj = 0. Only in this
case the value of m(A) resulting from Eq. (6) will be equal to T0/(A) defined in Eq. (2a), as is
easily seen. Eq. (s), with the symbol ®/(A), can be written as follows:

Vi(*) — VO0IW “b Ai"or(®) »
= a2VoM + S iBX?.).

Using the apparent yields 7]Joi, which also take into account non-radiative energy transfer, to
calculate xik according to Eqg. (2), we have

*11 = [ Axxi, X12 — A2« + S2712

«21 = $1 «21 + A | «22» «22 = A2«?l + s2«22 , (8)
*& = JOAt(AVi(A) M (3°) d 1.

By substituting the quantities ruy and given in Eqgs. (7) and (8) into Eqg. (1), we
obtain a relation between the directly observed quantum density JB(A") of the fluorescence of
the mixed solution and fluorescence spectra of the components.

This relation, which takes into account both radiative and non-radiative energy trans-
fer, becomes considerably less complicated if there is no overlap between the absorption
spectrum /ex(A) of substance 1 and the emission spectrum/~A) of substance 2, which frequently
occurs. In this case Al = 0, S: = 1 and x2 = 0. The accuracy of this simpler expression of
-B(A") can be increased by also taking into account excited centres of higher order. Considering
that the intensities of primary, secondary, etc. fluorescences decrease according to a geo-
metrical progression, generally with good approximation [9], it is easy to obtain

B(AY)/IC(AA") He B¥(A') = SVQS“):Y N
. 9)
VoAA) + Allmv-) ,  Sfol(A)(xJ, + Ay.h)
1- X, (1- Sx3)(I- *») 1-m:
with the symbols Sj = S and A., = A. These quantities have a clear physical meaning, r]imS

and Ar]imirj2m being the probabilities for an excited molecule of the substance 1, to lose its
excitation energy by spontaneous emission, and to transmit its energy to substance 2 by non-
radiative transfer, respectively [6].
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Il1. Determination of the quantities characterizing the non-radiative
energy transfer on the basis of the emission spectra

With a knowledge of the emission spectrum B(A') of a mixed solution,
relation Eq. (9) enables us to determine the quantities S and A characterizing
the non-radiative energy transfer.

a) Determination of S

Let Al be awavelength of observation at which substance 2, the acceptor,
shows no emission, i.e. /2(A() = 0; then we obtain from Eq. (9) the following
expression for S:

b *(K) (10)

in which all quantities can be determined experimentally. This method is,
however, cumbersome to apply because of the relatively complicated measure-
ment of the intensity Exo of the exciting light in the formula of B*(A|)
(see [15]).

In the case of equimolar mixed solutions, the dependence of S on con-
centration can also be determined by measuring at the wavelength A] the photo-
currents Ic(A[) produced by the fluorescent light of solutions of different con-
centration ¢, with constant intensity of excitation, and holding the product
of concentration and layer thickness at a constant value. It is easy to see
from Eq. (10), that the relation

m = Cx
) 1- S«u (n)

holds for the intensities of these photocurrents. Let the lowest concentration
applied, c0, be so low that the non-radiative energy transfer may be neglected,
i,e. S = 1. (The fulfilment of this condition can be controlled on the basis
of Eq. (10).) By measuring the photocurrent JO(A[) at c0, Clcan be determined
from Eq. (11), and with the symbol /*(A[) .= / QA[)//0(A[) we obtain:

B A) (12

*ii+ 1K) *ii
In the case of non-equimolar mixed solutions, it is not possible to choose
the layer thicknesses so that and the factor ct(l —e (@+B3l(<x RB) in
C(A, A') can be held at a constant value for different concentrations of the
acceptor. In this case, dividing the intensities of the photocurrents by the
above factor and designating these quotients by hO(A[) and / QA[) instead of
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the intensities, we obtain, on the basis of our considerations for equimolar
solutions:

s = W D
1- *u(co) + W 1) *II(Q

where «°i(c0) and xh(c) are the values of x\\ corresponding to the acceptor
concentrations c0 and c, respectively.

b) Determination of A

Knowing S and the fluorescence characteristics of the solutions of the
components, A can also be determined with the aid of Eqg. (9). In order to
determine exactly the energy of the exciting light absorbed by the sample,
it is convenient to perform the measurements with greater layer thicknesses,
which absorb the exciting light as far as possible; therefore we used the fol-
lowing experimental method, also expounded by Rozman et al. [7, 11], but
using the relation Eq. (9) for the evaluation of the results.

Let the mixed solution be excited first with a wavelength A* absorbed
mainly by the donor (substance 1), then with a wavelength A2 absorbed by
the acceptor (substance 2) alone, and the fluorescent light observed at a wave-
length 2n for which the absorption coefficient of the solution — and therefore
also B — is practically equal to zero, and the measured photocurrents /~(Aq)
and 1;2A0 are predominantly due to the emission of substance 2. Then if the
intensities of the fluorescence, excited with the two wavelengths mentioned,
but with the same exciting energy, are designhated by 121 and J2, respectively,
these can be determined from the relations

o  IMQ(K) o= 1M QK {14)
[J:Je(ACA) AN’ 2 [£ JFA)<A) dAJX,

where JXA means the photocurrent produced by the exciting light of band-
width Ato A-f-d A and @(A0) and C(A) the sensibility of the photomultiplier
for the corresponding wavelengths. Applying Eqg. (9) to both exciting wave-
lengths, we obtain for A

1—e @
a ~2(NY)

®1 *2 1—e @ *%,(A2 AN
S 1- 4 »(«2) JNHO) + 12(*1)
1- L ) 1- Sx°n(a,)
A = (15
1+ S-
— Sx”~ccf)
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with the symbols ctx = <x{xg), &2 = <xi2), an = «21= ~2(")IM™i)5
in the functions K’ic, depending on a and /3, only the dependence on a has
been designated, in our case B = 0; furthermore, it is supposed that x22{a.f) =
= x22(x2), the dependence of x2 on a being very slight for large values of ac
It is to be emphasized, that in determining A from Eq. (15), the greatest care
is necessary in measuring the fluorescence characteristics, particularly the
yield values, because they exert a sensible influence on the value of A, espe-
cially if the difference in the numerator is small.

c¢) Determination of the probability of the elementary processes in the molecules

The definition of quantities S and A, which can be determined experi-
mentally, gives two simple relations between these quantities and the proba-
bilities s15s2 bv b2, a2 and w2 of the elementary processes. Using further the
relations

Vim= s, and T= —— -, (16)
S+ bj Sj -f- bj

which give the maximum quantum yields of the solutions of the components
rjim and their decay times [12, 13J, we easily obtain from these six equations:

i L
s1 9 72 C W 9 " , 9
r
T1 T2 ¥] (17)
a, = 1 A vim w2 1 Vim i o
*l s vzm T1 S s Vom
which enable us to determine experimentally the quantities s15 ..., w2.

IV. Experimental

a) Absorption spectra have been measured with autocollimating grating spectrophoto-
meters Optica Milano, type CF 4 and CF 4 DR.

b) For the measurement offluorescence spectra an apparatus has been constructed, with
which it is possible to eliminate the errors due to fluctuations in the exciting light and to obtain
the conditions of excitation and observation on which the evaluation of the measurement is
based (see e.g. [9]). High pressure Hg- and X-bulbs Osram type HBO 500 and XBO 450,
respectively, were used as a light source, and the exciting band, which could be considered as
approximately monochromatic, was selected by an interference filter or a monochromator.
In order to eliminate errors of measurement due to fluctuations in the intensity of the exciting
light, the following method was used. In the monochromator M resolving the luminescent
light, a thin glass plate G was placed immediately behind the entrance slit (Fig. 2). This plate
projected a small fraction I of the unresolved luminescent light by means of the mirror T
and through the crossed filter F on the photomultiplier Ph2placed inside the monochromator.
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whereas a fraction of the luminescent light passing the plate G fell on the multiplier Ph, o-
known spectral sensitivity, the width dA’ of this band of the luminescence spectrum f(A")
being determined by the exit slit. If the resistances and R 2 of the resistors in the circuits
of both multipliers are chosen so that the voltage drop on both is the same, then the quotient
of the photocurrents will be equal to RYR2 and independent from the intensity of the exciting
light. Thus we obtain for the spectral distribution of the fluorescent light: /(//) = const. RJR2
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The two-cells method described above, owing to the position of Ph2 behind the entrance slit,
not only also eliminates errors originating from fluctuations of the intensity of the exciting
light, but also those due to the varying position of the arc projected on the sample. The linearity
of the multipliers was checked separately.

¢) The true quantum yield has been determined with our method published in [14] and
[15], using the apparatus described above. In measuring the distribution of the exciting band
the two cells-method has been used. The intensity of the exciting light scattered from a MgO
plate and weakened by a rotating-sector disc and that of the luminescence emitted by the
sample were measured with Pht at wavelengths corresponding to the maxima of the exciting
band and of the luminescence spectrum, respectively. The yield function ?/(JT was determined
according to the method given in [16].

d) The decay time of fluorescent light was measured with a phase-fluorimeter built in
our Institute, based essentially on the same principle as that described by Bauer and Roz-
WADOWSKI [17].

In determining the fluorescence characteristics from the measurements, the influence
of secondary processes and those of higher order has always been taken into account; therefore
the results obtained can be considered as true fluorescence characteristics.

e) Dye-stuffs and solvents. For our investigations we used mixed solutions of 3,6-diamino-
acridine and rhodamin B, and of fluorescein and eosine, respectively, because the emission
spectra/j(A) of substance 1 and the absorption spectra r2(/.) of substance 2 in these mixtures
show a considerable overlap (Fig. 3). The dye-stuffs were purified by the usual chemical pro-
cesses and the grade of purity checked by chromatography and absorption measurements.
As solvent 96% ethanol with 1 mole/litre acetic acid was used for 3,6-diaminoacridine and
rhodamin B; a mixture of 85% ethanol and 15% water with 10-2 mole/litre NaOH for fluor-
escein and eosine. Fluorescence characteristics of the components as well as of the mixed
solutions were measured at the following concentrations: 1 «10-6, 2.5 ¢ 10-5, 5 ¢ 10~6
1+10-4,25 +10-4,5 «10-4, 1 » 10-3, 2.5 « 10-3 mole/litre. In non-equimolar mixed solutions
the concentration of the acceptor varied between the above limits, the concentration of the
donor being held at the constant value of 10~4 mole/litre.

Y. Results and discussion

a) The absorption measurements demonstrated the validity of the
Bouguer —Beer—Lambert law, both for the solutions of the components and
the mixed solutions, in the concentration interval investigated. The additivity
of the absorption coefficients Ay(A), fc2(A) of the solutions of the components
and that of the mixed solutions, fc(A) = kXA) + k2(/), was well fulfilled, which
shows that there was no chemical interaction between the components in the
mixed solution.

b) The shape of the true fluorescence spectra of the four investigated
substances, presented in Fig. 3, was independent of the concentration of the
solutions. Emission spectra of equimolar and non-equimolar mixed solutions,
however, showed a strong dependence on concentration. As examples, the
B*(A') spectra of non-equimolar solutions of 3,6-diaminoacridine and rhoda-
min B and those of fluorescein and eosine are presented in Figs. 4 and 5, re-
spectively.

¢) The relative quantum yields t/(A)/tjmax of the solutions of the compo-
nents and their absolute quantum yields measured at the exciting wavelengths
Xe used in the measurements of the spectra -B(A') are given in Fig. 6 and
Table 1.
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d) The fluorescence characteristics of the components mentioned above
being known, we determined the quantities xu: which take into account the
radiative energy transfer. If the condition [R(A)]max. = 1 is fulfilled, Xtk is

Fig. 5

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



ENERGY TRANSFER PROCESSES 297

Fig. 6

independent of the wavelength X' of the observation, and depends only on
the maximum value of R(X") (Fig. 7). If this condition is not fulfilled, the
dependence of Kik on X' (and thus on B(X")) is the stronger, the greater the value
of [B(X")]max (Fig. 8; which, as well as Fig. 7, refers to equimolar mixed solu-

Table 1

Absolute quantum yields

¢ (mole/1) AW

substance 1eio-* -i265-;> 54106 110+ 25° 5.0 1°10-%

“io-* 25. 107

3.6-diaminoacridine (Jle= 436 nm) 061 060 0.61 058 0.60 0.60 056 051

rhodamin B (Jle= 546 nm) .... 050 050 051 049 049 050 049 0.45
fluroescein (Xe= 436 nm).......... 0.87 0.87 0.89 o0.88 0.88 089 085 0.79
eosine (Xe= 436 NM) ..ccoovvnee 049 049 050 048 049 049 048 0.45
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tions of 3,6-diaminoacridine and rhodamin B). It follows from the above
results that the intensity of the fluorescence emitted by a mixed solution is
substantially affected by radiative energy transfer. Furthermore, the emission
spectrum B*(A') can be expressed as a linear combination

B*(/1") = 61/ A9 + bal ASA) (18)

of the spectra of the components only when the product of the concentration
and layer thickness of the solution is low enough; namely, in this case the
factors bxand b2 are independent of A', as can be seen from the comparison
of Eq. (9) with Eq. (18) and from the statements in c).
e) The dependence of S on ¢ has been determined for both equimolar

(cx= ¢2= c¢) and non-equimolar (ct = 10 “4 mole/l, ¢c2 = c¢) mixed solutions
of 3,6-diaminoacridine-rhodamin B and of fluorescein and eosine with the
formulas (10), (12) and (13) for excitation with two different wavelengths
(436 nm, 460 nm and 436 nm, 490 nm, respectively). For a given acceptor
concentration the same values of S were obtained at different exciting wave-
lengths both for equimolar and non-equimolar solutions. Thus S practically
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depends only on the concentration of the acceptor. These results support the
fundamental supposition concerning the non-radiative character of the energy
transfer (see chapter I1), which had not been checked carefully enough earlier.

The experimental results obtained for S render possible to control the
relations resulting from Jablonski’s [20], Forster’s and Galanin’s [18, 19],
and Ketskeméty’s [21] theories, which are the following:

S = v= — (1,33 Roy n2j, (19)
/1470 12

s=1—202F. . d 9= 274@sre) 2 re2 (20)
[Eg,

S= Jo/iWexp(—k2A)kial)dA [k = 2are/A;a = (1/2ared 13, (21)

where r0 and re are the main and the natural decay times, respectively,

L Loschmidt’s constant, A4 = J,/i(A) e2(A) dk, 2 the number of molecules
in acm3, ROthe critical distance to be calculated from the fluorescence charac-
teristics (RO is the distance between a donor and an acceptor molecule at
which the probability of spontaneous emission from the donor is equal to the
probability of non-radiative transfer of the exciting energy). In Figs. 9 and 10,
curves 1, 2 and 3 show results calculated from Jabeonski’s (Eq. (19)), Fors-
ter’s and Galanin’s (EQ. (20)), and Kecskeméty’s (Eq. (21)) formulas,
whereas the circles give the experimental results. Ascan be seen, the depend-
ence S from concentration c is well described by all three curves. In curves 1
and 2 the deviation from the experiments increases with increasing acceptor
concentration ¢ and is somewhat greater for 1 than for 2. Curve 3 fits well to
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the experimental results also in the region of high concentration, showing
some deviation only in the region of medium concentration.

According to our experimental results the quantity a in Eq. (21), which,
according to the theory, means the radius of the greatest sphere containing
no acceptor molecule around a donor molecule, is to be substituted by
0.72 (/2 n n2)113; curve 3 has been calculated with this value. It can be stated
on the basis of the results obtained that the dependence on concentration of
the quantity S, characteristic for the relative yield of the donor molecules,

can be well described with the formulas deduced on the basis of the supposed
non-radiative mechanism of energy transfer.

Thé dependence of A on acceptor concentration is shown in Figs. 11
and 12. These results are used in the following calculations.

f) The probability of the elementary processes occurring in the mole-
cules has been determined on the basis of the formulas given in Eq. (17).
For the decay time r of 3,6-diaminoacridine, rhodamin B, fluorescein and
eosine, up to the limit of concentration quenching (5 « 10 “4 mole/1), the values
4.0, 2.4, 3.5 and 2.4 nsec were obtained in turn. For the two higher concentra-
tions (1 ¢« 10~3 and 2.5 ¢ 10 ~3 mole/l) the corresponding values of t were
calculated from the relation ¢/t0= r)Ir]0 (see [13] p. 207), this relation being
well fulfilled in the beginning of the region of concentration quenching. In the
above sequence of the dye-stuffs, and expressed in 108sec ~x as units, we ob-
tained for Si 1.51,2.05,2.64 and 2.68, for 6,-0.96, 2.05, 0.23, and 1.84 for all
concentrations; higher values for b, were obtained only for the concentrations
10 3 and 2.5 <10 _s mole/l, as a consequence of the decreasing yields of the
dye-stuffs.
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While si and bi are independent of the concentrations of the solutions
below the region of concentration quenching, a2 depends strongly on the
acceptor concentration. According to the assumption of Vavitov and other
authors, the following relation between the probability a2 and the molecule
concentration n2 corresponding to c slioidd be valid:

a2= ~7~-n2’ 22
il (22)

where k2 is a constant independent of the concentration n2 (number of mole-
cules/cm3). On the contrary, when plotting the values Ig a2 obtained from our
measurements performed in a wider region of concentration as a function
of Ig ¢ (see Figs. 13 and 14), we obtained straight lines with slopes of 1.1 for
mixed solutions of 3,6-diaminoacridine and rhodamin B, and 1.4 for fluores-
cein and eosine; thus a2is nota linear function of ¢ (and therefore not of n2).

For w2 we obtained values near zero, which are low compared with the
other probabilities in the concentration interval 10 ~5—5 « 10 ~4 mole/1. In the
case of the two highest concentrations, however, w2 differs markedly from
zero (e.g. at 2.5 « 10 ~3mole/1 w2amounts to about 10% of 02): so the quenching
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effect of the acceptor on the fluorescence of the donor cannot be neglected
at higher concentrations, in contradiction with Rozman’s assumption [7].

9) In our investigations (see chapter 1Yb) we have used, with some modi-
fications, a method of Rozman et al. to determine the probability A [7, 11].
As to the very ingenious original method of Rozman et al. and related con-
siderations, we should like to make the following correcting remarks.

Rozman introduced the *“quantum vyield b of non-radiative energy
transfer”, and the “efficiency T12” of the energy transfer, determinable by

measurements; according to his considerations the following relation should
exist between these quantities:

Th = Vt+ Vig® (23)

the definition of which (also using our symbols) is

121

o= m=1-2~ - =1]-85. (24), (25)
a /01
The meaning of the symbols in Eq. (24) is given in connection with Eq. (15);
rjl0 and tjx are the quantum vyields of the donor if c2= 0 and c2440, respect-
ively. The term rjxR*2in Eq. (23), determinable on the basis of experimental
data, takes into account the radiative energy transfer. In order to verify the
adequacy of Forster’s and Galanin’s theory, Rozman determined rjt experi-
mentally from Eq. (23) and compared the dependence on concentration of this
value with the dependence on concentration of rjt calculated from Eqs. (25)
and (20).
Closer examination of the physical meaning of T 12 and rjtshows that the
definition of rjt has to be modified to ensure the validity of Eq. (23). Namely,
tet n be the number of exciting photons impinging on the sample in unit time,
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r@®and rr] the number of the photons emitted by the donor in the same time,
ifc2= 0 and c2 0, respectively. In case of complete absorption (rj10 = ra’/ra
and y|\ = n]/n sq) rag

i]t n reau ( 2 6)

Assuming that the decrease in yield of the donor is due to the efficient
non-radiative energy transfer alone (i.e. w2= 0), Eq. (26) gives the number
of photons transferred to the acceptor by non-radiative processes, divided by
the number of the photons emitted by the “pure” donor solution under the
same excitation.

Let the fluorescence intensities 121 and 12 in the definition of T12 be
excited by ra photons in unit time, of wavelengths Al and A2, respectively,
and completely absorbed by the sample; then the number of the acceptor
molecules getting into the excited state will evidently be x2Ln -f- rs -(- nr
and rafor the wavelengths Axand A2 respectively, if nsand nr mean the number
of the exciting photons transferred from the donor by radiative and non-
radiative processes. If the quantum yield of the acceptor is la for both ?x
and A2 then

hi= (a2zin+ ns+ nnHVa. 2= Wan 27)
From this and Eq. (24) we obtain
r ns+nr
112 — (28)
ra*u
That is, T12 gives the number of the transferred photons not in relation to
the number of photons emitted by the donor, but to the number of the exciting
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quanta absorbed by the donor. Considering that the effect of the radiative
energy transfer decreases with decreasing layer thickness, and in the limiting
case R, = 0, and therefore 1 — T),, the relation (23) between T, and 7,
holds evidently only in the case, when in the definition of 7; the number of
quanta transferred by non-radiative processes is given also in relation to the
number of the exciting quanta absorbed by the donor, i.e. if 7; is defined as
follows:

N = Mo — M ="N{1 —S). (29)

According to the above, the considerations of Rozman et al. will be
valid even for w, — 0 only, if the true absolute quantum yield of the pure donor
solution 7),, = 1, which condition is generally not fulfilled, and further if the
quantum yield of the acceptor is equal for both wavelengths 1, and 1,, which
differ markedly.

Now, according to the more precise definition given in Eq. (29), and if
w, = 0 (i.e. for low acceptor concentrations), it is easy to obtain from Eq. (17),
with the acceptable supposition that 7;,, = 71,,, the following relation for 7;:

_ Mim
= D (30)
Yom

which our measurements proved to be relatively well fulfilled in the region
of not too high concentrations.

The author wishes to express his sincere thanks to Prof. A. Bupd,
Director of the Institute, and to Prof. I. KErskemETy for their valuable advice
during the investigations.
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MPOLIECCHI MEPEAAYN 3HEPTUWA
B NIOMWHECUMPYHOWWNX PACTBOPAX CMECU

. LOMBWN

Pe3ome

B pa6oTe AaeTcs 3aBUCUMOCTb MEXAY CMeKTpamu (iyopecleHLUn pacTBOPOB CMeCK
1 KOMMOHEHTHbIX PacTBOPOB, KOTOpas NPUHUMAeT BO BHUMaHWe nepeaavy W3ny4aemoii aHeprum
C TOYHOCTbIO, He [OCTUIHYTOW [0 HACTOAWEro BpemMeHW. Pe3oHaHCHas mnepejaya SHepruu
B aHHOM BbIpaXXEHMI 0XapakTepu3yeTcs BCEro ABYMs BeanuMHamu. Mpy NOMOLLW 3TUX BENU-
UMH, Aanee MCNonb3oBaHMeM KOIM(ULMEHTOB MOME3HOr0 eCTBIA W BPEMEH 3aTyXaHMs KOMMO-
HEHTHbIX BELLECTB ONpeaenseTcs 4acToTa MONEKYNSPHbIX MPOLECCOB, CBA3aHHbIX C U3NyUYeHNEM
W nepefadeii aHeprun. PesynbTaTbl IKCMEPUMEHTOB COrnacyloTcs C AaHHbIMU WUCCAeA0BaHuit
A6n0HCcKK, ®épcTepa U KeukemeTu, U NOATBEPXKAAOT BbIABUHYTYIO UMK TEOPUIO O MeXaHu3me
nepexo/a sHepruun. MpoBoauTCs aHann3 metofa Po3maHa, OTHOCALLErocs K Mepexofy sHeprum,
npeAnaraloTcs KOPPeKLUn K AaHHOMY MeTopy.
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AN EXACTLY SOLUBLE MODEL
FOR RESONANCE SCATTERING
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A model system is constructed consisting of a single particle potential and two inter
acting particles. The potential has two bound states so that four configurations exist for the
two particle system. One of these lies in the continuum giving rise to a resonance of “com-
pound” type. Both the potential and the two particle interaction are of non-local and separable
types. The exact transition amplitudes are obtained by means of Faddeev’s method. The
model is designed for checking the “microscopic” nuclear reaction theories.

I. Introduction

In the course of the development of nuclear theory the description of
nuclear reactions has been attempted mainly by two approaches. The first
of these is characterized by a high degree of generality and exactness which is
achieved without going into the details of the internal dynamics of the many-
nucleon system. The main aim of these general theories [1] is to clarify the
structure and the analytical properties of the collision matrix. The other,
so-called microscopic approach starts from a more or less detailed dynamic
description of the interacting many-nucleon system and tries to derive the
S-matrix explicitly in terms of wave functions and Hamiltonians. As a rule,
these microscopic theories of nuclear reactions [2] contain ab ovo some approx-
imations, since at the present stage our ability to tackle the many-nucleon
problem is very limited. In nuclear structure calculations concerning the low-
lying states of nuclei, the various microscopic approximations used in the shell
model, in the pairing model, in the RPA, etc. have been extensively studied
and their validity and accuracy have often been tested.

As far as the microscopic nuclear reaction theories are concerned the
situation is quite different. First, the actual calculations performed up to now
are rather few in number mainly because of the cumbersome numerical com-
putations involved. Second, the comparison of the calculated results with the
experimental data does not allow definite conclusions to be drawn concerning

*On leave from the Central Research Institute for Physics, Budapest.
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the reliability of the approximations, because in addition to the approximations
characteristic of these theories we always have to introduce further assumptions
of a more general type, e.g. about the form of the interaction potentials, about
the restriction of the configuration space, etc. In the final results of a detailed
calculation designed to reproduce some experimental data the effect of these
different approximations are completely mixed up and it is very difficult to
decide which of them is responsible for the success of failure of the attempt.
Therefore, it seems to us that the effect of the specific approximations used
in microscopic reaction theories can be studied most conveniently on a model
system for which an exact solution can be evaluated and which can then be
compared with the results given by the different approximations [3].

In this paper our aim is to construct such a model and to work out an
exact solution for it. The results of the numerical calculations and the com-
parison of this exact solution with the solutions obtained in different approxi-
mations will be reported in a subsequent paper. Now, the question arises:
what kind of model system should be chosen? Of course, it must consist of
an incoming particle and a target. If we want to go beyond the case of simple
potential scattering we have to choose a target with an excitable internal
structure. The simplest target that meets this requirement is a particle which
has at least two bound states in a potential. This system is appropriate for
the investigation of resonance effects in elastic and inelastic scattering and
pick-up reactions. With a slight modification stripping reactions and composite
particle elastic scattering can be studied as well. The two particles are taken
to be equal mass fermions, but their spins will not enter explicitly since all
the interactions will be taken as spin-independent and thus the fermion cha-
racter of the particles will show up only in the symmetry properties of the
spatial wave functions. In fact, the calculation can be carried out as if the
particles were spinless and distinguishable, and the two possible spin-states
(triplet and singlet) and the Pauli-principle (if necessary) can be taken into
account afterwards in a simple way. Solving the Schrédinger equation of the
above described system we are confronted essentially with a three-body
problem: mathematically, because the Hamiltonian contains three interaction
terms (the two single-particle potentials and the two-particle interaction)
and physically, because the single particle potential, acting on both particles
can be considered as a third particle with infinite mass. As is well known the
three-body problem can be solved by FADDEEV’s method leading to a system
of coupled integral equations. FADDEEV’s [4] method solves all the principal
difficulties associated with the three-body problem, its practical application,
however, is rather difficult, since it leads to coupled, two-variable integral
equations. It was realized many years ago that the use of non-local, separable
potentials greatly simplifies the problem [5]. Since the main guide in the choice
of the model was mathematical simplicity, all the interactions entering the
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problem were taken to be spin-independent, non-local and separable acting
only in relative s-states. The form and the parameters of the potentials were
chosen to yield two single-particle bound states and one bound state in the
two-particle system.

In Section 1l we specify our model in detail, in Section 11l we derive
the integral equations to be solved numerically and in Section 1Y the calcu-
lation of the transition matrix elements is discussed.

Il. The model

The investigated model consists of two particles: the first is bound in
a potential well and the second is scattered on the first one. This system should
be treated essentially as a three-body system since the potential which acts
on both particles can he considered as a third particle with infinite mass.
The Hamiltonian is the following:

11(1,2) = (1) + t2) + «(1) + u(2) + «(1,2), (1)

where t is the kinetic energy operator, unis the single particle potential (which
is assumed to be the same for both particles) and v (1,2) is the interaction
between the two particles. Since the aim ofthe present work is not a comparison
between certain theoretical calculations and experimental data but rather
a study of the reliability and accuracy of some approximations used in nuclear
reaction theories, the choice of the potentials u and v was governed mainly
by mathematical simplicity. Therefore both n and v were taken to be non-
local and separable. It is the separability which simplified the calculation.
Also, for the sake of simplicity, in both cases we restricted ourselves to the
s-state interactions only. As we want to study not only direct, but also inelastic
and resonance scattering, the potential n must have at least two bound states.
The general form of the non-local separable potential which acts only in
relative s-states is given in momentum representation by

<h k2l K[ &> = 8(p —p') ~ Qi v,(fc) V&), 2)

where the total and relative momenta are denoted by p and k, respectively.
It has been proved [6] that the number of bound states of such a potential
is limited by the number of terms having the negative strength parameter (g,-).
In our model the two-particle system has only one bound state. Therefore,
it is enough to retain one attractive term:

k2\v(i,2)i k[Ky = - vo(p - p)y(k)y(k). (3)
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The form factor v(k) is defined as

v(k) = (4)

B2+ k?®-

which was first introduced by Y amagouchi [5]. The wave function of the
bound state can be obtained very easily and is given by

Y*R(<x+R) v(K)

(ftk) = 71 K2+ a2 ®)
or in coordinate representation:
X B (x-\-8) 1 (e fr
4:{r): 271 X — B (6)
The binding energy
h2
E— - X

is determined by the range (8) and strength (A2 parameters:

(7)

Turning to the single particle potential u, first of all we note that in expres-

sion (2) the factor dp—[d') expressing the translational invariance should
be omitted. Thus

<fc, Ju(D] &>= Qi Vviikj) : (8)

Later on, we shall need the matrix elements of the single particle potential
in the space of two particle states, and these can be expressed as

o K2[u()] i K2 = 0(k2— k22 QVBKA VAK])
i

9
<A k2 |u(2)]| k[ ij = 6(k|— k[) 2 p,VBK.,) vike) . ( )

Here the O-functions clearly express the one-body character of u. Since in
our model we want to have two single particle bound states, the potential
must contain at least two terms:

<o k2lu)] e fe) = - oz - w2 *2e/(*Ki) vk (10)
1
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For bound states the Schroédinger equation reads

kiPv(h) — Aivi(ki) JAivi(K) <PIM) fIK = — <4 Py(ki) , ()
where
2m
E,=~
is the v — the nergy eigenvalue (r = 0,1) and vt is defined as
h-

The wave function can be obtained directly as

<PAK) = -1\ 7, ¥ 5o A ViKY ’ (i2)
Ni(xv) — j J1, vAkj) (ki) dfej. (13)

Thus the coefficients iV,(ot,.) are the solutions of the following homogeneous
equations:

VMK Y% ) = 0, (14)
1- 1

where the symmetrical matrix MR{ocv) is defined as

M,,«) = 8jj - 47TTN-Aj U dK = (15)
J 1Y

Equation (14) has non-trivial solutions only if
det(M/7(*,)) = 0. (16)

This is an algebraic equation for the determination of the energy eigenvalues.
The model is completely specified by the explicit definition of the form factors
which are given by:

vilg an
k2+ R\ ’

v2(k) = 1 r (~>0), (18)
Vv + Bl K2+ y\
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In this case the matrix Mji(<xvy) can he expressed explicitly in terms of the
potential parameters as follows:

Mn(«,) = 1- 2aM* (19a)
2A(A + o)1
1
M2a,,; = 1 —2n2/]| -
2A(A HaY2 (19b)
2T r2

OF+ A+ al(A+a) 2202740

T 24201 /10

(A+ A)A+ a)A+ a) (190)

.
A+ yn (A+ d)r+ 0

This choice of the form factors can he motivated by the following considera-
tions. The bound states are orthogonal to each other and both have zero orbital
angular momentum. Consequently, they must have a different number of
nodes. A separable non-local potential characterized by the form factors (17)
and (18) leads to a bound Is state if /12= 0 and to a 2s state if 11= 0.
Therefore it is expected that in the case when both vl and v2 are different
from zero we get two bound states. It is worth while mentioning that in the
special case when both v k) and v2(k) are of Yamagouchi type, thatis, I = 0,
we get two solutions with negative energy eigenvalues but these cannot be
interpreted as proper bound states, since one of the wave functions has wrong
asymptotic behaviour, namely, it decays more slowly in the asymptotic region
than e~“A This difficidty, however, does not arise if T 340, and in this case
it is possible to prove that with a proper choice of the parameters N1; /12

r,A, A? ¥ the eigenvalue equation (16) has two positive roots ol and a2
so that

max (0g, a2 < min R2,y2.

This condition guarantees the correct asymptotic behaviour of the bound
state wave functions. Besides the roots and a, there exist two negative roots
and a pair of complex roots which can give rise to a “potential resonance”.

The main features of the model are summarized in Fig. 1, which shows
the energy spectrum of the system and the thresholds of the various processes.
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threshold of the two free particle
continuum

threshold of the pick-up

threshold of the inelastic scattering

resonance in the elastic scattering

threshold of the one particle continuum

two excited states

ground state

Fig. 1. The possible states of the model system. E,, and E r are the bound state energies in the
single particle potential, e is the binding energy of the two particle system, €00, €10, enl and en
are the energy corrections to the “unperturbed” energies of n produced by the interaction r(1-)

I11. Integral equations for the wave function

The Schrédinger equation in momentum space is the following:
(w o+ o+ 2(1) + 2(2) + 17(1,2) - e) 43¢k, k2) = 0, (20)

where « = 2m/ii2e and e is the total energy, and the tilde means multiplication
by 2w /n2- In order to solve this equation the Faddeev [4] method should be
used in which the wave function w is written as a sum of three terms and
a system of coupled integral equations is obtained for these terms:

H K K = v ik k =+ + (k ny + 2 12(fCi,K , (21&)
r N (Hka\ 0 TY T,
K — 0 +c0 T2 0 T2 (21b)
\HYy [ o/ 'K T2 0
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Here GQis the Green-operator of the non-interacting system; in the momen-
tum representation:

6jk, = k[) O(k2 = k'2)

<fcl f2|GOffeife’> = (22)

e —k\ —«k2 + w

The doka is the wave function of the initial state, in which the first particle is
in the bound ground state (indicated by the superscript 1 and subscript 0)
and the second particle is described by an incident plane wave with momen-
tum ka. The operators Tv T2and T12are the T-operators of two-body problems
and satisfy the equations:

7 —=“(H+ Ml
T2 = u(2) - u{2) GOT2, (23)
ru= C(l1,2)+C(l,2)Coru .

The first task is to solve equations (23). Using formulae (3) and (10) after some
straight-forward calculations we obtain the matrix elements of the T-operators
in momentum representation:

<h k2\TNK[KY = 0(k2- K22 N, Ajvfa) v MyL(l/k2+ k1), (24)
1)

where the notations

A = _iAHLX, and ¢ — —«s
' in2
were used and M _1 denotes the inverse of the matrix M defined in (16). A
similar expression holds for the matrix element of T2 except that the indices

1 and 2 must be interchanged on the right hand side of (24). The matrix ele-
ment of Tu is as follows:

<M 2\TIAK K > =~ A20(p-p")v(k)v(k') [M(]/p2+2k2]~\ (25)
where again

A=/ A e= —Kl
and the total and relative momenta were used. The quantity M(x) is

. d 2 n2A2
M(x) = 1—2n/12 P ke d ! (26)

~ T (*+W ‘
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Substituting (24) and (25) into (21b) we get the following expressions:

k2 = &P\ka(kxk2) + GO’\I A n,(*x) F'i(k2) , (27a)

Wk, k2) = G02 Aiv,(k2 FKh) , (27b)
i

WAk, k2 = GgAv(k) F1Xp). (27¢)

On the right hand side of (27c) the total and relative momenta are introduced.
The unknown quantities F}(x), Fj(x), F(x) satisfy the following equations:

MOAe- + 2K1) FIx) = Av ¢ x -k R(X —K) +

(28a)
+ A’} J Bi(y, x) [Fj(y) + F?(y)] dy
2. Mij (YA+W)P)(x) = N fB,.(x,y) Fvi(y) dy +
i (28b)
+ : AjVj(x) JA(x,y) Ff(y) dy,
2 MijifiA+U) Fj(x) = Atv,(ka) y>g{¥) + j Bj(x, y) F1Xy) dy +
+ J1 Ajvj(x) j Ai(x,y) Fj(y) dy , (28¢)

where Kais the momentum vector of the incident particle and the following

energy equation holds:
WKkl

F — Eg+
2m

pO(x) is the ground state wave function of the bound particle. Further, the

notations:
>i(y — 80 V jaj-----— yj
Bi = Ai
10x.y) 'ou s o {y—xf (29)
A.(X,y) = At vi(y)____

Y + x2+ Y2
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are used. Thus, we obtained a system of coupled integral equations for the
5 unknown functions F}(x), F]{x), F12x). Each of these depends on a vector
variable and, therefore, all the integrals in (14) are three-fold. In order to get
one-variable integral equations we expand the F as follows:

f(*) =2 fAx)YIOX. (30)

The kernel B[(X, y) can also be expanded making use of the fact that it depends
only on the relative angle between x and y:

s Ax.Y) = 2 B x.y) Y(Q XN YMQy) . (31)
Im
The Ai(x,y) need not be expanded because it is independent of the angles of x
andy. To complete the expansion procedure we have to expand the first term
on the right hand side of (28a):

v - k"\ - ka) = 2 XKX, K) Y.m(BX)Y*(Q xa) . (32)
[2 ) Im
Here the index v can be either 0 or 1 according to the two bound states of the
potential u. In the initial wave function the particle 1. is in the ground state,
therefore v~ 0. If we assume — and this can be done without loss of gene-
rality — that the momentum of the incident particle is directed along the
z-axis, then expansion (32) takes the following form:

21+1

P~ ka)y= 2 XI(x,K) Yi0(Qx) in (32a)

Substituting the expressions (30), (31) and (32a) into equations (28)»
performing the integrations over the solid angle, and using the orthonormality
of the spherical harmonics, we finally get the following set of one-variable
integral equations:

21+1
M(I/*2+ 2fc§) FAI(x) = | 4 dmoXo(x K) +
(33a)
+J12 1 Bj(y.x) [F)Jy) + Fjin(y)ly4dy,
j

2 + m Fjjx) = nJB‘X FzZ fdy +
| Jix) (X y) FZ(y) fdy (33b)

+ 4dnowdnD:  Ajviy CAax.y) Ff,Jy)y2dy,

]

2 MtjiY~+L) FIILx) = A J BAx,y) F\I(y)dy +
]

+ 471000M0 2 Ajvix) j AAX,y) Fjlnfy) y2dy + (33c)

]

+ 1[4n 6106m0 Vi (ka) cpo ()K)
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The equations (33) are uncoupled in the quantum numbers | and m
This is due to the separability of the potentials; that is, to the fact that in
expansions (16) we could introduce | and m in such a way that in the total
wave function they turn out to he the total orbital angular momentum quan-
tum numbers. This can be seen immediately if one substitutes the expressions
(27) and (30) into (21a). The total wave function can he written as a sum over
terms with different angular momentum and each term consists of three
parts: in the first part particle 1 has zero angular momentum and particle 2.
carries the whole angular momentum 1I; the second part has the same structure
as the first, only the roles of particles 1. and 2. are interchanged; in the third
part the relative motion of the two particles has zero angular momentum,
while the centre-of-mass motion carries the total angular momentum I.

There is another feature of the solutions of eq. (33) that we can discover
on the basis of symmetry considerations. The whole problem possesses an
axial symmetry around the z-axis since the momentum vector of the incident
particle is directed along the z-axis. This means that the wave function cannot
depend on the azimuthal angle. Thus, in expansions (30) only the term with
m & 0 should be retained; that is, the quantities F\m are proportional to 6mo0.

IV. Transition matrix elements

In the preceding Section an exact solution was obtained for the wave
function wacx1c2) of the scattering problem (there the subscript . indicates
the initial state, described by doka! see (21))- Our next task is to calculate the
transition matrix elements

Tha= <®db\vb\ Y0>, (34)

which are connected with the observable cross-sections in a simple way.
In (34) the ®bis the final state wave function and Vbis that part of the total
interaction which is “not contained” in ®»,- More precisely, this means that
if satisfies the equation
HWa= EaWa, (35)
then &b must satisfy
(H-Ybp®Pb= Ea®ds. (36)

To calculate the matrix elements (34) we have to construct, first of all, the
possible final states ®- There are three basic types of final states:

a) Simple scattering: particle 1. remains in one of the bound states while
particle 2. is scattered into another free state, characterized by momentum Kb-
The wave function of such a final state is:

Db(K, k2) = DIk[K, k2) = (ki) ax2 - «b) , (37)
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where the subscript v refers to the bound state, and the superscript 1. indicates
that in this wave function the particle 1. is bound. The vector kbmust satisfy
the energy equation:
kI:’\-I(E-E,)>0, (38)
n

where Evand E are the energy of the v-th bound state and the total energy,
respectively. In this case:

Vb= u(2) + v(l,2). (39)

b) Exchange scattering: particle 1. flies out with momentum kb and
particle 2. remains bound. The wave function:

®b(k1kd) = dblkykd = av(ka(ky —Kb). (40)

The energy equation coincides with (38). The remaining interaction has the
form:
Vb= u(l) + *(1,2) (41)

¢) Pick-up reaction: particles 1. and 2. form a bound state and to-
gether fly out with total momentum kb. The wave function:

Po(ky k2 = Pie{iy k2 = k) 0(p —kb) , (42)

wherep and k are the total and relative momenta and <p(fc) is the wave function
of the bound state of potential *(12).
The energy equation is now:

T kirl1é~{E~¢e)>0" (43)
In this case
Vb= u(l) + u(2) . ' (44)

A final state with both particles 1. and 2. in free states cannot occur since
we have restricted ourselves to negative E values only. By forming matrix
elements (34) with the final state wave functions of these three types we can
evaluate the cross-sections for any energetically possible process. Up to this
point we have treated particles 1. and 2. as distinguishable, but it can be shown
that in a symmetrized treatment the cross-sections can be expressed in terms
of the same matrix elements. In order to calculate matrix elements (1) it is
convenient to use the following identities:

u{\)Wa= (E -H W\
u{2)Wa= (E-H°)4I\ (45)
*(1,2)Wa= {E -H QWA.
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These formulae can be obtained from equations (21) and (23) using an operator
algebra. With the help of these equations the three types of matrix elements
(34) can be easily evaluated. The results are the following:

Simple scattering
T D(vkb, oka) = 2I T? (vkb, Oka) P, (cos 0), (46)
where the arguments of the transition matrix elements indicate the initial

and final states, and 0 is the scattering angle (the angle between vectors ka
and kb). The meaning of T( is the following:

h2
T°(vke, 0ka) = - — V21 + | j]/4nd6l02 Aivi(kb) If, + Al (47)
with
1% = j <pAX) FfO{x) x2dx, tx= 1,2 (48)
and
Iff = J xAX,(kb) F}2(x)x2dx. (49)

Exchange scattering

T E(vkb, Oka) = 2 Tf(vkb, Oka)P,(cos 0) (50)

Here the notations are the same as in the preceding case.

f;2
Tf(vkb, Oka)y = - y21+1 {00r¢eg + k 2 + L) <pv(ka) % (kb) +
2m (51)
+ yiA2Aivikhrul + AP 2.
Pick-up reaction
0), (52)
h2
_ (53)
T[(kb, Oka) >m
where the quantities coixn, ka) and =-i are defined as follows:
<P h - *a|<Po(h- K)(A8+ k2 + (kb- ka)2) = 2 bl K'h)Pi(COSO) (54)
and
Ru= JrfiiK x) Faix) X2dx = (55)
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The definition of r]i(x,y) is the following:

o3 (56)

In eqgs. (54) and (56) <p(X) denotes the wave function of the bound state of the
potential t>(12).

It is well known that the transition matrix is diagonal in total angular
momentum quantum number, but since we have used as initial and final states
not angular momentum eigenstates, our transition matrix elements (46a),
(50) and (52) do not correspond to a definite angular momentum. But the
diagonal matrix elements of the transition operator, corresponding to a defi-
nite | can he extracted immediately just from equations (46), (50) and (52):
they are the coefficients of P;(cos 0) in those equations.
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[N

TOYHO PA3PEWLMNMAA MOAEMNb ANA PESOHAHCHOIO PACCEAHNA

n. NOBAW wn A. PEBAU

Pe3tome

CocTaBnsieTcss MofefbHas CKUCTeMa, COCTOSALLaA M3 MNoTeHUMana OAMHOKOM YacTulibl
1 M3 1BYX B3aMMOAEHCTBYIOLMX YacTuLl. MoTeHLmMan MMeeT 4Ba CBA3aHHbIX COCTOAHMSA, TakK Kak
B C/ly4ae CUCTeMbl [1BYX YaCTUL, CYLLECTBYET YeTblpe KOH(Urypaumu. OfHO N3 COCTOSHUIA NeXUT
B KOHTUHYYMe, BbI3blBAIOLLEE PE30HAHC «COCTABHOrO» TUMa. Kak moTeHuman, Tak v ABy4acTUYHoe
B3aMMO/E/CTBIE OTHOCATCSA K HENOKaNbHbIM U OTAENUMbIM TUNaM. ToUYHble MepexofiHble ammnau-
TyZbl MONYyYeHbl MOCPeACcTBOM MeToAa PajfeeBa. Mojens paspabbiTaBanach AN NPOBEPKM Teopuit
«MUKPOCKOMNYECKUX» AAEPHBIX peakLinil.
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SIMPLE DERIVATION OF EQUAL SPACING
RULE IN MASSES IN DECUPLET
RY CURRENT COMMUTATORS

By

Subir Kumar B ose
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(Received 8. I11. 1968)

In SU(3) scheme, the decuplet belongs to the 10 dimensional irreducible
representation of it and the masses of all the particles in decuplet are equal
which we know is not true. This gives birth to the belief that there must be
some force which breaks this symmetry. When the symmetry breaking mecha-
nism is so chosen that a preferred direction F8is taken in the space of the
generator algebra of SU(3), the masses of the particles in decuplet split.

The total Lagrangian for the decuplet system is

b=-l r/1 + MB")B7 (E= 1,2, ... 10) (1)

where B* is a Rarita—Schwinger field and stands for a particle in decuplet
and MB- its bare mass. B* transforms under the set of infinitesimal trans-
formations generated by the eight independent Hermitian operators F-
belonging to the eight dimensional algebra of SU(3) the following way

and
Bf >Rf(l iu<F), (i= 12, .. 10) @)

where u,-s are infinitesimal vectors in F-space. The F-spin currents generated
by Fi transformations are given by

3L
9(%9p.m)

When the SU(3) scheme is exact, the Lagrangian is invariant with respect
to these transformations and we have

©)

Mi=0 (*=1,2, ...,8) (4)
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and also the unitary spin densities J0 satisfy the relation
[Jox, t), Ji(x', ] = -fijkIk(x, t) 3(x- x"). (5)

If we take into account the particular symmetry breaking mechanism that
chooses the preferred direction Fsin the space of the generator algebra the
relation (4) is no more true but

j [8r32(*\ 1) Ift*", ] d*xdV = 0, (6)

where A = K +,L~ holds good. We will use this identity to find the equal
spacing rule in decuplet.

The eight components of the total unitary F-spin currents of the
decuplet system using relation (3) is

= )

The F-spin current density JW+ with the transformation property K+ in
F-spin space is given by

/m*<+= _L N*°v Y*~4- jV*+%_Y*°4- 1-Y*°y 3*~ 4
1 3 i

N oys3 Tu
(8)
d—L_jv*++y Y*++ — E*°v Q-+ 2\7*+y,,s*
[2 1 12
Differentiating with respect to xh and using field equations of Bf, Bf
we get
= I7=r (MN- - My-) N*°Y* (M N* — My»0) N*+ Y*° +
Ko Y3
+ -L(M y.0o-M ~-) Y*° 3* (MN.+ - My.+)N*++ Y*+ +
n
©)
+ — (M3%- M0~)3*°Q- + (My*+- Ms*) Y*+S*°,

Now using the anticommutation relations

B*v fr,t)} = O, (10)

{B *,,(x, 1), Bay (x, t)} = y03” 3aa' 3(x — X))
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we get

I'd3 *d3* ' [aMIE+(i, 1), J*+(i",t)] =

j A3 -A-{(MN++  My*») - (My.» - Mpa*-)HV*+Ee*- +

(1D
+ -h- {(MN++- My.+) - (My*- - Ms»)Fv¥++s*° +

o {(My.+ - ME») —(M,.0- MO-)} Y*+fi_ = 0

which gives us

MN»+—My.» = My*» —Ms.-,
M N+ —My.+ = My*+ —Ms» = Mj*. —Ma-.

If we neglect electromagnetic splittings compared to splittings between the
I-spin multiplets, this becomes the equal spacing rule

MN - My.= My.- Msa* - ME*- Mfl- (13)
which is in excellent agreement with experiments.
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Symbole, Einheiten und Nomenklatur in der Physik
Friedrich Vieweg & Sohn Verlag, Braunschweig, 52 Seiten

Das Heft ist die deutschsprachige Ausgabe des in englischer und franzdsischer Sprache
schon erschienenen Dokumentes “Symbols, Units and Nomenclature in Physics” (Docu-
ment UIP 11—SUN 65—3) der Kommission fiir Symbole, Einheiten und Nomenklatur der
Internationalen Union fir reine und angewandte Physik (IUPAP).

Das Dokument enthdlt in neun Teilen Empfehlungen Uber Formelzeichen, Be-
zeichnungen und Einheiten. Die empfohlenen Bezeichnungen sind ausser der deutschen Sprache
auch in englischer und franzésischer Sprache mitgeteilt und so kann das Heft in seinem wesen-
tlichen Teil auch als dreisprachiges Nomenklatur-W 6rterbuch angewendet werden.

Als Anhang finden wir im zweckdienlichen Hefte die Vergleichung der verschiedenen
Einheitensysteme und eine Tabelle der im internationalen und CGS-System angegebenen W erte
der Konstanten der Physik.

Die Bearbeitung des ubersichtlich zusammengestellten Dokumentes von geschicktem
Format, besorgte im Auftrage der Deutschen Physikalischen Gesellschaft deren Kommission
fur Grossen, Einheiten und Symbole unter der Leitung von Prof. Dr. U. Stitte.

J. Antal

G. H A . Cole:

An Introduction to the Statistical Theory of Classical Simple Dense Fluids

X X1 -f- 284, Pergamon Press, Oxford, London, Edinburgh, New York, Sydney, Paris,
Braunschweig, 1967, Price 75s.

The strong continuous interactions of the molecules in a liquid or in a dense gas make
the theoretical description of such a system a very difficult problem. A restricted theory has
been made in terms of phenomenological and semi-empirical theories and more recently a
remarkable formal completeness for both classical and quantum systems has been achieved in
the case of matter in equilibrium. However, no theory of comparable generality has yet been
devised for systems not in equilibrium, although certain theories of restricted scope are now
well established and other general approaches are being actively explored especially for dilute
gases and crystalline solids, based on molecular models characteristic of these two states of
matter. Only more recently have quantitative studies of dense fluids proved feasible con-
taining much of interest to physicists, chemists and engineers. These studies have developed
from the recognition of the importance of the reduced distribution function of small groupings
of particles in space. The exact form of these functions is determined by the nature of the
interaction forces between the details of the particle spatial correlation effects. Having in
mind that the literature of the subject is now both wide and varied, and that the study of this
problem still remains a specialist field having its own formalism, the present monograph is an
attempt to provide non-specialists with a short readable introductory report of certain
aspects of the study of dense fluids, based on the analysis of the correlation effects between
representative small groupings of molecules.

In the introductory chapters the semi-empirical results, the methods of the microscopic
representations and the fundamental concepts of fluid statistical thermodynamics are sum-
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marized. Then the theory of equilibrium short-range order, the so-called closure and total
correlation approximations as well as the consequences of the equilibrium theory are treated
in a very attractive presentation. Finally, the problem of irreversibility and the theories of
non-equilibrium classical gases and liquids are discussed. As the emphasis is on simplicity and
lucidity of these rather complicated methods, only insulating and single-component classical
fluids are investigated, but a wide range of comments and references is included, in order to
set the arguments of the book within the framework of the wider literature.

J. l. Horvath

Electrons, lons and Waves. Selected Works of William Phelps Allis

Edited by S. C. Brown, p. X -+~ 442, The M.L.T. Press, Cambridge (Massachusetts) and London
(England), 1967.

The selected papers of W. P. Allis, whose name is linked with the development of plasma
physics, are collected in this volume in celebration of his promotion from Professor to Professor
Emeritus of Physics at the Massachusetts Institute of Technology. The papers are grouped in
the following parts: electrons and their interactions with atoms (1927—1933), diffusion and
mobility (1937— 1965), motions of electrons and ions (1935—1959), microwave discharges
(1950—1952), waves and oscillations (1958—1962), plasma properties (1958—1962) and
special types of discharge (1941— 1942). The dates in parentheses refer to the periods when
they were published. The collected papers should not be considered as a look at the past, i.e.,
they are not of historical interest only, but should be regarded as a compilation of fundamental
insights upon which to built future progress. Therefore, this volume will be very useful for the
beginner who intends to specialize in this up-to-date field.

J. I. Horvath
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ZOLTAN GYULAI
1887— 1968

In the eighty-first year of his life zo1tan Gyurai died on the thirteenth
of July 1968. He had been a Full Member of the Hungarian Academy of Scien-
ces, President of the Roland Edtvés Physical Society and Kossuth and State
prize winner, as well as the holder of numerous home and foreign decorations.

He started his career under the guidance of Professor K. Tang1 at the
University of Kolozsvar in 1912. His work, after a promising start, was inter-
rupted by the first world war. As a soldier he spent seven years in captivity,
and returned home in 1922. Worn out but with undiminished energy he began
a new life at the Institute of Experimental Physics of the University of Szeged
where he worked as the assistant of Professor P. Frenticn till 1935, although
from 1924—1926 he was working in Goéttingen with Professor R. W. Pon1.
Those years made a deep impression on him, and he always remembered them
with affection. He developed warm friendships with Professor P on1 and numer-
ous other members of the Goéttingen school which lasted during subsequent
years too. He was appointed professor in 1935, first at the University of Debre-
cen till 1940, then at the University of Kolozsvar till 1947 and at the Technical
University of Budapest till 1962, the year of his retirement. His scientific activi-
ties, however, did not stop; he remained the leader of the Research Laboratory
on Crystal Growth of the Hungarian Academy of Sciences.

The first major field of his scientific activity included the problems of
colour centres which came to light in the twenties. In the developmental period
of quantum physics he enunciated the important fact that the photoconductiv-
ity produced by F light in X-irradiated NaCl crystals shows the quantum na-
ture of light. He aLo found that the F bands observed in alkali halide crystals
coloured additively and photochemically originate from centres of identical
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nature. His result has served as the basis of the F centre model. He was the
first to describe the changes found in the absorption and photoconductivity of
coloured crystals, which are now explained by F — F” and F* — F transform-
ations, respectively. He succeeded in giving an explanation of the colouration
of the blue and violet coloured rock-salt occurring in nature by examining their
absorption and photoconduction spectra.

In the middle of the twenties the first large alkali halide monocrystals
were grown from the melt in the Géottingen Institute (Kyropoulos method).
GyuLAI was the first to measure the dispersion (200—600 nm) of some alkali
halides, and his figures serve even today as the basis for comparison.

Similarly in the twenties the investigation of crystal imperfections, a
fundamental problem of modern solid state physics began to develop. Gyurar
approached this question in a simple, ingenious way. His investigations, in
collaboration with D. HARTLY in Szeged, into the increase of ionic conductivity
in NaCl monocrystals under pressure, have remained fundamental. Their work is
the first deliberate experiment to detect the existence of crystal imperfections,
and the phenomenon known as the GyurLAr—HARTLY effect is the subject of a
wide variety of investigations even today.

In the thirties, his interest was attracted to the mechanism of crystal
growth, and he remained faithful to this field to the end of his life. He was es-
pecially interested in KossEL’s theory of crystal growth, and was the first to
describe the appearance and movement of layers of microscopic thickness
in the growth process of ionic crystals. He found that the rules given by the
theory were in agreement with the observable mechanism of growth, though the
theory works with single ions, while microscopic observation refers to layers of
several thousand A. Thus, the agreement is formal, and there is a fact behind it
which is left out of consideration by the theory.To surmount this difficulty he
assumed the existence of a semi-ordered boundary layerin the liquid phase at
the crystal surface. In reality, according to him, not single ions but precrystal-
line formations in the boundary layer take part in the growth in a similar way
as KosseL had suggested. — He was among the first to produce whiskers and
to observe their physical properties. His examinations played an important
part in arousing an interest in whiskers both from the theoretical and technical
aspects. He observed interesting phenomena and processes in the appearance
of crystallites in supersaturated alkali halide solutions. The fundamental phe-
nomenon is that owing to mechanical effects an avalanche-like process of crys-
tallization starts spreading over the whole volume of the solution consisting
of several phases well separated in time. The appearing crystal forms are deter-
mined by the degree of supersaturation, temperature, impurities, etc.

Gyurar had always sought for the simple manifestations of principles
covering wide ranging phenomena of Nature. He liked to employ simple methods
and attempted to follow the processes by describing them with expressive
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models. His educational activity was also characterized by the same qualities.
His demonstrative experiments during lectures were always of primary import-
ance and were convincing owing to their clear-cut structure. He took an active
part himselfin their preparation, and constantly developed his experiments and
supplemented them with new ones. Several of his ingenious demonstrative
experiments have been published.

He dealt creatively with questions of methodology of education, and his
students could learn from him in this respect, too.

His interests were exceedingly diverse. He was occupied with philosophy,
analysed phenomena of biology and society, was fond of literature and the
arts. However, he was not content only with gathering knowledge and enjoying
spiritual values, but was always looking for fundamental connections, principles
and laws in them.

Gyutay was not well treated by fate. He spent the greater part of his
life in a period where objective and psychic conditions were equally missing for
quiet and profound scientific work. Besides external circumstances, working
conditions within his institute were generally not satisfactory. His infinite love
for science, his great enthusiasm and inexhaustible energy rendered him capa-
ble of recommencing everything even several times in reduced circumstances
with neither space for work nor sufficient financial means.

With Gyurai’s death we have lost not only the great scientist but the
Master has left us, from whom many of us had learned, and who had been our
paragon. He started the study of solid state physics in our country, and the
scientific atmosphere in which he educated his students has created a school.
He has left us, but the results of his work live on in science, and the memory
of his personality is cherished by the great number of his devoted and loving
colleagues, friends and students.

l. Tarjan
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THE INFORMATION GAIN
BY LOCALIZING A PARTICLE

By

V. Majernik

INSTITUTE OF PHYSICS, SLOVAK ACADEMY OF SCIENCES, BHATISLAVA, OSSR*

(Received 19. I11. 1968)

The paper is dealing with the application of information theory in quantum physics
by using the mathematical term-information gain, which does not diverge for the continuous
probability distribution. It is shown that the information gain by localizing a particle is
connected with its energy change. An equation for the wave function, which maximalizes the
effectiveness of information gain about the coordinate of a particle with respect to its energy
change is given.

Introduction

A quantitative measure has been found recently for a fundamental
concept of science information. This is the merit of a new mathematical
iscience, the theory of information, the foundations of which were laid by
C. E. Shannon in 1948 [1, 2]. It is possible to define some concepts of inform-
ation theory if we limit ourselves to simple probability distributions.

The information entropy for a discrete probability distribution SP,
determined on a complete set of stochastical events A, according to the
scheme:

A A A An WNo1® = 1
& Pi p. Pn 1
is defined by the equation [3]
H= - {'_\/IP, log2P,.. (1)

In the expression (1) for the information entropy of the probability distribu-
tion of a stochastical variable fd, Pv P2 ... Pn represent the probabilities
of the occurrence of its possible values xIt x2, m. mxn. The information entropy
of a continuous stochastical variable |c the probability distribution of which
is determined by a function of probability density p(x), is given as follows [4]

* Present address: Institut fir Theoretische Physik der Universitit Wien, Wien 11X,
Boltzmann-gasse 5, Austria
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H=-(S1+ S2, (2)
where
Si= —J p(x) logzp(x) dx
and
$2=lim log2a x.

Let us consider two discrete probability distributions Sfi [p,,p 2,
and [IF], IF2, ..., Wn] determined on the same complete set of stocha-
stical events A, according to a scheme

A A A An
6A pi p2 Pn 2,pt= 2 Wo= |-
AT W. A2 wn =1 -1
The information gain, when replacing the probability distribution by

probability distribution SA, is mathematically defined by the expression [5]

L4& \8T) = 2_p *I°s2(Pi/LLL ’ @

For continuous probability distribution SACand#~%, determined by the func-
tions’of probability density p(x) and w(x), the expression (3) takes the form [5]

I(SACDK \) = Jp(X) log2 ([ dx . (4)

Though at the beginning no concrete application of information theory
appeared in physics, in the course of time, the conceptions introduced in the
framework of information theory found more and more applications in science,
mainly thanks to Jaynes’ work in statistical mechanics [6, 7] and thanks
to Britlouin, who proved the negentropic character of information [8].
Information-theoretical quantities are determined by probability or statistical
characteristics of a definite physical system. As certain physical quantities
are also being defined by statistical averages of physical system as e.g. thermo-
dynamic entropy, it is possible in statistical mechanics to discover the required
correlations between the information-theoretical and physical quantities of
the statistical system. If we consider a single particle only, the physical
situation of such a physical system is somewhat complicated, as the statistical
quantities of the system are unknown. In this case, however, we have in the
framework of quantum mechanics the means for discovering the probability
distributions of physical quantities, which so become physical stochastical va-
riables, often continuous with certain functions of probability density [9].
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A complication arises because the expression for the information ent-
ropy (2), diverges for continuous probability distributions and consequently it is
impossible to ascribe afinal value of the information entropy to the continuous
physical stochastical variable. This difficulty may be overcome by using another
information-theoretical quantity instead of the information entropy, namely
the information gain, defined according to (3). In the framework of physics, the
information gain may be interpreted as an alternation of “knowledge” level
of a definite physical quantity of a physical system before and after a definite
physical process. In order to determine the physical parameters of a physical
system, it must be observed, i.e. affected in such a manner that it assumes
the state in which the value of these parameters can be determined. The observ-
ation product can be evaluated qualitatively by means of the information
gain. To do this, we need, of course, probability characteristics of physical
sto hastical variables of this system before and after observation. It can be
said that each physical observation has a communication aspect, determined
in terms of information theory. This aspect may sometimes be insubstantial;
in other cases it determines the limit of measuring possibilities, as e. g. in
the microworld. In this connection some questions of physical interest arise:

a) What are the relations between the information gain and other phy-
sical parameters of the observed physical system?

b) How can an observation be planned so that at a maximum informa-
tion gain of a certain physical stochastical variable the other physical quanti-
ties of the physical system are altered by a minimum amount?

¢) Is there any sense in considering physical quantities if there is no
possibility of gaining any information about them?

In the following article we are going to consider some of these quest-
ions in a concrete physical system, namely in a system with a localized part-
icle, described by the Schrddinger equation.

1. Particle localization and information gain

In a system containing one particle in a stationary case, we are going
to find out the answer to some of the above questions. We shall try, at the
same time, to find the correlations between the information gain connected
with alternation of probability distributions of the coordinate of a particle,
as a physical stochastical variable, and its corresponding energy change. Such

a quantum mechanical system is described by means of the Schrddinger time-
independent equation

-A - Ap = Ey>, (5)

2m
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where » is the particle mass. For the sake of simplicity we shall limit ourselves
to the one-dimensional case of equation (5), i.e. to

h2d2f

Eip. (6)
2m dx2

The particle coordinate in this case becomes a continuous stochastical variable,
probability density/(a) which is given by the relation

fix) = f(x) ®* (x),

where f(x) is the solution of equation (6). Iff(x) — const., the probability of
the occurrence of particles is equal in the whole space and, therefore, there is
no localization. In order to localize the particle, we have to impose certain
boundary conditions on the function of probability density and, therefore,
also on the wave function. If the particle is to be localized in some domain
only, having a radius a (localization radius), the conditions imposed upon the
wave function are as follows:

f(x) = 0 for [*] > a, n
0<(f(x) < M for * a,
where ill is a final value according to one condition which is required for the

solution of Schrddinger equation.

To localize the particle for the space domain with a localization radius
.= means to find the solution of equation (6) with the boundary conditions (7).
Such a solution can easily be found and has the form

nnx
tn (*) = Bncos for n odd,

2a
nXx7t
fn (X) = Ansin o~ for n even,
(8)
2h2n-
: : 1,2,3, ...
8maz2

The particle localized to localization radius a, has the lowest energy level
for n= 1
h2n2

8m a2

(8a)

If a oo then En 0. Thus, each localized particle has a certain energy,
the lowest value of which is Ev Altering the localization radius a by 0a,
also alters the minimum energy of the particle according to
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AE(a) Hen2
a2 (a f- 6a)2

335

C)

The information gain when altering the localization radius of the particle

in case of n= 1 according to (4) is given by

1 0 nx
#— COS*l
a 2a
1(VI W) a 1 cos*%—-j;)-(-I&gZ 1 nx dx,
—ha n =z COS'G e
a' 2a'
where a and a' are the localization radii, whereby
a a’
After modification, we get from (10) these integrals
Hwi IVi) = Ji + J2+ Jim
where
o P low@—iwg  dx,
J-a a 2a
ra 1
Jo - — co0s2 log2 coOS' dx,
l-a a 2a 2a
nx
n = [ -Fcos'—log2 cos dx
J-a a 2a'
By integrating, we obtain from (11)
i Vi) = «f«) + ~ ®P1)]— 21n Icos — -
Hwi lvi) ng( [ ) s n o
~\® 2(nl2)- D3 (5/2)
n a
where
arc sin t
(0} dt,
« - T
n
d2(n/2) = +
24 480 a' 6720
3 n13—6 5 g5-f 203 — 12
®3(n12) . n n a a T T
.. 4 la' 324 a’. 15-2s

(10)

(H)

(12
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For the ratio of information gain and energy change q(a, 0'), which represents
a measure for effectiveness of information gain about the particle coordinate
with respect to the energy, we get, according to (12) and (o),

d(a, 0) =
log + om ®r(1)- 21ncos - — (2Pa(a/2)+DI9/2))
In 2 20" e n
n2H i1 Tj
8m  az n'2

(13)
The expression (13) gives one required relation between the information-
theoretical quantity, i.e. information gain and physical quantities, i.e. coor-
dinate and energy of a particle.

For a <g o' (12) becomes

log2(a'/a) +

In 2 - (1)
and (9) due to the inequality 1/o0'2 /02 transists to
AEz
g Ta2
so that we obtain for
sTaz2 |°g2 +C
a(a, a) (130)
T2 A2

where C= I/In2 (1 —4/n071)). As C” 1, we can, regarding the condition
0 <C o', neglect the constant C, when comparing it with log2(a‘/o). Thus,
we get

g(a, a') = KaZ2logz2(o'/a), (136)

where K — s T/n2/2 According to (136) the effectiveness of information gain
is zero when o —»o.

Similarly, for the three-dimensional case, we get for a localization radius
a by boundary conditions:

ip(r) = o for "> a,

0<Jdmpm< M for [r[ <Ca,
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a solution of (5) (which is, moreover, dependent upon the orbital quantum
number 1) in the form (for 1=0)

_nnar
Sin--------
1 a
w = -7 7= -
o \ 2na r
and energy

n2 n2fi-

E., =123,
Imd1

For the information gain, we get an integral (n = 1) similar to (10)

nXx

. a a
Iy>() 1Y (r)) = f — sinz log, dr,
a nn

a/

J-a a a

so that we can also determine the required ratio between the information gain
and energy change for a change in the localisation radius of a particle.

It should be noted that when a —0, the wave function has an infinite
value which, however, with regard to the boundary conditions imposed on
the solution of the Schrédinger equation, is not permitted. Therefore, it is not
possible within the framework of quantum mechanics to determine the part-
icle coordinate exactly. From the above mentioned it may be assumed:

1) When localizing the particle, its energy changes, the minimum value
of which is given by expression (so).

2) The information gain is connected with the change of the localization
radius of a particle according to (12).

3) The energy of a localized particle must be infinitely increased for the
particle coordinate to be determined precisely.

2. Extreme value for the effectiveness of information gain

In the previous paragraph we have examined the probability distribu-
tion of the coordinate of a particle which is localized in the localization radius a
and as the lowest energy state, so that the function of the probability density
has been given in the form

Jr(x,a): uJ/(X,aiz i CO0Sh ------ .
a

However, the solution (s) forms an orthonormal system of wave functions by
means of which it is possible to expand a continuous real valued function
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f(x) defined in the domain |x | < a. Iff(x, a) is the function of probability
density of the coordinate of a particle, then the required wave function is given
by the relation

V{x,a) = ][f(x, a) .

The wave function y>(x, a) can be expanded on the eigenfunctions ip”~x, a)'
m2(x, a), ..., ipn(x, a) given for the localization radius a by (8)

V{x, a) = . T (a) wi(x a),
=i
where

r,(@a) = f rp(x a)ifi (x, a) dx .

The information gain when changing the localization radius is, according
to (4), given by the equation

I(ip(x, ) Iy (x. @) = ° ip2(x, a) log2 20
J —a Y 2(x, a")

dx. (14)

For the mean energy change AE we get

AE

¥? (Ej Irfl —EI1\Wi\2,
i=i
where

rj(a) I ip'(x,a") (x,a) dx

and Ei and £, are eigenvalues of energy for localization radii a and a’. In this
case the ratio g(a, a’) takes the form

V2 (x, a)
Y 2(x, a)
2(E\r*-Ei\x")

r tp2(x,a) log2 dx
1

q(a, a") (15)

As ti(a) and T',(a) are functional-bound with Xp(x, a) and y)(X, a') repre-
sents expression (15) a functional defined on the set of continuous functions,
by means of which it is possible to find a class of functions for which the expres-
sion (15) gets an extreme value. In our case a maximum value is required.
In order to find the extreme Values of q(a, a'), we can also proceed so that
the functions y>X, @) and ip'(X, a) are expanded into series of eigenfunctions
and find out the extreme value of q(a, a), if T/ and r/ are considered as the
parameters. We look for the extreme value of the expression:
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"X rfVi (*>°)
Y N 117 R — dx
2 riwi(«".*)
q(a, a’) =

The necessary condition for acquiring the extreme value of q(a, a') is by satis-
fying the equations:

(16)

By means of equations (16) T» and r] are, in principle, determined and thus
also the maximizing functions ip(x, a) and xp'(x, a). The solution of equations
(16), with respect to their number, is a rather complicated matter but, never-
theless, it can be done numerically to a definite approximation.

To sum up:

1) The information gain is necessarily combined with the energy change
of a particle.

2) The effectiveness of the information gain regarding the energy
about a stochastical variable-coordinate of a particle is given by the ratio
defined as:

q{a,a’)= % (*7a)1” a’))

3) For a —=*0,q(a, a ) is zero and the wave function obtains an infinite
value that is not permitted in quantum mechanics.

4) Functions exist which maximize the expression for effectiveness of
information gain by localizing a particle. Their forms can be determined by
means of equation (16).
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YBEMNWYEHWE NH®OPMALMN NYTEM NOKANU3ALNNAN YACTWLbI

B. MAMEPHUK

Pes3ome

B pa6oTe paccMaTpuBaeTcs BOMPOC NPUMEHEHWUs TeopUM WHMOPMALUM B KBaHTOBOIA
(hU3MKE C WCMOMb30BaHMEM MaTeMaTUYeCKOro TepM-MH(OPMALMOHHOIO YBEeNUYEHUs, KOTOpoe
He pacxoguTcs AN HenpepbIBHOrO pacnpefeneHns BepOSTHOCTM. [MoKa3bliBaeTcs, YTO yBeNu-
ueHMe MHQoOPMALMKM NYTEM N0KaNN3aLMUN YacTULbl CBS3aHO C U3MEHeHWeM ee aHeprun. [aetcs
ypaBHeHWEe NS BOMHOBOW (YHKLWM, KOTOPOE A0BOAMT A0 MaKCUMyMa 3((eKTUBHOCTL YBENU-
UeHMA MH(POPMALMN MO KOOPAMHATE YacTWLibl OTHOCMTENILHO W3MEHEHUS! ee SHEpPruu.
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The first ionization energy and the (2s) eigenfunctions of Li are calculated in the Hartree
approximation by using a quantum-mechanical repulsive potential. The usefulness of the
pseudopotential method is demonstrated.

We know from the theory of the pseudopotentials [1] that the calcula-
tion of the energy in the statistical theory of atoms is greatly simplified if we
replace the Pauli principle by a repulsive potential. Using this potential we
can construct a simplified “self-consistent field” method [1—2]. With this
method we can obtain, without the use of computers, energy and eigenfunc-
tions comparable in accuracy to those obtained with the Hartree or Hartree—
Fock method, if by arranging the electrons of the atom into shells according
to the principal quantum number we calculate the energy of the K-, L-,
M-shells in such a way that each energy expression is complemented with the
potential energies connected with Fi or Gi, or terms related to the operators
®&n or I, which can be interpreted only wave-mechanically (for the definition
of these expressions see [1]). This procedure makes it possible that following
simple Slater type function can he chosen for radial wave function of principal
guantum number n

fn = A nr*» e'V . (1)

Depending on the accuracy required we can choose in this Ansatz xn= n
(in this paper fn denotes the radial wave function multiplied by r) and in this
case the results can be regarded as first approximation. The parameters xn
and Xn, the energy and the eigenfunction can then be determined by the
variation of the parameters.

The aim of the present paper is the application of the theory of repulsive
potentials to the determination of the ionization potential of the Li atom.
The calculations could be carried through both by the use of the repulsive
potentials Fi and Gi or of the operator ®,,;. We here chose this latter possi-
bility.

The wave-mechanical repulsive potential of the electron in the (n, 2
state can be written as [3]
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b1, r )= e (£ < V1) Vi (1) <0, (O 2)
2 e n'=i+l

Here e is the energy of the valence electron to be computed, ewi and <p, /1)
are energy and the orthonormal radial wave function multiplied by r, respect-
ively, of the core-electrons lying lower than(re, I) to be calculated.

As is known, the Li atom has in the ground state two (lIs) electrons and
one (2s) valence electron. The energy e2 in terms of the operator above has
the form [1—2]

= I /2(0 HJ2(0 dr" + 1(/;;{ar x- I- rﬂ (ry H,f2(o dr’
Jo 1- 1.2 2 Lo

©)

The Hamilton operator Hi does not contain the exchange and correlation
energy, in accordance with the Hartree approximation and is of the form

d2
Ht= BV ~J--1-c ao--LE. 1), (4)
drl

where | is the angular momentum quantum number, which is zero for all
three electrons in Li, and V is the following interaction potential of valence
electron with the nucleus and the two core electrons

V = ze + 2Ve(r), (5)

where Z = 3 and Ve(r) is the potential of a (Is) electron.
In e2 we also find the overlap integral

(J1 %)= 3 /1% [2*. (6)

As we mentioned we chose the radial eigenfunctions (multiplied by r)
to be of the Slater type fn= Anrke~fr and we determined xn and Xn by the
variation of the energy. We obtained the parameters of the radial eigenfunc-
tions of the (Is) electrons by the variation of the energy of Li+

P 2Ze2 ,
+ eve(r') n (rrydr » (7)
dr2

from which we get = 1 and = 2.6875 I/a0. The energy minimum coin-
cides with the energy of the Li+ ion computed by Hylleraas [4]. We get er

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



APPLICATION OF THE WAVE-MECHANICAL REPULSIVE POTENTIAL 343

in the energy expression (3) by adding 1/2 e Ve(r') fi(r') dr* to 1/2 Ev
therefore

%=V Ex+ -1 e f«/i* "OK(r")fI(r)ydr". (8)
3 3 Jo
With the energy expression (3) we obtained the value —5.24 eV for

the ionization energy of the Li atom which, taking into account the fact that
our energy does not contain the exchange and correlation energy, is in good

agreement with the experimental —5.40 eV [5]. We give our results in the
Table:
Table |
n, | *71 An En eV en eV exp.
Is 1. 2.6875 — 75.47 — 75.7
2s 2.5 0.764 — 5.24 — 5.40

We proceed to the second approximation by orthogonalizing the eigen-
functions fn(r) according to Schmidt [1—2]. Let us denote the orthogonalized
radial eigenfunction multiplied by r with oj; then
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n—
<. Cn fn {fPnl'tn) ¢ n'l )
n'=(+1
where
1
cnl= (10

1

n-
2v |9V /./n)|
n'=1+1

The orthonormalized Li(2s) eigenfunction is given in the Figure. Since
the Li(2s) Hartree eigenfunction is not tabulated we compared our function
with that of Hartree—Fock with which it can only agree to the extent demon-
strated in the Figure because the Hartree—Fock calculations contain also
exchange energy [6].

The autor wishes to express her sincere thanks to Professor P. Gombas,
Director of the Research Group for Theoretical Physics of the Hungarian
Academy of Sciences, for his encouragement and help during this work.

REFERENCES

P. Gombas, Pseudopotentiale, Springer, Wien, 1967.

P. Gombas, Theor. Chim. Acta (Berlin) 5, 112, 1966.

See [1] p. 109.

See e.g. P. Gombas: Theorie und Ldsungsmethoden des Mehrteilchenproblems der Wellen-
mechanik, Birkhauser, Basel, 1950, p. 163.

Landolt-Bornstein, Atom- und Molekularphysik 1. Band, 1. Teil, Springer, Berlin—
Gottingen —Heidelberg, 1950. p. 211.

6. F. Herman and Sh. skititman: Atomic Structure Calculations, Prentice-Hall, Inc. Engle-

wood Cliffs, New Jersey, 1963.

AN

o

MPUMEHEHWE BO/THOBO-MEXAHUNYECKOIO OTTANTIKNBAKLWEIO
MNOTEHUWMANA MNPV OMNPEAENEHUWN SHEPTN ATOMA Li

O. KYHBAPU
Pe3ome
MepBas MOHM3ALMOHHAs 3HEPTUA MU COBCTBEHHbIE PYHKUMUKM (25) aToMa Li onpegensatoTcs

B NPUGAMXKEHUN XapTpu NPUMEHEHMEM KHAHTOBO-MeXaHW4YecKOro OTTa/lKMBAtOLLero MoTeH-
unana. [emMoHCTpUpPYyeTCs MOMe3HOCTb NPeBAoNnoTeHLMANLHOrO MeToja.
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LOSUNGEN DES VEREINFACHTEN SELF-CONSISTENT
FIELD IN ERSTER NAHERUNG FUR DIE ATOME
z=2 BIS z=92 DES PERIODISCHEN SYSTEMS DER
ELEMENTE I.

Von

P. Gombas und T. Szondy
FORSCHUNGS GRUPPE FUR THEORETISCHE PHYSIK DER UNGARISCHEN AKADEMIE DER

WISSENSCHAFTEN, BUDAPEST

(Eingegangen 16. 1V. 1968)

Es werden die Ldsungen des von einem der beiden Verfasser entwickelten vereinfachten
self-consistent field in erster Naherung, d. h. mit einfachen Slater-Funktionen fiir die Atome von
Z = 2 his Z — 92 angegeben, die durch simultane Variation aller Variationsparameter berech-
net wurden. Durch Orthogonalisierung dieser Eigenfunktionen nach scnmida+ erhélt man gute
analytische N&dherungen der exakten Hartreeschen Eigenfunktionen.

The solutions in the first approximation of the simplified self-consistent field developed
by one of the authors have been calculated, with simultaneous variation of all parameters in the
Slater-type eigenfunctions, for the atoms from Z — 2 to Z = 92. When we orthogonalize these
eigenfunctions according to schmiat we get good analytical approximations to the exact
Hartree eigenfunctions.

In zwei vorangehenden Arbeiten [1, 2J wurde von einem von uns beiden
ein vereinfachtes self-consistent field fir Atome entwickelt, in welchem in
erster Naherung alle Elektronen einer Schale mit der Hauptquantenzahl n,
unabhéangig vom Wert der Nebenquantenzahl I, durch eine einheitliche radiale

Eigenfunktion vom Slaterschen Typ
fn (r) = Anr*ex’ (1)

beschrieben werden, wo xnund XnVariationsparameter bedeuten, die durch die
Minimumsforderung der Energie festzulegen sind; r ist die Entfernung vom
Kern und An eine Normierungskonstante, die aus der Forderung

U<ifn(rdr= 1

(2)
(n=1,2,..))
bestimmt wird. Das Besetzungsverbot der Elektronen der energetisch tiefer
liegenden Elektronenzustdnde bei vorgegebener Nebenquantenzahl | wird
statt der Orthogonalisierung auf die radialen Eigenfunktionen dieser Zustande
durch ein Pseudopotential in Betracht gezogen.*

*In dem in den vorliegenden Berechnungen verwendeten Pseudopotential Gj wurde
das azimutale Restglied statt mit dem in [1] und [2] angegebenen Ausdruck — eaQ(8r2) mit
dem friher gebrauchten Ausdruck — eaQ/(4r2 gleichgesetzt. Der Unterschied, der sich nur fur
s-Zustande bemerkbar macht, ist im Falle der vorliegenden Berechnungen unbedeutend.
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Fur die Energie wurde der Ausdruck (17) von [1] bzw. (16, 17) von [2]
zugrunde gelegt, in dem die Eigenfunktionen (1) nur durch die radialen Dichten
DItD2 ««« der einzelnen Elektronenschalen eingehen. In der ersten Ndherung,
von der wir hier ausgehen, ist die radiale Elektronendichte D nder n-ten Elektro-
nenschale folgendermassen definiert

Dn= Nnf~= NnA y- e 3)

wo Nn die Anzahl aller Elektronen in der n-ten Schale bedeutet.

In der vorliegenden Arbeit haben wir die Methode in dieser ersten Nahe-
rung aufalle Atome von He bis U angewendet. Ausgehend vom Energieausdruck
(17) von [1] oder (16, 17) von [2] wurden die Variationsparameter xv x2, .. ;
Aj, A2, ... durch simultane Variation aller Variationsparameter aus der Minimums-
forderung der Energie bestimmt.** Die so erhaltenen Parameterwerte, und
zwar das Doppelte dieser Werte, sind in der nachstehenden Tabelle zusammen-
gestellt. 2An ist in l/a0-Einheiten angegeben, wo 00 den ersten BohrschenW as-
serstoffradius bezeichnet. In der Tabelle ist auch die gemé&ss Formel (17) von
[1] berechnete Gesamtenergie E der Atome in e2a0-Einheiten angefuhrt; e be-
zeichnet die positive Elementarladung. In der Spalte EK der Tabelle steht die
Elektronen-Konfiguration der betreffenden Schale.

Eine zweite Naherung und zugleich eine sehr gute Ubereinstimmung mit
den Hartreeschen exakten Eigenfunktionen erhdlt man, wenn man die hier
bestimmten Eigenfunktionen fn nach Schmidt orthogonalisiert und die so ge-
wonnenen Eigenfunktionen, die auch von | abhédngig sind, den Zustdnden
(n, 1) zuordnet. Diesbeziglich verweisen wir auf [1] und [2], wo dies ausfuhrlich
besprochen wurde und wo auch Vergleiche einiger so gewonnenen Eigenfunk-
tionen mit den exakten Hartreeschen zu finden sind.

Eine ausfihrliche Berechnung der orthonormierten Eigenfunktionen fir
alle Atome mit weiteren Daten folgt in einem demndéchst erscheinenden II.
Teil dieser Arbeit.
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** Bei der Variation von  x2, ... wurden nur ganz- und halbzahlige Werte zugelassen.
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PEWEHWME YMNPOWEHHOIO CAMOCOIJ/ZIACOBAHHOIO Mosd B NMNEPBOM TMPU-
BAVXXEHUWN ANA ATOMOB OT Z=2 A0 Z=92 B MEPUOAMNYECKOW CUCTEME
3NIEMEHTOB |

N. rTOMBALWI n T. COHAWN

Pesome

B pa6oTe onpefenseTca pelleHWe YMNPOLLeHHOro CcamoCOor/jacoBaHHOro Mons B NepBOM
npubamxeHnn, pas3paboTaHHOro O4HWM W3 aBTOPOB, C OAHOBPEMEHHON Bapuauwei Bcex na-
pameTpoB B COOGCTBEHHbIX.(YHKUMAX Tuna CneinTepa Ana atomoB oT Z=2 po Z=92. OpTo-
roHanu3auuns 3aTMX Co6CTBEHHbIX QyHKUWI MeTogom LLmMuata pes3ynbTupyeT xopollee npu-
6NVKEHNE TOYHbIX COBCTBEHHbIX (YHKUWMA XapTpwu.

P. Gombas und T. Szondy

Forschungsgruppe fir Theoretische Physik der
Ungarischen Akademie der Wissenschaften
Budafoki Gt 8

Budapest 112 (Ungarn)
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Tabelle

Die doppelten Werte der Variationsparameter xn und Xn sowie der Wert der Energie E.
Die Werte fur 2/In sind in 1/a0- und die fir E in e2Za0-Einheiten angegeben

z n EK 2k 2 E
He 2 1 (b)2 2 3,375 -2,8477
. (Is)2 2 5,396 -7,4110
Li 3
2 2s 5 1,594
1 (Is)2 2 7,464 -14,5360
Be 4
2 (2s)2 5 2,389
B 5 1 (Is)2 2 9,505 -24,3457
2 (282 2p 4 2,414
c 5 1 (Is)2 2 11,55 -37,2400
2 (25)2 (2p)2 4 3,010
N ; 1 (Is)2 2 13,60 -53,5093
2 (2s)2 (2p)3 4 3,617
0 8 1 (1s)2 2 15,65 -73,4569
2 (2s)2 (2p)1 4 4,233
. 9 (Is)2 2 17,69 —97,3865
(2s)2 (2p)5 4 4,850
1 (Is)2 2 19,74 -125,633
Ne 10
2 (25)2 (2p)6 3 4,012
(Is)2 2 21,90 -158,450
Na 11 2 (25)2 (2p)6 4 6,389
3s 6 1,681
1 (Is)2 2 24,05 -195,684
Mg 12 2 (25)2 (2p)6 4 7,307
3 (3s)2 6 2,229
1 (Is)2 2 26,20 -237,263
Al 13 2 (25)2 (2p)6 4 8,218
3 (3s)2 3p 6 2,538
1 (Is)2 2 28,35 -283,445
Si 14 2 (25)2 (2p)6 4 9,135
3 (3s)2 (3p)2 6 2,899
1 (1s)2 2 30,54 -334,377
P 15 2 (25)2 (2p)6 4 10,06
3 (3s)2 (3p)3 6 3,274
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UBER DIE WEIZSACKERSCHE
KINETISCHE ENERGIEKORREKTION

Von

P. Gombas
PHYSIKALISCHES INSTITUT DER TECHNISCHEN UNIVERSITAT, BUDAPEST

(Eingegangen 9. V. 1968)

Es wird fur den Fall einer Inhomogenitatskorrektion die statistische Berechnung der
kinetischen Energie eines Elektronengases untersucht und gezeigt, dass man bei einer ein-
fachen Addition des Fermischen Anteils und des Weizsackerschen Inhomogenitatsanteils der
kinetischen Energie einen Fehler begeht. Dieser wird fir einen einfachen Fall berechnet.
Weiterhin wird gezeigt, dass einige bisherige von mehreren Autoren unternommene Versuche
diesen Fehler durch den an dem Weizsackerschen Anteil angebrachten Korrektionsfaktor 1/9
zu korrigieren zu unbefriedigenden Energiewerten der Atome fiuhrt: die mit diesem Korrek-
tionsfaktor berechneten Energien liegen fiir schwere Atome um ~ 8%, flir mittelschwere um

12% und fir leichte um ~23% zu tief.

1. Einleitung

In der vorliegenden Arbeit setzen wir uns zum Ziel zu zeigen, dass bei
einer statistischen Behandlungsweise eines Elektronengases die Fermische
Nullpunktsenergie und die aus der Inhomogenitdt der Dichte resultierende
Weizsackersche Kkinetische Inhomogenitatskorrektion nicht einfach addiert
werden kdénnen, da ein Teil der Energie in beiden Energieanteilen enthalten ist.
Die Fermische kinetische Energie enthédlt ndmlich nicht nur den aus dem Pauli-
schen Besetzungsverbot resultierenden Anteil (demzufolge die Endpunkte
der Impulsvektoren der verschiedenen Balmzustédnde in verschiedene Impuls-
raumzellen fallen mussen), sondern auch den aus der endlichen Breite der
Impulsraumzellen resultierenden Anteil, der dem Weizsédckerschen Anteil
entspricht. Wenn man also den Fermischen und den Weizsédckerschen Anteil
einfach addiert, wie dies hdufig geschah und geschieht, so zahlt man diesen
Anteil doppelt.

Dass der Fermische und Weizsdckersche kinetische Energieanteil nicht
einfach addiert werden konnen, tritt am bezeichnendsten im extremen Fall
von nur zweier Elektronen im Grundzustand, z. B. der beiden Elektronen im
Grundzustand des He-Atoms, zu Tage. In diesem Fall musste ndmlich der
Fermische kinetische Energieanteil verschwinden und der exakte kinetische
Energieausdruck wird durch den Weizsédckerschen Anteil allein dargestellt.

Der Fehler, den man bei der Berechnung der kinetischen Energie durch
die einfache Addition des Fermischen und Weizsdckerschen Energieanteils
infolge der eben erlduterten Ursachen begeht, wurde von mehreren Autoren
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korrigiert, jedoch meistens so, dass sie an den Weizsdckerschen Anteil einen
Faktor </l angebracht haben. Von mehreren Autoren wurde fur diesen Faktor
der Wert 1/9 hergeleitet ohne aber, dass kontrolliert wurde, zu welchem
Resultat dieser Faktor fihrt.1 Mit dem einfachen, jedoch sehr flexiblen Ansatz
fur die Elektronendichte p = Ae~"Xyl", wo X und n Variationsparameter sind
und A eine Normierungskonstante bezeichnet, erh&lt man mit diesem Faktor
z. B. fur die Atome Ne(Z = 10), Kr(Z = 36) und Hg(Z = 80) der Reihe
nach die folgenden Energiewerte —160,7 e2a0, —3050 e2a0und —19 500 e2a0
wo e die positive Elementarladung und a0 den ersten Bohrschen W asserstoff-
radius bezeichnen, wahrend die empirischen bzw. halbempirischen Werte der
Reihe nach —129,5 e2a0, —2704 e2a0 und —18 130 e2a0 sind. Die mit dem
Korrektionsfaktor 1/9 erhaltenen Energien liegen also besonders fur mittlere
und kleinere Z-Werte viel zu tief; dieser Korrektionsfaktor ist also unbrauchbar.

Diese Art der Korrektion, durch einen an dem Weizsédckerschen Energie-
anteil angebrachten Korrektionsfaktor, ist jedoch meiner Ansicht nach auch
aus folgendem Grunde nicht befriedigend. Aus der Variation des Energie-
ausdruckes hinsichtlich der Teilchendichte g gelangt man namlich zu einem
Zusammenhang zwischen p und dem Potential. Dieser ist der grundlegende
Zusammenhang der statistischen Theorie und muss — wenn man y= ]Ap
als Eigenfunktion betrachtet — mit einer erweiterten Schrédingerschen Glei-
chung fur das Elektron mit hdchster Energie identisch sein, falls man statt
dem elektrostatischen Potential V das mit dem Besetzungsverbotpotential
—(5 %/3 e) und dem Austauschpotential (4*:a/3e) ~23 ergdnzte sogenann-
te modifizierte Potential

®=V--—-——  WB+ — pw @)
3 e 3 e

setzt, wo Xk und xa die folgenden universellen Konstanten

3\1m3
4 = (3 n223e2a|) und Tth= - (2)
n

bedeuten. Die erweiterte Schrddinger-Gleichung hat die Form
2 e2a(Ay> -j- fi+ de)mp= 0, €)]

wo £ den Energieparameter bezeichnet. Der Energieeigenwert, der sich mit
der Normierungsbedingung fiir p aus dieser Gleichung ergibt, ist die Energie
des Elektrons im hdéchsten Energiezustand.

1D. A. Kirznnits, Journ. exp. theoret. Phys. URSS 32, 115, 1957; K. J. Le Couteuh,
Proc. Phys. Soc. 84, 837, 1964.
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Falls man den Weizsadckerschen Energieanteil nach dem weiter oben
erwahnten Verfahren durch einen Korrektionsfaktor korrigiert, so tritt dieser
auch im ersten Glied auf der linken Seite in (3) auf und die Grundgleichung (1)
kann dann nur mehr schwerlich als die erweiterte Schrddinger-Gleichung des
Elektrons mit der héchsten Energie des Elektrons interpretiert werden.

Hauptsachlich aus diesem Grunde war ich immer der Ansicht,2 dass
man den oben erwahnten Fehler, der bei der einfachen Addition des Fermi-
schen und Weizsdckerschen Energieanteils entsteht, nicht einfach so korri-
gieren kann, dass man an dem Weizsédckerschen Energieanteil einen Zahlen-
faktor <H anbringt, sondern man sollte vielmehr den Fermischen Anteil
korrigieren, wodurch die Schrddinger-Gleichung (3) erhalten bleibt und eine
Anderung nur im Besetzungsverbotpotential, d. h. im zweiten Glied auf der
rechten Seite von (1) entsteht. Auf diese Weise ist es mir tatsédchlich gelungen
eine Korrektion einzufihren, die zwar von den leichtesten bis zu den schwer-
sten Atomen die Energien der Atome mit einem Fehler -<2% wiedergibt,
und nicht nur fir Atome sondern auch fur Kerne zu DichteVerteilungen fihrt,
die mit der Erfahrung gut Ubereinstimmen,3 die jedoch auf der wenig befrie-
digenden Annahme beruht, dass die radiale Impulsbreite einer Elementarzelle
im Impulsraum dieselbe ist w'ie die azimutale.

Zur Herleitung der Korrektion wurde meinerseits in 1953 auch noch
ein anderer Weg eingeschlagen,4 der ebenfalls zur Korrektion des Fermischen
Anteils fuhrt. Das erhaltene Resultat, das sich auf einen vereinfachten Fall
bezieht, schien mir jedoch damals fur rechnerische Zwecke als wenig ver-
wertbar, konnte aber in letzterer Zeit fur Berechnungen verwendet werden.
Ubrigens weist die damals gegebene Herleitung dieser Korrektion einige
betrachtliche Mé&ngel auf, wodurch jedoch glicklicherweise das Endresultat
nicht beeinflusst wird. Es sei daher die Herleitung in einwandfreier Form
fir denselben vereinfachten Fall hier nochmals wiedergegeben. Das End-
resultat wollen wir in einer demné&chst folgenden Arbeit in eine fir rechneri-
sche Zwecke brauchbare Form bringen und auf Atome anwenden.

2. Berechnung der kinetischen Energie fir einen vereinfachten Fall

Unsere folgenden Betrachtungen beziehen sich auf ein Atom mit vielen
Elektronen, die wir im spéateren Verlauf statistisch behandeln wollen. Hierzu
befassen wir uns zundchst mit den Elektronen des Atoms in einer Kugelschale
und gehen von der Schrddinger-Gleichung fir den radialen Teil der Eigen-
funktion eines Elektrons mit der Nebenquantenzahl | aus, die folgendermassen
lautet

2P. Gombas, Acta Phys. Hung. 3, 106, 1953.

3M. Tisza, Acta Phys. Hung, im Erscheinen.
4P. Gombas, Acta Phys. Hung. 3, 106, 1953.

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



364 P. GOMBAS

era, 4% 0+ 1

ir. o + (s+ Ve)f=0, (4)
wo f die radiale Wellenfunktion (d. h. das r-faclie des radialen Anteils der
tblichen Wellenfunktion), und e den Energieparameter bezeichnen, V ist das
elektrostatische Potential, das im Atom auf das in Betracht gezogene Elektron
wirkt.

Wir unterteilen nun die Elektronenwolke des Atoms durch konzentrische
Kugelflachen, deren gemeinsames Zentrum sich im Kern befindet, in Kugel-
schalen von der Dicke s. Diese seien so bemessen, dass in den Kugelschalen V
und 1/r2 als »fast« konstant betrachtet werden kdnnen. Abweichungen vom
konstanten Wert seien von erster Ordnung klein. Fir ein Elektron in der
fc-ten Kugelschale kann man dann die Lésungen von (4), die den Randbedin-

gungen — nach welchen f an den beiden Berandungsflachen der Kugelschale
verschwinden muss — gentgen, folgendermassen ansetzen
An
fx= A sin (r—rk = A sin Ax,
) ©

wobei wir zur Abkirzung die Variable

X= _ (-rk (6)

einfuhrten und wo rk den Radius der inneren Kugelflaiche und A eine ganze
Zahl

A= 1,2,...,n

(7)

bedeuten. Fiur die Amplitude A missen wir — wegen der nicht vollkommenen
Konstanz von V und 1/r2 — noch eine schwache Abhé&ngigkeit von r voraus-
setzen. Wir setzen in der k-ten Kugelschale eine Entwicklung von A nach
Potenzen vom r — rk an, die wir nach dem dritten Glied abbrechen, es wird
also
8 1 [82A
A(r)=A0+ ~eom (r rkf =
1 3r Jo 2 dr2
®)
— A0+ (A")aX — — (A")0X2,

wo A' und A" die erste und zweite Ableitung von A nach x bedeuten und der
Index 0 sich auf die innere Berandungsflache (r=rk x = 0) bezieht.

Die radiale kinetische Energie rlaeines Elektrons der fc-ten Kugelschale
im Zustand (A, 1) kénnen wir aus der folgenden Formel berechnen
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wo f- die erste Ableitung von /g nach x bezeichnet, fir die sich der Ausdruck

f'x = A" sin 9K-{-AJ cos 9k (10)
ergibt.
Nach Einsetzen dieses Ausdruckes in (9) erh&lt man

—li+ Lo+ |5 (11)
mit
2 | (A")2sin25Kdx
[1=-A T e2a« "N —---mcmmmmemeeee <12>
S A 25in2 5Dxdx
i o I7
3o 2 MM 'sin $dcos $hkdx .2 ng/ll/l' sin2 Axdx
[ p— e2ansl " e2a04 (13)
252 JOy42B T 259x4x {0)‘428 Tafndy
und
nn l‘o A2cos25kdx
= -e2anfR — (14)

252 1, YA2sin2 SKax

In den bisherigen Arbeiten5 ist man immer so vorgegangen, dass man
im Integrationsbereich A und A’ als konstant betrachtet hat, wodurch man
mit Ricksicht darauf, dass das Integral von sin 2fbkvon 0 bis n verschwindet,

die folgenden Resultate erhalt: /, = T e2a0AYAA2 12= 0, J3= s e2a 052
s S
Fir die Gesamtenergie rjx ergibt sich so
71 [0} (15)
0J

Obwohl dieses Resultat richtig ist, ist die Herleitung dieses Resultates
unrichtig. Zur richtigen Herleitung missen wir zunéchst folgendes klarstellen.
Wi ir befassen uns hier mit dem Fall, dass die Amplitude A nur wenig verander-
lich ist. Man wird also A' als eine im Verhéltnis zu A von erster Ordnung
kleine Grosse betrachten. Da jedoch das Resultat zu (A')2 proportional, d. h.

5 H. Hertitmann, Acta Physicochimica URSS 4, 225, 1936; P. Gombas, Die statistische
Theorie d. Atoms u. ihre Anwendungen, S. 110ff, Springer, Wien, 1949.
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eine von zweiter Ordnung kleine Grdsse ist, hat man bei der Entwicklung
von A in (8) auch noch das von zweiter Ordnung kleine Glied A" zu beruck-
sichtigen. Es ist also keinesfalls zuldssig, dass man in den Integralen in den
Ausdricken Iv 12und I3 A und A' als konstant betrachtet, wie dies in den
bisherigen Herleitungen geschah, sondern man hat die Entwicklung (8) zugrunde
zu legen und die Integrale bis zu Gréssen zu berechnen, die von zweiter
Ordnung klein sind, man hat also z. B. in A2auch noch das zu AQ(A")0x2pro-
portionale Glied zu berucksichtigen.

Nach diesen Festsetzungen bleibt nur noch die Berechnung der Integrale
in Iv 12 und 13, die ganz elementar ist und zu folgendem Resultat fuhrt:

womit fir die Gesamtenergie der Ausdruck

A
VX--= e-au y (19)
A .o

folgt, der uberraschenderweise mit dem Ausdruck (15) identisch ist, den wir
mit einer nicht einwandfreien Herleitung erhalten haben.

Wenn wir in (19) a0 = ft2(4 n2me2) setzen,wo ft die Plancksche Konstante
und m die Masse des Elektrons bezeichnen, so ergibt sich der Ausdruck

* = "2 (20)
= Zm * 8s%m
in welchem pr= Aft/(2s) den radialen Impuls des Elektrons bezeichnet.
Hieraus ist unmittelbar ersichtlich, dass das erste Glied auf der rechten Seite
in (20) die radiale Fermische Kkinetische Energie und das zweite die Weiz-
sackersche Korrektion darstellt.

Unsere Aufgabe ist nun (A'/A)0 mit der mittleren radialen Dichte Di
der Elektronen mit der Nebenquantenzahl | und mit gradr Di = dDi/dr in
Zusammenhang zu bringen, dann mit diesem Zusammenhang (A'1A)0in (20)
durch gradrD, und Di auszudricken und den so erhaltenen Ausdruck fur I
Uber alle Zustdnde der ft-ten Kugelschale zu summieren.
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3. Der Zusammenhang von (A'/A)0 mit gradrD, und Dt

Zur Herleitung des Zusammenhanges zwischen (A’jA)0 und grad rDi
sowie Di gehen wir von der Definitionsgleichung der mittleren radialen Dichte
der Elektronen mit der Nebenquantenzahl | in der in Betracht gezogenen
Kugelschale aus. Mit Riucksicht darauf, dass die Zustdnde X — 1,2, ...,n
alle [n= 2(2/+1) — fach besetzt sind, hat man

f
cl="2TT 21

-Jondr

Lange Zeit (bis 1953) war irrtimlicherweise die Annahme verbreitet,
dass dies folgendermassen geschehen kann.® Man hat zur Definition eines
mittleren Dichtegradienten grad”~D; die Definitionsgleichung (21) der mittleren
radialen Dichte Di zugrunde gelegt und gefordert, dass die Summe der Uber
das in Betracht gezogene Intervall von r {ru < r <( ifcts) hinweggemittelten
Dichtegradienten der einzelnen Elektronen mit dem Gradienten der mittleren
Elektronendichte D/, d. h. mit gradrD; Ubereinstimme, also dass

;" Lk gradr(/f) dr jim A Jpgrrdx(fl)dx

S

—gradrD, (22
-1 JFK+SfIdr s2 ~ jjfdx

sei. Hier hat man auf der linken Seite fir / ndie Eigenfunktionen (5) eingesetzt
und A sowie A' wieder falschlicherweise als konstant betrachtet, also dieselbe
unrichtige Naherung zugrunde gelegt, die wir schon auf S.365 erw&hnten. Mit
Ricksicht darauf, dass un in der Kugelschale die Anzahl vi der Elektronen
mit der Nebenquantenzahl / darstellt, dass also /m/s = Vi/s = Di ist, ergibt
sich so

A’ 1 gradrD;

A ,o0 2 Di

(23)

Dieser Zusammenhang, der jedoch unrichtig ist, wirde in (19) oder (20) gerade
das Weizsacltersche Korrektionsglied liefern.

Dass der Zusammenhang (23) unrichtig ist, hat zwei Ursachen. Erstens
ist die Definition des mittleren radialen Dichtegradienten von D; durch (22)
grundséatzlich unrichtig und zweitens kann man nach Einsetzen der Eigen-
funktionen (5) in (22) A und A’ nicht durch eine mittlere Konstante ersetzen,
sondern man hat fur A die Entwicklung (8) zugrunde zu legen, womit sich

6 H. Herimann, Acta Physicochimica URSS 4, 225, 1936; P. Gombas, Die statistische
Theorie d. Atoms u. ihre Anwendungen, S. 113, Springer, Wien, 1949.
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statt (23) eine ganz andere Beziehung ergeben wirde: es wirde dann auf der
linken Seite bei der Mittelung tUber s nicht nur das von erster Ordnung kleine
Glied (A'/A)0, sondern auch das von zweiter Ordnung kleine Glied (A'/A)q
verschwinden.

Das Verschwinden dieser Glieder ist eine natlrliche Folge dessen, dass
die Beziehung (22) zur Definition eines Mittelwertes von gradrD/ grund-
satzlich unbrauchbar ist. Diese entsteht ndmlich aus (21) in der Weise, dass
man auf beiden Seiten den Gradienten bildet und in (22) die linke Seite — und
zwar nur die linke — Uber das in Betracht gezogene Intervall von r hinweg-
mittelt. Hierdurch begeht man einen Fehler, denn auf der linken Seite heben
sich durch die Mittelbildung die von dem periodischen Anteil (d. h. vom
Faktor sin2 Ax) der Teildichten jf/ herrihrenden Gradienten gerade weg.
Die periodische Funktion sin2Ax hat ndmlich im Intervall 0 — n A Maxima,
deren ansteigende und abfallende Aste symmetrisch verlaufen, fiir die sieh also
bei der Mittelbildung die Gradienten wegheben. Hierdurch erweist sich die
Beziehung (22), aus der durch unzuléssige Annahmen das falsche Resultat (23)
hergeleitet wurde, als grundséatzlich ungeeignet.

Zur Vermeidung dieses Fehlers hat man nicht die Gradienten, sondern
— unter Beibehaltung der Definitionsgleichung (21) — die Quadrate der Gra-
dienten in Beziehung zu setzen und die Mittelung Gber das Gradientenquadrat
durchzufuhren.

Hierzu gehen wir wieder von der Grundgleichung (21) aus und definieren
eine mittlere radiale Eigenfunktion f der in Betracht gezogenen Elektronen
folgendermassen

ViP= A, (24)

wo M= fm = 2(2Z -)- 1) n die Anzahl der Elektronen mit der Nebenquanten-
zahl | in der in Betracht gezogenen fe-ten Kugelschale bezeichnet.
Mit Hilfe vonf = (DJvp2kdénnen wir (A'1A)0durch folgende Gleichung

V. rn+s 1 drD )2
= (gradrffdr - (gradrD.) (25)
s Jrt 4 Di
rrflc+S 1 drD, -
(gradr/) 2dr - gracr (26)
Jrit; 4 Dv

bestimmen, wo fur Vi/s wieder die mittlere radiale Elektronendichte gesetzt
wurde. Wir bilden also jetzt den Mittelwert eines Gradientenquadraten und
nicht wie vorher den eines Gradienten.

Zur Berechnung des auf der linken Seite in (26) stehenden Integrals hat
man zundchst f zu berechnen. Fir f erhdlt man mit (21) aus (24)
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12

. fl

Wenn wir der Kirze halber fur das Normierungsintegral in den Nennern der
Summenglieder die Bezeichnung K 2 einfihren, so erh&lt man mit der Ent-
wicklung (8)

K2=\ f\(Ndr= - I f\(x)dx =
JTK 71j0
(28)
Az 1 At Ay
U 07 3 2A2 A o A J

Da das Glied 1/(2 A) im Verhéltnis zu a23 besonders fur grdssere Asehr klein
ist, kann man es hier neben n23 vernachl&ssigen, wodurch man fiur das Nor-
mierungsintegral von fx den von Aunabh&ngigen Ausdruck

K2=-yA2jl+ T (29)

erhalt.

Diesen kann man in (27) vor die Summe setzen, wodurch sich die Summa-
tion leicht durchfihren lasst. Mit Ricksicht darauf, dass wir A von A als
unabhéngig betrachten, ergibt sich

1 n 1/2 A 1 n
X? 112 A Bl
nK~ n=1 K n A (30)
A 2ra+ 1 1 sin(27+ 1)=
K 4n 4n sin x

wobei zu beachten ist, dass A noch eine schwache Abhéangigkeit von r aufweist.
Wir befassen uns zunéchst mit der Funktion

2n 1 sin@2n+ I)* 2

31
4n 4n sin X (31)

9(x) =

Man sieht sofort, dass g(x) bei x = 0 und x = n gleich 0 ist, d. h. dass f und
somit auch Di an den beiden Berandungsflachen der Kugelschale verschwinden.
Der Verlauf von g(x) fur den Fall n = 10 ist in Fig. 1 dargestellt. Aus dieser

2n 4-1 2

4n
und einem steil ansteigenden Ast am Anfang des Wellenzuges bei x = 0,

ist zu sehen, dass g(x) aus einem Wellenzug in der Hohe g0
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sowie einem zu diesem symmetrischen steil abfallenden Ast am Ende des
Wellenzuges bei x = n besteht. Bei der Berechnung von gradf ziehen wir
den Wellenzug und die beiden Aste gesondert in Betracht. Hierzu wollen wir
zunéchst die Ausdrucke feststellen, durch die wir den Wellenzug und die beiden
Aste von g maoglichst einfach darstellen kénnen.

Zunéchst ist unmittelbar zu sehen, dass man g fiur grosse n in folgender
Form schreiben kann

1 1  sin2nx 2

= 32
g 2 4n sin# (32)

Fig. 1. Verlauf der Funktion g(x) fur n = 10

Fir den Wellenzug kénnen wir im Falle grosser n im zweiten Glied in
der Klammer im Nenner fur die im Verhaltnis zum Z&hler langsam verédnder-
liche Funktion sin x, im Intervall 0 <[ x < n, deren Mittelwert 1/2 setzen.
Da weiterhin fur grosse n das zweite Glied in der Klammer im Verhéltnis zum
ersten klein ist, kann man die rechte Seite in (32) in eine Reihe entwickeln,
die man nach dem zweiten Glied abbricht. Man kann also fur grosse n den
Wellenzug durch folgenden Ausdruck approximieren

O = - (1-—--- — sin 2 n# . (33)
S 212 ( 2n \2

Der ansteigende Ast gavon g lasst sich durch die durch den Koordinaten-
ursprung und den Punkt A hindurchgehende Gerade und zwar durch das
Geradestick OA approximieren. Die Koordinaten des Punktes A sind xa =
= jr/2 n und gA sd 1/272 Der Anstieg dieser Gerade betragt also
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1 2 211
gA n (34)
XA 2”2 n n
Wir kdénnen also den ansteigenden steilen Ast ndherungsweise durch folgenden
einfachen Ausdruck darstellen

gs = --—-- nx. (35)

Fur den abfallenden Ast ga zwischen dem Punkten B und D gilt bei
Zugrundelegung derselben N&herung der Naherungsausdruck

212
ga = -——- "iX - o) . (36)

Mit diesen Né&herungsfunktionen kénnen wir nun fur die linke Seite
von (26) einen Naherungswert berechnen. Wenn wir statt r wieder die Variable
x einfuhren, so hat man fur die linke Seite von (26)

L= ( (pradrjfdr= -- I (grad¥)2dx = — j (A'g+ Ag'fdx, (37)

Jrt S Jo S K zZJo

wo g die Ableitung von g nach x bezeichnet und K die durch (29) definierte
Normierungskonstante ist.

Wir wollen zunédchst den Anteil L2 zum Integral L berechnen, der vom
Wellenzug gw resultiert, der fur das Intervall A'B' gultig ist. Wenn man in
Betracht zieht, dass man flr grosse n das Intervall A'B' durch das gesamte
Intervall OD ersetzen kann, so folgt mit der Néaherungsfunktion (33)

n 1 A o
L,= A\]r (AT A— oin fimAY
B *R2Vo 2n (38)
2AA° 1_ 21 OuB HX cos 2 nx + A2c0s22 nx
n

4

Wenn wir fir A und K die Ausdricke (8) bzw. (29) heranziehen und alle Glieder,
die von der Ordnung 1/n oder von hoherer Ordnung klein sind, vernachl&ssigen,
so erhalten wir

nz f(A* 2, 11

H_
s2 . A 0 213 (39)

Fur den vom steil ansteigenden Ast gsresultierenden Anteil des Integ-
rals L ergibt sich mit denselben Annahmen und in derselben N&herung wie
hei L2
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Ly = — [~ «M N2*2+ 2AA' X+ A*] dx =
y s T(Z nl Jo ) ] dx (40)
L2,

n A 0" a2.

Auf dieselbe Weise erhdlt man fir den vom steil abfallenden Ast ga
resultierenden Anteil L3 des Integrals L

1 Al
+ (41)
n Ao

Fur das ganze Integral L hat man also

A'Y 1
L —Ly-j-L2-j-L3— . (42)
A~)0+ ~2

womit mit Ruicksicht auf die Definitionsgleichung (26) der Zusammenhang

1A' 2 1 s2 igradrDi
A O 4 jji2 ( D, ,

(43)

folgt.
Da wir diesen Zusammenhang nicht nur fuir den Fall grosser n-Werte
anwenden wollen, berechnen wir wie sich dieser Zusammenhang fur den klein-

sten re-Wert, n = |, gestaltet. Man erhélt dann aus (30)
A .
f= —- Sinx , (44)
K

wo wir jetzt wegen A= 1 fir K statt (29) den genaueren Ausdruck (28) und
fir A wieder den Ausdruck (8) setzen. Mit diesen ergibt sich aus (26)

IA'Y 1 s2 gradrDi (45)
Al, 4 a2 D,

womit man aus (19) fur die radiale kinetische Energie der Elektronen im
Zustand n = 1
radrP ,j2
Vi= — e °0 ’ J (46)
8 Dt ,

erhalt. Dies ist der richtige Ausdruck fur die radiale kinetische Energie der
Elektronen im tiefsten Zustand, da in diesem Zustand, wie schon erwéahnt
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wurde, die gesamte radiale kinetische Energie der Elektronen durch den Weiz-
sdckerschen Anteil dargestellt wird. Dies gibt also zugleich auch einen Beweis
dafur, dass die Gleichung (26) die richtige Basis zur Herleitung des Zusammen-
hanges zwischen A'/A einerseits und grad Di, sowie Di andererseits gibt.

Wir kénnen nun den fir n = 1 exakt gultigen Zusammenhang (45) mit
unserem fur grosse n-Werte hergeleiteten Zusammenhang (43) vergleichen,
wenn wir in diesem versuchsweise n = 1 setzen. Es ergibt sich dann das Re-
sultat

IA" 2 1 & (grad,D )2 1 4 Il s 2 gradrp,
Ho. & = oi J 2 n2 4 n2 Di

das sich Uberraschenderweise von (45) nur darin unterscheidet, dass auf der
rechten Seite —0,9 statt —1 steht.

4. Zusammensetzung der mittleren radialen kinetischen Energie
der Elektronen aus dem Fermischen und Weizsadckerschen Anteil

Mit dem Zusammenhang (43) erhdlt man fir die radiale kinetische
Energie 1] aller Elektronen der in Betracht gezogenen Kugelschale

1 2 a2 A, gradrD
= V>Vx = — ead—fi> 2., o o @® + — e2al vt. (48)
AL 2 s2  I=1 2 n2 8 Di
Hieraus folgt mit Rucksicht auf die Beziehung
YN2= — n(n+ 1) 2nra+ 1) (49)
AL 6
f]= —e2a0—:. — n(nF1)@2n+ 1)—
(50)
_______ N __1_1__n~2. 11____1__ g)” grad,o i
2 n2 8 o
Wenn wir hier noch fin = M setzen, so erhdlt man das Resultat
V= ao~r !'~{n "bl)(2n+1) -
z L6 (51)
1 4 " rad, Di
----------- 2 Wietedo
2 n2 8 Di
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Fir n = 1 sollte die eckige Klammer im ersten Glied auf der rechten
Seite verschwinden, das infolge dessen, dass die Formel (51) bzw. (43) fur
grosse n hergeleitet wurden, nicht der Fall ist. Der Ausdruck in der eckigen
Klammer hat fir n = 1 den Wert 0,1; die Korrektion gibt also auch noch
fur n = 1 einen sehr gut brauchbaren Wert, denn es hebt in diesem Fall 0,9
des unkorrigierten Gliedes 1/6 (n -f- 1) (2n + 1) weg. Wir koénnen unser
Resultat fur n = 1 dem tatséchlichen Sachverhalt vollkommen anpassen,
wenn wir im letzten Glied der eckigen Klammer statt 4/1r2 die etwas grossere
Zahl 1/2 setzen, was fur grosse n unwesentlich ist und was dadurch unterstitzt
werden kann, dass es — wie man aus Fig. 1 sieht — gerechtfertigt ist, fur die
aus den steil ansteigenden und abfallenden Aste von f resultierenden Anteile
der kinetischen Energie die Integration, statt auf die Intervalle OA' und
B'D, auf etwas grossere Intervalle auszudehnen. Man erhélt so

rj= — e2a0-—--—-- — N e N—2)r, )-—--- e2a0 (52)

Das erste, dem Fermischen Anteil entsprechende Glied des auf der rechten
Seite stehenden Ausdruckes ist also durch die Korrektion im Vergleich zum
entsprechenden nicht korrigierten im Verhaltnis

verkleinert.

Wenn wir fur die mittlere nicht-korrigierte radiale Fermische Energie
pro Elektron die Bezeichnung eF und fir den radialen Weizsdckerschen Anteil
pro Elektron die Bezeichnung £w einfihren, also

Ep J_eac™MlJL (n | D(2n + 1) (54)
2 s2 6
und
b 1 5 ao(gradD,)Z (55)
D,
setzen, so kdnnen wir unser Resultat folgendermassen formulieren
SR—7sF+ eW» (56)

wo Ep die gesamte radiale kinetische Energie pro Elektron bezeichnet.

Wenn man also bei der statistischen Berechnung der radialen kinetischen
Energie der Elektronen neben dem Fermischen Anteil auch den Weizsécker-
schen in Betracht zieht, kann man die beiden Anteile nicht einfach addieren,
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sondern man hat hierbei eine Korrektion anzubringen und zwar — wie wir
eingangs erwartet haben — nicht am Weizsdckerschen, sondern am Fermischen
Anteil.

Der Korrektionsfaktor y erweist sich besonders fur kleine re-Werte als
betrachtlich; es ist fir

1, 2, 3, 4, 5, ..., 00

n
Y= o, 2/5, 4/7, 6/9, 8/11, ..., 1.

Der Korrektionsfaktor wachst also mit wachsendem n von 0 an und erreicht
fur sehr grosse n-Werte den Wert 1.

Wie man die hier erhaltenen Resultate auf ein statistisch behandeltes
Atom Ubertragen kann, folgt in einer demné&chst erscheinenden Arbeit.

O KOPPEKLUWW KUHETUYECKOW 3HEPIUW BEMUIEKKEPA

n. TOMBALW

Pesome

VMccnepyeTca CTaTUCTUYECKUIA pacyeT KUHETUYECKOW 3Heprun 371eKTPOHHOro rasa fAns
cny4vas KOppeKuMn HeOZHOPOAHOCTU M MOKa3blBaeTCs, YTO NP MPOCTOM CMOXEHUW (hepMueBoi
4acCTV W YacTh HEOAHOPOAHOCTWM Beiusekkepa nony4vaetcs NOrpellHOCTb. locnegHAs paccuu-
TbiBaeTCA AN MpOCTOro cnyvas. [anee nokasbiBaeTCs, YTO HEKOTOPble MPEXHWEe MOMbITKMU-
NpeAnpUHATbIE HECKONIbKMMMW aBTopaMy MCNpPaBuTb 3Ty MOrPELUHOCTb Yepe3 YMECTHbIA (akTop,
KOppeKLUn paBHbIA 1/9 npuBenun K HeyA0BAETBOPUTENbHbLIM 3HAYEHWUAM 3HEPTUN; B TO XE Bpems
pacuyeTHble 3HEPrUN C AaHHbIM (PAKTOPOM KOpPPEeKLUW NexaT HUXKe Ha 8% Yy Taxenbix, Ha 12%
Yy MPOMEXYTOUYHbIX U Ha 23% Yy Nlerkux atoMoB.
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VELOCITY AND CURRENT DETERMINATION
FOR STEADILY TRAVELLING DOMAINS
IN SEMICONDUCTORS. I

WATKINS—GUNN EFFECT
By
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(Received 28. Y. 1968)

The velocity and current determination method proposed in Part | is applied for the
Watkins— Gunn effect.

Two cases are considered: a) the case of quasi-equilibrium between high- and low-
mobility states (instantaneous transitions) and b) the case of non-instantaneous transitions.
For the former case the total currentjsand the domain velocity uOare determined separately
also including field-dependent diffusion coefficients. For the latter case, an algebraic equation
system is derived for jsand u0in terms of “domain shape parameters” S- which characterize
the domain shape around the neutrality point.

The analysis of the resulting velocity expressions shows that the Gunn domains, in
contrast to the slowly moving recombination domains, are insensitive to the domain shape,
at least in GaAs.

I. Introduction

It is well known that in semiconductors there are various current
instabilities which are connected with the negative differential conductivity
of the sample. As was proposed by Ridiey and W atkins [1] and Hitsum [2],
in GaAs and in other materials with similar conduction band structure the
negative differential conductivity is due to the field-dependent electron
transfer from the high-mobility central valley to the low-mobility upper
valleys. As a result, a high field domain forms which can travel steadily from
the cathode to the anode and causes oscillations in the external circuit. It is
interesting to note that it was proposed in an early paper by Bser [3],
without referring to the electron transfer mechanism, that high field domains
would occur if the mobility decreased stronger than linearly with increasing
field. Firstly, cunn has discovered such current instability in GaAs [4a].
Detailed investigations were given in [4b], [5], [6] and later, a similar effect
was observed in other materials [7].

The problem of stable domain propagation requires a solution of an
essentially non-linear differential equation system. In other words, at the
onset of the instability, a linear treatment may be adequate [8]—[11] but
the stable domain propagation, when non-linear effects are predominant,
needs different treatment. The numerical solution of the non-linear differential
equation system [12] —[13], or analytical investigations [14]— [21] give
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equally important information on the behaviours of high field domains.

In the present paper a method different from the previous ones is given
to determine the domain velocity (u0 and the total current (js) for steadily
travelling domains, accepting a two-state model. The method is a generaliza-
tion of that used in paper [22] (hereafter referred to as I) for velocity and
current determination of slowly moving recombination domains*. Namely,
starting from the wavelike (Riemann-type) solution of the non-linear prob-
lem [15], [17], the charge densities in the low- and high-mobility states
g (i= 1,2) are expressed in terms of electrical field E and its derivatives,
or more precisely @ = Q(E, E', E"), where the ' means differentiation with
respect to z = x — ult. Then an algebraic equation system is derived for u0
andjsin terms of “domain shape parameters” defined by

4n [ dz¢ Q

The parameters St characterize the domain shape in the neutrality point zO.

A numerical analysis of quantities entering into the algebraic equation
system shows that inside the domain a quasi-equilibrium between the high-
and low-mobility states might be supposed (short intervalley relaxation time).
In this case the calculations are simple: the domain velocity and the current
can be determined separately and u0 turns out to be insensitive to the domain
shape. In this case the peak field dependence of u0 can be predicted. Using
the theoretical data given by Butcher et al. [18], [19b] it is shown that the
diffusion and the field dependence of the diffusion coefficients give only
small contributions to u0, which is determined entirely by the average drift
velocity at the peak field.

Neglecting the diffusion terms in the current js, an algebraic equation
of third degree is derived for un which can he solved exactly. The resulting
velocity expressions, which can be considered as a generalization of previously
obtained formulae for the two-state model, make it possible to determine the
shape dependence of domain velocity.

2. Basic equations

Let and g2 denote the charge densities in the high- and low-mobility
states, respectively, and let the mobilities fxt(E) and the diffusion constants
Dt(E) depend on the electrical field strength E. Following papers [9] and
[24], besides the continuity and Poisson’s equations, we shall use the equa-
tions describing the transitions between the states “1” and “2”:

* A preliminary report on the method was published in [23].
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dol _ fyi ('

8f  x |8t gen (1)
dDj Q
g E
ji = giid dx ] (2)
SE
o gl - 92 €

where g0 is the compensating positive charge density, assumed uniformly
distributed in the whole sample, gis the space charge density, e is the dielectric
constant. For the transitions 1 2 we can write:

gi — N(-1yd T (8l B2,E), (4)

where tr(E) is the characteristic time for transition 1 —2, tgis the same for
reverse transition 2 —1 which is assumed to be independent from the electrical
field E. This assumption is based on a result of Conwell and Vassell [25],
where it is shown that xg (with the notation of [25] r2l) is independent from
the electron energy.

It is convenient to introduce, besides the space charge density g, the
currentj = jl -f-j2. From the continuity equations follows:

o ©

since it was supposed, that only transitions 1 —2 exist, and thus

: 3Q = O.*

2 81 sen.

Let us assume that for the stable domain propagation a wave-like solu-
tion is valid. In other words, all quantities (g/, E) are assumed to he depend-
ent on the variable z = x — ult. In this case the total current defined by

e 8E

5= 44 dt

remains constant [26], [16]. From the basic equations and also from Eq. (5)
the following differential equation system is obtained:

* In principle it is not difficult to include also the traps, as well as the external generat-
ion of the carriers.
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g
S = (6)
o
unek "’ o ;
J— An hjsi ©)
E — . Q @ £29 (8)
«Q'i+j'i= Y, 9)
uoQ + J2 —— Ve (10)

The full description of the stable domain propagation requires the solution
of the above equation system, taking into account the proper boundary con-
ditions; namely the condition of electrical neutrality of the whole sample
and Kirchoff’s law [15]:

» *>

Edx = -J'R
Jo g

where L is the length of the sample, SS is the current in the circuit of resisti-
vity R, and S is the e.m.f. of the battery. Instead of finding an explicit solu-
tion for _E(z), the field distribution is assumed to be known, say, around the
neutrality point zO (where _E'(z0 = 0) and then an algebraic equation system
for u0 and js can be derived in terms of parameters Sj. For this purpose,
it is necessary to express gein terms of E and its derivatives. Two cases will
be considered: a) the case of instantaneous transitions between two states
(the “quasi-equilibrium” case) and b) the case when the intervalley relaxation
times are commensurable with the other characteristic times of the problem
(“non-instantaneous” transitions).

3. Determination of the function Qi(E, E\ ...) and the
differential equation for the field E(z)

The functions g¢,(z), E(z) and their derivatives are connected with the
differential equation system derived in the previous Section. In principle,
any of these can be used as a “basic function” and then the two others can
be expressed with the aid of this basic function and its derivatives. As only
the measurement of E(z) is relatively simple, the space charge density o and
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its components pLp2 will be expressed in terms of E and its derivatives.
In what follows, the previously mentioned cases a) and b) will be treated
separately.

a) Quasi-equilibrium between the valleys

Knowing the orders of magnitude of the time constants rr and rg (see
e.g. [25] or Section 5 of the present paper) it seems to be quite reasonable to
assume that inside the domain a quasi-equilibrium exists between the high-
and low-mobility states. In other words, we shall assume that the transitions
between the valleys are instantaneous. This assumption is, on the other hand,
very characteristic for previous papers dealing with Gunn domain dyna-
mics. This is especially true forthe analytical investigations [14] —[21]. The
conditions for this assumption will be given in Section 5, using some charac-
teristic quantities containing the domain shape parameters also. Now, accord-
ing to the assumption of instantaneous transitions, we can write Eq. (4)
in the form:

= r(E).
6r T(E)

where the function r(E) can be determined from the experimental data [27], [28]
or from a microscopic theory [18], [25]. Such relation between the high- and
low-mobility densities was assumed first by Kroemer [29], [30]. From the
Poisson’s equation and Eq. (12), jg and g2 might be calculated separately.
In fact, the simple calculation gives:

Y T T — - y = — — s

where T = g0—eE'/4 n is the total negative charge density. Comparing
Egs. (12) and (13) we see that while the ratio g2lgl depends only on the field E,
the components gJg2both depend on E and E'. Finally, with the aid of Eq. (13),
it is easy to write the differential equation for E(z). Substituting (13) in (7)1

F(E,E\E") "N js+
( )" 47

. 1 Ar
G.UE+ DIE"G + Diy E<*+1> = 0,
i=1 bl QEW

where G/ s= ¢,(E, E') and Dt = (dD,)/(dE).
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b) Large intervalley relaxation times

The determination of functions G, = Q(E, B", ...) is more complicated
now, since Eqgs. (9)—(10) should be taken into account, too. For simplicity,
we shall assume that /u and D/ are independent from the field E. In case a) we
did not make such a simplification.

Firstly, the functions ft will be expressed by differentiating the Poisson’s
equation and using Eq. (17). We obtain:

0i = (—1)4-8 — A —C/Dt); (i= 1,2), (14)
where

A(DX- D2 = (js+ ecuoE'/4n); B(DX—D2 = (ftft + q2ft) E ;
C{D1— D2 = DxD2eE"14,n.
Now, using Eqgs. (9), (10) and differentiating the Poisson’s equation repeatedly,

one can express q" with the aid of E, its derivatives and ft, then substituting
Q from Eq. (14) we obtain the following equation system for ft andft:

QL —2M = R,

Qi+ Q—T,
thus
R+ TM . -R + TL
Q= T : Qi = (15)
L+ M L+ M
where
P, P 2eE" % eE' ul r’'El
= + + uo+ .
4n 4n Ei D2
i+ E E(DI h2— D\ ft) eE"
+ uo{Di + + .
i E2 Ei D. an
L = pa2fme’ + uofiie + (Di— D2 £ Vg E2 (157
rr A —D2
M = —DjftE’—uOftE + (Di-D 2 - - Vv ft E2,
rg Ex—D?2

eE’ .
T —BO' 4 5 V— Eilft D2ft.
n

Thus, the first part of the calculation is completed; the functions
Gi = Q(E, E'",E",E"") are determined, provided ft and £)- to be constant.
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For E(z) we have the following nonlinear differential equation, contain-
ing uOand js as parameters:
eE’ 3G,

F(E,E',..,.EN) = js+ ' EE + Dj £&+) = 0.
4n kK b o 8£<>

4. Determination of current and domain velocity
for arbitrary domain shape

In the further calculations we shall use the expressions pxand p2obtained
in the previous Section. Ifthe field distribution is known around any point of the
domain (say, around the neutrality point z0), then, based on Egs. (6), (7),
an algebraic equation system could be derived for u0 and js in terms of St
and other characteristic quantities. In the neutrality point z0, @ may have
singularities for a possible value of u0 and so for velocity determination
another point should be chosen. It will be shown a posteriori, however, that
for the exact velocity values, the space charge components @ have no singu-
larities. Similar problems do not arise in case a), where only asingle domain
velocity exists, and the p- (i = 1,2) do not contain the domain velocity
explicitly.

a) Quasi-equilibrium between the valleys

The calculation is very simple now (including field dependent mobilities
and diffusion coefficients as well), because both the current and the velocity
can he obtained separately. As we shall see, in the general case, u0 and js
must be determined from a nonlinear algebraic equation system. Assuming
S2¥=0 we obtain:

js vaoQ@ DaS , (16)
Yro -Pro PapE I Dg0S3
U0 — vaD b (Ay, ) AP _p g 17)
Tmorioll + [0)2 TVDVIO S2
where
vi0+ "0v2
is the average drift velocity,
10~broP
o= t
1+ ro

is the average diffusion coefficient and

£>i0+ raf0
1+ r0

Dg
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is the average of derivatives of B- with respect to the field E. The index
“0” refers to the neutrality point. In Eq. (17) the Maxwell relaxation times.

EO 1dr \ go ‘'drr’
%0 —c/da @(tI0and y

ro [dEjo o dE
were introduced.

As we shall see, all terms containing the diffusion coefficients are gener-
ally negligible compared to the drift term and so we obtain the well known
relation [26], [14], [16]:

js — — uo (- (18)

It is interesting to remark that this relation was derived here as an approxi-
mation, and the deviation from it can be calculated from Eqs. (16), (17).
The most important consequence of the quasi-equilibrium assumption is that
the domain velocity is slightly dependent on the domain shape: in Eqgs. (16)
and (17) Da0S2 and DaoS3S2 can be neglected. The numerical analysis of the
general case justifies this result and thus, based on Eq. (17), the peak field
dependence of u0can be calculated.

b) Large intervalley relaxation times

To avoid unnecessary complications we shall assume that [ii and D, are
constants and also the Einstein relations are valid for both valleys in the
form {ij/Dj = /o (i = 1,2). Then rjf — 0. We have to determine the following
quantities:

LO; MO LO+ My LG; My, L0+ Mi = 0); LO+ M™RGR'y LL

and Hi defined by
D.Mp+ DtLV~AM -DJH , .

Eqgs. (6) and (7) lead to the following equation system fornOandjs:

js = Va0 S2'F' S2Tq[(r10-j- vars U0 -F- via vao "5
+  t0[2VvI0D2-)- uo(01-f-D2] + S4r0D, D2,

(19)

b3uo+ h ul+ idBiwo+ b0= O, (20)

where the coefficients are

b3=/, E0S3;b2= + fOEWP - 4 [js+ (D1+ D2 S2A;
t0 €
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bt= — +fOEOK - — -2~ G - *nSIJ. [js+ (DI + D2 S7;
£TIOEg
) 4nS2y c
o= 8 TIQEg
and here

G = QoHg + riop2s2+ DtD2S3; P = — + (vi0o+ v2a\ S3+ (Hi+ H2)s4;

To
K = —(S2-E0o+ S3)yHO+ (00£E0/ 0—2S2) Hy + e OH2-{-

H—— T)iHi+ vw »0S3+ 2vlaD2S4. DxD2S5.

As and b2 contain the current js, the velocity u0 will obey an algebraic

equation of fourth degree. It is convenient to introduce the following dimen-
sionless quantities (if S22 0):*
X= vorio; B = DJOy = WiHis Xr— TorTro

ag= Toftg’ XM = toltmui ro= Tg/Tro’' (4/10o== 4/fro-)- L/fg) ;

a0= Dy TOE o/Eq; aq = DJvyot0; a2= ry>f0S3/S2;

(21)
«3 = 11173/»0 S2; (oqo2= at3) ; — ToHiIi ~JS2;
a5= Dy 10S5i;10S2.
Introducing the above parameters into Eq. (19) we have
Jsli »10 — Gq“b C4st-p C2X2, (22)
where
a B
Go—ag(l + t0-B) —5-—-(1-f 2a3+ agad—oqgaM);
‘M ai «M
c.= 30 A (4 a3; co= ~ -
*1 ai*M
For the dimensionless velocity s we obtain:
b3x3-f b6 x1+ b[x -fbg —0, (23)

where the coefficients are

*To compare the formulae of the present paper with those of paper | one has to re-

member that in | : X= ul0w0; (wO= DIvOr0Q); a0= EgD2EO0t8 which differ from the
present notations.
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b3 — x2;
B2= —P'" —x0(1+ B) + x3—xM —"—;
BO ViO (234
b[= - x1P’- K'- K" - yx1xrx0(l+ B) —y«!aravm’®
go VIO
B0= — xxK"' —yxrxrK?",
and here

P’= 1- x2+ a4 (1 + B);
K' = G!;Xl + 10Bb) (1+ x3+ B [am(1-Ta3) - yaxaram- 3al0- a2- 2a4- ab]; (23")
K™= ogXgxM(l + rOB) +x0B(1 + a3).

Thus the current js and the possible domain velocities u0 can be determined
from Eqs. (22) and (23) if the parameters containing the S- are known as well.
A numerical solution of this nonlinear algebraic equation system can yield
the exact velocity values. To obtain a general insight into the domain dyna-
mics, however, it is more convenient to give some approximative expressions
for js and u0 using special assumptions. If the possible domain velocities are
well separated, a simple approximation is valid, according to Eq. (20) of I.
The other possibility is to neglect the diffusion terms Di gj in the current
j = j3-f-j2, and to investigate the resulting equation for u0 (see I, Eq. (22)).
Although it might be expected that diffusion can play an important role
in the ditermination of the charge- and field-distribution, it makes only a small
contribution to the current. A simple numerical estimate proves this statement.
Neglecting the terms D- g( in Eq. (7) we obtain:

jslBovm — X, (24)
where
K

Co - xg(1+ roB) + *oR (I + «3)K xm = (24"

X ix m

A = *o(l + B)/xlxm .

As can be seen, the neglect of the terms Di g\ is not equivalent with the
limit Di —m0, since the term x2 has disappeared, too, which does not contain
the diffusion coefficients at all. This term might be neglected only if the con-
dition IX1 1 is valid, i.e. if the domain velocity u0is much less then the
drift-velocity ofthe high-mobility component at the peak field (] u0\ <8 f10).
This assumption is a good one, since for usual values offxxand EQ, vi0 = 4 « 109
cm/sec, while the experimentally observed domain velocity is about 107 cm/sec
[4b], [5]. Substituting (24) in (23) we obtain an algebraic equation of third
degree for uO:

a3x?+ a2x2--a3x ald=o, (25)
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where the coefficients are

YOG =GP R A+

«w= " ai .

Now, the following remark is necessary. The above approximation led to the
neglect of some terms in js which still appear in K'. This inconsequence
is not essential because the further calculations are independent of the neglect
of these small terms in K'. The most important results of this approximation
are the neglect of x2term in (22) and the connection between C0and K" given
by (24'). One can see immediately that x = — is a root of (25), and thus:

(26)

The two other roots can be determined from the following simple equation

Krxr —Kxx - Ko= 0. (27)
If the condition
140c.KJQ -1
K\

is valid, the approximate roots are:
- sfi®ara, KIKj; *w> KIK,, (28)

It is important to emphasize that the slowest domain velocity is an exact
root of the approximate equation (25) but not that of the original one (23).
This fact is very important because it shows, that for the exact u0 the g-
(i — 1, 2) have no singularities in the neutrality point. Thus if we use the
approximate domain velocity (26) we have to make an appropriate approxi-
mation also in the numerator of g-in order to eliminate the singularities origi-
nating from the approximation itself.

Both the results of the quasi-equilibrium approximation, and the nume-
rical analysis suggest the identification ofthe root with the actually mea-
surable domain velocity, and in this case the problem of singularity does
not arise at all. From Eq. (28) we obtain (if N 0):

Udi)_ ymxiK» = tlio =1 (K' + yer")

(29)
Kl a,P'~+K"+ y Xoadloc,(l + B)
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As will be shown by estimating the quantities in Eq. (29), the Gunn domains
are generally not sensitive to the domain shape. In other words, one can obtain
a shape-independent domain velocity from (29), for many practically important
cases. In fact, taking into account the following approximations:

K' <~xg(l + rOB) + B(ocM —yx1xrxM) ;

P 1; K"~ ogxgxM(l + r0OB),

and making some transformations, using e.g. the relation xg= 1/(1 + rQp
we have:
uiih ._.t. xg(l + r,,B) + yxixgxMxr{\ - B) + BxM
1+ xgxM(l + r0B)

This expression is a generalisation of results given in I, [31] and [32] for the
case B~ 0. For B = 0 we obtain from Eq. (29) the velocity of recombination
domains which was first given in [22]:

<ii) xgvi(l + x3+ yx1xrxM) (31)

1_ «2 — X4+ YX(UXr+ XM xg

where the notation ig0= t;0 was used. (In Eq. (25) of I the term yxOxr, being
generally small, was neglected.)

5. Comparison with experiments and discussions

Before discussing the results of the calculations it is worthwhile to
repeat the most important assumptions. These are: (i) the sampleis originally
homogeneous; (ii) steadily propagating high field domains exist which
can be described by a wave-like (Riemann-type) solution; (iii) the domain
formation is due to the field dependent electron transfer from the high-
mobility states (subscript “1”) to low-mobility states* (subscript “2”); (iv) only
the transition 1 —2 depends on the field; (v) the effect of traps are neg-
ligible.

Now, it would be possible, similarly to I, to discuss the propagation of
high field domains of various shapes. A short glance at the available experi-
mental and theoretical works on the domain shape shows, however, that both
the flat and almost flat domains are very far from the actually observable
domain shapes. The experimental results of papers [4a] and [4b] show that

* It is supposed that //j and Dt are local functions of the electrical field E, the condit-
ions of which were examined in a recent paper by Bonch-Bruevich and Guiyaev [33].
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for not too high peak fields (E0<7 40 kVcm_1) a symmetrical (quadratic)
domain gives a good approximation. For higher peak fields (E0O” 60 — 70
kVcm-1) the domain becomes asymmetrical and for extremely high values
of EO (EONi 100 kVecm-1) the domains present a triangular shape [5], [6].
These experimental results are consistent with the relevant theoretical works.
In fact, in papers [19a, b] both quadratic and asymmetrical domain shapes
were found. The numerical integration of the nonlinear differential equation
svstem led to asymmetrical but never to flat or almost flat domains (see Fig. 6.
in [19b]).

A rigorous analytical examination given by Boer and Dussel [21] has
also shown that “flat domains” cannot exist at all.* The asymmetry of
the domain, i.e. the difference between the leading and trailing edge slopes
is connected with the fact, as was pointed out by Ariren et al. [26], that
the maximum charge depletion has a limit g0, whereas the maximum charge
accumulation has no such limit.

The mentioned experimental and theoretical results on the domain asym-
metry are very important from the point of view of the velocity determina-
tion. In fact, the quasi-equilibrium assumption led to a velocity expression
which is practically independent from the domain shape (the term D(DS3S2
is very small in Eq. (17)). On the other hand, the coefficients b- or a, contain
the domain shape parameters in other combinations too, and it cannot be
expected a priori that their role is negligible for all practically important
cases.

For an order of magnitude estimate, the following parameter values seem
to be suitable: pl1= 8.103 cm2Vsec, D1 = 240 cm2sec, B = 0.025, e = 12.5,
pde = 1014 or 1015 cm ~3. Then the Maxwell’s relaxation times are Tgwo =
= 8.62 <10 ~12sec and 8.62 <1013 sec, resp. In order to determine the charac-
teristic times xr, xg we shall assume that the function r(E) has the form
r(E) = (EjEc)K, where Ec and K are parameters. This analytical form of r(E)
was proposed by Kroemer [29] and recent experimental results confirm
this assumption. In fact, the drift velocity-field characteristics of GaAs
measured by Ruch and Kino [28] up to 11 kV/cm, can be well approximated
with Ec= 4.3 kV/cm, K = 4.

Strictly speaking, such an explicit form of r(E) is valid only for fields
EQ< 11 kV/cm ~ 2 Ec. However, we shall use this function up to field
E ~ 10 Ec — 20 Ec. According to our assumption xg is independent from
the field and thus if xg= 5.10_1° sec, and EO= 10 Ec then r0= 104
Xgf xr0 = 5 « 10 14 sec, v10 = 3.44 « 109 cm/sec.

Now, we have to make some assumptions on the domain shajie to deter-
mine the ratios S,+2/S2 (i = 1,2,3) and S2/S0, where S0= e/4 n EO, which

*In [26], it was assumed a priori that the domain shape is flat.
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appear in oy, a3, %y, %5 and «,. Since for low peak field values (E, < 40
kV/cm) the domain shape is almost quadratic (see Fig. 3. of [4a], [4b]), the
only shape-dependent parameter which differs from zero is a,. In this case
E = Ey(1 — (2/d)*) and thus oy = —2 D, 7,/d%. One can see immediately
that for not too small domains the velocity expression (30) is applicable
(ifd = 35pu; ¢y, = —2 - 10 ), Increasing the peak field E,, the domain beco-
mes gradually asymmetrical and we have to estimate all shape-dependent
dimensionless parameters. It is convenient sometimes to use a concrete domain
shape to determine the quantities in question. For an order of magnitude
estimate, however, it is sufficient to assume that | S; /S, | ~~ 1/d'; | S,/S, | ~
~~ 1/d? (d is the “half width” of the domain).

Now, it is easy to see that for practically important cases (if d is not
too small) a, oz, a4, 25 can be neglected. E.g. x; appears in b; or C; only in the
combination 1 -+ «; and thus its effect is negligible being |y | < 1(| o3 | =
= 2 + 10-°). The numerical estimate shows that the only parameter which
might influence the domain velocity is the parameter «, = 7, v,,S,/S,. It might
be called “asymmetry-parameter’ as it differs from zero only for asymmetrical
domains. -

For the previously used data |o, | = 0.05. At first sight, it might
appear that the above values of «, can change the domain velocity by 5%,.
A more careful examination shows that the effect is smaller because both
the numerator and denominator of Eq. (29) contain «, with the same
signs (x, appears both in K’ and P’). Thus, in the case of WATKINS —GUNN
effect, in contrast to the recombination instability, the domain shape plays
generally a negligible role in the velocity determination.

Based on these results we can expect that the shape independent velo-
city expressions (17), (30) give good approximations.

From Egqgs. (17) and (30) we can conclude that the domain velocity is
equal in a good approximation to the average drift-velocity at the peak field.
This means that if the average drift velocity does not change with increasing
electrical field and E falls on this part of the v — E curve, the domain velocity
also remains constant. This is in agreement with experimental observations
[4b], [5].

BurcHER et al. have pointed out [19b] that the domain velocity becomes
greater than the electron drift velocity outside the domain if the diffusion
coefficients are decreasing with increasing electrical field. Based on Eq. (17)
we obtain a similar result: the domain velocity is greater than the average
drift velocity at the peak field if the diffusion coefficients depend on the field E.
The difference is given by the term DaOEO/z‘Mva. The derivative D, can be
calculated from the theoretical curve given by Burcaerand FAwceTT[19h],[18]
and the result is that we have significant correction only for samples of small
resistivity (this corresponds to the small relaxation time 7).
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The domain velocity was as far considered to be equal to the average
drift velocity at the peak field. On the basis of (17), however, we can conclude
that if the conditions r, << 1 and also u,,r, << u,, are fulfilled (if r, <1,
all electrons are practically in low-mobility states), the domain velocity is
equal to the drift velocity of the low-mobility component at the peak field.
This conclusion may be very useful if we are interested in the high-field pro-
perties of electrons. In fact, measuring the peak field dependence of domain
velocity one can get information on the mobility and the diffusion coefficient
of electrons in the upper valleys. If E, falls on the decreasing part of the
v(E) curve, instead of the saturated one, then we can obtain information on
the transfer mechanism since from the u((E) curve the function r(E ) = r,
can be also determined in principle.

Finally, it is possible to draw an interesting conclusion on the analytical
properties of p;, (i = 1, 2), namely, for the exact velocity values, i.e. for the
solutions of Egs. (22), (23) these functions have no singularities. This point
requires, however, further investigations.

Finally, we may summarize the main results of the paper as follows:
(i) both for a) instantaneous and b) non-instantaneous transitions the total
current js and domain velocity u, are given in terms of domain shape para-
meters S; and other characteristic quantities of the problem; (ii) in contrast
to the recombination instability the GUNN domains propagate practically
independently from the domain shape; (iii) the diffusion and the field depend-
ence of diffusion coefficients make only a small contribution to u,, which
is determined entirely by the average drift mobility at the peak field; (iv)
for sufficiently high values of E, the domain velocity equals the drift velocity
of the low-mobility component at the peak field; (v) the deviation from the rela-
tion js = —u, p, is given explicitly, (vi) from the peak field dependence of u,
one can obtain valuable information on the high field properties of conduction
electrons and the transfer mechanism between the valleys using velocity
expression (17).

The present calculations show that at least for GaAs, the GuNN domain
propagation is insensitive to domain shape. In other materials this may not
be the case. Thus the value of the asymmetry parameter «, should be estimated
for each case. On the other hand if the space charge density has immobile
components as well, e.g. electrons in traps, the domain velocity might again
depend on the domain shape similarly to the recombination instability.
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OMPEAENEHUWE CKOPOCTU N TOKA ANnA CTAUMOHAPHO ABWXYLWWNXCA
OJOMEHOB B MOJIYNPOBOAHUKAX. I
30 ®EKT YATKUHCA-TAHHA
r. NTATAKMU

Peswome

MeTog, NpefnoXeHHbIR B YacTu | . Ana onpefeneHns CKOpPOCTM LOMeHa U MOMHOro ToKa
npuMMeHEH K cnydato adekTa YaTkmHca-IaHHa.

PaccmaTpuBaloTca fBa ciyvas: a) Cny4vaidl KBasu-paBHOBECUS MEXAY COCTOSHWUAMU C
pasNNyHOM MOABUXHOCTbIO («MOMEHTaNbHbIE» Mepexofbl) 1 6) cnydvail MefneHHbIX NepPexonoB.
B nepsom cnyvae CKoOpocTb foMeHa (H,) W NOMHbIA ToK (JS) onpefensoTca He3aBUCUMO ApYr
0T Apyra BKAtYas cnydvai 3aBUCALLUXCA OT Nons ANGQY3NOHHbIX KO3h(huULMeHTOB. Bo BTOpOM
cyyae nonyyeHa cucTema anrebpavueckux ypasHeHuin gns Wiu JSc nomouiblo «napameTpos
(hopMbl [OMeHa» S, KOTOpble XapakTepu3ykT (opMy AOMeHa OKON0 TOYKMW 3EKTPUUYECKON
HenTpanbHOCTU. AHann3 NONYYeHHbIX BbIPaXeHUA ANA CKOPOCTU MOKa3blBaeT, UTO raHHOBCKME
[LOMEHbI, B OTNIMYMM OT MELIEHHO ABMXKYLUXCA PEKOMOMHALNOHHbIX [OMEHOB, HEYyBCTBU-
TeNnbHbl K (hopMe JOMeHa, B KpaiHel mepe B GaAs.
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SOME PROPERTIES
OF CYLINDRICAL ELECTROYAC FIELDS

By

Z. Perjés
CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

(Received 10. VI. 1968)

It is shown that the static cylindrical electric and magnetic fields are in a certain sense
linearly connected. Furthermore, the known properties of the stationary case are summarized:
an extension of Weyl’s theorem is proved and the field equations obtained by this theorem
are presented in a special coordinate system.

I. Introduction

In this paper we shall present a “classical” treatment of cylindrical sta-
tionary electrovac fields (That is, fields consisting of empty space-time and
electromagnetism [1]). This means that we shall not use such modern tools
of relativists as the spinor calculus or others. For the static case in Section 11
we shall show that the electrical and magnetic fields obey a strong restriction,
especially that they are in a certain sense linearly connected.

In Sections Il and IV we summarize the results scattered in the litera-
ture about the stationary field: we present the extension of a nice theorem of
Weyl and others. This theorem holds originally for static fields and will be
extended to stationary fields having the properties described in Section I11.
The theorem states in both cases that the number of nonvanishing independent
metrical field variables can be reduced by one. Finally, we present the field
equations obtained from the more general metric by use of the proved theorem.

Il. On the static field
A particular exact solution of the Einstein —Maxwell equations*

= (1)

T4= (/4n)[F“ Fm- (1/4) O F*RFa ; (2)
(«12M = 0; (3)
= AvR - Jlp* (4)

* Greek indices run from 1 to 4; x1=r, x2= z, Xx3= g x* = t. In this work it will
always he assumed that the field variables do not depend on gand (.
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was found by G. Tauber [2] in the static cylindrical case. This solution allows
both nonvanishing electric and magnetic fields. The electromagnetic potential
vector has the form A = (0,0, d, W), where ® generates the magnetic and
W the electrical strain components. The line element is taken

ds2= —mex(dr2-f- dz2) — e -r2dg2-f-eedt2. (5)
The equations (3) permit us the following substitution [2]:*

dye'-jr= P, ; D, er = — @, . (6)

Then we get from (3):
AP = eldl+ e2dr;

AW ~ W1+ q2W2 (7)
ax q .

Here A is the Laplace operator in a cylindrical coordinate system:

Af~rfu+ /2+ (I/r)/i- In the following we shall use the equation arising
from Rt = xTI:

yW2= 0 2Wy. (8)

In the particular case found by Tauber,the new electromagnetic poten-
tial components are linearly dependent: @ = aW -(- b, where a and b are real
constants.

Now we shall prove the following.

Theorem: In a continuous field domain there exist only such static
cylindrical electromagnetic fields that

®= aW -j-b )

(a, b are constants) be fulfilled. The & = 0 case corresponds to a= b= 0
the W = 0 case to the limit a —< oo.

It is clear that this theorem imposes a strong restriction on the shape
of static cylindrical electromagnetic fields.

Proof. First we solve (7) for q%as a linear algebraic equation system:

(W2AD - ®2AW)I{0y W2- D2WX) ;
ft= No AW- WyAO)KOxP2-P 2P X.

(10

Glancing at eq. (8) we see that the denominators vanish. So the con-
tinuity of (j requires:
W2A0 = 02AW; 0 xAW = ®dXAD, (11)

*From now on in this Section the lower indices denote partial derivatives with respect
to x1= r and ¥= z.
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from which we get by use of (8):

Nei+ A= (Ml+ ¥2;
(Pn + ®2 = &, CPn + D).

395

(12«)
(126)

Partial differentiation of (8) with respect to r and z and elimination

of the mixed derivatives yields the equations

b, = o,
D, V o
and
P2'1Y2
cl)ll
[OJAN o AV

(13a)

(136)

We get from (12) and (13) simply by taking the difference of Egs. (a) and then

of Eqs. (6):
Vi v o,
U =V r 1+
V o. AV
szq%z L+ v . 1) M ’
Vi V i
Now there are two cases:
a) If &) U\1p20, 1 then
D,.PD,.= P;'/A,; i=1,2

must hold. Integrating these equations we have:
Ineo-= Inai7-; a = const .,

and further integration yields ¢ = a & 6, where 6 = const,
b) If o10 vo2yr2 = —1, then with (8) we get

O\+ p\= d\+ =0,

(14a)

(146)

(15)

(16)

17

i.e. all the potential components vanish. In this case eq. (9) is satisfied with

6= 0.
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IlIl. The stationary case*

Here we shall make use of the fact that in the cylindrical stationary case
it is always true that

FR—0; (18)
Ft= 0. (19)

(19) immediately follows from (4). In order to obtain (18) we integrate the
first two Maxwell equations

(iRF21),1= 0; (glRF1),2= 0 (20)

and so we obtain g12F 12 = const. We shall assume that at infinity F12= 0.
From this we have const. = 0 and so (if the metric is regular) everywhere in
the space F12= 0. Then we may choose the vector potential to have the
following form:

Ay = (0,0, ®, 4). (21)

Furthermore, from (18) and (19) we may conclude that the cylindrical station-
ary electromagnetic field has the property

T\+ T\= TI+ T\= 0, (22)

the advantage of which fact will be taken in the proof of the following theorem.

In the presence of an origin-centred nonrelativistic electric monopole
and magnetic dipole there is a flow of impulse in the df direction. Now we
shall consider the analogue relativistic fields. Then we have Tl4= Tu =
— T2= T24= 0, from which it can be shown that g,4= gl4= g24= g24= 0.
If we use canonical co-ordinates, the metric has the form

B2 e ' (23)

B-y 2 |

We stress that the use of (23) is not necessary, exact solutions of the
electrovac equations are known which have a very simple form in other
co-ordinate systems [3]. Nevertheless, it can be shown [4] that any cylindrical
stationary metric can be put into the form (23). (23) can always be diagonalized
to have the signature (-}- -)- + —).

*The results presented in Sections 111 and IV are not new, but have been found inde-
pendently by a number of authors.
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The computation of Christoffel symbols yields the following nonvanishing
components*

bf—fd=—J% [2=Pd= Mf="2

r& = (r2BRi + e/2)/(R2y2+ £2);
N = (eRBt - BiRA2)/(R2y2+ £2); M = - B RR«?;

= (E>r22 —eyrd/iBR272+ e2); *34= — £//(2a)); (24)
*4 = (£ 82 + R2YY)(/52y2 + £2) ; = yy,-la2;

2a,-la+ (y2/% + B2yy, + ££)/(|S272+ £2) «

Finally by very tedious calculation we get the components of the Ricci tensor.
For later use we put down the proper linear combinations of these com-
ponents:

1 « N, 1 (Vn)u 1
*q = - S /S2i (72, + bl 2 ;
u= Yy |)12 an Vi n 0S2i (79
(25)
=2 1)| 1 ani , (vm2 1
22 2 an \N 2N [(N 2(72)2 + (£2)2];
(26)
N
spe iz 20 (VM @7
a2 -f KIvV ’
*a. % _ piyi b_ 2%
a2iv2 R Yy
' (28)
- [Ry2 £2 RBu YH . W 7? Bi £i Yi £i '
R y R2 ys Be y2 j
a J  «xJV8 L «371 + (KA)2
12 2 ocN 2 «.N YN
1 0, 0 i
(BA\(y% + (B% (y2i) ol £2 (29)
2N
w31 — g2yl IEn BiEi Yoiei l Bi Yi 1,2 === (30)
2a2N ( £ Bs ye By e
where
N = RB2y2-f e2.
* Here and in what follows it is assumed to have i = 1,2 and that the summation con-

vention holds for i. Moreover, see footnote on page 394.
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IV. Extension of Weyl’s theorem

Theorem. In a stationary cylindrical universe having the metric form (23)
the number of independent nonvanishing components of the metric tensor
can be reduced from four to three. Either of the unknown functions in (23)
except a can be eliminated.

Proof. We shall use the consequence of (22):

L + W = o. (31)

(27) can be written by means of this equation in the remarkably simple form

2i Ne f + *yuilii = 0. (32)

From now on we may follow the order of ideas found by Weyl and
others [5]. Eq. (32) means that r' = (B2 -j- e212is a harmonic function of r
and z, furthermore, there exists a conjugate harmonic function z'(r, z) such
that r' -)- iz' = f(r + iz). Making use of the conformal transformation (r, z)—
—»(r', z') one can eliminate one of the functions B,y or e.

Finally we shall present the field equations in a case when they take

a very simple form. The components of the metric are chosen in the following
manner:

«2= /2
B2= h2r2
e= —h2r2e (33)

and so .
y2= 1/12— h2r2co2.

Then the line element has the form:
ds2= /2(dr2+ dz2 + r2h2(d<p - wdt)2- (1/h°-)dt2. (34)

The Maxwell equations remaining to be solved are:

f.'( 1 h2f/2 0, — h2(00, (35)
1 L(h2r2
{r [h2co0j Ned*]},,= 0. (36)

(36) is equivalent to the statement

h2rco®1+ h2rWil= y2;|

(37)
h2rco®2+ h2:¢ 2 = —xi
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Now, the Maxwell equations may be written

P, .
= NiX2—«2 Xi;
A2r Jl
X bl ®2 + ®2 P1
= — |
h2r ft

(39) is the consequence of the identity ®12= 0 2
The Einstein equations are in this case:

dinf-— —}Fh-— ——Ff 2 — —reemem- —Adr2ad\ =
r f r h h2 2

K

(07T-01 + xT-x1);

ninl+ 2~ - - (0?2-01 + X1- XD);
hl 2 Arrz
1/, ,n n2 2K
1A L — AA4r2co, co, (0i 0o + Ziz2):
r o/ r ~h ~AN 2 A2r2

Jin A+ — JUr2e?= — (0? + 0?);
2 A2r2

(C0.Ar3, = -4K (01Z2- 0 azl),

399

(38)

(39)

(40)

(41)

(42)

(43)

(44)

where fC denotes rc/8 n. These equations demonstrate the possibility of a

significant simplification of the stationary field equations

in consequence

of the proved theorem. The only known solution of these equations with non-
vanishing ®, 0 and o is obtained by the methods of gravitational radiation
theory and the transformation of it to our coordinate system yields very

complicated expressions.
Ar
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HEKOTOPbIE CBOWCTBA UMNNHOPNUECKUX 3/NTEKPOBAKYYMHbIX MNOMEN
3. NEPbELW
Pesome

MMoKa3bIBAeTCS, UTO CTAaTUYECKME LMNUHAPUYECKUE 3NEKTPUUYECKME W MArHUTHbIE NONs

B HEKOTOPOM CMbIC/E IMHENHO CBA3aHbl. [anee CyMMUPYHOTCS N3BECTHbIE CBOCTBA CTATUYECKOTO

cnyvas: [0Ka3blBaeTCs pacnpocTpaHeHne TeopeMbl Beiina v npeacTaBnsloTCa ypaBHeHUs nons,
nony4eHHble NOCPeACTBOM 3TOW TEOpeMbl B CMelWansHOW CUCTeMe KOOPAMHAT.
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COMMUNICATIONES BREVES

THE GROUND-STATE GAMMA DECAY OF THE «Ca
GROUND-STATE ANALOGUE IN «Sc*

By
I. Demeter, L. Dé6ra, llona Fodor, L. Keszthelyi, |. Szentpétery,
L. Varga and J. Zimanyi
CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

(Received 23. V. 1968)

The most convenient target nuclei for the study of the isobaric analogue
resonances seem to be the double closed-shell nuclei 4Ca and 2c8Pb. Unfortu-
nately, inconsistent results have been reported (F'n= 2.5 keV and Jhn =
= o0.08 keV [2]) for the parameters of the 19Ca ground-state analogue in 49Sc,
occurring as a resonance at Ep= 1978 keV in the 48Ca -f- p reactions [1]:
Chasman et al. [3] have measured the strength of the 11.5 MeV ground-
state transition relative to the yield of the 48Ca(p, n,y) reaction, and with
'n— 2.5 keV they give for the partial width of the 11.5 MeV ground-state
transition F'y0 = 3.5 eV. The aim of the present work is to clarify this situation
by the help of an independent measurement of I"y0.

The experiment was performed with the proton beam of a 2.5 MeV
Van de Graaff generator with an energy spread and calibration uncertainty
of about 1 keV. The excitation function of the Er = 11.5 MeV ground-state
transition (dots in Fig. 1) was measured with a 12.7 cm X 12.7 cm scintillation
counter placed at dY= 90° at a distance of 28 cm from the target to avoid
pile-up effects. (Distinct measurements have shown that the pile-up effects
are negligible at this distance.) The excitation function for all y-rays with
Ey ~ 3.5 MeV (Fig. 1, solid curve) was obtained simultaneously with a
75 cm X7.5 cm Nal(TI) detector placed close to the target at dY= 0°. The
2 keV thick CaCO03target, enriched to 60% in 48CaCO03, was evaporated onto
a thick Au backing. The absolute value of the (p,y) cross section has been
determined with a different experimental set up. The CaC03 was evaporated
onto a thin Au foil. The number of 48Ca atoms in this target was determined
from a measurement of the proton elastic-scattering cross section at dp = 167°
and Ep = 2300 keV, to avoid the nuclear scattering contribution to the
Rutherford cross section.

The yield of ground-state y-rays per incident proton was measured at
the top of the resonance (Ep = 1978 keV) with the y-ray counter placed at

* Presented at the Second Conference on Nuclear Reactions with Light Nuclei and
Nuclear Structure, 16—21 October 1967 in Rossendorf.
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23 cm from the target. The cross section obtained in this way is aPy(Ev =
= 115 MeV, Ep = 1978 keV, & = 90°) = 55 % 14 /th/sr.

The error given here is the estimated uncertainty in the calculation of
the y-ray counter efficiency. If one assumes an isotropic angular distribution,
this numerical value for the cross section yields TPFYItot = 0.07 i 0.02 eV.
If one assumes [2] that Fp~ T th, the partial width for the ground-state
y-transition is obtained as "'y0o = 0.07 ~ 0.02 eV in disagreement with the
value 3.5 eV given in [3]. This large value for "'y0 comes from the overesti-

Fig. 1. Excitation functions for the 48Ca(p, y)4%Sc reaction. The solid line shows the excitation
of all the y-rays of energy > 3.5 MeV (in arbitrary units); the dots indicate the yield of 11.5
MeV y-rays in fib/sr at 90°
mation of 'nm. Working with 'n= 0.08 i 0.06 keV [2] (this 'n gives for
the (p, n) cross section a value in agreement with the measured [4] 22 mb)
one obtains from the data of [3] the value 'yo= 0.11 ~ 0.08 eV, in accord

with the present result.

It is interesting to note that this ground-state transition is found to be
extremely weak in comparison with the single-particle estimate N'y0 — 1.74 eV.
Nevertheless a two-particle-one-hole model [5] gives for this resonance Ttot =
= 2 keV and Ty0= 0.03 eV, i.e. it gives the correct order of magnitude for
the strength of this transition.

Thanks are due to Judith Szics, Z. Sz6kefalvi-Nagy andL. POCS for
their help during the measurements.
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AVERAGE SPACING OF EXCITED LEVELS IN «V

By
I. Demeter, L. Dé6ra, L. Keszthelyi, L. Pé6cs, I. Szentpétery

and J. ZIMANYI

CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

(Received 4. VII. 1968)

The average level spacing D in 49V produced by 48Ti(p, y) 4V reaction
at proton energies Ep = 970 — 1375 keV was evaluated by Dubois [1] from
the measured excitation function of a (p,y) reaction on a thin target, using
the formula

N = NOe~SID,

where N is the number of resonances (excited levels) with a larger spacing
than S keV. The result was D — 4.0 keV.

We have made a careful study of the excitation function of 48Ti(p, y) 4V
reaction in order to find isobar analogue resonances at proton energies Ep =
= 1330 — 2140 keV [2]. It seemed of interest to evaluate D from our data
as well, to see the energy dependence of D.

In the measurement, a natural Ti target on Ta backing (relative abund-
ance of 48Ti = 74%) of ~2 keV thickness for 1 MeV protons was bombarded
with the analyzed proton beam from the 2.5 MeV Van de Graaff generator
of the Institute. The energy spread of the proton beam was ~1 keV. The
energy calibration of the generator was performed with 19 (p, oc, y) 1eO and
58Ni(p, y) 59Co reactions. The absolute value of proton energy was found to be
accurate to ~2 keV. The y-radiation with energies from 4 MeV to 8 MeV
was measured with a 12.7 cm by 12.7 cm Nal(TIl) scintillation counter at 90°
to the proton beam.

The measured excitation function, in which #85 distinct resonances
could be identified, is plotted in Fig. 1. The analysis by eq. (1), shown in
Fig. 2, proves that many close lying resonances (S <5 keV) cannot be iden-
tified because of the finite resolution. Nevertheless, the average level density,
as determined from the slope of the logarithmic curve (Fig. 2), gives the value
of D = 3.0 keV.

This result compared with that of Dubois shows that D decreases with
increasing excitation energies of 49V, as is to be expected from the general
trend observed in level densities.
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For the evaluation of the results, use was made ofthe Lang—Le Couteunr
formulae [3], as discussed in [4]. In this formulation two parameters, namely,
the pair energy A and the single particle level density g, are used in the eva-
luation of the function p(U) which gives the level density at any excitation
energy U. If the relationship between the value of A and the atomic number A
is assumed to be true, only the value g remains to be fitted to the experimental
value of gq(U) = 1/D([7). Calculating with U = 9.3 MeV, that is the average
excitation energy covered by the measurement of b ubois [1, 4], we obtained
g = 5.2 MeV and for the excitation energy U = 9.95 MeV in the present mea-
surement g = 5.1 MeV.

REFERENCES

1. J. bubois, Nuclear Physics, 23, 537, 1961.

2. 1. Fodor, l. Demeter, L. Keszthelyi, l. Szentpétery, Z. Szokefalvi-Nagy, J. Szdcs,
L. varga and J. zimanyi, Nuclear Physics, A 116, 167, 1968.

D. W. Lang and K. J. Le Couteur, Nuclear Physics, 14, 21, 1959.

A. Aspinall, G. Brown and J. G. B. Haigh, Nuclear Physics, 52, 630, 1964.

o

Acta Physica Academiae Scientiarum Hungaricae 25, 1968






Acta Physica Academiae Scientiarum Hungaricae, Tomus 25(4), pp. 407—410 (1968)

A REMARK ON THE ALGEBRA OF SPACE-COMPONENTS
OF CURRENT DENSITIES

By
I. MONTVAY

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EOTVOS UNIVERSITY, BUDAPEST

(Received 4. VII. 1968)

Current commutation relations supplemented with pole dominance
assumptions (such as PDDAC or p-meson dominance, etc.) lead to a number
of successful predictions in strong as well as weak or electromagnetic inter-
actions of hadrons. The information contained in an algebra is of course the
richer, the larger is the set of specified commutators. For the algebra of vector
and axial-vector current densities the quark model gives the chiral U(6)®
<(7(6) [1]. The simple commutators derived from the quark model, however,
can he modified by Schwinger-terms proportional to the derivatives of &
function [2]. Another proposal for the density algebra is based on gauge
fields [3]. As is known, the gauge field algebra (GFA) coincides with the
quark current algebra (QCA) in time-component time-component commutators,
but has an additional C-number Schwinger-term in time—space component
commutators and differs from chiral (7(6)<g>(7(6) giving zero for the space—
space component commutators.

The purpose of this note is to show that under certain assumptions (accept-
ed in most cases) the GFA leads to a consistent system of sum rules, whereas
in QCA the equations coming from space—space component commutators
contradict those coming from time—space component commutators. Our
assumptions are as follows: 1. the sum rules can be saturated by the known one
particle states (and the disconnected part of two particle intermediate sta-
tes [4]); 2. all the form factors obey a once subtracted dispersion relation;
3. the dispersion relations for the form factors are dominated bypoles. We
exploit the commutation relations making use of the r-sum-rules for vertex
functions as derived by Halliday and Landshoff [5].

Let us first consider

D

= £rst K fV kvke+ «2KPv ke+ a3Ppgve + «4g~rPv +
+ hPaPvke+ «&  fe+ 2 4w+ c3  kv+ dkBkvke}
°i = aiik2i eeel A—p —K.
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Here All(X)r and V,(x)s denote the vector and axial-vector current densities
(or gauge fields), respectively, Al(p)t is an HI-meson state of momentum p,
isospin index t (r,s,t= 1,2, 3) and polarisation vector e. From the equal
time commutator of space-components (v,fi — 1,2,3) we can derive in the
usual way [5] the sum rules [6]:

| f I f \ 1
- Jdkop0oliz34— —  dkopo> 2 Jax pocl. 3= —Jdkopad = O, %)

r 1r | f
1dkOkaay 2 = dkOkOb = -—1  kod = 0, (26)
J n,l nJ
M in QCA
in ,
cl Ga Y2(25)» (2c)
0 in GFA.

Setting g mh — rgo and k2= rZjl — R (0 < r< 1, R real) in the q0—mo0
limit we get from eqgs. (2a—c) the r-sum-rules:

L Pdnal 234+ d 1234700) = l—denb + B(o00) =
2nJ 2n3J
— —— rdncl2s + Ci.zis (00) : — jdnd4- p(00)= o, (3a)
2nJ 2n J
— ldnral2 A[2(.., = o — ldnrb Br(po) = 0.— ldnrd-\-Dr(oo) = 0
nJ 2nJ 2nJ
(36)
2M\
1 f . in QCA,
— dnrci (- ¢[ (00) = (3¢)
nJ GaYZ(2IT)3 _
0 in GFA,
k2= - R, A2 1 —nn+ R+ M\.
Here Hx(00), ...,D r(oo) denote the infinite mass contributions. The sum-

rules can be evaluated under assumptions 1—3. As a result we get linear
algebraic equations for the coupling constants and subtraction constants in
form factors [7].

It can be easily shown that the equations resulting from eq. (3a) are
trivial in the sense that they follow from divergence conditions (CYC and
PCAC) and from the standard reduction technique applied to the different
form factors. Eqgs. (36) are nontrivial and can be compared with the following
equations resulting from time-component space-component commutators [9]:
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J dn (al-f-rd) + Ar (oo) -f-Dr(oo) = ~ —J*dn(b + ra2)+
2n
+ B(<?0) -j- A 2(00) = — (dn (a2 rd) 4 A 2(o0) -j-
21r J
-j-Dr(oo)= —— [dn (b -f- ral) -J- -B(00) 4 -A](°0) = 0 . (4)
2n J

Thus we see that the only new information in (3b) is the second equation.

Eq. (3c) is also new and gives in pole dominance approximation (in the
notations of [9]):

2M in QCA
JER | ®

0 in GFA.

Exactly the same procedure can he applied to

av {k.p)rst - J* <0l ta. (*)r. Av(0)s] k(p)t> (6)

instead of t"'vdefined in eq. (1). The r-sum-rules are the same as in eq. (3a—¢c),
the only difference ist hat now Ma/G”isreplaced by My/Gy. The new inform-
ation here is also the second of eq. (3b) and eq. (3c). From eq. (3c) we have
now:

2Mb .
in QCA,
Cc7 (?)
0 in GFA.

2H[ =

Comparing eqgs. (5) and (7) with the results following from time-compo-
nent space-component commutators (see in [9]):

Hi= K[ = tf'= 0 (8)

we see that only the GFA gives a consistent system of equations. In fact,
it can be shown that all the equations resulting in pole dominance approxi-
mation from (3a—c) follow from the results of [9] if we consider GFA. (As a
C-number the Schwinger term does not give any contribution to the
predictions of QCA and GFA coincide in the time-component space-component
case.)

Finally, the same conclusions can be reached in the case considered in [8]
(axial-vector vector commutator taken between the vacuum and one pion
state). Here also only the GFA gives consistent equations [10].
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In conclusion, under assumptions 1—3. only GFA leads to a consistent
system of equations for coupling constants (and subtraction constants in
form factors). As the assumptions 1—3. are, in fact, far from being justified
(although very often made) we cannot conclude from this that QCA is wrong.
In any case, a positive statement which can he made is that in the frame of
these approximations the GFA gives good results.

The author thanks Drs. F. Csikor and G. Psocsik for valuable discussions.
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A SIMPLE HARTREE-FOCK CALCULATION FOR He4

By

E. Balazs
RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST

(Received 24. VII. 1968)

One of the usual ways to calculate the nuclear Hartree—Fock energy is
to express the unknown radial parts of the single-particle wave-functions
%Pi(X) (x denotes all the variables including the spin and isospin) as 6ums of
oscillator functions. By letting the unknown expansion-coefficients vary one
gets energy-minima. (See e.g. [1].) The agreement between the experimental
data and the calculated energy-minima is rather poor.

Our simple ansatz in the case of He4is that we cut the above mentioned
expansion of ip/ at the first term, i.e.: the radial part for all the four nucleons
will be the same and can be written as follows

/(r) = N exp (1)

where N is a normalizing constant and x is the only unknown parameter.
With this restriction the general energy-expression for Hel (M = 41.47
MeVfm2is taken as unit),

E 5 i <Vi P2 b >+ /<X1M\W\Vj>_ .; <t//'|<21=IP‘Fi , (2)

will depend on only one parameter, i.e. on x independently of the form of the
effective potential chosen for the interaction. In Eq. (2) tpi-s are the single-
particle functions, ¥ ij, ¥ are the two-, four-particle determinants constructed
from y>i-s and the third term gives the center-of-mass correction due to the
motion of the nucleus.

Our simplifying condition for the radial function seems to be quite
reasonable considering the fact that in the ground-state of He4all four particles
are in 1 s1/2 state.

The calculation was carried out with the Tabakin potential [2]. We got
for the energy minimum, Emm = —18.98 MeV at x —0.8679 fm ~2. The exper-
imental binding energy is —28.296 MeV [3]. Bassichis et al. [1] got E =
= —12.78 MeV after varying the expansion-coefficients at fixed x.
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This example shows that our not too arbitrary ansatz on the radial part
gives rather good results compared with a more complicated method. Obviously,
with this simple method one cannot expect good results in the case of nuclei
with higher mass-number, because the present method relies heavily on the
simple properties of He4.

Hence further investigations are needed with less restricted wave-
functions for He4, and calculations have to be made for nuclei with higher
mass number.

The author wishes to thank Prof. P. Gombas for his interest in this work.
Thanks are also due to Dr. D. Kisdi for helpful advice and discussions.
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INVESTIGATIONS OF THE 1-V CHARACTERISTICS
OF ZnS SINGLE CRYSTALS

By
J. Balazs
RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES,

BUDAPEST

(Received 24. VII. 1968)

We investigated a ZnS single crystal of large resistivity (about 1010—1013
fcm). The measurements were made at room temperature in air or vacuum
(10 4—10 ~§Hg mm) in the dark. We used crystals grown by transport reac-
tion at 850 —900°C (B5, B6 cubic) and at 1200—1300°C (mainly hexagonal).
The contacts (In or Sn02) were deposited by the “sandwich” method and we
found no difference between the two kinds of contacts. Because of their high
resistivity the samples were placed on teflon or sulphur holders. The d.c.
measurements were carried out in the current region 10 ~u—10 A and in
the voltage region 10 ~2—10 ~3 V. The thickness of samples was 100—500 u.

Owing to the fact that at switching on a particular voltage at the beginn-
ing the current very strongly changed, the particular points of | —V characteris-
tics were read after ten minutes when the equilibrium state was reached. We suc-
ceeded in finding series of both cubic and mainly hexagonal crystals on which the
results could be reproduced rather well. In the case of mainly hexagonal crystals
the time change of current induced by the applied voltage is more significant
than in the case of cubic crystals but in both cases there are differences between
the two characteristics taken consecutively. According to our experience this
problem can be solved by keeping our samples at 80 —150°C. From the differen-
ces found in one and the same crystal and from the fact that in particular cases
after switching off the applied voltage a reverse and well measurable current
flows, it can be concluded that as aresult of the applied voltage a reverse electric
field builds up in the crystal. When the applied voltage is switched off, one
part of the reverse electric field decays (reverse current flows) but a certain
part remains causing differences at a new measurement of the characteristics.

From the efficiency of heating to relatively low temperatures (80 —150°C)
we can conclude that crystal defects of low activation energy play a significant
role in the formation of a built-in field. Gersun et al. [1] obtained similar
results in connection with both heating and reverse current in the case of CdS
of high resistivity of about 1011—1012 Q cm.

According to our observations the evacuation of the vessel containing
the crystals ensures more reproducible circumstances. From the fact that the
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resistance values measured in air were 1—2 orders lower than those measured
in vacuo, we, too, succeeded in eliminating the surface conduction as did
Russ [2].

The measured, mainly hexagonal crystals activated with Cu and the
unactivated cubic and mainly hexagonal ones followed more or less the ideal
characteristics obtained in the presence of space charge limited (SCL) currents,
i.e. the first region follows Ohm’s law (linear); in the second region I = Vn

where > 2, and in the third region I ~ V2 (Fig. 1). For some crystals the
first or the second region was missing, the square law is not always exact and
at great field strength we observed occasionally random deviations from the
SCLC behaviour. The first region of the curve described above is missing owing
to the high resistivity of the samples; we got measurable current only in the
non-Ohmic region. The lack of the second region cannot be interpreted in such
an obvious way, because according to our other observations it could not be
supposed that our crystals approached the ideal trap-free case. Similar
results were obtained by English et ah, who dealt with SiC single crystals [4].
The departures observed after the square region cannot be explained by means
of SCLC as shown by Yiscakas et al. [5].
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Our measurements prove that the I—Y characteristics follow the ideal
SCLC ones rather well. The departures observed with a high field, the time
change of current and the efficiency of heating require further detailed investi-
gations.

The author wishes to thank Dr. Z. Bods for many helpful discussions
and advice.
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Richard Schiegel: Completeness in Science

Appleton — Century — Crofts, New York, 1967

It happened a number of times in the course of history that man believed himself to be
in the possession of something that could be called complete science. Aristotelian physics and
Ptolemaic astronomy were thoughtof as complete in the Middle Ages. So, or nearly so, appeared
Euclidean geometry and classical physics in the 19th century. Since then many things happened
and perhaps man had never before felt himself so far removed from a complete and self-
consistent world picture as in the 20th century. This negative feeling gives actuality to the
problem dealt with in this volume. The author, Professor of Physics at the Michigan State
University, puts forward the question: Is there any hope for science to reach completeness at
all. The first three chapters of the book treat the problem from the logical and gnosiological
point of view. Then the author studies those disciplines which, apparently, nearly reached
their own boundaries: the Go6del theory of axiomatic systems, the paradoxes of set theory,
cosmological models, the uncertainty relation of quantum theory and the smallest building
blocks of matter. The discussion of each of these subjects suggests that the big open questions
cannot be answered in the way they had been asked. Instead, it mostly happens that the
paradoxes are resolved by the broadening framework from which they are looked at. The
ultimate fate of this world is a problem that has always excited human imagination. This
problem has not been solved but rather replaced by the much more difficult problem of modern
cosmology. The final chapters contain the personal views of the author about the consequences
of the incompleteness of science. Here Professor Schieget puts physics and metaphysics side
by side but, in these chapters, he cannot attain the crystal-clear beauty of Hermann Wey1’s
“Open World”.

G. Marx

R obert Kemp Adair, Earle Cabell Fowler: Strange Particles
Interscience Publishers, New York—London, 1963

The unexpected flood of unstable elementary particles began with the strange particles.
One of the great achievements of the 1950’s was the discovery and study of particles with
lifetimes of 10“ 10sec. The authors were active participants of this research and their present
booklet revives the excitement of those days. It is true, particles with lifetimes shorter than
10“ 20 sec have been discovered in the last five years or so, nevertheless the best way to follow
for young physicists still seems to be the study of strange particles after the non-strange
stable ones. To do this one could hardly offer a better guide than this volume which makes an
easy reading but gives ample references to the literature.
G. Marx

Brian R. Judd: Second Quantization and Atomic Spectroscopy
The John Hopkins Press, Baltimore, 1967
It is a cruel joke of Nature that quantum field theory, which has been worked out with

enormous effort to describe elementary particles, did not succeed just in this domain while it
helped much in clarifying the basic questions of the many-body problem. The physics

Acta Physica Academiae Scientiarum Hungaricae 25, 1968



418 RECENSIONES

of fluids and of solid states have been completely reformulated by the quasi-particle method.
The technique of creation and annihilation operators, progators and Feynman-graphs have
been borrowed from this field to describe heavy nuclei. The aim of BrianR.Judd, Professor
at John Hopkins, in this book is to treat heavy atoms by the technique of creation and annihil-
ation operators. His foremost aim is not completeness and precision but the presentation of
the technique. Because of this there is not much said about concrete computations, but rather the
emphasis is on some aspects of the calculational technique. We therefore recommend the
book to those who know the elements of quantum field theory (e.g. from radiation theory)
and want a short introduction to its applications in atomic and nuclear physics.

G. Marx
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